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þp¡z�b�~�R¢´��ñzû�æ*û�ô�ä�Ù�Þ&û&è&äJã´û�õ�Ù.×�ã�å g �+H q ¬?H!] q ÙpÙQH(^
q Ù?� X Ô��p���C��¢¼¡b�x���~ m¦T�R�NH1���� ��x�R�<�T����¡z�x¤?���}¡~ ?¥ �3¢¼¡~�C�s¡n°��p�C����°w�x���p 3�)���`�x«3�LÔÕ¡z�����������7�p�C°��bZ/��ÔÀ�
o¸�� ?�R�_� � �rº9¡~�Y¦3�C��°�«��_�r¡~ ?¥ Æ �rÂ
�R½� Z¡z¤3¥0��úNØ}â[û0ÔUû�Ü ÕUÞ}û�õtì{ö/å_û �-] ý�� { ³?H�] q ÙpÙ q ^
q Hp� X �X��°��~«3���C�� 3°R�¸¡~ 3¥<Ñp�x¡�Ã����x¡z�x���p Z¡~¢3¦3¡~°J�JÑp���p¤? 3¥3�[Z/� Æ ��Â
�R½� Z¡~¤3¥���,À��º9¡~���� 3�.� � �Qºi¡z�Y¦3���R°�«��_�
®i�TÖ`¡~��¡ � �R�����Z¡~ 3¥`Ö=� Ç ¨ �Tþp¡~���~�R¢´��úNØ}â[û�ÔUû&Ü ÕUÞ}û�õtì{ö/å_û �-] ý��+H�ÙpÙp\Å] q ÙpÙ q ^
q~q � X `X¤Z¡~ ��x¤3� Ãz¡~°R¤3¤3�j���� 3��� �x��¡G¡z 3¥ Ñp��¡NÃ�����¡z�����p �Z/�JÖ=� ¨ �3þp¡~���~�R¢´� � ��º9¡~�Y¦3�C��°�«��_�?¡~ 3¥ Æ �QÂ
�R½�Ç
 3¡~¤3¥0���
ß���ô�å_â¬×@Õ(Ø�Õ(ò�öjæcß(çeã·ß��tåC]xÛ¡F�Z¡~�x¡e\Æ��x�C�{� q ÙpÙ q ^
q \?� X ¨ «3��ÔÕ¡z���������£�7�p��°R��¡~ 3¥-�x«3�F§J¤Z¡z J��¤3�©��«3���p� ½-�~� ¢��~���C½$�p�?�x��°�¡~¢M°�¡�Ã�����������Z��9ÔÀ��o¸�� ?�R�_� � �
º9¡~�)¦3���R°�«J�b�T¡~ 3¥ Æ �rÂ
�R½� Z¡~¤3¥��T�C�p¤3������] q ÙpÙ q ^
q ¬3� X Ì�¢���°w�x�C�p�s¡zÑp 3�R����°¸�3¤?¢����R�È�7�C�p��¡<°�¡NÃ���� ½n���NÃ��� 3Ñ��� �Ãz¡~°�¤3¤?� Dr���~������¦3¢��G�w�Q�T���C������ ��x��Z�� � �
º9¡~�)¦3���R°�«J�b�r���p¤3�����
] q ÙpÙ q ^
q fQ� X ¨ «3��ÔÕ¡~�C�������¸�7�p��°R�}¡~ 3¥=�x«3� §J¤Z¡z J��¤3�Ä�x«3�R�p�C½=�~�
¢��~���C½'�p�Q�x��°�¡~¢ °�¡�Ã����x�����0D ¨ �������R�x¡z��¤3���
�wÎÊ�R°R���[Z���ÔÀ�}o¸�� 3�w�_� � �rº9¡~�)¦3���R°�«J�b�r¡~ 3¥ Æ �rÂ
�R½� Z¡~¤3¥��Z�� L°��p¤3�C�È¥?�G�?������3¡~�x¡z�����p  ] q ÙpÙ q ^
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_ UTS�>NDb@[2 a >A@[UTSi:F@oSTd9@7>MO6�6�:LB0=8i6�:uU a d+DA03Vr6�:
q ³?� X Â£�R¢¼¡z����Ã����Q��À¥3¤L���p¤?Ãp�R�<�R ��È¥3¡~ 3�
¢��XÃ���¥?�bZ��rÖ'� ¨ ��þp¡~���~��¢¬� � �rº9¡~�Y¦?����°�«��b�Z�R� Æ �ZÂ
�R½� Z¡~¤?¥0�
°��~ J������¦3¤?�x���p  Û¡<¢ »Ø�p¤?Ã���¡~Ñp� X º+�GÃ���¥3�bZ��r�R¥3���ÊÌ
��o¸¤3 �ùR��Ñ��R� Æ �Ê�X�� 3����� q fpfj]oÌ�¥3���x���~ 3�ÈÔ��p�<�?¢��w�Q�.�
H �p� ÒÓ^
qp{ � X Â
��¢�¡z�x��Ã���� ½X�z�Z�<�z�x���~ .�� GÃz¡~°R¤3¤3�!Z��pÖ'� ¨ �~þp¡~�b�z��¢¬� � �zº9¡~�)¦3���R°�«J�b�p¡~ ?¥ Æ �zÂ£�w½� Z¡~¤3¥0�b°��~ J������Ç
¦3¤?�����p �Û¡F¢ »Ø�p¤?Ã���¡~Ñp� X K ¡~°R¤3¤3�!Z��3�R¥3���TÌª�}o�¤? �ù���ÑF�R� Æ �r�X�� ?����]o®�¢��� J¤3�j�MÛ¡F�Z¡~�x¡e\Æ��x�C�e^
q Ò?� X Ð¸¦?����� Ã��� 3Ñ<�<�R°�«Z¡~ 3��°�¡~¢+¥3�����C���Z¡z�����p ��� n§J¤Z¡~ ���¤3�¹Ãz¡~°�¤3¤?� DT¡~ `�
�Q���R�������� ��x¡~¢+°�«Z¡~¢�¢��� ?Ñp�bZ��
� �iº9¡~�Y¦?����°�«��b�i°R�p ��x�C��¦3¤?�����p äÛ¡�¢ »Ø�p¤?Ã��x¡~Ñ~� X ºi¡z�����C�3«�½�����°R�Y¡z�G�x«?�sº+�������[Z��T��¥3�R�8�G��lM��ÑpÑp�R�b�+�Y�
Ön�R��°�«3�R¥3�{�hÔÀ�
	Ê�����<�R���<¡~ 3 0�rH ��{ ] Æ �3���� 3Ñp�R�b� q Ù~Ù?H(^
q~� � X Â
��°R�� ��X�
�Q���R�������� ����À�p L�x«3�YÔÕ¡~�����<���ª�RÎ���°R�0DÊ¥3�R��°��C���?�����p n¡~ 3¥$¡~ Z¡~¢�½Q�C����Z�� � ��º9¡~�Y¦3�C��°�«��
¡~ 3¥ Æ �?Â£�w½� Z¡~¤3¥0�Z°R�p ��x�C��¦3¤?�����p 'Û¡Y¢ »Ø�p¤?Ã��x¡~Ñ~� X º�»���R 3���CÑp���À¥3¤}ÃQ��¥3�bZ/�3��¥3�R��,À�Z�X¤?�3¢¼¡~ ���������¡~ 3¥�K)�
Â
��Ãz¡~���C��¡~¤�� Æ ������� Z¡z�����È¥3�.®M�p�� 3°�¡~����!]�Û¡F�Z¡~��¡(\Æ������.� q ÙpÙ q ^

I a 2M4o@[cp0?>A@7UTSM:)8i0ZSi:s896�:<cpUT;mK9>N6�:wv�DA6QSi8 a :
\pÙ?� X `X¤Z¡~ ��x¤?�©�p�?����°R�WH
����«-°��p¢�¥ç¡z�x�p���[Z/�ÊÌª��o¸�¼¡~°R�p¦3�� 3����þ?�ÏÖ'�9Ô��p¤3� � ½G�9ÔÀ�$lr¡~¦?���{�hº����È��¢���°R���
¡~ 3¥ � ��º9¡~�Y¦?����°�«��b����Ö{Ø}Þ�Ù.òóßJØ}âQÙ.Ú�åzÕ(Ût÷
ÖÓÙ.Ø}â�Ö{òËàtá�â¬ã½äJå�
�
�
'����¥h�Ul��JÌ�«3¢��~�¼ù��J½{�rHN\p\�] Æ �3�C�� 3Ñ~���b�
H �p� \Ó^
\?Hp� X `X¤Z¡~ ��x¤3�ö�p�?�x��°��9H
���x«Ü�Z¡~�x¡z�<�w�x����°}¡~ 3¥Ü¡z���p����° ����¥3��¡{Z��5Ì
��o¸�¼¡z°��p¦3�� 3���5þ?�ÏÖ'� Ô��p¤3�C� ½{�
ÔÀ�Glr¡~¦?���{�bº��G�£��¢���°��/�N¡~ 3¥ � �pº9¡~�Y¦?����°�«��b�Gü�Ù.å�ß¼×tè{á�ßbäeâ¬×@Õ(å�ä�Õ�á�ö�
��Ý�A��¥3�R�pº��{,1¢����p�!Ï3��¢�¥�� ¨ �Óo�¡~¢�Ç
¢¼¡zÑp«3�����Z�Y�Zº9¡~�C���p 0�r\z¬ � ] � V�®��9H �p� \G^
\ q � X � �p 3¢��� 3��¡~�9¡~ 3¥.§J¤Z¡~ ��x¤3� ¥?½� Z¡z�<��°��i�~�Z¡~ .�p�?����°�¡z¢�°�¡�Ã���� ½�°��~ J�x¡~�� ?�� 3Ñ
°��~¢�¥Y¡b�x�p���[Z���Ì
�{o¸�¼¡bÇ
°��~¦3�� 3�/�3þ?�ÓÖ=�rÔ��p¤?�C� ½G�3¡~ 3¥ � �?º9¡~�Y¦3�C��°�«��_��÷
ÖÓÙ'Ø�â�Ö{ò àSá8â¬ã·ä¼å���
'�?�R¥3���Z�Y�¯l�����¡z¢�¢����Qþ?�Ó�Y�/�À¡~��Ç
Ãp�w½G� q Ùp\j] Æ �3���� 3Ñp�R�b�hH �~� ¬�^
\p\?� X `X¤Z¡~ ���¤3�  ?�p���C�s��¡b�x���C�[Z���ÔÀ�8lr¡~¦3�C�{�PÔÀ�PÂ
��°�«�½G�5®M��+}ÿ¤3��ù{� � �5ºi¡z�Y¦3���R°�«��_��þ?�ÓÖ=�PÔ��p¤3�C� ½{�
Ìª�}o���¡~°��~¦3�� 3�/� Æ �rÂ
�R½� Z¡z¤3¥0� � ���È����¥3�<¡~ 3 0�Z¡z 3¥$Ö'�Z®��� Z¡~�C¥0��÷
ÖÓÙ.Ø}â�Ö{ò ñ�Õ(ò!òóÖ{Ø�ã½ä�Ù/â·ã·Õ(ØóÙ.Ø�Þ
Ü ß@Ù.å_Ö{×@ßJòóßJØ}â¬å����R¥3����K)�Ó®i�&,���¢�¡�Ã��J�� 0�TÐY���È�����~�x¡/�ZÂ��Óº����£¤3¥3���~ 0�r¬Jfpfó]o®�¢��� J¤3�j�+H �p� fG^
\~¬3� X Æ §�¤?���bùR�� 3Ñ$¡~ 3¥�` � � H
����«m°��~¢�¥=¡z�x�p���[Z/�9Ì
�8o¸�¼¡~°R�p¦3�� ?��� � �Mº9¡~�Y¦3�C��°�«��_�5þ?�ÓÖ=�MÔ��p¤3�C� ½{�
®M��o¸�x¡~ ?Ñp���R�b�rþ?�¯l��TÂ£��°�«0�r¡~ ?¥-þ?�­®M�T®M�p��ù�¡z�b�&õt×�ÕUäbßbß�Þ�ã�Ø��Óå�ú�ñIà���à�� �����&ô�âNÕ(ò!ã·äWÙ.Ø�Þ ÷
ÖÓÙ.Ø}â[Ö{ò
àtá�â¬ã½äJå�����ã �ÓìÅõt×�ßbä¼ã�å�ã·Õ(ØjÜ ß@Ù.å_Ö.×�ßJòóßJØ}â·åb�r��¥3�R� Æ ���CÑp��� � ��,Õ¡~Ñp¡N½~�RÃ}� �  3¡z�x�p¢�½ Æ �ZÔ�«3�������� 0�3®��C�Q°z�
Æ ®tV�Ì qp{~�~� �ÊHpH q ] Æ ®tV�Ì H �p� ³G^
\�fQ� X Æ §J¤3�R�bù��� 3Ñ
�x«3��¢���Ñp«���H
���x«¸¢�¡~���R�+°����p¢��R¥�¡z�x�p���[Z/��Ìª�'o¸�¼¡~°R�p¦3�� ?��� � �Nº9¡~�Y¦?����°�«��b�bþ?�ÏÖ=�NÔ��p¤3�C� ½{�
¡~ 3¥ ¨ �hÔ��~¤3¥3����¡~¤0��Ü|ã·ä¼×�ÕUä�ÙÓçeãQâ·ã·ßJåWÙ.Ø�Þóõtì�ÕUâ�ÕeØ�ã·ä"!IÙ.Ø�Þ��UÙbá�å���õtì{ö/å[ã·ä¼å
Ù.Ø}ÞÅôzá�á�Ú�ã·ä@Ù/â¬ã½Õ(Ø�å��3��¥3�R�
þ?�rÂ£¡~����� ½G�rÔÀ���=��������¦?¤3°�«0� � ¡z��� � Æ V�\ q ¬��3¬p³ { ]¬+¸¢�¤ÓH1���b�+H �p� ³Ó^
\p³?� X Æ §J¤3�R�bùR�� 3ÑóH
����«$°��~¢�¥ç¡z���p�<��Z��TÌª��o���¡~°��~¦3�� 3�/� � �hº9¡~�)¦3���R°�«J�b�+¡~ 3¥ ¨ �hÔ��p¤3¥3�C��¡~¤��0úNØ}â�ßJ×$#
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Ø�Ù/â¬ã½Õ(Ø&Ù.ÚS÷
ÖÓÙ'Ø�â�Ö{òmþtÚ·ß�ä(â·×�Õ(Ø�ã½äJå*ñ�Õ(Ø�Û´ß¼×�ß¼Ø�äbß_�MHpH�\|]oÐX�?�x��°�¡~¢ Æ �Q°R���R� ½ �~� � �<�R����°�¡/�/�m¡~�C«3�� 3Ñz�x�p 
�Y�ÓÔÀ�+H �p� ³Ó^
\ { � X ÖL�~�x���p }�� 3¥?¤3°��R¥L��¡~¥3��¡z�x���p <�7�C�p�¹¡)Ã���¦?�x¡z���� 3ÑY°�¡�ÃQ��� ½UZ�� � �3ºi¡z�Y¦3���R°�«��_�TÖ=� ¨ �rþp¡~���~��¢¬�Z¡~ 3¥
Æ �QÂ
�R½� Z¡z¤3¥0�Uî�Ù.×$%aÜ�Ù/â[âNßJ×�ã�Ø|ñ�Õ(å�òÅÕ(Ú½Õ��.ö'&�÷�ÖGÙ.Ø}â[Ö{òÃÜ ß@Ù.å_Ö.×�ßJòóßJØ}â·åIÙ.Ø�Þ9þ)({átß¼×[ã�òóßJØ}â´Ù.Ú+*�×¼Ù'#
çeã´âQÙ/â·ã·Õ(Ø0�z��¥3�R�JÂG� �  3��¡~���¬�-,F�Uo¸����¡~¤3¥QÇN�������¡~¤3¥0�pþ?� ¨ �(\¡~  ¨ «Z¡~ 3«�K�\¡z 0�J\?H { ][Ì�¥?���x���p 3�SlZ���~ J��� Û�R�������
H �p� ³Ó^
\~Ò?� X Â£�R¢¼¡z����Ã���� ½F�z�9�<�~�����p ��� �Ãz¡~°�¤3¤?��Z�� � �?º9¡~�Y¦3�C��°�«��_�.�&×@Õ(Ø}â¬ã½ßJ×
ë�ß¼å_â¬åWÕeÛS÷
ÖÓÙ.Ø}â[Ö{ò þtÚ·ß�ä(â¬×@Õ/#
Þ.ö�Ø�Ù.ò�ã½äJå�Ù.Ø�Þ õtì{ö/å[ã½äJå�Õ(ÛWâ¬ì�ß10}Ù�ä(Ö/Ö{ò|�9�R¥3���MÌª�2	h¡�Ãz¡z������ 3�¬�+�Y��,Õ¡{�b¡~¢��AÃ'¡z 3¥ ÔÀ�MÂ£��ùbùR���+¬�Ù�f
]·�È�R���p n®������C�b�9H �p� ÒÓ^
\ � � X Â£�R¢¼¡z����Ã���� ½s�~�P���~�����p ��� �Ãz¡~°�¤?¤3��Z/� � �Tºi¡z�Y¦3���R°�«��_�8ñ�î3#´æ
à�Ü ôW×�Õ�Ö{Ø�Þ40�ú�æ3**àc�Z�R¥3��� Æ �
Â
�R½� Z¡z¤3¥$¡~ ?¥|l1�&l5��¥3�R°�¡~�C�j] ÔÕ�ÈÇ ÂªÐ�Ö V � l � ®������.�+H �p�p� ^
¬pÙ?� X Â
��¢¼¡b�x��Ã���� ½ �~�5�<�~�����p }�� n§J¤Z¡z J��¤3�¹Ãz¡~°�¤?¤3��Z/� � �Tº9¡~�Y¦3�C��°�«��_�+*I×JÙÓçeãQâQÙ�â¬ã·ÕeØ&Ù.Ú65CÙÓç(ß¼å
Ù.Ø�Þ
þ)({á�ßJ×[ã�òÅß¼Ø}âQÙ.Ú7*I×JÙÓçeãQâ´Ù/â¬ã½Õ(Ø0����¥3�R�Êþ?� ¨ �'\¡z  ¨ «3¡~ 3«|K!\¡~ Ò]½�=�p��¢�¥L®�¤?¦3¢�����«3�R���b� q ÙpÙpÙÓ^
¬?Hp� X ¨ «3�)ÔÕ¡~�����<���Õ�7�p��°R�.¦T�R�NH1���R -�<�w��¡~¢�¢���°À�<�������~���[Z/� � �Tº9¡~�Y¦3�C��°�«��_�ÊÔÀ��o��R 3�R�b�T¡~ 3¥ Æ ��Â
�R½�Ç
 3¡~¤3¥0��õt×�ÕUäbß�ßbÞ�ã�Ø.�ÓåaÕ(Û�â¬ì�ß8��ã�Ø�â·ìÒÜ�Ù.×�ä�ßJÚ�*I×�Õ(å�å[òCÙ.Ø�ØÒÜ ßbßeâ¬ã�Ø.� ÕeØ9*WßJØ�ß¼×JÙ.ÚSæcßJÚíÙ/â¬ã´çeãQâ ö��h��¥?���
K)�¥oF�&o¸¤3�[ù�¡~¥?½p¡~ 0�TÂG� ¨ �Tþp¡~ ��¼ùR�� `¡~ 3¥LÂG�rÂ
¤.:� 3��]>�m�p�C¢�¥ Æ °R���R J����ÏZ°.� Æ �� ?Ñ�¡~�T�p���.� q ÙpÙ q ^
¬ q � X Â
��¢�¡z�x��ÃQ��� ½s�z�5���~�x���p  �� L§J¤Z¡z J��¤3�¹Ãz¡~°�¤?¤3��Z/�rÖ=� ¨ �Êþp¡z�b�~�R¢´� � �rºi¡z�Y¦3���R°�«��_�r¡~ 3¥ Æ �ZÂ
�R½�Ç
 3¡~¤3¥0��õt×�ÕUäbß�ßbÞ�ã�Ø.�ÓåaÕ(Û�â¬ì�ß8��ã�Ø�â·ìÒÜ�Ù.×�ä�ßJÚ�*I×�Õ(å�å[òCÙ.Ø�ØÒÜ ßbßeâ¬ã�Ø.� ÕeØ9*WßJØ�ß¼×JÙ.ÚSæcßJÚíÙ/â¬ã´çeãQâ ö��h��¥?���
K)�¥oF�&o¸¤3�[ù�¡~¥?½p¡~ 0�TÂG� ¨ �Tþp¡~ ��¼ùR�� `¡~ 3¥LÂG�rÂ
¤.:� 3��]>�m�p�C¢�¥ Æ °R���R J����ÏZ°.� Æ �� ?Ñ�¡~�T�p���.� q ÙpÙ q ^
¬p\?� X Ì�Î��R�Y¥3�}¢¼¡��x�����1��R�x¡z��¤3��� �C¤3�F¢¼¡��7�p��°R� ¥3��ÔÕ¡z���������G�� ������}�������~�������������¢��[Z��PÔÀ�to¸�� 3�w�_� � �
º9¡~�)¦3���R°�«J�b�r�R� Æ �rÂ
�R½� Z¡~¤?¥0�$ÔUû�õSì{ö/å[ã½ê/ÖUßcú�0 ]Qg �hH�¬�\j] q ÙpÙ q ^
¬~¬3� X ÔÕ¡~�����<���Õ�7�p��°R���[Z/� � ��º9¡~�Y¦3�C��°�«��_�hÔÀ�0o¸�� ?�R�_��¡~ 3¥ Æ �hÂ
�R½� Z¡~¤?¥0�60�ß¼×�ö1��ã �Óì�þtØ�ß¼×;�.öÝõtì�ß<#
Ø}Õ(òÅß¼Ø&Ù9ã�Ø â¬ì}ß>=�Ø�ãQçeßJ×�å�ße�r�R¥h�Tþ?� ¨ �(\¡~  ¨ «Z¡~ 3«ÅK�\¡~ �]oÌ�¥3���x���p 3�IlZ���~ J��� Û�R�������5Û¡F�Z¡~�x¡e\Æ��x�C�e^
¬�fQ� X lM¢�¤3°w�x¤Z¡z�����p ?�`¥3¤ Ã���¥?��§J¤Z¡~ ��x��§�¤?�bZ�� Æ �¸Â£�w½� Z¡~¤3¥0� � �Xº9¡~�)¦3���R°�«J�b��¡~ 3¥"Ö=� ¨ ��þp¡~���~�R¢´�
ñ�ÕeØ�äbßNá�â¬ã½Õ(Ø�åcÞ�ßWÚ�� ßJåQá0Ù�äbß*�3�R¥h��Ö=�rº9¡~°�«3� Û��ù��
Ç�Â
�R½ ]xÛ¡u�3¡~�x¡e\Æ��x�C�e^

l @�¿ a :�@[UTS�896-4@?�@[S9��UrDz;=0?>A@7U�SÜ:�c�@76�S�>A@BAP� a 6
¬p³?� X V ¥3�R ��x���Nÿ¡z�x� Ãp�R��¢�¤?�C�'�<���ÝlZ�p¢�Ñp�� 0D£Ãp�p� `X¤Z¡~ ��x�R 3Ñ�¡~� ù�¤?�Ò,1�p���
Ç�Ì��� 3� �x�R�� QÇN+��~ 3¥3�� ?�x¡z�����p �Z/�
� �Tºi¡z�Y¦3���R°�«��X¤3 3¥�ou��V  ?Ñp�p¢�¥���õtì{ö/å[ãC%jã�Ø�Ö.Ø�å�ß¼×�ßJ×"D�ßJã´â ¾�~�TTÚ � q ÙpÙ|] H �p� ³Ó^�]7������������ L�7�x¡~ )E°�¡~����D
X º9�R��°R�p 3����R§J¤3�� 3°R���
¥h»Ø¤3 3�È���R�C�x�È¥h»Ø��¥3�R J�����Q��{DJ¥3¤ Ñ�¡.ùÈ§J¤Z¡~ �����§J¤3�ÈÃ~���C�Õ¢¼¡�°��p ?¥3�� 3��¡z�x���p  ¥3��,��p�C�wÇ
Ì��� 3�C������ /Z�^
¬ { � X Æ ��°��~¤3���}¢��`Ã���¥3�-�T�p¤3� °R����R���}¥3�-¢�¡m¢�¤3��� Û�R����Z�� � �Õº9¡~�Y¦?����°�«��b�Iü�Ù æ
ß�ä�ì�ßJ×@ä�ì�ß g&Tr¾ ��¬�Ù
]�H �p��{ ^
¬pÒ?� X V  ��x�R�C�7�R���� /ù��� ðù�H
����°�«3�R hù�H1����,1�p���
Ç�+¸�p 3¥3�R 3�x¡b�x�� /Z�� � ��º9¡~�Y¦?����°�«��b�SõSì{ö/å[ãC% ã�ØxÖ.Ø�å�ß¼×�ßJ×
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D�ßJã´â g�~�T ý��hÒ~ÒÝ] H �~��{ ^�]��x���x���G�� -�7��¡~ )E°�¡z���bD X ÐX¦3�C���CÃz¡z�����p `¥h»­�� ��x��� �N����C�� 3°R���¸�� ������F¥3�R¤Q�-°R�p 3¥3�R QÇ
�x¡b�x�
¥3��,��p�C�bZ�^
¬ � ��Z ¨ «3�-ÔÕ¡~�����<���<�wÎÊ�R°R�$D�¡=�7�p��°R�`�7���~�  ?�~�x«3�� 3ÑGZ�� � �Õº9¡~�Y¦3�C��°�«��_��õtìGö/å�ã·äJåF5óÕ(×�Ú·Þ ]Q¾ � q~�
] Æ ���?�����Y¦3�C�{� q ÙpÙ q ^

/)y1B6�:�6�:
Hp� X Â ���¥?¤3°R�����p .¥3¤)¦3�C¤3���i§J¤Z¡~ �����§J¤3� �Z¡~�i¢¼¡ª��¤3�T���C�x¡~¥?�¼¡~ 3°R��Û¡£¥3��¤��)�?«3�~�x�~ 3�[Z�� ¨ «hÛ�R���1¥3���X���3¢�\�~�<�
] -  3��Ã~���C�����Q���¥h»ÓÌ��C���� ��MH �~��q ^
q � X � �x�p�����Y�7�C�p��¥?�)�R�aY3¤3°R��¤Z¡z�x���p 3�Y§J¤Z¡z J����§J¤3�R�[Z�� ¨ «hÛ�R����¥3�}¥3��°R���p�x¡b�j] -  3��Ã~�����C���Q���®5¡~�C����KWVJ�
H �p� fG^

_ UT;�; a Si@ocp0Q>A@[UTSi:Y@[S�d9@�>5O6J6Q:
Hp� X Ön�~�����p L�� ?¥3¤3°��R¥-�x¡~¥?�¼¡z�����p }�7���~��¡uÃ���¦3��¡z�x�� 3Ñ<°�¡�ÃQ��� ½UZ��HG�GIGcV � �¸Â
�� 3°R�p ��x�C���¸¥3�YÖn�p�����p 3¥0�
X �¸¡~����Ö`¡z�C�x�R�<�� WÔ��~�����p¢��pÑz½G�S`X¤Z¡~ ���¤3� Ön��¡z��¤3�C������ ��x�}¡z 3¥WÌ5�Q�T�������<�R ���¡~¢�o¸�x¡�Ã�����¡b�x���~ �Z��
º+��� � �C°����Êþp¡z JÃ�������H �p� ³
q � X Ön�~�����p t�� 3¥?¤3°��R¥ä�x¡~¥3��¡z�x���p ��7���p� ¡=Ã���¦?�x¡z���� 3Ñ'°�¡�Ã���� ½UZ��ÕÔ��p 3Ñp��Û��� X `X¤Z¡z J��¤3� K ¡~°�¤3¤?��Z��
V  3� �x����¤?�x� � ¡z�x���p Z¡~¢��X¥3��l5������°�¡ � ¤3°R¢���¡~���¸�w� -  3��Ã~���C�����x¡�¥?�+®5¡~¥?�AÃz¡/�r®M¡~¥3�p¤?�{� � Ã�����¢PH �p� ³
\?� X l5¢�¤3°R��¤Z¡z�x���p 3�L§J¤Z¡~ ��x��§�¤?���-�R�$�<�p¤QÃp������ ��[Z��¸Ô��p ?Ñp��Û�R� X º+��¦3�C¤3���n§J¤Z¡~ ��x��§�¤?�bZ��¸®i�R½����R��§&�
þ~¤3��¢�¢��w�XH �~��{
¬3� X Â
��¢�¡z�x��ÃQ��� ½s�z���<�z�x���~ }�� L§�¤3¡~ ��x¤3��Ãz¡~°�¤?¤3��Z/�ÊÔ��~ 3Ñp��Û�R�È¥?�)¢¼¡ Æ ��°��w��R�Q��YÖ`¡A��Ç ®�¢¼¡~ 3°J�&�TÂ
�� 3ÑzÇ
¦T����Ñ/�&,Õ¡�ÃQ� Û���C�{� � Ã��C��¢PH �~� Ò
fQ� X Â£�R¢¼¡z����Ã���� ½L�~� ���~�x���p `�� -§J¤Z¡~ ��x¤3�ÅÃz¡~°�¤3¤?��Z��
GIG�GcVQKÀ��«'Â£�R 3°��p ���������¥3��ÖL�p�����p 3¥ X o¸�x¡bÇ
Ã����x¡z�x���p Z¡~¢}HÕ¡�Ãp�R�X¡~ ?¥L�
�Q���R�������� ��x¡~¢+Ñp�x¡�Ã���� ½UZ��3º9�R� � ��°R�b�Tþp¡~ �Ã����R�GH �p�p�
³?� X Ön��¡~��¤3�C������ ��x���~�h�x«?��ÔÕ¡~�����<���P�7�p��°R�bZ��?Ô��p 3Ñ~��Û��� X o���¡�ÃQ����¡z�����p �¡~ ?¥}Ì5�?�T���C������ ��¼Z/��o¸�x¡~�C���.�
ÐX°R���p¦3��� q Ù~ÙpÙ
{ � X `X¤Z¡~ ��x¤3� �x¡~¥?�¼¡z�����p ��7���p� �<�NÃ��� ?ÑY��¤3� �[¡~°��R�£¡~ 3¥ �x«?�GÔÕ¡~�����<���1�wÎÊ�R°R�¼Z/�ZÌ - Â£Ì Æ ÔªÐâÔ��p ?�7�
Ç
���R 3°��.D�`¸¤3¡~ ��x¤3��ÐX�?����°R�JGWVJ�rÖ`¡~¢�¢��p�C°�¡/�3ÐX°R�x�~¦3��� q ÙpÙ~Ù
Ò?� X ÔÕ¡~�C���������7�p��°R����Z��KG�GIG�KcV��x«�Â
�� ?°��p ��x�C���ª¥3�XÖn�p�C���p 3¥ X K���� ½C�£��Ñp« Ì� ?����Ñz½ ®�«3�R 3�p���� Z¡)�� 
�x«?� -  3��Ã~���C���bZ/��º+�R� � ��°R�b��þp¡~ �Ã������ q ÙpÙ?H
� � X Ì�¢���°w�x�C�p�s¡zÑp 3�R����°��3¤3¢������Y�7�C�p� ¡$°�¡�Ã���� ½=�<�NÃ��� 3Ñ`�� mÃz¡~°R¤3¤3�!Z���Ô��p ?Ñp��Û�R� X Ì�¢���°w�x�C�p�s¡zÑp 3�wÇ
�x�����!Z��3®i�R½����R��§&� Æ ���?�����Y¦3�C� q ÙpÙ q

_ UT;�; a Si@ocp0Q>A@[UTSi:
Hp� X ÐX�?����°�¡~¢P 3�p ?¢��� ?��¡~�X¥Q½Q 3¡~�<��°����� ç°R�p¢�¥=¡z�x�~�<��Z����=�p�[�J��«?�p�=�~  `X¤Z¡~ ���¤3�Ä¡~ 3¥ ¨ ��¡~ 3� Ãp���C���
ÌPÎÊ�R°R���È��  � �p 3¢��� 3��¡~�
ÐX�?�x��°�¡~¢ Æ ½��C�x�R�<���TÔ��p����H �p� \Å]o¡/:<°�«?�e^
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q � X `¸¤3¡~ ��x¤3� �p�Q�x��°R�tH
���x«�¢¼¡z����� °����p¢���¥�¡z�x�~�<��Z���¬~�x«sÌ�¤3���p�T��¡z ó`X¤Z¡~ ��x¤?�ÁÌ�¢���°w�x���~ 3��°R�ÕÔ��p Q�7�wÇ
�C�� 3°R�)Ì�`¸Ì Ô"» � \/�&l5¢��p���R 3°��FH �p� \j]o¡-:�°�«3�_^
\Q� X `X¤Z¡z J��¤3�Á�p�?����°���H
����« ¢¼¡~�C���1°����p¢��R¥ ¡z���p�<��Z��QÔ��p¢�¢��Q§J¤3�£��¤?�Õ¢��R�Õº9¡~���R���1�R�ª¢o»ÏÐX�?����§J¤3�W`¸¤3¡~ QÇ
����§J¤3�.ÔªÐ¸ºiÐ�`Á» � \/�Zº+�����pÑp�R�¸H �p� \Å][¡-:�°�«3�e^
¬?� X Æ §J¤3����ù��� ?Ñ*H
����«s°R�p¢�¥<¡z�x�~�<��Z��JÌ�¤3���p�T��¡z  Â
������¡~��°�«}Ô��p ?�7���C�� 3°R�X�p �`¸¤3¡~ ��x¤3� ÐX�?����°������¸¡bÇ
Ã~�p�GH �p� ¬j][¡-:�°�«3�e^
f�� X Æ §J¤3�R�bù��� 3ÑÅH
���x«-°R�p¢�¥'¡z���p���[Z��hfb�x«'Ì�¤3���~����¡~ Ò`¸¤3¡~ ��x¤3�¯Ì�¢���°R�����p ?��°��GÔ��~ ?�7���C�� 3°R�sÌ�`¸Ì Ô
» � ¬�� � ���C�x�R��¥Z¡z� H �p� ¬ ]7°��p �������¦?¤?�x���p í»­�T�p� �CÇ ¥?��¡~¥3¢��� 3�z»������¢��R°R�����p 3 1����-�T�p¤3�}¤3 3�ç�3������C�� ���¡z�����p 
�~�x¡~¢��e^
³Q� X Æ §J¤3����ù��� ?Ñ|H
����«m°R�p¢�¥=¡z�x�~�<��Z��0KcV�V��x« Ô��~ ?�7���C�� 3°R� �p mÔ��p«3���C�� 3°R�}¡~ 3¥ `X¤Z¡~ ��x¤3� ÐX�?����°����
Â
��°�«3��� �x���GH �p� fó]o¡-:�°�«3�_^
{ � X Æ §J¤3����ù��� 3Ñ�H
���x«L°��p¢�¥n¡b�x�p���[Z��ZÔ��p 3Ñp��Û���£¥3�.¢�¡u�X��¤?����°�«3�)®�«�½������b¡~¢�����°�«3�*o¸�����R¢�¢���°�«Z¡z���b��Vp��� Z¡
H �p� ³j][°R�p ��x����¦3¤?�����p }�p��¡~¢��_^
ÒQ� X Ön�~�x���p ��� 3¥?¤3°��R¥$�x¡~¥?�¼¡z�����p  �7�C�p��¡uÃ���¦3�x¡z���� 3Ñu°�¡NÃ���� ½�Z/�hÔ��p ?Ñp��Û�R�È¥3�G¢¼¡��X��¤Q�x��°�«?�Y®�«�½Q�C���b¡bÇ
¢����C°�«3��o��R���R¢�¢��C°�«Z¡z���b��Vp��� Z¡�H �p� ³j]7°��p ��x�C��¦3¤Q�x���~ }�p�x¡~¢��e^
� � X ÂÈ¡z¥3�¼¡z�����p '�7���p� ¡ç°�¡�ÃQ��� ½ ���AÃ��� 3Ñç��  Ãz¡~°�¤3¤?��Z����m�p���J��«3�p�Ü�p ho���¡�ÃQ����¡z�����p �¡~ 3¥tÌP�Q�T�wÇ
�C������ ��_�3º9�R���È�p¤3°�«?���GH �p��{ ]o¡/:<°�«?�e^
H�Ù?� X Â£�R¢¼¡z����Ã���� ½ �~�����~�x���p ��� nÃz¡~°R¤3¤3�!Z��&�m�p���J��«3�p�`�p �lZ���~ J�����R� ¨ ��� �x�X�~�S`¸¤3¡~ ��x¤3�ÅÌ�¢��R°R�x�C�zÇ
¥Q½Q 3¡~�<��°��
¡~ ?¥`®�«�½�����°R�È�z�5�x«?��K ¡z°�¤3¤3�j� Æ ¡z 3¥Z¡~ 3����½G�},�¤3¢�Ñ�¡~�����YH �p� Ò|]7°��p �������¦?¤?�x���p }�p�x¡z¢��e^
H~Hp� X Â£�R¢¼¡z����Ã���� ½)�~�+���~�x���p ��� uÃ~¡z°�¤3¤3�!Z���Ì�¤3���~����¡~ Å`X¤Z¡~ ��x¤?� Ì�¢���°R�����p ?��°���Ô��p ?�7�R���R 3°���Ì�`¸Ì Ô
» � Ò/��o�¢�¡~��Ñp�eHàH �p� Òj]7°��p ��x�C��¦3¤Q�x���~ }�p�x¡~¢��e^
H q � X Â
��¢�¡z�x��ÃQ��� ½s�z�5���~�x���p }��  Ãz¡~°R¤3¤3�!Z�� � �C�p¤3 3¥ÅKX����Ñp�/� ¨ ���C���R 3�¼¡ H �~� Òj]o¡-:�°�«3�_^
H�\?� X ¨ «?�£ÔÕ¡~�����<���i�7�p�C°��Õ¦T�R�NH1���R <���R�x¡~¢�¢���°��������C�p����Z�� ¨ «3� � �� J��«�Ö`¡~�C°���¢�o��C�p���C�s¡~ ? uÖn���w�x�� 3Ñ��
Â
�p��� q ÙpÙpÙÅ]7°��p �������¦?¤?�x���p ��p�x¡~¢��e^

L O6�;�@[Si0Z@7DA6�:YVXO6�SYO6JDb0 a9j
H~� X � �p¦T��¢��3���R����H �~��{ D - ¢��x��¡{�b¡~¢���� � �x�p���bZ*]��x���������R .�7�x¡z )E°�¡~���bD X º+� ®������ � �p¦T��¢ZH �p��{ DNº+�R�5¡z���p�����
¤?¢��x��¡z�7���~��¥3��Z�^��bÔ��p¢�¢���§J¤3��¤3�í¥?���3«�½�����§�¤?�ª¥3�Õ¢ » -  ?��Ãp�R���C���Q��1¥h» � ¤3Ñp�C¦��~¤3��Ñ�� � ¤3Ñ~��¦T�p¤3��Ñ/�~�n��R°����)¦3���
H �p��{
q � X Â
��¢�¡z�x��ÃQ��� ½F�~�9���~�x���p s�� sÃz¡~°�¤?¤3��Z/�3Ô��p¢�¢���§J¤3��¤3� ¥?�X�3«�½�����§J¤3��¥3�À¢ » -  3��Ãp���C�����Q��clG���¥1��R�x¡~¢��À¥3�
Â
���F¥?�)þp¡z 3���������ZÂ
���F¥?�)þp¡z 3��������� � �NÃp���)¦3����H �p� Ò
\Q� X Â
��¢�¡z�x��ÃQ��� ½F�~�9���~�x���p s�� sÃz¡~°�¤?¤3��Z/�3Ô��p¢�¢���§J¤3��¤3� ¥?�X�3«�½�����§J¤3��¥3�À¢ » -  3��Ãp���C�����Q��clG���¥1��R�x¡~¢��À¥3�
®i���C Z¡~�Y¦3¤?°����TÂ
��°����7�{�Z�n��R°��R�Y¦3���uH �~� Ò
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¬3� X Â£�R¢¼¡z����Ã����Q��1¥3¤u���p¤?Ã~������ ���¥Z¡~ 3��¢���Ã���¥3�ª§J¤Z¡~ �����§J¤3�bZ/� Æ ������� Z¡z�����1¥3�ª¢¼¡�Ô�«3¡~���C�Õ¥3�£®�«J½��C��§J¤3�
� �x�~�<��§�¤?�¸�R�ÀÖn�p¢w���°�¤?¢¼¡~�����{�3Ô��p¢�¢ Û��Ñp�À¥3��lr��¡~ 3°R�{�r®5¡z������� � �NÃp�R�Y¦3�C�<H �~�p�

L O6Q;m@oS90Z@7Db6�:
Hp� X Æ §J¤3����ù��� ?ÑÈ¡z 3¥� 3�p 3¢��� 3��¡~�Ê¥?½� Z¡z�<��°��0H
����«¸°��p¢�¥�¡z�x�~�<��Z�� -  3��Ã~�����C���Q���¥3� Ô��p 3� ��¡~ 3°R�{�zÔ��p 3� ��¡~ ?°��{�
Æ �R�?�x�R�Y¦3����H �p� ¬
q � X Æ §J¤3����ù��� ?Ñ H
���x«�°��~¢�¥�¡z���p�<��Z�� � ¡z�x���p Z¡~¢
V  3�C������¤?�x�}�~� Æ �x¡~ 3¥Z¡~�C¥3�u¡~ 3¥ ¨ ��°�«3 ?�p¢��pÑz½G��o�¡~��Ç
�x«?�����C¦3¤3�CÑ���þ~¤3�� çH �p� f
\?� X º+�`�x¡�½~�p 3 3�R�<�R J�L¥h»Ø¤3 3�`°�¡�Ã����Q��`��  �<�~¤?Ãp�R�<�R J� ¥Z¡~ 3� ¢��`Ã���¥3��Z�� -  3��Ãp���C�����Q��-¥3� o¸�� hÛ�RÃp�.�
o¸�� hÛ�wÃp�{��Ö`¡z��H �p��{
¬3� X º9�¸��¡�½p�p 3 ?������ ��£¥h»­¤? 3�¸°�¡�Ã����Q��G�R ��<�p¤QÃp������ ��
¥Z¡z 3�
¢��ÀÃ���¥?�bZ��Zº9¡~¦T�p��¡z�x�p�����W+G¡z�C�x¢����I,1���p��Ç
���R¢´�r®M¡~�����b�rÖ`¡z��H �p��{
fQ� X Â
��¢¼¡b�x��Ã���� ½Y�~�9���~�x���p ��� <Ãz¡~°R¤3¤3�!Z�� -  3��Ãp�R�������Q��È¥3� Æ��¡z�F®5¡~¤?¢���� Æ��¡~�Y®5¡~¤3¢������`���°R���Y¦3�C�)H �~� Ò
³?� X ¨ «3��ÔÕ¡z�����������7�p�C°��X¦T�R�NH1���R L¥?����¢���°w�x����°È�����C���p�C�[Z�� -  3��Ã~�����C���Q��
lG���¥1����x¡z¢��À¥?�¸Â£���)¥3�¸þp¡~ 3���������
Â
���F¥3�.þp¡~ 3�R���C���Z�n���°R���Y¦?���uH �p� Ò
{ � X Â£�R¢¼¡z����Ã����Q��È¥?¤}�<�p¤QÃp������ ��
¥Z¡z 3�ª¢��£ÃQ��¥3�X§J¤Z¡~ �����§J¤3�bZ/�Z�`����Z¡z�C�x�R�<�R ��ª¥h» � �C�����p�?«J½��C��§J¤3�.Â£�
Ç
¢¼¡b�x��Ã����C�x�À�R�£¥3�.Ô��p�����p¢�Ñp���9]o�Y� � �­ÂG�ÓÔÀ�¥^@�TÖn��¤?¥3�p 0��Ö`¡~�C��H �p� Ò
Ò?� X Â
��¢�¡z�x��ÃQ���Q��u¥3¤=�<�p¤QÃp������ ��)¥Z¡~ 3�.¢��uÃQ��¥3�s§J¤Z¡z J����§J¤3��Z���o¸���~¤3����¥3�s®�«�½�����§J¤3�}¥3��� Æ �p¢���¥3�R�
]´oF�­®M� Æ �¥^@� -  3��Ãp�R�������Q��G®����R�����¸�w�ÀÖ`¡~�����GÔ�¤3�����{�r®M¡~�����b�rÐX°R���p¦3�C��H �p� Ò
� � X Â
��¢�¡z�x��Ã����Q��¸¥?¤n���p¤?Ã~������ ��À¥3¡~ 3�£¢��¸Ã���¥3�G§J¤Z¡~ ��x��§�¤?�bZ��&V  3� �x����¤?�È¥3�)®�«�½�����§�¤?� � ¤?°�¢w���¡~���C��¥3�
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PACS. 32.80Pj – Optical cooling of atoms; trapping.
PACS. 42.50Lc – Quantum fluctuations, quantum noise, and quantum jumps.
PACS. 42.65Pc – Optical bistability, multistability, and switching.

Abstract. – Cold atoms from a magneto-optic trap have been used as a nonlinear (χ(3))
medium in a nearly resonant cavity. Squeezing in a probe beam passing through the cavity
was demonstrated. The measured noise reduction is 40% for free atoms and 20% for weakly
trapped atoms.

Soon after the first implementations of magneto-optic traps [1], [2], the strong nonlinear
properties of laser-cooled atoms were recognized [3]-[5]. In particular, when cold atoms are
driven by a slightly detuned probe laser beam inside an optical cavity, bistability is very
easily observed at very low light powers [6]. This high nonlinear dispersion comes from
the fact that, since the atoms are virtually motionless, the Doppler width is smaller than
the natural linewidth and the probe frequency can be set close to atomic resonance. Such
nonlinear behavior indicates that the system is capable of significantly modifying the quantum
fluctuations of a probe beam, in particular leading to squeezing [7]. However, no experiment
has been performed so far, where cold atoms have been used as a nonlinear medium. The use
of atomic media in a squeezing experiment looked particularly promising in the absence of any
Doppler broadening [8]-[10]. In this paper we report quantum noise reduction in a probe beam
that has interacted with cold atoms in an optical cavity. Quadrature squeezing as large as
40% was measured at the output of the cavity. This value is the largest ever measured in an
atomic medium. The squeezing was first observed in a free cloud, just after the trap had been
turned off. It was also observed in a weakly bound trap with trapping beams turned down by
a factor of 10 as compared to the original trap.

Up to now, all experiments of this type had been performed on atomic beams, where the
transverse Doppler effect is small but often not completely negligible [11]-[13]. The best value
of quantum noise reduction measured in that case is of the order of 20%. In contrast to
atomic beams, cold atoms constitute a well-controlled medium, where theoretical models can
in principle be fully tested against experimental results. To fit our experimental data, we
have developed a theoretical model which fully takes into account the transverse structure of
the probe beam [14] and which also considers the influence of additional noise sources like
atomic-number fluctuations [15]. With this treatment we have obtained a correct prediction
for the minimal and maximal noise power as a function of cavity detuning which fits the
experimental result well.
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Fig. 1. – Experimental set-up designed to study the quantum fluctuations of a probe beam that has
interacted with cold atoms in a nearly single-ended cavity.

The experimental set-up used to demonstrate squeezing with cold atoms has been described
in detail elsewhere [16]. Here, we will only recall its main features. We investigate the
phenomenon by sending a circularly polarized probe beam into a resonant optical cavity
containing a cloud of cold cesium atoms prepared in a standard magneto-optic trap [1], [2].
With large and rather intense trapping beams, with the linewidth of the upper state on the
low-frequency side of the 6S1/2, F = 4 to 6P3/2, F = 5 transition detuned 3 times, we obtain
a cloud of 1 cm in diameter, with densities on the order of 109 atoms/cm3. The temperature
of the atoms is of the order of some mK. The number of trapped atoms interacting with the
probe beam is measured with a method described below.

The cavity is a 25 cm long linear cavity, with a waist of 260 mm, built around the cell
(fig. 1). The input mirror has a transmission coefficient of 10% and the end mirror is highly
reflecting. The cavity is thus close to the “bad cavity” case, where the linewidth of the cavity
(5 MHz) is larger than the radiative linewidth (γ = 2.6 MHz) and which is expected to be
the most favorable for squeezing. The cavity is in the horizontal symmetry plane of the trap,
making a 45◦ angle with the two trapping beams that propagate in this plane. The probe
beam, generated by the same Ti : sapphire laser as the trapping beams, can be detuned by 0
to 130 MHz on either side of the 6S1/2, F = 4 to 6P3/2, F = 5 atomic transition. We measure
the power of the probe beam transmitted through the cavity with a photodiode located behind
the end mirror.

The field coming out of the cavity is separated from the incoming one by an optical
circulator, made of a polarizing beamsplitter and a quarter-wave plate, and mixed with a
local oscillator beam using the second input port of the same beamsplitter. Orthogonally
polarized at the output of the beamsplitter, the signal and local oscillator beams are split
into equal-intensity sum and difference fields by a half-wave plate and a second polarizing
beam splitter. Both parts are detected by photodiodes with a quantum efficiency of 96%. The
total homodyne efficiency is of the order of 90%. The ac parts of the photodiode currents are
amplified and subtracted. The resulting signal is further amplified and sent to a spectrum
analyzer and to a computer.

When the cavity length is scanned through resonance, bistability due to the nonlinear
dispersion of the cold atoms is easily observed with incident powers as low as a few mW, as
soon as the number N of interacting atoms is large enough. The nonlinear phase shift of the
cavity giving rise to bistability is proportional to the cooperativity parameter C also called
bistability parameter: C = g2N/γT (where g is the atom-light coupling coefficient, γ the
radiative linewidth of the transition and T the energy transmission coefficient of the mirror).
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C is determined for each recording by measuring the ratio between the amplitudes of the
bistability curve and of the resonance curve of the empty cavity.

The fluorescence emitted by the atoms excited by the trapping beams constitutes a source
of excess noise for the experiment, which decreases the amount of quantum noise reduction
attainable in principle. To avoid this effect, we turn off the trap during the noise measurements.
With this method the available measurement time is limited to 20 to 30 ms, due to the
expansion and the free fall of the atomic cloud. When the trap is turned off, the number
of atoms interacting with the probe beam becomes time-dependent. The variation of the
refractive index due to the escape of the atoms out of the probe beam provides a natural scan
of the cavity across the resonance. In this way, the resonance peak is scanned in about 10 ms.
However, under these conditions, the C value, being proportional to N , is no longer constant
over the scan and it becomes necessary to adopt a specific model of its time dependence in order
to interpret the noise spectra. A model for the variation of C with time can be obtained by
calculating the variation of the linear phase shift caused by an expanding and falling ensemble
of atoms in a Gaussian laser beam [15].

The atomic sample is supposed to have initially a Gaussian velocity and position distribu-
tion. Assuming, according to experimental conditions, that the Rayleigh length of the beam is
much larger than the cloud size which itself is large compared to the beam waist, the variation
of C (t) is given by the product of a Lorentzian function representing the ballistic flight of the
atoms with an exponential function accounting for the effect of gravity

C(t) = C(0)
τ2
r

τ2
r + t2

exp
[
− t4

τ2
g (τ2

r + t2)

]
, (1)

where C(0) is the cooperativity value right after the trap is turned off; the time constant τr =
σr/σv is the time for the atoms with temperature Tat and with mean velocity σv =

√
kTat/m

to fly through the cloud of radius σr and τg = 2
√

2σv/g is the time it takes for the falling
atoms to accelerate to 2

√
2 times their original thermal velocity.

To check this model, the cooperativity was experimentally studied as a function of time.
Figure 2 shows the result of such a measurement. The experimental points are fitted by the
theoretical expression given above for a cloud radius of 4 mm and a temperature of 5 mK,
which corresponds to the characteristics of our trap. These parameters were subsequently used
for calculations of the noise spectrum.

While the cavity is scanned across resonance by the escape of the atoms the field fluctuations
of the output beam are monitored with the homodyne detection described above at a fixed
analyzing frequency of 5 MHz. At the same time, the phase of the local oscillator is rapidly
varied with a piezoelectric transducer in order to explore all noise quadratures of the probe
beam. Since we have only 20–30 milliseconds to perform the measurement, the phase of the
local oscillator must be scanned at frequencies of the order of kHz, which determines the
analyzing bandwidth to be about 100 kHz. The bandwidth of the videofilter of the spectrum
analyzer should be adjusted to avoid any distortion of the spectrum. As the filter of our
spectrum analyzer (Tektronix 2753 P) did not have enough flexibility, we used numerical
filters in the processing of the spectrum.

The spectrum shown in fig. 3 was obtained in such a manner. The electronic noise was
subtracted from the signal provided by the spectrum analyzer before the filtering process. The
averaged shot noise level (determined by blocking the cavity) is indicated by the straight
line. It can be seen that the noise on the left-hand side of the figure, when the cavity is out
of resonance, is at shot noise, whereas it goes below shot noise on the lower branch of the
bistability curve. The observed squeezing is (40 ± 10)%. On the upper branch (right-hand
part of the figure), large excess noise is observed in some quadratures. The powers of the
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Fig. 2. – Time dependence of the cooperativity parameter C as the cloud of cold atoms is released
at t = 0. The dots correspond to experiments as described in the text, the curves are derived from
eq. (1).

Fig. 3. – Noise signal (ratio of the noise power to the shot noise power on a linear scale) taken with
free atoms at a fixed observation frequency of 5 MHz as a function of time, while the cavity resonance
is scanned by the departure of the atoms. Oscillations correspond to phase scan of the local oscillator.
The broken lines are theoretical predictions for the minimal and maximal noise, the solid line indicates
the shot noise level. Experimental parameters are atomic detuning: 52 MHz to the red, probe beam
power: 25 mW. The error bar is due to the width of the noise trace. The insert shows the corresponding
mean intensity (arbitrary units).

probe laser and local oscillator were 25 mW and 9 mW. The large ratio of these powers ensures
that the noise measured by the homodyne detection does not require any normalization, even if
the probe beam reflected by the cavity does not have a constant intensity. The detuning from
atomic resonance was 52 MHz on the red side of the atomic resonance. The cooperativity
parameter C was found to be 220 right after turning off the trap. The error bar for the
squeezing measurement is due to the random fluctuations of the noise signal and is estimated
to be ±10% at the minimum of fig. 3. The variation of the transmitted field reproduced
in the insert of fig. 3 shows that the system is slightly below the bistability threshold. The
spectrum presented in fig. 3 shows the best squeezing value obtained in a series of experiments
where several parameters such as the detuning of the probe field from the cavity and atomic
resonances, the analyzing frequency and the atomic number were varied.

In a second series of experiments, we have looked for quantum noise reduction in the presence
of the trap. As mentioned above, the trapping beams with full power produce too much excess
noise to allow observation of squeezing. However, we have been able to find a compromise by
first trapping the atoms from the vapor with intense laser beams, and then turning down the
trapping beams to about 1/10 of their original power. Under these conditions, the cooperativity
parameter is on the order of 20. The noise spectrum shown in fig. 4 is recorded under similar
conditions as above (detuning of 52 MHz and incident probe power of 16 mW) except that the
cavity is scanned by means of a piezoelectric transducer while the number of atoms is constant
during the measurement. The best value for squeezing obtained under such conditions is on
the order of (20± 10)%.

Here, the quantum-noise reduction appears on the upper branch of the bistability curve.
An interesting feature of the present result is that the steep edge on the left-hand side of
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Fig. 4. – Noise signal (ratio of the noise power to the shot noise power on a linear scale) and mean
intensity (arbitrary units) taken with weakly trapped atoms. The noise was measured at a fixed
frequency of 5 MHz as a function of time, while the cavity length was swept with a piezoelectric
transducer and the local oscillator phase was modulated rapidly. The solid line indicates the shot
noise level. The error bar is determined as in fig. 3.

the bistability curve observed on the mean field (upper trace in fig. 4) is due to optical
pumping, rather than to the saturation. Squeezing is reproducibly observed only in the range of
parameters where the bistability curve originates from optical pumping. However, squeezing
is still linked to the saturation of a two-level transition and the observed features can be
interpreted as a consequence of the dynamical processes that take place in the cavity. As the
cavity length is scanned, light from the probe beam enters the cavity and pumps the atoms
towards the sublevels with the highest magnetic quantum number. At that stage, saturation of
the atomic transition starts to take place, and this non-linearity is at the origin of squeezing in
the output field. As was shown in [17], the instabilities that can be seen on the right-hand side
of the curve (after the region where the squeezing occurs) come from a competition between
optical pumping and the saturation of the atomic transition.

The experimental spectra for free atoms have been compared with the theoretical predic-
tions given by the two-level atom model derived from ref. [14]. The measured experimental
parameters are included in the model, which takes into account the Gaussian character of the
beam. It is actually shown in ref. [14] that the plane-wave approximation is not valid in the
range of experimentally obtainable saturation parameters where large squeezing appears. The
minimal and maximal quantum noise were calculated in conditions reproducing those of the
experiments, i.e. by including the variation in time of the cooperativity as represented in fig. 2
and the homodyne efficiency of 90%. The resulting spectra are shown by the broken lines in
fig. 3. It can be seen that the agreement between theory and experiment is satisfactory.

As far as the squeezing in the presence of the trap is concerned, one can calculate the value
of squeezing from the same two-level atom theory. The expected quantum noise reduction is
then 20%, in good agreement with the observed value. Squeezing is here limited by the lower
value of the cooperativity, which is only of the order of 20 in this experiment.

We have evaluated the potential effect of spurious noise sources in the experiments. In the
experiment with free atoms, the excess noise due to the atomic-number fluctuations in the
cold atom cloud in the process of expanding and of falling [15] was shown to have a spectrum



 

98 EUROPHYSICS LETTERS

peaked at frequencies that are too low to affect the noise measurements at 5 MHz. Additional
causes of excess noise are the repumping laser and the weak trapping beams in the second
experiment. Their effects have been evaluated with a calculation based on the atomic-number
fluctuations they produce. In the frequency range studied, we find their excess noise to be
negligible for the rather low powers that are used for repumping and trapping beams.

This study shows that cold atoms provide a powerful medium for quantum optics. The
measured squeezing is higher than any value observed in previous atomic experiments. Even
higher values are expected by increasing the ratio of the cavity linewidth to the atomic linewidth,
i.e. by going more towards the bad-cavity limit. One of the difficulties of our first set of
experiments, in which the trapping beams had to be turned off during the noise measurements,
is avoided in the second kind of experiments. It should be possible to go further by working
with cold trapped atoms that do not interact at all with the trapping beams, for example, by
using a “dark SPOT” set-up [18].
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Abstract. On the basis of a macroscopic ground state population it was argued recently that Bose-Einstein
condensation should occur in a one-dimensional harmonic potential. We examine this situation by drawing
analogies to bosons in a two-dimensional box, where the thermodynamic limit is well-defined. We show that
in both systems although the ground state populations show sharp onsets at the critical temperature, the
behaviour of the specific heat is analytic, which proves the absence of a phase transition in these systems.

PACS. 03.75.Fi Phase coherent atomic ensemble (Bose condensation) – 05.30.Jp Boson systems
– 64.60.-i General studies of phase transitions

The experimental study of ultracold trapped Bose
gases [1–3] has revived the interest in Bose-Einstein con-
densation in the regime of weak or even vanishing in-
teraction. In these experiments the atoms are confined
by external forces, which might be modelled by a three-
dimensional harmonic potential. Recently it was suggested
on the basis of results for the ground state population that
in an effectively one-dimensional potential Bose-Einstein
condensation should occur [4]. In the present paper we
place the discussion of non-interacting bosons in a one-
dimensional harmonic potential into a larger framework
by drawing analogies to particles in a two-dimensional
box with infinite walls, a system which has, in contrast to
the former one, the advantage that a well-defined thermo-
dynamic limit exists. Within this framework we address
the conceptual problem whether a macroscopic ground
state population is a sufficient indicator for Bose-Einstein
condensation to appear or if in contrast, thermodynamic
quantities have to be considered. In addition to the ground
state population we study in particular the specific heat,
calculated with a continuous density of states, which is
permissible for large particle numbers. The result is con-
firmed by an analysis based on the discrete level structure.

Bose-Einstein condensation [5] is usually described
within the grandcanonical ensemble where the average
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Brossel, Université Pierre et Marie Curie, Ecole Normale
Supérieure, Centre National de Recherche Scientifique, 4 place
Jussieu, BP74, 75252 Paris cedex 05, France

c e-mail: astrid@spectro.jussieu.fr

number of particles is given by

N =

∫ ∞
0

dEρ(E)
z

exp(βE) − z
. (1)

Here, z = exp(βµ) is the fugacity with β = 1/kBT and the
chemical potential µ. The energy scale is chosen such that
the minimum value of the d-dimensional external potential
U(r) equals zero. Then the classical density of states for
particles of mass m

ρ(E) =
1

Γ (d/2)

(
m

2πh̄2

)d/2 ∫
dVcl [E − U(r)]

(d−2)/2
,

(2)

where the integration has to be taken over the classi-
cally accessible region, vanishes for negative energies. If
ρ(E)→ 0 for small energies, N reaches a finite maximum
even for the maximum value of the fugacity z = 1. Addi-
tional particles are then found in the ground state which
is not included in the density of states (Eq. (2)). For a d-
dimensional harmonic potential the density of states varies
likeEd−1 and therefore Bose-Einstein condensation is only
expected for d = 2 and higher [6,7].

This approach has been criticized by various authors.
For the three-dimensional harmonic potential it was shown
that corrections to the density of states (Eq. (2)) lead to
corrections to the Bose temperature, which are of order
N−1/3 [8]. Other work [9–13] has addressed the question
whether there are effects due to the discreteness of the
energy levels which is not included in equation (2). In
this context, it was recently claimed that Bose-Einstein
condensation can be found even in the case of a one-
dimensional harmonic potential [4].
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The argument given by Ketterle and van Druten is
as follows. The relative ground state occupation N0/N is
calculated by taking into account the discreteness of the
energy levels. As an example, we show in Figure 1a re-
sults for particle numbers varying between N = 102 and
N = 107 particles. The temperature is scaled with a crit-
ical temperature determined by [4]

N =
kBTc

h̄ω
ln

(
2kBTc

h̄ω

)
, (3)

where h̄ω is the energy level spacing. It can be seen that
with increasing number of particles N , the crossover be-
tween finite and vanishing ground state occupation sharp-
ens. This behaviour is similar to the three-dimensional
case, where Bose-Einstein condensation occurs, and it is
thus concluded that there is condensation even in one di-
mension.

However, in a one-dimensional harmonic potential with
fixed frequency ω the critical temperature Tc diverges in
the limit N → ∞. It is therefore not obvious how a
phase transition in such a system may be defined. Further-
more, a rescaling with Tc is then equivalent to widening
the harmonic potential when increasing the particle num-
ber, i.e. lowering the oscillation frequency towards zero
(cf. Eq. (3)).

We now address the question whether a macroscopic
ground state population is a sufficient indicator to define
Bose-Einstein condensation in this system. In this respect
it is useful to consider another system with a constant
density of states ρ(E). From equation (2) we find for a
two-dimensional box of length L

ρ(E) =
mL2

2πh̄2 . (4)

Here a proper thermodynamic limit N,L→∞, with con-
stant density N/L2, can be performed and the notion of
phase transition is well defined. While (2πh̄2/kBm)(N/L2)
provides the temperature scaling, either N or L2 deter-
mine how closely the thermodynamic limit is approached.
For the two-dimensional box it is generally accepted that,
in contrast to the three-dimensional box, no phase tran-
sition occurs (see [9], where the authors derive this con-
clusion, although the specific heat for the two-dimensional
box is not correctly reproduced [14]).

An analogy to the one-dimensional harmonic oscillator
may be drawn by comparing its density of states
ρ(E) = 1/h̄ω to expression (4). The temperature scale
is now given by Nh̄ω while the thermodynamic limit is
reached either for N →∞ or h̄ω → 0. For fixed frequency
ω the limit N →∞ leads to a change in the temperature
scale. A phase transition should therefore become appar-
ent when rescaling the temperature with N . For later pur-
poses we note that the dimensionless density for the two-
dimensional box N(λT/L)2, where λT = (2πh̄2β/m)1/2 is
the thermal de Broglie wavelength, corresponds to Nβh̄ω
for the one-dimensional harmonic oscillator.

To check the analogy between the two systems, we
have calculated the ground state population for the two-
dimensional box using discrete energy levels. Following

Fig. 1. Relative ground state occupation N0/N (a) for the
one-dimensional harmonic potential and (b) for the two-
dimensional box as a function of temperature T scaled with
the critical temperature Tc. The numerical results obtained by
taking into account the discrete level structure correspond to
N = 102, 103, 104, 105, 106, and 107 particles from the upper
right to the lower left curve.

the reasoning of Ketterle et al. [4] we define a critical
temperature via N = 2(L/λT,c)

2 ln(L/λT,c) and obtain
the results shown in Figure 1b. Clearly, as in the case of
a one-dimensional harmonic potential, the ground state
population for large N shows a rather sharp transition
to macroscopic values below the critical temperature. No
qualitative difference in the behaviour of the two systems
is visible. The definition of Bose-Einstein condensation via
a macroscopic ground state population enters therefore in
conflict with predictions for the two-dimensional box. For
a good criterion for condensation one instead has to resort
to thermodynamic quantities.

To this purpose we consider in particular the specific
heat, which recently has become accessible experimen-
tally [15]

C =
d

dT

∫ ∞
0

dEρ(E)
Ez

exp(βE)− z
. (5)

Here C is expressed through the continuous density of
states ρ(E), which will prove to be sufficient for our pur-
poses. Evaluating equation (5) with constant density of
states ρ = 1/h̄ω yields

C

NkB
=

2

Nβh̄ω

∞∑
n=1

zn

n2
+

1

Nh̄ω

ln(1− z)

z

dz

dβ
(6)
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and for the fugacity we obtain from (1)

z = 1− exp(−βh̄ωN). (7)

This expression is correct for high temperatures but breaks
down when z becomes of the order of its zero temperature
value N/(N + 1), which is the case at temperatures of the
order of the critical temperature defined by equation (3).
At these temperatures z almost takes the value of one and
the difference to the approximation (7) is at most of order
1/N . Although equation (7) could not be used to deter-
mine the ground state population at low temperatures, it
allows us to obtain the correct result for the specific heat.
Corrections of order 1/N to the fugacity are negligible
in the first term on the right hand side of equation (6)
whereas they are potentially dangerous in the logarith-
mic term. However in the temperature range of interest
this term is strongly suppressed because dz/dβ becomes
exponentially small.

With equation (7) the specific heat takes the form

C

NkB
=

2

y

∞∑
n=1

(1− exp(−y))n

n2
−

y

exp(y)− 1
(8)

with y = βh̄ωN . The particle number N enters this result
only through a linear rescaling of the specific heat and
the temperature. A similar result has been derived for a
canonical ensemble [12]. According to the above discussion
the sum in equation (8) determines the low temperature
behaviour of the specific heat which is then found to be

C

NkB
=
π2

3

1

y
=
π2kB

3N

1

h̄ω
T. (9)

In view of the analogy between the one-dimensional har-
monic oscillator and the two-dimensional box the specific
heat of the latter one then becomes(

C

NkB

)
2dbox

=
π2kB

3N

mL2

2πh̄2T. (10)

In Figure 2, expression (8) is depicted by the full line with
its low temperature approximation (9). The dashed line
shows the result of a numerical calculation for 10 parti-
cles in a one-dimensional harmonic potential taking into
account the discreteness of the spectrum. Even for such
small N , equation (8) gives a rather good approxima-
tion. For 100 or more particles the difference between the
result for the one-dimensional harmonic oscillator based
on the discrete level structure on one hand and equa-
tion (8) on the other hand becomes negligible. For the
two-dimensional box the convergence of the calculation
using discrete energies to the result for a constant density
of states is somewhat slower due to the higher dimension-
ality of the system.

Thus for large particle numbers the form of the spe-
cific heat becomes independent of N and neither singular-
ities build up in the thermodynamic limit N → ∞ nor a
maximum appears at the critical temperature like the one
found in the result sketched in [9]. Furthermore, the lim-
iting result (8) is analytic for finite temperatures and we

Fig. 2. Specific heat C of a Bose gas in a one-dimensional
harmonic potential as a function of temperature T . The full
line represents the result of a calculation with constant den-
sity of states with its low temperature approximation (dotted
line), while the dashed line is for N = 10 particles taking into
account the discrete level structure. For N = 10 equation (3)
yields kBTc/Nh̄ω = 0.454. Similar numerical results have been
obtained in [12,13].

N
(1�d)=d

�

�h! kBT

�h!N
1=d

Fig. 3. Illustration of the reasoning leading to equation (15).
The lines correspond to the upper bound of the chemical
potential (12) and the high temperature approximation (14),
respectively.

conclude that, as in the two-dimensional box, there is no
phase transition in a one-dimensional harmonic potential.

The difference between the behaviour of a non-
interacting Bose gas in a one-dimensional and higher-
dimensional harmonic potentials may also be understood
in terms of discrete energy levels. An appropriate crite-
rion for the possibility of Bose-Einstein condensation to
occur is whether in the thermodynamic limit N →∞ the
chemical potential equals the ground state energy below
the critical temperature or not. In the following we will
show that this criterion is not met in a one-dimensional
harmonic potential. We start out with the average number
of particles in a grand canonical description

N =
1

exp(−βµ)− 1
+
∞∑
n=1

g
(d)
n

exp[β(h̄ωn− µ)]− 1
, (11)

where g
(d)
n is the degeneracy of the n-th eigenlevel of the

d-dimensional harmonic potential. The first term on the
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right-hand-side of equation (11) represents the population
of the ground state.

One derives an upper bound of the chemical poten-
tial at arbitrary temperatures by considering a situation
where the excited states do not contribute to the number
of particles

µ

h̄ω
≤ −

1

N

kBT

h̄ω
. (12)

Naturally this case coincides with the low temperature
limit βh̄ω � 1. Chemical potential and temperature are
taken with respect to the energy level spacing h̄ω of the
harmonic potential. This is the appropriate choice if ω is
kept fixed in the thermodynamic limit.

For high temperatures the ground state population be-
comes very small and therefore β|µ| � 1. We may then
approximate expression (11) for the average particle num-
ber by

N = exp (βµ)
∞∑
n=0

g(d)
n exp(−βh̄ωn) =

exp(βµ)

(1− exp(−βh̄ω))d
.

(13)

Except for very low particle numbers the high temperature
regime implies βh̄ω � 1. The chemical potential is then
found as

µ

h̄ω
=

ln
[
N(βh̄ω)d

]
βh̄ω

(14)

and equals zero at kBT/h̄ω = N1/d. Since the ground
state energy was taken to be zero, the high temperature
result suggests that there might be Bose-Einstein conden-
sation below a temperature h̄ωN1/d/kB. A more detailed
analysis leads to a prefactor of the order of one.

To exclude the existence of a phase transition in a one-
dimensional harmonic potential, it is sufficient to consider
the upper bound (12) for the chemical potential at its
intersection with the high temperature expression (14).
There the value of the chemical potential becomes
(cf. Fig. 3)

µ

h̄ω
= −N (1−d)/d. (15)

For d = 1 this is of order one independently of the parti-
cle number N and one expects a smooth crossover at the
intersection point. This behaviour forbids a phase transi-
tion in the one-dimensional case. On the other hand, for
d ≥ 2, the chemical potential at the intersection vanishes

for N → ∞ opening the possibility of a sharp transition
at a temperature of order N1/d, below which the chemical
potential strictly equals the ground state energy. We thus
recover the predictions of the theory based on the density
of states (2).

In conclusion, by studying the specific heat and
using an analogy with two-dimensional box systems we
have shown that a macroscopic ground state population
alone is not a sufficient indicator of a phase transition. In
higher dimensional systems which show a condensation
phenomenon a macroscopic ground state population is al-
ways accompanied by some signature in the specific heat
or higher derivatives of the free energy. Their absence for
the case of a one-dimensional harmonic potential leads us
to conclude that no phase transition occurs in this system.
The main interest of Bose-Einstein condensation lies in the
particular coherence properties of condensates. Then the
question arises to which extent the ground state popula-
tion can give information about coherence. The results of
this paper show that it might be necessary, maybe not
sufficient, to carefully study thermodynamic quantities as
well.
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We study the radiation emitted by a cavity moving in vacuum. We give a quantitative estimate of the
photon production inside the cavity as well as of the photon flux radiated from the cavity. A resonance
enhancement occurs not only when the cavity length is modulated but also for a global oscillation of
the cavity. For a high finesse cavity the emitted radiation surpasses radiation from a single mirror by
orders of magnitude. [S0031-9007(96)00676-X]
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Vacuum field fluctuations exert radiation pressu
forces on any scatterer placed in empty space. For
mirrors at rest in vacuum, this effect has been known
a long time as the Casimir effect [1]. It has more recen
been recognized that dynamical counterparts of this st
force appear for moving scatterers. For some types
motion, the field does not remain in the vacuum state,
photons are produced through nonadiabatic processes
Because of energy conservation, the scatterers’ mo
then has to be damped out, and this damping may
associated with dissipative radiation reaction forces.

Motion induced effects of vacuum radiation pressure
not require the presence of two mirrors but already e
for a single mirror moving in vacuum. In this case, t
radiation reaction force is known to arise as soon as
mirror has a nonuniform acceleration [3]. The effects
radiation from a moving mirror and the associated radiat
reaction force raise intriguing questions with respect to
standard mechanical description of motion. They imp
that dissipative effects are associated with the motion
mirrors in vacuum, although this motion has no furth
reference than vacuum itself. They thus seem to challe
the principle of relativity of motion. It would therefore b
very important to obtain experimental evidence of the
dissipative processes associated with motion in vacu
However, vacuum radiation pressure scales as Plan
constanth̄ and produces therefore only small mechani
perturbations for any macroscopic mirror, so that t
feasibility of an experimental demonstration of motio
induced dissipation is usually considered to lie out of rea
of present technology.

The aim of the present Letter is to show that quant
tive figures are greatly improved when the attention is
cused onto the emission of radiation from an empty h
finesse cavity oscillating in vacuum. Indeed, the num
of emitted photons is the ratio of the radiated energy
the photon energy and thus scales ash̄0. This argument
clearly supports a detection of optical rather than mech
0031-9007y96y77(4)y615(4)$10.00
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ical signatures of motion induced dissipation. Furth
more, a cavity configuration should allow one to take
vantage of resonance enhancement effects.

Motion induced radiation can be interpreted us
analogies with optical parametric processes. It is w
known that the cavity field is parametrically excited wh
the mechanical cavity length is modulated at a freque
equal to an even integer multiple of the fundamental o
cal resonance frequency. If the cavity field is initially
the vacuum state, this excitation leads to a squeezed
uum state [4] which differs from the pure vacuum st
and, in particular, contains photons. Compared to the
uation with a single oscillating mirror, radiation is res
nantly enhanced in this cavity configuration. More str
ingly, a resonant enhancement also exists when the ca
oscillates as a whole, with its mechanical length kept c
stant, at frequencies equal to odd integer multiples of
fundamental optical resonance frequency. Motional ra
ation is in this case reminiscent of photon emission from
single oscillating mirror, however, with the difference th
it is enhanced by the cavity finesse.

A number of calculations has been devoted to the ene
buildup inside a cavity with perfect mirrors [5]. Howeve
these calculations do not provide satisfactory answer
the previously discussed questions. They do not cons
the photons radiated by the cavity since the latter is tre
like a closed system. Even for the photons produ
inside the cavity, the hypothesis of perfect mirrors amou
to disregarding the important problem of finite lifetim
of photons inside the cavity. In this Letter, in contra
we study the configuration of a cavity built with part
transmitting mirrors. The cavity thus appears as an o
system able to radiate into the free field vacuum.
the same time, the influence of the cavity finesse may
quantitatively evaluated.

For simplicity, we limit ourselves here to two
dimensional space-time calculations. As is well kno
from the analysis of squeezing experiments, the tra
© 1996 The American Physical Society 615
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verse structure of the cavity modes does not cha
appreciably the results obtained from this simplifi
model. Each transverse mode is correctly described
two-dimensional model as soon as the size of the mir
is larger than the spot size associated with the mode.
two-dimensional model thus corresponds to a conserva
estimate where one transverse mode is efficiently cou
to the moving mirrors. A more precise evaluation for
realistic configuration should take diffraction into accou
and would probably lead to a result obtained by multip
ing the two-dimensional result by the Fresnel number,
the number of efficiently coupled transverse modes [6]

Before studying the cavity configuration, we consid
briefly the case of a single moving mirror and calcul
the photon flux as well as the spectrum of the emit
radiation. To derive the radiation, we use general ar
ments associated with scattering theory, without spec
assumptions on the form of the interaction between mi
and field. This approach does not rely on a detailed
croscopic analysis and is therefore applicable to any t
of mirror as long as its internal dissipation is negligib
We disregard the recoil of the mirror which is supposed
have a macroscopic mass. To specify the scattering p
erties of the mirror, we introduce column matricesFfvg
which contain the components at a given frequencyv of
the free fields propagating in opposite directions,

Fsvd ­

s
h̄

2svd

"
usvda1,v 1 us2vday

1,2v

usvda2,v 1 us2vday
2,2v

#
. (1)

Field components with positive or negative frequenc
correspond, respectively, to annihilation (a6,v) and cre-
ation (a

y
6,v) operators (u is the Heaviside step function

The transformation from the input fieldFin to the output
one Fout is described by a unitaryS matrix which con-
tains the transmission and reflection amplitudesssvd and
rsvd at a given frequency

Foutfvg ­

"
sfvg rfvg
rfvg sfvg

#
Finfvg. (2)

The scattering of the field on a motionless mirror does
change the field frequency, and the vacuum state is
preserved, as a consequence of unitarity.

When the mirror is moving, the frequency of the field
changed by the scattering process, and theS matrix now
describes this frequency change,

Foutfvg ­
Z dv0

2p
Sfv, v0gFinfv0g. (3)

Assuming that the incoming field is in the vacuum sta
one obtains the following expression for the numberN of
photons radiated into vacuum by the moving mirror

N ­
Z `

0

dv

2p

Z `

0

dv0

2p
nfv, v0g,

nfv, v0g ­
v

v0
Tr sSfv, 2v0gSfv, 2v0gyd. (4)

nfv, v0g is the spectral density which describes t
number of particles present in the output field. Pho
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creation from vacuum is associated with a scatter
process from a negative frequency2v0 to a positive
frequencyv. The radiation has to be summed over t
two output ports as indicated by the traceTr.

When theS matrix is evaluated in a first order expan
sion in the displacement, which is valid for small displac
ments in which we are interested here, the spectral den
nfv, v0g is proportional to the square modulus of the fr
quency componentdqfv 1 v0g of the displacement

nfv, v0g ­
vv0

c2
gfv, v0g jdqfv 1 v0gj2,

gfv, v0g ­ 2s1 2 sfvgsfv0g 1 rfvgrfv0g (5)

1 1 2 sfvgpsfv0gp 1 rfvgprfv0gpd.

This expression results from a linear approximation of t
motional perturbation of the field, but it is valid withou
any restriction on the motion’s frequency. It is direct
connected to the general relation which exists betwe
the motional perturbation of the scattering matrix and t
radiation pressure force exerted upon the mirror [7].

In the following, we consider the case of a mirro
following a harmonic motion at a frequencyV. Since we
expect the radiation of photons to be proportional to tim
we focus our attention on a harmonic motion of amplitu
a during a timeT ,

dqstd ­ 2a cossVtd, 0 , t , T . (6)

For a long oscillation timeT , we find the numberN of
radiated photons to be defined per unit time,

N
T

­
a2

c2

Z V

0

dv

2p
vsV 2 vdgfv, V 2 vg. (7)

This result is similar to the expression one would obta
for the number of photons spontaneously emitted by
atom coupled to vacuum fluctuations, calculated w
Fermi’s golden rule. Here the emission is genera
by the parametric coupling of the mirror’s mechanic
motion to vacuum radiation pressure rather than by
coupling of the atomic dipole to the vacuum field. Henc
photons are emitted through a two-photon parame
process rather than through a one-photon process. A
well known, spontaneous emission is not accompanied
absorption processes because vacuum is the field gro
state. Here the same property entails that photons
only emitted at frequenciesv and v0 smaller than the
frequencyV of the mechanical motion. Each parametr
process corresponds to the emission of two phot
carrying away an energȳhV ­ h̄sv 1 v0d, so that
the radiated energy may be obtained as1

2 Nh̄V. This
energy corresponds exactly to the work supplied by
mirror against the radiation reaction force, in absence
other dissipative mechanisms. This consistency betw
mechanical dissipation and optical radiation is ensu
by expression (7) whereN appears to be proportional t



VOLUME 77, NUMBER 4 P H Y S I C A L R E V I E W L E T T E R S 22 JULY 1996

7

e

s
io

n

t

in
r

r

ey
re
al
cy
e

we
the

ion
us

set
g
the

d

the noise spectrum at frequencyV of the fluctuations of
vacuum radiation pressure experienced by the mirror [

In the limiting case of a nearly perfect mirror (s !

0; r ! 21), we obtain a simplified expression for th
number of radiated photons

N
T

­
8a2

c2

Z V

0

dv

2p
vsV 2 vd ­

2a2V3

3pc2 ,

N ­
VT
6p

µ
y

c

∂2

, y ­ 2Va. (8)

Expression (8) forN is a product of two dimensionles
factors, namely, the number of mechanical oscillat
periods during the timeT and the square of the maxima
velocity y of the mirror divided by the velocity of light
c. A characteristic feature of motion induced radiatio
which could be used in an experiment to distinguish
from spurious effects, is the parabolic shape of its spec
density with a maximum atv ­ Vy2.

The derivation of motion induced radiation is similar
the case of two moving mirrors. Assuming the two mirro
follow a harmonic motion at the same frequencyV with
respective amplitudesai (i ­ 1, 2), we deduce the numbe
of photons radiated per unit time to be
o

t

b
a
o

c
a
ib
t
r
n
t

].

n
l

,
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ral

s

N
T

­
X
ij

aiaj

c2

Z V

0

dv

2p
vsV 2 vdgijfv, V 2 vg.

(9)

As in the case of a single mirror, the functionsgij already
appear in the evaluation of motional forces, and th
have been studied previously [8]. We introduce he
simplifying assumptions allowing one to obtain analytic
expressions for the motional radiation. In the frequen
range f0, Vg one can in a good approximation assum
the reflection coefficientsr1 andr2 of the two mirrors to
be real and frequency independent. In the following
are concentrating on the most interesting case where
cavity has a high finesse which implies that bothr1 andr2
are close to unity. Since the functionsgijfv, v0g exhibit
resonances when one of the emission frequenciesv or v0

corresponds to a cavity mode, we will keep the reflect
coefficients, which appear in their denominators and th
determine their resonant behavior. In contrast, we will
to unity the reflection coefficients acting only as weightin
factors in the numerators. With these assumptions
functions gij only depend on the productr1r2 of the
reflection coefficients which we denote

r1r2 ­ e22r , r ø 1 , (10)

where1yr measures the cavity finesse. They then rea
g11fv, v0g ­ g22fv, v0g ­ 4 1 4D1fvgD1fv0g, g12fv, v0g ­ g21fv, v0g ­ 24D2fvgD2fv0g,

D1fvg ­
sinhs2rd

coshs2rd 2 coss2vtd
­

X̀
k­2`

r

r2 1 svt 2 kpd2 ,

D2fvg ­
2 sinhsrd cossvtd

coshs2rd 2 coss2vtd
­

X̀
k­2`

s21dkr

r2 1 svt 2 kpd2
.

(11)
h

n
f by
t is the time of flight of a photon from one mirror t
the other. With the exception of the first term ing11, all
terms contain denominators clearly associated with
presence of the cavity.

We can now calculate the emitted photon number
performing the integration (9) for the various Lorentzi
components of the spectrum. Using the assumption
high finesse cavity we find
o
-

h

c

e

y

a

N
T

­
V3sa2

1 1 a2
2d

3pc2 1
X̀

k,k0­1

Nk,k0

T
,

Nk,k0

T
­

1
t

kp

ct

k0p

ct

4rfa1 2 s21dk1k0

a2g2

4r2 1 sVt 2 kp 2 k0pd2 .

(12)

The photon flux outside the cavity can also be written
resumming the contributions of all modes,
N
T

­
V3

3pc2
sa2

1 1 a2
2d 1

V

6pc2

µ
V2 2

p2

t2

∂
sinhs2rd sa1 1 a2d2

coshs2rd 1 cossVtd
1

V

6pc2

µ
V2 2

p2

t2

∂
sinhs2rd sa1 2 a2d2

coshs2rd 2 cossVtd
.

(13)
e

o

di-
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n
n

The first term in these expressions is a nonresonant
tribution coming from direct reflection of vacuum fluctu
tions on both sides of the cavity. All other terms descr
resonances of the motional radiation occurring when
mechanical excitation frequencyV is close to an intege
multiple of the fundamental optical resonance freque
pyt. Nk,k0 describes parametric emission of radiation in
n-

e

y

the optical modes of frequencieskpyt andk0pyt. Com-
pared to the result obtained for a single mirror, the ra
ated photon flux is enhanced by a resonance factor wh
is essentially the cavity finesse. For the lowest mech
ical resonance atV ­ 2pyt, only one intracavity mode
is excited (k ­ k0 ­ 1). This corresponds to the situatio
studied in most works on intracavity field buildup [5]. I
617
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the more general frame developed in the present Le
higher resonance frequencies exist, giving rise to sev
emission peaks. The emission peaks all have the s
spectral width given by the cavity finesse, and their re
tive intensities reproduce a parabolic spectrum, as the
obtained for a single moving mirror, however, with a larg
resonant enhancement. The information contained in
set of peaks can again be used to distinguish motion
duced radiation from spurious effects.

In Eq. (12), even modesV ­ 2pyt, 4pyt, . . . appear
as elongation modes which correspond to a perio
modulation of the mechanical cavity length. In contra
odd modesV ­ 3pyt, 5pyt, . . . are excited by a globa
translation of the cavity with its length kept constan
The latter effect is thus reminiscent of radiation
a single oscillating mirror, since the cavity moves
vacuum without any further reference than vacuum its
However, radiation is now enhanced by the cavity fines
These two kinds of vibration modes, which appear
be contrasted in a mechanical point of view, have be
obtained in a unified manner in our scattering approa
which deals with the field bouncing back and forth
the cavity. The basic reason for this similar descripti
within the scattering formalism is that the optical leng
as seen by the field varies in the same way for b
kinds of modes, although the mechanical cavity length
modulated in one case and constant in the other one.

To estimate the stationary number of photons ins
the cavity, we may use a simple balance argument. E
photon has a probability4r of escaping from the cavity
during each round-trip time2t. As we know the photon
flux emitted by the cavity per unit time, we can dedu
the number of photonsNk,k0 produced by the oscillation
in a pair of cavity modes,

Nk,k0 ­
kp

ct

k0p

ct

2fa1 2 s21dk1k0

a2g2

4r2 1 sVt 2 kp 2 k0pd2
. (14)

So far we have given a quantitative estimate for t
numberN of radiated photons as well as for the numb
N of photons produced inside the cavity. The mod
of a cavity with partly transmitting mirrors allows us t
evaluate now the resonance enhancement factor in te
of the cavity finesse. A mechanical excitation at exa
resonance leads to the following orders of magnitude
N andN :

N .
VT
2p

y2

c2

1
r

, N .
y2

c2

1
r2 , (15)

where y measures either the sum or the difference
the peak velocity of the vibrating mirrors, depending
the mode parity. We may emphasize that not only
number of photons inside the cavity, but also the num
of radiated photons, diverge at the limit of perfect
reflecting mirrors where the finesse of the optical a
618
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mechanical resonances goes to infinity. This shows t
the simple model which treats the cavity as a clos
system misses important physical phenomena.

To be more specific about the orders of magnitud
let us recall that we have assumed the input fields
be in the vacuum state. This assumption requires
number of thermal photons per mode to be smal
than 1 in the frequency range of interest (h̄v , kBQ

with kB the Boltzmann constant andQ the temperature).
Low temperature technology thus points to experime
using small mechanical structures with optical resonan
frequencies as well as mechanical oscillation frequenc
in the GHz range. In this frequency range, the fines
of a superconducting cavity can reach109 [9]. A peak
velocity y . 1 mys, corresponding to an amplitude in th
nm range, would thus be sufficient to obtain a radiat
flux of 10 photons per second outside and a station
number of10 photons inside the cavity. It is importan
to emphasize that the peak velocity considered in
present analysis is only a small fraction of the typic
sound velocity in materials so that fundamental break
limits do not oppose these numbers. The photons m
be detected outside the cavity by performing sensit
photon-counting detection of the radiated flux. Inside t
cavity the state of the field could be probed with the he
of Rydberg atoms [9]. Therefore, if a technique is foun
to excite a vibrating motion with the above characteristic
the challenge of an experimental observation of motio
radiation in vacuum can be taken up.
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Hänsch, S. Haroche, P.A. Maia Neto, and J.-M. Raimo
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2 Laboratoire de Physique Théorique de l’École Normale Supérieurec, 24 rue Lhomond, 75231 Paris Cedex 05, France

Received: 10 December 1997 / Received in final form: 27 March 1998 / Accepted: 27 March 1998

Abstract. We calculate the photon emission of a high finesse cavity moving in vacuum. The cavity is
treated as an open system. The field initially in the vacuum state accumulates a dephasing depending
on the mirrors motion when bouncing back and forth inside the cavity. The dephasing is not linearized
in our calculation, so that qualitatively new effects like pulse shaping in the time domain and frequency
up-conversion in the spectrum are found. Furthermore we predict the existence of a threshold above which
the system should show self-sustained oscillations.

PACS. 42.50.Lc Quantum fluctuations, quantum noise, and quantum jumps – 03.70.+k Theory of quan-
tized fields – 12.20.Ds Specific calculations

Vacuum field fluctuations exert radiation pressure on scat-
terers in vacuum. For a pair of mirrors at rest this effect is
well known as Casimir effect [1]. When a mirror is moving
radiation pressure of vacuum fluctuations leads to a dis-
sipative force which opposes itself to the mirrors motion.
This force is known to arise as soon as the mirror has a
non-uniform acceleration [2]. Accordingly the electromag-
netic field remains not in the vacuum state but photons
are emitted by the scatterer into vacuum [3]. Radiation
from a moving mirror and the associated radiation reac-
tion force imply that dissipative effects are associated with
the motion of mirrors in vacuum, although this motion has
no further reference than vacuum itself. Since these effects
challenge the principle of relativity of motion in vacuum, it
would be very important to obtain experimental evidence
for them and to study their characteristics in detail.

Motion-induced radiation can be interpreted as a re-
sult of dephasing of vacuum fields depending on the mir-
rors motion. The order of magnitude of the dephasing is
expected to be the ratio between the mirror’s velocity v
and the speed of light c. For most conceivable motion of a
macroscopic object, the velocity v cannot greatly exceed
the sound velocity and is thereby much slower than that of
light. This is why motion-induced radiation is very small
for a single mirror oscillating in vacuum. This conclusion
holds for perfectly reflecting mirrors as well as for partly
transmitting ones.

a e-mail: astrid@spectro.jussieu.fr
b Laboratoire de l’École Normale Supérieure et de l’Univer-

sité Pierre et Marie Curie associé au CNRS
c Laboratoire du CNRS associé à l’École Normale Supérieure

et à l’Université Paris-Sud

A number of works have been devoted to photon pro-
duction inside the cavity built with a pair of perfectly
reflecting mirrors moving in vacuum [4–7]. However no
predictions can be made for the amount of radiation emit-
ted outside the cavity when the resonator is treated as a
closed system. In contrast the resonant enhancement is
found to be determined by the cavity finesse when the
cavity is treated as an open system [8] from which the pho-
tons can escape. Motion induced radiation, that is photon
emission outside a cavity oscillating in vacuum is reso-
nantly enhanced by the cavity finesse when compared to
the radiation from a single oscillating mirror. The reso-
nant enhancement occurs when the mechanical frequency
is a multiple of the lowest cavity mode. Even and odd mul-
tiples correspond respectively to breathing modes, where
the mechanical cavity length changes periodically, and to
translation modes, where the cavity moves as a whole [9].
The latter effect reminds radiation from a single mirror
inasmuch as vacuum fluctuations are the only reference
for the cavity motion. However the order of magnitude of
photon emission may greatly exceed the one from a single
mirror. From an experimental point of view the cavity is so
far the most interesting system to look for an experimental
observation of dissipative effects of vacuum fluctuations.

Inside a cavity the field undergoes many reflections
before leaving the cavity through one of the mirrors. The
number of round-trips of the field is roughly given by the
cavity finesse. In loose terms, one may define an effec-
tive velocity where the physical velocity v normalized by
the speed of light is multiplied by the number of round-
trips inside the cavity. Effective velocity and thus motion-
induced radiation become the larger the higher is the cav-
ity finesse. The effective velocity is no longer a material
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velocity and may therefore approach the speed of light. In
contrast to the single mirror’s case, qualitatively new ef-
fects are expected, such as the formation of a pulse bounc-
ing back and forth in the cavity [6,7]. Since the pulse dura-
tion is shorter than the time of flight through the cavity,
the radiation spectrum should also contain various fre-
quencies corresponding to higher-order cavity modes and
thus exceeding the mechanical frequency.

These effects cannot be obtained with a linear treat-
ment as the one used in [9]. In such a treatment the field
scattering is supposed to be linear in the mirrors motion.
The field-mirror interaction corresponds to a coupling of
the vacuum field radiation pressure, which is quadratic in
the field, to the mirrors mechanical motion. Photons are
thus emitted in pairs. In the linear regime the generation
of motion-induced radiation is analogous to a parametric
process during which the mechanical excitation is trans-
formed into a pair of photons. Due to energy conserva-
tion the sum of their frequencies equals the oscillation fre-
quency. Therefore motion-induced photons are only emit-
ted at frequencies smaller than the excitation frequency.
The linear assumption is correct as long as the total field
dephasing due to interaction with the moving reflector re-
mains small. The field dephasing from one reflection scales
with the mirrors velocity over the speed of light. The lin-
ear assumption is always satisfied for a single macroscopic
mirror.

However for a cavity the crucial parameter is the effec-
tive velocity and the total field dephasing can become im-
portant for a high finesse cavity. As a consequence we ex-
pect frequency multiplication to occur which generates fre-
quencies larger than the mechanical excitation frequency.
The linear treatment, which predicts the emission fre-
quencies to be smaller than the oscillation frequency, then
looses its validity and has to be replaced by a treatment
which fully accounts for a large field dephasing produced
through successive reflections of the field onto the mirrors.
This treatment will be called non-linear in the following
although the scattering is still linear in the field.

The aim of the present paper is to give a treatment of
the radiation emitted by a cavity moving in vacuum which
takes into account both the effect of accumulated field de-
phasing and the open character of the cavity. In particular
we will study the explicit dependence of motional radia-
tion on the two experimentally accessible parameters, the
mirrors velocity and the cavity finesse. We will first intro-
duce general calculation techniques for a single mirror and
for a cavity moving in vacuum with an arbitrary motion.
We will then concentrate on a particular motion, the har-
monic oscillation of the mirrors, which allows to evaluate
in closed analytical form the correlation functions of the
radiation through a special parametrization of the motion.
We will give expressions for the time-dependent radiated
energy as well as the frequency-dependent radiation spec-
trum.

1 Single mirror moving in vacuum

Neglecting all effects related to polarizations, the electro-
magnetic field Φ is considered as a scalar function of one
space variable, t and x, and will be written as a sum of
two counterpropagating components ϕ and ψ which are
functions of two light-cone variables u and v

Φ(t, x) = ϕ(u) + ψ(v)

u = t− x, v = t+ x. (1)

For the sake of simplicity, the velocity of light is set to
unity. We limit ourselves here to two-dimensional space-
time calculations. As is well-known from the analysis of
squeezing experiments [10], the transverse structure of the
cavity modes does not change appreciably the results ob-
tained from this simplified model. Each transverse mode
is correctly described by a two-dimensional model as soon
as the size of the mirrors is larger than the spot size as-
sociated with the mode. The two-dimensional model thus
corresponds to a situation where one transverse mode is
efficiently coupled to the moving mirrors.

We now represent the mirror’s motion either by a
function x = q(t) associated with the trajectory or as
a monotonous function v = V (u) relating the light cone
variables u and v of the light rays intersecting on the mir-
ror’s trajectory. A propagation component ϕout of the out-
put field can then be written as a function of the input
fields ϕin and ψin and of the function V

ϕout =
√
Rψin ◦ V +

√
Tϕin

T = 1−R

(h ◦ g) (u) = h (g (u)) . (2)

The symbol ◦ represents the composition law for func-
tions. The coefficients

√
R and

√
T are the reflection and

transmission amplitudes describing scattering upon the
mirror. For the sake of simplicity, we have assumed these
coefficients to be real and frequency independent.

We now recall the standard calculation of the energy
radiated into vacuum by the moving mirror [2]. The input
fields are supposed to be in the vacuum state and charac-
terized by the correlation function

〈ϕin(u)ϕin(ū)〉 = −
h̄

4π
ln |u− ū| −

ih̄

8
ε(u− ū). (3)

The first term corresponds to the anticommutator and is
state-dependent whereas the second term gives the com-
mutator contribution and is state-independent. Since ε is
the sign function, it is clear that the field commutator re-
mains unchanged under the transformation (2) where u
is replaced by a monotonous function V (u). The change
of the correlation function between the input and output
field is given by the following function which depends on
the field anticommutators only

C(u, ū) = 〈ϕ′out(u)ϕ′out(ū)〉 − 〈ϕ′in(u)ϕ′in(ū)〉

= −
h̄R

4π

(
V ′(u)V ′(ū)

(V (u)− V (ū))2
−

1

(u− ū)2

)
· (4)
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Throughout the paper, the prime signifies a derivative of
a function with respect to its argument. The energy den-
sity eu(u) radiated per unit time is given by the function
C(u, ū = u) evaluated at coinciding points through a point
splitting regularization procedure [2]

eu(u) = C(u, u) = −
h̄R

24π
SV(u)

SV =
V ′′′

V ′
−

3

2

(
V ′′

V ′

)2

· (5)

The function SV is the Schwarzian derivative of V . No
radiation is emitted when the reflector has a uniform ac-
celeration, which corresponds to a vanishing Schwarzian
derivative SV . The total energy radiated by the moving
mirror can then be obtained by integrating the energy
density over u. In the following, we will concentrate on
the particular case of an oscillatory motion of mechani-
cal frequency Ω. In this case the energy Eu radiated per
period is read as

Eu =

∫ 2π
Ω

0

eu(u)du. (6)

In order to characterize the radiation we have also to de-
scribe its spectral properties. The radiation spectrum may
be represented as a density of photons obtained from the
Fourier transform of the two point function C(u, ū). We
will turn to its description later on.

2 Cavity moving in vacuum

The vacuum field is defined on both sides of the cavity as
in the previous section. The relation between input and
output fields is a generalization of (2) which corresponds
to the standard Fabry-Perot theory

ϕout = −
√
R2ψin ◦ V−1 +

√
R1T2

∑
n≥0

rnψin ◦ Vn

+
√
T1

√
T2

∑
n≥0

rnϕin ◦ Un

T1 = 1 − R1, T2 = 1−R2, r =
√
R1

√
R2 = e−2ρ. (7)

The reflection and transmission amplitudes of the two mir-
rors are related through unitarity conditions. The coeffi-
cient r determines the attenuation factor of the field on a
single cavity round-trip. It can also be written as a func-
tion of the cavity losses ρ. Throughout the paper we will
use ρ when we consider the experimentally interesting case
of a high finesse cavity with ρ � 1. In the more general
case the reflection coefficient r will be used. The functions
Un and Vn represent the light cone variables associated
with the various input rays which are transformed into
the output light ray u by the cavity. When the cavity is
at rest they are given by simple relations

Un (u) = u− 2nL

Vn (u) = u− (2n+ 1)L. (8)

Fig. 1. Space-time diagram of on arbitrary field trajectory
bouncing back and forth inside the cavity. Both mirrors are
supposed to follow a harmonic motion. Light rays are indicated
by null lines, i.e. straight lines making a 45◦-angle with the
time and space axis.

The length L of the cavity is measured as a time of flight
between the two mirrors; the two mirrors are supposed to
be located at x = ±L/2 respectively; the ray V−1 repre-
sents the particular case where the field has been directly
reflected back by the first encountered mirror without en-
tering the cavity.

We may deduce the field emitted by the vibrating cav-
ity through the same expression (7) as for the motionless
cavity, but with functions Un and Vn now given by the
procedure sketched in Figure 1. The functions Un and Vn
corresponding to the various light rays in Figure 1 are
built up through a functional iteration,

Un = f2n Vn = f2n+1

f−1 = g f0 = I

f2n = g−1 ◦ f2n−1 f2n+1 = h ◦ f2n (9)

where I is the identity function (I (u) = u), while the two
functions h and g−1(inverse of g) represent the trajectories
of the mirrors

x = q1(t) =⇒ v = h(u)

x = q2(t) =⇒ v = g(u)⇒ u = g−1(v). (10)

The function f2n results from n successive compositions of
the function g−1 ◦ h. This construction is quite analogous
to the one described in [7], but it is written here such that
it may be applied to an open cavity.

In a linear treatment [9] the total field dephasing re-
mains small. At every reflection the field acquires a de-
phasing due to the mirrors motion 2qi(t), (i = 1, 2). In
this case the composition of functions (9) is reduced to
the summation of the mirrors motion. The accumulated
dephasing after M roundtrips inside the cavity is now
seen to be simply M times the dephasing due to a single
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roundtrip. The scattered field then has a temporal vari-
ation which reproduces the mirrors motion. With these
approximations the results of the linear treatment are re-
covered.

However, if the field undergoes a great number of
roundtrips inside the cavity, the total dephasing does not
remain small and a linearization is not valid anymore. The
dephasing has then to be calculated through the general
composition law (9). Following the same procedure as for
the single mirror, we calculate the density of energy eu(u)
radiated to the right through the two-point correlation
function defined as in (4) by letting ū come to coincidence
with u. As all functions now depend on a single parameter
u, we omit this parameter in the expression for the energy
density

eu = −
h̄

4π

R2

6
Sf−1 − 2T2

∑
n≥0

rn+1 f ′−1f
′
2n+1

(f−1 − f2n+1)2

+
T 2

2R1

6

∑
n≥0

r2nSf2n+1 +
T1T2

6

∑
n≥0

r2nSf2n

+ T1T2

∑
n6=m≥0

rn+m f ′2nf
′
2m

(f2n − f2m)2

+ T 2
2R1

∑
n6=m≥0

rn+m f ′2n+1f
′
2m+1

(f2n+1 − f2m+1)2

 · (11)

Compared to the radiated energy density of a single mir-
ror (5), we now find a sum of Schwarzian derivatives corre-
sponding to different numbers n of round-trips inside the
cavity, as well as new terms arising from the interference
between light rays having undergone a different number
of roundtrips.

The derivatives appearing in the upper equation are
iteratively deduced from each other through relations (9)
and the chain rules associated with derivation of composed
functions

(g ◦ h)
′

= h′ g′ ◦ h

S (g ◦ h) = Sh+ h′2 (Sg) ◦ h. (12)

In the general case of arbitrary motions of the two mir-
rors, the various relations which have been written in the
present section allow to compute the energy density radi-
ated by a cavity built with partly transmitting mirrors.

3 Harmonic motions and periodic orbits

From now on we focus our attention on configurations
which have been shown to be the most efficient ones to
generate motion-induced radiation [9] and which further-
more allow us to put the problem in a simpler form.

We consider that the two mirrors follow harmonic mo-
tions at such a frequency that the motion-induced effects,
i.e. motional radiation and motional force, are resonantly

enhanced by the multiple interference taking place inside
the cavity. The frequency Ω of the harmonic motion is
thus supposed to be such that ΩL is a multiple of π

ΩL = Kπ. (13)

The amplitudes of the two motions are supposed to have
the same absolute value with either opposite or identical
signs depending on the parity of the integer number K

Ωq1(t) = −
Kπ

2
− β sin

(
Ωt−

(K + 1)π

2

)
Ωq2(t) =

Kπ

2
− β sin

(
Ωt+

(K + 1)π

2

)
β = th(α). (14)

We have written the two equations of motion in terms
of dimensionless numbers. In particular, one distinguishes
two parameters α and β. β represents the ratio between
the maximal velocity of the mirrors and the velocity of
light while α plays the role of a rapidity which will be
found to add up through successive reflections when one
considers the composed motion of both mirrors.

When K is an even number, the upper equations de-
scribe a situation where the two mirrors are oscillating
such that the length of the cavity changes periodically. In
the opposite case, the cavity performs a global oscillation
with its length kept constant. The two cases will be called
even and odd modes respectively in the following. A cav-
ity motion corresponding to an odd mode is reminiscent of
motion-induced radiation from a single oscillating mirror,
but in addition here the radiation is resonantly enhanced
inside the cavity. These statements follow from the lin-
earized approach [9] but we expect a similar behavior to
take place in the full treatment developed in the present
paper.

There exist periodic orbits such that the optical length
seen by the field bouncing back and forth in the cavity
is the same on successive round-trips despite the motion
of the mirrors [7]. These orbits correspond to particular
values ũ of the light-cone variable u such that the iter-
ation procedure leads to expressions similar to the ones
obtained when the mirrors are at rest (cf. (8)). Although
definition (9) of fp is different depending on whether p
is even or odd, the periodic orbits generalize the usual
resonance condition of the Fabry-Perot theory

fp(ũ) = ũ− pL. (15)

They therefore give rise to a constructive interference ef-
fect, analogous to that occurring for a motionless cavity.
Since the light rays corresponding to a periodic orbit en-
counter the mirrors at the same position after an arbitrary
number of round-trips, the composition (9) of motions
leads to a simple power law for the derivatives evaluated
after n roundtrips as well as for the Schwarzian derivatives

f ′p(ũ) = e2pα

Sfp(ũ) = Sf(ũ)
1− e4pα

1− e4α
· (16)
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There exist two sets of periodic orbits which correspond
to opposite values of α in (16). These two periodic or-
bits attract (respectively repel) the neighboring trajecto-
ries, when e4α is greater (respectively smaller) than unity.
Only the attractive orbit is expected to give rise to a large
enhancement of the motional radiation.

In expression (11) of the energy density the Schwarzian
derivative ( 16) is multiplied by the squared reflection co-
efficient after n roundtrips r2n. Summation over the num-
ber of roundtrips leads then to a geometric progression of
r2ne8nα. The first factor represents the attenuation of the
energy density associated with the cavity losses through
the two mirrors. The second one accounts for the paramet-
ric amplification of the field associated with the mirrors’
motion. As a consequence, the energy density takes large
values when the parametric amplification compensates the
losses. In fact, a divergence of the energy density should
occur when re4α approaches unity. This corresponds ex-
actly to the oscillation threshold of a mechanically excited
parametric amplifier. Let us notice that the approach de-
veloped in the present paper does not remain valid above
this threshold.

We have focussed our attention here on the case where
periodic orbits correspond to light rays meeting the two
mirrors at their mean positions, respectively −L/2 and
L/2. There exist more general situations where the light
rays meet the mirrors at other positions [7] which will not
be considered here. Notice that the particular case studied
in the present paper is interesting from an experimental
point of view since it corresponds to the maximum value
of the parameter α for motions having a given frequency
and a given amplitude.

In the following, we will restrict our attention to the
cases of practical interest where the physical velocity of
the mirror remains small when compared to the velocity
of light. As discussed in the Introduction, this condition
is always met for macroscopic mirrors. It implies that a
single reflection produces a small dephasing on the field
and, thereby, small radiation effects. Precisely, this means
that the quantity Sf which appears in (16) has an ex-
tremely small value while the factor e2α is very close to
unity. It follows that a large number n of roundtrips is
needed to obtain a factor e2nα differing appreciably from
unity and therefore giving rise to a noticeable radiation.
We show now that this assumption permits to perform the
functional iteration in an analytical manner.

The crucial point is that the functional iteration (9)
may in this case be restricted to the sub-space of peri-
odic functions h corresponding to homographic relations
between the phases eiΩu and eiΩh(u)

eiΩh(u) =
aeiΩu + b

b∗eiΩu + a∗
=⇒ A(h) =

(
a b
b∗ a∗

)
(17)

a and b are two complex constants and a∗ and b∗ their
complex conjugates which can be gathered in a matrix
A(h) associated with the function h. Attention may be re-
stricted to matrices having a determinant equal to unity.
In the sub-space of functions (17), the composition of two
functions merely corresponds to a product of their corre-

sponding matrices.

A(h ◦ g) = A(h)A(g). (18)

Rigorously speaking, the function (17) does not corre-
spond to sinusoidal trajectories (14) but rather to specific
trajectories already considered by Law for dealing with
photon production inside a closed cavity [6]

a = eiφachα, b = eiφbshα

sin (Ωq − φa) = −β sin (Ωt− φb) (19)

where the reduced velocity β gives the mirrors velocity
compared to the speed of light. Variations of the phase
factors φa and φb amount to displacements of the trajec-
tory along the space and time axis. At the limit of small
velocities however, the trajectory (19) is reduced to an
ordinary sinusoidal motion (14)

β � 1 =⇒ Ωq = φa − β sin (Ωt− φb) . (20)

The difference between the two motions scales as the cube
β3 of velocity and is therefore extremely small for realistic
motions of macroscopic mirrors. The effect of the trajec-
tory (19) is thus indistinguishable from the effect of the
sinusoidal motion for a single reflection.

If one considers two oscillating mirrors, the two func-
tions h and g, corresponding to the first and second mirror,
are associated with two matrices A(h) and A(g) respec-
tively. The matrix components are chosen to fit equations
(14) of motion of the two mirrors

A(h) =

(
(−i)Kchα iK+1shα

(−i)K+1shα iKchα

)

A(g) =

(
iKchα (−i)K+1shα

iK+1shα (−i)Kchα

)
· (21)

As the composition of the two functions corresponds to
a product of their matrices, the composition law natu-
rally produces a homographic function when the number
of reflections becomes large. This essential feature will be
used in the following to compute the temporal and spectral
characteristics of motional radiation from purely algebraic
manipulations of the associated matrices. In particular,
the functions fp in equation (9) corresponding to succes-
sive reflections of the field inside the cavity are obtained
through matrix multiplication

Ap =

(
(−i)Kpchpα i2K+1(−i)Kpshpα

(−i)2K+1iKpshpα iKpchpα

)
· (22)

The discrepancy between the composed functions built on
the two motions (14) and (19) does not affect the results
if β � 1 . More precisely, the difference between the com-
posed functions fp built on the two motions (14) and (19)
remains of the order of β2 when the number of iterations
increases.
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4 Pulse shaping

In the following, we will analyze the case of a single mir-
ror following a trajectory (17) with an arbitrary velocity
parameter α. Although the hypothesis of a large rapidity
α is not realistic for a single mirror, it can be used as a
model for the composition of a large number of round trips
inside the cavity. We will then come to the full treatment
of the cavity where interferences have also to be accounted
for.

The derivative h′(u) may be written from (17) as

h′(u) =
1

|a+ be−iΩu|
2 (23)

h′(u) oscillates between the extremal values exp (±2α)
which correspond to physical velocities of the mirror ±β.
For homographic functions (17), the Schwarzian derivative
has the simple form

Sh =
Ω2

2

(
1− h′2

)
. (24)

The total energy radiated to the right by a single mirror
is then obtained by averaging the energy density (5) over
one oscillation period

Eu =
h̄RΩ

12
sh2α. (25)

This energy does not saturate when the parameter α in-
creases although the velocity scales as thα and remains
smaller than the velocity of light. The radiated energy is
always greater than the squared velocity th2α which was
the value suggested by the linear treatment [9]. However
it is impossible to obtain appreciable radiation with a sin-
gle oscillating mirror for velocities small compared to the
speed of light. In the realistic case of a mirror moving at a
small velocity the radiated energy as well as the number
of emitted photons scale with α2.

We come now to the energy density radiated by an
oscillating cavity, assuming that a large number of round-
trips is necessary to compensate the small velocity of the
mirrors and thus get a noticeable radiation. The energy
density eu may be obtained from (11) by using the follow-
ing properties of the Schwarzian derivative of fp and of
the first-order derivative f ′p respectively

Sfp =
Ω2

2

(
1− f ′2p

)
f ′p =

1

ch2pα+ (−1)Ksh2pα sinΩu
· (26)

To plot the energy density for different linear and non-
linear regimes we introduce effective quantities

αeff = 2α/ρ

βeff = th(αeff ). (27)

The effective rapidity αeff is given by the roundtrip value
of the rapidity multiplied by the cavity finesse ρ−1. In

0 π 2π 3π 4π
Ωt

0

eu

αeff = 0.9
αeff = 0.5
αeff = 0.3

Fig. 2. Energy density emitted to the right by the cavity as a
function of time for different effective rapidities αeff and r =
0.99. The top line of the frame corresponds to 10−3h̄Ω2. With
increasing values of the effective rapidity the energy starts to
concentrate in pulses emitted periodically by the cavity. The
pulses become very sharp close to the threshold of oscillation
αeff = 1.

contrast to the mechanical velocity v normalized by the
speed of light, which has to remain much smaller than 1 in
any physical situation, the corresponding effective veloc-
ity βeff can become an important fraction of the speed of
light when the field undergoes a large number of reflections
inside the cavity. The maximal value of the effective re-
duced velocity is limited to βeff ∼ 0.76 by the divergence
of the energy density at αeff = 1. This value corresponds
indeed to the threshold re4α = 1 which has already been
mentioned previously for the periodic orbits.

The variation of the energy density for different param-
eters αeff is presented in Figure 2. In the linear regime
where αeff � 1 the temporal variation of the emitted
energy is sinusoidal. When αeff increases the energy con-
centrates in pulses which are periodically emitted by the
cavity. This pulse shaping becomes the more pronounced,
the width of the pulses the smaller, the larger becomes the
effective rapidity and thus the accumulated field dephas-
ing.

In the same manner as for the single mirror the total
energy radiated by the cavity is computed by averaging
the energy density over one oscillation period 2π/Ω. As
previously we will restrict our attention to a realistic case,
where the mirrors velocity is small which justifies the use
of the homographic relations. In this case we may replace
the differences of functions in the denominators of (11)
by their motionless values (8). Higher order contributions
decrease with the inverse of their squared order. The sums
over the number of roundtrips can then be performed and
we find the following expression for the energy radiated to
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the right

Eu =
h̄ΩR2

12
sh2α+

h̄ΩT2

48
(ζu(α) + ζu(−α)− 2)

−
h̄ΩT2

8π2K2

(
ξ(α)(ζu(α) − e−2α)

+ξ(−α)(ζu(−α)− e2α)
)

ζu(α) =
(1− e−4ρ)e2α + T1(1− e2α)

1− e4(α−ρ)

ξ(α) =
∞∑
l=1

e2l(α−ρ)

l2ch2αl
· (28)

The energy Ev radiated to the left can be obtained from
the above formula by interchanging the indices 1 and 2
of the reflection and transmission coefficients. The total
energy radiated in both directions is then evaluated as
the sum of the two contributions

E = Eu +Ev. (29)

The total radiated energy would diverge for α = ρ. How-
ever this limit is not reached as the energy density already
diverges when 2α/ρ approaches unity. The reason for this
difference is simply that the widths of the various contri-
butions to the energy density decrease when the number of
roundtrips n increases, so that the contribution to the in-
tegrated energy increases less rapidly than the peak value
of the energy density. As a consequence, the divergence of
the peak density occurs before the divergence of the inte-
grated energy. We remind here that our calculation does
not remain valid above the oscillation threshold. Still it
may be expected that a large amount of radiation is emit-
ted above threshold.

For experimental reasons one might also be interested
in the amount of energy stored inside the cavity. Let us
first remark that inside the cavity the fields propagat-
ing to the right and to the left are not independent from
each other due to the boundary conditions. All intracav-
ity quantities thus contain the field components of both
directions and are obtained as the sum of the two con-
tributions. Having this argument in mind the intracavity
energy, integrated over the cavity length L = Kπ/Ω, is
then with the same notations as above found to be

E =
h̄ΩK

48
(ζ(α) + ζ(−α) − 2)

−
h̄Ω

8π2K
(ξ(α)ζ(α) + ξ(−α)ζ(−α) − 2ξ(0))

ζ(α) =
1

2
(ζu(α) + ζv(α)). (30)

The energy density is here directly expressed with respect
to the static Casimir energy which is recovered when the
cavity is motionless [2]. This result is due to the fact that
the vacuum outside and inside the cavity is not the same
but differs exactly by this amount of energy.

In order to obtain an appreciable value for the radiated
energy if the cavity is moving at a small velocity, it is

necessary to consider a high finesse cavity ρ� 1, keeping
in mind that the finesse should be limited by the condition
αeff < 1. Using these assumptions equations (29, 30) may
be approximated as follows by expanding separately the
common denominator and numerators

E ≈
h̄Ω

6
α2 +

h̄Ω

6

(
1−

1

K2

)
ρα2

ρ2 − α2

E ≈
h̄Ω

24

(
K −

1

K

)
α2

ρ2 − α2

α ≤
ρ

2
� 1. (31)

The first term in the radiated energy is due to the field
which is directly reflected by the two mirrors without en-
tering the cavity. This term corresponds to the expression
for motion-induced radiation from a single perfectly re-
flecting mirror. The second term has its origin in the field
which has traversed the cavity and thus accumulated a
much more important dephasing than the singly reflected
field. Neglecting α2 in the denominator leads to the lin-
ear result presented in [9]. The linear approximation is
found to be rigorously valid if the rapidity is much smaller
than the cavity losses (α � ρ). Furthermore the present
treatment allows us to calculate motion-induced radiation
when the field dephasing becomes large due to accumula-
tion on a large number of reflections. Equations (31) have
a range of validity extending up to the threshold αeff = 1.

The intracavity energy contains only the term corre-
sponding to the field which has entered the cavity. Its
expression can also be deduced from the radiated energy
through a detailed balance argument, which goes as fol-
lows [9]: the energy inside the cavity can be obtained
from the radiated energy by multiplying it by two fac-
tors Ω/(2π) and 2L/(4ρ). The first factor is due to the
fact that the radiated energy is the energy density inte-
grated over one oscillation period. During one roundtrip
of duration 2L each photon has the probability 4ρ - corre-
sponding to the energy transmission coefficient of the two
mirrors - to escape from the cavity. The present non-linear
evaluation of the intracavity energy gives indeed the same
result as the balance argument in the limiting case of a
high finesse cavity (cf. Eqs. (31)). However, as equations
(28, 30) show the balance argument is not true for a cav-
ity with arbitrary reflection and transmission coefficients.
A remarkable consequence of equations (31) is that the
non-linear calculation is necessary as soon as the number
of photons inside the cavity becomes of the order of unity.

Interesting remarks can be made concerning the par-
ticular case K = 1. Clearly equations (31) show that for a
high finesse cavity no enhancement of photon production
inside the cavity can be obtained when the mechanical ex-
citation frequency equals the lowest cavity mode (K = 1)
in accordance with results in references [5,6]. In this case
the energy E radiated by the cavity corresponds to the
one emitted by a single mirror and the motional intra-
cavity energy vanishes. However, in the general case of
arbitrary cavity finesse motion-induced photons are also
found for the K = 1 mode (cf. Eq. (30)). The key point is



102 The European Physical Journal D

that as far as classical light rays are concerned the mode
K = 1 behaves like all other modes [7]. However the field
dephasing and thus motion-induced radiation is not only
determined by the behavior of the light rays but also by
the cavity which plays the part of a filtering function and
suppresses photons at zero frequency. As a consequence of
the coupling to radiation pressure photons are not emit-
ted singly but in pairs. Thus motion-induced radiation is
enhanced by the cavity if all photons are emitted into a
cavity mode, the sum of their frequencies being equal to
the mechanical oscillation frequency. In order to fulfill this
condition when the cavity oscillates with the frequency of
the lowest cavity mode photons have to be emitted at zero
frequency. The cavity suppresses those photons the more
efficiently the higher is the cavity finesse. Thus motion-
induced photons for the K = 1 mode can be found in the
bad cavity limit but not in the high finesse limit.

Coming back to the general case, we emphasize that
equations (31) remain valid up to the threshold ρ = 2α,
when the cavity finesse ρ−1 is increased with the ampli-
tude of motion kept constant. Below this value motion-
induced radiation is amplified inside the cavity, but the
cavity losses exceed the amplification gain. As expressions
(31) are monotonous in ρ their maximum values are thus
reached at threshold. In this regime we then find a maxi-
mum of the radiated energy which depends linearly on ρ.
Comparing this value to the maximum energy emitted by
a single oscillating mirror shows a gain of the order of the
cavity finesse by considering a cavity instead of a single
mirror. The cavity is thus a much more favorable system
to produce motion-induced radiation than a single mirror.
Furthermore if one increases the cavity finesse above its
threshold value the roundtrip amplification of the field due
to the mirrors motion should exceed the cavity losses and
the system should enter a regime of exponential amplifi-
cation. Without further calculations we then expect the
oscillating cavity to emit photon pulses of much higher
intensity above threshold than below.

5 Frequency up-conversion

We now turn to the calculation of the radiation spectrum
where we will proceed as previously by first studying the
case of a single moving mirror and afterwards the one of
the oscillating cavity.

The scattering field equation (2) writes in Fourier
space

ϕout[ν] =
√
Tϕin[ν]

+
√
R

∫
dν̄

Ω

2π
ψin[ν̄]

∫
dueiΩ(νu+ν̄V (u))

ν =
ω

Ω
, ν̄ =

ω̄

Ω
(32)

where we have introduced the reduced frequencies ν̄ and
ν normalized with respect to the mechanical frequency Ω.
The field dephasing of the output field is determined by
V (u) and thus associated with the mirrors position Q(u)

which is easily calculated from (17)

ΩQ (u) = Ω
V (u)− u

2
= arctg

(
β cosΩu

1 + β sinΩu

)
· (33)

e2iν̄Q(u) is a periodic function and can thus be developed
into a Fourier series with discrete coefficients γm

e2iν̄ΩQ(u) =
∑
m

γm[ν̄]e−imΩu (34)

which will determine the radiation spectrum. If the mir-
rors motion were sinusoidal these Fourier coefficients
would be given by Bessel functions of different orders. We
have now to evaluate these coefficients for a homographic
trajectory (19).

To this aim, we first write the field dephasing (34) as

e2iΩν̄Q(u) =

(
1 + iβe−iΩu

1− iβeiΩu

)ν̄
· (35)

The Fourier coefficients (34) may be rewritten in terms of
an hypergeometric series1

γm[ν̄] = (−i)m+2 ν̄

π
sin (πν̄)Gm (ν̄, β)

Gm (ν, β) = βm
∑
l≥0

Γ (ν + l)Γ (m− ν + l)

Γ (m+ 1 + l)

β2l

l!
· (36)

The radiation spectrum, that is the spectral density of
the photon number per unit time and defined for positive
frequencies, is then given by [9]

nν = R
∑
m≥ν

ν

m− ν
|γm[m− ν]|2

= R
sin2(πν)

π2

∑
m>ν

ν (m− ν) |Gm (ν, β)|2 . (37)

The total energy may be recovered as the integral of the
spectrum as well as the integral of the energy density.
The radiation spectrum vanishes for all values ν equal to
a natural number, that is for all frequencies ω equal to a
multiple of Ω. The spectrum thus decomposes into a suc-
cession of arches, each limited by two successive multiples
of the excitation frequency.

The upper expression corresponds to reflection upon a
single moving mirror. In order to get the spectral distri-
bution of radiation from the cavity, we now have to take
into account the interferences between light rays having
undergone different number of reflections inside the cav-
ity. We proceed in the same manner as in the case of a
single moving mirror by splitting the function fp into two
parts. The first part is linear in the parameter u while the

1 The coefficient Gm(ν, β) is directly related to the hyper-
geometric function F (ν,m− ν;m+ 1; β2) defined for instance
in [11]. We have also used property 8.334 of the Γ -function in
the same reference.
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second one Qp is induced by the motion and harmonic like
the mirrors’ motion

fp (u) = u− pL+ 2Qp (u)

ΩQp(u) = arctg

(
βp cosΩu

1 + βp sinΩu

)
βp = (−1)Kth (pα) . (38)

The round-trip dephasing 2L corresponds to the case of
periodic orbits so that the function Qp vanishes at these
points. The periodic function e2iν̄Qp can be developed into
a Fourier series with coefficients now depending on the
number of round trips p. We proceed as previously to find
the Fourier coefficients

γm,p[ν̄] =

∫ 2π
Ω

0

Ω

2π
du eimΩueiKπν̄pe2iΩν̄Qp(u)

= (−i)m+2
ν̄

sin (πν̄)

π
eiKπν̄pGm (ν, βp) (39)

and the radiation spectrum

nν =
sin2(πν)

π2

∑
m>ν

ν (m− ν)

×


∣∣∣∣∣√R1T2

∑
n≥0

rne−2iπKν(n+1)Gm (ν, β2n+1)

−
√
R2Gm (ν, β−1)

∣∣∣∣∣
2

+T1T2

∣∣∣∣∣∣
∑
n≥0

rne−2iπKνnGm (ν, β2n)

∣∣∣∣∣∣
2
 · (40)

Let us mention that we recover the predictions of the lin-
earized treatment for a motion with a small velocity by
keeping only the lowest-order term m = 1 in the hyperge-
ometric series. The spectrum is then parabolic and found
to be restricted to the frequency range corresponding to
the first arch [9].

Figure 3 shows the radiation spectrum for an effec-
tive rapidity αeff = 0.9 near the threshold of parametric
oscillation. The spectrum shown here is plotted for a cav-
ity oscillating globally at a frequency of Ω = 3π/L. This
means that the cavity performs three oscillations during
one roundtrip of the field inside the cavity. The dashed
line was obtained by putting formally K = 0 in equation
(40) which eliminates the phase factors responsible for the
interferences. It may be interpreted as the spectrum of ra-
diation emitted by a single oscillating mirror averaged over
the effective velocity. Clearly photons can be created by
higher-order harmonics of the motion as well as by the
fundamental one as soon as the effective velocity becomes
appreciable compared to the speed of light. As a striking
consequence, photons are radiated at frequencies higher

0.0 1.0 2.0 3.0 4.0
ν=ω/Ω

0

nν

Fig. 3. Spectrum of the radiation emitted by the cavity for
αeff = 0.9 and a reflection coefficient of r = 0.99. The top line
of the frame corresponds to α2

eff/4. The peaks correspond to
cavity resonance frequencies. The spectrum is plotted for a cav-
ity oscillating globally at a mechanical frequency Ω = 3π/L.
The dashed line constitutes the envelope of the spectrum. It
was obtained by averaging the spectrum of a single mirror
over the effective velocities corresponding to different num-
ber of roundtrips. Photons are created at frequencies higher
than the mechanical oscillation frequency through frequency
up-conversion in the opto-mechanical coupling between vac-
uum fluctuations and the mirrors motion. Furthermore the ra-
diation spectrum vanishes for frequencies equal to a multiple
integer of the mechanical excitation frequency.

than the mechanical frequency Ω. A process of frequency
up-conversion thus exists in the opto-mechanical coupling
between vacuum fluctuations and mechanical motion of
scatterers. A corresponding situation is found for a sin-
gle oscillating mirror (dashed line) which is however not
realistic as it would imply a mirror’s mechanical veloc-
ity appreciable compared to the speed of light. The use
of a cavity allows to reproduce the same spectral density
within the bandwidth of the cavity resonance lines for re-
alistic mirrors’ velocities. A second striking feature is that
no photons are emitted at frequencies equal to multiple
integers of the excitation frequency Ω neither by a single
oscillating mirror nor by a vibrating cavity.

When comparing the cavity radiation spectrum to ex-
pression (37) corresponding to a single mirror, a difference
is the emergence of peaks typical of cavity resonances. In
fact, the interferences between the pathes corresponding
to different numbers n of round-trips are essentially de-
termined by the factors rne−2inπKν and rne−2iπKν(n+1).
The propagation dephasing after one round-trip is e2iπKν

where K is the order of the mechanical frequency as com-
pared with the fundamental resonance frequency of the
cavity. It follows that the peaks are apparent at frequen-
cies equal to an integer multiple of K−1, as shown in Fig-
ure 3 with K = 3. Their shape is Lorentzian for a high
finesse cavity. The width of each peak is given by the in-
verse of the cavity finesse. The number of peaks fitting into
the interval [0, Ω] corresponds to the order K of the ex-
cited cavity mode compared to the mechanical frequency.
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6 Discussion

In this paper we have presented a non-linear calculation of
motion-induced radiation from a cavity taking fully into
account the accumulation of dephasing through successive
reflections of the field on partly transmitting mirrors. This
approach confirms the main results of the linearized treat-
ment which was previously used and makes it possible to
specify its range of validity. Furthermore the non-linearity
due to the accumulative field dephasing produces partic-
ular signatures of motion-induced radiation which cannot
be calculated within the linear approximation.

In the experimentally relevant case where the mirrors
move with a velocity small compared to the speed of light
the emitted photon number from a single mirror moving
in vacuum scales with its squared velocity. Compared to
this situation motion-induced radiation from an oscillating
cavity is enhanced by the cavity finesse. For high finesse
cavities as they exist for instance in the microwave-regime
this enhancement brings motion-induced radiation within
reach of an experimental observation. This clearly proves
the cavity to be a much more favorable system for the
generation of motion-induced radiation.

In addition the present calculation shows that the lin-
ear approach is valid when the effective rapidity, given
by the mirrors’ physical velocity multiplied by the cav-
ity finesse, is much smaller than 1. We have given here
expressions having a much larger range of validity.

In order to measure motion-induced radiation it is nec-
essary to dispose of signatures which permit to distinguish
vacuum radiation from spurious effects. The present cal-
culation has allowed to identify two quantities showing
signatures which could serve to this aim, the temporal
variation of the radiated energy density and the spectral
density of the emitted photon number.

We have studied the emitted energy density as a func-
tion of different effective rapidities. With increasing ef-
fective rapidity the energy starts to concentrate in pulses
which are emitted periodically into vacuum by the cavity.
These pulses become the higher and the sharper the more
the effective rapidity approaches its threshold value. The
energy density diverges when the single-reflection rapid-
ity equals half of the cavity losses during one roundtrip
(α = ρ/2). The characteristic temporal variation which
allows high energy densities in regularly spaced and nar-
row time windows might be exploited in an experimental
observation.

The spectrum of motion-induced radiation shows sev-
eral remarkable features. First photons may be radiated
at frequencies higher than the mechanical frequency Ω
in contrast to the prediction of the linear treatment. A
process of frequency up-conversion thus takes place in the
opto-mechanical coupling between vacuum fluctuations
and mechanical motion of scatterers. Second the spectrum

always vanishes for all multiple integers of the mechani-
cal oscillation frequency. Due to the opto-mechanical res-
onance condition motion-induced radiation is furthermore
only predicted at particular frequencies corresponding to
fractions of the mechanical oscillation frequency. These
signatures are different from pick-up effects and could
serve to identify motion-induced radiation.

So far we have discussed the behavior of the system in
a regime where the cavity amplifies the dissipative effects
of vacuum fluctuations. However, as a consequence of the
divergence of the energy density there exists a threshold
above which the system will show self-sustained oscilla-
tions in analogy with an optical parametric oscillator [10].
This regime is reached if the cavity finesse is increased
above its threshold value. The amplification of motion-
induced radiation should then exceed the cavity losses.
It is to be expected that in this regime the cavity will
emit photon pulses with much larger intensity than below
threshold. If it were possible to reach this regime exper-
imentally an observation of motion-induced radiation as
well as of its characteristics could be achieved more easily.
It might thus also be interesting to calculate the radiated
energy and the spectrum above threshold. The question
then arises which are the mechanisms limiting the ampli-
fication of radiation in this regime.

In conclusion, these results confirm the idea that it
might be possible to show experimental evidence of the
dissipative effects of motion in quantum vacuum.

We thank M. Brune, M. Devoret, D. Estève, S. Haroche,
J.-M. Raimond and C. Urbina for fruitful discussions.
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Ö Ø/×8Ü'Ò ÞYÔKÕ ýSÊ ��ÕaÞ Ú Ò Ó Ü�Ø Ô áYä/Ø ÕaÓ�ÚBI á Ó ä;Ò Ó!ÕaÔ'æYÕKÓ8Ô'æYÕ	Ö(ÕFÞEI á(â Õ ä�ä Õ × ê;I2Ó!ÔaÕ × ÖYÕ Ü �VÚéÕ\[ á � Ò � Ò ÚYÓVÛÕ âDá Õ ×
Ú Ò Ó ä Õ ×<Ù IVÖ�çÕ ä Õ ×�Ü æAÛÕ^I2Ó Ø ë á Õ × Ö ð�á Þ Ø £¶Ô Ò�Ü�Ø I2Þ�Õ Ü<Ò � Ò Þ Ü ÖYÕ × ÚkI2Ó Ü ÛÕKÕ × Ô�I Ù ÚYÓ Ø/× Õ × ÕKÞ Ü Ó8Õ ä Õ$Þ Ò ÞEI Ù çÕ Ü Ó8Õ
Õ Üzä Õ ÙFØ�ä/ä�Ø�Ù çÕ Ü Ó!Õ ý=ý!öPý1ËKöPýRà �-I á Ú Ò Ó ä�Ò Ó!ÕaÔ'æYÕKÓ8Ô'æYÕ ÖYÕìÖ Ø/Ù ÕaÞ ×!Ø I2Þ ×	×8á ÚYÚ ä ÛÕ Ù ÕKÞ Ü'Ò�Ø Ó!Õ × Ô^I Ù Ú Ò Ô Ü Õ ×
ÛÕ â ÕKÞ Ü�á Õ ä�ä Õ × ë á(Ø�× Õ Ù�Ò Þ Ø ê,Õ ×&Ü ÕKÓ ÒNØ ÕaÞ ÜAÒ�áY×!×8Ø Ú Ò ÓjÖYÕ�ÞEI á(â Õ ä�ä Õ × ê;I2Ó!ÔaÕ ×�ý=õ åVÿ Ò Ô�I Ù Ú Ò Ó ÒNØ/× I2ÞxçÒ æ ÒNá(Ü Õ
ÚYÓVÛÕKÔ Ø/×!Ø I2Þ-ÕaÞ Ü Ó!Õ ä Õ × ê;INÓ!ÔKÕ × Ö(Õ�� ÒN×8Ø�ÙFØ Ó Ù Õ ×8á ÓVÛÕaÕèÕ Ü Ô ÒNä Ô áYä ÛÕaÕ�ÖEI2ÞYÞYÕ�ÖYÕ × Ö+I Ù�ÒNØ Þ(Õ × Ö ð Õ:ãDÔ ä/áY×!Ø I2Þ
ÚkI á Ó ä Õ × Ú Ò Ó ÒNÙ çÕ Ü Ó!Õ × ÖYÕ�ÔKÕ × ê ÒNØ � ä Õ × ê;I2Ó8ÔKÕ × ë áYØ�× I2Þ Ü çÒ ÔaÕ6Ç�I á Ó ä Õ × Ú ä�áY× Ó!Õ ×&Ü Ó Ø Ô Ü!Ø/â Õ × ÚkI á ÓQÖ(Õ ×
ÚkI2Ó Ü ÛÕKÕ ×´Ø Þ(ê�ÛÕKÓ Ø Õ á Ó!Õ × çÒ�ò �2�\] Ù å

}�I Ü I2Þ × ÕKÞE£YÞ ë á Õ ä;Ò ê;I2Ó!ÔaÕ ÖYÕ^� Ò�×!Ø�ÙFØ Ó�Ç�I á Õ á Þ Ó¨�I ä Õ Ü ÓKçÕ ×èØ/Ù ÚkI2Ó Ü�Ò Þ Ü Ö Ò Þ ×èä Õ × Þ+I á(â Õ ÒNá ã
Ö+I Ù�ÒNØ ÞYÕ × ÖYÕ ×5ÙFØ ÔaÓSI Ù�Ò Ô'æ Ø ÞYÕ × Õ Ü Ö(Õ × Þ Ò Þ+I ×&Ü Ó á Ô Ü!á Ó!Õ × åDÿ1Õ ×5× � ×8Ü çÕ Ù Õ ×AÙFØ ÔaÓSI�ÛÕ ä ÕKÔ Ü Ó�I Ù ÛÕaÔ Ò Þ Ø ë á Õ ×
���f¡5��¤Y�s��ë áYØY× I2Þ Ü ÖYÕ ×<× ÕKÞ × Õ á Ó × Õ ÜIÒ Ô Ü!á¶Ò�Ü Õ á Ó ×jÙFØ ÔaÓSI × Ô^I2Ú Ø ë á Õ ×kÜ ÓKçÕ × Ú�ÕKÓ&ê;I Ù�Ò Þ Ü�× ��Ô^I2Þ Ü!Ø ÕKÞ(ÞYÕKÞ Ü
ÖYÕ × ÛÕ ä ÛÕ Ù ÕaÞ Ü!× çÒ ÖYÕ × Ö Ø/×8Ü�Ò ÞYÔKÕ ×�Ù�Ø ÔKÓ�I Ù ÛÕ Ü Ó Ø ë á Õ ×éâ I Ø Ó!ÕkÞ Ò Þ+I Ù ÛÕ Ü Ó Ø ë á Õ × å �gI ÙFÙ Õ Ø�äNÒ ÛÕ Ü ÛÕ<Ö5ÛÕ Ù INÞ Ü ÓVÛÕ
Õ:ãDÚ5ÛÕaÓ Ø/Ù ÕaÞ Ü�ÒNä Õ Ù ÕaÞ Ü Ú Ò Ók±Aå
� Ò Ú Ò�×!× I ÒNá ÿ á ÔaÕKÞ Ü �gÕKÔ'æYÞ+I ä I2ï Ø Õ × ý=÷ � ä;Ò ê;I2Ó8ÔKÕAÖ(Õ_� ÒN×8Ø�ÙFØ Ó Ø ÞE� á ÕKÞYÔaÕ
Ô^INÞ ×!Ø ÖAÛÕKÓ Ò � ä Õ Ù ÕaÞ Ü�ä ÕèÔ^I Ù ÚkI2Ó Ü Õ Ù ÕKÞ Ü�×&Ü'Ò�Ü!Ø ë á ÕÝÕ Ü Ö`�VÞ ÒNÙFØ ë á ÕÝÖ áx× � ×8Ü çÕ Ù ÕNå�¡ ä/ä Õ × Õ Ù�Ò Þ Ø ê,Õ ×8Ü Õ
Ú Ò ÓèÕ:ãDÕ Ù Ú ä ÕzÚ Ò Ó ä Õ	Ö5ÛÕKÚ ä�Ò ÔKÕ Ù ÕaÞ Ü ÖYÕ × ê,ÓVÛÕKë á ÕaÞYÔKÕ × Ú(ÓSI2ÚYÓ8Õ × Ö áÅ× � ×8Ü çÕ Ù ÕXI á Ú Ò Ó ä�ð�Ò ÚYÚ Ò Ó Ø/Ü!Ø I2Þ
Ö ð æa� ×&Ü ÛÕaÓ!Õ ×8Ø�× I á ÖYÕ@� Ø�×&Ü'Ò � Ø/ä�ØOÜ ÛÕNå`� ð Õ ×8Ü�á ÞYÕ_Ó ÒNØ�× I2Þ¬ÖYÕ_Ú ä�áY× ÖYÕ ä�ÒÝÙ Õ ×!á Ó8ÕKÓ´ÚYÓVÛÕaÔ Ø/× ÛÕ Ù ÕKÞ Ü å

�dI á Ó Ü I áDÜ Õ × ÔKÕ ×A×!Ø/Ü!á¶Ò�Ü!Ø I2Þ × Ö Øcb ÛÕaÓ!ÕKÞ Ü Õ × � Ø�ä ê ÒNá(Ü5Ü ÕaÞ Ø ÓIÔ^I Ù Ú Ü ÕQÖ Ò Þ ×$ä Õ�Ô ÒNä Ô áYäJÜ æ5ÛÕ^I2Ó Ø ë á ÕQÖ(Õ ×
Ô^INÞYÖ Ø/Ü!Ø I2Þ × ÕEã(Ú5ÛÕKÓ Ø/Ù ÕaÞ Ü'ÒNä Õ × ÓVÛÕKÕ ä/ä Õ × åd� ÒN×!Ø/Ù�Ø Ó Ò3â�ÒNØOÜ Ô ÒNä Ô áYä ÛÕ ä;Ò ê;I2Ó!ÔaÕÏÕKÞ Ü Ó!Õ�ÖYÕ á ã ÙFØ Ó�I Ø Ó × Ú ä;Ò Þ ×
Ú Ò Ó ÒNä�ä çÕ ä Õ × ��Ú Ò Ó8ê ÒNØOÜ Õ Ù ÕaÞ Ü ÓVÛÕ��AÛÕaÔ'æ Ø�×8×�Ò Þ Ü�× ��çÒUÜ Õ Ù Ú5ÛÕKÓ Ò�Ü�á Ó!Õ	Þ áYä/ä Õ�å�¡ âVØ ÖYÕ ÙFÙ ÕaÞ Ü ÔKÕ Ü!Ü Õ ×!ØOÜ�á¶Ò�Ü�Ø INÞ
Ø Ö5ÛÕ ÒNä/Ø�× ÛÕaÕ�Þ ð Õ ×8Ü Ç ÒNÙ�ÒNØ/× ÓVÛÕ ÒNä/Ø�× ÛÕaÕ�Ö Ò Þ ×$á Þ(Õ�Õ:ãDÚ5ÛÕaÓ Ø ÕaÞYÔKÕ�åe�dI á Ó$Ô Ò�ä Ô á(ä ÕKÓ ä;Ò ê;I2Ó!ÔaÕ�ÖYÕ@� Ò�×!Ø�ÙFØ ÓjÖ Ò Þ ×
á ÞYÕ ÕEã(Ú5ÛÕKÓ Ø ÕKÞYÔaÕ ÓVÛÕKÕ ä�ä Õ�� Ø/ä ê ÒNáDÜ�Ü ÕKÞ Ø Ó�Ô�I Ù Ú Ü Õ�ÖYÕ ä�Ò ÓVÛÕKÚkI2Þ × ÕVI2Ú Ü�Ø ë á ÕÝÖYÕ ×�ÙFØ Ó�I Ø Ó × ë áYØ Ö5ÛÕKÚ�ÕKÞYÖ
ÖYÕ ä;Ò ê,ÓVÛÕKë á ÕaÞYÔKÕ#�YÖYÕ ä;Ò�Ü Õ Ù Ú5ÛÕaÓ Ò�Ü!á Ó!Õ çÒèä;Ò ë á Õ ä�ä Õ × Õ�ê Ò�Ø/ÜIä;Ò_Ù Õ ×!á Ó8Õ��VÖYÕ ä�Ò ï�ÛÕ^I Ù ÛÕ Ü Ó Ø Õ�Õ Ü ÖYÕ ä�ð ÛÕ Ü'Ò�Ü
ÖYÕ ×!á Ó8ê Ò ÔaÕ�Ö(Õ ×�Ù�Ø ÓSI Ø Ó × å

ñ Ò Þ ×´ä;Ò�×8áYØ/Ü Õ��#Ç ð Õ:ãDÚBI × ÕKÓ ÒNØ�ä;Ò�Ù ÛÕ Ü æ+IDÖ(Õ�ë á Õ_Þ+I áY×QÒ3â I2Þ × ÖAÛÕ â Õ ä INÚYÚ5ÛÕKÕ�ÚkI á Ó Ø ÞYÔ ä�á Ó8Õ�Ö Ò Þ ×´ä Õ
Ô Ò�ä Ô á(ä ÖYÕ ä;Ò ê;INÓ!ÔKÕ�ÖYÕ á ãzÕ b Õ Ü�× ÕEã(Ú5ÛÕKÓ Ø/Ù ÕaÞ Ü'ÒNá ã Ø�Ù ÚkI2Ó Ü�Ò Þ Ü�× �\çÒÏ×!Ò3â I Ø Ó ä;Ò ÓVÛÕs�¶ÕKÔ Ü�Ø/âVØOÜ ÛÕ Ø/Ù Ú Ò Ó8ê ÒNØOÜ Õ
ÖYÕ ×�ÙFØ Ó�I Ø Ó × Õ Ü´ä�ÒÝÜ Õ Ù Ú5ÛÕaÓ Ò�Ü!á Ó!Õ#��çÒ ä�Ò ë á Õ ä/ä Õ äùð ÕEãDÚAÛÕKÓ Ø ÕKÞ(ÔKÕ_Õ ×&Ü ê ÒNØOÜ Õ�å

n$o1�$o1� fV½hg:�	Ã¶��¹ »"¹jim½<r(��¿ ��ÃqÀ�½/Ãh¼�½ ºek�Â¹1�	ÃJ��¹­»"¹1r²Ã�Â¹1rE¹�½�Äml �gÀ�ºY�
n�Ä�¹1r
}�I á(×�Ò3â INÞ × Ö5ÛÕ â Õ ä I2Ú(ÚAÛÕ á ÞYÕjÞ+I á(â Õ ä�ä Õ Ù ÛÕ Ü æ+IVÖYÕ<ÖYÕIÔ ÒNä Ô áYä ÖYÕ ä�Ò ê;I2Ó!ÔaÕjÖYÕ�� Ò�×!Ø�ÙFØ Ó�Ö Ò Þ ×1ä Õo� á(Ü

ÖYÕjÚkI á(â I Ø Ó\Ô Ò Ó Ò Ô Ü ÛÕaÓ Ø�× ÕKÓ1ÖYÕ ×g×8Ø/Ü!á¶Ò�Ü�Ø I2Þ × ÕEãDÚAÛÕKÓ Ø�Ù ÕKÞ Ü'ÒNä Õ × ÓVÛÕaÕ ä/ä Õ × ýSø å�}�I á(×�Ò3â I2Þ ×1á(Ü�Ø/ä�Ø/× ÛÕ ä�ÒAÜ æ5ÛÕ�I2Ó Ø Õ
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Ö(Õ × ÓVÛÕ × Õ ÒNá ãoINÚ Ü�Ø ë á Õ × �`Ö Ò Þ ×5ä�Ò ë á Õ ä/ä Õ äùð�Ø ÞE� á ÕaÞYÔKÕ�ÖYÕ ×5ÙFØ Ó�I Ø Ó ×k×!á Ó ä Õ�Ô'æ ÒNÙ Ú ÛÕ ä ÕKÔ Ü ÓSI Ù�Ò ï2Þ5ÛÕ Ü�Ø ë á Õ
Õ ×8Ü Ö5ÛÕKÔKÓ Ø/Ü ÕÏÚ Ò Ó�ÖYÕ ×QÙ	Ò�Ü Ó Ø ÔKÕ × ÖYÕèÖ ØUbéáY×!Ø I2Þ�I á ÖYÕ ×QÙ	Ò�Ü Ó Ø ÔKÕ × ÖYÕ Ü Ó Ò Þ × ê,ÕKÓ Ü åéÿ�Õ × Ô�IDÕ:w�Ô Ø ÕaÞ Ü!× ÖYÕ
ÓVÛÕ��¶ÕEã Ø I2ÞXI��5ÛÕ Ø�×8× ÕaÞ Ü çÒ ÖYÕ × ÚYÓSI2Ú(Ó Ø ÛÕ Ü ÛÕ × ÚYæa� ×!Ø ë á Õ × ÖYÕQÔ ÒNáY×�Ò�ä�Ø/Ü ÛÕ��VÖYÕ ×&Ü'Ò � Ø/ä�ØOÜ ÛÕ´Õ Ü ÖYÕ Ü Ó Ò Þ × Ú Ò Ó!ÕaÞYÔKÕ
çÒ æ ÒNá(Ü Õ�ê,ÓVÛÕKë á ÕaÞYÔKÕ�å��AÕ × ÚYÓSI2Ú(Ó Ø ÛÕ Ü ÛÕ × �Yë áYØ\× I2Þ Ü Þ Ò�Ü�á Ó!Õ ä/ä Õ Ù ÕaÞ Ü Ó!Õ × Ú�ÕKÔ Ü ÛÕKÕ × Ú Ò Ó Ü I á(Ü$Ù�Ø ÓSI Ø Ó5ÓVÛÕKÕ ä �
Ú�ÕKÓ Ù Õ Ü!Ü ÕKÞ Ü ÖYÕ ÖAÛÕKÖ á(Ø Ó!Õ á Þ(Õ�ÕEã(Ú(Ó!Õ ×8×!Ø I2Þ ÚkI á Ó ä�Ò ê;INÓ!ÔKÕ ÖYÕ3� ÒN×8Ø�ÙFØ Ó ×!Ò Þ ×�ÒNá Ô á ÞYÕFÖ Ø/â ÕKÓ8ï2ÕKÞYÔaÕNå
ñ�Õ	Ú ä�áY× ��ÞEI Ü Ó8Õ Ù ÛÕ Ü æ+IVÖYÕzÚ(ÓVÛÕ × ÕKÞ Ü Õ äùð�Ò3â�Ò Þ Ü'Ò ï2ÕzÖYÕzÚkI á(â I Ø ÓèÖ5ÛÕKÔaÓ Ø Ó!Õ	ê Ò Ô Ø�ä Õ Ù ÕKÞ Ü Ö(Õ ×�× � ×&Ü çÕ Ù Õ ×
Ô�I Ù ÚBI × ÛÕ × Ú Ò ÓTÕ Ù Ú Ø�ä Õ Ù ÕaÞ Ü ÖYÕ × � ×&Ü çÕ Ù Õ ×�×!Ø/Ù Ú ä Õ × å0� Ò Ó´Õ:ãDÕ Ù Ú ä Õ#� Ø�ä Õ ×8Ü ÚkI ×!×8Ø � ä Õ�ÖYÕ_Ö5ÛÕaÔKÓ Ø Ó!Õ á Þ
ÙFØ Ó�I Ø Ó ÙÝá(ä/Ü�Ø Ô^I á Ô'æYÕ$ÕKÞ Õ Ù Ú Ø/ä;Ò Þ Ü�ä Õ × Ô^I á Ô'æYÕ × ÖYÕ Ù�Ò�Ü ÛÕaÓ Ø�ÒNá ãèÖ ØUb ÛÕKÓ8ÕKÞ Ü�× å��AÕKÔ Ø Ô^I2Ó8Ó!Õ × ÚkI2ÞYÖxçÒ�á ÞYÕ
×8Ø�Ù Ú ä Õ ÙÝáYä/Ü!Ø Ú ä/Ø Ô Ò�Ü�Ø I2Þ�Ö(Õ ×�Ù	Ò�Ü Ó Ø ÔKÕ × ÖYÕ Ü Ó Ò Þ × ê,ÕaÓ Ü å

ü ä�Ò ÛÕ Ü ÛÕ ×!á ï2ï�ÛÕKÓVÛÕ Ö ð�Ò�á ï Ù ÕKÞ Ü ÕaÓ ä;Ò ê;I2Ó8ÔKÕìÖYÕ�� ÒN×8Ø�ÙFØ Ó�ÕKÞ á(Ü�Ø/ä�Ø/×�Ò Þ Üzá ÞYÕìÔ Ò3âVØ/Ü ÛÕìÔ^I2Þ(ê;IVÔ Ò�ä Õ
Õ Ü ÖYÕ ×zÙFØ ÓSI Ø Ó × ÓVÛÕ × INÞYÞ Ò Þ Ü�× ý=ú å5}�I á(×�Ò3â I2Þ ×zÒ ÚYÚ ä/Ø ë á ÛÕ�ÞEI Ü Ó8Õ Ù ÛÕ Ü æEIDÖYÕ-ÚBI á Ó Ø Þ Ü ÕKÓ8ÚYÓVÛÕ Ü ÕaÓ á ÞYÕ
ÕEãDÚAÛÕKÓ Ø ÕKÞ(ÔKÕTÖYÕ Ù Õ ×!á Ó8ÕAÖYÕ ä�Ò ê;INÓ!ÔKÕ5ÖYÕ�� ÒN×8Ø�ÙFØ Ó1ë áYØ ÛÕ Ü'Ò�Ø/Ü ÖYÕ ×&Ü�Ø Þ5ÛÕKÕèçÒ ÚYÓSI�£ Ü ÕKÓ�ÖYÕ$ÔaÕ Ü!Ü Õ$ÚYÓVÛÕKÖ Ø Ô Ü�Ø I2Þ
ÕaÞ á(Ü�Ø/ä�Ø�×!Ò Þ Ü ÖYÕ ×�ÙFØ Ó�I Ø Ó × Ö Ø ÛÕ ä ÕKÔ Ü Ó Ø ë á Õ ×�Ò � Ò Þ Ü�á Þ Ô^IVÕawFÔ Ø ÕKÞ Ü ÖYÕ�ÓVÛÕ��¶ÕEã Ø I2ÞZçÒ � Ò Þ(ÖYÕ ÛÕ Ü ÓSI ØOÜ Õ�å Å
äùð�Ò�Ø ÖYÕÝÖ(Õ × ÚYÓSINÚYÓ Ø ÛÕ Ü ÛÕ × ÖYÕ Ô ÒNáY×!ÒNä�ØOÜ ÛÕÝÕ Ü ÖYÕ�Ú ÒN×8×!Ø/âVØOÜ ÛÕ ÖYÕ ×_ÙFØ Ó�I Ø Ó × �(Ç ð�ÒNØ�Ù I2Þ Ü ÓVÛÕ�ë á Õ ä;Ò ê;I2Ó8ÔKÕ�ÖYÕ
� Ò�×!Ø�ÙFØ Ó	ÛÕ Ü'ÒNØOÜ ÚYÓ�I2ÚBINÓ Ü�Ø I2ÞYÞYÕ ä�ä Õ�çÒFä�Ò�ä;Ò Ó8ï2Õ á ÓTÕaÞUê,ÓVÛÕKë á ÕaÞYÔKÕèÖ á Ô�IDÕ:w�Ô Ø ÕaÞ Ü ÖYÕ_ÓVÛÕs�¶Õ:ã Ø I2Þ��JÔ ð Õ ×&Ü çÒ
Ö Ø Ó!Õ�Ö ð�ÒNá(Ü�Ò Þ Ü Ú ä/áY× Ú�Õ Ü!Ø/Ü Õ�ë á Õ ä�Ò � Ò Þ(ÖYÕÏÖYÕ�ê,ÓVÛÕaë á ÕKÞYÔaÕ�Õ ×8Ü ÛÕ Ü Ó�I Ø/Ü Õ��JÕKÞ�Ô^I2Þ Ü Ó Ò Ö Ø Ô Ü�Ø I2Þ Ò�â ÕKÔ ä Õ ×
×8á ï2ï2Õ ×8Ü!Ø I2Þ × ë áYØ�Ò3â�ÒNØ ÕKÞ Ü ÛÕ Ü ÛÕ_ê ÒNØ/Ü Õ × åéñ�Õ�Ú ä/áY× �JÔKÕ�Ô Ò�ä Ô á(ä�Ò ÚéÕaÓ ÙFØ�× ÖYÕ Ù I2Þ Ü Ó!ÕKÓ�ë á Õ ä�Ò ê;INÓ!ÔKÕ�ÖYÕ
� Ò�×!Ø�ÙFØ Ó�ÕKÞ Ü Ó8Õ�ÖYÕ á ã ÙFØ ÓSI Ø Ó × ÓVÛÕaÕ ä/× Õ ×8Ü�Ü I á Ç�I á Ó × Ú ä/áY× Ú�Õ Ü!Ø/Ü ÕÏë á Õ ä�Ò ê;I2Ó8ÔKÕÝÕaÞ Ü Ó!Õ ÖYÕ á ã ÙFØ Ó�I Ø Ó ×
Ú Ò Ó8ê ÒNØOÜ�× ý=û3å

n$o��To�� fV½ ���5u�»�Ä��tº¶�1	��1º"Â¹ »"¹1r²¿Í��Ã¶�A��Ã¶r
ÿ�Õ ×1ÙFØ Ó�I Ø Ó ×éá(Ü!Ø�ä/Ø�× ÛÕ × Ö Ò Þ ×�ä Õ × ÞEI á(â Õ ä�ä Õ × Õ:ãDÚ5ÛÕaÓ Ø ÕKÞYÔaÕ ×g× I2Þ Ü1Ù ÛÕ Ü'Ò�ä�ä�Ø ë á Õ × Õ Ü1ä;Ò ê;I2Ó!ÔaÕ<ÖYÕ�� ÒN×!Ø/Ù�Ø Ó

Õ ×8ÜQÒ
b ÕKÔ Ü ÛÕKÕ�ÖYÕ_ê Òd�Ô^I2Þ Ò ÚYÚ(ÓVÛÕKÔ Ø;Ò � ä Õ�Ú Ò Ó ä�Ò Ô�I2ÞYÖ á Ô Ü�ØOâVØ/Ü ÛÕ"£¶Þ Ø Õ_ÖYÕ ×�Ù ÛÕ Ü'Ò�á ãéå�¡jÞ-Õ b Õ Ü � á Þ Ù ÛÕ Ü�ÒNä
INÓ!Ö Ø Þ ÒNØ Ó8Õ Õ ×8ÜÏá Þ ÓVÛÕ��¶ÕaÔ Ü Õ á ÓÝë á¶ÒN×8ØOô Ú Ò Ó8ê Ò�Ø/Ü çÒ � Ò�×!× ÕFê,ÓVÛÕaë á ÕKÞYÔaÕ Ù	ÒNØ/×_á Þ Ù�ÒNá(â�ÒNØ�× ÓVÛÕ��¶ÕaÔ Ü Õ á Ó-çÒ
æ ÒNá(Ü Õ�ê,ÓVÛÕKë á ÕKÞ(ÔKÕNå�ÿ Ò Ô�I2ÞYÖ á Ô Ü�ØOâVØ/Ü ÛÕ!£¶Þ Ø Õ�Ô'æ Ò Þ(ï2Õ Ò�ä I2Ó ×�ä;Ò ê;I2Ó!ÔaÕ ÖYÕ3� ÒN×!Ø/Ù�Ø Ó�ÚBI á Ó ä Õ × Ô�I á Ó Ü Õ ×
Ö Ø�×8Ü�Ò ÞYÔaÕ × ÕKÞ Ü Ó8Õ ä Õ × ÖYÕ á ã Ù�Ø ÓSI Ø Ó × � Ü �VÚ Ø ë á Õ Ù ÕaÞ Ü ÕaÞ ÖYÕ ×8× I áY× Ö á ÙFØ ÔKÓ�I Ù çÕ Ü Ó8ÕNåtÉ ð�Ò�Ø ÛÕ Ü!á Ö Ø ÛÕ�ÔaÕ Ü
Õ b Õ Ü ÕKÞ Ö5ÛÕ Ü'ÒNØ/ä ÚkI á Ó ä Õ ×kÙ ÛÕ Ü'Ò�á ã á(Ü!Ø�ä/Ø�× ÛÕ × Ö Ò Þ ×jä Õ × Õ:ãDÚ5ÛÕKÓ Ø ÕaÞYÔKÕ × �\çÒ�×�Ò3â I Ø Ó ä�ð�ÒNä/áYÙ�Ø Þ Ø�á(Ù � ä Õ$Ô á(Ø/â Ó!Õ
Õ Ü�äùð I2ÓaåJÿ Ò £¶ï á Ó!Õ\�Vå�ß Ø�ä�ä/áY×8Ü Ó!Õ ä Õ�ÓVÛÕ ×!áYäOÜ'Ò�Ü åk¡ ä/ä Õ Ù I2Þ Ü Ó!Õ ä;Ò ê;I2Ó8ÔKÕÏÓVÛÕKÕ ä�ä Õ�ÕKÞ Ü Ó!Õ ä Õ × ÖYÕ á ã ÙFØ Ó�I Ø Ó ×
Ú Ò Ó�Ó Ò ÚYÚkI2Ó Ü çÒíä;Ò ê;I2Ó!ÔaÕ Ø Ö5ÛÕ Ò�ä Õ¬Ô ÒNä Ô áYä ÛÕKÕ¬Ú Ò Ó�� ÒN×8Ø�ÙFØ Ó�ÕKÞ ê;I2ÞYÔ Ü�Ø INÞ ÖYÕ ä;Ò Ö Ø/×8Ü'Ò ÞYÔKÕUÕKÞ Ü Ó8Õ ä Õ ×
ÙFØ Ó�I Ø Ó × å Å ï2Ó Ò ÞYÖYÕ´Ö Ø�×&Ü'Ò Þ(ÔKÕ�� ä�Ò ÓVÛÕs�¶ÕKÔ Ü�Ø/âVØOÜ ÛÕTÖYÕ ×5ÙFØ Ó�I Ø Ó × Õ ×8Ü Ö5ÛÕ Ü ÕKÓ Ù�Ø ÞAÛÕKÕ ×!á Ó Ü I á(Ü Ú Ò Ó ä Õ × � ÒN×8× Õ ×
ê,ÓVÛÕKë á ÕaÞYÔKÕ × å$ÿ�Õ ×	ÙFØ ÓSI Ø Ó ×ÏÙ ÛÕ Ü'ÒNä/ä�Ø ë á Õ ×�× I2Þ ÜzÒNä I2Ó × ÚYÓ!Õ × ë á ÕxÚ Ò Ó8ê ÒNØOÜ Õ Ù ÕaÞ Ü ÓVÛÕ��AÛÕaÔ'æ Ø�×8×�Ò Þ Ü�× Õ Ü�ä;Ò
ê;INÓ!ÔKÕ¬ÓVÛÕKÕ ä/ä ÕzÔ�I2Ó!Ó8Õ × ÚBI2Þ(ÖtçÒìä;Ò ê;INÓ!ÔKÕ Ø Ö5ÛÕ Ò�ä ÕNåt� Ò Ó�Ô�I2Þ Ü Ó!Õ#�QçÒ Ô^I á Ó Ü Õ¬Ö Ø/×8Ü'Ò ÞYÔKÕ#� ä;Ò ÓVÛÕs�¶ÕKÔ Ü�ØOâDØOÜ ÛÕ çÒ
æ ÒNá(Ü Õ´ê,ÓVÛÕaë á ÕKÞYÔaÕ�Ö+I ÙFØ Þ(ÕTÕ Ü5ä Õ ×IÙFØ ÓSI Ø Ó ×�Ù ÛÕ Ü'ÒNä/ä�Ø ë á Õ ×<× I2Þ Ü ÖYÕ Ù	ÒNáDâNÒ�Ø�× ÓVÛÕs�¶ÕKÔ Ü Õ á Ó × åYÿ Ò ê;INÓ!ÔKÕ�ÖYÕ
Ps÷¨Î�S�Î'};Ñ�Ö
7��=��ß �NÙ ��ê�ë*ìSí'9dï%:�í'M ñ�<&Ù$Ì%P�ö@õ;Ì�ö�ösÍ^øPsö¨Î�Ï�Î*ÐKÑ�Ò-Ó¨Ô ÕSÖ4×^Ø�Ù�Ú!Î Û�Î*Ü�ÑsÕ�Ý�Õ�ÞNÙ�Ñsß*à"á(Î*â�Õ�ã�ß*Ñ�ä*à$Ù ��ê�ë*ì�í�î+ï.ð=ð]í MEO
O�2$Ù)Ì�÷s÷@õ;ÌSösö�ô�ø
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� ÒN×8Ø�ÙFØ Ó$Õ ×8Ü ÓVÛÕaÖ áYØ/Ü Õ_Ú Ò Ó á Þ¬ê Ò Ô Ü Õ á Ó´ë áYØ1Ò�Ü8Ü Õ Ø Þ Ü �N�a� çÒFá Þ(Õ�Ö Ø�×8Ü�Ò ÞYÔaÕ Ü �VÚ Ø ë á Õ_ÖYÕ ò �2��Þ Ù å
�AÕ × ÓVÛÕ ×!á(ä/Ü'Ò�Ü�×èÜ æ5ÛÕ^INÓ Ø ë á Õ ×ÝÙ I2Þ Ü Ó!ÕaÞ ÜÝä�ðlØ�Ù ÚkI2Ó Ü�Ò ÞYÔKÕ ÔaÓ á Ô Ø;ÒNä Õ�Ö ðlá Þ Ü Ó ÒNØOÜ Õ Ù ÕKÞ Ü Ô^I Ù Ú ä Õ Ü ÖYÕ

ä�ðlØ ÞK� á ÕKÞ(ÔKÕ�Ö(Õ ä;Ò ÓVÛÕs�¶ÕKÔ Ü�ØOâDØOÜ ÛÕ-ÖYÕ ×�Ù�Ø ÓSI Ø Ó ×�×!á Ó ä;Ò ê;I2Ó!ÔaÕ�ÖYÕ�� ÒN×!Ø/Ù�Ø Ó�Ö Ò Þ ×	á ÞYÕ�Ô�I Ù Ú Ò Ó Ò�Ø�× INÞ
ë á¶Ò Þ Ü�ØOÜ'Ò�Ü!Ø/â Õ�ÕKÞ Ü Ó8Õ ä�ÒÏÜ æ5ÛÕ�I2Ó Ø Õ�Õ Ü´ä Õ × ÓVÛÕ ×8áYä/Ü�Ò�Ü�× ÕEã(Ú5ÛÕKÓ Ø/Ù ÕaÞ Ü'ÒNá ã Ë=þ å
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��
���� Z�¥ ¯ ������B'C3)R7!���������3�8 �.Q �)L� ���V";)S�Ï.� /)=C3 �)&�Ý. #�'",�34�4� ;]E@`���T02�3)Ï)=�80?02C3)�"ì^�	4M��B'C3)=78�Ï +�<#�E��4M�@���a�� 
�'��B'C3�D7:"; ;C3�z���´46�è�3 O��",�3�D7!�Q�'�V";)S�T4H�!�$.� /)=C3 �)&��02C3@2)T4H�!�T";)RC� O�T. #�'",�3@?>�XA4¢¡ù7&C�@N).£&�Q���	";)R�� �"��
0(4M�' /���J¤:e\X$@¥¡P"; �)=�E"��Q7&C�@N)�"���¤Ï�E"���@¦¡P"; �)=�E"���46C���*�@V�!�J¤3W

ÿ�ÕzÔ ÒNä Ô áYä ÖYÕ ä�Ò ê;I2Ó8ÔKÕzÖ(Õ§� ÒN×!Ø/Ù�Ø Ó_ÕKÞ Ü Ó8Õ�ÖYÕ á ã ÙFØ ÓSI Ø Ó ×_Ù ÛÕ Ü�ÒNä�ä/Ø ë á Õ ×èÒ ÛÕaï ÒNä Õ Ù ÕaÞ Ü Ú�ÕKÓ Ù�Ø/×
ÖYÕ ÓVÛÕ × I á ÖYÓ!Õ á ÞYÕFÖ Ø w�Ô áYä/Ü ÛÕÝÓ!ÕaÞYÔ^INÞ Ü ÓVÛÕaÕ	Ö Ò Þ ×�ä�ÒzÙ Õ ×!á Ó8Õ ÖYÕ ä;Ò ê;I2Ó8ÔKÕ�ÖYÕ3� ÒN×8Ø�ÙFØ Ó�Õ b ÕaÔ Ü�á ÛÕKÕFÕKÞ
ò ­2­2ó Ú Ò Ó"¤éå���åéÿ ÒNÙ I2Ó8Õ ÒNá ã ËSÊ å��AÕ ä�á(ØOô Ô Ø ÚYÓVÛÕaÖ Ø�×!ÒNØ/Ü�á ÞYÕ�ê;I2Ó!ÔaÕèÖ ØUb ÛÕKÓ!ÕaÞ Ü ÕÏÕaÞ Ü Ó!ÕèÖYÕ á ã ÙFØ Ó�I Ø Ó × ÕKÞ
Ô á(Ø/â Ó!Õ�Õ Ü ÕKÞ Ü Ó8ÕzÖYÕ á ã ÙFØ Ó�I Ø Ó × ÕKÞmINÓA¨1ÔKÕ�ë á(Ø ÚYÓ�IDÖ áYØ�×!ÒNØ/Ü_á Þ ÖAÛÕ ×!Ò ÔKÔ�I2Ó!ÖÅÔ�I2Þ ×!Ø Ö5ÛÕKÓ Ò � ä Õ�Ö Ò Þ ×Ïä�Ò
Ô^I Ù Ú Ò Ó ÒNØ/× I2Þ¬ÖYÕ ×�Ù Õ ×8á Ó!Õ × Õ:ãDÚ5ÛÕaÓ Ø/Ù ÕaÞ Ü�ÒNä Õ ×�Ò�â ÕKÔ ä Õ × ÚYÓVÛÕKÖ Ø Ô Ü!Ø I2Þ ×TÜ æAÛÕ^I2Ó Ø ë á Õ × åé�-Õ × Ô ÒNä Ô áYä/× I2Þ Ü
Ù I2Þ Ü ÓVÛÕQë á Õ ä;Ò ê;I2Ó8ÔKÕ�Ö(Õ@� ÒN×!Ø/Ù�Ø ÓFÛÕ Ü'ÒNØOÜ ÚYÓ8Õ × ë á Õ ä�ÒÏÙ¦©Õ Ù ÕQÚkI á Ó ä Õ × ÖYÕ á ã Ù ÛÕ Ü�ÒNá ã Ë=ý ¨(ÕKÞ Ò ÔKÔ^INÓ!Ö
Ò3â ÕaÔ äùð ÕEã(Ú5ÛÕKÓ Ø ÕKÞYÔaÕNå

n$o1�$o=¶ f¥ª=¹�¸_¹�ºx»"¹ ¼�½ º+¹�¿ À8Â¹�Ã�½�º�Ä�Ã�¹
Å â ÕKÔ\���VÓ Ø;Ò ë á ÕÝ�_ÕaÞYÕ Ü ¨�ë áYØgÒ Õ b ÕKÔ Ü�á ÛÕ ×�ÒFÜ æ\çÕ × Õ × I áY×�Ù	Ò Ô^I ô Ó!Õ × ÚkI2Þ ×!Ò � Ø�ä/Ø/Ü ÛÕ�ÖYÕ × ÕKÚ Ü Õ Ù �(Ó!Õ

ò ­2­N­èçÒ Ç áYØ�ä/ä Õ Ü�« �2� « ¨KÞ+I á(×1Ò�â I2Þ × Ô Ò�ä Ô á(ä ÛÕ ä Õ × Ô^INÓ!Ó!ÕaÔ Ü!Ø I2Þ ×\â ÕKÞ Ò Þ Ü Ö á ê ÒNØOÜ ë á Õ ä Õ × Õ:ãDÚ5ÛÕaÓ Ø ÕaÞYÔKÕ ×�× I2Þ Ü
ê ÒNØOÜ Õ × çÒTÜ Õ Ù Ú5ÛÕKÓ Ò�Ü�á Ó8Õ ÒNÙ � Ø;Ò Þ Ü ÕNå�¡<Þ_ê ÒNØ/Ü ¨ Ø�ä ê Ò�á(Ü1Ü Ó Ò�Ø/Ü ÕaÓ�ÕKÞ Ù¦©Õ Ù Õ Ü Õ Ù Ú ×1ä�ð Õ b Õ Ü ÖYÕIÔ^I2ÞYÖ á Ô Ü!Ø/âVØ/Ü ÛÕ
Õ ÜÝä;Ò Ô�I2Ó!Ó8ÕKÔ Ü!Ø I2Þ Ü æYÕaÓ ÙFØ ë á ÕNåt�gI2Þ Ü Ó ÒNØ Ó8Õ Ù ÕKÞ Ü çÒ�äùð Õ b Õ Ü ÖYÕzÔ�I2ÞYÖ á Ô Ü�ØOâDØOÜ ÛÕzë áYØ Õ ×&Ü Ø�Ù ÚBI2Ó Ü'Ò Þ Ü çÒ
æ ÒNáDÜ Õ	ê,ÓVÛÕKë á ÕKÞ(ÔKÕ�¨ ä Õ ×­¬¶á Ô Ü!á¶Ò�Ü!Ø I2Þ ×èÜ æYÕaÓ ÙFØ ë á Õ × ÖYÕ âVØ ÕaÞYÞYÕaÞ Ü Ø/Ù ÚkI2Ó Ü'Ò Þ Ü Õ × çÒ � ÒN×!× Õ	ê,ÓVÛÕaë á ÕKÞYÔaÕ�¨
Í�G¨Î�Ï	Î*Ð&ÑsÒ	Ó¨Ô]Õ�Ö4×^Ø�Ñ�ß*à"á(Î¨â�Õ�ã�ß*Ñ�ä*à$Ù*å�æ�ç.í'��ê�ë*ìSí#®#í CE<&Ù¨Í�G�ö@õQP.GRG�G�ø
Í¨ÌsÎ�á(Î 6�Î¨Ð&ÑsÒ�7sÔ]Õ�Ñ�ä 8(Ù'�kêsë*ìSí'9dï%:�í�î+ï.ð=ð]í
;
<$Ù
5@õ=Ì�ösö�ô�ø
¯^Õ�Ô Ô4Ñ,Ø]ä¨Ò¢à¨Ñsß=����ê�ë*ìSí'9dï%:�í�îEï,ð=ð]í=<�4�Ù
5�ó�ô.56õ;ÌSösös÷^ø
ÍRP�Î�Ï	Î*Ð&ÑsÒ	Ó¨Ô]Õ�Ö4×^Ø�Ñ�ß*à"á(Î¨â�Õ�ã�ß*Ñ�ä*à$Ù=~�×�ã'��Î�â�ÕH°(Î*Ð$Õ�Ø=Ø�Î#÷�ó*Ù=5�>^ô�P6õQP.G�GRG�ø
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Ô ð Õ ×8Ü çÒ Ö Ø Ó8Õ	çÒ Ö(Õ × Ö Ø�×&Ü'Ò ÞYÔaÕ × Ó!Õ ä;Ò�Ü!Ø/â Õ × ÕKÞ Ü Ó!Õ ä Õ ×�ÙFØ Ó�I Ø Ó ×$ÒNá ÖYÕ ×!×8áY× ÖYÕ_ë á Õ ä ë á Õ ×�ÙFØ ÔKÓ�I Ù çÕ Ü Ó8Õ × å
��I á Ó�ÔaÕ Ü!Ü ÕzÓ Ò�Ø�× INÞ¢¨�ÔaÕ × ÖYÕ á ãÅÔ�I2Ó!Ó8ÕKÔ Ü!Ø I2Þ ×�Ò3âNÒ�Ø ÕKÞ ÜèÜ I á Ç�I á Ó × ÛÕ Ü ÛÕzÔ ÒNä Ô áYä ÛÕaÕ ×Ý× ÛÕKÚ Ò ÓVÛÕ Ù ÕKÞ Ü ¨ Ù	ÒNØ/×
ÔaÕKÔ Ø Ô�I2Þ ×&Ü�Ø/Ü!á¶ÒNØOÜ ÛÕ âVØ Ö(Õ ÙFÙ ÕaÞ Ü´á ÞYÕ Ò ÚYÚYÓSI3ã Ø�Ù�Ò�Ü!Ø I2Þ\å

ñ Ò Þ ×�ä ÕèÔ ÒN× I�çáUä;Ò Ô^I2Þ(Ö á Ô Ü!Ø/âVØ/Ü ÛÕèÕ ×8Ü ÖAÛÕKÔaÓ Ø/Ü ÕèÚ Ò Ó á Þ Ù IDÖ\çÕ ä Õ_Ú ä�ÒN×!Ù�Ò ¨¶Þ+I á(×�Ò3â I2Þ × Õ b ÕKÔ Ü�á ÛÕ
ä Õ	Ô ÒNä Ô áYäA×8Ø�ÙÝáYäOÜ'Ò Þ5ÛÕ	ÖYÕ × ÖYÕ á ã Ô^I2Ó8Ó!ÕaÔ Ü�Ø I2Þ × ¨�ë áYØ Õ ×8Ü ÒN×8× Õa�UÔ�I Ù Ú ä�Ø ë á ÛÕNågÿ Ò £¶ï á Ó8Õ§�DåY� Ù I2Þ Ü Ó!Õ
ä Õ ÓVÛÕ ×8áYä/Ü�Ò�Ü ÖYÕ	ÞEI × Ô ÒNä Ô áYä�× ¨AçÒU×!Ò3â I Ø Ó äùð�Ø Þ ¬¶á ÕaÞYÔKÕ ÖYÕ ä;ÒzÜ Õ Ù Ú5ÛÕaÓ Ò�Ü!á Ó!Õ ×!á Ó ä�Ò ê;I2Ó8ÔKÕ ÖYÕ^� ÒN×!Ø/Ù�Ø Ó
ÕaÞ Ü Ó!Õ ÙFØ Ó�I Ø Ó × Ú Ò Ó8ê ÒNØOÜ�× �PÔ^I á Ó)��ÕzÚkI Ø Þ Ü�Ø/ä�ä ÛÕKÕ���ÕaÞ Ô�I Ù Ú Ò Ó Ò�Ø�× INÞ Ò3â ÕaÔ äùð Õ b Õ Ü ÖYÕ ä�Ò Ô^INÞYÖ á Ô Ü�Ø/âVØOÜ ÛÕ
Ö(Õ ×¬Ù�Ø ÓSI Ø Ó ×�Ù ÛÕ Ü'ÒNä/ä�Ø ë á Õ × çÒ Ü Õ Ù ÚAÛÕKÓ Ò�Ü�á Ó8Õ Þ á(ä�ä ÕÅ�PÔ^I á Ó)��ÕìÕKÞ Ü�Ø Ó!Õ Ü!× ��Õ Ü¬ä�ðlØ Þ ¬Yá ÕKÞYÔaÕìÖYÕ × ÖYÕ á ã
Ô�I2Ó!Ó8ÕKÔ Ü�Ø INÞ × Ú(Ó Ø�× Õ × ÕKÞ Ô�I Ù Ú Ü Õ ×!Ø/ÙÝáYä/Ü�Ò Þ5ÛÕ Ù ÕaÞ Ü �,Ô^I á ÓH�éÕFÕKÞ Ü Ó Ò�Ø/Ü�× Ú ä Õ Ø Þ × ��Ë1Ë3ågÿ�Õ × Ú Ò Ó ÒNÙ çÕ Ü Ó8Õ ×
Ö á-Ù IDÖ\çÕ ä ÕQÚ ä;ÒN×8Ù	Ò INÞ Ü ÛÕ Ü ÛÕ_Ô'æ+I Ø/×!Ø�× ÚkI á ÓTÖ5ÛÕaÔKÓ Ø Ó!Õ_ÖYÕ ×´Ù�Ø ÓSI Ø Ó × ÕaÞ-Ô áYØ/â Ó8Õ}I á ÕaÞfI2Óaå
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",�3�D7!�¬���D";)=�	4H�!��.Q �)=C3 /)8��W$�J�ì78C3@2)T£8�è02C� /�V"; �4�4K#�a�¬�!��"�78�34M7'@24K#�a��02C3@2)z���!�F.� �)RC� /)8�_02��)/B'�3 ;"��
^� "P��.50Q#�')R��";@2)S�ì�3.­£� +�3�V"P��e�4M� 78C3@2)T£8�ì��� "; /)S�'"��¬._C3�D";)=��4=%  /�Eh�@V���D7!�x���U46� 78C3�D�3@`7E"; �9: ;"�#�
._CE�<#�'4� /��#�a��02��)�@2�_._CE�g^��4H��0D4M�K�!.��ì^�T"P��.50Q#�')R�?";@N)S�I�`@24/4H�EWN�J��7&C3@2).£&�I�'��";)=�3 �"��é0D4H�� ����� �4�4�@N�!";)S�
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Abstract. We study the influence of finite conductivity of metals on the Casimir effect. We put the em-
phasis on explicit theoretical evaluations which can help comparing experimental results with theory. The
reduction of the Casimir force is evaluated for plane metallic plates. The reduction of the Casimir energy
in the same configuration is also calculated. It can be used to infer the reduction of the force in the plane-
sphere geometry through the “proximity theorem”. Frequency dependent dielectric response functions of
the metals are represented either by the simple plasma model or, more accurately, by using the optical
data known for the metals used in recent experiments, that is Al, Au and Cu. In the two latter cases, the
results obtained here differ significantly from those published recently.

PACS. 03.70.+k Theory of quantized fields – 12.20.Ds Specific calculations –
42.50.Lc Quantum fluctuations, quantum noise, and quantum jumps

1 Introduction

The Casimir force experienced by reflectors placed in vac-
uum is a macroscopic mechanical consequence of quantum
fluctuations of electromagnetic fields [1]. Despite its rela-
tively small magnitude, it has been observed in a number
of “historic” experiments [2–5]. A much better experimen-
tal precision has been reached in recent experiments [6,7]
which should now allow for an accurate comparison with
theory. Clearly this requires not only a detailed control
of the experiments but also a careful theoretical estima-
tion of the various corrections corresponding to the differ-
ences between real experiments and the idealized Casimir
situation.

The present paper is focussed on the estimation of cor-
rections associated with the non ideal behavior of metal-
lic reflectors. Additional corrections due to the effect of
non-zero temperature and the geometry of the cavity have
also to be mastered before an agreement of experimental
results with theoretical expectations can be claimed. A
general discussion of the corrections to Casimir formulas
is presented in the next section. In particular, we recall
how the Casimir force measured in the plane-sphere ge-
ometry may be inferred from the Casimir energy in the
plane-plane geometry by using the so-called “proximity
theorem”.

We then focus attention on our main topic which is
the evaluation of the reduction factor of Casimir force
and Casimir energy for plane metallic plates in the limit
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of a large surface. We first compute the reduction factors
obtained when describing the dielectric functions with a
plasma model. This computation covers the whole range of
distances large or small with respect to the plasma wave-
length. The analytical expression of the force in the limit
of small distances is also derived.

The plasma model is not a good description of the di-
electric constant at low frequencies because it ignores the
relaxation of electrons responsible for optical response of
metals. This is why we also investigate the Drude model
which accounts for this relaxation. We finally discuss in de-
tail a more accurate description of the dielectric constant
based on the optical data known for the metals. We con-
centrate on the three metals, aluminium, gold and copper,
used in recent experiments and give the reduction factors
for the whole range of experimentally explored distances.
For Au and Cu, we obtain results differing significantly
from recently published ones [8].

2 Corrections to the Casimir formula

In the original point of view [1], the Casimir effect is de-
rived from the change of the total energy of vacuum due to
the presence of two plane perfect reflectors. In this global
approach, the Casimir energy is the part EC of vacuum
energy depending on the plate separation L

EC = A
~cπ2

720L3
· (1)

This energy is proportional to the surface A of the reflec-
tors in the limit of a large surface, the Planck constant ~
and the speed of light c. The Casimir force FC between the
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two reflectors is then derived from this position dependent
energy

FC = −dEC

dL
= A

~cπ2

240L4
· (2)

Being proportional to the surface, it defines a pressure
which depends only on the distance L and the two funda-
mental constants ~ and c. Conventions of sign have been
chosen so that both numbers (1, 2) are positive with the
significance that the Casimir force is attractive and the
Casimir energy is a binding energy.

In contrast with this global point of view, the Casimir
force may also be understood as a local quantity, namely
the radiation pressure exerted upon mirrors by vacuum
fluctuations which are modified by the presence of the re-
flectors. This local approach makes it much easier to deal
with corrections of Casimir formulas (1, 2). In a remark-
able work, Lifshitz gave a general formula for the Casimir
force between two plane plates characterized by their di-
electric response functions [9]. In particular his formula
accounts for the finite reflectivity of metallic mirrors and it
was used to deduce a first order correction for the plasma
model of metals [10]. Since the dielectric constant is large
at frequencies smaller than the plasma frequency ωP, the
Casimir formula is recovered at distances larger than the
plasma wavelength

λP =
2πc
ωP
· (3)

At frequencies larger than ωP in contrast, the mirror has a
poor reflectivity so that the force is reduced with respect
to (2) at distances of the order of the plasma wavelength
λP which lies in the sub-µm range. The force may thus
be written in terms of a factor ηF which measures the
reduction of the force with respect to the case of perfect
mirrors

F = ηFFC. (4)

The expression of the reduction factor is read at long
distances as [11,12]

ηF ' 1− 8
3π

λP

L
⇐ λP

L
� 1. (5)

In the following we will also introduce a reduction factor
ηE for the Casimir energy E

E =
∫ ∞
L

F (x) dx = ηEEC. (6)

The Lifshitz formula also contained thermal corrections
to the Casimir effect usually studied at zero temperature.
These corrections are significant at distances larger than
or of the order of a typical length [9]

λT =
~c
kBT

(7)

where kB is the Boltzmann constant and T the temper-
ature. At room temperature this length is of the order

of a few µm. Hence thermal corrections become signifi-
cant for distances for which the mirrors can be considered
as nearly perfect reflectors. Well-established estimations
of thermal corrections for perfect mirrors may thus be
used to evaluate the effect of temperature [12–14]. This
effect is found to be negligible at distances smaller than
1 µm and to become dominant at distances larger than
5 µm [7,15].

The Lifshitz formula has been derived for plane plates
in the limit of large transverse surface and large longi-
tudinal optical depth. But recent experiments have been
performed in a plane-sphere geometry which makes eas-
ier the control of geometry and, in particular, the precise
control of the distance between plates [6,7]. Furthermore,
mirrors are often built as multilayered structures rather
than as single plates with a large optical depth. Finally
the roughness of the metal/vacuum interfaces may also
play an important role. These features have to be taken
into account in an accurate estimation.

We will not present a detailed analysis of the geomet-
rical effects in this paper. It is however worth recalling
that the Casimir force in the plane-sphere geometry is
usually estimated from the so-called “proximity theorem”.
Basically this theorem amounts to evaluating the force by
adding the contributions of various distances as if they
were independent. In the plane-sphere geometry the force
Fpt evaluated from the proximity theorem is thus read
as [16–19]

Fpt = 2πRE = 2πRηEEC (8)

where R is the radius of the sphere and E the Casimir
energy evaluated in the plane-plane configuration for the
same distance L, this distance being defined as the dis-
tance of closest approach in the plane-sphere geometry.
Hence, the reduction factor ηE for the Casimir energy eval-
uated in the plane-plane configuration in (6) can be used
to infer the reduction factor for the force measured in the
plane-sphere geometry through the proximity theorem.

At this point we have to emphasize that our calcula-
tions are intended to provide a reliable estimation of the
Casimir force and energy between two metal plates in the
plane-plane geometry. Clearly, they do not give any indi-
cation of the degree of reliability of the proximity theorem.
Since it is well-known that the Casimir force is not an addi-
tive quantity one cannot but question an estimation based
on an addition procedure [20]. Precisely, one can hardly
admit that the proximity theorem provides reliable esti-
mations at the level of accuracy which is now aimed at,
that is the % level. As already discussed, these problems
are not the main task of this paper which is focussed on
the effect of imperfect reflection of metallic mirrors. The
same remarks apply to another aspect of the geometry,
that is the roughness effect which has also been found to
play a significant role [19,21].

3 The description of mirrors

As predicted by Casimir in his founding article [1] the
divergences associated with the infiniteness of vacuum
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energy do not play a real role in the estimation of the
Casimir effect thanks to a general physical reason: real
mirrors are certainly transparent at the limit of infinite
frequencies. This idea was implemented in the Lifshitz
theory [9] and it has a much broader range of validity.
Real mirrors may always be characterized by frequency
dependent reflectivity amplitudes which provide a finite
expression for Casimir energy as soon as general properties
of unitarity, causality and high-frequency transparency
are accounted for [22]. Dispersive optical response func-
tions necessarily include dissipation mechanisms so that
incoming electromagnetic fields and additional Langevin
fluctuations coming from matter have to be treated si-
multaneously [23]. The description of mirrors through
well-behaved reflectivity amplitudes [22] automatically in-
cludes a proper description of these fluctuations [24].

The two mirrors form a Fabry-Perot cavity which
enhances or decreases field fluctuations depending on
whether their frequency is resonant or not with cavity
modes. This modulation of intracavity energy of vacuum
fluctuations, integrated over frequencies and incidence an-
gles corresponding to the various modes, is responsible
for the Casimir force [22]. Using causality properties, the
force can be written as an integral over imaginary frequen-
cies and wavevectors [9]. After these transformations, the
Casimir force may be written in terms of a reduction fac-
tor (4) which takes the following form adapted from [22]

ηF =
120
π4

∫ ∞
0

dKK2

∫ K

0

dΩ
∑
p

r2
p

e2K − r2
p

K = κL Ω = ω
L

c
(9)

rp denotes the reflection amplitude for one of the two mir-
rors and a given polarization p. This notation is a short-
hand for rp (iω, iκ) where iω is the imaginary frequency
and iκ the imaginary wavevector along the longitudinal
direction of the Fabry-Perot cavity. Ω and K stand for
the frequency and wavevector measured in dimensionless
units with the help of the cavity length L. The reflection
amplitudes are supposed to be identical for the two mir-
rors. Otherwise r2

p has to be replaced by the product of
the two amplitude reflection coefficients.

In the limit of perfect mirrors
(
r2
p = 1

)
the Casimir

formula (2) is recovered (ηF = 1). In the general case, the
factor ηF measures the reduction of the force between real
mirrors with respect to the case of perfect mirrors. We may
also write a reduction factor (6) for the Casimir energy

ηE = −180
π4

∫ ∞
0

dKK

∫ K

0

dΩ
∑
p

log
(
1− r2

pe−2K
)
.

(10)

Let us stress again that the expressions (9, 10) give only
the corrections to Casimir force and energy associated
with the finite conductivity of metallic plates. They corre-
spond to plane reflecting plates at the limit of a large sur-
face, assume a null temperature and disregard the problem

of roughness. As discussed in the previous section, the fac-
tor ηE may be used to infer the force in the plane-sphere
geometry through the proximity theorem.

Assuming furthermore that the metal plates have a
large optical thickness, the reflection coefficients rp corre-
spond to the ones of a mere vacuum-metal interface [25]

r⊥ = −
√
ω2 (ε (iω)− 1) + c2κ2 − cκ√
ω2 (ε (iω)− 1) + c2κ2 + cκ

r|| =

√
ω2 (ε (iω)− 1) + c2κ2 − cκε (iω)√
ω2 (ε (iω)− 1) + c2κ2 + cκε (iω)

(11)

rp still stands for rp (iω, iκ) and ε (iω) is the dielectric
constant of the metal evaluated for imaginary frequencies.
Taken together, the relations (9, 11) reproduce the Lifshitz
expression for the Casimir force [9]. We however emphasize
that (9) can be used to go beyond the Lifshitz expression
since it allows one to deal with more general mirrors than
those considered in (11).

As an example we consider mirrors built as metallic
slabs having a finite thickness. For a given polarization, we
denote by ρ the reflection coefficient (11) corresponding to
a single vacuum/metal interface and we write the reflec-
tion amplitude r for the slab of finite thickness through a
Fabry-Perot formula

r = ρ
1− e−2δ

1− ρ2e−2δ
,

δ =
D

c

√
ω2 (ε (iω)− 1) + c2κ2. (12)

This expression has been written directly for imaginary
frequencies. The parameter δ represents the optical length
in the metallic slab and D the physical thickness. The
single interface expression (11) is recovered in the limit of
a large optical thickness δ � 1. With the plasma model,
this condition just means that the thickness D is larger
than the plasma wavelength λP.

In order to discuss recent experiments it may be useful
to write the reflection coefficients for multilayer mirrors.
For example one may consider two-layer mirrors with a
layer of thickness D of a metal A deposited on a large
slab of metal B in the limit of large thickness. The reflec-
tion formulas are then obtained as in [26] but accounting
for oblique incidence. The equations (9, 10) may then be
calculated for the two-layer mirrors. This could help to
obtain more accurate estimations for the experiments as
soon as physical characteristics of the two-layer mirrors
are precisely known. In the present paper we use reflec-
tion amplitudes (11) which are well adapted to a general
discussion since they depend on a smaller number of pa-
rameters.

4 Plasma and Drude model

We will now evaluate the reduction factor for the Casimir
force when the frequency dependent dielectric function
may be represented by the plasma or Drude model.
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Fig. 1. Reduction of the Casimir force compared to the force
between perfect mirrors, when the finite conductivity may be
described by a plasma model (solid line) or a Drude model
(dashed line) with a ratio γ/ωP equal to 4×10−3. The difference
due to the relaxation parameter has only a small effect on
the calculation of the Casimir force. The dotted-dashed line
corresponds to the short distance asymptotic behavior.

We begin with the plasma model where the quantities
ε (ω) and ε (iω) are represented as follows

ε (ω) = 1− ω2
P

ω2
,

ε (iω) = 1 +
ω2

P

ω2
· (13)

Using expressions (11, 13) it is possible to obtain the re-
duction factor (9) defined for the Casimir force through
numerical integrations. The result is drawn in Figure 1,
as a function of the dimensionless parameter L/λP, that
is the ratio between the distance L and the plasma wave-
length λP. As expected the Casimir formula is reproduced
at large distances (ηF → 1 when L/λP � 1). At dis-
tances smaller than λP in contrast, a significant reduction
factor is obtained. This factor ηF scales as L/λP at the
limit of small distances. This means that the whole expres-
sion (4) of the Casimir force is a power law which under-
goes a change of exponent when the distance L crosses the
plasma wavelength λP characterizing the optical response
of metals. This is quite analogous to the crossover discov-
ered by Casimir and Polder for the variation of van der
Waals force with respect to the interatomic distance [27].

An asymptotic law of variation for ηF varying as L/λP

at small distances has been proposed repeatedly since
Lifshitz [9]. We have been able to derive from (9, 11, 13)
a precise value for the coefficient appearing in this law

L� λP → ηF = α
L

λP

α =
30
π2

∫ ∞
0

dK e−
3K
4

 K2√
sinh K

2

− K2√
cosh K

2


' 1.193. (14)

This implies a similar behavior for the reduction factor ηE

with a different proportionality coefficient

L� λP → ηE =
3
2
α
L

λP
· (15)

Hence, ηE is larger than ηF at short distances, which
means a less important reduction with respect to the case
of perfect mirrors. The asymptotic law (14) valid at short
distances, taken with its equivalent (5) at large distances,
is an important feature of the variation of ηF with L which
is not obeyed by the approximants which have been used
to discuss recent experimental results [8,15]. These ap-
proximants are compared with the exact expression of the
reduction factor for the plasma model in Appendix A.

As already discussed, the plasma model does not pro-
vide a good description of the dielectric response of met-
als. The main reason is that the dielectric function ε (ω)
is real in (13) and, therefore, does not account for any dis-
sipative mechanism. A much better representation of the
dielectric function corresponding to the optical response
of conduction electrons is the Drude model [28]

ε (ω) = 1− ω2
P

ω (ω + iγ)

ε (iω) = 1 +
ω2

P

ω (ω + γ)
· (16)

This model describes not only the plasma response of con-
duction electrons with ωP still interpreted as the plasma
frequency but also their relaxation, γ being the inverse of
the electronic relaxation time.

The relaxation parameter γ is much smaller than the
plasma frequency. For Al, Au, Cu in particular, we will
find in the next section values for the ratio γ/ωP of the
order of 4×10−3. Hence relaxation plays a significant role
in the modeling of the dielectric constant only at frequen-
cies where the latter is much larger than unity. Stated in
different words, it has to be taken into account only when
the metallic mirror behaves as a nearly perfect reflector.
This suggests that the relaxation will not have a large in-
fluence on the Casimir effect. This qualitative argument
is confirmed by the result of a numerical integration re-
ported in Figure 1. With a value of γ/ωP equal to 4×10−3,
that is of the order of the real values obtained for Al, Au,
Cu, the variation of ηF remains smaller than 2%. It thus
plays a marginal role at the level of accuracy aimed at but
it is easy and safer to take it into account.

5 Real metals

For metals like Al, Au, Cu, the dielectric constant de-
parts from the Drude model when interband transitions
are reached, that is when the photon energy reaches a
few eV. Hence, a more precise description of the dielectric
constant, taking into account the known data on optical
properties of these metals, has to be used for evaluating
the force in the sub-µm range.
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The dielectric response function for real frequencies
may be written in terms of real and imaginary parts ε′
and ε′′ obeying general causality relations

ε (ω) = ε′ (ω) + iε′′ (ω)

ε′ (ω)− 1 =
2
π
P
∫ ∞

0

xε′′ (x)
x2 − ω2

dx. (17)

Causality relations also allow one to obtain the dielectric
constant at imaginary frequencies ε (iω) from the func-
tion ε′′ (x) evaluated at real frequencies x, that is also the
oscillator strength characterizing the material [29]

ε (iω)− 1 =
2
π

∫ ∞
0

xε′′ (x)
x2 + ω2

dx. (18)

When discussing optical data, we will measure frequencies
either in eV or in rad/s, using the equivalence 1 eV =
1.537× 1015 rad/s.

The values of the complex index of refraction, mea-
sured through different optical techniques, are tabulated
as a function of frequency in several references [30–32]. Op-
tical data may vary from one reference to another. Avail-
able data do not cover the whole frequency range and they
have to be extrapolated. These two problems may cause
variations of the results obtained for ε (iω) and, therefore,
for the Casimir force. This is why we explain in detail how
we proceed from the input, the optical data, to the output
of the process, the reduction factors for Casimir force and
energy.

Figure 2 shows the values for ε′′(ω) as a function of fre-
quency ω for the three metals Al, Au and Cu. All data are
taken from [30,31] with a frequency range 0.04−1000 eV
for Al and 0.1−1000 eV for Au and Cu. A large num-
ber of points is available in these sources so that the in-
terpolation between these points does not raise any dif-
ficulty. However the data have to be extrapolated at low
frequencies to increase the domain over which the integra-
tions are performed. At energies around 0.1 eV the optical
properties are quite well-described by the contribution of
conduction electrons. Hence data available at these en-
ergies may be nicely fitted with a Drude model. For Al
the corresponding Drude parameters are given in [30] as
ωP = 11.5 eV and γ = 50 meV. For Au and Cu there
are not enough optical data at low frequencies to permit a
determination of the two parameters ωP and γ separately.
Here we use additional information namely the estimation
of ωP coming from solid state physics [28,29]. Precisely we
write

ω2
P =

4πNe2

m∗
=

Nq2

ε0m∗

N = ZNa (19)

where N is the number of conduction electrons per unit
volume, that is also the product of the number Z of elec-
trons per atom by the atomic number density Na, q is
the charge of electron and m∗ is the effective mass of con-
duction electrons. This mass is different of the mass m of
free electrons. The same correction may be described as
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Fig. 2. The imaginary part of the dielectric constant as a func-
tion of real frequency (upper graph) and the dielectric constant
as function of imaginary frequency (lower graph) for Al (solid
line), Au (dotted line) and Cu (dashed line). At low frequencies
the data fit a Drude model corresponding to the contribution
of conduction electrons. Peaks in the imaginary part of the
dielectric function correspond to deviations from the Drude
model associated with interband transitions.

a change of the effective number of conduction electrons
per atom from Z to Z∗. We keep the former description,
use Z = 1 for Cu and Au, and choose for effective masses
of conduction electrons the values m∗/m ' 1 for Au and
m∗/m ' 1.45 for Cu [33,34]. With these assumptions we
obtain nearly equal values for the plasma frequency of
Au and Cu, ωP = 9.0 eV. This corresponds to a plasma
wavelength of 136 nm for Au and Cu, to be compared
with the plasma wavelength of 107 nm for Al. Then the
optical data of [30] allow us to deduce the relaxation pa-
rameter γ fitting the low energy data points with a Drude
model. We obtain in this manner γ = 35 meV for Au
and γ = 30 meV for Cu. These values correspond respec-
tively to γ/ωP = 3.8 × 10−3 and γ/ωP = 3.3 × 10−3 to
be compared to γ/ωP = 4.4 × 10−3 for Al. Note that we
have given deliberately all the numerical values in this
paragraph with a limited accuracy since slightly differ-
ent values could have been obtained as well, starting from
different sources or using different criteria for choosing
the values. This problem of extrapolation of optical data
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at low frequencies is certainly a cause for systematical er-
rors in the estimation of the Casimir force.

The dielectric constant for imaginary frequencies ε (iω)
is then obtained by numerical integration of relation (18).
Of course, the integration cannot be performed over the
whole range [0,∞] of frequencies so that we have to give
details about the integration procedure. We are mainly
interested in experimentally explored plate separations in
the range 0.1−10 µm. These separations correspond to
frequencies in the range 0.1−10 eV. We thus need reliable
values for ε(iω) with ω ranging from 10−4 to 103 eV. To
this aim we have to integrate (18) over real frequencies
covering a still broader range 10−6−104 eV. In order to
test the integration procedure we have varied the integra-
tion range by half an order of magnitude which changed
the result by less than 1%. The curves obtained for the
three metals are shown in the lower graph of Figure 2. In
particular the curves for Au and Cu are nearly identical
over the whole range of frequencies.

The Casimir force and energy are then calculated by
numerical integration of equations (9, 10). The integra-
tion range is chosen as 10−4−103 eV in order to evalu-
ate the Casimir force for plate separations in the range
0.1−10 µm. The same test of the integration procedure
has been performed leading to an error less than 1.5% for
ηF and 2% for ηE. The limit of perfect reflectors has been
reproduced with an error less than 1%. Figure 3 shows the
reduction of the Casimir force and energy between metal-
lic mirrors with respect to perfectly reflecting mirrors for
the three metals. The force is reduced when going from Al
to Au and has nearly the same value for Au and Cu. This
directly reflects the behavior of the dielectric constants
ε(iω) which decrease along the same series in Figure 2. As
already discussed in the previous section the reduction ηE

is less pronounced than ηF.
We give in the following table a few numerical values

for the reduction factors ηF and ηE for the three metals
at three typical distances.

Al Au Cu

ηF [0.1 µm] 0.55 0.48 0.48
ηE [0.1 µm] 0.63 0.55 0.55
ηF [0.5 µm] 0.85 0.81 0.81
ηE [0.5 µm] 0.88 0.85 0.85
ηF [3.0 µm] 0.96 0.96 0.96
ηE [3.0 µm] 0.97 0.97 0.97

(20)

We remind once again that ηE is the reduction factor for
energy between two plane mirrors, that is also the estimate
of reduction factor for the force in the plane-sphere geom-
etry. From our analysis the factors ηF and ηE turn out to
be the same for Au and Cu. Incidentally, as the dielectric
constants of Au and Cu are nearly the same, mirrors built
with a layer of Au on a slab of Cu would not lead to differ-
ent results. This seems to solve a difficulty in the analysis
of experimental results of [6]. The values obtained here for
Al at 0.1 µm and Cu at 0.5 µm correspond to those found
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Fig. 3. Reduction of the Casimir force (upper graph) and en-
ergy (lower graph) between metallic reflectors with respect to
perfectly reflecting mirrors as a function of their distance L.
The three curves correspond to Al (solid line), Au (dotted line)
and Cu (dashed line).

in [8]. But significant differences appear for Au at 0.5 µm
where we find values of ηF and ηE exceeding by 23% and
18% respectively the values given in [8]. Furthermore the
agreement between our result for Cu at 0.5 µm and the
one in [8] appears to be an accidental crossing between
two curves having quite different behaviors as functions
of distances. Since these differences have important con-
sequences for the comparison of experimental results with
theory, we discuss them in detail in Appendix B.

6 Conclusion

The Casimir force has now been experimentally explored
at distances in the sub-µm range and the reduction of
the force due to finite conductivity of metals has been
observed. For an accurate comparison of the experimental
results with theory, it is necessary to dispose of precise
theoretical expectations.

In this paper we have presented a detailed analysis of
the influence of the imperfect reflection on the Casimir
force between two plane metallic plates. In particular,
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we have given a precise evaluation of the reduction factor
for metals used in recent experiments, that is Al, Au and
Cu. This factor becomes significant at distances smaller
than 1 µm and it reaches values of about 50% for the
smallest explored distances.

The reduction factor ηE calculated in the present pa-
per for the energy between plane plates can be used to
infer the reduction factor for the force in the plane-sphere
geometry if the proximity theorem is trusted. However the
accuracy of this theorem is not known. Other corrections
have also to be taken into account. Thermal corrections
are significant at distances larger than a few µm but have
not been seen in the experiment where these distances
were explored [6]. The roughness corrections are also ex-
pected to play an important role [19,21].

In these conditions it is premature to claim that a good
agreement has been reached between experiments and the-
ory. It is worth developing new experiments using either
the same techniques or different ones [35,36]. More work
is also needed on the theoretical side, in particular for ob-
taining more reliable estimations of the effect of geometry
and roughness on the Casimir force. Such efforts are cer-
tainly worthwhile not only because of the interest of reach-
ing conclusions on the Casimir force but also for making
it possible to control its effect when studying small short
range forces [37–40].

We wish to thank Ephraim Fischbach, Marc-Thierry Jaekel,
David Koltick, Vladimir Mostepanenko and Roberto Onofrio
for stimulating discussions.

Appendix A: The plasma corrections

In this appendix we compare the reduction factor ηF eval-
uated for the Casimir force from expressions (9, 11) using
the plasma model (13) with different approximants which
have been used to discuss recent experimental results (see
for example [8,15,19]).

The exact result is the solid line of Figure 1 reproduced
as the solid line in Figure 4. Its behavior at long distances
(L� λP) corresponds to the known development [18]

ηA = 1− 8
3π

λP

L
+

6
π2

(
λP

L

)2

(A.1)

drawn as long dashes A in Figure 4. Another interpolation
formula may be deduced from this behavior as [18]

ηB =
(

1 +
11
6π

λP

L

)− 16
11

· (A.2)

This formula, drawn as short dashes B in Figure 4,
presents the advantage of being positive at all distances
and also being a monotonic function of distance, two im-
portant features of the exact result. However it fails to re-
produce the asymptotic variation of ηF at small distances
(compare with (14)). Another approximant, obtained by
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Fig. 4. Reduction factor ηF for the Casimir force as a func-
tion of the ratio L/λP when the finite conductivity is described
by a plasma model (solid line). This curve is compared to dif-
ferent approximants (dashed lines) used in the literature and
described in the text. These approximants are reasonable at
large distances but depart from the exact result when L/λP

approaches unity.

developing ηB at the fourth order in λP/L, has sometimes
been used [15]

ηC = ηA −
38
3π3

(
λP

L

)3

+
931
9π4

(
λP

L

)4

· (A.3)

It is drawn as the dotted-dashed line C in Figure 4. On the
whole, Figure 4 clearly shows that all these approximants
fail to reproduce the correct behavior at distances smaller
than the plasma wavelength λP.

Incidentally an interesting approximant may be
defined by the following formula

ηU =
1

1 +
8

3π
λP

L

· (A.4)

It fits the known behavior of the exact result at the first-
order, but not the second-order one, in λP/L. It is pro-
portional to L/λP at small distances as the correct re-
sult (14). Moreover the coefficient 3π/8 has a value 1.178
very close to the proportionality coefficient α ' 1.193 ap-
pearing in (14), the relative difference being of the order
of 1%. Hence, ηU may be considered as a uniform approxi-
mant reproducing the variation of ηF over the whole range
of distances. It reproduces the exact result everywhere
with an error of at most 5%. This precision is however
not sufficient for it to be used in the place of the correct
result.

Appendix B: The case of copper

In this appendix, we compare the reduction factors ηF

and ηE obtained for copper from the computations of the
present paper and those of [8]. Both derivations are based
on the same procedure which we have already described
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in the text. Optical data taken from different references
agree reasonably well between each other. We however
point out that quite different techniques are used here
and in [8] for interpolating between available data and ex-
trapolating at low frequencies and that these differences
are responsible for significant deviations in the behaviors
of ηF and ηE as functions of the plate separation.

The upper graph of Figure 5 shows three different plots
of the imaginary part of the dielectric constant. The first
one is the one explained in the present paper with data
points taken from [30,31] (diamonds) and extrapolation at
low frequency with a Drude model (solid line in Fig. 5).
Our procedure is explained in more detail in the main
part of this paper. The corresponding Drude parameters, a
plasma frequency ωP = 9.0 eV and a relaxation parameter
γ = 30 meV are in reasonable agreement with existing
knowledge from solid state physics.

The second plot has been designed by ourselves as an
attempt to reproduce the computations of [8]. The tri-
angles are optical data taken from [32]. These data are
not exactly identical but they are in reasonable agree-
ment with those taken from [30,31]. However only three
data points are given in [32] for the frequency range
1014−2×1015 rad/s whereas a much larger number of data
points may be found in [30,31]. In contrast to our treat-
ment, a specific interpolation procedure had therefore to
be used in [8] to fill the gaps between the data points.
Although this procedure is not described explicitly in [8]
we have been able to reproduce a curve having the same
appearance (compare with Fig. 1a in [8]). This curve re-
sults from a linear interpolation between the data points
on a lin-lin scale. It appears clearly in Figure 5 that this
interpolation procedure produces bumps on the dielectric
response functions (dashed line) which are largely outside
the data known from [30,31]. Optical data are in fact con-
sistent with a linear interpolation on a log-log scale rather
than on a lin-lin scale. This is the first important differ-
ence between the two treatments. The second important
difference is associated with the extrapolation of data at
low frequencies. In [8] the data points were extrapolated
by a power law proportional to 1/ω starting from the low-
est frequency data available in [32]. The whole curve of
[8] is not at all consistent with a Drude model at frequen-
cies below 1015 rad/s. To summarize this presentation of
the dielectric function used in [8] we may say that it corre-
sponds to values too large in the range 1014−2×1015 rad/s
by a factor which can be more than 10 and too small below
1014 rad/s by a factor up to 6.

The case of low frequency extrapolation requires more
cautious discussions. As explained in the main part of
this paper, the optical data available for Cu do not per-
mit an unambiguous estimation of the two parameters ωP

and γ separately. Other couples of value can be chosen
which would also be consistent with optical data. To make
this point explicit, we have drawn a third plot in Fig-
ure 5 (dashed-dotted line) which corresponds to a Drude
model fitting the optical data of [32] and the low fre-
quency behavior of [8]. Obviously it does not reproduce
the extra bumps of [8]. The associated Drude parameters
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Fig. 5. Imaginary part of the dielectric constant as a function
of frequency (upper graph) and dielectric constant as function
of imaginary frequency (lower graph) for copper. The diamonds
are data points from reference [30,31] and the solid line is our
extrapolation at low frequencies of these data. The triangles
correspond to data points from [32]. The dashed line represents
the extrapolation at low frequencies and the interpolation be-
tween the last three data points as in [8]. The dotted-dashed
line corresponds to another extrapolation of the same data.
More detailed explanations are given in the text.

ωP = 7.5 eV and γ = 130 meV correspond to an effective
mass m∗/m ' 2.1 and to a ratio γ/ωP ' 1.7×10−2 which
are quite different from those used in our treatment. In
order to have an indication of the effect of the uncertain-
ties associated with optical data, we will however proceed
to the computations with this curve, too.

We now perform the calculations as explained in the
main part of the text. The lower graph in Figure 5 shows
the different results for the dielectric constant ε(iω) as
a function of imaginary frequency for the three different
dielectric functions. As expected from the previous discus-
sion, the values ε(iω) found in [8] are too small at frequen-
cies lower than 1014 rad/s but too large around 1015 rad/s
when compared to those deduced from our calculation.
This has a significant consequence for the evaluation of
the reduction factors ηF and ηE drawn in Figure 6 for a
plate separation ranging from 0.1 µm to 10 µm.

Our reconstruction of the computations of [8] repro-
duce pretty well the published results at the distance
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Fig. 6. Reduction factors ηF for the Casimir force (upper
graph) and ηE for the Casimir energy (lower graph) as a func-
tion of the plate separation L. The solid line corresponds to the
calculation of the present paper, the dashed line to the calcula-
tion in [8]. The dotted-dashed line corresponds to a calculation
with a Drude model fitting the optical data of [32] and the low
frequency behavior of [8].

of 0.5 µm for which numerical values are given. However,
the general behaviors of the curves are quite different.
The Casimir force and Casimir energy obtained from the
optical data used in [8] are too large at small distances
and too small at large distances. These features, which
are made explicit with values of ηE given in the following
table, are consistent with the discussions of the preceding
paragraphs. The three columns 1, 2, 3 correspond respec-
tively to the solid lines, dashed lines and dotted-dashed
lines of Figures 5 and 6.

1 2 3

ηE [0.1 µm] 0.55 0.60 0.49
ηE [0.5 µm] 0.85 0.85 0.79
ηE [3.0 µm] 0.97 0.94 0.93

(B.1)

The crossing of the results in columns 1 and 2 at the dis-
tance of 0.5 µm appears as an accidental compensation of
these two flaws. The relative difference between the two
results may be as large as 10%.

A claim of agreement between experiment and theory
could be based on a comparison of values of ηE obtained at
different distances with values in the column 1 or, perhaps,
in the column 3. As explained above, both columns cor-
respond to reasonable extrapolations of the optical data.
The advantage of column 1 over column 3 lies in values
of the Drude parameters in better accordance with the
knowledge in solid state physics. The difference between
columns 1 and 3 may be considered as giving an idea of
the uncertainties associated with the incompleteness of
optical data. In any case the two corresponding curves,
drawn as solid and dotted-dashed lines in Figure 6, have
similar dependences on the plate separation although the
absolute values are shifted from one curve to the other. In
contrast the dashed curve in Figure 6 which corresponds
to the calculations of [8] and crosses the two former curves
cannot be considered as consistent with the known optical
data.
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Temperature dependence of the Casimir effect between metallic mirrors

Cyriaque Genet, Astrid Lambrecht, and Serge Reynaud
Laboratoire Kastler Brossel, Unite´ de l’Ecole Normale Supe´rieure, de l’Universite´ Pierre et Marie Curie, et du Centre National

de la Recherche Scientifique, Campus Jussieu, case 74, 75252 Paris Cedex 05, France
~Received 22 February 2000; published 15 June 2000!

We calculate the Casimir force and free energy for plane metallic mirrors at nonzero temperature. Numerical
evaluations are given with temperature and conductivity effects treated simultaneously. The results are com-
pared with the approximation where both effects are treated independently and the corrections simply multi-
plied. The deviation between the exact and approximated results takes the form of a temperature dependent
function for which an analytical expression is given. The knowledge of this function allows simple estimations
that are accurate below the 1% level.

PACS number~s!: 12.20.Ds, 03.70.1k, 42.50.Lc
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I. INTRODUCTION

The Casimir force@1# has been observed in a number
‘‘historic’’ experiments@2–5#. It has been measured recent
with an improved experimental precision@6–8#. This should
allow for an accurate comparison with the predictions
quantum field theory, provided that these predictions acco
for the differences between real experiments and the id
ized Casimir situation. In particular, experiments are p
formed at room temperature between metallic mirrors a
not at zero temperature between perfect reflectors. The
oretical expectations should be computed with a high ac
racy if the aim is to test agreement between theory and
periment at, say, the 1% level. The efforts for accuracy
also worth for making it possible to control the effect
Casimir force when studying small short range forc
@9–11#.

The influence of thermal field fluctuations on the Casim
force are known to become important for distances of
order of a typical length@12–15#

lT5
2pc

vT
5

\c

kBT
. ~1!

When evaluated at room temperature, this lengthlT is ap-
proximately 7 mm. In contrast, the finite conductivity o
metals has an appreciable effect for distances smaller tha
of the order of the plasma wavelengthlP determined by the
plasma frequencyvP of the metal~see Ref.@16#, and refer-
ences therein!

lP5
2pc

vP
. ~2!

For metals used in the recent experiments, this wavelen
lies in the range 0.1–0.2mm. This means that conductivit
and thermal corrections to the Casimir force are importan
quite different distance ranges. Thermal corrections are u
ally ignored in the sub-mm range where the effect of impe
fect reflection is significant whereas the conductivity corr
tion is unimportant above a fewmm where the effect of
temperature becomes appreciable. This explains why the
corrections are usually treated independently from e
other. When an accurate comparison between experime
and theoretical values of the Casimir force is aimed at,
1050-2947/2000/62~1!/012110~8!/$15.00 62 0121
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error induced by this approximation has, however, to be p
cisely evaluated. Furthermore, the region of overlap of
two corrections is precisely in themm range, which is a
crucial distance range for the comparison between exp
ment and theory.

The purpose of this paper is to give an accurate evalua
of the Casimir forceF taking into account finite conductivity
and temperature corrections at the same time. To chara
ize the whole correction, we will compute the factorhF de-
scribing the combined effect of conductivity and temperat

hF5
F

FCas
,

~3!

FCas5
\cAp2

240L4
.

FCas is the ideal Casimir force corresponding to perfect m
rors in vacuum.L is the distance between the mirrors,A their
surface, and\ and c, respectively, the Planck constant an
the speed of light. We will also evaluate the factors asso
ated with each effect taken separately from each other

hF
P5

FP

FCas
, hF

T5
FT

FCas
. ~4!

FP is the Casimir force evaluated by accounting for fin
conductivity of the metals but assuming zero temperat
and FT is the Casimir force evaluated at temperatureT for
perfect reflectors. Of coursehF

P depends on the ratioL/lP

andhF
T on the ratioL/lT .

Now the question raised in the previous paragraphs m
be stated precisely: to which level of accuracy can the co
plete correction factorhF be approximated as the product
the factorshF

P and hF
T? To answer this question we wi

evaluate the quantity

dF5
hF

hF
PhF

T
21 ~5!

which measures the degree of validity of the approximat
where both effects are evaluated independently from e
other. We will give an analytical estimation of this deviatio
which may thus be taken into account without any difficul
©2000 The American Physical Society10-1
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We will also give the same results for the Casimir energy
defining a factorhE measuring the whole correction of Ca
simir energy due to conductivity and temperature and t
discussing the factorshE

P andhE
T and the deviationdE in the

same manner as for the force.
Some additional remarks have to be made at this po

First, recent experiments are not performed in the pla
plane but in the plane-sphere configuration. The Casi
force in this geometry is usually estimated from the proxi
ity theorem@17–21#. Basically this amounts to evaluating th
force by adding the contributions of various distances a
they were independent. In the plane-sphere geometry
force evaluated in this manner turns out to be given by
Casimir energy evaluated in the plane-plane configura
for the distanceL being defined as the distance of close
approach in the plane-sphere geometry. Hence, the factohE
evaluated in this paper for energy can be used to infer
factor for the force measured in the plane-sphere geome
Then, surface roughness corrections will not be considere
the present paper. Finally the dielectric response of the
tallic mirrors will be described by a plasma model. Th
model is known to describe correctly the Casimir force in
long distance range which is relevant for the study of te
perature effects. Keeping these remarks in mind, our res
will provide one with an accurate evaluation of the Casim
force in the whole range of experimentally explored d
tances.

II. CASIMIR FORCE AND FREE ENERGY

When real mirrors are characterized by frequen
dependent reflection coefficients, the Casimir force is
tained as an integral over frequencies and wavevectors a
ciated with vacuum and thermal fluctuations@22#. The
Casimir force is a sum of two parts corresponding to the t
field polarizations with the two parts having the same fo
in terms of the corresponding reflection coefficients

F5 (
k52`

`
vT

2
F@kvT#,

F@v>0#5
\A

2p2Ev
c

1`

dkk2f ,

~6!

f 5
r'

2 ~ iv,ik!

e2kL2r'
2 ~ iv,ik!

1
r uu

2~ iv,ik!

e2kL2r uu
2~ iv,ik!

,

F@2v#5F@v#.

r'(r uu) denotes the amplitude reflection coefficient for t
orthogonal~parallel! polarization of one of the two mirrors
The mirrors are here supposed to be identical, otherwiser'

2

should be replaced by the product of the two coefficientsv
is the frequency andk the wave vector along the longitudina
direction of the cavity formed by the two mirrors.F@v# is
defined for positive frequencies and extended to nega
ones by parity.
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The Casimir force~6! may also be rewritten after a Fou
rier transformation, as a consequence of Poisson form
@15#

F5 (
m52`

`

F̃~mlT!,

~7!

F̃~x!5E
0

`

dv cosS vx

c DF@v#.

The contribution of vacuum fluctuations, that is also the lim
of a null temperature (vT→0) in Eq.~6!, corresponds to the
contributionm50 in Eq. ~7!

FP5F̃~0!5E
0

`

dvF@v#. ~8!

Hence, the whole force~7! is the sum of this vacuum contri
bution m50 and of thermal contributionsmÞ0.

We will consider metallic mirrors with the dielectric func
tion «( iv) for imaginary frequencies given by the plasm
model

«~ iv!511
vP

2

v2
. ~9!

vP is the plasma frequency related to the plasma wavelen
lP by Eq.~2!. For the metals used in recent experiments,
values chosen for the plasma wavelengthlP will be 107 nm
for Al and 136 nm for Cu and Au. These values are in agr
ment with knowledge from solid state physics@23,24# as
well as with the integration of optical data described in de
in Ref. @16#. As already known, the results obtained from t
plasma model departs from the more accurate integratio
optical data for small distances. In this limit, however, t
thermal corrections do not play a significant role. In t
present paper we will restrict our attention to the plas
model and discuss the validity of the results obtained in t
manner at the end of the next section.

We will also focus the attention on mirrors with a larg
optical thickness for which the reflection coefficien
r'( iv,ik) and r uu( iv,ik) correspond to a simple vacuum
metal interface. With the plasma model, these coefficie
are read as

r'52
AvP

2 1c2k22ck

AvP
2 1c2k21ck

,

~10!

r uu5
AvP

2 1c2k22ck~11vP
2 /v2!

AvP
2 1c2k21ck~11vP

2 /v2!
.

For wave vectorsck smaller thanvP , mirrors may be con-
sidered to be perfectly reflecting. When converted to the d
tance domain, this entails that the force approaches the i
Casimir expression when evaluated at large distanceL
@lP .

The Casimir energy will be obtained from the force b
integration over the mirrors relative distance
0-2
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E5E
L

`

F~x!dx. ~11!

As this procedure is performed at constant temperature,
energy thus obtained corresponds to the thermodynam
definition of a free energy. For simplicity we will often us
the denomination of an energy. We will define a factorhE
measuring the whole correction of energy due to conduc
ity and temperature effects with respect to the ideal Cas
energy

hE5
E

ECas
,

~12!

ECas5
\cAp2

720L3
.

The positive value of the energy here means that the Cas
energy is a binding energy while the positive value of t
force is associated with an attractive character. We will th
define two factorshE

P and hE
T associated with each effec

taken separately from each other, as in Eq.~4!. As already
done for the force correction factors in Eq.~5!, we will fi-
nally evaluate the quantitydE which characterizes the degre
of validity of the approximation where both effects a
evaluated independently from each other. As mentioned
the Introduction, the results obtained for energy allows o
to deal with the Casimir force in the plane-sphere geome
when trusting the proximity force theorem.

III. NUMERICAL EVALUATIONS

In the following we present the numerical evaluation
the correction factors of the Casimir force and energy us
equations written in the former section. The force correct
factor was evaluated for the experimentally relevant dista
range of 0.1–10mm with the help of Eq.~7!, supposing
explicitly a plasma model for the dielectric function, and t
result was normalized by the ideal Casimir force. A dou
integration over frequencies and wavevectors had to be
formed. Due to the cosine dependence in Eq.~7!, the inte-
grand turned out to be a highly oscillating function. Hen
the integration required care although it was performed w
standard numerical routines. The energy correction fa
was then calculated by numerically integrating the force a
normalizing by the ideal Casimir energy@see Eq.~12!#. In-
tegration was restricted to a finite interval, the upper lim
exceeding at least by a factor of 104 the distance at which the
energy value was calculated. Extending the integration ra
by a factor of 100 changed the numerical result by less t
1027.

The results of the numerical evaluation ofhF are shown
as the solid lines in Fig. 1 for Al and for Cu-Au assuming
temperature ofT5300 K. They are compared with the forc
reduction factorhF

P due to finite conductivity~dashed lines!
and the force enhancement factorhF

T calculated for perfect
mirrors at 300 K~dashed-dotted lines!.

Figure 2 shows similar results for the factorhE obtained
through numerical evaluation of the Casimir free energy. T
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shape of the graphs is similar to the ones of the force. Ho
ever, while finite conductivity corrections are more impo
tant for the force, thermal effects have a larger influence
energy.

For the force as well as for the energy, temperature c
rections are negligible in the short distance limit while co
ductivity corrections may be ignored at large distances. T
whole correction factorh behaves roughly as the produ
hPhT of the two correction factors evaluated separate
However, both correction factors are appreciable in the d
tance range 124 mm in between the two limiting cases
Since this range is important for the comparison betwe
experiments and theory, it is necessary to discuss in a m
precise manner how good is the often used approxima
which identifiesh to the producthPhT. In order to assess th
quality of this approximation, we have plotted in Fig. 3 th
quantitiesdF and dE as a function of the distance for Al
Cu-Au, and two additional plasma wavelengths. A value
d50 would signify that the approximation gives an exa
estimation of the whole correction. An important outcome
our calculation is that the errorsdF anddE are of the order of
1% for Al and Cu-Au at a temperature of 300 K.

For estimations at the 5% level, the separate calculatio
hP andhT and the evaluation ofh as the producthPhT can
therefore be used. However, if a 1% level or a better ac
racy is aimed at, this approximation is not sufficient.
should be noticed furthermore that the error increases w

FIG. 1. Force correction factor for Al~upper figure! and Cu and
Au ~lower graph! as function of the mirrors distance atT5300 K.
0-3
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the temperature or the plasma wavelength are increase
becomes of the order of 4% for a plasma wavelength
0.5 mm at 300 K. The sign obtained ford means that the
approximation gives too small values of force and energ

We want now to emphasize a few points. In order to ma
the discussion precise, we give numerical values of the
rection factors for two experimentally relevant distanc
namely, 0.5 and 3mm. The first distance corresponds to t
smallest distance for which the plasma model gives result
correct agreement with the integration of optical data@16#.
For this distance,L50.5 mm, the thermal corrections do no
play a significant role (hF

T51.000;hE
T51.004).

Al Cu2Au

hF
P 0.843 0.808

hF 0.843 0.808
~13!hE

P 0.879 0.851
hE 0.883 0.855

At shorter distances the results obtained with the plas
model depart from the values calculated from the integra
of optical data by more than 1%. Hence, the values ofhF

P

andhE
P used for distances smaller than 0.5mm have to take

into account the more accurate dielectric function obtain
through an integration of optical data@16#. In this short dis-

FIG. 2. Energy correction factor for Al~upper figure! and Cu
and Au ~lower graph! as function of the mirrors distance atT
5300 K.
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tance range however, the whole correction factorshF andhE
may be obtained as the productshF

PhF
T andhE

PhE
T .

In the long distance range in contrast, the temperat
correction becomes predominant. The conductivity corr
tion has still to be accounted for but it may be calculated
using the plasma model. This is illustrated by the correct
factors obtained for a distance ofL53 mm (hF

T

51.117;hE
T51.470):

Al Cu2Au

hF
P 0.971 0.963

hF
PhF

T 1.084 1.076
hF 1.090 1.083 ~14!
hE

P 0.978 0.972
hE

PhE
T 1.437 1.429

hE 1.449 1.444
For this distance, all corrections have to be taken into
count. The metals cannot be considered as perfect reflec
yet, the temperature corrections are significant and the de
tion between the exact correction and the mere product
to be included if a high accuracy is aimed at. This is es
cially true in the case of Casimir energy.

IV. SCALING LAWS FOR THE DEVIATIONS

An inspection of Fig. 3 shows that the curves correspo
ing to different plasma wavelengthslP have similar shapes

FIG. 3. dF ~upper graph! anddE ~lower graph! as a function of
the mirrors distance. The results are given for the three metals
Cu-Au, and two larger plasma wavelengths.
0-4
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with a maximum which is practically attained for the sam
distance between the mirrors. The amplitude of the de
tions, which is larger for the energy than for the force,
found to vary linearly as a function of the plasma wavelen
lP .

This scaling property is confirmed by Fig. 4 where w
have drawn the deviations after an appropriate rescaling

D5
lT

lP
d. ~15!

The curves obtained forDF and DE for different plasma
wavelengths at temperatureT5300 K are nearly perfectly
identical to each other. These curves correspond to value
the plasma wavelength small compared to the thermal wa
length and the scaling law would not be obeyed so w
otherwise.

In other words, the deviationsdF anddE are proportional
to the factorlP /lT on one hand, and to the functionsDF and
DE on the other hand. The latter functions, which no long

FIG. 4. The deviations are represented for the force~upper
graph! and the free energy~lower graph! after the rescaling de
scribed by Eq.~15!. Different plasma wavelengths lead to near
identical functions, drawn as dotted, dashed, and dotted-da
lines. These functions are hardly distinguishable from the solid li
which represent the analytical expressions derived in the next
tion.
01211
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depend onlP , provide a simple method for reaching a goo
accuracy in the theoretical estimation of the whole correct
factor

h5hPhTS 11
lP

lT
D D . ~16!

This method is less direct than the complete numerical in
gration of the forces which has been performed for obtain
the curves presented in the previous section. But it requ
easier computations while nevertheless giving accurate
mations of the correction factors. Typically, the deviationd
with a magnitude of the order of the % may be estima
with a much better precision through the mere inspection
Fig. 4. Alternatively, one may use the analytical express
of the functionsD presented in the next section and drawn
the solid lines on Fig. 4.

V. ANALYTICAL EXPRESSIONS OF THE DEVIATIONS

The results of numerical integrations presented in
foregoing section have shown that the deviationsdF anddE
are proportional to the plasma wavelengthlP , for plasma
wavelengths small compared to the thermal wavelength
this final section, we explain this scaling law by using
partial analytical integration of the whole correction facto

To this aim, we write the force correction factor by divid
ing Eq. ~7! by the value of the ideal Casimir force

hF5hF
P1~hF

T21!1DhF . ~17!

The first term in Eq.~17! corresponds to the vacuum contr
bution ~8!

hF
P5

120L4

p4 E
0

`

dk k3E
0

1

dy f ~18!

with f still given by Eq. ~6!. A dimensionless frequencyy
5v/ck measured with respect to the wave vector has b
introduced. Note also that the wavevectork is involved
through the dimensionless quantitykL, except in the expres
sions of reflection coefficients. In Eq.~18!, the integration
over y may be performed analytically~see Appendix!. At
long distances,hF

P tends to the limit of perfect reflection with
a known correction@15#

L@lP→hF
P512

8

3p

lP

L
1•••. ~19!

This expansion has been the subject of a number of pa
and it has been used to propose interpolation formu
@20,21#. However such a series expansion can hardly rep
duce the behavior at small distances wherehF

P varies as
L/lP , which just means that the conductivity effect is no
small perturbation at short distances~see the Appendix!.

Coming back to the whole expression~17! of the force
correction factor, it remains to discuss the thermal contri
tions, that is, the second and third terms. These two te
come from the contributionsmÞ0 to Eq. ~7!. The opposite
values of m give equal contributions and they have be

ed
s
c-
0-5
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gathered. The thermal contributions have been split in to
parts, the second and third terms in Eq.~17!, which corre-
spond respectively to the limit of perfect mirrors on o
hand,

hF
T215

240L4

p4 (
m51

` E
0

`

dk k3E
0

1

dy cos~myklT! f 1 ,

~20!

f 15
2

e2kL21

and the remainder, on the other hand,

DhF5
240L4

p4 (
m51

` E
v/c

`

dk k3E
0

1

dy cos~myklT!D f ,

D f 5 f 2 f 1

52
e2kL

e2kL21
S 12r'

2

e2kL2r'
2

1
12r uu

2

e2kL2r uu
2D .

~21!

The contribution~20! has been denoted (hF
T21) with hF

T the
correction factor obtained for perfect mirrors at a nonz
temperature. For this term the integration overy is trivial and
the integration overk may be performed analytically, lead
ing to the known expression@13–15#

hF
T215

480L4

p4 (
m51

` E
0

`

dk
k2

e2kL21

sin~mklT!

mlT

530(
m51

` S 1

~am!4
2

cosh~am!

am sinh3~am!
D , ~22!

a5
plT

2L
.

To obtain the overall correction factor~17! it now remains
to evaluate the last expression~21!. This can be done nu
merically, thus leading to the same results as in the prev
section since no approximation has been performed up
now. But the results of the previous section suggest that
may obtain an accurate estimation of this term through
expansion in powers oflP . The plasma wavelengthlP is
indeed much smaller than the thermal wavelengthlT in all
experimental situations studied up to now. Also, the dev
tion studied in the foregoing section is appreciable only
distancesL much larger thanlP . Hence an accurate descrip
tion of the deviation factor should be obtained by evaluat
DhF at the first order inlP .

This first order term is easily deduced from Eqs.~10!, ~21!

D f .2
e2kL

~e2kL21!2
~12r'

2 112r uu
2!,

.2
e2kL

~e2kL21!2

2klP

p
~11y2!.

~23!
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It is proportional tolP and to a functionfF which does no
longer depend onlP

DhF.
lP

L
fF ,

fF5
15

p (
m51

` S cosh~am!

~am!3sinh~am!
1

1

~am!2sinh2~am!

1
4 cosh~am!

am sinh3~am!
2

214 cosh2~am!

sinh4~am!
D . ~24!

Collecting the results obtained up to now, we get an estim
tion of the force correction factorhF valid in the long dis-
tance rangeL@lP

hF5hF
PhF

T1~12hF
P!~hF

T21!1DhF ,

.hF
PhF

T1
8

3p

lP

L
~hF

T21!1
lP

L
fF .

~25!

Coming back to the notations of the previous section, t
result is equivalent to the following expression for the fun
tion DF :

DF5
8

3p

lT

L

hF
T21

hF
T

1
lT

L

fF

hF
T

. ~26!

This function is plotted as the solid line on Fig. 4 and it
found to fit well the results of the complete numerical int
gration presented in the previous section.

Similar manipulations can be done for evaluating corr
tion factors for the Casimir free energy. We give below t
main results, that is the thermal correction factor evalua
for perfect mirrors

hE
T21545(

m51

` S 2
2

~am!4
1

1

~am!3tanh~am!

1
1

~am!2sinh2~am!
D ~27!

and the first order correction

DhE.
lP

L
fE ,

fE5
45

p (
m51

` S 2
4

~am!4
1

1

~am!3tanh~am!

1
1

~am!2sinh2~am!
1

2cosh~am!

amsinh3~am!
D . ~28!

Since the long distance expansion ofhE
P up to first order in

the plasma wavelength is given by

L@lP→hE
P512

2

p

lP

L
1••• ~29!
0-6
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we deduce the functionDE

DE5
2

p

lT

L

hE
T21

hE
T

1
lT

L

fE

hE
T

. ~30!

This function is plotted as the solid line on the second gra
of Fig. 4 and also found to fit well the results of the nume
cal integration.

VI. SUMMARY

In the present paper, we have given an accurate evalua
of the Casimir force and Casimir free energy between t
plane metallic mirrors, taking into account conductivity a
temperature corrections at the same time. The whole cor
tions with respect to the ideal Casimir formulas, correspo
ing to perfect mirrors in vacuum, have been characterized
factorshF for the force andhE for the energy. These factor
have been computed through a numerical evaluation of
integral formulas. They have also been given a simplifi
form as a product of three terms, namely, the reduction fa
associated with conductivity at null temperature, the incre
factor associated with temperature for perfect mirrors, an
further deviation factor measuring a kind of interplay b
tween the two effects. This last factor turns out to lie in t
1% range for metals used in the recent experiments
formed at ambient temperature. Hence the conductivity
temperature corrections may be treated independently f
each other and simply multiplied for theoretical estimatio
above this accuracy level.

However, when accurate comparisons between exp
mental and theoretical values of the Casimir force are aim
at, the deviation factor has to be taken into account in th
retical estimations. The deviation factor is appreciable
distances greater than the plasma wavelengthlP but smaller
or of the order of the thermal wavelengthlT . We have used
this property to derive a scaling law of the deviation fact
This law allows one to obtain a simple but accurate estim
tion of the Casimir force and free energy through a m
inspection of Fig. 4. Alternatively one can use analytic
expressions which have been obtained through a first o
expansion inlP of the thermal contributions to Casim
forces and fit well the results of complete numerical integ
tion.

We have represented the optical properties of metals
the plasma model. This model does not lead to reliable e
mations of the forces at small distances but this deficie
may be corrected by using the real dielectric function of
metals. This does not affect the discussion of the pres
paper, except for the fact that the pure conductivity effect
to be computed through an integration of optical data
distances smaller than 0.5mm. Finally surface roughnes
01211
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corrections, which have not been considered in the pre
paper, are expected to play a significant role in theo
experiment comparisons in the short distance range.
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APPENDIX: THE VACUUM CONTRIBUTION

In the present appendix, we give further analytical expr
sions for the correction factorhF

P due to conductivity, calcu-
lated with the plasma model for a null temperature. Introd
ing the notations

r5
AvP

2 1c2k22ck

AvP
2 1c2k21ck

, y5
v

ck

we rewrite the reflection coefficients~10!

r'52r, r uu5r
y2~12r!22

y2~12r!12r
.

In this case one integration may be performed analytically
Eq. ~18!

hF
P5

120L4

p4 E
0

`

d kk3
2r21rekLg

e2kL2r2
,

g5
11a2

2

a2
arctan

1

a2
2

11a1
2

a1
arctan

1

a1
,

a65AekL6r

ekL7r

11r

12r
21.

At the large distance limit,hF
P tends to unity, that is the value

obtained for perfect reflectors. At the small distance limit,hF
P

is found to vary as@16#

hF
P.a

L

lP
, L!lP

a5
30

p2E0

`

dKe23K/4S K2

Asinh~K/2!

2
K2

Acosh~K/2!
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ÃÅÄ Æ ÇÈÊÉ^ËÍÌ ÇÈÊÎ­ÈÐÏ¸É^È ÆjÑ È ÄÒÑÔÓ ËÍÏ Æ ÈÊÕ
Ö×Î Ä¥ØNÙaÚ�ÄÐÚ�Ù ËÍÏ¼ÏEÈÊÛ`ÛaÈÊÕ

Ü¬Á'Ý Þ Ê�ÎkÉ�ÈjÐ#ßáà<ÐaÇ3â ËÊã ßÊäæåÊqâxÇFÑ çÊqâxÊ

è ÞÏÔ�I ä�ä�Ò �kI2Ó Ò�Ü!Ø I2Þ Ò�â ÕKÔ���å Å å�� ÒNØ�Ò }�Õ Ü I�ÖYÕ ä�ð |�Þ ØOâ ÕKÓ ×!ØOÜ ÛÕjÖYÕ ��Ø I�Ö(Õ�É Ò Þ(Õ Ø Ó�I0¨�Õ Ü�Ò3â ÕaÔ�éAÓ Ò æ Ø/Ù
ÿ ÒNÙFØ Þ(Õ�ë áYØ�Ò Õ b ÕKÔ Ü!á ÛÕ á Þ ×&Ü'Ò ïNÕ�ÖYÕ�ñ è Å × I áY×TÙ�Ò Ô�I ô Ó8Õ × ÚkI2Þ ×!Ò � Ø/ä�Ø/Ü ÛÕ�ÕaÞ�ÚYÓ Ø Þ Ü Õ Ù Ú ×�« �2� ò ¨�Ç ð�ÒNØ
Ô�I ÙFÙ ÕaÞYÔ�ÛÕ5ÓVÛÕKÔaÕ ÙFÙ ÕaÞ Ü çÒQÙUð�Ø Þ Ü ÛÕKÓ8Õ ×!× ÕKÓ�çÒ�á Þ ÒNá(Ü Ó!Õ$ÚYæ5ÛÕKÞ+I Ù çÕKÞ(Õ�¨�çÒ�×�Ò3â I Ø Ó ä;Ò Ö ØUbéáY×8Ø I2ÞèÖYÕ × I2Þ(ÖYÕ ×
ïNÓ Ò3âVØ/Ü'Ò�Ü�Ø INÞYÞYÕ ä/ä Õ × Õ Ü�ä;Ò ÖAÛÕKÔ�I2æ5ÛÕKÓ8ÕKÞYÔaÕ Ø Þ(Ö áYØ/Ü Õ_Ú Ò Ó�ÔKÕ ä/ä Õ ×&ô Ô Ø åJ}6I áY×�Ò3â I2Þ × ÕaÞxÚ Ò Ó Ü�Ø Ô áYä/Ø ÕKÓ	ÛÕ Ü�á Ö Ø ÛÕ
äùð�Ø Þ ¬¶á ÕaÞYÔKÕ_ÖYÕ × I2ÞYÖYÕ × ï2Ó Ò3âDØOÜ'Ò�Ü!Ø I2Þ(ÞYÕ ä/ä Õ ×5×!á Ó ä Õ Ù I áDâ Õ Ù ÕKÞ Ü Ú ä�Ò Þ5ÛÕ Ü�ÒNØ Ó8Õ�¨DÚ Ò Ó´Õ:ãDÕ Ù Ú ä Õ�ÔKÕ ä/áYØ ÖYÕ
ä�Ò ÿ á ÞYÕ ÒNá(Ü I á ÓIÖYÕ ä;Ò �gÕKÓ!Ó8ÕNå`é Ø ÕaÞ	ë á Õ äùð Õ b Õ Ü ÖYÕ × I2ÞYÖ(Õ × ïNÓ Ò3âVØ/Ü'Ò�Ü�Ø INÞYÞYÕ ä/ä Õ ×<× I ØOÜ Þ5ÛÕaï ä�Ø ï2Õ Ò � ä Õ´ÕKÞ
ÔaÕQë áYØ Ô^INÞYÔKÕaÓ!ÞYÕ ä�Ò Ö Ø�×8×!Ø Ú Ò�Ü�Ø I2Þ Ö ázÙ I á(â Õ Ù ÕaÞ Ü ¨ ä Õ á Ó Ø Þ ¬¶á ÕKÞYÔaÕQÖYÕ âDØ ÕKÞ ÜAÜ ÓKçÕ ×5Ø/Ù ÚkI2Ó Ü�Ò Þ Ü Õ´ÕKÞ�ÔKÕ
ë áYØ Ô^I2ÞYÔaÕKÓ8ÞYÕ ä;Ò Ö5ÛÕaÔ^I2æ5ÛÕaÓ!ÕaÞYÔKÕ_Ö á¬Ù I á(â Õ Ù ÕaÞ Ü å è Þ¬Õ b Õ Ü ¨YÖYÕ ä;ÒèÙ¦©Õ Ù ÕQê Ò��Ô^I2Þ�ë á\ð I2ÞUÚéÕ á(Ü´Ò�Ü8Ü Ó ØHô
� á ÕKÓ ÒNá ã Ú(æ+I Ü INÞ × Ö á ê;INÞYÖ ÙFØ ÔaÓSI ô I2ÞYÖYÕ × Ô^I ×8Ù�Ø ë á Õ á ÞYÕ Ü Õ Ù Ú5ÛÕaÓ Ò�Ü!á Ó!Õ Ù I'�2ÕKÞ(ÞYÕ�¨$I2Þ Ú�Õ á(ÜAÒNáY×8×!Ø
Ò�×!× IVÔ Ø ÕKÓ ÒNá ãÏï2Ó Ò3âVØ/Ü I2Þ × Ö á ê;I2ÞYÖÝï Ò�ä;Ò Ô Ü�Ø ë á Õ á ÞYÕ Ü Õ Ù Ú5ÛÕaÓ Ò�Ü!á Ó!Õ�ÛÕaë áYØ/â�ÒNä ÕKÞ Ü Õ�å��AÕ Ü!Ü Õ Ü Õ Ù Ú5ÛÕaÓ Ò�Ü!á Ó!Õ
Õ ×8Ü ÕEã Ü Ó ©Õ Ù ÕaÞ Ü ï2Ó Ò ÞYÖYÕ	Õ Ü ¨�Ú Ò ÓÏÔ�I2Þ × ÛÕKë á ÕKÞ Ü ¨ ä;Ò Ö ØUbéáY×!Ø I2Þ ÖYÕ × I2ÞYÖ(Õ × ï2Ó Ò3âDØOÜ'Ò�Ü!Ø I2Þ(ÞYÕ ä/ä Õ × ï ÒNä;Ò Ô ô
Ü!Ø ë á Õ × Ú Ò Ó ä Õ × Ú ä�Ò Þ\çÕ Ü Õ × Õ ×8Üjä Õ Ù ÛÕaÔ Ò Þ Ø�×!Ù ÕAÖEI Ù�Ø Þ Ò Þ Ü Ó8Õ × ÚBI2Þ ×�Ò � ä ÕTÖYÕ ä;Ò ÖAÛÕKÔ�I2æYÕKÓ8ÕKÞYÔaÕ�Ö Ò Þ ×<ä Õ á Ó
Ù I á(â Õ Ù ÕKÞ Ü Ê'öPý�å

Ü¬ÁEÂ ê¼ãÊëÊì3Ð3É´Ä�àkÐKÇ³â í1ÇFÐ#â^àkÊ
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Abstract. – We study the effect of the scattering of gravitational waves on planetary motions,
say the motion of the Moon around the Earth. Though this effect has a negligible influence
on dissipation, it dominates fluctuations and the associated decoherence mechanism, due to
the very high effective temperature of the background of gravitational waves in our galactic
environment.

Decoherence plays an important role in the transition between microscopic and macro-
scopic physics since it kills quantum coherences on a time scale which becomes extremely short
for systems with a large degree of classicality [1–4]. The details of this transition depend on
the coupling mechanisms between the system under consideration and its environment. A lot
of different models have been considered theoretically and decoherence has been experimen-
tally observed in mesoscopic systems, such as a few microwave photons in a high-Q cavity [5],
for which the decoherence time is neither too short nor too long.

For large macroscopic masses, say the Moon orbiting around the Earth, decoherence is
so efficient that it precludes the observation of quantum coherences. It remains however
important from a conceptual point of view to study the dominant decoherence mechanisms
and to obtain a reliable estimation of the decoherence time scale. For motions in the solar
system, decoherence is often attributed to the scattering of the electromagnetic fluctuations
associated with solar radiation or cosmic microwave background. In this letter we show that
the decoherence of planetary motions is not dominated by electromagnetic processes but rather
by the scattering of stochastic gravitational waves present in our galactic environment.

Gravitational fluctuations have already been proposed as a universal mechanism able to
explain the transition from quantum to classical physics. If these fluctuations are characterized
by length scales of the order of the Planck length [6, 7], microscopic and macroscopic regions

may be delineated by comparing the Planck length lP =
√

h̄G
c3 and the Compton length
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(∗∗∗) Laboratoire CNRS, ENS, Université Paris-Sud.

c© EDP Sciences



136 EUROPHYSICS LETTERS

lC = h̄
mc associated with typical quantum phenomena for a mass m [8–10]. Remarkably, this

leads to a frontier determined by the Planck mass mP =
√

h̄c
G , i.e. the mass scale built on

the Planck constant h̄, the velocity of light c and the Newton constant G with a value 22 µg
lying on the borderland between microscopic and macroscopic masses. However, this simple
scaling argument is not by itself sufficient to reach any precise conclusion.

In order to compare gravitational and electrodynamical contributions to decoherence, one
has to discuss the corresponding fluctuation levels as well as their effects on the system, at
the frequencies of interest for the latter. In this letter, we present a quantitative study of
decoherence of planetary motions in the stochastic background of gravitational waves in our
environment [11, 12]. We give a precise estimate of the associated gravitational decoherence
rate and show that it largely dominates the electromagnetic contribution.

The interaction of macroscopic motions with gravitational fluctuations is well known from
the theory of gravitational wave emission and gravitational wave detection [13–15]. At the
limit of non-relativistic velocities, the gravitational perturbation on a planetary system may
be represented as a tidal acceleration acting on each mass

x′′
i (t) = −Ri0j0 (t)xj (t) , Ri0j0 (t) = −1

2
h′′

ij (t) . (1)

The prime denotes a time derivative. The tidal tensor Ri0j0 is built up from components
of the Riemann curvature tensor with the index 0 representing time components and indices
i, j representing spatial components. Ri0j0 has been written as the second-order derivative of
the metric perturbation hij evaluated at the center of mass of the planetary system in the
transverse traceless (TT) gauge. The interaction is equivalently described by a Lagrangian
perturbation coupling the quadrupole momentum of the system to the tidal tensor

S′ (t) =
1
4
h′′

ij (t)Qij (t) , Qij (t) = m

(
xi (t)xj (t)− δij

3
xk (t)xk (t)

)
. (2)

The quadrupole Qij is reduced to its traceless part with δij a spatial Kronecker symbol. S′

is the time derivative of the action integral as it is perturbed along a given trajectory, for
example a circular orbit in the plane x1x2

x1 (t) = ρ cos (Ωt+ θ) , x2 (t) = ρ sin (Ωt+ θ) , ρ3Ω2 = GM . (3)

For a system of two masses ma and mb, m denotes the reduced mass mamb

ma+mb
, xi the relative

position and ρ the distance between the two masses. The last relation in (3) is the Kepler law
which connects the radius ρ, the orbital frequency Ω and the total mass M = ma +mb.

Our aim is to evaluate decoherence between two neighbouring motions on the same circular
orbit. These motions correspond to slightly different values of θ with the difference denoted
by ∆θ. The differential perturbation between the two motions is thus described by a quantity
∆S′ written as in (2) with Qij replaced by the difference ∆Qij of the quadrupoles on the two
motions. We write it as the product of a distance ∆x and a force F

∆S′ (t) = F (t)∆x , ∆x = ρ∆θ , F (t) =
1
2
h′′

ij (t)mxi (t)
x′

j (t)
ρΩ

. (4)

∆x is the distance between the 2 motions, constant on a circular orbit, and F the component
of the relative force projected along the mean motion. F may be expressed in terms of the cir-
cularly polarized metric perturbation h which fits the circular motion of the planetary system

F (t) =
mρ

2
√
2

(
h′′e2iΩt + h∗′′e−2iΩt

)
, h (t) =

1√
2

(
h12 +

h22 − h11

2i

)
. (5)



S. Reynaud et al.: Gravitational decoherence 137

The circular polarization h is normalized so that it corresponds to the same noise level as the
two linear polarizations h12 and h22−h11

2 in the case of an unpolarized background. Polariza-
tions are defined with respect to the plane of the orbit and the two motions chosen in the
vicinity of θ = 0.

We now come to a Fourier representation of the force F and metric h. Accordingly, force
and metric fluctuations are described by noise spectra CFF and Chh:

F [ω] =
∫

dt F (t) eiωt , CFF [ω] =
∫

dt 〈F (t) · F (0)〉 eiωt . (6)

The dot specifies a symmetrical ordering when quantum fluctuations are considered [16, 17].
The force (5) is driven by gravitational waves through a frequency transposition due to the
evolution of the quadrupole momentum at frequencies ±2Ω

F [ω] = −mρ
(ω + 2Ω)2 h [ω + 2Ω] + (ω − 2Ω)2 h∗ [ω − 2Ω]

2
√
2

. (7)

We are mainly interested in the long-term cumulative effect of fluctuations, that is in the
momentum perturbation pt integrated over an interaction time t longer than the correlation
time. The variance of pt is determined by the noise spectrum CFF [0] evaluated at zero
frequency and expressed in terms of a momentum diffusion coefficient D:

pt =
∫ t

0

ds F (s) ,
〈
p2

t

〉
= CFF [0] t = 2Dt . (8)

The diffusion coefficient Dgr due to gravitational waves is finally obtained as

2Dgr = CFF [0] = 4m2a2Chh [2Ω] , a = ρΩ2 ; (9)

a is the acceleration on the circular orbit and Chh [2Ω] is the gravitational wave spectrum at
frequency 2Ω of the circular polarization h coupled to the system. Note that a gravitational
background of galactic origin is certainly not isotropic, whereas an extragalactic background
may probably be considered as isotropic. For simplicity, forthcoming discussions are phrased
in terms of an unpolarized and isotropic background but the general case is recovered by
coming back to eq. (9).

The frequency of interest for the planetary motion of the Moon is 2Ω
2π � 0.8 × 10−6 Hz.

Information on stochastic gravitational waves around this frequency may be deduced from
studies devoted to the detectability of gravitational background by interferometers [18, 19].
We express the spectrum Chh as a gravitational wave energy kBTgr or, equivalently, as a
number ngr of gravitons per mode

Chh [ω] =
16G
5c5

kBTgr [ω] =
16G
5c5

(
1
2
+ ngr [ω]

)
h̄ω ; (10)

kB is the Boltzmann constant and Tgr is an effective temperature of the gravitational back-
ground. Figure 1 of [18] and eq. (3.1) of [19] lead, respectively, to Chh [2Ω] � 10−34.5 Hz−1

and Chh [2Ω] � 10−33 Hz−1 for 2Ω
2π � 10−6 Hz. Taking as a conservative estimate Chh �

10−34 Hz−1, we obtain an effective temperature Tgr ≈ 1041 K or, equivalently, a graviton
number per mode ngr ≈ 2 × 1057. These numbers correspond to the high temperature limit
kBTgr 
 h̄ω. Hence the gravitational noise is much larger than vacuum fluctuations which
correspond to the term 1

2 in (10) and lead to ultimate fluctuations of geodesic distances of the
order of Planck length [17].
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The estimations of Chh used here correspond to the confusion background of gravitational
waves emitted by binary systems in our Galaxy. They rely on the laws of physics and astro-
physics as they are known in our local celestial environment. There also exist more speculative
predictions for gravitational backgrounds emitted by cosmic processes [18–21]. Depending on
the parameters used in the models, these cosmic backgrounds may surpass the binary confu-
sion background in the µHz frequency range. Hence the latter can be considered as a minimum
noise level in our gravitational environment.

The diffusion coefficient may be written under the form of an Einstein fluctuation-
dissipation relation, i.e. as the product of the effective temperature by a damping factor

Dgr = mΓgrkBTgr , Γgr =
32Gma2

5c5
. (11)

The damping rate Γgr is the inverse of the damping time associated with the emission of
gravitational waves by the planetary system [13–15]. It does not depend on temperature and
is so small, Γgr ≈ 10−34 s−1 for Moon, that it does not affect the classical motion on the orbit.
Gravitational damping, however, has a noticeable effect in strongly bound binary systems
such as millisecond pulsars [22].

At this point it is worth comparing the effects of gravitational and electromagnetic scat-
tering. Modelling the moving mass as a sphere which perfectly scatters thermal photons at
temperature Tem, the damping rate Γem associated with radiation pressure of these electro-
magnetic fluctuations is evaluated as [23]

Γem =
4π3h̄r2

45m

(
kBTem

h̄c

)4

. (12)

The radius r has been supposed to be large compared to the wavelength of the photons.
For the Moon, the temperature Tem = 2.7K of the cosmic microwave background is already
sufficient to produce a damping rate Γem ≈ 2 × 10−32 s−1 which is 200 times larger than
Γgr. Since Γem varies as T 4

em in agreement with Stefan-Boltzmann law, the damping due to
solar radiation is more than 1010 times larger than Γgr. In fact, the damping of the Moon,
as is revealed by the secular variation of lunar rotation [24], is mainly due to the interaction
between Earth and Moon tides and it corresponds to a damping rate more than 1016 times
larger than Γgr. The role of gravitational scattering on damping of the Moon may thus be
ignored but this is no longer the case for decoherence, as is shown in the next paragraphs.

In order to evaluate decoherence rates, we consider the effect of gravitational perturbation
on the action difference ∆St after an interaction time t,

∆St =
∫ t

0

dsF (s)∆x = pt∆x ,
〈
∆S2

t

〉
=

〈
p2

t

〉
∆x2 . (13)

The decoherence between the two neighbouring trajectories is measured by the mean value〈
exp

[
i∆St

h̄

]〉
of the exponentiated dephasing. Since ∆St is linearly driven by gravitational

waves, it can be treated as a Gaussian classical stochastic variable which leads to

〈
exp

[
i∆St

h̄

]〉
= exp

[
−

〈
∆S2

t

〉
2h̄2

]
= exp

[−Λgr∆x2t
]
,

Λgr =
Dgr

h̄2 =
32Gm2a2

5c5h̄2 kBTgr . (14)
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Decoherence has been evaluated in the long-term limit, where the force fluctuations may be
approximated as a white noise characterized by a momentum diffusion coefficient Dgr. This
expression can also be derived by evaluating the Feynman-Vernon influence functionals [25],
often used in the study of decoherence [26], at the limit of high temperature. Note that
the decoherence rate Λgr is proportional to the square of the acceleration and, hence, would
vanish if evaluated for an inertial motion. This has a simple interpretation through the
Einstein formula (11). The damping rate Γgr associated with the emission of gravitational
waves indeed vanishes for inertial motion, while the other factors entering the expression of
Dgr do not depend on the specific motion.

Using the Einstein fluctuation-dissipation relation (11) and the expression (14) of decoher-
ence rates, the ratio between gravitational and electromagnetic contributions to decoherence
can be rewritten as

Λgr

Λem
=

Dgr

Dem
=

Γgr

Γem

Tgr

Tem
. (15)

For the motion of the Moon, the gravitational decoherence rate Λgr is found to be 1038 larger
than the rate Λem corresponding to scattering of the cosmic photon background. It is still
enormously larger than the effect corresponding to the scattering of solar photons. The same
conclusion is reached for the comparison with the effect of tides. The latter effect determines
the damping of the main motion of the Moon but its contribution to decoherence is overshad-
owed by gravitational scattering owing to the very high value of the effective gravitational
temperature. As a consequence of this high temperature, the decoherence time is exceed-
ingly short even for ultrasmall distances ∆x. To fix ideas, the gravitational decoherence rate
Λgr ≈ 1075 s−1m−2 obtained for the motion of the Moon corresponds to a decoherence time
in the 10µs range for a distance ∆x between two trajectories as small as Planck length.

The large value of gravitational temperature implies that decoherence should still be dom-
inated by gravitational scattering for smaller size planetary systems. This can be discussed by
writing the ratio between gravitational and electromagnetic decoherence rates as a product of
dimensionless factors

Λgr

Λem
=

72
π3

m2

m2
P

ρ2

r2

(
h̄Ω

kBTem

)4
Tgr

Tem
. (16)

The factor m2

m2
P
is clearly reminiscent of the simple scaling arguments presented in the introduc-

tion, illustrating the role of Planck mass as a reference on the borderland between microscopic
and macroscopic masses. However the whole formula shows that these scaling arguments are
not sufficient for obtaining reliable quantitative predictions. The factor ρ2

r2 is a geometrical
factor depending on the radius ρ of the orbit and the radius r of the orbiter. Then the ra-
tio (16) also depends on the inverse fourth power of the photon number kBTem

h̄Ω per mode at
the orbital frequency Ω and on the already discussed ratio between temperatures of graviton
background and photon background. Clearly the last three dimensionless factors appearing in
(16) have no relation with the scaling arguments of the introduction but have to be known for
a quantitative comparison of gravitational and electromagnetic contributions. If we consider
as an example a man-made gravitationally bound planetary system consisting of two spheres
having an ordinary metallic density, we obtain comparable decoherence rates for gravitational
scattering and electromagnetic scattering of cosmic microwave background in the case of a
compact geometry with masses of the order of 103 kg.

We have shown in this letter that the scattering of gravitational waves in our celestial
environment is a dominant cause of decoherence for planetary motions such as the motion
of the Moon around the Earth. Due to the very large effective temperature of the gravita-
tional wave background, this mechanism leads to a decoherence by far more efficient than the
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other fluctuation mechanisms, though its contribution to damping of the mean motion can be
neglected. As far as the theory of measurement is concerned, this implies that the ultimate
fluctuations of the motion of the Moon are determined by the same classical gravitation the-
ory which also explains its mean motion. Precisely these fluctuations are determined by the
classical gravitational waves present in our local celestial environment.
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Ú ä I2ÓVÛÕaÕ × ÷ ¨ äùð Õ b Õ Ü ÖYÕ ä;Ò�Ü Õ Ù Ú5ÛÕKÓ Ò�Ü�á Ó!Õ�Þ ð�Ò Ú ÒN× ÛÕ Ü ÛÕXI�� × ÕaÓ â ÛÕNå �AÕaÔ Ø Õ ×8Ü ÚYÓSI�� Ò � ä Õ Ù ÕKÞ Ü Ö ©á çÒxá Þ
ÚYÓ�I�� ä çÕ Ù Õ�Ö(ÕèÚYÓVÛÕKÔ Ø�×!Ø I2ÞUÖYÕèÔaÕ Ü8Ü Õ�Õ:ãDÚ5ÛÕKÓ Ø ÕaÞYÔKÕ�å ��Ò ÚYÚ�Õ ä I2Þ × ë á Õ ä�Ò ê;INÓ!ÔKÕ_ÖYÕ�� ÒN×8Ø�ÙFØ Ó$Ö5ÛÕaÔKÓ�I © v Ü Ó Ò?ô
Ú Ø ÖYÕ Ù ÕKÞ Ü ë áYÒ ÞYÖ ä�Ò Ö Ø�×8Ü�Ò ÞYÔaÕ�ÕaÞ Ü Ó!Õ ä Õ ×_ÙFØ Ó�I Ø Ó ×_ÒNá ï Ù ÕKÞ Ü Õ�å1ü ä ê Ò�á(ÜèÒNä I2Ó ×_á ÞYÕFÚYÓVÛÕaÔ Ø�×8Ø I2Þ � Ø ÕaÞ
Ù Õ Ø�ä/ä Õ á Ó!Õ$ÚkI á ÓIÖYÕ ×AÙ Õ ×!á Ó!Õ × çÒ ïNÓ Ò ÞYÖ(Õ�Ö Ø/×8Ü�Ò ÞYÔKÕ�ë á\ð çÒ Ô^I á Ó Ü ÕQÖ Ø/×8Ü'Ò ÞYÔKÕ�åDÿ ð Õ:ãDÚ5ÛÕaÓ Ø ÕaÞYÔKÕ�ë á ÕQÞ+I áY×
Ô^I Ù Ú Ü I2Þ ×�Ù Õ Ü!Ü Ó!Õ�ÕKÞxÚ ä�Ò ÔKÕ âVØ�× Õ á Þ(ÕÏÚYÓVÛÕKÔ Ø/×!Ø I2Þ�ÖYÕ ò � I á-Ù�Ø Õ á ã¬ÚkI á Ó�ÖYÕ × Ö Ø/×8Ü'Ò ÞYÔKÕ × Ç áY× ë á�ð çÒ
« ] Ù ¨EI1çá-ä�Ò ê;INÓ!ÔKÕ_ÖYÕ�� ÒN×8Ø�ÙFØ Ó$Õ ×8Ü ÖAÛÕ�Ç?çÒ Þ+I Ü'Ò � ä Õ Ù ÕaÞ Ü Ô'æ Ò ÞYï�ÛÕaÕÏÚ Ò Ó äùð Õ b Õ Ü Ö ð�á Þ(Õ Ü Õ Ù ÚAÛÕKÓ Ò�Ü�á Ó8Õ
ÒNÙ � Ø;Ò Þ Ü Õ�å

É ð�Ò�Ø ÕaÞ Ü'ÒNÙ ÛÕ á ÞYÕ�ÖYÕ á ã Ø çÕ Ù ÕèÔ�I ä�ä�Ò �BINÓ Ò�Ü!Ø I2Þ Ò3â ÕKÔ ä Õ_ï2ÓSI á ÚéÕ_Ö ð�è ÚYæYÓ ÒNØ�Ù ± Ø/× Ô'æ�� Ò Ô'æ�çÒFäùð |�Þ ØOô
â ÕaÓ ×8Ø/Ü ÛÕUÖYÕ¦� á Ó!Ö á Õ � è<Ü�Ò�Ü�×Sô |�Þ Ø�× �:åj}�I áY× ÕaÞ âDØ/×�Ò ïNÕ^I2Þ ×Fá ÞYÕUÕ:ãDÚ5ÛÕaÓ Ø ÕKÞYÔaÕ�Ö Ò Þ ×�ä ÕUÖEI Ù	Ò�Ø ÞYÕzÖ(Õ ×
Þ+I áDâ Õ ä/ä Õ × ê;I2Ó8ÔKÕ × æa�VÚBI Ü æ5ÛÕ Ü!Ø ë á Õ × çÒ Ö(Õ × Ö Ø�×8Ü�Ò ÞYÔaÕ × � Ø ÕKÞ Ø ÞDê�ÛÕKÓ Ø Õ á Ó8Õ ×�ÒNá�ÙFØ ÔaÓSI Ù çÕ Ü Ó!Õ�å Å ÔaÕ × Ö Ø�×Sô
Ü'Ò ÞYÔKÕ × ¨ ä�Ò ê;I2Ó!ÔaÕ�ÖYÕ � ÒN×8Ø�ÙFØ Ó�Õ ×8Ü_ä�Ò ê;I2Ó8ÔKÕÝÚYÓVÛÕKÖ+I Ù�Ø Þ Ò Þ Ü ÕÝÕaÞ Ü Ó!Õ�Ö(Õ á ãÈI��&Ç8Õ Ü!× ÞYÕ á(Ü Ó!Õ × å Å �¶Þ ÖYÕ
×Kð ÕKÞ Ò
b Ó Ò ÞYÔ'æ Ø ÓA¨ äùð�Ø ÖAÛÕKÕjÔ^INÞ ×!Ø/×8Ü Õ_çÒ�á(Ü!Ø�ä/Ø�× ÕaÓ�ÖYÕ á ã Ù�Ò�Ü ÛÕKÓ Ø�ÒNá ã�ë á(Ø I2Þ Ü ÖYÕ × ÚYÓSINÚYÓ Ø ÛÕ Ü ÛÕ × INÚ Ü�Ø ë á Õ ×1â I ØHô
×!Ø ÞYÕ × ¨ Ù�ÒNØ/× ÖYÕ × ÚYÓ�I2ÚYÓ Ø ÛÕ Ü ÛÕ ×gÜ ÓKçÕ × Ö Øcb ÛÕaÓ!ÕaÞ Ü Õ ×�âVØ/× çÒ�âVØ/× ÖYÕ × Þ+I áDâ Õ ä/ä Õ × ê;I2Ó8ÔKÕ × ë áYØ(× I2Þ Ü ÖYÕ Ü ÕKÓ Ù�Ø Þ5ÛÕKÕ ×
Ú Ò Ó á ÞYÕ�Ô^I Ù � Ø Þ Ò�Ø�× INÞ Ö á Þ+I Ù �(Ó!Õ³� Ò ÓH��I2Þ Ø ë á Õ�¨�Ö á Þ+I Ù �YÓ!Õ ä ÕaÚ Ü I2Þ Ø ë á ÕFÕ Ü Ö(Õ äùð�Ø/× I × Ú Ø Þ\å1ñ�Õ ×
Ù�Ò�Ü ÛÕaÓ Ø;Ò�á ãUÚBI ×!×!Ø � ä Õ ×Q× ÕKÓ Ò�Ø ÕKÞ Ü Ú Ò ÓQÕEã(Õ Ù Ú ä Õ äùð I2Ó�Õ Ü�ä ÕÏÔ áYØ/â Ó8ÕÏÚkI á Ó ä Õ × ë á Õ ä�× Ç ð�ÒNØ Ö5ÛÕ�Ç?çÒ Õ b ÕKÔ Ü!á ÛÕ
ÖYÕ × Ô ÒNä Ô áYä/× Ö5ÛÕ Ü�ÒNØ�ä/ä ÛÕ × å�ñ Ò Þ ×�á Þ(Õ Ù Õ ×!á Ó8ÕÝÖ ØUb ÛÕKÓ8ÕKÞ Ü�Ø Õ ä/ä Õ�¨ ä;Ò ê;I2Ó!ÔaÕ�ÖYÕ � ÒN×8Ø�ÙFØ Ó × ÕKÓ ÒNØ/ÜQÙ I Ø Þ ×�âVØHô
×!Ø � ä Õ
¨`ÔKÕ�ë áYØ ÚéÕaÓ Ù Õ Ü8Ü Ó Ò�Ø/Ü Ö ð�ÒNÙ ÛÕ ä�Ø I2Ó!ÕaÓ ä�Ò ÚYÓVÛÕKÔ Ø�×!Ø I2Þ	ÕEãDÚAÛÕKÓ Ø�Ù ÕKÞ Ü'ÒNä ÕQÚkI á Ó ä�ð ÛÕ Ü!á ÖYÕQÖ(Õ × Þ+I á(â Õ ä�ä Õ ×
ê;I2Ó8ÔKÕ × å

Å á Þ Ø/â Õ ÒNá¬Ü æ5ÛÕ^I2Ó Ø ë á Õ�¨¨Ç ð�ÒNØ ÖAÛÕ�Ç?çÒ�Ü Ó ÒNØ/Ü ÛÕ ä Õ × Ô^I2Ó8Ó!ÕKÔ Ü�Ø I2Þ × Ö á Õ × çÒ�ä�Ò Ô^I2ÞYÖ á Ô Ü!Ø/âVØ/Ü ÛÕ�Ö(Õ ×´Ù�Ø ÓSI Ø Ó ×
Õ Ü çÒQä;Ò´Ü Õ Ù Ú5ÛÕaÓ Ò�Ü!á Ó!Õ$ÞEI2Þ�Þ áYä�ä ÕNåN� ÒNØ�×�ä�ðlØ Þ ¬Yá ÕKÞYÔaÕ$Ö ð�ÒNá(Ü Ó!Õ × Õ b Õ Ü�× Þ ð Õ ×8Ü Ú Ò�× ÕKÞYÔ�I2Ó!Õ_� Ø ÕKÞÏÔ^I2ÞYÞ á Õ�å
ÿ Ò Ú ä/á Ú Ò Ó Ü Ö(Õ × ÕEãDÚAÛÕKÓ Ø ÕKÞ(ÔKÕ × ÓVÛÕKÔaÕKÞ Ü Õ × ÞYÕ Ù Õ ×8á Ó!Õ�Ú ÒN×5ä;Ò ê;INÓ!ÔKÕ�ÕKÞ Ü Ó!Õ�ÖYÕ á ã�Ú ä;Ò ë á Õ × ¨ Ù�ÒNØ�× ÕKÞ Ü Ó!Õ
á ÞYÕ ×!á Ó&ê Ò ÔKÕ × ÚYæ5ÛÕKÓ Ø ë á ÕìÕ Ü�á ÞYÕxÚ ä;Ò ë á Õ�å Å á Þ Ø/â Õ ÒNá Ü æAÛÕ^I2Ó Ø ë á Õ
¨AÔKÕ × ÖYÕ á ã ×!ØOÜ�á¶Ò�Ü�Ø INÞ ×	× I2Þ Ü¬Ò
ÚYÓ Ø I2Ó ØéÜ ÓKçÕ × Ö Øcb ÛÕaÓ!ÕKÞ Ü Õ × åkÉ á(× ë á\ð çÒ ÔKÕgÇ�I á ÓA¨ ä�Ò ê;I2Ó!ÔaÕ�Ö Ò Þ ×´ä;Ò ï�ÛÕ^I Ù ÛÕ Ü Ó Ø ÕQÚ ä;Ò Þ ô=× Ú(æ�çÕKÓ8Õ�Õ ×8Ü Ô ÒNä Ô áYä ÛÕaÕ
ÕKÞ á(Ü�Ø/ä�Ø/×�Ò Þ Üjá ÞYÕ Ù ÛÕ Ü æEIDÖYÕ Ò Ú(ÚYÓSI3ã Ø�Ù�Ò�Ü�ØOâ Õ
¨�Ö Ø/Ü Õ Ò ÚYÚYÓSI3ã Ø�Ù�Ò�Ü!Ø I2Þ ÖYÕ�ÚYÓSI3ã Ø�ÙFØ/Ü ÛÕNå è<ä/ä ÕTÖ+I2Þ(ÞYÕQÖYÕ ×
�kI2Þ × ÓVÛÕ ×!á(ä/Ü'Ò�Ü�×Q×8Ø�ä ÕèÓ Ò ��I2ÞìÖYÕ ä�Ò�× ÚYæ\çÕKÓ8Õ�Õ ×&Ü �éÕ ÒNá Ô�I á ÚìÚ ä/áY× ï2Ó Ò ÞYÖxë á Õ ä�Ò Ö Ø/×8Ü�Ò ÞYÔKÕèÕKÞ Ü Ó8Õ ä Õ ×
ÖYÕ á ãxI��&Ç8Õ Ü!× ¨ ×!Ø/Ü!á¶Ò�Ü!Ø I2Þ Ó!ÕaÞYÔ^I2Þ Ü ÓVÛÕKÕ�Ö Ò Þ ×FÜ I á(Ü Õ ×�ä Õ × Õ:ãDÚ5ÛÕaÓ Ø ÕKÞYÔaÕ × çÒ ÔaÕVÇ�I á ÓKå��AÕKÚ�ÕKÞYÖ Ò Þ Ü ¨ ä�Ò
ÚYÓVÛÕKÔ Ø/×!Ø I2Þ ÖYÕ	ÔKÕ Ü8Ü Õ Ò ÚYÚYÓSI3ã Ø�Ù�Ò�Ü!Ø I2Þ Þ ð Õ ×&Ü Ú ÒN× Ô�I2ÞYÞ á ÕzÕ Ü ¨ Ò3â ÕKÔ á ÞYÕ	ÚYÓVÛÕKÔ Ø�×!Ø I2Þ ÕEã(Ú5ÛÕKÓ Ø/Ù ÕaÞ Ü'ÒNä Õ
Ò ÔaÔKÓ á Õ�¨ Ø�ä ÖYÕ âVØ ÕaÞYÖYÓ ÒFØ ÞYÖ Ø�× ÚéÕaÞ ×�Ò � ä Õ�ÖYÕ ä�Ò Ô Ò Ó Ò Ô Ü ÛÕaÓ Ø/× ÕKÓaå

ñ�ÕèÚ ä�áY× ¨ äùð ÛÕ Ü'Ò�Ü Ö ðlá ÞYÕ ×!á Ó&ê Ò ÔKÕèÞ ð Õ ×8Ü Ç ÒNÙ�ÒNØ�× Ú Ò Ó8ê ÒNØOÜ åe��I á(Ü�Ù�Ø ÓSI Ø Ó Ò�á ÞYÕèÔaÕKÓ Ü'ÒNØ ÞYÕèÓ á ï(I ×8Ø/Ü ÛÕ
ë áYØjØ Þ ¬Yá ÕKÞYÔaÕ ä�Ò ê;I2Ó!ÔaÕFÖ(Õ^� ÒN×8Ø�ÙFØ Óaå\ñ Ò Þ ×_ä�Ò Ô�I Ù Ú Ò Ó Ò�Ø�× INÞìÕKÞ Ü Ó8Õ Ü æ5ÛÕ^I2Ó Ø Õ�Õ Ü Õ:ãDÚ5ÛÕaÓ Ø ÕKÞYÔaÕ × ¨gÔKÕ Ü
Õ b Õ Ü�Ò ÛÕaï ÒNä Õ Ù ÕaÞ Ü ÛÕ Ü ÛÕ Ü Ó Ò�Ø/Ü ÛÕQÕKÞ á(Ü�Ø/ä�Ø/×�Ò Þ Ü$äùð�Ò ÚYÚYÓSI3ã Ø�Ù�Ò�Ü!Ø I2Þ�ÖYÕ�ÚYÓSI3ã Ø�ÙFØ/Ü ÛÕNåDñ�Õ × Ô Ò�ä Ô á(ä�× ÓVÛÕKÔKÕaÞ Ü�×
I2Þ Ü Õ â�ÒNä�á ÛÕÏÚ ä�áY× ÚYÓVÛÕaÔ Ø/× ÛÕ Ù ÕKÞ Ü�äùð�Ø Þ ¬¶á ÕaÞYÔKÕèÖYÕ ä�Ò Ó á ï(I ×!ØOÜ ÛÕ ×!á Ó ä�Ò ê;I2Ó8ÔKÕÝÖ(Õ � ÒN×!Ø/Ù�Ø Ó´Ö Ò Þ ×�ä ÕÏÔ ÒN×
Ú Ò Ó Ü�Ø Ô áYä/Ø ÕKÓ5ÖYÕ Ù�Ø ÓSI Ø Ó × Ú Ò Ó&ê ÒNØ/Ü Õ Ù ÕKÞ Ü ÓVÛÕ ¬ ÛÕKÔ'æ Ø/×!×!Ò Þ Ü�× ø åYü ä Õ ×&Ü ÛÕKï ÒNä Õ Ù ÕKÞ Ü Þ5ÛÕaÔKÕ ×!×�Ò�Ø Ó!Õ�ÖYÕ�Ô ÒNä Ô áYä ÕaÓ
ä Õ × Ô�I2Ó!Ó8ÕKÔ Ü�Ø INÞ × Ö(Õ�Ó á ï(I ×8Ø/Ü ÛÕ´ÕaÞ Ù¦©Õ Ù Õ Ü Õ Ù Ú × ë á Õ ä Õ × Ô�I2Ó!Ó8ÕKÔ Ü!Ø I2Þ × ÖYÕ�Ô^INÞYÖ á Ô Ü�Ø/âVØOÜ ÛÕNå Å á(Ü Ó8Õ Ù ÕKÞ Ü
>¨Î�á(Î 6�Î¨Ð&ÑsÒ�7sÔ]Õ�Ñ�ä 8(Ù'�kêsë*ìSí'9dï%:�í�î+ï.ð=ð]í
;
<$Ù
5@õ=Ì�ösö�ô�ø
ô�Î�Û�Î=SkÒ���V#Ù¨Ï�Î=�dÑ�ß¨Ý�ÕsÙ¨â/Î
� 7�Þ�Õ)�;Ø4Ñ�ß � Ñ�ß&Ù�Ñsß*à�Ú!Î=6/Ñ�à¨Ñ�ÔSÙ'��ê�ë*ì�í#9dïT:�í*îEï.ð ð í=<�;$Ù=P.>�G@õUP�G�G*ÌSø



~�~ ±

Ö Ø/Ü ¨ ä;Ò�× ÕaÞ ×!Ø � Ø�ä/Ø/Ü ÛÕ × Ú�ÕKÔ Ü Ó ÒNä Õ5ÖYÕ ä�ð Õ b Õ Ü ÖYÕ$Ó á ï(I ×8Ø/Ü ÛÕ5Ö+I ØOÜ�©Õ Ü Ó!Õ$Ô�I2Ó!ÓVÛÕ ä ÛÕKÕ�çÒ�ä�ð Õ b Õ Ü Ö(Õ$Ô^I2Þ(Ö á Ô Ü!Ø/âVØ/Ü ÛÕ ú ¨
Ö(Õ ä;Ò�Ù¦©Õ Ù Õ�ê Ò��Ô^I2ÞFë á Õ ä Õ × Ô^I2Ó8Ó!ÕKÔ Ü�Ø I2Þ × ÖYÕQÔ�I2ÞYÖ á Ô Ü�ØOâDØOÜ ÛÕ�Õ Ü ÖYÕ Ü Õ Ù Ú5ÛÕKÓ Ò�Ü�á Ó!Õ × I2Þ Ü Ô^I2Ó8ÓVÛÕ ä ÛÕKÕ × å è Þ
ê Ò�Ø/Ü ¨ Ø�ä ê ÒNáDÜ ÕaÞ ÚYÓ Ø ÞYÔ Ø Ú�Õ�Ô ÒNä Ô áYä ÕKÓ Ü I á(Ü Õ ×èä Õ × Ô^INÓ!Ó!ÕaÔ Ü!Ø I2Þ × ÕaÞ Ù¦©Õ Ù Õ Ü Õ Ù Ú × ¨gÕ Ü ÔKÕKÔ Ø Ô^I2Þ ×&Ü�ØOÜ�á Õ
á Þ-Ö5ÛÕ�� Ü æ5ÛÕ^INÓ Ø ë á Õ_Ô�I2Þ ×!Ø Ö5ÛÕKÓ Ò � ä ÕNå

�gI ÙFÙ Õ�Ç8Õ äùð�ÒNØ ÕEãDÚ ä�Ø ë á ÛÕIÚ ä�áY× æ ÒNá(Ü ¨ ä Õ ×,¬Yá Ô Ü!á¶Ò�Ü�Ø I2Þ × Ö á_âDØ ÖYÕIÞ ð INÞ Ü Ú ÒN×1× Õ áYä Õ Ù ÕKÞ Ü Ö(Õ × Õ b Õ Ü�×
×&Ü'Ò�Ü!Ø ë á Õ × Ô^I ÙFÙ Õ ä�Ò ê;I2Ó8ÔKÕÏÖ(Õ � ÒN×!Ø/Ù�Ø ÓA¨ Ù�ÒNØ�× ÛÕKï ÒNä Õ Ù ÕaÞ Ü ÖYÕ × Õ b Õ Ü�× Ö`�VÞ ÒNÙFØ ë á Õ × Ö Ø Ó8ÕKÔ Ü Õ Ù ÕKÞ Ü
ä/Ø ÛÕ ×AÒNá Ú(Ó Ø Þ(Ô Ø Ú�Õ�ÖYÕ�Ó!Õ ä;Ò�Ü!Ø/âVØ/Ü ÛÕ´Ö ázÙ I á(â Õ Ù ÕaÞ Ü åYÿ ÒÏÙFØ�× ÕQÕaÞ ÛÕ âVØ ÖYÕaÞYÔKÕQÖYÕ�ÔKÕ × Õ b Õ Ü!× Ó!Õ ×8Ü Õ á ÞzÖYÕ
Ù Õ × ÚYÓ Ø ÞYÔ Ø Ú Ò�á ãXI��$Ç8ÕKÔ Ü!Ø ê × ¨ Ù¦©Õ Ù Õ ×8Ø Ç ð�Ò�Ø Ú á¬Ù I2Þ Ü Ó!ÕKÓ´Ú Ò Ó Ù Õ × Ô ÒNä Ô áYä�× ë á ÕèÔ ð ÛÕ Ü'ÒNØOÜ´á ÞfI��&Ç8ÕKÔ Ü�Ø ê
Ö Ø wFÔ Ø/ä ÕNå�É áY× ë á�ð çÒ ÚYÓVÛÕ × ÕaÞ Ü ¨ ä Õ × Ô ÒNä Ô áYä/× I2Þ Ü ÛÕ Ü ÛÕ�Õ b ÕKÔ Ü!á ÛÕ × Ö Ò Þ × ÖYÕ × Ù IDÖ\çÕ ä Õ ×Ý×!Ø/Ù Ú ä�Ø �AÛÕ × I�çá ä Õ
Ô'æ ÒNÙ Ú × ÕFÚYÓSINÚ Ò ï2ÕFÖ Ò Þ ×�á Þ Õ × Ú Ò ÔKÕíçÒ¬á ÞYÕ × Õ áYä ÕFÖ Ø�Ù ÕKÞ ×!Ø INÞ\å,�gI ÙFÙ ÕVI2Þ ä Õ ×�Ò�Ø/Ü Ö ð�Ò ÚYÓKçÕ ×Ïä Õ ×
Ô ÒNä Ô áYä�× Ö(Õ äùð I × Ô Ø/ä�ä;Ò�Ü Õ á Ó�Ú Ò Ó ÒNÙ ÛÕ Ü Ó Ø ë á ÕzI2Ú Ü�Ø ë á Õ
¨�ÔKÕ Ü!Ü Õ Ò Ú(ÚYÓSIVÔ'æYÕ�ÖAÛÕKÔaÓ Ø/Ü Ô�I2Ó!Ó8ÕKÔ Ü Õ Ù ÕKÞ Ü5á Þ Ù IVÖYÕ
Ö(Õ ä;Ò Ô Ò3âVØ/Ü ÛÕ ×8ØDä�Ò´Ü�ÒNØ�ä/ä ÕkÖYÕ5ÔKÕ ä�áYØHô Ô Ø Õ ×8Ü Ú ä�áY× ÚéÕ Ü�ØOÜ ÕIë á Õ ä;ÒTÜ'Ò�Ø�ä�ä Õ<ÖYÕ ×�Ù�Ø ÓSI Ø Ó × å è ÞÝÔKÕ5ë á(Ø Ô�I2ÞYÔKÕaÓ!ÞYÕ
ä Õ	Ó Ò ��I2ÞYÞYÕ Ù ÕaÞ Ü Ù I Ü!Ø I2Þ(ÞYÕ ä ¨gÞEI × Ô Ò�ä Ô á(ä�×ÝÒ Ô Ü�á Õ ä�× Ô^I2Ó8Ó!Õ × ÚBINÞYÖYÕKÞ Ü Ö+INÞYÔ çÒxä;Ò Ô^I2Þ Ü Ó Ø � á(Ü�Ø I2Þ ÒNá
Ó Ò �(I2ÞYÞ(Õ Ù ÕKÞ Ü Ö ðlá Þ × Õ áYäQÙ IVÖYÕ-Ö(Õ ä;Ò Ô Ò3âVØ/Ü ÛÕNå$ñ Ò Þ ×�á ÞYÕxÕ:ãDÚ5ÛÕaÓ Ø ÕKÞYÔaÕìÓVÛÕKÕ ä�ä Õ�¨ Ü I á(×	ä Õ ×	Ù IDÖ(Õ ×
Ö(Õ ä;Ò Ô Ò3âDØOÜ ÛÕ â I2Þ Ü Ô^I2Þ Ü Ó Ø � á ÕKÓ ÒNá Ó Ò �(I2ÞYÞ(Õ Ù ÕKÞ Ü åkü ä ê ÒNá(Ü Ò�ä I2Ó ×Ïá Þ Ü Ó ÒNØOÜ Õ Ù ÕKÞ ÜèÜ æ5ÛÕ�I2Ó Ø ë á Õ�ÖYÕ ×
¬Yá Ô Ü!á¶Ò�Ü�Ø I2Þ × ë á¶Ò Þ Ü�Ø ë á Õ × ë áYØ Ú�ÕKÓ Ù Õ Ü8Ü ÕFÖYÕ	Ô�I2Þ ×8Ø Ö5ÛÕaÓ!ÕKÓèÖYÕ × Ô Ò3âVØ/Ü ÛÕ × ÛÕ ä ÕaÔ Ü Ó�I Ù�Ò ï2Þ5ÛÕ Ü�Ø ë á Õ × Ö Ò Þ ×
äùð Õ × Ú Ò ÔKÕ ÓVÛÕaÕ ä çÒ Ü Ó�I Ø�× Ö Ø�Ù ÕKÞ ×8Ø I2Þ × Õ Ü ë áYØ�Ü Ó ÒNØ/Ü Õ ×!Ø/ÙÝáYä/Ü�Ò Þ5ÛÕ Ù ÕaÞ Üzä Õ × Õ b Õ Ü�× ÖYÕ Ü Ó Ò Þ ×8Ù�Ø/×!×!Ø I2Þ
Ú Ò Ó Ü!Ø Õ ä/ä ÕÝÕ Ü ÖYÕ Ö Ø�Ù ÕKÞ ×8Ø I2Þ Ü Ó Ò Þ ×8â ÕaÓ × Õ��¶Þ Ø Õ ÖYÕ ×_ÙFØ ÓSI Ø Ó ×QÒNØ Þ ×!Ø ë á ÕFÔKÕ á ãíÖYÕ ä;Ò Ö Øcb Ó Ò Ô Ü!Ø I2ÞìÖ á
Ô'æ ÒNÙ Ú�å è Þ�Ô^I ä�ä;Ò �BI2Ó Ò�Ü�Ø I2Þ Ò3â ÕaÔ���å Å åN� ÒNØ;Ò?ô }�Õ Ü I0¨SÇ ð�ÒNØ ÛÕ Ü�á Ö Ø ÛÕ5ÔKÕ$ÚYÓ�I�� ä çÕ Ù Õ5Ú�ÕKÞYÖ Ò Þ Ü<Ù INÞ × ÛÕ1Ç�I á Ó
Ö(Õ ä I2Þ(ï á ÕQÖ á ÓVÛÕaÕ ÒNá éAÓVÛÕ ×8Ø�ä �,Þ+I â Õ Ù �YÓ!Õ3y�Ö5ÛÕaÔKÕ Ù �YÓ!Õ ò ­2­N»��jÕ Ü Ú�ÕKÞYÖ Ò Þ Ü$× Õ × Ö(Õ á ã × ÛÕ1Ç�I á Ó × çÒ � Ò Ó Ø�×
�,Ö5ÛÕKÔaÕ Ù �(Ó!Õ ò ­2­2­2y,Ç Ò Þ âVØ ÕKÓ « �2�2��Õ Ü Ç áYØ/ä�ä Õ Üo« �2�2���Eå2ÿ�Õ$ÚYÓ�I�� ä çÕ Ù Õ ×Kð Õ ×8Ü5Ò3â ÛÕKÓVÛÕ Ü ÓKçÕ × Ö Ø wFÔ Ø/ä Õ�çÒ�Ü Ó Ò�Ø/Ü ÕaÓ
ÕaÞ Ü I á(Ü ÕIï�ÛÕaÞAÛÕKÓ ÒNä�ØOÜ ÛÕNå è ÞÝÚ Ò Ó Ü!Ø Ô á(ä�Ø ÕaÓA¨aÖ Ò Þ ×�ä ÕjÖ+I Ù�ÒNØ Þ(ÕIÖ(Õ × I2ÞYÖYÕ ×�ÙFØ ÔKÓ�I Ù ÛÕ Ü Ó Ø ë á Õ × ¨ ä;Ò �¶Þ(Õ ×!× Õ$ÖYÕ
ä�Ò Ô Ò3âDØOÜ ÛÕIÞ ð Õ ×8Ü Ú ÒN×�ä�Ø�ÙFØ/Ü ÛÕKÕkÚ Ò Ó ä�Ò´Ü Ó Ò Þ ×!ÙFØ�×!×8Ø I2Þ_ÖYÕ ×�ÙFØ Ó�I Ø Ó ×�Ù	ÒNØ/× Ú Ò Ó ä Õ × Ú�ÕKÓ Ü Õ × Ú Ò ÓgÖ ØUb Ó Ò Ô Ü�Ø I2Þ
Ò�á ã­�BINÓ!Ö × å?ÿ Ò Ö Øcb Ó Ò Ô Ü!Ø I2Þ_Õ ×&Ü ÖEI2ÞYÔ á ÞÏÚ(æAÛÕKÞ+I Ù çÕaÞYÕ5Ú(ÓVÛÕKÖEI Ù�Ø Þ Ò Þ Ü ë áYØ ÞYÕIÚéÕ á(Ü Ú ÒN× ©Õ Ü Ó8Õ5Þ5ÛÕKï ä/Ø ï�ÛÕ�å
� Ò ÓgÓ Ò ÚYÚkI2Ó Ü�Ò�á ã�Ô ÒNä Ô áYä/× Ö Ò Þ ×gä ÕIÖ+I Ù�ÒNØ Þ(Õ/I2Ú Ü�Ø ë á Õ�¨ ä ÕjÔ ÒNä Ô áYä ÖYÕ ä;Ò Ö ØUb Ó Ò Ô Ü�Ø I2Þ_Ö Ò Þ ×gä ÕjÖ+I Ù�ÒNØ ÞYÕ
Ö(Õ ×IÙ�Ø ÔKÓSI ô I2ÞYÖ(Õ × ÚYÓVÛÕ × ÕKÞ Ü Õ ä;Ò Ö Ø w�Ô áYä/Ü ÛÕTë á\ð�Ò�á Ô á Þ(Õ Ò Ú(ÚYÓSI3ã Ø�Ù�Ò�Ü�Ø I2ÞU� Ò ÚYÚYÓSI3ã Ø�Ù�Ò�Ü!Ø I2ÞÝÚ Ò Ó Ò ã Ø�ÒNä Õ
¨
ÞEI Ù �YÓ8Õ�Ö(Õè±¶Ó8Õ × Þ(Õ ä ï2Ó Ò ÞYÖJ�$ÞYÕ_Ú�Õ á(Ü­©Õ Ü Ó!Õ_Õ b ÕKÔ Ü�á ÛÕaÕNå

ÿ�Õ�ÚYÓ�I�� ä çÕ Ù ÕÏÖYÕ ä�ð Õ:ãDÔ ØOÜ'Ò�Ü!Ø I2Þ Ù ÛÕKÔ Ò Þ Ø ë á ÕÝÖ áíÙ I áDâ Õ Ù ÕKÞ Ü Õ ×8Ü_Ø Þ5ÛÕ âVØ/Ü�Ò � ä ÕÏÚBI á Ó Ü I áDÜ Õ�ÓVÛÕ Ò�ô
ä/Ø�×!Ò�Ü�Ø I2Þ Õ:ãDÚ5ÛÕKÓ Ø�Ù ÕKÞ Ü'Ò�ä Õ Ö Ò Þ × ÔKÕ�Ö+I Ù�ÒNØ ÞYÕ�å�ü ä ê ÒNá ÖYÓ ÒNØ/Ü Ö+I2Þ(Ô Ò Þ ÒNä � × ÕaÓÏÖYÕ Ù�Ò Þ Ø çÕaÓ!Õ ÚYÓVÛÕKÔ Ø/× Õ ä Õ
�(Ó áYØOÜ�ÒN×!× IDÔ Ø ÛÕìçÒ ÔaÕ Ü8Ü ÕFÕ:ãDÔ ØOÜ'Ò�Ü!Ø I2Þ ë áYØ Ö5ÛÕKÚ�ÕKÞ(Ö ÖYÕ Ù	Ò Þ Ø çÕaÓ!Õ�ÔKÓ á Ô Ø�ÒNä Õ�Ö(Õ ä�Ò ë á¶Ò�ä�Ø/Ü ÛÕ Ù ÛÕaÔ Ò Þ Ø ë á Õ
Ö á-× � ×&Ü çÕ Ù Õ�ÖYÕ ×!áY× ÚéÕaÞ ×!Ø I2ÞUÖYÕ ×´ÙFØ ÓSI Ø Ó × ¨ Ò�Ø Þ ×8Ø ë á ÕèÖ(Õ ×´Ù I'�NÕKÞ ×�á(Ü�Ø/ä�Ø/× ÛÕ × ÚBI á Ó$ê ÒNØ Ó8ÕL�BI á ï2ÕKÓ ä Õ ×
ÙFØ Ó�I Ø Ó ×$Ò3â ÕaÔ á ÞYÕ Ò�Ù Ú ä/Ø/Ü!á ÖYÕQÕ Ü�á ÞYÕ�ê,ÓVÛÕaë á ÕKÞYÔaÕ ×!á w ×!Ò Þ Ü Õ × å

�já�ä�Ò Ö Ø wFÔ áYä/Ü ÛÕ Ø Þ Ü Ó Ø Þ × çÕKë á ÕAÖ ð�á ÞYÕ Ü Õ ä�ä Õ5Õ:ãDÚ5ÛÕaÓ Ø ÕaÞYÔKÕ
¨ Ø�ä Ú Ò Ó ÒNØ/Ü ÛÕKï Ò�ä Õ Ù ÕKÞ Ü�Ø Þ Ü ÛÕaÓ!Õ ×!×�Ò Þ Ü Ö ð ÛÕ Ü�áDô
Ö Ø ÕKÓIÖ ð�ÒNá(Ü Ó!Õ ×5â I Ø Õ × Õ:ãDÚ5ÛÕKÓ Ø�Ù ÕKÞ Ü'Ò�ä Õ × Ö Ò Þ ×5ä Õ × ë á Õ ä/ä Õ ×Aä;Ò ê;I2Ó8ÔKÕQÖ(Õq� ÒN×8Ø�ÙFØ Ó ×8Ü�Ò�Ü�Ø ë á ÕQÕ ÜAä Õ�Ó Ò ��I2Þ ô
÷¨Î�Ï�Î Ï�Î*Ú}Ñ�Ô4Ñsà�ä*à ��ß�Ñ�ß*àL~+Î¨Ú�Ñ���ä¨ÔSÙ ��ê�ë*ìSí'9dï%:�í'��O�O)Ù)Ì)>^ôsô6õ;ÌSös÷RG�ø
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ÞYÕ Ù ÕaÞ Ü$Ù I Ü!Ø I2Þ(ÞYÕ äJ× ÕQÓ!Õ�Ç�I Ø ï2ÞYÕaÞ Ü å � ÛÕaÔKÕ ÙFÙ ÕKÞ Ü$á Þ(Õ�Õ:ãDÚ5ÛÕaÓ Ø ÕaÞYÔKÕ ÒèÙ�Ø/× ÕaÞ ÛÕ âVØ ÖYÕaÞYÔKÕ ä;Ò ê;I2Ó8ÔKÕ�ÖYÕ
� ÒN×8Ø�ÙFØ Ó ä�Ò�Ü ÛÕaÓ ÒNä ÕÝÕKÞ Ü Ó8Õ á Þ ÙFØ Ó�I Ø Ó�Ú ä;Ò Þ Õ Üèá ÞYÕ × ÚYæ\çÕaÓ!Õ û ÖEI2Þ Üèä�Òz×!á Ó&ê Ò ÔKÕFÚYÓVÛÕ × ÕaÞ Ü'ÒNØOÜ Ö(Õ × Ô^I2Ó ô
Ó á ï Ò�Ü�Ø I2Þ ×T×8Ø Þ áY× I�� v�Ö ÒNä Õ × åJ|�Þ Ù I áDâ Õ Ù ÕKÞ Ü�Ü Ó Ò Þ ×8â ÕKÓ × ÕÏÓ8Õ ä�Ò�Ü�Ø ê�ÕaÞ Ü Ó!Õ ä Õ × ÖYÕ á ãfI��$Ç8Õ Ü�×�Ù Õ Ü!Ü�ÒNØ/Ü ÕKÞ
ÛÕ âVØ ÖYÕKÞYÔaÕ á ÞYÕ�ê;I2Ó8ÔKÕ�ÖYÕ­� Ò�×!Ø�ÙFØ Ó ×Kð Õ:ãDÕKÓ �Ô Ò Þ Ü Ú Ò Ó ÒNä�ä çÕ ä Õ Ù ÕKÞ Ü$Ò�á ã ×8á Ó8ê Ò ÔaÕ × å���Þ�Ú�Õ áDÜ ÚéÕaÞ × ÕaÓ áDÜ�ØOô
ä�Ø/× ÕaÓ$ÔKÕ × Ô'æ5ÛÕ Ù	Ò Ö Ò Þ ×�á ÞYÕ Ù�Ø/× Õ�ÕKÞ ÛÕ âVØ ÖYÕKÞYÔaÕèÖ á Ó Ò ��I2ÞYÞYÕ Ù ÕaÞ Ü�Ù I Ü!Ø I2ÞYÞ(Õ ä ÕaÞ Ü Ó!Õ_ÖYÕ á ã Ù�Ø ÓSI Ø Ó ×
Ú ä�Ò Þ × ÖYÕ Ü ÓKçÕ × æ ÒNá(Ü Õ ë áYÒNä�ØOÜ ÛÕ�¨éÔ^I2Ó8Ó á ï á ÛÕ × Õ Ü ÕaÞ Ù I á(â Õ Ù ÕKÞ Ü Ó!Õ ä�Ò�Ü�Ø êSå��AÕ Ü!Ü Õ Ø Ö5ÛÕKÕ × Õ Ù � ä ÕFÖ ð�ÒNáVô
Ü'Ò Þ Ü Ú ä�á(× ÚYÓ�I Ù Õ Ü!Ü Õ áY× ÕÝë á\ðlá ÞìÔ ÒNä Ô áYä ÓVÛÕKÔKÕaÞ Ü Ö á Ó Ò ��I2ÞYÞYÕ Ù ÕaÞ Ü�Ù I Ü!Ø I2Þ(ÞYÕ ä çÒ Ü ÓSI Ø�× Ö Ø�Ù ÕKÞ ×8Ø I2Þ ×
ÚkI á Ó_ÖYÕ ×èÙ�Ø ÓSI Ø Ó × Ú Ò Ó8ê ÒNØOÜ�×�Ò¬Ù I2Þ Ü ÓVÛÕ ë á\ð�á Þ Ù I á(â Õ Ù ÕaÞ Ü I × Ô Ø�ä/ä;Ò�Ü I Ø Ó8ÕÏÕaÞ Ü Ó!Õ ä Õ × ÖYÕ á ã Ù�Ø ÓSI Ø Ó ×
Ú ä�Ò Þ × ÖYÕ â Ó Ò�Ø/Ü ÖEI2ÞYÞYÕaÓ ä�Ø Õ á çÒ-á Þ Ó Ò �(I2ÞYÞ(Õ Ù ÕKÞ Ü ÛÕ ÙFØ�× Ú Ò Ó ÒNä�ä çÕ ä Õ Ù ÕKÞ Ü�ÒNá ã Ú ä�Ò ë á Õ × ÊPþ å è<ä�ä ÕFÕ ×&Ü
ÛÕKï ÒNä Õ Ù ÕaÞ Ü�ä/Ø ÛÕKÕ�çÒUá ÞYÕFÚYÓSINÚBI ×8Ø/Ü!Ø I2ÞìÓVÛÕKÔKÕaÞ Ü ÕPI�çá á ÞYÕ Ù I ä ÛÕaÔ áYä Õ�ÕKÞ Ù I á(â Õ Ù ÕKÞ Ü I × Ô Ø�ä�ä�Ò�Ü I Ø Ó!Õ ÒNá
ÖYÕ ×!×!á(× Ö ðlá ÞYÕ ×8á Ó8ê Ò ÔKÕ¬Ô^I2Ó8Ó á ï á ÛÕKÕ�ÖYÕ â Ó ÒNØOÜ ÛÕ Ù Õ Ü!Ü Ó!Õ á Þ Ó Ò �(I2ÞYÞ(Õ Ù ÕKÞ Ü Ô^I2æ5ÛÕaÓ!ÕaÞ Ü I�� × ÕKÓ â�Ò � ä Õ Ê1Ê å
|�Þ(Õ ÒNá(Ü Ó8Õ Ø Ö5ÛÕKÕ�Ô�I2Þ ×!Ø/×8Ü Õ	çÒ ÓVÛÕ ÒNä�Ø/× ÕKÓ ä Õ Ù I á(â Õ Ù ÕKÞ Ü Þ+INÞ�Ú ÒN× Ú Ò Ó á ÞYÕ"I × Ô Ø�ä/ä;Ò�Ü!Ø I2Þ Ù�ÒNØ�× Ú Ò Ó á ÞYÕ
ÓSI Ü'Ò�Ü!Ø I2Þ�ÕaÞ Ü Ó!Õ�ÖYÕ á ã Ù�Ø ÓSI Ø Ó × Ô Ø Ó8Ô áYä�ÒNØ Ó8Õ ×TÒNáDÜ I á ÓTÖ ð�á Þ Ù¦©Õ Ù Õ Ò ã(Õ
¨ ä�ðlá Þ¬Ú Ò Ó´Ó Ò ÚYÚBINÓ Ü çÒ�ä�ð�ÒNá(Ü Ó!ÕNå
|�Þ(Õ�Ô^I2Ó8Ó á ï Ò�Ü�Ø INÞ × � Ù ÛÕ Ü Ó Ø ë á Õ�Ú Ò Ó�Ó Ò Ú(ÚBI2Ó Ü çÒzä�ð�Ò ãDÕ�ÖYÕÝÓ�I Ü'Ò�Ü�Ø INÞxÖYÕ â Ó ÒNØ/Ü Ú�ÕKÓ Ù Õ Ü!Ü Ó!Õ�Ö ð I�� Ü ÕKÞ Ø Ó
á ÞYÕUê,ÓVÛÕaë á ÕKÞYÔaÕ ÛÕKë áYØ/â�ÒNä ÕKÞ Ü ÕUÖ ð I × Ô Ø�ä/ä;Ò�Ü!Ø I2Þ ÒN×8× ÕK�-ï2Ó Ò ÞYÖYÕ Ü I á(Ü ÕKÞ ï Ò Ó!Ö Ò Þ Ü�á ÞYÕ-ê,ÓVÛÕKë á ÕaÞYÔKÕ�ÖYÕ
ÓSI Ü'Ò�Ü!Ø I2Þ�Ó ÒNØ�× I2ÞYÞ Ò � ä ÕNå

ÿ ð I�� × ÕKÓ â�Ò�Ü�Ø I2Þ Ö á Ó Ò ��I2ÞYÞYÕ Ù ÕaÞ ÜìÙ I Ü�Ø INÞYÞYÕ ä Ú Ò Ó ÒNØOÜxÒNØ Þ ×!Ø ÓVÛÕ ÒNä�Ø/×�Ò � ä Õ Ò3â ÕKÔÅÖ(Õ Þ+I á(â Õ ÒNá ã
× � ×&Ü çÕ Ù Õ × Þ Ò ÞEI Ù ÛÕ Ü Ó Ø ë á Õ × I á ÙFØ ÔKÓ�I�ÛÕ ä ÕKÔ Ü ÓSI Ù ÛÕaÔ Ò Þ Ø ë á Õ × å$ñ Ò Þ ×¬ä�Ò Ù¦©Õ Ù Õ ä/Ø ï2Þ5ÛÕaÕ ä ÕìÓ Ò ��I2ÞYÞYÕ ô
Ù ÕKÞ Ü�Ù I Ü�Ø I2ÞYÞYÕ ä Õ Ü�ä;Ò ê;I2Ó!ÔaÕÝÖYÕ � ÒN×8Ø�ÙFØ Ó�ÚBI á Ó!Ó ÒNØ ÕaÞ Ü ÖYÕ â ÕKÞ Ø Ó�ÖYÕ × ÕKÞ*Ç8Õ á ãìÚkI á Ó ä ÕÏÔ�I2Þ Ü Ó ©I ä ÕÏÕ Ü
ä Õ�ê;I2Þ(Ô Ü�Ø I2ÞYÞYÕ Ù ÕaÞ Ü Ö(ÕèÔaÕ ×�× � ×8Ü çÕ Ù Õ × å��AÕKÔ Ø I á(â Ó!Õ�ÖYÕ â�ÒN×&Ü Õ × Ú�ÕKÓ × Ú�ÕKÔ Ü!Ø/â Õ ×�Ü ÓVÛÕ ×�Ø Þ Ü ÛÕKÓ8Õ ×!×!Ò Þ Ü Õ × çÒ
ä;Ò ê,Ó�I2Þ Ü�Ø çÕKÓ!Õ_ÕaÞ Ü Ó!Õ ä;Ò ÚYæa� ×!Ø ë á Õ ÙFØ ÔaÓSI × Ô^I2Ú Ø ë á Õ�Õ Ü�Ù�Ò ÔKÓ�I × Ô�I2Ú Ø ë á ÕNå

�dI áY× ÔaÕ ×gÒN× ÚéÕaÔ Ü�× Ú�ÕKÓ Ù Õ Ü8Ü ÕaÞ Ü Ö ð ÛÕ Ü!á Ö Ø ÕKÓ1ÖYÕ × ë á Õ ×8Ü�Ø I2Þ × I á(â ÕKÓ Ü Õ × ÕKÞ�ÚYæa� ×!Ø ë á Õjê;I2ÞYÖ ÒNÙ ÕaÞ Ü'ÒNä Õ
Ò3â ÕaÔAÖYÕ ×�× � ×&Ü çÕ Ù Õ ×�×!Ø�Ù Ú ä Õ × Õ Ü � Ø ÕaÞèÖ5ÛÕ��¶Þ Ø/× å
�AÕ ä�Ò Ô�I2Þ ×8Ü!Ø/Ü!á Õ á ÞYÕ Ò ÚYÚYÓSIVÔ'æYÕ5Ô^I Ù Ú ä ÛÕ Ù ÕaÞ Ü'ÒNØ Ó!Õ ÒNá ã
×8Ü Ó Ò�Ü ÛÕKï Ø Õ × Ö5ÛÕ â Õ ä I2ÚYÚ5ÛÕaÕ × ÕaÞ ÒN×&Ü Ó�I2ÚYæa� ×!Ø ë á Õ5Õ Ü Ô^I ×!Ù I ä I2ï Ø Õ�¨ Ü I áDÜ ÕaÞ × Õ × ÕKÓ â�Ò Þ Ü ÖYÕIÞ+I á(â Õ ä�ä Õ ×1Ü ÕaÔ'æ ô
Þ+I ä I2ï Ø Õ ×�Ü ÓKçÕ × Ú�ÕKÓ&ê;I2Ó Ù�Ò Þ Ü Õ × å`ñ Ò Þ ×<ä�Ò�Ù¦©Õ Ù Õ â Õ Ø ÞYÕ�¨)I2ÞFÚ�Õ á(Ü5ÒNáY×8×!Ø¶× Õ�Ö(Õ Ù�Ò ÞYÖYÕaÓIë á Õ ä Õ ×8ÜIäùð Õ b Õ Ü
ÖYÕ × ê;INÞYÖ × ï2Ó Ò3âVØ/Ü�Ò�Ü�Ø I2ÞYÞYÕ ä�×�×!á Ó_ÔKÕ ×è× � ×8Ü çÕ Ù Õ ×è×8Ø�Ù Ú ä Õ × å�ÿ1Õ × ê;I2ÞYÖ × ï2Ó Ò�âVØOÜ'Ò�Ü!Ø I2ÞYÞ(Õ ä�×Q× ÕKÓ�I2Þ Ü_Ü ÓKçÕ ×
� Ø ÕKÞtÛÕ Ü�á Ö Ø ÛÕ × Ú Ò Ó ä Õ ×_Ø Þ Ü ÕKÓ8ê3ÛÕaÓSI Ù çÕ Ü Ó!Õ × Ö ð I2Þ(ÖYÕ × ï2Ó Ò3âVØ/Ü�Ò�Ü�Ø I2ÞYÞYÕ ä�ä Õ ×�×!á Ó­�gÕKÓ8Ó!ÕFÔ^I ÙFÙ Õ � ü � ���\¨
ÿ�ü&�è��¨�� Å � Å ¨�� è ��¨�Õ Ü Ú Ò Ó äùð�Ø Þ Ü ÕKÓ&ê�ÛÕKÓSI Ù çÕ Ü Ó!Õ × Ú Ò�Ü!Ø;ÒNä ÿ�üuî Å ågñ Ò Þ × ÔKÕ × ÕEã(Ú5ÛÕKÓ Ø ÕKÞYÔaÕ × ¨ ä Õ\� á(Ü
Õ ×&Ü Ö ð I�� × ÕKÓ â ÕKÓ_ÚkI á Ó ä�Ò ÚYÓ8Õ ÙFØ çÕKÓ8ÕÏê;I Ø/× ÖYÕ × I2ÞYÖYÕ × ï2Ó Ò3âVØ/Ü�Ò�Ü�Ø I2ÞYÞYÕ ä�ä Õ ×�ÒNáxÜ Ó Ò3â ÕKÓ × Ö á Ö5ÛÕaÚYæ ÒN×!Ò ï2Õ
ë á\ð Õ ä�ä Õ × Ö+I ØOâ ÕaÞ Ü ÚYÓ�IDÖ áYØ Ó8Õ�Ö Ò Þ × ÖYÕ ×�Ø Þ Ü ÕKÓ&ê�ÛÕKÓ�I Ù çÕ Ü Ó8Õ ×TÜ ÓKçÕ ×´× ÕaÞ ×!Ø � ä Õ × å

�dI á Ó Ù	Ò Ú Ò Ó Ü ¨�Ç8Õ�Ô^I Ù Ú Ü ÕUÛÕ Ü!á Ö Ø ÕKÓ á Þ ÒNá(Ü Ó!Õ�Õ b Õ Ü I�� × ÕKÓ âNÒ � ä Õ�Ö(Õ × ê;I2Þ(Ö × ï2Ó Ò3âDØOÜ'Ò�Ü!Ø I2Þ(ÞYÕ ä/× ¨\çÒ
×�Ò3â I Ø Ó ä�Ò Ö5ÛÕaÔ^I2æ5ÛÕKÓ!ÕaÞYÔKÕ_ë á\ð Õ ä/ä Õ × ÚBI á Ó!Ó Ò�Ø ÕKÞ ÜAØ ÞYÖ á(Ø Ó!Õ�åV}�I áY×´Ò3â I2Þ × ÓVÛÕKÔKÕ Ù�Ù ÕKÞ Ü ÛÕ Ü�á Ö Ø ÛÕ ä�Ò ÚYÓ�I2ÚBI ô
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×8Ø/Ü!Ø I2ÞèÖYÕ ÙFØ�×!×8Ø I2Þ × Ú Ò�Ü!Ø;ÒNä ÕA�_[@� èj� ÊPý åNü äD×Kð�Ò ï ØOÜ Ö ðlá ÞYÕ$Ú(ÓSI2ÚkI ×!ØOÜ�Ø I2ÞÏÖ ð Õ:ãDÚ5ÛÕaÓ Ø ÕKÞYÔaÕ�ÚkI á Ó Ù Õ ×!á Ó8ÕKÓ
ä�Ò ÖAÛÕKÔ�I2æ5ÛÕKÓ8ÕKÞYÔaÕzÖ á Õ ÒNá ã�INÞYÖYÕ × ï2Ó Ò�âVØOÜ'Ò�Ü!Ø I2ÞYÞ(Õ ä�ä Õ × Ö Ò Þ ×�á Þ Ø Þ Ü ÕKÓ&ê�ÛÕKÓ�I Ù çÕ Ü Ó8Õ Ò�Ü I ÙFØ ë á Õ�å1}�I Ü Ó!Õ
Ô ÒNä Ô áYä\ÒèÙ I2Þ Ü ÓVÛÕQë á Õ äùð ÕEãDÚAÛÕKÓ Ø ÕKÞ(ÔKÕ Ü Õ ä�ä Õ�ë á\ð Õ ä/ä Õ-ÛÕ Ü'ÒNØOÜ Ô�I2Þ �Ô á Õ�ÞYÕ�ÚkI á Ó!Ó ÒNØ/Ü Ú ÒN×$â I Ø Ó5ÔKÕ Ü Õ b Õ Ü å(ü ä
× ÕKÓ ÒNØ/Ü Þ5ÛÕ Ò Þ Ù I Ø Þ ×<Ü ÓKçÕ ×IØ Þ Ü ÛÕKÓ!Õ ×!×!Ò Þ Ü ÖYÕ Ü Ó�I á(â ÕaÓAÖYÕ ×5× � ×8Ü çÕ Ù Õ ×$× ÕaÞ ×!Ø � ä Õ × çÒ ÔKÕ Ü Õ b Õ Ü$Ò �¶Þ	ÖYÕ�ÚkI áDô
â I Ø Ó ä�ð ÛÕ Ü�á Ö Ø ÕaÓ$Õ:ãDÚ5ÛÕaÓ Ø�Ù ÕKÞ Ü�ÒNä Õ Ù ÕaÞ Ü åYü ä ê ÒNáDÜT× I á(ä�Ø ïNÞYÕKÓ5ë á Õ ä Õ × Ú�ÕKÓ Ü�á ÓH� Ò�Ü�Ø I2Þ × ïNÓ Ò3âVØ/Ü'Ò�Ü�Ø INÞYÞYÕ ä/ä Õ ×
INÞ Ü�ä�Ò Ú Ò Ó Ü!Ø Ô áYä;Ò Ó Ø/Ü ÛÕQÖYÕ_ÞYÕ�Ú ÒN× ÚkI á(â I Ø Ó ©Õ Ü Ó!ÕxÛÕ ä/Ø�ÙFØ Þ5ÛÕaÕ × å

��Þ	Ú�Õ áDÜ$ÒNá(×!×!Ø�× Õ�ÖYÕ Ù	Ò Þ(ÖYÕKÓ ×!ØJä;Ò ï2Ó Ò3âDØOÜ'Ò�Ü!Ø I2Þ ÞYÕ�Ç�I á Õ�Ú ÒN×Iá Þ�Ó ©I ä Õ á Þ Ø/â ÕKÓ × Õ ä ÚkI á Ó ä;Ò�Ü Ó Ò Þ ô
×8Ø/Ü!Ø I2Þ¬ÕKÞ Ü Ó!Õ ä Õ Ù INÞYÖYÕ Ù�Ø ÔKÓ�I × Ô�I2Ú Ø ë á Õ_Õ Ü�ä Õ Ù I2Þ(ÖYÕ Ù	Ò ÔaÓSI × Ô^I2Ú Ø ë á ÕNå�ÿ ð ÛÕKÔ'æYÕ ä�ä Õ_ÖYÕ Ù�ÒN×!× Õá¹&Þ Ò�ô
Ü!á Ó!Õ ä�ä ÕK�0¨YÔ ð Õ ×8Ü çÒ Ö Ø Ó!Õ ä�ÒF× Õ áYä Õ�ë á Õ ä�ð I2Þ¬ÚéÕ á(Ü Ô^I2Þ ×&Ü Ó áYØ Ó8Õ Ò3â ÕKÔÏÖ(Õ × Ô^I2Þ ×&Ü'Ò Þ Ü Õ × ê;INÞYÖ ÒNÙ ÕKÞ Ü'Ò�ä Õ × ¨
Õ ×8Ü�ä�ÒFÙ�ÒN×8× ÕÝÖYÕ�� ä;Ò ÞYÔ'�Uë áYØ1âNÒ�á(Ü@«�« ]\ïYå è<ä�ä Õ × Õ Ü Ó�I á(â ÕUçÒ	ä;ÒFä�Ø�ÙFØ/Ü Õ�ÕKÞ Ü Ó!Õ ä Õ ×QÙ�ÒN×8× Õ ×QÙ�Ø ÔKÓSI ô
× Ô^I2Ú Ø ë á Õ × ¨1Ö+I2Þ Ü_ä;Ò Ö`�VÞ Ò�Ù�Ø ë á Õ�Õ ×8Ü Ö(Õ Ü ÕaÓ ÙFØ Þ5ÛÕaÕ�Ú Ò Ó ä�ÒzÙ ÛÕaÔ Ò Þ Ø ë á Õ�ë á¶Ò Þ Ü�Ø ë á Õ�¨�Õ Ü_ä Õ ×�Ù�ÒN×!× Õ ×
Ù�Ò ÔaÓSI × Ô^I2Ú Ø ë á Õ × ¨¶Ö+I2Þ ÜQä�Ò Ö`�VÞ ÒNÙFØ ë á Õ_Õ ×&Ü ï(I á(â ÕKÓ!Þ5ÛÕKÕÏÚ Ò Ó ä Õ ×�ä I Ø�× Ô ä;Ò�×!×!Ø ë á Õ × åé|�Þ × � ×8Ü çÕ Ù Õ�ë áYØ
Ù Õ Ü8Ü Ó ÒNØ/Ü ÕKÞ ÛÕ âVØ ÖYÕaÞYÔKÕ ä�Ò ÖAÛÕKÔ�I2æ5ÛÕKÓ8ÕKÞYÔaÕ ïNÓ Ò3âVØ/Ü'Ò�Ü�Ø INÞYÞYÕ ä/ä Õ
¨IÚkI á Ó8Ó ÒNØOÜ Ú�ÕKÓ Ù Õ Ü!Ü Ó8ÕìÖ ð ÛÕ Ü�á Ö Ø ÕaÓ�ÔKÕ ×
ë á Õ ×8Ü!Ø I2Þ × ÚYÓVÛÕaÔ Ø�× ÛÕ Ù ÕKÞ Ü åéÿAçÒ ÕKÞ(Ô^I2Ó8Õ�¨ á ÞYÕ Ü Õ ä�ä Õ_Õ:ãDÚ5ÛÕKÓ Ø ÕaÞYÔKÕÝÚ�ÕKÓ Ù Õ Ü!Ü Ó ÒNØOÜ Ö(ÕÝÚYÓSINÚBI × ÕKÓ á ÞYÕÏÞEI áDô
â Õ ä/ä Õ Ò Ú(ÚYÓSIVÔ'æYÕ_I�� × ÕKÓ â�Ò�Ü�Ø I2ÞYÞYÕ ä�ä ÕèÖYÕ äùð�Ø Þ Ü ÕKÓ&ê Ò ÔKÕÝÔaÓ á Ô Ø;ÒNä ÕKÞ Ü Ó!Õ ¬¶á Ô Ü�á¶Ò�Ü�Ø INÞ × ë á¶Ò Þ Ü�Ø ë á Õ × Ö ðlá ÞYÕ
Ú Ò Ó Ü Õ Ü Ú(æAÛÕKÞ+I Ù çÕaÞYÕ × ï2Ó Ò3âVØ/Ü�Ò�Ü�Ø I2ÞYÞYÕ ä�× Ö ð�ÒNáDÜ Ó!Õ_Ú Ò Ó Ü å

Ì%P�Î�SBá�Ï,ô>á
�d}�õUP.GRG¨Ì.ø1ÌHG*ÙAStá�ÏeÏw��� ÕH���=Ò�Õ�ß^Ø�á^Ø]ä*à�ã�â�Õu��7sÔ Ø/õQP.GRG¨ÌSø




