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σ(r, θ)C>-'8'$UCYAi.'(,/i$'-�c<C>&T(XC>;>;Y=@5L=@-�A�.';R(X&3ATCYDE$'=
;Y"�c@(,;�=@&3ApDE$W(X8'/0CY.S"%;>(,C>/3=p=<AJ8'2<c@/3"!,>Ao8'"%-'c[=<-�;>"%C18'=

.'$'C>&3&T(,-Uc@=Kc@"%5L57= 1
r2

H'".-
r
=@&lA#;R(^8'C>&lAr(,-Uc@=Kv^;INO2<*%2<-'=@5L=@-�A@d

σ(r, θ) = 4µa2ε0
1

π

2

r2
cos(4θ) /10 d�2�3

} - .1=@$�A^8'2<�'-'C>/\$U-'=s=QP�.'/3=@&3&0C>",-	&3C>5LC>;>(,C>/3=^.S"%$U/\;>=7cryW(,5L.j8'=�8'2<.';R(,c<=@5L=@-�Agd54b(,CY&u"%-
&@NOC>-�AT2</0=@&3&0=�C>c@C�=@-M.W(,/3A0C>c<$';>CY=@/i(X$)cryW(X57.m8'=fc@",-EA0/T(,CY-�AT=f8'=fc@CY&T(,CY;>;>=<57=<-�Agd

6 � �! �"87� �9 #�%&#(' 7:" ' 9 #;#  	*+ # H1;>"%/3&0DE$'=\;hN�2Q*%2<-'=@5L=@-�A[.';>(,&3A0C>DE$'=�=@&3Af;Y"�c@(,;>CY&02 �!7 �!<�# " #  =��> '
� '?% �A@��!B <�# H,&0=<&~=DC�=QAT&�&3"%-�Ao(X57.';YCY�W2<&FE%;>(]8'2@c</0"%CY&0&0(,-'c@=p=<&3A�(,$'&3&0CW$'-U=#;Y"%C98'=p.'$'C>&3&T(,-Uc@=p=@-
1
r2

H�5`(,CY&p;>=K.'/02Q_x(,c<A0=@$'/w=@&3A
5\$';ZATC>.U;>C>2
.W(,/
8U=@$�P).W(,/#/T(X.'.S",/3A
(,$�P)=GCS=<A0&
8W(,-U&
$'- 5LC>;YC>=<$
C>-U�W-UC�v^A0/0:<&#F,/T(,-'8U=K8UC>&3AT(,-'c<=K8U=K;hN�2Q*%2<-'=@5L=@-�Agd

6 � �! �"H7I $9 #�%&#(' 7J� 'HK � #�%�%L' *+ #('QHgDE$'=@;Y;>= DE$'=�&0"%CZA�&T(J.1"%&0CZATCY"%-[8W(,-'&�;Y= 57CY;>CY=@$�HQ$'-f2<*,2@-'=<57=<-EA
.';R(,&lATCYD9$U=KF,2@-':</0=f$'-'=f/0=<;R(aPU(XA0C>"%-�8U=K;>(\c@"%-�A0/T(,CY-EA0=f57"+t%=<-'-'2<=�&3$'/p;>=]*%",;>$'5L=

< δσ >

< δσ >= −2µa2ε0

HL
/M0 dON.3

".-
H, L

&3"%-�Aw;Y=@&iAT(,C>;Y;>=@&~8'$M&3t9&3A0:@5L=,d

6 e](,-'&p$'- 9 #�%&#(' 7:� 'PK � #�%�%L' *+ #('QH98'=[.12@/3C>"98'=
L
8W(,-'&J;>(u8'C>/3=@cQATC>",-

x
H'(g*%=<cf8'=@&Jc<"%-'8'CZATC>",-'&

8'=\-'"%-bF%;>CY&0&0=<57=<-�A
&3$'/
cryW(Xc@$'-'=^8U=@&
8U=@$�Pb.W(,/3"%C>&#.S",&0CYA0C>"%-U-'2@=<&
=@-
z = 0, H

H�;>=KcryW(,5L.
8'=fc@"%-�AT/0(,C>-�A0=

σ(x, z)
8�Q)v^$'-McryW(,5L.m8'=fc@CY&T(,CY;>;>=<57=<-�Ao.';>(,&3A0C>DE$'=

εpl(x, z)
( 2QAT2fcg(X;>c@$U;>2

=QPU(,c<A0=@5L=@-�Agd
R (,-'&f=@-�A0/0=@/f8W(X-'&f;>=\8'2QAr(,CY;�8'$ cg(X;>c@$U;IH�",- /0(,.'.1=@;Y;>=uDE$'=<;>DE$'=<&�2<;>2@5L=@-�A0&[8'= ;INO=QP�.'/0=<&0&3C>"%-
8'$4cry'(,57.?8'= c<"%-�AT/T(XC>-�AT=

σ(x, z)
d�e
=@$9PGABt9.S=<&�8'=^A0/T(,-'&l_�"%/057(XA0C>"%-'&w&0"%-�AK8'2Q�W-'C>=<&f8W(,-'&

c@=K57CY;>C>=<$�E

σ(x, z) =
∑

m,n∈Z

eipmxeiqnzσ̂∗(m, n)

ε̂pl∗(m, n) =
1

2HL

∫ L

0

dx

∫ H

0

dzεpl(x, z)(−2i)sin(
2πnz

2H
)e−i 2πmx

L

(g*%=<c
pm =

2πm

L
; qn =

2πn

2H
/M0 dTS�3

��=7cryW(,5L.j8'=Lc@"%-�A0/T(,CY-EA0=`8'=7c@CY&T(,CY;>;>=<57=<-�A[&@NO=QP�.'/3C>5L=`=@-4_�"%-'c<A0C>"%- 8'$|A0=@-'&3=@$'/u8�N } &3=@=@-

O
=<AL8'=�;>(b_�"%-'c<A0C>"%-�8'=:U[/0=<=@-

Ĝ∞ H�D9$UCJ.S=</05L=<A 8'=�c@(,;>c<$';>=</\;INO=GCS=<A 8�NO$'-	2<*,2@-'=<57=<-EA
.';R(,&lATCYD9$U=K8'(,-'&p$'-M57CY;>C>=<$`CY-U�W-'C5E

σ̂∗(m, n) = 2µ(Ĝ∞(m, n)ε̂pl∗(m, n)

+
1

2
(ipmÔxy(m, n) + iqnÔxx(m, n))f̂x(m, n)) /10 d 0 3

σ̂∗(0, 0) = 0

��=<&[_�"%/0c<=@&
fx

H�D9$UC�&@N�(,.'.';YC>DE$'=@-�Af&3=@$';Y=@5L=@-�AK(,$�P?.'(,/0"%CY&
z = 0, H

H�&0",-EAfc@(,;>c<$';>2<=@&[.1"%$'/
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DE$'=�;Y=[8'2@.U;R(,c<=@5L=@-�A#&0"%CZAJ-E$';�&0$'/pcryW(,c<$'-'=K8'=@&p8'=<$�PM.W(,/3"%C>& E

f̂x(m, n) =

∑

1
2i
q4 p

′
n(q2

m − p′2n )ε̂pl∗(m, n′)
∑

1
p′2

n

µq4

,
.1"%$'/

n
C>5L.W(,CY/ /10 d��.3

f̂x(m, n) =

∑

2
2i
q4 p

′
n(q2

m − p′2n )ε̂pl∗(m, n′)
∑

2
p′2

n

µq4

,
.1"%$'/

n
.W(,CY/i=<A

m 6= 0

f̂x(0, n) = 0
.1"%$'/

n
.W(,CY/

".- ∑

1

/3=@.'/32@&3=@-�AT=L$'-'=^&3"%575L=\&3$'/f;>=@&
n′ C>5L.W(,CY/0&@H1=<A ∑

2

/0=<.'/02<&0=<-EA0=7$U-'=^&0"%5L5L=\&0$'/
;>=<&

n′ .W(,C>/3&@H'=QA q2 = p2
m + q2

n

d
no=<A3AT=#/0=@;>(XATCY"%-^-'"%$U&~.1=@/357=QA�8'=wc@(,;>c<$';>=</�;>=JcryW(X57.L8'=#c@"%-�AT/0(,C>-�A0=#8U=#c<C>&0(,C>;Y;>=@5L=@-�A�C>-'8'$UCYA
.W(,/L$'-k2Q*%2<-'=@5L=@-�A�.';>(,&3A0C>DE$'=m/0=<.'/02<&0=<-EA02 &0$U/7;>(?�WF,$'/0= 0 d 2);Y"%/0&3D9$�N�CY;J&0=M&0CYA0$'=M8W(,-'&L;>=*%"%;Y$'5L= / v^F�(,$'cryU=�3QH�=QAw;Y"%/0&3DE$�N�CY;�&3=�&3CYAT$U=f(,$M*,"%C>&3C>-W(XF%=]8'=f;R(^.W(X/0"%C / v^8'/0"%CZAT=	3Qd
/ ��(�8UC>&0c</02QATC>&0(XATCY"%- DE$'C1(�.1=@/05LC>&�8U=wc@(,;>c<$';>=</�;Y=pcryW(,5L.`8'=#c@"%-�A0/T(,CY-EA0=w/3=@.'/32@&3=@-�AT2]&3$'/�c@=@&�WF%$'/3=@&#=@&lAw8U2<Ar(XC>;>;Y2@=]8'(,-'&p;IN�(,-'-'= P�=���d N!3
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��� UKz���� 0 d�2 6�� =@/lAT$'/3VW(XA0C>"%-M8'$McryW(,5L.)8'=Kc@",-EA0/T(,CY-�AT=f8'=Kc@C>&0(,C>;Y;>=<57=<-EAo;>"%/3&0DE$'=K;INO2<*,2@-'=<57=<-EA
.';R(,&lATCYD9$U= (s;>C>=<$! >��!7�"$# '](X$ c<=@-�AT/3= 8'=@$�PG&3t9&3A0:@5L=% �!B <�#�K '](,$ *%"%CY&0CY-W(,F%=\8U=L;>(s.W(,/3"%C�.1"%$'/
$'-s&3t9&lAT:@5L=
8U=#AT(,C>;Y;>=

N = 31 ∗ 32
H�.S2</0CY"�8'CYDE$'=p8W(,-'&~;R([8'C>/3=@cQATC>",- PSHE�W-'C�.W(,/�8'=@$9P`.'(,/0"%CY&�8W(,-'&

;R(^8'C>/3=@cQATC>",-
z
d

e](,-'&];>(L&3$'CYA0=,H�"%- c<"%-'&3=@/3*,=@/0(s;R( -'",Ar(aATC>",-)&3$'CY*X(,-�AT= E�;>=KcryW(,5L.b8'=�c@"%-�AT/0(,C>-�A0=�8 Q v7;R( 8'2Q_�"%/'&
5`(XA0C>"%-�.U;R(,&lATC>DE$'=

εpl(x′, z′)
&<N�2<c@/3CYA E

σ(x, z) = 2µ

∫

dx′dz′GH(x− x′, z, z′)εpl(x′, z′) /10 d)(�3
��A~"%-7&0=@/0(u(,5L=@-U2wvf$UA0C>;>CY&0=</�;R([/0=<;R(XA0C>"%- 8'"%-�A~$'-'=#8'2@5L"%-'&lAT/0(XATCY"%-7=<&3A~.'/0",.S"%&32@=#8W(,-'&�;IN�(,/lATC>c<;>=XH
.S"%$U/pA0"%$UA

x′, z′
E

∫

dxdzGH(x− x′, z, z′) = −1 /M0 d+*!3

,�-/.0-1. 2 � � �3���43�� �w� �65 ������� ����� � � �
�l�������l 
 �

e](X-'&7$U- (,/lATC>c<;>=�57(�73=@$U/98)�.N;:hH���&0y'=<;>V�t	8'2<A0=@/05LC>-U=)(X-W(,;YtEA0C>DE$'=@5L=@-�AL;INO=GCS=<AL8�NO$'-'=M8'2Q_�"%/'&
5`(XA0C>"%- .';>(,&3A0C>DE$'=j(X$ &0=<C>- 8�N�$'-U=jC>-'c<;>$'&3C>"%-68W(,-'&)$'- 5LC>;YC>=@$ CY-U�W-'CK2@;>(,&3A0C>DE$'= C>&0"XAT/0",.S=?AT/3C<&
8'C>5L=@-'&3C>"%-U-'=@;hdJ��N�CY-'c@;Y$'&0CY"%- =@&3A)$'-'= /02<F%C>",- 8U"%-'-'2<=48'$657CY;>CY=@$ DE$'Cf&0$UV'CYAM$'-'= 8'2Q_�"%/057(XATCY"%-
.';R(,&lATCYD9$U=[y'"%5L"%F%:@-U=

ε
pl = ε0

d
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��-s;IN�(,V'&3=@-'c<=
8'=w57CY;>CY=@$^=@-�*9C>/3"%-'-W(X-EA@H�;>(�8'2Q_�"%/057(XA0C>"%- 8W(,-U&o;INOC>-Uc@;>$U&0C>",-L&3=@/0(,CYA~8'"%-'c
ε0

d9e
$
_x(,CZAK8'$ c@"%$U.';R(,F,=7=<-EA0/0=�;hN�CY-'c@;Y$'&0CY"%-?=<A^;Y=75LC>;YC>=@$ =@-�*9C>/3"%-'-W(X-EA@H vMc@=<A3AT=�8'2Q_�"%/057(XA0C>"%- 8'=`V'(,&0=
&<N (�73",$UAT=s$U-'=s.1=@/3A0$'/0V'(XATCY"%-|2<;R(,&lATC>DE$'=7DE$�N���&3y'=@;YVEt|cg(,;Yc@$';Y=`8W(X-'&\;>=L5LC>;>CY=@$ =@-�*9C>/3"%-'-W(,-�A (XC>-'&3C
DE$'=f8W(,-U&#;hN�CY-'c@;Y$'&0CY"%-sF%/��,c@=Kv^;R(^8'2<5`(X/0cry'=f&0$UCY*X(,-�AT=�E

6 (i)
��(^c<"%-�AT/T(XC>-�AT=[8W(X-'&J;>=]5LC>;YC>=<$sv\;INO2<AT(XAJCY-'CYA0CR(,;�=@&lA#-9$U;>;>=Xd } -m8'2@c<"%$'.1=[8W(,-'&pc<=[57CY;>C>=<$

$'-'=u/32@F%CY"%-M8'=K*,"%;>$U57=
V
D9$U=u;INO"%-M=QP9AT/0(,CYA@d��
.'/3:@&wc@=<A3AT=K"%.12@/T(aATC>",-�HW;R(^c@",-EA0/T(,CY-�AT=K/0=@&lAT=

-9$U;>;>=[8'(,-'&p;R(^/02<F%C>",-�=<A#8W(,-'&p;>(\5`(XA0/0CYc@=,d

6 (ii)
��(L/32@F%CY"%-�=QP9AT/0(,CYA0=f=@&3A#&3"%$'5LC>&0=fv^;>( 8U2<_�"%/35`(XA0C>"%-`y'"%5L"%F%:@-U=

ε0
d

6 (iii)
} -k(,.'.';YC>DE$'=)v|;R(?&0$U/3_x(,c<= 8'=bc<=<A3AT=b/32@F%CY"%-�H�;>=<&7_�"%/3c@=<&`-'2<c@=@&3&T(,CY/0=<&s.S",$'/`DE$�NO=@;Y;>=

/0=@c<"%$U*9/0=K&T(^_�"%/357=[CY-'CYA0CR(,;Y=w=QAw.U$'C>&3&0=f�<A0/0=fC>-'c<;>$'&3=[8W(,-'&p;>( 57(XA0/0C>c<=,d

6 (iv)
�w.'/0:<&�;hN�2QAr(,.1=^.'/02<c@2<8'=@-�AT=XH�",-4(m$'-'= c<"%$'cry'=L8'=^_�"%/0c<= ;>"9cg(,;YC>&02<=\&0$U/K;>(s&0$'/l_x(,c@=L8'=

;INOC>-'c<;>$'&3C>"%-�HX=<A�$'-'=p57(XAT/3C>c<=i8'=pc@"%-�A0/T(,CY-EA0=p-9$U;>;>=Xd���N�CY-'c@;Y$'&0CY"%- ([;R([5L�@5L=o_�"%/05L=JDE$�N�(+*X(,-�A
;INO=QP9AT/0(,c<A0C>"%-�d } - /3=@;R( PU=);R( c@"%$'cryU= 8'=b_�"%/3c@=XH~;>( 57(XAT/3C>c<=)=QAs;INOC>-Uc@;>$U&0C>",-	&3= 8'2Q_�"%/05L=@-�A
2@;R(X&3ATCYDE$'=@5L=@-�Agd

no=#8'2@c<"%$'.W(,F,=
=@-78'C�CS2@/3=@-�AT=<&o2QAr(,.1=@&�.S=</05L=<Aov ��&3y'=@;YVEtL8'=#cg(X;>c@$U;>=@/�= P'(Xc<AT=<57=<-�Ai;>=pcryW(X57.
8'=#8'2<.';R(,c<=@5L=@-�A~8W(,-'&~;>=p57CY;>CY=@$^=<A~8W(,-U&o;INOC>-Uc@;>$U&0C>",-�d%e](X-'&o;Y=wc@(,&~"!-`;R(f8'2Q_�"%/057(XATCY"%- .';R(X&3ATCYDE$'=
ε0

8'=?;hN�CY-'c@;Y$'&0CY"%- c@",/0/0=<&0.1"%-'8 v	$'- c@CY&T(,CY;>;Y=@5L=@-�AgH�;INOC>-'c<;>$'&3C>"%-kc@"%/3/0=@&3.S",-'8 v $'- 2<*,2@-'=<57=<-EA
.';>(,&3A0C>DE$'=]A0=@;�DE$'=f-'"%$'&p;hN (g*%",-'&p8'2<�W-UCId

ε0 =





0 ε0 0
ε0 0 0
0 0 0



 /M0 d���3

} - c<"%57.'(,/0=^(X;>"%/3&
;>=<&
/32@&0$U;YAr(aAT&]DE$'=^-'",$'&[(g*%"%-U&["%VUAT=<-E$'&[8W(,-'&
$'-?57CY;>C>=<$�AT/0C &B8'CY57=<-'&0CY"%-'-'=<;IH
=<-s$UATCY;>CY&T(,-�A�;INO2@DE$'CZ*X(,;>=<-'c@=#=@-�AT/3=];INO2<*,2@-'=<57=<-�AJ.';R(X&3ATCYDE$'=w=QAi;Y=w8'",$'V';>=#8'CY.��%;Y=p8'=w_�"%/3c@=<&

(a, F =
a2µε0)

8'2QAr(,CY;>;Y2@=f8W(,-'&w;IN�(,/3A0C>c<;>=,H'(+*,=@c^;Y=@&#/02@&3$';YAT(XAT&w8�N)��&3y'=@;YV�tb8W(X-'&
;Y=�c@(,&
8�NO$'-'=uC>-'c<;>$'&3C>"%-M8'=
*,"%;>$'5L=

V = a3 HW8W(,-U&#$U-)5LC>;YC>=@$7C>5Lc@"%5L.'/3=@&0&3C>V';Y=,d
��=@& 8'=<$�P	8'2@57(,/3cry'=@& c@",-'8'$'CY&0=@-�A7v?;R( 5L�@5L=s=QP�.'/3=@&0&3C>"%- 8'$	cryW(,5L.	8U=M.1=@/lAT$'/3VW(XA0C>"%-�v

F%/0(,-'8'=w8'C>&lAr(,-Uc@=
8U=
;INO2<*,2@-'=<57=<-�Agd } -s-U",AT=
r
;R(K8'C>&lAr(,-'c<=]vK;INOC>-'c<;>$'&3C>"%-�d��6F%/T(X-'8'=
8UC>&3AT(,-'c<=
8'=

;hN�CY-'c@;Y$'&0CY"%-�H
r � a

HW;R(^.1=@/3A0$'/0V'(XATCY"%-m=@&3AwC>-U8'2@.1=@-'8'(,-�AT=K8'=�;>(\_�"%/05L=[C>-'CZATC>(,;>=w8'=f;INOC>-'c<;>$'&3C>"%-�H�=<A
;Y=[cryW(,5L.M8U=K8U2@.';>(,c@=<57=<-EA#&<N�2<c@/0CZA E

ui =
3a3ε0

2π

rirxry

r5

".-
i = x, y, z /10 d�	�3

no=<c@C�c@",/0/0=<&0.1"%-'8bv ;>(\.S=</3A0$'/0VW(aATC>",-M8U$)cryW(X57.m8'=fc@",-EA0/T(,CY-�AT=f8'=fc@CY&T(,CY;>;>=<57=<-�APE

σxy =
3a3ε0

π
(

1

r3
− 10

r2
xr

2
y

r7
) /M0 d�2�
�3

��N (Xc@c@",/08m=@-�AT/3=f;>=@&J8U=@$�Pm/32@&3$';YAT(XAT&J&3$'.'.1"%/3A0=[;>=
_x(,CZAJDE$'=fc,NO=@&lAwVUC>=@-�;>(\.'y�t9&0C>DE$'=f8�N)��&0y'=<;>V�t
DE$'C�=<&3A#5`(X-'CY_�=<&3AT2<=[&T(,-U&w;Y=@&J8'C C�2</0=@-�A0=@&pF%2@",572QAT/0CY=@&J8'2<c@/3CYAT=<&p8W(,-'&p;IN�(,/lATC>c<;>=Xd
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� � �������U 
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} -)/3=<*9C>=<-�A
CYc@C�&0$U/#;>(Lc<"%-'c<;>$'&3C>"%-m8'$)cryW(,.'CZAT/0=f.'/32@c<2@8'=<-EA
=QP�.'/3C>5L2@=f8W(,-'&#;R(^&3=@c<A0C>"%-�SUdON�d N9d
} -�(u=<-�=GCS=<AJ2Q*%"9DE$'2[;R(u8UC�CS2@/0=<-'c@=
=@-�AT/3=

1)
;>=
cry'(,57.�8U=]c@"%-�A0/T(,CY-EA0=
8 Qmv�$'-'=];YC>F%-'=#8�NO2<*,2@-'= &

5L=@-�AT&p.';>(,&3A0C>DE$'=<&w=QA
2)
;>=fcryW(,5L.b8'=fc<"%-�AT/T(XCYAT=f8 QbvL;hN�=DC�=QA#c@$'5\$U;>2f8�NO2<*%2<-'=@5L=@-�A0&].';R(X&3ATCYDE$'=@&

;Y"�c@(,;>CY&02@&o(,$M57�<57=]=<-'8'/3"%CYA@HWvL.'(,/3A0C>/i8�NO$'-'=K8'=<&0c@/3C>.UA0C>"%-�A0/0:@&p&3cry'2@57(XATCYDE$'=f8'$).U/0"%.W(XF�(XAT=<$'/@d
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} -?.S=<$UA�5`(,CY-�AT=@-'(,-�A[=QP�.'/3C>5L=@/fc@=QA0AT= 8'C C�2</0=<-'c@=L8'= 5`(X-'C>:</0=^DE$W(,-�ATCZAr(XA0CY*,=,H�F%/��,c@=Lv�;INO=QP &
.'/0=<&0&0CY"%- 0 d���d / � "%$'/�/02@(,;>CY&0=</�c<=@&�cg(,;Yc@$';Y&@H+"%-u(#2QAT2~(,57=<-'2~v#8'CY&0c</02<A0C>&3=@/�;INO=QP�.'/0=<&0&3C>"%-�.'/02<c@2@8U=@-�AT=XHc@=�D9$UC9=<&3A�8'2<AT(,C>;Y;>2 =<-\(,-U-'=QP�=��udON.3Qd } -Kc@"%-'&3C>8':</0=�$'-u&lt9&3AT:<57=�8'CY&0c@/3=<A�8'=

32∗31
V';>"9c@&�$'-'CZAr(,CY/0=<&

&0$'c<=@.UA0C>V';Y=J8'=i&0$UV'C>/ $U-^2<*%2<-'=@5L=@-�A~.';R(X&3ATCYDE$'=o8�N�(,5L.';>CZAT$'8U=~c@(,/T(,cQAT2</0C>&lATCYD9$U=i8'=J;INO2<*,2@-'=<57=<-�A�=@&3A

ε0 = 0.5
HW;>=[5L"98'$';>=
2@;R(X&3ATCYDE$'=]*X(,$UA

µ = 1
d

2�3 } -�(Jc@(,;>c<$';>2 ;hN�=DC�=QA�8'=
32
2Q*%2<-'=@5L=@-�AT&�.';R(X&3ATCYDE$'=@&�c<"%-'&32@c@$�ATCY_�&�8'$KV';Y"�c�c@=@-�A0/T(,;�.1"%&0CZATCY"%-'-'2

=@-
α = 16, i = 7

d�no=MV';>"9c�c@=<-�AT/T(X;#/3=@;>(aP�=M8'(,-'&Lc@=Mcg(,& $'-'=MDE$W(,-�ATCZAT2m8'=Mc@"%-�A0/T(,CY-EA0=

δσ ≈ −18.3
H�D9$UCi=@&lA7/3=@8'CY&3A0/0C>VU$'2@=s8'(,-'&^;>=`57CY;>C>=<$�d R $'/^;>()�WF%$'/3= 0 dON v F�(,$'cry'=XH�"%-�(

/0=<.S"%/lAT2f;R(\DE$W(X-EA0CYA02K8U=Kc<"%-�AT/0(,C>-�AT=f/3=@8'CY&3AT/3C>V'$U2@=[&0$U/#;>(^;>C>F,-'=
i + 1 = 8

d
N.3�e
=p;R(
5L�@5L=i57(,-'CY:@/0=XH,"%- ([c@(,;>c<$';>2~;INO=GCS=<A�&0$U/�;R(
;YC>F%-'=

i+1
8�NO$'-'=�{<;YC>F%-'=%{�8�NO2<*,2@-'=<57=<-�AT&

.';R(X&3ATCYDE$'=@& E'cryW(XD9$U=�2<;>2@5L=@-�A#8'=f;R(\;YC>F%-U=
i = 7

(^c@/T(XD9$U2�$'-U=f_�",C>&@d
no=@&f8'=@$9PGF%/0(,.'y'=<&[57"%-�A0/0=@-�A[8U=\5`(X-'C>:</0=uDE$W(X-EA0CYAT(XATCZ*%=\c<=^D9$UC�(s2<A02\.'/02<c@2<8'=@5L57=<-�Af2<*%"9DE$'2,d
e](,-'&[;Y=u.'/3=@5LC>=@/#cg(X&@H�c<=@/lAr(,CY-'&]V';Y"�c<&
/0=��@"%CZ*%=<-EA]8'=u_�"%/lAT=@&](,$'F%5L=@-�Ar(aATC>",-'&w8U=\c@"%-�A0/T(,CY-EA0=,d � (,/
=QP�=@5L.';>=XH ;R()c@"%-�AT/0(,C>-�A0=s8'$�V';>"9c

i = 8, α = 16
(,$'F,57=<-EA0=s8'=

3
H�=<A C>;~.S=<$UA^�QAT/0=m(X57=<-'2�v

/0=@;>(aP�=@/wvL&3"%-)A0"%$'/<d�e](,-'&w;>=f&0=<c@"%-'8)cg(,&<HS;>(^c@"%-�AT/0(,C>-�A0=K8U=ucryW(,DE$'=�V';>"9c[8'CY57CY-9$U=[8'=�;>(L5L�@5L=
D9$'(,-�ATCYA02

0.031
d

10 20 3016

X
-4

-3

-2

-1

0

1

2

3

pe
rt

ur
ba

tio
n 

de
 la

 c
on

tr
ai

nt
e 

de
 c

is
ai

lle
m

en
t

10 20 3016

X
-4

-3

-2

-1

0

1

2

3

Pe
rt

ur
ba

tio
n 

de
 la

 c
on

tr
ai

nt
e 

de
  c

is
ai

lle
m

en
t

��� UKz���� 0 dON 6 N = 32 ∗ 31
HS;Y=u&3t9&lAT:@5L=^=@&lA[.12@/0CY"�8UC>DE$'=K8W(,-'&];>(`8'CY/0=@cQATCY"%-MPSHS�'-'C�.W(X/
8'=<$�P

.W(,/0",C>&K8W(,-'&K;R(m8'C>/3=@cQATC>",-
z
d  >��!7�"$# 'K��=7V';Y"�c c<=@-�AT/0(,;

α = 16, i = 7
&0$'VUCYA

32
2<*%2<-'=@5L=@-�A0&

.';R(,&lATCYD9$U=@&@d } -?(s/3=@.'/32@&3=@-�AT2L;R(`c<"%-�AT/0(,C>-�AT=u8'=^c@CY&T(,CY;>;>=<57=<-�Aw8�Q4vsc<=@&[2Q*%2@-U=@5L=@-�AT&K.';R(X&3ATCYDE$'=@&
&0$'/K;INO$'-'=L;>CYF%-'=\*%",C>&0CY-'=

i + 1 = 8
=@-4_�",-'c<A0C>"%- 8'=

X
d� �!B <�#�K '[��=<&

32
2<;>2@5L=@-�A0&K8U=7;>(m;YC>F%-U=

c@=@-�A0/T(,;Y=
i = 7

"%-�A�c</T(,DE$'2~$'-'=�_�"%C>&<H+"%-\(#/0=@.U/02@&3=@-�AT2o;R(pcryW(,5L.u8'=�;R(pc@"%-�A0/T(,CY-EA0=~8U=oc@CY&T(,CY;>;Y=@5L=@-�A
8 Q vsc@=@&[2Q*%2<-'=@5L=@-�AT&K.';>(,&3A0C>DE$'=@&
&0$'/[;hN�$'-U=\;>CYF%-'=�*,"%C>&3C>-'=

i + 1 = 8
=@-G_�"%-'cQATCY"%- 8'=

X
d���",$'&

;>=@&p2<;>2@5L=@-�A0&#8U=K;>(\;>CYF%-'=
*,"%C>=<-EA#;Y=@$'/Jc<"%-�AT/T(XC>-�AT=[8'CY57CY-E$'=@/J8'= 1
32
≈ −0.031

} -	/0=@.U/0=@-U8k8'"%-Uc)CYc@CJ;R(Gc<"%-'c@;Y$'&0CY"%-	8'$kcryW(X.'CYA0/0=m.'/02<c@2<8'=@-�A E�CY;o_x(,$UA AT=<-'C>/ c<"%57.�AT=m8'=@&
c@"%/3/02@;>(XATCY"%-'&�8W(,-'&�;R(w8UC>/0=<c<A0C>"%-

x
D9$UCU.1=@$U*,=@-�A 73"%$'=</�8'"%-Uco$'-^/ �%;>=�c@/3$'c@C>(,;�8'(,-'&�;Y=@&�572<cg(,-'CY&05L=@&

c@"%-'8U$'C>&0(,-�A
v ;R(\c<"�= P�C>&3A0=@-'c<=�8U=K/32@F%CY"%-'&i�WF,2@=@&p=QAw8U=K/32@F%CY"%-'&��W$UC>8'=<&#&3"%$'&#2@c<"%$';>=<57=<-�Agd

,�-/.0-�, � � �'� 

� � � �J� � ������� ����� � � 5 
w� ��������� 
 � � 
 � � ��� 
 �l����� � �

} -?(s8'2<c@/0CZA[$'-G2Q*%2@-U=@5L=@-�Au.U;R(,&lATC>DE$'=�;>"9cg(,;�=<Af&3=@&[=DC�=QAT&[&0$U/[;INO=@-'&3=@5\V';Y=\8'$G5LC>;YC>=@$�d�no=<c@C
c@"%-'&lATCZAT$'=L;R(m.'/0=<57CY:@/3=L2QAr(,.1=L8'=7;>(�57"98'2@;YC>&0(XATCY"%-G2@;>(,&3A0" &B.';>(,&3A0C>DE$'=^8�NO$'-457CY;>C>=<$G&0"%$U&�2<c@"%$';Y=6&
57=<-EA@d ��( &0=<c@"%-U8'=�2<AT(,.S=`.'/02<&0=@-�A02@=m8W(,-'&u;>=scryW(X.'CYA0/0=`&3$'CY*X(,-�A / cryW(,.'CZAT/3= �.3Kc<"%-'&3C>&3A0=mv)_x(,CY/0=
C>-�AT=</T(,F%CY/i;>=<&p2<*%2<-'=@5L=@-�A0&
.';>(,&3A0C>DE$'=@&<d
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���21 3546,%��*7
� !�"
$���-(8����
9�:�#�$�#�$�#�$�.�#�$�#�$�$�#�$�#�.�#�$�$�#�$�#�$�#�.�$�#�$� /�;

���21���� <5������&�
.=�
#���>&�
����@?�����
���,�����������
� -�"
 �$�#�.�#�$�$�#�$�#�$�#�.�$�#�$� A�B
���21��21 354-,%��*7
� -�"
#���6(8����
C�#�$�.�#�$�#�$�$�#�$�#�.�#�$�$�#�$�#�$�#�.�$�#�$� A��

���2B D5������&���EF��,"��
����G�5���%����
�����
G�.H�&��G����������
���,�,!��*+��&�
� -�"
I�#�$�$�#�$�#�$�#�.�$�#�$� /%/

��=@& cryW(X.'CYA0/0=@& 0 =<A � 8'2<c@/0CZ*%=<-EA7$'-'=M5L"�8'2<;>CY&T(XA0C>"%-42@;R(X&3AT";&B.';>(,&3A0C>DE$'=s8'=m;hN�2<c@"%$';Y=@5L=@-�A^8'=�W$'C>8U=@&sv4&0=@$UC>;wv48'=<$�P 8UC>5L=@-'&3C>"%-'&<d�e](,-'&7c@=<A3AT= 5L"98'2@;YC>&T(aATC>",-�H�;hN�2<c@"%$';Y=@5L=@-�A7/02@&3$';YA0=b8�NO$'-'=
"%/0F�(X-'C>&0(XATCY"%-^c@"%;Y;>=<c<ATCZ*%=J8�NO2<*,2@-'=<57=<-�AT&o.U;R(,&lATC>DE$'=<&@dEe](X-'&�;R([.'/0=<57CY:@/3=J2<Ar(X.S=XH�.'/02<&0=@-�A02@=
8'(,-'&�;>=
cryW(,.'CZAT/0=o.'/02<c@2@8U=@-�AgH%-U"%$'&�(g*%",-'&�8'2<�'-'CU$'-u2<*%2<-'=@5L=@-�A�.';>(,&3A0C>DE$'=�&0=@$U;'=<A�cg(,/0(,c<A02@/0CY&02i;>(w/32@.1"%-'&0=
2@;R(X&3ATCYDE$'=f8'$m57CY;>C>=<$�v^$'-mAT=@;�2Q*%2<-'=@5L=@-�Agd

e](X-'&�;R(
&3=@c<"%-'8'=p2<AT(,.1=,H,.U/02@&3=@-�AT2<=w8'(,-'& c<=JcryW(,.'CZAT/0=XH,;Y=i57CY;>CY=@$K2@;R(X&3AT";&B.';>(,&3A0C>DE$'=o=<&3A�&3"%$'5LC>&
vm$U- AT(,$�P?8'= c<C>&T(XC>;>;Y=@5L=@-�AwF%;>"%V'(,;IdS��(m.'(,/3A0C>=���d 2 8'2@c</0CYAf;>(s/02<.S"%-U&0= 2@;>(,&3A0C>DE$'=^8'= ;INO=@-U&0=@5uV';>=
8'$)5LC>;YC>=<$sv^$'-McryW(,5L.M8U=[8'2<_�"%/35`(aATC>",-�.';R(,&lATCYD9$U=]=<Aw(,$�_�"%/ �g(,F%=[F,;>"%VW(X;Id � $UC>&@HU8W(,-'&p;R(\.'(,/3A0C>=��d N9HW;>=@&JcryU"%CZPm.1"%&3&0C>VU;>=@&J.1"%$'/J;>(^8Ut9-W(,5LC>DE$'=[;>"9cg(X;>=]8'=f;>(\.';R(,&lATCYc@CYA02]&0",-EA#8'CY&0c<$UAT2<&@d

��-U�W-�H1;hN�2<c@"%$U;>=@5L=@-�A#8W(,-U&w;Y=K5LC>;YC>=<$s=@&lA
8'2<c@/3CYA#.W(,/#;>=[c<"%$'.';>(,F%=f=@-�AT/3=
(i)

;R(^/32@.1"%-'&0=�2@;>(,&'&
ATC>DE$'=#8'$757CY;>C>=<$^(,$LAr(,$�PL8U=wc<C>&T(XC>;>;Y=@5L=@-�A F,;>"%VW(X;'=<AovK;>(K.U;R(,&lATC>c<CYA02i=<A

(ii)
;R([8Ut9-W(,5LC>DE$'=#;>"9cg(X;>=

8'= ;R(`.';>(,&3A0C>c<CYAT2Xd } -?.'/3"%.S",&0= (,;Y"%/0&]8'(,-'&[;R(s.'(,/3A0C>= ��dTSs$'-?&0cryU2@57(M8'=^/32@&3"%;>$UA0C>"%-G-E$'5L2@/3C>DE$'=
8'=fc@=<A3AT=K8Ut9-W(,5LC>DE$'=[c<"%57.U;>=QP�=fDE$'C�&0=</T( =QP�.';Y"%CYA02[8W(,-'&p;>=[cry'(,.'CYA0/0=[&3$'CY*X(,-�Agd

J1�@K L ��� ���/0 M ��&7'-�
*7N�8,��&7'-�
��.109� 89� ��*G�OM 8,&G�"� � �2�5'
&G��� ���$P �/+=�

} - 8'2<c@/3CYAs$U-q57CY;>C>=<$�2@;R(X&3AT";&B.';>(,&3A0C>DE$'=m�W-'C#8W(,-'&s;>(4F%2<"%5L2<AT/3C>=M&0$'CZ*X(,-�AT= E�;>=)57CY;>C>=<$�=@&3A
.S2</0C>"98'CYD9$U=78W(X-'&�;>()8'CY/0=<c<ATCY"%-

x
H�8U=`.12@/0CY"�8U=

L
=QA\8'=LAr(,CY;>;>=

H
8W(,-U&u;R(m8'CY/0=@cQATCY"%-

z
H�c<"%5L57=

/0=@.U/02@&3=@-�AT2K�WF%$'/3= ��d�2,d

x

z

U

−U

L

H

��� UKz���� ��d 2 6 ��=757CY;>CY=@$G=@&lA^.12@/0CY"�8UC>DE$'= 8W(,-'&u;R(m8'C>/3=@c<A0C>"%- x
=<A�_�"%/0c<2`.W(,/K;>=7c@CY&T(,CY;>;>=<57=<-�A

Γ̇ = 2U
H
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��=@& *X(,/3CR(,V';Y=@&�;>"9cg(,;Y=@&�8U$L5L"98':@;Y=i&0"%-�A�;Y=oAr(,$9P^8'=Jc<C>&T(XC>;>;Y=@5L=@-�A
ε̇(x, z, t)

=<A�;>(
c@",-�AT/T(XC>-�AT=J8'=
c<C>&T(XC>;>;Y=@5L=@-�A�-'",A02@=

σ(x, z, t)
dW��=[&3t9&lAT:@5L=[=@&lAp.'C>;Y",AT2#.W(,/o;>=
c<C>&0(,C>;Y;>=@5L=@-�A~F%;>",VW(,;

Γ̇
dU��=[57"98'$';Y=

2<;R(,&lATC>DE$'=f8'$b57CY;>C>=<$�=@&lA]-'",A02
µ
H1;>( AT(,C>;Y;>=[8'=�;INO2<*,2@-'=<57=<-EA
.';R(X&3ATCYDE$'=

a
d1��=Kc@"%5L.S",/3AT=<57=<-�A
8'$

5LC>;YC>=@$L=@&lAp8'2@c</0CZAJ.W(,/i;Y=]5L"�8':<;>=w2@;R(X&3AT";&B.';>(,&3A0C>DE$'=
.U/02@&3=@-�AT2K(,$mcryW(X.'CYA0/0=].'/32@c<2@8'=<-EA 0 HU8'"%-�AJ"%-/0(,.'.1=@;>;Y=];>=<&J/02<&0$';ZAr(XA0&#$�ATC>;Y=@&i.1"%$'/p;>(\&0$'CZAT=,d
��=^cryW(,5L.?8'=^c@"%-�A0/T(,CY-EA0=^8'=^c@CY&T(,CY;>;Y=@5L=@-�A

σ(x, z)
CY-'8'$'CZA[.W(,/
$'-'= 8'2<_�",/057(XATCY"%- .';>(,&3A0C>DE$'=

εpl
=@&3A#8'",-'-'2f.W(,/ E

σ(x, z) = 2µ

∫

dx′dz′GH(x− x′, z, z′)εpl(x′, z′) / ��d 2�3
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AT=@;�DE$�NOC>;�(m2<A0278'2Q�W-'C~(,$ cryW(,.'CZAT/0= .'/32@c<2@8'=<-EA\c@"%-�ATCY=@-�AK=@-�ATCY:@/3=@5L=@-�Au;hN�=DC�=QAK8�N�$U-|2<*,26&

-'=<57=<-�A\.';>(,&3A0C>DE$'=,H�cXN�=<&3A &Bv;&B8UC>/0=L;R(M&0"%5L5L=78'=7;R(M.S=</3AT$U/0VW(XA0C>"%-42@;>(,&3A0C>DE$'=L8'$'=sv);INO2<*%2<-'=@5L=@-�A
.';>(,&3A0C>DE$'=�=<A�8'=i;R(#/0=<;R(aPU(XA0C>"%-K.';R(X&3ATCYDE$'=o;Y"�c@(,;>=Xd } -u-'=i/T(X.'.S=<;>;Y=�.'(,& C>c<CE;INO=QP�.'/0=<&0&3C>"%- (,-'(,;YtEATCYDE$'=
8'=

GH
DE$'C�=@&lAw8U2@8'$'CZAT=f8'=f;INO=QP�.'/3=@&3&0C>",- 0 d 0 d��(^-W(XAT$U/0=f2@;>(,&3A0" &B.';>(,&3A0C>DE$'=]8U$)5LC>;YC>=@$s(,C>-'&3C�5L"�8'2<;>CY&02]CY57.';YC>DE$'=wD9$U= E

(i)
;R(\.1=@/lAT$'/3VW(XA0C>"%-

8'$LcryW(,5L.L8'=pc@"%-�AT/0(,C>-�A0=#8U$'=
v
n
2<*,2@-'=<57=<-EA0&o.';>(,&3A0C>DE$'=<&�=<&3A~;R(]&3"%575L=J8'=<&~.1=@/lAT$'/3VW(XATCY"%-'&�8'$

cryW(X57.f8'=�c@",-EA0/T(,CY-�AT=�8'$'=<&�vJcryW(Xc@$'-�8'=@&
n
2<*,2@-'=<57=<-EA0&�.';>(,&3A0C>DE$'=<&@H

(ii)
;Y= Ar(,$9Pf8'=�c@CY&T(,CY;>;>=<57=<-�A

CY57.1"%&02
.W(,/J;>=<&p.W(,/0",C>&i=<&3AwC>5L.S"%&32]8'=[_x( �<"%-my'"%5L"%F%:@-U=K8'(,-'&p;>=[5LC>;YC>=@$�d
e](,-U&
c@=QA0A0=u.'/3=@5LC>:@/3=u(X.'.'/0"9cry'=XHS;Y=@&pAT=@/357=<&w8U=uc@",-E*,=@cQATC>",- &0"%-�A
-'2@F%;YC>F%2<&@d1no=QA0AT=u(,.'.'/3"gPUC &

57(XATCY"%-s&3=@/T( 8'CY&0c@$�AT2f8W(,-'&p;>( c<"%-'c<;>$'&3C>"%- (Ud��\8'$)cry'(,.'CYA0/0=[&3$'CY*X(,-�Agd
no=@&[8UCY*%=</0&3=@&f/0=<5`(,/3DE$'=@&[-'",$'&[.S=</05L=<A3AT=@-�A[8�N�2<c@/0CY/0=^;hN�2Q*%"%;Y$UATCY"%-b8'=^;>(`c@",-EA0/T(,CY-�AT=,HS=@;Y;>=u=<&3A

;>(\/02@.1"%-'&3=f2@;R(X&3ATCYDE$'=K(,$�_�"%/ �@(,F%=[F%;Y"%VW(,;
Γ̇
=<Aw(,$mc@CY&T(,CY;>;Y=@5L=@-�Ai.';>(,&3A0C>DE$'=$E

∂tσ(x, z, t) = µΓ̇ + µ

∫

dx′dz′GH(x− x′, z, z′)ε̇pl(x′, z′, t) / ��dON.3

� ",$'/�c@"%5L.';>2QAT=</ ;>=J5L"�8U:@;>=XH,CY;'/0=<&3AT=#v[&0.12@c<CY�W=</�;R(]8Ut9-W(,5LC>DE$'=J8U=#;>(]8'2<_�",/057(XATCY"%-^.';R(X&3ATCYDE$'=
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J ��� ��� +,& P ��.	0�� ��*1�;&G� � �
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_x( �<"%-G-'"%-G;YC>-'2@(,C>/3=,H�c@",575L=u;Y=\8'"%-'-U= � /3C>-'c<=@- 8 2��;:�8W(,-'&[&0(s8'=@&3c@/0CY.UATCY"%-G8'=<&[2<*%2<-'=@5L=@-�A0&

T1&3=L.U/0"98'$'C>&0(,-�Af8W(,-'&f;Y=@&[5L"%$'&0&3=@&<d
�B;�=QP�C>&lAT=L8'"%-'c^V1=g(,$Uc@"%$'. 8'= .1"%&0&3C>V'CY;>CYA02@&]8U=L5L"98'2@;YC>&0=</
;Y=@&
/32g(,/3/T(,-'F,=@5L=@-�AT&�.';>(,&3A0C>DE$'=@&�=QA�.1=@$K8'=�F%$'C>8U=@&�F%2@-U2@/0CYDE$'=@&<d �Bc<CIH (g*%=<c~$'-U=~8Ut9-W(X57CYD9$U=~(aATy'=</057(,;>=XH
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σy = 2µεel
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v 8'C>&lATCY-'F%$'=</#8U=@$�PMABt9.S=<&
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F%=@-'/3=]8'=w8'C>&lATC>-Uc<ATCY"%-L8W(,-'&~;R(f;>CYA3AT2</T(XA0$'/0=XH�V'C>=<-sDE$�N�=<;>;Y=wc<"%-'8'$'CY&0=
vu8'=@&~c@"%5L.1"%/3A0=@5L=@-�AT&�c@"%;Y;>=<c6&
ATCY_�&p8'C C�2</0=<-EA0&wc<"%5L57=[-'",$'&w;Y=]*%=</0/0",-'&
8W(X-'&w;Y=[cryW(,.'CZAT/3= (�d�n
NO=@&lA
.1"%$'/3DE$'"%CIHW;>(^-W(XAT$U/0=f8'=Kc@=@&
8'=@$�PmABt9.1=@&#8'=f/0=<;R(aPU(XA0C>"%-�.';>(,&3A0C>DE$'=[=<&3A#8'2<AT(,C>;Y;>2<=]C>c<CId
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ε0 

e](,-U&\c@=7cg(,&<H�;>(M*X(,/0C>(XATCY"%-?8'=`;>()c<"%-�AT/T(XC>-�AT=L;>"9cg(,;Y=,H�8'$U=�v)$'-4AT=@;�2<*,2@-'=<57=<-�A

.';R(X&3ATCYDE$'=[&@NO2@c</0CYA / (+*,=@cK;R(\-'"XAr(XA0C>"%- ��d 2�3 E

δσ(z′) = 2µGH(0, z′, z′)ε0 / ��dTS�3
��(p�WF,$'/0= ��dON / vJF�(X$'cry'=�3�/3=@.'/32@&0=<-�AT=o;>(JD9$'(,-�ATCYA02�8'=�c@"%-�AT/0(,C>-�A0= δσ(z′)
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8'2QAr(,CY;>;>2K=@-?(X-'-'=QP�= ��d N.3 d

(i)
��(`�WF,$'/0=\8U=

F�(,$'cryU=K5L"%-�AT/3=]DE$�NO$'-)2Q*%2<-'=@5L=@-�AwD9$UC�&0=[.'/3"�8'$UCYAp(,$�*,"%C>&3C>-W(,F,=]8�NO$'-'=[.W(,/3"%C�CY-'8'$'CZAi$'-'=
/0=<;R(aPU(XA0C>"%- ;Y"�c@(,;>=�8'=^;R(sc<"%-�AT/0(,C>-�AT=u.';>$'&[CY57.1"%/lAr(,-�AT=�DE$�N�$U-42Q*%2@-U=@5L=@-�AKD9$UC�&0=^.'/3"�8'$UCYA
8W(,-'&J;Y=
*%",;>$'5L=,d

(ii)
;>(��WF%$'/3=[8'=[8'/3"%CYA0=
5L"%-�AT/0=
D9$U=[;R(uDE$W(,-�A0CYAT2[8U=]c@"%-�A0/T(,CY-EA0=[/0=<;R(aP�2@=
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��� UKz���� ��d N 6  >��!7 "$# '���(,/3CR(XA0C>"%-]8U=~c<"%-�AT/T(XC>-�AT= δσ = 2µε0G
H(0, z, z)

Ha(+*,=@c
µ = 1, ε0 = 0.5

d
��=<& .W(,/3"%C>&�&3"%-�A =@-

z = 1, z = 32
dXe
(,-'&�$U-\&0cry'2<5`(w8'=~ABt9.1=

A
HX;>(#/3=@;R( P'(aATC>",-�8'=~c@"%-�A0/T(,CY-EA0=~=<&3A

.';>$'&~C>5L.S",/3Ar(X-EA0=
(X$`*%"%CY&0CY-W(,F%=#8'=@&o.W(,/0",C>&@d  �!B <�#�K 'F4)�<57=wD9$'(,-�ATCYA02
/3=@.'/32@&0=<-�AT2@=K(,$7*%"%CY&0C>-'(,F%=
8�N�$U-'=�.'(,/0"%C�.S"%$U/J8'C�CS2@/3=@-�AT=<&#AT(,C>;Y;>=@&~8'=f&3t9&3A0:@5L=,d
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ε0
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εpl(z′) =
δσ0

2µGH(0, z′, z′)
/ ��d 0 3
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A0/0:@&�8UC�CS2@/0=<-�AT&@H,8W(,-'&�;Y=icg(,&�"!-^c@=@&�.U/0",�W;Y& &0",-EA�yU2<AT2</0"%F,:@-'=<&@dE��=Jcry'"%C P^8�NO$'-^ABt9.S=J8'=J/3=@;>(aPU(XATCY"%-
"%$m8'=f;hN (,$�AT/0=[=<&3A#8'2<.S=<-'8W(,-�Aw8'=@&#.'/0",.'/0CY2<AT2<&J57CYc@/3"%&0c<"%.'C>DE$'=<&J8'$M57CY;>C>=<$s&0",$'&p2@c@",$';>=<57=<-EA@d

e](,-U&^;R( &0$UCYAT=XH�"%- cryU"%C>&3CYA^8'=�8U2<Ar(XC>;>;Y=@/K.';>$U&\.W(,/lATC>c<$';>CY:@/3=@5L=@-�A\;>(b8Ut9-W(,5LC>DE$'=m(,&3&0"9c@CY2@=�v
;>(b/0=<;R(aPU(XA0C>"%-j.U;R(,&lATC>DE$'=`8'=sABt9.S=���d���=�57"98':@;Y=`=<&3A 8'"%-Uc�.'/02<&0=@-�A02M.1"%$'/^c<=<A3AT=�8Ut9-W(,5LC>DE$'=Xd
� "%-'c<A0$'=@;Y;>=<57=<-EA@H'(X�'-M8U=]c@"%5L.W(,/3=@/ic<=@&p8'=<$�P�ABt9.S=<&J8'=[.';>(,&3A0C>c@CZAT2XH�"%-�2QAT$'8UC>=@/0(^(,$'&3&0C�;R(�8Ut9-W(;&
5LC>DE$'=L(,&3&0"9c@C>2<=`vM;R(m/0=<;R(aPU(XA0C>"%-?.';>(,&3A0C>DE$'=L8'=LABt9.1=��
d���=@&�2@DE$W(XA0C>"%-U&�8�NO2<*,"%;>$�ATC>",-|.1"%$'/f$'-'=
8Ut9-W(X57CYD9$U=`8'=sABt9.1=��
H�&3"%-�AL(,;>",/0&K"%VUAT=<-E$'=@&Lvb.W(X/3ATCY/u8'=<&^2@DE$W(XA0C>"%-U&\8�NO2<*%",;>$UA0C>"%-j.1"%$'/�$'-'=
8Ut9-W(X57CYD9$U=[8'=[ABt�.1=��uH'=<-)/3=@5L.';R( �@(,-�A

GH(x− x′, z, z′)
.W(,/ GH(x−x′,z,z′)

GH(0,z′,z′)

d

� -/. -/. �	� ����
��� � 
���� � ����


} -4CY-�AT/0"98'$'CZAf;R(�-'"%- ;>CY-'2g(X/0CYA02\8'$ c@"%5L.1"%/3A0=@5L=@-�AK57CYc@/0",&0c@",.'C>DE$'=^F%/��,c@=Lvm$'-'=L;>"%C�;>"9cg(,;Y=
(g*%=<cb$'- &0=<$'C>;p=QP�.';YC>c<CYAT=�8U=)c<"%-�AT/T(XC>-�AT=M-'",A02

σy

d���NO2<*,"%;>$�ATC>",-	8U=b;R(Gc<"%-�AT/T(XC>-�AT=M;>"9cg(,;Y=,H 8'(,-'&
$'-U=M/3=@.'/32@&3=@-�Ar(XA0C>"%- C>-'&3.'C>/32@=�8'=<&7/32g(,/3/T(,-UF%=@5L=@-�AT&

T1
AT=<;>& DE$'= � /3C>-'c<=@- 8 2���:p;>=@& 8'2<c@/3CYAgH�=@&3A

&3cry'2@57(XATCY&02<=\&0$'/
;>=uF,/T(,.'yU= ��dTS�E�;Y=u5LC>;>CY=@$m&0=^8U2<_�"%/357=�2@;R(X&3ATCYDE$'=@5L=@-�A�73$U&0DE$�N�vmc<=\DE$'=,H�=@-G$'-
.1"%C>-�A�8U$�&lt�&lAT:<57=XHa;Y=�&0=<$'C>;%8U=�c<"%-�AT/0(,C>-�AT=�5LC>c</0"%&3c@"%.UC>DE$'=�&0",CYA�_�/T(X-'cry'CIdg��=�5LC>;YC>=<$]=@&lA�;Y"�c@(,;>=<57=<-�A
5L2<AT(,&3AT(,V';>=Xd �B;�&3=K.U/0"98'$'CYAp$U-)2Q*%2@-U=@5L=@-�A
.U;R(,&lATC>DE$'=[DE$'C�/3=@;R( PU=[;>(\c@"%-�A0/T(,CY-EA0=f;>"9cg(,;Y=,d

σ

σy

deformation

 µ

��� Ufz � � ��dTS 6 �#=<.'/02<&0=<-EAT(XATCY"%-j&3cry'2@57(XATCYDE$'=`8'=L;INO2<*,"%;>$�ATC>",-48'=7;R(mc@"%-�A0/T(,CY-EA0=7;Y"�c@(,;>=^=<-j$'-
.1"%C>-�A�8U"%-'-'2J8'$ 5LC>;YC>=@$�2@;>(,&3A0" &B.';>(,&3A0C>DE$'=Xd,��([8'2<_�",/057(XATCY"%-u=<&3A�2@;>(,&3A0C>DE$'=
73$'&3DE$�N vK(XA3AT=@CY-'8'/3=i$'-'=
c<"%-�AT/T(XC>-�AT=p&0=<$'C>;

σy

d � $'C>&�$'-b{<2<*,2@-'=<57=<-�Ai.';>(,&3A0C>DE$'=�{J&@NO=@-Uc@;>=<-'cry'=XHU=<A�.1=@/357=QA~;>([/0=@;>(aPU(XATCY"%- 8'=
;>(\c@"%-�AT/0(,C>-�A0=K;Y"�c@(,;>=Xd
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 	�� � ����� ��� � � �1� ��� ���M� �G��	�� � ��
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���� ��� � �M� �G��	�� � �I�

no=7&0cry'2<5`( 5L"%-�AT/3=`DE$�NOC>;�=QP�C>&lAT=s(X$j57",C>-'&K8'=@$9Pj2QAr(XA0&u.1"%&0&3C>V';Y=@&\v);R()5L�@5L=Lc@"%-�AT/0(,C>-�A0=,H
"%-q-'= .1=@$UA`8'"%-'cb8'2@c</0C>/3= c@=QA0A0= 8Ut9-W(,5LC>DE$'=b(+*,=@cG.1"%$'/7&0=@$U;>&s.W(X/T(,5L:<A0/0=@&7;R( c@"%-�AT/0(,C>-�A0= =<A
;R(48U2<_�"%/35`(XA0C>"%-	;>"9cg(X;>=,d�!#"%$'&�(g*,"%-'&`_x(,CZA`;Y=)cryU"%CZP 8�NOC>-�AT/3"�8U$'C>/3=)$'-U=)*X(,/0C>(,V';Y=

n(x′, z′)
H�$'-'=

{Q_�"%-'cQATC>",-M8U=K.UyW(,&0=%{[A0=@;Y;>=]DE$'= E

n(x′, z′) = 1
&0C�;Y=]c@"%5L.1"%/3A0=@5L=@-�Ap8'=f;INO2@;Y2@5L=@-�A#v^;R(\.1"%&0CZATC>",-

x′, z′
=@&lAw.U;R(,&lATC>DE$'= / =<A#2@;>(,&3A0C>DE$'=	3QH

n(x′, z′) = 0
&3C�;>=[c<"%57.1"%/lAT=@5L=@-�Ap8'=f;hN�2<;>2@5L=@-�Apv ;R(\.1"%&3CYATCY"%-

x′, z′
=<&3A#.'$'/3=@5L=@-�A#2@;R(X&3ATCYDE$'=,d

��(^8Ut9-W(,5LC>DE$'=[=<&3Aw8'2@c</0CYA0=[.W(,/p;R(\c<"%-�AT/0(,C>-�AT=f&3=@$'CY;
σy

=<AJA0/0"%CY&iAT=@5L.'&pcg(X/T(,cQAT2@/3C>&lATC>DE$'=<& E
&7;>=]A0=@5L.'&p-'2@c<=@&0&0(,C>/3=u(X$MV'(,&0c<$';>=<57=<-EA#=<-).'y'(,&0=K.';R(X&3ATCYDE$'=

τplast

(X$M8U=@;Rv^8'=
σy

H
&7;>=bA0=@5L.'&sc@(,/T(,cQAT2</0C>&lATCYD9$U= 8'=G/0=<;R(aPU(XA0C>"%- 572<cg(,-UC>DE$'= 8'=G;>(|c@",-EA0/T(,CY-�AT= 8W(X-'&�;R(|.UyW(,&0=
.';R(X&3ATCYDE$'=

τ
H

&7=<A#;>=]A0=@5L.'&JABt9.'C>DE$'=f8'=f/0=QAT"%$U/wv^;>(\.'yW(,&3=�2<;R(,&lATC>DE$'=
τelast

d
��(?8'2<.S=<-'8W(,-'c<=)=<- c<"%-�AT/0(,C>-�AT=m8'=mc<=@&^AT/3"%C>&\A0=@5L.'& .S=<$UAL�<AT/3=m.';>$'&^",$ 5L"%C>-U&\&0"%.Uy'C>&lATC>DE$'2<=,d
��NO2<*,"%;>$�ATC>",-M8U=

n
=<&3A#8'"%-'-U2@=K.W(,/J;>=[&3cry'2@57( &0$'CZ*,(X-EA E

10

1

plast

elast

n : 

τ

τ
1

��=p&T(,$�A~8U=#;>([.'yW(,&3=w2<;R(,&lATC>DE$'=pvf;R([.'y'(,&0=#.';R(X&3ATCYDE$'=J&0=p_x(,CYA�(+*,=@c#$'-7AT(,$�P
τ−1
plast

DE$'C�8'2@.1=@-U8
8'= ;R(sc@",-EA0/T(,CY-�AT=,d���=^&0(,$UAK8'=^;>(s.'yW(,&3=L.U;R(,&lATC>DE$'= v�;>(`.'yW(,&3= 2@;R(X&3ATCYDE$'=^&0=^_x(,CZAf(g*%=@c $'-?Ar(X$�P

τ−1
elast

d
��(78U=@&0c</0CY.UATCY"%-)8U=u;INO2<*,"%;>$�ATC>",-)8'=

n
c<"%5L.';>:QAT=f-'",A0/0=u5L"98':@;Y=,HWDE$'=u-U"%$'&
/32@&3$'57",-'&wCYc@C+E �1�
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 	�� � ��
�� 
 	1��	1��� ���1� �G� � � �M� �G� 	 � � �:�5�=� 
 	 ��� �
� ��� �  
 � ��	1� ��	1� �M��
���� �7�=� � !�� �
Γ̇
���G� 
����.�;	M�	�9��� �)�M������� � ����	 ��� ���	�
	 � ��� �	�I� E







































ε̇pl(x′, z′, t) = 1
2µτ

n(x′, z′, t)σ(x′, y′, t)

∂tσ(x, z, t) = µΓ̇ + 2µ
∫∫

dx′dz′GH(x− x′, z, z′)ε̇pl(x′, z′, t)

n(x, z, t) : 0 � 1

/ ��d��.3

".-k;>(?8U=@/0-UC>:@/3=);YC>F%-U=�/T(,.'.1=@;Y;>=�;>(?8�t�-'(,57CYDE$'=m8'=);>(?*X(,/3CR(,VU;>=s8'CY&0c</0:<A0=
n(x, z, t)

8U2<*%=<;>"%.U.S2<=
.'/02<c@2@8U=@5L57=<-EA@d

� "%$'/[/02<&0"%$U8'/0= c@=^&lt9&3AT:<57=XH�"%-?c@"%-U&0C>8U:@/0=^DE$'= ;>(sc@"%-�AT/0(,C>-�A0=\&0=<$'C>; =<&3AKy'"%5L"%F%:<-'=\8W(X-'&[;>=
57CY;>C>=<$s=<A#"%-m.'/3"%.1"%&0=f8'=<&w= PU.U/0=@&3&0CY"%-'&pAT/0:<&p&0C>5L.';Y=@&i8'=<&#A0=@5L.'&

τplast

HW=<A
τelast

E

τelast(σ) = τelast,
DE$'=@;Y;>=[DE$'=f&0",CYAp;R(\c<"%-�AT/0(,C>-�AT=f;Y"�c@(,;>=

σ / ��d)(�3

τplast(σ) =

{

τplast

&0C
σ > σy

∞ &0CY-'"%- / ��d�*.3
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�oCY=@- & Q'/<H�;>=J-'",5\V'/0=J8U=#.'(,/T(,5L:<A0/0=<&�.S=<$UA��<AT/3=p;>C>5LCYA02~=<-7.U/0=@-'(,-�A~&3C>5L.';>=<57=<-�A
τ = τplast =

τelast

d
��(^8Ut9-W(,5LC>DE$'=fDE$'=f-'"%$'&J*%=<-'"%-'&#8'=f8'2<c@/0CY/0=fC>-U&0.'CY/0=[.';Y$'&0CY=@$'/3&J/0=@57(,/3D9$U=@&@d

• ��=b5L"98':@;Y=)8'= � /3C>-'c<=@-q8'2<c@/3CYAs&3$'/s;>( �WF%$U/0= �9dOSUH~(,.'.'(,/T( ,YA`c<"%5L57=M$'-qcg(X&s;>CY57CZAT=�8'=
c<=<A0A0=^8Ut9-W(,5LC>DE$'=�.S"%$U/

τ γ̇ � 1
H1.S"%$U/];>=<D9$U=@; ;>(`c@"%-�A0/T(,CY-EA0=\57(aP�C>57(,;>=f=@&lA]AT/3:@&[.'/3"�cryU=^8'=\;R(

c<"%-�AT/T(XC>-�AT=[&3=@$'CY;Id

• no=@.1=@-'8W(X-EA@H�c<=�&3cry'2@57(`2<AT(,CYAJA0/0"%.)&0CY57.';Y=[.S",$'/w8U2@c@/3C>/3=�;>( /32@.1"%-'&3=\v 8'=@&#_�"%/3A0&#AT(,$�PM8'=c<C>&T(XC>;>;Y=@5L=@-�Agd%e](,-'&i;>(�8Ut9-W(X57CYD9$U=
DE$'=]-'",$'&o.'/3"%.1"%&0"%-U&@HU;Y=#A0=@5L.'&i-'2<c@=<&0&T(XC>/0=](,$sVW(,&3c@$';Y=@5L=@-�A
=<-k.'yW(X&0=M.';R(,&lATCYD9$U=,H

τplast

H�.1=@$UA7�<A0/0=m*�$ c@"%5L5L=M;>(G8'$'/02<=b8�NO$'- 2<Ar(aA75L2<AT(,&3AT(,V';Y=,H�=@-�A0/0=b;Y=
5L"%5L=@-�A]".-G;>(sc@"%-�A0/T(,CY-EA0=\;>"9cg(X;�_�/0(,-'cry'CZA

σy

=QAf;>=\8'2<c@;Y=@-'cry'=<57=<-�A�8U=^;INO2<*%2<-'=@5L=@-�Af2<;R(,&lATC>DE$'=XH
;>(bc@"%-�A0/T(,CY-EA0=s;>"9cg(X;>=s(X$'F%5L=@-�AT= / ;>C>-U2g(,CY/0=@5L=@-�Au(g*%=@cm;Y=`Ar(,$9Pj8'=�c<C>&0(,C>;Y;>=@5L=@-�A 3K(,$ 8U=@;Rv 8U=�;R(
c<"%-�AT/T(XC>-�AT=[&3=@$'CY;Id

• no=<A0A0=u8Ut9-W(X57CYD9$U=KCY-�AT/0"98'$'CZAJAT/3"%C>&JAT=<57.U& E τplast

HW;R( 8'$'/32@=K8'=K;R( .'yW(,&3=�2<;R(,&lATC>DE$'=f5L2<AT(;&
&lAr(,V';Y=,H

τelast

HU;R(u8'$U/02@=[8U=[;R(u.'y'(,&0=[.';>(,&3A0C>DE$'=XHU=<A
τ
;>=
A0=@5L.'&icg(X/T(,cQAT2@/3C>&lATC>DE$'=
8'=[;R(u/3=@;>(aPU(XATCY"%-

8'=`c@"%-�AT/0(,C>-�A0=,d !#"%$'&^(g*,"%-'&^8W(,-U&^$'-'=s.'/3=@5LC>:</0=s(X-W(,;Yt9&3=,H���PU2�;>()*X(,;>=<$'/u8U=sc@=<&\AT/0",C>&�A0=@5L.'&
=QA /02@&3"%;>$ (,CY-'&0Ci;Y=�&3t9&3A0:@5L=m8'2<A0=@/05LC>-UC>&3A0= ��d���d�e](,-U&7c<=Mc@(,&@H�;Y=�&3t9&3A0:@5L=)=<&3AL.'CY2@F%2�8W(X-'& 8'=@&
&3"%;>$UA0C>"%-U&w.12@/3C>"98'C>DE$'=<&w8'2QAT=</05LC>-'2<=@&
.'(,/
;Y=@&
c<"%-'8'CZATCY"%-'&#C>-'CZATCR(X;>=@&<dWe](,-U&];R(L&0$'CZAT=,H1=<A
c@"%5L5L=�CY;
&3=@/T(s8U2<Ar(XC>;>;Y2f8W(,-'&];>(`8'=<&0c@/3C>.UA0C>"%-b8'$G&0cry'2<5`(s-E$'5L2@/3C>DE$'= / .W(,/lATC>= ��dTS�3QH1-'"%$'&](+*,"%-'&[cry'",C>&0C�8'=�UP�=</J;>=@&J8U$'/02<=@&#8'=[;R(\.'y'(,&0=f5L2<Ar(X&3Ar(XV';>=w=<A#8'=[;R(\.UyW(,&0=f.';>(,&3A0C>DE$'=]8U=[5`(,-UC>:@/3=]&3A0"�cry'(,&3A0C>DE$'=�E
τ−1
plast

=<A
τ−1
elast

&0"%-�A~8'=@&�Ar(,$9PL8'=w.'(,&0&0(,F%=
=<-`.'y'(,&0=#8'=#;R(f.'yW(,&3=w2<;R(,&lATC>DE$'=#vK;R([.'yW(,&3=
.';>(,&3A0C>DE$'=XH
=QAf8'=^.'yW(,&3= .';R(,&lATCYD9$U= vm;>(`.'yW(X&0= 2@;>(,&3A0C>DE$'=,d���=^8U2@&0",/08'/3=`(,CY-'&0C�C>-�AT/3"�8U$'CYA
&0$ � A�v�&0"%/lATC>/
8'=@&
&3"%;>$UA0C>"%-U&i.S2</0CY"�8'CYDE$'=@&<d

• ��-U�'-�HE"%-`.1=@$UAo/0=<5`(,/3DE$'=@/~vKc<=
&lAr(,8'=#DE$'=
;Y=@&�2@DE$W(XA0C>"%-U&~8'$7&3t9&3A0:@5L= ��d��K.U/02@&3=@-�AT=<-�AJ8'=@&&3C>5LC>;>CZAT$'8U=@&~(+*,=@cK;>=[&lt�&lAT:<57=K8�NO2@DE$W(XA0C>"%-'& N�dON\.'/0",.S"%&32f8W(,-'&p;>=[cry'(,.'CYA0/0= N\=<A#/T(X.'.S=<;>;Y2]C>c<C5E






∂tσ(t) = −a(z, t)σ(t) + Goγ̇(z, t)

∂ta(z, t) = −f(a(z, t)) + g(a(z, t), σ(t), γ̇(z, t)) + D∂zza(z, t)
/ ��d���3

} -k.1"%$'/3/T(,CZA =@- .'(,/3A0C>c@$U;>C>=</^c@"%5L.W(,/3=@/ c@=)&3t9&3A0:@5L= 8�NO2@DE$W(XA0C>"%-U&`v $'-k&lt�&lAT:<57= 8�N�2<D9$'(XATCY"%-'&
8'=^ABt9.1= ��d���H�=<-|CY-EA0/0"98'$'CY&T(,-�Af$'-'= .'y'(,&0=L.';R(X&3ATCYDE$'=

n
c<"%-�ATCY-9$U=,H�=<A�(,&3&0"9c@CY=@/f;R( �W$'CY8'CYA02

a
H�=<A

;>(m.UyW(,&0=7.';R(X&3ATCYDE$'=,d�e](X-'&uc<=7c@(,&�$U-'=78UC�CS2@/0=<-'c@=7=@&3&0=@-�A0C>=@;Y;>= =@-�A0/0=`;Y=@&K8'=@$9P &3t9&3A0:@5L=@&\/32@&0CY8'=
8W(X-'&\;>= AT=</05L=s-'"%-|;>"9cg(,;hd�e](,-'&\;Y=`&lt�&lAT:<57=�8�NO2@DE$W(aATC>",-'& ��d���H�;>=7A0=@/357=7-'"%-j;Y"�c@(,;�.S"%/lAT=s&3$'/
;>(Lc<"%-�AT/T(XC>-�AT=K=<Aw=@&lA]8'=�;>"%-'F,$'=f.S"%/lAT2<=,H18W(,-'&#;>=K&3t9&3A0:@5L= ��d��7;Y=KA0=@/357=f-'"%-b;>"9cg(,;�.1"%/3A0=�&3$'/#;R(
�W$UC>8'CZAT2[=<A#CY;�=@&lA
8'C C�$U&0CY_�dWno=@&
&3C>5LC>;YCYAT$U8'=@&~=<A#8'C�CS2@/3=@-'c<=@&w&0=@/3"%-�A
8UC>&0c<$UAT2<=@&#8W(,-'&#;R(^c<"%-'c@;Y$'&0CY"%-
(,$mcryW(X.'CYA0/0= *�d

J ��� � M;�OM;� *76 M/+ M � �OM/'�'
8,& �
�5&G� �/'  9� M/'-*(��0 �
��*(+ +	0 P M;� �5.10��

B < 7IB � 7 <�#��
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F-E3�3�-`*X((=D-<$25\(
-.)'&0$21?3<-�9.3�9K((K21D@A-B)U&�1D7()2)29B-T0'((5r=R(I+.7 );3<5T(*1D);3<-�@A7�x(-B)2)R- / K2-�=R(Iz!P%$R5�-�(R`TS�3E`


F-.3:3<-Tz!P%$R5�-�@J-E3a-B)M9<*$1DKR-B)2+.-�3�5�7 1Y&r5�9BP(1D@A-@& E
i)
$2)J5:9BP 14@J- � }27 @A7 P L.)2- � 0U7%$25 =D-.CE$2-B=2+.-.3:3<-p*,(*=D-@$R5 -@&Z3,14)2K29.0\-.)2KW(();3<-^K2-

Γ̇
0U7%$25

Γ̇ . 0.5
6

ii)
$2)M5�9BP(1D@A-[&T(*30$25�9�0U7%$25r=D-.CE$2-B=�$2)M02=>(*3<-@(,$b-@&:3w(*3:3<-.1D);3u6!w�0U-.3�143a+B1Y&T((14=D=4-B@A-B);3T&.6

iii)
$2)M5�9BP(1D@A-T1D);3<-.5�@A9BK21>((1D5:-(`
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F-@&aK2-@$$OcK2-.5�)214-B50&r5:9BP 14@J-<&o&:7 );3aK21 �A+B14=D-<&swSK21 CW9.5�-.)2+B14-B5i&3$25r+B-TP 50((02}2-*6R14=>&i(*020W((50((1>&3&�-B);3r0R=>$'&
+B=R(*1D5�-.@J-.);3r=D7 53&�CE$]XY7 )M@J-<&0$25:-�=4-@&i*X((5:1R(*3�1D7 )'&,3<-B@A0U7 5�-.=D=D-<&sK2-�=R(I+.7 );3<50((1D);3<-*`

��� U �����!(R`�� 6 � �.� ���8�8� � � ��� � �$�������H
�� �M� ��� �=������	 �=��� � � �=����� �:� 
�	�������� 	 ���
��� � �  
>��!7 "$# 'A3<-.@J0U7 5:-B=D=4-bK2-e=R(g+B7 );3<50((1D);3�-v@J7�x(-B)2)2-G&:0W(*3�1R((=4-(6~((K21D@A-B)U&�1D7()2)29B-Q0W((5J=R( +.7 );3<5T(*1D);3<-
@J7�x -.)2)2-T-.)8kl7 )2+E3<1D7()8K2-N=>(�3T((1D=4=D-rK'$s&Zx9&:3<L.@J-T-E3sK'$8+B1>&0((1D=4=D-.@J-.)G3&14@J0U7%&�9 / 5:-B025:9@&:-B);3r(*3�1D7 )8=D7 P
=D7 P 3E6� �!B <�#�K ' � +g(*5:3^3[x
0U-�3�-B@A0\7(5�-B= -<&:3N@u$2=43�1D02=41D9N0W(*5

N0.5 -.3>5�-B0U7 5Z3<9�-B)fkl7 )R+.3<147 )MK'$f3r(X$
O
+B1>&0((1D=4=D-.@J-.)G3 / 5:-B025:9@&�-.);3r(*3�1D7 )M=D7 P�=41D)29@((1D5:-�3"`

|{-cP 50((02}2-hKR-cP�(,$2+~}2-bK2-c=>(Qz!P%$R5�- (R`��f+g((50((+.3�9B5:1>&�-c=4-@& ��� �;	1�I��	 ����� ��� � �$�������1�1� � K2-c=R(
+B7 );3<50((1D);3�-/@A7�x -B)R)29B-w&�0W(*3�1R((=4-B@A-B);3u6;P(5 �(+.-/w�=_XY9B+@((5:3�3[x$0\-a3<-.@J0U7 5:-B=

Et

K29Ez!)21U0W((5&=_XY-EO
025:-@&0&:1D7 )
(R`+�e-.3`((K214@J-.)'&�147 )2)29c0'((5�=R(e+B7 );3�5T((14)G3�-

σ
`&|{-bP 5T((0R}2-QKR-MKR5�7 1?3<-b@J7()G3�5�-bCE$2-M=D-@&�+.7%$25�HU-@&

7 HR3<-.)E$2-@&�0U7%$25SKR1�C\9B5�-.);3<-@&I3T((1D=4=D-<&�KR-s&:x9&:3�LB@A-m((025:L@&I5:-@&�+@((=D14)2P
(×N0.5)

&�-s&3$20U-B5�0U7%&:-B);3 &0$25
$2)2-�+B7%$25:H\-�@7( ,D3�5�-<&0&�-�w�P 50(()2Kb+B1Y&T((14=D=4-B@A-B);3u` �N)QK21Y&:3�1D)2P%$R-]&0$25^+B-�P 50((02}2-TCE$W(i3<5�-�5�9.P 1D@A-@& E

&7$2)y02=R(*3�-g(,$�weP 50(()2K'&�+.1>&T(*1D=D=4-B@A-B);3
Γ̇ > Γ̇c ≈ 0.5

6 CE$]X 7() 14K2-B);3<1?z!-c+B7(@J@A-c=D-h5:9BP 14@J-
� }27 @A7 P L.)2- � 6

&7$2)v02=>(*3<-@(,$QwJ0U-.3<1?3^+B1>&0((1D=4=D-.@J-.)G3
Γ̇ < Γ̇s1(N)

6U@7((1Y&^7()f)2-�0\-<$R3>14K2-B);3�14z!-.5/025:9B+.1>&�9.@J-.);3
=R(fKR9B0U-B)2KW(*)2+B-c-.)

N
K'$ +.1>&T(*1D=D=4-B@A-B);3�+B5:143<14CE$2-

Γ̇s1(N)
` � ) 0W((5Z3<14+@$2=41D-B5�0U7%$25I=4-@&�02=>$'&

P 5T(*)2K'&K&:x9&:3�LB@A-@&B6q1D=�&:-B@IHR=D-�CE$2-
Γ̇s1(N)

&:7 143�14)Rkl9B5:1D-@$R5f(,$ 3T(,$
OV+.1>&T(*1D=D=4-B@A-B);3T@A1D)214@`(*=
CE$2-�)R7%$'&a0\7,$U* 7 )U&^14@J0U7%&:-B5p(g* -.+�$2)R-�0R5�9B+.1>&:1D7 )b)E$2@A9B5�14CE$2-�5T((1Y&�7 )2)'((H2=D-*6

&7$2)�5�9.P 1D@A-hK2-cK29.+B5:7 1>&3&T(()2+.-bK2-@& �W$R+.3T$'(*3<147 )'&I3<-.@J0U7 5:-B=D=4-@&u((K21D@A-B)U&�1D7()2)29B-<&
Γ̇s1(N) <

Γ̇ < Γ̇m ≈ 0.1
6

&7$2)M5�9BP(1D@A-NK2-�+B5:7 1>&3&T(()2+.-�KR-@& �W$2+E3T$W(*3�1D7 )U&a3�-B@A0\7(5�-B=4=D-<&J((K214@J-.)'&�147 )2)29.-@&
0.1 < Γ̇ < Γ̇c
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N=8*8
N=16*16
N=32*32
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��� U�� � � (
`�( 6 � �����!� 	 ��� 
 � � �M�
�G��	���	�� � �j50((+.3�1D7 )e@A7�x -.)2)2-AK2-@&�H2=D7$+@&T-.) 02}'(,&�-A02=R(X&:3<14CE$2-
< [n] >t

-B)bkl7 )2+.3�1D7 )bK'$Q+B1Y&T((14=D=D-.@J-.);3s0U7%$25aK21�C\9B5:-B);3<-<&r3r((14=D=D-<&sK2-K&:x9&:3�LB@A-(`U|{7 50&:CE$2-
Γ̇ < 0.1

6
=>(>kl5T((+E3<1D7()

< [n] >t

-<&:3�$2)2-akl7 )2+E3<1D7()�=D1D)R9g((145�-sK'$�3r(X$
O�K2-a+B1Y&T((14=D=4-B@A-B);3u`*|{-^0R5�9.kx(*+.3<-<$25�+g((=4+@$2=49
0U7%$25

Γ̇→ 0
E
< [n] >t→ 1.47Γ̇

|�( z!P%$R5�- (
`�( @A7 );3<5:-fCE$2- �M� 
 �����!��	 ��� � �%�=� �
� � 
 ��� ! � � � � ��� � � �
� � � �1���G��	�� 	��
< [n] >t

)R-S025:9@&�-.);3<-ICE$2-IKR-@$
OQ5�9.P 1D@A-@&^K2-�+B1>&0((1D=4=D-.@J-.)G3B` � =D=4-�-<&:3>1D)2K29.0\-.)2KW(();3�-SK2-�=R(�3r((14=D=D-
K'$|&:x9&:3�LB@A-(6 -.=D=D-A-@&Z3 $2)2-8kl7()2+.3�1D7 ) =D1D)R9g((145�-�K'$ +B1Y&T((14=D=4-B@A-B);3�3r(();3ICE$2-

Γ̇ < Γ̇c

0U$21>&�=D7 53&�CE$2-
Γ̇ ≈ Γ̇c

-B=D=4-s(*3:3<-.1D);3\$2) 0R=R(*3�-g(,$
0.5

`d+(XY-@&Z3 &[w;&[K2145�-JC9$R-c=R(Q@A7 1?3<1D9AK2-<&IH2=D7$+@&u&�7 );3�02=>(,&:3�1DCE$2-<&B`

F-E3�3<-�CE$W(();3�143<9�)2-f&0(*3T$25:-�0W(,&^w�0\-E3<1430&r+B1Y&T((14=D=D-.@J-.);3T&B`


F-@&�@A-@&3$25�-<&�)R-�0\-.5�@A-.3�3�-B);3�0W(,&TKR-A+.7 @A025�-.)2K25�-�=4-I5�9.P 1D@A-IK2-^&0(*3T$R5T(*3�1D7 )e7 HU&�-B5l* 9�0U7%$25
+.-B5:3T((1D)R-@&AC9$'(();3<143�9@&.`,t
(()'&`$R) 025:-B@A1D-B5�3�-B@A0'&B6�7 ) +B7 )'&:-B5l* -b$R)2- ((0R025�7$+~}2-M@`((+.5�7%&:+B7 0R1DCE$2-
@A7�x -B)R)2-(6r-E3Q7()6(*02025�7*kl7 )2K21?3c=R( K2-<&�+B5:1D0R3�1D7 ) KR-@&m*,(*5�1R(i3<1D7()'&J3�-B@A0\7 5:-B=4=D-@&8K2-V=R( +B7()G3�5T((14);3<-
@A7�x -B)R)2-(`



��� � � � 	 ������� � � 	 � ���;	�� 	 ���

� -/.0-1. ��� � 	�
�� � 
���������� 	 � ����� 	�
 
 � � 
�����
�� ����	
������

�^z!) K2-e+g((50((+.3�9B5:1>&�-.5c=_XY9<*(7 =>$R3�1D7 )y3<-.@J0U7 5�-.=D=4-fK2-e=>( +B7 );3<50((1D);3�-v@J7�x(-B)2)29.-?&�0W(*3�1R((=4-B@A-B);3

[σ](t)
6s7 ) ( KR9.z!)21TKR-@&c+~}E$R3<-<&bK2-e+B7 );3�5T((14)G3�-eK2-v=>( @`(()R1DLB5:-b&3$21Y*X(();3<-�Es7 )q&�-eKR7 )2)2-G$2)R-

K'$25�9.-#((5�H21?3<50((1D5:-B@A-B);3 0U-.3�143<-
δt = 0.01

` � $21>&.6(3<7%$U&&=4-@& δt
6 7 )�5�-.=DLQ* -a=R(
*X((=4-@$25 KR-^=>(N+B7 );3�5T((14)G3�-

@J7�x -.)2)2- / +B7 @A@A-&K'(()'&d=>(az2P%$25�- (R`ON.3�6�-E3 @A-@&0$R5�-F= X (*@J02=41430$2K2- K2-,+~}W((CE$2-s+~}E$R3�-sK2-,+B7 );3<50((1D);3�-(`
�/)2-&+~}E$R3<-,K2-,+.7 );3<50((1D);3<-�&:-&3�-B5�@A1D)R- -B)

t
&�1

[σ](t+δt) > [σ](t)
` �N)u(#((1D)U&�1;@A-@&0$R5�9&=_X�((@J0R=D1430$2K2-

@J7�x -.)2)2-hKR-8+B-<&I+~}E$R3<-<&�K2-8+.7 );3<50((1D);3<-A-.3�* 9.5�14z298CE$2-h=4-@&f*,(*=D-@$R50&S7(HR3<-.)9$R-@&\&:7 );3I5�7(H'$'&:3�-@&�w
$2)2-�K21D@A1D)E$R3�1D7 )JK2-

δt
`

|{-@&a+.7%$25�HU-@&aK'$MP 50((02}2-�(R`�*I5�-B0R5�9@&:-B);3<-.);3 � 
 ��� � ��	�� 	���� � � ������������� � ��� 	
	�� �����
��� ��	�
���	 ��	�� ����	������ � 	 ���
����� 0'((5c=R( +.7 );3<50((1D);3<-e@A7�x -.)2)2-

σ
-B) kl7 )2+.3�1D7 ) KR-e=R( 3r(*1D=D=4-fK'$

&:x9&:3�LB@A-�-E3/KU$M3T(,$
ObK2-�+.1>&T(*1D=D=4-B@A-B);3u`
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��� U ����� (
`+* 6 � � ��� 	�	 	���� � � ������������� � � ��	�	�� ����� ������	�
�� 	 ��	�� / +*X -<&:3 &[w;&[KR1D5�-bK2-Q=R(
+B7 );3<50((1D);3�-�@A7�x -B)R)2-�&:0W(*3�1R((=4-�3i((K214@J-.)'&�147 )2)29.-�0W((5a=R(�+B7 );3�5T((14)G3�-�@J7�x -.)2)2-�-B)Qkl7()2+.3�1D7 )bK2-�=R(
3r((14=D=D-/K'$M&:x9&:3�LB@A-�-E3/KU$Q+.1>&T(*1D=D=4-B@A-B);3u`

�q5�7 1Y&�5�9BP(1D@A-@&[&�7()G3�@A1>&T-B) 9<*$1DKR-B)2+.-80W((5�+.-@&S+.7%$25:H\-<& E
(i)

=4-�5�9.P 1D@A- � &T(*30$25�9 � 6qwckx((1DHR=D-
+B1>&0((1D=4=D-.@J-.)G3B6

Γ̇ < Γ̇s2(N)
6
(ii)

=D-s5:9BP 14@J- � }27 @A7 P L.)2- � 6(w>kl7 5:3 +B1>&0((1D=4=D-.@J-.)G3B6
Γ̇ > Γ̇c

6
(iii)

-.3�$R)
5�9BP(1D@A-&14);3<-B5:@J9.K21R(*1D5�-

Γ̇s2(N) < Γ̇ < Γ̇c

`it](()U&�=4-@&q5�9BP(1D@A-@&
(i)

-E3
(ii)

6�+~}W((CE$2-s+.7%$25:H\-&025�9<&�-.)G3�-
K2-@&I0R=R(*3�-g(,$
O CE$21&K29B0U-B)RK2-B);3�K2-J=R(c3r((14=D=D-�KU$j&:x9&:3�LB@A-(` |�(m*,(*=D-@$R5�K2-J+B-<&IK2-@$$O 02=>(*3<-@(,$
Og-.)
kl7 )2+.3�1D7 )yK2-M=R(v3r(*1D=D=4-8K'$ &:x9&:3�LB@A-f-<&:3J5�-B0R5�9@&:-B);3<9.- &0$R5A=>(Vz2P%$25�- (R`��gwgK25:7 143�-(` 
F-M&�7 );3JK2-@&
=D7 1Y&AKR-Q0'$R1>&0&0(()2+.-(` � 7%$25A+~}W((CE$2-Q3r((14=D=D-8K2-)&Zx9&:3<L.@J-*6,=>(g+.7%$25:H\-MK2-f+~}E$R3�-fK2-M+B7()G3�5T((14);3<-M-@&:3
)27 5�@7((=41>&�9.-�0W((5�=R(s*X((=D-<$25�K'$ 0R=R(*3�-g(,$ wM0U-.3�1430&�+.1>&0((1D=4=D-B@A-B);30&T-.3�5�-B0R5�9@&:-B);3<9.-h-B)gkl7 )2+E3<1D7() K'$
3r(,$
OcK2-T+B1Y&T((14=D=D-.@J-.);3F@\$R=43<1402=D149/0'((5

N / z2P%$25�- (
` ��w�K25�7(143<-	3E` / � 7,$25r=D-]&Zx9&:3<L.@J-
N = 32× 32

6
=R(�+B7%$25:H\-
(�9E3<9>)R7 5�@7((1D=Y&�9.-r0W((5&=R([*,(*=D-@$R5,7 H
3<-B)E$2-/0W((5&-EO$3<50((0U7 =R(*3�1D7 )�K2-/=R(�=D7 1!KR->0'$21Y&0&0(()2+B-	3E`

F-@&h+.7%$25�HU-@&A5�-.0\7(5:3<9.-@&J-B) kl7()2+.3�1D7 )yK'$ 3T(,$
OyK2-M+B1Y&T((14=D=D-.@J-.);3 ∗N &:-)&3$20U-B5�0U7%&:-B);3�&0$R57$2)R-
+B7%$25:H\-�@7( ,D3�5�-<&0&�-�w�0U-.3<1?3T&r+.1>&T(*1D=D=4-B@A-B);3T&.`

� 7%$25�+B-E3�3<-A@A-@&0$R5�-(6{=4-^&�-<$21D= K'$g5�9.P 1D@A- � &0(*3T$25:9 � / )27*3<9�1D+.1
Γ̇s2(N)

3[&:-B@IHR=D- ∝ 1
N

`�
F-E3�3<-
K29B0U-B)2K'(()2+B->-@&:3~&0$R5�025:-B)W(();3�-(6$0\7%$R5,@A1D-<$
O�=R(T+.7 @J0R5�-B)RK25�-^7 )s(�5�-.025�9<&�-.)G3�9N=R(TK'$R5�9B-/@J7�x(-B)2)2-
K]X�$R)2->+~}E$R3�->K2-^+B7 );3�5T((14)G3�-/-E3&=D-a)27 @IHR5�-^@J7�x -.)8K2-^H2=47
+<&&CE$21jK2-Q*$1D-B)R)2-B);3s0R=R(,&Z3<1DCE$2-<&o(X$J+.7%$250&
K]X�$R)2-�+~}E$R3<-�0U7%$25/K2-@$
Of3r((14=D=4-@&aK2-\&Zx�&Z3<L.@J-^&3$25N=D-<&>z!P%$R5�-@& (R` 	
` 
F-<&TK2-@$
OvP 5T(*02}2-@&>@J7 );3�5�-B);3
+B=R(*1D5�-.@J-.);3\$2) 5:9BP 14@J-JK2-�&T(*30$25T(i3<1D7()

Γ̇ < Γ̇s2(N)
`��[=>&I@A7 );3<5:-B);3�CE$2-�&:-@$2=Y&�C9$R-B=DCE$2-<&�H2=D7$+@&

&�7 );3T14)E*(-@&Z3<1>&>KW(()'&]$R)2-S+~}E$R3�-�K2-I+B7()G3�5T((14);3<-�3�-B=4=D-�C9$WX 7 )e= X (AK29.z2)21D-�1D+B1 `U|�(JK'$25�9.-IK2-<&N+~}E$R3<-<&
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K2-^+B7()G3�5T((14);3<-a-@&Z3sK'$A@ �.@J-a7 5:K25�-^CE$2-
τelast = 1

6G=4-a3�-B@A0'&�CE$2->K'$R5�-#$2)89Q* 9B)R-B@A-B);3r02=>(,&:3�1DCE$2-
&:-@$2= `

�>0R5�L@&7(g* 7 145�-EO
02=47 5�9m$2)k(,&�0U-B+E3A3�-B@A0\7(5�-B=r-E3A@J7�x -.)2)29MK2-@&A+~}E$R3<-<&8K2-b+.7 );3<5T(*1D);3<-*6&K'(()'&
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F-@&S+.7%$25:H\-<&�@A7 );3<5:-B);3�3<5�7(1>&�5�9.P 1D@A-@&$E{K2-<&�0R=R(*3�-g(,$
OVwM0U-.3�143T&�+.1>&T(*1D=D=4-B@A-B);3T&>-.3SwMP 50(()2K'&�+.1<&
&T((14=D=D-.@J-.);3T&B6{-E3\$2) 5�9BP(1D@A-A14);3<-B5:@J9.K21R(*1D5�-*` |{-@&S+~}'(()2P -.@J-.)G30&IK2-J5�9BP(1D@A-L&:-8025:7
KU$21>&:-B);3I0U7%$25
=D-@&a@ �B@A-N3r(,$$OcK2-�+B1Y&T((14=D=4-B@A-B);3
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6!1D)2K29.0\-.)2KW((@A@A-B);3aK2-�=R(S3T((1D=4=D->KU$)&Zx�&Z3<L.@J-*`
�^7%$'&w(+*(7 )'&/+~}27 1>&:1�KR-�025:9@&:-B);3<-.5N+B-<&>K2-<$
OQK2-B5:)21DL.5�-@&/CE$W(();3<1?3<9@&^+g(*5B6U+B7 @A@J-T=4-@&^CE$W(();3<1?3<9@&

@`((+.5�7%&:+B7 0R1DCE$2-@&.6!-B=4=D-@&r@A-.3:3<-.)G3^-.)Q9Q*
14K2-B)R+B-�3<5�7(1>&r5�9.P 1D@A-@&.6W(g* -.+�=>(I0W((5:3�1D+<$2=R((5:143�9>CE$2-�=D-N3r(X$
O
K2-�+B1>&0((1D=4=D-.@J-.)G3

Γ̇s(N)
CE$21 @7((5�CE$2-�=R(8z2) K'$g5�9.P 1D@A-�wckx((1DHR=D-�3T(,$
OVKR-A+.1>&0((1D=4=D-B@A-B);3B6\5:9BP 14@J-

&T(*30$25�9vKR9B0U-B)2K K2-f=R( CE$W(*)G3�143�9f7 H'&:-B5l* 9B-*` �N) 5�-E3<5�7,$U* -G(*1D)'&:1/+.-vCE$]X 7()q( 7 H'&:-B5l* 9e0U7%$258=4-@&
P 5T((0R}2-@&
(,$f)21Z* -@(,$v@7((+B5:7%&�+.7 021DCE$2-*6j=D-@&a3r(X$
OMK2-S+.1>&0((1D=4=D-B@A-B);3rKR-�3<50(()'&:143<147 )bK29B0U-B)RK2-B);3TK2-�=R(
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F-E3�3<-,3<-B)RKW(()2+.-s-@&Z3 CE$W(();3<1?z!9B-F0W((5d=>(az2P%$25�-0(R`�2 �
6�7.-I=R(akl5T((+E3<147 )�KR-@& 9Q* 9B)R-B@A-B);3�02=R(X&:3<14CE$2-@&
+B7 )'&:9B+<$R3<1?k�&�CE$21�&:-�025�7$K'$21Y&�-B);3f&3$25�=R(8@ �B@A-�=D14P )2-S7,$ &3$25�=R(8@ �B@A-�+B7(=D7 )2)R-I-@&Z3�5:-B0U7 5:3�9B-�-.)
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(i)
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Γ̇ > 0.5

6
(ii)
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Γ̇ < Γ̇s5(N)
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(iii)
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(iv)
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0U7%&�-.5F@A-.3�3�-B);3&-B)A9<*$1DKR-B)2+.-/3<5:7 1>& 5:9BP 14@J-<&
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OQK2-�+.1>&0((1D=4=D-B@A-B);3 E�$2)v5:9BP 14@J-�w�kx((1DHR=D-@&r3T(,$
OQK2-
+.1>&T(*1D=D=4-B@A-B);3u6+$R)A5:9BP 14@J-,1D);3<-.5�@A9BK21>((1D5:-,-E3�$2)�5�9.P 1D@A-sw>kl7 5Z3T&d3T(,$
OI+B1>&0((1D=4=D-.@J-.)G30&B`�� kx((14H2=D-&3r(,$$O
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$2)2-�+B7()G3�5T((14);3<-f&�-<$21D={@7((+B5:7%&�+.7 0214C9$R-(`j|{-@&
K2-<$
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F-b5�9.P 1D@A-h-@&Z3�7 H'&:-B53*(9fwvkl7 5Z3T&I3T(,$
O�K2-c+.1>&0((1D=4=D-B@A-B);30&B6q+(XY-@&:3'& w;& K21D5:-

Γ̇ > Γ̇c ≈ 0.5
` |{-<&

*X((5:1R(*3�1D7 )'&w&�0W(i3<1R(*=D-@&>-.3T3<-.@J0U7 5:-B=D=4-@&.6\=>(8kl5T((+E3<1D7()eK]X 9Q* 9.)2-B@A-B);3T&�02=>(,&:3�1DCE$2-@&.6]-.3�= X 7(5�P�(()R1>&T(i3<1D7()
&:0W(*3<1>((=D-QK2-<*$14-B)2)2-.);3Q14)2K29.0\-.)2KW(();3<-<&QKU$ +.1>&0((1D=4=D-B@A-B);3B`,|�( @A7 143�1D9MK2-@&bH2=47
+<&s&�7 );3M-B) 02}'(,&�-
02=>(,&:3�1DCE$2-*` / z!P,$25�-�(R`)(�3E`


F-B=>(M*$1D-.);3IK'$ +~}27 1?O K2-J=R(bKRx$)W((@A1DCE$2-A=D7$+g((=4-�K2-8=>(M02=>(,&:3�1D+.143<9�CE$2-J)27%$'&u(+*(7 )'&Skx(*143u` � )
-DCW-E3u6 wfkl7 5Z3T&S3T(,$
O K2-c+B1Y&T((14=D=D-.@J-.);3u6 =R(f+.7 );3<50((1D);3<-cKR-c+~}W((CE$2-bH2=D7$+h-<&:3�3<7,$;7:7%$253&\&0$20U9B5:1D-<$25�-
wc=R(c+.7 );3<5T(*1D);3<-^&:-@$214= @J14+B5�7,&�+B7(021DCE$2-

σy

` ��*(-B+A=D-<&�0'((5T((@AL.3�5�-<&TC9$R-J)27,$'&K(+*(7 )'&�+~}27 1Y&�1>&.6{+B-.=R(
14@J02=41DCE$2-NCE$2-�=D-T3r(X$
OMK2-S0'(,&0&0((P -�K]X�$R)vH2=D7$+�K2-�=R(�02}W(,&:-�9.=R(,&Z3<1DCE$2-�wJ=>(�02}W(,&:-S02=>(,&:3�1DCE$2-(6!-<&:3
14)2K29B0U-B)RKW(();3^K2-�=>(�+B7 );3<50((1D);3�-�KU$QH2=47
+T-E3>-<&:3^9BP%((=�(,$b3r(,$
OMKR-�0'(,&0&0((P -�K2-�0R}W(,&�-�9B=>(,&:3�1DCE$2-�w
=>(I02}W(,&:-�0R=R(,&Z3<1DCE$2-*`�
F-B+.1{-EO
02=D14CE$2-�C9$R-�=>(�@J7 1?3<149>K2-<&^HR=D7$+@&J&�7()G3/-B)M02}W(X&�-�02=R(X&:3<14CE$2-(`

� 0W((5Z3<1D5SK2-b+B-.3:3<-b5�-.@`(*5�CE$2-(6 7()y0R5�7 0U7%&�-m$2)R-m*(-B53&�1D7() @A7�x -B)R)29B-MK2-b=_XY9BCE$W(*3�1D7 )!(R`TSe-B)
&3$2020U7%&T(();3

(i)
CE$2-8=>(Q02}'(,&�-J-.3I=>(M+.7 );3<50((1D);3<-7&�7 );3SK29B+.7 5�5:-B=D=49B-<&SKW(()U&S=_XY-@&:0W((+.-hw)$R) 1D)'&Z3r(();3

K27()2)29(6U-.3
(ii)

C9$R-I=R(A@J7�x -.)2)2-\&:0W(*3�1R((=4-�KR-S=R(A02}W(,&:-
[n](t)

*,(X$R3
1/2

` �N)G(`((=47 50&^=_XY9BCE$W(i3<1D7()
K]XY9<*(7 =>$
3<1D7()M&3$21Y*X(();3�-T0\7%$R5^=>(I+B7 );3�5T((14)G3�-�@J7�x -.)2)2-�E

∂tσ = µΓ̇− σ
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&�+B7(021DCE$2-

Γ̇
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σ
K'$?&:x9&Z3<LB@A-�0U7%$25NK21 CW9.5�-.)G3�-@&N3T((1D=4=D-@&aK2-

&:x9&:3�LB@A-
N = 4 × 3, 8 × 7, 16 × 15, 32 × 31
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&�-@$R1D= @A1D+B5:7%&�+.7 0214C9$R-

σy = 1
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σ̂(m, n) = 2µ[Ĝ∞(m, n)ε̂pl(m, n)

+
1

2
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ε(xi, 0) = ε(xi, H) = 0, ∀ i
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