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u+ v � Î;ê�è_Î;Ë5È1É£ÏzÈ�Í�� ��Æ

º � Ñ �¢��\]ncfNLg`aL�O�Y�L�\MIPQ �w���w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� þUÑ
º � Ñ � Ñ ©ªO�JM\MS�V%T%b�J&LgS;OÅ���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� þUÑ
º � Ñ �ÕÔ ¦�O%QMIP`~[UfNI������
��� ��!#" �w�w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� þUÑ
º � Ñ � ¹ ¥�nPØ%O%LgJMLNS;O¸I�JWl%\MS�l%\MLgnPJ&nPQiV%I

G(Ω)
ö¶b	Y�QibPS;O�JMLNO�T¨÷ ���w�w���w�w�w���w�w���w� þ º

º �õÔ��¢¦�JMT%V%IwV%TG`oS�V%vcfgIeV%I��3I�r;Ic\ �w�w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� þ;Ó
º � ¹ �/�"fN�;S�\ML�J&u%`_IÙ�w�w���w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ó;ù

º � ¹ � Ñ �3S�V%vPfNIKIPO3bPS;O�JMLNO�T �w�w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� ÓUÑ
º � ¹ �ÕÔ ¦*�ULgQ]JMIcO%bPI�I�JWT%O%LgbcLgJMn³�w�w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� ÓUÑ
º � ¹ � ¹ ��Y�\&YmbPJ&nP\MLgQ&YmJMLNS;OtV%TG`oLNO%Lg`oL�QMIPT%\

(û, v̂)
�w�w���w�w���w�w�w���w�w���w�w�w��� Ó Ô

º � ¹ � º ¦�J&T%V%IKV%TGl%\MS;[UfNvc`oIefgLN`_L�JMIyfNS�\MQM��T%I
λ→ 0

�w�w���w�w�w���w�w���w�w�w���w� Ó;¹
º � ¹ � ü h�LNIPOGIPO�J&\]IwfgIel%\MS�[%fNvP`aIyfNLg`oL�JMIyI�JWfNIe`oS�V%vcfgIeV%I��3I�r;Ic\ �w�w�w���w�w���w�w� Ó º

º � º ����S�O%bcfgT%QMLgS;O �w�w���w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ó��
� $ é�é�æ{ÏzÎ;êUÉ£ÏðË5È�è Ð&%
ü � Ñ �¢§iIcQsJ�Y�TU\&YmJMLNS;O¸V®XZLg` Ym�;IcQR§�·%µ �w�w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ó�ý

ü � Ñ � Ñ ©ªO�JM\MS�V%T%b�J&LgS;OÅ���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ó�ý
ü � Ñ �ÕÔ §WnPQMT%f�J�YmJMQiQ]T%\iV%IcQWLg` Ym�;IcQ�Q]r�O�J&u%n�J&Lg��TUIcQa���w�w�w���w�w���w�w�w���w�w���w�w� Ó;Ó
ü � Ñ � ¹ ©ª` Ym�;IcQR\MnPIcfgfNIcQ �w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ó;Ó
ü � Ñ � º ��S;O%bPfNT%Q]LNS;O3�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ñ	ù;¹

ü �õÔ�����S�`al%\]IcQ]QMLNS�O �w���w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ñ	ù��
ü �õÔ�� Ñ ©ªO�JM\MS�V%T%b�J&LgS;OÅ���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ñ	ù��
ü �õÔ��ÕÔ §WnPQMT%f�J�YmJMQiO�T%`onc\MLg��T%IcQiIPJWbPS;`o`aIPO�J&Y�LN\]IcQ �w�w�w���w�w���w�w�w���w�w���w�w� Ñ�Ñkù
ü �õÔ�� ¹ ��Ic\]QMl5Icb�J&L�j;IcQ ���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ñ�Ñ º

' � Ë�Ì�	�æzå
u+ v + w

Æ¨Æ(%� � Ñ ���GLNO%Lg`aL�Q&YmJMLgS�OtV%IKO%S;\]`aIPQiV%T�YmfNIPQ �w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ñ�Ñ£ý� � Ñ � Ñ ×"OGl5IPT3V�XZY�O�Y�f�r�Q]IKbcS;O�j;I���I �w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ñ�Ñ£ý� � Ñ �ÕÔ ��l%lUfNLgb	YmJMLNS�O¸Y�T��t`aS�V%vPfNIPQ
u+ v

�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w� Ñ;Ñkþ� �õÔ��¢×WOGO%S;TUj;IPf�Y�fg�;S;\]L�J&u%`_I
u+ v

���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w� Ñ;ÑkÓ� �õÔ�� Ñ ��\MLNOUbcLNl5I �w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ñ�ÑkÓ� �õÔ��ÕÔ ��O�Ymfgr�QMIK`aYmJ&uUnc`aYmJ&Lg��T%I �w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ñ Ô Ñ� �õÔ�� ¹ §WnPQMT%f�J�YmJMQiO�T%`onc\MLg��T%IcQiIPJWbPS;`o`aIPO�J&Y�LN\]IcQ �w�w�w���w�w���w�w�w���w�w���w�w� Ñ Ô Ñ

�



� � ¹ �¢�3S�V%vcfgI
u+ v + w

�w�w�w���w�w�w���w�w���w�w�w���w�w���w�w���w�w�w���w�w�w���w�w��� Ñ Ô �� � ¹ � Ñ ��\MnPQMIcO�J�Y�J&LNS�O �w���w�w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ Ô �� � ¹ �õÔ �"fN�;S;\]LgJMu%`oI �w���w�w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ Ô þ� � ¹ � ¹ ��\MS;[UfNvP`aIefgLN`oLîJ&I��w�w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñk¹UÑ� � ¹ � º §incQMTUfgJ�Y�J&QRO�T%`onc\]LN��T%IcQ3�w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñk¹UÑ� � º �¢��S;O%bPfNT%Q]LNS;O¸IPJWl5IP\MQMl5IPbPJMLgj;IPQ��w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñk¹�ý

Ü�Ü�Ü ó�
�á%øoø��*)��Êá
÷��=ô�� ! � �Iõ?á��%ß9ø ��+-,
% .¸ÈÃê�æ¶ò5Ë¨Ê�ÏðÉ0/�ñ�å3Ì�å±Î�æ¶ê�è	è	Ï21*Î;êUÉ£Ï¶Ë1ÈÅÌ�í�Ï{ñ�êUò5å�è�Ékå43�É£Í�Ê£ë�å�è Æ4��Æ
ý � Ñ ��©ªO�J&\]S�V%T%b�J&LNS�O �w�w���w�w���w�w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ º Ñ

ý � Ñ � Ñ ��\MnPQMIcO�J�Y�J&LNS�O3VUT3lU\MS;[%fgvc`oI ���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ º Ñ
ý � Ñ �õÔ ��S;Q]LgJMLNS;OtV%TG`oS�V%vcfgIeV�Y�OUQWfNY~fgLgJ]J&nc\MYmJ&TU\MI��w���w�w�w���w�w���w�w�w���w�w���w� Ñ º Ô
ý � Ñ � ¹ ��\MLgO%bcLgl5I ���w�w���w�w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ º ¹

ý �ÕÔÖ�¢�3S�V%ncfgLNQMYmJ&LgS;OtVUIcQiJMI���J&T%\]IcQWl�Y�\Rl�Y���T%IPJMQWV�XZS�O%V%IcfgIPJ]J&IcQ �w�w���w�w���w�w�w���w�w���w� Ñ º ¹
ý �õÔ�� Ñ µyO%V%IPfNI�JMJ&IPQWO%S�OGV%ncbPLN`oncIPQ �w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ º ¹
ý �õÔ��õÔ ��\&Y�OUQ]x¶S;\]`anPIKIcOGl�Y���T%I�J&QWV�X|S;O%V%IPfNIPJ]J&IPQ �w���w�w�w���w�w���w�w�w���w�w���w� Ñ º;º
ý �õÔ�� ¹ ©ªO%V%nPl5IcO%V%Y�O%bcIwj�LNQW^�j�LNQRV%TGO%Lgj;IcY�TGV%IK�;\MLgQ �w�w�w���w�w���w�w�w���w�w���w� Ñ º;º
ý �õÔ�� º ©ªV%nPI �w�w���w�w���w�w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ º;º
ý �õÔ�� ü h�S;L�V%IKf�X|ncOUIc\M��LNIú�w�w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ º �
ý �õÔ�� � ��Y�fgbcT%f¨V%IcQ�l�Ym\&Y�`ovPJM\MIPQ¢V%I�fNYwfgS;L¨VUI�V%LgQ]J&\]LN[%T�J&LNS�OoV%I"f�X|ncO%IP\M�;LgIWIcOax¶S;O%bPJMLNS;O

V%IPQW`oS;`aIPO�JMQRV�X|S;\MV%\]IKT%OGIPJWV%IPT�� ���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ º �
ý � ¹ �/¦�OUIc\M��LNIwYmQMQMS�bPLNnPI�YmTGl%\MS�[%fNvP`aIyV%IKbcf¤YmQMQML�Ø�b	Y�J&LNS�O �w���w�w�w���w�w���w�w�w���w�w���w� Ñ£ü�ù

ý � ¹ � Ñ �*Y�\sJ&L�J&LNS�O��UY�l%l%\]S�b�u%IKl�Y�\RbcS�T%\M[5IcQWVUIwOULgj;I	YmT��-�w�w���w�w���w�w�w���w�w���w� Ñ£ü�Ñ
ý � ¹ �õÔ §inc�;TUf¤Y�\]LNQ&Y�J&LgS�O����w�w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ£ü�Ñ
ý � ¹ � ¹ ��Ic\]`aIPQWV�X|ncOUIc\M��LNI �w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ£ü Ô
ý � ¹ � º ��Ic\]`aIKV�XZYmJ]J�Y�b�u%IwY�T��tV%S;O%O%nPIcQ �w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ£ü º
ý � ¹ � ü h�Y~x¶S�O%bPJMLNS;OUO%IcfgfNI"Ø�O�Y�fgI �w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ£ü
�
ý � ¹ � � §iIc`aY�\M��T%IPQ��w�w���w�w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ£ü;ý

ý � º �/¦�JMT%V%IwO�T%`onc\]LN��T%I����w�w���w�w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ£ü;ý
ý � º � Ñ ¦���T�YmJ&LgS;O%QiV®XÕ¦�T%fgIc\s�ªh�Y��;\MY�O%�;I �w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ£ü;ý
ý � º �õÔ ·�b�u%nP` Y_VUr�O�Ym`aLg��T%I¾���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ£ü�þ
ý � º � ¹ §incLgO%LgJMLNY�f�LgQ&Y�J&LgS�O �w�w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ£ü�þ
ý � º � º �"fN�;S;\]LgJMu%`oI �w���w�w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ£ü�Ó
ý � º � ü ¦*��Ic`ol%fNIPQw­1�w�w���w�w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ5� Ô

ý � ü �¢��f¤Y�Q]QMLgØ%b	YmJMLNS;OtS;[�J&IcO�T%I�Yml%\MvPQWl%\]n��ÖJM\&Y�L�J&IP`aIPO�JiY	j;Icbwf{XÕYmfN�;S�\MLîJ&uU`oI
u+ v

���w�w�w��� Ñ5���
ý � ü � Ñ ¥�nP` Ym\Mb�u%IÀ�w�w���w�w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ5���
ý � ü �õÔ §incQMTUfgJ�Y�J&Q �w�w���w�w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ5���

ý � � �/��Ic\MQ]l5Icb�J&Lgj�IcQ �w�w���w�w���w�w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ5�;þ
� 6�É£Í�Ì�åGÉ0/�ë�Ë¨Ê�Ï{ç®Í�å}Ì�å±æ¶ê87ÖË5È�Î�É£Ï¶Ë5È�È�å�æ{æ¶å3Ì�å±Î�æ¶ê�è	è	Ï21*Î;êUÉ£Ï¶Ë1È Æ�'5Ð
þ � Ñ �/§"Y�lUl5IcfNQRQMTU\WfgIcQRIcO%Q]Ic`�[%fgIcQWVUIwl5nP\MLg`av�J&\MIPQRØ�OULNQ �w���w�w�w���w�w���w�w�w���w�w���w� Ñ£ý�ù
þ �ÕÔÖ�/��\]S;[%fgvc`oIK^_VUIcT��¸l%u�Y�Q]IcQ �w�w���w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ£ý�Ñ

þ �õÔ�� Ñ ¦�J&T%VUIwV%TGl%\MS�[%fNvP`aI_ö þ �ÕÔ�� ¹ ÷ ���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ£ý Ô
þ �õÔ��õÔ ¦�J&T%VUIwV%TGl%\MS�[%fNvP`aI_ö þ �ÕÔ�� º ÷ ���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ£ý Ô
þ �õÔ�� ¹ ¦�J&T%VUIwV%TGl%\MS�[%fNvP`aI_ö þ �ÕÔ��ÕÔ;÷ ���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ£ý º
þ �õÔ�� º ¦���T%Lgj�Y�fNIPO%bcIKIcO�J&\MIKfNIPQil%\]S;[%fgvc`oIcQwö þ �õÔ��ÕÔ;÷���ö þ �ÕÔ�� ¹ ÷�I�Jqö þ �ÕÔ�� º ÷Ù�w���w�w���w� Ñ£ý
�

ý



þ � ¹ �¢h�IPQWl%\]S;[%fNvP`oIcQiY�l%l%\]S�b�uUncQR�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ñký�Ó
þ � ¹ � Ñ ��l%lU\MSk��Lg` Y�J&LgS;O%Q�\]nc�;TUfNLNvP\MIPQiVUI

H
I�J
δ
�w���w�w���w�w�w���w�w���w�w�w���w� Ñ£ý�Ó

þ � ¹ �ÕÔ ¥�IcQWQ]S;fNT�J&LNS�O%QRfgS�b	Y�fgIc`oIPO�JRbPS;O�JMLNO�TUIcQ �w���w�w�w���w�w���w�w�w���w�w���w�w� Ñ	þUÑ
þ � ¹ � ¹ ×"OG\MnPQMT%f�J�Y�JWV%IKl5IP\]J&TU\M[�YmJMLNS;O �w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ñ	þ;¹
þ � ¹ � º 9 ¦���T%Lgj�Y�fNIPO%bcI;:eIcO�J&\MIKfNIPQil%\]S;[%fgvc`oIcQwö þ � ¹ � Ñ Ô;÷¢IPJqö þ � ¹ � Ñký ÷ �w�w���w�w���w�w� Ñ	þ�ý
þ � ¹ � ü §WI�J&S;TU\W^

φ
�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w�w���w� Ñkþ�ý

þ � ¹ � � �*Y�QMQMY��;Iw^_f¤Y�fNLg`oLîJ&I
α → 0

���w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w� Ñkþ;þ
þ � º �¢��\]S;[%fNvP`aIe^

n
l%u%Y�QMIPQ-���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ñkþ;þ

þ � º � Ñ ¦�J&T%V%IKV%TGl%\MS;[UfNvc`oIoö þ � º � ¹ ÷ �w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ñ	þ;Ó
þ � º �ÕÔ h�LNIPOGIPO�J&\]I ö þ � º � ¹ ÷�IPJqö þ � º � º ÷ �w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ñ	þ;Ó

þ � ü ����S�O%bcfgT%QMLgS;O¸IPJWl5Ic\]QMl5IPbPJ&L�j;IcQq���w�w�w���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ñ	þ;Ó
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20%

V%IcQWbPS�I^]obPLNIcO�J&Q&÷��w���w�w���w�w�w���w�w�w���w� Ñ;Ñ£ü
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Ó � ü §WnPLNO%L�J&LNYmfgL�Q&YmJ&L�S;OÅV%I
u0(x) = 4d

ö¶S�\
d
VUncQMLg�;O%I³fNY�x¶S;O%b�J&LgS;OÃV%LgQ]J�YmO%bcI³Q]LN�;O%nPI±^
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÷RIPO
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�¨h�IPQ"l5S;LgO�J&Q
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u0(A) = u0(B) = 0
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Ó � � «�YmJMT%\MIKV%IPQW²Pnc\MS�QWV%I

t 7→ f(x, t)
���w�w�w���w�w���w�w�w���w�w���w�w�w���w�w���w�w� Ô�Ô º

Ó � ý
u0(x)
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C = ‖δ‖−1,2 = ‖∇W‖Y

�w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� º ¹
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TV/G
l�Y�\�I���Ic`ol%fgIk÷

S;O�JinPJMnwO%S�\M`aY�fNL�QMnPQi^ Ñ l5S;T%\if{XZLg`aY���Iy��ncS;`onPJM\MLN��T%Im�*�w�w�w���w�w���w�w�w���w�w���w� º ü
Ô�� ¹ ©ª` Y���IcQRV%IeJ�Y�LgfNf�I Ñ Ô þhg�Ñ Ô þ ö¶bPx�¡*Lg�;T%\]IcQWÔ��ÕÔ��¨Ô�� ¹ �%IPJ�Ô�� º ÷Ã�w���w�w���w�w�w���w�w���w� º �
Ô�� º ·�T%\�T%Oancb�u�Y�O�J&LgfNfgS;O~V%I Ñ	ù;ù;ù LN`aY��;IPQ�V%IW[U\MT%L�J/[%fNY�O%bR��Y�T%Q]QMLgIcO

n
V%IW`oS£r�IcO%O%IWO�T%fNfgI

IPJ�V®XZnPb	Y�\sJ]��J�r�l5IRnP��Y�fU^ Ñ ��b	Y�fgbcT%f�IP`ol%LN\]LN��T%I¢V%I�f{XZIPQMl5nP\&Y�O%bPIRI�J�V%I�f{XZnPb	Ym\]J]��J�r�l5I�l5S;T%\
fNIPQiO%S;\]`aIPQ

X
IPJ ‖.‖−1,2

özfgIcQ�jmY�fgIcT%\]QiV%I √
C
QMS;O�JWbcIPfNfgIcQRV%TG�*Ym[%fNIcY�T}Ô�� Ñ ÷�� �w��� º þ

Ô�� ü ·�T%\�T%Oancb�u�Y�O�J&LgfNfgS;O~V%I Ñ	ù;ù;ù LN`aY��;IPQ�V%IW[U\MT%L�J/[%fNY�O%bR��Y�T%Q]QMLgIcO
n
V%IW`oS£r�IcO%O%IWO�T%fNfgI

IPJ�V®XZnPb	Y�\sJ]��J�r�l5IRnP��Y�fU^ Ñ ��b	Y�fgbcT%f�IP`ol%LN\]LN��T%I¢V%I�f{XZIPQMl5nP\&Y�O%bPIRI�J�V%I�f{XZnPb	Ym\]J]��J�r�l5I�l5S;T%\
fNIPQiO%S;\]`aIPQ
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I�J
E
� �w���w�w�w���w�w���w�w���w�w�w���w�w���w�w�w���w�w�w���w�w��� º þ

ü � Ñ ¦�\]\MIPT%\MQ
L2 ö¶LN`aY��;Iy �Y�\][�Y�\&Y;÷À�w�w�w���w�w���w�w�w���w�w�w���w�w���w�w�w���w�w���w� Ñ;Ñkùü �ÕÔ ¦�\]\MIPT%\MQ
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i j D ¼ D3Bkj C F

• ·�S;L�J Ω
TUO¸S;TUj;IP\]JR[5S;\MO%neh�LNlUQMb�u%LgJM²yV%I

R
2 ��·�L p ∈]1,+∞[

�US;Otl5S;Q]I
q = p

p−1

özIPJ
q = +∞ Q]L

p = 1
÷��¨µyOGO%S�JMI_­

B(Ω)
¡5Ym`aLgfgf�IyVUIcQWQMS�T%Qs�ÖIcO%Q]Ic`�[%fgIcQWV%IPQ" �S;\]ncfgLNIcOUQRV%I

Ω
�

D(Ω) = C∞
c (Ω)

¦�O%Q]Ic`�[%fgIKV%IcQRx¶S;O%b�J&LNS�O%QRV�Y�O%Q
C∞(Ω)

^~QMT%l%l5S�\]JWbcS;`ol�Y�b�JiV�Y�O%Q
Ω
�

D
′(Ω)

¦�Q]l�Y�bPI�V%IPQWV%LgQ]J&\]LN[%T�J&LNS�O%Q�QMTU\
Ω
�

D(Ω̄)
¦�O%Q]Ic`�[%fgIKV%IcQi\MIcQsJ&\MLgbPJMLNS;OUQi^

Ω
V%IcQix¶S�O%bPJMLNS;OUQiV%Y�O%Q

D(RN) = C∞
c (RN)

�
BV (Ω)

¦�Q]l�Y�bPI�V%IPQix¶S;OUbPJ&LgS;O%Qi^�jmY�\MLNYmJ&LgS;OUQR[5S�\MO%nPIcQqözb�x�¥�nPØ%O%LgJMLNS;O3Ô�� Ñ � Ñ ÷��
J(u) =

∫

Ω
|Du| Ú�Y�\MLNYmJ&LgS;O J&S�J&Y�fNIyV%I

u
ö¶bPx�¥�n�Ø�O%L�J&LNS�O3Ô�� Ñ � Ñ ÷��

Lp(Ω)
¦�Q]l�Y�bPI�V%IPQix¶S;O%b�J&LgS;O%Q

f
JMIcfgfNIPQR��T%I ∫

Ω
|f |p <∞ �

Wm,p(Ω)
¦�Q]l�Y�bPI�V%IPQix¶S;O%b�J&LgS;O%QRV�Y�OUQ

Lp(Ω)
V%S�O�JWfgIcQRV%nc\]Lgj;nPIcQ�p]T%Q]��T®XÕ^of{XZS�\MV%\MI

mözY�TGQMIPO%QWV%IcQiV%LNQsJ&\MLg[%TUJ&LgS;OUQ�÷¢QMS�O�JWV�YmO%Q
Lp(Ω)

özb�x�¥�nPØ�OULgJ&LgS;O3Ô�� ¹ � Ñ ÷��
Wm,p

0 (Ω)
h�Y�x¶Ic\]`aI�J&T%\]IKV%I

C1
c (Ω)

V�Y�O%Q
Wm,p(Ω)

ö¶bPx�¥�n�Ø�O%L�J&LNS�O3Ô�� ¹ �õÔ�÷��
W−1,q(Ω)

¥"T�Y�f�V%I
W 1,p

0 (Ω)
ö¶bPx�¥�nPØ%O%LgJMLNS;O3Ô�� ¹ �ÕÔ;÷��
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1,1
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V%L�J&L�x
v
�UIPJRn�j;IcO�J&T%IPfNfNIP`oIcO�JRl%Y�\�T%OtS;l5nc\MYmJ&IPT%\

R
�%×"O�J&IPf®S;l5nc\MYmJ&IPT%\�IcQ]JRQMS;T�j;IcO�Ji`oS�V%ncfgLNQ]n�l%Y�\�T%O

l%\]S�V%T%LgJeVUI_bPS;O�j;S�fNTUJMLNS;O��1IPJKO�X|IcQsJwl�Y�QeO%ncbPIcQ]Q&Y�LN\]Ic`oIcO�JwLNO�j;Ic\]QMLN[UfNI¸özI�JK`[ZP`aI�fgS;\MQ]��T�XZLgf*IPQ]JwLgO�j;IP\s�
QMLg[%fgI���Q]S;O-LNO�j;Ic\]QMIoIPQ]JwQMS;TUj�IcO�J�O�T%`onc\MLg��T%Ic`oIcO�JwVULl]obcLgfNI~^tb	YmfNbcTUfNIc\s¹ Ñ Ô ý0º ÷���� l�Y�\]JMLN\yV%I_f�X|LN`oY���I
S;[UQMIc\sj;ncI

f = Ru+ v
öz��T%L�IcQ]J"V%S�O%bwT%OUIwj;IP\MQ]LNS;OGV%nc�;\MY�V%nPI�VUIwf�X|LN`aYm�;IyS;\]LN�;LgO�YmfgI

u
÷���S;O3b�u%IP\Mb�u%I

^�\MIPbcS;OUQ]J&\]T%LN\]I
u
��·�L®S;OtQMT%lUl1S�QMIK��T%IKfgIy[U\MT%L�JiY�VUV%LgJMLgx

v
IPQ]Ji��Y�TUQMQMLgIcO��Uf¤Yq`onPJ&uUS�V%IyV%T3�}Y���LN`�TU`

Y_��S;Q]JMnc\MLgS;\ML�OUS;T%QibcS;OUV%T%LgJW^~b�u%IP\Mb�u%IP\
u
bPS;`o`aIyQMS;fgTUJ&LgS;OtV%TGl%\MS�[%fNvP`aIyV%IK`aLgO%Lg`oL�Q&YmJMLgS�O
inf
u
‖f −Ru‖2

2

ö Ñ �ÕÔ�� Ñ ÷
S�\ ‖.‖2

V%ncQ]LN�;O%I�f¤YwO%S;\M`oI"V�Y�O%Q
L2 ��©ªf1QcXZY��;L�J�V�X|T%Otl%\]S;[%fgvc`oI"LNO�j�Ic\MQ]Iy`aY�f5l5S;Q]n��%��S;TU\�fNI"\MncQ]S;T%V%\]IO�T%`anP\MLg��TUIc`oIcO�J	��S;OÅIPQ]J Y�`oIcO%nG^9LNO�J&\MS�VUT%LN\]ItT%O J&IP\M`oI¸V%IG\MnP�;T%f¤Ym\MLNQMYmJ&L�S;O��*I�J ^9bcS;O%Q]LNV%nP\MIP\afgI

l%\]S;[%fgvc`oI~­
inf
u

‖f −Ru‖2
2

︸ ︷︷ ︸YmJMJ&Y�b�u%IwY�T��tV%S;O%O%nPIcQ + L(u)
︸︷︷︸\MnP�;T%fNY�\MLgQ&YmJMLgS;O

ö Ñ �ÕÔ��ÕÔ;÷

¥yY�OUQ¢J&S;T�J&I"fNYwQMTULgJ&Im��O%S�T%Q�OUI�bPS;O%Q]LNV%nP\MIc\]S;O%Q���T%I�fgIWb	Y�Q¢S�\
R
IcQsJ�f{XZS;l5nP\&YmJMIcT%\/LgV%IcO�J&L�J&nqö

Ru = u
÷��

h�I�J&IP\M`oI~V%I~\MnP�;T%fNY�\MLgQ&YmJMLgS;O³bPf¤Y�Q]QMLg��TUI
L(u) = ‖∇u‖2

2

ö¶\Mnc��T%f¤Y�\]LNQMYmJ&L�S;O³V%I~�/r�b�u%S;O%SkjU÷eO�X|IcQsJwl�Y�Q
Y�V%Y�lUJ&n�Y�T³l%\MS�[%fNvP`aI�V%Iq\MIcQsJ�Y�TU\&YmJ&LgS;O}V�XZLg` Ym�;IcQ�­1f{XZLg`aY���Iw\MIcQsJ�Y�TU\MncI

u
IPQ]JKYmfNS;\]Q�[5IcY�T%bPS;T%l±JM\MS;l

fgLNQMQ]ncI3ö¶IcO�l�Ym\]J&LgbcT%fgLgIc\P��fgIcQK[5S�\MV%QwQ]S;O�Jwnc\]S�V%ncQ&÷���×"OUIaY�l%l%\]S�b�u%I_[1IcY�T%bPS;T%l�l%fNT%QKI#]ob	Y�bPIabcS�O%QMLgQ]J&I
^ bPS;O%Q]LNV%nP\MIP\yfNYojmY�\]L¤Y�J&LNS�OGJ&SmJ�Y�fgI��¨b�X|IcQsJK^ V%Lg\MIq^ l%\]IcO%VU\MI

L(u) =
∫
|Du| �1I�JyV%S;O%b�^ \]Ic��Ym\MV%IP\�fNIl%\]S;[%fgvc`oI�¹ Ñ º ÓJº ­

inf
u

(

‖f − u‖2
2 +

∫

|Du|
) ö Ñ �ÕÔ�� ¹ ÷

¦�O3OUS�J�Y�O�J
v = f − u

�%bcIPf¤Y~\MI�j�LgIcO�J"^_bPS;O%QMLgV%nc\]Ic\ifNIel%\]S;[%fgvc`oIeV%IKV%nPbcS;`ol5S;Q]LgJ&LgS;OtQMTULgjmYmO�Jw­

inf
(u,v) / f=u+v

(

‖v‖2
2 +

∫

|Du|
) ö Ñ �ÕÔ�� º ÷

��X|IcQsJ�fNIol5S;LgO�JwV%IaV%nPl�Y�\sJqV%T�J&\MYkjmYmLNf�V%I��3I�r;Ic\Á¹ Ñk¹;¹Jº ����T%L/l%\]S;l5S;Q]I VUIa\MIc`ol%fNY�bcIP\wfNYGO%S�\M`oI
L2l5S;T%\efNY�bPS;`ol1S�Q&Y�O�J&I

v
l�Ym\eT%O%I_OUS;\M`oI

G
l%fgT%QKY�V%Y�lUJ&nPIoY�T��±ncfgnc`oIcO�JMQeS;QMbPLNfgf¤YmO�JMQyV®XZT%OUI_LN`aY��;Im�
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f
X

u ¼ v

½`¾2¿yÀ Ñ �õÔt�t¥"ncbcS�`al5S;Q]LgJMLNS;O
f = u+ v

¥�XZT%OUIt`aY�O%LNvP\MIal%fgT%Qq�;nPO%nc\MY�fNIm��IcO LgO�JM\MS�V%T%LgQ&Y�O�JqbPIPJ]J&I�O%S;\]`aI
G
��Lgf/QMT%���;vc\]I�f�X|TUJ&LgfgLgQMYmJ&LgS�O�V�X|T%O%I

OUS;\M`oIoV�Y�O%Q�T%O�IPQMl�Y�bPI V%I�·�S;[5S;fgIPj-^3I���l5S;Q&Y�O�J�O%nP��YmJMLgx�l5S;TU\�b	Ym\&Y�b�J&nc\]LNQ]Ic\�fNYGl�Ym\]J&LgIoS;Q]bcLgfNfNY�O�J&I
V®XZT%OUIwLN`aY��;Im�
h�IcQKl%\]LNO%bPLNl�Y�T��³\MncQ]T%fgJ&YmJ&QeV%I_OUS�J&\]I_n�J&T%VUIoQ]S;O�Jc��l5S;TU\KbPIcQKl�Y�\]JMLNIPQe©"I�Jw©]©���VUnPJ�YmLNfgfNnPQyV�YmO%QKfNIPQ

��u%Y�l%LgJM\MIPQ"Ô_^ � ��T%IwO%S�T%QWI��UY�`aLgO%S;OUQi`aY�LgO�J&IPO�Y�O�Je­
Â�ÃkÄ�Å�ÆcÇcÈ0ÉËÊÍÌ h�XZS�[�p]IPbPJMLgx�V%T-��u�Yml%LgJM\MI~ÔaIcQ]JeV�X|LgO�J&\]S�V%T%Lg\MI�V%LRQ®nP\MIcO�J&QyIPQMl�YmbcIcQe` Y�J&u%nP` Y�J&Lg��T%IcQ
Q]T%QMbPIclUJMLN[%fgIcQ�V%IR`oS�V%ncfgLNQ]Ic\�b�u�YmbcT%O%IRV%IcQ�J&\]S;LNQ*bPS;`al5S�Q&Y�O�J&IcQP��«WS;T%Q�V%S�O%O%S;O%Q�fgIcQ*j;IP\MQMLgS;O%Q�V%LgQMbP\MvPJMIcQ
VUIcQeO%S;\]`aIPQyV%I~bPIcQeIcQ]l�Y�bPIcQc��j;IP\MQMLgS;O%Qe��T%I~OUS;T%QeT�J&LNfgLgQMIP\MS;O%Q"V�Y�O%Qyf¤Y Q]T%LgJMI���«WS;T%QelU\MS;l5S;Q]S;O%QeVUIcQ
YmfN�;S;\]L�J&uU`oIcQyl5S;T%\Kb	Y�fgbcTUfNIc\ebPIcQwO%S;\M`oIPQc��·�L�l5S;T%\KfNY�jmY�\]L¤YmJMLNS�O±JMS�J�YmfNI ∫ |Du| S;T-l5S;TU\wfNYtO%S;\]`aI
L2 V%IqJ&IcfgQeY�fg�;S;\]L�J&u%`_IcQ�Q]S;O�JeQ]J&Y�O%V�Ym\MV%QP��f�XZY�l%l%\]S�b�uUI�O�T%`onc\]LN��T%I���T%I~O%S;TUQel%\]S;l5S;QMS�O%Qel5S;T%\ybcY�f��bPT%fNIP\KfgIcQeO%S;\]`aIPQKV%Ia·�S�[5S;fNI�j³V�X|I���l5S;Q&YmO�J�O%nc�;YmJ&L�x¢QMIP`�[%fNI~O%S�TUj;IcfgfNIm����IcfNY¸O%S�T%QKl5Ic\M`oIPJKV�Y�O%QKfNY
·�IcbPJMLNS;O(Ô�� ü V%I `aIPO%Ic\qT%O%I�n�J&T%VUItO�T%`onc\]LN��T%I V%I�bPIcQ�O%S;\M`oIcQP�*YmØ�O�V%I j;S;Lg\�QML�IPfNfgIcQ�QMI�\Mn�j;vcfgIcO�J
YmV�Y�lUJMncIcQW^_f�X|T%O%IeV%IPQiJ&\]S;LNQ�bcS;`ol5S;Q&YmO�J&IPQi��TUIwO%S;T%Qi\MIPb�uUIc\Mb�u%S�O%Qc�
«"S;TUQ"Y	j;S;O%Qil%\MnPQMIPO�J&nwf�X|IcQ]QMIcO�J&LgIcf�V%IKbcI�JMJMIwnPJMT%V%IwV%Y�O%Qt¹ÕÔ þJº �

Â�ÃkÄ�Å�ÆcÇcÈ0É�ÎÏÌ ��jmY�O�JaV%IGl%\]S;l5S;QMIP\oT%O?Y�fN��S;\ML�JMu%`oI�S;\MLg�;LgO�Y�f�l5S;TU\oV%nPbcS;`ol5S;QMIP\oT%O%IGLN`aY��;I
fIPO JM\MS;LgQqbPS;`ol5S;Q&Y�O�J&IPQc�*O%S;TUQ~bPS;`o`aIPO(ÐcS�O%Q�l�Ym\�\]Ic��Ym\MV%IP\�T%O%I j;Ic\]QMLgS;O QMLg`alUfNL�Ø�nPIaV%T l%\MS�[%fNvP`aIm�

¥�Y�O%QKfNIo��u%Y�l%LgJM\MI ¹ ��O%S�T%QKl%\MS�l5S;QMS;OUQwTUO�Y�fN��S;\ML�JMu%`oIql5S;T%\eV%ncbPS;`ol5S;QMIP\wTUO%I_LN`aY��;I
f
IcO-V%IPT��

bPS;`ol5S;Q&Y�O�J&IPQqö¶bPx�¡*Lg�;T%\]I Ñ �ÕÔ;÷��
h�Y(l%\]Ic`oLNvP\MIm�

u
��V%S;L�J¸bPS;O�J&IcOULN\tf�X|LNOUx¶S�\M`oYmJMLgS;OÃ�;nPS;`onPJ&\]LN��T%I±V%I9f{XZLg`aY���I��¢IPJ¸f¤Y�QMIPbcS;O%VUI��

v
�

JMS;T%Q_fNIPQ_V%n�J�Y�LgfNQ¸özfgIcQ~JMI���J&TU\MIcQoIPJofNIt[U\MT%L�J_nPj;IcO�J&TUIcfð÷��/«"SmJ&\MIGYmfN�;S�\ML�JMu%`oI�\]Icl5S;Q]IGQMT%\_fNIt`oS�V%vcfgI
LgO�JM\MS�V%T%L�J�l�Ym\*�����3I�r;Ic\Ñ¹ Ñ	¹;¹Jº ��IPJ�T%OoY�fg�;S;\]L�J&`_I�V%IRl%\MS�p]IPbPJ&LgS;O~V%n�j;IcfgS;l%l5nil�Ym\�������u�Y�`�[5S;fgfNIÒ¹ º ÓGº �
©ªf�\MIPl%\MnPQMIcO�J&Iif{XZTUO%I�V%IcQ�l%\MLgO%bcLgl�Y�fgIcQ�bcS�O�J&\]LN[%T�J&LNS�O%Q*VUI�O%S�J&\]I�JM\&Ykj�Y�LNf{�£IPJ�fgIR��u�Yml%LgJM\MI ¹ bPS;O%QsJ&LgJMT%I�T%O
b�u�Y�lULgJ&\]I"bcIPO�J&\MY�f���«"S;T%Q�I#Q®IPbPJMT%S;O%Q�f�X|nPJMT%V%I"` YmJMu%nc`aYmJMLg��TUI"bPS;`ol%fNv�J&I"VUI�O%S�J&\]IyY�fg�;S;\]L�J&u%`_Iw­�O%S;T%Q
`oS;O�J&\MS�O%Q�V®XZT%OUI¢l%Y�\]J�QMYWbPS;O�j;IP\M�;IPO%bcIm�mI�J�V®XÕY�T�J&\MI�l�Y�\sJ���T�X|LNf�l5IP\M`oIPJ�[%LgIcOwV%I/\]ncQ]S;T%V%\]I¢fgI�lU\MS;[%fgvc`oI
V®X �����3IPr;IP\c��h�IcQ/LNV%nPIcQ/��T%I"OUS;T%Q/V%nPj;IPfNS;lUl5S;O%Q¢V�YmO%Q/fNIcQ�l%\]IcTUj;IPQ�QMIP\MS;O�J�\]Icl%\]LNQ]IcQ¢Y�T�� ��u%Y�l%LgJM\MIPQ º
I�J � ��«WS;T%Q�LgfNfgTUQ]J&\]S;O%Q�Ykj;IcbiVUIcQ�I���IP`al%fgIcQ�O�T%`onc\]LN��T%IcQ�f�X|I^]obcY�bcL�J&nRVUIibcI�J¢Y�fg�;S;\]L�J&u%`_I�l5S;T%\�QMnPl�Y�\]Ic\
TUO%I9LN`aY��;I}IPOûV%IcT�� bPS;`ol1S�Q&Y�O�J&IPQc�RfNY�l%\MIP`aLgvc\MI³bcS�O�J&IPO�Y�O�JGf�X|LNOUx¶S�\M`aY�JMLgS;OÃ��ncS;`onPJM\MLN��T%Im��I�JGfNY
Q]IcbPS;O%V%I�fNIPQ/JMI���J&T%\]IcQP�%«WS�J&\]I"`onPJMu%S�V%IWQcXZYkj;vP\MI�l%fgT%Q¢l5IP\]x¶S;\]` YmO�J&Ii��TUI�fgIcQ¢Y�fN��S;\ML�JMu%`oIPQ�bcf¤YmQMQMLg��T%IcQP�
«"S;TUQ"Y	j;S;O%Qil%\MnPQMIPO�J&nwbcI�JMJ&IKl�Y�\sJ&LNIyV%IKO%S�J&\]IeJ&\MYkjmYmLNf®V�Y�OUQ³¹ZÔ º �5Ô ü �¨Ô �Jº �

Â�ÃkÄ�Å�ÆcÇcÈ0ÉÔÓ�Ì ¥yYmO%Q[¹ Ñk¹;¹Jº �®�����3I�r;Ic\�Ykj�Y�LgJyxzY�L�JeQMS;O-n�J&T%V%I_QMT%\
R

2 ö¶IcO-TUJMLNfNL�Q&Y�O�JeO%SmJ�Y�`o`aIPO�JVUIcQyY�\M��T%`aIPO�JMQ"V�XÕYmO�Y�f�r�Q]Iqu�Ym\M`oS;O%LN��T%I	÷��5¥yYmO%Q�fNIq��u�Y�l%L�J&\]I ¹ �5O%S�T%QyY	j;S;O%Q�I#Q®IPbPJ&TUn�O%S�JM\MI�nPJMT%V%I
`aYmJMu%nc`aYmJ&Lg��T%IwV%Y�O%Q�fgI�bcY�Q�V%LgQMbP\MIPJc�1h�X|S;[�p]Icb�J&L�x�V%T9��u%Y�l%LgJM\MI º IPQ]JyV%I�V%S;O%OUIc\�T%OUIqV%nPØ%O%LgJMLNS;O3V%I
f{XZIPQMl�YmbcI

G
V®X �����3I�r;Ic\eY�V�Y�lUJMncI�Y�T³b	Y�QyV®XZT%O±S�TUj;Ic\sJe[5S;\MOUn¸ö¶��TUL*bcS�O%Q]JMLgJ&TUI�fgIqbcY�V%\MIqO�YmJMT%\MIPf*IPO
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J&\MY�LgJMIc`oIcO�J�V®XZLg` Ym�;IcQ&÷��5I�JyV%I�`oS;O�J&\]Ic\"��T%I�bcI�JMJ&IqO%S;TUj;IPfNfgIqV%n�Ø�O%L�J&LNS�O}IcQsJel5Ic\sJ&LgO%IcO�J&I��®��S;TU\�bcIcfNYU�
O%S�T%Qoj;nc\ML�Ø�S;OUQa��TUI}O%S�JM\MIGO%S;TUj;IPf"IPQMl�YmbcI

G
��Y�\]V%I3fgIcQo[5S;O%OUIcQ lU\MS;l%\]LNn�J&ncQoV%nc`oS;O�J&\MnPIcQal�Y�\~���

�3I�r;Ic\�V�YmO%Q¢fNIWbcY�Q
R

2 özbPIPJMJMI"x¶S�LNQ�IcQ]QMIcO�J&LgIcfgfNIc`oIcO�J�Y	j;Icb"V%IcQ�Y�\M��T%`aIPO�JMQ/V�XÕYmO�Y�fgr�Q]IWx¶S;O%b�J&LgS;O%O%IPfNfgIk÷��l%T%LgQ¢OUS;T%Q¢I^Q1Icb�J&T%S;OUQ�f{XZn�J&T%VUI"` Y�J&u%nP` YmJMLg��T%IWVUI�O%SmJ&\MI"Y�fN��S;\ML�JMu%`oIRV%I"V%ncbPS;`ol5S;QML�J&LNS�O
u+ v

V�Y�O%Q
bPI_O%S;T�j;I	Y�T-bcY�V%\]I���«"S;TUQKQ]S;`o`aIPQKYmLNO%Q]L*IcO9`aIPQMT%\]I_VUI_\]IcV%nP`aS�O�J&\]Ic\eIPO-bPS;O�JMLNO�T9fNY�l%fgT%l�Ym\]JeV%IPQ
\MnPQMT%f�J�YmJMQiV%T}��u�Yml%LgJM\MI ¹ �
«"S;T%QWY	j;S;O%Qil%\MnPQMIcO�J&n�bPIKJM\&Y	jmY�Lgf�V%Y�O%Qt¹ Ñk¹ � ÑkÓJº �

Â�ÃkÄ4Å©ÆcÇÕÈ5ÉËÖ¦Ì ¥�Y�O%Q"fgI���u�Y�lULgJ&\]I ü �¨OUS;T%QWl%\MnPQMIPO�J&S�O%Q�V%IPT��}Yml%l%fNLgb	Y�J&LgS;OUQRV%IwO%S�J&\]I�Y�fg�;S;\]L�J&u%`_I
u+ v

�
• h�Y3l%\MIP`aLgvc\]IabcS;O%bPIc\]O%ItfNY3\]IcQsJ�Y�T%\MYmJ&LgS;O�V�X|LN`aY���IcQq§"·%µÙO%S�O�J&I���JMT%\MnPIcQP��h�IcQ�Lg` Ym�;IcQ�§"·%µöz§"YmV�Y�\W^ ·�r�O�JMu%vcQ]I�V�XÕµyTUj;Ic\sJ&T%\]Ik÷WQ]S;O�JWJ&\]vcQWx¶S;\sJ&IP`aIPO�JW[%\MT%L�J&nPIcQ"l%Y�\WT%O}[U\MT%L�J"V%Iwb�u%YmJ&S;LgI��
`oIcO�Jaö¶QMl5Icb���fNI	÷e��T%L�fNIPT%\eVUS;O%O%I~T%O�Y�Q]l5Icb�J���\&Y�O�T%fNIPT��1��h�YtO%S;\]`aI

G
Q]I_\Mn�j;ncfgI_l�Ym\]J&LgbcT%fgLgv��

\]Ic`oIcO�JW[%LgIcO3YmV�Y�lUJMncIwY�TGb	YmQWV%TG[%\MTULgJiV%IKb�u�YmJMS;LNIP`aIPO�J�ö¶IPJ"^_Q]IcQW�;\MY�O%V%IPQWS;Q]bcLgfNf¤Y�J&L�S;OUQ�÷��UI�J
OUS�J&\]IeYmfN�;S�\ML�J&uU`oIWV%IyV%nPbcS;`ol5S;Q]LgJ&LgS;O

u+ v
V%TG��u�Yml%LgJM\MI ¹ l5IP\M`oIPJ�V�X|S;[UJ&IPO%Lg\�V%IcQ�\MnPQMT%f�J�YmJMQ

VUIw\]IcQsJ�Y�T%\MYmJ&LgS;O¸LgO�J&nP\MIPQMQ&YmO�J&QP�
«WS;T%QWYkj;S�O%QWlU\MncQ]IcO�J&n�bPIPJ]J&I�Yml%l%fNLgb	Y�J&LgS;O�V�Y�O%Qt¹ZÔ º �¨Ô ü �5Ô �Gº �

• h�YwV%IPT���LNvP`aI"Y�l%lUfNLgb	YmJMLgS;O_bcS�O%bcIP\MO%I"f¤YKbPS;`alU\MIcQ]QMLgS;OaV�X|LN`aY��;IPQc��h�X|LNV%nPIWV%I"O%SmJ&\MI"Y�fg�;S;\]L�J&u%`_IIPQ]J�f¤YwQMT%L�jmY�O�J&Im�U¦�J&Y�O�J�V%S;O%OUncIyT%OUIyLg` Ym�;IWS�\MLN��LNO%Y�fgI
f
^�bcS�`al%\]IcQ]QMIc\P�US;O bcS;`o`aIPO%bPI�l�Y�\¢f¤Y

Q]ncl�Ym\MIc\�IcO_V%IPT��_bPS;`ol5S;Q&YmO�J&IPQ�^ef{XÕYmLNV%I�VUIRO%S�J&\]IiY�fg�;S;\]L�J&uU`oI�V%IRVUncbPS;`al5S�QMLgJMLNS;O
u+v

��f{XZT%OUI
��ncS;`onPJM\MLg��TUI���f�XZY�TUJ&\]I�S;QMbPLNfNfNY�O�J&Im��l%T%LNQ�S�OtTUJ&LgfNLgQMI"V%IPQWYmfN�;S;\]L�J&uU`oIcQ�VUIebcS�`alU\MIcQ]QMLgS;O¸Y�V�Y�l�J&ncQ
^wb�u�Y�bPT%O%I�V%I"bcIPQ�V%IPT�� bPS;`ol5S;Q&Y�O�J&IPQc�UµyO S;[�J&LNIPO�J�YmLNO%Q]L¨V%IPQ�\MnPQMT%f�J�YmJMQ¢V%I"`oIcLgfNf�IcT%\]Ii��T�Y�fNL�J&n
��T%IKbcIcT��GnPJ&Y�[%fNLgQRYkj;IcbKfNIPQi`onPJ&uUS�V%IcQiQ]J&Y�O%V�Ym\MV%Q�ö{^�J�Y�T��tV%IKbcS;`ol%\]IcQMQ]LNS;O¸nc��Ymfð÷��
«WS;T%QWYkj;S�O%QWlU\MS;l5S;Q]nwbPIwOUS;TUj;IPf�Y�fg�;S;\ML�JMu%`oI�V%IKbcS;`ol%\MIPQMQ]LNS;O¸V�XZLg` Ym�;IcQ�V�Y�OUQ³¹ZÔ Ó � ¹;ùJº �

Â�ÃkÄ4Å©ÆcÇÕÈ5ÉØ×ÙÌ ¥yY�O%Q�fgI���u�Y�l%L�J&\MI � �mO%S�T%Q�n�J&T%V%LgS;O%Q*V%L�j;Ic\]Q�Y�fg�;S;\]L�J&u%`_IcQ�VUI�V%nPbcS;`ol5S;Q]LgJ&LgS;O
u+v

�
¦�O9l%Y�\]JMLNbcTUfNLgIc\P�5O%S�T%QelU\MncQ]IcO�J&S;O%QeT%O9OUS;TUj;IPf�Y�fN��S;\ML�JMu%`oIwV%I�V%ncbPS;`al5S�QMLgJMLNS�O

u + v
��T%L*QMI�\MnPj;vPfNI

[%LgIcO¸Y�V�YmlUJ&neY�TtV%nc[U\MT%L�J�Y��;IyV®XZLg` Ym�;I���¦�O�x¶T%QMLgS;O%O�Y�O�JRbPIe`aS�V%vPfNIyY	j;IcbebcIPfNT%L®V%T3��u%Y�l%LgJM\MI ¹ ��O%S;T%Q
QMS�`a`oIcQ�Y�fNS�\MQ�IPO¸`aIPQMT%\]IeV%Iyl%\MS;l5S�QMIc\�T%OGYmfN�;S�\ML�J&uU`oI"S;\]LN�;LgO�Y�f¨V%IeVUncbPS;`al5S�QMLgJMLNS;O

u+ v +w
��T%L

QMnPl�Y�\]I�T%O%I¢Lg` Y���I
f
IPOqJM\MS;LgQ�bPS;`ol5S;Q&Y�O�J&IPQc��f¤Yil%\]Ic`oLNvP\MI/bPS;O�JMIcO�YmO�J*f�X|LNO�x¶S;\M`oYmJMLgS�Ow�;nPS;`onPJM\MLN��T%Im�£f¤Y

QMIPbcS�O%V%IefgIcQ/J&I���JMT%\MIPQc�UIPJ�fNYwJM\MS;LgQMLgvc`oIWfgI"[%\MTULgJ�n�j;IcO�J&T%IPf��U«"S;TUQ�I#Q®IPbPJMT%S;O%Q�f�X|nPJMT%V%I�`aYmJMu%nc`aYmJMLN��T%I
V%I¸bcIcQo`aS�VUvcfgIcQ_V%I¸V%ncbPS;`ol5S;QML�J&LgS;O��*IPJoO%S;T%QoLgfNf�T%Q]J&\]S;O%Q~fgIcT%\~I^]obcY�bcL�J&nGl�Ym\_��TUIcfg��TUIcQaI���IP`al%fgIcQ
O�T%`anP\MLg��TUIcQc�
«"S;T%QWY	j;S;O%Qil%\MnPQMIcO�J&n�bPIKJM\&Y	jmY�Lgf�V%Y�O%Qt¹ÕÔ þJº �

�t�ÛÚ���¥¨§w�©���#� ª
ª�ªÜ®ÞÝ¤� §t�#·t�t���^�
�ß� � ´�� ����§t���P�#à¡��§¸�����³� ´áµ*�^� §¸·³���
����â[�
ã��©°y���

dK\£ämbcI�Y�T�� VULlQ1nc\MIPO�JMQ}Y�fg�;S;\]L�J&u%`_IcQ¸VUI�V%ncbPS;`ol5S;QML�J&LgS;Oû��T%I�O%S;TUQ}Ykj;S;OUQ3l%\MS�l5S;QMnPQ}V�YmO%Q3f¤Y
V%IPT���LNvP`aI�l�Y�\]JMLNIm�WOUS;T%Q}QMS�`a`oIcQGV%ncQ]S;\M`aY�LgQ3b	Yml�Y�[%fgI�V�X|LNQMS�fNIP\Gf¤Y bcS�`al5S;QMY�O�JMI-J&I���J&TU\MncI�V�XZTUO%I
Lg` Y���I���«"S;TUQ�O%S;T%Q�LgO�JMnc\MIPQMQ]S;O%Q�`aY�LgO�JMIcO�Y�O�J¢QMl5nPbcL�Ø���T%Ic`oIcO�Ji^�bcI�JMJ&I�bcS�`al5S�Q&Y�O�J&IWJ&I���JMT%\MnPI��%¥yY�OUQ
bPIPJMJMIeJ&\MS;LgQMLgvc`oI�IPJiV%Ic\]O%LNvP\MIel�Y�\sJ&LNIm�UO%S;T%QRl%\MS;l5S�QMS;O%QiTUO3Y�fg�;S;\MLîJ&u%`oI�VUIKbcfNY�QMQ]LgØ�bcYmJ&LgS;OtQ]T%l5Ic\sj�LgQMnPI
l5S;T%\RfNIPQiLN`aY���IcQ�J&I���JMT%\MnPIcQP�5IPJWO%S�T%QiIcO3I#Q®IPbPJMT%S;O%QWf�X|nPJMT%V%IK`aYmJ&uUnc`aYmJ&Lg��T%Im�
h�Y�bPf¤Y�Q]QMLgØ%b	YmJMLNS;O?bcS;O%Q]LNQsJ&I9^ YmJMJM\MLg[%T%Ic\ T%O%I±n�J&Lg��TUIPJMJMI9^�b�u%Y���T%I9l%Lî�UIPfyV®XZT%OUI9Lg` Ym�;I��/bcI�JMJMI

n�J&LN��T%I�JMJ&IRLgO%V%LN��T�YmO�J�^e��T%IcfgfNI�bPf¤Y�Q]QMIiY�l%l�Ym\]J&LgIcO�J�fNI�lUL���Icf{�;¦�fNfgI�l5IPTUJ�ZPJ&\]IRj�T%IRbcS;`o`oI�T%O_l%\]S;[%fgvc`oI
V%I9l�Ym\]J&L�J&LgS;O�����X|IcQsJ3T%OûV%IcQ¸S;[�p]Icb�J&Lgx¶QtV%I9[%Y�QMI9V%T J&\MY�LgJMIc`oIcO�JtV�X|LN`aY��;Im��¦�fNfNI³LgO�JMIc\]j�LgIcO�JtV�Y�O%Q

Ô;Ô



©ª`aY��;Ie^_bcfNY�Q]QMLgØ%Ic\ ��fNY�QMQ]LgØ�bcYmJ&LgS;OtS;[UJ&IPO�TUI

½`¾2¿yÀ Ñ � ¹ ��¦*��Ic`ol%fNIKVUIw\]ncQ]T%fgJ&YmJiV%IKbcf¤YmQMQML�Ø�b	Y�J&LgS;O

VUIGO%S�`�[%\MIPT%QMIPQ Yml%l%fNLgb	YmJMLgS;OUQc�*bcS�`a`oItl�Ym\_I���IP`al%fgI¸f¤Y}J&nPfNncVUnPJ&IPbPJMLNS;O®��h�Y9bPf¤Y�Q]QMLgØ%b	YmJMLNS;O IcQsJaT%O
lU\MS;[%fgvc`oI¸J&\]vcQ l%\]S�b�u%I3V%I}bcIPfNTULWV%I}f¤Y9QMIc��`aIPO�J�Y�J&LNS�O���V�Y�OUQ fNIGQMIPO%Q�S�\?fNIG[%TUJaj�LNQ]n}bPS;O%QMLgQ]J&I}^
S�[UJ&IPO%LN\eT%O%Iol�Ym\]J&L�J&LgS;O±V%I_f�X|LN`aYm�;I�IPO�\Mnc��LNS;OUQKu%S;`oS;�;vPO%IcQP��¥yY�O%QwfNYtbcf¤YmQMQML�Ø�b	Y�J&LNS�O��®b�u�Ym��TUIaQMS�T%Q
IPO%QMIP`�[%fNIKV%IKfNY~l�Ym\]J&L�J&LgS;O�S;[UJ&IPO�T%IK\MIPl%\MnPQMIcO�J&I�T%OUIwbPf¤Y�Q]QMI��
h�XÕY�lUl%\MS�b�u%IwTUJ&LgfNLgQ]ncIeLNbcL�IcQ]J"LgQMQMT%IwV%I[¹ Ñ£ü�Ñ � Ñ£ý�Ñ^º IPJWIcQ]J"[�YmQMncIwQMT%\WfNIPQWbPS;O�J&S;T%\]Q�YmbPJMLgx¶Qt¹ Ñ£ý � º ý0º �

h�Y�l�Y�\sJ&L�J&LgS;O�b�u%IP\Mb�u%nPIibcS;\]\MIPQMl5S;O%VoYmT~`oLNO%Lg`qT%` V�X|T%O%I�x¶S;O%b�J&LNS�O%O%IcfgfNIm�m«WS;T%Q�\]ncQMS�fgj;S;OUQ�fNI�Qsr�Q]J&vP`aI
V®XÕ¦�¥y�ÅY�QMQ]S�bcLNnm�%��IcQi¦�¥y� �;TULNV%IPO�J�fgIcQ�LgO�J&IP\]xzY�bPIcQeözbPS;T%\][1I�V%IyO%L�j;I	Y�T�²cnP\MS�÷�j;Ic\]QRfgIcQ¢x¶\MS�O�J&Lgvc\]IcQ�V%I
fNY~l�Ym\]J&L�J&LgS;O�S;lUJ&Lg`aY�fgIm�
I /�ê%é*ÏðÉkÊ£å¡%8å ¥yY�O%Q¢bcI�b�u�Yml%LgJM\MI���O%S�T%Q�lU\MncQ]IcO�J&S;O%Q�f�XZY�fN��S;\]L�JMu%`oIRV%I"bcf¤YmQMQML�Ø�b	Y�J&LNS�O���«"SmJ&\MIWl5S;LNO�J
VUIaV%ncl�Ym\]JqIPQ]JqT%O�YmfN�;S�\ML�J&uU`oI~V%IabcfNY�QMQ]LgØ�bcYmJ&LgS;O-l5S�T%\�fgIcQwLN`aY���IcQKO%S�O�J&I���J&T%\]ncIcQqV%nPj;IPfNS�l%l5n l�Ym\
·�Y�`aQ]S;OaIPJ�Y�f���V�YmO%QÒ¹ Ñkü�Ñ^º ��«"S�T%Q¢`aS�VULgØ�S;OUQ/fNYex¶S;O%b�J&LNS�O%O%IcfgfNIiYmØ�OaV%I"f�XZY�V�YmlUJ&IP\¢Y�Tab	Y�Q¢VUIcQ�Lg`aY��;IcQ
JMI���J&TU\MncIPQc�5��S;T%\RbcIcfNYU�%OUS;T%QibPS;O%Q]JM\MT%LgQMS;O%QiTUO¸J&Ic\]`aIeV®XÕY�JMJ�Y�b�u%IKY�T��tV%S;O%O%nPIcQW[�YmQMnKQMT%\RT%O%IeJ&\MY�O%Qs�
x¶S�\M`oncIRIPOal�Ym��TUIPJ&Q/V®XZS;OUV%IcfgIPJMJMIcQP��h�YKOUS;TUj;IcY�TUJ&nWVUIiO%S�J&\]IRJ&\MYkj�Y�LNfUl%\]S£j�LNIPO�J�V%Iif�X|TUJ&LgfgLgQMYmJ&L�S;O�QMLN`�TUf��
J&Y�O%nPIRV%IPQ�bPS;O�JMS;T%\]Q�Y�b�J&Lgx¶Q*IPJ�V�X|T%O~JMIc\M`oI�V�XZYmJ]J�Y�b�u%IiYmT���V%S;O%OUncQ�QMl5ncbPLgØ%��TUIWY�T��qJ&I���JMT%\MIPQ�[�Y�Q]nRQMT%\
TUO%I�J&\MY�O%Q]x¶S�\M`oncI�IPO³l�Y���T%IPJMQyV�X|S;O%V%IPfNI�JMJ&IPQc�®«WS;T%Q�LgfNfgTUQ]J&\]S;O%QWO%SmJ&\MI�`oS�V%vcfgI�^af�XZY�LNVUIwV%Iq��T%IPfN��T%IPQ
I���Ic`ol%fNIPQ�VUIqbPf¤Y�Q]QML�Ø�b	YmJMLNS�O3S�[UJ&IPO�T%I�özbPx�¡�LN�;T%\]I Ñ � ¹ ÷��5«"S�T%Q"JMIc\]`aLgO%S;O%QibcI�b�u�Yml%LgJM\MIwIcO}`aS�O�J&\MY�O�J
��T�X|S;O?l5IPTUJ TUJMLNfNL�QMIc\~IcOÅl%\Mn�J&\&YmLgJ&IP`aIPO�JoV%IGO%S�JM\MI3Y�fg�;S;\MLîJ&u%`oItVUI3bcfNY�QMQ]LgØ�bcYmJMLNS;O(f�XZY�fN��S;\]L�JMu%`oItV%I
VUncbcS�`al5S;Q]LgJMLNS;OtV%T}��u�Yml%LgJM\MI ¹ �
«"S;TUQ"Y	j;S;O%Qil%\MnPQMIPO�J&nwbcIK`aS�VUvcfNIyV�Y�O%Qt¹ZÔ ý �5Ô ¹Jº �

I /�ê%é*ÏðÉkÊ£å��Ùå ¥yYmO%Q�fNIR��u�Yml%LgJM\MI þ �mO%S;TUQ�I^Q1Icb�J&T%S�O%Q�f{XZn�J&T%V%I�`aYmJMu%nc`aYmJ&Lg��T%I¢V%IRfNY"x¶S;OUbPJ&LgS;O%O%IPfNfgI
VUIKbPf¤Y�Q]QMLgØ%b	YmJMLNS;O���T%IKO%S�T%QWY	j;S;O%QRLNO�J&\MS�VUT%LgJMIeYmT3��u�Y�l%L�J&\]I ý ����IPJ]J&Iex¶S;OUbPJ&LgS;O%OUIcfNfgI�l%\]ncQ]IcO�JMIwV%IPT��
LgO%bcS�O�j;nPO%LNIPO�J&Q�`aY£p]IcT%\]Q�­	V�X|T%O%I�l�Y�\]J�IPfNfgI�l5S�QMQMvPV%I¢TUOKJ&Ic\]`aI�V%I�bPS;T%l%fNY��;Im�	IPJ�V�XÕYmTUJ&\MI�l�Y�\]J�IPfNfgI�O®XZIPQ]J
l%Y�QRbcS�O�j;I���Im�5«"S�T%QRbcS�`a`oIcO(ÐPS;O%Q�l�Y�\�I^Q1Icb�J&T%IP\iT%O¸b�u�Y�O%��Ic`oIcO�JiV%Iyx¶S;O%b�J&LgS;O¸YmØ%O¸V%IeQ]IK\MY�`oIcO%IP\
^qTUO%I�x¶S;O%b�J&LgS;O%O%IPfNfgIWbcS;O�j;I���I���«WS;T%Q�l5S�TUj;S;O%Q�I^Q1Icb�J&T%IP\Rf{XZn�J&T%V%I�`aYmJ&uUnc`aYmJ&Lg��T%I"bPS;`ol%fNv�J&I"V�Y�O%Q�fNI
bcY�QiV%IKV%IcT��¸bcfNY�QMQ]IcQc��IPJWV%S�O%O%Ic\i��T%IPfN��T%IcQW\MnPQMT%f�J�YmJMQiV�Y�O%QifgIeb	Y�Qi�;nPO%nc\MY�f/özV%I

n
bPf¤Y�Q]QMIPQ�÷��

«"S;TUQ"Y	j;S;O%Qil%\MnPQMIPO�J&nwbcI�JMJ&IKnPJMT%V%IwV�YmO%Q³¹ Ñ º �5Ô ùGº �
I /�ê%é*ÏðÉkÊ£å Ð¬å ¦�O(J&\MY�LgJMIc`oIcO�J�V�XZLg` Ym�;IcQP�*fNY}x¶S;O%b�J&LgS;O V%LgQ]J�YmO%bcItQMLg�;O%nPI�p]S;T%ItTUO \Û�;fNIaJ&\MvPQ_Lg`_�
l5S�\]J�YmO�JaV%I3l%Y�\]JaQ]IcQ lU\MS;l%\]LNn�J&ncQol�Y�\sJ&LgbcT%fgLgvc\MIPQc���*Y�\oI���IP`al%fgI���IcO?Q]Ic�;`oIcO�J�YmJMLNS�OÅV�X|LN`aY��;IPQc��T%OUI
��T%IPQ]JMLNS;O-bcY�l%L�J�Y�fgI�bPS;O%bPIc\]O%Iof¤Y V%nPJMIcb�J&LNS�O-V%IPQKbcS;O�J&S;T%\]QKV�YmO%QKT%OUI_QMbPvcO%Im��×"O%I_`on�J&u%S�V%I~I#]ob	Y�bPI
bPS;O%Q]LNQ]JMIW^exzY�Lg\MI�nPj�S;fNT%IP\c��^Kf{XÕY�LgV%I�V�X|T%O%IW¦���T�YmJ&LgS;OaYmT��o¥"nc\ML�j;ncIPQ��*Ym\]J&LgIcfgfgIcQiö{¦�¥y�/÷���fNIPQ�IPO%QMIP`�[%fNIPQ
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V%I O%Lgj�I	Y�T�²cnP\MS³V�X|T%O%I x¶S;O%b�J&LgS;O�V%LgQ]J�YmO%bcI
u0
LNOULgJ&LgY�f�Iyp]T%QM��T�XZ^³bcI ��T®XZLgfNQqYmJ]J&IcLg�;O%IPO�JqfNIPQqbcS�O�J&S�T%\MQ

QMS�T%u�Y�L�J&nPQc��·�L
I(x)

V%ncQ]LN�;OUIofgI~O%Lgj;IcY�T-V%I_�;\MLgQeV%I_f�X|LN`aYm�;I�IPO
x
��I�J

g(t) = 1
1+t2

��Y�fgS;\MQyf�XZ¦�¥y� f¤Y
l%fgT%QibPf¤Y�Q]QMLg��TUIc`oIcO�JWTUJ&LgfNLgQ]ncIyIcQ]Jw­

∂v

∂t
= g(‖∇I‖(x)) VULgj

( ∇v
‖∇v‖

)

‖∇v‖ + ∇g.∇v ö Ñ � ¹ � Ñ ÷
�}Y�fgu%IPT%\MIPT%QMIP`aIPO�J	��f�XZ¦�¥y� ö Ñ � ¹ � Ñ ÷KOUI��;Y�\&Y�O�J&L�J�l�Y�Qq��T%I�fNYGx¶S;OUbPJ&LgS;O

v(x, t)
\MIcQsJ&I�TUO%I x¶S�O%bPJMLNS;O

V%LgQ]J�YmO%bcIiQMLg�;O%nPI�����S;T%\�\]ncQMS�T%V%\MIWbPIWl%\MS�[%fNvP`aIm��H��s� �3S�\MIcf¨YKlU\MS;l5S;Q]nWV%Ii\MncLgO%L�J&LNY�f�LgQ]Ic\�fNIRl%\MS�bPIcQ]QMT%Q
IPO3TUJMLNfNL�Q&Y�O�J�J&S�TUJ&IPQWfgIcQRbcLNOU��S�TGV%L��tL�J&nP\&YmJMLNS;OUQ�f�XZ¦/¥��?QMTULgjmY�O�J&I_­







∂u

∂t
= −signe(v(x, t0)) (|Du| − 1)

u(x, 0) = v(x, t0)

ö Ñ � ¹ �ÕÔ;÷

S�\
v(x, t0)

IPQ]J�f¤Y�x¶S;O%b�J&LNS�O-V�X|nPj;S;fgTUJ&LgS;O�Y�T9J&IP`al%Q
t0
ö
t0 = 5

S�T
10
÷���«"S�T%QwTUJ&LgfNLgQ]S;O%QeT%O%I_J&IcfgfNI

l%\]S�bcnPV%T%\MIwV%IK\]ncLgO%LgJML¤YmfgL�Q&YmJMLgS�OtV�Y�OUQWOUS�J&\]IwY�fN��S;\ML�JMu%`oI�V%IKbcfNY�QMQ]LgØ�bcYmJ&LgS;Otl%\]ncQMIPO�JMnqY�T3��u�Y�l%L�J&\MI ý �
h�YKJ&u%nPS;\MLgI"V%IPQ�QMS;fgTUJ&LgS;O%Q�V%I"j�LgQMbcS�QMLgJMn"QcX|IcQsJR\]nPj;nPfNncIÒZ�J&\]I�T%O b	Y�VU\MI�[ULNIPO�Y�V�Y�l�J&n"l5S;T%\¢`oS;O�J&\MIP\

V%IPQ�\MncQ]T%fgJ&YmJ&Q*V®XZI��ULgQ]JMIcO%bPIRIPJ�V�XZTUO%LNbPLgJ&n¢l5S;TU\*bcI���IcO%\]I�V�XZ¦/¥��æ¹ ��ü � ¹ º � Ó º º �;�}Y�LgQ�J&S�T%Q*bcIcQ*J&\MYkj;IcY�T��
QMI�l%fNY�bcIPO�J�IcO �;ncOUnc\&Ymf�QMS;TUQ~f�X|u�r�l5S�JMu%vcQ]It��T%Itf{XZS�l5nc\&Y�J&IcTU\qu�Y�`oLNf�JMS;O%L�IcO�Y�T�QMIcbPS;O%V(`aIP`�[%\MIaIcQ]J
bPS;O�JMLNO�T9l�Ym\e\&Y�l%l5S�\]Jw^�J&S;T�J&IcQKQ]IcQKj�Y�\MLNY�[%fgIcQc��Y�fgS;\MQy��T%I_f�XZ¦�¥y� ö Ñ � ¹ �ÕÔ;÷�l5S;Q]QMvPV%IaTUO%I_QMLNOU�;T%fNY�\ML�JMn
QMTU\

Γ = {x/v(x, t0) = 0} ��©ªf�QcXZY��;L�JeIcO9I^Q1IPJKV%I_fNY�QMl5nPbcL�Ø�bcL�J&n~V%I_OUS�J&\MI�JM\&Y	jmY�Lgf�­�fgIcQeS�l1nP\&YmJMIcT%\]Q
u�Ym`aLgf�J&S�O%LgIPO%Q_��T%I3O%S;T%QaY�fNfgS;O%Q~bPS;O%QMLgV%nc\]Ic\aOUI3QMIP\MS;O�J l�YmQabPS;O�JMLNO�T%Qol�Y�\o\MY�l%l5S;\sJ ^-fNY±jmY�\]L¤Y�[UfNI
V�X|IcQ]l�Y�bPI

x
�£«WS;T%Q�Y�fNfgS;OUQ�OUn	Y�O%`oS;LgO%Q�V%S;OUO%Ic\�T%O�\]ncQ]T%fgJ&YmJ�V�XZI���LNQ]JMIcO%bPI¢IPJ�V�X|T%O%LgbcL�J&n��	I�J�Y�T%QMQ]L�S;[�J&IcOULN\

T%O%Iex¶S;\]`�T%fNIyVUI��WS;lUx¤�ªh�Y£�tI���l%fgLNbPLgJ&Im�
¥yY�O%Q�fNIy��u�Y�lULgJ&\]I Ó ��O%S�T%Q�bcS�`a`oIcO(ÐPS;O%Q�l�Y�\¢\&Y�l%l5IPfNIP\�fNIPQ�lU\MS;l%\]LNn�J&ncQ�V%I�f¤Ywx¶S;O%b�J&LgS;O V%LNQsJ�Y�O%bPI

QMLg�;O%nPI��¢«WS;T%QaV%S;O%O%S�O%Q O%SmJ�Y�`o`aIPO�JoT%OUI}b	Ym\&Y�b�J&nP\MLNQMYmJ&LgS;O V%I}fNY9x¶IP\M`oIPJ&TU\MI3V%T?Q]��TUIcfNI�JMJMI}V�XZTUO%I
bPS;T%\M[5Im��bcI���T%L1bcS�O%Q]J&L�J&T%I"T%O�\]ncQMTUfgJ�Y�J�O%S;TUj;IcY�T��U«"S�T%Q�O%S;T%Q�LgO�JMnc\MIPQMQ]S;O%Q�IPO%QMTULgJ&I�^qf{XÕ¦�¥y�ûö Ñ � ¹ �ÕÔ;÷��
��T%LgQ/O%S;TUQ¢n�J&IPO%V%S;OUQ�OUS;Q/\MnPQMT%f�J�YmJMQ¢^KT%O%IWbPf¤Y�Q]QMIWV�X|S;l5nP\&YmJ&IPT%\MQ/u�Y�`oLNf�JMS;OULgIcO%Q�l%fgT%Q��;ncOUnc\&YmfNI���bPf¤Y�Q]QMI
V�X|S;l5nP\&YmJ&IPT%\MQ�O%ncY�O%`oS;LNOUQ*JMS;T�p]S;T%\]Q�V%LNQ]bcS;O�J&LgO�T%Q�IPO_f¤Y"jmYm\ML¤Ym[%fNI¢V�XZIPQMl�YmbcI

x
���ÃO%S�JM\MI�bcS�O%O�Y�LgQMQ&YmO%bcIm�

Lgf�O�X|I���LgQ]J&IKl�Y�QiV�XZY�TUJ&\]IeJ&\&Y	jmY�Lgf®\MIcfNYmJ&L�x�^~T%O%IKV%LNQ]bcS;O�J&LgO�T%L�J&nyV%T¸J�r�l5IKV%IwbPIcfgfNIeVUIwf{XÕ¦�¥y� ö Ñ � ¹ �ÕÔ;÷��
«"S;T%QWY	j;S;O%Qil%\MnPQMIcO�J&n�f{X|IcQMQ]IcO�J&LNIPf�V%IKbcIeJ&\&Y	jmY�Lgf®V�Y�O%Qt¹ Ñ Ô��¨Ô;Ô��5Ô Ñ�º �

�t�*çè�¦¥¨§w�©���#�«ªêé ®¡ëì������âí���
$ È�È�å43�å $ å ¥yY�OUQ�bcI�JMJMI�l%\MIP`aLgvc\]I"Y�O%O%I���I���O%S;T%Q¢LNO�J&\]S�V%T%LNQ]S;O%Q�\&Y�l%LgV%Ic`oIcO�J¢fNYKJ&\MY�O%Qsx¶S;\M`oncIWIcO
S;OUV%IcfgIPJMJMIcQt¹ Ñ Ô ü0º �¨��IcfNY_O%S�T%QWl5IP\M`oIPJiIcO3S�TUJ&\]IKV%IeØU��Ic\i��TUIcfN��T%IPQ"O%SmJ�YmJMLNS;O%QP�

$ È�È�å43�å C å «"S�T%Q�lU\MncQ]IcO�J&S;O%Q�LNbcL�f{XÕYmfN�;S�\]L�J&uU`oI�V%I/bcS�`alU\MIcQ]QMLNS�O�V�X|LN`aY��;IPQ�Y�V�YmlUJ&n¢YmT��wbcS�O�J&S�T%\MQ
LgO�J&\]S�V%T%L�Jel%Y�\e�q����S;u%IPO�I�J� ����}Y�J&IcLy¹ Ñ	¹UÑ^º ���*Y�\e\MY�l%l5S;\sJwY�T��9Y�fg�;S;\ML�JMu%`oIPQybcfNY�QMQ]LN��T%IPQKV%I_bcS�`_�
l%\]IcQMQ]LNS;O-IcO-S;O%V%IPfNI�JMJ&IPQc��LNf*JMLN\]I~l�Y�\]JML�VUIof{XZLgOUx¶S;\M`oYmJMLgS�O±�;nPS;`an�J&\]LN��T%I~l5S;T%\KS;[�J&IcOULN\eV%I_`aIPLNfgfgIPT%\MQ
\MnPQMT%f�J�YmJMQiV%IKbPS;`alU\MIcQ]QMLgS;O��

$ È�È�å43�å I å ¥yYmO%QebPIPJMJMI_Y�O%OUI���I���O%S�T%QeVUS;O%O%S;OUQe��T%Icfg��T%IcQencfgnc`oIcO�J&QyQ]T%\yf¤Ya`aS�V%nPfNLgQ&YmJMLgS�O}V%T
[%\]T%LgJ�V%I³b�u�Y�J&S;LgIc`oIcO�J	����XZIPQ]J¸IcO I#Q®I�J¸fNI}�;IPO%\MI±VUI±[%\MTULgJ�\MIPO%bcS;O�J&\]n9IPO LN`aY���Ic\ML�I}§�·%µ���«WS;T%Q
\&Yml%l5IcfgS;O%QRnc��Y�fgIc`oIcO�Ji��T%IPfN��T%IcQiØ�fgJM\MIPQibPf¤Y�Q]QMLN��T%IPQWl5S;TU\incfgLN`oL�O%Ic\�bPIw[%\]T%LgJc�

$ È�È�å43�å K å ¥yY�OUQ�bcI�JMJ&I�V%IP\MO%Lgvc\MIqYmO%O%I���Im�1O%S;T%Q"l%\MnPQMIPO�JMS;O%QyfNYo`onPJMu%S�V%I�VUIcQ�bPS;O�JMS;T%\]QyYmbPJ&L�x¶Q
I�JWQMS;O3Y�l%l%\]S�b�u%Iwl�Ym\ibPS;T%\M[5IPQWV%IKO%Lgj;IcY�TGIcO¸J&\MY�LgJMIc`oIcO�JiV®XZLg` Ym�;IcQP�

Ô º



D å�ñ�ê%Ê�ç�Í�åÔå ��S;TU\ibcS;OUbcfNTU\MI��%O%S;T%QiQMLg�;O�Y�fgS;O%QRY�TGfgIcb�J&IcTU\iLNO�J&nc\]IcQ]QMnwf¤Y�l�Y���Iw_�_�_ ­
u�J]J&l-­ïî
îJðyðyð��ªQ]S;l��|LNO%\]L¤Y��|x¶\ñîmY�\MLNYmO�Y4î�l5Ic\]QMS;O%OUIcf2î�H�I	Y�O��ª¡�\&YmO%bPS;LgQc�|��T�p]S�fFîmIPO%�;fgL�QMu��|u�JM`af
S�\Gf{XZS;Otl5S;T%\M\MY~JM\MS;TUj;IP\iT%OGbcIP\]J�Y�LgO¸O%S;`�[%\MIeV%IK\]ncQMTUfgJ�Y�J&QiO�T%`anP\MLg��T%IcQibcS;`ol%fgnc`oIcO�J�Y�Lg\]IcQc�

Ô ü



Ô �



ò @3=?> B�ÄÅ@G= |À¼ @tD3B�=

ó ôÁ|À¼öõË÷ ø ùÍú {Üû ø ùüú�ýPþ�ÿÜ÷¦ô ÷ ú ø ��� û�� ýPô�ùüú�ý ���

�
	





� � ù�
�ýBú��¡÷ �

ÿÜ÷ � þ­ÿÜ÷¦ô ÷¦ô�
�ù¬õË÷¦ô ù � ù�
 ú û ô � ��� ù � ù ��� ôÁ÷
� � ýPø ù��ö÷¦ô���÷ ú û ú¡ÿ � ÷ � ÿ�ø û �¡ýPþ�ÿÜ÷ � ÷ � ÷¦ÿ��Øô
��� �Øø ÷æô

���
 "!$#&%('")*%&+-,.%/)0#213�4'",65*)*%
78 "9;:"!$,6 <5*)*9>=":",6!*9; ?!0@>:?%/A.@<:"%&!B%/!C'3�
#&%/!D�
=3�
'?5*E/!$�
:F5G)G�4,65G%&+H%& <5=JIK,6+L�
M
%/!/NPOQ9;:?!L#&9;+H+-%/ ?R/9; ?!H'3�
)HASIK%&!*'3�
#&%
BV

="%&!LTU9
 "#&5*,.9; ?!LVXWY�
)*,.�45G,69; [Z�9
)* "E&%/!B\]9; ^!G�4,65=?%/'":",6!`_ba/cedYfg@>:JIK:" 05*%/AJ%/!*'"�
#/%`#&9; <W>,.%& <58'3�
)C5*,.#&:"A.,6h&)*%/+-%/ e58�4:jik,6+L�4M;%/!lM
E/9;+-E&5*)*,.@<:"%&!/N"OQ9
:"!8'")*Enm!C%/ e5G9; "!o%& "!*:?,65G%LASIK%&!*'3�
#&%
G
,6 <5*)*9>=":",b5p'"�
)rq�%&s;%&)r=3�4 "!�_baut;tYfl'�9;:?)v+-9>="E/A6,.!C%/)wA6%/!p'"1"E/ ?9;+Hh& "%&!9
!*#/,6A.A.�
 e5G!/7
%&5x "9
:"!l�4 3�
A6s>!C9; "!]A.�` "945G,.9
 -="%y=":"�
A.,b5GE8@<:",zA.%�A6,.%�V

BV
N>OQ9
:"!] "9;:"!],. e5GE&)*%/!C!*9; ?!l�
A.9;)C!�4:ji{%/!C'3�
#&%/!w="%-|j9;Z�9
A.%&WB=JIK%ni?'�9
!G�
 e5p "E&Me�45*,6T]@<:",}!*9
 <5`%/:>iX�
:?!*!*,~�
'"'3�4)*:"!�#/9
+H+-%r�4=3�
'?5*E/!w�4:ji'?1"E/ "9
+Hh& "%/!x9;!C#/,6A.A.�
 e5G!�_�aucetYfSN>Oy9;:"!P5G%&)*+-,. "9
 "!]�uW;%/#QA6%/!P%/!C'3�
#&%/!l="%Q�l%&!*9�W-=?9; <5]9; H#&9; " 3�4,65]ASIK:j5G,bmA6,65*Eo%& X="E&Z")*:",b52�
M
%r=gI�,.+H�
M;%v="%&'":",6!-_ 	
� f�7��
,6 "!*,�@<:gIK�
:ji�%&!*'3�
#&%/!w="%��l%/!C9�W{=gI�%ni?'�9;!*�
 e5G!w "E/M;�45G,bTU!/7#&%/!}="%/)C ",.%&)*!~�4'"'3�
)*�
,.!C!G�
 e5}%&:jir�
:"!C!*,?,6 <5GE&)*%&!*!G�4 <5G!}'�9;:")�E�5G:"=",6%/)�A6%/!�E/A6E/+-%/ e5G!�TU9;)�5G%/+-%/ e5}9
!*#/,6A.A.�
 e5G!_�a�t;tYfSN�~IK9;Z>�C%&#&5G,bT�="%�#/%�#n13�4'",65*)*%�%&!C5P=?9;:"Z"A6%
N
��A?%&!C5P=JIK:" ?%8'3�
)C5}=gIK,6 <5*)*9>=":",6)*%xA.%/!�%/!*'"�
#/%&!x�uW;%/#8A6%/!C@>:?%/A.! ?9;:"!-�
A.A69; "!v5*)G��WY�
,.A6A6%&)v5G9
:?5H�
:�A.9; "M{="%0#/%0+L�4 >:"!C#/)*,b5u7}%�5-=gIK�
:?5G)C%0'3�
)C5�=gI�%&��%/#�5G:"%&)H:" "%0E&5*:"="% <:"+-E/)*,6@<:"%o="%/!�=",b�JE&)*%& <5G%&!� "9;)C+H%&!��
!*!C9>#/,6E/%/!`V�#&%/!�%/!*'"�
#/%&!/N�|j,�A.%v#u�4A.#/:?A�="%rA.�HW4�4)*,��Y5G,.9
 $5G9
5G�
A.%9
:p=?%]A��� "9;)*+-%

L2 =gI�:" "%],6+L�
M
%} "%]'�9;!C%]'3�
!�="%]'")C9;Z"A6h/+-%
7u,6A; gI�%/ p%/!�5�'3�
!�="%]+-�/+-%~'�9;:")�#/%&A.:",e=?%/! ?9;)*+-%/!]="%�|>9;Z�9;A6%&W�=gI�%�ij'�9;!G�4 <5� "E/M;�45G,bTg9;:L="%QA�I�%/!C'3�
#&%
G
Nj��%&!��
A6M;9;)*,�5G1"+-%&!P@>:?%� "9;:"!x'")*9
'�9;!*9
 "!="�
 "!w#/%&!p#u�
!w!C9; <5pV� "945G)*%�#/9; ? 3�
,.!C!G�
 ?#/%- "9;:?W;%/�
:ji�N���IK%&!C5oV0'3�
)�5G,.)�=?%-#/%&5C5G%-E&5*:"="%H <:"+-E/)*,6@<:"%=?%/!]=",b�JE&)*%/ e5G%&!] "9;)C+H%&!P@>:?%y "9;:"!]�
A.A69; "!}#/9
 "!C5*)*:",6)*%�="%/!x�4A.M;9;)C,b5G1?+-%/!}="%y=?E/#/9
+H'�9
!*,65*,.9; r=gI�,.+H�
M;%&!="�
 "!�A.%&!�#213�
'",b5G)*%&!�!*:",bW4�
 e5G!&NOQ9;:?!Q�uW;9; "!�'")*E&!*%& <5GEwA�I�%/!C!*%/ e5G,6%/A�="%`#/%�5*5*%wE&5*:"="%w="�
 "!w_ �
� fSN

���/�����¡ �¢�£�¤�¥p¦x¢
BV § ¢�£©¨Yªp«�¦]¬�­&ªp«�£�® ¯�¥�°�­&¥�¬�­&ªv«0£�±{ªw°�«k²8¢�£

³�´�µP´Cµ ¶¸·g¹�º�»½¼j»�¾PºQ¿[ÀJ¼�ÁQÂ"¾~Á�Â?»�·J¼j·�¿
Ã  -)*�
'"'�%&A.A6%�,.#&,?A���="E�Ä3 ",b5G,.9
 r="%8A�I�%/!*'"�
#/%

BV (Ω) Å 9; r!*:"'"'�9
!*%y@<:"% Ω
7;A.%�="9
+L�
,6 "%l="%�ASIK,6+H�4M;%
7%&!C5y:" �9;:?W;%&)C5QZ�9
)* "Ew��,.'?!*#21",65*Æ`=?%

R
2 Ç \

ÈkÉ<Ê�Ë�ÌUÍ�ÌUÎ�Ë¸Ï�ÐÒÑ3ÐÒÑ3Ð
BV (Ω)

%/!C5�A.%w!*9;:"!Óm�%&!*'3�
#&%o="%/!QTU9
 "#&5*,.9; "!
u ∈ L1(Ω)

5*%/A6A.%`@>:?%oA.�-@<:3�
 e5G,b5GE!C:",6WY�
 <5*%`!*9;,b58Ä3 ",6%�\
J(u) = sup

{∫

Ω

u(x)
=",6W

(ξ(x))dx/ξ ∈ C1
c (Ω; R2), ‖ξ‖L∞(Ω) ≤ 1

} Å � Nba;Nba Ç
� d



BV (Ω)
+o:" ",g="%`A��o "9;)C+H%

‖u‖BV (Ω) = ‖u‖L1(Ω) + J(u) Å � Nba;N � Ç%&!C5Q:? $%&!*'3�4#/%w="%w���
 3�
#21gN
|j,
u ∈ BV (Ω)

73A��r="E/)C,6W;E&%v�
:�!*%& "!Q="%/!Q=?,.!C5*)*,6Z":?5G,69; ?!
Du

%/!C5Q:" "%w+-%/!*:?)*%w="%pÔy�
="9; �Z�9;)* ?E/%%�5 Å � Nba;Nba Ç #/9
)*)*%&!*'�9; ?=DVrA��vW4�
)C,��45*,.9
 �5G9452�
A6% |Du|(Ω)
N

ÕwÖYÎz×�ÖYÌÒÉeÍ�É>Ø å
Ω ⊂ R2 E&52�4 <5y:" �9;:jW;%/)C5yZ�9;)C "Ew��,.'"!C#n1",b5GÆ473�
A.9;)C!`_ � f~\a;NQ|>,

u
�
'?'3�
)C5*,.%& <5yV

BV (Ω)
739; $�rA��o="E&#/9;+-'�9;!*,b5G,69; k!*:",bW4�
 e5G%`="%

Du
\

Du = ∇u dx+Dsu Å � Nba;NKt Ç9
Ù ∇u dx %/!C5HA.�{'3�
)�5G,.%0�
Z?!*9;A6:"+H%& <5�#/9
 <5G,6 >:?%�=?%
Du

'3�4)�)G�
'"'�9
)C5HV�A.�{+H%&!*:")C%�="%$��%nmZ�%&!*M;:?% L2 7~%�5 Dsu
A��D'3�
)C5*,.%k!C,. "M;:?A.,6h/)*%4N~�Q%�'"A.:?!/7~9; ['�%&:?5H)*%&="E&#/9;+-'�9;!*%&)

Dsu
!C9;:"!-A��TU9
)*+-%r\

Dsu = Dju+Dcu
�uW;%/#

Dju
@>:?,�#&9;)*)C%/!*'�9
 "=B�
:ji0!*�
:?5G!�="%

u
%&5
Dcu

Vr!G��'3�
)�5G,6%#/�
 e5G9;)*,6%/ ? "%
N� NQ|>,
Ω
%&!C5y#/9; ? "%�ij%p%�5y!*,

Du = 0
73�
A.9
)*!

u = cste
Nt?Ny�~IK�
'"'"A6,.#/�45G,69
 

u 7→ J(u)
="%
BV (Ω)

=3�4 "!
R+

%/!C5P!*%&+H,�m�#&9; <5*,. <:"%l,. ?TUE&)*,.%&:")*%&+H%& <5 Å !C#/, Ç '�9;:?)A.�o5*9;'�9;A69;M;,6%�="%
L1(Ω)

Nc"N
BV (Ω) ⊂ L2(Ω) Å � Nba;N�c ÇÚ N
BV (Ω) ⊂ L1(Ω) Å � Nba;N Ú Ç�uW;%/#`,. Y�C%&#&5*,.9; k#/9;+-'3�
#�5G%4NÛ�9;:")�'"A6:"!�=?%w="E�52�4,.A.!�!*:?)

BV (Ω)
7"9; �)*%& <W;9
,.%`A6%�A.%/#�5G%&:")yV�_ � 7 �;Ü f�N�PI�,. e5GE&)*�&5}=?%�A�I�%/!*'"�
#/%

BV
%& o5G)*�
,65*%/+-%/ e5�=gI�,.+H�
M;%]W>,6%/ <5}%&!*!*%& <5*,.%/A6A.%&+H%& <5�=":oTÒ�
,65�@<:gIK,6A?�
:?5*9;)*,6!*%A6%/!x=",.!C#/9; e5G,6 >:",b5GE&!xA6%QA.9
 "Mp="%�#&9;:")*Z�%&! Å '?A.:"!xM;E& "E/)*�
A.%&+H%& <5/7>%/ �=?,.+-%/ "!C,.9; N 7>A6%QA.9
 "Mp="%�!C:")CTÒ�
#&%/!="%`#&9>=",.+-%/ ?!*,.9
 

N − 1 Ç N3Ý~ �'3�
)�5G,.#&:"A.,6%&)/7j,.Ag�4:?5G9;)C,.!*%�A��o'")CE/!*%& "#/%w="%`Z�9;)*="!&N���I�%/!C5y:" �%/!C'3�
#&%p@<:",%&!C5�'3�4)C5G,6#/:"A6,6h/)C%/+-%/ e5QZ",.%& {�
=3�4'?5GEv'�9;:?)�A.%&!�,.+H�
M
%/!yM;E/9;+-E&5*)*,6@>:?%/! Å +H�&+H%w!*,�'3�
)Óm�#/9
 <5*)*%v9
 D!G�
,b5@<:"%
BV

 "%Q#/9
 <W>,.%& <5l'3�4!x'�9;:")]+H9>=?E/A.,6!*%&)P#/%&)C5G�
,. "%&!x,.+H�
M;%&!P 3�45*:")*%&A.A6%/!Q_�t4f Ç N>��%Q!*:?#/#/h&!�="% BV %& 5G)*�
,65*%/+-%/ e5�=JIK,6+L�4M;%v%/!C5`E&5G)C9;,65*%/+-%/ e5�A.,6EoVk#/%&A.:",�=":X+-9>="h&A.%o="%�Ô�:"=",. >m Ã !*1"%&)�m�Þz�45G%&+H,x_bauc;d4f}@<:"% "9
:"!y'?)*E/!C%/ e5G9; "!y=3�
 "!�A��o!*9;:?!�m�!C%/#�5G,.9
 $!C:",6WY�
 <5*%
N
³�´�µ]´�³ ßà¾8áQâ�ãÓÀäá�Àäå^æ�áQ»Óº�çeè�¿>é�ÀgÂ<çYêyë~¼jÀ�ì�»$í&åîè�ê0ï

��%o="E/Z")C:",65G�
M;%o%&!C5`A�I�:" {="%/!�9;Z>�C%/#&5*,6TU!�+H�Y�C%&:")*!�=":{5*)G�
,b5G%&+H%& <5�=gI�,6+L�
M
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u
‖f − u‖2

2 + L(u) Å � Nba;N � Ç9;Ù
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∫
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 L5G9
5G�
A.%47?,6AJ%/!�5y'�9;!C!*,.Z?A.%�="%`)*�Y�C9
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N Ã  +o:" ?,658A�I�%/!C'3�
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X
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(u, v)X =
∑

1≤i,j≤N
ui,jvi,j Å � Nba;N � Ç

%�5y="%`A��o "9;)C+H%r\
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(∇u)i,j = ((∇u)1

i,j, (∇u)2
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{
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




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
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!*,j�Gú�O Å � N6a;Nba Ú Ç
OQ9;:"!�:?5*,.A.,b!*%/)C9; "!8�
:"!*!C,�:" ?%`W;%&)*!*,69; �=",.!C#/)Ch&5G%`="%`A�I�9;'�E&)G�45*%/:")����
'"A.�
#&,.%/ k="E�Ä3 ",.%`'"�
)`\
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λ
+ ∂J(u) Å � Nba;N � t Ç

Å � Nba;N � t Ç %/!C5yE/@<:",bW4�
A6%/ e5QVk\
f − u
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λ
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N �
Ú Ç
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2
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f
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PλK(f)
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{
‖λ =",6W (p) − f‖2

X : p / |pi,j| ≤ 1 ∀i, j = 1, . . . , N
} Å � N6a
N �4� Ç
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1 + τ |(∇(
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N �4� Ç
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∑

1≤i,j≤N
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=3�
'?5*E��
:jiH'?1"E/ "9
+Hh& "%/!l9;!*#&,.A6A��4 <5*!/7eA�I�%/!C'3�
#&%
G
@>:?%� "9;:"!l��W;9; ?!l'")CE/!*%& <5*E=3�4 "!�A��H|j%/#�5G,69; � N � N Ã  $W;9;,b5Q "9
52�4+H+-%/ e5Q@<:"%47�M;);�4#/%v�
:D��%/+-+-% � N � N6a;7z:" ?%v!*:",b5G%p="%wTU9; "#�5G,69; "!@<:",�9
!*#/,6A.A6%/ e5�="%0'"A.:?!�%/ î'"A6:"! Å #&%�@<:",�!*%05*)G�
=?:",65�=3�4 "!-ASIKE& "9; "#&E�=":^��%&+H+-% � N � N6a0'3�
)�A6%kTÒ�
,b5@<:gI�%/A6A.%�5G%& "="%`W;%&)*! Ü �4:�!*%& "!y="%/!y=",6!C5*)*,.Z?:?5G,69; "! Ç W;%/)C)G��!G�� "9;)C+H% G E&Me�
A.%&+H%& <5�5G%/ ?=")*%�W;%/)*! Ü Nô�,. ?!*,g=3�
 "!w_�a�t;tYf�7�lrNzq$%&s;%&)Q'?)*9;'�9;!C%`A.%�+-9>="h/A6%�=?%w=?E/#/9
+H'�9;!C,65*,.9; k!C:",6WY�
 <5 Å #/9
+H+-%��
+HE&A.,69Ym)G�Y5G,.9
 0=?:$+-9>="h&A.%�Ô Ã Þ Ç \

inf
(u,v)∈BV×G/f=u+v

(J(u) + α‖v‖G) Å t?Nba;Nba Ç���0 "9
)*+-%
L2 ="%�A��k#&9;+-'�9
!G�
 e5G%�9;!C#/,6A.A.�
 <5*% v =":(+-9>="h/A6%�Ô Ã ÞF�kE&5GE�)*%&+H'"A.�
#&E/%�'3�4)`A��� "9;)*+-%=3�4 "!

G
N
�~IK%&!*'3�4#/%8=?%8���4 3�
#21

G
#/9; e5G,6%/ <5�A.%&!�!*,6M; 3�
:>ioVQTU9
)C5G%&!�9;!*#&,.A6A��Y5G,b9; "!&7�%&5}="9; "#l%/ o'3�
)C5*,.#&:"A.,6%&)A6%/!85*%�i>5G:?)*%/!y%&5yA6%/!8Z")*:",b5G!&N�l%/'�%/ ?=3�
 <5/7�=3�
 "!-_�a�t;tYfS7.loN�q$%&s;%&)w "%�'")*9
'�9;!*%�'3�4!`="%�+-E&5G1?9>="%� <:"+-E/)C,.@<:"%r'�9;:")�)*E/!C9;:"=")C%!*9
 ð'")C9;Z"A6h/+-% Å ="9
 <5oA.�$+-,. ",6+�,6!G�Y5G,69
 ( gI�%/!�5r=gIõ�4,.A.Ab%/:")C!p'3�4!v5*)*,6W>,.�
A6% Ç N���I�%/!�5�'�9;:?)*@<:"9;,x'"A.:?!*,.%&:")*!+-9>="h/A6%/!89; e5y)CE/#/%&+-+H%& <5yE�5GE`'")*9
'�9;!*E&!/N

ø�´�µ]´Òø ßà¾8áQâ�ãÓÀäá�À�£DÀ�¿>À�çeè�¿>é�ÀgÂ
�PNZ¸P%&!*%]%&5�|�N Ã !*1?%/)�9; <5�E�5GEPA.%&!�'")C%/+-,.%&)*!�V8'")*9
'�9;!*%&)�:? "%]�
'"'")C9>#n1"%P'�9;:?)�)*E&!*9;:?=")*%]A6%~'")C9;Z"A6h/+-%="%pq$%�s;%/)/N�Û�9;:?)�#/%&A��?7",6A.!�9; e5yE�5G:"=",6E`A6%�'")*9;Z?A.h/+-% Å #&T�_�a �;� f Ç \

inf
(u,v)∈BV (Ω)×G(Ω)

(
J(u) + λ‖f − u− v‖2

2 + µ‖v‖G(Ω)

) Å t?Nba;N � Ç
9;Ù

Ω
%&!C5L:" ^9
:?W;%/)�5LZ�9;)* ?E
NxÛ�9
:")-#u�
A6#/:"A6%/)�A���!C9;A.:j5G,.9
 g7},.A6!�)*%&+H'?A��
#&%/ e5HA.%k5G%&)*+-% ‖v‖G(Ω)

'3�
)
‖
√

g2
1 + g2

2‖p Å 9;Ù v =
=",bW

(g1, g2)
Ç 7?@>:?,��
'"'?)*9>#21"%`A��v "9;)*+-% L∞ A.9
)*!*@<:"%

p
5*%/ "=0W;%&)*!

+∞ N"Û�9;:")="%&!})*�
,.!C9; "!� <:"+-E/)*,6@<:"%/!&74A.%&!��
:?5*%/:")C!}:j5G,.A6,6!*%& <5�A.��W4�
A6%/:")
p = 1

7Y%&5�,.A6!��KJ-)*+-%& <5� "%x'3�
!}�uW;9;,6)�Wj:o="%=",b�JE&)*%& "#/%&!PW>,.!C:"%/A6A.%&!~@<:3�4 "=-,.A6!}9
 <5P:?5*,.A6,6!*El="%/!~WY�
A.%&:")*!~'"A6:"!~M;)*�
 "="%&!P'�9;:")
p
NeÝ~ "!*:",b5G%47e,6A.!�E/#&)*,6W
%/ <5TU9;)C+H%&A.A6%&+-%/ e58A.%&!�E/@<:3�Y5G,.9
 "!�=gIKÝP:?A.%/)ÓmÓ���
M
)G�
 "M
%
N"��A6!�+-9; <5*)*%& <5�="%`Z�9; "!�)*E/!C:"A65G�45G!8 >:"+-E/)C,.@<:"%&! Å #&TÞ�,6M;:")C%`t?N � Ç NÛ�9;:")�TÒ�
#&,.A.,�5G%&)�A.%&!�#u�4A.#/:?A.!/7�,6A<��E/Me�
A6%/+-%/ e5�E&5*Ex'")C9;'�9;!CEx=gI�:?5G,6A.,6!*%&)�A��� ?9;)*+-%P="%�|>9;Z�9;A.%�W� "E/Me�Y5G,6W;%

‖.‖−1,2 Å #�T~|j%/#�5G,69; � NKt Ç V�A.�r'?A��
#&%`=?%wA.�r "9
)*+-% G N
ø�´�µ]´Uü ßà¾8áQâ�ãÓÀäá�À�è�¿jéQÀgÂ>ç#¤�¾Pã�·�ç
£DÀ�¿>À

���
 "!`_�aucetYfS7?A.%&!8�
:?5*%/:")C!8+-9>=",6Ä"%/ <5lA.%�+-9>="h/A6% Å tjN6a;Nba Ç %& 0)*%&+H'?A��
R/�
 <5 G %�58A��p "9;)*+-% ‖‖G '3�
)
W−1,2 = H−1 Nz�l%/A.��)C%&W>,.%& <5�'")*,6 "#/,6'3�
A6%/+-%& <58Vr)*%/+-'"A.�
#/%&)8A.�o "9;)*+-%�=?:�!*:"'�="% g ="�
 "! ‖‖G '3�
)A.�r "9;)C+H%

L2 =?% g N��%`'?)*9;Z"A6h/+-%�#&9; "!*,6="E/)CEw%&!C5w\
inf
u

(
J(u) + λ‖f − u‖2

−1,2

) Å t?Nba;NKt Ç����!C9;A.:j5G,.9
 k%/!C5y9;Z?5*%/ <:"%w%& B�
+-%/ "�
 <5yVrA�I�E/@<:",.A6,6Z")C%�A�IKÝP��Û^!*:?,6W4�4 <5G%�\
ut = − 1

2λ
∆

[

div

( ∇u
|∇u|

)]

− (u− f) Å tjN6a;N�c Ç
Ú c



�uW;%/#w#&9;+-+H%�#/9
 "=",65*,.9; k,6 ",65*,.�
Ab%
u(0) = f Å t?N6a
N Ú Ç��A�!/IK�
M;,b5�=gI�:" "%�Ý]��Ûä=":�@<:3�45*)*,.h&+H%v9;)*=")C%r'�9;:?)�A��4@>:?%/A.A6%vA.��=",6!*#&)*E&5*,.!*�45G,69; D >:"+-E/)C,.@<:"%o="9;,b5���5G)*%TÒ�4,65G%���W
%/#`5*)*h/!�M;)*�
 "=�!C9;,. JNOQ9;:?!0)*%�Wj,6%/ "=?)*9; "!0!C:")0#&%�+H9>=?h/A.%D="�
 "!0A.��|j%/#�5G,69; Ft?N � 7�9;Ù¸9
 F'?)*9;'�9;!C%/)G�ð:" �4A.M;9;)C,b5G1?+-%9
)*,.M
,. "�
A�'�9;:")�A6%�)*E&!*9;:"=?)*%
N

�H�G� ��× ª`¬�°�¢ ¥`¤�¤k°�ªH¦¥Øk¢
��%/!x=?%/:jiH�
'"'")C9>#n1"%&!x'")*E&#/E&="%/ e5G%/!l gI�:?5G,6A.,6!*%& <5P'3�
!]A.�` "9
)*+-%

G
'�9
:")]A���#/9
+H'�9
!G�
 e5G%y9;!C#/,6A.A.�
 e5G%

v
7�+H�
,6!y:" ?%r�4'"'")*9uij,.+H�45G,69
 �="%v#/%�5*5*%o "9
)*+-%
7z9;:D:? "%v "9;)C+H%w)*%/A.�45G,bW;%/+-%/ e5Q'")C9>#n1"%4NJOQ9;:?!���W;9; ?!E&Me�
A6%/+-%/ e5p#/9; ?!C52�Y5GEL="�
 "!p "9;!p'")*%&+H,6%/)C!p%&!*!*�
,.!p=gI�,.+-'"A.E&+-%/ e52�45*,69; �:" "%H#/%/)�52�
,6 "%H,6 "!C5G�
Z",.A6,�5GE�=?%/!!C#n1?E/+H�
!w <:"+-E/)*,6@<:"%/!&N���%-'?A.:"!&7��
:?#/:" "%�'")*%&:?W;%-="%�#/9
 <W;%/)CM;%/ ?#/%H="%&!p�
A6M;9;)C,b5G1"+�%/!� gI�%/!�5p="9; " ?E/%="�
 "!L_�a �;� f]9;:^_�aucetYfSN���IK%&!C5o'�9
:")*@<:"9;,P "9;:?!v��W;9
 "!wW;9;:"A6:(#/9
 "!C5G)C:",.)C%-:" ö+-9>="h/A6%�'�%/)C+H%�5*52�4 <5p="%)CE/!C9;:"=")C%{A.%$'")C9;Z"A6h/+-%B=?%�q$%�s;%/)k%& ¡:?5G,6A.,6!*�
 <5-W>)G�
,6+-%/ <5LA.�( "9;)C+H%

G
7x="9; " "%&)�:" ¸�4A.M;9
)*,b5G1?+-% <:"+-E/)*,6@<:"%/+-%/ e58!C5G�
Z"A.%47?%&58+-9; <5*)*%/)l+H�45G1"E&+L�Y5G,6@<:"%/+-%/ e5�!G�o#/9
 <W;%/)CM;%& "#/%p�4,. "!C,J@<:"%�A.%�A.,.%& �%/ e5G)C% ?9
5G)C%`+H9>=?h/A.%�%&5yA6%�'")*9
Z"A.h&+H%�=gIÙloN�q$%�s;%/)/N

ø�´�³�´Cµ ÕDÂ?·�¿jÀ�ºx¼jë}¼j»�¾Pº
Ã  �,. e5G)*9>=?:",65�A��oTU9
 "#&5*,.9; ?%/A.A6%�!*:",bW4�
 e5G%`="E&Ä" ",.%`!C:")

X ×X
\

Fλ,µ(u, v) = J(u) +
1

2λ
‖f − u− v‖2

L2(Ω) + χGµ(v) Å tjN � Nba Ç
Ã  �)G�
'?'�%&A.A6%�@<:"%

Gµ
%&!C5y="9; " "E`'3�
)�\

Gµ = {v ∈ G / ‖v‖G ≤ µ} Å tjN � N � Ç�l9;+-+H%
J∗ %/!C5yA��vTU9; "#�5G,.9
 0,. ?=",.#/�45G)C,.#&%�="% G1

7"9; �'�%/:j5Q)*E&E/#&)*,6)*% Å tjN � Nba Ç #&9;+-+H%o\
Fλ,µ(u, v) =

1

2λ
‖f − u− v‖2

X + J(u) + J∗
(
v

µ

) Å t?N � NKt Ç
ô�W;%/#w#/%�5*5*%`TU9;)C+r:?A��Y5G,b9; g7j9; 0W;9
,65�Z",6%/ 0A.%&!�)Dm
A.%/!8!�sj+-E&5*)*,6@>:?%/!}�C9;:?E/!�'3�
)

u
%&5
v
N��%o'3�
)*�
+-h&5G)C%

µ
�C9;:"%vA.%p+H�&+H%p)Dm
A.%p@>:?%r=3�4 "!�A.%p'")*9;Z?A.h/+-% Å t?Nba;N � Ç N Ã  {'")CE/#&,.!*%&)G��A6%vA.,6%/ B="% ?9
5G)C%`+H9>=?h/A.%���W;%&#w#/%&A.:?,�="%pq$%�s;%/) Å t?Nba;Nba Ç '"A6:"!�A69;,. Å 9; 0A�I�9;Z?5*,.%/ ?=")G�o%/ 0TÒ�
,6!G�
 e5 λ→ 0 Ç N��%`'")*9;Z?A.h/+-%�@<:"%`A�I�9; kW;%&:?5Q)*E&!*9;:?=")*%w%&!C5w\

inf
(u,v)∈X×X

Fλ,µ(u, v) Å t?N � NKc Ç
Û�9;:")�#&%/A.�?7" "9;:"!�)*E&!*9;AbW;9; "!�A.%&!�=?%/:ji0'")*9;Z?A.h/+-%/!8!C:",6WY�
 <5*!w\
·¡ô

v
Ä?ijE47z9; �#21"%&)*#21"%

inf
u∈BV

(

J(u) +
1

2λ
‖f − u− v‖2

2

) Å t?N � N Ú Ç
·¡ô

u
Ä?ijE

inf
v∈Gµ

‖f − u− v‖2
2 Å t?N � N � Ç

Ú
Ú



Ã  �!*�
,b5 Å Û~)*9;'�9
!*,65*,.9
 � N6a
N6a Ç @<:"%`A��o!*9;A6:?5G,69; k="% Å t?N � N Ú Ç %&!C5y="9; " "E&%w'3�
)�\
û = f − v − PGλ

(f − v) Å tjN � N 	 ÇÝ~5yA.�r!C9;A.:j5G,.9
 0=?% Å t?N � N � Ç %/!�5Q!C,.+-'"A.%&+-%/ <5�="9; " "E&%w'3�
)�\
v̂ = PGµ(f − u) Å tjN � N � Ç

ø�´�³8´�³ ý�ãÓþP¾~Â"»½¼jé�ì�À
Û�9;:")0)*E/!C9;:"=")C%(A6%�'?)*9;Z"A6h/+-% Å t?N � N�c Ç 7� ?9;:"!�)CE/!*9
A6W;9; "!0A.%&!0'")*9;Z?A.h&+H%&! Å tjN � N Ú Ç %&5 Å tjN � N � Ç ="%+H�
 ",6h/)*%��
Ab5G%/)C "E/%4N
a;N��� ?,65G,.�
A6,b!G�45*,69
 {\

u0 = v0 = 0 Å t?N � NKd Ç� N��½5*E/)*�45G,69; "!�\
vn+1 = PGµ(f − un) Å t?N � N6a Ü Ç

un+1 = f − vn+1 − PGλ
(f − vn+1) Å t?N � N6a;a Çt?N�ò�%&!C5Q=gIK�
)*)C�&5w\ Ã  $�
)*)C�&5*%`A.9;)C!*@<:"%

max(|un+1 − un|, |vn+1 − vn|) ≤ ε Å t?N � N6a � Ç
ø�´�³8´Òø �X¾]ì ì�À�ºx¼?ëP»�Â"À�¿÷¿jæyÂ^ã*nÒëPãÓþP¾~Â"»½¼jé�ì�À

��%Q#21"9;,�iH="%Q+H,6 ",6+-,b!*%&)]=gIK�
Z�9;)C=�'"�
)x)*�
'"'�9;)�5�V
v
'":",6!x'3�
)])G�
'"'�9
)C5�V

u
 gIK%&!C5�'3�4!��
 "9>=?,. gN>�Q%'"A6:"!/7z#&9;+H+-%` "9;:"!QA6%`W;%&)*)*9
 "!�'"A6:"!yA.9;,6 g7"A.%`'3�
)*�
+Hh�5G)C%

λ
="9;,b5y�&5G)C%p'")*9>#21"%p="%

0
'�9;:?)Q@<:"%p "9
5G)C%'")C9;Z"A6h/+-%8#/9
)*)*%&!*'�9; ?="%QZ?,.%& HV`#&%/A6:",3=?%�q�%&s;%/)&Nj��9
)*!*@<:"%y ?9;:"!~Ä?ij9; "!]A6%/!~'3�
)G�4+Hh�5G)*%&!

λ
%�5
µ
7; "9;:"!A6%/!�#21"9;,6!*,6!*!*9
 "!�%/ �'3�
)�5G,.#&:"A.,6%&)�="%`!*9
)C5G%`@<:"%

λ < µ
%&5y+-�/+-%

λ << µ
N�l9; "!*,6="E/)C9; "!y�
A.9;)C!8ASIõ�4A.M;9
)*,�5G1"+�%o\

a;N��� ?,65G,.�
A6,b!G�45*,69
 {\
u0 = v0 = 0 Å t?N � N6a�t Ç� N��½5*E/)*�45G,69; "!�\

un+1 = f − vn − PGλ
(f − vn) Å t?N � N6auc Ç

vn+1 = PGµ(f − un+1) Å t?N � N6a Ú Çt?N�ò�%&!C5Q=gIK�
)*)C�&5w\ Ã  $�
)*)C�&5*%`A.9;)C!*@<:"%
max(|un+1 − un|, |vn+1 − vn|) ≤ ε Å t?N � N6a � Ç

�l%&5Q�
A6M;9;)C,b5G1"+�%�%/!�5y'")*%&!*@<:"%wA.%�+-�/+-%�@>:?%`#/%/A6:",g@<:"%` "9
:"!�:?5*,.A6,6!*9; ?!/7"VoA��o=",b�JE&)*%& "#/%�@>:?%wASIK9
 #&9;+H+-%/ ?#/%`'"�
)�+-,. ?,.+�,6!C%/)�'3�4)�)G�4'"'�9;)C5yV
u
��WY�
 <5�="%`+H,6 ",6+-,b!*%/)�'"�
)�)*�
'"'�9;)�5QV

v
N

o7E RdRTE��gÐ6Ï�ÐÒÑ3Ð�WX�F/#/,�


���1

(n+ 1)λ ≤ µ

�*� ‖vn‖G ≤ nλ
�	gi�8��2;
������N4

‖vn+1‖G ≤ (n+ 1)λ Å t?N � Nba 	 Ç
Ú
�



ÕwÖFE GIH:E å ��A�!*:�J-5y="%`)*%&+L�
)C@<:"%/)�@<:"%�\
vn+1 = PGµ(f − un+1) = PGµ(vn + PGλ

(f − vn)) = vn + PGλ
(f − vn). Å t?N � Nba � Ç

�|j:"'"'�9
!*9; "!Q@>:?%vA.��!*9;A6:?5G,69; 0#n1"%&)*#21"E&%o!*9
,65
(u, v)

N�Û�9;:?)Q@<:"%pA��r!*9;A6:?5G,69; �=?:B'")*9
Z"A.h&+H% Å t?N � NKc Ç#&9;)*)C%/!C'�9; "="%�V�#/%&A.A6%l=?:r'")*9;Z?A.h&+H% Å tjN6a;Nba Ç 749; o="9
,65�#21"9;,6!*,.) µ =?%�!*9;)�5G%�@<:"% ‖v‖G ≤ µ Å 9; o'")*E&#/,.!C%/)*�#&%H'�9
,. e5w=3�4 "!wA���|j%/#�5G,69; ötjNõt Ç N���9; ?#H!C, kλ ≤ ‖v‖G < (k + 1)λ
7�9; X "%-'�%/:j5v'"�
!w%/!C'�E/)*%&)p@>:?%ASIõ�4A.M;9
)*,�5G1?+-%�#&9; <W;%&)*M;%{�uW4�
 e5�ASIK,b5GE/)*�45G,b9; 

k + 1 Å 9;Ù^:" "%B,65*E/)G�Y5G,.9
 î#&9;)*)C%/!*'�9
 "=¸�
:�'"�
!*!G�4M;%D=?%
(un, vn)

V
(un+1, vn+1)

Ç NeÝP -%&��%&5/7<#&9;+-+H% v0 = 0
9; �W;9
,65u7
=gIK�
'")*E&!]A.%���%&+H+-%�t?N � Nba;7;@<:"%y!C,

n ≤ k�4A.9;)C!
‖vn‖G ≤ nλ ≤ kλ < µ

︸︷︷︸

=‖v‖G

Å t?N � N6aud Ç
Ý}5y=3�4 "!yA6%�#u�4!y9;Ù

λ << ‖v‖G Å #/%`@<:",�%/!C5yA.%�#/�
!�%/ �'")G�45*,.@<:"% Ç 73�
A.9
)*!�9; $� n >> 1
N��IK%&!C5�'�9;:")v "%�'3�
!r�uW;9;,.)p#/%�5*5G%�Z�9;)* ?%k,6 ?TUE&)*,.%&:")*%H'�9;:")oA6%H5G%&+H'"!v="%�#/9; eW;%/)CM;%/ "#&%0@>:?%k=3�
 "! ?9
5G)C%v�
A.M
9;)*,b5*1"+-%` "9
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v̂− tû ∈ X\Gµ

N"q$9; e5G)*9
 "!�+H�
,6 <5G%& 3�
 e5l@<:"%�!C,
v̂− tû ∈ Gµ
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A.%& <5�V infv∈GHα(f − v, v)
Nz��A�%/!C5�,6+H+-E&=",.�458="%wW;E/)C,6Ä3%&)Q@<:"%

Hα%&!C5Q#&9; <W
%�ij%
7�#&9>%/)*#&,6W;%`%&5y#&9; <5*,. <:"%`!C:")
G
N"��A�%�ij,6!C5G%`="9; ?#

v̂ ∈ G
5*%/A�@<:"%

Hα(f − v̂, v̂) = inf
v∈G

Hα(f − v, v) Å t?NKt?N �;� Ç
Ã  � "9
5*%

û = f − v̂
N3ôQA.9;)C!

(û, v̂)
%&!C5y:" "%w!C9;A6:?5G,69; k="% Å t?NKt?N �
Ü Ç N

�

�©E RT�?ÖK�.GSE å ����@<:"%&!C5G,69; �="%`A�I�:" ",.#&,65*E�)*%&!C5*%w:" �'")*9
Z"A.h&+H%�9;:?W;%&)C5y'�9
:") Å t?NõtjN �
Ü Ç N
Ã  �)*�
'"'�%&A.A6%�+H�
,. e5G%& 3�
 <58A6%�'")*9
Z"A.h&+H% Å t?N � N�c Ç \

inf
(u,v)∈X×X

Fλ,µ(u, v) Å t?NKt?N � t Ç��W;%/#
Fλ,µ(u, v) =

1

2λ
‖f − u− v‖2 + J(u) + J∗

(
v

µ

) Å tjNõt?N � c Ç
�;Ü



Ã  �#/9; ?!*,.=?h/)*%`%/ ?!*:",b5G%`A.%�'")C9;Z"A6h/+-%
inf

(u,v)∈X×X/f=u+v
J(u) + J∗

(
v

µ

) Å t?NõtjN �
Ú Ç
Ã  �+H9
 <5G)C%�TÒ�
#&,.A.%&+-%/ <5�A.%�)*E&!*:"Ab52�Y5y!C:",6WY�
 <5`\

o7E RTRTE[�gÐ��gÐ���Ð{y*�~�'zu�8
*�@�
(ũ, ṽ) ∈ X ×X



����� �^������� ��� � � � �8��§*&3�

ÕwÖFE GIH:E å Å t?NKt?N �;Ú Ç %/!C5yE/@<:",bW4�
A6%/ e5QV
inf
v∈X

J(f − v) + J∗
(
v

µ

) Å t?NõtjN �4� Ç
��Ax%&!C5o,.+-+-E/=",.�Y5w="%LW;9
,.)p@<:"%�A.��TU9; ?#&5G,69; ÷V$+H,6 ",6+-,b!*%/)w=3�4 "! Å t?NKt?N �4� Ç %&!C5r#&9; <W
%�ij%
7}#&9>%/)*#&,6W;%L%&5!C%/+-,bm½#/9; e5G,6 >:"%�,. jTUE/)*,6%/:")C%/+-%/ e5�!C:")

X
N"��A�%�ij,.!�5G%`="9; "#

ṽ ∈ X
5G%&A�@<:"%

J(f − ṽ) + J∗
(
ṽ

µ

)

= inf
v∈X

J(f − v) + J∗
(
v

µ

) Å t?NõtjN �
	 Ç
Ã  � ?9
5G%

ũ = f − ṽ
N"ô�A.9
)*!

(ũ, ṽ)
%/!C5y!*9;A6:?5G,69; k="% Å tjNõt?N �;Ú Ç N

����`'")C9;'�9;!*,b5G,69; r!*:?,6W4�4 <5G%�+-9; e5G)*%8@<:"%�A.%8'")C9;Z"A.h&+H% Å t?NKt?N �;Ú Ç %/!C5]9;Z?5*%/ <:H%& H'3�
!C!G�
 e5lV�A���A.,6+-,b5*%
λ→ 0+ =3�
 "! Å tjNõt?N � t Ç NÕpÖ�Îz×~Î�ØuÌUÍ�ÌûÎ�Ë[�gÐ��gÐ6Ï�Ð�å0��
*�
/#/,�


�9YZ�,�0�8�~/:2;�3|Z�8]*\(�x� � � � �8� §*&�/,�

)

]D� �+� �.�0� �,��YZ�X��
>�K�æ���������

(û, v̂)
�

å0�w�à�K�@�
(uλ, vλ)

���¦

����� �^�������3�A/:2;�3|Z�8]*\(�¦� � � � �8� � &3�:gi�8��2;

(uλ, vλ)

?)���,c3�*2^C �hc3�*2;

(û, v̂)

�8��2;
ZYZ�X�
λ
�@�*�:�(c3�*2;


0
�

�(E�R��"Ö��pGSE å ���
 "!�A.%�#u�4!y9;Ù�A.�r!*9
A.:?5*,.9; k=":�'")*9
Z"A.h&+H% Å t?NKt?N �
Ú Ç  gI�%/!�5Q'3�
!�:" ",6@>:?%
73A.%�)*E&!*:"Ab52�45=?%pA.�-Û~)*9
'�9;!*,b5G,.9
 �t?NõtjN �  gI�%/!�5�'"A.:"!8W>)G�
,SN Ã  $'�%/:j5P�C:"!�5G%w+H9; e5G)C%/)�@<:"%w5*9;:?5G%�W4�
A6%/:")�=gIK�
="1"E&)*%& "#/%=?%
(uλ, vλ)

%/!�5Q:" ?%w!C9;A.:?5*,.9; k=?:$'?)*9;Z"A6h/+-% Å t?NõtjN �;Ú Ç N
ÕwÖFE GIH:E��IE M �öÕwÖ�Îz×PÎ�ØuÌûÍ�ÌUÎ�Ë{��Ð��gÐ6Ï å �~IK%nij,.!C5*%/ "#&%o=?%

(û, v̂)
%&!C5�="9; " "E&%v'3�4)QA6%p��%/+-+H%wt?NKt?NõtjN�~I�%�ij,.!�5G%& "#/%w%&5yASIK:" ?,.#/,b5GE�="%

(uλ, vλ)
%&!C5Q=?9; " "E&%w'3�
)8A.%`��%/+-+-%`t?NKt?Nba;N�l9;+-+H%

(uλ, vλ)
%/!�5�A��X!*9
A.:?5*,.9; [=":�'")*9
Z"A.h&+H% Å t?NõtjN � t Ç 7P9; �� vλ ∈ Gµ

7],�N�%4N ‖vλ‖G ≤ µ
N�l9
+H+-%�,6A��rE&5GE`+-9; <5*)*E�=3�4 "!�A��r'?)*%/:jW;%p=?:B��%&+H+-%`t?NKt?Nba;7"#/%�5*5*%w,. ?E/Me�4A.,b5*E�,.+-'"A6,6@<:"%o\

‖vλ‖X ≤ 4µN 2 Å t?NõtjN �4� Ç�Q%w'"A6:"!/7"'":",6!*@<:"%
(uλ, vλ)

%/!�5QA.�r!*9
A.:?5*,.9; k=?:$'?)*9;Z"A6h/+-% Å t?NõtjN � t Ç 7?9; $�0\
Fλ,µ(uλ, vλ) ≤ Fλ,µ(f, 0) Å t?NKt?N � d Ç#&%w@<:",�%/ e5G)*�KÍ� "%
Fλ,µ(uλ, vλ) ≤ J(f) Å t?NKt?NKt Ü Ç��%�5*%/)*+-%�="%`Me�
:"#21"%`="% Å t?NKt?NKt Ü Ç %/!C5y="9; " ?Ew'3�4)`\

Fλ,µ(uλ, vλ) = J(uλ) +
1

2λ
‖f − uλ− vλ‖2

X + J∗
(
vλ
µ

)

= J(uλ) +
1

2λ
‖f − uλ− vλ‖2

X Å t?NõtjNõtja Ç
� a



�vI�9;Ù
J(uλ) + 1

2λ
‖f − uλ − vλ‖2

X ≤ J(f)
73%�5

‖f − uλ − vλ‖2 ≤ 2λJ(f) Å t?NKt?NKt � Ç���$ "9;)C+H% ‖vλ‖X
E&5G�
 e5oZ�9;)C "E/% Å =gIK�
'")*h&! Å t?NKt?N �
� ÇCÇ 7�9; ö#/9
 "#/A6:?5v@<:"%L!*, λ ∈ [0; 1]

7��4A.9;)C!
uλ

%/!C5Z�9;)C "E/%`'3�
)8:" "%`#/9; "!�52�
 e5G%
C > 0

@<:",� "%`="E&'�%/ "=$'3�
!�="%
λ
N�l9; "!*,6="E/)C9; "!r:" ?%k!*:?,65G%

(λn)
@>:?,l5*%/ "=ðW;%&)*!

0
A.9
)*!*@<:"%

n → +∞ N�ôQA.9
)*!/7�VB:" "%k%ni>5G)G�
#�5G,69; '")Ch/! Å #/�
) (uλn , vλn)
%/!�5-Z�9;)* ?E0=3�
 ?!

X × X Ç 7},6Al%�ij,6!C5G% (u0, v0) ∈ X × X
5G%/A�@<:"%

(uλn , vλn)#&9; <W;%&)*M;%�W;%/)C!
(u0, v0)

N"Ý~ k'3�
!*!*�
 <5�VoA��pA.,.+�,b5*%Q=3�
 "! Å t?NKt?NKt � Ç 7j9; k9;Zj5G,.%& <5�\ ‖f − u0 − v0‖X = 0
7,SNK%4N

f = u0 + v0

NÛ�9;:")y#&9; "#/A6:")*%`A��r'")*%&:?W;%p="%wA��r'")*9;'�9
!*,65*,.9; J7",6A�)C%/!C5*%vV�+H9; e5G)C%/)�@<:"%
(u0, v0)

%&!C5Q!*9;A6:?5G,69; 0=":'")C9;Z"A6h/+-% Å t?NKt?N �;Ú Ç N Ã  �#/9;+-+-%/ "#&%k'3�
)r)C%/+H�
)*@<:"%&)�@<:"%0'":?,.!*@<:"% ∀λ > 0
7 ‖vλ‖G ≤ µ

7}9
 î�÷\
‖v0‖G ≤ µ

N�|>9;,65
(u, v) ∈ X ×X

5*%/A�@<:"%
f = u+ v

N Ã  $�k\
J(u) + J∗

(
v
µ

)

+ 1
2λ

‖f − u− v‖2

︸ ︷︷ ︸

=0

≥ J(uλn) + J∗
(
vλn

µ

)

+ 1
2λn

‖f − uλn − vλn‖2

≥ J(uλn) + J∗
(
vλn

µ

)

︸ ︷︷ ︸

→J(u0)+J∗( v0
µ )��9; ?#

(u0, v0)
%/!�5�!C9;A.:j5G,.9
 ö=":ð'")*9;Z?A.h&+H% Å t?NKt?N �;Ú Ç N�Ý}5r#/9
+H+-%L9
 ��D!C:"'"'�9;!CE0@<:"%�A.%L'")C9;Z"A6h/+-%Å tjNõtjN �;Ú Ç '�9;!C!*h/=?%{:" "%B:" ",6@<:"%B!*9;A6:?5G,69; g7P9
 �#/9
 "#/A6:?5�@<:"% (u0, v0) = (û, v̂)

7x,SNK%4N
(u0, v0)

%/!�5kA.�!*9
A.:?5*,.9; k=":�'")C9;Z"A6h/+-% Å tjNõtjN �;Ú Ç N
�

ø�´Òøy´Òø ço»ÓÀ�º À�ºx¼>Â"Àäã�À Á�Â"¾¥��ã�â�ì�ÀäãÓ»�ì�»�¼jÀ ÀJ¼�ã�À Á�Â"¾¥��ã�â�ì�Àäá�ÀäßàÀpÖPÀgÂ
Û�9;:")�+-9; e5G)*%&)l@<:"%�)*E/!C9;:"=")C%� "9
5*)*%�'")*9;Z?A.h/+-% Å t?NKt?N � t Ç '�%/)C+H%�58Z",6%/ �="%�)*E&!*9;:?=")*%�A6%�'")C9;Z"A6h/+-%="%�q$%&s;%&) Å tjNõt?N �
Ü Ç 7�,.A� "9;:"!�)*%/!�5G%�V�+-9; e5G)*%&)�A6%vA.,6%/ D%& <5G)C%r "945G)*%o'")C9;Z"A6h/+-%vA.,6+-,b5*% Å t?NKt?N �;Ú Ç %�5`A6%'")C9;Z"A6h/+-%�="%pq$%&s
%/) Å t?NKt?N �
Ü Ç NÕpÖ�Îz×~Î�Ø/ÌUÍ�ÌûÎ�Ë���Ð��gÐ��gÐèå0��fSz��

α > 0
�#�3�1
¦�8�h/:2)�3|Z�8]*\(�©� � � � �8�1ä)&3�¥Wp���"�

(û, v̂)
� �.�A

�������������_�3�

/:2;�3|Z�8]*\(��� � � � �8�1ä)&3��å0�AfSz��
µ = ‖v̂‖G

�#�3�1
�� � � � �8� §*&3�.gi�8��2)
v4
• (û, v̂)

�)
*�+�3�a
)
*�~

���������������3��/:2;�3|Z�8]*\(��� � � � �8� §*&3�
• é -)?*��/:2;�>YZ�,�*\(�*�,� q �@��� �=�5
>�K�æ��������� (ũ, ṽ)

����� � � � �8� §*&r�=�3c3�)?
µ = ‖v̂‖G

&N�)
*�+� �.��

����� �^������� �
� � � � �8�1ä)&3�

ÕwÖ�E G	H:E å Ã  �#&9;:"'�%`A��o'")*%&:?W;%p%& $=?%/:ji0'3�
)C5*,.%&!/NÝ}52�
'�%�a�\Ã  $#&9;+H+-%& "#/%`'3�
)�+H9; e5G)C%/)�@<:"%
(û, v̂)

%&!C5Q:" "%w!*9;A6:?5G,69; 0="% Å tjNõt?N �;Ú Ç Å �uW;%/# µ = ‖v̂‖G Ç N��l9;+-+-%
(û, v̂)

%&!C5l!*9;A6:?5G,69; -="% Å t?NKt?N �
Ü Ç Å ASIK%ni?,6!C5*%/ "#&%�="% (û, v̂)
%&!C5l="9; " ?E/%�'3�
)]A.%Q��%&+H+-%Qt?NKt?N � Ç %&5l#&9;+-+H%

‖v̂‖G = µ
7z�4A.9;)C!

û
%/!C5y!*9;A6:?5G,69; k="%

inf
u∈X/u=f−v,‖v‖G=µ

J(u) + αµ Å t?NKt?NKt;t Ç
�e�



,SNK%4N
û
%&!C5Q!C9;A6:?5G,69; k="%

inf
u∈X/u=f−v,‖v‖G=µ

J(u) Å t?NKt?NKt
c Ç
�~IK%& "!*%&+rZ?A.% {u ∈ X/u = f − v, ‖v‖G = µ} E�52�
 e5y#&9; <5*%/ >:�=3�
 "!

{u ∈ X/u = f − v, ‖v‖G ≤ µ} 739; ��0\
inf

u∈X/u=f−v,‖v‖G=µ
J(u) ≥ inf

u∈X/u=f−v,‖v‖G≤µ
J(u) Å t?NKt?NKt Ú Ç

Û��
)�ASIõ�4Z"!*:")C="%
7"9; �!*:?'"'�9;!*%w@<:"%
inf

u∈X/u=f−v,‖v‖G=µ
J(u) > inf

u∈X/u=f−v,‖v‖G≤µ
J(u) Å t?NKt?NKt � Ç

��A�%�ij,6!C5G%`="9; ?#
v′ ∈ X

5G%&A�@<:"% ‖v′‖G < µ
%&5

J(f − v′) < inf
u∈X/u=f−v,‖v‖G=µ

J(u) Å t?NKt?NKt 	 Ç
Ã  ( ?9
5G%

u′ = f − v′
7�%&5p9
 (9;Z?5*,.%& <5-\

J(u′) + α‖v′‖G < J(u′) + αµ
N�qB�
,.!`#&9;+-+H%

(û, v̂)
%/!C5!C9;A.:j5G,.9
 k="% Å t?NKt?N �
Ü Ç \

J(û) + α‖v̂‖G ≤ J(u′) + α‖v′‖G < J(u′) + αµ Å t?NKt?NKt � Ç
�pIK9;Ù Å 9; ¡)*�
'"'�%&A.A.%$@<:"% ‖v̂‖G = µ Ç 7x9; ^5G,6)*%$="% Å t?NKt?NKt � Ç @<:"% J(û) < J(u′)

N��l%/A.�ö#/9; e5G)C%/=",b5
Å t?NKt?Nõt 	 Ç N Ã  �#/9; ?#/A.:j5y@<:"% Å t?NõtjNõt � Ç  "%`'�%/:j5Q'3�4!��&5G)C%�Wj)*�
,�N"�vIK9
Ù(\

inf
u∈X/u=f−v,‖v‖G=µ

J(u) = inf
u∈X/u=f−v,‖v‖G≤µ

J(u) Å t?NKt?NKt;d Ç
ô�W;%&# Å t?NKt?Nõt4c Ç 7 û %&!C5y!*9;A6:?5G,69; k="% infu∈X/u=f−v,‖v‖G≤µ J(u)

73,SNK%4N
û
%&!C5y!*9;A6:?5G,69; k="%

inf
u∈X/u=f−v

J(u) + J∗
(
v

µ

) Å t?NõtjNKc Ü Ç
�Q9; "#

(û, v̂)
%/!�5��
:?!*!*,�!*9;A6:?5G,69; k="% Å tjNõt?N �;Ú Ç NÝ}5G�
'�% � \Ã  k#&9; "!*,6="h/)C%�+H�
,6 <5*%/ 3�
 e5

(ũ, ṽ)
:" ?%�!*9
A.:?5*,.9; L="% Å tjNõt?N �;Ú Ç Å ASIK%nij,.!C5*%/ "#&%�="% (ũ, ṽ)

%/!C58="9; " ?E/%�'3�4)A6%���%/+-+H%Qt?NõtjNõt Ç N Ã  �'�%/:?5�)*E&'�E&5*%/)�A6%/!x#u�
A6#/:"A6!x="%�A�IKÝ~5G�
'�%pa;N Ã  L9;Z?5G,6%/ e5l@<:"% ũ %&!C5�!*9;A6:?5G,69; H="%v\
inf

u∈X/u=f−v,‖v‖G=µ
J(u) + αµ Å t?NKt?N�c"a Ç

Ã  (�0="9; ?#�\
J(ũ) + αµ = J(û) + α‖v̂‖G

N�qB�
,6!`#/9
+H+-%
(ũ, ṽ)

%/!�5p!*9;A6:?5G,69; {="% Å tjNõtjN �;Ú Ç 7g9; (�
‖ṽ‖G ≤ µ

N?�vI�9;Ù
J(ũ) + α‖ṽ‖G ≤ J(û) + α‖v̂‖G

N"Ý}58#&9;+-+H%
(û, v̂)

%&!C58!*9;A6:?5G,69; L="% Å t?NKt?N �
Ü Ç 7j9; 9
Z?5G,6%/ <5�@<:"%�\
J(ũ) + α‖ṽ‖G = J(û) + α‖v̂‖G Å t?NõtjNKc � ÇÃ  �#&9; "#&A.:?5�="9; "#`@<:"%

(ũ, ṽ)
%/!�5Q!*9
A.:?5*,.9; k="% Å t?NõtjN �4Ü Ç N

�

� t



ÝP vTÒ�
,b5u7�9
 o'�%/:j5~=?,.)*%]'"A.:"!�!C:")�A.%xA6,.%& v%& <5*)*%lA.%]'")*9;Z?A.h/+-%]="%8q$%&s;%&) Å t?NKt?N �
Ü Ç %&5} ?9
5G)C%l'")C9;Z"A6h/+-%A6,.+-,�5G% Å t?NõtjN �
Ú Ç N�Oy9;:"!0�
A.A69; ?!�="9
 " "%&)���W;%&#�A.%��l9;)C9;A.A.�
,b)*%Dt?NKt?Nba{:" "%�!C9;)C5*%�="%{)*E&#/,6'")*9>@<:"%�VðA��Û~)*9;'�9
!*,65*,.9
 �tjNõt?NKt?N
α
E�52�
 e5�Ä?ijE
739; � "9
5*%

Zα = {vα, vα
%&!C5y!*9;A6:?5G,69; k=":�'")*9
Z"A.h&+H%

infv∈GHα(f − v, v) Å #�T Å t?NKt?N �
Ü Ç*Ç } Å t?NKt?N�cet Ç
Sα = {‖vα‖G, vα

%&!C5Q!C9;A.:j5G,.9
 k=":�'")*9;Z?A.h/+-%
infv∈GHα(f − v, v) Å #�T Å t?NKt?N �4Ü Ç*Ç } Å t?NKt?N�c;c ÇÃ  X!*�
,65�@>:?%

Zα
%�5
Sα

 ?%-!C9; <5w'"�
!�Wj,6="%/!`=gIK�
'")Ch/!wA6%���%/+-+H%�tjNõtjN � N Ã  X#&9; "!C,.="h&)*%-A6%/!�="%/:>i+o:"Ab5G,�m��
'?'"A6,6#/�45G,b9; "!�!C:",6WY�
 <5*%/!w\
Y : R+ → P(G)

α 7→ Zα%�5
T : R+ → P(R+)

α 7→ Sα9;Ù
P(G) Å )*%&!*'gN P(R+) Ç ="E/!C,.M; "%`ASIK%& "!*%&+oZ"A.%�=?%/!y'3�4)C5G,6%/!8="% G Å )*%&!*'gN R+

Ç NÃ  $W;%&:?5�+-9; <5*)*%/)y:? "%v!*9
)C5G%p="%p)*E&#/,.'?)*9>@<:"%oV-A��HÛ~)*9
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ξ̂.N = 0

!C:")
∂Ω Å ="�
 "! H−1/2(∂Ω) Ç Å #&T�_ba
auc4f Ç N

�

�;Ú



�©E RT�?ÖK�.GSE>Ø åa;NyOy9
5G9
 "!
K(Ω)

A��oTU%&)*+-%&5*:")*%�=3�
 "!
L2(Ω)

="%`ASIK%& "!*%&+oZ"A.%r\
{ =",bW

ξ , ξ ∈ C∞
c (Ω,R2) , ‖ξ‖L∞(Ω,R2) ≤ 1

} Å c?N6a;N �;� ÇÝ~ �:?5G,6A.,6!*�
 <5�A.%`��%&+H+-%�c"Nba;NKt�%�5y@<:"%/A6@<:"%/!y)*E/!C:"A65G�45G!8="%-_ba �
Ü f�7"9; �'�%/:j5Q+-9; <5*)*%&)8@<:"%
K(Ω) = G1(Ω)

N�Q%-'"A6:"!/7g9; X'�%&:?5v�4:"!*!*,~+-9; <5*)*%/)�="%-A.�k+-�/+-%r+H�
 ",6h/)C%r@<:"%
G(Ω)

%/!�5pA��LTU%/)C+H%�5G:")C%�=3�
 ?!
L2(Ω)

="%`ASIK%& "!*%&+rZ?A.%r\
{ =",bW

ξ , ξ ∈ C∞
c (Ω,R2)

} Å c?N6a;N � t Ç� Ny�Q%�A��w'")C%/:?W;%�=":k��%/+-+-%Qc?N6a
Nõt?7<9; L="E&=":",65xTÒ�4#/,6A.%/+-%& <5]@<:"% ‖.‖G %&!C5�!*%&+H,�m�#&9; <5*,. <:H,6 ?TUE/)C,.%&:jm)C%/+-%/ e5 Å !C#/, Ç NÃ  $�rE/M;�
A.%&+H%& <5�A6%�)*E&!*:"Ab52�45�!C:",6WY�
 <5w\
o7E RdRTEt¿�ÐÒÑzÐÀ¿�Ð WX�

v ∈ G(Ω) q �"�µ�'zu�8
*�@� ξ ∈ L∞(Ω,R2)
�3c3�)?

v =
=",6W

ξ
�*�
ξ.N = 0


*� 2
∂Ω q �*��@�*�SYZ�X� ‖v‖G = ‖ξ‖L∞(Ω,R2)

�

ÕwÖ�E G	H:E å |j9;,b5
v ∈ G(Ω)

N4�l9; "!C,.="E&)*9; "!�:" "%x!*:?,65G%
ξn ∈ L∞(Ω,R2)

��W;%&#
v =

=",bW
ξn
%&5
ξn.N = 0!*:?)

∂Ω
7J%&5�5G%&A.A6%v@<:"% ‖ξn‖L∞(Ω) → ‖v‖G

NJ��A}%ni?,6!C5*%
ξ ∈ L∞(Ω,R2)

5G%/A6A.%p@>:?%
7�Vk:? "%r%�i>5*)G�
#�5G,.9
 '")Ch/!/7
ξn ⇀ ξ

=3�
 ?!
L∞(Ω,R2)

TÒ�
,6Z"A6% Ì N Ã  �'�%/:?5`%/ "!C:",65*%�+H9
 <5G)C%/)&7g#&9;+-+H%o="�
 "!`A.��'")*%&:?W;%-=":��%/+-+-%�c"Nba;NKt?7"@<:"%
ξ.N = 0

!*:")
∂Ω

%�5y@>:?%
v =

=",6W
ξ
N

�

ÕwÖ4ÌÒËS«eÌU×~� M E0×�Ö�Îz×�Ö4ÌUÉeÍ�É å ��%`A6%/+-+-%�!C:",6W4�4 <5�%/!�5Q=)(NlrNzq$%&s;%&)p_baut;tYf�NzqB�
,6!8,.AJ%&!C5yE/ ?9; "#/E`=3�
 "!A6%p#u�
!
Ω = R

2 7�%&5�A.�H'?)*%/:jW;%r)C%/'�9;!C%o!*:?)�=?%/!��
)CM;:"+-%/ e5G!Q=gIõ�4 3�
Absj!C%v13�
)*+-9; ",6@<:"%
N ° )D�
#/%vVL ?9
5G)C%="E�Ä3 ",b5G9; $="%
G(Ω)

7z9; $'�%/:j5�A.%�TU9;)C+r:?A.%/)8="�
 "!QA6%w#/�
!Q9;Ù
Ω
%&!C5�Z�9;)C "E4N����-'")C%/:?W;%v)C%/'�9;!C%p,.#/,�!*:?)="%&!Q�
)*M
:"+-%/ <5*!�=JIõ�
 "�
A6s>!*%�TU9; ?#&5G,69; " ?%/A.A6%
N

o7E RdRTE ¿�ÐÒÑzÐ�ïgÐèWp���"�
fn q n ≥ 1

� �.��
*���"�@�N� �is>���.?*�������1
©�#�3�1

Lq(Ω)

⋂
G(Ω)

/,�

)

-D�#�3�,�i�8�)

� �*�Kzv/:2;�)/:2e��-*�=-)
x
*� �"c��3�,�@�)
��

Ω
�)
*��)*E/M
:"A.,6%/) ò |*��2D������/,

?)B �"�+*ë&�4

!#�xye�~�'zu�8
*�=�
q > 2

�*�
C > 0

�=�*�"�8�)
vYZ�,� ‖fn‖Lq(Ω) ≤ C
�

� ���p��
e���"�@�
fn

?)���,c3�*2�C �jc3�*2;

0
�3�N

�*�1
v� �)
v�3�8
*�^2e��|Z� �^�����1
��������Z�È�#�3�1


D
′(Ω))

�
gh�8��2;
 ‖fn‖G ?)���,c3�*2�C �jc3�*2;


0
�8��2;
ZYZ�,�

n
�=�*�:��c3�*2)
��D� �"�>f��,���

�l%�)*E&!*:"Ab52�45l%�ij'"A6,.@<:"%�'�9;:?)*@<:"9;,�A��w "9;)C+H%Q=3�4 "!
G(Ω)

%/!C5�:" "%�Z�9; " "%� "9;)C+H%Q'�9;:?)lE&5G:?=",.%&)lA.%&!!*,6M; 3�4:ji�VrTU9;)C5*%/!�9;!*#&,.A6A��Y5G,b9; "!&N"��A�!*%&)G�-%/ $%��J%�5Q'"A6:"!8TÒ�
#/,6A.%�="%w#/�
'?5G:?)*%/)y=?%`5G%/A6!�!*,6M; 3�
:>i0A.9;)C!8=gIK:? '")C9>#/%&!*!*:"!Q="%`+-,. ",6+�,6!*�45G,b9; 0�uW;%/#`A��r ?9;)*+-%
G
@>:JIõ�uW;%/#pA.�r#&A��4!*!*,6@>:?%` "9;)C+H%

L2 N
ÕwÖ�E G	H:E��~G�o7E RdRTEw¿�ÐÒÑ3Ð8ï å Ã  0!*E/'"�
)*%wA.�r'")C%/:?W;%w%& $="%&:ji�E�52�
'�%&!w\
Ý}52�
'�%�a�\�l9; ?!*,.=?E/)*9
 "!o:" "%L!*:",b5G%

fn ∈ Lq(Ω)
⋂
G(Ω)

!G�Y5G,.!�TÒ�
,.!*�
 e5vASIK1esj'�945G1"h&!*%Da;N Ã  ÷#&9; "!*,6="h&)*%�A6%L'?)*94mZ"A6h/+-%�="%wOQ%&:"+H�
 " $�
!C!*9>#/,6E�\
{

∆un = fn in Ω
∂un

∂N
= 0 sur ∂Ω

Å c?N6a;N � c Ç
�;�



Ã  0)G�
'?'�%/A.A6%�@<:"%`#/9
+H+-%
fn ∈ G(Ω)

7"9
 $�r�
:"!*!C, ∫
Ω
fn dx = 0

N Ã  �!*�
,65 Å #&Tl_Kd;tj7ga�t � 7 	
Ü f Ç @<:"%`A.%'?)*9;Z"A6h/+-% Å c"Nba;N � c Ç �4="+-%&5�:" "%�!C9;A.:?5*,.9; un ∈ W 2,q(Ω)
N�qB�
,.!�#/9
+H+-%

q > 2
%&5

Ω
Z�9;)C "E
7g,.A�%&!C5!�52�
 ?=3�
)*= Å #&T�_ c � 7 � f Ç @<:gI�,.A�%ni?,6!C5*% θ ∈ (0, 1)

5G%&A�@<:"%
W 2,q(Ω)

!/I�,. Y�C%&#&5*%p#/9; e5G,6 >:"%&+H%& <5Q=3�
 ?!
C1,θÅ M;);�4#/%��4:{5G1?E/9;)Ch/+-%r="%-q$9
)*)*%�s Ç N Ã  � "9
5*% gn = ∇un

N Ã  X��="9; "#
gn ∈ C0,θ(R2)

N���%r'"A6:"! Å #&T_ c � 7 � f Ç 73!C, x %&5 y ∈ Ω
739; ��0\
|gn(x) − gn(y)| ≤ A1(Ω, q, N)‖gn‖W 1,q(Ω,R2)|x− y|θ Å c"N6a
N �
Ú Ç9
Ù

A1(Ω, q, N)
%&!C5�:" "%o#&9; "!C5G�
 e5G%o@>:?,� "%o="E&'�%/ "=�@<:"%o="%

Ω
7
q
%&5�="%oA��H=",6+-%/ "!C,.9; B=?%oA�I�%/!C'3�
#/%

N = 2
NÃ  L#&9; "!C,.="h&)*%�Vw ?9;:?W;%u�4:�A6%y'?)*9;Z"A6h/+-% Å c?N6a;N � c Ç N<�vIK�
'")Ch/!�_�a�t � 73a�t Ú fS7<9; H!G�
,b5x�
:"!*!C,�@<:gIK,6Az%ni?,6!C5*%:? $#&9; "!�52�
 e5G%

B > 0
5*%/A6A.%�@<:"%-\

‖un‖W 2,q(Ω) ≤ B‖fn‖Lq(Ω) Å c"N6a
N �4� ÇÝ}5y#&9;+H+-%�9; �!*:?'"'�9;!*%w@<:"% ‖fn‖Lq(Ω) ≤ C
7"9; �9;Z?5*,.%& <5`\

‖un‖W 2,q(Ω) ≤ B C Å c"Nba;N �;	 Çq$�
,.!8#/9
+H+-%
gn = ∇un

739
 $� ‖gn‖W 1,q(Ω) ≤ ‖un‖W 2,q(Ω)

N Ã  �=?E/=":",b5y=?9; "#`="% Å c"Nba;N �;	 Ç @>:?%-\
‖gn‖W 1,q(Ω,R2) ≤ B.C Å c"Nba;N �
� ÇÝ}5y9; 0#/9; ?#/A.:j5yM;)D�
#/%wV Å c?N6a;N �;Ú Ç %&5 Å c"N6a
N �4� Ç @<:"%w'�9
:")85G9
:?5 x %&5�5*9;:?5 y ∈ Ω

7"9; $�k\
|gn(x) − gn(y)| ≤ A2(Ω, q, N)|x− y|θ Å c"N6a
N � d Ç9
Ù

A2(Ω, q, N)
%/!�5�:" "%p#/9
 "!C52�4 <5*%v@<:",� "%p=?E/'�%/ ?={@<:"%p="%

Ω
7
q
7z%�5�="%pA.�-=?,.+-%/ "!C,.9; �=?%pA�I�%/!C'3�
#/%

N = 2
N

Ý}5G�
'�% � \�Q% Å c"Nba;N �;	 Ç 9; �="E&=":",b5yASIK%ni?,6!C5*%/ "#&%w="% u ∈ W 2,q(Ω)
5G%&A�@<:gIõV�:" "%`%�i>5G)*�
#&5*,.9
 �'")*h&!/7

un ⇀ u
=3�4 "!

W 2,q(Ω)
TÒ�
,6Z"A.% Å c"Nba;NKt Ü ÇÝ}5y%& $:?5*,.A6,6!G�
 e58ASIK,6 Y�C%/#�5G,.9
 k#&9;+-'3�
#&5*%`="%

W 2,q(Ω)
="�
 "!

W 1,q(Ω) Å #�T�_ � 73c � f Ç \
un → u

=3�
 "!
W 1,q(Ω)

TU9;)�5 Å c"Nba;NKt?a ÇÃ  �+o:"Ab5G,6'"Ab,6%�+H�
,6 <5G%& 3�
 e58A�I�E/@<:3�45*,.9; Å c"Nba;N � c Ç '3�
)8:" "%�TU9; "#&5*,.9; φ ∈ D(Ω)
\

∫

Ω

∆unφ dx =

∫

Ω

fnφ dx Å c"Nba;NKt � Ç
Ý~ �,. e5GE/M
)G�
 e5�'3�4)�'3�
)�5G,6%
7"9
 �9;Z?5*,.%/ e5

−
∫

Ω

∇un∇φ dx =

∫

Ω

fnφ dx Å c"Nba;NKt;t Ç
%�5y#/9;+-+-%

fn → 0
=3�
 "!

D
′(Ω)

A69;)*!C@<:"%
n→ +∞ 739; kW;9;,658@>:?%-\

lim
n→+∞

∫

Ω

∇un∇φ dx = 0 Å c"Nba;NKt
c Ç
�;	



qB�
,6!
un → u

=3�4 "!
W 1,q(Ω)

73%�5y="9; "#�\ ∫
Ω
∇u∇φ dx = 0

73,SNK%4Ng\
−
∫

Ω

∆uφ dx = 0 ∀φ ∈ D(Ω) Å c?N6a
Nõt Ú Ç
#&%v@<:",�,.+-'"A6,b@>:?%w@<:"%

∆u = 0
=3�4 "!

D
′(Ω)

NJ�l9
+H+-%
u
%/!�5�=3�4 "!

W 2,q(Ω)
7�9
 D�

∆u ∈ Lq(Ω)
N�Ý}5="9
 "#

∆u = 0
="�
 "!

Lq(Ω)
N

∫

Ω

∆unφ dx =

∫

Ω

fnφ dx Å c"N6a
Nõt � Ç�l9;+-+-% ‖fn‖Lq(Ω) ≤ C
7�,.AP%�ij,6!C5G%

f ∈ Lq(Ω)
5*%/A.A6%H@<:"%kV$:" "%L%�i>5G)*�
#&5*,.9; ö'")*h&!/7

fn ⇀ f
=3�
 "!

Lq(Ω)
A69;)*!C@>:?%

n→ +∞ N?Ý}5�#/9
+H+-%
fn
#/9
 <W;%&)*M;%�W;%/)C!

0
�4:�!*%/ ?!8="%&!8=?,.!C5*)*,6Z":?5G,69; "!&7<9; k�

f = 0
N�vI�9;Ù

limn→+∞
∫

Ω
∆unφ dx = 0

N3Ý~ $,6 <5GE&M;)G�4 <58'3�
)�'"�
)C5*,.%
7?9; �9
Z?5G,6%/ <5`\
∫

Ω

∆unφ dx =

∫

∂Ω

∇un.Nφ
︸ ︷︷ ︸

=0
#u�
) ∂un

∂N
= 0

−
∫

Ω

∇un∇φ dx Å c"Nba;Nõt 	 Ç

Ý}5y'":",6!*@<:"%
un → u

=3�
 ?!
W 1,q(Ω)

\
∫

Ω

∇u∇φ dx = 0 ∀φ ∈ D(Ω̄) Å c"N6a
Nõt � Ç
�l9;+-+-%

∆u = 0
="�
 "!

Lq(Ω)
7]9; ��ö�
:"!C!*, ∫

Ω
∆uφ dx = 0

!*,
φ
=3�
 ?!

D(Ω̄)
NlÝ~ �:?5*,.A6,6!G�
 e5HV "9
:?W;%u�
:$A.�oTU9
)*+o:"A6%�="%p|>5G9'&
%/!/7z9
 �9;Z?5*,.%& <5`\

∫

∂Ω

∂u

∂N
φ =

∫

Ω

∇u∇φ dx+

∫

Ω

∆uφ dx Å c"N6a
Nõt
d Ç
Ã  r#&9; "#&A.:?5}@<:"% ∫

∂Ω
∂u
∂N
φ = 0

'�9;:")�5*9;:?5
φ
=3�4 "!

D(Ω̄)
N Ã  r%& r="E/=":?,65~�
A.9;)C! Å #&T�_ba �
Ü f Ç @>:?% ∂u

∂N
= 0!*:?)

∂Ω
N Ã  $���
,. "!C,g+H9
 <5G)CE�@<:"%

u ∈ W 2,q(Ω)
%/!�5QA��o!*9
A.:?5*,.9; k=":�'")C9;Z"A6h/+-%�!*:?,6W4�4 <5w\

{
∆u = 0

=3�4 "!
Ω

∂un

∂N
= 0

!*:")
∂Ω

Å c?N6a;N�c Ü Ç
="%B!*9;)�5G%B@>:?% ∇u = 0

=3�
 "!
L2(Ω)

��%D)*�
,.!C9; " "%&+H%& <5L'")*E&#/E&="%/ e50)*%/!�52�
 e5�W4�4A��
Z?A.%$'�9
:")H5G9;:j5G%!*9
:"!�m½!*:",b5G%o%nij5*)G�
,b5G%v="%
un
7�9; D#/9; "#&A.:?5�@<:"%o5*9;:?5*%oA��H!C:",65*% ∇un %/!�5�5*%/A6A.%p@<:"% ∇un → 0

A.9;)C!*@<:"%
n→ +∞ =3�
 ?!

L2(Ω,R2)
TU9;)C5/7u,�N�%
N

gn = ∇un → 0
=3�
 "!

L2(Ω,R2)
TU9
)C5uNu�vIõ�4'")*h&!�A.%P��%/+-+-%~c"Nba;N � 79; 09;Z?5G,6%/ e5�@>:?%-\

‖gn‖L∞(Ω,R2) → 0 Å c"N6a
NKc"a Ç�l9;+-+-%
fn =

=",6W
gn
7"9; �="E&=":",b5�TÒ�
#&,.A6%/+-%/ e58="% Å c"Nba;N�c"a Ç @<:"% ‖fn‖G → 0

N
�

¯hË	E Rö× M E å Ã  X="9; ? "%-,6#/,}:? (%nij%/+-'"A.%r="%�!*:",b5G%�=?%�TU9
 "#&5*,.9; ?!
fn

!*�45G,6!CTÒ�
,6!G�
 e5�A.%&!`1esj'�945G1"h&!*%/!=":$��%/+-+-%�c"Nba;N Ú N�l9; "!*,6="E/)C9; "!�A��r!C:",65*%`="%�TU9; ?#&5G,69; "!
fn
="E�Ä3 ",6%w!C:")

Ω = (−π, π)2 '3�
)`\
fn(x, y) = cos(nx) + cos(ny) =

=",6W ( 1

n
(sin(nx), sin(ny))

) Å c?N6a;N�c � Ç
�;�



Ã  �=?E&Ä3 ",b5y="9
 "#
ξn(x, y) =

1

n
(sin(nx), sin(ny)) Å c"Nba;NKc;t ÇÃ  (�

ξn ∈ L∞(Ω,R2)
N���%-'"A6:"!/7g9; �W;9;,65�TÒ�
#&,.A.%&+-%/ e5`@<:"%

ξn.N = 0
!C:")

∂Ω
'�9;:")�5G9
:?5

n > 0
N�Q9; "#

fn ∈ G(Ω)
73%�5y9; $�r#/A.�
,.)C%/+-%/ e5�\

‖fn‖G(Ω) → 0
A.9;)C!*@<:"%

n→ +∞ Å c"Nba;N�c;c Ç
qB�
,6 <5G%& 3�
 e5u7"!*9;,b5

φ ∈ D(Ω)
N3Ý~ $:?5*,.A6,6!G�4 <58A.�oTU9;)C+o:"A.%�="%p|>5G9,&
%&!/7z9
 �9;Z?5*,.%/ e5y�
A69;)*!�\

∫

Ω

φfn dxdy =

∫

Ω

φ
=",6W

(ξn) dxdy

= −
∫

Ω

∇φ.ξn dxdy +

∫

∂Ω

φ ξn.N
︸︷︷︸

=0
!C:")

∂Ωq$�
,.!
∣
∣
∣
∣

∫

Ω

∇φ.ξn dxdy
∣
∣
∣
∣
≤ ‖∇φ‖L1(Ω) ‖ξn‖L∞(Ω,R2)

︸ ︷︷ ︸

→0
A.9;)C!*@<:"%

n→ +∞
Å c"N6a
NKc Ú Ç

Ã  �#&9; "#&A.:?5y�
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fn → 0
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D
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NÃ  �'�%/:?5y#u�4A.#/:?A.%/) ‖fn‖3

L3(Ω)

\

‖fn‖L3(Ω) =
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104π

3
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NKc � Ç
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G
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:jikTU9
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:>iw)CE/!C:"A65G�45G!�="%]A.�y|j%/#�5G,.9
 pc?N6a;7u "9;:"!�!C9;+-+H%&!�="E&!*9;)C+L�
,6!�%& p'�9;!*,b5G,69; `="%P+H%& "%/)�A�I�E&5*:"="%+H�45*1"E/+H�45G,6@<:"%o=?:X'")*9
Z"A.h&+H%o="%Hq�%&s;%&)H_ba�t
tYf�N�|j,~�
:�#n1"�
'",b5G)*%r'?)*E/#&E/=?%/ <5 Å ="�
 "!`A6%r#/�
!`=",6!*#/)C%&5 Ç 7ASIK%nij,.!C5*%/ "#&%w=JIK:" ?%w!*9;A6:?5G,69; kE&5G�
,658,.+-+-E/=?,��Y5G%47?,6AJTÒ�
:j5y,6#/,g��5G)*%`'"A6:"!8'")*E&#/,.!&N|j9;,b5
f ∈ L2(Ω)

N Ã  �)G�
'?'�%/A.A6%�@<:gI�9; �#/9; "!C,.="h&)*%`A.%�'?)*9;Z"A6h/+-%�!C:",6W4�4 <5w\
inf

(u,v)∈BV (Ω)×G(Ω)/f=u+v

(
J(u) + α‖v‖G(Ω)

) Å c"N � Nba Ç
9;Ù

J(u)
%/!�5QA.�oWY�
)*,.�45G,69; �5*9
52�4A.%�="% |Du| ="E&Ä3 ?,.%`'3�
) Å � Nba;Nba Ç N

�(E�R��"Ö��pGSE å �l9;+-+-%
f
%/!C5y:" "%`,.+H�
M;%47?,6Ag gI�%/!�5Q'3�
!�)C%/!C5*)*,6#&5G,bT�="%`!C:"'"'�9;!C%/)

f ∈ L2(Ω)
Nô�W4�4 <5�="%P#&9; "!*,6="E/)C%/)�A6%~'?)*9;Z"A6h/+-% Å c"N � Nba Ç 7/9; `="9
,65�=gIK�
Z�9;)C=w+-9; e5G)C%/)g@>:JIK,6A;%/!�5�5G9;:��C9;:")*!�'�9
!*!*,6Z"A.%=?%w="E&#/9
+H'�9;!C%/)�:" "%�TU9; "#�5G,.9
 

f ∈ L2(Ω)
%/ �="%&:ji�#/9
+H'�9
!G�
 e5G%/!

(u, v) ∈ BV (Ω) ×G(Ω)
N

o7E RTRTEw¿�Ð6ÏgÐÒÑ3Ð�Wp���"�
f ∈ L2(Ω)

�py*�~�'zu�8
*�@�v�3�8��2)

u ∈ BV (Ω)

�*�
v ∈ G(Ω)

�@�*��
AYZ�,�
f = u+ v

�

� d



ÕwÖ�E G	H:E å Ã  v#21"9;,6!*,b5
u = 1

|Ω|
∫

Ω
f
%&5
v = f−u = f− 1

|Ω|
∫

Ω
f
N Ã  v�y="9; "#

u ∈ BV (Ω) Å '":",6!*@<:"%
Ω
%/!C5lZ�9;)C "E Ç 7>%&5 v ∈ L2(Ω)

Nj��%Q'"A6:"!/7<#/9;+-+-% ∫
Ω
v = 0

7>9; H="E/=?:",65x="%QA��wÛP)C9;'�9;!C,65G,69; -c"Nba;Nba�dw@<:"%
v ∈ G(Ω)

N
�Ã  �+-9; e5G)C%�+L�
,6 <5*%/ 3�4 <58@<:"%wA.%�'")*9;Z?A.h/+-% Å c"N � N6a Ç �
="+-%&5y�
:0+H9
,. "!�:" "%`!*9;A6:?5G,69; gNÕpÖ�Îz×~Î�Ø/ÌUÍ�ÌûÎ�Ë�¿�Ð6Ï�ÐÒÑ3Ð Wp���"�

f ∈ L2(Ω)
��y*�x�'zu�8
*�@���3�8��2;


û ∈ BV (Ω)
�*�
v̂ ∈ G(Ω)

�=�*��
�YZ�X�
f = û+ v̂ q �*�+4

J(û) + α‖v̂‖G = inf
(u,v)∈BV (Ω)×G(Ω)/f=u+v

(J(u) + α‖v‖G) Å c"N � N � Ç
ÕwÖ�E G	H:E å Ã  r#/9;+-+-%/ "#&%8'3�4)~)*%&+H�
)*@<:"%&)~@<:"%�A��QTU9; ?#&5G,69; " "%&A.A6%�V�+H,6 ",6+-,b!*%&) Å c"N � Nba Ç %&!C5P#/9; eW;%�ij%'3�4)�)G�
'?'�9;)C5yV�!*%&!Q="%&:ji0W4�4)*,��4Z"A.%&!/N3��%w'?A.:"!&73A�I�,. jÄ3+o:"+©=3�4 "! Å c"N � N6a Ç %&!C5yÄ" ", Å =gIK�
'")*h&!yA.%`��%/+-+-%c"N � Nba Ç NÃ  {#&9; "!C,.="h&)*%r+H�
,6 <5*%/ 3�
 e5

(un, vn)
:" ?%r!*:?,65G%v+H,6 ",6+-,b!G�
 e5G%p'�9;:") Å c"N � Nba Ç ��A�%�ij,6!C5G%o="9; "#o:" "%#&9; "!C5G�
 <5*%

C
5G%&A.A.%�@<:"%-\

J(un) ≤ C
%�5 ‖vn‖G ≤ C Å c"N � NKt Ç�vIõ�4'")*h&!xA�I�,. ?E/Me�4A.,�5GE�=?%QÛ�9;,6 "#u�
)CE Å #�T~_ � f Ç 7e9
 H!*�
,65P@<:gI�,.A3%nij,.!C5*%y:" "%�#/9; "!�52�
 e5G% B > 0

5G%&A.A6%8@<:"%w\
‖un −

∫

Ω
un‖L2(Ω) ≤ BJ(un)

NP�Q% Å c"N � NKt Ç 7}9
 [9;Z?5G,6%/ e5�="9; "# ‖un −
∫

Ω
un‖L2(Ω) ≤ BC

NPqB�
,.!#&9;+H+-%
un + vn = f

739; $�k\
∫

Ω

un +

∫

Ω

vn
︸ ︷︷ ︸

=0
#/�
)

vn ∈ G(Ω)

=

∫

Ω

f Å c"N � N�c Ç
�vI�9;Ù

un
%/!�5~Z�9;)* ?E/%�=3�4 "!

L2(Ω)
N
��% Å c"N � Nõt Ç 7Y9; o="E/=?:",65}@<:"% un %/!C5}Z�9
)* "E&%�=3�
 "! BV (Ω)

N4��Aj%nij,.!C5*%="9
 "#
û ∈ BV (Ω)

5*%/A6A.%`@<:"%
un ⇀ û

=3�4 "!
BV (Ω)

TÒ�4,.Z"A6% Ì N�Ý}5�#&9;+H+-%
un + vn = f

7z9; B="E&=":",b5@<:"%
vn
%&!C5l�
:"!C!*,zZ�9;)* "E&%Q=3�4 "!

L2(Ω)
Ne��Az%nij,.!C5*%Q=?9; "#

v̂ ∈ L2(Ω)
5*%/A6A.%8@<:"%
7>Vw:" ?%Q%ni>5G)G�4#&5G,69; H'?)*h/!&7

vn ⇀ v̂
=3�
 ?!

L2(Ω)
TÒ�
,.Z?A.%YNÛ�9;:")8#/9
 "#/A6:")*%47",.A�)*%/!�5G%wVo+H9; e5G)C%/)�@<:"%

(û, v̂)
%/!C5�:" 0+H,6 ",6+-,b!*%/:?)�="%

J(u) + α‖v‖G(Ω)

N3Ý}5�#/%="%&)* ",6%/)Q'�9;,6 <5Q!*%v="E&=":",b5�=":BTÒ�
,b5Q@<:"%
J
%/!C5�!C%/+-,bm½#/9; e5G,. <:$,6 ?TUE&)*,.%&:")*%&+H%& <5 Å !*#/, Ç '3�
)Q)*�
'"'�9;)�5�VHA��5G9
'�9;A.9
M;,6%

BV
TÒ�
,6Z"A.% Ì _ � fS73%�5y=":0TÒ�
,658@<:"% ‖.‖G %&!C5y!*#/,�'3�
)8)G�
'?'�9;)C5yV�A.�o5*9;'�9;A69;M;,6% L2 m½TÒ�
,6Z"A6%
N

�Ã  ö�0="9; ?#H+-9; e5G)*Er@>:?%HA.%�+-9>="h&A.%�=?%�q�%&s;%/)v�
=?+H%�5w=3�
 "!wA.%�#/�
=")C%H#&9; <5*,. <:ö�
:X+H9
,. "!�:" "%!*9
A.:?5*,.9; JN
�©E RT�?ÖK�.GSE å �~IK:? ",.#&,65GE�'�9;:")�A6%�'")*9
Z"A.h&+H%�="%pq$%&s;%&)Q)C%/!C5*%w:" "%`@<:"%/!�5G,69; $9
:?W;%/)�5G%4N
çk�'� ��1­kb¢wªw°�­&¬SØ}Æ ¢

���
 "!�A��÷|j%/#�5G,69; ¡c?N � 7x ?9;:"!k��W;9
 "!�+H9; e5G)CEBA�I�%�ij,6!C5G%& "#/%D=gI�:" "%D!*9;A6:?5G,69; ^'�9;:")LA.%$+H9>="h&A.%$="%q$%�s;%/)&N Ã  HE&5G:?=",.%y+L�
,6 <5*%/ 3�4 <5]A�IK�
A6M;9
)*,�5G1"+�%�'")C9;'�9;!*E��
:H#213�
'",b5G)*%Qtw'�9;:")])*E/!C9;:"=")C%�A.%�+H9>="h&A.%�="%q$%�s;%/) Å ="�
 "!`A6%r#u�4=")*%�#&9; <5*,. >:�@<:"%� "9;:"!�W;%& "9; "!w=JIK,6 <5G)C9>=":",6)*% Ç Ng��%/!`)*E&!*:"Ab52�45*!`="%�#&%&5C5G%�!*%&#&5G,69; M;E& "E/)*�
A.,6!*%& <5��
:p#u�
!�#/9
 <5G,6 >:pA.%&!�)CE/!*:?A652�Y5G!�=?%xA���!*%/#�5G,69; "!�t?Nõty9;Zj5G%/ <:"!�=3�4 "!�:" v#u�
=?)*%x=",.!C#/)*%�5uN4Oy9;:"!+-9; <5*)*9; ?!�="9; ?#P=gI�:" "%P'3�
)C5�@>:?%]ASIõ�
A6M;9
)*,�5G1"+�%}#&9; <W
%/)*M
%PW;%/)C!�A6%~+-,. ",6+�,6!*%&:")g="%~ "9
5G)C%~TU9
 "#&5*,.9; " ?%/A6A.%
7%�5y=gIõ�4:?5G)C%w'"�
)C5�@<:"%w)*E&!*9;:?=")*%w "945G)*%�'")*9;Z?A.h&+H%�'�%&)*+-%&5�Z",.%& �="%`)*E&!*9;:?=")*%wA6%�+H9>=?h/A.%�="%pq$%&s;%&)/N
d Ü



üy´Òø�´Cµ ßà¾�á�â�ãÓÀäÀ�º ùJ¾Pºx¼j»Óº8æ
Ã  �,. e5G)*9>=?:",65�A��oTU9
 "#&5*,.9; ? "%/A6A.%�!*:",bW4�
 e5G%`="E&Ä" ",.%`!C:")

L2(Ω) × L2(Ω)
\

Fλ,µ(u, v) =

{
J(u) + 1

2λ
‖f − u− v‖2

L2(Ω)

!*,
(u, v) ∈ BV (Ω) ×Gµ(Ω)

+∞ !C,. "9; Å c"NKt?Nba Ç
Ã  �'�%/:?5y)*E&E/#&)*,.)C%

Fλ,µ
="%`A��o+H�
 ",.h&)*%�!*:",bW4�
 e5G%�\

Fλ,µ(u, v) = J(u) +
1

2λ
‖f − u− v‖2

L2(Ω) + χGµ(Ω)(v) Å c?Nõt?N � Ç
�uW;%/#�A��÷#/9
 <W;%& <5G,69; F@<:"%

J(u) = +∞ !*,
u ∈ L2(Ω)\BV (Ω)

78%�5�9;Ù
χGµ(Ω)

%&!C5�A��öTU9; "#�5G,69; ,6 "=",6#u�45*)*,6#/%�="%
Gµ(Ω)

NÃ  0W;%/:?5y)*E/!C9;:"=")C%wA.%�'?)*9;Z"A6h/+-%�!C:",6W4�4 <5w\
inf

L2(Ω)×L2(Ω)
Fλ,µ(u, v) Å c"NõtjNõt Ç

üy´Òø�´½³ â32�»Ó¿e¼jÀ�º�ùJÀ ÀJ¼�æ�º�»Óù�»�¼j·
Ã  �+H9
 <5G)C%�,.#&,g@<:"%wA.%�'?)*9;Z"A6h/+-% Å c"NõtjNõt Ç �
="+-%&5�:" "%`:" ",6@<:"%`!*9;A6:?5G,69; gNÕpÖ�Îz×~Î�ØuÌUÍ�ÌûÎ�Ëw¿�Ð��gÐÒÑzÐ©Wp���"�

f ∈ L2(Ω)
� ye�,�'zu�8
*�@�+����� �,��YZ�,�i?)���
/:�8�

(û, v̂)
YZ���:\��"�,�"\��8

�

Fλ,µ(u, v)
*� 2
L2(Ω) × L2(Ω)

�

ÕwÖFE GIH:E å Ã  �!*E/'"�
)*%wA.�r'?)*%/:jW;%p%& $="%&:ji�'"�
)C5*,.%/!&NÝ}5G�
'�%-a Å ñy ",.#&,65*E Ç \z����'?)*%/:jW;%p%&!C5y,.="%& <5G,6@<:"%wVr#/%&A.A6%�="%`A�I�:" ",6#/,65*E�'�9;:?)�A.%`��%&+H+-%`t?NKt?Nba;NÝ}5G�
'�% � Å Ý�ij,.!�5G%/ ?#/% Ç \z|j9;,b5 (un, vn)
:" "%`!*:",b5G%`+-,6 ",6+-,b!G�
 e5G%�'�9;:")

Fλ,µ(u, v)
7",�N�%
Ng\

Fλ,µ(un, vn) → inf
L2(Ω)×L2(Ω)

Fλ,µ(u, v) Å c"NõtjNKc Ç
��Ag%/!C5y#/A.�
,.)l@<:"%

vn ∈ Gµ

%&5w\
J(un) ≤ C

%&5 ‖f − un − vn‖2
L2(Ω) ≤ C Å c?Nõt?N Ú Ç�l9
+H+-%

vn ∈ Gµ

7�9
 {9
Z?5G,6%/ <5�@<:"%
vn =

=?,6W
ξn
7J�uW;%/#

ξn
5G%&A�@>:?% ‖ξn‖L∞(Ω,R2) ≤ µ

%&5
ξn.N = 0!C:")

∂Ω
N Ã  $���
:"!C!*,P\

∫

Ω

unvn =

∫

Ω

un
=?,6W

ξn ≤ sup
ξ∈Gµ(Ω)

∫

Ω

un
=",6W

ξ ≤ µ sup
ξ∈G1(Ω)

∫

Ω

un
=?,6W

ξ Å c"NKt?N � Ç
�pIK9;Ù Å %& $:j5G,.A6,6!G�4 <5 Å c"NKt?N Ú Ç*Ç \ ∫

Ω

unvn ≤ µJ(un) ≤ C Å c?NõtjN 	 Ç�Q% Å c"NõtjN Ú Ç %&5 Å c"NKt?N 	 Ç 7�9; ð="E/=?:",65r@<:"% un %&5 vn !C9; <5rZ�9
)* "E&!�="�
 "! L2(Ω)
N ° )D�
#/%kV Å c"NKt?N Ú Ç 7�%&5'?:",.!C@>:?%

un
%�5
vn

!*9
 <5kZ�9;)* "E&!k=3�
 "!
L2(Ω)

7x9; ¡9;Z?5G,6%/ e5k@<:gIl,.AQ%nij,.!C5*%
(û, v̂)

5*%/A.!L@>:?%
78V÷:" "%%ni>5G)G�4#&5G,69; �'?)*h/!`\
un ⇀ û

=3�4 "!
BV (Ω)

TÒ�
,6Z"A6% Ì 7"%&5
vn ⇀ v̂

="�
 "!
L2(Ω)

TÒ�4,.Z"A6%YN�vIK�
'")*h&!yA.%`��%/+-+-%�c"Nba;NKt?7"9; �!*�
,658@>:?%
χGµ(Ω)

%/!C5
L2 m½TÒ�4,.Z"A6%�!*#/,S739
ÙX\

χGµ(Ω)(v) =

{
0
!C,
v ∈ Gµ(Ω)

+∞ !*,. ?9; Å c"NKt?N � Ç
dja



Û~:",6!*@<:"%wA��vW4�
)C,��45*,.9
 �5G9452�
A6%�%&!C5y!*#&,�'�9;:")8A��v5G9;'�9;A69;M;,6%
BV

TÒ�
,.Z?A.% Ì 739
 �9;Z?5*,.%/ e5`\
inf Fλ,µ = lim

(

J(un) +
1

2λ
‖f − un − vn‖2

L2(Ω) + χGµ(Ω)(vn)

)

≥ J(û) +
1

2λ
‖f − û− v̂‖2

L2(Ω) + χGµ(Ω)(v̂)

,SNK%4N
(û, v̂)

%/!�5Q:" �+-,. ",6+�,6!C%/:")�="%
Fλ,µ(u, v)

!C:")
L2(Ω) × L2(Ω)

N
�

üy´Òøy´Òø �Xë~Â"ëPù�¼j·gÂ?»�¿>ë}¼j»�¾Pº á�æ ì�»Óº�»�ì�»Ó¿jÀ�æyÂ
(û, v̂)qB�
,. e5G%& 3�
 <5Q@<:"%vA�I�9; $!*�
,65Q@<:gI�:" "%v!*9;A6:?5G,69; �%�ij,6!C5G%47�9; $#n1"%&)*#21"%o:? D+-9�s;%& B="%vASIõ�Y5*5G%&,. "=?)*%
Nz��%)*E&!*:"Ab52�45~!*:",bW4�
 e5]=?9; " "%�:? "%�#u�
)*�
#&5*E/)C,.!G�Y5G,.9
 r=":-+-,. ",6+�,6!C%/:")}=?%

Fλ,µ
N Ã  -ASIK:j5G,.Ab,6!*%&)G��=3�
 "!PA.��!*9;:?!�m!*%&#&5*,.9; ÷!C:",6W4�4 <5G%L'�9;:?)v+H9
 <5G)C%/)pA.�$#&9; <W;%&)*M;%& "#/%k="%LA�IK�
A6M;9;)C,b5*1"+-% Å t?N � Nba Ü Ç · Å t?N � Nba � Ç '")*9;'�9
!*Ek�4:#213�
'",b5G)C%`'")CE/#&E/="%& <5/N

ÕpÖ�Îz×~Î�Ø/ÌUÍ�ÌûÎ�Ë®¿�Ð���Ð6ÏgÐ
(û, v̂)

�)
*�7� �[\��"�,�"\��8

�*��2�� �
Fλ,µ(u, v)


*�+�*�¥

�*� �8�*\(�*�,�¥
*��4
{
û = f − v̂ − PGλ(Ω)(f − v̂)

v̂ = PGµ(Ω)(f − û)
Å c"NKt?NKd Ç

ÕwÖ�E G	H:E å Ã  �!CE/'3�4)*%wA.�r'")C%/:?W;%w%/ �="%&:ji�'3�4)C5G,6%/!�\Ý}52�
'�%�a Å �l9; "=?,65G,69; k "E&#/%/!C!G�
,6)*% Ç \|j9;,65
(û, v̂)

:? 0+-,. ",6+-,b!*%&:")l="%
Fλ,µ(u, v)

N"��%�TÒ�4,65�@<:"%
û = f − v̂− PGλ(Ω)(f − v̂)

W>,.%& <58="%�A.�Û~)*9;'�9
!*,65*,.9
 � Nba;Nba;Nj���p'?)*%/:jW;%�="%
v̂ = PGµ(Ω)(f − û)

%/!�5�!*,6+H,6A.�4,6)C%`\>#/9;+-+-%
v̂
%&!C5�:" L+H,6 ",6+-,b!*%&:")="%

Fλ,µ(û, .)
7"9; $�r'�9;:")85*9;:?5

v
=3�
 "!

L2(Ω)
\
Fλ,µ(û, v̂) ≤ Fλ,µ(û, v)

7"#/%`@<:",�,6+-'"A6,6@<:"%
NJ\
0 ∈ v̂ − (f − û) + λ∂χGµ(Ω)(v̂) Å c"NKt?N6a Ü Ç

Å c?NõtjN6a Ü Ç !C,.M; ",bÄ3%H\ f − û ∈ (I + λ∂χGµ(Ω))(v̂)
Ng�vI�9;Ùð\

v̂ = (I + λ∂χGµ(Ω))
−1(f − û)

NJÝ~5�,.A�%/!�5!C5G�
 "=3�4)*=�="%`#/9; ?#/A6:")*%`@<:"%-\
v̂ = PGµ(Ω)(f − û)

NÝ}52�
'�% � Å �l9; "=?,65G,69; k!*:�JH!*�
 <5*% Ç \�|j9
,65 (û, v̂)
W;E&)*,6Ä3�
 <5 Å c"NKt?NKd Ç N Ã  ���="9; ?#-\

{
0 ∈ û+ v̂ − f + λ∂J(û)

0 ∈ û+ v̂ − f + λ∂χGµ(Ω)(v̂)
Å c?Nõt?Nba;a Ç

���v'")C%/+-,.h/)C%�A6,.M; ?%Q="% Å c"NKt?Nba;a Ç '")C9�W>,.%& <5�=":LTÒ�
,65x@<:"% û = f − v̂−PGλ(Ω)(f − v̂) Å #�Tx_ ced4fJ%�5`_ �;Ú f Ç 7%�5yA��o!*%/#&9; "="%w=":0TÒ�
,658@<:"%�\
v̂ = PGµ(Ω)(f − û)

N Ã  �'�%/:j5Q)CE/E/#&)*,6)*% Å c?NõtjN6a;a Ç \
{

f−û−v̂
λ

∈ ∂J(û)
f−û−v̂

λ
∈ ∂χGµ(Ω)(v̂)

Å c?Nõt?Nba � Ç
#&%w@<:",�!*,6M; ",6Ä"%r\

{

J(u) ≥ J(û) +
(
u− û, f−û−v̂

λ

)

L2(Ω)×L2(Ω)

χGµ(Ω)(v) ≥ χGµ(Ω)(v̂) +
(
v − v̂, f−û−v̂

λ

)

L2(Ω)×L2(Ω)

Å c?Nõt?Nba�t Ç
d �



Ã  $�4="=",65*,.9; ? "%�A.%/!8="%&:ji�A6,.M; "%&!8="�
 "! Å c"NKt?Nba�t Ç 7?%&5y9
 �9;Z?5*,.%& <5`\
J(u) + χGµ(Ω)(v) ≥ J(û) + χGµ(Ω)(v̂) +

(

u− û,
f − û− v̂

λ

)

+

(

v − v̂,
f − û− v̂

λ

) Å c"NõtjN6a/c Ç
Ã  $���C9;:?5*%w�4A.9;)C! 1

2λ
‖f − u− v‖2

L2(Ω)

�
:ji0=?%/:ji0+H%&+rZ?)*%/!8="% Å c?Nõt?Nbauc Ç 7"%�5y9; �9
Z?5G,6%/ <5`\
Fλ,µ(u, v) ≥ Fλ,µ(û, v̂) −

1

2λ
‖f − û− v̂‖2

L2(Ω) +
1

2λ
‖f − u− v‖2

L2(Ω)

+

(

u− û,
f − û− v̂

λ

)

+

(

v − v̂,
f − û− v̂

λ

)

Û�9
:")�#/9
 "#/A6:")*%473,.AJ)*%&!C5G%wV�+-9; <5*)*%/)�@>:?%-\
‖f −u−v‖2

L2(Ω)−‖f − û− v̂‖2
L2(Ω) +2 (u− û, f − û− v̂)+2 (v − v̂, f − û− v̂) ≥ 0 Å c"NKt?N6a Ú ÇÃ  � ?9
5G%

L(u, v) = ‖f − u− v‖2
L2(Ω)

Nz�l9;+-+H%
L
%/!�5Q#&9; <W;%nij%
7�9; ��0\

L(u, v) ≥ L(û, v̂) +

(

u− û,
∂L

∂u
(û, v̂)

)

+

(

v − v̂,
∂L

∂v
(û, v̂)

) Å c"NõtjN6a � Ç
Ý}5 Å c"NõtjN6a � Ç %/!�5~�C:?!C5G% Å c"NKt?Nba Ú Ç @<:gIK9
 �W;9;:"A.�
,65�+H9
 <5*)*%/)&N

�

± Î�Ö�Î M�M �3ÌûÖFE�¿�Ð���ÐÒÑ3Ð��p�i
*���"�@�
(un, vn)

�=� -Pf��,���p/%�32i� � �8� �54*&��e� � �8� �"!K�Z&x�*�	�#�#�*/:�@-)�0�3��?D�#�32;�9?)���,�^�"�,�
&
?)���,c3�*2^C �Èsb�3��|Z�8�*\(�*�,��c3�*2;


(û, v̂) ∈ BV (Ω) ×Gµ(Ω) q �D� � �,��YZ�,�5\��"�,�"\��8

�*� 25� �
Fλ,µ(u, v)

�

ÕwÖFE GIH:E å ��I�%/!C5w:" ?%�#/9
 "!*E&@>:?%/ "#/%H=?%/!wÛ~)*9
'�9;!*,b5G,.9
 {c?Nõt?Nbar%&5`c?Nõt?N � 7g�
,6 "!*,�@<:"%�=?%�A.��="E�Ä3 ",b5G,69; =?%wA.�r!C:",65*%
(un, vn) Å ="E�Ä3 ",6%`'3�
) Å t?N � NKd Ç m Å t?N � Nba � ÇCÇ N

�Ã  X��="9; "#r+-9; <5*)*EoA.�L#/9; eW;%/)CM;%/ "#&%-="%rA�IK�
A6M;9;)C,b5*1"+-%wW;%/)C!`A.%o+-,6 ",6+-,b!*%/:?)�=?%� ?9
5G)C%oTU9; "#�5G,69; jm ?%/A.A6%
N<��A�)C%/!�5G%�+H�
,6 <5*%/ 3�
 e5lVp+H9
 <5G)C%/)x@<:"%�)*E&!*9;:?=")*%� ?9
5G)C%�'")C9;Z"A.h&+H%y'�%/)C+H%�5�Z?,.%/ L="%�)CE/!*9
:"=")*%�A.%'?)*9;Z"A6h/+-%�="%pq$%�s;%/)&N Ã  �#&9;+-+H%& "#/%�'3�
)8)*%/M;�
)*="%&)�A.%�'?)*9;Z"A6h/+-%�A6,.+-,�5G%�A.9;)C!*@<:"%
λ→ 0

N
üy´Òø�´Òü â�¼jæ�áQÀÿá�æ Á�Â?¾���ãÓâ�ì�ÀÿãÓ»�ì�»½¼?Àÿã�¾~Â?¿�ã�æQÀ

λ→ 0Ã  �#/9; ?!*,.=?h/)*%`A.%�'?)*9;Z"A6h/+-%�!C:",6WY�
 <5w\
inf

(u,v)∈BV (Ω)×G(Ω)/f=u+v
J(u) + χGµ(v) Å c"NKt?Nba 	 Ç

���
 "!8A��v'")*9
'�9;!*,b5G,.9
 �!*:?,6W4�4 <5G%47"9; k+H9
 <5G)C%�@<:"%�A.%�'?)*9;Z"A6h/+-% Å c"NKt?Nba 	 Ç %/!�5yA6%�'")C9;Z"A6h/+-%�A6,.+-,�5G%Q@<:"%ASIK9
 09;Z?5*,.%/ e5�A.9
)*!*@<:"%
λ→ 0

=3�
 "! Å c?Nõt?NKt Ç NÕpÖ�Îz×~Î�ØuÌUÍ�ÌûÎ�Ë�¿�Ð���Ð��gÐ WX�F/#/,�


���1
AYZ�,�
f ∈ L2(Ω) q �*�9YZ�¥� �"�¥�'zu�8
*�@� (ũ, ṽ) ∈ BV (Ω) × Gµ(Ω)

�@�*�
YZ�,�

f = ũ+ ṽ q �3�8��2;
v4
!#�hy*�~�'zu�8
*�@�

(û, v̂) ∈ BV (Ω) ×Gµ(Ω)


��������������� ��� ¾:� � �"!%$'&3�

� �j¨¦�µ/:���a
 q 
*� (û, v̂) �)
*�S� �,��YZ�X� q �*�	
*� (uλ, vλ) � -)
*��C3�.�9����

����� �������}�3�j/:2;�3|Z�8]*\(��� ¾:� � � � & q �3�8��2;

(uλ, vλ)

?e���,c3�*2^C �jc3�*2;

(û, v̂) ∈ BV (Ω) ×Gµ(Ω)

�8��2;
ZYZ�X�
λ
�=�*�X�(c3�*2;


0
�

d
t



ÕwÖ�E G	H:E å �l9;+-+H%�9; �!*:"'"'�9
!*%{ASIK%nij,.!C5*%/ "#&%D="%
(ũ, ṽ)

7xASIK,6 ?Ä3+o:"+ =3�
 "! Å c"NKt?Nba 	 Ç %&!C5�Ä" ",�NxÝ~ :?5*,.A6,6!G�
 e5�A6%���%/+-+H%�c"Nba;NKt?7?A��v'")C%/:?W;%`=":0'?)*%/+-,.%&)�'�9
,. e58%/!�5y�
A.9;)C!l,.+-+-E/=",.�Y5G%
N?�l9; "#&%/ e5G)C9; "!� "9;:"!+H�
,. e5G%& 3�
 <5-!C:")LA6%$=?%/:jij,6h/+-%B'�9
,. <5/N]�~IK%nij,.!C5*%/ "#&%D%&5LASIK:" ?,.#&,65GE0=?%
(uλ, vλ)

!*9; e5�="9
 " "E&!�'"�
)HA.�Û~)*9;'�9
!*,65*,.9
 (c"NKt?N6a
N��l9;+-+H%
(uλ, vλ)

%/!�5oA���!*9
A.:?5*,.9; X=":÷'")*9
Z"A.h&+H% Å c?Nõt?NKt Ç 7�9; ÷� vλ ∈ Gµ

7�%&5�\
Fλ,µ(uλ, vλ) ≤ Fλ,µ(û, v̂)

7"#/%`@<:",�!*,.M
 ",6Ä3% Å #/�
) û+ v̂ = f Ç
Fλ,µ(uλ, vλ) ≤ J(û) Å c"NKt?Nba � ÇÝ}5yA.%�5*%/)C+H%�="%`Me�
:"#21"%`="% Å c"NKt?Nba � Ç %/!�5Q="9; ? "Ew'"�
)`\

Fλ,µ(uλ, vλ) = J(uλ)+
1

2λ
‖f−uλ−vλ‖2

L2(Ω)+χGµ(vλ) = J(uλ)+
1

2λ
‖f−uλ−vλ‖2

L2(Ω) Å c?Nõt?Nba�d Ç�vI�9;Ù
J(uλ) +

1

2λ
‖f − uλ − vλ‖2

L2(Ω) ≤ J(û) Å c"NKt?N �4Ü Ç#&%w@<:",�,.+-'"A6,6@<:"%
‖f − uλ − vλ‖2 ≤ 2λJ(û) Å c"NKt?N � a ÇÃ  -+H9
 <5G)C%y�
A69;)*!~#&9;+H+-%8=3�
 "!]A.��'")*%&:?W;%Q="%yA.�wÛ~)C9;'�9;!*,b5G,69; �c"NKt?Nbay@>:?%Q!C,

λ ∈ [0; 1]
7 ‖uλ‖L2(Ω)%�5y="9; "# ‖vλ‖L2(Ω)

!C9; <5yZ�9
)* "E&!y'3�
)8:" "%`#/9; ?!C52�4 <5G%
C > 0

@>:?,� "%`="E&'�%/ "=$'3�
!�="%
λ
N�l9; "!*,6="E/)C9; "!}:" "%8!C:",65*%

(λn)
@>:?,?5*%/ "=oW;%/)C!

0
A69;)*!C@>:?%

n→ +∞ N4ô�A69;)*!&7
V�:? "%8%ni>5G)G�4#&5G,69; o'")*h&!/7,6A"%�ij,.!�5G%
(u0, v0) ∈ BV (Ω)×Gµ(Ω)

5G%/A3@<:"%
(uλn , vλn)

#/9; eW;%/)CM;%yW
%/)*!
(u0, v0)

=3�
 ?!
L2(Ω)

TÒ�
,6Z"A.%4NÝ~ $'"�
!*!*�
 <5QV�A.�rA6,.+-,�5G%�=3�
 "! Å c"NKt?N � a Ç 7"9
 �9;Z?5*,.%/ e5`\ ‖f − u0 − v0‖L2(Ω) = 0
7",�N�%
N

f = u0 + v0
NÛ�9;:")y#&9; "#/A6:")*%`A��r'")*%&:?W;%p="%wA��r'")*9;'�9
!*,65*,.9; J7",6A�)C%/!C5*%vV�+H9; e5G)C%/)�@<:"%

(u0, v0)
%&!C5Q!*9;A6:?5G,69; 0=":'")C9;Z"A6h/+-% Å c"NKt?N6a 	 Ç N Ã  �#&9;+-+H%& "#/%�'3�4)~)C%/+H�
)C@>:?%/)~@<:"%8'":",6!*@<:"%8'�9;:")�5G9
:?5 λ ∈ [0, 1]
7 ‖vλ‖G ≤ µ

79; w9;Z?5G,6%/ e5�="9; "#]M;)D�
#/%x�4:v��%/+-+H%~c"N6a
Nõt�@<:"%
v0 ∈ Gµ

NYÝ}5�=gIK�
'")Ch/! Å c"NKt?N �4Ü Ç 7u9; v��'�9;:")�5*9;:?5 λ > 0
\

J(uλ) ≤ J(û)
Nz�pIK9;Ù

u0 ∈ BV (Ω) Å #u�
) J(u0) ≤ limJ(uλ) ≤ J(û) Ç N|j9;,65
(u, v) ∈ BV (Ω) ×Gµ(Ω)

5*%/A�@<:"%
f = u+ v

N Ã  $�0\
J(u) + χGµ

(
v

µ

)

+
1

2λ
‖f − u− v‖2

︸ ︷︷ ︸

=0

≥ J(uλn) + χGµ

(
vλn

µ

)

+
1

2λn
‖f − uλn − vλn‖2

≥ J(uλn) + χGµ

(
vλn

µ

)

Ý~ �'3�
!C!G�
 e5-VDA��BA6,.+-,�5G%HA69;)*!C@>:?%
λ → 0

7�9; ð9;Z?5G,6%/ e5k\
J(u) + χGµ

(
v
µ

)

≥ J(u0) + χGµ

(
v0
µ

) N�vI�9;Ù
(u0, v0)

%/!�5�:" ?%�!C9;A.:j5G,.9
 -=":L'")*9
Z"A.h&+H% Å c"NKt?Nba 	 Ç N>Ý}5l#&9;+-+H%�9; L�p!C:"'"'�9;!*E�@<:"%QA.%y'")C9;Z"A6h/+-%Å c?NõtjN6a 	 Ç '�9;!C!*h/=?%(:" "%�:" ",6@<:"%�!*9;A6:?5G,69; g7x9; F="E&=":",b5�@<:"%
(u0, v0) = (û, v̂)

7�,�N�%
N
(u0, v0)

%/!C5�A.�!*9
A.:?5*,.9; k=":�'")C9;Z"A6h/+-% Å c?NõtjN6a 	 Ç N
�

üy´Òøy´�Î ço»ÓÀ�º À�ºx¼>Â"Àäã�À Á�Â"¾¥��ã�â�ì�ÀäãÓ»�ì�»�¼jÀ ÀJ¼�ã�Àÿì�¾8á�â�ãÓÀäáQÀÿßàÀpÖPÀgÂ
Ã  0W
%/:?5Q+H�
,6 <5G%& 3�
 e58+H9
 <5G)C%/)8A6%�A.,6%/ k%/ e5G)*% Å c"NKt?Nba 	 Ç %&5 Å c"N � N6a Ç NÕpÖ�Îz×~Î�Ø/ÌUÍ�ÌûÎ�Ë ¿�Ð��gÐÀ¿�Ð å0�NfSz��

α > 0
�#�3�1
��8��/:2)�3|Z�8]*\(�w�8¾à�8� �"!*&3��W.�K�"�

(û, v̂)
���.��

����� �^�����ù�3�

/:2;�3|Z�8]*\(��� ¾:�8���"!*&3��å0�AfSz��
µ = ‖v̂‖G

�#�3�1
�� ¾:� � �"!%$'&3�.gh�8��2;
A4
• (û, v̂)

�)
*�+�3�a
)
*�È���.�x

���������������3��/:2;�3|Z�8]*\(��� ¾:� � �"!%$'&3�
• é -)?*��/:2;�>YZ�,�*\(�*�,� q �@��� �=�5
>�K�æ��������� (ũ, ṽ)

����� ¾:� � �"!%$'&r�=�3c3�)?
µ = ‖v̂‖G

&N�)
*�+� �.��

����� �^������� �
� ¾:�8� �"!*&3�	¨¦�0/:���#
 q ����� ‖ṽ‖ = µ

�*�
J(ũ) = J(û)

�

d
c



ÕwÖFE GIH:E å ����'")C%/:?W;%w%/!�5Q%ni"�4#&5*%/+-%/ <5yA��o+H�&+H%�@<:"%`#/%&A.A.%�="%`A���Û~)C9;'�9;!*,b5G,69; 0t?NKt?NKt?N
�Ý~ �TÒ�
,65/74#/9;+-+H%l=3�
 "!PA6%�#u�
!~=",.!C#/)*%�5]=?:L�l13�4'",65*)*%�t?7
9; �'�%/:?5P=",.)C%8'"A6:"!PV�'")C9;'�9;!~=":-A6,.%& r%/ e5G)C%A6%�+H9>=?h/A.%�="%pq$%�s;%/) Å c"N � Nba Ç %&5y ?9
5G)C%`'")*9
Z"A.h&+H%�A.,6+-,b5*% Å c?NõtjN6a 	 Ç N Ã  � ?9
5G%

Hα(u, v) = J(u) + α‖v‖G Å c"NõtjN �
� ÇÃ  �'�%&:?5Q=?9; "#`E/#&)*,6)*%`A6%�+H9>=?h/A.%�="%pq$%&s;%&)y#/9;+-+H%o\
inf

(u,v)∈BV (Ω)×G(Ω) / f=u+v
Hα(u, v) Å c"NKt?N � t Ç

α
E&52�4 <5�Äji?E47z9; � ?9
5G%
Zα =

{
vα, vα

%&!C5Q:? "%w!C9;A.:j5G,.9
 k=":�'")*9;Z?A.h/+-%
infv∈G(Ω)Hα(f − v, v)

} Å c"NõtjN � c Ç
Sα =

{
‖vα‖G, vα

%/!�5Q:" ?%w!C9;A.:?5*,.9; k=?:$'?)*9;Z"A6h/+-%
infv∈G(Ω)Hα(f − v, v)

} Å c"NõtjN �
Ú ÇÃ  �!G�
,b5�@<:"%
Zα

%&5
Sα

 "%`!*9; e5y'3�
!8W>,.="%&!�=gIõ�4'")*h&!yA��rÛ~)*9;'�9;!C,65*,.9; kc"N � Nba;NÃ  ö#/9
 "!*,6="h/)C%LA6%/!w="%&:jiö+o:"Ab5G,�m��4'"'"A6,b#u�45*,69
 "!
Y : R+ → P(G(Ω)) Å )C%/!C'gN T : R+ → P(R+) Ç5*%/A�@>:?%

Y (α) = Zα Å )C%/!*'JN T (α) = Sα
Ç 7}9;Ù

P(G(Ω)) Å )C%/!C'gN P(R+) Ç =?E/!*,6M; "%0ASIK%& "!*%&+oZ"A.%�="%/!!C9;:"!Óm�%/ ?!*%/+oZ"A6%/!y="%
G(Ω) Å )*%&!*'gN R+

Ç NÃ  BW
%/:?5�+-9; <5*)*%&)y:" "%v!C9;)C5*%v="%p)*E&#/,6'")*9>@<:"%vVHA��-ÛP)C9;'�9;!C,65G,69; �c"NKt?NKc?7�,SNK%4Nz@>:?%
7�'�9;:")Q#&%/)�52�
,6 "%/!WY�
A.%&:")*!�=?%
µ
73,6Ag%nij,.!C5*%

α
5*%/A�@<:"%

µ ∈ T (α)
N Ã  $��A6%�)*E/!C:"A65G�45�!*:",bW4�
 e5w\

ÕpÖ�Îz×~Î�ØuÌUÍ�ÌûÎ�Ëù¿�Ð��gÐ�ï�Ð
!#�
T

�)
*�7���.��\��������"�ë�*/#/:����?D�3�^�����[� -)?*2;���8
)
Z�3�,�@�Z�
� �
Y (0) = {f − f̄} �*�

T (0) = ‖f − f̄‖G
�'��6

f̄
� -)
*��C3�.�j���(c��3�8�*� 2�\(��ì#�*�,�.�v� �

f

*��2

Ω
&K�

� ��WX�
α

�@�*�:�(c3�*2;

+∞ q �3�8��2)
 T (vα)

�=�*�:��c3�*2)
 {a} q ��6 a �)
*�+� -Pf��,�à/1�32v4

a = inf {‖v‖G / f − v ∈ BV (Ω), v ∈ G(Ω)} Å c"NKt?N �
� Ç
�(E�R��"Ö��pGSE å |j,

f ∈ BV (Ω)
7z�4A.9;)C!

a = 0
N

ÕwÖFE GIH:E å Ã  �+H9
 <5G)C%�!*:"#&#/%&!*!*,6W;%/+-%& <5�A6%/!�5G)*9
,.!8'�9
,. e5G!8="%`A��o'")*9;'�9
!*,65*,.9; JNa;N����r'")C%/:?W;%w=":�'")*%&+-,.%/)�'�9;,. e5�%&!C5Q,6="%& <5G,6@<:"%wVr#/%&A.A6%�="%`A��rÛ~)*9;'�9;!C,65G,69; 0t?NKt?N�c"N� N�Ôy%&Me�
)C="9; "!�+H�
,6 <5G%& 3�
 e58A.%�="%&:jij,.h&+H%`'�9;,6 <58="%`A��o'")*9;'�9
!*,65*,.9; JNÃ  ö� Å #&T Å c?NõtjN �;� Ç*Ç H0(f − v, v) = J(f − v) ≥ 0
'�9;:")`5G9
:?5

v ∈ G(Ω)
N�Ý~ (#n1"9
,.!*,6!*!*�
 <5

v0 = f − f̄ Å =gIK�
'")Ch/!�A���Û~)C9;'�9;!*,b5G,69; Dc?N6a;Nba Ç 7 v0 ∈ G(Ω)
#u�4)

v̄0 = 0 Ç 7�9; {9;Z?5G,6%/ e5 H0(f −
v0, v0) = J(f − v0) = J(f̄) = 0

NJ�vI�9;Ù
0 = infv∈G(Ω)H0(f − v, v)

7�%�5
v0 ∈ Z0

NJ��%o'?A.:"!&7
J(u) = 0

!*,�%&5y!C%/:"A6%/+-%/ e5y!*,
u = ū

N�|j9;,b5
v1

:? "%w!C9;A.:j5G,.9
 0="%
infv∈G(Ω)H0(f − v, v)

N Ã  $�="9; "#
f − v1 = f − v1

N>%&5l#/9;+-+H%
v1 ∈ G(Ω)

7j9
 k�v�
:"!C!*,
v̄1 = 0

N>ô�A69;)*!
f − v1 = f − v1 =

f̄ − v̄1 = f̄
7",�N�%
N

v1 = v0
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N

LNMPO ÎzÖYÌûÍ
Q~R�E
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u0 = v0 = 0 Å � N � NKd Ç
� N��½5*E/)*�45G,69; "!�\

vn+1 = PEδ
(f − un) = f − un −WST (f − un, δ) Å � N � N6a Ü Ç

un+1 = f − vn+1 − PGλ
(f − vn+1) Å � N � N6a;a Ç

t?N�ò�%&!C5Q=gIK�
)*)C�&5w\"9; $�
)C)*��5G%`!C,
max(|un+1 − un|, |vn+1 − vn|) ≤ ε Å � N � N6a � Ç
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(un, vn)
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(u0, v0) ∈
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inf

u+v=f
(J(u) +B∗(v/δ)) Å � N � Nba�t Ç

��%`)CE/!*:?A652�Y5y!C:",6WY�
 <58TÒ�
,658A6%�A.,6%/ k%/ e5G)*% Å � N � Nba Ç %�5 Å � N � Nba�t ÇÕpÖ�Îz×~Î�ØuÌUÍ�ÌûÎ�Ë�ÿ�Ð6ÏgÐ6ÏgÐûå0�NfSz��
β > 0

�#�3�1
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(û, v̂)

� �.��
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δ = ‖v̂‖E
�#�3�1
��J�3�8� �"! � &3�.gh�8��2;
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• (û, v̂)
�)
*�+�3�a
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*�µ

����� �^�������3��/:2)�3|Z�8]*\(���J�3�8� �"! � &3�

• é -)?*��/:2;�ZYZ�X�*\(�*�,� q �@��� �=��
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(ũ, ṽ)
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A.%&:")*!�=?%w ?,6W;%u�4:�="%`M;)*,6!8="%&!y,.+H�
M;%&!lW;9; <5y="% Ü V �;Ú
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σ
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� 7za �
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η
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√
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η
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M;%�="%`Z3�
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ÕwÖ�E G	H:E å Ã  �!CE/'3�4)*%wA.�r'")C%/:?W;%w%/ �="%&:ji�'3�4)C5G,6%/!�\Ý}52�
'�%�a�\zÝ�ij,.!C5*%/ "#&%
a;N Ã  k#&9;+H+-%& "#/%�'"�
)�)C%/+H�
)*@<:"%&)�@>:?%�A�I�%/ "!C%/+oZ"A.%

X ×Gµ×Eδ
%/!�5�#/9
 <W;%ni?%473'":",6!�@<:"%

F
%/!�5#&9; eW;%�ij%p!*:")

X ×Gµ × Eδ
N Ã  �=?E/=":",b5y="9
 "#`@>:?%

F
%/!�5Q#&9; <W;%nij%p!*:")

X ×X ×X
N

� N���A�%/!�5`,.+-+-E/=",.�Y5�="%oW;9;,6)�@<:"%
F
%&!C5`#/9
 <5G,6 >:?%r!C:")

X × Gµ × Eδ
N Ã  �="E&=":",65`�4A.9;)C!�@<:"%

F%&!C5y!*#&,�!*:?)
X ×X ×X

N
t?NQ|>9;,65

(u, v, w) ∈ X × Gµ × Eδ
N Ã  ö� ‖v‖G ≤ µ

N���%H'?A.:"!&7�#/9;+-+-%
X
%&!C5p="%-=?,.+-%/ "!C,.9; Ä" ",.%47�,.A�%ni?,6!C5*%

g ∈ X
5*%/A�@>:?%

v =
=",bW

(g)
%&5 ‖g‖L∞ = ‖v‖G ≤ µ

N Ã  D=?E/=":?,65�="% Å � N6a
N6a Ú Ç@<:"% Å N2 %/!C5yA��v52�
,6A.Ab%�="%`ASIK,6+H�
M
% Ç \
‖v‖X ≤ 4µN 2 Å � NKt?NKt Ç
a �
�



�l9;+-+H%
w ∈ Eδ

7�%&5r#&9;+H+-%
X
%/!�5�="%�=",6+H%& "!*,69; (Ä3 ",6%
7�9; ð9;Z?5*,.%& <5o@<:gI�,.Ax%�ij,.!�5G%

C > 0="E/'�%& "=3�
 e5Q!*%/:?A.%/+-%/ e5y="%
N
%&5
δ
5G%&A�@<:"%-\

‖w‖X ≤ C Å � Nõt?N�c ÇÃ  0)G�
'"'�%&A.A6%�@<:"%
X ×X ×X

%/!�5Q+o:" ",g="%`A.�r "9
)*+-%�%/:"#&A.,6=",.%& " "%
N
‖(u, v, w)‖X×X×X =

√

‖u‖2
X + ‖v‖2

X + ‖w‖2
X Å � NKt?N Ú Ç

��9; "#47l!C, ‖(u, v, w)‖X×X×X → +∞ 7l�4A.9;)C!H9; î5G,6)*%$=?% Å � NKt?NKt Ç %&5 Å � NKt?N�c Ç @<:"% ‖u‖X →
+∞ N Ã  (%& (="E/=?:",65w="9; ?#
7

f
E�52�
 e5wÄ?ijE-%&5w'":",.!C@<:"% Å � NKt?Nõt Ç %�5 Å � Nõt?N�c Ç !*9; e5wW;E&)*,6Ä"E/%&!/7�@<:"%

‖f − u − v − w‖X → +∞ N�Ý}5p#&9;+-+H%
F (u, v, w) ≥ 1

2λ
‖f − u − v − w‖2

X

7�9
 (9;Z?5*,.%& <5
F (u, v, w) → +∞ N Ã  LW;9;,65��4,. "!C,�@>:?%

F
%/!C5�#/9>%&)*#/,bW;%�!C:")

X ×Gµ×Eδ
N Ã  �#/9; "#&A.:?5l="9; "#@>:?%

F
%/!�5Q#&9>%/)*#&,6W;%`!*:")

X ×X ×X
NÃ  �%& $="E&=":",b5yASIK%ni?,6!C5*%/ "#&%w=gI�:" $+-,6 ",6+-,b!*%/:?)
(û, v̂, ŵ)

N
Ý}5G�
'�% � \zñy ",.#&,65*E�="%

û
%�5
v̂ + ŵ

\Û�9
:")p+H9
 <5*)*%/)`#/%L)CE/!C:"A65G�45u7�9; (#/9;+-+H%& "#/%-'3�
)w)*%&+L�
)C@<:"%/)p@<:"%
F
%/!C5v!C5G)C,.#�5G%/+-%& <5p#/9; eW;%�ij%�!*:?)

X ×Gµ ×Eδ
7?#/9;+-+-%�!C9;+H+-%�=JIK:" ?%�TU9; "#�5G,69; k#/9
 <W;%ni?%w%�5�=gI�:" "%�TU9; ?#&5G,69; k!�5G)*,6#&5*%/+-%/ e5�#&9; <W;%nij%
7!*�
:?T�=3�
 ?!}A��Q=",.)C%/#�5G,.9
 

(u, v,−u−v) N4��A?!C:1J�5P="9
 "#�="%lW;E/)C,6Ä3%&)}@<:"%8!C, (û, v̂, ŵ)
%&!C5~:" r+H,6 ",6+-,b!*%&:")=?%

F
�4A.9;)C!�'�9;:")

t 6= 0
7
(û + tû, v̂ + tv̂, ŵ − t(û + v̂))

 gI�%/!�5�'3�4!Q:" $+H,6 ",6+-,b!*%/:?)�="%
F
N��l9;+H+-%

F
%&!C5y#/9; eW;%�ij%
7z9; �'�%/:j5Q!C%w)*%&!C5*)*%/,6 "=")C%p�
:0#u�
! |t| < 1

N��%0)*E&!*:"Ab52�45�%/!�5HE�W>,.="%& <5-!*,
v̂ + tv̂ ∈ X\Gµ

9
:
ŵ − t(û + v̂) ∈ X\Eδ

NPq$9; e5G)*9
 "!�@>:?%�!*,
v̂+ tv̂ ∈ Gµ

%&5
ŵ− t(û+ v̂) ∈ Eδ

7>�
A.9
)*!PA.%y)*E&!*:"Ab52�45x%&!C5l%/ ?#/9;)C%QW>)G�
,SN>Ý~ L%&��%&5/7>9; ��w=3�
 "!x#&%�#/�
!Q\
F (û+ tû, v̂ + tv̂, ŵ − t(û+ v̂)) = F (û, v̂, ŵ) + tJ(û) Å � Nõt?N � ÇÛ��4)�A�IK�
Z"!C:")*=?%
739; 0!*:"'"'�9
!*%p@<:gI�,.Ag%�ij,6!C5G%

t̂ 6= 0
5G%&A�@<:"%

ŵ − t̂(û+ v̂) ∈ Eδ
N

F (û+ t̂û, v̂ + t̂v̂, ŵ − t̂(û+ v̂)) ≤ F (û, v̂, ŵ) Å � NõtjN 	 Ç�l9
+H+-%
(û, v̂, ŵ)

+-,. ?,.+�,6!C%
F
7 Å � Nõt?N 	 Ç %&!C5l:" "%�E&Me�
A6,65*E
N<��% Å � NKt?N � Ç 7e9; L="E&=":",65x@<:"% J(û) = 0 Å #/�
)

t̂ 6= 0 Ç N3��Ag%�ij,.!�5G%`="9; "# γ ∈ R
5G%/Ag@>:?%w'�9;:")85*9;:?5

(i, j)
7
ûi,j = γ

Na;Ny|j,
γ = 0

73�
A.9;)C!
û = 0

Nz�Q9; "#
(û+ t̂û, v̂ + t̂v̂, ŵ − t̂(û+ v̂)) = (û, v̂ + t̂v̂, ŵ − t̂v̂)

N� Ny|j,
γ 6= 0

7J�
A.9;)C!
ŵ − t̂(û + v̂)

 "%o'�%&:?5�'3�4!��&5*)*%o:? {E/A6E/+-%/ <5�="%
Eδ

#/�
)�!G��+-9�s;%& " "%o JIK%&!C5'3�
!� >:?A.A.%4N3�l%/A.��#&9; <5*)*%/=?,65� "9
5G)C%`1esj'�945G1"h&!*%
N
�Û�9;:")�)CE/!C9;:"=")C% Å � NKt?Nba Ç 7"9
 �#/9
 "!*,6="h/)C%wA6%/!85*)*9;,6!8'")C9;Z"A6h/+-%/!8!*:",bW4�
 e5G!`\

• v
%&5
w
E�52�
 e5�Ä?ijE/!&7�9
 �#21"%/)C#n1"%

u
!C9;A.:?5*,.9; k=?%-\

inf
u∈X

(

J(u) +
1

2λ
‖f − u− v − w‖2

X

) Å � NKt?N � Ç
• u

%&5
w
E&52�4 <5�Ä?ijE&!/7z9; �#21"%/)C#n1?%

v
!C9;A.:?5*,.9; k=?%-\
inf
v∈Gµ

‖f − u− v − w‖2
X Å � NKt?NKd Ç

a �;	



• u
%&5
v
E�52�
 e5�Ä?ijE/!&7�9
 �#21"%/)C#n1"%

w
!*9
A.:?5*,.9; k="%�\
inf
w∈Eδ

‖f − u− v − w‖2
X Å � Nõt?Nba Ü Ç

�vIõ�4'")*h&!kA.�öÛ~)C9;'�9;!*,b5G,69; � Nba;N6a
7]9; �!G�4,65L@<:"%BA��X!*9;A6:?5G,69; î="% Å � NKt?N � Ç %&!C5�="9; " "E&%D'3�
)$\ û =
f − v − w − PGλ

(f − v − w)
Ny����!*9
A.:?5*,.9; ¡="% Å � NKt?NKd Ç %&!C5$!*,6+-'"A.%&+H%& <5k="9; " ?E/%('"�
)�\ v̂ =

PGµ(f − u − w)
NxÝ}5H#/9;+-+-%�="�
 "!HA��(|j%&#&5*,.9; � N � 7PA���!C9;A.:j5G,.9
 [="% Å � NõtjN6a Ü Ç %&!C5L="9; ? "E/%$'3�
)�\

ŵ = PEδ
(f − u − v) = f − u − v −WST (f − u − v, δ)

7�9;Ù
WST (f − u − v, δ)

="E/!C,.M; ?%-A6%!*%&:",6A.A��4M;%�%& $9; ?="%/A6%&5C5G%/!�="9;:>i0="%
f − u− v

="%`!*%/:?,.A
δ
N

F�´Òøy´�³ ý�ãÓþP¾~Â"»½¼jé�ì�À
LNMPO ÎzÖYÌûÍ
Q~R�E(Ñ å
a;N��� ?,65G,.�
A6,b!G�45*,69
 {\

u0 = v0 = w0 = 0 Å � NõtjN6a;a Ç� N��½5*E/)*�45G,69; "!�\
wn+1 = PEδ

(f − un − vn) = f − un − vn −WST (f − un − vn, δ) Å � NKt?N6a � Ç

vn+1 = PGµ(f − un − wn+1) Å � NõtjN6a�t Ç
un+1 = f − vn+1 − wn+1 − PGλ

(f − vn+1 − wn+1) Å � NõtjN6auc Çt?N�ò�%&!C5Q=gIK�
)*)C�&5w\"9; $�
)C)*��5G%`=gI�,65*E/)C%/)8!*,
max(|un+1 − un|, |vn+1 + wn+1 − vn − wn|) ≤ ε Å � NKt?N6a Ú Ç

c"N Ã  �9
Z?5G,6%/ <58="9; "#
û = limn(un)

N Ã  �#&9; e5G,. <:"%w�
A69;)*!�A.%&!�,b5GE&)G�45*,.9; ?!�%/ 
w
%&5
v
\

wn+1 = PEδ
(f − û− vn) = f − û− vn −WST (f − û− vn, δ) Å � NKt?N6a � Ç

vn+1 = PGµ(f − û− wn+1) Å � NõtjN6a 	 ÇÚ N�ò�%&!C5Q=gIK�
)*)C�&5w\"9; $�
)C)*��5G%`=gI�,65*E/)C%/)8!*,
max(|vn+1 − vn|, |wn+1 − wn|) ≤ ε Å � NKt?N6a � Ç

ÝP �'")*�45G,6@<:"%
7"9
 �:?5*,.A6,6!*%�'?A.:?5Dm
58A�IK�
A6M;9;)C,b5*1"+-%�!C:",6W4�4 <5 Å  <:"+HE&)*,6@<:"%/+-%/ e5u7",6AJ!*%&+rZ?A.%�="9
 " "%&)�A.%/!+-�/+-%/!8)*E&!*:"Ab52�45*! Ç N
LNMPO ÎzÖYÌûÍ
Q~R�EBÏ å
a;N��� ?,65G,.�
A6,b!G�45*,69
 {\

u0 = v0 = w0 = 0 Å � NõtjN6a�d Ç
a �
�



� N8�½5GE/)*�45G,69; "!�\
wn+1 = PEδ

(f − un − vn) = f − un − vn −WST (f − un − vn, δ) Å � NKt?N �
Ü Ç
vn+1 = PGµ(f − un − wn+1) Å � NKt?N � a Ç

un+1 = f − vn+1 − wn+1 − PGλ
(f − vn+1 − wn+1) Å � NKt?N �
� Çt?N8ò�%&!C5Q=gIK�
)C)*�&5`\39; ��
)*)C�&5G%`!C,

max(|un+1 − un|, |vn+1 − vn|, |wn+1 − wn|) ≤ ε Å � NKt?N � t Ç
ÕpÖ�Îz×~Î�ØuÌUÍ�ÌûÎ�Ë�ÿgÐ��gÐ6Ï�Ð

• �	��
*� �"�=�
(un, vn, wn)

?)���1
*��2*� �"�@�¦�#�3�1
��D� �3� C ��2*�"�"B \(�v!r?)���,c3�*2�C ��c3�*2;

(û, v̂, ŵ)

\��"�,�"\��8

�*� 2
� ���J�3� � �"!*&3�

• �	�i
*���"�@�
(un, vn, wn)

?)���1
*��2e���"�@�9�#�3�1
��D� �3� C ��2e�"�"B \(�7���)
*�.�=�*� �8�9YZ�,�
un

?)���,c3�*2^C �7c3�*2)

û ∈ X q�*�9
*�

(v̂, ŵ)
�)
*�����t/,���"�,�h�S� �#��B,-*2;�*�.?)��� �

(vn, wn)
�3�8��2;


(û, v̂, ŵ)
�)
*�i� �_\��"�,�"\��8

�*��2�� �

�M�u� � �"!*&3�
ÕwÖFE GIH:E Ã  k#/9;+-%& "#/%�'3�
)l)*%/+H�
)C@>:?%/)�@<:"%47"#/9;+-+-%�9; k)CE/!C9;:?58="%/!8'?)*9;Z"A6h/+-%/!l="%�+-,. ",6+�,6!G�Y5G,69
 !C:"#/#&%/!*!*,bTU!/7z9; $�k\

F (un, vn, wn) ≥ F (un, vn, wn+1) ≥ F (un, vn+1, wn+1) ≥ F (un+1, vn+1, wn+1) Å � NKt?N � c ÇÝ~ k'3�
)C5*,.#&:"A.,6%&)/7<A��p!C:",65*%
F (un, vn, wn)

%&!C58="E&#/)C9;,.!C!G�
 e5G%
N3�l9
+H+-%Q%/A6A.%Q%&!C58+-,. "9;)CE/%Q'"�
)
0
7j%&A.A6%#&9; <W;%&)*M
%p=?9; "#`=3�
 ?!

R
N Ã  � ?9
5G%

m
!G��A6,.+-,�5G%4N Ã  0W;%&:?5Q+-9; <5*)*%&)8@<:"%

m = inf
(u,v,w)∈X×X×X

F (u, v, w) Å � NKt?N �;Ú Ç
Ã  ('�%&:?5p!*:"'?'�9
!*%&)p!G�
 "!w)*%&!C5*)*,.#�5G,69; �@<:"%
7 ∀n 7 (un, vn, wn) ∈ X × Gµ × Eδ

N��l9;+-+-%
F
%/!�5#&9>%/)C#/,6W;%w%�5Q#/9
+H+-%�A��r!*:?,65G%

F (un, vn, wn)
#/9; eW;%/)*M
%
7z9; $%& $="E/=":?,65y@<:"%pA.�r!*:",b5G%

(un, vn, wn)
%/!�5Z�9
)* "E&%�="�
 "!

X ×Gµ×Eδ
N Ã  �'�%/:?58="9
 "#�%nij5*)G�
,6)*%�:" "%�!C9;:"!Óm�!*:",b5G%

(unk
, vnk

, wnk
)
@<:",J#&9; <W;%&)*M;%W;%&)*!

(û, v̂, ŵ)
A.9;)C!G�
:"%

nk → +∞ 7��uW;%/#
(û, v̂, ŵ) ∈ X × Gµ × Eδ

N���%�'"A6:"!/7�9; ð�?7�'�9
:")p5G9;:?5
nk ∈ N

%&5�5*9;:?5
w
=3�
 ?!

X
\
F (unk

, vnk
, wnk+1) ≤ F (unk

, vnk
, w) Å � NKt?N �
� ÇÃ  $���
:"!C!*,�7"'�9;:")�5G9;:?5

nk ∈ N
%&5�5G9
:?5

v
=3�
 "!

X
\

F (unk
, vnk+1, wnk+1) ≤ F (unk

, v, wnk+1) Å � NKt?N �
	 Ç%�5y'�9;:")�5G9;:?5
nk ∈ N

%&5�5G9
:?5
u
=3�
 "!

X
\

F (unk
, vnk

, wnk
) ≤ F (u, vnk

, wnk
) Å � NKt?N �4� ÇÃ  B "9
5*%

w̃
:" B'�9;,. e5Q=gIK�
="1?E/)*%& "#/%v="%

(wnk+1)
N�Ý~ D#&9; "!C,.="E&)G�
 e5 Å � NKt?N � c Ç 7z9; $9;Z?5*,.%/ e5 Å #/�
) F%&!C5y#/9; e5G,6 >:"%�!*:")

X ×Gµ × Eδ
Ç \
m = F (û, v̂, ŵ) = F (û, v̂, w̃) Å � Nõt?N � d Ç

a � d



ÝP 0'3�4!*!G�
 e5yVrA.�oA6,.+�,b5*%�=3�4 "! Å � NKt?Nba � Ç 7j9; k9;Z?5*,.%& <5�\ w̃ = PEδ
(f − û− v̂)

N3qB�4,.!�'3�
) Å � NõtjN � d Ç 79; D!G�4,65�@<:"%�\ ‖f − û − v̂ − ŵ‖ = ‖f − û − v̂ − w̃‖ NJÛ��
)�:" ",6#/,b5GEp="%oA.�H'")*9Y�C%&#&5G,69; g7�9; D#/9
 "#/A6:?5@<:"%
w̃ = ŵ

N3�vIK9
Ù
wnk+1 → ŵ

NÃ  $ "9
5*%
ṽ
:" B'�9;,. e5Q=JIõ�
=?1"E/)C%/ "#&%o="%

(vnk+1)
N���%pA.�-+-�&+H%`+L�
 ?,.h&)*%`@<:"%v#&,bm½="%/!C!*:"!&7�9; $'�%/:?5+-9; <5*)*%&)8@>:?%

ṽ = v̂
Nz�pIK9;Ù

vnk+1 → v̂
NÝP B'3�
!*!*�
 <5�VHA���A.,6+-,b5*%`=3�
 ?! Å � Nõt?N �
� Ç Å F %/!�5�#&9; <5*,. <:"%p!*:")

X × Gµ × Eδ
Ç 7z9; D�H="9; ?#v'�9;:?)5G9
:?5

w
\

F (û, v̂, ŵ) ≤ F (û, v̂, w) Å � NKt?NKt Ü ÇÝ~ 0'3�
!C!G�
 e5yVoA��pA.,.+�,b5*%Q=3�
 "! Å � NKt?N �;	 Ç Å F %&!C5�#&9; <5*,. >:?%�!*:")
X ×Gµ ×Eδ

Ç 7?9; 0�o="9
 "#�'�9;:?)�5*9;:?5
v
\

F (û, v̂, ŵ) ≤ F (û, v, ŵ) Å � NKt?NKt?a ÇÝ}5y%/ �'3�
!C!G�
 e5�VrA��oA.,6+-,b5*%�=3�
 ?! Å � NKt?N �4� Ç 7?'�9;:")85*9;:?5 u \
F (û, v̂, ŵ) ≤ F (u, v̂, ŵ) Å � NKt?NKt � ÇÃ  �'�%&:?5y)*%/!C'�%/#�5G,6W;%&+H%& <5Q)CE/E/#&)*,6)*% Å � NõtjNõt Ü Ç 7 Å � NKt?NKt?a Ç %�5 Å � NKt?NKt � Ç %/ X\

F (û, v̂, ŵ) = inf
w∈X

F (û, v̂, w) Å � NKt?NKt;t Ç
F (û, v̂, ŵ) = inf

v∈X
F (û, v, ŵ) Å � NKt?NKt
c Ç

F (û, v̂, ŵ) = inf
u∈X

F (u, v̂, ŵ) Å � NKt?NKt Ú ÇqB�
,.!&7"'3�
)8="E&Ä3 ?,65G9
 �="%
F (u, v, w)

7 Å � NKt?NKt;t Ç %&!C5yE/@<:",bW4�
A.%& <5*%wV Å #&T�_ 	
� f Ç \
0 ∈ −f + û+ v̂ + ŵ + λ∂B∗

(
ŵ

δ

) Å � Nõt?NKt � Ç
%�5 Å � NKt?NKt
c Ç V

0 ∈ −f + û+ v̂ + ŵ + λ∂J∗
(
v̂

µ

) Å � Nõt?NKt 	 Ç
%�5 Å � NKt?NKt Ú Ç V

0 ∈ −f + û+ v̂ + ŵ + λ∂J(û) Å � NKt?Nõt � Ç��%`!C9;:"!Óm�=",b�JE&)*%/ e5G,6%/Ag="%
F
%/ 

(û, v̂, ŵ)
%/!�5Q=?9; " "E`'3�
)�\

∂F (û, v̂) =
1

λ






−f + û+ v̂ + ŵ + λ∂J(û)

−f + û+ v̂ + ŵ + λ∂J∗
(
v̂
µ

)

−f + û+ v̂ + ŵ + λ∂B∗ ( ŵ
δ

)




 Å � Nõt?NKt;d Ç

Ý~5y=?9; "#
73=gIK�
'")Ch/! Å � NKt?NKt � Ç 7 Å � NKt?NKt 	 Ç %&5 Å � NõtjNõt � Ç 7?9; $�k\




0
0
0



 ∈ ∂F (û, v̂, ŵ) Å � NKt?N�c Ü Ç
#&%�@<:",x%/!�5rE/@<:",bW4�
A6%/ e5rV

F (û, v̂, ŵ) = inf(u,v,w)∈X3 F (u, v, w) = m
N Ã  ÷%/ ÷#/9; ?#/A.:j5o@<:"%L5*9;:?5G%A.��!*:",b5G%

F (un, vn, wn)
#/9
 <W;%&)*M;%XW;%/)C!

m
A.%�+H,6 ",6+v:"+ ="%

F
!C:")

X × Gµ × Eδ
Ny�pIõ�
'?)*h/!$A��

aut Ü



Û~)C9;'�9;!*,b5G,69; � NKt?Nba;7z9
 B%& B="E/=":?,65Q@<:"%vA.��!*:",b5G%
(un)

#&9; <W
%/)*M
%pW;%/)C!
û
%&5Q@>:?%

(vn + wn)
#&9; <W;%&)*M;%W;%&)*!

v̂ + ŵ
A69;)*!C@<:"%

n
5G%& "=�W;%&)*!

+∞ NÃ  �)*%&Me�
)*=?%`+L�
,6 <5*%/ 3�4 <58A��o="%/:>i?,6h/+-%`'3�
)�5G,6%�="%`A�IK�
A6M;9;)C,b5*1"+-%4N Ã  $�k\
wn+1 = PEδ

(f − û− vn) Å � NKt?NKc?a Ç
vn+1 = PGµ(f − û− wn+1) Å � NKt?NKc � Ç�l%&5C5G%Q5G)*�
 "!�TU9;)*+H�45G,69
 -%/!�5�a&m���,6'"!*#21",b5GÆ47<,SNK%4Nz\

wn+1 = ψ1(wn)
%&5
vn+1 = ψ1(vn)

��W;%&#
ψ1

%�5
ψ2=?%/!�TU9; "#�5G,.9
 "!oa�mÓ��,.'"!C#n1?,65GÆH\

ψ1(w) = PEδ
(f − û − PGµ(f − û − w))

%&5
ψ2(v) = PGµ(f − û −

PEδ
(f − û− v))

NjÝ~ k:j5G,.A6,6!G�4 <5]A.%/!x+-�/+-%/!l�
)CM;:"+-%/ e5G!x@<:"%�=3�4 "!lA��w'")*%&+H,6h/)C%Q'3�
)�5G,6%Q="%�A.�p'?)*%/:jW;%
79
 0'�%&:?5�%nij5*)G�
,6)*%�:? "%�!*9;:?!�m�!C:",65*%
(vnk

, wnk
)
="%

(vn, wn)
#/9; eW;%/)CM;%u�4 <58W;%/)C!

(v̂, ŵ) ∈ Gµ ×Eδ
N"��%'?A.:"!&7

ψ1(ŵ) = ŵ
%�5
ψ2(v̂) = v̂

N Ã  0%/ 0="E&=":",b5�@<:"%�5G9;:j5G%�A.�o!C:",65*%
(vn, wn)

#/9; eW;%/)CM;%�W;%&)*!
(v̂, ŵ)

N
�

F�´Òø�´Sø ÕDÂ?¾���ãÓâ�ì�Àäã�»�ì�»½¼jÀ
Ã  k'�%/:?58+-9; <5*)*%&)l="%/!�)*E/!C:"A65G�45G!��
 3�
A69;M;:?%/!�Vv#/%/:>ik="%/!�|j%/#�5G,69; "!8t?NKtv%&5 � N � N?���
 ?!8#/%�5*5*%�!*9
:"!�m!C%/#�5G,.9
 g739; 0="9; " "%`="9; ?#wA6%/!8)*E/!C:"A65G�45G!8!G�
 ?!y="E/+-9; ?!C5G)*�45G,69; 0#/�
)�A6%/!8'")*%&:?W;%/!Q!C9; <5�,.="%& <5G,6@<:"%/!&NÃ  �,. e5G)*9>=?:",65�A.%/!8="%&:ji�'")C9;Z"A.h&+-%/!8!*:",bW4�
 e5G!`\

inf
f=u+v+w

J(u) + J∗
(
v

µ

)

+B∗
(w

δ

) Å � NõtjNKc;t Ç
inf

f=u+v+w
J(u) + α‖v‖G + β‖w‖E Å � NõtjNKc
c Ç

Ã  �#/9;+-+-%/ "#&%`'3�4)8TÒ�
,6)*%�A.%�A6,.%/ k%/ e5G)C% Å � NõtjNKc;c Ç %�5 Å � NKt?N�cet Ç NÕpÖ�Îz×~Î�ØuÌUÍ�ÌûÎ�ËTÿgÐ��gÐ���Ðêå0�xfSz��
α

�*�
β
�#�3�1
��8�¥/:2;�3|Z�8]*\(�5�J�3� � ��¾#¾3&3�XWp���"�

(û, v̂, ŵ)
���.�9

����� �^�����r�3�

/:2;�3|Z�8]*\(���J�3� � ��¾#¾3&3�+å0�©/:2)�*�:�
µ = ‖v‖G

�*�
δ = ‖w‖E

�#�3�1
��J�3� � ��¾ � &3�	gh�8��2;

(û, v̂, ŵ)

�)
*�9�3�a
)
*�


����� ���������3��/:2)�3|Z�8]*\(���J�3� � ��¾ � &3�

Ã  DTÒ�4,65Q+L�4,. <5*%/ 3�4 <5QA.%pA.,6%/ B%& <5*)*% Å � NõtjNKcet Ç %&5 Å � NKt?Nba Ç 7�%& {E&5*:"=",.�
 <5�A��HA6,.+-,�5G%wA69;)*!C@>:?% λ 5G%& "=W;%&)*! Ü =3�
 "!�A.%�'?)*9;Z"A6h/+-% Å � NõtjN6a Ç NÕpÖ�Îz×~Î�ØuÌUÍ�ÌûÎ�Ëtÿ�Ð��gÐÀ¿�Ð�å0���.���=�
(uλn , vλn , wλn)

� �.�7

�������������(�3��/:2)�3|Z�8]*\(�i�J�3� � �"!*&A�=�3c3�)?
λ = λn

&3�
gi�8��2;
 q �8��2;
ZYZ�,� λn �@�*�:�}c3�*2;
�ä q �=��� �µ/,���"�,�9�S� �a��B,-*2;�*�.?)�A� �A���(
*� �"�=�

(uλn , vλn , wλn)
�)
*��

�������������

�3��/:2;�3|Z�8]*\(���J�3� � ��¾ � &3�
F�´Òø�´Òü åî·�¿jæQã½¼?ë}¼j¿�º�æ�ì�·gÂ?»=ã�æ�À�¿

Ã  î+-9; e5G)*%k@<:"%&A.@<:"%/!-)*E/!C:"A65G�45G!� <:"+-E/)*,6@<:"%/!�!*:")�A.%/!�Þ�,.M;:?)*%/! � N Ú V � Nõd?N~���
 ?!-A.%k#u�
!�="%�A.�Þ�,.M;:")C% � N Ú 7gA���="E/#&9;+-'�9;!*,b5G,.9
 �%&!C5p@<:3�4!*,P'3�
)�TÒ�
,b5G%
NgÝ}5w+H�&+H%r'�9;:?)`:" "%-,6+L�4M;%o'"A6:"!`#&9;+H'?A.,6@>:?E/%#&9;+-+H%����
)CZ3�
)*�?7�A6%�)*E&!*:"Ab52�45`="%-="E/#&9;+-'�9;!*,b5G,69; �%&!C5w5G)*h&!w'")*9>#21"%-=":()*E&!*:"Ab52�Y5w!*9;:?13�
,65*E
N�|j:?)wA.%&!Ä"M;:")*%&!/7z9
 �,. "=?,.@<:"%`V�#213�
@<:"%`TU9;,6!8A�I�9; "=?%/A.%�5*5*%�+Hh&)*%`:j5G,.A6,6!*E&% Å 9
 � "9
5*%¦í��#�32o'�9;:")�ASIK9
 "="%&A.%&5C5G%�="%
É �;�
)&73¨v�3�1|>`r'�9;:")�A�I�9; "="%&A.%�5*5G%~="%x���
:?Z�%/#21",.%&!�Vy1<:",b5�+-9;+H%& <5*!� <:"A.!&7�%&5�¨5�3�%|
! äp'�9
:")�ASIK9
 "="%/A6%&5C5G%=?%p���4:"Z�%/#21",6%/!QV�=",�ik+H9
+H%& <5*!8 >:"A6! Ç N

a�t?a



,.+H�
M;%�9;)*,6M;,6 3�
Ab% ,6+L�
M
%�Z")C:",65*E/% Å σ = 35 Ç u+ v

u v + 150.0 w + 150

Â�Ã"Ä9¶ � N Ú ·�ñQ �%�ij%&+H'"A6%`!*,6+H'?A.% Å λ = 0.5
7
µ = 120

7
η = 1.0

7 É �;�
) Ç
± Q�Î�Ì"Ë �SE>Ør×S�"ÖF�,RTVeÍ�ÖFE>Ø å ��%�'3�
)*�
+-h&5G)C%

λ
#/9; e5G)Dm
A.%�A��v "9
)*+-%

L2 =?:0)*E&!*,6=": f − u− v
N?ÛPA6:"!,6A�%&!C58'�%&5*,65/7j%&5�'"A.:?!�A.�p "9;)*+-%�=?:k)*E/!C,.=":�=",.+-,6 >:"%4NjÝ~ k'")G�Y5G,.@<:"%47j9; k!C%�#/9; e5G%& <5G%�="%�Ä?ij%&)

λ
Vv:" "%'�%&5*,65*%yWY�
A.%&:") Å =3�
 "!x "9
!x%�ij'�E/)C,.%/ ?#/%/!&7?9; ��w:?5G,6A.,6!CE λ ≤ 1

\<A��` "9;)C+H%
L∞ =":L)*E&!*,.=?:L%/!C5��
A.9
)*!P'"A.:"!'�%&5*,65*%`@<:"% Ü N Ú Å %�5yA.%&!8W4�4A.%&:")*!�="%` ",bW;%u�
:�=?%wM
)*,.!�="%/!y,6+H�
M;%&!�W;9
 <5y="% Ü V �;Ú;Ú Ç*Ç N��%`'"�
)G�
+-h&5*)*%

µ
)*%&'")*E&!*%/ e5G%pA.�r "9
)*+-%

G
=?%wA.�r#&9;+-'�9
!G�
 e5G%

v
N��%�'3�
)*�
+-h&5G)C%

δ
)C%/'")CE/!C%/ <5*%LA.�k "9;)C+H%

E
="%-A���#/9;+-'�9;!G�4 <5G%

w
N�Ý~ ()*%&Me�
)C=3�
 <5`="%-'"A6:"!`'")*h&!ASIõ�
A6M;9
)*,�5G1"+�%
7<9
 LW;9;,b5l@<:"%

δ
%/!�58A.%Q!C%/:",6A�@<:",�%/!�58:?5*,.A6,6!*EyA.9
)*!x=?:k!C%/:",6A.A.�
M;%y'"�
)l9
 "="%/A6%&5C5G%&!/N?���
 "!�A6%#/�
!�=":�="E/Z?)*:",b52�
M
%
7"9; 0'�%/:?5Q�
A69;)*!�:j5G,.A6,6!*%&)�A��vW4�4A.%/:?)8#/A��4!*!*,6@<:"%`=":�!C%/:",6A

σ
√

2 log(N 2)
9;Ù

N 2 %/!C5A.��52�
,6A.Ab%8="%QASIK,6+H�
M
%`_ 	
� 7za �4Ü 7za�t;tYfSN Ã  L#21"9;,6!*,b5]="9; "#
δ = σ

√

2 log(N 2)
N>ÝP -TÒ�
,65/7e'�9
:")]9;Z?5G%& ",.)P="%+-%/,6A.Ab%/:")C!�)CE/!*:?A652�Y5G!/7?9; ��r,6 <5G)C9>=":",b5�:" 0'3�
)*�
+Hh�5G)C%�="%`'�9;,6="!

η
7"%&5�9
 0'")*%& "=

δ = ησ
√

2 log(N 2)
NÝ~ $'?)G�45*,.@<:"%
7

η
%/!�5QE&Me�
A�V0a;7"9;:0A.E/M
h/)C%/+-%/ <5�'"A6:"!8'�%�5G,b5uN

�©E RT�?ÖK�.GSE å ��%`+H9>=?h/A.%�=3�
 ?!p_�a Ú;	 f�'�%/:?5y!/I�E/#&)*,.)C%-\
min
u,v

(
‖Cu‖1 + ‖Dv‖1 + α‖f − u− v‖2

2 + βJ(u)
) Å � Nõt?N�c Ú Ç9;Ù C %/!�50:" ?%D5*)G�
 "!�TU9;)*+H�45*,.9
 ��
="�
'?5GE&%{V÷A.�ö'3�4)C5G,6%BM
E/9;+-E&5*)*,.@<:"%B=?%{ASI�,.+H�4M;% Å A��X5G)*�
 "!�TU9;)*+-E/%#&:")CW;%&A.%&5v'"�
)w%�ij%&+H'"A6% Ç 7�%&5 D :" "%-5*)G�
 "!�TU9;)*+H�45*,.9
 X�
=3�
'?5*E/%LV�A.�0'3�
)�5G,6%�5*%�i>5G:?)*%H="%HASIK,6+H�
M
% Å A��5G)*�
 "!�TU9;)*+-E/%-%& ö#/9;!C,. >:?!p=",.!C#/)Ch&5G%H'"�
)w%�ij%/+-'"A.% Ç N���%HZ")C:",65 w = f − u − v

%/!�5o'�E& 3�
A6,.!CE-'3�
)w!G� "9
)*+-%
L2 N�Ý~ öTÒ�
,b5u7�A.%&!v�
:?5G%&:")*!v=?%D_ba Ú;	 fx9;Z?5*,.%& " "%/ e5oA.��#/9
+H'�9
!G�
 e5G%HZ")*:?,65GE&%H#/9;+-+-%-:" ÷)*%&!C5*%=3�4 "!�A.%&:")0+-9>="h/A6%
N�qB�
,6!0,.A6!k gI�9; <5�'3�
!0W>)*�
,.+-%/ e50,. <5*)*9>=":?,65k:" "%X "9;)C+H%{!*'�E/#&,6Ä"@>:?%÷�
:FZ")C:",65/7#&9; <5*)G�
,6)*%/+-%/ e5wV0#&%-@<:"%- "9;:"!w��W;9
 "!`TÒ�
,b5uNg��%-'"A6:"!/7g!*,~9; X:?5G,6A.,6!C%rA.��5G)*�
 "!�TU9;)*+-E/%r#/:")�W;%/A6%&5p'�9;:?)A.�w'3�
)C5*,.%yM;E&9;+-E&5G)C,.@<:"%y="%�ASIK,6+H�
M
%�=3�
 "! Å � NKt?N�c Ú Ç 7<A6%�5G%/+-'"!x="%�#/�
A.#&:"A�%&!C58�
A69;)*!P#/9; "!C,.="E&)G�
Z?A.%/+-%& <5'"A6:"!�A69; "Mr@<:gIõ�uW;%/#w "9
5G)C%w�
A6M;9;)C,b5G1"+�%
N

aut �



,6+L�4M;%�9
)*,.M
,. "�
A6% ,.+H�
M;%�Z?)*:",b5GE/% Å σ = 20 Ç

u u+ v

v + 150.0 w + 150

Â�Ã"Ä9¶ � N � ·���+H�
M;%�=":�Æ&h/Z")C% Å λ = 1.0
7
µ = 100

7
η = 0.7

7z���
:"Z � Ç

a�t;t



,6+L�4M;%�9;)C,.M;,6 "�
A6%

,6+L�
M
%�Z")C:",65*E/% Å σ = 20 Ç

Â�Ã"Ä9¶ � N 	 ·���+H�
M;%`�l�
)*Z3�4)G�r�

aut
c



u

u+ v

Â7Ã"Ä9¶ � N � ·���+H�
M
%`���
)*Z"�
)G�r�C� Å λ = 1.0
7
µ = 30

7
η = 0.6

73���
:?Z � Ç

a�t Ú



v + 150.0

w + 150

Â�Ã"Ä9¶ � NKdA·L��+H�
M;%`���4)*Z3�
)*�r�*�C� Å λ = 1.0
7
µ = 30

7
η = 0.6

73���
:?Z � Ç

aut �
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5*)*%rE&5G:?="%-="%�+-9>="h&A.%&!�="%�="E/#&9;+-'�9;!*,b5G,.9
 gNgÝ}52�4 <5`="9; " "E&%-:" ?%-,6+L�4M;%9
)*,.M
,. "�
A6%
f
7� "9
:"!��uW;9; "!�'?)*9;'�9;!CEx:" v�
A.M
9;)*,b5*1"+-%~@<:",<A���!CE/'3�4)*%x%/ p5*)*9;,6!�#/9
+H'�9;!*�
 <5*%/!]\�A���'?)*%/+-,.h&)*%

u
7z#/9
 <5*,.%/ e5QASIK,6 ?TU9;)C+H�Y5G,69
 0M;E&9;+-E&5G)C,.@<:"%47zA.��!C%/#/9
 "="%

v
73A�I�,. ?TU9
)*+-�45*,69
 k5G%�i>5*:")*%47�%&5QA��o5G)*9
,.!*,6h/+-%

wA6%HZ?)*:",b5uN�Oy9;:"!o�uW;9; "!p="%L'?A.:"!p%��J%&#&5*:"E�ASIKE�5G:"="%H+H�45G1?E/+H�45G,6@<:"%-#&9;+-'"A.h�5G%-="%H "9
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5G�
+H+-%/ e58A��o#/9; eW;%/)CM;%/ ?#/%p="%` "9
5*)*%w�
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 e5u7g'�9;:")�A��H#/9;+-'�9;!G�4 <5*%oZ")C:",65
w
7J ?9;:"!���W;9
 "!�#&9; "#&%/ e5G)*Er "9
!�%&��9;)C5*!�!*:")�A6%v#u�
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:"!C!*,6%/ gNg��%o)*E&M;A��4M;%v=?:�'3�4)G�
+-h&5*)*%

δ
%/!�5`Z�%u�4:"#/9;:?'�'"A.:"!�="E/A6,.#/�45�=3�
 "!�A.%v#/�
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 "9;1"9ö_ 	
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)*�
+-h&5G)C%

λ
%/!�5�TÒ�
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λ = 0.1
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δ
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)G�
+-h�5G)*%

µ
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'",65*)*% � ="9
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N��%�#21"9;,�i{="%r="E/#&9;+-'�9;!*%&)`:" "%�,6+L�4M;%v%/ �5*)*9;,6!�#/9
+H'�9;!*�
 <5*%/!`'�%&:?5w'3�4)G�KÍ65G)*%o�
)*Z",b5G)*�
,6)*%4NJÛ�9;:")#&%/)�52�
,6 "%/!]�4'"'"A.,6#u�45*,69; ?!/7
,6A"%&!C5]'�%/:j5Cm���5G)C%y'�%&)C5*,. "%& <5P="%�!*E&'3�
)*%&)]A6%/!}5G%ni>5G:")*%&!]%/ <5*)*%�A6%/!}5G%�i>5*:")*%&!]5*)*h&!9
!*#/,6A.A.�
 e5G%/!&74%�5PA.%&!�5G%nij5*:")*%&!P+H9�s;%/ ? "%/+-%/ e5P9;!C#/,.A6A��4 <5*%/!&749;:r%/ e5G)*%8A6%/!�5G%ni>5G:")C%/!PA.,6!*!C%/!}%&5~A.%&!�5G%�i>5*:")*%&!@<:3�4!*,�M
E/9;+-E&5*)*,6@>:?%/! Å #/9;+-+-%�A6%/!�)*��s>:")C%/!y=":�Æ&h/Z")C%w'3�
)�%nij%/+-'"A.% Ç NOQ9;:?!]��W;9
 "!P%�ij'"A6,.@<:"E8=3�
 ?!PA�I�,. e5G)*9>=?:"#&5*,.9
 o@<:"%yA.��)*%&#21"%/)C#n1"%y=gIK�
A.M
9;)*,b5*1"+-%/!�="%�="E&#/9
+H'�9;!C,65*,.9; !&IK,6 "!*#&)*,bW4�
,65Q'"A.:?!�M;E/ ?E/)G�4A.%&+H%& <5�=3�
 "!�A.%p#u�
=?)*%o=?%/!�'")*9
Z"A.h&+H%&!�=?%o)*%&!C5G�
:")G�Y5G,.9
 D=JIK,6+L�
M
%/!p\�E�52�4 <5=?9; " "E&%D:" "%D,6+L�4M;%�9;)C,.M;,6 3�4A6%

u
7x9; �!*:?'"'�9;!*%D@<:gIK%&A.A6%D�öE�5GEB="E/M
)G�
="E&%D'3�
)H:" ¡Z?)*:",b5��
="=",b5G,bT

v
7%�5rE�W;%/ e5G:"%&A.A.%&+-%/ <5o'3�
)v:? ð9;'�E/)*�45G%&:")

R
N�ô '3�
)�5G,.)w="%�ASIK,6+H�
M
%H9
Z"!*%&)CW;E/%

f = Ru + v Å @<:",l%&!C5=?9; "#�:" "%0W;%/)C!*,.9
 ^=?E/M;)*�
="E/%�="%�A�I�,.+H�4M;%�9;)*,6M;,6 3�
A6%
u Ç 7P9; [#n1"%&)*#21"%DV�)*%&#/9; "!�5G)C:",.)C% u NP��#&,�7~ "9;:?! JIõ�uW;9; "!�#/9
 "!*,6="E/)CE`@<:"%`A.%�#u�4!�9;Ù

R
%/!�5yA�I�9;'�E&)G�45*%/:")�,.="%& <5*,65GE Å Ru = u Ç N3ñy "%`%nij5*%/ "!C,.9; �="%� "9
5*)*%�4A.M;9;)C,b5G1?+-%w="%v=?E/#/9
+H'�9;!C,65*,.9; 

u + v
=":��l13�4'",65*)*%vt��HE&5*Eo'")C9;'�9;!CE/%o="�
 "!o_Kt Ú f�'�9;:")yTÒ�
,.)C%p=?%oA.�=?E/#/9
 <W;9;A6:?5G,69; gN"��AJTÒ�
:"=")*�
,658+H�
,6 <5G%& 3�
 e58A�I�E&5G%& "=")C%pVrA�IK�
A6M;9
)*,b5*1"+-%�="%`="E/#&9;+-'�9;!*,b5G,.9
 

u+ v + w
NÛ��
)*+-,�A6%/!�%ni>5G%/ ?!*,.9
 "!�'�9
!*!*,6Z"A6%/!�%&5�,6 <5*E/)*%&!*!*�
 <5*%/! Å +H�
,.!y "9
 {,6+-+-E/=",.�Y5G%/! Ç 7z#/,b5G9; ?!�="%&:jiD'�9;!Óm!C,.Z",6A.,�5GE&!0\PA6%0#u�
!-="%/!H,6+L�
M
%/!r#/9;:?A.%/:?)*!/7P%�5LA6%0#u�
!-="%/!H,6+L�
M
%/!�t;�vN]���
 ?!HA.%&!-="%/:>iî#u�
!&7],6A�TÒ�
:?55*)*9;:jW;%/)x="%&!l%&!*'3�
#&%/!l'�%/)C5*,. "%& <5*!x'�9;:")x#/�
)*�
#&5*E/)*,6!*%&)xA.%&!]=",6��E/)C%/ <5*%/!x#&9;+H'�9
!G�
 e5G%/!x=JIK:" ?%�,6+L�
M
%
NeÝ~ '"�
)C5*,.#/:?A.,6%/)&7z,6A�TÒ�4:?5Q5G)*9
:?W;%/)�A��-Z�9; " ?%o="E�Ä3 ",b5G,.9
 B=gI�:" D%/!*'"�
#/%

G
�
=3�
'j5GEo�
:>i$5G%ni>5G:")C%/! Å #/9
:"A.%&:")*!9
:$t;� Ç NÝ~ ?Ä3 g7l#/9
+H+-%$ "9;:?!�A�IK��W;9
 "!L)G�
'?,.="%&+H%& <5L+-%/ <5*,.9; ? "EBVöA��XÄ3 �="%DA��ö|j%/#�5G,.9
 Ú N6a
7x,.Ay!C%/)*�
,65,6 <5*E/)*%&!*!*�
 <5w=?%�="E&W
%/A.9
'"'�%/)`:" "%rW;%&)*!C,.9; �+r:?A65G,6'?A6,6#/�45G,�W;%o="%r "9
5G)C%��
A.M;9
)*,b5*1"+-%v="%�="E&#/9
+H'�9;!C,65*,.9; 

u+ v
N"Ý~ 0%��J%�5u7?%/ k,.+H�
M;%&)*,6%Q#&9;1"E&)*%& <5G% Å #�T�A�IK�
 " "%ni?%`� Ç 7?A6%�Z")*:?,65�=3�
 ?!8:" ?%�,6+L�
M
%Q%/!�5�="%� 3�45*:")*%+o:"Ab5G,6'"Ab,6#/�45G,�W;%
N>Ý}58#&%/A.�v#&9; "#&%/)* ?%�="%Q5G)*h&!� ?9;+oZ")*%&:"!*%&!��4'"'"A6,.#u�Y5G,69
 "! Å ,.+H�
M
%/!xÔ�| Ã 7>,.+H�
M;%&!xA.�
!*%&)/7,6+L�4M;%/!l+H,6#/)C9;!*#&9;'",6@>:?%/!/7JN6NbN Ç N3��%`'?A.:"!&7":" "%`�
'"'")C9j#21"%�+o:"A65*,.'?A6,6#/�45G,�W;%�'�%&)*+-%&5C5G)G�4,65�="%` ?%`'3�4!�:?5*,bmA6,.!C%/)�="%`+r:?A65G,6'?A6,6#/�45G%&:")*!�="%w���
M;)*�
 "M;%47"%&5y="9
 "#`="%`'3�
)G�4+Hh�5G)*%&!85*9;:Y�C9;:")C!�="E&A.,6#u�45*!�V�)CE/M;A6%/)&N

Ý}52�
 e5�="9; " ?E/%x:" "%],.+H�
M;%}9;)*,6M;,6 3�
Ab%
7u ?9;:"!�!*9;+-+H%&!�'"�
)CW;%& >:"!�Vy,6!*9;A6%/)�!G�y#/9
+H'�9;!*�
 <5*%P5G%ni>5G:")CE/%
N���
 "!PA���'3�
)C5*,.%�!*:?,6W4�4 <5G%47e ?9;:"!]�4A.A69; "!� "9;:"!~,. e5GE/)C%/!C!*%/)P'"A6:"!~'3�4)C5G,6#/:"A6,6h/)*%&+-%/ <5~V�#&%&5C5G%�#/9
+H'�9;!*�
 e5G%5*%�i>5G:?)*E/%4N�Oy9;:"!y�
A6A.9
 "!�="E&W;%&A.9
'"'�%/)y:? B�4A.M;9;)C,b5G1?+-%�="%`#/A.�
!C!*,6Ä"#u�45*,.9; k'�9;:?)�A.%&!�,6+L�
M
%/!l5G%nij5*:")*E&%/!&N

a�t 	



aut �



N � � ýO
�ýpÒæø � 
�ù��Áú¡ýP�
� � ù�
C
�ýRQ � ùÍú¡ý ��� � � ýPø ù��S��


a�t;d





� � ù�
�ýBú���� T
U � ù � � � �ØýBú � ø � � � � � ù�
C
�ýRQ � ùÍú¡ý ��� � � ýPø ù�����

úD�dÐ ú¡ÿ�� û �V


���
 "!pA��0'3�
)�5G,.%�'")*E&#/E&="%/ e5G%
7�E�52�4 <5v="9
 " "E/%H:" "%H,.+H�
M;%r9;)*,6M;,6 3�
Ab%
7g "9;:"!p!*9
+H+-%/!w'3�4)CW;%/ <:"!oV,6!*9;A6%/)�!G��#&9;+-'�9;!G�
 e5G%�5*%�i>5G:?)*E/%4N�Oy9;:"!p�
A.A69
 "!�+L�
,6 <5*%/ 3�
 e5` "9;:"!w,. e5GE&)*%&!*!*%&)vV�#&%&5*5*%H#/9
+H'�9;!*�
 e5G%5*%�i>5G:?)*E/%4N�Oy9;:"!�'")C9;'�9;!*9
 "!y,6#/,g:? B�4A.M;9;)C,b5G1?+-%�="%`#&A��
!C!*,6Ä"#u�45*,.9; k!C:"'�%/)�Wj,6!*E&%p'�9;:")�A6%/!8,.+H�
M;%&!l5G%�i<m5*:")*E&%/!&N
���/����Ô�«r¬�°�ª § Ç�¦]¬�­&ªp«
W ´�µP´Cµ ÕDÂ?·�¿jÀ�ºx¼jë}¼j»�¾Pº á�æ Á�Â?¾¥��ãÓâ�ì�À

OQ9;:?!x'")*9
'�9;!*9; ?!l="�
 "!x#&%Q#n1"�
'",65*)*%y:" L�
A.M
9;)*,b5*1"+-%8="%Q#&A��
!C!*,bÄ3#u�45*,.9
 -!*:"'�%&)CW>,.!CE/%�=gI�,.+H�
M;%&!~5G%�i<m5*:")*E&%/!yZ3�4!*Ew!C:")�:" "%w�
'"'")C9>#n1"%�W4�4)*,��Y5G,.9
 " "%&A.Ab%
N"Oy9;:"!y�uW;9; "!�'")*E&!*%/ e5GEw#/%`+H9>="h&A.%�=3�
 "!w_ �
	 7 � tYf�N
���r#/A.�
!*!C,6Ä3#/�45G,69; k#&9; "!C,.!C5*%wV��45C5G)C,.Z":"%&)�:" "%`E�5G,6@>:?%&5*5*%wVr#213�
@<:"%`'",bij%&Ag=gIK:? "%`,.+H�
M;%47j#/%�5*5G%`E�5G,bm@<:"%�5*5*%o,6 "=",.@<:3�4 <5�VH@<:"%&A.A6%p#&A��
!C!*%v�
'"'3�
)�5G,6%/ e5�A6%w'",bij%&A�N�Ý~A.A6%w'�%/:j5��&5*)*%wWj:?%v#/9;+-+H%`:" D'?)*9;Z"A6h/+-%=?%v'3�4)C5G,b5G,69; gNz��I�%/!C5�:" B="%&!�9;Z>�C%/#�5G,6TU!y="%pZ3�
!*%p=":$5G)G�4,65G%&+-%/ <5y=gI�,.+H�
M
%/!/NzÝ~A.A.%`,6 <5G%&)CW>,.%& <5Q=3�4 "!�="% ?9;+oZ")*%&:"!*%&!Q�
'"'"A6,.#/�45G,69
 "!/7?#&9;+-+H%�'3�
)8%�ij%/+-'"A6%`A��v5GE/A6E/=?E&5G%&#&5*,.9; gN����#&A��
!C!*,bÄ3#u�45*,.9; k%&!C5Q:" �'")*9;Z?A.h/+-%�5G)Ch/!�'")*9>#21"%w="%`#/%&A.:",�=?%wA��o!*%/M
+H%& <5G�45G,69; g7"=3�4 "!yA6%`!C%/ "!y9;Ù�A.%Z?:?58#/9
 "!*,6!C5G%�Vo9
Z?5G%& ",.)l:? "%�'"�
)C5*,65G,69; H="%�A�I�,.+H�4M;%y%/ k)*E&M;,.9; ?!l1"9;+-9;M;h/ ?%/!/N?���
 "!�A��p#/A.�
!*!*,bÄ3#/�45G,69; g7#213�
@<:"%w!C9;:"!�m½%/ "!C%/+oZ"A6%w=?%wA.�r'3�4)C5G,b5G,69; �9;Z?5G%& >:"%`)*%&'")*E&!*%/ e5G%p:" ?%w#&A��
!C!*%
N�Q%� "9;+oZ")*%&:ji�+-9>="h/A6%/!r="%�#&A��
!C!*,bÄ3#u�45*,.9; ð9; e5-E&5*E�+-,.!��4:î'�9
,. <5/7} "9
5G�
+-+H%& <5�V�'3�
)�5G,.)o=gIK�
A.M;9Ym)C,65*1"+H%&!w="%L#&)*9;,6!*!G�4 "#/%L="%H)*E/M
,.9; ?!L_ �;Ú 7]a
a Ü 7]a � c4fS7�9;:ö'3�
)p:" ?%��
'"'")C9>#n1"%L!�5G9>#213�
!�5G,.@<:"%D_�t 	 7�t;dj7	
� 7 	 tj7za Ü
� 7za �
� 7za Ü tYfS7<%&5x'"A.:"!])CE/#&%/+-+H%& <5x'3�
)]:" ?%Q+HE�5G1"9>="%�W4�4)*,��Y5G,69; " "%&A.Ab%`_ba � tj7zauc;c?7za Ú
Ü 7za Ú a
7a Ú;� 7�a 	 fSN�~IK�
'"'")C9>#n1?%�:?5G,6A.,6!*E&%�,.#&,J%&!C5�,.!C!*:"%�="%�_�a Ú a
7Ja 	 a&fg%�5�%&!C5�Z3�4!*E/%�!*:")�A.%&!8#&9; e5G9;:")C!��
#�5G,6TU!�_ba 	 7?c 	 7Ja Ú4� 7a/c � 7�a 	
Ü 7 Ú;� 7�a �eÚ fSNz����'3�
)C5*,65*,.9
 0#21"%&)*#21"E/%p#/9;)C)*%&!*'�9; "=B�
:�+H,6 ",6+o:?+©=gIK:? "%wTU9
 "#&5*,.9; ? "%/A6A.% Å TU9
 "#�m5*,.9; ? "%/A6A.%v="9
 <5` "9;:?!`%&��%/#�5G:"9; ?!wA�I�E&5G:?="%r5*1"E/9
)*,.@<:"%��
:(�l13�
'?,65G)C% � Ç NgOQ9;:?!`)*E&!*9;AbW;9; "!`A6%r!�s>!C5Gh&+H%=JIõÝP��Ûä�
!*!C9>#/,.E4N��l%&!wÝP��Û M;:",6="%/ e5�A6%/!�,. e5G%&)CTÒ�
#&%/! Å #/9
:")*Z�%r="%r ?,6W;%/�
:jiDÆ/E/)C9 Ç W
%/)*!�A.%&!�TU)C9; <5*,.h&)*%&!=?%pA���'3�4)C5G,b5G,69; 09;'?5*,.+H�
A6%�'3�4)QA6%wZ",.�
,6!�="%wTU9
)*#/%&!Q%�i>5G%&)* "%&! Å )CE/M;:?A��
)C,65*E`="%wA�I�,. <5*%/)�TÒ�
#/% Ç %&5Q,. e5G%/)C "%/!Å �45*5G�
#21"%w�
:jik="9; " ?E/%/!y%&5y'"�
)C5*,65G,69; Ç N���L#/A��4!*!*,bÄ3#u�Y5G,.9
 B%/!�5�,.#&,�!C:"'�%/)CW>,6!*E/%47g#u�
)� "9;:?!�="9; " ?9; "!�%/ {%& <5*)*E/%oA.%&!�'3�
)G�4+Hh�5G)C%/!�="%/!�=",b�JEnm)C%/ e5G%/!y#&A��
!C!*%&!y@<:",�'�%&:?W;%& <5���5G)C%w'?)*E/!C%/ e5G%/!Q=3�4 "!yASIK,6+H�
M
%
N

auc"a



W ´�µ]´�³ Õ�¾P¿>»½¼?»Ó¾Pº áQæ ì�¾�á�â�ãÓÀäáQë]ºQ¿�ãÓë ãÓ»�¼<¼j·gÂ"ë}¼jæQÂ?À
�ÓA>%�ij,.!�5G%�=?%� "9
+rZ?)*%/:>iv+H9>=?h/A.%&!�=?%�#&A��
!C!*,bÄ3#u�45*,.9; p=gI�,.+H�
M;%P5*%�i>5G:")CE/%&!P="�
 "!�A��QA6,65C5GE/)*�45G:?)*%Q_�a � dYfSNÃ  �'�%/:j5Q'")C,. "#&,.'3�4A.%&+-%/ e58A.%&!�#/A.�
!*!C%/)�%& $="%&:ji�M
)*9;:"'�%&!w\a;Ny��%&!o+-9>="h/A6%/!p!�52�45*,.!C5*,.@<:"%&!p5G)*�
=",b5G,69; " "%&A6!p��W;%&#� "9
5G�
+-+H%& <5pA6%/!v�
'"'")C9>#n1"%&!o'3�
)p#213�
+-'"!v="%q$�
)X&
9�W Å #&T�_�t 	 7 	;� 7 	 tj7�a �4� 7zt;dj7ga Ü tj7�a Ü;� f Ç N� Ny��%&!�+H9>=?h/A.%&!�Z3�4!*E/!�!*:?)�A���5*1"E/9
)*,.%~=":wÄ"A65G)*�
M;%47u "9
5G�
+-+H%& <5�A6%/!�Ä"A65G)C%/!�="% ° �4Z�9;) Å #&Tg_ 	;	 7;auc;c4f Ç9
:oA6%/!�9; "=?%/A.%�5*5*%/! Å #�T�_�a � c?7 Ú
� 74t � 7 �e� 7 	 a;7>a Ú tj7 Ú t?7>a Ü c?7
d � f Ç N
�l%&)C52�4,. "!�=gI�%/ <5*)*%l%/:>io:j5G,.A6,6!*%& <5A.�o5*1"E/9
)*,.%�=?%/!�5G%ni>5G9; "!�'�9
:")�=",6!*#&)*,.+-,6 "%&)�A.%&!85*%�i>5G:")C%/!p_ba Üe� 7�a � a&f�NOy9;:"!0��W;9
 "!k#n1?9;,.!C,�=JIK:?5*,.A6,6!*%/)LASIK�
'"'")C9>#n1"%D'3�4)k9
 "="%/A6%&5C5G%/!k@<:",�TU9;:?)* ",b5�:" ¸%�ij#&%/A.A6%/ e50+-9�s;%& ¸="%="E&#/9;+-'�9;!C%/)8:? 0!C,.M; "�
A�%& 0=",b�JE&)*%& <5G%&!8!C9;:"!�m½Z3�
 "=?%/!8=3�
 "!�A.%&!*@<:"%/A6A.%&!�,6A�%/!�5�'"A6:"!xTÒ�
#/,6A.%Q="%�A.%Q#u�
)*�
#�m5GE&)*,6!*%/)&N�PI�:?5*,.A.,6!*�45G,b9; k="%/!y9; "="%&A.%�5*5G%&!y'�9;:")Q�4 3�
Absj!C%/)�A.%/!85G%ni>5G:")C%/!Q gI�%/!C5Q'3�
!y "9
:?W;%/A6A.%4N3��A�%ni?,6!C5G%w%&!*!*%& jm5G,6%/A6A6%/+-%& <58="%&:ji$�4'"'")*9>#21"%&!w\a;Ny��%&!�+-9>="h/A6%/!Q@<:",�!*:?'"'�9;!*%& <5�A�I�,. "=?E/'�%/ ?=3�
 "#&%o=?%oA.�H=?,.!C5*)*,6Z":?5G,69; �="%/!�#/9>%bJ-#&,.%& <5G!�%& D9; "="%nmA6%&5C5G%/! Å #&T�_�a � c?7ga � c?7 	 a
7�a Ú tj7 	
� f Ç N� Ny��%&!�+H9>=?h/A.%&!Q@<:",�!*:"'"'�9
!*%/ e5�:" "%v="E&'�%/ ?=3�
 "#&%r!*'"�45G,.�
A.% Å ,6 <5*%/)G�4#&5G,69; �%/ <5*)*%vA6%/!Q'",�ij%/A6! Ç %�5�V5*)G�uW;%/)*!PA6%/!~E/#21"%/A6A.%&! Å ,6 <5*%/)G�4#&5G,69; r%& <5*)*%�A.%&!P#&9>%bJ-#/,6%/ e5G!]%& H9
 "="%&A.%&5C5G%&!xV�5*)G��W;%&)*!PA.%&!PE&#21"%/A6A.%/! ÇÅ #&Tx_ Ú4� 7 �
� 7�a;a � 7 Ú c?7Ja
a � 7 Ú
� 7 Ú;Ú 7 Ú
	 7 Ú t4f Ç N"�l%/!8="%/)C ",.%&)*!�+H9>="h&A.%&!/7jZ3�
!*E&!�!C:")�="%/!��
)CZ")*%&!8="%q$�
)X&
9�W$#u�4#n1?E/!/7J!C9; <5� "Eu�4 "+-9;,. "!Q�
!C!*%/ÆvA.9;:")C="!�VH+-%&5*5*)*%p%& D9>%/:?W>)C%
7�%&5�,6A� "%v "9
:"!�!*%&+oZ"A.%'"�
!�@<:"%wA.%&!y�
+-E&A.,69;)*�45*,69
 "!�!*9;,6%/ e5y,6+H'�9
)C52�4 <5*%/!/NOy9;:"!��uW;9; "!�#n1?9;,.!C,eA�I�:?5*,.A6,b!G�45*,69; �=JIK:" w+H9>="h&A.%}=":w5�s>'�%]'")*9;'�9
!*E]'"�
)�ñy "!*%&)l_�a � c4fSN�Oy9;:"!�#&9; "!C,.="E&)*9; ?!@<:gI�:" "%]5*%�i>5G:?)*%]%/!�5�#u�4)G�
#�5GE/)C,.!CE/%]'"�
)�ASIKE& "%/)CM;,.%~=?%]!*%&!�#&9>%bJ-#/,6%/ e5G!�%/ w9; "="%&A.%�5*5G%&!�=3�4 "!�#213�
@<:"%]!*9;:?!�mZ3�4 "="%-="%-A��k="E/#&9;+-'�9;!*,b5G,69; gN�Oy9
5G)C%-#21"9;,�i�%/!C5p#&9; ?Ä3)C+HE�'3�
)`A��k@<:3�
A.,b5GEr="%&!p)*E&!*:"Ab52�Y5G!w@<:"%- "9;:"!9;Zj5G%/ ?9; "!/NOQ9
5*)*%8+-9>="h/A6%�%&!C5] ?9;:?W;%u�4:-#u�
)~,6A?%&!C5xV� "9
5*)*%8#&9; " 3�
,6!*!*�
 "#/%�A6%�!*%&:"A3@<:",":?5G,6A.,6!C%�!C,.+o:"Ab52�
 ?E/+-%/ e5:" "%w�
'"'?)*9>#21"%w'"�
)�#&9; <5*9;:")C!Q�
#�5G,bTU!8%&5y'"�
)�9; ?="%/A6%&5C5G%/!&N���
 "!PA.��A6,65*5*E/)*�45G:?)*%
7YA.%�+H9>=?h/A6%�A.%�'?A.:"!}'")*9>#21"%�%&!C5P#/%/A6:","=?%yÛ��4)G�
M;,69;!�%&5]��%&)*,.#21"%8'")*9
'�9;!*E8=3�
 "!_�auc;c4fSN�qB�
,6!8,.AJ=",6��h/)C%`!C:")y=?%w ?9;+oZ")*%&:ji0'�9;,6 <5*!�\a;Ny���
 "!�_�auc;c4fS7jA.%&!��
:j5G%/:?)*!�:?5*,.A6,6!*%& <5l:? k+-9>="h&A.%Q'")CE/!C%/ <5*E�=3�4 "!�_�a 	 a&fJ%�5�#u�4)G�
#�5GE/)C,.!C%/ <5�A6%/!x5*%�i<m5*:")*%&!PV�A�IK�
,6="%x="%lÄ3Ab5G)*%&!}=?% ° �
Z�9;)&N É ,.!�5G9;)C,.@<:"%&+H%& <5u7YA.%&!�Ä"A65G)C%/!�="% ° �4Z�9;)�9
 <5}E&5GE�,6 <5G)C9>=":",b5G!�uW4�
 e5�A.%&!QZ3�4!*%/!�=gI�9; "=?%/A.%�5*5*%/! Å #&T�_baut;tYf Ç NJqB�4,.!yA.%w#/9'(?5�="%p!C5G9>#;&Y�
M
%v%/!�5�5G)Ch/!Q,.+-'�9;)C5G�
 <5/73%�5,6A�%�ij,.!�5G%�="%/!lTU9; "#�5G,69; "!l="%

L2 @<:",J ?%�'�%&:?W;%& <5��&5G)C%�="E/#&9;+-'�9;!*E&%/!8%/ k:" "%�!*E&)*,6%�#&9; <W;%&)*M;%& <5*%=JIK9; ?="%/A6%&5C5G%/!l="% ° �
Z�9
)/N>���p#/9
 "!C5*)*:"#�5G,.9
 �="%&!lZ3�
!*%&!�=gI�9; "=?%/A.%&A.%�5*5G%&!l'"�
)x�� "M;)C,.=L���
:"Z�%&#n1",6%/!
Å #&T�_ � dYf Ç ��'�%/)C+H,6!}="%�'3�
A.,6%/)�V�#/%/!~,. "#&9; <W;E& ",.%& <5*!/Ne��%8'"A6:"!/7
A6%/!�Ä3A65*)*%&!~=?% ° �
Z�9
)}9; e5~:" �#/9'(?5'?A.:"!�,6+H'�9;)�52�
 e5u7�!C'�E/#&,��
A6%/+-%/ e5`%/ X#&%�@<:",~#/9
 "#/%&)* "%-ASIKE�W4�
A6:3�45G,69; D="%&!w#&9;+-'�9;!G�4 <5G%&!`Z3�
!C!*%&!TU)CE/@<:"%& "#/%&!uN}��%/!pÄ3A65*)*%&!v=?% ° �
Z�9
)p "%L!C9; <5v'3�
!v9;)�5G1"9
M;9; 3�4:ji�7�#&%L@>:?,x'�%/:?5o%& <5G)*�KÍ� ?%/)p:" "%#&9;)*)CE/A.�45G,69; p!*,6M; ",bÄ3#u�45*,6W;%]%/ e5G)*%�A6%/!�5*%�i>5G:?)*%/!&NeÝ~ ?Ä3 g7
#&%/!�5G)*�
 "!CTU9
)*+H�45G,69; ?!� "%l!*9; e5~%& rM;E& "E/)*�
A'"�
!�)*E�W;%/)*!C,.Z"A6%/!�#/%`@>:?,�A6,.+�,b5*%�A.%&:")��
'"'"A6,.#/�45G,69
 k'�9;:")8A��o!Cs> <5*1"h/!C%v="%�5*%�i>5G:")C% Å #�T�_ba � c4f Ç N��I�%/!�5�'�9
:")g5G9
:?5G%&!�#/%&!�)G�
,6!*9; "!g@<:"%PASIK:?5*,.A6,b!G�45*,69; �="%/!�9; ?="%/A6%&5*5*%/!� "9;:"!�'3�
)*�KÍ.5g'"A6:"!��
'?'")*9;'?)*,.E&%
N� Ny�~I�,. e5G)*9>=?:"#&5*,.9; {="%&!w#/9
 <5G9
:")*!w�
#�5G,6TU!�=3�
 "!` "9
5*)*%�+-9>="h&A.%r%&!C5w'"A.:?!` 3�Y5G:")C%/A.A6%�\�%/A6A.%o="E&#/9;:"A6%%& k%&��%&58=?,.)*%&#&5*%/+-%/ e58=?%�A��wTU9
 "#&5*,.9; " ?%/A.A6%y@<:"%� ?9;:"!�#21"%/)C#21"9; "!�Vv+H,6 ",6+-,b!*%&)/Nj�Q%�'?A.:"!&7j=3�
 "!_�auc;c4fS7jA�I�E/ "%&)*M
,.%Q "%�#/9
+H'�9;)�5G%�'"�
!�="%Q5G%/)C+H%&!�="%�#/9;:?'"A��
M
%
Nj��A6!l!*9
 <58)*���C9;:?5GE&!8�4:k ",bW;%u�4:k="%&!E&@<:3�45G,69; "!�=JIõÝ~:"A6%/)�m����
M;)G�4 "M;%4Nt?Ny��%r+-9>="h/A6%o="%0_ba/c;c4f~%/!�5w+-9;,. ?!�M;E& "E/)*�
A}@<:"%�#/%&A.:",�@>:?%� "9;:"!�'")*9;'�9
!*9; "!r\g,.A�!/IK�
'"'"A6,.@<:"%��4:#/�
!`=gI�:" "%�,.+H�
M;%v#/9;+-'�9;)�52�
 e5`=?%/!`5*%�i>5G:?)*%/!w'�9;!CE/%&!p!C:")`:" �TU9; "= Å A6:",�+H�&+H%v5G%nij5*:")*E Ç N�ÝP 

a/c �



'3�
)C5*,.#&:"A.,6%&)/7z,6A� gI�%/!�5�'3�
!�'")*E&!*%& <5GEo=3�
 "!o_ba/c;c4f�9;:ð_�auc Ú f�=JIK%nij%/+-'"A.%v="%v!*%/M
+H%& <5G�45G,69; B9;:D="%#/A.�
!*!*,bÄ3#/�45G,69; k=gIK,6+H�
M;%��uW;%/#w="%&!}�C9; "#�5G,69; "!�5G)C,.'"A6%/!&N
c"N8��A�TÒ�
:j5� ?9
5G%&)�@<:"%r#&9; e5G)G�4,.)*%&+H%& <5��
:D+H9>="h&A.%p'")*9
'�9;!*Eo=3�
 ?!�_�a Ú a&fS7J ?9;:"!� "%o=",6!*'�9;!C9; "!�'3�
!=gIK:? "%oTU9; "#�5G,69; D=gIK�
)C)*�&5�!C:")�A.%&!�#/9
 <5G9
:")*!o\J%&A.A6%vE�52�
,b5�Z3�
!CE/%r!C:")�A.%vM;)G�4=",.%& <5�=?%rASIK,6+H�
M
%
7z%&5#/9;+-+-%` ?9;:"!y "9;:?!y,. <5*E/)C%/!*!C9; "!y,.#/,�V�="%/!y,.+H�
M;%&!�5G%nij5*:")*E&%/!&7�:" ?%w5*%/A6A.%`�
'?'")*9>#21"%w gI�%/!C5Q'"A.:?!'�9;!*!C,.Z"A6%
N���
 "!B_�auc;c4fS7PA.%&!H�
:?5*%/:")C!H:?5G,6A.,6!C%/ e5H�
:"!C!*,y:? î5G%&)*+-%�=gIK�
)*)C�&5H!C:")HA6%/!-#&9; <5*9;:")*!&NlqB�4,.!-'�9
:")A.%-+H%�5*5*)*%H%& ÷'"A��4#/%47�,.A6!w:j5G,.A6,6!*%& <5p=?%L+H�
 ",.h&)*%-'?)*,.+-9;)C=",.�
Ab%�A.%�TÒ�
,b5p@<:"%L=3�4 "!vA.%&:")w+H9>="h&A.%47A�I�,.+H�4M;%�V�#&A��
!C!*,6Ä"%/)8#/9;+-'�9;)C5*%�="%/!85G%�i>5*:")*%&!Q'�9;!CE/%/!y!*:")�:" 0TU9; ?= Å A6:",g+-�/+-%�5*%�i>5G:")CE Ç N���
 "!}A6%lZ?:?5}="%�Me�4)*="%&)� "9
5*)*%l+-9>="h/A6%x="%�#&A��
!C!*,bÄ3#u�45*,.9; pA.%x'"A6:"!�M;E& "E/)*�
Aj'�9;!*!C,.Z"A6%
7Y "9;:"!}��W;9; ?!="9; "#]="E/#&,.="%&)�="%] "%x'3�4!�:?5*,.A6,6!*%&)�:" w5G%/A<="E�5G%&#&5G%&:")�="%]#/9; e5G9;:?)/NY��%x'"A6:"!/7�%nij'�E/)*,6+-%/ <5G�
A.%&+H%& <5/79; �#&9; "!C5G�45G%`@<:"%wA6%/!�#&9; <5*9;:")C!y!C%w!�52�
Z",6A.,6!*%& <58!G�4 "!Q�uW;9;,.)8V�:?5*,.A6,6!*%&)8=?%`TU9
 "#&5*,.9; ?!�=JIõ�
)C)*��5uN

W ´�µP´Sø ÕDÂ?»�ºQùJ»�ÁpÀ
OQ9;:?!�)*%&'")*%& "9; ?!}A���="E/+H�
)C#n1?%l="%��l1")C,.!C5*9;'"1"%�|?�
+-!*9
 v%&5}�
ASN�@<:",>9; <5�="E&W;%&A.9;'?'�El:" r�4A.M;9;)C,b5G1?+-%=?%w#&A��
!C!*,bÄ3#u�45*,.9; k!C:"'�%/)�Wj,6!*E&%p'�9;:")8A.%/!8,.+H�
M;%&!�9;'?5G,6@<:"%/!�=3�
 ?!p_�a Ú a&fSNOy9;:"!�!*:"'?'�9;!*9; ?!�#/9
 " >:0A6%� "9;+oZ")C%ZY ="%�#&A��
!C!*%/!8="�
 "!�A�I�,.+H�4M;%47j�
,6 "!*,�@<:"%�A6%/:")C!�#u�4)G�
#�5GE/)C,.!�5G,.@<:"%&!/N|>,

1 ≤ k ≤ K
739; 0 "9
5*%

Ck
A.�r#&A��
!C!*%`#/9
)*)*%&!*'�9; ?=3�
 <5*%
N�~I�9;Z>�C%/#�5G,6T?%/!�5�=gI�9;Z?5*%/ ",6)�:? "%x'3�4)C5G,b5G,69; �="%xASIK,6+H�
M
%~'3�4)�A.%&!�=",b�JE&)*%& <5G%&!�#&A��
!C!*%&! Å  "9;:?!�#&9; "!*,6="E&)*9; "!�A.%'?)*9;Z"A6h/+-%]=?%x#/A.�
!*!*,bÄ3#/�45G,69; w#/9
+H+-%P:" v'")*9;Z?A.h&+H%P="%x'3�
)�5G,b5G,69; Ç N�Û�9;:")�#&%/A.�?7� "9;:?!}�4A.A69; "!�+-,6 ",6+-,b!*%/):? "%`TU9
 "#&5*,.9; " ?%/A.A6%�#&9;+-'�9;)C5G�
 <5�5G)*9
,.!�5*%/)C+H%&!`\

Å , Ç :" B5G%/)C+H%p="%v'3�4)C5G,b5G,69; $=?%/!�#&A��
!C!*%&! Å ,SNK%4N�#n1"�
@<:"%o'",bij%&A�%/!�5�#&A��
!C!*Ev=3�
 ?!�:" ?%o#&A��
!C!*%v%&5�:" ?%!*%/:?A.% Ç NÅ ,6, Ç :" 05*%/)*+-%�="%w)CE/M;:?A��
)C,.!*�45G,69
 k="%&!y#/9
 <5G9
:")*!�="%&!y#/A.�
!*!C%/!/NÅ ,6,., Ç :" 05G%/)C+H%�=gIK�45*5G�
#21"%w�
:ji0=?9; " "E&%/!/NÃ  k:?5*,.A6,6!*%Q:" "%��
'"'")C9>#n1"%�W4�
)C,��45*,.9; ? "%/A6A6%y'3�
)�%& "!*%&+oZ"A.%&!8="%� ",6W;%/�
:ji�N"��%�=?9;+H�
,. "%Q="%�A�I�,.+-�
M
%
7
Ω
7%&!C5wA��k)CE/:" ?,.9; �=gIK%& "!*%&+oZ"A.%&!

Ωk

=",6!U�C9;,6 <5G!&N��l1"�
@<:"%
Ωk

)C%/'")CE/!C%/ <5*%HA.%&!`)*E&M;,.9
 "!�="%-A.�k#&A��
!C!*%
k
%&5'�%&:?5y�&5G)C%w ?9; �#/9
 <W;%�ij%4N

Ωk

%/!�5Q#/�
)G�4#&5GE&)*,6!*E`'3�
)8:" "%�TU9; "#�5G,69; 0="%` ",bW;%u�
:
Φk

N
���G� ��- ª § ²9k�­/£�¥`¬�­/ªv« § ¢�£ ¬�¢+¡H¬SÇk°�¢�£©¤�¥`° ¤�¥vÜ�Çk¢�¬�£ §  �ªp« § ¢9k�¢�¬�¬�¢�£��%y'")*,6 "#/,6'�%�M;E/ ?E/)G�4Az="%yA���5G)G�
 ?!CTU9;)C+HE&%y%& L9
 "="%/A6%&5C5G%/!]%/!�5l)*�
'"'�%/A6Ey="�
 "!]A�IK�
 " "%nij%QôpN>���
 ?!xA.%&!'"�
)G�
M
)G�
'"1?%/!�!*:?,6W4�
 e5G!&739; �'")CE/#/,6!*%`@<:"%/A6!�5�s>'�%/!y=gI�9; "="%&A.%&5C5G%&!y "9;:?!Q�4A.A.9
 "!�:?5*,.A.,b!*%/)&N
W ´�³�´Cµ èðº�á�À�ãÓÀJ¼<¼jÀ�¿�º�¾Pº áQ·�ùJ»�ì�·�À�¿

�~Iõ�
A6M;9;)C,b5G1"+�%o'?)*9;'�9;!CE�'3�
)w|�N ° N�qB�
A6A��45r_�a � c?7}a �
Ú 7}a � tYf~="9; ? "%�:" "%�)*%&'")*E&!*%& <52�Y5G,69; X "9; �)*%nm=?9; "=3�
 e5G%r=gI�:" �!*,6M; 3�4Al\g�
'?)*h/!�5*)G�
 "!�TU9;)*+-E/%o%& �9; "="%&A.%�5*5G%&!/7gA6%o "9
+rZ?)*%o="%o#/9>%bJ-#&,.%/ e5G!`Vk!�5G9>#;&
%/))C%/!�5G%�A6%Q+H�&+-%Q@<:"%�'�9;:?)lA.%y!*,.M
 3�
Az,. ",b5G,.�4ASN Ã  �'3�4)*A.%Q�
A.9
)*!]=gIK9
 "="%/A6%&5C5G%/!l="E&#/,.+-E&%/! Å =3�4 "!l#/%�5��4A.M;94m)C,65*1"+H%47
A6%8'3�
!C!G�
M
%y=JIK:" -9;)C=")*%8="%�=?E/#/9
+H'�9;!C,65*,.9; r�
:-!C:",6WY�
 <5P!*%8TÒ�
,b5~%& -:?5G,6A.,6!*�
 <5}:" "%�=?E/#/,6+L�Y5G,.9
 �4'")*h&!yA6%/!8Ä"A65G)*�
M;%&!8'3�
!*!C%�m½13�
:?5y%&5y'3�4!*!*%nm�Z3�4! Ç N�l%/'�%& "=3�
 e5u7�A�I�:?5G,6A6,6!*�45G,b9; B="%/!�9; "="%&A.%�5*5*%/!�="E/#&,.+-E/%&%/!�'")*E&!*%& <5G%�ASIK,6 "#/9; eW;E/ ?,.%/ e5�="%r ?%r'3�
!���5G)*%
Å �p'")C,.9;)C, Ç ,6 <WY�
)*,.�
 <5*%y'3�4)]5G)G�4 "!*A.�45G,69; gN Ã )xASIK9
Zj�C%&#&5*,6Tg=?%� "9
5*)*%y5G)*��W4�4,.Az%&!C5�=?%�#/A.�
!*!C,6Ä3%&)x="%&!�,6+H�
M;%/!5*%�i>5G:?)*E/%&!/7�%�5p:" "%�5G%�i>5*:")*%H%&!C5pM;E/ "E&)G�
A6%/+-%/ e5w,. <WY�
)*,.�
 <5*%r'3�
)�5G)G�4 "!*A.�45G,69; gN���IK%&!C5v'�9;:")C@<:"9;,P "9;:"!:j5G,.A6,6!*%&)*9; ?!�="%&! ¼ ����W;%&A.%�5G!�TU)G�4+H%&!ë½ Å #�TQ_ba � c4f Ç Ng�����	AFÞ�ò Å ¼ =",.!C#/)*%�5G%[���uW;%/A.%�5�TU)G�4+H%w5G)G�4 "!CTU9;)C+�½ Ç

aucet



hLL hLH
hHL hHH

Â7Ã"Ä9¶ 	 N6ah·�ò�)*�
 "!CTU9
)*+-E/%`%& $9; "=?%/A6%&5*5*%/!�%&5�Ä3Ab5G)*�
M;%
#&9;)*)*%&!*'�9; ?=�VwA.�w�0A¸ò Å8¼ =",6!*#&)*%&5*%����uW;%/A6%&5]5G)*�
 "!�TU9;)*+�½ Ç �
'"'"A6,.@<:"E&%Q�4:H!*,6M; 3�
A"=gIK%& <5*)*E/%��uW;%/#�5G9;:?5*%/!A6%/!85*)G�
 ?!*A��Y5G,.9
 "!�'�9;!*!C,.Z"A6%/!&N��l%&A���)C%&W>,.%& <5QVr:?5G,6A.,6!C%/)�="%&!y9; "=?%/A.%�5*5*%/!� "9; �="E&#/,.+-E&%/!/N
W ´�³8´�³ \vÂ"ëPºQ¿L]2¾~Â3ì�·�ÀäÀ�º Á�ë�ã�æQÀJ¼j¿�á¦nU¾Pº�á�À�ãÓÀJ¼<¼jÀ�¿

ñQ `M;)G�4 "=` "9
+rZ?)*%}="%}5G%nij5*:")*%&!�'�%&:?W;%/ e5���5G)*%~+-9>="E/A6,.!CE/%&!�#&9;+-+H%�="%/!�!C,.M
 3�
:ji�@<:3�
!C,bm�'�E&)*,69>=",.@<:"%&!
Å )CE/'�E�5G,65*,.9; H=gI�:" k+H�&+H%Q+-9
5G,bT���W;%&#�="%�A6E/M;h&)*%&!lW4�4)*,��Y5G,.9
 "! Ç ="9; e5�A.%&!xTU)*E/@<:"%& "#/%&!�="9;+-,. "�
 <5*%/!x!*9; e5=3�4 "!yA6%/!8#u�
 "�
:ji0="%�TU)*E&@>:?%/ "#&%/!�+-E&=",��
 ?%/! Å #&T�_ Ú tYf Ç NÃ )-A��X�	A¸ò ="E&#/9;+-'�9;!C%B:" ^!*,6M; 3�
A8=3�
 "!H:" ^%/ ?!*%/+oZ"A6%$="%$#u�4 3�
:jiî="%�TU)*E&@<:"%/ "#&%/!�="9; e5LA��A.�
)*M;%&:")�="%xA���Z3�
 ?="%x%/!C5�'"A6:"!�E&5G)C9;,65*%]=3�4 "!�A.%&!�)CE/M;,69; "!�="%xZ"�
!*!C%xTU)*E&@>:?%/ "#&%
Ne�l%&A��y!*%x)*E�W;h/A6%x!*:1J-!G�4 <5'�9;:")�A.%/!�!*,6M; 3�
:>ik)CE/M;:"A6,.%&)*!�=?9; <5�ASIK,6 ?TU9;)C+H�Y5G,b9; �%&!C5y#&9; "#&%/ e5G)*E&%p�
:ji�Z3�
!*!C%/!�TU)CE/@<:"%& "#/%&!u7z+H�
,6!l'3�
!'�9;:")8A.%&!85G%ni>5G:")C%/!/NOQ9
5*9; "!

hLL = A2−1f
7
hLH = D1

2−1f
7
hHL = D2

2−1f
7
hHH = D3

2−1f Å %& �)C%/'")C%/ 3�4 <5LA.%/! "9452�45G,69; "!y="%pA�I�ô� " ?%�ij%oô Ç N����-Ä3M;:?)*% 	 Nbav)C%/'")CE/!*%& <5*%��
A69;)*!yA.��5G)G�4 "!CTU9;)C+HE&%p%/ D9
 "="%/A6%&5C5G%/!Q=gIK:? "%,6+L�
M
% Å hLL #/9;)C)*%/!C'�9; "=-�
:jioZ"�
!*!*%&!~TU)CE/@<:"%/ ?#/%/!/7 hHH �
:>io13�
:?5*%/!}TU)CE/@<:"%& "#/%/!/7e%�5
hHL

%&5
hLH

�
:>iTU)*E&@<:"%/ ?#/%/!�+HE&=",��4 "%/! Ç N?���
 "!8A6%�#u�
!�="%�A��v�	A¸ò�7"!*%&:"A6%
hLL

%/!C5�Vo "9;:jW;%u�
:0)C%/="E&#/9;+-'�9;!CE/%
N3���
 ?!A6%�#u�
!�="%/!�'3�
@<:"%&5*!y=gIK9
 "="%&A.%&5C5G%&!/735*9;:"!�A.%&!�Z?A.9>#/!8'�%/:jW;%/ <5Q�&5*)*%`)*%/=?E/#&9;+H'�9
!*E/! Å W;9
,.)�Ä"M;:")*% 	 N � Ç NW ´�³8´Òø ö;ºQá�·gÁpÀ�ºQá�ëPº�ù�À��8»Ó¿_^ô��»�¿�á�æ º�»@�]À�ëPæ áQÀÿþ~Â?»�¿
��9
)*!*@<:"%�A�I�9; o="E&#/9;+-'�9;!C%8:? "%8,6+H�
M;%xV�ASIõ�4,.="%x=JIK:" ?%�5G)*�
 "!CTU9
)*+-E/%l%/ r9; ?="%/A6%&5C5G%/!}9;:o%/ r'3�
@<:"%�5G!=gI�9; "=?%/A.%�5*5*%/!/7
5G9
:"!~A.%&!~Z?A.9>#/!}="%8A.��="E&#/9
+H'�9;!C,65*,.9; o!C9; <5PV�+-9�s;%& " "%&!P >:"A6A.%&!/7;V�A�I�%ni?#&%/'?5*,.9; r="%8#/%&A.:",="%&!�Z3�
!C!*%/!�TU)*E&@>:?%/ "#&%/! Å hLL 7�W;9;,6)�Ä3M;:")C% 	 Nbal%�5 	 N � Ç N4|?�Q+-9�s
%/ " "%x#/9
)*)*%&!*'�9; ?=r%& vTÒ�4,65��
:p ",6W;%/�
:v="%M;)C,.!Q+-9�s;%/ D="%vASIK,6+H�
M
%
N Ã )� "945G)*%p9;Z>�C%/#�5G,6T~%&!C5�="%pTÒ�
,.)C%p=?%oA.�-#/A��4!*!*,bÄ3#u�Y5G,.9
 $=gIK,6+L�4M;%/!�5G%ni>5G:")*E&%/!&NÃ  ðW;%&:?5�@>:?%0="%&:ji÷5G%�i>5*:")*%&!-'�9
!*!*E&=3�
 e5-A.%�+-�/+-%L+H945G,6T8="%kZ"�
!*%k+H�
,.!v��W;%&#0="%&!�+-9�s;%& " "%&!�="% ",bW;%u�
:�="%`M;)*,6!�=?,6��E/)*%& <5*%/!y!C9;,.%& <5Q�4��%/#�5GE&%/!�V�A.�r+H�&+H%�#&A��
!C!*%-\3A6%` ?,6W;%/�
:$=?%wM;)C,.!8+H9�s;%/ � "%w=?9;,65'3�4!8�&5G)C%�:" "%�#u�4)G�
#�5GE&)*,.!�5G,.@<:"%�=gI�:" "%�5G%nij5*:")*%4N���I�%/!�5y'�9;:")C@>:?9;,g "9;:?!�+-9>=",bÄ39; "!lA6%�Z"A69>#�="%&!�Z3�
!C!*%&!TU)*E&@<:"%/ ?#/%/!Q%/ �)G�
+-%/ "�
 <5�A.�r+-9�s;%& " "%wV�Æ&E/)C9"N

W ´�³8´Uü ö;áQ·�À
Ã  D#/9; "!C,.="h&)*%o@<:gIK:? "%o5G%�i>5*:")*%r%&!C5�#u�4)G�
#�5GE/)C,.!CE/%o'3�
)�A�I�E/ "%&)*M;,6%v="%o!C%/!�#/9>%*J-#/,6%/ <5*!�%/ {'3�
@<:"%�5G!=gI�9; "=?%/A.%�5*5*%/!/N>|j,39; � "9
5*%

z
A.��TU9; ?#&5G,69; �)C%/'")CE/!C%/ <5G�
 <5x#&%&5*5*%�5G%ni>5G:")C%
7<9; �'�%/:?5]E/#&)*,6)*% Å %/ -)*%&'")*%& 3�
 e5A6%/!� ?9
52�45*,.9; ?!8="%`A�IK�
 " ?%�ij%`ô Å #�T Å ôvNba;Nba � ÇCÇ \

z =
∑

k

uJ,kφJ,k +
−1∑

j=−J

∑

k

wj,kψj,k Å 	 N � Nba Ç
9;Ù
ψ
%/!�5~A�I�9; "=?%/A6%&5*5*%x+Hh&)*%47

φ
A��yTU9
 "#&5*,.9; v=gI�E/#21"%&A.A6%l%&5

J
A�I�9;)C=")*%x="%lA.�Q="E/#&9;+-'�9;!*,b5G,69; Å '�9;:")�!*9;:"#&,.!="%�#/A��4)C5GE47"9
 �:j5G,.A6,6!*%�,.#&,gA.%&!8 "9
5G�45G,69; "!�a��p73+H�
,.!lA.%�'")*9>#&E/=?Ew%&!C5y,.="%& <5*,.@<:"%�%& � � Ç N Ã  0#/9; ?!*,.=?h/)*%="9
 "#w@<:gI�:" "%`5G%ni>5G:")C%w%/!�5Q#/�
)G�
#�5GE&)*,.!CE/%`'3�
)8A��o!*:",b5G%�\

(
(|uJ,k|2, k ∈ Z), (|wj,k|2, k ∈ Z,−J ≤ j ≤ −1)

) Å 	 N � N � Ç
a/c;c



h_LL

h_HL h_HH

h_LH

Image de départ

Transformée
en paquets d’ondelettes
(ordre 1)

Transformée

en paquets d’ondelettes

(ordre 2)

Â7Ã"Ä9¶ 	 N � ·p��E/#&9;+-'�9
!*,b5G,.9
 o%& �'3�4@<:"%&5*!P=JIK9; ?="%/A6%&5*5*%/!�\;V�#n1"�
@<:"%8E&5G�
'�%
745G9
:"!}A.%&!}Z"A69>#/!�="%�A��y5G)*�
 "!�mTU9
)*+-E/%`%/ $9; "="%&A.%�5*5G%&!Q!C9; <5Q)C%/="E&#/9;+-'�9;!CE/! Å 9; $)*�
'"'�%/A6A.%�@<:"% hLL ="E&!*,6M; "%wA.%&!yZ3�4!*!*%&!QTU)*E&@<:"%/ "#&%/!/7
hHH

A.%/!813�
:j5G%/!8TU)*E/@<:"%& "#&%/!/7
hLH

%�5
hHL

A.%&!8TU)CE/@<:"%/ ?#/%/!Q+-E/=",.�
 "%/! Ç

auc Ú



Ã  î%��J%&#&5G:?%B:" "%05G)G�4 "!CTU9;)C+HE&%�%& ^'3�
@<:"%�5G!H=gIK9
 "="%&A.%&5C5G%&!/7]#/�
)-9; î%/!�5G,6+H%0@<:"%$A�I�,. jTU9;)*+-�45*,69
 %&!*!*%& <5*,.%/A6A.%`=gIK:? "%w5G%nij5*:")*%p%&!C5��4:"!*!C,�#/9; e5G%& >:"%p=3�
 "!yA.%&!y+-9�s;%& " "%/!yTU)CE/@<:"%/ ?#/%/! Å %&5Q'"�
!Q!C%/:"A6%/+-%/ e5=3�4 "!�A.%&!�13�
:?5*%/!�TU)CE/@<:"%/ ?#/%/! Ç _ Ú t4fSN Ã  v:?5G,6A.,6!*%P="%&!}9
 "="%/A6%&5C5G%/!� "9; v="E/#&,.+-E/%&! Å %& o'")*�45G,6@>:?%
7YA.�Q�	A¸ò%&!C5Q=?E/#/,6+-E/%`+H�
,6!�9; 0TÒ�
,b58A.%&!85G)*�
 "!*A.�45*,.9; ?!8 ?E/#&%/!*!G�4,.)*%&! Ç N
W ´�³8´�Î ço¾P»rá�Àäã*nÒ·�ºQÀgÂ"þP»ÓÀ

|�N ° N?qB�4A.A��Y5x�wW;E/)C,6Ä3EQ%�ij'�E/)C,.+-%/ e52�
A6%/+-%/ e5 Å W;9;,6)Q_ba � c?7�a �;Ú f Ç @>:?%�A.�w=",.!�5G)C,.Z":?5*,.9
 -="%/!l+-9>=":"A.%&!="%&!�#/9>%*JH#&,.%& <5G!�%& �9; "=?%/A.%�5*5*%/!�="�
 "!�:" "%r!C9;:"!Óm�Z3�
 ?="%r!*:",b5�:" ?%rA69;,�M;�
:"!*!C,.%& " "%rM;E& "E/)*�
A.,6!*E&%o="%oA��TU9;)C+H%o\
pX(x) = A exp

(

−
(x

α

)β
)

1x≥0 Å 	 N � NKt Ç
�l%o!C9; <5�=?%/!�=",6!C5*)*,.Z?:?5G,69; "!�5G)Ch/!�'",.@<:"E&%/!&Ng��%o'"�
)G�4+Hh�5G)*%

β
+H9>=",bÄ3%wA��-="E/#&)*9;,6!*!G�4 "#/%o=":D'",6#
7�%&5

α+-9>="E/A6,.!C%rA.��W4�
)*,.�
 "#&%
N��l9;+-+-%r "9;:"!w#&9; "!C,.="E&)*9; "!w@<:"%-A6%/!�5G%ni>5G:")C%/!p!*9; e5p#/�
)*�
#&5*E/)*,6!*E&%/!p'"�
)`A.%&:")E& "%/)CM;,.%47g ?9;:"!�!C9;+-+H%&!��
+-%/ ?E/!`V�#/�
A.#&:"A.%&)�A��LA69;,�="%o=",.!�5G)C,.Z":?5*,.9
 D=?%r'")C9;Z3�
Z",6A.,�5GEp="%&!`#/�
)*)CE/!�="%&!#&9>%bJ-#/,6%/ <5*!w%/ X9; "=?%/A6%&5*5*%/!wVkA�I�,. <5*E/)C,.%&:")�=JIK:" ?%-+-�/+-%r!*9
:"!�m½Z3�
 "="%4N�Oy9;:"!`A�I�9;Z?5*%/ "9
 "!wVkA�IK�
,6="%o="%
Å 	 N � Nõt Ç Å ��W;%&# X ≥ 0 Ç \

P (X2 ≤ a) = P (X ≤ √
a)

=

∫ √
a

0

pXdx

= A

∫ √
a

0

exp

(

−
(x

α

)β
)

1x≥0dx

Ã  0TÒ�
,b58A.%�#213�
 "M
%/+-%/ e5Q=?%`WY�
)*,.�
Z"A6%
x =

√
y
73%�5y9; �9;Zj5G,.%& <5y�
,6 "!*, Å '�9;:") a ≥ 0 Ç \

P (X2 ≤ a) =
A

2

∫ a

0

exp

(

−
(√

y

α

)β
)

dy√
y

�vI�9;ÙX\
pX2(y) =

A

2
√
y

exp

(

−
(√

y

α

)β
)

1y≥0 Å 	 N � N�c Ç
�l%p5�sj'�%p="%p=",.!�5G)*,6Z":?5*,.9; 0%/!�5�%/ ?#/9;)C%v'"A6:"!Q'",6@<:"Ep@<:"%v#&%/A.:?,�="9; ? "Ev'"�
) Å 	 N � Nõt Ç N���%p'3�4)G�
+-h&5*)*%

β
+-9>=",bÄ3%�A��r=?E/#&)*9;,6!*!G�4 "#/%w=":�'",6#
7"%&5

α
+-9>="E/A6,6!*%�A��vW4�
)C,��
 "#&%
NÝ}ij'�E/)C,.+-%/ e52�
A6%/+-%/ e5u7} "9;:?!L�uW;9; "!�W;E&)*,bÄ3E�@<:"%$A.�{=",.!�5G)*,6Z":?5*,.9; ð="%�ASIKE& "%/)CM;,.%k=3�
 ?!-:" "%�!*9;:?!�mZ3�4 "="%wE�52�4,65�Z?,.%/ ��
'"'")C9>#n1?E/%w'3�4)�:" ?%wA69;,J="%w#&%`5�s>'�% Å W;9;,.)lÄ3M;:")C% 	 Nõt Ç N

W ´�³8´�F �XëPãÓùJæ�ã�á�À�¿BÁ�ëPÂ?ë]ì�âJ¼jÂ?À�¿DáQÀîãÓëÿãÓ¾P»�á�À[á�»Ó¿e¼jÂ?»=��æy¼j»Ó¾]º á�Àîã*nU·�º�ÀgÂ?þ]»ÓÀîÀ�º]2¾Pº�ùz¼?»Ó¾Pº á�À�¿�ì�¾xì�À�ºx¼j¿÷á¦nU¾PÂ?áQÂ?ÀÿæQº ÀJ¼�á�À�æ`2
OQ9
5*)*%�9;Z>�C%/#�5G,6T�%/!�58="%�TÒ�4,.)*%y="%�A.�p#/A.�
!*!C,6Ä3#/�45G,69; L!C:"'�%/)�W>,.!*E&%�=gIK,6+L�4M;%/!]5*%�i>5G:?)*E/%&!/N ¼ |>:"'�%/)�Wj,6!*E&%*½!*,6M; ",bÄ3%QA.%yTÒ�
,b5l=?%�#&9; " 3�KÍ65G)C%��v'")C,.9;)C,�A6%� ?9;+oZ")*%Q="%�#&A��
!C!*%&!8'?)*E/!C%/ e5G%/!8=3�
 "!lA�I�,.+H�4M;%47>�
,6 "!*,�@<:"%�A.%/!'3�4)G�
+-h&5*)*%/!�="%w#213�
@<:"%w#/A��4!*!*%4N���%/!y'3�
)*�
+-h&5G)C%/!�="%w#&A��
!C!*%

α
%�5
β
'�%/:?W;%& <5��&5*)*%w#/�
A.#&:"A.E&!yV�'3�
)C5*,.)="%&!�+-9;+-%/ e5G!-=gI�9;)*=?)*%$:" �%�5�="%&:ji^="%$A��X=",6!C5*)*,.Z?:?5G,69; [="%BASIKE& "%&)*M;,6%$="�
 "!L#213�
@<:"%B!*9
:"!�m�Z"�
 "="%4N���
A6#/:"A69; "!8%& $%��J%�5Q#&%/!y+-9;+-%/ e5G!/N

a/c �



Â7Ã"Ä9¶ 	 NKt�· ° )G�
'"1?%Q5G1"E&9;)*,6@>:?%�="%�A��p=?,.!C5*)*,.Z?:?5G,69; H="%�A�I�E/ "%&)*M;,6%�="�
 "!�:" ?%�!*9;:?!�m�Z"�
 "="% Å A69;, Å 	 N � NKc Ç*Ç%�5P1",.!�5G9;M
)G�
+-+-%l%nij'�E/)*,6+H%& <5G�
A Å =3�
 "!~:" "%8!*9
:"!�m�Z"�
 "="%�=?%�A.��5*)G�
 "!�TU9;)*+-E/%�%& -'3�
@<:"%�5]=gI�9; "="%&A.%�5*5G%&!=?%lA.��5G%ni>5G:")C%l%/ v13�
:?5�VQ=")C9;,65*%]="%xA��yÞ�,.M;:?)*% 	 N6a Ü Ç Å α = 40.44
%�5
β = 1.537 Ç Å α %�5 β !*9
 <5�#u�4A.#/:?A.E/!�uW;%/# Å 	 N � Nba;a Ç %�5 Å 	 N � Nba�t ÇCÇ N

Ã  �)G�
'?'�%&A.A6%�@<:"%`A��oTU9
 "#&5*,.9; 
Γ
%&!C5y="E&Ä" ",.%`!*:?)

R+

'3�4)`\
Γ(t) =

∫ +∞

0

e−uut−1du Å 	 N � N Ú Ç
o7E RTRTEba�Ð6ÏgÐÒÑzÐ��I�9/1�32'�3\(]*�^2;�

A
� �5�����8���9�)$F�8� ��¾u&A
,��-)?*2e�"�+4

A =
β

αΓ
(

1
β

) Å 	 N � N � Ç
ÕwÖFE GIH:E å

1 =

∫

R

pX(x)dx = A

∫ +∞

0

exp

(

−
(x

α

)β
)

dx Å 	 N � N 	 ÇÃ  �'�9
!*%p�4A.9;)C!
z = x

α

\
1 = αA

∫ +∞

0

exp
(
−zβ

)
dz Å 	 N � N � Ç

Û~:",6!
u = zβ

\
1 =

αA

β

∫ +∞

0

e−uu
1−β

β du

=
αA

β
Γ

(
1

β

)

Å M;);�4#/%wV Å 	 N � N Ú Ç*Ç N3�vI�9;Ù�A��vTU9;)*+o:"A6% Å 	 N � N � Ç N
�

auc 	



Ã  H "9
5G%
Y = X2 7 M1 = E(Y )

%&5
M2 = E(Y 2)

A.%&!x+-9;+-%/ e5G!]=JIK9;)C=")*%Q:? �%�5l="%&:jiL="%
Y
7<9;Ù$\

E(Z) =

∫

R

pZ(z)dz

o7E RdRTEca�Ð6Ï�Ð6ÏgÐ��I�)
5\(��\(�*�,�"
v�S����2'�32)�j���T�*�+� �*�3zN� �
Y



���,�+� ���,�.-)
0/1�3254

M1 = E(Y ) =
α3A

β
Γ

(
3

β

) Å 	 N � NKd Ç

M2 = E(Y 2) =
α5A

β
Γ

(
5

β

) Å 	 N � Nba Ü Ç
��% Å 	 N � NKd Ç %�5 Å 	 N � Nba Ü Ç 7"9
 05G,6)*%r\

α =

√
√
√
√
√

Γ
(

3
β

)

Γ
(

5
β

)
M2

M1

Å 	 N � Nba;a Ç
%&5

Γ2
(

3
β

)

Γ
(

1
β

)

Γ
(

5
β

) =
M2

M1

Å 	 N � Nba � Ç
��9; "#�\

β = F−1

(
M2

1

M2

) Å 	 N � Nba�t Ç
9;ÙX\

F (x) =
Γ2
(

3
x

)

Γ
(

1
x

)
Γ
(

5
x

) Å 	 N � Nbauc Ç
��%oM;)*�
'"1"%o="%

F−1 %&!C5`="9
 " "Er!C:")�A.�HÄ3M;:")C% 	 NKc"NJÝ~ �'")G�Y5G,6@>:?%
7JA6%/!�W4�4A.%&:")*!�="% M2
1

M2

!*9
 <5�=3�
 "!ASIK,6 <5G%&)CW4�4A.Ab%
]0.1, 0.45[

7z�
:jik'�9;,. e5G!89;Ù
F−1 %&!C5y!C52�4Z"A.%4N

ÕwÖ�E G	H:E��~G�o7E RdRTEca�Ð6ÏgÐ.Ï å Ã  0="E/#&9;:"'�%wA��o'")*%&:?W;%w%/ $=?%/:ji0'3�
)C5*,.%&!/NÝ}52�
'�%�a�\ Ã  �#/9
+H+-%/ ?#/%`'"�
)�+-9; e5G)*%&) Å 	 N � NKd Ç N
E(X2) =

∫ +∞

0

A

2

y√
y

exp−
(√

y

α

)β

dy Å 	 N � N6a Ú Ç
Ã  �'�9;!C%

x =
√
y
\

E(X2) =
A

2

∫ +∞

0

2x2 exp−
(x

α

)β

dx Å 	 N � N6a � Ç
Û~:",6!

v = x
α

\
E(X2) = αA

∫ +∞

0

α2v2 exp− (v)βdv Å 	 N � N6a 	 Ç
a/c �



0 0.1 0.2 0.3 0.4 0.5 0.6
0

1

2

3

4

5

6

7

8

Â�Ã"Ä9¶ 	 NKcA· ° )G�
'?1"%`=?%
F−1 Å =?9; " "E`'3�
) Å 	 N � Nbauc ÇCÇ

auced



Ý~ "!*:?,65G%47
v = u

1
β
\

E(X2) =
α3A

β

∫ +∞

0

u
2
β e−uu

1
β
−1du

=
α3A

β

∫ +∞

0

u
3
β
−1e−udu

�vI�9;Ù Å ��W;%&# Å 	 N � N Ú Ç*Ç \
E(X2) =

α3A

β
Γ

(
3

β

)

= E(Y ) Å 	 N � Nba � Ç
,SNK%4N"A��r'?)*%/:jW;%p=?% Å 	 N � Nõd Ç NÝ}52�
'�% � \ Ã  �+-9; <5*)*%�+H�
,. e5G%& 3�
 e5 Å 	 N � Nba Ü Ç N

E(Y 2) =

∫ +∞

0

A

2

y2

√
y

exp−
(√

y

α

)β

dy Å 	 N � N6a�d Ç
Ã  �'�9;!C%

x =
√
y
\

E(Y 2) =
A

2

∫ +∞

0

2x4 exp−
(x

α

)β

dx Å 	 N � N �
Ü Ç
Û~:",6!

v = x
α

\
E(Y 2) = αA

∫ +∞

0

α4v4 exp− (v)βdv Å 	 N � N � a Ç
Ý~ "!*:?,65G%47

v = u
1
β
\

E(Y 2) =
α5A

β

∫ +∞

0

u
4
β e−uu

1
β
−1du

=
α5A

β

∫ +∞

0

u
5
β
−1e−udu

#&%w@<:",�%/ e5G)G��Í� "% Å �uW;%/# Å 	 N � N Ú Ç*Ç \
E(Y 2) =

α5A

β
Γ

(
5

β

)

= E(X4) Å 	 N � N �;� Ç
Ý}5y9; �9
Z?5G,6%/ <58="9; "#`Z",6%/ Å 	 N � N6a Ü Ç N

�

���'� ���F«0¢�°~¢w­&¢ ¥w£�£�ªH¦l­�²8¢à¥5Ç ¤k°�ªp±}k*÷�Æ ¢ § ¢ ¦+k&¥w£�£�­:d$¦�¥�¬�­/ªv«
���
 "!-#/%�5*5G%�!*%&#&5G,69; g7~ "9;:"!H�
A6A.9
 "!r#&9; "!C5*)*:",6)*%�A.�DTU9; "#&5*,.9
 " "%/A6A.%�="%�#/A.�
!C!*,6Ä"#u�45*,.9; gN}Û�9;:")�#/%/A.�?7 "9
:"!��4:")*9
 "!kZ�%/!C9;,. ¸=?%�@<:"%&A.@<:"%&!�9
:?5G,6A.!L%�50 "9
5G�45G,69; "!L@>:?%� "9;:?!0,6 <5*)*9>=":",6!*9; ?!�=3�
 ?!0A6%/!�="%/:>i!*9
:"!�m½!*%/#�5G,69; "!y!C:",6WY�
 <5*%/!/N

a Ú
Ü



Â�Ã"Ä9¶ 	 N Ú ·k�lA��
!C!*,bÄ3#u�45*,.9; �W>:"%w#&9;+-+H%�:" �'")*9
Z"A.h&+H%�="%`'3�
)C5*,65*,.9
 
W ´Òø�´Cµ Õ0ë~Âj¼j»�¼j»Ó¾Pºfe�ëPÁQÁ�Â?¾8ù"é�ÀäÁ�ë~Â^ù�¾PæQÂ1�pÀ�¿�á�Àäº�»@�PÀ�ëPæ`2

Ã  �#/9; ?!*,.=?h/)*%`A�I�,.+H�4M;%�#/9;+-+-%�:" ?%`TU9; ?#&5G,69; 
u0 : Ω 7→ R Å 9
Ù Ω

%&!C5y:" �9;:?W;%&)C5y="%
R

2 Ç NÃ  ö "9
5*%
Ωk = {x ∈ Ω /

i0%&!C5Q="�
 "!�A��o#/A.�
!*!C%g& } N�����#&9;A.A6%/#�5G,.9
 X=JIK9;:jW;%/)�5G! {Ωk}
TU9
)*+-%-:? "%'"�
)C5*,65G,69; �="%

Ω
!C,�%&5y!*%&:"A.%&+-%/ <5y!C,~\

Ω =
⋃

k

Ωk

⋃

k

Γk
7"%&5y!*,

k 6= l Ωk

⋂

Ωl = h
9
ÙL9
 L�w "9
5*E

Γk = ∂Ωk

⋂
Ω
A.%�Z�9;)*=H="%

Ωk Å %�ij#&%/'?5*E�A.%/!P'�9;,. e5G!P#/9;+-+o:" "!]V ∂Ω Ç 7<%&5 Γkl = Γlk =
Γk
⋂

Γl
⋂

Ω Å W;9;,.)lÄ3M;:")C% 	 N Ú Ç NôQÄ3 H=gI�9;Z?5*%/ ",6)]:? "%yTU9
)*+o:"A��Y5G,b9; oTU9; "#&5*,.9
 " "%/A6A.%�'"A.:j5;m
5P@>:JIK:" ?%QTU9;)C+o:"A��Y5G,b9; r%/ "!C%/+oZ"A6,.!C5*%
7e "9;:"!!C:"'"'�9;!C%/)*9
 "!Q@<:"%`'�9;:")8#n13�4@>:?%
Ωk

,6Ag%nij,.!C5*%`:" "%�TU9; "#�5G,69; 0A6,.'"!C#n1?,65GÆ&,.%& " "%
Φk : Ω → R

5G%&A.A6%�@>:?%-\






Φk(x) > 0
!*,
x ∈ Ωk

Φk(x) = 0
!*,
x ∈ Γk

Φk(x) < 0
!*,. ?9; 

Ωk

%/!C5Q�
,6 "!*,g%& <5G,6h/)C%/+-%/ e5y="E�5G%/)C+H,6 "E�'3�
)
Φk

N
W ´Òø�´½³ åî·�þ]æQãÓë~Â"»Ó¿jë}¼j»Ó¾Pº

OQ9;:?!`:?5G,6A.,6!C%/)*9
 "!�'"A.:"!�A69;,. DA.%&!�=",.!�5G)*,6Z":?5*,.9; ?!�="%-��,6)G�
#
δ
%&5 É %u�uW>,.!*,6="% H N�Û�9
:")`@<:"%�#/%�@<:"% ?9;:"!�E&#/)C,6W;9; ?!��
,b5�:" D!*%& "!�+L�45*1"E/+H�45*,.@<:"%47� ?9;:"!��4:")*9; ?!�Z�%/!*9
,. D="%&!��
'"'")C9�ij,.+H�45G,b9; "!y)*E&M;:"A6,.h&)*%/!#&A��
!C!*,6@>:?%/!�!*:",bW4�
 <5*%/!�="%`#/%/!y=",6!C5*)*,.Z?:?5G,69; "! Å W;9;,.)lÄ3M;:")C% 	 N � Ç \

δα =

{
1
2α

(
1 + cos πs

α

) !C, |s| ≤ α
0

!C, |s| < α
Å 	 NKt?Nba Ç

a Ú a



Â�Ã"Ä9¶ 	 N � ·Lô�'"'?)*9�ij,6+L�Y5G,69; "!
δα
%&5
Hα

="%&!y=",.!�5G)C,.Z":?5*,.9
 "!�="%w��,.)*�
#�%&5y=?% É %u�uWj,6!*,6="%

Hα =







1
2

(
1 + s

α
+ 1

π
sin πs

α

) !C, |s| ≤ α
1

!C,
s > α

0
!C,
s < −α

Å 	 NKt?N � Ç
» :"�
 "=

α→ 0
7"9; $�

δα → δ
%�5
Hα → H Å �4:�!*%& "!y="%/!y=?,.!C5*)*,6Z":?5G,69; ?! Ç N

���$Ä3M
:")*% 	 N 	 +-9; <5*)*%H#/9;+-+-%/ <5vA6%/!v)*E&M;,.9; ?!v!*9; e5r="E�Ä3 ",6%/!o'3�
)v#/%&!r=",6!C5*)*,.Z?:?5G,69; "!p%�5rA6%/!v%/ >m!*%&+oZ"A.%&!�="%` ",bW;%u�
:ji�N Ã  $�0\
∫

Ωk

f(x) dx =

∫

Ω

H(φk)f(x) dx Å 	 NõtjNõt Ç

W ´Òøy´Òø \oÀgÂ3ì�À�¿ðá¦nU·�º�ÀgÂ"þP»ÓÀ
Û�9;:")w#/9
 "!C5*)*:",6)*%-A�I�E/ ?%/)*M
,.%47� "9;:"!w)*%&'")*%& "9; "!pA�IK�
'"'?)*9>#21"%-="%$_�a Ú a&fSN����0TU9; "#�5G,69; " "%&A.A6%oW4��#/9
+�m'�9;)�5G%/)�5G)C9;,.!�5*%/)C+H%&!`\
a;N

FA
α (Φ1, . . . ,ΦK) = λ

∫

Ω

(
K∑

k=1

Hα (Φi) − 1

)2 Å 	 NKt?N�c Ç
�l%`5*%/)*+-%`=gI�E/ "%&)*M;,6%p�
!C!*:")C%p@<:"%pA6%`)*E&!*:"Ab52�45�="%wA��r+-,. ",6+�,6!G�Y5G,69
 0=?%wA��oTU9; "#�5G,69; " "%&A.A6%�TU9;)C+H%Z?,.%/ X:" "%-'3�
)�5G,65*,.9
 �="%-ASIK,6+H�
M
%
NJ��AP'�E/ "�
A.,6!*%�%/ (%&��%&5pA6%/!`'",bij%/A6!` "9; (#&A��
!C!*E/!&7��
,6 "!*,~@<:"%-A.%/!'?,bij%/A6!�#/A.�
!*!CE/!$=3�4 "!B�
: +-9;,. ?!0="%&:ji )*E&M;,.9; ?!�!*,6+o:"A65G�
 "E&+-%/ e5uN8ÝP FTÒ�
,65/78'�9
:")$��W;9;,6)0:" "%'"�
)C5*,65G,69; �="%

Ω
7u,.A; ?9;:"!�TÒ�
:"=")*�
,65��uW;9;,.) ∑K

k=1H(Φk(x)) = 1 ∀x ∈ Ω
N�OQ9
:"!� ?9;:"!�#/9; e5G%/ e5G9
 "!=?%�#21"%/)C#n1?%/)xV�+-,. ",6+�,6!C%/)}ASIK%&)*)C%/:")~@<:3�4=")G�45*,.@<:"%���W;%&#

H
�
'"'?)*9>#21"E/%�'3�
)

Hα

7;#&%�@<:",3!*%�)CE&W;h&A.%Z�%/�
:"#&9;:"'$'"A6:"!�!C,.+-'"A.%4N
a Ú;�



Â7Ã"Ä�¶ 	 N 	 ·k�QE&Ä3 ",b5G,69; "!8="%/!y)CE/M
,.9; "!8%�5y="%`A.%&:")*!�#&9; e5G9;:")C!y'"�
)�%& "!*%&+oZ"A.%`="%` ?,6W;%u�4:gN

a Ú t



� N
FB (Φ1, . . . ,ΦK) =

K∑

k=1

γk |Γk| Å 	 NKt?N Ú Ç
�l%w5*%/)*+-%w'�E/ "�
A.,6!*%wA.��A.9; "M
:"%/:")�="%/!Q#/9; e5G9
:")*!/7z#/%p@<:",�%/+-'��/#21"%p=gIõ�uW;9;,6)y="%&!�#&9; <5*9;:")*!y5*)*9;',6)*)CE/M;:"A6,6%/)C!/N Ã  v'�%/:j5}+-9; <5*)*%&)/7�%& o:?5*,.A6,6!G�
 e5�A.��TU9;)C+o:"A.%P=?%lA.�y#&94mÓ�4,.)*%47�@>:?% Å A.�y="E&+-9; "!C5*)G�45*,.9; %&!C5y="9; " ?E/%w=3�4 "!p_�a Ú a&f Ç \

lim
α→0

∫

Ω

δα(Φk)|∇Φk|dx = |Γk| Å 	 NKt?N � Ç
Ý~ �'")G�Y5G,.@<:"%4739
 �#21"%/)C#n1"%w="9; "#wVr+H,6 ",6+-,b!*%/)�\

FB
α (Φ1, . . . ,ΦK) =

K∑

k=1

γk

∫

Ω

δα (Φk) |∇Φk| Å 	 NKt?N 	 Ç
t?N

FC (Φ1, . . . ,ΦK) Å 	 NKt?N � Ç�l%�="%/)C ",.%&)�5G%&)*+-%�#/9
 "!C5*,65G:?%$A6%k5G%/)C+H%0=gIK�45*5G�
#n1?%B�
:>i[="9; " "E&%/!H@>:?%B ?9;:"!H�
A.A69; "!r9;Z?5*%/ ",6)M
);�
#&%wVr "9
5*)*%�+H9>="E&A.,6!G�Y5G,69
 k=?%/!�5*%�i>5G:?)*%/!y%�5Q�
:0'")*,6 "#/,6'�%�=":�+H�Yij,.+o:?+ ="%�W>)G�
,6!*%/+oZ"A.�
 "#&%
Å #&T�!C9;:"!�m½!*%&#&5G,69; 	 NõtjNKc Ç N

¯�ËIE<Ö O ÌPE¸Í�Î3Í
� M E å �~IKE& "%/)CM;,.%$@>:?%D "9;:?!LW;9
:"A.9
 "!L+-,. ",6+�,6!C%/)-%/!�5kA.�X!*9;+-+H%�="%&!L5G)C9;,.!�5G%/)C+H%&!'")CE/#&E/="%& <5G!p\
F (Φ1, . . . ,ΦK) = FA(Φ1, . . . ,ΦK) + FB(Φ1, . . . ,ΦK) + FC(Φ1, . . . ,ΦK) Å 	 NKt?NKd Ç

�©E RT�?ÖK�.GSE å ��A�TÒ�
:?5Q "9
5*%/)y@<:"%
7�#/9; e5G)*�
,.)C%/+-%/ e5��4:B+-9>="h/A6%`'")*9;'�9
!*Ep=3�
 ?!v_ba Ú a/fS7z "9;:"!Q ?%p=",.!Óm'�9;!C9; "!l'3�4!l=gI�:" "%QTU9; ?#&5G,69; H=gIK�
)*)C�&5l!C:")lA6%/!x#&9; <5*9;:")*!Q\>A���TU9; "#�5G,.9
 L:j5G,.A6,6!*E&%y=3�
 ?!�_ba Ú a&f�E&5G�
,b5xZ3�
!*E&%!*:?)`A6%rM
)G�
=",6%/ e5�="%rA�I�,.+H�4M;%47�%&5`#&9;+H+-%o ?9;:"!` ?9;:"!`,6 <5*E/)C%/!*!C9; "!`,.#&,}Vk="%&!`,.+H�
M;%&!�5*%�i>5G:")CE/%&!/7�:" "%5G%&A.A6%y�
'"'")C9>#n1"%Q gI�%/!C5l'"A.:"!]'�9;!*!C,.Z"A6%
N>�vI�:" "%�+H�
 ",6h/)C%yM;E& "E/)*�
A.%47>="�
 "!xA.%y#/�
!x=gIK:? "%�,.+H�
M;%�5G%nij5*:")*E&%
7A6%/!�TU9
)C5G!�M;)G�
=?,.%& <5G!� "%w+L�4)*@<:"%/ e5Q'3�
!�TU9;)C#/E&+H%& <5Q:? B#213�
 ?M;%/+-%/ e5�=?%w5*%�i>5G:")C%/!&7�%�5�=?%/:ji�5*%�i>5G:?)*%/!=",b�JE&)*%& <5G%&!y'�%&:?W;%/ e5��uW;9;,.)�%/ �+H9�s;%/ ? "%wA6%�+H�&+-%� ",6W;%/�
:�="%`M;)C,.!&N

W ´Òøy´Uü \oÀgÂ3ì�Àäá¦nUë}¼<¼?ëPù"é�ÀäëPæ`2�á�¾Pº�ºQ·�À�¿
Ã  �TÒ�
,65y:? "%v=?E/#&9;+H'�9
!*,65*,.9; �=?%vASI�,.+H�4M;%`%& B'3�
@<:"%&5*!�=gIK9
 "="%&A.%&5C5G%&!v\z9; B9;Zj5G,.%& <5Q��#/�
 3�
:ji Å %/ '")*�45G,6@>:?%
7"9; �:?5*,.A6,6!*%�:" "%`="E/#&9;+-'�9;!*,b5G,69; 0V �  ",6W;%/�
:ji�73%&5y="9
 "#`��úra � Ç Nikj�×~Î3ÍFQSV>ØZE>Ø�\
Å^É a�Ð8�gÐÒÑ)l Ã  �!C:"'"'�9;!C%p@<:"%47z'�9;:")�#213�
@<:"%`5*%�i>5G:")C%

k = 1 . . . K
7"=3�
 "!�#213�
@<:"%w#u�
 "�
A

i = 1 . . . I
7<ASIKE& "%/)CM;,.%�!*:",b5x:" "%QA69;,3=":H5�s>'�% Å 	 N � NKc Ç ="%Q+-9�s;%/ " "% Mk,i

1

%&5x="%Q+-9;+-%/ <5]=JIK9
)*=")*%y="%/:>i
Mk,i

2

N
Å^É a�Ð8�gÐ6ÏRl Ã  �!C:"'"'�9;!C%p@<:"%wA6%/!8#u�
 3�4:ji0!*9; e5y,. "=?E/'�%/ ?=3�
 <5*!/N

a Ú c



k
,. ?=",.@<:"%�A.�r#/A.�
!*!C%
73%�5

i
A.%�#/�
 3�
ASN�l9;+-+H%� "9
:"!pA�IK��W;9
 "!w,. ?=",.@<:"E�'")*E&#/E/=?%/+-+H%& <5/7� ?9
5G)C%H9
Zj�C%&#&5*,6T�%&!C5v="%�TÒ�
,.)C%�="%HA.�0#/A��4!*!*,bÄ3#/�Ym5*,.9; {!*:"'�%&)CW>,.!CE/%
N���%&!w+-9;+-%/ <5*!�=gI�9;)*=")C%�:" X%&5w="%&:ji Å Mk,i

1

%&5
Mk,i

2
Ç !C9; <5w!C:"'"'�9;!CE/!p#/9; ? >:"!w'3�4)ASIK:j5G,.A6,b!G�Y5G%/:?)/N��%�Z":?5]%/!�5x=?%y#21"%&)*#21"%/)]%/ -#n13�4@<:"%Q'�9
,. e5PA.%&!P#&A��
!C!*%/!P@>:?,z)C%/ "="%& <5xASIKE& "%&)*M;,6%89;Z"!C%/)CW;E&%

U
A���'"A6:"!W>)*�
,.!C%/+oZ"A��4Z"A6% Å U #/9;)C)*%/!C'�9; "=DV�A�I�E/ "%&)*M;,6%`="%wA.��="E&#/9
+H'�9;!C,65*,.9; 0%& B9
 "="%/A6%&5C5G%/!y@<:",� "9;:"!y'�%&)*+-%&5=?%w#/�
)G�4#&5GE&)*,6!*%/)8A.%/!�5G%nij5*:")*%&! Ç NÃ  �)*�
'"'�%/A6A.%L@<:"%

U = (U1, . . . , UI)
7�9;Ù

Ui
%&!C5�A�I�E/ ?%/)*M
,.%L=3�
 ?!rA.%L#u�
 3�4A

i Å ,SNK%4N�A6%�#/�
)*)CEk=":#&9>%bJ-#/,6%/ e5Q%& $'3�4@>:?%&5G!y=gI�9; "=?%/A.%�5*5*%/!y=3�4 "!�A��o!*9;:"!Óm�Z3�4 "="%
i Ç NÃ  -#&9;+H+-%& "#/%8'3�
)~)*�
,.!C9; " "%&)~%& �W4�
)*,.�
Z"A6%/!}=",6!*#/)Ch&5*%/!/N Ã  -=?,.!*#&)*E�5G,.!C%�ASIK%&!*'3�4#/%

Ω
\;9; �#/9
 "!*,6="h/)C%@<:gI�,.A�%/!�5�TU9;)C+HEv'"�
)�ASIK%& "!*%&+rZ?A.%v="%/!�'?,bij%/A6! Å !*,65*%/! Ç ="%rASIK,6+H�
M
%
N Ã  { "945G% S A�I�%/ "!C%/+oZ"A6%v="%/!�!*,b5G%&!/NÃ  0W;%&:?5Q+H�Yij,.+-,b!*%/)

P (U |Cl) N
�(E�R��"Ö��pGSE å

P (U(s) = u|Cls = k)
%/!C5HA.��'")C9;Z3�
Z?,.A.,�5GEk@<:"%�A�I�E/ "%&)*M
,.%

U
�4:î'",�i?%&A

s
�
,b5�A��WY�
A.%&:")

u
!*�
#213�
 e5`@<:"%rA.%v'",�ij%/A

s
%/!�5`=3�
 ?!�A��H#/A.�
!*!C%

k
NgqB�Yij,.+-,.!C%/)

P (U(s)|Cls)
)*%�Wj,6%/ e5�="9; "#rV#21"%&)*#21"%/)�A.�v#/A.�
!*!C%�@<:",g)C%/ "=kA�I�E/ "%&)*M;,6%�A.�v'"A6:"!lW>)G�
,6!*%&+rZ?A��
Z"A6%Q'�9;:?)8A6%�'",bij%/A

s
A.9;)C!*@<:"%�!*9
 0E/ "%&)*M
,.%WY�
:?5

U(s)
NzÝ}5Q+H�Yij,.+-,b!*%/)

P (U |Cl) )*%&W>,6%/ e5Q%/ �TÒ�
,b5yV�#n1?%/)*#21"%&)�A.�r#/A��4!*!*%w)C%/ "="�
 <5QASIKE& "%/)CM;,.% U A.�'?A.:"!w'")*9
Z3�
Z"A6%-'�9;:")w#n13�4@>:?%L'",bij%/AP%/ (TU9; "#�5G,69; (="%HA6%/:")wE& "%/)CM;,.% Å #&%L@<:",])CE/!*9
:?5vA.%-'")C9;Z"A6h/+-%-="%#&A��
!C!*,bÄ3#u�45*,.9; k="�
 "!�A.%�#/�
!y9
Ù�9; � ?%`5*,.%& <5�#/9
+H'?5*%`@<:"%`=":�5*%/)C+H%�=gIK�45*5G�
#21"%p�4:ji0="9
 " "E/%&! Ç N
± � M «#G M �SGôRT��Ë�Ì^R�GSR �SE®H�ÖF�3ÌÒØZE Rm= M �3ËS«uEonXprqsl å Ôy�
'"'�%&A.9; ?!v'�9;:")pÄ?ij%&)oA.%/!v ?9
52�45*,.9; ?!:j5G,.A6,6!*E&%/!8=3�
 ?!yA.�r!C:",65*%�\

• K
%&!C5yA.%� "9
+rZ?)*%�="%`#/A.�
!*!C%/!/N

• �l%&!C5yA.%� "9;+oZ?)*%�="%`#u�
 "�
:ji Å %& $'")*�45G,6@<:"%
7"��úoa � Ç N
• αik

%&5
βki

!*9; e5QA6%/!�'"�
)G�
+-h&5*)*%&!�="%`A��rA69;,g=?%w'")C9;Z3�
Z?,.A.,�5GE�="%`A�I�E/ ?%/)*M
,.%�="%`A��o#/A��4!*!*%
k
=3�
 "!�A.%#u�
 "�
A

i
N

• ui(s)
%&!C5`A��HW4�
A6%/:?)�=?%rA�I�E/ "%&)*M;,6%o=3�4 "!�A.%o#/�
 3�
A

i Å ,�N�%
NJ=?:�#u�
)C)*Er=":�#&9>%bJ-#/,6%/ e5w%& X'"�
@<:"%&5*!=gIK9
 "="%&A.%&5C5G%&!Q�
:�'?,bij%/A
s
="�
 "!�A��o!*9;:"!Óm�Z3�4 "="%

i Ç N
• u(s)

%/!�5QA.�oWY�
A.%&:")�=?%wASIKE& "%/)CM;,6%�%/ 
s
\
u(s) = (u1(s), . . . , uI(s))

NÃ  kW4�o%/ kTÒ�
,b5�+H�Yij,.+-,b!*%/)xA��vA69;M4m½W>)*�
,6!*%&+rZ?A.�
 ?#/%
7>#/%�@<:",g)*%�W>,.%& <5yVo+-,. ",6+�,6!C%/) Å 9; k "9
5*% Cls A.�#&A��
!C!*%`!*:"'?'�9;!*E&%p'�9;:")�A6%�'",�i?%&A
s Ç \

− ln(P (U |Cl) = −
∑

s∈S
ln(P (Us|Cls)

= −
∑

s∈S

K∑

k=1

ln(P (Us|Cls)δk(s)

= −
K∑

k=1

∑

s∈S
ln(P (Us|Cls)δk(s)

9;Ù
δk(s) = 1

!C,
s
%/!C5y=3�
 ?!yA.�r#&A��
!C!*%

k
7
0
!*,6 "9; gN�vIK�
'")*h&!yA.%/!81<s>'�9
5*1"h/!C%/! Å^É 	 NõtjN6a Ç %�5 Å^É 	 NõtjN � Ç 7"9; $�k\

P (U(s)|Cls = k) =
I∏

i=1

Aik
2
√

ui(s)
exp



−
(√

ui(s)

αik

)βi
k



 Å 	 NõtjN6a Ü Ç

a Ú;Ú



��%&!8'3�4)G�
+-h&5*)*%/!
Aik
7
αik

%&5
βik
!/I�9;Z?5*,.%& " "%/ e5yVv'3�
)�5G,.)x="%&!8+-9;+-%/ <5*!l=gI�9;)*=?)*%�:" k%&58="%&:jikM
);�
#&%�
:>ikTU9;)*+o:"A6%/! Å 	 N � N � Ç 7 Å 	 N � Nba;a Ç %&5 Å 	 N � N6aut Ç NÃ  �=?E/=":?,65y=?% Å 	 NõtjN6a Ü Ç \

− ln(P (U |Cl) = −
K∑

k=1

∑

s∈S

I∑

i=1



lnAik − ln 2 − 1

2
ln ui(s) −

(√

ui(s)

αik

)βi
k



 δk(Cls) Å 	 NõtjN6a;a Ç
Ã  w)*E&E/#/)C,65�%& "!*:",b5G%]A6%P)CE/!*:?A652�Y5�'")*E&#/E&="%/ e5~�uW;%/#]="%&!� "9452�45G,69; "!�#&9; <5*,. <:"%/!]\

s
5*%/Ae@<:"%

δk(Cls) = 1!*,�%�5y!*%&:"A.%&+H%& <5y!C,
x ∈ Ωk

N

− ln(P (U |Cl) =
K∑

k=1

I∑

i=1

∫

Ωk



− lnAik + ln 2 +
1

2
lnui(x) +

(√

ui(x)

αik

)βi
k



 dx Å 	 NõtjN6a � Ç
�vIK9
Ù(\

FC (Φ1, . . . ,ΦK) =
K∑

k=1

I∑

i=1

∫

Ωk



− lnAik + ln 2 +
1

2
lnui(x) +

(√

ui(x)

αik

)βi
k



 dx Å 	 NõtjN6a�t Ç
��9; "#�\
FC
α (Φ1, . . . ,ΦK) =

K∑

k=1

I∑

i=1

∫

Ω

Hα(Φk)



− lnAik + ln 2 +
1

2
lnui(x) +

(√

ui(x)

αik

)βi
k



 dx

Å 	 Nõt?Nbauc ÇW ´Òøy´�Î çoët]2¾Pº�ù�¼j»Ó¾Pº�ºQÀ�ãÓã�Àÿ¹�ºQë]ãÓÀ
OQ9;:"!w!C9;+-+H%&!`+L�
,6 <5*%/ 3�4 <5`%& ö+-%/!C:")*%-=JIKE&#/)*,6)*%-#&9;+-'"A.E�5G%&+H%& <5`A���TU9; "#�5G,69; " "%&A.A6%r+-9>="E/A6,6!G�
 e5A6%�'")*9;Z?A.h/+-%�=?%w#&A��
!C!*,bÄ3#u�45*,.9; k=JIK,6+L�
M
%/!l5G%�i>5*:")*E&%/!p\

F (Φ1, . . . ,ΦK) =
λ

2

∫

Ω

(
K∑

k=1

Hα (Φk) − 1

)2

+
K∑

k=1

γk

∫

Ω

δα (Φk) |∇Φk| Å 	 Nõt?Nba Ú Ç

+
K∑

k=1

ek

I∑

i=1

∫

Ω

Hα(Φk)



− lnAik + ln 2 +
1

2
lnui(x) +

(√

ui(x)

αik

)βi
k



 dx

Ã  ÷��,. e5G)*9>=?:",65w=?%/!v'�9;,6="!w'�9;!*,b5G,6TU!`="%�W4�
 e5o#n1"�
@<:"%H5G%/)C+H%-=gI�E/ "%&)*M;,6%H="%H "9
5G)C%-TU9; "#�5G,.9
 " "%&A.A6%="%o+L�
 ?,.h&)*%oV�'�9;:jW;9;,.)&7�A.%v#u�
!�E/#21"Eu�4 <5u7g:?5*,.A.,b!*%/)Q'"A6:"!�=gIK�k'?)*,.9
)*,�!*:")�A6%/!�=?9; " "E&%/!/N�ÝP {%&��%&5/7g!*,�A��#&A��
!C!*%
k
�r:" "%`M
)G�
 "=?%`'")*9
Z3�
Z",6A.,b5*E�="%`'")*E&!*%/ ?#/%
7z9; �'�9
:")*)G�r="E&#/,6="%/)�=JIK:?5*,.A6,.!C%/)�:" ?%`'�%�5G,b5G%�W4�
A6%/:")'�9;:")

ek Å �4Ä3 {="%vTÒ�uW;9;)*,6!*%&)�A.�L#&A��
!C!*% k Ç N�|j,�A�I�9; D!G�4,65�@<:"%oA��L#&A��4!*!*% k �L="%/!�Z�9;)*="!�5*)*h/!�)*E&M;:"A6,.%/)C!'3�4)-)*�
'"'�9;)�5H�X#&%/:ji[="%/!H�
:?5G)C%/!-#/A.�
!*!C%/!&7]9; ['�9;:")C)G��#n1?9;,.!C,.)r:" "%�M;)*�
 "="%0WY�
A.%&:")�'�9;:")
γk Å �YÄ3 =gIK�
:"M
+H%& <5G%&)�ASIK,6+-'�9;)�52�4 "#/%�=":05*%/)*+-%�="%`+-,. ",6+�,6!G�Y5G,69
 k="%�A��oA.9; "M
:"%/:?)8=":�Z�9;)*=0="%`A��o#/A.�
!C!*%

k Ç N» :3�
 ?=X�4:{'3�
)G�4+Hh�5G)C%
λ
7�,.A�'�%&)*+-%&5�=?%oTU9;)C#/%&)�A��H#/A��4!*!*,bÄ3#u�Y5G,.9
 D=?%/!�'",�i?%&A.! Å !C, λ %&!C5`M
)G�
 "=J7�5*9;:"!A6%/!�'?,bij%/A6!�!C9; <5y#&A��
!C!*,bÄ3E/!&73%&5Q�4:�#/9; e5G)*�
,.)C%�!*,

λ
%/!�5Q'�%�5G,65/73�
:"#&:" $'",�ij%/Ag gIK%&!C5Q#&A��
!C!*,bÄ3E Ç N
a Ú
�



¯QÍFG~�IE�RT�?ÍFQ�É RT�?Í�Ì��pGIE å ��%&!�)CE/!C:"A65G�45G!�#/A.�
!*!*,6@<:"%/!�)*%&A��Y5G,6TU!QVLA��H+H,6 ",6+-,b!G�45*,69; $ "%o!&Iõ�
'?'"A.,6@<:"%'"�
!vV�A.�kTU9; "#�5G,.9
 " "%&A.A6% Å 	 NKt?N6a Ú Ç Å #&%/A6A.%�m½#/,~ gI�%/!�5v ",P#/9; eW;%�ij%
7� ",P#&9>%/)*#&,6W;% Ç N�Oy9;:"!p%��J%&#&5*:")*9; ?!v!*9; E�5G:"=?%`5G1"E&9;)*,6@<:"%w�
:B�l1"�
'",65*)*% � N
W ´Òø�´uF åîÀ�ì�ëPÂ1ã�æ�À�¿
Ê�Í�Ì M ÌÒØb�?Í�ÌUÎ�Ëù� á G�ËSEs$�E>ËwveÍ�ÖFE

Û�9;:")H9;Z?5*%/ ",6)H=?%/!L)*E&!*:"Ab52�45G!H'?A.:"!H)CE/M;:"A6,.%&)*!/7~ "9;:"!��uW;9; "!L'"�
)CTU9
,.!-%&:�)*%/#&9;:")C!kV(ASI�:?5G,6A6,6!G�Y5G,69
 =JIK:" ?%�TU%& "�&5*)*%�'�9;:?)o#/�
A6#/:"A6%/)pA.%-5G%&)*+-%L=gIK�45*5G�
#21"%k�4:ð="9
 " "E4N}���
 "!o#&%�#u�4!/7�ASIKE& "%/)CM;,.%L�4!*!*9>#&,.E&%kV:? î'?,bij%/A
s
7}=3�
 ?!-A6%k#u�4 3�
A

i
7}%/!�5H%& [TÒ�4,65r:" "%0+-9�s;%& " "%0'�9; "="E&)*E&%$=?%/!-E& "%/)CM;,.%&!�=3�
 "!�#/%0#u�
 "�
A=?%/!�'",�i?%&A.!�#/9; e5G%& >:"!�=3�
 "!�:" "%vTU%/ "��5G)*%��4:?5G9;:?)�=":{'",bij%&A

s
#&9; "!C,.="E&)*E4N�OQ9
:"!`�uW;9; "!�#&9; "!�52�45*Er@<:"%ASIK:j5G,.A6,b!G�Y5G,69
 �=gI�:" "%$+-9�s;%& " "%$�
)C,65G1?+HE�5G,6@<:"%0=?E&5GE&)*,69;)G�
,b5�A.��'")CE/#&,.!*,69; [="%/!-#/9; e5G9;:")C!H=?%/!H#&A��
!C!*%&!/N���
 "!yA.�r'")*�45G,6@<:"%
7"A.9
)*!*@<:"%` "9
:"!�%/+-'"A.9�s;9; "!8:" "%�TU%/ ?�&5G)C%
73 "9;:"!�:?5G,6A.,b!*9; "!�:" �+H�
!*@<:"%`Me�
:?!*!*,6%/ gN�l%/'�%& "=3�
 e5u7�A��L'?A.:"'3�4)C5�=":{5*%/+-'"!/7J "9;:?!� gIõ�uW;9; "!�'3�
!�:?5G,6A.,6!CEv="%oTU%& "�&5*)*%r="%r+-9�s;%& " 3�4M;%
NgÝ~ %��J%�5u7?A6%/!�#&9>%bJ-#&,.%/ e5G!8%& 09
 "="%/A6%&5C5G%/!�%& 0:" k'�9;,6 <5l="E/'�%& "="%& <5y="E��*Vo="%&!�W4�4A.%/:?)*!�="%&!8'",�i?%&A.!xW;9;,6!*,6 "!/N

L G�Í�ÖFE>Ø�«;ÖYÌUÍ
V<ÖFE>Ø
OQ9;:?!p�uW;9; "!`%/!C!G�us;EH=gIK�
:?5*)*%/!`#/)C,65Gh&)*%&!`@>:?%-A�I�E/ ?%/)*M
,.%47g "9
5G�
+-+H%& <5�ASIK%& <5G)C9;'",6%
N�qB�
,6!�=3�
 "!` "9;!5*%/!�5G!y'")CE/A.,6+-,6 3�
,b)C%/!/7?ASIKE& "%/)CM;,.%�!/IK%&!C5��KJ-)C+HE&%`#/9
+H+-%�A6%�#/)C,65Gh&)*%�A.%�'"A6:"!�,6 <5*E/)C%/!*!*�
 <5/N��%�'"A6:"!/7j=3�
 "!�_ba Ú tYf�7j,.A�%&!C5�'?)*E/#&,.!CE�@<:"%`���
,. ?%�%&5�Þz�
 "%�9
 <58#&9; "!�52�45*E�%�ij'�E&)*,.+-%/ e52�4A.%/+-%/ e5�@<:"%ASIKE& "%/)CM;,.%L%/!�5�+H,6%/:ji÷�
=3�4'?5GE&%k@>:?%0A�I�%& <5G)C9;'",6%�#&9;+-+H%L#u�4)G�
#�5GE&)*,.!�5G,6@>:?%k=gI�:" "%�5G%ni>5G:")*% Å #�Tv_ba Üe	 f Ç N��I�%/!�5Q'�9;:")*@<:"9
,� ?9;:"!y��W;9
 "!y#&9; "!C,.="E&)*EwASIKE& "%&)*M;,6%
N

���*ç ���¡¬SÇ § ¢ «�ÇrÆ ²�°�­bÜ�Çk¢
W ´Uüy´Cµ â}ã�æQë}¼?»Ó¾Pº�¿[áAn�â0æQã�ÀgÂ<ç�çoëPþ~Â"ëPº�þPÀ

ÔQ�4'"'�%/A69; "!},.#&,?A��QTU9
 "#&5*,.9; " ?%/A.A6%x@>:?%� "9;:?!~#n1"%&)*#21"9; ?!xV�+H,6 ",6+-,b!*%&) Å '�9;:")})*E&!*9
:"=")*%8A.%�'?)*9;Z"A6h/+-%=?%w#&A��
!C!*,bÄ3#u�45*,.9; Ç \

F (Φ1, . . . ,ΦK) =
λ

2

∫

Ω

(
K∑

k=1

Hα (Φk) − 1

)2

+
K∑

k=1

γk

∫

Ω

δα (Φk) |∇Φk| Å 	 N�c"Nba Ç

+
K∑

k=1

ek

I∑

i=1

∫

Ω

Hα(Φk)



− lnAik + ln 2 +
1

2
lnui(x) +

(√

ui(x)

αik

)βi
k



 dx

|j,
Φ1, . . . ,ΦK

+H,6 ",6+-,b!*%/ e5gA��xTU9; "#&5*,.9; ? "%/A6A.%
F
7��
A69;)*!J "E/#&%/!C!G�
,.)C%/+-%/ e5 Å !C,;%/ `'"A6:"!�A6%/! Φ1, . . . ,ΦKW;E&)*,bÄ3%/ e5Q#&%/)�52�
,6 "%/!�#&9; "=",b5G,.9
 "!8=?%w)CE/M;:?A��
)C,65GE Å W;9;,6)`_ 	 dYf�'3�4)�%�ij%&+H'"A6% ÇCÇ 7"9; $�r'�9;:") k = 1 . . . K

\
∂F

∂Φk

= 0 Å 	 NKc"N � Ç
Ý~ $!C:"'"'�9;!*�
 <5y@<:"%w=?%/!�#/9; "=?,65G,69; "!�="%wOy%/:"+H�
 " 0!*9; e5�W;E&)*,6Ä"E/%&! (∂Φk

∂~n
(x) = 0

7 ∀x ∈ ∂Ω
) 7"A.%&!E&@<:3�45G,69; "!�=gIõÝ~:"A6%/)`���
M
)G�
 ?M;%r�
!*!C9>#/,6E/%&!wV

F Å #&TQ_ 	 dYf Ç ="9
 " "%/ e5wA6%o!Cs>!�5Gh/+-%�!*:?,6W4�4 <5�TU9;)*+-Eo=?% KÝP��Û^#/9;:?'"A.E&%/!w\"9; $�r'�9;:")
k = 1 . . . K

a Ú;	



0 = λδα(Φk)

(
K∑

q=1

Hα(Φq) − 1

)

− γkδα(Φk)div

( ∇Φk

|∇Φk|

)

+ekδα(Φk)





I∑

i=1



− lnAik + ln 2 +
1

2
lnuik +

(√

uik
αik

)βi
k







 Å 	 N�c"NKt Ç
��%y5G%&)*+-%

div
(

∇Φk

|∇Φk|

) !/I�,6 <5G%&)*'")Ch&5*%�#/9
+H+-%yA��`#/9;:")CZ":")C%�+H9�s;%/ " ?%�="%QA��w#&9;:")CZ�%�="%Q ",6W;%/�
:
Φk�
:0'�9;,. e5

x
N

W ´UüQ´�³ ¤8ù"éQ·�ì�ë á�Ö8º�ë]ì�»=ã�æ�À
OQ9;:"!8TÒ�
,6!*9; ?!�+H�
,6 <5G%& 3�
 e58="E/'�%& "=")*%wA.%&!8TU9; ?#&5G,69; "!

Φk

=?:�5*%/+-'"!`\
Φ(t, x)

NÛ�9;:")L)*E&!*9;:"=?)*%DA.%$!�s>!C5Gh&+H%D=gIKÝP��Û Å 	 N�c"NKt Ç 7P "9;:"!L:?5G,6A.,6!C9; "!-A.%$!*#21"E&+L�ö=?s> 3�
+-,.@<:"%$!*:",bW4�
 e5Å k = 1 . . . K Ç \
∂Φk

∂t
= −δα(Φk)

[

2λ

(
K∑

q=1

Hα(Φq) − 1

)

− γkdiv

( ∇Φk

|∇Φk|

)

+ek





I∑

i=1



− lnAik + ln 2 +
1

2
ln ui(x) +

(√

ui(x)

αik

)βi
k











 Å 	 N�c"N�c Ç
�uW;%/#L#&9;+-+H%�#/9
 "=",65*,.9; X,6 ",b5G,.�4A6%

Φk(0, x)
TU9; "#�5G,.9
 (=",6!C52�4 "#/%H!C,.M; ?E/%H%&:"#/A6,.=",6%/ ? "%HV$A.�0#/9;:")CZ�%L=?% ",bW;%u�
:�Æ&E/)C9H=?%

Φk

NÃ  �=?,.!*#&)*E�5G,.!C%B#/%B!Cs>!C5*h/+-%{'"�
)L=",b��E/)*%& "#/%&!LÄ3 ",.%&!/N Ã  ^Ä?ij%{�
)CZ",65*)G�
,6)C%/+-%& <5
α ∈ R

+ Å =3�
 "! "9
!-%nij'�E/)*,6%/ "#&%/!/7] ?9;:"!-��W;9
 "!-:?5*,.A6,6!*E
α = 3.0 Ç N~��A�TÒ�4:?5rÄ?ij%/) α !*:�JH!*�
+-+H%& <5-'�%�5G,b5-'�9
:")�@<:"%A6%/!v�
'"'")C9�ij,6+L�45*,69; "!`="%/!v=",6!C5G)C,.Z":j5G,.9
 "!w=?%���,.)*�
#H%�5o="% É %u�uW>,.!*,6="% Å δα %&5 Hα

Ç )*%&!C5*%/ <5vW4�
A.�
Z"A6%/!&N�vIK�
:?5*)*%$'3�
)�5u7PA.��A��
)CM;%/:?)-=?%/!HZ3�
 "="%&!L!C:")HA.%&!*@<:"%&A.A6%/!-A.%&!LÝP��Û Å 	 NKc?NKc Ç 9;'�h&)*%/ e5L%/!�5�=?% 2α − 1'",�ij%/A.! Å !*, α ∈ N
Ç ��A�TÒ�
:?5�="9; "#o@>:?% α  "%r!C9;,65�'3�
!�5G)C9;'{'�%&5G,b5�'�9
:")�@>:?%�#&%&5C5G%rZ3�
 "=?%r#/9; e5G,6%/ " "%!*:�JH!*�
+-+H%& <5y=?%w'",�ij%/A6!�'�9
:")�#u�4A.#/:?A.%&)8A.%&!�=",b�JE&)*%& <5G!85*%/)C+H%&!�="% Å 	 N�c"N�c Ç NW ´UüQ´Òø å^·�»ÓºQ»�¼j»ÓëPãÓ»�¿>ë}¼j»�¾Pº

��%&!�TU9; "#&5*,.9
 "!
Φk

!*9; e5},6 ",65*,.�
Ab,6!CE/%/!�#/9;+-+-%xE�52�4 <5�A.%/!�TU9
 "#&5*,.9; "!�=",.!�52�
 ?#/%/!�!C,.M; "E&%/!�%&:"#/A6,.=",6%/ " ?%/!/N�l%&'�%/ "=3�4 <5u7g#/9;+-+H%v="�
 "!�A.�L+-E&5G1?9>="%o#/A.�
!*!C,.@<:"%o="%/!�#&9; <5*9;:")*!��
#&5*,6TU!�'3�
)�#&9;:")CZ�%r="%r ",bW;%u�4: Å #&TASIKôQ " "%�ij%H� %&5H_�a 	 f Ç 7gA�I�E&W;9
A.:?5*,.9; {=?%/! Φk

!*%&A.9
 Å 	 N�c"N�c Ç  "%�A.%&!`#/9
 "!*%&)CW;%H'3�
!`%/ XM;E/ ?E/)G�4A~#/9;+-+H%="%&!vTU9; "#�5G,69; "!p=",.!�52�
 ?#/%/!v!*,6M; "E/%&!o%&:"#/A6,.=",6%/ ? "%/!oV$A.%&:")p#/9
:")*Z�%L="%� ?,6W;%u�4:÷Æ/E&)*9"N}�l%&#/,l'�E/ "�
A.,6!*%HA��#&9; <W;%&)*M;%& "#/%p="% Å 	 NKc?NKc Ç W
%/)*!y="%&! Φk

+-,. ?,.+�,6!*�
 <5
F
N��IK%&!C5�'�9;:")C@>:?9;,l,.A]%/!�5� ?E/#&%/!*!G�4,.)*%�="%�)*E&,. ",b5G,.�
Ab,6!C%/)p'�E&)*,.9>=?,.@<:"%/+-%/ e5oA.%&!vTU9
 "#&5*,.9; ?!

Φk

%/ ð="%&!TU9; ?#&5G,69; "!0=",.!�52�
 ?#/%/!$!C,.M
 "E/%&!$%/:"#&A.,6=",.%& " "%&! Å =3�
 ?!$ "9
!$%ni?'�E&)*,6%/ "#&%/!/7Q "9;:?!$)*E&,. ",b5G,.�
Ab,b!*9; "!kA.%/! Φk5G9
:?5G%&!�A6%/!y5*)*9;,6!y,b5GE/)*�45G,69; "!�=?% Å 	 NKc?NKc ÇCÇ N���I�%&!C5�:" B'")*9;Z?A.h/+-%wM
E/ "E&)G�
A�="%pA�IK�
'"'?)*9>#21"%p="%&!�#/9
 <5G9
:")*!�
#�5G,bTU!r'"�
)r#/9
:")*Z�%&!-="%k ",6W
%u�
:ji�N~Û�9;:")r="%/!�)*�
,.!C9; "!o="%kW>,b5G%/!C!*%0="%k#/9; eW;%/)CM;%/ "#&%$%�5-=?%0'")CE/#&,.!*,69;  <:"+HE&)*,6@>:?%-_Kd Ü 7ga Ú
� 7gauc � 7ga/fS73,6Ag%&!C5Q,6 <5*E/)*%&!*!*�
 <5y@<:"%wA6%/!
Φk

W;E/)C,6Ä3%& <5ö\
0 < A < |∇Φk| < B <∞

a Ú
�



Ý}5l#
I�%/!C5��C:"!C5G%&+-%/ <5lA.%Q#/�
!lA.9
)*!*@<:"%QA.%/!
Φk

!*9; e5�="%&!lTU9; "#�5G,69; "!x=?,.!C5G�
 "#&%/!l!*,.M
 "E/%&!�%&:"#&A.,.=?,.%/ ? "%/!Q\>9; ���
A.9
)*! |∇Φk|(x) = 1
'")*%&!*@<:"%p'3�4)C5G9
:?5�%/ 

x Å #�T}Û~)*9;'�9;!C,65*,.9; 0d?N � Nba Ç N
Û�9;:")�)CE/,6 ",65*,��4A6,b!*%&)

Φk

%/ �A��vTU9; "#�5G,.9
 0=",.!�52�
 ?#/%`!*,6M; "E&%`%/:"#&A.,6=",.%& " "%47" "9;:"!�:?5G,6A.,6!C9; "!�A�IKÝP��Ûä\
∂Φ

∂t
+ signe(Φk)(|∇Φ| − 1) = 0 Å 	 N�c"N Ú Ç

Oy9;:"!w%��J%&#&5*:"%/)C9; "!pA�I�E&5*:"="%r5G1"E&9;)*,6@>:?%-)*,6M;9;:")C%/:"!C%�="%-#/%�5*5*%LÝP��Û�7��4,. "!C,~@<:gI�:" "%HM;E& "E/)*�
A.,6!G�Y5G,69; �V=?%/!Q9;'�E&)G�45*%/:")C! É �4+H,6Ab5G9
 ",6%& "!8'"A.:"!�M;E/ ?E/)G�4:jiB�4:D�l13�
'",b5G)C%pd?N Ã  $+-9; <5*)*%&)G�� "9452�
+-+H%& <5�@<:"%47�!*,
Φ(0, x) = Φk(x)

7zA.��!C9;A.:?5*,.9; 0=?%wW>,.!C#/9;!C,65*Ew="% Å 	 N�c"N Ú Ç #/9
 <W;%&)*M;%wW;%/)C!QA��oTU9; "#&5*,.9; 0=",.!�52�
 "#&%w!*,.M
 "E/%%&:"#/A6,.=",6%/ ? "%`V�A.�r#&9;:")*Z�%`="%` ",6W;%/�
:�Æ&E/)*9-="%
Φk Å #&T�ò81"E&9;)*h&+H%wd?NKt?N6a Ç NÝ~ �'")*�45G,6@>:?%
7�A6%/!

Φk

!*9; e5r)*E/,6 ",65*,.�
Ab,6!*E&!v%/ ÷TU9; "#�5G,.9
 "!v=",.!�52�
 "#&%/!r!C,.M; ?E/%&!r%/:"#&A.,6=",.%& " "%&!rVDA6%/:")#&9;:")CZ�%�="%� ?,6W;%u�4:kÆ/E/)C9�!*:?)8:" �W;9;,6!*,. "�
M;%�="%�A.%&:")l#/9;:")CZ�%�="%� ",6W;%/�
:kÆ/E&)*9 Å ,.A� gIK%&!C5�'3�4!8 "E&#/%&!*!G�
,6)*%=?%B#u�
A6#/:"A6%/)-A.%&!
Φk

="�
 "!H5G9
:?5G%$A�I�,.+H�4M;%47~#/%B@<:",��
#&#/E&A.h&)*%B#/9
 "!*,6="E/)*�
Z"A.%&+-%/ <5HA�IK�
A.M
9;)C,b5*1"+-% Ç NP���A.�
)*M
%/:")l="%`#&%/!8W;9;,.!C,. 3�4M;%/!�E&5G�
 e5�Äji?E&%
73A.%�ò81"E&9;)*h&+H%`d?NKt?N6a�="9; ? "%w�
A69;)*!lA.%� "9;+oZ")C%�=gI�,65*E/)*�45G,69; "!�V%��J%&#&5*:"%/)Q��W;%&#wASIõÝP��Û Å 	 N�c"N Ú Ç '�9;:")8)*E/,6 ",65*,.�
Ab,6!*%&)�%�i?�
#�5G%/+-%/ e5QA.%&! Φk

=3�
 "!�#/%&!�W;9;,.!C,. 3�4M;%/!&N
W ´Uüy´Òü ý^ã�þP¾~Â"»½¼jé�ì�Àx Ë~�IE M EeÍuÍ
E>Ø å �l9;+-+H%P "9
:"!�A�IK�uW;9; "!�%�ij'"A6,.@<:"E]=3�
 ?!�#/%x@<:",>'?)*E/#&h/=?%
74 "9;:"!���W;9; ?!�#n1?9;,.!C,<'�9;:")� "9;!%nij'�E/)*,6%/ "#&%/!P=gI�:?5*,.A.,6!C%/)�="%&!~'3�4@>:?%&5G!~=JIK9; ?="%/A6%&5*5*%/!~V�ASIK9
)*=")C%l="%&:jir'�9
:")}#/�
A.#&:"A.%&)�A6%x5G%&)*+-%l=gIõ�Y5*52�4#n1"%�4:ji`="9; ? "E/%&!/NYOQ9;:?!��uW;9; "!�5G%&!C5GEP=",6��E/)C%/ <5*%/!�9; "="%&A.%�5*5G%&!/7�%&5� "9
:"!���W;9; ?!�#21"9;,6!*,;=gIK:j5G,.A6,6!*%/)gASIK9
 "="%/A6%&5C5G%=?%y���4:"Z�%/#21",6%/!]V�=",�io+H9;+-%& <5G!� >:"A6! Å #�T�_ � d?7?a �;Ú f Ç 7;#&%&5C5G%�=?%/)* ?,.h/)C%8!*%/+oZ?A��
 e5~="9; " ?%/)~A.%&!~+-%/,.A6Ab%/:")C!)CE/!C:"A65G�45G!/N
ÈkÎ�Ë�Ë�ÉaE>ØLÖFEjË�Í�Ö�ÉaEjØ-×~�"Ö Mëá G�Í�Ì M ÌUØZ�?Í
E G�Ö å �l9;+-+H%`A���#/A.�
!*!C,6Ä3#/�45G,69; �%/!�5�,6#/,�!C:"'�%/)CW>,6!*E&%
7JASIK:?5*,.A6, m!*�45G%&:")l="9
,65x)C%/ <5*)*%&)lA.%y "9;+oZ")C%Q="%Q#/A��4!*!*%&! Å 5G%ni>5G:")*%&! Ç 7"�
,6 "!*,z@<:"%�A.%/!x'"�
)G�
+-h&5*)*%&!x="%�#213�
@<:"%�#/A��4!*!*%Å A.%&!�+H9;+-%/ e5G!Q=gI�9;)*=")C%o:" {%�5�=?%/:jiD="%oA.�H=",.!�5G)*,6Z":?5*,.9
 B="%vA�I�E/ "%&)*M;,6%v="�
 "!�#213�
@<:"%r!C9;:"!�m½Z3�
 ?="%r="%A.�r="E&#/9
+H'�9;!C,65*,.9; k%& $'3�4@>:?%&5G!y=gI�9; "=?%/A.%�5*5*%/! Ç N
Õh�"ÖF�,RTVeÍ�ÖFE>Ø å ���
 "!� "9;!�%ni?'�E&)*,6%/ "#&%/!/7Q ?9;:"!�'")*%& "9; "!05G9;:Y�C9
:")*!

e1 = · · · = eK = 1.0
%&5

γ1 = · · · = γK = γ Å γ ∈ R
Ç N"��A� "%`)*%&!C5*%p�
A69;)*!�'"A.:?!�@<:"%w=?%/:ji0'3�
)G�4+Hh�5G)*%&!yVoÄ?ij%/)`\3A6%�#/9>%*JH#&,.%& <5=?:�5*%/)*+-%�="%`'3�
)�5G,65*,.9
 

λ
73%�5yA��vW4�
A6%/:")8#/9
+H+o:" "%�=?%/!�5*%/)*+-%/!8="%w)CE/M
:"A��
)C,.!*�45G,69
 k="%&!y#/9
 <5G9
:")*!

γ
N

y&Ë�ÌUÍ�ÌP� M ÌUØZ�jÍ�ÌUÎ�Ë å ���
 "!8:" 0'")C%/+-,.%&)l5*%/+-'"!/7? "9;:"!��uW;9; "!8'")*9>#&E/=?EwVo:" "%�,. ",b5G,.�4A6,b!G�45*,69; L+H�
 >:?%/A.A6%�uW;%/#v="%&!�#/%&)*#&A.%/!�#&9;+-+H%w="�
 "!o_�a Ú a&fSNJ�l13�4@>:?%o#/%&)*#&A.%p)*%/'?)*E/!C%/ e5G%r�
A.9
)*!yA.�-#/9
:")*Z�%v=?%v ",bW;%u�
:BÆ&E/)*9=?%wASIK:? "%`="%&!y#/A.�
!*!C%/! Å W;9;,6)�Ä3M;:?)*% 	 N � Ç NÛ�9;:")8�
:?5*9;+L�Y5G,6!*%&)lA�I�,. ?,b5G,6�
Ab,6!G�Y5G,69
 g7>%�5�!*:?)C5G9
:?5�'�9;:?)8A.�v)*%& "=")*%�,6 "="E/'�%& "=3�4 <5G%�="%�A�I�:?5G,6A6,6!*�45G%&:")/7 ?9;:"!r�uW;9; "!v'3�
)pA��$!C:",65*%L%/:÷)*%&#/9;:")C!rVB="%&!oM;%/)C+H%&! Å ¼ !*%/%&="!ë½ Ç \�9; ÷="E/#&9;:"'�%�A�I�,.+H�4M;%-,6 ",b5G,.�4A6%-%& '�%�5G,b5G%/!0!*9
:"!�m½,.+H�
M;%&!/N8���
 ?!�#n1"�
@<:"%(!C9;:"!�m½,.+H�
M;%47l'�9
:")0#213�
@<:"%X#/A��4!*!*%
k
789
 F#u�
A6#/:"A6%{A.%D5G%&)*+-%=JIõ�45C52�
#21"%��
:>iL="9; ? "E/%&!�%/ �!*:"'"'�9
!G�
 e58@<:"%�5*9;:"!lA6%/!x'",�i?%&A.!x="%�A.�w!*9;:"!Óm�,6+L�
M
%/!]!*9; e5�=3�
 "!lA.�w#/A��4!*!*%

k
N Ã  ð�4��%/#�5G%H5G9;:"!vA6%/!p'",bij%&A.!p=gI�:" "%�!C9;:"!Óm�,.+H�
M;%HV$A���#/A.�
!*!C%

k
'�9;:")vA.�
@<:"%&A.A.%�A�I�E/ "%&)*M;,6%HM;A69;Z3�
A6%=?%�A��v!*9
:"!�m½,.+H�
M;%�%&!C5�+H,6 ",6+H�4A6% Å W;9
,.)xÄ3M;:")C% 	 NKd Ç N"��IK%&!C5y#&%�5Ós>'�%�=gIK,6 ",65*,.�
Ab,6!*�45G,69
 L@>:?%` "9
:"!���W;9; ?!:j5G,.A6,6!*E&%�=3�4 "!yA6%/!8%�ij%/+-'"A6%/!�'")*E&!*%/ e5GE&!�#&,bm��
'")*h&!/N

a Ú d



Courbe de niveau zéro de Phi_2

Courbe de niveau zéro de Phi_3

Courbe de niveau zéro de Phi_1

Â�Ã"Ä9¶ 	 N � ·L�� ",65*,��
Ab,6!G�Y5G,69
 k+H�
 >:?%/A6A.%

a �;Ü



Â�Ã"Ä9¶ 	 NKdA·L�� ",65*,��
Ab,6!G�Y5G,69
 k'3�4)�M;%&)*+-%/! Å8¼ !*%&%/="!=½ Ç

a � a



��+H�
M;%`Vr#/A.�
!*!C,6Ä3%&) ò�%&)*+-%`=gIõ�Y5*52�4#n1"%w�
:>i0="9; ? "E/%&!

�l9; e5G9;:?)*! Å � d � ,65GE&)G�45*,.9
 "! Ç �lA��
!C!*,bÄ3#u�45*,.9; Å � d � ,b5GE/)*�45G,69; "! Ç

Â�Ã"Ä9¶ 	 N6a Ü ·k�lA��
!C!*,bÄ3#u�45*,.9; k=gI�:" "%`,.+H�
M;%�!�s> <5G1?E&5G,6@<:"%p#&9;+-'�9;)C5G�
 <58@<:3�45G)C%`5*%�i>5G:?)*%/!
W ´UüQ´�Î â32�À�ì Á�ãÓÀ�¿{z

|j:")lA6%/!lÞ�,6M;:")*%&! 	 Nba Ü V 	 N6a�tj7>9; L)*%&'")*E&!*%& <5G%�A.%�5G%&)*+-%�=JIõ�Y5*52�
#21"%��4:jiL=?9; " "E&%/!�%& 0�Y5*5G)C,.Z":"�
 <5lV#213�
@<:"%8'",�ij%/Aj="%�A�I�,.+-�
M;%]A.��#&A��
!C!*%�'�9;:?)}A.�
@<:"%/A6A.%]!*9; rE& "%/)CM;,.%l%/!�5P+-,6 ",6+H�4A6%
N4��I�%/!�5PA��Q#/A.�
!*!C,6Ä3#/�45G,69; @<:"%w "9
:"!�9;Z?5G,6%/ "=?)*,.9
 "!8!C,�9; �:?5*,.A.,b!G�
,b5�:" ?,.@<:"%/+-%& <5yA6%�5G%/)C+H%�=gIK�45*5G�
#21"%w�
:ji0="9
 " "E/%&!/N
ybRT� O EDØ?j�Ë�ÍFQ�É<Í�Ì^�pGIEt�#H:E «w�pGS�jÍ�ÖFEBÍ
E#ËgÍFG�ÖFE>Ø å

|j:")�#/%�5�%�ij%&+H'"A6% Å #&T"Þ�,6M;:")C% 	 Nba Ü Ç 7u9; w!/IK�
'�%/)C#/9;,b5�Z",6%/ w@<:"%] "945G)*%P+-9>="h&A.%~%&!C5�#/�
'3�
Z"A6%P=?%P5G)*�
,65*%/)A6%/!g�C9; "#�5G,.9
 "!P5G)C,.'"A6%/!&N<Û��
)�m½#/9; e5G)*%47e5G9;:?5x#&9;+-+H%�=3�
 ?!xA�IK�
'"'")C9>#n1?%Q#&A��
!C!*,6@>:?%Q="%QA.��TU9; "#&5*,.9; ? "%/A6A.%8="%q$:"+�TU9;)C=�%&5v|j13�41î_ba�t
d4fS7gA��w�C9; "#&5*,.9; {="%/!`@>:"�45G)C%�5*%�i>5G:?)*%/!w="9; ? "%-="�
 "!`A�I�,.+H�4M;%v#/A��4!*!*,bÄ3E/%r="%/:>i�C9; ?#&5G,69; "!�5G)C,.'"A6%/! Å Vka �
Ü ="%&M;)*E&! Ç N�ÓAjTÒ�4:?5~E&Me�
A6%/+-%/ e5} "9
5*%/)}@<:"%8 "9
5*)*%8�
A6M;9;)*,b5*1"+-%l�4)*)*,bW;%�V�=",6��E/)C%/ "#&,.%&)}#/%&!~@>:"�45G)C%�5G%ni>5G:")C%/!]�
A69;)*!@<:gI�%/A6A.%/!8!*9; e5�5G)*h&!y'?)*9>#21"%/!�W>,.!C:"%/A6A.%&+H%& <5/N
ybRT� O EDØ?j�Ë�ÍFQ�É<Í�Ì^�pGIEt�#H:E «w�SE G	ËîÍ
E#ËgÍFG�ÖFE>Ø å

�l%&5�%�ij%&+H'"A6% Å #&TPÞ�,.M
:")*% 	 Nba;a Ç ,6A.A6:?!C5G)C%wZ",6%/ BA.%`TÒ�
,65y@<:"%v "9
5G)C%p+H9>="h&A.%w!&Iõ�
="�
'?5G%oVH JIK,6+H'�9;)�5G%@<:"%&A.A.%�TU9;)C+H%�M;E&9;+HE�5G)C,.@<:"% Å #&9; <5*)G�
,6)*%&+H%& <5��
:�+-9>="h/A6%�'?)*E/!C%/ e5GEp="�
 "!w_ba � tYf�'3�
)8%�ij%&+H'"A6% Ç NybRT� O EDØ?j�Ë�ÍFQ�É<Í�Ì^�pGIEt�#H:E «$ØuÌPË�Í>EaËJÍFG�ÖFE>Ø å
�l%&5H%�ij%/+-'"A.% Å #�T�Þ�,.M;:?)*% 	 N6a � Ç +-9; <5*)*%0@<:"%�A.%0+-9>="h/A6%0%&!C5H#u�
'"�
Z"A.%0="%05*)G�
,b5G%&)�=?%/!H,6+L�
M
%/!5G%ni>5G:")CE/%/!�#/9;+-'"A.%nij%/!&N8�Ó#&,�7�#&%/)C5G�
,. ?%/!k5G%ni>5G:")C%/!�!*9; e505G)*h&!�'?)*9>#21"%/!0W>,6!*:"%&A.A.%&+H%& <5/7l%&5�A.%&!kTU9
)*+-%/!

a �e�



��+H�
M;%�V�#/A.�
!*!C,6Ä3%&) ò�%&)*+-%`=gIK�45*5G�
#n1?%p�4:ji0="9
 " "E/%&!

�l9
 <5G9
:")*! Å � c Ú ,65*E/)G�Y5G,.9
 "! Ç �lA��4!*!*,bÄ3#u�Y5G,.9
 Å � c Ú ,b5GE&)G�45*,.9; ?! Ç

Â�Ã"Ä9¶ 	 Nba;ah·k�lA��
!C!*,6Ä"#u�45*,.9; k=gI�:" "%`,.+H�
M;%�!Cs> <5G1?E&5G,6@<:"%p#&9;+-'�9;)C5G�
 <58="%/:>i05G%ni>5G:")*%&!
M
E/9;+-E&5*)*,.@<:"%&!]=?%/!x#&9; e5G9;:")C!]!*9; e5x'�9;:")�52�
 e5l�4!*!*%&ÆQZ",.%& H)CE/#&:"'�E/)*E&%/!/N?Û�9
:")]9;Zj5G%/ ?,.)P="%&!x#&A��
!C!*%/!]'"A.:?!1?9;+H9
M;h/ "%&!/7" "9;:"!y��W;9
 "!y,6#/,��
'?'"A.,6@<:"E�:" �+L�4!*@<:"%`Me�
:"!C!*,6%/ $�
:05*%/)C+H%�=gIK�45*5G�
#n1?%p�4:ji0="9; ? "E/!&N
± �3Ø�� á G�ËIE�Ì�RT� O E$Ö�ÉaE M^M Ew«;Î�Ë�Í
E>ËS�"Ë�Í(G�Ë�|#V}=�ÖFE å

�l%&5$%�ij%/+-'"A6% Å W;9;,6)kÄ3M;:?)*% 	 Nba�t Ç +-9; <5*)*%�%& "#/9;)C%(@<:"%( "945G)*%X+-9>="h&A.%�!&Iõ�4=3�
'?5*%öVð5G9;:?5*%XA.%&!TU9
)*+-%/!�M;E&9;+HE�5G)C,.@<:"%&!/Nz���
 "!y#/%&5Q%ni?%&+H'?A.%
739; $'�9
:")*)G�4,65y�
+-E/A6,69;)C%/)�A��r@<:3�
A.,b5GE�="%wA��r#&A��
!C!*,6Ä"#u�45*,.9; %& B)*�Y�C9
:?52�
 e5y=3�
 ?!Q "945G)*%�TU9; "#&5*,.9
 " "%/A6A.%�:" �5G%/)C+H%`=gIK�
)*)C�&5Q!C:")yA.%/!�#/9; e5G9;:?)*!yZ3�
!*Ew!*:?)QA6%`M;)G�
=?,.%/ e5=?%8A�I�,.+H�4M;%x#/9
+H+-%l=3�
 "!�_�a Ú a&f Å %& �%&��%&5u7
A.%/!�TU9;)�5G!}M;)*�
=",.%& <5*!}="%8A�I�,.+-�
M
%l'")C9�W>,.%& " "%& <5P="%&!P#&9; <5*9;:")*!=?:$Æ/h&Z")*%47zA.%�TU9; "=�="%`A�I�,.+-�
M
%�E&52�4 <5�TÒ�
,6Z"A.%&+-%/ e5�5G%�i>5*:")*E Ç N�qB�
,6!�#&9;+H+-%� ?9;:"!�W;9
:"A.9; ?!�@<:"%w "9
5*)*%+-9>="h&A.%$="%B#/A��4!*!*,bÄ3#/�45G,69; ^=?%B5G%nij5*:")*%&!k)*%&!C5*%{A6%B'?A.:"!LM
E/ "E&)G�
AQ'�9;!*!C,.Z"A6%
7] "9;:"!L "9;:"!�%& ¡!*9
+H+-%/!�4Z"!C5*%/ >:?!/N

a � t



��+H�
M;%`Vr#/A.�
!*!C,6Ä3%&) ò�%&)*+-%w=JIõ�Y5*52�
#21"%w�
:>i0="9; " ?E/%&!

�l9; e5G9
:")*! Å 	 a 	 ,65GE&)G�45*,.9
 "! Ç �lA��
!C!*,6Ä"#u�45*,.9; Å 	 a 	 ,65*E/)*�45G,69; "! Ç

Â�Ã"Ä9¶ 	 N6a � ·k�lA��
!C!*,bÄ3#u�Y5G,.9
 0=JIK:" ?%w,.+H�
M;%�!Cs> <5*1"E&5*,.@<:"%p��W;%/# � #&A��
!C!*%/!

a � c



��+H�
M;%`Vr#/A.�
!*!C,6Ä3%&) Å #© �x9;)*%&A Ç ò�%&)*+-%`=gIK�45*5G�
#21"%w�
:ji0="9
 " "E/%&!

�x9; <5*9;:")*! Å t4c Ú ,65*E/)G�Y5G,.9
 "! Ç �lA��4!*!*,bÄ3#u�Y5G,.9
 Å t
c Ú ,b5GE&)G�45*,.9; ?! Ç

Â�Ã"Ä9¶ 	 Nba�tv·0�lA.�
!*!C,6Ä3#/�45*,.9; k=gI�:" $Æ&h/Z")C%w!*:")�:" 0TU9; "=

a �eÚ



��+H�
M
%�,. ",b5G,.�4A6%
f

�l9;+H'�9
!G�
 e5G%�5*%�i>5G:")CE/%
v

�l9; e5G9;:?)*! �xA��
!C!*,6Ä"#u�45*,.9; 

Â7Ã"Ä9¶ 	 N6a/cA·kÝ�ij%/+-'"A.%�="%w#&A��4!*!*,bÄ3#u�Y5G,.9
 k!*:")�:" "%`,.+H�
M;%�="%`!Cs> <5*1"h/!C%o�uW;%/#w@<:3�Y5G)*%�5G%ni>5G:")C%/!
���;Å �{õ k&¥p£�£�­:d$¦�¥�¬�­&ªv« ªw±0¬�¢�«�Çk¢ ¥w¤k°~÷�£ ¤k°�²+ýj¬�°�¥w­�¬�¢�Æ ¢�«r¬ ¥�¯v¢�¦ßke �¥5keý

¢wªw°�­�¬SØ}Æ ¢
u + vW ´�Î8´�µ ¶¸·�ì�ë~Â"ù"é�À

���
 "!-#&%&5C5G%�!*%&#&5*,.9; g7} "9;:"!�+H9
 <5G)C9; "!r#&9;+H+-%/ e5�A��D#/9
+H'�9;!*�
 <5*%
v
=gI�:" "%�,6+L�4M;%L5G%ni>5G:")*E&%

f'�%/:j5Q��5G)*%`:?5G,6A.,6!CE/%�'�9
:")8TÒ�
,6)*%�=?%wA.�r#/A.�
!*!C,6Ä3#/�45G,69; k!*:")
f
N3Ý~ $%&��%&5/7z=JIõ�
'?)*h/!�A.%`��%/+-+H% � N � N6a`=3�
 "!A.�$!C9;:"!�m½!*%&#&5G,69; � N � N6a
7�9; ö!G�
,b5v@<:"%LA���#/9;+-'�9;!*�
 <5*%

v
%/!C5o:" ÷!C,.M; 3�4AxV$M;)*�
 "="%&!o9
!*#/,6A.A.�45*,69
 "!/N�ÝP '3�4)C5G,6#/:"A6,6%/)/7j#&%&5C5G%`#/9;+-'�9;!*�
 <5*%�#/9; e5G,.%& <5�A6%/!�5*%�i>5G:")C%/!y="%�A�I�,.+H�4M;%�,. ?,652�4A6%

f
N3���
 "!�A.%�#u�4!�9;Ù

f
%/!�5�
:0="E/'3�4)C5y:" "%`,.+H�
M;%� "9; �Z")C:",65*E/%47

v
 "%`#&9; <5*,.%& <5�@>:?%wA.%&!85*%�i>5G:")C%/!y'")*E&!*%/ e5G%&!�="�
 "!

f
NOQ9;:"!�%&��%&#&5G:?9; "!y="9; "#`A��o#/A.�
!*!C,6Ä3#/�45G,69; k!*:")�A.�r#&9;+H'�9
!G�
 e5G%

v
N

W ´�Î8´�³ å^·�¿>æ�ã½¼jë}¼j¿
���y#/A.�
!*!C,6Ä3#/�45G,69; w="%/!�,6+L�
M
%/!�%/!�5}9;Z?5*%/ <:"%l%/ v="%/:>ip5G%&+H'"!&N4OQ9;:?!�#&9;+H+-%/ ?R/9; ?!�'3�
)�%���%/#&5*:"%/)�A��="E&#/9;+-'�9;!C,65G,69; -="%QA�I�,.+H�4M;%

f
%/ �!C%/!l="%&:jiL#/9
+H'�9;!*�
 <5*%/!

u
%&5
v
N>ÛP:?,.!x "9
:"!l:j5G,.A6,6!*9; ?!]ASIõ�
A6M;9
)*,�5G1"+�%="%`#/A.�
!*!C,6Ä3#/�45*,.9; k'")CE/#/E&="%& <5�!*:?)

v
NOQ9;:"!p'?)*E/!C%/ e5G9; "!v="%/!p)*E&!*:"Ab52�45*!p!*:?)p="%/!p,.+H�
M;%&!`!Cs> <5*1"E&5*,.@<:"%L=3�
 "!pA6%/!`Ä3M;:")C%/! 	 Nbauc$%&5 	 N6a Ú NOy9;:"!o=?9; " "9; ?!oA�I�,.+H�4M;%�,. ",b5G,.�4A6%
f
7�!G�B#&9;+H'�9
!G�
 e5G%H5G%ni>5G:")CE/%

v
7�%&5oA.%H)CE/!*:?A652�Y5o="%L#/A.�
!C!*,6Ä"#u�45*,.9; 9;Zj5G%/ <: Å =gIK:? $'�9;,6 <58="%�Wj:?%w#/9; e5G9;:?)*!�%&5y=gI�:" �'�9;,. e5�="%�W>:"%w%& "!*%&+rZ?A.% Ç N

± Î:RdRTE>Ë�Í
�"ÌÒÖFE>Ø å ��%/!r)*E&!*:"Ab52�45*!r=?%k#/A.�
!*!C,6Ä3#/�45G,69; ÷@<:"%k "9;:"!o9;Z?5G%& "9; "!r,6#/,x!*9; e5�="%�A��B+-�/+-%@<:3�
A6,65*Ev@<:"%o#/%&:ji{="%oA��H!*%&#&5*,.9; {'?)*E/#&E/=?%/ <5*%
N����
 ?!�A6%v#u�
!�="%oA.��Þ�,6M;:")C% 	 N6auc?7�A.%v'�9
:")*#&%/ e52�
M;%o="%
a �;�



��+L�4M;%�,. ?,65G,6�
A6%
f

�l9;+-'�9;!G�
 e5G%�5*%�i>5G:?)*E/%
v

�l9
 <5G9
:")*! �lA��
!C!*,bÄ3#u�45*,.9; 

Â�Ã"Ä9¶ 	 Nba Ú ·kÝ�ij%/+-'"A6%`="%`#/A.�
!*!C,6Ä3#/�45G,69; k!*:")�:" "%`,.+H�
M
%�="%`!Cs> e5G1"h&!*%v��W;%/#`!*,bi�5*%�i>5G:")C%/!

a �e	



'",�ij%/A.!�+H�
A<#&A��
!C!*E/!�%/!�5~,6="%& <5G,6@<:"%lV�#&%/A6:",>9;Z?5G%& >:o'�9;:")�A��QÞ�,.M;:")C% 	 Nba Ü Å =?%lA�I�9;)*=?)*%x=?% 4% Ç N
�l9; e5G)G�
,�m)*%&+-%/ <5]V�#/%�@<:gI�9; -'�9;:?W4�
,b5P%&!*'�E/)C%/)&7<A.%8'?)*E&5*)G�
,b5G%&+H%& <5P��W;%&#yASIõ�
A6M;9
)*,�5G1"+�%�=?%�="E/#&9;+-'�9
!*,b5G,.9
 
u+v gIK�
+-E/A6,.9
)*%�'"�
!�A.%&!�)*E&!*:"Ab52�45*!�="%`#/A.�
!*!C,6Ä3#/�45*,.9; gN�l%/'�%/ ?=3�
 <5/7�#/9;+-+-%-A���@<:3�
A6,65GE-=?%/!v)*E/!C:"A65G�45G!p gI�%/!�5r'"�
!o�
Ab5GE/)CE/%H'"�
)p#/%L'")CE&5G)*�
,65*%/+-%/ e5u7�#/%&A��!*,6M; ",bÄ3%]@<:"%l#/%l@<:"%lA�I�9; p#/9; ?!*,.=?h/)*%x#/9;+-+H%]ASIK,6 ?TU9;)C+H�Y5G,b9; `5G%ni>5G:")C%8�
:r�l13�4'",65*)*% 	 %&!C5}Z",6%/ v'")*E&!*%& <5*%=3�4 "!�A.�p#/9
+H'�9;!*�
 <5*%�9;!*#&,.A6A��4 <5*%Q9
Z?5G%& >:"%��uW;%/#�ASIõ�4A.M;9
)*,�5G1?+-%y="%�="E/#&9;+-'�9;!*,b5G,.9
 

u+ v
'")*E&!*%& <5GE��
:�l13�4'",65*)*%ot?Ng��I�%/!C5�:" ��
)CM;:"+-%/ e5�%/ DTÒ�uW;%/:")�=?%oA�I�:?5G,6A6,6!*�45G,b9; $="%oASIK%&!*'3�
#&%

G
,. e5G)*9>=?:",65Q'3�
)�q$%�s;%/)_�a�t;tYf Å #&T~|j%&#&5*,.9; � N � Ç N

���'ú ���¸¢�°�£�¤{¢�¦x¬�­n¯v¢�£
OQ9;:"!���W;9; "!�=?E&W;%&A.9;'"'�Er:" X�4A.M;9
)*,b5*1"+-%p9;)*,6M;,6 3�
A�="%r#&A��
!C!*,6Ä"#u�45*,.9; B=gIK,6+L�4M;%/!�'�9;:?)�A6%/!�,6+L�
M
%/!5G%ni>5G:")CE/%/!&N]��I�%/!�5�A.��W;%/)C!*,.9
 ¼ 5*%�i>5G:?)*%*½L=?%�A�IK�
A.M
9;)C,b5*1"+-%-="%k|?�
+-!*9; ÷%�5��
ASNx_�a Ú a&fl@<:",l%��J%&#&5*:"%kA��#&A��
!C!*,6Ä"#u�45*,.9; k=JIK,6+L�4M;%/!� "9; k5G%nij5*:")*E&%/!&N���AJTÒ�
:"=")*�
,65�+L�
,6 <5*%/ 3�4 <58E�5G:"=",6%/)8A.%�#u�
!8=gIK:? "%w,6+L�4M;%�'?)*E�m!*%& <5G�
 <5�!C,.+o:"A65G�
 ?E/+-%/ e5�="%&!�Æ&9; "%&!85G%nij5*:")*E&%/!�%&58="%/!8Æ/9; "%&!� "9
 k5G%ni>5G:")CE/%/!&N�Û�9
:")8#&%/A��j7?,.A�TÒ�
:?=")G�
,b5+-9>=",6Ä"%/)�A6%r5*%/)C+H%�=JIõ�45C52�
#21"%-�
:ji�="9; ? "E/%&!p="%-A.��TU9; "#�5G,69; " "%&A.A6%r�4Ä3 X@>:JIK,6A~'")*%& " "%-%/ (#&9;+-'?5G%�A6% ",bW;%u�
:X="%�M;)*,6!`+-9�s
%/ Å ,.A�sX�0E&Me�
A6%/+-%/ e5`:" X5G)*��WY�
,.A�="%- "9
)*+H�
A.,b!G�45*,69; {=?%/!w=",6��E/)C%/ e5G!wE&A.E&+H%& <5*!=":05G%&)*+-%`=JIõ�45C52�
#21"%w�
:jik="9; " ?E/%/! Ç NñQ v�
:?5G)C%]'")C9;Z"A.h&+-%P,. e5GE&)*%/!C!G�
 e5�%&!C5�#/%&A.:",e="%xASIK%ni>5G%/ ?!*,.9
 p="%] "9
5*)*%x�
A6M;9;)C,b5G1"+�%~="%]#/A.�
!*!C,6Ä3#/�45G,69; �
:>iö,6+H�
M;%/!`#/9
:"A.%&:")*!&N����$#/�
)G�4#&5GE&)*,6!G�45*,.9; X="%/!p5G%ni>5G:")C%/!rV�5*)G�uW;%/)C!vA.%&!w5G)*9
,.!w#/�
 3�
:jiöÔ ° �� gI�%/!�5M;:?h/)*%w�
,6!*E/%4NOQ9;:"!P gIK�uW;9; "!]'"�
!P%/:-A6%�5G%&+H'"!~="%�)*%& "=")C%y "945G)*%��
A.M
9;)*,b5*1"+-%l="%�#/A.�
!*!C,6Ä3#/�45G,69; r "9
 -!*:"'�%&)CW>,.!CE/%4N��A�TÒ�
:"=")*�
,65�'�9;:?)-#&%/A���)*�Y�C9
:?5G%&)�:" "%�'"13�
!C%$=gIK�
'"'?)*%/ e5G,6!*!G�4M;%�="%/!-'3�
)G�4+Hh�5G)*%&! Å %/ î:?5*,.A.,b!G�
 e5�="%&!�
A6M;9;)C,b5G1"+�%/!�="%�TU:"Æ/Æ�s$� q$%u�
 ?!y'3�
)8%�ij%/+-'"A.%�_ba
a 	 f Ç NÝP jÄ3 g7z,6AJTÒ�
:?5�)C%/+H�
)*@<:"%&)�@>:?%wA.%�TU9;)C+L�
A6,b!*+-%�="�
 "!�A.%/@<:"%&A� "9;:"!�'"A��4R/9; "!8 "9
5*)*%w�
A6M;9;)C,b5G1"+�%�="%#&A��
!C!*,6Ä"#u�45*,.9; �%/!�5�5G)Ch/!8M;E/ ?E/)G�4A�N"OQ9
:"!�'�9;:jW;9; "!�!G�4 "!�'�%/,6 "%�+-9>=",6Ä3%&)� ?9
5G)C%�5G%&)*+-%�=gIK�45*5G�
#21"%/!y�
:>i="9
 " "E/%&!8'�9
:")l:?5*,.A.,b!*%/)]=?%� ?9;:?W;%u�4:ji�#/)C,65*h/)*%&! Å '"A6:"!x!*9;'"1?,.!C5*,.@<:"E&! Ç '�9;:")l#/�
)G�4#&5GE&)*,6!*%&)lA.%/!]5G%ni>5G:")*%&!/N

a �;�



� ��~ 
�ý!����� �
� �¡ÿ � � � ��� � ���O����� � � �O~ ��� � � �k� � � � � ��� � � �
� �O~ 
C
C�RQ � ~ ��� � �

���
 "!w#&%-#n13�4'",65*)*%47� "9;:"!w ?9;:"!w,6 <5GE&)*%&!*!*9
 "!vV0ASIKE�5G:"=?%�5*1"E/9;)C,.@<:"%�="%-A.��TU9; "#�5G,.9
 " "%/A6A6% Å 	 NõtjN6a Ú Ç@<:"%� "9
:"!��uW;9; "!l,6 <5*)*9>=":",b5G%�=3�
 "!xA.%y+-9j=?h/A6%y="%�#&A��
!C!*,bÄ3#u�45*,.9; -=gI�,.+H�
M;%&!P5G%ni>5G:")*E&%/!8�
:k�l13�4'",65*)*% 	 NÝ~A6A.%�%/!C5y="%`A��vTU9;)C+H%o\
Fα (Φ1, . . . ,ΦK) =

∫

Ω

(
I∑

i=1

Hα (Φi) − 1

)2

+
I∑

i=1

∫

Ω

δα (Φi) |∇Φi|+
I∑

i=1

∫

Ω

BHα(Φi) Å � N Ü Nba Ç
9
Ù

B
%/!�5-:? "%kTU9; ?#&5G,69; ð=?%/!�="9
 " "E/%&!-=?:['?)*9;Z"A6h/+-%
7�%&5�9
Ù

δα
%&5
Hα

!*9; e5�)*%&!*'�%/#�5G,bW;%/+-%/ e5H=?%/!�4'"'")*9uij,.+H�45G,69
 "!]="%�A��w+H%&!*:")C%�="%��Q,.)G�4#Q%&5�="%�A��`TU9; "#�5G,69; L=gI É %/��W>,.!C,.="%4N?Ý~ kE&#/)*,bW4�
 e5�A.�wTU9; "#�5G,69; jm ?%/A.A6%y!*9;:?!l#/%�5*5G%QTU9
)*+-%
7< "9;:?!l'�9;:")C)*9; ?!��
'"'?A.,.@<:"%&)]A.%&!x)*E&!*:"Ab52�45*!l=?%�#/%Q#n1"�
'",65*)*%�VwA��`TU9; ?#&5G,69; " "%&A.A6%
Å 	 NKt?N6a Ú Ç 7��
,. "!C,<@<:gIõVQA�IK�
A.M
9;)C,b5*1"+-%~="%l#&A��
!C!*,bÄ3#u�45*,.9
 p=gI�,6+L�
M
%/!� ?9; p5G%nij5*:")*E&%/!}="E�W;%/A69;'"'�El=3�4 "!�_�a Ú a&fSNôyÄ3 D@>:?%o "9
5*)*%pE&5G:?="%o)C%/!C5*%oM;E& "E/)*�
A.%47� "9;:"!�'3�4)*A.%&)*9; ?!�=?%v'"13�
!C%/!�9;:D#&A��
!C!*%&!�'"A6:?5;m
5Q@<:"%o=?%p5G%�i<m5*:")*%&!/NÛ�9;:")L+H%& "%/)�VöZ",.%& ¡#&%&5C5G%DE&5*:"="%
7l "9;:?!�)G�
'"'�%&A.9; ?!�@<:"%&A.@<:"%&!0'?)*9;'")C,.E�5GE/!L="%&!k%& "!*%&+rZ?A.%/!�="%'�E&)*,6+Hh�5G)*%&!�Ä3 ",6!/N;Ý~ "!*:?,65G%47;=3�
 ?!~A.%&!P|j%/#�5G,.9
 "! � N � %�5 � NKt?74 "9;:"!~ "9
:"!~,. e5GE&)*%/!C!*9; ?!]�
:r#/�
!~'3�
)�5G,.#&:"A.,6%&)=?%r="%&:ji{'"13�
!C%/!&N����LTU9; "#�5G,69; " "%&A.A6%p "%r#&9;+-'�9;)C5*%r�
A69;)*!Q'"A.:"!�=?%o5G%&)*+-%o="%o#/9;:?'"A��
M
%
7�%&5�%/!�5w�
,6 "!*,'?A.:"!�TÒ�
#/,6A.%�VrE&5*:"=",.%&)/N3ÝP �%&��%&5/73=3�
 "!�#/%`#u�4!/73 "9;:"!�'�9;:?W;9
 "!y)*E&E/#&)*,.)C% Å � N Ü Nba Ç !C9;:"!yA.�oTU9
)*+-%r\

Fα (Φ) =

∫

Ω

δα(Φ)|∇Φ| +
∫

Ω

BHα(Φ) Å � N Ü N � Ç
%�5y9; �#21"%&)*#21"%vVr)*E/!C9;:"=")C%wA.%�'")C9;Z"A6h/+-%r\

inf
Φ
Fα (Φ) Å � N Ü Nõt Ç�~IKE�5G:"="%y="%y#/%y#/�
!]'3�
)�5G,6#/:"A6,.%&)}'�%/)*+-%&5]="%y="9
 " "%&)x:? "%}�C:"!C5*,6Ä3#/�45G,69; r5G1?E/9;)C,.@<:"%QV`="%y "9
+oZ")*%&:ji�4A.M;9;)C,b5G1?+-%/!x=?%�#/A.�
!*!C,6Ä3#/�45G,69; Å =3�
 "!�A6%�#/�
!�="%�=?%/:ji�'"13�4!*%/! Ç _ �;	 7Ja Ú a
7�auc;c?7 Ú;� 7�a �eÚ fSN ° )D�
#/%�Vv:" #213�
 ?M;%/+-%/ e5�="%QTU9; "#&5*,.9
 

Ψ = Hα(Φ)
7j "9;:?!� ?9;:"!l)G�
+-%/ "9
 "!�Vp:" "%QTU9; "#�5G,.9
 " "%/A6A.%�#/9; eW;%�ij%
N"���
 "!A.�0|j%&#&5G,69; � N � 7J "9;:"!�+H9; e5G)C9; "!�@>:?%�A.%o'")*9;Z?A.h&+H%oA6,.+-,�5G%v="% Å � N Ü NKt Ç A.9
)*!*@<:"% α = 0

�
="+-%&5�'�9;:")!C9;A.:j5G,.9
 �:" "%�TU9
 "#&5*,.9; �#u�4)G�
#�5GE/)C,.!�5G,.@<:"%4N<Ý~5]=3�
 ?!]A��w|j%&#&5G,69; � NKt?7e "9
:"!]9;Z?5*%/ "9; ?!xASIK%nij,.!C5*%/ "#&%y=gI�:" "%!C9;A.:j5G,.9
 
φα

��,.'"!C#n1?,65GÆ&,.%& " "%y'�9;:")]A.%y'")C9;Z"A6h/+-% Å � N Ü NKt Ç Å #/%Q@<:",�="9; " ?%�:" ?%P�C:"!�5G,6Ä"#u�45*,.9; �5G1?E/9;)C,.@<:"%VrA�IK�
'"'")C9>#n1?%`@<:"%w ?9;:"!y��W;9; ?!y:?5*,.A6,6!*E&%`�
:B�l1"�
'",65*)*% 	 Ç N���
 "!�A��r|>%/#&5*,.9; � NKc?7? ?9;:"!�="9; " "9
 "!8@<:"%&A.@<:"%/!8)*E&!*:"Ab52�45*!�=3�
 "!�A.%�#/�
!89
Ùk,.A�sL�r�
:k+-9;,6 "!x5*)*9;,6!'?13�
!*%&!/NOQ9;:?!Q�uW;9; "!�'")*E&!*%& <5GEw#/%�5G)G�uW4�
,6AJ=3�
 "!w_ �4Ü fSN
a � d



�H�/����Ú ¥`¤�¤{¢9k&£�£IÇ�°Ñk&¢�£©¢�«0£�¢�Æ ±rk�¢�£ § ¢ ¤{²�°�­bÆ ÷�¬�°�¢�£�d$«k­/£
Û�9;:")v5G9
:?5G%�#&%&5*5*%k!*%&#&5*,.9; g7�9
 ð)*%& <W;9;,6%�A.%LA6%/#&5*%/:")rV÷_ � 7 � 7 � dj7la � dj7 �;Ü fS7� "9
5*)*%�'")CE/!*%& <5G�45G,69; !/I�,. ?!*'",6)G�
 e5�,6#/,�%/!C!*%& <5G,6%/A6A.%&+H%& <5�="%k_ � fSNJ���L="E&Ä3 ?,65G,69; B="%vA�I�%/!*'"�
#/%

BV
="%&!�TU9
 "#&5*,.9; "!�VHW4�
)C,��45*,.9
 Z�9;)C "E/%w��E�5GE`)G�
'"'�%&A.E&%`=3�
 "!�A���|j%&#&5G,69; � N6a;N3Ý~ �'3�
)C5*,.#&:"A.,6%&)/7j9; � "9
5*%
J(u) =

∫

Ω
|Du| NÈ0ÉeÊ�Ë�ÌûÍ�ÌUÎ�Ë��gÐÒÑzÐÒÑ3Ðö|j9
,65

E
:? k!*9
:"!�m½%/ "!C%/+oZ"A6%�+H%&!*:")*�
Z"A6%�="%

R
2 N?Û�9;:")x5*9;:?5�9
:?W;%/)�5 Ω ⊂ R

2 7j9
 �
'?'�%&A.A6%�'�E&)*,.+-h&5*)*%�=?%
E
=3�
 "!

Ω
73 "9
5*E

P (E,Ω)
7"A��vW4�
)C,��45*,.9; L5G9
5G�
A.%�="%

1E

=3�
 "!
Ω
7",�N�%
Ng\

P (E,Ω) = sup

{∫

E

=",6W
(ξ(x))dx/ξ ∈ C1

c (Ω; R2), ‖ξ‖L∞(Ω) ≤ 1

} Å � Nba;Nba Ç
Ã  �=",b5�@<:"%

E
%/!C5y="%`'�E/)C,.+-h&5*)*%�Ä3 ",�!C,

P (E,Ω) <∞

�©E RT�?ÖK�.GSE å |>,
E
%/!�5�VHZ�9
)*=

C1 7�#&%&5C5G%v="E�Ä3 ",b5G,69; $=":B'�E/)*,6+-h&5G)C%w#/9;)C)*%/!C'�9; "={VHA.�-="E�Ä3 ",65*,.9
 #&A��
!C!*,.@<:"%4N Ã  $�-�4A.9;)C!�\
P (E,Ω) = H1(∂E

⋂

Ω) Å � Nba;N � Ç9;Ù H1 ="E/!C,.M; "%oA��H+H%&!*:")C%r="% É �4:"!*="9
)C��a&m�=?,.+-%/ ?!*,.9
 "%/A6Ab%L_ � f�Ng��%o)*E&!*:"A.�45�)C%/!�5G%oW>)G�
,�="�
 "!�A6%v#u�
!9;Ù
E
%/!�5�VrZ�9;)*=$��,6'"!*#21",b5GÆ
N���
 "!�A.%w#u�
!�M
E/ "E&)G�
AS7�!C,

E
%/!�5�:" D9;:jW;%/)C5�VHZ�9
)*=D@<:"%&A.#&9; "@<:"%o="%

Ω
7�!C, H1(∂E

⋂
Ω) < +∞ 7�
A69;)*!�\

P (E,Ω) ≤ H1(∂E
⋂

Ω) Å � Nba;NKt ÇÈ0ÉeÊ�Ë�ÌûÍ�ÌUÎ�ËV�gÐÒÑzÐ6ÏgÐ Ã  � ?9
5G% FE A��vTU)*9
 <5G,6h/)C%�)*E&=":",b5G%`="%
E
N

FE =

{

x ∈ !*:"'?'�9;)C5 (|1E|⋂Ω
)

/ νE = lim
ρ→0

D1E(Bρ(x))
∣
∣D1E(Bρ(x))

∣
∣

%nij,.!�5G%w%�5�W;E/)C,6Ä3% |νE| = 1

}

Å � Nba;N�c ÇÈ0ÉeÊ�Ë�ÌûÍ�ÌUÎ�ËV�gÐÒÑzÐ��gÐîÛ�9
:")85G9
:?5
t ∈ [0, 1]

7"9; � "9
5*%
Et ASIK%& "!*%&+rZ?A.%

{

x ∈ R
2 / lim

ρ→0

|E⋂Bρ(x)|
|Bρ(x)|

= t

} Å � Nba;N Ú Ç
="%&!�'�9;,6 <5*!�9;Ù

E
%&!C5�="%x="%& "!*,b5GE

t
7�9;Ù

Bρ(x) = {y / ‖x−y‖ ≤ ρ} N Ã  v ?9
5G% ∂∗E = R
2\ (E0

⋃
E1)A.�oTU)*9
 <5G,6h/)C%�%/!C!*%& <5G,6%/A6A.%�="%

E
N

U Q�É>ÎzÖFV RTEm�gÐÒÑ3ÐSÑ3Ð��^�S�D� �*2;�*2��@`X�5�xWp���"�
E

� �T�*�1

�*\�|Z�8�5� �0/,-*2*�"\(]*��2;�¥f��,���a�3�1

Ω
�pgh�8��2;
A4

FE
⋂

Ω ⊂ E1/2 ⊂ ∂∗E Å � Nba;N � Ç
�*�

H1
(

Ω\
(

E0
⋃

FE
⋃

E1
))

= 0 Å � Nba;N 	 Ç
�©E RT�?ÖK�.GSE å |j,

E
%/!�5���,6'"!*#21",b5GÆ
7��
A.9
)*!

∂E ⊂ ∂∗E
N}Ý~ ð'3�
)�5G,6#/:"A6,.%&)/7�#/9
+H+-%H9; ��$5G9
:Y�C9;:")C!

FE ⊂ ∂E Å #&T�_ 	 c4f Ç \
P (E,Ω) = H1(∂E

⋂

Ω) = H1(∂∗E
⋂

Ω) = H1(FE
⋂

Ω) Å � Nba;N � Ç
a 	
Ü



U Q�É<Î�ÖFV RTED�gÐÒÑ3Ð6Ï�ÐO�^¨¦���0����2^C3� ��Wp���"�
E

� �[�*�1

�*\�|Z�8�9�I�Z|*�)
DC3�X�i\(�)
*� 2D�#|Z�8�h� �
R

2 �Xgh�8��2;
 FE �)
*�
!3�@2;�)?*��� f��#|Z�8���5�@`J�0/1�
C �v!}�#ä)&3�

Ã  î)G�
'?'�%/A.A6%0@<:"%
E
%&!C5Ba�m�)*%&#&5*,6Äz�4Z"A.%k!C,�%&5H!C%/:"A6%/+-%/ e5H!*,�,.A�%ni?,6!C5G%�="%&!-TU9; "#�5G,69; "!-��,.'"!C#n1?,65GÆ

fi : R
2 → R

5*%/A.A6%/!8@<:"%
E ⊂ ⋃+∞

i=0 fi(R)
N

ÈkÉ<Ê�Ë�ÌUÍ�ÌUÎ�Ë��gÐÒÑ3Ð�¿�Ðî|j9;,b5
Ω ⊂ R

2 :? $9
:?W;%/)�5u73%&5 I ⊂ N
NÃ  B�
'"'�%&A.A6%`'3�4)C5G,b5G,69; k="%

Ω
:" "%w!*:",b5G% {Ei}i∈I 5*%/A6A.%�@<:"%H\ Ei ⊂ Ω ∀i 7 Ei⋂Ej = h !*,

i 6= j
7%�5

Ω ⊂ ⋃+∞
i=0 Ei

N Ã  B=",b5Q@<:gI�:" "%o'3�4)C5G,b5G,69; {Ei}i∈I
="%

Ω
%/!�5�:" "%p'3�
)C5*,65*,.9
 �="%r���4#/#&,.9;'�9;A6,�!C,�=?%'?A.:"! ∑

i∈I P (Ei,Ω) <∞

�H�G� ���ÿ°�ªp±}k*÷�Æ ¢ ® § ¢�Ç(¡ ¤rØ0¥w£�¢�£
Ã  ÷#&9; "!C,.="h&)*%

Ω
:? ÷9;:?W;%&)C5oZ�9
)* "EL��,.'"!C#n1",b5GÆ-="%

R
2 N Ã  ö#&9; "!C5*)*:",b5v:" "%-TU9; "#&5*,.9; ? "%/A6A.%�#&9;+rm'?)*%/ "�
 <5`=?%/:jiD5G%&)*+-%/!o\g:? {5G%/)C+H%o=?%r'�E/ 3�4A.,.!*�45G,69; B="%rA.�LA.9; ?M;:"%&:")/7�%&5`:? {5G%/)C+H%v=gIõ�Y5*52�4#n1"%��4:ji=?9; " "E&%/!/N Ã  X "9
5G%

E
:" (%/ ?!*%/+oZ"A6%-="%

Ω
5*%/A~@>:?%

E
%&5

Ω\E #&9;)*)C%/!*'�9
 "="%/ e5o�
:ji�="%/:>i('"1"�
!*%&!/NÃ  $�4'"'�%/A6A.%�TU9
 "#&5*,.9; ? "%/A6A.%�=?%w'"�
)C5*,65G,69; J7?A.�oTU9; ?#&5G,69; " ?%/A.A6%o\
G(E) =

∫

Ω

|D1E| +
∫

Ω

B1E Å � N � Nba Ç
Ã  �!*:"'"'�9
!*%w@>:?%

B ∈ L∞(Ω)
N Ã  �#&9; "!C,.="h&)*%`A.%&!85G)C9;,.!�'")*9
Z"A.h&+H%&!�!C:",6WY�
 <5*!`\

a;N
inf

φ∈Lip(Ω)

(∫

φ=0

ds+

∫

Ω

BH(φ)

) Å � N � N � Ç
� N

inf
E∈B(Ω)

(

P (E,Ω) +

∫

E

B

) Å � N � NKt Ç
t?N

inf
ψ∈BV (Ω), 0≤ψ≤1

(∫

Ω

|Dψ| +
∫

Ω

Bψ

) Å � N � N�c Ç
9
Ù B(Ω)

=?E/!*,6M; "%`ASIK%& "!*%&+rZ?A.%�="%&!Q�l9;)CE/A6,.%/ ?!8="%
Ω
7"%&5y9;Ù

H
="E/!C,.M; "%`A.�oTU9; ?#&5G,69; 0=gI É %u��W>,6!*,.=?%
N

�(E�R��"Ö��pGSE å ����TU9; "#�5G,69; " "%&A.A6% Å � N Ü N � Ç #/9; "!�5G,b5G:"%r:" "%rW;%&)*!C,.9; X�
'"'")C9>#n1?E/%�="% Å � N � N � Ç 7J=3�
 "!�A.%!C%/ "!y9;Ù�'�9
:")85G9
:?5G%�TU9; "#&5*,.9; 0��,6'"!*#21",b5GÆ&,.%/ ? "%
φ
7"9; $� Å ��W
%/# Å � NKt?N � Ç*Ç \

lim
α→0

Fα(φ) =

∫

φ=0

ds+

∫

Ω

BH(φ) Å � N � N Ú Ç
���
 "!PA���!*:",b5G%47e "9
:"!]�
A.A69; "!}+-9; e5G)*%&)~@<:"%y#&%/!P5*)*9;,6!~'")C9;Z"A6h/+-%/!~!*9
 <5P5*)*h/!P'")C9>#n1?%/!/N>��%�'?)*9;Z"A6h/+-%

Å � N � Nõt Ç #/9;)C)*%&!*'�9; "=¸�
:^'")*9;Z?A.h&+H%�="%D#&A��4!*!*,bÄ3#u�Y5G,.9
 ^Vö="%&:ji�'"1"�
!*%&!k@<:"%D ?9;:"!���W;9
 "!�,6 <5*)*9>=":",b5�uW;%/# Å � N � Nba Ç N3��A�!/IK�
M;,b5y%& $TÒ�
,b5�=gI�:" B'")C9;Z"A6h/+-%`#&A��
!C!*,.@<:"%`=3�
 "!yA��o5G1"E&9;)*,6%`="%/!y!*:")�TÒ�
#/%&!�+-,6 ",6+H�4A6%/!_ � 7la �4� 7�a � dYf�7�#&%/A.:?,�=?%/!�!C:")CTÒ�4#/%/!�V{#&9;:")CZ":")*%k+-9�s;%& " "%k="9; ? "E/%4NP���B5G1"E&9;)*,6%�="%&!�%& "!*%&+rZ?A.%/!r="%'�E&)*,6+Hh�5G)*%&!8Ä3 ?,.!���="E��*V�E&5*Ew:?5*,.A6,6!*E&%�'"A6:"!*,6%/:")C!8TU9;,6!8%/ 05G)*�
,65*%/+-%/ e58=gIK,6+L�4M;%/!�_ 	 7 � c?7ga�t Ü 7ga�t � fSN
a 	 a



��´�³8´�µ â�¼jæ�á�ÀÿáQæ Á�Â"¾¥��ã�â�ì�À í���´½³�´Òø�ï
��%�'")C9;Z"A6h/+-% Å � N � NKt Ç �vE&5*E�#&9;+H'?A.h�5G%/+-%/ e5�E�5G:"=",6E�'3�4)�qB�
!C!G�
)C,g=3�4 "!`_�a �4� fSN Ã  k)C%/'")C%/ "=0,.#&,�A��="E&+L�4)*#21"%`="%-_ � f�N Ã  0,. <5*)*9>=":?,658A6%�'")*9
Z"A.h&+H%o\

inf
E⊂Ω, E

V�Z�9
)*=
C1,1

(

H1(∂E) +

∫

E

B

) Å � N � N � Ç
ÝP �TÒ�
,b5u7<#/9
+H+-%QA.%Q+H9; e5G)C%/ e5�A.%&!x5G)*9
,.!x)*E&!*:"Ab52�45*!�!C:",6WY�
 <5*!�="E&+H9; e5G)CE/!�="�
 "!�_ � fS7?A6%/!l'")C9;Z"A6h/+-%/!

Å � N � Nõt Ç %�5 Å � N � N � Ç !C9; <5yE&@<:",6WY�
A.%& <5G!&NÕpÖ�Îz×~Î�Ø/ÌUÍ�ÌûÎ�Ë���Ð6ÏgÐÒÑ3Ð �I��/:2;�3|Z�8]*\(���@`a�8��� � &(�#�3\(�*�0�3��\(���"�1
5���à�5

�������������:�~¨¦��/:���#
A�D� �"�>f�\�� \
� ���@`a�8� ���)&©?)���"�.?*��� �5�3c3�)?��8��\��"�,�"\���\Ñ� ���@`a�8� � � &3�
U Q�É>ÎzÖFV RTED�gÐ6ÏgÐÒÑzÐ_Wp���"�

E
� �.��

����� �������t� �A�@`a�8� � � &3�,gh�8��2;
 FE = ∂∗E

�'?D�u2
n = 2 < 8

&��*� FE�)
*�+� ��?*����
)

�
C1,1 �

± ÎzÖ�Î M^M �3ÌUÖFE��gÐ6Ï�ÐÒÑ3Ð �S�)
(/:2;�3|Z�8]*\(�)
d�@`a�8� ���)&ù�*�r�@`a�8� � � & �#�3\(�*���=�*�,���8�)
[\��*\(�)
w

����� �������1
Z�jª��
/1�32e�^��?*� �����*2 q �8�0/:2;�3|Z�8]*\(����` �8� ���)&��#�3\(�*�+�3�r\(���"�1
�� �.�j

����� �������:�

Û�9;:")vA.�$=?E/+-9; "!C5*)G�45*,.9; (=":ö5*1"E/9;)Ch/+-% Å � N � N6a Ç 7� "9
:"!v)*%/ eW;9�s;9
 "!rA6%HA.%&#&5*%/:")vV÷_ � 7]a � dYfSN�Oy9;:"! "9
:"!Q#/9
 <5G%& <5*9; "!Q,.#/,�="%p=?9; " "%&)QA.%&!y'")*,6 "#/,6'3�
:ji��
)CM;:"+-%/ e5G!y="%wA���="E&+H9; ?!C5G)*�45G,69; �="%wA��-Û~)*9;'�9
!*,bm5G,69; � N � N6a;N
ÕwÖ�E G	H:E��IE M � ÕwÖYÎz×~Î�ØuÌUÍ�ÌUÎ�Ë��gÐ6Ï�ÐÒÑ å �l9;+-+-%

Ω
%/!�5kZ�9;)C "EB%&5k��,.'"!C#n1?,65GÆ47x!C,Q9; �#/9; ?!*,.=?h/)*%

E = Ω
7�9
 FW;9;,b5�@<:"%(ASIK,6 ?Ä3+o:"+ =3�4 "! Å � N � NKt Ç %&!C5�Ä3 ",�N��l9; "!*,6="E/)C9; "!�:" "%X!*:",b5G%�+H,6 ",6+-,b!G�
 e5G%

(En)
'�9;:")�A.%�'")*9;Z?A.h/+-% Å � N � NKt Ç N"Ý~ 0'3�
)�5G,6#/:"A6,6%/)/7>A.�v!*:",b5G% P (En,Ω)

%/!�5yZ�9
)* "E&%
N3��9; ?#
7"=gIK�
'")Ch/!8A.%5G1?E/9;)Ch/+-%pt?NKt;d�'3�
M;%�auc Ú ="%H_ � fS7z,.Ag%�ij,6!C5G%
E ∈ B(Ω)

5*%/A�@<:"%
En → E Å �
:�!*%& "! 1En → 1E

=3�
 "!
L1(Ω) Ç N���%p'"A.:?!/7z=gIõ�4'")*h&!�A���'")C9;'�9;!*,b5G,69; $t?NKt � 'öauc
cH="%L_ � fS7�A�IK�
'"'?A.,6#/�45G,b9; F 7→ P (F,Ω)

%&!C5�!*#&,
Å #&9; "!CE/@<:"%/ "#/%p=":�#u�4)G�
#�5Gh/)C%w!C#/,�="%`A��vW4�
)*,.�45G,69; L5G9
5G�
A.% Ç N"��9; ?#-\

P (E,Ω) ≤ lim inf P (En,Ω) Å � N � N 	 Ç
��%`'"A.:"!&73#&9;+-+H%

1En → 1E

=3�
 "!
L1(Ω)

739
 $��%& $'3�4)C5G,6#/:"A6,6%/)�\
∫

Ω

1EnB →
∫

Ω

1EB Å � N � N � Ç
#&%w@<:",�#/9; ?#/A.:j5yA.�r'")C%/:?W;%4N

�

° );�4#/%v�L#/%&!�)*E&!*:"Ab52�45*!/7�9; B!G�
,b5�@<:"%oA.%p'?)*9;Z"A6h/+-% Å � N � Nõt Ç '�9;!*!Ch/="%��4:D+H9
,. "!y:" "%v!*9
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����� �^������� �
�@`a�8� ��¾3&3�

a 	;�



ÕwÖFE GIH:E å Ã  �#/9; ?!*,.=?h/)*%`A��vTU9; "#�5G,.9
 " "%&A.A6%�!*:?,6W4�
 e5G%`="E�Ä3 ",6%`!*:") {ψ ∈ BV (Ω), 0 ≤ ψ ≤ 1} \
G(ψ) =

∫

Ω

Bψ +

∫

Ω

|Dψ| Å � N � Nõd Ç
G
%&!C5�#/9
 <W;%�ij%v%&5�!&NK#4NK,SN�!C:")

BV − ∗ N����-#&9; "=",b5G,69; 0 ≤ ψ ≤ 1
 "9;:"!Q'�%&)*+-%&5Q="%p#/9
 "#/A6:")*%p@<:3�4 <5VrA�I�%�ij,.!�5G%& "#/%`=gI�:" "%w!C9;A.:?5*,.9; 

ψ̃
'�9;:") Å � N � N�c Ç NÔQ�4'"'�%/A69; "!8A��vTU9;)*+o:"A6%�="%`A��o#/94m��
,6)*%r_ � fP\

∫

Ω

|Dψ| =

∫ +∞

−∞

∣
∣D1{ψ≥s}

∣
∣ ds =

∫ +∞

−∞
P ({ψ ≥ s}, Ω) ds Å � N � N6a Ü Ç

�l9
+H+-%� "9
:"!�,.+-'�9;!*9; ?!8A��o#/9; ?=",65*,.9; 
0 ≤ ψ ≤ 1

7 Å � N � Nba Ü Ç !*%w)CE/E&#/)*,b5y,6#/,}\
∫

Ω

|Dψ|) =

∫ 1

0

∣
∣D1{ψ≥s}

∣
∣ ds =

∫ 1

0

P ({ψ ≥ s}, Ω) ds Å � N � N6a
a Ç
Ôy%&Me�
)C="9; "!�+L�4,. e5G%/ "�
 <5�A.%P=?%/:jij,.h&+-%P5G%&)*+-%P="%]A.��TU9; "#�5G,.9
 " "%/A6A.%4N��l9;+H+-%& "R/9; ?!�'3�4)�)*%/+H�
)C@>:?%/)@<:"%47z#/9
+H+-%

0 ≤ ψ ≤ 1
\

ψ(x) =

∫ ψ(x)

0

ds =

∫ 1

0

1ψ(x)≥s ds Å � N � N6a � Ç
%�5y="9; "#�\

∫

Ω

Bψ =

∫

Ω

B(x)

(∫ 1

0

1{ψ(x)≥s}ds

)

dx

Å Þ3:?Z",. ", Ç =

∫ 1

0

∫

Ω

B(x)1{ψ(x)≥s}dx ds

=

∫ 1

0

∫

{ψ≥s}
B(x) dx ds

�pIK9;ÙX\
G(ψ) =

∫

Ω

(|Dψ| +Bψ) =

∫ 1

0

(

P ({ψ ≥ s}, Ω) +

∫

{ψ≥s}
B

)

ds Å � N � N6aut Ç
#&%w@<:",�%/ e5G)*�KÍ� "%r\

inf
ψ∈BV (Ω), 0≤ψ≤1

∫

Ω

(|Dψ| +Bψ) = inf
ψ∈BV (Ω), 0≤ψ≤1

∫ 1

0

(

P ({ψ ≥ s}, Ω) +

∫

{ψ≥s}
B

)

ds

Å � N � N6a/c Ç|>9;,65
Ẽ
:" ?%-!*9
A.:?5*,.9; {=":X'")C9;Z"A6h/+-% Å � N � NKt Ç N�OQ9
5*9; "! ψ̃ = 1Ẽ

N�q$9
 <5*)*9; "!`@<:"%
ψ̃
%/!�5p!C9;A.:?5*,.9; {=?%

Å � N � N � Ç Nz|j9
,65 s ∈]0, 1[
N

• |j9;,65
x ∈ Ẽ

N3ôQA.9;)C!
ψ̃(x) = 1Ẽ(x) = 1

N3��9; "#
ψ̃(x) ≥ s

N3�vI�9;Ù
Ẽ ⊂ {ψ̃ ≥ s} N

• |j9;,65
x ∈ {ψ̃ ≥ s} N]ô�A69;)*! ψ̃(x) ≥ s > 0

Nx��9; "#
ψ̃(x) = 1 Å #/�
) ψ̃ = 0

9;:äa Ç N]�vI�9;Ù
{ψ̃ ≥ s} ⊂ Ẽ

NÃ  �%& $="E&=":",b5�Ä3 "�
A.%&+H%& <5�@<:"%47 ∀s ∈]0, 1[
\
Ẽ = {ψ̃ ≥ s} Å � N � Nba Ú Ç

a 	 t



�l9; "!*,6="E/)C9; "!�+L�
,6 <5*%/ 3�
 e5
ψ̄ ∈ BV (Ω)

5*%/A.A6%�@>:?%
0 ≤ ψ̄ ≤ 1

N Ã  �� Å %& $:j5G,.A6,6!G�4 <5 Å � N � N6aut Ç*Ç \
G(ψ̄) =

∫

Ω

(
|Dψ̄| +Bψ̄

)

=

∫ 1

0

(

P
(
{ψ̄ ≥ s}, Ω

)
+

∫

{ψ̄≥s}
B

)

ds

��%w+-�/+-%r\
G(ψ̃) =

∫ 1

0

(

P
(

{ψ̃ ≥ s}, Ω
)

+

∫

{ψ̃≥s}
B

)

ds

=

∫ 1

0

(

P
(

Ẽ, Ω
)

+

∫

Ẽ

B

)

ds

= P
(

Ẽ, Ω
)

+

∫

Ẽ

B

Ã )&73#&9;+-+H%
Ẽ
%&!C5y:" "%`!*9;A6:?5G,69; k=":�'")*9;Z?A.h&+H% Å � N � NKt Ç 7"9
 $�0\

P
(

Ẽ, Ω
)

+

∫

Ẽ

B ≤ P
(
{ψ̄ ≥ s}, Ω

)
+

∫

{ψ̄≥s}
B Å � N � N6a � Ç

Ý}5y%/ �,. e5GE&M;)G�
 e5 Å � N � N6a � Ç '3�4)�)G�4'"'�9;)C5yV s 739; 09;Z?5G,6%/ e5`\
P
(

Ẽ, Ω
)

+

∫

Ẽ

B

︸ ︷︷ ︸

=G(ψ̃)

≤
∫ 1

0

(

P
(
{ψ̄ ≥ s}, Ω

)
+

∫

{ψ̄≥s}
B

)

ds

︸ ︷︷ ︸

=G(ψ̄)

Å � N � Nba 	 Ç

Ý}5y="9; ?#
ψ̃
%/!�5QZ?,.%/ 0!*9;A6:?5G,69; k=":�'")*9
Z"A.h&+H% Å � N � N�c Ç N

�Ã  ��D="9
 "#k+-9; e5G)*EL@<:"%kA.%L'")C9;Z"A.h&+-% Å � N � N�c Ç '�9;!*!Ch/="%��
:ð+-9;,6 "!v:" ?%k!*9;A6:?5G,69; ö@>:?,�%/!�5�:" "%TU9; ?#&5G,69; 0#/�
)G�
#�5GE&)*,.!�5G,6@>:?%
N
��´�³8´Òø â�¼jæ�á�ÀÿáQæ Á�Â"¾¥��ã�â�ì�À í���´½³�´�³xï
ÕpÖ�Îz×~Î�Ø/ÌUÍ�ÌûÎ�Ëo�gÐ6Ï�Ð��gÐøWp���"�

E
� �.�¦

����� �^�����_�3�©/:2)�3|Z�8]*\(�N�@`a�8� � � &3�¥Wp���"�

φ
���5s>���.?*�������_�3�8
*���3�.?)�


*��C3�.-)���*�X?*�����3���*�,�.� ò ∂E �
φ
/,�

*�"���"c3�¦�#�3�1


Ω\E �*�+�.-�C#�3���"c3�¦�#�3�1

E
&3�Igi�8��2)


φ
�)
*�7

����� �^�������3�

/:2;�3|Z�8]*\(���@`a�8���8�Z&3�
Û�9;:")�="E&+H9
 <5G)C%/)8A��rÛP)C9;'�9;!C,65G,69; Å � N � NKt Ç 7"9; $�
:?)G�rZ�%/!*9
,. �="%`="%&:ji�A6%/+-+H%&!�\

o7E RdRTEs�gÐ6Ï�ÐÒÑ3Ð�Wp���"�
φ
�~��/,

?)B �"��*
�+å0��/,�


�

ψ = H(φ)
�	gi�8��2;
A4

∫

{φ=0}
ds ≥

∫

Ω

|Dψ| Å � N � N6a � Ç

a 	 c



ÕwÖFE GIH:E å �vIõ�4'")*h&!yA��vTU9;)*+o:"A6%�="%`A��o#/9YmÓ�
,6)*%r_ � f�7"9; $�k\
∫

Ω

|Dψ| =

∫ +∞

−∞
P ({ψ ≥ s},Ω) ds =

∫ 1

0

P ({ψ ≥ s},Ω) ds Å � N � N6aud Ç
#/�
)

0 ≤ ψ ≤ 1
N3��9; "#

∫

Ω

|Dψ| =

∫ 1

0

P ({H(φ) ≥ s},Ω) ds Å � N � N �
Ü ÇÃ  L'�9;!C%
E = {φ > 0} Å E %&!C5l9;:?W;%&)C5l#/�
)

φ
#/9
 <5G,6 >:"% Ç N Ã  L�w="9; "# E = {H(φ) > s} ∀s > 0

NÃ  $�k\
∫ 1

0

P ({H(φ) ≥ s},Ω) ds =

∫ 1

0

P (E,Ω) ds = P (E,Ω) Å � N � N � a Ç�pIK9;Ù
∫

Ω

|Dψ| = P (E,Ω) Å � N � N �
� ÇÃ  �#&9; "#&A.:?5y�
A.9
)*!8%& $)C%/+H�
)*@<:3�4 <5�@<:"%-\
P (E,Ω) ≤ H1(∂E

⋂

Ω) ≤
∫

{φ=0}
ds Å � N � N � t Ç

�

o7E RTRTEm�gÐ6ÏgÐ6Ï�Ð�Wp���"�
A ∈ B(Ω)

�S�p�©�3�8
*���3�.?)�xª��,?*�����3���*�,�.�x
*��C3�.-)�j� ò A �)
*�+!3���~��/,

?)B �"��*Z���*�,�.�Z�
ÕwÖFE GIH:E å |j9
,.%/ e5

x
%&5
y
="%/:>i�E&A.E/+-%& <5G!8="%

Ω
N Ã  0 "9
5*%

d(x, y)
A��o=",6!C52�4 "#/%`ÝP:?#/A6,.=",6%/ " "%�%/ e5G)*%

x
%&5
y
N

• ÕpÖFE R÷ÌPE>Ö�«u�3Ø å
u(x) ≥ u(y) ≥ 0|j9;,b5

ε > 0
N"��A�%�ij,.!�5G%

aε ∈ A
5*%/A�@<:"%-\
d(x, aε) ≥ d(x,A) ≥ d(x, aε) − ε Å � N � N � c ÇÃ )&7"9; $�k\

d(y, A) ≤ d(y, aε) ≤ d(y, x) + d(x, aε) ≤ d(y, x) + d(x,A) + ε Å � N � N �;Ú Ç��9; "#
u(y) − u(x) ≤ d(y, x) − ε

N��l9;+-+-%�#/%&#/,�%/!C5�W>)G�
, ∀ε > 0
7"9; �%/ �="E&=":",65�@<:"%-\

u(y) − u(x) ≤ d(y, x) Å � N � N �4� ÇÝ~5�#/9;+-+-%�i0%�5�sp�C9;:"%& <5y="%&!y)Dm
A.%/!8!�s>+HE�5G)*,6@<:"%/!&7z9; �#&9; "#&A.:?5�@>:?%-\
|u(x) − u(y)| ≤ d(x, y) Å � N � N �;	 Ç

• È}E G	Ë�Ì�V RTEw«u�3Ø å
0 ≥ u(x) ≥ u(y)���r="E&+L�4)*#21"%`%/!C5y,.=?%/ <5*,.@<:"%`V�#&%/A6A.%�=":�'")C%/+-,.%&)8#u�4!/N

• U Ö�Î�ÌSØuÌPV R�Ew«u�3Ø å
u(x) ≥ 0 ≥ u(y)�l9; "!*,6="E&)*9; "!�A.%�!C%/M;+-%/ e5p_ i�7 s>fSN ∃ a ∈ [x, y]

5*%/A�@<:"%
u(a) = 0Ã )

d(x, y) = ‖x− y‖ = ‖x− a‖
︸ ︷︷ ︸

≥u(x)

+ ‖y − a‖
︸ ︷︷ ︸

≥−u(y)��9; "#
d(x, y) ≥ |u(x) − u(y)|

�

a 	;Ú



ÕwÖ�E G	H:EN�IE M ��ÕwÖ�Îz×PÎ�ØuÌûÍ�ÌUÎ�Ë��gÐ6ÏgÐ8� å �vIK�
'")Ch/!lA6%y��%&+H+-% � N � N � 7<9
 H!G�
,b5x@<:"%
φ
%/!�5�a&mÓ��,6'"!*#21",65*Æ
N|j9
,65

φ̃ ∈ Lip(Ω)
N Ã  � "945G%

Ẽ = {φ̃ > 0} Nz�pIõ�
'?)*h/!yA.�r'")C%/:?W
%p=":$��%/+-+-% � N � Nba;7"9; $�k\
∫

φ̃=0

ds ≥ P (Ẽ,Ω) Å � N � N �4� Ç
��9; ?#-\

∫

φ̃=0

ds+

∫

Ω

BH(φ̃) ≥ P (Ẽ,Ω) +

∫

Ω

B1Ẽ

≥ P (E,Ω) +

∫

Ω

B1E

#/�
)
E
%&!C5y!*9;A6:?5G,69; k="% Å � N � NKt Ç N3�vI�9;Ù(\

∫

φ̃=0

ds+

∫

Ω

BH(φ̃) ≥ P (E,Ω) +

∫

Ω

BH(φ) Å � N � N � d Ç
Ã )

E
E&5G�
 <5�!*9
A.:?5*,.9; H="% Å � N � Nõt Ç 7j9
 k!*�
,65l=gIK�
'")Ch/!�A��vÛ~)*9
'�9;!*,b5G,.9
 � N � Nba�@<:"% E %&!C5�VvZ�9;)C=

C1,1 7j%�59; ���="9; ?#-\
P (E,Ω) = H1(∂E

⋂

Ω) =

∫

φ=0

ds Å � N � Nõt Ü Ç
Ã  �#/9
 "#/A6:?5Q�4,. "!C,g@>:?%-\

∫

φ̃=0

ds+

∫

Ω

BH(φ̃) ≥
∫

φ=0

ds+

∫

Ω

BH(φ) Å � N � NKt?a Ç
#&%w@<:",�+H9
 <5G)C%�Z",.%& �@<:"%

φ
%&!C5y!*9;A6:?5G,69; k=":�'")*9
Z"A.h&+H% Å � N � N � Ç N

�Ôy%&+L�
)C@<:"%�\3="�
 "!�A��o="E/+-9; "!�5G)G�Y5G,.9
 0=?%wA.��Û~)*9
'�9;!*,b5G,.9
 � N � Nõt?7?9; $��+-9; e5G)*Eo\
o7E RdRTEV�gÐ6Ï�Ð��gÐ Wp���"�

E
��� ��� c3�*2e� ò |*��2'�

C1 q �*�i

���"� φ ���¦s>���.?*�^�����ù�3�8
*���3�.?)��
*��C3�.-)� ò ∂E �
gi�8��2)
v4

∫

φ=0

ds = P (E,Ω) Å � N � NKt � Ç
Ã  $�r="9; ?#w+-9; e5G)*E�@>:?%wA.%�'")C9;Z"A6h/+-% Å � N � N � Ç �4="+H%�5y�
:�+-9;,6 "!8:? "%w!C9;A.:j5G,.9
 gN

��´�³8´Uü â}ã�æ�»@��ëPãÓÀ�º�ùJÀ À�ºl¼>Â?ÀÿãÓÀ�¿ðÁ�Â"¾¥��ã�â�ì�À�¿äí��y´�³�´½³]ï)e-í���´�³8´Òølï{ÀJ¼ í���´½³�´Uü�ï
ÕpÖ�Îz×~Î�Ø/ÌUÍ�ÌûÎ�Ë���Ð6ÏgÐÀ¿�Ð�Wp���"�

φ
���.�5

����� �^�����T�3��/:2)�3|Z�8]*\(�(�@`a�8� �8�Z&3�Igi�8��2;


ψ = H(φ)
�)
*��

����� �^�����

�3��/:2)�3|Z�8]*\(���@`a�8� ��¾3&3�

ÕwÖ�E G	H:E å �pIõ�
'?)*h/!yA6%`��%/+-+H% � N � N6a
7"9; $�0\
∫

{φ=0}
ds ≥

∫

Ω

|Dψ| Å � N � Nõt
t Ç
a 	
�



�Q9; "#
∫

φ=0

ds+

∫

Ω

BH(φ) ≥
∫

Ω

|Dψ| +
∫

Ω

Bψ Å � N � NKt
c Ç
≥

∫

Ω

|Dψ̃| +
∫

Ω

Bψ̃ Å � N � Nõt Ú Ç
9
Ù

Ẽ
%&!C5�!*9
A.:?5*,.9; $=":{'")C9;Z"A6h/+-% Å � N � Nõt Ç 7�%&5 ψ̃ = 1Ẽ Å ��W;%&#oA��LÛ~)*9;'�9
!*,65*,.9; � N � N � 7�9; D!*�
,65�@<:"% ψ̃%&!C5o!*9
A.:?5*,.9; (=?:÷'")*9
Z"A.h&+H% Å � N � N�c ÇCÇ N Ã  ö "9
5*% φ̃ A.��TU9
 "#&5*,.9; (=",6!C52�4 "#/%L!C,.M; ?E/%LV

∂Ẽ
N��vIK�
'")Ch/!oA.�Û~)C9;'�9;!*,b5G,69; � N � Nõtj7

φ̃
%&!C5y!*9;A6:?5G,69; k=":�'")*9
Z"A.h&+H% Å � N � N � Ç 7?%&5y9; ���="9; ?#-\
∫

{φ=0}
ds+

∫

Ω

BH(φ) =

∫

{φ̃=0}
ds+

∫

Ω

BH(φ̃) Å � N � NKt � Ç
Ã )���W;%&#wA.%`��%&+H+-% � N � NKt?7"9; ��0\

∫

φ=0

ds+

∫

Ω

BH(φ) = P (Ẽ,Ω) +

∫

Ω

B1Ẽ

=

∫

φ̃=0

ds+

∫

Ω

BH(φ̃)

Ã  k%/ 0="E/=?:",658@<:"% Å � N � Nõt4c Ç %�5 Å � N � Nõt Ú Ç !C9; <58="%/!8E/Me�4A.,65*E/!&7j%&5�'"�
)�#/9; "!CE/@<:"%/ e5Q@<:"% ψ %/!C5�!*9
A.:?5*,.9; =?:$'?)*9;Z"A6h/+-% Å � N � NKc Ç N
�

�(E�R��"Ö��pGSE å Ý~ $'"�
)C5*,.#/:?A.,6%/)&7?9
 0W>,.%/ e5y="%`+-9; <5*)*%&)8@<:"%-\
inf

φ∈Lip(Ω)

(∫

φ=0

ds+

∫

Ω

BH(φ)

)

= inf
ψ∈BV (Ω), 0≤ψ≤1

(∫

Ω

|Dψ| +
∫

Ω

Bψ

) Å � N � Nõt 	 Ç
Ã  $��E&Me�
A.%&+-%/ <58+H9
 <5G)CE�A.%�)CE/!C:"A65G�45�!*:",bW4�
 e5w\

o7E RTRTEm�gÐ6ÏgÐÀ¿�Ð�Wp���"�
φ


����� �^�������3��/:2;�3|Z�8]*\(���@`a�8� �8�Z& q �*��

���"� ψ = H(φ)

�	gi�8��2;
A4
∫

φ=0

ds =

∫

Ω

|Dψ| Å � N � NKt � Ç
OQ9;:?!x��W;9
 "!PÄ3 "�
A.%&+H%& <5P+-9; <5*)*E8:" "%y!C9;)C5*%y=JIKE&@>:?,6W4�4A.%/ ?#/%y%/ e5G)C%yA.%&!P'")*9
Z"A.h&+H%&! Å � N � N � Ç 7 Å � N � NKt Ç%�5 Å � N � N�c Ç 7?E/@<:",bW4�
A6%/ "#&%w@<:"%w "9
:"!y)CE/!C:"+H9
 "!�=3�
 "!�A.%�5*1"E/9
)*h/+-%`!C:",6W4�4 <5w\

U Q�É<Î�ÖFV RTEs��Ð6ÏgÐ6Ï�Ð
!#��WX�

φ


����� �^�����t�3�v/:2;�3|Z�8]*\(�A�@`a�8� �8�Z& q �3�8��2;
 E = {φ > 0} �)
*�~

����� �^�����t�3�v/:2;�3|Z�8]*\(�A�@`a�8� � � & q�*�

ψ = H(φ)
�)
*��

����� ���������3��/:2)�3|Z�8]*\(���@`a�8� ��¾3&3�

� ��WX�
E

�)
*�7

����� �^�������3��/:2)�3|Z�8]*\(���@`a�8� � � & q �3�8��2;
 ψ = 1E

�)
*��

����� �������T�3��/:2;�3|Z�8]*\(���@`a�8� ��¾3& q�*�
φ
����s>���.?*�^�����[�3�8
*���3�.?)�x
*��C3�.-)� ò ∂E �)
*�¥

����� �^�������3��/:2)�3|Z�8]*\(���@`a�8� �8�Z&3�
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,b)*% � N � Nba;N

�Û�9;:")k��W;9;,6)L:" "%{E&@>:?,6W4�4A.%/ ?#/%{#&9;+H'?A.h&5*%B%/ <5*)*%{A6%/!�'")C9;Z"A.h&+H%&! Å � N � N � Ç 7 Å � N � NKt Ç %&5 Å � N � N�c Ç 7x,.ATÒ�
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Ω
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{
1
!*:?) {B = −1}

0
!*:?) {B = 1} Å � N � N�c"a Ç
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α
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
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α
+ 1

π
sin πs

α
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α
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(∫

Ω
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) Å � NKt?N 	 Ç
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Ω
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∫
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∫

Ω
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∫
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∫

Ω

Bψα +

∫
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Ω
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√
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gβ(δα(φ)|∇φ|) #&9;)*)*%&!*'�9; ?=BVo#/%&A.:",=":B!C#n1?E/+H�H >:"+-E&)*,.@<:"%w:?5*,.A6,6!*Ew�
:D�l13�4'",65*)*% 	 Å 9; $,6 <5G)C9>=":",b5y%& B%&��%&5�:? B'3�
)*�
+Hh�5G)C% β > 0

'�9
:")E�Wj,b5G%&)�A.%&!�=",bWj,6!*,69; "!�'3�
) Ü =3�4 "!�A.%�!*#21"E&+L�� >:?+HE&)*,.@<:"% Ç N�ÓA} gIK%&!C5w5G9
:Y�C9;:")C!`'3�
!`#/A.�
,.)�="%-+-9; e5G)*%&)�=",.)C%/#�5G%/+-%/ e5w@<:"% Å � Nõt?Nba � Ç �
="+-%&5`:" "%-!C9;A.:j5G,.9
 g7J#u�4)
gβ(ξ)

="E/M
E/ "h&)*%w%/ |ξ| A69;)C!*@<:"% β → O
N Ã  �'�9;!C%

ψα = Hα(φ) Å � NKt?N6a � Ç�l%&A���,6+H'?A.,b@<:"% ∇ψα = δα(φ)∇φ Å #u�
) φ ∈ W 1,2(Ω) Ç N��l%&A��0 "9;:"!w#/9; ?=":",65pV�#&9; "!C,.="E&)*%/)wA.%�'")C94mZ"A6h/+-%r\
inf

ψ∈W 1,2(Ω)
Gε
β(ψ) Å � NKt?N6a 	 Ç9;ÙX\

Gε
β(ψ) =

(∫

Ω

gβ(|∇ψ|) +

∫

Ω

Bψ +

∫

Ω

hβ(ψ)

)

+
ε

2

∫

Ω

|∇ψ|2 Å � Nõt?Nba � Ç
ÝP BTÒ�
,b5u739; D+-9; e5G)*%&)G�-'"A.:"!QA69;,. Å Û~)*9
'�9;!*,b5G,.9
 � NKt?N � Ç @<:"%vA.%/!Q'")C9;Z"A6h/+-%/! Å � NõtjN6a � Ç %�5 Å � Nõt?Nba 	 Ç!*9
 <5yE&@>:?,6W4�
A6%/ e5G!/N

�©E RT�?ÖK�.GSE å ���4 "!�A.%&!l'")C9;Z"A6h/+-%/! Å � NKt?Nba 	 Ç %�5 Å � NKt?N � a Ç 7>,.Az gI�sL�p'3�
!l="%�#/9; e5G)G�4,. <5*% 0 ≤ ψ ≤ 1
N�l%�5*5G%w#&9; e5G)G�4,. <5*%�%/!�5Q,6 <5GE&M;)*E&%`=3�4 "!�A��vTU9; "#&5*,.9; 

hβ
N���
 "!�5*9;:?5*%`A��o!*:",b5G%473A6%�'3�
)G�4+Hh�5G)*%

β
="E/'�%& "=")*�H=?:$'"�
)G�
+-h&5*)*%

α
'3�
)8A��o)*%&A��45*,.9; D\

β(α) =

(
4α3

‖B‖L∞(Ω)

) 1
5 Å � Nõt?Nba�d Ç

Å 9
 0W;%/)C)G��A��y�C:"!C5*,6Ä3#/�45G,69; k="%`#/%�5*5G%`)*%/A.�45G,69; �=3�
 "!�A��rÛ~)*%/:jW;%p="%`A��rÛ~)*9;'�9
!*,65*,.9; � Nõt?Nba Ç NÃ  o�y,. e5G)*9>=?:",65�A.%/!�'")*9
Z"A.h&+H%&! Å � NKt?N6a 	 Ç %�5 Å � NKt?Nba � Ç �YÄ3 v=gI�9;Z?5G%& ",.)�="%&!�)*E&!*:"Ab52�45*!�!*:")�A�I�%�ij,6!C5G%& "#/%%�5yA��o)*E&M;:"A.�
)*,b5GE�="%`A.%&:")*!8!*9
A.:?5*,.9; ?!8E�W;%/ e5G:"%&A.A6%/!/73'":",6!8="%�TÒ�
,6)*%�A.%�'3�
!*!*�
M;%wVrA��oA.,6+-,�5G%
ε→ 0

'�9
:")9;Zj5G%/ ?,.)8="%&!y)*%& "!*%&,.M; "%&+H%& <5*!y!*:?)yA6%/!8!*9;A6:?5G,69; "!�="%/!y'?)*9;Z"A6h/+-%/!�\
inf

φ∈W 1,1(Ω)
T

L2(Ω)
F 0
α,β(φ) Å � NKt?N �4Ü Ç

%&5w\
inf

φ∈W 1,1(Ω)
T

L2(Ω)
G0
β(ψ) Å � NKt?N � a Ç

a �e�



��´Òø�´Sø �¸º Â"·�¿>æ�ã½¼jë}¼îáQÀäÁpÀgÂ>¼?æyÂ1��ë~¼j»Ó¾Pº
OQ9;:?!-�
A6A.9
 "!v:?5G,6A.,6!*%&)o:? �5*1"E/9;)Ch/+-%k= (îV{ÔwN�ò�%&+H�
+ _�a Ú dj7 	4� fSNP�l%0)*E&!*:"Ab52�45r)*%&'�9;!*%0!C:")�:" 5*1"E/9
)*h/+-%w="%w'�%/)C5*:")*Z"�45G,69; Å 5G1"E&9;)*h&+H%-a
N6aw'3�
M;%-a �
Ú =?%L_�a Ú dYfS7�_ 	4� f�'"�
M;%-auc Ü Ç N��l%w5*1"E/9
)*h/+-%w%/!�5A6:",g+-�/+-%�Z3�4!*Ew!C:")�="%/!�)*E/!C:"A65G�45G!8="%w���4=?s>Æ/%& "!X&Y��se�H%�5QñQ)*�
A�Iõ�l%&WY��_ba ÜeÚ 7�a Ü
� f�N��%y)*E&!*:"Ab52�45P="%yò�%/+H�
+ �`=?EÓ�*V`E&5GE�:?5G,6A.,6!*E8��W;%&#Q!C:"#/#&h/!x%/ -5G)*�
,65*%/+-%/ e5P=gI�,.+H�
M;%&!~=3�
 "!y_ba � fz!*9
:"!:? "%`TU9
)*+-%�A.E&M;E&)*%/+-%/ e5�+H9>=",bÄ3E/%4Nz��I�%/!�5�#&%w)CE/!C:"A65G�45�@>:?%w "9;:"!y�
A6A.9
 "!�:?5G,6A.,6!C%/)�\�l9; "!C,.="E&)*9; "!�="9; "#`:" ?%`TU9; ?#&5G,69; " "%&A.A6%�="%`A.�oTU9;)C+H%o\

inf
ψ∈W 1,2(Ω)

{∫

Ω

g(|∇ψ|) +

∫

Ω

p(x)ψ +

∫

Ω

h(ψ) +
ε

2

∫

Ω

|∇ψ|2
) Å � NõtjN �
� Ç

OQ9;:?!y!C:"'"'�9;!C9; "!Q@<:"%`A.%&!�1<s>'�9
5*1"h/!C%/!Q!*:",bW4�
 e5G%&!y!*9; e5�W;E/)C,6Ä3E&%/!w\
Å^É �gÐ���ÐÒÑ)l ���oTU9; "#�5G,69; 

ξ → g(ξ)
%&!C5y#/9; eW;%�ij%p%&5

C3 =?%
R

2 =3�
 "!
R
N

Å^É �gÐ���Ð6ÏRl ���oTU9; "#�5G,69; 
x→ g(q(x))

%/!�5Q+-%/!C:")G�4Z"A.%�!*:?)
Ω
'�9;:")85*9;:?5

q
=3�
 "!

L1(Ω)2 N
��A�%�ij,6!C5G%`="%&!y#/9; ?!C52�4 <5G%&!

µi ≥ 0
7
i = 0, . . . , 8

7?5G%/A6A.%&!8@<:"%w'�9;:")�5G9;:?5
ξ ∈ R

2 \
Å^É �gÐ���Ð��Rl

g(ξ) ≥ µ0|ξ| − µ1 , µ0 > 0

Å^É �gÐ���ÐÀ¿Pl
∂g

∂ξi
(ξ) ≤ µ2 , i = 1, 2

Å^É �gÐ���Ð�ïRl
2∑

i=1

∂g

∂ξi
(ξ)ξi ≥ µ3

√

1 + |ξ|2 − µ4 , µ3 > 0

Å^É �gÐ���Ð�ÿRl
µ6|η′|2
√

1 + |ξ|2
≤
∑

i,j

∂2g

∂ξi∂ξj
(ξ)ηiηj ≤

µ7|η′|2
√

1 + |ξ|2
∀η ∈ R

2, µ6, µ7 > 0

9;Ù |η′|2 = |η|2 − (η.ξ)2

1+|ξ|2
N

Å^É �gÐ���Ð�a%l
‖p‖W 1,∞ ≤ µ8

Å^É �gÐ���ÐH�Rl
2∑

i=1

∂g

∂ξi
(ξ)ξi ≥ 0 ∀ξ ∈ R

2

Å^É �gÐ���ÐH¡Rl ���oTU9; "#�5G,69; 
t→ h(t)

%/!C5y#/9
 <W;%�ij%p%�5
h′(0) = 0

N
U Q�É<Î�ÖFV RTE���Ð��gÐÒÑ3Ð �Zð:�*\��3\ �)$
` q !#§¢4J�5�T��������c3�*2e�

Ω
�)
e�}
*�
/#/,�


-ù� ��?*����
)

�

C2 ��gi�8��2;
®�8�
/:2;�3|Z�8]*\(���@`a� � �8�#�Z& /,�

)

]D� �ù� �.�®

�������������ø2;-�C3������]*2;�

ψε
|b��2e�.-)�ù�"�:� -@/,�*�:�#�3\�\(�e�,��� �

ε
�#�3�1


L∞(Ω)
⋂
W 1,1(Ω)

�f"��*���=�N

����� �����K���)
*�5���%��YZ�X�N
Z�3�es¦/,�*� �����*��2;� ò � �.�[?)���1
*���3�,�=�w�#�#�3�"���"c3�¦/:2;])
Z�

a � t



¨¦�h/:���#
 q /X��� 2��@�����j��� c3�*2e�
V

2;�*���3���"c3�*\(�*�,�h?)��\h/1� ?*���#�3�1

Ω q �"���'zu�8
*�@�����à�©?)���1
*���3�,�@�

K(V,Ω)�"�:� -@/,�*�:�#�3�,�@�5� �
ε
�@�*�"�8�AYZ�,�A4

‖ψε‖W 1,∞(V ) ≤ K(V,Ω) Å � NKt?N � t Ç
‖ψε‖H2(V ) ≤ K(V,Ω) Å � NKt?N � c ÇÃ  L'�%&:?5l%/ L'3�
)C5*,.#&:"A.,6%&)]�
'"'?A.,6@>:?%/)]#&%Q5*1"E/9;)Ch/+-%��
:H'")*9;Z?A.h/+-% Å � NKt?Nba 	 Ç N Ã  L=",.!C'�9;!*%Q=gIK�
,6A.A6%&:")*!�
:?!*!*,�=gI�:" $)CE/!*:?A652�Y5y=?%`5�s>'�%w'")C,. "#&,.'�%�=":�+H�Yij,.+o:"+ '�9;:")8A.%�'")C9;Z"A6h/+-% Å � Nõt?Nba 	 Ç \ÕpÖ�Îz×~Î�Ø/ÌUÍ�ÌûÎ�Ë£��Ð��gÐÒÑzÐ~�p�v

�������������

ψβ,ε
�3�5/:2)�3|Z�8]*\(�v��` � � �"!%$'&v� ���,�.-)��/1�32��8��ðpB,-)��2)]*\(��`a� � �"!��)
*�

�@�*�"�8�AYZ�,�A4
−A(β) ≤ ψβ,ε ≤ 1 + A(β) Å � NKt?N �;Ú Ç

��6

A(β) =

(
β5‖B‖L∞(Ω)

4

) 1
3 Å � Nõt?N �
� Ç

�*�
‖ψβ,ε‖W 1,1(Ω) ≤ |Ω|

(
1 + A(β) + β + (1 + A(β))‖B‖L∞(Ω)

) Å � Nõt?N �;	 Ç
ª��(/1�32e�^��?*� �����*2 q 
*� β ≤ 1

�'?)�vYZ���+�)
*�9-DYZ� �"c��3�8�*�,� ò α ≤ ‖B‖1/3
L∞(Ω)

45/3 q ?Ps��@`a� � �"!¢4*&)&�4

−A(1) ≤ ψβ,ε ≤ 1 + A(1) Å � NKt?N �
� Ç
�*�

‖ψβ,ε‖W 1,1(Ω) ≤ |Ω|
(
A(1) + 2 + (1 + A(1))‖B‖L∞(Ω)

) Å � Nõt?N � d Ç�l%w)*E&!*:"Ab52�45� "9
:"!y'�%&)*+-%&5C5G)G�r="%�TÒ�
,6)*%�A��o'3�
!*!*�
M;%wV�A.�rA6,.+-,�5G%
α → 0

N
ÕwÖ�E G	H:EN�IE M ��ÕwÖ�Îz×PÎ�ØuÌûÍ�ÌUÎ�Ë��gÐ��gÐSÑ å ���w'")C%/:?W;%�!&IK,6 "!*'?,.)*%�="%Q#&%/A6A.%�="%QA.�wÛ~)*9;'�9
!*,65*,.9; �c"NbaQ'3�
M
%auc 	 =3�
 "!w_ 	4� fSN Ã  �#&9; "!*,6="h/)C%w'�9
:")

ε
%&5
λ > 0

7"A.%�'")C9;Z"A6h/+-%r\
inf

φ∈W 1,2(Ω)
T

L2(Ω)
Gε
β(ψ) + λ

∫

Ω

|ψ|2 Å � Nõt?NKt Ü Ç
9;Ù

Gε
β

%&!C5x="9
 " "E/%y'3�
) Å � NKt?N6a � Ç Ne�~I�%�ij,.!�5G%/ ?#/%Q%&5]A�I�:" ",6#/,65*E�=gIK:? "%Q!C9;A6:?5G,69; ψλε,β !*9
 <5]!C52�4 "=3�
)C="!/N Ã  !*E&'3�
)C%w%/ "!C:",65*%`A��r'?)*%/:jW;%p%& �5*)*9;,6!8'3�4)C5G,6%/!�\
Ý}52�
'�%�a�\ Ã  0W4��+-9; e5G)*%&)8@<:"%

‖ψλε,β‖L∞(Ω) ≤M0 Å � Nõt?NKt?a Ç
Å 9
 0Ä?ij%/)*�-A.�r#&9; "!C5G�
 <5*% M0

=3�
 "!�A��o!*:",b5G% Ç NzÛ�9;:")�#&%/A��j7"9; 0W4��=gIK�
Z�9;)C=�+H9
 <5G)C%/)8@<:"%�\
ψλε,β(x) ≤M1

'gNK'JN
x ∈ Ω Å � NõtjNõt � Ç

9;Ù
M1

%/!�5Q:" ?%w#&9; "!C5G�
 <5*%pVr'")*E&#/,6!*%/)&N�Û�9
:")85G9
:?5
v ∈ W 1,2(Ω)

⋂
L2(Ω)

7
ψλε,β

W;E/)C,6Ä3%�\
∫

Ω

[

ε(∇ψλε,β,∇v) + 2λψλε,βv +
2∑

i=1

∂gβ
∂ξi

(∇ψλε,β)
∂v

∂xi
+ (h

′

β(ψ
λ
ε,β) +B)v

]

dx = 0 Å � NKt?Nõt
t Ç
a � c



Ã  ð#n1?9;,.!C,65r�4A.9;)C!
v = (ψλε,β −M1)+ Å 9;ÙðA.�$TU9; "#&5*,.9; (x)+

WY�
:?5
x
!C,
x ≥ 0

7�%�5
0
!C,. "9; Ç N Ã  9
Z?5G,6%/ <5y�4A.9;)C!�\

∫

Ω
T{ψλ

ε,β>M1}
[ε|∇ψλε,β|2 + 2λψλε,β(ψ

λ
ε,β −M1)

︸ ︷︷ ︸

≥0

] dx

=

∫

Ω
T

{ψλ
ε,β>M1}

[−
2∑

i=1

∂gβ
∂ξi

(∇ψλε,β)
∂ψλε,β
∂xi

︸ ︷︷ ︸

≤0
=gIK�
'")Ch/! Å�É � NKt?N � Ç

−(h
′

β(ψ
λ
ε,β) +B)(ψλε,β −M1)] dx

�pIK9;ÙX\
(

−h′

β(M1) + ‖B‖L∞(Ω)

)

(ψλε,β −M1)+ ≥ 0 Å � NKt?Nõt4c Ç|>,�9; �,6+H'�9
!*%
h

′

β(M1) > ‖B‖L∞(Ω) Å � NõtjNõt Ú Ç9
 ��v�
A69;)C!
(ψλε,β−M1)+ = 0

#&%�@<:",�="E&+H9
 <5G)C% Å � NõtjNõt � Ç N<��Az "9;:"!x!*:�J-5l="9; "#Q="%yÄ?ij%/) M1

="%Q!*9
)C5G%@<:"% Å � NKt?NKt Ú Ç !C9;,65�W;E/)C,6Ä3E&%
N Ã )�\

h
′

β(x) =







4x3

β5

!C,
x ≤ 0

0
!*,

0 ≤ x ≤ 1
4(x−1)3

β5

!C,
x ≥ 1

Å � NõtjNõt � Ç
Ã  �%& $="E&=":",b5y@<:"% Å � NKt?Nõt Ú Ç %&!C5yW
E/)*,bÄ3E`!*,�%�5y!*%&:"A.%&+H%& <5y!*, Å M1 ≥ 1 Ç \

4(M1 − 1)3

β5
> ‖B‖L∞(Ω) Å � NõtjNõt 	 Ç

,SNK%4N"!*,�%�5y!*%/:?A.%/+-%/ e5y!*,~\
M1 > 1 +

(
β5‖B‖L∞(Ω)

4

) 1
3 Å � NõtjNõt � Ç��%wA.�r+-�/+-%�+H�
 ",6h/)C%
7?9; �9;Z?5*,.%& "=")G�4,65��4:"!*!C,P\

ψλε,β(x) ≥M2

'gN�'gN
x ∈ Ω Å � NKt?NKt;d Ç!C,

M2 < −
(
β5‖B‖L∞(Ω)

4

) 1
3 Å � NõtjNKc Ü Ç

Ý~ �'�9;!G�
 e5
M0 = max(M1,−M2) = M1

7"9; �=?E/=":",b5 Å � NõtjNõt?a Ç N
Ý}5G�
'�% � \ Ã  0W;%&:?5QZ�9;)C "%/)`\ ‖∇ψλε,β‖L1(Ω)

Ã  $�k\
Gε
β(ψ

λ
ε,β) + λ

∫

Ω

|ψλε,β|2 ≤ Gε
β(0) = β|Ω| Å � Nõt?N�c"a Ç

9
Ù |Ω| =
∫

Ω
dx
N Ã ) Å %/ �:?5*,.A.,b!G�
 e5 Å � NõtjNõt?a Ç*Ç
Gε
β(ψ

λ
ε,β) + λ

∫

Ω

|ψλε,β|2 ≥ ‖∇ψλε,β‖L1(Ω) − ‖B‖L∞(Ω)|Ω|M0 Å � NõtjNKc � Ç
a �eÚ



�vI�9;ÙX\
‖∇ψλε,β‖L1(Ω) ≤ |Ω|

(
β +M0‖B‖L∞(Ω)

) Å � Nõt?N�cet ÇÃ  �+-9; e5G)C%�="%`+H�&+H%�@<:"%�\
‖∇ψλε,β‖L2(Ω) ≤

√

2M0‖B‖L∞(Ω)|Ω|
ε

Å � Nõt?N�c;c Ç
�vIK�
:?5*)*%`'3�
)C5/73%& �:?5G,6A.,6!G�4 <5 Å � NKt?Nõtja Ç 7?9; �9
Z?5G,6%/ <5`\

‖ψλε,β‖W 1,2(Ω) ≤
c√
ε

Å � Nõt?N�c Ú Ç
9;Ù

c
%&!C5Q:? "%w#&9; "!�52�
 e5G%w,6 "="E&'�%/ "=3�4 <5*%w="%

λ
N

Ý}52�
'�%Pt�\�Ý~ `TÒ�4,.!G�4 <5gA.%}'3�4!*!G�4M;%]V�A��lA.,6+-,b5*%
λ→ 0

7u9; `9
Z?5G,6%/ e5�A�I�%�ij,.!�5G%/ ?#/%P=?%
ψε,β ∈ W 1,2(Ω)

⋂
L∞(Ω)

7%�5
ψε,β

W;E/)*,bÄ3% Å � NõtjNõt?a Ç N"��%`'"A.:"!&7"9; �+-9; e5G)*%�#/9;+-+-%�=3�4 "!�A�I�E&5G�
'�%�'")*E&#/E/=?%/ e5G%p@<:"% ∇ψε,β W;E/)*,bÄ3%5G9
:Y�C9;:")C! Å � Nõt?N�cet Ç N"��AJW>,.%/ e5y%& "!*:",b5G% Å %& $:?5*,.A6,6!G�
 e5 Å � NõtjNõtja Ç*Ç \
‖ψλε,β‖W 1,1(Ω) ≤M0|Ω| + |Ω|

(
β +M0‖B‖L∞(Ω)

) Å � Nõt?N�c � Ç
9;Ù09; �)G�4'"'�%/A6A.%�@>:?%

M0 ≥ 1 +
(
β5‖B‖L∞(Ω)

4

) 1
3 N

�

± ÎzÖ�Î M^M �3ÌUÖFE���Ð��gÐÒÑ3Ðjå0�w
*�F/#/,�


�vYZ�,�5�8�0/1�32D�3\(]*��2;�
β

�)
*�0� ���,�.-+/1�32��@`a� � �"!¢4*&3��å0���N�3�8��2;
v4

−α ≤ ψβ,ε ≤ 1 + α Å � NKt?NKc 	 Ç
ÕwÖ�E G	H:E å ��I�%&!C5Q:" "%`#/9; ?!*E/@<:"%& 3#/%p,6+H+-E&=",.�45*%�="%`A��rÛ~)*9;'�9;!C,65*,.9; � NKt?Nba;N

�

° );�4#/%v�
:Dò81?E/9;)Ch/+-% Å � NKt?N6a Ç 7�9
 D'�%&:?5�'"�
!*!C%/)�VHA��-A.,6+-,�5G% ε → 0
=3�
 "!�A.%w'")*9;Z?A.h/+-% Å � NKt?Nba 	 Ç NÃ  �9;Z?5*,.%& <5y�
,6 "!*,gA6%�)*E&!*:"Ab52�45�!*:?,6W4�4 <5 Å #&T�_ 	
� 7�a Ú d4f Ç \

± ÎzÖ�Î M^M �3ÌUÖFE��gÐ���Ð6ÏgÐûå0�d
*�
/#/,�


�©YZ�,�
B ∈ W 1,∞(Ω) q �*� Ω ò |*��2D�

C2 �+�I�5/:2;�3|Z�8]*\(�w�@`a� � �8� !*&
�#�3\(�*�I�3�8��2)
+���.��

��������������2)-�C3� ����]*2;�

ψβ
�a�3�1


L∞(Ω)
⋂
W 1,1(Ω) q �*�µ?e�*� �8�*�D?*�I�)
*�	� �,��YZ�,�+
Z�3�es~/,�*� �^��*��2)� ò � �.�(?)�K��
*���3�,�@���#�#�3�"���"c3�i/:2)])
Z�È¨¦�h/:���#
 q /,��� 2��@�����x����c3�*2e�

V
2;�*���3�^�"c3�*\(�*�,�i?)��\h/%� ?*���#�3�1


Ω q �"�µ�'zu�8
*�@�����.�¦?)�K��
*���3�,�@�
K(V,Ω)

�@�*�"�8�AYZ�,�A4

‖ψβ‖W 1,∞(V ) ≤ K(V,Ω) Å � NKt?N�c � Ç
‖ψβ‖H2(V ) ≤ K(V,Ω) Å � NKt?N�ced Ç

�©E RT�?ÖK�.GSE>Ø åa;Ny�Q% Å � NKt?N�ced Ç 7/9; w="E/=":?,65�@<:"% ψβ %/!�5�=3�
 "! Lip(V )
'�9;:")�5G9
:?5�9;:?W
%/)C5

V
)*%&A��45*,6W;%&+H%& <5�#/9;+-'3�
#�5="�
 "!

Ω Å M;);�
#&%w�
:>i0,. Y�C%&#&5*,.9; ?!8="%p|j9;Z�9;A6%&W{_ � 7"c � f Ç N� Ny�~I�1<s>'�9
5*1"h/!C%
B ∈ W 1,∞(Ω)

 gIK%&!C5k+L�4A.1"%&:")*%&:"!*%&+H%& <5�'3�
!LTU9
)*#/E&+H%& <5LW;E/)C,6Ä3E&%{'�9
:")�:" ?%,6+L�4M;%
7j+L�4,.!�%&A.A.%�,. e5G%&)CW>,.%& <5�="%`+H�
 ",6h/)*%�#/)C:"#/,.�
A.%�=3�
 "!�A6%�)*E/!C:"A65G�45w_ba Ú dYf�N
a �;�



��´Òø�´Òü ¤aâ}ã�æQ»@��ëPãÓÀ�º�ùJÀ!¥ À�ºx¼>Â"ÀÿãÓÀ�¿ðÁ�Â?¾���ãÓâ�ì�À�¿ÿí���´Sø�´�µ�³xïDÀJ¼ í��y´Òø�´�µ W ï
Ã  ^'�%&:?5L+L�4,. e5G%/ "�
 <5�+H9; e5G%&)-@<:gIKV

α
Ä?ijE47xA6%/!-'")C9;Z"A.h&+H%&! Å � Nõt?N �
Ü Ç %�5 Å � NKt?N � a Ç 9; <5H+-�/+-%WY�
A.%&:")/N

ÕpÖ�Îz×~Î�ØuÌUÍ�ÌûÎ�Ë��gÐ��gÐ6Ï�Ðôå0���N4

inf
φ
F 0
α,β(α)(φ) = inf

ψ
G0
β(ψ) Å � NKt?N Ú
Ü Ç

ÕwÖFE GIH:E å |j9;,b5
φ ∈ W 1,1(Ω)

⋂
L2(Ω)

N Ã  �'�9;!*%
ψα = Hα(φ)

N Ã  $�0\
F 0
α,β(φ) = G0

β(ψα) ≥ inf
ψ
G0
β(ψ) Å � NKt?N Ú a Ç

�pIõ�
'?)*h/!xA6%�ò81"E/9
)*h/+-% � NõtjN6a;7e9
 H!G�4,65]@<:"%QA6%�A.%�'?)*9;Z"A6h/+-% Å � NKt?N6a 	 Ç �
=?+H%�5]:" "%y!*9;A6:?5G,69; ψβ N<��9; "#w\
F 0
α,β(φ) ≥ inf

φ
F 0
α,β(φ) ≥ inf

ψ
G0
β(ψ)

︸ ︷︷ ︸

=G0
β(ψβ)

Å � NõtjN Ú
� Ç

�pIõ�
'?)*h/!yA6%`��%&+-+H% � Nõt?Nba;7"9
 �'�%/:?5y="E�Ä3 ",6)
φα,β

5G%&A�@<:"%
Hα(φα,β) = ψβ

N Ã  �9
Z?5G,6%/ <5y�4A.9;)C!�\
F 0
α,β(φα,β)
︸ ︷︷ ︸

=G0
β(ψβ)

≥ inf
φ
F 0
α,β(φ) ≥ inf

ψ
G0
β(ψ)

︸ ︷︷ ︸

=G0
β(ψβ)

Å � NõtjN Ú t Ç

���´Òø�´�Î åîÀJ¼?¾PæyÂ¦^
φÃ  L5*)G��WY�
,.A6A6%�,.#&,�V

α > 0
Ä?ijE
N?OQ9
:"!l!*9
+H+-%/!x'"�
!*!CE�="% Å � NKt?N 	 Ç V Å � NõtjNõd Ç %& LTÒ�
,.!*�
 <5xA6%Q#213�
 ?M;%�m+-%/ e5�="%wW4�
)C,��
Z?A.%

ψ = Hα(φ)
N�Û�9;:")Q)C%/+-9; <5*%/)QV

φ
7�,.A� ?9;:"!�!C:1J�5�="9; "#wTÒ�
,6)*%wA6%w#n13�4 "M;%/+-%& <5�="%WY�
)*,.�
Z"A6%�,. <W;%&)*!C%
N

± Î�Ö�Î M�M �3ÌûÖFEV�gÐ���Ð��gÐ �S�v/:2;�3|Z�8]*\(���@`a� � �8�1ä)&��#�3\(�*�x���.��

����� �������
φα ∈ L∞(Ω)

⋂
W 1,1(Ω)

�0¨¦�
/:���#
 q /,��� 2��@��������� c3�*2*� V 2;�*���3�^�"c3�*\(�*�,�0?)��\h/1� ?*���#�3�1


Ω q �����N4
φα ∈ Lip(V )

�

ÕwÖFE GIH:E å �l9; "!C,.="E&)*9; "!
ψβ

:" "%�!*9;A6:?5G,69; �="% Å � NKt?Nba 	 Ç ="9; " "E&%`'3�
)�A.%`�l9;)C9;A.A.�
,b)*% � NõtjN � N Ã  0'�9;!C%
φβ = H−1

α (ψβ) Å #&%o@<:",�%&!C5�A6,.#&,65*%w=gIK�
'")*h&!�A.%v��%/+-+H% � NKt?Nba Ç N�Ý}5�9; D#/9; ?#/A.:j5�M;);�4#/%oVLA��LÛ~)C9;'�9;!*,�m5*,.9; � NKt?N � N
�

± Î�Ö�Î M�M �3ÌûÖFE§�gÐ8�gÐÀ¿�Ð
β

-*���3�,�0� ���,�.-0/1�32��@`a� � �"!¢4*& q �����©4

−1 − α ≤ φα ≤ 1 + α Å � NKt?N Ú c Ç
ÕwÖFE GIH:E å ��IK%&!C5w:" "%�#&9; "!CE/@<:"%/ "#/%H,6+H+�E/=",.�45*%v=":(�l9;)*9;A6A��4,6)C% � NKt?N6ar%&5`="%rA���=?E&Ä3 ",b5G,69; {="%

HαÅ � NKt?N � Ç N
�

a �e	



��´Òøy´�F Õ�ëP¿>¿jëPþPÀ¨^�ã�ë ãÓ»�ì�»½¼jÀ
α→ 0ÕpÖ�Îz×~Î�Ø/ÌUÍ�ÌûÎ�ËV�gÐ���Ð��gÐ��S�0/:2)�3|Z�8]*\(���@`a� � �54*&��#�3\(�*�7� �.�j

����� �^�����

ψ
�#�3�1


BV (Ω)
�

ÕwÖ�E G	H:E å ��A~!*:1J�5p="%rTÒ�
,.)C%rA.%r'3�4!*!G�
M
%HV0A��kA6,.+-,�5G%
β(α) → 0

=3�
 ?! Å � NKt?N � a Ç Å ��W;%&# ε = 0 Ç %/ :?5*,.A6,6!G�
 e58A��rÛ~)*9;'�9
!*,65*,.9; � Nõt?Nba;N
�

�©E RT�?ÖK�.GSE å ��%�'3�
!*!*�
M;%`VvA��vA6,.+-,�5G%
β(α) → 0

 "%� "9;:?!8'�%/)C+H%�58'3�
!�'3�
)l#/9; e5G)*%�="%�#/9; ?!*%/)�W;%/)'"A6:"!�=?%w)CE/M;:?A��
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ψ
N3Ý~5y="�
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!&7z9
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φ
N�l%/'�%/ ?=3�
 <5/7�M;);�4#/%��
:ji¸ÛP)C9;'�9;!C,65G,69; "! � NKt?NKtð%&5 � NKt?N � 7�9; F�ð+H9
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φαn

'�9;:?)�A.%w'")*9;Z?A.h&+H% Å � NKt?N 	 Ç N���%v'"A.:"!&7�=JIõ�
'?)*h/!�A.%v�l9;)*9;A6A��4,6)C% � NKt?N�c"7�9; B!G�
,b5�@<:gI�,.A%ni?,6!C5G%
φ ∈ L∞(Ω)

5G%&A~@>:JIõV0:" "%-%ni>5G)G�4#&5G,69; X'")Ch/!&7
φαn ⇀ φ

=3�4 "!
L∞(Ω)

TÒ�4,.Z"A6% Ì N�qB�
,.!�9; X ?%!G�4,65�'"�
!�!*,
φ
%/!�5Q!*9
A.:?5*,.9; k=?:$'")C9;Z"A6h/+-% Å � N � N � Ç NÝP B'")G�Y5G,.@<:"%47�#&9;+-+H%` "9;:"!QA�IK��W;9
 "!Q=",b5��
:D�l13�
'",b5G)*% 	 7z9; B'")C%/ "=

α = 3
="�
 "!Q "9
5G)C%p+-9>="h/A6% <:"+HE&)*,6@>:?%
N
Ý~ o%&��%&5u74!C,

α
%&!C5}5*)*9;'v'�%&5*,65u7YA.�QZ"�
 "="%lE&5G)C9;,65*%x,. e5G)C9>=":",65*%]'3�
)�A.%x!*:?'"'�9;)C5}="%

δα
="9; " "E'3�4) Å 	 NKt?N6a Ç %&!C5��
A.9
)*!�%/A6A.%`+-�/+-%�5G)*9;'$'�%�5G,b5G%w'�9;:")y'�9;:?W;9
,.)y=?,.!*#&)*E�5G,.!C%/)yA.%&!yE/@<:3�45*,.9; "! Å 	 N�c"N�c Ç NzÝ}5A.�B="E&Ä" ",65*,.9; ÷="%

δα Å � NõtjNõt Ç @<:"%k "9;:?!r:?5G,6A.,6!C9; "!p=3�
 "!r#&%k#213�
'",b5G)*%L%/ e5G)G�4,. "%�A6%L+H�&+H%L'")C9;Z"A6h/+-%A69;)*!*@<:"%
α → 0

N~Ý~ �TÒ�4,65/7�%/ �+H�&+H%H5G%/+-'"!r@<:"%
α
="E/#&)*9;,b5rW;%&)*! Ü 7�,6AxTÒ�
:?=")G�
,b5oE/M;�
A.%&+H%& <5vTÒ�
,.)C%="E&#/)C9;,65*)*%QA.%y'3�
!x="%�=?,.!*#&)*E�5G,.!*�45G,69; H=?%/!lE/@<:3�45*,.9
 "!l=JIKE�W;9;A.:?5*,.9
 Å #/%�=?%/)* ?,.%/)x%&!C5lÄ?ijE�E/M;�
A�VpA���52�
,6A.Ab%=gI�:" �'",bij%/A Ç Å #&T�_ba � f Ç N

�H�*ç ���ÿ°�ªw±}kb÷�Æ ¢ ®
n

¤rØ0¥p£�¢�£
���
 "!8A6%�#/�
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n
'"1"�
!*%&!/7"9; k "%�=",.!C'�9;!*%�'"A.:?!�=":k)*E/!C:"A65G�45�="%�)CE/M
:"A��
)C,65*EQ=":0ò81?E/9;)Ch/+-% � N � Nba;NÃ  �W4�-="9
 "#`5G)G�uW4�
,6A.Ab%/)8,6#/,��uW;%/#wA��oTU)*9; e5G,.h&)*%`)CE/=":?,65G%`="%/!y%/ "!C%/+oZ"A6%/! Å #&T~��E�Ä3 ",b5G,.9
 � N6a
N � Ç N Ã  $ "%=",6!*'�9;!C%L'?A.:"!w "9; ö'?A.:"!w=":(5G1"E&9;)*h&+H%-="%H'�%/)C5*:")*Z"�45G,69; (="%Hò�%/+H�
+ Å ò81"E/9
)*h&+H% � NKt?Nba Ç @<:",] "9;:"!�uW4�
,b5p'�%/)C+H,6!w="%-5G)C9;:?W;%&)v=?%/!v!C9;A.:?5*,.9; ?!w#&9; <5*,. <:"%/!&N�OyEu�
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!

n
'"13�
!C%/!&NÃ  �!C:"'"'�9;!C%p@<:"%

Bi ∈ L∞(Ω)
7
1 ≤ i ≤ n

N Ã  � "9
5*%�\
E(E1, . . . , En) =

∑

1≤i,j≤N, i6=j
H1(FEi

⋂

FEj) Å � N�c"Nba Ç
�©E RT�?ÖK�.GSE å Ã  $��_ � f~\

2
N∑

i=1

P (Ei,Ω) =
∑

1≤i,j≤N, i6=j
H1(FEi

⋂

FEj) Å � N�c"N � Ç
Ã  �#&9; "!C,.="h&)*%`A.%/!8'")C9;Z"A.h&+H%&!8!*:",bW4�
 e5G!`\a;N

inf
{E1,...,EN}

'3�
)C5*,65*,.9
 k="%p���
#&#/,.9
'"'�9;A.,
(

E(E1, . . . , En) +
N∑

i=1

∫

E

Bi

)

Å � N�c"NKt Ç
� N

inf
ψ1,...,ψN∈BV (Ω), 0≤ψi≤1∀i, PN

i=1H(ψi)=1p.p.

N∑

i=1

(∫

Ω

|Dψi| +
∫

Ω

Biψi

) Å � N�c"N�c Ç

a �;�
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Ω
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Ω
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(ψ1, . . . , ψN)
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�(E�R��"Ö��pGSE å �l9;+-+H%yA.%/!
Ei
!*9; e5�="%�'�E/)*,6+Hh�5G)C%/!]Ä3 ",.!&7>9; �!G�4,65�_ � f�@<:"%
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(ψ1, . . . , ψN)
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A69;)*!�\
|u(x, t) − u(x̂, t̂)| = |u(x, t) − u(x̂, tx̂)|Ã  o'�%/:?5~%/!�5G,6+H%&)�A��Q=",6��E/)C%/ "#&% |u(x, t)−u(x̂, tx̂)| ="%�A��Q+H�&+-%l+L�4 ",.h&)*%x@<:"%8=3�
 ?!~ASIõÝ}5G�
'�%a;N3ÝP �:?5*,.A.,b!G�
 e5 Å djNõt?Nba � Ç 7"9
 �9;Z?5*,.%/ e5�="9; ?#-\

|u(x, t) − u(x̂, tx̂)| ≤ ρ(|x− x̂|) + |t− tx̂| + ρ(|t− tx̂|)�vIK9
Ù(\
|u(x, t) − u(x̂, t̂)| ≤ ρ(|x− x̂|) + |tx − tx̂| + ρ(|tx − tx̂|)Ã )

|tx − tx̂| ≤ |d(x,Γ) − d((x̂,Γ)| ≤ |x− x̂|Ý~58Ä3 3�
A6%/+-%/ <5�\
|u(x, t) − u(x̂, t̂)| ≤ ρ(|x− x̂|) + |tx − tx̂| + ρ(|tx − tx̂|) Å d?NKt?Nbauc Ç

�
Ü t



Ã  L%& �="E&=":",b5��
,. ?!*,zA�I�:" ",bTU9;)*+�%�#/9; e5G,6 >:",b5GE�="%
u
!*:")

Ω+ × [0, T ]
7>#u�4)/7>#&9;+H+-%

u0
:" ",bTU9;)*+-E�m+-%/ e5�#/9; e5G,. <:"%4739; $�

ρ(r) → 0
@<:3�4 "=

r → 0+ NÅ ,., Ç Ý}52�4'�% � \ Ã  [+-9; <5*)*%k#&9;+H+-%k'?)*E/#&E/="%&+-+H%& <5H@<:"% u %/!�5HE/M;�
A.%&+H%& <5r:" ",6TU9
)*+-E/+-%/ e5#&9; e5G,. <:"%`!C:")
Ω− × [0, T ] ∀ T > 0

NÝ}5G�
'�%Lt�\�q$9; e5G)*9
 "!p%& ?Ä3 ö@<:gI�,.A~%�ij,.!�5G% V :" XW;9;,6!*,. "�
M;%�="�
 "!
R

2 ="% {x/u0(x) = 0} Ç 5*%/A@<:"%H\ ∀T > 0
7
u
%/!�5�#&9; <5*,. <:"%p!C:") V × [0, T ] Å A.%`5*1"E/9
)*h/+-%p=?% É %/,6 "%p ?9;:"!Q'�%/)C+H%�5*5*)G�-="%#&9; "#&A.:")C%`@<:"%

u
%&!C5y:" ",6TU9
)*+-E/+-%/ e58#/9
 <5G,6 >:"%�!*:") V × [0, T ] Ç NÝ~ -TÒ�4,65~,.A"!C:1J�5x="%y'?)*%/ ?=")*%y'�9;:") V :" -W;9
,.!*,6 3�
M
%8@<:"%/A6#/9; "@<:"%y=3�
 "!

R
2 =?% {x/u0(x) = 0} Ç NÃ  L!*�
,65x="E��*Vp=gIK�
'")*h&!l#/%Q@>:?,�'")CE/#&h/="%�@<:"%

u
%/!C5l#/9; e5G,. <:"%Q!C:")

(V × [0, T ]) \{x/u0(x) = 0} NÛ�9
:")�#/9
 "#/A6:")*%473,.AJ!*:1J�5y="9; "#`="%`+-9; <5*)*%/)�@>:?%
u
%&!C5Q#&9; e5G,. <:"%`!C:") {x/u0(x) = 0} NÞ�,bij9; "!

T > 0
N|>9;,65

ε > 0
Nz��A�%ni?,6!C5*%

δ > 0
5G%&A�@>:?%L\

(0 ≤ r ≤ δ) ⇒ (ρ(r) ≤ ε
3
)
Nz��A�%ni?,6!C5*%

η > 0
5*%/A�@<:"%H\

(d(x,Γ) ≤ η) ⇒ (|u0(x)| ≤ ε
3
)|>9;,65

x ∈ R
2 5*%/A~@<:"% d(x,Γ) ≤ min

(
δ, η, ε

3

) N�Ôy�
'"'�%&A.9
 "!`@<:"%
tx = d(x,Γ)

N���%/:jiX#u�4!w!*%'?)*E/!C%/ e5G%/ e5v\���4!wa�\�|j,
t ≤ tx

73�
A.9;)C!�\
|u(x, t)| = | inf

{|y|≤t}
(u0(x+ y) + t) | = inf

{|y|≤t}
|u0(x+ y)| + t

Å #u�
) tx = d(x,Γ) Ç N Ã  $��=?9; "#�\
|u(x, t)| ≤ |u0(x)| + ρ(tx) + tx ≤ ε���4! � \�|j,

t > tx
7z�4A.9;)C!�\

|u(x, t)| = d(x,Γ) ≤ ε

3
≤ εÃ  �%& $=?E/=":",b5Q�4,. "!C,�A6%�)*E&!*:"Ab52�458W;9;:?A.:gN

�

Ã  �=?9; " "%`+L�4,. e5G%/ "�
 <58A6%�)*E/!C:"A65G�45�'")*,6 "#&,.'3�
AJ="%`#&%&5*5*%w!*%&#&5*,.9; JN
U Q�É>ÎzÖFV RTEº¡�Ð��gÐÒÑ3Ð Wp���"�

u
� -Pf��,���h/1�32}�¼4a� � �54*&3�~gh�8��2;


u
�)
*�0

������������� � ��c
�8

?e�

*�"�@-�� �r�©4#� � �"!*&3�

¨¦�i/:���a
 q u �)
*��� �,��YZ�X���#�3�1
¦���[?*����
)

��� �)
v

�������������1
�� ��c
�8

?)�

*�"�@-¦� �,� s>��2*\(-*\(�*�,�i?)���,���"�,�X�)
v
*��2
R

2 × [0, T ] q ∀ ð¾½vä q �*�¥
,� �3�,�,� ���3�,�¥
*� 2 Γ q ∀t ∈ [0, T ]
�

ÕwÖ�E G	H:E å
��2;�*\���]*2;�0/1�32e�����A4��'zu�8
*�=�*�.?)�5�S� ���.�x

�������������:�
OQ9;:"!L+H9
 <5G)C9; "!H,.#&,Q@<:"%DA.�XTU9; "#�5G,69; 

u
="E&Ä" ",.%B'3�
) Å d?NKt?Nõd Ç %/!C5�Z",.%& �!*9;A6:?5G,69; ^=?%BW>,.!C#/9;!C,65*E="%Bd?NKt?Nba;N]�vIK�
'")*h&!LA��XÛ~)*9;'�9;!C,65*,.9; îd?NKt?Nba;7P9; î!G�
,b5H="EÓ�*V(@<:"%

u
%&!C5�:? ",6TU9;)C+HE&+-%/ e5-#/9; e5G,6 >:"%�!*:")

R
2 ×R+

N Ã  -Ä?ij%
(x0, t0) ∈ R

2 ×R+

Nj|j9
,65
Φ
:? "%yTU9; "#�5G,69; 

C2 5*%/A6A.%8@>:?% u−Φ
�
,65P:" L+H�Yij,.+o:"+A69>#u�
AJ%/ 

(x0, t0)
N

Å , Ç Ý}52�
'�%�a�\�|j:"'?'�9;!*9; ?!Q=JIõ�
Z�9
)*= u(x0) 6= 0
NzOy9;:"!�!*:"'"'�9
!*%/)C9; "!Q'3�4)�%nij%/+-'"A.%`@<:"%

u(x0) > 0
N� Ç |j, t0 > tx0

\ Ã  B�
u(x0, t0) = d(x0,Γ)

%�5 ∂u
∂t

(x0, t0) = 0
N Ã  $W;%&:?5�="9
 "#p+-9; e5G)*%&)�@<:"%

F (x0, DΦ(x0, t0)) ≤ 0
7>,.% −1 + |DΦ(x0| ≤ 0

NjÛ��
)l!C9;:"#/,�="%�#/A.�
)C5*E
7> ?9;:"!l gIKE&#/)C,6W;9; ?!�'3�
!
�4Ü c



A��o="E/'�%& "=3�
 "#&%p%/ 05y@<:",�,.#&,g gI�,. <5*%/)�Wj,6%/ e5y'"�
!/NÛ�9;:")
x
�
!*!C%/Æw'�%&5*,65u7?9; $�0\

h+ u(x0 + x) − Φ(x0 + x) ≤ u(x0) − Φ(x0) + h Å d?NKt?Nba Ú Ç
⇔ u(x0 + x) + h ≤ u(x0) − Φ(x0) + Φ(x0 + x) + h Å d?NKt?Nba � Ç

⇒ inf
|x|=h

(u(x0 + x) + h)

︸ ︷︷ ︸

=u(x0)
=gIK�
'")Ch/!yA.�r'?)*9;'�9;!C,65*,.9; 0djN � N �

≤ u(x0) − Φ(x0) + inf
|x|=h

(Φ(x0 + x) + h)

Å d?NõtjN6a 	 Ç�vIK9
Ù
inf
|x|=h

(Φ(x0 + x) − Φ(x0)) ≥ −h Å d?NKt?Nba � ÇÃ )
Φ(x0 + x) − Φ(x0) = (DΦ(x0), x) + 0(h2) Å d?NKt?N6aud Ç��9; "#

inf
|x|=h

(Φ(x0 + x) − Φ(x0)) = inf
|x|=h

(−|x||Dφ(x0)|) + 0(h2)

= −h|Dφ(x0)| + 0(h2)�vIK9
Ù
|Dφ(x0)| ≤ 1 + 0(h) Å djNõt?N �
Ü ÇÃ  0%/ �="E/=":?,65Q�4,. "!C,g@<:"%

u
%&!C5y!*9;:"!Óm�!C9;A.:?5*,.9; k="%�W>,.!C#/9;!C,65GE�="% Å d?NKt?Nba Ç %& (x0, t0)

N
�©E RT�"Ö��pGIEjØ åa;NQ|j,

u(x0) < 0
7>,6Az!C:1J�5�="%Q)CE/'�E�5G%/)xA��`+H�&+-%y'")*%&:?W;%�@<:"%�'?)*E/#&E/="%&+H+-%/ e5l%/ L'3�
)C5G�
 <5x=?%ASIK,6 "E/Me�4A6,b5*Eo\

−h+ u(x0 + y) − Φ(x0 + y) ≤ u(x0) − Φ(x0) − h Å d?NKt?N � a Ç� N Ã  X'�%&:?5wE/Me�4A.%/+-%/ e5` ?9
5G%&)`@<:gI�9; ö�k%/ �TÒ�
,b5�+-9; <5*)*Er,6#/,}@<:"%�A���=",6!C52�4 "#/%�!C,.M; ?E/%�E�52�
,b5!C9;A.:?5*,.9; k=?%`W>,6!*#/9
!*,65*E`="%`ASIKE&@>:"�45G,69; 0!�52�45*,.9; " "�
,.)C%�\
signe(u0) (|Du| − 1) = 0

N=¿l�|j,
t0 ≤ tx0

\3Û�9;:")�1�%�5�s0�
!C!*%/Æw'�%�5G,65*! Å h > 0 Ç 7"9; $�0\
h+ u(x0 + y, t0 − h) − Φ(x0 + y, t0 − h) ≤ u(x0, t0) − Φ(x0, t0) + h Å d?NKt?N �;� Ç#/%`@>:?,�,6+H'?A.,b@<:"%r\

inf
|y|≤h

(u(x0 + y, t0 − h) + h) ≤ inf
|y|≤h

(Φ(x0 + y, t0 − h)) − Φ(x0, t0) + h+ u(x0, t0)

Å d?NõtjN � t ÇÃ )
inf
|y|≤h

(u(x0 + y, t0 − h) + h) = inf
|y|≤h

(

inf
|z|≤t0−h

(u0(x0 + y + z) + t0)

)

= inf
|w|≤t0

(u0(x0 + w) + t0)

︸ ︷︷ ︸

=u(x0,t0)
=gIK�
'")*h&! Å d?NõtjNõd Ç

�
ÜeÚ



�pIK9;Ù
Φ(x0, t0) ≤ h+ inf

|y|≤h
(Φ(x0 + y, t0 − h)) Å d?NKt?N � c ÇÝ}5y="9
 "#

Φ(x0, t0) − Φ(x0, t0 − h) ≤ inf
|y|≤h

(Φ(x0 + y, t0 − h) − Φ(x0, t0 − h)) + h Å d?NKt?N �;Ú Ç
Ã )

Φ(x0, t0) − Φ(x0, t0 − h) = h
∂Φ

∂t
(x0, t0) + 0(h2) Å d?NõtjN �
� Ç%�5

Φ(x0 + y, t0 − h) − Φ(x0, t0 − h) = (DΦ(x0, t0 − h), y) + 0(h2) Å d?NõtjN �;	 Ç=?9; "#
inf
|y|≤h

(Φ(x0 + y, t0 − h) − Φ(x0, t0 − h)) = inf
|y|≤h

(−|y||DΦ(x0, t0 − h)|) + 0(h2)

= −h|DΦ(x0, t0 − h)| + 0(h2)�pIK9;Ù
∂Φ

∂t
(x0, t0) ≤ −|DΦ(x0, t0 − h)| + 0(h) + 1 Å djNõt?N �
� ÇÃ )
DΦ(x0, t0 − h) = DΦ(x0, t0) + 0(h) Å d?NKt?N � d Ç�Q9; "#`Ä" 3�
A6%/+-%/ <5

∂Φ

∂t
(x0, t0) + (|DΦ(x0, t0 − h)| − 1)

︸ ︷︷ ︸

=F (x0,DΦ(x0,t0))

≤ 0 Å d?NõtjNõt Ü Ç
Ã  �%& $=?E/=":",b5Q�
,6 "!*,g@<:"%

u
%/!�5Q!C9;:"!Óm�!*9
A.:?5*,.9; k="%�Wj,6!*#&9;!*,b5GE`=?% Å d?NKt?N6a Ç %/ (x0, t0)

N
�(E�R��"Ö��pGSE å |j,

u(x0) < 0
7",.AJ!*:1J�5y="%`#/9; "!C,.="E&)*%&)yASIKE&Me�
A6,b5GEv\

−h+ u(x0 + y, t0 − h) − Φ(x0 + y, t0 − h) ≤ u(x0, t0) − Φ(x0, t0) − h Å d?NKt?Nõtja Ç
%�5�9; �+-9; <5*)*%Q="%�+-�/+-%Q@<:"%

u
%/!C5�!*:")Óm�!C9;A.:?5*,.9; H="%QW>,.!C#/9;!C,65*E�="% Å d?NKt?Nba Ç %& (x0, t0)

Nj��9; "#
u%&!C5y!*9;A6:?5G,69; k="%�W>,.!C#/9;!C,65GE�="% Å d?NKt?Nba Ç %/ (x0, t0)

N
Å ,., Ç Ý}5G�
'�% � \�|>:"'"'�9;!C9; "!y+L�4,. <5*%/ 3�4 <58@<:"% u(x0) = 0

NÃ  $�
F∗(x0, DΦ(x0, t0)) = min (0, |DΦ(x0, t0)| − 1, 1 − |DΦ(x0, t0)|) Å d?NKt?Nõt � ÇÝ}5
F ∗(x0, DΦ(x0, t0)) = max (0, |DΦ(x0, t0)| − 1, 1 − |DΦ(x0, t0)|) Å d?NKt?Nõt
t Ç�Q9; "#

F∗(x0, DΦ(x0, t0)) ≤ 0
%�5
F ∗(x0, DΦ(x0, t0)) ≥ 0 Å d?NKt?Nõt4c Ç�Q9; "#

u
%/!�5Q!C9;A.:?5*,.9; k=?%`W>,6!*#/9
!*,65*E`="% Å djNõtjN6a Ç %& (x0, t0)

N
�

�4Ü;�



¨A�*�3zu��]*\(�+/1�32e�^���v4µ� �,��?*�"�=-v�~� � �.�x

�������������:�
Ã  �)G�
'?'�%&A.A6%�@<:"%�\







u0(x) = 0
!C,
x ∈ Γ

u0(x) ≥ 0
!C,
x ∈ Ω+

u0(x) ≤ 0
!C,
x ∈ Ω−

Å d?NõtjNõt Ú Ç
�l9; "!C,.="E&)*9; "!�A.%&!�="%&:ji�'")C9;Z"A6h/+-%/!8!*:",bW4�
 e5G!`\







∂u
∂t

+ |Du| − 1 = 0
u(., 0) = u0bΩ+

u(x, t) = 0
!*,
x ∈ Γ

Å d?NõtjNõt � Ç






∂u
∂t

− (|Du| − 1) = 0
u(., 0) = u0bΩ−

u(x, t) = 0
!*,
x ∈ Γ

Å d?NõtjNõt 	 Ç
ÔQ�4'"'�%/A69; "!8@>:?%

u0

%/!�5Q!*:?'"'�9;!*E&%p:" ",bTU9;)*+-E/+-%& <58#&9; <5*,. <:"%
N
�vIK�
'")*h&!�A.%&!8)*E&!*:"Ab52�45*!8#&A��
!C!*,.@<:"%&!�!C:")8A.%&!8!C9;A.:?5*,.9; ?!�="%�W>,6!*#/9
!*,65*E Å #&T�A.%�5*1"E/9
)*h&+H%ra�=3�
 ?!w_�d;dYf Ç 7A6%v'")*9;Z?A.h/+-% Å djNõtjNõt � Ç Å )*%&!*' Å d?NõtjNõt 	 Ç*Ç '�9;!C!*h&="%�:" "%r:? ",.@<:"%o!*9;A6:?5G,69; B="%oW>,6!*#/9
!*,65*Eo:" ",bTU9;)*+-E/+-%& <5#&9; <5*,. <:"%�!*:")

Ω+× [0, T ]
7 ∀ òZÀ Ü Å )*%&!*'�!*:") Ω−× [0, T ]

7 ∀ òZÀ Ü Ç N Ã  r'�%/:?5P+-9; e5G)*%&)/74%/ r)*%/'?)*%/ "�
 <5A6%/!x�4)*M;:"+-%/ e5G!]'�9
:")]A�I�%�ij,.!�5G%& "#/%47>@<:"%�A.�`!*9
A.:?5*,.9; �="% Å d?NKt?Nõt � Ç Å )C%/!C'�%/#&5*,6W;%&+H%& <5l="% Å d?NKt?Nõt 	 Ç*Ç %&!C5lA.�)C%/!�5G)*,6#&5G,69; �="%�A���TU9; "#&5*,.9; Å d?NKt?Nõd Ç V Ω+×R+ Å )C%/!*'�%&#&5*,6W;%/+-%& <5lV Ω−×R+
Ç N>�l9;+-+-%8="%y'"A6:"!P:" ?%!C9;A.:j5G,.9
 0=?%`W>,.!C#/9;!C,65GE�="% Å d?NKt?N6a Ç =?9;,658�&5G)C%w#&9; <5*,. <:"%
73A.�r!C%/:"A6%w!C9;A.:?5*,.9
 0'�9;!C!*,6Z"A.%�%/!�5Q="9; "#`Z",6%/ �A.�TU9
 "#&5*,.9; Å d?NKt?Nõd Ç N�l%/#&,�5G%/)C+H,6 "%�A��r'?)*%/:jW;%p=?:�5*1"E/9
)*h/+-%wd?NKt?Nba;N

�

± Î:RdRTE>Ë�Í
�3ÌÒÖFE>ØrØZG�Ö M=á ÌÒË�Í�Ö�Î	�SGS«
Í�ÌûÎ�Ëù�IE
tx

å
�~IK,6 <5G)C9>=":"#�5G,.9
 L="%

tx
="�
 "!�A��p="E�Ä3 ",b5G,69; L="% Å d?NKt?NKd Ç '�%&:?58'3�
)*�KÍ65G)*%��
)CZ",65*)G�
,6)C%
Nj�l9; "!C,.="E&)*9; ?!8A.�TU9
 "#&5*,.9; 

v : R
2 × R+ 7→ R

2

v(x, t) = εx inf
|y|≤t

(εxu0(x+ y) + t) Å djNõt?NKt � Ç
Ã  �)*�
'"'�%&A.A.%�@<:"%

εx = signe(u0(x))
NÝ~ î)C%/'")C%/ 3�4 <5HA6%/!-�4)*M;:"+-%/ e5G!r="%�A.�{'3�
)�5G,6%k%�ij,.!�5G%& "#/%$=?:îò81"E&9;)*h&+H%�d?NKt?N6a
7~9
 [#/9; "!�52�45*%�@<:"%

v%&!C5o!*9;A6:?5G,69; (="%HWj,6!*#&9;!*,b5GEL=?%�ASIõÝP��Û Å d?NKt?N6a Ç !*:") Ω+ × R+

%&5o!C:")
Ω− × R+

N�qB�
,6!
v
 gI�%&!C5r'3�
! ?E/#/%&!*!G�4,.)*%&+H%& <5y:" "%�TU9; "#�5G,69; 0#&9; <5*,. <:"%`!C:")

Ω × R+

7"%&5y JIK%&!C5Q=?9; "#`'3�
!8!*9;A6:?5G,69; k="%�W>,.!C#/9;!C,65*E`="%ASIõÝP��Û Å d?NKt?Nba Ç !*:?) Ω × R+ Å �
:�!C%/ "!y="%`A��r��E�Ä3 ",65*,.9; �djNõtjN6a Ç NÝ~ $%&��%�5u73#/9; ?!*,.=?E/)*9
 "!yASIK%nij%/+-'"A.%�!C:",6WY�
 <5�%/ Xa&mÓ�vNz|j9
,65
u0(x)

=?E&Ä3 ",6%`'3�
)�\
u0(x) = 2 (|x| − 1) Å d?NõtjNõt
d ÇÃ  $�r="9; "#

Ω− = {x; u0(x) < 0} =] − 1, 1[��A}%&!C5`TÒ�4#/,.A6%v=3�
 "!�#/%�#/�
!`=?%�#u�4A.#&:"A.%&)�A.%/!�TU9; "#&5*,.9; ?!
u
%�5
v
=?9; " "E&%/!w'"�
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u0(x) u(x, 2)

A
×

B
×

A
×
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×
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×
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Å^É ¡gÐ�¿�ÐÀ¿Pl H(0) < 0
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)8)G�
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A.�0TU)*9; e5G,.h&)*%#&9;+H+o:" ?%`V
Ω+

%&5
Ω−

73,SNK%4N
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u(x, t) =







u0(x)
!C,
x ∈ Γ

infz∈R2 [u0(x− tz) + tH∗(z)]
!C,
x ∈ Ω+

%�5
t ≤ tx

dL(x,Γ)
!C,
x ∈ Ω+

%�5
t > tx

supz∈R2 [u0(x+ tz) − tH∗(z)]
!C,
x ∈ Ω−

%�5
t ≤ tx

−dL(x,Γ)
!C,
x ∈ Ω−

%�5
t > tx
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inf{t ∈ R+/ infz∈R2 [u0(x− tz) + tH∗(z)] = dL(x,Γ)} !C,

x ∈ Ω+

inf{t ∈ R+/ supz∈R2 [u0(x+ tz) − tH∗(z)] = −dL(x,Γ)} !C,
x ∈ Ω−

Å d?N�c"NKt Ç
Oy9
5G)*%�Z":?5]%/!�5l="%y+-9; e5G)*%&)P@<:gI�%/ L)*�Y�C9
:?52�
 e5]@<:"%&A.@<:"%&!l1es>'�9
5G1"h&!*%&!l5*%/#21" ",6@>:?%/!/7>A.��TU9
 "#&5*,.9; 

u(x, t)="E�Ä3 ",6%w'"�
) Å d?N�c"N � Ç %/!�5QASIK:" ?,.@<:"%�!*9;A6:?5G,69; k="%�W>,.!*#&9;!C,65GE�="% Å d?N�c"Nba Ç !/IK�
 ? >:"A.�
 <5�!*:") Γ
N

dL
%&!C50A��ö=",.!�52�
 ?#/%��
!C!*9>#&,.E/%�V÷A�I�9;'�E&)G�45*%/:")�13�4+H,6Ab5G9
 ",.�4 

H
%�50!*%&)G�ð="E&Ä" ",.%{=3�4 "!kA��ö!*9;:?!�m!*%&#&5*,.9; $djNKc"Nba;N Ã  �)*�
'"'�%/A6A.%�@<:"%

H∗ =?E/!*,6M; "%`A.�o5*)G�
 "!�TU9;)*+-E/%�="%w��%/M
%/ "=")C%�m�Þ3%/ "#21"%/A�="% H \
H∗(z) = sup

p∈RN

((p, z) −H(p)) Å d?N�c"N�c Ç
�©E RT�?ÖK�.GSE>Ø å
a;Ny���o'?A.:"'"�
)C5�="%&!�)CE/!C:"A65G�45G!�="%�A��r|>%/#&5*,.9
 �djNKco)*%/!�5G%& <58W>)G�
,6!�A.9
)*!*@<:"% Å�É djNKc?Nõt Ç %&!C5�)*%&+H'?A��
#&E/%'"�
)

lim|p|→+∞H(p) = +∞ N
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x ∈ Ω+
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u(x, tx) = −dL(x,Γ)
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x ∈ Ω−
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Fi
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= sup
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(λF )∗ = λF ∗
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λ
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sup
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tλ+ λH∗
(x

λ
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dL(x,Γ) = infy∈ΓL(x− y) Å d?N�c"Nba;a Ç

L
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


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u(x) ≥ 0 ∀x ∈ R
2

u(x) = 0

e�
x ∈ Γ

u(x) = inf{L(y)=h} (u(x+ y) + h) ∀h ∈ [0, dL(x,Γ)]
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u(x) = 0
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x ∈ Γ
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x ∈ R

2 q h ≥ 0
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t ≥ 0
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*� �"c��3�,�@�A4

inf
z

[u0 (x− (t+ h)z) + (t+ h)H∗(z)] =

inf
ξ

inf
y

[u0 (x− hξ − ty) + tH∗(y) + hH∗(ξ)]

Û~)*%&:?W;%H\ Ã  �E/#&)*,65`\
A = inf

z
[u0 (x− (t+ h)z) + (t+ h)H∗(z)]

B = inf
ξ

inf
y

[u0 (x− hξ − ty) + tH∗(y) + hH∗(ξ)]
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B ≤ A
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ξ
%&5
y
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R
2 7�%�5 h %�5 t > 0 Å A.%#/�
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Ù

h
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t = 0
%/!�5QE�Wj,6="%& <5 Ç N�|j9;,65 z = hξ+ty

h+t

N Ã  $�0\
u0 (x− (t+ h)z) + (t+ h)H∗(z) =

u0 (x− hξ − ty) + (t+ h)H∗
(

hξ

h+ t
+

ty

h+ t

)

Ã  �:?5*,.A.,b!*%��
A.9
)*!�A.%�TÒ�
,b58@>:?%
H∗ %&!C5y#/9; eW;%�ij%H\

(t+ h)H∗
(
hξ + ty

h+ t

)

≤ hH∗(ξ) + tH∗(y) Å d?NKc?N6a Ú Ç
Ã  �%/ �="E&=":",65`\

u0 (x− (t+ h)z) + (t+ h)H∗(z) ≤
u0 (x− hξ − ty) + hH∗(ξ) + tH∗(y)#&%p@<:",�,6+H'"A6,b@<:"% Å %/ $'")C%/ 3�4 <5QASIK,6 ?Ä3+o:"+©%/ 

z
=3�
 "!yA6%�5G%&)*+-%`="%wMe�
:"#21"%w%&5yA.%`+H�Yij,.+o:?+ %& 

y
%&5

ξ
=3�4 "!�A.%�5G%&)*+-%`=?%w=?)*9;,b5G% Ç

A ≤ B Å d?N�c"N6a � Ç
�

Ý�´UüQ´�³ ö;ºQ·�þPë]ãÓ»½¼j·�¿[áQÀ��8»Ó¿>ùJ¾P¿>»�¼j· ÀJ¼[æQº�»Óù�»�¼j·ÿÁp¾]æyÂîãbnU·	ã�æQë~¼j»Ó¾Pº íZÝ�´Òüy´�µ�ï
Û�9;:")x+H9
 <5G)C%/)]@<:"%

u(x, t)
="9; " "E&%�'3�
) Å d?N�c"N � Ç %/!C5l:" "%�!C9;A.:j5G,.9
 H=?% Å d?NKc?N6a Ç 7<9; L="9
,65x%ni?�
+H,6 "%/)@<:3�45*)*%`'�9;,. e5G!�\

Å , Ç u(x, t) W;E&)*,bÄ3%`A.%&!�,6 "E/Me�4A.,b5*E/!�="%�W>,.!*#&9;!*,b5GE Å d?NKt?N 	 Ç %&5 Å d?NKt?N � Ç NÅ ,., Ç u(x, t) %/!�5QASIK:" ?,.@<:"%�!*9;A6:?5G,69; k="% Å djNKc"Nba Ç !&Iõ�4 " >:"A.�
 e5y!C:") Γ
N

Å ,.,6, Ç �~IK%nij,.!C5*%/ "#&%p%�5yA��o#/9; e5G,. <:",b5GE�=?% tx NÅ ,6W Ç u(x, t) %/!C5y:" ",bTU9;)*+-E/+-%& <58#&9; <5*,. <:"%
NÃ  B#/9;+-+-%/ "#&%p'3�
)Q+-9; e5G)C%/)yA.%&!Q="%/:>iB'")*%&+H,6%/)C!Q'�9;,6 <5*!Q=3�4 "!�#&%&5*5*%v!*9;:?!�m�!C%/#�5G,.9
 gN���A� "9
:"!QTÒ�4:"=")G�)G���C9;:j5G%/)8@<:"%&A.@<:"%/!y1<s>'�9
5*1"h/!C%/!Q!*:")
u0

'�9;:")89;Z?5*%/ ",6)8A.%/!8="%&:ji�="%&)* ",6%/)C!y'�9;,6 <5*!/N
� a �
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ÕpÖ�Îz×~Î�ØuÌUÍ�ÌûÎ�Ët¡�ÐÀ¿�Ð6ÏgÐ}å0� 
*�
/#/X�


�}YZ�,�N�8�)
�B ìe/,���"B,])

�)
[�^í�4#��¾:�"!*&��e�^íÂ4#��¾:��¾3&w

���,�jc3-*2*� f0-)�)
Z�0WX�
x 7→ tx

�*�
(x, t) 7→ u(x, t)

� ���,�.-�/1�32T�©4#��¾:�8�Z&[

���,��?)���,�^�"�,�,�)
w2)�)
@/,�)?*���"c3�*\(�*�,��
*� 2
R

2\Γ �*�
R

2 × R+ q �3�8��2)
 u �)
*�7���.�j
>�K�æ����������� ��c
�8

?)�

*�"�=-5� ���©4#��¾:�"!*&A
,� �3�,�,� ���3�,�¥
*� 2
Γ
�

ÕwÖFE GIH:E å ���X'")*%&:?W;%D gI�%/!�5�'3�
!-5G)Ch/!L=?,6��E/)*%& <5*%/!L=?:�#/�
!L9;Ù^ASIK9
'�E/)G�Y5G%/:?)H13�4+H,6Ab5G9
 ",6%& 
H

%/!�5#&9; <5*,. <: Å #�T�_Kt?a
7 � a;7gt � f Ç N�qB�
,6!� ?9
5G)C%r'")*%&:?W;%-!C%/+oZ"A6%r'"A6:"!�=?,.)*%&#&5*%r%&5`'"A6:"!� 3�Y5G:")*%&A.A6%o@<:"%�#&%/A6A.%&!%nij,.!C5G�
 <5�=3�
 "!�A��oA.,b5*5GE&)G�45*:")*%�!*9;:?W;%& <5QZ3�4!*E/%&!Q!C:")�A��o5*1"E/9
)*,6%`=?:$#&9; <5*)Dm;A6%�9;'?5*,.+H�
AÒNÛ�9;:")l+-9; <5*)*%/)x@<:"%
u
%&!C58:" ?%�!*9;A6:?5G,69; H="%�W>,6!*#/9
!*,65*E�="% Å d?N�c"N6a Ç 7>,.Az!*:1J�58="%�+H9
 <5G)C%/)x@<:"% u %/!�5VrA��oTU9
,.!8!C:")y%�5y!*9;:"!Óm�!C9;A.:?5*,.9
 Å �4:�!*%/ ?!Q!C9;A.:?5*,.9; k="%�W>,.!C#/9;!C,65GE Ç N Ã  �+-9; e5G)*%�!C%/:"A6%/+-%/ e5y@>:?% u %/!�5!C9;:"!Óm�!*9
A.:?5*,.9; Å +-9; <5*)*%&)8@<:"% u %&!C5Q�
:"!*!C,�:" ?%w!C:")�m½!*9;A6:?5G,69; k!*%�TÒ�
,658=?%w+H�
 ",6h/)C%`�
 "�
A.9;M
:"% Ç N|j9;,b5�="9; "#

(x0, t0) ∈ R
2 × R

+ 7P%�5 Φ
:? "%0TU9; "#�5G,.9
 

C2 5G%&A.!�@<:"% (x0, t0)
!C9;,65�:" î'�9
,. e5-=?%+H�Yij,.+o:?+©A69>#u�
AJ="%

(u− Φ)(x, t)
N

Å , Ç '")*%&+H,6%/)�#/�
!�\ Ã  ¸#/9;+-+-%/ "#&%{'3�
)k!*:?'"'�9;!*%&)�@<:"%
x0 ∈ Ω+ Å A.%D#/�
! Å x0 ∈ Ω−

Ç %/!�5,.="%& <5*,.@<:"% Ç N
Ý~5G�
'�%HaH\z!*,

t0 ≤ tx0

7��
A69;)*!`\�Û�9;:")
ε < 1

!*:1J-!G�4+H%& <5�'�%&5G,b5u73!*,
h ≤ ε2

%�5 |y| ≤ 1
ε
Å ��W;%&#

h > 0 Ç 739
 $�0\
u(x0 − hy, t0 − h) − Φ(x0 − hy, t0 − h) ≤ u(x0, t0) − Φ(x0, t0) Å d?N�c"N6a 	 ÇÃ  ��Y�C9
:?5G%
hH∗(y)

V�#213�
@<:"%w+-%/+oZ")C%�="%`A�I�,. "E&Me�
A6,�5GE Å d?N�c"Nba 	 Ç 7?%&5Q�4A.9;)C!�\
u(x0 − hy, t0 − h) + hH∗(y)

≤ u(x0, t0) + [Φ(x0 − hy, t0 − h) − Φ(x0, t0) + hH∗(y)] Å d?N�c"Nba � Ç�l%/A.��,6+H'"A6,b@<:"%
inf |y|≤ 1

ε
(u(x0 − hy, t0 − h) + hH∗(y))

≤ inf |y|≤ 1
ε
(Φ(x0 − hy, t0 − h) − Φ(x0, t0) + hH∗(y)) + u(x0, t0) Å d?N�c"N6aud Ç#/%`@>:?,�%& <5*)G�
,6 "%

infy∈R2 (u(x0 − hy, t0 − h) + hH∗(y))

≤ inf |y|≤ 1
ε
(Φ(x0 − hy, t0 − h) − Φ(x0, t0) + hH∗(y)) + u(x0, t0) Å d?N�c"N �4Ü ÇqB�
,.!�=gIK�
'")Ch/! Å d?N�c"N � Ç 7?9
 $� Å '":",6!*@<:"% tx0 − h < tx0−hy

'�9
:")
h
!*:�JH!*�
+-+H%& <5�'�%&5*,658#/9
+H+-%

x 7→ tx
%&!C5y#/9; e5G,. <:�!C:")

Ω+
Ç \

inf
y∈R2

(u(x0 − hy, t0 − h) + hH∗(y))

= inf
y∈R2

(

inf
z∈R2

(u0(x0 − hy − (t0 − h)z) + hH∗(y) + (t0 − h)H∗(z))

)

Ý~5�="9; "#47z=JIõ�4'")*h&!yA.%`��%/+-+-%`d?N�c"Nba-\
inf
y∈R2

(u(x0 − hy, t0 − h) + hH∗(y)) = inf
w∈R2

(u0(x0 − t0w) + t0H
∗(w))

︸ ︷︷ ︸

=u(x0,t0)

Å d?NKc?N � a Ç

� a�t



�pIK9;ÙJ73%/ $:j5G,.A6,6!G�4 <5 Å d?N�c"N �4Ü Ç \
Φ(x0, t0) ≤ inf

|y|≤ 1
ε

(Φ(x0 − hy, t0 − h) + hH∗(y)) Å d?N�c"N �
� Ç
Ý}5Q�
,6 "!*,
Φ(x0, t0)−Φ(x0, t0−h) ≤ inf

|y|≤ 1
ε

(Φ(x0 − hy, t0 − h) − Φ(x0, t0 − h) + hH∗(y)) Å d?N�c"N � t Ç
q$�
,.!

Φ(x0, t0) − Φ(x0, t0 − h) = h
∂Φ

∂t
(x0, τ(h)) Å d?N�c"N � c Ç9
Ù

τ(h) ∈ [t0 − h, t0]
N}Ý}5 Å 9; ð)*�
'"'�%&A.A.%H@<:"% DΦ

="E/!C,.M; ?%kA6%/!v="E/)C,6W;E/%&!r'3�
)o)*�
'"'�9;)�5��4:jiWY�
)*,.�
Z"A6%/!8=JIK%&!*'3�
#&% Ç \
Φ(x0 − hy, t0 − h) − Φ(x0, t0 − h) = −h(DΦ(ξ(h, y), t0 − h), y) Å d?N�c"N �;Ú Ç

9
Ù
ξ(h, y) = λ(x0 − hy) + (1 − λ)x0 Å ��W;%/# λ ∈ [0, 1] Ç N�Q9; "#

h
∂Φ

∂t
(x0, τ(h)) ≤ inf

|y|≤ 1
ε

(−h(DΦ(ξ(h, y), t0 − h), y) + hH∗(y)) Å d?N�c"N �4� Ç
�pIK9;Ù

∂Φ

∂t
(x0, τ(h)) ≤ inf

|y|≤ 1
ε

(−(DΦ(ξ(h, y), t0 − h), y) +H∗(y)) Å d?N�c"N �
	 Ç
|>,
ε→ 0

73�
A.9
)*! Å #/9
+H+-% h ≤ ε2
%&5 |y| ≤ 1

ε
Ç \

τ(h) → t0 Å djNKc"N �
� Ç
%�5

ξ(h, y) → x0 Å djNKc"N � d Ç�Q9; "#
∂Φ

∂t
(x0, t0) ≤ inf

y∈R2
(−(DΦ(x0, t0), y) +H∗(y)) Å d?N�c"Nõt Ü Ç

q$�
,.!
inf
y

(−(DΦ(x0, t0), y) +H∗(y)) = − sup
y

((DΦ(x0, t0), y) −H∗(y))

= −H∗∗(DΦ(x0, t0))

= −H(DΦ(x0, t0))�pIK9;Ù
∂Φ

∂t
(x0, t0) ≤ −H(DΦ(x0, t0)) Å d?NKc?Nõtja Ç%�5

u
%&!C5y!*9;:"!Óm�!*9
A.:?5*,.9; k="%�W>,.!*#&9;!C,65GE�="% Å d?N�c"Nba Ç N

� auc



Ý~5G�
'�% � \;!*,
t0 > tx0

7e�4A.9;)C!�\ Ã  -� ∂u
∂t

(x0, t0) = 0 Å u %/!C5x�4A.9;)C!}=",6��%/)C%/ e5G,��4Z"A.%l'3�
)~)*�
'"'�9;)�5V�A.�oW4�4)*,��4Z"A.%
t Ç 7"%�5y="9; "# ∂Φ

∂t
(x0, t0) = 0

N Ã  0W;%&:?5Q+-9; <5*)*%&)8@<:"%
H (DΦ(x0, t0)) ≤ 0 Å d?N�c"NKt � ÇÛ�9;:")�!*,6+H'"A6,bÄ3%&)�A6%/!� "9452�45*,.9; ?!/7� "9;:?!� gI�E/#/)C,6W;9
 "!�'?A.:"!�A.��="E/'�%& "=3�
 ?#/%�%& 

t
@<:",>,6#/,e gIK,6 <5*%/)�Wj,6%/ e5'3�
!/NÛ�9;:")

x
!*:1J-!*�
+H%& <5y'�%�5G,b5u7"9; ��0\

h+ u(x0 + x) − Φ(x0 + x) ≤ u(x0) − Φ(x0) + h Å d?N�c"NKt;t Ç
⇔ u(x0 + x) + h ≤ u(x0) − Φ(x0) + Φ(x0 + x) + h Å d?N�c"NKt
c Ç

⇒ inf
L(x)=h

(u(x0 + x) + h)

︸ ︷︷ ︸

= u(x0) ÃÅÄÇÆ�È¢É©Ê;Ë�ÌÍÆZÎOÉ©ÏªÈ)ÏÐË¼ÑÓÒ¼ÑÔÏªÕ3Ö,× Ø�×ÓÙ
(u(x0) = dL(x0,Γ))

≤ u(x0) − Φ(x0) + inf
L(x)=h

(Φ(x0 + x) + h)

Å d?NKc?Nõt Ú Ç�vIK9
Ù
inf

L(x)=h
(Φ(x0 + x) − Φ(x0)) ≥ −h Å d?N�c"NKt � ÇqB�
,.!

Φ(x0 + x) − Φ(x0) = (DΦ(x0), x) + o(h) Å djNKc?Nõt 	 Ç��9; "#
inf

L(x)=h
(DΦ(x0), x) ≥ −h+ o(h) Å d?N�c"Nõt � ÇÃ  0)G�
'"'�%&A.A6%�@<:"%�\

L(x) = L(x, 0) = sup
{H(p)=0}

(x, p) Å d?N�c"NKt;d Ç
Ã  0'�%/:?5Q�
,. ?!*,g)*E&E/#&)*,6)*% Å djNKc"NKt � Ç \

sup
L(x)=h

(DΦ(x0), x) ≤ h+ o(h) Å d?N�c"NKc Ü Ç
Ã  0:?5G,6A.,6!C%`�4A.9;)C! Å d?NKc?N � Ç ��W;%&# t = 0

'�9;:")�#/�
A6#/:"A6%/)
L
\

L(x) = sup
{H(p)=0}

(x, p) = inf
{λ>0}

(

λH∗
(x

λ

)) Å d?NKc?NKc?a Ç
Ý~5�%/ �:?5G,6A.,6!G�4 <5 Å d?N�c"N 	 Ç 7"9
 �9;Z?5*,.%/ e5`\

L(x) = inf
{λ>0}

((λH)∗(x)) Å d?N�c"N�c � Ç
qB�
,.!&7"=gIK�
'")*h&! Å djNKc"N � Ç �uW;%/# t = h

sup
{L(x)=h}

(x, v) = inf
{λ>0}

(

hλ+ λL∗
(v

λ

)) Å d?NKc?NKc;t Ç
%&5yASIK%ni?'?)*%/!C!*,69; $=?%

L∗ %&!C5w\
L∗
(v

λ

)

=

(

inf
{µ>0}

(

(µH)∗
(v

λ

)))∗ Å d?NKc?NKc
c Ç
� a Ú



Ý~ �:?5G,6A.,6!*�
 <5 Å d?N�c"N � Ç 7?9; $�k\
L∗
(v

λ

)

= sup
{µ>0}

(

(µH)∗
(v

λ

))∗
= sup

{µ>0}

(

(µH)∗∗
(v

λ

)) Å djNKc"N�c Ú Ç
q$�
,.!

H∗∗ = H
73%�5y="9; "#�\

L∗
(v

λ

)

= sup
{µ>0}

(

µH
(v

λ

)) Å djNKc"N�c � Ç
�pIK9;ÙX\

sup
{L(x)=h}

(x, v) = inf
{λ>0}

(

hλ+ λ

(

sup
{µ>0}

µH
(v

λ

)
))

Å djNKc"N�c 	 Ç
Ã  �'�9
!*%-\

Gh(v) = sup
{L(x)=h}

(x, v) Å d?N�c"NKc � Ç
�pIõ�
'?)*h/! Å d?NKc?NKc 	 Ç 7?9; $�k\

Gh (DΦ(x0)) ≤ h+ o(h) Å djNKc"N�ced ÇÃ  �)C%/+H�
)*@<:"%�@>:?%w!*,
H
(
v
λ

)
> 0

73�
A.9;)C!
sup{µ>0} µH

(
v
λ

)
= +∞�Q9; "#w9
 �'�%/:j5Q)*E&E/#&)*,6)*% Å djNKc"N�c 	 Ç \

Gh(v) = inf
{λ>0/H( v

λ)≤0}

(

hλ+ λ

(

sup
{µ>0}

µH
(v

λ

)
))

Å djNKc"N Ú
Ü Ç
q$�
,.!&7Y!C,

H
(
v
λ

)
≤ 0

7�9; o�
sup{µ>0} µH

(
v
λ

)
= 0 Å ,.Ae!*:1J�5}="%x'")C%/ "=")C% µ > 0

�
)CZ",65*)G�
,6)C%/+-%& <5'?)*9>#21"%w=?% Ü Ç N3��9; "#`!*, λ > 0
739
 $�

λh+ λ sup{µ>0} µH
(
v
λ

)
= λh�Q9; "# Å d?N�c"N Ú
Ü Ç ,6+H'?A6,6@<:"%�@<:"%�\

Gh(v) = inf
{λ>0/H( v

λ)≤0}
(λh) Å d?N�c"N Ú a Ç

Ý}5y#&9;+-+H%
h > 0

739; $�k\
Gh(v) = h inf

{λ>0/H( v
λ)≤0}

(λ) Å d?NKc?N Ú
� Ç
Ý}5y%& $)CE/,6 Y�C%/#�52�
 e5

Gh(v)
="�
 "! Å d?N�c"N�ced Ç 7?9; �9
Z?5G,6%/ e5 Å #/9
+H+-% h > 0 Ç \

inf

{

λ ∈ R
∗
+/H

(
DΦ(x0)

λ

)

≤ 0

}

≤ 1 + o(1) Å d?N�c"N Ú t Ç
�l9
+H+-%

H
%&!C5Q!C:"'"'�9;!CEp#&9; <W;%nij%p%&5

H(0) < 0
739
 �%/ �="E/=?:",65�@>:?%-\

H (DΦ(x0)) ≤ 0 Å d?N�c"N Ú c Ç#&%w@<:",�!C,.M; ",bÄ3%�@<:"%
u
%/!�5Q:" ?%w!C9;:"!�m½!*9;A6:?5G,69; 0=?%`W>,6!*#/9
!*,65*E
N

Å ,., Ç |>%/#/9
 "=$#u�
!`\z|j, x0 ∈ Ω−
739; ���A.%�+H�&+H%�)CE/!C:"A65G�45 Å A.%&!�#/�
A6#/:"A6!8!*9; e5Q�
 3�
A69;M;:?%/! Ç N

Å ,.,6, Ç ò�)C9;,.!C,.h&+H%B#u�
!{\�|j, x0 ∈ Γ
N Ã  ¸:?5G,6A.,6!C%{�
A69;)*!LA��÷="E�Ä3 ",b5G,.9
 ¡="%/!0!C9;:"!�m½!*9;A6:?5G,69; "!�="%W>,6!*#/9
!*,65*E`'�9;:?)�:" �9;'�E&)G�45G%&:")�13�
+-,.A�5G9
 ",6%/ k=",6!*#&9; <5*,. <:gN Ã  0W;%/:j5yW;E/)C,6Ä3%&)�@<:"%-\

∂Φ

∂t
(x0, t0) + F∗ (x0, DΦ(x0, t0)) ≤ 0 Å d?N�c"N Ú
Ú Ç

� a �



9;Ù
F (x,Du) = signe(u0(x))H(Du) Å djNKc"N Ú
� ÇqB�
,6!�="�
 "!�#/%`#u�
!&7z9
 $� ∀t ≥ 0

\
u(x0, t) = 0 Å d?N�c"N Ú;	 Ç%�5y="9; "#
∂u

∂t
(x0, t) = 0 Å d?N�c"N Ú
� Ç

��Ag!*:1J�5Q=?9; "#`="%�W;E/)C,6Ä3%&)�@>:?%-\
F∗ (x0, DΦ(x0, t0)) ≤ 0 Å d?N�c"N Ú d ÇqB�
,6!

F∗ (x0, DΦ(x0, t0)) = min (0, H(DΦ(x0, t0)),−H(DΦ(x0, t0))) Å d?N�c"N �;Ü ÇÝ}5y9; $��=?9; "# Å djNKc"N Ú d Ç N
�

Ô�%/+H�
)C@>:?%w\>Ý~ HTÒ�4,65u7;="�
 "!]A��`'?)*%/:jW;%�="%yA��`Û~)*9;'�9;!C,65*,.9; -d?N�c"N � 7e9; L�`+H9; e5G)CE�%/ L'?A.:"!PA.%�)*E&!*:"Ab52�45!C:",6WY�
 <5`\
± Î�Ö�Î M�M �3ÌûÖFE�¡gÐÀ¿�ÐSÑ3Ð0å0�(
*�
/#/,�
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2 Å djNKc"N �e� ÇÃ  0)*%& <W;9
,.%�A.%�A.%&#&5*%/:")�VrA.�vÄ3 0="%`A.��|j%/#�5G,69; �d?N�c"Nõto'�9;:")8%ni"�4+H,6 "%/)�!*:?)�:" 0%�ij%/+-'"A6%`A6%�#/�
!�9
Ù�
:?#/:" "%w=?%w#&%/!y="%&:ji�1es>'�9
5G1"h&!*%&!� gI�%/!�5yW;E/)C,6Ä3E&%/!&N
�©E RT�?ÖK�.GSE å �l%&!}="%&:jiv1<s>'�9
5*1"h/!C%/!} "%l'�%&:?W;%/ e5~E&W>,.=?%/+-+H%& <5�'3�
!��&5*)*%]W;E/)*,bÄ3E&%l!*,6+r:?A652�4 "E&+H%& <5/N��A� ?9;:"!8TÒ�
:"=")*��=",6!C5*,. "M;:?%/)8A6%/!8="%/:>i�#u�4!y=3�4 "!yA6%/!8'")*%&:?W;%/!&N
Ã  �="E�Ä3 ",65

v : R
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v(x, t) =







u0(x)
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x ∈ Ω+
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dL(x,Γ) + supx∈R2 |u0(x)|
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f(x, t) = +∞ Å djNKc?N 	 t ÇÝ}5k9; �#/9; "#&A.:?5�M;)D�
#/%{�
:^5G1"E&9;)*h&+H%B="%/!�WY�
A.%&:")*!�,6 <5G%&)*+-E/=?,��
,6)C%/!H@<:"%
tx
%ni?,6!C5*%{%�5k%/!C5�Ä3 ", Å 9; )*�
'"'�%&A.A.%y@<:"%�'"�
)x="E&Ä3 ?,65G,69; 

f(x, tx) = 0 Ç N Å d?N�c"N � d Ç %&!C5�:" "%�#/9
 "!*E&@>:?%/ "#/%�,.+-+-%/=",.�45*%y=?% Å d?N�c"N 	
Ü Ç%�5 Å d?N�c"N 	 a Ç N
� a�d



���%`A6%/+-+H%�!*:",bW4�
 e5y="9; ? "%wA6%�#/9;+-'�9;)�5G%/+-%& <5�="%
u(x, t)

�
:0W;9;,6!*,6 3�
M;%�="%
Γ
N

o7E RdRTEs¡gÐÀ¿�Ð��gÐôå0�w
*�F/#/,�


�vYZ�,�5�8�)
xB ìe/,���"B,])

�)
��^í²4#��¾:�"!b&F�*��í²4#��¾:�"§*&A

���,�7c3-*2e� f0-)�)
Z�
• 
*�

x ∈ Ω+ q �3�8��2;
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x ∈ Ω+
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︸ ︷︷ ︸
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︸ ︷︷ ︸
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︸ ︷︷ ︸
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x ∈ R
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(y.∇u0(x+ ty) +H∗(|y|)) Å djNKc?N6a Ü;� Ç
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739; ��0\
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+H+-%

H∗ %/!C5l!C5G)C,.#�5G%/+-%/ e5l#/9
 <W;%�ij%�!*:")
R Å =gIK�
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(u0(x+ ty) + tH∗(|y0|))

�l9;+-+-%�#/%&#/,�%&!C5�Wj)*�
, ∀t ∈ [tx, tx + αx]
7"9; �="9;,b5y�uW;9;,6)

0 =
∂v

∂t
(x, t) = H∗

( |y0|
t

)

− |y0|
t
H∗′

( |y0|
t

) Å d?N�c"Nba � a Ç
Ý~ $=?E/)*,bW4�
 e5QVr "9;:?W;%/�
:$'3�4)�)G�4'"'�9;)C5yV

t
7"9; �9
Z?5G,6%/ e5`\

−|y0|
t2
H∗′

( |y0|
t

)

+
|y0|
t2
H∗′

( |y0|
t

)

+
|y0|
t3
H∗′′

( |y0|
t

)

= 0 Å d?N�c"Nba �;� Ç
,SNK%4N

|y0|
t3
H∗′′

( |y0|
t

)

= 0 Å d?N�c"Nba � t Ç
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5G1"h&!*% Å�É d?N�c"N � Ç %/!�5yW;E&)*,bÄ3E/%4NÛ�9;:")

x ∈ R
2 7�!*9
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{
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• µX = E[X] = X
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• γX =
σX

µX
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Re(F ) =

1√
N

∑N
i=1 ai cosφi

�pl@m
Im(F ) = 1√

N

∑N
i=1 ai sinφi
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E[Re(F )] =
1√
N

N∑

i=1

E[ai] E[cosφi]
︸ ︷︷ ︸

= 0

= 0 Ú ª¨���s� � Û
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E[Im(F )] =
1√
N

N∑

i=1

E[ai] E[sinφi]
︸ ︷︷ ︸

= 0
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V ar[Re(F )] = E[(Re(F ) − E[Re(F )])2]

= E

[

1√
N

N∑

i=1

(ai cosφi)
2

]

=
1

N






N∑

i=1

E[a2
i ] E[(cosφi)

2]
︸ ︷︷ ︸

= 1
2

+ 2
∑

1≤i<j≤N
E[ai] E[aj] E[cosφi]

︸ ︷︷ ︸

= 0

E[cosφj]
︸ ︷︷ ︸

= 0






=
1

N

N∑

i=1

E[a2
i ]
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V ar[Im(F )] = 1
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i=1

E[a2
i ]

2

�hÜ�qsnpbM��dVt@qÁ��d�bez¬d�`pt5l��hqs`^i@t5b�z�m�Ù

Cov(Re(F ), Im(F ))

=
1

N







N∑

i=1

E[a2
i ] E[cosφi sinφi]
︸ ︷︷ ︸

= E
h

sin (2φi)

2

i

= 0

+ 2
∑

1≤i<j≤N
E[ai] E[aj] E[cosφi]

︸ ︷︷ ︸

= 0

E[sinφj]
︸ ︷︷ ︸

= 0







= 0
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σ2 = lim
N→∞

1

N

N∑

i=1

E[a2
i ]
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fRe(F )(x) = fIm(F )(x) =
1√

2πσ2
exp

(

− x2

2σ2

) Ú ª¨���s�r�gÛ
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fRe(F ),Im(F )(x, y) = fRe(F )(x) fIm(F )(y)
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fRe(F ),Im(F )(x, y) =

1

2πσ2
exp

(

−x
2 + y2

2σ2

) Ú ª¨���s�s\sÛ
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Φ
�¬d<�puhd�{elg�ylQm

A
���³dgk9�p��z�menpfpl��

I = (Re(F ))2 +
(Im(F ))2 � Φ = Arg(F )

�pl@m
A =

√
I
�
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x WNyhAz4%1�A70:+ Φ +.0D6T>,C"0<6$BDC$EGO&I.+NO[=bC {|5mB M I M +<=%6}0<O�B ] − π;π] ~

fΦ(y) =
1

2π
1{−π≤y≤π} Ú ª¨���s�rngÛ
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fI(x) =
1

µI
e
− x

µI 1x≥0
Ú ª¨���s�sksÛ

� =�A ~ µI = σI = 2σ2 W
� WNyN� A M 4�F�CL6$Ob>�+2'�0<O[CL6?O[=
+NF"57C?>�+@�TA�37F"+<C�Q71�>�+/>�+<=�0<CL6vI/>�+T4�BV5,EDA�EGCLF�CL6KI ~

fA(y) =
2y

µI
e
− y2

µI 1y≥0
Ú ª¨���s� ¼sÛ

� FLF"+N),I<BDC �T+ ~ µA =
√

π
2
σ ;�+<6 σA =

√
2 − π

2
σ W
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Φ
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] − π;π]
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� ÇhÂ���X;ÂP�>È/Â¯Ç_�;È»Æ;É�Ã ý�À��>È 	 ¿Áü&a�Çba�Ã½Â£Ã ý�À/c@ü«Ã£Æ«ý�È`�>È��[Èvý Φ

ì
P (I < i,Φ < φ) = P ((Re(F ))2 + (Im(F ))2 < i,Arg(Re(F ) + jIm(F )) < φ)

=
x

R2

1{x2+y2<i,Arg(x+jy)<φ} fRe(F ),Im(F )(x, y)dx dy

Y `Ó¢£dgz�ma��lºt~updg`p�sl@kDl@`ym fplj��dgbez�dg�p��l5{ºÙ
ρ = x2 + y2 l@m α = Arg(x + jy)

�«z½�³l��
x =

√
ρ cosα

l@m
y =

√
ρ sinα

�&Y<`^t5dg��t@np��l<��lz�sdgt@qs�pz�l5`KÙ

J =

∣
∣
∣
∣
∣

1
2
√
ρ
cosα

√
ρ sinα

1
2
√
ρ
sinα

√
ρ cosα

∣
∣
∣
∣
∣

#aqs`pt |J | = 1
2

�%#j��qsÏ

P (I < i,Φ < φ) =
x

R2

1{ρ<i,α<φ}
1

2πσ2
exp

(

− ρ2

2σ2

)
dρdα

2

Y `^l@`�fpi@fpnpz�m���dVfpl@`p{ez�mwi�fpl��pbeqg�hdg�pz���z�mei?d�qsz�`ymel<fpl���l@m
Φ
Ù

fI,Φ(x, y) =
1

4πσ2
exp

(

− x2

2σ2

)

1{x≥0,−π≤y≤π} Ú ª¨���g�����sÛ
ÜOdgbMt@qs`p{�i5xynpl5`ym5�§�¬d[��qgz0fol]��dV�ouhdg{el

Φ
l@{�m�fpqs`pt¦Ù

fΦ(y) =

∫ ∞

−∞
fI,Φ(x, y) dx Ú ª¨���s���s�ÁÛ

z½�³l�� Ú ª¨���s�snsÛQ��>d¦��qszÒfpl
I
l@{�m]Ù

fI(x) =

∫ ∞

−∞
fI,Φ(x, y) dy Ú ª¨���s��� � Û

z½�³l�� Ú ª¨���s��kvÛQ�

� ÇhÂ$��X�Â^�;È Â¯Ç�� ü§ÆZ�gýÁÃ¯ü§Æ��sÇp¿ÁÇ%�gý�À»¿�Ã£É@ýÁÃ$�hX>È��;È`�

χI(v) = E[eivI ] =

∫ ∞

−∞
eivxfI(x) dx

#aqs`pt]fÒ� dg�obe©5{ Ú ª¨���s��kvÛQ�

χI(v) =

∫ ∞

0

eivx
1

µI
e
− x

µI dx =
1

µI









exp

(

x

(

− 1

µI
+ iv

))

− 1

µI
+ iv









∞

0]²mMÔh`pdg��l@kDl@`ym�Ù
χI(v) =

1

1 − iµIv
Ú ª¨���g�����sÛ
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� ÇhÂ$��X�Â^�;È Â£Ç_�>È»Æ�É�Ã ý�À`�;È 	 ¿Áü&a�Ç�aOÃ£Â½Ã ý�À��;È Âwu ÇhÄ 	 Â£Ã ý:XZ�>È A =
√
I

P (A < a) = E[1A<a]

= E[1√
I<a]

=

∫ ∞

−∞
1{√x<a}fI(x)dx

=

∫ ∞

0

1{√x<a}
1

µI
exp

(

− x

µI

)

dx

(x = y2) =

∫ ∞

0

1{y<a}
1

µI
exp

(

−y
2

µI

)

2y dy

Y `�l5`�fpi@fpnpz�madgz�`o{ezA�¬dVfpl@`p{ez�mwi]fpl]�pbeqs�pdg�pz���z�mei<fpl]���³dgk9�p��z�menpfpl
A
�hl@mafpqg`pt]��l<mwb�qsz�{�z�©@kDl �§qsz�`vm�fpl

��dV�pb�qs�§qs{ez�mwz�qs`0�
�

� ü0È��(�vÃ¯È�Æ§ý��;È��pÇo¿�Ã¯ÇoýÁÃ¯ü§Æ ì _�`°�hd�bwdgk9©@mebelF�si5`pi@bwdg��l5k9l5`vm9nomez���z�{eirl5`°z�k­dg�gl5b�z�lrbwdgfhd�b¦�§qsnob
t5dgbwdgtQmwi@bez�{�l5b��½�³upqgkDqg�si5`pi@z�meiMf0��np`pl*q@qs`plal5{¤mZ��l�t@q»l��9t@z�l5`vmZfola��d�bez�d�mwz�qs`9qgn­i5t5dgb�m�m�×»�«la`pqsb�k­dg��z�{�i]Ù

γX =

√

V ar[X]

E[X]
=
σX
µX

Ú ª¨���s�����yÛ
# dg`o{V��l­t�dg{[fpnc{��§l5t¥¶»��lrmwqgmwdg��l@k9l5`ymºfpi@�sl@��qs�o�§ig�²��l­t5q»l<�9t5z�l@`ymVfpl­��d�bez¬d�mwz�qg`Ål@`´z�`ymel5`p{�z�mwi

I
l5{�m

i@�vdg�A·I�s�pl@m�t@l5��npzAfol]�½� d�kD�p��z mwnofpl l5{�m
γA =

√
4
π
− 1

�
å°æ¤çÑæR� è|î�ñ²î[ v¡yî[ v¢Zú¨ê�¡ ö¨ú£¡yéºêAëoìSíòê î�ð²îoñ¡íòê>óôêAõ�î öa÷0øÑêAíòðÊéaéº÷ùêAõ£¤z¥ÁøSúaê�¡

Ü�qsnpb�b�i5fpnoz�bel��½�³lQËÒlQm�fpn�{��§l5t¥¶y��lg�Ö�¬d[mel5t¥up`pz�xynpl]fpn�k[np��mwz ®��»npl@{Ml5{¤manomwz���z�{�i5l�dgn^`pz��sl5dgn^fpn��pb�q�®
t@l5{e{�l5npb á Ð o��Sª|l@����lQ®�t@zat@qs`p{�z�{¤mwl/·ßdgfpfpz�mwz�qs`p`pl@bD�p��no{ez�l@npbe{­z�k­dg�gl5{Dfpl ��dÎkDÝ@kDl�q5qs`ol fplÓ¢£dgÌ5qg`
z�`pt5qsuoi5bel@`ymelg�
á qgz�m

J =
1

L

L∑

k=1

Ik

∀ ¶Ö� Ik {enpz�mºnp`plD��qgzÊlQ±��§qs`pl@`ymez�l@����l¦`pi5�sd�mwz��slDfolDfpl5`o{ez�meiDfplD�pb�qs�hdg�oz���z mwi Ú ª¨���s��kvÛ<l@mjfol9¢¯qs`ptQmwz�qg`t5dgbwdgtQmwi@bez�{¤mwz�x»nol Ú ª¨���s�����vÛ~�
¦¨§ 	 ühý�©�ª»É5È ì Ú$������«�� �Al5{

Ik
{eqs`vm�{enp�p�§qg{ei5l@{¨z�`pfpi@�§l5`pfhd�`ymwl@{

¾º¿Áü 	 ü«É5Ã¯ýÁÃ ü«Æ ���$�%�"!h�x WNyN� CL=%6K+<=�0<CL6vINF�O M CL=
+<O�0:+ J = 1
L

∑L
k=1 Ik

0<O[CL6^O�=
+zF"57C�Q�A M¬M A�>�+­>�+<=�0<CL6KI/>�+�4�BV5,E.A�EGCLF�CL6KI ~
fJ(x) =

(
L

µI

)L
1

Γ(L)
xL−1 exp

(

−Lx
µI

)

1x≥0
Ú ª¨���s�����sÛ

® 57=¯BJA<4�4%+<FLF"+�°GO%+ µI = 2σ2 +<6z°GO%+ Γ(L) = (L − 1)! ± W � FLF"+²),I<B<C �T+ ~ µJ = 2σ2 = µI ;
σJ = 2σ2√

L
+<6 γJ = 1√

L

� �g�



� WHyz� A M 4�F�CL6$O�>�+ B =
√
J 0<O�CL6^O�=
+zF"57C�Q�A M�M A­Q�I<=
I<B�A,F�C"0:I.+z>�+/>�+<=�0<CL6vI/>�+T4�BV5�E.A�EGCLF�CL6KI ~

fB(x) =
2LL

µLI Γ(L)
x2L−1 exp

(

−Lx
2

µI

)

1x≥0
Ú ª¨���g���:\sÛ

� F³F"+z),I<BDC �T+ ~ µB = Γ(L+0,5)√
LΓ2(L)

√
2σ ; σB =

√

1 − Γ2(L+ 0, 5)

LΓ2(L)

√
2σ ;

+<6 γB =

√

LΓ2(L)

Γ2(L+ 0, 5)
− 1 W

¾]¿ÁÈ�X��§È ì � ÇpÂ���X;ÂP�>È/Â¯Ç_�;È»Æ;É�Ã ý�À��>È 	 ¿Áü&a�Çba�Ã½Â£Ã ý�À��>È´t�µª|qsk9kDl ��l5{
Ik
{�qs`ym�z�`pfpi5�§l@`pfhdg`vmwl@{5�Öl@m�xynpl

LJ =
∑L

k=1 Ik
�pqs`�dFÙ

χLJ(t) = E[eitLJ ]

= E[eit
PL

k=1 Ik ]

=
L∏

k=1

χIk(t)

=
1

(1 − iµIt)
L

=

∫ ∞

−∞
eitxfLJ(x)dx

Y ` bwdg�o�§l5����lºxynplj�¬d¦mwbwd�`p{�¢¯qsb�kDi@lºfpl p qsnpbez�l5b�fpl f l5{¤m<fpqs`o`pi5lj�hdgb f̂(t) =
∫∞
−∞ f(x)e−ixtdx

�
lQm�qs`�dV�¬dj¢¯qsbek[np��l f0��z�`v�sl5b�{ez�qg`

f(x) = 1
2π

∫∞
−∞ f̂(t)eixtdt

qsÏ
f̌(x) = f(−x) �%#¨qs`ot

ˆ̌fLJ(t) =

∫ ∞

−∞
e−istfLJ(−s)ds =

1

(1 − iµIt)
L

Ú ª¨���g����ngÛ

#º�³qsÏÍÙ
f̌LJ(x) =

1

2π

∫ ∞

−∞

ˆ̌fLJ(t)e
ixtdt =

1

2π

∫ ∞

−∞

eixt

(1 − iµIt)
L
dt Ú ª¨���g���|kvÛ

Y `^l@`�fpi@fpnpz�m]Ù
fLJ(x) =

1

2π

∫ ∞

−∞

e−ixt

(1 − iµIt)
L
dt Ú ª¨���g����¼vÛ

á z
L ≥ 2

�hqg`^qs�omez�l5`vmMl5`^z�`vmwi5�gbwdg`vmM�hd�bM�hd�b�mwz�l5{<Ù
∫ ∞

−∞

e−ixt

(1 − iµIt)
L
dt =

[

e−ixt
(1 − it)−L+1

iµI(L− 1)

]∞

−∞
︸ ︷︷ ︸

= 0

−
∫ ∞

−∞

−ixe−ixt
iµI(L− 1)

(1 − itµI)
−L+1dt

=
x

µI(L− 1)

∫ ∞

−∞
e−ixt(1 − itµI)

−L+1dt

=

(
x

µI

)L−1
1

(L− 1)!

∫ ∞

−∞

e−ixt

(1 − iµIt)
dt

� ���



Y b�qg`Í{wd�z�m�fpiKde·Ixynpl^Ù 1
2π

∫∞
−∞

e−ixt

(1 − iµIt)
L
dt = fI(x) = 1

µI
e
− x

µI 1{x≥0}
��Y `Íl5`Ífpi5fonpz�m]dgz�`o{ez²�¬d

fpl@`p{ez�mwi�fpl��pbeqg�hdg�pz���z�mei fpl]���IÙ

fLJ(x) =

(
x

µI

)L−1
1

µI(L− 1)!
e
− x

µI 1x≥0
Ú ª¨���s� � �vÛ

�ò�0lQ±�z�{¤mwl�np`^��z�l5`F{ez�k9�p��l l5`vmwbel
fLJ

l@m
fJ
Ù

P (J < j) = P (Lj < Lj) =

∫ ∞

−∞
fLJ(x)1x<Ljdx Ú ª¨���s� � �ÁÛ

]²mÑl5`¦¢£dgz�{wdg`vm¡��lSt¥uhd�`p�sl5k9l5`vmÑfplS��dgb�z¬dg�p��l
y = x

L

�sqs`9qg�omwz�l5`ym
P (J < j) =

∫∞
−∞ fLJ(Ly)1y<jLdy

�
#j��qsÏÍÙ

fJ(x) = LfLJ(Lx)
�

ª|l5�¬dÓ`pqsnp{[�«l@bek9l@m[Ôp`hdg��l@kDl@`ym[f0��qs�omel5`pz�b[��dÓfpl5`o{ez�meiFfplr�pbeqg�hdg�pz���z�meiDfpl
J = 1

L

∑L
k=1 Ik

�OlQm
fpqg`pt]fÒ�³qs��mwl5`oz�bS��l<�obel5k9z�l@bS�§qsz�`ymSfpl��¬dVÜ¡b�qs�§qs{ez�mwz�qs`^ª¨���s� ���

� ÇpÂ���X;ÂP�>È/Â¯Ç_�;È»Æ;É�Ã¯ý�À`�>È 	 ¿Áü�a;Çba�Ã½Â£Ã¯ý�À��>È/Âvu ÇhÄ 	 Â½Ã ý:X��;È B =
√
J

P (B < b) = E[1B<b] = E[1√
J<b] =

∫ ∞

0

1√
x<bfJ(x)dx

Ú ª¨���g� �,� Û
]Ê`^¢£d�z�{wd�`ymS��l<t¥uhdg`p�gl5k9l5`vmafol���dgbez�dg�p��l

x = y2 �hqg`^qs�omez�l5`vm�Ù

P (B < b) =

∫ ∞

0

1y<b

(
L

µI

)
1

Γ(L)
y2L−2 exp

(

−Ly
2

µI

)

2ydy

Y `^l5`^fpi@fpnpz�mM�¬d[��qszÒfpl��½� dgk9�p��z mwnofpl
B
�hlQm�fpqs`pt���l<fpl5n�±�z�©5k9l��§qsz�`vmMfpl��¬dVÜÊbeqs�§qg{ez�mez�qs`^ª¨���s�³�o�

�

û^ü«Ä´a;¿ÁÈ��;È`��X>È�É9À��hX;Ã8�oÇhÂ£È»Æ§ý�È»É ì _�`��hdgbwd�kD©Qmwbel<nomwz���l<�§qsnobadg`pdg��×»{el@b�xynhd�`ymwz�m¥d�mez��sl@kDl@`ymM�¬d
bei@fpnptQmwz�qs`^fpn^{e�§l@t~¶y��lºl@{�m���l<`pqgkV�obel<fpl<�»npl5{�i5xynpz���dg��l5`ym�Ù

Leq =
1

γ2
J

Ú ª¨���s� � �vÛ

132V¶ 2ï6¦8;:<8>=5?08>=5BDCFEHGIC ?>J/EML²N9PQEµTI\ºT ·j:]C^?>?A=QEMT
¸�qsn�mwl5{;��l5{>fpz�{�mwb�z��pn�mwz�qg`p{0xynpzyqs`vm;i@meiÑfpqs`o`pi5l@{��pbei@t5i@fpl5k9k9l5`ym�`olÑ{eqg`ym>��dg��dg�p��l@{AxynplÑfhdg`p{>��lÊt�dg{

fpnÓ{e�§l5t¥¶y��lºmwq�m¥dg��l5k9l5`vmafpiQ�sl5��qs�p�§ijlQm �§qsnobafpl5{*q@qs`pl5{¨upqgkDqs�g©5`pl@{ Ú t5q»l<�9t5z�l@`ym¨fpljb�i@mwb�q»fpz�Ë«np{�z�qs`t@qs`p{�mwdg`ym¥ÛQ�htg��l5{¤m�®�·�®�fpz�bel<{edg`p{MmelQ±»mwnobelg�
ÜÊ��no{ez�l@npbe{�fpi5kDdgbet¥upl@{º{�qs`ymº�§qs{�{ez��p��l@{]�§qsnpb��si5`oi5bwd���z�{el5b<t5l9kDq»fp©@��l��>�Al9{��§l5t¥¶»��lDl5{¤m[dg��qsbe{<l5`ot5qsb�l
mwq�m¥dg��l5k9l5`vmSfpi@�sl@��qs�o�§ig�ÖkDdgz�{Znp`pl���dgbez�d�mwz�qs`r`hd�mwnobel5����l fpl��¬d[{et@©5`pl]l5{�m��pb�z�{el<l5`^t5qsk9�omelg�
# dg`o{��¬d[{enoz�mwl��h`pqgnp{�dg�p�§l5����l@beqs`p{Sfoi5{eqgbekDdgz�{S���½�³z�`ymwl@`p{ez�mwi fpl��½�³z�kDdg�gl<�Ò® �»npl@{5�
å°æR�Sæ¤ç ¹Iõ úMî� òív v¡�ñ¡õ�îØíòñ»º¥ð ¼hó ú¨íòêùö¨ê¾½Íñ�¿Ñê�¡

_a`plÍkDiQmwupq»folÍ�pbeqg�§qs{ei@lÎ�hdgb^�Al�ÀMz�`p{e¶v×7t@qs`p{ez�{�melÅ·´bel@�pbel@`pfpbelÎ��d´��qsz fplÍ����z�`vmwl5`o{ez�mei
fI Ú t@¢Ú ª¨���s�����sÛ�Û¡l5`r��dºt@qs`p{�z�fpi@bwdg`vmZt@qskDk9lM¢¯qs`ptQmwz�qs`­fonr�hdgbwd�kD©Qmwbel µI = 2σ2 ���>dº��qsz Ú ª¨���s���:�sÛ¡l5{¤mSfoqs`ptkDdgz�`vmwl@`hdg`ymSt@l5����l<fol]�GÁ

µI
�%]¡`�dg�p�o��z�x»npdg`ymS�¬dj¢¯qsbek[no��l fplzÂZd�×sl5{@�Öqs`^qg�omwz�l5`ym�Ù

fI(i) =

∫

fI(i|x)fµI
(x)dx Ú ª¨� � ���ÁÛ

� � �



ÜÊ��np{ez�l5npb�{AkDq»fo©5��l5{0fplÊ��qsz�{�qs`ym;dg��qsbe{Ò�§qs{�{ez��o��l5{0�§qsnpb
µI
�:#¨dg`p{>��l²t�dg{AqsÏ

µI
{�npz�mAnp`plÊ��qgzg�sdgkDkDd¨���|\o�@���

qg`Imwb�qsno�sl��§qsnpb
I
no`pl]��qsz

K
�

fµI
(x) =

mmxm−1e
−mx

µ̄I

Γ(m)µ̄Im
Ú ª¨� � � � Û

fI(x) =
2(Lm)

L+m
2 x

L+m−2
2

Γ(L)Γ(m)µ̄I
L+m

2

Km−L





√

4Lmx

µ̄I



 Ú ª¨� � �³�vÛ

�>dafpz�{�mwb�z��pn�mwz�qs`/Ã l@{�m²����np`pl�fpl@{²�o��np{�nomez���z�{ei5l@{��§qsnpb�k9q»fpi5��z�{�l5b>�¬d�beiQmwbeq�®�fpz�ËÒno{ez�qg`ºfhd�`p{O����z�k9dg�glÑbed�®
fpdgb5��]Ê����lZ�§l@bek9l@mÑfolMmel5`pz�bÊt5qsk9�omelMf0��np`plS��dgb�z¬d�mez�qg`VfplM����z�`vmwl@`p{ez�mwiZkDq�×sl5`o`plg�vl@mÑdgz�`p{�zpf0��z�`vmwbeq»fpnoz�bel
��dV`pq�mwz�qs`Ifpl<melQ±»mwnpb�lg�

å°æR�ZæÄ� ¤[êùóôðZö*ÅAíòê ö¨úÇÆ*¼oú*  îØóÕúaí�î[ �é ív òëÒñ²î[ wº
_a`pl]dgnomebel�foi5kDdgbet¥upl��§qsnobMi@menpfpz�l@bM��dVfpz�{�mebez��onomwz�qs`rfpl]�½�³z�kDd��slHo á Yÿl@`��obei5{�l5`pt@lºfpl<mwlQ±»mwnobel

t@qs`p{�z�{�mel/·Í¢£dgz�bel^np`plÓkDq»foi5��z�{wd�mwz�qg`°k[np��mwz��p��z�t�d�mwz��gl�fol �½�³z�kDdg�glÎ� �:\o�g�����p�g���:\ � �½��{�qsnp{r��dÍ¢¯qgbek9l
I = RS

��qsÏ
I
l@{�mS�½�³z�`ymwl@`p{ez�mwi���npk9z�`pl@np{elaqs�p{�l5b��si@lg�

R
�¬d]bei@}pl5t@mez��»z�mei¨fpl¨�¬dº{�t5©5`olg�plQm

S
��l¨{��§l5t¥¶y��l��

Y `^{�np�p�§qs{�lºfpl��p��np{Mxynpl
R
lQm
S
{eqg`ym�z�`ofpi5�§l@`pfhdg`vmwl@{5��Y `�d¦fpqg`pt9Ù

fR,S(r, s) = fR(r)fS(s) Ú ª¨� � ���yÛ

P (I < i) =

∫

R

1x<ifI(x)dx

= P (RS < i)

=
x

R2

1rs<ifR,S(r, s)drds

=
x

R2

1rs<ifR(r)fS(s)drds
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x
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=
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