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Résumé

Le but de cette these est d’étudier certaines questions issues de la théorie de I’élasticité
en utilisant des méthodes d’analyse mathématique et de géométrie différentielle. L’idée de
notre démarche est de ne plus regarder la déformation du corps solide comme l’inconnue
principale du probleme, mais d’exprimer ce probleme en termes des propriétés géométriques
qui caractérisent le corps élastique qui subit la déformation.

Dans un premier temps, nous traitons le cas mono-dimensionnel, qui est lié a 1'étude
des fils élastiques, et nous prouvons des résultats d’existence, d’unicité et de stabilité d’une
courbe dans des espaces de Sobolev. Ce probleme nous conduit a étudier le cas plus général
d’une immersion de dimension et de co-dimension quelconques d’une sous-variété dans 1’es-
pace euclidien. Nous montrons que le résultat classique d’existence et d’unicité d’une telle
immersion peut étre étendu jusqu’au bord de la sous-variété, sous une certaine hypothese
de régularité peu restrictive sur celui-ci. En outre, nous obtenons que l'application ainsi
construite est localement lipschitzienne pour les topologies appropriées. Enfin, nous re-
venons a 1’étude des fils élastiques, pour obtenir des inégalités de Korn linéaires et non
linéaires pour les courbes en dimension 3. Ces inégalités jouent un role important dans
I’analyse mathématique du modele linéaire et non linéaire de poutres gauches.

Mots-clés : élasticité linéaire et non linéaire, géométrie différentielle, courbes, immer-
sions, sous-variétés, inégalités de Korn, fils élastiques.

Abstract

The aim of this thesis is to study some questions which arise in the theory of elasticity,
by using methods of mathematical analysis and differential geometry. The idea of our
approach is not to consider the deformation of the solid body as the main unknown of the
problem, but to express this problem in terms of the geometrical properties of the elastic
body under deformation.

First, we treat the one-dimensional case, related to the study of elastic wires, and we
prove some existence, uniqueness and stability results for a curve in Sobolev spaces. This
problem leads us to study the more general case of an immersion of arbitrary dimension and
co-dimension of a submanifold in an Euclidean space. We show that the classical existence
and uniqueness result for such an immersion can be extended up to the boundary of the
submanifold, under a specific, but mild, regularity assumption on this set. Moreover, we
obtain that the mapping constructed in this fashion is locally Lipschitz-continuous with
respect to suitable topologies. Finally, we reconsider the study of elastic wires, to obtain
some linear and nonlinear Korn inequalities for curves in dimension 3. These inequalities
play an important role in the mathematical analysis of the linear and nonlinear model of
curved rods.

Keywords: linear and nonlinear elasticity, differential geometry, curves, immersions,
submanifolds, Korn inequalities, elastic wires.






Introduction






Le cadre général de la théorie de 1’élasticité.

Le probléeme statique en élasticité non linéaire consiste a déterminer la déformation d’un
corps élastique de configuration de référence Q, ot 2 est un domaine (ouvert et connexe)
de I'espace euclidien R?, ou plus généralement une sous-variété de dimension p de R®. La
déformation est une application ® de € & valeurs dans R?® qui & chaque point  du solide
associe sa position ®(z) apres déformation. Nous allons supposer dans la suite que 1’appli-
cation ® est suffisamment réguliere pour que ce que l'on écrit ait un sens. De plus, pour des
raisons physiques, elle doit étre globalement injective sur 2 (pour éviter I'interpénétration
de la matiére) et doit conserver 'orientation de ’espace.

A chaque déformation ®, on associe ’énergie J(®P), définie par la différence entre
I’énergie interne I(®P) et le travail I(®) des forces extérieures :

(1.1) J(®) = 1(®) — 1(®).

Lorsque le solide est constitué d’un matériau hyperélastique homogene, son comportement
est régi par une énergie interne exprimée comme l'intégrale sur 2 d’une densité d’énergie
W(V®), qui ne dépend que du gradient de la déformation et ou I’expression de W dépend
du type de matériau constituant le solide. Si le solide est soumis a des forces mortes
volumiques de densité f et a des forces mortes surfaciques de densité g, le travail des
forces extérieures peut aussi étre exprimé sous une forme intégrale. Par conséquent, sous
ces hypotheses, I’expression de ’énergie J(®) prend la forme suivante :

(1.2) J((I)):/QW(V(I))dx—(/Qf-(I)d:vnt/an-(I)da).

Un état d’équilibre du solide déformé, décrit par une déformation w, est ensuite obtenu
comme solution du probleme de minimisation suivant :

(1.3) J() = inf J(®),

ou ®: Q — R? parcourt ’ensemble des déformations admissibles.

La question de ’existence d’un tel minimiseur dans ’espace des déformations admis-
sibles est restée longtemps ouverte, la difficulté venant du fait que ce probléme est non-
convexe pour toutes les lois de comportement W usuelles (voir pour plus de détails [15,
Théoreme 4.8.1]).

Cependant, une étape fondamentale dans cette direction a été accomplie avec les
résultats d’existence de Ball [5], qui établissent I’existence de solutions & ce probléme
de minimisation lorsque W est polyconvexe et vérifie certaines conditions de croissance et
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de coercivité. On rappelle qu'une densité d’énergie W: F € M® — R? est polyconvexe si
elle est convexe par rapport aux mineurs de F'.

Une autre question importante porte sur l'identification et la justification rigoureuse
des modeles de plaques, de coques et de fils & partir de I’élasticité tridimensionnelle. Dans
cette direction, nous signalons les travaux de Fox, Raoult et Simo [33], qui ont justifié de
facon formelle les équations des plaques non linéaires élastiques, telles qu’elles sont décrites
dans la littérature en mécanique, en utilisant la méthode du développement asymptotique,
introduite par Ciarlet et Destuynder [19] en élasticité linéaire.

Une autre démarche plus rigoureuse est basée sur 1'usage de la I'-convergence, qui est
une notion de convergence sur les fonctionnelles. Cette approche a été utilisée avec succes
pour les fils par Acerbi, Butazzo et Percivale [1], pour les plaques par Le Dret et Raoult
[41], Ben Belgacem [6], [7], Pantz [50], Friesecke, James et Miiller [35], [36], [37] et pour
les coques par Le Dret et Raoult [42], Friesecke, James, Mora et Miiller [34].

Une approche géométrique en théorie de 1’élasticité.

Les difficultées rencontrées pour résoudre le probléme de minimisation (1.3) ont conduit
a une nouvelle direction de recherche, visant a explorer la possibilité de combiner les
méthodes de I'analyse mathématique avec des outils géométriques.

Cette nouvelle approche, déja suggérée par Antman [4], a été récemment développée
par Ciarlet et Laurent [21] et par Ciarlet et C. Mardare [27], [28] (voir aussi les travaux
de Opoka et Pietraszkiewicz [49]). L’idée centrale de cette démarche est de ne plus re-
garder la déformation ® comme l'inconnue principale du probleme, mais d’exprimer ce
probléeme en termes des propriétés géométriques qui caractérisent le corps élastique qui
subit la déformation. En effet, de ce point de vue, I’étude des déformations d’un solide
en théorie de I’élasticité revient en géométrie différentielle a I’étude des immersions d’une
variété différentielle dans ’espace euclidien. Le changement de position d’un point matériel
lors d’une déformation est alors modélisé par une métrique sur la variété correspondante
et par une notion adaptée de courbure sur cette variété.

Lorsque le corps est constitué d’un matériau hyperélastique, son comportement est régi
par une densité d’énergie de la forme

(1.4) ® s W(,VO'VP)

pour toute déformation ®: 2 — R?, la fonction W: Q x S — R caractérisant le matériau.
L’énergie peut alors étre calculée avec la formule (1.2) et un état d’équilibre est trouvé
comme une solution du probléeme de minimisation (1.3). Néanmoins, la forme particuliere
de l'expression (1.4) suggere qu’une autre méthode pourrait aussi étre envisagée : au lieu de
prendre comme inconnue principale 'application ®, il est possible de considérer le probleme
dans l'inconnue C := V®TV®. Le champs de matrices C' est connu en élasticité comme
étant le tenseur de Cauchy-Green associé a la déformation ® et représente la métrique de
Q) associée a la déformation ® en géométrie differentielle. Cela conduit donc a un nouveau
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probléme de minimisation, cette fois-ci dans I'inconnue C, qui pourrait étre plus facile a
résoudre.

Toutefois, cette méthode souleve plusieures questions : Etant donné C', est-il possible de
reconstruire ® ? Est-ce que ’application C' — & a-t-elle de bonnes propriétés de continuité,
pour permettre un eventuel passage a la limite dans les termes de force ou bien dans les
conditions aux limites ? Dans quels espaces de fonctions faut-il se placer ?

Cette demarche peut aussi s’appliquer dans la théorie des coques, qui sont des solides
cylindriques minces ayant la géométrie de leur surface moyenne S = f(w), ou w est un
domaine de R? et : w — R? est une application suffisamment réguliére. Dans le cas d'un
matériau hyperélastique, la densité d’énérgie associée a une déformation ¢: S — R® de
cette surface moyenne est donnée par

(1.5) 6 = W(,a(6),b(8)),

ol la fonction W: w x S2 x §? — R caractérise le matériau et a(¢) et b(¢) sont des
champs de matrices désignant respectivement la premiere et la deuxieme forme fondamen-
tale de la surface déformée ¢(w). Dans ce cas, les nouvelles inconnues sont les deux formes
elles-mémes et les mémes questions que dans le cas de I’élasticité tridimensionnelle sont a
résoudre.

Il est a remarquer que ce nouveau point de vue nécessite I'extension des résultats clas-
siques de géométrie différentielle a un cadre fonctionnel plus adapté aux problémes issus
de la théorie de I’élasticité. Il s’agit d’utiliser la notion de dérivée au sens généralisé et de
chercher la solution de ces problemes dans des espaces de fonctions de faible régularité, en
particulier dans des espaces de type Sobolev. Il est aussi important de prendre en compte
les conditions aux limites qui apparaissent naturellement dans les équations qui régissent
le comportement du solide déformé, d’ou le besoin d’étudier les immersions d’'une variété

a bord.

Cette nouvelle approche a été déja appliquée avec succes en élasticité linéaire par P.G.
Ciarlet et P. Ciarlet Jr. (voir [18]). Par contre, dans le cadre de I’élasticité non linéaire
on voit apparaitre des difficultées supplémentaires. Néanmoins, des resultats partiels dans
cette direction ont été obtenus en élasticité tridimensionnelle (voir [21], [25], [27], [28],
[43], [46], [51]) ainsi qu’en élasticité bidimensionnelle (voir [17], [20], [26], [29], [45]).

Notre travail s’inscrit dans cette direction. Dans une premiére partie nous nous sommes
intéressés au cas mono-dimensionnel, qui est 1ié a I’étude de la déformation des fils élastiques.
Notre objectif a été de traiter des questions liées a I’existence et I'unicité d’une courbe dans
des hypotheses plus faibles que celles que 1’on considere usuellement.

Ce probleme, lié aux immersions d’une courbe dans un espace euclidien de dimension
quelconque, nous a conduit dans le deuxieme chapitre a étudier le cas plus général des
immersions de dimension et de co-dimension quelconques d’une sous-variété dans ’espace
euclidien. Les questions abordées dans cette partie portent sur la reconstruction d’une
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sous-variété a bord et trouvent leur motivation a la fois en géométrie différentielle et en
théorie de I’élasticité.

Dans la troisieme partie nous nous sommes placés a nouveau dans le cadre de la théorie
des fils élastiques, pour obtenir des inégalités de Korn linéaires et non linéaires pour les
courbes, inégalités qui jouent un role important dans ’analyse mathématique du probleme
statique en théorie des fils élastiques.

Présentation générale de la these.

Dans cette partie, nous présentons d’'une maniere générale les principaux objectifs qui
ont été poursuivis dans ce travail de these, ainsi que les résultats que nous avons obtenus
dans chaque chapitre. Le mémoire est divisé en trois chapitres et une annexe.

En général, les fils d’éppaisseur constante sont modélisés par des solides cylindriques
minces, occupant au repos un ouvert de la forme Q° = w® x (0, L), ol w® = ew, w est un
domaine de R? et ¢ est un parametre destiné & tendre vers zéro. Si les fils sont constitués
d’un matériau hyperélastique, on peut utiliser ce qui a été présenté précédemment pour
décrire leur comportement. Néanmoins, une alternative nettement plus simple consiste a
utiliser un modele mono-dimensionnel, & savoir un modele qui fait intervenir seulement la
déformation de la ligne centrale. Un tel modele présente de nombreux avantages, car il se
préte plus facilement & une analyse physique et mathématique, et nécessite aussi beaucoup
moins de calculs lors d’un traitement par simulations numériques.

Exprimé en termes de la géométrie différentielle, ce probléeme revient a étudier les im-
mersions d’une courbe dans I’espace euclidien. Notre premier objectif dans ce chapitre a été
d’établir dans quelles conditions le théoreme fondamental de la théorie des courbes reste
vrai sous des hypothéses faibles de régularité. Plus précisément, nous avons montré qu’il
existe une courbe unique ¢ € H"(I;R"), I = (0,T), isométriquement immergée dans R",
dont les fonctions de courbure sont (n—1) fonctions données de H"2(I; R) x H"*(I; R) x
... X HY(I; R) x L2(I;R). Grace a ce résultat, lapplication qui, & chaque (n—1)-uple de fonc-
tions de courbure, associe une courbe immergée dans R", est bien définie. Notre deuxieme
objectif dans ce chapitre a été de prouver que ’application ainsi construite est de classe C*°.

Considérons maintenant w C RP un ouvert connexe et simplement connexe, muni d’une
métrique riemannienne. Il est connu en géométrie différentielle (voir [38], [39], [53], [58]),
que w peut étre isométriquement immergé dans l’espace euclidien identifié & RPTY? si et
seulement si les tenseurs associés vérifient les relations de Gauss-Ricci-Codazzi et que les
immersions ainsi définies sont déterminées aux isométries de RP*Y preés. Du point de vue
de D'élasticité (voir Betounes [11], ou l'intérét de ’étude de la mécanique des solides en
dimension quelconque est souligné), 'immersion #: w — RPT? ainsi obtenue peut étre
interprétée comme la déformation d’un solide dont w est la configuration de référence.

Le premier objectif du Chapitre 2 est d’étendre ce résultat d’existence et d’unicité de
I’'immersion # jusqu’au bord de w. Nous avons montré que cela est possible sous I’hypothese
que w satisfait la “propriété géodésique”, qui est une hypothese de régularité peu restrictive
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sur la frontiere de w. Outre sa motivation géométrique, ce résultat permet de prendre
en compte les conditions au bord qui apparaissent dans les équations satisfaites par une
déformation.

Le théoreme précédent de reconstruction jusqu’au bord nous permet de définir une
application qui associe aux données géométriques de départ la sous-variété ainsi construite.
Le deuxieme objectif qui a été poursuivi dans ce chapitre consiste a étudier les propriétés
de régularité de cette application. Nous avons montré que, lorsque 1'ouvert w est borné,
I’application de reconstruction est localement lipschitzienne pour les topologies usuelles
des espaces de Banach C'(w), | > 1.

Les résultats ainsi obtenus constituent une approche unifiée, qui généralise a des di-
mensions et co-dimensions quelconques des travaux récents qui ont été faits dans le cas
d’un ouvert de R" (voir [27]) et dans le cas d’une surface (voir [29]).

Notre objectif dans le troisieme chapitre, qui est un travail en commun avec Sorin
Mardare, est de poursuivre I’étude des courbes dans I’espace euclidien, pour obtenir des
inégalités de Korn linéaires et non linéaires dans ce cas.

Une premiere motivation de notre travail provient de 'importance des inégalités de
Korn linéaires dans la théorie de I’élasticité linéaire, ou elles représentent un outil de base
dans la démonstration de 'existence d’une solution pour le modele linéaire de Koiter (voir
la Section 1.7, le Chapitre 2 et les références de Ciarlet [16] pour 'inégalité de Korn tri-
dimensionnelle et I'inégalité de Korn pour une surface, ainsi que les travaux de Chen et
Jost [13] pour une version de ce résultat dans le cadre de la géométrie riemannienne). En ce
qui concerne les inégalités de Korn non linéaires, notre travail a été motivé par 'approche
géométrique de la théorie des fils non linéairement élastiques que nous avons présentée
auparavant. De ce point de vue, ces inégalités non linéaires peuvent étre interprétées comme
des extensions naturelles des inégalités de Korn non linéaires établies par Ciarlet et C.
Mardare dans [28] pour le cas d’un sous-ensemble ouvert de R™.

La premiere partie de ce travail consiste a obtenir une inégalité de Korn linéaire pour les
courbes de R?, qui montre que 1’on peut controler le champ de déplacement de la courbe,
mesuré pour une norme de Sobolev appropriée, par les tenseurs linéarisés de changement de
métrique, de courbure, et de torsion, de la courbe, mesurés en norme L?. Dans la deuxieéme
partie, nous avons obtenu des inégalités qui montrent que la norme W™P du champ de
déplacement de la courbe peut étre majorée par des expressions qui ne dépendent que
des tenseurs de changement de métrique, de courbure, et de torsion de la courbe, mesurés
dans des normes appropriées. Les inégalités ainsi obtenues peuvent étre vues comme des
inégalités de Korn non linéaires pour les courbes.

Dans la derniere partie de la these, qui est présentée sous la forme d’un appendice,
notre but a été de développer un outil qui permet de reconstruire des courbes immergées
dans I'espace euclidien de dimension 2 ou 3 a partir des fonctions de courbure et de torsion
dérivables au sens de Sobolev, mais pas nécessairement au sens classique. Nous avons fait
des simulations numériques a l'aide du logiciel Scilab et nous avons utilisé les résultats
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théoriques obtenus dans le premier chapitre.

Nous donnons maintenant une description plus détaillée des résultats obtenus dans
chaque chapitre de la these.

Présentation du Chapitre 1.

Le but du premier chapitre est I’étude des courbes isométriquement plongées dans un
espace euclidien, probleme qui est lié en théorie de 1’élasticité a I’étude de la déformation
des fils élastiques.

Il est connu en géométrie différentielle que 'on peut reconstruire une courbe a partir
de ses fonctions de courbure si on peut dériver ces fonctions suffisamment de fois au sens
classique. Le cadre géométrique est le suivant : on considere un intervalle I = (0,7) de
R et c: I — R une courbe régulicre, i.e., telle que les vecteurs c¢()(¢), 2 (¢),...,c" V()
soient linéairement indépendants pour tout ¢ € I. On montre alors qu’il exite un unique
repére de Frenet associé a cette courbe, que 'on note {e; (%), ..., e,(t)}, et que les fonctions
de courbure sont données par les formules suivantes :

o <ein(t) eilt) > ; "
(1.6) ki(t) = () , Viedl,..., 1}.

Avec ces notations, le théoréeme fondamental de la théorie des courbes affirme alors qu’on
peut reconstruire la courbe ¢ si on prescrit ses (n — 1) fonctions de courbure et que cette
courbe est unique aux isométries de R” pres (voir, par exemple Klingenberg [40] ou Spivak
[52], pour une preuve en dimension n, mais sans précisions sur la régularité des données,
ou bien Berger et Gostiaux [8] pour une démonstration en dimension 3 qui prend en
considération l'ordre de dérivabilité au sens classique des fonctions de courbure).

Récemment, divers généralisations de ce probleme de reconstruction, motivées par des
questions rencontrées en élasticité non linéaire, ont été obtenues pour le cas d’un ouvert de
R™ et celui d’une surface par S. Mardare [45], [46] pour des données qui se trouvent dans
des espaces de Sobolev.

Le premier objectif de ce chapitre est d’établir un résultat analogue pour une courbe,
a savoir prouver que le théoreme fondamental de la théorie des courbes reste vrai sous des
hypothese de régularité plus faibles que celles que 1'on considere en géométrie differentielle
classique. L’idée est de considérer que les fonctions de courbure appartiennent a des espaces
de Sobolev et d’utiliser la notion de dérivée généralisée au sens des distributions. Le résultat
s’énonce alors de la fagon suivante :

THEOREME 1. (ezistence et unicité) Soient (Fy, ..., F,_1) € H" *(I;R)x... x H'(I;R)x
L*(I;R) des fonctions telles que Fi(t) > 0,..., F,_5(t) > 0 pout tout t € I. Alors :
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(a) Il existe une courbe régquliére ¢ € H"(I;R™) telle que |c'(t)| = 1 pour tout t € I
et telle que ses fonctions de courbure soient Fi,...,F, 1, i.e., ki(t) = F;(t) pour tout
ie{l,...,n—1} et pour tout t € I.

(b) Si c et é sont deuzr courbes qui satisfont les conditions de (a), alors il existe une
isométrie propre ¢: R* — R" telle que ¢ = poc.

(c) Si zg € R" est fixé, alors il existe une unique courbe c telle que ¢(0) = xo, son
repére de Frenet a ’origine soit e;(0) = (1,0,...,0),...,e,(0) = (0,0,...,1) et telle que
les conditions de (a) soient satisfaites.

L’idée de la preuve de ce résultat est d’écrire, comme dans le cas classique, les équations
de Frénet (mais qui cette fois-ci sont vérifiées seulement au sens des distributions) et de
démontrer I'existence et I'unicité de la solution d’un tel systeme. La forme particuliere de
ces équations permet ensuite de prouver la régularité de la solution ainsi obtenue, et, par
conséquent, de montrer I'existence de la courbe ¢ € H"(I;R™). L'unicité de la courbe est
obtenue grace a l'unicité de la solution du systeme précédent.

Notons que ’hypothése que les premieres (n — 2) fonctions de courbures sont stricte-
ment positives est essentielle, comme le montre le contre-exemple donné dans la derniere
section de ce chapitre.

Une autre question concerne la régularité de ’application qui associe aux données
géométriques initiales la courbe ainsi reconstruite, qui est bien définie grace aux résultats
d’existence et d’unicité précédents. Dans cette direction, des résultats similaires ont été
obtenus dans le cas d’un ouvert de R" (voir Ciarlet et Laurent [21]) et aussi dans celui
d’une surface (voir Ciarlet [17]), mais pour des données régulieres.

Le deuxieme but de cette partie est d’étudier la régularité de I'application qui associe
aux (n — 1) fonctions de courbure la courbe ¢ € H"(I; R") ainsi reconstruite. Le fait que
cette application est bien définie est une conséquence du Théoreme 1. Pour simplifier la
présentation de ce résultat, on introduit les notations suivantes :

(1.7) H(LR) = ﬁ H" *(I;R),

k=0
et
(1.8) H(;R)s :={(F1,-..,Fn1) € H(I;R); Fi(t) >0, Vtel, Vie{l,...,n—2}}.

I est & remarquer que ’ensemble H(I;R)s est un ouvert de l'espace de Hilbert H(I;R).
Avec ces notations, le Théoreme 1(c) montre qu’il existe une application

(1.9) F:(F,....,F,_1) €e H(I;R)s — c€ H"(I;R"),

ou la courbe c est telle que ses fonctions de courbure sont exactement Fi,...,F,_1 et
satisfait en plus les “conditions initiales” ¢(0) = zy et e;(0) = (1,0,...,0),...,e,(0) =
(0,0,...,1). Le résultat pricipal de la deuxiéme partie est alors le suivant :
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THEOREME 2. On considére l’application

F:H(;R)s — H'(I;R"),

(Fl,...,Fn_l) = C

ot la courbe c est définie dans la partie (c) du Théoréme 1. L’application F est alors de
classe C*°.

La preuve de ce résultat est basée sur le théoreme des fonctions implicites, appliqué
dans le méme cadre fonctionnel que celui utilisé dans la preuve du Théoreme 1 pour mon-
trer I’existence de la courbe c.

Le résultat d’existence et unicité contenu dans le Théoreme 1 et le résultat de régularité
C* donné dans le Théoreme 2 permettent aussi de retrouver comme corollaires les résultats
analogues en géométrie différentielle classique, qui utilisaient la notion de dérivée au sens
usuel.

Les résultats présentés dans ce chapitre ont fait 'objet des publications [54] et [55].

Présentation du Chapitre 2.

Le théoreme fondamental de la géométrie riemannienne affirme qu’un espace de Rie-
mann connexe et simplement connexe w de RP peut étre isométriquement immergé dans
I’espace euclidien RPY si, et seulement si, il existe des tenseurs satisfaisant les équations de
Gauss-Ricci-Codazzi, auquel cas ces immersions sont déterminées aux isométries de RP¢
pres. Ce théoreme peut étre démontré par différentes méthodes : en utilisant les coor-
données locales (voir Eisenhart [32]), les connexions du fibré normal (voir Szczarba [53]),
les formes différentielles (voir Tenenblat [58]), ou I'existence d’une métrique plate compa-
tible (voir Jacobowitz [38], [39], articles dans lesquels on trouve aussi une présentation de
Iétat de l’art du probleme).

Ce deuxieme chapitre a deux objectifs : sous une certaine hypothese de régularité sur la
frontiere de w, nous avons d’abord établi un résultat analogue d’existence et unicité d’une
sous-variété “jusqu’au bord”, puis nous avons montré que ’application qui associe a ces
tenseurs la sous-variété ainsi reconstruite est localement lipschitzienne pour les topologies
usuelles des espaces de Banach C'(w), | > 1.

Pour présenter ce travail, nous commencons par préciser I’hypothese de régularité sur
la frontiere de 'ouvert w qui sera utilisée dans la suite :

DEFINITION 1. On dit qu’un sous-ensemble ouvert w de RP satisfait la propriété géodésique
st, et seulement si, il est conneze et, pour tout point Ty € Ow et pour tout ¢ > 0, il existe
d = d(zg,€) > 0 tel que

d,(z,y) < € pour tout z,y € wN B(xg; ).
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Il est a remarquer que cette hypothése n’est pas tres restrictive, car tout ouvert connexe
de RP & frontiere lipschitzienne (cf. Définition 4.5. de [2], ou pp. 14-15 de [48]), satisfait la
propriété géodésique.

Une autre définition dont nous avons besoin pour énoncer nos résultats est la suivante :

DEFINITION 2. Soit w un ouvert de RP. Pour tout entier | > 1, on définit ’ensemble
C!(w) comme étant lespace de toutes les fonctions f € C'(w) qui, en méme temps que
toutes leurs dérivées partielles 0%f, 1 < |a| < I, possédent des extensions continues
sur ladhérence W de w. Des définitions analogues ont lieu pour les espaces C'(w;RY),
Clw; MY), CY(w;SY), etc., pour tout entier N > 0. Toutes les extensions continues qui
apparaissent dans ces espaces sont identifiées par des lettres surlignées, comme par exemple
dans la définition de l’ensemble suivant :

C*(w; SY) := {A € C(w; S™); A(y) € SY pour tout y € w}.

Les espaces C!'(w; RY) et C!(w; M), [ > 1, sont munis des normes suivantes :

(1.10) |Flliz:= sup [0*F(y)| pour tout F € C'(w;MY),
yeW, |al<l

et

(1.11) 101z ;= sup [0%0(y)| pour tout 6 € C(w; RY).
yew, |al<l

Le cadre géométrique, ainsi que toutes les notations, est décrit en détail dans le corps
de la these. Nous retenons ici juste le fait que les équations Gauss-Ricci-Codazzi ont la
forme suivante :

(1.12) (0aThs — 08T s + L350y — TasThy)ary = b, bss — UL 50,
(1.13) 0oTY — 0T + T T — THTH + a7 (bl,.b5, — ) bL,) = 0,
(1.14) 0ol g — Opbd, =T bl y — Th bl + bl T — b, TY,

ou «, B,7,6,0,7 € {1,...,p} et 4,5,k € {1,...,q}. Ce sont les équations classiques de
Gauss-Ricci-Codazzi satisfaites pour une sous-variété de ’espace euclidien, données sous
cette forme par exemple dans [32, page 190].

Avec toutes ces notations, nous pouvons maintenant énoncer le théoreme fondamental
de la géométrie riemannienne, qui établit I’existence et 'unicité d’une immersion isométrique
d’un sous-ensemble ouvert w C RP, muni d’une métrique riemannienne, dans 1’espace eu-
clidien RP*Y :

THEOREME 3. Soit w un ouvert connexe et simplement connexe de RP. Soient A =
(aap) € C*(w;SE) un champ de matrices symétriques définies positives, B' = (bl,z) €
Cl(w;SP), i € {1,...,q}, q champs de matrices symétriques, et T, = (T7) € Cl(w;A9),
a € {1,...,p}, p champs de matrices anti-symétriques, qui satisfont les relations de Gauss-
Ricci-Codazzi (1.12-1.14). Etant donné yo € w fixé, on note par Gy € MP1? la matrice
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suivante :
._ A(yo) 0
(1.15) Gy := ( 0 I, )

Alors il existe une immersion 6 € C3(w, RP1?) unique et une famille unique orthonormée de
q champs de vecteurs N*,... N? € C*(w,RPt?), normauz a 6(w), satisfaisant les relations

(1.16) (1) {0ab(y),00(y)) =aas(y), Yy € w, Vo, B € {1,...,p},
(1.17)  (ii) (Bapb(y), N*(y)) = —bis(y) Vy € w, Yo, B € {1,...,p}, Vie {1,...,q},
(1.18)  (iid) (BaN*(y), N'(y)) =T (y) Vy € w, Ya € {1,...,p}, Vi,j € {1,...,q},

tels que O(yo) = 0, et tels que la a-iéme colonne de la matrice G(l)/2 soit 0,0(yo), pour tout
ae{l,...,p}.

Notre premier objectif est de montrer que I'immersion isométrique : w C R — R"
donnée par le théoreme précédent peut étre prolongée, sous certaines hypotheses, jus-
qu’a la frontiere dw de l'ouvert w. Le théoreme suivant étend ainsi des résultats obtenus
précédemment pour un ouvert de R* (voir [27, Théoreme 3.3]) et pour une surface (voir
[29, Théoreme 2]) :

THEOREME 4. Soit w un ouvert connexe et simplement connexe de RP qui satisfait la
propriété géodésique (cf. Définition 1). On considére un champs de matrices symétriques
définies positives A = (aqp) € C*(w;SL) (c¢f. Définition 2), q champs de matrices symétriques
Bt = ( fw) € C(w;S?), 1 € {1,...,q}, et p champs de matrices anti-symétriques T, =
(T) € CH(w; A?), a € {1,...,p}, tels que les relations (1.12), (1.13) et (1.14) soient sa-
tisfaites. Alors il existe une application § € C*(w; RPT) et une famille orthonormée de q
champs de vecteurs N',... N9 € C?(w;RPT9) normauz a 0(w) tels que

(1.19) (1) (9aB(y), 050(y)) =ap(y), Yy €@, Vo, B € {1,...,p},
(1.20) (i) <Tﬂa(y),ﬁ(y)> — U,y Yy €@, Yo, Be{l,...,p}, Vie{l,...,q},

(1.21) (i) <W(y),ﬁ(y)> —TH(y) Wy €@, Ya e {1,....p}, Vi,j € {1,...,q},

tels que O(yo) = 0, et tels que la a-iéme colonne de la matrice G(l)/2 soit 0,0(yo) pour tout
a € {1,...,p}, ou la matrice Gy est donnée par la relation (1.15).

La preuve de ce théoreme se fait en montrant que ’application : w C R? — R", ainsi
que ses dérivées partielles d’ordre < 3 ont des prolongements continus a w. L’idée est d'uti-
liser le fait que w satisfait la propriété géodésique pour déduire des estimations permettant
d’appliquer le lemme de Gronwall et de montrer 'existence de tels prolongements.

Pour rendre la présentation de la deuxiéme partie plus claire, nous introduisons la
notation suivante :

X @) :={(A, (BY), (Tn)) € C*@;SL) x (C'(@;S") x (C'(w; A9))”

1.22
(1-22) tels que les relations (1.12), (1.13) et (1.14) soient satisfaites},
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ou on rappelle que (1.12), (1.13) et (1.14) sont les relations de Gauss-Ricci-Codazzi écrites
en coordonnées locales. Considérons un point yy € w fixé et une matrice Gy donnée comme
dans la relation (1.15). Nous pouvons alors construire I’application

(1.23) F: X(@) = CP¥(w; R x (C*(w; RPH9))Y,
qui associe & chaque élément (A, (B?), (1)) € X (w) 'unique élément (6, (N?)) € C3(w; RPH9)

x (C?(w; RP*7))? qui satisfait les conditions ci-dessous :

(1.24) <ﬂ(y),ﬁ(y)> —0Vyewm Yae(l,. .. p), Viel,... q)

les relations (1.19), (1.20), (1.21), O(yo) = 0, et la a-ieme colonne de la matrice G(l)/2 est
0a0(yo), pour tout o € {1,...,p}. Grace au Théoreme 4, cette application est alors bien
définie. Notre second objectif est d’étudier les propriétés de cette application.

Notons que si, de plus, ’ensemble w est borné, les espaces C%(w; S?), C!(w; SP), C!(w; AY),
C%(w; RP™) et C3(w; RP™¥), munis de leurs normes usuelles, sont des espaces de Banach.
L’espace produit C2(@; S2) x (C(@;SP))? x (C'(w;A?))”, muni de la norme

(1.25) 1(4, (B"), (T2))]

est un espace de Banach et I’ensemble X (&) devient un espace métrique lorsqu’il est équipé
de la topologie induite. L’espace produit C*(w; RP*?) x (C?(w; R**7))?, muni de la norme

(1.26) 10, (N)lls.2 = (1013 + max | N']|5

2115 = ||All2z + max || Bl z + max || Tu[l1z

est aussi un espace de Banach.

Avec toutes ces notations, nous pouvons maintenant énoncer le deuxieéme résultat prin-
cipal de ce chapitre, qui généralise le Théoreme 5.2. de [27] et le Théoreme 3 de [29].

THEOREME 5. Soit w un ouvert borné, connexe et simplement connexe de RP, qui sa-
tisfait la propriété géodésique. On munit les espaces C?(w; SZ) x (Cl(w; Sp))q X (Cl(w; Aq))p
et C3(w; RPT7) x (C?(w; RP+9))? des normes ||« ||2,1,1,0 €t ||+ |l3.2.0 respectivement, et on munit
Vespace X (w) de la métrique induite par la norme || -+ ||21,1,5. Alors Uapplication

F: (4, (B, (Tn) € X(@) — (0, (N) € C¥(w; RP9) x (C?(w; RP)),
est continue. Flle est méme localement lipschitzienne sur [’ensemble X (@).
Pour établir ce résultat, nous considérons un point arbitraire X := (/Al, (BY, (Ta)) de

A~

lespace X (W) et nous démontrons qu’il existe des constantes ¢(X) > 0 et §(X) > 0 telles
que

(1.27) (6, (V) = (6, ("))

pour tous X,X € B(X;d(X)), ot (4, (N?)) = F(X) et (d,(N?)) = F(X). Ensuite, la
stratégie consiste a écrire F comme une application composée et a montrer que chacune

325 < C(X)“X - X||2 1,1,@

IR R




18 INTRODUCTION

des applications composantes est une application localement lipschitzienne.

Le travail de ce chapitre fait 1’'objet des publications [56] et [57].

Présentation du Chapitre 3.

L’inégalité de Korn tridimensionnelle joue un role fondamental dans ’analyse mathé-
matique du probleme de 1’élasticité tridimensionnelle linéarisé. Cette inégalité, qui peut
étre établie ou bien en coordonnées cartésiennes (voir, par exemple Duvaut et Lions [31]),
ou bien directement en coordonnées curvilignes (voir Ciarlet [14]), affirme que I'on peut
controler la norme du champs de déplacements d’un ouvert par la norme du tenseur linéarisé
de changement de métrique de 'ouvert (pour un choix approprié de ces normes).

De méme, dans le cas d’une coque, I'inégalité de Korn sur une surface est l'outil de base
pour établir 'existence d’une solution pour le modele linéaire de Koiter (voir Bernadou,
Ciarlet et Miara [10]) et intervient aussi dans ’analyse asymptotique des coques élastiques
(voir Ciarlet et Lods [22], [23] et Ciarlet, Lods, Miara [24]). Grace a cette inégalité, on
peut majorer la norme du champs de déplacements d’une surface par une expression qui
dépend de la norme du tenseur linéarisé de métrique et de la norme du tenseur linéarisé
de courbure de la surface. Cette inégalité a été établie pour la premiere fois par Bernadou
et Ciarlet [9]; une autre preuve, sous des hypotheses plus faibles, a été donnée par Blouza
et Le Dret dans [12]. Elle peut aussi étre établie comme une conséquence de 'inégalité
de Korn tridimensionnelle en coordonnées curvilignes (voir Ciarlet et S. Mardare [30]) ou
bien dans un cadre plus général, pour une surface compacte sans bord (voir S. Mardare
44]).

Ces travaux posent naturellement la question de savoir s’il y a une inégalité analogue
dans le cas d’une courbe. Notre objectif dans le troisieme chapitre, qui est un travail fait en
collaboration avec Sorin Mardare, est de donner une réponse a cette question, en établissant
des inégalités de Korn linéaires et non linéaires pour des courbes de R3.

Pour obtenir les inégalités linéaires, nous nous sommes placés dans un cadre similaire a
celui de Blouza et Le Dret [12], dans le sens ou les hypotheses de régularité sur la courbe de
référence font intervenir les dérivées généralisées au lieu des dérivées classiques. Compte-
tenu des analogies avec le cas tridimensionnel et le cas bidimensionnel, on s’attend a voir
apparaitre dans ces inégalités le tenseur linéarisé de changement de métrique, le tenseur
linéarisé de changement de courbure, et le tenseur linéarisé de changement de torsion
associés a un champ n de déplacement de la courbe. La premiere etape consiste donc a
calculer explicitement I'expression de ces tenseurs, le résultat étant donné dans 1’énoncé
suivant :

LEMME 1. Le tenseur linéarisé de changement de métrique associé au champ de vec-
teurs n est donné par

(1.28) ain(n) =n' - T,
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le tenseur linéarisé de changement de courbure associé au champ de vecteurs n est donné
par

kin(n) = n"-N—=2kn'-T
(1.29) = (n-N)—kn-T —m- B,

et le tenseur linéarisé de changement de torsion associé au champ de vecteurs m est donné
par

T 1 k'
Tin(m) = —m' T — & "N+ (En”’ - E’?" +kn')-B
! ! k’ n ]' " !
(1.30) = - T+ (kn' = 5n")- B+ (0" B)"

Les notations utilisées ici sont les suivantes : {T', N, B} est le repere de Frenet associé
a la courbe réguliere (au sens du Chapitre 1) v € W3*(I;R?), k est la courbure de la
courbe et T est sa torsion. Il est & remarquer que, sip € WH(I;R?), 1 < p < +oo,
satisfait ' - N, " - B € W'P(I), alors le tenseur linéarisé de changement de métrique,
le tenseur linéarisé de changement de courbure, et le tenseur linéarisé de changement de
torsion associés au champs de déplacement 1 appartiennent a L?(T).

Avec ces notations, le premier résultat établi est une inégalité de Korn sans conditions
au bord, qui s’énonce ainsi :

THEOREME 6. Soit v € W3(I; R®) une courbe réguliére et soit V' ’espace défini par
Vi={neW"(;R); n'- NeWY(I)etn"-BeW"(I)}
Alors il existe une constante C > 0 qui dépend seulement de la courbe ~ telle que

Inllwis + 0" Nllwss +n" - Bllwss
(1.31) < C(Imllzs + Nawin ()5 + [Kiin(m) 125 + 7i6n () ]2

pour tout m € V.

L’étape suivante consiste a démontrer un lemme des déplacements rigides infinitésimaux,
sous des hypotheses faibles de régularité (pour un point de vue similaire dans le cas d’une
surface, voir Blouza et Le Dret [12] et Anicic, Le Dret et Raoult [3]).

LEMME 2. Soit n € V tel que ajin(n) = kiin(n) = Tin(n) = 0. Alors il existe deux
vecteurs a,b € R? tels que

n(s) = a+ b x y(s) pour tout s € I.

La preuve de ce lemme peut se faire ou bien directement a partir du Lemme 1, ou bien
en utilisant une approche analogue a celle de Ciarlet et S. Mardare [30], qui consiste a
I’obtenir comme une conséquence du lemme des déplacements rigides infinitésimaux tridi-
mensionnel en coordonnées curvilignes.

L’inégalité de Korn linéaire pour les courbes est alors obtenue (par un raisonnement,
par contradiction) comme une conséquence de l'inégalité de Korn sans conditions au bord
et du lemme des déplacements rigides infinitésimaux précédent :
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THEOREME 7. Soit v € W3 (I;R?) une courbe régulicre et soit Vg lespace défini par
Vo= {77 eW"(LE); n' N, n"-BeW"(1) et

n(0) =0, (- N)(0) = (' - B)(0) = (n" - B)(0) =0 }.

Alors il existe une constante C > 0 qui dépend seulement de la courbe = telle que

(1.32) [[nllwrr+ 0" Nllwis + 10" Bllw» < C(||azm(n)||m+ [t ()| 2 + ||sz(?7)||L”>
pour tout m € Vp.

Dans la deuxieme partie de ce chapitre, nous établissons des inégalités de Korn non
lindaires pour les courbes. Le cadre est le suivant : v € W3P(I;R®), 1 < p < o0, est
considérée comme la courbe de référence, donc fixée, et 4 € W3P(I;R®) est considérée
comme la courbe déformée, i.e., une courbe définie par 4 = v + n, oll i est un champ de
déplacement. Notre but est d’obtenir pour des couples (p, m) appropriés, des estimations de
la norme W™P de (4 — ), qui peuvent étre interprétées comme des versions non linéaires
de I'inégalité de Korn linéaire obtenue dans la premiere partie. Une premiere inégalité de
ce type est donnée dans le théoreme suivant :

THEOREME 8. Soit p € [1,+00] et soit v € W3P(I;R?) une courbe régulicre telle que
~(0) =0 et X(0) = I3. Alors il existe une constante C1(v) > 0 telle que

(1:33) 17— Yllwiouzsy < CiN{Na — alloqy + lak — akll o) + a7 — atlloq }
pour toute courbe réguliére 4 € W3 (I;R3) qui satisfait les conditions 4(0) = 0 et X (0) =
I3.

Sil’on veut obtenir une inégalité faisant intervenir les dérivées généralisées d’ordre deux
de la différence (4 — =), on utilise alors le résultat suivant :

THEOREME 9. Soit p € [1,+00] et soit v € W3P(I;R?) une courbe régulicre telle que
~(0) =0 et X(0) = I3. Alors il existe une constante Co(y) > 0 telle que

15 = Allw2rmsy < Co(m{lla — allwiow + 1@k — a®k[| o
(1.34) +|lak — ak|| oy + |7 — aT||ze( }

pour toute courbe réguliére 4 € W3P(I;R®) qui satisfait les conditions (0) = 0 et X (0) =
Is.

Les inégalités précédentes peuvent étre généralisées jusqu’a ’ordre trois pour les déri-
vées généralisées de (¥ — «), comme le montre le théoreme ci-dessous :

THEOREME 10. Soit p € [1,+00] et soit v € W3P(I; R®) une courbe régulicre telle que
~(0) =0 et X(0) = I3. Alors il existe une constante C3(y) > 0 telle que

17 = Yllwsearsy < Ci(v){lla — allwer + a2k — a?k|lwre(n
+||ak — ak||zo(ry + 11(@%)'k — (a®) 'kl ory + |67 — a7 || 1oy

(1.35) +||&3/~€2 — a,3k2||Lp(I) + ||&3/~€7~' — a3k7'||Lp([)}
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pour toute courbe réguliére 4 € WP (I; R®) qui satisfait les conditions 5(0) = 0 et X (0) =
1.

Les démonstrations de ces théoremes reposent sur des inégalités obtenues a partir des
équations de Frenet vérifiées par les applications v et 4, en utilisant le lemme de Gronwall.

Les résultats que nous avons présentés dans ce chapitre font 1’objet de I'article [47].

Résumé de I’Annexe.

Des résultats classiques de géométrie différentielle permettent de reconstruire des courbes
dont on connait les fonctions de courbure et de torsion : les droites, qui ont une courbure
nulle, les cercles, qui ont une courbure donnée par I'inverse du rayon (ces courbes ont une
torsion nulle, car ce sont des courbes planes), les hélices circulaires, qui ont une courbure
et une torsion constantes, etc.

Le résultat de reconstruction d’une courbe qui a été décrit dans le Théoreme 1 nous
a conduit a essayer de visualiser d’autres courbes, qui ont une courbure et une torsion
données par des fonctions qui, cette fois-ci, ne sont plus dérivables au sens classique. Grace
A ce résultat, il est possible de considérer une fonction de courbure positive dans H'(I), une
fonction de torsion dans L?(I), et d’obtenir une courbe ¢ dans H3(I; R®) dont les courbures
sont exactement les fonctions données.

Pour mettre en pratique cette idée, nous avons fait des simulations numériques a 'aide
du Scilab, qui est un logiciel libre développé par 'INRIA (www.scilab.org). Nous avons
d’abord testé notre méthode sur des exemples classiques, pour valider notre construction.
Dans un deuxieme temps, grace a ce moyen, nous avons construit, par exemple, une courbe
plane dont la courbure est une fonction du type “dents de scie”, ou bien une courbe gauche
(i.e. plongée dans R®) dont la torsion est définie par 7(s) = |s|, etc.

L’intéret de cette Annexe est de montrer que les résultats théoriques exposés dans la
premiere partie de la these peuvent étre aussi visualisés graphiquement.






[1]

[2]
[3]

[4]
[5]
[6]
[7]
[8]

[10]

[11]

[12]
[13]
[14]
[15]
[16]

[17]

Bibliographie

E. Acerbi, G. Buttazzo, D. Percivale : A variational definition of the strain energy of an elastic string,
J. Elasticity, 25 (1991), 137-148.

R.A. Adams : Sobolev Spaces, Academic Press, New York (1975).

S. Anicic, H. Le Dret, A. Raoult : The infinitesimal rigid displacement lemma, in Lipschitz co-ordinates
and application to shells with minimal regularity, Math. Methods Appl. Sci. 27 (2004) 1283-1299.

S.S. Antman : Ordinary differential equations of one-dimensional nonlinear elasticity I : Foundations
of the theories of nonlinearly elastic rods and shells, Arch. Rational Mech. Anal. 61 (1976), 307-351.

J. Ball : Convexity conditions and existence theorems in nonlinear elasticity, Arch. Rational Mech.
Anal. 63 (1977), 337-403.

H. Ben Belgacem : Modélisation des structures minces en €lasticité non linéaire, PhD Thesis, These
de trosieéme cycle de I"Université Pierre et Marie Curie (1996).

H. Ben Belgacem : Une méthode de I'-convergence pour un modele de membrane non linéaire, C.R.
Acad. Sci. Paris, Sér. 1, 324 (1997), 845-849.

M. Berger, B. Gostiaux : Differential Geometry : Manifolds, Curves and Surfaces, Springer-Verlag
(1988).

M. Bernadou, P.G. Ciarlet : Sur lellipticité du modele linéaire de coques de W.T. Koiter, in : Com-
puting Methods in Applied Sciences and Engineering, eds. R. Glowinski and J.L.Lions, Lecture Notes
in Economics and Mathematical Systems 134 (1976) 89-136.

M. Bernadou, P.G. Ciarlet, B. Miara : Existence theorems for two-dimensional linear shell theories,
J. FElasticity 34 (1994) 111-138.

D.E. Betounes : Differential Geometric Aspects of Continuum Mechanics in Higher Dimensions, in :
Differential Geometry : the Interface between Pure and Applied Mathematics, Contemp. Math., 68
(1987), 23-37.

A. Blouza, H. Le Dret : Existence and uniqueness for the linear Koiter model for shells with little
regularity, Quart. Appl. Math. 57 (1999) 317-337.

W. Chen, J. Jost : A Riemannian version of Korn’s inequality, Calc. Var. and Partial Differential
Equations 14 (2002), 517-530.

P.G. Ciarlet : Modeles bi-dimensionnels de coques : Analyse asymptotique et théoremes d’existence,
in : Boundary Value Problems for Partial Differential Equations and Apllications, eds. J.L. Lions and
C. Baiocchi, Masson (1993) 61-80.

P.G. Ciarlet : Mathematical Elasticity, Volume I : Three Dimensional Elasticity, North-Holland (1988).

P.G. Ciarlet : Mathematical FElasticity, Volume III : Theory of Shells, North-Holland, Amsterdam
(2000).

P.G. Ciarlet : On the continuity of a surface as a function of its two fundamental forms, J. Math.
Pures Appl., 82 (2003), 253-274.

23



24 INTRODUCTION

[18] P.G. Ciarlet, P. Ciarlet, Jr. : Another approach to linearized elasticity and a new proof of Korn’s
inequality, Math. Models Methods in Appl. Sci.. 15 (2005), 259-271.

[19] P.G. Ciarlet, P.A. Destuynder : Justification of a nonlinear model in plate theory, Comput. Methods
Appl. Mech. Engrg. 17/18 (1979), 227-258.

[20] P.G. Ciarlet, F. Larsonneur : On the recovery of a surface with prescribed first and second fundamental
forms, J. Math. Pures Appl., 81 (2002), 167-185.

[21] P.G. Ciarlet, F. Laurent : Continuity of a deformation as a function of its Cauchy-Green tensor, Arch.
Rational Mech. Anal., 167 (2003), 255-269.

[22] P.G. Ciarlet, V. Lods : Asymptotic analysis of linearly elastic shells. I. Justification of membrane shell
equations, Arch. Rational Mech. Anal. 136 (1996), 119-161.

[23] P.G. Ciarlet, V. Lods : Asymptotic analysis of linearly elastic shells. ITI. Justification of Koiter’s shell
equations, Arch. Rational Mech. Anal. 136 (1996), 191-200.

[24] P.G. Ciarlet, V. Lods, B. Miara : Asymptotic analysis of linearly elastic shells. II. Justification of
flexural shell equations, Arch. Rational Mech. Anal., 136 (1996) 163-190.

[25] P.G. Ciarlet, C. Mardare : On rigid and infinitesimal rigid displacements in three-dimensional elasti-
city, Math. Models Methods in Appl. Sci., 13 (2003), 1589-1598.

[26] P.G. Ciarlet, C. Mardare : On rigid and infinitesimal rigid displacements in shell theory, J. Math.
Pures Appl. 83 (2004), 1-15.

[27] P.G. Ciarlet, C. Mardare : Recovery of a manifold with boundary and its continuity as a function of
its metric tensor, J. Math. Pures Appl. 83 (2004), 811-843.

[28] P.G. Ciarlet, C. Mardare : An estimate of the H'-norm of deformations in terms of the L!-norm of
their Cauchy-Green tensors, C.R. Acad. Sci. Paris, Sér. I, 338 (2004), 505-510.

[29] P.G. Ciarlet, C. Mardare : Recovery of a surface with boundary and its continuity as a function of its
two fundamental forms, & paraitre dans Analysis and Applications.

[30] P.G. Ciarlet, S. Mardare : On Korn inequalities in curvilinear coordinates, Math. Models Methods in
Appl. Sci., 8 (2001) 1379-1391.

[31] G. Duvaut, J.L. Lions : Les Inéquations en Mécanique et en Physique, Dunod, Paris (1972).
[32] L.P. Eisenhart : Riemannian Geometry, Princeton University Press (1926).

[33] D.D. Fox, A. Raoult, J.C. Simo : A justification of nonlinear properly invariant plate theories, Arch.
Rational Mech. Anal. 124 (1993), 157-199.

[34] G. Friesecke, R.D. James, M.G. Mora, S. Miiller : Derivation of nonlinear bending theory for shells
from three-dimensional nonlinear elasticity by Gamma-convergence, C. R. Acad. Sci. Paris Sér. 1336
(2003), 697-702.

[35] G. Friesecke, R.D. James, S. Miiller : Rigorous derivation of nonlinear plate theory and geometric
rigidity, C. R. Acad. Sci. Paris Sér. I 334 (2002), 173-178.

[36] G. Friesecke, R.D. James, S. Miiller : The Foéppl-von Kdrman plate theory as a low energy gamma
limit of nonlinear elasticity, C. R. Acad. Sci. Paris Sér. I, 335 (2002), 201-206.

[37] G. Friesecke, R.D. James, S. Miiller : A theorem on geometric rigidity and the derivation of nonlinear
plate theory from three dimensional elasticity, Comm. Pure Appl. Math. 55 (2002), 1461-1506.

[38] H. Jacobowitz : The Gauss-Codazzi Equations, Tensor, N.S., 39 (1982), 15-22.

[39] H. Jacobowitz : The global isometric embedding problem, in : Explorations in Complex and Rieman-
nian Geometry, Contemp. Math., 332 (2003), 131-137.

[40] W. Klingenberg : A course in Differential Geometry , Springer-Verlag (1978).



[41]
[42]
[43]
[44]
[45]
[46]
[47]

[48]
[49]

[50]
[51]

[52]
[53]

[54]
[55]
[56]
[57]

[58]

INTRODUCTION 25

H. Le Dret, A. Raoult : The nonlinear membrane model as a variational limit of nonlinear three-
dimensional elasticity, J. Math. Pures Appl., 74 (1995), 549-578.

H. Le Dret, A. Raoult : The membrane shell model in nonlinear elasticity : A variational asymptotic
derivation, J. Nonlinear Sci., 6 (1996), 59-84.

C. Mardare : On the recovery of a manifold with prescribed metric tensor, Analysis and Applications,
1 (2003), 433-453.

S. Mardare : Inequality of Korn’s type on compact surfaces without boundary, Chin. Ann. Math., Ser.
B, 24 (2003), 191-204.

S. Mardare : The fundamental theorem of surface theory for surfaces with little regularity, Journal of
Elasticity, 73 (2003), 251-290.

S. Mardare : On isometric immersions of a Riemannian space with little regularity, Analysis and
Applications, 2 (2004), 193-226.

S. Mardare, M. Szopos : Linear and nonlinear Korn inequalities on curves in R3, & paraitre dans
Analysis and Applications.

J. Necas, Les Méthodes Directes en Théorie des Equations Elliptiques, Masson, Paris (1967).

S. Opoka, W. Pietraszkiewicz : Initrinsic equations for nonlinear deformation and stability of thin
elastic shells, Internat. J. of Solids and Structures, 41 (2004), 3275-3292.

O. Pantz : On the justification of the nonlinear inextensional plate model, Arch. Ration. Mech. Anal.,
167 (2003), 179-209.

Y.G. Reshetnyak : Mappings of domains in R” and their metric tensors, Siberian Math. J., 44 (2003),
332-345.

M. Spivak : A Comprehensive Introduction to Differential Geometry , vol. I, Publish or Perish (1979).

R.H. Szczarba : On isometric immersions of Riemannian manifolds in Euclidean space, Bol. Soc.
Brasil. Mat., 1 (1970), 31-45.

M. Szopos : On the recovery of a curve isometrically immersed in a Euclidean space, C.R. Acad. Sci.
Paris, Sér. I, 338 (2004), 447-452.

M. Szopos : On the recovery of a curve isometrically immersed in E*, Chin. Ann. Math. Ser. B, 25
(2004), 507-522.

M. Szopos : On the recovery and continuity of a submanifold with boundary in higher dimensions, C.
R. Math. Acad. Sci. Paris, Sér. I, 339 (2004), 265-270.

M. Szopos : On the recovery and continuity of a submanifold with boundary, Analysis and Applications,
3 (2005), 119-143.

K. Tenenblat : On isometric immersions of Riemannian manifolds Bol. Soc. Brasil. Mat., 2 (1971),
23-36.






CHAPITRE 1

Sur la reconstruction d’une courbe isométriquement immergée
dans un espace Euclidien

27






On the recovery of a curve
isometrically immersed in E"

ABSTRACT. It is known from classical differential geometry that one can
reconstruct a curve with (n — 1) prescribed curvature functions, if these func-
tions can be differentiated a certain number of times in the usual sense and
if the first (n — 2) functions are strictly positive. We establish here that this
result still holds under the assumption that the curvature functions belong to
some Sobolev spaces, by using the notion of derivative in the distributional
sense. We also show that the mapping which associates with such prescribed
curvature functions the reconstructed curve is of class C*°.

1. Introduction

Physically, we can think of a curve as being obtained from a straight line by bending
and twisting. After reflecting on this construction, we are led to conjecture that, roughly
speaking, the curvature functions describe completely the behavior of the curve. This
statement is true: we can find a proof of this classical result of differential geometry for
example in Klingenberg [4]|, where the case of a curve isometrically immersed in the n-
dimensional Euclidean space is treated, without specifying the regularity requirements for
the initial data.

The same reconstruction problem can be posed for a surface or for an open set of R"
and there exist different methods to prove this result of differential geometry. Recently,
motivated by some problems encountered in nonlinear elasticity, some extensions have been
obtained for the case of Sobolev-type functions. More specifically, the classical result for
an open set states that if the metric tensor is of class C? and satisfies the Riemann com-
patibility conditions, then it is induced by an immersion (see for instance [10] for a “local”
version, or [2] for the proof of the existence of a global immersion if in addition the open
set is simply-connected). Then, it has been proved by C. Mardare in [7] that the same
result holds under the assumption that the metric is of class C'; moreover, we can find

in S. Mardare [8] an even stronger result, for the case when the metric is only of class W™
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Another interesting question concerns the regularity of the mapping that can be defined
by associating with the prescribed data (metric and curvature) the reconstructed manifold
in R™. In this direction, it has been established that this mapping is continuous for certain
natural metrizable topologies, in the case of an open set of R* by Ciarlet and Laurent in
[3] and in the case of a surface (using a different method) by Ciarlet in [1].

The purpose of this paper is twofold. First we provide a proof of the existence and
uniqueness of a curve immersed in R, whose curvature functions are (n — 1) prescribed
functions in H"2(I;R) x H" 3 (I;R) x...x H'(I;R) x L?(I; R); we emphasize that, instead
of the classical framework of differential geometry, where all functions are considered to be
indefinitely derivable, our setting will be that of distributions and we will always use the
notion of derivative in the general sense. Second, we show that the mapping constructed
in this fashion is of class C*°. As corollaries, we derive the same results in the classical
setting, where derivatives are considered in the usual sense.

The paper is organized as follows. In Section 2, we present some technical results which
will be used in the sequel. In Section 3, we prove the existence and uniqueness (or unique-
ness up to rigid motions, if the assumptions are weakened) of a curve with prescribed
curvatures and in Section 4 we show that the mapping constructed in this manner is of
class C*. Finally, in Section 5 we gather some additional commentaries about our problem.

The results of this paper have been announced in [11].

2. Preliminaries

To begin with, we introduce some conventions and notations that will be used
throughout the article. For any n > 1, the n-dimensional Euclidean space E* will be iden-
tified with R* and will be endowed with the Euclidean norm defined by |a| = /< a,a >,
where < a,b > denotes the Euclidean inner product of a,b € R"*. The notations M™*" and
Q7 , respectively designate the set of all real square matrices and of all proper orthogonal
matrices of order n (a matrix @) is proper orthogonal if ) is orthogonal and det @ = 1). A
mapping ¢: R* — R” defined by ¢(z) = ¢ + Qx, where 2y € R* and @ € 01} is called a
proper isometry or rigid motion. We denote by

A
|A| == sup [Av]
veRr\{0} V]

the operator norm of a matrix A € M™*" and by I,, the identity matrix of order n.

If X is a Hilbert space, we denote by | - |x its norm induced by the inner product
and by D'((0,7); X) the space of X-valued distributions. For all integer m > 0, the m-
th derivative of f € D'((0,T); X) is denoted f'™ and the first derivative is denoted f’
or f. The function spaces used in this paper are denoted as follows: LP((0,7);X) for
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1 < p < +oo is the space of all mesurable functions f: (0,7) — X such that

1

T
|flo0,m);x) = (/0 |f(t) |§(dt> < 400

and

H™(0,7); X) := {v e L*((0,T); X); v'¥) € L*((0,T); X) Vk < m}.
Let H°((0,7); X) := L?((0,T); X). For all integer m > 0, the space H™((0,T); X) en-
dowed with the inner product

< U,V >pgm((0,T); Z/ < u® (), v®) (1) >x dt

is a Hilbert space.

In the sequel, we present three lemmas that will be key ingredients in the proof of our
main results (Theorems 3.1 and 4.1). The first lemma establishes the existence and unique-
ness of the solution of a differential system and the second and third lemmas are about
mappings between Sobolev spaces. In what follows, the derivatives are to be understood in
the distributional sense and classes of functions in H*((0,T); M"*") are identified with their
continuous representative, as allowed by the Sobolev imbedding theorem. In particular, it
makes sense to consider Y'(0) in the system below, since Y € C°([0, T']; M™*").

LeEMmMA 2.1. Consider the system of differential equations:
(2.1) Y'(t) = A@t)Y (¢t) + B(t) for almost all ¢ in (0,7),
Y (0) =Y,

where A and B belong to the space L*((0,T); M™") and Yy is a matriz of M**™,
Then there exists a unique solution Y € H((0,T); M"™) to this system.

Proof: 1t is a direct consequence of Theorem 4.1 and Remark 4.3 of [5]. 3

LEMMA 2.2. Let k > 0 and m > 1 be two integers such that k < m. Then the mapping
(f.9) € H*((0,T);R) x H™((0,T);R") = (fg) € H*((0,T); R")
1s of class C*.

Proof: The proof is straightforward: this application being bilinear, we only have to
prove its continuity, in order to prove that it is C*°. To do this, we distinguish two sit-
uations: 1 < k < m and 0 = £ < m and then use the Sobolev imbeddings and their
consequence that H*((0,T); R") is a Banach algebra for k > 1. 4

LEMMA 2.3. Let k be a positive integer; then the mapping
f € HY(0,T);R") — g € H*'((0,7);R"),
where g(t fo s)ds, is of class C™.
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Proof: The continuity of this mapping is a classical result (see, for example, [6]). Since
this mapping is also linear, it is of class C*. 7

For the sake of completeness, we state the implicit function theorem in the functional
setting of Banach spaces.

THEOREM 2.1. (implicit function theorem) Let there be given three Banach spaces
X1, Xo and Y, an open subset Q0 of the space X, x Xo containing a point (a1, az), and a
mapping ¢: 2 C X; x X9 = Y satisfying

0 € CHQ,Y), Oyp(ar,a) € Isom(X,,Y).

Let p(a1,a2) = b € Y. Then there exist open subsets Oy and Oy of the spaces X; and
X, respectively, such that (a1,a2) € O1 X Oy C Q, and there exists an implicit function
f: 01 C X1 = Oy C X3 such that

{(z1,22) € O1 X Og, (21, 72) = b} = {(21,72) € O1 X Oz, 12 = f(21)},

[ €CHOy, Xy) and f'(z1) = —{0ap(x1, f(21))} L O1p(x1, f(21)) for all z, € Oy1; moreover,
f 1s unique, provided that Oy is taken sufficiently small.

If in addition the mapping ¢: Q2 C Xy x X9 = Y s of class C™, m > 2, the implicit
function f: Oy — X5 is also of class C™.

Proof: This is a well-known result (see for example [9, Chap. 3, Sect. 8]). J

3. Existence and uniqueness of the curve c

To begin with, we present the geometrical framework of our problem. The integer
n > 3 is fixed throughout this section. If vy, ..., v, k > 1, are vectors in R*, we denote by
sp{v1, ..., v} the vector space spanned by these vectors.

Let I = (0,7) be a bounded interval of R. Let ¢: I — R" be a regular curve of class
¢! over (0,7), i.e., the vectors ¢V (t),c?(t),...,c™ 1(t) are linearly independent for
all t € I. In this setting, one can show (see, for example, [4]) that there exists a unique
Frenet frame associated with this curve, denoted {ei(¢),...,e,(t)}, which is a family of
vector fields along the curve c such that

< €i(t),6j(t) >= 51'1', Vi, j € {1, .. .,n}, Vtel,

sp{ei(t), ... ex(t)} = sp{cV(t),....,cP @)}, Vke {1,....,n -1}, Vt eI,
the two bases having the same orientation (i.e., the matrix of change of basis has positive
determinant) and such that {e;(¢),...e,(t)} is positively oriented for all ¢t € I ( i.e., it has
the same orientation as the natural ordered basis {(1,0,...,0),(0,1,...,0),...,(0,0,...,1)}).
Then Frenet formulas read:

e;(t) = Zaij(t)ej(t), Vi € {1, .. .,TL},



CHAPITRE 1 : Sur la reconstruction d’une courbe isométriquement immergée dans un espace Euclidien 33
where the functions a;;: I — R satisfy
aij(t) + aji(t) =0, Vi,j € {1, .. .,n}, Vtel,

aij(t) =0,Vj>i+2 Vtel.
The curvature functions of ¢ at the point ¢ € I are then defined by:

(3.1) ki(t) := “|C+(;)(T) Vie{l,...,n—1}

or equivalently, by means of the Frenet formulas, as

i <ein(t),elt) >

We recall that the curvature functions are invariant under the action of rigid motions, i.e.,
if o: R* — R™ is a proper isometry and ¢ = goc, then k;(t) = k;(t) for alli € {1,...,n—1}
and for all t € T (with self-explanatory notations).

The objective of this section is to prove the existence and uniqueness up to rigid motions
of a curve isometrically immersed in the n-dimensional space and with prescribed curvature
functions. While this result is classical if the curvature functions are regular enough (see
the assumptions of Corollary 3.2), it will be assumed here that they only belong to some
specific Sobolev spaces.

THEOREM 3.1. (ezistence and uniqueness) Let (Fi,...,F,_1) € H" ?(I;R) x ... X
HY(I;R) x L*(I;R) be such that Fi(t) > 0,...,F,_5(t) >0 for allt € I. Then:

(a) There exists a reqular curve ¢ € H™(I;R"™) such that |c'(t)| = 1 for all t € I and its
curvature functions are Fy, ..., F, 1, i.e., ki(t) = Fi(t) for alli € {1,...,n—1} andt € I.

(b) If ¢ and ¢ are two curves satisfying the conditions of part (a), then there erists a
rigid motion ¢: R* — R" such that ¢ = p o c.

(c) If xy € R"™ is fized, then there exists a unique curve c satisfying the properties of
part (a) and such that ¢(0) = xzo and its Frenet frame at the origin is given by e1(0) =
(1,0,...,0),...,e,(0) = (0,0,...,1).

Proof : 'The proof is broken into six steps, in order to provide a more clear presentation.
Throughout the proof, the elements of the space H'(I;R"), which are classes of functions
with respect to the equality almost everywhere, are identified with their continuous repre-
sentative (as allowed by the Sobolev imbedding theorem).

(i) We show that there exists a unique solution (ei, ..., e,) € H' (I;R*)x...x H'(I;R")
to the Cauchy problem:
(33) e;(t) =— i—l(t)ei—l(t) + E(t)€i+1(t) ae.in I, 1 € {1, . ,n},
(3.4) e1(0) =(1,0,...,0),...,e,(0) = (0,0,...,1),

where Fy = F,, :=0,e9 = e,41 :=0.
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We rewrite the system of ordinary differential equations as a matrix equation, viz.,

!
el ... €f 0 oo 0 el ... el
es ... €l - 0 ... 0 ey ... ey
el ... el 0 .. =F, 1 0 el ... el

The Cauchy problem given by the relations (3.3) and (3.4) can be written as a linear
system of ordinary differential equations of the form

Y' = AY ae. in I,
Y(0) = I,.
By assumption, the mapping A: I — M"*™ belongs to the space L?(I; M"*"), since the
functions F,...,F, | are at least in L?(I;R). Then Lemma 2.1 applied to the above
system shows that it possesses a unique solution Y € H'(I; M™*").

Thus, we have obtained the existence of a unique family {es, ..., e,} that satisfies the
Cauchy problem given by (3.3) and (3.4).

(17) We show that this family is orthonormal at all t € 1.

Let oj(t) :=< e;(t),e;(t) > for all t € I and for all 7,5 € {1,...,n}. Then the system
(3.3) shows that:
a;j(t) =< ei(t),ei(t) >+ < ei(t),e;-(t) >
=< —Fii(t)ei1(t) + Fi(t)eisa (1), €5(t) > + < ei(t), —Fj-1(t)e;1(t) + Fj(t)ej11(t) >,

with the convention made in step (i) that Fy = F,, = 0 and ey = e,41 = 0. This implies
on the one hand that the functions «;;: I — R satisfy the following system:

aj;(t) = =Fia(t)ai1,i(t) + Fi(t)air () — Fjoa(t)eig(t) + Fj (D)o g (1),
a;;(0) = 6;;.

On the other hand, one can see that the functions 5: I - R, Vi, j € {1,...,n}, defined
by Bij(t) = d;; for all t € I satisfy the same system (to this end, one can distinguish the
following three possible situations: ¢ —1 =jori+1=jori—1%# jand i +1 # j).
Consequently, the uniqueness of the solution to the above system implies that a;;(t) = d;;

for all t € I and for all ¢, 5 € {1,...,n}. In other words, < e;(t),e;(t) >=d;; for allt € I
and for alli,j € {1,...,n}. Hence the family {e;(¢),...,e,(t)} is orthonormal for all ¢t € I.

(17) We show a regularity result for the solution {e1,...,e,} to the system (3.3)-(3.4).
Since for all m > %, H™(I;R) is an algebra, it follows that the product (fe) between

f € H™(I;R) and e € H™(I; R") belongs to H™(I; R"). We shall use this fact in the proof
below.
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We first infer from (3.3) that:

e =—Fn 1em 1+ Fpep form=1,2,...,n—2.

Since ep_1,em1 € HY(I;R*) and F,,_, F,, € H'(I;R), we obtain that e, € H?(I;R")
forall m € {1,2,...,n —2}.
Next, we again infer from (3.3) that:

!
em =—Fn1em 1+ Fpepy form=1,2,...,n—3.

Since e,_1,emy1 € H*(I;R") and Fy,_; and F}, are at least in H?(I;R), we deduce that
en_3 € H3(I;R) for all m € {1,2,...,n — 3}.

We continue the same argument, using each time relation (3.3) form =1,2,...,n—k
and k£ = 2,3,...,n — 1. In this fashion, we eventually obtain that

6,1 = F1€2.

Noting that F1 € H" *(I;R) and e € H" *(I; R*), we finally deduce that e; € H" ' (I;R*).
In conclusion, we have shown that e¢; € H" *([;R*) and e, € H'(I;R"), where
i=1,2,...,n—1.

(iv) We establish the existence of a curve satisfying the part (a) of the theorem.

Define the function c¢: [0,7] — R™ by ¢(t) := fot e1(s)ds + zo, 0 <t < T. This integral
is well-defined since we know from step (ii7) that e; € H"(I; R"), which also implies that
c e H'(I;R).

This allows to compute the successive derivatives, by proceeding recursively. For & =1
we have:

C(l) = €1

Assume now that for an arbitrary £ < n — 1, the k-th derivative is given by:

k
(3.5) ) =" dke;,
=1

where af € H"*(I;R"). We deduce that:

k k

D =3 (abYei + Y af(~Fiaeis + Fiei)
i=1 i=1
k+1

= Z((af), - a§+1Fi +af 1 Fi_1)e;,

with the convention that alg =0 and a}'c = (0 for all 7 > k. Hence

k+1
k+1) _ k+1
c )—g a; " e,
i=1



36 CHAPITRE 1 : Sur la reconstruction d’une courbe isométriquement immergée dans un espace Euclidien

where the functions af*' := (a¥)’ — a¥_,F; + af | F;_; belong to the space H"*~1(I;R")

for all i € {1,...,k 4+ 1}. Consequently, relations (3.5) hold for all £ € {1,...,n — 1}.
From these relations, we first infer that |c/(¢)| = |e;(¢)| = 1 for all ¢ € I. Then, if A*(¢)

denotes the lower triangular matrix in M™ " whose entries are a if i < k, these relations

can be written as the following matrix equation

c(t) e(t)
(1) Ak es(t)
o ex(t)

Note that the matrices A*(t), k < n—1, have only positive terms on the principal diagonal,
viz., 1, Fl(t) > 0, Fl(t)FQ(t) > 0,..., Fl(t)FQ(t) . Fk_l(t) > 0 for all t € I. This shows
that these matrices are invertible and their determinant is strictly positive. Then, since
the matrix A" '(¢) is invertible, the vectors {c(V)(¢),...,c» V) (¢)} are linearly independent
for all ¢ € I, so that the curve c is regular.

We now show that the orthonormal family of vectors {e;(t),...,e,(t)} constitutes the
Frenet frame of the curve c at t € I. First, since the matrices A¥(t), k < n—1 are invertible
and with strictly positive determinant, it follows that

(3.6) spfei(t), ..., ex(®)} = sp{cP(t),...., D)}, Vke {l,...,n—1}, Vte I

and the two bases have the same orientation.

Let A(t) be the determinant of the n X n matrix whose k-th row is the vector ex(t),
1 < k < n. We notice that A: I — R is a continuous function, since Y € H*(I;M"*") C
CO(I; M™*™). Then, thanks to step (i), the family {e;(),...,e,(t)} is orthonormal for all
t € I, hence in particular these vectors form a linearly independent system for each ¢. This
implies on the one hand that A(t) # 0, for all £ € I. On the other hand, by using relation
(3.4), we obtain that A(0) = 1. Consequently, A(t) > 0 for all ¢ € I, which means that
the basis {ei(t),...,e,(t)} is positively oriented for all ¢t € I.

From all these relations, we conclude that {e;(t),...,e,(t)} is the Frenet frame of the
curve c¢. Consequently, its curvatures are given by (see relation (3.2))

_ <ea(t),e(t) >
b =)

= <ein(t), —Fii(t)ei1(t) + Fi(t)eia(t) >

where we used relation (3.3) and step (i7). This establishes part (a) of Theorem 3.1.

(v) We prove part (c¢) of Theorem 3.1.

Let c and ¢ be two regular curves of class H" over I, parametrized by their arc length
(i.e., | (t)| = |d(t)] = 1 for all t € I), such that k; = k; for all ¢ € {1,...,n — 1}. The
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Frenet equations for the curves ¢ and ¢ are respectively given by

e, = Zaijej, ae inl, Vie{l,... n}
j=1
and
&= ayéj, ae inl, Vie{l,...,n}.
7j=1
Since k; = k;, formula (3.1) shows that a;; = @;; a.e. in I and for all 4,5 € {1,...,n}. Not-
ing that e;(0) = €;(0) for all 4 € {1,...,n} (thanks to relation (3.4)), Lemma 2.1 implies

that e; = ¢; for all 4 € {1,...,n}. In particular, e; = &, hence ¢/ = &. Since ¢(0) = ¢(0),
we finally obtain that ¢ = ¢ in I.

(vi) We establish part (b) of Theorem 3.1.

Let ¢ and ¢ be two regular curves parametrized by their arc length, such that k; = k;
forall i € {1,...,n — 1}. Let {e;(0),...,e,(0)} be the Frenet frame of ¢ at ¢(0) and let
{€1(0),...,€,(0)} be the Frenet frame of the curve ¢ at ¢(0). Clearly, there exist a vector
a € R* and a matrix @) € Q7 , such that

(3.7) ¢(0) = a+ Qc(0)
and
(3.8) €:(0) = Qe;(0), foralli e {1,...,n}.
The Frenet equations for the curves ¢ and ¢ respectively read
(39) 6; :Zaijej, Vi € {1,...,77,}
j=1
and
(3.10) & => ayé, Vie{l,...,n}.
j=1
Since
—k ifi=j—1,
otherwise,
and 3
—k; ifi=j—1,

Qij = 7%' ifi=7+1,
0 otherwise,
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we deduce that a;; = a;;. Consequently,

Qe; =Y a;Qe; = (Qe;)) = a;;(Qe;).
j=1 j=1

This last relation, combined with the relations (3.8) and (3.10) show that (¢;) and (Qe;)

satisfy the same Cauchy problem. Then the uniqueness result of Lemma 2.1 implies that

Qe,-:éi, Vi € {1,...,n}.

In particular, the first relation (i.e., corresponding to 7 = 1 in the above relation) shows
that

(Qe) =Qc =Qe; =¢é, = (7).
Therefore, there exists a vector V' € R™ such that Qc(t) = &(t) + V for all ¢ € I. Then
relation (3.7) shows that V' = —a, so that ¢é(t) = Qc(t) + a for all t € I. This means that
¢ = poc, where p: R* — R" defined by ¢(x) = a + Qz is a rigid motion. a

We now restate the above result in the special, but most commonly encountered in
practice, case of dimension 3.

COROLLARY 3.1. Let k € H'(I;R:) and 7 € L*(I;R).

(a) There exists a curve ¢ € H3(I; R®), unique up to rigid motions in R®, parametrized
by its arc length, such that k and T are its curvature and torsion functions.

(b) If zy € R? is fized, then there exists a unique curve ¢ satisfying the properties of part
(a) and such that c(0) = zo and its Frenet frame at the origin is given by e1(0) = (1,0,0),
62(0) = (0, 1a0)7 63(0) = (0: Oa 1) |

We also can use Theorem 3.1 to obtain the analogous statement for curves of class C".
More specifically, the following result holds:

COROLLARY 3.2. Let (Fi,...,F,_1) € C" *(;R) x ... x C}(I;R) x C°(I;R) be such
that Fi(t) > 0,...,F,_o(t) >0 for allt € I. Then:

(a) There ezists a regular curve ¢ € C"(I;R™) such that |¢'(t)| =1 for allt € I and its
curvature functions are Fy, ..., F, 1, i.e., ki(t) = Fi(t) for alli € {1,...,n—1} and t € I.

(b) If ¢ and & are two curves satisfying the conditions of part (a), then there erists a
rigid motion p: R* — R"® such that ¢ = ¢ o c.

(c) If o € R™ is fized, then there exists a unique curve c satisfying the conditions of
part (a) and such that ¢(0) = xzo and its Frenet frame at the origin is given by e1(0) =
(1,0,...,0),...,ex(0) = (0,0,...,1).

Sketch of proof: In order to prove this corollary, we can use two different approaches:
we can either carry out the same computations as in the proof of Theorem 3.1 and use
a classical result of existence and uniqueness for ordinary differential equations (instead
of Lemma 2.1), or we can derive these results from Theorem 3.1, by using in particular
the Sobolev imbedding H™(I;R*) C C™ (I; R"). For this second approach, we also need
some further analysis which makes the proof rather lengthy. By contrast, the first approach
leads to the result in a simpler way. -
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4. Regularity of a curve as a mapping of its curvatures

In order to simplify the presentation, we introduce the following notations:
n—2
H(LR) = [ H" " *(I;R),
k=0
H(R)s = {(F1,...,Fo1) € H(I;R); Fi(t) >0, Viel, Vie{l,...,n—2}},
and

H(I;R") := (HH”’“IR") NI RY).
The set H(I;R)~ is open in the Hllbert space H(I; R), endowed with the inner product
n—2
< (F1,..., F1),(Gy, .., Gro) ZH(IR)= < Fy, G >pgnbk2(1R) -
k=0

The space H(I; R"), endowed with the inner product
n—1

< (617 .- '7en): (f17 -- 7fn) >H(I;Rn):: Z < ek:afk >H"—k(I;R") + < en:fn >H1(I;R”)7
k=1

is a Hilbert space.

In the previous section, under some appropriate assumptions, we have proved the exis-
tence and uniqueness of a curve ¢ with prescribed curvature functions. More specifically,
Theorem 3.1 asserts that with each (n—1)-uple of functions (Fi, ..., F, 1) € H(I;R)-, one
can associate a unique curve ¢ € H"(I; R") parametrized by its arc length, satisfying some
ad hoc “initial” conditions, and whose curvatures are the given functions (Fy,..., F,_1).
In this way, we have constructed a mapping

F:(F,...,Fuy) € H(I;R)s — c € H*(I;R").

The aim of this section is to study the regularity properties of this mapping. Our main
result is the following:

THEOREM 4.1. Define the mapping
F:(F,....,F,1) e H(I;R)s - c€ H"(I;R"),

where the curve c is defined in part (¢) of Theorem 3.1. Then the mapping F is of class
COO

Proof : For clarity, we break the proof in three steps: in step (i) we construct a function
f (related to F) and prove that it is of class C*, in step (i7) we apply the implicit function
theorem 2.1 to this function, and in step (7i7) we conclude the proof.

(i) Let €9 = (1,0,...,0), e9=(0,1,...,0),...,€% =(0,0,...,1). Define the function
fr H(LR)> x H(I;RY) —>H(I;R")
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by
1
f((Fl,...,Fn,l), (el,...,en)> = (w!,...,w")

where, for allt € I,
t
wh(t) == — e (t) + €2 +/ Fi(s)ea(s)ds,
0

w?(t) == — eq(t) + € + /0 (Fy(s)es(s) — Fi(s)ei(s))ds,

t
w(t) = — e, (t) + €2 + / (=F, 1(8)en_1(8))ds.
0
Then the function f is well-defined and of class C*.

To see this, it suffices to prove that each component of f is well-defined and of class C*°.
More specifically, we have to show that, for each k& € {1,2,...,n}, the function defined by

ffH(I;R)s x H(I;R") — H" *(I;R")

fk((F1, o Faq), (e, en)) — ¥

where
t
wh(t) = —ep(t) + e) —1—/ (Fr(s)exr1(s) — Fr_1(s)ex_1(s))ds, for all t € I,
0

is well-defined and of class C*°. Note that we use the convention that Fy = 0 and eg =
Cnt+1 = 0.
Since F}, € H"*~1(I;R) and e}, € H" *~1(I;R"), we deduce that

Frep € HF Y RY),

In the same manner, we infer from the relations F, ; € H" *(I;R) and e}, € H" *T(I; R")
that

Fy_iex_1 € H"*(I;R").
Consequently, the last two relations imply that
erk-H — Fk,lek,l € Hnikil(f; Rn)

We infer from Lemma 2.3 and from the relations e, € H™ *(I; R") that w* € H™ *(I; R").
This shows that the functions f* are well-defined for all k € {1,...,n}.
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We next show that the mapping f* is of class C*°. We start by writing f* as a sum of
four terms, viz., f¥ = fF+ f¥ + f¥ + f¥ where:

flk (Fl, .. .,anl), (61, Ce ,en)> = — €k,

ka (Fl, .. -;Fn—l); (61, e ,en)> 262,

(FiveoosFaca) (enve)) =00 [ Fulo)enna(5)ds)

/N TN TN

3

fr ((Fl, N 2N W en)) —{t s — /Ot Fi_1(8)en—1(s)ds}.

The mappings f} and f? are of class C* since the first one is a projection and the second
one is constant.
In order to prove that f¥ is of class C*°, note that the projection

H(I;R)s x H(I;R") — H"*Y(I;R) x H" *}(I; R")

((Fl, o Fa), (e, - .,en)) s (Fy, exs1)

is of class C*°. Then, applying succesively Lemma 2.2 and Lemma 2.3, one can show that
the mapping

H" *YLR) x H* * Y(I;R*) - H* * /(I;R") = H" *(;R"),
defined by

t
(Fk,€k+1) — erk+1 — {t — / Fk(8)6k+1(8)d8},
0

is of class C*°. The mapping f¥, being the composition of two mappings of class C®, is
thus also of class C*°.

The same argument can be used to show that the function ff is of class C*°. We write
fF as a composite mapping made of a projection and a mapping that is of class C*, as
shown by applying successively Lemmas 2.2 and 2.3. Hence the mapping fF is also of class
C*=.

The mapping f* being the sum of four applications of class C*, is of class C*® too.
Letting k vary in the set {1,...,n} shows that the mapping f is of class C*, as claimed.

(13) The implicit function theorem can be applied to the function f defined in step (7).

The functional framework is that presented in Theorem 2.1. Let X; = H(I;R)s, let
Xy =H([;R"), and let

= ((1?1, o B, (@, .,én)) € H(I;R)> x H(I;R")

such that f(p) = 0. Note that such an element p always exists, as showed in steps (7)
and (417) of the proof of Theorem 3.1. More specifically, it was shown there that for any
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(Fy,...,F, 1) € H(I;R)s, there exists a unique n-tuple (éy,...,&,) € H(I;R") such that
PRy Baa), @y 80)) = 0.
The partial derivatives of the function f are denoted

= 2L L R). X H(LRY) L(Hﬂ*ifl(f; R), H(I; ]R”))
OF;
fori=1,...,n—1, and
of y
foy = 5 HGR)> x HGRY) - E(H” I(I; R, H(I; R“))
J

forj=1,...,n.
The gradient matrix of the function f is denoted:

1 1 1 1

fFl e an—l el €n
Df=1": s

fl?& - fﬁn_l o o Jen

nx(2n—1)

and the derivative:
Dies,..enyf - HIR)> X H(LR®) = L(H(I;R)s, HLRY) )

can be written using matrix notation under the form:

1 1

PR en
D(ela"'aen)f =

n n

er e €n nxn

We have already seen that the mapping f is of class C*°. In order to apply the implicit
function theorem (see Theorem 2.1), we have to prove that Dy, . ..)f(p) is an isomorphism
between the spaces H(/; R") and H(Z; R").

First, we claim that this mapping is one-to-one, which means that for any (ws,...,w,) €
H(I;R"), there exists a unique (v, ...,v,) € H(/; R") such that

@) .. fo, (D) Uy wq
(4.2) : o=

@) . B ) \ w

Equivalently, this can be written as

o (P)or + fo,(D)va+ ... + [, (B)vn = wy,

2 (p)vr + fL(D)va + ...+ [2(D)vn = wy,



CHAPITRE 1 : Sur la reconstruction d’une courbe isométriquement immergée dans un espace Euclidien

or, according to the definition of f given in (4.1), as

—v1(t) —i—/o Fi(s)va(s)ds =ws (1),

n—2(8)n—2(s)ds — v,—1(t) + /0 F,_1(5)vn(s)ds =wn_1(2),

|
c\
2
?

—/0 Fro1(8)vn_1(5)ds — vn(t) =wy,(t),

forallt e I.
By derivation, this implies that the n-tuple (vy,...,v,) satisfies the following system:

! n 1
vy =F1v9 — wy,

! n n i
’l)2 :F21)3 —_ F1’1)1 —_ ’U)2,

n i
-1 =F,_1v, — Fy_oUp_9 — Wp_1,

!

Up,

! /
Uy = — L'p—1Up-1 — Wy,

and the initial conditions:

1)1(0) = — wl(O),
v2(0) = — wy(0),

Un—l(o) = — wn—l(o)a
vn(0) = — w,(0).

43

Note that this is a system of ordinary differential equations, which in matrix form becomes:

v\ 0 K ... 0 0 v —w!
Uy -F 0 ... 0 0 Uy —wh
= -

Vp—1 0 0 ... 0 F., 4 Vp_1 —w!_,
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with the initial condition:

() —w1
(%) — W39

(0) = (0)
Un — Wy

Thanks to Lemma 2.1, this system has a unique solution in H!(I; M**"). Applying
the same method as that used in step (7i7) of the proof of Theorem 3.1, and taking into
account the fact that (wq,...,w,) € H(I;R"), one can see that (vy,...,v,) € H(I;R").
Thus, we have proved that Dy, . ..)f(P) is one-to-one, hence an isomorphism, between the
spaces H(I;R") and H(I; R").

We are now in a position to apply the implicit function theorem 2.1 to the function
f, which is of class C*. Accordingly, there exist an open subset U of H(I;R)s contain-
ing (Fl, e, ﬁ’n,l), an open subset V' of H(/;R™) containing (€i,...,€é,), and an implicit
function g: U — V such that

f((Fl, e Fa), (e, - .,en)) — 0 and ((Fl, o Fuly), (e, - ..,en)) cUXV
is equivalent to
(e1,-..,en) =g(F1,...,F,_q) forall (Fy,...,F,1)€U.

Moreover, the same theorem shows that the mapping g: U — V is of class C*.
But, in the proof of Theorem 3.1, we have seen that for any (Fi,..., F,_1) € H([;R)s
the equation

(B Fa), (eny o)) =0

has a unique solution (e, ..., e,) € H(/; R"). This shows that the mapping g: H([;R)s —
H(I;R") defined by g(F,...,Fu—1) = (e1,...,€,), is well-defined. Therefore, the unique-
ness part of the implicit function theorem 2.1, shows that § = g on U, hence that g is of
class C*® over U. Since the (n—1)-tuple (F\, ..., F,_1) was arbitrarily chosen in #(I;R)s,
we deduce that the mapping g is of class C* over H([;R)s.

(131) We now conclude our proof.

First, the previous step shows that the mapping
g: (F1,...,F, 1) € H(I;R)s — (e1,...,€e,) € H([;R")
is of class C°.
Second, the mapping
(€1,-..,e,) € H{;R") — e; € H([;R")
is a projection, hence of class C*.

Third, the mapping
¢: H" '(I;R*) — H"(I;R")
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defined by
t
er — {t—c(t) = / e1(s)ds + zo}
0

is also of class C*° thanks to Lemma 2.3 (a translation by a constant vector z; is clearly of
class C™).
Since the mapping
F:(Fi,...,F,1) € H(I;R)s — c€ H"(I;R")

is the composition of the three above mappings, it is also of class C*°. The proof is now
complete. -

In the special case of dimension 3, which is the most encountered in practice, the
theorem above leads to the following corollary:

COROLLARY 4.1. The mapping
F:(k,7) € H(I;R,) x L*(I;R) = c € H*(I; R®),
where the curve c is defined in part (b) of Corollary 3.1, is of class C*.

For curves of class C", the following result, similar to that of Theorem 4.1, holds:
COROLLARY 4.2. Let the mapping
F:C"*(LR) x C" (LR x ... x CHIRY) x C°(I;R) — C*(I;R?)
be defined by
(FI; e ;Fn—l) — C,

where the curve c is defined in part (c) of Corollary 3.2. Then F is of class C*.

Sketch of proof: The two methods that we have already mentioned for the proof of
Corollary 3.2 can be also used to prove this result. Accordingly, we can either use the
classical theory for ordinary differential equations, or we can derive the result from Theorem

4.1 and from the fact that the imbedding H™(I;R*) C C™ '(I;R") is continuous for all
m > % and linear, hence of class C'*°. n

5. Commentaries

(1) In the statements of Theorems 3.1 and 4.1, we have considered the case of a
curve parametrized by its arc length. This restriction is not essential however. To see this,
let a: I — R be a given curve, not necessarily parametrized by its arc length, such that
o/(t) # 0 for all t € I. Then, it is always possible to obtain another curve 3: J — R" this
time parametrized by its arc length, which has the same image and the same curvature
functions as the curve «. Indeed, let

t
s(t) == / o/(F)|dr for all ¢ € I.
0
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Since §'(t) = |d/(t)| # 0, the inverse function theorem shows that there exists an in-
verse function s — t(s), defined on J := s(I). It is then easily seen that the curve
B:=aot: J— R" satisfies the required properties.

(2) In this paper, we have restricted our attention to curves such that {c¢("(¢),...,c™ D(¢)}
are linearly independent at each point ¢t € I. In fact, if ¢*)(¢) is linearly dependent on
{c(t),...,c* D (t)} along a whole interval [a,b] C I, then one can prove that the image of
c lies in a (k — 1)-dimensional subspace of R", so that we can establish a result similar to
that of Theorems 3.1 and 4.1 on this interval, but in a lower dimension. More difficulties
arise in some other cases (for example if the property above holds only at isolated points
or at some sequence of points); for details, see [10, Chap. 1].

(3) Another natural question arises: What happens (for curves immersed in the three-
dimensional space, for simplicity) at the points where the curvature vanishes and conse-
quently the torsion is not defined ? More specifically, assume that « : [a, b] — R® is a curve
whose torsion vanishes everywhere, save at one point ¢y €]a, b[, where the torsion is unde-
fined; then it seems reasonable to say that o has zero torsion everywhere, by extension.
However, if we accept this convention, we can see that the hypothesis £ > 0 of Corollary
3.1 is an essential one, as shown by the following example:

Let

0; ift=0
a(t) = i,
(¢,0,5e"); ift#0,
and )
(t,5e ,0); ift<0
(t,0,5e"#); ift>0.

Then a; and ay have the same curvature and the same torsion, but there is no rigid
transformation mapping a; onto . To see this, note that the curvatures of o; and «y are
also vanishing in ¢ = 0, since the function ¢: R — R defined by

e @ ift £0,
w@%—{o ift =0
has the property that all its derivatives vanish at 0.

The curve o is a planar curve, hence its torsion vanishes, i.e., 7,,(t) = 0 for all ¢t # 0
and, by the convention above, 7,,(¢) = 0 for all £ € R. In the same way, one can see that
Tap(t) = 0 for all t € R, by the same convention. Therefore, the curves a; and ay have the
same curvature and the same torsion. On the other hand, any rigid motion would have
to be the identity on one portion of R? and a rotation on the other one, which is impossible.

Acknowledgments. The author is grateful to P.G. Ciarlet for bringing this problem
to her attention and for his interest in her work. The author would also like to thank C.
Mardare for interesting and helpful discussions.
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On the Recovery and Continutity
of a Submanifold with Boundary

ABSTRACT. The fundamental theorem of Riemannian geometry asserts that
a connected and simply-connected Riemannian space w of RP can be isometri-
cally immersed into the Euclidean space RPT? if and only if there exist tensors
satisfying the Gauss-Ricci-Codazzi equations, in which case these immersions
are uniquely determined up to isometries in RPT9. In this fashion, we can define
a mapping which associates with these prescribed tensors the reconstructed
submanifold. The purpose of this paper is twofold: under a smoothness as-
sumption on the boundary of w, we first establish an analogous result for the
existence and uniqueness of a submanifold “with boundary” and then show
that the mapping constructed in this fashion is locally Lipschitz-continuous
with respect to the topology of the Banach spaces C!(@), [ > 1.

1. Introduction

The fundamental theorem of surface theory asserts that if we consider a symmetric
positive definite matrix field of order two and of class C? and a symmetric matrix field of
order two and of class C! that satisfy together the Gauss and Codazzi-Mainardi equations
in a connected open subset of R%, then there exists an immersed surface in the three-
dimensional Euclidean space with these fields as its first and second fundamental forms
(see, for instance, [3] for a local version, or [7] for a global version if in addition the open
set is simply-connected).

In multi-dimensional differential geometry, a similar result holds for immersions with
arbitrary codimension. In this case, besides the induced first and second fundamental
forms, another tensor needs to be added, which has to do with the induced connection in
the normal bundle. Then, it is possible to state an analogous theorem to the fundamental
theorem of surface theory, known as the fundamental theorem of Riemannian geometry
(recalled here for convenience in Theorem 3.1).

More precisely, this theorem asserts that a connected and simply-connected open subset
w of R? endowed with a Riemannian metric of class C? can be isometrically immersed in a
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Euclidean space RP*? if and only if there exist tensors satisfying the Gauss-Ricci-Codazzi
equations and that these immersions are uniquely determined up to rigid motions. The
proof of this result has been considered from several different viewpoints: local coordinates
(see, for example, [12]), connections in the normal bundle (see [20]), differential forms (see
[21]) or flat compatible metric connections (see [14], paper which also includes a general
discussion on this subject).

Note that the particular choice of the Euclidean flat embedding space may simplify
the result, but a curved embedding space can always be further embedded in a higher-
dimensional flat space, by using a theorem of Whitney (see [4, p. 30]).

Our first objective is to extend this classical existence and uniqueness up to rigid mo-
tions result “up to the boundary” of the set w. More specifically, under a smoothness
assumption on the boundary of the set w (see Definition 2.1 of the so-called geodesic prop-
erty), we prove that if the prescribed geometrical data are such that the corresponding
functions and their partial derivatives can be extended by continuity to the closure w, then
the reconstructed isometric immersion and the corresponding normal basis share the same
property (cf. Theorem 3.2).

The above existence and uniqueness result shows that there exists a mapping F that
associates with matrix fields defined “up to the boundary” a class of isometric immersions
that are also defined “up to the boundary”.

Our second objective is to study the continuity of the mapping F constructed in this
fashion between appropriate Banach spaces. In this direction, we establish in Theorem 4.1
that, if the set w is bounded and satisfies the geodesic property, the mapping F is locally
Lipschitz-continuous, in the sense given by Definition 2.3.

Note that the issue of continuity for a similar type of mapping, but this time con-
structed in the case when the boundary of the set is ignored, was recently studied for an
open subset of R? in [6] and for a surface in [5].

We emphasize that the study of those properties that hold “up to, or beyond, the
boundary”, has been recently considered: the case of a manifold with boundary as a func-
tion of its metric tensor is found in [8] and the case of a surface with boundary as a function
of its metric and curvature tensors is treated in [9]. So our result generalizes in effect those
of [8] and [9] to “arbitrary dimensions and co-dimensions”; although the methodology of
the proofs is similar, its implementation requires considerably more work, however. As
noted in these articles, the theoretical aspect of extensions “up to the boundary“ does not
seem to have been previously considered in the existing literature of differential geometry.

We mention that another field of interest for the Gauss-Ricci-Codazzi equations and
their integrability conditions is the theory of soliton equations of mathematical physics,
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where the submanifolds leading in this way to soliton equations are called soliton subman-
ifolds. In this direction, we note that the theory of soliton surfaces was extensively treated
in [19] and the case of soliton immersions of arbitrary dimension was developed in [11].

An “applied” motivation of this work is given by some questions encountered in non-
linear elasticity. From this viewpoint, the immersion #: w — RP*Y can be interpreted as a
deformation of a solid occupying the set w under the action of some applied forces, provided
that the mapping 6 is injective (since we want to avoid the interpenetrability of matter).
The case p = 3, ¢ = 0 is related to the theory of nonlinear three-dimensional elasticity and
the case p = 2, ¢ = 1 constitutes a model for the nonlinear shell theory.

In this paper, we treat the general case of a p-dimensional submanifold w of RP*¢, in
order to provide a unified description of the geometrical framework for continuum mechan-
ics for strings, membranes and solids. For a more detailed treatment of the geometrical
aspects of solid mechanics in higher dimensions, see, for example, [2].

Note that in this case, the boundary conditions that are found in the traditional
boundary-value problems in nonlinear elasticity are aptly expressed in terms of the bound-
ary values of the deformation or of its derivatives; hence the need to study this type of
dependence “up to the boundary” of the set to be deformed. In this direction, we remark
that it should be interesting to consider also a Sobolev-type framework, as for instance in
[16], where the case of domains in R" is studied, or in [10], where a continuity result for
deformations in H' is established.

The paper is organized as follows. In Section 2, we introduce some notations and results
which will be used in the sequel. In Section 3, we first present the classical geometrical
framework and then prove our existence and uniqueness theorem “up to the boundary”.
Finally, in Section 4, we establish that the mapping constructed in the previous section is
locally Lipschitz-continuous.

2. Preliminaries

To begin with, we introduce some conventions and notations that will be used
throughout the article. For any N > 1, the N-dimensional Euclidean space EV will be
identified with RY and will be endowed with the Euclidean norm defined by |a| = \/(a, a),
where (a,b) denotes the Euclidean inner product of a,b € RY. The notations MY, OV,
S¥, AN and SY respectively designate the set of all real square matrices, of all orthogonal
matrices, of all symmetric matrices, of all anti-symmetric matrices and of all positive
definite symmetric matrices of order N.

We denote by
|A| ;= sup [Av]
vERN\{0} v
the operator norm of a matrix A € MY and by Iy the identity matrix of order N. It is
well known that |A| is also given by the square root of the largest eigenvalue of the matrix
AT A, where AT denotes the transpose of the matrix A.
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In any metric space, the open ball with center z and radius 6 > 0 is denoted B(z; ).

Let there be given an integer p > 0 and let w be a connected open subset of RP. Given
two points z,y € w, a path joining x to y in w is a mapping v € C1([0, 1]; R?) that satisfies
v(t) € w for all t € [0,1] and such that v(0) = z, y(1) = y. The geodesic distance in w
between two points x,y € w is then defined by

d,(z,y) := inf{L(7); v is a path joining x to y in w},
where L(vy) = fol |7/ (t)|dt is the length of the path ~.

The geodesic diameter of w is defined by
D, := sup d,(z,y).

T,YEw
The results of this paper will be established under a specific, but mild, regularity
assumption on the boundary of the open subset w, according to the following definition,
which was also used in [8]:

DEFINITION 2.1. An open subset w of RP satisfies the geodesic property if it is connected
and, given any point xy € Ow and any € > 0, there exists 6 = §(xo,&) > 0 such that
d,(z,y) < e for all z,y € wN B(xg;0).

Remark. Notice that this assumption is not a very restrictive one, since any connected
open subset of R? with a Lipschitz-continuous boundary (cf. Definition 4.5. of [1], or pp.
14-15 of [15]), satisfies the geodesic property. -

Let y = (y1,...,Yy,) denote a generic point of RP, p € N*. Partial derivativ opera-
tors of order [ > 1 are denoted 0%f, where a@ = (o;) € NP is a multi-index satisfying

la| == >F o = I. Partial derivative operators of the first and second order are also
2
denoted 9, := % and Oyp 1= ayfayg'

We introduce in the following definition the notion of spaces of functions, vector fields,
or matrix fields “of class C' up to the boundary of w”.

DEFINITION 2.2. Let w be an open subset of RP. For any integer [ > 1, we define the
space C'(w) as the subspace of the space C'(w) that consists of all functions f € C'(w) that,
together with all their partial derivatives 0*f, 1 < |a| < I, possess continuous ertensions
to the closure W of w. Equivalently, a function f:w — R belongs to CH(w) if f € CYw)
and, at each point yo of the boundary Ow of w, limye,y, f(y) and limye,—y, 0% f(y) for
all 1 < |a| < 1 erist. Analogous definitions hold for the spaces C'(w; RY), Cl(w;MY),
Cl(w;S™), etc., for all integer N > 0.

All the continuous extensions appearing in such spaces will be identified by a bar. Thus
for instance, we shall denote by f € C°(w) and 9= f € C°(w), 1 < |a| < I, the continuous
extensions to w of the functions f and 0% f if f € C'(w); etc.
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The spaces C'(w;RY) and C'(w;M"), [ > 1, are endowed with their natural norms,
defined by:
|F|lim:= sup |0*F(y)| for all F € C'(w;M"),

yew, |of<i
and
10liz ;= sup |0%0(y)| for all § € C'(w;RY).

yew, |a/<i
Next, we define the set

C*(w; SY) := {A € CY(w; S™); A(y) € SY for all y € w}.
We also introduce the following class of functions:

DEFINITION 2.3. Let X and Y be normed vector spaces and let A be a subset of X. A
mapping X: A — Y is said to be locally Lipschitz-continuous over A if, given any 4 € A,
there exists constants c(a) > 0 and 6(a) > 0 such that

IX(u) = X(0)|ly < e(@)||lu—v|x for all u,v € AN B(a;6(w)).

Remark. A direct consequence of the mean value theorem applied to the mapping
X € CHU;Y), where U is an open subset of X, is that  is locally Lipschitz-continuous
over U if at least one of the following additional hypotheses is satisfied:

- the mapping X is the restriction to U of a continuous linear mapping from X into Y

- the space X is finite-dimensional;

- given any @ € U, there exists §(@) > 0 such that

sup  [|DX () zxivy < 400,
vEB(1;0(1))

where DX (v) € L(X;Y) denotes the Fréchet derivative of X at v. .

Finally, we present three lemmas that will be used in the proof of our main results
(Theorems 3.2 and 4.1). In the first lemma we give a characterization of boundedness of
the subset w in terms of its geodesic diameter, in the second lemma we state some properties
of the square root of a symmetric positive-definite matrix and in the last lemma, we give
an estimate for the norm of the solution to a particular ordinary differential system.

LEMMA 2.1. An open subset w of RP that satisfies the geodesic property is bounded if
and only if D, < 400.

Proof: See, for example, Lemma 2.3 of [8]. 3

LEMMA 2.2. Given any matriz A € SY, there exists a unique matriz A2 ¢ ST such
that (A'/?)? = A and the mapping

¢: AeSY - ¢(A4) = A2 sy
defined in this fashion is of class C*.
Proof: The proof of this well-known property can be found in, e.g., [13, Sect. 3].
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LEMMA 2.3. Let there be given matriz fields A, B € C°([0,1];M") and Z € C'([0, 1]; M")
that satisfy

Z'(t) = Z(t)A(t) + B(t), 0 <t < 1.
Then

Z()| < \Z(O)|exp(/0t A()dr) +/Ot\B(s)|exp(/:\A(T)\d7'>ds, 0<t<1.

Proof: This is a direct application of Gronwall’s Lemma for vector fields (see, e.g.,
[17, Lemma 15.2.6]). a

3. Recovery of a submanifold with boundary

A classical result of differential geometry states that a connected and simply-
connected Riemannian space can be isometrically immersed into a given Euclidean space if
and only if there exist tensors satisfying the Gauss-Ricci-Codazzi equations, in which case
the immersion is uniquely determined up to rigid motions by these tensors. This assertion
is known as the fundamental theorem of Riemannian geometry and it will be recorded here
for convenience (see Theorem 3.1).

The first objective of this paper is to establish, under some specific assumptions, that
this result can be extended “up to the boundary” of the submanifold (see Theorem 3.2).
To this end, we first introduce in Section 3.1 the geometrical framework of our problem,
and then we show how the classical results of differential geometry previously stated can
be extended up to the boundary of the Riemann space (see Section 3.2).

3.1. Isometric immersions of a Riemannian space in Euclidean space.

Two integers p,q > 1 are fixed throughout this article. Let w be an open subset of RP.
We denote by y = (y1,---,¥p) € w a generic point of w and by {ey,...,e,} the canonical
basis of RP.

In what follows, Greek indices vary in the set {1,...,p}, Latin indices vary in the set
{1,...,¢} and the summation convention with respect to repeated indices is systematically
used.

Let #: w — RPT? be an immersion of the open set w in the (p+¢)-dimensional Euclidean
space, identified with RP*9, that is, the mapping 6 is differentiable and its Fréchet dérivative
dby: Tyw — Ty, R is injective for all y € w. Here Tyw = RP denotes the tangent space
to w at y and Tp(,)RPT? = RP*? denotes the tangent space to RP™? at §(y). Then, for each
y € w, there exists a neighborhood U C w of y such that §(U) C RP*? is a submanifold of
RPT? (see for details, [4, Chap. 6, Section 2]). To simplify the notations, we shall identify
w with #(w) and each vector V € Tyw, y € w, with df,(V) € Ty,)RP*?. A basis in the
tangent space Tp(,)0(w) is given by

010(y) == dby(e1),...,0,0(y) := dby(ep),
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a vector field N is called normal if
(N(y),0,0(y)) =0 for all y € w and for all « € {1,...,p}

and its derivatives are given by 0, N (y) := dNy(e,).
We denote by X' (w) and X (w)* the set of differentiable vector fields that are tangent,
respectively normal, to 8(w).

The Euclidean metric of RP*? induces a Riemannian metric on w, also called the first
fundamental form of the immersion, given by its covariant components

aap(y) = (0.0(y), 0s0(y)) , Yy € w, Yo, B € {1,...,p}.

If w is endowed with this metric, § becomes an isometric immersion of w into RPT,

Let V denote the usual Riemann connection on RPF? (see, for details, [4, Chap. 2,
Section 3]). If X and Y are vector fields on w and X, Y are local extensions to RP7, we
define the induced Riemann connection on §(w) by

VXy = ( YY)T,
where by VT we denote the tangential part of a vector V. The remaining normal part
is denoted B(X,Y), where B: X (w) x X(w) — X' (w) is a symmetric bilinear mapping.
This mapping is called the second fundamental form of the immersion §: w — RPt?. We
thus have:

(3.1) VxY =VxY + B(X,Y)
for all tangent vector fields X and Y.

__ To define the induced normal connection of the immersion, we take the projection of
VxN into the normal space, where X is a tangent vector field and N is a normal vector
field. Denoting this induced connection by V% N, we thus have:

(3.2) VxN = A(X,N) + VxN,

where the mapping A: X (w) x X+ (w) — X(w) is related to the mapping B by the relation
(3.3) (A(X,N),Y)=—(B(X,Y),N) forall Y € X(w).

We now write these expressions in the local coordinates (yi,...,y,) on w. Denote by
X, = 0,0 for all @ € {1,...,p} the basis in the tangent space; we fix in the normal space
an orthogonal basis, denoted {N?,..., N7}. Hence:

(N*,N7) =67 Vi, je{1,...,q}
and .
(N', Xo)=0Vie{l,...,q}, Ya € {1,...,p}.

The Riemann connection induced on #(w) and the normal connection of the immersion
define the Christoffel symbols by the following relations:

(3.4) V. Xp =I74X,
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and
(3.5) Vx,N' =T N.

Remarks. 1. If  is of class C? over w, since the connection V is compatible with the
metric induced by 6, the Christoffel coefficients I', 5 satisfy

1
2,8 = Ea”(aaaga -+ 8/3%0 — (%aa/g),

where (a°7) = (aqa5)""

2. Note that we have I}, = T'}; since the connection V is symmetric.

3. The Christoffel symbols ng associated with the connection V+ are anti-symmetric
in 1, 7, i.e., Téj = —Tgi, since the basis {N*}; is orthonormal. J

We define the coefficients of the second fundamental form by
(3.6) g 1= = (B(Xa, X5), NY)
and we note that bfw = b%a since the bilinear mapping B is symmetric. By using the
relation (3.3), the mapping A can be expressed in local coordinates as follows:
(3.7) A(XaaNi) = bfxTXTa

where b7 := a7}’ denote the mixed components of the second fundamental form.

Assume now that the immersion 6 is of class Ci over w. We want to relate the Riemann
curvature tensor associated with the connection V on RP™?, which is defined by

(38) R(Y, ?)7 = VYv?i — VYVY7 — v[y’?]i
where X, Y, Z are vector fields on RP*?, to the Riemann curvature tensor associated with

V on f(w) and to the normal curvature tensor associated with V1, which are respectively
defined by

(39) R(X, Y)Z =VxVyZ -VyVxZ — V[X,y]Z, VX, Y. Z € X(UJ),
and
(3.10) RM(X,Y)N := VxVyN — VyVxN — Vix y)N, VXY € X(w), VN € X (w).

Since the Euclidean space RP*? is flat, the Riemann curvature tensor R(X,Y)Z van-
ishes. Using relations (3.1) and (3.2) and expressing the fact that the tangential part and
the normal part of R(X,Y)Z and R(X,Y)N vanish, we deduce that the following relations
hold for all X,Y, Z,W € X(w) and for all N, N € X*(w):

(3.11) (R(X,Y)Z,W) = (B(X,W), B(Y, Z)) - (B(X, Z), B(Y, W)

(3.12) <RL(X, Y)N,N> - <A(X, N), A(Y, N)> - <A(X, N, A(Y, N)>
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(3.13) (VxA)(Y, N) = (VyA)(X, N),
(3.14) (VyB)(X,Z) = (VxB)(Y; 2),
where

(VxA)(Y,N) := Vx(A(Y,N)) — A(VxY,N) — A(Y,VxN),

(VxB)(Y,Z) :=Vx(B(Y,Z)) — B(VxY, Z) — B(X,VyZ).

Since the mappings A and B are related by relation (3.3), equations (3.13) and (3.14) are
equivalent. Relation (3.11) is called Gauss equation, relation (3.12) is the Ricci equation and
relation (3.13) is the Codazzi equation. Together, these relations form the set of necessary
conditions that have to be satisfied in order that a Riemannian space be isometrically
immersed in Euclidean space.

Notice that the Gauss and Ricci equations are algebraic expressions that relate the
curvatures of the tangent, respectively, normal bundle, with the second fundamental form
of the immersion, but for the Codazzi equation we need to differentiate the second funda-
mental form considered as a tensor.

In order to obtain the expression of these equations in local coordinates, we set X = X,
Y =X5,7Z=2X5,W=X,and N =N, N = N7 in (3.11-3.13). Then, using relations
(3.4), (3.5), (3.6) and (3.7), the Gauss-Ricci-Codazzi equations become:

(3.15) (@alhs — 05T 05 + D5l a0 — Tashe)ary = blabss — bgb5a,
(3.16) 0oTY — 05T + T Tk — THTH + a7 (b, b5, — V), bL,) = 0,
(3.17) Oabl 5 — Bgbl o =T b1, — TG b1 + b8, T — b T,

where «a, 3,7,0,0,7 € {1,...,p} and 4,5,k € {1,...,q}. These are the classical Gauss-
Ricci-Codazzi equations satisfied for a submanifold of the Euclidean space, as given, for
example, in [12, page 190].

Note that the left-hand side of relation (3.11), which is usually denoted R,g,s, defines
the Riemann curvature tensor of #(w) in its covariant components.

The following theorem establishes the existence and uniqueness, under some additional
assumptions, of an isometric immersion of an open subset w C RP endowed with a Rie-
mannian metric into the Euclidean space RPT4.

THEOREM 3.1. Let w be a connected and simply connected open subset of RP. Let there
be given a positive definite symmetric matriz field A = (aqs) € C*(w;SY), ¢ symmetric
matriz fields B = (byp) € C'(w;SP), 1 € {1,...,q}, and p anti-symmetric matriz fields
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T, = (TY) € C'(w; A?), a € {1,...,p}, satisfying the Gauss-Ricci-Codazzi equations (3.15-
3.17). Let yo € w be fized and denote by Gy € MPT1 the following matriz:

an(yo) a12(’y0) alp(yo) 0 0 ... 0\

a1 (Yo) a22(yo) ... axp(yo) 0 0 0

| () ap(yo) ... ap(w) 0 0 ... 0

(3.18) Go = 0 0 ... 0 10 0
0 0 ... 0 01 . 0

\ 0 0 0 00 ...1)

Then there exist a unique immersion 6 € C*(w; RPT) and a unique orthonormal family of
q vector fields N', ..., N9 € C*(w; RPT9), normal to 0(w), satisfying

(3.19) (1) (0a0(y), 050(y)) ( ) Vy € w, Vo, B € {1,...,p},

(3.20) (1) {Dapb(y), Zy>: Y)Yy €Ew, Yo, B€{1,...,p}, Vie {1,...,q},
(3.21)  (i1) {BaN'(y), 9y>:T” ‘v’yEw Vae{1,...,p}, Vi,j €{1,...,q},

such that 6(yo) = 0 and the a-th column of the matriz G(l)/2 is 0a0(yo) for alla € {1,...,p}.

Proof: This is a classical result, save for the choice of conditions at yy: a proof using
local coordinates can be found in [12] and in [14]. We summarize this proof here and,
at the same time, we introduce some new matrix notations. Our interest is to provide a
framework that will be used in the sequel, as illustrated in the proofs of Theorems 3.2 and
4.1.

Step 1. Let the matrix field 'y : w — MP™? be defined by

P T
r?2, T3, ... % b2 g2 b
'Fpa fpa fp é)lp é)ip bg”

(3.22) Ly = _lb%a _Qb;a —bla T11 T,> ... T,
2, b3, ... b, TR TR T
\ =60, —BL, ... —bg, T TS . T9 )

The regularity assumptions made on the initial data show that [, € C'(w; MPT?) for all
ae{l,...,p}.
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Step 2. We define the matrix field F' € C?(w; MP™) as being the unique solution to
the problem

(3.23) 0o F =FT, in w
(3.24) Fyo) =Gy,

We emphasize that this system is obtained from the equations (3.1) and (3.2) written
in local coordinates, i.e.,

(3.26) OuN" =T N’ + b7 X,

We also note that the equations of the matrix equation (3.23) form an overdetermined
system of partial differential equations, so we must verify compatibility conditions in order
to obtain the existence of a solution. The compatibility conditions can be written as a
system of matrix equations of the form

95T — 0,05 — Tpl + Tl = 0

for all o, 5 € {1,...,p}.

The fact that these compatibility conditions are verified is a consequence of the Gauss-
Ricci-Codazzi equations. More precisely, if L,,, denotes the coefficient of the matrix ap-
pearing in the left-hand side of the above relation, where m is the row index, then L,,, =0
for m,n € {1,...,p} is a consequence of relation (3.15), the conditions L,,, = 0 for
me{l,...,p},ne{p+1,....,p+qtand forme {p+1,...,p+q},n € {1,...,p} are
satisfied because of relation (3.17), and the conditions L, = 0 for m,n € {p+1,...,p+q}
are verified since the relation (3.16) is true.

Step 3. We define the mapping 6 € C3(w; RP™) as being the unique solution to the
problem

(3.27) 08 =f, in w
(3.28) 0(yo) =0,

where f,(y) is the a-th column of the matrix F'(y) found in Step 2.
We also define N* € C*(w; RP*?) by the relation

(3:29) N'(y) = fp1i(9);
for all y € w and for all i € {1, ..., ¢}, where f,,;(y) is the (p +4)-th column of the matrix
F(y).

We remark that the compatibility conditions which have to be verified in order to ob-
tain a solution to the problem (3.27-3.28) are 0sf, = 0,15 for all o, B € {1,...,p}. These
equalities hold as a consequence of the symmetry properties of the Christoffel coefficients
I'75 and of the coefficients of the second fundamental form b/,4.
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Step 4. We show that the fields # and N*',..., N? found in the previous step satisfy
the conditions (3.19), (3.20) and (3.21) of the theorem.

To this end, we first show that the matrix fields ((f,, f,)) and (fmn,), where fog = aqg,
fp+ip+i = 0ij, fptia = fap+i = 0, satisfy the same Cauchy problem:

0o X =I' ) X + XT',
X(yo) 203/2.

Consequently, the uniqueness of the solution for this system shows that (f,,,f,) = f., for
all m,n € {1,...,p+ ¢}, which implies in particular relation (3.19). The relations (3.20)
and (3.21) are then obtained by combining relations (3.25) and (3.26) with the fact that
(£, £,) = foun for all myn € {1,...,p+q}. \

While the immersion # and the vector fields N',..., N? found in Theorem 3.1 are
uniquely determined, this is no longer true if they are not fixed at the point g, according
to the following corollary to Theorem 3.1.

COROLLARY 3.1. Let the assumptions on the set w, on the symmetric matriz ﬁe.l'ds
A = (anp), B* = (blg), i € {1,...,q}, and on the anti-symmetric matriz fields T, = (T7),
a € {1,...,p}, be as in Theorem 8.1. Then there exists a mapping 6 € C>(w; RP?) and an
orthonormal family of q vector fields N',... N7 € C?(w;RP*?) normal to 6(w) such that

(3.30) (2) (0a0(y),080(y)) =aap(y), Yy € w, Yo, B € {1,...,p},
(3.31) (i) (Dapb(y), N'(y)) = —bis(y) Yy €w, Vo, B {1,...,p}, Vie {1,...,q},
(3.32)  (iti) (OuN'(y),N’(y)) =T7(y) Vy € w, Va € {1,...,p}, Vi,j € {1,...,q}.

Moreover, if a mapping 0 and the vector fields N*, ..., N normal to é(w) satisfy the
same relations on w, then there erist a vector a € RPY and a matriz @Q € QP19 such that

0(y) =a+ QO(y) for ally € w
Ni(y) =QN'(y) for ally € w, and for all i € {1,... q}.

Proof: The existence of the mapping § € C3(w; RP*7) and of the normal vector fields
N',..., N9 € C?(w;RP™9) such that the relations (3.30), (3.31) and (3.32) are satisfied is
obtained directly from Theorem 3.1.

The second part is a consequence of the fact that any two solutions which differ by an
isometry at the fixed point gy, differ by the same isometry at all points of w. _

3.2. Reconstruction of a submanifold with boundary.

The aim of this section is to establish that, under ad hoc assumptions, the reconstruction
of a submanifold of RP*¢ can be done “up to the boundary”. More specifically, the existence
and uniqueness of the isometric immersion #: w C R — RPT? established in Theorem 3.1
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can be extended as follows to the closure @ of the subset w C RP. This theorem extends
previous results obtained in [8] and [9].

THEOREM 3.2. Let w be a simply connected open subset of RP that satisfies the geodesic
property (Definition 2.1). Consider a positive definite symmetric matriz field A = (a.p) €
C*(w; S) (Definition 2.2), q symmetric matriz fields B' = (b5) € C'(@; S?), i € {1,...,q},
and p anti-symmetric matriz fields T, = (TY) € C'(w; A?), o € {1,...,p}, such that the
relations (3.15), (3.16) and (3.17) are satisfied. Then there exist a mapping 0 € C(w; RPT9)
and an orthonormal family of q vector fields N',..., N® € C?(w;RP*?) normal to 6(w)
satisfying
(3:33) (1) (0aB(y),060(y)) =tap(y), Yy €W, Yo, BE{1,...,p},

(330 (i) (BsB(y), Ni(y)) = = bisy) Yy €@, Vo, B € {1,...,p}, Vi € {L,....q},
(3.35) (i) <W(y),ﬁ(y)> =T (y) Vy €@, Ya € {1,...,p}, Vi,j € {1,...,q},

such that 6(yo) = 0 and the a-th column of the matriz G(l]/2 is 0,0(yo) for alla € {1,...,p},
where the matriz Gy is given by relation (3.18).

Proof: The proof is broken into four steps, in order to provide a clearer presentation.

(i) Preliminaries. Since the open subset w is connected (it has the geodesic property)
and simply-connected, and the components of the matrix fields A = (aqs5) € C?(w;SL),
B' = (b)) € C'(w;S?), T, = (T7) € C'(w;RP) satisfy together relations (3.15),(3.16)
and (3.17), we deduce from Theorem 3.1 that there exist a mapping 6 € C*(w; RP*?) and
an orthonormal family of ¢ vector fields N',..., N9 € C%(w;RP*™9) normal to §(w) such
that relations (3.19), (3.20) and (3.21) are satisfied. Our objective is to prove that we can
extend these applications by continuity to w.

We introduce the following notations: f,(y) = 0,0(y) for 1 < a < p, f,.;(y) :=
Ni(y) for 1 < 1 < ¢, and F(y) € MP™ is the matrix whose m-th column is f,(y),
m € {1,...,p+ q}, for each y € w. We also recall that the matrix I',(y) is defined in
Step 1 of the proof of Theorem 3.1.

Then an immediate computation shows that the matrix fields F € C%(w;MP*?) and
[, € C'(w; MP19) satisfy the following equality

(3.36) 0o F(y) = F(y)la(y) for all y € w and for all « € {1,...,p}.

Let us also point out that the matrix fields T, are in fact of class C'(w; MP™9). Indeed,
since (aqg) € C*(w;S%), we have in particular that det(agaz(y)) > 0 for all y € w. This
implies that (a°7) € C?(w;S%), because the functions a’” and 8%a°", 1 < |a| < 2, are
obtained as rational fractions of the functions a,s and their derivatives. Consequently, the
definition of the Christoffel symbols I'; ; and the definition of the mixed components of the
second fundamental form bgﬂ imply that they belong to C'(@w). From these relations and
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from the fact that each function T is of class C' (@), we finally infer that the matrix fields
', belong to C'(w; MPT), as claimed.

(ii) Let K be a compact subset of RP. Then sup,cgn, |F(y)| < +oo.

For any y € w,

hence

sup |F(y))* < sup (D Taaly) +q) < +00,
yeEKNw yeEKNw a—

since the functions @, belong to the space C°(w) by assumption.
(iii) The matriz field F € C*(w; MPT?) defined in (i) belongs to the space C?(w; MPTY).
To begin with, let yy € Ow be an arbitrary, but fixed point of the boundary of w, and

let Ko := B(yo;1). Let ¢ > 0 be given. Because w satisfies the geodesic property, there
exists 0(g) > 0 such that, given any two points x,y € B(yo;d(¢)) Nw, there exists a path

v = (7o) joining z to y in w whose length satisfies L(vy) < max(eoays Where
& 1/2
co:=( sup |F@))( s (D ITalw)®)).
yEKoNw yEKoNw a=1

Note that the constant ¢ is finite, as a consequence of the properties established in steps
(i) and (ii). Moreover, to ensure that that set ([0, 1]) is contained in the set Kj, we can
assume, without loss of generality, that ¢ <1 and 6(¢) < 3.

We consider the matrix field Y := F o~y € C!([0,1]; MP™) associated with any such
path 7. The relations (3.36) then imply that the matrix field YV satisfies

Y'(t) =, )Y (t)Ta(y(2)) for all 0 < ¢ < 1.
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Since Y (1) = )+ fo Y'(t)dt, we have, for any two points x,y € B(yo;0(¢)) Nw,

_(sup & / )T (1)l

0<t<1

<( s FWI)( swp (3 IT)D™) 20,

yeEKoNw yEKoNw a—1
We infer from this inequality and from the particular choice of §(¢) that
|F(y) — F(z)| <eforall z,y € B(yp; d(¢)) Nw.

Let (Ym)m>1 be any sequence of points in w such that limg, o ym = ¥, hence for
any € > 0, there exists mg(e) such that y, € B(yy;d(e)) for all m > mg(e). The
last inequality then implies that the sequence (F'(ym))m>1 is a Cauchy sequence, hence
limy, 00 F'(Ym) exists and it is clearly independent of the sequence (ym)m>1. We define
F(yo) := limy, s0 F(Ym), which shows that the field F € C?(w;MPT) can be extended
to a field that is continuous on @. Next, from relations (3.36) and from the fact that
Ay € CHw; MPT), we deduce that each field 0, F can be extended to a field that is con-
tinuous on w, hence F € C'(w; MPT9). Finally, by differentiating the relations (3.36), we
deduce that F' € C?(w; MPT9).

(iv) The mapping 0 € C3(w; RPT9) belongs to the space C*(w; RPT4) and the vector fields
N, ... N € C*w;RPY) belong to the space C?(w; RPTY).

First, the vector fields N, ..., N? belong to the space C?(w;RP*?), as a direct conse-
quence of the definition of the matrix field F' and of the result established in part (iii).

In order to prove the second statement, we proceed as in part (iii): given any yy € dw
and any € > 0, the number d(g) > 0 is being now chosen such that L(y) < max(orays Where
the constant ¢; is given by

1

-1
¢ri=—=( sup [F(y)]) < -+oo.
\/Z_) yEKoNw

Again without loss of generality, we assume that ¢ <1 and 6(¢) < 3.

From the definition of the vector field F' made in part (i), we have in particular that
0,0(y) = £, (y) for all y € w, which implies that the vector field ¢ := oy € C'([0, 1]; RPH9)
associated with any such path v joining x to y in w satisfies

@' (t) = 7. (t)fa(v(t)) for all 0 < ¢ < 1.
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Consequently, for any two points z,y € B(yo;0(¢)) Nw), we have

6(y) = 0(2)] =[¢(1) = 9(0)]

/ L (O)Ea (1 (1))t

<L(y) sup (Z|fa<y)|2)”2

yeKoNw a=1

<vpL(y) sup |F(y)|<e,

yEKoNw

the last inequality being satisfied thanks to the particular choice of §(¢). Arguing as in
(iii), we thus conclude that the mapping 0 € C3(w;RPTY) can be extended to a field that is
continuous on w.

Differentiating the relations 0,0(y) = f,(y) in w and noting that f, € C*(w; RP*) by
(iii) finally imply that 6 € C3(w; RPT?). .

The result obtained in Corollary 3.1 can be also extended “up to the boundary” of the
subset w C RP, as follows:

COROLLARY 3.2. Let the assumptions on the set w, on the symmetric matriz fields A =
(aap), B' = (big), fori € {1,...,q} and on the anti-symmetric matriz fields T, = (T7) be
as in Theorem 3 2. Then there exist an immersion 6 € C3(w;RPT?) and an orthonormal
family of q vector fields N*, ..., N9 € C*(w; R"™) normal to 0( ) satisfying

(3.37) (1) (0a0(y), 950(y)) =Uap(y), Yy €W, VYo, B € {1,...,p},
(3.38)  (if) <W(y),ﬁ(y)> —b,(y) Yy €@, Yo, B e {1,...,p}, Vie{l,...,q},
(3.39)  (4id) <W(y),ﬁ(y)> T () Vy €@, Yae{l,...,p}, Vi,j€ {1,...,q}.

Moreover, if a mapping 0 and the vector fields N*, ..., N9 normal to é(w) satisfy the
same relations on w, then there exist a vector a € RPY and a matriz @Q € QP9 such that

g(y) =a+ QO(y) for all y € @,

Ni(y) =QN'(y), i € {1,...,q}, forally € w.

Proof: Since the open subset w, the matrix fields A, (B?), (T,), i € {1,...,q} and a €
{1,...,p}, satisfy the hypotheses of Theorem 3.2, there exists a mapping 6 € C(w; RP™9)
and an orthonormal family of ¢ vector fields N, ..., N € C?(w; RP*?) normal to 6(w) such
that conditions (3.37), (3.38) and (3.39) are satisfied.

If a mapping 6 and the vector fields N',..., N normal to (@) also satisfy the same
relations on @, then by Corollary 3.1, there exist a vector ¢ € RP™? and a matrix Q € QP
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such that

0(y) =a+ QO(y) for all y € w
Ni(y) =QN'(y), i € {1,...,q} for all y € w.

Consequently, the continuous extensions 6, N1,..., N¢ and é, N1, ... ,ﬁ satisfy

g(y) =a+QO(y) forally € @
ﬁ(y) ZQﬁ(y), ie{l,...,q} forall y € w.

4. Continuity of a submanifold with boundary

We establish in this section a continuity result for the mapping defined by the exis-
tence and uniqueness result of Theorem 3.2.

More specifically, let w be a simply-connected open subset of RP that satisfies the
geodesic property (Definition 2.1). We introduce the following notation:

X @) :={(A, (BY), (Tn)) € C*@;S%) x (C'(@;S")* x (C'(w; A%))”

4.1
(4.1) such that relations (3.15), (3.16) and (3.17) are satisfied},

where (3.15), (3.16) and (3.17) are the Gauss-Ricci-Codazzi equations written in local
coordinates. Fix a point yo € w and consider the matrix Gy given by relation (3.18). By
Theorem 3.2, there exists a well-defined mapping

F: X@) = C(w; RPTY) x (CQ(G; Rp+q))q

that associates with any point (4, (B"),(T,)) € X(w) the uniquely determined element
(6, (N9)) € C3(w; RP+9) x (C*(w; RP*9))? satisfying

=—bis(y) Yy ew, Yo, B € {1,...,p}, Vie {l,...,q},
> =TI (y) Yy €@, Ya e {1,...,p}, Vi, j € {1,....q},
such that 6(yo) = 0 and the a-th column of the matrix Gy/* is 9,0(y,) for all o € {1,..., p}.

The second objective of this paper is to study the properties of this mapping.
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We first note that, if in addition the set w is bounded, the spaces C?(w;SP?), C'(w;SP),
C'(w; A1), C*(w; RP™) and C3(w; RP™), endowed with their natural norms, become Banach
spaces. The product space C?(w; S2) x (C!(@; SP))? x (C'(w; A?))”, endowed with the norm

1(4, (B"), (T2))]

becomes a Banach space and thus in this case the set X (w) becomes a metric space when
it is equipped with the induced topology. The product space C3(w; RP*7) x (C%(w; RP+9))?,
endowed with the norm

2110 = ||All2 + max || B'll15 + max || Ta|l1z

10, (N))lls 20 = [10lls @ + max | N']|25

is also a Banach space.

We are now in a position to state the main result of this section, which generalizes the
results obtained in [8] and [9].

THEOREM 4.1. Let w be a simply-connected and bounded open subset of RP that sat-
isfies the geodesic property. Let the spaces C?(w;S%) x (C(w;SP))? x (C(w; A?))” and
C3(w; RPH9) x (C*(w; RP+)) be endowed with the norms || -||2,1,1,5 and || -
and let the set X (w) be equipped with the metric induced by the norm || - |
mapping

F: (A, (B)),(T,) € X(@) = (8, (N) € C¥(w; R7) x (C*(w; R*19)),
is continuous. It is even locally Lipschitz-continuous over the set X (w), in the sense of
Definition 2.3.

Proof: For clarity, the theorem is established is a series of four steps, numbered (i) to

(iv).
(i) Preliminaries. We recall that the image
(6, (V) = F(4,(B), (T.))

of an arbitrary element of the space X (@) is defined as follows (see the proof of Theorem
3.2):

3,25 respectively,
2,1,1,@- Then the

First, we construct the matrix fields ', € C!(w; MPT?), for o € {1,...,p}.

Second, the matrix field F' € C?(w; MP*?) is defined as being the unique one that satisfies
0., F =FT, in w,
F(yo) :th)/Q-
Third, the mapping 6 € C3(w; RP*) is defined as being the unique one that satisfies
0u0 =f, in w, a € {1,...,p},
0(yo) =0,
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and the vector fields N* € C?(w; RP*?) are defined by the relations
N :=f,, inw, i€ {1,...,q},
where f,,(y) is the m-th column of the matrix F(y), m € {1,...,p+ ¢}.

Accordingly, our strategy will consist in establishing that each of the above mappings
is locally Lipschitz-continuous, since a composite mapping is locally Lipschitz-continuous
if all its component mappings share this property.

(ii) In order to simplify the notation, a generic element of the space X (w) is denoted
X = (A,(BY),(T.)). Let X := (A, (B"), (1)) be an arbitrary point of the space X (w).
Then there exist constants ¢;(X) > 0 and 6§(X) > 0 such that

Gy = G*| + max|[Tq = Tallio < c(X)I|1X - X|

2,1,1,5
for all X, X € B(X;6(X)) N X (@), where the matriz fields T, Ty and the matrices G(l)/2,

G/? are constructed in terms of the elements X, X € X (@) as in (i).

Our strategy consists in establishing this inequality as a consequence of the local
Lipschitz-continuity of the mapping
¥: C2(@;SB) x (C'(@; 7)) x (C'@; R*))" — (C'(w; MP*9))” x ST,
(4, (BY), (T,)) = (Tay Gg'*).

To begin with, notice that it makes sense to study the differentiability of mappings
defined over the set C?(w;S%), because this set in open in the Banach space C?(w; SP?).

(4.2)

First, the mapping A € C*(w; S%) — G(l)/2 can be written as a composite mapping Qo P,
where
P: AeC’(w;S%) — Gy € SE
is linear and continuous, hence of class C*°, and
Q:GeSt G2 es?
is of class C* by Lemma 2.2. Consequently, the mapping A € C?(w;S%) — G(l)/ % is also of
class C*°. Hence, it is locally Lipschitz-continuous, since the space S% is finite-dimensional.

Consider next each mapping
(4.3) Xo: (4, (BY),(T,)) € C*(w;S2) x (C'(w;SP))? x (C'(w; A?))” — Ty € CH(w; MPH).
First, we claim that the mapping
X: AeC*w;St) —» Iy € Cl(w)

is locally Lipschitz-continuous (for brevity, the dependence with respect to the indices
«, B, 7 is dropped in the notation used for such a mapping).
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On one hand, each linear mapping
A€ C*(;S) = (Datips + Optas — Dstap) € C' (W)
is clearly continuous, hence of class C*°. On the other hand, each mapping
A = (aap) € C*(w;SE) — a°" € C*(w),

that associates to the matrix field A a function a°”, obtained as a quotient by det A of a
homogeneous polynomial ¢°"(A) of degree (p — 1) in terms of the functions a,g, is also of
class C*°. Indeed, we first note that each mapping

A€ C(@;8L) = ((¢77(A)), det A) € (C*@))"

is of class C*°, because each one of its components is a sum of continuous multilinear
mappings. Therefore, since

det A e U :={f €C?w); f(y) > 0forall y € w},
it suffices to establish that the mapping

¢:f€UCCQ(w)—>%662(w)

is of class C* (note that this question makes sense, since the set U is open in C?(w)). For
a proof, see [8, Theorem 3.1].

We proved until now that the mapping
X:AeC(w;St) —» Iy €C(w)

is of class C*, hence in particular it is Fréchet differentiable.

The next step consists in showing that its Fréchet derivative is locally bounded. To this
end, we compute the difference X (A+AA)— X (A) for a variation AA = (Aa,,) € C*(w; S?)
at A = (aqp) and then we take the linear part with respect to AA. It is found in this fashion
that DX (A)AA it is a sum of polynomials of degree (p—1) in terms of the functions a,s and
of degree one in terms of the functions 0,a,,, times some components Aa,,, and divided
by det(aqp) or (det(aqs))?. Hence, given any two constants M > 0 and d > 0, there exists
a constant ¢(M,d) > 0 such that

I DX (Al ce2@ssrycr @) < ¢(M, d)
for any matrix field A € C?(w;S%) that satisfies
|Alloz < M and det A(y) > d for all y € w.
We thus conclude that the mapping X is locally Lipschitz-continuous.

We consider next any one of the mappings

®: (A, BY) € C2(@;S2) x C'(@;S?) — b" € C'(@).
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The mapping
B' € C'(w;SP) — b, € CH(w)
is linear and continuous, hence of class C*°, and we have already proved that the mapping
A = (aqp) € C*(w;SE) — 0" € C*(w)

is of class C*°. Consequently, the mapping ® is also of class C*°. Then, by applying the
same method as that used in the proof for the mapping X, we establish that the Fréchet
derivative of the mapping ® is locally bounded, allowing us to conclude that the mapping
® is also locally Lipschitz-continuous.

The linear mappings

(4.4) Bl e Clw;SP) = b€ CH (@),
(4.5) T, € C'(w; A7) — T € C'(w)

are clearly continuous; hence they are of class C* and their Fréchet derivatives are bounded

over B(é\i; 1) and B(T/Z; 1). Hence, we deduce that the mappings defined by (4.4) and (4.5)
are locally Lipschitz-continuous.

Finally, we conclude that each mapping X, defined in relation (4.3) is locally Lipschitz-

continuous and consequently, that the mapping (3 given by the relation (4.2) is also locally
Lipschitz-continuous.

(iii) Define the matriz fields I'4, Ty € C!(@; MP*) as in (i), the matrices Gy, Go as in
relation (3.18) and let the matriz fields F, F € C*(w; MPTY) satisfy

(4.6) 0aF(y) = F(y)Ta(y) for all y € w and F(yo) = Gy,

(4.7) 8aF(y) = F(y)Ta(y) for all y € w and F(yo) = Gy
Then, for any given element X € X (@), there exists a constant ca(X) > 0 such that
IF = Fllzo < e(X)(1Gy” = Gy*| + max||Ta = Tall1)

for all X, X € B(X;6(X)) N X (@), where §(X) > 0 is the constant found in (ii).

Since the open set w satisfies the geodesic property and is bounded, Lemma 2.1 implies
that its geodesic diameter is bounded. By definition of D,,, there thus exists a constant
A > 0 such that, given any y € w, there exists a path v joining 3, to y whose length
satisfies L(y) < A. Fix y € w, consider such a path v = (vy,) and a matrix field Z :=
(F — F) oy € C'([0,1]; MP*?) associated with the path 7. The relations (4.6) and (4.7)
then imply that the matrix field Z satisfies

Z'(t) = 1) Z(O)Ca(y(®) + 70O F (1(8) (Ca(v(#) — Ta(y(1))) for all 0 <t < 1,
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so that, by Lemma 2.3,
2] <iz0)esp ( [ AT 0()dr)
+ [ POPOE) a0) = Tatr) lexo ([ ArTalr()dr) s

First, we infer from Cauchy-Schwarz inequality that

[ttt < [ (SR (S ar

<Aypmax|allz

for all 0 < s < 1. Then, by using the inequality found in part (ii) for any X € B(X;d(X))N
X (@), we deduce that the associated matrix fields T', € C'([0, 1]; MP™4) are such that

max [Colliz < max ||l + e (X)6(X) = a1 (X).
Consequently,

/vau Ly()dr < Av/par (X),

for all 0 < s <1, and likewise,

/0 () E(7()) (Ta(7(5)) = Ta((s))) lds < /pA(sup |F(y)]) maxsup [Ta(y) — Fa(y)!.

YEW YyeEw

Since Z(1) = (F — F)(y) and Z(0) = GY/2 — G1/?, we have thus shown until now that
sup [(F — F)(y)| < exp(y/pAas (X)) (G — G|+

(4.8) vey _ -
+v/pA Sup |F(y)|max|Ta(y) — Ta(y)ll1a)-

In particular, the last inequality implies for the matrix fields F' and F that

sup | F(y)| <sup |F(y)| + exp(\/g_)Aal(X))(‘é(l)ﬁ 1/2|+

Yycw YEw
+VpAsup | (y)|max [[Ta(y) — Fa(y)lh.0)
YEw
< sup | (y)| + exp(y/PAar (X)) (e (X)3(X)+
YEw

+V/PAsup [F(y)]ei(X)8(X)) =: az(X).

YyeEW
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If we combine this last result with relation (4.8), we eventually obtain

sup |(F — F)(y)| < exp(y/pAai(X))(1Go* = Gy |+
(4.9) yew

A

+v/PAax(X) max [Ta(y) - Fay)|

1)

Next, the relations

imply that
(4.10) sup |0a (F — F) ()| < a1(X) sup |[(F = F)(y)| + a2 (X)[|ITa(y) — Loz

Yyew YyEw
and the relations

Oup(F — F) = 03(F — F)Ty + (F — F)0gTy + 03F(Ty — To) + FO5(Ty — Ty) in w
similarly imply that

- sup 0o (F ~ F)(y)| Sal(ff)(zlelg 10a(F — F)(y)| + sup |(F - F)(y))+

+az(X) (1 + a2(X))ITa(y) — Fa(®)l10-

Finally, from inequalities (4.9), (4.10) and (4.11), we deduce the announced upper
bound for the norm ||F — F||25.

(iv) The matriz fields F, F € C*(w; MP+9) being defined as in (iii), let the mappings
0,0 € C3(w; RPT) satisfy
0.0(y) = £, (y) for all y € w and O(yy) = O,
9a0(y) = fa(y) for all y € w and O(y,) = 0,
where £,(y) and £,(y) respectively denote the a-th column of F(y) and F(y). Let the vector
fields N*,... ,N? € C?>(w; RP*?) and N',... N € C*(w; RP*?) be given by
N'(y) = f,,:(y) for all y € w and for all i € {1,...,q},

Ni(y) = ~p+i(y) for all y € w and for all 4 € {1,...,q},

where £,,;(y) and £,,;(y) respectively, denote the (p+i)-th column of F(y) and F(y). Then
there exists a constant c3 > 0 independent of these fields such that

19, (N%)) = (6. (N) sz < sl F = Fllow-

To prove this inequality, we proceed as in part (iii): for any fixed point y € w, we
can find a path v = (v,) joining yo to y, such that L(y) < A. Let the vector field
z € C*([0,1]; RP*9) be defined by z := (§ — 0) o y. Then, from the relations satisfied par 0
and 6, we infer that

2(t) = 7a(t) (fa(v(1) — £a(7(1))
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for all 0 <t < 1. Noting that

0(y) — O(y) = 2(1) — 2(0) = / Z(t)dt,

we have that

0(y) — (y)| < / 9 (8) (Ba(1()) = Eul(2))) |t
<L(y)sup (Y 1(fa — £)()2)"?

YEW o

<A/psup |(F — F)(y)|

Yycw
<AVPIF = Fllog.
From the last inequality and from the fact that
1800 = 0)ll25 = lIfa = fallog < IIF = Fll2z
we obtain on the one hand that
16 = Bllsz < cl|F = Fllaz,
where ¢ > 0 is a real constant. On the other hand, we have that
IN? = Nllog = lfpsi = fprilloe < I1F = Fllog
for allie {1,...,q}.

The announced upper bound on the norm || (6, (N*)) — (5, (NZ)) ||3,2,z thus follows from
the last two inequalities. J

Remarks. 1. Since X (@) is not an open subset of the space C2(w; S?) x (C*(w; S?))? x
(C L(w; Aq))p, the Fréchet differentiability of the mapping F cannot be defined in the usual
manner. Otherwise this would have been a convenient way to establish that the mapping
F is pointwise Lipschitz-continuous.

2. We emphasize the important role played by the hypothesis that w satisfies the ge-
odesic property, which appears both in Theorems 3.2 and 4.1: it provides estimates on
the solutions of ordinary differential equations along a path joining two points in w that
eventually depend only on the length of the path, but not on the path itself. 7
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Sur des inégalités de Korn linéaires et non linéaires
pour les courbes

7






Linear and nonlinear Korn inequalities
on curves in R?

Joint work with Sorin Mardare

ABSTRACT. We establish several linear and nonlinear inequalities of Korn’s
type for curves in the three-dimensional euclidean space. These inequalities
are obtained under weak regularity assumptions on the curve of reference. We
also establish an infinitesimal rigid displacement lemma for curves.

1. Introduction

Inequalities of Korn’s type play an important role in the mathematical analysis of
linearized elasticity, since they provide a basic tool for the existence of solutions of linearized
displacement-traction equations (see Section 1.7 and Chapter 2 of Ciarlet [4], and the
references therein, for the three-dimensional Korn inequality and Korn’s inequality on a
surface, or the article of Chen and Jost [2] for a Riemannian version of these results).

The three-dimensional linear Korn inequality involves the linearized change of metric
tensor and the linear Korn inequality for surfaces involves the linearized change of metric
and the linearized change of curvature tensors. Therefore, it is natural to expect that the
linearized change of metric, change of curvature, and change of torsion, tensors will appear
in linear Korn inequalities for curves.

The first objective of this paper is to establish, by analogy to the three-dimensional and
bi-dimensional cases, a linear Korn inequality for curves in a three-dimensional euclidean
space. Our strategy follows the “classical” steps: first, we establish a Korn inequality
“without boundary conditions”, second, we prove a linearized rigid displacement lemma
and third, the Korn inequality is obtained as a consequence of the above Korn inequality
“without boundary conditions” and of the rigid displacement lemma.

The second objective of this paper is to provide several nonlinear inequalities of Korn’s
type for curves in the three-dimensional euclidean space. To this end, we fix a curve «,
which is seen as the reference curve, and we derive some estimates of the norm of the
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difference 4 — «, where 4 is a deformed curve, i.e., the curve defined by 4 = v + 1, where
7 is a displacement vector field. As corollaries, we also obtain some inequalities of Korn’s
type for isometric deformations.

We emphasize that the linear Korn inequality is obtained for curves “with little reg-
ularity”, in the sense that the regularity assumptions on the reference curve involve the
derivatives in the distributional sense, instead of classical derivatives (for a similar approach
in the case of surfaces, see Blouza and Le Dret [1]).

2. Notations

The three dimensional euclidean space is identified with R? and it is endowed with the
Euclidean norm defined by |a| = /a - a, where a - b denotes the Euclidean inner product
of two vectors a, b € R®*. The Euclidean vector product of @, b € R? is denoted a x b. The
space of all real matrices with n rows and ¢ columns is denoted M"*?, or M" if n = ¢, and
is endowed with the operator norm | - |, defined by

A= sup A7
veR?\{0} v|
for all A € M"*?. The identity matrix in M" is denoted I,, and the set of all ortogonal
matrices Q € M" with det Q = 1 is denoted O} .

Let I = (0,L) be a bounded interval of R. The derivatives of a function f with
respect to t € I are denoted f’, f”, etc. The usual Lebesgue, resp. Sobolev, spaces are
denoted LP(I;M"*9), resp. W™P(I;M"*?). For real-valued function spaces we shall use
the notation LP(I) instead of LP(I;R), W™P(I) instead of W™P(I;R), etc. The space of
all continuous functions on I is denoted C([).

The geometrical framework of our problem is the following: let v: I — R® be a regular
curve, in the sense that the vectors 4/(¢t) and ~4”(t) are linearly independent for all ¢ € I.
One can then show (see, e.g., [8]) that there exists a unique Frenet frame {T, N, B}
associated with this curve, where T, N, B : I — R® are respectively the tangent, normal,
and binormal vector fields.

The Frenet equations associated with « read, in matrix form,

T 0 k£ 0 T
N | =] =k 0 7 N |,
B’ 0 -7 0 B

where £ and 7 denote respectively the curvature and the torsion of the curve v, T', N, B
are row vector fields and T', N', and B’ are their derivatives.
The curvature and the torsion of the curve « are given by

_ ) x "))
(2.1) k(t) = pInTE
and
(22) r(t) = SO0, 7))

[y (@) xy" @)
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where «'(t), v"(t), and 4" (t) are column vector fields. The metric of the curve v is a?,
where a := |v'| is the velocity.

In this section, we gather various preliminary results that will be subsequently needed.
The first lemma establishes the existence and uniqueness of the solution to a system of
differential equations under weak regularity assumptions on the initial data. In what
follows, the derivatives are to be understood in the distributional sense and classes of
functions in the Sobolev spaces W11((0, L); M"*?) are identified with their continuous
representatives, in view of the Sobolev embedding theorem. In particular, the relation
(2.4) below means that the continuous representative of Y € WH1((0, L); M™*?) takes the
value Y at t = 0.

LeEMMA 2.1. Consider the system of differential equations:
(2.3) Y'(t) = A(t)Y(¢t) + B(t) for almost all ¢ in (0, L),
(2.4) Y(0) =Y,

where A € LY((0,L); M), B € L*((0,L); M™ %) and Y is a matriz of M1,
Then there erists a unique solution Y € WHL((0, L); M"¥?) to this system.

PRrooOF. Although the proof of this lemma is elementary, we nevertheless record it here
for completeness. It consists in three steps.

IfA € Ll((a b);M"), Xy € Whi((a,b);M" ) and, for each integer m > 1,
/ A(s 1(s)ds for all t € (a,b), then X,, € Wh((a,b); M™*?) and

[ Xmllzoe(a) < AT (0 Xoll Looap) -

Since
t b
|Xm(t)lé/ IA(8)||Xm—1(8)|ds§/ |A(8)[| X m—1(5)| ds < | Al L1 (a0) [ X -1 oo (a,p)

for all t € (a,b), we deduce that || X,,||zeo@p) < [|AllL1(ap) || Xm-1llz(ap). The desired
inequality follows immediately by a recursion argument.

(ii) Ewistence of a solution to the system (2.3)-(2.4).
We use the classical method of approximating solutions. Since A € L'((0,L); M),
1
there exists € > 0 such that || Al[z1(q < 5 for all a,b € (0, L) with |a — b| < e. For some

integer 7 € N, we have (0, L) = (0,e]U (g,2¢]U--- U (re, L). We will first solve the system
n (0,¢), then on (g, 2¢), and so on.
In order to construct the solution on (0,¢), we define the following sequence of approx-
imate solutions:

Y, (t) =0 for all t € (0,¢),

(2.5) Y.(t)=Y + /t(A(s)Ym_l(s) + B(s))ds, m > 1, for all t € (0,¢).
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By substracting Y,,_; from Y,,, we obtain (Y,, — Y, = fo Y, .1 —
Y n_2)(s)ds for all m > 2. Note that (Y, — Y)(t) = Y1 =Y fo s)ds, so
that Y — Yy = Y, € WbH((0,¢); M**9). By applying the result of step (1) with
X, =Y,.1—Y,, m>0, we next obtain

1
1Y i = Y nillz(0,0) < (AT 0 o 1Y 1200, < gt 1Y 1llz=.e) -

This shows that (Y,,,) is a Cauchy sequence in the space L*((0,¢); M"*?). Consequently,
there exists Y'[0] € L*((0,¢); M"*9) such that Y, — Y'[0] as m — oo in L*®((0,&); M"*9).
By passing to limit in (2 5) we deduce that

Y[0](t) =Y + /t(A(s)Y[O](S) + B(s)) ds for all t € (0,¢),

hence Y [0] € Wh1((0,&); M™*9). The continuous representative of Y [0], for simplicity still
denoted Y'[0], satisfies in addition the initial condition Y[0](0) = Y.

Now we construct the solution Y [1] on the interval (g, 2¢) as the limit of the following
sequence:

Yo(t) =0 for all ¢ € (g, 2¢),
Y ,.(t) =Y[0](e) + /t(A(s)Ym_l(s) + B(s))ds, m > 1, for all ¢ € (e, 2¢)

As before, the sequence (Y ,,,) converges in L>®((e, 2¢); M**?) to a limit Y'[1] that satisfies

Y[1](¢t) = Y'[0](¢) —I—/ (A(s)Y[1](s) + B(s)) ds for all t € (e, 2¢).

We continue this algorithm until the last interval (re, L). In this fashion, we define (r +1)
matrix fields Y'[i] that satisfy, for all + € {0,1,...,7},

t

Yil() = Yi — 1](ie) + / (A(S)YT[il(s) + B(s)) ds

3

for all ¢ € (i, min{(i + 1)¢, L}), where Y [-1](0) := Y.

Let Y =Y [0]1j)+ Y [1]1c 20+ - -+ Y [r]1[c 1), Where 1; is the characteristic function
of the interval J. Then it is easy to verify that the matrix field Y belongs to the space
WH1((0, L); M) and satisfies

t
Y(t) = ?+/ (A(s)Y (s) + B(s)) ds for all t € (0, L).
0
This implies that Y is a solution of the system (2.3).

(iii) Uniqueness of the solution to the system (2.3)-(2.4).
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It suffices to prove that X = 0 is the unique solution in W!((0, L); M"*?) to the
system

(2.6) X'=AX a.e. in (0,L),
(2.7) X(0)=0.

Define the set A := {t € [0,L] ; X(¢t) = 0}. Since 0 € A, A is non empty. It thus
suffices to prove that A is open and closed in [0, L]. First, the set A is closed in [0, L],

since X € WH((0, L); M**?) C C([0, L]; M™*4). It remains to prove that A is also open in
[0, L]. Let to € A. Since X satisfy relation (2.6), we have

X(t)=X(to)+ | A(s)X(s)ds= | A(s)X(s)ds

to to

for all t € [0, L]. Let J = (to — &,to + €) N[0, L], where ¢ is defined in step (ii). Then, for
all t € J, we have
t
1
(X)) < [ [AG)|[X(s)[ds < [[All1gonl Xleon < 511X |z,
to
1
and therefore || X ||zo(sy < §||X||L00(J). Consequently, || X ||fe<c;) = 0, so that X (t) = 0
for all t € J. This proves that J C A, which in turn implies that A is open in [0, L]. O
REMARKS 1. (a) If A € LP((0,L);M"), B € LP((0,L);M™9), 1 < p < +00, then
the solution to the system (2.3)-(2.4) belongs to the space WP((0, L); M™*4), since Y €
WLL((0, L); M*<¢) C L®((0, L); M**¢) and Y' = AY + B € L?((0, L); M**9).
(b) If A € L?*((0,L);M") and B € L*((0,L); M"*?), Lemma 2.1 is a consequence of
Theorem 4.1 and Remark 4.3 of Lions and Magenes [9]. O
The following result is an immediate consequence of Lemma 2.1:

COROLLARY 2.1. Let A € L'((0,L); M") and consider the homogeneous linear system
Y' =AY a.e in (0,L).

Then the set of all solutions of class WH'((0, L); M"*9) of this system is a subspace of
dimension nq of the space WH'((0, L); M"*).

We conclude this section with the following inequality of Gronwall’s type.

LEMMA 2.2. Let there be given matriz fields A € L*((0,L);M™), B € L'((0, L); M"*9)
and Z € WHL((0, L); M"*?) that satisfy

Z'(t) = A(t)Z(t) + B(1),
for almost all t € (0,L). Then

Z(t)| < |Z(O)|exp(/0t|A(T)|dT> +/0t|B(8)|eXp</:|A(7')|d7'>d8 for all t € (0, ).
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PROOF. The proof is similar to that of the usual Gronwall inequality. It suffices to note
that, given a function g € L], _((0, L)) and a number ¢, € (0, L), the function f : (0,L) - R

defined by f(t) = ftz g(s)ds belongs to the space C((0, L)) and is differentiable with f' = g
almost everywhere in (0, L). O

REMARK 2. The previous Gronwall inequality provides another proof of the uniqueness
of the solution to the system (2.3)-(2.4). O

3. Linear Korn inequalities for curves

Throughout this section, in order to simplify the notations, the Lebesgue and the
Sobolev norms are respectively denoted || - ||z» and || - ||wm», where m € {1,2,3} and
p > 1, irrespective of whether the functions are scalar or vector valued. For exemple, if
f € L’(I;R) and n € W'(I;R?), we will write || f||z» instead of || f||zr(z;r) and ||n]|wre
instead of ||1||wwe(r;rs)-

In this section, we establish several linear Korn inequalities for curves in the three-
dimensional euclidean space R3. As expected, the linearized change of metric, change
of curvature, and change of torsion, tensors appear in the right term of the inequality.
Accordingly, we begin by explicitly computing these tensors.

Let v: I — R® be a curve parametrized by its arc length s, and let n: I — R® be
an arbitrary displacement field of this curve. Assume that the curve 7 is regular so that
there exists a unique Frenet frame (T', N, B) associated with this curve (see Section 2).
In what follows, whenever no confusion should arise, the dependence with respect to s € T
is omitted.

LEMMA 3.1. The linearized change of metric tensor associated with the vector field n
s given by
(3.1) aiin(n) =n'- T,
the linearized change of curvature tensor associated with the vector field m is given by
kin(m) = n"-N —2kn'-T
(3.2) = (n-N)—-kn'-T—-mm" B,

and the linearized change of torsion tensor associated with the vector field n is given by
!

1 k
Tlm(’l’]) — _7_,'7/ N T _ %nll . N + (ET’IH _ ?,’7// _|_ knl) . B
k' 1
(3.3) = —m" T+ (kn'— 5n")- B+ (0" B)"

PRrROOF. Throughout the proof, the metric, curvature, and torsion, tensors associated
with a given curve v are respectively denoted a?(), k(v), and (7).
The linearized change of metric tensor is defined by

Qin (1) = %[CL?('Y +n) - a2(,y)]lm,
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where [...]"" denotes the linear part with respect to m in the expression |...]. In order to
compute this linear part, we consider a one-parameter family of deformed curves {(v +
tn)(I),t € R}, for t small enough, and we differentiate the metric tensor associated with
the curves of this family with respect to ¢ at ¢t = 0. Therefore, we have

1d
ain(n) = 5&[(7'+t77/)'(7'+t77')]t:
d ! ! / !
= — t : t
d v n]tzo [7 + TIL:O
=n-7,

which establishes formula (3.1), since 4/ = T.
In order to obtain the linearized change of curvature tensor, we now compute

kin(m) = [k(y+n) — k()™
d [I(v’ +in') x (v + tn”)l}
dt (v +tn)? t=0
YPLI(r ) x (]| = G [+ ]

3.4) = t=0 =0
( P

First, we note that
Nl + i) x (" + )]
dt =0

=167+ ey x (s ey S ) x o )] <)

t=0dt
1

T <A

t=0

(M xy"+9" xn") - (v x¥").

. ! 1 .
Next, since ﬁ)/’ =T, ﬁy” = kN and ‘:;,i:—;” = B, we obtain

d
) x (Y )] = (0" xkN)-B+(Txn")-B
= kn'-T+n"-N.

By combining this relation with relations (3.1) and (3.4), we deduce that
kin(m) =n"- N —2kn'- T,

which is the desired result.
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Finally, we compute the linearized change of torsion tensor. We have:

Tin(m) = [r(y+n)— ()"
d [det (¥ +tn',y" + ", ¥" +in") ]
t=0

dtl 0+ ) < (" )P
_ [det (77', ~", ’Y'”) + det (,),/’ ', ’Y"') + det (,Y/’ A", nm)]
Y x4
(35) L det (7, ) (0 X"+ xn) - (3 x )
| [y > -
Since the curve = is parametrized by its arc length, the Frenet equations imply that
¥ = T,
4" = kN,
Y" = —K'T+KN+krB.

By using these formulas and elementary properties of determinants, we obtain:
det (n',v",v"") = det(n',kN,—k*T + k'N + k7B)
= kn'- (N x (—k*T + kTB))
= By -B+km-T,
and similarly,
det (v, n",y") = —k'n"-B+km"- N,
det (v',7",n") = kn" B,
det (v, 9",4") = k'r.
By using these expressions in (3.5), we finally deduce that:

1
le’n(’l’]) = E(k?)nl . B + kz’i”l’], .T — k/nll - B + kT’l’]” . N+ knm . B)

(n'x (kN)+T xn")-B

—2k%r

CEXds
— 7—7’/ . T + (17’/// _ En” + k"”) . B + anl . N _ 27_7’/ . T _ 21,’,’” . N
k k2 k k
— _7_,'7/ T — Z,r,//_ N + (l,r’/// . k_,nll+k7ll) .B
k k k2 ’
which is exactly the announced expression for 73, (7). O

REMARK 3. The linearized change of metric tensor ajn(n) is also the linear part of the
change of velocity tensor, i.e., ai,(n) = [a(y + 1) — a(v)]"". O
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In what follows, we establish Korn’s inequalities for curves in a framework similar to
that of Blouza-Le Dret [1], in the sense that we consider curves with as little regularity as
possible. More specifically, we assume that the reference curve v : I — R?, parametrized
by its arc length, is of class W*> over I and that its Frenet frame is defined at each
point of the curve. This means that 4'(s) x 4"(s) # 0 for all s € I, i.e., that the curve
v is reqular according to the definition given in Section 2. These assumptions imply that
T € W»*(I;R®), N,B € WH°(I;R®), k € Wh*(I) and 7 € L*®(I). Moreover, since
Wheo(I) C C(I) and k(s) > 0 for all s € I, they also imply that (1/k) € Wh*(I).

Note also that, if n € WP(I;R?), 1 < p < +o0, satisfies n' - N, n" - B € WhP(I),
then the linearized change of metric, change of curvature, and change of torsion, tensors
a1in (M), kiin(n) and 7, (n) associated with the displacement field 7 all belong to LP(I).

We begin by establishing a Korn inequality without boundary conditions:

THEOREM 3.1. Let there be given a curve v € W3 (I;R?) that is reqular and let
Vi={neW"”;R); n-NeW"”() andn"-B € W(I) }.

Then there exists a constant C > 0 depending only on the curve « such that

(3:6) Imllwrs + |n' Nllwso + [l - Bllws
< C(lImlz> + lan )15 + Wetin ()2 + 1730 ()12 )

forallmeV.

PRrROOF. We denote the left hand side of the inequality (3.6) by ||n||v, since || - ||y is
indeed the natural norm of the space V. Note that the space V' endowed with this norm
is a Banach space.

First we will prove the following inequality:

(3.7)
[Inllwee +7" - Nllwioe + 0" Bllwi» < C(Ilnllm + 0" Nllz» +||n"- Bllzs +[In" - B|1»

+ llawin (M) || Lo + |[Ktin ()| 2» + ||sz(77)||Lp) :

Note that, thanks to the regularity of the components of the Frenet frame, the norms
n = [nllwie and 9 = [|n - T|lwue + ||9 - N|lwis + [ - Bllw1» are equivalent. Likewise,
the norms n — ||n||z» and 9 — ||9-T||zo + |0 N||zo + |0 - B||1» are equivalent. To begin
with, we use the second expressions, those which use the Frenet frame.
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For proving inequality (3.7), we use the Frenet equations, the Holder inequality, and
the regularity of k, 7 and (1/k). More specifically, since (cf. Lemma 3.1)

n-T)=n"-T+kn N =ai(n)+kn-N,

it follows that

ln - Tllwir <C
In - Nljw» <C

7 - Tllze + lln - Nllze + llawn(m)]| ),
7 Tllze +|In- Nlizo +[In- Bllze + [In" - N||£»),
I Bllwis < C(lln- Nllze + ||n- Bllzo + |0 - Bl|1s),
In"- Nllwi» < C(In"- Nllzo + 10" Bllze + llaun (m)lle + ||kuin(m)]]20),
7" Bllwis < C(In' - Bllzs + 0" - Bllze + llawin(m) || ze + l|72in ()| 22)-
Adding these inequalities gives inequality (3.7).

We now establish the inequality (3.6) by contradiction. Assume that inequality (3.6)
does not hold. Then there exists a sequence (n,,) in V such that

~~ A~~~

(3.8) In.0lv = [Iallwee + 175 - Nllwie + |15, - Bllwie =1
and
(3.9) 1mallze + llawin ()l 22 + || Ktin ()| 22 + (710 (0,) || 20 — 0 a5 1 — +o00.

Note that for any n € V, we have (n'- B) = 5" - B — ' - N; hence ' - B € WHP(I).
Moreover, there exists a constant C > 0 depending only on the curve - such that

0" - Bllw» < C([0'llze + 0" - Bl|») foralln e V.

By combining this inequality with relation (3.8), we deduce that the sequences (n,,),
(n, - N), (n,- B), and (n - B) are bounded in W'P(I). Therefore, since the inclusion
Whe(I) C LP(I) is compact, there exists a subsequence (7,) such that the sequences (7)),
(n} - N), (n} - B) and (0} - B) converge in LP([).

In addition, the sequences (ayin(n;)), (kin(n;)), and (7iin(n;)) converge to zero in LP(I)
as j — oo by (39) Consequently, ('r’j)a (n; ) N)a ("7; ) B)a ("7;’ ) B)) (alin(nj)): (klm(n]))a
and (7yn(n;)) are Cauchy sequences in LP(I). By inequality (3.7), this implies that (n,) is
a Cauchy sequence for the norm of V. Hence there exists n € V such that n; - nin V
as j — oo. In particular, ||n,||zr — [|n||z» as j — co. But we already know by (3.9) that
|n,|lz» — 0. Hence n = 0. But this implies that ||n;|y — [[nlly = 0 as j — oo, which
contradicts relation (3.8).

U
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If we assume in addition that the curve 4 belongs to the space W5°°(I;R?), the Korn
inequality established in Theorem 3.1 can be written in a simpler form, which is similar
to the Korn inequality for surfaces immersed in R?® (see Ciarlet [4, Theorem 2.6-1]). More
specifically, we have the following Korn inequality without boundary conditions for smooth
curves:

COROLLARY 3.1. If v € W5®(I;R®), the space V of Theorem 3.1 can be also defined
as

(310)  V={n=mT+nN+npB;meWI),necW*1I)necWI)},
and there exists a constant C' > 0 depending only on ~ such that

Imllwre + (In2llwee + [[03]lwse < C(||77||LP + [|awin (M) |z + [Ktin(0) || » + ||Tlm(77)||Lp)
forallmeV.

PROOF. If v € W5®(I;R3), then T € WH*([;R?), N,B € W3%(I;R®), k €
W3>(I), 7 € W%*(I), and the components of the vector field i over the basis {T', N, B}
satisfy the relations

m=mn- Ta

m=m-N)=n"-N—kn-T+mn-B,

m=m-B)"'=n"-B-2rq -N+kmn-T—7n-N-7°n-B.

These relations show that the space V defined in Theorem 3.1 is also given by (3.10) and

that the norm nn € V — ||n||y is equivalent to the norm € V — ||n1||wro + ||72]lwze +
||n3||ws.». The desired inequality then follows from (3.6). O

If the displacement field n satisfies in addition some appropriate boundary conditions,
the term ||7||.» appearing in the right hand side term of the Korn inequality (3.6) becomes
irrelevant. The inequality obtained in this fashion (see Theorem 3.2) is called Korn’s
inequality for curves. For proving it, we proceed as in Ciarlet [3, 4] where Korn inequalities
were established for open subsets of R* and for surfaces immersed in R®. Accordingly, we
first establish an infinitesimal rigid displacement lemma for curves:

LEMMA 3.2. Let n € V satisfy aiin(n) = kiin(n) = Tun(n) = 0. Then there ezists two
vectors a,b € R® such that

n(s) =a+bxvy(s) forallseI.

PROOF. Since ain(n) = kiun(n) = mun(n) = 0, the following differential system is
satisfied:

(nI'N)I:TT’"Ba
(n-B)=—-—mm -N+n"-B,

kl
(,',III . B)I — —k‘2’l’]l . B + E,’,’II . B

This system can be written as a matrix equation of the form Y’ = MY, where
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!

n-N
Y=| 7B | e WP?UR
n"-B

"

and
0 T 0
M=| -7 0 1 € L°°(I;I\\/JI3).
0 —k* K'/k

Since this system is linear and homogeneous, Corollary 2.1 shows that the set of all its
solutions is a three-dimensional subspace of W'?(I; R?).
For any b € R?, define the vector field Y, : I — R? by

b-B
Yy=| -b-N
kb-T

)

and note that Y7, satisfies the system Y}, = MY, (these solutions are obtained by re-
placing i with @ + b x  in the expression of Y). Let (e;) be the canonical basis of R®.
Since {Y,;;i € {1,2,3}} is a basis of the space {Y, € R* ; b € R*}, the latter is a three-
dimensional subspace of W'?(I; R?). Therefore all the solutions to the system Y' = MY
belong to this space.

This implies that there exists a vector b € R® such that Y = Y, i.e., such that

n-N=b-B,
n'-B=-b-N,
n'-B=kb-T.

In addition, i’ - T = 0 since a;;, (1) = 0 by assumption. Hence n' = (b- B)N — (b-N)B =
b x T. Since 4/ = T, we eventually obtain that 7 = a + b X 4, where a and b are vectors
in R3.

O

REMARK 4. The infinitesimal rigid displacement lemma for curves (Lemma 3.2) can
also be proved by using a strategy similar to that of Ciarlet and S. Mardare [6], in the
sense that it can be obtained as a consequence of the three-dimensional infinitesimal rigid
displacement lemma in curvilinear coordinates. More specifically, let Q = (0, L) x (—¢, &) X
(—6,0) for some numbers €, > 0 and let © : Q — R® be defined by

O(s, s9,83) = Y(s) + 52N (s) + s3B(s)

for all (s,sq,s3) € Q. With any displacement field n € V, let there be associated the
three-dimensional displacement field u : 2 — R? of the set © () defined by

u(s, s, 83) = M(s) + 52€(s) + 53€(s)
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for all (s, sq,53) € €, where the vector fields ¢ and & are defined by

¢(s) = —1/(5) N(5)T(s) + 1"(s) - B(s) B(s)
and
£(5) = —(s) - BOIT(s) — '(s) - BS)N(s)

for all s € (0, L). If n satisfies the assumptions of Lemma 3.2, then one can see that u is an
infinitesimal rigid displacement field of the set ©(Q2). Consequently, the three-dimensional
infinitesimal rigid displacement lemma in curvilinear coordinates (see Ciarlet [4]) shows
that there exist two vectors a, b € R? such that u = a + b x © over Q. In particular, this
implies that n = a + b x v over (0, L).

Note that this latter approach is close to that used by Griso [7], where an “elementary
displacement” of a rod is defined by

n(s; 52, 53) = A(s) + B(s) x (52N (s) + 53B(5))
for all (s, s2,s3) € (0,L) x D(0;0), where D(0;6) denotes the open disk of center 0 and
radius §, and A and B are vector fields in W'?((0, L); R?). O

We are now in position to establish the main result of this section, namely the Korn
inequality for a curve:

THEOREM 3.2. Let there be given a curve v € W3 (I;R?) that is reqular and let
Vo = {n e WYW(LR) ; - N, - B € WY(I) and

n(0) =0, (n"- N)(0) = (n"- B)(0) = (n" - B)(0) = 0 }

Then there exists a constant C > 0 depending only on the curve v such that

(3:11) llw s+ lln" Nllws + i Bllwr < € (llaan (m) 1o+ isa ()1 + 1160 () 1)

for allm € Vj.

REMARK 5. The set V; endowed with the norm || - ||y is a closed subspace of V. To
see this, it suffices to use the relation (' - B)' = n” - B — ™' - N (established in the
proof of Theorem 3.1) and the continuous inclusion W'P(I) C L*®(I), which shows that
the boundary conditions are preserved when passing to limit with respect to the norm of
V. O

PROOF. We proceed by contradiction. Assume that inequality (3.11) does not hold.
Then there exists a sequence (n,,) in V; such that

(3-12) 1Ml = Imallwee + 1175 - Nllwie + 7y - Bllwie =1

and

(3.13) lasin ()|l o + 1Kt () |2 + [ 72m (1) |2 — 0 28 2 — +o0.
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By the compact inclusion W'P(I) C LP(I), there exists a subsequence, still denoted
(n,,), that converges in L?(I). On the other hand, relation (3.13) shows that the sequences
(ain(m,)), (kiin(n,)) and (73,(n,,)) converge to zero in LP(I).

Therefore (n,,), (@in(n,)), (kin(n,)) and (7, (n,,)) are Cauchy sequences with respect
to the LP(I)-norm. The Korn inequality of Theorem 3.1 next shows that (n,,) is a Cauchy
sequence for the norm of V. Since V is complete, there exists n € V such that n,, = n in
V.

Using now the expressions of a;in(n,,), kiin(n,,) and 7,(n,,), we obtain on the one hand
that a;,(n,,) — ain(M), kin(n,) = kun(n) and 7:,(n,,) — Tin(n) in LP(I). On the other
hand, we know by (3.13) that ||ain(n,)|lze — 0, ||kiin(m,) ||z — 0 and ||7:,(n,)||» — O.
Hence a;i,(n) = kiin(M) = T1in(n) = 0. Then Lemma 3.2 shows that 7 = a + b X 4, where
a and b are vectors in R®. But n € V;, since i, € V, ;;,, — m in V, and V} is a closed
subspace of V. The boundary conditions satisfied by 1 then imply that @ = b = 0, so that
n=20.

Therefore the sequence (n,,) converges to zero in V. This implies that ||n,|lv — ||n|lv =
0 as n — oo, which contradicts (3.12).

REMARK 6. Korn’s inequality for a curve remains valid for displacement fields satisfying
other sets of boundary conditions. For instance, we can replace the space V of Theorem
3.2 by the space

{nevim@)=o (o -N)L)= @ B)L)=@"-B)L) =0},

or by the space

{nevino =0, o' N)L) =@ B)L) =" B)L)=0}.

O

If we assume that the curve is smooth enough, then the Korn inequality for a curve
takes a simpler form, similar to the Korn inequality on a surface (see Ciarlet [4, Theorem
2.6-4]). More specifically, we have the following Korn inequality for smooth curves as a
corollary to Theorem 3.2:

COROLLARY 3.2. If v € W5®(I;R®), the space Vy defined as in Theorem 3.2 can be
also defined as

Vo={n=mT+nN+nB; neW"(I),n € W(I),n3 € W>(I)
1 (0) = 12(0) = 73(0) = 15(0) = 15(0)

and there exists a constant C' > 0 depending only on ~ such that

13 (0) = 0},

Imllwe + [l7ellwee + [17sllwse < C(Ilazm(n)Hm + [l kian ()l 2o + ||sz(ﬂ)||m)

for allm € Vj.
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4. Nonlinear Korn inequalities for curves

We now establish several nonlinear Korn inequalities for curves, i.e., inequalities show-
ing that W™P-norms of the displacement field of a curve are bounded above by appropriate
Sobolev norms of expressions depending only on the “full” change of metric, change of cur-
vature, and change of torsion, tensors of the curve. Such inequalities are thus natural
extensions to curves in space of the nonlinear Korn inequality for open subsets of R"
established in Ciarlet and C. Mardare [5].

Let I = (0, L) C Rand let {ey, es, €3} be the canonical basis of R®. Let v € W3?(I;R?),
1 < p < +o0, be a regular curve (in the sense given in Section 2) in R?, let (T, N, B)
denote the Frenet frame associated with -y, and let (a2, k,7) denote the metric, curvature,
and torsion, tensors of «v. We recall that a(t) = |v/(¢)| for all ¢ € I and that k and 7 are
defined by formulas (2.1) and (2.2), respectively. With the notations

T 0 k 0
(4.1) X=(N|, A= -k 0 7],
B 0 —7 0

the Frenet equations associated with « read
(4.2) X'=(aA)X ae. in .

In what follows, 4 is viewed as a reference curve, i.e., fixed once and for all. A generic
regular curve 4 € W3P(I;R®) will be viewed as a deformed curve, i.e., a curve obtained
by a deformation of v. Let (T, N, B) denote the Frenet frame associated with 4 and let
(a?, l~f, 7) respectively denote the metric, curvature, and torsion tensors of 4.

The following theorem establishes a first nonlinear Korn inequality for curves.

THEOREM 4.1. Let p € [1,+00] and let v € W3P(I;R?) be a reqular curve that satisfies
~(0) = 0 and X (0) = I;. Then there ezists a constant C1(v) > 0 depending only on the
curve v such that

43) 17 = Ylwrrgzs) < CullE = allooy + lak — aklleo) + 167 = ar o }
for any regular curve 4 € W3 (I;R®) that satisfies 4(0) = 0 and X (0) = I.

PROOF. Let the matrix fields X and A associated with the curve 4 be defined as
above. Then the field X belongs to the space W'P(I;M?) and satisfies the differential
System

XI = (ELA)X a.e. in 1.

We first show that there exists a constant C(aA) > 0 (depending only on a A, hence only
on the curve «) such that

(44) 1% — Xllzorae) < C(ad) 64 — aAlae).
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_In view of the differential systems satisfied by X and X, we deduce that the field
(X — X) is a solution to the system:

(X —X) = aA(X - X)+ (@A —-aA)X ae. inl,
(4.5) (X — X)(0) = o.

Then we infer from Gronwall’s inequality of Lemma 2.2 that, for all £ € I,

(X = X)) < /|aA—aA )| exp /|a P)|dr)d

< /0 (A — aA)(5) X (5)| exp (ladl|zs ras)) ds

(4.6) < C(aA) / "|(GA — ad)(s)|ds.

Note that in the last inequality we have used the fact that |X | < 1on I, an inequality
itself a consequence of the relations |T| = |[N|=|B|=1andT-N=T-B=N-B =0.
From relation (4.6), we then immediately deduce inequality (4.4).

Using the Poincaré inequality and the fact that the field (4 — =) satisfies the system

(F—9) = (@—a)T+a(T-T) ae. in I,
(4.7) (¥ =7)(0) = o,
we next deduce that:
Cll&F = ) lerme)
Cll(@—a)T + a(T — T)||o(r:ze)
C(lla = all oy | T | o sz + Nlall o) |1 T = Tl ogrizs)
C(lla = allzoery + llallo | X = X|o(ze))-

||'~Y - 'Y||W1m(1;R3)

IA A

(4.8)
Then, by using the estimate (4.4) of the LP-norm of (X — X), we obtain that
15 = Ylwiogzsy < C(lla — allzon + llallz=nCad)|aA — aAl|ore))
(4.9) < G (la—allsy + lak — ak|| oy + |67 — a7||a(ry),
which is exactly the announced inequality. Il
REMARK 7. For curves not necessarily parametrized by their arc length, the “right” geo-

metric quantities to consider in the Korn inequality are (a, ak, at) instead of (a?, k, 7). O

The next theorem provides a second nonlinear inequality of Korn’s type that involves
the LP-norm of the second-order generalized derivatives of the difference (% — v):

THEOREM 4.2. Let p € [1,+00] and let v € W3P(I;R®) be a regular curve that satisfies
~(0) = 0 and X (0) = I5. Then there exists a constant Co(7y) > 0 depending only on the
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curve v such that

(4.10) +||&I% — ak||pe(r) + ||a7T — CLT”Lp([)}
for any regular curve 4 € W3?(I;R?) that satisfies 4(0) = 0 and X (0) = I;.

PROOF. We use the same notations as in the proof of Theorem 4.1. We deduce from
the differential systems satisfied by the fields X and X that

I(X = XY llosrae) < laAlloam | X — Xllooeram) + 184 — aAllpoam | Xl am).

19 = Yllwzoazesy < Co(v){lld — allwisq) + 1@k — a®k|lLo(r)

By combining this inequality with the estimate of the L*-norm of the difference (X — X)
furnished by relation (4.6), we then obtain the estimate

(4.11) IX — X[lwisgae) < C(aA)|GA - aAl o),

where C(aA) > 0 is a constant.
We also~need to estimate the LP-norm of the difference between the second derivatives
of X and X. Since

(§ —7)" = @T) - (aT) = &T +aT —dT — aT"
and since T' = kN and T' = ak N, we infer that

(3 =7)" = @ ~d)T+d(T~T)+a(ak)N — a(ak)N

(4.12) = (@ —d)T+d(T-T)+ (a*k — o® k)N+a2k(N—N).
Consequently,

1F = V) eamey < lla" - a'||LP(I)||T||L°°(I;R3) + ||a’||Lp(1)||T — T|| oo zim)
+ 1@’k — &kl o) | N || poo sy + |a”El| oo (1) [N = N{| o)
&' — o'l ey + a2k — a2k||Lp(1)
(4.13) +(l10 o) + @Kl o)1 X — X [lw ()

By combining this inequality with inequality (4.11), we obtain, on the one hand,

IN

N =) Ny < N = sy + 1% = aKlluwir
(4.14) +Cl1ak — akllosqry + 167 — arll o).
On the other hand, we know from Theorem 4.1 that
(415) 114 = Ywsss) < Coy)(la = alliwiny + 13k — akllzoq + 37 = arllzqn)-

From the last two inequalities, we conclude that there exists a constant Cy () > 0 such
that

17— 'Y”W?,P(I;RS) < 02('7)(“& - a“Wl’p(I) + ”6’212 o an”LP(I)
(4.16) +lak — akl|ze () + 167 — a7l|zo(n)),
which is the desired inequality. (I
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We can generalize the previous inequalities one step further, by establishing a third
nonlinear Korn inequality that takes into account the third order derivatives of the curves,
according to the following theorem:

THEOREM 4.3. Let p € [1,+0c] and let v € W3P(I; R?) be a regular curve that satisfies
~(0) = 0 and X (0) = I;. Then there erists a constant C3(v) > 0 depending only on the
curve v such that

15 = YMwsrawsy < Cs(V{lla — allwze + 18°k — a®kllwrsqy
+|ak — akl|zoery + 1@k — (a®)' k|| zo(ry + |a7 — a7| oy
(4.17) +||C~L3/~€2 — a3l€2||Lp(1) + ||6~L3/;:7~' — a3k7'||Lp([)}
for any regular curve 4 € W3?(I;R?) that satisfies 4(0) = 0 and X (0) = I5.

Proor. We first notice that the Frenet equations for the curve « imply that

v = aT,
~" = dT +d*kN,
2/
k
(4.18) ¥ = (a" - d’k*)T + ((a®k) + %)N + a®kTB.

Similar equations are obtained from the Frenet equations for the curve 4. By substracting
these relations, we get

(’~)’ _ ,Y)/// — (&// _ a//)j—: _ (&3/2'2 _ a3k2)T + (a// . a3k2)(T _ T)
( 2

N _ ~2 /];: ! B AV N
+(@%k — a2k)'N + ((“2) - “2) BVN + ((a%k) + (“2) 5 (N - )
(4.19) +(a%k7 — a®’k7)B + o*k7(B — B).
Consequently,
(a®)'k

G =9 zsirsy < (o=@l + (@) +Z= g+ bl L)) | X =X o
+||(EL — a)"||Lp(1) + ||C~l3]~€2 — a3k2||Lp(1) + ||(C~I,2]:7 — an)'HLp([)

1. 17, ! ~37.~
(4.20) +§||(a2) k — (a®)k| oy + |8°kT — a®kT|| 2o (1)

_ Using inequality (4.11) and the Sobolev embedding theorem to estimate the L*°-norm of
(X — X)) appearing in the previous inequality, then combining with the inequality obtained
in Theorem 4.2, we obtain

15 = Alwsrams) < Cs(¥)(lla@ = allwowey + 1@k — a®kllwraq
+|lak — ak|| Loy + 11(@*)'k — (@®)'k oy + ||@7 — a7 || 2o
(4.21) +|ak? — k|| o (1) + |a@®k7 — k|| o))
which is the desired inequality. Note that all the terms appearing in the inequality (4.21)
make sense, since the curves v and 4 are regular and belong to the space W3?(I; R®). O
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REMARK 8. Note that inequalities (4.3), (4.10) and (4.17) can be interpreted as non-
linear versions of the linear Korn inequality for curves established in Section 3, in the sense
that the latter can be obtained by formal linearisation with respect to the displacement
field n = 4 — v in the former. (|

In the particular case of isometric curves, i.e., curves parametrized by their arc length,
the previous inequalities of Korn’s type take the following simpler forms:

COROLLARY 4.1. Letp € [1,+00] and let v € W3P(I;R®) be a reqular curve parametrized
by its arc length that satisfies ¥(0) = 0 and X (0) = I (the matriz field X being related
to the curve v by relation (4.1)). Then there exist constants co(y) > 0 and c3(y) > 0
depending only on the curve y such that

(4.22) 17 = Yllwerars) < ca(V) (|5 = kllo@y + |7 = 7| zor)),
and

19 = Ylwsrazsy < es(V)Ik = kllwrey + I1F = 7l
(4.23) HIE = K2 lloqry + 167 = k7 llLony),

for any regular curve ¥ € W32 (I; R®) parametrized by its arc length that satisfies 4(0) = 0
and X (0) = I.

PROOF. Inequalities (4.22) and (4.23) are obtained by using the fact that @ = a =1
in relations (4.10) and (4.17). Note that the inequality obtained by taking ¢ = a = 1 in
relation (4.3) is a particular case of inequality (4.22). O

The nonlinear Korn inequalities of Theorems 4.1, 4.2 and 4.3 provide estimates in appro-
priate Sobolev norms of the difference between the deformed configuration and the reference
configuration of a curve that satisfies specific boundary conditions, such as 4(0) = «(0) = 0
and X (0) = X (0) = Is. The consideration of such boundary conditions can be altogether
eliminated if the difference between the deformed and the reference configurations is mea-
sured in an appropriate quotient space. More specifically, we have the following corollary
to Theorem 4.1 (similar corollaries can be derived from Theorems 4.2 and 4.3):

COROLLARY 4.2. Let p € [1,+00] and let v € W3P(I;R?) be a regular curve in R3.
Then there exists a constant Cy(7y) > 0 depending only on v with the following property:
Given any reqular curve 4 € W3P(I;R?), there exist a vector @ € R® and a matriz Q € O
such that

19 = (@ + Q) lwiwarsy < C1(V){la — alleqry + |ak — ak|| oy + |a7 — a7 || 1o(r) }-

PROOF. It suffices to apply Theorem 4.1 to the curves X (0) ! (y—~(0)) and X (0)~*(4—
%(0)), where the matrix field X, resp. X, associated with -, resp. ¥, are defined at the
beginning of Section 4. This gives the desired inequality with @ = X (0)X(0)~"' and
a=75(0) — Qv(0). O

An immediate consequence of the above nonlinear Korn inequality is the following rigid
displacement lemma for curves (see Lemma 3.2 for its linear counterpart):
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LEMMA 4.1. Let two curves 4,5 € W3P(I;R®) that are regular satisfy a = a, k = k,
and T =7 a.e. in I. Then there exist a vector a € R* and a matriz Q € @i such that

Y(t) =a+ Q~(t) forallt € I.

REMARK 9. The previous rigid displacement lemma for curves can also be obtained
as a direct consequence of the uniqueness part of Corollary 3.1 of Szopos [10], where the
author establishes the existence and uniqueness up to rigid motions of a curve isometrically
immersed in the three-dimensional euclidean space, with prescribed curvature and torsion
functions. [l
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Dans cette partie, on développe un outil permettant de reconstruire des courbes en
dimension 2 ou 3 dont les fonctions de courbure et de torsion sont dérivables au sens de
Sobolev, mais pas au sens classique.

Pour cela, on a fait des simulations numériques a ’aide du Scilab, qui est un logiciel
libre développé par 'INRIA (http ://www.scilab.org) et on a utilisé les résultats théoriques
obtenus dans la premiere partie.

1. Reconstruction des courbes planes

Dans cette section, on considére le cas d’une courbe plane «: (0,7) — R?, paramétrée
par la longueur d’arc. Ce cas ne rentre pas dans le cadre général décrit dans le Chapitre
1, ou sont étudiées les courbes immergées dans un espace euclidien de dimension au moins
égale a 3, mais il permet d’obtenir une premiere interprétation des notions qui vont ap-
paraitre dans la suite.

Dans le cas particulier des courbes planes, la courbure est définie de la maniére suivante :
soit ¢(s) := 92(s) le vecteur tangent & la courbe a au point a(s), ot s € (0,T) et soit n(s)
le vecteur normal unitaire orienté tel que la base {¢(s),n(s)} ait la méme orientation que

la base canonique {(1,0), (0,1)} de R2. La courbure k(s) est alors donnée par la relation

(1.1) t'(s) = k(s)n(s),

pour tout s € (0, 7). Il est & remarquer que dans le cas des courbes planes la courbure peut
étre ou bien positive ou bien négative (contrairement au cas des courbes dans ’espace, ou
elle est toujours positive).

Les exemples les plus simples sont les droites, qui ont une courbure nulle, ou les cercles,
qui ont une courbure constante, égale a I'inverse du rayon. Intuitivement, la courbure d’une
courbe mesure 1’écart, au point considéré, entre la courbe et la droite tangente.

Réciproquement, on peut se poser la question suivante : si on se donne une fonction
k: (0,T) — R, peut-on trouver une courbe a: (0,7) — R? telle que sa courbure soit
exactement k£ 7 La réponse est donnée par le théoreme fondamental de la théorie des courbes
planes, qui affirme qu’une telle courbe existe, qu’elle est unique & une isométrie de R? pres,
et qu’elle s’obtient en intégrant les équations suivantes :

(1.2) 0'(s) = k(s)
(1.3) o/(s) = (cosf(s), sind(s)).

De méme que dans le Chapitre 1, on peut considérer que ces équations sont vérifiées au
sens des distributions et trouver des solutions faibles du probléme. On peut ainsi recons-
truire des courbes planes dont la fonction de courbure n’est pas nécessairement dérivable
au sens classique.
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Nous présentons dans la suite un exemple de courbe obtenue par cette méthode : il
s’agit d’une courbe plane dont la courbure est donnée par une fonction du type “dents de
scie”, dont le graphe est le suivant :

T T T T
0 40 80 120 160 200 240 280

Fi1c. 1 — Graphe de la fonction “dents de scie”

et qui est donnée par la formule :
(1.4) k(s) = arctan (| tan(% + §)|) — %

L’intégration numérique des équations (1.2) et (1.3) permet d’obtenir la courbe plane
de courbure £ suivante :

FiGc. 2 — Courbe plane dont la courbure est une fonction du type “dents de scie”
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Il est a remarquer que la périodicité de la fonction de courbure a comme conséquence
le comportement périodique de la courbe ainsi reconstruite.

Cet exemple est a comparer avec le cas d’'une fonction de courbure qui est, cette fois-ci,
dérivable au sens classique, et qui a le graphe suivant :

T T T
40 80 120 160 200 240 280

F1c. 3 — Graphe de la fonction sinus

I s’agit de la fonction k(s) = sins, qui a un comportement tres proche de la fonction
“dents de scie”, dans le sens ou on retrouve la périodicité et ’alternence du signe, mais qui
n’a plus de points angulaires. Dans ce cas, on obtient par simulation numérique la courbe
suivante :

Fic. 4 — Courbe plane de courbure une fonction du type “sinusoide”
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A nouveau, la périodicité de la fonction de courbure se retrouve dans la périodicité de la
courbe. De plus, en faisant une comparaison entre les deux courbes présentées auparavant,
on retrouve le méme comportement, ce qui s’explique par le fait que leurs fonctions de
courbure avaient la méme allure et par la propriété de stabilité de la solution du systeme
(1.2)-(1.3).

2. Reconstruction des courbes gauches

Soit B: (0,T) = R®, B(s) = (w1(s), z2(s), z3(s)), une courbe gauche (i.e. immergée en
R3) paramétrée par la longueur d’arc et telle que sa courbure et sa torsion soient données
par k: (0,7) — R et 7: (0,7) — R, respectivement. On note par {t(s),n(s),b(s)} son
repere de Frenet en tout point s € (0,7).

D’un point de vue intuitif, la courbure d’une telle courbe peut étre interprétée de la
méme maniere que dans le cas d’'une courbe plane; quant a la torsion, elle donne une
indication sur la fagcon dont la courbe étudiée s’écarte d’une courbe plane (dans le sens ou
une courbe a la torsion nulle si, et seulement si, elle se trouve dans un plan).

Le résultat de reconstruction d’une courbe décrit dans le Chapitre 1 (voir Corollaire
3.1) nous permet de reconstruire des courbes qui ont une courbure et une torsion données
par des fonctions qui ne sont pas nécessairement dérivables au sens classique. Grace a ce
résultat, il est possible de considérer une fonction de courbure positive dans H'(I), une
fonction de torsion dans L?(T), et d’obtenir une courbe ¢ dans H3(I; R*) dont les courbures
sont exactement les fonctions données.

La stratégie consiste a intégrer les équations suivantes :

(2.1) 71(s) = ti(s),
(2:2) y(s) = ta(s),
(2.3) z3(s) = ta(s),

ou les fonctions 1, t9, t3 sont obtenues comme solutions des équations de Frenet :

(2.4) t1(s) k(s)n(s),
(2.5) t(s) k(s)na(s),
(2.6) ts(s) = k(s)ns(s),
(2.7) ny(s) = —k(s)t1(s) + 7(s)bi(s),
(2.8) ny(s) = —k(8)ta(s) + 7(s)b2(s),
(2.9) ny(s) = —k(s)ts(s) + 7(s)bs(s),
(2.10) bi(s) = —7(s)n1(s),
(2.11) by(s) = —7(8)n2(s),
(2.12) b3(s) = —7(s)ns(s)
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Pour illustrer ce résultat théorique, considérons I’exemple suivant : soient k(s) = |s| une
fonction qui n’est pas dérivable au sens classique en 0 et 7(s) = 0.3 une fonction constante.
Si on résout ce systeme numériquement et on représente graphiquement le résultat, on
obtient la courbe suivante :

F1G. 5 — Courbe gauche de courbure |s| et torsion 0.3

Cet exemple peut étre comparé avec le cas de I’hélice représentée ci-dessous, qui a la
méme torsion 7(s) = 0.3, mais qui a la courbure constante, k(s) =1 :

F1G. 6 — Hélice de courbure 1 et torsion 0.3

[4

Dans les deux cas, le “pas” (c’est-a-dire la distance entre deux spires consécutives) est
constant, ce qui est une conséquence du fait que la torsion est constante. Par contre, si pour
I’hélice la courbure est constante, la premiere courbe a ’allure d’une droite au voisinage
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du point obtenu pour s = 0, car la courbure y est tres petite, et a le comportement d’une
spirale pour s grand, car k£ tend vers I'infini lorsque s tend vers infini.



