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ak cos(2πfktn) + bk sin(2πfktn) + εn, n = 1 . . . N
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= MK(θK ,tn) + εn, n = 1 . . . N
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∑
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�>�_/#@9/^!#	
�����
� ��$ � �, ���,� � ��� /#�]*W6

����*W67�3	
 "� � � ( � � (
�i	
������
#�)E1*-,2@9���3	%�3!#����	%�#	%�3	W67*
�A/^!����3	%��\���� I(f,ŝ(f))
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( w � ) : x̂ ���
∆
= arg min ‖x‖0
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x̂1 = arg min J1(x), J1(x)

∆
=

1

2
‖y −Wx‖2 + λ‖x‖1.
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√
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√
s2 + |xk|2. gfh a h i

� '1#>:&)7'8%3'2#6'7%�'?�*)V+&)[=;'2#6'8Gy:8+T:&%6'7);%J#�%�-�'25&%/+&0:+&);%�5*�*);=<+BV.+�+&%J5*�*);%�'3)��.0:+&);%n+(';:q:&-/+&);%/'?'8L"%3+Ic>%(':01'3).'301'2#6'�A%�'?�*)�+.+
J � @�� +8#�%Y'8%?�*-/#Y:*WX .'3=!'8%2+&);%/+9/T%QCU'7).)X &%('7%�'?�*)3+4 Gt-6'!+('2+&);% �}� <
−−−→∇J � @�� (x) = −W†(y −Wx) + λ

−−→∇R � @�� (x),
−−→∇R � @�� (x)

∣∣
k

= φ′(xk) =
xk√

s2 + |xk|2
.

�$�! $#�+9)[=;'2#6'8G<+*�*)$#9+(';:q:&-/+&);%/+8#�#;�!%K .%�'?�*)$#T'8%KGy�*-�'3%@5.01'?Wd $+8#�=;'2# '7);%F/N%('R01'3).'301'2#6'7%�'?�*) +4 S5&-�'3%;J&-/+ gfh a h i+&%�+&)�#7'7-�%�'25H &%3'2+&-F%2+8#F5*�*)$#;:*WX $+&)$58+8#�#@ .-F58+8#F#;�!%K .%�'?�*)$#F+4 5-'7-6'*5&%;J&-/+:'3-�-;:HGI &%3'2+&-9+.+0%QCe:85657'7);%�'K%K%?�*).)o'8G<+ a'T),+�:?+&%-cu%2+8#s#.-6�Z5*:*+4 .-�+&#Y+DCe�!#.%�'301'2# '7%�'?�*)L-/+&)$5*�*);%�-;:8+8#H565$+��K	4'*58565.' N�� y!�"!.+&%i�X'K $5&'K N�� yI��!.%�'3-/+&);%Z#7'7-�%�'
+.+n%('I-;:HGI &%('7-�'3%;:F+.+n%QCe:85657'7);%�'K%K%?�*).)o'8G<+�+&%Y+.+,%('1#�'301'K%('7-�'3%;:F-;:8#@ &%3%6'7);%/+F+.+8#
0R'7%�-�'258+8#
01'2#�+8#
+&)>, +H .'>=<+85
+.+8#T�!#>:&-6'7%/+H .-/#0+.+P�7�! .-�'2+&-r< +"'7)$#F%2+�5-'*#T+.+R%QC :85657'7)[%�'K%K%K�*)$)7'8G<+U-;:HGI &%3'2+&--c�:9=Z+&);%@ $+H%K%2+&0:+&);%1/�+&�*).)":8+8#
0R'7)"WX 7'7);%/+8#-cy%2+8#^#.-;�X+4 .'3%/#

W· #-C '?+.+&);%�'[2W+&);%s/n+.+8#T%�-6'7)$#|Mf�*-�01:8+8# +.+t�7�! .-�'2+&- +('2#/5&-;J&%/+8# g �Z���ni�'3);=Z+9-�#/+8#+&%�#;�*);%,+&�*)$5I5-'8%25H &%('8L&%2+8#�-6'8#.'?+.+&0:+&);%n#7'7-n+.+8#n'8%KGy�*-�'3%@5.0:+8#
	�	
� a �Y+�0 �&0:+Icq%2+8#$#.-;�X+4 .'3%/# W†· #6�*);%+.+8#��!#>:&-6'7%�'?�*)$#^+.+��Z��� a!w '7-"5*�*);%�-/+Ic8#>�! .-� .)0:85657'7);%�'K%K%?�*).)7'!G<+�%;�*%6'8%2+&0:+&);%"'3-�-;:HGI &%3'2+&--c W )$+ #.-;:8#�+&);%/+
'8 $5H .)$+�#�%�-@ $5&%@ .-/+R#7'7-�%�'25H &%3'?J&-/+�+BV4#&%?�*'3%6'8L&%2+�+&%F%2+:5*���.%9+& S5-'8%25H &%s'*#/#;�;5&'?:P'8 4V�#.-;�X+4 .'3%/#

W· +.+&=['2+&);%-6'8#.'?+.+&0:+&);% #.-;�!5.'KL.'3%�'[MD%?�*-/#;WX $+Z%(',+('30:+&)$#�'?�*)P+.+Z%QC +8#@#7'*58+t+.+8#^#7'7-6'701J&%�-/+8#�'8 &Gt0:+&);%/+ ad� ',#.-;:8#/+&-�=!'7%�'?�*)+.+Y%('�#�%�-@ $5&%@ .-/+$+.+�� �;+H#&%3'3%}�,+.+Y%('�0R'7%�-�'258+
W†W

#>�! .-�-6'�%;�! .%/+BMf�*'3#��&%�-/+H01'2#/+$/n#.-;�82W% #>�! .-X-;:8#;�! 7+(-/+
/I01�*'3)"+(-/+�5*���.%H58+&-�%6'7'3)$#H#@v(#�%;J&0:+8#Z%3'3)":-'7'3-/+8#Y�! G5-'8%25H &%2+&-�+.+8#Z#.-;�X+4 .'3%/#�+.+Y%�vu#�+

W†W· a
\"]��T]�^ � o<b<�cf�mWdPeI� ��iPd��7qckPqTp6�

� )$+Y'8#&#.-;�;565$+H5H%('*#/#�'?WX $+s#>�! .- %('J01'3).'301'2#6'7%�'?�*) +4 v5&-�'3%;J&-/+ gfh a h i"5*�*)$#�'2#�%/+Y/$ .%�'K%3'2#/+&-  .)P'8%KGy�*-�'3%@5.0:++.+Y+.+8#/58+&);%/+Y+.+�%�vu#�+ZGt-6'!+('2+&);%/#X5*�*)�,| &GI ":8# g 7P�Zi a �r+H%K%2+BA�59'o#�+H .%X#/+&09L&%2+&-�/,#.-/+&01'?J&-/+H=X $+�'3)7'8#&#.-;�!#.-�'?:8+#>�! .-0%('G-/+8#�%6'8 .-6'7%�'?�*)
+.+U#;�!%K .%�'?�*)$#0#7'7-/5&'301�*).'2+H $#/+8#1+"'7)$#T%2+�#�+&)$#T�
	rc #>�! .-0 .)
'8%[Gy�*-/' %;5.0:+N+.+�7P�$c
%2+8#15*�*0E#>�t#6'7);%/+8#R+.+ L7'*#/#/+8#TM -;:*WX $+&)$58+8#E+.+ %('B#;�!%K .%�'?�*) %/+&)"+.+&);%R/B5*�*);=Z+&-@G<+&-E#&%K $#I-6'8#.'?+.+&0:+&);%RWX $+
58+H%K%2+8#s+.+�57'8 .%/+8# Ms-;:*Wd $+&)$58+8#6� % g =y�*'3-�#7'7-w+BV(+&0E#&%2+�%2+8#r-;:8#@ &%3%6'7%/#w+BVu#>:&-�'30:+&);%6'8 &V +.+�	4'8 $+&-w+&% p �! .0R'7)� � �I� h � i a�r+H#�+&)"+"'7);%-cu%('F01'2#/+K+&) �, .=[-/+�+DC  .) '8%KGy�*-�'3%@5.0:+$+$+(7P�
#�+&-�0:+&%s+DC +BVu#&%?�*'3%/+&-s%2+8# +.' :D:&-/+&);%/+8#w#�%�-@ $5BA
%@ .-/+8#�#@#>:85&'[27Wd $+8#Z:&%@ "+('?:8+8#t'8 3. h a��Ia �K'3)$#�'>#>�! .-� .)N:85657'7)[%�'K%[%?�*).)o'8G<+Y-;:HGI &%3'2+&--c&:&=<+&);%@ $+H%K%2+&0:+&);%
%�-;�! ":Ic
A�A�BCyzWPJ�tRHUY ^ WXSUY8EC[9J5{ G\[�L�: E�[�hNSUYZE�[

f : � → � Ma{ tahNHUYqS f ′(u) = 2
∂g(u,u∗)

∂u∗

l-E��
f(u) = g(u,u∗)

LRS�LN[ haEC[\MTY8J�tRH+WC[�S
Y8[\J�tNOvLN[�J�WCj�j�La[�S

u
LNS

u∗ ' �~H+WC[\J���E�E|JvlzA�* �C��-"BAXx|B�� EsSUE�[\M~V�Y8LN[ ��G\L `ZLaM~SULNHUj�LNM JILmV�WsMTMTLaM LNS ��WsG�SULaM��Re���� � �>3 ��� ��LNj�O\`ZE}��taM YZhaY�[\L<:;E�[�S O�WsM~HUt : tNHULa[�haL ] `nW J�YZM STHUYZV\GISUYZE�[MTOQLahNSTH+WC`ZLrJ�L�`�{ ta[�LNHUo�YZL�JIGPMTYZoC[�WC`
y
`ZLp`ZEC[\oiJIL�`nW�oCHUYZ`Z`ZLS: HUt���G\LN[�SUY8LN`8`ZL G lQj�WsY8M�LaM S ] LN[�SULa[�J|HULpWsGPMTLa[�M�J�L�`8W��NgCe>0 �pJ�G^ LahNSULNG�H x w|`ZLaM�V\WCMTMTLaM : HUt���G\LN[\haLaM haECHTHULNMTOQE�[�JILa[�S ] JILaM ^ WXHUYnWXSUYZE�[\M J�ECG\haLaM�J�LaM haE�j�OQECMUWC[�SULaM xk

`8EsHUM��|G�L
k ^ WXHUYZL�JIL −P

] P
l|WC`ZECHUM<��G\L `ZLaM ��WsG�SULaM�: HUtD�|G�La[\hNLaM haEsHTHULaMTOQE�[\J�La[�S ] JILaM ^ WXHUY8WsSUYZE�[�M H+WCO�Y8J�LaMal�haL4��G\Y�LaM S�`ZL�h}WsM�`ZEsHUM��|G�L�`�{ E�[�HULNhR��LNHUh+�\LG\[�L�MTE�`ZG�SUYZE�[(O�WXHUhaYZj�E�[�Y8LNG\MTL�B



�!� � 57'8#.'3%�-/+ h a �Y#&#.-;�;565$+b#7'7-t#>:&)7'8%3'2#6'7%�'?�*)

%QCe:85&-�'3%@ .-/+ +.+
W

/ #7'7-�%�'3-T+DC  .)$+v0R'7%�-�'258+ +.+R�7�! .-�'2+&-F#�+&-�0:+&%0+.+v5-'8%25H &%2+&-9%2+v5&-�'3%;J&-/+
J � @�� '8 601�jv<+&)+DC  .) '8%KGy�*-�'3%@5.0:+ 	�	��G#; .-

2P
#>�*'3);%/# g /�5*�*)"+('3%�'?�*)rc4L.'2+&),# �.--cuWX $+ 2P

#;�*'3%� .)$+$#& .'2#/#6'7)$58+,+.+,�yiBc&'7'3)$#�'
WX $+�#6�*) Gt-6'!+('2+&);%$'8 L01�jvZ+&)�+DC  .)�+&�! &L&%2+9'8%[Gy�*-/' %;5.0:+ 	�	��V#@ .-

2P
#>�*'3);%/# a"w �! .-t .)�:85657'7);%�'K%K%?�*).)o'8G<+%;�*%6'8%2+&0:+&);%K'3-�-;:HGI &%3'2+&--c7%QCU'8L$#�+&)$58+F+.+n#.-;�!#.-�'?:&%;:8#J#�%�-@ $5&%@ .-/+H%K%2+8#H'3);%6:9-�+&#�#6'7);%/+8#�+.+

W
'8%?�! .-;+('3%�%2+8#H5*���.%/#

+.+:5-'8%25H &% +.+8#b#.-;�X+4 .'3%/#F+.+1%�vu#�+
W· arw '7-�5*�*);%�-/+IcD%QC +BV4#&%?�*'3%6'7%�'?�*) +.+E%('R#/%�-@ $5&%@ .-/+1+.+1� �;+H#&%3'3%}�P+.+E%('0R'7%�-�'258+

W†W
#�+&-�0:+&%^+.+r-;:*+4 .'3-/+s%('K5*�*0E#&%2+BV('3%;:Z+.+w5-'8%25H &%&+4 15&-�'3%;J&-/+

J � @�� '7'3)$#�'&WX $+�+.+w#;�*)0Gt-6'!+('2+&);% a'T)G+�:l+&%-c"+DC  .)$+n#7'7-�%-c&%2+�%/+&-�0:+bWX 7'!+(-6'7%�'?Wd $+F+.+
J � @�� #�+H .%K#-Ce:85&-�'3-/+F#;�! $#Z%('TMO�*-�0:+�<

‖y −Wx‖2 = y†y − 2<(x†u) + x†W†Wx
�
	

u = W†y
+&%-c7+DCU'8 .%�-/+F#7'7-�%-c7%(':5*�*0E#&%2+BV['3%;:9+4 @5-'8%25H &% +4 �Gt-6'!+('2+&);% −→∇J � @�� -;:8#�'?+.+�+8#/#/+&);%�'2+H%K%2+&0:+&);%,+"'7)$#Y%2+�5-'8%35H &%+4 �#.-;�X+4 .'3%

W†Wx ar� --cc+&) +&);=<+H%?�!#&#7'7);%P%(' 0R'7%�-�'258+
W†W

+"'7)$#R .)$+L0R'7%�-�'258+ � ~ MX���X�3y z ��N +.+H 4V
Mf�*'2#t#&%K $#YGt-6'7)"+.+Ic7%2+8#t#.-;�X+4 .'3%/#

W†W· #;�*);%H5-'8%25H &%('8L&%2+8#$#7'7-t .).+&�! &L&%2+T'8%KGy�*-�'3%@5.0:+ 	�	�� #@ .- 4P + 2#>�*'3);%/# g =y�*'3-Z#7'7-
+BV(+&0E#&%2+1� 	 '?� N�� y!��!(c&�I�I�I��� i a �H'3)$#/'Qc4Wd W+B%K%2+nWX $+Y#6�*'3%s%('�)7'7%@ .-/+n+.+,%QCe:85657'7);%�'K%K%?�*).)o'8G<+Ic5&-�'3%;J&-/+�+&%�Gt-6'!+('2+&);%�#6�*);%w5-'8%25H &%('8L&%2+8#Z#7'7-s+.+8#Z'8%KGy�*-�'3%@5.0:+8#�-6'8#.'?+.+8# a4� +K%6'8L&%2+-'8 h a�� -;:8#@ .0:+$%QCe�*-;+(-/+,+.+Gt-6'7)"+.+H .-n+.+8#J5*���.%/#,+.+�5-'8%25H &%�'*#/#6�;5&'K:8#n'8 4VG5&-�'3%;J&-/+8#Y+&%�Gt- '!+('2+9)[%/#$#>�! .-$ .)3:85657'7);%�'K%K%?�*).)7'8GZ+�-;:HGI &%3'2+&-
+&%H'3-�-;:HGI &%3'2+&--c�+&)G-6'8#&#�+H%('7);%,Wd $+b%2+�5*���.%�+.+�5-'8%25H &% +DC  .)�'8%KGy�*-�'3%@5.0:+ 	�	�� #; .-

L
#>�*'3);%/#K+8#/%Y+.+b%QCe�*-;+(-/+

+.+ L
2 log2 L

09 &%3%�'K#.'K%3'25-'7%�'(�*)$#K5*�*0E#&%2+BV.+8# a
5-'8%25H &% +.+

J � @�� 5-'8%25H &%=+.+ −−−→∇J � @��� 5657'7);%�'K%K%?�*).)7'!G<+�-;:HGI &%3'2+&-
P log2(2P ) 2P log2(2P )� 5657'7);%�'K%K%?�*).)7'!G<+�'3-�-;:HGI &%3'2+&-
4P log2(4P ) 4P log2(4P )

����� � h a�� 1 � � � }.y*M�y ~(�H�tz 4 N � � ���F� � 4 N �/y!�����u��4Q� �&M ~ ��� M N
J 	�

�

N�� 4 NF�*�*z � M�yv4 ~ON9z �
N9z � �*z � �O~f�*z 4 N � y
z y � �;M N 4 N � � �X��=[y z �O~ � � �*z$z y �ZN !

w '7-9%('G#; .'3%/+IcP)"�! $#�+&);=;'2# '8G<+9-6�*)$#T+.+H 4VS%�vX#�+8#T+DCU'8%KGy�*-�'3%@5.0:+8#E+.+v%�vX#�+ 7P� a � +P#.-/+&01'2+&-I5*�*)$#�'2#�%/++&)  .)$+:=Z+&-/#�'?�*) �L5H%('*#/#�'?WX $+ ��+.+8#FGt-6'!+('2+&);%/#I5*�*)�,` &GI ":8# g %('L01'2#/+v+&) �, .=[-/+R .%�'K%3'2#/+&-6'L'25&' %('L=<+&-/#/'K�*)
+.+ w �!%('8�@+&% � 'KL.'?J&-/+ � w -/+8#/# N�� y!�"!?c � �I�I��� iBcD'8%?�*-/#,WX $+F%2+�#/+85*�*)"+V#-CU'�:l-6'7)$565.'3%,+DC  .)$+�-/+8565$+&-/565$+I+BV"'*5&%/++4 �#7'*#R�!#.%�'30R'8%�+.+ +.+8#�58+&);%/+ a 	X .) +&% �o57'7)&G��U�I�I� � ��#.-;�!#>�t#/+&);% '7'3)$#�'t $)�'8%KGy�*-�'3%@5.0:+.+.+37P� L7'*#;:
 .).'?WX $+&0:+&);%H#@ .-Z+.+8#�5-'8%25H &%2#
#@ $5858+8#/#�'[Mj#s+4 Gt-6'!+('2+&);%r<4#>�! .-
5657'!WX $+,+('3-/+85&%�'?�*)�+.+n+.+8#/58+&);%/+Ic4%QCe:&%6'8#�+n+.+
01'3).'301'2#6'7%/'K�*)@01�*)"�X+('30:+&)$#�'?�*)$)$+H%K%2+9+&:&%/+&-�01'3)7'7)[%�%('�=I'8%2+H .-Y�!#.%�'30R'8%2+9+4 #7'*#
+8#/%�-/+&0E#&%('*5*:8+F#7'7-t .)$+
=I'8%2+H .-X#;�! $#@A{�!#.%�'30R'8%2+IcX�!L.%/+&)X $+Y .).'?WX $+&0:+&);%s/n#7'7-�%�'3-�+4 RGt-6'!+('2+&);% aX� CU'>=I'7);%6'8G<+$+DC  .)$+
%/+H%K%2+Y#.-;�;5*:*+4 .-/+-;:8#/'?+.+0'8%?�*-/#�+8#/#/+&);%�'2+H%K%2+&0:+&);%b+"'7)$#Y#6'R#&%K $#$Gt- '7)"+.+I#�'30E#&%3'25&'3%;:Ic�%6�! .%Y+&)�+('2#@#>�t#6'7);%n+DC  .)$+TGd'7-6'7);%�'2+0+.+
5*�*);=Z+&-@G<+&)$58+R�8	X .)G+&% �o57'7)&G"c7�I�I� � � a
\"]��T]�� � �2b?gOknino;fje<a�� m�� �����

� CU'8%KGy�*-�'3%@5.0:+0� �Y� 	 g�
 ��N M�y �O~��7N 
 N � NH~ � = ��N 4 � N y ��� @ � 2��.y*M N � i�'R:9%6:�'3).'3%�'('8%2+&0:+&);%Y'3);%�-;�X+4 .'3%$#>�! .-�%('01'3).'301'2#6'7%/'K�*) +.+@5&-�'3%;J&-/+8# +.+ %('�Mf�*-�0:+ K(x) =
∑N

n=1 φ(yn − wnx)
c �
	

wn
+8#�%R%2+

n � k�� =Z+85&%/+H .-%3'KGt)$+3+.+
W
cX+&% +"'7)$#P .) 5*�*);%/+BV(%/+.+.+.+&:85*�*);=d�!%K .%�'?�*)

`p
<
φ(u) = |u|p �! K(x) = ‖y −Wx‖P'>=Z+85

1 ≤ p ≤ 2
� p v[-;+�+&% w '-v;)$+Ic � �y�!�4c ��'7-@%('8Gd'!+&+"' N�� yI��!(c � �I� � c�%2+8#Q#/+85*�*)"+.#�'8 $%/+H .-/#=MQ'7'2#6'7);% -6: Mf:&-/+&)$58+'8 ,-6'8#&#>�*-�%
'3);%/+&-�)$+b+.+8#s#.-/+&01'2+&-/#jc&WX .'?#/+&09L&%2+P�9%/-/+Y'3);%�-;�! .=!'8L&%2+B� a 	u�*)�'8#&#&%3'25-'7%�'?�*)./T%('�01'3).'301'2# '7%�'?�*)+DC  .)U5&-�'3%;J&-/+t#>:&)7'8%3'2#;:�+.+
%�vX#�+ gfh a �yi^'b:9%6:Z#.-;�!#>�t#6:8+Icd+"'7)$# %2+H5-'!+(-/+Y+.+t%QCU'7)7'8%Kv[#�+H#@#�+85&%�-6'8%2+Icd#7'7-r	4'*58565.'N�� y!�"!�� � �I�I���s#>�! $-T%('L-;:HGI &%('7-�'2#6'7%�'?�*)S#7'7-,yR}�M ~f� M ~ +.+ �s'8 $565Xv6+&%9#7'7- �X'K $5&'K N�� y!�"!��U�I�I� � �s#>�! .-T%('#>:&)7'8%3'2#6'7%/'K�*)x5XvX#�+&-@L>�!%3'?WX $+0WX $+�)"�! $#n:&%@ "+('?�*)$#Y'25&' aq� CU'8%KGy�*-�'3%@5.0v+1+8#/%$L7'*#;:�#; .-$%QC '3);%�-;�X+4 $5&%�'?�*)�+DC  .)$+WX 7'7);%�'3%;:0'7).)$+BV.+

qk(xk) = xk/φ
′� @�� (xk)

coWX .' #�+&-�0:+&%,+DCe:85&-�'3-/+T%QCU'7).)X &%('7%�'?�*)�+4 3Gt-6'!+('2+&);% −→∇J � @�� #;�! $#%('TMO�*-�0:+b:*WX .'3=!'8%2+&);%/+F+.+,%QCe:*WX 7'7%�'?�*)G'30E#&%3'25&'3%/+�<
(W†W + λQ−1

x ) x = W†y,



h a � a ��%KGy�*-�'3%@5.0:+8#�+DCe�!#.%�'301'2#6'7%�'?�*)�#>�! .-t .)$+n#>:&)7'8%3'2# '7%�'?�*)�5XvX#�+&-@L>�!%3'?WX $+ � �

�
	
Qx

+8#�% %('S0R'7%�-�'258+�+('('8Gy�*)7'8%2+�+DCe:H%?:&0:+&);%/#
qk(xk) a �$�*%;�*)$#NWX $+B58+&%�%/+�:85&-�'3%@ .-/+V5*�*-�-/+8#;#>�*)"+Dcw+&)�*0:+&%�%6'7);% %('n+&:H#�+&)"+"'7)$58+K+&)

x
+.+Z%('Y0R'7%�-�'258+

Qx

cd/,%('Y-/+8565$+&-/565$+Y+.+Z%('�#;�!%K .%�'?�*)v-;:HGI &%('7-�'2#;:8+t#>�! $-^ .)$+
#>:&)7'8%3'2#6'7%/'K�*)�WX 7'!+(-6'7%�'?WX $+T+.+�%�vu#�+

R(x) = x†Q−1x g =d�*'3-�%2+ . h a � a � i a>� CU'8%KGy�*-�'3%@5.0:+E� �Y� 	L5*�*)$#�'2#�%/+'8%?�*-/#"+&)T .)1#/565":&0R','8%KGy�*-�'3%@5.01'?Wd $+�'3%;:&-6'7%�'[M>+.+X%�vu#�+��
-/+8565$+&-/565$+Z+.+�#>�*'3);% 2&V(+ �yc8L7'*#;:r#@ .- %QCU'8%3%/+&-�)7'7)$58+
+.+8#Y:&%6'8#�+8#r<

' i '*5&%@ 7'8%3'2#6'7%�'?�*).+.+
Q(t) = diag(q

(t)
k )

'>=Z+85
q
(t)
k =

x
(t)
k

φ′� @��
(
x

(t)
k

) =

√
s2 +

∣∣x(t)
k

∣∣2 �
' ' iR-;:8#;�!%K .%�'?�*)�+4 G#@v(#�%;J&0:+,%3'3)":-'7'3-/+�5*�*-�-/+8#@#>�*)"+"'7);%r<

x(t+1) =
(
W†W + λQ(t)−1

)−1
W†y �'3'3' i

t← t + 1
+&%�-/+&%;�! .-K+&),' i�,` $#6Wd rCU/I5*�*);=Z+&-@G<+&)$58+ a

w %[ W#�'2+H .-/# , +H 4VP+$+J5*�*)"+('3%�'?�*)$#�#; .- %('FMO�*)$5&%�'?�*) +.+$#>:&)7'8%3'3# '7%�'?�*) φ
�*);%Z:&%;:$:&%6'8L&%3'2#-c&'*#/#; .-6'7);%�%('�5*�*);=Z+&-|A

G<+&)$58+ +DC  .)A%/+H%t'8%KGy�*-�'3%@5.0:+,=Z+&-/#T%2+U01'3).'309 .0 +DC  .) 5&-�'3%;J&-/+,5*�*);=Z+BV(+�� =d�*'3-I)"�*%6'7010:+&);% ��'7-@%('8Gd'!+&+"'
N�� yI��!(c � �I� � c p  &L�+ +&% � '7)&Gd'7)rc � �I�y�uct�`+('2+&--cY�I�I� � L4� �9
 a �n'7)$# %2+ 5-'*#�+.+�%(' L.-6'7)W565$+x+DC 5Xvu#�+&-@L>�!%2+
φ = φ � @�� c�%2+8#v5*�*)"+('3%�'?�*)$#R#.-;�!#>�t#;:8+8#R#7'7- p  &L�+L+&% � '7)&Gd'7) � � �I�y�j�J#;�*);%:=d:&-�'[27:8+8# � %QCU'8#&#.-;�;565$+�#.-;�8A#>�t#6:8+T#7'7-F��+('2+&-1�U�I�I� � L4�c'3);%/+&-@#.-;:&%6'7);%F%QCe� ��� 	@5*�*010:+E .)�'8%KGy�*-�'3%@5.0:+R+.+�01'3).'301'2# '7%�'?�*)�+DC  .) 5&-�'3%;J&-/+#�+&01'zA{WX 7'!+(-6'7%�'?WX $+b#�+&-�0:+&%Y:HGd'8%2+&0:+&);%$+DCe:&%6'8L&%3'3-H58+&%�%/+�5*�*);=<+&-@G<+&)$58+ a�Y A).'3=Z+-'8 5-'8%25H &%('7%;�*'3-/+Ic�%2+R5*���.%:+8#/#/+&);%�'2+H%�+8#�%158+H%K .'t+.+ %('@-;:8#;�!%K .%�'?�*) +4 #@v(#�%;J&0:+ %3'3)":-'7'3-/+ g '3' i a	4'*58565.' N�� yI��!=� � �I�I���=#.-;�!#>�t#/+&);%$/I58+&%�%/+n2$) +DC  .%�'K%3'2#/+&-Y%QCe:HGd'8%3'3%;:�<

(
W†W + λQ(t)−1

)−1
W†y = Q(t) W†

(
λIN + WQ(t) W†

)−1
y

�
	P%QCe:85&-�'3%@ .-/+,+4 �%/+&-�0:+�+.+�+(-;�*'3%/+J5*�*-�-/+8#@#>�*)"+N/b%QC '3);=Z+&-/#�'?�*) +DC  .)R#@v(#�%;J&0:+Y+.+H%6'7'K%K%2+
N ×N

'3)4Mf:&-�'2+H .-/+Ic
+"'7)$#Z%2+�5-'*#Z+DC  .)$+b'7)7'8%Kv(#/+n/T57'8 .%/+Y-;:8#;�!%K .%�'?�*)rc7/9%('�%6'7'K%K%2+n+.+

(2P + 1)× (2P + 1)
' )[%/+&-�=<+&)7'7);%Y+"'7)$#

%('R#.-/+&01'?J&-/+9MO�*-/09 &%('7%�'?�*) a �Y+�0R'7).'?J&-/+I#�'301'K%('7'3-/+0/R%QCe:&%@ "+.+�0:+&)":8+0'8 . h a�� c�'K%�+8#�%YMQ'*5&'K%2+9+.+�=d�*'3-$WX $+%('R0R'7%�-�'258+ /R'3);=<+&-/#�+&-F+"'7)$#b%QC +BVu#.-�+&#�#�'?�*)�+.+R+(-;�*'3%/+P'N .)$+:#�%�-@ $5&%@ .-/+R+.+�� �EN }o� ~ � � #�'T+&%�#�+H &%2+&0:+&);%�#�'
%QCe:85657'7);%�'K%K%?�*)$)7'8G<+U+8#�%�-;:HGI &%3'2+&- a �n'7)$#�58+:5-'*#-cn#;�*) '3);=Z+&-/#�'?�*)x#�+H .%K�&%�-/+1-;:-'8%3'2#;:8+P/R01�*'3)"+(-/+�5H���$%b#7'7- .)$+,#.-;�;5*:*+4 .-/+�-;:85H .-/#�'3=<+n+.+J%�vu#�+ � +&=;'3)$#6�*) a �n'7)$#s%2+Y5-'*#Z+DC  .) :85657'7);%�'K%K%?�*).)7'8GZ+�-;:HGI &%3'2+&-�%�-;�! ":n�! +.+%QCe:85657'7);%�'K%K%?�*)$)7'8G<+:'3-�-;:HGI &%3'2+&--cD%('U0R'7%�-�'258+R/�'3);=Z+9-�#/+&-Y)rC +8#�%n#&%K $#b+.+0� �;+H#&%3'3%}� a 	4'*58565.' N�� y!�"!?#@ &GIGyJ&-/+&);%'8%?�*-/# +.+w-/+85*�! .-�'3-�/$ .)$+t+&:85*�*0E#>�t#�'3%�'?�*)P+.+i� 5"�!%2+8#@�XvT#>�! .-T-;:-'8%3'2#/+&-^%QC '3);=<+&-/#/'?�*)rct0R'7'2#�%2+�5*���.% +.+
5-'8%35H &%
'*#�#;�;5&'?:Y/�5657'!WX $+�'3%;:&-6'7%�'?�*) +.+t%fCU'8%KGy�*-�'3%@5.0:+$� �Y� 	I#-C +&):%�-;�! .=Z+sMf�*-�%/+&0:+&);%�'8%?�! .-;+(' a �$�*%;�*)$#c+&)$5*�*-/+YWX $+%('H0R'7%�-�'258+

W†W+λQ(t)−1 '3);%/+&-�=Z+&)7'7);%�+"'7)$# %('tMO�*-�09 &%('7%�'?�*)I'3).'3%�'('8%2+Z/YGd'8 $565$+r)rC +8#�% #7'*# +.+�� �;+H#&%3'3%}�
/15-'8 $#/+b+.+,%QC '3)F
" $+&)$58+9+4 ,%/+&-�0:+F+('('8Gy�*)7'8%

Q(t)−1 a
\"]��T] \ � g�kninoZfjetaS� m �Tm4e � � m � blqS� ��� �QmWf>�Tm�g

� )$+1'8%3%/+&-�)7'7%�'3=Z+R/P%('R5*�*0E#&%2+BV('3%;::5-'8%25H &%('7%;�*'3-/+Icr%3'?:8+1'8 4V3#.-;�X+4 .'3%/#F0R'7%�-�'25&'2+H%2#�+&%F'8 4VB-;:8#;�!%K .%/'K�*)W#+.+R#;v[#�%;J&0:+8#0%3'3)":-'7' -�+&#1+$+ +('30:+&)$#/'?�*) :H%2+&=y:8+Ic"5*�*)$#�'2#�%/+ /B+&);=;'2# '8G<+&-0 .).'?WX $+&0:+9)[%1+.+8#I01'3).'301'2#6'7%�'?�*)$#� �/yI� y ~ M N � #@ $5858+8#/#�'3=Z+&0:+&);%s#7'7-r-6'8#&#>�*-�%Y/�5657'*5H .) +.+8#�#7'7-6'701J&%�-/+8#
xk a �r+&%�%/+,+&:&0R'7-/565$+b'�)"�*%6'7010:+&)[%:&%;:L+&);=['2#6'8Gy:8+L+&)u%�-6'7'3%/+&0:+&);%P+DC '30R'8G<+8#-c �
	 5657'!WX $+ #.'[V(+H%H+8#�%101'2#P/�,|�! .-R+.+R0R'7).'?J&-/+L'3)"+('3=['?+4 $+H%K%2+

#>�! .-, .) 5*���.%Y5-'8%25H &%('7%;�*'3-/+1-;:*+4 .'3%E�8	4'8 $+&-�+&% p �! .0R'7)rc � �I� h c p -/+&%�%/+I+&%,��+('2+&--c � �I� � �{cl+&%Y#jC +8#�%,'�=y:&-;:8+#7'7-�%�'25H &%3'?J&-/+&0v+&);%$'!+"'8#.%;:8+b/9%('�-/+8#�%6'8 .-6'7%�'?�*)�+.+Y#;�!%K .%�'?�*)$#Z#.-;:8#/+&);%6'7)[%t+.+8# ��=I'7-�'('7%�'?�*)$#�-6'8#.'?+.+8# �yc&'8 
A}�IB�� EsSUE�[\M ��G\Ldh+�\LD$#`ZLaM J�LNG�k O�HULaj�YZLNHUMalm`ZL>OIHUE�V\`OJNj�LdLa[ ^ YZMUWCoCt>LaM S hNLa`ZG\YpJ�L#`8W�j�YZ[�Y8j�YZMUWXSUY8EC[ J5{ G\[3hRHUYZS�JRHUL J�GS �IOQL K(x) =

∑N
n=1 φ(yn − wnx)

��G�Y [\LiJ�tNVvECG\h+�\L�O�WCMrLRk\WshNSULaj�La[�SpMTGIH�`8WPj �aj�L :;EsHUjrG\`8WXSUY8EC[_JILu`"{ ��8 y �vB ��t}WC[ =j�E�YZ[\Malz`ZLNMphaEC[�J�YqSUYZE�[�MrJIL�hNE�[ ^ LRHUo�La[�haL�OQECHTS+Ws[�SpMTGIHp`8W :;E�[�hNSUYZE�[ φ
MTE�[�Sp`ZLaM�j��Nj�LaM ' H YZG\haYZG>LNSS� J�YZLNH}l-x � ��x.-"l-E��>J\Ws[\M[\ECSTHUL�h}WCM

φ
LaM Sm`8WrOQta[\WC`ZYZMUWsSUYZE�[�E�OQtRH+WC[�SmMTG�H hR�\W���G\L ^ WXHUY8WCV\`ZL xk

B



�!� � 57'8#.'3%�-/+ h a �Y#&#.-;�;565$+b#7'7-t#>:&)7'8%3'2#6'7%�'?�*)

#�+&)$#^�
	1)"�! $#^%QCU'>=d�*)$#c+&);%/+&)"+4 '8 . h a � a��Ia '")�+�:l+&%-c<5*�*);%�-6'7'3-/+&0:+&);%s/, .)$+Y'8#&#.-;�;565$+Y+.+�%�vX#�+ZGt-6'!+('2+&);%-c%('�01'2#�+Y/�,@�! .- +.+H5657'!Wd $+Y#7'7-6'701J&%�-/+$+.+
0R'7).'?J&-/+H'3)"+&:H#�+&)"+"'7);%/+YMQ'>=d�*-�'2#/+Z%('�-/+8#�%6'8 .-6'7%�'?�*)N+.+ �,57'8 .%/+8#
Ms-;:*WX $+&)$58+&# �N+"'7)$#Z%('TMf�*-�0:+n+4 G#@#�+85&%�-/+

x
c.5IC +8#/%|A�/�A{+('3-/+b%QC + V('2#�%/+&)$58+b+$+Y-6'7'2+8# a

� 
2��
 � 
 ��	���
 ��� %��4� �2

)�
 ��%

� C '3);%;:&-X�&%$+rC  $)G%/+H% '8%KGy�*-�'3%@5.0:+�-;:8#�'?+.+F+"'7)$#Y%('E#>�t#/#�'KL.'K%3'3%;:9+.+F-;:-'8%3'2#/+&-YMf'*5&'K%2+&0:+&);%J5657'!WX $+F01'3).'301'[A# '7%�'?�*)R#/5-'8%('7'3-/+ a �n'7)$#�%2+J5-'*#s+.+�%('F#>:&)7'8%3'2#6'7%�'?�*) 5Xvu#�+&-@L>�!%3'KWX $+Icu%('�01' )$' 01'2# '7%�'?�*) +& R5&-�'3%;J&-/+ J � @�� +&) %('=I'7-�'('8L&%2+F5*�*0E#&%2+BV.+
xk

#�+H .%u�&%�-/+b�!L.%/+&)X $+9'7)7'8%Kv;%�'?WX $+&0:+&);%K+&%
)":858+8#/#�'3%/+n .)G5*���.%H5-'8%25H &%('7%;�*'3-/+F-;:*+4 .'3% a
w %[ W#t#.-;:85&'3#6:&0:+&);%-c$)"�! $#
01�*);%�-;�*)$#H+&).'7).)$+BV.+n� a h WX $+,%('I-;:8#;�!%K .%�'?�*).+.+�<

◦
xk = arg min

xk

J � @�� (x)⇔ ◦
xk = arg min

xk

f(xk), f(xk) =
1

2
‖ek −wkxk‖2 + λ

√
s2 + |xk|2

)":858+8#/#/'3%/+$#>�! .-�%;�! .%
5-'8%25H &%D%('�-/+8565$+&-/565$+n+.+8#�-6'*5&'3)$+8#t+DC  .)N#>�!%Kv[) �*0:+n+.+n+.+HGt-;:nWd 7'7%�-�+!c4#>�! .-Z%('!WX $+H%K%2+
%2+8#T#6�!%K .%�'?�*)$#T#6�*);%T+BVu#&%3'25&'3%/+8#Y�e��L.-6'701����'3%}�K+&%p	;%/+HGI .)rc � � � �"cI#7'8G<+8# � � 1 � ���{cI#& .'2#^%2+�5-'8%25H &%7+.+s%('Y=!'8%2+H .-+.+

f
+&)v58+8# WX 7'7%�-/+�-6'*5&'3)$+8# ad� CU'8%KGy�*-�'3%@5.0:+�7P	 � @�� g '8%KGy�*-�'3%@5.0:+�+.+i7b'8 $#/#|AN	[+&'?+.+H%7#>�! .-^ .)$+t#>:&)7'8%3'2#6'7%�'?�*)5Xvu#�+&-@L>�!%3'?WX $+jiw5*�*)$#/'2#�%/+b'8%?�*-/#H+&) %2+�#�565":&0R'I'3%;:&-6'7%�'[M"#@ .'3=I'7);%r<

�Ia �h%;:&-6'7%�'?�*) t
<&#>�! .-

k = −P . . . P
c(-;:-'8%3'2#/+&-Y%2+8#t�!#>:&-6'7%�'?�*)$#r<

' iU5-'8%25H &% +.+
e

(t)
k = y −∑`<k w` x

(t)
` −

∑
`>k w` x

(t−1)
` �

'3' iU01'3).'301'2# '7%�'?�*) +&)
xk

+.+
f(xk) = 1

2

∥∥∥e(t)
k −wkxk

∥∥∥
2

+ λ
√

s2 + |xk|2
#�+H%?�*)�%2+B#/565":&0R'

+BV4#&%3'25&'3%;:F/0%QCU'7).)$+BV(+F� a h �'3'3' iU01'2#�+b/
,|�! .-Y+.+
x

(t)
k �� a t← t + 1

+&%
-/+&%;�! .-H+&) � ,| $#;WX rCU/I5*�*);=<+&-@G<+&)$58+ a�r+&%�%/+n#.-;�;5*:*+4 .-/+F)$+Y-/+*WX .'2+9-/%t+&�*)$5F'8 $5H .)G5-'8%25H &%P+9)�+('30:+&)$#�'?�*)�:H%2+&=d:&+F+&%�)rC +BVu#"%K�*'3%/+b#7'7-
5*�*)$#;:*WX $+&);%
'8 $5H .)$+�#�%�-@ $5&%@ .-�+�#7'7-�%�'25H &%3'?J&-/+Z%3'?:8+Z/Y%('K)7'7%@ .-/+Z+.+�%QCe:85657'7);%�'K%K%?�*).)7'8GZ+t+.+8#�+&�*).)":8+8#-c*0R'7'2#�%('H01'2#�+s/�,|�! .-
#6�! $#,MO�*-�0:+:#;:*WX $+&);%�'2+H%K%2+R/N%QCe:&%6'8#�+1' iY+&%n%2+:5-'8%25H &% +.+8#F-6'*5&'3)$+8#F+DC  .)x#>�!%Kv[) �*0:+R+DCe�*-;+(-/+1WX 7'7%�-/+E#>�! .-
%QCe:&%6'8#�+v'3' iJ)":858+8#/#�'3%/+&);%F $)S5*���.%F%3'301'3%;:P/,5657'!WX $+1'3%;:&-6'7%�'?�*) a �$�*%;�*)$#FWX $+E%(' Mf�*)$5&%�'?�*) f

/R01'3).'301'2#/+&-
/N%QCe:&%6'8#�+v'3' iY+8#�%�#�%�-�'25&%/+&0:+&);%�5*�*);=Z+BV(+Icn58+RWd .'^Gd'7-6'7);%�'3%9%QC +BV['2#/%/+&)$58+:+&%F%QC  .).'25&'3%;:R+.+v#;�*) 01'3).'301'2#/+H .- a�Y+10 �&0:+IcD%(',#�%�-�'25&%/+:5*�*);=Z+BV['3%;:1+4 S5&-�'3%;J&-/+

J � @�� '*#/#@ .-/+0%(',5*�*);=Z+&-@G<+&)$58+R+.+E%(' #.-;�;5*:*+4 .-/+RGI%?�!L7'8%2+1+.+7b'8 $#/#|AN	[+&'?+.+H%n=Z+&-/#
#;�*)  .).'?WX $+�01'3).'301'2#/+H .-9� p +9-/%/#/+H�!'*#-c � �I� � c$5657'8#.'3%�-/+9�4c&#.-;�!#>�t#�'3%�'?�*)3� a � a�� � a
� +&0R'7-;WX "�*)$#w'25&'rWd W+$%2+Y565"�*'[VN+DC  .)$+b'8 .%�-/+$Mf�*)$5&%�'?�*) +.+Y%�vX#�+ �

`2`1 � Wd $+$%('TL.-6'7)$565$+n+DC 5Xvu#�+&-@L>�!%2+#>�! .-�-6'7'3%"#-CU'>=d:&-/+&- #&%K $#~,| "+('25&'2+H 4VF#>�! .-�58+c%`vX#�+ +rCe'8%KGy�*-�'3%@5$0:+ a 'T)I+C:?+&%-cE)"�! $# 01�*);%�-;�*)$#^/t%QCU'7).)$+BV.+�� a hWX $+$%('�01'3).'301'2#6'7%�'?�*)�+.+$%('9MO�*)$5&%�'?�*)
f(xk)

'3);%�-;�X+4 .'3%/+F5&'[A{+.+8#/#; $#w-/+&=;'2+&);%Y/�-;:8#;�! "+(-/+, .)$+n:*Wd 7'7%�'?�*) +.+
%('EMf�*-�0:+

aρ − b + λϕ′(ρ)
�
	

ρ = |xk|
+&%

ϕ
+8#/%Y%('EMO�*)$5&%�'?�*)�+.+F#>:&)7'8%3'2#6'7%�'?�*)��!#>:&-6'7);%Y#@ .-�%2+F01�X+4 &%2+

+.+v5657'!WX $+:5*�*0E#>�t# '7);%/+ a �H'3)$#/'^#>�! .-F%(' Mf�*)$5&%�'?�*) +.+ �Y &L�+&-
ϕH(ρ) =

{
1
2ρ2 #>�! .- ρ < h
hρ− 1

2ρ2 #>�! .- ρ ≥ h

cD%('
01'3).'301'2#6'7%/'K�*)�+.+

f
+8#/%�Wd 7'*#/'30:+&);%K'30101:*+('('7%/+9#& .'2#;WX rC +H%K%2+�-/+&=;'2+&);%,/:-/+8565$+&-/565$+&-$%2+8#H-6'*5&'3)$+8#$+.+9+.+H 4V

#>�!%Kv[) �*0:+8#F+4 �#.-/+&01'2+9-F+.+HGt-;: ar� 'N#>:&)7'8%3'2#6'7%�'?�*)x#7'7-n%('U)"�*-�0:+ `1 cl#;�*'3% ϕ1(ρ) = ρ
+&�*)$5

ϕ′
1(ρ) = 1

c
+8#/%Y/I58+�%�'3%�-/+b�!#.%�'30R'8%2+�<$)"�! $#tv�-/+&=['2+&)"+(-;�*)$#�'8 <. h a � a � a
� 
2��
 � 
 ��	���
 ��� ��%�� 
�� 94��	�#�� 	���

94�*%

� )$+ �!#.%�'?�*) '8%3%/+&-�)7'7%�'3=Z+ #>�! .-3%(' 01'3).'301'2#6'7%�'?�*) +.+ %QCe:&%6'8#�+ � '3' i@+8#�%3+DC  .%�'K%3'2#/+&-� .) '8%KGy�*-�'3%@5.0:+
#�+&09L&%('8L&%2+ /3%QC � �Y� 	>cQ0R'7'2#1'25&'Z#>�! .-1+.+8#I=I'7-�'('8L&%2+8#:#/5-'8%('7'3-/+8#r<� .)$+ +&:&0R'7-/565$+L#�'301'K%('7'3-/+L+8#�%1'!+&�!#.%;:8+



h a � a ��%KGy�*-�'3%@5.0:+8#�+DCe�!#.%�'301'2#6'7%�'?�*)�#>�! .-t .)$+n#>:&)7'8%3'2# '7%�'?�*) `1 � h

+"'7)$#N� p -/+&%�%/+U+&%T�`+('2+&--c � �I� � �t'>=Z+85R .)$+P#>:&)7'8%3'2#6'7%�'?�*) #�'301'K%('7'3-/+ +.+P%(' Mf�*-�0:+ `2`1 c #@ .-T+.+8#�=I'7-�'('8L&%2+8#-;:8+H%K%2+8#H+&%Z#>�! .-t .) #.-;�!L&%?J&0:+F+.+n+&:85*�*);=d�!%K .%�'?�*).+DC '30R'8G<+8# a '")  .%�'K%3'2#6'7);%t%2+8#�)"�*%6'7%�'?�*)$#H'3);%�-;�X+4 .'3%/+8#�'8 #7'7-6'8Gt-6'8#&5$+1#.-;:85*:*+.+&);%-cD%('U01'3).'301'2#6'7%�'?�*)6+&)�%('R#/+H &%2+I=!'7-�'('8L&%2+
xk

+& 5&-�'3%;J&-/+
J � @�� -/+&=['2+9)[%F+&) +�:?+&%F/-;:8#6�! "+(-/+n%QCe:*Wd 7'7%�'?�*)G'30E#&%3'25&'3%/+�<

(
w

†
kwk +

λ

qk(xk)

)
xk = w

†
kek

'>=<+85
qk(xk) =

√
s2 + |xk|2,

�
	
wk

-/+H#.-;:8#�+&);%/+ %('@5*�!%?�*).)$+N+rC '3)"+.'358+
k
+.+P%('G0R'7%�-�'258+

W
+&%

ek = y −∑` 6=k w`x` a � Ce:&%6'8#�+N+.+01'3).'301'2#6'7%/'K�*) � '3' i�#�+H .%�'8%?�*-/#u�&%�-/+�-/+&0E#&%('*5*:8+b#7'7-t%2+�#/565":&0R'I'3%;:&-6'7%�'[MT#@ .'3=I'7);%r<
'3'
�
'yiR'3).'3%�'('8%3'2#6'7%�'?�*)

x
(0)
∗ = x

(t−1)
k �

'3'
�
Loi,5-'8%25H &%=+.+

q
(u)
∗ =

x
(u)
∗

φ′� @��
(
x

(u)
∗
) =

√
s2 +

∣∣x(u)
∗
∣∣2 �

'3'
�
5jiR01'2#/+�/ ,|�! .- +.+

x
(u+1)
∗ =

w
†
ke

(t)
k

w
†
kwk + λ/q

(u)
∗

�
	b< { w
†
kwk = N

w
†
ke

(t)
k

'0:&%;:F5-'8%25H &%?:9/T%QCe:&%6'8#�+ � ' i �
'3'
�
+7i

u← u+1
+&%T-/+&%;�! .-X+&)1'3'

�
Loi~,` $#6Wd rCU/Y5*�*);=Z+&-@G<+&)$58+Icy#& .'2#T01'2#/+Y/p,@�! .-^+.+

x
(t)
k = x

(u)
∗ �

	;'P+B%K%2+F#/+&09L&%2+n#&%K $#Z%?�! .-;+.+F/�0:+&%�%�-/+F+&) �, .=[-/+Ic.58+&%�%/+b+.+H 4V('?J&0:+,MO�*-�0:+F#-C +8#�%�-;:&=y:H%?:8+�01�*'3)$#
5*���.%/+H $#�+
+&) 5-'8%25H &%bWd $+3%('601'3).'301'2#6'7%�'?�*) +BV4#&%3'25&'3%/+�#7'7-N%2+8#PMf�*-�09 &%2+8# +.+3%QCU'7).)$+BV(+�� a h a '") +�:l+&%-cr'K%Y-;:8#@ &%3%/+
WX $+G#�+H &%2+90:+&)[% WX $+H%?Wd $+8#�'3%;:&-6'7%�'?�*)$#U'3'

�
Loi{AO'3'

�
5jiv#6�*);%v)":858+8#/# '7'3-/+8#U+&)�#.-6'7%�'?WX $+Ic�Wd .'J#;�*);%v%�-;J8#P#�+H 

5*���.%/+H $#�+8#�+&)4%/+&0E#$#0+.+�5-'8%25H &%Qc�'8%?�*-/#TWX $+R%2+�5-'8%25H &%s+.+8#0Wd 7'7%�-/+�-6'*5&'3)$+8#0+DC  .) #>�!%Kv[) �*0:+ +DCe�*-;+(-/+ �"c
#& .'2# %QCe:&=I'8%K 7'7%�'?�*) +.+.%('xMO�*)$5&%�'?�*) #/5-'8%('7'3-/+

f
+&) 58+8#�=I'8%2+H .-/#U)":858+8#/#�'3%/+&);%N#&%K $#N+.+@%/+&0E#$# g  .) Gd'7'3)

+.+�%/+&0E#$#I5H#& S+DC  .) Mf'*5&%/+H .-I+&);=['3-;�*)
�@+8#�%0'7'3)$#/'��!L.%/+&)X oi a � +&0R'7-;Wd "�*)$#jcP'25&'w+&)$5*�*-/+Ic�WX $+R%('@#�%�-�'25&%/+5*�*);=Z+BV('3%;:T+.+9%('1Mf�*)$5&%�'?�*)
f
'*#/#@ .-/+9%('�5*�*);=Z+&-@G<+&)$58+0+.+T%('v01'3).'301'2#6'7%�'?�*) #/5-'8%('7'3-/+�'3'

�
'yi{AO'3'

�
+7i�#7'7-$ .)

'8%KGy�*-�'3%@5.0:+9+.+Y%�vu#�+n� �Y� 	 a
����� ��	��
��� �  � � �"
 �R�O���� �� � ��
W�w ����
� ���
!�� !���� ���"���
	��/
��w ��/�
�

`
1

� '$#>:&)7'8%3'2#6'7%�'?�*)1#7'7-�%('K)"�*-�0:+ `1 c*5IC +8#/%|A�/�A{+('3-/+ φ1(x) = |x| c8L.'2+&)1Wd $+r%@5":*�*-�'?WX $+&0:+&);%c#6'7%�'2#|MQ'7'2#6'7);%/++&)L%/+&-�0:+8#Y+.+n#7'7-/5&'301�*).'2+Ic$-/+&)"+ %('I01'3).'301'2#6'7%�'?�*)3+4 L5&-�'3%;J&-/+b#>:&)7'8%3'2#;:�<

J1(x) =
1

2
‖y −Wx‖2 + λ‖x‖1 gfh a �Xi

-/+H%('7%�'3=Z+&0:+&);%�5*�*0E#&%2+BV(+�/
5-'8 $#�+ +.+^%('�)"�*)T+(';:q:&-/+&);%�'('8L.'K%3'3%;:s+.+ ‖x‖1 +&)�%;�! .% =<+85&%/+H .-�'-vX'7);%= .)9:H%?:&0:+&);%)X &% a '")�#7'7-�%�'25H &%3'2+&--c$%;�! .%/+�01:&%@5"�X+.+F+DCe�!#.%�'301'2#6'7%�'?�*).L7'*#;:8+F#@ .-Z%QC  .%�'K%3'2#6'7%�'?�*)3+4 Gt-6'!+('2+&);%r<
−→∇J1(x) = −W†(y −Wx) + λ

#@Gt)
(x)

+8#/%�+&:H%3'25-'7%/+Ico#& .'2#6Wd $+�58+H%K .'[A�5&'Q)rC +8#�%�#7'*#$+&:B2$).' %?�*-/#;Wd rC  .)$+�5*�*0E#>�t#6'7);%/+
xk

#jCU'7).)X &%2+ a � '8#&#�+H%?�*)$#�#7'7-'7'K%K%2+H .-/# WX $+s%2+�5&-�'3%;J&-/+
J1
)rC +8#�%�#7'*#T#/%�-�'25&%/+&0:+&);%c5*�*);=Z+BV(+
+&%^Wd $+s%QC  .).'25&'3%;:Y+4 101'3).'301'2#/+H .-c)$+s#�+H .%��&%�-/+

Gd'7-6'7);%�'2+�< %('L5*�*);=Z+BV('3%;:�#�'30E#&%2+R#�+&-�0:+&%T .).'?Wd $+&0:+&);%0+DCU'�$:-�0:+&-EWd $+�#/+8#�01'3).'30R'.+&�*).)$+&);%T%('L0 �&0:+
=I'8%2+H .-Y+4 G59-/' %6J9-�+F+&%YWd rC 'K%2#sMf�*-�0:+&);%t .)G+&)$#/+&09L&%2+�5*�*);=<+BV.+ a���! $#$:&%@ "+('?�*)$#J0R'7'3);%/+&)7'7);%n+('3=Z+&-/#/+8#J#;�!%K .%�'?�*)$#n'8%[Gy�*-/' %;5.01'?Wd $+8#Y=['3# '7);%,/E%('v01'3).'301'3# '7%�'?�*)�+.+

J1 a��%?�*-/# WX $+�%('�#.-/+&01'?J&-/+V5*�*)$58+&-�)$+�%('x#.-;�!Gt-6'7010R'7%/'?�*) WX 7'!+(-6'7%�'?Wd $+Ic�#>�! .- %('!WX $+H%K%2+@)"�! $#U01�*);%�-;�*)$#
# '.+&:H%3'35-'7%/+,+BV(%/+&)$#�'?�*) '8 5-'*#0+.+ #7'7-6'701J&%�-/+8#R/G=I'8%2+H .-/#I5*�*0E#&%2+BV.+8#-c %2+8#E+.+H 4VS'8#&#.-;�;565$+8#:#@ .'3=!'7)[%/+8#
#�+H .=Z+&);%��&%�-/+�=X $+8#T5*�*010:+Y+.+8#�Gy:&)":&-6'8%3'2#6'7%�'?�*)$# +.+8# '8%KGy�*-�'3%@5.0:+8# :&%@ "+('?:8#^#.-;:85*:*+.+&010:+&);%s'8 :5-'*# +DC  .)$+



� � � 57'8#.'3%�-/+ h a �Y#&#.-;�;565$+b#7'7-t#>:&)7'8%3'2#6'7%�'?�*)

#>:&)7'8%3'2#6'7%/'K�*),)"�*),#�%�-�'25&%/+&0:+&);%�5*�*);=Z+BV.+J+&%r)"�*)N+(';:D:&-/+&);%�'('8L&%2+�+&)
0 auw %[ W#�#.-;:85&'2#;:&0:+&);%-c()"�! $#s:&%@ "+('?�*)$#%QCU'!+"'8#.%6'7%�'?�*)�+.+8#E'8%KGy�*-�'3%@5.0:+8#1� ��� 	 +&%0+$+�7n'8 $#/#|AN	[+&'?+.+H%t'8 A5-'*#0+.+ %('�#>:&)7'8%3'2#6'7%�'?�*) `1 c +&�*);%�)"�! $#=Z+&-�-;�*)$#nWX $+9%2+T#.-�'3)$5&'K#7'8%�5o'7)"+('25-'8# -;:8#�'?+.+0+"'7)$#,%('P%3'301'3%/+I'3)42$).'2+E+.+

φ′
1(x)/x

%?�*-/#;WX $+
x → 0 a ��%?�*-/#WX $+E%2+E#.-/+&01'2+&-F#�+&-�0:+&%F .)$+101'2#/+:+&) �, .=[-/+1%�-;J8#F'3);%;:&-/+8#/#6'7)[%/+:+&) %/+&-�0:+8#9+.+1%/+&0E#$#F+DC +BV&:85H .%�'?�*)rcn'K%

#6�! F:�-/+n+.+n%('*5H .)$+8#
%@5":*�*-�'?WX $+8#�'8 ,).'3=Z+-'8 �+.+8#Z#.-;�!#.-�'?:&%;:8#�+.+�5*�*);=Z+&-@G<+&)$58+ � )"�! $#Y:&%6'8L&%3'3-;�*)$#
%;�! .%/+BMf�*'2# .)$+v5*�*)"+('3%�'?�*)6)":858+8#/#6'7'3-/+v+&%�#@ F$v#6'7);%/+:=y:&-�'[27:8+1#7'7-�%;�! .%�01'3).'301'2#/+H .-T+4 S5&-�'3%;J&-/+ gfh a �XiBcr#�+&-�0:+&%�%6'7)[%+.+K=y:&-�'[2W+&-�y�} �!����N M ~O� M ~ %('�=!'8%3'?+('3%;:$+.+Y%('�#;�!%K .%�'?�*) au� Ce'8%KGy�*-�'3%@5$0:+,+.+(7b'8 $#/#|AN	[+&'?+.+H%q:&%@ "+('?:�#7'7- %('�#@ .'3%/+#.-;:8#�+&);%/+bWd 7'7)[%Y/0%K .'r+.+8#t#.-;�!#.-�'?:&%;:8#Y#&%K $#
#;�!%3'?+.+8#�'8 L).'3=<+-'8 �+.+n%('I5*�*);=Z+&-@G<+&)$58+ a
\"]���]�^ ��o<inkno<b<� � b�etfOiPd 
Qqcb<�To<b�e<f9
�qcm
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M;� N � � c$'K%P+8#�%Z#>�t#/#/'KL&%2+b+DCe:&5&-�'3-/+ ‖x‖1 #;�! W#sMO�*-�0:+n%3'3)":-'7'3-/+�+&)#6:H#7'7-6'7);%
x+

k = max(xk,0) ≥ 0
+&%

x−
k = max(−xk,0) ≥ 0 a�� ) ' '8%?�*-/# x = x+ − x− +&% ‖x‖1 =

x+ + x− aZ� '401'3).'301'2#6'7%�'?�*) +4 5&-�'3%;J&-/+ gfh a �XiU-/+&=['2+&);%L+&)$5*�*-/+�/401'3).'301'2#/+&-G+&) [x+,x−]
%(' MO�*-�0:+

WX 7'!+(-6'7%�'?WX $+�<
1

2

(
x+

x−

)t(
WtW −WtW

−WtW WtW

)(
x+

x−

)
+
(

λ− ytW, λ + ytW
)( x+

x−

)

#6�! $# %('K5*�*);%�-6'7'3);%/+
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� � � }o� N � N � +8#�% +&:H%3'25-'7%/+Ic
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+&%�'30R'8Gt'3)7'7'3-/+8# a 'T)� .%�'K%3'2#6'7);% %2+8#�'3)$5*�*).)X $+8#

sk = [ak, bk] ∈ � 2 '8 %3'2+H +.+
xk ∈ � c�'>=Z+85 xk =

(ak − j bk)/2
c.+&%s%QCe�!#>:&-6'7%/+H .-

H
+.+J%6'7'K%K%2+

N × (2P + 2)
%/+H%rWd $+

Hn,2k = cos(2πfktn)
+&%

Hn,2k+1 =
sin(2πfktn)

c4%QCe:85&-�'3%@ .-/+F+4 G5&-�'3%;J&-/+�#;�! $#Z .)$+,MO�*-�0:+bWX 7'!+(-6'7%�'?Wd W+F5*�*);%�-6'7'3);%$'8%?�*-/#�/�01'3).'301'2#/+&-r<

J̃1(s
+,s−) =

1

2

(
s+

s−

)t(
HtH −HtH

−HtH HtH

)(
s+

s−

)
+
(

λ− ytH λ + ytH
)( s+

s−

)

#6�! $#�%('F5*�*);%�-6'7'3);%/+
s+ ≥ 0, s− ≥ 0

cd'>=Z+85
s+ = max(s,0)

c
s− = max(−s,0) ad� '�01'3).'301'2#6'7%�'?�*) +.+ J̃1)rC +8#/%H58+H#�+&)"+"'7);%�#7'*#Y:*WX .'3=!'8%2+&);%/+9/158+H%K%2+F+4 G5&-�'3%;J&-/+ gfh a �XiBc"#& .'2#;WX $+n%('0#>:&)7'8%3'2#6'7%�'?�*)@-;:8#@ &%3%6'7);%/+F#>�*-�%/+#; .-=%('H)"�*-�0:+
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x
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58+H#�+&)"+"'7);% L.'2+&)v01�*'3)$#X#6'7%�'2#|MQ'7'2#6'7);%/+
+&)v%/+&-�0:+8# +.+
01�X+&:H%3'2#6'7%�'?�*)Vyt}�M ~O� M ~ ct5*�*010:+H)"�! $#^%QCU'>=d�*)$#T'K%K%K $#|A
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∑
k |xk| a
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h a � a ��%KGy�*-�'3%@5.0:+8#�+DCe�!#.%�'301'2#6'7%�'?�*)�#>�! .-t .)$+n#>:&)7'8%3'2# '7%�'?�*) `1 � �

+&%P�n'8 "+.+&%-c��I�I� h � a � )"�*%�-/+@5*�*).)7'7'2#/#6'7)$58+IcX58+H#�+&)"+"'7);%-cs'8 $5H .)$+.+&:&01�*)$#�%�-6'7%�'?�*) +.+ %(' 5*�*);=Z+&-@G<+&)$58+
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`p '>=<+85 1 ≤ p < 2
c>%2+8#�5*�*)"+('3%�'?�*)$#F+.+15*�*);=Z+9-;G<+9)W5&+
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x

%?�*-/#;Wd W+
x
%/+&)"+ =<+&-/#
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φ′′(x)
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#.-�'3)$5&'K#�+n'8#&#.-;�;565$+&-s%('nMf�*)$5&%�'?�*)
φ1(x) = |x| #7'7-�%('bL.-6'7)$565$+$+DC 5Xvu#�+&-@L>�!%2+ φ � @�� (x) =

√
s2 + |x|2 '>=Z+&5 .)$+�=I'8%2+H .-
#; F$v#6'7010:+&);%ZMQ'7'KL&%2+b+.+
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J1
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' � g 'yiB< (W†W + λQ−1
x

)
x = W†y ⇔ '^� g LoiB< x = Qx W†

(
λIN + WQx W†

)−1
y

�
	
Qx =

+('('8G (
qk(xk)

) '>=Z+85
qk(xk) =

xk

φ′(xk)
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`1 c>�*)x' φ′
1(xk) = xk/|xk|

+&%,+&�*)$5
qk1(xk) = |xk| a>w '7-F5*�*)$#;:*Wd $+&);%-cq%('�0R'7%�-�'258+ Q−1

x)rC +BV('2#�%/+NWd $+R#�'Z'8 $5H .)$+R5*�*0E#>�t# '7);%/+ +.+
x
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φ � @�� #>�! .-$%('!WX $+H%K%2+T%2+&# qk(xk)
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xk = 0
cP+&%
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+.+

qk1(xk) = |xk|
%?�*-/#6Wd $+

x
%/+&)"+,=Z+&-/#
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x(t+1) = Q(t) W†
(
λIN + WQ(t) W†

)−1
y.

'T)�+�:l+&%-cE#�'
Q(t) '
#/+8# :H%?:&0:+&);%/# +('('8Gy�*)7'8 4V q

(t)
k
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y(tn) =
P∑

k=0

ak cos 2πfktn + bk sin 2πfktn + εn, n = 1 . . . N

⇔ y = Hs + ε g � a�� i�
	
sk = [ak,bk]
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s = [s0, . . . ,sP ]T
+&%

Hn,2k = cos(2πfktn)
c
Hn,2k+1 = sin(2πfktn)
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∣∣ qk = 1) =

|xk|
(σ/2)2

exp

(
− |xk|2

2(σ/2)2

)

�r+&%�%/+Z+('2#�%�-�'KL& .%�'?�*)v+&#/%�+.+r01��v<+&).)$+ σ
2

√
π
2

+&%�#.-/+&)"+1#;�*)I0R'�V(' 0T .0 +9)
σ/2 �  .)$+r-/+H#.-;:8#/+&);%6'7%�'?�*)+8#�%t+&�*).)7:&+�+&) 2"GI .-/+�� a�� #>�! .- σ = 1 a

0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4


���
�� � a�� 1 �b~ ��� M ~ ��� �O~f�*z y9}�M ~f� M ~^� �[MF� N��1� 4��u� N 4 N � y � }o� ~ � �-4 N �F� } N � � M�y!� N � |xk|
� �*z 4 ~ �O~O�tz$z�N � � N��vN9z~�

xN� � N � ~ ����N9z � N 4�� � z�N M�y ~ON:N9z
fk � � �!~ 4 N 
�y�?!� NB~�� = 4 N }.y*M�y � ��� M N σ/2 = 1/2

� � y � ~�� y!� NvN9z
1/2

N�� 4 N
�1� ? N9zWz�N 1

2

√
π
2 ' 0.63

!

	[+H%?�*)v58+&%�%/+Z+.+8#/5&-�'K#.%�'?�*)R+4 101�X+&JH%2+ p AN7 (q,s)
c8%2+8#^'70E#&%3'3%@ "+.+8#c#@#�+85&%�-6'8%2+8#

s
MO�*-�0:+&)[%^+&�*)$5s .)0#.-6�Z58+8#@A

#; $#qL&%('7)$5T)"�*)bGd'8 $#/#�'2+&)rcj'8%?�*-/#=Wd W+�%('r=I'7-�'('8L&%2+
s|q +8#�%DGd'8 $#�#�'2+&).)$+Ic>58+&);%�-;:8+c+&%r+.+T5*��=I'7-�'('7)$58+ σ2diag(q)

c
�
	

q
-/+H#.-;:8#�+&);%/+1%(',#;:*WX $+&)$58+

q
�N+&�! &L&%?:8+ �$<

q
2k

= q
2k+1

= qk
#>�! .-

k = 0 . . . P
cn+&%

diag(q)
+8#�%

%('I0R'7%�-�'258+b+('('8Gy�*)7'8%2+F+DCe:H%?:&0:+&);%/# {q
k
}k=0...2P+1

/�=I'8%2+H .-/#
0
�! 

1 a&� C '3)4Mf�*-�0R'7%�'?�*)3'8#&#>�*-�%;:8+b#7'7-t .)$+%/+H%K%2+F01�X+&:H%3'2#6'7%�'?�*)3#�+H .%$'8%?�*-/#H#jCe:85&-�'3-/+�#;�! $#t%('TMf�*-�0:+�5*�*)"+.+&)$#;:8+F+.+b%('E+('2#/%�-�'KL& .%�'?�*).+.+b#.-;�!L7'8L.'K%3'3%;:Uy
}�M ~f� M ~ cDWd .' '!+(0:+&%b%(',#�%�-@ $5&%@ .-/+E5.'?:&-6'7-/565.'?WX $+v#@ .'3=I'7);%/+Icr+"'7)$#n%('!WX $+H%K%2+

Ne
-/+H#.-;:8#/+&);%/+1%2+1)"�*09L.-/+1+.+

5*�*0E#>�t# '7);%/+8#
)"�*)L)X &%K%2+8#Y+"'7)$#t%('I#6:*Wd $+&)$58+
q
<

p(q,s) = p(s|q) Pr(q)

= gP+1(s,Σs|q) λNe(1− λ)P+1−Ne
�
	

Σs|q
∆
= σ2Dq = σ2diag(q)



� a��Ia �Y+8#/5&-�'K#.%�'?�*).+4 L01�X+&JH%2+ �y�

�
	3%('v)"�*%6'7%�'?�*)�MO�*-�0:+H%K%2+
gP+1(s,Σs|q)

+8#�%J'30E#.-;�!#.-/+T#& .'2#6Wd rC +H%K%2+9Mf'7'3%J'3);%/+&-�=Z+&).'3-, .)$+�0R'7%�-�'258+0+.+�5*�8A
=I'7-�'('7)$58+b+('('8Gy�*)7'8%2+ � <

Σs|q = diag (
	
[sks

t
k|qk])k = diag(qkσ

2I2)k5*�*0E#>�*-�%6'7);%R+.+8#0:H%?:&0:+&);%/#E+.'?'8Gy�*)o'8 4V4)X &%2#I5*�*-�-/+8#@#>�*)"+"'7);%P'8 4V �-:&-;�t#E+.+
q a '�%K%2+R5*�*-�-/+8#@#>�*)7+
'8%?�*-/#-�'KGy�! .-/+H $#�+&0:+&);%$/0%('0+('2#�%�-�'KL& .%/'K�*)3+.+,#.-;�!L7'8L.'K%3'3%;:�<

gP+1(s,Σs|q) =
∏

k/qk=1

g2(sk,σ
2I2)

∏

k/qk=0

δ2(sk). g � a �Xi

���*%;�*)$#:+&)42$) Wd $+ #>�! .-E%('�Ms-;:*Wd $+&)$58+R)X &%K%2+,+&)
k = 0

c  .)$+N%?�*'Fy }�M ~f� M ~ %?:HGyJ&-/+&0:+&);%P+(';:q:&-/+&);%/+
+&�*'3%K�&%�-/+:5*�*)$#/'?+&:&-;:8+1#& .'2#;WX $+E%QCe�*) ' '8%?�*-/#

b0 = −2=(x0) = 0 a '")S565"�*'2#/'3#�#6'7);%�5*�*)4Mf�*-�01:&0:+&);%0'8 4V+&:B2$).'3%�'?�*)$#�#.-;:85*:*+.+&);%/+8#
(a0|q0 = 1) ∼ N (0,σ2)

c8%?'K-/+H%('7%�'?�*) g � a h i #-Ce:85&-�'3%�+&�*)$5s+.+X0R'7).'?J&-/+w-�'KGy�! .-/+H $#/+#>�! .-
k = 0

<
p(s0|q0 = 1) = g1(a0,σ

2) δ(b0)

w '7-K#6�! $5&' +.+�5H%('7-�%;:Ico%2+8#H01�X+('[2W5-'7%�'?�*)$#Y5*�*-�-/+8#@#>�*)"+"'7);%/+>#J)$+�#/+&-;�*);%�#7'*#H-/+H#>�*-�%;:8+8#$+7'7)$#Y%QC +BVu#>�t#6:FWX .'#; .'3%-c.0R'7'2#t%('0#.-�'2#�+F+&)G5*�*0E#.%/+F+.+8#H#;#>:85&'[2W5&'3%;:8#H-;:8#@ &%3%6'7);%/+8#K#/+&-6'0L.'2+&)@+&);%/+&)"+4 .+&:&%6'7'K%K%?:8+F%?�*-/#;WX $+F58+H%('
#jCU'>=y:&-/+&-6'I)":858+8#/#6'7'3-/+ a
�c]�^?]�� ].].]Gb<�cb � etp$m � g �2m��Ee<f9� b�e<fOiPd �cb � p��*fOmWdXdTm

� +�5-'!+(-/+9L7'-vy:8#/'2+9)B#�+b#.-X�&%/+�)7'7%@ .-/+H%K%2+&0:+&)[%b/E%QC +8#�%�'30R'7%�'?�*)�+.+8#�#7'7-6'701J&%�-/+8# p AN7 (q,s) a '")V+C:?+&%-c%;�! .%/+8# %2+8#R'3)4Mf�*-�0R'7%�'?�*)$#G5*�*)$58+&-�)7'7);% %2+V01�d+"JB%2+�%3'3)":-'7'3-/+ g � a�� iP#�+H .=<+&);% �&%�-/+�+&:85&-�'3%/+8#�+.+B0R'7).'?J&-/+#/%6'7%�'2#�%�'?Wd $+Ic7'>=Z+85�<
1 %('v01�X+&:H%3'2#6'7%�'?�*)uy9}�M ~O� M ~ p +&-�)"�! &%K%3'[AN7n'8 $#/#�'2+&).)$+E+&�*);%$%QC '3)4Mf�*-�0R'7%�'?�*) +8#�%�#>�*-�%;:8+I#;�! $#�%('1MO�*-�0:++.+n%('0+('2#�%/-�'KL& .%�'?�*)�+$+,#.-;�!L7'8L.'K%3'3%;:Uyn}�M ~f� M ~

p(q,s)
+&:85&-�'3%/+9'8 #7'7- '8Gt-6'8#&5$+b#.-;:85*:*+.+&);% �1  .)$+x+.+8#/5&-�'K#.%�'?�*) #�%6'7%�'2#�%�'?WX $+�+$+&# #�+&-�%@ .-@L7'7%�'?�*)$#

ε
cs#�+&-�0:+&%�%6'7);%.+.+x+&:B2$).'3- %(' � M�y ~(�>N�� �B� y z � N

+.+8#F�!L$#/+&-�=I'7%�'?�*)$# a '")6#@ &#&#>�t#6'7);%�5*�*010:+P'8 65657'8#.'3%�-/+ h %2+8#b#�+&-�%@ .-@L7'7%�'?�*)$# ε
'!+&+('3%�'3=Z+8#-c ~ ! ~ ! 45!

Gd'8 $#/#�'2+&).)$+8#H58+&);%�-6:&+8#K+&%t+.+�=I'7-�'('7)$58+
σ2

ε

c4%('�=[-6'7'2#/+&09L&%('7)$58+�#-Ce:85&-�'3%r<
L(y; q,s,σ2

ε ) = p(y|q,s,σ2
ε ) = gN (y −Hs, σ2

ε IN ).

� 'B-;JHGI%2+ +.+ p '-vZ+8#0#�+&-�0:+&%P'8%?�*-/#1+.+ MO $#�'?�*).)$+&-E%QC '3)4Mf�*-�0R'7%�'?�*) y }�M ~O� M ~ +&%:58+H%K%2+,5*�*);%/+&)X $+�+"'7)$#E%2+8#
+&�*).)":8+8#jc$#;�! $#Z%('TMO�*-�0:+b+.+n%('0+('2#�%�-/'[L" .%�'?�*)�+$+,#.-;�!L7'8L.'K%3'3%;:Uyn} �8����N M ~O� M ~ +.+8#Z#7'7-6'701J&%�-/+8# p AN7S<

p(q,s|y,θ) ∝ p(y|q,s,θ) p(q,s|θ)

∝ gN (y −Hs, σ2
ε IN ) gP+1(s,Σs|q) λNe(1− λ)P+1−Ne g � a � i

�
	
θ
-/+HGt-;�! &#�+,%2+8#
=5? } N M{}(y*M/y � ��� M N � +4 N#.-;�!L&%?J&0:+Ic$5IC +8#/%|A�/�A{+('3-/+,%2+8#s#7'7-6'701J&%�-/+8#�-;:HGI%('7);%t%2+Y5*�*0E#>�*-�%/+BA

0:+&);%�+.+8#t+(';:D:&-/+&);%/+8#Y+('2#/%�-�'KL& .%�'?�*)$#H'3);%�-;�X+4 .'3%/+8#r<
θ = (λ,σ2

ε ,σ
2) a&� 'I%@5":*�*-�'2+nL7'-vd:8#�'2+&).)$+b+$+,%QC +8#�%�'30R'�A%�'?�*)0%('7'2#/#/+s'8%?�*-/# %2+r5657'70E#0%3'KL.-/+Z/Y%QC  $#6'8G<+s+.+�+(';:q:&-/+&);%/+8#"#;�*-�%�+&#�+DC +8#�%/' 0R'7%�+B $-/#�L7'*#;:8#�#@ .- %QC +BVu#&%?�*'3%6'7%�'?�*)

+.+Y%('b+('2#�%�-�'KL& .%/'K�*) yY} �8����N M ~O� M ~
p(q,s|y,θ) ad� +K565"�*'[VR+DC  .)$+K#/%�-6'7%;:HGt'2+$'!+"'8#.%;:8+$/F)"�*%�-/+Y#.-;�!L&%?J&0:+YMs+&-6'%QCe�!LF,�+&%Y+.+8#Z#7'7-6'8Gt-6'8#&5$+8# � a �I+&% � a h a

� +&0R'7-;WX "�*)$# Wd $+Z%2+�5-'*#^#&%K $#�Gy:&)":&-6'8%o+.+Z#�+&-�%@ .-@L7'7%�'?�*)$#X)"�*) ~ ! ~ ! 45! 1 0R'7'2#^+.+
#�%6'7%�'2#/%�'?Wd $+
5*�*).)X $+ 1#�+H .%��&%�-/+�#.-�'2#w+&)R5*�*0E#.%/+J+&)U01�X+('[2o'7);%�+&)R5*�*)$#;:*Wd $+&)$58+$%2+H%/+&-�0:+,+.+H=[-6'7'2#/+&09L&%('7)$58+ a '") #7'7-�%�'25H &%3'2+&--cACBCyzW [�ECS+WsSUYZEC[
diag(ak)k

haECHTHULNMTOvEC[�J ] `8W j�WsSTHUYZhaL�J�Y8WCoCE�[�Ws`ZL J5{ ��� �>0 �>3 2 � ak
`ZECHUM���G\L�hNLaG�k = haY�MTEC[�S�MTh}WC`8WCYqHULaMal�LNS�O\WsHLNk|SULa[\MTYZE�[ ] `8Wrj�WsSTHUYZhaL�V\`ZE�h = JIYnWso�E�[\WC`ZLN:;ECHUj�taL�O�WXHm`ZLaM ���Zg � � ak

`ZECHUM���G\L hNLaG�k = haYvMTE�[�S�JILaM j�WsSTHUYZhaLNMaB



�I� � 57'8#.'3%�-/+ � a �Y#&#.-;�;565$+b#7'7-
01�d+":B%3'2# '7%�'?�*) p +&-�)"�! &%K%3'[AN7n'8 $#/#�'2+&).)$+

%2+�5-'*#t+.+$#�+&-�%@ .-@L7'7%�'?�*)W#
'3)"+&:H#�+&)"+"'7);%/+8#K+&%ZGd'8 $#/#�'2+&).)$+8#�0R'7'2#t+.+Y=!'7-�'('7)$58+8#t+(';:D:&-/+&);%/+8#
5*�*).)u $+8#
εn ∼

N (0,σ2
ε,n)

c[#/'3%@ 7'7%�'?�*) Ms-;:*Wd $+&);%/+$#>�! .-Z+.+8#Z�!L$#/+&-�=I'7%�'?�*)$#t'*#�%�-;�*)"�*01'?WX $+8#-c(#/+&-6'�%�-6'7'3%;:Y+&)R-/+&0E#&%('!)-'7);%Z%2+
#.-/+&01'2+&-H%/+&-�0:+b+"'7)$#Z%QC +BV4#.-/+8#/#�'?�*)L5&'[A{+.+8#�#@ $#Z#7'7-Z%('I=;-6'7'2#/+&09L&%('7)$58+�5*�*-�-/+8#@#>�*)"+"'7);%/+

gN (y −Hs,Σε)
c

�
	
Σε

+8#�%Z%('I0R'7%�-�'258+F+('('8Gy�*)7'8%2+F+DCe:H%?:&0:+&);%/#
σ2

ε,n a���*%;�*)$#1WX $+N%2+N#7'8#.'2+&-EMf�*)"+"'7%/+H .-1#>�! .-1%('�+&:85*�*);=d�!%[ $%�'?�*) p AN7�+.+ ���*-�09vX%?� +&% )B+&)"+.+H%b� � �I�I���{c'7'3)$#/',WX $+.%2+8#U%�-6'>=I'8 4V�#>�t#�%;:&-�'2+H .-/# +.+.%QCe:*WX .'K#�+�+.+ )@+&)"+.+H% g #o'7-R+BV.+&0E#&%2+S�8� 5.'�+&%�)B+&)"+.+H%fc � �I���"c7n�! .%/#�'('*#v+&%9)B+&)"+.+H%Qc � �I� � � i0 .%�'K%3'2#�+&);%1 $)$+ +&:B2$).'3%�'?�*)�%?:HGyJ&-/+&0:+&);% +(';:q:&-/+&);%/+�+DC  .)�#.-;�;58+8#/#@ $# p AN7 a
w �! .- +.+8#P#7'7-6'701J&%�-/+8#BM;� N � � cc'K%2#U5H�*)W#�'?+&J&-/+&);% s

5*�*010:+. .)�#.-;�;58+8#/#; $#R#.-;�X+4 .'3%
sk = qkwk

c �
	
wk+8#/%E .) #.-;�;58+8#�#@ $#1L&%('7)$5 Gd'8 $#/#�'2+&) 58+&);%�-;:�+.+L=!'7-�'('7)$58+

σ2 +&% ~ z 4d��} N9z 4<y z � +.+
qk
c"+&%�+BV&'701'3)$+&);%R%2+

#.-;�!L&%?J&0:+�+.+.%QC +8#�%�'30R'7%�'?�*) +.+
(q,w) a 7,�! $#/# '7-;+�� � �I�I����01�*);%�-/+�WX $+�%('60R'�V['301'2#6'7%�'?�*) +.+.%('�%?�*'1y

} �8����N M ~f� M ~ ,|�*'3);%/+J+&)
(q,w)

�! R+&)
(q,s)

+&:HL>�! $565$+�#@ .-�+.+8#w#;�!%K .%�'?�*)$#s+(';:D:&-/+&);%/+8#w#/+H%?�*) %('bMf�*-�09 &%('7%�'?�*)
'!+&�!#.%;:8+Ic.+&% ,` $#/%�'[2W+�%2+J565"�*'[VN+4 U01�X+&JH%2+

(q,s)
WX .'�-/+&=v�&%s .)$+Y#�%�-@ $5&%@ .-/+$#&%K $#w)7'7%@ .-/+H%K%2+nWd W+�%2+K01�X+&JH%2+

#.-;�X+4 .'3%
(q,w) a �r+H#�+&)"+"'7);%-c=%QC +&)$#/+&09L&%2+P+.+:58+&#F%�-6'�=!'8 4V�#.-�'3=;'K%?:HGt'2+1 .)$+:+8#/%�'30R'7%�'?�*)�L7'*#;:8+:#@ .-b%('N%?�*'� y*M �I~ z yI� N

p(q|y,θ)
c4WX .'l-/+&=5�&%Z%('�0 �&0:+�+BV4#.-/+8#/#�'?�*),'3)"+&:H#�+&)"+"'7010:+8);%�+.+,%('T+&:B2$).'3%�'?�*)@#;�! $#|A�,;'*58+&);%/+

+4 L01�X+&JH%2+ p AN7 +&%Z%2+8#Y+.+H 4V Mf�*-�09 &%('7%�'?�*)$#H#6�*);%t+"'7)$#H58+�5-'*#Y:*Wd .'3=I'8%2+&);%/+8# a
�c]�^?] \ �HiPf �7iPfhdPetm4iPq�g�iPf � blo<kPf�dcb?gOm��

� ) #.-/+&01'2+&-P:H%?:&0:+&);%N/V+&);=['2#6'8G<+&-P+"'7)$#1%QCe�!#.%�'?WX $+ +$+ %QC +8#�%�'30R'7%�'?�*)�L7'-vd:8#�'2+&).)$+�+.+8#1#7'7-6'701J&%�-/+8#
p +&-�)"�! &%K%3'[AN7n'8 $#�#�'2+&)$#v5*�*)$58+&-�)$+ %2+R565"�*'[VA0 �&0:+ +.+N%('.%?�*'Y/3%('.L7'*#/+ +.+N%('.#.-;�;5*:*+4 .-/+ +DC +8#/%�'30R'7%�'?�*) a'T)L+�:?+&%-c.#;�! $#s%QC 5Xvu#>�*%@5"J8#/+b+.+,Gd'8 $#/#/'('7).'3%;:n+.+8#Y'70E#&%3'3%@ "+.+8#

s
cu%2+H .-
0R'7-@Gt'3)7'8%3'2#6'7%�'?�*).+"'7)$#t%('T%?�*' g � a � i#jCe�!L.%�'2+&);%Y#6'7)$#$+(';$v5H &%3%;: a 	[+F#>�t#/+0'8%?�*-/#�%('PWd $+8#�%�'?�*)�+.+�#6'>=d�*'3-�%('!WX $+H%K%2+!cq+.+F%('1%?�*'~,@�*' )[%/+9�! �+.+F%('1%?�*'0R'7-@Gt'3)7'8%2+Ic�+8#�%Z%('I01'2+H 4V '!+"'8#.%;:8+ a�t2$)3+rCe'8%K%?:HG<+&-,%2+8#$:85&-�'3%@ .-/+8#jc�)"�! $#$�*0:+&%�%;�*)$#,#>�! .-$%QC '3)$#�%6'7);%$%('R+&:H#�+&)"+"'7)$58+1+&)

θ
+.+8#$+(';:q:&-/+&)[%/+8#

+('2#/%�-�'KL& .%�'?�*)$# a ���! $# -6'8#&#�+H%?�*)$#�%;�! .%�+DCU'8L>�*-;+T%QC +BVu#.-/+8#�#�'?�*)I+BV&'*5&%/+�+.+ %('t%?�*'�,|�*'3)[%/+Jy�} �8����N M ~f� M ~ c�+&:&-�'3=d:8++.+8#
-/+H%('7%�'?�*)$# g � a �Xi�+&% g � a � i><

p(q,s|y) = gN (y −Hs, σ2
ε IN )

∏

k/qk=1

g2(sk,σ
2I2)

∏

k/qk=0

δ2(sk) λNe(1− λ)P+1−Ne g � a�� i

�
	
Ne

+8#�%Y%2+F)"�*09L.-/+9+.+F=!'8%2+H .-/#K)"�*)G)X &%K%2+8#�+"'7)$#Y%(':#6:*Wd $+&)$58+F+.+ p +&-�)"�! &%K%3' q a 	u�! $#�%3+8#Y5Xvu#>�*%@5"J8#/+8#+.+RGd'8 $#/#�'('7).'3%;: +.+
ε
+&%T+.+8#T'70E#&%3'3%@ "+.+8#

s
c=%?' %3'3)":-'7-�'3%;: +4 601�X+&JH%2+ g � a�� ib#�+&-�0:+&%T+DCU'�$:-�0:+&-0WX $+1%('=I'7-�'('8L&%2+F5*�*)"+('3%�'?�*).)$+H%K% +

y|q +8#�%Y:HGd'8%2+&0:+9)[%YGd'8 $#/#�'2+&).)$+Ico'>=<+85�<
	
[y|q] = H

	
[s] = 0

	
[yyt|q] = σ2

ε IN + HΣs|qH
t ∆

= Σy|q
�
	rcX-6'8#&#�+H%?�*)$#@AQ%3+Ic

Σs|q
+8#�%P%('65*��=I'7-�'('7)$58+ y }�M ~f� M ~ <

Σs|q = σ2diag(q) a � C +BVu#.-/+8#/#/'?�*) +.+.%('x%?�*'1y
} �8����N M ~f� M ~ 0R'7-@Gt'3)7'8%2+

Pr(q|y)
#-Ce�!L.%�'2+&);%$'8%?�*-/#t#7'7-Y'8#&#"% '25-'7%�'?�*)3+.+n%('�-;JHGI%2+b+.+ p '-v<+8#=<

Pr(q|y) = p(y|q) Pr(q)

= gN (y,Σy|q) λNe(1− λ)P+1−Ne g � a �Ii�
	
Σy|q = σ2

ε IN + σ2 H diag(q)Ht.

�Y+H 4V,#�%�-6'7%;:HGt'2+8#Y+(';:D:&-/+&);%/+8#Y+DC +8#/%�'30R'7%�'?�*).+.+8#Z#7'7-6'701J&%�-/+8# p AN7 #�+B $=<+&);%�'8%?�*-/#u�&%�-/+�0:+&)":8+8#r<
1 %QC +8#�%�'30R'7%�'?�*)@5*�*)�,@�*'3);%/+b+.+8#t#7'7-6'701J&%�-/+8# (q,s)

/0#7'7-�%�'3-Y+.+n%('T%?�*'-,|�*'3);%/+ g � a�� i �



� a��Ia �Y+8#/5&-�'K#.%�'?�*).+4 L01�X+&JH%2+ �I�

1 %('0+&:&%/+85&%�'?�*) #.-;:-'8%('8L&%2+b+.+$%('I#;:*WX $+&)$58+n+.+ p +&-�)"�! &%K%3' q̂
/T#7'7-�%�'3-t+.+,%?'T%?�*'?0R'7-@Gt'3)7'8%2+ g � a �IiBc4#& .'2#%QC +8#�%�'30R'7%�'?�*) +.+8# '70E#&%3'3%@ "+.+8#U5*�*)"+('3%�'?�*).)$+H%K%2+80:+&)[% /�%(' 5*�*).)o'7'3#�#6'7)$58+.+.+
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∫
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∫
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v̂ar ûk � � =

1

T − 1

T∑

t=1

(u
(t)
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Pr(q(t)|y)
+&)�5657'!WX $+

:85657'7);%�'K%K%?�*)
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01'2# '7%�'?�*) �yc[5*�*010:+$%QC +BV['2#/%/+&)$58+,+.+K01'3).'30R'9%?�;5-'8 4V +4 ,5&-�'3%;J&-/+n/9�!#.%�'301'2#/+&-s#>:&)7'8%3'2# '7);%Z+.+8#Z'8#&#.-;�;565$+8#
'3%;:&-6'7%�'3=Z+8#F+.+1%�vu#�+_	z) � � � a )3'7'2#�#@ .-�%;�! .%-cn58+&%�%/+1#.-;�;5*:*+4 .-/+v#;�! -:�-/+Icn+&)S58+1Wd .'c5*�*)$58+&-�)$+1%QCU'8#&#&%3'25-'�A%�'?�*)B+&);=['3# '8Gy:8+9/E%('1+&:&%/+85&%�'?�*)�+.+F-6'7'2+8#K#@#�+85&%�-6'8%2+8#-co+4 G-/+H#.-;�;565$+�5*�*0109 .)�/1%;�! $#Y%2+8#K+8#�%�'30R'7%/+H .-/#$+.+
%�vu#�+()3� w c4WX .'l+8#/%�'30:+&);% q

#7'7-s .)$+Y=y:&-�'3%6'8L&%2+�#;:*WX $+&)$58+,+.+ p +&-�)"�! &%K%3' a '"),+�:?+&%-cu%QCe�!L.%/+&);%�'?�*)�+.+ q̂k � �#�+&-�0:+&%9+DCU'*#/#;�;5&'2+&-b%2+I-6:&#; &%3%6'7%9/  .)�+.+HGt-;:1+.+15*�*)42o'7)$58+P'*585*�*-;+&:v#@ .-n%(' +&:&%/+85&%�'?�*)�:&=Z+&);%@ $+H%K%2+R+DC  .)$+
-6'7'2+F#;#�+&5&%�- '8%3+^<

q̂k ���
N ��� � z�N�N ���O~�� y �O~f�*z 4 N �3yt}�M � ��y&� ~ � ~ � �(4�� N � ~(����N9z � N 4 � � z�Nt�B~ z � �H��� 4 N x9�3yp�DM;�X2�� N9z � N

fky�� � � 4 N �9� � �>N M � y �O~f�*z&�
y
!

� 'U#�%�-@ $5&%@ .-/+E+4 01�X+&JH%2+ p +&-�)"�! &%K%3'[AN7n'8 $#/#�'2+&)rcn5*�! &#&%?:8+1/P .)W+I+8#�%�'30R'7%�'?�*)�'8 #/+&)$#n+.+T%('�01�jvZ+&).)$+,y} �8����N M ~f� M ~ g � a�� �yiBc=#�+&-�0:+&%9+&�*)$5R+DCe�!L.%/+&).'3-0'>=<+85 q̂ � �  .)$+:+8#�%�'30R'7%�'?�*) +.+E%(' #.-;�!L7'8L.'K%3'3%;:P+DC +BV['2#/%/+&)$58++DC  .)$+I-6'7'2+I+&)V%;�! .%,#>�*'3);%b+.+T%('RGt-�'K%K%2+TM -;:*WX $+&);%�'2+H%K%2+ aD� )B'3);%;:&-X�&%�0R'�, +H .-b+.+9%QC +8#/%�'30R'7%�'?�*)�'8 #/+&)$#,+.+%(' 01�jv<+&).)W+6y } �8����N M ~O� M ~ #7'7-:-6'8#&#>�*-/% '8 0R'�V['309 .0 y } �8����N M ~O� M ~ '8#&#7'7-6'��2%�'25&'y<�%2+0).� w c Wd $+L58+#6�*'3%,#>�! .-n%(' %?�*'�,|�*'3);%/+
p(q,s|y)

�! �%('P%?�*'"0R'7-@Gt'3)7'8%2+
Pr(q|y)

coMf�! .-�).'3%n .) +8#�%�'30R'7%/+H .-
q̂ ��� � Wd .'T+8#�%%K .'[AO0 �&0:+� .)$+G#;:*WX $+&)$58+�+.+ p +&-�)"�! &%K%3'Qc�/V=I'8%2+H .-/# 0

�! 
1 a q̂ � � � +8#�%�58+&-�%/+8#R%?' #;:*WX $+&)$58+ ��%('�#&%K $#

#.-;�!L7'8L&%2+ �yc;0R'7'2# %QC +8#�%�'30R'7%�'?�*)R)rCU'8#&#>�*-�%/+n'8 $5H .)$+J'3)4MO�*-�0R'7%�'?�*) '8 U#; �, +&%�+.+�%('�5*�!5":&-/+&)$58+,+4 �-;:8#; &%3%6'7% a'T)P+rCe'8 $%�-/+8#X%/+&-�0:+8#-cd%QCe:85657'7);%�'K%K%?�*).)o'8G<+,+.+t%('F+('2#�%�-�'KL& .%�'?�*) y�} �8����N M ~O� M ~
p(q, s|y)

#�+&-�0:+&%�+DCU'*585*:*+.+&-Z/
 .)$+FWX 7'7);%�'3%;:F+DC '3)4Mf�*-�0R'7%�'?�*)$#�#�+&-�%�'3)$+&);%/+8#,+&�*);%Y%('I-�'2565$+8#�#/+F)rC +8#�%t#7'*#K#@ F$v#6'7010:+&);%J+BV4#&%?�*'3%;:8+b#7'7-Y%('
#�+H &%2+�+BV(%�-6'*5&%�'?�*)x+4 B0R'�V('309 .0 a �r+&%�%/+�'3);%/+&-@#.-;:&%6'7%�'?�t) +8#/%Y58+H#�+&)"+"'7);%n .)�#>�*'3);%F5B%?:0+.+T%('P#.-;�;5*:*+4 .-/+
�IB�� ECG\M ^ LRHTHUE�[\M�SUECG�SUL : E�YZM WsG#� ��B ��BZA ��G�Lp`�{ WC`ZoCECHUYZSU��j�L � H � H OQLaGIS#�NSTHULpOQLNHTSUGIHUVQt�O�WsH�`�{ WsSTSTH+WshNSUYZE�[dJ�Lp`8W�hR�\W��n[\L

^ LNHUMmJILaM j�E|JILaM `8E�haWCG�kvl�H+Ws`ZLa[�SUYZMTMUWC[�S�MUWrhaE�[ ^ LRHUo�La[�haL ^ LRHUM `8W�JIYZM STHUYZV\G�SUYZEC[(tah+�\WC[�SUYZ`Z`8EC[\[�taL�B



� � � � 57'8#.'3%�-/+ � a �Y#&#.-;�;565$+b#7'7-
01�d+":B%3'2# '7%�'?�*) p +&-�)"�! &%K%3'[AN7n'8 $#/#�'2+&).)$+

+DC +8#/%�'30R'7%�'?�*)�Wd $+R)"�! $#E#.-;�!#>�t#;�*)$#1+"'7)$#E%2+R5*�*);%�+ V(%/+ +.+ %('�+&:&%/+85&%�'?�*)�+.+R-6'7'2+8#:#@#�+85&%�-6'8%2+8#-c�+&�*);%E%2+
#�565":&0R'1+8#�%t+&:85&-�'3%�'8 L%6'8L&%2+-'8 � a��Ia

�Ia %QC +8#�%�'30R'7%�'?�*).+.+ 	 [q|y]
#o'7-Z%('�01�jvZ+&).)$+

q̂ � � = 1
T

∑
t q(t) '7'3)$#/'rWX $+�58+H%[%2+F+.+8#Z5XvX#�+&-|A#7'7-6'701J&%�-/+8#

θ̂ � � = 1
T

∑
t θ(t) �� a %QC '3);%/+&-@#.-;:&%6'7%�'?�*)�+4 G-;:8#; &%3%6'7%J+&)G%/+&-�0:+8#$+.+,}�M � �/y5� ~ � ~ � � � 4 N 4X� ��N � �O~O�*z c�+&%Y%('v#;:H%2+85&%�'?�*)+.+8# Ms-;:*Wd $+&)$58+8#L#�'KGt).'[2W5-'7%�'3=<+8# #7'7- �8N � ~ � � y �ZN +.+8#R=I'8%2+H .-/# +.+

q̂ � � c�#.-;�X+4 .'2#6'7);%  .)$+#;:*WX $+&)$58+9+.+ p +&-�)"�! &%K%3' q̂α

<
q̂αk

= 1
#�'

q̂ � � k ≥ α
+&%

0
#�'3)"�*) a>� +�).'3=<+-'8 �+.+�#/+H .'K% α+8#�%Z%('7'2#/#6:b'8 %3'KL.-/+�565"�*'[V +.+,%QC +BV4#�+&-�% �

h a %QC +8#�%�'30R'7%�'?�*)
+.+8#0'70E#&%3'3%@ "+.+8#15*�*-�-/+8#@#>�*)"+"'7);%/+8#-c�'8 4#�+&)$#9+4 40R'�V['309 .0 g �! S+.+v0R'�A).'?J&-/+9:*WX .'3=!'8%2+&);%/+T+.+F%('101�jvZ+&).)$+jiY+.+F%?'1%?�*' Gd'8 $#/#/'3+&).)W+
p(s|q = q̂α,y)

c7�!L.%/+&)u .#7'7-
%QCe:*Wd 7'7%�'?�*) g � a �yiBc.- '8#&#�+H%K:8+F'25&'y<

ŝα =
	
[s | q̂α, y] = Σs|q̂α

Ht Σy|q̂α

−1 y

�
	
Σs|q̂α

= σ2diag(q̂
α
)
+&%

Σy|q̂α
= σ2

ε IN + HΣs|q̂α
Ht +&%Y+&)� .%�'K%3'2#6'7);%n%2+8#J=I'8%2+B $-/#

+8#�%�'301:8+8#n/1%QCe:&%6'8#�+ � #>�! .-,%2+8#�5Xvu#�+9-;#7'7-6'701J&%�-/+8# σ2 +&% σ2
ε ao� C +BVu#.-/+8#/#/'?�*)�'7)7'8%Kv;%�'?WX $++.+,%('I0R'7%�-�'258+F+.+�5*��=I'7-�'('7)$58+9'*#/#;�;5&'?:8+F+8#�%Y'8%?�*-/#Y+&�*).)":8+b#7'7-b�e�`+('2+&- N�� y!�"!(c"�I�I���!�d<

�s��=
[s | q̂α,y] =

	
[(s− ŝα)(s− ŝα)t| q̂α, y]

= Σs|q̂α
−Σs|q̂α

Ht Σ−1
y|q̂α

HΣs|q̂α
.

'") #7'7-�%�'25H &%3'2+&--c %2+8#�:H%?:&0:+&);%/#�+('('8Gy�*)7'8 4V +.+ 58+&%�%/+ 0R'7%�-�'258+ #;�*);% %2+8# =I'�A
-�'('7)$58+8#

var âk, var b̂k
�
	

ŝk = [âk, b̂k] a
����� � � a�� 1 � M � �6�X4��[M N 4 � N ���O~�� y �O~f�*z 4 N

(q,s)
x�}.y*M �O~ M 4 N � � �X��=[y z~�O~ � � �*z$z y �ZN 4 N � y � �!~ y�} �!����N @

M ~f� M ~
p(q,s|y)

!

'T)L58+bWd .'n5*�*)$58+&-�)$+b%QC +8#�%�'30R'7%�'?�*).+.+8#�'70E#&%3' %; "+.+8#-c$)"�*%;�*)$#
+&)$5*�*-/+FWd $+,%2+8#t#7'7-6'701J&%�-/+8#Y+DC '3);%6:9-s�9%K#6�*);%
+8#�#/+&);%�'2+H%K%2+&0:+&);%s%2+8#X01�X+4 &%2+8#

ρk =
√

a2
k + b2

k

'*#/#;�;5&'?:8#s/�5657'!Wd $+J#/'3)X $#;���Q+.+IcuWd $+K)"�! $# #>�! .=d�*)$#s:HGd'8%3+BA
0:+&);%J+8#�%�'30:+&-,'8 @#/+&)$#�+.+b%(' ) w /E#7'7-�%�'3-�+.+8#�:85657'7);%�'K%K%?�*)$#

a
(t)
k , b

(t)
k

co'7'3)$#�' WX $+n%('1=I'7-�'('7)$58+T'*#/#;�;5&'?:8+ a�$�! $#T#.-;:BMf:&-;�*)$#158+B#�+&)"+7'7);%E .%�'K%3'2#/+&-0%2+8#I+BV4#.-/+8#/#�'?�*)$#�%@5":*�*-�'?WX $+8#TMf�! .-�).'2+8#T#7'7-97,�X�X+(0R'7) � � �I� � �t�
	rc#/'
âk ∼ N (ma,v)

+&%
b̂k ∼ N (mb,v)

cD%('U01�jvZ+&).)$+:+&%b%('R=!'7-�'('7)$58+R+.+
ρk

�*);%b%2+&#�+BV4#.-/+8#/#�'?�*)$#F'7)o'8%[vXA
%�'?WX $+8# +&�*).)":8+8#Z/n%QCU'7).)$+BV(+ p$a��Ia �r+K565"�*'[VqcdL.'2+&) Wd rCU'8#&#.-;�-V('30R'7%�'[M=#& .'2#;WX rC 'K%�#@ &#&#>�t#/+YWX $+t%2+8#c=I'7-�'('8L&%2+8#y,} �8����N M ~f� M ~

ak|y
+&%

bk|y
#;�*)[%w'3)"+&:H#�+&)"+"'7);%/+8#H+&%t+.+J0 �&0:+�=!'7-�'('7)$58+Ic&#.-/+&)"+(-6'�%;�! .%
#6�*),#/+&)$#s%?�*-/#Z+.+

%QC +8#�%�'30R'7%�'?�*)�+.+8#Y#7'7-6'701J&%�-/+8#,+4 @01�X+&JH%2+ p +&-�)"�! &%K%3'[AN7b'8 $#/#�'2+&)�'>=Z+85F+&:85-'8%('8G<+8#Y+&)�M -;:*WX $+&)$58+T'8  . � a��#>�! .-R%2+*Wd $+H%
)"�! $#:)$+ #>�! .-�-;�*)$#R#&%K $#v+8#�%�'30:+&-1%2+,01�X+4 &%2+./3#7'7-�%�'3-P+.+8#1:85657'7);%�'K%K%?�*)$#
a

(t)
k , b

(t)
k a �$�! $#)rCU'>=d�*)$#F#7'*#�%�-;�! .=d::).' #& :&%6'8L&%3'3-T+DC +BVu#.-/+8#�#�'?�*) '7)7'8%Kv[%�'?Wd $+�+BV&'*5&%/+P+.+8#�01�*0:+9)[%/#9+$+

ρ̂
+"'7)W#F%2+:5-'*#

Gy:&)":&-6'8%�+DC  .) 5*�! &#&%2+
sk = [âk, b̂k]

Gd'8 $#�#�'2+&) +&%1+$+R0R'7%�-�'258+�+.+L5*��=I'7-�'('7)$58+L)"�*) #.-;�!#>�*-�%�'?�*).)$+H%K% +3/
%QC '?+.+&);%�'3%;: a '") #.-6'7%�'?Wd W+F58+H#�+&)"+"'7);%-c$)"�! $#�'>=y�*)W#�%;�! �,|�! .-/#Y�!L.%/+&)X .+.+8#�=I'8%2+H .-/#i���E= [ŝk|y] ' v I2 a
�c] \�]�� _1`Zacb?dPe<f�ghgjiPdXdTblknm �cm��Ga
� � m$o � b�oZb ���.eto<m6�

���! $# '>=y�*)$#P5*�*)$#�'?+&:&-;:T%;�! .% '8 b%?�*)&G�+.+T58+�#7'7-6'8Gt-6'8#&5$+^ .)W+^+&:H#�+&)"+"'7)$58+T0T $+&%�%/+^+.+8#=+(';:D:&-/+&);%/+8#r%?�*'2#
+.+n#.-;�!L7'8L.'K%3'3%;:F:&%@ "+('?:8+8#H+&);=Z+&-/#Z%2+8#Z5Xvu#�+&-@#7'7-6'701J&%�-/+8#

θ = (λ,σ2
ε ,σ

2) a '") #7'7-�%�'25H &%3'2+&--c"%('E+('2#�%�-�'KL& .%�'?�*)



� a h a 'T#/%�'30R'7%�'?�*)3'8 L#�+&)$#t+.+,%('I01�jvZ+&).)$+vyn} �8����N M ~f� M ~ g ) w i � � �

#; .-Z%('!Wd $+H%K%2+F)"�! $#Z#.-;�!#>�t#;�*)W#Y+.+,L7'*#�+&-Z%QC +8#�%�'30R'7%�'?�*)3) w #-Ce:85&-�'3%H#;�! $#sMf�*-�0:+�5*�*0E#&%?J&%/+�<

p(q,s|y,θ) ∝ p(y|q,s,σ2
ε ) p(s|y,q,σ2) Pr(q|y,λ).

� + #7'7-6'!+('KGt0:+�L7'-vd:8#�'2+&)0+"'7)$# %2+*WX $+H%;)"�! $#Q)"�! $# #&%('!)*�*)$#�+8#�%  .)I5-'!+(-/+X'?+&:-'8%u#>�! .-�5*�*)$#�'?+&:&-/+&--cI'8 �01�*'3)$##; .- %2+ #&%('7)I%@5":*�*-�'?WX $+Ic8 .)$+w+8#�%�'30R'7%�'?�*) z>�*z1� �j} N M �-~ � � N %;�*%6'8%2+&0:+&);%�L7'-vd:8#�'2+&).)$+w+&)I#�+c09 .).'2#�#6'7);%�+DC  .)$+
+.+8#�5&-�'K#.%�'?�*)�#.-;�!L7'8L.'K%3'2#�%/+1+.+8#,5Xvu#�+&-@#7'7-6'701J&%�-/+8#�#;�! $#,%('RMO�*-�0:+E+DC  .)$+E+('2#�%�-�'KL& .%�'?�*)

p(θ) a �{%"+8#�%b'8%?�*-/##>�t#�#�'KL&%2+�+.+H-;:-'8%3'2#�+9-�%QC +8#�%�'30R'7%�'?�*) /b#7'7-/%�'3-s+.+Y%('b%?�*'�y$} �8����N M ~O� M ~ 5*�*)�,@�*'3);%/+J+&)
(q,s,θ)

cXWd .'�#-Ce:85&-�'3%�#7'7-
'8#&#&%3'25-'7%�'?�*)3+.+,%('I-;JHGI%2+b+.+ p '-v<+8#=<

p(q,s,θ|y) =
p(y|q,s,θ) p(q,s|θ) p(θ)

I ∝ p(y|q,s,θ) p(q,s|θ) p(θ) g � a�� �yi
�
	 I +8#�%^%('�5*�*)$#�%6'7);%/+Y+.+
)"�*-�0R'8%3'2#6'7%�'?�*)�'3);%;:HGt-6'7);% %2+�%/+&-�0:+Y+.+t+(-;�*'3%/+H#@ .-^%QC +&)$#/+&09L&%2+�+.+8#^#7'7-6'701J&%�-/+8#'8%?:-'7%;�*'3-/+8#

q,s,θ ao� C  .%�'K%3'2#6'7%/'K�*)x+.+9+('2#�%�-�'KL& .%�'?�*)$# p(θ)
zo�*z�~ z � � M � y �O~��7N � c�5IC +8#�%|A�/�A{+('3-/+�)$+�)":858+8#/#�'3%6'7);%

'8 $5H .)$+�5*�*).)7'7'2#/#6'7)$58+1y$}�M ~f� M ~ #@ .-�%2+8#r=I'8%2+H .-/#s+.+
θ
cX#�+&-�0:+&%Z+DC +&);=['2#6'8G<+&-s .)$+Y+8#�%�'30R'7%�'?�*)R)"�*),#@ &#�+&-|A

=['2#;:8+ a
� ' � y � ~��0~(� y �O~O�*z � �*z � �!~ z ��N +.+Z%('b+('2#�%�-�'KL& .%�'?�*) g � a�� �yiT+&)1%2+8# #7'7-6'701J&%�-/+8#r+&%^5Xvu#�+&-@#7'7-6'701J&%�-/+8#w+8#�%%@5":*�*-�'?WX $+&0:+&);%�#>�t#/#�'KL&%2+Ic�0R'7'2# L& .%/+X#@ .-=%2+8# 0 �&0:+8# #.-;�!L&%?J&0:+8#�Wd $+ %QC +8#�%�'30R'7%�'?�*)E'8 �#/+&)$# +4 �0R'�V['309 .0
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I(θ|y) = − 	 [ ∂2

∂θ2 log p(q,s|θ)].
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λ ∼ Be(a,b)
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σ2
ε ∼ χ−2(ν,η)

+9%
σ2 ∼ χ−2(µ,ξ)
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p(λ) � � ' +&:H#�+&)"+"'7)$58+�+.+�%(' %?�*'�y } �8����N M ~O� M ~ g � a�� i +&)
λ
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λNe(1 − λ)P+1−Ne
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Ne
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λ ∼ U[0, 1] : p(λ) = � [0, 1] (λ).
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p(σ2

ε ) � w %K $#�'2+H .-/#Y#�%�-6'7%;:HGt'2+8#Y#;�*);%J+&);=;'2# '8G<+*'8L"%3+8#$#>�! .-Y565"�*'2#�'3-$ .)$+F%?�*' p(σ2
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0R'7%�'3=Z+ aX� 'b#>�t#/#�'KL.'K%3'3%;:�+.+t#.-�'2#�+H+&)�5*�*0E#.%/+$+DC  .)$+�+('2#�%�-�'KL& .%�'?�*) yY}�M ~O� M ~  .).'[Mf�*-�0:+�+.+ σ2
ε

#@ .-
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#.-;�!#.-/+&0:+&);%R+&:B2$).'2+R#�'�%QC '3);%;:HGt-6'8%2+ ∫
σ−N

ε exp− ||y−Hs||2
2σ2

ε
dσ2

ε
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N/2 > 1
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N ≥ 3
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ε
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σ2

ε ∼ IG(α,β)
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ε |y,q,s,λ,σ2)
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α
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β
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ε
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p(σ2

ε ) ∝ 1/σ2
ε
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ε
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



σ2
ε ∼ U[0, +∞[ : p(σ2

ε ) = � [0, +∞[(σ
2
ε ),

σ2
ε ∼ IG(α,β)
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α
+&%

β
#/+&-;�*);%�/�-;:HGI%2+&-

,
σε
#@ .'3=I'7);%Z%QC2yn}�M ~f� M ~ +.+ * +�:�-/+Hv(# : p(σ2

ε ) = 1/σ2
ε .
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∏

k/qk=1

g2(sk,σ
2I2) = σ−2Ne exp−

∑
k/qk=1 ||sk||2

2σ2
,
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Ne
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Ne > 1
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ε
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" $+&)$58+E+"'7)$#,%QC +BVu#.-/+8#�#�'?�*)�+.+ g � a�� iH-/+&=5�&%,+.+8#$MO�*-�0:+8#�#�'301'K%('7'3-/+8# 1 %2+I565"�*'[V3+DC  .)yR}�M ~f� M ~ 5*�*)�,` &GI 7:�#/+EMs+&-6'�+"'7)$#F%(' Mf'701'K%K%2+P+.+8#9%?�*'2# IG(µ,η) � %2+v565"�*'[V +.+ µ ≥ 1
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{
σ2 ∼ IG(µ,η)
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µ
+&%

η
#/+&-;�*)[%Y/I-;:HGI%2+&-

,
σ
#@ .'3=!'7);%t%QC2yn}�M ~O� M ~ +.+ * +�:l-/+Hv[# : p(σ2) ∝ 1/σ2.
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p(q,s,θ|y)

c
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p(q,s,θ|y) ∝ λNe(1− λ)P+1−Ne
1

σN
ε

exp− 1

2σ2
ε

‖y −Hs‖2

× 1

σ2Ne
exp− 1

2σ2
‖s‖2

∏

k/qk=0

δ2(sk)

× p(λ) p(σ2
ε ) p(σ2).
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'8 #/+&)$#,+.+T%('v01��v<+&).)$+Ly9} �8����N M ~f� M ~ -;:-'8%3'2#/+E'8%?�*-/#,%2+�01�jv<+&).)7'8G<+

+&);%�-/+T%2+8#J'3)"+('258+8#b'!+\,@'*58+&);%/#
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q̂kj−1

+&%
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%6�! .%/+8#Y+.+H 4VN#.-;�;565$+8#Y+.+ � i a
�c]���]�� �7d��rqcmWdX`(m �cm��Ga
� � m$o � blo<b<� �$e*oZm��

���! $#^:&%@ "+('?�*)$#"'25&'&%(',WX 7'8%3'3%;:Z+DC +8#�%�'30R'7%�'?�*)R+.+8#�5Xvu#�+&-@#7'7-6'701J&%�-/+8#
θ = (λ,σ2

ε ,σ
2)
+&%T#;�*)1:&=<+&);%@ $+H%K%2+

+&:H#�+&)"+"'7)$58+J+&);=<+&-/# %2+8# +('2#�%�-�'KL& .%�'?�*)$#Yyt}�M ~f� M ~
p(θ)

565"�*'2#�'2+8# a ���! $#^ .%/'[%3'2#6�*)$#^%2+
0 �&0:+H#�'KGt)7'8%oWd W+Z#.-;:BA5*:*+.+&010:+&);%-c7�
	N%2+8#�M -;:*WX $+&)$58+8#
νj, i=1...5

#;�*);%�565"�*'2#�'2+8#
#@ .-s%('9Gt-�'K%K%2+n+.+J-/+85*�*)$#�%�-@ $5&%�'?�*)rcW5*�*)$#�%�'3%@ ":8+Y'25&'
+.+

P + 1 = 501
Ms-;:*Wd $+&)$58+8# a&� +�565"�*'[V +.+�Ms-;:*WX $+&)$58+8# νj

+9) +.+H5"�*-/#Y+.+,%('TGt-�'K%K%2+b'0+&:HL>�! $565":F+&)L#�'309 4A
%('7%�'?�*)L#@ .-Z+.+8#w-;:8#@ &%3%6'7%/#
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1 λ ' 5/(P + 1) ' 0.01

c.)"�*09L.-/+ ��01�jvZ+9) �N+.+Y-6'7'2+8# �1 σ2
ε = σ2

ε F � = 0.131
cqWd .'"+8#�%,%('v=I'7-�'('7)$58+E+4 �L.-@ .'3%,Gd'8 $#�#�'2+&)x'!+&+('3%�'[MZ'�,|�! .%;:E'8 4V�+&�*).)":8+8#,#>�! .-
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y(t) =

∑K
k=1 αk cos(2πφkt) + βk sin(2πφkt) + ε(t)

<

� 	 p�
 � = 10 log10

∑K
k=1 α2

k + β2
k

2 σ2
ε

;
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σ2 ' 1

2K

∑K
k=1 α2

k + β2
k

c[#;�*'3%
σ2 = 0.263
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#@ .-Z%QC +8#�%�'30R'7%�'?�*)�+.+8#Z#o'7-6'701J&%�-/+8#

p AN7 a
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p(θ) = p(λ) p(σ2
ε ) p(σ2)
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#/+&-6'I-;:-'8%3'2#;:8+F/T%QCe:&%6'8#�+F+DC +8#�%�'30R'7%�'?�*)rcoWd $+Y)"�! $#H+&);=['2#6'8G<+&-;�*)$#�'8 <. � a��4a � a



� h � � 57'8#.'3%�-/+ � a �Y#&#.-;�;565$+b#7'7-
01�d+":B%3'2# '7%�'?�*) p +&-�)"�! &%K%3'[AN7n'8 $#/#�'2+&).)$+

1 ���*)"+('3%�'?�*).)$+H%K% +&0:+&)[% /$%('$%?�;5-'8%3'2#6'7%�'?�*)P'8#&#>�*-�%;:8+Z#7'7-�%('Y#;:*Wd $+&)$58+ q
c8%2+8# '70E#&%3'3%@ "+.+8#

(ak| qk = 1)+&%
(bk| qk = 1)

5*�*-�-/+8#@#>�*)"+"'7);%s/,%('Y-6'7'2+
#@#�+85&%�-6'8%2+t#.-;:8#�+&);%/+t+"'7)$#^%QC '3);%/+&-�=I'8%K%2+ Ik #;�*);%c#@ &#&#>�t#;:8+8#~ ! ~ ! 45!*Gd'8 $#/#�'2+&).)$+8#P58+&);%�-;:8+8# +&%=+.+�0 �&0:+T=!'7-�'('7)$58+
σ2 a ���*010:+^#>�! .-r%2+"01�X+&JH%2+"'3).'3%�'('8% p AN7 0

c&)"�! $#
#>�! .=d�*)$#Y:85&-�'3-/+

(ak|qk), (bk|qk) ∼ N (0,qkσ
2)
c$#;�*'3%
+&)$5*�*-/+�#;�! $#Z%('TMO�*-�0:+nL.'?+('30:+&)$#�'?�*).)$+H%K%2+^<

p(sk|qk) = g2(sk,qkσ
2I2),

�$�*%;�*)$#0WX $+R5&+&%�%�+N+&:B2$).'3%�'?�*) +.+8#1'70E#&%3'3%@ "+.+8#:#@ &#&#>�t#�+P%QC ~ z 4d�{} N9z 4Zy z � N +&);%�-/+
s
+&%

df
#&%K .%	�*%

WX rC  .)$+3+&:B2$).'3%�'?�*) +.+8#N'70E#&%3'3%@ "+.+8#,5*�*)"+('3%�'?�*).)":8+�#7'7-
df a�� ) ' '25&'y<��S#6'*5657'7);%

qk = 1
c
sk-/+H#.-;:8#/+&);%/+�%QCU'70E#&%3'3%@ "+.+Z+.+ %('H-6'7'2+ #.-;:8#/+&);%/+(4<y z"� � � ~ z ��N M � yI� � N Ik �F+&%Q)"�*)9#o'*#r< �H#6'*5657'7);% qk = 1N��

dfk
c
sk
-/+H#.-;:8#/+&);%/+Y%QCU'70E#&%3'3%@ "+.+�+.+t%('�-6'7'2+t#.-;:8#/+&);%/+�xT� yr�DM6�}2�� N9z � N

f ′
k = k

P f ����� −dfk
� ayp '2+&)WX $+ %('B#/+85*�*)"+.+ +&:B2$).'3%�'?�*)u#6�*'3%E+.+ #.-�'30:+ '8L>�*-;+S#&%K $#I'3);%@ .'3%�'3=Z+Ic�%2+R565"�*'[VS+.+ %('.#.-/+&01'?J&-/+L+8#�%

+�:?+85&%@ ":n#>�! .-Y+.+8#�-6'7'2#6�*)$#Y'8%KGy�*-�'3%@5.01'?WX $+8#�WX .'n#/+&-;�*);%Y+&:&%6'7'K%K%?:8+8#$'8 . � a��4a h a
� +9#.-;�!L&%?J&0:+E+.+9%QC +8#�%�'30R'7%�'?�*)�+.+9%QC +&)$#/+&09L&%2+E+.+8#�#7'7-6'701J&%�-/+8#b+4 B01�X+&JH%2+ p AN7 df

#�+H .%b'8%?�*-/#(�&%�-/+
+&);=['2#6'8Gy:b+.+�0R'7).'?J&-/+�#/'301'K%('7' -�+F'8 G5-'*#Y+4 L01�X+&JH%2+ p AN7 0 a 	u�! $#t%2+n#7'7-6'!+('KGt0:+ p '-vd:8#�'2+&)G+&%H+&)G#@ &#&#>�8A# '7);%Y%2+8#Y#�+&-�%@ $-@L7'7%�'?�*)$#

ε
'!+&+('3%�'3=Z+8#-c ~ ! ~ ! 45!W+&%�Gd'8 $#/#/'2+&).)$+8#$+.+F=I'7-�'('7)$58+

σ2
ε

c"%('1%?�*'wyF} �!����N M ~O� M ~ #-Ce:85&-�'3%
+&�*-;:&)7'>=I'7);%r<

p(q,s,df |y,θ) ∝ p(y|q,s,θ) p(q,s,df |θ)

∝ λNe(1− λ)P+1−Ne gN (y −H 
 � s, σ2
ε IN ) gP+1(s,Σs|q)

×
P∏

k=1
� ∆f (dfk) g � a�� �Ii

�
	rcW5*�*010:+F#.-;:85*:*+.+&010:+&)[%-c
Ne

+8#�%Y%2+�)"�*09L.-/+9+.+�5*�*0E#>�t#6'7);%/+8#K)"�*)G)X "%[%2+8#$+.+
q
c
Σs|q = σ2diag(q)+&%

θ
-/+HGt-;�! &#�+b%2+8#�%�-;�*'2#t5XvX#�+&-@#7'7- '701J9%/-/+8#

θ = [λ,σ2
ε ,σ

2] a
�c]���]�� ��oZf�dX`.f � m �Tm g��2m��Ee<f>� b�etfOiPd

�r+&%w+&).-�'2565.'2#/#/+&0:+&);%t+4 U01�X+&JH%2+Y#@#�+85&%�-6'8%?#/+YMf'7'3%w58+H#�+&)"+"'7);%Y'8 #.-�'[VP+rC  $)$+J5*�*)$#�'?+&:&-6'8L&%2+b'8 &Gt0:+&)4A
%6'7%�'?�*)L+&),5*�*0E#&%2+BV(' %6:b'*#/#;�;5&'?:8+n/9%QC +&#/%�'30R'7%�'?�*) +.+

(q,s,df)
cu+.+$#7'7-s%('T+&:H#�+&)"+"'7)$58+�)"�*)N%3'3)":-'7'3-/+n+.+$%('

+&:B2$).'3%�'?�*) g � a�� � ic+&)R%2+8#c=I'7-�'('8L&%2+8#s'!+&+('3%�'?�*).)$+H%K%2+8# df adw �! .-� .)$+K#�%�-6'7%;:HGt'2+�+.+
%`vX#�+H0R'�V['309 .0 yY} �!����N @
M ~f� M ~ cZ)"�! $#t'>=d�*)$#r=X N+"'7)$#s%2+J5-'*#s+4 R01�X+&JH%2+ p AN7 0

WX $+�%QC +8#�%�'30R'7%�'?�*) +.+$%('�#;:*WX $+&)$58+
q̂ � � � 5*�*)$#/%�'3%@ $++&) #6�*'  .)�#.-;�!L&%?J&0:+1+DCe�!#.%�'301'2#6'7%�'?�*)S5*�*09L.'3)7'7%;�*'3-/+1-/+&)"+4 x+&:H%3'25-'7%n#7'7-,%(' +('30:+&)$#/'K�*)�+.+T%QC +8#@#7'*58+E+.+8#

#7'7-6'701J&%�-/+8# ao� '1)7�*)4AQ%3' )7:*'7-/' %6:T+4 G01�X+&JH%2+ g � a�� � i
+&) df
5*�*0E#&%3'?Wd $+T'8%?�*-/#H%6�! .%/+b#.-;�;5*:*+4 .-/+T+DCe�!#.%�'301'[A

# '7%�'?�*)S5*�*)�,@�*'3);%/+�+&%�5*�*)"+4 .'3%�)7'7%@ .-/+H%K%2+&0:+&);%0�$ &L&%('7)$565$+&% � � �I� � �Z/,5*�*)$#�'?+&:&-/+&--c=#7'7-T'7)7'8%?�!Gt'2+ '>=Z+85E%2+01�X+&JH%2+ p AN7 0

cI .)$+t+&:&0R'7-/565$+H#;:*WX $+&);%�'2+H%K%2+
=;'2#6'7)[% /�+8#�%�'30:+&--cy+"'7)$#^ .)1#.-/+&01'2+&-c%/+&0E#$#-cy%('Y#6:*Wd $+&)$58+t+.+
p +&-�)"�! &%K%3'='8 R#/+&)$#s+4 )3� w cX#& .'2#Z/9#.-;�;5*:H+$+9-Y/F%QC +8#�%�'30R'7%�'?�*) )3� w +.+8#s+&:85-'8%('8G<+8#sM -;:*WX $+&);%�'2+H%2#w+&%Z+.+8#'70E#&%3'3%@ "+.+8# '*#/#;�;5&'?:8+8# a �$:-'7).01�*'3)$#-cI�! .%�-/+�%2+8#�#.-;�!L&%?J&0:+8#�%3'?:8#^/Y%QC +8#/%�'30R'7%�'?�*) )3� w +.+ q g =y�*'3-�%2+i. � a �yiBc .)$+
%/+H%[%2+�'8#&#.-;�;565$+
)rC +8#�%^#7'*#T%;�*%6'8%2+&0:+&);%X# '7%�'2#|Mf'7'2# '7);%/+ a �0C  .)$+t#7'7-�%-c<+H%K%2+
5*�*)$#�'?+&J&-/+t%QC +8#�%�'30R'7%�'?�*) +.+s%('#6:*Wd $+&)$58+

q
5*�*-�-/+8#;#>�*)"+"'7);% /� .)I01�X+&JH%2+t/YMs-;:*Wd $+&)$58+8# � �d� N � #@ $- %('�Gt-�'K%K%2+ G c ~ ! N ! � df = 0

c*+&%�+.+�58+ Mf'7'3%
-/+8#/%/+
#;�! .01'2#�+Y'8 4VE%3'301'3%6'7%�'?�*)$#�:&=d�XWd ":8+8#�'8 R#7'7-6'8Gt-6'8#&5$+Y#.-;:85*:*+.+&);%r5*�*)$58+&-�)7'7);%�%2+t+&:*+&�! &L&%2+&0:+&)[%s+.+8#
-6'7'2+8#jcd'8%?�*-/# Wd $+Z%QC '3);%�-;�X+4 $5&%�'?�*) +.+8#T=!'7-�'('8L&%2+8#

df
'Y+&)1#7'7-�%�'2+t#>�! .- �!LF,�+85&%�'[MD+rC :85657'8#"#�+9-s/�58+Z#.-;�!L&%?J&0:+

5-'8 $#6:$#7'7-Z%QC '3)$+BV"'*5&%�'3%@ "+.+F+.+$%('0+('2#/5&-;:&%�'2#6'7%�'?�*) a �TCU'8 .%�-/+n#7'7-�%-c4%('I#/+85*�*)"+.+b:&%6'8#�+n+DC +8#�%�'30R'7%�'?�*).+.+8#Z+&:BA5-'8%('8G<+8#
dfk

5*�*-�-/+8#@#>�*)"+"'7);%Z'8 4V1%?�;5-'8%3'2#6'7%�'?�*)$#s'8#&#.-;�-V('30R'7%�'3=<+8# MO�! .-�).'2+8# #7'7-
q̂k ��� � = 1

+8#�%�/F#;�*)v%;�! .-
+&:H%3'25-'7%/+ a � +v-/+85H�! $-/#T/ +.+8#F#.-;�;5*:*+4 .-/+8#0+DCe�!#.%�'301'2#6'7%�'?�*) %?�;5-'8%2+8# g =y�*'3-F%2+�.0� a � a h iF#/+&09L&%2+�58+H#�+&)"+"'7);%#&%K $#Y#6'7%�'2#|MQ'7'2#6'7);%$WX $+F%('�#;�!%K .%�'?�*)3#.-;�!#>�t#;:8+T#7'7-$�$ &L&%('7)$565$+&%E� � �I� � �{c>L7'*#;:8+�#@ .-� .)$+9%3'3)":-'7-�'2#6'7%�'?�*)x'8 



� a��4a"w -�'2#�+F+&)L5*�*0E#.%/+F+.+n+":&5-'8%('8G<+8#tMs-;:*Wd $+&);%�'2+H%2# � hIh

#.-/+&01'2+&-F�*-;+(-/+1+&)
df

+4 01�X+&JH%2+ g � a�� � i><q%QCU'8#&#.-;�-V('30R'7%�'?�*) -;:8#; &%3%6'7);%/+1+8#�%Y%@5":*�*-�'?Wd W+90:+&)[%F+(';:q:&-/+&);%/+#�+H%K�*) WX $+�%('xM -;:*WX $+&)$58+�'*#/#6�;59'?:8+B#-CU'8#&#.-;�;565$+�+.+.%('xM -;:*WX $+&)$58+@)X &%K%2+ g k = 0
i1�! +.+.%('�Ms-;:*WX $+&)$58+

0R'�V('30R'8%2+ g k = P
i a� %QC '3);=<+&-/#�+!c&%2+�5-'!+(-/+n#.-;:8#/+&);%;:F'8 %?�*)&G1+$+�58+�5657'8#.'3%�-/+Ic.=['2#6'7);%Y/�-;:-'8%3'2#/+&-t%QC +8#�%�'30R'7%�'?�*).'8 G#/+&)$#Z+.+

%('F01�jv<+&).)$+�yY} �8����N M ~f� M ~ #7'7- %('F01'2#/+H+&) �, .=[-/+Y+DCU'8%KGy�*-�'3%@5.0:+>#s+DCe:85657'7);%�'K%K%?�*).)7'8GZ+J#�%;�;5657'*#/%�'?Wd $+Icd#�+H .%
�&%�-/+�:&%/+&)"+4 N/n%QC +8#�%�'30R'7%�'?�*)N+.+t%QC +&)$#/+&09L&%2+�+$+&# #7'7- '701J9%/-/+8# p AN7 df

/n#7'7-�%�'3-�+.+t%QCe:85657'7);%�'K%K%?�*).)7'!G<+$+.+t%('
%?�*' g � a�� �Ii aj� )$+"%/+H%K%2+ '8#&#.-;�;565$+c5*�*)�,@�*'3);%/+^#�+&-�0:+&% '8%?�*-/#=+.+^+&:H#7'*#/#/+&-r%2+8#r%3'301'3%/+8#r#.-;�!#.-/+8# /s .)$+ '8#&#.-;�;565$++.+r%�vX#�+��!#.%�'301'2#6'7%�'?�*)rcIWX $+r#;�*)�)":858+8#/#6'7'3-/+w5-'7-6'*5&%;J&-/+�#;:*Wd $+&);%�'2+H%(-/+&)"+I#;�! $#|A{�!#.%�'30R'8%2+�<!%QC +8#�%�'30R'7%�'?�*)1+.+8#
+&:85-'8%('8G<+8#�)$+1-/+&0:+&%F#7'*#�+&)S5-'8 $#/+E%('N%?�;5-'8%3'2#6'7%�'?�*)�MO�! .-�).'2+1#7'7-b%(',#;:*Wd $+&)$58+

q aDw �! .-b .)W+E#.-;�;5*:*+4 .-/+)"�*)I#@ &#�+&-�=['2#;:8+Ic�)7�! $#Q+&);=['2#6'8G<+&-;�*)$# #&%K $#Q+BV"'*5&%/+&0:+&);% %QCe:85657'7);%�'K%K%?�*)$)7'8G<+Z+.+ %('Y%?�*'
p(q, s, df , θ |y) a�� +8#5Xvu#�+&-@#7'7-6'701J&%�-/+8#p,@�! 7'7);%$+.+8#H-	�!%2+8#J#�'301'K%('7'3-/+8#$+"'7)$#Y%2+8#K01�X+&JH%2+8# p AN7 0

+&% p AN7 df

c"%2+8#J5*�*)$#�'?+&:&-6'7%�'?�*)$#
+4 . � a h a �T/,%2+H .-c#; �, +&%T-/+8#�%/+&);%T=I'8%('8L&%2+8#-c<+&%^%QC '3)$5H%K $#/'?�*)P+.+ θ

/,%QCU'8%KGy�*-�'3%@5.0:+�+DCe:85657'7);%�'K%K%?�*)$)7'8G<+J#-C +�:l+85BA
%@ $+&-6'�'25&'q+.+Y%('�0 �&0:+K0R'7).'?J&-/+ a4w �! .-w58+&%�%/+K-6'7'2#;�*)rcX%('F+&:H#�+&)"+"'7)$58+�+&) θ

+.+8#�+(';:D:&-/+&);%/+8#s+('2#�%�-�'KL& .%�'?�*)$#
)$+F#/+&-6'0#7'*#
+BV4#&%3'25&'3%;:8+�'25&'P+BV(58+H#.%;:b%?�*-/#;Wd rC +H%K%2+�#-CU'>=yJ&-/+&-6'I)":858+8#/#6'7'3-/+ a'")U#; &#&#>�t#6'7);% %QCe�!L.%/+&);%�'?�*) +DCe:85657'7);%�'K%K%?�*)W#

(q(t), s(t), df (t))
+('2#�%�-�'KL& ":8#w#/+H%?�*)

p(q, s, df |y) 1 )"�! $##.-;�!#>�t#�+&-;�*)$#�'8 . � a��4a h  .)$+ #;�!%K .%�'?�*) '8%KGy�*-�'3%@5.01'?Wd $+ /458+ #@ �,�+&% 1 )"�! $# #>�! .=y�*)$#L+&);=['2#6'8G<+&-  .)$+#.-;�;5*:*+4 .-/+9+DC +8#�%�'30R'7%�'?�*)@#/+H%?�*) %2+�#/565":&0R':#@ .'3=!'7);%r<



� h � � 57'8#.'3%�-/+ � a �Y#&#.-;�;565$+b#7'7-
01�d+":B%3'2# '7%�'?�*) p +&-�)"�! &%K%3'[AN7n'8 $#/#�'2+&).)$+

�Ia %QC +8#�%�'30R'7%�'?�*) +$+ 	
[q|y]

#7'7-E%('@01�jv<+&).)$+ 1
T

∑
t q(t) '7'3)$#�'ZWX $+U58+H%K%2+ +.+8#05XvX#�+&-@#7'7-6'�A

01J&%�-/+8#
θ̂ � � = 1

T

∑
t θ(t) �� a %QC '3);%/+&-@#.-;:&%6'7%�'?�*)�+4 G-;:8#; &%3%6'7%J+&)G%/+&-�0:+8#$+.+,}�M � �/y5� ~ � ~ � � � 4 N 4X� ��N � �O~O�*z c�+&%Y%('v#;:H%2+85&%�'?�*)+.+8# Ms-;:*Wd $+&)$58+8#L#�'KGt).'[2W5-'7%�'3=<+8# #7'7- �8N � ~ � � y �ZN +.+8#R=I'8%2+H .-/# +.+

q̂ � � c�#.-;�X+4 .'2#6'7);%  .)$+#;:*WX $+&)$58+9+.+ p +&-�)"�! &%K%3' q̂α

<
q̂αk

= 1
#�'

q̂ � � k ≥ α
+&%

0
#�'3)"�*) a>� +�).'3=<+-'8 �+.+�#/+H .'K% α+8#�%Z%('7'2#/#6:b'8 %3'KL.-/+�565"�*'[V +.+,%QC +BV4#�+&-�% �

h a %QC +8#�%�'30R'7%�'?�*)E+.+8# +&:85-'8%('8G<+8#�+&)FMs-;:*Wd $+&)$58+s'*#/#;�;5&'?:8#�'8 �#/+&)$# +.+ %('
01�jvZ+&).)$+Jy�} �8����N M ~f� M ~5*�*)"+('3%�'?�*).)$+H%K%2+9+.+
(df |y, q = q̂α)

<
#>�! .-

k
%/+H%=Wd W+

q̂αk
= 1, d̂fk =

1

Tα

∑

t |q(t)= q̂α

df
(t)
k

�
	
Tα = Card{t | q(t) = q̂α}

+&%Z%QC +8#/%�'30R'7%�'?�*).+.+,%('I=!'7-/'?'7)W5&+9'*#/#;�;5&'?:8+�<

var d̂fk '
1

Tα − 1

∑

t |q(t)= q̂α

(df
(t)
k − d̂fk)

2
;

� a %QC +8#�%�'30R'7%�'?�*)T+.+8# '70E#&%3'3%@ "+.+8#�5*�*-�-/+8#@#>�*)"+"'7);%/+8#-c!'8 �#/+&)$# +4 �0R'�V['309 .0 g �! 9+.+T0R'7).'?J&-/+:*Wd .'3=I'8%2+&);%/+E+.+0%('U01�jv<+&).)$+ji,+.+0%('P%?�*'�Gd'8 $#/#�'2+&).)$+
p(s | q = q̂α, d̂f , y)

coMf�! .-�).'2+0#7'7-
%QC +BVu#.-/+8#�#�'?�*).'7)7'8%Kv;%�'?WX $+1�e�`+('2+&- N�� y!�"!?c"�I�I���!�d<

ŝα =
	
[s | q̂α, d̂f , y] = Σs|q̂α

Ĥ
 �
t Σy|q̂α,d̂f

−1 y

�
	
Σs|q̂α

= σ2diag(q̂
α
)
+&%

Σy|q̂α,d̂f = σ2
ε IN + Ĥ
 � Σs|q̂α

Ĥ
 �
t

+&)x $%�'K% '2# '7);%F%2+8#F=I'8%2+H .-/#�+8#�%�'301:8+8#T/N%QCe:&%6'8#�+ � #>�! .-F%2+8#F5XvX#�+&-@#7'7-6'701J&%�-/+># σ2 +&% σ2
ε a���! W#
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`1 +,5!6/7�"F&(f0�*�06O�:�8KL+0$%?/7�"%�Q�0@A�06B�:&(�,7��S��g
��"b�#_($F�,7��*2,�0$%$F�,7 [ £ �#I(IJ�0$F5!6/7�20VQ�#$F�0@A�06B�jPQ?/��$b��+,5!6B�Q�0��VW�06/+,�H&(��$=<`�#$�VW5!�*"��*-(@A� ¢�£ q��1IJ5!?(�s?(6/���*�0$%$F�
IJ206Z�#$%"F7.�#��"F5!6�6'<`�l�*5!?S h5!?(�*73IZ�!7320�*2�20�.�#_($%"F�S[��B"��/[ g��/[��/?/+.-/737.�0@;_($F�E$=<`� �Q5!"%�3&(20@A5!6B���*2,�����/?/+.-/7 R
� ��� �LRB+,5!@M@;?(6("F+ �#��"F5!6XI(��"%�Q2,���iRQ+,�0���*�CI(�*�0?(�W�^6'<>�,7*���S�#$b�#_($F�CPB?/�^&/�#6Z7�$F�C+ �!7�&(�^�!�#��"b�#_($F�,7��*2,�0$%$F�,7 [
¢ $Tcd�#?/&L�.�#"%�C&(5!6/+120��?/&L"F�0�C7.�3VW206/20�.�#$%"F7��#��"F5!6m�#?G+ �!7^&(�4�!�#��"b�#_($F�,7C+,5!@MI($F�8K(�,7 [
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��\�5!?/7a� �W5!6Z7e20�W5BPB?/2 �#? +,5!?(�*7a&L? I(�*�0@M"F�0�a+.-Y�#I("%���*�m$b�t&(2,+,5!@MIJ5S7�"%��"F5!6 �06 7.28�*"%� &(���Z5!?(��"F�0�
�����*5!6/PB?/2,��
A&D< ?(6�7*"%VS6Z�#$CIJ20��"F5B&L"FPQ?/�GIJ5!?/�E$=<>20��?/&(��&(�,7�7�NL7��*f0@A�,7A@;?($%��"%I($F�,7 [��)�,7X�#$%VW5!��"%��-(@A�,7
����� ��5!6B���*2,+,�0@M@A�06B��20�*2�I(�*5!IJ5S7.2,7�IJ5!?/��&/�07��#I(I($%"F+ �#��"F5!6/7j@;?/7�"F+ �#$F�,7 RQ�0��"%$/7.�0�.�#"%��"%6B�*20�*�,7.7.�#6B�
&D<>20��?/&L"F�0�X$F�0?(�EIJ5S7.7�"%_($F���!&/�#I(�.�#��"F5!6 �#?LK 7*20��"F�,7E�*�0@MIJ5!�*�0$%$F�,7X���*f,7EIZ�#����"F+0?($%"Ff0�*�,7e+ �#�.�!+0�*20��"F7��#6B�
$=<>20��?/&(�1&(�,7^7�NL7��*f0@A�,7H@;?($%��"%I($F�,7 [

��q���@A5B&(20$%"%7��#��"F5!6 ���0��6/5!?($%$%"�g��4�#?/7*7*"F�06(6/� IJ5!?(���.�#"%�aPQ?Z�#6B�a9��0$%$F�m�0���*� 20�*�06/&L?/� �06����.�#"%�*�0@A�06B�
&D< "%@E�#VW�,7���$%�,7M+,5B5!�*&(5!6(6/2,�,7A&(�X+.-Z�!PB?/��I("�K(�0$� �5!?Z�#6B�A�#$%5!�.73$F�����!$F�e&(��$b��VS��"%$%$F� ����p/6k&D<>�0���*�
�#I(I($%"FPB?/2,�m9�&(�,7EI(�*5!_($Ff0@A�,7e&(��&(2,+,5!6B�W5!$%?(��"F5!6 "%@MI(?($F7�"F5!6(6/�0$%$F�SR�c��*2,PB?/�0@M@A�06B���*�06/+,5!6B���.207e�06
�!7����*5!I(-BNL7�"FPB?/�n5!U $F�,7420�*5!"%$F�,7:7*5!6B�:�!7*7�"%@M"%$b�#_($F�,719X&(�,745!_L h�0�*7)IJ5!6/+0��?/�0$F7�[��B"s$b��@M"F7*�n�06��)?(�O�*�
�*2,7�?($%�.�#6B�*�;��"F7*PQ?/�1&D<>�0���*�;�8KL���*�0@A�0@A�06B��$F5!?(�*&(�SRZ$=<>�06! ��0?��,7*�C�06m+,5!6/7*2,PB?/�06/+,���Z$=< ?(��"%$%"F7.�#��"F5!6 &D< ?(6
@A5B&(f0$F�mI(�*�06Z�#6O�a�06 +,5!@MI(�*��&(�,7e&(2,+ �#$b�#VW�,7eIY�#�X�.�#I(IJ5!���G�#?LK I("�K(�0$F7e&(��$=< "%@E�#VW� IJ�0��@A�0�a�06
��-/2,5!��"F�j&D<`�#���*�0"%6/&L�*��?(6/��I(�*2,+0"F7�"F5!61"%$%$%"%@M"��.20��7�?(�D$b��$F5B+ �#$%"F7��#��"F5!6;&(�,7'5!_L ��0�*7D$%?(@M"%6/�0?LKDR0cd5!?(��6("F7*7.�#6B�
20VQ�#$F�0@A�06B�C$b�n�!�#��"b�#6/+,�;�!7*7*5B+0"F2,�19n+,�0���*�:�,7*��"%@E�#��"F5!6'R(�.�#6O�^�06lIJ5S7�"%��"F5!6�PQ?'<>�06��#@MI($%"%��?/&(�S[
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� 5!?(�)$b�EIJ206Z�#$%"F7.�#��"F5!6�-BNOIJ�0��_J5!$%"FPB?/�SRJ6/5!?/7��.20+ �#I("%��?/$%5!6Z7)"F+0"s$=<>�8KOI(�*�,7.7�"F5!6 &(�,7)+0��"%�*f0�*�,7:�8�4&(�;$F�0?(�*7
VS�.�!&L"F�06B�*7�RDIJ�0��@A�0���.�#6B�;&(�3c=�#"%�*�A�#I(IZ�#�.� 	F���*�A$F�,7:7�����?/+0��?(�*�,7:@E�#����"F+0"F�0$%$F�,7;�8KOI($F5!"%�.�#_($F�,7;&/�#6/74$F�M+ �!7:&(�
$=<>2,+.-Z�#6B��"%$%$F5!6/6Z�#VW�X"%���*20VS?($%"F�0� [�\]5!?/716/�E&(20�.�#"%$%$F5!6/7nPQ?/�A$b�aIY�#����"F��PQ?Z�!&L�.�#��"FPB?/�SR�7�?(�1$b�!PB?/�0$%$F�AIJ5!���*�E$b�
&L"�rD20�*�06/+,�1�06B���*�4$F�,7^&L"�rD20�*�06B�*7C+0��"%�*f0�*�,7 [/q��07^6/5!�.�#��"F5!6/7C?(��"%$%"F7*2,�,7C7*5!6B�C+,�0$%$F�,7C&L?l+.-Z�#I("%���*� � [

q��X&(20��"%�S�#��"F5!6�&D< ?(6/�;cd5!6/+0��"F5!6
f : 3 → 4 7�< 2,+0��"%�

f ′(u) = 2
∂g(u,u∗)

∂u∗
RJ5!U

f(u) = g(u,u∗)
�0�4�06

+,5!6/7*"F&(20�.�#6B��"%6/&/28IJ�06/&Z�#@M@A�06O�
u
�0�

u∗ �>���.�#6/&�5�5B5B&DR � � ��� �i[Bq'�,7��8KOI/�*�,7*7�"F5!6/7�&(�,7�VS�.�!&L"F�06B�*7�5!_(�*�06B?/�,7
IZ�#�:$b�a7�?("%�*�A7 <>5!_(��"F�06(6/�06B�39eIZ�#����"%�1&(�,7120VQ�#$%"%�*2,717*?("%�!�#6B�*�,7 R'5!U

l
R
c

�0�
A

&(2,7�"%VS6/�06B�1�*�,7�IJ�,+0��"%�Q�0@A�06B�
?(6 �Q�,+0�*�0?(��$%"%VS6/�SR�?(6��W�,+0�*�0?(�X+,5!$F5!6(6/���0�E?(6/�l@E�#����"F+,��+ �#���*2,��&(�l$b���.�#"%$%$F��&(�

x
�0�

l∗
&(2,7�"%VS6/�l$F�

+,5!6! h?(VS?/2SR
lt

$F�4���.�#6/7�IJ5S7.24�0�
l†

$F�)���.�#6/7*IJ5S7*2:+,5!6! �?(VS?/21&(�
l
�

∂

∂x∗ bx = 0
∂

∂x∗ bx∗ = bt

∂

∂x∗ x†Ax = Ax
∂

∂x∗ x†Ax∗ = (A + At)x∗

∂

∂x∗ x†c = c
∂

∂x∗ x′c = 0

∂

∂x∗ x′Ax = 0
∂

∂x∗ x′Ax∗ = A′

q��:+0��"%�*f0�*�4IJ206Z�#$%"F7*24IY�#�H$b�n_(�.�#6/+.-/�1&D< -BNBIJ�0��_J5!$F�17 <>2,+0��"%�'�

J 687:9 (x) =
1

2
‖y −Wx‖2 + λR 687:9 (x),

� �Q�0+
R 687;9 (x) =

∑

k

√
s2 + |xk|2

�o�;[ � 


�0� −−−→∇J 687:9 (x) = W† (y −Wx) + λ
−−→∇R 687:9 (x),

� �W�,+ −−→∇R 687:9 (x)|k =
xk√

s2 + |xk|2
.

<]6G5!_(��"F�06B�]&(�)$b�n@A�0@A�4@E�#6("Ff0�*�:IJ5!?(�^$F�,7C+8�*"��.f8�.�07CI(�*�06Z�#6B�]�06l+,5!@MI(�*�:$b�n7*NB@A20����"F�4-/�0��@M"%��"F�06(6/���

J+(x+) =
1

2

∥∥y − (W+x+ + W∗
+x∗

+)
∥∥2

+ λR(x+)

−−→∇J+(x+) = −2W†
+

(
y −W+x+ −W∗

+x∗
+

)
+ λ
−−→∇R 687;9 (x+).



� ��� �]6(6/�8K(�4�3[Z���#$F+0?($F7^IJ5!?(�^$=<`�#I(I(�*5B+.-/�:IJ206Z�#$%"F7*2,�

����� � %'&  -������  #�
	�,��0�! �
������ ���/1�	��01/�
	��0& %�� ��-���� ���! #"$��%���
'1 ,��0�0&�
�� ,+�
�0, 1��+��	�%

`
1

���0���*�1IZ�#����"F�1�,7*�C+,5!6/7.�!+0�*2,�39M$b�A&/28@A5!6Z7����.�#��"F5!6 &(�:$b�A+,5!6/&L"%��"F5!6m6/2,+0�,7.7.�#"%�*�1�0�]7*?L�E7.�#6B�*�1&D<>5!I(��"�g
@E�#$%"%�*2:I(�*5!IJ5S7*2,�4IJ5!?(�C�*5!?(�^@M"%6("%@M"F7*�0?(�]&L?l+0��"%�*f0�*�:IJ206Z�#$%"F7*24IZ�#�^$b�n6/5!��@A�

`1 �

J1(x) =
1

2
||y −Wx||2 + λ

∑

k

|xk|.

¢ $'7 <`�#VS"%�C&(�4&(20@A5!6B���*�0�]$=<>2,PQ?("%�S�#$F�06/+,�17�?("%�!�#6B�*���

x
�,7*�H?(6l@M"�6/"�@3?(@ &(�

J1
7�"'�0�C7*�0?($F�0@A�06B�]7�"





(i) ∀k �*PY[ |xk| = 0 : |rk| ≤ λ,

(ii) ∀k �*PY[ |xk| 6= 0 : rk + λ
xk

|xk|
= 0,

5!U
r = W†(Wx− y)

[
�n<`�#I(�*f,7C�]$%$%"%6/�0Ne�0� £ ?#�,"%6/7��ON � � � ��� ��5!6��3IJ5!?(�^?(6/�)cd5!6/+0��"F5!6��C+,5!6B�Q�8K(�

J
�

x
�,7��H?(6l@M"%6("%@;?(@ &(�

J
7�"'�0�C7*�0?($F�0@A�06B�C7*" ∀p ∈ 3 N , J ′(x ; p) ≥ 0

5!U
J ′(x ; p)

�,7�� $F��VS�.�!&L"F�06B��&L"%�*�,+0��"F5!6(6/�0$Q�
J ′(x ; p) = limε→0

1
ε (J(x + εp) − J(x))

[ � 6 2,+0��"�g
�S�#6B�

J1(x) = 1
2x†W†Wx−<{y†Wx}+ 1

2y†y + λ ‖x‖1
R(5!6����

∆J1(ε) =
1

ε
(J1(x + εp)− J1(x))

=
1

ε

(
ε2

2
p†W†Wp + ε<{p†r}+ λ(‖x + εp‖1 − ‖x‖1)

)

5!U
r = W†(Wx− y).

q'�4VS�.�!&L"F�06B�]&L"%�*�,+0��"F5!6(6/�0$�7�<>2,+0��"%�^&(5!6/+��

J ′
1(x ; p) = lim

ε→0
∆J1(ε) = <{p†r}+ λ lim

ε→0

1

ε
(‖x + εp‖1 − ‖x‖1).

� 5!?(��+ �#$F+0?($F�0��+,�0���*��&(�0��6("Ff0�*��$%"%@M"%�*�SR#5!6;�!�C7*20IZ�#�*�0��$F�,7�"%6/&L"F+,�07�IJ5!?(��$F�,7*PQ?Z�8$F7
xk

�,7���6B?($O5!?;6/5!6'[S�O5!"%� I$=<>�06/7*�0@;_/$%�1&(�,7H"%6/&L"F+,�,7^IJ5!?(�^$F�,7*PB?/�0$F7
xk

�,7*�H6B?($'�0� N − I $=<>�06/7*�0@;_($F�1&(�,7H"%6/&L"F+,�,7^IJ5!?(�^$F�,7*PB?/�0$%7
xk�,7*�H6/5!6l6B?($=[#<]6G�A�#$F5!�*7'�

‖x + εp‖1 − ‖x‖1 = ε
∑

k∈I
|pk|+

∑

k∈N−I
|xk + εpk| − |xk|.

¢ $�7�?L�A�M&(5!6/+e&D<>20��?/&L"F�0�M$b��$%"%@M"%�*���
limε→0

1
ε (|x + εp| − |x|) IJ5!?/�

p ∈ 3 �0�
x ∈ 3 ∗ ��"%$��B"F�06B�nIZ�#�

?(6�&(20�W�0$F5!I(IJ�0@A�06B�;$%"%@M"%�*2E&D<>5!�*&L�*� � $F5!�*7*PB?/�
ε → 0

� |x + εp| = |x| + ε<{p∗ x
|x|} + O(ε2)

�0�1&(5!6/+
limε→0

1
ε (|x + εp| − |x|) = <{p∗ x

|x|}.
�3<>5!U1�

J ′
1(x ; p) = <{p†r}+ λ

(∑

k∈I
|pk|+

∑

k∈N−I
<{p∗

k

xk

|xk|
}
)

=
∑

k∈I
(<{p∗

krk}+ λ|pk|) +
∑

k∈N−I
<{p∗

k(rk + λ
xk

|xk|
)}

�! #"%$'&�(�)+*-,/.102.3$�)4.6587#9-9:(�;<0
&=,/$�)30!*8.�$�*-&�)>;?7#*8&=*:9-$�@A7!9:BC.�D/7!9E5-$�F N 5:0
9:)'F
,
7!9G;?$�*-.>,IH *8.�D/,JD/)+$C&6;?7#*8&=*:9-$�@K7#9:BL.�DJ7!9

5-$'M N 5-0!9-)�F
,
$�9N,J0OB�7#9-)+DP58(C&10!9Q.>B�7!R�R�$=*:9-$3@A7#9-BC.�D/7#9G5-$OF 2N 5:0!9-)�F

.



�3[ � [���"%6("%@M"F7.�#��"F5!6/7]7*+ �#$b�#"%�*�,7^IJ5!?(�^$F�,7C�#$%VW5!��"%��-(@A�,7]&(�4��NOIJ�1�4�#?/7.7hg��O�0"F&(�0$ � � �

q��n+,5!6/&("��*"%5!6 ∀p ∈ 3 N , J ′(x ; p) ≥ 0
7*�)@A�0�]�#$F5!�*7C7*5!?/7H$b�3co5!��@A���

∀k ∈ N − I, ∀pk ∈ 3 , <{p∗
k(rk + λ

xk

|xk|
)} ≥ 0

∀k ∈ I, ∀pk ∈ 3 , <{p∗
krk}+ λ|pk| ≥ 0.

q���I(�*�0@M"Ff0�*��+,5!6/&L"%��"F5!6 7*�m�.�#@Af06/��&(��c=���,5!6 20�O"F&(�06B�*��9 ∀k ∈ N − I, rk + λ xk
|xk| = 0

[ � 6 IJ5#g
7��#6B� <{p∗

krk} = |pkrk| cos(φk)
R!$b�)7*�,+,5!6/&(�HIJ�0?(�j7 <>2,+0��"%�*� ∀k ∈ I, ∀φk ∈ [0, 2π], |rk| cos(φk)+λ ≥ 0

R
PB?("'�,7��^�W20��"�pZ2:7�"'�0�C7*�0?($F�0@A�06B�]7�" |rk| < λ

[
�

����� � �01/�
	��0&#,  #�2�.1/& &�� ,�� ,.� ��%'& ����� ���0%'& ,��0)��.� �! ���	�%'& - %  �� � %�� ,��/& &
	
� %'�0- %��

q��n@M"%6("%@M"F7.�#��"F5!6�&L?G+0��"%�*f0�*�:IJ206Z�#$%"%7.2 �o�3[ � 
��06l$b�3�S�#��"b�#_($F�:+,5!@MI($F�8K(�
xk

7 <>2,+0��"%�C7*5!?/7H$b�3cd5!��@A���
◦
xk = arg min

xk

J(x)⇔ ◦
xk = arg min

xk

1

2
‖ek −wkxk‖2 + λϕ(|xk|)

�0�s�,7���2,PQ?("%�S�#$F�06B�*��9C+,�0$%$F��&(� 1
2w

†
kwk|xk|2−<(e†

kwkxk)+λϕ(|xk|)
[ � 63IJ5S7.�#6B�

a = w
†
kwk

R
b = w

†
kek�0�

xk = ρejθ RJ$F�nI(�*5!_($Ff0@A�A�,7��4+,�0$%?("�&(�3$b�X@M"%6("%@M"F7.�#��"F5!6�&(�n$b�Ecd5!6/+0��"F5!6�&(�n&(�0?LKm�S�#��"b�#_($F�,7
(ρ,θ) ∈

4 + × [0,2π]
�

f(ρ,θ) =
1

2
aρ2 − ρ(br cos θ + bi sin θ) + λϕ(ρ)

5!U
br

�8�
bi

�*�0I(�*2,7*�06B�*�06B�C$F�,7^IZ�#����"F�,7^�*2,�0$%$F�:�0�^"%@E�#VS"%6Z�#"%�*�1&L?l6/5!@;_(�*�:+,5!@MI($F�8K(�
b
[

q��M&(20@E�#�*+.-/�17�?("%�!�#6B�*�:�,7��^�0@MI($F5�NW2,�S[Z\]5!?/7^20�.�#_($%"F7*7.5!6/7^&/�#6/7^?(6aI(�*�0@M"F�0�C�*�0@MI/7^PB?/�)$b�3@M"%6("%@M"�g
7��#��"F5!6a&L?l+0��"%�*f0�*�

J
�06a$b�;�S�#��"b�#_($F�

xk
�,7��H2,PB?("%�!�#$F�06B�*�:93$b�;�*2,7*5!$%?(��"F5!6G&(�,7H2,PB?Z�#��"F5!6/7��o�3[�� 
��0���o�;[ � 
8[

q����Q20��"�pZ+ �#��"F5!6�7�"%@;?($%�.�#6/2,�M&(�M+,�,74&(�0?LK 2,PQ?Z�#��"F5!6/74IJ�0��@A�0�;�#$F5!�*74&D<>20�.�#_($%"%�1PB?/�3$b��@M"%6("%@M"F7.�#��"F5!6�&(�
$b�aco5!6/+0��"F5!6

f
�06

(ρ,θ)
&(20_J5!?/+.-/�X7*?(� ◦

ρ = arg b ∀ρ ∈ 4 + RTu(|!�Bw��=|!� �i~
�0|!}Jx �oyo|S} �Q~:u �8}Yv�� y{�0v �oyd|!}
ϕ

���8w�y $�v����%~0[�q��l@M"%6("%@M"F7.�#��"F5!6k�06
ρ

�,7*�;�06/7�?/"��.��&(20�.�#"%$%$F2,��IJ5!?(�3$F�,7;IJ206Z�#$%"F7.�#��"F5!6/7n-BNBIJ�0��_J5!$%"FPB?/�X�0�
`1�#?LKeIZ�#�.�#VS�.�#I(-/�,7��;[ � [ � �0�^�3[ � [��LR(�*�,7�IJ�,+0��"%�W�0@A�06B��[

\]5!?/7A+.-/�0�*+.-/5!6/7E&(5!6/+G9�@M"%6("%@M"F7.�0�A$b��co5!6/+0��"F5!6 &(�a&(�0?LKt�S�#��"b�#_($F�,7
f(ρ,θ)

[�q'5!�*7.PQ?/�
b = 0

Rs$b�
7.5!$%?(��"F5!6

ρ = 0
�0�C&(5!6/+

xk = 0
�,7��H"%@M@A2,&L"b�#�*�S[Z\�5!?/7^7�?(I(IJ5S7.5!6/7HIZ�#�^$b�M7�?("%�*�

b 6= 0
[ <]6��A�#$%5!�.7'�

∂f

∂θ
(ρ,θ) = 0 ⇔ ρ(−br sin θ + bi cos θ) = 0

⇔ ρ = 0
5!?

tan θ = bi/br

⇔ ρ = 0
5!?

θ = θ1 =
�#�.�#6

bi/br
5!?

θ = θ2 =
�#�.�#6

bi/br + π
�o�;[�� 


5!UE�#�.�#6A�,7���$b�Ccd5!6/+0��"F5!6E�#�*+8g=�.�#6(VW�06B�*�WRSIJ5!?(��$b�!PQ?/�0$%$F��6/5!?/7�"%6/+0$%?/5!6/7�$F�,7�+ �!7�$%"%@M"%�*�,7
θ1 =

�#�.�#6
(−∞) =

−π/2
�0�

θ2 =
�#�.�#6

(+∞) = π/2
+,5!���*�,7*IJ5!6/&/�#6B�:�#?LKG7.5!$�?/��"F5!6/7�&/�#6/7]$F�3+ �!7]IZ�#����"F+0?($%"F�0�

br = 0
[ � �#�

�#"%$%$F�0?(�*7��
∂f

∂ρ
(ρ,θ) = 0⇔ aρ− (br cos θ + bi sin θ) + λϕ′(ρ) = 0.

�)20�.�#"%$%$F5!6/7��#$F5!�*7H$F�,7C&(�0?LKa+ �!7^7*?("%�!�#6B�*7��
� � 5!?(�

θ = θ1 =
�#�.�#6 bi

br

�0�
br 6= 0

R/5!6 �
cos θ = 1√

1+b2i /b2r
= |br|

|b|
�0�

sin θ = bi/br√
1+b2i /b2r

= bi
br

|br|
|b|�0�C&(5!6/+��

br cos θ1 + bi sin θ1 =
br|br|
|b| +

b2
i |br|
br|b|

=
7�VS6

(br)

(
b2
r

|b| +
b2
i

|b|

)
=

7�VS6
(br)|b|.



� � � �]6(6/�8K(�4�3[Z���#$F+0?($F7^IJ5!?(�^$=<`�#I(I(�*5B+.-/�:IJ206Z�#$%"F7*2,�

���)��@E�#6("Ff0�*�47�"%@M"%$b�#"%�*�SRLIJ5!?(�
θ = θ2 =

�#�.�#6 bi
br

+ π
�0�

br 6= 0
RL5!6l�

cos θ = − 1√
1+b2i /b2r

= − |br|
|b|�0�

sin θ = − bi/br√
1+b2i /b2r

= − bi
br

|br|
|b|

�0�C&(5!6/+��

br cos θ2 + bi sin θ2 = −br|br|
|b| −

b2
i |br|
br|b|

= − 7*VS6
(br)

(
b2
r

|b| +
b2
i

|b|

)
= − 7�VS6

(br)|b|.

���4�#6/7H$F�:+ �!7HIZ�#����"F+0?($%"F�0�
br = 0

R(5!6��
b = bi

R
θ1 = −π/2

�0�
θ2 = π/2

[/�3<>5!U1�
br cos θ1 + bi sin θ1 = −bi = − 7*VS6

(bi)|b|
�0�

br cos θ2 + bi sin θ2 = bi =
7�VS6

(bi)|b|
[

� 5!?(�
θk = θ1, θ2

R(5!6lIJ�0?(�C&(5!6/+:2,+0��"%�*�
br cos θk + bi sin θk = ±|b| �0�H"%$'�B"F�06B���

∂f

∂ρ
(ρ,θk) = 0⇔ aρ + ε|b|+ λϕ′(ρ) = 0

� �W�,+
ε = ±1.

� 5!?(�3$F�,7n&L"�rD20�*�06B�*�,73IJ206Z�#$%"F7.�#��"F5!6/7A�06B�B"F7.�#VW2,�,7 R�$b�acd5!6/+0��"F5!6
ϕ

�,7*�3+0�*5!"F7*7.�#6B�*�SR�y���~�� � φ′(ρ) ≥ 0
IJ5!?/�

�*5!?(�
ρ ≥ 0

[ � �#��+,5!6/7*2,PQ?/�06B� Rj&Z�#6/7A$F�l+ �!7E5!U
ε = 1

R�+,�a�*�0��@A�l6/�l7 <`�#6(6B?($F�M *�#@E�#"F7 ��6/5!?/7�� �Q5!6/7
7*?(I(IJ5S7*2

b 6= 0

^�0�

f(ρ,θk)
�,7���+0$b�#"%�*�0@A�06B�)@M"%6("%@E�#$��06

ρ = 0
[Y\�5!?/7]�*�,+.-/�0�*+.-/5!6/74&(5!6/+;IZ�#�]$b��7�?("%�*�

$F�,7C7*5!$%?(��"F5!6/7C&(���
IJ5!?(�

ρ 6= 0,
∂f

∂ρ
(ρ,θk) = 0⇔ aρ− |b|+ λϕ′(ρ) = 0

�o�3[ � 


5!U
θk = θ1

5!?
θ2

7*�0$F5!6kPB?/�X$b��IZ�#����"F�e�*2,�0$%$F�a&(�
b
�,7*�3IJ5S7*"%��"%�W�a5!?�6/20VQ�#��"%�Q�SRs�*�,7�IJ�,+0��"%�Q�8@A�06O�'��$F�,7

+ �!7
(θ = θ1, br < 0)

5!?
(θ = θ2, br > 0)

&(20_J5!?/+.-/�06B�)7�?(�C?(6G@M"%6("%@;?(@�20VQ�#$�9 � ��"%$F7]+,5!���*�,7�IJ5!6/&(�06B�
�#? + �!7e5!U

ε = 1

8[��4�#6/7X$F��+ �!7XIZ�#����"F+0?($%"F�0�

br = 0
R�5!6 �#?(�.�

θ = θ1 = −π/2
$F5!�*7*PB?/�

bi < 0�0�
θ = θ1 = −π/2

$F5!�*7*PQ?/�
bi > 0

[ £ �#I(IJ�0$F5!6/7]PB?/�46/5!?/7]7�?(I(IJ5S7*5!6/7C"F+0"
b 6= 0

R/&(5!6/+;5!6l6/�:IJ�0?(�CIZ�!7
� �Q5!"%�C7�"%@;?($%�.�#6/20@A�06B�

br = bi = 0
[

\]5!?/7�IJ5!?(�W5!6Z7)&(5!6/+;I(�*5!?(�Q�0�)&(f,749EI(�*2,7*�06B�4PQ?/�����	��

��

��
�������
��������
f
���

(θ,ρ)
������� ��!#"$�

�%�$& ◦

θ = arg b '
�(�)!(�*!�
 ∀ρ ∈ 4 + + � 6G�8rT�0� R(6/5!?/7^IJ5!?(�W5!6/7C2,+0��"%�*���

��$F5!�*7*PB?/�
br > 0

R/5!6G� ◦

θ = θ1 =
�#�.�#6

bi/br
[#<C6m�n&(5!6/+

tan
◦

θ = tan arg b
�0�^$F�,7C&(�0?LKl�#6(VS$F�,7]�06

PB?/�,7���"F5!6n�#I(IZ�#����"F�06(6/�,6B��9^$=< "%6B�*�0���S�#$%$F�
[−π/2, π/2] (2π)

�
θ1

�,7���?(6/���#�*+8g=�.�#6(VW�06B�*�H�8� < (b) > 0

8[

� �#�C+,5!6/7.2,PQ?/�06B� R ◦

θ = arg b
[

��&(�E@A�0@A�SR�$F5!�*7*PQ?/�
br < 0

R�5!6�� ◦

θ = θ2 =
�#�.�#6

bi/br + π
[$<]6��G&(5!6/+

tan
◦

θ = tan arg b
�0�

$F�,7n&(�0?LK��#6(VS$F�,7M�06kPQ?/�,7���"F5!6��#I(IZ�#����"F�06(6/�06B��9G$=< "%6B�*�0���S�#$%$F�
[π/2, 3π/2] (2π)

�
θ2

�,7��3?(6/�a�#�*+8g
�.�#6(VW�06B�*�1�0� < (b) < 0


8[ � �#�C+,5!6/7*2,PQ?/�06B��R ◦

θ = arg b
[

��$F5!�*7*PB?/�
br = 0

RJ5!6�� ◦

θ = −π/2
7�"

bi < 0
�J&/�#6/74+0�n+ �!7 RJ5!6��X�#?/7*7�"

arg b = arg jbi = −π/2
[

�)�)@A�0@A�SRZ5!6G� ◦

θ = π/2
7*"

bi > 0
�(&/�#6/7C+,�4+ �!7 R/5!6G�A�#?/7*7�"

arg b = arg jbi = π/2
[

�

\�5!�*5!6/7�PB?/�;+,�0���*�;I(�*5!I(��"F20�*23�,7*�C�S�#$b�#_($F�;IJ5!?(�]�.5!?(�*�:cd5!6/+0��"F5!6 &(�1IJ206Z�#$%"F7.�#��"F5!6�&(�;$b�Mco5!��@A�
φ(xk) =

ϕ(|xk|)
� �Q�,+

ϕ
+0�*5!"F7*7��#6B�*�M�0�:&(20��"%�!�#_($F�S[ ¢ $s�*�,7��*�M&(5!6/+n@E�#"%6B�.�86Y�#6B�;9e20��?/&L"F�0�:$b�X@M"%6("%@M"F7.�#��"F5!6��06

ρ&(�
f(ρ,

◦

θ)
[



�3[ � [���"%6("%@M"F7.�#��"F5!6/7]7*+ �#$b�#"%�*�,7^IJ5!?(�^$F�,7C�#$%VW5!��"%��-(@A�,7]&(�4��NOIJ�1�4�#?/7.7hg��O�0"F&(�0$ � � �

��������� �
	���
�����	�������	�������	����� !�#"!$����&%('� !����)+*��

� 5!?(�^$b�nIJ206Z�#$%"F7.�#��"F5!6G-BNOIJ�0��_J5!$%"FPQ?/�SRZ5!6��
ϕ(ρ) =

√
s2 + ρ2

�0�^$=<>2,PQ?Z�#��"F5!6 �o�3[ � 
�7 <>2,+0��"%�'�

aρ− |b|+ λ
ρ√

s2 + ρ2
= 0 ⇔

√
s2 + ρ2 (|b| − aρ) = λρ

⇔ ρ ≤ |b|/a �0�
(s2 + ρ2) (|b| − aρ)2 = λ2ρ2

⇔ ρ ≤ |b|/a �0�
P (ρ) = 0

5!U
:

P (ρ) = a2ρ4 − 2a|b|ρ3 +
(
|b|2 + s2 − λ2

)
ρ2 − 2s2a|b|ρ + s2|b|2.

q��3�.�0+.-Z�8�.+.-/�1&L?a@M"%6("%@;?(@ &(�4$b�3co5!6/+0��"F5!6
f(ρ,θ)

IJ�0?(�C&/5!6/+:�0���*�4@A�06/2,�4IZ�#�^$F�47.+.-/20@E�M7�?("%�!�#6B���
��7�"

b = 0
R�$F�G@M"%6("%@;?(@ �,7��e�#���*�0"%6B��IJ5!?(� ◦

ρ = 0
�0�

θ
PB?/�0$F+,5!6/PB?/�S[��4�#6/7E$F��+ �!7X+05!6O���.�#"%�*�SR

I(�*�06/&L�*� ◦

θ = arg b
�0�HI(�*5B+,2,&(�0���#?LKe"%�*20�.�#��"F5!6/7]7�?("%�S�#6B�*�,7'�

���*�,+.-/�0�*+.-/�0�j$F�,7��.�!+0"�6Z�07�&L?MIJ5!$%NO6 �!@A�
P

�!IJ5!?(��?(6MIJ5!$%NO6 �!@A�^&(�^&(�0VS�*2^PB?Z�#���*�SRW+,�0$%$F�,7hgi+0"/IJ�0?(�Q�06B�
�0���*�:5!_(�*�06B?/�,7]&(�)@E�#6("Ff0�*�1�8KLI($%"F+0"%�*� �>�]_(�.�#@A5 5H"%� �;�0�]�B�*�0VS?(6'R � � � � R(IZ�#VW�,7 ��� � � � �Q�

��6/��+,5!6/7*�0���Q�0��PB?/�]$F�,7��.�!+0"%6/�,7 ◦
ρj

�Q20��"�pY�#6B�
0 ≤ ◦

ρj ≤ |b|/a
RBI(?("F7�+ �#$F+8?/$%�0�H$F�,7��!�#$F�0?(�*7�&(�

f(
◦
ρj ,

◦

θ)
[

�O20$F�,+0��"F5!6(6/�0�m�#$F5!�*7a$F�m@M"%6("%@;?(@lRC�0�e$F��+,5!@MIZ�#�*�0�ap/6Z�#$F�0@A�06B�m9�$b�t�!�#$F�0?(�l&(�
f(0,θ) = λs

R
+ �#�

(ρ = 0, θ
PB?/�0$F+,5!6/PQ?/�

)
�,7��^20VQ�#$F�0@A�06B�]?(6aIJ5S7.7�"%_($F�)@M"%6("%@;?(@l[

��������, �
	���
�����	�������	�������	����� !�
`
1

� 5!?(�s$b�CIJ206Z�#$%"F7.�#��"F5!6MIZ�#��$b�C6/5!��@A�
`1 R#5!6M�

ϕ(ρ) = ρ
�8�s$=<>2,PQ?Z�#��"F5!6 �o�3[ � 
'I(�*�06/&3$b�^co5!�*@A��&L"%�*�,+0�*���

aρ− |b|+ λ = 0.

q�5!�*7*PQ?/� |b| ≤ λ
RW+,�0���*�]20PB?Z�#��"F5!6E6'<`�4IZ�!7j&(�C7*5!$%?(��"F5!6EIJ5!?(�

ρ > 0
�SIZ�#��+,5!6/7*2,PQ?/�06B��RW$F�H@M"%6("%@;?(@ &(�

f�,7*�s�#���*�0"%6B���06
ρ = 0

[#q'5!�*7.PQ?/� |b| > λ
R�IZ�#��+,5!6B���*�SR!+,�0$%$F�8gi+0"/�C?(6/��?(6("FPB?/��7*5!$%?(��"F5!6M�0�s$=< ?/6("FPQ?/��7*5!$%?(��"F5!6

6/5!6�6B?($%$F�E&(� (∂f
∂ρ (ρ,θ) = 0, ∂f

∂θ (ρ,θ) = 0
) �,7�� ◦

ρ = |b|−λ
a

�0� ◦

θ = arg b
[ ��"%6Z�#$F�0@A�06B� R�"%$�+05!6O�B"F�06B�3&(�

6/5!�*�0�:PQ?Z�!RT&/�#6/7)$F�n+ �!7 |b| > λ
RJ$F�n+05!?/I($F�n+,5!���*�,7�IJ5!6/&Z�#6B�

(
◦
ρ,

◦

θ)
&(5!6(6Z�3$%"F�0?�9�?(6/�3�S�#$F�0?(�4&(�

f
I($%?/7

c=�#"%_($F�ePQ?/�
ρ = 0

[�q��E h?/7���"�pZ+ �#��"F5!6k�,7*�3"%@M@A2,&L"b�#�*�a�06�6/5!�.�#6B�APQ?/� ◦
ρ

�,7��n$=< ?(6("FPQ?/�e@M"%6("%@;?(@ &(��$b�
IZ�#�.�#_J5!$F�

f(ρ,
◦

θ)
�
f(

◦
ρ,

◦

θ) < f(0,
◦

θ)
[ � �#�C+,5!6/7*2,PB?/�06B� R(6/5!?/7]� �W5!6/7C&(5!6/+4I(�*5!?(�Q24PB?/���

{ 7�" |b| ≤ λ
R
(
◦
ρ,

◦

θ)
�,7��H?(6l@M"%6("%@;?(@ &(�

f ⇔ ◦
ρ = 0 ;7�" |b| > λ

R
(
◦
ρ,

◦

θ)
�,7��H?(6l@M"%6("%@;?(@ &(�

f ⇔
◦

θ = arg b
�0� ◦

ρ = |b|−λ
a

5!Ul$b�n�!�#��"b�#_($F�
b = w

†
kek

�0�
a = w

†
kwk = N

[
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� � � ������� �"!#�$� �&%(')'+*-,.��*0/�1��(�$*2�&'435%(���(36�&'7398�:�;<1��='439;.>4'0%?%='@'A16�B!#:7C
D �E*F:G�?;H'

\]5!?/7j6/5!�.5!6/7j"F+0"Y$=<>�8KLI(�*�,7*7�"F5!6X&(�^$b�1&L"F7�����"%_(?(��"F5!6e&(�CI(�*5!_Z�#_("%$%"%�*2��0��&(�0?LKE&(�0?LKAI(�*�0@M"F�0�*7�@A5!@A�06B�*7
��6/5!6�+,�06B���*2,7�
3&(��$b���S�#��"b�#_($F�l�#$F2,�#�.5!"��.�a+,5!���*�,7�IJ5!6/&/�#6B���#?�@A5B&L?($F�a&L?�6/5!@;_(�*�a+,5!@MI($F�8KL�a&(5!6B�M$F�,7
IZ�#����"F�,7M�*2,�0$%$F�a�0�M"%@E�#VS"%6Z�#"%�*�,7E7*5!6B�M7�?/I(IJ5S7*2,�,7nVQ�#?/7*7*"F�06(6/�,7 Rs&/�X@A�0@A�e�S�#��"b�#6/+,�SRs@E�#"F7A&(�X@A5�NQ�06(6/�
&L"�rD20�*�06B�*�S[j�O5!"F�06B�

x ∼ N (µ1,σ
2)

�0�
y ∼ N (µ2,σ

2)
[s�n<`�#I(�*f,7E�)5B5B&L@E�#6�� � � � ���iRs$b���S�#��"b�#_($F�l�#$F2 ��g

�*5!"%�*�
a =

√
x2 + y2

7�?("%�H$b�n$F5!"W�

pA(a) =
a

σ2
exp

(
−a2 + µ2

2σ2

)
I0

(aµ

σ2

) IKJ
+(a)

5!U
µ =

√
µ2

1 + µ2
2

�0�
I0

�,7��4$b��cd5!6/+0��"F5!6�&(�A���,7*7.�0$�@A5B&L"�pZ2,�A&(�MI(�*�0@M"Ff0�*�A�,7*IJf,+,�M&D<>5!�*&L�.�
0
�>�]_(�.��g

@A5 5H"%� �n�0�4�O�*�0VS?(6'R � � � � RZI'[ � � ���i[ £ �0@E�#�*PB?/5!6/7�PB?/�;&/�#6/7]$F�;+ �!7�&(�;&(�0?LKl�S�#��"b�#_($F�,7
x

�0�
y

+,�06B���*2,�,7
�
µ1 = µ2 = 0


�5!6��
µ = 0

R
I0(0) = 0

�0�^$=< �8KLI(�*�,7*7�"F5!6G+0"�gi&(�,7.7�?/7^+,5!���*�,7�IJ5!6/&�9n$b�3$F5!"�&(� £ � NO$F�8"%VS-'[
q�<>�8KOI/�*�,7*7�"F5!6G&(�,7^@A5!@A�06B�*7^6/5!6G+,�06B���*2,7C�,7*�C�#$F5!�*7^&/5!6(6/2,�4IZ�#� � �)5B5B&L@E�#6'R � � � ���Q�

L
[a] =

√
π

2
σ exp− µ2

4σ2

[(
1 +

µ2

2σ2

)
I0

(
µ2

4σ2

)
+

µ2

2σ2
I1

(
µ2

4σ2

)]

�0� L
[a2] = 2σ2 + µ2

5!U
I1

�,7��;$b�acd5!6/+0��"F5!6�&(�����,7.7*�0$j@A5B&L"�pZ2,�e&(�EI(�*�0@M"Ff0�*�X�,7�IJf,+,�X&D<>5!�*&L�*�
1
�>�C_(�.�#@A5 5^"����e�0�M�B�*�0VS?(6'R

� � � � R/I'[ � � ���i[
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� �C� � :G%=/ �G%(3 ;.'�%=: 1�� ,.3���%�� >7/���:G* 1��?%E%(�$*G*�: D ' �&'�� �
	�	�3
\]5!?/7�20�.�#_($%"F7*7*5!6/7]"F+0"�$F�,7��8KLI(�*�,7*7�"F5!6/7�&(�,7C$F5!"F7�+,5!6/&L"%��"F5!6(6/�0$%$b�,7�"%6B�*�0���Q�06Z�#6B�)&/�#6/7]$=<`�#$%VW5!��"%��-(@A�n&(�

�)"%_(_/7'&L?:�.�#_($F� �#? � � [�� 
8[ £ �#I(IJ�0$F5!6/7'�*5!?(��&D<`�#_J5!�*&:$=<>�8KOI(�*�,7*7*"F5!61&(�s$b��$F5!"0 �5!"%6B�*�Cv�uL|#���i~8w8yo|!w8y
p(q,s,θ|y)

�

p(q,s,θ|y) ∝ λNe(1− λ)P+1−Ne
1

σN
ε

exp− 1

2σ2
ε

‖y −Hs‖2

× p(s0|q0)
∏

k≥1,qk=1

(
1

σ2
exp− 1

2σ2
‖sk‖2

) ∏

k≥1,qk=0

δ2(sk)

× p(λ) p(σ2
ε ) p(σ2).

�o�)[ � 


5!UE$b�:7�IJ2,+0"�pZ+0"%�*2C&L?�+ �!7
k = 0

RQPQ?/�^6/5!?/7�� �Q5!6/7j20$%?/&(2,�]&/�#6/7�$b�:&(�,7*+0��"%I(��"F5!6X&(�^+,�^@E�#6B?/7*+0��"%� RB+,5!6/&L?("%�
9n?(6/�4$F5!"jv4uJw�yd|!w8yj$F20VWf0�*�0@A�06B�]&L"�rD20�*�06B�*�4I(?("F7.PQ?/�

s0 = [a0,0]
�

p(s0|q0 = 1) = g1(a0,σ
2)δ(b0)

�0�
p(s0|q0 = 0) = δ2(s0).

���0���*�e&L"�rT20�*�06/+,�a�#?(�.��7*5!6�"%@MIJ5!���.�#6/+,�eIJ5!?(�3$=<>20�.�#_($%"F7*7*�0@A�06B�M&(��$b�l$F5!"�+,5!6/&L"%��"F5!6(6/�0$%$F�a&(�
σ2| w*~����i~ RI(?("F7.PQ?/��$F��cd�!+0�*�0?(�^&(�)6/5!��@E�#$%"F7.�#��"F5!6G&(�)$b�;VQ�#?/7*7�"F�06(6/�

g1
��IJ5!?(�

k = 0,q0 = 1

��,7*���06

1/σ
�#$F5!�*7^PQ?/�

+,�0$%?("�&(�)$b�nVQ�#?/7*7�"F�06(6/�
g2

��IJ5!?(�
k ≥ 1,qk = 1


��,7��^�06
1/σ2 [

� � ,+��� 
  !�����  !� 
 � ���� � � � ��� � � 
 � � " $+� �&%�� 	�%�	���� � %�� �

� � 
 ���
λ

� 5!?(�^?(6/�4$F5!"�v4uYw8yo|Sw�y
p(λ)

?(6("�co5!��@A�SR/$=<>�8KOI(�*�,7.7�"F5!6 �o��[ � 
�IJ�0��@A�0�]&D<>2,+0��"%�*���

p(λ| w.~����i~ ) ∝ λNe (1− λ)P+1−Ne

5!U
Ne

�,7���$F��6/5!@;_(�*�C&(�H+,5!@MIJ5S7.�#6B�*�,7j6/5!6A6B?($%$F�,7�&(�H$b�)7*2,PB?/�06/+,�
q
[S\�5!?/7��*�,+,5!6(6Z�#"F7*7*5!6/7�$=<>�8KLI(�*�,7*7�"F5!6

&D< ?(6/�:$F5!"D_J�0�.�L�
λ| w*~����i~ ∼ B ~ (Ne,P + 1−Ne)

[

� � 
 ���
σ2

ε

\]5!?/7^+,5!6/7*"F&(20�*5!6/7^���*5!"F7^��NOIJ�,7^&(�4$%5!"F7;v4uYw8yo|Sw�y�7*?(�
σ2

ε

RZ9n7.� �Q5!"%�'�
��?(6/�4$F5!"'?(6("�co5!��@A�:"%@MI(�*5!I(�*�

p(σ2
ε ) ∝

I
[0,+∞[(σ

2
ε )

R
��?(6/�4$F5!"�v4uYw�yd|!w8y�&(� �W�8rJ�*�0NL7 R/20VQ�#$F�0@A�06B�C"%@MI(�*5!I(�*���

p(σ2
ε ) ∝ 1/σ2

ε

R
��?(6/�4$F5!"'"%6B�W�0�*7*�8g=VQ�#@M@E� IG(α,β)

�
p(σ2

ε ) ∝ 1

σ2
ε
(α+1) e

−β/σ2
ε
[

q��,7X&(�0?LK I(�*�0@M"Ff0�*�,7XIJ�0?(�Q�06B�e20VQ�#$F�0@A�06B�a7 <>�8KOI(��"%@A�0�a�#6Z�#$%NO��"FPQ?/�0@A�06B�a7*5!?Z7E$b��cd5!��@A��&(��$F5!"F7 ��"%@ng
I(�*5!I(�*�,7�
'&(����NOIJ��"%6B�Q�0�*7*�8g=VQ�#@M@E�LR#&(��IZ�#�.�#@Af0���*�,7

α = −1,β = 0
IJ5!?(��$b�H$F5!"B?(6("�cd5!��@A���0�

α = 0,β = 0IJ5!?(�^$b�n$F5!"�&(� �Q�8rJ�*�0NL7 [(�)�4@E�#6("Ff0�*�4VW206/20�.�#$F�SR/6/5!?/7^��"%�*5!6/7]�#$F5!�*7C&(� �o��[ � 
J�

p(σ2
ε |
w*~����i~

) ∝ 1

σ2
ε
(N/2+α+1)

e−(β+‖y−Hs‖2/2)/σ2
ε ,

PB?("'�,7��^$d<>�8KLI(�*�,7*7�"F5!6G&D< ?(6/�:$F5!" IG(N/2 + α, ‖y −Hs‖2 /2 + β)
[



�)[��L[������ ����� 	�

��� ����� ��	������������������ �!�!� "#�$����%$�'&$�)(*�,+$+�	 � � �

� � 
 ���
σ2

\]5!?/7^+,5!6/7*"F&(20�*5!6/7C&(�0?LKe��NOIJ�,7^&(�4$F5!"F71v4uJw�yd|!w8y�7�?(�
σ2 R/9M7.� �W5!"%�'�

��?(6/�4$F5!"�v4uYw�yd|!w8y�&(� �W�8rJ�*�0NL7'�
p(σ2) ∝ 1/σ2 R

��?(6/�4$F5!"'"%6B�W�0�*7*�8g=VQ�#@M@E� IG(ν,η)
�
p(σ2) ∝ 1

σ2(µ+1) e
−η/σ2 [

q��MI(�*�0@M"Ff0�*�;IJ�0?(�]20VQ�#$F�0@A�06B�)7 <>�8KLI(��"%@A�0�)�#6Z�#$%NB��"FPB?/�0@A�06B�)7*5!?/7^$b�Mco5!��@A�1&'< ?(6Z�:$F5!"�&(�:��NOIJ�:"�6O�W�0�*7*�8g
VQ�#@M@E�LRZ&(�4IZ�#�.�#@Af0���*�,7

µ = 0,η = 0
[ ¢ $D�O"F�06B�C�#$F5!�*7C&(� �o�)[ � 
�$F�07C�8KOI(�*�,7.7�"F5!6/7^7�?("%�S�#6B�*�,7'�

p(σ2| w*~8���i~ ) ∝ 1

σ2(Ne+µ+1)
e−(η+‖s‖2/2)/σ2 7�"

q0 = 0,

p(σ2| w*~8���i~ ) ∝ 1

σ2(Ne+µ+1/2)
e−(η+‖s‖2/2)/σ2 7�"

q0 = 1,

PB?("�7*5!6B� $F�,7��8KOI(�*�,7.7�"F5!6/7�&D< ?(6/� $F5!" IG(Ne + µ, ‖s‖2 /2 + η)
$F5!�*7*PB?/�

q0 = 0
�0��&D< ?(6/� $F5!"

IG(Ne − 1/2 + µ, ‖s‖2 /2 + η)
$F5!�*7*PB?/�

q0 = 1
[

� � ,+��, 
  !�����  !� 
 � ���� � � � ��� � � 
 � �.- 	�%(��	�' ����� � �&%(�  !* �����0/�1 	�* � ����� � � � �

\]5!?/7H6/5!�*5!6/7
Hk

$b�3@E�#����"F+,�
N × 2

cd5!��@A2,�)IZ�#�H$F�,7^&(�0?LKa+,5!$%5!6/6/�,7^&D< "%6/&L"F+,�,7
2k

�8�
2k + 1

&(�
H

R
+S<>�,7��hg�9�gi&("��.�l$b�m@E�#����"F+,�acd5!��@A2,�aIZ�#�A$F�,7

N
$%"%VS6/�,7

[cos(2πfktn), sin(2πfktn)]n=1...N
R��0�

ek = y −∑
j 6=k Hjsj

[B\�5!?/7j�.�8@MI/$F���,5!6/7�IJ5!?(��@A�06/�0�H94_/"%�06X$F�]+ �#$F+0?($T7�?("%�S�#6B��$b�1&L"F7�����"%_(?(��"F5!6a&(�]�]"%�.�!+
δ2(sk)IZ�#�s?(6/��$F5!"LVQ�#?/7*7�"F�06(6/��_("F&L"%@A�06/7�"F5!6(6/�,$%$F�H&/��+,5��S�#��"b�#6/+,�

σ2
0I2

5!Un$=<>5!63co�0�.�]�*�06/&L�*�
σ0

�W�0�*7
0
R#�0�s6/5!�*5!6/7

IZ�#�C�#6Z�#$F5!VS"F�
σ2

1

$b�;�S�#��"b�#6/+,�� �?/7*PB?'< "F+0"T6/5!�*2,�
σ2 [Lq��;$F5!"'+,5!6/&L"%��"F5!6(6/�0$%$F�:&(�

(qk,sk|
w.~����i~

)
7�<>20+0��"%�C�#$F5!�*7'�

p(qk,sk|
w*~����i~

) ∝ exp−‖ek −Hksk‖2
2σ2

ε

(
λg2(sk,σ

2
1I2) + (1− λ)g2(sk,σ

2
0I2)

)

PB?("'7 <>2,+0��"%�C�06/+,5!�*�1+,5!@M@A�4?(6/�:7*5!@M@A�:&(�:&(�0?LKa&L"F7�����"%_(?(��"F5!6/7CVQ�#?/7*7*"F�06(6/�,7'�

p(qk,sk|
w*~8���i~

) ∝ λ

|σ2
1I2|

e
vt

1,kΓ
−1
1,kv1,k/2 e

−(sk − v1,k)
tΓ−1

1,k(sk − v1,k)/2

+
1− λ

|σ2
0I2|

e
vt

0,kΓ
−1
0,kv0,k/2 e

−(sk − v0,k)
tΓ−1

0,k(sk − v0,k)/2

7.5!"%�^7*5!?/7�cd5!��@A�4+,5!6/&(�06/7.2,���

p(qk,sk|
w*~����i~

) = λ1,k g2(sk − v1,k,Γ1,k) + λ0,k g2(sk − v0,k,Γ0,k)

5!U
Γ−1

i,k = 1
σ2

ε
Ht

kHk + 1
σ2

i
I2

R
vi,k = 1

σ2
ε
Γi,kH

t
kek

�0��$F�07)+,5B�8�E+0"F�06B�*74&(�;6/5!��@E�#$%"F7.�#��"F5!6
λi,k

7*5!6B�]�*�0$F7
PB?/�

λ1,k + λ0,k = 1
R(7*5!"%�'�

λi,k =
λ̃i,k

λ̃1,k + λ̃0,k

� �W�,+
λ̃1,k =

λ

σ2
1

|Γ1,k|1/2e
vt

1,kΓ
−1
1,kv1,k/2 �0�

λ̃0,k =
1− λ

σ2
0

|Γ0,k|1/2e
vt

0,kΓ
−1
0,kv0,k/2.

q��4IZ�!7*7.�#VW�:9n$b�3$%"%@M"%�*�
σ0 → 0

&(5!6(6/�1�#$F5!�*7'�

Γ0,k → 02×2,
$b�n@E�#����"F+,�

2× 2
"F&(�06B��"FPQ?/�0@A�06B�]6B?($%$F�

,

v0,k → 02,
$F�4�W�,+0�*�0?(�

2× 1
6O?($

,

λ̃0,k → 1− λ.



� � � �C6(6/�8K(�4�)[Y���#$F+0?($F7^IJ5!?(�^$b�n@A5Q&/28$%"F7��#��"F5!6����0��6/5!?($%$%"�g��4�#?/7*7�"F�06(6/�

� �#�C+,5!6/7*2,PB?/�06B� R
(qk,sk|

w*~����i~
)
�,7*�H?(6/�4�!�#��"b�#_($F�1���0��6/5!?($%$%"�g��4�#?Z7*7�"F�06(6/�1�*�0$�$F�1PQ?/���

• Pr(qk = 1| w.~����i~ ) = λ1,k

• p(sk|qk = 1,
w*~����i~

) = g2(sk − v1,k,Γ1,k)
�0�

p(sk|qk = 0,
w*~����i~

) = δ2(sk).

� � ,+��� 
  !��� �  � 
 ������ !� ��� ����� � 
���� -�	 % ��	�' ��� � � � %(�� * ������/�1 	�* ��� ��� � � � � � 	�%�' �� � � 
��
� %( !��� �  � �� ��	�� � � �

\]5!?/73&(2,7�"%VS6/5!6/7n&/�#6/73+,�EIZ�#�.�#VS�.�#I(-/�XIZ�#�
(qk,3, sk,3)

$F�,7;_($F5B+,73&(�E���*5!"F7;�S�#��"b�#_($F�,73��g�� +,5!���*�,7hg
IJ5!6/&/�#6B���#?LKX"%6/&L"F+,�,7

k
R
k + 1

�0�
k + 2

[ �o\]5!?Z7�$F�,7C� �Q5!6/7�6Z5!�*2,7
qk→k+2,sk→k+2

&/�#6/7H$F�4+,5!��I/7^&(�4+,�
@E�#6B?/7.+0��"%� R'@E�#"F7:?(6/�A6/5!�.�#��"F5!6�I/$�?Z71+,5!@MIZ�!+0�*�EIJ�8�*@A�8�;"F+0"j&(�M�*2,&L?("%�*�E$b�e$F5!6(VS?/�0?(�3&(�,71�8KOI(�*�,7*7*"F5!6/7
7*?("%�!�#6B�*�,7 [ 


\]5!?/7�6/5!�*5!6/7
Hk,3

$b�1@E�#����"F+,�
N × 6

co5!��@A2,��IZ�#��$b�;+,5!6/+ �#�*206Z�#��"F5!6l&(�,7����*5!"F7�@E�#����"F+,�,7
Hk

R
Hk+1�0�

Hk+2
R�+S<>�,7��hg�9�gi&L"%�*�a&(�,7n+,5!$F5!6(6/�,7A&D< "%6/&L"F+,�,7

2k
9

2k + 5
&(��$b��@E�#����"F+,�

H
[�\�5!?/736/5!�*5!6/7M20VQ�#$F�8g

@A�06B�
ek,3 = y −∑j 6=k,k+1,k+2 Hjsj

[T��5!@M@A�M�#?�IZ�#�.�#VS�.�#I(-/�3I(�*2,+,2,&(�06B� RY6/5!?Z7]�*�0@MI($b���,5!6/7�$b�E&L"F7�g
����"%_(?(��"F5!6a&(�]��"%�.�!+

δ2(sk)
IZ�#��?(6/�]$F5!"YVQ�#?/7*7�"F�06(6/�]_("F&L"%@A�06/7*"%5!6/6/�0$%$F�)&(��+,5��!�#��"b�#6/+,�

σ2
0I2

5!U�$=<>5!6�cd�0�.�
�*�06/&L�*�

σ0
�Q�8�.7

0
R#�0�s6/5!�*5!6/7sIZ�#���#6Z�#$F5!VS"F�

σ2
1

$b�]�S�#��"b�#6/+,�
σ2 [#q��]$F5!"(+,5!6/&L"%��"F5!6(6/�0$%$b�H&(�

(qk,3,sk,3|
w.~����i~

)7�<>20+0��"%���

p(qk,3,sk,3|
w*~����i~

) ∝ exp

(
−‖ek,3 −Hk,3 sk,3‖2

2σ2
ε

)
k+2∏

j=k

(
λg2(sj ,σ

2
1I2) + (1− λ)g2(sj ,σ

2
0I2)

)

︸ ︷︷ ︸
p(qk,3,sk,3)

5!U�$F�^�*�0��@A�3vCuYw8yd|!w�y
p(qk,3,sk,3)

7.�^&(2,+,5!@MIJ5S7.�]�06�$b�:7*5!@M@A�]&(�^-B?("%���*�0��@A�,7�+,5!���*�,7�IJ5!6/&/�#6B��+.-Z�!+0?(6
91?(6/�]+,5!6Lp/VS?(�.�#��"F5!6l&(�

qk,3 ∈ {0; 1}3
[B�)�C@E�#6("Ff0�*�4�#6Z�#$F5!VS?/�)91$b�1&(20@E�#�*+.-/���*2 �#$%"F7*2,�)�#?�IZ�#�.�#VS���#I(-/�

I(�*2,+,2,&(�06B� RZ$b�3$F5!"�v4u(|#���i~8w8yd|!w�y�7 <>2,+0��"%�C+,5!@M@A�:?(6a@A20$b�#6(VW�1&(�4-B?("%�^VQ�#?/7*7�"F�06(6/�,7��

p(qk,3,sk,3|
w*~����i~

) =
∑

(u,v,w)∈{0; 1}3

λu,v,w g6(sk,3 − vu,v,w,Γu,v,w)
�o�)[�� 


5!U
λu,v,w

�,7��a$b��I(�*5!_Z�#_("%$%"%�*2�v u(|#���i~8w8yd|!w�y8R^+,5!6(6Z�#"F7*7.�#6B�G$F�,7l&(5!6(6/2,�,7��0�l$F���*�,7��*��&(�,7lIZ�#�.�#@Af0���*�,7
��g��nR PQ?Z� $F�,7 �S�#��"b�#_($F�,7 &(� ���0��6/5!?($%$%"

qk,3

7.5!"F�06B� &/�#6/7 $b� +,5!6Lp/VS?(�.�#��"F5!6
(u,v,w)

�0�
g6(sk,3 − vu,v,w,Γu,v,w)

�,7���$b��&L"F7*����"%_(?(��"F5!6 vGuL|!���i~8w8yo|Sw�yMVQ�#?/7*7�"F�06(6/�m+,5!���*�,7�IJ5!6/&/�#6B�*� &(�,7e�#@MI($%"�g
��?/&(�,7�[ � �#�E7*5!?Z+8"C&(�a+0$b�#���*2SR�6/5!?/7E5!@A�0���*5!6/7A"F+0"^$b� &(20IJ�06/&/�#6/+,�G�06

k
&(�,7EPQ?Z�#6B��"%�*2,7

λu,v,w
R
vu,v,w�0�

Γu,v,w
[ � �#�^?(6a�.�#"F7*5!6(6/�0@A�06B�]7�"%@M"%$b�#"%�*�19n+,�0$%?("��8rD�,+0��?/24&/�#6Z7H$F�4+ �!7^&D< ?(6/�:7*�0?($F�)�S�#��"b�#_($F�4��g�� �#?

IZ�#�.�#VS�.�#I(-/�1I(�*2,+,2,&(�06B� RZ5!6l@A5!6B���*�:PB?/���
��$F�,7H@E�#����"F+,�,7]&(�:+,5��!�#��"b�#6/+,��v4u(|#���i~8w8yd|!w�y�7*5!6B�^$F�,7H"%6B�Q�0�*7*�,7^&(�4@E�#����"F+,�,7C&(�4$b�;cd5!��@A���

Γ−1
u,v,w =

1

σ2
ε

Ht
k,3Hk,3 + Iu,v,w(σ1,σ0)

5!U
Iu,v,w(σ1,σ0)

�,7��j?(6/�^@E�#����"F+,�
6×6

&L"b�#VW5!6Z�#$F�Ccd5!��@A2,�^IZ�#�����*5!"F7j_($F5B+,7�&(�^��NOIJ� 1
σ2
1
I2

$F5!�*7*PQ?/�
$=< "%6/&L"F+ �#�*�0?(��+,5!���*�,7�IJ5!6/&/�#6B����?'R(�e5!?�5 
��!�#?/� � �0� 1

σ2
0
I2

$F5!�*7*PQ?Z�4+,�0$%?("�gi+0"��!�#?(� � �
��$F�,7H@A5�NQ�06(6/�,7;v4u(|#���i~0w�yd|!w8y�7�<>20+0��"%�Q�06B�'�

vu,v,w =
1

σ2
ε

Γu,v,wHt
k,3ek,3 ;
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��$F�,7HI(�*5!_Z�#_("%$%"%�*2,7nv4uL|!���i~8w8yo|Sw�y�I(�*�06(6/�06B�C$b�;cd5!��@A���

λu,v,w =
λ̃u,v,w

S
λ̃

� �W�,+
λ̃u,v,w =

λNu,v,w(1− λ)(3−Nu,v,w)

σ
2Nu,v,w

1 σ
2(3−Nu,v,w)
0

|Γu,v,w|1/2evt
u,v,wΓ

−1
u,v,wvu,v,w/2

5!U
Nu,v,w

�,7��j$F�^6/5!@3_(�*�]&(� � &/�#6/7�$b�:7.2,PQ?/�06/+,�
qk,3

�
Nu,v,w = u+ v +w


��8�
S

λ̃

�,7��j$b�17*5!@M@A�
&(�,7^I(�*5!_Z�#_("%$%"%�*2,7

λ̃u,v,w
[

�]"%6/7�"DIJ5!?(�
qk,3 = [1,1,1]

R(5!6G���

([sk,sk+1,sk+2]|qk,3 = [1,1,1],
w.~����i~

) ∼ N6(v111,Γ111)
� �Q�,+

{
Γ−1

111 = 1
σ2

ε
Ht

k,3Hk,3 + 1
σ2 I6,

v111 = 1
σ2

ε
Γ111H

t
k,3ek,3,

�0�H$b�nI(�*5!_Z�#_("%$%"%�*2�v:uL|#���i~8w8yo|!w8y��!7*7*5B+0"F2,�19n+,�0���*�:+,5!6Lp/VS?(�.�#��"F5!6m7 <>2,+0��"%�'�

λ111 =
λ̃111

S
λ̃

,
� �Q�,+

λ̃111 =
λ3

σ6
1

|Γ111|1/2evt
111Γ

−1
111v111/2.

λ̃111 =
λ3

σ6
1

|Γ111|1/2evt
111Γ

−1
111v111/2.

�4�#6/7C$F�,7]7.�0I(���#?(���*�,7�+,5!6Lp/VS?(�.�#��"F5!6/7 RY$F�1IZ�!7*7.�#VW�;9A$F�A$%"%@M"%�*�
σ0 → 0

&(20_J5!?/+.-/�;7*?(�]&(�,7C@E�#����"F+,�,7�&(�
+,5��S�#��"b�#6/+,�H+,5!@MIJ5!���.�#6B�j&(�,7s_($F5B+,7�&(� � 20�*5S7��0��&(�,7s@A5�NQ�06(6/�,7�+,5!���*�,7�IJ5!6/&/�#6B�*�,7�6B?($%$F�,7 RS+S<>�,7��hg�9�gi&L"%�*�^7�?(�
&(�,7j����"%I($F�0�*7�&(�^�S�#��"b�#_($F�,7�&(�^��NOIJ�C��g��n[ � $%?/7jI(�*2,+0"F7.28@A�06O� RQ6/5!?/7�&(20�.�#"%$%$F5!6/7�$F�,7j+ �#$F+0?($F7�&/�#6/7j���*5!"F7�+ �!7�R
7.�0$%5!6 PB?/�

Nu,v,w = 2
R � 5!? � [J\]5!?/7]?(��"%$%"F7*�0�*5!6/7)IJ5!?(�)+0�0$b�E$F������� � � � � 

������& ��
�� � ����� � ����& 
�!(�*�

� � &%��
���
�� ���������1PB?("'7�< 2,+0��"%� R/�06G7�?(I(IJ5S7��#6B�^$F�,7H@E�#����"F+,�,7
Aij

+ �#���*2,�,7C�0�^"%6B�Q�0�*7�"%_($F�,7'�
(

A12 A12

A21 A22

)−1

=

(
∇−1 −∇−1A12A

−1
22

−A−1
22 A21∇−1 A−1

22 + A−1
22 A21∇−1A12A

−1
22

)

� �W�,+ ∇ = A11 −A12A21A
−1
22 A21.

�o�)[ � 


� � �
Nu,v,w = 2 � � � & ��� �*� � ��� '	� � ' � '�

������� '�� '����

�4�#6/7�+,��+ �!7 R,$b��@E�#����"F+,�
Γ−1

011 = 1
σ2

ε
Ht

k,3Hk,3+

(
1
σ2
0
I2 02×4

04×2
1
σ2
1
I4

) 7�<>2,+0��"%�'7.5!?/7D$b��cd5!��@A� ( A11 A12

A21 A22

)
,

5!U
A11

�,7��
2× 2

R
A12

�,7*�
2× 4

R
A21

�,7��
4× 2

�0�
A22

�,7*�
4× 4

[ � 6lIZ�#����"F+0?($%"F�0�'�

A22 =
1

σ2
ε

Ht
k+1,2Hk+1,2 +

1

σ2
1

I4

5!U
Hk+1,2

�,7���$b�;@E�#����"F+,�)co5!��@A2,�)IZ�#��$b�n+,5!6/+ �#�*206Z�#��"F5!6G&(�,7^&(�0?LK�@E�#����"F+,�,7
Hk+1

�0�
Hk+2

[L���Q�,+�$F�,7
6/5!�.�#��"F5!6/7n&L?�$F�0@M@A� �o��[ � 
8R�5!6��G�#$F5!�*7'� ∇ = 1

σ2
0
I2 + K2×2

R�5!U
K2×2

6/��&(20IJ�06/&�IZ�!7;&(�
σ0

[ � �#�
+,5!6/7.2,PQ?/�06B� R/$%5!�.7*PQ?/�

σ0
�*�06/&a�W�0�*7 � R/5!6�� ∇−1 → 02×2

�0� R/�06l�W�0����?G&(�4+,�4$F�0@M@A�1&D< "%6B�W�0�*7�"F5!61�

Γ011 −→
(

02×2 02×4

04×2 A−1
22

)
=

(
02×2 02×4

04×2

(
1
σ2

ε
Ht

k+1,2Hk+1,2 + 1
σ2
1
I4

)−1

)
.
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<]6G&(2,&L?("%���#$F5!�*7�c=�!+0"%$F�0@A�06B�]PQ?/���

v011 −→
1

σ2
ε

(
02×1(

1
σ2

ε
Ht

k+1,2Hk+1,2 + 1
σ2
1
I4

)−1
Ht

k+1,2ek,3

)
.

�0��IJ5!?(��+,�0���*�3+,5!6Lp/VS?(�.�#��"F5!6�R
sk = 0

�0�
[sk+1,sk+2]
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(
[sk+1,sk+2]|qk,3 = [0,1,1],

w.~����i~ ) ∼ N4(vk+1,2,Γk+1,2)
� �Q�,+





Γk+1,2 =
(

1
σ2

ε
Ht

k+1,2Hk+1,2 + 1
σ2
1
I4

)−1

vk+1,2 = 1
σ2

ε
Γk+1,2H

t
k+1,2ek,3
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λ011 =
λ̃011

S
λ̃

,
� �Q�,+

λ̃011 = λ2(1− λ)
|Γ011|1/2

σ4
1σ

2
0

ev
†
011Γ

−1
011v011/2.

<]6��A�#$%5!�.7 R(&D< ?(6/�:IZ�#��� R |Γ011|1/2

σ2
0

=
∣∣∣σ2/3

0 Γ−1
011

∣∣∣
−1/2 R/� �Q�,+��

σ
2/3
0 Γ−1

011 =
σ

2/3
0

σ2
ε

H
†
k,3Hk,3 +




σ
2/3
0

σ2
0

I2 02×4

04×2
σ

2/3
0

σ2
1

I4




�0�C&(5!6/+4$F5!�*7*PB?/�
σ0 → 0

R

∣∣∣σ2/3
0 Γ−1

011

∣∣∣
−1/2

∼

∣∣∣∣∣∣

σ
2/3
0

σ2
0

I2 02×4

04×2
σ

2/3
0

σ2
1

I4

∣∣∣∣∣∣

−1/2

=


(σ

−4/3
0 )

2

(
σ

2/3
0

σ2
1

)4



−1/2

= σ4
1.

� �#�]�#"%$%$F�0?(�*7 R("%$��,7���c=�!+0"�$F�:&(�4�Q5!"%�^PB?/���

v
†
011Γ

−1
011v011 →

1

σ4
ε

e
†
k,3Hk+1,2Γk+1,2H

†
k+1,2ek,3

&D<>5!Uap/6Y�#$%�0@A�06B�
λ̃011 −→ λ2(1− λ) exp

(
1

2σ4
ε
e
†
k,3Hk+1,2Γk+1,2H

†
k+1,2ek,3

)
.

q'�,7e+,5!6Lp/VS?(�.�#��"F5!6/7
(u,v,w) = (1,0,1)

�0�
(u,v,w) = (1,1,0)

&(5!6(6/�06B�e$%"F�0?�9�&(�,7e�8KLI(�*�,7*7�"F5!6/7
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H
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qk,3

[

� � �
Nu,v,w = 1 � � � & ��� �*� � ��� '	� � ' � '�

������� ' � '����

� �#�^?(6/�:&(20@E�#�*+.-/�;�#6Z�#$F5!VS?/�;9n+,�0$%$F�:�8rD�,+0��?/2,�4IJ5!?(�
(u,v,w) = (0,1,1)
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Γ001 −→
(

04×4 04×2

02×4

(
1
σ2

ε
Ht

k+2Hk+2 + 1
σ2
1
I2

)−1

)
.

v001 −→ 1

σ2
ε

(
04×1(

1
σ2

ε
Ht

k+2Hk+2 + 1
σ2
1
I2

)−1
Ht

k,2ek,3

)
.
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sk = sk+1 = 0
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sk+2
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(sk+2]|qk,3 = [0,0,1],
w*~8���i~

) ∼ N2(vk+2,Γk+2)
� �W�,+





Γk+2 =
(

1
σ2

ε
Ht

k+2Hk+2 + 1
σ2
1
I2

)−1

vk+2 = 1
σ2

ε
Γk+2H

t
k+2ek,3
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λ001 =
λ̃001

S
λ̃

,
� �Q�,+

λ̃001 = λ(1− λ)2
|Γ001|1/2

σ4
1σ

2
0

ev
†
001Γ

−1
001v001/2.
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λ̃001 −→ λ(1− λ)2 exp

(
1

2σ4
ε
e
†
k,3Hk+2Γk+2H

†
k+2ek,3

)
.

q'�,7e+,5!6Lp/VS?(�.�#��"F5!6/7
(u,v,w) = (0,1,0)

�0�
(u,v,w) = (1,0,0)
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H
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qk,3

R(+S<>�,7*�hg�9�gi&L"%�*�:�*�,7�IJ�,+0��"%�W�0@A�06B�
Hk+1

�0�
Hk

[

� � �
Nu,v,w = 0 � � � ' � '�

������� ' � ' � �

� 6Lp/6'RT$F�n+ �!7
u = v = w = 0

+,5!���*�,7*IJ5!6/& _("F�06�20�O"F&(�0@M@A�06B�;9
Γ000 = 06×6

�8�
v000 = 03×1

RT�0�)$b�
I(�*5!_Z�#_("%$%"%�*23�!7*7*5B+0"F2,�4�!�#?(�

λ000 = λ̃000
S

λ̃
,
� �Q�,+

λ̃000 −→ (1− λ)3.
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