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W = UN,2P+1 = {ej2π k

P
f k&lOm tn}n=1...N, k=−P ...P
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UN,2P+1U
†
N,2P+1

+&%
U

†
N,2P+1UN,2P+1
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5-'*#Z#.-;:85*:*+.+&);%/# a � 58+&%H+�:l+&%-c"�*)L01�*);%�-/+bWX $+�<

{UN,2P+1U
†
N,2P+1}m,n=1...N =

sin
(
π(tm − tn)(2P + 1) f k&lOm

P

)

sin
(
π(tm − tn)f k&lOm

P

)

+&% {U†
N,2P+1UN,2P+1}k,`=−P ...P =

∑

n

exp
(
− 2jπ(k − `)tn

f \^]`_
P

)
.
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†
N,2P+1
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†
N,2P+1UN,2P+1
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tn = inTe
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f \^]`_ = 2P
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2Te
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iN < 2P
B&y&L�h}WsM�J5{ G�[Ktah+��Ws[�SUYZ`8`ZEC[\[�Wso�L�OQE�G�H `ZL���G\La`

iN > 2P
l&Wa�|WC[�S `ZYZLaGdO�WsHLNkILaj�O\`ZL�`ZEsHUM��|G�L�`�{ tah+�\WC[�SUYZ`8`ZEC[\[�Wso�L O�HUtaMTLN[�SUL�J�L osHUE�M�STHUE�G�Mal�J�E�[�[\L�`ZYZLaG(WsG�k�j��Nj�LaM~haE�[�ha`ZG\MTYZE�[�MaB�� `vMTG ��S OQECG�H haLN`nWrJILhaE�[�MTYnJItNHULNHm`8LNM HULaOIHUtaMTLa[�S+WC[�SUM j�E|JIG\`ZE

2P
J�LNM YZ[�J�YZhaLNM

in
J\Ws[\M `�{ YZ[�SULNH ^ WC`Z`ZL [O,2P − 1]

B�IB"!zECG�SUL j�WsSTHUYZhaL J�L#!&E�LaO�`8YqS�$�tNS+WC[�S WCM �Ij�O�SUECSUY%��G\LNj�LN[�S hNYZHUhNG\`8WC[�SUL�`ZEsHUM��|G�L MUWrJIYZj�LN[\MTYZE�[�SULN[�J ^ LNHUM�`�{ YZ[ &�[\Y(' )�H+Wa�5lA�*,+"+.-"lvG\[�LubRc�c�eTg�/Cf10�b"2�f"g"3dJ�L
U

†
N,2P+1UN,2P+1

O�WXH G�[\L j�WXSTHUYZhaL haYqHUhaG�`nWs[�SUL�OQE�GIHTH+WCYqS4�NSTHUL La[ ^ YZMUWCo�tNL65�[�E�G\Mm[5{ W ^ E�[\M[\t}Ws[\j�E�YZ[�M O�WCM OQECG�HUMTG\Y ^ Y&J�WC[\M haLNSTSUL ^ E�YZL�B7�B�8�LNj�WsH9��G\EC[\M���G\L J\Ws[\M haLmhaWCMal�E�[�[5{ W O�WsM~LNk�WChRSULaj�La[�S
f k&lOm ] `nW#:nHUt���G\La[�haLmJ�L;�m����G�Y8M S 1/2Te

WC`ZEsHUM<��G�L [�E�G\M ^ L>=[\E�[�M~JIL j�E�[�STHULNH���G\L�haLNSTSUL ^ WC`ZLaGIH JIL f k&lOm = f ?�@>A9BDC EGF haEC[�JIYZSUYZEC[\[�WsYqS `ZLaM O�HUECO�HUYZtNSUtNM~tRSUG�JIY8tNLaM~J�LNM~J�LNG�k�juWXSTHUYZhaLaM W†
WLNS

WW
† BIH LNSTSUL�`Ztao"JNHULrJIYLKvtNHULa[\hNL�Ma{ LNkIO�`8Y%��G\L O\WsH�`ZLM:�WsYqSN��G\L `ZLaM�E�OQtNH+WXSULaG�HUM JIYOKIJRHULa[�S�`Ztao�JRHULaj�La[�S J\Ws[\Mm`ZLaM�JILaGIk
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k = −P
LRS

k = P
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k = P
B
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= W†(WW†)−1y.

�n'7)$#n%2+I5-'*#b+.+T%QCe:85657'7);%�'K%K%?�*)$)7'8G<+:-;:HGI &%3'2+&--c�7J'?��=I'7).)$+H%K%3'T+&%b�`+('2+9-1�U�I�I� � � �*);%Y01�*);%/-;:EWX $+T%QC '3);=Z+&-/#�'?�*)Gy:&)":&-6'8%3'2#;:8+tMf�! .-�).'3%  .)v+8#/%�'30R'7%/+H .- #.-;�!#>�*-�%�'?�*).)$+*%q/,%('b�Z��� +.+8# +&�*).)":8+8#-cX:9=Z+&);%@ $+H%K%2+&0:+&);%w5*�*0E#&%?:&%;:8+
#7'7-1L>�! .-�-6'8G<+ +.+��-:&-;�t#1+"'7)$#E%2+L5-'*#E+$+N%('357'8 .%/+,-;:8#;�!%K .%�'?�*) g 2P > N

i a ��%�+8#�%0MQ'*59'K%2+ +.+R=d�*'3-1Wd $+58+&%�%/+�#.-;�!#.-�'?:&%;: #-Ce:&%/+&)"+ '8 5-'*#N+DC  .) :85657'7);%�'K%K%?�*).)7'8G<+ / +&�*).)":8+8#,0R'7)"Wd o'7);%/+8#r<s#& .'2#;Wd W+3+"'7)$#,58+
5-'*#

MN,2PM
†
N,2P ∝ IN
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N,2P y
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ỹ[in] = y[n]
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n = 1 . . . N
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ỹ[n] = 0
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L(y; x,σε) =
1

(2πσ2
ε )

N
e
−‖y−Wx‖2

2σ2
ε ,
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2πσ2
x
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†y =
1

2P + λ
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†ỹ
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ỹ[n] = y[n]
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n = 1 . . . N
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ỹ[n] = 0
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∆
=

1

2
‖y −Wx‖2 + λ

∑
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∆
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√
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( w � ) : x̂ ���
∆
= arg min ‖x‖0

# a 5 a y = Wx,
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( w � )⇔ ( w � ) : x̂ ���

∆
= arg min ‖x‖1

# a 5 a y = Wx,
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x̂1 = arg min J1(x), J1(x)

∆
=

1

2
‖y −Wx‖2 + λ‖x‖1.
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u ∈ � , |u| = u
#�'

u ≥ 0
+&% −u

#�'
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sk = [ak, bk] ∈ � 2 '8 %3'2+H .+.+

xk ∈ � c7'>=Z+85 xk = (ak − j bk)/2 a"� 'E#>:&)7'8%3'2#6'7%�'?�*).#7'7-t%('1)"�*-�0:+ `1 +4 L=Z+85&%/+H .-�+DCU'700A#&%3'3%@ "+.+8#
s
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‖s‖1 =
∑

k

|ak|+ |bk| 6=
∑

k

|ak + j bk| = 2 ‖x‖1
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1 (x) =
∑

k |<(xk)|+
|=(xk)|
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1 (x) =
∑

k |xk| a
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x
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J1(x) =
1

2
‖y −Wx‖2 + λ‖x‖1 gfh a �Xi
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−→∇J1(x) = −W†(y −Wx) + λ
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sk = [ak, bk] ∈ � 2 '8 %3'2+H +.+
xk ∈ � c�'>=Z+85 xk =

(ak − j bk)/2
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N × (2P + 2)
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Hn,2k = cos(2πfktn)
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Hn,2k+1 =
sin(2πfktn)
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y(tn) =
P∑

k=0

ak cos 2πfktn + bk sin 2πfktn + εn, n = 1 . . . N

⇔ y = Hs + ε g � a�� i�
	
sk = [ak,bk]

c
s
+8#�% %2+ =Z+85&%/+H .- /

2P + 2
'3)$5*�*).)X $+8# -;:8+H%K%2+8#

s = [s0, . . . ,sP ]T
+&%

Hn,2k = cos(2πfktn)
c
Hn,2k+1 = sin(2πfktn)

#>�! .-
k = 0 . . . P
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� +8#YMs-;:*Wd $+&)$58+8#J5*�*);%/+&)X $+8#,+"'7)$#Y%2+�#�'KGt)7'8%Q#;�*);%$'7'3)$#�'Q#@ &#&#>�t#;:8+8#K'3)"+&:H#�+&)"+"'7);%/+8#Y+&%K-;:H#7'7-�%�'2+8#�%2+%?�*)&G3+.+1%(' Gt-�'K%K%2+ G '>=Z+85E%('L0 �&0:+1#$-;�!L7'8L.'K%3'3%;: +DC + V('2#�%/+&)$58+�+&)S%;�! .%9#>�*'3);% a � )$+:=!'8%2+H .-bMQ'7'KL&%2++.+
λ
5*�*);%/-	�!%2+9- 'R'8%?�*-/#t%3+b+.+HGt-;:b+.+n#7'7-/5&'301�*).'2+F+.+n%('1#;�!%K .%�'?�*) a1 ���*)"+('3%�'?�*).)$+H%K% +&0:+&)[%Y/F%('F%?�;5-'8%3'2#6'7%�'?�*)�'8#&#>�*-�%;:8+,#7'7-�%('�#;:*Wd W+9)W5&+ q

cX%2+8#Z'70E#&%3'3%@ "+.+8#
5*�*-�-/+8#@#>�*)4A
+"'7);%/+8#

(ak|qk = 1)
+&%

(bk|qk = 1)
#;�*);%�#; &#&#>�t#;:8+8# ~ ! ~ ! 4&!rGd'8 $#�#�'2+&).)$+8#I5&+&)[%�-;:8+8#I+&%T+.+v0 �&0:+

=I'7-�'('7)$58+
σ2 a �0C  .)$+H0R'7).'?J9-�+tMO�*-�0:+H%K%2+IcZ)"�! $# #>�! .=y�*)W# :85&-�'3-/+ (ak|qk), (bk|qk) ∼ N (0,qkσ

2)
c<#6�*'3%

+&)$5*�*-/+�#;�! $#sMO�*-�0:+nL.'?+('30:+&)$#�'?�*).)$+H%?%2+�<
p(sk|qk) = g2(sk,qkσ

2I2), g � a h i



� � � 57'8#.'3%�-/+ � a �Y#&#.-;�;565$+b#7'7-
01�d+":B%3'2# '7%�'?�*) p +&-�)"�! &%K%3'[AN7n'8 $#/#�'2+&).)$+

�
	
gm(u,Σ)

+8#�%Z%('E+('2#�%�-�'KL& .%�'?�*)�Gd'8 $#/#�'2+&).)$+�0T &%3%�'3=!'7-�'?:8+F+.+b+('30:+&)$#�'?�*)
m
<

gm(u,Σ) =
1

(2π)m/2|Σ|1/2
e−

1
2
uT Σ−1u

� �*-/#6Wd $+ qk = 0
c7%QCe:85&-�'3%@ .-/+ g � a h iK5*�*-�-/+8#@#>�*)"+�/1 .)$+T+('2#�%�-/'[L" .%�'?�*)V' 0E#$-;�!#.-/+TGd'8 $#/#�'2+&).)$+T+.+�=!'�A-�'('7)$58+�)X &%K%2+Ic$5IC +8#/%|A�/�A{+('3-/+F/0 .)$+n+('2#�%/-�'KL& .%�'?�*)�+.+b�J'3-6'*5,L.'?+('30:+&)$#/'?�*).)$+H%K%2+

δ2(sk) a �Y2$) +DCe:&=['3%/+&-+.+
0R'7).'K#& "%3+&-s+.+H%/+H%K%2+8# +('2#/%�-�'KL& .%�'?�*)$# #>�! .-X0:+&)$+&-s/�%/+&-�0:+Y%2+8# +(';:D:&-/+&);%/#r5-'8%25H &%2#�Wd .'�#�+&-;�*);%c)":BA
58+8#/#6'7'3-/+8#�#7'7-�%('J#; .'3%/+Ic7)"�! $#"-/+&0E#&%('*58+&-;�*)$#c#/'4L�+8#;�*'3):+8#�%�%(',+('2#�%�-�'KL& .%�'?�*)

δ2
#7'7-� .)$+Z+('2#�%�-�'KL& .%�'?�*)

+.+n#.-;�!L7'8L.'K%3'3%;:bGd'8 $#/#/'2+&).)$+ N (0, σ2
0I2)

#>�! .-t%('!Wd $+H%K%2+F�*)NMj+&-6'�%/+&)"+(-/+b%('�=I'7-�'('7)$58+
σ2

0

=Z+&-/#
0 a�$�*%;�*)$#bWX $+158+&%�%/+1+('2#/%�-�'KL& .%�'?�*) y0}�M ~O� M ~ +$+&#9'70E#&%3'3%@ "+.+8#

(ak,bk)
5*�*-�-/+8#@#>�*)"+ /  .)$+E%?�*'^Gd'8 $#|A

#�'2+&).)$+�� ~ M}���X�3y ~ M N #; .-�%('v=I'7-�'('8L&%2+I5*�*0E#&%2+ V.+
xk = 1

2(ak − jbk)
+4 B01�X+&JH%2+ g � a�� �XiBcl5IC +8#�%|A�/�A{+('3-/+WX $+:#6' #&57'*#/+v#@ .'3%b .)$+1%?�*'  .).'[Mf�*-�0:+�+9%�#;�*)S01�X+4 &%2+R .)$+1%?�*' +.+ � '-vu%2+9'KGI5 +.+1#7'7-6'701J&%�-/+ σ/2

g =d�*'3-Z%QCU'7).)$+BV.+ p,a�� i><




p(arg xk|qk = 1) =
1

2π � [0, 2π](arg xk)

p(|xk|
∣∣ qk = 1) =

|xk|
(σ/2)2

exp

(
− |xk|2

2(σ/2)2

)

�r+&%�%/+Z+('2#�%�-�'KL& .%�'?�*)v+&#/%�+.+r01��v<+&).)$+ σ
2

√
π
2

+&%�#.-/+&)"+1#;�*)I0R'�V(' 0T .0 +9)
σ/2 �  .)$+r-/+H#.-;:8#/+&);%6'7%�'?�*)+8#�%t+&�*).)7:&+�+&) 2"GI .-/+�� a�� #>�! .- σ = 1 a
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����� � a�� 1 �b~ ��� M ~ ��� �O~f�*z y9}�M ~f� M ~^� �[MF� N��1� 4��u� N 4 N � y � }o� ~ � �-4 N �F� } N � � M�y!� N � |xk|
� �*z 4 ~ �O~O�tz$z�N � � N��vN9z~�

xN� � N � ~ ����N9z � N 4�� � z�N M�y ~ON:N9z
fk � � �!~ 4 N �y�?!� NB~�� = 4 N }.y*M�y � ��� M N σ/2 = 1/2

� � y � ~�� y!� NvN9z
1/2

N�� 4 N
�1� ? N9zWz�N 1

2

√
π
2 ' 0.63
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	[+H%?�*)v58+&%�%/+Z+.+8#/5&-�'K#.%�'?�*)R+4 101�X+&JH%2+ p AN7 (q,s)
c8%2+8#^'70E#&%3'3%@ "+.+8#c#@#�+85&%�-6'8%2+8#

s
MO�*-�0:+&)[%^+&�*)$5s .)0#.-6�Z58+8#@A

#; $#qL&%('7)$5T)"�*)bGd'8 $#/#�'2+&)rcj'8%?�*-/#=Wd W+�%('r=I'7-�'('8L&%2+
s|q +8#�%DGd'8 $#�#�'2+&).)$+Ic>58+&);%�-;:8+c+&%r+.+T5*��=I'7-�'('7)$58+ σ2diag(q)

c
�
	

q
-/+H#.-;:8#�+&);%/+1%(',#;:*WX $+&)$58+

q
�N+&�! &L&%?:8+ �$<

q
2k

= q
2k+1

= qk
#>�! .-

k = 0 . . . P
cn+&%

diag(q)
+8#�%

%('I0R'7%�-�'258+b+('('8Gy�*)7'8%2+F+DCe:H%?:&0:+&);%/# {q
k
}k=0...2P+1

/�=I'8%2+H .-/#
0
�! 

1 a&� C '3)4Mf�*-�0R'7%�'?�*)3'8#&#>�*-�%;:8+b#7'7-t .)$+%/+H%K%2+F01�X+&:H%3'2#6'7%�'?�*)3#�+H .%$'8%?�*-/#H#jCe:85&-�'3-/+�#;�! $#t%('TMf�*-�0:+�5*�*)"+.+&)$#;:8+F+.+b%('E+('2#/%�-�'KL& .%�'?�*).+.+b#.-;�!L7'8L.'K%3'3%;:Uy
}�M ~f� M ~ cDWd .' '!+(0:+&%b%(',#�%�-@ $5&%@ .-/+E5.'?:&-6'7-/565.'?WX $+v#@ .'3=I'7);%/+Icr+"'7)$#n%('!WX $+H%K%2+

Ne
-/+H#.-;:8#/+&);%/+1%2+1)"�*09L.-/+1+.+

5*�*0E#>�t# '7);%/+8#
)"�*)L)X &%K%2+8#Y+"'7)$#t%('I#6:*Wd $+&)$58+
q
<

p(q,s) = p(s|q) Pr(q)

= gP+1(s,Σs|q) λNe(1− λ)P+1−Ne
�
	

Σs|q
∆
= σ2Dq = σ2diag(q)



� a��Ia �Y+8#/5&-�'K#.%�'?�*).+4 L01�X+&JH%2+ �y�

�
	3%('v)"�*%6'7%�'?�*)�MO�*-�0:+H%K%2+
gP+1(s,Σs|q)

+8#�%J'30E#.-;�!#.-/+T#& .'2#6Wd rC +H%K%2+9Mf'7'3%J'3);%/+&-�=Z+&).'3-, .)$+�0R'7%�-�'258+0+.+�5*�8A
=I'7-�'('7)$58+b+('('8Gy�*)7'8%2+ � <

Σs|q = diag (
	
[sks

t
k|qk])k = diag(qkσ

2I2)k5*�*0E#>�*-�%6'7);%R+.+8#0:H%?:&0:+&);%/#E+.'?'8Gy�*)o'8 4V4)X &%2#I5*�*-�-/+8#@#>�*)"+"'7);%P'8 4V �-:&-;�t#E+.+
q a '�%K%2+R5*�*-�-/+8#@#>�*)7+
'8%?�*-/#-�'KGy�! .-/+H $#�+&0:+&);%$/0%('0+('2#�%�-�'KL& .%/'K�*)3+.+,#.-;�!L7'8L.'K%3'3%;:�<

gP+1(s,Σs|q) =
∏

k/qk=1

g2(sk,σ
2I2)

∏

k/qk=0

δ2(sk). g � a �Xi

���*%;�*)$#:+&)42$) Wd $+ #>�! .-E%('�Ms-;:*Wd $+&)$58+R)X &%K%2+,+&)
k = 0

c  .)$+N%?�*'Fy }�M ~f� M ~ %?:HGyJ&-/+&0:+&);%P+(';:q:&-/+&);%/+
+&�*'3%K�&%�-/+:5*�*)$#/'?+&:&-;:8+1#& .'2#;WX $+E%QCe�*) ' '8%?�*-/#

b0 = −2=(x0) = 0 a '")S565"�*'2#/'3#�#6'7);%�5*�*)4Mf�*-�01:&0:+&);%0'8 4V+&:B2$).'3%�'?�*)$#�#.-;:85*:*+.+&);%/+8#
(a0|q0 = 1) ∼ N (0,σ2)

c8%?'K-/+H%('7%�'?�*) g � a h i #-Ce:85&-�'3%�+&�*)$5s+.+X0R'7).'?J&-/+w-�'KGy�! .-/+H $#/+#>�! .-
k = 0

<
p(s0|q0 = 1) = g1(a0,σ

2) δ(b0)

w '7-K#6�! $5&' +.+�5H%('7-�%;:Ico%2+8#H01�X+('[2W5-'7%�'?�*)$#Y5*�*-�-/+8#@#>�*)"+"'7);%/+>#J)$+�#/+&-;�*);%�#7'*#H-/+H#>�*-�%;:8+8#$+7'7)$#Y%QC +BVu#>�t#6:FWX .'#; .'3%-c.0R'7'2#t%('0#.-�'2#�+F+&)G5*�*0E#.%/+F+.+8#H#;#>:85&'[2W5&'3%;:8#H-;:8#@ &%3%6'7);%/+8#K#/+&-6'0L.'2+&)@+&);%/+&)"+4 .+&:&%6'7'K%K%?:8+F%?�*-/#;WX $+F58+H%('
#jCU'>=y:&-/+&-6'I)":858+8#/#6'7'3-/+ a
�c]�^?]�� ].].]Gb<�cb � etp$m � g �2m��Ee<f9� b�e<fOiPd �cb � p��*fOmWdXdTm

� +�5-'!+(-/+9L7'-vy:8#/'2+9)B#�+b#.-X�&%/+�)7'7%@ .-/+H%K%2+&0:+&)[%b/E%QC +8#�%�'30R'7%�'?�*)�+.+8#�#7'7-6'701J&%�-/+8# p AN7 (q,s) a '")V+C:?+&%-c%;�! .%/+8# %2+8#R'3)4Mf�*-�0R'7%�'?�*)$#G5*�*)$58+&-�)7'7);% %2+V01�d+"JB%2+�%3'3)":-'7'3-/+ g � a�� iP#�+H .=<+&);% �&%�-/+�+&:85&-�'3%/+8#�+.+B0R'7).'?J&-/+#/%6'7%�'2#�%�'?Wd $+Ic7'>=Z+85�<
1 %('v01�X+&:H%3'2#6'7%�'?�*)uy9}�M ~O� M ~ p +&-�)"�! &%K%3'[AN7n'8 $#/#�'2+&).)$+E+&�*);%$%QC '3)4Mf�*-�0R'7%�'?�*) +8#�%�#>�*-�%;:8+I#;�! $#�%('1MO�*-�0:++.+n%('0+('2#�%/-�'KL& .%�'?�*)�+$+,#.-;�!L7'8L.'K%3'3%;:Uyn}�M ~f� M ~

p(q,s)
+&:85&-�'3%/+9'8 #7'7- '8Gt-6'8#&5$+b#.-;:85*:*+.+&);% �1  .)$+x+.+8#/5&-�'K#.%�'?�*) #�%6'7%�'2#�%�'?WX $+�+$+&# #�+&-�%@ .-@L7'7%�'?�*)$#

ε
cs#�+&-�0:+&%�%6'7);%.+.+x+&:B2$).'3- %(' � M�y ~(�>N�� �B� y z � N

+.+8#F�!L$#/+&-�=I'7%�'?�*)$# a '")6#@ &#&#>�t#6'7);%�5*�*010:+P'8 65657'8#.'3%�-/+ h %2+8#b#�+&-�%@ .-@L7'7%�'?�*)$# ε
'!+&+('3%�'3=Z+8#-c ~ ! ~ ! 45!

Gd'8 $#/#�'2+&).)$+8#H58+&);%�-6:&+8#K+&%t+.+�=I'7-�'('7)$58+
σ2

ε

c4%('�=[-6'7'2#/+&09L&%('7)$58+�#-Ce:85&-�'3%r<
L(y; q,s,σ2

ε ) = p(y|q,s,σ2
ε ) = gN (y −Hs, σ2

ε IN ).

� 'B-;JHGI%2+ +.+ p '-vZ+8#0#�+&-�0:+&%P'8%?�*-/#1+.+ MO $#�'?�*).)$+&-E%QC '3)4Mf�*-�0R'7%�'?�*) y }�M ~O� M ~ +&%:58+H%K%2+,5*�*);%/+&)X $+�+"'7)$#E%2+8#
+&�*).)":8+8#jc$#;�! $#Z%('TMO�*-�0:+b+.+n%('0+('2#�%�-/'[L" .%�'?�*)�+$+,#.-;�!L7'8L.'K%3'3%;:Uyn} �8����N M ~O� M ~ +.+8#Z#7'7-6'701J&%�-/+8# p AN7S<

p(q,s|y,θ) ∝ p(y|q,s,θ) p(q,s|θ)

∝ gN (y −Hs, σ2
ε IN ) gP+1(s,Σs|q) λNe(1− λ)P+1−Ne g � a � i

�
	
θ
-/+HGt-;�! &#�+,%2+8#
=5? } N M{}(y*M/y � ��� M N � +4 N#.-;�!L&%?J&0:+Ic$5IC +8#/%|A�/�A{+('3-/+,%2+8#s#7'7-6'701J&%�-/+8#�-;:HGI%('7);%t%2+Y5*�*0E#>�*-�%/+BA

0:+&);%�+.+8#t+(';:D:&-/+&);%/+8#Y+('2#/%�-�'KL& .%�'?�*)$#H'3);%�-;�X+4 .'3%/+8#r<
θ = (λ,σ2

ε ,σ
2) a&� 'I%@5":*�*-�'2+nL7'-vd:8#�'2+&).)$+b+$+,%QC +8#�%�'30R'�A%�'?�*)0%('7'2#/#/+s'8%?�*-/# %2+r5657'70E#0%3'KL.-/+Z/Y%QC  $#6'8G<+s+.+�+(';:q:&-/+&);%/+8#"#;�*-�%�+&#�+DC +8#�%/' 0R'7%�+B $-/#�L7'*#;:8#�#@ .- %QC +BVu#&%?�*'3%6'7%�'?�*)

+.+Y%('b+('2#�%�-�'KL& .%/'K�*) yY} �8����N M ~O� M ~
p(q,s|y,θ) ad� +K565"�*'[VR+DC  .)$+K#/%�-6'7%;:HGt'2+$'!+"'8#.%;:8+$/F)"�*%�-/+Y#.-;�!L&%?J&0:+YMs+&-6'%QCe�!LF,�+&%Y+.+8#Z#7'7-6'8Gt-6'8#&5$+8# � a �I+&% � a h a

� +&0R'7-;WX "�*)$# Wd $+Z%2+�5-'*#^#&%K $#�Gy:&)":&-6'8%o+.+Z#�+&-�%@ .-@L7'7%�'?�*)$#X)"�*) ~ ! ~ ! 45! 1 0R'7'2#^+.+
#�%6'7%�'2#/%�'?Wd $+
5*�*).)X $+ 1#�+H .%��&%�-/+�#.-�'2#w+&)R5*�*0E#.%/+J+&)U01�X+('[2o'7);%�+&)R5*�*)$#;:*Wd $+&)$58+$%2+H%/+&-�0:+,+.+H=[-6'7'2#/+&09L&%('7)$58+ a '") #7'7-�%�'25H &%3'2+&--cACBCyzW [�ECS+WsSUYZEC[
diag(ak)k

haECHTHULNMTOvEC[�J ] `8W j�WsSTHUYZhaL�J�Y8WCoCE�[�Ws`ZL J5{ ��� �>0 �>3 2 � ak
`ZECHUM���G\L�hNLaG�k = haY�MTEC[�S�MTh}WC`8WCYqHULaMal�LNS�O\WsHLNk|SULa[\MTYZE�[ ] `8Wrj�WsSTHUYZhaL�V\`ZE�h = JIYnWso�E�[\WC`ZLN:;ECHUj�taL�O�WXHm`ZLaM ���Zg � � ak

`ZECHUM���G\L hNLaG�k = haYvMTE�[�S�JILaM j�WsSTHUYZhaLNMaB



�I� � 57'8#.'3%�-/+ � a �Y#&#.-;�;565$+b#7'7-
01�d+":B%3'2# '7%�'?�*) p +&-�)"�! &%K%3'[AN7n'8 $#/#�'2+&).)$+

%2+�5-'*#t+.+$#�+&-�%@ .-@L7'7%�'?�*)W#
'3)"+&:H#�+&)"+"'7);%/+8#K+&%ZGd'8 $#/#�'2+&).)$+8#�0R'7'2#t+.+Y=!'7-�'('7)$58+8#t+(';:D:&-/+&);%/+8#
5*�*).)u $+8#
εn ∼

N (0,σ2
ε,n)

c[#/'3%@ 7'7%�'?�*) Ms-;:*Wd $+&);%/+$#>�! .-Z+.+8#Z�!L$#/+&-�=I'7%�'?�*)$#t'*#�%�-;�*)"�*01'?WX $+8#-c(#/+&-6'�%�-6'7'3%;:Y+&)R-/+&0E#&%('!)-'7);%Z%2+
#.-/+&01'2+&-H%/+&-�0:+b+"'7)$#Z%QC +BV4#.-/+8#/#�'?�*)L5&'[A{+.+8#�#@ $#Z#7'7-Z%('I=;-6'7'2#/+&09L&%('7)$58+�5*�*-�-/+8#@#>�*)"+"'7);%/+

gN (y −Hs,Σε)
c

�
	
Σε

+8#�%Z%('I0R'7%�-�'258+F+('('8Gy�*)7'8%2+F+DCe:H%?:&0:+&);%/#
σ2

ε,n a���*%;�*)$#1WX $+N%2+N#7'8#.'2+&-EMf�*)"+"'7%/+H .-1#>�! .-1%('�+&:85*�*);=d�!%[ $%�'?�*) p AN7�+.+ ���*-�09vX%?� +&% )B+&)"+.+H%b� � �I�I���{c'7'3)$#/',WX $+.%2+8#U%�-6'>=I'8 4V�#>�t#�%;:&-�'2+H .-/# +.+.%QCe:*WX .'K#�+�+.+ )@+&)"+.+H% g #o'7-R+BV.+&0E#&%2+S�8� 5.'�+&%�)B+&)"+.+H%fc � �I���"c7n�! .%/#�'('*#v+&%9)B+&)"+.+H%Qc � �I� � � i0 .%�'K%3'2#�+&);%1 $)$+ +&:B2$).'3%�'?�*)�%?:HGyJ&-/+&0:+&);% +(';:q:&-/+&);%/+�+DC  .)�#.-;�;58+8#/#@ $# p AN7 a
w �! .- +.+8#P#7'7-6'701J&%�-/+8#BM;� N � � cc'K%2#U5H�*)W#�'?+&J&-/+&);% s

5*�*010:+. .)�#.-;�;58+8#/#; $#R#.-;�X+4 .'3%
sk = qkwk

c �
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�c] \�] \ � � f�d etp$o��.e	�Tm

q̂ ��
�  �  ��	���
����� #�%�� � %6� �� �'	���
��� � ��2����%

(q̂,ŝ) � �
� #7'7-�%�'3- +.+8#=:85657'7);%�'K%K%?�*)$#

q(t),s(t) ∼ p(q,s|y)
c*%('�#�%�-6'7%;:HGt'2+ +DC +8#�%�'30R'7%�'?�*)T+('3-/+85&%/+ +.+

(q,s)
5H�*)Q,|�*'3)4A

%/+&0:+&);%Z'8 R#/+&)$# +.+Y%('F01�jvZ+&).)$+Iy�} �8����N M ~O� M ~ +8#�%  .)$+K#6�!%K .%�'?�*) :H%?:HGd'7);%/+Y+&%X-�'KGy�! .-/+H $#/+$WX .'"Mf�! .-�).'3%s+.+8#
+8#/%�'30R'7%/+H .-/#b'8 4VB5-'7-6'*5&%;:&-�'2#�%�'?WX $+8#nL.'2+&) 5*�*).)X $+8#-cr'>=<+85I+&)�#7'7-�%�'25H &%3'2+&-n%QCU'*585*J8#b/P%2+H .-Y=I'7-�'('7)$58+ aq� Ce�!L4A%/+&);%�'?�*) +.+J%/+H%2#�+8#�%�'30R'7%/+H .-/#Y/9#7'7-�%�'3-t+.+8#s:85657'7);%�'K%K%?�*)$#Y+.+$%('9%?�*'Ty$} �8����N M ~f� M ~ +8#�%s+$+�#"%[ W#r'30101:*+('('7%/+�<
5IC +8#�%s .)$+J#�'30E#&%2+J01�jvZ+&).)$+ a �$C +8#�%�%('�#;�!%K .%/'K�*)R-/+&%/+&)X $+,#7'7-�� 5$+&)&G N�� y!��!D� � �I� � �r#>�! .-� .)N#.-;�!L&%?J&0:+,+.++&:85*�*);=d�!%K .%�'?�*)609vd�!#�+Ic=Wd .'X#-C '3);%;:&-/+8#/#/+1+.' -�+&5&%/+&0:+&);%E/N%QC +8#�%�'30R'7%�'?�*) +.+8#T'70E#&%3'3%@ "+.+8#
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#jC '[%X+8#�%�#;�!%3'?+.+P'8 S).'3=<+-'8 6%@5":*�*-�'?Wd $+Ic=#�+H .%�)":-'7).01�*'3)$#I#/+1-;:&=d:H%2+&-F#.-;�!L&%?:&0R'7%�'?Wd $+P#& .'2#;WX rC 'K%X+�:?+85&%@ $+Ic
#>�! .-c5657'!WX $+w=Z+&5&%/+H .- g L.'?+('30:+&)$#�'?�*).)$+H% i�+DCU'70E#&%3'3%@ "+.+ sk

 $)101�jv<+&).)7'8G<+
+&);%�-�+s%2+8#^+.+H 4V�01�X+.+8#
qk = 0+&%

qk = 1
+.+,%('E+('2#�%�-�'KL& .%�'?�*)4yn} �8����N M ~f� M ~ <

	
[sk|y] = Pr(qk = 0|y)

	
[sk|qk = 0, y] + Pr(qk = 1|y)

	
[sk|qk = 1, y],

01:H%('7)&G<+-'7);%�'7'3)$#�'$+.+8# '70E#&%3'3%@ "+.+8#R)X &%K%2+8#U+&%N+.+8#N'70E#&%3'3%@ "+.+8# +.+.%?�*'Iy�} �8����N M ~f� M ~
p(sk|qk = 1,y)Gd'8 $#�#�'2+&).)$+ a 	;'D%('0+('2#�%�-�'KL& .%�'?�*)4yn} �8����N M ~O� M ~ 0R'7-@Gt'3)7'8%2+ Pr(qk|y)

)rC +8#�%t#7'*#Y'*#/#/+��F5*�*)$58+&);%�-;:8+�+&)
1
�! 

+&)
0
co%2+8#n'70E#&%3'3%@ "+.+8#

sk � � 5*�*-�-/+8#@#>�*)"+"'7);%F/R%('R#.-;:8#/+&)$58+0+DC  .)$+�-6'7'2+E/R%('1Ms-;:*Wd $+&)$58+ fk
#/+&-;�*);%n+&�*)$5
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sk � � )$+H#�+&-6'n#&%K $#c-�'KGy�! .-/+H $#/+&0:+&);%r=d:&-�'[27:Ic#& .'2#6Wd $+n%QCe�*)L)rCU'i,;'70R'7'2#H+BV&'*5&%/+&0:+&);%

Pr(qk = 1|y) = 0 a
�0� �� �'	���
�������694�*%1����
%6�2�
%
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�Ia %QC +8#�%�'30R'7%�'?�*)3#.-;:-'8%('8L&%2+T+.+F%?'v#;:*WX $+&)$58+F+.+ p +&-�)"�! "%[%3'�'8 B#/+&)$#�+4 G0R'�V('309 .0 yF} �!����N M ~O� M ~ 0R'7-|A
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q(t) WX .'?0R'�V['301'2#�+n%?'E+('2#�%�-�'KL& .%�'?�*) Pr(q|y) �� a %QC +8#�%�'30R'7%�'?�*).+.+8#�'70E#&%3'3%@ "+.+8#H0R'�V['301'2# '7);% p(s|q, y)
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Pr(q(t)|y)
+&)�5657'!WX $+

:85657'7);%�'K%K%?�*)
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01'2# '7%�'?�*) �yc[5*�*010:+$%QC +BV['2#/%/+&)$58+,+.+K01'3).'30R'9%?�;5-'8 4V +4 ,5&-�'3%;J&-/+n/9�!#.%�'301'2#/+&-s#>:&)7'8%3'2# '7);%Z+.+8#Z'8#&#.-;�;565$+8#
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q̂k ���
N ��� � z�N�N ���O~�� y �O~f�*z 4 N �3yt}�M � ��y&� ~ � ~ � �(4�� N � ~(����N9z � N 4 � � z�Nt�B~ z � �H��� 4 N x9�3yp�DM;�X2�� N9z � N

fky�� � � 4 N �9� � �>N M � y �O~f�*z&�
y
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� 'U#�%�-@ $5&%@ .-/+E+4 01�X+&JH%2+ p +&-�)"�! &%K%3'[AN7n'8 $#/#�'2+&)rcn5*�! &#&%?:8+1/P .)W+I+8#�%�'30R'7%�'?�*)�'8 #/+&)$#n+.+T%('�01�jvZ+&).)$+,y} �8����N M ~f� M ~ g � a�� �yiBc=#�+&-�0:+&%9+&�*)$5R+DCe�!L.%/+&).'3-0'>=<+85 q̂ � �  .)$+:+8#�%�'30R'7%�'?�*) +.+E%(' #.-;�!L7'8L.'K%3'3%;:P+DC +BV['2#/%/+&)$58++DC  .)$+I-6'7'2+I+&)V%;�! .%,#>�*'3);%b+.+T%('RGt-�'K%K%2+TM -;:*WX $+&);%�'2+H%K%2+ aD� )B'3);%;:&-X�&%�0R'�, +H .-b+.+9%QC +8#/%�'30R'7%�'?�*)�'8 #/+&)$#,+.+%(' 01�jv<+&).)W+6y } �8����N M ~O� M ~ #7'7-:-6'8#&#>�*-/% '8 0R'�V['309 .0 y } �8����N M ~O� M ~ '8#&#7'7-6'��2%�'25&'y<�%2+0).� w c Wd $+L58+#6�*'3%,#>�! .-n%(' %?�*'�,|�*'3);%/+
p(q,s|y)

�! �%('P%?�*'"0R'7-@Gt'3)7'8%2+
Pr(q|y)

coMf�! .-�).'3%n .) +8#�%�'30R'7%/+H .-
q̂ ��� � Wd .'T+8#�%%K .'[AO0 �&0:+� .)$+G#;:*WX $+&)$58+�+.+ p +&-�)"�! &%K%3'Qc�/V=I'8%2+H .-/# 0

�! 
1 a q̂ � � � +8#�%�58+&-�%/+8#R%?' #;:*WX $+&)$58+ ��%('�#&%K $#

#.-;�!L7'8L&%2+ �yc;0R'7'2# %QC +8#�%�'30R'7%�'?�*)R)rCU'8#&#>�*-�%/+n'8 $5H .)$+J'3)4MO�*-�0R'7%�'?�*) '8 U#; �, +&%�+.+�%('�5*�!5":&-/+&)$58+,+4 �-;:8#; &%3%6'7% a'T)P+rCe'8 $%�-/+8#X%/+&-�0:+8#-cd%QCe:85657'7);%�'K%K%?�*).)o'8G<+,+.+t%('F+('2#�%�-�'KL& .%�'?�*) y�} �8����N M ~O� M ~
p(q, s|y)
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01�d+":B%3'2# '7%�'?�*) p +&-�)"�! &%K%3'[AN7n'8 $#/#�'2+&).)$+

+DC +8#/%�'30R'7%�'?�*)�Wd $+R)"�! $#E#.-;�!#>�t#;�*)$#1+"'7)$#E%2+R5*�*);%�+ V(%/+ +.+ %('�+&:&%/+85&%�'?�*)�+.+R-6'7'2+8#:#@#�+85&%�-6'8%2+8#-c�+&�*);%E%2+
#�565":&0R'1+8#�%t+&:85&-�'3%�'8 L%6'8L&%2+-'8 � a��Ia

�Ia %QC +8#�%�'30R'7%�'?�*).+.+ 	 [q|y]
#o'7-Z%('�01�jvZ+&).)$+

q̂ � � = 1
T

∑
t q(t) '7'3)$#/'rWX $+�58+H%[%2+F+.+8#Z5XvX#�+&-|A#7'7-6'701J&%�-/+8#

θ̂ � � = 1
T

∑
t θ(t) �� a %QC '3);%/+&-@#.-;:&%6'7%�'?�*)�+4 G-;:8#; &%3%6'7%J+&)G%/+&-�0:+8#$+.+,}�M � �/y5� ~ � ~ � � � 4 N 4X� ��N � �O~O�*z c�+&%Y%('v#;:H%2+85&%�'?�*)+.+8# Ms-;:*Wd $+&)$58+8#L#�'KGt).'[2W5-'7%�'3=<+8# #7'7- �8N � ~ � � y �ZN +.+8#R=I'8%2+H .-/# +.+

q̂ � � c�#.-;�X+4 .'2#6'7);%  .)$+#;:*WX $+&)$58+9+.+ p +&-�)"�! &%K%3' q̂α

<
q̂αk

= 1
#�'

q̂ � � k ≥ α
+&%

0
#�'3)"�*) a>� +�).'3=<+-'8 �+.+�#/+H .'K% α+8#�%Z%('7'2#/#6:b'8 %3'KL.-/+�565"�*'[V +.+,%QC +BV4#�+&-�% �

h a %QC +8#�%�'30R'7%�'?�*)
+.+8#0'70E#&%3'3%@ "+.+8#15*�*-�-/+8#@#>�*)"+"'7);%/+8#-c�'8 4#�+&)$#9+4 40R'�V['309 .0 g �! S+.+v0R'�A).'?J&-/+9:*WX .'3=!'8%2+&);%/+T+.+F%('101�jvZ+&).)$+jiY+.+F%?'1%?�*' Gd'8 $#/#/'3+&).)W+
p(s|q = q̂α,y)

c7�!L.%/+&)u .#7'7-
%QCe:*Wd 7'7%�'?�*) g � a �yiBc.- '8#&#�+H%K:8+F'25&'y<

ŝα =
	
[s | q̂α, y] = Σs|q̂α

Ht Σy|q̂α

−1 y

�
	
Σs|q̂α

= σ2diag(q̂
α
)
+&%

Σy|q̂α
= σ2

ε IN + HΣs|q̂α
Ht +&%Y+&)� .%�'K%3'2#6'7);%n%2+8#J=I'8%2+B $-/#

+8#�%�'301:8+8#n/1%QCe:&%6'8#�+ � #>�! .-,%2+8#�5Xvu#�+9-;#7'7-6'701J&%�-/+8# σ2 +&% σ2
ε ao� C +BVu#.-/+8#/#/'?�*)�'7)7'8%Kv;%�'?WX $++.+,%('I0R'7%�-�'258+F+.+�5*��=I'7-�'('7)$58+9'*#/#;�;5&'?:8+F+8#�%Y'8%?�*-/#Y+&�*).)":8+b#7'7-b�e�`+('2+&- N�� y!�"!(c"�I�I���!�d<

�s��=
[s | q̂α,y] =

	
[(s− ŝα)(s− ŝα)t| q̂α, y]

= Σs|q̂α
−Σs|q̂α

Ht Σ−1
y|q̂α

HΣs|q̂α
.

'") #7'7-�%�'25H &%3'2+&--c %2+8#�:H%?:&0:+&);%/#�+('('8Gy�*)7'8 4V +.+ 58+&%�%/+ 0R'7%�-�'258+ #;�*);% %2+8# =I'�A
-�'('7)$58+8#

var âk, var b̂k
�
	

ŝk = [âk, b̂k] a
����� � � a�� 1 � M � �6�X4��[M N 4 � N ���O~�� y �O~f�*z 4 N

(q,s)
x�}.y*M �O~ M 4 N � � �X��=[y z~�O~ � � �*z$z y �ZN 4 N � y � �!~ y�} �!����N @

M ~f� M ~
p(q,s|y)

!

'T)L58+bWd .'n5*�*)$58+&-�)$+b%QC +8#�%�'30R'7%�'?�*).+.+8#�'70E#&%3' %; "+.+8#-c$)"�*%;�*)$#
+&)$5*�*-/+FWd $+,%2+8#t#7'7-6'701J&%�-/+8#Y+DC '3);%6:9-s�9%K#6�*);%
+8#�#/+&);%�'2+H%K%2+&0:+&);%s%2+8#X01�X+4 &%2+8#

ρk =
√

a2
k + b2

k

'*#/#;�;5&'?:8#s/�5657'!Wd $+J#/'3)X $#;���Q+.+IcuWd $+K)"�! $# #>�! .=d�*)$#s:HGd'8%3+BA
0:+&);%J+8#�%�'30:+&-,'8 @#/+&)$#�+.+b%(' ) w /E#7'7-�%�'3-�+.+8#�:85657'7);%�'K%K%?�*)$#

a
(t)
k , b

(t)
k

co'7'3)$#�' WX $+n%('1=I'7-�'('7)$58+T'*#/#;�;5&'?:8+ a�$�! $#T#.-;:BMf:&-;�*)$#158+B#�+&)"+7'7);%E .%�'K%3'2#/+&-0%2+8#I+BV4#.-/+8#/#�'?�*)$#�%@5":*�*-�'?WX $+8#TMf�! .-�).'2+8#T#7'7-97,�X�X+(0R'7) � � �I� � �t�
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θ = (λ,σ2
ε ,σ
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p(q,s|y,θ) ∝ p(y|q,s,σ2
ε ) p(s|y,q,σ2) Pr(q|y,λ).
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p(q,s,θ|y) =
p(y|q,s,θ) p(q,s|θ) p(θ)

I ∝ p(y|q,s,θ) p(q,s|θ) p(θ) g � a�� �yi
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[q,s,θ|y] =

∫

q,s,θ
(q,s,θ) p(q,s,θ)
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(q̂,ŝ,θ̂) � � =

1

T

T∑

t=1

(q(t),s(t),θ(t)),
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(q(t),s(t),θ(t)) ∼ p(q,s,θ|y).
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p(θ) = p(λ) p(σ2
ε ) p(σ2),
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δ2 = σ2/σ2
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p(q,s,θ|y)
#;�*'3%

#.-;�!#.-/+�� � �!L�+&-�%-c � �I� � �{cP5IC +8#�%@A�/�A{+('3-/+1%?�*-/#;WX $+E%(',5*�*)$#�%6'7);%/+R+.+:)"�*-�0R'8%3'2#6'7%�'?�*) I '3);%/+&-�=Z+&)7'7);%9+"'7)$#b%('-/+H%('7%�'?�*) g � a�� �yi�5H�*)[=<+&-@G<+Ic7�
	b<

I =
∑

q

∫
p(y|q,s,σ2

ε ) p(s|q,σ2) Pr(q|λ) p(λ) p(σ2
ε ) p(σ2) ds dλ dσ2

ε dσ2.
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p � (θ) ∝
√

I(θ)
c&�
	

I(θ|y) = − 	 [ ∂2

∂θ2 log p(q,s|θ)].
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p(σ) ∝ 1/σ
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λ ∼ Be(a,b)
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σ2
ε ∼ χ−2(ν,η)

+9%
σ2 ∼ χ−2(µ,ξ)
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λ ∼ U[0, 1] : p(λ) = � [0, 1] (λ).
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2σ2

ε
dσ2

ε
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N/2 > 1
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N ≥ 3
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ε ∼ IG(α,β)
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ε ) ∝ 1/σ2
ε
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ε ∼ U[0, +∞[ : p(σ2

ε ) = � [0, +∞[(σ
2
ε ),

σ2
ε ∼ IG(α,β)
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β
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,
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∑
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σ2 ∼ IG(µ,η)
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µ
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η
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,
σ
#@ .'3=!'7);%t%QC2yn}�M ~O� M ~ +.+ * +�:l-/+Hv[# : p(σ2) ∝ 1/σ2.
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p(q,s,θ|y) ∝ λNe(1− λ)P+1−Ne
1

σN
ε

exp− 1

2σ2
ε

‖y −Hs‖2

× 1

σ2Ne
exp− 1

2σ2
‖s‖2

∏

k/qk=0

δ2(sk)

× p(λ) p(σ2
ε ) p(σ2).
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)
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q(t), s(t), θ(t) #/+H%?�*)R%2+
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k1
+.+n%('I5657'��2)$+�5*�! .-6'7);%/+F%/+H%rWX $+

q
(t)
k1
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1/2

cq#.-/+&)"+(-/+
δk1 = 1

cn#�'3)"�*)x#.-/+&)"+(-/+
δk1 = −1

+&%nMO�*-�0:+&-b%('
#6:*Wd $+&)$58+b+.+ p +&-�)"�! &%K%3' q′ %/+H%[%2+FWd $+�<

q′k1
= 0, q′k1+δk1

= 1
+&%

q′k = q
(t)
k
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s′
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s′ = arg max
s

p(s′|y,q′)
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'3="iN'*5858+H#.%/+&-
(q(t+1),s(t+1)) = (q′,s′)
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µ =
p(q′,s′|y)

p(q(t),s(t)|y)
> 1
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-/+8#�%/+&-H+&)
(q(t+1),s(t+1)) = (q(t),s(t))
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'8%?�*-/#YWX $+n%('1-6'7'2+F%@5":*�*-�'?WX $+�#/+�%�-;�! .=Z+
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δk1 = 1
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′
k0

, q′k0+1) = (0, 1, 1)
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(q(t+1),s(t+1)) = (q′,s′)
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||ûT − ûT−T0 ||∞ < α
'>=Z+85

α = 10−3 +&%
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IG(α = 2, β = 0.1)
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[σ2
ε ] = β

α−1 = 0.1
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p(σ2) ∝ 1/σ2 ⇒ σ̂2 � � = 0.251± 0.121,

%('0%?�*' IG(µ = 2, η = 1.5)
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σ2
( 2"GI $-/+nGXi ) <

σ2 ∼ IG(2, 0.5) ⇒ σ̂2 � � = 0.291± 0.128.
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k ∈ Ik ∆
=

[
k − 1

P
f \^]`_ , k

P
f \^]`_

]
.
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y = H 
 � s + ε g � a�� � i

�
	
H 
 �

-/+H#.-;:8#/+&);%/+�%(' 0R'7%�-�'258+3+DCe:H%?:&0:+9)[%/#
H 
 �

n,2k
= cos(2πf ′

ktn) = cos
(
2π( k

P f \^]`_ − dfk)tn
) +&%

H 
 �

n,2k+1
= sin(2πf ′

ktn) = sin
(
2π( k

P f \^]`_ − dfk)tn
) #>�! .-

k = 0 . . . P
+&%

n = 1 . . . N a � +8#9#7'7-6'�A01J&%�-/+8#
f ′

k, k=1...P

:&=y�!%K 7'7)[%Z/b#.-;:8#/+&);%s+"'7)$#  .)N+&�*0R'7'3)$+#� �*z �O~ z �4c;58+&%�%/+K01�X+&:H%3'2#6'7%�'?�*)N#�+&-�0:+&%s+DC +&);=['[A
# '8G<+&-  .)$+Y#.-;:85&'2#�'?�*)R+&)RMs-;:*Wd $+&)$58+K%@5":*�*-�'?Wd $+&0:+&);%w'K%K%3'301'3%;:8+,+.+Y%QC +8#�%�'30R'7%�'?�*)N+.+8#X-6'7'2+8#w#@#�+85&%�-6'8%2+8#r+&% %('
=I'8%2+H .-�+.+

P
2&V.+s'8%?�*-/#� .).'?WX $+&0:+&);%T#6'H-;:8#;�!%K .%�'?�*)R/

f \^]`_ /P <8 .)$+w#/+H &%2+ Ms-;:*WX $+&)$58+�#�+H .% �&%�-/+r-/+8#�%6'8 .-;:8+
+"'7)$#�5657'!Wd $+:'3);%/+&-�=I'8%K%2+ Ik a ���*%;�*)$#9Wd $+:#6�! $#F58+&%�%/+EMf�*-�09 &%('7%�'?�*)rc=%2+101�X+&JH%2+�#@#�+85&%�-6'8%X5*�*)$#/+&-�=Z+E .)$+5*�*0E#>�t# '7);%/+T+.+FMs-;:*Wd $+&)$58+�)X &%K%2+

f ′
0

coWX .' #�+&-�0:+&%,+.+9#.-/+&)"+(-/+�+&)V5*�*0E#.%/+T%QC '3)$+BV"'*5&%�'3%@ "+.+0+& B58+&);%�-6'8G<+
+.+8#s+&�*).)":8+8#jc(5-'8 $#;:8+�#7'7-s%QC '3-�-;:HGI &%('7-�'3%;:n+.+$%QCe:85657'7);%�'K%K%?�*).)7'8GZ+ g =d�*'3-�%2+ .t� a��Ia �yi a �Y2$)N+DC  .%�'K%3'2#/+&-Z+.+8#r)"�8A%6'7%�'?�*)$#�Gy:&)":&-6'8%2+8#-c$)7�! $#
)"�*%/+&-;�*)$# I0 = {0} � %2+8#K#@#>:85&'[2W5&'3%;:8#Y%3'?:8+8#$/E%QC +8#�%�'30R'7%�'?�*)3+.+ a0

c&%QCU'70E#&%3'3%@ "+.+
#;#�+859%/-6'8%2+T'*#/#;�;5&'?:8+Ico�*);%�+&:N,;/1:&%;:F+&:85&-�'3%/+8#,'8 .%?�*)&G +.+�58+�5657'8#.'3%�-/+�+&%H)$+�#�+&-;�*);%Y#7'*#�+&:&%6'7'K%K%?:8+8#$#7'7-Y%('
#; .'3%/+ a
�c]���]�^ � m6�7`(o;f � etfOi d �cq � iN� �Wg�m

'")L5*�*)$#/+&-�=I'7);%Z .)$+�#�%�-; $5&%@ .-/+�#;�! $#|A�,;'*58+&);%/+ p +&-�)"�! &%K%3'[AN7n'8 $#/#/'3+&).)W+F#@ $-s%2+8#t'70E#&%3'3%@ "+.+8#H#;#�+85&%�-6'8%2+8##6�! $# %('YMO�*-�0:+w5*�*0E#>�t#�'3%/+
(q,s)

c7)"�! $#�+&:B2$).'2#/#;�*)$#�%2+r01�X+&JH%2+ p +&-�)"�! &%K%3'[AN7b'8 $#/#�'2+&)R'>=Z+85s+&:85-'8%('8G<+8#-c*)"�*%;:#7'7-t%('1#@ .'3%/+ p AN7 df

c.5*�*010:+n .) #.-;�;58+8#/#; $#Y'8%?:-'7%;�*'3-/+�5*�*0E#>�t#�'3%/+
(q,s,df)

�
	b<

1 q = [q0, . . . qP ]t
+8#�%  .)$+r#;:*WX $+&)$58+ L"%?'7)W565$+�+.+ p +&-�)"�! &%K%3'&+.+ #7'7-6'701J&%�-/+ λ ∈ [0, 1]

5*�*)"+('3%�'?�*).)7'7);%
%('0#.-;:8#/+&)$58+b+DC  .)$+�-6'7'2+F#;#�+85&%�-6'8%2+b+"'7)$#H5657'!Wd $+�'3);%/+&-�=I'8%K%2+ Ik, k=0...P

<
{

Pr(qk = 1) = λ
c&#.-;�!L7'8L.'K%3'3%;:�yn}�M ~f� M ~ +DC +BV('2#�%/+&)$58+F+DC  .)$+�-6'7'2+b+.+$Ms-;:*WX $+&)$58+

f ′
k ∈ Ik,

Pr(qk = 0) = 1− λ.

1 � +8#�+&:85-'8%('8G<+8# df
#6�*);%u#@ &#&#>�t#6:8# '3)"+&:H#�+&)"+"'7);%/# +&%  .).'[Mf�*-�01:&0:+&);% -;:H#7'7-�%�'2#�+"'7)W#
%QC '3);%/+&-|A

=I'8%K%2+
∆f = [0, f k&lOm

P ]
<

#>�! .-
k = 1 . . . P, p(dfk) =

P

f \^]`_ � ∆f (dfk).

	X .- %2+3#&%('7) '3)4Mf�*-�0R'7%�'?�*).)$+H%QcZ%('4=!'7-�'('8L&%2+
dfk

)$+3#.-/+&)"+  .) #/+&)$# Wd $+ 5*�*)"+('3%�'?�*).)$+H%K%2+&0:+8);%3/
%QC +BV('2#�%/+&)$58+ +DC  .)$+L-6'7'2+ +"'7)$#1%QC '3);%/+&-�=I'8%K%3+ Ik cT5IC +8#�%|A�/�A{+('3-/+ %?�*-/#;WX $+ qk = 1 a �$:-'7).01�*'3)$#-cc58+9%/%/+01�X+&:H%3'2#6'7%�'?�*)4#@ &#&#>�t#6'7);%b%QC ~ z 4d��} N9z 4<y z � N +.+8#F+.+H 4V�#$-;�;5&+8#�#@ $#

q
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df
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dfk

∀k = 0 . . . P
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dfk
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1 ���*)"+('3%�'?�*).)$+H%K% +&0:+&)[% /$%('$%?�;5-'8%3'2#6'7%�'?�*)P'8#&#>�*-�%;:8+Z#7'7-�%('Y#;:*Wd $+&)$58+ q
c8%2+8# '70E#&%3'3%@ "+.+8#

(ak| qk = 1)+&%
(bk| qk = 1)

5*�*-�-/+8#@#>�*)"+"'7);%s/,%('Y-6'7'2+
#@#�+85&%�-6'8%2+t#.-;:8#�+&);%/+t+"'7)$#^%QC '3);%/+&-�=I'8%K%2+ Ik #;�*);%c#@ &#&#>�t#;:8+8#~ ! ~ ! 45!*Gd'8 $#/#�'2+&).)$+8#P58+&);%�-;:8+8# +&%=+.+�0 �&0:+T=!'7-�'('7)$58+
σ2 a ���*010:+^#>�! .-r%2+"01�X+&JH%2+"'3).'3%�'('8% p AN7 0

c&)"�! $#
#>�! .=d�*)$#Y:85&-�'3-/+

(ak|qk), (bk|qk) ∼ N (0,qkσ
2)
c$#;�*'3%
+&)$5*�*-/+�#;�! $#Z%('TMO�*-�0:+nL.'?+('30:+&)$#�'?�*).)$+H%K%2+^<

p(sk|qk) = g2(sk,qkσ
2I2),

�$�*%;�*)$#0WX $+R5&+&%�%�+N+&:B2$).'3%�'?�*) +.+8#1'70E#&%3'3%@ "+.+8#:#@ &#&#>�t#�+P%QC ~ z 4d�{} N9z 4Zy z � N +&);%�-/+
s
+&%

df
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qk = 1
c
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dfk
c
sk
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f ′
k = k

P f ����� −dfk
� ayp '2+&)WX $+ %('B#/+85*�*)"+.+ +&:B2$).'3%�'?�*)u#6�*'3%E+.+ #.-�'30:+ '8L>�*-;+S#&%K $#I'3);%@ .'3%�'3=Z+Ic�%2+R565"�*'[VS+.+ %('.#.-/+&01'?J&-/+L+8#�%
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#�+H .%b'8%?�*-/#(�&%�-/+
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ε
'!+&+('3%�'3=Z+8#-c ~ ! ~ ! 45!W+&%�Gd'8 $#/#/'2+&).)$+8#$+.+F=I'7-�'('7)$58+

σ2
ε

c"%('1%?�*'wyF} �!����N M ~O� M ~ #-Ce:85&-�'3%
+&�*-;:&)7'>=I'7);%r<

p(q,s,df |y,θ) ∝ p(y|q,s,θ) p(q,s,df |θ)

∝ λNe(1− λ)P+1−Ne gN (y −H 
 � s, σ2
ε IN ) gP+1(s,Σs|q)

×
P∏

k=1
� ∆f (dfk) g � a�� �Ii

�
	rcW5*�*010:+F#.-;:85*:*+.+&010:+&)[%-c
Ne

+8#�%Y%2+�)"�*09L.-/+9+.+�5*�*0E#>�t#6'7);%/+8#K)"�*)G)X "%[%2+8#$+.+
q
c
Σs|q = σ2diag(q)+&%

θ
-/+HGt-;�! &#�+b%2+8#�%�-;�*'2#t5XvX#�+&-@#7'7- '701J9%/-/+8#

θ = [λ,σ2
ε ,σ
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�c]���]�� ��oZf�dX`.f � m �Tm g��2m��Ee<f>� b�etfOiPd
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%6'7%�'?�*)L+&),5*�*0E#&%2+BV(' %6:b'*#/#;�;5&'?:8+n/9%QC +&#/%�'30R'7%�'?�*) +.+

(q,s,df)
cu+.+$#7'7-s%('T+&:H#�+&)"+"'7)$58+�)"�*)N%3'3)":-'7'3-/+n+.+$%('
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%`vX#�+H0R'�V['309 .0 yY} �!����N @
M ~f� M ~ cZ)"�! $#t'>=d�*)$#r=X N+"'7)$#s%2+J5-'*#s+4 R01�X+&JH%2+ p AN7 0

WX $+�%QC +8#�%�'30R'7%�'?�*) +.+$%('�#;:*WX $+&)$58+
q̂ � � � 5*�*)$#/%�'3%@ $++&) #6�*'  .)�#.-;�!L&%?J&0:+1+DCe�!#.%�'301'2#6'7%�'?�*)S5*�*09L.'3)7'7%;�*'3-/+1-/+&)"+4 x+&:H%3'25-'7%n#7'7-,%(' +('30:+&)$#/'K�*)�+.+T%QC +8#@#7'*58+E+.+8#

#7'7-6'701J&%�-/+8# ao� '1)7�*)4AQ%3' )7:*'7-/' %6:T+4 G01�X+&JH%2+ g � a�� � i
+&) df
5*�*0E#&%3'?Wd $+T'8%?�*-/#H%6�! .%/+b#.-;�;5*:*+4 .-/+T+DCe�!#.%�'301'[A
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cI .)$+t+&:&0R'7-/565$+H#;:*WX $+&);%�'2+H%K%2+
=;'2#6'7)[% /�+8#�%�'30:+&--cy+"'7)$#^ .)1#.-/+&01'2+&-c%/+&0E#$#-cy%('Y#6:*Wd $+&)$58+t+.+
p +&-�)"�! &%K%3'='8 R#/+&)$#s+4 )3� w cX#& .'2#Z/9#.-;�;5*:H+$+9-Y/F%QC +8#�%�'30R'7%�'?�*) )3� w +.+8#s+&:85-'8%('8G<+8#sM -;:*WX $+&);%�'2+H%2#w+&%Z+.+8#'70E#&%3'3%@ "+.+8# '*#/#;�;5&'?:8+8# a �$:-'7).01�*'3)$#-cI�! .%�-/+�%2+8#�#.-;�!L&%?J&0:+8#�%3'?:8#^/Y%QC +8#/%�'30R'7%�'?�*) )3� w +.+ q g =y�*'3-�%2+i. � a �yiBc .)$+
%/+H%[%2+�'8#&#.-;�;565$+
)rC +8#�%^#7'*#T%;�*%6'8%2+&0:+&);%X# '7%�'2#|Mf'7'2# '7);%/+ a �0C  .)$+t#7'7-�%-c<+H%K%2+
5*�*)$#�'?+&J&-/+t%QC +8#�%�'30R'7%�'?�*) +.+s%('#6:*Wd $+&)$58+

q
5*�*-�-/+8#;#>�*)"+"'7);% /� .)I01�X+&JH%2+t/YMs-;:*Wd $+&)$58+8# � �d� N � #@ $- %('�Gt-�'K%K%2+ G c ~ ! N ! � df = 0

c*+&%�+.+�58+ Mf'7'3%
-/+8#/%/+
#;�! .01'2#�+Y'8 4VE%3'301'3%6'7%�'?�*)$#�:&=d�XWd ":8+8#�'8 R#7'7-6'8Gt-6'8#&5$+Y#.-;:85*:*+.+&);%r5*�*)$58+&-�)7'7);%�%2+t+&:*+&�! &L&%2+&0:+&)[%s+.+8#
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df
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5-'8 $#6:$#7'7-Z%QC '3)$+BV"'*5&%�'3%@ "+.+F+.+$%('0+('2#/5&-;:&%�'2#6'7%�'?�*) a �TCU'8 .%�-/+n#7'7-�%-c4%('I#/+85*�*)"+.+b:&%6'8#�+n+DC +8#�%�'30R'7%�'?�*).+.+8#Z+&:BA5-'8%('8G<+8#
dfk

5*�*-�-/+8#@#>�*)"+"'7);%Z'8 4V1%?�;5-'8%3'2#6'7%�'?�*)$#s'8#&#.-;�-V('30R'7%�'3=<+8# MO�! .-�).'2+8# #7'7-
q̂k ��� � = 1
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df

+4 01�X+&JH%2+ g � a�� � i><q%QCU'8#&#.-;�-V('30R'7%�'?�*) -;:8#; &%3%6'7);%/+1+8#�%Y%@5":*�*-�'?Wd W+90:+&)[%F+(';:q:&-/+&);%/+#�+H%K�*) WX $+�%('xM -;:*WX $+&)$58+�'*#/#6�;59'?:8+B#-CU'8#&#.-;�;565$+�+.+.%('xM -;:*WX $+&)$58+@)X &%K%2+ g k = 0
i1�! +.+.%('�Ms-;:*WX $+&)$58+

0R'�V('30R'8%2+ g k = P
i a� %QC '3);=<+&-/#�+!c&%2+�5-'!+(-/+n#.-;:8#/+&);%;:F'8 %?�*)&G1+$+�58+�5657'8#.'3%�-/+Ic.=['2#6'7);%Y/�-;:-'8%3'2#/+&-t%QC +8#�%�'30R'7%�'?�*).'8 G#/+&)$#Z+.+
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�&%�-/+�:&%/+&)"+4 N/n%QC +8#�%�'30R'7%�'?�*)N+.+t%QC +&)$#/+&09L&%2+�+$+&# #7'7- '701J9%/-/+8# p AN7 df
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%?�*' g � a�� �Ii aj� )$+"%/+H%K%2+ '8#&#.-;�;565$+c5*�*)�,@�*'3);%/+^#�+&-�0:+&% '8%?�*-/#=+.+^+&:H#7'*#/#/+&-r%2+8#r%3'301'3%/+8#r#.-;�!#.-/+8# /s .)$+ '8#&#.-;�;565$++.+r%�vX#�+��!#.%�'301'2#6'7%�'?�*)rcIWX $+r#;�*)�)":858+8#/#6'7'3-/+w5-'7-6'*5&%;J&-/+�#;:*Wd $+&);%�'2+H%(-/+&)"+I#;�! $#|A{�!#.%�'30R'8%2+�<!%QC +8#�%�'30R'7%�'?�*)1+.+8#
+&:85-'8%('8G<+8#�)$+1-/+&0:+&%F#7'*#�+&)S5-'8 $#/+E%('N%?�;5-'8%3'2#6'7%�'?�*)�MO�! .-�).'2+1#7'7-b%(',#;:*Wd $+&)$58+

q aDw �! .-b .)W+E#.-;�;5*:*+4 .-/+)"�*)I#@ &#�+&-�=['2#;:8+Ic�)7�! $#Q+&);=['2#6'8G<+&-;�*)$# #&%K $#Q+BV"'*5&%/+&0:+&);% %QCe:85657'7);%�'K%K%?�*)$)7'8G<+Z+.+ %('Y%?�*'
p(q, s, df , θ |y) a�� +8#5Xvu#�+&-@#7'7-6'701J&%�-/+8#p,@�! 7'7);%$+.+8#H-	�!%2+8#J#�'301'K%('7'3-/+8#$+"'7)$#Y%2+8#K01�X+&JH%2+8# p AN7 0

+&% p AN7 df

c"%2+8#J5*�*)$#�'?+&:&-6'7%�'?�*)$#
+4 . � a h a �T/,%2+H .-c#; �, +&%T-/+8#�%/+&);%T=I'8%('8L&%2+8#-c<+&%^%QC '3)$5H%K $#/'?�*)P+.+ θ

/,%QCU'8%KGy�*-�'3%@5.0:+�+DCe:85657'7);%�'K%K%?�*)$)7'8G<+J#-C +�:l+85BA
%@ $+&-6'�'25&'q+.+Y%('�0 �&0:+K0R'7).'?J&-/+ a4w �! .-w58+&%�%/+K-6'7'2#;�*)rcX%('F+&:H#�+&)"+"'7)$58+�+&) θ

+.+8#�+(';:D:&-/+&);%/+8#s+('2#�%�-�'KL& .%�'?�*)$#
)$+F#/+&-6'0#7'*#
+BV4#&%3'25&'3%;:8+�'25&'P+BV(58+H#.%;:b%?�*-/#;Wd rC +H%K%2+�#-CU'>=yJ&-/+&-6'I)":858+8#/#6'7'3-/+ a'")U#; &#&#>�t#6'7);% %QCe�!L.%/+&);%�'?�*) +DCe:85657'7);%�'K%K%?�*)W#

(q(t), s(t), df (t))
+('2#�%�-�'KL& ":8#w#/+H%?�*)

p(q, s, df |y) 1 )"�! $##.-;�!#>�t#�+&-;�*)$#�'8 . � a��4a h  .)$+ #;�!%K .%�'?�*) '8%KGy�*-�'3%@5.01'?Wd $+ /458+ #@ �,�+&% 1 )"�! $# #>�! .=y�*)$#L+&);=['2#6'8G<+&-  .)$+#.-;�;5*:*+4 .-/+9+DC +8#�%�'30R'7%�'?�*)@#/+H%?�*) %2+�#/565":&0R':#@ .'3=!'7);%r<



� h � � 57'8#.'3%�-/+ � a �Y#&#.-;�;565$+b#7'7-
01�d+":B%3'2# '7%�'?�*) p +&-�)"�! &%K%3'[AN7n'8 $#/#�'2+&).)$+

�Ia %QC +8#�%�'30R'7%�'?�*) +$+ 	
[q|y]

#7'7-E%('@01�jv<+&).)$+ 1
T

∑
t q(t) '7'3)$#�'ZWX $+U58+H%K%2+ +.+8#05XvX#�+&-@#7'7-6'�A

01J&%�-/+8#
θ̂ � � = 1

T

∑
t θ(t) �� a %QC '3);%/+&-@#.-;:&%6'7%�'?�*)�+4 G-;:8#; &%3%6'7%J+&)G%/+&-�0:+8#$+.+,}�M � �/y5� ~ � ~ � � � 4 N 4X� ��N � �O~O�*z c�+&%Y%('v#;:H%2+85&%�'?�*)+.+8# Ms-;:*Wd $+&)$58+8#L#�'KGt).'[2W5-'7%�'3=<+8# #7'7- �8N � ~ � � y �ZN +.+8#R=I'8%2+H .-/# +.+

q̂ � � c�#.-;�X+4 .'2#6'7);%  .)$+#;:*WX $+&)$58+9+.+ p +&-�)"�! &%K%3' q̂α

<
q̂αk

= 1
#�'

q̂ � � k ≥ α
+&%

0
#�'3)"�*) a>� +�).'3=<+-'8 �+.+�#/+H .'K% α+8#�%Z%('7'2#/#6:b'8 %3'KL.-/+�565"�*'[V +.+,%QC +BV4#�+&-�% �

h a %QC +8#�%�'30R'7%�'?�*)E+.+8# +&:85-'8%('8G<+8#�+&)FMs-;:*Wd $+&)$58+s'*#/#;�;5&'?:8#�'8 �#/+&)$# +.+ %('
01�jvZ+&).)$+Jy�} �8����N M ~f� M ~5*�*)"+('3%�'?�*).)$+H%K%2+9+.+
(df |y, q = q̂α)

<
#>�! .-

k
%/+H%=Wd W+

q̂αk
= 1, d̂fk =

1

Tα

∑

t |q(t)= q̂α

df
(t)
k

�
	
Tα = Card{t | q(t) = q̂α}

+&%Z%QC +8#/%�'30R'7%�'?�*).+.+,%('I=!'7-/'?'7)W5&+9'*#/#;�;5&'?:8+�<

var d̂fk '
1

Tα − 1

∑

t |q(t)= q̂α

(df
(t)
k − d̂fk)

2
;

� a %QC +8#�%�'30R'7%�'?�*)T+.+8# '70E#&%3'3%@ "+.+8#�5*�*-�-/+8#@#>�*)"+"'7);%/+8#-c!'8 �#/+&)$# +4 �0R'�V['309 .0 g �! 9+.+T0R'7).'?J&-/+:*Wd .'3=I'8%2+&);%/+E+.+0%('U01�jv<+&).)$+ji,+.+0%('P%?�*'�Gd'8 $#/#�'2+&).)$+
p(s | q = q̂α, d̂f , y)

coMf�! .-�).'2+0#7'7-
%QC +BVu#.-/+8#�#�'?�*).'7)7'8%Kv;%�'?WX $+1�e�`+('2+&- N�� y!�"!?c"�I�I���!�d<

ŝα =
	
[s | q̂α, d̂f , y] = Σs|q̂α

Ĥ
 �
t Σy|q̂α,d̂f

−1 y

�
	
Σs|q̂α

= σ2diag(q̂
α
)
+&%

Σy|q̂α,d̂f = σ2
ε IN + Ĥ
 � Σs|q̂α

Ĥ
 �
t

+&)x $%�'K% '2# '7);%F%2+8#F=I'8%2+H .-/#�+8#�%�'301:8+8#T/N%QCe:&%6'8#�+ � #>�! .-F%2+8#F5XvX#�+&-@#7'7-6'701J&%�-/+># σ2 +&% σ2
ε a���! W#
5-'8%25H &%?�*)$#Y:HGd'8%2+&0:+&);%�%?'I0R'7%�-�'258+F+.+F5H�E=!'7-�'('7)$58+9'*#/#;�;5&'?:8+�<

����=
[ s | q̂α, d̂f , y] =

	
[(s− ŝα)(s− ŝα)t| q̂α, d̂f , y]

= Σs|q̂α
−Σs|q̂α

Ht
 � Σ−1
y|q̂α,d̂f

Ĥ
 � Σs|q̂α
.

'") #7'7-�%�'25H &%3'2+&--c %2+8#�:H%?:&0:+&);%/#�+('('8Gy�*)7'8 4V +.+ 58+&%�%/+ 0R'7%�-�'258+ #;�*);% %2+8# =I'�A
-�'('7)$58+8#

var âk, var b̂k
�
	

ŝk = [âk, b̂k] a
����� � � a � 1 � M � �6�X4��[M N 4 � N ���O~�� y �O~f�*z 4 N (q,s,df)

x }(ytM �O~ M�4 N � � �X��=[y z~�O~ � � �*z$z y �ZN 4 N �3y�� �!~ y } �8����N @
M ~f� M ~

p(q,s,df |y)
!

�$�! $#Y#�'KGt)7'8%?�*)$#F'8 #@ �, +&%n+.+9%QC +8#/%�'30R'7%�'?�*)x+.+8#b'70E#&%3' %; "+.+8#bWd $+Ic>%2+8#$#o'7-6'701J&%�-/+8#b+DC '3);%;:&-X�&%b:&%6'7);%�#; .-|A
%;�! .%�%2+8#H01�X+4 &%2+8#

ρk =
√

a2
k + b2

k

c"%QC +8#�%/' 0R'7%/'K�*)�+.+F%2+H .-K01�jv<+&).)$+�+&%H=!'7-/'?'7)W5&+�#/+&-6'1-;:-'8%3'2#;:8+T/1#7'7-�%�'3-
+.+:58+H%K%2+8#F+.+8#b#7'7-6'701J&%�-/+8#

ak
+&%

bk
c?5-'8%25H &%?:8+8#T/ %QCe:&%6'8#�+ h +.+E%('N#.-;�;5*:*+4 .-/+R+4 %6'8L&%2+-'8 � a � <D%2+8#F+BVuA#.-/+8#�#�'?�*)$#E'7)7'8%Kv[%�'?Wd $+8#1+�:?+85&%@ 7'7);%158+ %3'2+&) #;�*);%E+&�*).)":8+8#1/�%QCU'7).)$+BV.+ p,a��Ia � +&0R'7-;WX "�*)$#I+&)$5*�*-/+ Wd $+Ic5*�*);%�-6'7'3-/+&0:+&)[%T'8 5-'*#b+4 01�X+&JH%2+ p AN7 0

cl)"�! $#�)$+0#>�! .=d�*)$#n#&%K $#�'25&'T+8#/%�'30:+&-n%('U01�jvZ+&).)$+1+.+8#n#7'7-6'�A
01J&%�-/+8#Y+DCU'70E#&%3'3%@ "+.+

ak
c
bk
�! 

ρk
'8 G#/+&)$#t+.+,%('#) w /T#7'7-�%�'3-Y+.+8#t:85657'7)[%�'K%[%?�*)$#

s(t) c4#& .'2#;WX $+�58+H 4VuA�5&'
5*�*-�-/+8#;#>�*)"+.+&);%-c�#>�! .-v5657'!Wd $+,'3%;:&-6'7%�'?�*)u%-c^/. .)$+ Ms-;:*WX $+&)$58+ +(';:q:&-/+&);%/+

f ′
k
(t) = k

P f \^]`_ − df
(t)
k a�� +8#:85657'7);%�'K%K%?�*)$#L+&) '70E#&%3'3%@ "+.+

s(t) )rC '3);%/+&-�=['2+&).)$+&);% +&�*)$53#7'*#N+"'7)$#N%fCe:&%6'8#�+�+DC +8#�%�'30R'7%�'?�*) +&%-cr5*�*010:+
#>�! .-�%2+�01�X+&JH%2+ p AN7 0

c"%3+8#H01�*%�'3=I'7%�'?�*)$#Y#>�! $#�#6'7);%$/0%QCe:85657'7);%�'K%K%?�*)$)7'8G<+�#/+H%?�*)�%('E%?�*'6,|�*'3);%/+ g � a�� �IiZ#&%K 4A%	�*%nWX rCU/U58+H%K .'�+.+T%('P%?�*'�0R'7-@Gt'3)7'8%3'2#;:8+:+&)�'70E#&%3'3%@ "+.+:#;�*);%n+DCe�*-;+(-/+I%/+8565.).'?Wd $+^<q%fCe:85657'7)[%�'K%[%?�t).)7'8GZ+1+.+8#



� a��4a"w -�'2#�+F+&)L5*�*0E#.%/+F+.+n+":&5-'8%('8G<+8#tMs-;:*Wd $+&);%�'2+H%2# � h �

=I'7-�'('8L&%2+8#
p(qk,sk|y,q−k,x−k,df)

+8#�%=L.'2+&)�01�*'3)$# 5*���.%/+H 4VFWX $+^%QCe:&5657'7)[%�'K%K%K�t).)7'8GZ+�+.+
Pr(qk|y,q−k,df) a

� C +8#�%�'30R'7%/+H .- #.-;�X+4 .'3% #7'7-= .)$+T%/+H%K%2+c01:&%@5"�X+.+ #�+&-�0:+&%�'8%?�*-/# +DCU'7%�%/+&'3)"+(-/+ %('Z#.-;:85&'2#�'?�*)9+$+&#P01:&%@5"�X+.+8#/RMs-;:*WX $+&)$58+8# � �*z �O~ z � NB� c>57'8L.'3%@ $+H%K%2+&0:+8);%b#.-;�!#.-/+8#F'8 4VB01�X+&JH%2+8#n#7'7-6'701:&%�-�'?Wd $+8#jcl%;�! .%F+&) 5*�*)$#/+&-�=I'7);%
%2+8#�'>=!'7);%6'8G<+8#ZMf�! .-�).'2#t#7'7-Z%('1#�%�-@ $5&%@ .-/+ p +9-/)"�! &%K%3'zAN7b'8 $#/#�'2+&).)$+Ic>/I# '>=y�*'3-r<
1 %QCe�!L.%/+&);%�'?�*)rc$5*�*)�,@�*'3);%/+&0:+&);%�'8 4VU+8#�%�'301:8#-c&+.+J).'3=<+-'8 4VN+.+Y5*�*)42o'7)$58+F'*#/#;�;5&'?:8# a4� '�#6:*Wd $+&)$58+ q̂ � �#-C '3);%/+&-@#.-;J&%/+c5*�*010:+^%('�#.-;�!L7'8L.'K%3'3%;: +.+^+&:&%/+859%/'K�*)T+DC  .)$+"-6'7'2+^+"'7)$#P5657'!Wd $+"'3);%/+&-�=I'8%K%2+ Ik c8+&%r%QCU'*585*J8#'8 4VR=I'7-�'('7)$58+&#$'*#/#;�;5&'?:8+8#Y'8 &VR+8#/%�'30R'7%/+H .-/#

d̂f
+&%

ŝ
#�+&-�0:+&%�%/+&);%�+DC +&)L0:+8#@ .-/+&-Y%fC '3)$58+&-�%�'3%@ "+$+ �1 %QC +8#�%�'30R'7%�'?�*)�+4 V)"�*09L.-/+E+.+�-6'7'2+8#-cqWX .'�+8#�%Y'25&'� .) #;�! $#|AQ#$-;�X+4 .'3%n+.+T%QCU'7)7'8%Kv(#/+0+.+T%('U5657'��2)$+ q(t)'8%?�*-/#9Wd $+E%(' +&:&%/+&-�01'3)7'7%�'?�*)S+.+E%QCe�*-;+(-/+P+DC  .) 01�X+&JH%2+R#7'7-6'701:&%�-�'?WX $+�+&)&G<+&)"+(-/+�+9)�Gy:&)":&-6'8%�+.+8#
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+DC  .).'8%KGy�*-�'3%@5.0:+ )<�r)<� +&%Z#�+&-�0:+&%�% '7);%�:HGd'8%2+&0:+&);%�+DCU'*#/#6�;59'2+&-t .)W+Y'3);%/+&-@#.-;:&%6'7%�'?�t)@#/%6'7%�'2#�%�'?Wd $+
/t%QC +8#�%�'30R'7%�'?�*)E+.+ %QCe�*-;+(-/+ a �$�! $# '>=d�*)$# :&%@ "+('?: %QC +8#�%�'30R'7%/+H .- #$-;�!#>�t#;: #>�! .- %2+*WX $+H%Qcj%2+8# #7'7-6'701J&%�-/+8#Ms-;:*Wd $+&);%�'2+H%2#�:&=y�!%K 7'7);%"#@ .-  .)0+&�*0R'7'3)$+w5*�*);%�'3)X rc!+.+ 57'8 .%/#Q).'3=Z+-'8 4V9+.+ #.-;:85&'2#�'?�*)1+&%�+.+X-;:8#;�!%K .%�'?�*)
#�+H .=Z+&);%��&%�-/+.�!L.%/+&)u $# � 58+H#�+&)"+"'7);%-c�%2+G-/+85*�! .-/# /x+.+8#N'8%KGy�*-�'3%@5.0:+8# /S#6'8 .%/#�-;:&=Z+&-/#�'KL&%2+8#P#>�! .-#7'8%K%3'2+&-P%QC '[Gt)7�*-6'7)$58+.+.+ %QCe�*-;+(-/+.'8%?�! .-;+('3%P%('�#.-;�;5*:*+4 .-/+.+DCe:85657'7);%�'K%K%?�*).)7'!G<+IcX0R'7'2#�#@ .-�%;�! .%v-/+&)"+
L.'2+&) #&%K $#Y+&:H%3'25-'7%/+b%fC +BV4#&%?�*'3%6'7%�'?�*).+$+&#
-;:8#@ &%3%6'7%/#F� p �! .-@GI .'KGt)"�*)rc>�I�I�I��� �1  .)$+N#&%K $#EGt-6'7)"+.+,-;�!L& $#/%/+8#/#/+ Mf'*58+ '8 4VA+&-�-/+H .-/#R+.+R01�X+&:H%3'2#6'7%�'?�*)�#7'7-1-6'8#&#>�*-�%P'8 4V401:&%@5"�X+.+8##7'7-6'701:&%�-�'?WX $+8# a '")P#7'7-�%�'25H &%3'2+9-jcd%('F#�%�-@ $5&%@ .-/+�+4 v01�X+&JH%2+ p AN7 df

'30E#>�t#/+t%('�-/+85*�*)$#�%�-@ $5&%�'?�*)N+DC  .)
)"�*09L.-/+ 2&V(+ +.+L-6'7'2+8#R:&=Z+&);%@ $+H%K%2+8#v)$+ #>�! .=I'7);%�#/+L565$+&=!'8 $565W+9-=<T'K%Yv
'x'8 #&%K $#R .)$+,-6'7'2+ #7'7-
'3);%/+&-�=I'8%K%2+ Ik as� )$+B%/+H%K%2+V#�%/-@ $5&%@ .-/+V+8#/% '8%?�*-/#,01�*'3)$#,#/+&)$#�'KL&%2+x'8 4V�Ms-;:*Wd $+&);%/+8#N#�+&-�%@ .-@L7'7%�'?�*)W#+.+8#R+&�*).)":8+8#1#7'7-1 .) #@#�+85&%�-/+G5*�*);%�'3)X �+.+NL7'*#�#/+8#0M -;:*WX $+&)$58+8#RWX $+R)"�! $#P'>=d�*)$#1+&:N,;/�:&=d�XWX ":8+8#
/�#&%K $#�'2+H .-/#I-/+H#.-�'2#/+8# a � '@%6'7'K%K%2+N+.+8#�'3);%/+&-�=!'8%K%2+8# Ik c +&:&%/+&-�01'3)":8+N#7'7-0%2+P#7'7-6'701J&%�-/+ P

c #�+&-�0:+&%
'8%?�*-/#�+.+
-6:BGI%2+&-�%2+H5*�*0E#.-;�*01'2#w+&);%�-�+K58+&%�%/+H-;�!L& $#�%/+8#/#�+H+&% %('�-;:8#;�!%K .%�'?�*)N+.+Y%('�01:&%@5"�X+.+IcuWX .'W-/+8#�%/+
#�%�-@ $5&%@ .-/+H%K%2+&0:+&)[%Y%3'301'3%;:8+9/

f \^]`_ /P a
�c]���] \ � f>�7m6mWd��4q �"o<m �rb?g�kninoZfOetaS� m6a� �XoZf9�cm

	;'7%('F01�X+&:H%3'2#6'7%�'?�*) g � a�� � i�#�+&-�0:+&%w+&)�%@5":*�*-�'2+$+.+�+&:H#7'*#/#/+&- %2+8# %3'301'3%/+8#r'3);%�-�'3)$#;J*WX $+8#s/n%('F01�X+&:H%3'2#6'�A%�'?�*) p +&-�)"�! &%K%3'[AN7b'8 $#/#�'2+&).)$+15H%('*#/#�'?WX $+Ico%QC ' )[%�-;�X+4 $5&%�'?�*)x+.+8#J=!'7-�'('8L&%2+8#�#@ &#&#&%?:&0:+&);%6'7'3-/+8# df
#>:&)7'8%3'3#�+9%('
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p(dfk |df−k, q, s, y)
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 �

k
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Mf�*-�01:8+Z#7'7-^%2+8# +.+H 4V15*�!%?�*).)$+8# +DC '3)"+('258+8#
2k
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2k+1

+.+
H 
 �+&%

ek = y −∑j 6=k H 
 �
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c"�*) #�+H .%Y:85&-�'3-/+�<

p(dfk |df−k, q, s, y) ∝ exp

(
−‖y −H 
 � s‖2

2σ2
ε

)
× � ∆f (dfk)

∝ exp

(
−‖ek −H 
 �

k
sk‖2

2σ2
ε

)
× � ∆f (dfk) g � a�� �yi
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sk = 0
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p(dfk |df−k, qk = 0, q−k, s, y)
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01�d+":B%3'2# '7%�'?�*) p +&-�)"�! &%K%3'[AN7n'8 $#/#�'2+&).)$+

#/'309 &%('7%�'?�*)V#/+H%?�*) g � a�� �yiH+8#�%K-/+&0E#&%('*5*:8+9#7'7-$ .)$+9:&%6'8#�+T+DCU'8%KGy�*-�'3%@5.0:+0+.+ �,'*#�%�'3)&G<#|A+)B+&%�-;�!#>�!%3'2# g �i)�i'-vX'7);%H58+&%�%/+�0 �&0:+n%?�*'r#>�! .-H5&'KL&%2+ a � %QC '3%;:&-6'7%�'?�*)
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�Ia Gy:&)":&-/+&-Y .)L5-'7)"+('?+"'7% ϕ
#/+H%?�*)  .)$+n%?�*'?'3)$#/%�-@ .0:+&);%6'8%2+

Φ(ϕ | df (t−1)
k ) �� a #.-/+&)"+(-/+

1 df
(t)
k = ϕ

'>=Z+85,%('0#.-;�!L7'8L.'K%3'3%;:
ρ � � (df

(t−1)
k , ϕ)

1 df
(t)
k = df

(t−1)
k

'>=Z+85,%('0#.-;�!L7'8L.'K%3'3%;:
1− ρ � � (df

(t−1)
k , ϕ)

'>=Z+85
ρ � � (df

(t−1)
k , ϕ) = min

{
1,

p(ϕ |df−k, q, s, y)

p(df
(t−1)
k |df−k, q, s, y)

Φ(df
(t−1)
k |ϕ)

Φ(ϕ | df (t−1)
k )

}
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q(0), s(0) df (0)

)
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θ(0) = (0.1 ; 1 ; 1) a
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)
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df
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df
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k ) ∝ g(ϕ − df

(t−1)
k , σ2
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λ(t) ∼ p
(
λ | q(t), s(t), df (t), σ2

ε
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σ2(t) ∼ p
(
σ2 | q(t), s(t), df (t), λ(t), σ2

ε
(t)

, y
)

�r+8#X%�-;�*'2#�%?�*'2#r5*�*)"+('3%�'?�*).)$+H%K%2+8#w-/+&=5�&%/+&);%s+.+8#r+BVu#.-/+8#�#�'?�*)$#r#�'301'K%('7'3-/+8#Z/�58+H%K%2+8#r+BV4#&%3'25&'3%;:8+8#
/0%QCU'8%KGy�*-�'3%@5.0:+F+4 L%6'8L&%2+-'8 � a �1+&)L5*�*)$#�'?+&:&-6'7)[% H 
 �

'8 %3'2+H �+.+
H
c"'>=Z+&5

df = df (t) a
����� � � a�� 1 	�� �d� M ~ � = �vN =5?5�9M ~ 4 N 4�� �X��=[y z �O~ � � �*z$z y �;N 4 N p(q, s, df , θ |y)

!

w %[ W#�'2+H .-/#
-/+&0R'7-;WX $+8#
-/+H%('7%�'3=Z+8#�/I58+&%�%/+n#.-;�;5*:*+4 .-/+�#6�*);%Y/I+�:?+85&%@ $+&-r<
1 � +15-'*#,#7'7-�%�'25H &%3'2+&- k = 0

)rC +8#�%n#7'*#n+&:&%6'7'K%K%?:I'25&'"0R'7'2#n+&�*).)$+0%3'2+H �'8 4VB0 �&0:+&#F#;#>:859'[2W5&'3%;:8#FWd $+
%QCe:85657'7);%�'K%K%?�*).)W+H .-$+.+ 7Y'KL&L$#
5H%('*#/#�'?WX $+,#>�! .-t%QCe:85657'7);%�'K%K%?�*)$)7'8G<+9+.+8#t#7'7-6'701J&%�-/+8#

(q0, s0) a
1 � Ce:&%6'8#�+� �[Loi0+DCe:85657'7);%�'K%K%?�*)$)7'8G<+3+.+ %('�%?�*'�y } �8����N M ~O� M ~ +.+

df
(t)
k

#.-/+&)"+  .) #/+&)$#1 .).'?WX $+&0:+&);%
%?�*-/#;WX $+

q
(t)
k 6= 0 a �,'7)$#,%2+�5-'*#�5*�*);%�-6'7'3-/+Ic?58+&%�%/+T%?�*'"+&#/%$ .).'[MO�*-�0:+1+&%Y#;�*)�:85657'7);%�'K%K%?�*).)7'8G<+1)rC +8#�%+DCU'8 $5H .):'3);%;:&-X�&%^#>�! .-�%QC +8#�%�'30R'7%�'?�*)R+.+8#�+":&5-'8%('8G<+8#jcIWX .'.#/+&-6'J-;:-'8%3'2#;:8+�+&)101�jvZ+&).)7'7);%� .).'?WX $+&0:+&);%

#@ .-0%2+8#0:85657'7);%/'[%K%?�*)$#v5*�*-�-/+8#@#>�*)"+"'7);%P/.%('B#;:*Wd $+&)$58+N+$+ p +&-�)"�! &%K%3' q(t) = q̂α

c�5IC +8#�%|A�/�A{+('3-/+ +.+8#
:85657'7);%�'K%K%?�*)$#9#>�! .-F%2+8#6Wd $+H%2#

q
(t)
k = 1 g =d�*'3-b%2+�. � a��4a �yi a � ',-;:-'8%3'2#6'7%�'?�*) +.+v5&+&%9:85657'7);%�'K%K%?�*).)o'8G<+��'7-�%�'[2W5&'2+B% �S'.#>�! .-1 .).'?Wd $+NL& .%1+.+NGd'7-6'7);%�'3-E%('�+&:B2$).'3%�'?�*)�+.+8#

df
(t)
k ∀ k,t

+&%1+.+N#�+&-�0:+&%�%�-/+
'7'3)$#�'  .)3 $#6'8G<+�5*�*-�-/+85&%n+.+F%('v0R'7-/565$+E'8%?:-'7%;�*'3-/+

Φ2
+&�*);%$%('P+&:B2$).'3%�'?�*)V)":858+8#/#�'3%/+9%QC +BV('2#�%/+&)$58+IcD/

%QC '3%;:&-6'7%�'?�*)
t
c&+.+8#

df
(t−1)
k a1 � 'tGy:&)":&-6'7%�'?�*)T+DC  .)T+&:85-'8%('8G<+X+&)bMs-;:*Wd $+&)$58+ dfk

#�+H%?�*)F%('s%?�*';5*�*)"+.' %/'K�*)$)$+H%K%2+ 2&V"'7);%=%QCU'70E#&%3'3%@ "+.+
skWX .'y%K .';+8#�% '*#/#;�;5&'?:8+^#�+H .%=#7'7-6'��2%�-/+c'3)7'8#&#.-;�!#.-�'?:8+s/s%('s5.'?:&-6'7-/565$'3+�+4 F01�X+&JH%2+�<j%('t+&:&0R'7-/565$+c'3);=<+&-/#�+

#/+&09L&%2+
+&)v+�:?+&%�#&%K $#T)7'7%@ .-/+H%K%2+IcZ=;'2#6'7);% /$%QCe:85657'7);%�'K%K%?�*).)o'8G<+�+.+8# '70E#&%3'3%@ "+.+8#X5*�*)"+('3%�'?�*).)$+H%K%2+&0v+&);%



� h � � 57'8#.'3%�-/+ � a �Y#&#.-;�;565$+b#7'7-
01�d+":B%3'2# '7%�'?�*) p +&-�)"�! &%K%3'[AN7n'8 $#/#�'2+&).)$+

/N%(',5*�*).)7'7'2#/#6'7)$58+R+.+E%(' M -;:*WX $+&)$58+ N �Zyv� ��N 5*�*-�-/+8#@#>�*)"+7'7);%/+
f ′

k = k
P f \^]`_ − dfk a �{%�MQ'8 .%F)"�*%/+&-'25&'>Wd $+Y%QC '3)[%�-;�X+4 $5&%�'?�*) +.+8#c=!'7-�'('8L&%2+8#�+DCU'70E#&%3'3%@ "+.+n'n#>�! .-��!LF,�+85&%�'[Mr%QCe:85657'7);%�'K%K%?�*).)o'8G<+n/�01�*'3)"+(-/+

5*���.% +.+8# #7'7-6'701J&%�-/+8# p AN7S<�)"�! $#�'>=y�*)$# =X T'8 9.	� a h a ��Wd W+^%2+8#=%?�*'2#Q5*�*)"+('3%�'?�*).)$+H%K%2+># p(qk,sk |
M N ����N

)#;�*);%H#�'309 &%('8L&%2+8#tL.'2+&) #&%K $#ZMf'*5&'K%2+&0:+&);%�Wd $+n%2+8#Z%?�*'2#�0R'7-@Gt'3)7'8%2+8#
Pr(qk |

M NB����N
) a �r+�5657�*'zV,'30E#>�t#/++&�*)$5N .) #/565":&0R'�'8%KGy�*-�'3%@5.01'?WX $+ +4 A%�vX#�+N+.+R58+H%K .'t+&:85&-�'3%1'8 %6'8L&%2+-'8 � a�� +&%15*�*-�-/+8#@#>�*)"+Dc"+&)%/+&-�0:+8#t+.+Y01�X+&:H%3'2#6'7%�'?�*)rc7/I#@ &#&#>�t#/+&-Z%QC ~ z 4d�{} N9z 4<y z � N +&);%�-/+

s
+&%

df a4� +J-�'2#6Wd $+J0R'�,�+H .-Y'*#/#;�;5&'?:/v58+&%�%/+95Xvu#>�*%@5"J8#/+�+8#/%$'8%?�*-/#Y58+H%K .'�+DC  .)@%�-;�!#.Mf�*-�%K%6'8 4V�+.+�-/+N, +&%,/1%QCe:&%6'8#�+�' a g L>iBc7#.-;��=d�XWX ":F#7'7-%QC '3)7'!+&:*WX 7'7%�'?�*)rc"#7'7-
-6'8#&#>�*-�%�'8 4V +&�*).)":8+8#-c$+&);%�-/+n%('9Ms-;:*Wd $+&)$58+b+&:&%/+&-�01'3)":8+b#7'7-
dfk

+&%Z%QCU'70E#&%3'[A
%@ "+.+

sk
WX .'q%K .'n+8#�%�'30E#>�t#;:8+ a �$:-'7).01�*'3)$#-c$#�' P +8#�%�#; F$v#6'7010:+&);%tGt-6'7)"+Dc('K%n+8#�%�-6'7'2#;�*).)7'8L&%2+b+.+

5*�*)$#�'?+&:&-/+&-�WX $+,%QCU'70E#&%3'3%@ "+.+F01�X+&:H%3'2# '7);%H5*�*-�-�+&5&%/+&0:+&)[%Y .)$+�-6'7'2+b+"'7)$#t%QC '3);%/+&-�=I'8%K%2+ Ik +8#�%�/T#�+H #.-;J8#H#�%6'8L&%2+F#@ .-Z%('0%?�*)&GI $+H .-�+.+�58+&%
'3);%/+&-�=I'8%K%2+ a

����� � �"�!�	  ��w �B�U���". �� � �� ��/�
��W!�� 	/� � �Y� �"	/� � � � �H���4�����/�� �"� � ��� �� ��
���������Q�
	/� �H�"

���! $#:'K%[%K $#/%�-;�*)$#1%2+8#v5*'7- '*59%6:9-/'3#/%�'?Wd $+8#P+.+ %QC +8#�%�'30R'7%�'?�*)�+":&5&-�'3%/+.'8 #7'7-6'8Gt-6'8#&5$+�#.-;:85*:*+.+&);%�#@ .-E%2+
#/'KGt)7'8%�09 &%3%�'[A�#�'3)X $#6���Q+"'8%q57'8L.'3%@ $+H% g 58+H%[ $'q+.+Y%('b2"GI .-/+,� a�� i a �$�! $#r5*�*)$#�'?+&:&-;�*)$#s+"'7)$#� .)P#.-/+&01'2+&-w%/+&0E#$# .)$+FGt-�'K%K%2+T+.+

P + 1 = 501
M -6:HWX $+&)$58+8#-c>/1%('!Wd $+H%K%2+�)rCU'8#&#o'7-�%�'2+&).)$+&);%,#7'*#�%3+8#YM -;:*WX $+&)$58+8#K-/+8565$+&-/565":8+8# a

� Ce:85657'7);%�'K%K%?�*).)o'8G<+ +.+R%(' %?�*'�yR} �8����N M ~f� M ~ p(q,df ,θ|y)
+8#�%�01'3#I+&)��, .=[-/+U#/+H%?�*) %2+U#/565":&0R'�5XvXL.-�'?+.+

+&:85&-�'3%T#7'7-9%QCU'8%KGy�*-�'3%@5.0:+N+4 6%6'8L"%3+-'8 � a�� c +&%�+8#�%0'7-�-X�&%;:R%?�*-/#6Wd $+R%('L01�jvZ+&).)$+ByR} �8����N M ~f� M ~ g ) w i�+8#|A%�'301:8+R+$+E%QC +&)$#/+&09L&%2+P+.+8#b#7'7-6'701J&%�-/+8#
(q, θ)

)$+1=I'7-�'2+E#.-6'7%�'?WX $+&0:+&);%9#&%K $#-c=+.+10R'7).'?J&-/+�#�'301'K%('7'3-/+P'8 
5&-�'3%;J&-/+ g � a�� � i� .%�'K%3'2#;:n#>�! .-t%QCe:85657'7);%/'[%K%?�*)$)7'8G<+9+.+8#t#7'7-6'701J&%�-/+8# p AN7 0 a

� ' 27GI .-/+ � a�� �L01�*);%�-/+P%QC +8#/%�'30R'7%�'?�*)S+.+P%('L01�jvZ+&).)$+VyR} �8����N M ~O� M ~ +.+P%('G#;:*WX $+&)$58+P+.+ p +&-�)"�! &%K%3''8#.-;J8#J5*�*);=Z+&-@G<+&)$58+9+.+F%QCe'8%KGy�*-�'3%@5$0:+Ic>WX .'=#.-/+&)"+.+.+8#H=!'8%2+H .-/#YMf'7'KL&%2+8#J+&)�%('E#&%K &#7'7-�%,+.+8#tM -;:*WX $+&)$58+8#�+.+
%(' Gt-�'K%K%2+ a=� 'N2"GI .-/+R+.+R+(-;�*'3%/+:01�*);%�-/+RWX $+E%2+8#�5&'3)"WV#�+B "%3+8#�=!'8%2+H .-/#9:H%2+&=y:8+8#9+.+ q̂ � � crWd .'c#6�*);%F:HGd'8%2+8#/

1
c7%K�;5-'8%3'2#�+&);%$#7'7-|Mf'7'3%/+&0:+&);%,%2+8#K'3);%/+&-�=!'8%K%2+8#n'8 4V&Wd $+H%2#,'8#&#7'7-�%�'2+&).)$+&)[%,%2+8#YM -;:*WX $+&)$58+8#K%@5":*�*-�'?WX $+8# a '")+�:?+&%-c='8 S#/+&)$#b+4 01�X+&JH%2+ p AN7 df

cq%('R=!'7-�'('8L&%2+R+.+ p +&-�)"�! &%K%3' qk
cq#>�t#/'3%�'?�*).)":8+P/ %(' Ms-;:*Wd $+&)$58+ k

P f \^]`_ c5*�*)"+('3%�'?�*).)$+F%QC +BV['2#/%/+&)$58+b+DC  .)$+�-6'7'2+b+"'7)$#t%QC '3);%/+&-�=!'8%K%2+ Ik = [k−1
P f \^]`_ , k

P f \^]`_ ] a

q̂

��

0 0.05 0.1 0.15 0.2 0.25
0

0.2

0.4

0.6

0.8

1

q̂

��

0 0.05 0.1 0.15 0.2 0.25
0

0.05

0.1

q̂

��

0

0.25

0.5

0.75

1

ν1 ν2 ν3 ν4 ν5� HUt���G\LN[\haL Q 	 −1 R � HUt���G�La[\hNL Q 	 −1 R � HUt���G�La[\hNLaMmJIG
MTYZo�[\WC`

����� � a�� � 1 � ���O~�� y �O~f�*z q̂ � �

} � �;M
� z �1� 4 � � N
B−G

y �7N � 4X�}��y!�3y �ZNB�$� �;M
� z � ~��*z y!� � �X� �O~ @ � ~ z � �H� � 4<y!�"!
� � y��-��= N�� � �[M,� � N9z&�8N � �H� N 4 N �3y � M ~ � � N �9M;�X2�� N9z �O~ON � � N ! 	i�0� N&z � M N�� �j�-� � N9z y � }>� ~ � �F4 N } � �[Mn� N � �&y ~ �B� N �
� y!� N �;M � ! � 4*M �!~ ��N�� �-�j� � N9z �9M;�X2�� N9z � N y�� �Q� �[M_4 N ��=[y52�� N M�y ~ON ! � N � � M N }�M;� �>N9z ��N9z � � yE} �8� ~ �O~f�*z �DM;��@2�� N9z~�O~jN � � N 4 NB� M�y ~jN � � =4� � M ~ 2�� N � !

� 'P+.+H 4V('?J&0:+T#&57'*#/+T+DC +8#�%�'30R'7%�'?�*)x+.+8#,+&:85-'8%('8G<+8#�+&).Ms-;:*Wd $+&)$58+E'8 V#/+&)$#$+.+9%('_) w 5*�*)"+('3%�'?�*).)$+H%[A
%2+&0:+&);%9/ %(' %?�;5*'8%3'2# '7%�'?�*) '8#&#>�*-�%;:8+E#7'7-n%2+8#F5&'3)"WG=I'8%2+H .-/#b:H%2+&=y:8+8#b+.+

q̂ � � cq#& .'2#F58+H%K%2+E+.+8#F'70E#&%3'3%@ "+.+8#



� a � a � :8#@ &%3%6'7%/#t+DC +8#�%�'30R'7%�'?�*)@#; .-Z%2+Y01�X+&JH%2+ p 7 '>=Z+85,#.-�'2#/+F+&)G5*�*0E#.%/+b+.+b+&:85-'8%('8G<+8# � h �

5*�*-�-/+8#;#>�*)"+"'7);%/+8#-cl+8#�%K-;:-'8%3'2#;:8+�#/+H%?�*).%('1#.-;�;5*:*+4 .-/+0+4 @%6'8L&%2+-'8 �� a � ao� +8#J-;:8#@ &%3%6'7%/#J#6�*);%�#.-;:8#/+&);%;:8#Y#@ .-%('b2"GI .-/+ � a�� � c4'7'3)$#�'>WX $+Y%2+8# L7'7-�-/+8#s+DC +&-�-/+H .-sWX $+H)"�! $# #>�! .=d�*)$#s'*#�#;�;5&'2+&-s/b%QC +8#�%�'30R'7%�'?�*) a 'T)P .%�'K%3'2# '7);%%2+8#Y)"�*%6'7%�'?�*)$#n+& .�� a�� c>%2+8#�Ms-;:*Wd $+&)$58+8#�#;�*);%,%?�;5-'8%3'2#;:8+8#�+&) f̂ ′
k = k

P f \^]`_ − d̂fk
+&%,%2+8#$L7'7-�-/+8#n+DC +&-�-/+H .-

5"�*-�'��-�*);%6'8%2+8#K-/+H#.-;:8#/+&);%/+&);%�%2+8#
'3);%/+&-�=!'8%K%2+8#
[−σ 
 �

k
, σ 
 �

k
]
�
	

σ2
 �

k
= v̂ar f̂ ′

k = v̂ar d̂fk
c"Wd .'P+8#�%H+8#�%�'301:8+9/

#7'7-�%�'3-n+.+8#,:85657'7);%�'K%K%?�*)$#
df

(t)
k ao� C +&#/%�'30R'7%�'?�*)�+$+&#$#7'7-6'701J&%�-/+8#b+DCU'70E#&%3'3%@ "+.+1+8#�%K-;:-'8%3'2#;:8+I5*�*)"+('3%�'?�*).)$+H%[A%2+&0:+&);%n/E%(':5*�*).)7'7'2#/#6'7)$58+T+.+8#Y#>�t#�'3%�'?�*)$#YMs-;:*Wd $+&);%�'2+H%K%2+8#,'8 B#/+&)$#�+4 3)3� w g �! 3+.+F0R'7).'?J&-/+�'?+.+&);%�'?Wd $++.+E%('�) w iY#/+H%?�*)x%QC +BV4#.-/+8#/#�'?�*) '7)7'8%Kv;%�'?WX $+1+& %6'8L&%2+-'8 � a � c='7'3)$#�' WX $+:58+B%K%2+R+.+8#F=!'7-�'('7)$58+8#T'*#/#;�;5&'?:8+8# a'T)L)"�*%6'7);%
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&L"�rD20�*�06/+,�1�06B���*�4$F�,7^&L"�rD20�*�06B�*7C+0��"%�*f0�*�,7 [/q��07^6/5!�.�#��"F5!6/7C?(��"%$%"F7*2,�,7C7*5!6B�C+,�0$%$F�,7C&L?l+.-Z�#I("%���*� � [

q��X&(20��"%�S�#��"F5!6�&D< ?(6/�;cd5!6/+0��"F5!6
f : 3 → 4 7�< 2,+0��"%�

f ′(u) = 2
∂g(u,u∗)

∂u∗
RJ5!U

f(u) = g(u,u∗)
�0�4�06

+,5!6/7*"F&(20�.�#6B��"%6/&/28IJ�06/&Z�#@M@A�06O�
u
�0�

u∗ �>���.�#6/&�5�5B5B&DR � � ��� �i[Bq'�,7��8KOI/�*�,7*7�"F5!6/7�&(�,7�VS�.�!&L"F�06B�*7�5!_(�*�06B?/�,7
IZ�#�:$b�a7�?("%�*�A7 <>5!_(��"F�06(6/�06B�39eIZ�#����"%�1&(�,7120VQ�#$%"%�*2,717*?("%�!�#6B�*�,7 R'5!U

l
R
c

�0�
A

&(2,7�"%VS6/�06B�1�*�,7�IJ�,+0��"%�Q�0@A�06B�
?(6 �Q�,+0�*�0?(��$%"%VS6/�SR�?(6��W�,+0�*�0?(�X+,5!$F5!6(6/���0�E?(6/�l@E�#����"F+,��+ �#���*2,��&(�l$b���.�#"%$%$F��&(�

x
�0�

l∗
&(2,7�"%VS6/�l$F�

+,5!6! h?(VS?/2SR
lt

$F�4���.�#6/7�IJ5S7.24�0�
l†

$F�)���.�#6/7*IJ5S7*2:+,5!6! �?(VS?/21&(�
l
�

∂

∂x∗ bx = 0
∂

∂x∗ bx∗ = bt

∂

∂x∗ x†Ax = Ax
∂

∂x∗ x†Ax∗ = (A + At)x∗

∂

∂x∗ x†c = c
∂

∂x∗ x′c = 0

∂

∂x∗ x′Ax = 0
∂

∂x∗ x′Ax∗ = A′

q��:+0��"%�*f0�*�4IJ206Z�#$%"F7*24IY�#�H$b�n_(�.�#6/+.-/�1&D< -BNBIJ�0��_J5!$F�17 <>2,+0��"%�'�

J 687:9 (x) =
1

2
‖y −Wx‖2 + λR 687:9 (x),

� �Q�0+
R 687;9 (x) =

∑

k

√
s2 + |xk|2

�o�;[ � 

�0� −−−→∇J 687:9 (x) = W† (y −Wx) + λ
−−→∇R 687:9 (x),

� �W�,+ −−→∇R 687:9 (x)|k =
xk√

s2 + |xk|2
.

<]6G5!_(��"F�06B�]&(�)$b�n@A�0@A�4@E�#6("Ff0�*�:IJ5!?(�^$F�,7C+8�*"��.f8�.�07CI(�*�06Z�#6B�]�06l+,5!@MI(�*�:$b�n7*NB@A20����"F�4-/�0��@M"%��"F�06(6/���

J+(x+) =
1

2

∥∥y − (W+x+ + W∗
+x∗

+)
∥∥2

+ λR(x+)

−−→∇J+(x+) = −2W†
+

(
y −W+x+ −W∗

+x∗
+

)
+ λ
−−→∇R 687;9 (x+).
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`
1

���0���*�1IZ�#����"F�1�,7*�C+,5!6/7.�!+0�*2,�39M$b�A&/28@A5!6Z7����.�#��"F5!6 &(�:$b�A+,5!6/&L"%��"F5!6m6/2,+0�,7.7.�#"%�*�1�0�]7*?L�E7.�#6B�*�1&D<>5!I(��"�g
@E�#$%"%�*2:I(�*5!IJ5S7*2,�4IJ5!?(�C�*5!?(�^@M"%6("%@M"F7*�0?(�]&L?l+0��"%�*f0�*�:IJ206Z�#$%"F7*24IZ�#�^$b�n6/5!��@A�

`1 �

J1(x) =
1

2
||y −Wx||2 + λ

∑

k

|xk|.

¢ $'7 <`�#VS"%�C&(�4&(20@A5!6B���*�0�]$=<>2,PQ?("%�S�#$F�06/+,�17�?("%�!�#6B�*���

x
�,7*�H?(6l@M"�6/"�@3?(@ &(�

J1
7�"'�0�C7*�0?($F�0@A�06B�]7�"





(i) ∀k �*PY[ |xk| = 0 : |rk| ≤ λ,

(ii) ∀k �*PY[ |xk| 6= 0 : rk + λ
xk

|xk|
= 0,

5!U
r = W†(Wx− y)

[
�n<`�#I(�*f,7C�]$%$%"%6/�0Ne�0� £ ?#�,"%6/7��ON � � � ��� ��5!6��3IJ5!?(�^?(6/�)cd5!6/+0��"F5!6��C+,5!6B�Q�8K(�

J
�

x
�,7��H?(6l@M"%6("%@;?(@ &(�

J
7�"'�0�C7*�0?($F�0@A�06B�C7*" ∀p ∈ 3 N , J ′(x ; p) ≥ 0

5!U
J ′(x ; p)

�,7�� $F��VS�.�!&L"F�06B��&L"%�*�,+0��"F5!6(6/�0$Q�
J ′(x ; p) = limε→0

1
ε (J(x + εp) − J(x))

[ � 6 2,+0��"�g
�S�#6B�

J1(x) = 1
2x†W†Wx−<{y†Wx}+ 1

2y†y + λ ‖x‖1
R(5!6����

∆J1(ε) =
1

ε
(J1(x + εp)− J1(x))

=
1

ε

(
ε2

2
p†W†Wp + ε<{p†r}+ λ(‖x + εp‖1 − ‖x‖1)

)

5!U
r = W†(Wx− y).

q'�4VS�.�!&L"F�06B�]&L"%�*�,+0��"F5!6(6/�0$�7�<>2,+0��"%�^&(5!6/+��

J ′
1(x ; p) = lim

ε→0
∆J1(ε) = <{p†r}+ λ lim

ε→0

1

ε
(‖x + εp‖1 − ‖x‖1).

� 5!?(��+ �#$F+0?($F�0��+,�0���*��&(�0��6("Ff0�*��$%"%@M"%�*�SR#5!6;�!�C7*20IZ�#�*�0��$F�,7�"%6/&L"F+,�07�IJ5!?(��$F�,7*PQ?Z�8$F7
xk

�,7���6B?($O5!?;6/5!6'[S�O5!"%� I$=<>�06/7*�0@;_/$%�1&(�,7H"%6/&L"F+,�,7^IJ5!?(�^$F�,7*PB?/�0$F7
xk

�,7*�H6B?($'�0� N − I $=<>�06/7*�0@;_($F�1&(�,7H"%6/&L"F+,�,7^IJ5!?(�^$F�,7*PB?/�0$%7
xk�,7*�H6/5!6l6B?($=[#<]6G�A�#$F5!�*7'�

‖x + εp‖1 − ‖x‖1 = ε
∑

k∈I
|pk|+

∑

k∈N−I
|xk + εpk| − |xk|.

¢ $�7�?L�A�M&(5!6/+e&D<>20��?/&L"F�0�M$b��$%"%@M"%�*���
limε→0

1
ε (|x + εp| − |x|) IJ5!?/�

p ∈ 3 �0�
x ∈ 3 ∗ ��"%$��B"F�06B�nIZ�#�

?(6�&(20�W�0$F5!I(IJ�0@A�06B�;$%"%@M"%�*2E&D<>5!�*&L�*� � $F5!�*7*PB?/�
ε → 0

� |x + εp| = |x| + ε<{p∗ x
|x|} + O(ε2)

�0�1&(5!6/+
limε→0

1
ε (|x + εp| − |x|) = <{p∗ x

|x|}.
�3<>5!U1�

J ′
1(x ; p) = <{p†r}+ λ

(∑

k∈I
|pk|+

∑

k∈N−I
<{p∗

k

xk

|xk|
}
)

=
∑

k∈I
(<{p∗

krk}+ λ|pk|) +
∑

k∈N−I
<{p∗

k(rk + λ
xk

|xk|
)}

�! #"%$'&�(�)+*-,/.102.3$�)4.6587#9-9:(�;<0
&=,/$�)30!*8.�$�*-&�)>;?7#*8&=*:9-$�@A7!9:BC.�D/7!9E5-$�F N 5:0
9:)'F
,
7!9G;?$�*-.>,IH *8.�D/,JD/)+$C&6;?7#*8&=*:9-$�@K7#9:BL.�DJ7!9

5-$'M N 5-0!9-)�F
,
$�9N,J0OB�7#9-)+DP58(C&10!9Q.>B�7!R�R�$=*:9-$3@A7#9-BC.�D/7#9G5-$OF 2N 5:0!9-)�F

.



�3[ � [���"%6("%@M"F7.�#��"F5!6/7]7*+ �#$b�#"%�*�,7^IJ5!?(�^$F�,7C�#$%VW5!��"%��-(@A�,7]&(�4��NOIJ�1�4�#?/7.7hg��O�0"F&(�0$ � � �

q��n+,5!6/&("��*"%5!6 ∀p ∈ 3 N , J ′(x ; p) ≥ 0
7*�)@A�0�]�#$F5!�*7C7*5!?/7H$b�3co5!��@A���

∀k ∈ N − I, ∀pk ∈ 3 , <{p∗
k(rk + λ

xk

|xk|
)} ≥ 0

∀k ∈ I, ∀pk ∈ 3 , <{p∗
krk}+ λ|pk| ≥ 0.

q���I(�*�0@M"Ff0�*��+,5!6/&L"%��"F5!6 7*�m�.�#@Af06/��&(��c=���,5!6 20�O"F&(�06B�*��9 ∀k ∈ N − I, rk + λ xk
|xk| = 0

[ � 6 IJ5#g
7��#6B� <{p∗

krk} = |pkrk| cos(φk)
R!$b�)7*�,+,5!6/&(�HIJ�0?(�j7 <>2,+0��"%�*� ∀k ∈ I, ∀φk ∈ [0, 2π], |rk| cos(φk)+λ ≥ 0

R
PB?("'�,7��^�W20��"�pZ2:7�"'�0�C7*�0?($F�0@A�06B�]7�" |rk| < λ

[
�

����� � �01/�
	��0&#,  #�2�.1/& &�� ,�� ,.� ��%'& ����� ���0%'& ,��0)��.� �! ���	�%'& - %  �� � %�� ,��/& &
	
� %'�0- %��

q��n@M"%6("%@M"F7.�#��"F5!6�&L?G+0��"%�*f0�*�:IJ206Z�#$%"%7.2 �o�3[ � ��06l$b�3�S�#��"b�#_($F�:+,5!@MI($F�8K(�
xk

7 <>2,+0��"%�C7*5!?/7H$b�3cd5!��@A���
◦
xk = arg min

xk

J(x)⇔ ◦
xk = arg min

xk

1

2
‖ek −wkxk‖2 + λϕ(|xk|)

�0�s�,7���2,PQ?("%�S�#$F�06B�*��9C+,�0$%$F��&(� 1
2w

†
kwk|xk|2−<(e†

kwkxk)+λϕ(|xk|)
[ � 63IJ5S7.�#6B�

a = w
†
kwk

R
b = w

†
kek�0�

xk = ρejθ RJ$F�nI(�*5!_($Ff0@A�A�,7��4+,�0$%?("�&(�3$b�X@M"%6("%@M"F7.�#��"F5!6�&(�n$b�Ecd5!6/+0��"F5!6�&(�n&(�0?LKm�S�#��"b�#_($F�,7
(ρ,θ) ∈

4 + × [0,2π]
�

f(ρ,θ) =
1

2
aρ2 − ρ(br cos θ + bi sin θ) + λϕ(ρ)

5!U
br

�8�
bi

�*�0I(�*2,7*�06B�*�06B�C$F�,7^IZ�#����"F�,7^�*2,�0$%$F�:�0�^"%@E�#VS"%6Z�#"%�*�1&L?l6/5!@;_(�*�:+,5!@MI($F�8K(�
b
[

q��M&(20@E�#�*+.-/�17�?("%�!�#6B�*�:�,7��^�0@MI($F5�NW2,�S[Z\]5!?/7^20�.�#_($%"F7*7.5!6/7^&/�#6/7^?(6aI(�*�0@M"F�0�C�*�0@MI/7^PB?/�)$b�3@M"%6("%@M"�g
7��#��"F5!6a&L?l+0��"%�*f0�*�

J
�06a$b�;�S�#��"b�#_($F�

xk
�,7��H2,PB?("%�!�#$F�06B�*�:93$b�;�*2,7*5!$%?(��"F5!6G&(�,7H2,PB?Z�#��"F5!6/7��o�3[�� ��0���o�;[ � 8[

q����Q20��"�pZ+ �#��"F5!6�7�"%@;?($%�.�#6/2,�M&(�M+,�,74&(�0?LK 2,PQ?Z�#��"F5!6/74IJ�0��@A�0�;�#$F5!�*74&D<>20�.�#_($%"%�1PB?/�3$b��@M"%6("%@M"F7.�#��"F5!6�&(�
$b�aco5!6/+0��"F5!6

f
�06

(ρ,θ)
&(20_J5!?/+.-/�X7*?(� ◦

ρ = arg b ∀ρ ∈ 4 + RTu(|!�Bw��=|!� �i~�0|!}Jx �oyo|S} �Q~:u �8}Yv�� y{�0v �oyd|!}
ϕ

���8w�y $�v����%~0[�q��l@M"%6("%@M"F7.�#��"F5!6k�06
ρ

�,7*�;�06/7�?/"��.��&(20�.�#"%$%$F2,��IJ5!?(�3$F�,7;IJ206Z�#$%"F7.�#��"F5!6/7n-BNBIJ�0��_J5!$%"FPB?/�X�0�
`1�#?LKeIZ�#�.�#VS�.�#I(-/�,7��;[ � [ � �0�^�3[ � [��LR(�*�,7�IJ�,+0��"%�W�0@A�06B��[

\]5!?/7A+.-/�0�*+.-/5!6/7E&(5!6/+G9�@M"%6("%@M"F7.�0�A$b��co5!6/+0��"F5!6 &(�a&(�0?LKt�S�#��"b�#_($F�,7
f(ρ,θ)

[�q'5!�*7.PQ?/�
b = 0

Rs$b�
7.5!$%?(��"F5!6

ρ = 0
�0�C&(5!6/+

xk = 0
�,7��H"%@M@A2,&L"b�#�*�S[Z\�5!?/7^7�?(I(IJ5S7.5!6/7HIZ�#�^$b�M7�?("%�*�

b 6= 0
[ <]6��A�#$%5!�.7'�

∂f

∂θ
(ρ,θ) = 0 ⇔ ρ(−br sin θ + bi cos θ) = 0

⇔ ρ = 0
5!?

tan θ = bi/br

⇔ ρ = 0
5!?

θ = θ1 =
�#�.�#6

bi/br
5!?

θ = θ2 =
�#�.�#6

bi/br + π
�o�;[�� 

5!UE�#�.�#6A�,7���$b�Ccd5!6/+0��"F5!6E�#�*+8g=�.�#6(VW�06B�*�WRSIJ5!?(��$b�!PQ?/�0$%$F��6/5!?/7�"%6/+0$%?/5!6/7�$F�,7�+ �!7�$%"%@M"%�*�,7
θ1 =

�#�.�#6
(−∞) =

−π/2
�0�

θ2 =
�#�.�#6

(+∞) = π/2
+,5!���*�,7*IJ5!6/&/�#6B�:�#?LKG7.5!$�?/��"F5!6/7�&/�#6/7]$F�3+ �!7]IZ�#����"F+0?($%"F�0�

br = 0
[ � �#�

�#"%$%$F�0?(�*7��
∂f

∂ρ
(ρ,θ) = 0⇔ aρ− (br cos θ + bi sin θ) + λϕ′(ρ) = 0.

�)20�.�#"%$%$F5!6/7��#$F5!�*7H$F�,7C&(�0?LKa+ �!7^7*?("%�!�#6B�*7��
� � 5!?(�

θ = θ1 =
�#�.�#6 bi

br

�0�
br 6= 0

R/5!6 �
cos θ = 1√

1+b2i /b2r
= |br|

|b|
�0�

sin θ = bi/br√
1+b2i /b2r

= bi
br

|br|
|b|�0�C&(5!6/+��

br cos θ1 + bi sin θ1 =
br|br|
|b| +

b2
i |br|
br|b|

=
7�VS6

(br)

(
b2
r

|b| +
b2
i

|b|

)
=

7�VS6
(br)|b|.



� � � �]6(6/�8K(�4�3[Z���#$F+0?($F7^IJ5!?(�^$=<`�#I(I(�*5B+.-/�:IJ206Z�#$%"F7*2,�

���)��@E�#6("Ff0�*�47�"%@M"%$b�#"%�*�SRLIJ5!?(�
θ = θ2 =

�#�.�#6 bi
br

+ π
�0�

br 6= 0
RL5!6l�

cos θ = − 1√
1+b2i /b2r

= − |br|
|b|�0�

sin θ = − bi/br√
1+b2i /b2r

= − bi
br

|br|
|b|

�0�C&(5!6/+��

br cos θ2 + bi sin θ2 = −br|br|
|b| −

b2
i |br|
br|b|

= − 7*VS6
(br)

(
b2
r

|b| +
b2
i

|b|

)
= − 7�VS6

(br)|b|.

���4�#6/7H$F�:+ �!7HIZ�#����"F+0?($%"F�0�
br = 0

R(5!6��
b = bi

R
θ1 = −π/2

�0�
θ2 = π/2

[/�3<>5!U1�
br cos θ1 + bi sin θ1 = −bi = − 7*VS6

(bi)|b|
�0�

br cos θ2 + bi sin θ2 = bi =
7�VS6

(bi)|b|
[

� 5!?(�
θk = θ1, θ2

R(5!6lIJ�0?(�C&(5!6/+:2,+0��"%�*�
br cos θk + bi sin θk = ±|b| �0�H"%$'�B"F�06B���

∂f

∂ρ
(ρ,θk) = 0⇔ aρ + ε|b|+ λϕ′(ρ) = 0

� �W�,+
ε = ±1.

� 5!?(�3$F�,7n&L"�rD20�*�06B�*�,73IJ206Z�#$%"F7.�#��"F5!6/7A�06B�B"F7.�#VW2,�,7 R�$b�acd5!6/+0��"F5!6
ϕ

�,7*�3+0�*5!"F7*7.�#6B�*�SR�y���~�� � φ′(ρ) ≥ 0
IJ5!?/�

�*5!?(�
ρ ≥ 0

[ � �#��+,5!6/7*2,PQ?/�06B� Rj&Z�#6/7A$F�l+ �!7E5!U
ε = 1

R�+,�a�*�0��@A�l6/�l7 <`�#6(6B?($F�M *�#@E�#"F7 ��6/5!?/7�� �Q5!6/7
7*?(I(IJ5S7*2

b 6= 0
^�0�

f(ρ,θk)
�,7���+0$b�#"%�*�0@A�06B�)@M"%6("%@E�#$��06

ρ = 0
[Y\�5!?/7]�*�,+.-/�0�*+.-/5!6/74&(5!6/+;IZ�#�]$b��7�?("%�*�

$F�,7C7*5!$%?(��"F5!6/7C&(���
IJ5!?(�

ρ 6= 0,
∂f

∂ρ
(ρ,θk) = 0⇔ aρ− |b|+ λϕ′(ρ) = 0

�o�3[ � 

5!U
θk = θ1

5!?
θ2

7*�0$F5!6kPB?/�X$b��IZ�#����"F�e�*2,�0$%$F�a&(�
b
�,7*�3IJ5S7*"%��"%�W�a5!?�6/20VQ�#��"%�Q�SRs�*�,7�IJ�,+0��"%�Q�8@A�06O�'��$F�,7

+ �!7
(θ = θ1, br < 0)

5!?
(θ = θ2, br > 0)

&(20_J5!?/+.-/�06B�)7�?(�C?(6G@M"%6("%@;?(@�20VQ�#$�9 � ��"%$F7]+,5!���*�,7�IJ5!6/&(�06B�
�#? + �!7e5!U

ε = 1
8[��4�#6/7X$F��+ �!7XIZ�#����"F+0?($%"F�0�

br = 0
R�5!6 �#?(�.�

θ = θ1 = −π/2
$F5!�*7*PB?/�

bi < 0�0�
θ = θ1 = −π/2

$F5!�*7*PQ?/�
bi > 0

[ £ �#I(IJ�0$F5!6/7]PB?/�46/5!?/7]7�?(I(IJ5S7*5!6/7C"F+0"
b 6= 0

R/&(5!6/+;5!6l6/�:IJ�0?(�CIZ�!7
� �Q5!"%�C7�"%@;?($%�.�#6/20@A�06B�

br = bi = 0
[

\]5!?/7�IJ5!?(�W5!6Z7)&(5!6/+;I(�*5!?(�Q�0�)&(f,749EI(�*2,7*�06B�4PQ?/�����	��
��
��
�������
��������
f
���

(θ,ρ)
������� ��!#"$�

�%�$& ◦

θ = arg b '
�(�)!(�*!�
 ∀ρ ∈ 4 + + � 6G�8rT�0� R(6/5!?/7^IJ5!?(�W5!6/7C2,+0��"%�*���

��$F5!�*7*PB?/�
br > 0

R/5!6G� ◦

θ = θ1 =
�#�.�#6

bi/br
[#<C6m�n&(5!6/+

tan
◦

θ = tan arg b
�0�^$F�,7C&(�0?LKl�#6(VS$F�,7]�06

PB?/�,7���"F5!6n�#I(IZ�#����"F�06(6/�,6B��9^$=< "%6B�*�0���S�#$%$F�
[−π/2, π/2] (2π)

�
θ1

�,7���?(6/���#�*+8g=�.�#6(VW�06B�*�H�8� < (b) > 0
8[

� �#�C+,5!6/7.2,PQ?/�06B� R ◦

θ = arg b
[

��&(�E@A�0@A�SR�$F5!�*7*PQ?/�
br < 0

R�5!6�� ◦

θ = θ2 =
�#�.�#6

bi/br + π
[$<]6��G&(5!6/+

tan
◦

θ = tan arg b
�0�

$F�,7n&(�0?LK��#6(VS$F�,7M�06kPQ?/�,7���"F5!6��#I(IZ�#����"F�06(6/�06B��9G$=< "%6B�*�0���S�#$%$F�
[π/2, 3π/2] (2π)

�
θ2

�,7��3?(6/�a�#�*+8g
�.�#6(VW�06B�*�1�0� < (b) < 0

8[ � �#�C+,5!6/7*2,PQ?/�06B��R ◦

θ = arg b
[

��$F5!�*7*PB?/�
br = 0

RJ5!6�� ◦

θ = −π/2
7�"

bi < 0
�J&/�#6/74+0�n+ �!7 RJ5!6��X�#?/7*7�"

arg b = arg jbi = −π/2
[

�)�)@A�0@A�SRZ5!6G� ◦

θ = π/2
7*"

bi > 0
�(&/�#6/7C+,�4+ �!7 R/5!6G�A�#?/7*7�"

arg b = arg jbi = π/2
[

�

\�5!�*5!6/7�PB?/�;+,�0���*�;I(�*5!I(��"F20�*23�,7*�C�S�#$b�#_($F�;IJ5!?(�]�.5!?(�*�:cd5!6/+0��"F5!6 &(�1IJ206Z�#$%"F7.�#��"F5!6�&(�;$b�Mco5!��@A�
φ(xk) =

ϕ(|xk|)
� �Q�,+

ϕ
+0�*5!"F7*7��#6B�*�M�0�:&(20��"%�!�#_($F�S[ ¢ $s�*�,7��*�M&(5!6/+n@E�#"%6B�.�86Y�#6B�;9e20��?/&L"F�0�:$b�X@M"%6("%@M"F7.�#��"F5!6��06

ρ&(�
f(ρ,

◦

θ)
[



�3[ � [���"%6("%@M"F7.�#��"F5!6/7]7*+ �#$b�#"%�*�,7^IJ5!?(�^$F�,7C�#$%VW5!��"%��-(@A�,7]&(�4��NOIJ�1�4�#?/7.7hg��O�0"F&(�0$ � � �

��������� �
	��������	�������	�������	����� !�#"!$����&%('� !����)+*��

� 5!?(�^$b�nIJ206Z�#$%"F7.�#��"F5!6G-BNOIJ�0��_J5!$%"FPQ?/�SRZ5!6��
ϕ(ρ) =

√
s2 + ρ2

�0�^$=<>2,PQ?Z�#��"F5!6 �o�3[ � �7 <>2,+0��"%�'�

aρ− |b|+ λ
ρ√

s2 + ρ2
= 0 ⇔

√
s2 + ρ2 (|b| − aρ) = λρ

⇔ ρ ≤ |b|/a �0�
(s2 + ρ2) (|b| − aρ)2 = λ2ρ2

⇔ ρ ≤ |b|/a �0�
P (ρ) = 0

5!U
:

P (ρ) = a2ρ4 − 2a|b|ρ3 +
(
|b|2 + s2 − λ2

)
ρ2 − 2s2a|b|ρ + s2|b|2.

q��3�.�0+.-Z�8�.+.-/�1&L?a@M"%6("%@;?(@ &(�4$b�3co5!6/+0��"F5!6
f(ρ,θ)

IJ�0?(�C&/5!6/+:�0���*�4@A�06/2,�4IZ�#�^$F�47.+.-/20@E�M7�?("%�!�#6B���
��7�"

b = 0
R�$F�G@M"%6("%@;?(@ �,7��e�#���*�0"%6B��IJ5!?(� ◦

ρ = 0
�0�

θ
PB?/�0$F+,5!6/PB?/�S[��4�#6/7E$F��+ �!7X+05!6O���.�#"%�*�SR

I(�*�06/&L�*� ◦

θ = arg b
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ρj
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0 ≤ ◦

ρj ≤ |b|/a
RBI(?("F7�+ �#$F+8?/$%�0�H$F�,7��!�#$F�0?(�*7�&(�

f(
◦
ρj ,

◦

θ)
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f(0,θ) = λs

R
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(ρ = 0, θ
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ϕ(ρ) = ρ
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aρ− |b|+ λ = 0.

q�5!�*7*PQ?/� |b| ≤ λ
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ρ > 0
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f�,7*�s�#���*�0"%6B���06
ρ = 0

[#q'5!�*7.PQ?/� |b| > λ
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6/5!6�6B?($%$F�E&(� (∂f
∂ρ (ρ,θ) = 0, ∂f

∂θ (ρ,θ) = 0
) �,7�� ◦

ρ = |b|−λ
a

�0� ◦

θ = arg b
[ ��"%6Z�#$F�0@A�06B� R�"%$�+05!6O�B"F�06B�3&(�

6/5!�*�0�:PQ?Z�!RT&/�#6/7)$F�n+ �!7 |b| > λ
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(
◦
ρ,

◦

θ)
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f
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ρ = 0
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ρ
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f(ρ,
◦

θ)
�
f(

◦
ρ,

◦

θ) < f(0,
◦

θ)
[ � �#�C+,5!6/7*2,PB?/�06B� R(6/5!?/7]� �W5!6/7C&(5!6/+4I(�*5!?(�Q24PB?/���

{ 7�" |b| ≤ λ
R
(
◦
ρ,

◦

θ)
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f ⇔ ◦
ρ = 0 ;7�" |b| > λ

R
(
◦
ρ,

◦

θ)
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f ⇔
◦

θ = arg b
�0� ◦

ρ = |b|−λ
a

5!Ul$b�n�!�#��"b�#_($F�
b = w

†
kek

�0�
a = w

†
kwk = N
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x ∼ N (µ1,σ
2)

�0�
y ∼ N (µ2,σ

2)
[s�n<`�#I(�*f,7E�)5B5B&L@E�#6�� � � � ���iRs$b���S�#��"b�#_($F�l�#$F2 ��g

�*5!"%�*�
a =

√
x2 + y2

7�?("%�H$b�n$F5!"W�

pA(a) =
a

σ2
exp

(
−a2 + µ2

2σ2

)
I0

(aµ

σ2

) IKJ
+(a)

5!U
µ =

√
µ2

1 + µ2
2

�0�
I0
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x

�0�
y

+,�06B���*2,�,7
�
µ1 = µ2 = 0

�5!6��
µ = 0

R
I0(0) = 0
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L
[a] =

√
π

2
σ exp− µ2

4σ2

[(
1 +

µ2

2σ2

)
I0

(
µ2

4σ2

)
+

µ2

2σ2
I1

(
µ2

4σ2

)]

�0� L
[a2] = 2σ2 + µ2
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p(q,s,θ|y)

�

p(q,s,θ|y) ∝ λNe(1− λ)P+1−Ne
1

σN
ε

exp− 1

2σ2
ε

‖y −Hs‖2

× p(s0|q0)
∏

k≥1,qk=1

(
1

σ2
exp− 1

2σ2
‖sk‖2

) ∏

k≥1,qk=0

δ2(sk)

× p(λ) p(σ2
ε ) p(σ2).
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k = 0
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9n?(6/�4$F5!"jv4uJw�yd|!w8yj$F20VWf0�*�0@A�06B�]&L"�rD20�*�06B�*�4I(?("F7.PQ?/�

s0 = [a0,0]
�

p(s0|q0 = 1) = g1(a0,σ
2)δ(b0)

�0�
p(s0|q0 = 0) = δ2(s0).
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g1
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k = 0,q0 = 1
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1/σ
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k ≥ 1,qk = 1
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λ
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p(λ)
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p(λ| w.~����i~ ) ∝ λNe (1− λ)P+1−Ne
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Ne
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λ| w*~����i~ ∼ B ~ (Ne,P + 1−Ne)
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σ2

ε
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σ2

ε
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p(σ2
ε ) ∝

I
[0,+∞[(σ

2
ε )

R
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p(σ2
ε ) ∝ 1/σ2

ε
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�
p(σ2

ε ) ∝ 1

σ2
ε
(α+1) e

−β/σ2
ε
[
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α = −1,β = 0
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p(σ2
ε |
w*~����i~

) ∝ 1

σ2
ε
(N/2+α+1)

e−(β+‖y−Hs‖2/2)/σ2
ε ,
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p(σ2) ∝ 1/σ2 R
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p(σ2) ∝ 1

σ2(µ+1) e
−η/σ2 [
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µ = 0,η = 0
[ ¢ $D�O"F�06B�C�#$F5!�*7C&(� �o�)[ � �$F�07C�8KOI(�*�,7.7�"F5!6/7^7�?("%�S�#6B�*�,7'�

p(σ2| w*~8���i~ ) ∝ 1

σ2(Ne+µ+1)
e−(η+‖s‖2/2)/σ2 7�"

q0 = 0,

p(σ2| w*~8���i~ ) ∝ 1

σ2(Ne+µ+1/2)
e−(η+‖s‖2/2)/σ2 7�"

q0 = 1,

PB?("�7*5!6B� $F�,7��8KOI(�*�,7.7�"F5!6/7�&D< ?(6/� $F5!" IG(Ne + µ, ‖s‖2 /2 + η)
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q0 = 0
�0��&D< ?(6/� $F5!"

IG(Ne − 1/2 + µ, ‖s‖2 /2 + η)
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q0 = 1
[
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N × 2
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[cos(2πfktn), sin(2πfktn)]n=1...N
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ek = y −∑
j 6=k Hjsj
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0I2
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σ0
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0
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σ2

1

$b�;�S�#��"b�#6/+,�� �?/7*PB?'< "F+0"T6/5!�*2,�
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(qk,sk|
w.~����i~

)
7�<>20+0��"%�C�#$F5!�*7'�

p(qk,sk|
w*~����i~

) ∝ exp−‖ek −Hksk‖2
2σ2

ε

(
λg2(sk,σ

2
1I2) + (1− λ)g2(sk,σ

2
0I2)

)
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p(qk,sk|
w*~8���i~

) ∝ λ

|σ2
1I2|

e
vt

1,kΓ
−1
1,kv1,k/2 e

−(sk − v1,k)
tΓ−1

1,k(sk − v1,k)/2

+
1− λ

|σ2
0I2|

e
vt

0,kΓ
−1
0,kv0,k/2 e

−(sk − v0,k)
tΓ−1

0,k(sk − v0,k)/2
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w*~����i~
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λ1,k + λ0,k = 1
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λi,k =
λ̃i,k

λ̃1,k + λ̃0,k

� �W�,+
λ̃1,k =

λ

σ2
1
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vt

1,kΓ
−1
1,kv1,k/2 �0�

λ̃0,k =
1− λ

σ2
0
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vt

0,kΓ
−1
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σ0 → 0
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Γ0,k → 02×2,
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,

v0,k → 02,
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,

λ̃0,k → 1− λ.
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• Pr(qk = 1| w.~����i~ ) = λ1,k

• p(sk|qk = 1,
w*~����i~

) = g2(sk − v1,k,Γ1,k)
�0�

p(sk|qk = 0,
w*~����i~

) = δ2(sk).
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\]5!?/73&(2,7�"%VS6/5!6/7n&/�#6/73+,�EIZ�#�.�#VS�.�#I(-/�XIZ�#�
(qk,3, sk,3)
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k
R
k + 1

�0�
k + 2

[ �o\]5!?Z7�$F�,7C� �Q5!6/7�6Z5!�*2,7
qk→k+2,sk→k+2
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\]5!?/7�6/5!�*5!6/7
Hk,3
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N × 6
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Hk
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9

2k + 5
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H
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ek,3 = y −∑j 6=k,k+1,k+2 Hjsj
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δ2(sk)
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σ2
0I2
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σ0
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0
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σ2
1
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(qk,3,sk,3|
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w*~����i~

) ∝ exp
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ε
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2
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︸ ︷︷ ︸
p(qk,3,sk,3)
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(u,v,w)∈{0; 1}3

λu,v,w g6(sk,3 − vu,v,w,Γu,v,w)
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g6(sk,3 − vu,v,w,Γu,v,w)
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λu,v,w
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Γu,v,w
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Γ−1
u,v,w =

1

σ2
ε

Ht
k,3Hk,3 + Iu,v,w(σ1,σ0)

5!U
Iu,v,w(σ1,σ0)

�,7��j?(6/�^@E�#����"F+,�
6×6

&L"b�#VW5!6Z�#$F�Ccd5!��@A2,�^IZ�#�����*5!"F7j_($F5B+,7�&(�^��NOIJ� 1
σ2
1
I2
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σ2
0
I2
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vu,v,w =
1

σ2
ε

Γu,v,wHt
k,3ek,3 ;
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λu,v,w =
λ̃u,v,w

S
λ̃

� �W�,+
λ̃u,v,w =

λNu,v,w(1− λ)(3−Nu,v,w)

σ
2Nu,v,w

1 σ
2(3−Nu,v,w)
0

|Γu,v,w|1/2evt
u,v,wΓ

−1
u,v,wvu,v,w/2

5!U
Nu,v,w
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qk,3

�
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S

λ̃

�,7��j$b�17*5!@M@A�
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[
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qk,3 = [1,1,1]
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([sk,sk+1,sk+2]|qk,3 = [1,1,1],
w.~����i~

) ∼ N6(v111,Γ111)
� �Q�,+
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Γ−1

111 = 1
σ2

ε
Ht

k,3Hk,3 + 1
σ2 I6,

v111 = 1
σ2

ε
Γ111H

t
k,3ek,3,
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λ111 =
λ̃111

S
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,
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λ̃111 =
λ3

σ6
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|Γ111|1/2evt
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λ̃111 =
λ3

σ6
1
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A21 A22
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�4�#6/7�+,��+ �!7 R,$b��@E�#����"F+,�
Γ−1

011 = 1
σ2

ε
Ht

k,3Hk,3+
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� � �
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� �#�^?(6/�:&(20@E�#�*+.-/�;�#6Z�#$F5!VS?/�;9n+,�0$%$F�:�8rD�,+0��?/2,�4IJ5!?(�
(u,v,w) = (0,1,1)
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Γ001 −→
(

04×4 04×2

02×4

(
1
σ2

ε
Ht

k+2Hk+2 + 1
σ2
1
I2

)−1

)
.

v001 −→ 1

σ2
ε

(
04×1(

1
σ2

ε
Ht

k+2Hk+2 + 1
σ2
1
I2

)−1
Ht

k,2ek,3

)
.
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sk+2
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(sk+2]|qk,3 = [0,0,1],
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) ∼ N2(vk+2,Γk+2)
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Γk+2 =
(

1
σ2

ε
Ht

k+2Hk+2 + 1
σ2
1
I2

)−1

vk+2 = 1
σ2

ε
Γk+2H

t
k+2ek,3
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λ001 =
λ̃001

S
λ̃

,
� �Q�,+

λ̃001 = λ(1− λ)2
|Γ001|1/2

σ4
1σ

2
0

ev
†
001Γ

−1
001v001/2.
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λ̃001 −→ λ(1− λ)2 exp

(
1

2σ4
ε
e
†
k,3Hk+2Γk+2H

†
k+2ek,3

)
.
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� 6Lp/6'RT$F�n+ �!7
u = v = w = 0
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Γ000 = 06×6
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v000 = 03×1
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λ000 = λ̃000
S

λ̃
,
� �Q�,+

λ̃000 −→ (1− λ)3.
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