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Il savait quil nexiste aucun accommodement durable entre ceux qui cherchent,
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Présentation générale

E MEMOIRE d’habilitation a diriger des recherches tend a cerner, de la facon la plus
C synthétique possible, mon activité professionnelle sétalant sur une période qui re-
monte, principalement, 3 mon recrutement au Laboratoire de Mathématiques et de Phy-
sique Théorique au printemps 1997, en tant que maitre de conférences de 'université FRAN-
GOIS RABELAIS.

La fiche signalétique ci-apres décrit surtout mon enseignement ainsi que ma partici-
pation a 'administration et & l'animation du département de physique et du laboratoire.
Mon travail de chercheur n’y apparait quia travers la liste exhaustive de mes publications
et communications diverses.

C’est, bien entendu, a la recherche qu'est consacrée la suite de ce mémoire. Je reviens
longuement sur mes contributions en tentant une composition cohérente et ramassée ; mais
parce que celle-ci ne saurait étre que provisoire, je me risquerai aussi a proposer des pers-
pectives et des nouveaux projets A court et moyen terme, lignes de fuites sans lesquelles
aucune a&ivité de recherche n'est évidemment concevable.

La mise au net, pour ainsi dire, de dix années de recherche professionnelle en phy-
sique théorique suppose de gommer bien des fausses pistes, de garder pour soi les tenta-
tives avortées et de passer sous silence les projets restés dans les tiroirs faute de temps,
de lucidité sans doute, mais aussi de courage. Je n’ai retenu ici que deux veines, celles qui
me semblent les plus abouties et auxquelles j’ai consacré la majeure partie de Iénergie que
n’absorbait pas lenseignement. La premiere, qui a pour theme Ueffer tunnel dans des sys-
témes non-intégrables, remonte 2 ma these elle-méme et a pu ainsi bénéficier de la mys-
térieuse opération de décantation qui accompagne inévitablement un travail de si longue
haleine. J'essaierai de montrer, au premier chapitre, que ce sujet de recherche mérite bien
plus que des efforts intermittents. La seconde veine, présentée au chapitre suivant, prend
également sa source en physique quantique — notamment dans les problemes liés aux pro-
priétés spectrales dopérateurs — mais different profondément, tant par les méthodes que
par les motivations, de l'esprit avec lequel j’ai abordé leffet tunnel. Il s’agit ici, de mettre en



ceuvre une technique que jappelle, faute de mieux, méthode différentielle, qui vise 3 don-
ner un encadrement de Iénergie fondamentale d’'un systeme en sappuyant sur une stra-
tégie radicalement différente des méthodes éprouvées comme l'approche perturbative ou
lapproche variationnelle.

D’une certaine fagon, en prenant un peu de recul, je suis tenté de discerner a travers
les deux chapitres de ce mémoire, un reflet des deux situations typiques dans lesquelles on
peut classer grossicrement tout domaine de recherche. Pour schématiser, il est des contrées
inconnues qui sapparentent a des jungles. La progression y est lente, compliquée par la
présence de nombreux détours, de fausses pistes et de bifurcations inextricables. Méme si
lon devine étre & proximité d'une clairiere ou d’'un layon, on se heurte souvent a des obs-
tacles qu’il faut défricher ou contourner de fagon alambiquée au prix d'efforts qui peuvent
savérer ingrats. Il existe ailleurs des terres beaucoup plus dégagées; lexploration y est ra-
pide mais clest précisément I'abondance des routes aisément praticables qui est a l'origine
des difficultés: tout l'art et le plaisir consistent alors a suivre les voies qui conduisent
des plaines fertiles plutot qua des déserts stériles. La recherche sur l'effet tunnel chaotique
appartient incontestablement 4 la premicre catégorie de ces terre incognite et celle sur la
méthode différentielle me semble relever de la seconde.

Pour les deux chapitres, jai rédigé une présentation du contexte dans lequel s'inscrit
Iensemble des publications reproduites. Je me suis surtout étendu sur les projets de re-
cherche qui les prolongent. En revanche, il m’a paru peu utile de faire une trop longue
présentation individuelle de chaque article. Je renvoie pour cela aux articles eux-mémes.
En effet, jaai toujours eu a cceur, avec plus ou moins de réussite dailleurs, de rédiger des
textes en évitant de rebuter demblée le lecteur par des entrées en maticre trop brusques ou
trop allusives. J’ai toujours préféré, en tant que le¢teur, auditeur ou auteur, des introduc-
tions en pente douce, quitte a risquer dennuyer le spécialiste averti par des considérations
bien connues. On me pardonnera également, jespere, que je mécarte par instants de l'aca-
démisme de bon aloi.
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6 Enseignement

Enseignement

a) Avant d’étre recruté maitre de conférences

[0 Colles de physique en mathématiques spéciales P’(PC*) au lycée Louts LE GRAND
[2h/semaine] (1992/1993, 1993/1994).

O Travaux dirigés de physique en premicre année de premier cycle détudes médicales
de l'université d’Orsay et du centre hospitalier universitaire de Kremlin-Bicétre, donnés
dans le cadre d’'un cours sous la dire&ion d’Olivier MARTIN et de Jean-Claude BizoT. Ré-
da&ion des sujets de concours, des textes des TD et corretions des copies [84h] (contrat
d’allocataire moniteur normalien de 'université d’Orsay, 1992/1993, 1993/1994).

0 Encadrement d¢léves de 'Ecole Polytechnique pour des travaux expérimentaux d'op-
tique, mise en place de montages, correion de rapports et auditions (service national
scientifique du contingent, 1994/1995) :

— Astrophysique solaire et speGtroscopie [5 séances de 4 heures] ;

— Transmission d’information par faisceau laser modulé au moyen de leffet POCKELS
ou de leffet FARADAY (éléments doptique anisotrope et déle@roptique) [7 séances

de 4 heures] ;

— Effet laser et applications [10 séances de 4 heures].

O Initiation dé¢léves en classe de premicre S a la polarisation de la lumiere et aux tran-
sitions de phases (service national scientifique du contingent, 1994/199s).

[ Encadrement de capitaines de 'armée de terre préparant le brevet technique de l'en-
seignement supérieur scientifique option «sciences de I'ingénieur» [2h par semaine] (ser-
vice national scientifique du contingent, 1994/199s).

[0 Travaux dirigés et travaux pratiques de physique en deuxieme semestre de DEUG
sciences de la vie (université Paris-Sud) sous la responsabilité de Jean-Claude ROYNETTE
[64h] (contrat d’allocataire moniteur normalien de luniversité d’Orsay, 1995/1996).

[0 Co-encadrement avec P. LEB®UF de deux étudiants (1UT et licence de physique)
pour un $tage expérimental de trois mois ayant pour but de mesurer la quantification de
la condu&ance lors de la rupture de nano-conta&s (1996).

b) En temps que maitre de conférences au département de physique
de Tours (depuis 1997)

Depuis mon recrutement, jai effetué mon service complet chaque année sans bénéfi-
cier daucune sorte de décharge.

0 Travaux dirigés de relativité et déle¢tromagnétisme sous la responsabilité de Claude
BARRABES (MIAS seconde année).




Fiche signalétique

O Cours magistraux de relativité et déle@tromagnétisme (MIAS seconde année).
O Cours magistraux sur les ondes (licence, L3 de physique).

O Cours magistraux et travaux dirigés de physique microscopique (licence, L3 de sciences
physiques).
O Cours magistraux de mécanique (licence de sciences physiques).

[0 Préparation aux épreuves écrites et orales du CAPES de physique-chimie (cours ma-
gistraux, travaux dirigés et travaux pratiques). Ce cours a donné lieu 2 la publication de
deux ouvrages (¢f ci-dessus).

O Encadrement de travaux détudes et de recherche en maitrise (Caroline DEURVEIL-
HER, Mickaél DE MEULENEIRE, Guillaume THIEBAULT) Théorie des groupes et symétries
en physique : quelques exemples; Le théoréme de NGETHER ; Le groupe de LORENTZ.

U Tuteur pédagogique de Nathanie] OBADIA et de David Camro dans le cadre de
leur monitorat pendant leur these au LMPT.

U Cours magistraux et travaux dirigés de théorie quantique des champs et problemes
3 N corps (master recherche «Phénoménes non-linéaires » 2¢année).

c) Enseignement prédoctoral

Bien que n’ayant pas encore (co-)encadré de these, je me suis particulicrement investi
dans la mise en place de la seconde année du master recherche Phénoménes non-linéaires
ouvert a la rentrée de septembre 2005 par le département de physique de 'université FRAN-
GOIS RABELATIS. J’ai créé pour cela un nouvel enseignement de Théorie quantique des champs
et problémes 4 N corps, ou il fallait présenter de la manitre la plus simple possible (cours
magistraux/travaux dirigés, 36 h au total), le plus souvent inédite méme & un niveau plus
avancé, des concepts et des techniques tres élaborés, indispensables aux étudiants se desti-
nant ou bien 4 une these de physique des hautes énergies ou bien a une these de matiere
condensée. Ces deux direGtions étant les plus naturelles si I'on se rapporte aux themes de
recherche dominants dans les deux laboratoires de physique de notre département (groupe
de Physique Théorique et Laboratoire d’Ele@rodynamique des Matériaux Avancés). Avant
2005, la formation du département de physique de université FRANGOIS RABELAIS s’ar-
rétait 4 la maitrise (M1) et ne reprenait quen thése. J’ai cependant pu, plusicurs années du-
rant, encadrer des étudiants de maitrise, 2 l'occasion des travaux dé¢tudes et de recherche
(TER), sur des thémes toujours choisis dans loptique d'une formation prédo&orale en phy-
sique fondamentale (Symétries, Applications de la théorie des groupes a la physique, ctc.).
Des cette deuxieme année de M2, je compte proposer a nos étudiants dencadrer leur stage
a plein temps prévu au second semestre (3 partir de janvier 2007) sur Leffer tunnel chao-
tique qui peut donner licu 4 une prolongation par une these a la rentrée 2007 (¢f aussi

§ 7¢) p. 99).




6 Enseignement

d) Projets concernant Ienseignement et la politique du département
de physique

J’ai bien évidemment la ferme intention de poursuivre ma forte implication dans la vie
du département de physique tant en interne que — chose essentielle — vis-a-vis des autres
départements, de ladministration de l'université et de lextérieur (colleges et lycées, grand
public,), ¢f § 7 ci-apres.

Mais ce qui me taraude surtout, et pour l'avenir du département et pour celui du la-
boratoire, cest la fragilité de notre master recherche Phénoménes non-linéaires eu égard a
la volatilité de nos étudiants. Si la qualité et la cohérence de la formation — sappuyant
sur les trois laboratoires de physique locaux (LMPT, LEMA, LUSSI) et une kyrielle de labo-
ratoires européens, tous, eux aussi, de renommée internationale — ne fait aucun doute, le
nombre d’inscriptions actuel est faible (la premiere année de création en 2005 fut pour-
tant trés encourageante) et pour la rentrée 2007, les perspe&ives sont préoccupantes. Je
crois absolument indispensable, pour la survie de notre M2, donc de notre formation en
physique fondamentale dans son ensemble, dessayer dapporter du sang neuf venu de lex-
térieur. En outre, il s'agit aussi douvrir encore plus notre formation vers le national et I'in-
ternational pour maintenir une école do&orale dynamique et de qualité. A cette fin, je
me suis beaucoup impliqué en 2006, avec aide de notre dire¢teur de département, Jean-
Claude SORET et de Sébastien BARRANGER, dans la rédaction d’une plaquette attractive
destinés aux autres étudiants universitaires francais mais aussi européens (). Souvre aussi la
possibilité de «débaucher» des éleves décoles d'ingénieurs (certaines offrant la possibilité
de s’associer a des masters de haut niveau; juste retour a lenvoyeur, en somme, puisque
beaucoup de nos étudiants de M1 se dirigent vers elles) et de former également des agré-
gés en herbe désireux de finir leur master par une initiation a la recherche telle quelle se
pratique en laboratoire (nous proposons un stage d'un semestre a plein temps) et a la phy-
sique développée depuis moins de cinquante ans. Etoffer les effectifs de nos étudiants re-
quiert, on le devine, beaucoup de temps pour aller dans les forums étudiants, diffuser I'in-
formation par plaquette et pages web (%), contader les responsables d’autres formations et
peut-étre mettre en place des conventions avec certaines écoles d’ingénieurs. J'espere avoir
Iénergie et le pouvoir de conviction nécessaire pour participer a ces tiches.

(®°) Apres tout, I'un des arguments en faveur de la réforme LMD était Iuniformisation des formations
européennes et ['assouplissement des passerelles entre-elles. L'un des effets secondaires de cette réforme,
fae la création, dans des universités de province n’ayant pas jusqu’alors de troisieme cycle, d’un tres grand
nombre de M2. Laugmentation des offres conjuguée 4 la tendance universelle 4 la baisse des étudiants en
sciences fondamentales, est lexplication de nos difficultés, partagée par bon nombre dautres masters.

(°) http://www.dept.phys.univ-tours.fr/html/enseignements.php?id=1
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I 7 Autres activités
a) Animation scientifique

(i) Membre titulaire élu depuis 2002 de la commission de spécialistes 29¢ se&ion de
Tuniversité FRANCOIS RABELAIS.

(ii) Membre élu depuis 2005 du burecau du département de physique de luniversité
FrRANGOIS RABELAIS.

(iii) Organisateur d'un groupe de travail interne au laboratoire en 2002 et, & cette occa-
sion, j’ai donné un cours de niveau recherche d’'une vingtaine d’heures sur la condensation
de Bose-Einstein.

b) Diffusion dans le monde socio-économique et scolaire

(i) Organisateur pour le laboratoire de la Fére de la science depuis 2002 ainsi que
dautres manifestations qui visent a décloisonner la recherche en la présentant au grand
public : Journées Portes Ouvertes, Café des sciences sur le chaos A loccasion de 'année mon-
diale de la physique en 200s.

(ii) Conférences diverses adressées aux lycées ou a leurs professeurs qui présentent a la
fois le métier de chercheur, les formations offertes par l'université et certains thémes reliés
a mes a&ivités de recherche personnelle ; par exemple la conférence La physique quantique,
une étrange efficacité donnée a Tours au lycée Grandmont en 2005 a loccasion d'une invi-
tation a la journée académique de 'Union des Professeurs de Physique et de Chimie.

c) Rayonnement

(i) Membre du comité éditorial de European Journal of Physics depuis 2003. L'ambi-
tion de cette revue bimestrielle de rayonnement largement international est détablir des
connections entre la recherche au plus haut niveau et sa transmission au niveau universi-
taire. Une fois par mois en moyenne, chaque membre du comité éditorial lit, critique et
juge un manuscrit soumis a la revue. Seuls sont retenus les travaux qui allient a la fois une
grande maturité, un souci profond de refonte ou de reformulation des résultats de pointe
et de réelles qualités pédagogiques.

(i) Organisateur depuis 2003 du Colloguium mensuel du LmPT. 1l sagit ici d'invi-
ter des chercheurs prestigieux de renommée internationale 4 parler de thémes qui ne sont
pas forcément liés directement a ceux développés au laboratoire. De nombreux sujets trai-
tés ont un caractére nettement interdisciplinaire (mathématiques/biologie, physique appli-
quée/informatique, histoire des sciences, aspects sociologiques et, plus généralement, scien-
ces humaines).

(iii) Co-organisateur local avec Renaud PARENTANT, professeur au Laboratoire de Phy-
sique Théorique d’Orsay, de la rencontre internationale du cosLas (Cosmology in the La-
boratory) intitulée Quantum vacuum properties in condensed matter physics and cosmology
qui sest déroulée a Tours en 2002.
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CHAPITRE PREMIER

Leftet tunnel chaotique

’. 1 Le contexte

a) Leffet tunnel intégrable : les prémices et les concepts de base

Leffet tunnel désigne a lorigine le fait quune particule quantique, puisse, en vertu
de son cara&tre ondulatoire (*), franchir des barri¢res énergétiques qui seraient insurmon-
tables pour une particule classique. Si lon attribue & SCHOTTKY le premier emploi de
lexpression « Wellenmechanische Tunneleffeke » (effet tunnel en mécanique ondulatoire)
au cours d’une conférence de 1931 publiée ensuite dans Physikalische Zeitschrift (*), I'im-
portance de cet effet et ses multiples conséquences physiques avaient été déja clairement
¢tablies des 1927-1928. Ainsi, dans toute une série darticles écrits en lespace des deux
ans qui suivent l'achévement des premiers fondements de la physique quantique, on voit
se dessiner avec une rapidité stupéfiante un corpus de concepts-clefs sur leffet tunnel qui
sétendent méme au-deld des systémes intégrables (essentiellement unidimensionnels).

HUND ouvre ce bal destiné & un si beau succes avec la publication de deux articles,
(1927A) et (1927B), dans lesquels il relie 'effet tunnel a l'existence de fins doublets 4 dans
le specre énergétique d’un systeme dont le potentiel ($tatique) possede deux puits symé-
triques (¢f figure 1.1-1) (le travail de HUND ¢était motivé par les spectres moléculaires ; on
sait le role crucial de ces questions pour comprendre lorigine de la liaison chimique).

(!) Pour les ondes éle@romagnétiques, on peut déja parler deffet tunnel dans un sens qui dépasse donc
le cadre quantique. La transmission de la lumitre par une fine couche métallique peut sexpliquer en terme
d’indice complexe. Loptique géométrique est incapable de rendre compte de la présence d’'une onde éva-
nescente, c.-a-d. exponentiellement atténuée, lors d'une réflexion totale. En approchant un troisitme milieu
dans la région ou londe évanescente n'est pas négligeable, une fraction du faisceau incident peut étre trans-
mise A travers les deux interfaces (réflexion totale frustrée). On dispose donc, comme souvent, d'un moyen
de tester certaines idées quantiques 4 l'aide de « modeles expérimentaux » purement éle@romagnétiques.
Je ne connais pas dexpériences, faisant appel 2 la réflexion frustrée, congues pour mettre 3 Iépreuve leffet
tunnel chaotique mais on pourrait peut-étre sappuyer sur l'idée des expériences de NOCKEL & STONE
(1997) ou de PANCE, VIOLAAND & SRIDHAR (2000).

(?) Ne lisant pas, hélas, la langue de GOETHE, je suis ici [étude de MERZBACHER (2002).



Chap. I: L'effet tunnel chaotique

.-"':"-‘-
Bed
|
ERaS =

Fig 2. Fig. 6.

F1G. L1-1: Deux potentiels 4 double puits considérés dans (HUND, 1927A). En (a) les fonctions propres des
S premiers étars excités corvespondants aux énergies W,, n =0,...4. Les états n =0 et n =1 correspondent
aux orbites périodiques dans le puits le plus profond. Les états n =2 et n =3 séralent sur les deux puits alors
que leur énergie et plus faible que le maximum local du potentiel. Leffet tunnel se manifeste par la possibilité
de franchir la barriéve de potentiel. Létat n = 4 et construit semiclassiquement sur une orbite périodique
réelle qui relie les deux puits. En (b), le potentiel et symétrique er la barriére, restant finie, introduit un
couplage qui léve la dégénérescence des fréquences propres des puits si ces derniers étaient isolés. Leffer tunnel
se manifeste par la présence de fins doublets dans le spectre entre les états symétriques et antisymétriques:

n=(0,1), n=(2,3), n=(45).

En outre, dans le second article, HUND illustre clairement la sensibilité exponentielle
de la période d'oscillation d'un puits a l'autre, issue du battement des fréquences du dou-
blet Ae,

w b (L1-1)

Ae
vis-a-vis de la hauteur de la barri¢re énergétique a franchir (¢f figure 1.1-2). Il est facile,
en effet, pour un systeme a une dimension indépendant du temps, de montrer a laide
de lapproximation JwkB due & JEFFREYS (1925), KRAMERS (1926), BRILLOUIN (1926) et

WENTZEL (1926), que lon a

tunnel

Ae ~ ahe VP (L.1-2)

—0
ou A4 et le préfacteur  sont des fonctions du systéme classique associé¢ au probléme quan-
tique, indépendantes de #. En loccurrence, pour un double puits symétrique, on obtient,
pour le #¢doublet — voir par exemple (LANDAU & LIFSHITZ, 1977, § 50, probleéme 3)
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1.1 Le contexte

Taballe 1.
viQ Tie T
10 2.4 . 10+ g, 10-1% gpp
20 3.8.10° 10-5 sec
20 6,8, 102 0,2 sec
40 1.8. 1017 1 Stunde
ol 29,1031 3 Jahre
60 5,2 I EL 6. 104 Tahre
i | 1.1. 1030 10 Tahre

F1G. L1-2 : Caleul de la période de battement T, du doublet (0,1) effeciué dans (HUND, 1927B) pour
le potentiel symétrique (b) de la figure I1-1. Les fréquences de fond de puits sont prises 4 1/ 7= wo/2m =
3 101 Hz correspondant aux vibrations infrarouges de biomolécules entre deux isoméres chivaux optiquement
allifs (quelques décennies plus tard, en 1954, cest ce genre de fréquence tunnel — mais cette fois-ci pour les
molécules dammoniac — qui seva impliqué dans la réalisation du premier maser par Townes, Gordon et
Zeiger). V' rveprésente la hauteur de la barriéve et Q = b w. La dépendance exponentielle vis-a-vis de V' /Q
apparait trés clairement.

pour la méthode et (GARG, 2000) pour lexpression exacte du préfacteur (3) —,

2w 1 n+1/2
2, = V ;n—? <n + £> e~ +172) (L1-3)

4, =J ' p(g.E,)dg (L1-4)

—a,

ct

\

ol *a, sont les positions des points de rebroussement 2 énergic £, = (z + 1/2)hw,,
w, ¢tant la pulsation harmonique au fond des puits. La fon&ion

2(@.E) = \om(E-V(q)) (L1-5)

doit étre considérée comme le prolongement analytique de I'impulsion classique lorsque,
précisément, E < V.

(®) Comme le fait remarquer GARG avec une pointe de perfidie, le préfadeur donné par LANDAU et
L1FsHITZ et faux dun facteur deux pour le fondamental (» =0): Indeed, some of the confusion about the
WKB results is perbaps due to the great authority of [ LANDAU @ LIFSHITZ]. For example, many workers
in the field of macroscopic quantum tunneling, including the author, have often been puzzled and frustrated
that the final formula in this book does not yield the same ground Stare splitting as the instanton approach
Jor the quartic double well. An erudite colleague who Studies chaos assisted tunneling once Stated ro the author
thar “WKB is known to be wrong for the ground state splitting.” (GARG, 2000, note 2).
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FiG. L1-3 : Potentiel U utilisé par Nordbeim (1927) pour étudier le comportement délectrons dénergie A
au voisinage dune surface métallique. U est infini pour x < 0. La barriéve de hauteur B confine les élec-
trons dans le métal a gauche. Leffer tunnel sobserve lorsque A et suffisamment élevé pour dépasser [énergie
4 linfini C tout en restant inférienr 4 B. Pour A > B, le caraltére ondularoire des électrons quantiques au-
torise un phénoméne également interdir en physique classique: la réflexion pour des énergies supérieures 4 la
barriére.

NORDHEIM (1927) fut le premier & considérer des transitions classiquement interdites
vers un continuum détats (¢f figure 1.1-3). Il sagissait de modéliser et de comprendre
la présence simultanée démissions ou de réflexions d’éle&rons par un métal froid (*) pour
une énergie voisine de Iénergie d’extra&tion B.

Quelques mois plus tard, sous l'influence d'un travail OPPENHEIMER (1928) portant
sur l'ionisation de l'atome d’hydrogene dans un champ éleGtrostatique intense, le méme
NORDHEIM en collaboration avec FOWLER (1928) fournit le résultat donnant, par un cal-
cul exa&, le taux démission déle&rons pour une barri¢re semi-triangulaire (¢f figure I.1-
4), phénomene resté inexpliqué depuis son observation par LILIENFELD en 1922. Ici en-
core, cest dans le recouvrement de fonctions donde qui sétendent dans des régions inter-
dites que réside la clef de leffet tunnel.

Le premier grand succes de ce dernier est d’avoir levé (des 1928, décidément une année
fagte: 2028 l'année mondiale de leffet tunnel?) le paradoxe de RUTHERFORD selon lequel
T'uranium-238, ainsi que l'avaient montré des expériences de GEIGER en 1921, émettait des
particules ¢ dénergies inférieures de plus de la moitié¢ de la hauteur de la barriere de répul-
sion coulombienne. Faisant tomber dans l'oubli toutes les théories alambiquées tentant de
rendre compte de ces faits, 'approche utilisant leffet tunnel proposée indépendamment, et
simultanément (°) par GAMOW (1928) (¢f fig. 1.1-5 et .1-6 ) et GURNEY & CONDON
(1928) (¢f fig. 1.1-7) sappuie explicitement, & l'instar de FOWLER et NORDHEIM, sur la
théorie JWKB.

(*) Expérimentalement, il sagit d’isoler les processus tunnel de ceux qui sont activés thermiquement.

(%) Voir le compte-rendu historique de CONDON (1978) de ce qui et la premitre application quantita-
tive de la physique quantique a la physique nucléaire, & une époque ol le noyau n¥tait encore constitué
que de protons et ...d¢éle&rons.
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(D (ii)

FiGg. 1.1-4 : Modéle de Fowler € Nordheim (1928) pour décrire [émission délectrons par un métal froid.
1] existe une énergie typique darrachement de surface C qui confine les élecfrons dans le métal (4 gauche sur
les deux schémas). En labsence de champ életrique (i), si la température du métal est suffisamment basse, il
ny a pas démission. En revanche, un champ életrique statique permer dabaisser [¢nergie en dessous de celle
des électrons a lintérienr du métal et ce, 4 une distance proportionnelle 4 son intensité. Les électrons penvent

donc séchapper par effer tunnel.

Ef y { fi
- O . W O e W
| T a3 3 g = T

o L

Fic. L1-5: Modéle de Gamow (1928) pour rendre compte de la désintégration radioaltive o par leffer
tunnel. Les particules o sont confinés dans un potentiel Statique effeltif 4 une dimension radiale q, résultant
du champ moyen créé par les constituants du noyau lourd. Le rayon de la région de confinement et g, er
 désigne [épaisseur de la barriére (du «sac>» comme on dira bien plus tard). A lextérieur du noyau (I et
I'), la fondtion donde d'une particule o dénergie inférieure a la hauteur de la barriére est exponenticllement

atténuée.
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FiG. 11-6: Tracé en édhelle semi-logarithmique extrait de (Gamo, 1928) du taux de décroissance radioac-
tive A en fonction de énergie E. Les points correspondent aux données expérimentales de Geiger et Nutrall
(1912) et la courbe et calculée par la formule approchée de Gamow. Laccord remarquable entre les deux est
probablement le premier grand succés de leffer tunnel.
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FiG. L1-7 : Le modéle de Gurney et Condon fut proposé simultanément a celui de Gamow (cf fig. 1.1-5).
Le potentiel moyen (en pico-Joules) dans lequel évolue la particule o est représenté en fonction de la distance
au centre du noyau (en dizaines de femtométres); il est coulombien 4 grandes distances. Les lignes horizontales
représentent les énergies de désintégration o de [uranium 238 (4.18 MeV avec une demi-vie de 4.5 milliards
dannées), le radium A (polonium 218; 6 MeV, 3 mn), le radium C’ (polonium 214; 7.7 MeV, 160 us).
Le potentiel est calculé pour le radium A.
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1.1 Le contexte

Il serait intéressant, quoique trés long (ESAKI, 1974) de poursuivre Phitoire de leffet
tunnel tout au long du xx¢si¢cle. En revanche, la litanie exhaustive des domaines dans les-
quels il joue un role pertinent serait, a elle seule, fastidieuse. Retenons tout de méme, les
réa&ions chimiques, les processus atomiques (ionisations, diffusions) ou nucléaires (désin-
tégration, nucléosynthese stellaire), la brisure de symétrie dans les transitions de phase, la
cosmologic primordiale (déstabilisation du vide), les propriétés de transport (par exemple
en nano-éleGtronique). Pour recourir & un argument vendeur, un peu trop tape-a-I'ceil sans
doute, signalons que cinq prix NOBEL ont couronné des travaux faisant explicitement ré-
férence a leffet tunnel: Esak1 et GIAEVER(®), JosEPHSON (7), BINNIG et ROHRER (®).

b) L’effet tunnel chaotique

Les résultats mentionnés a la seGtion précédente concernent tous des modeles inté-
grables(?). Ce n'et que dans la dernitre décennie du xx€siecle quapparaissent les travaux
précurseurs sur leffet tunnel de systémes chaotiques ou, pour étre plus juste, dans les sys-
temes mixtes, c.-a-d. dont la dynamique possede des régions stables régulieres, les ilots (1°),
entourées de régions chaotiques ou les traje¢toires ne sont pas contraintes par la présence
de tores KAM (¢f les exemples de se@ions de POINCARE reproduites pp. 34, 53, 64, 80
et 87).

b.1) Effet tunnel multidimensionnel intégrable et quasi-intégrable

Une ¢étape préalable fut la généralisation de leffet tunnel & tout processus ondulatoire
interdit aux solutions classiques réelles (typiquement une sortie d’ilot), non seulement pour
des raisons énergétiques mais, plus génériquement, a cause de la présence globale ou lo-
cale de constantes qui restreignent du mouvement. D’abord élaborée dans le cadre des
réa&ions moléculaires (¢f MILLER (1974, § 4.A) et les références données a la note 19
p- 21), elle fut ensuite étendue aux états liés par HELLER & DAvis (1981) — voir aussi
(Davis & HELLER, 1981). Cette notion, qualifiée deffet tunnel dynamique (a titre d’illus-
tration ¢f la figure p. 52), prend évidemment tout son sens pour des systémes A un de-
gré de liberté dont le hamiltonien dépend du temps ou pour un syst¢me autonome a

(°) En 1973, for their experimental discoveries regarding tunneling phenomena in semiconductors and su-
perconductors, respectively.

(7) En 1973, for his theoretical predictions of the properties of a supercurrent through a tunnel barrier, in
particular those phenomena which are generally known as the Josephson effects.

(8) En 1986, for their design of the scanning tunneling microscope.

(?) Ou, du moins, se limitent aux régimes quasi-intégrables des systémes mixtes comme l'atome d’hydro-
géne en champ éle@rique considéré dans (OPPENHEIMER, 1928). Il faut attendre la fin des années 1980
pour que soit démontrée et utilisée l'influence cruciale du chaos sur les propriétés dynamiques d’un tel
systéme (BUCHLEITNER, DELANDE & ZAKRZEWSKI, 2002, § 3.2).

(1°) Pour un probléme de diffusion, il faudrait parler de cap — que dis-je? — de péninsule.
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Chap. I: L'effet tunnel chaotique

deux degrés de liberté (M!). Il a fallu attendre encore jusquau milieu des années 1980 pour
que soit proposée une théorie satisfaisante (WILKINSON, 1986; WILKINSON & HANNAY,
1987) de leffet tunnel multidimensionnel non-séparable apres plusicurs titonnements utiles
(UzeR, NoIp & MARCUS, 1983; OZORIO DE ALMEIDA, 1984; AUERBACH & KIVEL-
SON, 1985; SCHMID, 1986; FARRELLY & UZER, 1986). Seuls les systémes intégrables ou
quasi-intégrables étaient concernés et le mérite de WILKINSON est davoir le premier attiré
l'attention sur 'importance cruciale de la nature — réguliere ou non — de la dynamique
classique sous-jacente. En particulier, en dimension b, lexpression famili¢re de type (1.1-2)
se généralise en

Azh_:ow BleMVP (L.1-6)

mais la puissance v dans le préfatteur et différente selon que le systéme est exatement
intégrable (auquel cas v = 1) ou quasi-intégrable non-séparable (v = (p + 1)/2), ainsi
que lont confirmé des études numériques; (CREAGH, 1994) dans le cas intégrable multi-
dimensionnel et (WILKINSON, 1987; TAKADA & NAKAMURA, 1994; TAKADA, WALKER
& WILKINSON, 1995; TAKADA, 1996) dans le cas quasi-intégrable. L'analyse par CREAGH
& FINN (2001) des expériences micro-ondes de PANCE, VIOLAAND & SRIDHAR (2000)
entre deux disques diéle&riques confirme la validité de lexpression (1.1-6). Par ailleurs,
CREAGH (1997, § 3) a pu montrer que les ingrédients de cette dernitre étaient indépen-
dants du choix des coordonnées canoniques (simple@iques), notamment en interprétant le
préfacteur en terme d’'invariants géométriques.

(Y5

Signalons aussi que des résultats mathématiques du type (1.1-6) avaient été obtenus
quelques années avant WILKINSON également dans le cas multidimensionnel par deux
écoles. La premiere sappuyait sur I'idée des instantons(1?) (appliquée en mathématiques
pour la premicre fois par HARRELL, 1978, pour le double puits quartique unidimension-
nel) : Pour un potentiel multidimensionnel une majoration exponentielle est obtenue as-
tucieusement par DAVIES (1982, Th. 4), puis SIMON (1983, Th. 1) démontre le compor-
tement exponentiel et le préfa&eur et fourni par HELFFER & SJOSTRAND (1984; 1986;
1987) (13). La seconde école, russe, joue elle-aussi sur les décroissances exponentielles des

(1) Pour un plus grand nombre de degrés de liberté le franchissement des tores KAM peut étre autorisé
méme classiquement et, en présence de diffusion ’ARNOLD, la définition de leffet tunnel nécessite donc
d’étre nuancée par la prise en compte des différents temps caractéristiques.

(12) Les mathématiciens les définissent comme des géodésiques pour une mesure ds(g) de lespace de
configuration, dite mesure I’ AGMON, et qui mesure la « quantité d’interdiGtion classique » d'une trajec-
toire: elle est identiquement nulle si dg et contenu dans les régions classiquement autorisées et est définie
par ds(g)=|p(g)|dg dans les régions interdites ot p et imaginaire (¢f (L1-5) p 13).

(*3) Dans lintroduction de (HELFFER & SJOSTRAND, 198s), les auteurs écrivent: I/ sagit de montrer
comment des méthodes plus ou moins modernes en EDP permettent dobtenir des résultats rigourenx (bien que
parfois «bien connus» par des physiciens) sur le comportement des valeurs propres qguand b — 0 de lopérarenr
de SCHRODINGER —h%A +V (x).
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fonctions propres hors des puits mais en complexifiant diretement le temps dans équa-
tion de SCHRODINGER sur laquelle sont ensuite appliquées les méthodes semiclassiques &
la fagon de MasLov (198s): (DoBROKHOTOV, KOLOKOLTSOV & MASLOV, 1991; Do-
BROKHOTOV & KOLOKOLTSOV, 1993). Non seulement les deux écoles ne permettent d’ob-
tenir le plus souvent que le doublet de plus basse énergie (¢f cependant MARTINEZ, 1988),
mais surtout Ihypothese de la régularité de la dynamique classique associée est souvent voi-
lée. Elle est implicite chez SIMON (1983, 1984) (1) et napparait dans les travaux ' HELFFER
& SJOSTRAND quindiretement a travers I'hypothese de non-dégénérescence des trajec-
toires instantons (¢f aussi SORDONI, 1997, § IV, hypothese Hy). Je ne suis pas parvenu a
la localiser clairement dans Iécole russe(!®).

b.2) Effet tunnel et chaos quantique

Les premiers résultats quantitatifs sur leffet tunnel dans un systéme mixte furent ob-
tenus quelques années plus tard par LIN & BALLENTINE (1990, 1992) et GROSSMANN,
DITTRICH, JUNG & HANGGI (1991) qui exemplifierent des écarts notables par rapport au
comportement semiclassique (I.1-6) dans le cas d'un double puits quartique dépendant si-
nusoidalement du temps ('¢). Ce bourgeonnement tardif tient essentiellement au fait qu'il
réclame, avant tout, une profonde compréhension des rapports subtils quentretiennent les
mondes classiques et quantiques lorsqu’il n'existe plus autant de constantes de mouvement
que de degrés de liberté. Or, la pleine maturité de ce que l'on appelle chaos quantique n’a
commencé que dans les années 1970 apres un déploiement tres lent depuis la toute pre-
mi¢re question posée dans ce domaine par EINSTEIN (1917) (*7).

Cet que leffet tunnel et par essence un probleme semiclassique, du fait de sa défi-
nition méme, rappelée au début du § L1 b.1), qui sappuie explicitement sur une compa-

(1) 1l faut pouvoir isoler les géodésiques I’AGMON (¢f la condition (1.1) du Th. (1.1) de MARTINEZ,
1987), ce qui ne&t pas une mince affaire dans le cas chaotique. Cette hypothése essentielle et utilisée
dans les démonstrations mais non pas mentionnée dans le théor¢me 1.5 de (SIMON, 1984). Comme quoi
la «rigueur» au sens de la note 13 précédente et la pertinence ne font pas toujours bon ménage méme
si SIMON écrit avec un soupgon de condescendance p. 95: J...[ our main theorem says that “tunneling is
determined by the altion of the instanton”. This fact is a Standard piece of wisdom from the physics literature;
our result is a rigorous justification of these ideas from the physical literature.

(%) La rotation de WicK qui transforme léquation de SCHRODINGER dépendant du temps en équa-
tion de diffusion aurait-elle pour effet de gommer les effets du chaos dii au repliement des trajetoires
classiques? On retrouverait alors un phénomeéne analogue a celui décrit au § 1.8 b.2) dans le cas d’une
dynamique pulsée.

(1) Le mérite de ces travaux et effectivement d’avoir montré que le caractere chaotique ou régulier de
la dynamique classique entre les ilots est déterminant; plusieurs articles sur leffet tunnel dans des sys-
témes non-intégrables les précedent (notamment BUTTIKER & LANDAUER, 1982; BUTTIKER & LAN-
DAUER, 1985; FISHER, 1988) ou leurs sont contemporains UAUHO, 1990; AZBEL, 1991), mais sans mettre
le doigt sur le role jou¢ par lirrégularité de la dynamique classique sous-jacente.

(17) Je me permets de renvoyer 4 létude historique des méthodes semiclassiques en chaos quantique, dis-
ponible sur la toile (MOUCHET, 1998).
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raison entre dynamiques quantique et classique. En dépit des nombreux succes des calculs
semiclassiques en chaos quantique, la question de savoir quelles quantités classiques sont
pertinentes pour rendre compte des traits majeurs de leffet tunnel reste une question lar-
gement ouverte depuis plus de seize années. Lenjeu est d'importance étant donné, d’une
part, la diversité des domaines ou leffet tunnel joue un réle et, dautre part, que la non-
intégrabilité n'est pas une situation académique mais bien une propriété générique.

b.3) Cara&érisation de l'effet tunnel chaotique

Tout comme dans le cas intégrable, en présence de symétries discretes, leffet tunnel se
manifeste dans le spectre des (quasi-)énergies quantiques des états liés par la présence de
doublets 4¢ (plus généralement de multiplets ou de bandes) exponenticllement fins. Mais
ce qui constitue la grande différence entre le régime intégrable et le régime mixte, c’est que,
dans le premier cas, 4¢ varie de fagon lisse avec un parametre classique ou quantique alors
que, dans le second cas, les variations sont beaucoup plus marquées et se traduisent par des
pics sétendant sur plusieurs ordres de grandeur (¢f surtout (Tomsovic & ULLMO, 1994,
fig. 6), (BUCHLEITNER, DELANDE & ZAKRZEWSKI, 2002, fig. 42) et les deux figures re-
produites p. 57 mais aussi celles pp. 38, 82, 83, 86 et 88). Ces pics restent cependant bien
isolés dans un régime quasi-intégrable; lorsque les mers chaotiques commencent a enva-
hir notablement l'espace des phases entre les ilots, ils sagglutinent alors en un écheveau
qui devient vite tres dense. Lexpression effer tunnel chaotique embrasse lensemble de ce
phénomene (18).

b.4) Controéle et enjeux de l'effet tunnel chaotique

Une compréhension profonde de ces variations rapides ouvrirait la voie & un contréle
trés fin et remarquablement sensible de leffet tunnel et des propriétés de transport ou de
réaction dans les syst¢mes complexes. Ainsi que l'ont montré ZAKRZEWSKI, DELANDE
& BUCHLEITNER (1998) dans une étude théorique soutenue par des expériences numé-
riques, le chaos joue un réle crucial pour amplifier ionisation d'un atome d’hydrogene
plongé dans un champ micro-ondes. Le recours aux atomes froids, tant dans les premicres

(*8) A la suite des articles de LIN & BALLENTINE et de GROSSMAN ef 4/ déji mentionnés ci-
dessus, les années 1990 ont vu fleurir toute une série de travaux confirmant et raffinant ces premitres
observations (PERES, 1991; PLATA & GOMEZ LLORENTE, 1992; HOLTHAUS, 1992; UTERMANN, DIT-
TRICH & HANGGI, 1994; HANGGI, 1995; KORSCH, MIRBACH & SCHELLHAAR, 1997), le plus souvent
pour d’autres syst¢tmes que loscillateur quartique forcé; pour un billard annulaire asymétrique (BoHIGAS,
Boost, EGYDIO DE CARVALHO & MARVULLE, 1993), pour un systeme 3 deux doublets (GomEZ Lro-
RENTE & PLATA, 1994; UTERMANN, DITTRICH & HANGGI, 1994), pour le rotor pulsé¢ (CasaTi, GRaA-
HAM, GUARNERI & IZRAILEV, 1994), pour le modele de HARPER pulsé (RONCAGLIA, BONCI, IZRAI-
LEV, WEST & GRIGOLINI, 1994), pour un pendule forcé sinusoidalement (LATKA, GRIGOLINI & WEST,
19944; LATKA, GRIGOLINI & WEST, 1994B; AVERBUKH, MOISEYEV, MIRBACH & KORSH, 1995; ZA-
NARDI & GOMEZ LLORENTE, 1997; BONCI, FARUSI, GRIGOLINI & RONCAGLIA, 1998). A pu ainsi étre
récolté un précieux ensemble de données, indispensable pour espérer circonvenir leffet tunnel chaotique.
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¢études numériques (MOUCHET ef al., 2001; AVERBUKH e¢f al., 2002) que dans les expé-
riences prodigieusement délicates nécessitant une maitrise parfaite des techniques de re-
froidissement et de manipulation des condensats de BOSE-EINSTEIN (HENSINGER ef 4l.,
2001, 2004 ; STECK ef al., 2001), sinscrit aussi dans cette perspective. Une seconde étra-
tégie fait appel aux cavités micro-ondes (DEMBOWSKI e# 4l., 2000 ; HOFFERBERT e al.,
2005) en sappuyant sur l'analogie, déja signalée a la note 1 p. 11, entre la correspondance
quantique/classique d’'une part et éle@tromagnétisme/optique géométrique d’autre part. Il
faut également ne pas oublier les diodes 4 effet tunnel résonnant (MONTEIRO, DELANDE,
FISHER & BOEBINGER, 1997; BOGOMOLNY & ROUBEN, 1998, 1999) constituées d'une
double barri¢re et o les trajectoires des porteurs de charge, rendues chaotiques par un
champ magnétique, affectent tres fortement le facteur de transmission total de la diode.

()

Dés lors que lon cherche a préserver la phase des ondes (éle@romagnétiques et surtout
quantiques) pendant de longues durées (et c’est bien la tendance chez les périodes tunnel),
on aborde les délicats problemes de la décohérence. La fagon dont l'effet tunnel est gommé
par un couplage 4 un environnement — surtout si lon cherche a obtenir un effet tunnel
pour un degré de liberté macroscopique — est un probléme persistent et crucial pour les
expériences ; il suffit a lui seul & motiver bon nombre d¢tudes théoriques (CALDEIRA &
LEGGETT, 1983; LEGGETT, 1997; STAMP, 1997, et leurs références). Des ponts peuvent
donc naturellement étre établis avec les préoccupations de I'information quantique.

b.5) Complexification

Evidemment, pour reproduire semiclassiquement 'amplitude exponentiellement faible
de leffet tunnel, il faut sattendre & devoir saventurer dans le domaine complexe des équa-
tions classiques. C'est déja vrai dans le cas intégrable; on l'a vu avec équation (1.1-5)
(¢f surtout (BALIAN & BLOCH, 1974, § 4); (VOROS, 1983)). Léquation (I.1-6) sobtient,
clle aussi, en sappuyant sur le prolongement analytique des tores dans le plan complexe et
la loi de puissance en 4 du préfacteur dépend de la géométrie de l'interseGtion des tores
prolongés dans le plan complexe (CREAGH, 1994, 1997). Les premitres utilisations fruc-
tueuses des solutions complexes des équations de HAMILTON se rapportent a [étude se-
miclassique de réactions moléculaires, conduite notamment par MILLER dans les années
1970 (7).

Méme dans les cas ou la dynamique est quasi-intégrable, il est tres diflicile d’appliquer
les méthodes utilisées par WILKINSON. L'une des raisons, invoquée par CREAGH (1997,
§ 3.2) BRODIER, SCHLAGHECK & ULLMO (2002, § IL.B) — 2 la suite de (GREENE &

(*)  Quelques articles originaux: (MILLER, 1970), (MARCUS, 1971), (STINE & MARCUS, 1972)
(GEORGE & MILLER, 1972) et plus généralement (MILLER, 1974, § IV). Pour des états liés voir aussi
(MILLER, 1979), (LAWTON & CHILD, 1981).
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FiG. 1.1-8 : Figures 4 et S de BRODIER et al. (2002) reproduites avec la (Qourtoise antorisation des auteurs.
Dans un cas intégrable (le modeéle de HARPER) (a) les deux ilots tunnel que lon peut voir dans lespace des
phases réel (plan horizontal Im(p) = 0) peuvent étre conneltés par prolongation analytique des tores (ici en
considérant une impulsion complexe p). Dans un cas quasi-intégrable (le modéle de HARPER pulsé) les tores
réels KaMm des ilots ne pewvent plus étre considérés comme des setions dun méme tore complexe. Dés que

lon cherche & les prolonger on se heurte 4 une frontiére naturelle qui se manifeste numériquement par les
oscillations que lon peut voir dans lencart.

PERCIVAL, 1981; PERCIVAL, 1982) (pour un travail plus récent, voir BiLLl, TURCHETTI
& XIE, 1993) — est que, contrairement 4 ce qui se passe dans le cas intégrable, on ne peut
pas classiquement prolonger analytiquement les tores dans le plan complexe sans se heurter
A une fronti¢re naturelle (¢f figure 1.1-8). Il faut donc au préalable approcher le modele
de départ par un modele ou la prolongation des tores pertinents dans leffet tunnel est
possible jusqua leur interseGtion (BRODIER, SCHLAGHECK & ULLMO, 2001, 2002). Ti¢s




1.1 Le contexte

récemment SMITH & CREAGH (2006) ont montré quune des clefs du probleme pouvait
étre obtenue en construisant des tores approchés en généralisant la théorie des perturba-
tions au cas complexe.

Au milieu des années 1990, les premitres observations (Ku$, HAAKE & DELANDE,
1993; SCHARF & SUNDARAM, 1994; LEBCEUF & MOUCHET, 1994; CREAGH & WHE-
LAN, 1996) prouvant que les orbites périodiques complexes permettaient de reproduire
quantitativement certains aspects de leffet tunnel chaotique suggéraient que cette straté-
gie semiclassique était effeCtivement possible jusquau bout. Afin de ne pas se laisser dé-
border par la prolifération des solutions classiques (réelles et complexes) que 'on obtient
en régime chaotique (formules 3 la GUTZWILLER, divergentes si l'on nopére pas avec soin
et force dastuces), il fallait absolument trouver un criteére général pour ne retenir que les
contributions les plus significatives. Or, dans le cas chaotique, la survie n'est jamais pérenne
sur le champ de bataille des exponentielles: le phénomene de STOKES et omniprésent et
rend ce critere hors de portée a heure actuelle.

F1c. L1-9: Figure 2 de SHUDO et al. (2002) reproduite avec la (Qourtoise antorisation des auteurs. Len-
semble de Juria (4 droite) rend bien compte de la Structure des chaines de Laputa observées 4 ganche dans
lespace des positions complexes q = & + iy pour lapplication Standard (Sandard map). Disons pour simpli-
fier que ces derniéres représentent les solutions des équations dynamiques (discrétes) pour lesquelles on impose
une certains nombre de conditions, ici que les moments conjugués initial et final soient réels. La densité des
courbes 4 gauche ne permet pas de les résoudre 4 lintérieur des étendues sombres.

Li¢e sans doute a ces difficultés, il faut signaler la découverte inattendue par Iécole
japonaise (SHUDO & IKEDA, 1995, 1998) selon laquelle le chaos se trahit dans Iespace des
phases complexe par la présence de structures fractales (*°) dont les arcanes commencent a
peine a étre élucidées (SHUDO, IsHII & IKEDA, 2002), ¢f figure 1.1-9.

(2°) Appelées chaines de Laputa, dire&ement inspirées du nom coquin de l'ile volante — reliée a la
terre ferme par une chaine — rencontrée par Gulliver lors de son troisitme voyage. Mais est-il besoin de

23



Chap. I: L'effet tunnel chaotique

b.6) Le jeu du chat et de la souris (cAT and RAT game)

Un second angle d’attaque pour tenter déclaircir Ieffet tunnel chaotique consiste a re-
noncer a travailler avec un hamiltonien complétement déterminé. On évite de se scléroser
sur une approche purement semiclassique en modélisant le chaos (ou le désordre) déter-
ministe par un certain nombre de variables aléatoires. L'abandon d’une certaine informa-
tion de détail au profit dune plus grande universalité est remarquablement fécond pour
des systemes chaotiques, comme lont montré de facon éclatante BOHIGAS, GIANNONI
et SCHMIT en (1983) dans un travail qui fait date. Remplacer les éléments de matrice
du hamiltonien entre états chaotiques(?!) par un ensemble de variables aléatoires ne re-
tenant quun petit nombre de propriétés pertinentes traduisant la présence de symétries
globales est une stratégie qui a largement fait ses preuves; pour une introduction sur lap-
plication de la théorie des matrices aléatoires au chaos quantique, on pourra se reporter
au cours de BOHIGAS (1989). Ces techniques hybrides, faisant intervenir a la fois des
ingrédients semiclassiques et statistiques, sont a lorigine dun progres décisif dans notre
compréhension quantitative de l'effet tunnel chaotique: plus précisément, elles ont sous-
tendu la mise 2 jour de leffet tunnel amplifié par chaos (chaos-assisted tunnelling, caT
pour les intimes) c.-a-d. lobservation (¢f note 18 p. 20) que leffet tunnel est augmenté
en moyenne de plusieurs ordres de grandeur lorsque le transport par les régions chao-
tiques de espace des phases s'accroit (BoHI1GAS, ToMsoOVIC & ULLMO, 1993; ToMSOVIC
& ULLMO, 1994; LEYVRAZ & ULLMO, 1996). Néanmoins, l'extréme sensibilité de leffet
tunnel rend les prédictions tres difficiles méme si seul un ordre de grandeur est simple-
ment requis. C'est déja le cas dans les situations a priori plus simples des systemes quasi-
intégrables ou il a été montré (sans laide de matrices aléatoires) que les résonances clas-
siques internes peuvent amplifier les transitions tunnel de plusieurs ordres de grandeur. La
premiére mise en évidence de ce role est due A BONCI ez 4l. (1998) pour un pendule forcé
et une étude systématique a été conduite dans (BRODIER, SCHLAGHECK & ULLMO, 2001,
2002) pour des applications discrétes (guantum maps) (**). Cet effet tunnel amplifié par ré-

rappeler les sarcasmes anti-Lumiceres de SWIFT sur les insulaires, rompus 4 la physique, I'astronomie ou
les mathématiques: It seems the minds of these people are so taken up with intense speculations, that they
neither can speak, nor attend to the discourses of others, without being roused by some external taction upon
the organs of speech and hearing for which reason those persons who are able to afford it always keep a
Sflapper (the original is climenole) in their family, as one of their domestics, nor ever walk abroad or make
visits without him.

(?') Les états chaotiques ont leur représentation de Husimr délocalisée dans la mer chaotique, par op-
position, aux états réguliers qui vivent sur les ilots stables et peuvent se construire 4 partir des tores EBK.
Les critéres qui permettent une telle classification nont de sens que dans un régime semiclassique et sont
bien évidemment valables & des termes exponentiellement petits pres, ceux-la mémes auxquels se rapporte
leffet tunnel.

(*) Ces applications unitaires sont des opérateurs dévolution U (7) introduits pour limiter les complica-
tions dues a l'intégration numérique de Iéquation de SCHRODINGER sur de longues durées, ¢f par exemple
(BERRY, BaLAzS, TABOR & VOROS, 1979), (TABOR, 1989, § 6.6) ou (HOLTHAUS, 1995). Semiclassique-
ment, l'application canonique classique associée @ peut se déduire sans ambiguité 3 partir de U(7). Une
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sonance (resonance-assisted tunnelling, RAT pour les intimes) permet, par exemple, de micux
comprendre les temps caractéristiques de redistribution de Iénergie de vibration intermolé-
culaire (KESHAVAMURTHY, 2003; KESHAVAMURTHY, 2005). Il est aussi & 'ceuvre lorsque
le chaos est beaucoup plus développé (ELTSCHKA & SCHLAGHECK, 2005; SCHLAGHECK,
ELTscHkA & ULLMO, 2006).

seule itération est donnée explicitement en terme des variables canoniques et contient déja en germe les
non-linéarités qui, & plus long terme, peuvent engendrer une trajectoire chaotique. On peut déduire U(7)
et @ d’une dynamique hamiltonienne pulsée (en général considérée & une dimension toujours par souci de
simplification) qui a pu, dans certains cas, étre réalisée expérimentalement avec des atomes froids (MOORE,
ROBINSON, BHARUCHA, WILLIAMS & RAIZEN, 1994). La limite 7 — 0 fournit un sy&téme continu,
donc forcément intégrable si T'on est & une dimension.
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i.Z Bref survol de mes collaborations et de mes contributions

Voila donc brossé a grands traits le contexte dans lequel se situe mon travail sur l'ef-
fet tunnel. Si pour faire (enfin?) court je devais résumer en une phrase les questions qui
nous passionnent, je proposerais : Peut-on, a linstar de la relation (1.1-2), obtenir pour lef-
fet tunnel chaotique, des relations qui permettent de calculer, ne fiit-ce quen moyenne et en
nétant pas trop exigeant, disons, un temps typique doscillation ou de désintégration en sap-
puyant sur des quantités classiques? J’ai la prétention de croire que le mieux que lon puisse
faire, 4 l’heure actuelle, se trouve illustré sur la figure reproduite p. 88. Sans méme rentrer
dans les détails, on comprend que nous sommes encore loin d’avoir le dernier mot dans
cette affaire.

(S5

De fait, les nombreuses avancées qui ont été effectuées sur leffet tunnel chaotique de-
puis lorigine sappuient autant sur le développement des bons outils conceptuels que des
expériences a la fois numériques et physiques. C’est sur ce triple front que se place len-
semble de mes contributions sur ce sujet. Elles n'ont été possibles uniquement que parce
que jai pu bénéficier de collaborateurs chevronnés, tant sur le plan théorique, numérique
quexpérimental et toujours grice a des environnements de travail exceptionnellement sti-
mulants.

Tout d’abord, mes premiers travaux sur leffet tunnel datent de ma these, dirigée par
Patricio LEBGRUF a la Division de Physique Théorique de I'Ingtitut de Physique Nucléaire
de luniversité Paris-Sud (Orsay), devenue, depuis 1998, le Laboratoire de Physique Théo-
rique et de Modeles Statistiques, CNRS UMR 8626.

[0 Dans (LEBCEUF & MOUCHET, 1994 ), nous considérons un modele déle&ron dans
un cristal bidimensionnel en présence d'un champ magnétique intense perpendiculaire au
plan crigtallin. Nous déterminons quelles sont les orbites classiques qui contribuent au cou-
rant éle@trique longitudinal et, dans le cas ou ce dernier et gouvernée uniquement par lef-
fet tunnel, nous montrons comment l'inclusion de solutions complexes aux équations du
mouvement classique permet de continuer a obtenir une description semiclassique fidele.
Nous montrons aussi que la prise en compte des orbites complexes permet détendre le
domaine de validité du régime semiclassique a des valeurs de # non forcément petites.

O Dans (LEBGRUF & MOUCHET, 1999), nous présentons une étude systématique du
poids des orbites complexes dans les développements asymptotiques semiclassiques géné-
riques correspondant a des syst¢mes a deux degrés de liberté. On subodore que ces solu-
tions complexes sont amenées 4 jouer un réle dans une approche semiclassique de leffet
tunnel chaotique. De maniere générale, une étude détaillée des bifurcations génériques ap-
parait nécessaire pour étendre les idées de GUTZWILLER aux systemes dont la dynamique
est mixte. Partant de Thypothése que ces orbites complexes ne jouent un réle notable que
si elles sont peu éloignées du domaine réel et donc non loin d’une bifurcation, nous mon-
trons que seules celles provenant d’'un type bien précis de bifurcation donnent une contri-
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1.2 Bref survol de mes collaborations et de mes contributions

bution exponentiellement décroissante. Les contributions de toutes les autres sont noyées
dans «lombre » des termes oscillants habituels via des termes en puissances de 4 plus
élevées.

Les autres travaux, effetués au Laboratoire de Mathématiques et de Physique Théo-
rique de l'université FRANGOIs RaBELAIS (Tours) — CNRS UMR 6083 — sont repro-
duits dans ce mémoire. Je les présenterai succinétement dans les seGtions correspondantes.
Ils ont largement bénéficié de la généreuse hospitalité du Laboratoire KASTLER-BROSSEL
a luniversité PIERRE & MARIE CURIE (Paris) — CNRS UMR 8552 — et, en particu-
lier, du groupe Dynamique des Systemes Coulombiens dirigé par Dominique DELANDE.
Il convient ici de mentionner que toutes les diagonalisations numériques effe¢tuées dans les
articles ci-dessous ont bénéficié d’une routine basée sur l'algorithme de LANCZOS écrite et
fignolée au fil des ans par Dominique.

[0 Dans (MOUCHET, MINIATURA, KAISER, GREMAUD & DELANDE, 2001), écrit
avec Dominique DELANDE et Benoit GREMAUD (LKB) ainsi quavec Christian MINIA-
TURA et Robin KAISER du groupe d’atomes froids de I'Ingtitut Non-Linéaire de Nice —
CNRS UMR 6618 — nous proposons dutiliser des systemes d’atomes froids pour tester cer-
taines idées de l'effet tunnel chaotique.

Des expériences tres similaires dans les grandes lignes a celles que nous proposions ont
été réalisées la méme année par deux équipes aux Ertats-Unis: le groupe Laser Cooling and
Trapping dirigé par William PHILLIPS au National Institute of Standards and Technology
(Gaithersburg) et le groupe de Mark Ra1zeN du Center for Nonlinear Dynamics & l'uni-
versité du Texas (Austin).

[0 Dans (MOUCHET & ULLMO, 2001), article de commande de Physics World, nous
expliquons pour un large public la portée des expériences du NI1ST et d’Austin.

[0 Dans larticle (HENSINGER, MOUCHET, JULIENNE, DELANDE, HECKENBERG &’
RUBINSZTEIN-DUNLOP, 2004), écrit surtout en collaboration avec Dominique DELANDE
et Winfried HENSINGER, ce dernier étant post-doc dans le groupe de PHILLIPS et direc-
tement en charge de expérience, nous analysons en détail leurs résultats et, en particulier,
nous montrons qu’ils sont en excellent accord avec les prédictions du modele numérique.

[0 Dans (MOUCHET & DELANDE, 2003), nous proposons une mise au point néces-
saire sur ce que lon entend vraiment par effet tunnel chaotique. Le besoin sen était fait
sentir parce qu’il existait a Iépoque une certaine confusion sur ce que les expériences du
NIST et dAustin montraient et ne montraient pas. Nous discutons de questions encore
largement ouvertes et proposons de futures expériences pour tenter d’y répondre en nous
appuyant sur des simulations numériques.

[0 Dans (MOUCHET, ELTSCHKA & SCHLAGHECK, 2006) écrit en collaboration avec
Peter SCHLAGHECK et Christopher ELsTSCHKA du groupe Complex Quantum Systems de
l'université de Regensburg (Allemagne) dirigé par Klaus RICHTER, nous confirmons le rdle
central joué par les résonances dans leffet tunnel chaotique et nous apportons un nouvel
éclairage sur la correspondance entre ces résonances, les fon&tions donde impliquées dans
leffet tunnel chaotique et leur représentation dans l'espace des phases.
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Chap. I: L'effet tunnel chaotique

i.?a Effet tunnel amplifi¢ par le chaos avec des atomes froids

Cet article a été écrit avec Dominique DELANDE et Benoit GREMAUD (LKB) ainsi
quavec Christian MINIATURA et Robin KAISER du groupe d’atomes froids de I'Institut
Non-Linéaire de Nice — CNRS UMR 6618. L'idée de départ (rédigée en 1996 dans une
note interne non-publiée), & savoir proposer une configuration expérimentale précise uti-
lisant des atomes froids pour tester certaines idées de leffet tunnel chaotique, était la se-
conde des armatures du projet « chaos ondulatoire » de C. MINIATURA et R. KAISER,
en collaboration avec D. DELANDE, visant a créer une nouvelle équipe de recherche, ex-
périmentale, & 'INLN. J’ai été invité A participer a ce projet en janvier 1997, juste aprés ma
thése tout en bénéficiant encore des derniers mois de mon allocation de moniteur nor-
malien pour ce «mini-pseudo post-doc » et avant détre recruté & TOURS au printemps
1997.

Les raisons pour lesquelles les atomes froids sont des candidats de premier choix pour
tester et utiliser certaines propriétés quantiques subtiles sont faciles & comprendre. La pré-
férence se porte vers des atomes alcalins dont la §tructure interne est riche et bien connue,
permettant ainsi de les manipuler aisément par le biais des forces dipolaires créées par des
lasers. Les atomes choisis sont neutres pour éviter toute intera&tion coulombienne entre-
eux, ce qui les rend dans une large mesure indépendants les uns des autres, du moins tant
que lon atteint pas la formation d’un condensat de BOSE-EINSTEIN (??). Les températures
envisagées & Nice (7' 2 T ~ 123 nK pour les atomes de rubidium) devaient permettre
dobtenir des atomes suffisamment froids pour préserver la cohérence c.-a-d. limiter la dissi-
pation sur des durées plus longues que les périodes tunnel recherchées mais il était hors de
question, du moins dans les premi¢res années, d'envisager de descendre a des températures
inférieures a celle, 7%, correspondant 2 la vitesse de recul d'un atome sous leffet d'une ab-
sorption ou de I'émission d'un photon et, a fortiori, d’atteindre la température requise pour
un condensat (7}, ~ 75 nK). Ayant tout & monter, il fallait que les projets expérimentaux
nigois restent raisonnablement ambitieux. Or, la mise au point d’'un pi¢ge atomique par-
tant d’une table rase et les techniques de refroidissement des atomes jusqu’a la température
de recul nécessitent déja un investissement humain et matériel considérable (*4).

Malgré tout, encouragés par les résultats de récents de MOORE, ROBINSON, BHARU-
CHA, WILLIAMS & RAIZEN (1994) tentant d¢étudier la localisation dynamique grice aux
atomes froids, nous pouvions envisager une configuration expérimentale (¢f figure p. 32)
qui permettait dobtenir des atomes évoluant avec un hamiltonien effe&if donné par équa-
tion (3) p. 33. Dans cet article, finalement publié en 2001, nous expliquons en détails les

(#3) Rappelons que les premiers condensats atomiques ont été obtenus en 1995 et que les deux équipes
américaines de WIEMAN & CORNELL et de KETTERLE ont, pendant plus d'un an, été les seules & pouvoir
le faire.

(?*) Pour donner une idée, «la plus basse température jamais atteinte sur la Cote d’Azur» (écrit Nice-
Matin daté 21 o&obre 1997 en marge du prix Nobel de physique remis cette méme année 4 C. COHEN-
TANNOUDJI, W. PHILLIPS et S. CHU) n%était encore que de lordre de 1073 K courant octobre.
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I.3 Effet tunnel amplifié par le chaos avec des atomes froids

raisons pour lesquelles on obtient ainsi une configuration idéale pour étudier leffet tun-
nel chaotique et nous dressons un tableau complet de la dynamique classique et quantique
de ce modele. Les principales difficultés qui se posaient alors avaient une double origine:
d’une part, préparer expéri-mentalement un suffisamment grand nombre d’atomes dans I'un
des ilots intégrables sans en avoir dans le second n'et pas une mince affaire; d’autre part,
il fallait analyser le plus soigneusement possible les conditions d'obtention d’un signal qui
porteraient une signature quantitative de leffet tunnel. Les expériences doptique quantique
et de physique atomique sétalent sur plusieurs mois (au mieux) et il va de soi que l'on ne
peut que rarement modifier sa stratégie en cours de route ou soffrir le luxe de négliger des
détails pouvant cotter quelques centaines de milliers d'euros. Lambition de notre article
était aussi de proposer des solutions réalistes dans ce contexte.

Normalized population T unnel

o O 0
I I I
c c c

X

=

S

=

? 3

£

o

=

fo 0
uonejndod pazijeuwo

10 20 30
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FiG. 13-1: (couleur recommandée) Figures 3 et S de HENSINGER et al. (2001) reproduites avec la
(Qourtoise autorisation de W, HENSINGER. La figure de droite est une image de la distribution en impulsions
(axe vertical) des aromes de sodium évoluant sous le hamiltonien effectif (3) p. 33 avec § ~1.72 et y ~.96.
La période de modulation du hamiltonien (2) est de 20 us. La dynamique classique corvespond 4 la sefion
de POINCARE de la figure 1.3-2 (les échelles en impulsion ne sont pas les mémes) et interdit les transitions
entre Ty que lon observe ici. Pour un inslant donné, les franges en impulsion de période 2bk sont dues a
la cobérence spatiale des ondes de matiére sur quelques zones de BRILLOUIN (le hamiltonien et périodique
aussi spatialement). cf. aussi la figure reproduite 48.

Quelques mois apres la publication de notre article, donc a trop bréve échéance pour
étre véritablement influencé par lui, deux équipes aux Ftats-Unis : le groupe Laser Cooling
and Trapping dirigé par William PHILLIPS au National Institute of Standards and Tech-
nology (Gaithersburg) et le groupe de Mark RA1ZEN du Center for Nonlinear Dynamics A
luniversité du Texas (Austin) obtiennent les premic¢res manifestations d’'une variation tres
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F1G. 1.3-2: (couleur recommandée) Section de POINCARE correspondant au hamiltonien effectif’ (3) p. 33
avec les paramétres de la figure 1.3—1. Comparée aux sections reproduites p. 53, ce choix ne semble pas optimal
si lon fait abstraction des contraintes expérimentales. Les deux ilots tunnel T en forme de croissants de Lune
trés fins — situés en (p ~ £1.68,q = 0) — ont un faible volume dans lespace des phases et sont 4 peine
discernables. Les autres ilots ne sont pas pertinents pour leffet tunnel. Les courbes continues représentent des
trajecloires régulieres non-Stroboscopées, ni repliées sur [—z, w[. La bleue qui part de T, permet de vérifier
que Ty ne sont pas connel¥és entre eux.

brutale d'une période tunnel. Leurs configurations expérimentales conduisent exactement
au méme hamiltonien effe&if que celui que nous avions envisagé (**). La différence (et de
taille !) avec notre travail est que les équipes américaines pouvaient se permettre d’utiliser
des condensats pour la préparation des atomes. Ce fut cependant un tour de force détre
capable de «voir » les oscillations tunnel (en impulsion) des atomes d’un ilot a lautre et
de pouvoir ainsi mesurer diretement les périodes (I.1-1). On peut difficilement imagi-
ner une signature plus claire (¢f figure 1.3-1). On comprend alors que ces résultats et la
disproportion de moyens entre les équipes aient fait avorter (provisoirement?) le projet
ambitieux des nigois. Ils se sont largement rattrapés depuis en devenant 'une des équipes
les plus en pointe au niveau international sur la diffusion multiple, sujet qui constituait le
premier volet de leurs propositions de 1996.

(¥) Sa forme est en fait trés naturelle: dés lors que lon cherche 4 obtenir un hamiltonien symétrique a
une dimension dépendant du temps ou bien, de facon équivalente, un systéme autonome & deux degrés
de liberté. 1l sagit d'un hamiltonien « minimal » ol seules deux ou trois résonances sont retenues. En
effet, exprimées avec des variables action/angle, les deux premiéres composantes de FOURIER du potentiel
dépendantes du temps suffisent 4 engendrer une dynamique chaotique par recouvrement 4 la CHIRIKOV
(1979) 5 ¢f aussi (LICHTENBERG & LIEBERMAN, 1983).
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Chaos-assisted tunneling with cold atoms
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In the context of quantum chaos, both theory and numerical analysis predict large fluctuations of the
tunneling transition probabilities when irregular dynamics is present at the classical level. Here we consider the
nondissipative quantum evolution of cold atoms trapped in a time-dependent modulated periodic potential
generated by two laser beams. We give some precise guidelines for the observation of chaos-assisted tunneling
between invariant phase space structures paired by time-reversal symmetry.

DOI: 10.1103/PhysRevE.64.016221 PACS nun)er05.45.Mt, 05.60.Gg, 32.80.Qk, 05.45.Pq

I. INTRODUCTION In this paper, we consider 1D time-dependent dynamics,
one of the simplest cases where irregular motion can appear,
During the 1970’s and 1980’s it gradually became clearand we study chaos-assisted tunneling. Our effective Hamil-
that classical Hamiltonian chaos profoundly affects the temtonian model, which is derived from an experimentally
poral evolution and spectral properties of the correspondingchievable situation, exhibits three main properties. First, its
quantum system as compared to the integrable ¢ae classical dynamics is invariant under time reversal. Second it
Some of these featurégynamical localization, scars of pe- is controlled by a single real external parameter(for y
riodic orbits[2], etg share striking similarities with concepts =0 the dynamics is integrable and chaos develops more and
originating from condensed matter physics such as weak anaiore in phase space asis increasell Third, there exists in
strong localizatiod3]. In fact these phenomena can be recasphase space, for a whole continuous rangeyof pair of
in terms of wave transport in disordered media, tgaasj  stable island€, andZ_ which are time-reversed images of
randomness being of statistical or dynamical origin. In thiseach other. By stable islands we mean the set of regular
context, it is important to understand the mechanisms undeslassical trajectories in phase space which stay near a stable
lying a key feature of wave propagation which has no clasequilibrium point or near a stable periodic orbit of the sys-
sical analog: tunneling. tem. In this case, no real classical orbit started in one of these
Tunneling refers to any wave process which is classicallyislands can go into the other one. However, the quantum
forbidden toreal solutions of the Hamilton equations. For dynamics of a wave packet, initially prepared in one island,
one-dimensionallD) autonomous systems, it is well known will display a periodic behavior. The wave packet oscillates
that the quantum tunneling probability through an energetidrom one island to its time-reversed imald]. In the quan-
barrier can be evaluated semiclassically with the help of clastum spectrum this tunneling process appears via the exis-
sical complexsolutions of the Hamilton equatiof4,5]. The  tence of nondegenerate energy doublets whose splitting gives
direct generalization of this procedure to higher dimensionathe inverse of the tunneling time betwe&n andZ_ . Vary-
systems is straightforward for separable dynamics, but is aling y slowly modifies the geometry of the islands them-
ready subtle for integrable, but no longer separable, dynamselves. The crucial point is that it will drastically change the
ics [6,7]. In the generic case of chaotic dynamics, it evenclassical dynamics for some initial conditions lying between
proves extremely hard to handle, and the situation, until rethe islands. For small enough, the chaotic layers are too
cently, seemed hopeless. Indeed, in the presence of chaasnall to play a significant role &t scales, and hence cannot
the analytical and topological properties of the classtosh-  influence the quantum behavior of the system, which is es-
plexifiedphase space are far from trivial. During the last tensentially still regular. For larger values, but still before the
years however, theoretical and numerical investigations ostable islands are completely destroyed, there is a chaotic
autonomous 2D and time-dependent 1D Hamiltonian sysregime where varyingy or 7 (% being in this case Planck’s
tems have started to highlight some mechanig#nsl2], and  constant divided by some typical classical actiatone in-
much insight has been gained on the influence of such clasiuces large fluctuations, of several orders of magnitude, of
sical nonseparable dynamics. Experimental evidence of sudhe doublet splittings around their mean value. This in turn
mechanisms, which is still lacking, would be of great interestcorresponds to large fluctuations of the tunneling periods.
especially in the light of the subtle interplay between inter-These large fluctuations, induced by small changes of any
ferences and disorder. parameter, are a signature of the so-called “chaos-assisted
tunneling” regime. This has been extensively studied both
theoretically and numerically in the situation described

*Electronic address: mouchet@celfi.phys.univ-tours.fr above[8-11], but has not yet been observed in real experi-

Electronic address: miniat,kaiser@inln.cnrs.fr ments, the main reason being its extreme sensitivity to small

*Electronic address: gremaud,delande@spectro.jussieu.fr changes in the classical dynamics. Aagcontrolledvaria-
1063-651X/2001/64)/01622115)/$20.00 64 016221-1 ©2001 The American Physical Society
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tion of y, be it noise or dissipation, will dramatically wash wr : W+

out or destroy the signal. The observation of this highly fluc-

tuating tunneling regime thus requires both an accurate con\/\w/\/\’ "/\/?/'\/

trol of the dynamics of the preparation of the initial state and Y
of the analysis of the final state. The observation of doublet z
splittings is rather common in molecular physics, when a .
discrete symmetry like parity is present. In most cases, the
splitting is due to standard tunneling either through an en- FIG. 1. Experimental configuration under consideration: a cloud
ergy barrier or a dynamical barri¢see, for example, Refs. of two-level atoms is illuminated by two monochromatic standing
[15-17). It was suggested in some cagd$,19 that this Wwaves with frequencies . = w, = dw/2 (Sw<w.). All fields are
splitting is influenced by the existence of chaos in the claslinearly polarized along the same direction, gnq are sufficiently far
sical dynamics. Thus molecular physics provides us With_detuned from the atomic resonance so that dissipation effects can be
systems where chaos-assisted tunneling could be experimef§nored-
tally observed. However, one usually lacks an external pa-
rameter which could allow for the observation of the fluctua-motion of the atom. By appropriately tailoring the space-time
tions of the tunneling rate. dependence of the light field, one can then produce a great
Atom cooling techniquepl4] provide systems which ful- variety of potentials for the external atomic motion, as
fill all the desired requirements. They allow an accurate maproven by the atom cooling community. Note, however, that
nipulation and control of internal and external degrees ofihe atom-light interaction is also responsible for a dissipative
freedom, and are a useful tool to produce situations wherghenomenorireal absorption of a photon followed by spon-
the wave character of the atomic motion is essefi#@l. A 3ne0us emissionwhich shortens the temporal coherence of
great variety of interaction potentials can be produced 10 iNyhq atomic wave function. By using a laser light far detuned
fluence _thg atomic motion, be_ it by means Of |nhomogeneOUﬁom any atomic resonance, it is possible to control this stray
magnetic fields, material gratings, or laser light. Optical lat'phenomenon and maintain it at a reasonably low rate. In the

tices with crystalline or quasicrystalline ordg21-23 can ; ; - ; L
B P following, we shall describe a simple physical situation for
be easily produced where atoms mimic situations usually

encountered in condensed maft24,25. Dissipation(spon- atoms where chaos-assisted tunneling is expected to be

taneous emission and atom-atom interagtisneasily con- present.

trolled, and coherence times of the order of 10 ms can readily

be achieved. This is why cold atoms are a unique tool to B. Experimental configuration

study transport properties of waves, be it quantum ch2éks Although the internal structuréhyperfine Zeeman sublev-

or weak localizatiorf27,28. . elg are of major importance in atom cooling, here, for sim-
This paper is organized as follows. In Sec. Il we eXp|a'np|icity, we will model the atom by a two-level systefas

the origin of the effective Hamiltonian for the experimental only one optical transition usually governs the dynamics

situation under ponmderaﬂpn. In Sec. lll we StUdY the COMee consider a dilute sample of identiodut independent
sponding classical dynamics, and show why this effectiv

Swo-level atoms propagating in the light field configuration
Hamiltonian is relevant for chaos assisted tunneling. In Sec propagating 9 g

IV okl - f th | th tical tech treated by two monochromatic standing waves with frequen-
/ W€ quickly review some of the usual theoretical tech- ;o g w.=w_ *Swl2 where do<w . We denote the
nigues Whe_n dealing Wlt_h both space and time periodic quans. o indstate and excited state of each atonidjyand |e),
tum dyr_lamlcs. We also |Ilustrate_ hovy some quantum Spec”ﬁ\ese levels being connected by an electric dipole transition
properties have a natural classical interpretation. In Sec. 0t angular frequencyw,, and widthT". All atoms are sup
at . -

T el et 2% gosed to be ntly prepared i ther gound state. Cach
. ing A C . “Standing wave is produced along tkexis by two counter-
plain how to observe it in a real experiment. Section VIl is

devoted to some concluding remarks propagating laser beams, and we suppose all fields to be
' linearly polarized along the axis (see Fig. 1 After a suit-

able choice of space-time origin, the total electrical field

1. EFFECTIVE HAMILTONIAN strength is

A. Light shifts E(x,1)=[E, cogw,t)+E_cogw_t)]cogk.x), (1)

The very basic physical mechanism underlying our forth-
coming discussion is the following: when an atom is exposed
to monochromatic light, its energy levels are shifted by thewhereE.. are the field strengths of the two standing waves.
interaction. These level shifts originate from the polarizationAt this point we have neglected the difference in wave vec-
energy of the atom in the incident light field, and are calledtors of the standing waves. For this to hold, it is sufficient to
light shifts [29]. In the dipolar approximation, they depend assume that the atomic sample size is small enough. Typi-
on the field intensity value at the center-of-mass position otally, the difference in thé& vectors will be of the order of
the atom. If the field intensity is space-time dependent, thed0 ® or less(see below; so that this requires the atomic
a moving atom will experience dipolar forces: inhomoge-cloud to be smaller than typically a few kilometers, which is
neous light shifts result in forces and alter the center-of-masamply satisfied in a standard magneto-optical trap.

016221-2
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C. Dimensionless effective Hamiltonian Swl2w=60 kHz, leads toy= 0.4 and# .= 0.05. With such
The effective Hamiltonian which describes the atomicvalues, spontaneous emission can be neglected up to times of
motion is derived in Appendix A under some common andthe order of few ms. It is worth noting the tiny energies
well-controlled approximations. It acts in the Hilbert spacewhich come into play Yo,~5 neV), by several orders of
of a one-dimensional system which is simply theompo-  magnitude smaller than the typical ones for mesoscopic sys-
nent (position of the center of mass of the atofwhich  tems.
means that the internal degree of freedom as well asythe

andz coordinates can be eliminated; see Append)jx Fhis I11. CLASSICAL DYNAMICS
reads
A. Poincaré surface of section
2
H= &—Vo cog 2k, X)[ 0+ cog dw )], ) _ A P_o_incafesurfact_a of section_ provides the_usual toc_)l for
2M visualizing the classical dynami¢80]. As Hy is 27 peri-

odic both in time and space, this surface of section simply
consists in the whole phase space it$effiich has the topol-
ogy of a cylindey where trajectoriegp(7),q(7)) are seen
stroboscopically at every time periodn2 In the following,
without any substantial loss of generality, we will restrict our
analysis to the cas@=1 which is easily experimentally
achieved when the standing waves have the same field
strengths.
Figure 2 shows stroboscopic plots of phase space orbits
for different values ofy. For y=0, pis a constant of motion,
so that the system is integrable and the surface of section is
composed of horizontal lines. For a weak enoughFig.
2(a)], the orbits remain confined to invariant curves. These
invariant curves stratify the whole phase space, and the dy-
namics appears regular. One can clearly see well-separated
p2 stability islands, each being bordered by a separatrix. This is
Her="% — v(6+ cosr)cosq. (3)  the situation encapsulated in the Kol'mogorov-Arnol'd-
Moser(KAM) theorem for near-integrable motion: although

no globally defined constants of motion exist, some invariant

Sl.mh a Hamiltonian describe; the dynamics of a pe_riOdica”%urves can still be constructed which order the dynamics. As
driven pendulum. The associated quantum canonical com-

ot lation i i d btaing v is increasedFig. 2(b)], more and more of the invariant
mutation relation is[q,p]=i%es, and we obtaiNfieifiet  cyryes are broken and chaotic layers start to spread around
=8wg/ 6w, where wg=%k{/2M is the atomic recoil fre-

- . separatrices. These layers fill some portion of phase space,
quency anddw is the beating frequency between the laseryt the motion is still predominantly confined to invariant
waves. ) o o curves. Above some coupling threshdlBigs. 2c)—2(e)],
Such an effective Hamiltonian clearly exhibits two of the giochastic orbits invade the phase space, and the surviving
three properties mentioned in Sec. I: the corresponding classiapijity islands are surrounded by a connected chaotic sea.
sical dynamics is governed by a single classical parametefrnis occurs fory~0.1. The phase space structure in this
t_he dimensionless coupling strengthand is invari_ant under regime is typical of a mixed dynamics where regular orbits
time-reversal symmetryp(,q,7)—>(—p,q,— 7). Itis worth  cqeyist with stochastic ones. #f is increased furthefFig.
mentioning that the semiclassical limit—0 is realized ()] the stability islands disappedor are too small to be
here by increasing the beating frequendy between the geen at this scaleand one obtains global chaos. However,
two laser waves. ) ] we note that, even in this situation, the chaotic portion of
With our field configuration, only¢=1 can be achieved. phase space is still bounded by invariant curves, which

As a slight generalization, we extend the rangefdb any  means that chaos can only fully develop within some range
positive value, since one can design other field configuragf momentump.

tions where #<1 occurs. For examplef=0 yields the
Hamiltonian studied in Ref.13] in a different context.

def def
where Vo=-#AQ0,Q_/85, and 6=(Q./20_)+(Q_/
20) ), with 6 = o — w, the detuning with respect to the
atomic frequency an€) .. =dE.. /% (d being the atomic di-
pole strength Without loss of generality we will assumé,
to be positive since, i¥/; is negative, it is sufficient to shift
x by m/2k, to recover this case.

In the following, it will prove convenient to work with
dimensionless quantities. Rescaling quantities through
def def def def
=dwt, q=2k X, p=(2k_/Mbw)py, y=(4k3IM Sw?)V,,

def
and Hgq= (4k?/M 8w?)H then yields the dimensionless ef-
fective Hamiltonian

B. Resonances

At this stage, let us rewrite the effective Hamiltonian as
follows:

Let us give some typical experimental parameters. For
rubidium atoms, the atomic parameters ave=85 amu,

D. Orders of magnitude

2

Heg=Ho+ yH, = p——ycosq—%cos(m- 7)

Na=27Clwo=0.78 um, TI'/2m=6 MHz, wg/27=3.8 2

kHz, and the saturation intensity,=1.6 mW/cnf. Using

far-detuned laser beams §/T'=10% focused down to —zcos(q—r) (4
500 um (power 100 mW), with a frequency difference 2 '
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-1 0 T -T 0 bis

FIG. 2. Stroboscopic plots of trajectories in
phase space for different initial conditions at
=0 and differenty’s. The classical dynamics is
governed by Hamiltonian 3 witli=1. At low y
values, resonance islands are visible separated by
quasifree motion. Asy increases, the resonance
islands grow and chaos appears close to the sepa-
ratrices. The situation of interest for chaos-
assisted tunneling is when two symmetric islands
are separated by a chaotic sea, suci,aandZ_
in (d) and(e).

The physical interpretation of the various terms is ratherto be distinguished from regular lines at the scale of finite
simple: the two counterpropagating laser beams at frequengyrecision of the measurements and/or the calculat{@fis
w, create a stationary wave which, in turn, creates for theFig. 2(a)]. Nevertheless, for higher values ¢f some chaotic
atom an effective optical potential proportional to the squardayers can be seefcf. Fig. 2b)] between regular regions.
of the modulus of the electric field in the standing wave;These consist of portions of phase space where trajectories
hence the cog dependencéit is actually 1+cosq, but the are exponentially sensitive on initial conditions. From clas-
constant term does not play any role in the dynaithe  sical first-order perturbation theoiRef. [30], Chap. 2, we
same effective potential is due to the standing wave createchn infer that a term of the formA coséqg—r7), where 6,r)
by the twow_ counterpropagating beams. A pair of coun- are integers, will create a resonance of widip=4A
terpropagating beams at frequencies and w_ does not around the poinp=r/s. In our cases=1, and there exist
create a standing wave in the lab frame. However, in a framenly three such resonances. They are locategh-ad (r
moving at constant velocityg=(w;— o _)cl2w_, (vg=1 =0) and atp==*1(r==*1). This can be seen ifFigs.
in rescaled unitsthe two laser beams are shifted in fre- 2(a)—2(e)]. For each resonance there exists one stable peri-
quency by the Doppler effect and appear to have equal freadic orbit and one unstable periodic orbit with periods of
quency, building another stationary wave and yet anotheapproximately 2r|r|. In the stroboscopic plot of the surface
effective optical potential. In the lab frame, this appears as af section, they appear as stable and unstable fixed points,
modulated optical potential moving at velocity. By sym-  and give rise locally to the well-known phase space portrait
metry, there are two such effective potentials moving eitheif a pendulum. In the following, we will denote I§%,Z. ,
to the right or to the left. These are the aps() terms inthe  andZ_ the three stable islands associated with0,+ 1, and
Hamiltonian. —1, respectively. The physical interpretation of these three

This form of the Hamiltonian allows us to point out the resonances is simple: each resonance is associated with one
perturbative terms which may be resonant with the unperof the modulated potentialéeither static or moving de-
turbed frequencies. Wheny=0, the system is integrable scribed above. For example, the fixed point at the center of
since we recover free motioitl o reduces tdH,=p?/2, and  the 7. resonance is associated with a periodic orbit where
(p,q) are exact action-angle variables. Fpr-0, the ab- the atom moves at almost constant velooigy being trapped
sence of any constant of motion generates chaos. Strobin the minimum of the moving optical potential. The other
scopic plots of phase space trajectories are no longer conwo components of the potential appear along this orbit as
strained to follow lines of constarty, but generically fill  rapidly varying potentials which are adiabatically averaged
densely a two dimensional volume in phase space. As long constant values. As the atom can be trapped in any of the
asy is small enough, these volumes remain thin enough nothree modulated potentials, we obtain three stable periodic
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orbits at the centers of the three resonance islands. 2
For a small enoughy, the resonances are well separated A
and the motion is quasi-integrable. Chaos will develop when It
the resonances start to overlap. This is the celebrated Chir p o0t
ikov's overlap criterion[31] and its evaluation givesy
=0.1 in our case. Thus chaos develops in phase space re =/ |
gions where the kinetic energy term and the perturbation are
of the same order of magnitude. Taking into account higher

perturbation orders iry will shift the position in phase space

of the previous resonances as well as the frequency arounB i

their stable points. For instance, it can be seen in Fig\ 2 M

that the stable island, is centered on a point having a p 0+t

momentum slightly larger thar-1. Perturbation terms of s

higher order will also introduce other resonances of smaller -1y

size. Itis precisely the overlap of the infinite cascade of such  _)

resonances which gives rise to the chaotic layers. Neverthe

less, Chirikov’s criterion already gives a good order of mag- C 2

nitude for the onset of chaos. For higherthe previous three 1

resonant islands of stability have shrunk inside a large cha- Le]

otic sea, and will eventually disappear completgdf. Fig. p Oy d,i ¢
-1

2(f)]. Nevertheless a revival of some stable islands can still e
be observed for some narrow windows of high valuesyof =AM BARASA
In our situation, chaos cannot invade the whole phase space -2 L
but is bounded by regular coasts. This is so because chac =300 -200 -0 g 100 200 300
develops where resonances overlap. Sufficiently far away ) o )
from the resonances, atoms move so fast that they experience FIG- 3. Plots of some trajectories in phase space for different

an average time-independent potential. Then chaos is absé'fﬂlttia‘| ?O"ditt,ions o= ?:'_1)'2'“,A' We; display a typlictal P;’_inﬁam‘;' ded
and one recover&uas) free motion whe >1. ace o _sec on as in |.g. , |.-e., -S-TO 0SCOpIC plots wnic _are olde
& ) dp| according to the spatial periodicity. The small black disks show

some initial conditions. IrB and C, trajectories are plotted every
C. Typical classical phase space portrait in the chaos-assisted 27/100 and, unlike inA, we letq(7) evolve continuously outside
tunneling regime [—,m]. Trajectoriesb andf are trapped in th&€, andZ, reso-

. . nance islands, respectively. Trajector@ande are two examples
The two resonant islands. , when they exist, are related 4t reguiar quasifree motiore andd correspond to chaotic motion;

by a discrete symmetry: the time-reversal invariance. As Cafneir initial conditions(at 7=0) lie in the chaotic sea of Fig.(@).
be seen in Fig. 3, the atoms trapped in one island cannot
classically escape from it: the boundaries of the islands playandsg,(k). These bands are labeled by a set of integers,
the role of a dynamical barrier which atoms cannot crossthe band index), and depend continuously on a set of real
Hence jumping from one igla_md to the other is a_classicallynumbers, the Bloch numbeks As E,(k) and the associated
forbidden process, though it is expected to occur in quanturgigenfunctions are periodic functions of thes, all the
mechanics. This is precisely the tunneling situation we arghysical information is contained in the first Brillouin zone.
interested in. In fact, we will study the tunneling betwéen  For 1D systems, it is simply the interval 7/Q,w/Q],
andZ_ for y varying from 0.1 to 0.3 since, in that range, whereQ is the spatial period of the Hamiltonian.
classical chaos may play a revealing role even though the \When the Hamiltonian is time periodic, with a peridd
two stable islands still occupy a significant volume in phasehe analog of the Bloch theory is the Floquet the[@4—36.
space. The eigenvalues of the evolution operatd(r+T,7) over
Note that, in the physical situation describedHby;, tun-  one period take the form & %eii. The e's are r-independent
neling occurs in momentum coordinates instead of space c@eal quantities which are called the quasienergies of the sys-
ordinates, as usually presented in standard textbooks. Them. Due to the time periodicity, the quasienergy spectrum as
denomination of “dynamical tunneling[32], refers to this  well as the associated eigenfunctions are now invariant under
situation. The reason for investigating this situation is thaters e+ 27 o/ T.
manipulation of cold atoms allows for a better control  For H, the application of Bloch and Floguet theorems
(preparatlon and detectipof momentum rather than posi- with Q=T=2 yields a spectrum made out of quasienergy
tion. bandse,(k), wheren goes over the whole set of integéfer
a detailed derivation, see Appendiy.B-or brevity, we will
IV. QUANTUM DYNAMICS define|n,k,7), the ket at timer with Bloch anglek, with
quasienergye,(k), which is a solution of the Schrodinger

equation[following the notations of Appendix B, we have
When an autonomous Hamiltonian is spatially periodic, it def

is well known[33] that its spectrum is organized in energy set \n,k,r>=\¢5n(k),k(fr))]. We will also define |n,k)

A. Floquet-Bloch theory
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1 trix is considered to be sufficiently large when increasing it
modifies the value of the quasienergy on the scale of the
numerical noise only, say 10° in double precision. Not
only is this criterion a proof of the algorithmical conver-
gence, but it also is a safeguard against numerical discrepan-
cies, since we are looking for exponentially small quantities.

10
\/

€ A
0 ,.‘/‘ AU MM K Iﬁeﬂ C. Husimi representation and classification
AR SEANE of the quantum states

-5 AR A AL Classical dynamics is very illuminating when describing
MR AU the statesn,k, 7). In order to strengthen the correspondence
0 N\ A A A Y between classical phase-space structures and quantum states,

) i 0 i 2 it is convenient to work with the Husimi representation of
k quantum stateg37].

FIG. 4. For a Hamiltonian that i€ periodic in space and Such a representation associates, with each quantum state
periodic in time, the quasienergy spectrum is made of bands that até?). @ pPhase space functiast'(p,q) (wherep andq are real
27/Q periodic in the Bloch numbers andaZ./T periodic in  humbers defined by
quasienergies. Such a spectrum is shown here for Hamiltonian 3
(Q=2m, T=2m), with y=0.18 and/i o= 3.1787.

def
PH(p.a) =N, (29|, @)
d:ef|n k,7=0). As it can be seen in Fig. 4, the band spectrumWhere|Z> is the normalized coherent state corresponding to
has the topology of a torus since it is both periodic inthe complex number z=(q+ip)/V2fier. N, is a

quasienergywith period ;) and Bloch numbetwith pe-  (P.g)-independent normalization factor. Becaugg is a
riod 1). minimal Gaussian wave packet with average momengpum

and average positiog, the Husimi functiony"(p,q) con-
tains some information about the degree of localization of
] ) ] ) |) in phase space.

As derived in Appendlx B, the Floquet elgenstates can The minimal cell size in phase space, allowed by the
be obtained by a diagonalization of the Floquet-BlochHeisenberg inequalities, i#¢. Let us see how classical
operatorK, phase space structures of a typical size larger thgnare

mirrored at the quantum level. In Figs. 5 and 6 we plot some
values ofe, (k) corresponding to Hamiltonian 3 for specified
effq fixed values ofy and# ¢;. von Neumann—Wigner arguments
(5) [38] claimed that, generically, no exact degeneracy can oc-
cur: rather one obtains avoided crossings. Of course, this is
with periodic boundary conditions in both time and spacerelevant provided the minimal energy splitting is greater than
The eigenvalues, which depend on the Bloch ve&toare  the resolution in energy. Some Husimi functions are plotted
the quasienergies of the system. The band spectrum is syrin Figs. 5 and g (a)—(f)].!

B. Numerical calculation of the Floquet eigenstates

(P+Trek)?

> — ycosq(1+cosr)—if

K(p,a,7.k)=

metric with respect to the axis=0, since operator 5 is in- In Appendix B, it is shown that we have
variant under the transformatioks> —k andp— —p. From
the expression of the Floquet-Bloch operator and the bound- defq [T 14
" o . - €n
ary conditions, it is very natural to expand the eigenstates on Un szf (n,k,7/p|n,k,7Ydr=-——", (8)
a basis set composed of products of the typg,(7,q) T Tlo heg IK
=exp(inr)exp(img), which automatically obey the periodic
boundary conditions. In such a basis, the operstbas very def
strong selection rules, namely, |z,k)= Ez €™ 9z+mQ), 9
me

[An|<1 and|Am|<1 G
and define, for instance,

All matrix elements violating one of these selection rules is
zero. Hence the matrix representing the operatoin this
basis is sparse and banded, and all matrix elements havea technicality should be mentioned hete, ) and|y, ) obey
simple analytical expressions. This is well suited for numeri-some spatial boundary conditions which are iost when working with
cal diagonalization(powerful algorithms exist, for example  their Husimi representations, essentially because the coherent states
the Lanczos algorithjn All the numerical results presented do not fulfill these properties themselves. To deal with spatially
here use this method. We checked that the effect of the trunguasjperiodic phase space functions, it is necessary to unfold the
cation of the basis is negligible: the size of the Floquet macoherent statef39] into
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FIG. 6. Quasienergy bands for=0.18 andf=0.2037 and
some Husimi representations of typical states. This is a zoom of the
dashed squared zone in Fig. 5. Fot 0, one can find states like
those in(d) or (e), whose Husimi function is localized in one stable

0 islandZ_ or Z, [compare with Fig. @)]. In the frame, where the
2 center of the island is fixed, these states correspond to the
MY YN ) “ground” states(some excited states may of course exigt df is
O e s 000 dis om om g O small enough, as can be seen in Figs. 12 and E8r k=0, we
k recover time reversal symmetry through the existence of quaside-

generate doublets of symmetric or antisymmetric combinations.

FIG. 5. Quasienergy bands far=0.18 andfi.4=0.2037 and  This is a typical tunneling situation: following the state (g)
some Husimi representations of typical states(dhwe show a  (which has an average velocity abottl) adiabatically withk, by
quasifree state with a well defined average velodite derivative  decreasingk we obtain a state iiid) that has a reversed velocity.
of the energy level with respect &) localized in phase space on This reversal of the velocity is a classically forbidden prodessn-
regular trajectoriefcompare with Fig. &)]. On this scale, the pare with orbitb in Fig. 3.
avoided crossings with other bands cannot be resolvedc)ime
show a state localized in the central stable isldgdactually the i i i i L.
“ground state"). Far from quasidegeneracies the average velocity’@SPectively. Their average velocity as well as their Husimi
of this state is zero. Iifa) we give an example of a chaotic state, functions depend exponentially weakly on the Bloch param-
whose Husimi function is localized in the chaotic §eampare with ~ eterk.
Fig. 2(e)]. Unlike the former states, the average velocity fluctuates The last class of states which can be encountered corre-
when the Bloch anglé& is varied. The band spectrum is symmetric sponds to chaotic ones, i.e., states whose Husimi functions
with respect to the axik:O,A sincg operator 5 is invariant under the are negligible on a typical distance df:ﬁ out of the chaotic
transformationsk— —k andp— —p. The tunneling situation due to - seas[cf. Fig. 5a)]. Unlike the previous ones, their Husimi
the time-reversal symmetry corresponds to the dashed squared zofignctions are very sensitive to any variationlosince they

(aroundk=0), which is enlarged in Fig. 6. are delocalized in the whole chaotic sea which spreads over
all elementary cells. The large classical distribution of pos-
N def ) sible velocities is to be linked to the very fluctuating slopes
k(P 7) =NKZ K|t i D). (10 of the quasienergies asis varied.

which generalizes the velocity theordiRef. [33], Appendix
E) to periodic time-dependent Hamiltonians.

Figure §b) shows an example of the Husimi representa-
tion of a state with sufficiently high average velocity to be  Although the system as a whole is of course time-reversal
like a free eigenstate dfly. Far from quasidegeneracies it is invariant, this is no longer true for its restriction at a fixed
localized in a narrow strip of width\p~2mfiex/Aq~7iet  valuek of the Bloch vector. Indeed, the operaféris not
(smceAq_covers ar), and Wh'_Ch 'S _centered on one of the time reversal invariant, because of the crossed tepmin
two classma_l phgse space trajet_:torles of energy abﬁkm other words, the time-reversed partner of a state with a Bloch
[compare with Fig. @)]. Its guasienergy banFig. 5) is an vectork is a state with a Bloch vector k. It is only at the
arc of the parabola of the free motion, but can hardly be . - - ) - )
distinguished from a straight line of slops, , if k is re- special vaIuekN—.O.(anc! alsok—l/? sincek i defined
stricted to one Brillouin zone. We will naturally call these modulo 1 thatK is invariant under time-reversal symmetry.
states quasifree states. Therefore, it corresponds to the typical situation of tunneling

Some states have their Husimi functions localized in thébetweenZ, and Z_. Every state localized in an island
resonant stable islandim Z, but also inZ..). The number of ~around|p|=1 is quasidegenerate with another one. These
these states is semiclassically given by the volume of thesdoublets represent a symmetric and antisymmetric combina-
islands divided by Z7i. Far away from quasidegenera- tion of states localized in one island orflgf. Fig. 6f)]. The
cies, these states are at any time centered on the stable pegiergy splittingA €, of these states fdk=0 is precisely the
odic orbit: this can be explained within a semiclassical apsignature of tunneling: it isr# . divided by the typical time
proach, and can be observed in Figc)Sor a state localized an atom takes to oscillate from one island to its time-
in Zy, and in Figs. 6d) and Ge) for states inZ_ andZ, reversed image, i.e., to reverse the sign of its velocity.

D. Tunneling states
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., conductance fluctuations observed in mesoscopic systems
10 [42,43 since tunneling is nothing other than wave transport
y from one stability island to the other. In contrast, in the regu-
10 lar regime where chaotic seas are smaller thgn, the split-
Aen » tings are expected to vary smootH§|.
10 In Fig. 7, we show the splittings of the pair of states
localized at the center of the resonances islahds as a
107 function of zie. They display huge fluctuations over about
0 10 20 0 four orders of magni?ude while the general trend_ is a de-
[ crease a#i o — 0. Similarly, when plotted as a function ¢f

(see Fig. 8 they also display large fluctuations. The general
FIG. 7. Fluctuations of the energy splittindss,, between pairs  trend here is a fast increase of the typical splitting wijth
of symmetric or antisymmetric states localized in theresonance  this is associated with a shrinking of the regular island when
islands(here shown for the “ground state” inside the islan@he  y increases, which results in an increasingly large tunneling
classical dynamics is fixed at=0.18[compare with Fig. &)]. The  probability. The overlap of the regular statesill supported
existence of large fluctuations over several orders of magnitude is By the islands with the chaotic states increases. Therefore,
signature of chaos-assisted tunneling. On the averad;&gn\lmp— the coupling between the two components of the tunneling
pears to decrease more or less linearily withi except for the  doublets which involves the chaotic states increases as well.

plateau at 157 <30. In order to understand both the general trend and the origin
of the fluctuations, two points of view can be used: a quan-
V. CHAOS-ASSISTED TUNNELING tum point of view and a semiclassical one.

A. Large fluctuations . o .
B. Semiclassical interpretation

After having selected the two quasienergy bands corre-
sponding to the two states which are localized most deepl%
inside the island4.., we are able to plot the splitting as a N
function of .. The great advantage of studying fluctua-
tions when the effective Planck constant is varied is that i

does not affect the classical dynamics. The behavior of th ween the two islands. Actually, a rigorous quantitative treat-
splitting is very different whether chaos is present atlag 1 e oroblem s highly nontrivial, and is beyond the

scale or not. In the chaotic regintef. Figs. 7 and 8 that is . . L

when i varies in a range where chaotic seas can be re§ﬁgg§c°;et:'is‘s Fe)ipgl;ey}z ?(ri?c'::l(f?g;sl; thﬁt d%ee(';sarlits)?ct:set
solved, the splittings vary rapidly versus the change of an)gn thing to crosspthe chac?tic iea Tunnelig’ trajectories can
parameter, in our cask.;. Moreover, the variations of the ything : g tray

splittings, despite being perfectly deterministic, are apparggnvflfl’\clieg:;;&T;fgn:]r:ﬁfgoqgg Vn\glmefﬁcﬂg:gﬁ dpsosill'-he
ently erratic—without any regular structure—and cover sev-, . . cting the symn " .
tunneling amplitude associated with a single tunneling orbit

eral orders of magnitude. They show that direct coupling ta f .
the chaotic sea is the key mechanism for their understanding, essentially exp-Im(S)/#ieq], whereSis the complex ac-

and are a signature of chaos-assisted tunnd@y41. In fon of the tunneling orbit. In a typical one-dimensional sys-

fact these huge fluctuations are reminiscent of the universdf™ (like a double wel, there Is only one suc_h trajectory at
each energy, and the tunneling rate thus displays the well-

known exponential decrease. In a chaotic system, it may hap-
pen that there is a whole set of tunneling trajectories whose

If the chaotic sea is large, it is rather intuitive that it can
easier first to tunnel from the center of the regular island
to the chaotic sea, then propagate freely in the chaotic sea to
lIhe vicinity of the symmetric island, and finally tunnel to the
enter of the symmetric island than directly tunneling be-

10" ﬂmﬂ m{ imaginary parts of the action are essentially identical. In such
conditions, the actual tunneling amplitude is the sum of all

0 individual amplitudes(each taken with its proper phase
Ae which results in a very complicated quantity which ﬂ_uc_tuates

" when parameters are changed. In some sense, this is analo-
0" gous to the speckle pattern obtained when plenty of optical
rays with various geometries are randomly interfering. This
10 is the very origin of the(deterministig fluctuations of the

000 010 020 030 040 tunneling rates, and consequently of the energy splittings.

07 The general trendexponential decreasés related to the

typical imaginary part of the action of the tunneling trajec-
FIG. 8. Fluctuations of the energy splittingse,, between the  tgrjes.

pair of symmetric or antisymmetric states(}f1 is fixed at 19.309)

as a function ofy. Again, large fluctuations over several orders of
magnitude are a signature of chaos-assisted tunneling. The global
increase withy is due to the growth of the chaotic sea @sn- A complementary quantum point of view is possible. One
creases; see Fig. 2. can divide the eigenstates of the system into two subsets:

C. Quantum point of view
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“regular” states localized in the resonance islands, and 10
“chaotic” states localized in the chaotic sea. The two sets
are only weakly coupled by tunneling. Because there are two
symmetric islands, the regular states are essentially doubly
degenerate(neglecting direct tunneling. The chaotic sea
also has twofold symmetry, and states can be classified as 10
even or odd. The two series of odd and even states ignore

each other. Hence, when by accident, an even chaotic state is 107
almost degenerate with an even regular state, they repel each 10
other: at the same time, there is usually no odd chaotic state Ae

with the same energy. Thus the odd regular state is not sig-

nificantly repelled. Hence the splitting appears due to differ- FIG. 9. Statistical distribution of the energy splitting (nor-

ent shifts of the even and odd regular states. Close to anfpalized to the typical splittingbetween pairs of symmetric or an-
avoided crossing between either the odd or even regular statisymmetric states localized inside tt#. resonance islandsy(
and a corresponding chaotic state, a large splitting is Ob_:0.18,kl:.0), rgpresented_ on a double logarithmic scale. One can
tained. Conversely, far from any avoided crossing, the spIit—C'ea'rzIy distinguish two regimes: constant at sniad! followed by a
ting is small. Hence the fluctuations are associated with th/A€” decrease, and finally a rapid cutéffot shown in the figure
existence of a large number of successive avoided Crossing-gt'e solid line is the Cauchy distribution predicted by random ma-
The typical size of these fluctuations is related to the typicaf™ teo"-

size of the avoided crossings, while the typical paramete{ion: it is obtained as the overall effect of all chaotic states

e et Pl ino bove or bl n ey Noe tht,n e sbsence o
P gs. a truncation of the Cauchy distribution, the average splitting

gﬂlfgﬂmf’ tcrgz llc:aedateoafr?e rcer?;é%';sstgtee slsolfntﬂipse:riinsﬂyn’ils— not defined because the corresponding integral diverges.
metry) was yro osF,)ed in Ref44] and further used in Refy Hence it is better to discuss the typical splittisgather than
prop : ' the average splitting. It is the slow decrease of the Cauchy

[45]._In t.h's model_, the chaotic states are modeled by Ristribution for large splitting that is responsible for the huge
Hamiltonian belonging to the Gaussian orthogonal ensemblﬁuctuations in the splittings, which can be as larg s

of random matrices while the coupling between the regulatl.hiS is reminiscent of random processes such ag Kghts

state and the chaotic state is also taken as a random Gausswﬂere rare events are domingHe].

variable. With these assumptions, the splitting distribytion In Fig. 9, we show the statistical distribution of splittings
can be calcu_lated. Let us denote the mean level spacing bﬁiat we obtain numerically in the chaotic regirm@rmalized
tween chaotic states b, and the typical strengt_h of the to the typical splitting in order to work witts=1). The
COUpI'.ng bEtW.een the regular states and the chaotic sea by distribution is shown on a double logarithmic scale, and
iny if o<Aisa regula_\r State weakly coupled to the Con'compared with the Cauchy distribution. One can clearly see
tmuum(lf_ this mequahty is \{lolated, the regular state is com- two regimes: for smallA¢|, P(|A€]) is almost constant and
pl_etely diluted in the chaotlc_sea by_ the strengt_h of the COU4ecreases with a slope -2,for largke|. The agreement with
p!lng_). We thus assume the mgquahty o be valid. Then, the[he Cauchy distribution is very good, which proves that the
distribution of splittingsA e is given by

model catches the essential part of the physics in this system.
The typical splittings is proportional to the square of the
for |Ae|<o, tunnelling matrix element from the initial state to the chaotic
sea. Hence it is expected to decrease roughly as
exg —2Im(S)/fq], whereS is the complex action of tun-
P(Ae)=0, for [Ae[>a, (1) neling orbits(the mean level spacing scales as a power of
fet, @nd is thus a correction to the main exponential de-

0

10

P(Ag)

-1

-3 0

10 10

1 S
P T Fiae

where crease This is roughly what is observed in Fig. 7. Note,
2ma? however, that there is a plateau in the ranges 25, <30. A
= . (12)  similar observation was made in RgA7], Fig. 3. Although
A this is not a crucial problentthe statistics of the splitting

. L . . . distribution is not affected a detailed explanation of this
The interpretation is rather simple. The maximum splitting iSpahavior is still lacking(however, see Ref47]). Finally, it

observed ixactly at the avoided crossing where the levels atg,, 4 pe interesting to calculate explicitly some of the com-
shifted by ¢/2 on both sides of their unpertubed positions. pjex tunneling orbits in our specific system in order to com-

Hence the splitting cannot be larger than aboutin fact,  are the imaginary part of their actions with the slope in Fig.
there is an exponentially decreasing tail in the distribution7 this work is currently in progress.

P(Ae€) (associated with the Gaussian fluctuations of

which we do not detail here because it is not relevant in our

present cases is the typical splitting one expects to observe:

it corresponds to a shift typically due to the closest chaotic As can be seen in Fig. 5, the splittings we want to mea-
state. The full distribution is &runcated Cauchy distribu-  sure correspond to very tiny scales among the other struc-

VI. EXPERIMENTAL SIGNAL
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tures in the band spectrum. Fbgz=0.1 e.g., the tunneling
times are abouk ¢/A e~ 10° times the typical periodT on

the order of a fewus). The observation of atoms having
reversed their velocity is therefore still possible since, for 1
ms, spontaneous emission has not begun to spoil our dy-
nar_nical m_odel. Neverthel_ess, measuring_ tiny splittin_gs g

which are hidden so deeply in the spectrum is far from being € e —"——
straightforward. Several steps are needed: preparation of the ~001 =7 s
initial state, the experiment itselfvhere chaos-assisted tun-

neling takes pladeand an analysis of the final state. During ~ ~0.03 |
the first step, one must prepare a state localized inside one .
resonance |sland,_|.e., I_ocallzed both in position and momen- '0-050_00 002 004 006 008 010

tum spaces. The idea is to use an adiabatic transfer from an v

initial state extended in position space by slowly branching

the effective potential. Although the second step looks trivial FIG. 10. Comparison between the quasienergies of Hamiltonian
(one just has to wait the dispersion in the vector angke 3 (lines) and the energiescircles obtained from the pendulum
makes things much more difficult as only the: 0 states are approximation in the stable island, (%=0.0976, k=0). The
related by time-reversal symmetfgee Sec. IV ), and thus  avoided crossings that appearjat 0.07 illustrate the influence of
tunnel relatively fast. However, it is possible to overcomeclassical narrow chaotic seas on the quantum properties. The Hu-
this difficulty, as explained below. Finally, the detection simi distribution of the second excited state localizedZinfor y
should be rather easy, using velocity dependent Raman trar=0-03 is shown.

sitions. We now explain in detail how the various steps can

be worked out. —1ycosq (in scaled coordinatesn addition to some rap-
idly time varying terms. Consequently, they will adiabati-
A. Adiabatic preparation of the atoms in one lateral cally localize in the potential minima, that is at the center of
sable idand the resonance island. Increasiggsuccessively localizes an
) ) ) _— increasing number of states 1 . The switching time must
The first step consists of preparing an initial cloud of coldyg g fficiently long as compared to the beating pefindhis
rubidium atoms in order to have it located in one of the ge the discarded terms are still rapidly oscillatibgt also

stable island, e.g.7,, only. Using a standard magneto- 4 the inverse of the minimum energy gépf the order of
optical trap, one can obtain a more or less thermal distribuy -1

fi f at ith loci the order of a few i th hei If Ak is sufficiently narrow. In order to trap all the
ion of-atoms with a velocity on the order of a few times einitially populated statesy has to be sufficiently large. For a
recoil velocity v.=hKk /M=6 mm/s. However—as

shown below—this is probably too much for a good mea given Bloch angle, we want to localize thefirst states. The

- . . " . “quantum energies of a pendulum are given by the eigenval-
surement of the tunneling splitting. Additional techniques : - ;
(side-band coolind48] Rgmgn co%ling[49 50) make ?t ues of the Mathieu equatidiRef. [51], Ch:_;\p. 2-0 (s_ee Figs.
possible to obtain a subrecoil velocity distribution, i.e., at—:LO and 1. For a pendulum whose Hamiltonian is

oms with an average momentypg and a thermal dispersion
Apy=MAv=Mav . With a significantly smaller than 1.

We chose the initial momentum to Bdsw/2k, , so that, on 0.05 1
average, the atoms exactly follow one of the sliding standing ’7//
wave created by a paiv.. of laser beams. 0.03 1 —

The next step is to slowlyi.e., adiabatically switch on m ’i
the standing waves. During this phase, the spatial periodicity 001 —F—— ——
is preserved, and the Bloch vectkris thus a conserved € =
quantity. Initially, the momenturp, is nothing but the Bloch -00] Fog

vector (modulo a integer multiple of the recoil momentum
Thus, by preparing a subrecoil initial state, one populates  -0.03
only a small range ok values and, for eack value popu-

o
lated, a single statetmomentum eigenstateln other words, -0.05 . . . —
the initial momentum distribution becomes a statistical mix- 000 002 004 006 008 010
ture of Bloch states wittAk=«/2 in a single energy band. v

More generally, if the initial momentum distributionis nota £y 11, comparison between the quasienergies of Hamiltonian
subrecoil one, but has a width equal dorecoil momenta 3 (jineg and the energiescircles obtained from the pendulum
(with «>1), abouta bands will be populated. ) approximation in the stable islands. (4=0.0976,k=0). The
Switching on the standing waves increases the optical potree upper Husimi plots show how a quasifree state doublet be-
tential Vo and thereforey from zero and enlarges the reso- comes progressively localized in a stable island wheincreases.
nance islands. In the frame moving with velocipy/M The lower Husimi plot corresponds to the “ground” state of the
=d6wl2k_, the atoms “feel” a pendulumlike potential pendulum approximation in the stable islarifls for y=0.03.
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2 to prepare only this value dfin a real experiment, it seems
Hpend=7 — 5 €0sq, (13 at first sight that only a small fraction of atontelose to

k=0) may effectively tunnel, hence considerably reducing

the phase space volume enclosed by the separatrix f§€ signal to noise ratio. A solution is to force all atoms to go

16yy/2. Semiclassically, this corresponds to \h82/ through thek~0 region. The simplz_est idea is to impose a
(27h) states. This number will be of the order @fwhen ~ SIOW increase of thé value, by adding a constant external
v reaches the value force F from outside. Then the full Hamiltonian that governs

the dynamics is
(a"”'ﬁeff)z

Yada™ 135 14 H'(p.d.7) = H(p.d.7) ~QF. (16)

Figures 10 and 11 show the exact energy levels of thél'he potentiaV induces a dynamical drift in the Bloch angle:

system together with the ones using the pendulum approxi- d 1
mation and the Mathieu equation, as well as plots of selected —k(7)=-—F. (17
Husimi representations for few eigenstates. This allows us to dr h
check the following.
(i) The pendulum approximation works well in the regime It is shown in Appendix C that this relation, which is well

of interest, up to abouy=0.1. known in the time independent ca&eee, for instance, Ref.
(i) The semiclassical estimate of the number of trapped52], Chap.6, remains valid wherH is periodic in time.
states is sufficiently accurate for our purpose. A convenient way of realizing experimentally such a con-

(iii) The Husimi representations of the trapped states arétant force is to chirp the laser frequencies, that is make all
well-localized: especially, the states in Fig. 11 have twothe frequencies drift linearly in time. In an accelerated frame,

well-separated components in tiie andZ_ islands, mean- the laser frequencies appear as constants, and we are back to
ing that we are in a real case of tunneling. our model. However, in this noninertial frame, the constant

(iv) During the initial increase of, the “ground” state is acceleration is translated in a constant force; hence the sys-
well isolated(in energy from the other ones, which means tem is governed by Eq16). This method has been used with
that an adiabatic preparation is possible. cold atoms(see Ref[24]). _ S _

Nevertheless, for this adiabatic preparation to be valid, we The global result is a slow drift of thie distribution. This
must make sure that has not reached a range where chaostauses the variouls classes to come successively closer to
has non-negligible effects on quantum properties. Physicallyk=0, and thus become able to tunnel. Whether the atom will
we want chaotic layers ag= y,qianto have a small volume effectively tunnel or not depends on the time scale on which
compared to the Planck constant. From Fig. 10, we can obk changes. Ik varies rapidly, the avoided crossingkat 0 is
tain the upper bound limit ofy by estimating when the crossed diabatically, i.e., the velocity distribution will not be
(small) avoided crossings become too large to be passed didnodified. Ifk varies slowly, it is crossed adiabaticaliapid
batically. For 1/56<#¢<1/5, we observe that chaos has no adiabatic passageThe Landau-Zener formulgs3] yields a
influence fory< ygnaoe=0.04. typical time scale for the crossover between diabatic and

The adiabatic preparation of all the atoms in one stablt,ﬁd'a.ba“C crossing. )
island will be achieved ifyaqiar< Yenaos that is, if the atoms Figures 12 and 13 illustrate, fdres=0.2037, the drift of

are cold enough to have atoms initially localized irZ, (one energy bandvhose dis-
tribution in k covers 1/10 of the Brillouin zone frork=
8V2¥chaos 0.7 —1/10 tok=0 (a subrecoil initial velocity distribution with a
a< Ther | e (15 width on the order ob J5). We allow the atoms to evolve

under the force= in order to obtain a global translation of

In every situation considered in the following, we will have 1/10 ink. After moving across the splitting &=0, if the

to check that this condition is fulfiled. Next we have to force F is weak to follow the energy level adiabatically, the
reach the desired value fgr (=0.18) in the chaotic regime aVerage momentum of the atoms has reversed its sign, as can
while preserving the state in the island. This will be achieved®® S€en in Fig. 13. Measuring the critical valueFofor this

if v is increased sufficiently fast so that all encountered-a@ndau-Zener-like transition furnishes a means to measure

avoided crossings with chaotic states are passed diabaticall§'® SPIitting. Another possibility would be to modulate the

Hence the whole preparation of the initial atomic state pro£Xternal forceand thus the valueg periodically in time in

ceeds by two steps: a first adiabatic increase at the very ~ Order to induce a resonant transfer betwéenandZ.. .
beginning to significantly populate regular states in one is- !N any case, the method may work only if no other

land, followed by a diabatic increase oo preserve them in avoided crossing come into_ play. Numerical _investigations
the chaotic regime. show that there are mainly tiny avoided crossings along the

energy curve of interest. However, as a general rule, there
are usually a few avoided crossings with similar or larger
sizes than the avoided crossing of interest. If such an avoided
As discussed in Sec. IV D, the tunneling splitting is smallcrossing is also passed adiabatically, it will of course spoil
only for a Bloch vectolk=0. As it is not presently possible the momentum distribution. Hence it is crucial for the initial

B. How to force tunneling?
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FIG. 12. In order to measure the tunneling splittindat0 (see
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neled fromZ, to Z_ will end with a momentum close to
—Ppo- A standard time of flight technique should be enough
to detect them. A more sophisticated technique, based for
example, on velocity sensitive Raman transitidbd,48,
could also be used with a subrecoil resolution if nee/d@.

VII. CONCLUSION

In this paper we have proposed a simple and accessible
experimental configuration in which the observation of
chaos-assisted tunneling should be feasible. It consists of at-
oms propagating in the light field of two far-detuned mono-
chromatic standing waves with slightly different frequencies.
However, observing the tunneling effect requires subrecoil
cooling techniques to conveniently prepare the atomic
sample together with a well-controlled experimental proce-
dure (adiabatic preparation of the atomic state in one stable

Figs. 5 and § the atoms are prepared into states localized inside thgsjand followed by a drift of the Bloch vectprAs the tun-

Z, resonance island. The average momentum distributiop
graph is peaked at a value slightly larger thanl in agreement

neling period fluctuates over several decades when the po-
tential strength varietsee Fig. 8 observing that these fluc-

with Fig. 2. The initial states occupy one-tenth of the first Brillouin { -+ions requires a stabilization of the laser intensity at the

zone, and are represented by the circles in the lower grapl. (
=0.2037, y=0.18.) After an adiabatic sliding oAk=0.1, the

level of a few percent.

states are populated, and the average momentum distribution is

shown in Fig. 13.

ACKNOWLEDGMENTS
Ch.M., R.K., and A.M. would like to thank the Labora-

k distribution to be sufficiently narrow to avoid this problem. gjre Kastler Brossel for kind hospitality. CPU time on com-
Hence a subrecoil velocity distribution seems necessary. puters was provided by IDRIS. Laboratoire Kastler Brossel

C. Detection

de I'UniversitePierre et Marie Curie et de 'Ecole Normale
Supeieure is UMR 8552 du CNRS.

After the atoms have interacted with the modulated

waves, one can switch off the lasers either abruptly or adia-
batically (in which case the atoms adiabatically leave the
resonance islandIn both cases, the atoms which have tun-
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FIG. 13. The final states obtained after drift of the Bloch vector
by Ak=1/10(the initial state in Fig. 12 If the force governing the
motion [Eq. (17)] is chosen such that the sliding is adiabatic
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APPENDIX A: DERIVATION OF THE EFFECTIVE
HAMILTONIAN

To derive the effective HamiltonialEq. 2|, we basically
proceed in three stefd§5]. First we assume that any dissi-
pation process can be safely ignored. Indeed for tunneling to
be observable, the phase coherence of the atomic wave func-
tion must be preserved during all the process. In our case,
this means that spontaneous emission must be negligible. It
can be show56] that increasing the laser detuning consid-
erably decreases the loss of phase coherence. Hence the evo-
lution will be essentially Hamiltonian, provided that each
laser beam is sufficiently far-detuned from the atomic reso-
nance:

|51|:|w1*watl>r- (A1)

When this holds, the total Hamiltonian operator for this
two-level system is the sum of three terms: the kinetic en-
ergy operator describing the center-of-mass motion of atoms
of massM, the energy operator for the internal degrees of
freedom, and the coupling between internal and external de-
grees of freedom. In the dipolar approximation, the interac-

through the avoided crossing lat-0, the momentum of the tunnel- 0N is justdE(x,t), and it does not depend gnandz. The
ing atoms just reverses its sign. If the initial states cover a smalflynamics alongy and z is just trivially described by free

enough, well-centered, interval of the Brilloin zone, only kw0

motion, and can be easily eliminated, since the total quantum

avoided crossing is important. Other avoided crossings can be seéiiate factorizes as a plane waveyimndz One is then left
atk=*0.09 ande=0.43. Those are responsible for the momentumwith the dynamics along which is described by the Hamil-
dispersion of the atoms, and should be avoided as much as possibtenian
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p2 <iyyq. Itis then easy to see that the ground-state amplitude
Hat:m(\eXeH|g)<g|)+hwa,Je)(e| 5 Obeys an effective Schdinger equation, with a Hamil-
tonian
—dE(t(le)(gl+]g)(el), (A2) ) ,
o P A1Q(x,1)] AS
wherep, is the atomic momentum along |g) and|e) are “om " 45, (A8)
the ground and excited states, adds the atomic dipole
strength connecting them. Eventually, up to an irrelevant purely time-dependent term,
Second, we expand the total atomic state as we obtain
|V =y (X,1)| @)+ the(X, D) eXP( —iw D)]€),  (A3) 2
)=V )+ e Loler H= DX v, cog2k X)[0+cosdwt)],  (A9)

. ! . 2M
and we neglect high frequendypptical antiresonant terms

and suppose that the amplitudes change slowly during an det def

optical period. This is known as the rotating wave approxi-yhere Vo=—-40,Q /85, and 0=(Q,/2Q_)+(Q_/
mation[57], and features the averaging procedure to eIimi-ZQ+).

nate fast variables in classical perturbation the@@]. This

yields the coupled amplitude equations APPENDIX B: FLOQUET-BLOCH FORMALISM

5o g LZ(;Z AU (Ada) In this appendix, we briefly recall the Floquet-Bloch for-
We= 2M ol 2 Ve malism which is used for a quantum problem whose Hamil-
tonianH is periodic in both space and time. We will denote
) h2 5 HQ*(x,1) T andQ the temporal and spatial periods, respectively.
ihde=— oyp Sodbe™ hoLYe™ ——¥q. Let us first consider the time periodicity. We define
(Agp)  [3436,58
In these equations, = w| — w4 is the mean laser detuning, ~ o~ "_Ef . d a o~
the star denotes complex conjugation, @gk,t) reads K(p.q,m)=—if .t H(p.d,7), (B1)
QX =[Q exp(—i 60 t/2)+ 0 explidw t/2)] where p and q stand for canonical Hermitian operators
x cog ki X), (A5)  whose commutator igp,q]= —if.

If U(7',7) denotes the unitary evolution operator fram
whereQ) . =d E. /# are the Rabi frequencies of each stand-to 7’ associated with HamiltoniaH, the periodicity of the

ing wave. dynamics implies thad(7+T,T)=U(7,0) and
As a final step, we now assume that atoms initially pre-
pared in their ground state mostly evolve in their ground U(7+T,7)=U(r+T,THU(T,0U(0,7)
state. This means that the whole atomic dynamics is solely =[U(0,)] *U(T,00U(0,7). (B2)

determined by the ground-state amplitugg. For this to
hold, an adiabatic elimination of the excited-state amplituderyis shows that)(7+T,7) and U(T,0) differ by a unitary
[56] must be justified. If the spatial partial derivatives were yansformation. and hence have the same specthurn of

absent, Eqs(A4) _Would just describe the Rabi oscillatio_n course different eigenvectorsndependent of-. The eigen-
phenomenon. It is then known that far off resonance, i.e.,5/ es ofU(7+T,7) have a unit modulus, and can be writ-

when the frequency separation of the states is much larg Ln ase~ 7" wheree. is the so-called quasi-energy defined
- . IO n

than any other frequencies, the Rabi oscillation is very SmaTi‘nodulo 2mhIT. If |(7)) denotes the corresponding eigen-

in amplitude. A sufficient condition is vector, we can define the Floquet state

16,50 0. (A6) e

— ei entlh , B3
If, in addition, we assume that the excited-state kinetic () [#n(7) ®3)
energy is very smaliwhich will be easily achieved with cold \hich is by construction periodic with pericH
atoms, Inserting the definition of the Floquet state in the time-
) dependent Schdinger equation, we immediately obtain
Px
2M

‘ 5L| >< we ¢e> ’ (A7)

K(P.0,7) xn(7)) = €nl xn( 7)), (B4)
then an adiabatic elimination of the excited-state amplitudevhich means that the quasienergy spectrum is obtained by

amounts to neglecting the spatial and temporal derivatives afiagonalizing the Floquet Hamiltonian in the space of time-
e In Eq. A4b which is then solved ag.=—(Q*/26 )¢,  periodic functions.
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The second step consists of making use of the invariance 1(T R 1 de
of H under spatial translations with perig@. The unitary fjo (ex(DIPlPer(7))dT= = 7 (B9)
def N

translation operatof o=e~'P?" commutes withK. We can

then use the spatial counterpart of the Floquet theorem, APPENDIX C: BLOCH ANGLE DYNAMICS
namely, the Bloch theorefi83], and label the eigenstates of ) ) . S .

K with the Bloch numbek e[ — /Q,m/Q[ (the first Bril- In this appendix we derive Eq17), which is valid for an

arbitrary strength of the constant foréeprovided that the
potentialV= —Fq remains strictly linear ir. Let us choose
a state| (7)) evolving undeH’ =H+V, such that it coin-

louin zong, which means diagonalizing in each subspace
with fixed k. If one defines the Floquet-Bloch states as

U 7.)>=efikti|)(n k(,,)):eien(k)r/ﬁefik&‘ Unk(D), cides with a Floquet-Bloch state at=0:

i d|¢(T))_H, o c1
where{, (7))} forms a complete orthogonal eigenbasis, it Met—q,  — (p,a, )| (7)) (Cy
is easy to show that they can be obtained by diagonalizing
the Floquet-Bloch Hamiltonian, and

K(p.,q.7.k)=K(p+#k,q,7), (B6) |(7=0))=|thn. 7=0)). (€2

on the subspace of time and space periodic functions. In oy, the interaction picture, we immediately have
specific case, the Floquet-Bloch Hamiltonian reads

|
W) eytr06Ur0l0 (), (€3

(p+7ik)?
2

A d i
—¥(6+cosT)cosq—if . o dr

(B7)

K(p.a,7.k)=

def
PR
The spatial periodicity of the Floquet-Bloch states leads rgvhere [¢())=U'(7,0)[4()), and whereU denotes the

a discrete set of dispersion relatioagk). For fixedn, the evolution operator undet. Let| (7)) be the ket defined by
set of all quasienergies, (k) for k in the first Brillouin zone
[—7/Q,w/Q[ is called thenth band of the system.

Let us now obtain the velocity theorefiqg. 10. Using
the above relations, we have

def .
| (7)) =e~Famhet]y ! (7)). (eZ)
It is straightforward to obtain its evolution,

(er(DIPler( 1)) = (Ui (D] (P+HK) U, (7)) A6
K iheg——=G , c5
= (U k(D) (hLIKIIK) U k(7). et =g (N|p(7) (C5)

The derivation with respect tok of the relation where

(Ul (D|K[ug (7)) = €(k) leads to N

R loe . d d ) G(T):F(a—e‘iTFa/’leﬁUT(T,o)aU(T,o)eirF&/heﬁ)_
<¢e,k(7)|p|l/je,k(7)>:%ﬁ—‘rlhg <us,k(7)|ﬁ|ue,k(7)>) (CG)
19 % SinceU'(7,0) commutes with the translation operafqg, it
| 7 k(U DDKUcK(n) can be checked thaG(7),To]=0. The evolution of ¢(7))

. underG will therefore preserve its initial quantum number

19 =
_Hgmue,k(ﬂpmu&k(r» Tolg(n)=e QY p(7)), €

B8

(B8) for all 7. Thus, making use of Eq$C3) and (C4), we have
The two last terms on the the right hand side are opposite, . _
since the normalization of the's leads tod(u, ,|u, )/ dk Toly(n))y=e 7 kFFrhenQly( 1)), (Ccy

=0. Moreover, after time averaging Eq. B8 ovirthe total

7 derivative vanishes since thés are preciselyT periodic ~ which shows thafy(7)) is actually a Bloch wave with a
while the time-independerk derivative of the quasienergy Bloch angle given byk(7)=k(0)+F/fieg, even if it
remains unchanged. Eventually, spreads among the quasienergy baig%38.
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Chap. I: L'effet tunnel chaotique

i/} Le chaos donne un coup de main a l'effet tunnel

Cet article écrit avec Denis ULLMO du Laboratoire de Physique Théorique et de Mo-
deles Statistiques (LPTMS) d’Orsay est plus un article sur la recherche que de recherche
proprement dit. Néanmoins, les raisons pour lesquelles jai trouvé important de linclure
dans ce mémoire sont si indissociablement liées & ma conception du métier denseignant-
chercheur que cela m’a paru indispensable.

Sur le fond d’abord : ce texte est a rapprocher de deux articles, (HELLER, 2001, juillet)
et (Goss LEVI, 2001, aolit), qui présentent tous les trois un compte-rendu du contexte et
des résultats des expériences américaines sur leffet tunnel chaotique et dont jai déja dit
un mot dans la présentation de l'article précédent. Je n’y reviens donc pas. Le grand tirage
des journaux en question et le fait que notre article soit un texte de commande (rémunéré)
montre que le sujet de leffet tunnel chaotique peut sortir d'un cercle d’initiés et toucher
un large public de physiciens non-spécialistes pourvu que lon veuille bien se donner la
peine d’abandonner, provisoirement, le langage des spécialistes. Il faut reconnaitre aussi que
ce coup de projecteur et évidemment en partie motivé par le prestige de I'un des chefs
d¢quipe, lexcellent William PHILLIPS, prix NOBEL de physique en 1997.

L'important ici concerne aussi la forme: sans m’appesantir trop longuement sur les
questions de la vulgarisation scientifique en particulier et sur les rapports délicats entre
chercheurs, journalistes, politiques et grand public en général — questions certes passion-
nantes et incontournables mais qui nous entraineraient trop loin ici —, il me semble utile
de participer a&tivement, & chaque fois que loccasion se présente, (¢f aussi § 7b) p. 10) a
la diffusion et surtout a la transmission () des connaissances.

Si je me permets d’adopter un ton moralisateur sans doute un peu déplacé, cest que les
enjeux sont tout de méme de taille. Je n'en retiendrais que trois évidemment imbriqués:

(i) Un laboratoire ne peut pas étre une tour d’ivoire; que son financement soit pu-
blic ou privé, il est normal de consacrer du temps a expliquer et rendre des comptes aux
bailleurs de fonds, le plus souvent non-spécialistes, ne serait-ce que pour éviter de voir se
tarir les sources, en mécontentant les contribuables ou en lassant les mécénes.

(ii) A une époque ott le nombre détudiants en sciences fondamentales se raréfie et ou
les formations se spécialisent de plus en plus tot, il faut étre capable de séduire les jeunes
éleves direGtement ou par le truchement de leurs parents et professeurs, et ce, non pas
en les attirant par un miroir aux alouettes en mais surtout en encourageant leur curiosité
naturelle au lieu de parfois [¢touffer (%).

(iii) Il y a aussi des risques a abandonner le terrain de la diffusion a des a&eurs indi-
re&s de la recherche ou, plus grave encore, 4 une minorité dexperts un peu trop aisément

(%) « Valorisation » ou « Communication » comme nous le rappellent les consignes des grands orga-
nismes avec une insistance qui fluctue au gré des modes.

(¥7) 1l n'est pas besoin d’appartenir & l'université FRANGO1S RABELAIS pour s'inspirer des méthodes de
PONOCRATES.
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I.4 Le chaos donne un coup de main a 'effet tunnel

séduits par les sirenes d’'une notoriété facile ou guidés par le sentiment fallacieux de supé-
riorité que confére un peu dérudition. Sans insister sur certains cas pathologiques extrémes
qui relevent plus de lescroquerie intellectuelle et de l'esbroufe que de la volonté véritable
de transmettre un savoir et une passion, jévoque ici le paradoxe, non pas du comédien,
mais du savant qui cherche a partager un peu de son enthousiasme et de sa curiosité. Quoi
qu’il fasse, il lui faut troquer la rigueur de son langage formalisé¢ mais vernaculaire pour une
langue moins précise donc moins correcte selon ses propres critéres de valeur. Tout l'art de
la vulgarisation consiste & savoir modérer ce hiatus et a résoudre une équation impossible
dont lorigine remonte au moins aux querelles opposant SOCRATE aux sophistes : expliquer
et séduire le plus grand nombre tout en escamotant le moins possible. On trouve parfois
des déséquilibres abusifs, dans un sens ou dans l'autre; par exemple le choix malheureux
de «téléportation » en information quantique qui, tout en focalisant & coup str plus de
crédits, trompe inévitablement le public en connaissance de cause (comment ne pas songer
a ce quévoque véritablement ce mot aux personnes peu aguerries aux subtilités des raison-
nements de type EPR?). Les « prodiges et vertiges de l'analogie », dénoncés ailleurs par
Jacques BOUVERESSE, nensorcellent pas uniquement les «littéraires ».

Pour en revenir aux écueils qui se sont présentés lors de cette de cette commande, pour
tenter de présenter les expériences américaines, 'image d’un surfeur nous a paru bien venue

et pour expliquer leffet tunnel, la référence 3 HOUDINI plus appropriée que Iévocation
d’'un tunnel (*#).

(?®) Malheureusement la note rappelant qui était HOUDINI, the escape artist, fit supprimée par Iéditeur.
Signalons que des physiciens, BALIBAR & LEVY-LEBLOND (1984, Chap. 6, § 5.B), soucieux de la « mise
en culture » de la science ont proposé de parler deffet « saute-mouton » 4 propos de leffet tunnel car
les propagateurs en temps ont des composantes de FOURIER dénergies supéricures 4 la barriere. Des ar-
guments subtils sur les batailles dexponentielles (MAITRA & HELLER, 1997) montrent que ce n'est pas la
bonne interprétation.
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Chap. I: L’effet tunnel chaotique

Chaos gives quantum tunnelling a hand

From Amaury Mouchet in the Laboratoire de
Mathématiques et de Physique Théorique,
Université Francois Rabelais and Denis Ulimo
in the Laboratoire de Physique Théorique et
Modéles Statistiques, Orsay, France

Everyday macroscopic objects follow the
laws of classical mechanics. For microscopic
objects, such as atoms or nuclei, the wave
character of their dynamics has to be taken
into account within the framework of quan-
tum mechanics. While wave-like behaviour
can show up in various ways, one of the most
striking is the tunnelling effect: some events
that are classically forbidden for energetic
reasons happen because the quantum par-
ticles can tunnel under a potential barrier.
Similarly, events that are prohibited due to
some other dynamical constraints can occur
via a process known as dynamical tunnelling.
Indeed, tunnelling plays a major role in a
variety of physical phenomena, ranging
from at-particle radioactivity to the current—
voltage characteristics of transistors.

Being genuinely quantal in origin, one
might think that the tunnelling of an atom is
unrelated to the motion of a classical parti-
cle subject to the same forces. In particular,
the classical phenomenon of chaos seems
irrelevant, at first sight, in understanding
tunnelling because it deals with the extreme
sensitivity of classical trajectories to initial
conditions. However, theoretical analyses

24

momentum

From the front. The evolution of the momentum distribution of a Bose-Einstein condensate as it oscillates
within the wells of an optical lattice. The diffraction peaks at each stage are due to the interference
between atoms in different wells. The atoms on the left have negative momentum, while those on the right
have positive momentum. Classically we would expect most of the atoms to remain in a state with negative
momentum (i.e. remain on the left). At some later time, however, most of the atoms have positive
momentum (i.e. they have moved to the right), which is due to the occurrence of dynamical tunnelling.

and numerical studies of systems with a few
degrees of freedom have shown that this is
actually not the case, and that the nature of
the underlying classical dynamics can alter
drastically the way tunnelling takes place.

In the early 1990s Oriol Bohigas and one
of the current authors (DU) at Orsay, toget-
her with Steven Tomsovic at Washington

physicsweb.org

State University, demonstrated that the
presence of chaotic trajectories in classical
systems can increase the rate of quantum
tunnelling by several orders of magnitude,
and make the trajectories highly fluctuating
functions of external parameters. Such ef-
fects were first studied experimentally in
microwave and optical resonators that can
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I.4 Le chaos donne un coup de main a 'effet tunnel

PHYSICS IN ACTION

be described by wave equations similar to
the Schrodinger equation, rather than with
quantum-mechanical objects.

Now two independent teams at the Uni-
versity of Texas, and at the University of
Queensland in Australia together with the
National Institute of Standards and Tech-
nology in Gaithersburg, US, have studied
the tunnelling of atoms in the presence of
chaos. The work was made possible by the
sophisticated tools that have been recently
developed to study cold atoms and Bose—
Einstein condensates (D Steck et al. 2001
Science 293 274; W Hensinger et al. 2001
Nature 412 52).

At the energy scale of visible light, an iso-
lated motionless atom can be thought of
as an object with a rather simple internal
structure that obeys the laws of quantum
physics. Of course, this is an oversimplified
description because under ordinary physi-
cal conditions atoms are neither isolated nor
motionless. At room temperature, the speed
of atoms is so high (about 100 ms ' in a gas)
that they usually interact many times with
their environment.

To recover the richness of quantum dy-
namics, one must “domesticate” the atoms
by cooling them down. At microkelvin tem-
peratures, the atoms can be trapped and
manipulated with lasers and electrostatic or
magnetostatic fields. These atomic waves
offer an alternative to light waves and be-
come an extremely accurate and sensitive
tool for applications in metrology, inter-
ferometry and lithography. Meanwhile, re-
cent work on Bose-Einstein condensates
has demonstrated the feasibility of a laser-
like atomic beam (see Physics World August
1999 pp31-35).

Moreover, model systems can also be built
from atoms and tuned to study phenomena
in many other fields of physics. For example,
neutral atoms exposed to monochromatic
light feel a dipolar force that is proportional
to the variations in the intensity of the light.
Such systems have made it possible to mimic
electronic waves in a crystalline potential,
and thus provide a fuller understanding
of electric conductivity at the quantum
level. In this spirit, the Texas and NIST—
Queensland teams placed atoms within two
standing waves with slightly different fre-
quencies. In this way they produced a time-
dependent one-dimensional potential — the
minimum condition for chaos to appear.
Such a configuration for cold atoms was
proposed in the mid-1990s and studied the-
oretically in great detail by Dominique
Delande, one of the present authors (AM)
and collaborators in Paris.

Imagine a surfer in the sea where the
winds produce a superposition of counter-
propagating waves of speed vand —v. In such
circumstances, the surfer will usually feel the
random effect of the waves, being shaken
rather than pushed in any definite direction.
On the other hand, if the surfer has an initial

PHYSICS WORLD SEPTEMBER 2001

velocity close to v (or —v) just before a wave
moving to the right (or left) reaches her, then
she will be able to ride the wave.

The forces on the atoms in the above ex-
periments produce a very similar situation.
In general, the atoms essentially undergo
chaotic motion, but if their initial speed and
position are chosen carefully then the atoms
will be pushed either to the right or to the left
by the electromagnetic wave created by the
lasers, while the classical laws of motion for-
bid any U-turn.

In principle, cold atoms can be prepared
with sufficiently small uncertainty in their
initial velocity, but this is rather difficult to
achieve. Bill Phillips and co-workers at NIST
and Queensland succeeded by first produ-
cing a Bose—Einstein condensate in which all
the atoms are in the same quantum ground
state. The condensate was released while
the standing-wave potential was turned on
in such a way that an atomic wavepacket
with zero momentum was obtained. The re-
searchers then shifted the position of the
standing wave to give the atoms the proper
initial momentum. The approach used by
Mark Raizen and co-workers at Texas was
similar, except that they used a cloud of cold
atoms without actually forming a Bose—
Einstein condensate. In both cases, the tech-
nology required to produce ultracold atoms
was a prerequisite. Furthermore it was ne-
cessary to manipulate the resulting cold
atoms in a very precise way.

It then became possible to follow the quan-
tum-mechanical evolution of the wavepacket
(see figure). Atfirst the atoms followed a clas-
sical-like evolution, appearing to be trapped
by a wave moving to the right, for example.
But after some time, some atoms seemed to
surf a wave moving in the opposite direction,
although they were never observed to stop
or change direction. After more time had
elapsed, a coherent oscillation was found
between the left and right motion. This clas-
sically forbidden back and forth “Houdini-
zation” between two regular motions with
different velocities was measured in both ex-
periments and corresponds to the first ob-
servation of dynamical tunnelling for atoms
with “non-integrable” dynamics.

In addition, Raizen and co-workers iden-
tified a significant increase in the tunnelling
rate due to the presence of a third, presum-
ably chaotic, delocalized state. This beha-
viour is typical of chaos-assisted tunnelling.
Such experiments clearly offer the possibil-
ity of studying in depth the effect of chaos
on quantum-mechanical tunnelling.

Some of the most exotic and fascinating
concepts developed in the context of quan-
tum chaos are now within range of experi-
mental study, thanks to the remarkable
progress that has been made in the produc-
tion and manipulation of cold atoms. This
should lead to better understanding and
perhaps also to new applications in the con-
text of quantum information.

physicsweb.org
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i.S Signatures de l'effet tunnel chaotique

Dans cet article, avec Dominique DELANDE nous revenons aux expériences améri-
caines sur leffet tunnel chaotique. J’ai présenté au § 1.3 les raisons pour lesquelles, leurs
méthodes employées et leurs résultats sont remarquables. Le travail que nous avions fourni
pour (MOUCHET ez al. (2001)) nous a permis immédiatement de confirmer numérique-
ment les observations quantitatives des deux équipes (¢f figures 3 p. 55 et 5 p. 56). En
revanche, en ce qui concerne les premieres interprétations, si Iéquipe de PHILLIPS et tou-
jours restée treés prudente, les conclusions de I'équipe de RAIZEN nous ont semblé d'emblée
un peu trop optimistes, en particulier dans le choix du titre de leur article (comparer les
titres de HENSINGER et a/. et de STECK et al., 2001).

Le besoin d’'une mise au point sest donc fait ressentir tres vite et nous a fourni loc-
casion, en nous appuyant sur des expériences numériques, de clarifier de fagon provisoire-
ment définitive, a la fois pour nous-mémes et, je lespére, pour la communauté, ce que lon
entend par effet tunnel chaotique (¥).

Notre principale conclusion concernant les expériences est que celles-ci nont pas été
assez loin pour pouvoir véritablement associer a une dynamique chaotique sous-jacente leur
observation d’'une grande flutuation d’une période tunnel. En effet dans un systeme dé-
pendant du temps, méme quasi-intégrable lorsque le chaos n'est pas résolu du fait de la
trop grande valeur de 7, il faut sattendre & des dégénérescences quantiques (croisements
de quasi-énergies) qui conduisent inévitablement a ce genre de fluuations (¢f figure 4
p- 56). Le chaos, on I'a montré de facon nette dans ce travail, induit pour les doublets un
brutal changement de régime (¢f figures p. 57) qui n’a jamais été observé a I'heure actuelle
dans aucune expérience tant quantique quéleGtromagnétique.

Il et vraiment dommage que ces expériences, une fois réalisées et leurs résultats pu-
bliés, n'aient pas été exploitées aux limites de leurs possibilités (les post-docs en charge
des deux expériences, W. HENSINGER et D. STECK, ont tres vite changé dé¢quipe et les
expériences reconverties). Comme nous ['écrivons dans cet article, il naurait peut-étre pas
fallu de si gros efforts pour apercevoir la transition représentée au graphe inférieur de la
figure 8. Nous avons un temps caressé lespoir de convaincre M. D’ARCY, alors post-doc
fraichement arrivé dans Iéquipe de PHILLIPS, de poursuivre dans cette direction, projet
argumenté a l'appui. Je regrette que cela n’ait malheureusement pas abouti et que nous
nous trouvions dans la situation décrite au § 1.8a).

(®) La transition nette de régime p. 57 avait déja été observée par BUCHLEITNER, DELANDE & ZAKR-
ZEWSKI (2002, fig. 42) pour une particule rebondissant sur un sol oscillant (gravitationnal bouncer).
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Recent experiments with cold atoms provide a significant step toward a better understanding of tunneling
when irregular dynamics is present at the classical level. In this paper, we lay out numerical studies that shed
light on the previous experiments and help to clarify the underlying physics. This study also provides guide-
lines for future experiments.
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I. INTRODUCTION symmetries affects tunneling. We do not consider how tun-
neling is modified by dissipation and decoherence of the
When studying tunneling in nonseparable systems witlguantum wave. Of course, this requires great care in real
more than one degree of freedom, one immediately encourexperiments, where making dissipation negligible is always a
ters difficulties which generally can be traced back to thehard task. This is one of the main reasons why very few real
absence of sufficient constants of motion. Even in the verexperiments have been done on these questions. Such experi-
particular case of integrable systems, where continuous symments would definitely help to understand tunneling in the
metries provide as many constants of motion as degrees giresence of chao@s far as we know, the only experiments
freedom, as soon as separability is lost, the analysis of turexplicitly made on chaotic tunneling in the 20th century are
neling is not a simple generalization of what occurs in onethose presented in Rg®] with electromagnetic microwaves
dimensional1D) autonomous systems. The latter case is deinstead of quantum wavgs
tailed in textbooks on quantum physi¢see, for instance, During the past 15 years, however, theoretical and nu-
Ref.[1]) and it has even been possible to give a comprehenmerical investigations on autonomous 2D and time-
sive analytical treatment in term of complex solutions of thedependent 1D Hamiltonian systems have highlighted some
Hamilton equation$2]. However, it was not until the mid- mechanism$3,4,7—13 and substantial information has been
1980's that a satisfactory quantitative approach was proposesbllected on the influence of nonseparable dynamics. Experi-
[3,4] for tunneling in nonseparable integrable systems inmental evidence of such mechanisms would be of great in-
volving a larger number of dimensions. Moreover, integra-terest, especially in light of the subtle interplay between in-
bility is a property of higher-dimensional systems which isterferences and disorder. These phenomena lie in the general
not generic. The coupling between several internal degreesontext of wave transport in complex media where the role
of freedom as well as the coupling to an external sourcef disorder is played by théleterministi¢ chaotic dynamics
usually destroys some global constants of motion. With suclinstead of having a statistical random origin. Of course, other
a lack of constraints on the dynamics, the classical motion ifimportant motivations can be found in the numerous do-
phase space may become chaotic: it may explore volumesains where tunneling plays a crucial role as a fundamental
with higher dimensionality and therefore becomes exponenguantum process: ionizatidi3], absorption, nuclear radio-
tially sensitive to the initial conditions. It is not surprising activity, molecular collisions, mesoscopic physics etc. More
that these deep qualitative differences between an integrabfpeculatively, studies on tunneling in high-dimensional
regime and a chaotic one appear at the quantum level, toéamiltonian systems should provide us with a natural exten-
Some of the properties ofguantumsystem do change when sion of the instanton techniques. These techniques deal with
constants of motion are broken. Indeed, it is the very objectiuantum field theories which are reducible to effective 1D
of quantum chaos to study the signatures of classical chaos atitonomous Lagrangian systems.
the quantum leve(see for instance, Ref5] to realize how In 2001, it was shown both theoreticall¥4] and experi-
rich, vivid, and successful this domain.is mentally [15—-18 that atom cooling techniquels9] (and
We define tunneling as a quantum process which is forpossibly molecular physics as well, where formally similar
bidden inreal classical solutions of classical equations of systems have been extensively studig-23) yield sys-
motion. In this paper, we consider Hamiltonian systems onlytems which fulfill all the severe requirements for studying
and study how the nondissipative breakdown of continuousunneling in the presence of classical Hamiltonian chaos: ac-
curate manipulation of internal and external degrees of free-
dom, precise control of dissipation and decoherence, and the

*Electronic address: mouchet@celfi.phys.univ-tours.fr preparation/detection setup. For a brief account intended for

TURL: http://www.phys.univ-tours.fr*mouchet a large audience, see Ref24—26. The aim of the present
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a) by an exponential energy splitting
27h
Ae ¢ e_lAl/h Ae= T Ne*A/ﬁ (1)

A

whereA is anfi-independent typical action and can be inter-
preted in terms of a unique complex classical trajectory un-
der the barrief1,27].

In the following we generalize this elementary situation in
two ways. First, unlike the parity in the previous example,
we can deal with a symmetry which is not necessarily either
a spatial one or a twofold one. In other words, we can have
any discrete symmetry group acting on the whole phase
space as well as anyN-fold symmetry which leads to
bunches ofN-uplets in the energy spectrutor bands ifN
>1). In the following we keepN=2 since we have a two-
fold symmetry7 actually playing the role of paritjsee Fig.
(p,q,t) = (—p,q,—t) 1(b)] and being somehow decoupled from the other discrete

symmetries. The classical structure in phase space is globally
invariant under7 and the quantum eigenstates can be classi-
fied according to their symmetric or antisymmetric character
under the unitary transformation which represefiti the
Hilbert space of states. Becaugeacts in phase space, it is

FIG. 1. A generalization of the paradigmatic double-well poten-ysually more complicated than a pure spatial transformation.
tial (a) is to consider tunneling between stable islands that are reThys, the two regions of phase space connecteguaytum
lated by any discrete symmetry in phase spabprorresponds to  tynneling, butclassicallynot connected, are in general not
Hamiltonian (2) with =1 and }_/:(_).018. Here, the time reversal separated by a simple potential barrier, but by a more com-
symmetry plays the role of parity ife). plicated dynamical barrier. In such a case, tunneling is called

) ) ) “dynamical tunneling” as suggested by Davis and Heller in
done for reasons which will hopefully become clear in theref, [28]. It often happens that the classically unconnected
following. ) region are associated with the same region of configuration

This paper is organized as follows. In Sec. Il we give aspace, with different momenta. A simple study of the density
general and informal overview. In Sec. Ill, we briefly recall propability in configuration space is then insufficient to char-
the main theoretical apparatus that is needed. We implicithycterize dynamical tunneling; an analysis of the density
refer to Ref.[14] for details and demonstrations. In Sec. 1V, probablility in momentum space is required.
we comment on the results of Ref45] and[16]. In Sec. V,  The second kind of generalization leads to much more
we show in this context, with the help of numerical experi- puzzling questions. When dealing with systems with several
ments, the very precise form taken by the phenomenoiegrees of freedom or, equivalently, if an external time de-
known as chaos-assisted tunneling. We explain why it hagendence exists, classical trajectories generally lose their
not been observed yet with real atoms and propose how tRsgular behavior. They cannot analytically be computed and
actually bring it to the fore. Before the concluding remarks inare organized in a fractal hierarchy that is described by the
Sec. VII, we give in Sec. VI some more numerical resultskolmosorov-Arnold-Moser (KAM) perturbative scenario.
that illustrate how subtle the signatures of chaotic tunnelingqRecently, important progress has been achieved in the under-
can be. standing of the continuation of these intricate structures in

complex phase space and their role at the quantum (seel
I1. CHAOTIC TUNNELING Refs.[29,3( and especially Ref31]). We are th'erefc')re Ied'
to the following typical quantum chaos question: if one is

The simplest situation with which to illustrate tunneling is able to create two symmetric stable islands separated in clas-
probably the case of a particle in a 1D time-independensical phase space by a chaotic sea whose volume is under
symmetric double-well potentigsee Fig. 1a)]. Starting in  control (see Fig. 2, what is the effect of this sea on the
one well, with an energy that is below the maximum of the(dynamica) tunneling between the islands?
potential, a quantum particle can jump into the other well The “dual” situation where chaos is createdside the
with a nonzero probability, though it is a forbidden classicalwells while the dynamical barrier is kept regular has been
process. In addition to the classical time scalfgiven by the  introduced and studied theoretically and numerically in Ref.
oscillating periodnsideone well, we therefore have a longer [11]. For a better understanding of what occurs in the energy
time scale: the tunneling periot> 7 of the oscillationsbe-  spectrum when regular wells are separated by a chaotic sea,
tweenthe wells. In the eigenenergy spectrum, tunneling apit was proposed in Ref32] to slightly break the tunneling
pears as a quasidegeneracy of the odd- and even-symmegymmetry. Nevertheless, in the present paper, it must be kept
states whose energies are both of the ordet/efbut differ  in mind that a discrete symmetry will always be maintained

discrete symmetry
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- -2 [ 0 I 2 m-n-2 1 0 I 2 = theorem can be used, which states that the Hilbert space is
spanned by an orthonormal eigenbasis of the evolution op-
erator over one period. The corresponding eigenvalues of
this unitary operator are distributed on the unit circle and are,
therefore, labeled by their phase. This is conveniently written
as expti2mweltes), Where 2r stands for the period of the
modulation anck can be interpreted as a quasienergy, a gen-
eralization of the notion of energy level for a time-periodic
system.

The spatial periodicity of the Hamiltonian is also ex-
tremely important, as it makes it possible to split the Hilbert
space into independant components, each component being
characterized by the so-called Bloch vectér in the
]—0.5,0.5] range: under translation ofn2along g, the
quasienergy eigenstates are just multiplied by the phase fac-
tor exp{27k). Thus one has to solve the Floquet-Salinger
equation in an elementary spatial cell with boundary condi-
tions depending ok. In this way, one generates—for a fixed
value of k—a discrete quasienergy spectrusr(k). When
the full range ofk values is considered, one obtains the fa-
miliar (quasjenergy band$35].

There is an additional discrete symmetry which can be
2 s-m 2 1 0 1 2 used. The Hamiltonian2) is invariant under the time-

FIG. 2. Poincareurfaces of section correspond to Hamiltonian r€Versal symmetry d,p,t)—(q,—p,~t). In the classical
2 att=0 with =1.724 137. Two stable islands in the vicinity of Surfaces of section, this implies a symmetry with respect to
the origin are created by a pitchfork bifurcationat0.56. Above  theqaxis. In situations like the one in Fig(t), this implies
this value, chaotic motion progressively invades phase space in béhe existence of pairs of symmetric classically unconnected
tween the two stable islands. At>y,~0.625, the latter are no tori, i.e., a situation where tunneling could be observed. In
longer connected by regular trajectories. The experimental configuthe quantum world, the situation is slightly more compli-
ration used in the NIST experiments correspondsyte0.96 just  cated, because this symmetry connectskisaebspace to the
before the islands disappear in a bifurcation cascade=a0.97. —k subspace. In the particular cadse 0 (k=0.5 could also

be used this implies that the Floquet eigenstates can be split
exactly. Finally, a third kind of generalization, where the into two subclasses of states which are either even or odd
Hamiltonian character is destroyed by introducing dissipa-under the symmetry operation. The splitting between a dou-
tion and/or coupling into a thermal bath, is beyond the scopélet of even and odd statese,=|e, (0)— €, (0)|, will be a

- -2 I

of this work [33]. measure of tunneling.
We will extensively use the Husimi representation of a
I11. EEFECTIVE HAMILTONIAN SYSTEM quantum statg36]. Such a representation associates with

each quantum stathy) a phase space functiop™(p,q)
Following Refs[14-14 (see also Ref.34] in a different  (wherep andq are real numbejsdefined by
contexi we deal with an effective 1D time-dependent system
whose Hamiltonian is yHp.a)=[(zly)|%, ®

2

H(p,qit)= % — ¥(6+ cost)cosq ©) where|z) is the coherent state corresponding to the complex

numberz=(q+ip)/v2%es Since|z) is a minimal Gaussian

wave packet with average momentprand average position

in dimensionless unitsy and # are two classical real param- g, the Husimi functiony"(p,q) contains some information

eters that can be modified in real experiments. In additionabout the degree of localization pf) in phase space. It is

there is also one parameter, namély;, which fixes the then possible to associate quantum states with classical phase

quantum scale and is defined by the usual relation betweespace structures.

canonical operator$qg,p]=ifi;. It turns out that . is not

constant any longefsee Sec. IV beloy It can be also ex- IV. EXPERIMENTS WITH COLD ATOMS

perimentally varied via the rescaling factor that is needed in

the canonical commutation relation in order to work in di- Under some severe conditions which constrain the experi-

mensionless units used to write Eq. 2. ments, Hamiltonian2) can be obtained as an effective di-
The time dependence breaks the conservation of energgmensionless Hamiltonian for cold neutral independent atoms

and therefore may generate chaos. In order to deal with suobf massM interacting with two counterpropagating laser

a Hamiltonian, it is crucial to remark that it has both a spatialbeamg14—16. These two beams have two slightly different

and a temporal periodicity. The latter implies that the Floquefrequencies atw + dw/2 and | — dw/2. The longitudinal
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coordinate x and the dimensionlesg) are related by major improvement over the tunneling described in Refs.
gq=2k_ X, wherek_ = /c. The rescaling of the momentum [14,16], where a very narrow band of Bloch angle is required
is given by p=(2k,_/Méw)p,. y and 6 are fixed by the to observe clear tunneling oscillations. Moreover, the atoms
intensity of the lasers and the detuning of the laser frequeninvolved in the tunneling process stay longer in the region
cies with respect to the atomic resonance. The dimensionlesghere the laser intensities are uniform.
time t is taken indw ™! units and the expression of the ef-  Indeed, as proposed in R¢B8] and Chaps. 4 and 5 of
fective Planck constant ishes=8wgr/dw, where wg Ref.[17], the two stable symmetric islands are created from
=#k?/2M. Sincein fine we want to measure exponentially a pitchfork bifurcation of the fixed point ap(q) =(0,0). To
small tunneling splittingsA e, it is necessary to maintain Visualize it [see Figs. &) and Zb)], we extract a one-
these conditions for a time at least longer thag/Ae.  parameter sequence by varyingwhile ¢ is fixed to the
Moreover, a very accurate control of the preparation of theexperimentally chosen value in Ref[15], ie., @
initial state and of the analysis of the final state is compul-=1.724137. Wheny is increased, the pairs of symmetric
sory. tori appear aty=0.56. At the center of each set of tori, there
As shown above, due to the temporal and spatial periodis a periodic orbit. Over one period of the driving, the peri-
icity of the Hamiltonian, observing the standard signature ofodic orbit is essentially a rotation over the fixed point at
tunneling—that is, an oscillation of a quantum state betweel(p,q)=(0,0). This explains that the whole structure remains
two classically unconnected regions of phase space-trapped in a single spatial cell. For 056<1y,, the tori
requires that a single doublet of Floquet-Bloch eigenstates beemain nested in one connected stable island.yAty,
initially populated, with well-defined values of the param- =0.625, a chaotic sea separates the symmetric islands which
eters (y, 0,%¢), and a well-defined value of the Bloch angle shrink and move away from the central point before being
k. If more than a single doublet is populated, additional fre-dissolved through a cascade of bifurcations startingyat
quencies(related to energy differences between the various=0.97.
populated Floquet statewill appear in the temporal evolu- In one series of experimenty,=0.96 andf.4=0.8, the
tion. If any parameter is not fixed, the experimental signalatoms are prepared in one island and their average momen-
will be the superposition of tunneling oscillatiofwith dif-  tum (p) is measured stroboscopically at every modulation
ferent frequencigsfor various sets of parameters. This will period (=27 in dimensionless unijs Since in phase space
at best—if the dispersion of the parameter values is reasorthe islands rotate about the origin with the same period, no
ably small—blur the oscillations at long times and at worstvariation in (p) would be noticeable if no tunneling oc-
will completely destroy the signature of dynamical tunnel-curred. In fact, starting the measurement sequence \ifen
ing. It is experimentally rather simple to keep an accuratehas its maximum value, oscillations are observed which il-
time periodicity of the driving signal, i.e., to fikes. Simi-  lustrate the back and forth motion of the atoms between the
larly, the balance between the constant and the oscillatorislands due to dynamical tunneling. The tunneling pefiiasl
term, hence the parametérin Eq. (2), is easily controlled. about 10 modulation periods in this case (20€). This is in
The y parameter is proportional to the laser intensity andperfect agreement with the quasienergy splitting obtained nu-
may thus slightly vary across the atomic clo(fltecause of merically for the two Floquet eigenstates having the largest
the transverse structure of the laser bearibe most diffi-  Husimi functions inside the islands.
cult part is to be sure that a single Bloch angles excited. It is worth noting that the NIST group uses a Bose-
Indeed, this requires a phase coherence of the initial wavEinstein condensate as a preliminary step for preparing at-
function over a large number of laser wavelengths, which isoms in well-defined quantum states, especially for achieving
extremely difficult to achieve experimentall$7], as will be  a large coherence length for the wave function, i.e., a small
shown in the following. In any case, the inhomogeneousspreading of the Bloch angle In order to prepare phase
broadening of the experimental signal because of the dispespace localized states, an optical lattice is carefully turned
sion in k will be responsible for a decay of the tunneling on. When the tunneling experiment starts, the atomic density
oscillations. and the interaction between atoms is sufficiently small, and
the experiment can be described by the interaction of indi-
vidual independent atoms with the laser beams, i.e., using
Hamiltonian(2). However, the cloud of atoms remains cold
In the NIST experiments, the two stable symmetric is-enough, at a subrecoil temperature, to prevent a large thermal
lands are chosen quite close in phase space in order to ddaloadening of momentum distribution that would destroy the
with not too small splittings. Another crucial point of this signal. Because they start from very low temperature, these
experiment is that the classical motion of the islands ovepreparation techniques based on condensate manipulation
one period, unlike those in Refgl4] and[16], always re- seem to allow greater room to maneuver than those working
mains trapped in one spatial elementary cell of length 2 with thermal clouds only. Adiabatic switching of the light
The quantum states localized in these islands are conspetentials is not required and one can actually work with
quently only weakly sensitive to the boundary conditionsvalues of the classical parameterand # which are far from
which are governed by the Bloch angle. In other words, thehe perturbative regime of an integrable system.
tunneling period will be only weakly dependent on the Bloch By diagonalizing the evolution operator corresponding to
anglek. This implies that the unavoidable broadening oker Eg. (2) over one period, we are not only able to reproduce
will not spoil too much the signature of tunneling. This is a the oscillatory behavior ofp(t)) [see Fig. 8a)], but also can

A. NIST experiments [15]
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(sytun 10001 ut) (d)

-5 FIG. 4. When a third level is crossing a tunneling doublet when
a parameter of the Hamiltonian is varied, there is an avoided cross-
ing between the third level and the member of the doublet with the
same symmetry, while the other member of the doubiéth op-
conditions of the NIST experiment, i.e§=1.72 ,y=0.96 and, posite symmetryignore_zs the t'hi'rd Igvel. Two generic spgngrii exist:
in case(a), the tunneling splitting increases in the vicinity of the

heﬁ:O.Sﬁcompare to Fig. @) of Ref.[l'5]).. Stamng .at: 77/.2 Wlth avoided crossing; in cagb), it decreases and vanishes at a specific
a Gaussian wave packet whose Husimi function is localized in oné

stable islandwith a vanishing average momentumwe follow the value of the parameter.
average momentugp) as time evolves. The stroboscopic measure-
ments at times 2+2ms (7+2m) with me{0,1,...,4Q are

0 5 10 15 20 25 30 35 40
t (in modulation period)

FIG. 3. Numerical simulation of the quantum evolution, in the

rameter ¢ or ) or the quantum onefi(y) is continuously

plotted with the white(black) circles. The tunneling oscillations are yarled. TWO(quaS)(_en?rgles may exactly become degenerate
clearly visible; the tunneling period can be extracted from the typi—If they belong to d'St'n.Ct symmet_ry classes. I.f not, they may
cal time scale of the envelope: it is about 10 modulation periods. "{0IIOV\{ a so-calle_d avoided crossing whose size reflgcts both
the upper plot(@), we assume that a single Bloch angle0 is  the direct coupling between the two statesore precisely,
initially prepared(which implies a perfect phase coherence of the the off-diagonal matrix element of the coupling perturbation
wave function across the optical latticdhe (therma) dispersion ~ and the indirect coupling to other states. One of the keys to
of the Bloch angle washes out the signal: in céige we take a  the chaotic tunneling problems is to clearly identify the
momentum distribution with widtAp=a=2Ak=0.2 and in case qualitative nature and the quantitative influence of indirect
(c) Ap=0.4. In the latter case, the amplitudes of the envelopes areoupling. This is the background of the Austin experiments.
so weak that this corresponds to an upper bound in temperature A third level is involved in a non-negligible indirect cou-
(about 1/5 of the recoil temperatgrat which tunneling can be pling when its quasienergy approaches the tunneling doublet
measured. energies. This can be understood from perturbation theory,
since the leading term of the indirect coupling is proportional
study the spoiling effect of the thermal dispersidp  t0 the inverse of the energy difference. The two generic sce-
« \Jtemperature and predict the maximum allowed temperalarios of the crossing of the doublet by a third state are
ture [see Figs. @) and 3¢c)] [48]. If « denotes the width of shpwn in Fig. 4. As_lde f_rom the unavoidable ambiguous defi-
the momentum distribution in recoil momentum units, it can"ition of the splitting, it appears clear that cag corre-
be shown([14], Sec. 6 A that it corresponds to a statistical sponc_ls to an increase of the tunneling splitting d.urln_g the
mixture of Bloch states witi\k= /2. Figure (@) corre- ~ '0SSing while, conversely, casb) can lead to arbitrarily
sponds to the ideal situation where all atoms are preparegm@!l splittings, since an exact degeneracy occurs. Thus,
with a<1 about thk=0. When a small but nonvanishing such a crossing b_y a third state produces a sharp variation of
is introduced, some states of the quasienergy bands with noffl€ tunneling period that can be measured experimentally.
vanishingk get involved and blur the tunneling oscillations. This is actually \_Nhat IS observe_d in the Austln experiments
For «=0.2, the oscillation amplitude is reduced by a factor@nd can be confirmed by numerical experiments as shown in

of 2 and fora=0.4 the oscillations nearly disappear. There-F19: 5- When looking at the Husimi representation of the
fore, in this experiment, having a subrecoil atom cloud is

states, Fig. 6, one can immediately distinguish between the
; tunneling doublet and the third state sufficiently far from the
essential. ing. A ted. the t ling doublet has Husimi
In the following we want to focus on tunneling only and crossing. AS expected, the tunneiing doublet has Fusimi rep-
e _ resentations localized in the stable islands, though they also
we will implicitly keep k=0. : ; . .
spread in the chaotic sea. On a classical Poinsartace of
section, it is easy to make the difference between chaotic and
regular motion; how to transpose this distinction at the quan-
For a better understanding of the dynamics, one must geum level is not known with the large values & used in
beyond the two-level model involving the symmetric and theboth the Austin and the NIST experiments. Some classical
antisymmetric states only. Other states must be taken intstructures much smaller than the de Broglie wavelength are
account and their influence can be felt when a classical pgpossibly present in some of the staté8], but just looking at

B. Austin experiments [16]
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FIG. 5. Numerical results obtained with the parameters of theH F_IG_' f6. (a)_, (b), and (?) SQOW. Lhehdenhsity in gray S?Ii Ofl the
Austin experiment, that is Hamiltonia(®), with 6=1 and feg usimi functions associated with the three states which play an

=0.33. The lower plot shows a part of the quasienergy spectrunjlmpmam role fqr ‘“T‘“e““g ay=0.25 (parameters of the Austin
when v is varied. Thick lines show the two quasienergies whose€Xperiment, as in Fig.)5 AS. eXpe.Ct?d’ thg two mgmbers of the
difference is the tunneling splitting plotted in the upper plot. Thedoublet,(a) and(b), have their Husimi function localized about the

two states are selected to have the largest localization of the Husind"® _symmetn(_: islands visible in the clgssmal Pomcatef_ace of
function at the center of the stable islands. When a third Ieve[sectlon(d). (b) is strongly coupled to a third states Showr(@h ..

couples to the state that belongs to the same symmetry class, 15 too large to attribute any regular or chaotic character to the third
avoided crossing can be seen and the definition of the doublet bé—ta.te.'(c) clearly plays a role in the enhgnpement of the Atunnelmg
comes necessarily ambiguous. There, some discontinuity in the Sgpl{ttmg through_ an |nd|_rect coupling; this is t_hus an “assistad t_un-
lected statdand in the slope of the tunneling frequeigannot be neling” mechgmsm, which cannot be unambiguously characterized
avoided. The tunneling splitting is shown as a functionydh the as chaos assisted.

upper plot, and is compared with the experimental results from Refis the ryle. Following the discussion in the preceding section,
[16]. The agreement is very good, which validates the numerical,ne may therefore expect that the average size of avoided
approach. Around/=0.2, a discrepancy is visible. This is precisely ¢ qqqings is increased when chaos is present. The fluctua-
P s eor e e oyrics vt a0 % Sl roces i sh00 0 o o
; 8 ’ " sparse in an integrable regime should be broader, more nu-
into account, leading to several relevant energy splittings. . : . - .
merous, and possibly involving many states in a chaotic re-
the Husimi representation of the third state fqf~1 does dime. We now illustrate this statement in the framework of
not make it possible to attribute any chaotic or regular charthe experimental atomic Hamiltonid@).
acter to it. It is only for much smallek o that chaotic or There are two different ways of rendering chaos observ-
regular wave functions make sense. This is not surprising@ble by quantum eyes: the first one consists of increasing the
the dichotomy between regular and irregular motion is avolume of the chaotic sea with the help of a class[cal param-
classical one and, at present, it can be extrapolated at tiffer, the second one fixes the classical dynamics and de-
quantum level within the semiclassical regime only. Anyway,creasesic. We will present in both ways.
one must keep in mind that tunneling only makes sense in One may try to study the tunnelirfuctuationsseparately
the semiclassical regime. One of the great merits of the Ausffom the average behaviorThis average—in a somewhat
tin experiments is that they show a quantum tunneling effecyague sense—is increased, because chaos diminishes the
where an indirect process is involved. However, it is an ex-classical dynamical barrigi50], and this is the reason why

ageration to attribute any chaotic origin to it. the phenomenon can be called chaos assisted tunneling.
However, as far as only fluctuations are concerttedre can
V. NUMERICAL EVIDENCE OF A CHAOTIC be an enhancement or a decrease as)ythk words “chaos
TUNNELING REGIME assisted tunneling(CAT) [10] may lead to confusion and we

simply use “chaotic tunneling.” At last, Brodier, Schlagheck,

It was one of the first successes of quantum chaos to hawend Ullmo discovered what they called “resonant assisted
shown that the energy levels of an integrable system areunneling” (RAT) [42] to describe an enhancement of tunnel-
independent of each other, because they are localized on difig due to an indirect process. It involves one or several
ferent classical tori, while in chaotic systems level repulsionquasimodes localized in the secondary resonances surround-
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FIG. 8. The tunneling splitting as a function 6fy for fixed
Y values of the classical parameters, i.e., fixed classical dynamiics (
FG. 7. Th i litt f . ¢ =1.724 137 and four values of). In the regular regime, an expo-
-1 72['1 13;7 ?ﬁtuir})e(l)r;% 653’)8”“?]9 as a ‘4”0“0” C’fl'l orh o . nential decrease, as described by 8g.is visible as a straight line
o antieq—0. » that is ten times smaller than in ;) o negative slope in a logarithmic scale. The regime of fluctua-
the NIST experiments. Two regimes are clearly separated by thvﬁOns can be seen foy>y, when e is small enough for the de

crltlcdgLfvalue);C:Q.6|25; ‘these- tw:]qu?’nt‘umrenges corfreqund ‘to Broglie wavelength to be comparable to the size of the chaotic sea
two differentclassicalregimes in the Poincamurfaces of sectionin v o Cisiands.

Fig. 2. The smooth average decrease with sparse and narrow fluc-

tuations (y<vy.) corresponds to the case where the symmetric clas- i . h h i bel
sical tori belong to the same regular island. The Hamiltonian therdunneling regime occurs when the resonant tori belong to one

can be approximated by a simple integrable Hamiltonian, using th&luasi-integrable island. For<y., we are able to reproduce
normal form described in the Appendix. The dotted line corre-the main features of tunneling by using an integrable ap-
sponds to the splitting calculated with this normal form and is inProximation(see Appendix The decrease of tunneling can
good agreement with the numerical result. In the second regim®€ explained in terms of the lengthening of the dynamical
(y>1v.), there are huge quantum fluctuations of the tunneling split-barrier. y. exactly corresponds to the point where the islands
ting (and a slightly increased average valu€lassically, this cor- get disconnected. In addition, one can follow the bifurcation
responds to tunneling between unconnected symmetric islandgn the Husimi representations of the tunneling doublet.
separated by a chaotic sea. One can hardly detect by eye any regularity in the chaotic

regime, but four large spikes in the rangg< y<<0.7 can be
ing the main symmetric islands. Up to now, RAT has beenseen. This can be traced back to the crossing by the same
studied quantitatively in a purely quasi-integrable case buthird state whose quasienergy line is folded four times in the
there are clues that it can be extended far beyond KAMFloquet zone centered on the doublet.
theory.

B. i change

A.y change Figure 8 shows\ e as a function of 4 for four values

Let us first takefio ten times smaller than the values in of y. Here again, two types of regimes, a quasiregular and a
the NIST and Austin experiments. It is much easier to do itchaotic one, can clearly be distinguished. For the valuegs of
numerically than experimentally, as it requires the increasevhere some substantial chaos is present in between the is-
of the modulation frequency of the laser beams by one ordelands, by decreasinfy.; one gets to the chaotic regime. For
of magnitude. We then follow the quantum states through they<1y,, i.e., in the quasiregular regime, one may enter a cha-
classical bifurcation shown in Fig. 2 and discussed in Secotic regime but for much lower values df.;, since the
IV A. Again, in order to calculate the tunneling splittinge, chaotic layers betweewam tori are so thin that they are not
we select the states that have the largest Husimi functionsven resolved in the Poincaserface of section given in the
inside the islands. figures.

Figure 7 shows that, after a smooth decreasa efup to In these plots, a purely exponential law given by EL.
v=7v.~=0.625 there is an abrupt change of regime. First, thevould produce a straight line with negative slope. For
mean value ofA e increases and second, many fluctuations<vy. and small values of .4, this is also the prediction for
appear which modify the splitting by several orders of mag-the integrable approximatiotsee Appendix of the Hamil-
nitude. It is remarkable that this change of regime can béonian. Deviations from a pure exponential decrease are ob-
matched on the Poincarsurfaces of section. The smooth served at low values ofi.¢. This is not surprising, as the
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integrable approximation is a local approximation of the 10
Hamiltonian which must fail when large phase space struc-
tures are involved. This is, for example, the case for the
NIST experiment at #.z=1.3 where the model is only
qualitative and predicts a splitting about ten times smaller
than that numerically and experimentally observed. How- P(Ae)
ever, that the model correctly predicts the behavior at small
he Values is a strong indication that it is qualitatively cor-
rect.
On the other hand, in the chaotic regime, both the inte-
grable model and the exponential law cannot reproduce the

10°

107"
107
107
107

fluctuations in the splitting observed in Fig. 8. Whenever 10° 102 10° 10° 10 102104
such a fluctuation is due to a crossing by a quasimeahel

not to a state delocalized in the surrounding chaotig,sea Ae

?;Icghhr:iqtzjisrepmduced by the resonance assisted tunneling FIG. 9. Statistical distribution of the tunneling splittings 7as

is varied in the quasiintegrable case corresponding to Kiy. (¥
=1,y=0.018). Surprisingly, the numerically observed distribution
VI. STATISTICAL SIGNATURE OF CHAOTIC (small circle$ is in good agreement with the Leyvraz-Ullmo law

TUNNELING? (solid line) which is supposed to be valid in the chaotic case, as it
treats all the states coupled to the tunneling doublet on the same
footing. This clearly indicates that a Leyvraz-Ullmo distribution is
not sufficient to characterize chaotic tunneling.

In order to reproduce quantitatively the statistics of the
tunneling splitting fluctuations in the chaotic regime,
Leyvraz and Ullmo[43] have introduced a random matrix
model. The Hamiltonian can be split into two uncoupled
components associated with the even and odd symmetry su
spaces. The corresponding matrices are written as

Vhen looking at the splitting, one observes numerous and
arge fluctuationgover several orders of magnitudehich
were supposed to characterize the chaotic regime. Con-

€ Uf v versely,_ we hqve not b_een able to_ find a re_gular regime of

N fluctuations with classically chaotic dynamics. Therefore,

Hyevers U1 @ one must conclude that even though two different regimes of
v HY tunneling fluctuations can be identified unambiguously, clas-

sical chaos appears to be a sufficient, but not a necessary,
condition for having numerous and large fluctuations gov-
erned by the Leyvraz-Ullmo law.
These unexpected results are not explained at the present
. - state of the theoretical approaches of chaotic tunneling. If it
appears, within future numerical or real experiments, that
vy these results are not due to the peculiar properties of our
- - ) (5 system, it would definitely mean that further theoretical stud-
ies are needed.

and

HOdd=

where e; represent the energies of the doubldt; is the VI CONCLUSION

Hamiltonian in the chaotic sganodeled by a random Gauss-  In this paper we have studied in great detail the transition
ian matri¥, andv is the indirect coupling. between a regular and a chaotic regime of tunneling within a
Neglecting direct tunneling consists in takirg =€, classical configuration that can be achieved experimentally.

The central hypothesis is to consider all th's as indepen- We have shown whi ¢ has to be small enough if one wants
dent variables witlithe sameGaussian distribution. This is to reach for the first time the chaotic regime in real systems.
quite natural in order to treat all the other states on the samin recent experiments with cold atoms, it requires the in-
footing, as they are assumed to be chaotic states randomtrease of the modulation period up to one order of magnitude
delocalized in the chaotic sea. With these assumptions, thighat is, at least the MHz

splitting distribution can be calculated and is given by a Theoretically, there is also a lot of work to be done if we
(truncated Cauchy distribution, see Ref43]. For Hamil-  want to understand and therefore predict the fluctuations
tonian(2), in each chaotic case where it has been tested, thguantitatively. The semiclassical regime requires careful
Leyvraz-Ullmo prediction is in agreement with the numerical study of the dynamics with complex coordinates. However,
results(see Ref[14]). More surprisingly, we have found that the present work has shown clearly that the abrupt transition
the Leyvraz-Ullmo law gives correct predictions even whenbetween a regular and a chaotic regime of tunneling corre-
the classical dynamics is quasiintegratdee Fig. 9 and the sponds to a classical transition that can be identified very
corresponding Poincarsurface of section in Fig.)land the  precisely. Tunneling being a relevant concept in a semiclas-
de Broglie wavelength is much larger than the chaotic layerssical regime only, it is therefore not surprising that future
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investigations of chaotic tunneling will have to keep track ofprecisely, the case shown in Fig. 2 corresponds to
the classical dynamics in one way or another. 6=1.724137(the experimental value in the NIST experi-
men) and the bifurcation takes place @,=0.564673. In
the following, we uses=y— vy,.
Let us denote by, (z) [respectively,Z.(z)] the solution
We acknowledge A. Shudo, S. Tomsovic, D. Ullmo, andof the Mathieu equation
W. Hensinger for stimulating discussions. A.M. is grateful to
N. Mohammedi for his kind reading of the original manu-
script and to O. Boebion for computer assistance in the Lab- y'(X)+[4y 0+4ycog2x)]y(x)=0 (A1)
oratoire de Mathmatiques et de Physique Tdrégue of
Tours and thanks the Laboratoire Kastler Brossel of Pafis fog,ch that),(0)=0 and)’(0)=1 [respectively,Z,(0)=1
kind hospitality. Laboratoire Kastler Brossel de I'Universite y j
Pierre et Marie Curie et de I'Ecole Normale Supere is
Unite Mixte de Recherche No. 8552 du CNRS. Laboratoire
de Mathenatiques et de Physique Tdrégue de I'Universite
Frangois Rabelais is Unitilixte de Recherche No. 6083 du 1
CNRS. M- 1 47720(7-;)
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and Z.(0)=0]. The prime stands for the derivative with
respect tax. Fore=0, it is straightforward to show that

(A2)

APPENDIX A: INTEGRAL APPROXIMATION NEAR
THE PITCHFORK BIFURCATION
where Z{(7)=1.480 919 for6=1.724137.

When one classical parameter is smoothly varied in a (2) The second step is to make (inean 2-periodic
nonintegrable Hamiltonian system, its periodic orbits follow -gnqnical change of coordinate that eliminates the time de-

an infinite fractal-like cascade of bifurcations through_which pendence in the quadratic part of Hamiltoni), near the
they cannot be followed smoothly. However, all the blfurca-origin and uniformly ine. We are then led to the Hamil-

tions can be classified according to a simple set of scenariog,ian
for a given bifurcation of a given periodic orbit, the phase-
space dynamics of the original parameter-dependent Hamil-
tonian can be uniformly approximated by an integrable
parameter-dependent Hamiltonian that retains the relevant
features only. Of course, because one cannot get rid of the
chaotic dynamics, this approximation makes sense only lo-
cally, that is, near the periodic orbit, in the neighborhood of
the bifurcation. It is the object of the Hamiltonian normal
form theory to classify the bifurcations and obtain the sim- - -

: : e =1/md,Y.(m) evaluated at =0 will be relevant, sincax
plest form of the approximated integrable Hamiltoniatte and § can be eliminated by a suitable canonical change of

so-called normal forms Generally, i.e., when no constraint . ; - .
or symmetry is present, the one parameter Hamiltonian nor(_:oordlnates following a method explained in Rgd0], Sec.

mal forms have been completely classified by Meyer4'2' "_1 our caseB=2.008/r. We are _therefore led to the

[30,44,45. However, the bifurcation shown in Fig. 2 is out- follqwmg normal form of the quadratic part of the Hamil-

side the scope of Meyer’s classification precisely because th nian:

time reversal symmetry plays a key role. Even if the Poin-

caresurface of section near the origisee Fig. 2b)] cannot .

be distinguished from that corresponding to Meyer’s transi- (, } izr(ﬁ))qur Eﬁspz

tional bifurcation(see, for instance, Fig.(8) in Ref.[30]), it 24770 2

is crucial to note that, in our case, tveistinct 27r-periodic

orbits have emerged from the origin. In a transitional bifur-

cation, the two stable islands would correspond todame ) ) )

4Am-periodic orbit. Therefore, they would be classically con-  (3) Following the same reasoning that led to the transi-

nected to each other and would be irrelevant for tunnelingtional normal form ([30], Sec. 4.2 all higher order

Let us sketch briefly how to obtain the Hamiltonian normal 27-periodic terms except the resonant terms of the form

form in our case. h(e)p can be canceled by a suitable canonical change of
(1) The first step is to find the valug, of y at which the ~ coordinates. Because of the time-reversal symmetry, the co-

bifurcation occurs ¢ is kept fixed. Such a bifurcation oc- efficient hs vanishes identically, and therefore the leading

curs when the trace of the monodromy mathk, at the ~ Order normal form is

origin after one period is 2 and corresponds in the

(—2v,4v0) plane to the border of the even Arnold tongues 11 1 .

(see Fig. 20.1 in Ref46)) (the transitional case occurs when T 2, = 2_ = 4

trM,=—2 at the border of the odd Arnold tongye#iore ( 2 47720(77))q * 2'3'Sp 4h4(0)p - (A

Lo mt 24 2 gops £ gep?
5 a5 20(m T ae |q°+ 5 Bep+ 5 dep

+ higher order 2r-periodic terms, (A3)

where «,B3,5 are s-independent coefficients. Onhg

+higher order 2r-periodic terms. (A4)
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The explicit calculation ofh,(0) is tedious but it can be cal transformations only at the leading orderinWhen we

estimated numerically by fitting the coordinatg=0, p= replacep with q and change the sign of the energies, the
++/Belh, of the satellite Zr-periodic orbits fore>0. We  normal form(A5) leads to a standard 1D double-well prob-
obtainh,=0.0320. lem whose quantum spectrum can be found by numerically

It is far from obvious that the quantization of the normal diagonalizing the Hamiltonian written in a harmonic basis.
form (A5) will give a good approximation of the quasiener- The tunneling splitting of the ground doublet is given by the
gies of the tunneling doublet. Some discrepancies may arisgotted line in Fig. 7 and it agrees reasonably well with the
from the fact that quantum physics is invariant under canoni€exact numerical result foy near .
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Chap. I: L'effet tunnel chaotique

’.6 Analyse d’expériences sur l'effet tunnel dynamique réalisées
avec un condensat de BOSE-EINSTEIN

Ecrit avec Dominique DELANDE et en collaboration avec Iéquipe de PHILLIPS (groupe
Laser Cooling and Trapping du N1ST, Gaithersburg), Winfried HENSINGER en particulier,
qui ¢tait en post-doc diretement en chargé de l'expérience, nous analysons en détail les
résultats en nous appuyant sur des simulations de I'équation de GROSS-PITAEVSKII, d’une
part, et sur un analyse de la dynamique de FLOQUET dautre part.
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Analysis of dynamical tunneling experiments with a Bose-Einstein condensate

W. K. Hensinget;?* A. Mouchet®' P. S. Julienné,D. Delande’ N. R. Heckenberd,and H. Rubinsztein-Dunidp
ICentre for Biophotonics and Laser Science, Department of Physics, The University of Queensland, Brisbane,
Queensland 4072, Australia
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3Laboratoire de Mathématique et de Physique Théorique (CNRS UMR 6083), Avenue Monge, Parc de Grandmont,
37200 Tours, France
Laboratoire Kastler-Brossel (CNRS UMR 8552), Université Pierre et Marie Curie, 4 place Jussieu, F-75005 Paris, France
(Received 26 September 2003; revised manuscript received 5 April 2004; published 15 July 2004

Dynamical tunneling is a quantum phenomenon where a classically forbidden process occurs that is prohib-
ited not by energy but by another constant of motion. The phenomenon of dynamical tunneling has been
recently observed in a sodium Bose-Einstein condensate. We present a detailed analysis of these experiments
using numerical solutions of the three-dimensional Gross-Pitaevskii equation and the corresponding Floquet
theory. We explore the parameter dependency of the tunneling oscillations and we move the quantum system
towards the classical limit in the experimentally accessible regime.

DOI: 10.1103/PhysRevA.70.013408 PACS nuniber42.50.Vk, 32.80.Pj, 05.45.Mt, 03.65.Xp

I. INTRODUCTION the experiments and to investigate the relevant tunneling dy-
. L . . namics. In particular we show how dynamical tunneling can
Cold atoms provide a system which is particularly suitedpe ynderstood in a two and three state framework using Flo-
to study quantum nonlinear dynamics, quantum chaos, ange theory. We show that there is good agreement between
the quantum-classical borderland. On relevant time scalegyperiments and both Gross-Pitaevskii evolution and Floguet
the effects of decoherence and dissipation are negligiblgneqry, We examine the parameter sensitivity of the tunneling
This allows us to study a Hamiltonian quantum system. Onlysering to understand the underlying tunneling mechanisms.
re_cently dynamical tunneling was _observed in experimentsye also discuss such concepts as chaos-assisted and
with ultracold atomg1,2]. “Conventional” quantum tunnel-  regonance-assisted tunneling in relation to our experimental
ing allows a particle to pass through a classical energy bategits. Finally predictions are made concerning what can

rier. In contrast, in dynamical tunneling a constant of motionp3pnen when the quantum system is moved towards the clas-
other than energy classically forbids one to access a differengjcq) imit.

motional state. In our experiments atoms tunneled back and | qur experiments a sodium Bose-Einstein condensate

forth between their initial oscillator){ motion and thg motion yas adiabatically loaded into a far detuned optical standing
180° out of phase. A related experiment was carried out by,ave For a sufficient large detuning, spontaneous emission
Steck, Oskay, and Raiz¢8,4] in which atoms tunneled from  can pe neglected on the time scales of the experiments
one unidirectional librational motion into another oppositely(160 u9). This also allows us to consider the external de-

directed motion. . grees of freedom only. The dynamics perpendicular to the
_ Luter and Reich[5] analyzed both experiments calculat- gianding wave are not significant, therefore we are led to an
ing mean momentum expectations values and Floquet stat@gectively one-dimensional system. The one-dimensional
for some of the parameter sets for which experiments wer ystem can be described in the corresponding two-
carried out and found good agreement with the observegjimensional phase space which is spanned by momentum
tunneling frequencies. Averbukh, Osovski, and Moisey@v  5nq position coordinates along the standing wave. Single fre-
pointed out that it is possible to effectively control the t“”'quency modulation of the intensity of the standing wave

neling period by varying the effective Planck’s constant byjeaqs to an effective Hamiltonian for the center-of-mass mo-
only 10%. They showed one can observe both suppressiog,, given by
due to the degeneracy of two Floquet states and enhancement
due to the interaction with a third state in such a small inter- y Pi 7 Qe
val. =t
Here we present a detailed theoretical and numerical 2m 4
analysis of our experiments. We use numerical solutions Of hare the effective Rabi frequency i€Qer=02/5, Q
the Gross-Pitaevskii equation and Floquet theory to analyzg”mtis the resonant Rabi frequenayis the modulation
parameterw is the modulation angular frequendy, is the
inverse spontaneous lifetimé,is the detuning of the stand-
*Electronic address: hensinge@umich.edu; Present address: Dietg wave,t is the time,p, is the momentum component of
partment of Physics, University of Michigan, 2477 Randall Labo-the atom along the standing wave, dnid the wave number.
ratory, 500 East University Ave., Ann Arbor, M1 48109-1120, USA. Herel is the spatial-mean of the intensity of the unmodulated
TElectronic address: mouchet@celfi.phys.univ-tours.fr standing wavewhich is half of the peak intensityso ()

[1 - 2 sin(wt + ¢)IsirP(kx), (1)
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FIG. 1. Poincaré section for a classical particle in an amplitude-

modulated optical standing wave. Momentum and posit FIG. 2. Stroboscopic mean momentum as a function of the in-

well of the standing waveof the particle along the standing wave teraction time with the modulated standing wave measured in
9 p 9 g modulation periodsp, for modulation parameteg=0.29, scaled

are plotted stroboscopically with the stroboscopic period bein T ) _
equal to the modulation period. The central region consists of smag}fve” depth «=1.66, modulation frequency/2m=250 kHz, and a

amplitude motion. Chao@lotted regioi separates this region from bhase shiftp=0.21x 2. () and(b) correspond to the two different

. ] . . . . interaction timesn+0.25 andn+0.75 modulation periods, respec-
two period-1 regions of regular motidrepresented in the Poincaré tively. Results from the dynamic evolution of the Gross-Pitaevskii
section as sets of closed curydscated left and right of the center y- Y

along momentunp=0. Eurther out in momentum are two stable equation are plotted as a solid liieircles and the experimental

regions of motion known as librations. At the edges are bands Ogata are plotted as a dashed lfogamonds.

regular motion corresponding to above barrier motion. It is plotted o o )

for modulation parametes=0.20 and scaled well depﬁh:]__ZO_ tunnellng is a coherent oscillation of the StrObOSCOplca”y
observed mean momentum as shown in Fig. 2 and reported

in Ref. [1].

In Sec. Il we introduce the theoretical tools to analyze
.dynamical tunneling by discussing Gross-Pitaevskii simula-
tions and the appropriate Floquet theory. We present a thor-
ough analysis of the experiments from REf] in Sec. Ill.

:F\s“lp%\kIZISatwhereIsat:hcl“/)\3 is the saturation intensity.
\ is the wavelength of the standing wavg determines the
start phase of the amplitude modulation. Using scaled vari:
ables[7] the Hamiltonian is given by

H =p%2 + 2[1 - 2¢ sin(7+ ¢)]|sirf(q/2), (2)  After showing some theoretical results for the experimental
parameters we give a small overview of what to expect when

whereH =(4k?/mw?)H, q=2kx, and p=(2k/maw)p;. some of the system parameters in the experiments are varied
The driving amplitude is given by in Sec. IV and give some initial analysis. In Sec. V we point

to pathways to analyze the quantum-classical transition for

2
ik ety _ AUger 3) our experimental system and give conclusions in Sec. VI.

20?m %

k= 0 Qe 0=

wherew, =%k?/2mis the recoil frequency;=tw is the scaled
time variable, andJ, is the well depth. The commutator of
scaled position and momentum is given by

] =ik, 4 . . . . )
[p.l=i @ The dynamics of a Bose-Einstein condensate in a time-
where the scaled Planck’s constaniis8w,/w. For k=1.2  dependent potential in the mean-field limit are described by
and £=0.20 the classical Poincaré surface of section ighe Gross-Pitaevskii equatids,]

shown in Fig. 1. Two symmetric regular regions can be ob- IW(r Y) [ A

II. THEORETICAL ANALYSIS OF THE DYNAMIC
EVOLUTION OF A BOSE-EINSTEIN CONDENSATE

A. Dynamics using the Gross-Pitaevskii equation

served aboufq=0,p=1) and (q=0,p=-1). These regions - —V2+Vtrap(r,t) +V(r,t)
correspond to oscillatory motion in phase with the amplitude 2m
modulation in each well of the standing wave. In the experi- A7 12
ment[1,2] atoms are loaded in a period-1 region of regular +N
motion by controling their initial position and momentum

and by choosing the starting phase of the amplitude modulavhereN is the mean number of atoms in the condensate, and
tion appropriately. Classically atoms should retain their mo-a is the scattering length wita=2.8 nm for sodiumV.,(r)
mentum state when observed stroboscopicéliye step is is the trapping potential which is turned off during the inter-
one modulation period A distinct signature of dynamical action with the standing wave an¥(r,t) is the time-

at

al\lf(r,t>|2]wr,t>, ®)
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1.5 1.5 FIG. 3. Position representation
= | Y e FEN of the atomic wave function as a
LR S IR function of the number of modu-
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dependent optical potential induced by the optical standinghe Gross-Pitaevskii equation, the interaction between these
wave. The Gross-Pitaevskii equation is propagated in timsingle-atom experiments is modeled by a classical field. Al-
using a standard numerical split-operator, fast Fourier transthough ignoring quantum phase fluctuations in the conden-
form method. The size of the spatial grid of the numericalsate, the wave nature of atoms is still contained in the Gross-
simulation is chosen to contain the full spatial extent of thePitaevskii equation and dynamical tunneling is a quantum
initial condensatetherefore all the populated wells of the effect that results from the wave nature of the atoms. The
standing wavg and the grid has periodic boundary condi- @Sumption for a common phase for the whole condensate is
tions at each sidé few unpopulated wells are also included well justified for th_e experimental c_ondltlons as the time
on each side s_cales of the experiment and t_he lattice WQII depth are suffi-
To obtain the initial wave function a Gaussian test func-cr;entl)r/1 snlz_all. It will be shown in Itlhe ffollr(])wm%see lfzé%e&
tion is evolved by imaginary time evolution to converge to I/vritc;] i?s r#TJit%CIaergzrrg{h;\ tt};lpelcr?oxlicr)]e;retecr)rrn elrr] (t)he Gzross-
?ﬁegriﬁgd;ﬁ;% tcvzjéatilgni ?:“Sjmgﬁ F;L?:g;';gaelguiyig:bitaeyskii equation5) Which is on the order of_ 400 Hz. The
V(r 1) approximately having the form of a linear ramp. After experimental results, in particular dynamical tunneling,

; ; o could therefore be modeled by a single particle Schrodinger
the adiabatic turn-on, the condensate wave function is fo””@quation in a one-dimensional single well with periodic

to be localized at the bottom of each well of the standinghoundary conditions. Nevertheless the Gross-Pitaevskii
wave. The standing wave is shifted and the time-dependeriguation is used to model all the experimental details of a

potential now has the form Bose-Einstein condensate in an optical lattice to guarantee

40 maximum accuracy. We will discuss and compare the Gross-
V(rt) = 4eff[1 ~ 2 sin(ot + ¢)Jsi(kx+ @),  (6) Efltgz\(/:slﬂ)l and the Floquet approaches be{tast paragraph

Theoretical analysis of the dynamical tunneling experi-
whereg is the phase shift which is applied to selectively loadments will be presented in this paper utilizing numerical so-

one region of regular motiofi]. The position representation lutions of the Gross-Pitaevskii equation. Furthermore we will

of the atomic wave functioft¥(r)|? just before the modula- analyze the system parameter space which is spanned by the

tion starts(and after the phase shifts shown in Fig. 3(t  scaled well depthx, the modulation parameter, and the

=0T). scaled Planck’s constaft In fact variation of the scaled
The Gross-Pitaevskii equation is used to model the exPlanck’s constant in the simulations allows one to move the

perimental details of a Bose-Einstein condensate in an optguantum system towards the classical limit.

cal one-dimensional lattice. The experiment effectively con- ]

sists of many coherent single-atom experiments. The B. Floquet analysis

coherence is reflected in the occurrence of diffraction peaks The quantum dynamics of a periodically driven Hamil-

in the atomic momentum distributiogsee Fig. 4. Utilizing tonian system can be described in terms of the eigenstates of
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t=5.25T

FIG. 4. Momentum distribu-
tions as a function of the interac-
tion time with the modulated
standing wave calculated using
numerical solutions of the Gross-
8 6 4 -2 0 2 4 6 8 Pitaevskii equation for the same
parameters as Fig. 3. Initially at-
oms have mostly negative mo-
mentum(t=0.25T). After approxi-
mately five modulation periods
most atoms populate a state with
positive momentum, therefore
having undergone dynamical tun-
neling. Corresponding experimen-
tal data from Ref[1] is also in-
cluded as insets.
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the Floguet operatdf, which evolves the system in time by [1]. For certain values of the scaled well depttand modu-
one modulation period. In the semiclassical regime, the Flotation parametes there are two dominant Floquet stajés)

quet eigenstates can be associated with regions of regulénat are localized on both fixed points but are distinguished
and irregular motion of the classical map. However, when by being even or odd eigenstates of the parity operator that
is not sufficiently small compared to a typical classical actionchanges the sign of momentum. A state localized on just one
the phase-space representation of the Floquet eigenstates fikaeed point is therefore likely to have dominant support on an
not necessarily match with some classigelgular or irregu-  even or odd superposition of these two Floquet states:

lar) structureg10,17. However, initial states localized at the =

stable region around a fixed point in the Poincaré section can [id£po)) = (s} £ |p-)/N2. @)

be associated with superpositions of a small number of Flo- The stroboscopic evolution is described by repeated ap-

quet eigenstates. Using this state basis, one can reveal thgcation of the Floquet operator. As this is a unitary opera-
analogy of the dynamical tunneling experiments and convenggr,

tional tunneling in a double well system. Two states of op-

posite parity which can be responsible for the observed dy- F|o,) =27 gy (8)
namical tunneling phenomenon are identified. Floquet states ) . . S
are stroboscopic eigenstates of the system. Their phase spae 8¢ the Floquet quasienergies. Thus at a time whiah is
representation therefore provides a quantum analog to thimes the period of modulation, the state initially localized

classical stroboscopic phase space representation, tif8 *Po evolves to
Poincaré map. ~ (a(-i2me,/R) —i2mme_ >
Only very few states are needed to describe the evolution () = (¢ “Mg.) + e Flgonz. (@
of a wave packet that is initially strongly localized on a re-Ignoring an overall phase and defining the separation be-
gion of regular motion. A strongly localized wave packet is tween Floquet quasienergies as
used in the experimenistrongly localized in each well of
the standing wavemaking the Floquet basis very useful. In Ap=¢-— s,
contrast, describing the dynamics in momentum or positiorpne obtains
representation requires a large number of states so that some _
of the intuitive understanding which one can obtain in the [(n)) = (|p,) + €T12mMADR| 4 V)[\2, (12)
Floquet basis is impossible to gain. For example, the tunnel-
ing period can be derived from the quasi-eigenenergies of thet
relevant Floquet states, as will be shown below. _
For an appropriate choice of parameters the phase space n=ki2A¢) 12
exhibits two period-1 fixed points, which for a suitable periods, the state will form the antisymmetric superposition
Poincaré section lie on the momentum axis p§,4as in Ref.  of Floquet states and thus is localized on the other fixed point

(10)
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at —,. In other words the atoms have tunneled from one ofHamiltonian. Therefore one can obtain the correct initial
the fixed points to the other. This is reminiscent of barrierstate with high precision. Furthermore, the mean-field inter-
tunneling between two wells, where a particle in one well, inaction is simulated which is not contained in the Floquet
a superposition of symmetric and antisymmetric energyapproach.

eigenstates, oscillates between wells with a frequency given

by the energy difference between the eigenstates. || NUMERICAL SIMULATIONS OF THE EXPERIMENTS
Tunneling can also occur when the initial state has signifi- _ o A
cant overlap with two nonsymmetric states. For example, if A. Gross-Pitaevskii smulations

the initial state is localized on two Floguet states, one local- |, this section experimental results that were discussed in
|ze(_j inside the class_lcal Cha..Ot'IC region a_nd one inside thg previous papefl] are compared with numerical simula-
region of regL_JIar motion, a distinct oscillation in th_e_strobo- tions of the Gross-PitaevskiGP) equation.
scopic evolutlor_1 of the mean momentum may be visible. The | the experimenf1] the atomic wave function was pre-
frequency of this tunneling oscillation depends on the spacpared initially to be localized around a period-1 region of
ing of the corresponding quasi-eigenenergies in the Floqugkgular motion. Figure 2 shows the stroboscopically mea-
spectrum. In many cases multiple tunneling frequencies ocsyred mean momentum as a function of the interaction time
cur in the s_troboscoplc evolutlor) of the mean momentumyith the standing wave for modulation parametsr0.29,
some of which are due to tunneling between nonsymmetrigcgled well depthx=1.66, modulation frequencys/2m
states. ) ) ) ) =250 kHz, and a phase shift gf=0.21x 2. (a) and (b)
Quantum dynamical tunneling may be defined in that acorrespond to the two different interaction times-0.25
particle can access a region of phase space in a way that jstanding wave modulation ends at a maximum of the ampli-
forbidden by the classical dynamics. This implies that ity,qe modulationp and n+0.75 modulation periodéstanding
crosses a Kolmogorov-Arnold-MoserKAM)  surface  \yave modulation ends at a minimum of the amplitude modu-
[12,13. The clearest evidence of dynamical tunneling can bgation), respectively. Results from the simulatiogelid line,
obtained by choosing the scaled Planck’s constasuffi-  circles are compared with the experimental ddtiashed
ciently small so that the atomic wave function is muchline, diamonds Dynamical tunneling manifests itself as a
smaller than the region of regular motidthe size of the coherent oscillation of the stroboscopically observed mean
wave function is given bf). Furthermore, it should be cen- momentum. This occurs in contrast to the classical prediction
tered inside the region of regular motion. However, even ifin which atoms should retain their momentum state when
the wave packet is larger than the region of regular motiorPbserved stroboscopicalifime step is one modulation pe-
and also populates the classical chaotic region of phase spatigd). There is good agreement between experiment and
one can still analyze quantum-classical correspondence aifieory as far as the tunneling period is concerned. However,
tunneling. One assumes a classical probability distribution othe experimentally measured tunneling amplitude is smaller
point particles with the same size as the quantum wave fundhan the theoretical prediction.
tion and compares the classical evolution of this point par- It should be noted that the theoretical simulations do not
ticle probability distribution with the quantum evolution of take account of any possible spatial and temporal variations
the wave packet. A distinct difference between the two evoOf the scaled well deptke.g., light intensity, which could
lutions results from the occurrence of tunneling assuming?0ssibly lead to the observed discrepancy. It was decided to

that the quantum evolution penetrates a KAM surface visProduce simulations without using any free parameters.
ibly. However, the uncertainty associated with the experiment
would allow small variations of the modulation parameter
and the scaled well depth There was a 10% uncertainty in
the value of the scaled well depthand a 5% uncertainty in
Using the Gross-Pitaevskii equation one can exactljthe modulation parameter (all reported uncertainties are 1
simulate the experiment because the momentum or positiostandard deviation combined systematic and statistical uncer-
representation is used. Therefore the theoretical simulatiotaintieg. Both temporal and spatial uncertainty during one
can be directly compared with the experimental result. Inrun of the experiment are contained in these values as well as
contrast Floquet states do not have a straightforward experthe systematic total measurement uncertainty. It was verified
mental intuitive analog. In the Floquet states analysis on¢hat there are no important qualitative changes when varying
can compare the quasienergy splitting between the tunnelinghe parameters in the uncertainty regime for the simulations
Floquet state with the experimentally measured tunneling pepresented here. However, the agreement between experiment
riod. The occurrence of multiple frequencies in the experi-and theory often can be optimizethot always non-
mentally observed tunneling oscillations might also be ex-ambiguously, meaning that it is sometimes hard to decide
plained with the presence of more than two dominantwhich set of parameters produces the best Aitthough the
Floquet states, the tunneling frequencies being the energyeoretical simulation presented does not show any decay in
splitting between different participating Floquet states. Usinghe mean momentum curve, a slight change of parameters
the Gross-Pitaevskii approach one can simulate the experinside the experimental uncertainty can lead to decay which
ment with high precision. The same number of populateds most likely caused by another dominant Floquet state
wells as in the experiment can be used and the turn-on of th@hose presence leads to the occurrence of a beating of the
standing wave can be simulated using an appropriate turn-atinneling oscillations which appears as de¢ayd revival on

C. Comparison
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longer time scalgs A detailed analysis of the corresponding
Floguet states and their meaning will be presented in Sec—
III C. [An example of how a change of parameters inside the3
experimental uncertainty in the simulations can optimize the 3
agreement between theory and experiment is shown in Figs%
6 and 7. Both figures are described in more detail later in this 2
section] Another reason for the observed discrepancy could §
be the evolution of noncondensed atoms that is not containe(g
in the GP approach and the interaction of noncondensed at=
oms with the condensate. With a sulfficiently long adiabatic 2
turn-on time of the far detuned standing wave the production
of noncondensed atoms should be negligible. The interactior =
of the condensate with noncondensed atoms should also b3
negligible due to the low atomic densityote that in the
experiments the condensate is expanded before the standin . .
wave is turned on However, further studies are needed to 20 30 40
give an exact estimate of these effects. Time [units of modulation periods]

The position representation of the atomic wave function
|W(x)]? is plotted stroboscopically after multiples of one  FIG. 5. Mean momentum as a function of the interaction time
modulation period in Fig. 3 for the same parameters as Figwith the modulated standing wave measured in modulation periods,
2. The position of the standing wave wells is also showmn, for £=0.28, k=1.49, w/27=250 kHz, ande=0.22X 27. The
(dotted ling, their amplitude is given in arbitrary units. The points are plotted stroboscopically with an interaction timenof
position axis is scaled with the mean Thomas-Fermi diam+0.25 modulation periods which corresponds to turning off the
eter. The initial modulation phase is chosen so that the wav@anding wave at maximum. Results from the dynamic evolution of
packet should be located classically approximately at it§he Gross-Pitaevskii equation are plotted as a solid(ireles) and
highest point of the potential wef2]. Choosing this strobo- the experimental data is plotted as a dashed (di@monds.

scopic phase the two regions of regular motion are alwayg,q potential well as shown in Fig. 3 &0T have “rolled”
maximally sepa}rated in position space. Using this phase ,fO(EIown the well having acquired negative momentum. Mo-
the stroboscopic plots enables the observation of dynamicghentum distributions for subsequent times illustrate the dy-
tunneling in position space as the two regions of regulahamical tunneling process. At=5.25 modulation periods
motion are located to the left and to the right of the minimummost atoms have reversed their momentum and they return to
of the potential well, being maximally spatially separated. Intheir initial momentum state at approximatety9.25T. The
contrast, in the experiments, tunneling is always observed igimulations are in reasonable agreement with the experimen-
momentum spacéhe standing wave is turned off when the tally measured data.
regions of regular motion are at the bottom of the well, over- Dynamical tunneling is sensitive to the modulation pa-
lapping spatially but having oppositely directed momg@ai® rameter, the scaled well depth, and the scaled Planck’s con-
it is difficult to optically resolve individual wells of the stant. To illustrate this, tunneling data along with the appro-
standing wave. The first picture in Fig.(8=0T) shows the priate evolution of the Gross-Pitaevskii equation will be
initial wave packet before the modulation is turned on. Subshown for another two parameter sets. Even though this rep-
sequent pictures exemplify the dynamical tunneling processesents only a small overview of the parameter dependency
At t=2T, half the atoms have tunneled; most of the atoms aref the tunneling oscillations it may help to appreciate the
in the other region of regular motion @at5T. The atoms variety of features in the atomic dynamics. Figure 5 shows
have returned to their initial position at abot#9T. The the theoretical simulation and the experimental datasfor
double peak structure a£5T and the small central peak at =0.28, k=1.49, w/27=250 kHz, and¢=0.22x27. The
t=2T could indicate that Floquet states other than the twanean momentum is plotted stroboscopically with the inten-
dominant ones are also loaded which is likely as a relativelysity modulation at maximunin+0.25 modulation periods)
large Planck’s constant was used enabling the initial wavéeing an integér The solid line(circles is produced by a
packet to cover a substantial phase space area. Gross-Pitaevskii simulation and the dashed lidemond$
Figure 4 shows simulations of the stroboscopically meaconsists of experimental data. There are approximately 3.5
sured momentum distributio®(p)|? as bar graphs for the tunneling periods in 40 modulation periods in the theoretical
same parameters as Fig. 3. Corresponding experimental datarve. Figure 6 shows the mean momentum as a function of
from Ref. [1] are also included as insets. The momentumthe interaction time with the standing wave for modulation
distributions are plotted an+0.25 modulation periods, parameters=0.30, scaled well deptik=1.82, modulation
wheren is an integer. At this modulation phase the amplitudefrequency w/27=222 kHz, and phase shitp=0.21X 2.
modulation is at its maximum and atoms in a period-1 regior-or these parameters the tunneling frequency is larger than
of regular motion are classically at the bottom of the wellfor the parameters shown in Fig. 5.
having maximum momentum. The two period-1 regions of The simulation shows good agreement with the experi-
regular motion can be distinguished in their momentum repment. However, the theoretical mean momentum tunneling
resentation at this phase as they have opposite momenta. Amplitude is larger than the one measured in the experiment
t=0.25T the atoms which were located initially halfway up and the theoretical tunneling frequency for this set of param-
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FIG. 8. Stroboscopic evolution of mean-field energy, the kinetic

FIG. 6. Mean momentum as a function of the interaction timeenergy, and the potential energy. The energies are given iteitz
with the modulated standing wave measured in modulation periodsrgy is scaled with Planck’s constanFor comparison the mean
n, for modulation parametes=0.30, scaled well deptix=1.82, momentum is also shown as a function of the interaction time with
modulation frequencyw/27=222 kHz, and phase ship=0.21 the standing wavein units of modulation periods The solid
X 2ar. The points are plotted stroboscopically with an interaction(circles and dasheddiamonds curves correspond to the two dif-
time of n+0.25 modulation periods which corresponds to turningferent interaction times1+0.25 andn+0.75 modulation periods,
off the standing wave at maximum. Results from the dynamic evorespectively. The evolution is plotted for modulation parameter
lution of the Gross-Pitaevskii equation are plotted as a solid line=0.29, scaled well depthkx=1.66, modulation frequencys/2m
(circley and the experimental data is plotted as a dashed line=250 kHz, and a phase shift=0.21X 2.
(diamonds.

sults. Note that the experimental data is not centered at zero
eters is slightly larger than the experimentally measured onenomentum. This is also the case in the theoretical simula-
Figure 7 illustrates that one can achieve much better agregions for bothe=0.28 ande=0.30. The mean momentum
ment between experiment and simulation if one of the pacurve appears much more sinusoidal than the onesfor
rameters is varied inside the experimental regime of uncer=0.29, k=1.66, w/27=250 kHz andp=0.21X 27 (Fig. 2).
tainty. The theoretical curve in this figure is obtained usingThis could imply that the initial wave function has support
the same parameters as in Fig. 6, but the modulation paranon fewer Floquet states.
etere is reduced from 0.30 to 0.28. The tunneling amplitude

and frequency is now very similar to the experimental re- ) ) ]
B. Stroboscopic evolution of the system energies

Calculating the expectation values of the relevant system
energies can give important information about the relevant
energy scales and it might also help to obtain a deeper in-
sight into the stroboscopic evolution of a Bose-Einstein con-
densate in a periodically modulated potential. Figure 8 shows
the energy, expectation values for the mean-field energy, the

\ potential energy, and the kinetic energy given in (dezaled

f \ .’ | 74N ,‘ by Planck’s constantFor comparison the stroboscopic mean

Lk \‘ R ‘ k' %4 1 momentum expectation values are also shown. The energy

O = N W B~ O

ﬂhmAAAﬂ

Mean momentum [units of recoils]

0 10 20 30

Time [units of modulation periods]

and momentum expectation values are plotted stroboscopi-
cally and the solidcircles and dasheddiamond$ curves
correspond to the two different interaction times0.25 and
n+0.75 modulation periods, respectively. Figure 8 is plotted
for modulation parametee=0.29, scaled well depth¢
=1.66, modulation frequency/27=250 kHz, and a phase
shift of ¢=0.21X 27 which corresponds to Fig. 2. The
mean-field energy is three orders of magnitude smaller than

FIG. 7. Mean momentum as a function of the interaction timeth€ potential or the kinetic energy. While the kinetic energy

with the modulated standing wave measured in modulation period$l0oes not show a distinct oscillation, an oscillation is clearly
n, using the same parameters as Fig. 6 but the modulation parametéisible in the stroboscopic potential energy evolution. This
¢ is reduced from 0.30 to 0.28 for the theoretical simulation. A oscillation frequency is not equal to the tunneling frequency
much better fit is obtained. but it is smaller as can be seen in Fig. 8. One obtains a period
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of approximately 8.9 modulation periods compared to a tun-
neling period of approximately 10.0 modulation periods.

Considering the energy scales one should note that this os
cillation is also clearly visible in the stroboscopic evolution

of the total energy of the atoms. The origin of this oscillation

is not known yet and will be the subject of future investiga-

tion.

C. Floguet analysis for some experimental parameters

Time and spatial periodicity of the Hamiltonian allow uti-
lization of the Bloch and Floquet theorerjikl,14. Because
of the time periodicity, there still exist eigenstates of the
evolution operator over one periodloquet theorem lts
eigenvalues can be written in the foem2" %™ where g, is @
called the quasienergy of the statess a discrete quantum
number. Due to the spatial/ 2-periodicity, in addition tan,
these states are labeled by a continuous quantum number, tt
so-called quasi-momentut e [—27r/\, 27/ \] (Bloch theo-
rem). The quasienergy spectruth,(9) is therefore made of
bands labeled by (see for instance Fig. 30More precisely,
the states can be written as

| o()) = 72T TRITID]y (7) 13

where{|i, s(7))} is now strictly periodic in space and time
(i.e., not up to a phase

The evolution of the initial atomic wave function can be
easily computed from its expansion on {lgg 4(0)) once the
Floquet operator has been diagonalized. Ti#gy(7)), are ®)
the eigenstates of the modified Floquet-Bloch Hamiltonian

H=(p+RNY2+2«(1-2s sin Dsirk(g/2) (14

subjected to strictly periodic space-time boundary condi-
tions.

Dominant Floquet states may be determined by calculat-
ing the inner product of the Floquet states with the initial
atomic wave function. To obtain a phase space representatio
of Floquet states in momentum and position space one cal
calculate the Husimi o®-function. It is defined as

1
27Kk

2, (15

Q(a,p,7) =—(q+ip[¢)

where|g+ip) is the coherent state of a simple harmonic os-
cillator with frequencyw, chosen as/« in scaled units. The ~ (©
position representation(q’ |g+ip) of the coherent state
[15,19 is given by

-3
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q

FIG. 9. Phase space representations of two Floquet states for
=0 that are involved in the dynamical tunneling are showi@n

) wg 14 q-q 2 q and (b). The Floquet states correspond to the experimental param-
@lg+ipy={—| exp—|——| +ip— (16) eters: modulation parameter0.29, scaled well depth=1.66, and
Kk

R 2A

modulation frequency/27=250 kHz, which were utilized to ob-

— tain the experimental results shown in Fig. 2. A third state, shown in
up to an overall phase factor and wheére VR/2w,. Floquet  (c) also has significant overlap with the initial experimental state.

analysis will be shown for some of the experimental param-

eters which were presented in the previous section. Figure Begions of regular motion and they were selected so that the
shows contour plots of the Husimi functions of two Floquetinitial atomic wave function has significant overlap with
states with opposite paritfa) and(b)] for these parameters them(26% and 44%, respectivelyThe initial experimental
whose presence allows dynamical tunneling to occur. Both o$tate has also significant overl&p2%) with a third state
them are approximately localized on the classical period-that is shown in Fig. @). The overlap is calculated using a

013408-8

70



I.6 Analyse d’expériences sur leffet tunnel dynamique réalisées avec un condensat

ANALYSIS OF DYNAMICAL TUNNELING EXPERIMENTS... PHYSICAL REVIEW A 70, 013408(2004)

2 " lattice is turned opand the latticey =9/m [17] if the stand-

ing wave is adiabatically turned on. It was found[iri] that

it is of importance to populate a state whose quasi-
momentum average is equal to zero. Moreover, quasi-
momentum spread is also of importance. It has been shown
in [18] that if the thermal velocity distribution is too broad,
then the tunneling oscillation disappears. As can be seen in
Fig. 10 the quasi-eigenenergies of the two contributing Flo-
quet states depend on the quasi-momentminBloch angle.

The tunneling periogwhich is inversely proportional to the
separation between these two quasi-eigenengrdiesends

on the quasi-momentum. Using a thermal atomic cloud one
obtains a statistical ensemble of many quasi-momenta as
they initially move in random directions with respect to the
optical lattice. Atoms localized in individual wells can be
described by a wave packet in the plane wave basis and
therefore they are characterized by a superposition of many
quasi-momenta. The resulting quasi-momentum width
washes out the tunneling oscillatiogsee[18], Fig. 3). In

Quasienergy [units of reduced energy]

FIG. 10. Quasi-eigenenergy spectrum for parameters: modul . :
tion parametee=0.29, scaled well depth=1.66, and modulation afact in another experiment Steat al. [3] found that the

frequencya/2m=250 kHz. The quasi-eigenenergy is measured inamplltud_e of the mean momentum_osm_llaﬂons resulting from
reduced energy units and it is a function of the Bloch angle. The? tunneling process bet\_Nt_at_an two Ilbratlona! islands of Stab_'l'
Bloch angle is equal to the quasi-momentum multiplied with thelty decreas_ed when the initial momentum width of the atomic
spatial perioch/2 of the lattice. Each line corresponds to one Flo- cloud was increased. o )

quet state labeled by [see Eq.(13)]. The quasi-eigenenergy of Figure 11 shows contour plots of Husimi functions for the
most Floquet states is strongly dependent on the quasi-momentuf@0 dominant Floguet states for the modulation parameter
but it is not the case for the states of the tunneling doublet. Recalt=0.30, scaled well depthc=1.82, and modulation fre-
that the quasi-momentur is proportional to the phase taken by a quencyw/2mw=222 kHz, which corresponds to experimental
state when spatially translated by2. In other words, fixingd results shown in Fig. 6. The states are selected to have maxi-
imposes on the states some conditions on the boundary of one elaum overlap with the initial wave packé28% and 44% In
ementary cellqg,q+\/2]. If a state is localized deep inside a cell, contrast to the experimental results shown in Fig. 2 there are
changing the boundary conditiofiise., 9) will not affect the state  only two dominant Floquet states. The quasi-eigenenergy
so much and the corresponding quasienergies appear as curves tigfectrum for this set of parametefisot shown reveals a

are approximately parallel to th& axis. However, one should ex- |evel splitting of approximately 0.15 in reduced units, the
pect a strongd-dependence for a state that spreads over at leagta|culated tunneling period is 6 modulation periods which is
Ag~A/2. in good agreement with the experiment.

When comparing the stroboscopic evolution of the mean

coherent state that is centered on the periodic region of regu- smentum shown in Fig. emodulation parametes=0.29

Iaerr_rrr;]%t:qotgl, ;Atlgigh‘ll'?]ea go:sq_:_p%rr(]);rlgftlog gc:?emmflct)lftlhe';(-sg aled well depthc=1.66, and modulation frequeney/ 2
pen . quast-elg gy spectru 'S S€b50 kH2 with the one shown in Fig. Gmodulation param-

of parameters is shown in Fig. 10. The_ quasi-eigenenergiegters:0'30 scaled well deptk=1.82, and modulation fre-
de Iploét:gh ﬁf}eac;l:rrg;“%r;] dosf tghgnguszl_?eme&ﬁg?e d bguencyw/ 2m=222 kH2, one finds that it is less sinusoidal.
gle. p ; q his can be explained in the Floquet picture. While there are
n [see Eq(_13)]. The amows point to the o Floquet states three dominant Floquet states for the first céSgs. 2 and 9
shown in Figs. @) and 9b) that correspond to the tunneling (three Floquet states with significant overlap with the initial

ISZIIOcI>|ttl|Jnegt ;rt]altzeqs' (vit??.chMlioeStinOIhtgilZtsg‘iacralllr::isagtci)crre?\gzgdstc;ce)(perimental stage there are only two dominant Floguet
q uc p PaC%ates for the second caddgs. 6 and 1iresulting in a more
region. Examples of phase space representations of such FI

quet states can be found in REE1]. Note that the spectrum Shusoidal tunneling oscillation.
is k periodic in quasienergies. For quasi-momentim0 the
splitting between the two states that are shown in Fig. 9 is  D. Loading analysis of the Floquet superposition state
approxmately 0.08 in rgduced um(e.nergy infrequency The initial atomic wave packet is localized around the
units, [energy{27K)]). With a modulation frequencw/27  ¢lassical period-1 region of regular motion by inducing a
=250 kHz one obtains a scaled Planck’s conskattterefore  sudden phase shift to the standing wave. This enables the
the tunneling periodry,, which follows from Eq.(12) is 10  observation of dynamical tunneling. In the Floguet picture
which is in good agreement with the experiment. the observation of dynamical tunneling requires that the ini-
The quasi-momentum plays a significant role in the ex-ial state has support on only a few dominant Floguet states,
periments. The quasi-momentudnis approximately equal to preferably populating only two with a phase space structure
the relative velocityy between the wave packétefore the as shown in Fig. 9. Optimizing the overlap of the initial state
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curve for o= is not shown but it is the same as fpr0).

The amplitude of the tunneling oscillations changes strongly
when the initial phase shifp of the standing wave is
changed. The best overlap with the tunneling Floquet states
is obtained for the phase shift somewhere in between
0.25% 27 and 0.30< 27 which corresponds to placing the
wave packet halfway up the standing wave well. This result
is in good agreement with the structure of the tunneling Flo-
quet states as shown in Fig. 9. When changjrtipere is no
change in the observed tunneling period. This is to be ex-
pected as mainly the loading efficiency for the “tunneling”
Floquet states varies whenis varied. It should be noted that
the simulations are carried out for a relatively large scaled

Planck’s constarit which means that the wave packet size is
rather large compared to characteristic classical phase space
features like the period-1 regions of regular motion. This
analysis shows that the tunneling amplitude sensitively de-
pends on the loading efficiency of the tunneling Floquet
states and that there is a smooth dependency of the tunneling
amplitude on this loading parameter.

IV. PARAMETER DEPENDENCY OF THE TUNNELING
OSCILLATIONS

The scaled parameter space for the dynamics of the sys-
tem is given by the scaled well depthand the modulation
parameters. Both parameters will significantly change the
structure and number of the contributing Floquet states. It
has been found that a strong sensitivity of the tunneling fre-
quency on the system parameters is a signature of chaos-
(b) assisted tunnelinfl1,18 where a third state associated with

the classical chaotic region interacts with the tunneling Flo-

FIG. 11. Phase space representations of two Floquet stateguet states. A Floquet state that is localized inside a region of
whose presence can lead to the occurrence of dynamical tunnelingegular motion that surrounds another resonance can also in-
The Floquet states correspond to the experimental parametergaract with the tunneling doublettwo tunneling Floquet
modulation parametes=0.30, scaled well depthc=1.82, and  gstates, this phenomenon is known as resonance-assisted tun-
m_odulatlon fre_quencyu/27-r:222 kHz,_ Wh_lch were utilized to ob- neling [19].
tain the experimental results shown in Fig. 6. Comprehensively exploring the parameter space and its
associated phenomena is out of the scope of this paper. In-

with these Floguet “tunneling” states should maximize theSte@d an analysis associated with our experiments will be
observed tunneling amplitude. Here we carry out analysi@resented here showing one scan of the scaled well depth
confirming this prediction. This corresponds to optimizing @nd another scan of the modulation parametaround the

the overlap of the initial experimental state with the period-1€xperimental parameter regime. The results are shown in the
regions of regular motion. Figure 12 shows the mean atomiform of plots of the mean momentum as a function of the
momentum as a function of the interaction time with theinteraction time with the modulated standing wave. The solid
standing wave which is plotted for a range of the initial line (circles corresponds to an interaction time with the
phase shiftp of the standing wave. The solid lingircles  standing wave oh+0.25 modulation periods and the dashed
corresponds to an interaction time with the standing wave ofine (diamond$ corresponds to an interaction time of
n+0.25 modulation periods and the dashed l[demonds  +0.75 modulation periods.

corresponds to an interaction timemf 0.75 modulation pe- Figure 13 shows the scaled well depthbeing varied
riods. The simulations are made using the Gross-Pitaevskifom 1.10 to 1.75. The other parameters are held constant
equation for modulation parameter=0.29, scaled well (modulation parameters=0.29, modulation frequency
depth k=1.66, and modulation frequenay/27m=250 kHz ~ w/27=250 kHz, and phase ship=0.21X27). The mo-
which corresponds to Fig. 2. A phase shift 0 corresponds mentum distribution evolution is shown to illustrate intricate
to localizing the wave packet exactly at the bottom of thechanges in the tunneling dynamics when the parameters are
well and ¢=7 corresponds to localizing it exactly at the varied. Both the tunneling frequency spectrum and the tun-
maximum of the standing wave well. Symmetry dictates thaneling amplitude are strongly dependent:arOften one can

no tunneling oscillation can occur for these two loadingsee more than just one dominant tunneling frequency. For
phases. This is also shown in Fig. {the mean momentum example, fork=1.35 the two dominant tunneling frequencies
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which contribute to the tunneling oscillation have a period ofquet states as chaotic or regular, which is needed for chaos-
approximately 3.9 and 34 modulation periods. In the intervalassisted tunneling.

of approximatelyk=1.5 and 1.8 the tunneling oscillations  Another interesting feature of dynamical tunneling can be
have a more sinusoidal shape indicating the presence of onljerived from Fig. 14. It shows that for a certain parameter
approximately two dominant tunneling states. In this intervalregime the tunneling frequency decreases with decreasing
the tunneling frequency is peakedrat 1.55 with a tunneling scaled well depth. This is the contrary of what one would
period of approximately 8.9 modulation periods. In order toexpect for spatial energy barrier tunneling. This feature has
analyze further the behavior of the tunneling frequency, webeen also observed in recent experimgdisFloquet spectra
show the low frequencydiamond$ and the high frequency provide alternative means of analyzing the tunneling dynam-
componentsquaregof the tunneling frequency as a function ics. The dependence of the tunneling frequency on the scaled
of the scaled well deptlx in Fig. 14. The high frequency well depthx can be understood using the appropriate Floquet
component is plotted only for values &fwhere it is visible  spectrum. Figure 15 shows the quasi-eigenenergies of differ-
in the stroboscopic momentum evolution shown in Fig. 13.ent Floquet states as a function of the scaled well depth
The occurrence of multiple tunneling frequencies resultsThe Floquet states with maximum overlap are marked with
from the presence of more than two dominant Floquet statedullets. Figure 15 also shows phase space representations
The minimum of the low frequency component of the tun-(Husimi functiong of some of these Floquet states for differ-
neling frequency is due to the level crossing of two contrib-ent values ofx. The shape and structure of these Floquet
uting Floquet stategsee squares and filled circles at states depend on the value of the scaled well depth. In fact
=1.25 in Fig. 15. The error bars result from the readout Floquet states can undergo bifurcations. This may be seen as
uncertainty of the tunneling period from the simulations.the quantum analog of classical phase bifurcations. Classical
This analysis reveals some of the intricate features of th@hase space bifurcations have been reported in [R6f. In
tunneling dynamics. Instead of a smooth parameter deperthis case the shapes of the Floquet states change in such a
dency a distinct rise and falin the low frequency compo- way that different Floquet states have non-negligible overlap
neny in the tunneling frequency versus scaled well depthwith the initial experimental state as the scaled well depth
appears. The tunneling frequency minimum is centered as varied. The separation between the quasi-eigenenergies of
x=~1.3. Note that a rise and fall in the tunneling frequency isthe two states with maximum overlap will determine a domi-
often understood as a signature of chaos-assisted tunnelingant tunneling frequency. Note that often more than two
However, it is not a sufficient criterion for chaos-assistedstates have relevant overlap with the initial experimental
tunneling. One needs to choose an approximately ten timestates which leads to the occurrence of multiple tunneling
smaller scaled Planck’s constant to use the terminology ofrequencies.

chaos-assisted tunnelifj@8]. The size of the Floquet states  Figure 16 shows effects of a variation of the modulation
is given by the scaled Planck’s constant. If the states arparametee. To obtain these simulations all other parameters
much larger than phase space features like regions of regulare held constariscaled well deptik=1.66, modulation fre-
motion, then it is impossible to make a classification of Flo-quencyw/27=250 kHz, and phase shif=0.21x 27). For
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smaller values of the corresponding classical phase space is V. MOVING THE QUANTUM SYSTEM TOWARDS THE
mainly regular. There is no distinct oscillation at0.10 CLASSICAL LIMIT

which is centered at zero momentum. Distinct tunneling os- ) ) )
cillations start to occur at=0.14 with a gradually increasing A fundamental strength of the experiments which are dis-
tunneling frequency. While there is a tunneling period of€uSsed here is that they are capable of exploring the transi-
approximately 67 modulation periods &t 0.14, the tunnel- tion of the quantum system towards the classical limit by
ing period is only approximately 7.7 modulation periods atdecreasing the scaled Planck’s constant

£=0.38. For larger values of the modulation parameténe Here a quantum system with mixed phase space exhibit-
oscillations become less sinusoidal indicating the presence #fd classically chaotic and regular regions of motion is
an increasing number of dominant Floguet states. The errdhoved towards the classical limit. By adjusting the scaled
bars result from the readout uncertainty of the tunneling pePlanck’s constank of the system, the wave and particle
riod from the simulations. character of the atoms can be probed although some experi-
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0.4 mental and numerical restrictions limit the extent of this
E o35 ) [ quantum-classical probe. This should enhance our under-
= standing of nonlinear dynamical systems and provide insight
] 03 i & into their quantum and classical origin. It is out of the scope
% r of this paper to present anything more than a short analysis
3 025 ] relevant to the experimental results. The quantum-classical
Z d 1 borderland is analyzed by considering the mean momentum
$ 02 as a function of the interaction time with the modulated
z 015 standing wave for different values of the scaled Planck’s
£ constan®k. Figure 17 shows results for modulation parameter
_E’ 01 g < * - £=0.29, scaled well depth=1.66, and phase shift=0.21
T . 3 - T X 271 which corresponds to experimental results shown in
g 008 . Fig. 2. The scaled Planck’s constdnis varied by adjusting
= 0 ¢ 3 the modulation frequency/27 and leaving the scaled well
A 12 173 14 15 16 17 depth k, the modulation parametey, and the initial phase

shift ¢ constant. Results are shown for the scaled Planck’s
constantk ranging from 0.40(w/27=500 kH2 to 1.33
FIG. 14. Tunneling frequency as a function of the scaled Well(‘”/27,7: 150 kH3. The error ba_rs result from the reaqOUt un-
depth « (modulation parameter=0.29, modulation frequency certainty of th_e tunneling period from the S|mulat|on_s. As
/2m=250 kHz, and phase shift=0.21x 27) taken from Fig. 13, SNOWN in previous wor21], the momentum of the regions
Diamonds and squares denote low and high frequency componen@‘,c regular motion 1S _proportlonal to Fhe modulation fre-
respectively. quency. Note that this is a purely classical feature that would
disappear if the scaled momentum would be plotted instead
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FIG. 15. Floquet spectrum as a function of the scaled well deptimodulation parametes=0.29, modulation frequencw/2m
=250 kHz, and phase shif=0.21x 27. The Floquet states with maximum overlap are marked by black bullets, white bullets are used for
second most overlap, and white squared bullets show third most overlap. Phase space represgtuationgunctions of some of the
Floquet states for different values efare also shown.
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FIG. 16. Tunneling frequency as a function of the modulation  FIG. 17. Dominant tunneling frequency as a function of the
parametere (scaled well depthx=1.66, modulation frequency modulation frequencyw/27 for modulation parametee=0.29,
o/2m=250 kHz, and phase shi@=0.21x2m). The error bars re-  scaled well depttk=1.66, and phase shif=0.21X 27 which cor-
sult from the readout uncertainty of the tunneling oscillations fromresponds to experimental results shown in Fig. 2. As expected, the
the simulations. The high frequency component that is present iverall tendency consists of a decreasing of the tunneling frequency
the data for 0.06<¢<0.18 is not shown. as the modulation frequency increases and therefore as the scaled

Planck’'s constant decreases, however, the transition is not as
of the real momentum. Intuitively one would expect the tun-Smooth as one might expect.
neling frequency to decrease as the system becomes more
classical. However, a different quite surprising phenomenon An analysis of the parameter space has shown that tunnel-
occurs. Considering the modulation frequency interval being frequency is strongly dependent on the system param-
tween 225 and 325 kHz the tunneling frequency graduallyeters scaled well deptk, modulation parametes, and the

decreases as the system becomes more classical. The Saggjed Planck’s constakt While we find an approximately

applies for the interval between 150 and 175 kHz and th§inear dependence of the tunneling frequency on the modu-
interval from 425 to 475 kHz. Qualitative changes occur atation parametet for the set of experimental parameters,

approximately 200, 350875), and 500 kHz where the tun- there is a distinct spike in the tunneling frequency as a func-
neling oscillation shows multifrequency contributions andtjgn of the scaled well deptk.
the tunneling frequency then significantly increases as the However, this cannot be interpreted as a signature of
effective Planck's constant is further decreased. A more deghaps-assisted tunneling essentially because the states cannot
tailed analysis will be the subject of future study. The threepe clearly identified with chaotic or regular regions of the
intervals where the tunneling frequency decreases appear @fssical phase space, therefore the notion of chaos-assisted
three arms in the graph. Ab/2w=200, 350, and 375 kHz  tnneling is difficult to use in this context. We note that it is
the system cannot be well described using one dominant tuimportant to decrease the scaled Planck’s constant by at least
nelmg_frequency, therefore no data is shown at these fresn order of magnitudg18] for an observation of chaos-
quencies. o o . assisted tunneling to be nonambiguous. We have simulated
The results of this first analysis indicate that the transitionynen the system is moved towards the classical limit. A
from quantum to classical physics contains many fascinatingfyrcationlike behavior results which can be understood in

details to be explored. The results for the driven pendulum iferms of quantum bifurcations of the contributing Floguet
atom optics shows that the transition from quantum to clasgtates.

sical dynamics is not smooth.
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i.7 Influence des résonances classiques sur l'effet tunnel
chaotique

Dans ce dernier article sur l'effet tunnel, écrit en collaboration avec Peter SCHLAGHECK
et Christopher ELTSCHKA (groupe Complex Quantum Systems de Puniversité de Regens-
burg (Allemagne) dirigé par Klaus RICHTER), nous nous éloignons des expériences phy-
siques pour revenir & des concepts théoriques étayés par des expériences numériques. Nous
confirmons le réle central joué par les résonances dans leffet tunnel chaotique et nous
apportons un nouvel éclairage sur la correspondance entre ces résonances, les fonctions
donde impliquées dans l'effet tunnel chaotique et leur représentation dans lespace des pha-
ses. A noter aussi que nous réfutons quantitativement une proposition désinvolte (*°) de
PopoLsKIY & NARIMANOV (2003) pour estimer le doublet 4¢ exprimé en fon&ion de
laire des ilots.

(3°) Dans un Phys. Rev. Lett., en escamotant sans le dire des facteurs multiplicatifs de plusieurs ordres
de grandeurs et en renvoyant & un argument absent de la référence citée!

78



1.7 Influence des résonances classiques sur leffet tunnel chaotique

PHYSICAL REVIEW E 74, 026211 (2006)

Influence of classical resonances on chaotic tunneling

Amaury Mouchet
Laboratoire de Mathématiques et de Physique Théoriqgue, CNRS UMR 6083, Université Frangois Rabelais Avenue Monge,
Parc de Grandmont 37200 Tours, France

Christopher Eltschka and Peter Schlagheck
Institut fiir Theoretische Physik, Universitit Regensburg, 93040 Regensburg, Germany
(Received 9 June 2006; published 22 August 2006)

Dynamical tunneling between symmetry-related stable modes is studied in the periodically driven pendulum.
We present strong evidence that the tunneling process is governed by nonlinear resonances that manifest within
the regular phase-space islands on which the stable modes are localized. By means of a quantitative numerical
study of the corresponding Floquet problem, we identify the trace of such resonances not only in the level
splittings between near-degenerate quantum states, where they lead to prominent plateau structures, but also in
overlap matrix elements of the Floquet eigenstates, which reveal characteristic sequences of avoided crossings
in the Floquet spectrum. The semiclassical theory of resonance-assisted tunneling yields good overall agree-
ment with the quantum-tunneling rates, and indicates that partial barriers within the chaos might play a

prominent role.
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L. INTRODUCTION

Since the very first quantitative studies of tunneling in a
chaotic system [1,2], it has been clear that a minute scrutiny
of the associated classical dynamics was required in order to
understand even the most coarse features of the quantum
behavior of such systems. In essence, tunneling is a semi-
classical concept since it refers to a quantum process—
typically a decay or the oscillation of an averaged
observable—that is forbidden at a classical level. But, de-
spite the numerous successes of semiclassical computations
in quantum chaos, the questions of which and how classical
objects can be used to understand tunneling and to compute,
say, their characteristic time scales, have been remaining
widely open for sixteen years. The stakes in the battle are
important since nonintegrability is the generic rule of multi-
dimensional systems and tunneling may play a crucial role in
their transport properties. Moreover, it is one of its signatures
that chaotic tunneling can be modified on several orders of
magnitude by the slightest variation of any classical or quan-
tum parameter; therefore a deep understanding of chaotic
tunneling is required to control the process, what may be an
advantage in delicate quantum experiments and, hopefully,
give rise to an extremely sensitive quantum tool. Some
promising clues have been provided in this direction by nu-
merical studies and experiments with cold atoms [3-6], but
also with microwave cavities [7,8] where tunneling signa-
tures for processes that are forbidden by ray optics were
observed.

Of course, in order to capture the typical exponentially
small tunneling effects, it is expected that the classical dy-
namics should be complexified. It is well known [9,10] that
the complex solutions of Hamilton’s equations are actually
involved in the interpretation of tunneling of autonomous
systems with one degree of freedom. In the mid 1990’s, the
first observations [11-14] that complex periodic orbits allow
one to reproduce quantitatively some feature of chaotic tun-
neling gave hope that a semiclassical strategy was indeed
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possible, even though the complexified classical tori are ge-
nerically destroyed in chaotic systems [15]. But to deal with
tractable semiclassical trace formulas a la Gutzwiller, a gen-
eral criterion for selecting the complex periodic orbits was
still lacking; this need became an emergency when it was
unexpectedly discovered [16,17] that chaos reveals itself in
the complex phase space through some fractal structures, the
so-called Laputa islands, that look like agglomerates of com-
plex trajectories. It is only recently that some encouraging
significant steps were done for retaining the relevant semi-
classical skeleton [18]. A lot of work remains to be done in
that direction, especially if one wants to deal with continuous
systems where time can (and must) be complexified as well,
unlike what occurs in discrete maps.

The second strategy to cope with chaotic tunneling is not
purely semiclassical, but rather calls up random matrix
theory. Since the seminal work presented in Ref. [19], a fruit-
ful approach of quantum chaos is to replace a chaotic but
deterministic Hamiltonian by a random element of an en-
semble of matrices that only encapsulates the global symme-
tries. These hybrid techniques, with both semiclassical and
statistical ingredients, first allowed us to qualitatively under-
stand the so-called chaos-assisted tunneling, i.e., the obser-
vation [20] that tunneling is increased on average as the
transport through chaotic regions grows [21-23]. However,
the extreme sensitivity of tunneling renders the predictions
very difficult even if just an order of magnitude is required.
This is also true for the seemingly simple case of near-
integrable dynamics where it was shown, on a discrete
quasi-integrable quantum map, that the internal resonances
may enhance the transitions by several orders of magnitudes
[24,25]. This resonance-assisted tunneling is also at work
in discrete systems where chaos is much more developed
[26]. The aim of the present paper is to show that the ideas
in Refs. [26,27] are strengthened, now in a continuous
system, by a systematic analysis of level dynamics and the
phase-space representation of the quantum states.
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We shall begin in Sec. II with a short presentation of the
general framework of chaotic tunneling and the model we
chose in order to study it. We will be concerned with a typi-
cal signature of tunneling, namely, the period of Rabi oscil-
lations between two wells that are separated by a dynamical
barrier. In Sec. III we will show with a simple argument, that
the attempt to reproduce the average tunneling periods pre-
sented in Ref. [28] is far from being complete precisely be-
cause it ignores the resonances, among other things. In Sec.
IV we will give an illuminating illustration of a characteristic
feature of chaotic tunneling [29]: it appears to be a collective
effect in level dynamics where not just one third state crosses
a tunneling doublet. We will give a phase-space picture of
resonance-assisted tunneling and confirm that taking into ac-
count the resonances is unavoidable if we want to reproduce
or predict the average behavior of tunneling transitions. In
Sec. V, we show that the ideas of Refs. [26,27] actually pro-
vide a good estimate for the average tunneling rate in our
model.

II. GENERAL FRAMEWORK OF CHAOTIC TUNNELING

The simplest nonintegrable Hamiltonian models are either
time-dependent one-dimensional (1D) systems or, equiva-
lently, autonomous systems with two degrees of freedom
where the Hamiltonian is the only constant of motion. Seen
from the classical point of view, a generic potential induces a
cascade of nonlinear resonances whose overlap generates
chaos [30,31]. One minimal continuous model that encapsu-
lates these typical properties is a 1D time-dependent system
whose Hamiltonian is

2
H(p,q;t) = % - % cos(q + 2t/ 7) — % cos(q — 2t/ 7),

(1

where p and ¢ denote canonical action-angle variables that
are coordinates on a phase-space having the topology of a
cylinder: it is 27r-periodic in position (angle) ¢ and infinitely
extended in the momentum (action) direction. The model (1)
can be seen as the most natural normal form where we keep
only two overlapping resonances, i.e., the first two time-
dependent Fourier components of the potential. The Hamil-
tonian H can also be interpreted, provided a change of frame
is performed, as a pendulum driven by a periodic wave.
Moreover, it is actually very similar to the effective Hamil-
tonian that can be realized in experiments on cold atoms
[32]. We shall consider the period 7=2r in the following.
The two parameters y; control the size of the two stable
islands Z, located in a phase space near p== 1, respectively.
When increasing the y’s from zero, we leave the quasi-
integrable freelike motion and rapidly (at y~0.2) reach a
mixed regime where the two stable resonance islands are
fully surrounded by a chaotic sea. If an initial condition lies
inside one island, the classical motion will remain trapped
forever within a very thin quasi-one-dimensional layer with-
out the possibility of escape (this evasion is the forbidden
process that tunneling will be concerned with [33]). Alterna-
tively, a trajectory starting in between the two islands is cha-
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FIG. 1. Some Poincaré sections (7=2-stroboscopic plots) cor-
responding to Hamiltonian (1) for several values of y,=y_=7. In-
creasing 7y, between y=0.1 and y=0.3, the two resonances at
(p,q) =(£1,0) start to significantly overlap, and the systems enter
in a mixed regime where both regular and chaotic dynamics coexist.
From y~0.3 to y~0.8, the two stable islands Z, are completely
surrounded by a chaotic sea, and although they are related by the
time-reversal symmetry, they are disconnected from each other at a
classical level, since dynamical barriers prevent the real classical
trajectories starting in one island to escape from it. For y~0.72, Z,
have developed a relatively wide 3/7 resonance, which is not the
case for y~0.67, where the corresponding 3/7 resonance chain is
hardly visible. The insets in Fig. 2 show magnifications of the
islands in these last two cases.

otic: without being fully ergodic since it cannot enter the
islands, the absence of a sufficiently large number of con-
stants of motion allows the system to explore large areas and
to develop an exponential sensitivity on initial conditions.
Still increasing the 7’s, the cascade of secondary resonances
inside the islands erode gradually the regular zones and make
them dissolve completely in the chaotic sea. Figure 1 shows
some Poincaré sections of the classical dynamics, i.e., views
taken stroboscopically at every integer multiple of the time
period 7=2 of Eq. (1).
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At a quantum level, the quantization of a Hamiltonian like
Eq. (1) has, for a long time, been employed as a very natural
continuous model for studying tunneling [34-36]. The time
dependence is implemented within the Floquet theory where
the phases € of the eigenvalues of the evolution operator at
time 7 play the role of the energies for autonomous systems.
The eigenvectors associated with these so-called quasiener-
gies € will be called the (eigen)states of the system. When 7
is small enough compared to the typical size of the stable
to have their Husimi distribution localized on the two main
stable islands while other states, the chaotic states, are found
to be delocalized in the chaotic sea.

Following the same route that is explained in great detail
in Ref. [[29], Secs. II and III], we will keep a discrete two-
fold symmetry, namely, the time-reversal symmetry, by con-
sidering y,=y_=1 throughout this paper [37]. This allows us
to clearly identify the tunneling process through the exis-
tence of small energy scales, the doublet splittings Ae,,
which are associated with large time scales, namely, the pe-
riods 27h/A€,>> 1 of tunneling oscillations between the
stable islands. In other words, the magnitude of the splittings
Ae,=|€/—€,| between the states that are symmetric (|¢}))
and antisymmetric (|¢,)) with respect to the time-reversal
symmetry measure the importance of tunneling between the
two stable islands. The actual challenge of chaotic tunneling
is to understand and hopefully predict the behavior of A€, as
a classical () or quantum (%) parameter is varied within a
regime where the quantum scalesare small enough to resolve
the classical scales of the chaotic structures.

Unlike what occurs for integrable multidimensional sys-
tems where Ag, is a smooth monotonic function given by
Aexe™" [38] with A being a typical classical action that
characterizes the tunneling barriers, the splittings can display
huge fluctuations in the mixed regular-chaotic case, which
were soon identified as a signature of chaos [22,34]. But, as
far as isolated fluctuations are observed, this point of view
must be amended. One isolated fluctuation is clearly associ-
ated with a third state whose (quasi)energy nearly degener-
ates with the doublet [34,36] as y or 7 is varied. Chaos is not
necessarily relevant here since such fluctuations can be ob-
served when the chaotic layers are too small (and 7 too
large) to be resolved by the quantum waves. It may happen
that the third state is also a regular state localized on another
regular Einstein Brillouin Keller (EBK) torus, possibly be-
longing to another stable island. What deserves the name of
chaotic tunneling is a radical change of regime where the
fluctuations are not isolated anymore and where the coarse-
grained behavior of Ae does not follow a monotonic law. It
was shown in Ref. [[29], Sec. V], that there actually exists a
rather abrupt transition between a quasi-integrable tunneling
regime and a chaotic regime and that this transition occurs
precisely when the quantum eyes can resolve the chaotic
classical structures.

While the study of statistics of the splittings is necessary
to give an insight into chaotic tunneling [23,39], we will
focus here on the average behavior of the splittings. It is far
from obvious that we can conceptually justify the distinction
between “large” scales (the average) and “small” scales (the
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fluctuations) in the variations of Ae. Most probably, there
may exist a whole hierarchy of such variations. From the
numerical point of view, however, there seems to be an over-
all modulation of Ae, both observed in maps ([[40], Fig. 3],
[[26], Figs. 1 and 2]) and in continuous systems [[3], Fig. 7].
This modulation is precisely the very object of Ref. [26] (see
also Ref. [27]) and of the present paper.

III. KEY ROLE OF RESONANCES

In the general context recalled in the previous section,
where tunneling transitions occur between two symmetric
but disconnected stable classical islands, the following
estimate has been proposed for a typical chaotic tunneling
splitting [[28], Eq. (4)]:

Ae=# QM (2)

I'2N+1;0)

Here, I' stands for the incomplete gamma function,
N=A/(27h) denotes the semiclassical estimate of the num-
ber of states localized in one island of area A, and () repre-
sents an unknown prefactor, with the dimension of an inverse
time scale, which does not depend on 7. Though the origin of
the formula remains obscure as Eq. (2) is not explicitly
proven by their authors, it gave, in Ref. [28], good agreement
with numerical computations provided we are ready to ac-
cept an unreasonably large ambiguity on the unspecified pro-
portionality factor: for #~'=40, the estimate (2) varies by
five orders of magnitude (107! vs 107°) in the two cases
considered in Fig. 2 of Ref. [28] where the areas A of the
stable islands are of the same order. More recent calculations
within the “kicked Harper” model, however, revealed sub-
stantial deviations between Eq. (2) and the exact quantum-
tunneling rates in the semiclassical regime, where a reason-
able agreement was only found in the deep quantum limit of
large 7 [27].

Indeed, no good estimate of Ae can be obtained if the
only classical parameter on which the theory depends is the
area A of the island. As shown in Fig. 2, the internal classical
structure of the islands must be involved in one way or an-
other. We have plotted here the splitting A, between the two
“central” states |¢;) localized in the two islands; more pre-
cisely, they both were selected by the criterion of having the
maximal overlap with a coherent state that is located on the
central stable periodic orbit of period 7. The two graphs, Ae,
as a function of 1/%, are shown for the two classical param-
eters y=0.67 and y=0.72 [see also Figs. 1(c) and 1(d)]. In
these cases, the stable symmetric islands Z, have an area A
of the same order of magnitude, but exhibit a rather distinct
internal structure: for y=0.72, Z, have developed a wide
3/7-resonance chain compared to the y=0.67 case. In the
logarithmic plot, the two graphs strongly differ. Not only the
fluctuations of A¢, hardly match, but also the average behav-
ior is completely distinct in a semiclassical regime where
1/A>10. A discrepancy of about five orders of magnitude
can be clearly observed for 1/ =16: for y=0.72, we have
Aey~10° compared to Ag~107''" for y=0.67. At
1/f ~25, on the other hand, the splittings for y=0.72 are
about 1073 smaller than for y=0.67.
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FIG. 2. (Color online) Comparison of the tunneling splittings
Ag, for y=0.72 (black line) and y=0.67 (gray/red line). The corre-
sponding stable islands, magnified in both cases with the same scal-
ing factor, are shown in the insets [see Figs. 1(c) and 1(d)] for a full
Poincaré surface of section). The exponentially large difference be-
tween the two curves is explained by the different internal structure
of the islands: for y=0.72, the 3/7-resonance chain is much more
developed than for y=0.67.

In any case, no estimate formula A€y(A, #), which would
produce approximately the same graphs for y=0.67 and
y=0.72, can be satisfactory. At this stage it is more than
plausible that the internal structure of Z, must be taken into
account in any attempt to estimate A€, with the help of clas-
sical ingredients.

IV. MULTILEVEL CROSSING

To obtain more insight, we analyze in this section the
“level dynamics,” i.e., the changes of the quasienergy spec-
trum as 1/% or vy is varied. This can, for instance, explain
individual fluctuation spikes, which correspond to the cross-
ing of the tunneling doublet with a third state (or an unre-
solved doublet) ([[22], Fig. 71, [[34], Fig. 11, [[29], Fig. 4]).
As far as the average of Ae is concerned, we can also estab-
lish a correspondence between its behavior as a function of
1/# and some features of the level dynamics. First, a tech-
nical point should be mentioned at this stage. For 7-periodic
systems whose classical phase-space is unbounded, it is ex-
pected that the quasienergy spectrum becomes a dense set
because of the foldings of an infinite spectrum in the finite
Floquet zone |- w# /7, 7# /7). Hence, we need a criterion to
select only those states that are relevant in the level dynam-
ics. Numerically, the truncation of the Floquet matrices at
high |p|’s is not sufficient, especially for small #, since more
and more regular and chaotic states are a priori potentially
implicated in the tunneling dynamics. To select the levels
that are actually involved, we will use a simple criterion
based on the systematic computation of the overlaps o, be-
tween the states |i,,) and a coherent state centered on the

island: 0, % |(Z,uapie orpirl )] Retaining only those states
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whose o, is larger than a given threshold oy, will filter the
levels that are the best candidates to play a role in the tun-
neling process, precisely because their wave functions are
not negligible in the area where the tunneling doublet wave
functions live.

Let us fix the classical dynamics at y=0.72 where, as we
have seen in the previous section, the internal 3/7 resonance
is suspected to provoke the enhancement of average tunnel-
ing for 11<1/A <19 (see Fig. 2). When we look at this
plateau more carefully, we can identify two “bumps” that are
visualized in Fig. 3. One corresponds to 11=<1/% <13.5 fol-
lowed by a wider one for 13.5=<1/#% < 19. These two bumps
are in one-to-one correspondence with two bunches of levels
with significant overlaps o, crossing the tunneling doublet
€;- In general, we have observed in many cases, with such a
level-dynamics point of view, that there seems to be a clear
change of regime: for a given oy, when the average of Ag,
stops decreasing, the states |¢,,) whose quasienergies are in
the neighborhood of €; and whose o, are larger than o,
become significantly more numerous. For instance, in Fig. 3
where we chose o, =7 X 1073, or in Fig. 4 with a five
times more rough filter oy, = 1.4 X 1073, just after the end
of the large plateau at 1/ =20, the crossings with relevant
levels become suddenly scarce. To put it in a different way,
the average enhancement of tunneling appears to be the out-
come of a collective dynamics involving numerous states
that can be seen in the spectrum through their crossing with
the tunneling doublet.

In order to be more convincing, this qualitative observa-
tion can be strengthened by a phase-space analysis. In addi-
tion to the unresolved tunneling doublet eg, we can clearly
see, in the level dynamics in Fig. 4, two other unresolved
doublets €§ and € for 1/7 =20, whose Husimi distribution
is mainly located near the boundary of the stable islands Z,.
In fact, the doublet € can be followed along a quasicontinu-
ous line even for 1/4 <20 whereas the other one cannot be
identified unambiguously in that region of £ corresponding
to the plateau: when 1/% is decreased from about 19, the
doublet line € encounters many avoided crossings and rami-
fies into the bunch of levels we have precisely associated
with the bump. Therefore, even if their Husimi plots both
look very similar, one doublet is dramatically involved in the
tunneling process while the other remains a bystander. If we
compute the overlap of these states with the harmonic states
inside the islands, that is, the eigenstates of the harmonic
approximation of the Hamiltonian (1) near the corresponding
stable periodic orbits, we find that the bystander doublet € is
indeed the fifth excited doublet in Z, whereas the other € is
the seventh. This can also be checked in the Floquet
spectrum. Indeed, we expect that the levels of the
local eigenmodes of the island (which is locally equivalent
to a harmonic oscillator) approximately differ from each
other by multiples of Aw, where w,=0.4 denotes the
frequency oscillations around the center of the island at
(p,q)=(x1.20,0). This yields € = €;+!% w, modulo a Flo-
quet width 2777 / 7 for the levels. The fact that it is precisely
the quantum number €=7, which is involved in the emer-
gence of the plateau, is not a coincidence. This € is exactly
the order of the resonance 3/7 that dominates in Z, for
y=0.72.
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FIG. 3. (Color online) The upper panels show Ag, as a function of 1/% for y=0.72 and the lower panels display a part of the
corresponding Floquet spectrum. Only the quasienergies associated with states whose overlaps are o, =7 X 10~ are shown, once calibrated
with respect to the tunneling doublet € (unresolved in the lower panels). For relatively large 7 (on the left-hand side), the huge fluctuations
of Ag are in one-to-one correspondence with the crossings of the tunneling doublet by one isolated doublet. On the right-hand side, the
upper panel shows a magnification of the plateau in A€, occurring at y=0.72 between =11 and % =19 (see also Fig. 2). The lower right
panel displays a part of the corresponding Floquet spectrum. The plateau in Ag, corresponds to a large number of crossings where we can
even identify by eye two families of levels (encircled by the dashed lines) that give rise to the two bumps in the average of A¢, (red/gray
thick continuous line in the upper right panel). Beyond the point where the plateau ends, i.e., for ' =19, no more crossings can be
identified, and the only other state apart from €, that significantly overlaps with the Husimi function in the island is the bystander doublet

& (sce also Fig. 4).

The quantitative details of how the classical resonances
may be implemented in order to reproduce the average be-
havior of Ag, will be described in the next section. Even
though the approximations that are involved are not always
under rigorous control, we can see here the resonances at
work. Suppose that the classical parameters are such that one
classical resonance s/€ dominates the others in the stable
islands Z, (s being an integer and ¢ a strictly positive integer,
the order of the resonance). This precisely means that one
torus is actually broken into a chain of € subislands centered
about a stable periodic orbit of period 27/ wy= € 7/5. A quan-
tum resonance occurs when two quasienergies ¢,, and ¢, are
nearly degenerate, i.e., differ by an integer number s’ of
Floquet widths: €,,—€,=s'#2m/7. As mentioned above, we
also have €,—€y=mh wy+s"2m/ 7 from a semiclassical ar-
gument (s” being an integer). Hence, we immediately see
that m must be an integer multiple of €.

The analysis given so far, however, shows that the tunnel-
ing enhancement cannot be explained with just one crossing
of the € doublet by €. This global crossing is actually made
up of many elementary crossings whose contributions cannot
be individually distinguished. In effect, this game involves
many players among which are the states that are completely
delocalized in the chaotic sea. There are also states (“beach”
states [41,42] or “Janus” states) that are strongly coupled on
one side to the regular states and on the other side to the
chaotic ones. It is scarcely surprising that these states have
their Husimi distribution localized near the borderline be-
tween the stable islands and the chaotic sea (see Fig. 5).

V. RESONANCE-ASSISTED TUNNELING

The above discussion has provided overwhelming evi-
dence for the relevance of nonlinear resonances in the dy-
namical tunneling process. We now focus on the quantitative
evaluation of the influence of such resonances, which was
presented in detail in Refs. [24-27]. To this end, we formally
introduce an integrable Hamiltonian that approximately re-
produces the dynamics within the regular island. For the up-
per island at p==1, such an integrable system can be explic-
itly obtained by leaving out the 7y,-dependent term in the
Hamiltonian (1). Performing the time-dependent canonical
transformation g+—>g=g—t to the frame that co-propagates
with the resonant orbit, this integrable Hamiltonian reads

Y-

—1)?
il 5 ) —Ecos(ij).

Hy(p.q) = (3)
Canonical perturbation theory [31] can be applied on the
basis of Eq. (3) in order to obtain an improved integrable
description that is in good agreement with the motion in the
regular island also at finite values of y.

In the dynamics generated by H,, the regular island is
embedded in a phase-space domain of bounded elliptic mo-
tion in momentum space. Within this bounded domain,
action-angle variables (/,6) can be introduced, which,
respectively, correspond to the area enclosed by an elliptic
invariant orbit as well as to the propagation time that elapses
along this orbit. In this action-angle variable representation,
we have Hy(p,q)=Hy(), and the full time-dependent
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FIG. 4. (Color online) The level dynamics for y=0.72 calibrated
with respect to the tunneling doublet € (unresolved). Compared to
Fig. 3, more states are plotted since we take a smaller o, =1.4
X 1073, When looking at the crossings with the tunneling doublet,
there still is a clear transition of regime for 2! below or above 20,
which corresponds to the end of the plateau in A¢. The three upper
views show the Husimi distribution of the state, |¢;), whose
quasienergy is €, for £71>20. A comparison with the Poincaré
surface of section in the neighborhood of the stable island Z, is
shown. The three lower views (which are, actually, very similar to
the upper ones at this resolution) correspond to |¢%), the symmetric
state whose quasienergy is e;' can be followed for every /™!, Unlike
|#7). the doublet |¢5) does not cross and has no influence on the
tunneling doublet. |¢7) (respectively, |$2)) is localized near the
boundary of the two islands and indeed corresponds to the symmet-
ric combination of the seventh (respectively, fifth) excited regular
state in Z,.

Hamiltonian (1) is formally written as H(I, 6,1)=Hy(I)
+V(I,0,1) where V represents a weak perturbation within the
island.

We now assume the presence of a prominent s/ reso-
nance within the regular island, where s oscillations around
the island’s center match € periods of the driving. This reso-
nance condition is satisfied at € wy(I)=s where wy=dH,/dl
is the oscillation frequency along the bounded orbit
with action variable /. The dynamics in the vicinity of
such a resonance can be approximately described by the
pendulumlike integrable Hamiltonian

I1-1,)?
H.(1,9) = (Ul +2V, cos(£9), (4)
2my

which is derived from H(I, 6,r) using secular perturbation
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A p

FIG. 5. (Color online) Janus state: it is strongly coupled to the
most excited resonant state in the stable island and to the chaotic
states. In the random matrix model, it is “seen” as chaotic from the
regular states and almost “regular” from the chaotic sea. Here we
plot several views of the Husimi distribution of a Janus state and
compare its localization with the classical phase-space structures
(y=0.72, #7'=30, and €=-0.007 774).

theory [31]. Here, 9= 6—(s/ € )z is the (slowly varying) angle
variable that corotates with the resonance. The resulting
phase-space structure of H, is plotted in Fig. 6.

Following the lines of Ref. [43], we now evaluate
the influence of such a resonance in the corresponding
quantum system by a direct quantization of the effective
pendulum Hamiltonian (4) in the modified angle variable
U. Apart from a phase factor containing the Maslov index,
the unperturbed eigenstates of H, are then given by the plane
waves (9|n)=exp(in9). In the co-rotating frame, their
eigenenergies approximately read
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FIG. 6. (Color online) Left panel: classical phase space in the
vicinity of the regular island. The straight solid lines indicate in
which order the subislands are “visited” in the course of time evo-
lution. The right panel shows the phase-space structure that would
result from the pendulumlike Hamiltonian (4) describing the dy-
namics in the vicinity of the 3/7 resonance.

b [A(n+1/2) -1(,]2’

n

(©)

2m0

using the fact that /,=#%(n+1/2) are the quantized action
variables within a regular island of elliptic shape. The
O-dependent term in Eq. (4) introduces couplings between
the states |n) and |n+ €) with the coupling matrix element V.
These couplings give rise to perturbative chains by means of
which eigenstates with low and high excitations within the
bounded domain are connected to each other.

The pendulum Hamiltonian (4) can be considered to be
appropriate for /<<I. where I, denotes the action variable of
the outermost invariant elliptic curve of the regular island.
The regime beyond this “chaos border” is characterized by
the presence of multiple overlapping resonances, which im-
plies that the unperturbed states with 7, >1. can be assumed
to be strongly coupled to each other by many different matrix
elements. Such couplings would also occur between “bound”
and “unbound” eigenstates of the integrable Hamiltonian H,,
(which are, respectively, located within and outside the do-
main of bounded motion that embeds the regular island) as
well as between states that are located in the vicinity of the
two different islands at p=1 and p=-1. In this way, an
efficient two-step mechanism is introduced by which two
symmetry-related quasimodes that are localized in the upper
and lower island, respectively, are coupled to each other: the
nonlinear resonance connects those quasimodes to the states
in the chaotic domain, and the latter “see” each other via
strong matrix elements of the full (Floquet) Hamiltonian of
the driven system.

Figure 7 schematically displays the effective Hamiltonian
matrix that governs this resonance- and chaos-assisted tun-
neling process between the two “central states” of the islands
(i.e., given by [n=0) in the above notation). The matrix is
restricted to basis states of one particular symmetry class—
i.e., to states that are “even” or “odd” with respect to time-
reversal symmetry—and includes, for the sake of clarity,
only those regular components to which the central state is
perturbatively connected via the s/€ resonance. Altogether,
k. regular states are included in the matrix, where the integer
k. is defined such that I(k{_”4<lc<1k(4 holds true, i.e.,
|(k.—1)€) is still located in the island, whereas |k ¢} is dis-
solved in the chaotic part.
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FIG. 7. Sketch of the effective Hamiltonian matrix that de-
scribes the coupling between the regular island and the chaotic do-
main for one particular symmetry class (i.e., for even or odd states
with respect to time-reversal symmetry). The regular part (upper
left band) includes only components that are coupled to the island’s
central state by the s/€ resonance. In the simplest possible approxi-
mation, the chaotic part consists of a full subblock with equally
strong couplings between all basis states with actions beyond the
outermost invariant torus of the island.

We can now prediagonalize the upper left “regular” block
of the Hamiltonian. This yields, in lowest nonvanishing order
in the perturbation strength |V;| (which is much smaller than
all relevant energy differences), the modified central state as

k-1 [k

=l0y+ > [ TT —2—

|k€). (6)
k=t \ oy Eo=Eire

This perturbed central now exhibits a nonvanishing matrix

element with one of the states that are contained within the

chaotic domain: we obtain

k—1
- ¢ Vo
Verr = (k€ [HI0) = Vo [T —"—, @)
o 0k:l EO_Ek{

which can be interpreted as the effective resonance-induced
matrix element between the central state and the chaotic do-
main. In this way, our effective Hamiltonian matrix can be
related to the phenomenological matrix models that consti-
tute the starting point of the statistical theory of chaos-
assisted tunneling [21-23].

In the simplest possible approach, we assume that the
“chaos block™ is essentially homogeneous and can be well
modeled by a random matrix from the Gaussian orthogonal
ensemble (GOE). This assumption does not account for the
influence of prominent partial barriers to the classical trans-
port, which can arise from broken invariant tori (so-called
“Cantori” [44]) as well as from unstable periodic orbits in
the chaotic sea, and which would lead to an effective divi-
sion of the chaotic Hamiltonian into several subblocks that
are weakly connected to each other [21]. Neglecting those
partial barriers and performing the random matrix average
over the eigenvectors and eigenvalues of the chaos block
gives rise to the Cauchy distribution
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®)
for the level splitting between the “even” and “odd” combi-
nation of central states that are associated with the pair of
regular islands [22,23]. This distribution is characterized by
the scale

— 27V
AE. = eff .
7 NA,

)

which contains the most dominant effective matrix element
(7) between the island’s central state and one of the chaotic
states, the total number N, of chaotic states, as well as the
mean level spacing A, in the chaos block. In our case of a
periodically driven system, the latter is given by A.=%/N,,
due to the fact that the chaotic states are, in the framework of
the Floquet approach, uniformly distributed at random in an
energy window of the size 27h/7=h (we recall that the
period of the driving equals 7=27). As a consequence, we
obtain AE,=2mV2/h.

The distribution (8) is, strictly speaking, valid only
for AEy< V. and exhibits a cutoff at AE,~2V [23],
which ensures that the statistical expectation value
(AEy)=[§ xP(x)dx does not diverge. However, since tunnel-
ing rates and their parametric variations are typically studied
on a logarithmic scale (see Fig. 2), we compute from Eq. (8)
not the mean value (AE,), but rather the average of the
logarithm of AE,. Our “average” level splitting (AE),
is  therefore  defined by the geometric  mean
(AEp),=exp[(In(AE,))], the evaluation of which does not
involve the above cutoff; we obtain the expression

— 27V}
(AEg),=AEy= Tﬁ’ (10)

which, notably, is free of any adjustable parameter. Hence,
up to a trivial prefactor, the mean value of splittings is, in a
logarithmic-scale representation, given by the square of the
coupling matrix element (7) between the island’s central
state and the chaos [26,27].

Figure 8 shows the comparison with the exact quantum
splittings at y=0.72, calculated by the numerical diagonal-
ization of the Floquet matrix. The semiclassical prediction
(10) (the solid line in Fig. 8) was evaluated on the basis of
the prominent 3/7 resonance, for which the relevant param-
eters 1y, m, and V that enter into the pendulum Hamiltonian
(4) were entirely determined from classical dynamics of the
system: As in Ref. [26], we compute for this purpose the
trace of the monodromy matrix associated with a stable or
unstable periodic point of the 3/7 resonance, as well as the
phase-space areas that are enclosed by the inner and outer
separatrices of the resonance. Indeed, those quantities remain
invariant under the canonical transformation to the action-
angle variables (/,), which means that the latter need not
be explicitly evaluated in order to obtain the effective
coupling matrix element V.

We see that the semiclassical theory reproduces quite well
the two plateaus that arise in the quantum splittings. The
drop in the semiclassical splittings at 1/7% =24 occurs due to
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-15

10
h*l

FIG. 8. (Color online) Comparison between the numerically cal-
culated splittings of the driven pendulum at y=0.72 (black dots)
and the semiclassical prediction according to Eq. (10) (red, solid
line). The semiclassical theory, which is based on the prominent
internal 3/7 resonance within the regular island, reproduces quite
well the positions and heights of the two plateaus that appear in the
exact quantum splittings. The dashed lines indicate the size of the
logarithmic standard deviation according to Eq. (11). The (green)
dot-dashed line displays the prediction that would be obtained from
Eq. (12) with Q=1.

the fact that the island supports more than seven locally
quantized eigenstates beyond this critical value of 1/%;
hence, two perturbative steps instead of one are required in
order to connect the central state of the island to the chaotic
domain. This drop is considerably softened in the quantum
splittings, but can still be identified, which confirms the rel-
evance of the resonance-assisted coupling mechanism in this
tunneling process. Since nonlinear resonances represent a
general feature of nonintegrable Hamiltonian systems, we
expect that the appearance of such steplike sequences of pla-
teaus is a generic phenomenon, which is not restricted to one
particular system, but arises in various chaos-assisted tunnel-
ing processes. This expectation is indeed confirmed by pre-
vious studies on the kicked Harper [40], on the decay of
nondispersive wave packets in driven hydrogen [45], as well
as on the dynamical tunneling process of cold atoms [3,46],
where significant plateau structures were encountered in nu-
merically calculated tunneling rates.

In addition to the mean value for the splittings, the prob-
ability distribution (8) can also be used in order to calculate
the expectation value for their logarithmic variance charac-
terizing the average size of fluctuations on a logarithmic
scale; we obtain

{(In AEy—In AEy)?) = 7%/4. (11)

This result is universal in the sense that it does not depend
on system-specific parameters nor on 7. The size of the cor-
responding standard deviation is indicated by the dashed
lines in Fig. 8, which are generated by multiplying AE, with
e*™2. Clearly, the “window” defined by those dashed lines is
exceeded near local avoided crossings with chaotic states,
where a large enhancement as well as a complete suppres-
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sion of the splittings may be induced [2]. Apart from those
exceptional events, however, the scale of the average fluc-
tuations of the splittings is well described by Eq. (11). The
green dot-dashed line in Fig. 8 displays the prediction for the
splittings that would be obtained from Eq. (2) according to
Ref. [28]. Here, the asymptotic expression

nQ)
€= 3
167N

e—2(1—|n 2)N (12)

of Eq. (2), valid for N=A/(2wh)>1, was evaluated
with the numerically calculated size A of the island. Being
an entirely classical (fi-independent) quantity, the system-
dependent prefactor () was set equal to unity. We clearly
note a substantial disagreement between this semiclassical
estimation and the quantum splittings.

The theory of resonance-assisted tunneling does not re-
produce the splittings in the deep quantum regime of larges
values of %, where a different mechanism, possibly in the
spirit of Ref. [28], might induce the transition to the chaos.
Moreover, the critical value of 1/#%, at which the drop of the
splittings from the first to the second plateau occurs, is sig-
nificantly overestimated by our semiclassical approach. This
could be due to the presence of partial barriers in the chaotic
phase-space domain, such as “Cantori” [44], which are
known to inhibit the quantum flux at not too small values for
fi [47,48]. If such a Cantorus is manifested in the vicinity of
the regular island, the effective “quantum” size of the island
could be considerably enhanced as compared to A, which
would reduce the value of 1/# at which exactly € quantum
states are localized around the island. This observation is
indeed in accordance with the manifestation of Janus states
[41,42] in the spectral analysis (see Sec. IV).

Significant deviations of the splittings from the semiclas-
sical prediction (10) are also to be expected in the deep semi-
classical regime where a multitude of steps (k>>1) would be
needed to connect the central state to the chaotic domain
according to the expression (7). In this regime, the coupling
via the s/€ resonance—which also represents a dynamical
tunneling process, as was pointed out in Ref. [25]—can
again be assisted by the presence of another nonlinear s’ /¢’
resonance, as long as this is permitted by the associated se-
lection rule (n—n+€"). Such a s'/¢’ resonance would gen-
erally exhibit a lower effective coupling strength V|, and is
typically of higher order than the s/¢ resonance (i.e., €' and
s' are typically larger than € and s, respectively). The rel-
evance of this multiresonance coupling mechanism was dem-
onstrated in the near-integrable kicked Harper model where
the semiclassical tunneling process involves a sequence of
three nonlinear resonances [24,25,27].

In the case of the driven pendulum at y=0.72, such mul-
tiresonance processes cannot be observed within the range of
values for 1/# at which precise quantum calculations of the
splittings can be performed. This is different, however, for
v=0.67. At this value of the coupling parameter, the regular
island Z, exhibits two nonlinear resonances of almost equal
importance: a 3/7 resonance, located closer to the center of
the island than at y=0.72, and a 5/11 resonance, located
close to the chaos border (see Fig. 9). This implies that a
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FIG. 9. Classical phase space at y=0.67 in the vicinity of the
regular island Z,. The two chains of subislands correspond to the
3/7 as well as to the 5/11 resonance (inner and outer chain,
respectively).

two-step tunneling process involving both resonances can be
encountered at finite values for 1/%. Assuming that each
resonance contributes with one single-perturbative step
(which is the case at the values of 1/% considered here), the
corresponding matrix element that connects the central state
to the chaotic domain would read

317
Vg )

ff = E63/7) _ E(73/7)

Ve Vé)S/ll). (13)

Here, Vf)’w) represents the pendulum-coupling strength of the
effective Hamiltonian (4), and Eff/ 9 denotes the energies (5)
in the corotating frame that is defined with respect to the s/€
resonance. This expression requires that the seventh excited
state, i.e., the first state to which the central state of the island
is coupled via the 3/7 resonance, is located in between the
two resonances, which implies that the action variable I, of
this state ought to be lower than the action variable 15)5/“) of
the 5/11 resonance. This condition turns out to be valid for
1/h>28.28.

Figure 10 displays the quantum splittings at y=0.67. The
red solid line denotes the semiclassical prediction (10) for
the splittings, which is for 1/A <28.8 calculated by the
single-step process via the 5/11 resonance (which has the
larger matrix element Vg‘w) and should therefore dominate
compared to the 3/7 resonance) and for 1/# >28.8 obtained
through the two-step process that is described by Eq. (13).
As in the case of y=0.72, the overall agreement between the
semiclassical and the quantum splittings is quite good, with
significant deviations arising only in the deep quantum re-
gime at 1/A <10 as well as in the vicinity of the crossover
between the single- and the two-step process, which is arti-
ficially sharp in the semiclassical calculation. Striking evi-
dence for the validity of the two-step process is the appear-
ance of a pronounced peak in the quantum splittings at
1/h =43, which arises due to a vanishing denominator in
Eq. (13), i.e., due to the fact the central state and the seventh
excited state become near-degenerate in the corotating frame.
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FIG. 10. (Color online) Comparison between the numerically
calculated splittings of the driven pendulum at y=0.67 (black dots)
and the semiclassical prediction (red, solid line). The latter was
evaluated by a single-resonance process via the 5/11 resonance for
1/% <28.8, and by a two-resonance process, according to Eq. (13),
involving also the 3/7 resonance for 1/# >28.8. As in Fig. 8, the
dashed lines indicate the size of the logarithmic standard deviation
according to Eq. (11), and the green dot-dashed line displays the
prediction obtained from Eq. (12).

The position and height of this peak are fairly well
reproduced by the semiclassical theory.

VI. CONCLUSION

In summary, we provided clear evidence of the signifi-
cance of nonlinear resonances in the dynamical tunneling
process within the driven pendulum. Indeed, the signature of
the 3/7 resonance that is dominantly manifested in the regu-
lar island at y=0.72 is identified in various ways: (a) The
characteristic plateau structure in the level splittings sensi-
tively depends on whether or not the resonance is well de-
veloped within the regular island; (b) Floquet states that ex-
hibit an appreciable overlap with the central Husimi wave
function of the island energetically correspond to the seventh
excited eigenstate within the island; and (c) a semiclassical
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expression for the tunneling-induced splittings that is based
on the resonance-assisted coupling scheme is in good agree-
ment with the exact quantum data. The validity of the
resonance-assisted tunneling mechanism is furthermore con-
firmed by a striking peak in the quantum splittings at
y=0.67, which arises due to a two-step process involving
two different nonlinear resonances within the regular island.
Both in the spectral analysis and in the semiclassical com-
parison, we identify traces of Janus states that are located in
the chaotic vicinity of the islands. This indicates that partial
barriers in the chaotic domain could still be relevant in our
system at the values of £ under consideration.

The present approach is presumably not suited for a full-
blown semiclassical theory of mixed regular-chaotic tunnel-
ing in terms of complexified orbits, for which the ansatz of
Refs. [16-18] provides a more convenient framework. Our
findings, however, provide essential ingredients to the infer-
pretation of such semiclassical theories, in the sense that
“direct” and “resonance-assisted” processes ought to be
somehow represented in relevant combinations of such com-
plex orbits. Moreover, specific quantitative predictions for
tunneling rates, using only easily accessible quantities of the
classical dynamics of the system, can be made on the basis of
our approach, provided 7 is small enough for the most domi-
nant resonance to become relevant (which is roughly the case
if €/2 states fit into the island). We therefore believe that the
principle of resonance-assisted couplings will represent the
relevant paradigm also in the context of more complex dy-
namical tunneling processes, e.g., within systems that have
two or more degrees of freedom.

ACKNOWLEDGMENTS

It is a pleasure to thank Denis Ullmo for sharing with us
his extensive experience on tunneling. A.M. acknowledges
the generous hospitality of Dominique Delande at Labora-
toire Kastler-Brossel and his relevant remarks after reading
the first proof of this manuscript. P.S. acknowledges support
from the Bayerisch-Franzosisches Hochschulzentrum
(BFHZ) and from the Deutsche Forschungsgemeinschaft
(DFG).

[1]W. A. Lin and L. E. Ballentine, Phys. Rev. Lett. 65, 2927
(1990).

[2] F. Grossmann, T. Dittrich, P. Jung, and P. Hinggi, Phys. Rev.
Lett. 67, 516 (1991).

[3] A. Mouchet, C. Miniatura, R. Kaiser, B. Grémaud, and D.
Delande, Phys. Rev. E 64, 016221 (2001).

[4] W. K. Hensinger, H. Hiffner, A. Browaeys, N. R. Heckenberg,
K. Helmerson, C. McKenzie, G. J. Milburn, W. D. Phillips, S.
L. Rolston, H. Rubinsztein-Dunlop, and B. Upcroft, Nature
(London) 412, 52 (2001).

[5] D. A. Steck, H. O. Windell, and M. G. Raizen, Science 293,
274 (2001).

[6] W. K. Hensinger, A. Mouchet, P. S. Julienne, D. Delande, N.

R. Heckenberg, and H. Rubinsztein-Dunlop, Phys. Rev. A 70,
013408 (2004).

[7] C. Dembowski, H.-D. Grif, A. Heine, R. Hofferbert, H. Reh-
feld, and A. Richter, Phys. Rev. Lett. 84, 867 (2000).

[8] R. Hofferbert, H. Alt, C. Dembowski, H.-D. Grif, H. L. Har-
ney, A. Heine, H. Rehfeld, and A. Richter, Phys. Rev. E 71,
046201 (2005).

[9] L. D. Landau and E. M. Lifshitz, in Quantum Mechanics (Non-
relativistic Theory), Course of Theoretical Physics Vol. 3 (Per-
gamon Press, Oxford, 1958).

[10] R. Balian and C. Bloch, Ann. Phys. 84, 559 (1974).
[11] M. Ku$, F. Haake, and D. Delande, Phys. Rev. Lett. 71, 2167
(1993).

026211-10

88



1.7 Influence des résonances classiques sur leffet tunnel chaotique

INFLUENCE OF CLASSICAL RESONANCES ON...

[12] P. Leboeuf and A. Mouchet, Phys. Rev. Lett. 73, 1360 (1994).

[13] R. Scharf and B. Sundaram, Phys. Rev. E 49, R4767 (1994).

[14] S. C. Creagh and N. D. Whelan, Phys. Rev. Lett. 77, 4975
(1996).

[15] For multidimensional nonseparable but integrable systems,
these tori are precisely the relevant classical structures that
allow us to generalize JWKB 1D tunneling [38].

[16] A. Shudo and K. S. Ikeda, Phys. Rev. Lett. 74, 682 (1995).

[17] A. Shudo and K. S. Ikeda, Physica D 115, 234 (1998).

[18] A. Shudo, Y. Ishii, and K. S. lkeda, J. Phys. A 35, L225
(2002).

[19] O. Bohigas, M.-J. Giannoni, and C. Schmit, Phys. Rev. Lett.
52, 1 (1983).

[20] O. Bohigas, D. Boosé, R. E. de Carvalho, and V. Marvulle,
Nucl. Phys. A 560, 197 (1993).

[21] O. Bohigas, S. Tomsovic, and D. Ullmo, Phys. Rep. 223, 43
(1993).

[22] S. Tomsovic and D. Ullmo, Phys. Rev. E 50, 145 (1994).

[23] F. Leyvraz and D. Ullmo, J. Phys. A 29, 2529 (1996).

[24] O. Brodier, P. Schlagheck, and D. Ullmo, Phys. Rev. Lett. 87,
064101 (2001).

[25] O. Brodier, P. Schlagheck, and D. Ullmo, Ann. Phys. 300, 88
(2002).

[26] C. Eltschka and P. Schlagheck, Phys. Rev. Lett. 94, 014101
(2005).

[27] P. Schlagheck, C. Eltschka, and D. Ullmo, in Progress in Ul-
trafast Intense Laser Science I, edited by K. Yamanouchi, S. L.
Chin, P. Agostini, and G. Ferrante (Springer, Berlin, 2006), p.
107.

[28] V. A. Podolskiy and E. E. Narimanov, Phys. Rev. Lett. 91,
263601 (2003).

[29] A. Mouchet and D. Delande, Phys. Rev. E 67, 046216 (2003).

[30] B. Chirikov, Phys. Rep. 52, 263 (1979).

[31] A. J. Lichtenberg and M. A. Lieberman, in Regular and Sto-
chastic Motion, Applied Mathematical Sciences Vol. 38
(Springer-Verlag, New York, 1983).

[32] The only difference is that a third resonance term must be
added to Eq. (1) in order to fulfill some experimental con-
straints on the laser’s configuration. How this can be done is

PHYSICAL REVIEW E 74, 026211 (2006)

explained in Refs. [3-5] but the present paper, devoted to the-
oretical considerations only, will not introduce this irrelevant
third term.

[33] M. J. Davis and E. J. Heller, J. Phys. Chem. 85, 307 (1981).

[34] M. Latka, P. Grigolini, and B. J. West, Phys. Rev. E 50, 596
(1994).

[35] V. Averbukh, N. Moiseyev, B. Mirbach, and H. J. Korsh, Z.
Phys. D: At., Mol. Clusters 35, 247 (1995).

[36] L. Bonci, A. Farusi, P. Grigolini, and R. Roncaglia, Phys. Rev.
E 58, 5689 (1998).

[37] For the same reason we will not consider the different possible
boundary conditions offered by Bloch’s theorem. The wave
functions in the ¢ representation will always be taken to be
strictly 27 spatially periodic, i.e., without acquiring any phase
factor when winding around the cylinder.

[38] S. C. Creagh, J. Phys. A 27, 4969 (1994).

[39] R. E. de Carvalho and A. P. Mijolaro, Phys. Rev. E 70, 056212
(2004).

[40] R. Roncaglia, L. Bonci, F. M. Izrailev, B. J. West, and P.
Grigolini, Phys. Rev. Lett. 73, 802 (1994).

[41] E. Doron and S. D. Frischat, Phys. Rev. Lett. 75, 3661 (1995).

[42] S. D. Frischat and E. Doron, Phys. Rev. E 57, 1421 (1998).

[43] A. M. Ozorio de Almeida, J. Phys. Chem. 88, 6139 (1984).

[44] R. S. MacKay, J. D. Meiss, and 1. C. Percival, Phys. Rev. Lett.
52, 697 (1984).

[45] K. Hornberger and A. Buchleitner, Europhys. Lett. 41, 383
(1998).

[46] For this latter case, we have indications that the prominent
plateau structure in the level splittings at y=0.18 (see Fig. 7 in
Ref. [3]) is induced by a nonlinear 1/4 resonance that is al-
ready contained within the chaotic part of the phase space.
Since our numerical approach to calculate the coupling matrix
element V| is perturbative by nature and relies on a well-
preserved separatrix structure of the resonance, we are, at
present, unable to make a quantitative semiclassical reproduc-
tion of this particular plateau.

[47] T. Geisel, G. Radons, and J. Rubner, Phys. Rev. Lett. 57, 2883
(1986).

[48] N. T. Maitra and E. J. Heller, Phys. Rev. E 61, 3620 (2000).

026211-11

89



Chap. I: L'effet tunnel chaotique

i.S Perspectives a court et moyen termes

a) Des expériences

A ma connaissance, il n'existe pas de projets expérimentaux visant a améliorer les ré-
sultats de DEMBOWSKI e# al. (2000), HENSINGER ef al. (2001), STECK et al. (2001) en
atteignant un régime indiscutablement semiclassique qui permettrait dobserver la transi-
tion abrupte de régime, effet tunnel intégrable = effet tunnel chaotique, que l'on peut
observer sur les figures p. I.5. Par exemple le programme proposé par (DELANDE & ZA-
KRZEWSKI, 2003) et pour l'intant resté lettre morte. Il faut reconnaitre quen l'absence
d’applications & court terme prometteuses et compte-tenu du cofit des expériences, le jeu
nen vaut peut-étre plus la chandelle. Diminuer # d’un fa&eur 10 implique de travailler
avec des intensités de laser 100 fois plus élevées (communication privée de W. PHILLIPS)
ce qui est prohibitif en labsence de nouvelles idées (¢f cependant le§ 1.5). Il faut aussi
signaler que les recherches autour de l'information quantique mobilisent plus facilement
les chercheurs, les bailleurs de fonds(3!) et l'intérét public. Bref, tant qu'il n’y aura pas
de percées théoriques et technologiques notables, il semblerait que les expériences portant
diretement sur létude de leffet tunnel chaotique soient échouées provisoirement dans le
calme plat d’une crique, en attendant une nouvelle marée ou un bon coup de vent.

b) De la théorie
b.1) Etat des lieux

En revanche, la&ivité théorique autour de leffet tunnel chaotique est plus que jamais
extrémement vivante ; pour ne retenir quun seul exemple significatif, en aotit 200s, fit or-
ganisée & Kusatsu (Japon), une conférence dévolue exclusivement aux problémes liés 2 la
complexification de la dynamique. Elle réunissait pour la premicre fois autour de ce méme
théme 4 la fois des mathématiciens, des physiciens, des chimistes, théoriciens et expérimen-
tateurs venus du monde entier. Cette conférence permit de révéler a beaucoup d’entre-nous
une variété de points de vue dont certes nous connaissions lexistence, mais devant lesquels
nous n'avions pas pris le temps de nous arréter jusqualors.

Un tres grand besoin se fait sentir, me semble-t-il, de nouer des liens explicites entre les
différentes approches théoriques, chacune a leur fagon et satisfaisante et frustrante, comme
le point de vue de lécole japonaise, les approches sappuyant sur la formule de HERRING
(CREAGH, 1994; SMITH & CREAGH, 2006), les résultats purement semiclassiques ou hy-
brides dont il a été question dans ce mémoire(*?). On pressent bien, dans ce foisonne-
ment, lexistence d’'une certaine unité, mais ces convergences restent, a mes yeux en tous
cas, floues et encore trop partielles.

(3!) Bill PurrLIps jubilait 3 I'idée que ses tres belles expériences de physique quantique fondamentale
étaient financées en partie par la NsA'!

(32) Dans certaines situations qui semblent trés spécifiques, d’autres pistes ont été tentée. Par exemple la
complexification proposé par DORON & FRISCHAT (1995) dans le cas du billard annulaire.
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1.8 Perspectives a court et moyen termes

b.2) Quelques résultats préliminaires quantitatifs encourageants ?
q p q 8

Un programme de recherche dont on ne pourra, comme toujours, véritablement juger
la pertinence quune fois bien avancé, a pour point de départ une volonté d’approfondir
plus outre les relations entre effet tunnel, trajectoires classiques complexes et résonances.
En reprenant une vicille idée qui remonte aux instantons (MCLAUGHLIN, 1972; PoLY-
AKOV, 1977; COLEMAN, 198s; PATRASCIOIU, 1981; BURGESS, 1991, entre autres) et en
essayant de comprendre quelques principes qui régissent la complexification, je me suis ré-
cemment apercu que le prolongement analytique du temps 7 dans le cas dune application
quantique discrete (¢f note 22 p. 24) de la forme
U(r) = e i/ GVhe=ield)h (18-1)
permettait d'éroder les pics dans le comportement des doublets tunnel A (*?). Plus préci-
sément, en supposant I’exis’ter}ce d’'une symétrie S, disons représentant la parité (p,q) —
(—p,—q), commutant avec U(7), le spectre de ce dernier est constitué de doublets {#F}
a partir desquels on peut définir les quasi-énergies complexes

i fln(u;t) (18-2)
T
et les doublets (insensibles a I'ambiguité provenant de la détermination du logarithme)

def
et —_ 4+
de, = ¢, —¢,

(1.8-3)

Dans une perspective semiclassique, la dynamique classique associée sera gouvernée par
lapplication @ : (py, g9) — (p1,q,) définie par les équations de HAMILTON discretes :

®{p1 =po—7¢'(90); (18-4)
n=q0+ 7 (p1)- .

Qu'and 7 est réel, ces équations engendrent une dynamique génériquement mixte qui de-
vient intégrable lorsque 7 — 0 puisqualors le hamiltonien pulsé qui gouverne @ se lisse

cn
def

H(p.q)=f(p)+¢(q) (L8-5)

indépendant de 7.
Il est facile de choisir f* et g pour obtenir une situation typique deffet tunnel chao-
tique. Le choix du pendule pulsé (kicked pendulum) pour lequel @ est lapplication standard

(Standard map), correspondant a

f(p)=p%2;  g(qg)=ycos2q; y€R, (1.8-6)

semble posséder plusieurs avantages:

(33) Mais, faute d’avoir approfondi la littérature, je ne saurais affirmer que clest la premiére fois que l'on
tente de complexifier le temps dans le cas d’une application discrete.
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Chap. I: L'effet tunnel chaotique

(i) Classiquement, en repliant Iespace des phases sur un cylindre de période 27, on
obtient effe¢tivement deux points fixes centrés en p = 0,4 = £7/2 quel que soit y et
autour desquels saccrochent des ilots stables tant que

T e | -V7. Uy [ (1.8-7)

Kicked map pouf(p)=p°/2 ; g(q)= ycos@q)
=1, y=.25

F1G. 1.8-1: Section de POINCARE (véelle) pour le choix (1.8-6) avec =1 et y =1/4.

(ii) II se trouve que la dynamique classique est 7-périodique également en p (¢f fi-
gure 1.8-1), ce qui peut présenter une simplification puisque toute l'information sur les
trajectoires réelles est contenue alors dans un espace compa& (34).

(iii) Certains aspects de la dynamique classique complexe sont connus, ¢f figure 1.1-9
23 ou (GREENE & PERCIVAL, 1981, Figs. 1 et 3). Plus généralement, beaucoup de pro-
priétés classiques et quantiques de ce modele sont bien établies dans la littérature.

(3%) Le modele de HARPER pulsé introduit par LEBCEUF, KURCHAN, FEINGOLD & AROVAS (1990) —
pour lequel f(x)= g(x) o< cosx — utilisé avec succes pour rendre compte de l'effet tunnel (RONCAGLIA,
Boncr, IzrAILEYV, WEST & GRIGOLINI, 1994; LEBCEUF & MOUCHET, 1994; BRODIER, SCHLAGHECK
& ULLMO, 2001) posséde aussi cet avantage. L'inconvénient, s'il en est, réside dans le fait que quantique-
ment / ne peut varier continiiment.
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1.8 Perspectives a court et moyen termes

(iv) Une rotation de Wick 7 = —i|z| (voir plus loin) conduit essentiellement 2 la
méme dynamique classique réelle translatée de 7/2 en g (contrairement a ce qui se passe
pour le probléme & double puits). Les instantons ont donc des propriétés qui se calquent
sur celles des trajectoires du cas purement réel.

(v) Quantiquement les éléments de matrice de U (7) se calculent facilement dans la
base propre de ﬁ en terme de fon&tions de BESSEL, méme pour 7 € C. La diagonalisation
numérique est relativement rapide.

(vi) On peut aussi réver peut-étre (perchance to dream) en rappelant que des expé-
riences peuvent étre conduites avec cette dynamique sous-jacente.

On peut transposer pas A pas a ce systeme l'analyse faite dans (MOUCHET, ELTSCHKA
& SCHLAGHECK, 2006) pour 7 réel et calculer, en particulier, le comportement de 4¢,
en fon&ion de 1/% (7 numérote les états localisés dans les ilots). Les pics aussi bien que
les oscillations plus lentes de 4e, sinterprétent en terme de résonances quantiques (et
probablement classiques) : lorsquune ou plusieurs # se rapprochent sur le cercle unité (les
quasi-énergies ¢ différent alors quasiment d'une zone de FLOQUET c.-3-d. d'un nombre
entier de fois 27 5/ 7 ).

Lorsque lon donne une partie imaginaire & 7 (%), par exemple en le faisant tourner

r=|7le’, (1.8-8)

les {uF} séloignent du cercle unité et se répartissent au voisinage de la spirale logarith-
mique définie paramétriquement par

s, {e—iff/’f‘, ; eR}. (18-9)

Compréhensible dans le cas quasi-intégrable (y ou 7 petits), cette observation persiste
méme dans le régime fortement chaotique correspondant a la setion de POINCARE 1.8-
1, ¢f la figure 1.8-2. Ainsi, en «éclatant» le cercle unité, on dispose d'un moyen de séparer
des valeurs propres les unes des autres et de détruire les résonances quantiques. C’est bien
ce que lon observe sur les graphes de |d¢| (¢f figure 1.8-3). Pour 7 réel (4 =0), on re-
connait le comportement déja rencontré des fluctuations géantes: pics et oscillations plus
lentes en échelle semi-logarithmique plutét qu'un comportement linéaire a la WILKINSON
(équations 1.1-2 ou (I.1-6)). Donner une toute petite partie imaginaire & 7 (§ ~ 107%)
suffit & éroder les pics les plus pointus. Pour 8 2~ 0.03 seules les lentes oscillations ont ré-
sist¢ 4 érosion puis les courbes convergent rapidement vers une décroissance linéaire dont
la pente se stabilise a partir d'une valeur de § que l'on peut estimer a quelques fractions
de 7 (en tous cas bien avant 7/4). La figure (1.8—4) permet de se convaincre que les
pentes limites —4(y ) de ces droites sont en accord avec la loi

AG) =47 . (L8-10)

35 . . 3. . ) 7 . . 7
(®) Par un argument semiclassique, on comprend qu’il faille la choisir négative pour avoir un opéra-

teur U(7) borné 3 un fa&eur multiplicatif inessentiel prés (mais on perd bien str l'unitarité).
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Chap. I: L'effet tunnel chaotique

Kick pourf(p)=p2/2 ; 9(q)= ycos@q) ;hbar=1/8.0017456/=0.25, tvariable
dimUsur2impose= -150, minovl= 1d-5, {.q,.,)=(0, 1.57079), methode=L0

3 T T T T T T T T T { T T T T T T T T
@ i
2.5 \ =1 (8=0)
O,

\ 1=+1.000-0.031 (8=T1/100)
2 L \ 1=+0.951-0.30B(8=T1/10) |

\ 1=+0.707-0.707(6=T/4)

‘ 1=+0.156-0.98B(0=T[45)

Im(u)

15 2 25 3 35 4 45
Re(u)

FiG. 1.8-2: (couleur recommandée) Répartition dans le plan complexe des valeurs propres de U (7) pour
différentes valeurs de langle de rotation 0 (équation (1.8-8)) et pour le pendule pulsé. Les valeurs |7| =1
et y = 1/4 sont les mémes que pour la figure 18-1 et lon a choisi 1/h ~ 8.0. Les disques pleins sont les
valeurs propres {u} (les doublets tunnel ne pewvent étre résolus 4 cette échelle, on peut voir sur la figure 18—
3 qu'ils sont de lordre de 107¢ pour 6 =0) et lon entoure dun cercle la valeur propre ug' correspondant
4 létat ayant le plus grand recouvrement avec un étar cobérent centré sur (p =0,q9 = x7/2). Les courbes
continues sont les spirales (1.8-9).

Non seulement la rotation (1.8-8) conduit a une loi du genre (I.1-2), mais encore, il est
facile de vérifier que (I.8-10) correspond a l'a&ion

A:Jp(q,E) dg (L8-11)

de l'ingtanton du modtle continu régi par (I.8-5) et reliant en un temps infini les deux
points fixes instables situés en p = 0. En vertu de la propriété (iv) énoncée ci-dessus. A4
représente également la demi-aire de I'un des ilots stables dans la limite intégrable.
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I.8 Perspectives a court et moyen termes

2
itp /2hbare i Tycos(20)/hbar,

KP:e : y=0.25, tvariable

dimUsur2impose= -150, minovl= 0.0001, {m,,)=(0, 1.57079), methode=L0
———

e —
-1
10 r
 tau=+1.000
102 , ~——— tau=+1.000-0.001i ]
\i !
i tau=+1.000-0.002i
1\ —— tau=+1.000-0.003i |]
tau=+1.000-0.009i |3
10° © tau=+1.000-0.031i |]
tau=+0.996-0.094i
— —— tau=+0.988-0.156i ||
= tau=+0.951-0.309i |
-z 107 tau=+0.809-0.588i ||
= —— tau=+0.707-0.707i
‘ tau=+1.000+0.000i
S tau=+1.000+0.031i |3
E -9 tau=+0.156-0.988
N
S
©
2
— 10 -
-13
10 -
-15
10 B
L ‘ *,
E i I
-17 F Jl‘ \w i\ P l 11 il M ‘
10 ‘ ! P O Ll PN Mu H\M»\ dildl MMJ |\
0 5 10 15 20 30 35 40
1/hbar
F1G. 1.8-3 : (coulenr recommandée) Graphes de |Aey| en fonction de 1/ b pour différentes valeurs de langle

de rotation 9. Les valeurs |t| =1 et y = 1/4 sont les mémes que pour la figure 1.8-1.
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Chap. I: L'effet tunnel chaotique

In|i hbar/t (In u_=In u,)|

In(Ag)

-10

|
N
o

Kick pour f(p)=p2/2 ; g9(q)= ycos@q) ;T=e_me, yvariable

0
—4*sqrt(y) 19
A =2
ANy 1-3
| . | _4
06 0.8 1
Y
\
\\\
\
\
\
\
5 10 15 20
1/hbar

Fic. 184 : Quand § croit & partir de zéro, les graphes de In|de| en fonction de 1/ b tendent rapidement
vers des droites limites. Dans le cadre principal, ces droites sont tracées pour différentes valeurs de y. Dans
lencart, on reporte les valeurs des pentes en fonction de y (disques) ex lon constare quelles suivent assez cor-
rectement la loi (1.8-10) (courbe continue) méme dans le cas fortement chaotique ot y S 1 (pour § =0, les
tlots tunnels disparaissent en perdant leur Fabilité pouwr y =1/7>=1).
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I.8 Perspectives a court et moyen termes

b.3) Quelques questions

Si les résultats présentés ci-dessus peuvent sembler encourageants, leur interprétation
reste encore largement a faire et de nombreuses questions se posent. Par exemple,

(i) Comment cara&ériser précisément la dynamique classique complexe obtenue lors
d’une rotation (1.8-8) ? Cest-a-dire les orbites qui extrémalisent une fon&ionnelle du genre

def

! d
stpa] £ | [0 F -1 HpEa0) ae s

ol sa version discréte adaptée aux applications @ données par (1.8-4),

S<{Pn}’ {%}) = Z [Pn+l(%+1 —4q,)— |7|C_i9H(Pn+1’qn):| . (1.8-13)

n

(i) En particulier, comment se fait-il que la complexification de 7 dont on sattend
quelle déstabilise génériquement les orbites périodiques stables (*¢) conduit, du moins tant
que les doublets sont concernés, & un comportement qui ressemble étrangement a celui
quon attendrait d'un systéme intégrable?

(iii) D’apres ce qui précede, on retrouve une théorie de type instanton. Il semblerait
donc que ce soient les orbites primitives de périodes tres longues qui jouent un réle. Est-ce
que cela ne serait pas un signe qu’il est illusoire de chercher un développement semiclas-
sique ordonné suivant les périodes croissantes des orbites primitives? Par exemple a partir
de lestimation du type (%)

2ih tr (S'UN(T))

AEO N
Nt tr(UN(T))

(1.8-15)

(;", uo_) soit suffisamment

éloigné des autres doublets (¢f figure 1.8-2) pour les dominer exponentiellement méme

dans la trace de 5(}1\[(7)

(iv) Pourquoi les courbes 4¢(1/ %) convergent-t-elles si rapidement vers le résultat don-

pour N entier avec N Im 7 assez grand pour que le doublet (u

né par linstanton intégrable bien avant que la rotation de WicK ne soit achevée?

(36) Pour 7 complexe les traces des matrices de monodromies tr M” = 2cosh(n 7)) partent générique-
ment dans le plan complexe. en particulier, la condition de stabilité (1.8-7) nest plus remplie, méme si

|7| < 1/,/7.
(*) S est la symétrie tunnel. Il n'est pas absolument certain que lestimation (1.8-15) soit correcte a
cause des batailles dexponentielles. Des vérifications numériques restent A faire pour sassurer que dans

tr (gl}'N( 7)) = Z (e_iN”:/E — e_iN”;/E) , (1.8-14)

n

on puisse trouver un régime ou ce soient les termes pour » =0 qui dominent.
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Chap. I: L'effet tunnel chaotique

(v) Dans quelle mesure ces observations dépendent-ils du modele ? Suivant une sug-
gestion de Dominique DELANDE il faudrait en premier lieu sassurer que les observations
qui précedent ne découlent pas simplement de la stru&ture en p? du choix de /. Changer
le terme cinétique en £ (p) o< p* est particuliérement intéressant pour tenter de préserver
une résonance pour toute valeur de §. En effet, il se trouve que, dans ce cas, lorigine est
toujours un point marginalement stable tr A/ = 2. Les courbes limites obtenues par ro-
tation de ¢ ne sécrasent pas en droites mais ont une §tructure plus riche qui trahit, jen
suis persuadé (une analyse par les représentations de HUSIMI devrait se faire 3 trés court
terme), la présence d'une résonance persistance c.-a-d. d’un état JANUS qui saccroche sur
l'origine.

(vi) Comment recomposer ces questions dans le cadre de leffet tunnel amplifié par ré-
sonance (classique) et sassurer que les cascades fractales de résonances classiques qui sont
a lorigine du chaos refletent la forét de pics? Comment comprendre que la rotation de 7
de la dynamique classique complexe semble estomper assez rapidement les résonances clas-
siques réelles.

(vii) Quels liens établir avec la complexification des formes normales au voisinage des
bifurcations ol naissent les résonances (BAZzZANI & TURCHETTI, 1992)?

(viii) Quels liens établir avec les ensembles de JuLiA de Iécole japonaise?

(ix) Quels liens établir avec la littérature récente sur effet tunnel multidimensionnel
(BENDERSKII, VETOSHKIN, KATS & TROMMSDORFF, 2003, et ses références) et le seul
travail, & ma connaissance, qui évoque les instantons en régime chaotique (KuvsHINOV,
KuzMIN & SHULYAKOVSKY, 2003).

On peut également songer a d’autres questions a beaucoup plus longue échéance, en-
core largement spéculatives, comme :

(x) Si ces résultats se renforcent et se comprennent mieux, est-ce que cela n’implique
pas qu’il faille prendre la rotation de Wick avec des pincettes quand on afhrme, comme
trés souvent en théorie quantique des champs relativistes, qu’il suflit de faire une rotation
de WiICK pour transposer aisément les résultats en métrique euclidienne vers la métrique
minkowskienne et réciproquement ? D¢ja, dans les systemes ayant le moins de degrés de
liberté possible, les effets des non-linéarités peuvent étre affetés sur plusieurs ordres de
grandeurs par une rotation de Wick (voir aussi la note 15 p. 19).

A Tlinterface avec les mathématiques:

(xi) Peut-on faire progresser notre compréhension des propriétés spectrales des opéra-
teurs de type (I.8-1). En particulier, peut-on comprendre la disparition des résonances a
partir des généralisations des formules de CAMPBELL-BAKER-HAUSDORFF faisant explici-
tement apparaitre le probléme des petits dénominateurs (SCHARF, 1988, eq. 2.13)?
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c) Intera&ions

On voit donc se profiler un programme de recherche précis qui nécessitera a coup stir
un travail colle@if impliquant de nombreux a&eurs. L'arrivée a Tours, a la rentrée 2006
de l'un des trois pionniers de leffet tunnel amplifié par résonance, Olivier BRODIER, laisse
espérer quensemble, nous pourrions engager une collaboration fructueuse. Par ailleurs, cer-
taines des questions ci-dessus peuvent raisonnablement motiver un travail de these qui peut
étre initié au préalable par le stage 4 temps complet d'un semestre quoffre la seconde année
du master recherche Phénoménes non-linéaires de Tours (cf aussi § 6 c) p. 8).

Il n’est pas impossible non plus que les spécialistes du laboratoire en théorie des champs,
particulicrement les experts des systeémes intégrables n’aient pas leur mot a dire a propos,
par exemple du point (x). Les mathématiciens du laboratoire issus de la théorie speétrale
peuvent &tre aussi concernés par le point (xi). Comme toujours, les discussions informelles
qui éle¢risent la vie d’'un laboratoire ouvrent des perspectives que souvent lon attendait
pas.

Bien entendu, les liens étroits que jentretiens depuis dix ans avec I'équipe de Dyna-
miques des systémes coulombiens de Dominique DELANDE du Laboratoire KASTLER-BROS-
SEL (Paris) continueront de plus belle. En particulier, avec Benoit GREMAUD, nous es-
sayons actuellement de nous attaquer aux questions (v) et (vi).

La proximité de l'un des groupes de chaos quantique les plus dynamiques (forcément!)
du monde, au Laboratoire de Physique Théorique et de Modeles Statistiques autour d’Oriol
BoHiGas, Eugene BOGOMOLNYI, Patricio LEBGUF et Denis ULLMO (avec une pensée
émue pour le regretté Charles SCHMIT qui vient de nous quitter en septembre 2006) est
la garantie d'une source de discussions toujours nourrissantes.

A partir des trois sommets de ce triangle francais (Tours, Paris, Orsay), on peut d'ores
et déja voir se tisser des liens européens avec I'Allemagne grice a mes collaborateurs di-
rects, Peter SCHLAGHECK, Christopher ELTSCHKA, mais aussi Andreas BUCHLEITNER
chef dé¢quipe du groupe Nonlinear Dynamics in Quantum Systems du Max PLANCK fiir
Physik Komplexer Systeme de Dresde, directeur de post-doc ’O. BRODIER et le Royaume-
Uni par lintermédiaire de Stephen CREAGH de la School of Mathematical Sciences Divi-
sion of Theoretical Mathematics de Nottingham. Compte-tenu des affinités thématiques et
humaines qui nous lient, jenvisage mal un avenir scientifique sans une collaboration avec
chacun dentre eux.

Elargissons encore plus le cercle disciplinaire et l'orbe géographique: en septembre 2006,
jai été invité par Akira SHUDO de la Tokyo Metropolitan university a participer, avec K.S. IKE-
DA, K. TaAkaHASHI, Y. IsH1, W.H. MILLER, E. BEDFORD, S. MARMI, S.C. CREAGH a
Iélaboration d'un projet sur U'effer tunnel chaotigue d’'une durée de deux ou trois ans, visant
a obtenir le soutien du ministére de la science japonais pour financer des voyages et des
conférences internationales sur ce sujet.
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CHAPITRE DErux

La méthode différentielle

II. 1 Le contexte

La méthode différentielle est une technique qui vise & encadrer toute valeur propre

d’'un opérateur (ou d’'une matrice) dont le ve&eur propre associé est réel et ne change pas

de signe (propriété de positivité). En quantique, il sagira essentiellement de donner a la
g q q g

fois une borne supéricure et inférieure a Iénergic fondamentale d’'un syst¢me dont il est

inutile, ici, de rappeler l'importance physique. Cette méthode se démarque trés nettement

d’autres approches, perturbatives ou variationnelles, qui remontent & RAYLEIGH au moins

et largement éprouvées depuis (sans oublier les algorithmes de diagonalisation directe).

Elle ne fait intervenir aucune intégrale ou calcul de norme, ce qui
est & priori un avantage lorsque les espaces de configuration pos-
s¢dent de multiples dimensions, comme typiquement un probléme
a IV corps ou a fortiori une théorie des champs. L'information glo-
bale sur lespace de configuration contenue dans la valeur propre
recherchée se retrouve dans la détermination des extrémums glo-
baux d'une fon&ion donnée explicitement, g — E,.(q), [énergic
locale dans le cas quantique. Ces extrémums correspondent préci-
sément aux bornes cherchées.

Dans les espaces multidimensionnels, on n’a pas forcément ga-
gné au change: il peut étre aussi difficile, si ce nest plus, de dé-
terminer analytiquement ou numériquement un extrémum absolu
quune intégrale. L'avantage est qu'une fois ces extrémums détermi-
nés, la méthode différentielle permet au moins en principe d’amé-
liorer substantiellement les bornes a coup de ravaudage local tant
que lopération ne provoque pas de bifurcations globales ou un
échange dextrémums de ¢ — Ej,.(¢) se produit. Pour contourner
cette difficulté il faudrait déterminer aussi tous les extrémums lo-
caux, ce qui peut étre prohibitif si l'algorithme les multiplie un peu
trop rapidement (¢f figure 2 p. 110). D’un certain point de vue, la
méthode différentielle tend a rester aussi locale que possible, dou

Em(x)

T loc

7>,

7 <7,
Fic. 1IL1-1: Exemple
de bifurcation glo-
bale  (ARNOLD, 1984,

chap. 10). En variant le
paramétre de contréle 7,
il se produit un échange
de  maximums  globaux
sans que ce dernier puisse
étre déteté localement.

le choix du qualificatif qui fait référence également a la géométrie différentielle, cadre na-
turel de la théorie des bifurcations et autres catastrophes (DEMAZURE, 1989, 'un des cours

de mathématiques les mieux écrits que je connaisse).



Chap. II: La méthode différentielle

Lidée de départ, due 3 Hetor GIACOMINI du LMPT (communication privée 2004)
était d’utiliser la propriété de positivité dans le cas d'une équation de SCHRODINGER a
une dimension avec un potentiel polynémial pour trouver, a partir de fonctions dessai ¢,
des inégalités algébriques imposées par la nécessité d’avoir au moins un zéro réel pour un
certain polynéme; ces inégalités permettaient alors d’obtenir des bornes pour le niveau
fondamental. En fait, il sest avéré que non seulement on obtenait systématiquement des
bornes supérieures et inférieures mais que lon y parvenait par un argument ridiculement
simple, capable détre étendu a des potentiels quelconques en dimension quelconque sans
que, dailleurs, Topérateur soit nécessairement un opérateur de SCHRODINGER. En fait,
comme l'avait déja soupgonné H. GIACOMINI, le point clef nécessaire était bien la pro-
priété de positivité. Il est apparu quelle est dans une tres large mesure sufhisante. Du coup,
on pouvait espérer obtenir des résultats intéressants, méme en physique, pour des systemes
multidimensionnels complexes ou les méthodes traditionnelles progressent avec peine et
prix. Il était clair des le début que la jeune méthode différentielle ne pourrait jamais faire
micux que les méthodes traditionnelles dans les cas & petit nombre de degrés de liberté(?).

En fait, les inégalités obtenues par la méthode différentielle apparaissent comme une
tres large généralisation d’inégalités dues & BARTA (1937) qui concernaient au départ le
mode fondamental de vibration d'un billard bi-dimensionnel (valeur propre principale du
laplacien). Les inégalités de BARTA sont trés connues et utilisées dans la littérature ma-
thématique en théorie spectrale; elles ont été généralisées a des opérateurs de LAPLACE
agissant sur des fonctions de carré intégrable définies sur des variétés riemanniennes, ou
encore a des opérateurs de SCHODINGER de la forme —A + /7. Mais si, dans ce der-
nier cas, la littérature est relativement clairsemée (une demi-douzaine darticles depuis la
promesse, apparemment non tenue de BARTA, de généraliser ses résultats originaux), clest
parce que non seulement la dérivation des inégalités, reposait trop fortement sur la spéci-
ficité des formes quadratiques, mais encore quaucun des auteurs pré-cités n'avait en téte la
stratégic que je décris dans larticle qui suit (trés souvent I'une des deux bornes était per-
due) et qui a permis dés les premi¢res tentatives d’application d’améliorer notablement les
résultats existants.

La démonstration, en quelques lignes, que je donne dans les trois articles de ce cha-
pitre et ne retenant, je l'ai dit, que I'hypothese de positivité, n’a étonnamment jamais été
formulée explicitement a lexception du cas matriciel de la référence (BARNSLEY & DUF-
FIN, 1980) signalée par un rapporteur bienveillant de l'article (MOUCHET, 2006B) et dont
on comprendra aisément par son titre pourquoi elle avait échappé a mes moteurs de re-

cherche.

(') A titre dexemple, citons la détermination numérique par le groupe de D. DELANDE des niveaux
dénergie des systemes coulombiens 4 trois corps (hélium, la molécule H;‘) avec un nombre de chiffres
significatifs pouvant dépasser la quadruple précision. Par comparaison, dans le cas de latome d’hydrogene
en champ magnétique, lencadrement que je propose sur la figure 1 p. 109 peut faire pile figure si lon se
cantonne au résultat brut.
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La propriété de positivité de la fon&tion donde du fondamental est bien connue pour
les opérateurs de SCHRODINGER sous le nom de théoréme de KREIN-RUTMAN (?) ou des
matrices & coefficients positifs (théor¢éme de PERRON-FROBENIUS).

Une méthode différentielle pour encadrer I'énergie de I'état
fondamental

Il s’agit ici du premier article sur le sujet, plut6t élémentaire et aussi peu technique que
possible. Il présente les premiers exemples non triviaux de application de la méthode dif-
férentielle auxquels jai pensés. Il sagit, on ne sen étonnera pas, de dynamique complexe
des systemes simples, cas décoles du chaos quantique suffisamment différents pour cou-
vrir un speére assez large de situations (billard annulaire, atome d’hydrogéne en champ
magnétique, probléme coulombien). Apres de nombreux titonnements, il sest avéré que
finalement le cas coulombien avec charges éleGtriques était tres subtil & traiter (sauf & deux
corps!). Rien que pour 'hélium, la méthode différenticlle ne conduit pas a des résultats
tres excitants et surtout semble résister a toutes mes tentatives d’amélioration des bornes,
pour des raisons auxquelles j’appris & m’habituer plus tard (MOUCHET, 20064): les ré-
pulsions inévitables le rendent trop fragile. Pour finir, ce n'est que sur un exemple trop
simple (comme par hasard, le double puits & une dimension) que je suis parvenu a des ré-
sultats concrets concernant la mise en ceuvre d’un algorithme possible (mais trop primitif).
Jeessaie de discuter les problemes de convergence de I'«algorithme de principe » quoffre
la méthode. La publication de cet article a influencé, de son propre aveu, HANDY (2006)
qui propose de contourner certains obstacles liés a I'algorithme en question par la méthode
des moments.

En plus de l'impulsion initiale fournie par H. GIACOMINT, jai pu bénéficier ici des
calculs numériques exa&s de D. DELANDE et B. GREMAUD (LkB) et d’une discussion fé-
conde avec Michel CAFFAREL (alors au Lab. de Chimie Théorique de l'université Paris-6).

(?) Par souci de complétude je rappelle brievement largument: Si @y(g) est la fon&ion d'onde fon-
damentale du hamiltonien H = —A + V' (gq) agissant sur les fonéions de carré intégrable sannulant
sur le bord 9Q de lespace de configuration, alors, quitte & la combiner avec @, autre fon&ion propre
de H, on peut supposer @, réelle et de norme unité. Elle donne un minimum absolu 4 la fon&ion-
nelle £[@] = (Q|H |0) = f Q(—QD*AQD+ V |©|?)dgq. La dérivation de la valeur absolue produit une dis-
tribution de DIRAC ayant pour support Z, lensemble des zéros de @, a lintérieur de Q: A|§D0| =
sgn (D) ADy + 29 (Dy)(VDy)?. Cette distribution ne modifie pas E[|D|] parce que, précisément, elle in-
tervient comme un produit avec |@y|. La fon&ion |@y| est donc elle aussi une fon&ion d'onde fonda-
mentale de H. L'équation aux valeurs propres écrite pour |@| fait apparaitre le terme en 4 (Q,)(V®,)?
supplémentaire qui doit donc sannuler identiquement, c.-a-d. que V@, sannule précisément sur Z. Le
théoreme de GREEN, permettant de reconstruire @ en tous points & partir de @ et de son gradient
donnés sur une sous-variété de Q de codimension un, montre qualors @ et identiquement nulle si l'on
choisit Z comme étant cette sous-variété ou a la fois @y et VY@, sannulent. La seule situation possible
est que Z soit vide, ce qui implique, puisque @, est continue, que la propriété de positivité est vérifiée
pour @,. On voit que cet argument repose crucialement sur la structure purement quadratique de énergic
cinétique et donc qu’il n'est pas immédiatement applicable & des hamiltoniens plus généraux comme ceux
impliquant un champ magnétique.
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Abstract

For a wide class of Hamiltonians, a novel method for obtaining lower and upper
bounds for the lowest energy is presented. Unlike perturbative or variational
techniques, this method does not involve the computation of any integral
(a normalization factor or a matrix element). It just requires the determination
of the absolute minimum and maximum in the whole configuration space of the
local energy associated with a normalizable trial function (the calculation of
the norm is not needed). After a general introduction, the method is applied to
three non-integrable systems: the asymmetric annular billiard, the many-body
spinless Coulombian problem, the hydrogen atom in a constant and uniform
magnetic field. Being more sensitive than the variational methods to any local
perturbation of the trial function, this method can be used to systematically
improve the energy bounds with a local skilled analysis; an algorithm relying
on this method can therefore be constructed and an explicit example for a
one-dimensional problem is given.

PACS numbers: 03.65.Db, 05.45.Mt, 02.30.Tb

1. Introduction

In a large variety of interesting physical problems, finding the discrete spectrum of an
operator can be done with approximate methods only. Moreover, in most cases, it is a
rather difficult task to estimate errors. Perturbative techniques often lead to non-convergent
series and an evaluation of the discrepancies with the exact result is usually beyond their
scope. For semibounded operators (bounded from below, say), variational methods naturally
provide upper bounds for the lowest eigenvalue and require much more work for providing
a lower bound with Temple-like methods (Reed and Simon 1978, XIII.2). Another source
of difficulties when dealing with perturbative and/or variational techniques, is that they both
involve the calculation of integrals on the configuration space Q: the norm of the wavefunctions

0305-4470/05/051039+09$30.00 © 2005 IOP Publishing Ltd  Printed in the UK 1039
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and some matrix elements of operators. This reflects the fact that the discrete spectrum
of a differential operator encapsulates some global information on Q within the boundary
conditions imposed on the normalizable wavefunctions. In this paper, I want to propose an
approximate method that will overcome these two obstacles: it can rigorously provide both
lower and upper bounds without any kind of integration. Like the variational techniques, it
will involve a (set of) trial normalizable function(s) with the appropriate boundary conditions
and will concern in practice the lowest eigenvalue only. The bounds are given by the absolute
extrema of a function defined on Q (the so-called local energy). In a sense, this method allows
us to stay as local as possible in the configuration space Q: in order to improve the bounds,
a local analysis near the extrema (or near the possible singular points) of the local energy is
sufficient and necessary. This paper is organized as follows. In section 2, I give the proof of the
inequalities that will be the starting point of the differential method. A comparison with what
already exists in the literature follows and the guidelines of the method are presented. Sections
3, 4 and 5 show how the method can be applied to three non-integrable quantum systems.
Before the concluding remarks, in section 6, I explicitly show on the quartic oscillator how
the sensitivity of the differential method to local perturbations of the trial functions can be
exploited to systematically improve the bounds of the ground state energy with an elementary
algorithm.

2. Bounding the ground state energy with the local energy

Let us start with a quantum system whose Hamiltonian H acts on the Hilbert space of functions
defined on a configuration space Q. Let us suppose that H has an eigenstate |®() associated
with an element E of the discrete spectrum. For any state |¢), the Hermiticity of A implies the
identity (| (H—Ey) lp) = 0. If we choose |¢) such that its configuration space representation
¢(g) is a smooth real normalizable wavefunction, we obtain

/Q<1>3(q)(H — Ep)p(g)dg = 0. (1

The crucial positivity hypothesis is to assume that we can choose one eigenstate such that its
eigenfunction @, remains real and positive or zero in the whole Q. This generally applies to
the ground state for which it has been shown in many cases that it is strictly positive in the
interior of Q (Reed and Simon 1978, XIII.12). Then, the real part of (1) involves an integrand
that is a smooth, real function constructed from the real part Hg of the differential operator H.
Then there exists a ¢ in Q such that ®y(q)(Hg — Eo)¢(g) changes its sign. Therefore,

dg € Q suchthat (Hg — Eg)e(g) = 0. 2)
Let us now introduce a function on Q that is known as the local energy'

l¢] aef Hroo(q)

E(q) = 3)

fo¢ @(q)
From condition (2), we immediately obtain that for all smooth real and normalizable states ¢,
inf (Ee(@)) < Eo < sup (B (@)). 4)

Surprisingly, these two inequalities are sparsely known in the literature (Barnsley 1978,
Baumgartner 1979, Thirring 1979, Crandall and Reno 1982, Schmutz 1985) and always under
some more restricted conditions (the upper bound is often missing).

! The usual motivation for introducing the local energy is just to roughly estimate the dispersion in energy obtained
for an approximated eigenfunction. For instance, when using Monte Carlo methods for computing expectation values.
The derivation of inequality (4) shows that for the ground state this qualitative approach can be made rigorous.
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The original proof presented here links the inequalities to the non-negativity of the ground
state without referring to the detailed structure of the Hamiltonian. In particular, it does not
require the Hamiltonian to have the purely quadratic form

A=Y ajpipj+ V(@) )

iJj

where a is a definite positive real matrix and V a well-behaved potential. Inequalities (4) still
apply (with the appropriate definition (3) of the local energy) in the presence of a singular
potential, when there is a magnetic field and for an infinite number of freedoms (as in the
non-relativistic quantum field describing a BEC condensate). Besides, it is not required for ¢
to be nonvanishing. It simply says that where ¢ vanishes faster than Hg¢, one or both of the
bounds can be infinite and therefore useless.

The first form of inequalities (4) (with its two bounds) is due to Barta (1937) and was
derived for the fundamental vibration mode of an elastic membrane. Though Barta writes that
his method will be generalized in subsequent publications, I was not able to find any extensions
of his original work before an article of Duffin (1947) where a Schrodinger operator of the form
H = —A +V is considered. Duffin shows that the Dirichlet boundary conditions imposed on
the trial function ¢ can be relaxed but he loses the upper bound. One obtains the equalities
in (4) for a flat local energy, i.e. for ¢ = ®y; hence we will try to work with a ¢ that mimics
the exact ground state best. Therefore, generalizing the Barta inequalities by increasing the
size of the functional space of ¢ can be irrelevant. One should instead keep working with a
restricted set of trial functions that respects some a priori known properties of @, such as its
boundary conditions, its symmetries and its positivity?.

More precisely, we will explain in the last part of this paper that, once a ¢ that bounds
the local energy is found, it is expected that there is only a finite number of independent
directions in the functional space along which the bounds can be improved. In the following,
we will actually deal with a finite-dimensional submanifold of trial functions ¢, where A
stands for a small number of control parameters varying in a control space C. Accordingly,
the strategy is clear: for, say, obtaining an optimized lower bound we will try to find
sup; ¢ (infyeco(Eloc(A; g))) where Ejoc(A; g) stands for El[:fc*](q). As long as the extremal
values of ¢ — Ejoc(A; ¢) can be followed smoothly with A (in particular, the Morse points are
generically stable), the problem is reduced to local differential calculations in C x Q in the
neighbourhood of the critical points: adding to a trial function an infinitesimal perturbation that
is localized far away from the extremal point does not affect the energy bounds. One recovers
the global sensitivity of the eigenvalue problem because the critical points of the local energy
generically bifurcate for finite variations of A (Poston and Stewart 1978, Demazure 2000)
and can jump to other distant points when a degeneracy occurs (Arnold 1984, chapter 10,
especially figure 50).

In mathematical physics literature, Barta’s inequalities are always considered within the
context of the billiards systems (Laplacian spectra on a Riemannian manifold), even in the most
recent papers (for instance (Bessa and Montenegro 2004)). As far as I could search, the most
advanced extension to other physical problems has been made (tentatively) by Barnsley (1978)

2 A technicality should be mentioned here: if one chooses the trial states |¢) such that for all ¢ € Q, (gl¢) > 0
except, perhaps, for the a priori known zeros of (q|®p), we can deal with systems where the configuration variable ¢
includes some discrete parameter such as a spin index (the somewhat loose notation Hg¢(g) must be understood as
the real part of (¢|H|¢) and dg is the measure on Q possibly having a continuous and/or a discrete part). Indeed,
under the positivity hypothesis, from (1) we deduce that there must be a couple (g, ¢’) in Q% such that ¢(g) > 0,
o(q") > 0, (Hr — Eo)p(q) =0, (Hr — Eo)¢(q’) < 0. Therefore inequalities (4) remain valid. For instance, if Hg
is a (possibly finite) matrix, the local energy consists of a discrete (finite) set of real numbers.
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but, for the same reasons as Duffin’s (1947), he systematically loses the upper bound. Besides,
he acknowledges he is unable to produce any non-trivial bound for the helium atom.

One can easily understand Barnsley’s failure: with variational methods, a very rough
estimation of the exact ground state wavefunction can lead to a reasonably good agreement for
E( while a simple local perturbation of the exact wavefunction can even make the local energy
unbounded. Therefore, at first sight, one could see the sensitivity of the local energy as a major
drawback of the method: variational methods are more robust to local perturbations of the
trial function. But this argument can be reversed: compared to the rigidity of the variational
methods, the differential method offers the possibility of improving the estimations at low cost
provided we are able to implement a skilled strategy (eliminating the singularities, controlling
the behaviour at infinity with JWKB techniques, increasing the absolute minima, etc). In the
following, I explicitly show in many non-trivial cases that once we have this strategy in mind,
we can obtain interesting results for complex systems. For instance, not only can we improve
Barnsley’s trivial bound for the ground state energy of the helium atom, but it will be shown in
section 4 how this result generalizes to any number of Coulombian particles. The calculations
can be made analytically with a surprising simplicity.

As far as the upper bound is concerned, the variational method leads a priori to a better
approximation than the differential method since, for any normalized function ¢,

/Q 0" (@) Ho(q)dg = /Q l0(@)PE¥ ) (q) dg < sup (EX @) (6)

Nevertheless, being free of any integration, the absolute maximum of the local energy is a
quantity that is more easily accessible to analytical or numerical computations than the average
value of H.

3. Application to billiards; the example of the 2D-annular billiard

As a first illustration of the differential method, let us consider the problem of finding the
lowest eigenvalue of H = —A /2 in a connected finite region Q with the Dirichlet boundary
conditions imposed on B = 9Q. Suppose that the boundary B is given by an implicit smooth
scalar equation of the form b(¢) = 0 while the interior of Q is defined to be the set of
points ¢ such that b(g) < 0. Then, trial functions can be taken of the form ¢ = fb for any
arbitrary smooth function f that does not vanish inside Q. The only possible singular points of
q+— E 1[;/)‘:] (g) are located on B and can be removed if f is chosen with appropriate behaviour in
the neighbourhood of 3. Imposing this behaviour for f is a priori a simpler task than solving
the eigenvalue problem on the global Q: one dimension has been spared since we have to
deal with some local properties of f near B. For instance, by generalizing Barta’s trick (Barta
1937), one can easily check by simple equation counting that when Q is algebraic, i.e. when
b is a polynomial, provided that we choose f to be a polynomial of sufficiently high degree n
whose zeros are outside Q, we can find a polynomial g of degree n — 2 such that A(fb) = gb.
Therefore, E, l[(‘fc] = —g/(2f) is bounded and finite upper and lower bounds of E,, can be found.
Let us apply this method to the asymmetric annular billiard that is an elegant paradigmatic
model in quantum chaos (Bohigas et al 1993). 15 is made of two circles of radius 1 and r < 1
whose centres are distant by § < 1 — r. Q is the 2D domain in between the circles. The
simplest choice of trial function is to take ¢ (x, y) = b(x, y) = [x2+y?> —r?|[(x =8)2+y> —1].

One can check analytically that the lower bound of El[fg is

(—A(p) Cw ( 8[(x —8/2)% +y> — (1+r%)/4] )
Q

2 (2432 =2l =82+ 32 — 1]

inf
Q

@)
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For r = 3/4 and § = 0.1, a simple numerical computation shows that (7) is finite and
obtained at (x, y) >~ (0.86, 0) and leads to Ey > 28.390 to be compared with the exact result
Ep >~ 42.94. As one could have expected with the rough trial function chosen above, the
estimation is not very precise but the calculations required here to get this result are much
simpler than the ones involved in a variational method (that provides the complementary upper
bound 55.32 with the same test function) or by the exact numerical resolution that requires
finding the smallest root of an infinite determinant made of Bessel functions.

4. The many-body Coulombian problem

The next examples, presented in this section and in the following, will illustrate that the first
strategy for obtaining finite bounds is to get rid of the singularities that may appear in the
local energy. When Q is not bounded, one must have a control over the behaviour
of the trial functions as ¢ goes to infinity. For a multidimensional, nonseparable,
Schrodinger Hamiltonian, a JWKB-like asymptotic expression is generally not available
(Maslov and Fedoriuk 1981, introduction). Nevertheless, the differential method is less
demanding than the semiclassical approximations: we need the local energy to be bounded at
infinity but we will not require it to tend to the same limit in all directions. As already shown
in the annular billiard problem, for the sake of simplicity one could start with a less ambitious
program and try to obtain just one nontrivial inequality in (4).

The second example is to consider a system of N non-relativistic, spinless, charged
particles living in a D-dimensional infinite space. Their kinetic energy is given by
eje; /;&i j,. We will assume that the masses m; and the charges e¢; allow the existence of
a bound state. Once the free motion of the centre of mass is discarded, we are led to a
D(N — 1)-dimensional configuration space that can be described by the relative positions

q = {ro,i}i=1... n—1 With respect to one distinguished particle. The Hamiltonian is given by
e = LS
H = P2+ — PP+ = il 8
,21:2m0.ipl 2my Z Pi-pj Z,Z Fij ®
= ij= i,j=
i# ] i#

The notation m; ; stands for the reduced mass m;m ;/(m; +m ). For D > 2, one can eliminate
the Coulombian simple poles r; ; = [Irg; — ro, ;|| = 0 in the local energy by choosing the trial
function as follows:

N—1

1
¢lq) =exp [ —5 > higrij )
i.j=0
i#J
with A; ; = —2m, je;e; /(D — 1). When this choice does not provide a normalizable function,

it should be understood that the exponent is just the first order of a Taylor expansion near
ri,j = 0. Whenever (9) is actually square integrable on Q, the local energy reads

ol = )‘iz,j Aijhik —
Eg. =— E e E -~ cos(j, i, k). (10)
i =0 ij — i
’i]<j Jiik

The last sum involves all the N(N — 1)(N —2)/2 angles fu\lc that can be formed with all the
triangles made of three distinct particles. This expression treats all the particles on an equal
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Figure 1. Upper and lower bounds of the ground state energy (thick line) for hydrogen in a Zeeman
configuration.

footing and it is clear that the local energy is bounded everywhere. For N = 2, we recover
the exact ground state since the last sum is absent and the local energy is constant. For a
helium-like atom (D = 3, N = 3) of charge (Z —2)e with the nucleus considered as infinitely
massive compared to the electron mass, only two angular terms survive and we get (in atomic
units) Ejpe = —Z% — 1/4+ Z(cos 0 +cos 6,)/2. The two angles are taken at the vertices made
by the two electrons: the sum of their cosines is bound from below by 0 and from above by 2
(diametrically opposed electrons). The lower bound of the local energy is —Z% — 1/4; this is
not an interesting piece of information since we know that E is larger than the energy —Z>
obtained by neglecting the strictly positive repulsion of the electrons. On the other hand, the
bound Ey < —(Z — 1/2)? provides a simple, analytical, nontrivial result.

5. The hydrogen atom in a magnetic field

The third application of the differential method to a non-integrable system will concern the
hydrogen atom in a constant and uniform magnetic field Bu,. While the positivity of the ground
state wavefunction was guaranteed by the so-called Krein—Rutman theorem in all the previous
examples (applicable for any Hamiltonian of the form (5), see for instance (Reed and Simon
1978, X1I1.12)), it is no longer valid for an arbitrary potential when a magnetic field is present
(Helffer et al 1999). Nevertheless, for the hydrogen atom, the attractive interaction between
the nucleus and the electron keeps the orbital momentum L, of the ground state at zero for
any arbitrary value of B (Avron et al 1977) and the Krein—Rutman theorem applies when
restricted to the L, = 0 subspace. In order to preserve the symmetry of the ground state,
the trial function will be chosen to be strictly positive and even with respect to z; hence we
can work in the half space where z > 0. With a vanishing paramagnetic term, ¢ depends
on the coordinates g = (p, r) only (see figure 1). In atomic units, the local energy is given
by E¥) = V — Ap/(2p) where the effective potential is V(p,r) = B2p?/8 — 1/r. In
order to eliminate the Coulomb singularity, one must impose some local conditions on the
logarithmic derivatives of ¢. More precisely, with § E In ¢, we must have 9,5(0,0) = —1
and 9,5(0,r) = O for all » > 0. Assuming that S is smooth enough near p = 0, it takes
the general form S(p, r) = —r +r?l(r) + p*h(p, r) where [ and h are two smooth functions.
Choosing [ = 0 and h = —B/4 (resp. h = 0) will bound from above (resp. below) the local
energy: —1/2 < Ey < —1/2+ B/2. As in the previous example the lower bound is useless
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E loc

Figure 2. Increasing EI[XC“J (dashed line) with one local perturbation is limited. When adding to
In(¢o), say, a Gaussian perturbation localized near an isolated minimum of the local energy, we
can increase the value of the absolute minimum by a finite amount (solid line in the left figure).
But if the magnitude of the Gaussian is increased too much, the minima created by passing through
a bifurcation can decrease below the original minimum (solid line in the right figure).

since it can be guessed from the very beginning. The real challenge here is to improve the
lower bound without introducing a divergence as r — oo in any direction characterized by «.
After a detailed examination of the possible balance between the asymptotic behaviour of /
and h as r — 00, a trial function can be constructed in order to improve the trivial lower bound
for B large enough. Namely if we take S = —r — Bp?/4+ p(r — \/r> — p?) /(p* + 5r/~/B)
we improve the trivial lower bound for B 2 2.3 (see figure 1). Note that for very large B we
recover a wavefunction that mimics a Landau state.

6. A local algorithm for improving the bounds; application to the quartic oscillator

Assume now that ¢y = exp(Sp) bounds the local energy. Is there any systematic strategy
to improve the bounds and, one day, compete with the very high precision of the secular
variational and perturbative methods or numerical diagonalization of truncated matrices? Of
course one can always combine these four approaches but let us look, for the moment, how
the local character of the differential method can be exploited further. Suppose that ¢ is a
point where ¢ — El[fé)](q) reaches its lowest non-degenerate value. Among all the possible
infinitesimal perturbations of Sy, only those that are localized in the neighbourhood of ¢, are
relevant since adding a perturbation far away from go will not affect the absolute minimum.
The appropriate framework for local studies in an infinite functional space is bifurcation theory.
Since the local energy, the determination of the critical points and their stability involve a finite
number of derivatives, we expect that the number of relevant control parameters A remains
finite for low-dimension configuration space very much like the central result of catastrophe
theory (Poston and Stewart 1978, Demazure 2000). We will leave this quantitative study for
future investigations. For the moment, let us keep the discussion at a qualitative level only
with a 1D Hamiltonian of the form H = —A /2 + V and take S = Sy + 85 with a Gaussian
perturbation 8S(g) = s exp(—(q —a)?/o?) controlled by three parameters A = (s, a, o). The
specific choice of the form of §S is not important here; only a finite number of pointwise
derivatives will matter for locally improving the bounds as long as 65 does not change the
normalizability of the trial function. The choice of a Gaussian is particularly simple: it will
modify the local energy in a neighbourhood of a whose size is governed by ¢ and by the
magnitude s. This perturbation is qualitatively reproduced in figure 2. The value of Ej, at
q = a is increased (resp. decreased) for a small but finite positive (resp. negative) s. We can
apply this procedure near the absolute minimum (resp. maximum) of Ej,. and repeat it for the
possible absolute extrema that may have emerged during the previous step. We get an iteration
sequence that may systematically improve the bounds. Still, this algorithm is slowed down
because if we try to ‘lift up the dress’ too much, a ‘prudish censor’ lowers it on both sides of
g = a (this phenomenon is not specific to 1D).

To be more precise, consider a quartic potential given by V(¢) = r2¢?(q”+n8?) /2 where
n = %1. In order to bound the local energy as |¢| — oo, we can use a JWKB-like expansion
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—2.74
_3 L
-3.27

Figure 3. Adding n Gaussians to Sp allows us to increase the minimum of the local energy when

constructing the sequence El(gg . For each iteration, only one scalar parameter is optimized (the
amplitude of the Gaussian being added).

for Sy. If we want a uniformly smooth expression, we can take
So(q) = —37(q> + )7 + 38> (1 = m)(g® + 892 = S In(g® + ) — 3r5*(q* + 67712
(1

The last term is chosen to improve the trivial lower bound given by the minimum of V. For
the arbitrary choice r = 1/ V2, n = —1 and 8% = 8, figure 3 shows how the lower bound
can be improved from —3.27 up to —2.74 (the exact result is —2.66) when adding to S
enough Gaussians that are equi-spaced by 0.5 with a fixed 0 = 1. Only their magnitudes s
are numerically optimized here, one after another. One can see a second advantage of the
differential method when numerically implemented: not only is no integral required but also,
provided we keep under control the instabilities that are illustrated in figure 2, the optimization
algorithm concerns a small number of parameters at each step (just one in the example given
in figure 3) to be compared with the large number of parameters to be optimized at one go in
the final step of the variational method.

7. Conclusion

The differential method appears to be a new kind of general theoretical tool for obtaining
rigorous information on a ground state energy. Its local character makes it quite different from
the traditional ones (to put it succinctly, the variational, the perturbation and the numerical
diagonalization techniques). In this paper, I have given some qualitative and quantitative
arguments to show how simple and efficient it can be. However, I should insist that even in the
cases where the variational or perturbative techniques can be applied, the aim of the paper is
not to seek for performance: for the moment the differential method is too young to compete
by itself with the traditional methods. One short term possibility is to calculate the extrema of
the local energy constructed with the trial function given by the other methods. The idea of
locally modifying the local energy or any local function of the same type—for instance, those
currently used in Monte Carlo methods—may be fruitful as well (Caffarel 2004). Actually, in
order to convince the reader that the method is indeed applicable in a wide field of physics and
furnishes some reasonable results, I had to compare them with some more precise ones and
therefore I dealt with situations where the exact ground state energy was already known with
the help of other methods. The algorithm that is presented in section 6 is chosen to prove how
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the local sensitivity of the local energy can be exploited to systematically improve the bounds.
The feasibility is in itself not obvious and is worth demonstrating even in the simplest cases.
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I1.3 Méthode différentielle appliquée au probléme a N corps

Encadrement de I'énergie de I'état fondamental d’un systeme
a N corps a l'aide de la méthode différentielle

Pour lingtant, c’est pour le probleme coulombien purement attractif que j’ai pu obtenir
les résultats les plus probants de la méthode différentielle. Physiquement, on quitte alors
les échelles de physique atomique pour plonger au cceur des noyaux ou méme des hadrons.
J’ai beaucoup bénéficié de discussions avec ]J.-M. RICHARD (Laboratoire de Physique Sub-
atomique et de Cosmologie de Grenoble) ; les méthodes astucieuses d'encadrement qu’il a
utilisées avec ses collaborateurs (J.-L. BASDEVANT., A. MARTIN et T. T. Wu) mont per-
mis de m’assurer que, pour ces systemes, la méthode différentielle tenait bien la route et
donnait des résultats équivalents aux leurs.

113



Chap. II: La méthode différentielle

Available online at www.sciencedirect.com

SCIENCE dDIRECT’
s C NUCLEAR I,
PHYSICS

ELSEVIER Nuclear Physics A 765 (2006) 319-341

Bounding the ground-state energy of a many-body
system with the differential method

Amaury Mouchet

Laboratoire de Mathématiques et de Physique Théorique &NRR 6083), Université Francois Rabelais,
Avenue Monge, Parc de Grandmont, 37200 Tours, France

Received 29 June 2005; received in revised form 28 Octolb@s;28ccepted 31 October 2005
Available online 28 November 2005

Abstract

This paper promotes the differential method as a new fristfategy for estimating a ground-state energy
of a many-body system. The case of an arbitrary number afaiie Coulombian particles is specifically
studied and we make some favorable comparison of the diffiatenethod to the existing approaches that
rely on variational principles. A bird’s-eye view of the &tenent of more general interactions is also given.
0 2005 Elsevier B.V. All rights reserved.

PACS:24.10.Cn; 12.39.Jh; 03.65.Db; 05.30.Jp

1. Introduction

There is little need to stress the great importance of themgestate in many domains of
quantum physics. Nevertheless, computing the lowest gradrgnost systems cannot be done
analytically and approximations are required. Some teqphas, being very general, have been
well known for several decades. For instance, the variatiomethods (Rayleigh—Ritz) or the
perturbative series (Rayleigh—Schrddinger) have theitsin the pre-quantum era; much later,
numerical algorithms (numerical diagonalizations as wasliMonte Carlo computations), sup-
ported by the increasing power of computers, have been algieovide a tremendous precision
on the ground-state of a large variety of very complex systefowever, it is a much more
difficult task to rigorously estimate the discrepanciesugein the exact ground-state eneigy
and the approximated one. In particular, though variationathods naturally provide upper
bounds onEy, obtaining lower estimates requires more sophisticatedrigues (for instance,

E-mail addressmouchet@phys.univ-tours.fr (A. Mouchet).

0375-9474/$ — see front mattét 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.nuclphysa.2005.10.015
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the Temple-like methods [19, Section Xl11.2]), some of thieeing very system-dependent (e.g.,
the moment method proposed in [10] for rational-fractiotgmtials or the Riccati—-Padé method
proposed in [7] for one-dimensional Schrédinger equajions

1.1. The optimized variational methods

For a many-body system governed by pairwise interactiomsni@resting strategy is to ap-
proximate Eg from below in terms of the ground-states of the two-body gatesns [8]. Such
an approach has been successfully applied to Coulombiaofiimand fermionic) systems of
charged particles [12] or self-gravitating bosons [1,13gver refinements have been proposed
that provide some very accurate lower bounds£gffor the three-body [3] and the four-body
systems [4]. Though not easily generalizable to an arlyitnmmber of particles, these last op-
timized variational methods can be applied to interactithias are not necessarily Coulombian
and may be relevant for quarks models [2] where some indipsbetween baryon and meson
masses represent theoretical, numerical and experimsutatantial information ([17,20], and
references therein). In practice, the optimized variaianethods allow to efficiently treat some
models that have simple scaling properties, for instanéesnathe two-body interaction can be
described by a purely radial potential of the forrtr) o sign(8)r#. The main reason relies in
the fact that, except the Coulombigh £ —1) and the harmonic = 2) interactions, the exact
form of the ground-state energy of the two-body problem iskmown. Yet, one can still take ad-
vantage of the power-law behavior oto obtain worthwhile lower bounds for thratio between
the N-body and the 2-body ground-state energies.

1.2. The differential method

Besides the variational and perturbative techniques tretr@entioned above, there exists
a third very general method for approximating the grouratesenergy of a quantum system,
namely the differential method (see [15,16], and refersriberein for a historical track) whose
starting point is recalled in Section 2 for the sake of cortgriess. As for the variational methods,
the differential method call on a family of trial functiortsatt supposedly mimic the ground-state
and that allow for the construction of a function (the averafithe Hamiltonian in the former
case, the so-called local energy in the latter case) whasaetk extrema within the chosen trial
family provide bounds on the exact ground-state endfgyOne of the main advantages of the
differential method over the other ones is that no integra¢quired, then it allows to work, even
analytically, with rather complicated trial functions bgaapsulating some rich structure of the
potential. It is also worth mentioning that the same testfiom leads to both upper and lower
bounds onEy: the estimate comes with a rigorous window. Though appletmany models
(to systems involving a magnetic field, to discrete systeamaon-Schrodinger equations, etc.)
the major inconvenient of the differential method is thakiuires, as a crucial hypothesis, the
exact eigenfunction to remain non-negative in the configumaspace (it must be real without
sign changes). Therefore, it excludes any ground-statesgvbpatial wave-function is antisym-
metric under some permutations of its arguments. As far@sidamic systems are involved, the
differential method will concern only those whose groumakes eigenfunction remains symmet-
ric under permutations of the spatial positions of the idshparticles.
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The aim of this paper is to apply the differential method #peadly to a system made a¥
non-relativistic particles of masses in a D-dimensional space whose Hamiltonian has the form

N-1 p2
H= L L V(ro,...,TN_1). 1
mei (ro N-1) (1)

When the N particles located afr;};—o
Vij = Vji, V is given by

N—1 interact only through pairwise potentials

.....

N-1
V= Z v;j (rij), 2)

i,j=0

i<j
wherer;; dzefrj — r;. The spin-dependent interactions, if any, are assumed irecheled some-
how in the scalar potentidt and A will be supposed to act on spatial wave-functions only; in
other words, the possible spin configuration have been riaetb out in one way or another.
When N = 3 and N = 4 and for power-law potentials, this is the same kind of systdo
which the optimized variational method applies also. Wd wdinsider the Coulombian case
in Section 3 and systematically compare the estimates diyehe variational methods and the
differential method. In Section 4, general interactions eonsidered (not necessarily power-
law v;;’s). This is of course relevant for estimating the grourakestenergy of a system where
the spin-independent strong interactions are dominantydavy enough quarks for instance, it
is known [11] that the non-relativistic form (1) may be peent! At atomic scales, the method
could be applied to clouds made of neutral atoms where shoge interactions govern the dy-
namical properties.

2. Thedifferential method
2.1. The general strategy

The necessary but sufficient condition for the differentigithod to work is the following: the

HamiltonianH has one bound staie&g), associated with energlp, such thatbo(q) def {(q|Do)
remains real and non-negative in an approprigtepresentation, say of spatial positions. For
a N-body system governed by the Hamiltonian (1), the dynamidahé center-of-mass frame
corresponds to a reduced Hamiltoniahwhose ground-stafe®g has precisely this positivity

property in the whole configuration spaggy of the (N — 1) D relative coordinategy OI=Qf(r1 —
ro,...,ry—1 — ro). This is the Krein—Rutman theorem (see [19, Section XIl).1Bor each

1 Possible relativistic corrections may be included (fotamse, by considering the spinless Salpeter equationg sinc
the differential method does not require a quadratic kinetiergy.

2 We will only consider the cases where at least one boundestitts. Physically, this can be achieved with a confining
external potential (a “trap” is currently used in experirteeimvolving cold atoms). Formally, this can be obtainedhie t
limit of one mass, say:g, being much larger than the others. The external potentiaars to be theg;’s, created by
such an infinitely massive motionless device. It will trap temainingV — 1 particles in some bound states if thg's
increase sufficiently rapidly with they;'s.
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state|g), the hermiticity of H implies the identity®o|(H — Eo)|¢) = 0. If we choosdg) such
that its representatiop(qgy) is a smooth normalizable real wave-function, we obtain

/ @4(qn)(H — Eo)p(qn) dgn =0. A3)
QN

Taking into account the positivity abg on Q, there necessarily exists somg such that
(H — Eg)e(gn) = 0 and some other configurations for whi¢H — Eg)p(gy) < 0. Choosing
¢ > 00onQy, we get both an upper and a lower boundin

inf (Eja(qn)) < Eo < sup(Ejg(gn)). (4)
On o)
where the local energy is defined by
[o] def Ho(gn)
Ef (gy) = —/— 22, 5
loc 4N ®(gN) ©)
In other words, the differential method provides an estemat
def 1 .
g™ €[ suEigliam)) + inf (Eigdan) | ©)
On On
that comes with a rigorous windowsA Eéd‘m'), where
dm,) def 1 .
AEG™ E surElqn) — inf (i @) | 7)
On N

Unlike for the variational method, the determination of #i¥solute extrema of the local en-
ergy does not require the computation of any integral. Eembrm of the test functiog is not
required provided it remains finite. The two inequalitie¥ lf¢écome equalities (the local energy
becomes a flat function) when= &g and therefore we will try to construct a test function that
mimics &g at best. We will choose that respects the a priori known propertiesiy: its posi-
tivity, its boundary conditions and its symmetries if thare any. Since for each test function the
error onEyg is controlled by inequalities (4), the strategy for obtaghdecent approximations is
clear. First, we must choose or constrgdb eliminate all the singularities of the local energy in
order to work with a bounded function. For instance, wherHhailtonian has the formp? + V
with V being unbounded at some finite or infinite distances, theKirgtic term of the local
energyEl[(‘fc] = —Ag/¢ + V must compensate the singular behaviovofor the correspond-
ing configurations (we will work systematically with unitach thatz = 1). Once a bounded

local energy, sa;E,[(‘fg], is obtained, we can proceed to a second step: perturb thiuiesion,

wo — ¢ = ¢o + 3¢, in the neighborhood of the absolute minimum (respectjyaigximum) of

El[f‘fg] in order to increase miEI[c‘fg] (respectively, decrease mE{{fQ]). Up to the end of this arti-
cle, we will focus on the first step: we will show how obtainia@pounded local energy furnishes
some sufficiently constrained guidelines for obtainingstemble bounds oBo.3 We will keep

for future work the systematic local improvements of theddlte extrema of the local energy.

In [15, Section 6], | have shown on a simple example how thisbzadone.

3 One can understand it from the extreme sensitivity of thalleaergy to any local perturbation of the test function:
while, in the variational methods, the quant{tyl H |¢)/{¢|¢) is quite robust to local perturbations because it reprasent
precisely an average on the configuration space, the loeabgmay become unbounded quite easily by canceling
locally ¢ faster thanH ¢.
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2.2. lllustration in the two-body case

Before coping with much complex systems, let us first conside case of the two-body
problem that can be reducible to a one single non-relaitivitrticle of unit mass in an external
potentialV. The local energy is

Ag

1 1
Bl 4V =5 AS = (V9. ®)

whereS d=8fln(go) is a well-defined function whe@ > 0.

For the D-Coulombian potentiaV (r) = «/r (D > 1), the singularity ar = O controls the
local behavior of the test function if one wants a boundeall@nergy. If lim-_ o S(r) is fi-
nite, by possibly subtracting an irrelevant constant temmcan suppose that this limit vanishes.
Therefore, without too much loss of generality, we assunag $h can be asymptotically ex-
panded near = 0 on a family of power functions (fob = 1, the logarithmic functions should
be considered) whose dominant term can be writtenJSiike r:Osor"“/(o + 1) witho # -1
andsg # 0. Balancing the dominant terms in the local energy, it isdfere straightforward, to
check that the only choice for the parametgysindo to get rid of the Coulombian singularity
is too takeos = 0 andsg = 2« /(D — 1). It happens that fo§ exactly equal to 2r/(D — 1), we
obtain a global constant local energy, namelgx?/(D — 1)2. Therefore, we have obtained the
exact wave-function of the ground-state provided we ewahteheck that the wave-function is
square-integrable which is true fer< 0.

For the harmonic oscillato¥ (r) = w?r2/2, V is unbounded asincreasesi(= +oc is a sin-
gular point forV). If we tentatively look for anS whose asymptotic expansionrat> +oco has
a leading term of the formgr®+1/(c + 1), we necessarily get = 1 andsp = —o (the cases
whereo < —1 are ruled out by the square-integrable property). Thellesargy Dw/2 is ac-
tually constant for alk’'s and indeed represents the exact ground-state energye Ytorerally,
with the help of standard linear algebra arguments,Wfdoeing any definite positive quadratic
form, we can always find a quadratic for$rfor which the local energy is globally constant.

2.3. Formulation for the many-body problem

When the potential/ has the form (2), a natural choice of trial function is to tdfa vari-
ational techniques in a few nuclear body context, such acehbas been used by [18,23] for
instance)

N-1

oan) =[] o0, ©)
i,j=0
i<j

where each of th&V (N — 1)/2 functionsg;; (r) = ¢;; (—r) depends oD coordinate$.

4 The present paper wants mainly to stress the simplicity fifferential method. It does not seek for a real perfor-
mance at the moment and we will not try to improve the choiceaafrdinates. Working with Jacobi coordinates, for
instance, or constructing optimized coordinates as dorjé]imay lead to better results. Anyway, we will see that the
numerical results of Section 3 are satisfactory enoughdtidating the approach by the differential method.
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It is straightforward to check that this choice describesateswith a fixed center-of-mass:
indeed, we hava‘;‘ZfV:_ol p:)l¢) =0. Hence,Hp = Hy and the local energy is given by

N-1
1 Adgij(rij) 1 Vgij(rij) Voir(rix)
El¥ - <__# . l“)_ Bl <P ALY EA . (10
loc (4) Z 2mi;j ¢ij(rij) i ig) _/‘\kmi Gij(rij)  Gix(rik) (10)

Jsls

iij=‘0
i<j
wherem;; stands for the reduced massesn ; /(m; +m ;). The last sum involves all th& (N —
(N —2)/2 angles(j, i, k) betweerr;; andr;; that can be formed with all the triangles made
of three particles having three distinct labedsA j, i # k, j # k). Let us now takep;; to be
a positive solution of the two-body spectral equation

1
—Zm—l_jAfﬁij +vijdij = €ijPij- (11)
The local energy becomes
N-1 1
Eis(an) = Z €ij — Z ;VSij(rij) “VSik(rik), (12)
i,j=0 TiE !
i<j b

where S;; d§f|n(¢,-j). The trial wave-function (9) of the global system must betksguare-
integrable but it is not necessary fall two-body subsystems to have a bound state when iso-
lated? For instance, for two electric charges having the same sigisiive but non-normalizable
solution of (11) can be found. When; admits at least one bound state (see also footnote 2),
thanks to the Krein—Rutman theorem, we are certain to getsétiy¢;; when taking the
ground-state of the two-body system andits corresponding energy. At finite distances, if the
possible singularities of;; are not too strong, we expect that; and thens;; to be smooth
enough forEjqc to remain bounded. At infinite distanceByyc is expected to become infinite

if v;; does not tend to a constant sufficiently quickly. To see thag can take purely radial

potentials. i.e.;;(r) = v;;(r) wherer def [rll, and consider the asymptotic behavior f
given by the semiclassical (JWKB) theory (see, for instaifit4]). Its derivative is given by
Slf]. (r)r_%o—\/ZmU[v,-j (r) — €;j] and is not bounded if;; is not (at infinite distances). Strictly
speaking, it is only for short-distant potentials that wa bapefully obtain rigorous non-trivial
inequalities (4) while keeping the choice (9) with (11). Hmwer, as will be discussed in Sec-
tion 4, the ground-state energy may be generally not be vamgisve to the potential at large
distances (far away wher®y is localized) and this physical assumption may be implescthy
introducing a cut-off length from the beginning.

For purely radial potentials (12) simplifies in

N-1
1 —
Eigd@n) = Y €ij = ) —8};(rij)S], (rix) O, i. k). (13)
ij=0 Gk
i<j

Yet, for a multidimensional, non-separable, Schrodinggragion like (11), a JWKB-like as-
ymptotic expression is generally not available [14, Intraiibn]. Nevertheless, the differential

5 But for some pairing, (11) must have a normalizable solutifime cases of Borromean states where no two-body
binding is possible [21] cannot be described by the formf(@)e keep (11).
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method is less demanding than the semiclassical approrinsatve will try to keep the local
energy, like the one given by (12), bounded at infinity but wk mot necessarily require it to
tend to thesamelimit in all directions.

3. The Coulombian problem

The purely Coulombian problem iB > 1 dimensions corresponds to the situation where all
v;;'s are radial potentials and have the form

vj(r) = % (14)

for N(N —1)/2 coupling constants;; that may be or may be not constructed from individual
quantities like charges. Providedvabody ground-state exists, we can solve exactly (11) making
use of Agp(r) = ¢”(r) + (D — 1)¢>’(r)/r. We obtain a bounded local energy given by

glol Z 2mije u 4 Z m;jmie;jeix —
|éoc(CIN) = _(D 1)2 (D — 1)2 m; COi.],l,k). (15)
':O R
(J,i,k)

l<]

For obtaining upper and lower bounds @, one has just to calculate the absolute extrema
of such a function. It can be done by standard optimizatianimes up to quite largev and
even analytically in some cases (see below). The recipeisfibre simple and systematic: as far
as only Coulombian interactions are involved, we can worthwieneric masses and coupling
constants for which (9) is normalizable. The remaining @ #ection will concern the quality
of these bounds and then we will accord our attention to cedshave been treated by other
methods, mainly those treated in the references cited iaghend paragraph of the introduction.
More specifically, in order to leave aside the problem of thistence of a ground-state we will
consider the case of attractive interactions 8l e;j’s being negative).

3.1. Arbitrary number of identical attractive particles

In this section we consider one species of particles onlyafioi and j we denoten; = m
ande;; = —g2. The local energy (15) becomes

€0 1
E —— [ =N(N-D) + F 16
o(qn) = - 1)2< ( ) + N(qzv)> (16)
whereeo &' mg?. The function
def .3
Fy(gn) = ) cosj.i.k) (17)
G.ik)

6 For an immediate application in the case of charged elegtiiticles see [15] where the Helium atom is discussed.
While the differential method provides an analytical namidal upper bound for the ground-state of the helium-like
atoms,Eg < —(Z — 1/2)2 in the simplest model§ = 3, non-relativistic, spinless and with an infinitely massiucleus
of chargeZ in atomic units), in the case of more delicate systems likepibsitronium ion +, e =, e™), a systematic
improvement is clearly required but is beyond the scope isf paper as explained at the end of Section 2.1. Indeed,
for (T, e, e™) if we content ourselves with eliminating the singulastieve obtain, fo> = 3, —9ma?/8 < Eg <0 («
being the fine structure constant). The upper bound is trvtile the lower bound is even worse compared-8ma? /4
obtained in [2, Eq. (6.4)] or t0—3ma2/4 obtained by a simple crude argument [2, Eq. (6.6)] (the teresult is
Eg < —ma?/4).
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is invariant under translations and rotations but also uddations of the particle configuration.
For N = 3, the Appendix A proofs that syp F3 = 3/2 is reached when the three particles make
an equilateral triangle and ipf F3 = 1 is obtained when they are aligned. From this last result
we are able to provide the lower bounds foy for any N: by a decomposition ofy; into a sum
onN(N — 1)(N — 2)/6 triangle contributions,

Fn(gn) = E cog(i3, i1, i2) + COK(i1, i2, i3) + COKip, i3, i1), (18)
{i1,i2,i3} _
1<i1<ig<is<N = F3(ri;, riy, ig)

all the F3's in the sum reach their minimum simultaneously when allgheicles are aligned,
and for this configuration we have inf Fyv = N(N —1)(N — 2)/6. From (16), we deduce that
for eachN
Eo<—— 0
0% T8(D—1)2
For D = 3, the same exponential test-functions lead to the bettaatianal estimate
[13, Eqg. (17)]

N(N —1)(N + 1). (19)

25
Eo < —eo——N (N — 1)? 20
0 €015 ( ) (20)

(25/512~0.0488> 1/24~ 0.0417). This was expected from the general identity validsioy
normalized functionp,

2
/ 0 (@) Hp(q)dg = f 0@ Elde(@) dg < supEif (@) (21)
Q

Q Q

The differential method always gives worse upper bounds tha variational method with the
same test-functions but, in the last case, one still has &bleeto compute the integrals and one
cannot generally estimate how far from the exact value tieesge Hamiltonian is. For a different
choice of test functions, a better variational upper-bohiasl been obtained [1, Eq. (16)],

Eg < —0.0542N(N — 1)°. (22)

As far as lower estimates are concerned, boundiggrom above will allow us to improve
the existing results, namely (fd» = 3),

1 5
Eog>——N“(N-1 23
0 6 ( ) (23)

obtained in [1, Eq. (12)].

First, whenN is not too large for the numerical computation to remaintabte, the direct
calculation of sup Fn shows (see Fig. 1) that it gives better lower estimates t@ah For
very largeN, we can nevertheless benefit from the maximunkgf for smallerM. Indeed, for
M < N we can decomposEy into contributions ofM -clusters as follows:

5 (M —3)I(N — M)!
(N —3)!

Fn(gn) = Fy(gm), (24)

M-subclusters
where the sum is taken on all the-subclusters, labeled by the coordinaigg, that can be
formed with the given configuratiogyy. This sum involves exactly!/M!/(N — M)! terms and
we have

N(N—-1)(N -2

supFy < SupFy. 25
QNP NS MDD —2) QMD M (25)
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Fig. 1. Estimations of ground-state energy féridentical attractive Coulombian particles (rescaled by a fastd).
The differential method provideEéd'm‘) defined by (6) (black disks) with exact error bars whose hadfth are given
by (7). Each solid line starting &t corresponds to the lower bounds (27). Bér= 3 andM = 4, there is only one solid
curve given by (23). The dashed line corresponds to the uppend (20) given by [13, Eq. (17)]. The dot-dashed line
corresponds to the upper bound (22) given by [1, Eq. (16)]térads, whenV — oo, to the thin dotted horizontal line
located at—0.0542.

This leads to define
def  SURg, Fu

M= UMM —2) (6)
and from (16) we find
€0 1

Since, from (25),,, is decreasing wheiM increases, the large¥l the better the lower
estimate ofE.

For M = 3 we have already seen thag = 1/4; for D = 3, (27) reproduces exactly (23). No
better estimate is obtained when considerdig= 4. Indeed, the configuration of particles that
maximizesF, corresponds to the regular tetrahedron because its fdwasgre equilateral trian-
gles, maximize the contributions of all the 3-subclustéraittaneously. We obtain sy Fs = 6
and hencevs = as3.

For M =5,6,7,8 and D = 3, the configurations that maximiz&, can be seen in Fig. 2.
Crossed numerics and analytical studies lead to very fibusbnjectures on the geometrical
description of the configuration fa =5 andM = 8 for which explicit analytical value aof ,
can be proposed [16]. The lower bound for (27), /= M, is strictly improved when increas-
ing M from 5 and in particular is better than (23).

However, the sequence of improvements obtained this wayseesaturate up @, = 2/9:

1
o3 =04 = 2 > a5~ 0.2432> ag >~ 0.2414> o7 ~ 0.2382> «g

2
~0.2366> --- > 030~ 0.2266- - - > oo = 5 ~0.2222 (28)
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Fig. 3. For largeV, F is maximized for a configuration where tiepoints seems, numerically, to distribute uniformly
on a sphere (with the well-known caveat concerning the auityigf such a notion [22]). Such an optimal configuration
for N = 30 is shown in (a). The continuous limit dfy /N3 whenN — oo can be computed with the help of figure (b).

From the optimized configuration obtained withabout several tens (see Fig. 3(a)), we can
hopefully guess that the limiv — oo leads to a continuous and uniform distribution of the
particles on the same sphere. The continuous limit opsufly varies asv3 with N. If, on the
unit spheresS, the N particles get distributed uniformly with density= N /4, the continuous
limit of supg, Fiv is given by (d; is an infinitesimal portion of the sphere near the pat
i =0,1,2; see Fig. 3(b))

1 —
SUpPFy N/GdSo—/UdSl/ddSzcoipl, Po, P?)
o 5 23 s

T b4 2
1 —
~ 5038712/dal/dazfdl/fzsin(al) sin(a2) cos Py, Po, Po).

5 _ POP]_ POP2 . .
When co$Pq, Po, Po) = ||P0P1|| TPopaT 1S expressed as a function af, @ and vy, we

straightforwardly get sup, FN/N Y oo 2/9 = aoo. Forinfinite N, this last result supplement
the upper bound given by (22) and we have
Eo

1
N =00, —72= 005565 3 < ~0.0542 (29)
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3.2. Three particles with one different from the two others

Without loss of generality, we can choose units whaee= e¢13 =e23=—1, m1 =mo =1,
mo = m. For D = 3 the local energy (15) simplifies into

5m+1 m
- 4m+1)  2(m+1)

2
<c0591 + cosfy + 1 00593). (30)

m+

The general study of Appendix A applied fea1, az, az) = (1,1, m%rl) allows to get the
following analytic bounds ork:

1 m mm+2 1 m@m+1
o<m«<l, —--——-— <—-——, 3la
" 478 (m+1)72 4~ (mt12 (313)
1 m mm+2 1 mm+2
1< <3’ _____ X X~ , 31b
" 4° 8 (mt1? 4 mt1? (31b)
1 2m+1 1 2
3<m, ___ugEog___M. (31c)
4 (m + 1)2 4  (m+1)7?

Form < 3, the lower bound orEq corresponds to a configuration where the particles make
a non-degenerate isosceles triangle whose three anglgivaneby co®; = cosfp = (m + 1)/4
and co®z = 1 — (m + 1)2/8. The other bounds correspond to configurations where the pa
cles are aligned. For > 1, the bounds saturates +0/4 < Eg < —5/4 which is quite rough
compared to the numerical valu® > —1.8 obtained forn = 20 with the optimized variational
method; yet it is better than the results given by the impdai¢all-Post) variational method [3,
Table 2] with which it coincides fom < 1. For smalbn both upper and lower bounds tend to the
2-body exact energy and provide acceptable bounds: famost whem: = 0.05, the differential
method gives-0.34922< Eg < —0.29989 while the other ones [3, Table 2] giv€®.59525< Eg
(naive variational method) +0.34922< Eg (improved variational method);-0.34666< Eg
(optimized variational method) anflp < —0.3375 (variational with hyperspherical expansion
up toL = 8). See Fig. 4.

As already mentioned, the differential method, though pédéiss precise folV = 3 than the
improved or hyperspherical variational approaches, hesrabadvantages: it is much simpler, it
provides analytic upper and lower bounds that furnish atigkpstimation of the errors and, at
last but not least, can be easily extended to largdsee below); though possible in principle,
the generalization of the improved variational method hatdeen done beyondl = 4.

3.3. Several examples of four-body systems

The optimized variational method has been successfullggsed forN = 4 in [4] for poten-
tials with scaling-law behavior. For Coulombian interaats with a common coupling constant
set to—1, tables and Figs. 5 and 6 compare the variational resulisoge obtained from the
differential method wherD = 3. The same conclusion as in the previous section can be drawn
and here are some examples of explicit analytic bounds teatlatained by partitioning’ in
subclusters made of 3 particles:

Let us taken1 = my = m3 =1 andmg = m. We have

9  3m(m?+6m+13)

Og g 17 Y X
" 8 8m + 1)2

Eo, (32a)
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m Naive Hall-Post Optimized Variational Eéd'm') AEéd'm') Eéd'm') - AEéd'm')
0.05 —-0.59525 —-0.34922 —0.34666 —0.3375 —0.3246 002467 —0.3492
0.1 —0.6818 —0.436055 —0.43434  —0.423465 —0.3926 004344 —0.4361
0.2 —0.8333 —0.58055 —0.58045 —0.55915 —0.5125 006806 —0.5806
0.5 —1.16667 —0.86805 —0.86705 —0.8242 —0.7813 008681 —0.8681
1 -15 -1.125 —-1.125 —-1.067 —1.0625 006250 —1.1250
2 —1.83333 -1.3889 —-1.37135  —1.30225 —1.2639 012500 —1.3889
5 —2.16667 —1.8472 —1.61705 —1.53935 —1.5000 027778 —-1.7778
10 —2.3182 —2.49175 —-1.731 —1.6495 —1.6136 037190 —1.9855
20 —2.40475 —-3.74775 —1.7972 —1.7134 —1.6786 043084 —2.1094
£
<)
=
N
m T T
03 r j
01 r j
@i‘\'ék:;gﬁ«g‘zf’%\* e - ---4
01 | TS i
.
\~
| \ -
-0.3 N
\
-05 | \ |
\
\
-0.7 : :
0.1 1.0 10.0 m

Fig. 4. Estimations for the ground-state enemgy of an attractive Coulombian system made of three particligs w
massegm, 1,1). Naive (A), Hall-Post (also called improved, dashed-dotted linkj &ptimized &) provide lower
bounds onEg while Variational (open circles with a dashed link) provdden upper bound. The corresponding data are

taken from [3]. In the graph, the value Ef)d'm‘) has been subtracted. The error-bars are centered at z&xd-(fitcles)
and have a width AE(()d‘m').

9  3m(m?+6m+13) 5m2 4+ 13m 4 2
1<m<2v/3-1, —=— g M lEm2 -
e ° 8(m +1)? ° 20m + 1)2 (32b)
i — 2
2V3-1<m, _‘-_9_3m(m +6m+13)+3m(m+1 2./3)
5m2+13m + 1
SEOS T 7 32¢
’ 2(m + 1)? (32¢)

The configuration that minimizeﬁl[c‘fg (g4) given by (15) corresponds to a tetrahedron with an

equilateral basis made by particles 1, 2 and 3. The three fatbes, with particle O at one vertex,
are identical isosceles triangles, namely those which mie (30) whenn < 3. Such a tetra-
hedron can indeed be constructed provided the angles atlpdtare lower than 2/3 which

requiresm < 2+/3 — 1~ 2.464. Form > 2+/3 — 1, the configuration that minimize@l[“’] (qa)

ocC
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m Naive Hall-Post Optimized Variational Eéd'm') AEéd'm') Eéd'm') — AEéd'm')
0.01 —2.29455 —1.17301 -1.17283 —-1.108281 —1.10 007 —1.1730
0.1 —2.65909 —1.54679 —1.54167 —1.45802 -1.39 016 —1.5468
0.5 -3.75 —2.47917 -247618  —2.28857 —2.20 028 —2.4792
1 —45 -3 -3 —2.78762 —2.7500 02500 —3.0000
3 —5.625 —39375  —-373167 —3.45553 —3.3024 06149 —3.9173
10 —6.3409 —6.48655 —4.20877  —3.90826 —36691 10575 —4.7266
100 —6.70545  —40.1395  —4.4673 —4.154310 -3.8412 13266 —5.1678
500 —6.741 —190128 —4.49338 —4.17914 —3.8574 13545 —5.2119
+oo —6.75 —00 —45 —4.19259 —3.8615 13615 —5.2231

BREE EEEEEY

-3+ ' 4

0.0 0.1 1.0 10.0 100.0 m

Fig. 5. Same conventions as in Fig. 4 for an attractive Coblamsystem made of four particles with masges1, 1, 1).

seems numerically to correspond to an equilateral triamglde by particles 1, 2 and 3 with par-
ticle 0 at its center (the flat tetrahedron obtained wiea 2+/3 — 1). This simple configuration
allows to conjecture the analytic lower bound in (32c). kok 1, the upper bound is obtained
when the four particles are aligned with the Oth at one extserRor m < 1, | am not able to
propose an analytic expression for the upper bound.

Formo =m3 =1 andmg = m1 = m, a tetrahedron that maximizes all the contributions of its

faces simultaneously can be constructediigrt < m < m, e 14 VI74+ V14— 2J17))2.
Two identical faces (see Fig. 7) corresponding to partielith masses1, 1, m) have their
three angles given by c6s = costr = (m + 1)/4 and co$s = 1 — (m + 1)2/8. The angles
(91 = 95, Gé) of the two other faces corresponding to particles with maésem, 1) are obtained
replacingm by m~1 in the previous expressions. Fot3l< m < 3 such faces can indeed be con-
structed but the pairs of identical faces can be put togéthesnstruct one tetrahedron provided
only thatfs < 26;. This last condition leads t@* + 2m® — 14m? + 2m + 1< 0. m, andm;?
are the two positive roots of the four-degree-polynomiad, two others being negative. We get
m? 4+ 10m + 1

-1
~0.3622< m < m, ~2.760 ———— < Ep. 33
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m Naive Hall-Post Optimized Variational E(()d'm') AE(()d‘m') Eéd'm') - AEéd'm')
0.001 —0.756745 —0.504495 —0.25557 —0.25492 —0.2543 00021 —0.2564
0.002 —-0.763475 —0.508985 —0.26114  —0.25985 —0.2587 00042 —0.2629
0.005 —0.7836 —0.5224 —0.277805 —0.2746 -0.2717 00104 —0.2820
0.01 —0.816905 —0.544605 —0.305465 —0.32403 —0.2931 00204 —0.3135
0.05 —1.07322 —0.715475 —0.519635 —0.50503 —0.4581 00913 —0.5494
0.1 —1.37045 —0.913635 —0.76439 —0.7308 —0.6492 01594 —0.8086
0.2 -19 —-1.26666  —1.17921 —1.10975 —0.9893 02448 —-1.234
0.5 -3.125 —2.08333 —2.06426 —1.91867 —1.7847 02986 —2.0833
0.8 —4.01666 —2.67778  —2.67552 —2.48094 —2.4034 02744 —2.6778
1 —45 -3 -3 —2.78736 —2.7500 02500 —3.0000°

T Lower bounds (33).

Fig. 6. Same conventions as in Fig. 4 for an attractive Coblamsystem made of four particles with masgesm, 1, 1).

Fig. 7. For a special range of, a four-body configuration with massés, m, 1, 1) that minimizes the local energy can
be constructed from the optimal configurations of each dhitse-body subsystems.
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3.4. Arbitrary number of identical particles plus one diffiet from the others

As we have already seen for identical particles, the pdggibf partitioning the local energy
in contributions involving more than two particles allow get some bounds on the ground-
state energy of systems made of an arbitrary nunerf particles. ForN > 5, this is beyond
the scope of the existing optimized variational methodssd&e one more last example, let us
generalize both cases of Sections 3.1 and 3.2 and consigstemmsmade of one particle with
massmg =m and N — 1 identical particles of masa1 =--- = my_1 = 1. All the identical
particles interact with the same coupling constats= —1 and the Oth interact witkp ; = —g2.
The local energy is given by (15) as

2mg* 1
B =~ 512 | m g 1™ D+ 3N DOV =2+ Fxatgy 1)
N-1 . e e
+a(m™) Y [cog0ij) + cog0ji) + a(m) cosi0))] ¢ (34)
i,j=1
i<j

where nowgy_1 stands for the configuration of th& — 1 identical particlesqa(m) def 2¢2/
(m + 1). By simultaneously bounding the contributions of the tgis that include the Oth par-
ticle and the contribution of the remaining cluster of theritical particles, we immediately have
analytic expressions for bounds @&i3. For instance, the lower bound is given by

1 2mg* 1
%2‘w_34m+ﬁN‘”+?N‘mN‘a+§ﬁ“*
+ %a(mfl)(zv —1)(N — 2 F"™(1,1, a(m))}, (39)

where F"®is given by (A.4) and sug, , Fy—1 has been explicitly estimated in Section 3.1.
4. Arbitrary two-body interaction
4.1. Behavior at large distances

Considering attractive Coulombian interactions is refd\far heavy quarks models at short
distances but, of course, other kinds of effective poténtiee required in most models. Since in
general no analytic expressions are known for the two-badyrd-state energies;, no method
is expected to provide explicit non-trivial bounds Bp. However, if one has some experimental
clues about;; (by measuring 2-body masses or dissociation energies)roenacal estimates as
well, it is always interesting to obtain some relations begwthec’s and the ground-state ener-
gies of larger systems. As mentioned in the introductiois,lthve been achieved in [2] fof = 3
and in [4] for N = 4 when the interactions are of the fonm) (r) o sign(8)r?.

For B > 0, the semiclassical argument given at the end of Sectioo@ssthat (13) is expected
to be unbounded; then (4) gives no information. If we waniletthe advantage of the simple
form (13) (that is, to keep the choice (9) with (11) for thetthsictions), we have to work
with finite range potentials. When at large distances, therm@l is still confining § = 2 for
harmonic forces op = 1 for interquark force in quantum chromodynamics [9], anpffB an
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up-to-date review), some different ansatz §omust be constructed in order to eliminate the
singular behavior of the;;’s at infinite distances. Actually, the Coulombian case @ered in
the previous section can be seen as an example of a problera gihmle poles at finite distances
can be eliminated. Anyway, in many situations, the 2-bodyugd-state is expected to depend
on the behavior of the potential at large distances by expiaily small terms only. If, in the
integral (3), we decide to keep only those configuratigRswhose size remains in a physical
domain bounded by a cut-off length, then we expect to make an exponentially small error
on the estimates afp; this is due to the exponential decay ®§ when two or more particles
separate off. Like the;;’s, A is typically obtained from a 2-body dynamics but its preciakie
is irrelevant if the extremal values of the local energy dodepend on it. It is precisely the case
of the Coulombian interactions (more exactly, interaditimat can be modeled by Coulombian
potential at the energy scale where the ground-state gf@tsvhich the local energy (15) is
invariant under dilations.

Since, in the present section, we just want to sketch some quadelines without working
through the details neither being exhaustive, we will cdesbnly the cases where

v(r) — 0. (36)

r—+400

4.2. Fitting the 2-body ground-state wavefunction

What is new, here, is that the differential method allows aghoose directly the 2-body
ground-state wave-functions, or rather their logarith§ns Once some numerical estimateepf
is obtained in one way or another, we can completely bypasgritblem of modeling the 2-body
potential uniformly. Being free of any integration, thefdiential method can deal with rather
complicated, and therefore rather realistic two-body testtions. An explicit choice ob;;’s
provides an explicit form for the local energy (13).

It frequently happens that we know from experiments the Wiehaf the two-body potential
in some specific regimes (most generally, at short and laigfarttes) but not uniformly. We
can therefore, in each of these regimes, tentatively optéth the help of the differential equa-
tion (11), the local functional form of the two-body groustite wave-function. Matching these
local solutions together, and then dealing with quite cocaped global expression fdt andv,
do not represent a serious obstacle for the computation3)f (1

To be a little less speculative, let us consideidentical particles with unit mass, interacting
with a two-body radial potential(r) such thaw(r) — 0 whenr — oo and

B
v(r) rj0>+ vor (37)
for some vg, and with considering only one case, s@/,> 0. The two-body stationary
Schrédinger equation (11) becomes

® D-1d
_<ﬁ M
whereeg < 0 will denote an estimate of the two-body ground-state gndérgan be considered as
another parameter that should fit the experiments involtirmbodies. Let us guess the behavior
of S(r) dzeflnd)(r) at short distances by writing for # —1:

>¢ + v = o, (39)

S0 o+1
S(r) — +. 39
*) r—0t o + lr ( )
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Fig. 8.D =3,¢9 = —1,v9 =1, B = 1.5, the functionS’ given by (42) is plotted as well as the corresponding wavefun
tion ¢ = expS which is the ground-state of the potentiafor energyeg. The latter can be reconstructed fragnwith the
Schrédinger equation.

Identifying the leading orders after having reported (39)(38), we necessarily get (for
D > 1)o =1 andsg = —eg/D. The next term in the development &fcan also be determined.
For 0< B < 2, it depends only on the leading term (37) and we have

_0.2, V0 2p 248
S0, % "u" T orpars’ o) (40)

This local asymptotic series must be matched with the sesstal behavior at large
Sr) — —/—eor, (41)
r—+0o0

since we have supposed (36). The additive constafitsnrrelevant since the local energy does
not depend on the normalization ¢f A simple choice that ensures the local energy to remain
uniformly bounded is to take fa$” a fraction like

—%Or + Dv+oﬁr1+/3 _ mr1+2ﬂ
1+ r1+28 ’

Fig. 8 show the correspondinggfor an arbitrary choice of parameters together with the cor-
responding whose complicated analytic expression[0n+oo[ is not needed.

S'(r) = (42)

4.3. Crude bounds
From Eq. (13), an immediate upper boundBgis given by:
1 1 2
EN(N —1eg— EN(N — (N -2

1 1
<Ep< EN(N—l)eo—{—EN(N—l)(N—Z)az, (43)
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where

o & sup |5 (44)

[0,+00[

Because the constraints between the anﬂe\sk are not taken into account, these inequalities
are expected to be rather rough and their quality detegdi@at large N: when positive, the
upper bound becomes irrelevant since we already knowAbat 0. Indeed, the decreasing of
the o2 term with N does not guarantee that the lower bound is better than tHeRtst bound
N(N — 1)ég/2 or even than the naive omé(N — 1)¢o/2 [4, Sections 2.1 and 2.2] wheég
(respectivelyép andep) is the ground-state energy for a particle of mass— 1) /2 (respectively,
N/4 and 1/2) in the central potential(recalléq < & < €0).

4.4. Reduction to a finite number of Coulombian cases

In fact, we can find some bounds of (13) by reducing the proliera finite number of
Coulombian-like cases, that is, where the function to bendaavolves constant factors in front
of the cosine (compare (15) with (13)). To see this, splitdberdinates;y into a scaling fac-
tor . > 0 and some angle variablésamong which N — 1) D — 1 are independent. Each distance
writes r;; = Ap;;(0) where thep;;’s are functions that do not depend on the global size of the
configuration but on its shape only. Now, from (13), we defieedllm; = 1)

Gran) E Y S'Gip)S (rix) cos i, ), (45)
(i)
and we have
inf(Gy (an)) =inf(Gw ©)), (46)
where
Gn(®) =inf Y~ §'[1pij()]S [1pix(©)] cosj. . k). (47)
)

Analogous relations are obtained for the maxima. For fiRedvhen A varies from 0 to
+00, the mapi — (S'[Ap;;(0)Do<i<j<n-1 defines a curv€, in an-dimensional space with
n=N(N —1)/2.Cy is bounded ifS’ is bounded. More preciselgy is inside the:-dimensional

hypercubes def [omin, omax]” where

Omax def [Osup[ s’ (48b)
400

If S’ has the form shown in Fig. & starts at the origin{' (0) = 0) and ends at the point

(=1,...,—1). Taking all the points in3 rather than the points afy leads to a lower bound
of Gy:
inf isik COS . i, k) < G (6), 49
§EB/Z\Sljslk 0,1, k) N (6) (49)
(J,i,k)
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wheres = (s;j)o<i<j<n—1. Now, whatever the values of the cosines may be, the quaduatt-
tion in 5 appearing in the left-hand side of (49) reaches its minimtim eertex of3.” Let us
denote by, the finite set of the 2verticess of B (i.e., for alls in V, eachs;; is eitheromin
Or omax). We have

inf [inf(F(0))] <inf(G , 50
é?v['g( N )] Iqr)v( N(gN)) (50)
where
FOOE Y sijsiccosj, i, k). (51)
Goi k)

In fact, what we have done by obtaining the left-hand side50) (s to make the values
of §’(r;j) independent from those @f. It follows that the inequality (50) will be strict if the
value ofs at the minimizing vertex are incompatible with the geonuatirconstraints on the con-
figuration of theN points. We will illustrate this point in the next subsectidde have obtained

1 A G)
Eo< SN(N —Deo — Elgf}[lrgf(FN )], (52a)
and similarly
1 -
SN(N — D)eg — sufsup(F ©))] < Eo. (52b)
2 sev 0

The functionF,f,‘)(Q) has the same form as the second sum of the right-hand sidEbpf
Therefore, the computation of the bounds in (52) is equivale a finite number of Coulombian
problems (with not necessarily attractive interactiomgsithe sign of;; may change) where we
must consider all the possibtfevhose components are eith&fin Or omax.

4.5. Three bodies

As we have seen in Section 3, even in the purely attractivdddahian cases, an analytic
expression of the extrema dfy is not known in general. Anyway, one can always group in
clusters the terms involved in (51) like in (24), then useqimdities like (25) and reduce the
number of particles. Let us then considér= 3. It can be showhthat

inf [inf(F{" (6))] = 20minomax— 02 (53)
sev- o

7 For any constant, any n-dimensional vecto and any symmetri€n x n)-matrix C with vanishing diagonal
coefficients, the critical points of, (s) =5 - Cs + B - 5 + A are always saddle points: the directign= =+ sign(C12)s1
ands; =0 fori > 2 makesf increase/decrease asclz\sf from its critical value. Therefore, the extrema ¢fare
reached on the boundary of the domairsofor s restricted to az-dimensional squared box whose faces are given by
fixing ones;, the restriction off; to one face, i.e., to & — 1)-dimensional box, leads to a functigf) _; to which the
above argument may be applied again. By repetition down=tal, we see that the maximum and the minimunyaé
necessarily reached at one of the vertices of the origifabx.

8 The extrema oF?ES) (8) when6 varies can be calculated with the help of the appendix wits sg1502, a2 = sg2s12
andaq =sg1s12- From (A.3), we getf (a1, ap, az) = %(sgl + sgz + s]2_2) which is always positive and larger thap +
ao —ag, —ay + az + az anday — az + a3 corresponding to the three aligned configurations for diffé ordering of the
particles. From (A.4), the minimum ofés)(a) must therefore correspond to an aligned configuration. BHgimum is
reached for the configuration described just after Eq. (57).
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with definitions (44) and (48). i@fFés)(Q) is obtained for an aligned configuration which is
generically incompatible wite being a vertex of the cubf@min, omaxl®. For instance, suppose
thatS’ has the shape depicted in Fig. 8 where: —omin > omax > 0; the value aminomax—ar%in
is obtained fo = (sg1, 502, $12) = (min, Omin, Omax) and should be realized fog; > 1,rg2 > 1
andri2 =~ rmax (the unique finite distance at whicf’ vanishes); but this is incompatible with
the alignment condition cofb,\Z) = —1 where patrticle 0 is in between the two others which
implies r12 = ro1 + ro2. The inequality (50) is therefore strongly strict. It canib®roved by
reducing the size of the cub® to make its minimizing vertices compatible with the aligned
configuration. It can be shown that {8t of the form shown in Fig. 8, we have

20maxS' (2r0) — Omax < INf(G3(9)), (54)
whererg is the unique strictly positive distance wheffevanishes. Even though the inequality is

still strict because12 = 2rg # ro1 + r02 = 2rmax in general, the bound is much better than (53).
For instance, if we take the value of the parameters corratipg to Fig. 8 we have

ZGminUmax— Ur%in ~ —1.2705< ZUmaxS/(ZrO) — O’r%axz —0205, (55)
to be compared with the result of the numerical minimizatdii 3

inf(G3(q3)) ~—0.115Q (56)

q3

obtained for the aligned configuration whetg = rg> = r12/2 >~ 0.6107.
The other bound
= 3
sup(Ga(g3)) = sup{sup(Fés)(G))] =52 (57)
q3 sev- 6 2

is actually obtained at the vertéx= (o, o, o) for an equilateral configuration where the common
distanceg1 = ro2 = r12 is where|S’| reaches its maximum. Fo¥ like in Fig. 8, it corresponds
to a very large trianglers > 1) whereo >~ 1. ForD =3,¢p = —1,v9 =1, 8 = 1.5, from (50)
and results (56), (57), the inequalities (52) give

3
—3- 5 =-45< Fo<~3+01150= -2.885 (58)

corresponding to a relative error E\"™ / ES*™) ~ 220 This not really impressive (again
we emphasize that we are not looking for numerical perfoiraaat this stage of development of
the differential method) but can be seen as an encouraganinst point since the interactions
involved so far in the three-body system are highly not éivit would have required much more
numerical work to obtain a rigorous window féty with variational methods (specially a lower
bound since the potential considered here does not folloanaeplaw behavior).

5. Conclusion

The differential method appears to offer a completely neatstyy for estimating a ground-
state energy. For many-body systems, we have seen on sexaraples how this approach can

9 Any aligned configuration witttgy =~ ro2 < rg andrip = ro1 + ro2 > ro corresponds to a negatives. Therefore,
as far as its minimum is concerned, the configurations lepttira positive ing Fés) can be forgotten (see footnote 8).
Itis straightforward to check that all the possible relafpositions of;; with respect tomax andrg that are compatible
with r12 = rg1 + ro2 provide aGg such that (54).
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be fruitful. For attractive Coulombian particles, it camgoete with existing others methods (that
are based on the variational principle) on several levefsovides uppeandlower bounds with
comparable numerical precision, its simplicity rendeesdhalytic calculations tractable even for
large N and/or allows a low cost of numerical computation. BeyonepuCoulombian systems,
the differential method, being so general, offers a remaekéexibility. As have been sketched
in the previous section, one can deal with systems whereaictiens can be very rich (possibly
short-ranged with an a priori cut-off); several regimes ethare valid at different scales can be
implemented at once. There is some hope that future worksesatully apply the differential
methods for proper realistic potentials.

Unfortunately, | have not been able to generalize the difigal method to fermionic systems
where the ground-state spatial wave-function is antisytrimdn such cases, the presence of
non-trivial nodal lines [6] breaks down the proof of ineqtiat (4).

There is a lot of work to be done regarding a systematic imgmuent of the bounds, once
some finite ones have been found withpagiven at first attempt. In this paper, we have not
considered some free parameters on which a (family) of tesitions, say,, may depend. As
shown for a one-dimensional system [15], the locality of differential method may require
a very few number ot’s at each optimization step (unlike for the variationalt tesictions)

for obtaining substantial improvements of the bounds bgudating, say, s%qinfq(El[c‘fé](q))].
A precise proof that this approach is efficient for severai@lisions remains an open interesting
problem.
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Appendix A. Extremafor the three-body Coulombian problem

For the three-body Coulombian problem, as can be seen fresettond sum in the right-hand
side of (15), we must find

F§'®™(ay, az, a3) def sup [a1cosAy + ap COSHo + a3 CosAs], (A1)
triangles

FI a1, ap,a3) &' inf [a1costy + ap cosHy + a3 cost], (A-2)
triangles

where thed’s are the angles at the three vertices of the triangle madeeathree particles. The
a’s are some real parameters that depend on the masses amtdiieg constants. Let us define

(A.3)

def 1
fla1,az.a3) = —(

aiaz aias aras
(e a0, o0

as a ajl
then we have

max
F"" (a1, a, a3) = 12 a1+ a2 — a3, a1 — ap + az, —a1 + a2 + az, f (a1, a2, a3)}. (A.4)

f is considered in the list (A.4) if and only if the followingrée conditions are satisfied simul-
taneously:
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1llap a3 azasz
Al - - 2 <X 17
2laz  a» aj
1lla a aia 1lla a aia
SEL 222, 12228 (A.5)
2lar a1 ag 2la1 a3 as

Here is the proof. We will restrict the values of tl#es to [0, 7] and the constraint
01 + 62 + 63 = 7 is implemented by the Lagrange multiplier method. We argdeektremalize

the functionGz(61, 62, 63) dzefal COSH1 + ap C0SH2 + a3z cosH3 + £(01 + O2 + 63 — 7) for uncon-
strained(01, 62, 63) € [0, 713, ¢ being the Lagrange multiplier. The three conditi@ggsGz =0
for i =1,2,3 lead tof = a; sinf; = axsinf2 = azsinds. The casel = 0 corresponds to the
alignment of the three particles and gives the three firateain the list (A.4) corresponding
to (61, 62, 63) = (0, 0, r) and its circular permutations.

Taking into account the constraint on the angles, we la¥ens sinfz = a3 sinf; cosdr +
a3 Sinf, coshy = £(az3Ccoshr/a1 + azcoshi/ar). Therefore, wher? # 0, we find a; cosf; +
ap C0s92 = aiaz/az as well as the other relations that are obtained by circutamptations of
the indices. From the decompositidh = 3 (a1 COS01 + ap COSA2) + 3 (ap COSH2 + az Cosh) +

%(al C0s91 + a3z Ccosv3), we obtain the value (A.3) that must be considered in (A.4hid only if
there exists some’s such that

a1SiNf1 = azsindr =azsinfs and 01 +02+603=m. (A.6)

Solving these three equations leads to the values for tkeethoss; | that are precisely given
by the left-hand sides of the inequalities (A.5).
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|1.4

I1.4 Bornes supérieures et inférieures de la valeur propre principale

Bornes supérieures et inférieures d’une valeur propre
associé¢e a un vecteur propre positif

Cet article est la mise en forme de la méthode différentielle en suivant des critéres
de rigueur plus mathématiques. Les discussions avec les mathématiciens du LMPT, notam-
ment Emmanuel LESIGNE 2 propos de la répartition de points sur une sphére et bien str
les experts de géométrie riemanienne comme Ahmad Ersourr, Said IL1as ou de théorie
spectrale et déquations aux dérivées partielles, notamment Laurent VERON et Evans HAR-
RELL de la School of Mathematics & Associate Dean College of Sciences (Georgia Institute of
Technology, Atlanta) mont convaincu que ce travail pouvait intéresser les mathématiciens
et justifiaient ainsi un effort de «traduction » auquel je ne suis pas habitué. (3)

(®) II ny a pas que pour le grand public que lon doive faire un effort pour se faire comprendre
(¢f § 14 p. 46). Essayer de briser les cloisons interdisciplinaires ou des résistances culturelles requiert sou-
vent des efforts encore plus considérables.
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When an eigenvector of a semibounded operator is positive, we show that a re-
markably simple argument allows to obtain upper and lower bounds for its associ-
ated eigenvalue. This theorem is a substantial generalization of Barta-type inequali-
ties and can be applied to non-necessarily purely quadratic Hamiltonians. An
application for a magnetic Hamiltonian is given and the case of a discrete
Schrodinger operator is also discussed. It is shown how this approach leads to some
explicit bounds on the ground-state energy of a system made of an arbitrary number
of attractive Coulombian particles. © 2006 American Institute of Physics.

[DOL: 10.1063/1.2168124]

I. INTRODUCTION

In most situations, the principal eigenvalue of a semibounded operator cannot be obtained
explicitly whereas it plays a crucial role in physics: the smallest vibration frequency of an elastic
system, the fundamental mode of an electromagnetic cavity, the ground-state energy of a quantum
system with a finite number of degrees of freedom, the energy of the vacuum in a quantum field
theory, the equilibrium state at zero temperature in statistical physics, etc. There are actually very
few ways—which are usually specific to a restricted class of systemsl—to obtain accurate ap-
proximations of an eigenvalue with a rigorous control on the errors and a reasonable amount of
numerical computations. For instance, in a typical Dirichlet-Laplacian problem defined for an
open connected set Q C RY; d € N; Barta’s inequalities (Barta, 1937) allow to bound to the lowest
eigenvalue e,: The determination of a lower (respectively, upper) bound requires the finding of the
absolute minimum (respectively, maximum) of a smooth function defined on Q. Compared to the
general and traditional methods like the Rayleigh-Schrodinger perturbative series and the
Rayleigh-Ritz or Temple variational methods, an advantage of Barta’s approach is not only to
naturally provide both an upper and a lower bound, but also does not involve the calculation of
any integral. Therefore, generalizations of Barta’s inequalities can lead to interesting spectral
information. This generalization has been carried out in two directions:

(i) For Laplacian operators acting on square integrable functions defined on a Riemannian
manifold (for a recent work on this subject, see Bessa and Montenegro, 2004).

(ii) For Schrodinger operators of the form —A + V acting on square integrable functions defined
on an open set of R4 (Barnsley, 1978; Baumgartner, 1979; Thirring, 1979; Crandall and Reno,
1982; Schmutz, 1985) or more generally second order elliptic operators (Protter and Weinberger,
1966; Berestycki er al., 1994; Harrell 11, 2005).

“)mouchet@phys.univ-tours.fr

1Finding lower bounds for the smallest eigenvalue of a typical Hamiltonian is far more difficult than finding upper bounds.
For successful attempts, see for instance the moment method proposed by Handy and Bessis, 1985, the Riccati-Padé
method proposed in Ferndndez et al., 1989 and the lower bounds obtained for few-body systems by Benslama et al., 1998.

0022-2488/2006/47(2)/022109/12/$23.00 47, 022109-1 © 2006 American Institute of Physics
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In both cases, the proofs of Barta’s inequalities involve the use of a Kato-type inequality and
therefore rely extensively on the somehow specific properties of the purely quadratic differential
operator. In this paper, we propose a significant extension of Barta’s inequalities that will rely on
the properties of one eigenvector only. More precisely, with a remarkably simple argument, we
will show that we can obtain upper and lower bounds for the eigenvalue e, associated with the
eigenvector @ of an operator, under the only hypothesis that ® is real and non-negative. This
result includes cases (i) and (ii) because the Krein-Rutman theorem guarantees the positivity of @,
(Reed and Simon, 1978a, Sec. XIII.12) for the smallest cigenvalue e,,” but also applies for a much
wider class of operators including the following.

(iii) the Schrodinger operators involving a magnetic field, e.g., the hydrogen atom in a Zee-
man configuration;

(iv) discrete Hamiltonians, e.g., the one occurring in the Harper model;’

(v) some integral or pseudodifferentiable operators, e.g., the Klein-Gordon or spinless Salpeter
Hamiltonians.

The next section fixes the notations, proves the main general results (theorems 1 and 2).
Section III shows how the original argument given in Sec. II actually embraces and generalizes the
Barta-type inequalities that have been already obtained in the literature and furnishes guidelines to
numerically improve the bounds on e. Sections IV and V provide two applications in the differ-
entiable case (many-body problem) and in the discrete case, respectively.

Il. BOUNDING THE PRINCIPAL EIGENVALUE WITH THE LOCAL ENERGY

A. General inequalities

In the following, Q will be a locally compact space endowed with a positive Radon measure
w. (| @) will denote the scalar product between two elements ¢ and ¢ belonging to the Hilbert
space of the square integrable complex functions L*(Q, u),

(W)= f Wq)e(q)du(q).
Q

D(H) will denote the domain of the operator H acting on L?(Q,du). The crucial hypothesis on
H is the following.

Hypothesis 1: The operator H is symmetric and has one real eigenvector O, € D(H) such that
®y=0 (almost everywhere with respect to u) on Q.

If ¢, stands for the eigenvalue of H associated with ®, the symmetry of H implies that, for
all @ € D(H), we have (@] (H-ey)¢)=0 that is

Ve e D(H), f D(q)(H - e9)p(q)dpulq) = 0.
Q

Taking the real part of the integral, we can see that the support of g+—>Re[®(q)(H
—eg)¢(g)] either is empty, either contains two disjoints open sets Q, such that Re(®y(H—eg) @)
=0 and u(Q,)>0. The hypothesis of positivity of ®, implies that on Q,, we have Re[(H
—ep)@]=0. The last results motivates the following definition.

Definition 1 (local energy): For any ¢ in D(H), the local energy is the function E: 0—R
defined by

*The positivity of @, is also required for the traditional proofs of Barta’s inequalities; this explains why, in case (i) and (ii),
they concern the lowest eigenvalue only.

3After the first version of this paper was written, the author became aware of the paper by Barnsley and Duffin, 1980 where
a similar argument as the one presented here was proposed (Theorem 7) for the bounds on an eigenvalue of a finite matrix.
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_ Re(He(q))
D)= Relelq) -

Therefore from what precedes, we have obtained the main theorem.
Theorem 1: For any symmetric operator H on L*(Q,u) having an eigenvalue e, whose
corresponding eigenfunction is non-negative almost everywhere on Q, we have

(1)

V¢ € D(H) such that Re(¢) =0, infy(E,) <ej< sgp(E‘P). (2)

Actually, for a nonsymmetric operator K, we can keep working with its adjoint K" and easily
generalize the above argument.

Theorem 2: Let K being an operator on L*(Q, u) having an eigenvalue ky whose correspond-
ing eigenfunction is real and non-negative almost everywhere on Q, we have V¢
e D(K™) such that ¢>0,

lnf[w] < Re(ko) < Sup[w] , (33)
0 ® 0 ®

inf[—w] < Im(ko) Ssup|:— M] (3b)
Q ] Q [}

This generalization may be of physical relevance. There are some models (e.g., the so-called
“kicked” systems, or quantized maps) where the dynamics are described “stroboscobically”, i.e.,
implemented by a unitary operator (the Floquet evolution operator) that cannot be constructed
from a smooth Hamiltonian. However, we will not consider this possibility here, and up to the end
of this paper, H will denote a symmetric operator.

B. Optimization strategy

Since generally, the eigenfunction @ is not known exactly, it will be approximated with the
help of test functions that belong to a trial space T(H)C D(H), very much like the variational
method. Since we want a test function to mimic ®,, at best, we will restrict T(H) to functions that
respect the a priori known properties of ®: its positivity, its boundary conditions and its sym-
metries if there are any. For each test function the error on ¢ is controlled by inequalities (2).
Therefore, the strategy for obtaining reasonable approximations is clear: First, we must choose or
construct ¢ to eliminate all the singularities of the local energy in order to work with a bounded
function and second, perturb the test function in the neighborhood of the absolute minimum
(respectively, maximum) of the local energy in order to increase (respectively, decrease) its value.
For practical and numerical computations, this perturbation will be implemented by constructing a
diffeomorphism A —T(H),\— ¢, from a finite dimensional differentiable real manifold A of
control parameters N\ and the optimized bounds for e, will be

sip irQlf(E%\) <S¢y < igf sgp(E‘P)\). 4)

lll. INEQUALITIES IN THE DIFFERENTIABLE CASE: OLD AND NEW

A. General considerations

When H is a local differential operator, i.e., involves a finite number of derivatives in an
appropriate representation (for instance in position or in momentum representation), one can
therefore construct an algorithm that does not require any integration but differential calculus only.
In an analytic and in a numerical perspective, this may be a significant advantage on the pertur-
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bative or variational methods even though it is immediate to see” that the upper bound given by (2)
is always larger than (¢|H¢)/{@|¢). The global analysis appears only through the determination
of the singularities and the absolute extrema of the local energy that may have bifurcated when the
control parameter A varies smoothly. For a Schrodinger operator, the possible singularities of the

potential on Q like a Coulombian divergence or an unbounded behavior at infinite distances may
furnish a strong guideline for constructing relevant test functions (see Sec. ITII D below). We have
given in Mouchet, 2005, some heuristic and numerical arguments to show how this strategy can be
fruitful. In the present paper, the main focus will concern rigorous results and will explain how
some of them can be obtained with great simplicity even for systems as complex as those involved
in the many-body problem.

B. Case (i) Barta’s inequalities

They immediately appear as a particular case of Theorem 1.

Theorem 3 (Barta, 1937): Let Q be a connected bounded Riemannian manifold endowed
with the metric g and H, the opposite of the Laplacian A, acting on the functions in L%(Q, u) that
satisfy Dirichlet boundary conditions on the boundary dQ. The lowest eigenvalue ey of H is such
that, for all positive @ € C*(Q),

inf(— ééf) Se¢p < sup(— ééf) (5)
Q ] Q ¢

Proof: 1t follows directly from Theorem 1, with the local energy given by E,=-A,¢/¢: The
spectrum of H is discrete and the Krein-Rutman theorem assures that Hypothesis 1 is fulfilled for
e, being the lowest (and simple) eigenvalue. |

Remark 1: The Dirichlet boundary conditions are not essential and can be replaced by any
other type of boundary conditions provided that Hypothesis 1 remains fulfilled. However, as
explained in Sec. 11 B, for obtaining interesting bounds on e, extending T(H) to test functions that
do not fulfill the boundary conditions (as proposed by Duffin, 1947) seems not appropriate.

C. Case (ii) Duffin-Barnsley-Thirring inequalities

Extensions of Barta’s inequalities for Schrodinger operators have been obtained partially by
Duffin (Duffin, 1947) and Barnsley (Barnsley, 1978) (for the lower bound only) and completely
(lower and upper bound) by Thirring (Thirring, 1979) using Kato’s inequalities (see also Schmutz,
1985).

Theorem 4 (Duffin, 1947; Barnsley, 1978; Thirring, 1979): Let H=—A+YV be a Schridinger
operator acting on L2(RY) having an eigenvalue below the essential spectrum. Then the lowest
eigenvalue e of H is such that for any strictly positive ¢ € D(H),

A A
inf<V— —(P) ieOSsup(V——(P). (6)
R4 ¢ R4 ¢

The proof is similar to the one presented above with the local energy being now E,=V-A¢/ ¢.
This argument has the advantage on the existing ones that it does not involve the specific prop-
erties of the Laplacian and can be immediately transposed to the larger class of the differential
operators (not necessarily of second order) that fulfill Hypothesis 1.

D. Case (iii) magnetic Schrédinger operators

In the presence of a magnetic field, Schrodinger operators take the form H=(id,+A(g))*
+V(g) with A: Q—R? being a smooth magnetic potential vector and V:Q—R a smooth scalar

*For cach positive @, it follows from (o|Hoy=Re[{¢|Ho)]=[oe(q)Re[He(q)1du(q) = 0™ (@) E (q)du(q)
<{¢|@)sup(E,(g)).
o)
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potential. The Krein-Rutman theorem may not apply whereas there still exists a non-negative real
eigenfunction (e, may be not simple nor the lowest eigenvalue) (Helffer ef al., 1999).

In the particular case of the hydrogen atom in a constant and uniform magnetic field, Hypoth-
esis 1 is fulfilled for all values of the magnetic field (Avron er al., 1977; Avron et al., 1978) and
indeed concerns the lowest eigenvalue. Therefore Theorem 1 applies and furnishes relevant ana-
lytical bounds that can be improved numerically as shown in (Mouchet, 2005).

Proposition 1: The smallest eigenvalue e of the (3d-)Zeeman Hamiltonian

I = 1. =\ 1
H=—(-iV+—-rXB| —— (7)
2 2 r
is such that
VB=0, e,<-1/2+B/2. (8)

Proof: In cylindrical coordinates (p, 6, z) where the magnetic field is B=Bi,, the test function
of the form @=exp(—Vp>+z2—Bp?/4) is constructed, according to the strategy explained in Sec.
I B, in order to respect the rotational invariance of the ground state (Avron et al., 1977) and
eliminate both singularities at r— 0 and at p— . Indeed such a choice leads straightforwardly to
the bounded local energy

2

B
E,=-12+B12-—F——. ©)
2\Np“+z
The upper bound follows. |

IV. APPLICATION TO THE MANY-BODY PROBLEM

A. Expression of the local energy in terms of two-body functions

We will consider in this section a N-body nonrelativistic bosonic system in d dimensions;
(d,N) € (N\{0, 1})?; whose Hamiltonian is given by

N-1
~ 1 . R
H=2 = oA V(g ) (10)
i=0 m;
acting on L?(RM), endowed with the canonical Lebesgue measure, and where Vie{0,...,N
—1}, 7; € R A, is the Laplacian in the 7; variables and »2; € R*\{0} the mass of the ith particle. The
spinless bosons interact only by the two-body radial potentials v;;=v;;:R—R, i.e., V is given by

N-1
V=2 vylry), (11)
i,j=0
i<j
where 7; j=r_,-l-=H7_]-—F,-||. Once the center of mass is removed, the Hamiltonian H leads to a reduced
Hamiltonian H acting on L2(R™-D9) [see for instance Sec. XI.5 of (Reed and Simon, 1978b)] and
we will suppose in the following that A has at least one eigenvector.5 Therefore, Hypothesis 1 is
fulfilled for ¢, being the lowest (and simple) eigenvalue. A natural choice for test functions is to
consider factorized ones of the form

5Physically, this can be achieved with a confining external potential (a “trap” is currently used in experiments involving
cold atoms). Formally, this can be obtained in the limit of one mass, say m, being much larger than the others. The
external potential appears to be the v, ;’s, created by such an infinitely massive motionless device. It will trap the remaining
N-1 particles in some bounded states if the v, ,’s increase sufficiently rapidly with the ry;’s.
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N-1

‘P(;o, ’FN—I) = H ¢ij(rij)’ (12)
i,j=0
i<j

where ¢;; € L%(R*) and &= ;> 0. One can check easily that the total momentum of such a test
function vanishes. The corresponding local energy (1) is given by

N-1
-1 1 d-1 ’ 1 ’ ’ .3
E(p(qN) = E [m(d’u(r”) + T‘f’g(”lj)) + vij(rij):| - 2 ;Si_j(ri_j)sik(rik)cos(]sl,k)s
i,j=0 iy Fij\ij ij (]Tk) i
i<j ”
(13)
where gy e Qy=R™D stands for the (N-1)d relative coordinates (7,—7y, ..., Fy_;— 7o), m;; for

the reduced masses mm;/ (m;+m;), Si’j is the derivative of S;;=In(¢;;). The last sum involves all
the N(N—1)(N—2)/2 angles (j,i,k) between ri—r; and rp—r; that can be formed with all the
triangles made of three distinct particles.

Whenever each v;; allows for a two-body bounded state, we can choose ¢;; to be the eigen-
vector of —(2m;;)'A+v;; having the smallest eigenvalue eﬁ?) . Moreover, if v;(r) is bounded when

r— o, from an elementary semiclassical analysis [see for instance (Maslov and Fedoriuk, 1981)]

it follows that S; is also bounded since asymptotically we have S;}(r)~, ..~ N'Zmij[vij(r)—egf)]. It
follows that the local energy is also bounded and finite lower and upper bounds on e, can be
found. For instance, directly from expression (13), we have the following.

Proposition 2: If, for all (i,j)€{0,....,N=1}*, i#j, v;(r) is bounded when r—% and
—(Zmij)"lA+v,~j has a smallest eigenvalue ef?) obtained for ¢;j=exp S;;, then the smallest eigen-
value ey of the N-body Hamiltonian in the center-of-mass frame is bounded by

N-1 N-1

2 2
) )
2 e - —NIN-DN-2)<e¢y< 2 &+ —NN-1)(N-2), (14)
i,j=0 2m i.j=0 2m
i<j i<j

where m=min; m; and s=max; ; supg+| S} .

For potentials that are relevant in physics [see for instance the effective power-law potentials
of the form v;;(r)=sign(B)r?; B € R; between massive quarks as studied by Benslama ez al., 1998],
the analytic form of the two-body eigenvector is not known in general and some numerical

computations are required to obtain the absolute maximum and minimum of the local energy (13).

B. The local energy for a general Coulombian problem

When N is large, the estimation (14) is quite rough, in particular it does not take into account
the constraints between the several angles. More precise results are obtained for the Coulombian
problem where v,;(r)=¢;;/r with ¢;; € R and d>1. In that case, provided a bounded state exists
and that we keep the test function (12) in L2(R™-D9), we choose a constant derivative Si’j
=2e;m;;/ (d—1) in order to get rid of the Coulombian singularities of V. We obtain a bounded local
energy given by

N-1 2
2m;.e;: 4
EJqy) =2 - —5 -
ST d-1)? (d-1)?

i<j

m;m;e;e; —
E Ik cos(j,i,k). (15)
= m;

(i k)

C. Identical purely attractive Coulombian particles

The case where all the N particles are identical and attract each other, i.e., when V(i,))

€{0,...,N-1}% i#j, m;=1 and e;;=—1, has been extensively studied in the literature, in particu-

lar the asymptotic behavior of e, with large N may have some dramatic consequences on the
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thermodynamical limit (Fisher and Ruelle, 1966; Lenard and Dyson, 1967; Lévy-Leblond, 1969;
Lieb, 2005). The local energy method allows to obtain in a much simpler way energy bounds that
are comparable to those already obtained by other methods. Actually, (15) simplifies to

g =~ e BNV D)+ gy (16)
with F,=0 and for N=3,
Fylgy) = 2, cos(/ffk). (17)
Goirk)

The angular function Fp depends only on the geometrical configuration of the N vertices
(Fgs ... »7y_1), 1.€., it is invariant under the group of Euclidean isometries and the scale invariance
of the Coulombian interaction makes it invariant under dilations as well.

Lemma 1: ian3 F3=1 is obtained when the three points are aligned. supg, F3=3/2 is ob-
tained when the three points make an equilateral triangle.

Proof: The extrema of F; correspond to the extrema of the function defined by
(6y, 6,,6,)—cos By+cos 0, +cos 6, under the constraint 6y+6,+ 6,= for (6, 6,,6,) being the
three angles (m), (m), ((fz\,l), respectively. The Lagrange multiplier method leads to the
determination of the extrema of the function [0;7]*— R defined by (6, ,,6,)—>cos fy+cos 6,
+cos O,+1(0y+ 6, + 6,—); [ € R. We immediately obtain that the extremal points are located at
(6y,6,,6,)=(7/3,7/3,7/3) and (6,,0,,6,)=(0,0,7) together with the solutions that are ob-
tained by circular permutations. It is easy to check that the first solution provides an absolute
maximum for F5 and the second ones an absolute minimum. |

An immediate consequence of the preceding lemma is the following.

Proposition 3: The lowest energy ey of N=2 identical attractive Coulombian spinless par-
ticles in d>1 dimensions is such that

1
0= NN - D D) (18)

when the individual masses equal to unity and the attractive potential is —1/r.

Proof: The sum on the angles that defines Fy in (17) can be written as a sum of N(N—1)(N
—2)/6 Fs-terms calculated for all the triangles that belong to the N-uplet made of the N vertices.
Since, from Lemma 1 the absolute minimum of Fj is obtained for a flat configuration, when all the
N points are aligned all the F3-terms reach their absolute minimum simultaneously and the abso-
lute minimum of Fy is obtained. We have

Lemma 2: info, Fy= éN(N— 1)(N-2) is obtained when all the N points are aligned.

The upper bound (18) follows from (16). [ |

More generally, for a given N-uplet (i.e., a set of exactly N points), clustering the sum (17) in
M-uplets (N=M =3) allows to find bounds on F from bounds on F),. Indeed, we can write

(M=3) 1 (N=M)!

(N=3)! Fuylan), (19)

Fyqy) = 2
am

where the sum is taken on all the M-uplets, labeled by the coordinates ¢, that belong to the given
N-uplet. This sum involves exactly N!/(M!(N-M)!) terms and we have, therefore,
Lemma 3: ¥Y(N,M) € N? such that N=M =3,

N(N-1)(N-2) o, 0)

sup Fy < suy
P NS MM - DM -2) oF

For a given N, supg Fy is not known exactly but the ordered sequence
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supg Fy supg,  Fiy-i supg Fy supg, F3 1
< < e — T e — = —
NN-1)(N-2) (N-1)(N-2)(N-3) MM -1)(M-2) 321 4
21

shows that in order to improve the lower bounds on (16), we must try to find supg, Fy with M
being the largest as possible. However, when considering identity (19) for N=4 and M =3 together
with Lemma 1 we have the following.

Lemma 4: supg, Fy= 6 is obtained when the four points make a regular tetrahedron.

Then supg, Fy/ (4 32)= supg, Fs/ (3.2.1)=1/4 and no better estimate is obtained when con-
sidering M =4 rather than M =3. Numerlcal investigations lead to the following conjectures.

Conjecture 1: (Cs) When d=3,

Fomo 6(h° +D ! 14.591 594
sup t > - = 14.
T 2 \rh(z) + 3 hé + %

with

) 1
6h0=1+\/ 1+\,7+4\3+ T
V7 + 443

1
+\/—2—\,7+4\3—3 +8- = — (22)
V7443 V- 14(7+403)P + (74437

is obtained when the five points make two mirror-symmetric tetrahedrons sharing one common
equilateral basis, their other faces being six isosceles identical triangles.

Remark 2: The only free parameter of the specific configuration can be chosen to be the height
h of one tetrahedron (the length of the edges of the common equilateral basis being fixed to one).
The maximum of h— Fs is reached for hy being the greatest solution of Oh*—6h>+3h>~2h+1/3
that is precisely given by (22).

Remark 3: The Byramidal configurations with a squared basis leads to a local maximum that
gives Fs=15/2+5\2=14.57.

Conjecture 2: (Cg) When d=3, supg, F= 12(1+\2) is obtained when the six points make a
regular octahedron.

Conjecture 3: (Cg) When d=3,

4 1 1 4(1+\2)  3+2\2 1
supF8=16 —+—+?+ — = + =179.501
V25 5\5+4\2 Vs+4\2 S+4\2

is obtained when the eight points make two identical squares (whose edges have length one) lying
in two parallel planes separated by a distance h=\1+2\ 2/2. The axis Joining the centers of the
two squares is perpendicular to the squares and the two squares are twisted one from the other by
a relative angle of /4.

Remark 4: The cube corresponds to Fg= 8(3\2+\3+3/2+\6) 79.393.

Conjecture 4: (C..) When d=3 and N— =, the configuration that maximizes Fy corresponds to
N points uniformly distributed on a sphere and supg,, Fy~ §N3+0(N3).

Remark 5: The ambiguity of distributing N points uniformly on a sphere (Saff and Kuijlaars,
1997 and references therein) vanishes for large N as far as a uniform density is obtained. Assum-
ing such a uniform density, the continuous limit of Fy/N? is a triple integral on the sphere than
can be computed exactly to 2/9.

The upper bound (18) for d=3 is slightly above the one obtained by Lévy-Leblond, 1969, Eq.
(17), p. 807, namely —(5/8)>N(N—1)?/8, and the numerical estimate —0.0542N(N—1)? by Basde-
vant et al., 1990, Eq. (16), p. 63. For the lower bounds, from Lemmas 1 or 4, we have obtained the
following.
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Proposition 4: The lowest energy ey of N=2 identical attractive Coulombian spinless par-
ticles in d>1 dimensions is such that

1

(d-1)*4

N (N-1)<e¢, (23)

when the individual masses equal to unity and the attractive potential is —1/r.

The same result has been obtained for d=3 by Basdevant ef al., 1990, Eq. (11), p. 62 and is
slightly better than —N(N—1)?/8 given by Lévy-Leblond, 1969 Eq. (13), p. 807. For N=M =4,
this lower bound can be improved to

1 1
- NN-1D| < N-2)| < 24
T )(2+aM< )) ¢ 4)
with
supg, Fy 1

[ — . S——
ME M- M=-2) 4 25)
If conjecture (Cs) [respectively (Cg), (Cg), and (C..)] is correct we get, when d=3, as=0.2432
(respectively, ag=0.2414, ag=0.2366, and a,,~2/9) and the lower bounds are, therefore, im-
proved.
Some numerical investigations, in particular a systematic comparison with the lower bounds
obtained with variational methods in (Benslama et al., 1998) for N=3 and N=4 Coulombian
particles will be given elsewhere (Mouchet, 2006).

V. APPLICATION TO DISCRETE HAMILTONIANS

Where ¢ € 7¢; d e N; the discretized analog of a local differential operator corresponds to a
Hamiltonian that couples at most a finite number of basis vectors (e.g., the nearest neighbors on
the lattice Z9). For instance, when d=1, it can be seen as a Hermitian band matrix (finite or
infinite) of finite half-width in an appropriate basis. Possibly with renumbering the ¢’s, on €%(Z%)
H has the form:

(He)y= 2 HyyrPyins (26)
vel
‘V‘sth

where N, e N, V(q.,q') e 2¢x 7%, H, ,=H, , € C and |1]., stands for max(|v,....|v,|). ¢ will
be taken as a discrete set of real strictly positive numbers, and the local energy E,(g) is computed,
for a given ¢, with elementary algebraic operations whose number is finite and all the smaller than
N, are small: its value at a given ¢ depends on (2N,)?+1 components of ¢ at most. Under
hypothesis 1.9 if, say, for a given test vector ¢, the absolute maximum of E, occurs only at a
unique finite ¢,,, one can immediately improve the upper bound by a finite amount, for instance
just by varying ¢, only, until E,(g,,) is not an absolute maximum anymore. Only (2N,)7+1
values of the local energy will be affected by the variation of just one component of ¢. One can
see easily that this approach leads to a wide variety of algorithms where a sequence of optimiza-
tion steps is constructed; each step involves a number of optimization parameters and functions
that is usually much smaller [of order (2N,)¢ or less] than the dimension of the original matrix.

Discrete Schrodinger operators are important particular cases of Hamiltonians (26) with N,
=1. They are relevant models for the description of quantum (quasi-) particles evolving in periodic
crystals. For d=1, they can be written as

®We have seen at the end of Sec. II A that the symmetry hypothesis can be relaxed.
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(H(P)q == (Pq+1 - (Pq—l + V(Q)‘Pq, (27)

where the potential V is a real bounded function on Z. By possibly subtracting a constant positive
real number to V, the bounded operator —H can be made positive and ergodic: First, for
any positive and non-identically vanishing ¢ and ¢’ in €*(Z), —H¢e remains positive. Second,
(¢’ |(—H)‘q"‘”go}:<p;,<pq+(positive terms) # 0 for any given pair of strictly positive components
(p(;, and ¢, with ¢’ #q. [In the marginal case where ¢ and ¢’ both vanish everywhere but on the
same point, we have (¢'|(~H)@)) # 0. Therefore Theorem XII1.43 of (Reed and Simon, 1978a)
applies: if H has indeed one eigenvalue, hypothesis 1 is fulfilled for ¢, being the smallest eigen-
value of H. In that case, inequalities (2) takes the following form:

Proposition 5: When the discrete Schridinger operator (27) admits at least one eigenvalue
and when V is bounded, then the smallest eigenvalue ey is such that, ¥ ¢ € €*(Z) such that ¢

>0,
+ _ + _
inf(— Por1 TPl V(q)) <ep< sup(— Por1 TPl V(q)). (28)
qeZ Py qel q

When V is actually a N-periodic real function, the spectral problem (see Reed and Simon,
1978a for instance) leads to the search of complex series (u,),.7 such that

=ty — Uy + V(g + m)u, =e(nu,,
=Ty,

V= (m.m) € [0:1]? { (29)
Uy

The spectrum of H is the bounded set o(H)={e(7)| 7 <[0;1[>} CR. It is given by the reunion

for all 77’s of the N eigenvalues of finite N X N Hermitian matrices H'” obtained after transforming

(29) with the one-to-one mapping u,—>u, exp(=i2mg1,/N). As far as positive solutions of (29)

are concerned, we will take 7,=0 and will look for the smallest eigenvalue ey(77,) of

Vig) -1 0 e 0 -1
-1 V+np) -1 0 - 0
HOm = 0 -1 V2+) -1 - ) (30)
0
-1 0 0 -1 VIN-1+1n)

Remark 6: The (rational) Harper model (Harper, 1955b; Harper, 1955a) [also called
the almost Mathieu equation (Bellissard and Simon, 1982)] corresponds to V(q)=
=V, cos(2mgM /[ N) where Vy>0, (M,N) being strictly positive coprimes integers. For a given N
and M, o(H) appears to be made of N bands. The union of these bands for each rational number
M/N between 0 and 1 produces the so-called Hofstadter butterfly (Hofstadter, 1976).

We are therefore able to produce two nontrivial bounds on the lowest eigenvalue ey(7,)
without any diagonalization:

Proposition 6: When V is N-periodic, ¥ 1, € [0; 1[, the smallest eigenvalue ey(7,) of (30) is
such that ¥ @ € (R"\{0})Y,

+ _
min (— el T8l |yt 772)) < eo(m) (31a)
qe{0,....N=1} §Dq
and
+ _
com) = max (— (T nz)) (31b)
qe{0,.. ,N-1} Py

(the indices labeling the components of ¢ are taken modulo N).
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Therefore, we can bound the bottom of the Hofstadter butterfly with the help of any test
function.
Corollary 1: For the rational Harper Hamiltonian

M
Hoy=—@p1— @1—- Vo cos<27rqﬁ><pq, (32)
we have ¥ ¢ € (R"\{0})Y
+ ¢, M
min [— a1 T gl _ Vo cos<277q—>] <inf[o(H)] (33a)
ge{0.....N-1} @4 N
and
+ @, M
inf[o(H)]< max [— Pyl ¥ gl Vo cos(qu—):| . (33b)
qel0,...,N-1} @y N

Proof: In the Harper model, for each rational number M/N, the lowest eigenvalue is obtained
for 7=(0,0). It is a direct application of Reed and Simon, 1978a, Theorem XII1.89(e) and thus
inequalities (33) follow directly from (31). |

Choosing for ¢, at first guess, semiclassical approximations (i.e., corresponding to large N)
constructed from Mathieu functions are therefore expected to provide numerical reasonable
bounds.

VI. CONCLUSION

It has been shown on various examples how theorem 1 can be used to obtain rigorous
estimates on the principal value of any symmetric operator. Its simplicity, its low cost in compu-
tations and its wide domain of applications make the method presented in this article a powerful
tool for controlling bounds. In many situations, it provides nontrivial complementary information
to those obtained by traditional or more system-dependent methods. Unfortunately, this paper does
not extend the method to fermionic systems (see for instance, Sigal, 1995 and references therein)
where the spatial wave function of the ground state has generically nontrivial nodes (Ceperley,
1991) that cannot be known a priori even with some considerations on symmetries.

This paper presents some clues for further developments of optimization algorithms. However
it remains an open question whether such algorithms really bear the potential of an efficient
treatment and will overcome the possible difficulties one may face in realistic problems.
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Chap. II: La méthode différentielle

II.S Perspectives

Avec H. G1ACOMINI et B. BOISSEAU du LMPT, nous essayons d’adapter la toute pre-
micre idée qui consistait a tirer des informations sur les spectres a partir de conditions
algébriques, pour tenter de remédier a 'un des défauts majeurs de la méthode différen-
tielle, & savoir que la propriété de positivité nous empéche de pouvoir obtenir des infor-
mations sur les états excités et méme sur le fondamental d'un syst¢me fermionique. Dans
ce dernier cas lenjeu est de taille car, a titre dexemple, la nature fermionique est essentielle
pour rendre compte des problemes de stabilité de la matie¢re (LIEB, 200s, et les références
de (MOUCHET, 2006B)) pour lesquels des minorations de I¢nergic du fondamental sont
réclamées.

(S5

Pour, tout de méme, ne pas rester dans le flou, fat-il artistique, ébauchons juste I'idée
de base I'H. GIACOMINI et puis montrons comment elle s'inscrit dans le méme esprit
que la méthode différentielle. Une équation de SCHRODINGER a une dimension pour une
on&ion d'onde stationnaire réelle @ dénergie £ décrivant une particule de masse #2 évo-
fon&ion d g
uant dans un potentie x) sécrit
luant d potentiel 7

p"(x) = v(x)p(x) (IL5-1)

en posant v(x) o V (x) — E dans un syst¢tme d'unités ot # = 1 et m = 1/2. Soient
{¢,}1ep0..v} un ensemble de N + 1 foncions réelles 4 deux variables réelles au moins C!

a partir desquelles on congtruit un polyndome de degré N en ¢':

FN<x>‘*éfZ € (%, 9(x)) (9'(x))" . (I15-2)

Le calcul de F} () conduit, une fois fait usage de (IL.5-1), 4 un polynéme P(¢’) de degré
au plus N 41 en ¢’ dont les coefficients dépendent de v, des {g,},ef0..n} et de leurs
dérivées premiéres. Si Ion cherche un jeu de fonctions {g,},efo...n} de fagon que P ne
dépende pas, en définitive de ¢/, cela impose des contraintes sur le choix de celles-ci qui

se résolvent facilement : si lon prend Y& €{0,.... N}, gn_4 (%, (%)) = (x) p* (x) alors
la dérivée de ce qui est maintenant un polyndme homogene de degré NV en (¢, ¢'),

N

Fy(x) =2 Jenn(¥) ()" (9'(2)" (115-3)
se simplifie en
F(x) = (4 () + v(0)ena (%)) () (115-4)
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IL.5 Perspectives

pourvu que les fonctions {c,},e(1, ny vérifient une hiérarchie de relations qui permet de
toutes les construire explicitement a partir de v et de .
Si maintenant (a, b) désignent deux réels, en intégrant l'identité (I1.5-4) on a

(C;V(x) + v(x)cN_l(x)) oN(x)dx = Fy(b) — Fy(a). (IL5-5)

En choisissant 4, b et ¢y de fagon a annuler Fy, par exemple en les choisissant aux points
ol lon est certain que ¢ ou ¢’ sannule assez vite — en bord de domaine si l'on consi-
deére des conditions de DIRICHLET ou de NEUMANN ou a linfini pour un probleme de
SCHRODINGER défini sur un domaine non borné —, 'annulation de l'intégrale de (I1.5-5)
implique que, si l'on choisit dés le départ de travailler avec N pair on obtient des inégalités
r’'impliquant plus la fonc&ion propre inconnue ¢. On retrouve une certaine similarité avec
argument central de la méthode différentielle mais sans avoir recours a lhypothese de po-
sitivité : La double condition qu'il doive exister des points pour lesquels ¢} + vey_; <0
et Cz/v + vey_y 2 0 impose a priori des contraintes sur les énergies E, via v, pour toute
fon&ion dessai ¢,. Par exemple, pour N =2, il et facile de vérifier que l'on a

1 1

o+ ve = Ecéﬂ - ZZ)C(; — vy = zcé” -2V —E)cé —V'e, (IL5-6)

qui permet de tirer des inégalités sur E ; lesquelles sont immédiates si Ion choisit c(/) de
signe constant (mais ce n'est pas un choix obligatoire) tout en annulant (I1.5-5). En effet,

en posant
. 1 1
E) Yy () + — <V/(x)c(x) - —c///(x)> , (IL5-7)
2¢'(x) 2
on a
infEl] <E < sup ELol (I1.5-8)

On peut également espérer, ce que tendent & montrer nos premiers essais, que lon puisse
obtenir par ce genre de méthode des informations spectrales du type: « Il nexiste pas
d’énergies propres discretes entre telle et telle valeur», ce qui, dans certains systemes, peut
étre une information physique substantielle. Evidemment cela requiert un travail de géné-
ralisation qui n'est encore qu'a peine entamé.

()

Les probléemes de convergence d’algorithmes fondés sur la méthode différentielle sont
on ne peut plus ouverts: il me semble que I'on ne pourra pas obtenir de résultats satisfai-
sants sans une stratégie pilotée sans doute dans le cadre de la théorie des bifurcations.

Il apparait peu raisonnable, étant donné la marginalité extréme de la méthode diffé-
rentielle denvisager de proposer un sujet de these ou de M2 sur ce sujet si embryonnaire.
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Un étudiant en physique n‘aurait que tres peu a y apprendre qui lui soit utile pour son
avenir dans cette discipline et je n‘aurais pas les capacités & apporter quoique ce soit & un
¢tudiant mathématicien qu'il ne puisse trouver dans les traités de base.
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Résumé du mémoire

Effer tunnel chaotiqgue — Méthode différentielle
Amaury MOUCHET

E MEMOIRE D'HABILITATION A DIRIGER DES RECHERCHES présente de facon syn-
C thétique mon activité professionnelle sétalant sur une période qui couvre mon acti-
vité de recherche au Laboratoire de Mathématiques et de Physique Théorique depuis le
printemps 1997 en tant que maitre de conférences de l'université Francois Rabelais de
Tours.

Apres une fiche signalétique qui décrit surtout mon activité denseignement, d’adminis-
tration et d’animation au sein du département de physique et du laboratoire, ce mémoire
sarticule autour de deux axes qui en constituent les deux chapitres et saccompagne d'une
bibliographie détaillée.

Le premier, intitulé «Effet tunnel chaotique» est consacré a I'étude de processus quan-
tiques interdits a la physique classique réelle. Pourtant, paradoxalement, le caractere inté-
grable ou chaotique de la dynamique hamiltonienne influence considérablement leffet tun-
nel, sur plusieurs ordres de grandeurs. Aprés un rappel du contexte historique dans lequel
sinscrit effet tunnel en général et leffet tunnel chaotique en particulier, je reproduis cing
de mes articles publiés sur ce sujet et les accompagne tous d'une présentation en soulignant
leurs contributions originales. Il s'agit d'un travail théorique qui sappuie souvent sur des
expériences numériques et qui, pour trois articles, est explicitement relié a des expériences
sur des atomes froids. Ce chapitre se clot sur un programme de recherche étayé par des
arguments précis.

Le second chapitre intitulé «Méthode différentielle» porte sur un theme et des moti-
vations complétement distinéts du précédent. Il s’agit ici, de mettre en ceuvre une stratégie
qui vise a donner un encadrement de Iénergic fondamentale d’'un syst¢me en sappuyant
sur une manceuvre radicalement différente des méthodes éprouvées comme l'approche per-
turbative ou lapproche variationnelle. Je reproduis les trois articles que j’ai publiés sur ce
sujet, proche de la physique mathématique et, comme dans le chapitre précédent, ils sont
accompagnés d’une présentation ainsi que d’'un tableau des perspectives qu’ils suscitent.
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