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Chapitre 1

Introduction

En mécanique des fluides, la plupart des quantités étudiées sont subordonnées a la condi-
tion intrinseéque d’accessibilité a 1I’expérience, 1’observation, le caracteére mesurable et quanti-
fiable. Ces grandeurs physiques sont par définition macroscopiques, la pression, la vitesse, la
température, la concentration, la viscosité, la perméabilité ou la diffusion. Comment lier les

caractéristiques macroscopiques et microscopiques de ces quantités ?

L’analyse des propriétés macroscopiques des matériaux composites a mobilisé les physi-
ciens comme Rayleigh, Maxwell, Taylor. Dans les années 1970, la modélisation du probleme
physique des structures composites a élargi 1’étude a I’analyse purement mathématique sous la
forme de la théorie de ’homogénéisation. Nous citerons comme référence le livre “Asymptotic
Analysis for Periodic Structures” de Lions, Bensoussan, Papanicolaou, North Holland, 1978.
Les phénomenes naturels sont caractérisés par de multiples échelles, en espace et en temps. La
complexité mathématique de leur description augmente avec le nombre d’échelles. Il apparait
que sous certaines hypotheéses d’ergodicité, de périodicité et d’homogénéité du milieu au ni-
veau microscopique, le niveau mésoscopique ou macroscopique puissent étre décrit avec une
bonne approximation par des équations plus simples que celles décrivant le comportement mi-
croscopique mais plus riches car les particularités microscopiques agissent au travers de leurs

caractéristiques moyennées.

Les limites de validité de la théorie de 1’homogénéisation sont contenues dans le
développement asymptotique induit qui n’est exact que lorsque le rapport des échelles tend
vers ’infini. La compréhension des conditions aux limites et leur modélisation reste une étape
clef dans I’étude des phénomenes naturels. Au méme titre qu’une analyse mathématique ri-
goureuse du probléme dans sa forme continue est indispensable, une analyse numérique et une
expérience solide des méthodes numériques est requise pour la compréhension des résultats

aussi bien que pour leur mise en oeuvre.
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La discussion s’articule autour de 6 chapitres que I’on peut regrouper autour de deux
thématiques. Dans la premicre, les questions d’ordre numérique des probléemes de Darcy, Stokes
et de convection-diffusion seront abordées. Ce sont les chapitres 2, 5 et 6. Dans la deuxi¢me,
nous étudierons la modélisation, les développements asymptotiques et I’homogénéisation ap-
pliquées aux lois de paroi, aux processus chimiques autrement dit a I’hydrogéologie et a la

chimie dans les chapitres 3 et 4.

In fluid mechanics, most of the quantities are conditioned by their abilities to be measu-
rable, evaluated, reached by experiments and observation. Those physical quantities are macro-
scopic, we mean the pressure, the velocity, the temperature, the concentration, the viscosity, the
permeability and the diffusion. How is it possible to connect those macroscopic quantities to

their microscopic behavior ?

The analysis of macroscopic properties concerning composite materials interested physi-
cists like Rayleigh, Maxwell, and Taylor. In the 1970’s, the modeling of the physical problem
related to composite structure enlarged the horizons of pure mathematics analysis and provide
an application field to the homogenization theory. We quote the reference book, “Asympto-
tic analysis for periodic structures” by Lions, Bensoussan and Papanicolaou, North Holland,
1978. Natural phenomena are dimensioned by several scales in space and time. The mathe-
matical complexity of their modeling growth with the number of unknowns involved. It seems
that the mesoscopic or macroscopic level may be reached with a good approximation by sim-
plified equations compared to the microscopic description but enriched significantly, from the
macroscopic point of view, with the averaged of microscopic behavior. It can be done under
assumptions of ergodicity, periodicity, and homogeneity of the medium at the microscopic le-

vel.

The limit of homogenization theory (i.e. when its application doesn’t hold anymore), is
self contained in the asymptotic development. It is rigorously right when the ratio between
scales tends to infinity. The understanding of the boundary conditions and their modeling is
an important stage in the study of natural phenomenon. With the same meaning, a rigorous
mathematical analysis of the continuous problem as well as a numerical analysis and experience

with numerical simulations are required to understand the theoretical results and their use.

The discussion is grounded on six sections that can be brought together in two fields. In
the first one, questions of numerical order for Darcy, Stokes and Advection-diffusion problems
are treated. These are chapters 2, 5 and 6. In the second one, modeling, asymptotic expansion

and homogenization theory will be applied to wall laws and chemical process in other word to



13

hydro-geology and chemistry. These are chapters 3 and 4.

This thesis was the object of the following reports and articles :
Cette these a fait I’objet des rapports et articles suivant :

— A. Mikeli¢, V. Devigne Tangential flows on rough surface and Navier’s law”, Annales
Mathématiques Blaise Pascal vol.9, 313-327, (2002).

— V. Devigne ”Simulating Groundwater and Vorticals flow using a non-conforming ap-
proximation of the Darcy’s and Stokes problem”, Proceedings de la 4éme conférence
internationale sur la méthode des éléments Analytiques des 20-21 Novembre 2003, a
Saint-Etienne, ed. Ecole nationale Supérieure des Mines de Saint-Etienne.

— V. Devigne, C.J. van Duijn, L.S. Pop, T. Clopeau "Numerical analysis of flow, transport
and chemical processes in a porous medium”, preprint (2005).

— V. Devigne, T. Clopeau “Flow, transport and crystal dissolution in a porous medium”
procceding de la conférence Fourth Conference on Applied Mathematics and Scientific
Computing, 19-24 Juin, 2005 ile de Brijuni, Croatie.

— V. Devigne, 1.S. Pop “A numerical scheme for the micro scale dissolution and
precipitation in porous media” proceeding de la conférence ENUMATH 2005, July
18-22 2005, Santiago de Compostela (Spain).

— A. Mikelié, V. Devigne, C.J. van Duijn ’Rigorous upscaling of a reactive flow through
a pore, under important Peclet’s and Damkholer’s number”, CASA report no. 19, May
2005,
http ://www.win.tue.nl/casa/research/casareports/2005.html,
soumis pour publication.

— V. Devigne, T. Clopeau ”Numerical analysis of a non-conforming approximation of the
Darcy’s equation”, preprint (2005).

— C. Rosier, V. Devigne, A. Mikeli¢ "Rigorous upscaling of the reactive flow through a
pore, under dominant Peclet number and infinite adsorption rate” proceeding de la
conférence Fourth Conference on Applied Mathematics and Scientific Computing, June

19-24, 2005 Brijuni island, Croatia.
and the following communications and participations to conference,
et les communications et participations aux conférences suivantes,

— 2002 ”Applied non-linear problems : Flows with free boundaries” compte rendu des
cours donnés par CEA-EDF-INRIA 7-10th October 2002, Rocquencourt, présentation

donnée le 11 Octobre (2002), a I’Ecole Nationale Supérieur des Mines de Saint-Etienne.
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2003 Analytic free divergence solution for Darcy’s flow” workshop on analytic ele-
ment method 3,4 avril 2003, Ecole Nationale Supérieur des Mines de Saint-Etienne.
2004 ”Numerical analysis of flow, transport and chemistry around grains” mai 2004
Technische Universiteit Eindhoven.

2004 Crystal dissolution and precipitation in porous media : pore scale analysis” 14
Octobere 2004, Ecole Nationale Supérieur des Mines de Saint-Etienne.

2005 “La dispersion de Taylor dans la modélisation du transport réactif par des
méthodes asymptotiques - Simulations numériques” 3 mars 2005, Ecole Nationale
Supérieur des Mines de Saint-Etienne.

2005 “Taylor’s dispersion for reactive transport model using asymptotic methods-
Numerical simulations” 7 avril 2005, Ecole Nationale Supérieur des Mines de Saint-
Etienne.

2005 2eme Congres National de Mathématiques Appliquées et Industrielles SMAI 2005
Evian 23-27 mai 2005, Talk : "Homogénéisation d’un écoulement réactif a travers un
pore, en présence de grands nombres de Peclet et Damkholer”, Workshop “’Probleme
réactif en milieu poreux” organisé par A. Michel (institut frangais du pétrole).

2005 SIAM Conference on Mathematical & Computational Issues in the Geosciences,
June 7-10, 2005, Palais des Papes, the International Conference Center, Avignon,
FRANCE, Co-author for two talks, "Modeling reactive flows in Porous Media under
important Peclet’s and Damkholer’s numbers, using Homogenization avec A. Mikeli¢
(UCBLI), et "Dissolution and Precipitation in Porous media” avec I.Pop et C.J. van
Duijn (TU Eindhoven).

2005 Fourth Conference on Applied Mathematics and Scientific Computing, June 19-
24, 2005 Brijuni island, Croatia Présentation : “Taylor’s dispersion for reactive model
using asymptotic methods” co-auteur de deux présentations, “Numerical Analysis of
Flow, transport and Chemical Processes in a Porous medium” avec T.Clopeau (UCBLI)
”Method of Homogenization Applied to Dispersion, Convection and Reaction in Porous
Media” par A.Mikeli¢.

2005 “Reactive Flow and transport Through Complex Systems” organized by C.J. van
Duijn (Eindhoven), A. Mikeli¢ (Villeurbanne) and C. Schwab (Zurich), du 30 Octobre

au 5 novembre, Mathematisches Forschungsinstitut Oberwolfach (Allemagne).



Premiere partie

Ecoulements et lois de paroi

15






Chapitre 2

Une approximation non conforme des

équations de Darcy
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Cette section a fait I’objet d’un proceeding dont les références sont les suivantes :
V. Devigne ”Simulating Groundwater and Vorticals flow using a non-conforming approxi-

mation of the Darcy’s and Stokes problem”, Proceedings de la 4¢éme conférence internationale
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sur la méthode des Eléments Analytiques des 20-21 Novembre 2003 a Saint-Etienne, ed. Ecole
Nationale Supérieure des Mines de Saint-Etienne, FRANCE, pp 47-59 (2003).

A T’état embryonnaire lors de I’impression du proceeding, remanié par la suite le titre
final sera le suivant : "Numerical analysis of a non-conforming approximation of the Darcy’s
equation”

résumé-abstract : Nous proposons une étude des équations de Darcy avec une approxi-
mation non conforme du probleme. Nous introduisons rigoureusement les espaces d’éléments
finis. Cette formulation permet de découpler naturellement la vitesse et la pression. Nous don-
nons une estimation de 1’erreur d’interpolation et montrons I’existence et I’unicité des solutions

des problemes discrets. Pour conclure, nous présenterons des résultats de simulation.

We study herein the Darcy’s equation. We propose an original non-conforming approxi-
mation of the problem, introducing rigorous finite element spaces. This formulation gives a
natural velocity-pressure uncoupling. We give an error estimate for the interpolation operator
and show existence and uniqueness of solutions for the discrete problems. To conclude, we will

illustrate with computational results.

2.1 Hybrid and non-conforming methods applied to

Darcy flow

Let be €2 a bounded open subset of R", with a continuous Lipschitzian boundary I". We

consider the second order elliptic problem .

—Au=f inQ
(1.1)

u=0 onT

where f is a given function belonging to the space L?((2). The usual variational formula-
tion of problem (1.1) can be expressed as follows, find u € H{ (£2) that minimize the energetic

functional :

1
J(U):§/§2|Vv|2da:—/gfvd:n over all the space H{ (Q). (1.2)

Standard finite element methods to solve numerically the problem (1.1) are based on the

following variational principle :
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First of all, we must build a subspace of finite dimension V}, from the space H{ (£2) made
of regular functions continuous across each common boundary between two elements and that

minimize the energetic functional .J(v) over the space Vj.

This type of conforming method has been extensively studied and convergence results are

now classical.

See Ciarlet [6], Strang and Fix [8].

From the other side, we may weaken the continuity condition required across the elements
for the functions of the space V}, and still obtain a finite element method that is converging. This
is the so-called non-conforming method for which the space V}, is not necessarily contained in
H; ().

For a precise analysis of particular non-conforming methods to solve second order elliptic
problem, we refer the reader to Crouzeix et Raviart [9], Irons et Razzaque [10], Lesaint [12],
Strang [11].

The first foundations of the theory made upon hybrid Finite Element Methods may be
found in an article published in 1977 by P.A. Raviart and J.M. Thomas [2]. We may also quote
the reference book by F. Brezzi and M. Fortin [4] where $ 2.2 is devoted to non-conforming
method and $3 to the approximation of H (div, (2) the continuous space that will be of interest

for the forthcoming discussion.

Here we will define the space of solution for the Darcy’s equations as subspace of
H (div, 2) and propose a numerical analysis of non-conforming finite element method restric-
ted to regular geometry, i.e. hexaedra for a quasi-uniform decomposition of a convex domain
Q) C R3. We give exact definition in the form of polynoms for the interpolation spaces and
we give an analysis of the method essentially built on a property of both the Darcy’s equation
itself and the space H (div, 2). The discontinuous jump of the velocity between each element

vanishes with an appropriate interpolation space definition.

We know that we could weaken the requirement of continuity for the functions of the
approximation space and still obtain a convergent finite element method. We will use a detailed
approach proposed in [2] based on the primal hybrid principle in which the constraint of inter-
element continuity has been removed at the expense of introducing a Lagrange multiplier, the
jump of velocity in the inter-element.

In [4], non-conforming approximations are seen as external approximation and this adds
a term in the error estimate called the consistency term. It measures how the exact solution

satisfies the discrete equation.
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More recently, and more specifically, Finite Volume Element applied to Darcy’s equation
was discussed in a note by Y. Achdou and C. Bernardi [5]. The permeability is not constant. The
total flux of the velocity between elements is equal to zero. But they consider a decomposition
of the domain 2 C R? into triangles. They gave also an a posteriori error estimate for both
unknowns, and recover the consistency term for Finite Volume Element equivalent to the one
described in [4]. For more details, we quote [4] by the same authors where the equivalence
between two Finite Volume Schemes and two Finite Element Methods is shown and the proof
of the a posteriori error estimate is given.

Instead of a primal single field formulation for the pressure, A. Masud and al. considered in
[3] a mixed two field formulation in which pressure and velocity are variables. Finite Element
Approximation of H (div,(2) is developed and satisfies the Babuska-Brezzi inf-sup condition
where © C R? is decomposed into triangles. A mixed formulation with continuous velocity and
discontinuous pressure is detailed together with many numerical examples. The convergence
rate is studied.

We present a numerical approach of the Darcy’s problem based on non-conforming finite
element spaces.

This article is organized as follows. First, we introduce the flow problem, the finite element
spaces and give its main properties. In the second part we study the interpolation operator and
recall some known results for the continuous case but in their discrete forms, Green’s formula
and Poincaré ’s inequality due to the fact that the space of approximation does not belong to
the continuous one. We proceed differently from the classical study of the simplex. In the third
part, after writing a pressure formulation of the discrete problem as a direct consequence of
the equation of continuity for incompressible fluid, we give an a priori error estimate for the
solution. A velocity formulation via a projection operator is proposed. We obtain error estimate
for the velocity as a solution of Darcy’s dual problem.

To finish with the analysis, we give some numerical results in the form of convergence

rate and error curve drawing.

2.2 The flow problem

2.2.1 Equation

We consider the Darcy’s equation in a regular domain 2 C R3, with a Lipschitz-
continuous boundary 0€2. Let be I'g U I'; = 0f2 a partition of it.

The unknowns are the pressure p and the velocity v, f represents a density of body forces
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(for instance, the gravity g).

‘We have,

(wtAVp = f
diviu) = 0 inQ
2.3)
u.n = 0 only
p = 0 only

where n is the outward normal unit vector of €2 and A is the symmetric positive defined

tensor of permeability.

Remark 1 We note that there is no boundary conditions imposed for the velocity and the pres-
sure respectively on 'y and I . One can add homogeneous boundary conditions without loss

of generality.

2.2.2 The finite element spaces

We assume (2 to be polyhedrical.
Let K be a quasi-uniform decomposition of €2 into hexaedras (or bricks). We set N; the
internal faces, N1, the faces belonging to I'g, K an hexaedra of IC, {e; ?:1 the faces of K.

Let us define

Oy =% —y?, By =y - 2

VK € K, Q(K) =Q = P; @ span(®q, P2)

VK € K, RTy(K) = {v € RT\(K) | div(v) = 0}

where RT}(K) denotes the Raviart-Thomas space defined on K.
Letbe X ={geQ — fe_ q da}?zl a finite set of linearly independent linear forms.

The triple (K, Q,Y) defines a finite element in R? after [7].

Remark 2 The choice of 1 and ®, is invariant, it is equal to say that we could choose % — 2>

and 2% — y? instead of v> — y? and y* — 2* generating the same vectorial subspace.
We need to ensure that ®1 and ®o are divergence free, this is shown by the following

argument,

Q =P (K) + span(P1, P2)
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{®1, Do} is free, AP; = 0 for i = 1,2, 09;/0n = C where n denotes the outward
normal unit vector and C is a constant.

for p e Q, feipdazo

0
/ Vp.VpdﬂU—l—/ Ap.pda::/ —ppda:O, (Ap=10)soVp=0,
K K or On

consequently p = C = p = 0.

Remark 3 Note that Q) does not contain Q1(K), but just P1(K), dim ¥ = 6.

Let be,

Qn = {Qh €L*(), VKeK,qlx€Q, Vec NI,/[%] do =0

Ve € Np,, /qhda:O},
Vi1 = {vn € L*(Q)%| VK € K, vy|x € RTy(K)},
Vi = Vi1 N HP, (div, Q)

ngl(div,ﬂ) = {v|v € L*(Q)?, div(v) € L*(Q)?, v=00nTy, wvn=0onT;}.

2.3 Definitions

In what follows, we underline an important assumption. The analysis holds in the case of

non-uniform meshes. There is no reference element.

2.3.1 Interpolation operator and error estimate

After introducing the projection operator Zj, ;¢ from H'(K) into @, and its characteriza-
tion in the form of three lemmas we will give the interpolation error as a theorem.
Let be,
HY(K) — Q

Zh,K .
v —  Ipv

the interpolation operator defined as the unique element of @ such as [ (v — Z xv) do = 0,
Ve face of K.

The interpolation error in flux is orthogonal to (),
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Lemma 2.3.1 Forallv € H*(K), we have :
Yan € Q, / th.V(v — IhJ(v) dx = 0.
K

Proof. After integrating by parts and applying definition of both @) and Py(e) we imme-

diately see that,
/ Vg V(v — Iy gv)de = 0,
K

The interpolation is optimal in (). This is shown in the lemma below,
Lemma 2.3.2 Forallv € H'(K), we have
|v —Zp kvl1,x = inf |[v—qul1,k.
7n€Q
Proof.
0= Thvlf e = /K V(v = Zp kv)V(v — Ip, k)
= / V(v —qn)V(v—TIykgv) + / V(gh — Zh,xkv)V(v — Ip kv).

K K

We immediately notice that ¢, — Zj, v € () implying that the second term on the right is

equal to zero. Then the Cauchy-Schwartz inequality gives the result,

IN

2
v —Znkvl] g lv—anly g [0 =Tkl g s
= v —=Thrvly g < lv—al g VY €Q,

& v —=Thkv| g < quQW—thK

We just mention that Z;, v € @ gives the equality. m

2.3.2 Functional Framework

Let Q be a convex polygonal domain of R? and I its boundary. We denote by W*(Q)
and W*P(I'), 0 < sand 1 < p < —+o0, the usual Sobolev space endowed with the norms

H‘”S,p,Q and |‘|57p7]__‘ Whel‘e

- [ D!lu(a) — DElw(y)| [P
if p < o0, V)5 p.0 = // dxdy
" QxQ |z — y[>P7

and
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|DVo(a) - DVu(y)
e = [ [ A s

|IDElw(z) — DEw(y)]|
|z —y|7

if p= o0, Vs 00,0 = sup
QxQ

[s] being the integer part of s and 0 = s — [s]

H?(Q) is the usual space W*?2 and H§(2) the closure of D(€2) in H*(€). For s < 0,
H#(Q) is the topological dual space of H *(€2) and W*P(I") the topological dual space of
WS (D).

Lemma 2.3.3 Ifv € H'T(K), 0 < o < 1 we have :
v _Ih,K”h,K < Ohg [liyox
Proof.

|v — Zh kV|1,K _qu v —qnli,rk < lnf lv—phx (P1CQ)

[o(z) —v(y))?
We note : |v // dx dy
vlits = KxK |33— |3+20

VUEHI(K),EIpEPl,/aav:/80‘]), la] <1
K K

letbeu = = (1,0), (0,1) and @ the mean of u,

u—u = ) dy,
m/

1/2
< _ 2
< |K|1/2 ( / ute) —ut)?)
|’lL - a’%Q(K) < // 35_2)|2 dz dy |$ - y‘3+207
K[ ) Jixx |33 —y[te
hl+2a ) h
< g <
- — |K| |u|ch = Ch |u|ch (|K| = C)v
= |80‘v - 8QU|L2(K) < Chg|8av|o'7K,
<:>|v—l_)|17}( < C’h"|v|1+g,K.
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dpo € P1, v

ARy
=1 [ V=1 [ Do
K| Jx K[k

= [v—poli,x < Ch7|v]iteK,
= inf |U_p|1,K < Ch? |U|1+0',K7
pEP:
= [0 = Ip vk < Ch7 liyek-

And the a priori error estimate for the interpolation operator follows,

Theorem 2.3.4 [fv € H'*9(Q),0< 0 <1,3Z;: HY(K) — Qp,

1/2
Z lv—Tyol} & < COh |uliyoq-
Keky,
Proof. Let’s take 7, = 7, i,
v=TIhklx < Chk |[V)i4ok,
> v —Ih,KﬁK < Co Y W ek,
K K

letbe h = m};{ix(hK),

2
Z|U_Ih,K|17K < C2h%g2|v|%+a,K>
K K
2
Y l=Thklix < CohF|oliivg,
K
1/2
(ZW‘Ih,Kﬁ,K) < C3h%|vlie0.
K

25

In other words, the ratio between the interpolation error for v € H '*7(£2) in the suitable

discrete norm with respect to the decomposition and the continuous norm of H '*7(Q) behaves

like ~ o(h?). The next part is the study of the pressure formulation, and more specifically

Qy, that is not contained in H'(f2). Its analysis requires the discrete Green’s formula and the

discrete Poincaré inequality . This is the subject of sections 2.3.3 and 2.3.4.

2.3.3 Discrete Green’s formula

The discrete Green’s formula is given by the following theorem,
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Theorem 2.3.5 Forall q;, € Qp, and vy, €'V},

Z/ (Vapop, + qrdiv vg) de = / vp.n qp, do.
Kek /K Iy

Proof.

Z/ (Vanon + qpdiv vy) dz = Z/ Vp-nEK qp do,
K oK

KeK Kek

= Z /vh.n [qn] d0+/vh.n gy, do.
r

eGN[ ¢

We notice that vj,.nle € Py(e) and mention that the mean of g, across each element is
zero giving the result.

2.3.4 Discrete Poincaré inequality

Given,

Py = {qn €CO(Q) N Hyp,(Q), VK € K,q|x € Q1(K)} C Hyp, (Q)

with H r, (Q) = {v € H'(Q) | v|r, = 0}

Given a an edge of K, K € K, we define

Nog={KeK/acK} and A, = cardA,

We consider,

R,:Qn — Py

an — Rpaqn,

the projection from Qj, to Py such as Va € Ty, Rp,qn(a) =0,

. = 1
if a ¢ I'o, Rpgn(a) = A, > anlk(a).
@ Kena

It is easy to show (see [14]) that,
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Theorem 2.3.6

Vi e {0, 1}, Van € Py,

VK €K, lgn—Rpanlx < CB™" Y lg—anlig Vg€ Hip, ().
Kek
KNK#0

Remark 4 For the particular case | = 0 and q = 0,

1/2
|Rrgn — qnloo < Ch (Z \Qhﬁ,K) :

Kek

As a consequence we obtain the Poincaré’s inequality in the form of a lemma,

Lemma 2.3.7

3 C' independent of h such as

1/2
Van € Qns  lanloo = llanlloe < C (Z |Qh|iK> = C |qn|1,n-
Kek

Proof.
lanllo,e < |1Ruanlloo + llan — Ruanlloo-

We apply Poincaré ’s inequality to obtain,

lanlloe < |Ruanl|in + Ch|gnli,0,

< Ci|Rugn — qnli,0 + Co(1 4 h) |qnl1,n-

Applying theorem 2.3.6 with [ = ¢ = 0 gives,

lanlloe < Cslanlie + Ca(1 4+ h) |gnli,n,

lanllor < Cslanlin-
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2.4 Discrete problems

2.4.1 Pressure formulation

We consider the problem

Find p;, € @y, such as
Yan € Qns Yorer Jx AVPR-Van = gex [ -V an

4.4)

(4.4) known as the Neumann Problem is treated in [5] and errors are compared numerically
between two methods. (4.4) is approximated by the mixed Raviart-Thomas (RT) Finite Element
and the mixed Brezzi-Douglas-Marini (BDM) Finite Element. These will be taken as references

for the numerical part. After [5], the convergence is linear for the (RT) elements.

Existence and uniqueness of the solution

Theorem 2.4.1 Problem (4.4) admits a unique solution.

Proof. A is a positive symmetric defined tensor so, there are 2 positive eigen values A1, Ao

such as \q v% < wpAv, < Ao v% Yoy € Vi —1.

V
Q
S
<
S
<
S

A .
> /K Van-Van

Kek

[V
Q
g
e
<]
]

AV (AV2
Q Q
2
T 5—
)
S

The discrete Poincaré’s inequality gives,

C c1
> [ avaval = 53wkt 5o lalbe
K 2 2 C,
KeK KeK
> | AVaVan| > allgnli s
Kek VK

Lax-Milgram’s lemma gives the result. m
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Convergence and error estimate

An a priori estimate for p; proved by applying the discrete Green’s formula in addi-
tion with basic properties of the discrete bilinear form a;, gives the convergence and the error

estimate for the solution of (4.4).

Lemma 2.4.2 We have,

— <C inf — inf |lu—wv .
lp — pallin < <ththllp Qh||l7h+v;I€1Vh|| h||0,Q>

Proof.

Let be ¢, € @y, then we may write,

an(ph,an) = Y /KAVph-VQh =) /Kf-VQh = bn(qn),

Kek Kek

we have,

Qn-coercivity |lph —anlin < Canlpn — an,pr — an),
< C(an(pn,rn — qn) — an(qn, Pn — an)) ,
an(Pn,Pn — an) — an(qn,pn —qn) = an(Pn — oL — qn) — an(qn — D, PH — Qn)-

The first term on the right gives,

an(ph —sPh —an) = an(Ph.Pr — qn) — an(D, DL — qn),

= Z/Kf-v(l)h—%) - Z/KAV]).V(ph—qh),

Kek Kek

S anon—pon—a) = 3 / (f — AVD).V (pr — an).
Kek’ K

= X [ uV-a.

KeKk
= KZG;C/K(U — Uh).V(ph - Qh) + KXE;C/KU}L.V(])}L — qh).

Now, we apply Green’s formula to obtain,

Kze;c/th'v(ph —m) = /Fz v (pr — qn) do — KEE;C/K(I% — qp) div(vp),
=0

s0, an(ph —psoh —qn) < Co ||lu—vplloe |pn — anllin
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The second term gives by linearity,

an(gn —p,on —an) < Csllp—anllin lon — anllin,
and |lpn —gnlin < Ca(llu—wrlloo+llp—anllin),
lp—pullin < llp—anllin + llan — pallin,
< llp=anllin + Ca(llu = vrllog + lp — anlli,n) 5
< Cs([lu—wpllogo +llp — anllin)
Van € Qn, Yy € Vp,
=il < Co(iaf fu—oilon+ B lp-alis).

As a consequence, the a priori estimate for the pressure reads,
Theorem 2.4.3 Ifp € H'™7 and u € (H°)? N H(div,Q), 1/2 < o < 1, we have

lp = prllie < Ch7 (Iphvoa + lullon)-

Projection operator

Let us study,

Pr: (L) — V4

g +— Prypg/ <g—Prpgv,>00=0 VYo, eV, _q.

We know that V;,Qy, C V), 1,
We have,

Van € Q,/ (9—Pryn g).Van =0.
K

Let’s take up, = Pry[f — AVpy],

Remark 5 IfA is diagonal, up, = Pry, f —AVpy, because Vpy, € RTy(K) implies div(Vpy) =
0, and Pry, (AVpy) = AVpy.
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2.4.2 Velocity formulation
The velocity formulation takes the form (4.5)-(4.6),
Lemma 2.4.4

up € Vi —1 and verifies

< Up, Vp >0,0 —1—2 /K AVp, Vq, = /Qf.’Uh, Yy, € Vh7_1, 4.5)
K

> [ wnva = o Vg€ Q. @6)
K K

Proof. We have,

< Up, Vp, >07Q = Z/ PTh[f — AVph].Uh
K K

and,

S [ =3 [ Pty - 4¥pva =0

Existence and uniqueness of the solution
Theorem 2.4.5 The problem (4.5)-(4.6) admits a unique solution (this is a square set of equa-

tions).

Proof. For a square set of equations, uniqueness <> existence <> existence and uniqueness.

2.4.3 Dual problem
Lemma 2.4.6 u, € V), =V, 1N HPO (div, Q)
a.e., uy, verifies the property of flux continuity ([vp,.nlle = 0).
Proof.
up, = Pry (f — AVpy), up € Vi1
so up.ngle € Py(e), Ve face in IC,

letbe I = |e| [up.nklle = /[uhnK] do, and

e

qn € Qn/ /qhdazéf, Vf face in K.
f
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/e[uhn] do = /e[uhn] gy, do,

We apply the discrete Green’s formula,

1

/e[uhn] do = Z /.uh.thda—i-/.iV(/u_hl qn

=0 \7H P

1
= ;/KZ (Pry (f — AVpy)) .-Vay,

/e fupn] do = 0,

= [upnklle = 0.

We follow the discussion keeping in mind that u;, € H (div, §2),

If e € I'y, the same arguments show that

up-nle =0, Veely

Theorem 2.4.7 We have, uy, is the unique solution of problem (P)}, :

Up, € Vh,

Yo € Vp, / A_luh. Vp = / foop.
Q Q

Remark 6 (4.7)-(4.8) is the dual Darcy’s problem.

Convergence and error estimate

Theorem 2.4.8 We have the estimate :
|u—unllon < inf [u—wplogn-
vRLEVY
Proof.

We start with the V},-coercivity,

IN

al|up, — vhHaQ ap(up — Vp, up — vp)

(e =0KyNoKy),

4.7)

4.8)

< ap(up — u,up —vp) + ap(u — vy, up — V),

The second term on the right gives,
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ap(u—vp,up —vp) < B llu—vpllog |lun — villoq,

whereas the first term can be written as,

ap(up —u,up —vp) = Z/A (up, —u) (up, — vp),

Kek

= Z/A up (up, — vp) Z/A vp (un — V),

KeK

= Z/f Up — vp) KGK/A uuh—vh)

Kek
ap(up, —u,up, —vp) = 0

We sum both results for the first and second term,

allun = vall§ o < B lu—vallog lun — vnlloq,
= |lup —vnlloo < C llu —villoq

[u—unllo,o < [lu—wvnllo + [[un — vnlloo;
= [lu—wunlloo < Coflu—wnlloo You € V,

- < (Cy inf — .
0. Ju—u £Co inf flu=vilog

Acknowledgement. The authors are especially grateful to Dr A. Agouzal for his highly

pertinent remarks and help leading the analysis toward this paper.

2.5 Numerical results

With the aim of illustrating the accuracy of the non-conforming method, let us consider

the Neumann problem borrowed from [5] and adapted in three dimensions.

v—AVP = F inQ=(0,1)>3,

% = 0 on 0f),

5.9)

where F is given by (z — 3/22%;y — 3/2y%; 2 — 3/222) for which the exact solution is
expressed by
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1
Pex = 5 [x2($_1)+y2(y_1)+z2(2_1)] +C,
Ve = 0.

Q) is decomposed uniformly in regular hexaedras of equal size. We report the respective
error in eg(u) = [Ip(Uey) —unl2,0. €1(0) = |Ip(Uex) —un|1,0 and €0 = maxy, |Ip (Uey ) — un|
norms for u = p, v and took A = I. We compare the errors obtained by ()1 parallelotope
finite element and ()1 non conform finite element. We observe quadratic convergence for Q1
parallelotope method and linear convergence for Q1 non conform method. We mention also
[15], where super convergence of the vector field along Gauss lines in a mixed finite element
approximation for a second order elliptic problem on a rectangular grid was proven. In other
words, super convergence exists for non conform finite element but in the case of Gauss-Lobato

interpolation on the interface for error estimates.

We summarize our results below, N denotes the number of nodes on each edge of the cube
Q = (0,1)3, and s denotes the slop of the error-curve given by log(e;), i = 1,2 or max with
respect to log(h) = log(1/N) obtained by linear regression, so in a certain manner we obtain a

value of the numerical order of convergence.

Q1-parall.

N Cmax (p) Cmax (U) €2 (p) €2 (Ux) €2 (Uy) €2 (UZ)

10 | 0.0089124 | 0.0092593 | 0.0046652 | 0.0082305 | 0.0082305 | 0.0085768
20 | 0.0016784 | 0.0020776 | 0.0007075 | 0.0019682 | 0.0019682 | 0.0020147
40 | 0.0004791 | 0.0004931 | 0.0002444 | 0.0004805 | 0.0004805 | 0.0004863
60 | 0.0001544 | 0.0002155 | 0.0001213 | 0.0002118 | 0.0002118 | 0.0002135
80 | 0.0001201 | 0.0001202 | 0.0000635 | 0.0001187 | 0.0001187 | 0.0001194

N e1(p) e1(vz) e1(vy) e1(vz)

10 | 0.0044352 | 0.0072016 | 0.0073160 | 0.0080018
20 | 0.0006286 | 0.0018589 | 0.0018646 | 0.0019567
40 | 0.0002305 | 0.0004678 | 0.0004681 | 0.0004798
60 | 0.0001215 | 0.0002082 | 0.0002082 | 0.0002117
80 | 0.0000603 | 0.0001171 | 0.0001171 | 0.0001186
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(1 -parall.
€mazx (p) €mazx ('U) €2 (p) €2 (Ux) €2 (Uy) €2 (UZ)
S 2.01 2.08 1.98 2.04 2.04 2.05
e1(p) e1(vz) 61(%) e1(v;)
S 1.98 1.99 2.03
()1 non-cf.
N €mazx (p) Cmax (U) €2 (p) €2 ('Um) €2 (Uy) €2 (UZ)
10 | 0.0160639 | 0.0174254 | 0.0478395 | 0.0103351 | 0.0072842 | 0.0072842
20 | 0.0037858 | 0.0041114 | 0.0245845 | 0.0034324 | 0.0018023 | 0.0018023
40 | 0.0016169 | 0.0016966 | 0.0124096 | 0.0011766 | 0.0004470 | 0.0004470
60 | 0.0009436 | 0.0009788 | 0.0082950 | 0.0006339 | 0.0001981 | 0.0001981
80 | 0.0005698 | 0.0000540 | 0.0062290 | 0.0004096 | 0.0001112 | 0.0001112
N e1(p) e1(vz) e1(vy) e1(vs)
10 | 0.0160537 | 0.0072842 | 0.0072842 | 0.0072842
20 | 0.0037833 | 0.0018023 | 0.0018023 | 0.0018028
40 | 0.0016165 | 0.0004470 | 0.0004470 | 0.0004470
60 | 0.0009435 | 0.0001981 | 0.0001981 | 0.0001981
80 | 0.0005697 | 0.0001112 | 0.0001112 | 0.0001112
(21 non-cf.
€mazx (p) Cmax (U) €2 (p) €2 ('Um) €2 ('Uy) €2 (Uz )
S 1.57 2.32 1.54 1.55 2.01 2.01
e1(p) e1(vz) | ex (Uy) e1(vs)
S 1.54 2.01 2.01 2.01

We see clearly that both methods are converging in this case. It is important to say that the
result for this sample are shown to illustrate the non-conforming method and not to compare

one method versus the other one, but qualitatively to obtain almost the same result.

Remark 7 All computations were made with the under development research library SciFEM '

'Finite Element Library developped in a joint work by T. Clopeau and V. Devigne for research in
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Error curves Error curves

Error

10 Nodes f¢ if id on the cube [0,1]"3 . . 2
10] odes for a uniform grid on the cube [0,1] 102 10 Nodes for a uniform grid on the cube [0,1]"3 10

FIG. 2.1 — Error curves for Q1-parallelotope FEM (left) and for Q1-non conform FEM
(right)

(for Scilab Finite Element Method) and pictures were made with the free mesh viewer paraview.

In the graphics 2.1 we show error curves in log-log scale.

Scientific Computing
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pressure field]|

0,126

F1G. 2.2 — pressure field for N=10

pressure field]|
0127

F1G. 2.3 — pressure field for N=20

pressure field]|
0,126

F1G. 2.4 — pressure field for N=40

pressure fieid]|

pressure field]|
0128

I 0.0726

pressure field]|
0127

I 0.0713
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2.6 Conclusion

The non-conforming element we propose may be seen as an alternative to standard finite
element methods for a decompostion of the domain into hexaedras. With reasonable accuracy
it provides another kind of approximation for Darcy flow, natural and easy to compute. Another
interest is the low price in degrees of freedom. One per each face with polynoms of order one.
Order of convergence for the velocities are qualitatively the same for both methods. We quote
one advantage disregarding the non-conforming method that is not shown in this example, the
convergence still holds for anisotropic or let’s say “discontinuous” coefficients of the permea-

bility tensor. This is not the case for conforming method.

L’élément non conforme que nous proposons peut tre vu comme une alternative aux
méthodes d’éléments finis standards pour une décomposition du domaine en hexaedres. Avec
une précision raisonnable nous obtenons un autre approximation de I’écoulement de Darcy,
naturelle et simple a mettre en oeuvre. Un autre point positif est le colit moins important en
degrés de liberté. Un pour chaque face pour des polyndmes de degré un. L’ ordre de convergence
pour les vitesses est qualitativement le méme pour les deux méthodes. Nous soulignons que dans
le cas non conforme, 1’approximation est convergente pour des coefficients anisotropiques ou

“discontinus” du tenseur des perméabilités ce qui n’est pas vrai dans le cas conforme.
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Chapitre 3

Ecoulement tangentiel sur une surface

rugueuse et loi de Navier
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3.1 Préambule

Nous considérons des écoulements visqueux tangents sur des surfaces rugueuses et ob-
tenons la condition aux limites efficaces. C’est la condition de glissement de Navier, utilisée
dans les calculs d’écoulement de fluide visqueux pour des géométries complexes. Les coeffi-
cients efficaces, la matrice de Navier, sont obtenus par changement d’échelle et en résolvant un
probleme de couche limite adéquat. Ensuite, nous appliquons ce résultat a la réduction de la
trainée.

L’homogénéisation, couplée aux couches limites donnent des lois efficaces aux interfaces.

Dans ce chapitre nous expliquerons comment ces résultats sont obtenus. D’un point de vue
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physique, la condition d’adhérence v = 0, sur une paroi solide immobile, n’est justifiée que
lorsque la viscosité moléculaire est prise en compte. Sachant que le fluide ne peut pas pénétrer
le solide, sa composante normale est égale a zéro. C’est la condition de non-pénétration. Au
contraire, I’absence de glissement n’est pas tres intuitive. Pour les fluides newtoniens cela a
été établi expérimentalement mais contesté par Navier en personne (voir [16]). II proclamait
que la vitesse de glissement devait étre proportionnelle a la contrainte de cisaillement. Les
calculs de la théorie cinétique ont confirmé la condition aux limites de Navier, mais ils ont
donné la longueur du glissement proportionnelle au chemin libre moyen divisé par la longueur
du continuum (voir [17]). Pour des raisons pratiques, cela signifie une longueur de glissement
nulle, justifiant ’emploi de la condition d’adhérence.

Dans beaucoup de cas pratiques significatifs la frontiere est rugueuse. Un exemple sont
les frontieres complexes dans la dynamique des fluides géophysiques. Comparées avec la taille
caractéristique d’un domaine simulable, de telles frontieres ne peuvent étre considérées dans
leur complete géométrie. D’autres exemples décrivent les fonds marins comme des rugosités
aléatoires ou comme des corps artificielles avec distribution périodique de petites bosses. Une
simulation numérique de problemes d’écoulement en présence de frontiere rugueuse est tres
difficile car il demande beaucoup de degrés de liberté et beaucoup de données. Pour des rai-
sons de calcul, une frontiere artificielle réguliere, approchant 1’originale, est préférable et les
équations sont résolues dans le nouveau domaine. Ainsi, les frontiéres rugueuses sont évitées,
mais les conditions aux limites aux frontieres artificielles ne sont pas données pour autant. Il
est clair que la condition de non-pénétration v - n = 0 doit étre conservée. Habituellement,
il est supposé que la contrainte de cisaillement est une fonction non-linéaire F' de la vitesse
tangentielle. F' est déterminée empiriquement et sa forme varie suivant les problemes. De telles

relations sont appelées lois de paroi. Un exemple classique est la condition de Navier,

v, 1
— = —=v+0(1
o €8 " (1)
ou v, est la vitesse tangentielle, ¢ la taille caractéristique des pores et 3 est le coefficient

de Navier.

L article est dédié au 60ieme anniversaire de Willi Jiger

résumé : Nous considérons un écoulement visqueux tangentiel a une surface rugueuse.
Nous étudions le comportement efficace d’écoulements au voisinage de la frontiere lorsque

la taille caractéristique des rugosités est petite. Nous montrons que la frontieére rugueuse peut
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étre approchée par une surface artificielle lisse (la paroi numérique) sur laquelle la condition
d’adhérence a la paroi pour la vitesse tangentielle devient la condition de glissement de Navier.
Pour une surface rugueuse périodique nous déterminons la matrice de frottement de Navier et
montrons que le probleme efficace, basé sur la loi de paroi, est une approximation du probleme

physique d’ordre la taille des rugosités puissance 3/2.

3.2 Introduction

En physique des fluides newtoniens, la condition d’adérence a la paroi est justifiée seule-
ment en présence de viscosité. Comme le fluide ne peut pas traverser la paroi, sa vitesse normale
est égale a zéro. C’est la condition de non-pénétration. En revanche, 1’absence de glissement
n’est pas tres intuitive. Il s’agit d’une loi établie expérimentalement et contestée par Navier
lui-mé&me (voir [16]). Navier pensait que la vitesse tangentielle devait étre proportionnelle au
cisaillement ( la loi de Navier ). La théorie cinétique a confirmé la loi de Navier, mais avec le
coefficient de frottement proportionnel au chemin moléculaire moyen libre (voir e.g. [17]). En
conséquence pour les fluides réels ce coefficient vaut zéro et confirme la condition d’adhérence
a la paroi.

Dans beaucoup d’applications la frontiere est rugueuse comme dans le cas des frontieres
complexes en dynamique des écoulements géophysiques. La taille du domaine de calcul (mer,
océan) est tellement grande que les détails de la cote peuvent €tre considérés comme des rugo-
sités. Comme autres exemples on peut citer les fonds marins constitués de rugosités aléatoires
et les corps artificiels avec une distribution périodique des rugosités. Une simulation numérique
des problemes d’écoulements en présence d’une géométrie rugueuse est tres difficile pour deux
raisons. Un grand nombre de noeuds de maillage est nécessaire ainsi que de multiples données.
D’un point de vue numérique, une frontiere rugueuse artificielle proche de celle d’origine est
choisie et les équations sont résolues dans le “nouveau” domaine. La difficulté de la frontiere
rugueuse est contournée mais des conditions aux limites viennent a manquer. Il est clair que la
condition de non-pénétration v.n = 0 doit étre conservée mais il n’y a en outre aucune raison de
garder la condition d’adhérence. Habituellement le cisaillement est supposé €tre une fonction
non-linéaire F' de la vitesse tangentielle. F' est déterminée de facon empirique et varie suivant
la nature du probleme. De telles relations sont appelées loi de paroi et la condition classique de
Navier en est un exemple. Un autre exemple est la modélisation de la couche limite turbulente

a proximité de la surface rugueuse par un profil logarithmique des vitesses.

v = %(%m(%ﬁ) +c+(k:)> (1)
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ol v, est la vitesse tangentielle, y la coordonnée verticale et 7, le cisaillement, p
représente la densité et p la viscosité, x =~ 0.41 est la constante de von Kdrmén’s et C'* une
fonction du rapport k7 c.a.d de la hauteur des rugosités k4 sur I’épaisseur de la sous-couche
mince de la paroi §,, = ﬁ Pour plus de détail nous donnons la référence du livre de Shlichting

[18].

Justifier le profil logarithmique des vitesses dans la couche superposée est mathématiquement
hors d’atteinte pour le moment. Cependant a partir de résultats récents, nous sommes capables
de justifier la loi de Navier pour des écoulements laminaires visqueux incompressibles au dessus
de frontieres a rugosité périodique. Dans cet article nous allons donner un apercu de résultats
récents rigoureux sur la condition de Navier avec des application possibles aux écoulements
géophysiques.

Nous nous concentrons sur les équations de Stokes et de Navier-Stokes incompressibles
et nous allons présenter une dérivation de la loi de Navier en construisant des couches limites

développées dans [9].

Les problemes d’écoulement sur des surfaces rugueuses ont été traités par O.Pironneau
et ses collaborateurs dans [15] , [1] et [2]. L article [15] traite 1’écoulement sur une surface
rugueuse et I’écoulement a la surface d’une mer ondulant.Quelques problemes sont discutés
et un résultat rigoureux dans [2] est annoncé. Finalement dans I’article [2] I’écoulement sta-
tionnaire incompressible pour un grand nombre de Reynolds Re ~ % sur une frontiere ru-
gueuse périodique est traité avec € la période des rugosités. Un développement asymptotique
est construit et a partir de couches limites correctrices définies dans une cellule semi-infinie des
lois de paroi effectives sont obtenues. Une validation numérique est jointe mais il n’y a pas de
résultats de convergence mathématique rigoureux. L’estimation d’erreur annoncée dans [1] n’a
pas été prouvée dans [2].

Nous mentionnons également les résultats de Y.Amirat, J.Simon et leurs collaborateurs de
I’écoulement de Couette sur une plaque ondulée ( voir [3], [4] et [5]). Ils traitent principalement

de la réduction de la trainée pour I’écoulement de Couette.

Notre approche sera différente des réferences mentionnées ci-dessus. Nous allons justifier
la loi de glissement de Navier par la technique développée dans [8] pour 1’opérateur de Laplace
et par suite dans [9] pour le systeéme de Stokes. Le résultat pour un écoulement 2D laminaire
visqueux incompressible sur une surface rugueuse est dans [9]. Dans le texte qui suit, nous
considérons un écoulement de Couette 3D sur une surface rugueuse. Dans le §2 nous intro-

duisons le probléme de couche limite correspondant et dans §3 nous obtenons la condition de
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glissement de Navier. La section §4 est consacrée aux applications possibles a la dynamique

des écoulements géophysiques.

3.3 Couche limite de Navier

Comme il a été déja observé en hydrodynamique, les phénomenes importants pour une
frontiere apparaissent dans une couche mince I’entourant . Nous ne nous intéressons pas aux
couches limites, correspondantes a la limite de la zéro viscosité pour les équations de Navier-
Stokes, mais plut6t a la couche limite visqueuse, décrivant des effets de la rugosité. Il y a une
similarité avec les couches limites décrivant les effets interfaciaux entre un domaine rempli
par un fluide et un milieu poreux saturé . De telles couches limites ont été¢ développées pour
I’opérateur de Laplace, avec des conditions de Dirichlet homogenes sur des perforations, dans
[8] . La théorie correspondante pour le systeéme de Stokes est dans [9] et [14] . Le but de
cette section est de présenter la construction de la couche limite principale, qui sera utilisée
pour calculer la matrice de frottement, figurant comme coefficient dans la loi de glissement de
Navier. Il est naturel de 1’appeler la couche limite de Navier. Dans [10] 1a 2D couche limite était
construite. On poursuit ici la 3D construction entamée dans [12] qui généralise les résultats du

[10].

Soient b;, j = 1,2, 3 des constantes positives. Soit Z = (0,b1) x (0,b2) x (0, b3) et soit
T une surface Lipschitzienne y3 = Y (y1,y2), prenant valeurs entre O et bs. Nous supposons
que la surface rugueuse Uy . 2 (T + k:) est aussi Lipschitzienne. Nous introduisons la cellule

canonique de rugosité par Y = {y € Z | by > y3 > max{0, Y (y1,y2)}}.

Le role crucial appartient au probléme auxiliaire suivant :

Pour un vecteur constant A € IR?, trouver {£}, w™*} satisfaisant

N+ V=0 dans ZT U (Y — b383) 2

divyé* =0 dans Zy 3

[{V,&* —w I}éEs] o (,0) = A sur S

(2)
3)
(€ 5(,00=0 surS (4)
()
(6)

=0 sur (Y —b3&), {&w} esty’ = (y1,y2) — périodique, 6
ou S = (0,b1)x(0,b2) x {0}, 7t = (0,b1) x (0,b2) x (0, +00), et Zy, = Z+USU(Y—b3€3).
SoitV ={z € L%OC(Zbl)?’ : Vyz € L3(Zy)?% 2 = 0 on (T — bses); divyz = 0 dans Zy,

et z esty’ = (y1,y2)-périodique }. Le lemme de Lax-Milgram nous garantie I’existence d’un
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unique & € V satisfaisant

VOV dy = — / oA dyidys, Ve V. (7)
Zpi S

En utilisant le théoréme de De Rham, nous obtenons une fonction w* € L2 (Zy), unique
modulo une constante et satisfaisant (2). La théorie elliptique nous assure que {£*,w?} €
VN OM(ZT U (Y — b3éz))? x C(Z1 U (Y — b3é3)) to (2)-(6).

Alors on a

Lemme 3.3.1 (/9],[14] ). Soient a, a1 et as, a1 > ag, des constantes positives. Alors la solu-

tion {€*, W} satisfait

b
! 02 §§(ylay27a) dyld?/2 = 07

by (b
o Jot @My, y2, ar) dyrdys = fo fo My1, Y2, az) dyidys,

. (8)
! 02 f;\(ylay2aal)dyldy2 = fol f02 §;‘(y1,y2,a2)dy1dy2,j =1,2
2
CY =3 "CP"N = [¢ N dyrdys = — [, [VE W)? dy < 0
\ j=1

Lemme 3.3.2 . Soit A\ € IR? et soit {£*,w*} la solution de (2) — (6) satisfaisant
2 2

fsw)‘ dyidys = 0. Alors £* = Z{j)\j et W = ij)\j, on {¢1,W} € V x L%oc(Zbl),
: =
Jsw? dyidys = 0, est la solution du (2) — (6) pour X = €j, j = 1,2.

Lemme 3.3.3 . Soit a > 0 et soit £** la solution du (2) — (6) avec S remplacé par S

(0,b1) x (0,b2) x {a} et Z* by Z;7 = (0,b1) x (0,b2) x (a,+00). Alors nous avons

by ba
cvlt = / / £ (y1,y2, a)N dyr = C¥ —a | X [ biby (9)
0 0

Ce résultat simple va impliquer I’invariance de la loi obtenue par rapport a la position de la

paroi artificielle.

Corollaire 3.3.4 . | C;’bl | est minimale pour a = 0.

Remarque 1 . Si [a frontiére est plane, i.e. T = cte., alors la constante minimale | Cy’ abl

| est
égale a zéro. Alors dans ce cas la condition d’adhérence a la paroi va rester. Si bs est la hauteur

maximale de Y, alors le lemme 3 n’est pas valable pour a < 0.

. 1 .
Lemme 3.3.5 . Soit {&7,w’ } vérifiant le lemme 3.3.2 et soit M;; = i s & dyidys la ma-
1

trice de Navier. Alors la matrice M est symétrique définie négative.
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Lemme 3.3.6 . Soit {¢7,w7},j = 1 et j = 3, vérifiant le lemme 3.3.2. Alors on a

| D% rot, & (y) | < Ce=2mysmin{1/br1/ba} "y > 0 o € IN? U (0,0)

' 2T
() — (Mo Mo O) < —bys s
| &7 (y) = (M, Ma;,0) |[< C(8)e™, y3 > 0, V5 < max{by, b}
(10)
' 2T
Dogl < —0ys IN? —
[ D) [< C@)e™, ys > 0, o€ IN% V0 < oo s

| w?(y) |< Ce2mvs min{1/b1,1/b2} ys > 0.

Corollaire 3.3.7 . Le systeme (2) — (6) définie une couche limite.

Remarque 2 Pour des simulation numériques de la couche limite de méme type mais corres-

pondant a la loi de Beavers et Joseph voir la référence [11] .

3.4 Justification de la condition de glissement de Navier

pour I’écoulement de Couette laminaire 3D

Une justification mathématiquement rigoureuse de la condition de glissement de Navier
pour I’écoulement de Poiseuille 2D tangentiel a une frontiere rugueuse est dans [10] . Un
écoulement correspondant aux nombres de Reynolds modérés a été considéré et les résultats
suivants ont ét¢ montrés : a) Un résultat de stabilité non-linéaire par rapport aux petites per-
turbations de la frontiere réguliere par une frontiere rugueuse ; b) Un résultat d’approximation

d’ordre €%/2 ; ¢) La justification rigoureuse de la condition de glissement de Navier.

Ici, nous allons présenter les résultats qui figurent dans la prépublication [12] et qui

concernent un écoulement de Couette 3D.

Nous considérons un écoulement visqueux incompressible dans le domaine {2°, contenant
le parallélépipede P = (0, L1) x (0, La) x (0, L3), I'interface 3 = (0, L) x (0, L2) x {0} etla
couche rugueuse R = (U{kezz}z—:(Y + (K1, k2, —b3))> N ((O,Ll) x (0, Lg) X (—5b3,0)>.
La cellule canonique Y C (0,b1) x (0,b2) x (0,b3) est définie dans la section précédente .
Pour la simplicité, nous supposons que L;/(gb1) et Lo/ (eba) sont des entiers. Soit Z = {0 <
ki < Ly/bi; 0 < ky < Ly/bo; k € Z?}. Alors, notre frontiére rugueuse B° = U{kez}z—:('f +
(k1, k2, —bg)) contient un grand nombre de ” bosses ” , distribués périodiquement et ayant la

longueur et I’amplitude caractéristique ¢ << 1.

Pour un ¢ > 0 et une vitesse U = (U1, Us,0), donnés, 1I’écoulement de Couette est décrit
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par le systeme suivant

—vAv® + (v°V)v® +Vp® =0 dans Q°,
divev® =0 dans Q°,

(11)

(12)

v* =0 sur 3%, (13)
v =U  sur3g=(0,L1) x (0,Ly) x {L3} (14)
(15)

{v%,p°} estpériodique en (x1,x2) avec le période (L1, L)

ol v > 0 est la viscosité cinématique et [, p* dz = 0.

Notons qu’un probléme analogue a été considéré dans [5], mais dans une bande infinie
ayant une frontiere rugueuse. Dans [5] Y.Amirat et ses collaborateurs ont cherché une solution
périodique en (x1,z2), avec la période (b1, b2). Si notre solution est unique, elle coincidera

avec la solution construite dans [5] .

Comme nous avons besoin, non seulement de 1’existence pour € donné , mais aussi des
estimations a priori indépendantes de ¢, nous présentons un résultat de stabilité non-linéaire
par rapport aux perturbations rugueuses de la frontiere. Il va impliquer les estimations a priori

uniformes.
Notons que I’écoulement de Couette dans P, satisfaisant les conditions d’adhérence a 3,
est donné par

o Uwxsz_, Usxz_, a3
v = e1 + € =U—,
L3 L3 L3

P’ =0. (16)

Soit |U| = 4/U? + UZ. On montre aisément I'unicité si |[U|Ls < 2v i.e. si le nombre de
Reynolds est modéré .
Nous prolongeons la vitesse sur 2° \ P par zéro.

On cherche une solution pour (11) — (15) comme une petite perturbation de 1’écoulement

de Couette (16).

Théoreéme 3.4.1 ([12]). Soit \U|L3 < w. Alors il existe des constantes Cy = Cy(by, ba, b3,

Ly, Ly) telles que pour ¢ < C’o( )3/4 3/4 le probleme (11) — (15) admette une solution

U
unique {v°,p°} € H*(Q)? x HY(QF), [{p° dx = 0, satisfaisant

- U
IV =)l < CVELL (19)
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De plus,
- U
47 @y < CovELD (20)
U
”UEHLQ(E):s + ”UE - UOHLz( 3 < C€| | (21)
3
I =Ny < LV, (22)

ouC = C(bh b27 b37 le L2)

Maintenant nous avons les estimations a priori uniformes par rapport a €. Malheureusement
I’approximation obtenue n’est pas suffisamment bonne. Il nous faut ajouter la correction d’ordre
O(e).

En suivant I’approche de [10] et [12], la condition de glissement de Navier correspond a

la correction de la vitesse d’ordre O(¢) sur la frontiere. Le calcul non-rigoureux donne
vf =00 — —ZU gﬂ (Mj1, Mj2,0)H (23))—

ZU (M1, Mj2,0)H (z3) + O(?)

ot v¥ est la vitesse de Couette dans P et le dernier terme correspond au contre-écoulement créé

par la stabilisation de la vitesse, qui correspond a la couche limite, vers une vitesse constante
non nulle.En conséquence sur I’interface >

o5 1

€

- - — U——l—O et
83:3 Ls Z 8y3 )

2
e__1 i
vf = L3;UZ§](€)+O(5).

Par passage a la moyenne nous trouvons la loi de glissement de Navier

g ou 6ff
< ——EZM], o ST (NFC)

=1

ot u®/7 est la moyenne de v° sur une rugosité représentative et la matrice M est définie dans le
lemme 2.5. On néglige les termes d’ordre plus élevé.

Nous allons maintenant donner une démonstration rigoureuse.

Il est clair que dans P 1’écoulement va continuer a &tre régi par le systeme de Navier-
Stokes. La présence des irrégularités va contribuer seulement aux conditions efficaces sur la
paroi artificielle . La contribution dominante pour 1’estimation (19) vient de I’intégrale de sur-

face fz ;. En suivant [12], on I’élimine en utilisant les couches limites

g =<g() o W@ =wI(D), weo j=12, (23)
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ou {§j, wj} est définie dans le lemme 3.3.2. Nous avons, pour tout g > letj = 1,2,

1 . . .
217" = e(Muj, Maj, 0)llaqpys + Nl Lagpy + IIVE N Lo = cel/r (24)

et
—AEE L VW€ =0 dans Q°\ ¥ (25)
div £ =0 dans Q° (26)
[67¢] 2(0)=0 sur¥ (27)
(V& —weTYes] o (-,0) =¢; sury, (28)

i.e. notre couche limite correspond a la création de petits tourbillons par des rugosités.
Comme dans [10] la stabilisation de fj € vers une vitesse constante non-nulle
z—:(Mlj,ng,O), sur la frontiere supérieure, crée un contre-écoulement. Il est donné par
. 3. .
d=(1- —3)ei etg' = 0.
Ls
On veut montrer maintenant que les quantités suivantes sont o(e) pour la vitesse et O(e)

pour la pression :

U (z) = v° — —< U— eZU gﬂ Ts MU> (29)

F=p° +—ZUwJ€ (30)
On a le résultat suivant

Théoreme 3.4.2 ([12]). Soit U donnée par (29) et P¢ par (30). Alors U € H*(QF)3, U =0
sur 3, elle est périodique en (x1,x2), exponentiellement petite sur ¥o et div U = 0 dans QF.

De plus, Yo satisfaisant les mémes conditions aux limites, nous avons [’estimation suivante

€ 5 .’E3 ous Eﬁ
|1/ VZ/{ Vo — / Pdlvgp—i—/s Z ]ax]gp+/QEU3L—390

() () U 2
# [ (07 = O9)0 = o)l < C Tl - (31)
Corollaire 3.4.1 ([12]). Soit U®(x) et P définie par (29) — (30) et soit
V6/7 T 37
< min ,C(by, by, bg, L1, Lo) L3 " |UMTY. 32
< o1 ™ g+ ey 0t B TIOR3
Alors v, construite dans le théoréme 3.1, est une solution unique pour (11) — (15) et
YUE Ppe <C 3/2|U|2 33
| 22y + [Pl r2(py < Ce vLs (33)
U2
ey + 4 2 < CPL (39

vL3



3.4. Justification de la condition de glissement de Navier pour I’écoulement de Couette laminaire 3D5 1

Les estimations (33) — (34) permettent de justifier la condition de glissement de Navier.

Remarque 3 1/ est possible d’ajouter des termes correctifs additionnels et alors notre probléeme
aura une erreur qui décroit exponentiellement. Pour des résultats de ce type on peut consulter
[5], [3] et [4] . Le cas de frontiéres rugueuses ayant la hauteur et la longueur d’ordre différent
est considéré dans la these doctorale de 1. Cotoi [7]. L’avantage de notre méthode est que nous
trouvons la loi de glissement de Navier avec un coefficient matriciel défini négatif, ce qui n’a

pas été le cas dans les publications antérieures.

Maintenant nous introduisons 1’écoulement de Couette-Navier efficace par

Trouver la vitesse u°// et la pression p¢/7 telles que

—v AT 4 (I ) - vptS =0 dans P, (35)

divuf =0 dans P, uf = (U),U3,0) sur By, uS/f = 0sur & (36)
eff

eff — _5ZM]Z oy j=1,2 sur ¥ (37)

{usll peI 7T} est perlodlque en (z1,x2) avec la période (Li, Lo) (38)

Soit |U|L3 < v, alors le probleme (35) — (38) admet une solution unique

-1
ueff:(aeffjo) eff_U+(L——1)<I——M> U pour x € P

3 Ls (39)
peff =0 pour x € P.
Nous estimons I’erreur faite en remplacant {v¢, p*, M} par {u®//, pe/f Me/T},
Théoreme 3.4.3 ([12]). Sous les hypothéses du théoréme 3.1 nous avons
V(" = u )]s oo < C, (40)
U
VI =5 oy + 0 = s oy < O, (a1)
3
L’etape suivante est de calculer la trainée
E.:L 8 8(33‘1 i) )dx1d$2 ]:1 2 (42)
BT Ly Jy Omg T ’ T
Théoreme 3.4.4 ([12]). Soit la trainée F; définie par (42). Alors on a
U|? v
Fi—-v—(U md)| < el 43
17 v (0 + S MO)| < 0 (14 £7) (43)

Remarque 4 On tire la conclusion que la présence des rugosités périodiques peut diminuer

la trainée. La contribution est linéaire en €, et en conséquence assez petite. D’aprés [4] pour
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un écoulement laminaire, la réduction de la trainée causée par la rugosité est négligeable.
Néanmoins, pour un écoulement turbulent la présence des rugosités réduit la trainée d’une
maniere significative. Le phénomene a été observé sur les Avians et les Nektons (la peau de
requin) et utilisé pour les bateaux et les avions (e.g. pour le yacht “ Stars and Strips ” dans la
finale de I’America’s Cup). Une référence classique est I’article de Bushnell, Moore [6] . Pour

une explication mathématique on peut consulter ’article [12] .

Remarque 5 Comme dans [10] nous montrons qu’une perturbation de position de la paroi
artificielle d’ordre O(¢) implique une perturbation de la solution de O(c?). Ce résultat est une
conséquence du Lemme 2.3. En effet la matrice M change, mais sa perturbation est compensée
par le changement de la position de Y. Ainsi, nous avons la liberté de fixer la position de X..
L’influence sur le résultat est seulement d’un ordre plus élevé dans le développement asympto-

tique.

3.5 Conclusion et applications possibles en océanogra-
phie

Parmi les applications aux écoulements géophysiques on trouvera des écoulements turbu-
lents en présence des frontieres rugueuses. On peut se poser la question de I’utilité des estima-
tions laminaires obtenues dans le §3. L’application est basée sur la théorie de la couche limite
turbulente présentée dans le livre [18].

On sait que 1’écoulement de Couette turbulent a une structure bi-couche : une couche
turbulente ou la viscosité moléculaire est négligeable comparée aux effets turbulents et une
sous-couche visqueuse ou on est obligé de tenir compte simultanément des effets turbulents et

visqueux. L’écoulement dans cette sous-couche est régi par le cisaillement turbulent 7, qui

. . T N ",
dépend seulement du temps t. 7,, définie la vitesse de frottement v = , /=, ot p est la densité
\V »

. 14 P )z
. Alors I’épaisseur de la couche est 9, = — et la théorie de I’écoulement de Couette turbulent

(voir e.g. [18]) donne

SHES

ou u est la vitesse moyenne, comme la loi universelle pour la distribution de la vitesse dans la
couche visqueuse. y T est la coordonnée caractéristique de la paroi et u™ = % est la vitesse
renormalisé . Cette loi est valable pour 0 < y™ < 5, pour 5 < y™ < 70 on a la zone tampon
et pour y* > 70 la couche de chevauchement , ot on a un profil logarithmique de la vitesse

1
uT = —Iny™ +C7 . Pour plus de détails voir [18] . Pour une paroi lisse C+ = 5. Cette théorie
K
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s’applique aussi aux parois rugueuses et on les traite en ajustant la constante C'*. C* depend

k
du rapport k' = 5—5, ol k; est la hauteur des rugosités. Alors kl+im00+(k:j) = 5 (paroi lisse) et
v T

lim (CH(k})+ 1 In k) = 8 (paroi tres rugueuse).
kd —+oo K

L’analyse mathématique de I’écoulement dans la zone tampon et dans la couche de che-
vauchement est hors de portée pour le moment. Néanmoins, si nous supposons que les pe-
tites rugosités restent en permanence dans la sous-couche visqueuse nous pouvons appliquer la
théorie de la section §3.

Les équations correspondantes sont (11) — (15) avec Ly = §, et la vitesse de la paroi
supérieure v = \/g = (v1,v2,0) en x3 = d,. Comme 57}\/? = v < 2v, nos résultats de §3
peuvent étre appliqués et on obtient la loi de glissement de Navier si

6/7 1/7

v 14

e = o7 g e

7C(bhb27b37L17L2)L§/7|U|1/7}' (32)

Cette théorie était applicable aux Nektons (voir [12]).
Si cette condition est violée mais avec € < +/v alors on a des variantes non-linéaires de la

loi de glissement de Navier. Cette variante non-linéaire est en effet non-locale elle aussi et on a

if 2 Ousz ouctt
I =— E M; ,0, L 3, NFCN
u] Ei_l J (C(yl 851:2 )) 8.’1:3 sur ( )

En général M ; est une fonction bornée du gradient de u®ff, étant lui-méme une fonction non-
locale de (. ( satisfait des équations de la couche limite pour un systéme de Navier-Stokes
non-stationnaire. Pour plus de détails voir [13] .

En addition aux effets non-linéaires, les frontieres rugueuses sont ou fractales ou
aléatoires. On peut envisager le travail dans cette direction.

Pour conclure, nous pensons qu’il est tout a fait possible de développer une théorie des

lois de parois, appliquer en Océanographie et fondée sur des résultats mathématiques rigoureux.
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En toile de fond de la discussion, et partiellement abordée dans les chapitres précédents, le
probleme des écoulements complexes, c.a.d., le couplage de différents phénomenes physiques
(au sens large) sera le sujet de notre propos dans cette partie. Nous avons traité précédemment
des développements multi-échelles appliqués a la loi de Navier et ici nous nous intéresserons
aux écoulements et aux interactions chimiques. L’argumentation sera divisée en deux chapitres.
Le premier verra I’homogénéisation de I’écoulement d’un soluté dans un tube, et le second
1’étude numérique a 1’échelle microscopique du modele de Duijn-Knabner!. Dans les deux cas
la réaction chimique sera localisée sur la surface de la matrice poreuse, les parois internes du
tube pour le premier et un grain avec une géométrie spécifique pour le second.

Les deux approches sont motivées par le programme sur le stockage des déchets nucléaires
MOMAS?.

La premicre discussion porte sur la dérivation rigoureuse par une technique de pertur-
bation singuliere du modele efficace pour une diffusion améliorée a travers un étroit et long
tube en deux dimensions. Nous commencons par un modele a 1’échelle du pore pour le trans-
port d’un soluté réactif dans I’espace du pore par convection-diffusion. Les pores contiennent
initialement une substance soluble a une concentration donnée et cette méme substance a une
concentration différente est injectée en x = 0. Les particules du soluté subissent une réaction
chimique du premier ordre a la surface des pores. Nous nous plagons dans les conditions de
I’étude de Taylor en présence (cette fois-ci en plus) de réaction chimique. Le comportement a
grande échelle pour des nombres de Péclet et Damkohler importants, en utilisant le rapport entre
les temps caractéristiques transversal et longitudinal comme petit parametre est donné. De plus,
nous donnons une justification mathématique rigoureuse du comportement efficace comme une
approximation physique du probleme. L’estimation d’erreur est obtenue, tout d’abord dans la
norme d’énergie, et enfin dans les normes L' et L?. Elles garantissent la validité du modgle
homogénéisé. Comme cas particulier nous retrouvons la formule trés connue de la dispersion
de Taylor. A notre connaissance, ¢’est la premiére fois que la formule de la dispersion de Taylor
est justifiée d’une facon mathématique rigoureuse.

Dans la seconde discussion, nous poursuivons les investigations de C.J. van Duijn et al.,

ou I’analyse d’un schéma numérique du modele microscopique décrivant le transport d’ions

'P. Knabner, C. J. van Duijn, S. Hengst, An analysis of crystal dissolution fronts in flows through

porous media. Part 1 : Compatible boundary conditions, Adv. Water Res. 18 (1995), 171-185.
2Gdr MOMAS (Modélisation Mathématique et Simulations liées aux problémes de gestion des

déchets nucléaires : 2439 - ANDRA, BRGM, CEA, EDF, CNRS) comme une partie du projet
“Modélisation micro-macro des phénomenes couplés de transport-chimie-déformation en milieux ar-

gileux”
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par un écoulement de soluté dans un milieu poreux est présenté. Ce soluté subit une réaction de
précipitation/dissolution a la surface du pore. Nous discutons la méthode numérique. Nous nous
intéressons ici a la chimie, qui est modélisée a travers une condition aux limites sous la forme
d’une inclusion différentielle ordinaire. Une méthode semi-implicite en temps combinée a une
approche régularisante est construite pour donner un schéma numérique stable et convergent.
Pour se départir de I’apparition de la discontinuité non-linéaire en temps nous proposons une
procédure itérative de point fixe. Pour achever cette étude, nous montrerons des résultats de

simulations numériques.
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4.1 Introduction

We study the diffusion of the solute particles transported by the Poiseuille velocity profile
in a semi-infinite 2D channel. Solute particles are participants in a first-order chemical reaction
with the boundary of the channel. They don’t interact between them. The simplest example,

borrowed from [8], is described by the following model for the solute concentration ¢*

oc* oc* 9% 9%
—D* — D* = in Q" = —-H H 1.1
Ot + q(Z) o™ 8(1‘*)2 922 0 n (07 —|—OO) X ( ) )7 ( )

where ¢(z) = Q*(1 — (z/H)?) and Q* (velocity) and D* (molecular diffusion) are positive
constants. At the lateral boundaries z = +H the first-order chemical reaction with the solute

particles is modeled through the following boundary condition :
D*0.c* +k*c* =0 onz=+H, (1.2)

where k* is the surface reactivity coefficient.

The natural way of analyzing this problem is to introduce the appropriate scales. They
would come from the characteristic concentration ¢, the characteristic length L g, the characte-
ristic velocity () g, the characteristic diffusivity D g and the characteristic time 7. The charac-

teristic length L p coincides in fact with the ” observation distance ”. Set now

c* ¥ z t* Q* D* k*
c é’x LR7y H’ TC’Q QR’ _DR’ 0 kR ( )
Then
Q=(0,400) x (=1,1), Ty =(0,400) x {—1,1}. (1.4)
Then the dimensionless form of (1.2) reads
oc QRTC 2 dc DRTC DRTc .
e + Tr Ql—y )% — 2 DOyyc — ?Dﬁyyc =0 inQx(0,T) (1.5)
On I', we impose the condition (1.2)
DDRgT. 0 T.
LR TC _ptel on Ty x (0,T). (1.6)

H2 0y H

Problem involves the following time scales :

. S . L
T7, = characteristic longitudinal time scale = i
R
H2
Tt = characteristic transversal time scale = —
R

Tr = superficial chemical reaction time scale = .
R

and the following characteristic non-dimensional numbers
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_ LrQr

Pe = (Peclet’s number)
Dr
L%k
Da = HR—DJJ: (Damkohler’s number)

Further we set € = LER << 1 and choose T, = TT.. Solving the full problem for arbitrary
values of coefficients is costly and practically impossible. Consequently, one would like to find
the effective (or averaged) values of the dispersion coefficient and the transport velocity and an
effective corresponding 1D parabolic equation for the effective concentration.

In the absence of the chemical reaction, in [15] Taylor obtained, for the equation (1.1)
describing only a diffusive transport of a passive scalar, an explicit effective expression for the
enhanced diffusion coefficient. It is called in literature Taylor’s dispersion formula.

The problem studied by Sir Taylor could be easily embedded in our setting. We choose

HQr

T
Q@ = O(1), and T—T = 5. c= O(e*7%) = &2 Pe. Then the situation from Taylor’s article
L R

1
[15] corresponds to the case when @ = 1, i.e. Peclet’s number is equal to —, and kg = 0. Our
€

equations in their non-dimensional form are

0 5}
a—j +Q1 - y2)8—; = De®ypc+ D 28,c in IRy x (0,1) x (0,T)  (1.7)
c(z,y,0) =1, (x,y) € Ry x(0,1), (1.8)
o 1 Da o
—De 28yc|y:1 = —Dﬁ&,dy:l = kOEdy:l = k’(){-: +Bc|y:1 (19)
Oyc(x,0,t) =0, (x,t) € Ry x (0,T) (1.10)
and ¢(0,y,t) =0, (y,t) € (0,1) x (0,T), (1.11)

where it was used that ¢ is antisymmetric in y and Damkohler’s number was set to £°. Our
domain is now the infinite strip ZT = IR, x (0,1). We study the behavior of the solution

to (1.7) -(1.11), with square integrable gradient in z and y, when ¢ — (. Clearly, the most

interesting case is ‘ f=—« ‘and ‘ 0<a<?2 }and we restrict our considerations to this situation.

In this paper we prove that the correct upscaling of the problem (1.7)-(1.11) gives the

following 1D parabolic problem

( 2 4k0 _ ko _
) Mau “ 2 ozaw Mau k 1__2 a) Mau _
A QT gppe o H k(L g e
2
(De* + iQ—fs?—a)amcMau in Ry x (0,7) (EFF)
945 D ’

Maw o =0, M, =1, §,cM™ € L2(IR, x (0,T)).

We note that for kg = 0 and « = 1 this is exactly the effective model of Sir Taylor.



64Chapitre 4. Rigorous upscaling of a reactive flow through a pore, under important Peclet’s and Damkohler’s numn:

What is known concerning the derivation of the effective problem (EFF), with or without
chemical reactions ?

¢ In the absence of the chemical reactions, there is a formal derivation by R. Aris, using
the method of moments. For more details see [1].

¢ There have been numerous attempts at providing a rigorous justification for the approxi-
mation in absence of the chemical reactions. The most convincing is the ” near rigorous ”
derivation using the centre manifold theory by G.N. Mercer and A.J. Roberts. For details see
[9] , where the initial value problem is studied and the Fourier transform with respect to x is
applied. The resulting PDE is written in the form @ = Au + F(u), with u = (k,¢) . Then
the centre manifold theory is applied to obtain effective equations at various orders. Since the
corresponding centre manifold isn’t finite dimensional, the results aren’t rigorous.

¢ When the chemistry is added (e.g. having an irreversible, 1st order, chemical reaction
with equilibrium at y = 1, as we have), then there is a paper [11] by M.A. Paine, R.G. Carbonell
and S. Whitaker. The authors use the ”single-point” closure schemes of turbulence modeling by
Launder to obtain a closed model for the averaged concentration.

Hence the mentioned analysis don’t provide a rigorous mathematical derivation of the
Taylor’s dispersion formula and in the presence of the chemical reactions it is even not clear
how to average the starting problem.

It should be noted that the real interest is in obtaining dispersion equations for reactive
flows through porous media. If we consider a porous medium comprised of a bundle of capil-
lary tubes, then we come to our problem. The disadvantage is that a bundle of capillary tubes
represents a geometrically oversimplified model of a porous medium. Nevertheless, there is
considerable insight to be gained from the analysis of our toy problem.

Our technique is strongly motivated by the paper [14] by J. Rubinstein and R. Mauri,
where effective dispersion and convection in porous media is studied, using the homogeni-
zation technique. Their analysis is based on the hierarchy of time scales and in getting the
dimensionless equations we follow their approach. In our knowledge the only rigorous result
concerning the effective dispersion in porous media, in the presence of high Peclet’s numbers
(and no chemistry), is in the recent paper [2] by A. Bourgeat, M. Jurak and A.L. Piatnitski.
Nevertheless, their approach is based on the regular solutions for compatible data for the under-
lying linear transport equation. They suppose a high order compatibility between the initial and
boundary data, involving derivatives up to order five, construct a smooth solution to the linear
transport equation and then add the appropriate boundary layer, initial layer and the correction

due to the perturbation of the mean flow. The effective solution obtained on this way is an
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H'-approximation of order ¢ and an L?-approximation of order £2. Nevertheless, in problems
involving chemistry, it is important to have a jump between the initial values of the concentra-
tion and the values imposed at the injection boundary = = 0. This is the situation from [15] and

simply the compatibility of the data isn’t acceptable for the reactive transport.

Homogenization of a problem with dissolution/precipitation at the grain boundaries in

porous media, for small Peclet’s number, (o = 0) is in [3].

For the bounds on convection enhanced diffusion in porous media we refer to papers by

Fannjiang, Papanicolaou, Zhikov, Kozlov, Piatnitskii . . . .

Plan of the paper is the following : In the section 2 we study the homogenized problem. It
turns out that it has an explicit solution having the form of moving Gaussian as the 1D boundary
layers of parabolic equations, when viscosity goes to zero (see [6]). Its behavior with respect to

¢ and t is very singular.

Then in section 3 we give a justification of a lower order approximation, using a simple
energy argument. In fact such approximation doesn’t use Taylor’s dispersion formula and gives
an error of the same order in L°°(L?) as the solution to the linear transport equation. Further-

more, when o > 4/3 this approach doesn’t give an approximation any more !

In the section 4 we give a formal derivation of the upscaled problem (EFF), using the

approach from [14].

Construction of the spatial boundary layer taking care of the injection boundary is in

Section 5.

Then in sections 6 and 7 we prove that the effective concentration satisfying the corres-
ponding 1D parabolic problem, with Taylor’s diffusion coefficient and the reactive correction,

is an approximation in L>°(L?) and in L>°(L*°) for the physical concentration.

To satisfy the curiosity of the reader not familiar with the singular perturbation techniques,
we give here the simplified version of the results stated in Theorems 4.7.1, 4.7.2 and 4.7.3 in
Section 7. For simplicity, we compare only the physical concentration c® with ¢"%*_ Keeping
the correction terms is necessary in order to have the precision reached in Theorems 4.7.1,4.7.2

and 4.7.3, Section 7. Throughout the paper H (z) is Heaviside’s function.
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Theorem 4.1.1 Let ¢M be given by (EFF). Then we have

Ce2—30/2, if o<1,
[£2(c" — ™™ oo (0,7 0 2+) < (1.12)
Ce3/272=0 w5 >0, if 2>a>1.
”t3 (Ca — CMau) HLQ(O,T;L%OC(Z"')) < ng_a (113)

1£3(cF = MY | 202 (z4) < C(E2PHH(L —a) + /2734 H(a — 1)) (1.14)

loc

Ht38yceHLQ(O,T;LLQOC(Zﬂ) < C(e* P H(1 - a) + 373 H(a - 1)) (1.15)

1820, (¢ = M) 201,274y < C(E2THH(1 = a) + 275 H(a = 1)) (1.16)
Corollary 1 In the conditions of Taylor’s article [15], « = 1 and ko = 0, we have
1£2(¢" = M) oo oy w2y < CEV270, W8 >0, (1.17)
183 (¢ = MV 20,02, (z+y) < Ce (1.18)
Our result could be restated in dimensional form :

Theorem 4.1.2 Let us suppose that Lr > max{Dgr/Qr, QrH?/Dg, H}. Then the upscaled

dimensional approximation for (1.1) reads

deeelt 2 4 derelf 1 8 H2crelf
24 " pag)Q Y 1--p *76ff:D*<1 —P2>7
g T (5t pPan)Q 5+ (1 - gPar)e 545 )
(1.19)
where Per = is the transversal Peclet’s number and Dar = is the transversal

Damkohler’s number.

Finally, let us note that in the known literature on boundary layers for parabolic regularization,
the transport velocity is supposed to be zero at the injection boundary (see [5]) and our result
doesn’t enter into existing framework.

One could try to get even higher order approximations. Unfortunately, our procedure from
Section 4 then leads to higher order differential operators and it is not clear if they are easy
to handle. In the absence of the boundaries, determination of the higher order terms using the

computer program REDUCE was undertaken in [9].

4.2 Study of the the upscaled diffusion-convection

equation on the half-line
For Q,D,e > 0 and k > 0, we consider the problem

O+ Q0pu + ku = YDOypu in Ry x (0,T), Oyu € L*(IR, x (0,T))
u(z,0) =1 in Ry, u(0,t) =0 at x =0.

(2.20)
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The unique solution is given by the following explicit formula

—];?t 1 @ Foo _ 2 t+oo _ .2
w(z,t) = e (1—7 ewD/x_Hng” dn+/x_th” dn ) 2.21)
s
2/~ Dt 2/~ Dt

The explicit formula allows us to find the exact behavior of u with respect to . We note that

for o € [0, 1], we will set v = . For a € [1,2), we choose v = 27, The derivatives of u
are found using the computer program MAPLE and then their norms are estimated. Since the
procedure is standard, we don’t give the details. In more general situations there are no explicit

solutions and these estimates could be obtained using the technique and results from [6].

First, by the maximum principle we have
0 <u(x,t;y) =u(x,t) <1 (2.22)
Next we estimate the difference between x ., and u. We have
Lemma 4.2.1 Function u satisfies the estimates
/000 |e_hx{z>@t} —u(t,x)| de =3 ’yDte_Et +Cy (2.23)
le™ X ey — Wl mso(my)) < CYV@, W € (1,+00). (2.24)
For the derivatives of u the following estimates hold
Lemma 4.2.2 Let ( be defined by
(T)T for0 <t < Dn,

Cty=14 D7 (2.25)
1 otherwise,

withr > q > 1. Then we have

1S3l agoryx my ) + 1€t Lao.1) %,y < C(yD)™ i/ CD=1/22/a=1) g o2 3
(2.26)

1€l (0.)x ey + ICEOull 207y < C((VD)‘llog(%))l/s 2.27)
Now we estimate the second derivatives :
Lemma 4.2.3 Let  be defined by (2.25). Then the second derivatives of u satisfy the estimates
1€ uetll Lao,1)x my) + 1€ utal| Lao,myx Ry ) + ICE) ezl Lag0,1) xR
< Cq(Vﬁ)min{l/@q)—l,?/q—?}’ q#3/2 (2.28)

@)l /20,1y x s ) 11wt | L3720,y x sy T 1€ E) Uzl L3720,y x )

~ 1 \28
<C((vD) log(yb)) (2.29)
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For the 3rd order derivatives we have :

Lemma 4.2.4 Let ¢ be defined by (2.25) . Then

O (C)W) | La((0,7)x Ry + NC(#)Ouattrl La((0,1)x RS )

HICH)Drrull Lo (0.1 xmy) < Ca(¥D)Y973, g > 1 (2.30)
0z (C)W | L1 (0,7)x R4y + N1C()Owatal| L1 0,7y x RS
. 1
+[I¢(O)Dreull 10,1y x sy < Cr(¥D) ™ log o (2.31)

4.3 A simple L? error estimate

The simplest way to average the problem (1.7)-(1.11) is to take the mean value with respect
to y. Supposing that the mean of the product is the product of the means, which is in general

wrong, we get the following problem for the ” averaged ” concentration ch / (z,t):

8cgff @acgff N koceff _ EaDacgff
ot 3 Ox 0 Ox?

in R, x (0,7),
(3.32)

89508ff € L2(R+ X (OvT))a Cgff‘tzo = 17 Cgff|:c=0 =0.

-2 _
This is the problem (2.20) with Q) = EQ’ k = kg and D = D. The small parameter  is equal

to €*. Let the operator L° be given by

0 0
L5¢ = 8—§ +Q(1 — y2)8_i — De® <ax:c< + 5_2ayyC> (3.33)

The non-dimensional physical concentration c® satisfies (1.7)-(1.11), i.e.

L5 =0 in Ry x (0,1) x (0,7T) (3.34)
&(0,4,t) =0 on (0,1) x (0,T) (3.35)
Oyc™(2,0,t) =0 on IRy x (0,7 (3.36)
—De“ 20, (z,1,t) = koc®(2,1,t)  on IRy x (0,T) (3.37)
¢(2,,00=1 on Ry x (0,1) (3.38)

We want to approximate c® by cgf ! Then
L(cg!T) = —kocg!! + Qouc T (1/3 — y?) = R°
£ =My = —R® in Ry x (0,1) x (0,T) and (3.39)

—De* 29, (" (x,1,1) — ;) = koc*(2,1,¢)  on Ry x (0,T) (3.40)
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Let U(z) = 1/(z + 1). Then (9,¥?)?/¥? < 4¥2. We have the following proposition, which

will be useful in getting the estimates :

Proposition 4.3.1 Let g%, £ and R be such that Vg° € HY(Zt x (0,T)), W& € L2(ZF)
and VR® € L*(Z* x (0,T)). Let &, W€ € C([0,T); L*(Z1)), ¥V, & € L2(ZT x (0,T)),

be a bounded function which satisfies the system

L&) =—Rin ZT x (0,T) (3.41)
—De®?0,€|y=1 = ko&ly=1 + ¢°|y=1 and 9,&|,—0 =0 on Ry x (0,T) (3.42)
flimo =& on ZT and £|,—9 =0on (0,1) x (0,7T). (3.43)

Then we have the following energy estimate

een =y [ vwren a3 [ [ v

|0, 512} dxdydr—i—kO/ €%,=19%(2) dedr < — / / ©)2R°¢ drdydr—
R, Z+
/ / Flye1€ly1 () dadr + 2D / / )22 dudydr.  (3.44)
Ry Z+
Proof. We test (3.41)-(3.43) by ¥?(z)¢ and get
1 2 2 « ! 2 —2 2 2
= [ e()2(x) dady + De U2 (@) {20, €P? + 10.€[* | dedydr+
2 )7+ 0o Jz+
t “+o00 1
ko / / €2,=19? dadr < / (€5)2V%(z) dady—
0 Jo 2 )7+
t +oo t
ko / / (9°6)|y=1Y? dodr — De® / / 0,6€0, V2 (z) dzdydr. (3.45)
0 JO 0 JZ+
Next, we use that
t D t
De® / 0,0,V () dadr < —€® / / U?(2)]0,£)? dedydr
0 Jz+ 2 Jo Jz+
t
+2De® / / U2 (2)|¢)? dedydr (3.46)
0 JZz+
and get (3.44). m This simple proposition allows us to prove

Proposition 4.3.2 In the setting of this section we have

e oy FO

19 (2)(c5 — /)| oo o.re22(, x(0.1)) < € /25 (3.47)
e o FY

19 (@)0: (¢ — e Dllz0z 020, %0y < €7 (3.48)
e JF°

19 ()2, (e = g )llzz0zic2(m, x 00 < ¥ (3.49)

where  F* = CT |0y | 1204y + CF ko < CF e/ (3.50)



70Chapitre 4. Rigorous upscaling of a reactive flow through a pore, under important Peclet’s and Damkohler’s num

Proof. We are in the situation of Proposition 4.3.1 with {§ = 0 and ¢g° = ko ch 7 Consequently,

If

for &€ = ¢ — ¢’ we have

t +o00 1
E(&,t) < k:o/ / cgff(/ & dy — ¢l y=1)V? dedr + 2De"
0 Jo 0
t t
/ / €292 (2) dedydr — / / Q(1/3 — y?)E0, T W2 dudydr., (3.51)
0 Jz+ 0 JZzZ+

It remains to estimate the first and the third term at the right hand side of (3.51). We have

t
\ / / Q5! ()3 — 4?/3)0,6V? () dadydr] (3.52)
0 Jz+
t +o0 1 D t
and ko\/ / cgff(/ € dy — €|y=1)V?% dadr| < —50‘/ /
0 Jo 0 8 Jo Jz+
k2 t +o0
U2(2)|0,¢|? dedydr + 5%2—“ / / (1?02 dadr. (3.53)
0 JO

After inserting (3.52)-(3.53) into (3.51) we get

t +o00 2]‘6’2 32 Q2
£ — ) <o / / 2K ety 4 B2 @9 112 V02 dudr
0 o Jo { D0 315 D 10 }

t 1 +o0
+ / / / 2D W () (¢ — ) dadydr, (3.54)
0 JO 0

and after applying Gronwall’s inequality, we obtain (3.47)-(3.49). m

Corollary 2

[ — C(e)ffHLOO(QT;LQ (Ryx(0,1) < Cel s/t (3.55)

loc

Remark 8 It is reasonable to expect some L' estimates with better powers for €. Unfortunately,

eff)

testing the equation (3.39) by the regularized sign (c® — ¢y’ ), doesn’t lead to anything useful.

Hence at this stage claiming a /< estimate in L' is not justified.

Remark 9 There are recent papers by Grenier and Gues on singular perturbation problems. In
[5] Grenier supposes that Q) is zero as x at x = 0, together with its derivatives. Such hypothesis

allows better estimates.

Remark 10 The estimate (2.23) implies that exp{ _kOt}X{x>Qt} is an approximation for the

physical concentration which is of the same order in L°°(L?) as cgf !

Remark 11 For o > 4/3 the estimate (3.55) is without any value.
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4.4 The formal 2-scale expansion leading to Taylor’s

dispersion
The estimate obtained in the previous section isn’t satisfactory. At the other hand, it is
known that the Taylor dispersion model gives a very good 1D approximation. With this motiva-
tion we briefly explain how to obtain formally the higher precision effective models and notably

the variant of Taylor’s dispersion formula, by the 2-scale asymptotic expansion.

We start with the problem (3.34)-(3.38) and search for c® in the form
& =z te) +ect(z,y,t) + 23 (x,y,t) + ... (4.56)
After introducing (4.56) into the equation (3.34) we get
go{atco Q1 — 420, — Dsa_18yycl} + 6{8tcl+
Q1 — y?)duc! — D 18,,¢" — Dsa—layyc2} — O(e2) (4.57)

In order to have (4.57) for every € € (0,¢¢), all coefficients in front of the powers of € should
be zero.

The problem corresponding to the order £ is

—Doyyct = —e7Q(1/3 — y*)0,® — (9 + 2Q0,°/3) on (0,1),

dyct =00n y=0 and — DIyc' = koe P on y=1

(4.58)

for every (x,t) € (0,400) x (0,7). By the Fredholm’s alternative, the problem (4.58) has a

solution if and only if
9 +2Q0," /3 +koc® =0 in (0,L) x (0,7). (4.59)

Unfortunately our initial and boundary data are incompatible and the hyperbolic equation (4.59)
has a discontinuous solution. Since the asymptotic expansion for c¢ involves derivatives of ¢,
the equation (4.59) doesn’t suit our needs. In [2] the difficulty was overcome by supposing
compatible initial and boundary data. We proceed by following an idea from [14] and suppose
that

Orc® +2Q0,/3 + koc® = O(e) in (0,400) x (0,7). (4.60)

The hypothesis (4.60) will be justified a posteriori, after getting an equation for ¢°.
Hence (4.58) reduces to

—Ddyyct = —e172Q(1/3 — y?)0,° + e 7%koc® on (0, 1),

(4.61)
dyct =0on y=0 and — DIyc! = koe! " on y =1
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for every (z,t) € (0,400) x (0,7), and we have

2

Y90+ C’o(m,t)), (4.62)

2 4
My t) = (B - L, 4 0 L

6 D

| =

where Cy is an arbitrary function.

Let us go to the next order. Then we have

—Ddyyc? = —e172Q(1 — y?)0,ct + DOyyc® — 17204t + Dedypc?
—e7 (8tco +2Q0,%/3 + koco) on (0,1), (4.63)
dyc* =0o0n y=0 and — DIyc* = ko' *clon y =1

for every (z,t) € (0,+00) x (0,T). The problem (4.63) has a solution if and only if

1
9y ® +2Q08,°/3 + ko (® +ect|,=1) + 58,5(/ ¢t dy) — e*D8p®+
0

1
sax(/ (1—9yHctdy) =0 in (0,4+00) x (0,7T). (4.64)
0

(4.64) is the equation for c* . In order to get the simplest possible equation for c® we choose C

giving fol ct dy = 0. Now c! takes the form
1 _ l-a 0 Ly o
c(z,y,t) = 50 — 15~ 159)%¢ T 5§~ F)¢ (4.65)

and the equation (4.64) becomes

2 4k k ~
0 =0 2-a 0 2-a\ 0 _ _a o
5 k - = TT ) 9 .
Ok —|—Q(3 =D )0c® + ko (1 3¢ N’ =e*Dyec”  in (0,+00) x (0,T)
(4.66)
with
D= D+iQ—2 (4.67)
945 D :
Now the problem (4.63) becomes
2 4
Do 2= % g 0 y_y
;)yyc ! Qk{ {9451 2 )(26k: Q12
30_0__ _ AL 2@y o
k;so)}+2 P ( Zg)(G o)+ 5D e
0 .0 Y Y 0 a 0
o ) (Ol — Opr®) — 4.68
31DC 2(6 2 150 (%€ p ~ & @0z (468
Ly 0f0 o 0 2 _ _
G- D)0 QZ koD )} 20n (Ok:l) 9, =0on y =0
_Doy? = 2022y 02 N0 2-2a0 _
and Oyc D € OyC T 3D€ on y=1.
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If we choose c? such that fol ¢ dy = 0, then
2
9 92— 24 Q of 281 23 37 4 1 &
=l L . 1
clayt)=e D% \ 353600 " 1512 21607 T 1207
4 6

! 8) + ( © B Eag&mco)< 31 _ T v _ Y )+

o727 D2 D 7560 3607 T 72 360
Qko . o,v° v 112 11 ko . o
57 %¢ (g5~ 15 T 130~ 510) T (gpre
ko oo o vt y? 7 Qko , o K o, 1 o
5p° O )~ 5+~ 155) T (e —gpee) (5 v )} (4.69)

4.5 Boundary layer

If we add corrections to c’, the obtained function doesn’t satisfy any more the boundary
conditions. We correct the new values using the appropriate boundary layer.

Let ZT = (0,+00) x (0,1).

—Ay.B=0 for (z,y) € Z™ .

—9,8=0 for y=1, andfor y=0, (5.70)
2 4
Yy 7

P=% "1 150 @*=0

Using the elementary variational theory for PDEs, we get the existence of a unique solution

B € L? (Z%) such that VB € L? (Z1)2. Next, we note that the average of the boundary

loc loc

value at z = 0 is zero. This implies that fol B(z,y) dy = 0, for every z € (0,400). Now we

can apply the Poincaré’s inequality in H' :

1 1 1 1
/ @’ dysﬁ/ 0yl dy, Vo € H'(0,1), / p dy =0, (5.71)
0 0 0

and conclude that in fact 3 € H'(Z™). In order to prove that 3 represents a boundary layer,
one should prove the exponential decay. We apply the theory from [10] and get the following

result describing the decay of 3 as z — 400 :

Proposition 4.5.1 There exists a constant g > 0 such that the solution (3 for (5.70) satisfies

the estimates

+o0 1
/ / V-0 dydz < coe %, z>0 (5.72)
z 0

1By, 2)| < coe™ %, V(y,z) € ZT (5.73)

4.6 First Correction

The estimate (3.55) isn’t satisfactory. In order to get a better approximation we take the

correction constructed using the formal 2-scale expansion in Section 4.
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Let 0 < o < 2. We start by the O(£?) approximation and consider the function

2 4
eff .2 — Mau . 2—a (Q y__y__i
Cl (-f,y,t,f':) C ($7t,€) +e C(t) D( 6 12 180)
ocMaw ko 1 Y2
: Moo 2_¥ ot ) 6.74
g Tl P @) €79
where M is the solution to the effective problem with Taylor’s dispersion coefficient and

reaction terms :

( 2 4k k
Mau “ 0 2 a Mau 0 2 a\ Mau __
Osc +Q(3+45D )0uc™ O + ko (1 — D¢ )e =
Q2
(D + %35 a)axxCMau, in R+ X (O,T) (675)

CMau|m:0 — 07 CMau|t:0 — 17 axcMau c L2(]R+ > (O,T)),

8 2
D = De“ + %352 is Taylor’s dispersion coefficient. The cut-off in time ( is given by
(2.25) and we use to eliminate the time-like boundary layer appearing at ¢ = 0. These effects

are not visible in the formal expansion.
Let £¢ be the differential operator given by (3.33). Following the formal expansion from

Section 4, we know that £° applied to the correction without boundary layer functions and

cut-offs would give F} + F5 + F§ + F; + Iy, where

!
|
8
8
o
=
e
IS
‘@
o
|
Q
—
‘oo
+
—
—
|
<
o
N—
—
|<‘i
o
|
|@
=
|
|~
S~—
——

D 45 6 2
2 4 7
F§ — 62—04(% _ % _ @){axthau% — @ zzxcMCLUQ} (676)
T k
Féf — g2 a(g _ %){8thau50 N mchaukO}

2 k k2
F5€ _ E2—a{__8xcMauQD0 o Mau}

These functions aren’t integrable up to £ = 0 and we need a cut off ¢ in order to deal with them.
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After applying £° to cff 7 we find out that

Eff e 2—a MauQ 8 .2 Mau
ZF < Ora D 945 +Q(1/3 —y*)0,c

kocMau> (1= )+ ¢ 0 (oM D

ko

2D(3 yQ)CM““> = ®] and — Ea(cfff) = L5(cF — ciff) = —d] (6.77)

At the lateral boundary y = 1 we have

—De 209,21 = C(t) koM (6.78)
k eff -k Mau 2—049 2 Oy Mau _ 2—« kO Mau 6.79
e ymr = ho (M 2 L) Lot — e M) (679)

eff

Now c® — ¢}’ satisfies the system

L5(F — My = —@% in ZF x (0,7) (6.80)

—De*720,(¢° — &) y=1 = ko(¢® — ¢7T)|y=1 + ¢ly=1 on Ry x (0,T)  (6.81)

By(cF — I ,—o =0 on Ry x (0,T) (6.82)
(" — cfff)\tzo =0 on Zt and (¢ — cfff)|x:0 =ngon (0,1) x (0,7). (6.83)
with
9" = ko((t)e** (e M““425% cMauf—lO)) + (1= QkocM™ (6.84)
and 7§ = —€2_aC(t)aszau‘z:0(%2 — % — %)%. (6.85)

Now we should estimate ®] to see if the right hand side is smaller than in Section 3. We

have

Proposition 4.6.1 Let Or = IR, x (0,1) x (0,T). Let ¢ € H'(Or), ¢ = 0 at x = 0. Then

we have
t
[ ]| ¢Foi dadyar| < CE¥ 20N a1 Byl12c01
< C(E52H(1 - a) + 72 H(a - 1)) ||e**7 0,0 12 00 (6.86)
t
| /0 /Z (N)FSp dadydr| < Ced2=o)/2 <||g(7)amcMa“||L2(07t;L2(,R+))+

1C(7)Bnnc “Hm(w;m(m))) 10,0l 2op <

C(*2PH(1 - a) + 72 H(a = 1)) [0l 120, ©:87)
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t 2
|/0 /ZJr(l - ()axxcMau52—a%gp dzdydr| < 052—3a/2||€a/28x90||[/2(0t).

(1 = C)0ue™ ™| 120112, y) < C232 €000 12(04) (6.88)
|/ /Z+ (1= OQ(L/3 — y?)0ucM ™ dadydr| < C'0/2/210,ol| 12 0
(1 = Q)™ ™| 20 1.2, ) < C™ e * 0yl 12(00) (6.89)
4
204 Mau __y__i _ﬁl 2\ .Mau
|/ /Z+ De)e {0k 3 180 “apl3 Y

¢ dudydr| < Ce*=3/2||¢/ 8ICM&U”L2(O71€;L2(R+))HEQ/2_18y§0”L2(Ot) <
C(*52H(1 - a) + "2 H(a — 1)) [[e**71 0,0l 12 (00 (6.90)
Proof. Let us note that in (6.86)-(6.87) and (6.89)-(6.90) the averages of the polynomials in y

are zero. We write them in the form P(y) = 0, P;(y), where P has zero traces at y = 0, 1, and

after partial integration and applying the results from Section 2, giving us the precise regularity,

Mau

obtain the estimates. Since (1 — ()0zzC isn’t square integrable, we use the x-derivative in

order to obtain (6.88). m

Proposition 4.6.2 Let Or = IR, x (0,1) x (0,T). Let ¢ € H(Or), ¢ = 0 at z = 0. Then

we have
|/0t /Z+ (F5 ¢ dadydr| < C30|¢0,cM™ || 20 r2(m 1€ > 0yl L2 00)
<C(ETMH(1 - a) + 527 H (a0 - 1)) |67 0yl 12 0y (6.91)
|/Ot /Z+ (Ffg dadydr| < e/ (HCathau||L2(0,t;L2(1R+))+
Ea||<8erMau||L2(07t;L2(R+))> : ||5a/2_18y90||L2(0t) <

CETMH(L = a) + @ (0 — 1) [ 0l 20y (692)

t “+o00 1
|/ / C@mcMa“EQ_a(/ o dy — @|y=1) dadr| <
0 Jo 0

1
Ce 0™ || 20 412 /0 o dy — ely=1llr2(0,

<C(EMH(1L - a) + E A H (- 1)) |64 0yl 12 00 (6.93)
t +oo 1
[ coerme [ oty - el dodrl <
0 JO 0
053(1_Q/2) ”80(/2—18yg0HL2(0t) (694)

“+00 1
I// (1-¢ M”“(/O o dy — ply=1) dedr| <

C(eH(1 - a) + &> “H(a —1))[le** 0,0l 12 (00) (6.95)
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Corollary 3 Let o € HY(O7), ¢ = 0 at x = 0. Let ®5 be given by (6.77) and g° by (6.84).

Then we have
¢ t
\/ / O dedydr +/ / G ly=1¢]y=1 dadr| < C(El_o‘/QH(l —a)
0 Jz+ 0 JRy
s o210 = )| 0 ela0n + I Oellinon ) (696)

Next we should correct the values at x = 0 and apply Proposition 4.3.1. Due to the presence
of the term containing the first order derivative in z, the boundary layer corresponding to our
problem doesn’t enter into the theory from [10] and one should generalize it. The generalization
in the case of the periodic boundary conditions at the lateral boundary is in the paper [12]. In
our knowledge, the generalization to the case of Neumann’s boundary conditions at the lateral
boundary, was never published. It seems that the results from [12] apply also to this case ([13]).
In order to avoid developing the new theory for the boundary layer, we simply use the boundary
layer for the Neumann problem for Laplace operator (5.70). Then the transport term is ignored
and a large error in the forcing term is created. The error is concentrated at small times and by
eliminating them we would obtain a good estimate.

In order to use this particular point, we prove the following proposition :

Proposition 4.6.3 Let V(z) = 1/(1+x). Let g° and ®° be bounded functions such that ¥ g° &
HYZ*x(0,T)) and V®° € L*(ZT % (0,T)). Let &, V¢ € CO([0,T); L2(Z 1)), ¥V, € €
L*(Z* x (0,T)), be a bounded function which satisfies the system

LE(&) =—®° in ZT x (0,7T) (6.97)
—De®29,&| =1 = ko&ly=1 + ¢°|y=1 and dy€|,—o = 0 on Ry x (0,7T) (6.98)
€limo=0 on Zt and &u—0 =0o0n (0,1) x (0,7). (6.99)

Then we have the following energy estimate

E(thet) = t%/

t
U(2)2€2(t) dady + De / / \IJ(;U)QT%{E_2|8?J£|2+
Z+ 0 Z+

t t
|amg|2} dzdydr + ko / / T2R¢2|, 10 (z) dadr < O / / 7200 (2)2®°¢ dadydr
0 JRy 0 Jz+

t t
+// T2kga|y:1§|y:1\y2(a:)dmd7—I—CQDEO‘// 720 (2)2¢? dedydr, Yk > 1.
0 JR, 0 Jz+
(6.100)

Remark 12 Clearly we have in our mind £ = ¢ — cif ! Then C(t)0,cM™ has the required

Mau

regularity, since the cut-off erases the singularity. With c things are more complicated. By a
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direct calculation we have 9;cM* € L9(0,T; L*(IR.)), Vq € [1,4/3) and we get the required
A rl
Holder regularity by the Sobolev embedding. / / |&(z,y,t)|? daxdy is Holder-continuous
o Jo

with some exponent oy > 0, VA < 400, which is independent of ¢. In complete analogy, cgf !

If

defined by (3.32) has also the required regularity. Finally, the difference c® — cg satisfies the

equations (3.39) and (3.40) and it is zero at x = 0 and at t = 0. Then the classical parabolic
regularity theory (see e.g. [7]) implies the Hélder regularity in time of the L?-norm with respect

to x,y. After putting all these results together, we get the required regularity of &.

Proof. By the supposed Holder continuity, there is ¢y € [0, T}, tpr > 0, such that

1 “+o00 1 99 _ 1 —+o0 1 5o
/0 /0 €(e, . tar) PO (2) ddy = /0 /0 (e, 8) PV (2) do

@ tE[({i)T(] too
(6.101)
Then we have

tar 2 t tar
/ kT2k_1/ |§|2\I/2($) dxdyd’?' S / |£| ( M) \112(.7}')/ kTQk—l+aO dr
0 Z+ zZ+ 0

ag
tar

ko o 2 2
= —+¢ tay )W dxd 6.102
St ag M ZJQ(M) (v) dzdy ( )

and

1

t +o00
§t?\§/+ €12 (tar) 02 () davdy + ko/ / T2k¢2), 1V () dedr+
z 0 Jo

iy
/ D= / 2210, €2 (102 () dady + 92 / 724(0,€(r)¥2(x) dady) dr
0 z+ z+
tar t —+o00
< —/ / TR ¢ drdydr — k:o/ / 72%¢|y=10%|y=1V? (z) dzdr+
0 z+ 0 Jo
tar tv
De® / / 7202 (2)€2 dedydr + k / / e 1202 dedydr (6.103)
0 z+ 0 z+
Using (6.102) we get (6.100) for t = tj; and with Cy = 0. Getting the estimates (6.100) for
general ¢ € (0,T) is now straightforward. mNext, in order to use this estimate we should refine

the estimates from Propositions 4.6.1 and 4.6.2 . First we note that the estimate (2.28) changes

to

1500 c™ ™| Laco.r x4 ) F 18Ot ™ || Lagomyx iy ) + 1 Oaa™ ™ | a0y x 1)

< Cy(k)(yD)Y -1, (6.104)

Hence one gains go/4 (respectively g1/2=2/4) for the L?-norm. In analogy with Propositions

4.6.1 and 4.6.2 we have
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Proposition 4.6.4 Let Or = IRy x (0,1) x (0,7T). Let o € H*(Or), ¢ = 0 at x = 0 and

k > 1. Then we have

I/Ot /OOO /OlTkCFst dadydr| < C*C~ 2|78 0, ™| 20 112 () 1E™ 2 Byeell 20,
< (%M H(1 - a) + 4273 H(a - 1)) €27 9,0l 12 00 (6.105)
\/Ot /000 /01 (PS5 dudydr| < Ce¥C)/2 (HTkathMauHL2(0,t;L2(1R+))+
||Tk8mCMau||L2(0,t;L2(1R+))> €210yl 20y < C (374 H(1 — a)+
P3N H (o = 1)) %27 0yl 12 (0,) (6.106)
| /0 t /Z | (M F5 dadydr| < Ce D70, | 20 42 677 0012004
<C(E M H1 - a) + 527 H (a0 - 1)) )16 10,0 L2 04 (6.107)
|/0t /Z+ CTkaSO dzdydr| < Ced=8e/2 <HCTkatCMauHL2(0,t;L2(1R+))+
EaHCTkamcMauHL?(o,t;L2(1R+))> €28y 12(0,) <
C(™MHQI - a) +*C 9 H(a — 1)) |62 9yl 1200 (6.108)
[ e[ o dy— plyr) dudr] <
0 Jo 0 )
052_a\\7k8z0Mau”Lz(o,t;L?(JR+))H /0 o dy — ply=1 ”LQ(Ot)

<C(ETMH1 - a) + 2P H (o = 1)) e 0y ¢l 1200 (6.109)

t p+oo 1
| /0 /0 C(t)chMaug2—a(/0 ody — gp|y:1) d.rd7'| <

CES(l_a/z)||5a/2_18y90||L2(0t) (6.110)

Proof. These estimates are straightforward consequences of Propositions 4.6.1 and 4.6.2 . mWe

gain more with other terms :

Proposition 4.6.5 Let Or = IR, x (0,1) x (0,T). Let ¢ € H'(Or), ¢ = 0 at x = 0. Then
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we have

t poo 1 Q2
| / / / (1 — )P0, M =27 dadydr|
oJo Jo D

< 2392 (1 = Q)r 0™ o0 12y ) € B2

< C(Eka+2_3a/2H(1 _ a) + 5k(2_“)+2_3a/2H(a . 1)) H5a/28z80”[/2(0t) 6.111)
t 00 1
] [ a=araurs - ot duyar <

O 2| (1 = OT* 0™ || L2022, ) €% > Byl 22(04) <

C( ka+1—a/2H(1 —a)+ Ek(2—a)+1—a/2H(a _ 1)) ||50t/2—1a ¢||L2(Ot) (6.112)

4
k 2 o MauQ y__y__ 1 Mau |
|//Z+ O™ 5%~ 13 180} 2D(3 yH)et e}

¢ dxdydr| < 053_3a/2||</TkarCMau||L2(0,t;L2(1R+))||5a/2_lay90||L2(Ot) <

0(53—3a/2+a(k—1)H(1 _ a) + 53—3a/2+(2—o¢)(k—1)H(a _ 1)) ||5a/2_lay90||L2(Ot) (6.113)

Before applying Proposition 4.6.3 and getting the final estimate, we should correct the trace at

z = 0. It is done by adding

Q

6.114
D’ (6.114)

Eiff _ —EQ_QC(t)ﬁaaxcMau

where 3°(z,y) = [B(x/e,y) is the boundary layer function given by (5.70). Then for £ =

e cfff _ Efff

c we have

%58 + 82_a58<(t){8thMauQ—

LE(€) = —D° = —BF + 97 *Dpc™™ 5

e Oprac QY + 0:5° Q2( — y?)CEP DM — QO M (1) (2670, 37—
(1 — yQ)%) in ZT x (0,7) (6.115)

—De® 29,51 = koly=1 + g |y=1 — kOEQ_QC%axCMauﬁs\yzl on IRy x (0,T)
(6.116)
and 0,£%|,—0 = 0 on IRy x (0,7T) (6.117)
&li=o=0 on Z* and &|,—9=0on (0,1) x (0,T). (6.118)

We need an estimate for new terms. The estimates will follow from the following auxiliary

result

Lemma 4.6.6 Let (3 be defined by (5.70), let k > 1 and M the solution for (6.75). Then we
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have
I74¢' B0 | 0. 7)< csk—3/4{e-a/4H<1 o)
e/ 412 (o — 1)} < Ceh! (6.119)
178 ly=102c™ | L2 (0, x 7+) < Csk+1/4{€_a/4H(1 —a)+
A2 (0 — 1)} < Cet (6.120)
7¢O B0 | 20y 7+ < Csk_3/4{€_°‘/4H(1 - o)t
A2 (o — 1)} < Ceb ! (6.121)
17502870k ™ ™ || 12 (0,0 2+) < Csk‘5/4{€a/2f’f(1 —a)+
el =2 (o — 1)} < Ceh=o/4 (6.122)
175 ¢ B Oaac™ ™ || L2((0.0)x 2+) < Cek{(€_1/4_a/2 +elATBN (1 - a)+

(e/25/4 4 =5/2H30/4V T (o — 1)} < Cek=T/4 (6.123)

HTkCaxﬂeamchau”LQ((O,t)XZ“') < CEk_l{(€_1/4_a/2 + 81/4_3a/4)H(1 _ O[)-i—
(Ea/2_5/4 + 5_5/2+3a/4)H(Oé . 1)} < OEk_7/4 (6124)
Proof. We have

+o00 400 DT (33‘ _ TQ)2 dz
895 Mau €2 dr < C/ _ 0 _ — —
/0 [Orc FF e < 0 exp{ € exp{ 2vDr } y1TD

< C(eD7) 2 exp{—Cyr/e} dadr (6.125)

Now (6.119) , (6.120) and (6.121) follow by integration with respect to 7. Next,

oo Foo 2y0x (x —7Q)%, dx
) Mau e |2 dr < C/ 2 _ o _ _ —
[ o< [ - 20 (- ETALy 2

< C(eDT*) 2 exp{—Cyr/e} dudr (6.126)

and (6.122) follows. Since

175 CB 0nac™ | L2 (0,0 x 2+) < CUIT*CB 0™ ™ | 20,00 241+

1753 0™ | L2 ((0.pyx z+)) (€T H(1 = ) + e* 2 H (o — 1)) (6.127)

we get (6.122) and (6.123). m



82Chapitre 4. Rigorous upscaling of a reactive flow through a pore, under important Peclet’s and Damkohler’s nun:

Proposition 4.6.7 Let p € H'(O7), ¢ = 0 at x = 0. Then we have

¢
| /0 /Z+ Ez_aTkC(T)BE{OmcM““% —e” xmcMa“Q}go dxdydr|
<0 <{ 1CTR 0, M 0, B L2 ((0,0yx 2+ ) + EX T 2B O™ ™ | 200y 2+ }

lellr2(0.xz+) + € 2 {NCTF 0™ ™ B || 20,0 x 2+) + € ITFCO2a™ ™ (| L2 (0,0 2+ }

“5Q/28x80|’L2((07t)><Z+)> < GV (gl a0z + 1620l (0. 2+)) (6128)
t Q
\ /0 /Z+ 52_°‘C7-k8mcMa“g0< — 555(1 —y?) + 2e° x55)> dxdydr|

< CE (7€ 025 Ona ™ ™ || L2(0,0)x 2+) + 1770080 ™ ™ || 1200y 2+))

lellz2 (00 < CF~ 40l 1204 (6.129)

t
\/ / 52_°‘C7'k8xcM““8x55(1 — ) drdydr|
0 Jz+
< CET%¢0,8° 0. ™| 20,0 x 20y lell 2200y < CE**Mloll 22 (0, (6.130)

t “+o00
| / / kg Mang) L 67,y dudr]
0 0

< Ce¥ TFC0u 851 0™ ™| 20y x ) 1€ L2000 < CE* Tl ly=1ll L2 ((0.0)x 1))

(6.131)
¢
|/0 /Z+ EQ_QC'(T)TkﬁxcMa“goﬁa dxdydr|

< C TR B0 ™ | 20,01 20) 10l 22 (00) < CEFOT 40l 12 0, (6.132)

Now the application of Proposition 4.6.3 is straightforward and after considering various

powers we get

Theorem 4.6.8 Let ¢ be given by (6.75), let cif ! be given by (6.74) and Eff I by (6.114).

Then we have

1£3(cF — et (@, te) — &) 02y x0ay) < C(E2 2 H (1 — )+

loc

30-0/D2 [ (o — 1)) (6.133)

3 )
120, (¢ — ¢t (z,t6) — &) 20z (e, x(01)) <

loc

Cel =2 (379 (1 — ) + 30722 (o - 1)) (6.134)

120, (¢ — Ciff(ﬂfat;é) - Eiff) 2200102 (s x(0,1)) =

loc

C€_a/2 (53—901/4H(1 _ a) + 63(1—a/2)/2H(a — 1)) (6135)
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4.7 Error estimate involving the second order in expan-

sion

The most important power of o is @ = 1, which describes Taylor’s scaling. In this case
our approximation is of order £3/4. Nevertheless, it is interesting to reach the order ¢ at least in
this case. Also, it could be of interest to get the higher order estimates, which can be useful for
¢ which is not very small.

Clearly, the estimate isn’t sufficiently good due to the terms (F} and (5. When deriving
formally the effective equation, we have seen that they could be eliminated by introducing the
next order correction. Following the formal expansion we find out that cif 7 should be replaced

by 77 + &7 where

' = _54_2a%<(t){QamcMau <452386100 + 1?1))2 v~ 0¥ T %yﬁ_
6%y8 B Bl) (e — peo xxxcMau)<_ %yG n 7—12y4 _ %f_
% — B2> } - 64‘26“%4(75){62@61‘““ <$y6 - 1—181/4 + %?f - % - B:a)
—i—%(ﬁtha“ — De®ppcMav) < = 1—12y4 + éyz - % - Bg,) +
%&ECM““ <% - B4> — %CM(W <% — y2> }, (7.136)
where Bj, 7 =1,...,5, are solutions to the boundary layers analogous to (5.70) which correct

those new values at z = 0.

Using this additional correction term we have

Theorem 4.7.1 Let cM be given by (6.75), let ¢£'7 be given by (6.74), &7 by (6.114) and
cgf ! by (7.136). Then we have

1£°(c" — &7 (z,t58) = &) | ooz (i, x01y) < C (BT H (1 — 0)+

loc

53(1_a/2)/2H(a _ 1)) (7.137)
[£°0y (c* — Ciff(% te) — Eiff) L2012 (Ry x(0,1)) <
Cel—a/2 (64—130</4H(1 —a)+ 53(1—a/2)/2H(a — 1)) (7.138)

[£°0, (¢ — ¢ (z,tye) — Eiff) 200102 (Ryx(0,1)) <

loc

Ce o2 (A1 (1 — ) + 07922 H (a - 1)) (7.139)
Proof. After applying the operator £, given by (3.33), to ¢© — cff F_ Eff F_ cgf 7 we obtain

a forcing term @5, analogous to (6.115). Let us study it. In fact it is enough to study what
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happened with ¢ Z?:1 F};. As we have seen in Proposition 4.6.5, Lemma 4.6.6 and Proposition
4.6.7, other terms are small. We have

— I and F¥ are replaced by

B 9 Q2E4—2a M
Ff:(l_y)T{_axxxc auPS( )Q+( (E(Etc -
De®0ypznc™ ™) Py (y)

- N Q2

54—2ap6 (y) % {8xtthau _ 2D5a8xxxthau + 52a8xxxxxcMauD2}

{axxthau . EaammszauD}_i_

(7.140)

281 28 5 3T 4 1
453600 ' 15127 ~ 2160” 120y 672

P8(y) = y87

v? ooyt 7 1 1 7 31

P =L Y p) = —p ,
W=% "1 1y W 60y+18y 1807 ~ 7560

Using (2.31) we find out, in analogy with (6.105)-(6.106), that

/ / / COFE| + | F)g| dedydr <

C<€4—13a/4H(1 —a)+ 53/2_30‘/4H(a _ 1)) ||90||L2(ot)> (7.141)

Vo € HY(O7), p =0atz =0and k > 2.
— F5 and FY are replaced by

( e (1 .2 Qk0€4_2a Maug D Maui_
F5 =(1-yvy%) D {8“0 DPﬁ(y) + (Oxtc )

1 Q kO
« Mau P 9 Mau Mau P
€ Ozax 4 2

N . k
F4€ = _54_2aP6(y) %20 {8xthau — e mmmCMauD}+

(7.142)
4 2« « Mau 2 2« Mau
Py(y )2D2 {8 — 2De%0ppic + D?e“*OppwaC

k
4-20 p cMau _ 05 Mau
+e W3 { Do oy

DQE Mau DkOE Mau
15 OraaC + 5 OrzC )

6 4
Y Y 11y? 11

here P =1/3— dP=2 -2 +-7 _ ~ U 2.31 find out,

where P, (y) /3 —y? and Ps 60 18+ 120 810 sing (2.31) we find ou

in analogy with (6.107)-(6.108), that

t roo pl ) )
/0 /o /0 TECUES| + |FE ||| dadydr <

C<€4—11a/4H(1 —a)+ 55/2—5a/4H(a _ 1)> el 2.0, (7.143)

VYo € H'(Or), p =0atx =0and k > 2.
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— It should be noted that the means of the polynomials in y, contained in Fy and F; aren’t
zero any more. Hence we can’t gain some powers of ¢ using the derivative with respect
to y of the test function.

— F5 and the boundary term k¢ (t)£2_°‘ ((%cM au QQ — (Mau Ko ) are canceled. At the

45D 3D
boundary y = 1 we have a new non-homogeneous term

~ au —2Q sz au
= (1 — )kgcMav — ¢et2 (45Dga MU Pyl =1+
ko

au k au
(WacM —e*on ) Pyly—1) (7.144)

and the principal boundary contribution is given by

2Qk2 ko
kr_4— 2a 0 Mau Mau
|// / o2 (B g Mo By + (0

2Da MY Pyly—1)ply—1 dadydr| < 0< M (1 - )+

5”2—“”4ff«x——1))\MﬂyzluLzaawxﬂig, (7.145)

— Other terms are much smaller and don’t have to be discussed.
After collecting the powers of € and applying Proposition 4.6.3 we obtain the estimates (7.137)-
(7.139). m

Theorem 4.7.2 Let M be given by (6.75), let <17 be given by (6.74), &7 by (6.114) and
cgf ! by (7.136). Then we have

187 (cF — ¢ (w, t;e) — - )HL2 (0,T5LL (Ry x(0,1)) =
C(e*3*H(1 )+€2 “H(a—1)) (7.146)
Hts (C6 f(l’vtaé) - chf) 22 (0,T5L2 (R4 x(0,1)) <
C(e"H(1—a)+e* *H(a—1)) (7.147)

Proof. First we prove the L°°(L!)-estimates (7.146). We test the equation for £ = ¢ —

cfff(x,t;s) —Eiff—cff

W/ <>mumw+m// 72K)g]y o [W2(2) dadr <

C’l/ / 2R (x |<I>E|da;dyd7'+/ / 2R 6% |y=1 |92 (2) dadr|+
zZ+ Ry

Cae® / / 7250 (2)2|¢| dedydT + k / / 2| w? dedydr, (7.148)
0 Jz+ 0 JZz+

with regularized sign of ¢ multiplied by W2 and get

Vk > 3. As before, the L'-norm of W2¢ is Holder continuous in time with some exponent

ag > 0. Consequently, arguing as in Proposition 4.6.3, we obtain

oiltlET ||tk\1/2£(t)||L1(Z+) < C(||\112(I)§||L1(Z+><(07T)) + ||\I/2§]€|y:1||L1(1R+><(07T))) (7.149)
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and (7.146) is proved.
The improved L?(L?)-estimate (7.147) follows from (7.146), (7.138) and the Poincaré’s

inequality in H' (see e.g. [4]). mNext we prove the corresponding L (L)-estimate. We have

Theorem 4.7.3 Let M be given by (6.75), let ¢<!1 be given by (6.74), 577 by (6.114) and
cgf I by (7.136). Then we have

185(¢F — &7 (@, 1) — &7 — ) Lo (0.0 (o x(0.1)) < C(8) (84T H(1 — @)

+&327 0 H(a — 1)), V> 0. (7.150)
Remark 13 From the proof we see that C(§) has an exponential growth when § — 0.

Proof. Let M > 0, & = ¢ — ciff(:v,t;s) - E‘iff - cgff and &)y = sup{tF¢ — M, 0}.We test

the equation for & with W2£,, and get

1
5/ W@ 0) drdy+ D= [ [ WP ionen (P dodydrs
¥ 2/ /+ )20y (1) 2 da:dydT—i-ko/ / (Enrly=1+
z
M eulyr8e) dedr < 1| [ [ e iosley dadyir
t
+/ / 6% |y=16m | y=197 (2) dadr| +025a/ / 2R (2)2€2, dedydr  (7.151)
0o JRy o Jz+
Vk > 3, where 7°®§ = —77®5 + k7%~1¢. We suppose that

koM 2 sup TG (Ml o,y = <o (e*°2H(1 = a) + 207 H(a — 1))
- (7.152)

As in the classical derivation of the Nash-Moser estimate (see [7], pages 181-186)) we introduce

T
(M) = / / U2 dxdydt (7.153)
0 JZ+tn{tk¢—M>0}

Now in exactly the same way as in [7], pages 181-186, on a time interval which could be smaller

than [0, 7], but suppose equal to it without loosing the generality, we get

a7, = sup / W(x)2€2, (1) drdy + De® / / 210,600 (7) 2 dadydr
- 2/ / 2)*(0y6n (7)? dwdydr < BT BSY 3 0 14 (0.1 (M) /1,
q¢>2 (7.154)

Next, the estimate (7.154) is iterated in order to conclude that £ ;; = 0. Here we should modify

the classical argument from [7], pages 102-103, and adapt it to our situation.
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We note that, after making appropriate extensions,

1/2 1/2 _
1WellLaz+x0m)) < CO”‘I’90HL/2(2+x(0,T))”‘1’90HH/1(2+x(0,T)) < coe | ¢llvy,  (7.155)
Vo € Vi, ¢|la—0 = 0. As in [7], page 102, now we take the sequence of levels k, = M (2 —
27", h=0,1,.... Then

Bg—a/4
(Bn1 — k)i () < 19k, 2z x 01 < Ik, 11 (7.156)
kpy1 — kn

and

2660 || TH 5 || a7+ x (0,778 >/

al ,u(H”)M(k‘h)a k=1-—2/q>0. (7.157)

i (k) < 20

/4 (kp o) will tend to zero for h — oo if pu!/4(M) satisfies

_ k _a/4 —]_/H
2B60lIT* 5V || La(z+ x (0,7 > o 1/#? (7.158)

Vi) <

wian < -
(7.158) is satisfied if M equals the right hand side of the estimate (7.150). mNext result concern
higher order norms. It it not very satisfactory for large o and we state it without giving a proof,

which follows from the demonstrations given above.

Theorem 4.7.4 Let M be given by (6.75), let <17 be given by (6.74), &1 by (6.114) and
cgf ! by (7.136). Then we have

1£°0:( = i (2, 136) = &) w0122, (1 < 0,1 < C(ETPHH(L — )+

loc

e1=2/D2F(a - 1)) (7.159)

[£°0, (cF — e (z,t;e) — Eiff) 220,302 (Ryx(01)) <

loc

0(54—1504/4H(1 —a)+ g(l—a/Q)/2H(a — 1)) (7.160)

Final improvement concerns the L°°(L?)-norma for small values of .. As mentioned in
the proof of Theorem 4.7.1, the reason was that Ff and F?f didn’t have zero means with res-
pect to y. Nevertheless, when computing the term c? in the asymptotic expansion, there was a
liberty in adding an arbitrary function C's of x and ¢. This function can be chosen such that the

1-a/2 Unfortuna-

appropriate means are zero and estimates (7.137)-(7.139) are multiplied by €
tely, there is a new contribution of the form @ P> (y)0,C5. Its norm destroys the estimate for
a > 4/5. Since this amelioration isn’t of real importance we just give it as a result. Proof is

completely analogous to the preceding ones.
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Corollary 4 Let cM be given by (6.75), let &1/ be given by (6.74), /7 by (6.114) and 577
by (7.136). Let the polynomials Pj(y) be defined by (7.140) and after (7.142). Finally, let Cy be

given by
9Cy  2Q0C;  , 9°Co  Qko Mau &
ot v 3 o0 Pz~ p (% /1‘ )Puly) dy
1 1. [t Q
Mau Lo Mau — 2 Mau __
+H(Onec™ ™ 555 — &% Onzac 2)/0( v )Pa(y) dy + (z 5 0x¢

K ! ’ 1

61% Mau)/o (1—4%)Po(y) dy} g2g( ){ — 8meM““Q/O (1—y*)Ps(y) dy
1

+(8mmtc DE 8xxxxc )/ (1 - yz)Pﬁ(y) dy} in R+ x (O’T)’ (7161)
0

0;Co € L*(IRy x (0,T)), Cali=o =0, Cyls—o = 0. (7.162)

Then for a € [0,4/5] we have

[£°(cF — e —eglt — e5ft — Ol poc0,1322, (R4 x(0,1)) < CePm1Te/ (7.163)
1890, (¢ = =e!T = &7 = &) 2022 (o 01y < C19/* (7.164)
1820, (¢ = 57T — et — 51T — &) L2(0.7:22 (R x(0,1)) < g 19a/4 (7.165)
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résumé-abstract : Nous étudions dans cette partie les équations de Stokes. Nous nous
placons dans le contexte de la mécanique des fluides et rappelons les résultats les plus impor-
tants de 1’analyse du probleme. Aprés une explication générale de la méthode des éléments
finis, nous donnons une analyse de I’élément [P;+bubble-P; appliqué au probleme de Stokes,
en donnant les détails des calculs des foncions de base dans le cas tridimensionnelle et des cas

tests variés pour valider I’approximation.

5.1 Introduction

Les premiers modeles mathématiques décrivant le mouvement d’un fluide sont alloués
historiquement a Euler et Lagrange et datent du XIIleme siecle. La description eulérienne du
mouvement d’un fluide donne une distribution spatiale des vitesses tandis que la description
lagrangienne donne la vitesse en chacun des points du fluide. Dans la premiere le repere est fixe
alors que dans la seconde il est attaché a la particule. En fait les deux descriptions proviennent
de la loi de Newton qui lie I’accélération aux forces qui agissent sur la particule. En mécanique
des fluides on ne considere que la description eulérienne. Au niveau le plus élémentaire le com-
portement d’un fluide laminaire est décrit par un ensemble d’équations fondamentales. Parmi

elles on trouve,

— la continuité du fluide,

— I’équation du mouvement,

En plus de deux relations qui donnent la déformation du fluide et le taux de déformation.
En relaxant les deux premicres et en utilisant les deux relations pour éliminer la déformation et

le taux de déformation on obtient les équations de Navier-Stokes (7.28) pour un fluide incom-
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pressible trouvées en 1821 par C.L. Navier! et G.S. Stokes?.

w.Vu—vAu+Vp=f (1.1

Au niveau microscopique , et dans le cas d’un écoulement lent on peut négliger les termes
d’inertie dans I’équation, le fluide est alors considéré comme visqueux et les équations de

Navier-Stokes se réduisent a I’équation de Stokes (7.29).

—vAu+Vp=f (1.2)

Le but de cette discussion n’est pas d’entamer une révolution dans I’ abondante littérature
qui traite du sujet, mais de fournir une revue du champ mathématique aussi compléte que pos-
sible dans les références de la théorie aux applications. Notre intérét serait plus de souligner
une méthode numérique pour résoudre les équations, que nous utiliserons dans le chapitre sui-
vant, basée sur une méthode spécifique de type élément fini, efficace, précise et qui donne
des résultats aussi bien en deux dimensions qu’en trois dimensions sous des hypothese raison-
nables et des conditions aux limites choisies. Nous voulons obtenir une bonne approximation
de la vitesse dans un polygone convexe de la méme facon qu’une approximation de la pression
satisfaisante.

Ce travail est motivé par 1’étude d’écoulement complexe que nous rencontrerons plus tard
dans le document, la convection diffusion de concentrations de substance chimique, a I’échelle

du pore.

!Claude Louis Navier (1785-1836), étudiant de Fourier 4 1’ Ecole polytechnique, Navier entre a
I’Ecole des Ponts et Chaussées en 1804. Navier prend en charge les cours de mécanique appliquée
I’Ecole des Ponts et Chaussées en 1819, devenant professeur en 1830. Il a changé la fagn tradition-
nelle d’enseigner afin d’insister plus sur les aspects physique et mathématique de la discipline. II trouva
I’équation qui porte son nom en 1821 pour I’écoulement d’un fluide incompressible. Jusqu’a aujourd’hui

I’étude des équations de Navier-Stokes reste encore inachevée a cause de leur complexité.
2Georges Gabriel Stokes (1819-1903), étudiant au college de Bristol a Londres a I’age de 16 ans,

Stokes entre a Cambridge en 1837 . Encadré par William Hopkins, il est diplomé en tant que Senior
Wrangler (le premier dans les plus titrés) dans le Tripos mathématique en 1841, et il a été le premier
titulaire du prix Smith . Un de ces articles les plus célebres est intitulé “On the steady motion of incom-
pressible fluids” publié en 1842. Apres qu’il ait trouvé ces fameuses équations, Stokes découvrit qu’il
n’était pas le premier a 1’obtenir. En 1849 Stokes est nommé Professeur Lucasien de Mathématiques a

Cambridge (la chair de Newton). Il obtint la médaille Rumford de la société royale en 1852.
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La structure de notre discussion sera la suivante, en partant de la forme continue du
probléme, les espaces de solution H? et H' conduiront & des résultats de régularité impor-
tants analysés dans la premiere partie. La seconde traitera des propriétés et de 1’approximation
par élément fini de ces espaces. Nous rappellerons les résultats les plus importants de 1’analyse
numérique du probleme. Apres une explication générale de la méthode des éléments finis, nous
donnons une analyse de 1’élément P;+bubble-P; appliqué au probleme de Stokes, en donnant
les détails des calculs des fonctions de base dans le cas tridimensionnelle et des cas tests variés

pour valider I’approximation.

5.2 Probleme continu, résultat de régularité et formu-

lation mathématique

La solution du probléme de Stokes admet des dérivées secondes de racine intégrables. Un
tel résultat de régularité est important pour 1’analyse des méthodes numériques de résolution
de ces équations. Ce résultat est du a R.B. Kellog et J.E. Osborn dans [1]. Introduisons la

formulation du probleme. Le systeme d’équations différentielles de Stokes s’écrit :

—vAu+Vp = f inQcRYd=23
divu =0 sur §2 (2.3)
u = 0 ou des conditions aux limites sur 02

f : Q — R? est une fonction donnée tandis que u : @ — R%etp : Q — R sont
des inconnues. C’est le cas de I’écoulement de fluide avec une trés importante viscosité (un
nombre de Reynolds petit Re = pupL/U). Ici, nous considérons une condition aux limites
de type Dirichlet mais aussi d’autres conditions impliquant les dérivées normales de u ou des
combinaisons linéaires entre u et p sur 9€2 sont aussi possibles.

Nous avons les théoremes suivants,

Théoréme 5.2.1 Si f € L?(Q), et soient u et p des solutions générales de (8.30). Nous sup-
posons que 0X) est réguliere, alors v € H?(Q) et p € H'(Q) et il existe une constante C

dépendant seulement de §Q telle que,

lull g2y + 1VPl i) < C (12 + 1Pl 22 ) - (2.4)

Théoreme 5.2.2 Si ) est un polygone convexe alors, sous les mémes hypothéses du théoréme

5.8.1,
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lull g2) + IVPl 1) < C (11 L20)) - (2.5)

Cela nous donne des espaces continus H?2(€2) et H'(Q) auxquels appartiennent les solu-
tions continues du probleme de Stokes. Les méthodes numériques sont basées sur ce principe :
Trouver des espaces discrets pour la vitesse et la pression qui réalisent des approximations cor-
rectes des espaces continus, et 1’analyse numérique se concentre sur les criteres de distance

entre les solutions discretes et les solutions continues.

Remarque 6 Dans la plupart des livres d’analyse numérique le probleme de Stokes s’ exprime
légerement différemment de (8.30) voir [3]. Soit f f € L?(Q) ou H=1(Q), trouver u € H' ()
et p € L*(Q) tels que,

—vAu+Vp = f dans ()
div(u) = 0 dans$)

(2.6)
par définition de H™(SY), si f € L*(Q) alors u € H*(Q) etp € HY(Q), si f € H~Y(Q) alors
u€ HY Q) etp € L3(Q).

Maintenant définissons rigoureusement la formulation variationnelle du probleme (8.33).
En s’inspirant de [5] nous supposons f € L2() etv € H}(2). Nous appliquons la formule de

Green a la premiere équations de (8.33).

v(Vu, Vo) — (p,divo) = (f,v) Yv € D(Q), (2.7)

et ainsi,

v(Vu,V,v) = (f,v) Yov e {veD()|divv = 0}.

Définissons les espaces Vy;,, = {v € V|divo = 0} un sous ensemble fermé de V.
La forme bilinéaire a(w,v) = v(Vw, Vv) w,v € V est coercive sur Vi, v, sachant
que I’application v — (f,v) est linéaire et continue sur Vg, le lemme de Lax-Milgram nous

assure que le probleme

find u € Vi @ a(u,v) = (f,v) Yo € Vi (2.8)

admet une solution unique.
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Théoreme 5.2.3 Soit Q un domaine borné de R? de frontiére lipschitzienne continue , et pour
tout f € L?(Q), soit u la solution de (8.35). Alors il existe une fonction p € L?(SQ), qui est

unique a une constante additive pres, telle que,

a(u,v) — (p,divv) = (f,v) YveV. (2.9)

C’est une des formulations variationnelles les plus couramment utilisées. Une différente

approche est de définir I’espace Q = L2(12),
L) = o € X [ a0}
et la forme bilinéaire
b(v,q) = —(¢,divv), veV,qeQ,

du théoreme ci-dessus nous déduisons que le probleme,

findueV,pe@:
a(u,v) +b(v,p) = (f,v) YveV (2.10)
b(u, q) = 0 Vge@

admet une solution unique, la pression définie & une constante additive pres. La solution
de (8.37) est aussi une solution de (8.34). Cette équation est valable presque partout pour f €
L?(€2). (8.37) est la formulation faible du probleme de Stokes.

5.3 Approximation par élément fini du probleme de

Stokes

Pour plus de détails nous citons comme référence le livre [4]. Les méthodes non-
conformes sont les méthodes d’éléments finis les plus naturelles au sens qu’elles permettent
de construire un sous-ensemble de dimension fini de I’espace des fonctions que I’on veut ap-
procher. Soit 7, une partition de €2 en triangles et K, K deux triangles. Un approximation
non-conforme de H'(Q) est un espace de fonctions continues définies par un nombre fini de
degrés de libertés. Pour des éléments triangulaires il est habituel d’utiliser des éléments finis
linéaires par morceaux sur K. La condition de continuité entre K et k est obtenue par une
transformation affine. Soit P (K') I’espace des polyndme de degré < 1 de dimension 3 dans R?

et 4 dans R3. Pour définir un élément fini on doit spécifier trois choses conf. [2].
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— La géométrie basée sur un élément de référence K et un changement de variables F()

A~

tel que K = F(K).
— Unensemble P; de polyndmes sur K. Pour pE Py on définit p=p°F~!
— Un ensemble de degrés de liberté f), qui est une ensemble de formes linéaires {Zi}lgigg
sur P
L’ensemble est unisolvant quand les formes linéaires sont linéairement indépendantes. Un
élément fini est de type Lagrange si ses degrés de liberté sont des noeuds. Soit un ensemble
{d;}1<i<3 de points dans K et soit [;(p) = p(a;) 1 < i < 3. Approcher H'() avec
un élément de type Lagrange est suffisant. Cependant le choix d’un élément fini P; pour le
probleme de Stokes n’est pas suffisant car il ne satisfait pas la condition inf-sup qui assure que
le probléeme est bien posé (en particulier que I’opérateur linéaire associé au systéme linéaire
total est inversible). Cependant nous pouvons enrichir cet espace IP; avec des fonctions bulles
de degré deux qui s’annulent sur 0K . Cela donne une approximation stable et convergente du

probleme de Stokes.

5.4 Approximation de type Petrov-Galerkin avec stabi-
lisation bulle

5.4.1 condition inf-sup et estimations d’erreur

Nous procédons de la méme fagon que dans [6]. Soit une triangulation 7}, de {2 et nous

approchons la vitesse sur chaque élément K par un polynéme

Pi(K) = [Py + span{Ai, A2, A3 Aa]?, (4.11)

et la pression par un polynome P;. Les espaces d’éléments finis sont définis par

Vi, = {v € C°(Q)3, v|k € P1(K), v|r =0},
Qn = {q €3, q|x € P1(K), VK € Tp,}

Py, = QnNLA(Q).

Les degrés de liberté sont les valeurs de la vitesse au centre et aux sommets de K et le

valeurs de la pression aux sommets de K. Et le probleme discret s’énonce :
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Trouver une paire (up,v) € Vi, X P, satisfaisant :
a(up,vp) — , divo = U Yo, € V;
(un,vn) — (pn h) (f,on) Yon €V @12
(divup, qn) = 0 Vg eh

ou a est donné par a(u,v) = v(Vu, Vo).

Lemme 5.4.1 Si la triangulation T}, est réguliére, le doublet d’espaces (Vy, Py) satisfait la

condition inf-sup :

qh,divvh
sup {an, divon) > Bllanllcz)  Van € Ba
VR EVY thHHl(Q)

voir [6] pour les détails de la preuve.
Nous rappelons le théoreme de [6],

Théoreme 5.4.1 Soit Q2 un polygone borné et soit la solution (u,p) du probléme de Stokes
satisfaisant u € [H*(Q) N HY(Q)]4, p € HY(Q) N L3(Q). Si la triangulation Tj, est réguliére,

la solution (up, p) du probléme (4.12) satisfait les majorations d’erreur :

lu —unll gy @) + P = prllze@) < Ch {llullgz@) + Iplla @)} - 413)

Si Q est convexe, nous avons ’estimation L? :

||lu — UhHLQ(Q) < Ch? {”ZLHH2(Q) + ”pHHl(Q)} . 4.14)

5.4.2 Fonctions de base

Cette partie sera traitée en détails, en partant de la formulation variationnelle du probleme
de Stokes, mais découplée entre la partie linéaire provenant de la discrétisation P; et le
terme quadratique provenant de la fonction bulle, en finissant par la formulation algébrique
du probleme de Stokes. Nous procédons comme dans [18] et donnons la valeur exacte des fonc-
tions de bases de chacun des termes de ’équation dans le cas d’un domaine 2 U R3. Nous
considérons la formulation variationnelle du probleme de Stokes tirée de (4.12) ou 2 C R3 est

un domaine polygonal. Si (up, pr), (Vh, qn) € Vi, X Py, on peut définir :



5.4. Approximation de type Petrov-Galerkin avec stabilisation bulle 99

B(un, privn,qn) = v / Vuy, : Vupdz — / divoy, py, dx (4.15)
Q Q
— /divuhqhda:
Q
and F'(vp,qn) = /fvhda: (4.16)
Q

Le probleme (4.12) peut s’écrire

Trouver uy € Vy,, pn, € P, tel que,

B(un,pn;vn,qn) = Fup,qn) Vo, € Vi, Vap, € Py (4.17)

Nous considérons maintenant les espaces :

VhL = {vL = (vk,v%,v%) € [CO(Q)]3 : viL\T elP,:=1,2,3,T € ’Z'h}

et by = (bk, b2, b3) € [H}(T)]? bl prenant ses valeurs sur T, et nous définissons by =

(b},0,0), b% = (0,0%,0), b3 = (0,0,b3.) et

B = vect{b}, b3, b3, T € T}

L’espace d’approximation des vitesses est défini par Vj, = VhL @ B. Et définissons

by, = {Qh e C'(Q): / an =0,quyr € P1,T € 7%}
Q

Nous avons vu dans le paragraphe précédent que ces fonction vérifient la condition inf-sup
et conduisent a une approximation stable et convergente du probléme. Nous exprimons vj, sous

la forme d’une partie linéaire vy, et d’une partie “bulle” :

vp=vp+ Y (cpbl + bt + chbi) (4.18)
TET),

ouwvy € ViFetch, i, c3 € R VT € T;,. Le probléme (4.17) prend la forme :

Trouver up = uy, + ZTeTh(ClTblT + b3 + b3) € Vi, pi, € Py tel que
B(up, pr;vr,qn) = F(vr,qn) VoL € VE g € Py (4.19)

B(up, pp; b, qp) = F(by, qu) VT € Tpyq € Pryi=1...3
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Maintenant nous éliminons le terme “bulle” de I’équation. pour 7+ = 1, g, = 0 nous

obtenons :

v / V(ug, + chbl + b3 + b3 : Vbhdr— / div blppdr= / f.brdr
T T T

uy, est linéaire par morceaux, f est constante impliquant,

1// Vaur : Vbldr =0, 1// Vbl Vblerzv/ Vor|*dr,
T T T

Ph Ph
oop _ 1 0 _ _8 1
/ div prth / L ppdr= / by d < . >| / brdr

L’équation pour b1 devient :

vk / |Vbk[2dr + {%} / brdr = fp / bLdr
T T lrJr T

1 B . .
Cp peut s’exprimer par :

cl — fT deT % _f
T bk 2dr T

De la méme fagon nous obtenons :

2 — Jrbrdr [81% 2}

T VbR dr "
et

g e o

T Jp | Vb3 2dr | 02 T

Maintenant, la premiere équation de (4.19) donne,

u/ V(ur +up): VULdT—/diU(UL)pth
Q Q

—/ div (up + up)gpdr = / fordr Yo € Vit q, € P,
Q Q

Nous remarquons que

1// Vup : Vordr =0,
Q
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M3
/div(uB)qth: Z ZCZT/ div quth]
Q TeT, Li=1 T
- s i
= Z ZCZT/ gb?qth]
TcT;, Li=1 T 9L
M3
) % aq
= — Z CT Ta hd ]
TeT, Li=1 T t
rs 5
-3 cz_p/ (a%> b%pdT]
TeT;, Li=1 T \9%i /|1
i 2
¥ Z (Jyp ) {aph B fz} {aqh}
TeT, Lim1 f |Vb2 ‘2d7— a$z T 8.’1}1 T

Pour obtenir finalement,

Trouver uy, € VhL,ph € P, tels que
3 f b dT Apn ; a
= F(vr,qn) Yo € Vik,qn € By

qui peut s’exprimer par

Trouver uy, € VhL,ph € Py tels que

B(ur,pr;vr, qn)

Yren, R [ (grad(p) - ] [~gradan)] dr

(4.21)

= F(vr,qn) VoL € Vi qp € Py
5.4.3 La bulle a résidu nulle (RFB) appliquée a I’équation de

convection-diffusion

Nous faisons ici une petite digression pour souligner 1’effet stabilisant de 1’ajout de la
contribution “bulle” pour une équation de convection-diffusion. Dans certains cas la méthode
RFB (de la bulle a résidu nulle) est similaire a la méthode SUPG. Les simulations indiquent
une amélioration de la précision des résultats. D’apres [8] si nous utilisons une interpolation
bilinéaire de 1’espace de réduction dans une méthode de Galerkin et que nous I’enrichissons
avec des bulles de résidu nulle, nous obtenons une stabilisation différente de la diffusion des
caractéristiques. Et dans le cas ol I’espace de réduction est linéaire nous retrouvons la méthode

SUPG avec des parametres optimaux. Nous décrivons brievement la méthode.
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Nous prenons I’opérateur différentiel linéaire suivant,

L=-DA+V.(q)

D > 0 est la diffusion, ¢'la vitesse, u la concentration
u = 0 sur 0.

La méthode de Galerkin consiste a trouver uy, € V}, tel que,

a(up,vp) = (Lup,vy) = (f,on) Yo, €V (4.22)

Avec V}, défini précédemment. Chaque membre wuy, et vy, de I’espace des fonctions V, est
exprimé par par des polyndmes continus linéaires ou bilinéaires par morceaux plus des fonctions

bulles défini ci-dessous, i.e.,

Up = U1 + Up (4.23)

La partie bulle de I’espace admet une condition de Dirichlet homogene sur la frontiere de

chaque élément K, i.e.,

u, =0 sur 0K (4.24)

En prenant v; comme fonction test on a,

D(Vuy, Vi) + D(Vug, Vor) + (V.(qua),v1) + > (V.(qus),v1) ¢ = (f,v1)
K

En intégrant par parties,

D(Vuy, Vi) + (V.(qui),v1) + Y (Vo(qup) — DAy, v1) ¢ = (f,v1)
K

La partie a résidu nulle de la solution, u; peut €tre calculée comme solution de

—DAuy, + V.(qub) = —V.(qul) +DAuy + f

En testant avec vy on a,
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D(Vuy, Voy) + D(Vup, Vop) + (V.(qu1), vs) + Y (V.(qup) — DAup,vy) i = (f,05)
K

En intégrant par parties,

D(Vuy, Voy) + (V.(qua), v) + > (V-(qus) — DAy, vp) i = (f,vp)
K

Et la formulation variationnelle stabilisée de 1’équation de convection-diffusion s’écrit,

D(Vul, Vvl) + D(Vul, V’Ub) + D(Vub, V’Ul) + D(Vub, V’UbQ4.25)
+ (Vi(qua), o) + (Volqua),vp) + > (Ve(que), v1) + (V.(qup), vp))
K

(f>U1) + (favb)

5.4.4 La fonction bulle

La fonction bulle sur le tétraedre est définie par,

br = 4*¢1d2d30s avec

I miy1 Yis1 2z

1 Zigo Yir2 zig2
¢; = et ¢4 =1— 1 — P2 — @3

1z Yi Z;

I miy1 Yiv1 2z
1 Zigo Yir2 zig2

1 ®iy3 Yirs Zzit3

ou p1 = (x1,Y1,21) P2 = (22,Y2,22) P3 = (23,3, 23) P4 = (Z4,Y4, 24) sont les noeuds du

tétraedre.

Nous rappelons la formule suivante pour les coordonnées barycentriques,

011!042!043!
(d+ a1 + as + az)!

/T 631632438 = dI|T)|
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m_l T2 Y2 22

"=
d! 1 23 y3 =23

est la mesure de 1’aire du tétraedre.

Nous devons déterminer les coefficients sur chaque tétragdre :

1 (fT deT)2
|T|v [ |Vbr|2dr
Nous vérifions que [ brdr = 3% |T| et [.|Vbr|?dr = 845%%?% o S est la somme de la

1 (fpbrdr)®  ozrp?
‘T| VfT ‘VbT‘QdT — v140S

racine de I’aire de chaque face du tétragdre. Ainsi

Calculs

/ by dr — / 256 1oy dr — 256 / G196 — b1 — o — d) dr
T T T

— 256 (/ DLbads dT—/¢%¢2¢3 dr—/T¢1¢§¢3 dT—/T¢1¢2¢§ dT>

32

—256(3'|T|——3><3‘|T ) T

4 4
Vbr = V(256 ¢1adsds) = 256 Y Vi [ | ¢

=1 e
Jj=1

2

|Vbr|? = 2562 Vi H ®;

JF#i
7j=1

4 4 4 4
=256 | S"[Veil® [T 02 +2 > VeiVosoi0; [] 67
i=1 i i< ki
1,]= =

/ |Vbr|*dr = 2567 Z|v¢z|2/ qub2 dr +2 Z Vi qub]/ $id; H i dr

]757, i<J k;ﬁz]
i,j=1 k=1

8 1
/T G2202 dr = BIT|> = ||

91 7560

/T¢i¢?¢%¢l dr avec ¢; =1—¢j — ¢ — ¢
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donne,

/ﬁ%@w—éﬁ%@m—éﬁﬁ@m—éﬁ%ﬁw

12 12 8 1
=3 ("&‘&‘@) =iz

ainsi,

br|?dr = 2562 T 2+ 2 T .
[ vbrfar =256 | rZ|v¢>| o] @w V4,
ig=1
8192 P
P21

Il reste a montrer,

E]vmﬁ+§:v@vw &

T 8IT?

’L<j
t,j=1

ou S est la somme de la racine de I’aire de chaque face du tétraédre. Remarquons que

po = (Z0,Y0,20) P1 = (x1,y1,21) p2 = (22,Yy2,22) p3 = (23,¥3,23) sont les noeuds du

tétraedre.

PO

Nous obtenons 1’aire des carrés comme suit,

[|pop1iAPop2|[® g2
k —

llpop3Apopsl|® _ 52
4 B (4.26)
||popiAPoP3||2 _ 52
4 =03

llpip3Apipsll® _ g2
k —
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S1 est I'aire du triangle Apgp1p2, So Iaire du triangle Apopaps, S3 1'aire du triangle
Apop1ps, S4 1aire du triangle Apqpops.
Nous remarquons que S = S? + S3 + 53 + 52.

Nous obtenons,

4 j=4
25 S
P ) L —
DIVl + X 6T = gt =
1,j=1

5.4.5 Formulation algébrique
Nous souhaitons réécrire (4.19) en terme de tenseurs ou d’opérateur linéaires.

Nous partons du probleme :

—vAu+ Vp=f sur Q
divu =0 sur (4.27)

=0 sur 99

B(uL,ph;vL,qh):u/VuL:V'vL dT—/divaph dT—/divuL qndr =0
Q Q

Q
ul S ule; vt
Mais uy, vy, € VL, ainsi, u, = u? = > ug@' et v, = v? =
u? > U} i v’
Zj Ujl'ﬁbj
Y vid;
> v

Le terme [, Vu® : Vo® dr pour s = 1..3 devient

e [ 00009 S 06 00,
ZZ%% anka—xli:%:];’uﬂj anka—xi

k=1 4,5

En termes d’opérateur cela revient a déterminer pour s = 1..3

0p; 09
4s _<Z/8$k8$; )

Z7-]

Avec p, = )P pjetqn = Y., p' i, les termes [, div w g, dr pour s = 1..3 deviennent

S Yot [ X

k=1 i,
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Et cela revient & déterminer pour k = 1..3 :

Do) = ([ Gosar)
i,]

o Oz,

)

Le terme [, div v pj, dr devient :

3
i 9¢;
Y [ S
k=1 i,j

0= ([ 52oa)

Cela revient a déterminer :

Finalement le terme pour s = 1,2, 3,

Z / Opp, th
iz, 0x 8333
devient
0¢; 0¢;
% ] ? Jd
aT Z/ 8$s 0x
TeET,

qui est équivalent a :

0¢i 5%
Kir = Z / 0x 83:3
TeT, ij

flo;
Et le second membre avec f = f2¢j fork=1,2,3,
20;

S iy [

est équivalent a,

00
CDk = (ZO&Ta—fk/T¢de> fk
v J

Donc le systeme peut étre écrit sous sa forme algébrique,

Ay 0 0 —D,(p) ul by — CD;

0 Ay 0 —Dy(p) w? | | b2—CDs

0 0 As | =Dy || w2 | | bs—cDs
—D(p) | =Dy(p) | =D:(p) | —Klr Ph 0

107
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5.5 Résultats Numériques

Nous commengons par emprunter un cas test présenté dans [9] mais adapté a la situation en
trois dimensions. Nous comparons I’erreur donnée dans les normes relatives es(u) = | I, (ter)—
upl2,0, €1(w) = [Ip(Uex) — un|1,0 €t €maz = maxy, [I(uez) — up| pour la vitesse et la pression

(u = p, v) par comparaison de la solution exacte a la solution approchée.

Soient u = (uq, ug, u3) et p les solutions exactes données par

w = 100z (1—2)%z; (1—x;)(1 —2x;) i#j
uj = —100z7 (1 —25)% 2 (1 — 23)(1 — 2m)
up = 0 k‘?él,] iaj>k6{172a3}

p = ;v?—l—a:?—l—cste

Nous résolvons le pobleme de Stokes dans un domaine cubique 2 C R3, avec les condi-
tions tangentielles de Dirichlet suivantes. Nous fixons 'y, I'g, 'y, I's, I'y, I'p les frontieres
Ouest-Est-Nord-Sud-Supérieure-Inférieure de ce cube. Pour les deux faces opposées correspon-

dantes,

w; = 100 23(1 — x;) x5 (1 — x;)(1 — 22;)
wj = 100z;(1 —2;)? 2; (1 —2;)(1 — 2x;)
U = 0

Nous résumons les résultats de convergence dans le tableau qui suit et par la figure 5.1,

N représente le nombre de noeuds par aréte du cube s représente la pente des droites
d’erreur données par log(e; ), i = 1,2 or max en fonction de log(h) = log(1/N') obtenues par

régression linéaire c.a.d. une évaluation de I’ordre de convergence numérique .



Dans le premier tableau nous voyons clairement que la méthode est convergente.
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P;-bubble P; Cmax €9
N P v P Vg Uy U,
10 | 0.3966957 | 0.3529597 | 0.0533052 | 0.0812666 | 0.0796666 | 0.0122089
20 | 0.2048136 | 0.0836469 | 0.0151948 | 0.0189809 | 0.0189060 | 0.0030173
30 | 0.1380296 | 0.0370121 | 0.0076317 | 0.0082081 | 0.0081998 | 0.0013435
40 | 0.1041125 | 0.0208432 | 0.0047935 | 0.0045508 | 0.0045510 | 0.0007567
€1
N p Vg Uy (2
10 | 0.0690151 | 0.1397889 | 0.1478699 | 0.0216202
20 | 0.0209554 | 0.0334138 | 0.0359207 | 0.0053798
30 | 0.0114437 | 0.0145506 | 0.0156653 | 0.0024133
40 | 0.0076799 | 0.0080925 | 0.0087163 | 0.0013635
P;-bubble P;
emaz(P) | €maz(v) | ea(p) | e2(vz) | ea(vy) | e2(v:)
s 0.96 2.04 1.74 2.08 2.07 2.01
e1(p) e1(vz) | e1(vy) | er(v:)
s 1.59 2.02 2.04 1.99

Le deuxieme tableau ne fait que confirmer numériquement I’ ordre de convergence formulé

par (4.13) et (4.14).

La méthode étant validée numériquement sur un cas test nous illustront I’approximation

par éléments finis IP;-bulle P; sur des exemples connus pour le probleme de Stokes.

Les figures 5.2, 5.3, 5.4, 5.5 montrent des champs de vitesse et de pression obtenues pour

des cas connus, la cavité entrainée, I’écoulement de Poiseuille. Les légendes sont les suivantes :
les grandeurs scalaires sont repésentées par un dégradé de couleur allant du bleu pour les valeurs
minimales au rouge pour les valeurs maximales. Pour les vitesses, grandeurs vectorielles bien-

slir cette couleur représente la norme.

Dans les exemples suivants, différentes conditions aux limites et différents domaines pour
des écoulements basiques ou plus complexes ont été testés et les figures résument les résultats.
Un grand soin a été pris pour vérifier que la vitesse est a divergence nulle y compris pour

les conditions aux limites, afin de respecter 1’équation de continuité. La cavité entrainée a été
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Error curves
error

— vzLI1
- wxL2

vy L2
T vzL2

10 o Nodes for each  side of the grid !

FI1G. 5.1 — Courbes d’erreur pour le probleme de Stokes-3D

obtenue avec la condition aux limites suivantes imposées a la frontiere supérieure de chacun

des domaines,

ui(z) = 4x(l—=z) surly
U = 0
et une condition de Dirichlet homogene imposée sur les autres frontieres.

Pour I’écoulement de Poiseuille, un profil parabolique a I’injection et en sortie de la forme

suivante a été choisie pour le carré,

ug(z) = 4a(l —x)

Ul = 0

et pour le cube,

w = 16y(1—y)z(1—z)
Uy = 0

us = 0
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Pour les écoulement complexes, un profil des vitesses constant a I’injection comme en
sortie et une condition de type glissement sur les faces supérieures et inférieures , une condi-
tion de Dirichlet homogene sur la surface circulaire ou sphérique ont été ajoutés. La solution
numérique n’est pas évidemment comparable a une solution analytique dans cette géométrie

générale mais les résultats sont qualitativement satisfaisants.
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pressure field

-190 000 790 380 vector field Magnifude
0.00 0.250 0:500 0.750 1.00

pressure field

.
velocity field Magnifude I -i137. -0623 136
0.00 0.250 0500 0.750 1.00

pressure field
-58.7 -379 -17.2 349 24.2

viedor fisl o Magnitude

0.976

F1G. 5.2 — Cavités entrainées
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pressure field
-400 -200 0.00 2.00 4.00,

pressure fisid

4.00

l 2.00

0.00
B

-4.00.

emaaa

vector field Magnifude
0.00. 0250 0500  0.750 1.00.

=

pressure field
-6.26 -2.64 0.978 4.60

vector el Magnifude

0.990

F1G. 5.3 — Ecoulements de Poiseuille
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pressure field pressure field
~eletd i a7 0477 0.964 1.45 1.94 243

vecfor field Magnifude
0.150 0:300 0450 0599

FI1G. 5.4 — Probleme emprunté a Knobloch [9]

. pressure field
pressure field I 0.500) .00 1.50 2,00

-1.50 33.6 ¥ i
E 3 B

600 ;.igaror ﬂegy ag! nrg.g;’e 3.00 vecfor field Magniiude

.25 2.50 375 5,00

FI1G. 5.5 — Probléeme d’écoulement complexe
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5.6 Conclusion

Les équations de Stokes décrivent I’écoulement d’un fluide newtonien incompressible ca-
ractérisé par un petit nombre de Reynolds. C’est le cas lorsque le fluide est laminaire. Une
description plus complete serait celle ou les termes d’inertie ne sont plus négligeables. C’est
le cas lorsque le nombre de Reynolds est grand, et décrit par les équations de Navier-Stokes.
La résolution des équations de Navier-Stokes revient a considérer de facon itérative plusieurs
problemes de Stokes. Le probéme principal est la transition entre un écoulement laminaire
et un écoulement turbulent, probleme que 1’on rencontre plus volontiers dans les applications
réalistes en aéronautique ou en météorologie par exemple. Nous avons expliqué en détail I’ap-
proximation [P;+bubble-P; du probleme de Stokes. Celle-ci donne une approximation d’ordre
h? pour la vitesse et h pour la pression, avec peu de degrés de liberté, donc intéressante pour les
calculs en dimension 3, efficace et précise. Un autre avantage est son application a I’équation
de convection-diffusion qui a pour effet de stabiliser le schéma numérique par addition des
contributions non linéaires dues a la fonction bulle. Méme si la méthode et le probleme ne sont
pas nouveaux, I’étude d’écoulement plus complexe comme nous allons le voir dans la section

suivante n’aurait pas été envisageable sans une bonne connaissance de ce cas d’école.
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version anglaise

5.7 Introduction

The first mathematical models of fluid motion dated from the X VIII*" century are histori-
cally allocated to Euler and Lagrange. The Eulerian description of fluid motion gives a spatial
distribution of the velocity whereas the Lagrangian description gives the velocity on each point
of the fluid. In the first one, the location is fixed, in the second one the location moves with
the particle. In fact both descriptions are coming form the Newton law that connects the force
to the acceleration of the particle. In fluid mechanics we consider the Eulerian description. On
the most basic level, laminar fluid behavior is described by a set of fundamental equations.
Amongst them, we have :

— the fluid continuity,

— the equation of motion,

in addition with two relations that gives the fluid stress and the strain rate. Combining
the two first equations and using the two relations to eliminate the fluid stress and the strain
rate gives the Navier-Stokes equation (7.28) for an incompressible fluid found in 1821 by C.L.
Navier® , and G.G. Stokes®.

w.Vu—vAu+Vp=f (7.28)

At the microscopic level, and in the case of slow motion one can neglect the inertial terms
in the equation, the fluid is then considered viscous and the Navier-Stokes equation reduces to

the Stokes equation (7.29).

3Claude Louis Navier (1785-1836), Fourier’s student at the Ecole polytechnique, Navier entered the
Ecole des Ponts et Chaussées in 1804. Navier took charge of the applied mechanics courses at the Ecole
des Ponts et Chaussées in 1819, becoming professor in 1830. He changed the traditional way of teaching
to put much more emphasis on physics and mathematical analysis. He gave the well known equation in
1821 for an incompressible fluid. Till now the study of the Navier-Stokes is far from being achieved due

to its complexity.
4Georges Gabriel Stokes (1819-1903), student at the Bristol college in London at the age of 16, Stokes

entered Cambridge in 1837 . Coached by William Hopkins, he graduated as Senior Wrangler (top First
Class Degree) in the mathematical Tripos in 1841, and he was the first Smith’s prizeman. One famous
article was “On the steady motion of incompressible fluids” published in 1842. After he had deduced
the correct equations of motion, Stokes discovered that he was not the first to obtain this equation. In
1849 Stokes was appointed Lucasian Professor of Mathematics at Cambridge (the one from Newton).

He awarded the Rumford medal of the Royal Society in 1852.
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—vAu+Vp=f (7.29)

The aim of our discussion is not to start a revolution in the abundant literature regarding
this problem, but to provide an overview of the field with references from the theory to the ap-
plication. Our interest is more to emphasize a numerical method in order to solve the equations
that will be used in the next chapter. This method is one specific, efficient, useful, accurate, Fi-
nite Element Method used in two as well as in three dimensions under reasonable assumptions
and selected boundary conditions. We want to obtain a good approximation of the velocity in a
convex polygon as well as a not too bad approximation of the pressure.

This work is motivated by the study of more complex flows coming later on in this docu-
ment, advection-diffusion of chemical concentrations at the pore scale.

The structure of our discussion will be the following, starting from the continuous form
of the problem, the spaces of the solution H? and H' will lead to important regularity results
analyzed in the first part. The second part will deal with the properties and the Finite Element

approximation of those spaces.

5.8 Continuous problem, regularity result and mathe-

matical formulation

The solution of the Stokes problem has square integrable second derivatives. Such a re-
gularity result is of importance in the analysis of numerical methods for solving the Stokes
equations. This result is due to R.B. Kellog and J.E. Osborn in [1]. Let introduce the formula-

tion of the problem. The Stokes system of differential equations may be written as :

—vAu+Vp = f inQcRYd=23
divu =0 in Q2 (8.30)
U = 0 or boundary conditions on 02

f: Q — RZis a given function while u : @ — R%and p : Q2 — R are unknowns.
This is the case of a slow motion of fluids with very high viscosity (low Reynolds number
Re = ppL/U). Here we consider an homogeneous Dirichlet boundary condition but other
conditions involving the normal derivative of « or linear combination between u and p on 052

are also possible. We have the following theorem,
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Theorem 5.8.1 If f € L?(2), and let u and p be a generalized solution of (8.30). We assume
O is smooth, then u € H%(Q) and p € H(Q) and there exists a constant C only depending

on ) such that,

ull 20y + IVPl 1) < C (Il 2@ + 1Pl 220 - (8.31)

Theorem 5.8.2 If Q2 is a convex polygon then, under the same assumptions as in theorem 5.8.1,

ull g2y + Vol a1 0) < C (1fll220)) - (8.32)

It gives us the continuous space H2(Q) and H'(€2) in which belong the continuous so-
lutions of the Stokes problem. Numerical methods will be built on this basis : finding discrete
spaces for both discrete velocity and pressure that approximate correctly the continuous spaces,
and numerical analysis will focus on criteria of distance between the discrete solution and the

continuous one.

Remark 14 In most of books of numerical analysis the Stokes problem is expressed slightly
differently from (8.30) see [3]. Given f € L?(Q2) or H=Y(Q) find u € HY () and p € L*(2)

such that,

—vAu+Vp = f inQ
div(u) = 0 inQ

(8.33)

by definition of H™(Q), if f € L?(Q2) then v € H?(Q)) and p € HY(Q), if f € H~Y(Q) then
u € HY(Q) and p € L*().

Now let define rigorously a variational formulation of problem (8.33). Taking inspiration
from [5] we assume f € L?(Q) and v € H 2(€2). We apply Green formulae to the first equation
of (8.33).

v(Vu, Vo) — (p,dive) = (f,v) Vv e D(9Q), (8.34)

and therefore,

v(Vu,V,v) = (f,v) Yve{veDQ)|divo=0}.
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Let define the space Vy;, = {v € V|divv = 0} a closed subset of V.
The bilinear form a(w,v) = v(Vw, Vv) w,v € V is coercive over Vi, v, since the
application v — (f, v) is linear and continuous over Vy;,,, Lax-Milgram lemma ensures that the

problem

find u € Vi @ a(u,v) = (f,v) Yo € Vi (8.35)
admits a unique solution.

Theorem 5.8.3 Let Q2 be a bounded domain in R with a Lipschitz continuous boundary, and
for each f € L*(2), let u be the solution of (8.35). Then there exists a function p € L*({2),

which is unique up to an additive constant, such that,

a(u,v) — (p,divv) = (f,v) YveV. (8.36)

This is one of the most common used variational formulation. A different approach is to

define the space Q = L3(),
L) =g € @) [ a= 0},
and the bilinear form
b(v,q) = —(g,divv), veV,qeq,

from the theorem above we deduced that the problem,

findueV,pe@:
a(u,v) +b(v,p) = (f,v) YveV (8.37)
b(u,q) = 0 Vgqeq@
admits a unique solution for whom the pressure is defined up to an additive constant. The
solution to (8.37) is also a solution to (8.34). This equation holds in the almost everywhere

sense since f € L?(2). (8.37) is the weak formulation of the Stokes equation.

5.9 Finite Element approximation of the Stokes pro-

blem

For more details we refer the reader to [4]. Conforming methods are the most natural finite

element methods essentially because they allow us to build finite dimensional subspaces of the
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functions’ space we want to approximate. Let be 7}, a partition of {2 into triangles and K and
K two triangles. A conforming approximation of H!((2) is a space of continuous functions
defined by a finite number of degrees of freedom. For triangular element it is usual to use
piecewise linear finite element on K. The continuous condition between K and K is obtained
by using affine transformation. Let be Py (K) the polynomials’ space of degree < 1 which
dimension equals 3 in R? and 4 in R?. In order to define a finite element we must specify three

things conf. [2].

— The geometry, based on a reference element K and a change of variables F(&) such as
K = F(K).
— Aset P of polynomials on K. For pE Py we define p=p°F!

— A set of degrees of freedom f), that is a set of linear forms {Zi}lgigg on ]51.

The set is unisolvent if the linear forms are linearly independent. A finite element is of
Lagrange type if its degrees of freedom are point values. Let be a set {G;}1<;<3 of points in
K and let be [;(p) = p(a;) 1 < i < 3. Approximating H(2) with Lagrange type element
is possible. However, the choice of P; finite element for the Stokes problem is not relevant
because it does not satisfy the inf-sup condition (ensuring indeed, that the linear operator of the
full linear system is invertible). Nevertheless, we can enrich the space IP; with a bubble function
whose main property is to vanish on K. This gives a stable, convergent approximation of the

Stokes problem.

5.10 Petrov-Galerkin approximation of the problem

with bubble stabilization

5.10.1 inf-sup condition and error estimates

We proceed as in [6]. Let be a triangulation 7}, of Q and we approximate the velocity on

each element K by a polynomial in

P1(K) = [Py + span{Ai, A2, A3 A%, (10.38)

and the pressure by a polynomial in P;.

The finite element spaces will be
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Vi, = {U € CO(Q)Q"’ v|g € Pi(K), v|r = 0},
Qn = {a € Q)% qlx € Pi(K), VK € T;,}

Py = Qn N LE(Q).

The degrees of freedom are the values of the velocity at the center and the vertices of K

and the values of the pressure at the vertices of K. The discrete problem reads :

Find a pair (up,vy) € Vi, x Py satisfying :

o) — (pp, di = (f, Yy, €'V,
a(up, vn) — (pn, divop) (f,vn) Vo € Vh (10.39)

(divup, qn) = 0 Vg eph,
where a is given by, a(u,v) = v(Vu, Vv).
Lemma 5.10.1 If the triangulation Ty, is regular, the pair of spaces (Vy,, Py,) satisfies the inf-

sup condition :

qn, divy
sup {an, divon) > Bllanllzz  Van € Pu
v EVY ”vh”Hl(Q)
see [6] for the details of the proof.

We recall also the following theorem from [6],

Theorem 5.10.2 Let 2 be a bounded polygon and let the solution (u, p) of the Stokes problem
satisfy u € [H*(Q) N HY ()Y, p € HY(Q) N L3(Q). If the triangulation T}, is regular, the

solution (up, pp,) of problem (10.39) satisfies the error bound :

lu —unllgr ) + I — prll 2@ < Ch {llullg2) + IPllgr ) } - (10.40)

When ) is convex, we have the L?—estimate :

= wunllzz(@) < C12 {ull oy ot |- (10.41)
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5.10.2 Shape functions

This part will be treated in details, starting from the variational discrete form of the Stokes
problem, but decoupled between the linear term coming from the Py discretization and the
quadratic term coming from the bubble-function, ending with the algebraic form of the Stokes
problem. We proceed as in [18] and give the exact value of the shape functions for each term
of the equation in the case of a domain €2 U R3. We consider the variational form of the Stokes
problem (10.39) where 2 C R? is a polygonal domain. If (up,pp), (vp, qn) € Vi X Py, we may
define :

B(up,pr;vn,qn) = V/ Vuy, : Vvhd:r—/divvh pp, dx (10.42)
Q Q
— /divuh qn, dx
Q
and F(vp,qn) = fup, dx (10.43)
Q

Problem (10.39) may be written as

Find uy, € V},, pp, € Py, such as,

B(up,pn;vn, qn) = F(vn,qn)  Yop € Vi, Vi, € P, (10.44)

We consider now the following spaces :

Vil = {v = (vi,01.00) € [COUQ)P :vl|r € Pr,i=1,2,3,T € T}
and by = (b}, b%,b3.) € [H(T)]? b taking its value on T, and we define b} = (b, 0,0),
b7 = (0,b%,0), % = (0,0,b}) and
B = vect{b}, b3, b3, T € T;}

The approximation space for the velocity is defined by V}, = VhL @ B. And let define

b, = {Qh SYeN(DE / an = 0,qur € P1,T € Th}
Q

We saw in the previous chapter that this couple of spaces verify the inf-sup condition and
lead to a stable convergent approximation of the problem. We express vy, in the form of a linear

part vy, and a bubble part :
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vp=vL+ Y (erby + b7 + ¢1b}) (10.45)
TeT,

where vy, € ViF et ch, 3., ¢} € R VT € Ty, Problem (10.44) takes the form :

Findup =wurp + Y e, (chbh + b2 + b3 € Vi, pp, € Py such that
B(up, pr;vr,qn) = F(vp,qn) Yo € Vi g, € Py (10.46)

B(up, pr; b, qn) = F(bh, qp) VT € Ty, qn € Pryi=1...3

We now eliminate the bubble term from the second member of the equation. for 7 = 1,

qn = 0 we get :

v / V(ug, + chbl + b3 + b3 : Vbhdr— / div blpydr= / f.brdr
T T T

uy, is piecewise linear, f is constant implying,

V/VuL:VbleTzo, V/VblT:VbleTZV/ Vor[Pdr,
T T T

. 8()1 aph aph
div br-ppdr= —Td:—/bl dr=— [ =2 /bld
/TIV TPRAT /Taa:phT T o oz ‘TTTT

The equation for bl becomes :

VCT/ |Vbk2dr + [8]9}1} /bleT:flT/ bipdr
85U ‘T T T

ci- may be expressed by :

Cl — fTdeT % _f
T Vb 2dr T

In the same manner we obtain :

2 fT deT

Opn 2]
c T —f
T VbR [2dr [ T

and

3 fTdeT [aph f?’]
T Ve 2dr T

Now, the first equation of (10.46) gives,
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y/ V(ug +upg) : Vopdr — / div(vg)ppdr
Q Q

—/ div (ur, + up)qpdr = / fopdr Yup € VhL,qh € b,
Q Q

We notice that
1// Vup : Vordr =0,
Q

r3
/dz’v(ug)qth: Z ZCZT/ div quth]
Q TeT, Li=1 T
- s ,
. bi
= Z ZCZT/ ({;T‘qth]
TeT, Li=1 T O
r3
XY Z'Taqhd]
TeT, Li=1 T O
r3
=— Z Zcép/ (g%) bleT]
TeT, Li=1 T \9%i /|1

To obtain finally,

Finduy, € VhL,ph € Py, such that

b7 dT ) i F)
B(’U/L,ph;vL,Qh) + ZTGTh |_’_'][“‘ |:Z7,3 1 ffTVbz |2dT fT |:a§}z - f] |: Qh] dT:|

= F(vr,qn) Vv € Vi gn € Py

which could be expressed as

Finduy, € VhL,ph € Py, such that

B(ur,pr;vr, qn)

e, AR [ larad(pn) — £][-grad(a,)] dr

= F(vp,qn) VoL € ViE g € P,

3 [ o] o] ]

(10.47)

(10.48)

5.10.3 Residual free Bubble applied to Advective-Diffusive equa-

tion

We make here a short deflection to emphasize the stability impact of the bubble stabiliza-

tion for an advective-diffusive equation. In some cases the RFB (Residual Free Bubble method)



5.10. Petrov-Galerkin approximation of the problem with bubble stabilization 125

is similar to SUPG method. Computations indicate improvement in the accuracy of the results.
From [8] if we use bilinear interpolation as the reduced space in a Galerkin method and enrich
with residual-free bubbles, we obtain a stabilization which is not equal to the streamline diffu-
sive one. Only if the reduced space is constituted with linear functions we recover the SUPG
with optimal parameters. We briefly describe the method.

We take the following linear differential operator,

L=-DA+V.(q)

D > 0 the diffusivity, ¢’the velocity, u the concentration
u = 0 on 0f).

The Galerkin method consists of finding u;, € V}, such as,

a(uh,vh) = (Luh,vh) = (f, Uh) Yo, € Vp, (10.49)

With V}, as defined previously. Each member wu;, and vy, of the space of functions V}, is
spanned by continuous piecewise linear or bilinear polynomials plus bubble functions to be

defined below, i.e.,

Up = U1 + Uy (10.50)

The bubble part of this space is subject to zero Dirichlet boundary condition on each

element K, i.e.,

up, =0 ondK (10.51)
Testing with vy as a test function gives,

D(Vui, Vi) + D(Vuy, Vo) + (V.(qu1),v1) + Y (Voqup), v1) e = (f,01)
K

Integrating by parts,

D(Vuy, Vo) + (V.(qua),v1) + Y (Vo(qup) — DAup,v1) ¢ = (f,01)
K
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The residual free part of the solution, u; can be computed as a solution to

—DAuy+ V.(qup) = =V.(qui) + DAuy + f

Testing now with vy, gives,

D(Vuy, Vuy) + D(Vuy, Vo) + (V.(qui ), vp) + Z (V.(qup) — DAy, vp) 5o = (f,08)
K

Integrating by parts

D(Vuy, Vo) + (V.(qu),vp) + > (V(qup) — DAup, 04) e = (f, 05)
K

And the stabilized variational form of the advective-diffusive equation reads,

D(Vur, Vor) + D(Vu, V) + D(Vuy, Vo) + D(Vuy, ViGho.52)
+ (Vi(qu),v1) + (Vo(qua), ) + > ((Vo(qup),01) + (V-(qup), v)) e
K

= (f,Ul)+(f,Ub)

5.10.4 The bubble function

The bubble function for the tetrahedra is defined as,

br = 41¢1¢20304 with
1 =z Y z
I xy Yi zi
L ziy1 Yiy1 Zipa
1 Zit2 vire ziy2

i = and ¢4 =1— @1 — ¢2 — ¢3

1z Yi Z;

1 zip1 v zip

1 Zijo Yir2 zig2

1 miy3 Yir3s zit3
where p1 = (21,y1, 21) P2 = (T2, Y2, 22) P3 = (3, Y3, 23) P4 = (T4, Y4, 24) are the vertices of

the tetrahedra.
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We recall the following formulae for barycentric coordinates,

a1laslas!
(d+ a1 + as + a3)!

| #oseag = am

7| |1 22 y2 2

- =
d! 1 x3 y3 23

is the measure of the tetrahedra.
We have to determinate the coefficient for each tetrahedra :

1 (fT deT)2
T ufT |Vbr|2dr

We verify that [} brdr = 3£|T| and [, |Vbr[?dr = gfs where S is the sum of

L (Jpbrar)® oprp

tetrahedra’s faces to the power two . So v [, Vbr2dr — 1408

Calculus

/ br dr = / 256 ¢1 a3y AT = 256/ P19203(1 — ¢p1 — 2 — ¢3) dr
T T T

_ 256 < /T b1 oy dr — /T Fbads dr — /T 10365 dr — /T $16262 dT>

32

1 2
=256 (3NT|= —3x 3T|= | = ~=|T
< TG =33 7!> 1057

4 4
Vbr = V(256 ¢1agsda) = 256 Y Vey [ [ &

=1 ]#'L
7j=1

2

IVbr)? = | 256 Z Vo H ®;

Jj#i
7=1

4 4 4 4
= 2562 | IVl [[ 62 +2 3 Ven.Vesi0; [] 42
i=1 i i<, iy
Z7j: =

/|VbT| dr = 2562 ZW‘W/ H¢] dr +2 Z V. Vcb]/ Gid; H i dr

]757, <] k;éz
1,j=1
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1

T
7560 |

/¢%%k r= 3T

/T¢z'¢?¢i¢z dr avec ¢; =1—¢j — ¢ — ¢

gives
/ﬁﬁmm—éﬁﬁ@w—ﬁﬁﬁ@w—ﬁﬁﬁﬁm
12 12 8 1
3T (=222 — T
= 371 < o ol 9!) 15120 7
SO,

j=4
br|%dr = 256> T Vail? +2 T Vo, No:
 vorar = 2567 | 2 |Z\ 6 + 2Tl 3 965y
%, ]1
8192
i1
It remains to show,
4 j=4 g
DIVl + 3 V6V = erm
=1 i<j

4,j=1
where S is the sum of tetrahedra’s faces to the power two. Notice that py = (¢, Yo, 20)

p1 = (z1,91,21) P2 = (x2,Y2, 22) P3 = (T3, Y3, z3) are the vertices of the tetrahedra.

P3

We get the area of the square as follow,
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.
[|popiAPopz|[® _ g2
1 =91

[lpop3APop2|[® 52

1 =)

(10.53)
PP AT _ g2
4 - M3

llprpsApips||® _ g2
1 =

S1 is the area of triangle Apop1p2, So the area of triangle Apgpaps, S3 the area of triangle
Apop1ps, S4 the area of triangle Ap1paps.
We note S = 57 + 53 + 53 + S3.

‘We obtain,
4 j=4
25 S
V|2 ViV = = .
ij=1

5.10.5 Algebraic form

We want to rewrite (10.46) in terms of tensor or linear operator.

We start with the problem :

—vAu+Vp=f on Q
divu=0 on Q (10.54)

u=0 on 09

B(uL,ph;vL,qh):V/VuL:V'deT—/dz'vapth—/dz’vuL qndr =0
Q Q

Q
u' > uj i vt
But uy, v, € Vi, so, up, = u? = > u?gbi and v;, = v? =
u? YOI v’
Zj 7)]1'453'
Zj 7)]2'453'
25 V30

The term [, Vu® : Vu® dr for s = 1..3 becomes

3
e e D Ul e
k 1 zg Tk Ok 200 Q OFk OTk
In terms of operator it is equivalent to determinate for s = 1..3

I 09,

A — J
-(S o)
0.

7
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With py, = ijjqﬁj and g, = >, p'¢;, the terms fQ div u qy, dt for s = 1..3 become

Z b / a% ¢dr

k=1 4,5

And it is equivalent to determinate for k = 1..3 :

9¢i

o Oxy,

Do) = ([ 2 osar )

(2%]
The term [, div v py, dr becomes :
S50 [ S
(2
k=1 i, 8

This is equivalent to determinate :

p= ([ geoar)

Finally, the term for s = 1,2, 3,

Z / Op, &Jh
Ter, 0xg 8333
becomes
0¢; 0
% ] ? Jd
aT Z / 833 s 0%
TGTh Z

This is equivalent to determinate :

KZT = Z aT %8¢jd7
T

ot Oxs Oxg N
Zh]
flo;
And the second member with f = f2¢j fork=1,2,3,
2o

Zka za¢z/¢]dT

This is equivalent to determinate,

0¢i
CDk: <ZQT8—Z/T¢de> fk’
v J

So the system may be written in its algebraic form,
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Ay 0 0 —D.(p) ul by — CD;

0 Ay 0 —D,(p) u? _ by — C Dy

0 0 As | —=D.(p) FR bs — CDs
—D:(p) | =Dy(p) | =D(p) | —Klr Ph 0

5.11 Results

After giving results in order to illustrate qualitative known test cases for the Stokes pro-
blem approximated by IP;-bubble IP; finite element we borrow a quantitative test case proposed
in [9] but fitted to the three dimensions’ situation. We compare error given in the suitable norms
ea(u) = [Ip(tez) — unl2.0, €1(u) = [In(tex) — unli,0 and epqe = maxy, [Ip(tey) — up| for
the velocity and the pressure by comparisons to an exact solution and the computed one. Let

u = (uq, ug,us) and p the exact solution given by

wp = 10027 (1—x)?x; (1—x;)(1—22;5) i#j
uj = —10023 (1 —a;)® x; (1 — x;)(1 — 2m)
u = 0 k#i,j 4,5,ke{1,2,3}

p = x?+x§?+cste

We solve the Stokes problem in a cubic domain 2 C R3, with the following tangential
Dirichlet boundary conditions. We denote by I'w, I'g, 'y, I's, 'y, I'p the West-East-North-

South-Upper-Downer Face of this cube. For the corresponding two opposite faces,

w; = 100 22(1 — ) x5 (1 — x;)(1 — 22;)
wj = 100 z;(1 —2)? z; (1 —2;)(1 — 2;)
U = 0

We summarize results in a table and in figure 5.1 for convergence.
N denotes the number of nodes per edge of the cube. s denotes the slop of the error curves
given by log(e;), i = 1,2 or max as function of log(h) = log(1/N) obtained by linear regres-

sion, i.e. an estimate of the numerical order of convergence.
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P;-bubble P4 Emaz €9

N p v p Vg Uy Uy

10 | 0.3966957 | 0.3529597 | 0.0533052 | 0.0812666 | 0.0796666 | 0.0122089
20 | 0.2048136 | 0.0836469 | 0.0151948 | 0.0189809 | 0.0189060 | 0.0030173
30 | 0.1380296 | 0.0370121 | 0.0076317 | 0.0082081 | 0.0081998 | 0.0013435
40 | 0.1041125 | 0.0208432 | 0.0047935 | 0.0045508 | 0.0045510 | 0.0007567

€1

N p Vg Uy Uz

10 | 0.0690151 | 0.1397889 | 0.1478699 | 0.0216202
20 | 0.0209554 | 0.0334138 | 0.0359207 | 0.0053798
30 | 0.0114437 | 0.0145506 | 0.0156653 | 0.0024133
40 | 0.0076799 | 0.0080925 | 0.0087163 | 0.0013635

]P)l -bubble P 1

€max (p) €mazx ('U) €2 (p) €2 (Ux) €2 (Uy) €2 (UZ)

s 0.96 2.04 1.74 2.08 2.07 2.01

er(p) | e1(vz) | er(vy) | ex(vz)

S 1.59 2.02 2.04 1.99

Figure 5.2, 5.3, 5.4, 5.5 illustrate the velocity and pressure fields. In the following samples,
different boundary conditions for basic to complex Stokes flows in different domains have been
tested and pictures summarize the results. Great care was paid to verify that the velocity is equal
to zero on averaged on I, to respect the continuity equation. The driven cavity was obtained with

the following boundary condition on the upper bound for each domain,

ui(x) = 4z(l—=z) only
U = 0
and an homogeneous Dirichlet boundary condition for the other bounds.

For the Poiseuille flow, a parabolic profile at the inlet and at the outlet of the square,

ug(z) = 4x(l—=z) only

(75} = 0
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Error curves
error

— wvzLI1
T wxL2

vy L2
- wvzL2

10 o Nodes for each  side of the grid !

FIG. 5.6 — Error curves for the 3D-Stokes problem

and the cube,

up = 16y(1 —y)z(1 —2)
Ug = 0
uz = 0

For the complex flow, a constant velocity profile was chosen at the inlet and at the outlet
whereas a slip boundary condition was imposed on the upper and downer bound in addition
with an homogeneous Dirichlet boundary condition imposed on the circular or spheric bound.
Without an exact solution of the problem, the only thing we can say is that the results are in

good agreement with the physical sense.

5.12 Conclusion

The Stokes equation describes the motion of an incompressible Newtonian fluid characte-
rized with a low Reynolds number. This is the case when the flow is laminar. A more complete
description would be if the inertial terms aren’t neglectible anymore. This is the case when
the Reynolds number is big, and described by the Navier-Stokes equation. Solving the Navier-

Stokes equation lead to the solving of several iterated Stokes problems. The problem is the
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transition from laminar to turbulent flow and turbulent flow itself that encounter more delays
in realistic applications in aeronautic or forecast research fields examples. We explained the
P;+bubble-P; Finite Element approximation of the Stokes problem with technical details. It
gives an approximation of order h? for the velocity and A for the pressure easy to handle, with
a low number of degrees of freedom, interesting for 3 dimensions calculus, efficient and accu-
rate. Another advantage is the application of the method to advection-diffusion equation that
stabilizes the numerical scheme. Even if the method and the problem are not brand new, the
study of more complex flow as in the next section would have been a pipe dream without a

good knowledge of this scolar problem.
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6.1 Introduction

In this paper we consider a pore scale model for crystal dissolution and precipitation pro-
cesses in porous media. This model is studied in [2] and represents the pore—scale analogue
of the macroscopic (core scale) model proposed in [10]. The particularity of the model is in
the description of the dissolution and precipitation processes taking place on the surface of
the grains I'g, involving a multi—valued dissolution rate function. Models of similar type are
analyzed in a homogenization context in [7], [8], and [15].

Without going into details, we briefly recall the background of the model. A fluid in which
cations and anions are dissolved occupies the pores of a porous medium. The boundary of the
void space consists of two disjoint parts : the surface of the porous skeleton (the grains), named
from now one the internal boundary, and the external part, which is the outer boundary of the
domain. Under certain conditions, the ions transported by the fluid can precipitate and form a
crystalline solid, which is attached to the internal boundary and thus is immobile. The reverse
reaction of dissolution is also possible.

The model proposed in [2] consists of several components : the Stokes flow in the pores,
the transport of dissolved ions by convection and diffusion, and dissolution/precipitation reac-
tions on the surface of the porous skeleton (grains). Here we assume that the flow geometry, as
well as the fluid properties are not affected by the chemical processes. Therefore the flow com-
ponent can be completely decoupled from the remaining part of the model. Further, the total
electric charge can be considered in order to eliminate the anion from the system. The reason
for doing so is in the resulting simplification of the model. The electric charge is satisfying a
convection diffusion equation with homogeneous Neumann conditions on the grain surface. In
this way the total charge can be decoupled from the chemistry once the fluid flow is determined
(see [1] for details).

Our main interest is focused on the chemistry, this being the challenging part of the mo-
del. We continue here the analysis in [2] by investigating an appropriate numerical scheme
for the dissolution and precipitation component. The present work is closely related to [6].
The numerical scheme proposed there involves also a special treatment of the diffusion on the
grain boundary. The coupled system is solved by iterating between the equations in the pores,
respectively on the solid matrix. Numerical methods for upscaled models for dissolution and
precipitation in porous media are considered in [3], [13], [14], and [4]. The time stepping is
performed by first order implicit approaches, and finite elements or finite volumes are em-
ployed for the spatial discretization. For the upscaled version of the present model, a numerical

algorithm for computing traveling wave solutions is proposed in [10].
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We denote the flow domain by  C R? (d > 1), which is assumed open, connected and
bounded. Its boundary 02 is Lipschitz continuous. By (I';) we mean the surface of the grains
(the internal boundary), and by I'p the outer boundary of the domain. Let &/ denote the outer
normal to 92 and 7" > 0 be a fixed but arbitrarily chosen value of time. For X being €2, I"z, or

I'p,and any 0 <t < T, we define
X' =(0,1] x X.

To simplify the presentation, we assume that the initial data are compatible (see [1], or [10]).

Moreover, the total charge is assumed constant in time and space. Then the model can be redu-

ced to
.
u+ V- (qu—DVu) = 0, in Q7
—Dv-Vu = endw, on F(T;,
. (1.1)
u = 0, onI'p,
u = uy, in Q), fort =0,
for the ion transport, and
Ow = Dg(r(u) —w), onTE,
w € H(), onT'Z, (1.2)

v o= vy, onlg, fort =0,

for the precipitation and dissolution. H stands for the Heaviside graph,

0, ifu <0,
H(u) =< [0,1], ifu=0,
1, ifu >0,

while w is the actual value of the dissolution rate. Here v denotes the concentration of the
precipitate, which is defined only on the interior boundary I', while u stands for the cation
concentration. The dissolution rate is constant (and scaled to 1) in the presence of crystal, i.e.
for v > 0 somewhere on I'g. In the absence of crystals, the overall rate is either zero, if the
fluid is not containing sufficient dissolved ions, or positive.

By ¢ we denote the divergence free fluid velocity, and no slip is assumed along the internal
grain boundary ' :

V-7=0inQ, 7g=0onTg. (1.3)

To avoid unnecessary technical complications we also assume that the fluid velocity ¢'is boun-

ded in €,
My = ||qlloc,0- (1.4)
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For the Stokes model with homogeneous Dirichlet boundary conditions, this holds if, for

example, the domain is polygonal (see [9] or [12]).

The present setting is a simplification of the dissolution/precipitation model in [2]. Howe-
ver, the main difficulties that are associated with that model are still present here : the system
(1.1)—(1.2) is consisting of a parabolic equation that is coupled through the boundary conditions
to a differential inclusion defined on a lower dimensional manifold. For the ease of presentation
we have considered here only the case of homogeneous Dirichlet boundary conditions on the

external boundary I"p, but the results can be extended to more general cases.

All the quantities and variables in the above are assumed dimensionless. DD denotes the
diffusion coefficient and 7 the anion valence. D, represents the ratio of the characteristic
precipitation/dissolution time scale and the characteristic transport time scale - the Damkdéhler
number, which is assumed to be of moderate order. By € we mean the ratio of the characteristic
pore scale and the reference (macroscopic) length scale. In a proper scaling (see Remark 1.2 of

[2]), this gives

e meas(I'g) ~ meas(). (1.5)

This balance is natural for a porous medium, where meas(I';) denotes the total surface of the
porous skeleton and meas(€2) the total void volume. Throughout this paper we keep the value

of ¢ fixed, but this can be taken arbitrarily small.

Assuming mass action kinetics, with -]+ denoting the non-negative part, the precipitation

rate is defined by

r(w) = ][ — o) /A%, (1.6)

where m is the cation concentration and c the total negative charge, which is assumed here
constant in time and space. The analysis here is not restricted to the typical example above, but
assumes that r is an increasing, positive, locally Lipschitz continuous function. Further, since
c is fixed in (1.6), there exists a unique u, > 0 such that r(u) = 0 for all v < w,, and 7 is
strictly increasing for u > u.. With respect to the reaction rate function r(u) in (1.2) we recall

the assumptions proposed in [2] :
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(A)) (i) r: R — [0,00) is locally Lipschitz in R ;

(i) r(u) =0 forallu <0}

(iii) there exists a unique u, > 0, such that

0, for u < uy,
r(u) =
strictly increasing for u > wu, with r(c0) = oo;
Remark 15 In the setting above, a unique u* exists for which r(u*) = 1. If u = u* for all
t and x, then the system is in equilibrium : no precipitation or dissolution occurs, since the

precipitation rate is balanced by the dissolution rate regardless of the presence of absence of

crystals.

On the initial data we make the following assumption

(Ap) The initial data are bounded and non-negative; further we assume uy; €

Holva (Q) and vy € LQ(Fg).
Due to the occurrence of the multi—valued dissolution rate, classical solutions do not

exists, except for some particular cases. For defining a weak solution we consider the follo-

wing sets
U = {uel*(0,T;Hyp, () : e L(0,T; H(Q))},
V = {ve H'(0,T;L2(Tc))},
W o= {welL®Tf), :0<w< 1}

Here we have used standard notations in the functional analysis.

Definition 6.1.1 A triple (u,v,w) € U x V x W is called a weak solution of (1.1) and (1.2) if
(u(0),v(0)) = (us,vr) and if

(Opu, @)qr + D(Vu,V)aqr — (Gu, V)qr = —en(0wv, go)rg, (1.7)
(Op,0)pr = Dg(r(u) —w,0)pr,
¢ ¢ (1.8)
w € H(v) aeinTE,
forall (¢,0) € L?(0,T; Hyr, () x LA(TL).
The existence of a weak solution is proven in [2], Theorem 2.21. Moreover, with
M, = max{||uslleo,,u"}, (1.9)
M,)D,
My = max{[orfeo 1}, Gy "Mu)Da (1.10)

M,
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a weak solution satisfies

0<u<M,, aeinQl
0 <w(t,") < Mye®?t, foralltc[0,T]andae.onlg, (1.11)

0<w<1, ae.on F(T;,

respectively

), + 1Vl + 190020 -+
(1.12)
rello(t) 3, +=lanlEy <G,

forall 0 < ¢ < T. Here C' > 0 is a generic constant. The proof is based on regularization

arguments and provides a solution for which, in addition, we have

w =1(u) ae. in {v=0}NTE.

6.2 The time discrete numerical scheme

In this section we analyze a semi—implicit numerical scheme for the system (1.1)—(1.2).

To overcome the difficulties that are due to the multi—valued dissolution rate we approximate

the Heaviside graph by
0, if v <0,
Hs(v) == ¢ v/5, ifve(0,9), (2.1)
1, ifv >4,

where § > 0 is a small regularization parameter.

Next we consider a time stepping that is implicit in « and explicit in v. Though possible
here as well, an implicit discretization of v would involve an additional nonlinearity in v without
bringing any significant improvement of the results.

With N € N, 7 =T/N, and t,, = nr, the approximation (u",v") of (u(ty),v(t,)) is the

solution of the following problem :
Problem P} : Given ™!, v, compute u™ € H&FD(Q), and v € L?(T'g) such that

(u™ —u™ 1 ¢)q + TD(Vu"™, Vo)o — 7(qu"™, V)q
(2.2)

+en(v™ — "L dre = O,
(", 0)r, = (U"_l, Oy + Do (r(u") — H(;(v"_l),O)pG, (2.3)

forall ¢ € H&FD(Q) and 0 € L*(T'g).
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Here n = 1,..., N, while u® = u; and v° = v;. For the consistency with the original setting

we approximate the dissolution rate w(t,) by
w" = Hg(v"). (2.4)
To simplify the notations, we have given up the subscript § for the solution triple (u", v™, w™).

Remark 16 As we will see later, for guaranteeing the stability of the scheme the regularization
parameter § should be chosen such that § > TD,. This is the only restriction that is related to
the explicit discretization of v. Further, the convergence result is obtained assuming 6 = O(1)

for any a € (0, 1), which is consistent with the previous restriction.

Due to the explicit discretization of v, the ion transport equation in Problem Pj can be decoupled
from the time discrete dissolution and precipitation equation. This can be done by replacing the
I" scalar product in (2.2) by the last term in (2.3). For obtaining a solution for Problem P¥, one
has to solve first an elliptic problem with a nonlinear boundary condition. Once u™ is obtained,
v™ can be determined straightforwardly from (2.3). We will use this writing later in Section 6.5,
where a linear iteration is discussed. As a complementary result, the iteration proposed there

can also be employed for proving the existence and uniqueness for Problem Pj.

6.2.1 Stability in L™

All the estimates in this section should be interpreted in the almost everywhere (a.e.) sense.
As follows from (1.11), the concentrations « and v, as well as the dissolution rate w are non-
negative and bounded. Here we prove similar results for the time discrete concentrations v and

v™. The bounds for w™ are following straightforwardly from (2.4).

Lemma 6.2.1 Assume § > 7D, and that v~ and v"~' are non-negative. Then u™ and v"

are non-negative as well.

Proof. We start with the estimate in v™. With [-]_ denoting the negative cut, we test (2.3) with

0 := [v"]_ and obtain

I[0")- I, = 7Da (r(u"), "] )pg, + (0" = 7DaHs (0" 1), [0"]-)

In view of (A,), the first term on the right is non-positive. Further, since v" 1 >0anddé > 7D,,

by the construction of Hs we have

vt — 7D Hs(v" ) > "1 (1 — 7D, /) > 0,
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almost everywhere on I'. Hence the second term on the right is negative as well. This yields

I[0"]- N7, <0,

implying the assertion for v™.
For proving that «™ is non-negative we proceed in a similar manner. Testing (2.2) with
¢ := [u™]_ gives
2 2 -
Iu"]-llq + TDIV[u"]-[lg — 7 (qu", V[u"]-)g
(2.5)
~ n _ ,n—1 n _ n—1 n
+ent (v — oL [u ]_)Fc = (u" 1, [u"]2)q-
The first two terms in the above are non-negative, whereas the third one is vanishing. This

follows from

(qu™, V[u"]-)a = (7, V[u" )

= %(17 7, [un]%)rDUFG - %(V “q, [un]%)f%
and the boundary conditions on OS2, since V - § = 0 in 2.
Further, since [u"]— < 0 a.e. and it belongs to H&,FD (9), its trace [u"]_|r,, is a non-

positive L?(T';) function. Testing (2.3) with [u"]_|r, gives

"]re = 7Da(r(u") — Hs(v"™1), [u"]-)r

G

= —7Da(Hs(v"™"), [u"]-)rg >0

a )
where we have used (A, ) and the positivity of Hs.
Finally, the term on the right is non-positive, since ©”~! > 0. Using these observations

into (2.5) shows that [u"]_ = 0 almost everywhere in €2, implying the result. m

Remark 17 Since we assume that the initial data are non-negative, Lemma 6.2.1 show that for
alln =0,..., N the time-discrete concentrations u™ and v™ are positive. As stated in Remark
16, the restriction 0 > 17D, is due to the explicit treatment of v in (2.3). A fully implicit scheme

would make it unnecessary.

Now we turn our attention to the upper bounds for «” and v™. First, with M,, defined in

(1.9) we have
Lemma 6.2.2 If w1 < M, then the same holds for u™.
Proof. We test (2.2) with ¢ := [u"™ — M,], the non-negative part of u™ — M,,. This gives

= Ml I + 7 DIV — M43 - (@, Vium — Ml )a

= (u"t — My, [u™ — M)+ )a — en(v™ — o™ L [u — My)4)rg.
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Arguing as in the proof of Lemma 6.2.1, we first observe that the convection term vanishes.
Further, since u"~! < M,,, the first term on the right is negative. Finally, for the last term we
have

(0" =" [ = M]3 )rg = mDa(r(u”) = Hs(o"™Y), [ = MJ1 ).

By the definition of M, whenever u™ > M, we have r(u™) > 1 > Hz(v"~!). This implies

the positivity of the above scalar product. We are therefore left with
I[u" = M)+ + 7DV " — M+ & <0,
implying that «"™ < M,,. =

Remark 18 Since uy < M, Lemma 6.2.2 implies u™ < M,, for all the time discrete approxi-

mations of u.
The upper estimates for v are similar.

Lemma 6.2.3 With M, and C, defined in (1.10), assume that v~ < MveC”(”_l)T. Then

o < Mvecvm-‘
Proof. Testing (2.3) with 0 := [v" — M,e“*"7], gives

o7 = MueCm [, = (07 = MoeCol 7, o — e )

G G

+Mv(eCU(n—l)T _ ernT’ [Un _ MvernT]+)F (26)

G
+7Dg(r(u™) — Hs(v" 1), o™ — MveC””T]Jr)pG.

We denote the terms on the right by I, I and I3. We first notice that the assumption on pnl
imply I; < 0. Further, since 0 < u™ < M,, Hs(v"~1) > 0, and due to the monotonicity of r
we obtain

Iy < 7Do(r(My), [0 — M,e" ] )

a-

This gives
I3+ Iy < My(7Cy + €S (1 — 7)) [0 — M,e“™ 4 ) < 0.

Here we have used the elementary inequality e > 1+ z, as well as ¢»(*~1)7 > 1. In this way
(2.6) becomes

Il — Moc®™] |13, <0,

implying the upper bounds for v". m
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Remark 19 As before, since v < M,, it follows that v"* < M,e“™ foralln =1,...,N.

Remark 20 The essential bounds provided by Lemma 6.2.1, 6.2.2 and 6.2.3 are uniform in 9,
assuming that 6 > 1D,. Moreover, T only appears in the upper bounds for v". Nevertheless,
givenat € [0, T, for any 7 > 0 and n such that nt < t we have v" < M, et Therefore we

can say that the estimates are uniform in T as well.

6.2.2 A priori estimates

We continue the analysis of the numerical scheme (2.2)—(2.3) by giving some energy es-
timates for the sequence of time discrete concentrations {(u",v™), n = 0,..., N}. We start

with the estimates in v, which are depending on meas(I').
Lemma 6.2.4 For any n > 1 we have :

Hv” — v”_lurc 7Dy r(M,y) meas(Fg)l/Q, and 2.7

IN

N

[0"[re < lvrllrg + 7Dy (M) meas(T'g)*/>. (2.8)
Proof. Testing (2.3) with § := [v" —v"~!] € L?(I'¢) and applying Cauchy’s inequality gives,
" =" HE, < TDallr(w") — Hs(v" ™) rg v = " rg (2.9)

The essential bounds on u™ and v, together with the assumptions on 7 and Hs imply —1 <
r(u™) — Hs(v™ 1) < r(M,). By (1.9) we have r(M,,) > 1, implying the first estimates.
In a similar manner, by we taking 6 := v" € L?(I'¢) in (2.3) and applying the Cauchy

inequality we obtain
lo" [, < 0" M eg 0" lrg + 7Da (M) meas(Te) 2|0 |Irg .- (2.10)

Simplifying with ||v"||r, and applying the inequality backward we immediately obtain the

estimate (2.8). m

Remark 21 Notice that the estimates in Lemma 6.2.4 are d—independent. Next for n < N, the
term on the right in (2.8) is bounded uniformly in T as well. Finally, due to (1.5) we can replace

meas(I'c) by C /e, where C' does not depend on 6, T, or e.

Now we proceed by the estimates for w.
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Lemma 6.2.5 Assume 7 < 19, with 19 > 0 a fixed value that will be given below. For the time

discrete solute concentrations we have

N
Y |[Vu'|g < C 2.11)
n=1
N
dout—u G < CVF (2.12)
n=1
N
Y IV =" G < CVT (2.13)
n=1
N
St —um MR, < C (2.14)
n=1
Here C'is a generic constant that does not depend on § and .
Proof. We start by testing (2.2) with ¢ = u™. This gives
(u™ —u" L u™)g + TD||Vul|3
(2.15)

+7(qu™, Vu")q + en(v™ — o1 u™)r, = 0.

We denote the terms on the right by 77, ..., Ty. We have
1 2 112 —1)12
T = 5 (u"llg = g + ™ = " Hig).

Further, 75 is non-negative, whereas T35 vanishes as argued in the proof of Lemma 6.2.1.
Before estimating the last term we notice the existence of positive constants C; and Cy
such that

lelit, < Cillellé, + CallellelVela (2.16)

for all p € H, 67FD (€2). This can be obtained by following the proof of the trace theorem (e.g.

see [5], Theorem 1.5.1.10). By the inequality of means

) 1
ab < §a2 + %bQ, forall a,b, and § > 0, (2.17)
we get
2 022 2 2
lellr, < [ C1+ 1 lelle, + Pl Vells- (2.18)

Here p > 0 can be taken arbitrarily small.
With M = enD, r(M,) meas(Fg)l/Q, we use (2.7) to estimate T} :
TM?
Tyl < TM[uflrg < —— + 7llu" g

Now we use (2.18) with § = D/2 and obtain

TM? C? D
i < T+ (G 52 ) 1l + S0
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Combining these estimates into (2.15), summing up forn = 1,..., N and multiplying the
result by 2 yields
il il TM>
N2 n n—1/2 n|2 2
— D < C
™I+ Yl =" 7Hg + 7D Y V"G < llullg + —5— +C,

n=1 n=1
where C = T'(Cy + C3/(2D)) M2meas(£2). This estimate follows by the essential bounds on
u™. An alternative proof can be given based on the discrete Gronwall lemma. In this way we

have proven (2.11). Notice that we have also obtained

N
S un — g < 0
n=1

which is not so good as (2.12).

To proceed with (2.12) and (2.13) we notice that, since uy € H&,FD’ u—u"lisa Hé,FD

function for all n > 1. Testing (2.2) with u” — u"~! gives
[u" —u" g + 7D(Vu", V(u" —u"1))a
(2.19)
—7(qu™, V(u™ —u" 1)) + enr (v” — oy — u”_l)Q =0.
Denoting the terms in the above by Iy, ..., I4, we have
™D _ _
I = 7(IIVU”II% — IV G + [V (u = w1,
Recalling (1.4), the inequality of means gives
] = (V- (qu"),u" —u" o < 7M[[Vu"[ou” — u o

_ 2M2
< gl —ut TG + VR

With M defined above, for I, we use the estimate (2.7) and obtain

5 _ _ TM)?
1] < ell” — gl — u Y, < T
M1

+paflu” = u" IR,

where 11 > 0 will be chosen below. Now we can take p = 7D /(4p1) into (2.18) to obtain

(rM)? 1 C3
D

|14] <

D
b (004 B =g+ TV -

Using the above estimates into (2.19), taking p1 = v/ 7D /C5, multiplying the result by 2

and summing up forn =1,..., N, (2.11) gives

N — N _
(3 22) Sl lum —wr b3 + R 20 IV — w3

n=1

< rD||Vuy|}f + TC271/2 4 7.
For 9 := DC2/(16C%) and 7 < T, since u; € H&FD the inequality above immediately
implies (2.12) and (2.13).
Finally, using (2.18) with p = /2 (2.14) is a direct consequence of (2.12) and (2.13). m
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Remark 22 As in Remark 21, if the medium is e-periodic, the generic constant C' in Lemma
6.2.5 does not depend on e. To see this we recall (1.5), and Lemma 3 of [7], saying that there

exists a constant C' > 0, independent of €, such that

ellelits < C (llellé, + €21Vel)

forall o € H'(Q). Then the boundary term in (2.19) yields a constant C which does not depend

on € as well.

6.2.3 Convergence

In this part we proceed by proving the convergence of the numerical scheme defined in
(2.2)—(2.3) to a weak solution of the system (1.1)—(1.2), as given in Definition 6.1.1. The mul-
tivalued dissolution rate hinders us in obtaining useful error estimates. Therefore convergence
will be achieved by compactness arguments. In doing so we mainly follow the ideas in [2].

Considering the sequence of time discrete triples {(u",v",w"),n = 1,..., N} solving
the problems P, where w" is defined in (2.4), we construct an approximation of the solution
of (1.1) and (1.2) for all times ¢ € [0, 7. Specifically, define forany n = 1,...,N and t €
(tn—1,tn]

n(t—tno1)

Z7(t) = 2" z’H@, (2.20)

where (z, Z) stands for (u, U) or (v, V'), and define
WT(t) .= Hs(V"(t)). (2.21)

Notice that U, V., and W do not only depend on 7, but also on the regularization parameter
d.

For the time continuous triple {U”, V™, WW7)} we can use the uniform L bounds, as well
as the a priori estimates in Lemmata 6.2.4 and 6.2.5, to derive —independent estimates that are

similar to those for the solution defined in Definition 6.1.1 (see [2]).

Lemma 6.2.6 Assume § > 17D,. Then for (U™, VT, WT) we have :

0<U™ < M, aeinQf, (2.22)

0<VT < MuefT, 0<WT™< 1, aeinT§, (2.23)
U™l + IV OIE, < C,  forall0<t<T, (2.24)
”8tUT”%2(O7T;H—1(Q)) + VU |4 + HatVTHl%g <C. (2.25)

Here C' > 0 is a generic constant that does not depend on T or d.
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Proof. The essential bounds in (2.22) and (2.23) are a direct consequence of Lemmata 6.2.1,
6.2.2,6.2.3, and of (2.4). The same holds for (2.24), for which we employ the stability estimates
in Lemmata 6.2.4 and 6.2.5.

To proceed with the gradient estimates in (2.25) we notice that

/ IVUT @Rt < 2Zr||w 3

n=1

fn t_tn—12 n n—
+ [ 2 v - e

tn—1

N N
_ 2T _
< 2r) ||V 1II?ergzjllv(un—u” g <c.

n=1 n=1

Here we have used the estimate in (2.11) and (2.13).

The estimate on 0; V'™ follows by (2.7),

T
/0 |0,V ()3, dt = Z

tn " n—l 2

dt <CNt1=CT.
Te

tn—1

Finally, for estimating 0;U7 we notice that

OU" (1),0) = <w¢> ,

T

forall ¢ € H&,FD (Q) and all ¢t € (t,,—1,t,). By (2.2) this gives

[(GUT, o) < DI[Vu"la [Volla + M, [Vu*|la I9]le

@ n__ ,n—1
P o = s
Using the trace theorem we obtain

(G:UT,0)| < (D + Ml[Vu"llalldll o)

(2.26)
€n " n—
@ — " = o™ HIrgllol (@)
for any ¢ € H, 6,1“,3 (€2). This implies that
T n €n n n—
100wy < € (196" + S " = 0" g ) )

for all t € (t,—1,t,), and the remaining part is a direct consequence of the L>° and stability

estimates. m

Remark 23 For an e—periodic medium, the estimates in Lemma 6.2.6 can be made e—

independent. This follows from the remarks 21 and 22. In this case the estimates (2.24) and
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(2.25) become
U™ @Ol + 10U 220,512y + VU Iy
+e(IVT @I, +1aVTIk) < G

forall 0 <t < T, where C does not depend on 1, 6, or e.

Having the 7 and ¢ uniform estimates in Lemma 6.2.6, we can proceed by sending 7 and
§t0 0. Forany 7 > 0 and § > 7D, we have (U™, V7, W7) € U x V x L=(T'L). As stated in
Remark 16, § should also satisfy 6 = O(7%) with a € (0, 1), the reasons for this being made
clear later in this paragraph. From now one we assume that both restrictions are satisfied. Then

obviously 7 \, 0 implies the same for 6. Compactness arguments give the existence of a triple

(u,v,w) €U x V x L=(I'L) and a subsequence 7 \, 0, such that

a) UT —u weakly in L2((0,T); H&FD(Q)),
b) OUT — du  weakly in L2((0,T); H71(2)),
c) Vi —w weakly in L3((0,T); L*(Tg)),
d) VT — o weakly in LA(TY),

e) Wi—w weakly-star in  L>(I'}).

It remains to show that the limit triple (u, v, w)

72]

olves (1.1)—(1.2) weakly. This is done in the

following

Theorem 6.2.7 The limit triple (u,v,w) is a weak solution of (1.1)=(1.2) in the sense of

Definition 6.1.1. Moreover, for the dissolution rate we have
w = r(u) ae in {v=0}NTE.

Proof. By the weak convergence, all the estimates stated in Lemma 6.2.6 hold for the limit

triple (u, v, w). Furthermore, for any ¢ € (¢,,—1, t,,], by (2.2) we have

(QUT(t), d)a + D(VU'(t), Vo)a
+(V-(qUT (), 9)o + €n(OVT (), d)rg (2.28)

= D(V(U(t) —u"),Vo)a + (V.(@UT(t) — u")), d)a,
for all ¢ € Hol,FD(Q)~ Denoting the terms on the right by I;(¢t) and I5(t), taking ¢ €
L?(0,T; H&,FD (€2)), and integrating (2.28) in time gives

(8tUT7 ¢)QT + D(VUTa V¢)QT
—i—(V . ((TUT), ¢)QT + eﬁ(atVT, ¢)Fg (229)

= SN R + ()t
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The definition (2.20) of U™ implies for almost all 0 <t < T

[Li(t)] < (" —u" Yol Vela, (2.30)

respectively

ty —t .
|I(t)] < u" —u" o] Vel|a. (2.31)

In (2.31) we have integrated by parts and used the essential bounds (1.4) on ¢. Now we can

proceed by estimating the terms on the right in (2.29). For I; we get

Sl hd < [ =DV —uw ) o[ V() adt

< YL (GDAIV G = wr hIR)E ([, I9e()IAdt)*

| A

2578 Jo Vo) [3dt+ Fs Zn | DV (ut —ur

IN

T 1
s (1 Iveiade+C) 7.
In the above we have use the inequality of means (2.17) with § = 71/4 as well as the estimates

(2.12) and (2.13). In a similar manner, for I we get

N ot T 1\ 1
S0l o nwat| < (555 g IVeIde+Cr3) i,
Letting 7 ™\, 0, the weak convergence of U” and V7, as well as the estimates above imply that
u and v satisfy (1.7).

For the dissolution—precipitation equation (1.8) we start by analyzing the behavior of U™

on Fg. The a—priori estimates, together with Lemma 9 and Corollary 4 of [19], imply
U™ —u stronglyin  C([0,T]; H*(Q)) N L*(0,T; H*(Q))
for any s € (0, 1). Then the trace theorem, see for example Satz 8.7 of [23], gives
U™ —u stronglyin  L*(T'L).
Taking into account the Lipschitz continuity of r, this yields
r(UT) — r(u) strongly in L*(T'%).
Further we proceed as for (1.7). Forany ¢, 1 <t <t,and 6 € L2(F(;) we rewrite (2.3) as
@:VT(t),0)rg = Da(r(UT(t)) = W7 (1),0)rg
+Du(r(u™) — r(UT (1)), 0)rg (2.32)

+Da(W™(t) — Hs(v" 1), 0)r,,.
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Denoting the last two terms on the right by I3(¢) and I4(t), with 6 € L*(I'%), we integrate
(2.32) in time and obtain

@V™.0pr = Da(r(UT) — W0
(2.33)

+ Zivzl fttn,l I3(t) + I4(t)dt.
For almost all 0 < ¢ < T, since r and H are Lipschitz, we use the definition of V™ and W7 in

(2.20) and (2.21) to obtain

(tn — 1)

[I3(t)| < DaLy " = " Hlpg [19llre (2.34)

respectively

o) < e oY

—[lo" =" irg16]lrg- (2.35)

Using the estimate in (2.14), the first sum in (2.33) is bounded by

tn tn 41 n n—
S0l e, B0t < DaLe 0 [ =t = w00t

1 1
N (1 - 2 [ ptn 2
< DaLe S0 (Flam =t 2, ) (S, 1003 4t )

IA

N — 1
Dl (102, + o0y lun — w3}, ) 73

IN

1
Dl (10)2, +C) 73

1/2

In the above we have use the inequality of means (2.17) with § = 7/, Similarly, for the last

sum in (2.33), by (2.7) we get
tn tn —ti.n n—
IS0l e, Tt < BT JE o — o 00 gt

1 1
2 N _ 2 (0 2
< By (Blom = o EL) T (S 6@ at)

1
N —
< g (PDIBI, + S o DR, ) &

2
< 2 (J10]2, +r(M,)? meas(Tc) )

T
5
Letting now 7 N\, 0, with § = O(7%) for an @ € (0, 1), the above estimates together with
the weak convergence of 0,17, the strong convergence of r(U7), as well as the weak—star
convergence of W7 implies that u, v and w satisfy (1.87).

It only remains to show that the dissolution rate satisfies (1.82). The major impediment

is the lacking pointwise V7 convergence. To resolve this we follow the procedure in Theorem

2.21 of [2]. We define

V(t,x) = lim\i(I)lf VT (t,z) >0 ae. in'%,
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and decompose Fg in two subsets defined as

S ={V >0} and Sy ={V =0}.

The equalities should be understood in the almost everywhere sense. Obviously we have I'L, =
S1 U Sa. As in [2] we show that v > 0 and w = 1 in Sy, while v = 0 and w = r(u) € [0,1] in
So.

For proving the first assertion we follow exactly the steps in [2], with (V' 7, W) replacing
the pair (vs,ws) there. To show the assertion in So we use the reaction equation (2.33) and
rule out the possibility that v > 0 in S3. The weakly—star convergence of W™ implies that
fot W™ — fot w weakly-star in L>°(I'},), and therefore lim inf~ o fot wWT < f(f w a.e. in T'E.
Further, both (1.87) and (2.33) hold in LQ(Fg) and thus a.e. in Fg. Foranyn = 1,..., N and

ae.x € 'gandt € (t,—1,t,) we integrate the two reaction equations in time and obtain

VT = w4 Da (fg(r(UT) — W)+ 3, — 2w) ,
= v+ D, ( STy = () (2.36)

— sV —w) + 3, - %),

with
Su = oot 0@P) = r(U) + [ (r(wP) —r(U7)),
Sw = Sl i Hs@PY) = W) + [} (r(uP) — r(UT)).

We now analyze the ¥ terms in the above. For a.e (t,z) € Fg we have

NI

Sul € LS, e - < e (n g e - )

1
< L (rryo) e —wt )R

By the estimates (2.14), the L? (I') norm of the term on the right vanishes as 7 ™\, 0. This also

implies the convergence to 0 a.e.

For ¥,, we obtain analogously

1
2

N
S| < % NZ|,UP_,U;D—1|2
p=1

[N

7(1+a)

/2 N
< T ey - o
p=1

26

Since § = O(7%), the estimates (2.7) imply the pointwise convergence of the right hand side

aecas T\, 0.
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With (¢, z) € S, we take the liminf \ ¢ in (2.36). The YX—terms vanish, as seen above.

Further, since U™ converges strongly on I‘g and thus pointwisely, we find

¢
O:U—Daliminf/ (W™ —w) >w a.e.in Ss.
\.0 0

Therefore v = 0 in S. Moreover, since O;v € L2(F£), it follows that O;v = 0 a.e. in Ss, and

therefore w = r(u) with0 <w < 1. m

Remark 24 Besides the convergence of the numerical scheme, Theorem 6.2.7 also provides
an alternative existence proof for a weak solution of (1.1)—(1.2). In [2] this is obtained by
fixed point arguments, whereas here the solution is the limit of a time discrete approximating

sequence.

6.3 A fixed point iteration for the time discrete pro-

blems

In this section we analyze a linear iteration scheme for solving the non-linear time discrete
problems Ps'. The nonlinearity appears in the boundary condition (2.3). Numerical experiments
based on a Newton type iteration led to instabilities in the form of negative concentrations, or
to a precipitation in the undersaturated regime (v < u*). Moreover, there is no guarantee of
convergence, unless the time stepping is not small enough. Here we discuss an alternative fixed
point approach that provides stable results. Moreover, the scheme converges linearly in H*,
regardless of the initial iteration or of the parameters ¢, 7 and .

Assume 1"~ and v"~! given and satisfying the bounds in Lemmata 6.2.1, 6.2.2, and
6.2.3. To construct the iteration scheme we proceed as discussed in the beginning of Section
6.2 and decouple the ion transport equation from the dissolution/precipitation equation on the
boundary. Using (2.3), (2.2) can rewritten as

(W — w1, ¢)a + TD(Vu",V)o +r(V.(Gu"), )a
3.1

+  TenDy(r(u™) — Hs(v™ 1),0)r, =0,
for all € H, 67FD (€2). This is a scalar elliptic equation with nonlinear boundary conditions on
I'c. We first construct a sequence {u™%,i > 0} approximating the solution u™ of (3.1). Once
this is computed, we use (2.3) for directly determining v™.

Let L, be the Lipschitz constant of the precipitation rate r on the interval [0, M,,]. With

K= {ueH&FD(Q)/Ogug M, a.e.in Q}, (3.2)
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and for a given u™~! € K, we define u™" as the solution of the linear elliptic equation
(u™' =", 9o + TD(VU, V) + 7(V(qu™), ¢)a

= 7enDo Ly (u™ ™1 — u™ ¢)r 3-3)

G
—TeﬁDa(r(u”’i_l) — Hg(v”_l), e

forall p € H, &FD (€2). The starting point of the iteration can be chosen arbitrarily in K. A good

n,0 1

initial guess is u™" = u""".

Comparing the above to (3.1), disregarding the superscripts ¢ — 1 and ¢, the only difference
is in the appearance of the first term on the right in (3.3). In the case of convergence, this term
vanishes, so u™ approaches u". Before making this sentence more precise we mention that
the above construction is common in the analysis of nonlinear elliptic problems, in particular
when sub- or supersolutions are sought (see, e. g., [22], pp. 96). In [17], this approach is placed
in a fixed point context, for approximating the solution of an elliptic problem with a nonlinear
and possibly unbounded source term (see also [24]). The same ideas are followed in [20] and
[16], where similar schemes are considered for the implicit discretization of a degenerate (fast
diffusion) problem in both conformal and mixed formulation. We also mention here [21] for a
related work on nonlinear elliptic equations.

Since (3.3) defines a fixed point iteration, only a linear convergence rate is to be expected.

This drawback is compensated by the stability of the approximation sequence, as well as its

guaranteed convergence. These statements are made precise below.

Lemma 6.3.1 Assume 0 < u™~1 < M, almost everywhere on €. Then u™" solving (3.3)

satisfies the same bounds.

Proof. This can be shown by following the ideas used in proving Lemmata 6.2.1 and 1.9. We
omit the details here. m Starting the iteration with «™° € K, a straightforward mathemati-
cal induction argument shows the stability of the entire sequence {u™% i > 0}. To prove the
convergence of the scheme we let

el =yt — ™! (3.4)

denote the error at iteration i and define the H '—equivalent norm

WFIZ = [I£1& + 7DV f1IG + ¢ IR - (3.5)

Here f is any function in H, ol,FD (€2), and the constant ¢ > 0 is defined as

= geﬁDaLr. (3.6)
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Notice that if 7 is reasonably small, { < 1.

The lemma below shows that the iteration error defined in (3.4) is a contraction in the
norm (3.5).
Lemma 6.3.2 For 7 < 2/(enD,L,), an i-independent constant 0 < ~y < 1 exists such that

n,im2 n,i—1|H2’

™ 117 < Allle

provided w1 satisfies the bounds in Lemma 6.3.1.

Proof. With ¢ given above, we start by adding ((u", ¢)r,, on both side of (2.2). Subtracting

(3.3) from the resulting equation gives

(e, ¢)g + 1D (Ve Vo) —T (ge™, Vo), +2€¢ (e O)r

G

=2( (e”’i_l, qﬁ)FG + TenD, (r(u”) — r(u(i_l)), (;S)F .

Since V - ¢ = 0 and €™ has a vanishing trace on I'p, taking ¢ = €™ into above yields

e 1% + Dl Ve 3 + 26 e |,
< renDa| Lre™ ™ = (r(u") = (@) llrg e rg

< 2¢)le™ Hirg lle™[Irg-
We then immediately get
12 =12
™ I1" < ¢(1 = a+a)lle™ 7, (3.7)

where ||| - ||| is introduced in (3.5) and « is an arbitrary constant in (0, 1) to be chosen below.

Using the trace estimate (2.16) and the inequality of means, for any 5 > 0 we have

- 2 - -
lemi12, < (cwﬁ) lemi=1 2 + B3,

Using this into (3.7) and taking o € (0,1), 5 > 0, and y > 0 satisfying the constraints
CQ
(o <C1 + ﬁ) < 7

Capf < 1D7, (3.8)

C(]' - a) < v

we obtain

lle™ I < (1 —a)¢lle™ IR, + aBcl| Ve

3.9
C2 . .
+a¢ (Cr+ G) lemi=H3 < Alfleni= 2
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-1
2 2
ﬁ:%<01+\/012+f—5>, and a:<1+%+§ 012+f—5> ,

the restrictions on « and (3 are fulfilled. Further, this choice also gives identical lower bounds

With

for v in (3.8), for which we can now take

-1
2 2
7=C<01+\/012+f—5> (2+01+\/012+f—5> . (3.10)
By the assumptions on 7 we have v < 1, hence the iteration error is contractive. m

Remark 25 The iteration (3.3) defines an operator T : K — K. Following the steps in the
proof of Lemma 6.3.2, we can show that T is a contraction with respect to the norm defined in
(3.5). Therefore T has a unique fixed point, yielding the existence and uniqueness of a solution
for the nonlinear equation (3.1). This immediately implies the existence and uniqueness of a

solution for Problem Py.

Lemma 6.3.2 implies the linear convergence in H' of the iteration sequence {u™%,i > 0}.

Moreover, its limit is the solution u” of (3.1).

Theorem 6.3.3 With u™° € H&,FD (Q2) bounded essentially by 0 and M, if T < 2/(enDyL,),
the iteration (3.3) is convergent. Specifically, for all © > O we have

n,z'|||2 n,0|||2'

llle™ 11> < +"llle

Remark 26 The contraction constant ~y in the above is bounded from above by ( =
TenD, L, /2. Notice that the first term in the H L_equivalent norm in (3.5) does not depend
on 1. As T \, 0, v approaches 0, implying a fast convergence of the iteration at least in L>
sense. In the numerical computations presented in the following section, 3 to 4 iterations were

enough for obtaining a good numerical approximation of the time discrete solution.

As stated in Theorem 6.3.3, convergence is achieved as ¢ — oo. In practice we stop this proce-
dure after a finite (small) number of iterations. This means that at each time step we are adding
an iteration error to the time discrete approximation. This error depends on the number of itera-
tions performed per time step, as well as on the initial iteration error. As mentioned before, the
solution at the previous time step can be used for initiating the iteration. In the remaining part
of this section we show that by this choice the total error is vanishing as 7\ 0.

To make this statement rigorous we assuming that ¢ iterations are performed at each time
step n. The computed solution @™ = u™* will only be an approximation of u", the solution of

(3.1). Let now €™ denote the error at the time step n,
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Based on the stability estimates in Lemma 6.2.5, we can estimate the total error that is accumu-

lated in the numerical approximation of the time discrete sequence {u”,n =1,..., N}.

Lemma 6.3.4 Assume that, for eachn =1, ..., N, 1 iterations (3.3) are performed by starting

with u™ = 4"~ 1 =y~ b We have
N i/2
~ v
el < C—.
>ollel < o4
n=1
Remark 27 Since v = O(1), the total error vanishes as T\, 0.
Proof. With ™0 = "1, the initial error at the time step n is given by
n,0 n an—l n __ un—l + én—l.
By Theorem 6.3.3 the error at the time step n can be estimated as

HE < A2 lle™0ll < A2 (™ =+ (1) -

Repeating this estimates inductively forn = 1,..., N, since € = 0 we obtain
n .
e[| < Y AT — . (3.11)
k=1

Adding the above for n = 1 up to NV gives

Y 7”2 al N+1-n)i/2 1
Dol < £ 37 (1= AV et —
n=1 k=1

The proof can be completed straightforwardly by applying the stability estimates in Lemma
625 =

6.4 Numerical results

In this section we present some numerical simulations obtained for the undersaturated
regime. Extensive numerical results for both dissolution and precipitation, and for high or low
Damkohler numbers, will be presented in a forthcoming paper. The present computations are
carried out in a reference cell €2, where the d—dimensional hypercube (—L, L)? (d = 2, or 3,
and L = 1) is including a grain represented as a d—dimensional ball of radius R = 0.5 centered
in the origin. Then I' represents the surface of this ball. Similar computations are presented
in [2]. In the simplified geometry considered there, a strip, the occurrence of a dissolution front
can be proven rigorously. After a waiting time t*, this front moves in the flow direction. The

present computations are revealing similar features.
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. pressure field
pressure field .00 0.500! 1.00 1.50 2.00
-71.6 -365 -1.50 336 68.6 ]

vector field Magnifude
0.00 0.750. 1.50 2.25 3.00

vecfor field Magniiude
1.25 2.50 375 500

F1G. 6.1 — Velocity and pressure field

We have used the following parameters and rate function :

D =0.25, 0.5 (d=2 or 3 resp.)

10
D,=1,5,10e =1, m=n=1.0, and r(u,c) = ?[u]_F[U/ —0.1] 4.

The initial and (external) boundary conditions are

vy = v >0, onI'q,
ur = u’, in §2,
U = U, ifx=-1,t>0,
ou = 0, on IN{T'g U {x=—1}}.

In the above we have taken u, = 0.1, and ©* = 1.0. For the two dimensional case we took vg =
0.01, while vg = 0.1 in three spatial dimensions. By the maximum principle, only dissolution
is possible. This follows by the L estimates.

The fluid velocity ¢'is solving the Stokes model in (2,

uAG = Vp, in§,

V-¢g = 0, in €,
g = 0, onl'g,
q = dp, onlp,

where = 0.01 and ¢gp = (2,0), (3,0) for d = 2 or 3 respectively.
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The numerical approximation of ¢ is obtained by employing the bubble stabilized finite
element method proposed in [18] (see also [11]). Figure 6.1 displays the numerical approxima-
tion of ¢'in two and three dimensions.

For symmetry reasons, if d = 2 the computations are restricted to the upper half of the do-
main. Similarly, we consider only the upper left part of 2 if d = 3. In doing so we impose homo-
geneous Neumann conditions on the newly occurring symmetry boundaries. The computations
are up to ' = 0.3, 0.5, for d = 2 or 3 respectively when the entire crystal has been dissolved.
In the time discrete scheme (2.2)—(2.3) we took a fixed time step 7 = 10~*. Here 6 = 107%. As
mentioned in the appendix of [1] (see also Theorem 6.2.7), we set w = min{r(u), 1} whenever
v =0.

The nonlinear problems are solved by the linearization given in (3.3), with u™? = 4"~
The procedure is stopped once the maximal difference between two successive iterations is re-
duced below 1073, and 3 to 4 iterates were sufficient. We use piecewise linear finite elements for
the spatial discretization of the time discrete problems. All the computations are implemented
in the research software SciFEM (Scilab Finite Element Method)!.

In Figure 6.2, 6.3 and 6.4 we show the cation concentration u for D, = 1,5, 10.

Figure 6.5 and 6.6 display the precipitate concentration v.

!Finite Element Library used with scilab, developped by T. Clopeau and V. Devigne for research in

Scientific Computing
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F1G. 6.2 — Concentration of cations
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t=0.02

t=0.15

t=0.18
Da=1 Da=5

F1G. 6.3 — Concentration of cations, lateral view
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t=0.18
Da=1 Da=5

F1G. 6.4 — Concentration of cations, below view
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F1G. 6.6 — Concentration of crystal D=0.5
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6.5 Conclusion

We have analyzed a numerical scheme for the time discretization of (1.1)—(1.2). This is a
simplification of the pore scale model for crystal dissolution and precipitation in porous media.
The main difficulties associated with the model, a parabolic problem that is coupled through the
boundary to a differential inclusion, are still present in this setting.

The numerical scheme is implicit in v and explicit in v. A regularization step is employed
for dealing with the multivalued dissolution rate. We prove the stability of the scheme in both
L, as well as energy norms. Further, compactness arguments are used for showing that the
scheme is convergent.

A fixed point iteration is proposed for solving the nonlinear time discrete problems. This
linearization is stable and converges linearly, regardless of the discretization parameters and the
starting point.
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Nous venons de présenter 1’analyse d’un schéma numérique pour une discrétisation
en temps. Il s’agit d’une simplification du modele a 1’échelle du pore pour la dissolu-
tion/précipitation en milieu poreux. La plus grosse difficulté associée au modele, un probleme
parabolique couplé a la frontiere par une inclusion différentielle, a été traitée sans dénaturer le
modele en respectant sa complexité.

Le schéma numérique est implicite en u et explicite en v. Une étape de régularisation est
utilisée pour le taux de dissolution multivoque. Nous avons prouvé la stabilité du schéma dans
les normes du maximum et de 1’énergie. Des arguments de compacité ont montré la conver-
gence. Une itération de type point fixe est proposée pour résoudre le probléme discrétisé en
temps non linéaire. Cette discrétisation est stable et convergente, au regard des parametres de

discrétisation et du point de départ.
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Chapitre 7

Questions ouvertes et travaux futurs -

Open questions and future works

Nous espérons que le lecteur a pu trouver ici une étude claire et aussi compléte que pos-
sible des écoulements en milieu poreux par le probleme de Darcy, I’analyse numérique du
probleme de Stokes pour 1’écoulement incompressible de fluide visqueux et un début de réponse
concernant le probleme posé par les frontieres rugueuses avec la loi de Navier, les balbutiements
dans la compréhension des processus chimiques dans un milieu poreux. Nous avons essayé de
garder un équilibre entre les aspects techniques et théoriques dans un souci pédagogique.

La question des approximations des équations de Darcy et Stokes peut étre considérée
comme close, les éléments finis présentés sont spécifiques a chacun des problemes. La méthode
non-conforme peut étre étendue a des quadrangles ou héxaedres réguliers la rendant accessible
a des domaines plus généraux. Mais I’interrogation ici est d’ordre technique et n’implique pas
de difficultés conceptuelles ou de modélisation. Plus ouvertes restent les questions posées par
les lois de paroi et la chimie.

Dans tous les aspects du probleme, la technique d”’homogénéisation conduit a des lois sous
la forme de conditions aux limites de type mixte faisant intervenir le parametre caractéristique
€ (la taille des pores, ou des rugosités) et le tenseur de Beavers et Joseph ou de Navier. Les
composantes tangentielle et normale de la vitesse sont liées par une condition aux limites de
type Robin ou Fourier. Ces matrices restent inconnues et dépendent des caractéristiques du
matériau. Il reste ici, un probleme d’ingénierie difficile qui pourrait trouver un écho favorable
dans le monde industriel. Nous sommes persuadés que I’homogénéisation apporte par le calcul
des alternatives aux outils statistiques.

La chimie des écoulements en milieu poreux a été abordée de deux facons différentes.

Dans la premicere, la chimie et la géométrie sont volontairement simplifiées de facon a obtenir
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un probléme modele et donner les bases de 1’application de la théorie de I’homogénéisation en
gardant a ’esprit I’objectif principal : une justification de la dispersion de Taylor dans les tubes
capillaires. Dans la seconde, un grand soin a été porté a la description du milieu au niveau micro-
scopique et a la chimie. Cette complexité n’a pas permis de proposer un modele a plus grande
échelle a cause de difficultés techniques. Cependant cette deuxieme étude a laissé le champ
libre & de nombreuses simulations beaucoup plus faciles a fournir que dans I’approche de Tay-
lor a cause de la raideur du probléme physique bidimensionnel. La théorie d’homogénéisation
développée pour confirmer la dispersion de Taylor est prometteuse et d’autres travaux futurs sur
une description plus compléete de la chimie ainsi qu’une géométrie plus complexe pourront étre
envisagés.

We expect the reader to find here a clear and an “as complete as possible” study about
flows in a porous medium, with the Darcy’s problem, about incompressible free fluid flow with
the numerical analysis of the Stokes problem and a part of the answer concerning the problem
at a rough interface with the study of Navier’s law, the first-fruits of understanding of chemical
processes in a porous medium. We tried to keep an equilibrium between a numerical and an

analytical point of view in a pedagogic manner.

Concerning the approximations of Darcy and Stokes equations, the finite element presen-
ted are specific to each problem, and the question is closed in that sense. The non-conforming
method could be extended to non regular quadrangles or hexaedras for more general domains.
But the question here is only technical and doesn’t bring conceptual neither modeling difficulty.

The questions related to the wall laws and the chemistry are more opened.

In every situation, the results of the homogenization technique lead to a law in the form
of a mixed boundary condition involving the characteristic parameter of the interface e (the
pore size) and a tensor (Beavers and Joseph, Navier’s matrices). The tensor links the normal
component of the velocity to the tangential ones. The tensor is unknown and depend on the
characteristic of the material. A difficult engineer type problem still remains and is of interest
for the industrial world. We are confident that homogenization theory may bring alternatives to
statistic tools by the calculus.

The question of chemistry for flows in a porous medium was considered from both angle
starting from two different descriptions of the porous medium but governed by two different ap-
proaches. In the first one, the chemistry as well as the geometry is consciously oversimplified to
provide a toy problem for the first steps of homogenization theory applications keeping in mind
a goal : a justification of Taylor’s dispersion in a capillary tube. The second one is attached to a

complex description of the chemical reaction keeping the balance between the dissolution and
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the precipitation applied to a closed description of the domain. This is its drawback, technical
difficulties don’t allow us to give an upscaled problem for complex geometries and chemistry.
Nevertheless it gave the free hands to several simulations not so easy to provide for the Taylor’s
approach due to the rough character of the 2D-problem. The homogenization theory develo-
ped for the Taylor’s dispersion is promising and further work will focused on a more complex

description of the chemistry and a more complex geometry.
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résumé : En sciences de I’environnement et plus particulierement en hydrogéologie
les problemes de nature phénoménologique nombreux conduisent bien souvent a 1’étude des
Equations aux Dérivées Partielles (EDP’s) au travers des non moins nombreux modeles qui en
découlent.

Si chaque phénomene physique, mécanique, chimique ou autres pris indépendamment et
a une échelle suffisamment fine est aujourd’hui bien compris et relativement aisé a modéliser il
n’en est pas de méme pour les problemes multiphysiques, physico-chimique, les écoulements
au voisinage de domaines de structures différentes ou méme dans 1’appréhension de ces

phénomenes a des échelles plus grandes méso et macroscopique.

La compréhension des conditions aux limites et leur modélisation reste une étape clef dans

I’étude de ces phénomenes naturels.

Nous verrons a travers différents problemes comment il est possible de résoudre
numériquement et en partie ces difficultés par des techniques d’analyse mathématique
adéquates.

Des résultats de simulations réalisées au moyen d’un logiciel de résolution d’EDP’s bap-
tis€ SciFEM (Scilab Finite Element Method) congu dans le cadre de la theése illustreront notre

démarche.

Titre en anglais : Flows and Particular Boundary Conditions applied in Hydrogeo-

logy and Mathematical Theory of Dissolution/Precipitation process in porous media

abstract : In environmental sciences and more specifically in hydrogeology, most of phe-
nomenological problems lead the scientist in front of the study of Partial Differential Equations
(PDE’s) through the various different models they are coming from.

A natural phenomenon may be studied from different angles. It depends on its main type
which could be physical, mechanical, chemical ... Considered independently and under assump-
tion of sufficient fine scale of observation, this phenomenon is reasonably well understood and
modeled. This is not the case for multi-physics, coupled physics and chemistry problems, flow
problems closed to interfaces of domains with different structure where the phenomenon itself
is not clearly handled. What ’s happening if the same microscopic behavior is considered at a
larger (meso or macrocscopic) scale ?

A good understanding of the boundary conditions is required as well as their modeling

which is the ’key” in the study of natural phenomenon.

We will see with different problems how it is possible to solve numerically and partially
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those difficulties with techniques based on recent mathematical analysis.
Results of simulations realized with a PDE’s software called SciFEM (for Scilab Finite

Element Method) created during the thesis will emphasize our discussion.

Mots-clefs : homogénéisation, éléments finis non-conforme, écoulements, Darcy, Stokes,

fonction bulle, loi de Navier, dissolution/ précipitation, milieu poreux, dispersion
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