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4 Introduction

Généralités

Le but de cette these est d’estimer la transition d’une chaine de Markov observée
ou cachée. Les chaines de Markov que nous considérons étant a espace d’états continu,
la densité de transition apparait comme une fonction. L’estimation d’une telle quantité
releve donc des statistiques non paramétriques, qui ont pour but d’estimer une fonction,
plutot qu'un parametre de R

En statistique, toute quantité calculable a partir des observations est appelée estima-
teur. Il s’agit ensuite de mesurer la qualité de cet estimateur. Pour cela, on évalue une
distance entre 'estimateur et 'objet a estimer. Dans le cadre de ’estimation d’une fonc-
tion, les distances les plus couramment employées sont la distance ponctuelle ou bien les
normes LP. Plus précisément, si 5 est un estimateur de s : R? — R, les fonctions de perte
sont p(s, s) = |s(xo) — $(xo)| ou bien

s — 4l = / I5(2) — $()PPdz  avec A C RZ
A

L’erreur d’estimation est alors Ep(s, §) ; elle est appelée erreur ponctuelle dans le premier
cas, erreur LP(A) dans le second. Dans ce travail, nous ne nous intéresserons qu’a la norme
L? (L*(A) ou L*(R?) avec d = 1 ou 2 selon les cas)(!). L'erreur est alors appelée risque
quadratique, ou MISE, abréviation pour mean integrated squared error, et s’écrit

Ells — 53

Pour apprécier la qualité de nos estimateurs, nous nous plagons dans cette these dans le
cadre minimax décrit ci-dessous.

Si n est le nombre d’observations, il est naturel d’espérer que le risque décroisse en
fonction de n : plus on dispose d’information, mieux on estime la fonction. Mais on souhaite
quantifier la vitesse de décroissance du risque en fonction de n. Si V' est une classe de
fonctions a laquelle s est supposée appartenir, la quantité d’intérét est

R,(V) =infsupE||s — 3|3
Sn g€V
ou l'infimum est pris sur tous les estimateurs §,, = §,(X1,...,X,) de s. Ce nombre est
appelé risque minimax pour des raisons évidentes. On dit que l'estimateur s atteint la
vitesse r, s’il existe une constante C' strictement positive telle que

supE||s — 35 < Cr,.
seV

(UEn effet nous utilisons le cadre hilbertien des estimateurs par projection. Le lecteur intéressé par
des risques LP avec p > 1 peut se reporter a Clémengon (1999). A la différence de ces travaux, nous
nous sommes davantage intéressés a la faisabilité des procédures d’estimation ainsi qu’a ’obtention d’un
estimateur sans perte logarithmique dans la vitesse.
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Cette vitesse est dite optimale s’il n’existe pas d’estimateur ayant une meilleure vitesse,
c’est-a-dire s’il existe une constante C’ strictement positive telle que

R,(V) > C'r,.

La notion de vitesse optimale n’est donc définie qu’a une constante pres. Dans ce travail,
on considere différentes classes de régularité V' :
— Des boules de I'espace de Besov Bj . en dimension 1 ou 2 selon les cas. En effet
cet espace contient I'espace de Sobolev W3 et tous les espaces de Besov By, pour
q > 1. De plus on a By C B3, pour tout p > 2 (on peut se référer a DeVore et
Lorentz (1993) pour une définition des espaces de Besov et a Triebel (1983) pour les
inclusions entre espaces de Besov).

— Des classes de régularités de type

Asra(l) = {f ‘R — R, / |f*(x)]?(2® + 1)° exp(2a|z|")dz < l}

et leur équivalent en dimension 2. Lorsque r = 0, il s’agit d'une classe de Sobolev.
Pour r > 0, la fonction est dite super réguliere; elle est infiniment différentiable et
analytique des que r > 1.
En regle générale, nous n’estimerons s que sur un compact A, ce qui revient a estimer
s14 & la place de s. Dans ce cas, on utilise la norme L? sur A.

Adaptation et sélection de modeles

Dans cette these, tous les estimateurs considérés sont des estimateurs par projection.
Le principe de ce type d’estimation est d’estimer une fonction s en approchant sa projec-
tion sur un espace d’approximation appelé modele. Si S, est un sous-espace du Hilbert

L? de dimension D,, engendré par une base orthonormale (eq, ..., ep on note s,, la
) Y m/)
.. )  —Dn - s .
projection orthogonale de s sur Sy, : s,, = > ;7 a;e; avec a; =< s,e; >. L'estimateur de
N D A~ . ;.
s est alors de la forme 8, = } . a;e;. Le risque peut s’écrire
Dy,
22 2 A2 2 - 2
Ells = 8mll3 = Il = smll3 + Ellsm = 3mll3 = lIs = smll3 + D Eldj — a;)*.
=1

Cette décomposition divise le risque quadratique en deux termes :
— le biais ou erreur d’approximation ||s — s,,||3 due a la méthode d’approximation
utilisée,
— la variance ou erreur stochastique E||s,, — §,,||3 due au caractere aléatoire des ob-
servations.
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Le terme de biais décroit en fonction de D,, car la fonction est de mieux en mieux appro-
chée par s,,. En revanche le terme de variance augmente en fonction de D,, parce que le
nombre de coefficients a estimer est de plus en plus grand. Il y a donc un arbitrage a faire
sur D,, pour que l'erreur soit minimale, le D}, optimal étant celui qui réalise le meilleur
compromis biais-variance. Si D}, = argminp,, E||s — §,,||3, I'estimateur $p: est appelé
oracle.

En regle générale, le biais est de 'ordre de D, 2* ou « est la régularité de la fonction
s estimée, et la variance est de 'ordre d’une fonction croissante de D,, (par exemple une
puissance) divisée par le nombre d’observations n. Le D,, optimal est donc fonction de
n et de la régularité a. Cependant, puisque la fonction s n’est pas connue (on cherche a
I'estimer a partir des observations), sa régularité o ne l'est a priori pas non plus. On ne
peut donc pas choisir le D}, optimal évoqué précédemment. On retrouve le méme probleme
de choix optimal, cette fois de la fenétre, dans les méthodes d’estimation par noyau.

Pour pallier cette difficulté, de nouvelles procédures se sont développées dans les années
quatre-vingt-dix. Ces procédures permettent de trouver un estimateur ayant les mémes
performances que l'oracle mais construit seulement a partir des données, c’est-a-dire ne
nécessitant aucune connaissance préalable de la régularité de la fonction. Ces estimateurs
sont appelés adaptatifs car ils s’adaptent a la régularité de la fonction a estimer.

Les deux grandes familles de procédures adaptatives sont le seuillage en ondelettes et
la sélection de modeles. La premiere se fonde sur un estimateur par projection sur un
espace d’ondelettes. Mais les coefficients d’ondelettes de I'estimateur les plus petits sont
abandonnés pour ne garder que ceux qui dépassent un certain seuil (on peut se reporter a
Donoho et al. (1996) ou Hérdle et al. (1998) par exemple). C’est cette méthode qui a été
utilisée par Clémencon (1999). Elle a cependant le désagrément de produire un estimateur
qui en général n’est pas exactement minimax car on observe une perte logarithmique dans
la vitesse de convergence.

Dans cette these, nous avons utilisé la procédure plus générale de sélection de modeles
(voir Birgé et Massart (1997), Barron et al. (1999) ou encore Massart (2007)). Expliquons
en quoi elle consiste. On estime la fonction s par projection sur différents modeles S,,
(dont le nombre peut dépendre de n) en écrivant

$m = arg min Yn(1).
Ici 7, est un certain contraste, c’est-a-dire que la fonction ¢ +— E[v,(¢)] atteint son mi-
nimum au point s. On dispose ainsi d’une famille d’estimateurs (8, )menm, - Puisqu’on ne
peut pas minimiser directement le risque des estimateurs de cette famille (seul I'oracle peut
le faire), la premiere idée pour trouver le meilleur estimateur serait de minimiser en m la
version empirique du risque v, (8,,). Le probléme est que 7, et §,, sont étroitement liés.
En effet chaque S,, contient les estimateurs 8, pour S, C S, et donc v, (5m) < Yo (Smr)-
Cela montre que le risque empirique décroit en fonction de la taille du modele, ce qui
n’est pas le cas du vrai risque. Pour les gros modeles, le risque empirique sous-évalue le
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vrai risque. On va donc compenser en pénalisant le risque empirique. On choisit un m (ne
dépendant que des données) qui minimise le critere

crit(m) = v, (8m) + pen(m).

ou pen : M,, — R™ est une fonction de pénalité.
Si la pénalité est bien choisie, on peut alors prouver que 'estimateur s = 3, vérifie

Ells — 8]l; < Cinf{|ls — smll5 + pen(m)} + R, (1)

ou C' est une constante strictement positive que 'on espere proche de 1, et R, est un
reste. Si le reste est d’ordre faible et si la pénalité a le méme ordre que le terme de
variance, on obtient pour l'estimateur s la méme vitesse de convergence que celle de
l'oracle, qui est souvent la vitesse minimax optimale. Pour obtenir (1) on utilise des
inégalités de concentration car R, correspond généralement au controle d’'un processus
empirique. Dans ce travail, nous utilisons fréquemment 1'inégalité suivante, adaptée des
travaux de Talagrand (1996) et prouvée au chapitre 4 section 4.7.8.

Lemme 1 Soient T,...,T, des variables aléatoire indépendantes. Pour tout r appar-
tenant a une classe dénombrable de fonctions R, on pose v,(r) = (1/n)> " [r(T;) —
E(r(T;))]. Alors, pour € > 0,

Elsup (1) —2(1 + 20 7, < K (Lot M racovig
reR " + = n nQC’Q(G)

avec K = 1/6, Ky = 1/(211/2), C(e) = 1+ ¢ — 1, K une constante universelle et o

1 n
sup ||7]jec < M, E (sup ]Vn(r)\) < H, sup-— ZVar(T(TZ-)) <.
reR reR .

Des arguments de densités classiques permettent d’étendre ce résultat a une classe non-
dénombrable de fonctions R.

En ce qui concerne le choix des modeles S,,, il est important qu’ils vérifient une
hypothese de connexion de normes du type

I >0 V€ Sm |t < dov/Dunlltll2 (2)

ou D,, désigne la dimension de S,,. Dans cette these, nous avons considéré différents types
de modeles selon les contraintes du modele statistique utilisé, mais ils vérifient toujours
la propriété (2).
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Chaines de Markov

a/ Définition

Puisque notre travail consiste a estimer la transition d'une chaine de Markov, rappelons
ici ce qu’est une chaine de Markov et quelles sont ses propriétés. Pour une référence
générale sur les chaines de Markov, on peut citer Meyn et Tweedie (1993) ou Revuz
(1984).

Une chaine de Markov est un processus stochastique a temps discret® dont la dé-
pendance entre les éléments est traduite de la fagon la plus simple mais cependant tres
riche.

Définition Une suite de variables aléatoires (X;);>o & valeurs dans un espace d’élats
mesurable (E, ) est une chaine de Markov si pour tout' Y € o(X;,i > n)

E(Y|Xo, ..., X,) =E(Y|X,).

Autrement dit, I’état du processus a l'instant n + 1 ne dépend que de I'instant n précé-
dent et non de tout le passé (« le futur est indépendant du passé conditionnellement au
présent »). On représente généralement une chaine de Markov par un schéma du type

@

Parmi les chaines de Markov, nous allons considérer en particulier des chaines de
Markov homogenes, c’est-a-dire telles que la probabilité de passage d'un état a ’autre ne
dépende pas de 'instant n mais seulement des états considérés. Le comportement de la
chaine est alors entierement défini par son noyau de transition (et la loi initiale).

Définition Une fonction P de E x € dans [0, 1] est appelée noyau de transition si
— pour tout A € €, P(.,A) est une fonction mesurable sur F,
— pour tout x € E, P(x,.) est une mesure de probabilité sur E.

A partir du noyau de transition, on peut définir ses itérés par la relation de récurrence
suivante

Pk(a:,A):/EPk_l(x,dy)P(y,A).

Une chaine de Markov de noyau de transition P est définie de la fagon suivante

(2)Le terme de « chaine » renvoie selon les auteurs & un processus & temps discret ou & un espace d’états
discret. Ici le temps sera discret et I'espace d’état continu et on parlera indifféremment de chaine de
Markov ou de processus de Markov.
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Définition Le processus (X;)i>o est une chaine de Markov homogéne de loi initiale p et
de noyau de transition P(.,.) si pour tout n et tous ensembles Ay, A1, ..., Ay,

IP)(XO c Ao, ,Xn € An) = / / ,U(dyO)P(yO;dyl)P(ynfbAn)
Yo€Ao Yn—1€An—1

On peut également écrire P*(z, A) = P(X,4x € A|X,, = z) et pour toute fonction g
mesurable

Elg(Xpe1)|X,] = / (X, dy)g(y).

Dans la théorie des chaines de Markov, deux cas sont a distinguer : le cas d'un espace E
discret, et le cas d'un espace F continu. Si E est discret, la transition est une matrice (finie
si E est finie, dénombrable sinon) de coefficients p;; = P(X,,41 = j| X, = 7). L’estimation
d’une telle quantité est alors paramétrique. C’est par exemple le cas des travaux sur la
génomique en biologie, ’ADN étant construit sur un alphabet fini. On peut trouver un
apercu des travaux en statistiques paramétriques des chaines de Markov dans Clémencon
(1999). Dans cette these, on considere le cas ot E est continu, et plus précisément £ = R.

b/ Irréductibilité

Définissons ici la notion d’irréductibilité. Une chaine est irréductible si tous ses états
communiquent. Dans le cas d’une chaine a états discrets, il est facile de définir la notion
de communication entre états et par suite d’irréductibilité. Un état y est accessible depuis
x ¢l existe un n > 0 tel que P(X,1p = y| X, = x) = P*(z,y) > 0, cest-a-dire s’il
existe un chemin depuis z vers y. On dit alors que deux états x et y communiquent si
x est accessible depuis y et réciproquement. Une chaine est dite irréductible si tous ses
états communiquent entre eux. Pour une chaine a espace d’états continu, on ne peut pas
définir l'irréductibilité de la méme fagon. En effet la probabilité d’atteindre un point fixé
de E étant nulle pour une variable a densité, il faut plutot considérer P"(x, A) avec A un
ensemble non négligeable.

Définition On dit que X est irréductible s’il existe une mesure ¢ sur & telle que

VAel ¢(A)>0=VxreFE In>0 P"(zx,A)>0. (3)

Comme dans le cas discret, une chaine est irréductible si elle ne peut pas étre « coupée
en morceaux séparés ». Dés qu'un ensemble est assez gros (en terme de g-mesurabilité),
il peut étre atteint depuis n’importe quel état x. De plus (théoreme 4.0.1 dans Meyn et
Tweedie (1993)), si X est irréductible, il existe une mesure d’irréductibilité maximale 1) qui
domine toutes les autres et telle que pour tout A de mesure )(A) = 0, 'ensemble des états
permettant d’accéder a A est de mesure nulle (il s’agit en quelque sorte de la réciproque
de (3)). On se restreint maintenant a 1’étude des chaines de Markov irréductibles.
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c/ Récurrence et stationnarité

La communication entre états est précisée par la notion de récurrence.

Définition Une chaine de Markov est dite récurrente si elle est irréductible et si pour
tout ensemble A de mesure (A) non nulle et pour tout x de E, Y " | P"(x, A) = cc.

Une chaine est récurrente si pour tout A, le nombre moyen de visites en A est infini, quel
que soit I’état initial . D’apres le théoreme 10.4.4 dans Meyn et Tweedie (1993), toute
chaine de Markov récurrente admet une mesure invariante, c’est-a-dire qui reste inchangée
sous l'action de P :

Définition Une mesure o-finie p sur € est dite invariante si
VAe & u(A) = /,u(da:)P(a:,A).

Si cette mesure invariante est finie, la chaine est dite récurrente positive, sinon elle est
dite récurrente nulle. En conséquence,

Définition Une chaine de Markov est dite récurrente positive si elle admet une probabilité
mvariante.

Dans ce travail nous étudions des chaines de Markov récurrentes positives, mais aussi
stationnaires.

Définition Un processus est stationnaire si pour tout k la loi du vecteur (X, ..., Xnik)
est la meéme quel que soit n.

Il est important de remarquer que si la mesure initiale est la mesure invariante alors la
chaine est stationnaire. En effet, si p est invariante,

p(a) = [ udo)Pe4) = [ [ utdn)Ply.do)Pla, 2

_ / W(dy) PPy, A) = ... = / u(dz) P (z, A)
= P, (X, €A).

C’est pourquoi la probabilité invariante est aussi appelée loi stationnaire du processus.

d/ Ergodicité et mélange

Dans cette these, la plupart des démonstrations s’appuient sur des inégalités expo-
nentielles qui controlent la déviation de processus empiriques issus de la chaine (voir
lemme 1). Ces démonstrations nécessitent une convergence rapide de la loi de X, vers la
loi stationnaire.
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L’ergodicité traduit la convergence des itérés du noyau de transition vers la mesure
stationnaire. Dans le chapitre 1, la chalne est supposée géométriquement ergodique, c’est-
a~dire qu’il existe p €]0, 1] et une fonction V' > 0 finie tels que pour tout n > 1,

Ve e B |[P'(x,.) — ullry < V()p" (4)

ou ||.][ry est la norme en variation totale. Plusieurs travaux antérieurs (Roussas (1969),
Prakasa Rao (1978), Gillert et Wartenberg (1984)) concernant l’estimation de la tran-
sition ou de la loi stationnaire d'une chaine de Markov consideérent une chaine satisfai-
sant la condition de Doeblin. En réalité, cette condition équivaut a ’ergodicité uniforme
SUP,cp || P"(z,.) — pl|rv — 0, qui implique Pergodicité géométrique (théoreme 16.0.2 dans
Meyn et Tweedie (1993)).

Une autre facon tres répandue de traiter les processus dépendants est d’utiliser le
concept de mélange. La notion de mélange permet de quantifier la dépendance des va-
riables aléatoires d’un processus par des coefficients appelés coefficients de mélange. Un
processus X est mélangeant si la dépendance entre X,, et X, tend vers 0 quand £ tend
vers l'infini. De tres nombreux types de mélanges existent : a-mélange, S-mélange, p-
mélange, ¢-mélange, etc.. On se réfere a Doukhan (1994) pour la définition et 'utilisation
de ces différents mélanges.

Pour estimer la densité de la loi stationnaire, Rosenblatt (1970) et Basu et Sahoo
(1998) emploient une hypothese notée (Gz) équivalente a du p-mélange. Un processus
markovien mélangeant a d’ailleurs la propriété d’étre automatiquement géométriquement
mélangeant, c’est-a-dire que si les coefficients de mélange tendent vers 0, ils le font a
vitesse géométrique.

Bosq (1973) impose une condition de ¢-mélange. Dans le cas d’un processus de Markov
stationnaire, les coefficients de ¢-mélange vérifient

1 n
59{)“ < supess,||P"(z,.) — pllrv < én

Le ¢-mélange correspond donc a l'ergodicité uniforme. Un processus ¢-mélangeant est
ainsi géométriquement ¢-mélangeant, c’est-a-dire géométriquement ergodique. C’est la
condition requise au chapitre 1, mais aussi dans Clémengon (1999), Doukhan et Ghindes
(1983).

Dans ce travail, a partir du chapitre 2, nous avons choisi d’utiliser le g-mélange. En
effet, celui-ci ne permet pas seulement d’avoir des inégalité de covariance (voir le lemme 4.6
section 4.7.8), il fournit aussi des variables d’approximation qui permettent de se ramener
au cas indépendant. Suivant les travaux de Viennet (1996), on construit des variables
aléatoires X qui sont indépendantes par blocs et ont méme loi que les X;. La différence
entre X; et X/ est controlée par les coefficients de f-mélange. De nombreux travaux
statistiques utilisent le g-mélange pour gérer la dépendance, on peut citer entre autres
Baraud et al. (2001), Comte et Genon-Catalot (2006), Tribouley et Viennet (1998). Dans



12 Introduction

le cas d'une chaine de Markov stationnaire, les coefficients de f-mélange ont une expression
particulierement simple

8, = / 1P"(2,.) — pllv(do).

Nummelin et Tuominen (1982) ont démontré que si la chaine est géométriquement ergo-
dique alors les quantités p et V dans (4) peuvent étre choisies de telle sorte que V' soit
p-intégrable. La chaine est alors géométriquement [-mélangeante. On peut retrouver ce
résultat en remarquant que 'on a toujours 3, < ¢, et donc le ¢-mélange implique le
[-mélange. Ainsi la condition de S-mélange est plus faible que I'ergodicité géométrique.

e/ Hypotheses

Dans cette étude, on suppose que le noyau de transition de la chaine de Markov
considérée admet une densité II par rapport a la mesure de Lebesgue. On a alors

VeeE VBe& Pls,B)— / T(z, y)dy.
B

On suppose également que la loi stationnaire admet une densité f par rapport a la mesure
de Lebesgue. Les hypotheses requises dans ce travail sont les suivantes :

H1 La chaine de Markov (X;);>o est irréductible, récurrente positive et stationnaire.

H2 La chaine de Markov est ergodique. Plus précisément, on utilisera I'une ou 'autre des
hypotheses suivantes :

H2a La chaine de Markov est géométriquement ergodique et fortement apériodique.

H2b La chaine de Markov est géométriquement ou arithmétiquement 3-mélangeante.

Dans le cadre de 'ergodicité géométrique, 'hypothese supplémentaire d’apériodicité forte
est nécessaire pour utiliser la technique de scission de Nummelin (détaillée au chapitre 1).
L’apériodicité forte signifie qu'il existe une fonction h : E +— [0, 1] avec [ hdp > 0 et une
distribution strictement positive v telle que, pour tout évenement B de & et pour tout x
de F,

P(z,B) > h(z)v(B).

Pour I’établissement des théoremes limites pour les chaines de Markov, on peut s’affranchir
de cette condition de minoration car il suffit qu’elle soit vérifiée pour un itéré P*, ce qui
est le cas de toutes les chaines de Markov irréductibles. Mais ce n’est pas le cas ici.

On estime la densité stationnaire sur R ou sur un intervalle compact A; de R, et la
densité de transition sur un pavé compact A = A; x A, de R%. On supposera en général
que ces fonctions sont bornées et de carré intégrable sur ces compacts.

H3 La densité stationnaire et la densité de transition vérifient I’'une ou 'autre des condi-
tions suivantes :
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H3a f e L*(A))

H3b II € L™(A)

H3c f € (L*N L*®)(R)

H3d F = fII € (L2 N L™)(R?)
H3e II € L*(A)

Il est a noter que, si f (resp. II) appartient & un espace de Besov de régularité o >
1/2 (resp. a > 1), alors elle est continue. Dans ce cas, 'hypothese H3a (resp. H3b) est
automatiquement satisfaite.

Une derniere hypothese est nécessaire pour mettre en oeuvre ’estimation de la densité
de transition I (mais inutile pour I'estimation de f), que ce soit par une méthode quotient
(chapitres 1 et 4) ou par une méthode de régression (chapitres 2 et 5) :

H4 11 existe un réel f; strictement positif tel que Vo € Ay f(z) > fo.

Cette hypothese, bien que restrictive (c’est essentiellement pour cette raison que esti-
mation de IT n’est assurée que sur un compact), est cruciale ici. Il s’agit cependant d’une
condition classique dans un cadre de régression.

De nombreuses chaines de Markov vérifient ces hypotheses, des exemples sont détaillés
au chapitre 1 section 1.2.2.

f/ Chaine de Markov cachée

Dans la partie B, nous traitons le cas des chaines de Markov cachées.

Définition Un processus bivarié (X;,Y;)i>o est une chaine de Markov cachée si (X;)i>o
est une chaine de Markov et, conditionnellement a (X;)i>o0, (Yi)i>o est une suite de va-
riables aléatoires indépendantes et telle que pour tout n la loi conditionnelle de Y, ne
dépende que de X,,.

Une chaine de Markov cachée est traditionnellement représentée de la facon suivante

— Xk Xkt

()

Du fait de ses multiples applications, en biologie, théorie de la communication, re-
connaissance de la parole ou encore en finance, ce modele a été amplement étudié. De
nombreuses études se placent dans le cadre d'un espace d’états fini et supposent que la
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distribution des Y; appartient a une famille paramétrique. Nous ne développerons pas ici
I'importance de ce modele et pour plus de détails, nous renvoyons a Cappé et al. (2005).
En effet, on ne considere dans cette these que les chaines de Markov cachées par bruit
additif. Dans ce cas, la chaine de Markov cachée est décrite par

ou (X;) est une chaine de Markov et (g;) est une suite de variables aléatoires indépen-
dante de (X;). Ce modele est une classe importante des modeles de Markov cachés car
il rend compte de tous les phénomenes altérés par une erreur de mesure. Par passage au
logarithme, il permet également de traiter des cas multiplicatifs et méme des modeles a
volatilité stochastique (voir les exemples donnés au chapitre 4 section 4.5).

Résumé de la these

Chapitre 1

Dans le premier chapitre, on cherche a estimer la densité de transition II d’une chaine

de Markov (X;) a partir des observations Xj, ..., X,,. Pour cela, on utilise la remarque
suivante : Fle.y)
T,y
I(z,y) =
f(@)

ou [ est la densité stationnaire de X; et F' la densité du couple (Xi, Xi41). Sil’on parvient
a estimer f et F' par des estimateurs f et F', un estimateur naturel de II sera

(z,y) = ng’ y) (5)

On procede donc dans ce chapitre en trois étapes : estimation de f, estimation de la
densité jointe I’ et enfin estimation de la transition II.

- Estimation de f : il s’agit d’estimer la densité de variables dépendantes. On procede
par minimisation de contraste et sélection de modele comme expliqué ci-dessus. Tribouley
et Viennet (1998) ont traité le cas de variables S-mélangeantes. Dans ce cas, on observe
’apparition dans la pénalité d'un terme de mélange, plus précisément de la somme ), Gy
des coefficients de #-mélange. Mais ce terme n’est a priori pas connu. Le but initial était,
dans le cas d’une chaine de Markov, de remplacer ce terme inconnu par une quantité
connue dans la pénalité. Pour cela nous avons utilisé des méthodes propres aux chaines de
Markov : décomposition par temps d’entrée dans un atome pour se ramener a des blocs

(3)Ce chapitre est une version modifiée de Particle Nonparametric estimation of the stationary density
and the transition density of a Markov chain accepté pour publication a Stochastic Processes and their
Applications.
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de variables i.i.d. On obtient alors dans la pénalité un terme différent, mais également
inconnu : il s’écrit E(e”) ou 7 est un temps d’arrét théorique introduit par la méthode
de scission de Nummelin utilisée. Bien qu’en pratique ce terme ne soit nullement génant,
il justifie notre choix d’utiliser des méthodes de mélange dans les chapitres suivants. En
effet, ces méthodes permettent également de se ramener a des blocs de variables aléatoires
indépendants, mais cette fois de taille fixée et non aléatoire, ce qui est plus simple a traiter.

On obtient dans la section 1.3 un tres bon estimateur de f, puisqu’il est adaptatif et
atteint la vitesse de convergence optimale N FatT (théoreme 1.1). C’est donc une améliora-
tion des travaux précédents sur la question (Clémengon (1999) avait obtenu un estimateur
adaptatif par seuillage d’ondelettes mais avec une perte logarithmique dans la vitesse).
De plus, 'estimateur obtenu est implémentable et donne des résultats tres satisfaisants
(voir section 1.5) compte tenu de la dépendance des observations.

- Estimation de F' : I'estimation de la densité jointe se fait de la méme fagon que celle
de f. Le contraste est modifié en

n—1

2
L.(T) = ||IT|l — > T(Xi, Xiga)-
=1

n—14%

La sélection de modeles s’effectue sur les produits tensoriels S,,, des modeles de dimension
1 utilisés pour l'estimation de f. En réalité, il n’y a aucun changement conceptuel au
passage a la dimension 2. On obtient donc (théoreme 1.2) le méme type de résultat qu’en
dimension 1. Si la pénalité est supérieure & une certaine constante multipliée par D2 /n,
Destimateur F atteint la vitesse de convergence optimale.

- Estimation de 11 : la formule (5) doit étre légerement remaniée car f peut s’annuler.
Pour éviter une explosion de 'estimateur II, on définit en réalité

F(-T,y) Si L X n ~x
e =) Ty @ <0lf)

0 sinon .

En restreignant légérement le nombre de modeles utilisés, on obtient (théoreme 1.3)
~ - ~ 1
BN~ 113 < GiELF - FI3-+ CiBLS = I3 +0 (1),

ce qui permet d’obtenir une vitesse de convergence en fonction de la régularité de f et F'. Si
la chaine vit sur A; et que Il est de régularité «, alors f et F' sont de régularité o également.
On obtient dans ce cas la vitesse de convergence optimale n e pour l'estimation de II.
Si le support de II n’est pas inclus dans A, f et II n’ont plus nécessairement la méme
régularité. L’obtention de la vitesse de convergence optimale dans ce cas fait 'objet du
chapitre 2.

Puisque notre procédure est entierement implémentable, on présente en section 1.5 des
simulations pour divers processus de Markov. Ce chapitre se termine (section 1.6) par les
démonstrations des résultats énoncés.
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Chapitre 2

Le deuxieme chapitre est consacré a l'estimation de la densité de transition d’une
chaine de Markov mais par une méthode différente de celle employée au chapitre 1. En
effet, la méthode quotient comporte des inconvénients. L’erreur d’estimation est la somme
de deux erreurs, celle faite en estimant la densité invariante f, et celle due a I'estimation
de la densité jointe F'. Il est alors naturel d’essayer d’estimer II de fagon plus directe pour
ne pas cumuler les erreurs. On peut exprimer cet inconvénient en terme de vitesse de
convergence. Dans la méthode quotient, cette vitesse dépend de la régularité de la fonction
f. Or cette régularité peut étre tres faible ce qui entraine une vitesse de convergence
trop lente. En effet, la densité de transition peut étre plus réguliere que f et il est alors
intéressant de disposer d’un estimateur convergeant a une vitesse ne dépendant pas de
f. On pourrait penser que la densité stationnaire, en tant que limite des itérés de II,
est nécessairement au moins aussi réguliere que II mais, cette convergence étant de type
L', ce n’est pas le cas, tout du moins localement. Plus précisément, si II appartient
a espace de Besov ngoo(R2) alors f appartient a By (R), mais si II € B3 (4), on
peut avoir f de régularité plus faible sur A;. Stéphan Clémencon a ainsi exhibé dans sa
these un exemple de chaine de Markov de densité de transition constante sur [0, 1] et de
densité stationnaire discontinue! Une méthode plus directe peut également permettre de
s’affranchir du caractere asymptotique du théoreme 1.3.

Dans ce chapitre 2, nous avons donc construit un autre estimateur de II. Cet estimateur
est obtenu par minimisation d’'un nouveau contraste

) =23 [ TNy — 27X X (6

qui utilise I'aspect régressif du probleme. En minimisant ce contraste sur différents espaces
de projection, on construit une collection d’estimateurs II,,,. On procede alors par sélection
de modeles comme au chapitre 1. On minimise le critere pénalisé suivant

A

Yn(IL,) + pen(m)

pour obtenir le modele 7, Uestimateur final étant IT = IL;,.

On souhaite estimer au mieux des transitions anisotropes, c’est-a-dire ayant des régu-
larités différentes dans les deux directions du plan. Pour ce faire, on introduit des modeles
anisotropes, produits tensoriels d’'un modele de dimension D,,, et d'un modele de dimen-
sion D,,,. L’estimateur construit est adaptatif et converge a la vitesse n~ %42 ol @ est la
moyenne harmonique des deux régularités oy et ay de II.

L’erreur d’estimation est d’abord évaluée en une norme empirique apparaissant natu-
rellement dans le probléme. Dans la section 2.5, on passe a la norme L?. Pour cela, on

(Y Ce chapitre est une version modifiée de I’article Adaptive estimation of the transition density of a
Markov chain a paraitre aux Annales de I'Institut Henri Poincaré, Probabilités et Statistiques.
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tronque l'estimateur si sa norme L? dépasse un certain seuil dépendant de n. On obtient
pour la norme L? le méme résultat que pour la norme empirique.

On énonce dans ce chapitre un résultat de borne inférieure qui prouve que la vitesse
NI est optimale. Il nous a également paru intéressant d’explorer le cas de la borne
inférieure en norme L” pour 1 < p < oo qui met en évidence un phénomene de coude
dans la vitesse d’estimation. Ce résultat est prouvé en détail en annexe, section 2.8.

Des simulations pour ce nouvel estimateur sont exposées et comparées avec celles du
chapitre 1. Il s’avere que les résultats obtenus avec cet estimateur ne sont pas seulement
meilleurs du point de vue théorique mais aussi du point de vue pratique, ce qui est en
particulier du a l'utilisation de I’anisotropie.

Chapitre 3 ©

Avant de se consacrer au probleme plus complexe de ’estimation de la transition d’une
chaine de Markov cachée, nous passons en revue au chapitre 3 les vitesses de convergence
que 'on peut obtenir dans le cas d’une estimation avec des observations bruitées. Le mo-
dele étudié dans ce chapitre est celui dit de convolution. On observe des données Y7, ...,Y,
ou pour chaque i € {1,...,n}, Y; = X, + ¢; avec (X;) et (g;) des suites indépendantes de
variables 1.i.d. Le signal (X;) est observé a travers un bruit (g;) de loi entierement connue.
On cherche a estimer la densité g de X; a partir des observations Yi,...,Y,. On suppose
que la densité g du bruit (g;) vérifie I'hypothese suivante

H5 Il existe s > 0,6 >0,y € R (y > 0si s =0) et ko, k1 > 0 tels que
o(a? + 1) exp(=bJal¥) < |g"(2)] < ka(a® + 1)/2 exp(—blal*)

ol ¢*(x) = [ e "“q(t)dt est la transformée de Fourier de g.

Le bruit est dit ordinairement régulier si s = 0 et super régulier sinon. De méme, on
considere deux types de régularité pour la fonction g a estimer. On suppose en effet que
celle-ci appartient a 1’espace suivant

Asra(l) = {f densité sur R et / |f*(x)]2 (22 + 1)° exp(2a|z|")dz < l}

avec r = 0 (régularité ordinaire) ou bien r > 0 (super régularité). On a alors quatre cas
distincts, selon la régularité (inconnue) de g et la régularité (connue) de g.

Dans la section 3.2, on présente les estimateurs classiques utilisés pour ce modele.
Les performances de l'estimateur a noyau établies par Butucea et Tsybakov (2006) sont
données dans la proposition 3.1. La proposition 3.2 rappelle quant a elle les résultats
obtenus pour l'estimateur par projection de Comte et al. (2006b). On récapitule alors dans

(5)Ce chapitre est une version modifiée de Particle Rates of convergence for nonparametric deconvolution
paru aux Comptes Rendus de I’Académie des Sciences, vol. 342.
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la section suivante les vitesses de convergence optimales pour le risque intégré comme pour
le risque ponctuel. Parmi les quatre cas évoqués précédemment, trois sont bien connus. Le
quatrieme cas (fonctions g et g super régulieres), pour lequel les vitesses de convergence
explicites n’avaient jamais été données jusqu’a présent, fait I’'objet du théoreme 3.1. On y
obtient des vitesses de convergence peu courantes et tout a fait intéressantes. Ce théoreme
est démontré dans la derniere section.

Chapitre 4 ©

Le quatrieme chapitre est consacré a l'estimation de la transition d’une chaine de
Markov lorsque celle-ci est observée avec un bruit additif. Il s’agit du modele de Markov
caché suivant :

ol (X;);>1 est la chaine de Markov et (¢;);>1 un bruit indépendant de (X;);>;. On suppose
que les variables aléatoires 1, ..., &, sont indépendantes et identiquement distribuées de
densité connue q. Cette forme du modele rapproche ce chapitre des problématiques de
déconvolution, on y trouve en particulier les mémes types de vitesse de convergence.

Comme dans le chapitre 1, nous avons choisi d’estimer la densité de transition par
le quotient (5) d'un estimateur de F' et d’un estimateur de f. L’estimation de f releve
typiquement du modele de convolution pour des variables dépendantes. En effet la densité
fy des observations Y; est égale au produit de convolution f * ¢. Pour estimer la densité
stationnaire, on observe que pour toute fonction t,

1

BH00)] = [ 1) = o [ e e = - [ L

=5 ﬁf*(x)q*(x)dx

ou t* désigne la transformée de Fourier de ¢. Ainsi, en posant v; la transformée de Fourier

inverse de t*(x)/q*(x), on peut écrire

1 *
BIH(CX0)] = 5 [ vi@F@ids = [ o) fyle)ds = B ()
La procédure d’estimation est largement fondée sur le calcul précédent. Dans le cas ou
les X; étaient directement observées, on avait estimé f al’aide du contraste (1/n) > " [||t]|3—
2t(X;)]. Maintenant que seules les données bruitées Y; sont observées, la remarque précé-

dente nous amene a considérer le contraste

n

alt) = (1/n) Y[t — 20,(Y)

=1

(6)Ce chapitre est une version modifiée de V’article Adaptive estimation of the transition density of a
particular hidden Markov chain accepté pour publication & Journal of Multivariate Analysis.
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déja utilisé par Comte et al. (2006b). Une collection d’estimateurs de f est alors calculée
par minimisation de ce contraste sur les espaces

sin(x) '

Sy = Vect{z — vVmp(mz — j)}jez avec p(x) = "

Ces espaces ont des propriétés tres intéressantes car ¢* = 1_; ], ce qui permet de localiser
en fréquence. On estime finalement f par fm ou m est le modele qui minimise un certain
critere pénalisé.

Dans un deuxieme temps, il faut estimer F', la densité du couple (X;, X;11). On procede
de maniere similaire. L’opérateur v; est remplacé par V; transformée de Fourier inverse
de T*(x,y)/q*(x)q* (y). 11 vérifie la propriété E[t(X;, X;11)] = E[Vi(Y;, Yiy1)] pour toute
fonction T'. On en déduit le contraste

n

La(t) = (1/n) Y _[It5 — 2Vi(Y;, Yi)]

i=1

et Pestimateur F.

L’intérét principal de ce chapitre réside dans les vitesses obtenues. Ces vitesses dé-
pendent conjointement de la régularité de la transition estimée et de celle du bruit. Le
bruit peut étre ordinairement régulier (décroissance polynomiale de ¢*) ou super régulier
(décroissance exponentielle de ¢*). On consideére que la densité stationnaire appartient a
I'espace A, 4(l) évoqué au chapitre 3. La fonction f est dite super réguliere si r > 0 et
ordinairement réguliere si 7 = 0. On peut alors considérer quatre cas, selon que le bruit
est ordinairement ou super régulier et que la fonction estimée est ordinairement ou super
réguliere. Si la densité du bruit et f sont toutes deux ordinairement régulieres, la vitesse
de convergence est polynomiale en n. Si la densité f reste ordinairement réguliere mais que
Ierreur ¢; devient super réguliere, la vitesse de convergence devient logarithmique. Cela
s’explique par le fort lissage effectué par le bruit, qui rend tres délicate la reconstruction
du signal. Une déconvolution efficace est possible dans ce cas de bruit tres régulier si la
fonction a estimer est elle aussi super réguliere. On obtient alors les vitesses singulieres
développées au chapitre 3. Si la fonction est super réguliere et le bruit est ordinairement
régulier, la déconvolution peut étre réalisée facilement et la vitesse de convergence est tres
proche de la vitesse paramétrique 1/n.

Le méme phénomene se reproduit pour la densité jointe F'. Que ce soit pour 'estima-
tion de f ou celle de F, notre procédure permet d’atteindre la vitesse optimale de facon
adaptative dans presque tous les cas.

Un estimateur de la densité de transition est finalement obtenu par le quotient

i X si |F(z,y)] < n|f(2)]

0 sinon.
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Son risque est majoré par la somme des erreurs d’estimations || f — f||3 et ||FF — F||3. Des
exemples de processus sont exposés en section 4.5 pour illustrer les vitesses de convergence
variées qui peuvent apparaitre dans ce probleme.

Chapitre 5

Etant donné les inconvénients de la procédure quotient expliqués précédement, il était
naturel de chercher une procédure semblable a celle du chapitre 2, mais dans le cadre d’une
chaine de Markov cachée. C’est 'objet de ce dernier chapitre. On modifie le contraste (6)
en utilisant la transformation de Fourier pour I'adapter au cadre (7). Il s’écrit sous la

forme .
(T) = = 3 [@ra(Yi) = 2Vi (Vi Vi)
k=1

ou Vr est 'opérateur déja utilisé au chapitre 4 et Q1 est la transformée de Fourier inverse
de T*(.,0)/q*. La construction précise du contraste v, (7") est expliquée en section 5.3.2.

Le choix des modeles est délicat. L’estimation directe de la densité de transition re-
quiert 'utilisation de bases a support compact a cause de I’hypothese H4. De plus, les
fonctions de bases doivent étre plus régulieres que la densité du bruit. Ces contraintes
nous ont amené a choisir des bases d’ondelettes a support compact, décrites en section
5.3.1, et a se restreindre au cas d’un bruit ordinairement régulier.

On souhaite alors définir une collection d’estimateurs de II par minimisation du contraste.
Cependant la minimisation de v, (T') pour T appartenant a un espace S, équivaut a I’équa-
tion matricielle G,,A,, = Z,, ou A,, est le vecteur des coefficients d’'un minimiseur dans
la base (wy)\ de S, et

n

— Y Vi (Y3, i)

n <
=1

Gm: 9 Zm:

A

1 n
- zzj Qs (Y7)

A

Comme la matrice G,, n’est pas nécessairement inversible, on se place sur I’ensemble

= {minSp(Gm) > ng}

ou Sp désigne 'ensemble des valeurs propres. Pour chaque modele S,,, 'estimateur est
alors défini par

A

I, = i T)1r.
m arg%relgri%( )1

On sélectionne ensuite le modele

. 4v+2
= i 1,,) + K==
i = arg min {%( )+ K— }
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ol K est une constante et v désigne la régularité du bruit. Comme au chapitre 2, l'esti-
mateur ﬂm est tronqué pour pouvoir controler la norme L2,

L’estimateur IT obtenu atteint la vitesse de convergence n” Batiies lorsque la densité
de transition appartient a 'espace de Besov B3 (A). Cet estimateur est adaptatif et sa
vitesse de convergence ne dépend pas de la régularité de f. Un schéma de la preuve est
donné en section 5.4.2; suivi d’'une démonstration détaillée.

Notations

Dans toute la these, f désigne la densité de la loi stationnaire p de la chaine de
Markov considérée et II la densité de transition. La lettre F' renvoie a la densité du couple
(Xi, Xi41). On note ¢ la densité du bruit additionnel le cas échéant (chapitres 4 et 5).
Le nombre d’observations sera toujours n ou n + 1. Le compact d’estimation est noté
A=A x A,

Par souci de clarté, on utilise en général des lettres minuscules pour la dimension 1 et

des majuscules pour la dimension 2. Pour une fonction ¢ : R — R, on note [|t|| sa norme
L? :||t]]? = [ t*(x)dx et

L*(R) = {t : R R, ||t]| < oo}.
Si S est un sous-espace de L*(R) et g € L*(R) une fonction, on note
d(g,5) = inf |g — ||

Pour un compact A; de R, on définit

L7(4)) = {t R Rt = ( / | |t<a:>\2dx) " oo}

L>®(A)) ={t : R R, ||t||coa, = su}‘o |t(z)| < oo}.
TEAL

et

La notation D(A;) désigne 'ensemble des fonctions & support compact inclus dans A;.
De la méme maniére, pour une fonction 7' : R?* — R, [|T'||* = [[o. T*(z, y)dzdy et

L*(R*) = {T : R* = R, ||T|| < co}.

Pour un compact A de R?, on définit

13(4) = {T R R, T4 = ( I |T<x,y>|2dxdy) " oo}
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et
L®(A) ={T :R* = R, ||T||wca = sup |[T(x,y)] < o}

(z,y)€A

On note t® s la fonction : (z,y) — (t®s)(x,y) = t(x)s(y) et 15 la fonction indicatrice

d’un ensemble B
lsize B
]IB([L') = {

0 sinon.

Enfin, la notation [z]; désigne max(x,0), la partie positive de z.
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1.1 Introduction

Nonparametric estimation is now a very rich branch of statistical theory. The case of
i.i.d. observations is the most detailed but many authors are also interested in the case
of Markov processes. Early results are stated by Roussas (1969), who studies nonpara-
metric estimators of the stationary density and the transition density of a Markov chain.
He considers kernel estimators and assumes that the chain satisfies the strong Doeblin’s
condition (Dy) (see Doob (1953) p.221). He shows consistency and asymptotic normality
of his estimator. Several authors tried to consider weaker assumptions than the Doeblin’s
condition. Rosenblatt (1970) introduces another condition, denoted by (G3), and he gives
results on the bias and the variance of the kernel estimator of the invariant density in this
weaker framework. Yakowitz (1989) improves also the result of asymptotic normality by
considering a Harris-condition. The study of kernel estimators is completed by Masry and
Gyorfi (1987) who find sharp rates for this kind of estimators of the stationary density and
by Basu and Sahoo (1998) who prove a Berry-Esseen inequality under the condition (G3)
of Rosenblatt. Other authors are interested in the estimation of the invariant distribu-
tion and the transition density in the non-stationary case: Doukhan and Ghindes (1983)
bound the integrated risks for any initial distribution. In Hernandez-Lerma et al. (1988),
recursive estimators for a non-stationary Markov chain are described. Liebscher (1992)
gives results for the invariant density in this non-stationary framework using a condition
denoted by (D;) derived from the Doeblin’s condition but weaker than (Dg). All the
above papers deal with kernel estimators. Among those who are not interested in such
estimators, let us mention Bosq (1973) who studies an estimator of the stationary density
by projection on a Fourier basis, Prakasa Rao (1978) who outlines a new estimator for
the stationary density by using delta-sequences and Gillert and Wartenberg (1984) who
present estimators based on Hermite bases or trigonometric bases.

The recent work of Clémengon (1999) allows to measure the performance of all these
estimators since he proves lower bounds for the minimax rates and thus gives the optimal
convergence rates for the estimation of the stationary density and the transition density.
Clémencon also provides another kind of estimator for the stationary density and for the
transition density, that he obtains by projection on wavelet bases. He presents an adaptive
procedure which is "quasi-optimal” in the sense that the procedure reaches almost the
optimal rate but with a logarithmic loss. He needs other conditions than those we cited
above and in particular a minoration condition derived from Nummelin’s (1984) works.
In this chapter, we will use the same condition.

The aim of this chapter is to estimate the stationary density of a discrete-time Markov
chain and its transition density. We consider an irreducible positive recurrent Markov
chain (X,,) with a stationary density denoted by f. We suppose that the initial density
is f (hence the process is stationary) and we construct an estimator f from the data
Xi,...,X,. Then, we study the mean integrated squared error EHf— f]]? and its conver-
gence rate. The same technique enables to estimate the density F of (X, X;y1) and so to
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provide an estimator of the transition density IT = F'/f, called the quotient estimator.

An adaptive procedure is proposed for the two estimations and it is proved that both
resulting estimators reach the optimal minimax rates without additive logarithmic factor.

We will use here some technical methods known as the Nummelin splitting technique
(see Nummelin (1984), Meyn and Tweedie (1993) or Hopfner and Locherbach (2003)).
This method allows to reduce the general state space Markov chain theory to the countable
space theory. Actually, the splitting of the original chain creates an artificial accessible
atom and we will use the hitting times to this atom to decompose the chain, as we would
have done for a countable space chain.

To build our estimator of f, we use model selection via penalization as described in
Barron et al. (1999). First, estimators by projection denoted by fm are considered. The
index m denotes the model, i.e. the subspace to which the estimator belongs. Then
the model selection technique allows to select automatically an estimator fm from the
collection of estimators ( fm) The estimator of F' is built in the same way. The collections
of models that we consider here include wavelets but also trigonometric polynomials and
piecewise polynomials.

This chapter is organized as follows. In Section 1.2, we present our assumptions on
the Markov chain and on the collections of models. We also give examples of chains and
models. Section 1.3 is devoted to estimation of the stationary density and in Section 1.4
the estimation of the transition density is explained. Some simulations are presented in
Section 1.5. The proofs are gathered in the last section, which contains also a presentation
of the Nummelin splitting technique.

1.2 The framework

1.2.1 Assumptions on the Markov chain

We consider an irreducible Markov chain (X,,) taking its values in the real line R. We
suppose that (X,) is positive recurrent, i.e. it admits a stationary probability measure
. We assume that the distribution p has a density f with respect to the Lebesgue
measure and it is this quantity that we want to estimate. The function f is estimated
on a compact set A; only. More precisely, the Markov process is supposed to satisfy the
following assumptions:

H1 The chain (X,,) is irreducible, positive recurrent and stationary.

H2a (i) The chain is strongly aperiodic, i.e. it satisfies the following minorization
condition: there is some function  : R +— [0,1] with [ hdp > 0 and a positive
distribution v such that, for all event B and for all z,

P(z,B) > h(z)v(B)

where P is the transition kernel of (X,,).
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(ii) The chain is geometrically ergodic, i.e. there exists a function V' > 0 finite and
a constant p € (0, 1) such that, for all n > 1

1P (z,.) = pllrv < V(z)p"
where ||.||7v is the total variation norm.
H3a The stationary density f belongs to L®(A;) i.e. sup,cy, |f(2)] < 0.

We can remark that condition H3a implies that f belongs to L*(A;).

Notice that, since the chain is irreducible, condition H2a(i) holds for some m-skeleton
(i.e. a chain with transition probability P™) (see Theorem 5.2.3 in Meyn and Tweedie
(1993)). This minorization condition is used in the Nummelin splitting technique and is
also required in Clémengon (1999).

The Assumption H2a(ii), which is called geometric regularity by Clémencon (2000),
means that the convergence of the chain to the invariant distribution is geometrically
fast. In Meyn and Tweedie (1993), we find a slightly different condition (replacing the
total variation norm by the V-norm). This condition, which is sufficient for H2a(ii), is
widely used in Monte Carlo Markov Chain literature because it guarantees central limit
theorems and enables to simulate laws via a Markov chain (see for example Jarner and
Hansen (2000), Roberts and Rosenthal (1998) or Meyn and Tweedie (1994)).

For the estimation of the joint density F' on the compact A = A; x A;, we need the
additional assumption:

H3b II belongs to L>*(A).
A last assumption is required for the estimation of the transition II:
H4 There exists a positive constant fy such that Vo € Ay, f(x) > fo.
The following subsection gives some examples of Markov chains satisfying hypotheses

H1-H4.

1.2.2 Examples of chains

Many processes verify the previous assumptions, as (classical or more general) autoregres-
sive processes, or diffusions. Here we give a nonexhaustive list of such chains.

Diffusion processes

We consider the process (X;a)i<i<n where A > 0 is the observation step and (X;);>¢ is
defined by the equation

dXt == b(Xt)dt + O'(Xt)th, t 2 O, XO ~ W (11)
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where W is the standard Brownian motion, b is a locally bounded Borel function and
o an uniformly continuous function. We suppose that the drift function b and the dif-
fusion coefficient o satisfy the following conditions, given in Pardoux and Veretennikov
(2001)(Proposition 1):

1. there exists A_, Ay such that Vz #0, 0<\_ <o?(z) <Ay,
2. there exists My > 0, > 0 and r > 0 such that

V|z| > My, ab(x) < —r|z|*th

Then, Equation (1.1) has a unique strong solution. Moreover the discretized process
(Xia)1<i<n satisfies Assumptions H1 and H2a. The continuity of the transition density
ensures that Assumption H3b holds. Moreover, we can write

1 “ b(u)
= 2 d
10 = sz [2 | zxy
with M such that [ f = 1. Consequently Assumption H3a and H4 are verified with
1 f oo,y < M/\ exp[ SUP,c A, fo |b(w |du] and fo > exp[ inf,ea, fo |b(w |du]

Nonlinear AR(1) processes

Let us consider the following process

Xn - @(Xn—l) + EXp_1,n

where €, ,, has a positive density [, with respect to the Lebesgue measure, which does not
depend on n. We suppose that the following conditions are verified:

1. There exist M > 0 and p < 1 such that, for all |z| > M, |p(x)| < plz| and
Sublcar [p(@)] < oc.

2. There exist Iy > 0, {1 > 0 such that Va,y o < l,(y) <.

Then Mokkadem (1987) proves that the chain is Harris recurrent and geometrically er-
godic. It implies that Assumptions H1 and H2a are satisfied. Moreover Il(z,y) =
L(y — ¢(z)) and f(y) = [ f(z)II(z,y)dz and then Assumptions H3a,b-H4 hold with
Jo = lo and [[f|[oc,a, S HHHoo <.
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ARX(1,1) models
The nonlinear process ARX(1,1) is defined by

Xn - H(Xn—la Zn) + gn

where H is bounded and (&,), (Z,) are independent sequences of i.i.d. random variables
with E|&,| < oco. We suppose that the distribution of Z,, has a positive density [ with
respect to the Lebesgue measure. Assume that there exist p < 1, a locally bounded and
mesurable function h : R +— RT such that Eh(Z,) < co and positive constants M, ¢ such
that
V|(u,v)| > M |H(u,v)| < plu| + h(v) —cand sup |H(z)| < co.
|z|<M

Then Doukhan (1994) proves (p.102) that (X,,) satisfies H1 and H2a. We can write

(x,y) = / 1) fely — Flx,2))dz

where f¢ is the density of ,. So, if we assume furthermore that there exist ag,a; > 0
such that ap < f¢ < a1, then Assumptions H3a,b-H4 are verified with f; > a¢ and
[ f1loo,ar < [Hloe < a1.

ARCH processes

The model is
Xn_|_1 = H(Xn) + G(Xn)€n+1

where H and G are continuous functions and for all z, G(z) # 0. We suppose that the
distribution of ¢, has a positive density [ with respect to the Lebesgue measure and that
there exists s > 1 such that E|e,|® < co. The chain (X,,) satisfies Assumptions H1 and
H2a if (see Ango Nzé (1992)):

s\1/s
lim sup |H(2)] + |G (2)|(Elen]*)

|z|—o0 ‘I‘|

<1 (1.2)

In addition, we assume that Vo [y < I(z) < l;. Then Assumption H3b is verified with
I|lco,a < 11/ infyea, G(z). And Assumption H3a-H4 hold with fo, > Iy [ fG™' and

1fllooar <l [ FGT

1.2.3 Assumptions on the models

In order to estimate f, we need to introduce some collections of models. We recall that
D(A;) denotes the set of functions with support included in A;. The assumptions on the
models are the following:
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M1. Each S,, is a linear subspace of L>(A;) N D(A;) with dimension D,, < /n.

M2. Let
1 1] 0o
b= —— sup Ll
VD esmiior It

There exists a real ¢y such that for all m, ¢,, < ¢y.

This assumption (L?-L* connexion) is introduced by Barron et al. (1999) and can be
written:

VEE Sm |t < dov/ Dimllt] (1.3)

We get then a set of models (S,,)menm, where M,, = {m, D,, <+ /n}. Now we need a
last assumption regarding the whole collection, which ensures that, for m and m’ in M,,,
Sm + 5!, belongs to the collection of models.

M3. The models are nested, that is for all m,m’ € M,,, D,, < D,y = S,, C Spr.

1.2.4 Examples of models

We show here that the assumptions M1-M3 are not too restrictive. Indeed, for A; = [0, 1],
they are verified for the models spanned by the following bases (see Barron et al. (1999)):
e Histogram basis: S, =< ¢1,...,pam > with ¢; = 2m/2]l[g g forj=1,...,2™.
2777. 72m
Here D,, = 2™, ¢9 = 1 and M,, = {1,..., |logn/2log2]|} where |z| denotes the
floor of x, i.e. the largest integer less than or equal to x.

e Trigonometric basis: Sp, =< @o,...,Pm_1 > with @o(z) = Lpy(x), P = V2
cos(2mjz) Lo 1 (2), poj—1 = V2sin(2mjz) L (x) for j > 1. For this model D,, = m
and ¢y = /2 hold.

e Regular piecewise polynomial basis: .S,, is spanned by polynomials of degree O, ..., r
(where 7 is fixed) on each interval [(j — 1)/2P,5/2P[,j = 1,...,2P. In this case,
m = (D,r), Dy, = (r+1)22 and M,, = {(D,r), D =1,...,|logy(v/n/(r+1))|}.We
can put ¢g = v/r + 1.

e Regular wavelet basis: S, =< ¥, j = —1,...,m,k € A(j) > where ¢)_;; points
out the translates of the father wavelet and ¥ (z) = 2//%¢)(27x — k) where ¥ is
the mother wavelet. We assume that the support of the wavelets is included in
[0, 1] and that ©_; = ¢ belongs to the Sobolev space WJ. In this framework A(j) =
{0,..., K27 —1} (for j > 0) where K is a constant which depends on the supports of
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¢ and 1) for example for the Haar basis /' = 1. We have then D,,, = 377" | [A(j)| =
|A(=1)] + K(2™ — 1). Moreover
Dok -kl + 2250 D0 (W]

VDm,
[olloe VI lloo (1 + 35720 27) _ flplloo V [[#lloo
N VEAADD2e T KA A=)

Om <

=: ¢

1.3 Estimation of the stationary density

1.3.1 Decomposition of the risk for the projection estimator

Let us define the contrast
1 n

nlt) = 2 D[4 = 24K (14

Notice that B(y,(t)) = ||t — fII* — || f||* and therefore 7, (t) is the empirical version of the
L? distance between t and f. Thus, f,, is defined by
fn = arg miny, () (15)
t€Sm

where S,, is a subspace of (L N D)(A;) which satisfies M2. Although this estimator
depends on n, no index n is mentioned in order to simplify the notations . It is also the
case for all the estimators in this chapter and thereafter.

A more explicit formula for fm is easy to derive:

fm=Y_ Brpr,  Br= %Z@A(Xi) (1.6)
=1

AEAM
where ()ea,, is an orthonormal basis of S,,,. Note that
E(fm) = Z < fix > on,
AEAM

which is the projection of f on S,,.
In order to evaluate the quality of this estimator, we now compute the mean integrated
squared error B f — fn||%, (often denoted by MISE).

Proposition 1.1 Let X,, be a Markov chain which satisfies Assumptions H1-H2a-H3a
and Sy, be a subspace of (L> N'D)(Ay) with dimension Dy, < n. If S, satisfies condition
M2, then the estimator f,, defined by (1.5) satisfies

Ellf = full%, < d*(f1a,,Sm) + CDy/n

where C' is a constant which does not depend on n.
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To compute the bias term d(f14,,S,,), we assume that f (actually the restriction of
f to Ap) belongs to the Besov space BS (A1). We refer to DeVore and Lorentz (1993)
p.54 for the definition of ng(Al). Notice that when « is an integer, the Besov space
B (A1) contains the Sobolev space W3' (see DeVore and Lorentz (1993) p.51-55).

Hence, we have the following corollary.

Corollary 1.1 Let X,, be a Markov chain which satisfies Assumptions H1-H2a-H3a. As-
sume that the stationary density f belongs to BS (A1) and that S,, is one of the spaces
mentioned in Section 1.2.4 (with the regularity of polynomials and wavelets larger than

a—1). If we choose D,, = LnTlﬂj, then the estimator defined by (1.5) satisfies
P _ _2a
Ellf = fmlla, = O(n"251).

We can notice that we obtain the same rate as in the i.i.d. case (see Donoho et al.
(1996)). Actually, Clémengon (1999) proves that n~ 7T is the optimal rate in the minimax
sense in the Markovian framework. With very different theoretical tools, Tribouley and
Viennet (1998) show that this rate is also reached in the case of the univariate density
estimation of J-mixing random variables by using a wavelet estimator.

However, the choice D,, = LnTlﬂj is possible only if we know the regularity o of
the unknown f. But generally, it is not the case. It is the reason why we construct an
adaptive estimator, i.e. an estimator which achieves the optimal rate without requiring
the knowledge of a.

1.3.2 Adaptive estimation

Let (Sm)mem, be a collection of models as described in Section 1.2.3. For each S,,, fn is
defined as above by (1.5). Next, we choose 7 among the family M,, such that

m = argmin[vy,(f,) + pen(m)]
meMn,

where pen is a penalty function to be specified later. We denote f= fm and we bound
the L%-risk E|| f — f]|a, as follows.

Theorem 1.1 Let X,, be a Markov chain which satisfies Assumptions H1-H2a-HS3a and
(Sm)menm,, be a collection of models satisfying Assumptions M1-M3. Then the estimator
defined by

~ ~ A

f=fsn where 1 =argmin|y,(f,)+ pen(m)], (1.7)
meMn,
with N
pen(m) = KYm for some K > K (1.8)
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(where Ky is a constant which depends on ¢o, || f|lco.a,, b and v) satisfies

_ . C
BIf = fI%, <3 inf {d(f1a,,Sn) + pen(m)} +—

where C' does not depend on n.

The constant K in the penalty only depends on the distribution of the chain and can
be chosen equal to max(¢Z, 1)(Cy + Ca|| f]|oo.4,) where Cy and Cy are constants depending
on the quantities h and v introduced in Assumption H2a. These are theoretical constants
provided by the Nummelin splitting technique. The number ¢ is known and depends
on the chosen base (see Section 1.2.3). The mention of ||f||c.4, in the penalty term
seems to be a problem, seeing that f is unknown. Actually, we could replace || f]c. 4,
by || f | 0,4, With f an estimator of f. This method of random penalty is successfully
applied in Birgé and Massart (1997) or Comte (2001) for example. But we choose not
to use this method here, since the constants C; and C5 in K are not computable either.
Notice that Clémengon (2000) handle with the same kind of unknown quantities in the
threshold of his nonlinear wavelet estimator. Actually it is the price to pay for dealing
with dependent variables (see also the mixing constant in the threshold in Tribouley and
Viennet (1998)). But this annoyance can be circumvented for practical purposes. Indeed,
for the simulations the computation of the penalty is hand-adjusted. Some techniques
of calibration can be found in Lebarbier (2005) in the context of multiple change point
detection. In a Gaussian framework the practical choice of the penalty for implementation
is also discussed in Section 4 of Birgé and Massart (2007).

Corollary 1.2 Let X,, be a Markov chain which satisfies Assumptions H1-H2a-H3a and
(Sm)mem, be a collection of models mentioned in Section 1.2.4 (with the regularity of
polynomials and wavelets larger than o —1). If f belongs to BS (A1), with o > 1/2, then
the estimator defined by (1.7) and (1.8) satisfies

E||f — f]|4, = O(n"=57).

Remark 1.1 When o > 1, By (A1) C C(A1) (where C(Ay) is the set of the continuous
functions with support in Ay ) and then the assumption H3a || f||co.a, < 00 is superfluous.

We have already noticed that it is the optimal rate in the minimax sense (see the lower
bound in Clémencgon (1999)). Note that here the procedure reaches this rate whatever the
regularity of f, without needing to know «. This result is thus a improvement of the one
of Clémengon (1999), whose adaptive procedure only achieves the rate (log(n) /n)%
Moreover, our procedure allows to use more bases (not only wavelets) and is easy to
implement.
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1.4 Estimation of the transition density

We now suppose that the transition kernel P has a density II. In order to estimate 11, we
remark that IT can be written F'/f where F' is the density of (X;, X;11). Thus we begin
with the estimation of F. As previously, F' and II are estimated on a compact set only,
this compact is A = A; x Ay and here we consider that A, = A;.

1.4.1 Estimation of the joint density F

We consider now the following subspaces.

={T:R*—R, T(z,y)= Z axur()eu(y)}

AMUEAm
where ()ea,, is an orthonormal basis of S,,,. Notice that, if we set

1 T[]
q)m = = Sup
Dinres, oy 1Tl

hypothesis M2 implies that ®@,, is bounded by ¢3. The condition M1 must be replaced by
the following condition:

M1’. Each S,, is a linear subspace of (L>* N D)(A) with dimension D? < /n.

Let now
n—1

La(T) = 3 ST = 270, o)}

the contrast to estimate F'. We define as above

A

F,, = argminl",,(T")
TESm

and M = arg min[T',,(F,,) + Pen(m)] where Pen(m) is a penalty function which would be
mG./\/ln

specified later. Lastly, we set F = F -

Theorem 1.2 Let X,, be a Markov chain which satisfies Assumptions H1-H2a-H3a,b and
(Sim)menm, be a collection of models satisfying Assumptions M1°-M2-M3. Then the esti-
mator defined by

F=Fy where M =argmin[l,(F,) + Pen(m)], (1.9)

meMny
with
Pen(m) = K@= for some K® > K(()Q) (1.10)
n



36 Chapitre 1. Estimation de la densité de transition par quotient

(where K((JQ) is a constant which depends on ¢o, || F|/cc.a, h and v) satisfies

. C
E|[F - Fl3 <3 inf {d*(F14,S,)+Pen(m)} + —

where C' does not depend on n.

The constant K, 52) in the penalty is similar to the constant K in Theorem 1.1 (replacing ¢
by ¢% and || f||oo.4, BY || F']|co,a). We refer the reader to the remark following Theorem 1.1
on page 34 for considerations related to these constants.

Corollary 1.3 Let X,, be a Markov chain which satisfies Assumptions H1-H2a-HS3a,b
and (Sm)mem, be a collection of models mentioned in Section 1.2.4 (with the regqularity
of polynomials and wavelets larger than 5 —1). If (the restriction to A of ) F' belongs to
By (A), with 3 > 1, then

2,00 ) ’

~ 9 28
E|[F = Fl[3 = O(n"%72).
This rate of convergence is the minimax rate for density estimation in dimension 2 in the

case of i.i.d. random variables (see for instance Ibragimov and Has'minskii (1980)). Let
us now proceed to the estimation of the transition density.

1.4.2 Estimation of II

The estimator of II is defined in the following way. Let

i F@9) it | e, y)] < kol fla)

(z,y) = ¢ f(z)

0 else

with &k, = n.

Theorem 1.3 Let X,, be a Markov chain which satisfies Assumptions H1-H2a-H3a,b-H)/
and (Sm)mem, be a collection of models mentioned in Section 1.2.4 (with the regularity
of polynomials and wavelets larger than o — 1). We suppose that the dimension D,, of
the models is such that, Ym € M,,,

for the estimation of f logn < D,, < v/n/(logn),
for the estimation of F D2 < +/n.

If f belongs to Bs (A1), with a > 1/2, then for n large enough
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o there exists C; and Cy such that
- - ~ 1
I - 1% < CUEIF - FIf + IS - I, + 0 ()

e if furthermore F' belongs to Bgm(A) with B > 1, then

283 2a

E|[II — II||4 = O(sup(n~ 252, n " 2a+1)).

Clémencon (2000) proved that n=2%/(20+2) is the minimax rate for f and F of same
regularity (. Notice that in this case the procedure is adaptive and there is no logarithmic
loss in the estimation rate contrary to the result of Clémengon (2000).

But it should be remembered that we consider only the restriction of f or II since the
observations are in a compact set. And the restriction of the stationary density to A;
may be less regular than the restriction of the transition density. The previous procedure
has thus the disadvantage that the resulting rate does not depend only on the regularity
of II but also on the one of f.

However, if the chain lives on A; and if F' belongs to Bgoo(A) (that is to say that
we consider the regularity of F' on its whole support and not only on the compact of
the observations) then equality f(y) = [ F(z,y)dz yields that f belongs to Bg (A1)
and then E||IT — II||*> = O(n*%). Moreover, if IT belongs to Bgoo(A), formula f(y) =
[ f(x)I(z,y)dx implies that f belongs to Bgoo(Al). Then, by using properties of Besov
spaces (see Runst and Sickel (1996) p.192), F' = fII belongs to Bgoo(A). So in this case
of a chain with compact support the minimax rate is achieved as soon as II belongs to
BY (A) with 8 > 1.

1.5 Simulations

The computation of the previous estimator is very simple. We use the following procedure
in 3 steps:

First step:

e For each m, compute y,(fn) + pen(m). Notice that ~,(fn) = — Y e, 32
where 3, is defined by (1.6) and is quickly computed.

e Select the argmin 7 of ~,(fn) 4 pen(m).

e Choose f = > aeh, Broa.

Second step:
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e For each m such that D2 < \/n compute T',(E,) + Pen(m), with T',(E,) =
~ ~ n—1
=D s pen,, @3, where @y, = (1/(n— 1)) 32057 oa(Xi)pu(Xiga)-
e Select the argmin M of T, (F),) + Pen(m).
e Choose F(z,y) = Z)\HUEAM axpoA(@)eu(y).

Third step: Compute I(x,y) = F(z,y)/f(z) if |F(z,y)| < ko|f(z)| and 0 otherwise.

We consider 2 different bases (see Section 1.2.4): trigonometric basis and histogram
basis(!). The bases are here adjusted with an affin transform in order to be defined on the
estimation interval [c, d] instead of [0, 1].

We found that a good choice for the penalty functions is pen(m) = 5D,,/n and
Pen(m) = 0.02D?, /n.

We consider several kinds of Markov chains :

e An autoregressive process denoted by AR and defined by:
XnJrl = &Xn +b+ En+1

where the ¢,,1 are independent and identical distributed random variables, with
centered Gaussian distribution with variance o2. For this process, the stationary
distribution is a Gaussian with mean b/(1—a) and variance 02 /(1—a?). By denoting
by ¢(2) = 1/(0v/2m) exp(—2?/20?) the Gaussian density, the transition density can
be written II(z,y) = ¢(y — ax — b). We consider the following parameter values :

(i) a=2/3,b=0, 0 =5/9, estimated on [—2,2]>. The stationary density of this
chain is the standard Gaussian distribution.
(i) @ =0.5,b=3, 0> = 1, and then the process is estimated on [4, 8]%.
e A radial Ornstein-Uhlenbeck process (in its discrete version). For j =1,...,9, we

define the processes: & | = a&l + Bel, where the &/ are i.i.d. standard Gaussian.

The chain is then defined by X,, = \/Zle(fﬁl)? The transition density is given in
Chaleyat-Maurel and Genon-Catalot (2006) where this process is studied in detail:

2 2,.2
y°+a‘x ary\ ax [y \9/2
) = Lwesp (55 e () 5 (1)

and I5/5_1 is the Bessel function with index §/2 — 1. The invariant density is f(z) =
Clysoexp(—2?/2p%)2° ! with p* = 3?/(1 — @*) and C such that [ f = 1. This

(1) Although the rates of convergence given in this chapter are valid only if the bases are regular enough,
we can consider the estimators when the basis is less regular. Actually it is known that a very regular basis
does not necessarily improve the performance of the estimator for practical purposes and an histogram
basis can be better than very smooth bases for some given processes.
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Figure 1.1: Estimator (light surface) and true transition (dark surface) for the process
CIR(iii) estimated with a trigonometric basis, n=1000.

process (with here @ = 0.5, § = 3, § = 3) is denoted by v/CIR since its square
is actually a Cox-Ingersoll-Ross process. The estimation domain for this process is
2, 10]2.

e A Cox-Ingersoll-Ross process, which is exactly the square of the previous process. It
follows a Gamma density for invariant distribution with scale parameter [ = 1/2p?
and shape parameter a = §/2. The transition density is

1 y + a’x a/xy y \9/4-1/2
H(z,y) = 25 exp <_2752> Isja1 <7) <%)

The used parameters are the following:
(iii) @ =3/4, 8 = /7/48 (so that | = 3/2) and ¢ = 4, estimated on [0.1, 3]°.
(iv) a=1/3, 3 =3/4 and ¢ = 2. This chain is estimated on [0, 2]%.

e An ARCH process defined by X, 1 = sin(X,,) + (cos(X,,) + 3)e,+1 where the €,
are i.i.d. standard Gaussian. The transition density of this chain is

M(z,y) = ¢ <y — Sin(x)) o !

cos(x) + 3 r)+3

and we estimate this process on [—5, 5]2.



40 Chapitre 1. Estimation de la densité de transition par quotient

n 50 100 250 500 1000 Dasis
AR(i)  0.728 0.544 0.277 0.187 0.177 H
0.526 0.468 0.222 0.180 0.148 T
AR(ii)) 0480 0.325 0.225 0.116 0.084 H
0.287 0.239 0.177 0.134 0.108 T
VCIR  0.305 0.232 0.172 0.152 0.128 H
0.216 0.194 0.145 0.128 0.082 T
CIR(ii)) 0.509 0.308 0.211 0.176 0.148 H
0.417 0.396 0.284 0.257 0.227 T
CIR(iv) 0.338 0.210 0.121 0.076 0.046 H
0.227 0.221 0.172 0.134 0.133 T
ARCH 0.317 0.301 0.242 0212 0.161 H
0.255 0.254 0.208 0.188 0.169 T

Table 1.1: MISE E[II — II||> averaged over N = 200 samples. H: histogram basis, T

trigonometric basis.

For this last chain, the stationary density is not explicit.
variables and we estimate only from the last n to ensure the stationarity of the process.
For the other chains, it is sufficient to simulate an initial variable X, with density f.

So we simulate n + 500

n 90 100 250 500 1000  basis
AR(i) 0.066 0.060 0.033 0.014 0.012 H
0.057 0.054 0.025 0.004 0.003 T
AR(i) 0.039 0.035 0.031 0.015 0.008 H
0.034 0.034 0.033 0.020 0.005 T
VCIR ~ 0.013 0.012 0.011 0.010 0.010 H
0.017 0.017 0.017 0.016 0.011 T
CIR(iii)) 0.034 0.027 0.023 0.022 0.021 H
0.063 0.039 0.022 0.021 0.019 T
CIR(iv) 0.032 0.025 0.022 0.019 0.010 H
0.087 0.073 0.057 0.052 0.046 T

Table 1.2: MISE E||f — f||* averaged over N = 200 samples. H: histogram basis, T

trigonometric basis.

Figure 1.1 illustrates the performance of the method and Table 1.1 shows the L2-risk

for different values of n.
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The results in Table 1.1 are roughly good and illustrate that we can not pretend that
a basis among the others gives better results. We can then imagine a mixed strategy, i.e.
a procedure which uses several kinds of bases and which can choose the best basis or, for
instance, the best degree for a polynomial basis. These techniques are successfully used
in regression frameworks by Comte and Rozenholc (2002, 2004).

The results for the stationary density are given in Table 1.2 and illustrated in Figure
1.2.

n = 1000

Figure 1.2: Estimator (solid line) and true function (dotted line) for a Gaussian distribu-
tion estimated with a trigonometric basis.

We can compare results of Table 1.2 with those of Dalelane (2005) who gives results
of simulations for i.i.d. random variables. For density estimation, she uses three types
of kernel: Gauss kernel, sinc-kernel (where sinc(z) = sin(z)/x) and her Cross Validation
optimal kernel (denoted by Dal). Table 1.3 gives her results for the Gaussian density
and the Gamma distribution with the same parameters that we used (2 and 3/2). If we
compare the results that she obtains with her optimal kernel and our results with the
trigonometric basis, we observe that her risks are about 5 times less than ours. However
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n 20 100 500 1000  kernel

0.012 0.007 0.001 0.001 Dal
Gaussian 0.017 0.013 0.003 0.002 Gauss
(=AR(i)) 0.022 0.011 0.003 0.001 sinc
0.027 0.015 0.005 0.003 Dal
Gamma 0.028 0.021 0.006 0.003 Gauss
(=CIR(iii)) 0.062 0.040 0.017 0.004 sinc

Table 1.3: MISE obtained by Dalelane (2005) for i.i.d. data, averaged over 50 samples

this kernel is particularly effective and if we consider the classical kernels, we notice that
the results are almost comparable, with a reasonable price for dependency.

1.6 Proofs

1.6.1 The Nummelin splitting technique

This whole subsection is summarized from Hopfner and Locherbach (2003) p.60-63 and
is detailed for the sake of completeness.

The interest of the Nummelin splitting technique is to create a two-dimensional chain
(the "split chain”), which contains automatically an atom. Let us recall the definition of
an atom. Let 2 be a set such that ¢ (2) > 0 where ¢ is an irreducibility measure. The set
2 is called an atom for the chain (X,,) with transition kernel P if there exists a measure
v such that P(x, B) = v(B), for all x in 2 and for all event B.

Let us now describe the splitting method. Let EF = R the state space and & the
associated o-field. Each point x in E is splitted in 2y = (2,0) € Ey = E x {0} and
x1 = (x,1) € E; = E x {1}. Each set B in & is splitted in By = B x {0} and B; =
B x {1}. Thus, we have defined a new probability space (E*,£*) where E* = EyU E; and
E* =0(Bo, By : B € €). Using h defined in H2a(i), a measure A on (E, &) splits according
to

N(BY) = [ p(@)h(z)\(dx)
N(Bo) = [ 1p(2)(1 — h)(@)A(da)

Notice that \*(By U By) = A(B). Now the aim is to define a new transition probability
P*(.,.) on (E*,£*) to replace the transition kernel P of (X,,). Let

b
P*(x;,.) = ¢ 1 — h(x)

v* else

(P—h®@v) (z,.) ifi=0andh(z)>1
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where v is the measure introduced in H2a(i) and h ® v is a kernel defined by
h®@wv(z,dy) = h(z)v(dy).

Consider now a chain (X)) on (E*, £*) with one-step transition P* and with starting law
w*. The split chain (X) has the following properties:

P1. For all (B,)o<p<n € EV and for all measure A

P\(Xp € Bp,0<p< N)=Pu(X, € B, x{0,1},0<p<N).

P2. The split chain is irreducible positive recurrent with stationary distribution p*.

P3. The set E; is an atom for (X7).

We can also extend functions g : F +— R to E* via g*(z¢) = g(x) = g*(x1). Then, the
property P1 can be written: for all function £-measurable g : BV +— R

EA(Q(XM -y XN)) = Ex- (g*(Xf> ) X]tf))

We can say that (X,,) is a marginal chain of (X). When necessary, the following proofs
are decomposed in two steps: first, we assume that the Markov chain has an atom, next
we extend the result to the general chain by introducing the artificial atom Fj.

1.6.2 Proof of Proposition 1.1

First step:  We suppose that (X,,) has an atom 2.
Let f,, be the orthogonal projection of f on S,,. Pythagoras theorem gives us:

EHf - me,%ll = d2(f]lAl7 Sm) +E||fm - me,%ll

We recognize in the right member a bias term and a variance term. According to the
expresssion (1.6) of f,,, the variance term can be written:

Ellfr — fuld, = D Var(By) = Y E(2(p))) (1.11)

AEAM AEAM,

where v, (t) = (1/n) Y7 [t(X;)— < t, f >]. By denoting 7 = 7(1) = inf{n > 1, X,, € A}
and 7(j) = inf{n > 7(j — 1), X,, € A} for j > 2, we can decompose v,(t) in the classic
following way:

vn(t) = 0 (t) + v () + P (1) + v (1) (1.12)
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with W) = vp(t)Lrson,
1 T
VT(LZ)(t) = E;[t(Xi)_<t>f>]ﬂT<m
7(ln)

1

V(1) = - > X)) = <t f >]Lecn,
i=1+7(1)
1 n

v (1) = - Z (X)) — < t, f >|1,<n,
i=7(ln)+1

and [, = > 7 To(X;) (number of visits to the atom (). Hence,
va()? < 4, V)2 + 1,20 + P ()% + P (1)?}.

We set B, = {t € S, |[t| = 1}.
e To bound 149(15)2, notice that |v,(t)] < 2|/t||oc. And then, by using M2 and (1.3),
WS (1)] < 2607/ D[] 1 r5n. Thus,
Dy,
E(sup vV (t)*) < 4¢3D,P(t > n) < AGE(T?)—.

2
tEBm n

e We bound the second term in the same way. Since ]1/7(12) ()| < 2(7/n)||t]|s, We obtain
W2 (1)] < 2||t)|domv/Dim/n and then

Dy,
E(sup 1P (t)%) < AgE(T?)—5
t€Bm, n
e Let us study now the fourth term. As
n—T1(l, VD,
0] < 2" =T 1 < 2 7(00) Y o1

Dy,
we get  E(sup,ep, v (1)?) < 491)(2)?1@((71 —7(1,))* Lr<p).
It remains to bound E((n — 7(1,))*1,<,):

Eu((n—7(1)Lr<n) = D Eu((n—k)*Lrg,)—lrza)
k=1

— zn:(n — /q)QPM(XkH ¢A .., X, ¢ UAX, € A)P,(Xy € )
= Z(n — k) Py( X, ¢ A, ., Xy g & A)pu(A)

k=1
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by using the stationarity of X and the Markov property. Hence

(n — k) Py(t > n — k)u(A)

)=

E.((n— T(ln))Q]lTSn) =

<

Therefore E,((n — 7(1,,))*1,<p) < 2Eq(7*)u(2A). Finally

E(sup v (1)?) < S62u(2)Ea(r') 2

t€Bm, n?
and we can summarize the last three results by

D,
77,2

E (sup VO + o2 (8 4 <t>2) < 8¢2IE, (%) + u(A)Ea(r) 2.

tEBm

In particular, using that D,, <n,

E
E (vM(p2)? + v (p2)? + v (p2)?) < 8pp—~

() + p(Ea(r)

n

o Last we can write /" (t) =(1/n) Zé.”:_ll S;(t)1,<, where

T(j+1)

Si(t) = > (H(X)— <t f>).

i=1+7(j)

(1.13)

(1.14)

We remark that, according to the Markov property, the S;(t) are independent identically

distributed and centered. Thus,

In—1

1
B9 (02)%) < — D EIS; (o)
j=1

Then, we use Lemma 1.1 below (proved on page 46) to bound the expectation of i (on)?:

Lemma 1.1 For allm > 2, E,|S;()|™ < (2|t]loc)™ 2| f1loo,a, |t |[*Ea(7™).

We can then give the bound

< Hf||oo,A1Em(72)'

1 n
B (92)?) < — D I llscaloalPEa(r) .
j=1
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Finally
E(v,(o2) < [8%( u(7%) + (@ Ea() + || flloo,a, Ea(7?)].

Let C = 4[8¢2(E,(72) + u(m)Em( ) + 1| £ |loo.1, Ea(72)]. We obtain with (1.11)
o Dm

Second step:  'We do not suppose any more that (X,,) has an atom.
Let us apply the Nummelin splitting technique to the chain (X,,) and let

n

* 1 * *
) = = S IP - 2 (X)) (115)
i=1
We define also X
fr = arg miny) (t). (1.16)
t€Sm

Then the property P1 in Section 1.6.1 yields E||f — f% |4, = E|lf — ful%,. The split
chain having an atom (property P3), we can use the first step to deduce E||f — f* ||} . <
d*(f14,,Sm) + CD,,/n. It follows that

EHf meAl Sd?(f]lz‘h? )+0Dm/n
O

Proof of Lemma 1.1: For all j, E,|S;(t)|" = E,|S()|" = EM\ZZST)H X
where t = t— < t, f >. Thus

E,|S;(t ZE() Z )m|7:k:,7'(2):l)P(T:k,T(Q):l)
< @l = )™ 2E(’ Z T(2) = l)P(T:k,T(Q) =)
<> @)™ (1 = Ry 'Z E(}E(Xi)}% =k, 7(2) = z) P(r=k,7(2) =1

using the Schwarz inequality. Then, since the X; have the same distribution under p.

E SO < ) (2ltlee)™ (1 = k)"E(* (X1)P(7 = k. 7(2) = 1)

k<l

< D @It 2= K™ f oo, 1P P(r = K, 7(2) = 1)

k<l
< @ftleo)™ P E(7(2) = 1™ f oo, 1%
We conclude by using the Markov property. O
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1.6.3 Proof of Corollary 1.1

According to Proposition 1.1 E||f — fiu||3, < d®(f14,, Sm)+CD,y/n. Then we use Lemma
12 in Barron et al. (1999) which ensures that (for piecewise polynomials or wavelets having
aregularity larger than a—1 and for trigonometric polynomials) d?(f14,,S,,) =

Thus,

Ellf — fuld, = 0D, +

D,,
)

In particular, if D,, = Lnﬁj, then E| f — me?41 = O(n’%).

1.6.4 Proof of Theorem 1.1

First step:  We suppose that (X,,) has an atom 2.
Let m in M,,. The definition of 1 yields that v, (fs) + pen() < v,(fn) + pen(m).

But for all ¢, s,

'Vn(t> —Tu(s) =

where v, (t) = (1/n) Y5 [t(X:)—

fan = FI% < i —

n

ol = sl = = D¢~ $)(X0)

i=1
[t = £I = lls = fII* = 2va(t — )
[t = FLa 1 = lls = fLa|* = 2va(t — 5)

< t, f >]. This leads to

FIA, + 2va(fis — fin) + pen(m) — pen(in).

O(D,?).

(1.17)

Remark 1.2 Ift is deterministic, v,(t) can actually be written v, (t) = (1/n) > 1 [t(X;)—

E(t(X:))].

We set B(m, m') = {t € S, + Sy, ||t|| = 1}. Let us write now

2Vn(fﬁ’b - fm

o fﬁ%_fm
)=l ””Qm-mo

. 1 .
<2 fa — full sup Vn(t)Sngm—me“rf) sup v (t)?

teB(m,m)

te B(m,m)

1
by using inequality 2zy < 5952 + 532 Thus,

2B (fo— full < NG~ ful 4 5E( sup (0?)

te B(m,mh)

(1.18)
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Consider decomposition (1.12) of v,(t) again and let

7(ln)
Zut) =~ 3 XD <tf>) (1.19)

Jj=14+7(1)

Since [ (1) < | Za(t)], we can write

sup D@ < plmn)+ S0 [ sup Za(t)? — plm,m)]s
te B(m,m) meM,, teB(m,m/)

Where p(.,.) is a function to be specified later. Then, the bound (1.13) combined with

)
1, (1.17) and (1.18) give

~ N E 2 E 4
Bl 1l < ufm—fu,%h+1Eufm—fmu2+mo¢g () + Bl
+20 > E[ sup  Zy(t)* —p(m,m')].

meM, tEB (m,m’)
+E(20p(m, m) + pen(m) — pen(m)).

We choose p(m,m’) such that 20p(m,m’) < pen(m) + pen(m’). Thus 20p(m,m) +

pen(m) — pen(m) < 2pen(m). Let
Wim,m') = sup Z2(t) — p(m, ). (1.20)
teB(m,m’)
_ 1 1. 1
We use now the inequality 5(35 +y)? < gx + §y2 to deduce
; 2 2 |3 2 / ¢
Ell o~ I, < 5B~ £+ 5 — £ +20 32 EWGm,m') + 2pen(m) +
m,EMn
and thus
£ 2 9 2 / 3C
Ellfo = flI3, < 7l m = fI3 430 Y EW(m,m') + 3pen(m) + 5~

m’G/Vln
We need now to bound EW (m,m’) to complete the proof. Proposition 1.2 below

implies
1 o0
EW (m, m') < K /e_Dm/(¢O v 1)2 K, }<2HfH VAL

where K’ is a numerical constant and K5, K3 depend on the chain and with

pmm'y = OIS (G s Kl flea). (21)
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The notation a V b means max(a, b).
Assumption M3 yields Yy, e Pm <37 e =1/(e —1). Thus, by summation
onm' in M,,

1+ K. 0o
(¢0 V 1)2K3 + 2Hf|| 7141.
e—1 n

Z EW(m,m") < K’
m,GMn

It remains to specify the penalty, which has to satisfy 20p(m,m’) < pen(m)+ pen(m’).
The value of p(m,m’) is given by (1.21), so we set

D,,
pen(m) > 20K —=(¢o V 1) Ky (1 + Ko floc,41)-

Finally

. C
Vme M, Ellfa—fIA < 3llfw — £, +3pen(m) + =+

where C; depends on ¢, || f|lco,41, (), E.(72), Ea(7?), Ko, K3. Since it is true for all m,
we obtain the result.
Second step:  'We do not suppose any more that (X,,) has an atom.

The Nummelin splitting technique allows us to create the chain (X) and to define
vi(t) and f¥ as above by (1.15),(1.16). Set now

i = argminfy (f5) + pen(m)
mGMn
and f* = f%.. The property P1 in Section 1.6.1 gives E||f — f||4, = E||f — f*||%,. The
split chain having an atom, we can use the first step to deduce

3 . C
Ellf = f*%, <3 inf {d*(f1a,,Sn) +pen(m)} +—

And then the result is valid when replacing f* by f.
O

Proposition 1.2 Let (X,,) be a Markov chain which satisfies H1-H2a-H3a and (Sy)mem,,
be a collection of models satisfying M1-M3. We suppose that (X,) has an atom . Let
Zn(t) and W(m,m') defined by (1.19) and (1.20) with

g dim(Sy + S 21+ [[f]loo,a) Ean(s7)
p(m,m’) = K - (po V1) (log s )?

(where K is a numerical constant and s is a real depending on the chain). Then

o L+ [[flloo. 41 Ea(sT)
(log s)%n

EW (m,m') < K'e P’ (¢g Vv 1)
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Proof of Proposition 1.2: We can write Z,(t) = (1/n) Zl” ' 8;(t) where S;(t) is
defined by (1.14). According to Lemma 1.1:

B, |S; (0™ < @lEloo)™ 1 flloo,a, 1" Ea(7™).
Now, we use condition H2a(ii) of geometric ergodicity. The proof of Theorem 15.4.2 in
Meyn and Tweedie (1993) shows that 2 is a Kendall set, i.e. there exists s > 1 (depending
on ) such that sup .o E;(s7) < 0o. Then Eg(7™) < [m!/(log s)"|Eg(s™). Indeed

Eq(r™) = / ma™ ! Py(T > z)dz
0
o0 |
< m=1s=tRy (s7)dz = ——Eq(s7).
< /o maz™ s " Ey(sT)dx (Togs)" a(s™)
Thus ) )
20ltlloo ™ I lloo,anlI£]
>2 E m ! = g(s7). 1.22
wzz gisor<m (=) Meafle e am

We use now the following inequality (see Petrov (1975) p.49):

l

P(lrglagl Si(t) > y) <2P( ZS >y —

Jj=1

2B,,)
7j=1

" ) . . . o I llso 12112
where B, > > 7 ES;(¢)°. The inequality (1.22) gives us B,, = 2n

= I LR (ST

) (log 5)? a(s™) and
In—1 l

P> S(t) =) <P(1r£1l<); S;(t) > y) < 2P( Zs ) >y —2/n||t| M/ log s)
j=1 j=1

where M? = || f|lco.4,Ea(s7). We use then the Bernstein inequality given by Birgé and
Massart (1998):

ZS ) > ne) e

21?0 2||t|| M
with ¢ = ly(‘JgHs T + Po!s vz . Indeed, according to (1.22),

. 2
—ZE\ 5 2t \ " [ VEIHIM
log s log s '

Finally

P (Znu) > [l + Ml + MHtH/\/ﬁ]> <ot (123)
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We will now use a chaining technique used in Barron et al. (1999). Let us recall first
the following lemma (Lemma 9 p.400 in Barron et al. (1999), see also Proposition 1 in
Birgé and Massart (1998)).

Lemma 1.2 Let S a subspace of L* with dimension D spanned by an orthonormal basis
(ox)ren- Let

- 1 I ZAGA Broalloo
— sup .
VD p£0  SuDyep |6y

Then, for all § > 0, we can find a countable set T C S and a mapping © from S to T
such that :

r

e for all ball B with radius o > 50
T N B| < (50/6)" (1.24)

o |[u—m(u)| <6, VueS andsup,c 1y lu—t]oo <76, VieT.

We apply this lemma to the subpace S,, + S,y with dimension D,,, V D,,» denoted by
D(m') and r = r(m') defined by

1 12 reaom) Breallo
sup
VD) 20 SUPxea(mry |02

where (px)xea(n) 18 an orthonormal basis of Sy, 4+ Sy,,. Notice that this quantity satisfy
G < 1(m') < \/D(m)d,» where m” is such that S,, + S,» = S,» and then, using M2,

r(m') < ¢o/ D(m/).

We consider dy < 1/5 , 6, = §27%, and the Ty, = T'N B(m,m’) where T is defined by
Lemma 1.2 with 6 = d§; and B(m,m') is the unit ball of S, + S,,. Inequality (1.24) gives
us [T N B(m,m')| < (5/6,)°). By letting Hj, = log(|T%|), we obtain

r(m') =

H, < D(m’)[log((%) + klog2]. (1.25)

Thus, for all u in B(m,m’), we can find a sequence {uy}r>o with u, € T} such that
|lu — ugl] < O and ||u — ug||oo < r(m')d;. Hence, we have the following decomposition:

U = Up + Z(uk — uk_l)

k=1

with |lue|l <1 and |[ug||lee < Gor/D(m')||uol| < ¢por/D(m') and for all k > 1,
|ur — up—1]| O + Or—1 = 30-1/2,
Huk - ukleoo 37“(771/)(5]@,1/2 S 3@50\/ D(m’)(5k,1/2

<
<
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Then
P( sup Zn(u) > 7]) :P(H(uk)kzo - HT]‘” Zn(UO) + Z Zn(uk. — uk_l) >N+ an)
ueB(m,m’) k>0 k=1 k=1
<" P(Zu(uo) > mo) + > P(Zn(we — upn) > i)
ug€Ty k=1 up €Ty

Up_1€TK_1

with no + Y _ro m < 1. We use the exponential inequality (1.23) to obtain

Z P(Z,(uo) > no) < 9eHo—nzo

quTO
Z P(Z,(ug — up—1) > mi) <2eMktHi—1—nwy
up €Ty,
up_1€Tx 1
2 M
170:1— QSO\/W-%O—FM\/TO—}——
. og s \/ﬁ
by choosing ;

Me =

Moy,
ogs | 90V D) kcrai - Moo/ + J’%l)

Let us choose now the (xy)g>o such that nzg = Hy + D,y + v and for k > 1,
nry=H,_ 1+ H,+ kD, + D, + v.
Thus

P( sup Zn(u) > 77) < 26—Dm/—v(1 + Ze—kDm/) < 3.2€—Dm/—v'

u€B(m,m’)

k>1
It remains to bound Y7,
- 1
an < (A1 + Ay + A3).
prd (log s)

Al = qu/ D(m’)(Zxo + 3 Z (5]€_1I]€),
k=1

where { Ay = QM\/7+3MZ<51@ 1V Tk,
M5k 1

&
[
[ng
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e Regarding the third term, just write

Ay = (2+325k1): (680 +2) < e1(8)

Si=

with C1 ((50) = 650 + 2.
e Let us bound the first term. First, recall that D(m’) < /n and then

n

n H@+Dw+v nd Hi 1+ H,+kD,y + D,y +v
( 325k . .

Observing that Y2, 0,_1 = 20 and Y ;- | kdx_1 = 49y and using (1.25), we get

A < 61(50)¢0ﬁ+02(50)¢0\/D(;n/)

e To bound the second term, we use the Schwarz inequality and the inequality va + b <

va + v/b. We obtain
D(m/
AQ S Cl(éo)M\/g + C3(50)M (,:;n )

with 03(60) = 2\/ 1+ 10g(5/5o) + 3\/ 2(50 \/650(]. + IOg 2) + 450 10g(5/(50)

We get so

(g ) < (gﬁzgvsl) ¢ (\/ﬁ + M\/g)

D(m/ V1
n (m)(d)o )[CQ+03M+01M]
log s

S < o0 (52) gy 03 222 (22

ca(0o) = 62
where )
cs5(0p) = (6/5)sup(cy, ¢35+ ¢1)°.

Let us choose now ¢y = 0.024 and then ¢4 = 28, ¢5 = 268. Let K; = c4(¢o V 1/ log s)%.
Then

v
,VM%HMWM)
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where D) 1+ [ et Ea(s")
+ 00, A QlST
S v - :
p(m>m) C5(¢0 ) (log 8)2
2
We get P Z2(u) > K v 2l /
e ge (ueg(tg?m/) () 1[nD(m,) n]+p(m,m))
= P( sup Z2(u)>n?)
u€B(m,m’)
< P( sup Zy(u)>n)+P( sup Zy(u) < -n)
u€B(m,m’) u€B(m,m’)
Now

P( sup Z,( ZP w(uo) < —1o +Z Z P(Zn(up — up—1) < —1)

u€B(m,m’) uo€Tp k=1 ug€Ty
Ug—1€Tk—1
<" P(Zu(~uo) > m0) +Z > P(Zn(—up + up_1) > i)
ug€Ty k=1 ukETk
Ug—1€Tk—1
<3.2¢ Pm,
Hence
2
v
P( sup Z2(u)> K V M2Z) + pim,m')) < 6.4¢Pm' = 1.26
(ueB(m,m’) ( ) 1[nD(m,) ] ( )) ( )

We obtain then

E[ sup ZZ2(t) — p(m,m')]; < / P( sup Z2(u) > p(m,m') + 2)dz
teB(m,m’) 0 u€B(m,m’)

M2D(m') v M2

< / P( sup Z2(u) > p(m,m’) + K;M*—)K;—dv

0 n n

ueB(m,m’)

OO v? 2v
+ P( sup  Z2(u) > p(m,m') + K K dv
/]\/[2D(m’) (ueB(m,m’) () > 2 ) 1nD(m’)) "nD(m’)

K *° 2 o0
22 / 6.4¢"Pm = dy + / 6.4¢~ P "0 du
0 D(m/) 0

n
1+ M?
(M? + ) < 128K e P ke

64K1 o~ Du
- on D(m')" — n

By replacing M? by its value, we get so

1 1 E
EW (m,m’) < K'(%v )2t + [ fllso,a, Eau(s7)
log s n

where K’ is a numerical constant ]
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1.6.5 Proof of Corollary 1.2

According to Theorem 1.1, E|| f—f||4, < C inf {d®(f14,, Sm)+Dm/n}. Since d?>(f14,, Spm)
me n
= O(D,;**) (see Lemma 12 in Barron et al. (1999)),

m

K f D
2 1 —2a m

In particular, if my is such that D,,, = Lnﬁj, then
r 2 —2a Dmo __2a
E|lf = flf4, < Cs § Dyng” + —= ¢ < Can” 552
The condition D,, < y/n allows this choice of m only if a > 1/2. O

1.6.6 Proof of Theorem 1.2
The proof is identical to the one of Theorem 1.1. O

1.6.7 Proof of Corollary 1.3

It is sufficient to prove that da(F,S,,) = infres, [|[F — T||a < CD,* if F belongs to
BS (A). Tt is done in the following lemma. O

Lemma 1.3 Let F in the Besov space By (A). We consider the following spaces of
dimension D? :

e S) is a space of piecewiwe polynomials of degree bounded by s > o — 1 based on the
reqular partition with D?* squares,

e S, is a space of of orthonormal wavelets of reqularity s > a — 1,
e S3 is the space of trigonometric polynomials.
Then, there exist positive constants C; such that
da(F,S;) < ;D™ fori=1,2,3.

Proof of Lemme 1.5 Let us recall the definition of B (A). Let

T

A} F(z,y) = Z(—l)’”’k <£) F(x + khy,y + khs)

k=0
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the rth difference operateur with step h and w,(F,t) = sup||A} F||4 the rth modulus of
Ih<t

smoothness of F. We say F' is in the Besov space B3 (A) if sup,. ot “w,(F,t) < oo for
r = |a] 4+ 1, or equivalently, for r an integer larger than .
DeVore (1998) proved that da(F,S;) < Cweyq(F, D7) | so

da(F,8,) < CD™.

For the wavelets case, we use the fact that f belongs to By (A) if and only if
sup 29| 8]l < oo (see Meyer (1990) chapter 6, section 10). If Fp is the orthogonal

prOJectlon of F on Sy,
IF = Fpla =Y Y IBul><C> 27 <C'DV"
i>m kil i>m

where m is such that 2™ = D.
For the trigonometric case, it is proved in Nikol’skii (1975) (p. 191 and 200) that
da(F,S3) < Cwsiq(F, D7) so that da(F, S3) < C'D™. O

1.6.8 Proof of Theorem 1.3

Let us prove first the first item. Let E, = {||f — flloo.a, < fo/2} and ES its complement.
On E, and for z € Ay, f(z) = f(z) — f(z) + f(z) > fo/2. Moreover

2
IE1P =" < Zm Xin > <)@l < Dy,
A

At

50 that || F|lee < @D ||F|| < ¢y D%, Then, for n large enough, for all z, y,

Y| o

(o
i) ECEL

fo/2

and II(z,y) = ng,y) For all (z,y) € A,
flz

fi(e,y) M y)P < |28 {X” DN 1+ (o + [T oop) L
o |Pe,y) ~ Flay) + ) () - )

M (x
f3/4
(ki + [0, 4) "L g

. 8 _ .
E[II-T% < IE SEIF = 5+ [TZ BN f = FI%,) + (o + [1Too,4)?[A| P(ES).
0
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It remains to bound P(E¢). To do this, we observe that

1f = Flloo,ar < If = Firlloo,ay + 1fir = finalloo-

Let v = a — 3, then By (A1) C BL (A1) (see DeVore and Lorentz (1993) p.182). Thus

f belongs to BY, , (A;) and Lemma 12 in Barron et al. (1999) gives
1f = Fallooa, < CD,T < C(logn)™".

Thus ||f — filleo,a, decreases to 0 and ||f — filloo.a, < fo/4 for n large enough. So
c ¢ fO
P(E) < Pl — Falo > 20).

But || £ — firlloo < 60V Drall fi — farlland || £ — fll> = Csen,, v2(92) = sup,ep, [va(t)]*.
Thus,

s
P(E) < P(sup |v,(t)]* >
5 £
< sup P(sup |v,(t)|° >
< Plsp 1nOF > 542p,) 2
< sup P(sup [vWV@) + @) + D@2 > Jo
< Plap 0+ Y0P > 550
Jo
+ sup P(sup |Z,(t)]* >
Jup Pl 12001 > g5, )
We need then to bound two terms. For the first term, we use a Markov inequality:
2
P(sup [V (@) + v@ () + D @)]? > Jo
(sup () + 42 0) + 1 O > 2525
3262D,,\* 3
< (242 ) e ( (s 1)+ 42000 + 907
fo tEBm
3262D,,\*
< (B2 wm (s OO + 1200 + 001
fO teEBm
Reasoning as for inequality (1.12), we obtain
D3
B (sup LAIOP + 2OP + 00 ) < 2HEL) + 18
t€Bm n
and then
2
sup P(sup [v\V(t) + v 2 () + vW(1)]* > 0
sup Plsup [1(0) + 120 + o0 (0 > 7 d8)
32¢2D,, \° D3
< sup (B2 ) 3R, () + (a2
meMy, f() n
DS C
< sup OC—2 < ————
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Besides, for all v, using (1.26),

U2

P(sup |Z,(t)]* > K|

su 5 v MQ%] +p(m,m)) < 6.4e P

with p(m,m) = ¢5(¢oV1)* (D /1)(1 + || fllco,4, Ba(s7))/ (log 5)?. Thus, letting cs = c5(doV
D21+ [[f lloo,a,Bar(s7))/ (log 5)?,

02

D,,
P(sup |Zo(t)] > Ki|—=—V MQ%] Feg™) < 6de” P
n

teEBm an

Let now v = n'/4, v verifies (for n large enough)
v? v D f2
K vV M?— —t <
1[an n] o n — 32¢3D,,

since D,, < \/n/(logn). The previous inequality gives then

fg _D. _ _1/4
sup P(sup |Z,(t)]* > < 6.4 sup e Pmmv < Ol
b Pl 1208 > 5 3, < 64 508 =
Finally c
P Ec < - Cl —nl/4 — -3 )
() < g+ Ol = ofu™)

And then, for n large enough, (k, + ||1I||oc.a)?*P(ES) = o(kZn=3). So, since k, = n,
(Fn + [Mlo,a)*P(E7) = o(n™").
Following result in Theorem 1.3 is provided by using Corollary 1.2 and 1.3. 0
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2.1 Introduction

We consider (X;) a homogeneous Markov chain. The purpose of this chapter is to estimate
the transition density of such a chain. This quantity allows to comprehend the form of
dependence between variables and is defined by II(z,y)dy = P(X;41 € dy|X; = x). It
enables also to compute other quantities, like E[g(X;1)|X; = ] for example. As many
authors, we choose for this a nonparametric approach. Roussas (1969) first studies an
estimator of the transition density of a Markov chain. He proves the consistency and the
asymptotic normality of a kernel estimator for chains satisfying a strong condition known
as Doeblin’s hypothesis. In Bosq (1973), an estimator by projection is studied in a mixing
framework and the consistence is also proved. Basu and Sahoo (1998) establish a Berry-
Essen inequality for a kernel estimator under an assumption introduced by Rosenblatt,
weaker than the Doeblin’s hypothesis. Athreya and Atuncar (1998) improve the result of
Roussas since they only need the Harris recurrence of the Markov chain. Other authors are
interested in the estimation of the transition density in the non-stationary case: Doukhan
and Ghindes (1983) bound the integrated risk for any initial distribution. In Herndndez-
Lerma et al. (1988), recursive estimators for a non-stationary Markov chain are described.
More recently, Clémengon (2000) computes the lower bound of the minimax L? risk and
describes a quotient estimator using wavelets. In the first chapter of this thesis, we
found an estimator by projection with model selection that reaches the optimal rate of
convergence.

All these authors have estimated II by observing that IT = F' / f where F is the density
of (X;, X;41) and f the stationary density. If F and f are estimators of ' and f, then an
estimator of Il can be obtained by writing II=F / f But this method has the drawback
that the resulting rate of convergence depends on the regularity of f. And the stationary
density f can be less regular than the transition density.

The aim here is to find an estimator II of II from the observations X, ... , Xpa1 such
that the order of the L? risk depends only on the regularity of II and is optimal.

Clémencgon (2000) introduces an estimation procedure based on an analogy with the
regression framework using the thresholding of wavelets coefficients for regular Markov
chains. We propose in this chapter an other method based on regression, which improves
the rate and has the advantage to be really computable. Indeed, this method allows to
reach the optimal rate of convergence, without the logarithmic loss obtained by Clémencon
(2000) and can be applied to f-mixing Markov chains (the notion of "regular” Markov
chains in Clémengon (2000) is equivalent to ¢-mixing and is then a stronger assumption).
We use model selection via penalization as described in Barron et al. (1999) with a new
contrast inspired by the classical regression contrast. To deal with the dependence we use
auxiliary variables X/ as in Viennet (1997). But contrary to most cases in such estimation
procedure, our penalty does not contain any mixing term and is entirely computable.

In addition, we consider transition densities belonging to anisotropic Besov spaces,
i.e. with different regularities with respect to the two directions. Our projection spaces
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(piecewise polynomials, trigonometric polynomials or wavelets) have different dimensions
in the two directions and the procedure selects automatically both well fitted dimensions.
A lower bound for the rate of convergence on anisotropic Besov balls is proved, which
shows that our estimation procedure is optimal in a minimax sense.

The chapter is organized as follows. First, we present the assumptions on the Markov
chain and on the collections of models. We also give examples of chains and models.
Section 2.3 is devoted to estimation procedure and the link with classical regression. The
bound on the empirical risk is established in Section 2.4 and the L? control is studied in
Section 2.5. We compute both upper bound and lower bound for the mean integrated
squared error. In Section 2.6, some simulation results are given. The proofs are gathered
in Section 2.7.

2.2 Assumptions

2.2.1 Assumptions on the Markov chain

We consider an irreducible Markov chain (X,,) taking its values in the real line R. We
suppose that (X,) is positive recurrent, i.e. it admits a stationary probability measure .
We assume that the distribution p has a density f with respect to the Lebesgue measure
and that the transition kernel P(z, A) = P(X,41 € A|X; = x) has also a density, denoted
by II. This transition density II is estimated on a compact set A = A; x A only. More
precisely, the Markov process is supposed to satisfy the following assumptions:

H1 (X,) is irreducible and positive recurrent and stationary.

H2b The chain is geometrically 3-mixing (38, < e~%), or arithmetically S-mixing (8, < ¢~9).
H3a The stationary density f verifies || f|c,4, := SUp,ea, | f(x)| < o00.

H3b The transition density II is bounded on A, i.e. [|II||oca := sup, e (2, y)| < co.

H4 There exists a positive real fy such that, for all x in Ay, f(z) > fo.

Since (X;) is a stationary Markov chain, the (-mixing is very explicit, the mixing
coefficients can be written:

5= [ 1P — v f(@)de (2.1)

where ||.||7v is the total variation norm (see Doukhan (1994)).

Notice that we distinguish the sets A; and A, in this work because the two directions
x and y in II(z,y) do not play the same role, but in practice A; and A, will be equal and
identical or close to the value domain of the chain.
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Many processes verify the previous assumptions, as autoregressive processes or diffu-
sions. A list of such chains is given in Chapter 1 (it is valid since the Assumption H2a is
stronger than H2b).

2.2.2 Assumptions on the models

In order to estimate II, we need to introduce a collection {S,,, m € M,} of spaces, that
we call models. For each m = (my,msy), Sy, is a space of functions with support in A
defined from two spaces: F),, and H,,,. F,,, is a subspace of (L?> N L*°)(R) spanned by
an orthonormal basis (¢]");es, With |J;,| = Dy, such that, for all j, the support of 7"
is included in A;. In the same way H,,, is a subspace of (L? N L*)(R) spanned by an
orthonormal basis (¢}")kek,, With |K,,| = D,,, such that, for all k, the support of ¢} is
included in A,. Here j and k are not necessarily integers, it can be couples of integers as
in the case of a piecewise polynomial space. Then, we define

S = Foy @ Huy ={T, Tlx,y)= Y > amef @i (y)}-

jE€Im k€K m
The assumptions on the models are the following;:
M1. For all my, D,,, < n'/? and D,, := maXmem, Dmy < nt/3,

M2. There exist positive reals ¢y, 2 such that, for all u in F,,,, ||ul|2, 4, < ¢1Dm, [u?

00,A1
and for all v in Hp,, ||[v||%, 4, < ¢2Dm, [ v*. By letting ¢o = /@142, that leads to
VT € Sp HT”OO < o DmlDM2HTH (2'2)

where ||T||? = [p. T?(z,y)dxdy.

M3. Dm1 < Dm’1 = le C lel and Dm2 < Dm’2 = Hm2 C Hmé

The first assumption guarantees that dim S, = D, Dy, < n2/3 < n where n is
the number of observations. The condition M2 implies a useful link between the L2
norm and the infinite norm. The third assumption ensures that, for m and m’ in M,,,
S+ Sy is included in a model (since Sy, + Sy C Sy With Dy = max(Dyy,, Dy ) and
Dy = max(Dyy,, Dyyy)). We denote by S the space with maximal dimension among the
(Sm)mem, - Thus for all m in M,,, S,, C S.

2.2.3 Examples of models

We show here that a lot of models are suitable. Indeed, Assumptions M1-M3 are verified
for the spaces F,,,, (and H,,,) spanned by the following bases (see Barron et al. (1999)):

1
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e Trigonometric basis: for A; = [0,1], < o, .-

o Pmi—1 > With g = L0115 902j(x) =

V2 cos(2mjz) Ly (x), poj-1(z) = V2sin(2mja) Ly () for j > 1. For this model

D,,, = my and ¢; = 2 hold.

e Histogram basis: for 4; = [0,1], < ¢1,..., pom > with @; = 2™/21 ;1) jgm jjami|

for j=1,...,2™. Here D,,, = 2™, ¢; = 1.

e Regular piecewise polynomial basis: for A; = [0, 1], polynomials of degree 0,...,r
(where r is fixed) on each interval [(I — 1)/2P,1/2P[,1 = 1,...,2P. In this case,
my = (D,r), Jm={j=(,d), 1<1<2P.0<d<r}, Dy, = (r+1)2P. We can

put ¢1 = vr+ 1.

e Regular wavelet basis: < Wy, l = —1,...,mq, k € A(l) > where U_, ; points out the
translates of the father wavelet and Wy, (z) = 2/2¥ (2! — k) where ¥ is the mother
wavelet. We assume that the support of the wavelets is included in A; and that W_;

belongs to the Sobolev space W

2.3 Estimation procedure

2.3.1 Definition of the contrast

To estimate the function II, we define the contrast

n

1

) = 231 [ T )y - 27X Xi) 2.3

n
i=1 YR

We choose this contrast because

B (T) = |77 — I — [|TI]|

where

71 = [ T ey

Therefore 7,,(T) is the empirical counterpart of the ||.| -distance between T" and II and
the minimization of this contrast comes down to minimize ||7"—1I||;. This contrast is new
but is actually connected with the one used in regression problems, as we will see in the

next subsection.

We want to estimate II by minimizing this contrast on Sy,. Let T'(z,y) = >, D ek,
a; ke ()Y (y) a function in Sy,. Then, if A, denotes the matrix (a;x)je,, ke,

O (T)

VjQVk'Q =0< GmAm = Zm,

dag, ko



64 Chapitre 2. FEstimation de la densité de transition par contraste moindres carrés

- (% Zsoﬁxi)w(xi))

( Z 903 (Xit1)

where

JE€EIm,kEKm

Indeed,

(T
oa. k - Z Ajko Z (’OJ (70]0 Z Z 9030 wko l+1)' (2'4)
jo,ko

JE€EIm

We cannot define a unique minimizer of the contrast 7,,(7'), since G,, is not necessarily
invertible. For example, (G, is not invertible if there exists jy in J,,, such that there is no
observation in the support of ¢;, (G, has a null column). This phenomenon happens when
localized bases (as histogram bases or piecewise polynomial bases) are used. However, the
following proposition will enable us to define an estimator:

Proposition 2.1

07 (T)

VijoVko 0, 1
J0,R0

=0<Vy (T(X:,y))i<i<n = Pw (Z 77Z)121(Xi+1)¢21(y>>
k

1<i<n

where Py denotes the orthogonal projection on W = {(T(X;,y))1<i<n, T € Sm}-

Thus the minimization of 7, (¢) leads to a unique vector (IL,,(X;, y))1<i<n defined as
the projection of (D, ¥ (Xit1)Ur(y)), <<, on W. The associated function IL,(.,.) is not

defined uniquely but we can choose a function II,,, in S,, whose values at (X;,y) are fixed
according to Proposition 2.1. For the sake of simplicity, we denote

A

I, = arg min 7, (7).

This underlying function is more a theoretical tool and the estimator is actually the vector
(I1,,(X4,y))1<i<n- This remark leads to consider the risk defined with the empirical norm

n 1/2
17l = (%Z / T?(Xi,mdy) . (25

This norm is the natural distance in this problem and we can notice that if T" is deter-
ministic with support included in A; x R

FITIF <ENTIG = 117 < 11 lloo.a 1T

and then the mean of this empirical norm is equivalent to the L? norm ||.||.
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2.3.2 Link with classical regression

Let us fix k in K, and let
Yk:¢?(XZ+1) for ¢ € {1,,%}

tr(x) = /T(x,y)zﬁ?(y)dy for all T in L*(R?).

Actually, Y;; and t; depend on m but we do not mention this for the sake of simplicity.
For the same reason, we denote in this subsection ¢;" by ¢ and J" by ¢;. Then, if T
belongs to S,,,

Twa) = 3 5 ([0 @) ewn

GE€Tm kEKm
— Z Z (/ )dx) w;i(z)r(y) = Z tre(2)r(y)

and then, by replacing this expression of T" in 7, (T'), we obtain

(1) = S S KO X 01 2 5 X Ko

k!
BN 2 2
= —Z Z LX) — 2 X)Y”“]_EZ Z [t1(Xi) = Yik]” = Y55
i=1 k€K, i=1 keKy,
Consequently
. 1¢ 2 2
min w(T) = ), min = D [t(X0) = Yi]? = Vi
keKnm, i=1
We recognize, for all k, the least squares contrast which is used in regression problems.
Here the regression function is m, = [ II(. y)dy which verifies
Yie = Wk(Xi) +eik (2.6)
where
Eig = V(K1) — B[t (Xip1)[ X5 (2.7)

The estimator II,, can be written as > kek,, T(T)Yr(y) where 7y is the classical
least squares estimator for the regression model (2.6) (as previously, only the vector
(7 (X)) 1<i<n is uniquely defined).

This regression model is used in Clémencon (2000) to estimate the transition density.
In the same manner, we could here use the contrast 7" (t) = + 30 [We(Xig1) —H(X5)]? to
take advantage of analogy with regression. This method allows to have a good estimation
of the projection of II on some S, by estimating first each 7, but does not provide an

adaptive method. Model selection requires a more global contrast, as described in (2.3).
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2.3.3 Definition of the estimator

We have then an estimator of II for all S,,. Let now

~

m = arg min {v,(IL,,) + pen(m)}
mGMn
where pen is a penalty function to be specified later. Then we can define I = Il
and compute the empirical mean integrated squared error E||II — II||2 where ||.||,, is the
empirical norm defined in (2.5).

2.4 Calculation of the risk

For a function h and a subspace S, we recall that

1/2
_ ol = _ 2
i) =t [ gll = int ( [[ 1060 = gt Pady)
With an inequality of Talagrand (1996), we can prove the following result.

Theorem 2.1 We consider a Markov chain satisfying Assumptions H1-H2b-H3a,b-H/
(with 0 > 14 in the case of an arithmetical mizing). We consider II the estimator of the
transition density I1 described in Section 2.3 with models verifying Assumptions M1-M3
and the following penalty:

D,y Do,
pen(m) = KOHH||007AT (2.8)

where Ky is a numerical constant. Then

/

- C
E|l, - I|2 < C inf {d*(T11 4, S,,) + pen(m)} + —

where C' = max(5||f|c,4,,6) and C" is a constant depending on ¢1, ¢2, ||Il||c.a, fo,
Hf”oo,x‘hf 0.

The constant K in the penalty is purely numerical (we can choose K, = 45). We
observe that the term ||II||, 4 appears in the penalty although it is unknown. Actually
this term ||TI]|o 4 in the penalty can be replaced by f; ' if we use an isotropic estimator
(see Remark 2.2 in the proof 2.7.3). In the anisotropic case the infinite norm of II can
be replaced by any bound of ||II||s 4. Moreover, it is possible to use ||II||o where II is
some estimator of II. This method of random penalty (specifically with infinite norm) is
successfully used in Birgé and Massart (1997) and Comte (2001) for example, and can be
applied here even if it means considering II regular enough. More precisely, we can write
the following theorem.
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Theorem 2.2 We consider the following penalty :

et Dy Dy
pen(m) = Kol ce——-

where Ko is a numerical constant and II = I1,,, with Sy, a space of trigonometric poly-
nomials such that
logn < Dipys = Dy < n'/S.

If the restriction of I1 to A belongs to B(al’a2)(A) with oy > 3/2 and iy > max(5 2 34

) 2,00 201 —37 201 —1
then, under assumptions of Theorem 2.1, for n large enough,

D, Do, } c’
n n

EJIL, — 02 < € inf {d2<mA, Su) +
me n

Remark 2.1 The condition on the reqularity of Il is verified for example if oy > 2 and
ags > 2. If oy = ag = «, it is equivalent to o > 2.

It is relevant to notice that the penalty term does not contain any mixing term and is
then entirely computable. It is in fact related to martingale properties of the underlying
empirical processes. The constant Kj is a fixed universal numerical constant; for practical
purposes, it is adjusted by simulations.

We are now interested in the rate of convergence of the risk. We consider that II
restricted to A belongs to the anisotropic Besov space on A with regularity a = (aq, as).
Note that if II belongs to B (R?), then II restricted to A belongs to Bs*, (A). Let us
recall the definition of B, (A). Let e; and e; be the canonical basis vectors in R* and
fori=1,2, Aj ;= {x € R*;z,x + he;, ...,z + rhe; € A}. Next, for z in Aj ;, let

o) = 317 (ot + ke

k=0

the rth difference operator with step h. For ¢ > 0, the directional moduli of smoothness

are given by
1/2
wri,i(gut) = sup (/ ) |A27:Zg($)‘2dl'> :
<t \ J A},

We say that g is in the Besov space Bg', (A) if

2

sup Z t%wy, i(g,t) < 00

>0 ‘=5

for r; integers larger than «;. The transition density II can thus have different smoothness

properties with respect to different directions. The procedure described here allows an

adaptation of the approximation space to each directional regularity. Mor/e precisely, if
a1 /ag

as > o for example, the estimator chooses a space of dimension D,,,, = D)/~ < D,,, for
the second direction, where II is more regular. We can thus write the following corollary.
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Corollary 2.1 We suppose that I1 restricted to A belongs to the anisotropic Besov space
BS (A) with regularity o = (ay,ap) such that ay — 20 + 20100 > 0 and ay — 2a;
+2aq09 > 0. We consider the spaces described in Subsection 2.2.8 (with the regularity r
of the polynomials and the wavelets larger than o; — 1). Then, under the assumptions of
Theorem 2.1, 7
E[|ILs — |} = O(n=52).

where a is the harmonic mean of ay and as.

The harmonic mean of a; and «s is the real & such that 2/a = 1/a; + 1/as. Note
that the condition a; — 2as + 219 > 0 is ensured as soon as «; > 1 and the condition
g — 2001 + 2019 > 0 as soon as ag > 1.

Thus we obtain the rate of convergence n_%, which is optimal in the minimax sense
(see Section 5.3 for the lower bound).

2.5 L? control

2.5.1 Estimation procedure

Although the empirical norm is the more natural in this problem, we are interested in a
L? control of the risk. For this, the estimation procedure must be modified. We truncate
the previous estimator in the following way :

(2.9)

oo [T ) <k,
0 else

with k,, = n?/3.

2.5.2 Calculation of the L? risk

We obtain in this framework a result similar to Theorem 2.1.

Theorem 2.3 We consider a Markov chain satisfying Assumptions HI1-H2b-HS5a,b-Hj
(with 6 > 20 in the case of an arithmetical mizing). We consider I1* the estimator of the
transition density 11 described in Section 2.5.1. Then

!/

Tx 2 < : 2 =
E|T* =115 < leer}an{d (14, S,,) + pen(m)} + -

where C' = max(36f; || fllooa, + 2,36f5 ") and C' is a constant depending on ¢y, ¢s,
HHHOOJb Jo, ||fHOO,A17 0.

If IT is regular, we can state the following corollary:
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Corollary 2.2 We suppose that the restriction of Il to A belongs to the anisotropic Besov
space Bs'. (A) with regularity o = (o, o) such that oy — 20420103 > 0 and oy — 20 +
2000 > 0. We consider the spaces described in Subsection 2.2.3 (with the regularity r
of the polynomials and the wavelets larger than o; — 1). Then, under the assumptions of
Theorem 2.3,

E[|T - T[4 = O(n"252).

where a is the harmonic mean of ay and as.

The same rate of convergence is then achieved with the L? norm instead of the em-
pirical norm. And the procedure allows to adapt automatically the two dimensions of
the projection spaces to the regularities a; and «g of the transition density II. If a3 =1

we recognize the rate n ~Sapr established by Birgé (1983) with metrical arguments. The
optimality is proved in the following subsection.

If a; = as = a ("classical” Besov space), then @ = « and our result is thus an
improvement of the one of Clémengon (2000), whose procedure achieves only the rate

(log(n) /n)#i2 and allows to use only wavelets. We can observe that in this case, the
condition ay — 2ap + 2a1ap > 0 is equivalent to o > 1/2 and so is verified if the function
IT is regular enough.

Actually, in the case oy = as, an estimation with isotropic spaces (D,,, = D,) is
preferable. Indeed, in this framework, the models are nested and so we can consider
spaces with larger dimension (D2, < n instead of D%, < n?/3). Then Corollary 2.1 is valid
whatever a > 0. Moreover, for the arithmetic mixing, assumption # > 7 is sufficient.

2.5.3 Lower bound

We set
B = {II transition density on R of a positive recurrent
Markov chain such that ||II|[pg _(4) < L}
and Ep the expectation corresponding to the distribution of Xy, ..., X, if the true tran-

sition density of the Markov chain is II and the initial distribution is the stationary
distribution.

Theorem 2.4 There exists a positive constant C' such that, if n is large enough,

inf sup Eq|[1T,, — |3 > Cn~ 2%
1I,, T1eB

where the infimum is taken over all estimators IL,, of I based on the observations X1, ..., X,11.
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So the lower bound in Clémengon (2000) is generalized for the case a; # ag. It
shows that our procedure reaches the optimal minimax rate, whatever the regularity of
II, without needing to know a.

A more general theorem of lower bound for the LP norm is proved in Annex 2.8.

2.5.4 Applications and prospects

e An easy application of our result is the computation of A(x) = E[g(X;;1)|X; = z] for
T in Ay, Where g is a borelian function belonging to L*(Ay) with support included in As,.
Since A(z) = [ 9(y)1L(z,y)dy = [,, 9(y)1(x,y)dy, a natural estimator is

V(@) = [ o)t (@)
The Schwarz inequality leads to :
E|A = A2, < lgIPEIT =I5 = O(n~ 2e2).

If IT belongs to the anisotropic Besov space Bs*, (A), then A belongs to the Besov B35 (A1).

So the minimax rate for this regression function is nfﬁ. Here the convergence is a little
slower but tends to the minimax rate if we make as tend to infinity.

In the same Way, we can estimate the random variables E[g(X;.1)|X;] = AMX;) by
A(X;) where \(z = [4, 9(y)1(x,y)dy. We have then

L - )\ - __2a
E (gZM— AP(X») < [lgPETILs — 1|2 = O(n 7).
=1

e The estimation of II allows us to estimate the density of P?(z,.), the law of X,
conditionnally to X; = x. We denote by I1(9 this density:

H(Q)(x,y) = / I(x, 21)(21, 22).. 1(24—1, y)dz1d2s...d 2.
Ra—1
We can define an estimator of II'9 recursively by setting IT") = II and

9z, y) = /ﬁ(ql)(x,z)f[(z,y)dz q>2.

e With an estimator of the iterates of I1, it is possible to introduce an estimator of the
mixing coefficients, since Formula (2.1) gives

— 5 [ [ M) = 1@ @)y,
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2.6 Simulations

To evaluate the performance of our method, we simulate a Markov chain with a known
transition density and then we estimate this density and compare the two functions for
different values of n. The estimation procedure is easy, we can decompose it in some
steps:

e find the coefficients matrix A,, for each m = (my, ms),

e compute %(ﬂm) =Tr("A,GnAnm —2'AnZ) = —Tr(" A Z,n),

A

e find 7 such that ~,(Il,,) + pen(m) is minimum,
e compute f[m

For the first step, we use two different kinds of bases : the histogram bases and the
trigonometric bases, as described in subsection 2.2.3. We renormalize these bases so that
they are defined on the estimation domain A instead of [0,1]?. For the third step, we

D,,, Dy,
choose pen(m) = 0.5——=.

We consider the same Markov chains as in Chapter 1 (see page 38 for a precise de-
scription):
e An autoregressive process denoted by AR and defined by:
XnJrl = @Xn +b+ En+1

where the ¢, are independent and identical distributed random variables, with
centered Gaussian distribution with variance o2. We consider the following param-
eter values :
(i) a=2/3,b=0, > =5/9, estimated on [—2, 2%
(ii) @ = 0.5, b= 3, 0> = 1, and then the process is estimated on [4, 8%
e A radial Ornstein-Uhlenbeck process (in its discrete version). For j = 1,...,4d, we

define the processes: &), = a&l + (el where the &/ are i.i.d. standard Gaussian.

The chain is then defined by X,, = 2?21(6%)2- This process (with here a = 0.5,

G = 3,6 = 3) is denoted by VCIR. The estimation domain for this process is
[2,10]2.

e A Cox-Ingersoll-Ross process. The used parameters are the following:

(ili) a =3/4, f = +/7/48 (so that [ = 3/2) and § = 4, estimated on [0.1, 3]%.
(iv) a=1/3, 3 =3/4 and ¢ = 2. This chain is estimated on [0, 2]%.
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Figure 2.1: Estimator (light surface) and true fonction (dark surface) for a +/CIR process
estimated with a histogram basis, n = 1000.

r=4.6 y=>5
Figure 2.2: Sections for AR(ii) process estimated with a trigonometric basis, n = 1000,

dark line: true function, light line: estimator.

e An ARCH process defined by X1 = sin(X,,) + (cos(X,,) + 3)e,+1 where the €,,4
are i.i.d. standard Gaussian. We estimate this process on [—5, 5]2.
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1.0
0.5+

0.0

-1.0+

R T e

Figure 2.3: True function E[X;,1|X; = 2| (dark line) and its estimator (light line) for
ARCH process estimated with a trigonometric basis, n = 1000

We can illustrate the results by some figures. Figure 1 shows the surface z = Il(z, y)
and the estimated surface z = f[(x,y). We use a histogram basis and we see that the
procedure chooses different dimensions on the abscissa and on the ordinate since the
estimator is constant on rectangles instead of squares. Figure 2.2 presents sections of this
kind of surfaces for the AR(ii) process estimated with trigonometric bases. We can see the
curves z = I1(4.6,) versus z = I[1(4.6,%) and the curves z = II(z, 5) versus z = II(z,5).
The second section shows that it may exist some edge effects due to the mixed control
of the two directions. These edge effects are also observable on the last figure where
we can see an estimator of E[X;,1]|X; = z] (application presented in subsection 2.5.4
with g(y) = y) for the ARCH process. Here we have estimated IT on a larger domain
(theoretically it should be R? since the function g is defined on R).

For more precise results, empirical risk and L? risk are respectively given in Table 2.1
and Table 2.2.

We observe that the results are better when we consider the empirical norm. It was
expectable, given that this norm is adapted to the studied problem. Actually the better
norm to evaluate the distance between II and its estimator is the norm ||.||;. Table 2.3
shows that the errors in this case are very satisfactory.

We can compare these results with the one obtained by the quotient method in Chap-
ter 1. Table 2.4 gives the ratio between the risk presented previously and the risk obtained
in this chapter with the least-square type estimator. The errors are always lower with
the regression method for an estimation by histograms. For the trigonometric basis, it
depends more on the simulated processes. We can imagine that in some cases the two
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50 100 250 500 1000 | basis
law

AR(i) 0.088 | 0.079 | 0.059 | 0.044 | 0.036
0.096 | 0.083 | 0.063 | 0.055 | 0.047
AR(ii) 0.067 | 0.055 | 0.043 | 0.038 | 0.033
0.096 | 0.081 | 0.063 | 0.054 | 0.045
VCIR 0.026 | 0.023 | 0.019 | 0.016 | 0.014
0.019 | 0.015 | 0.009 | 0.007 | 0.006
CIR(iii) | 0.097 | 0.091 | 0.067 | 0.057 | 0.047
0.163 | 0.132 | 0.101 | 0.087 | 0.074
CIR(iv) | 0.118 | 0.115 | 0.095 | 0.089 | 0.078
0.344 | 0.272 | 0.185 | 0.149 | 0.118
ARCH 0.029 | 0.026 | 0.021 | 0.017 | 0.017
0.019 | 0.017 | 0.010 | 0.009 | 0.008

HEHITDH D ma T T

Table 2.1: Empirical risk E|[II — II||? for simulated data with pen(m) = 0.5D,,, Dy, /7,
averaged over N = 200 samples. H: histogram basis, T: trigonometric basis.

50 100 250 500 1000 | basis
law

AR(i) 0.440 | 0.379 | 0.270 | 0.181 | 0.136
0.537 | 0.440 | 0.315 | 0.276 | 0.239
AR(ii) 0.242 | 0.189 | 0.132 | 0.109 | 0.085
0.438 | 0.357 | 0.253 | 0.213 | 0.180
VCIR 0.152 | 0.130 | 0.094 | 0.066 | 0.054
0.152 | 0.123 | 0.072 | 0.052 | 0.046
CIR(iii) | 0.297 | 0.273 | 0.185 | 0.148 | 0.108
0.599 | 0.477 | 0.338 | 0.282 | 0.239
CIR(iv) | 0.172 | 0.155 | 0.104 | 0.084 | 0.053
0.844 | 0.635 | 0.410 | 0.323 | 0.250
ARCH 0.267 | 0.243 | 0.167 | 0.125 | 0.117
0.223 | 0.187 | 0.115 | 0.094 | 0.092

HIEH T Do EA T T

Table 2.2: L? risk E||TT —IT*||? for simulated data with pen(m) = 0.5D,,, D,,,/n, averaged
over N = 200 samples. H: histogram basis, T: trigonometric basis.

errors that we made by quotient estimation balance each other instead of add up. In
the other cases the regression method is 1.5 to 2 times better. The improvement is in
particular due to the anisotropic nature of the estimation. It is especially the case for
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50 100 250 500 1000 | basis
law

AR(i) 0.087 | 0.072 | 0.049 | 0.033 | 0.024
0.091 | 0.073 | 0.048 | 0.041 | 0.033
AR(ii) 0.052 | 0.038 | 0.026 | 0.020 | 0.015
0.081 | 0.069 | 0.046 | 0.037 | 0.031
VCIR 0.016 | 0.014 | 0.010 | 0.006 | 0.004
0.018 | 0.012 | 0.008 | 0.006 | 0.004
CIR(iii) | 0.086 | 0.077 | 0.051 | 0.040 | 0.029
0.147 | 0.113 | 0.077 | 0.062 | 0.050
CIR(iv) | 0.058 | 0.023 | 0.034 | 0.027 | 0.016
0.297 | 0.224 | 0.146 | 0.115 | 0.089

HEHTDHH T3 3T

Table 2.3: L*(f(z)dxdy) risk E|II — II*||2 for simulated data with pen(m) =
0.5Dy, Dyy /1, averaged over N = 200 samples. H: histogram basis, T: trigonometric
basis.

the histogram basis which divides the space in rectangles more or less large and which
allows to adapt locally the estimator. Thus the least-square type estimator has not only
theoretical advantages but is also preferable for practical purposes.

" 50 100 | 250 | 500 | 1000 | basis
law

AR(i) 1.65]1.44]1.03]1.03]1.30
0.98 | 1.06 | 0.70 | 0.65 | 0.62
AR(ii) 1.98 [ 1.72 | 1.70 | 1.06 | 0.99
0.66 | 0.67 | 0.70 | 0.63 | 0.60
VCIR 2.01|1.78 | 1.83 | 2.30 | 2.37
1.42 | 1.58 | 2.01 | 2.46 | 1.78
CIR(iii) | 1.71 | 1.13]1.14 | 1.19 | 1.37
0.70 | 0.83 | 0.84 | 0.91 | 0.95
CIR(iv) [1.97]1.35]1.16 | 0.90 | 0.87
0.27 1 0.35 | 0.42 | 0.41 | 0.53
ARCH 1.191.24 | 145 1.70 | 1.38
1.14 1 1.36 | 1.81 | 2.00 | 1.84

HoH D3 D3 oIS T

Table 2.4: ratio L? risk with quotient method/ L? risk with regression method.



76 Chapitre 2. FEstimation de la densité de transition par contraste moindres carrés

2.7 Proofs

2.7.1 Proof of Proposition 2.1
Equality (2.4) yields, by multiplying by ¥} (),

Z @, ko Z 903 wko 9030 l Z (10]0 wko 2+1)w123 (y)

J€JIm

Then, we sum over kg in K,,:

ZT Xi,y) gpjo Z Z wko it+1 wko( )%0( i)

i=1 =1 koEKm

If we multiply this equality by a} ,¥7"(y) and if we sum over k € K, and jo € J,,, we
obtain

n

Z[T (Xiy) — Z Vo (Xir1) Vg (y Z Z ago k%o Yi'(y) =0

i=1 ko€Km k€EKm jo€Jm
i‘e‘ Z[T X27y Z ¢k0 Z+1)77Z)]€0( )] (X27y) - 0
1=1 ko€Km

for all u in S,,. So the vector (T'(Xs,y) — > ek, Vi (Xis1)UF(¥))1<i<n is orthogonal to
each vector in W. Since T'(X;,y) belongs to W, the proposition is proved. O

2.7.2 Proof of Theorem 2.1

For p a real larger than 1, let
Q,={vI'es |TI} <plTI}
In the case of an arithmetical mixing, since 6 > 14, there exists a real ¢ such that

. 1
<c< —
°~5%

0o T
>_
€3

We set in this case g, = £|n°]. In the case of a geometrical mixing, we set ¢, = £ |clog(n)]
where ¢ is a real larger than 7/36.

For the sake of simplicity, we suppose that n = 4p,q,, with p, an integer. Let for
1= 1, Ce ,77,/2, Uz == (Xgifl, X2z)
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Let {Al = (U2lqn+1>-'-aU(2l+1)qn) lZO,...,pn—l,

Bl = (U(Ql—l—l)qn—f—la AE) U(21+2)qn) [ = 07 ceeyPn — 1.
We use now the mixing assumption H2b. As in Viennet (1997) we can build a sequence
(A7) such that

A; and A} have the same distribution,
A7 and A;, are independent if | # I,
P(Al # A?) < 52%.
In the same way, we build (B;) and we define for any | € {0,...,p, — 1},
Af = (U s1s o5 U(*2l+1)qn)’ Bf = (U(*21+1)qn+1v s U(*2l+2)qn) so that the sequence
(U7,..., U, ) and then the sequence (X7, ..., X;) are well defined.
Let now V; = (Xog;, Xo9;11) fori=1,...,n/2 and
Cl = (leqn-l—lv“'?V(QlJrl)qn) = 0,...,pn— 1,

D= (Vas1g+1s - Vi2i+2)an) [=0,....,p, — 1.
We can build (Vi,...,V7,) and then (X3*,..., X3%,) such that

C; and C7* have the same distribution,
Cy* and C}* are independent if [ # I/,
P(C# C") < fag,-

We put X, = X,,41 and X7 = X;. Now let
QO ={vi X;=X/=X"} and Q5 =0Q,NQ"
We denote by II,, the orthogonal projection of Il on S,,. Now,
Bl - 142 = E (Hﬁ - mAH,%LﬂQ;) +E (Hﬁ - HnAHinQ;C) . (2.10)
To bound the first term, we observe that for all S, T’
W(S) = (D) = T = 1|5 = IS =T[5, = 2Zu(T = S)
1>

where Z,(T) = — > {T(Xz‘aXm) - /

i=1 R
Since ||T — T1||2 = ||T — I 4|2 + ||TT1 4

(X, y) (X, y)dy} :

2

n’

we can write

V(1) = u(S) = 1T = L4 5 — IS = Tl = 2Z,(T = 5).

The definition of m gives, for some fixed m € M,,,

Yn(I1) 4 pen(m) < 7,(IL,) + pen(m)
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And then

ITT — T 4|12 < ||TL,, — T 4|2 4 2Z,(T1 — I1,,,) + pen(m) — pen(rn)
<[, — T2 + 2T =10, )l;  sup  Zu(T) + pen(m) — pen(in)
TeBj (m,i)

where, for all m’, Bg(m,m') ={T € S,, + Spv, ||T]lf = 1}. Let x a real larger than 2p
and p(.,.) a function such that kp(m,m’) < pen(m) + pen(m’). Then

. 1 -
7= 04200, < Ty — T + [T = T3, + 2pen(m)

+K Z sup  Z2(T) —p(m,m’)| lg- (2.11)
meM,, TeBy(m,m’) n

But |1 — L[} la; < pllIL = I3 Ly < 2|11 = I 4|3 Ty + 29|14 — TLa I3
Then, inequality (2.11) becomes

5 9 2
T — 142 1, (1 - ;”) < (1 + Fp) ITL,,, — IT0 4| + 2pen(m)

+K sup  Z2(T) —p(m,m')| T
mEM,, TeBy(m,m’) n
~ 2 2
SO E("H—HﬂA"i]lQ*) < et pEHH]lA—HmHi—i— " pen(m)
’ K—2p —2p
2
+—= Z E sup  Z2(T) —p(m,m)| 1q- (2.12)
K= 2P mEeM, TeBy(m,m’) n

We now use the following proposition:

s D(m,m')
Proposition 2.2 Let p(m,m’) = 10||Il|| .o sA——
sion of Sy, + Sy
C4 such that

where D(m,m’) denotes the dimen-
Then, under the assumptions of Theorem 2.1, there exists a constant

> 5

m’EMn

TeBy(m,m’) n

sup  ZX(T) —p(m,m’)] IIQ*> < ﬁ (2.13)

Then, with k = 3p, inequalities (2.12) and (2.13) yield

- 9pC
E (|| — IML4][2 ;) < 5 fllooct, I = TLL4 |12 + 6pen(m) + == (2.14)
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. D(m,m’)
The penalty term pen(m) has to verify pen(m) + pen(m’) > 30p||Il|joes ——

i.e. 30p||I1||oo, adim(S,, + Spy) < pen(m) + pen(m’) We choose p = 3/2 and so pen(m) =

m2

D,
A5 T o g2

To bound the second term in (2.10), we recall (see Section 2.3) that (IL; (X5, y))1<i<n
is the orthogonal projection of (>, ¥r(X+1)Vk(y))1<i<n On

W ={(T'(Xs,y))ici<n, T € Sp}

where 1, = . Thus, since Py denotes the orthogonal projection on W, using (2.6),

A

(a(Xi9)r<icn = P (O Un(Xir1) e (v))1<i<n)
= Pw((Q_ me(X)vr(®)ricn) + P (Y £intn(y))1<i<n)
k k
= P (ITa(Xi,9))1<i<n) + P (D eiptn(v))1<icn)
k

We denote by ||.||gr the Euclidean norm in R", by X the vector (X;)i<;<, and by &y
the vector (& )1<i<n. Thus

- 1
1004 = T 7 = — / ITL4(X, y) = P (LA(X, ) = P (Y extou())[Endy
k
1 2 1 2
= [ I, ) — P (TTLA () Ry + [ 1P (3 ext(9) oy
n n A
1 1
< I Ce s+ 15 ety
1 ¢ 1 ¢
=SS NO EESIEVERED S ) SETm
i=1 i=1 k
1 n
<Mt 23302
i=1 k

But Assumption M2 implies || >, 5 Uiilloo < ¢2Diny. So, using (2.7),

IN

5?,k < 207(Xig1) + 2B [ (Xip1)| X4)?
and Z er < 2 Z Vi(Xis1) + 2E[Z Vi(Xir1)|Xi] < 4¢oDpn,
A % %

Thus we obtain

1ML — T2 < 1T oon + 462D, < [Tl + dn'? (2.15)
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and, by taking the expectation, E (HH]IA - f[mH%]lQp) < (1M} 00,4 + 4¢2n1/3)P(Q>;)0).
We now remark that P(Q°) = P(€2*) + P(Q) N Q). In the geometric case By, <
e~0elos(n) < p=0¢ and in the other case By, < (2¢,)7% < n~%. Then

P(Q) < 4p,Bag, < n'™.

But we have choosed ¢ such that ¢f > 7/3 and so P(Q2*¢) < n~%3. Now we will use the
following proposition:

Proposition 2.3 Let p > 1. Then, under the assumptions of Theorem 2.1 or Theorem

C
2.3, there exists Cy > 0 such that P(Qf) N < 723
n

. C
This proposition implies that E (HH]IA — Hm”i]lg*c) < =
e n

we observe that this inequality holds for all m in M,,, so

. Now we use (2.14) and

) C
B~ 14|72 < C inf (M4 —TL,[* + pen(m)) + —
me n

with C' = max(5|| f||oc,4,,6)- O

2.7.3 Proof of Proposition 2.2
Ly(T) = T(Xi, Xi1) — fT X, y) (X, y)dy,
Let ¢ I (T) = T(X7, Xz*-l—l fT 5 INXS, y)dy,
IH(T) = T(X, Xi5) — [ T(XE, 9)I(X, y)dy.
We now define Z;(T):

=S nm e ST

4 odd i even

Let us remark that Z}(T)1g« = Z,(T)1g+. Next we split each of these terms :

= 1 2(20+1)gn—1 = 1 202+2)gn—1
Fi (T)7 Zn2 Fz (T)>
1=0 i=4lg,+1,i odd =0 {=2(2141)gn+1,i odd
1 P 1 22+1)gn | Po= 1 2(2042)qn
* *k * *%
=0 i=4lgn+2,i even =0 {=2(2141)gn+2,i even

We use the following lemma, proved in Chapter 4 Section 4.7.8:
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Lemma 2.1 Let Uy,...,Uyx be independent random variables and G(r) = (1/N) Zf\;
[r(Us;) — E(r(U;))], forr belonging to a class R of measurable functz’ons We suppose that

(sl < M (2B (swplGO)l) < (@ ZVar
reR reR

rER
Then, there exists K > 0, K1 >0, Ky > 0 such that

_ NH2 M2 _KoNH
E[Egg IG(r)|* - 10H?), < K (N K + ﬁe M, )

Here N = p, and for [ € {0,...,p, — 1}, Ujy1 = (Xj‘lqnﬂ, "’X;(ZlJrl)qn)’

2qn—1
1
rr(T1, .., Tag,) = — Z T(@i, wip1) — /T(xi7y>H(xi7y)dy
I i1 0ad
and R = {rp,T € Bf(m,m’)}. Then
1 Pl 2(20+1)gn—1

nZ— > D) =42;,(1).

In ;i 4lgn+1,i odd

We now compute My, H and v.
(1)We recall that S,,,+S, is included in the model .S,,,» with dimension max (D, , Dy )
max (D, Doy, )-

2qn—1

1
sup |77l < sup||7T|eo— 1+/Hwi, d)
swplrrl < suplTloc >0 (14 [ oy

™ i=1,i odd

2
< 2¢0\/maX(Dml,Dmrl)max(DmQ,Dmé)supHTH < ﬂ77,1/3.
TeB Jo

Then we set M; = fo /3,
0
(2) Since Ay and A} have the same distribution, ro(U;) = - qu’i_llodd ['*(T') has the

qn

same distribution than qin Z?i’i;lodd [';,(T). We observe that E(I';(7)|X;) = 0 and then

for all set [
2
=E (Z n(T)R-(T))
igel

= 9F <ZE )X, . .. ,XZ-]) +Y E[TY(T)]

1<t 1€l

=2E <Z FJ(T)E[FZ'(T)‘XZ']> +Y E[IHD)] =) E[IXT

Jj<i iel el

> T(T)

el
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In particular

| 2l 2 2n—1
Var[rp(U;)] = E [— > T — > E[XT
n i=1,i odd ”i 1,i odd
1 2qn—1 ) 1 )
< = Y E[(GXi)] < —lwal T3
n i=1,i odd n

1|0, 4

Then v =
an
(3) Let (¢; ® ¥r)(jk)eA(m,m) an orthonormal basis of (S, + Sp, ||.1|f)-

E(sup|G*(rr)]) < ZE (rg;@u))

TeB

2
prn—1 2(20+1)gn—1

=

1 _
<D SR>, D Tigiew)
J.k Prn 1=0 i=4lg,+1,i odd
167 2(20+1)gn—1 2
< > 22 B > i@ e )
4.k 0

i=4lgn+1,i odd

where we used the independence of the A7. Now we can replace I'f by I'; in the sum
because A; and A; have the same distribution and we use as previously the martingale
property of the I';.

2
167~ 2(2041)gn—1

Z ZE > Tug @)

i=4lgn+1,i odd

E(sup|G*(rr)|)

TeB

IN

16721 2(214-1)gn—1

< Z YD) E(THe @)

=0 i=4lgn+1,i odd
D(m,m’)
" .

> EHHHOO,AH%' ® Pil[7 < 4/l oo,
7,k

D(m,m’)
n

IN

D(m, m’)'

Then E?(sup|G(rr)|) < 4[|11]|c,4
TeB "

and H? = 4||T1|| 00,4
Remark 2.2 We have also

E(sup|G?(rr)| —HZ iooHZwkyooswofo

TeB

(Sm”)
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using property M2. So we could choose H* = 4¢2fy *dim(S,,»)/n where S, has dimen-
sion Max (D, , Dy ) Max(Dy, Dy ). It is a bad choice for an anisotropic estimation but
in the case of an isotropic estimation, the spaces Sy, are nested so that dim(S,, + Sp) =
dim(S,,») and it allows to avoid the term ||I||s.4 in H* and then in the penalty.

According to Lemma 2.1, there exists K’ > 0, K; > 0, K, > 0 such that

E

sup (42, )*(T) - 10H?| <K' PG_KlD(m’m,) B3R Kan /Oy Dlmm) fan
TEB(m,m’) ’ N n

But ¢, < n° with ¢ < %. So

Y E

!/
o 7:3(7) — A7) )]
+

m'eM,, TeBs(m,m’) 4
K/ ’ /,1/6—c A
< —KiD(m,m’) 2¢—1/3 —Kin < _1 )
< Z e +n |M,,|e < (2.16)
m'eMn

In the same way, Y, o\ E sup  Z32(T) —p(m,m/) /4| < A./nforr=2,3,4.

TeBy(m,m’)

+
And then

3 (
- Z 1 sup ZZQ(T)—p(m,m/)] ]19*) <

sup  ZA(T) — p(m,m')| 1o
TeBy(m,m’) "

G
o

m'eM,, TeBy(m,m’)

2.7.4 Proof of Proposition 2.3

First we observe that

PN 07) < P (sup (7] > 1~ 1/p)

where 1,(T) = 5 Y [[T(X;,9) = BT )y and B=(T €S [T =1}
i=1
But, if T'(z,y) = >, 1, ajx9;(2)¢r(y), then

va(T?) = > aj a0 k(0505
ik
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where

() = Y [u(X7) ~ EQu(X)] (217)

i=1

Let b = (224 a?,k)1/2> then |1, (T%)] < >0 biby [n(ejpy)] and, if T' € B,
ZbQ Zz@jk =|ITI° < fo "

Thus
sup |va (T)] < fo' sup Y bibiloa(ps000).
TeB Y bi=1 il

Lemma 2.2 Let B;; = ||¢;¢illeo and Vi, = |lpjpill. Let, for any symmetric matriz (A;;)

and L(p) = max{p*(V), p(B)}. Then, if M2 is satisfied, L(p) < ¢1D2.
This lemma is proved in Baraud et al. (2001).

fe(1—=1/p)? . )
Let x = 0l /r) ) and A = {VJW U0 (0j00)| < 4 |:Bj’lx+ ‘/j,l\/2||f’|oo,A1Ii| }

40[| oo, L
On the set A:
S J(TH| < 4f7t s b;b { + Viin/ 2| flloo.ay }
sup|va(T7)] < 4fy Epz | B+ Vi /2l flloo,a
< afy [/s(B)a:+ﬁ<v>\/2r|f||w,,41x]
< (o1 |DU=YRB) 2 (p?(V))”Q
- 10]flloca, L(#) V5 \ L(9)
1 2
< (1-1 < (1-1/p).
< @-1/0) |35+ 2] <=1/
1
Then P (sup |vn(T?)] > 1 — ;) < P(A®). But 0, (u) = 20,1 (u) + 20, 2(u) with
TeB
pn—1
Vnr Z Yir T = 1, 2
1
Yia(w) =5 3200 X n(X7) — E(u(X7)]
with in

1 2(2l42)qn * *
YVia(u) = ——S20000 (X)) — E(u(X)))).
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To bound P(7y,1(;01) > Bjix+Viin/2| flleo,4,%), we will use the Bernstein inequality
given in Birgé and Massart (1998). That is why we bound E|Y] ;(u)|™:

2(2+1)gn

E[Y, (w)]™ < é(QHUHOO)MQE | Y (X)) —E(u(X]))]

2(20+1)gn

< (QHUHOO)mQéE > (X)) — E(u(X,))]
n i=4lgn+1

2(21+1)qn

< @lulleo)™ 5 Y Efu(X)) - E(u(X)))]f

" i=dlgn+1

since X = X; on (2" and the X; have the same distribution than X;. Thus

EYi(w)™ < (2llulle)™ *Elu(X:) — E(u(Xy))* < (2HUH<>o)m2/u2(w)f(w)dw

< 2" (flulloo)™ (1 F oo, [l (2.18)

With u = ¢;5, BIYi1(p05)1™ < 277(Bj 1) (V[ fllse.4,Vij7)?. And then

P(|r(9500] = Byt + Vyay/2 flooa, ) < 26777

Given that P(Q5 0 2%) < P(A%) = 53, P (17a(gs00| > 4(Bjw + Vi/ 2 flleoni) ).

~40[ flloo.t, L ()
< 4n2/3exp{_fg(1—1/p)2 n }

201 _ 2
PN < 4Dgexp{ Pofol1 Up)}

160HfHoo,A1 an(QO)

But L(¢) < $:D? < ¢1n?/? and ¢, < n'/% so

f3(1=1/p) C
c * 2/3 1/6
PO S ane {‘mn TS (2.19)
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2.7.5 Proof of Theorem 2.2

We recall that ||I1]| 4 denotes ||II1 4|« and we introduce the following set:
1
A= <z

As previously, we decompose the space:
E|T-I1,)? = E (Hﬁ - mAHinQ;m) +E (Hﬁ - mAHgnQ;mc) +E (Hﬁ - H]lAHi]IQ;C)

[Tl

e g
[T ]

We have already dealt with the third term. For the first term, we can proceed as in the
proof of Theorem 2.1 as soon as

wp(m,m’) < pen(m) + pen(m’)
with k = 3p = 9/2 and p(m, m’) = 10||T||ec.aD(m,m’)/n. But on A, ||Ife.a < 2/
and so

(m, m')

D ! . D
D(m, m") < 204]|TT| 0

rp(m,m’) = 105[|T]|ec,a

!
My

. Dy Dy . Dy
< 206 w222 4 20 1o

It is sufficient to set K, = 20k.
Now, inequality (2.15) gives

E (T4 — Aal2Eaz0nc ) < (IMTlao.a + déan*) P(2 1 A°).
It remains to prove that P(Q; N A®) < Cn~*/* for some constant C.

P NAY) = P(|[Mle = IMLalloc] L5 > [Tloc,a/2) < PO = L allocTas > [[TT]|oc,a/2)
< P = sl Ty 2 [[Tloo,a/4) + P ([T = T alloo 2> [[TT]|oc,4/4)
11| oo,

4¢0 AV Dml*Dmg*

since [|TT — Moo < Do/ Dimey Donsy | TT = e

~

< P <||1AI — Ml = > + P(|[Me — M alfoe 2= [[T[oc,a/4)

Furthermore the inequality v, (II) < 7, (I1,,.) leads to

A 1. -
71— TR < [T — TR + T = T2+ 6 sup Z(T)
K TEBy(mx)
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where Bf(m) ={t € S,, ||t|lf = 1} and then, on €,

N 2
It (1 20) < apl — L2 4208 sup Z2(0)
K

TEBf(m*)
. 4 1 —1 2 12 p—1
e R L a1
K —2p K —2p TEBy(mx)
< 1%#5%Aﬂth—rmAMo+1&fm*Tiﬂ;)ZﬂT)
€Ly (m*

with ' = 3p and by remarking that for 7' with support A, | T']|2 < |As|||T||%. Thus

Iz, 1
PQYNAY< P Z2(T) 1o > o,
(4, )—(m¥;>“)%—wﬁwﬂ&%”
ITT][2, 4 1

+ P(||I1,,. — 1 4 io > -
(I I = 532 Do Do 12071 )

+ P([[pe = 4[> [[TT]]oc,/4)
<P( sup ZAT)ar > —1) + P(Dynye Do [T — T2 > 1)
[T oo, 4
L)
[T, (Ll
with a = : and b = : .

3205 18p2f, " 3205 12pf; | Ayl

We will first study the two last terms in (2.20). Since the restriction I14 of IT belongs

to Bé?;m)(A), the imbedding theorem proved in Nikol’skif (1975) p.236 implies that IT4
belongs to Béf,lo’gb)(A) with ) = a;(1 —1/@) and By = as(1 — 1/@). Then the approx-
imation lemma 2.3 (which is still valid for the trigonometric polynomial spaces with the
infinite norm instead of the L? norm) yields to

)

(2.20)

+ P(HHm* - H]IAHOO >

HHM* - H]IAHOO < C(D;ﬁi + Diﬁ?)'

ma*

And then, since Dy, « = Dy,

Dml*DmQ*HHm* - H]IAHZO C’(D2—2ﬁ1 + DQ—Q,@Q)

mi* mi*

<
< C'((logn)* 2 + (logn)*>~%) — 0.

and this double condition is ensured
2—252<0<:>20é1(12—30q—062>0

when o > 3/2 and ay > max(2a°;13, 23‘13{1). Consequently, for n large enough,
11T 0,4

PDyye Do [Tone = T 2 6) + P T = T > 1= 222) =0,

e doed {2—251<0<:>2a1a2—3a2—a1>0
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We will now prove that

9 a C
P( sup Z,(T)lg- > m) < i

TEBf (m*)

and then using (2.20), we will have P(Q; N A°) < Cn~%/%. We remark that, if (¢; © )
is a base of (S, ||-|£)s

sup  Z2(T) <Y Z2(p; @ )

TeBy(mx) ik

and we recall that, on Q*, Z,(T) = 3%, 7y (T) (see the proof of Proposition 2.2). So
we are interested in

*2 . a
P (Zn,l(% ® Yx)lo- > 4Dm1*Dn’L2*n1/3) :

Let # = Bn~2/? with B such that 2f;?B? + 4||ll||aB < a/4 (for example B =
inf(1,a/8(f;2 + 2||1|s.4)). Then

/ —1,32 a

So we will now bound P(Z} (¢; ® ¢i)lar > /2| llec,a® + \/DinysDimgs fo ') by
using the Bernstein inequality given in Birgé and Massart (1998). That is why we bound
Elg- Z?i’i;lodd L3 (T)|™ for all integer m > 2,

1 2qn—1
10, Z i (1]

i=1,i odd

2
1T lootn)™ 2| RS e 1 . .
(4g,)™ E| > [T(x, i+1)_/T(Xi7y>H(Xiay>dy]
n i=1,i odd
1T\ " 1 ] % :
S( 2OO> 62 ) [T(Xi>Xi+1)—/T(Xi,y)H(Xi,y)dy]
" |i=1,i odd

g(ﬁk) o [ T ey

1

< Gz 1T lloe)™ Moo, all T 7.



2.7. Proofs 89

Then
2qn—1
1 m 1 e
Bl > Tu@r @l € gog(vDmDunfs V"Ml
™ i=1,i odd

Thus the Bernstein inequality gives

P(\ZZ,1(903' @ Yr)| > v DM1*DM2*f(;1x + \/ 2| [0, a) < 2e7P17.

Hence
%2 a ~2/3
P( sup Z3(T)lg: > 1/3) < 2Dy« Diyw exp{—ppnBn= """}
TeBf(mx) ’ 4n
Bn1/3
< 2P exp{—= .
=7 - ¥
Bn1/3

} < Cn=43 since ¢, < n'/% and so

But 2n%/3 exp{— 7

n

TeBy(mx)

9 a 4C
P ( sup  Z;(T)1lg- > m) < pVTEE

2.7.6 Proof of Corollary 2.1

To control the bias term, we use the following lemma

Lemma 2.3 Let 114 belong to BS (A). We consider that S,, is one of the following
spaces on A:

e a space of piecewise polynomials of degrees bounded by s; > o; — 1 (i = 1,2) based
on a partition with rectangles of vertices 1/Dy,, and 1/D,,,,

e a linear span of {or,, A € UT"A(j),p € UGPM(k)} where {pr} and {¢,} are
orthonormal wavelet bases of respective reqularities s; > a; — 1 and s > ag — 1
(here D,,, = 2™ i =1,2),

e the space of trigonometric polynomials with degree smaller than D,,, in the first
direction and smaller than D,,, in the second direction.

Let 11 be the orthogonal projection of 114 on S!.. Then, there exists a positive constant
Coy such that

1/2
([m-mp) < aipg + o
A
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Proof: 1t is proved in Hochmuth (2002) for S!  a space of wavelets or polynomials and
in Nikol’skii (1975) (p. 191 and 200) for a space of trigonometric polynomials that

/2
(/a1 Ol a1 D52 ot D)

The definition of B§*_(A) implies (f, [TI4 — II/,|? )1/2 ColD;2 + Dy o2l O
If we choose for S/, the set of the restrictions to A of the functions of S, and 14 the
restriction of II to A, we can apply Lemma 2.3. But I/, is also the restriction to A of I1,,
so that
[T — I || < Co[ Dyt + Dyl

According to Theorem 2.1

- Dm Dmg
E[II -1 42 < C" inf {Dmfal + D, 2 + 7} :
meMy n

o

In particular, if m* is such that D,,: = Lna1+a2af2a1a2j and Dys = [(Dpr) 2 | then

1+a1/a2 )
2 I . c2oqap
EHH — H]lAHi < (044 {‘Dﬂ_’éal + L} =0 <TL a1+a2+2a1a2> )

n

But the harmonic mean of a; and ay is @ = 2ayas/(a1 + o). Then E||ﬁ — 142 =

O(n_%).

The condition D,,, < n'/3 allows this choice of m only if T < % ie. if
a1 — 2ai9 + 201009 > 0. In the same manner, the condition oy — 2a; + 20019 > 0 must be
verified. O

2.7.7 Proof of Theorem 2.3
We use the same notations as for the proof of Theorem 2.1. Let us write
E|IT* — T14|* = By + By + B3
By =B ([T = T4 "o, 1<y,
with ¢ By = E (||[II* — IL4 [ * Loy Ly,
By =E (||i* - H]lAH?]lQ;C)

To bound the first term, we observe that for all m € M,, on 1T — 1L, || <
fglpr{ —I1,,,||>. Then

1T — T10 4] Loy < 2|11 = I[Py + 2| L,y — TT0 4]
< 25 I = T2 Loy + 2{[TL — TT0 47
< 2f5 p{2|TT = T 4|3 Lo + 2| TLy, — TTA |7} + 2|1, — TIL 412
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Thus
By < E (|[T— 01 4|1, ) < 4f5 o (I T al2 00, ) +(4f5 Pl 1o, +2) T~ T 4 2

But, using (2.14), we obtain

_ _ . ,C
By < (24f plf s + DT — T4 + 247 ppen(im) + 365 2=

Since p = 3/2, by setting C' = max(36f; || f|lco,a, + 1,365 1),

811t
B, <c{|n,, — H]IAH2 + pen(m)} + %

for all m € M,,. )
Next, the definition of IT* and the Markov inequality provide

E(|[T1*1g;)

e (2.21)

By < B ([0 Loy, ) < 1)1

But [|IT[* 1y < pfy T2 < 2pf5 (|1 = L4124 |[T114)12). Now we use (2.15) to state

ITPLa, < 2pf5 (1Mo, +402n'® + IIL4|[7)

IN

- RS
20 (Wt + 0an” 4 03 [Wcn [ 0K,y
=1

IN

2015 (2l Mloc, 4 + d6an'?).
Then, since k, = n?/3, (2.21) becomes

205 2|4 + 4¢on'?)
ka

]| 0 2
B, < M3 [Meos %) |

<o (10
Lastly
By < B (20| + [I0LA?) ey ) < 2062 + 113 P(2)
We now remark that P(Q¢) = P(Q*) + P(Qf N Q). In the geometric case B, <
e~0elos(n) < p=bc and in the other case By, < (2¢,)7% < n~%. Then

P(Q) < 4pu oy, <0~

10
But, if 6 > 20 in the arithmetic case, we can choose ¢ such that cf > 3 and so P(Q0*) <
n~7/3. Then, using Proposition 2.3,

1+Cy _ 2(Co+ 1)(L+ %)

4/3 2
B; < 2(” + HHHA) ni/3 n
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Lower bound for the estimation of the

2.8 Annex:
transition density

For all function ¢ : R? — R, we denote by

1/p
ol = ( [ 1a7)
A
the norm in LP(A). We set

B = {II transition density on R of a positive recurrent
Markov chain such that [|II[|pa 4) < L}

where B is the anisotropic Besov space on A with regularity r,q, . For all set C
(included in R or R?), we denote by |C| the Lebesgue measure of C. We recall that &

means the harmonic mean of o and ay:
20[10{2

a = .
a1+ Qo
, X, if the true

Last [E; means the expectation corresponding to the distribution of X7,
transition density of the Markov chain is Il and the initial distribution is the stationary

distribution.
The following theorem is a generalization of the one of Clémengon (2000).

Theorem 2.5 Let 1 < g < o0, 1 < p,r < co. Then, there exists a positive constant C'

such that, if n is large enough,
inf sup(Ey||IT,, — mjp )7 > COn~ 2z
1L, IIeB
ooy Xt

where the infimum is taken over all estimators IL,, of Il based on the observations X1,
=BN {Zkzo Br < B1}

If moreover a(1 — 1/ay) > 2/r and B’
St
R ] aFi-z/r
inf sup (En|TT, — TI||2_)'/? > C ( Og”)
: n

I, TleB’

We can reword the theorem :
Theorem 2.6 Let 1 < g<o0, 1 <p<oo,2/[a(l—-1/ay)] <r < o0 and

B’ = {11 transition density on R of a positive recurrent Markov chain
such that ||I1|| e, a) < L} N {Z B < B1}.

k>0



2.8. Annex: Lower bound for the estimation of the transition density 93

Then, for n large enough,

inf sup (EHHf[n — HH?A)UP >Cr,

11, e’

where i »
n-2a+2 ifr > —-,
_ +1

r, — %+%_%

n logn a+i-2/r . D
ifr < ——.
n a+1

We have then a lower bound on the minimax risk over the anisotropic Besov classes.
The obtained result is the same as the one of Clémencon (2000) by replacing the single
regularity by the harmonic mean of the two regularities. As in the case of the estimation
of a probability density, we observe a noteworthy phenomenon : an “elbow” for the rate
of convergence. It divides the space of values (r,p) into two zones :

1. regular zone : r > p/(a+ 1)
2. sparse zone : r < p/(a+ 1)

An explanation concerning the names “regular” or “sparse” can be found in Hérdle et al.
(1998).

Proof of Theorem 2.5:

2.8.1 Regular case

We use the method described in detail in Hérdle et al. (1998) and the proof of Theorem
54 in Clémengon (1999). Let ¢ be a very regular wavelet with compact support. For
J = (J1,J2) € Z? to be chosen below and K = (ki, ko) € Z?, we set

Vi (r,y) = 2(j1+j2)/2¢(2j1$ - k1)¢(2j2?/ — ka).
Let Iy(z,y) = colg(y) with B a compact set such that
e ACBxB
o |B] > 2|A""/L

and ¢ = |B|~'. So Tl is a transition density with ||Tlo[|pe, () < L/2 , since |[1]|pa,a) =
|1)lra = |A|Y". Actually I, is the transition of i.i.d. random variables with uniform
distribution on B. Now we set R; the maximal subset of Z? such that

Supp(¢yr) C A VK € Ry
Supp(¢sx) N Supp(Yyx) =0 if K # K’
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The cardinal of R is |R;| = ¢2*772 with ¢ a positive constant which depends only on A
and the support of 1. Let, for all € = (ex) € {—1, 1}%/]

1
I, =11 + —= Z ExkVik-
\/ﬁKERJ

Let us denote by G the set of all such II.. We remark that, since the v ;x have disjoint
supports, the sum in the previous equality is actually composed of a single term for all
z,y. Since [ =0 and IIj is a transition density,

Vo € R/Hs(a:,y)dy =1

Additionally 1. (z,y) = Ho(x,y) > 0if (z,y) ¢ A, and if (z,y) € A:

201+72)/2

vn

HaZCO_

11%

and then II.(z,y) > ¢o/2 > 0 as soon as

12\ 1/2
2 <% (2.22)
n ~2lvlI%

Thus, if (2.22) holds, II.(z,y) > (¢o/2)1p(y) for all z,y. It implies that the underlying
Markov chain is Doeblin recurrent and then positive recurrent. We observe that f = ¢yl g
is the stationary density since

/f xydx—/f Mo (2, y)dz = f(y).

To prove that II. € B, it remains to compute [|IL| e, (a),
IMLe][ g, ) < (Mol Be, (a) + \/—H > exturlpe,
KeRy

But Hochmuth (2002) proves that

I Z exturllpe,(a) < (2719 4 27292)| Z exVik|lra

KeR; KeRjy

for r < co and ¥ smooth enough. Since

1> ker, exillia = D ker, lexl” [ Wil
— ZKGR ‘gK‘TQ(jﬁjg)(r/?—l)WH% — 02j1+j22(j1+j2)(r/2—1)HwH?r
J r r o
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then ' '
L 2J101 + 2J202

I, || o <
MLl < 5+

From now on, we suppose that Condition C is verified where

T H¢||32(j1+j2)/2-

(2011 4 2j2a2)2(j1+j2)/2 - L
Vi = 2Tl

It entails in particular that (2.22) holds if j; and j, are great enough.Then for all ¢,
I, € B.

Now we denote by A, (Il T1.) the likelihood ratio between IlI., and II.. We use the
following Lemma.

Condition C:

Lemma 2.4 Hirdle et al. (1998) p.160
Let § = infoo [Tl — M|, 4/2. Fore € {—1,+1}B put e, = () 1er, such that:

/ —&7 ifIZK
6[2

er else .
If there exists A > 0 and py > 0 such that

Ve Vn o P (AL IL) > e ) > po

ExK )

then, for any estimator I1,, and for n large enough,

- [Ry| o —
%%ECEHEHHTZ - HaHZA > 75% )‘po

So we now prove that there exists A > 0 and py such that

Ve,Vn,VK € Ry P (A,(IL._., I1.) > e™) > py. (2.23)

ExK )

The likelihood ratio can be written

A (I

E*K7

ﬁ quXH—l)
i=1 X'MXZ—I—I) .

Note that II.(X;, X;41) > 0 Pr.- and Py, _, - almost surely (actually the chain “lives” on
B). Then

2 5K77Z)JK(X17X2+1)
log(A, (I, ., IT ] 1—— .
og(A (1L, z og( R
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— & X27X1
We set Ui (X, Xiv1) = Illdf?(X )H) so that
£ iy <di4+1

2
lOg(A €*K, Z IOg ( + %UJK(XZ‘,XHJ))

2 2
= Z { ( Uk XZ,XZH)) + %UJK(XiaXi-i—l) — EUEK(XiaXi-l—l)}

= un —|— Up — Wy,
2
u
with 6 the function defined by 0(u) = log(1 + u) — u + 5 Now we will prove the three
following assertions

1° Ep, (|un|) = En, ()ZL&(%UJK(XZ"XM))D !

n—oo

2 n
2° En, (wn) = Ep, (ﬁ D it U?K(Xi,XHl)) <4

4 n
30 EHS (/0127,) = EHE (ﬁ‘ Zi:l UJK(X’i7 XZ+1)‘2> S 8

2 < 2RI, (20
1° : First we observe that || —=Uj k|| < (e
\/ﬁ B \/ﬁ 00/2 \/ﬁ

2(j1+j2)
— 0 since Condition C holds. So there exists some integer ng such that Vn > ng
n
9 3
Va,y ’9 <—UJK T,y )' '—UJK
\/_
But

3
2U K (2, 9)

8 Yk (2, y)]?
@) g)ody = — [ [ L a)anay

o 1/2
820t 2y co /¢Mxymw<ww&<wmﬁ

<
~ nyn (co/2)? con n
Then

dxdy

Em, |[u,| < Z// '9 (%UJK(%Z/)) f (@) (z,y)
i=1
n 32|12, 9(i1+j2) 12
L) =

n—oo
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2°: We bound the expectation of U (X;, X;41)?

2 XZ7XZ 2 )
Eu. (Usk (Xi; Xi1)?) = En (wﬁjf(()( X:;))) = // %ﬂx)dmdy

where f = ¢ol g is the stationary density. So

En, (Usk (Xi, Xip1)?) < Co/

2
And then EHS (wn) == EHS —Z?:l UJK(XZ', Xi+1)2> S 4.
n

3° : We observe that
Ena(UJK(Xi, Xi+1)’X1> cee ,Xz') = /UJK(Xia Z/)He(Xi, y)dy
= —€K/¢JK(X1',Z/)CZ?/ =0

and thus > Usr(X;, Xi+1) is a martingale. A classic property of square integrable
martingales involves

En

£

n 2 n
Z UJK(XiaXi—f—l)] = ZEHE (U (X;, Xis1)?] -
=1 i—1

Thus, using (2.24)

4 n
En. (vi) = EZEIL (U (X, Xig1)?] <8
i=1

Now we deduce from the three previous assertions 1°, 2° and 3° that there exists
A > 0 and pg such that Py (A, (Tl ., II.) > e™*) > po. Since Ep_(|u,|) — 0, there exists
a positive constant M such that for all n > 1, Eq_(Ju,|) < M. Now

A A

PHs(un+vn_wn > _)\) >1 _PHE(_un+wn > 5) _PHS(_’UH > 5)
EH ‘ —un+wn| EH |Un|2 M+4 8 1

>1—-— - — >1-2 —4— > =

= 0/2) D22 = Nty

for A large enough. Thus we have proved equality (2.23) and according to Lemma 2.4,

. Ry
P ’ J -
maxEn [T, — L4 2 =5=0% "o
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where
1 l

ol +i2)(3-3) ||7vZ)H2

p,A a \/ﬁ

b= mf | — I ||pa/2 = H kYK

Finally

1 p
{Iri%}g{EHE 1L, — Hs“p,A >

2 np/2 N 2

ce ™ pol|4]|2 o(1+i2)(14p(3 ) B ce ™ pol|4]| 2 (2j1+j2)§
n

Now for all n we choose J = J(n) = (j1(n), jo(n)) such that

c, @ %2
_na1+a2+2a1a2 < 2]1 < C na1+a2+2a1a2

(6, —_ E— S I
2nal+a2+2a1a2 < 2]2 < C nal+a2+2a1a2

with ¢; and ¢y such that

(2j1a1 + 2j2a2)2(j1+j2)/2 L

(631 2
NG < (' + )V < R

so that Condition C is satisfied. Moreover, we have

2j1+j2 6102 ag+aq CQ —2aq a9
2 _na1+a2+2o¢10¢2 2 a1+a2+2o¢1a2 X

n 4 T

Thus

.Y 2p p/2 _
pOHgH_ip_l(0102) n% > Cn2a+2'
P

Eq |11, — IL.||? , >
gﬁ}g{ . |11, sHp,A
And then for all estimator

sup En|[IL, — |2, > Cn~ =2
1eB ’
with C' = ce po||9|2 (crca)P/? /201

2.8.2 Sparse case

In this case, let d a positive real small enough and G the set of functions

HK(xa Z/) = Ho(l',y) + d anK(x7y)

for K in R;. Let us prove that G C B.
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First [IIx(.,y)dy = 1. Now if (z,y) € A,

1
M (z,y) > co — dy/ Og"wm 2|2

And then ITx > (c/2)1 4 as soon as

» - [logn Co
Condition D: oU1+52)/2 < .
n 7 2[Y|5d

If the Condition D is verified, the underlying Markov chain is positive recurrent with

stationary density f = colpg.
Let us now prove that ||k || pa, 1) < L.

logn L logn
Mk [l Be,a) < Mol e, () + d - [sx |l B, (a) < 5ty —— (27 + 2729 |4 e ||

using Hochmuth (2002). But ||ty || = 201F2)0/2=1) 132", Then

L logn 1_1
IMicllmg, ) < 5y == (20 42022006

From now on, we suppose that Condition E is verified where

Condition E: (2j10‘1 + 2j2a2)2(]1+m( ’“)\/ log < 2d||1:/)!|2

Then, if conditions D and E hold, I1x € B for all K € R;. Now choose

a/ay a/oq

(
at+1—2/r ) at+1—2/r
g n S 2]1 S Cl n
2 logn logn

a/ag a/ag

2 )= <22 <y )i
[ 2 logn logn

2/r—a
logn 2(a+1-2/7)
QUL +i2)/2, | < /o6y
aez logn

logn

We compute

and

(2]101 4 2J2a2)2(J1+J2)( ) < max(c?l , 632)(6102)(%_%).

n

Since 2/r — a < 0, the condition D holds for n sufficiently large and the conditions E is

verified if d is small enough.
We use now the following Lemma.
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Lemma 2.5 Korostelév and Tsybakov (1993)
Let B contain the functions (lx)ker, such that

1°: HHK—HK’HP,A >0>0, for K € RJ,K#K,,

2°: |Ry| > exp(\,), for some A\, > 0,

3% A, (M, Mg) = exp(2X — vE) where 2z is a random variable such that there exists

po with Py, (25 > 0) > po, and vE are constants,
4°: supg vk <\,
Then
~ 0 ~ ) Po
sup PH HH - Han,A R sup PH HHK - Han,A > =] 2 a0
eB 2 KERy 2 2

for an arbitrary estimator IL,,.

Let us verify the four points of this lemma

log n
1 | Hg =g, = dy/ %Hwﬂ(—wﬂgup. But sk and ;g have disjoint supports.
So
HwJK — wJK’HZ — H¢JKH§ + "¢JK,"§ — 2‘2(j1+j2)(p/2—1)Hw”fjp'

And
logn
1MLy =T, = dy [ —=21/r2 023y | = (2.25)

2° : We have already observed that |R;| = ¢21772. So

a/ajt+a/ag 1
‘R | > 0102 n a+1-2/r 0102 n a+1-2/r
= C—
/ 4 logn 4 \logn

and )
log | Ry| > log(e=%) + ———— 37, logn —loglogn] 2 A,
for n large enough and with
logn
Ap = 2.26
2(@+1-2/r) (2:26)
3° 1 The likelihood ratio can be written
o o (X, Xig1)
H II O 1y A+
0 K H K qu XH—I)

=1
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and then

Yk (Xi, Xit1) , u?
. Thus, if (u) =log(1 +u) — u+ —,
e (Xo, Xor) (u) = log(1+u)

2
“ logn logn
log(An(Ilp, ) = Z{9<d\/ & VJK<XZ,XM>> A\ = Vo (X, Xin)

=1

by setting Vg (X;, Xir1) = —

d21
9 OgnVJK(XszH)} = Zi( _Uf
with
u [logn logn —
fo = Zlg<d n VJK(XZ',XZ‘+1)>+CZ n ZIVJK(XZ*,XZ*+1)
Plogn g~ vy By, (V2 (X, X
_E n Z[ JK( 2 i+1)_ HK( JK( 2] i+1))]
i=1
d?logn
vy = 2 n ZEHK(V}K(XhXiH))'

=1

We have to prove that there exists py with P, (25 > 0) > po. We split 2% into four
terms: sz = 21+ Zn2 + 2Zng + 2p 4 With

~ /1o
Zn1 = Ze <d gnVJK(Xza Xerl))
=1

d*logn «—
2 = _E n ;[VJQK(X”XZ'H) - EHK(VﬁK(XiaXi+1)\Xi)]
ol2 log n
ng = — Z[EHAVJK(XZ,XMMX) Bty (Vi (X5, Xi41))]

/lo n
Zn4 - & ZVJK XMXZ—I—I

Zpa  L(P
We show that Eyy, 4 L)

()

— 0 for j =1,2,3 and

Zn,j
Vlogn
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1 1 2(j1+j2)/2 2
'd /ognVJK(X“XHl) < g, flogn (L[S
n co/2 n—00

Then, for n large enough, |6(d IO%VJK(XZ',Xi+1))‘ <|d 10%VJK(XZ,XZ-Jrl)|3. But

e First

logn

f (@) (z, y)dwdy

3/2
_ B (logn) / WJK ZPf(x)dxdy

3/2
< (logn> cOwJKHoo //w (o) dady < MO <1ogn>
n (co/2)? n

RN (| 3/2
with M = [/ (4co). Thus By, || < Motz U8 g

NG

Vik(z,y)

]EHK|ZTZ 1‘

Viogn

o Next we remark that EHK [VJZK(XZ,XZ_H) - EHK(VJQK(XMXz—i—l)‘XZHXz] = 0. This
implies (cf. remark p.97)

2/r—a
2(a+1-2/7)
< M+/logny/cico (1 ) — 0.
ogn n— oo

, d*(logn)? ) ) ,
Ery[2n2]” = T > B (Vi (X, Xigr) = By (Vi (X, Xi41)1X0))?).
i—1
Therefore
d* logn
EHK|Z712‘2 ( ) ZEHK VJK(XZaXerl)]
d4 logn 1/{];( x y 2d* (logn)?
/ H3 (z,y) (z)dzdy < —Oiwﬂ(”oo/ %K z,y)dzdy.
Consequently
2d* (logn
i znal? < 2oL g

O

24> 2 1
EHK| Zn,2 | S \/_ Hw”oo Ogn2j1+j2 0.
Vlogn Co n

and
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o If ® denotes the function

¢3K(x7 y)
HK(:K?y)

then EHK(VJQK(XZ, Xz+1)|Xz) = q)(XZ), so that

O(z) = dy, (2.27)

So we use the following lemma.

Lemma 2.6 (Volkonskii and Rozanov (1959)) Let (T;) a strictly stationnary process with
B-mizing coefficients Bx. Then, for all function 1 (such that E[(p?(Ty)] < oo) and for all

n
Var(z P(T;)) < 4n Z Brllvll2..
i=1 k
Thus

(log )2 2|92\’
EHK|Zn3‘2 < d4 Zﬁ HCI)H2 < d4 Zﬂk (W) .

Zn3 2d2!l¢|l /logn
E ’ — 21t ()

since a(l — 1/ay) > 2/r.
e Now we use the following central limit theorem to prove that

Hence

Zna R £(Pu)
: = —F E V X27X1 N O,l .
dv/logn  /n — s n) = (0,1)

Lemma 2.7 (Theorem 2.8.41 in Dacunha-Castelle and Duflo (1983))
Let M be a square integrable martingale adapted to a filtration (Fy) with square bracket
process < M >. We assume that, for a deterministic positive sequence (a,) growing to

nfinity,
K1) a,' < M >, tends to T in probability;

K2) The Lindeberg condition is verified, i.e. for all € > 0,

k=1

tends to 0 in probability.
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Then a;* M, == 0 and an*M, £ N(0,T).

Let Fj be the o-algebra generated by the variables X7, ..., X; 1 and

M, = Z Vi (Xi, Xit1).

=1

Then the process (M,,) is a martingale adapted to (F,,). By setting a,, = n, Assumption
K2) in Lemma 2.7 can be written

] — .
- ZEHKHVJK(Xia Xi“)|2]1\VJK(Xi,Xi+1)|2sn1/2|X17 LX) =50
i=1
But, for 6 > 0,
1 n
P, (ﬁ Z En, |V (X5, XiJrl)‘2]1|VJK(XZ‘,X7L+1)‘25”1/2‘Xl’ LX) > 5)
i=1
1 n
S % Z EHK UVJK(Xz, Xi+1)’2]1‘VJK(X1'7X1'+1)|Z€TL1/2:|
i=1
1 & 2
S % ZEHK ]

1 1
= de2n?

Vi (Xi, Xit1)

6n1/2

Ve (Xi, X))

Z EHK ‘VJK(X’H Xerl)‘ ]

and

ZEHK\VJK(Xme = Z//\VJK ,y)| Tk (2, y) f (x)dady

i)l ) lloellose 2,
:ﬁ/jlk@wﬁﬂwwwgn (co/2)?

8IWJH4 <2j1“2>
— 0.
c n n—00

Therefore the Lindeberg condition is verified. Now we write

/‘%nydmy

<M >n= ZEHK [VJK(Xu XZ‘+1)2|X1, c.. 7Xz]

i=1
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So, to prove that Assumption K1) in Lemma 2.7 holds, we have to show that

(1/77,) S B (Vi (Xa, Xig1) | X0) it 1, ie. (1/n)> ", ®(X;)— 1 where ® is defined
n (2.27). We use that

2
1 & 1 &
i=1 ‘

But, using again Lemma 2.6,

1o 16 22 1
Vary,, [ﬁ ;@(Xl)] Zﬂ 10?0 < ||77Z)Hoo Zﬂ —0 (logn) .

y(z,y)

_ '/ ¢JK x y (2)dzdy _/ ¢‘]K($’y)f(x)dxdy

Now we remark that [ f(x)dzdy = 1, and so

Y HK (z y o (z, y)
1
II o]0
< / k(@ H o 0/20|| f(x)dzdy
<

1
2 / / Vi y)dy | 22 oo f () dardy

2 1/2
Qde”oo (logn2j1+j2) 0.

Co n

Consequently |Ep, (1/nd " ®(X;)) — 1> = 0 and (1/n) > | &(X;)— 1. Thus K1) in
L(P
Lemma 2.7 is satisfied and n=%2 3" Vi (Xi, Xis1) i) N(0,1).

Zn L(P ;
4 A H_>K) ./\/’(0, 1), there exists A > 0 such that
logn

Since
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Thus, for n large enough,

K 3
PEE>0)=P(—2_>0)>1-Y P2l <_2)_p(—2i <)
(20 ) (\/logn ) Z (x/logn_ 3) (\/logn_

Then A, (Ily, ) = exp(zX — o) with vX constant and Py, (2% > 0) > 1/3 and the
third point is verified.

4° : Regarding the fourth point,

B Vik(Xo X))\ [ YIk(2,9)
Errye (Vire(Xs, Xit1)?) = Eny (H%((XiaXiJrl)) —/ mf(x)da:dy.

So
Enn (Vi (Xo, Xi1)?) < 1 e / %Ki)d dy <2

And then, using (2.26),
supv < d*logn < A\,
K

it d?> <1/2(a+1-2/r).

Finally Lemma 2.5 and Markov inequality yield
~ ) P ) b Po ) b
sup En||IIL, — II||? , > sup P I, — 11 — —| >=(=) .
sup B, — 117, 2 sup (18, - 11170 (3)) (5) =2 (5)

Then we use (2.25) to write

p
~ Po logn
Enl||IL, — II||P , > =—d? o) 9Uiti(5-1) 2
sup En| 74z 5\ =, )2

. . a+1-2/r
9(j1+j2) > (0162/4) (1 n ) ,
ogn

Since

we obtain ; 1
. = =
A Ogn (1 T
sup Ep||1L, — TI|7 4, > C ( )
B n

with €' = pod?[[4][22 (e o)/ /2202,




Deuxieme partie

Estimation pour des chaines de
Markov cachées

107






Chapitre 3

Vitesses de convergence en
déconvolution

Version modifiée de 'article Rates of convergence for nonparametric deconvolution
paru aux Comptes Rendus de 1’Académie des Sciences, vol. 342.

109



110 Chapitre 3. Vitesses de convergence en déconvolution

3.1 Introduction
We consider the following deconvolution problem:
)/Z:XZ—}-&TZ izl,...,n

where the X;’s are independent and identically distributed random variables with an
unknown density g and the random variables ¢; are i.i.d with known density q. Moreover
(X;) and (g;) are independent. The aim is to estimate g from data Yi,...,Y,.

The hypothesis framework is the following. Denote, for all function u, u* the Fourier
transform of w: w*(x) = [ e " u(t)dt. We suppose that noise is such that for all z in R,
¢*(z) # 0 and that it satisfies the following assumption:

H5 There exist s > 0,6 >0,y € R (y > 0if s =0) and ko, k; > 0 such that

ko(@? + 1) 772 exp(=blz[*) < |g"(2)| < k1 (2® + 1) exp(—bz]*)
We assume that g belongs to the space
AsralD) ={g s R= B, [ lg" (@) (e + 1) exp(2ala]) < 1)

with 7 > 0,a >0, € R (§ > 1/2if r =0), L > 0. When r > 0 the function is known as
supersmooth, and as ordinary smooth else. The terminology is the same for noise.

This problem has been extensively studied for a function g belonging to a Sobolev
or Holder class (i.e. r = 0): see among others Carroll and Hall (1988), Devroye (1989),
Fan (1991, 1993), Liu and Taylor (1989), Stefanski (1990). The bad rates of convergence
(power of logn) for supersmooth noise (and then in particular for Gaussian distributions)
lead to consider supersmooth functions. First Pensky and Vidakovic (1999) and more
recently Butucea (2004), Butucea and Tsybakov (2007) and Comte et al. (2006b) studied
estimators in this context.

The contribution of this chapter is to provide exact and explicit rates of convergence,
even in the case r > 0 and s > 0 where up to now the rates were not explicitly available
except in very particular cases.

3.2 Estimators and preliminar results

3.2.1 Estimators

The classical kernel estimator is the following:

. 1 < r Y,
o) = oK ()
=1
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where K is the function defined as the inverse Fourier transform of

K*(x) = Lqa<ny/a* (—x/h).

The pointwise mean squared error (denoted by MSE) and mean integrated squared error
(denoted by MISE) are established in Butucea and Tsybakov (2007):

Proposition 3.1 If g belongs to As, (L), then under Assumption H5,

s—1—-2y
eXp(Qb/hs)> and

MISE =El|g — gu|> = O | h? exp(—2a/h") +

s—1-—2y

MSE =El|g(z) — go(z)]> = O <h25+’"1 exp(—2a/h") + min(1, h*~1) exp(2b/hs)>
This estimator has the advantage to be optimal in the sharp asymptotic minimax sense
(see Butucea and Tsybakov (2007)) but provides an adaptive estimator only in particular
cases. That is why we present the projection estimator introduced in Comte et al. (2006b).
Let p(z) = sin(nz)/(7z) and ¢ () = V/Lnp(Lynz — j). Consider v; the inverse
Fourier transform of
i (@) = () g" (~2).

Then the projection estimator is defined by

n

R N R 1
Gn(@) = Y mjpm;  where dy,; = " D, (V2).

l71<Kn i=1
For this estimator, the following result is proved in Comte et al. (2006b):

Proposition 3.2 Assume that ¢ € L* (i.e. v > 1/2 when s = 0) and that g is a L*
function which verifies [ x?g*(x)dx < M. If g belongs to As, (L), then under Assump-

tion HJ,
2v+1—s

MISE =El|lg — g/ =0 (Lm% exp(—2an"L] ) +
n

exp(QbWstn)>

Then, an adaptive estimator can be defined using a model selection method (see Comte
et al. (2006b) for details).

3.2.2 Rates of convergence

We can observe that both estimators have the same L? rate of convergence (take h™! =
7 Ly,). To compute this rate, we have to minimize the risk orders in h (or L,,). By setting
to zero the derivative of this quantity we obtain the equation

20 2
exp (E + h—f) h* = O(n) (3.1)
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where o = r—20 — 2y —1 if we consider the integrated error and o« = —20 —2y+(s—1), if
we consider the pointwise error. In most cases, the solution of this equation is well known
and leads to Tables 3.1 and 3.2 where different regularities for g and ¢ are examined.

s=0 s>0
r=20 T (logn)’%
(log n) ="
r >0 - Theorem 3.1
i)

Table 3.1: Rates of convergence for the MISE.

s=0 s>0
1-26 1-26
r=20 N 26+27 (logn) =
(logn) ==
r>0 - Theorem 3.1
n

Table 3.2: Rates of convergence for the MSE.

Except for the bottom right cells (to be completed in the next section), these rates
are known to be optimal minimax rates: see Fan (1991) and Butucea (2004) for the lower
bounds.

3.3 Results

The rates of convergence in the case (r > 0,s > 0) depend on the integer k such that r/s
or s/r belongs to the interval (k/(k+ 1), (k+1)/(k+2)]:

Theorem 3.1 We assumer >0 and s > 0. Let k € N and A = p~' =r/s. Then
o ifr=s,if =200+ (s — 2y — 1)a]/[(a + b)s]
MISE =0 (n™*/“ (logn) ) :

et (1=s)4b
MSE = O [ n=@) (log n) ¢ @ios

+1
o ifr <s and Tl <A< Y there exist reals b; such that

k
MISE =0 ((log n) "2/ exp[ Y~ by(log n)“*”“]) :

=0
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k
MSE = O ((log n)(*257r+1)/5 eXp[Z bi(log n)(iJrl))\i])

1=0

, k E+1 .
eifr>sand —— < pu < P there exist reals d; such that,

k+1
(logn)(H2=s)/7 k >

- exp|— Z d;(log n)(+Dr=1]

1=0

M[SE:O<

] (1+2y—s—(s=1)+)/r k . .
MSE = O (( 0g n) eXp[— Z dl(log n)(l-l-l)#-z]

n -
1=0

The coefficients b; and d; are computable, see Section 3.4 for the exact form of reals b;.
Notice that these original rates have the property to decrease faster than any logarithmic
function. Moreover, they are optimal in the cases where the corresponding lower bounds
are known, i.e r = s = 1 (see Tsybakov (2000)) and r < s (see Butucea and Tsybakov
(2007)). We can also remark that, given the complexity of these rates, it is worth finding
adaptive estimators, i.e. estimators whose risk automatically achieves the minimax rates.

3.4 Proof
) 20 2a
Here we prove Theorem 3.1. We denote by W (h) the quantity h®exp 7 + ] We
look for the optimal h* such that W (h*) = O(n). Now let
s—1—2v
G(h) = h® exp(—2a/h") + exp(2b/h°)
the order of the integrated risk and
s—1—-2y
L(h) = h**" " exp(—2a/h") + min(1, h*71) exp(2b/h*)
the order of the pointwise risk.
e case r = s. Let
b logn 4 a/sloglogn /*
N 2a + 2b '
Then
W(h) _ ha6(2a+2b)/hs _ logn + Oé/S loglogn el elognJra/sloglogn
2a + 2b
— Kn(logn + a/sloglogn)~*/*(logn)**
log1
= Kn(14 22108187 an

logn
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This h = h* is thus appropriate whatever . We can now compute the corresponding
risk, by denoting w,, = (aloglogn)/(slogn),

—26
logn + <loglogn = a o
h*) = : - 1 —logl
G() ( 2a + 20 ) exp( a+b(ogn+s ©8 ogn))

1—s+2v
logn + 2 loglogn s 1 b «a
2 — 1 —logl

+( 2a + 2b nop a+b(ogn+s oglogn)
= n e [K(1+ wn)_?_f(log n)*¥*#b%

FE(1+w,) 5 (logn) T

a —26(a+b)—aa (1—s+2v)(a+b)+ba

= O(n"#¥|(logn) W 4 (logn) ) (3.2)

—26b—a(s—2v—1)

= O(n_#b (logn) @s )

since a = s — 20 — 2y — 1. Then

__a_ _ 28b+(s—2y—1)a
MISE =0 <n o+t (logn) (atb)s )

For the pointwise risk, it is sufficient to write « = —2§ — 2y 4+ (s — 1) in (3.2):

—25b—a(s—2y—1)

. @) <n_aL+b(log n)  (@tbs if s > 1
L(h ) - _a —(264+s—1)b—a(s—2vy—1) (a+b)(s—1) .
O (n~#(logn) @ [(logn) W +1]) ifs <1
a =26b—a(s—2y-1)
0 <n*m(1og NG ifs>1
= a —(26+s—1)b—a(s—2y—1)
@) <n_a_+b(log n) (aF)s ) ifs<1
And then
a -~ (20—(1—s) 1 )b+ (s—2y—1)a
MSE =0 <na_+b(log n) (atb)s )
2a .
ecaser<s & A=r/s<1. Letc= ) The optimal ~A* depends on the value of .
Let £ € N and
k —1/s
h = (2b)'/* |logn + e loglogn + Z b;(log n)(”l)’\_i]
S
i=0
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where the b;’s are reals to be specified later. Let us calculate W (h) :

k
20 2 ,
h + i + alogh] = exp [logn + - log logn + E b;(log n)(”rl))‘*
3 S

hr
2 log] e
a aloglogn
1 r/s 1 b; l (i+1)A—(i+1)
+(26)r/s( ogn) < + — s logn Z ogn)

W(h) = exp|—

+2 log(2b) — @ log logn
s
« aloglogn

el 1 bi(l z+1 —(i+1) ]
S 0g< T3 S logn Z og )

= Kn exp[z b;(log n) DA 4 c(logn) (1 + u, ) — %log(l + uy)]
i=0

aloglogn & , :
where u,, := 2osen Z b;(log n) FYA=6+D — (1), Then

s logn
k a
W(h) = Knexp[»_ bi(logn)™~ — —log(1 + o(1))
s
i=0
AA=1)..(A=k)
A kit k+1
+c(logn)* (1 + Auy, + .. + ] + o(ur))]
k
= Knexplo(1) + Z b;(log n) DA~ 4 c(logn)?
1=0
+ A1 + ..+ Aggr + o((logn) up ™))
Ao A=7+1 ,
where A; = ¢ ( 7 J )(logn)’\uﬁl forj=1,..,k+1. But
a loglogn k ’
i = |Z , (A=1)(+1)
ul, L log 1 + Z b;(logn) ]

_ 0 log logn k+1b 0 (/\1 '
N logn Z p-1(logn)

loglogn k+1 3
log n ) Yo > bpaibya(logn) Y 4 o (log n)BHIAY),

i=j p1+...+p;=t

k+1

A (A—j+1) .
A = o(l)+c ‘7 Z Z Dpy—1.-.bp;—1 (log n) DX

1=j p1+...+p;j=1

+0((10g n)(k+2) 7(k+1))‘
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By writing together the terms before (logn)*YA~ we obtain
k+1
W(h) = Knexplo(1) + Z M;(log n) VA= 4 o((log n)FF2A=(k+1)y)]
=0
MO = bO +c,
with ¢ M; =b; +¢30_, M Yot pi b1y for 1< <,
M1 = 025:11 % Zp1+...+pj=i bprl'-'bprl'
We observe that for all 7, M; depends only on by, by, ...,b;. We can thus define the
coefficients b; by setting the conditions My =0, M; =0, .., M}, = 0. We have then
W (h) = O(n) exp[Mj41 (log n) kF+DA=E+D o ((Jog p)k+DA=(k+1)y]

If X< (k+1)/(k+2) then W(h) = O(n). So we choose this h = h* if k/(k +1) <
A< (k+1)/(k+2). If \<k/(k+1), we use a shorter expansion
k1 —1/s
h=(20) |1 Zlogl bi(log )=
@0 fogn + S loglogn + 3_ (o)

Now we have to compute the corresponding risk:

- 2
G(h*) = (2b)25/s(log n(l+ un))ls exp {—(ZT)QT/S(Iog n)r/s(l + un)r/s]
(2b) s—1—2v o k
- (logn(1 + 1)) "= exp [logn + — loglogn + Y _ by(log n)<i+m—i]
" 5 i=0
= Ki(1+o0(1))(log n)ié exp[—c(logn)*(1 + up)*]
k
+K>(1+ 0(1))(logn) 7 exp[>_ bi(logn) ],

i=0
But, using the previous calculations

c(logn)™(1+u,)* = c(logn) + Ay + As + .. + Apyy + o (logn) FH2A- (D)

k
=0
= =) bi(logn)t T 4 O(1),
i=0
So the risk can be written
k
G(h*)=0 ((log n)ié exp[z b;(log n) A~ 1 O(1)]
=0

k
+(10g n) 2’Y+1;S+DA exp [Z bz (10g n) (i-l—l))\—i]) )

=0
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And finally, since 2y +1 — s+ a = -2,

=0

k
MISE =0 ((log n)__% eXp[Z b;(log n)(i-l—l))\—i]) ‘

Regarding the pointwise risk:

25y 2
L) = Killogn(L )+ exp |~ o ogn) (14 1)
K2 2y+1-s—(s—1)4 o k ) )
+—(logn(1+u,)~ = exp |logn+ —loglogn + > b;(logn)t*HA~
" iy i=0
k
—25—r+1 Y+l-s—(s—1); +a . .
= 0 ([aog n) 5 4 logn) T Jexp() billog n><z+m—q> .
i=0
Now we use that in this case « = —2§ — 27+ (s — 1) and so
k
L(h*) =0 ([1 + (logn) = (logn) = exp[Y_ bi(log n)(”l)’\i]) .
i=0

Given that r —s <0, MSE = O ((log n)M exp[zfzo bi(log n)(i+1)>\ﬂ'])‘

ecaser>s & u=s/r<1. Let ¢= W We can proceed as in the case r < s. For
a

k/(k+1) <p<(k+1)(k+2),let

k
W = (2a)""[logn + X loglogn + Z d;(log n) V=] =1/r
r
=0

with do = =4,
di=—q Y5 BN i1y for 1< <k

]'
This h* verifies W (h*) = O(n). Let v, = aloglogn/rlogn+Y 5 d;(logn)itDr=(i+1),
We compute the L? risk for k/(k+1) < u < (k+1)/(k + 2):
k
G(h*) = Ki(logn(l+ vn))%% exp [— logn — @ loglogn — Z d;(log n)(”l)“i]
r

i=0
2b

s/r s/r

exp [(2 G (logm)*"(1 + vy,) }

7exp[ Zd log n)+DH

2v+1—s

2v+1—s

K
—i—f(log n(l+wvy,))

S

explg(log n)" (1 +v,)"]).



118 Chapitre 3. Vitesses de convergence en déconvolution

But, as previously, g(logn)*(1 +v,)* = — 3% d;(logn) @+~ 1 O(1) and then

(logn)™ " i (4 D)
MISE = —_— — d; (1 =i )
S O < " exp| Z ;(logn) ]

1=0

It remains to compute L(h*).

k
L(h*) = K1(10g77,(1—H)n))fﬁzr+1 exp —logn—gloglogn—Zdi(logn)(iH)“i]
r
i=0
K 2y+1—s—(s—1)
+ =2 (logn(1+0n) T +exp{(za)s/r(log”)s/r(l+””)S/T}
(logn) A - (i+1)p—i
= 0O exp —Zdi(logn) o
n
i=0
(logn) =
LB epfgllogm) (1 + v,
(logn)27+1757(571)+ k
= 0 i logn) 7 + 1] exp[— Y di(logn) e
( 0w espl 3 o)),

and finally

(10g")2w+1_8:(5_1)+ - (i+1)p—i
MSE =0 exp[— > _ d;(logn) T |

n -
=0
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4.1 Introduction
Let us consider the following model:

where (X;);>1 is an irreducible and positive recurrent Markov chain and (g;);>1 is a noise
independent of (X;);>1. We assume that e1,...,¢, are independent and identically dis-
tributed random variables with known distribution. This model belongs to the class of
hidden Markov models.

The Hidden Markov Models constitute a very famous class of discrete-time stochastic
processes, with many applications in various areas such as biology, speech recognition or
finance. For a general reference on these models, we refer to Cappé et al. (2005). Here,
we study a simple model of HMM where the noise is additive (which allows to deal also
with multiplicative noise by use of logarithm). In standard HMM, it is assumed that the
joint density of (Xj,Y;) has a parametric form and the aim is then to infer the parameter
from the observations Y7, ..., Y,,, generally by maximizing the likelihood. For this type of
study, we can cite among others Baum and Petrie (1966), Leroux (1992), Bakry et al.
(1997), Bickel et al. (1998), Jensen and Petersen (1999), Douc et al. (2004).

Here, we are interested in a nonparametric approach of the estimation of the hidden
chain transition. A nonparametric model is particularly useful in the financial field (for
instance in stochastic volatility model) where the form of the chain, which is usually de-
rived from a diffusion, can be entirely unknown. So we assume that the Markov chain
law is entirely unknown. Matias (2002) and Butucea and Matias (2005) considered the
semiparametric problem where X; follows an unknown distribution and the emission dis-
tribution has an unknown variance. The identifiability requires then for the signal density
to be less regular than the density of the noise. Here, we assume that all regularities (in
the sense defined below) for both distributions are possible but the noise distribution is
completely known.

Our model is then a convolution model but with dependent variables X;. The es-
timation of the density of X; from the observations Y7,...,Y, when the X;’s are i.i.d.
(the so-called convolution model) has been extensively studied, see e.g. Carroll and Hall
(1988), Fan (1991), Stefanski (1990), Pensky and Vidakovic (1999), Comte et al. (2006b).
However, very few authors study the case where (X;) is a Markov chain. We can cite
Dorea and Zhao (2002) who estimate the density of Y; in a very general context of HMM,
Masry (1993) who is interested in the estimation of the multivariate density in a mixing
framework and Clémengon (2003) who estimates the stationary density and the transition
density of the hidden chain in the model (4.1). More precisely he introduces an estimator
of the transition density based on the thresholding of a wavelet-vaguelette decomposition
and he studies its performance in the case of an ordinary smooth noise, that is with a
polynomial decay of its Fourier transform.

Here, we are also interested in the estimation of the transition density of (X;) but we
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consider a larger class of noise distributions. In Clémengon (2003) there is no study of
supersmooth noise (i.e. with exponentially decreasing Fourier transform), as the Gaussian
distribution. However, the study of such noise is essential for the applications and gives
interesting rates of convergence, in particular when the chain density is also supersmooth.
In the present chapter, the four cases (ordinary smooth or supersmooth noise with ordinary
smooth or supersmooth chain) are considered.

The aim of this chapter is to estimate the transition density II of the Markov chain (X;)
from the observations Yi,...,Y,. To do this, we assume that the regime is stationary and
we note that IT = F/f where F is the density of (X;, X;,1) and f the stationary density.
The estimation of f comes down to a problem of deconvolution, as does the estimation of
F'. We use contrast minimization and a model selection method inspired by Barron et al.
(1999) to find adaptive estimators of f and F. Our estimator of II is then the quotient
of the two previous estimators. Note that it is worth finding an adaptive estimator, i.e.
an estimator whose risk automatically achieves the minimax rate, because the regularity
of the densities f and F' is generally very hard to compute, even if the chain can be fully
described (as it is the case for a diffusion or an autoregressive process).

We study the performance of our estimator by computing the rate of convergence of the
integrated risk. We improve the result of Clémengon (2003) (case of an ordinary smooth
noise) since we obtain the minimax rate without logarithmic loss. Moreover, we observe
noticeable rates of convergence when both the noise and the chain are supersmooth.

The chapter is organized as follows. Section 4.2 is devoted to notations and assump-
tions while the estimation procedure is developed in Section 4.3. After describing the
projection spaces to which the estimators belong, we define separately the estimator of
the stationary density f, the one of the joint density F and in the end the estimator II
of the transition density. Section 4.4 states the results obtained for our estimators. To
illustrate the theorems, some examples are provided in Section 4.5 as the AR(1) model,
the Cox-Ingersoll-Ross process or the stochastic volatility model. Some simulations are
presented in Section 4.6 and the proofs are to be found in Section 4.7.

4.2 Notations and Assumptions

For the sake of clarity, we use lowercase letters for dimension 1 and capital letters for
dimension 2. For a function ¢ : R — R, we denote by ||¢|| the L?> norm that is ||¢||* =
Jg t*(x)dz. The Fourier transform t* of ¢ is defined by

t*(u) = /e_m‘t(x)dx

Note that the function ¢ is the inverse Fourier transform of ¢* and can be written ¢(z) =
1/(2m) [ e"“t*(u)du. The convolution product is defined by (¢ * s)(z) = [ t(x —y)s(y)dy.
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In the same way, for a function T : R* — R, ||T'||* = [[5, T?*(x,y)dzdy and

T*(u,v) = // e~ WD (g y)dady, (T * S)(z,y) = / / T(x — 2,y — w)S(z,w)dzdw.

We denote by ¢t ® s the function: (z,y) — (t ® s)(z,y) = t(x)s(y).

The density of ¢; is named ¢ and is known. We denote by p the unknown density of
Y;. We have p = f * ¢ and then p* = f*¢*.

Now the assumptions on the model are the following:

H1 The chain is irreducible, positive recurrent and stationary with (unknown) density f.

H2b The chain is geometrically 3-mixing (3, < Me~%), or arithmetically 3-mixing (3, <
Mq~Y) with 6 > 8.

H3: H3c f e (I2NL®)(R)
H3d F € (L2 N L®)(R?)

H5 Function ¢* never vanishes and there exist s > 0,0 >0, v € R (y > 0 if s = 0) and
ko, k1 > 0 such that

ko(a® + 1) exp(=bla|*) < |¢" ()] < ki(2? + 1)/ exp(~bla[*).

The condition H2b is verified as soon as the chain is uniformly ergodic. A definition
of the f-mixing coefficients (in general and in the case of a Markov chain) can be found
in Doukhan (1994). A lot of Markov chains satisfy these assumptions A4, see examples
in Section 1.2.2 in Chapter 1.

In the sequel we consider the following smoothness spaces:

Asrall) = {f R >R, /]f*(a:)\Z(a:Z +1)8 exp(2alz]")dz < 1}
withr>0,a>0,€R (6 >1/2if r=0),] >0 and
Appa(l)={F:R*—R, / |F*(z, )P (2” + 1) (v + 1) expRA(|z|* + |y|"))dady < L}

with R>0,A>0,AecR(A>1/2if R=0), L >0.

When r > 0 (respectively R > 0) the function f (resp. F') is known as supersmooth,
and as ordinary smooth otherwise. In the same way, the noise distribution is called
ordinary smooth if s = 0 and supersmooth otherwise. The spaces of ordinary smooth
functions correspond to classic Sobolev classes, while supersmooth functions are infinitely
differentiable. It includes for example normal (r = 2) and Cauchy (r = 1) densities.

It is worth noting that as F is the density of (X, X;;1), the two directions play a
similar role. Thus, there is no use considering more general functional spaces for F, like
anisotropic ones (see Lepski and Levit (1999)).
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4.3 Estimation procedure

Since I = F/f we proceed in 3 steps to estimate the transition density II. First we find
an estimator f of f (see Section 4.3.2). Then we estimate F' by F (see Section 4.3.3).
And finally we estimate IT with the quotient F'/f (Section 4.3.4).

All estimators defined here are projection estimators. We therefore start with describ-
ing the projection spaces.

4.3.1 Projection spaces

Let us consider the function
p(z) = sin(rz)/(7z)

and, for m in N*, j in Z, ¢, ;(z) = v/mp(mz —j). Note that {¢,, ;},ez is an orthonormal
basis of the space of integrable functions having a Fourier transform with compact support
included into [—7m, m]. In the sequel, we use the following notations:

Sy = Span{@m,j}je% Sy, = Span{tﬂm,j ® Cpm,k}j,kez

These spaces have particular properties, which are a consequence of the first point of
Lemma 4.3 (see Section 4.7.8):

Vi€ Sm it < Vmltll; VT €Sm Tl <m|T|| (4.2)

where [[tjcc = sup,eg [t(2)| and |[T|oc = sup(, ez [T'(2, y)|-

4.3.2 Estimation of f

Here, we estimate f, which is the density of the X;’s. It is the classic deconvolution
problem. We choose to estimate f by minimizing a contrast. The standard contrast in
density estimation is (1/n) >_1"[||t]|* — 2¢(X;)]. It is not possible to use this contrast here
since we do not observe Xi,...,X,,. Only the noisy data Y7,...,Y, are available. That
is why we use the following lemma.

Lemma 4.1 For all function t, let vy be the inverse Fourier transform of t*/q*(—.), i.e.

v () ! /e”"“ £ (u) du.

L ¢ (—u)

Then, for all1 < k <n,
1. Elvg(Ye)| X1, -y X)) = t(Xk)

2. Efv,(Yy)] = E[t(Xy)]
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The second assertion in Lemma 4.1 is an obvious consequence of the first one and leads
us to consider the following contrast:

) = 2 SO = 2000)] with wj() = (4.3

Indeed, since t(X;) and v(Y;) have the same expectation, it is natural to replace the
unknown quantity ¢(X;) in the contrast by v,(Y;).

We can observe that En,(t) = (1/n) S0 12 — 2E[u(¥)]] = (1/n) S0, [J1]* -
2E[t(X)]) = 1Ll —2 [tf = ||t — fI]* — || f]|* and then minimizing ~,(¢) comes down to
minimizing the distance between t and f. So we define

A

fm = axg min ,() (4.4)

m

or, equivalently,

. R . . 1 &

fm =D @jpm; with a; = o D Ve, (Y0).

JET i=1

It is sufficient to differentiate the contrast to obtain this expression of the estimator.
Actually, we should define f,, = Z| J1<Kn a;pm,; because we can estimate only a finite
number of coefficients. If K, is suitably chosen, it does not change the rate of convergence
since the additional terms can be made negligible. For the sake of simplicity, we let the

sum over Z. For an example of detailed truncation see Comte et al. (2006b).
Let f,, be the orthogonal projection of f on S,,, then

Jm = Z(/ fSOm,j)SOm,j = ZE(&j)@m,j'

jEZ jEz
Conditionally to (X;), the variance or stochastic error is

E(ll fn — fll?1 X0, -, Xo] = E[Y (@ — E(,))? X1, ..., X,

1 & 02 oo
Y Ve 3t (1 X < Vel (45)
7 =1
since Y3, . ..,Y, are independent conditionally to (X;). Then, it follows from Lemma 4.3

(see Section 4.7.8) that || >, vZ |l = A(m) where

A(m) = - / g (W) du. (4.6)

27 —mm
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with ¢* the characteristic function of the noise (g;). This implies that the order of the
variance is A(m)/n. That is why we introduce

Mn:{mZL A(m)gl}.

n

To complete the estimation, we choose the best estimator among the collection ( fm)me M, -
To do this, we select the model which minimizes the following penalized criterion. Let

m = arg min{y, (fm) + pen(m)}
mE./\/ln

where pen is a penalty term to be specified later (see Theorem 4.1). Finally, we define
f = fs our estimator of the stationary density.

4.3.3 Estimation of the density F' of (X;, X;1)

We proceed similarly to the estimation of f. To define the contrast to minimize, we use
the following lemma:

Lemma 4.2 For all function T, let Vi be the inverse Fourier transform of T*/(¢* ®

) (—.), i.e.
I iy e i CT) R
Vr(z,y) = // i EmpE L

Then, for all1 < k <n,
1. E[VT(Yk, YkJrl)’Xl, ceey XnJrl] — T(Xk, XkJrl)
2. B[V (Ye, Yi1)] = E[T( X, Xp11)]

We can now adapt contrast (4.3) to the bivariate case. For any function 7" in L*(R?), we
define the contrast
1 n
I (T) = - S TP = 2Vie(Xi, X))
i=1
whose expectation is equal to ||T]|* — 2/n Y ;_ E[T(Xy, Xkt1)] = [|T — F||* — || F||*. As
previously, we can define an estimator by minimizing the contrast function.

A

F,, = arg min I',(T) (4.7)

TeSm

By differentiating I',,, we obtain

R R o 1<
Fm(x> y) = Z Aj,k@m,j(x)@m,k(y) with Aj,k = E Z Vi m,j @Pm, k (Y;a Y;Jrl)'
i,k

=1
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We choose again not to truncate the estimator for the sake of simplicity.
We have defined a collection of estimators { F}, }mem, Where we set

A2
Mn:{mzl, (m)g},

n

with A(m) defined by (4.6). Indeed, as Vigs(z,y) = vi(z)vs(y), the variance of the
estimator F}, is now of order A?(m)/n (see (4.5)). To define an adaptive estimator we
have to select the best model m. So let

M = argmin{l,,(F,,) + Pen(m)}

mGMn

where Pen is a penalty function which is specified in Theorem 4.2. Finally, we consider
the estimator ' = F;.

4.3.4 Estimation of II

Whereas the estimation of f and F is valid on the whole real line R or R?, we estimate
IT on a compact set A = A; x A, only, because we need a lower bound on the stationary
density. More precisely, we need to set some additional assumptions:

H4 There exists a positive real fy such that Vo € Ay,  f(x) > fo
H3b V(z,y) € A, Tl(z,y) < |I]|ae < 00

Now, since II(z,y) = F(z,y)/f(x) we set

(,y) .. = .
) =4 7o) if |F(x,y)| < nlf(z)], (48)

0 otherwise.

Here, the truncation allows to avoid the too small values of f in the quotient. Now we
evaluate upper bounds for the risk of our estimators.

4.4 Results

Our first theorem regards the problem of deconvolution. This result may be put together
with results of Comte et al. (2006b) in the i.i.d. case and of Comte et al. (2006a) in
various mixing frameworks.
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Theorem 4.1 Under Assumptions H1-H2b-H3c-H5, consider the estimator f = fm where
for each m, f,, is defined by (4.4) and m = arg min{~,(f,,) + pen(m)} with

me n

(Wm) [5_(1_S)+/2}+A(m)

n

pen(m) =k

where k is a constant depending only on ko, k1,b,7v,s. Then there exists C > 0 such that

. C
Ellf - fl* < 4 inf {llfm - fII? + pen(m)} + po

where f,, is the orthogonal projection of f on S,,.

The penalty is close to the variance order. It implies that the obtained rates of
convergence are minimax in most cases. More precisely, the rates are given in the following
corollary where [x] denotes the ceiling function, i.e. the smallest integer larger than or
equal to x.

Corollary 4.1 Under Assumptions of Theorem 4.1, if f belongs to As,.(l), then
e [fr=0ands=0 I[‘EH]F—]‘?H2 §Cn_25+225v+1
o [fr=0ands>0 E||f — f]|* < C(logn)~2/*

(log n)@r+1)/r

o [fr>0ands=0 E|f—fl?<C -

o Ifr>0ands>0

—ifr<sandk=[(s/r—1)7Y] — 1, there exist reals b; such that

k;
El|lf — fI* < C(logn) /" exp[ ) b;(logn)+/+7]

1=0
—ifr=s,if&=[20b+ (s —2y—1—[s— (1 —s):/2]3)al/[(a + b)s]
E|lf = fII* < Cn= ") (logn)~¢

—ifr>sandk=[(r/s—1)"" — 1, there exist reals d; such that

k
exp[— Z dZ(IOg n)(i-l—l)s/r—i]

1=0

(log n) 1+ sHs=(1=)4/2)1)/r

E|f-fIP<C

n
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These rates are the same as those obtained in the case of i.i.d. variables X;; they are

studied in detail in Comte et al. (2006b). In this case, the rates A (r=s=0),
(logn)=2/¢ (r = 0, s > 0) and (logn)®*V/" /n (s = 0, 7 > 0) are proved to be optimal
by Fan (1991) (first two cases) and Butucea (2004) (third case) for ii.d. variables. If
r > 0 and s > 0, we find the original rates obtained in the third chapter, proved as
being optimal for 0 < r < s in Butucea and Tsybakov (2007). In the other cases, we can
compare the results of Theorem 4.1 to the one obtained with a nonadaptive estimator.
There is a loss only in the case r > s > 1/3 where a logarithmic term is added. But in
this case, the rates are faster than any power of logarithm.
Now let us study the risk for our estimator of the joint density F'.

Theorem 4.2 Under Assumptions HI1-H2b-H3d-H5, consider the estimator F = FM
where for each m, F,, is defined by (4.7) and M = arg min{l',,(F,,) + Pen(m)} with

mEMn

(ﬂ'm) [57(178)+]+ AQ (m)

n

Pen(m) = K

where K 1s a constant depending only on ko, k1,b,7v,s. Then there exists C' > 0 such that

- C
E|F — F||*> < 4 inf {||F,, — F||* 4+ Pen(m)} + —
meM, n

where F,, is the orthogonal projection of F' on S,,.

The bases derived from the sine cardinal function are adapted to the estimation on the
whole real line. The proof of Theorem 4.2 actually contains the proof of another result
(see Proposition 4.2 in Section 4.7): the estimation of a bivariate density in a mixing
framework on R? and not only on a compact set. In this case of the absence of noise
(e = 0), we obtain the same result with the penalty Pen(m) = Ko(>_, Box)m?/n. This
limit case gives the mixing coefficients back in the penalty, as it always appears in this
kind of estimation (see e.g. Tribouley and Viennet (1998)).

It is then significant that in the presence of noise the penalty contains neither any
mixing term nor any unknown quantity. It is entirely computable since it only depends
on the characteristic function ¢* of the noise which is known.

Theorem 4.2 enables us to give rates of convergence for the estimation of F.

Corollary 4.2 Under Assumptions of Theorem 4.2, if F' belongs to Aa g a(L), then
e fR=0ands=0  E||F — F|? < Cn 2t
e fR=0ands>0  E|F - F|*<C(logn)?*/*

_ log n)®r+/R
e [R>0ands=0  E|F - F|p <cl8n 7



4.4. Results 129

e [fR>0ands>0

—ifR<sandk=[(s/R—1)"'] — 1, there exist reals b; such that

k
E||F — F|* < Clogn) >/ exp[» _ bi(log n)H0/>~1]

i=0

—ifR=sifE=[4Ab+ (2s — 4y —2—[s — (1 — s)4 ]+ )A]/[(A + 2b)s]
E|F — F||> < Cn~ A4+ 2) (Jog n) ¢

—ifR>s and k= [(R/s —1)7'] — 1, there exist reals d; such that

(log n)@+4r—2s+ls=(1=s)414)/R k

exp[— Z di(log 77,) (i+1)s/R7i]

1=0

E|F - F|*<C

n

The rates of convergence look like the one of Corollary 4.1 with modifications due to
the bivariate nature of F'. We can compare this result to the one of Clémencon (2003)
who studies only the case where R = 0 and s = 0. He shows that the minimax lower
bound in that case is n_ﬁ, so our procedure is optimal, whereas his estimator has a
logarithmic loss for the upper bound. We remark that if s > 0 (supersmooth noise), the
rate is logarithmic for F' belonging to a classic ordinary smooth space. But if F' is also
supersmooth, better rates are recovered.

Except in the case where R = 0 and s = 0 , there is, to our knowledge, no lower
bound available for this estimation. We can, however, evaluate the performance of this
estimator by comparing it with a nonadaptive estimator. If the smoothness of F' is known,
a value of m depending on R and A which minimizes the risk || F'— F,,||?*+A(m)?/n can be
exhibited and then some rates of convergence for this nonadaptive estimator are obtained.
Assoonass < 1/2 (i.e. [s—(1—s);]; = 0), the penalty is A(m)?/n and then the adaptive
estimator recovers the same rates of convergence as those of a nonadaptive estimator if the
regularity of F' were known. It automatically minimizes the risk without prior knowledge
on the regularity of F' and there is no loss in the rates. If s > 1/2 a loss can appear but is
not systematic. If R < s, the rate of convergence is unchanged since the bias dominates.
It is only when R > s > 1/2 that an additional logarithmic term appears. But in this
case the risk decreases faster than any logarithmic function so that the loss is negligible.

We can now state the main result regarding the estimation of the transition density II.

Theorem 4.3 Under Assumptions H1-H2b-H3b,c,d-Hj-H5, consider the estimator I1 de-
fined in (4.8). We assume that f belongs to As,.(l) and that we browse only the models

m € M, such that
n

(logn)?

m >loglogn and mA(m)

IN

(4.9)
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to define f. Then II verifies, for n large enough,
C

n

E|I -1} < CE||F - FI* + CE|f — fI* +
where |T|% = [[, T%(x,y)dxdy.

Note that, unlike in Theorems 4.1 and 4.2, this result is asymptotic. It states that the
rate of convergence for II is no larger than the maximum of the rates of f and F. The
restrictions (4.9) do not modify the conclusion of Theorem 4.1 and the resulting rates of
convergence. Thus if f and F' have the same regularity, the rates of convergence for Il
are those of F', given in Corollary 4.2.

If s = 0i.e. if g is ordinary smooth, then the rates of convergence are polynomial;
moreover they are near the parametric rate 1/n if R and r are positive. In the other
hand the smoother the error distribution, the harder the estimation. In the case of a
supersmooth noise, the rates are logarithmic if f or F' is ordinary smooth but faster than
any power of logarithm if the hidden chain has supersmooth densities. The exact rates
depend on all regularities 7, s, 9, r, A, R and are very tedious to write. That is why we
prefer to give some detailed examples.

4.5 Examples

In this section, we give some examples to illustrate the previous results. In nonparametric
examples, the quantities that allow to compute the rates of convergence, i.e. the regular-
ities of the densities, remain unknown. It is besides an advantage of the procedure, not
to need such information to reach good rates.

So the following models are parametric, but it is well-known that in the case where
the state spaces of the hidden chains are not finite, nor bounded, classical parametric
estimation is not proved to perform well.

4.5.1 Autoregressive process of order 1

Let us study the case where the Markov chain is defined by

XnJrl = O4Xn + ﬂ + Mt

where the 7,’s are i.i.d. centered Gaussian with variance 0. This chain is irreducible,

Harris recurrent and geometrically S-mixing. The stationary distribution is Gaussian with
mean (3/(1 — ) and variance o2/(1 — a?). So

f*(u) = exp {—Z’“ (1 fa) N 2(1(1—2042)“2]
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and then bias computing gives § = 1/2, r = 2. The function F' is the density of a Gaussian

vector with mean (3/(1 — a), 3/(1 — a)) and variance matrix o2 /(1 — o?) (i (f) So

g

l—«o

F*(u,v) = exp [—z’(u—i—v) ( ) __ (U2 + 0° +2auv)]

2(1 —a?)
and A =1/2, R=2.

We can compute the rates of convergence for different kinds of noise . If € has a
Laplace distribution, ¢*(u) = 1/(1 +u?) so s = 0, v = 2. In this case, Corollary 4.1 gives
E|f — fII> < C(logn)®?/n and E||F — F||> < C(logn)®/n. Consequently,

- 1 5
E[IT - T1|7 < o@

with A; = A, an interval [—d, d]. This rate is close to the parametric rate 1/n; it is due
to the great smoothness of the chain compared with that of error.
If now ¢ has a normal distribution with variance 72, then we compute

E|II — |3 < Cn~ 7272 (logn)~ 74272,
4.5.2 Cox-Ingersoll-Ross process

Another example is given by X, = R,, with 7 a fixed sampling interval and R, the
so-called Cox-Ingersoll-Ross process defined by

dR; = (20R; + kop)dt + 200/ Ry dW,; 6<0,k€{2,3,..}.

Calculation of f and its regularity

Since 6 > 0 and k > 2, R; is positive recurrent on |0, co[. Following Chaleyat-Maurel and
Genon-Catalot (2006) Appendix A.3, the stationary distribution is a gamma distribution
with parameters x/2 and 1/(2p?) with

Then the stationary density can be written

1
0= ey

In/Qflefx/(2p2)1$>0

and the characteristic function

2\ —k/2
fr(u) = Ele™™%1] = (1 4 2p%iu)~"/? = (1 + zu%’) .
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Now we compute the bias to determine the regularity of f. Given that |f*(u)|* = (1 +
4p*u?)~%/2 we obtain
/ |f*(w)]? = 2/ (14 4p*u?) ™" 2du < 2/ (4p*u?) /2 du
[u[>mm ™m P
< <

wm (20°)° 1=k
Therefore, r =0 and 1 — k = —29, so

r=0, 0=

(4.10)

Calculation of F* and its regularity

It is shown in Chaleyat-Maurel and Genon-Catalot (2006) that R; is the square of the Eu-
clidean norm of a k-dimensional vector (¢}, ..., &) whose components are i.i.d. Ornstein-
Uhlenbeck processes verifying

del = 0&ldt + opdW/),  j=1,... K

Then we can write
Xo = (&) + -+ (60"
Forall j € {1,...,x}, (€)) is a discretised Ornstein-Uhlenbeck process. It verifies then™®

57;7' = afgnfl)T + ﬁngl
with (n?) i.i.d. sequences of A(0,1) and
20T 1
20

e
a=¢e", p*=o}

= z;, each variable & follows a Gaussian distribution with mean ax;

1 2 K 2
-2 — [ 2nz onT
ﬁX"_(ﬁ)+ +<ﬁ)'

: J
Knowing f(nfl)T

and variance 3°. Now

The distribution of 372X, knowing §gn_1)T = x; is then a noncentral chi-square with mean
57230 (ax;)?. Thus , conditionally to X,y =77 ( gn71)7)2 =z,
2
—2 2 (T
B X0 ~ X (F,/‘é) .
(M1t involves that &) admits a centered Gaussian with variance 8%/(1 — a?) = p? for stationary

distribution. Then p~2X,, is a chi-square x?(x) and we find again X,, ~ I'(k/2,1/(2p%)).
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We use Appendix A.2 in Chaleyat-Maurel and Genon-Catalot (2006) (equation (71)) to
write

: 2
—ivXnp - o . 2 71{/2 1Mo~ xr
E[@ ’Xn—l = x] = (1 + Z'Uﬁ ) exp (—m .

This formula allows to compute F*. Indeed F*(u,v) = Ele~"Xn-17%Xn] and then
F*(u,v) = /E[ei”X”]an = zle " f(z)dx.

We explicitly know all the terms of the right member, so we can do the computation.

2 k/2—1 ,—x/(2p%)
ot ) Ciun T e

14 20032 (2p2)”/2f(/£/2)dx

F*(u,v) = /000(1 + ivf%) " exp (

_ (L+wB) 2 [ oy
= (2,02)"‘/2F(I<0/2)/0 2"/2~ Y exp[—A(u, v)x]dzx

with )
wa 1
A - tiut —.
(u,v) ETE + iu + 20
Then we obtain

(1 + dv3%) /2

F*(% U) = (Zpg)n/ZF(/{/Q)

T(k/2)A(u,v) ™2 = 2p*(1 + 1w B%) A(u, v)] /2.

Now we rewrite A(u,v):

2p%1va® + 2p* (1 + 2i05%)iu + 1 + 2iv3?
202(1 + 2iv[5?)

1 — 4p*B%uv + 2p%iu + 2(a?p? + (%)iv
202(1 + 2i0?) ‘

But o?p? + 32 = o?p? — p*(a? — 1) = p? and then

Alu,v) =

Alu,v)20* (1 + 2iv3?) = 1 — 4p*2uv + 2p%i(u + v).

Then we obtain
F*(u,v) = [1 — 40> 2uv + 2p%i(u + v)] /2.

Now we compute the bias to find R and A. First
|F*(u,0)[* = [(1 — 4p*Buw)? + 4p* (u + v)*] 772,

This expression being symmetric in « and v, it is sufficient to evaluate
Joer Jjujsmm [ F*(w,v)[Pdudv. To do this, we write

|F*(u, v)’Q _ [a(v)u2 + b(v)u + C(,U)]fn/Q
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a(v) = 16p*B%? + 4p*,

) = —8p?B*v + 8ptv = 8platy
c(v) = 1+4ph?
Then, for m large enough,

/|u>ﬂm\F*(u,v)\2du < /OO Ju? + b(v)u)” "/2du+/_m(a(v)u2+b(u)u)—“/2du

oo

—mm 2\ —k/2
/ /2y, “du+/ (a(“;“) du

< ’U) K/Z(’/Tm)liﬁ.

IN

Replacing a(v) by its value, we find
/ / |F*(u,v)|*dudv < C(m)(wm)l“/(16p4ﬁ4v2 + 4pH " 2dw
vER J|ul>7m
< C(mm)t".

Consequently

Kk—1

R=0and A = 5

(4.11)

Calculation of the rates of convergence

If (g;) is Gaussian, then s = 2 and v = 0. We use Corollary 4.1: it is the case (r = 0,5 > 0)
where the rate is n=2%/%. So, using (4.10), E[| f — f[|* < Cn*=%)/2. In the same way, using
Corollary 4.2 and (4.11), E||F — F||?> < On=%)/2_ Finally

E|[II — II|J3 < Cnt=9/2,

In the case of a noise with distribution I'(, A), the smoothness coefficients of the noise
are v =« and s = 0. It is the case (r = 0,s = 0) in Corollary 4.1:

E|f — fl]> < On w251 < On~was.
Corollary 4.2 gives
E||F — F|> < Cn~ 7w < On~wtiar

and then
E|[Il — IT|% < Cn~wr,
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4.5.3 Stochastic volatility model

Our work allows to study some multiplicative models as the so-called stochastic volatility
model in finance (see Genon-Catalot et al. (2000) for the links between the standard
continuous-time SV models and the hidden Markov models). Let us consider

Zn = U1}L/27]n

where (U,,) is a nonnegative Markov chain, (7,) a sequence of i.i.d. standard Gaussian
variables, the two sequences being independent. Setting X,, = log(U,) and &, = log(n?)
leads us back to our initial problem.

The noise distribution is the logarithm of a chi-square distribution and then verifies
¢*(r) = 27%1(1/2 —ix)/\/7. Van Es et al. (2005) show that |¢*(x)| ~4e v2e™#1/2 and
then s =1,7=0.

In the general case, the logarithm of the hidden chain X, derives from a regular
sampling of a diffusion process with unknown drift and diffusion coefficients. Then the
rate of convergence for the estimation of the transition depends on the smoothness of f
and F. If R =7 =0, then E||TT — IT||3 < C(logn)~?. But if r and R are positive, better
rates are recovered.

For example, we assume that the logarithm of the hidden chain X, derives from a
regular sampling of an Ornstein-Uhlenbeck process, i.e. X,, = V,,. where V} is defined by
the equation

AV, = 0Vidt + od B,

with B; a standard Brownian motion. Then all the assumptions are satisfied. Similarly

to Section 4.5.1, the stationary distribution is Gaussian with mean 0 and variance /20|

and then 0 = 1/2, r = 2. In the same way F' is the density of a centered Gaussian vector
I .

07 61 ) and then A = 1/2, R = 2. We obtain the

following rate of convergence on some interval A; = Ay = [—d, d|

with variance matrix o2/(2/6)|) <

BT — 113 < Oy/logn 2 IT/O0VI08
with 32 = 02(e2™ — 1)/(26).

4.6 Simulations

For each m, the estimator fm of f can be written

n ~m : ~Am 1
fm = Z aj'pmy  with  a? :—vam’j(Yi).
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To compute the coefficients a}", we will use the Inverse Fast Fourier Transform. Indeed,
using Lemma 4.3

Q>

1 & L
;71 _ Ez\gﬂﬁ 6—1]Uezkam[q*(_Um)]—ldU
P _

n

— @ /1 e“”(% Z e‘iYk”m)[q*(xﬂm)]_ldx

k=1
2
_ @(_1)1 / ¢, (2)da
0

where R Virm(e-1)
S — 1Y TmTm(T—
o D ke €

hal@) = el = 1))

So aj* can be approximated by

Then, if H is the vector (hy,(0), hm(2/N), ..., hpn(2(N —1)/N), we can write

= in(— 1 (LFFT(H)),

for j =0,..., N — 1. For j <0, it is sufficient to replace h,,(z) by hp(—2) = hy(2), ie.
H by H. Following Comte et al. (2006b), we choose K,, = N — 1 = 28 — 1.
To compute f, we use then the following steps:

e For each m and for each j, compute a".

e For each m compute 7, (fi) + pen(m) = — >, lal|? 4 pen(m).
e Select the 7i which minimize 7, (/) 4+ pen(m).
e Compute f = D lji<Kn o ;-
To compute the estimator of F, the procedure is identical:
e For each m and for each j, k, compute flzﬂk (using a multivariate IFFT).
e For each m compute T',,(F},) + Pen(m) = — > ik |/1;”k|2 + Pen(m).
e Select the M which minimize T',(F,) + Pen(m).

[} Compute F = Z\J|§Kn7|k‘§Kn A%@Mﬂ ® @M,k’
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Finally, we compute

if |F(x,y)] < 0.01n|f(z)],

0 otherwise.

The processes are those described in the section Simulations of Chapter 1. We consider

two different noises:

Laplace noise In this case, the density of ¢; is given by

A Nal. o
The smoothness parameters are v = 2 and b = s = 0. We compute
! 1 2 1
A(m) = %/_1 \q*(vrm)| 2dv = - [Wm + w(ﬂm)?’ + W(Wm)f’] .
Since pen(m) must be larger than kA(m)/n, we choose
1 2 3 1 5
pen(m) = o {wm + W(Wm) + W(Wm) } :
For the estimation of F', we use
1 2 1 ?
Pen(m) = % |:’/Tm + w(ﬂm)g + W(Wm)S]
Gaussian noise In this case, the density of ¢; is given by
1 z2 2252

e 2, ¢ (r)=e 2 ; A=03.

x = ?

q(r) = 7

Soy =0,b= A?/2and s = 2. The penalties have to verify pen(m) > k(7m)?A(m)/n
and Pen(m) > K(mm)*A(m)?/n with

1
A(m) = m/ AT .
0

So we choose

1 1
pen(m) = i(wm)?’/ AT e,
0

1 ! 2
Pen(m) = i(ﬂm)‘l(/ e 4g)2
0
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Figure 4.1: Estimator (light surface) and true transition (dark surface) for the process
AR(i) observed with a Gaussian noise, n = 500.

05 —
04

03

00 -

-01 -

Figure 4.2: Estimator (light surface) and true transition (dark surface) for the process
AR(i) observed with a Laplace noise, n = 500.

As in Comte et al. (2006b), we consider that m can be fractional. More precisely, we
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take mm = k/2 with k& € N*. Figures 4.1, 4.2 illustrate the result for the process AR(i).
We can also observe on Figure 4.3 the estimator of the transition density of the process
ARCH when the noise is Gaussian. Figure 4.4 shows sections of the previous surfaces. We

can see the curves z = II(—3.2,y) versus z = II(—3.2,y) and the curves z = II(z, —4.2)

versus z = [I(z, —4.2). More precise results are presented in Table 4.1.

Figure 4.3: Estimator (light surface) and true transition (dark surface) for the process
ARCH observed with a Gaussian noise, n = 500.

r=-3.2 =42

Figure 4.4: Sections for ARCH process, n = 500, dark line: true function, light line:
estimator.



140 Chapitre 4. Estimation de la densité de transition par quotient

n 100 250 500 1000  noise

AR(i)  0.305 0.139 0.047 0.031 Lapl
0.066 0.047 0.021 0.009 Gauss
AR(ii)) 0.598 0.174 0.049 0.031 Lapl
0.065 0.064 0.044 0.017 Gauss
VCIR  0.821 0.443 0.120 0.057 Lapl
0.060 0.021 0.011 0.007 Gauss
CIR(iii) 0.545 0.453 0.185 0.104 Lapl
0.853 0.793 0.776 0.771 Gauss
CIR(iv) 0.379 0.143 0.104 0.079 Lapl
0410 0.225 0.122 0.115 Gauss
ARCH 0.283 0.178 0.098 0.065 Lapl
0.334 0.239 0.100 0.047 Gauss

Table 4.1: MISE E||II — IT||*> averaged over N = 100 samples.

We remark in Table 4.1 that the number of observations must be great enough to have
good results, which is usual in deconvolution problems. But, when n is large, the results
are very satisfactory, sometimes better than in the case without noise. We can explain
this fact by the performance of the basis derived from the sine cardinal. As expected
after theoretical study, the decrease of the risk is faster when the noise follows a Laplace
distribution. This phenomenon is underlined on the following graph.

0 45:
0 40:
0. 35:
0 30:
0 25:
0. 20:

0.15+

0.10—

0.0!

T T T T T T T T T T T T T T T T T
100 200 300 400 500 600 700 800 900 1000

Figure 4.5: Mean of the MISE for the 6 processes when n increases.
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4.7 Proofs

Here, we do not prove the results concerning the estimation of f. Indeed, they are similar
to the ones concerning F' (but actually simpler) and the ones of Comte et al. (2006b). It
is then sufficient to use corresponding proofs for F' mutatis mutandis.

For the sake of simplicity, all constants in the following are denoted by C', even if they
have different values.

4.7.1 Proof of Lemma 4.2
It is sufficient to prove the first assertion. First we write that

Ve (Vi Yir) = 1/472 / T (4, 0) /" (—w)g" (—v)dudo

so that

1
472

T*(u,v)

E[VT(Yk,Yk+1)|X1,...,XnJrl] = m

/ E[e™suten?| X, X, 4] dudv.

By using the independence between (X;) and (g;), we compute
E[eiquJriYkJrlv‘Xla ty XnJrl] = E[6iXku+iXk+1U6i6ku+i€k+1v|X17 3] XnJrl]
— eiXku+iXk+1UE[6iaku]E[6iak+lv] — eiXku+iXk+1U/ei$uq(.fE)d$/eiyvq(y)dy

— €iXku+iXk+wq*(—u)q*(—’u).

Then
1 . . T*(u,v)
E[Vi(Ye, Vi) | X1, o Xod] = —— [ @XstiXimmvgs (o) g* (o) ——Y) g
Vo (Y, Y1) | X1, -, Xogd] 12 | € ¢ (—u)q"( U)q*(—u)q*(—v) uav
1 . .
— m eZXk""'ZXk“'wT*(u,U)dudU:T(Xkan—l—l)‘

4.7.2 Sketch of proof of Theorem 4.2:
Let m € M,,. The definitions of F}, and  lead to the inequality

~ ~

L (Fyy) + Pen(M) < T',(F,,) + Pen(m). (4.12)

Let

n

2,(0) = (1) S { ey - [ TP pdsan |, (w13)

i=1
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It is easy to see that
Lo(Fyp) = Dal(Fn) = |Fy = FI* = | F = FI* = 2Z,(Fy, — F)
so that (4.12) becomes

| Eyy — FII” |F = FII* +2Z,(Fy, — Fn) + Pen(m) — Pen(M)

|F = F|I* + 2| Fyy — Full  sup  Zu(T) + Pen(m) — Pen(M)
TeB(m,M)

<
<

where B(m,m') = {T € S,, +S,», |T|| = 1}. The main step of the proof is then to
control the term supycp,, i) Zn(T),

To deal with the supremum of the empirical process Z,(T'), we will use an inequality
of Talagrand stated in Lemma 4.5 (Section 4.7.8). This inequality is very powerful but
can be applied only to sum of independent random variables. That is why we split Z,,(7T)
into two processes.

Zn(T) = Zn,l(T) + Zn,Q(T)

with
1 n
Zn(T) = - Z (Vr(Ye, Yiea) — EVr (Y3, Yied) | Xus o X ]}
ol (4.14)
Zyo(T) = lz T(Xi, Xi1) — /T(a; Y)F (x,y)dxdy
n,2 n o iy “Ai41 ’ 9 .

For the first process Z,,1(T"), we return to independent variables remarking that, con-
ditionally to X, ..., X1, the variables (Ys;_1, Y5;) are independent (see Proposition 4.1).

For the other processes, we use the mixing assumption H2b to build auxiliary variables
X7 which are approximation of the X;’s and which constitute independent clusters of
variables (see Proposition 4.2).

4.7.3 Detailed proof of Theorem 4.2

First, we introduce some auxiliary variables whose existence is ensured by Assumption

H2b of mixing. In the case of arithmetical mixing, since # > 8, there exists a real ¢ such

that 0 < ¢ < 1/2 and ¢f > 4. We set in this case ¢, = 5|[n°]. In the case of geometrical

mixing, we set ¢, = 5|clog(n)] where ¢ is a real larger than 4/6.

For the sake of simplicity, we suppose that n + 1 = 4p,q,, with p, an integer. Let for
1= 1, ceay (n+1)/2, ‘/; = (Xgifl,XQi) and for [ = 0, ce oy Pn— 1, Al == (‘/QanJrl, ceey ‘/(ZlJrl)qn),
By = (Viait1)gn+1s -+ V(2i42)q,, ). As in Viennet (1997), by using Berbee’s coupling Lemma,



4.7. Proofs 143

we can build a sequence (Aj) such that
A; and A} have the same distribution,

A; and Aj, are independent if [ # [,
P(Al 7é A?) S BQqn'

In the same way, we build (B;) and we define for any I € {0,...,p, — 1},
Ar = (VQ’;%H, s V&H)qn), Bf = (‘/(zl+1)qn+1> ey V(;H?)qn) so that the sequence (V' ..., VJ/Q
and then the sequence (X7,..., X}) are well defined. We can now define

O ={vi,1<i<n+1 X=X}
Then we split the risk into two terms:
E(|F — F|*) = E(|F = F|*1a-) + E(| F — F|*Lo-).
To pursue the proof, we observe that for all T, T"
Do(T) = Tu(T) = IT = F|I* = IT" = FII* = 2Z,(T = T")

where Z,(T') is defined by (4.13). Let us fix m € M, and denote by F},, the orthogonal

~ ~

projection of F on S,,. Since I',(F') + Pen(M) < T',(F,,) + Pen(m), we have

|F—F|?> < ||F,— F|*+2Z,(F — F,,) + Pen(m) — Pen(M)

< |Fn—=F|?42||F = Fy,|| sup  Z,(T) + Pen(m) — Pen(M)
TeB(m,M)

where, for all m,m/, B(m,m') = {T € S,, +S,v, ||T|| = 1}. Then, using inequality
2oy < 22 /4 + 4y,
. 1 -~ .
|F = F|> <||[Fp — F|*+ 2||F = Ful>+4 sup Z*(T) + Pen(m) — Pen(M). (4.15)
4 TeB(m,M)
Using Lemma 4.2, Z,,(T) can be split into two terms :
Zn(T) = Zp1(T) + Z,o(T)

with Z,1(T) and Z,,5(T") defined by (4.14). Now let P;(.,.) be a function such that for
all m, m’,
16 Py (m, m") < Pen(m) + Pen(m’). (4.16)

Then (4.15) becomes

|E = FI* < ||1F = FI?+ 5 (IF = FIP +||F — Ful®) + 2Pen(m)

1
2
8 sup  Z2,(T) — Pi(m M) +8] sup  Z2,(T) — Pi(m, 31)]

TeB(m,M) TeB(m,M)

)
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which gives, by introducing a function Py(.,.),

SIF  FPLo- < 2 Fp— P+ 2Pen(m) +8 Y0 [ sup  Z2,(7) — Pi(m, )
m'eM,, TeB(m,m’)

+8 Y [ sup  Z2,(T) — Pay(m,m)y Lo +8 > [Py(m,m') — Pi(m,m)].

m/eM,, TeB(m,m') m'eM,,
We now use the following propositions:

Proposition 4.1 Let Py(m,m') = C(q)(mm")s=0=5)+l+ A2(m"") /n where A(m) is defined
n (4.6) and m” = max(m,m’) and C(q) is a constant. Then, under assumptions of
Theorem 4.2, there exists a positive constant C' such that

> =
m/EM,

Proposition 4.2 Let Py(m,m’) = 96(>_, Bor)m” /n where m" = max(m,m’). Then,
under assumptions of Theorem 4.2, there exists a positive constant C' such that

> =

m’eM,,

C

n .

(4.17)

TeB(m,m’)

sup ZZJ(T) — Py(m, m')] ) <
n

sup  Z,(T) — Pg(m,m')] ]lg*> < g (4.18)
+

TeB(m,m') n

The definitions of the functions P;(m,m’) and Py(m,m’) given in Propositions 4.1
and 4.2 imply that there exists mg such that Vm' > mo Pi(m,m’) > Py(m,m’). (If

= 0 = v (case of a null noise), it would be wrong and the penalty would then be
Py(m,m') instead of P;(m,m’)). Then

C(WO)‘

n

Z [Py(m,m’) — Py(m,m')] < Z Py(m,m') < (4.19)

m/eM,, m/<mg
Since m”A%(m") < mA?(m) + m/A%*(m’), condition (4.16) is verified with

A2(m)

Pen(m) = 16C’(q)(7T77”L)[5_(1_S)”Jr p

And finally, combining (4.19) and Propositions 4.1 and 4.2,
~ C
E(|F — F|*1q-) < 4(||F,, — F||* + Pen(m)) + —.

For the term E(||F — F|[*Lq-), recall that

L 1 <
ZAJ #Pm 3 (%)@ (y) With A = — > Vi soome (Y, Yir1).

=1
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Thus, for any m in M,,,

2

A ]_ n 1 n
HFmH2 = Z Ezv¢m,j®90m,k(}/;7}/ri+l) S Eznzvgm,j(@‘Pm,k(m’}/;Jrl)

gk i=1 ik i=1

< D oVE oenilloo S0, N5 < A%(m) (4.20)
Jk J

using Lemma 4.3 (see Section 4.7.8). Then ||Fy,||> < A2(M) < n since M belongs to M,,.
And
E|F - F|*lo <EQ(IFI + IFI°)15) < 2(n+ | FI*) P(2).

Using Assumption A4 in the geometric case, (o, < M e~fclog(n) < Nn=f and, in the
other case, (o, < M(2¢,)% < Mn=%. Then P(Q*) < 2p, 2, < nMn=?. Since cf > 4,
P(Q*°) < Mn~3, which implies E(||F — F||*1g-) < C/n?.

Finally we obtain

E|F - F|* < E(|F - F|*La:) + E(|F — F|*Lo-)
C
< 4(HFm—FH2+Pen(m))+E.

This inequality holds for each m € M,,, so the result is proved. O

4.7.4 Proof of Proposition 4.1

We start by isolating odd terms from even terms to avoid overlaps:

]' (o} ]' e
Zua(T) = 320,(T) + 525, (T)
with

o 2 -

ZoU(T) == > {Ve(Yi, Yiar) — Ex[Ve(Y:, Yisr)]}
n i=1,i odd

(& 2 .

Zya(T) == Z {Ve(Yi, Yier) — Ex[Ve(Yi, Yier)]} -

denoting by Ex the expectation conditionally to Xy, ..., X, 1. It is sufficient to deal with
the first term, the second one being similar. For each i, let U; = (Yo;_1, Y2;), then

n/2

Zp (1) = ni/Q Z (Ve (U;) = Bx [V (U]}

Let us remark that conditionally to X,...,X,,, the U;’s are independent. Thus we can
use the Talagrand inequality recalled in Lemma 4.5 (see Section 4.7.8). Note that if T’
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belongs to S,,+S,., then T can be written T} +7T5 where T} has its support in [—7m, 7m)?
and Ty has its support in [—7m’, 7m’]>. Then T belongs to S,,» where m” is defined by

m” = max(m,m'). (4.21)
Now let us compute M;, H and v of the Talagrand’s inequality.
1. If T belongs to B(m,m’),

V § ajkv m!j ®4pm//k x y E ajkvkp " gomu}k(y»
i,k

Thus ‘VT(xay)P S 2]7]@ "Ugom//,]- ('T)U@m//7k (y)‘2 SO

sup  (VEllZ <1 10,0, ()06, )Pl < 1D 06,0, Pl
J

TeB(m,m') ik
By using Lemma 4.3, M; = A(m").

2. To compute H?, we write

Ex( sup (ZZ,l)Q(T)) < EX(ZZZ,l(('pmNJ®(70m//7k)2)

TeB(m,m’) gk
< Z VaI'X — Z ’Ugom// /UQO "y (}/;Jrl)
i i=1,7 odd
< Z Z Varx[vg, ., (Yi)vg, ., (Yis1)]
i=1,7 odd

since, conditionally to Xy, ..., X, 11, the U;’s are independent. And then

EX( sup Z02 < Z Z ]EX wm// )’Ui "k (1/;4*1)]

TeB(m,m’) i=1,i odd

4 & 2A(m")?
<= 2 Y o Pllocll X fog oo < =
k

i=ljodd j

So we set H = v/2A(m")/\/n.
3. We still have to find v. On the one hand

Varx [Ve(Ye, Yird)] < Ex[(Y aguvg, 0 (Yi)vg, o, (Yirn)?]

S S b Pl bl
.k j k
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and so v > A(m”)?. On the other hand
VarX [VT(Yk, Yk;-l—l)]
S Z Z Qj1ky ajsz]EX [’Ugom//,]-l /UCpm//,]-? (Yk)vgom//,kl U¢m”,k2 (Yk+1)]

Ji,k1 j2,k2
2
< E :a’]k § : E E ’UQO " i1 Ugom// 2 (Yk) <p " gy Ugom// ko (Yk+1)]
Ji,k1 j2,k2
g E 2
< &]k E ’U@ i1 Vo, 32 Yk : : E U‘P " kq Uip, i1 ko (Yk+1)] (422)
J1,J2 k1,ko

using conditional independence. Now we use Lemma 4.3 to compute

Ex[vg,, %Jm]/waMmaHMMx

e~ iv z(erXk)vm ™ efijzuei(erXk)um”
d d d
T A2 // (—vm') U/ q*(—um') uq(x)dz

—T

—tjv= ZJ?U i X (utv)m” . "
471'2/ / —om")g* (—um”) /elx(u—i—v)m ¢(z)dzdudv.

If we set W (u,v) = m"eXk@m” ¢x(—(y 4+ v)m") /[¢* (—vm")g* (—um")], then
Ex v, , Ve, (Yi)] is the Fourier coefficient with order (ji,j2) of W. Using Par-
seval’s formula

ZEX Vit 51 Vo (Ye)] = 1 2/ / (u, v)|*dudv
132 L -

_ 4_7r2/ﬂ/ ' U—H(])—wr)z”) dudo.

Now we apply the Schwarz inequality:

Z E%( [Usom//,]-l (Yk)]
J1,J2
2
|quaﬁdmv/m CEDLI

2
< yo 7ﬂ|61( um’”)| 4OZu/Iq )Pda < Hqu’l /mﬁlq*(—U)\_‘ldw

We introduce the following notation:

Bam) = 5= [ ) (4.23)

27 —mm

- 47?2
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Hence, coming back to (4.22), Varx[Vr (Y, Yie1)] < |IT)1%/lql|*Az(m”) which yields
v > ||¢||?Az(m”). Finally we write v = min(||q||?Az(m”), A%(m")).

We can now use Talagrand’s inequality (see Lemma 4.5):

B[ sup (Z0)%(T) - 2(1 + 20 22°0)

J+
TeB(m,m/) n

C _K1eA2(m/! AQ(m//) _
¢ LeA2(m") 0 KaCleveviy
- n{ve * nC?(e) ‘ !

And then, if Py(m,m’) > 4(1 + 2¢)A%*(m”) /n,

E| sup (Z,

n,1l
TeB(m,m')

)} (T) — Pi(m,m')| <
m’eM,, +

with [(m) = Zm/eMn ve-KlGAQ(m//)/U; [I(m) _ Zm/EMn (A2(m”)/n02(6))6_K20(6)ﬁ\/ﬁ.
To bound these terms, we use Lemma 4.4 which yields to

==

{Z(m) + I1(m)}

2 "
4’Y+mi1’1(17572725)e4b(ﬂ'm”)5 and A (m ) > 04(7Tm//>(175)+

v < cg(mm”)

where c3 and ¢4 depend only on kg, k1, and s. Therefore,

i —8,2— ys my(1—=s) 4
[(m) < c3 E (Wm//)4’y+m1n(1 5,2 25)e4b(ﬂ'm) Kicae(mm")

m/eMy,
< e E [(Wm)4'y+m1n(1fs,2728)64b(7rm)‘

m’€M,
1o s, _ Kicqe (1=s)4 n(1—=s)4
_i_(ﬂ_ml)llw—i—mln(l $,2—2s) e4b(7rm ) ]6 S [(mm) +(mm/) ]

in(l1—s.2— s_ Kicqe (1-s)y4 _ Kjcqe n(1—s)y
< e (Trm)él'ermm(l $,2—2s) e4b(7rm) 5 (mm) E : e 5 (mm)
m/eMy,
_ Kjeqe (I—s)4 S (1_e 9 ns_ Kiecqe N(1—=s)g
+eze 52 (mm) § : (ﬂ_m/)llw—l—mln(l $,2—2s) e4b(7rm ) A= (mm) ]

m’EMn
We have to distinguish three cases

case s < (1 —s); & s < 1/2. In this case we choose € = 8b/(Kc4) and then

](m) < Cg(ﬂ_m>47+1—se4b[(7rm)s—(wm)(l—s)] Z €—K1C4(7rm’)(1_‘9)

m/EMn
_ (1—s) _ s _ 1\ (1—s)
+eze Kica(mm) § : (ﬂ_m/)zh-i—l s€4b[(7rm )¥—(mm') ]

m’eM,

which implies that I(m) is bounded. Moreover the definition of M, and Lemma 4.4
give [M,| < Cn¢ with C' > 0 and ¢ > 0. So I1(m) < C|M,|e 2™ is bounded too.
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case s = (1 — s); & s =1/2. In this case

I(m) < 03(7rm)47+1/26(4b—#)(m)1/2 Z o S8 (e 112

m/eMy,

Kicye Kqcye
+ege” 174 (rm)1/2 Z (Wm/)4’y+1/26(4b77124 )(ﬂm/)lﬁ‘

m’eM,,

We choose € such that 4b — Kjcqe/2 = —4b so that

I(m) < cy(mm)*rH1/2e4bam)/? Z o~ 24 (12

m’eM,,

_Kicye 1/2 _ nN1/2
+eze 54 (mm) § : (Wm/)4'y+1/26 4b(mm”) <C.
m’eM,,

The term I1(m) is also bounded since € is a constant.

case s > (1 —s); < s > 1/2. Here we choose € such that

Ab(rm")* — Kycqe(mm!) 179+ /2 = —4b(mm”)*

so that
i _ _ _ s _ Kjeye n(1=s)4
I(m) < Cg(ﬂ_m)&y—i—mm(l 5,2 25)6 4b(mm) E : e T (mm”)
m’eM,,
_ Kicqe (1=s)4 e 9 _ s
+cse 5 (mm) E (,ﬁm/)4'y+m1n(1 8,2 28)6 4b(mm) S C.
m/eM,

Moreover

1 1"y|s—(1l—s
)< ) gege Ve e < o

m/eM,

In any case € = [8b/ K cy](mm/)=(0=9)+1+ 50 that
Py(m,m') = C(q)(mm" )=~ A2 (m") /n

where C(q) is a constant depending only on kg, k1, 0,7, s.

4.7.5 Proof of Proposition 4.2
We split Z, 5(T") into two terms :

1 o 1 &
ZualT) = 572(T) + 5 Z5(T)
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with
2 n
2 =2 Y {100 X - [ TPl sy |
i=1,i odd
2 n
Zno(T) = > {T(Xi,Xm)—/T(:r,y)F(:r,y)d:rdy}.
i=1,7 even

We bound E ([supTeB(mm/)(Zg,Q)Q(T) — Py(m, m’)} ]lQ*>. The second term can be

bounded in the same way. We write Z; ,(T) = (2/n) Z”/Q {T(V;) = E[T(V;)]} with V; =
(X2;_1, X2;). In order to use Lemma 4.5, we introduce

1 1
ZZB(T) = §Vn,1(T) + §Vn,2(T)
where
( pn—1 (20+1)gn
Z > ATV =BTV}
Pn In ;_ 2gn-+1
< 1 Pn— 1 1 (21+2)qn
vap(T)=—>Y — > {T(Vy)-E[T(V)]}.
L Pn =5 dn i=(2141)gn—+1

Since X; = X on Q*, we can replace Z7 , by Z7%. This leads us to bound

“

So we compute the bounds M;, H and v of Lemma 4.5.

sup  v2,(T) — Pg(m,m')] ]lQ*> :
+

TeB(m,m’)

L. If T belongs to Sy, [T(2,y)[* < 32,0213, Por ()05 1 (y) and so

1Tl < NTNID_ @ slloe < NTNm",

J

using the first point of Lemma 4.3. Then ||1/¢, ZEZZSE;HQJ:I Tlloo < ||T||m" and M; =

m'.

2. Let us compute H?.

sup vp (1) < ) v 1 (P © P )
TeB(m,m’) ik
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Then, by taking the expectation,

pn—1 1 (20+1)gn

E sup V7211 < Z — Var( Z Z Omrj @ P k(Vi7))
TeB(m,m’) ik P o I iog i1

< Z 2 Z Var(— Z Cmrj @ omr (Vi)
gk £ oi=0 U i dign+1

by using independence of the A;. Lemma 4.6 then gives

16
E( wp 02, (T ) I3 s ® sl 3 e < 255 g
TEB(m,m’) Pndn I

Finally H = 44/ Baxm/" /\/n.

3. v remains to be calculated. If T belongs to B(m'), using Lemma 4.6

(20+1)qn 4
Var[— > T(V;")] < —E[T*(Vi)b(V3)]
An ,_ Ngm+1 dn

<—HT||OO¢ET2v1 VERE(V)] <—!|T||oo\/||FHoo\/2 (k + 1) B

and so v = 4HFH¥2\/Q > (k4 1)Baxm” /.

By writing Talagrand’s inequality (Lemma 4.5) with ¢ = 1, we obtain

K "2
E ( sup (Vn 1 - 6— Z ﬂgk /2] ﬂg*) < {m”@Klm + MGKQ\/H/%L} .
n n

TeB(m,m') n
Then by summation over m’

3 E( s (10)*(1) = (3 B0 )

mGM TeB(m,m’)

<_{ Z m'e —Kim" + Z m'n 2¢—1 7K2n1/2 ¢ S%

m EMn m EMn

since ¢ < 1/2. In the same way, we obtain

m! €M, TeB(mm’) n

> E <[ sup  (vn2)*(T) — %(Z 52k)m”2]+10*> = %,
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which yields

S1Q

2 E<[ o <2372>2<T>—P2<m>m’>]+nm)g

m/eM,, TeB(m,m')

with Py(m,m’) = 96(>" fBax)m* /n.

O
4.7.6 Proof of Corollary 4.2
Let us compute the bias term. Since F);, = F*1[_zp rm)2,
2 1 * 2
P Bl =g [ 1) e
mm,mm]|?)
_42// |F™ (u,v) 2dudv+—// | F*(u, v)|*dudv
™ wm,mm|°XR Rx[—mm,mm]¢
But
// |F*(u, v)|2dudv < L((7wm)? + 1)~ 2e 2"
mm,mm]¢XR
Thus |F — F,,||2 = O((mm) 2224 and
4b(7m)*
E||[F — F|]>? < C" inf { (mm) 22 2A0mm" 4 (Wm)[5_(1_8)“”4%2_2576 o + g
- meM, n n
Next the bias-variance trade-off is performed similarly to the chapter 3.
O

4.7.7 Proof of Theorem 4.3

Let
Ey={lIf = flle < fo/2}.

On E, and for x € Ay, f(x) = f(x ) — f(z) + f(x) > fo/2. Since F belongs to Sy, using
(4.2), | Flloe < M| F||. Now (4.20) gives ||F|| < A(M) so that
IF]loo < MA(M).

Since M belongs to M, A(M) < /n and Lemma 4.4 gives M < CA(M VaRASAR NT:
s =0 or M < C(log A(M))'* otherwise. So, for n large enough, (2/fo)||F|lsc < n and

(z,y) = F(x,y)/f(2).
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For all (z,y) € A,
fi(e,y) - M@, y)P < |LE8 = “”( D1 1 4 (e )] + e y) L

E
=3

2,) + (2, ) (7 (2) = (@)
] 2/
2T, + [T, 9) ) L.

Since [, TP%(z,y)dy < [Tl 4,00 [,, I, y)dy < [[TT]| 4,00 for all z € Ay,

IN

8
7 S ENF — FI? + MBIl f = FIIP) + 2 A1 (| A2ln® + T 4,00) P(E7)-

We still have to prove that P(ES) < Cn~3. Given that || f—fllos < [|f—finlloot || i — fril oo
we obtain

E[1 - 0%

P(ES) < P(Ilf = fallo > fo/4) + P(|lfi — finlloe > fo/4).
Let us now prove that if f belongs to As,.qo(l), |f = fimlleo = O(m}/?7977/2¢=almm)") " Since
I = F" 1| _zm =m) and using the inverse Fourier transform,

IF = fulle < 50 [ 1@l

If r > 0,let 0 < < a. By considering that function x — (22 +1)%/2e(@=)l#l" ig increasing
and using the Schwarz inequality, we obtain

I~ MMS—ﬂmﬂ+DWmem¢¢/ g,

u|>mm

e~ 2" < O(wm)t e 22" and then

Vil

Hf_meoo S 2_((ﬂ_m)2+1)—6/26(a—a)(7rm)r (Trm)l/2—r/2€—a(7rm)’" — O(m1/2—5—r/2€—a(7rm)’")‘
m

If » = 0, we use the increasing fonction z +— (2% + 1)0=9)/2 with § < § and we obtain
1f = finllee = O(m!/27%). Thus, since 7 > loglogn, ||f — fallse — 0 and for n large
enough P(||f — fullse > fo/4) = 0. Next

Pllfa = Falls > fof4) < PO+ P (Ifo = e > 2=

Since cf > 4, P(Q2*) < Mn!=< < Mn=3. We still have to prove that

; f C
P (Hfm-fm“ﬂﬂ* > 4\/0%) < pe
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First, we observe that
1 < ’
1o = Fall® =D (5 D Ve, (Vi) - E[v%(Yi)]) = sup v;(t)
JEL i=1 L
where v, (t) = 5 3701, v (Vi) — E[ui(Y3)], B = {t € Sy, [Jt]] < 1}

Then s f
. 0\ 0
P (o= Falter > 1) = P (sup pntoter > 2.

As previously, we split v, (t) into two terms

pn—1 (21+1)gqn 1 pn—1 1 (21+2)gn

Z > ulY <Y>J+—Z— S wlY) — Efu(Y))]

2p” In 2qn+1 2pn n i=(20+1)gn+1

and it is sufficient to study

]y B . fo
P tselg)ﬁ on lz:; q_ni:%HUt(Yi ) — Efvy(Y;")] N
We bound this term by the sum
(20+1)gn £
5o\ e 2, o o>

fo
W

and we use inequality (4.24) in proof of Lemma 4.5 with n =1 and A\ =

1 Pn 1 (2l+1)Qn
Plsup |—> — > w(Yy) = Ew(Y)]| > 2H + A
t€Bm | Pn 1=0 In 1=2lgqp+1

2
gexp< Kp, min (A ]\3))
1

_ 42@6A(m).

=

Here, we compute

= /A(m); H? =8ZﬁkA mn

Thus

Jo ro n Pn
P <ts€%€1 lun(t)| > 2H + %> < 2exp <_K min (mA(mY mA(m)>> ‘
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Now we use the assumption Vm mA(m) < n/(logn)?.

/2SS, Ben/Am) Vi1 < fof (8/). So

For n large enough, 2H =

O
Z P | sup |v,(t)] > Jo < 2|M,,| exp (— K min ((logn)?, n'/*logn)) < —
meMy, t€Bm \/_ n’

O

4.7.8 Technical Lemmas

Lemma 4.3 For each m € M,,
L1 0millee =m
2. vy, (x) =/m/(2n) ST _emivermm gt (—om)]dv

3. 25 1o, PPlloe = A(m)
where A(m) is defined in (4.6).

Proof of Lemma 4.3: First we remark that
Grslw) = [ e imp(ms - s

1 g . 1 -
— ﬁe—zgu/m/e—w:u/m(p(x)dx _ ﬁe_”u/m@*(_>‘

Thus, using the inverse Fourier transform

mej 27r/ \/_ —z]u/m(p* _ _/ 'U\/ﬁeiawmdv‘

The Parseval equality yields Y @2, ;(x) = 1/27 [*_|/me™*™|*dv = m. The first point is
proved. Now we compute v,,, (x)

S|e

1 mu(pmj( / —zgu/m x U

Vo (T) = = | € " v

o (2) 27 q*(—u) \/_ (m>q( u)
Al e—ijvei;wm ¥ ( ) dv
27 '

q*(—vm)

But ¢*(v) = L—rx(v) and thus the second point is proved. Moreover v,,, () can be
seen as a Fourier coefficient. Parseval’s formula then gives
/ l¢* (—vm)| 2 dv.

1 s
2
Sl @F =5 [
J

Therefore || Y7 v, [*llo = 1/27 [ |g*(—uw)|~*du = A(m). O

1
q*(—

\/m emvm
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Lemma 4.4 If q verifies |q¢*(z)| > ko(2® + 1)77/2 exp(—b|z|*), then

1. A(m) < Cl(ﬂ.m)Z'erlfseZb(ﬂm)S,

2. Ag(m) S CQ(Wm)4’Y+1—Se4b(7rm)S.
Moreover if |q*(z)| < k(22 + 1)"772 exp(—b|z|*), then A(m) > ¢, (mm)+1—se2Em)*

The proof of this result is omitted. It is obtained by distinguishing the cases s > 2v+1
and s < 27+ 1 and with standard evaluations of integrals.

Lemma 4.5 Let Ti,...,T, be independent random variables and

n

va(r) = (1/n) Y _r(T3) —E(r(T))],

i=1
for r belonging to a countable class R of measurable functions. Then, for e > 0,

v o e"H2 M2 —K2C(e)/e 2L
E[EE’E |Vn(r)|2 - 2(1 + 26)H2]+ <C (56 Kie®y + 712021(6)_6 20(IVes

with K, = 1/6, Ky = 1/(21v/2), C(e) = /1 + e—1 and C a universal constant and where
1
sup |7l < My, E (sup ]Vn(r)\) < H, sup-— ZVar(T(TZ-)) <.
reR reR

Usual density arguments allow to use this result with non-countable class of functions R.
Proof of Lemma 4.5: We apply the Talagrand concentration inequality given in Klein
and Rio (2005) to the functions s'(z) = r(z) — E(r(7;)) and we obtain

n\?
P(sup |, (r)] > H +X) < exp [ — .
(suplva(r)l = £+ )—eXp( 2(v+4HM1)+6M1/\)

Then we modify this inequality following Birgé and Massart (1998) Corollary 2 p.354. It
gives

A? mi A
P(Egg lvn(r)] > (1+n)H + X) <exp (—% min (%, %)) : (4.24)
To conclude we set ) = /14 € — 1 and we use the formula E[X] = [° P(X > t)dt with
X = sup,er [vn(r)]? — 2(1 + 2¢) H?. O

Lemma 4.6 (Viennet (1997) Theorem 2.1 and Lemma 4.2) Let (T;) a strictly stationary
process with B-maixing coefficients By. Then there exists a function b such that

EB(T)] <Y B and EPX(T1)] <2 (k+1)5
k k
and for all function v (such that E[*(T})] < co) and for all N

Var(Z U(T})) < ANE[W?(T1)b(T1)).
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5.1 Introduction
In this chapter we consider the following additive hidden Markov model:

with (X;);>1 a real-valued Markov chain, (g;);>1 a sequence of independent and identically
distributed variables and

(Xi)iZI and (62')2‘21 independent. (52)

Only the variables Y7, ..., Y, 11 are observed. Besides its initial distribution, the chain
(X;)i>1 is characterized by its transition, i.e. the distribution of X;;; knowing X;. We
assume that this transition has a density I, defined by II(z, y)dy = P(X,; 41 € dy|X; = x),
and it is this quantity that we want to estimate.

This model belongs to the class of hidden Markov models. For a general reference on
these models, we refer to Cappé et al. (2005). Here, we study a simple model of HMM
where the noise is additive.

This model is also similar to the so-called convolution model (for which the aim is to
estimate the density of (X;);>1 ). As proceeded for this model, we use extensively the
Fourier transform. The restrictions on the error distribution and the rate of convergence
obtained for our estimator are also of the same kind. Related works include Stefanski
(1990), Fan (1993), Masry (1993) (for the multivariate case), Pensky and Vidakovic (1999),
Comte et al. (2006b).

The estimation of the transition density of a hidden Markov chain is studied by Clé-
mengon (2003). His estimator is based on thresholding of a wavelet-vaguelette decom-
position. The drawback of this estimator is that it does not achieve the minimax rate
because of a logarithmic loss. In the chapter 4, we described an estimation procedure by
quotient of an estimator of the joint density F' and an estimator of the stationary density
f. The minimax rate is reached by this estimator if we assume that f and IIf have the
regularity . But this smoothness condition on f raises a problem. Indeed Clémencon
(2000) exhibits an example where the stationary density f is not continuous, whereas
the transition density II is constant. It shows that f can be much less regular than II.
Our aim is then to find an estimator of the transition density which does not have these
disadvantages.

To estimate II, we use an original contrast inspired by the mean square contrast. The
first idea is to connect our problem with the regression model. For any function g, we can
write

o) = ([ g1 ) () +

where 1,11 = g(Xi41) —E[g(Xi1+1)|X;]. Then, for all function g, we can consider f Ilg as a
regression function. The mean square contrast to estimate this regression function, if the
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X; were known, should be (1/n) >"" | [t*(X;) — 26(X;)g(Xi41)]. If [ ¢* = 1, this contrast
can be written (1/n) Z [fT (X, y)dy —2T(X;, Xi11)] by setting T'(z,y) = t(x)g(y) i.e.
T such that [T(z,y)g(y ) t(z). It is this contrast that is used in the second chapter
but in our case, only the Yi,...,Y, 1 are known. So we introduce in this paper two op-
erators @ and V such that E[Qr=(Y;)|X;] = [ T*(X;, y)dy and E[Vy(Y;, Yie1)| Xs, Xita] =
T(X;, Xi11). It leads to the following contrast:

n

3(T) = =3 IQre(Y:) — 2V (¥, Vi) (53

i=1

A collection of estimators is then defined by minimization of this contrast on wavelet
spaces. Indeed, wavelets have many useful properties and in particular they can have a
compact support and can be regular enough to balance the smoothness of the noise. A
general reference on the subject is the book of Meyer (1990).

A method of model selection inspired by Barron et al. (1999) and based on contrast
(5.3) is used to build an adaptive estimator. A data driven choice of model is performed via
the minimization of a penalized criterion. The chosen model is the one which minimizes
the empirical risk added to a penalty function. In most cases in estimation of mixing
processes, a mixing term appears in this penalty. In the same way, some unknown terms
derived from the dependence between the X; appears in the thresholding constant used
to define the estimator of Clémengon (2003). Here a conditioning argument allows to lead
us back to independent variables and thus to avoid such a mixing term in the penalty.
Our penalty contains only known quantities or terms that can be estimated and is then
computable.

For an ordinary smooth noise with regularity -y, the rate of convergence n~®/(2a+47+2)
is obtained if the transition II is supposed to belong to a Besov space with regularity
a. Our estimator is then better than those of Clémengon which achieves only the rate
(log(n)/n)®/a+4%2) - Moreover this rate is obtained without supposing known the regu-
larity « of f, our estimator is then adaptive.

This chapter is organized as follows. In Section 5.2 we present the model and the
assumptions. Section 5.3 is devoted to the definitions of the contrast and of the estimator.
The main result and a sketch of proof are to be found in Section 5.4. Numerical illustration
through simulated examples is reported in Section 5.5. The detailed proofs are gathered
in Section 5.6.

5.2 Study framework

We consider the model defined by (5.1) and (5.2) where (X;);>; is an irreducible and
positive recurrent Markov chain with values in the real line R. We assume that ¢q,...,¢,
are independent and identically distributed random variables with known distribution.
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The purpose of this chapter is to estimate the transition density II of the hidden chain
from the data Y7,...,Y,11. We estimate II on a compact set A = A; x Ay only.
As in the previous chapter, the Fourier transform ¢* of ¢ is defined by

t*(u) = /e‘”“t(x)dx.

And for a bivariate function T,
T (u,v) = // e~ WY (g, ) dady.

Assumptions on the noise

The density of ¢; is denoted by ¢ and is assumed to be known. We assume that the
Fourier transform of ¢ never vanishes and that ¢ is ordinary smooth. More precisely the
assumption on the error density is the following.

H5 ¢ is uniformly bounded and there exist v > 0 and k¢ > 0 such that Vo € R |¢*(z)| >
k0($2 + 1)_W/2.

This assumption restrains the regularity class of the noise. Among the so-called ordinary
smooth noises, we can cite the Laplace distribution, the exponential distribution and all
the Gamma or symmetric Gamma distributions. A noise follows a Gamma distribution
with scale parameter A and shape parameter ¢ if g(x) = Az~ 1e™** /T'(¢) for x > 0 with
I' the classic Gamma function, and then

. 22\ ~¢/?
rel=(1+5)

So ¢ is bounded if ¢ > 1 and verifies H5 with v = (. The case ( = 1 corresponds to an
exponential distribution and if A = 1/2, { = p/2, it is a chi-square x(p). A Laplace noise
is defined in the following way

)\2
22 + N2

A T— *
ae) = Se Nl and Jg*(2)] =

Then H5 is satisfied with v = 2. More generally, we can define the symmetric gamma
distribution with density q(x) = A¢|z[*~te==l/(2I'(¢)). The characteristic function is

then
22 —¢/2 T
o)=(1+—= cos | 2¢ arctan | —————
r= (14 5) s (20wt (5 A )

so that H5 is verified with v = ( 4 1 if { is an odd integer and v = { otherwise.
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Remark 5.1 We have to notice that the Gaussian noise does not verify Assumption H5.
Indeed, an exponential decreasing of the Fourier transform of the error density is more
difficult to control and a supersmooth noise makes the denoising more difficult. For that
reason, many authors have considered only ordinary smooth noise, one can cite among
others Butucea (2004), Koo and Lee (1998) or Youndjé and Wells (2002). The method
used in this chapter does not allow to deal with supersmooth noise. Indeed, it requires a
basis more reqular than the noise and also with compact support (because of Assumption
HY), which is impossible.

Assumptions on the chain

The assumptions on the hidden Markov chain are the following.

H1 The chain is irreducible, positive recurrent and stationary.

H2b The process (X}) is geometrically 3-mixing (3, < e%?), or arithmetically §-mixing
(B, < 7% with 6 > 8) where

B, = / 1P(,.) — llry f()de

with P9(z, .) the distribution of X, , given X; = x and y the stationary distribution
and ||.||7y the total variation distance.

H3a The stationary density f verifies || f|lo, 4, := sup,eca, |f(2)| < 00
H3e The transition density II is integrable on A.

H4 There exists a positive real fy such that, for all x in A1, f(z) > fo.

Assumption H2b implies that the process (Y}) is S-mixing with S-mixing coefficients
smaller than those of (X}). Assumption H4 is common (but restrictive) and is crucial
to control the empirical processes brought into play. Many processes verify Assumptions
H1-H4, as autoregressive processes, diffusions or ARCH processes. These examples are
detailed in Chapter 1.

5.3 Estimation procedure

5.3.1 Projection spaces

Here we describe the projection that we use in this paper to estimate the transition II.
We will consider an increasing sequence of spaces, indexed by m, to construct a collection
of estimators. For the sake of simplicity, we assume in this section that A = [0, 1]2.
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We use a compactly supported wavelet basis on the interval [0, 1], described in Cohen
et al. (1993). The construction furnishes a set of functions (¢;) for k = 0,...,27 — 1
with J a fixed level, and for all j > J a set of functions (¢;x),k = 0,...,2 — 1. The
collection of these functions forms a complete orthonormal system on [0, 1]. Then , for u
in L?([0,1]), we can write

271 27 -1
U = E bror + E E i)k
k=0 j>J k=0

Actually
272¢9(27x — k) ifk=0,...,N—1
or(x) = 272¢p(272 — k) ifk=N,....27 —N-1
2729127 — k) ifk=2/ —N,....27 -1

where ¢ is a Daubechies father wavelet with support [—~N + 1, N| and ¢°, ¢' are edge
wavelets explicitely constructed in Cohen et al. (1993). The functions ¢, have support
(k=N +1)/27,(k+ N)/27]1n[0,1]. For r a positive real, N is chosen large enough so
that ¢ has regularity r (it is possible since it is a property of the Daubechies wavelets that
the smoothness of ¢ increases linearly in N). We choose J such that 27 > 2N so that
the two edges do not interact (no overlap between ¢° and ¢'). The construction ensures
that ¢° and ¢' are also of regularity r. In the same way, for each level j, the 1;;’s are
dilatations and translations of functions 1, ¢/ and 1! with regularity r.

Now we construct a wavelet basis of L?([0,1]?) by the tensorial product method (see
Meyer (1990) Chapter 3 Section 3). The father wavelet is ¢ ® ¢ and the mother wavelets
are ¢ @ 1, ¥ @ ¢, Y @ 1. A function T in L*([0,1]*) can then be written

2/ 1271 201271
T(z,y) = Z Z brudr(x)ou(y) + Z Z Z(@%d)g’k(iﬂ)%l(y)
k=0 1=0 j>J k=0 1=0

+al (@) day) + a2 (y)).

For the sake of simplicity, we adopt the following notation

T(x,y) :Z Z arpie(T)Pi(y)-

§>J (k)EA;

where ;= 2//2p(27z — k) with ¢ = ¢, ¢°, ¢*, 9,9 or ! according to the values of j
and k. For j > J, A; is a set with cardinal 3.2% and A is a set with cardinal 227. In the
sequel we will use the following property of ¢ deriving from the regularity of the initial
Daubechies wavelet: there exists a positive constant k3 such that

Vu €R ¥ (u)| < ks(u® +1)7"7/2 (5.4)
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Now , for m > J, we can consider the space

m

{T R2—>R Txy Z Z agkl%k %l(y)}

j=J (k,1)eA;

Note that the functions in S,, are all supported in the interval [0, 1]%. The dimension of
the space S, is D}, = 2*/ 433" ;| 2% € [2°7,22™"2]. We denote by S the space Sy,
with the greatest dimension D2, = D? smaller than n'/*2. It is the maximal space
that we will consider. The spaces S,, have the following properties:

P1 m’gméSm/CSm

P2 | ij;l ajupin ® @il = ij;l a?kl'

This property derives from the orthonormality of the basis.
Now, for all function ¢ : R +— R, let v; be the inverse Fourier transform of ¢*/¢*(—.),

1 [ @)
v (z) = 5 /e q*(_u)du.

This operator is introduced because it verifies E[v;(Y})| Xy = t(X}) for all function ¢. We
can write the following lemma :

Lemma 5.1 Ifr > v+ 2, there exists ®1 > 0 such that
P3| ZT:J Dok @?k“oo < ¢1Dy,

Pa || 304 g Plloc < @1(27)07F2

P5 3 v, I < @1(27)+

P6 || D ke ‘erjwjkr‘QHoo < Py (27)2F3

P7 Zkk' f |U<pjk<pjk/|2 < ®1(2j)27+2

This lemma is proved in Section 5.6.

5.3.2 Construction of a contrast

We will estimate the transition density of the Markov chain by minimizing a contrast.
This section is devoted to the definition of this contrast. We explain here how we can
obtain it by considering first the case without noise.
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First step: if the X,;’s were observed

We present here an heuristic to understand why we choose the contrast, by assuming that
the (X;) are known.

For all function g, the definition of the transition density implies Elg(X;1)|X;] =
JIL(X;,y)g(y)dy so that we can write

9(Xit1) = (/ H(',y)g(y)dy) (X3) + i

where 7; = ¢(Xi+1) — E[g(Xi4+1)|Xi] is a centered process. We recognize then a regression
model. A contrast to estimate [II(.,y)g(y)dy is then
1 n
o) = =Y [P (X;) — 2u(X;)g(Xig)]-

n -
i=1

It is the classic mean square contrast to estimate a regression function. But we want to
estimate II(.,y) and not only [II(.,y)g(y)dy.

A first approach could be to use a basis function (gp,) of a subspace of L?*(A) and
then to estimate [II(.,y)pa(y)dy for each A. This heuristic is detailed in the second
chapter A second approach is to observe that if [¢* =1 and T(x y) = u(z)g(y), then

= [T(. y)dy. So if u( f T(. y)dy estimates [ II(.,y)g(y)dy, we can hope
that T estlmates H Since [ T?( 2 dy =u ( ) the contrast becomes

Y(T) = %Z[/ TQ(Xi,y)dy —2T(X;, Xit1)]

It is the contrast studied in the second chapter and it allows a good estimation of II in
the case where the Markov chain is observed. We can observe that

Ey.(T) = /TQ(% y)f (x)dxdy — Q/T(%y)f(ﬂi)ﬂ(x,y)dﬂidy = |7 — 10§ — |ITI]|7

where f is the density of (X;) and

ITlly = ( / T2<x,y>f<x>da:dy) "

Then this contrast is an empirical counterpart of the distance |7 — IIJ|;.

Second step: the X;’s are unknown, the observations are the Y;’s

The aim of this step is to modify the previous contrast, to take into account that the X;’s
are not observed. To do this, we use the same technique as in the convolution problem
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(see Comte et al. (2006b)). Let us denote by Fx the density of (X;, X;;1) and Fy the
density of (Y, Y;y1). We remark that Fy = Fx * (¢ ® q) and Fy = F%(¢* ® ¢*) and then

T
E[T(X;, X, TPy =— [[ T"F% = 28
o= [f ee= g [T g ] e

by using the Parseval equality. The idea is then to define Vi = T*/(¢* ® ¢*) so that

BT Xov)) = 5 [ [ ViTE = [ [ Vs =BV (%, Vi)

Then we will replace the term 7'(X;, X;41) in the contrast by Vr(Y;, Y;i1). In the same
way, we find an operator @ to replace the term [ T?%(X;,y)dy. More precisely, for all
function 7', let V7 be the inverse Fourier transform of 7% /(¢* ® ¢*)(—.), i.e.

1 _— T
VT(.T, y) e // 6zxu+zyv (U7U) dudv

4m? q*(—u)g*(—v)

Let Qr be the inverse Fourier transform of 7%(.,0)/(¢*)(—.), i.e.

Qulz) = — / g T 0)

2r q*(—u)

V' and () have been chosen so that the following lemma holds.
Lemma 5.2 Forallk e {l,...,n+ 1}
1. E[Vp(Ye, Ve )| X1, ooy Xog1] = T( Xk, Xiin1)
2. EVe(Ye, Yin)] = [ T(w, )iz, y) f () dwdy
E[Q7r(Yy)| X1, ..., Xny1] = [ T( Xy, y)dy
ElQr(Yy)] = [[T(z,y)f(z)dxdy

Points 1 and & are proved in Section 5.6, the other assertions are immediate consequences.
Notice that V and Q are strongly linked with v. In particular Vig(x,y) = vs(z)vi(y) and
Qset(x) = vs(z) [ty

By usmg the operators V and @, we define now the contrast, depending only on the
observations Y7, ..., Y, 1:

Tu(T) = . > [Qra(Yi) = 2Vr(Vi, Vi),
)

3
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With Lemma 5.2, we compute E(v,(T)) = [[T?(z,y)f(z)dzdy — 2 [[ T(z,y)(z,y)
f(x)dxdy = | T =T[5 = [|TT[|7. So we want to estimate IT by minimizing -,. The definition
of the contrast leads to the following “empirical norm”:

(1) = -3 Q).

The term empirical norm is used because EW,(T') = ||T'||3, but ¥, is not a norm in the
common sense.

5.3.3 Definition of the estimator

We have to minimize the contrast 7, to find our estimator. By writing T'= 37" > (ke A
ajrpik @ i1 = Y\ axwa(T,y), we obtain

(1) 2
gaio ) _ = 3 (Z axQunwny (Yi) = Vo, (K,ml)) '

=1 A

And then, by denoting by A,, the vector of the coefficients a, of T,

(1
w, 200 g oA = 2z, (5.5)
3a>\0
where
1 & 1 &
Gm == EZQM/\“}“(Y;) 5 Zm = EZVwA(Y;>K+1)

But the matrix G, is not necessarily invertible. That is why we introduce the set

r— {min Sp(Gi) > g fo} (5.6)

where Sp denotes the spectrum, i.e. the set of the eigenvalues of the matrix and f; is the
lower bound of f on A;. On I'; G,, is invertible and 7, is convex so that the minimization
of 7, is equivalent to Equation (5.5) and admits the solution A,, = G, 1Z,,. Now we can
define

m

fi = arg min Y(T) onT,
0 on ['“.
Remark 5.2 The construction of I1,, described here requires the knowledge of fy. Never-
theless, when fy s unknown, we can replace it by an estimator fo defined as the minimum
of an estimator of f (for an estimator of the density of a hidden Markov chain, see chap-
ter 4). The result is then unchanged if f is reqular enough and the mizing rate strong
enough.
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We have then an estimator of II for all S,,. But we have to choose the best model
m to obtain an adaptive estimator, i.e. an estimator which achieves the best rate of
convergence whatever the regularity of II. So we set

~

. . fi
i = arg min {7 (ILy) + pen(m)}

where pen is a penalty function to be specified later and
M, ={m > J DI <n}.

Then we can define our definitive estimator:

i I, if Iy <k, with k, = n'/2,
0 else.

5.4 Result

5.4.1 Risk and rate of convergence

For a function G and a subspace S, we define

da(G,S) = mf ||G =T a.

For each estimator II,,, we have the following decomposition of the risk.

Proposition 5.1 We consider a Markov chain and a noise satisfying Assumptions H1-
H2b-HS3a,b-Hj-H5 with v > 3/4. For m fized in M,,, we consider Il,, the estimator of
the transition density I1 previously described. Then there exists C' > 0 such that

4y+2

Bl - 1% < € {4011 5,) + 2}

We do not prove this proposition because this result is included in those of Theorem
5.1 below, which is proved in Section 5.6.

Now if IT belongs to a Besov space with regularity «, it is a common approximation
property of the wavelets spaces that d3(11, S,,) < CD,?*. So, choosing m; such that
D,,, = |nY/@F %2 | "we can obtain the minimum risk

E|[TL, — 1|} < Cn~ e,

But this choice of m; is impossible if « is unknown (it is a priori the case since II is
unknown). That is why we have built an adaptive estimator via model selection. For our
estimator II, we can state the following theorem.
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Theorem 5.1 We consider a Markov chain and a noise satisfying Assumptions H1-H2b-
H3a,b-H}-H5 with v > 3/4. We consider 11 the estimator of the transition density I1
previously described with r > 2y + 3/2 and

4y+2
Dm

pen(m) = K for some K > K
where Ky is a constant depending on @1, ||q||cc and fo. Then there exists C' > 0 such
that

!

N C
— 2 < 1 2 -
E||IT — I1]|5 < leer}an{dA(H, Sm) + pen(m)} + -
with C = max(2 + 725 | flloo.a, (1 + 2||TT||3), 1251 (1 + 2||TT||4)).

Note that this result is non-asympotic, it is an advantage of the least square method
with respect to a quotient method.

All constants on which the penalty depends do not have the same status. The constants
®; and ||q|| are known, since the wavelets basis and the noise distribution are known.
The constant fj is unknown but it can be estimated (see Remark 5.2). Then, even if it
means replacing fo by an estimator fo, the penalty is computable, especially since the
dependence coefficients of the sequence do not appear at all in the penalty.

The condition v > 3/4 is due to an additional term of order DT /n (coming
from the term (1/n)> " ; Qr2(Y;) in the contrast) inside the penalty. If v > 3/4, then
2y +7/2 < 4y + 2 and D22 /n is the dominant term. If v = 3/4, the result is still true
but the constant in the penalty also depends on ||IT|| 4. In the other cases the estimation
is possible but the term D*™ /n is not negligible any more and the order of the variance
(and consequently the rate of convergence) must be changed. This constraint v > 3/4
is not restrictive since v must be larger than 1/2 in order that ¢ be square integrable.
Moreover in the case of a Gamma noise, ¢ is not bounded if v < 1.

We can now evaluate the rate of convergence of our estimator.

Corollary 5.1 We suppose that the restriction of 11 to A belongs to the Besov space
BS (A) with v > o — 1. Then, under the assumptions of Theorem 5.1,

[Tl —T1]J% = O(n” w7677,

There is to our knowledge no lower bound for our precise estimation problem and
such a study is beyond the scope of the present work. But Clémengon (2003) proves the
optimality of the rate n~%at4i¥2 in the case where f belongs to By _(R) and fII belongs
to Bf . (R?).

Nevertheless we remark that we obtain then the same rate of convergence with II
than those obtained with II,,, where D,,, = [n!/@t41+29)| but whitout requiring the
knowledge of a. That is why we can assert that this estimator is adaptive. Moreover
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our estimator is better than the one of Clémencon (2003), which achieves only the rate

(log(n)/n) 74777, Tt is also an improvement of the result of the chapter 4 because this
rate is obtained without requiring that f has a regularity a.

5.4.2 Sketch of proof of Theorem 5.1

We give in this section a sketch of proof of Theorem 5.1.
Let m € M,,. We denote by II,, the orthogonal projection of II on S,,. We have the
following bias-variance decomposition

E[I—T0|% = B[ — L, |5 + [T, — 1%
The term ||IT — T1,,||3 can be written in the following way

T =TIl = 11T = T 3 iy + I = T30 gty
< |y — W5 + ||Hm||,24]1{||ﬁmll>kn}

since II = 0 on the set {||ILz|| > k,} and II = II; on the complementary. The term
HHmHiﬂ{”ﬂmH>kn} is easy to deal with, the main term is ||II; — II,,||%. But, on T, the

definitions of II,, and m lead to the inequality

Yo(ILz) + pen(m) < v, (IL,) + pen(m). (5.7)
Letting Zym(T) = = >0 [V (Ye, Yig1) — Qrm,,, (Yr)], & fast computation gives

~ A ~

'Yn(Hm) - 'Yn(HM) = ‘Ijn(Hm - Hm) - QZn,M(Hm - Hm)

so that (5.7) becomes

~ A

U, (IL;, —1L,) < 2Z,,(I1; —II,,) + pen(m) — pen(m)
< 2Ly —Tllf sup  Znm(T) + pen(m) — pen(in)
TE€B (m )

where By(m,m) ={T € S+ Sm, ||T||f =1}. The main steps of the proof are then

1. to control the term suprcp, Znm(T),

(m,mh)
2. to link the empirical “norm” ¥,, with the L? norm ||.|| 4.

e To deal with the supremum of the empirical process Z,, ,,(T"), we will use an inequality
of Talagrand stated in Lemma 5.5 (Section 5.6.8). This inequality is very powerful but can
be applied only to sum of independent random variables. That is why we split Z,, ,,(T)
into three processes plus a bias term.
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Zn(T) = ZXN(T) — ZP(T) + Z5N(T // z,y)(I1 = ) (z, y) f (z)dzdy
with
’Z,(})(T) = % kzn: Ve (Ye, Yir1) — B[V (Y, Vi) |1 X1, - -+, X
i
22(1) = kZ Qrn, (Yi) ~ E[Qrm, (V1)
-
AP) = 1 3T (K Xi) BT (X, X
\ =

For the first process Z,gl), we get back to independent variables by remarking that,
conditionally to Xi, ..., X, 11, the couples (Yo;_1,Y%),i = 1,...,(n+1)/2, are independent
(see Proposition 5.3).

For the other processes, we use the mixing assumption H2b to build auxiliary variables
X7 which are approximation of the X,;’s and which constitute independent clusters of
variables (see Proposition 5.4).

e To pass from V¥, to the L? norm, we introduce the following set

3
A={¥T €S |T|} < Su,(T)}

We can easily prove (see Section 5.6.3) that A C I". Then,
. 3.4 -
1L, — Ml ala < §f0 W, (M, — ) Ly

It remains to prove that P(A°) = P(3T € S, V,(T) < (2/3)E[¥,(T")]) is small enough.
It is done in Proposition 5.2.

5.5 Simulations

To illustrate the method, we compute our estimator II for different Markov processes with
known transition density. The estimation procedure contains several Fourier transforms,
which can seem heavy, but the computation of v, , for all the basis functions can be done

beforehand. Next, to compute II from data Y3, ..., Y11, we use the following steps (see
Section 5.3.3):

e For each m, compute matrices GG,, and Z,,,

e Deduce the matrix A,,,
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A

e Select the 7 which minimize 7, (IL,,) + pen(m) = —*A,,Z,, + pen(m),

e Compute IT using matrix A;,.

We consider the different kinds of Markov chains described in Section 1.5 of Chapter 1.
We consider two different noises:

Laplace noise In this case, the density of ¢; is given by

A —Alz * )‘2
Q(w)zge gt () = m;

The smoothness parameter is v = 2 and we choose
1 /2\2 /D \"

n 20 100 250 500 1000  noise

AR() 0579 0407 0270 0230 0209 Lapl
0.599 0.480 0.313 0.272 0.245 Gauss
AR(i) 0380 0294 0.195 0.155 0.139 Lapl
0.339 0.304 0.280 0.273 0.271 Gauss
VCIR 0171 0.138 0.123 0.118 0.111 Lapl
0.199 0.169 0.150 0.142 0.139 Gauss
CIR(iii) 0.420 0.345 0.237 0.195 0.175 Lapl
0.337 0.302 0.276 0.245 0.209 Gauss
CIR(iv) 0.525 0.403 0.337 0304 0.292 Lapl
0.369 0.345 0.344 0.327 0.321 Gauss
ARCH 0.312 0.287 0.261 0.185 0.150 Lapl
0.337 0.319 0.296 0.290 0.183 Gauss

A=5.

Table 5.1: MISE E||II — IT||*> averaged over N = 200 samples.

Gaussian noise In this case, the density of ¢; is given by

(1) = e 3 g@)=c T A
q(x) = e 22, g'(r)=e 2 ; =0.3.
AV 21
This noise does not verify Assumption H1 but it is interesting to see if this assump-
tion is also necessary for practical purposes. Given the exponential regularity of this

noise, we consider the following penalty

pen(m) = %exp()\QD?n).
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Figure 5.1: True II (black) and estimator IT (white) for process ARCH observed through
a Laplace noise, n = 500
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Figure 5.2: Sections for the process AR(i) observed through a Laplace noise, n = 500
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Table 5.1 presents the L? risk of our estimator of the transition density for the 6
Markov chains and the 2 noises. These results can be compared with those of Chapter 2
(Table 2.2) where the processes were directly observed, i.e. without noise. The risk values
are then higher in our case, but with the same order, which is satisfactory. It is noticeable
that the estimation works pretty much the same with the Gaussian noise, but with a
slower decrease of the risk. It is a classical phenomenon in deconvolution problems, since
the Gaussian noise is much more regular than the Laplace noise.

Figure 5.5 allows to visualize the result for the process ARCH observed through a
Laplace noise: the surfaces z = II(z, y) and z = II(z,y) are presented. We also give figures
of sections of this kind of surfaces. We can see on Figure 5.5 the curves z = II(z, —0.44)
versus z = II(x,—0.44) and the curves z = II(1.12,%) versus z = II(1.12,y) for the
process AR(i). Generally, for a multidimensional estimation, the mixed control of the
directions does not allow to do as well as a classical one-dimensionnal function estimation.
Nevertheless the curves are here very close.

5.6 Detailed proofs

5.6.1 Proofs of Lemma 5.1

In these proofs, we shall use the following formula, directly deduced from the definition
of Pjk
(ps)" () = 2726/ " (uf27).
Proof of Property P3
It is known that, for all (ay),

Hzak%kHoo < ()2 (an) oo
Therefore
\Z%k )| < C)22|eille < C'(9)2 (5.8)
and | 37, 0% (x)| < Zj:J C'(p)27 < 2C"(p)D,,. Then the property holds if &, > 2C" ().
Proof of Property P4

According to the definition of v,

el & o [0 1l
s (@] < o >|d§2w 2 o) ¢

2]/2/ |g0 "
lg*( v23 ’
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by change of variable. Next, it follows from Assumption H5 that

27/2
ron@)] < B [ IO @2 + 100

kot

k , .
< L(Qa)wl/? / |SO*(U)|(U2 + 1)7/2d1) < CM_(QJ)%LI/?,
27 2

using Lemma 5.4 since r > v + 1. Then for all z,
k72 k 2
Z Vg, (2)]? < 3.27CF (23)27+1 <307 20 (97)h+2

LY gn2
that establishes P4 with ®; > 3C}_ky?/(47?).

Proof of Property P5

To prove P5, we apply the Parseval equality:

277" (u/2)]?
2
. = d
/‘UW‘ /| Vol 27T/ lg*(—u)|? !
_ lo* (v
B /]q 023 ’2

Assumption H5 then gives
1 .
Jloesl < 5 [l PR (@22 + 17d0
k 2 k 2
< L [l E)PE + 17 < Coa ),

because 2r > 2v + 1. And finally

=2
|V, |7 < 3.27Ch —(QJ)

Then P5 holds with ®; > 3Cy 0,k /(27).

Proof of Property P6

We begin with computing \v%k@jk/ (x)| by using the fact that (p;rpr)* is equal to the
convolution product @7, * ©7.
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1 I(%k%k/)\ / @i (v ||sojkl u—v)|
U@jk@jk/ (x) | — 27T _u)‘ = 2’/'(' | dUd
J _ J
< / Iso (v/27) ||90 ;u” v)/2)\dudv'

Now a change of variables gives:

Hso y)|
| %k%k/ ‘ = 27T // 2]x)| dl‘dy

’% %o giy / 0" @) (@ — (@ + 1) 2dudy.

Then Lemma 5.4 shows that

k! .
oo @) £ @PIC] [ el 10 s

27 2| >1

+ / (22 + 1)7/20195]
|z <1

Then, since r > v + 2, there exists C' > 0 such that

(@) < C@)y.

‘Usojwjk/

Now we observe that ¢;; and ¢, have disjoint supports if kK + N < k' — N + 1 or
'+ N <k— N+ 1. Then

k'4+2N—2
S g @D D )P < 3.27(AN — 3)C*H ()T,
kK’ k' k=k'—2N+2

Hence, if ®; > 3(4N — 3)C?, P6 is proved.

Proof of Property P7

Applying Parseval’s equality,

1 [ (o) P (w)
‘U kP /‘2 = . du
/ e lq*(=w)[?

= /| jk%k/ I U)dv.
2Jv )|?
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But

(oo ) (@0)] < / 05 (2) |t (20 — 2)|dz

< 29 [0/l (@0 - 2)/2)lds
< [Iewlle'e -l
We use Lemma 5.4 to write
[ (piren)* (270)] < G [[o]' ™ Djpys1 + Ljpj<a] - (5.9)

Then, it follows that
/|U 2 < Q—j/oz(‘v|2(lT)]lv>1+]1v<1)dv
el = o (20
kg 227

= 703 /(‘012(1”1|v|>1 + Lyy<1)((270)% + 1)7dv

k0_22] 20627 2(1 2
< G277 / )23 (0% 4+ 1)Vdw +/
2m o[>1

o<1

(v® + l)ydv)
< O(Qj)%ﬁl'

We now sum this quantity for all k, & by taking account of the superposition of the
supports.

k'+2N -2

2 2

E /|Usajwjk/| —§ § /|U¢jwjk/|
Kk K k=k'—2N+2

< 3.27(4N — 3)C(27) < 3C (4N — 3)(27)*7+2
which concludes the proof, if ®; > 3C (4N — 3).

5.6.2 Proof of Lemma 5.2

We have already proved the first two points in Chapter 4 Section 4.7.1.
We proceed in a similar way for Q. Since Qr(Yy) = 1/2x [ €T (u,0)/q*(—u)du,
then ) T (,0)
. *(u,
BlQr(YD) X s Xowi) = 5 [ Bl Xi.. X

(=0 du.

By using the independence between (X;) and (g;), we compute

E[@iyku’Xl, o ,Xn+1] _ E[eiXkueisku’Xb o ,Xn+1] = eiXkuE[eisku] = 6iXkuq*(_u).
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Thus

1 [ cus T*u,0 1 [ i
BIQr (IXi, - Xoni] = 5 [ %% <—u>ﬁdu — 5 [ T (,0)du.

By denoting by T}, the function = — T,(z) = T'(z,y), we obtain

T (1, 0) = / / eV, (2)dady — / T (u)dy

and then

5 | ¢ T*(u,0)du = o //e T (u)dydu

(5.10)
= /Ty(Xk)dy = /T(Xk,y)dy.

5.6.3 Proof of Theorem 5.1

We start with introducing some auxiliary variables whose existence is ensured by Assump-
tion H2b of mixing. In the case of arithmetical mixing, since § > 8, there exists a real ¢
such that 0 < ¢ < 3/8 and ¢f > 3. We set in this case ¢, = [n¢|. In the case of geometrical
mixing, we set ¢, = |clog(n)| where ¢ is a real larger than 3/6.

For the sake of simplicity, we suppose that n + 1 = 2p,q,, with p, an integer. Let
for [ = 0, ey P — 1, Al = (X2lqn+17 ‘“7X(21+1)qn)7 Bl = (X(QlJrl)anrl, ‘“7X(21+2)qn)‘ As in
Viennet (1997), by using Berbee’s coupling Lemma, we can build a sequence (Aj) such
that

A; and A} have the same distribution,

Aj and Aj, are independent if [ # [, (5.11)
P(A # A7) < By,

In the same way, we build (B;) and we define for any | € {0,...,p, — 1},

Af = (X5, 115 ...,X&H)qn), B = (X€2l+1)qn+1’ ...,X(*QHQ)%) so that the sequence

(X7, ..., X}) is well defined. We can now define
O ={Vi,1<i<n+1 X;=X}

Let us recall that S is the space S,, with maximal dimension D? < nﬁ We now
adopt the notations

w

A={vVTeS HTH?g?Ifn(T)}; Q=AN0%.
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Let us fix m € M,,. We denote by II,, the orthogonal projection of Il on S,,. Then we
have the decomposition

BT < 2B (I - Tol*Lol i, 1, ) + 2B (I = T *Lol g, 10, )

+2E (|71 = Ty L ) + 2/ — TI)I%

IN

2F (||ﬂm - HmH?]lQ) + 2|0, ||°E (ﬂﬂﬂmm“m)

+2E ([2][T1J? + 20T 2 e ) + 20Ty — T

Now, using the Markov inequality and the definition of II,

E(|[ILs]*Lo)
ka

+4(kp + [[T%)E (Loe) + 21T, — TT]J%.

EJ[TT = 1113 < 2B (|1, — Tl ) + 2/T1)1%

But E(||I;|*1g) < 2E(|| s — ILn||*La) + 2|, ||? and k, = /7, so
E|ITT - TI||% < 2E (Hﬂm - Hm||219> (14 2|T][%) + @
+4(n + ([TT1%) P(Q°) + 2| T, — TT)1%.
We now state the following proposition :

Proposition 5.2 There exists Cy > 0 such that

PQ°) < 22,

Hence

B[ - 1) < 20|T, — T3 + 2B ([ — 20 ) (14 2(11)3)
4 (5.12)
(TS + Co1 + ITIJ)).

Now we have to bound E <||IAIm - HmHQ]].Q). The estimators II,, are defined by mini-

mization of the contrast on a set I' defined in (5.6). Let us prove that this set I' includes
Q2. More precisely, we prove that A C I'. For T' = ), aywy € S,,, the vector A,, = (a,)
of its coefficients in the basis (wy(x,y)) verifies U,,(T) = *A,,G,, A,,. Then, on A,

2 2
AnGn A 2 SITI 2 ZfolITI
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Now, using P2, | T||* = A, A,, and then ‘A,,G ., Ay > (2/3) fo ApAm. If Ng is an eigen-
value of G,,, there exists A,, # 0 such that G,,A,, = \A,, and then 'A,,G,, A, =
Mo A Arn. Then, on A,

)\OtAmAm 2 %fOtAmAm

Consequently Ao > (2/3)fo. So A C I" and I1,;, minimizes the contrast on A.
We now observe that, for all functions 7', S
2 n
VlT) = (S) = V(T = S) — n Z[V(T—S)(Yka Yier1) — Qr-s)s(Ye)].
k=1

~

Then, since on A, 7, (IL;) + pen(m) < 7,(IL,,) + pen(m),

. 2 —
V(s =) = > Wi, -1 (Ve Yast) = Quir,, 11, (V2]
k=1
+pen(m) — pen(m)
< 2Zn,m(f[m —1I1,,,) 4+ pen(m) — pen(m)
< 2Ly —Tlly sup  Znm(T) + pen(m) — pen(in)
TE€B (m,)
where
1 n
Znm(T) = — ;[VT(Yk, Vi) = Qrm, (V)]

and, for all m/, Bg(m,m') = {T € S,, + S, ||T|l; = 1}. Now let p(.,.) be a function
such that for all m,m’, 12p(m, m’) < pen(m) + pen(m’). Then

1 -
U, (I, — ,,) < §HHm —IL|[343[ sup  Z7,(T)— 4p(m, )] 4 2pen(m).

TeB(m,m)
So, using the definition of A D €,
. ) 3 .

Le 9
< Sl = T [Fl0 + 5 > [ sup  Z2,.(T)—4p(m,m)| Lo + 3pen(m)

m'eM,, TeBy(m,m’)

Thus

1 - 9
511 — I, |} 1o < 3 Y[ sup Z2,(T)—4p(m,m/)]1q + 3pen(m).
meM, TeBs(m,m’)
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And using Assumption H4,

s — M3l < 9f Y [ sup Z7,.(T) — 4p(m,m/)|1q + 65 'pen(m). (5.13)

m'eM, TeBy(m,m’)

Now, by denoting Ex the expectation conditionally to Xi,..., X,,+1, the process
Znm(T') can be split in the following way :

Zym(T) = ZI(T) — ZO(T) + Z3(T / / z,y) (1 — I, (z,y) f (z)dzdy

with
1 n
ZD(T) = - > Vi(Yi, Vi) — Ex [V (Ye, Yig)]

k=1
n

Z2(T) = =37 Qrn, (Vi) ~ ElQrm, (V)

ZI(T) = % > T(Xi, X)) — E[T(Xp, X))

\

Then, by introducing functions p;(.,.), pa(.,.) and ps(.,.)

sup  Zp . (T) = 4p(m,m') <4 sup  (Z{(T)* = pi(m,m))

n

TeBy(m,m’) TeBy(m,m’)
+4  sup (Z,?) (T)* — pa(m,m')) +4  sup (ZS’) (T)? — p3(m,m))
TeBy(m,m’) TeBy(m,m’)
+4((p1 + p2 + ps)(m, m') — p(m, m)) + 4 w [[(TT — TLn ) LAl T3
TeBy(m,m’

We now employ the following propositions.
Proposition 5.3 Let py(m,m’) = K\ D" /n where m” = max(m,m’). Then, if r >
2y + 1/2, there exists a positive constant Cy such that

> =

m/eMn

sup Z,(ll)(T)2 — p1(m, m/)] ) < ﬁ
+

TeBf(m,m’) n

Proposition 5. 4 Let pa(m,m’) = pM (m,m!) + P (m, m!) with pY (m, ') = K| T4
D27+7/2/n and p2 (m,m') = Ko|II)% (32, Br) D2 /n where m” = max(m,m'). Then, if
r > 27+ 3/2, there emsts a positive constant Cy such that

> 5

m,GMn

G
n

sup Z£2’(T)2—pz(m>m/)] llsz) <
+

TeBs(m,m’)
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Proposition 5.5 Let ps(m,m') = Ks3>, fox D2,/ /n where m” = max(m,m’). Then,
there exists a positive constant Cs such that

> =

m,GMn

C.
sup  Z(T)? — pa(m, m’)] ﬂn) <=
Jr

TeBs(m,m’) n

The two first propositions are proved in Sections 5.6.6 and 5.6.7. The last proposition is
proved in the chapter 4 (for another basis but only the property P3 [| 3, ¢3[lcc < ®1Dy,
is used).

Then we get
Ci+Cy+C
Z E sup Zim(T) —4p(m,m)| 1q | < 4M
m'EMn, TeBy(m,m’) n
AT =) TallF+4 > (21 +p2 + ps)(m,m') — py(m,m)).

m'eMn

But, if v > 3/4, 4y +2 > 2y + 7/2 and there exists my such that for all m’ > mso,
p1(m,m’) > pa(m,m’) + ps(m, m’). That implies that

Z (pr(m, m) + pa(m, m') + p3(m, m’) — 2pi(m, m’))

m’GMn

. , , C(ms)
< — < .
< mém (p2(m, m") + p3s(m,m') — py(m,m’)) < -

Thus in the case v > 3/4, we choose p = 2p; and

> &

m'eMn

sup Z?Z A(T) —4dp(m,m')| 1q | < 401 +Cot s+ Cma)
: n (5.14)

TeB(m')
4[| flloo,a, [T = T |5

If v = 3/4, we choose p = 2(p; +p§1)). Since there exists ms such that for all m’ > meo,

pr(m,m’) + pgl)(m, m') > pg) (m,m') + p3(m, m'), we can write

Z (p1(m,m") + pa(m,m’) + ps(m, m’) — 2p(m, m"))

m'eM,,
C(m
< 3 G2 (mom’) + py(m,m’) — pi(mym') — p) (m,m')) < (n 2
m/<mo

and (5.14) holds.



182 Chapitre 5. FEstimation de la densité de transition par contraste moindres carrés

Finally, combining (5.12), (5.13) and (5.14), we obtain

) 4
BT — 105 < 2{ T, — % + — (T[4 + Co(1 + [ITT]1%))

a1 2oy 4P 2 ok Ol

+2(1 + 2[[IT]|%)6 f5 'pen(m).

o 4l Flloo.a, 1T = T

Then, by letting C' = max(2 + 72f5 || flloo.a; (1 + 2[|II[|4), 1251 (1 + 2||11]|3)),

!/

~ C
E|II - I1||3 < inf (||II,, — II||? —
IT-TI3 < C inf (I — T3 + pen(m)) + —

We still have to check that 12p(m, m’) < pen(m) + pen(m’). But, if v > 3/4,

12p(m, m') = 24k, 2w oy e WEm £ Sw )T )+ pen(m)
n n

with pen(m) > 24K, D2 /n. And if v = 3/4,

D5 "
12p(m, m') = 24(K; + KQHHHA) - < pen(m) + pen(m’)

with pen(m) > 24(K, + Ko [T[3) Dl 2/n.

5.6.4 Proof of Corollary 5.1

It follows from Meyer (1990) Chapter 6, Section 10 that IT belongs to Bj . if and only if
sup; s 2%°(32, laju|*)'? < oo with ajy = [ T(z, y)@ir(2)pji(y)dedy. Then

A3, Sp) =D ) aul* <C> 279 < C'D

ji>m kil j>m

Since d* (11, S,,,) = O(D,>*), Theorem 5.1 becomes
1 2 " 2 D4’Y+2
E|IT —-1II||5 < C" inf {D_**+ 71,
-1 < ¢ g (D + 2o
with C” a positive constant. By setting D,,, the integer part of n!/(*1¥2042) "then

4~v+2

- D
EJ|TT - |3 < C"{Dy2 + =™—} = O(n” weew2),
n
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5.6.5 Proof of Proposition 5.2

We first remark that P(Q)°) < P(Q%¥) + P(A° N Q%). In the geometric case f,, <
e~0elos(n) < p=b¢ and in the other case 3, < (¢,)”% <n~%. Then

P(QY) < 2p,f,, < nt=<,

But, c¢f > 3 and so P(2%) < n~2.

We still have to bound P(A° N Q%). To do this, we observe that if w € A then
there exists T in S such that || T|7 > (3/2)¥,(T) and then ||T'||7 > (3/2)ExW,(T). But
ExU,(T) =+ >0 [ T*(Xk, y)dy. So P(A°N Q%) < P(AN Q%) with

31
r_ 2 2
N=(Tes Tl <Y [ ey
Let us remark that (1/n) Y2, [ T*(Xy, y)dy — |T||} = va(T?) with

() =23 () - BT (X))l

Hence
P(A* NQ) < Psup v, (T)[Lay > 1/3)
TEeB

with B={T"'eS |T|;=1}
A function 7" in S can be written T'(z,y) = ZT:OJ > @ikieik(T) @i (y) where myg is
such that S = S,,,. Then

Vn(T2)]lQ§( = Z ajklajk’lﬂn(@jk(pjk‘/)
kKL

where
Do(u) = = > [u(X]) = B(u(X))] (5.15)
i=1
Let bjk = (Zl a?kl)l/Q, then ‘Vn(T2)| S ijk’ bjkbjk"ﬂn(gojk@jk’ﬂ and, it T e B, ij b?k =
ij;z a?kl = ||T|* < fo_1
Thus,
sup v (T2)] < f' sup Y bjdjw |Pu(@upin )|

For the sake of simplicity, we denote A = (j, k) and X' = (j, k") so that

sup v, (T?)| < f3' sup Zb,\bx|z?n(gp)\gp)\,)|.
TeB Y03=1"5y
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Lemma 5.3 Let By = |[[ga@n oo and Vix = [[oaen||. Let, for any symmetric matriz
(Axx)

p(A) = sup Z laxax|Axx
Ya3=1\y

and L(p) = max{p*(V), p(B)}. Then there exists g > 0 such that L(p) < ®yD?.

This lemma is proved in Baraud et al. (2001) for an orthonormal basis verifying
>3 @3 llee < @D, that is ensured by property P3.

i
241 f llco,a, L)

. {vm' Baliorn)| < [ch " vAM/2Hf||OO,A1x} } .
3111[; |Vn(T2)‘ < fo’1 sup Z baby {B,\,,vl’ + VA,,\'\/ QHfHoo,All’]
S

YR=150n

< [p<B>x n ﬁ(V)\/QHflloo,Alx]

fo p(B), 1 (/32(‘/))1/2 1,1 1
S Ul L) T VLR ) 23553

Then P (322‘”””2)’ > 1/3) < P(D°). But 0,,(u) = 1 (1) /2 + Upo(u)/2 with

Now let z = and

On D:

S— [ ~~—

o Yia(u) = —25”5;%[ (X7) — E(u(X))],
Yio(u) = —ZS”J&?& o [u(X7) = E(u(X7)).

To bound P(I/n,l(gp)\gp)\/) > Byvx + Vi v/2|| fllco,a,%), we will use the Bernstein in-
equality given in Birgé and Massart (1998). That is why we bound E|Y; 1 (u)|P:

1 (21+1)Qn
EYia(uw)? < SQlull)?E| D [u(X]) - E(u(X]))]
n i=2lgn+1
|| ese. 2
p—2
< (2flull) q—QE > [u(X:) - E(u(X;))]
o i=2gn+1
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since X} = X, on Q2%. Moreover an elementary convex inequality gives

(2141)gn

ElY ()" < (2flulleo)”™ Z Elu(X;) — E(u(X;))[?

"= 2lgn+1

< (2HUH<>o)p2/u2(x)f(x)dx < 277 (Jlulloo)" 2 (3 1 f oo, lll)*.

With u = @xen, BIY1(exea) [P < 2072 (Bax)? (/| flloo,a: Vav)?. And then

P(|7n,s(oxpa)| = Bayvx + Van /2 flloc,a,7) < 26777

Let C' = f§[48]fllco.a,) ", so that z = 2C/L(yp). Given that P(A°N Q%) < P(D°) <
T P (17n(ex02)] > Buwa + Va2l ).

L(yp) G L(p)

But L(p) < ®,D? < &gn'/**D and ¢, < n'/? so

2p,C
P(A°N Q%) < 4D%exp {— i } < ApM/ @+ exp {—C " } )

B ’
P(AC N Q;{) < 4n1/(2"1+1) exp —QTLQ(?;Y“}D < g
q)() n?

because v > 1/2.

5.6.6 Proof of Proposition 5.3
First we need to isolate even terms from odd terms in Z\" (T') to avoid overlaps: z) (T)1g- =

1
5(z“ V(1) + Z82(T)) with

1 n
Z(T) = 0 Z Vr(Ye, Yiga) — Ex [V (Yi, Yig))
i=1,i odd
1
Z(LQ) (T) — E 4_12 VT(}/;, }/;Jrl) - IIE13)( [VT(K7 1/;Jrl)]
It is sufficient to deal with the first term only, as the second one is similar. For each i, let
U; = (Yai-1, Y2;), then

n/2

Z7(11 1) n/2 Z {VT —Ex [VT(UZ)]} .



186 Chapitre 5. FEstimation de la densité de transition par contraste moindres carrés

Notice that conditionally to Xi,..., X, the U;’s are independent. Thus we can use the
Talagrand inequality recalled in Lemma 5.5 to bound

“

We first remark that Property P1 entails By(m,m’) C S,,» with m” = max(m, m’). Then,
if T belongs to By(m,m’),

sup  ZUD(T)? — py(m, m/)] ) .
Jr

TeBs(m,m’)

Z > ajupin(@)en(y)

j=J ki

with ijl &?kl = |TI* < fo "
e Let us bound ||Vr|l« for T in Be(m,m/). If T'(x,y) = ijl aiin(®)ei(y),

‘VT(-Tay)‘Z < Z@?klz ’VSOjk@Sojl(x?y)’Q'

ki ki

Then, since Vigi(z,y) = vs(x)ve(y),

sup  [Vi(z,y)” < S ) Jog,, (@)v,, (v) .

TeBy(m,m’) ikl

But, according to Property P4, || 3, [v,,, [*[loc < ®1(27)*2. So

"

m ) 24'y+4 P
sup  ||Vp||A < fi'e2y ()M < frter DM
Te B, (mom) 0 1 FZJ 0 1 2y+4 _ 1M

and M, = f, '/2®,,/20F] 20+ — 1) D232,
e To compute H? we write

Ex[ sup 1< fy ZEX %k@)%l) ]
Ter(m,m/) jkl
1 n
< fy'Y Varx (5 > v (Y, (Yi“)>
ki i=1,i odd

< I3 Ve (0, (V)0 (49)) < 22 ST B, (V) P, (42) ] (5.16)

jkl jkl
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Here Vary denotes the variance conditionally to Xy, ..., X,,11. Now, for any function G,
the following relation holds

Ex[|G]*(V1,Y2)] = Ex[|G](X1 + €1, Xy + &3))]
= / |G (X1 + 21, Xo + 22)q(21)q(22)dz1d 2

— [ 16P (s, w)atus ~ X1)atus — Xa)durdus < gl |GIP
)

Then, coming back to (5.16),

f—l
Ex | sup  Z8V(T)?| <2 lgllZ ) og, ® vp, )
TeBy(m,m’) n ikl
2 m!
fo HQHOO Z (Z o, kH2> P fo gl 1HQHOO Z (29)r+2,
J

using P5. Then H? = &2 f;1||q||2 242/ (2042 — 1) =22,
n
e We still have to find v. First

Varx (Vz(Yi, Yis1)) < Ex|Ve(Yi, Yied))? < llallZ ]| Vel)?
We now observe that ||VT||2 = ||VZ||?/(47?) and then

T*uv

HVTH2 = dudv

47T2 ¢ (—u)g*(—v)

T* 2
// ‘ uv\ dudv //|T*uv\2dudv
47T2 " (—

Isok wz v)|?
DI // S dudu /TP

jk}l )|

47T2

For T' € B¢(m,m’),

£ | (u s (w)?
HVTH2 S o fO zJ:Z/‘ ? Wdu

But (p;5)*(u) = 279/21*/% p*(4,/27) and then

\s@é‘k( w2l
e >|4d</ \q( ) !

\w
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Since r > 2y + 1/2, Lemma 5.4 gives

2

Z /|‘903k ‘Zoj(l( ))|| Cl <322]022 k 8(2j)8'y

(k,l)EN,;

Then

Con fo k"
2

m'’ _ 8y+2 1/2
[Val? < S a2y < Coanfo Ko (o) ou

27 28v+2 — 1
j=J

and v = ||q||2, Couy fo tho V3.25F2DIF /(2704/287F2 = T).

We can now apply inequality (5.19)

n 2

w2 M? _en
E[ swp |ZM(T)P -6H, <C (Eekl o+ he ’“H)
n

TeBs(m,m’) n
4y+1 4y+4
< C/ ‘Dm” e*kﬂ D,.n T Dm" e*ké /D, )
- n n?

But there exists a positive constant K such that

§ D4’Y+1 —k D ! < K
m EM'n

. _1 4y+4 gt _ Ll Y/ (2v+1)
h/[oreover7 since Dm// S n4'\/+27 Drr?;j» e kQ\/ﬁ/Dm// /,n S ’]7,1/(27—’—1)6 ]C?n'y Y S0 tha,t

1
g D:ﬁfﬁle kQ\/ﬁ/Dm”/nQ < K'/n.
m/'EMp,

Then, setting K; = 603 f; ! ql[2.24772/(2477 — 1),

Doy o
SB[ sw o (2000 - K2y, <&
m'eM, TeBy(m,m’) n n

and the proposition is proved.

5.6.7 Proof of Proposition 5.4

Since II,,, belongs to S,,, it can be written

Z Z bjrrv e () ()

J'=J (K ")eN;
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with >y U5y = [T [ < [ITI[[%. From the embedding Bf(m,m') C S, (where
m” = max(m,m’)), we have, if T belongs to By(m,m’),

Z Z a]kl(p]k ijl(y)

j=J (k,l)EN;

with ijl &?kl = |TI* < fo "
We use the Talagrand inequality (5.19) in Lemma 5.5. But the variables Y; are not
independent. We shall use the following approximation variables

Vi<i<n+1l Y'=X'+e,

These variables have the same properties (see (5.11)) that the Xf’s. More precisely,

let for [ = 0 <53 Pn — ]- Cl ()/Qan-i-l? .- }/(2l+1)Qn)7 -Dl - (}/(2l+1)Qn+17 s }/(2l+2)Qn)7 C(;< =

(Yﬁq 410 Y(;Hl)qn) D = (Yyy1)gut1 -+ Yor49)g,)- Then, since A; and A have the same

distribution and the sequences (¢;) and (X;) are independent,
C; and C} have the same distribution.
Moreover the construction of A; via Berbee’s coupling Lemma implies that
C; and C}; are independent if [ # I'.

Now we split Z{? into two terms: Z\2(T)1q = (1/2)Z3(T) + (1/2) 232 (T) where

/ pn—1 2l+1 Qn
Z@(T Z Z Qrm,, (Y;") — E[Qrm,, (Y;)]
Dn In ;_ 21gn+1
1 Pn— 1 1 (21"”2 dn
ZT(ZZ,Q) (T) - Z _ Z QTHm( ) - E[QTHm (Y;*)]
\ Prn 025 I o g1

Then we apply Talagrand’s inequality to ZTSQ’I)(T).
e Let us first compute M;. We have to bound ||Qrm,, |l for T in Bg(m,m’). By
linearity of )

Qrn,, (z) = Z Akl Z bjrkt Qg na®enes (z)

Jkl JET

Then, since Qg¢(x) = vs(z f t(y)dy, using the Schwarz inequality,

Z %kzb ik Z "US@ngOJ/k/ /%l%/l”
< S A D gy ()1

k'l

IN

|Qrm,, ()]
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since the ¢;; are orthonormal. The property P6 then gives

m'

1Qm. 1% < fo T @ > (27)H327
j=J

so that My = f /2||T1|| 4/ 25+ /(20+ — 1) D42
e Now, we compute H?. For T' € By(m,m'),

ZEVT)P <Y adu ) 1230 (o @ )l

ki ki
Thus
E| sup ZPV(TP| < fi' Y E[Z3V (0 ® pp)]
TeBg(m,m’) jkl
pn—1 (2141)gn
<f' Z\/ar Z Z Qejneen) i (Y77
Gkl Pn In ;_ 2Agn+1

The variables (C}) are independent and identically distributed so

< fo Z — Var

jkl Pn

2,1 2
n

E sup

TeBy(m,m')

1 &
— Z Q(Sﬂjk@)sﬂjl)nm (YZ*)
In =

But, on Q, C; and C7 have the same distribution, so that

Var = Var

Z Q Sojk®99]l Hm )

1 &
- Z Q(%k@s&jz)nm (Y’*
In 527

But, coming back to the definition of Qr, for i; # 1o,

COV %k@cpgl H'm 21)7 Q(%k@s@jl)nm (}/12))
L // (eWirte-iViav) (@it ® 9i0)Wn]" (1, 0) (9 @ i) " (=0,0)
47T ¢ (—u) q¢*(v)

e // (ente™ ") (i © @)y (u, 0)[(95n @ i) )" (=0, 0)dudv

since E(e®nte~*2") = ¢*(—u)q*(v). Now using (5.10),
COV(Q(QDMQ?%z)Hm ()/il)7 Q(@jk@@jz)ﬂm ()/22))
= COV(\/(QDJ']C ® ijl)Hm(Xila y)dy> /(gpjk ® ijl)Hm(Xiza y)dy)
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It implies that

Var < — Z Var[Q (00,1, (Yi)]

q”il

1 &
- Z Q(%‘k&ﬂjl)nm (¥3)
In =

+Var Z/%k®%l (Xi,y)dy]
And then
E sup Z7(12,1) 72| < £! VarQ( Y
TeBjy(m,m’) ( ) 0 %l:pnqn [ (pik®@p;)I ( 1)]
qn
+fy Z — Var Z/ wir ® i)l (Xz,y)dy] (5.17)
jkl Pn

For the second term in (5.17), we use Lemma 5.6 to write

qn
Z\/ar Z/ ik ® @)1l (Xuy)d?/]

Jkl

4
< 22l g [ (e o (X sl

an

kL
But
/(%’k @ @) (Xi, y)dy = Z by e (Xi) / pipyr(y)dy = Z biwipjnpir (Xi)
5k k!
so that
31 [ (o ® e ln(Xis)dyl < I Y oo (X0 < 1152205
I kRl

using property P3. Therefore

qn
b
Z\/ar Z/%k@@%z (Xuy)dy] Zk "’||H’|Aq>2 D5
In =

ki

Then we have bound the second term in (5.17) by 25" ", Bl[1||3®3D2,. /n.
For the first term in (5.17), we bound 3~ E[|Qp, 00, (Y1) [?]:

ZEHQ(@M(@%l)Hm(E)‘Q] < Z b?’k’l’z Z ‘ /(pjl(pj'l’FE‘U%k%/k/()/1)|2
ki R kL KT

< LY 2By, (Y1)

k!




192 Chapitre 5. FEstimation de la densité de transition par contraste moindres carrés

But Elvg, 0. Y= Ve 1,0 (T 7)|*p(x)dx where p is the density of Y. Since p =g * f,
Ip(x)| < Hq”oo for all z. Then

Bl (D < el [ 1000, 2)

and

Y ElQupepm. (Y] < ||Hr|,4||qr|oo22f / Vg0, () Pdz
kk’

Jkl
) m'’ —_— ) 22'y+3 93
< A llglloe®r Y (227 < LA alloo®1 55 g— D™
J=J

applying Property P7. We obtain finally

2v+3
227-1—3 DW;Y”

2273 — 1 n

E sup  Z2V(T)?

TeBy(m,m’)

< 2f 1T g/l ®:

_ D?n//
s Y e e
k

Since the order of nH? has to be larger than the one of v, we choose

D72 D3,
H? = 2f5 H|T1)|%®1 max(||q[| 22/ (227° — 1), @) e+ (> Br) 7’;
k

e Lastly, using Lemma 5.6 again,

(214+1)gn (214+1)gn
Var(— E Q. (Y7)) = Var(— E Q. (Vs
In 1=2lgn+1 In i=2lgn+1

—HEHQTHMIQ(H)IJ(E)] < q—nIIQTHMlloo(EHan|2(Y1)])1/2(IE[bQ(Y1)])”2
_ 4257, (k+1)5,

n

Q711 loo (B[ @, (Y1) (5.18)

We have already proved that [|Qrm,, [lee < fo /* [T 4y/®122F5/ (258 — 1) D42,

— m//

Now we need a sharp bound on E[|Qrr,, (Y1)|?]. We have

o0 TH
[ Qrn, ()P < alle [ |Qmm. [ = al /' uo '
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Then it follows from the Schwarz inequality that

E[|Q7,, (Y1 HqHOO\//‘ 2;"40)‘2du\//\(Tl'Im)*(u,O)Pdu

We will evaluate the two terms under the square roots. First observe that

(TTLn) (1, 0) = Y 0~ aguibyir (@inpyn) () (0iupiw)*(0) = > ajuabjun(pinjne) " (w)

Gkl §KT Gkl

since ((p]l(p]/l/ f@jl@j’l’ = ]l] =4 1=l Then

Jkk’l ikk'l

<ot Y / (piepger) () Pd
k'l
k'+2N -2

SR LY D IORND Dy (O

k=k'—2N+2

by taking account of the superposition of the supports. Using now (5.8)
[y woPd < 2 IR Y 292N -3

2
< 2rfy T @ (4N — 3)§D2

m

Now
|(THm)*(u,O)|2 2 | @JkQDJk’ ‘
[t < > .
jkk'l k'l
/ 23
< sty [l 4” .
jkk'l 2J/U)‘

Hence, inequality (5.9) and Assumption H5 show that

TTL,,)* (u, 0)[? . _ ,
/|( ‘q*()_i>|4)‘ du < f01||HHAZ/2302 |U‘2(1 ]l|v|>1+1|v|<1} ko H((270)? +1)Mdv
kKL
< RGO Y @)

k'l
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with C' = [ [[v[*"™ L1 + Ljyj<1] (v? + 1)*'dv < 0o as soon as r > 2y + 3/2. Then

/wn

2 k'+2N—2

du < fOIHHHAC2k04CZZ > @)

j=J k'l k=k'—2N+2

4v+3
< S ITACHRG C3(AN = 3) g D™
Finally
2 ’quo 1 247+3 2y+5/2
E[|Q7m,, (Y1)[T] < Jo T (AN = 3)Crky Om 7d D,
Then (5.18) gives
D27+13/4
v—¢§ﬁ»ummmwmw%m¢wé>q

Then replacing n by p,, in inequality (5.19) gives

Pn M2 _ pnH
E[ sup |Z7(12’1)(T)|2 _ 6H2]+ <C ( Vo H? 4 —16 k2 B )

TGBf(m,m’) pn pn
2v+13/4 2y+4 2 -V
< Cl Dm” efkiDi{,% 4 Dm” ne QnDi{;}
- n n?

where C” and ki depend on r, N, v, @1, fo, 11|l 4, [|¢]locs 2_x(k+1)5k and >, B. But there
exists a positive constant K such that

3 DX 1AM Dt < k.

m EMn

Moreover D;/,Z,l < n'/® and ¢, < n® with ¢+ 1/8 < 1/2, which involves

Y E

m,GMn

D2'y+7/2

TeBy(m,m’)

sup [ Z20(T)P? KzHHHA<

)] ok
S [
n

+

with Ky = 12f; '@ max(||q]|-2273/ (223 — 1), ®,). Thus, if ps(m, m’) = pgl)(m, m') +

P8 (m, m’) with pi (m, m’) = K ||T|2 D27 /n and p§? (m,m') = Ko|[T|2 (X, B) D3, /n,

then
> =

m,GMn

C
sup ZT(LQ)(T)2 — pa(m, m/)] ]19) < f
Jr

TeBs(m,m’)
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5.6.8 Technical Lemmas

Lemma 5.4 If |¢*(z)| < ks(2® +1)7"/2 for all real z then
e if s and « are reals such that sr > o + 1

/!90 (22 +1)*2dx < Cy o < 00
o ifr>1
/ )6 (@ = )y < Colle] Lo + L picr)

Proof of Lemma 5.4:

e For the first point, it is sufficient to observe that the function (22 + 1)(77s+®)/2 g
integrable if —rs +a > —1.

e By changing the variable (y = zu), we get

[ 1o — ity = [ I @u)e (w1 - u)fodu
/ ks|lzu| " ks|lx(1 — uw)| 7" |x|du
|u|>1/3 and |1—u|>1/3

+/ k3|lo(1 —u)|"|z|du +/ k3 |vu| |z |du
il <1/3 1—ul<1/3
du 23|
<kl > [ N e
|u[>1/3 [ul"
2'327’—1
{ r—1

Thus, if 2] > 1, [ [¢*(y)¢*(z —y)ldy < Cplz|' " and if [2] < 1, [|¢*(y)¢*(z —y)|dy < C;
with C, = k2(2.37=1/(r — 1) 4 22773""1).

[\CR NGV

213"
+ kg‘x’l_r§ ‘5

< k3

’.CE‘ 1-2r 4 2277"31”71 ‘xylr:|

O
Lemma 5.5 Let Ti,...,T, be independent random variables and
va(r) = (1/n) Y _Ir(T) = E(r(T}))],
i=1
for r belonging to a countable class R of measurable functions. Then, for e > 0,
E[Elelg n(r))? —6H? 4 < C (%e - ]\5—2126_1”%) (5.19)

with ky = 1/6, ky = 1/(21v/2) and C a universal constant and where

sup ||7llee < Mz, E (sup |1/n(7“)\) < H, sup-— Z\/ar
reR

reR rer N
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Usual density arguments allow to use this result with non-countable class of functions R.
This lemma is proved in Chapter 4 Section 4.7.8.

Lemma 5.6 (Viennet (1997)) Let (T;) a strictly stationary process with 3-mizing coeffi-
cients (. Then there exists a function b such that

Eb(Th)] < Zﬁk and  E[P*(Ty)] < QZ(k +1)6k

and for all function ¢ (such that E[y?*(T1)] < oo) and for all N

N

Var() " o(T3)) < ANE[|v[*(T1)b(T1)].

=1

In particular, for functions (1), Y, Var(zi]\il UAT;) < AN Be)ll a0 [0a ] o
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Résumé : Dans cette these, on consideére une chaine de Markov (X;) a espace d’états
continu que l’'on suppose récurrente positive et stationnaire. L’objectif est d’estimer la
densité de transition II définie par II(z,y)dy = P(X;41 € dy|X; = z). On utilise la
sélection de modeles pour construire des estimateurs adaptatifs. On se place dans le cadre
minimax sur L? et I'on s’intéresse aux vitesses de convergence obtenues lorsque la densité
de transition est supposée réguliere. Le risque intégré de nos estimateurs est majoré grace
au controle de processus empiriques par une inégalité de concentration de Talagrand. Dans
une premiere partie, on suppose que la chaine est directement observée. Deux estimateurs
différents sont présentés, 'un par quotient, I’autre minimisant un contraste moindres
carrés et prenant également en compte 'anisotropie du probleme. Dans une deuxieme
partie, on aborde le cas d’observations bruitées Y7,...,Y, 1 on Y; = X, + ¢; avec (g;) un
bruit indépendant de la chaine (X;). On généralise a ce cas les deux estimateurs précédents.
Des simulations illustrent les performances des estimateurs.

Mots-clefs : estimation adaptative, densité de transition, chaine de Markov, sélection
de modeles, contraste pénalisé, modele de Markov caché.

Adaptive nonparametric estimation for Markov chains
and hidden Markov chains

Abstract : In this thesis, we consider a Markov chain (X;) with continuous state space
which is assumed positive recurrent and stationary. The aim is to estimate the transition
density II defined by II(X,y)dy = P(X;41 € dy|X; = ). We use model selection to
construct adaptive estimators. We work in the minimax framework on L? and we are
interested in the rates of convergence obtained when transition density is supposed to be
regular. The integrated risk of our estimators is bounded thanks to control of empirical
processes by a concentration inequality of Talagrand. In a first part, we suppose that the
chain is directly observed. Two different estimators are introduced, one by quotient, the
other minimizing a least squares contrast and also taking into account the anisotropy of
the problem. In a second part, we treat the case of noisy observations Y7, ..., Y, 1 where
Y; = X;+¢; with (g;) a noise independent of the chain (X;). We generalize to this case the
two previous estimators. Some simulations illustrate the performances of the estimators.

Keywords : adaptive estimation, transition density, Markov chain, model selection,
penalized contrast, hidden Markov model.



