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Chapitre 1

Introduction

1.1 Contexte

La géométrie est omniprésente dans le monde physique apred teous vivons et, de ce fait,
les modéles géométriques et le calcul géométriqgue sonemiedans beaucoup de domaines
scientifiques et technologiques, comme la conceptiontéesgar ordinateur, la production,
I'infographie, la robotique, la biologie moléculaire, Iggstemes d’'information géographique,
I'astrophysique, la vision par ordinateur, la métrologiesaque beaucoup d’autres.

Depuis les années 70, la recherche en géométrie algoritlersigst appliquée a fournir une
base solide pour I'étude des algorithmes géométriques ggeesoit le domaine d’application.
Traditionnellement, la communauté de géométrie algoil s’est intéressée aux objets li-
néaires comme les droites, les segments, les polygonedalplas, et les points et polyedres
en dimension trois et plus. Un savoir-faire énorme a étéiasgules algorithmes géométriques
au cours de ces trente derniéres annees.

Pour beaucoup d’applications, en particulier dans les dwsade I'infographie et de la
modélisation géomeétrique, il est nécessaire de manipekeobjets plus généraux comme des
surfaces données sous forme implicite ou paramétriqueqigment, de tels objets sont gérés
en les approximant par des objets élémentaires comme degles. Cette approche est extré-
mement importante et elle a été utilisée dans presque teugdiiels utilisables qui existent
dans I'industrie et la recherche aujourd’hui. Cette appe@bependant quelques inconvénients.
Premierement, I'utilisation d’une forme approchée a laglde la géométrie exacte originelle
crée des disparités géomeétriques qui peuvent étre soupreblémes (comme la célebre faille
entre l'aile et le corps de I'avion). Une source de problémwient du fait que des milliers si
ce n'est des centaines de milliers de triangles sont géméeadt nécessaires pour approcher de
facon adéquate des objets courbes. Il faut également nao¢elleg objets courbes qu'il est né-
cessaire de manipuler dans les algorithmes géeomeétriquesnh@as nécessairement des objets
tridimensionnels concrets, mais également des objetsameattiques abstraits qui ne sont pas li-
néaires et qui peuvent étre définis en dimension supériearexemple, I'ensemble des droites
en dimension trois qui sont tangentes a trois polyédreshiet oentral dans les problemes de
visibilité, défini une surface quadratique réglée ; égaleties droites tangentes a une sphére
en trois dimensions correspondent, dans I'espace progcting dimensions, a I'intersection
de deux hyper-surfaces quadratiques.



4 CHAPITRE 1. INTRODUCTION

La géométrie algorithmique classique a peu a offrir lordgagit de manipuler la géomé-
trie exacte d’objets courbes. Les difficultés liées au dajéométrique sur les objets courbes
sont, la généralisation (ou, plus généralement, une caenpéonte) des algorithmes et struc-
tures de données les plus fondamentales (comme les diagaerivoronoi, les algorithmes
de balayage, et les arrangements), I'intrusion de protdéaiggbriques et donc le besoin de
logiciels algébriques efficaces, I'explosion du nombre ae @égénérés (dans les applications
géomeétriques, ils sont souvent la norme et non I'excepgdmonc une difficulté accrue pour
produire des logiciels robustes, et le besoin d’'incorpdeers I'analyse de complexité la com-
plexité arithmétique, I'nypothése du modéle «real RAM» aagedpérations prennent un temps
constant n’étant pas approprié dans ce contexte.

1.2 Survol et methodologie

Au cours des dernieres années, j'ai centré mes activitésotherches sur la géométrie algo-
rithmique effective dédiée aux objets non linéaires. Lgsetslzourbes considérés ne sont pas
nécessairement des objets tridimensionnels concrets,ggalement des objets mathématiques
abstraits. Mes contributions sur ce sujet sont centréesiprement, sur les propriétés structu-
relles, combinatoires, et algorithmiques de structuresrgiériques sur les droites et segments
de droite en trois dimensions dans le contexte des probléimessibilité tridimensionnelle
et, deuxiemement, sur l'algorithmique des objets géonpgs courbes et, en particulier, les
quadriques.

Concernant les problémes algorithmiques, je me concenttesalgorithmes qui prennent
en compte la géométrie exacte des objets, en particuliggudts sont courbes. En outre, I'ef-
fectivité des algorithmes est un point clé. Les algorithraffsctifs doivent étre robustes et
efficaces. Un algorithme est robuste s'il termine quelles spient les entrées, en particulier
si elles sont dégénéreées, et qui reporte des résultatotpgoement cohérents. Un algorithme
efficace est un algorithme qui termine raisonnablementieapent sur des données réalistes ou
le temps d’exécution est évalué a la fois expérimentalemiethieoriquement.

Répondre a ces objectifs algorithmiques exige des outilbénadtiques qui sont a la fois
géomeétriques et algébriques. En particulier, nous avossibee davantage de connaissance de
base sur la géométrie des droites et des surfaces dans ufté wespaces et de dimensions.
Nous avons également besoin d’adapter des méthodes glgébsophistiquées, souvent prohi-
bitives en temps de calcul dans un contexte général, powsagewspécifique sur des problemes
géomeétriques.

Je présente dans ce document mes contributions principatdes sujets de la visibilité
tridimensionnelle et des droites de I'espace et sur le tglométrique avec des surfaces algé-
briques de faible degré et en particulier les quadriques.

Il faut noter que ces deux directions de recherche sontfame liées. Une illustration prag-
matique de ce fait est que, dans plusieurs de mes contmiisudida visibilité tridimensionnelle
et propriétés des droites de I'espace, la méthodologiesaelhniques de preuve sont forte-
ment basées sur I'utilisation de surface algébrique déefaibgré et, en particulier, sur les qua-
driques (voir chapitres 5, 6, 7, 13, et 18). Plus concreténtesiliens entre ces deux sujets de
recherches sont bien illustrés par les deux exemples saiMaiabord, les droites transversales
a trois droites dans I'espace définissent une surface rgglésst quadratique. Par conséquent,
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le calcul des droites transversales a quatre droites, uaétpn de base dans les problémes
de visibilité tridimensionnelle, revient, dans un certagns, a couper deux surfaces quadra-
tiques. Deuxiémement, il est utile dans I'étude des dr@te3D de les représenter comme des
points d’'un certain espace. Malheureusement, la parasagtm des droites projectives en 3D
ne peut pas étre aussi simple que pour des points et des phansait qu’il n’existe pas de
«modele algébrique» pour I'espace des droites qui est &menun espace projectif [PWO01, p.
143]. Le mieux que l'on puisse espérer est une paramétmsdgs droites par les points d’'une
hyper-surface quadratiqie dans I'espace projectif en dimension cing (la quadrique Ide P
cker). Maintenant, chaque condition de tangence en traigions a un équivalent dans cet
espace a cinq dimensions : les droites coupant une droitegédasrorrespondent a I'intersection
d’'un hyperplan dé&°(R) avecW¥ et les droites tangentes a une sphére correspondent &-I'inte
section d’'une hyper-surface de degré 2 aedEn ce sens, les problémes de visibilité dans
P3(R) (ouR3) peuvent étre formulés comme des problémes sur des arrengene surfaces
de bas degré da®®(R). Ceci prouve que les problémes de visibilité 3D sont intiGusgnent
non linéaires, méme lorsque les objets initiaux sont palgéds. Connaissant la difficulté des
problémes de calcul effectif sur les arrangements de quaekien trois dimensions, il devient
clair que le développement de calculs de visibilité cegiéeeffectifs représente un énorme défi
de recherche.

Je présente dans les sous-sections suivantes une counipii@s du contexte et de la meé-
thodologie de mes travaux sur les objets courbes, la radsestet I'effectivité des calculs. Puis,
dans les chapitres 2 et 3, je présente une description de angibations sur, premiérement,
les problemes de visibilité tridimensionnelle et les piégs des droites de I'espace et, deuxie-
mement, sur le calcul géométrique effectif sur les surfatgédbriques de bas degré et, en par-
ticulier, les quadriques. Les articles correspondantsg@sentés dans les parties Il et Ill.

Objets courbes

Confrontées a des objets courbes, la plupart des applisatidlisent des approximations
polyédriques de ces objets et appliquent des algorithmegsw@approximations. Cette approche
meéne invariablement a des modéles géométriques de tragegwilte ce qui a un impact négatif
sur I'efficacité. En outre, le résultat des calculs est regiesment approché et la cohérence
topologique ne peut pas étre garantie.

La recherche d’algorithmes de plus en plus efficaces pouipuken ces approximations po-
lyédriques est cruciale du fait de large spectre de cetteapp et en raison de 'augmentation
incessante de la taille de ces maillages. Les calculs géigues peuvent cependant étre effec-
tué directement sur les objets courbes. Malheureusenagegédmétrie algorithmique fournit
des méthodes efficaces principalement lorsque les modahesiécrits comme une collection
d’objets linéaires.

La plupart des objets apparaissant en infographie et enlisatién géometrique sont al-
gébriques ou semi algébriques, c’est-a-dire, définis paédeations et des inéquations poly-
nomiales. Ainsi, I'algébre et le calcul formel jouent una@ndamental dans le calcul géomé-
trique non linéaire. Beaucoup d’opérations au coeur degitigees traitant d’objets courbes
se ramenent & évaluer, manipuler et résoudre des systeémpgmtions polynomiales.

Le calcul formel et le calcul symbolique fournissent unerappe possible a la réalisation
de ces opérations. Des outils bien connus comme les résylles bases de Grobner et les sé-
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guences de Sturm se sont avéré étre un moyen fiable pour réstesdproblémes géométriques
simples. Chague probléme peut étre formulé algébriqueneedifffrentes maniéres et il est
connu en calcul formel que le choix de la formulation algéei d’'un probleme peut avoir un
impact crucial sur le temps de calcul et rendre, ou non, leutalossible en pratique. En outre,
la traduction algébrique d’un probléme tend a obscuraifdimation de nature géométrique.
Trouver des formulations qui ont & la fois un sens géométriefugui se prétent bien aux ma-
nipulations symboliques est toujours un probleme diffidiléanmoins, les avanceés récentes en
calcul formel ont ouvert de nouvelles possibilités pourdéal géométrique sur des surfaces
courbes. En effet, I'efficacité des systemes de calcul foanédé nettement améliorée au cours
de ces dernieres années et des problémes géométriqguewianx fpeuvent maintenant étre ré-
solus (voir, par exemple, le chapitre 18 sur les diagramreeédonoi de droites). Cependant,
exécuter des calculs algébriques efficacement tient plus &'t que d’'une science et I'utilisa-
tion de ces outils devrait entrer seulement en fin de prosessie fois que le probleme a été
completement étudié d’un point de vue géométrique, commmelgre I'exemple suivant.

Considérerons le probleme de décider si quatre sphéresemadiettent un nombre infini
de tangentes communes (réelles). Ce probléme peut étréedirexat traduit en systéme po-
lynomial (de degré douze) qui peut étre résolu, ou, en atitiéa caractérisation géométrique
du chapitre 5, on peut vérifier si les quatre spheres ont miges alignés et, si oui, vérifier
si elles admettent une tangente commune (ce qui peut étéeaesc un prédicat de bas de-
gré). Il devrait étre clair que la deuxieme approche estdmauplus efficace que la premiere.
Cet exemple est significatif, mais I'intuition nous dit égaént que plus le degré des surfaces
considérées est petit, plus les algorithmes peuvent ticdit e la géométrie.

En général, les difficultés inhérentes a la généralisatemagpproches de la géométrie al-
gorithmique aux objets courbes sont de plusieurs naturesgtiser ce déefi implique de dé-
velopper une recherche multidisciplinaire impliquggbmétrie algorithmique, calcul formel,
mathématiques des courbes et surfaces, et géométrie ajgébéelle et complexe.

En effet, comparé aux objets linéaires, la manipulationalgets courbes méme les plus
simples est un défi sérieux et I'intrusion des mathématiqués calcul formel est souvent mas-
sif (voir le chapitre 5 sur la caractérisation des dégémérees des droites tangentes a quatre
sphéres, les chapitres 14, 15, 16 sur I'intersection de daaxriques, et le chapitre 18 sur les
diagrammes de Voronoi de droites). De plus, les algoritholedsase doivent étre reconsidérés
et parfois entierement repensés pour s’adapter aux olgetbes (voir, encore le travail sur les
quadriques, et chapitre 9 sur le calcul des droites et segrderdroites tangents a quatre parmi
k polytopes). Les problemes de robustesse et de dégéné&resmet egalement plus difficile a
gérer lorsque I'on manipule des objets courbes que dessdlrjétire et ils nécessitent souvent
des outils multidisciplinaires (voir les chapitres 5 et 6lalcaractérisation des dégénérescences
des droites tangentes a quatre spheres ou transversalegsieum segments, le chapitre 9 sur
les droites tangentes a des polytopes arbitraires, et bgsitols 15 et 16 sur les intersections
dégeénérées de deux quadriques).

Robustesse

Les algorithmes géométriques sont souvent décrits sous ligaothéses trés fortes qui
ne sont pas réalistes dans la pratique. Il s’ensuit que Ip&itations de ces algorithmes sont
frequemment non robustes c’est-a-dire que, dans la petigsisolutions produites sont parfois
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FIG. 1.1 — Jeu d’échec modélisé uniguement avec des quadri§E3L( Systems, Inc.).

franchement erronées ou que, a I'occasion, les calculddruug I'infinie ou ne terminent pas
suite a une erreur fatale.

La premiére hypothése classique est que les données spasg@s en position générique,
c’est-a-dire qu’elles évitent des positions dégénérées [@squelles I'algorithme n’est pas
concu. Ces hypothéses sont souvent spécifiques, en partidalns les cas raisonnablement
simples : par exemple, un ensemble de points est souvens&ipgl qu’aucun triplet de points
ne soient alignés. Ces hypothéses sont généralement a@esiggour rendre la lecture (et la
rédaction) des articles plus aisées, mais il arrive fréquem que la généralisation de tels
algorithmes aux cas dégénérées soit loin d’'étre trivias. lhypothéses de généricité sont éga-
lement souvent trés générales et ne donnent pas de coedraédlistes : par exemple, des
données sont parfois supposées algébriguement générjesisa-dire qu’elles ne satisfont
aucune contrainte algébrique ; il sS’ensuit, en particutjge les données numeériques sont toutes
transcendantes, hypothése non réaliste. De plus, lesH8ges de position générique sont tres
contraignantes en pratique car, dans des applicationsééques, les dégénérescences sont
souvent la norme, pas I'exception. C’est particulieremeaiten infographie et en modélisation
géométrique. L'exemple de la figure 1.1 illustre ce poinhdia que I'intersection générique de
deux quadriques en position générique est une courbe galectiegré quatre, il est clair que
la plupart, si ce n’est tous les arcs de courbes décrivarrig ¢u cavalier sont planaires. En
d’autres termes, ces courbes sont des exemples d'intersedegénérées de quadriques. Enfin,
il faut noter que, méme dans les cas ou les hypotheses deopaginérique sont trés spéci-
fiques, les algorithmes ne sont pas nécessairement aptésrenid@r si les données rentrent
dans ce cadre; en effet, déterminer si des données sont giompoggenérée revient, en ge-
néral, a déterminer si une, ou plusieurs, expressions gEs sont nulles, ce qui n'est pas
faisable, a priori, lorsqu’une arithmétique flottante dégision fixe est utilisée.

La deuxiéme hypothese classique est que le modeéle de caltsibéré est le modéle «real
RAM». Ce modele n’est pas réaliste, en particulier pour lesrialgmes géométriques, et, dans
la pratique, si une arithmétique flottante de précision fsteudilisée, les algorithmes géomé-
triques peuvent produire des solutions franchement eesyri#oucler a I'infinie ou ne pas ter-
miner suite a une erreur fatale. Ces erreurs se produiseatajément lorsque les données sont
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en position dégénérée (non détectée comme telle), maiepeégalement se produire dés que
les données sont proches de situations dégénérées.

Le concept de robustesse pour les algorithmes géométrepudres lié a ces deux notions
de dégénérescence et de modele de calcul. En effet, lestlatges, qui sont théoriquement
corrects sous des hypotheses de position générique et wrerdmicalcul «real RAM», ne sont
généralement guére utilisables dans la pratique, en pbetics’ils sont implantés naivement
avec une arithmétique flottante de précision fixe.

Rappelons qu’'un objet géométrique a plusieurs structufeselest numérique, générale-
ment algébrique, et décrit le plongement de I'objet darspkee. Les autres sont généralement
topologiques, décrivant la topologie de I'objet, et conalbrires, encodant, par exemple, les in-
cidences entre les éléments constituant I'objet. Lorsgsiedlculs numériques sont approchés,
ces approximations peuvent créer des incohérences estigfdemations contenues dans les
structures combinatoires/topologiques et numériques.ir@efiérences sont a la source de la
guasi-totalité des problémes de robustesse des algosthémmeétriques.

Formellement, la définition la plus acceptée pour la notierrabustesse des algorithmes
géométriques est la suivante. Un algorithme esoflitistesi, sous un modéle de calcul réaliste,
généralement une arithmétique flottante de précision filailgiorithme calcule une solution
qui est la solution exacte pour un jeu de données proche dieffectivement donné ; de plus,
suivant le contexte, par exemple si I'algorithme calcule stnucture géometrique, il est généra-
lement accepté que la partie numérigue de la solution pe@sgement étre une approximation
de la solution exacte (d’'un jeu d’entrées proche de celeaicéffement donné). Par exemple,
pour le calcul d’enveloppe convexe de points du plan, unrdalgoe qui calcule I'enveloppe
convexe de points, chacun dans un voisinage des points siose@ dit robuste alors méme
gue, lorsque trois points d’entrée sont alignés (ou preatigeés), I'enveloppe convexe calcu-
lée peut ne pas contenir le point milieu. Un autre exemple@si d’'un algorithme de calcul
d’intersection de deux objets; si I'intersection calcudéééune approximation de l'intersection
d’une instance perturbée des deux objets donnés, I'ahgoeitsera dit robuste méme si la to-
pologie de l'intersection calculée peut étre fausse (pamgte, I'ensemble vide au lieu d’une
courbe).

Une notion clef reliée a la robustesse espdeadigme du calcul géométrique exabans
ce paradigme, les calculs sont effectués de maniére a cesjbeanchements des algorithmes
soient effectués correctement et donc que les structysefgiques et combinatoires calculées
soient mathématiquement exactes ; les quantités numérigeulées peuvent étre approchées,
mais doivent étre cohérentes avec les structures topalegigt combinatoires associées. Les
algorithmes développés dans ce cadre sont généralemeceditiéset ils sont nécessairement
robustes. Bien entendu, ce paradigme n'a d’intérét qu’avemadeéle de calcul réaliste, par
exemple avec une arithmétique flottante de précision aits{rpuisque avec le modéle «real
RAM», tous les calculs sont exacts et donc nécessairemeaettar

Les décisions effectuées dans un algorithme géométriqueesoapsulées dans une notion
deprédicat L'évaluation d’'un prédicat géométrique est équivalentét@rminer, dans I'espace
des configurations, la cellule d’'un arrangement de surfagesontient le point correspondant a
la configuration donnée. En d’autres termes, I'évaluation grédicat géométrique peut se ra-
mener a I'évaluation des signes d’'un ensemble d’expressigméralement polynomiales voire
algébrique, en les quantités numériques d’entrées. Un mresimple est celui qui consiste
a déterminer si un point donné est a droite, a gauche, ou sudnoite orientée donnée. Le
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paradigme du calcul géométrique exact exige que les pré&iggient évalués correctement
ce qui assure que les branchements effectués durant Ithlger soient corrects et ainsi que
les structures combinatoires et topologiques du résudians exactes. Rappelons que ce pa-
radigme n’exige pas que les quantités numeériques du résolent exactes. Il faut noter, que
I’évaluation du signe d’'une expression polynomiale oultiggie est un probleme a part entiere
dans un modéle de calcul réaliste, utilisant, par exemple amithmétique flottante de précision
arbitraire.
De maniére générale, la résolution d’'un probléme géoméritans ce paradigme revient a
— caractériser les dégénérescences, lesquelles peuverintdéinseques ou algorith-
miques;;
— traduire chaque décision géométrique (et branchemetdlderithme) en la détermi-
nation des signes d’expressions algébriques;

— déterminer exactement et efficacement le signe de cesssique algébriques.

Caractériser les situations dégénérées est crucial candégurations dégénérées non dé-
tectées résultent, en général, en des erreurs d’exécatalag ou des résultats erronés (lesquels
peuvent étre trés éloignés du résultat correct). Les dégerences sont essentiellement de deux
types différents : les dégénérescences peuvent étresidyures, c’est-a-dire inhérentes au pro-
bleme et doivent étre gérées par tout algorithme qui pré@eitsoudre le probleme de facon
robuste, ou algorithmiques, c’est-a-dire induit par desixchlgorithmiques. Décrire complé-
tement et correctement les dégénérescences apparaiasanird probléme ou un algorithme
géometrique est souvent un probléme délicat, mais l'eftiegratique d’un logiciel est sou-
vent liée a leurs traitements. Une étude soigneuse des él&gérnces intrinseques peut mener
a des algorithmes trés efficaces, comme nous I'avons moatnégs travaux sur l'intersection
de quadriques (voir les chapitres 14 & 17). Une analyse fedé@genérescences algorithmiques
(et non intrinséques) peut également suggérer des moidtifisagtructurelles des algorithmes
gui ménent a des améliorations de performance, comme l'daréntntravail de P. Angelier sur
les complexes de visibilité 2D [Ang02].

Il faut cependant noter que la gestion des dégénérescengeseate de facon importante
le nombre de cas a traiter et donc le nombre de procédureéedédu logiciel. Théorique-
ment, une solution alternative pour éviter ce probleme espeatturber symboliquement les
données pour éloigner les configurations géométriquesitiedigns dégénérées (voir le sur-
vol par Sugihara [Sug00]). Cette approche intéressante @tib$€e avec succes pour certains
problemes, mais son applicabilité est limitée pour plusieaisons. Une perturbation symbo-
lique doit transformer toute donnée en position générigaei, pour toute instance dégénéree,
ou non, du probléme. Déterminer une telle perturbation @sélement difficile et nécessite
en premier lieu d’identifier précisément I'ensemble desfigonations dégénérées, ce qui est
une partie substantielle du travail requis pour traiteregement les dégénérescences. En se-
cond lieu, une perturbation symbolique peut inutilemeigntr le calcul. En effet, résoudre
une instance générique d’'un probléme implique généraledesncalculs arithmétiques plus
colteux que pour des instances dégénérées. Les travaws sarersections de quadriques ont
montré précisément cela (voir le chapitre 17). Dans la neesutes données géométriques sont
souvent dégénérées de par leur conception (primitivesédigpbjets au contact, etc.), ceci peut
avoir un impact important sur I'efficacité globale des aitjones. Enfin, lorsque les données
sont dégénérées, un algorithme appliquant une perturbsyimbolique ne résout pas, a priori,
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le probleme donné. En effet, la solution est obtenue commigelide solutions du probleme
perturbé ; cette limite peut étre structurellement difféeede la solution réelle de l'instance
donnée. Par exemple, lors du calcul d’'intersection de dejet®qui sont tangents en un point,
si la perturbation les rend strictement disjoints, la levde I'intersection de l'instance perturbée
sera I'ensemble vide au lieu d’'un point. Pour des applioatiou I'exactitude est importante,
cette approche peut s’avérer inacceptable.

Une fois qu’un prédicat géométrique a été identifié, il fautrhduire en I'évaluation de
signes d’expressions algébriques. Ce probleme, s’il ediveiment simple pour des problemes
géomeétriques élémentaires, peut s’avérer tres délicat gesiprimitives géométrigues méme
assez simples. L'exemple suivant illustre bien ce fait. @w@rens un ensemble de spheres
tridimensionnelles de rayons arbitraires. Du point de veidadvisibilité 3D, caractériser les
dégénérescences exige de détecter les quadruplets despgoéadmettent un nombre infini
de tangentes communes. Si I'on peut se satisfaire d'ureedeBcription haut niveau, la condi-
tion pour quatre spheres d’avoir un nombre infini de tangeoatenmunes ne se traduit pas a
priori simplement en I'évaluation de signes d’expressalggbriques. Récemment, nous avons
prouvé (a l'aide d’outils de géométrie projective complegee les instances dégénérées de
quadruplets de sphéres sont ceux dont les centres sonélkgmui admettent au moins une
tangente commune (voir le chapitre 5). Cette condition estit@up plus précise que la simple
contrainte d’avoir un nombre infini de tangentes commune#espeut étre simplement traduite
en I'évaluation de signes d’expressions polynomiales dallegré et étre évalué efficacement.

Il faut noter, cependant, que résoudre un prédicat n’exégengcessairement I'évaluation
du signe d’expressions algébriques. En effet, considdeopsobléme du calcul du nombre de
racines réelles d’un polynébme univarié (sans carré).Cadiétee fait par I'évaluation de poly-
némes pré-calculés, comme ceux d’'une séquence Sturm, dichatomie, en utilisant la regle
de Descartes et I'algorithme d’Uspensky [RZ04]. Il est cogna la seconde méthode est plus
efficace que la premiére, en particulier pour des polynéradsmdt degré. Néanmoins, la plupart
des prédicats géométriques simples sont habituellemsolusepar I'évaluation d’expressions
algébrigues et la détermination de leurs signes.

Une fois qu’un prédicat geométrique a été identifié et triaglui’évaluation de signes d’ex-
pressions algébriques, les signes ne peuvent pas, en gét@ragvalués en utilisant une arith-
métique flottante de précision fixe : si une instance de pnoblkest presque dégénérée, la valeur
d’'une expression dont le signe doit étre évalué peut étrepg@tite que I'erreur d’arrondi dans
I’évaluation de I'expression en arithmétique flottante écjsion fixe. Par conséquent I'évalua-
tion du signe de I'expression peut étre incorrecte et amai@nieurement a des erreurs d’exe-
cution fatales ou des résultats totalement erronés. li@tian exacte et efficace des prédicats
géométriques est habituellement effectuée en utilisaatanithmétique exacte avec précision
arbitraire et des filtres. Quand la valeur de I'expressialu@e est suffisamment éloignée de
zéro, un filtre peut calculer le signe exact de I'expressems<calculer sa valeur exacte ; ty-
piguement un filtre emploie une arithmétique d’intervalle des nombres flottants avec une
précision fixe ; lorsque l'intervalle calculé ne contiensgro le signe de I'expression est ce-
lui des bornes de l'intervalle. Autrement, lorsque la valde I'expression est proche de zéro,
c’est-a-dire lorsque le filtre échoue (typiquement lorstjiuervalle calculé contient zéro),
I'expression est calculée exactement si elle est polyniendiaoefficients entiers (ou ration-
nels). Sinon, I'expression est généralement évaluée avearthmétique d'intervalle sur des
nombres flottants d’une précision fixe mais suffisante pdeiraire les bornes de séparation
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ce qui assure que si l'intervalle contient zéro alors I'esgsion est nulle [BFMO1, LPY04].
Cette derniére approche, développée dans les biblioth@gpsogrammation CORE [COR]
et LEDA [LED], a le grand mérite de permettre aux utilisagede manipuler simplement des
expressions algébriques et donc de pouvoir accélérerrgsstde développement de program-
mation. Cependant les bornes de séparation sont généraledepessimistes et, en termes
d’efficacité de calcul, il est plus efficace de traduire |léaion des prédicats géométriques en
la détermination de signes d’expressions polynomiale#icients entiers.

Le degré des polynémes (a coefficients entiers) exprimaspdadicats géométriques est
une mesure directe du nombre de bits requis pour I'évaluati@acte de ces polynémes. Le
degré est ainsi une mesure d’efficacité algorithmique : [@dudegré est élevé, plus les filtres
échoueront souvent et plus colteuse sera I'évaluationex@@duire des décisions géomé-
triqgues en des prédicats de bas degré permet donc de limieét arithmétique des évaluations
et donc d’améliorer les performances algorithmiques. Caguet) la mesure de I'efficacité al-
gorithmique de I'évaluation d’'un prédicat par le degré daelgmdmes impliqués est un modéle
gui semble approprié seulement pour des prédicats sinipestfet, I'exemple mentionné pré-
cédemment sur la détermination du nombre de racines réallepolyndme montre les limites
de tels modéles. En conclusion, il convient noter que désidene stratégie d’évaluation d’'un
prédicat géométrique est de degré minimal, ou non, semidee¥ général, un probleme trés
difficile.

Mes travaux rentrent dans le cadre du paradigme du calcuhégigue exact et, de ce
fait, mon approche des problemes géométriques inclut urectéaisation systématique des
dégénérescences (voir les chapitres 5, 6, 8, 9, 15, 16, ait1&)conception de prédicats de
bas degré pour répondre aux décisions géométriques condesptes (voir les chapitres 5 et
8). Je ne travaille cependant pas sur la conception de fitignétiques qui est un champ de
recherche indépendant; j'utilise par contre les réabisatiexistantes de tels filtres comme ceux
gui sont développés dans le noyau de la bibliothéque d'iiigoes géométriques CGAL.

Performances

En géométrie algorithmique, la performance d’un algorgharété historiquement mesurée
en termes de complexité (temporelle) asymptotiqgue dansdeas et dans le modeéle de calcul
«real RAM». Dans ce modeéle, des algorithmes optimaux en téetgn espace) sont souvent
le but. Siles algorithmes optimaux dans les pires cas sameahent importants, ils ne sont pas
toujours les plus efficaces dans la pratique ; par exemplggarithme «quicksort» est reconnu
comme l'algorithme de tri le plus rapide dans la pratiquesatp’il est implanté en utilisant la
version de I'algorithme de complexit@(n?) dans le cas le pire plutot que la version de com-
plexité ©(nlogn) qui est optimale dans le cas pire. De plus les algorithmdsmapi peuvent
étre affreusement compliqués ; I'algorithme linéaire de Zella pour trianguler un polygone
simple [Cha91] est unanimement considéré comme inimplenf8kio7, pp. 355-357]. Néan-
moins, I'étude de la complexité d’algorithmes dans le casriereste cruciale, ne serait-ce que
parce que cela fournit un point de départ pour des analyssdipks.

Si la taille du résultat d’'un algorithme peut changer sdasilent, le but est alors de conce-
voir des algorithmes qui optimisent la complexité exprireéetermes de deux parametres, la
taille de I'entrée et la taille de la sortie ; ces algorithmsest ditssensibles a la sortieCeci
peut étre illustré pour le calcul de I'enveloppe convexe aiats en deux dimensions. Bien que
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I'enveloppe convexe puisse contenir tous les points déentelle peut également n’en contenir
gue trois. Un algorithme optimal dans le cas le pire calcelevkloppe convexe depoints en
temps©(nlogn) alors que I'on peut aussi calculer 'enveloppe convexe spgO(nlogh) ou

h est la taille de la sortie [CSY97]. Clairement, 'avantagendalgorithme sensible a la sor-
tie est encore plus important lorsque la taille de la sortiet @tre grande ; c’est par exemple
le cas lorsque I'on calcule 'ensemble des droites tangeatquatre parmmn objets en trois
dimensions, ensemble qui peut compter jus@(a’*) droites.

La complexité dans le cas le pire d’algorithmes géomeétsgea particulier en trois di-
mensions et plus, est souvent peu significative de par teaxie d’exemples pathologiques qui
n'apparaissent jamais en pratique. Un exemple typiqueetst de données qui induisent un
temps de calcul exponentiel dans I'algorithme du simplexpregrammation linéaire. Lorsque
I'analyse de complexité dans le cas le pire est inappropuiée autre option est de faire une
analyse probabiliste de I'algorithme dans lequel on suppoe distribution sur les entrées et
I'on en déduit une complexité moyenne. Cette approche esesotres difficile méme pour
des cas simples comme les distributions uniformes (voir,egample, le chapitre 11). Bien
gue de telles distributions simples puissent étre consgdéromme non pertinentes puisque les
données réelles ne sont généralement pas distribuéesmaéifent, une analyse probabiliste
donne malgré tout une information pertinente sur la peréoree de I'algorithme ; on peut en
effet argumenter que si les distributions uniformes ne pastréalistes, les distributions dans le
cas le pire ne le sont guere plus.

Un algorithme randomisé est un algorithme qui fait des cladd®atoires. Une analyse de
la complexité d’'un algorithme randomisé donne une borneoteptexité moyenne qui s'ap-
plique a toute donnée; aucune hypothése sur la distribgiisndonnées n’est faite. L'algo-
rithme «quicksort» randomisé est I'exemple classique.dlgsrithmes randomisés ont eu un
succes énorme dans la communauté de géométrie algoritaqégoe qu'ils sont généralement
tres simples a mettre en application et qu’ils sont perfoitsEsSei91]. Bien que les algorithmes
randomisés ne devraient vraisemblablement pas étre eégplians les applications de temps
réel critique (comme l'atterrissage d’un avion), la ranékation est une bonne approche, en
général.

La performance des algorithmes peut souvent étre amékoréppliquant d’abord un algo-
rithme simple si les données présentent certaines casdiciees spéciales. Une illustration de
ce fait est, encore, donnée par nos travaux sur l'intemecte quadriques; les cas dégénérés
sont reconnus et gérés par des algorithmes spécialisésapidss (voir les chapitres 15 a 17).

Un choix judicieux des structures de données peut avoir yraatnénorme sur l'effica-
cité d’'un algorithme. Des décompositions hiérarchiquebedpace comme les octrees est un
exemple classique en infographie. Quand le probléme im@ldge répondre a un nombre im-
portant de requétes, ceci peut étre facilité par un prétraaht des données dans une structure
de données. Evidemment, 'espace mémoire utilisé est amgdre important.

Quand l'analyse théorique d’un algorithme prouve qu’il @sgmptotiquement efficace ou
guand nous ne sommes pas capable d’obtenir une analysédiapelsuivante est d’implanter
I'algorithme et d’analyser sa complexité pratique (en temipespace mémoire) sur des données
aléatoires et réelles. Cette étape a posé beaucoup de pesbitams la communauté de géo-
métrie algorithmique en partie en raison des problémes lolgstesse discutés dans la section
précédente. Beaucoup, si ce n'est la plupart, des algorilydemétriques publiés considerent
seulement des données non dégénérées. Si la généraldati@s algorithmes a des données



1.2. SURVOL ET METHODOLOGIE 13

dégénérées ne pose souvent pas de probleme théorique,ihajearreste pas moins que le tra-
vail requis est souvent substantiel, voire délicat. De,dasmme la plupart des scénes typiques,
en particulier en infographie, contiennent des dégénéress, il est nécessaire, pour tester les
algorithmes sur des données réalistes, de développergmgtaines pour qu’ils acceptent tout
type de données.

Pour récapituler, I'objectif est de concevoir et d'implandes algorithmes, corrects sur tout
type de données, qui requiérent une quantité raisonnabfpate mémoire et dont le temps
de calcul est raisonnable sur des données réalistes. Ldedtémlevra également étre étudiée
théoriquement et expérimentalement.
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Chapitre 2

Propriétés des droites et segments di° et
problemes de visibilité tridimensionnelle

2.1 Introduction

Les problémes informatiques de visibilité tridimensioifessont apparus il y a une tren-
taine d’années avec l'arrivée de la visualisation des sl§Et En trois décennies, le décalage
entre la théorie et la pratique s’est agrandi et les perfooes du matériel informatique ont
graduellement complété le manque de compréhension theoligs calculs de visibilité sont
centraux dans les problémes en informatique graphiqueaeichhep de problémes sont souvent
considéres résolus dans la pratique, bien qu’ils n'aiestrggcessairement de solutions satis-
faisantes. Par exemple, le calcul des limites d’'ombre eta®imbre induite par une source
lumineuse non ponctuelle et le calcul de 'ensemble desolest visuels entre deux polygones
guelconques sont des exemples typiques de problemes d#itéisjui sont essentiels pour le
rendu réaliste des scénes 3D et qui n'ont aucune solutigsfasaante : ces problemes sont,
dans la pratique, approchés par beaucoup de requétes liét&isie point a point. Pour déve-
lopper de nouvelles solutions algorithmiques pour cestopres il est nécessaire d’améliorer la
compréhension des phénoménes de visibilité tridimensitan

Il faut noter que, pour résoudre la plupart des problémesgdileilité, la communauté d’in-
fographie s’est orientée, il y a des décennies, vers desi@mdumatérielles dédiées comme
les z-buffers ou, plus récemment, les GPUs (Graphics Processiitg). Cependant, ces solu-
tions sont principalement employées pour calculer des@®d® et trés rarement pour calculer
des simulations de transfert de lumiére dans des scenes @&aidon en est que les solu-
tions matérielles sont appropriées pour traiter des engsntiidimensionnels de rayons (par
exemple, ure-buffer peut étre utilisé pour calculer efficacement la vium ghoint) mais ne sont
pas appropriées pour les questions générales de visipilitéaitent, par essence, d’ensembles
guadridimensionnels de rayons (les droites en 3D ont qdatyees de liberté).

Mes objectifs de recherches concernant la visibilité 30t poimcipalement la conception
et 'implantation de solutionalgorithmiquespour des problemes de visibilité 3D. Plus préci-
sément, je m'intéresse a deux défis principaux qui sont [€uéser les limites d’'ombre et de
pénombre induites par une source lumineuse non ponctudii¢ soudre les problémes de
visibilité de surface a surface, c’est-a-dire de répondilesarequétes du type : deux éléments

15
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de surfaces sont-ils mutuellement (partiellement) vesiy

Pour atteindre ces objectifs, nous avons d’abord besomedieilleure compréhension des
propriétés des ensembles de droites et de segments quasgants ou transversaux a des objets
dans une scéne tridimensionnelle. Cette direction de relsedondamentale est intéressante
indépendamment de toute application directe et a été leecdatmes activités de recherches
sur le sujet depuis 2000. En particulier, la majeure pamig ftlavaux que je présente ici est
centrée sur les propriétés structurelles et combinatdesgnsembles de droites et segments de
droite en trois dimensions dans le contexte de problemessidglive.

Ces travaux ménent également a des solutions algorithmpuesdes problemes de visi-
bilité tridimensionnelle. En particulier, I'étude de I'semble des segments libres et tangents a
guatre parmk polytopes méne a un algorithme pour le calcul de tels segn{eair le cha-
pitre 9) ; une bréve description d’une implantation d’'unesien préliminaire de cet algorithme
est donnée dans le chapitre 10. Plus généralement, cesxrdearaient également mener a un
algorithme pour calculer le squelette de visibilité, umracture de données qui code des infor-
mations de visibilité [DDP97]. Il est également a noter qegettavaux sur la caractérisation des
configurations dégénérées de droites tangentes a despmEsyiir les chapitres 6 et 9) et les
travaux sur les prédicats pour le calcul de telles droites Ghapitre 8) est critique pour n’'im-
porte quelle implantation robuste de tels algorithmes. d&clusion, il faut mentionner que les
travaux présentés dans le chapitre 9 sur les propriétésrdigesdtangentes a des polytopes a
également mené a de nouveaux résultats combinatoires samlplexité de 'ombre induite,
sur un plan, par des sources lumineuses polygonales empeéd®bstacles polyédriques (voir
le chapitre 13). Ces résultats sont critiques pour la congm&bn de la structure de 'ombre et
de la pénombre induite par des sources lumineuses norideweadevraient, a terme, avoir un
impact sur les techniques pour calculer de tels objets exaanit et efficacement.

Je présente maintenant un panorama sur la visibilité 3Dae th section 2.2, un résumé
de mes contributions sur le sujet.

Survol

Dans une scene donnée, deux points se voient si le segmerditielels joignant ne coupe
aucun obstacle de la scene. Ainsi, I'étude de la visibilgEessentiellement I'étude des seg-
ments de droite libres dans une scéne donnée. L'ensemblgedasents libres est borné par
des segments qui sont tangents a des obstacles de la scédnas dimensions, une droite est
tangente a quatre objets, au plus, en position généralauBément, si I'on considére un point
de vue mobile dans une scene 3D, la vue changera quand unl mbjeteapparait (ou dispa-
rait) derriere un obstacle ; quand ceci se produit, il y a uodelpassant par le point de vue,
tangente a I'obstacle et tangente également au nouvel dlgst ainsi impératif de comprendre
les propriétés de tangence entre les droites et des olsstdiale répondre a des questions de
visibilité.

Comme mentionné ci-dessus, deux défis principaux en vigil8D sont (i) le calcul des
limites d’ombre et de pénombre induites par une source lense non ponctuelle et (ii) la ré-
solution de problemes de visibilité de surface a surfa@ste-dire de répondre a des requétes
du type : deux éléments de surfaces sont-ils mutuellemantiéjement) visibles ? Les struc-
tures de donnée classiques basées sur une décompositt@iesgamme les octrees ou les
partitions binaires (binary space partition) aident peetéégard. Ces structures sont, en effet,
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congues pour répondre a des requétes de visibilité poininh@o a des lancés de rayon, c’est-
a-dire des problémes qui sont intrinsequement de dimewisonr (la dimension de I'ensemble
de droites passant par un point). Ces structures sont treacef§ pour répondre a ce type de
requétes mais ne sont pas adéquates pour des problemesbdigévide surface a surface, les-
guels impliguent des ensembles de droites coupant dewacsstfc’est-a-dire des ensembles de
dimension quatre.

Une structure de données qui a été proposée pour coder demations de visibilité 3D
est complexe de visibilité, qui, grossierement, est undtjger de I'espace des segments de
droite non obstrués et maximaux en des cellules connexesgdeesnts qui sont tangents exac-
tement aux mémes objets. La structure a été présentée pahriélact Vegter en deux dimen-
sions [PV96b] et par Durand, Drettakis, et Puech en troidsions [Dur99, DDP02]. En deux
dimensions, le complexe de visibilité a été étudié en dgRaiP6a, Rivo7, HHO02, AP03b] ainsi
gue ses applications en rendu réaliste [ORDP96, CF99]. Endimiensions, di au fait que cette
structure a des cellules de dimension jusqu’a quatre, Riebal. ont présenté, pour des raisons
pratiques, le squelette de visibilité, la structure défppaeles cellules de dimension zéro et un
du complexe de visibilité [DDP97]. lls ont proposé une inmpédion montrant que I'utilisation
du squelette mene a des images de meilleures qualités pswirdelations lumineuses ainsi
gu’une amélioration du temps de calcul, comparé aux algoes antérieurs [DDP99].

En dépit de ces résultats positifs leur approche pilote #evule deux problemes ma-
jeurs : premierement, la faible performance de leur algor#t, basée sur une énumeération sys-
tématique de toutes les possibilités menant & une comgldaits le pire cas d@(n°) et une
complexité observée d8(n>°) grace a I'utilisation d’heuristiques [Dur99] et, deuxiément,
au manque de robustesse de leur implantation qui exige tigentions manuelles colteuses
pour enlever les dégénérescences des scenes données.sequentte, la plus grande scene
gu’ils ont été en mesure de gérer n’excede pas 1.500 trigfig[@P99].

Quelques années plus tard, Duguet et Drettakis ont proposégarithme robuste en pra-
tique pour calculer une section bidimensionnelle du sdigelte visibilité dans laquelle les
droites contenant des segments libres maximaux sont ségpésre toutes concurrentes (éven-
tuellement a l'infini) [DDO02]. Leur implantation a géré aveacceés des scenes de plus de
100.000 polygones montrant que, dans le contexte restteisburces lumineuses ponctuelles
ou de sources lumineuses a l'infini, cette approche méne ardees de meilleure qualité en
simulation d’éclairage ainsi qu’a des améliorations depede calcul comparé aux algorithmes
précédents.

Il'y a deux raisons pour lesquelles peu de recherche a étésiaitles problémes de visibi-
lité 3D exacte. D’'une part, ces problémes sont extrémemiitilds en particulier parce que,
comme mentionné précédemment, ces problemes sont immi@sent non linéaires, méme
lorsque traitant de données polyédriques, et sont de dioremslativement élevée puisque
I'espace des droites en 3D est de dimension quatre. L'aaisen est que I'espace mémoire
requis pour des structures de données de visibilité a toa@ié considéré énorme en raison
des bornes de complexité théorique : la taille du squeletteisibilité estO(n*) dans le pire
cas poum triangles. Durand [Dur99] a observé une taille empiriquede®*), qui est mal-
heureusement toujours trop grande pour des applicatiatisjpes sur des grosses scenes d'in-
fographie. Cependant la petite taille des scenes consgléigeénue sérieusement la validité
de cette complexité asymptotique expérimentale puisqlest pas clair qu’elle corresponde
au comportement asymptotique. Je présente égalementadamashaine section, des résultats
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théoriques qui soutiennent I'idée que ces limites sont ffeh, @xcessivement pessimistes pour
des applications pratiques.

2.2 Résumé des contributions

2.2.1 Introduction

En premier lieu, je présente brievement mes contributienkur pertinence, sur les pro-
blemes de visibilité 3D et les propriétés des droites degpties. Je présente alors, dans les
sections 2.2.2 a 2.2.9, une description plus détaillée, dpiee concise, de ces résultats.

Je présente premiérement quelques résultats sprdesiétés structurelles des droites qui
sont tangentes ou transversales a quatre primitiergrois dimensions. Chapitre 5 présente
d’abord une caractérisation des configurations de quatersp en 3D qui admettent un nombre
infini de tangentes communes. Cette caractérisation estletargt élémentaire : les sphéres
doivent avoir leurs centres alignés et avoir au moins ungeiate commune. Cette élégante
caractérisation résout une conjecture de T. Theobald elwsnine série de (sept) papiers qui
étudient des variantes de ce probleme ou les sphéres sgrtieotes ou certaines des sphéres
sont remplacées par des droites.

Chapitre 6 présente ensuite une caractérisation de I'erisegels droites transversales a
guatre (et, plus généralemen), segments en trois dimensions. Nous montrons, en particu-
lier, que quatre segments en 3D admettent au plus 4 compgssaemnexes de transversales
communes et possiblement exactement 4 transversales. tatrést fondamental et étonnant
puisque quatre droites en 3D admettent au plus 2 composaoriasxes de transversales com-
munes.

Dans le chapitre 7, nous étudions le nombre de tangentes gpnema quatre triangles (une
droite est tangente a un triangle si elle coupe son bord)sidoauvons que le nombre de telles
tangentes communes peut étre, étonnamment, aussi éle\d gua construction correspon-
dante est composée de triangles trés fins, mais nous avdeségd procédé a des expériences
sur cing millions de quadruplets de triangles aléatoiresisravons obtenu plusieurs quadru-
plets de triangles qui admettent 40 tangentes communesistavons observé que les quadru-
plets qui ont des tangentes communes admettent au moinsdéntas avec une probabilité
d’au moins 15%. Nous montrons également une limite supéride 162 qui est valide égale-
ment pour toute configuration arbitraire de triangles otgaleadroite tangente peut devenir une
composante connexe de droites tangentes. Il faut enfin gogersi la limite inférieure de 62
est déja étonnamment grande, I'écart entre les bornesanféret supérieure (dans le pire cas)
reste grand.

Relié a ces problémes, le chapitre 8 présente une étude ds giéglicats sur les droites
transversales a des droites et des segments en 3D. En jparticous calculons les degrés des
méthodes standard d’évaluation de ces prédicats. Nouvgsugue les degrés de certaines
de ces méthodes sont étonnamment hauts (jusqu’a 168), geequiexpliquer pourquoi les
calculs impliquant des droites transversales en aritlymétflottante avec précision fixe sont
enclins a des erreurs. Nos résultats suggérent égalemeétdasité d’explorer des approches
alternatives aux méthodes standard de calcul de ces gisariit effet, des prédicats efficaces
pour résoudre de telles requétes élémentaires sont impoaur développer des solutions
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algorithmiques robustes et efficaces pour les problémegsidglive tridimensionnelle.

Je présente ensuite plusieurs résultats supregsriétés combinatoires des structures géo-
métriquesdans le contexte de la visibilité tridimensionnelle. Chagsit9 et 11 portent sur la
complexité du complexe de visibilité, une structure de @dasnqui codent I'information de vi-
sibilité, qui est, grossierement, une partition de I'egpdes segments de droite non obstrués
et maximaux en des cellules connexes de segments qui sgetaraux mémes objets. Cha-
pitre 12 se concentre sur la taille des silhouettes de podgeet chapitre 13 sur la complexité
de 'ombre et de la pénombre induite par des sources lumaseusn ponctuelles.

Chapitre 9 présente de nouvelles bornes combinatoiresengeimble des droites et seg-
ments non obstrués qui sont tangents a des polyedres cerabiraires qui peuvent se cou-
per. En particulier, nous montrons gkigels polytopes aver arétes au total admettent, dans le
pire cas®(n’k?) composantes connexes de droites et segments libres maxiaraents a au
moins quatre de ces polytopes. Ceci améliore significatimeies résultats précédents c’est-a-
dire la borne triviale d®©(n*) et la méme borne d®(n’k?) pour le cas considérablement plus
simple de polyedres convexes disjoints en position géaétgEbrigue [EGHHZ00, BDD02].

Ce résultat implique également que le complexe de visikilidet®(n’k?) sommets, dans le
cas le pire. Plus généralement, cette borne est égalenlate paur la taille du complexe de
visibilité dans sa totalité mais, si la preuve est triviadeipdes polytopes en position générique,
elle est plus subtile (et non publiée) pour des polytopesositipn arbitraire.

Chapitre 11 porte sur la taille du complexe de visibilité pdes objets uniformément dis-
tribués. Nous montrons que, parmboules de rayon unité uniformément distribuées d&hs
le nombre moyen de segments non obstrués, maximaux, etitarigguatre boules est linéaire.
Ce résultat se généralise dans diverses directions. Ecydaatj cette borne s’applique égale-
ment a la taille moyenne de 'ensemble du complexe de viiglie boules unités uniformément
distribuées. Ceci méne également & une born®@@é) sur la taille moyenne du complexe de
visibilité de polyedres ou polygones aléatoires de conit@dewntaleO(n) et de rapport d’as-
pect borné. Ces résultats améliorent de maniére significkaivorne précédemment connue de
O(n®/3) pour des boules unités [DDPO2)].

Les résultats des chapitres 9 et 11 montrent que la priserapteale la structure fonda-
mentale d’'une scene peut fournir de nouvelles informatteomplexité sur les structures de
données en visibilité 3D. En outre, ces résultats montneateg limites précédemment connues
(mentionnées dans la section précédente) étaient, enmdftimiste et que le codt en espace
mémoire pour ces structures de données n’est pas nécessaingrohibitif. Il y a donc espoir
gue ces structures puissent s’averer utiles dans des afotis réalistes d’infographie.

Chapitre 12 fournit une base théorique au phénomeéne largesbservé que, pour une
grande classe des objets, la taille de la silhouette d’'upeploé est beaucoup plus petite que
la taille du polyédre entier. Nous montrons que la silh@udttin polyédre qui approxime une
surface d’une maniére raisonnable a une taille moyenr@(¢é) ou la moyenne est prise sur
I'ensemble des points de vuereest la complexité du polyédre ; les surfaces peuvent étre non
convexes et non différentiable et elles peut avoir des badrfsut bien noter que la moyenne
est prise sur I'ensemble des points de vue pour une surfaweédp et non pas prise sur un
ensemble de surfaces. Ceci confirme une croyance largemmigeadn infographie et est le
premier résultat de complexité pour des silhouettes dedpdods non convexes.

Finalement, le chapitre 13 présente des résultats conalni@sitsur la taille de 'ombre et
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de la pénombre induite par des sources lumineuses nordgyldn point est dans 'ombre s'il
ne voit aucune source lumineuse méme partiellement; urt pstren pleine lumiére s’il voit
entierement toutes les sources lumineuses; autremesst, dia@s la pénombre. Tandis que la
frontiere entre la pénombre et la pleine lumiére est redatent bien comprise, moins est connu
sur le bord de I'ombre et le calcul de telles frontieres esprableme difficile dans le cas de
sources lumineuses non ponctuelles. Nous présentongynsidimites inférieures étonnantes.
En particulier, une source lumineuse en forme de segmentrmiure sur un plan, en présence
de deux triangles, jusqu’a quatre composantes connexe®dg également, les deux triangles
peuvent étre remplacé par deux polytopes disjoint non «fiexrdpport d’aspect borné) et de
taille totalen pour induire®(n) composantes connexes d’ombre dans le cas le pire. Pour des
sources lumineuses polygonales dans une scéne forméeppirtopes de complexité totale
n, nous prouvons que 'ombre peut adme@@?k® + nk®) composantes connexes et a com-
plexité O(n%k3). Ces résultats sont les premiéres bornes non triviales saitlade I'ombre et
montrent que I'ombre peut étre étonnamment compliquée, er@mprésence de «gros» obs-
tacles disjoints. Plus généralement, ces travaux amatitaeompréhension de la structure de
I'ombre pour des sources lumineuses non ponctuelles dtplossible d’espérer que cela mene
a de nouveaux algorithmes pour les calculer exactemenfiea@ment.

Les résultats ci-dessus se concentrent sur les propriétésselles et combinatoires d’en-
sembles de droites ou de segments de droite qui sont tangemi@nsverses a des primitives.
Certains de ces résultats sont également critiques pouvédagdpement dilgorithmes robustes
et efficacegour la visibilité 3D. En particulier, dans le chapitre $tlide de I'ensemble des
segments libres tangents a quatre pdamolytopes méne a un algorithme pour calculer de tels
segments (voir section 9.5). Chapitre 10 présente une vidédégrit une implantation d’une
version préliminaire de cet algorithme. Plus généralenmettalgorithme peut également calcu-
ler le squelette de visibilité dans son entier pour des ppls disjoints, mais sa généralisation
a des polytopes qui peuvent se couper ou des polyédresiésjpais non convexes est un sujet
futur de recherche. Il est également a noter que les travaua saractérisation des configura-
tions dégénérées de droites tangentes a des polytopesifapitres 6 et 9) et les travaux sur les
prédicats pour le calcul de telles droites (voir chapitre@)t critiques pour toute implantation
robuste de tels algorithmes.

En conclusion, je mentionne quelques autres résultatsesipbléemes de visibilité 3D
et 2D que je n'ai pas inclu dans ce document car ils sont d’'atere relativement différente
des résultats que j'ai mentionné jusqu’ici. D’abord, dangontexte de prototypage rapide par
couches, nous avons proposé une solution pratique, pamapyation, au probleme du calcul
d’une stratégie de découpage en tranches optimales eteaigiclr optimale de découpe pour
réduire au minimum le volume des régions qui sont inacckss@une fraiseuse a deux degrés
de liberté et demi pendant le processus de fabrication [LL.BQ405]. Cette stratégie a été
testée avec succes et est maintenant employée par le CIRTiESentreprise de recherche en
prototypage rapide. Nous avons également présenté ddmtegunéliminaires sur le probleme
du calcul effectif de graphes de visibilité de sphéres [MDIG5ous avons résolu plusieurs
problémes de visibilité en deux dimensions. En particutieus avons montré des bornes théo-
riques et fait une évaluation expérimentale de la taille dmmlexe de visibilité d’objets dis-

Lhttp://www.cirtes.fr
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tribués aléatoirement dans le plan [ELPZ07] et présentdgarithme pour le lancé de rayons
paraboliques [CEKO7].
Je présente maintenant une description plus détailléesiesealtats.

2.2.2 Tangentes communes a des sphéres das

Les droites tangentes a des sphéres ont été étudiées daan@uigrrente ces derniéres
années. Macdonald al. [MPTO01] ont montré que quatre sphi@itss ont, au plus, 12 tangentes
communes en général, et un nombre infini si et seulementceidses sont alignés. La borne de
12 a été indépendamment obtenue par Devillers et al. [ DMP s le cas fini, cette borne
est fine [DMPTO03, MPTO1] et dans le cas particulier ou les sghe@nités ont leurs centres
coplanaires mais non alignés, cette borne descend a 8 [Ni&g®dendant, la borne supérieure
de 12 reste valide lorsque les spheres ont des rayons adstraottile et Theobald [ST02] ont
montré qu’il y a 3 2" tangentes communes complexeia-2 sphéres de rayons arbitraires
dansR" et qu'il existe des exemples de telles sphéres avec touies tiengentes communes
réelles.

Récemment, des progrés ont également été accomplis danspaédension des variétés
de tangentes communes a des spheres et transversales @itdss @heobald [The02] décrit les
configurations de trois droites et une sphére ayant un nomfiné de tangentes/transversales
communes. Megyesi et al. [MSTO03] ont ensuite caractérsélmilles de deux droites et deux
quadriques dé&3(C) ayant un nombre infini de tangentes/transversales, etcagpleurs ré-
sultats au cas de deux droites et de deux sphéré®&3d&nfin, Megyesi et Sottile [MS05]
ont classifié les familles d’une droite et trois sphéresRdeayant un nombre infini de tan-
gentes/transversales.

Le probléme de la caractérisation des configurations derejsphéres de rayons quel-
conques ayant un nombre infini de tangentes communes esprasrt. Citant Theobald [The02] :
«We conjecture that there does not exist any configuration feitin balls of arbitrary radii,
non-collinear centers and infinitely many common tangemsi? Dans le chapitre 5, nous
confirmons cette conjecture et prouvons le résultat suivant

Theorem 2.1. Quatre sphéres distinctes @& ont un nombre infini de tangentes réelles com-
munes si et seulement si elles ont des centres alignés etias ome tangente réelle commune.

Plus précisément, nous montrons que quatre sphéres ayaoimbre infini de tangentes
(réelles) communes soit eu un cercle en commun (possibledég@&néré en un point), soit
chaque sphere a un cercle de tangence avec une unique geadeaqévolution ayant pour
axe de symétrie la droite passant par tous les centres (ganef.1) ; une telle quadrique est
unique et peut étre un cdne, un cylindre ou un hyperboloideaappe. En outre, les tangentes
communes aux quatre spheres sont exactement les tangemesines a trois d’entre elles.

L'idée de la preuve est la suivante. Considérant une droitanpétrée par un poinp et
une directionv, nous caractérisons d’abord les droites tangentes a gs@atteres comme les
solutions de trois équations gnet v. Nous éliminons ensuitp de ce systeme d’équations.

2Nous conjecturons qu'il nexiste pas de configuration detrguiaoules de rayons arbitraires, de centres non
alignés, et ayant un nombre infini de tangentes communes.
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FIG. 2.1 — Deux exemples de quatre spheres ayant un nombre iefiandentes communes.

Ceci donne deux courbkdans I'espace projectif 2D des directions, dont I'intetiseccontient
toutes les directions pour lesquelles une droite tangantejaatre sphéres existe. Nous prou-
vons alors que ces deux courbes se coupent en un nombre fioirds. p

L'idée principale de cette preuve est que si les deux coudmssidérées comme courbes
projectives complexes, ont une composante commune de siomgpositive, cette composante
coupe, dans I'espace complexe, la conique imagirjejfe= 0 et nous prouvons que ce n’est
pas le cas.

2.2.3 Transversales a des segments de droite en trois dimensions

Nous posons, dans le chapitre 6, la question élémentauagai: Quelle est la taille de I'en-
semble des transversales & un ensemble arbitraitesegments de droite dais ? Ici, un seg-
ment peut étre ouvert, semi-ouvert, ou fermé, et il peutddmgenéré en un point; les segments
peuvent se couper ou méme se chevaucher. Puisqu’une drogR¢a quatre degrés de liberté,
elle peut couper au plus quatre droites ou segments engrogiinérique. Réciproquement, il
est bien connu que quatre droites en position génériquetteitheéro ou deux transversales ;
de plus, quatre droites arbitraires dasadmettent zéro, une, deux, ou un nombre infini de
transversales [HCV52, p. 164]. Nos résultats montrent, afraioe, que quatre segments de
droite arbitraires admettent jusqu’a quatre transvessalieun nombre infini.

Nous décrivons entierement la structure des composante®xes des transversales a un
ensemble den segments de droite dafi®®. Génériqguement, 'ensemble des transversales a
guatre segments se compose de zéro, une, ou deux droites chlimoguons les cas non geé-
nériques et prouvons que> 3 segments arbitraires daR$ admettent au plus composantes
connexes de droites transversales et que cette borne perddisée dans certaines configura-
tions quand les segments sont coplanaires, ou quand ilstegopeent & un hyperboloide a une
nappe (voir la figure 2.2). Ceci implique également une boupéseure fine da sur le nombre
de permutations géométriques de segments de droiteifans

Plus précisément, nos résultats sont les suivants. Densvigesales a un ensemble de seg-
ments sont dites dans la méme composante connexe si et satlginiune des transversales
peut étre déplacée continiment en I'autre transversaledstant une transversale Bé a I'en-
semble des segments. (Pour les ensembles de droites tiieseonsidérés ici, les notions de
connexe et connexe par arc sont équivalentes puisque toesdembles sont semi algébriques.)

lUne cubique et une quartique si les centres sont affinemeépé@ndant et une conique et une sextique si les
centres sont coplanaires sans trois alignés.
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FIG. 2.2 — Deux vues d’'un hyperboloide a une nappe contenantegsegments et les quatre
composantes connexes de leur transversales (correspandanégions grisées). Les quatre
segments sont symétriques par rotation autour de I'axehgipdrboloide.

D’une maniére équivalente, les deux points dans I'espasealdstes (par exemple, dans I'es-
pace de Plucker [PWO01]) correspondant aux deux transversafg dans la méme composante
connexe de I'ensemble des points correspondant a toutdésles/ersales a I'ensemble des
segments.

Notre résultat principal est le théoréme suivant.

Theorem 2.2.Un ensemble de & 3 segments de droite arbitraires dai®s admettent tout
nombre de 0 a n de composantes connexes de droites tranggerBius précisément, I'en-
semble des droites transversales est composeé d’au pluddaites isolées sauf si les segments
sont dans 'une des trois configurations suivantes :

1. les n segments sont contenus dans une famille de gérmédat€a) un paraboloide hy-
perbolique ou (b) un hyperboloide a une nappe, ou

2. ils sont tous concourants, ou

3. ils sonttous dans un plan, ala possible exception d’'ungeade un ou plusieurs segments
qui coupent le plan en un méme point.

Dans les cas 1(a) et 2, les transversales forment au plus amgasante connexe. Dans les
cas 1(b) et 3, les transversales peuvent avoir n'importd gambre de 0 a n de composantes
connexes. De plus, dans le cas 3, si tous les segments neasardglanaires, ce nombre est au
plus n— 1.

Dans les cas 1-3, chaque composante connexe peut étre fomm®odhbre infini de droites
transversales ou étre réduit & une droite isolée. Par exetnpis segments formant un triangle
et un quatrieme segment coupant l'intérieur du trianglerepaint ont exactement trois trans-
versales (figure 2.3 montre un exemple similaire avec un menmfini de transversales). En
outre, les quatre segments dans la figure 2.2 peuvent éteurats de sorte que les quatre
composantes connexes de transversales se réeduisent@tgaagiersales isolées.

Nous montrons également qu’'une conséquence simple dethétreme est la borne sui-
vante sur le nombre de permutations géométriquesstgments darik3.

Corollary 2.3. Un ensemble de b 3 segments disjoints deux & deux d&tsadmet au plus n
permutations géomeétriques et cette borne est fine.
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FIG. 2.3 — Quatre segments ayant trois composantes connexesdedrsales.

Enfin, nous montrons également qu’un algorithme de comgléssmporelléd(nlogn) pour
calculer les transversalem&egments découle directement de la preuve du théoremesirsie

L'idée de la preuve est comme suit. Nous considérons d’alesrdroites supports des seg-
ments, c’est-a-dire, les droites contenant les segmemisésdo(définie verticale si le segment
correspondant est un point). Nous prouvons théoréme 2.2ueiimgt 'ensemble des droites
transversales a trois segments dans les trois cas diféamants, qui couvrent toutes les pos-
sibilités, mais ne sont pas exclusifs : (i) trois droitesprts sont deux a deux non coplanaires,
(i) deux droites supports sont coplanaires, et (iii) t@sdegments sont coplanaires.

Par exemple, dans le premier cas et si, en outre, toutes>e3 droites supports sont dans
une famille de générateur d’un hyperboloide a une nappeffgore 2.2), les droites transver-
sales sont les droites de la seconde famille de génératellegipeuvent étre paramétrées par
des points sur une ellipse, par exemple, par leur pointseit8action avec une ellipse contenue
dans I'hyperboloide & une nappe. Ainsi, I'ensemble destensales aur segments corres-
pond a l'intersection da intervalles sur cette ellipse. Cette intersection peutrawoit nombre
de composantes connexes de zéro jusguéd n’importe laquelle de ces composantes connexes
peut étre réduite a un point sur I'ellipse. Lensemble desdversales peut ainsi avoir tout
nombre de composantes connexes de zéro jusgy@an’importe laquelle de ces composantes
connexes peut étre réduite a une transversale isolée eR2giimontre deux vues d’une confi-
guration ave@ = 4 segments et quatre composantes connexes de transversales

2.2.4 Droites tangentes a quatre triangles en trois dimensions

Nous étudions dans chapitre 7 la question élémentairergeivaQuel est le nombre de
tangentes communes a quatre triangles ? Nous établissebedes supérieures et inférieures
sur ce nombre. Nous prouvons en particulier que ce nombrepe, étonnamment, aussi élevé
que 62.

Une droite est dite tangente a un triangle si elle coupe l@ Boitriangle. Soih(ty,to,t3,t4)
le nombre de droites tangentes a quatre trianglds, t3, etts dansR3. Ce nombre peut étre
infini si les droites supports des bords des triangles negamén position générale.

Notre premiére étape est de considérer la relaxation atgébde ce probléeme géométrique
dans lequel nous remplagons chaque bord d’un triangle gholte dansP®(R) le contenant,
et étudions 'ensemble des droitesRC) qui coupent une droite support de chaque triangle.
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(b)

FIG. 2.4 — Quatre triangles ayant (a) 40 et (b) 62 tangentes corasau

Puisqu'il y a de 3 = 81 tels quadruplets de droites supports, ceci est la disjonde 81 ins-
tances du probléme classique du calcul des transversalestr@ giroites données daR¥(C).
Comme il y a deux telles transversales a quatre droites derg@gosition générale, nous
pouvons escompter que cette relaxation algébrique a 168@w. Nous disons que quatre tri-
angleds,to, t3,t4 sont en position générale (algébrique) si chacun des 8lrgpiats de droites
supports ont deux transversales dRA&C) et les 162 transversales sont deux & deux distinctes.
Soit T I'espace des configurations de tous les quadruplets dejlesdandR3 et T ¢ T I'en-
semble des quadruplets de triangles en position généraisi 8\ (t1,t2,t3,t4) € T, le nombre
n(t1,to,t3,14) est fini et est au plus 162.

Nous nous intéressons en premier lieu au nombre

N = max{n(ty,to,t3,t4) | (t1,t2,t3,t4) € T}.
Nos résultats concernant ce nombre sont doubles. D’abous, prouvons quisl > 62.
Theorem 2.4. 1l existe quatre triangles disjoints dans T qui admet&@&htangentes communes.

L'idée est de perturber une configuration de quatre dro@esH? avec deux transversales
réelles. Les triangles dans notre construction sont tr&s: fie plus petit angle a une mesure
d’environ 1011 degrés (voir figure 2.4(b)). Nous avons également procédss &xpériences
sur cing millions de quadruplets de triangles aléatoirass{e mois de temps CPU). Il apparait
gue des quadruplets aléatoires ont frequemment un nomibstasitiel de tangentes communes.
Nous avons obtenu plusieurs quadruplets de triangles gqueteint 40 tangentes communes
(voir figure 2.4(a)) et nous avons observeé que les quadaugletont des tangentes communes
admettent au moins 16 tangentes communes avec une prabdkili moins 15%.

Nous pouvons améliorer la borne supérieureNsiguand les triangles sont disjoints.

Theorem 2.5. Quatre triangles dans T admettent au pll&2 tangentes communes distinctes
et au plusl56si les triangles sont disjoints.

Nous croyons, cependant, que les bornes supérieures gagr@sentons sont loin d’étre
optimales. Quand les quatre triangles ne sont pas en pogiénérale, le nombre de droites
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tangentes peut étre infini. Dans ce cas, nous pouvons regroap tangentes par composantes
connexes : deux tangentes sont dans la méme composanteesitaéplacer continlment une
droite en l'autre tout en restant tangent aux quatre tresmdChaque quadruplet de bords des
triangles peut induire jusqu’a quatre composantes de tdegeommunes (voir le chapitre 6),
donnant une borne supérieure triviale de 324. Ceci peut gtéiiaé.

Theorem 2.6. Quatre triangles ont au plu$62composantes connexes de tangentes communes
et au plusl56si les triangles sont disjoints.

Enfin, nous prouvons également un résultat sur la parité thbrevde tangentes.
Theorem 2.7. Si (t1,t2,t3,t4) € T, alors rty, t, t3,t4) est pair.

Ce résultat peut ne pas sembler étonnant dans la mesure oarsgersales a des droites
viennent par paires. Cependant, cet argument usuel ne isfapglas ici car nous cherchons
des tangentes aux triangles et non des transversales atesdngpports. Fréquemment, seule-
ment I'une des deux transversales réelles a un quadrupliibites supports est tangente aux
triangles.

2.2.5 Prédicats pour des droites transversales en trois dimensions

Le calcul de droites transversales a des droites ou segrasintsie opération importante
dans les problemes de visibilité tridimensionnelle ; veg thapitres 7, 9, 13 et [DD02,DDP97,
DDP02, EGHHZ00, PD90]. Dans le chapitre 8, nous étudionsrdiprédicats et leurs degrés
dans le contexte des droites transversales a droites eeségen trois dimensions.

Un prédicat est une fonction qui renvoie une valeur d’'un ende discret. Typiquement,
les prédicats géomeétriques répondent a des questions dutyp point est-il a l'intérieur, a
I'extérieur, ou sur le bord d’un ensemble ?». Nous consitetes prédicats qui sont évalués
prés des fonctions booléennes de prédicats élémentagesiecnier étant des fonctions qui
renvoient le signe-{, 0 ou+) d’'un polyndme multivarié dont les arguments sont un sous-
ensemble des parametres d’entrée du probleme donné (aoiexpmple, [BPOO]). Le degré
d’'une procédure pour évaluer un prédicat est le degré maminen les parametres d’entrée,
parmi tous les polynémes impliqués dans I'évaluation ddipeé par la procédure. Dans ce qui
suit nous parlons, par abus de langage, de cette mesure comdegré du prédicat. Le degré
d’un prédicat est un concept intéressant parce qu'il fowrme mesure du nombre de bits requis
pour une évaluation exacte du prédicat quand les parantBamsée sont des nombres entiers
ou des nombres en arithmétique flottante ; le nombre de bge®est alors, grossiérement, le
produit du degré avec le nombre maximum de bits utilisés peprésenter chaque parameétre
d’entrée.

Dans le chapitre 8, nous étudions tout d’abord le degré daiqats standard pour le calcul
du nombre de droites transversales a quatre droites ou eeqegfments en trois dimensions;
rappelons que quatre droitesH&admettent 0, 1, 2 ou un nombre infini de droites transversales
et que quatre segments admettent jusqu’a 4 ou un nombredefifioites transversales (voir le
chapitre 6). Nous considérons également le prédicat paerrdiner si un segment transversal a
guatre droites et de longueur minimale est obstrué, ou ranymptriangle. Enfin, nous étudions
le prédicat pour comparer deux plans définis par deux pommsiés et chacun contenant un
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troisieme point (rationnel) ou une droite transversale @rgudroites ou segments. Ce prédicat
apparait dans l'algorithme par balayage d’un plan autoumeldroite pour calculer 'ensemble
des segments libres minimaux tangents a quatre paipolyedres convexes en 3D (voir les
chapitres 9 et 10).

Notre étude montre que les procédures standard pour ré&soadmrédicats ont un degré
élevé. En particulier, nous montrons que déterminer si gmsat minimal transversal a quatre
segments est obstrué, ou non, par un triangle peut étreéépatuun prédicat de degré 90 en
les coordonnées des points définissant les quatre segniéatsiangle. En outre, le prédicat
pour comparer deux plans, dans un algorithme par balayagearadiune droite, chague plan
défini par I'axe de rotation et par une droite transversaeat ptre évalué par une procédure de
degré 168 en les coordonnées des points définissant lesddiéintrée. Ces degrés tres élevés
peuvent aider a comprendre pourquoi les algorithmes psoudée les problemes de visibilité
3D sont sujets a des erreurs lorsque I'on utilise une aritigume flottante de précision fixe.

2.2.6 Droites et segments libres tangents a des polyedres convexes arbi-
traires en trois dimensions

Nous étudions dans les chapitres 9 et 10 la complexité etdelaiensembles de droites
et de segments de droite tangents a des polyédres dans ueetrsdienensionnelle constituée
de polyédres convexes. Nous présentons, dans le chapdeu9.types de résultats. D’abord
nous présentons de nouvelles bornes combinatoires sumlereale droites ou segments libres
tangents a quatre polytopes. Nous présentons ensuite anittahge pour calculer ces segments
libres. Dans le chapitre 10, nous présentons une breveipigscrd'une vidéo illustrant notre
algorithme et son implantation dans le cas de polytopesidisj Je détaille maintenant ces
résultats.

Bornes combinatoiredlous montrons que parrkjpolytopes, de complexité totatequi peuvent
se couper, le nombre de droites tangentes a n’importe qoet de quatre polytopes est dans
le pire cas infini o (n?k?). L'aspect le plus étonnant de ce résultat est que cette ljgunest
fine) est la méme que les polytopes se coupent ou non. Ceci eshiaste avec la situation en
deux dimensions ou nombre de tangentes a deux polygonesxamest toujours quatre s'ils
sont disjoints, et peut étre linéaire en la taille des pohggos’ils se coupent. Notre résultat est
également valide pour des polytopes en position arbitraioeis ne faisons aucune hypothése de
position générale. Les polytopes peuvent se couper de aitepguelle facon ; ils peuvent se re-
couvrir ou coincider. lls peuvent étre dégénérés en degpnbs, des segments, voir méme des
points. Tandis que quatre polytopes en position généralarfe définie dans [BDD02]) ad-
mettent un nombre fini de tangentes communes, quatre pely&pposition arbitraire peuvent
admettre un nombre infini de tangentes communes; nous &osgl alors les composantes
connexes (définie dans I'espace des droites) de cet ensdmtadagentes.

Nos résultats principaux sont, précisément, les suivants.

Theorem 2.8. Etant donné k polytopes dais avec n arétes au total, il existe dans le cas le
pire ©(n’k?) composantes connexes de segments libres maximaux tadgantsoins quatre
de ces polytopes. Cette borne s’applique également au nodebecemposantes connexes de
droites, possiblement obstruées, tangentes a au moingegimtes polytopes.
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FiG. 2.5 — Une droite tangentekgpolytopes en des sommets.

Ce résultat améliore significativement les bornes précedarhigonnues c’est-a-dire la
borne triviale deO(n*) et la méme borne supérieure @n%k?) pour le cas considérable-
ment plus simple de polyedres convexes disjoints en pogiggmérale algébrique [EGHHZO00,
BDD'02]. Il est a noter que, lorsgue> 4, aucun des deux résultats énoncés dans le théo-
reme 2.8 n'implique 'autre puisqu’une droite tangente avaains quatre parmk polytopes
peut contenir plusieurs segments libres maximaux tangegisitre polytopes mais peut égale-
ment n’en contenir aucun.

Lorsquek = 4, le théoréme 2.8 implique qu'il y @(n?) composantes connexes de droites
tangentes aux quatre polytopes, ce qui améliore la borm&geénment connue d@(nlogn)
gui découle de la méme borne sur la complexité de I'ensenddaldbites transversales a un
ensemble de polyedres (ici quatre) amearétes au total [Aga94]. Nous prouvons, de plus, une
borne plus fine quand I'un des quatre polytopes a peu d’arétes

Theorem 2.9. Etant donné3 polytopes avec n arétes au total et un polytope avec m aiéjes,
a dans le cas le pir®(mn) composantes connexes de droites tangentes a ces quatiepasy

Nous montrons également le résultat suivant qui est plusspat, bien que plus technique,
gue le théoréeme 2.8. Alors que le théoreme 2.8 borne le nodegbecemposantes connexes de
tangentes, le théoréme 2.10 borne le nombre de tangentésssvec une notion de multipli-
cité. Par exemple, une droite passantipsommets et tangente akiyolytopes correspondants
(voir figure 2.5) est comptééz) fois, ce qui est le nombre d’ensembles minimaux de sommets
qui admettent cette droite comme transversale isolée. Bi&augun de ces théorémes n’'im-
plique I'autre, nous montrerons que la borne supérieurdnédaréme 2.8 se déduit facilement
du théoréme 2.10.

Theorem 2.10. Etant donné k polytopes d&® avec n arétes au total, il existe dans le cas le
pire ©(n’k?) ensembles minimaux d’arétes (ouvertes) et de sommetgapris les polytopes,
qui admettent une transversale isolée, possiblementudssttangente a ces polytopes.

Algorithme.Nous portons a présent notre attention sur le calcul desesgigriibres qui sont des
transversales isolées de leurs sommets et arétes suppuisent tangents aux polytopes cor-
respondants. Durand et al. [DDP02] ont proposé un algoathaur ce probléme de complexité
temporelleO((n® + p)logn) dans le pire cas, op est la taille de la sortie ; cet algorithme, basé
sur un double balayage, est avéré difficile a mettre en adjait. Durand et al. ont également
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présenté un algorithme de complex@n®) dans le pire cas qui utilise des heuristiques inté-
ressantes qui induisent une complexité raisonnabf@(dé®) dans la pratique [DDP97]. Nous
présentons un algorithme de complexité tempor@{lek?logn) et spatialed(nk?), dans le cas

le pire, qui est aisément implantable et emploie seulemessttuctures de données simples;;
les polytopes peuvent se couper et étre en position areitthést a noter que Hornus [Hor06] a
récemment montré comment le complexe de visibilité de plvtB®convexes disjoints peut étre
entierement calculé avec cet algorithme comme point dertiér@e version préliminaire de cet
algorithme a été décrite pour des polyedres convexes iisjdans la thése de Goaoc [Goa04]
et implantée par Zhang ; le chapitre 10 présente une bréeweeiokisn d’une vidéo illustrant cet
algorithme et son implantation.

Theorem 2.11. Etant donné k polytopes d&° avec n arétes au total, nous pouvons calculer,
en temps ?k?logn) et espace k), toutes les droites (possiblement obstruées) qui sont des
transversales isolées de leur ensemble de supports (a@Esesnmets) et qui sont tangentes aux
polytopes correspondants. Nous pouvons également calenléemps h?k?logn) et espace
O(nk?), tous les segments libres minimaux qui sont des trans\esrssblées de leurs supports

et qui sont tangents aux polytopes correspondants.

Il convient de noter que notre algorithme ne fournit pas t@stg extrémaux (possiblement a
I'infini) des segments libres maximaux. Le calcul de ces gsantrémaux pour chaque segment
peut étre fait en lancant des rayons en ter®pg?n) par rayon avec un prétraitement de
complexité temporelle et spatial®( (nk)?+¢) [AS96]. De telles structures de données pour le
lancer de rayons ne sont cependant pas aisément implantéalrie solution alternative peut
étre d’effectuer des lancés de rayons en te@fslogn) par rayon en utilisant la structure
hiérarchique de Dobkin-Kirkpatrick sur chaque polytopegai nécessite un prétraitement de
complexité totale temporell®(nlogn) et spatialed(n) [DK83].

Pour souligner I'importance de considérer des polytopesaiut se couper, on peut observer
gue les scenes, par exemple en infographie, contienneétajément des objets non convexes.
Ces objets peuvent étre décomposés en ensembles de polgedveses. Il faut cependant
noter que simplement décomposer ces objets en polyedresxasnd’intérieurs disjoints peut
induire une scéne d’'une complexité beaucoup plus élevamguiécomposition en polytopes
qui se coupent. D’ailleurs, la décomposition d’'un polyeenepolytopes d’intérieurs disjoints
peut présenter de nouvelles tangentes qui n’étaient pasmies dans la scéne originale ; en
effet une droite tangente a deux polytopes le long d’'unedacemune n’est pas tangente a leur
union.

L'importance de considérer des polytopes en positionraibét vient du fait que les scenes,
par exemple en infographie, sont généralement pleines giendéescences dans la mesure ou
guatre polytopes admettent frequemment (en pratique) onbreinfini de tangentes communes
et également car les polytopes partagent souvent des arétdss faces. Il peut également y
avoir plus de composantes connexes de tangentes quanddessunt en position dégénérée ;
c’est, par exemple, le cas pour des segments de droite<hapitre 6). Il faut de plus noter que
nous n’avons pas pu trouver un argument de perturbatiomtigsant la préservation de toutes
(ou au moins une fraction constante) les composantes cesmgxtangentes et nous avons la
conviction que trouver une telle perturbation n’est pasetacile.
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| | Pire cas | Cas moyen
droites libres & un polyédre O(n*) (trivial)
droites libres & terrain polyédrique O(n32°v10gn) [HS94, Pel94]
droites libres & polytopes homothétes disjoints Q(n®) [IBEG98]
droites libres & boules unités Q(n?) [811], O(n°*¢) [AASO04] | O(n) [§11]
droites libres & boules Q(n®) [Gli07], O(n%)
segments libre max. & terrain polyédrique O(n*) [CS89h]
segments libres isolés maximaux 212
& k polytopes arbitraire O(n"k") [89]
segments libres maximaux & boules unités o(n*) [GIi07] O(n) [811]

TAB. 2.1 — Bornes sur la complexité de 'ensemble des droitesdibu segments libres maxi-
maux en présence d’'objets de complexité tatalees complexités moyennes sont données pour
une distribution uniforme des centres des boules.

2.2.7 Le nombre moyen d’événements visuels est linéaire

Le complexe de visibilité, une partition de I'ensemble degnsents libres maximaux, a
été proposé comme structure de données unifiée codant dawations de visibilité dans une
scene [PV96b] et a été employée dans des applications da réatiste [DDP02]. D’autres
structures de données ont été introduites, notammentuetste de lancé de rayon de Pelle-
grini [Pel93], le graphe d’aspect [PD90] et les enveloppssatles [Lau94]; voir [Dur00] pour
un récent survol.

Un probleme avec ce type de structures de données qui peétaergeurs applications pra-
tiques est leur taille potentiellement énorme ; la taillecdmplexe de visibilité d’'un ensemble
n triangles deR3 est@(n*) dans le cas le pire [DDP02], ce qui est prohibitif méme powr de
scenes de taille relativement modeste. Les exemples de pag Isont cependant artificiels et,
en effet, Durand, Drettakis et Puech [DDP97] fournissem pireuve empirique indiquant que
ces bornes supérieures pires cas sont en grande partim@sslans des situations pratiques;
ils observent un taux de croissance quadratique, quoiqueedas scenes assez petites. En 2D,
alors que la complexité dans le pire cas du complexe de M&ibst quadratique, les résultats
expérimentaux suggérent fortement que la taille du coneptexvisibilité d’'un ensemble de
triangles dispersés est linéaire [CF99].

Notre but est de fournir des arguments théoriques pour soutes observations. Dans ce
but, nous étudions la taillmoyennedu complexe de visibilité ou, d’'une maniére équivalente,
le nombre moyen d’événements visuels, pour des scén&s.ddn événement visuel est un
changement combinatoire dans la vue depuis un point de vilenain tel événement se pro-
duit quand la direction de vu devient tangente a quelquest@dPour des ensembles d’objets
convexes en position générale d@s la direction de vu peut étre tangente & au plus quatre ob-
jets. Les événements visuels correspondent ainsi des aegdeedroite non obstrués et tangents
a au plus quatre objets ; les événements visuels combieateirt différents correspondent a des
faces distinctes du complexe de visibilité.

Dans le chapitre 11, nous montrons que le nombre moyen deesggiibres maximaux et
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tangents & quatre boules pammboules unités uniformément distribuées d&isest linéaire.
Ceci améliore la borne supérieure @n8/3) par Durand et al. qui découle de la borne de
O(n®/3) sur le nombre moyen de droites (possiblement obstrué) maegé quatre boules pour
le méme modele [DDPO2].

L'idée de notre preuve est que, étant donné un segment taagpratre boules, la proba-
bilité que ce segment ne soit obstrué par aucune autre bsula probabilité que le volume
cylindrigue de rayon 1 autour du segment ne contienne aueninecdes autres boules. Cette
probabilité diminue grossierement de maniére expondéat@slec la longueur du segment, ce
qui induit le résultat. Nous montrons alors une borne lireggir la taille moyenne du complexe
de visibilité den boules unités uniformément distribuées d&isUn calcul simple nous donne
également le méme résultat pour la distribution de Poisson.

Nos résultats généralisent des maniéres suivantes. Nooisans que, pour certains types
d’événements visuels, la borne linéaire s’applique égafgna des boules de rayons quel-
conques mais bornés, a des objets polyédriques, chacuneinttk deux boules concentriques
de rayons fixes, et méme a des objets fins tels que des polygbaesin inclu entre deux cercles
concentriques de rayons fixes et dont les centres et les lewsant uniformément distribués.
Pour les autres types d’événements visuels (c’est-a-dire gui se produisent pres de la fron-
tiere de la scene — voir la section 11.7.3 pour les détaitg)s prouvons seulement une borne
de O(n?) qui est tout de méme une amélioration par rapport a la prétéderne ded(n®/3)
de Durand et al. [DDPO02].

Naturellement, les objets dans les scenes d’'infograpmieracement distribués uniforme-
ment ou selon une distribution de Poisson. Nous avons cbeisnodele parce qu'il permet
de mener a bien les preuves de résultats théoriques. Ceongsttant dans un contexte ou
il y a peu de résultats rigoureux gu’ils soient théoriqueexpérimentaux. Le méme modele,
guoique avec des hypothéses de simplification significatevété également employé pour étu-
dier complexité moyenne du lancé de rayons [SKHBS02, SKMB& ¢élimination des parties
cachées par objet (occlusion culling) dans des environnen2® urbains [NFLYCO99]. Il est
intéressant a noter que Szirmay-Kalos et al. [SKHBS02],sapweir établi des bornes sur la
complexité moyenne du lancé de rayons dans des scenes s boules unités distri-
buées selon un processus de Poisson, ont testé leurs latgesitsur un nombre restreint de
scenes réalistes. Les résultats qu’ils obtiennent sorfonoes a ceux de leurs bornes théo-
riques fournissant de ce fait une preuve que ce modéle a $nAaoun autre modeéle n'a été
largement admis la communauté d’infographie et, en faitgpire des scénes aléatoires signi-
ficatives pour tester des algorithmes est un probleme impbrOn peut noter que plutét que
d’essayer de produire des scenes aléatoires, une appitaimative a été employée pour étu-
dier la complexité moyenne du lancé de rayons ou la scénexéstdt ce sont les rayons qui
sont distribués aléatoirement (voir, par exemple, [ABCCO02]).

2.2.8 Une borne supérieure sur la taille moyenne des silhouettes

La silhouette d’'un polyedre d’'un point de vu donné est, gemement, I'ensemble des
arétes incidentes a une face avant et une face arriere. lbesiefites apparaissent dans di-
vers problémes d’infographie comme I'élimination des facachées et le calcul d’ombre (voir
[Dug04,DD02, EGHHZO00] pour quelques références récertesdgs algorithmes pour les cal-
culer efficacement ont été largement étudiés (voir le suisenberg et al. [IFH03]). Les
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silhouettes sont également importantes dans l'identificate forme ; Sander et al. [SGGO0]
affirment que la silhouette est une des informations viegeds plus significatives de la forme
d’un objet.

C’est un fait largement admis que la silhouette d’'un polyémiegénéralement beaucoup
plus petite que le polyédre entier. Sander et al. [SGW, par exemple, énoncent I'affirma-
tion récurrente que la silhouette d’'un maillage est soudertgille®(,/n) ou n est le nombre
d’arétes du maillage. Une étude expérimentale par Kettnéfe&zl [KW97] confirme cette af-
firmation pour un ensemble d’objets réalistes. Cette étugérarentale a été prolongée par
McGuire [McGO04] a une plus grande base de données de pludgaijets pour laquelle la
taille observée des silhouettes est approximativem&ht

Il y a peu de résultats théoriques soutenant ces obsersati@itner et Welzl [KW97]
montrent qu’un polyédre convexe qui approche une sphere ave distance de Hausdokff
a©(1/¢) arétes, et une projection orthographique aléatoire d'updlgtope a©(1/./€) arétes
en moyenne. Alt et al. [AGGO03] donnent des conditions posqulelles il peut &tre montré
que la silhouette d'un polyédmnvexeale taillen a une taille moyenn®(,/n) et donnent des
conditions additionnelles pour lesquelles la taille dansds le pire est nécessairement sous-
linéaire.

Dans le chapitre 12, nous étudions la taille moyenne desuslites de polyedreson
convexesLa convexité est une hypothese trés forte qui était creclans les résultats théo-
riques précédents. Ici, nous supposons plutét que le payést une bonne approximation
d’une surface fixée mais non nécessairement convexe.

Nous présentons un résultat théorique soutenant I'affiomafue, pour une grande classe
d’objets, la taille moyenne de la silhouette d’'un polyédiigbeaucoup plus petite que la taille du
polyedre entier. Nous montrons que la silhouette d’'un gbly&ui approche une surface d’une
maniére raisonnable a une taille moyennedjg/n) ou la moyenne est prise sur 'ensemble
des points de vue etest la complexité du polyédre ; les surfaces peuvent étrecapvexes,
non différentiables, et elles peuvent avoir des bords.ull feoter que la moyenne est prise sur
I'ensemble des points de vue pour une surface donnée, etasprfse sur un ensemble de
surfaces. Ceci confirme une croyance largement admise egrapfioie et est le premier résultat
de complexité pour des silhouettes de polyedres non cosvexe

2.2.9 Surla complexité de 'ombre et de la pénombre

Les ombres jouent un role central dans la perception hunislii& 98, Wan92]. Une grande
variété d’approche a été considérée pour simuler et fairerdu d’ombres (voir, par exemple,
les survols [Dur00, WPF90]) et beaucoup de méthodes font tilisation intensive de matériel
informatique dédié (voir le survol [HLHSO03]). Malheureunsent, le calcul d’ombres réalistes
est un probleme difficile, en particulier dans le cas de smifamineuses non ponctuelles.
Cette difficulté est en partie due a la structure complexe ddw@s. Nous étudions, dans le
chapitre 13, cette structure.

Un point est dit dans 'ombre s’il ne voit aucune source lugnise méme partiellement ; un
point est en pleine lumiére s'il voit entierement toutessiegrces lumineuses ; autrement, il est
dans la pénombre. Tandis que la frontiére entre la pénonla@lkeine lumiére est raisonnable-
ment bien comprise (voir section 13.3), le bord de 'ombtamesins bien compris. Néanmoins,
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| Scénes | Bornes inférieures Bornes supérieurels
Source lumineuse : segment
2 triangles 4 0(1)
2 «gros» polytopes Q(n) O(n)
k polytopes Q(nk? + k%) O(nk®)
Source lumineusen-gon
kpolytopes | Q(n’k*+nk°) | o(n3k3)

TAB. 2.2 — Bornes inférieures sur le nombre de composantes cesmdbornes supérieures
sur la complexité de 'ombre induite sur un plan en préserek polytopes de complexité
totaleO(n).

| Sceéne | Bornesinférieures]  Bornes supérieures |
| k polytopes| Q(na (k) +km+k?) | O(na (k) + kna (k) + k?) |

TAB. 2.3 — Bornes sur la complexité de la pénombre induite sur am par une source lumi-
neuse polygonale de complexitéen présence depolytopes de complexité tota@(n).

il y a une littérature étendue sur le sujet du calcul ex@idié ces frontiéres d’ombre ; voir, par
exemple, [DF94,DDP97,DDP99, DDP02, Hec92,NN83, SG94 el

Dans le chapitre 13, nous prouvons diverses bornes, réatggstdans les tableaux 2.2 et
2.3, sur la complexité de 'ombre et de la pénombre induiteupa source lumineuse segment
ou polygonale sur un plan en présence d’obstacles polyégigonvexes. En particulier, nous
montrons qu’une source lumineuse segment peut induirerésepce de deux triangles, quatre
composantes connexes d’ombre (voir figure 2.6). Nous mositqoie I'ombre induite par une
source lumineuse segment et deux «gros» obstacles cordexesplexité totala peut avoir
Q(n) composantes connexes dans le cas le pire. Nous prouvorsrégdlune borne inférieure
de Q(nk? 4+ k*) sur le nombre maximum de composantes connexes de I'ombneeebarne
supérieure d©(nk®) sur sa complexité pour une scéne composée d’une sourceduseirseg-
ment etk polytopes disjoints de complexité totaieEnfin, nous prouvons que 'ombre induite
sur un plan par une (ou plusieurs) source lumineuse polygalzes une scéne constituéekde
polyédres convexes de complexité totaleeut avoirQ (n’k® + nk®) composantes connexes et a
une complexité dan®(n3k3). Ces bornes sont les premiéres sur la taille de 'ombre ereterm
deketn.

Ces résultats sont surprenants, premierement, car ils emtrjue I'ombre induite par une
unique source lumineuse segment peut avoir beaucoup deosames connexes. Le fait que
'ombre peut avoir quatre composantes connexes avec sentaieux triangles comme obs-
tacles est une surprise totale. Nos bornes inférieure®(de? + k*) et Q(n’k® + nk®) compo-
santes connexes, pokipolytopes de complexité totatesont plutot pathologiques dans le sens
ou la plupart des obstacles sont trés longs et minces. Capendas présentons également un
exemple ave€(n) composantes connexes en présence de deux «gros» polygopegtopes
de complexitéO(n). En ce qui concerne les bornes supérieure®@éd) et O(n’k3), méme



34 CHAPITRE 2. DROITES DE L’ESPACE ET VISIBILITE 3D

FIG. 2.6 — Quatre composantes connexes d’'ombre induites sdanpar une source lumineuse
segment en présence de deux triangles (I'ombre est en gitiy;akendu par A. Dietrich.

si 'écart entre ces bornes reste grand, ces bornes anmélieeasiblement les seules bornes
précédemment connues pour ce probléme qui sont les boiviake deO(n*) etO(n®). Il est
également intéressant a noter que la preuve de la borneéeugédans le cas de sources lumi-
neuses polygonales utilise comme lemme clef le lemme pah¢Main Lemma) du chapitre 9
sur le nombre de droites coupant une droite donnée et tangemodis polytopes. Enfin, il est
intéressant de préciser que méme pour les cas les plus sigplgources lumineuses de non
ponctuelles, obtenir les bornes fines sur la complexitéalehire et comprendre sa structure est
un probléme tres difficile.

Ces résultats montrent que 'ombre, qui est bornée par deslarconiques, est intrinseque-
ment beaucoup plus compliquée que la frontiere entre larpbrmet la pleine lumiére qui est
bornée par des segments de droites et pour laguelle nousamsmfue la complexité dans le
pire cas est dan@(na (k) +km-+k?) et O(na (k) 4 kmo (k) +k?), oumest la complexité de la
source lumineuse polygonale.



Chapitre 3

Géomeétrie algorithmigue non linéaire sur
les quadriques en trois dimensions

3.1 Introduction

Les surfaces algébriques réelles de faible degré commeubadriques présentent un bon
compromis entre la simplicité, la flexibilité, et les capéside modélisation et elles jouent un
réle majeur dans la construction de modéles précis d’emmgments physiques pour la simu-
lation et le prototypage. Par conséquent, le calcul géaguétiavec des surfaces courbes a une
longue et riche histoire. Néanmoins, nos travaux récemntsasparamétrisation exacte et op-
timale de l'intersection de quadriques (voir les chapittésa 17) ont prouvé que, méme sur
des problémes bien étudiés, des améliorations étonnagugsmt étre accomplies. De plus, les
avancés recentes dans le calcul exact et 'amélioratiostante des outils algébriques dispo-
nibles ont ouvert de nouvelles allées de recherche powte#fie dans ce domaine, des calculs
certifiant la topologie. En particulier, les performances dystemes de calcul algébrique se
sont sans cesse améliorées au cours de ces derniéres années pouvons maintenant ré-
soudre des problémes non triviaux (voir le chapitre 18). Gdapt, en dépit de succes récents,
les systémes de calcul algébrique demeurent colteux erstéepalcul et mémoire vive et
leur utilisation efficace tient plus d’un art que d’'une scienl’expérience a également prouvé
gu’avoir une compréhension géométrique compléte des gmodd avant de recourir a de tels
systémes augmente considérablement les chances de duéaasoins, beaucoup de travail
reste a effectuer pour obtenir des algorithmes géomeésignacts traitant d’objets courbes,
méme de faible degré.

Ces derniéres années, j'ai focalisé mes activités de rdubesur des problémes de calcul
certifié et effectif avec des quadriques. J'ai principaletrteavaillé sur le probléme du cal-
cul de l'intersection de deux quadriques et, plus génémratensur les problemes de calcul de
complexes quadratiques (c’est-a-dire, des surfaces gigues par morceaux) dans le contexte
de I'évaluation du bord d’un solide. J'ai également trdeadur les diagrammes de Voronoi
d’objets polyédriques. Je présente ci-dessous une diésorgoncise de mes contributions sur
I'intersection de quadriques et sur les diagrammes de \@rda droites. Je ne discute cepen-
dant pas dans ce document de mes travaux sur le calcul dee@amuadratiques, qui sont
encore en cours et non publiés.

35
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3.2 Résumé des contributions

3.2.1 Introduction

Ma réalisation principale a été I'achevement du premieordlgme et implantation exacts,
complets, quasi optimaux, et utilisables pour paramétrmeetsection de deux quadriques réelles
dans I'espace projectif tridimensionnel (voir les chagsti4 a 17). Cet algorithme est une per-
cée sur un probleme en suspens de longue date et, s'il resigrena des améliorations mi-
neures, le probleme est maintenant en grande partie clos.

Plus précisément, nous avons présenté (voir le chapitréalemiere classification de
paires de quadriques basée sur le type de leur intersectios ltespace projectif réel (par
exemple, une quartique non singuliére, une quartique Bodak cubique et une droite, deux
conigues, etc.). Basé sur cette classification, nous avesse le premier algorithme pratique
qui identifie correctement, sépare et calcule une parasaétn de toutes les composantes al-
gébriques de l'intersection et fournit toute I'informatitopologique appropriée (voir les cha-
pitres 14 a 16). La paramétrisation est de plus simple dassrie ou (i) la paramétrisation est
rationnelle lorsque une telle paramétrisation existerémuent I'intersection est une quartique
non singuliére et toute paramétrisation implique nécesseint la racine carrée d’un polynéme)
et (ii) le nombre de racines carrées apparaissant dansééfscmnts de la paramétrisation est
toujours minimal, excepté dans un nombre restreint de easidentifiés, dans lesquels les co-
efficients peuvent impliquer une racine carrée supplénrentdous avons également implanté
cet algorithme en C++ et nous avons montré que notre impiantast extrémement efficace
dans la pratique, sur des exemples génériques, dégénésébian que sur des données réelles
(voir le chapitre 17) ; 'implantation typiqguement calcales paramétrisations d’intersection de
guadriques avec des coefficients d’entrée ayant 50 chiéfnasoins que 50 millisecondes sur
un PC standard. Notre code peut étre téléchargé des siteduMeDRIA et de 'INRIAS et il
peut également étre testé via une interface’web

J'ai également commencé récemment a travailler sur le @noddu calcul de 'axe médian
ou du diagramme de Voronoi de polyedres en trois dimensigmsel diagramme est une par-
tition de I'espace en cellules, chacune comprenant I'ebtenes points les plus proches d’'un
objet que de tous les autres. De plus, 'ensemble des pajnidigtants a deux droites (ou a une
droite et & un point) est une quadrique et 'ensemble degpénuidistants a trois droites est
I'intersection de deux quadriques. Le chapitre 18 présenéecaractérisation de la topologie
des diagrammes de Voronoi de trois droites. Nous prouvoatagopologie est invariante pour
des droites en position générale et nous obtenons une @i®ple monotonicité sur les arcs du
diagramme. Nous en déduisons un algorithme simple pounoetales points le long d’un tel
arc, lequel est vraisemblablement d’un réel intérét pouuties algorithmes efficaces pour le
calcul de I'axe médian d’'un polyédre. La technique de preque utilise fortement les outils
modernes de calcul formel, est également intrinsequemt@ressante.

Je présente maintenant, dans les sections 3.2.2 et 3.2.8gesaription plus détaillée de ces
résultats.

3http://www.loria.fr . http:/www.inria.fr
“http://www.loria.friequipes/vegas/q
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3.2.2 Intersection de deux quadriques

Je présente ici une description détaillée, bien que condesdéensemble de mes contri-
butions sur le probleme de l'intersection de deux quadegue commence par présenter un
panorama des travaux antérieurs sur le sujet. Puis, apeigugs préliminaires, je rappelle
brievement I'algorithme séminal de Levin pour paramétietdrsection de deux quadriques et
expliqgue comment cet algorithme introduit des nombrestaigées de haut degré créant des
probléemes de robustesse. Je présente ensuite mes cootisbut

La section 3.2.2.4 présente d’abord une amélioration itapte de I'algorithme de Le-
vin qui calcule une paramétrisatiquasi optimalede l'intersection de deux quadriques dans
le cas générique, c’est-a-dire quand l'intersection estaumartique non singuliere (voir la fi-
gure 3.1); la paramétrisation est quasi optimale dans Is senquand I'intersection est une
guartique non singuliere, le nombre de racines carréesappant dans les coefficients de la
paramétrisation est minimal ou minimal plus un. La sectidh235 présente ensuite la pre-
miere classification des paires de quadriques basée sydeléyleur intersection dans I'espace
projectif réel (par exemple, quartique non singuliere rggae nodale, cubique et droite, deux
conigues, etc.). Basé sur cette classification, la secti2.8.présente des algorithmes calcu-
lant des paramétrisations quasi optimales pour tous lestypssibles d’intersection singuliere
(voir la figure 3.1); la paramétrisation est quasi optimaedile sens ou elle est rationnelle
et que le nombre de racines carrées apparaissant dans figsg@us de la paramétrisation est
minimal ou minimal plus un. Ceci induit un algorithme pragogui identifie, sépare et calcule
des paramétrisations quasi optimales de toutes les comessalgébriques de I'intersection,
pour tout type possible d’intersection. Enfin, la sectichA7 présente une implantation exacte
et efficace de cet algorithme.

3.2.2.1 Panorama

Les plus simples de toutes les surfaces courbes, les quedrig'est-a-dire, les surfaces al-
geébriques de degré deux), sont des objets géométriquesfmmdaux qui apparaissent dans des
contextes divers tant en modélisation géométrique, ¢ieasson statistique, reconnaissance de
formes, et géométrie algorithmique. Le calcul de l'intetsm de deux quadriques quelconques
est un probleme fondamental et une représentation paligoedaxacte de I'intersection est sou-
vent souhaitable. Par exemple, ces calculs sont a la bagérdimns géométriques complexes
comme le calcul d’enveloppes convexes de morceaux de quadr[HI95], d’arrangements de
guadriques [BHK 05, MTT05, SWO06, Wol02], et de la frontiére de solides modalésse de
guadriques [KCF04, Sar83].

Jusqu’a récemment, la seule méthode générale connue poulecaine représentation pa-
ramétrique de l'intersection de deux quadriques quelcesi@tait due a Levin [Lev76, Lev79].
Elle est basée sur une analyse du faisceau défini par les dadrigues, c’est-a-dire I'ensemble
des combinaisons linéaires des deux quadriques.

Bien que fondamentale, la méthode de Levin a de sérieuseatiionis. Quand I'intersection
est singuliere ou décomposable, une paramétrisation gdodetions rationnelles existe, mais
la méthode du faisceau de Levin ne la trouve pas et produiparsemétrisation qui implique la
racine carrée d’'un polynéme. En outre, quand une représantn arithmétique flottante est
utilisée, la méthode de Levin peut produire des résultatsaput topologiquement erronés et
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-
FiG. 3.1 — Galerie d'intersections de quadriques. a. Quartipaiale. b. Quartique nodale avec
point singulier isolé. c. Cubique et droite sécantes. d. Qi droite tangentes. e. Deux co-
nigues sécantes. f. Deux droites doubles. g. Quatre dfoitesant un quadrilatere gauche. h.
Deux droites et une droite double. i. Conique et point cowadpnt a deux droites imaginaires
ne se coupant pas sur la conique. j. Quatre droites condegtadeux réelles et deux imagi-
naires. k. Deux droites et une droite double, les trois &antourantes. |. Conique et droite

double.
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elle peut méme échouer a produire une paramétrisationtii@’aart une implantation correcte

basée sur une arithmétique exacte est essentiellemenddqartée parce que la méthode de
Levin introduit des nombres algébriques de degrés assezselgne bonne indication de cette
impraticabilité est que méme pour I'exemple générique rdp la section 14.8.2, la paramé-
trisation exacte calculée par I'algorithme de Levin's (céé a la main avec Maple) prend plus
de 100 mégaoctets d’espace mémoire !

Au cours des années, le travail séminal de Levin a été préletmaffiné dans différentes di-
rections. Wilf et Manor [WM93] utilisent la classificationrs des intersections de quadriques
par la caractéristique de Segre (voir [Bro06]) pour condiairgaramétrisation de I'intersection
par la méthode du faisceau. Récemment, Wang, Goldman et Tu PBJ®ht amélioré la meé-
thode en rendant possible le calcul d’information strugtarsur I'intersection et ses diverses
composantes connexes et en calculant une paramétrisatiolep fonctions rationnelles si elle
existe. La question de savoir si leur algorithme est nurnéngent robuste est discutable.

Une autre méthode, d’orientation algébrique, a été présegudr Farouki, Neff et O’Con-
nor [FNO89] lorsque l'intersection est dégénérée. Dansldetis, en utilisant une combinaison
de concepts classiques (caractéristique de Segre) etlslalgebriques (factorisation des poly-
némes multivariés), les auteurs montrent que le type maogitue de la courbe d’intersection
peut étre obtenu sirement. Un intérét notable de cette uhtbst qu’elle peut produire une
paramétrisation exacte de l'intersection dans des cadesnguand les quadriques d’entrée ont
des coefficients rationnels. Aucune implantation de cadrétlgne n’est cependant connue.

Plutét que de limiter le type de l'intersection, d’autreg cherché a restreindre le type
des quadriques d’entrée, tirant profit du fait que des inftimms géométriques peuvent alors
aider a calculer la courbe d’intersection [GM91, Mil87, M&$J92, SJ94]. Des procédures
spécialisées sont congues pour calculer la courbe d’edgosm dans chaque cas particulier.
Méme si de telles approches sont numériquement plus stabdekes approches algébriques,
elles sont essentiellement limitées a la classe des quedridjites naturelles (c’est-a-dire, les
plans, cdnes droits, cylindres circulaires et sphéresp®trdersections planaires.

Peut-étre le plus intéressant des algorithmes connus @deuler une représentation ex-
plicite de lintersection de deux quadriques arbitrairesla méthode de Wang, Joe et Gold-
man [WJGO02]. Cette méthode algébrique est basée sur unednjbetationnelle entre la courbe
d’intersection et une courbe cubique plane. La cubique letsthoe par projection depuis un
point se trouvant sur I'intersection. La classificationaeparamétrisation de I'intersection sont
alors obtenues en utilisant des résultats classiquessscultegques planes. Les auteurs affirment
gue leur algorithme est le premier a produire une classificabpologique compléte de I'in-
tersection (singularités, nombre et types de composantagezes, etc.). Cependant, le calcul
du centre de la projection utilise (une version amélioréel’dégorithme de Levin; soit une
arithmétique flottante est employée et le point ne sera eérgépas exactement sur la courbe,
ce qui peut mener a une classification incorrecte, soit utiemagtique exacte est employée et
les paramétrisations calculées impliqueront des nomlgébrques de degrés élevés, limitant
de ce fait de leur utilité pratique.

Un probléme relié au calcul de lintersection de deux gupdss est la classification des
faisceaux de quadriques en fonction du type de leur inteosed.a classification des faisceaux
de quadriques sur les complexes (c’est-a-dire basé supéedy l'intersection dang3(C)) a
été réalisée par Segre au dix-neuvieme siécle [Seg83]. tBivd pratique est cependant limitée
puisque la classification est définie dans I'espace complges que nous sommes intéressé
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en premier lieu par les parties réelles de l'intersection.

Classifier les faisceaux de quadriques sur les réels, cdsedase sur le type de l'inter-
section dan®3(R), est un probléme important d’intérét indépendant du calewintersection.
Une telle classification est également critique pour patenBintersection de deux quadriques
pour deux raisons. Premiérement, elle donne de I'informnattructurelle sur la courbe d’inter-
section qui peut étre employée pour conduire un algoritheneattul d’une paramétrisation de
la courbe d’intersection (voir le chapitre 16) ; deuxiematne’est un préalable pour prouver
I'optimalité ou la quasi-optimalité des paramétrisaticagculées (voir le chapitre 16). Je rap-
pelle maintenant les travaux antérieurs sur la classifinates faisceaux de quadriques sur les
réels.

Dans le contexte de la représentation de la géométrie delsicaisons booléennes de vo-
lumes bornés par des quadriques, Ocken, Schwartz, et 8d&&87] ont montré en 1987 com-
ment deux quadriques peuvent étre simultanément diagéealen utilisant une transformation
réelle projective et ils ont employé cette diagonalisapfioar paramétrer l'intersection de deux
guadriques. L'analyse est cependant incompléte et quelopeephologies d’intersection sont
manquées pouvant mener a des classifications incorrectgmriculier, les cas lorsque le po-
lyn6bme caractéristique du faisceau a deux racines doutesgspondant a des morphologies
entre autres du type droite et cubique ou quatre droitesremaft un quadrilatére gauche, sont
manquant.

Le résultat suivant sur la classification des faisceaux delggues basées sur le type réel
de l'intersection a été obtenu en 2002 par Tu, Wang, et Wakg\/WD2] qui ont classifié les
faisceaux dans le cas générigue, c'est-a-dire quandrBiettion est une quartique non singu-
liere (dans I'espace complexe) et dont le nombre de compesannnexes dans I'espace réel
est deux, un, ou zéro. Il est a noter que Wang et Krasauskas )@ également obtenu
des résultats sur la classification des faisceaux dans pécesique sous I’lhypothese addition-
nelle que le faisceau est généré par deux ellipsoides dmtesaffine. Reliés a ces résultats,
Wang, Wang, et Kim ont également obtenu des résultats sépkration de deux ellipsoides
affines [WWKO01].

En Septembre 2005, Tu, Wang, Mourrain, et Wang ont publiéappart de recherche
[TWMWO05] présentant une classification des faisceaux treganma celle présentée au cha-
pitre 15 (également publié dans la thése de Dupont en 200404} IIs utilisent comme ouitil
mathématique de base le théoréme des paires de formes@ae®diUhlig et raffinent la clas-
sification des faisceaux de quadriques sur les complexeactEment la méme maniere que
nous. Il y a cependant des différences entre les deux apsobhabord, nous classifions les
faisceaux en utilisant I'inertie des quadriques aux racmaltiples du polynéme caractéristique
du faisceau, excepté dans un nombre restreint de cas ou ndisi@es géométriqgues simples
permettent de distinguer les cas. En revanche, Tu et akiftéag les faisceaux en utilisant
I'inertie des quadriques entre les racines du polynémectgniatique (plus le degré du poly-
ndéme minimal du polynéme caractéristique dans certainsatae base sur des expansions de
Puiseux pour déduire de I'information aux racines (muttg)ldu polynéme caractéristique. En
second lieu, la classification de Tu et al. est limitée awsciaux non dégénérés (c’est-a-dire les
faisceaux dont le polynéme caractéristiqgue n’est pas igeament nul), tandis que notre clas-
sification couvre tous les cas possibles. Troisiememenjiende la classification de tous les
types de morphologie de l'intersection réelle de quadsgoeus présentons également un algo-
rithme pour calculer efficacement ce type morphologiquéinieisection de deux quadriques
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guelconques dans lI'espace projectif réel.

3.2.2.2 Préliminaires

La quadrique associée a une matrice réelle symétfqleetaille 4x 4 est 'ensembl&s =
{x € P? | x"Sx = 0}, ou P" = P(R)" dénote I'espace projectif réel de dimensimrOn peut
noter que toute matrice de la forneeS, ou a € R\ {0}, représente la méme quadrigQe.
Quand l'espace ambiant eBf au lieu deP(R)3, la quadrique est simplemefs sans ses
points a I'infini.

Etant donné une matrice réelle symétriue taillen+ 1, la matrice supérieure gauche de
taille n, dénotées,, est appelée laous matrice principalde Set son déterminant est appelé le
sous-déterminant principale S.

La matriceS étant symétrique, toutes ses valeurs propres sont régibésot et o~ les
nombres de valeurs propres positives et négativeS, despectivement. Leang de S est la
somme deot et 0~. Nous définissons ihertie de S et Qs comme la pairg§max(c*,07),
min(o*,07)). (Notons que l'inertie est généralement définie comme leegait, o), mais
notre définition est ici plus appropriée dans le senQget Q_s sont la méme quadrique. Une
matriceS et quadriqueQs sont dites singuliéres si le déterminantSlest nul ; autrement elles
sont non singulieres.

L'inertie d’une quadrique darig® est un concept fondamental qui remplace d’une certaine
facon le type usuel d’une quadrique da&®; le tableau 3.1 rappelle la correspondance entre
les inerties danB? les types dani?.

DansP3, toutes les quadriques qui ne sont pas d’ingRid) sont soit des surfaces réglées
soit ne sont pas des surfaces (comme une droite ou un pomplus, les quadriques d’inertie
(3,1) sont les seules a avoir un déterminant strictement négasfquadriques non singulieres
sont celles de rang 4, c’est-a-dire celles d'inefig), (3,1) et(2,2). Les quadriques d’inertie
(4,0) sont néanmoins vides de points réels. Une quadrique de rasgappelée undne Un
cOne est dit réel si son inertie €& 1) ; autrement, il est dit imaginaire et ses points réels sont
réduits a son point singulier. Une quadrique de rang 2 espaire de plans. Laaire de plans
est réelle si son inertie eét, 1) ; elle est dite imaginaire si son inertie €80) et ses points
réels sont réduits aux points singuliers, c’est-a-diredate d’intersection des deux plans. Une
quadrigue d’inertig1,0) est unplan doubleet est nécessairement réelle.

SoientSetT deux matrices réelles symétriques de méme tailR(®tp) = AS+ uT. L'en-
semble

{RO W | (A € P

est appelé Id¢aisceau des matricesngendré pas et T. Par simplicité, nous écrivons parfois
un élément du faisceau commRéA) =AS—T, A € R =RU{w}. Associé au faisceau de
matrices est léaisceau de quadriqueQrn ) | (A1) € P'}. Rappelons que l'intersection de
deux quadriques distinctes d’un faisceau est indépendhnthoix de ces deux quadriques.
Enfin, la forme binaire

D(A, 1) = detR(A, )

est appelé Ipolyndme caractéristiqueu faisceau.
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Inertie deQs | Inertie deS, | Equation canonique Type Euclidien d&Qs
Euclidienne

(4,0) (3,0) Xy + 241 0 (ellipsoide imaginaire)
(3,1) (3,0) X+y?+22 -1 ellipsoide

(2,1) X+y—7+1 hyperboloide & deux nappes

(2,0) X2 +y?+z paraboloide elliptique
(3,0) (3,0) X2 +y>+2° point

(2,0 X2 4+y?+1 0 (cylindre elliptiqgue imaginaire
(2,2) (2,1) X+y—72-1 hyperboloide a une nappe

(1,1) X2 —y2+7z paraboloide hyperbolique
(2,1) (2,1) X2 +y? — 72 cone

(2,0) X2 4+y?>—1 cylindre elliptique

(1,2) X2 —y?+1 cylindre hyperbolique

(1,0) X2 +y cylindre parabolique
(2,0) (2,0) X2 +y? droite

(1,0) X2 +1 0 (plans paralleles imaginaires
(1,1) (1,1) X2 —y? plans sécants

(1,0) x2—1 plans paralléles

(0,0) X plan simple
(1,0) (1,0) X2 plan double

(0,0) 1 0 (plan double a I'infini)

TAB. 3.1 — Correspondance entre l'inertie des quadriques et tgpes Euclidien.

3.2.2.3 La méthode de Levin

L'algorithme d’intersection de quadriques de Levin [Le\Z&v79] étant séminal dans pres-
gue tous les travaux sur l'intersection de quadriques, ypr@tes ndtres, nous commencgons
par rappeler les étapes principales de cet algorithme dalaliline représentation paramétrée
de lintersection de deux quadriques implicites distinc@e et Qr deR3. De cette bréve des-
cription, nous identifions ou cet algorithme introduit desntores algébriques de hauts degrés
et pourquoi c’est un probléme.

L'idée fondamentale de I'algorithme de Levin est la suieansgi (par exempleQs est d’un
certain «bon» type, alof3sadmet une paramétrisation qui est linéaire en 'un de sesEtres
et la substitution de cette paramétrisation dans I'équoatiplicite deQt induit une équation
de degré 2 en I'un des paramétres (au lieu d'une équationgfé d¢ qui peut étre facilement
résolu pour obtenir une représentation paramétrigu@giieQr. Si par contre nQs ni Qr n'est
d’'un «bon» type, alors on peut trouver dans le faisceau eliggrarQs et Qr une quadrique
Qr d’un «bon» type ce qui nous raméne a la situation précédemnengplacanQs par Qr.

Theorem 3.1([Lev76]). Le faisceau engendré par deux quadriques distinctes goneles
contient au moins une quadrique réglée simple, c'est-a;diune des quadriques énumérées
dans le tableau 3.2 ou I'ensemble vide.
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, équation i
guadriques canoniqued.b > 0) paramétrisatioiX = [X,y,2], u,ve R
plan simple x=0 X(u,v) =[0,u,v]
plan double ¥ =0 X (u,v) = [0,u,V]
plans paralléles ad=1 X(u,v) = [\%, uv, X(uv)= [—\/ia, u, V|
A _ i _[u _u Vi __[.u u
plans sécants ax’ —by’ =0 X(u,v) = [Zg"\/_B’V]’ X(uv) = [, =5V
paraboloide hyperbolique ax* —by*—z=0 X(u,v) = [%, UV
cylindre parabolique ax—y=0 X(u,v) = [u,al?,v]
cylindre hyperbolique ax’ —by’ =1 X(u,v) = [ﬁ(ujt ), 2—%(u+ ),V

TAB. 3.2 — Paramétrisations des quadriques réglées simpleggl.e

Plus en détail, la méthode de Levin est la suivante.

1.

4.

Déterminer une quadrique réglée simple dans le faisp@ay)—rs-1 | A € R} engendré
par Qs et Qr, ou reporter une intersection vide. Puisque les quadriggmgiées simples
ont un sous-déterminant principal nul, ceci peut étre séadin calculant uig € R tel
que detRy(Ao)) = 0 etQr = Qgr),) Soit réglée simple ; d’apres le théoreme 3.1, une telle
guadrique existe dans le faisceau ou l'intersection es.\&lipposons maintenant que
I'intersection n’est pas vide et qugr et Qs sont distincts. Nous avons ala@N Qt =
QsNQr.

Déterminer une matrice de transformation orthonorriRglgui envoieR, en forme dia-
gonale en calculant les valeurs propres et les vecteursgzoprmalisés dB,. Déduire
une matrice de transformatidh qui envoieQgr sous forme canonique. Dans le repere
orthonormal dans lequé)r est canoniqueQr peut étre paramétré par 'une des paramé-
trisationsX du tableau 3.2.

. Calculer la matricsS = PTSP de la quadriqués dans le repére canonique @ et

considérer I'équation
XTSX = a(u)v? 4 b(u)v+c(u) =0, (3.1)

ol X a été augmenté d’une quatriéme coordonnée égale a 1. (Les@aisations du
tableau 3.2 sont telles qagu), b(u) etc(u) sont des polynémes du degré au plus quatre
enu.)

Résoudre (3.1) em en fonction deu et déterminer le domaine de définition desur
lequel les solutions sont définies, c’est-a-dire I'ensentasu tels queA(u) = b?(u) —
4a(u)c(u) > 0. Substituer par son expression en termesudgansX donne une paramé-
trisation deQsN Qr = QsN Qg dans le repére orthonormal dans leg@glest canonique.

ReportePX (u), la paramétrisation d®sN Qr dans le repére initial et le domaine des
u € R pour lesquels la paramétrisation est définielsur

Cette méthode est trés élégante et puissante puisqu’elfeedore représentation explicite
de I'intersection de deux quadriques quelconques. Cepgrederest loin d’étre idéale du point
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de vue de la précision et de la robustesse puisqu’elle intrdés nombres non rationnels a di-
vers endroits. Ainsi, si une arithmétique flottante esiagétéd pour représenter les nombres, le
résultat peut étre erroné (géométriguement et topologiend) ou, également, le programme
peut ne pas étre capable de calculer une paramétrisatigrafeculier dans étape 1 lorsque les
types des quadriqué3r(Ao) ne sont pas calculés correctement). En théorie, une attitjuneé
exacte pourrait étre utilisé, sauf que cela ralentiraiiesé&ement les calculs. En pratique, ce-
pendant, une implantation correcte utilisant une aritignétexacte semble hors de portée en
raison du degré élevé des nombres algébriques impliqués.

Examinons de maniére plus approfondie les sources pdtest@instabilité numérique
dans L'algorithme de Levin.

— Etape I A est la racine d’'un polynéme de degré trois a coefficientsmatls. Dans le
cas le pire\g est donc exprimée avec des radicaux de profondeur deux (deunes car-
rées imbriquées). Puisque déterminddgiAo) est une quadrique réglée simple nécessite
de calculer son type Euclidien (ce qui n’est pas nécessaitemme tache facile dans la
mesure oWr,—¢) €t Qro+¢) PEUVENL Etre et sont géneralement de type différent), cette
étape est vraisemblablement la plus grande source de preblde robustesse.

— Etape 2 PuisqueQg est une quadrique réglée simple, le polynéme caractérestigR,
est un polynéme de degré trois ayant zéro comme racine etetoowefficients sont dans
I'extension de corp€)(Ao). Ainsi, les valeurs propres non nulles Bg peuvent impli-
quer des radicaux imbriqués de profondeur trois. De plusinge les vecteurs propres
correspondants doivent étre normalisés, les coefficienta chatrice de transformation
sont exprimés avec des radicaux imbriqués de profondedregdans le pire des cas.

Les coefficients de la paramétrisatiBnde Qg étant exprimés avec des racines carrées
des coefficients de I'équation canonig@Qergp (voir le tableau 3.2), les coefficients de
la paramétrisation d®snN Qr peuvent impliquer des radicaux imbriqués de profondeur
cing dans le pire des cas.

— Etape 3 Calculer le domaine sur lequélest défini revient & résoudre I'équation de degré
quatreA(u) = 0 dont les coefficients contiennent des radicaux imbriqeégrdfondeur
cing dans le pire des cas.

Il est intéressant de noter que cette description dansdedgis cas est en fait le cas géné-
rique. En effet, étant donné deux quadriques quelconquesfaients rationnels, le polynéme
detR,(A)) n’a génériquement aucune racine rationnelle (une conségui théoréme d'irré-
ductibilité de Hilbert).

3.2.2.4 L’algorithme générique

Nous présentons, dans le chapitre 14, une premiére maisireaeélioration de la mé-
thode du faisceau de Levin pour calculer des représenggpiaramétriques de l'intersection de
guadriques. Cet «algorithme générique» évite I'apparitieta plupart des radicaux apparais-
sant dans l'algorithme de Levin. Nous montrons que cet d@lgoe produit des paramétrisa-
tions quasi optimales dans le cas générique, c’est-a-daadjl'intersection est une quartique
non singuliere. Ces paramétrisations sont cependant nonaips pour toutes les intersections
singulieres et il sera nécessaire de raffiner cet algorithoue les cas singuliers (voir les cha-
pitres 15 et 16). Cet algorithme est cependant suffisammaptesi robuste et efficace pour étre
intéressant en tant que tel. Nous donnons ici une breveiptsorde cet algorithme et des idées
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w:jzrtsle eq(uaago: gim());l lque paramétrisatioiX = [x,y, z W]

(4,0) | &€ +by’+cZ+dw =0 Qs=0

(3,0) ax’ + by +cZ=0 Qs est un point0,0,0,1)

(2,2) | aC+by?—cZ—dw=0| X=[Uiavs us vt o2 “f/%"t], (u,v),(st) e Pt
= 2 2 "

(2,1) a2 +by—cZ=0 X:[uv;u 2%"‘;,“2*\/13(:"2,5], (u,v,s) € P*2

(2,0) ax+by =0 X =10,0,u,v], (u,v) € P!

(1,1) aé —by? =0 X = [, YE20,v, 8], Xo = [u,— YU, v, (U, V) € P2

(1,0) aé=0 X =[0,u,v,9, (u,v,s) € P?

TaB. 3.3 — Paramétrisation des quadriques projectives dieneistinctes dg3,1). Dans la
paramétrisation des cones projectif& dénote I'espace réel quasi projectif de dimension deux
défini comme quotient d&3\ {0,0,0} par la relation d’équivalence ou (X,Y,2) ~ (Y1,¥2,Y3)

si et seulement siA € R\ {0} tel que(x,y,2) = (Ay1,Ay2,A%y3).

fondamentales a la base de celui-ci.

Nous commencgons par présenter le cadre projectif soustjaceotre approche et énon-
cons le théoréme principal sur lequel I'approche se refoaes la suite, toutes les quadriques
d’entrée sont considérées a coefficients rationnels.

Idées clefs. Le premier élément de notre approche est de travailler, sos®S, mais dans
I'espace projectif réeP3. Rappelons que, dans I'espace projectif, les quadriquascaoacté-
risées par leur inertie (c’est-a-dire, par le nombre deural@ropres positives et négatives de
la matrice 4x 4 associée), tandis que dans I'espace Euclidien elles soattérisées par leur
inertie et I'inertie de leur sous-matrice principale (Meitableau 3.1).

Dans notre algorithme, les quadriques d'inertie difféeedte(3,1) (i.e., les quadriques ré-
glées) jouent le role des quadriques réglées simples dametlaode de Levin. Dans le ta-
bleau 3.3, nous présentons un nouvel ensemble de paratiétrsspropresdes quadriques
projectives réglées qui sont linéaires en I'un de leursrpatees et utilisent, dans le pire des
cas, un nombre minimal de racines carPées

Un élément clef de notre approche découle du théoreme suquarcorrespond, dans I'en-
vironnement projectif, au théoréme de Levin sur I'existede quadriques réglées simples dans
un faisceau.

Theorem 3.2. Dans un faisceau engendré par deux quadriques distinctekopiques, I'en-
sembleS des quadriques d’inerties différentes (B1) n’est pas vide. De plus, si aucune qua-
drique deS n’est a coefficient rationnel, alors I'intersection des geuadriques est réduite a
deux points distincts.

SUne paramétrisation est propre s'il y a bijection entre keists de la quadrique et les parametres.

6Notons qu'il y a une dépendance entre le degré minimal d’amarpétrisation en I'un de ses paramétres et
le degré du corps des coefficients. Par exemple, Wang, Joaldin@n [WJG97] donnent des paramétrisations de
quadriques qui ont des coefficients rationnels mais quigoadratiques en tout de leurs parameétres.
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Ce théoreme, que nous prouvons en utilisant les résultatslig’'{lUhl73, Uhl76] sur les
diagonalisations simultanées par bloc de paires de matrémdles symétriques, généralise le
théoreme 3.1. En effet, il assure que les deux quadriquesidas calculons finalement I'inter-
section ont des coefficients rationnels, excepté dans utieaspécifique ou l'intersection est
réduite a deux points. Ce résultat nous permet donc d’élateparition de nombreux radicaux
dans I'algorithme.

Le dernier élément sous-jacent a notre approche est $atiitin de la réduction de Gauss
des formes quadratiques pour diagonaliser une matricetegom et calculer une forme ca-
nonique de la quadrique projective associée, au lieu derdahe traditionnelle par calcul de
valeurs et vecteurs propres employée par Levin. Comme laftnanation de Gauss est ration-
nelle (les coefficients de la matri€equi envoieS sous forme canonique sont rationnels), cette
transformation évite également I'apparition de certaatiagaux dans I'algorithme. 1l faut noter
gue cette transformation ne crée pas de probléme lors dedanptrisation de la quadrique
sous forme canonique (de matrice asso8ée PTSP puisque, d’aprés la loi de Sylvester sur
I'inertie, SetS ont la méme inertie [Lam73].

Survol de I'algorithme. Nous pouvons maintenant décrire les étapes générales meatot
gorithme générique.
SoitR(A\) = AS—T le faisceau engendré par les quadriqQe®t Qr deP® et soitD(A) =
det(R(A)) le polyndbme caractéristique du faisceau. Il faut rappeler sj cet algorithme est
valide pour tout type d’intersection, il n’est réellemeffioace que dans le cas @d(A) n’est
pas identiguement nul et n’a aucune racine multiple. Damauéres cas, un meilleur algorithme
est décrit dans les chapitres 15 et 16. L'esquisse de l'idigoe d’intersection est comme suit.
1. Calculer une quadrigu@r a coefficients rationnels dans le faisceau, tel qu&deD si
c’est possible et d&® = 0 sinon. (S'il n’existe pas de teR, I'intersection est réduite a
deux points, que nous calculons.) Si l'inertieRlest(4,0), nous reportons une intersec-
tion est vide.
Supposons par simplicité qu@s # Qr et donc queQsNQr = QsN Q.

2. Sil'inertie deRn’est paq2,2), appliquer la réduction de Gaus&&t calculer un repére
dans lequeP" RPest diagonal.
Si l'inertie de R est (2,2), sa paramétrisation du tableau 3.3 contient en général deux
racines carrées mais on peut en éviter une de la manieresuiiabord, calculer un
point rationnel suffisamment prés Qg tel que la quadrique du faisceau passant par ce
point ait la méme inertie qu@gr. RemplaceiQr par cette quadrique. Ce point ration-
nel peut étre utilisé pour calculer un repére dans le@U&P est la matrice diagonale
diag(1,1,—1,—9), avecd € Q.
Dans le repére locaQr peut étre paramétré par la paramétrisakodu tableau 3.3 en
impliquant au plus une racine carrée. Calculer la paranaéisisPX de Qg dans le repere
global.

3. Considérer I'équation

Q: (PX)TS(PX)=0. (3.2)

L'équationQ est de degré au plus 2 en (au moins) un des parameétres. RéSbpdre
ce parametre en termes de l'autre (ou des autres) et caleudemaine de définition de
la solution.
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FIG. 3.2 — Intersection d’un cylindre elliptique et d’'un hypeldide & une nappe en une quar-
tique non singuliere.

4. Substituer ce paramétre dd#¥ donne une paramétrisation de I'intersectiorQget Qr.

Exemple. Il est intéressant de noter que quoique notre algorithmeyse une paramé-
trisation exacte de lintersection de deux quadriquesgnidta produire une paramétrisation
«simple». Il est en particulier intéressant de comparepéameétrisations exactes produites
par notre algorithme aux paramétrisations approchéesijpescoar d’autres algorithmes. Nous
donnons ici un exemple (voir les chapitres 14 et 17 pour désugxemples).

Considérons I'exemple 4 de [WJGO02], qui est l'intersectiaimdtylindre elliptique et d’'un
hyperboloide a une nappe (voir figure 3.2) d’équations :

AR +2 WP =0,
2 ay2— 2 w2 =0,

Dans [WJGO02], les auteurs trouvent la paramétrisation stévpour la courbe d’intersec-
tion :

X(u) = —16000u° 4-108611602u? — 215040u + 11585237 0.0

0.0 —80.0u+1181019
3_ 2 _
11313708u3 — 57600U2 + 108611602u — 81920 e 0.0 /905006708 — 3328007 1 26963004
16000u° + 36202867u? + 51200u+ 115852375 0.0

(3.3)
avecu dans l'adhérence dB et tel que la racine carrée soit définie. Les auteurs rapmorte
une erreur de calcul sur cet exemple (mesurée comme distaaxienale d’'un d’échantillon
de points sur la courbe aux quadriques données) de I'ord@ & ’). En comparaison, notre
algorithme produit la paramétrisation exacte et simpleasue (en moins 10 ms sur un PC
standard) :

2u® - 6u 2
| 7v®+3 u 2 >
XW=1| jo2-5 | = 24 vV —3ut+ 2602 -3,
2u®+18u 2

Conclusion. Cet algorithme représente déja une amélioration subsiangier I'algorithme
de Levin et ses améliorations ultérieures. En effet, noasyams que, quand l'intersection est
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une quartique non singuliére (le cas générique), I'alporé calcule des paramétrisations qui
sont optimales ou quasi optimales en le nombre de radicaphkques ; en d’autres termes, il
y a au plus une racine carrée inutile dans les coefficientpaesnétrisations. Nous prouvons
également que décider si cette racine carrée peut étree @stéen général, hors de portée
gue la paramétrisation est optimale dans certains cas.U3embtre I'algorithme permet, pour
la premiére fois, de calculer dans la pratique une formerpéitge exacte de l'intersection de
deux quadriques arbitraires a coefficients rationnels.

Méme si cet algorithme se concentre sur le cas génériquanter$ection en une quartique
non singuliére, il peut également étre employé quand Fastetion est singuliere. Malheureu-
sement, ceci ne méne pas toujours a une parametrisatiomuiedection avec seulement des
fonctions rationnelles (que 'on sait exister pour les lisgetions singulieres car elles sont de
genre zéro). En particulier, quand l'intersecti©rest une quartique singuliér®, est irréduc-
tible puisqueC l'est, et résoudr& dans l'une de ses variables induit dans la paramétrisation
une racine carrée d’'un polynéme.

Calculer des paramétrisations avec des fonctions ratias@hns tous les cas d’intersection
singuliere nécessite de repenser la base de notre algerithssentiellement, tandis que l'idée
de l'algorithme générique est d’employer une quadriquermédiaire rationnell€@gr de rang
maximundans le faisceau, I'algorithme raffiné emploiera a la plasquadrique intermédiaire
rationnelle de rangninimum

Procéder de cette facon aura le double avantage de caladgradtamétrisations les plus
simples possibles et de mieux contréler la taille de leuedfents. Le prix a payer est la
multitude des cas et la nécessité de développer des presaditdiées pour les différents types
d’intersection dans I'espace projectif réel. Ceci est letstgs sections 3.2.2.5 et 3.2.2.6 et des
chapitres 15 et 16.

3.2.2.5 Classification des faisceaux

Nous présentons dans le chapitre 15 la premiére classificdés faisceaux de quadriques
basées sur le type de leur intersection dans I'espace pfajel. Un résumé de cette clas-
sification est présenté dans les tableaux 3.4 et 3.5. Nousromsnégalement comment cette
classification peut étre utilisée pour calculer efficacerntetype réel de I'intersection de deux
quadriques du faisceau. En particulier, nous montrons cemhigles calculs avec des nombres
non rationnels peuvent étre évités pour déterminer le tgpédersection quand les quadriques
d’entrée ont des coefficients rationnels.

Comme nous le verrons dans le chapitre 16, cette classificasibcritique pour notre al-
gorithme de paramétrisation de l'intersection de deux gogads. En effet, notre algorithme
détermine d’abord, en utilisant cette classification, [getyéel de I'intersection et utilise alors
I'information structurelle associée a la courbe d’intetgm pour conduire I'algorithme de cal-
cul d'une paramétrisation.

Il est cependant a noter que, quoique la classification desefaux sur les réels soit preé-
sentée ici comme une étape intermédiaire dans un processuglgbal (c'est-a-dire de para-
métrisation de I'intersection), cette classification eséiessante intrinsequement. Elle est par

"En effet, décider a si une racine carrée peut étre évitéentwn général, a décider si une surface de degré 8
contient un point rationnel. De plus, éliminer, le cas éclhéeette racine carrée inutile revient a calculer un point
rationnel sur cette surface de degré 8.
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racines de rangou rang ou type de : .
Segre D(A, ) dansC inertie de inertie de (A2 o) S type de l'intersection dang*(R)
’ R(AL ) Rz, p) | 512
. . quartique lisse 0@; voir [Fin37] &
(1113 | 4 racines simples [TWWO02] (ou aussi Th. 14.5 & 14.25)
[112 1 racine double | (3,0) réel point
[112 1racine double | (2,1) réel - quartique nodale ; noeud isolé
[112 1racine double | (2,1) réel + guartique nodale ; singularité convexe
[112 1 racine double | rang 3 complexe quartique nodale ; singularité concave
[11(11)] | 1racine double | (2,0) réel + 0
[11(11)] | 1racine double | (2,0) réel - deux points
[11(11)] | 1racinedouble | (1,1) (2,1) réel deux conigques non sécantes
[11(11)] | 1racinedouble | (1,1) (3,0) réel - 0
[11(11)] | 1racine double | (1,1) réel + | deux coniques sécantes; sing. convexe
[11(11)] | 1 racine double | rang 2 complexe| — conique
[11(11)] | 1 racine double | rang 2 complexe| + | deux coniques sécantes; sing. concaye
[13 racine triple rang 3 quartique cuspidale
[1(21)] racine triple (2,0 point double
[1(22)] racine triple (1,1) deux coniques tangentes
[1(111)] racine triple rangl | (2,1) conique double
[1(11D)] racine triple rangl | (3,0) 0
[4] racine quadruple| rang 3 cubique et droite tangente
[(31)] racine quadruple| (1,1) - conique
. conique et deux droites sécantes
[(31)] racine quadruple| (1,1) + sur la conique
[(22)] racine quadruple| (2,0) droite double
[(22)] racine quadruple| (1,1) + | deux droites simples & une droite double
[(211)] | racine quadruple| rang 1 - point
[(212)] | racine quadruple| rang 1 + deux droites double sécante
[(1117)] | racine quadruple| rangO quadrique non singuliére du faisceau
[22] 2 racines doubles rang 3 | rang 3 réel cubique et droite sécantes
[22] 2 racines doubles rang 3 | rang 3 | complexe cubique et droite non sécantes
[2(11)] | 2racines doubles (3,0) rang 2 réel point
[2(11)] | 2racines doubles (2,1) rang 2 reel + conigue et deux droites sécantes
[(11)(11)]| 2 racines doubles (2,0) (2,0 réel )
[(11)(11)]| 2racines doubles (2,0) (1,1) réel deux points
[(11)(11)]| 2 racines doubles (1,1) (2,0 réel deux points
[(11)(11)]| 2 racines doubles (1,1) (1,1) réel quatre droites (quadrilatére gauche)
[(11)(11)]| 2racines doubles rang2 | rang 2 | complexe deux droites sécantes

TaB. 3.4 — Classification des faisceaux dans le ca®dh, 1) n'est pas identiquement nul.
(A1, 1) dénote une racine multiple de(A, ) (si une existe) efAo, 2) une autre racine (non

nécessairement simple). 81, J1) est une racine double alossest le signe d

efAS+uT)

HA—A1p)2 en

(A1) = (A1,0); Si (A1, 1) est une racine quadruple alasst le signe de deXS+ pT) pour
tout (A, 1) # (A1, H1). Lorsque le polyndme caractéristique a une ou des racinéifples, les

autres racines simples ne sont pas indiquées. La caréigiéeisle Segre est mentionnée par
clarté, mais n’est pas nécessaire pour la classification.
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racines de rang ou e e de type de
Segre inertie de type de l'intersection darig*(R
9 D3(A, W) dansC R(Aw, 1) R(A2,12) | (A2, 1) yP "
[1{3}] _pas de point conique et droite double
singulier commun
[11] | 3racinessimples (1,1) (1,1) réel quatre droites concurrentes pn
[111] | 3racines simples| (2,0) réel pointp
[117] | 3racines simples (2,0) réel point p
[111 | 3racines simples complexe deux droites sécantes en
[12] racine double (1,1) deux droites et une droite double secantep en
12 racine double (2,0) droite double
[1(12)] racine double | rangl1 | (1,1) deux droites double sécantesen
[1(11)] racine double | rangl | (2,0) pointp
[3] racine triple rang 2 droite et droite triple sécantes en
[(21)] racine triple rang 1 une droite quadruple
[(11D)] racine triple rang O quadrigue non triviale du faisceau
D3(A,w) =0 idem au tableau 15.3

TaB. 3.5 — Classification des faisceaux dans le casDol, ) est identiquement nul. Dans
la partie inférieure du tableau, les quadriques du faisoeaun point singuliep en commun.
D3(A, ) estle déterminant de la matricex3 supérieure gauche &¢A, 1) apres transformation
par une congruence envoyanisur (0,0,0,1). La conique associée a une racineldg(A, 1)
correspond & la matrice>33 supérieure gauche d&A, ). (A1, 1) dénote la racine multiple
deD3(A,p) (si une existe) efh2, Y2) une autre racine. Lorsques(A, 1) a une racine multiple,
les autres racines simples ne sont pas indiquées. La aastqtée de Segre est mentionnée par
clarté, mais n’est pas nécessaire pour la classification.

exemple utilisée dans les travaux du chapitre 18 sur la t&arsation de la topologie des dia-
grammes de Voronoi de trois droites. Elle peut égalemeateétiployé dans un contexte de
détection de collision pour prévoir a quel moment deux abjent rentrer en collision.

Notre preuve utilise fortement le résultat d’Uhlig sur lagihnalisation simultanée par blocs
de paires de matrices symétriques réelles [UhlI73, Uhl7&]é& est la suivante. Pour chaque
type possible (réel ou complexe) et multiplicité des ragithe polyndme caractéristique du fais-
ceau, nous calculons, en utilisant le résultat d’Uhlig,diaxfe canonique des deux quadriques
gue nous intersectons. Les formes canoniques de ces dedriqyes sont des quadriques dont
les matrices associées sont diagonales par blocs et qubobtariues a partir des deux qua-
driques d’entrées par une méme transformation de congeudampuelle préserve les racines
(valeurs et multiplicités) du polynéme caractéristiquefalaceau. Nous déduisons alors de ces
formes canoniques dégrmes normalede ces deux quadriques sur les réels, par translation et
changement d’échelle envoyant les racines du polynémetéaistique sur des valeurs simples.
Ces formes normales sont dans un sens les «plus simpless gaigriadriques ayant comme
intersection le type donné. Le faisceau normal correspunekst équivalent par une transfor-
mation projective réelle a tout faisceau de quadriquestdganéme type d'intersection réel et
complexe.

Par exemple, quand le polynébme caractéristique du faisaame racine double et deux
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racines réelles simples, les deux quadriques, sous leanefolormale, ont comme équations
y’+aZ +bw? =0 etxy+cw? = 0 aveca, b, c égal a+1. Leur intersection est une quartique
nodale dan®3(C) et, selon les valeurs dgb,c, l'intersection, dan®3(R), est un point, une
guartique nodale avec un noeud isolé, ou une quartiqgue @@dalc une singularité convexe
(voir le tableau 3.4).

Il convient noter que les transformations projectivesledajui envoient les quadriques d’en-
trée sous forme normale, si elles préservent le type rééhderection, peuvent impliquer des
nombres irrationnels. Il s’ensuit que ces transformatio@sont pas pratiques pour calculer,
dans les faits, l'intersection de deux quadriques. Cepdndbes servent parfaitement leur ob-
jectif pour classifier les faisceaux de quadriques selonitgarsection.

3.2.2.6 Paramétrisation des intersections singuliéres

Notre classification des faisceaux de quadriques sur l&siéas permet de déterminer effi-
cacement le type réel de I'intersection de deux quadriqaesé&ks. Nous pouvons en outre nous
concentrer sur les intersections singulieres (c’estr@-alitre qu’une quartique non singuliére)
puisque l'algorithme générique du chapitre 14 produit desamétrisations quasi optimales
qguand l'intersection est non singuliéere.

Dans le chapitre 16, nous concevons, pour chaque type riégtrdection singuliere, un
algorithme pour calculer une paramétrisation optimale wasgoptimale, c’est-a-dire une pa-
ramétrisation avec au plus une racine carrée inutile danedefficients. Quand une parameé-
trisation est possiblement non optimale, nous montrongdegier si la paramétrisation est non
optimale et, dans ce cas, déterminer une paramétrisatiimalp est équivalent a trouver un
point rationnel sur une conique (possiblement a coeffigientrationnel). Nous donnons éga-
lement, pour chaque type d’intersection réel, des exengaas le pire des cas ou le nombre
maximum de racines carrées est atteint. Un récapitulatdfederésultats est présenté dans le
tableau 3.6.

La philosophie générale de ces algorithmes raffinés est difierd’algorithme générique
de telle fagon que nous utilisons comme quadrique interam@&r une quadrique rationnelle
du faisceau de rang minimum (au lieu de rang maximum). Nousnsg, dans le chapitre 16, que
cette philosophie a le double avantage (i) d’éviter I'afimar de racine carrée d’'un polynédme
dans les paramétrisations des intersections singuliéf@sae réduire au maximum le nombre
de radicaux dans les coefficients des paramétrisations.vimage additionnel est que cela
permet de réduire la taille des coefficients des paramtétnisa(voir le chapitre 17).

3.2.2.7 Une implantation exacte et efficace

Nous présentons, dans le chapitre 17, la premiere implantabmplete et efficace d’'un
algorithme de calcul d’'une paramétrisation exacte dedisgction de deux quadriques quel-
conques, données sous forme implicite, a coefficientsran{@n peut noter que les quadriques
a coefficients rationnels ou nombres flottants peuvent éalement décrites avec des coeffi-
cients entiers.) L'algorithme implanté est celui décribslées chapitres 14 a 16.

Précisément, notre implantation a les propriétés suigante

— elle calcule une forme paramétrée exacte de I'intersediéodeux quadriques a coef-
ficients entiers de tailles arbitraires;
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. - . pire format optimalité de la
Segre type réel de l'intersection S e
de la paramétrisatior paramétrisation
. o Q(VO)[E, VA, point rationnel sur une
(1117 quartique non singuliére Ac QB surface de degré 8
112 point Q optimal
quartique nodale Q(VJ)[E] point rationnel sur une conique
deux points Q(V3) optimal
optimal si V3
11(12)] conique Qs \/\H/%[E]’ pointprationnel i ff(é@e 0
neQ(vo) sur une conique
. S
deux conigues non tangentes Q(V3,V)[E] SE?'S:}%@)T&?SEL
[13 quartique cuspidale Q[¢] optimal
[1(2)] point Q optimal
deux coniques tangentes Q(V3)[E] optimal
[1(111))] conique double Q(Vd)[E] point rationnel sur une conique
[4] cubique et droite tangente Q[E] optimal
conique Q] optimal
31 conigue et deux droites .
=) sécaqntes sur la conique Q(\/S) ] optimal
droite double Q[¢] optimal
i e oty BTCT
[(211)] point Q optimal
deux droites doubles concurrentgs Q(V3)[E] optimal
22 cubique et droite non tangentes Q[¢] optimal
point Q optimal
conique et point point rationnel sur une conique
[2(11)] | | QO int rationnel |
conigue et deux droites : . .
ne coupant pas la conique Q(Vd)[E] point rationnel sur une conique
deux points K[&],degre€K) = 4 optimal
[(12)(11)] deux droites non sécantes K|&],degredK) =4 optimal
quatre droites (quadrilatére gauche)X[¢],degre€KK) = 4 optimal
[ {38] ] conique et droite double | Q[¢] \ optimal
point Q optimal
(117 deux droites concurrentes K[¢],degre€K) = 4 optimal
quatre droites concurrentes | KJ[¢],degre€éK) =4 optimal
droite double Q[E] optimal
P ouble concarentes ] Q3 optimal
une droite simple et une .
E droite triple concurrentes Q] optimal
[1(10)] point Q optimal
deux droites doubles concurrenteés  Q(v/3)[E] optimal
21 roite quadruple optima
[(21)] droite quadrupl Q[E ptimal
11] roite quadruple optima
droi drupl Q[ imal

TAB. 3.6 — Anneaux de définition des coordonnées projectivea gadamétrisation des com-
posantes de l'intersection et optimalité, dans tous lesadmtersection est de dimension zéro
ouun.d,d € Q.
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— aucune hypothése n’est faite sur le type des quadriquesrééeou le type de leur
intersection;;

— elle identifie de facon certifiée, sépare, et paramétrisesoles composantes algé-
briques de l'intersection et donne toute l'informationdtqmique appropriée;

— la paramétrisation est rationnelle quand elle existereagnt I'intersection est une
guartique non singuliere et la paramétrisation impliquealgine carrée d’'un poly-
noéme;

— la paramétrisation est soit optimale en le degré de I'ex¢éende corps, SU¥Z, qui
contient les coefficients de la paramétrisation ou, dansetit ombre de cas bien
identifiés, implique une racine carrée possiblement iautil

— I'implantation est efficace et peut typiquement calcuks garamétrisations de I'in-
tersection de quadriques avec des coefficients d’entréet ayee cinquantaine de
chiffres en moins de 50 millisecondes sur un PC standard.

Notre code peut étre téléchargé sur les sites web du LORIAIBNIRIA 8. Limplantation C++
peut également étre testée par I'intermédiaire d’unefaterwes.

Nous prouvons également des bornes théoriques sur la de#leoefficients de sortie et
comparons ces bornes aux valeurs observées. Grossiérdmtilte d’'un coefficient de sor-
tie est son logarithme a base le maximum (en valeur absokgetaefficients des quadriques
d’entrée. Par exemple, nous prouvons que, quand l'inteoseest geneérique, les coefficients
entiers de sortie ont une taille d’au plus-880hy, ou hy est la taille des coordonnées du point
rationnelp choisi pres de la quadrigu@r dans I'étape 2 de I'algorithme générique. Nous ob-
servons également que, en pratique, pour des quadriqudsiedé avec des coefficients jusqu’a
10.000 chiffres, la taille des plus grands coefficients daesn’excéde jamais 36. Ceci découle
partiellement du fait que, dans la pratique, les coordosidée sont bornées par une constante
et queh, tend ainsi vers zéro quand la taille des coefficients d’entieéd vers I'infini. Nous
n'avons cependant aucune explication de pourquoi la lidet86 est atteinte au lieu de 38.

Nous avons également fait des observations intéressamtiestaille des coefficients de sor-
tie dans les cas d’intersections singulieres qui validarthoix de conception de I'algorithme.
Nous observons, par exemple, que lorsque l'intersectibarescubique et une droite qui sont
tangentes, la taille observée des coefficients de la culténdeapproximativement vers 8 ou
15 selon que la quadrique intermédiag utilisée dans I'algorithme est choisie avec un rang
minimal ou un rang maximal (c’est-a-dire avec une inefBgl) ou (2,2)). Ceci montre que
notre décision de choisir une quadrique intermédi@geavec un rang minimal est une bonne
stratégie concernant taille des coefficients de sortie.

Nous présentons également une analyse de performancesexm@les sur des données
aléatoires et réelles. Par exemple, nous montrons querbiettion de deux quadriques avec
des coefficients aléatoires jusqu’a 50 chiffres prend apprativement 50 millisecondes et que
les intersections des paires de quadriques dans le jeustélella figure 1.1 prend, en moyenne,
3. 4 millisecondes sur un PC standard.

8http://www.loria.fr . http:/www.inria.fr
Shttp://www.loria.friequipes/vegas/gi
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3.2.3 Le diagramme de Voronoi de trois droites

Le diagramme de Voronoi d’'un ensemble d’objets disjointsiae décomposition de I'es-
pace en cellules, une cellule par objet, telles que la edfissociée a un objet se compose de tous
les points qui sont plus prés de cet objet que de tous lessantbjets. Nous considérons, dans
le chapitre 18, les diagrammes de Voronoi de droites Bare/ec une métrique Euclidienne.

Les diagrammes de Voronoi ont été le sujet d’'une quantittnémde travaux de recherche.
Pour des points, ces diagrammes et leurs complexités smtbmpris et des algorithmes opti-
maux aussi bien que des implantations robustes et efficarsésré pour leur calcul en toute di-
mension (voir, par exemple, [Aur91,AK99,BDB2,BDS"92,CSY97,CS89a,For97,0BSCO00,
PTO6, Sei81]). Néanmoins, quelques problémes importatsedrent et ils sont toujours étu-
diés dans des publications récentes. Cette situation dsnégjat vraie pour les diagrammes de
Voronoi de segments et polygones en deux dimensions [Kar04]

Pour les droites, segments, et polyédres en trois dimesidi@aucoup moins est connu. En
particulier, déterminer la complexité combinatoire duydéanme de Voronoi deles droites ou
segments de droites daRs est un probléme majeur non résolu. La meilleure borne iexdiéei
connue esf(n?) et la meilleure borne supérieure €n>+¢) [Sha94]. Il est conjecturé que la
complexité de tels diagrammes est quasiment quadraticares B cas spécifique d'un ensemble
den droites avec un nombre fix@d orientations possibles, Koltun et Sharir en ont montré un
borne supérieure d@(n®+¢), poure > 0 [KS03].

Il'y a peu d’algorithmes pour calculer exactement les diagnas de Voronoi d’objets li-
néaires. La majeure partie de ces travaux a été effectuéelelamontexte du calcul de I'axe
médian d’'un polyédre, c’est-a-dire du diagramme de Vorates faces du polyédre [Cul00,
Mil93]. Des progrés ont été récemment obtenus sur le prabléannexe du calcul d’arrange-
ments de quadriques (chaque cellule du diagramme de Voeshaine cellule d’un tel arran-
gement) [BHK"05, KKM99, MTTO05, SWO06, SS97]. Enfin, beaucoup d’articlesspritent des
algorithmes calculant des approximations de diagramm¥erm&oi (voir, par exemple, [DZ02,
ER02,HCK"99, TT97]).

Dans le chapitre 18, nous posons le probléeme fondamentadrdgrendre la structure du
diagramme de Voronoi de trois droites. Une implantatiorustd et efficace de diagrammes
de Voronoi d'objets linéaires tridimensionnels exige witément complet des situations de
base, c'est-a-dire des diagrammes de trois et quatre sirgutents ou plans. Nous croyons
€galement que cette étape est nécessaire pour pouvoir plitcdes progrés sur les questions
de complexité, et en particulier pour prouver des bornes fia@s les pires cas. Nous présentons
ici une caractérisation complete de la géométrie et la tapeldu diagramme de Voronoi dans
le cas élémentaire mais néanmoins difficile de trois dr@iteposition générale.

Notre résultat principal, qui confirme une conjecture dettfolet Sharir [KS03], est le
suivant (voir la figure 3.3).

Theorem 3.3. La topologie du diagramme de Voronoi de trois droites deuraxdcon copla-
naires et qui ne sont pas paralléles a un méme plan est inverid_e trisecteur est composé

de quatre branches infinies d’'une quartique non singulf®ea1 d’'une cubique et d’une droite

qui ne se coupent pas dai$(R). Chaque cellule de dimension deux est composée de deux

0yne quartique non singuliére est une courbe irréductibléedeé quatre sans point singulier d@i§C).
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>

Lo

(@) (b)

FIG. 3.3 — Diagramme de Voronoi de trois droitgs/,, et/3 en position générale : (a) face de
Voronoi de dimension deux dg et /¢, c’est-a-dire I'ensemble des points équidistantgdet

/> et plus proche d’eux que dg. (b) Projection orthogonale d’'une face 2D sur un ghamuni
d’'unrepérg(X,Y); la normale au plan est paralléle & la perpendiculaire comende/’; et /> et
les axesX etY sont paralléles aux droites bissectrices (dBnde la projection dé; et /¢, sur

P. La face 2D est bornée par quatre arcs d’une quartique ngalsre.

composantes connexes sur un paraboloide hyperboliqueoquibsrnées, respectivement, par
trois et une des branches du trisecteur.

La technique de preuve, qui utilise fortement les outils erods de calcul formel, est inté-
ressante en tant que tel. Nous présentons eégalement ucecaetion géeométrique des confi-
gurations de trois droites (qui sont deux a deux non coplesat pas toutes paralléles a un
méme plan) dont le trisecteur n’est pas générique, c’'elteagui consiste en une cubique et
une droite.

La caractérisation du théoréme 3.3 induit quelque pragsiindamentales du diagramme
de Voronoi de trois droites qui sont susceptibles d’étresipour I'analyse de complexité et
le développement d’algorithmes efficaces pour le calcul idgrdmmes de Voronoi et axes
médians de droites ou polyedres. Précisément, nous olstég®resultats suivants.

Propriété de monotonicité.Etant donné trois droites deux a deux non coplanaires et r@en p
ralleles a un méme plan, il existe une direction dans laguetiacune des quatre branches du
trisecteur est monotone.

Theorem 3.4.Soit p un point qui appartient soit a (i) une cellule de dinengleux soit a (ii) la
cellule de dimension un du diagramme de Voronoi de troigesaleux a deux non coplanaires
et non paralleles a un méme plan. Il existe des tests lingaieeni-algébriques pour

(i) décider sur quelle composante connexe de la cellule 2iiet p appartient, ou

(i) décider sur quelle branche du trisecteur le point p appnt.
De plus, si les trois droites sont rationnelles, ces tesigdires sont rationneld. Dans ce cas,

1yn test linéaire rationnel signifie que les polyndmes (desisignes déterminent la composante connexe) sont
de degré un en les coordonnées du ppiat ont des coefficients rationnels.
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il existe également un test semi algébrique linéaire pour
(i) ordonner des points sur chaque branche du trisecteur.

On peut remarquer que les tests (i) et (ii) permettent dedeca des questions de la forme :
étant donné un point, déterminer dans quelle composantegerde quelle cellule il se trouve.
Notons également que les tests (ii) et (iii) devraient étitesipour calculer des diagrammes de
Voronoi den droites puisque cela exige de localiser des points égarttist quatre droites sur
un arc de Voronoi de trois de ces droites.

L'idée de la preuve du théoreme 3.3 est la suivante. Nousdnasis trois droites eposi-
tion généralec’est-a-dire deux a deux non coplanaires et non paraélesméme plan. L'idée
est de montrer que la topologie du trisecteur est invaripatedéformation continue sur I'en-
semble de tous les triplets de trois droites en positiongémét que cet ensemble est connexe.
Le résultat découle alors de I'analyse de n’importe quehgpte.

Nous prouvons que le trisecteur est toujours homéomorphaqquatre droites deux a deux
non coplanaires. Pour cela, nous prouvons que le triseetgutoujours non singulier dans
P3(R) et a quatre points simples réels a I'infini. Pour prouver guigisecteur est toujours non
singulier, nous étudions le type de l'intersection de deggdrteurs, qui sont des paraboloides
hyperboliques.

Nous utilisons le résultat classique que l'intersectiomédex quadriques est une quartique
non singuliére (dan®3(C)) sauf lorsque le polynéme caractéristique de leur faiseeéau
moins) une racine multiple. Afin de déterminer quand cettigaign a une racine multiple,
nous déterminons quand son discrimindygtest nul.

Ce discriminant a plusieurs facteurs, dont certains sovialeiment toujours strictement
positifs. Nous montrons que le facteur restant, appelé tlesdgcteur», est nul (sur les réels)
seulement si un (petit) polyndnkeest nul. Nous pressentons deux preuves de ce résultat. Nous
pressentons tout d’abord une preuve simple et élégants, goiaine donne aucune intuition
a savoir comment nous avons découvert ce résultat. Nousemtesis ensuite une preuve qui
utilise fortement les outils modernes de calcul formel éngudemande aucune compréhension
de la géométrie intrinseque du probléme. Cette preuve noogialément permis d’obtenir
le résultat et, en partant de ce résultat, nous avons puiokdgureuve directe. Cette preuve
originelle est de plus intéressante en elle-méme car dliseutine technique qui peut étre
appliguée a d’autres problemes.

L'idée de cette preuve est la suivante. Nous montrons quetefgcteur est toujours positif
ou nul en utilisant le package Maple RAGLIib [RAG]. Ceci impligge’il est nul seulement
guand toutes ses dérivées partielles sont nulles. Nougdéwoss ainsi le systeme composé du
gros facteur et de toutes ses dérivées partielles, et oakwa base de Groébner. Ceci donne
trois équations de degré six. Nous considérons séparérmexicomposantes de solutions, une
sur laquelle le polynémE, mentionné précédemment, est nul et 'autre sur laqiérele0.

QuandF # 0, des manipulations et simplifications, qui sont intéretesaen tant que telles,
induisent une autre base de Grobner, ayant les mémes raéelles, qui est composée de trois
équations degré quatre. Nous prouvons qu’une de ces éasiatepaucune racine réelle ce qui
implique que le systéme n’a pas de racine réelle et doncAgaed n'a pas de racine réelle
sur la composante considérée. Nous pouvons ainsi conalgred@ns ce cas, le trisecteur est
toujours une quartique non singuliére d@igR). QuandF = 0, nous montrons, en substituant
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F = 0 dansA et en utilisant la classification des intersections de qqads sur les réels (voir
le tableau 3.4) que le trisecteur est une cubique et unesdyoitne se coupent pas da¥R).

Nous pouvons ainsi conclure que le trisecteur est toujonesquartique non singuliére ou
une cubique et une droite qui ne se coupent pas dans I'espaloet que donc le trisecteur est
toujours non singulier dari(R).

Nous montrons alors que le trisecteur contient toujoursrgumoints simples réels a l'infini
et ainsi gu'il est toujours homéomorphique a quatre drajigissont deux a deux non copla-
naires. Il s’ensuit que la topologie des diagrammes de \girest invariante par déformation
continue sur tout ensemble connexe de triplets de droitg®sition générale. Nous montrons
gue I'ensemble des triplets de droites en position généstleonnexe ce qui implique que la
topologie des diagrammes de Voronoi est invariante. Enfins miéterminons la topologie du
diagramme pour un triplet (quelconque) de trois droitegjuielonne le résultat.
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Chapitre 4

Conclusion

Je présente, dans ce document, mes travaux récents lesgpifisatifs sur des problémes
de géométrie algorithmique non linéaire sur les droitesuatigques en trois dimensions. J'ai
argumenté que I'étude des propriétés fondamentales ealg@idithmique sur des primitives
géomeétriques non linéaires est une direction de recheritlleeeti nécessaire qui est compleé-
mentaire a la recherche plus conventionnelle sur le caéigitrique portant sur des primitives
linéaires discrétisées.

La premiére partie de ce document présente un ensemblevdentraur les droites et les
segments de droite qui sont tangents ou transverses a das tigimensionnels. Des résul-
tats récents sont présentés sur leurs propriétés strliesuee combinatoires, ainsi que sur I'al-
gorithmique concernant leur calcul. Ces résultats sontigusis aux problémes du calcul de
structures de données globales pour les problemes delitéstidimensionnelle, lesquels ont
motivé I'étude de tels ensembles de droites et segmentsr&@six me ménent a croire que
nous pouvons raisonnablement escompter obtenir des@wudigorithmiques robustes et cer-
tifiees a certains problemes de visibilité tridimensiotendifficiles comme le calcul exact et
efficace des limites d’'ombre et de pénombre. Il est utile gpeber a nouveau que de tels algo-
rithmes n’ont pas pour but de concurrencer en vitesse lesiguees utilisant du matériel dédié
en infographie, mais plut6t de fournir des solutions robsigt exactes au lieu d’approxima-
tions. Il est en effet utile de savoir, de temps a autre, lamép correcte certifiée, ne serait-ce
gue pour pouvoir valider des méthodes ad-hoc.

Dans la deuxiéme partie de ce document, je présente deepragpstantiels sur deux pro-
blemes bien connus de calcul géométrique sur des primitoesbes simples, a savoir des
guadriques. Les travaux sur l'intersection de deux quaésgghormis de fournir de nouveaux
résultats théoriques, démontrent qu’une étude soignéa giedmeétrie mene a des réalisations
efficaces et robustes. Les travaux sur la topologie desatiages de Voronoi de trois droites
(une partition de I'espace par des morceaux de quadriquesirej en outre, que les systéemes
de calcul formel ont atteint un point ou ils peuvent étre e@s efficacement pour prouver des
théoremes sur des problémes géométriques non triviauxn@apg nous avons vu qu’exécuter
de tels calculs algébriques tient plus d’un art que d’unersx, en particulier, parce que, méme
pour des problemes géométriques non linéaires apparensingpies, les calculs requis sont
souvent a la limite des possibilités de tels systemes. Cehdlse de travaux montre que des
progreés significatifs peuvent étre accomplis sur diverdlgroes classiques de géométrie algo-
rithmique non linéaire et que des approches non discréts@event étre extrémement efficaces
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dans la pratique.

En dépit de réels progres, il reste beaucoup de travail. Coantles problemes de visi-
bilité tridimensionnelle, des solutions algorithmiquesipcalculer efficacement des structures
de visibilité, comme le squelette de visibilité, sont mairgnt en vue. Ceci donne I'espoir de
pouvoir apporter des solutions effectives a des probléeroese celui du calcul des limites
d’ombre et de pénombre induites par des sources lumineosesiviales ou comme celui du
calcul de requétes de visibilité de surface a surface. Cddeumes restent cependant en grande
partie ouverts. De nombreux problemes sur le calcul géamouetavec des surfaces algébriques
de bas degré restent également ouverts. Par exemple, il ai¢@ne implantation robuste et
efficace pour calculer des arrangements, ou des morceartramti@ments, de quadriques ou
pour le probléeme connexe du calcul de diagrammes de Voramgiotyedres. Les méthodes
actuelles sont loin d’étre efficaces et/ou utilisables ief) lque les complexités algorithmiques
et arithmétiques de ces problemes soient intrinséquertexges, il y a certainement beaucoup
de possibilité d’amélioration que ¢a soit au niveau théariqu pratique.



Deuxieme partie

Propriétés des droites et segments di3 et
problemes de visibilité tridimensionnelle
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Chapitre 5

Common tangents to spheres ifR3

Cet article a été publié dafEscrete Computational GeometiffgGLP06] ainsi que dans la these de
X. Goaoc [Goa04].

Abstract

We prove that four spheres R® have infinitely many real common tangents if and only if thayéd
aligned centers and at least one real common tangent.

5.1 Introduction

A major issue in geometric computing is to handle degenénatgts properly in order to design robust algo-
rithms. This often requires recognizing such an input taregth. In 3D visibility problems, which are ubiquitous
in computer graphics and image synthesis, objects withaf seimmon tangents of improper dimension constitute
degenerate configurations, as detailed in the survey ofridyi@ur00]. In this paper, we determine all degenerate
configurations of four distinct spheres, that is all confegiems of four spheres with infinitely many common
tangents.

The study of real lines tangent to basic geometric objectsbieeen very active in recent years. This topic
includes two closely related directions of research, ngrtied characterization of degenerate configurations and
the enumeration of lines satisfying geometric constraidtsually, these problems are approached by studying
the degeneracies and counting the number of solutions oé specific polynomial system. The difficulty often
resides in eliminating imaginary solutions, solutionsiniity, and components of positive dimension of solutions
in order to retain only real affine solutions.

The case of lines tangent to spheres has been persisterdstigated. Macdonalet al.[MPTO01] proved that
four unit spheres have at most 12 common tangents in gema@ainfinitely many common tangents if and only
if the centers are aligned. The bound of 12 was independebthined by Devilleret al.[DMPTO03]. Examples
show that, in the finite case, this bound is tight [DMPTO03, MR yet, according to Megyesi [Meg01], it drops to
8 in the case of unit spheres with coplanar but non-colliceaters. However, the upper bound of 12 remains valid
when the spheres have arbitrary radii. Sottile and ThediSil62] proved that there are 3"~1 complex common
tangent lines to 2— 2 general spheres iR", and that there exists a choice of spheres with all commagetas
real.

Recently, progress has also been made in understandingatietias of common tangents to spheres and
transversals to lines. Theobald [The02] described the gorations of three lines and a sphere having infinitely
many common tangents/transversals. Next, Megses. [MSTO03] characterized the families of two lines and two
quadrics ofP3(C) with infinitely many tangents/transversals, and appliairtresults to the case of two lines and
two spheres oR3. Last, Megyesi and Sottile [MS05] classified the familiesoo® line and three spheres®f
with infinitely many tangents/transversals.

The question of characterizing the positions of four sphefevarious radii with infinitely many common
tangents remained open. Quoting Theobald [TheO2Ye ‘tonjecture that there does not exist any configuration
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with four balls of arbitrary radii, non-collinear centersna infinitely many common tangent liriel this paper,
we confirm this expectation and prove

Theorem 5.1. Four distinct spheres iiR® have infinitely many real common tangent lines if and onliggfthave
aligned centers and at least one real common tangent.

More precisely we prove that four spheres with infinitely jm@emmon real tangents either intersect in a
circle, possibly degenerating to a point, or each spheraltitle of tangency with one and the same quadric of
revolution with symmetry axis the line through all centessd Figure 5.1) ; such a quadriaiisiqueand can be a
cone, a cylinder or a hyperboloid of one sheet. Furtherntbeecommon tangents to the four spheres are exactly
the common tangents to any three of them.

Fic. 5.1 —Two examples of quadruples of spheres with infinitely manyiwmn tangents.

After introducing some notations and preliminaries in ##c6.2, we treat the case of four spheres with
affinely independent centers in Section 5.3. Next, we haindiection 5.4 the more intricate case of spheres with
coplanar centers, no three aligned. Section 5.5 ends tioé @rdheorem 5.1 with the case of three aligned centers.
We obtain, at the same time, the algebraic and semi-algeboaiditions on radii and mutual distances between
centers, which characterize four spheres with infiniteljpyyneommon real tangents.

5.2 Preliminaries

Notations

Our proofs use points and vectors frd@A and from the real and complex projective spaces of dimensgion
P"(R) andP"(C). We make no distinction between a poménd the vector from the origin of the framepoFor
more clarity, we denote an element®t by (ay,...,an), and an element &"(R) or P"(C) by (a1 : ... : an+1)-

For any two vectors, b of R", P"(R), or P"(C), we denote bya- b their dot product, bya x b their cross
product, and byal? the dot product - a (note that/a|? is not the square of the norm afwhena has imaginary
coordinates).

Let 8; denote the sphere B with centerc; and radius; >0, fori=1,...,4, and(es, e, e3) be an orthonormal
frame ofR3. Without loss of generalityve assume that ¢ is the origin of our frame. Theaxisof a set of spheres
with aligned centers is the line going through these centers

Tangents to four spheres

We begin by reviewing the description of the common tangaaslto four spheres as solutions of a polynomial
system, as in [MPTO1]. We represent a linéRiA by its closest point to the origip € R? and its direction vector
v ¢ P2(R). Let M denote the matrifcy, cs, c4]” and®y andd;(v) be the vectors

|Cal?+12 12 (C2-v)?
o= | |eafP+ri—rf |, P(v)=—| (c3v)?

|Cal? 412 —r2 (Ca-V)
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Lemma 5.2. The lines tangent to the four sphei&s. . ., $4 are the common solutior{®, v) in R3 x P(R) of the
equations

p-v=0, (5.1)
P =13, (5.2)
2V2Mp = (V) + |v|*Po. (5.3)

Proof. A couple(p,v) € R®x P?(R) represents a line if and only if Equation (5.1) is satisfieding (p,v) is
tangent to spher®; if and only if its squared distance tpis r? that is, if and only if

[(ci —p) x V2 =rf|v%.
Expanding this equation yields
6 x V2 [px V2= 2(Gi x V) - (px V) = r2|v]2. (5.4)

Applying to (¢ x v) - (p x v) the scalar triple product identigy- (b x ¢) = b- (c x a), then the vector triple product
identitya x (b x c) = (a-c)b— (a-b)cand finally using Equation (5.1) we get

(pxV)-(GXV)=G- (VX (pXV)=c-((v-v)p—(V-p)V) = [V|?Gi - p.
Sincep andv are orthogonallp x v|? = | p|?|v|? and thus Equation (5.4) becomes
2V p = [ci x V> + [VI*(|p” = rf).
As |ci x V> + (¢ - V)% = [ci|?|v|?, we finally get that
2vPei-p=—(ci-v)? + v (ja P+ |plP—rf). (5.5)

Equation (5.5) foii = 1 is equivalent to Equation (5.2) sinceis the origin of the frame. It follows that the four
equations (5.5) for=1,...,4 are equivalent to the two equations (5.2) and (5.3). O O

The approach used to show that infinitely many tangent lioepheres can only happen when the centers of
the spheres are aligned is as follows. We elimiratmong the equations (5.1)-(5.3), giving two cufviesthe
2D projective space of directions, whose intersectionaiostall directions along which a common tangent line to
the four spheres is observed. We then prove that, when thersare non-collinear, the two curves intersect in a
finite number of points.

The key idea behind the proofs of Section 5.3 (affinely indeleat centers) and Section 5.4 (coplanar centers)
is that if the two curves, envisaged as complex projectiveas) had a common component of positive dimension,
this component would intersect the imaginary comé = 0 and we show that this is not the case. Intersecting
the curve withlv|? = 0 is inspired by the relation of the Grassmannian of lineB3(C) with the (p,v) coordinate
system, well adapted to the representation of lines in theegpartR® c P3(R).

It should be stressed that any solution to the problem ofeacitarizing sets of four spheres with infinitely
many tangent lines must be computational to some exterdauiseavhile we are interested in real lines, the “native”
system of equations is ové&r. Any understanding of the system should involve sensjtisitomplex degeneracies.

In our proof, computations flow towards revealing such caxpmlegeneracies, but are short-circuited by use of
reality assumptions.

A cubic and a quartic when the centers are affinely independetonic and a sextic when the centers are
coplanar with no three aligned.
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5.3 Affinely independent centers

We first investigate the case of spheres with affinely inddpenhcenters.
Proposition 5.3. Four spheres with affinely independent centers have at mesté common tangent lines.

Proof. First note that matriM is invertible since the spheres have affinely independariece Consideringp, v)
in R x P?(R), we havev|? # 0 and thus Equations (5.1)-(5.3) are equivalent to the thgeations

p=M‘1<2§p—k;mQ, (5.6)
(Mfl (D2(v) + |V|2<Do)) -v=0, (5.7)
ML (0(v) + V2 Do) |* = 4rZ|v[*. (5.8)

Equation (5.6) expresses the paorin terms of the direction vecta, proving that there is at most one line tangent
to the four spheres with a given direction. The remainingagiqns are a cubic (5.7) and a quartic (5.8yjrand
their intersection represents the directionsP?(R) along which there is a tangent to the four spheres. We want to
prove that the cubic and the quartic intersect in at most I®pm P?(R). For that purpose we prove this property
in P?(C), by contradiction.

If the cubic and the quartic have #?(C) a common component of positive dimension, this componeet-in
sects the conifv|?> = 0; this is a property of any two curves#¥(C) which does not dispute the fact that the real
solutions of Equations (5.6)-(5.8) satigfyf> # 0. We now prove that the intersectioni(C) of the cubic (5.7),
the quartic (5.8) and the conjig/? = 0 is empty. This system simplifies to

V2 =0,
(M~1dy(v))-v=0,
IM~ta(v)[? =

The first two equations express the fact thiat'®,(v) is on the tangent atto the smooth conitv|?> = 0, and the
last thatM —1d,(v) is itself on that conic. It follows thavl~1d,(v) andv are one and the same projective point.
Thus there existp # 0 in C such that

M~1d,(v) = py, that is®,(v) = pMv.

Expanding this last equality yields(c; - v)? = pg - v, fori = 2,...,4, which implies that every term - v is 0 or

—M. This leads to
ap
Mv = —u( as ) (5.9
au

where eacly; is equal to 0 or 1. Lea denote the vector of tha. Pluggingv = uM~ain the equation of the conic
V|2 = 0 yields
uz\Mfla\z =0.

The vectoM 1ais real, thugi= 0 ora= 0. In both cases, Equation (5.9) implies: 0. Thus there is no common
solution inP?(C) for the system of the conic, the cubic and the quartic, heneectibic (5.7) and quartic (5.8)
cannot intersect in a curve. By Bezout's Theorem, they sgiefrin at most 12 points, and since there is at most one
line tangent to the four spheres with a given direction bydfigm (5.6), this completes the proof. [ O

5.4 Coplanar centers

We now treat the more intricate case of four spheres whodersesre coplanar but such that no three centers
are aligned.
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Proposition 5.4. Four spheres with coplanar centers, no three aligned, havaast twelve common tangents.

Let (p,v) € R® x P?(R) represent a line tangent to the four spheéigs. ., $4. By Lemma 5.2( p, V) is solution
of Equations (5.1)-(5.3). As in Section 5.3, we start by &ting from these equations two equations.in
Without loss of generality, we may assume that the spherexespan the plan@;, e) :

C1 Cp O
M=1|c3 c32 0].
Ci1 Cs2 O

Let M1, be the 2x 2 upper left sub-matrix oM, which is invertible since no three centers are aligned.dfyr
vectora, letaj, be the vector that consists of the first two rowsa@ndagz be its third row.
Let us first assume that # 0. It follows from p-v = 0 that
_ P12-Vva2

P3 = vs (5.10)

andp;2 is characterized using Equation (5.3) :
2v[?p12 = Mgz ((P2(V)) 12+ [VI* (Po)1y) -

Let Wa(V) = M5 (D2(V))1, andWo = M5 (Pg)1,. As D2(v) andW(v) do not depend ow, we may write them
aSCDz(Vlz) andkPZ(vlz). Then
2|V|2p1p = Wa(Va2) + [V[*Wo. (5.11)

Substituting the expression p§ from Equation (5.10) in Equation (5.2) gives
p12-viz) ?
|p12|2+ ( 12 12> _r% -0
V3

Then multiplying by 4v|4v§ and substituting [#|2p;» by its expression from Equation (5.11) gives the following
sextic equation iwv :

V3| Wa(Vi2) + [V2Wol? 4 ((Wa(va2) + V[2Wo) - vi2)? — 4[v["3rZ = 0. (5.12)
For anyp,qin P3(C), we have, by transposition :
(Mp)-q=p-(MTq).

Let w be a non-zero kernel vector bfT. Then(Mp) - w= p- (MTw) = 0. Substituting the expression lfp from
Equation (5.3), we obtain thatmust be on the following conic :

Dy(v12) - 0+ |V|2¢>0 -w=0. (5.13)

Notice that Equations (5.12) and (5.13), obtainedvp# 0, are still valid forvs = 0 by continuity. We thus
get the following lemma.

Lemma 5.5. The direction & P?(R) of a line tangent to the four spher8s, ..., 84 satisfies the sextic (5.12) and
the conic (5.13).

Lemma 5.6. If the sextic (5.12) and the conic (5.13) admit a componepbsitive dimension of common solutions
in P?(C), then it intersects the conijg|?> = 0 and any point v in the intersection satisfies

INEC, Wo(viz) =Avip (5.14)
Dy (vi2) - w=0. (5.15)
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Proof. If Equations (5.12) and (5.13) share a component of positiveension inP?(C), then this component,
seen as a curve @?(C), intersects the coniw|?> = 0. Letv € P?(C) be in this intersection. Then Equation (5.13)
becomes Equation (5.15). Now, it follows from? = 0 thatvi = —|v12/2, and thus Equation (5.12) becomes

— V122 |Wa(v12) > + (Wa(v12) -v12)2 = 0.

Since|x|?|y|? — (x-y)? = det(x,y)? for anyx,y € C?, the equation is equivalent to def,, W (vi2)) = 0 which is
equivalent to Equation (5.14y (s on|v|> = 0 so we cannot havg, = 0). O O

In the following we consider the centetgs = 0,Cp,C3,C4 as 2D points (i.e., we forget the third coordinate,
which is 0). For any vectax € R? we denote by its orthogonal vector obtained by a rotation of angfe.

Lemma 5.7. If Equations (5.14) and (5.15) have a common solutignin P1(C), it must satisfy » = ¢ and
vi2- (Cj—ck) = 0, with {i, j,k} = {2,3,4} (which implies that ¢ ¢y, c3, ¢4 are the vertices of a trapezoid).

Proof. FromMTw = 0 we get

MT o — MIZ Cy W12 _ MIzu)lz + W3y —0
0 0 w3 0 ’

Thuswy = —oog(MIz)—lc4 andws # 0 (otherwise 2 = 0 thusw = 0 contradicting its definition). Now, we can
write Equation (5.15) aéP2(v12))12- 12— (Ca- v12)2w3 = 0, and substituting our expression®f; yields

—033 (P2(V12))12- (M{p) ~*ca) — (Ca-V12)°ws =0,
which simplifies, by transposition, into
(M5 (P2(V12))12) - Ca+ (Ca - V12)* = 0.
Hence, an equivalent expression for Equation (5.15) is :
Wp(Vi2) - €4+ (Ca-V12)2 = . (5.16)
Substituting¥z(v12) = Avi2 from Equation (5.14) into (5.16) leads to
(Ca-V12)? = —ACq-Vi2.

By a similar reasoning, we can express the conic (5.15) usirg c3 in expressions similar to Equation (5.16),
and the above argument yields that :

(Gi-Vi2)®> = —ACi-vip, =234 (5.17)
If ¢i-vi2#0fori =23, and 4 ther(ca — c3) - vi2 = (C2 — €4) - V12 = 0 and, sinceey, ¢z andc, are not aligned,
vi» = 0 contradictingvi» € P1(C). Hence,vi» must be orthogonal to song, i € {2,3,4}. Sincevi, € PY(C),

we can assume that, = cii. Since no three centers are aligneg; is orthogonal to neithec; nor ¢, with
{i,j,k} ={2,3,4}. Thus Equation (5.17) yields

~A=¢j-¢ =c-¢", andso ¢"-(cj—c)=0.

This means that the segmenig; andcjc, are parallel and thus the centers of the spheres are theegedf a
trapezoid. O O

Lemma 5.8. If the sextic (5.12) and the conic (5.13) have a common coergasf positive dimension iA?(C),
Equations (5.14) and (5.15) have at least two distinct $ohstinP1(C).
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Proof. Assume that the sextic (5.12) and the conic (5.13) share paoemt of positive dimension. Then by
Lemmas 5.6 and 5.7, Equations (5.14) and (5.15) admit a canswlationvy, = ¢~ for i = 2,3, or 4. By relabeling
if necessary, we can assumg = c;. Suppose, for a contradiction, that is the uniqgue common solution of
Equations (5.14) and (5.15).

By Lemma 5.6, any point in the intersection of the copié = 0 and the common component of the sex-
tic (5.12) and the conic (5.13) satisfies Equations (5.14) (nl5). Thus any such point satisfies = c; and
Iv|2 =0, and is equal to one of the two points of coordindtgs: +i|c4|). Hence the common component contains
at least one of these two points.

The common component of the sextic (5.12) and the conic tsXther the conic itself or a line. In the latter
case, the equation of the line is real because otherwisernisgate is also contained in the conic and in the sextic
(since their equations are real) ; the sextic then cont@i@sonic, which corresponds to the first case. Hence the
equation of the common component is real in both cases. Bmee the common component contains one of the
two points(c : +ilca|), it also contains its conjugate, hence the two points.

We now discard the case where the common component is the bgrderiving a contradiction with our
assumption that no three centers are collinear. If the deniontained in the sextic, it meeig? = 0 in the two
points(cg : +i|ca|), which are therefore tangency points. This means that Ejuéi. 16), which is our conic mod
|v|2 =0, has a double root &, = c; . Since any degree-two polynomialm, € P1(C) that hasc; as double root
is proportional to(cy - vlz)z, we get that

W (Vi2) - C4 = a(Cq - V12)?

for somea € C and allvy, € P1(C). Computing detMi2)M ;- gives the matrix with columng-c4c], thus our
equation becomes

Wa(vi2)-Ca = Wi/llz)[(cé -C4)(C2-V12)? — (¢5 - €a)(C3-Vi2)?] = a(Ca- Va2)?.

Since the four centers form a trapezoid we haye- v(c, — c3) for somev € R3. Replacingey by its expression
and simplifying by factocy - ¢, = —c5 - c3 yields

(c2-v12)% — (C3-V12)® = K((C2 — C3) - V12)?,

for somek € C. Writing vi, = Xc; +ycsy we obtain
(C2-C3)*(Y? —x* —K(x+Y)?) =0

for all (x,y) € P1(C), which forces the proportionality ak andcz and their alignment witfe;. Thus, if no three
centers are aligned the conic cannot be contained in thiesext

Now we examine the second alternative, when the common coemp@f the sextic (12) and the conic (13)
is a line. This line contains the two points; : +i|cs|) and thus contains the poifit; : v3) for all vz € C. Thus
all the coefficients of the sextic (5.12) viewed as an equatio/s with coefficients depending on, = cj must
vanish. In particular the constant and the coefficientiominus|cs|* times the coefficient o#§ both vanish and
are equal to

W,(cs) -4 +|cal?Wo-cf =0,
\Wa(cp) %+ 2|cal?Wa(cs) - Wo = 0.

From the proof of Lemma 5.7, we know theb(c;) = Acs with A = —c2-¢; = —c3-c4. Thus, the relations
become

|Cal?(A+Wo-c7) =0,
Mcal2(A+2Wo-cf) =0.

Since no three centers are alignke 0 and|c,| # 0, and these two equations imply= 0, a contradiction. [J O
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Lemma 5.9. The sextic (5.12) and the conic (5.13) cannot have a compaigrositive dimension of common
solutions.

Proof. Assume that the sextic (5.12) and the conic (5.13) have a ecomommponent of positive dimension. Lem-
mas 5.7 and 5.8 yield that Equations (5.14) and (5.15) thee &tleast two distinct solutions amofigy , ¢35, ¢; }-
By relabeling the centers, we may assume these solutiorts @edcy . Lemma 5.7 gives that

Cy-(ca—C3)=0 and c3-(Ca—Cp) =0.

Thus,c; is proportional tac, — ¢3, andcs is proportional tacy — ;. Thereforeg, + ¢3 = ¢4 and the centers form a
parallelogram. By translating our frame to the center of fzaallelogram, we may assume that the centers are at
a=(a,a,0), b= (b1,by,0), —aand—b, with corresponding radri, i = 1,...4. On occasion, we abuse notation,
and allowa andb to stand for(az,az), respectively(by, by).

Subtracting Equation (5.5) for= 1 from its expression far= 3 leads to

4(a-p)=ri—ri,
and the same operation fo 2 andi = 4 yields
4(b-p)=ri—r3.

This shows that the first two coordinatpg of p are determined by centers and radii alone, and remain adnsta
Thus, all the common tangents to the four spheres meet th@déirpendicular to the plane of the centerpipn

A theorem in the preprint [MSO05] addresses a situation & tiaEiture and shows that the common tangents
to three spheres which meet at the same time a fixed line céeniafinitely many unless their three centers are
collinear. We give here an independent proof which consrthe above line of thought.

Recall that (12) and (13) were obtained from (1)-(3) by efiating p. Operating “in reverse", it is easy to
see that a one-dimensional component of solutions for (A@)&3) would produce a one-dimensional family of
solutions for (1)-(3). We show now this cannot happen.

Rewriting (5.5) for the centei@andb gives

(@ = V2 (Ja+ ol 503+13) ). (5.18)
(b2 =V (10%-+ [pi2 - 503413 ). (519)

Leta = |af> — 3(r?+r3) andB = [b|?> — 3(r3 +r2). Subtracting (5.19) from (5.18) gives the conic

((a+b)-vi2) (a—b)-viz) = M*(a —B). (5.20)
Multiplying (5.18), (5.19), and? together and dividing bjv[? gives
(a-v12)(B+ | pazl® + PAVE = (b-vi2)?(a + [przl* + PE)V,
or equivalently, using (5.10),
(1125 + (P12-v12)?)((a+b) -vi2)((a—b) - viz) = V3(a(b- vi2)* — B(a- vi2)?). (5.21)

For the conic (5.20) and the quartic (5.21) to have a commenddmensional component, it is necessary that
equality holds for any;, € P! and some adequate value(s) Yar Indeed, the projectiom— v1, of the common
component cannot be constant, for with fixad and (already known) fixe@;», equations (5.10) and (5.18) (or
(5.19)) would determine only a finite number of solutiogs

Evaluating (5.20) and (5.21) af, = (a+b)*, we find no possible value fag, unlessa = . Returning this
necessary condition into (5.20) impligg, = (a+ b)* contradicting the fact that (5.20) and (5.21) holds for all
vy € PL, O O
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We now conclude on the case of spheres with coplanar centers.
Proof of Proposition 5.4. By Lemmas 5.5 and 5.9, there are finitely many directionsgalehich the spheres have
a common tangent. For each such directipa line tangent to the four spheres projects onto a planegaotial
to vinto a point that lies on the common intersection of the fdteles obtained as the boundary of the projec-
tion of each sphere. There are thus at most two lines tangehetfour spheres per direction. Hence there are
finitely many lines tangent to the four spheres. Now, the bloafiil2 directly follows from the non-coplanar case
(Proposition 5.3) by continuity. O

5.5 Collinear centers

We conclude in this section the proof of Theorem 5.1. We feslgish the following lemma.

Lemma 5.10. The common tangents to three distinct spheres with collineaters and no common intersection
are, if any, the ruling(s) of a single quadric of revolutiorittvsymmetry axis the line through all centers. This
guadric can be a cone, a cylinder or a hyperboloid of one sheet

Proof. Suppose that three distinct spheres with collinear ceaigmst a common tangent. Such a tangent is not
orthogonal to the axis of the three spheres since they haeemmon intersection. Furthermore, such a tangent
remains tangent after a rotation about this axis. Thus th&on tangents to the three spheres are the rulings of
a collectionQ of quadrics of revolution with symmetry axis the line thrbuall centers (see Figure 5.1); these
guadrics have to be cylinders, cones, or hyperboloids ofshieet. Assume for a contradiction tatonsists of
more than one quadric.

We take the line through the centers to beyaxis in somex, y)-plane. This plane intersects the quadrics of
Q into a collectionC of conics symmetric with respect to tlgeaxis which have equations of the following form :

X +AY+By+C=0, A<0, B?’—4AC<O0. (5.22)

The(x,y)-plane also intersects the three spheres into three cimldscenterg0,a;) and radiir;, i = 1,...,3, that
are tangent to the conics 6f Since these conics and circles are symmetric with respeahet/-axis, two of them
are tangent if and only if they intersect in exactly two psintith samey-coordinate. Thus a conic (5.22) and a
circle of center(0,a;) and radiug; are tangent if and only if

(0 +AY +By+C) — (¥ + (y—ai)®—rf) =0
has a double solution iy i.e. the discriminant vanishes :
& = (B+20i)>—4(A—1)(C+r2—a?) =0. (5.23)

For the three circles, this gives a system of three equatiotize three indeterminatg#\, B,C). This system is
linear inC (with a non-zero coefficient sind® < 0) and thus has more than one solution only if the linear syste
in (A,B)

S —8=((02—a2)—(r?—r3))A+ (a1 —a2)B+r2—r3=0

8 — 8= ((of —af) — (r{—r§))A+ (a1 —0az)B+ri—r§=0

does, that is only if the determinant of the coefficienté\@ndB, and the determinant of the constant coefficients
and the coefficients d both vanish. The sum of these determinants also vanisheis andal to

az —a3 o1 —az

= (01 —ay) (a1 — 03) (02 — O3).
o —a? 01— O (ap—02) (ag—az) (a2 —as)

Hence at least two centers are equal which implies that dmersjis strictly contained in another. The three spheres
thus have no common tangent, a contradiction. O O
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Remark 5.11. Actually solving the syste(®.23) i = 1,2,3, yields, in terms of radii and oriented distances bet-
ween centersifd= o —q; :

1
A= 5 (ridas+r5ds+r3dh),

-1
B> —4AC= GyadardisD (r1doz+radz1+radio) (r1daz+rodzs —radio)

(r1daz—radg+radiz) (—r1daz+radag+radiz),
where D= dy3d3;dio+ I’% do3z+ l’% d31+ I’% dio.

We can now prove Theorem 5.1.

Proof of Theorem 5.1. Consider four distinct spheres with infinitely many real coom tangents. By Proposi-
tions 5.3 and 5.4, the centers of at least three of the sphesesigned.

If these three spheres intersect in a circle, their commpgetats are the tangents to that circle in its plane.
To be tangent to infinitely many of these lines, the fourthesphhas to contain that circle (and, if that circle is
degenerate to a point, the four spheres must have the sagentgiane at this point). Thus all four spheres have
aligned centers.

If the three spheres with aligned centers do not have a connmtensection, then by Lemma 5.10 their common
tangents are the rulings of a single quadric having thes agiaxis of revolution. To be tangent to infinitely many
lines contained in this quadric, the fourth sphere must ligveenter on the axis of the quadric (and adequate
radius as determined below), hence the four spheres hayedlcenters.

Conversely, four spheres with aligned centers and at legstommon tangent have infinitely many common
tangents, by symmetry of revolution. This concludes thepod Theorem 5.1 and provides the finer geometric
characterization stated in Section 5.1. O

As shown above, four spheres with collinear centers and mavamn intersection admit infinitely many real
common tangents if and only if there exists a conic (5.22) sehcoefficientd B,C satisfy Equation (5.23) for
alli=1,...,4. These four equations admit a solution if and only if thatieh obtained by eliminating, B,C is
satisfied. One can put the result in the permutation invaf@m in terms of the oriented distanceg = aj —
and the radiry :

(5.24)
Z Hl;ékdkl
In order to obtain infinitely manyeal common tangents, the coefficied, C must also satisfy the semi-algebraic
conditions

A<0, B?>—4AC<0 (5.25)

noted in (5.22)A andB? — 4AC can be obtained in terms of tilg andry by solving the system of equations, as
illustrated after Lemma 7.

The case of four spheres intersecting in a common circlergyetat in a common point is a limit case of the
situation above, and thereby subject to the same algebrdisemi-algebraic conditions.

Remark 5.12. When a configuration of four spheres is given in terms of theeS&n coordinates of the four
centers ¢= (X, Vi,z) and the correspondlng radii rexpressmg the colllnearlty of the centers involves gatidr

equations in their coordinates, and, in wewaﬁf Xk 2 §Jk 5: —2 Z andqe —%)2+(y; —Yi)?+(z —

z)?, testing Condition$5.24)and (5.25)amounts to evaluating polynomials of degree at most fiveaiiCrtesian
coordinates and radii.

5.6 Conclusion

This paper answers a question left open for several yearhdmacterizing the sets of four spheres of various
radii with infinitely many common tangent lines. This contpkethe description of degeneracies for common
tangents to spheres &P,
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Some of our results generalize to the case of quadric swfat@ companion paper [BGLPO03] we characte-
rize the families of quadrics if*3(C) whose common tangents sweep another quadric surface. 3tié oéthe
present paper appears as a particular case obtained byleongireal tangents taeal spheres. Extending our
characterization to quadruples of quadrics with infinitelgny real common tangents remains an open problem.

Results of the kind proved in this paper have applicatioribérfield of 3D visibility. Given a 3D scene, com-
binatorial changes appearing in the view of a moving obgeseeur when traversing special surfaces known as
visual event surfacessuch surfaces are swept by lines having prescribed cowititthe objects of the scene.
Various data structures based on visual events, like thlsilitis complex or the visibility skeleton [Dur00], have
been proposed to speed up visibility computations. Thentedsional elements of these structures appear as dis-
crete lines tangent to four objects. Failing to recognizt thur objects admit infinitely many tangent lines leads
to errors in the computations of these types of data strestifience, recognizing configurations of four objects
with infinitely many tangent lines is crucial to the robusts®f visibility computations. Our theorem settles the
case of four spherical objectsR?.






Chapitre 6

Transversals to line segments in
three-dimensional space

Cet article a été publié damiscrete Computational GeometfEL " 05].
Abstract

We completely describe the structure of the connected caee of transversals to a collection
of nline segments ifR3. Generically, the set of transversal to four segments sbo$izero or two
lines. We catalog the non-generic cases and showntbaB arbitrary line segments iR® admit at
mostn connected components of line transversals, and that thisdoan be achieved in certain
configurations when the segments are coplanar, or theyeadinlia hyperboloid of one sheet. This
implies a tight upper bound of on the number of geometric permutations of line segmenksin

6.1 Introduction

A k-transversal to a family of convex sets Rf is an affine subspace of dimensikr(e.g. a point, line,
plane, or hyperplane) that intersects every member of tindyfaGoodman, Pollack, and Wenger [GPW93a] and
Wenger [Wen98] provide two extensive surveys of the richjettof geometric transversal theory. In this paper,
we are interested in 1-transversals (also called linewesals, or simply transversals) to line segment®3rthis
guestion was studied in the 1980’s by Edelsbrunner et al HEB2] : they proved that the set of transversalsito
line segments has total description complexdn) and can be computed @(nlogn) time ; moreover, it follows
from their work that the set of transversals consists of upd¢onnected components (see Section 6.3.3). Here we
study the subject iiR3.

We address the following basic question : What is the caritjnahd geometry of the set of transversals to
an arbitrary collection of line segments ifiR3? Here a segment may be open, semi-open, or closed, and it may
degenerate to a point; segments may intersect or even pv8&itace a line irR® has four degrees of freedom, it
can intersect at most four lines or line segments in genaitipn. Conversely, it is well-known that four lines
or line segments in generic position admit zero or two trarsals ; moreover, four arbitrary lines R® admit
zero, one, two, or infinitely many transversals [HCV52, p4[L& contrast, our work shows that four arbitrary line
segmentadmit up to four or infinitely many transversals.

Our interest in line transversals to segment®&is motivated by visibility problems. In computer graphics
and robotics, scenes are often represented as unions otoessarily disjoint polygonal or polyhedral objects.
The objects that can be seen in a particular direction fronoaimg viewpoint may change when the line of sight
becomes tangent to one or more objects in the scene. Siniedtwd sight then becomes a transversal to a subset
of the edges of the polygons and polyhedra representingctirees questions about transversals to segments arise
very naturally in this context.
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76 CHAPITRE 6. TRANSVERSALS TO LINE SEGMENTS

As an example, the visibility complex [DDP02, PV96b] andvitsibility skeleton [DDP97] are data structures
that encode visibility information of a scene; an edge obéhstructures corresponds to a set of segments lying
in line transversals to soneedges of the scene. GenericallyRd, k is equal to three. In degenerate configura-
tions, howeverk can be arbitrarily large. Such degenerate configurationsadiae, for instance in architectural
scenes, which frequently contain many coplanar edgesthus essential for computing these data structures to
characterize and compute the transversals gegments irR3. Also, to bound the size of the visibility complex
one needs to bound the number of connected components s¥éraals tk arbitrary line segments. The present
paper establishes the actual bound.

As mentioned above, in the context of 3D visibility, linesgent to objects are more relevant than transversals ;
lines tangent to a polygon or polyhedron along an edge hajgplea transversals to this edge. (For bounds on the
space of transversals to convex polyhedr®&frsee [PS92].) The literature related to lines tangent toatbjialls
into two categories. The one closest to our work deals wittratterizing the degenerate configurations of curved
objects with respect to tangent lines. MacDonald, Pach,Tdrebbald [MPTO01] give a complete description of
the set of lines tangent to four unit ballsik?. Megyesi, Sottile, and Theobald [MST03] describe the sédines
meeting two lines and tangent to two sphereBfor tangent to two quadrics iF®. Megyesi and Sottile [MS05]
describe the set of lines meeting one line and tangent to htliree spheres iR3. A nice survey of these results
can be found in [The97]. Very recently, in an as yet unpulklisihhanuscript, Borcea, Goaoc, Lazard, and Petitjean
completed this study by characterizing the set of lineseantp four sheres iR

The other category of results deals with lines tangerk &mongn objects inR3. For polyhedral objects,
de Berg, Everett, and Guibas [dBEG98] showed(a®) lower bound on the number of free (i.e., non-occluded
by the interior of any object) lines tangent to four amandisjoint homothetic convex polyhedra. Bréonnimann
et al. [BDD"02] showed that, under a certain general position assumpti@ number of lines tangent to four
amongk bounded disjoint convex polyhedra of total complexitys O(nk?). For curved objects, Devillers et
al. [DDE*03] presented a simpl@(n?) lower bound on the number of free maximal segments tangefuiLio
amongn unit balls, and give a bound 61(n®) (due to Devillers and Ramos) fararbitrarily sized balls. Agarwal,
Aronov, and Sharir [AAS99] showed an upper boun@¢i*+¢) on the complexity of the space of line transversals
to n balls; recently, with Koltun, they showed that the same ufgmeind holds for the complexity of the set of
lines that do not interseat balls [AAKS05]. Durand et al. [DDP02] showed an upper bouh®n®3) on the
expected number of possibly occluded lines tangent to foworg n uniformly distributed unit balls. Under the
same model, Devillers et al. [DDB3] recently showed a bound 6fn) on the expected number of maximal free
line segments tangent to four amomgalls.

A topic closely related to line transversals is that of getrimgermutations. Ageometric permutatiomf

pairwise disjoint convex objects iR is an ordering of the objects (or its reverse) such that tectbare met in
that order by a line transversal. Worst-case bounds forrgénenvex objects are known n2- 2 is tight in two
dimensions [ES90], while in any dimension the best knowmidstareQ (n?-1) [KLL92] and O(n%~2) [Wen90].
The gap was closed for spheres by Smorodinsky et al. [SMS$@), showed thah spheres ifRY admit up to
e(nd‘l) geometric permutations, and the same bound was also shoeiotr “fat” objects [KV01]. Recently,
Cheong et al. [CGN05] improved the known bounds for congrietis, by showing than balls inRY of same
radius admit at most two geometric permutations 3 9, and at most three otherwise.

6.2 Our results

We say that two transversals to a collection of line segmargsin the sameonnected componeiftand
only if one of the transversals can be continuously movedl ihé other while remaining a transversalRA to
the collection of line segments. (For the sets of line transals considered here, the notions of connected and
path-connected components are equivalent since all sstseami-algebraic.) Equivalently, the two points in line
space (e.g., in Plucker space [PWO01]) corresponding to theramsversals are in the same connected component
of the set of points corresponding to all the transversalsito the collection of line segments.

Our main result is the following theorem.

Theorem 6.1. A collection of n> 3 arbitrary line segments iiR® admits any number from 0 to n of connected
components of line transversals. More precisely, the skheftransversals consists of at most two isolated lines
unless the segments lie in one of the following three corsigurs :
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1. the n segments are all contained in lines of one ruling pa(hyperbolic paraboloid or (b) a hyperboloid
of one sheet, or

2. they are all concurrent, or

3. they all lie in a plane, with the possible exception of augr@f one or more segments that all meet that
plane at the same point.

In cases 1(a) and 2, the transversals form at most one coedecmponent. In cases 1(b) and 3, the transversals
can have any number from 0 to n of connected components. Maréo case 3, if all segments are not coplanar,
this number is at mosta 1.

In cases 1-3, each connected component can consist ofehfiniiany lines or reduce to an isolated line.
For example, three segments forming a triangle and a foegment intersecting the interior of the triangle in one
point have exactly three transversals (Figure 6.2b shoivsilsexample with infinitely many transversals). Also,
the four segments in Figure 6.1 can be shortened so thattihedonected components of transversals reduce to
four isolated transversals.

A simple consequence of our theorem is the following bounthemnumber of geometric permutationsrof
segments ifR3.

Corollary 6.2. A set of n> 3 pairwise disjoint segments iR® admits up to n geometric permutations and this
bound is tight.

Proof. By the theorem abova) segments ifR3 admit up ton connected components of line transversals. Wi-
thin a connected component, the lines transversals mussett the segments in the same order. Otherwise by
continuity there would exist a line in that component wheve bbjects would intersect somewhere on that line, a
contradiction. Hence the upper bound. The lower bound iggardoy the configuration of Figure 6.1 generalized
to n segments : tha geometric permutations are all the permutations of the form+1,...,n.1,...,i —1) for
1<i<n O

Finally, as discussed in the conclusion,@fmlogn)-time algorithm for computing the transversalstseg-
ments follows directly from the proof of Theorem 6.1.

6.3 Proof of Theorem 6.1

Every non-degenerate line segment is contained suipgporting line We define the supporting line of a point
to be the vertical line through that point. We prove Theorefint® considering the following three cases which
cover all possibilities but are not exclusive.

1. Three supporting lines are pairwise skew.
2. Two supporting lines are coplanar.
3. All the segments are coplanar.

We can assume in what follows thidte supporting lines are pairwise distindhdeed, if disjoint segments
have the same supporting lidethen/ is the only transversal to those segments, and so the setnsivirsals is
either empty or consists dfand the theorem is satisfied. If some non-disjoint segmeaus the same supporting
line, then any transversal must meet the intersection adéenents. In that case, we can replace these overlapping
segments by their common intersection and the theorem &sitinaller collection will imply the result for the
original collection.

6.3.1 Three supporting lines are pairwise skew

Three pairwise skew lines lie on a unique doubly-ruled hgpkrid, namely, a hyperbolic paraboloid or a
hyperboloid of one sheet (see the discussion in [PW01, 88thErmore, they are members of one ruling, say
the “first” ruling, and their transversals are the lines ia thecond” ruling that are not parallel to any of the three
given skew lines.
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Fic. 6.1 —Two views of a hyperboloid of one sheet containing four liegraents and their four connected
components of transversals (corresponding to the shadexhs}. The four segments are symmetric under rotation
about the axis of the hyperboloid.

Consider first the case where there exists a fourth segmergensupporting liné does not lie in the first
ruling. Either/ is not contained in the hyperboloid or it lies in the secorithgu In both cases, there are at most
two transversals to the four supporting lines, which aredinf the second ruling that meet or coincide with
£ [HCV52, p. 164]. Thus there are at most two transversalse¢o tme segments.

Now suppose that all the > 3 supporting lines of the segmergslie in the first ruling of a hyperbolic
paraboloid. The lines in the second ruling can be paranzegtiby their intersection points with any linef the
first ruling. Thus the set of lines in the second ruling thattr@segmens; corresponds to an interval on lime
Hence the set of transversals to theegments corresponds to the intersection witervals onr, that is, to one
interval on this line, and so the transversals form one col@gecomponent.

Consider finally the case where the= 3 supporting lines lie in the first ruling of a hyperboloid afeosheet
(see Figure 6.1). The lines in the second ruling can be paesined by points on a circle, for instance, by their
intersection points with a circle lying on the hyperbolofiboe sheet. Thus the set of transversals totbegments
corresponds to the intersectionmfntervals on this circle. This intersection can have any beinof connected
components from zero up t@ and any of these connected components may consist of atedgboint on the
circle. The set of transversals can thus have any numbermofezted components from zero uprtoand any of
these connected components may consist of an isolated#raat Figure 6.1 shows two views of a configuration
with n= 4 line segments having four connected components of treselge

6.3.2 Two supporting lines are coplanar

Let /1 and/> be two (distinct) coplanar supporting lines in a platheFirst consider the case wheflgand/,
are parallel. Then the transversals to theegments all lie iH. If some segment does not intersetcthen there
are no transversals ; otherwise, we can replace each segsnistintersection witlH to obtain a set of coplanar
segments, a configuration treated in Section 6.3.3.

Now suppose that and/; intersect at poinp. Consider all the supporting lines notth If no such line exists
then all segments are coplanar; see Section 6.3.3. If sueb éxist and any one of them is paralleHdhen all
transversals to thesegments lie in the plane containipgnd that line. We can again replace each segment by its
intersection with that plane to obtain a set of coplanar ggs) a configuration treated in Section 6.3.3.

We can now assume that there exists a supporting line nbt iSBuppose that all the supporting lines not
in H go throughp. If all the segments lying in these supporting lines confaithen we may replace all these
segments by the poiqtwithout changing the set of transversals toteegments. Then all resulting segments are
coplanar, a configuration treated in Section 6.3.3. Nownissegmens does not contaip then the only possible
transversal to tha segments is the line containisgnd p.

We can now assume that there exists a supportingfigersectingd in exactly one poing distinct fromp
(see Figure 6.2(a)). L&t be the plane containing and/s. Any transversal to the lineg, ¢», and/3 lies inK and
goes througlp, or lies inH and goes througb.

If there exists a segmestthat lies neither irH nor in K and goes through neith@rnor g, then there are at
most two transversals to tmesegments, namely, at most one linekirthroughp ands and at most one line iAl
throughq ands.



6.3. PROOF OF THEOREM 6.1 79
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Fic. 6.2 —(a) Lines¢; and/s intersect at poinp, and linels intersects planél in a pointq distinct fromp. (b)
Four segments having three connected components of traatse

We can thus assume that all segments lieliar K or go throughp or g. If there exists a segmenthat goes
through neithemp nor q, it lies in H or K. If it lies in H then all the transversals to tinesegments lie iH (see
Figure 6.2(b)). Indeed, no line K throughp intersects except possibly the linpg which also lies irH. We can
again replace each segment by its intersection Witb obtain a set of coplanar segments ; see Section 6.3.3. The
case wheralies inK is similar.

We can now assume that all segments go thropgin g (or both). Letn, be the number of segments not
containingp, andng be the number of segments not containipdlote thatny 4 ng < n.

Among the lines irH throughg, the transversals to thresegments are the transversals torthsegments not
containingg. We can replace thesg segments by their intersections wiihto obtain a set ofi; coplanar segments
in H. The transversals to these segmentd ithroughg can form up tayg connected components. Indeed, the lines
in H throughg can be parameterized by a point on a circle, for instancehéy polar angle irR/TZ. Thus the
set of lines inH throughq and through a segment 4 corresponds to an interval &/7Z. Hence the set of
transversals to theq segments corresponds to the intersectionghtervals inR /TZ which can have up tog
connected components.

Similarly, the lines inK throughp that are transversals to tinesegments can form up tg, connected com-
ponents. Note furthermore that the lipgis a transversal to all segments and that the connected cmnpof
transversals that contains the lipe is counted twice. Hence there are at mogt-ng— 1 < n— 1 connected
components of transversals to theegments.

To see that the bound of— 1 connected components is reached, first considé| lines inH throughp, but
not throughg. Their transversals througiare all the lines irH throughq, except for the lines that are parallel
to any of the|n/2| given lines. This gives$n/2| connected components. Shrinking hg'2] lines to sufficiently
long segments still given/2] connected components of transversalllithroughg. The same construction with
[n/2] line segments in plan€ gives[n/2] connected components of transversalk ithroughp. This givesn— 1
connected components of transversals tortlsegments since the component containing the figés counted
twice. Figure 6.3(a) shows an example of four segments bahiree connected components of transversals.

6.3.3 All the segments are coplanar

LetH be the plane containing all thresegments. There exists a transversal nét ihand only if all segments
are concurrent at a poit In this case, the transversals consist of the lines thrgughether with the transversals
lying in H. To see that they form only one connected component, ndiateany transversal inl can be trans-
lated top while remaining a transversal throughout the translatia.thus can assume in the following that all
transversals lie itd, and we consider the problemR?.

We consider the usual geometric transform (see e.g. [E82P where a line ifR? with equationy = ax+b
is mapped to the poir(l, b) in the dual space. The transversals to a segment are travesfdp a double wedge ;
the double wedge degenerates to a line when the segment istaTite apex of the double wedge is the dual of
the line containing the segment.
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(a) (b)

Fic. 6.3 —(a) Four segments having three connected components siéamals. (b) Four coplanar segments
having four connected components of transversals.

Atransversal to tha segments is represented in the dual by a point in the intibvseaf all the double wedges.
There are at most+ 1 connected components of such points [EN8R] (see also [Ede87a, Lemma 15.3]). Indeed,
each double wedge consists of two wedges separated by timal/éne through the apex. The intersection of all
the double wedges thus consists of at mmstl convex regions whose interiors are separated by at mastical
lines.

Notice that if there are exactly+ 1 convex regions then two of these regions are connectefirityrby the
dual of some vertical line, in which case the segments hawatical transversal. Thus the number of connected
components of transversals is at most

To see that this bound is sharp consider the configuratiomgur& 6.3(b) of four segments having four com-
ponents of transversals. Three of the components consisblated lines and one consists of a connected set of
lines throughp (shaded in the figure). Observe that the line segrabmheets the three isolated lines. Thus the
set of transversals to the four initial segments and segateobnsists of the three previously mentioned isolated
transversals, the linpb which is isolated, and a connected set of lines thropghhis may be repeated for any
number of additional segments, giving configurationa ocbplanar line segments withconnected components of
transversals.

6.4 Algorithmic considerations and conclusion

While algorithmic issues have not been the main concern gbdiper, we note that the proof of Theorem 6.1
leads to arD(nlogn)-time algorithm in the real RAM model of computation. Firetuce inO(nlogn) time the
set of segments to the case of pairwise distinct supportiregs.| Choose any three of these lines. Either they
are pairwise skew or two of them are coplanar. If they arewis@ skew (see Section 6.3.1), their transversals,
and hence the transversals to mbegments, lie in one ruling of a hyperboloid. Any segment ithi@rsects the
hyperboloid in at most two points admits at most two transaisrthat lie in that ruling. Checking whether these
lines are transversals to tikesegments can be done in linear time. Consider now the cassegraent that lies
on the hyperboloid. Its set of transversals, lying in théngilcan be parameterized in constant time by an interval
on a line or a circle depending on the type of the hyperbolBmmputing the transversals to thesegments thus
reduces in linear time to intersectimgintervals on a line or on a circle, which can be doneimlogn) time.
If two supporting lines are coplanar (see Section 6.3.2ymting the transversals to tinesegments reduces in
linear time to computing transversals to at mesegments in one or two planes, which can be dor@(imogn)
time [EMP"82].

Finally, note that we did not consider in this paper, for dioity, segments that can extend to lines or half-
lines inR3 although our theorem holds in those situations as well. kKamgle, inR3, the transversals o > 3
lines of one ruling of a hyperboloid of one sheet are all thediof the other ruling with the exception of the lines
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parallel to then given lines. Thus, ifR3, the transversals form connected components. Notice however that our
theorem does not hold for lines in projective sp&@e in this case, our proof directly yields that, if a set of bne
admit infinitely many transversals, they form one connectedponent.
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Chapitre 7

Lines tangent to four triangles In
three-dimensional space

Cet article a été accepté pour publication dBrscrete Computational GeometiigDLS07].
Abstract

We investigate the lines tangent to four triangle®fh By a construction, there can be as many as
62 tangents. We show that there are at most 162 connectecoemis of tangents, and at most 156
if the triangles are disjoint. In addition, if the trianglase in (algebraic) general position, then the
number of tangents is finite and it is always even.

7.1 Introduction

Motivated by visibility problems, we investigate lines ¢gmt to four triangles ifR3. In computer graphics
and robotics, scenes are often represented as unions otoessarily disjoint polygonal or polyhedral objects.
The objects that can be seen in a particular direction frono@img viewpoint may change when the line of sight
becomes tangent to one or more objects in the scene. Sisd@hdf sight is tangent to a subset of the edges of
the polygons and polyhedra representing the scene, wesirdeal to questions about lines tangent to segments
and to polygons. Four polygons will typically have finitelyany common tangents, while five or more will have
none and three or fewer will have either none or infinitely gnan

This paper follows a series of papers by the authors and dodletborators investigating such questions.
The paper [BDD 07] investigated the lines of sight tangent to four convelylpedra in a scene df convex
but not necessarily disjoint polyhedral objects, and pdotreat there could be up to but no more tHamM?k?)
connected components of such lines. The same bound for tis&devably easier case of disjoint convex polyhedra
in algebraic general position was proved earlier [EGHHZIDD"02]. The paper [BELL05] offers a detailed
study of transversals toline segments ifR® and proved that although there are at most two such trarssdos
four segments in (algebraic) general position, there aractn such connected components of transversals in
any case. Dealing with curved objectsRA, the paper [BGLP06] studies the tangent lines to four ahjtspheres
and [DDE"03] shows that there is a linear expected number of maximalavzluded line segments tangent to
four amongn uniformly distributed unit balls.

Halperin and Sharir [HS94], and Pellegrini [Pel94], provkdt, in a polyhedral terrain, the set of free lines
with n edges has near-cubic complexity. De Berg, Everett and G(BEG98] showed &(n?) lower bound on
the complexity of the set of free lines (and thus free segs)arongn disjoint homothetic convex polyhedra.
Recently, Agarwal et al. [AAKSO05] proved that the set of ftiees amongn unit balls has complexitp(n*#).

For related books and surveys, see [Ede87b, GPW93b, PW018]Ven9

In this paper, we consider the case of four trianglé&inand establish lower and upper bounds on the number

of tangent lines.
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FiG. 7.1 —The linests, /> and/3 span a hyperbolic parabolo@which meets liné, in two points. The two lines
A1 andA, are the transversals to the lin@st», /3, and/,.

A triangle in R3 is the convex hull of three distinct (and non-collinear)rsiin R3. A line is tangentto
a triangle if it meets an edge of the triangle. Note that a targent to each of four triangles forming a scene
corresponds to an unoccluded line of sight in that scendnelfet arek > 4 triangles, then the boun@(k*) of
[BDD*07] stands (as the total number of edges-is3k and one of the lower bound examples is made of triangles).
We thus investigate the case of four triangles. h@f,ty,t3,t4) be number of lines tangent to four triangtests,
t3, andts in R3. This number may be infinite if the lines supporting the edufehe different triangles are not in
general position.

Ouir first step is to consider the algebraic relaxation of gleismetric problem in which we replace each edge
of a triangle by the line irCP® supporting it, and then ask for the set of linesd&® which meet one supporting
line from each triangle. Since there are=381 such quadruples of supporting lines, this is the disjonaf 81
instances of the classical problem of transversals to fivengines inCPP3. As there are two such transversals to
four given lines in general position, we expect that thisshhgic relaxation has 162 solutions. We say that four
trianglesty, to,t3,t4 are in (algebraicheneral positionf each of the 81 quadruples of supporting lines have two
transversals irfCP3 and all 162 transversals are distinct. [®be the configuration space of all quadruples of
triangles inR3 andT c T consist of those quadruples which are in general positibnsTf (t1,to,t3,t4) € T, the
numbem(ts, tz,t3,ta) is finite and is at most 162.

Our primary interest is the number

N = max{n(ty,to,t3,ta) | (t1,t2,t3,t2) € T}.
Our results about this numbbBlrare two-fold. First, we show th&t > 62.
Theorem 7.1. There are four disjoint triangles in T with2 common tangent lines.

The idea is to perturb a configuration of four lineskiA with two real transversals, such as in Figure 7.1. The
triangles in our construction are very ‘thin'—the smallesgl® among them measures about #0degrees. We
ran a computer search for ‘fatter’ triangles having many iwmm tangents, checking the number of tangents to 5
million different quadruples of triangles. It appears treatdom quadruples of realistic triangles often have a fair
number of common tangents. Several had as many as 40 commgenta, and quadruples that admit common
tangents have 16 tangents or more with probability at I€5. Trhis is discussed in Section 7.5.

We can improve the upper bound binwhen the triangles are disjoint.

Theorem 7.2. Four triangles in T admit at mosgit62 distinct common tangent lines. This number is at mM&&tif
the triangles are disjoint.

We believe, however, that the upper bounds we give here afeofa optimal. When the four triangles are
not in general position, the number of tangent lines can fikiti@. In this case, we may group these tangents by
connected components : two line tangents are in the samear@mnpif one may move continuously between the
two lines while staying tangent to the four triangles. Eaohdruple of edges may induce up to four components
of tangent lines [BELL05], giving a trivial upper bound of 324. This may be improved
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FiG. 7.2 —Configuration in planey.

Theorem 7.3. Four triangles have at most62 connected components of common tangents. If the triangdes a
disjoint, then this number is at mak56.

We have one more result which we do not prove in this papeiishurbved in the companion research report
[BDLSO05] and is relevant to mention here.

Theorem 7.4. If (t1,t2,t3,t4) € T, then rfty, to, t3,t4) is even.

This result may not seem surprising as complex roots comerijugate pairs. However, this usual argument
does not apply because we seek tangents to triangles andumsiérsals to lines. Frequently, only one of two real
transversals to a quadruple of supporting lines is tangettitet triangles. The main new idea behind Theorem 7.4
is that such tangent lines essentially come in pairs.

In our proof of Theorem 7.4, we consider famovingtriangles, and show that common tangents are created
and destroyed in pairs, and so the parityn(tf,t»,t3,t4) does not change. There are two cases to consider. The
first is when two real tangents which are transversal to theedaur edges coalesce and become a pair of complex
conjugate transversals ; this is the ‘usual’ argument. Huoisd case is when a real transversal to edgesy,
€3, andeq moves off ofeg and is thus no longer tangent to the four triangles. In domgtsmust pass through a
vertexv of 4. In this case, there is a real transversal to edgges,, e3, and somether edgee, meetingv which
simultaneously moves off @f,, also passing through the vertexTheorem 7.4 follows as there are triangleJin
with no common tangents. We give a complete proof in the rebaaport version [BDLS05].

Theorems 7.1, 7.2, and 7.3 are proved in Sections 7.2, 7d37 &n respectively. Section 7.5 discusses our
search for ‘fat’ triangles with many common tangents.

7.2 A construction with 62 tangents

Consider the four triangles whose vertices are given inéfatl.

~105,1,—105)
5628568345479573470378601.5628568345479573470378601
.562856834547268746056207(#9999999999822994290647 2456285683454 726874605620706

~105,-1,105)
1.394218989475-1, —1.394218989475

(
11 (
(
(
(
(1.39424069118114399545971611.00002378846948812754392711.39424069118114399545971)61
(
(
(
(
(
(

t2

~9.5,-9.5,.25)
.685825.685825.25)

t3
.691217306160636473035191389121730616063647303519138069756890079842876805653

9.5,0,0)
~.511,0,0)

ta
—1.0873912730501133759642986.51645811088049333541289347

TAB. 7.1 —Four triangles with 62 common tangents.



86 CHAPITRE 7. LINES TANGENT TO FOUR TRIANGLES

e 1] ™ 1] R 1 Y
0 . 5 3
1
1 0
2 0
0 i 7
1 5
— e, ey e,
-3 0 3 -3 0 3 -3 0 3 -3 0 3

Fic. 7.3 —Conics in the planes,.

Theorem 7.1. There are exactl$2 lines tangent to the four triangles of Tallel.

This can be verified by a direct computation. Software is jole on this paper’s web pageMore illumina-
ting perhaps is our construction. The idea is to perturb digoration of four lines inR® with two transversals
such as in Figure 7.1. The resulting triangles of Theorerhafelvery thin. In degrees, their smallest angles are

t1: 6.482x 10712 t: 8.103x 1075, t,: 4.253x 1072, and ts: 2.793.

The construction. The lines given parametrically by
El : (tal7t)7 62 : (t7_1a_t)? 63 : (tvta%)v and 64 : (tvoao)a

have two transversabs; @ (3,2t,t) andA, : (—3,2t,—t).

Foreach = 1,2 3 4, letQ; be the hyperboloid spanned by the lines other thafor exampleQs has equation
z=xy. The intersection o; with a plane containing; will be a conic which meet§ in two points (corresponding
to the common transversals andA, att = i%). We choose the plarm so that these two points lie in the same
connected component of the conic. Here is one possible €hoic

T: X=2, Th: X=-2, Ta: X=Yy, and m: y=0.

For each, letC; be the coniat N Q;, shown in the plang; in Figure 7.3. Here, the horizontal coordinate,is
the parameter of the ling, while the vertical coordinate is—1 for 1y, y+1 for 1, z—zl1 for 13, andz for 1.

For eachi =1,...,4, rotate line/; in planets very slightly about a point that is far from the colig obtaining
a new linek; in 15 which also meet€; in two points. Consider now the transversalgto k;, fori =1,...,4.
Becausd; is close tof; and there were two transversaldio/,, /3, {4, there will be two transversals to each of the
16 quadruples of lines obtained by choosing oné o k; for i = 1,...,4. By our choice of the point of rotation,
all of these will meet; andk; in one of the two thin wedges they form. In this wedge, formangle by adding a
third side so that the edges énandk; contain all the points where the transversals meet the.lifies resulting
triangles will then have at least 32 common tangents. Wendllaat by carefully choosing the third side (and tuning
the rotations) we are able to get 30 additional tangents.

To begin, look at Figure 7.4 which displays the configurationy given by the four triangles from Table 7.1.
Since the lined; andk; for i = 1,2 are extremely close, the four conics given by transversatiem and to
{3 cannot be resolved in these pictures. The same is true foiotlreconics given byks, so that each of the
apparent two conics are clusters of four nearby conics. Tdtarp on the left is a view of this configuration in the
coordinates fory of Figure 7.3. It includes a secant ling to the conics. We choose coordinates on the right so
thatmy is vertical, but do not change the coordinateggrThe horizontal scale has been accentuated to separate
the two clusters of conics. The three linég,ks, andmy form the triangld,. Let its respective edges bg, f4, and
04. Each edge meets each of the eight conics in two points asd #&points of intersection give 48 lines tangent
to the four triangles.

This last assertion that the 16 lines transversap@nd to¢; Uk; for i = 1,2,3 meet the edges of the triangles
t1, tz, andtz needs justification. Consider for example the transvetedlsg ¢,, and/3. These form a ruling of the
doubly-ruled quadri€, and are parameterized by their point of intersection WithThe intersection o€, with
Ty is the conicCy. Since the intersections of the corlg with the segmenty, supported onmy lie between its

Thitp :/ww.math.tamu.edu/"sottile/stories/Atriangle slindex.html
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FiG. 7.4 —Configuration in planey.

intersections withi4 andky, the corresponding transversalstio ¢, ¢3, andgs meeté, between points of; met
by common transversals tq Uk, and /s, ¢2, and/¢3. The same argument for the other lines and for all 8 conics
justifies the assertion.

Naively, we would expect that this same construction (tlvel tide cutting all eight conics i) could work
to select each of the remaining sides of the triangg )., andg;, and that this would give four triangles having
32+ 16416+ 16+ 16 = 96 common tangents. Unfortunately this is not the case dreénlier conference version
of this paper [BDLS04], we gave a construction that we claimeuld yield 88 common tangents. Attempting
that construction using Maple revealed a flaw in the arguraadtthe current construction of four triangles with
62 common tangents is the best we can accomplish.

In Ty, the conics come in two clusters, depending upon whetheotahey correspond té; or to ks. In order
for the edgeay, to cut all conics, the angle betweénandk, has to be large, in fact significantly larger than the
angle betwee#i; andks. Thus inTi, the conics corresponding fg are quite far from the conics corresponding to
ks, and the sidgs can only be drawn to cut four of the conics, giving eight aiddial common tangents. Similarly,
g2 can only cut two conics, argi only one. In this way, we arrive at four triangles havingi3P6+8+4+2 = 62
common tangents, which has been verified by computer. O

7.3 Upper bound for disjoint triangles in general position

Four triangles in general position have at most 162 commogetats. If the triangles are disjoint, we slightly
improve this upper bound to 156. Our method will be to show tiat all 81= 3* quadruples of edges can
give rise to a common tangent. Our proof follows that for tipper bound on the number of tangents to four
polytopes [BDD 02], limiting the number of configurations for disjoint tnigles inR3. We divide the proof into
two lemmas, which do not assume general position. The ajdit of the lemmas to the proof of [BDM?2],
however, requires the general position assumption.

In order for a tangent to meet an edgéehe plane it spans with must meet one edge from each of the other
triangles. A triple of edges, one from each of the other gias, iscontributingif there is a plane containing
which meets the three edges. We say that an edggbsa trianglet if its supporting line meets the interior of

Lemma 7.5. Let e be an edge of some triangle. If e stabs exactly one otliee wiangles, then there are at most
26 contributing triples of edges. If e stabs no other trianghesn there are at mo&5 contributing triples.

It is not hard to see that & stabs at least two of the other triangles, then each of the 2¥triples of edges
can be contributing.

Proof. Suppose thais an edge of some triangle. Leta) be the pencil of planes containieg(This is paramete-
rized by the angler.) For each edgé of another trianglé, there is an interval of anglesfor which 1i(a) meetsf.
Figure 7.5 illustrates the two possible configurations li@sk intervals, which depend upon whether orawiaibs
the trianglet. The intervals are labeled 1, 2, and 3 for the three edged/dhene stabg, these intervals cover the
entire range ofx and the picture is actually wrapped. Call thistabbing diagramWhen the supporting line of
e does not meet, these intervals do not cover the entire range,0ind there are two endpoints and onerior
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2 1, 1

— e
2 1 3

stabg edoes not stab

Fic. 7.5 —Stabbing and non-stabbing configurations.

3 1 2 1 1
2 3 23 % 2
1 1
[o} 2 O 3 O o 2 O 3 O
1 1 1 1
2 73 72 2 3 72
e stabs one triangle e stabs no triangle

Fic. 7.6 —Configurations with 26 and 25 contributing triples.

vertexof the diagram. If the supporting line efmeets an edge df then the two endpoints of the non-stabbing
diagram wrap around and coincide. Call either of these Vasttonfigurations a non-stabbing diagram.

To count contributing triples, we line up (overlay) diagafrom each of the three triangles not containing
and count how many of the 27 triplé4, 2,3}3, one from each triangle, occur at some valueofor example,
Figure 7.6 displays a configuration with 26 contributinghes (wheree stabs a single triangle) and a configuration
with 25 contributing triplesd stabs no other triangles). The configuration on the left ssing the triplg2,3,3),
while the configuration on the right is missing the trip{@s2, 3) and(3,3,2).

These configurations are the best possible. Indeed, bethirtwio non-stabbing diagrams in which all 9 pairs
of edges occur. (If only 8 pairs occurred, there would be &trid contributing triples.) The unique way to do this
up to relabeling the edges is given by the lower two diagranether picture in Figure 7.6. These two diagrams
divide the domain oft into six intervals (the two at the ends are wrapped). The faiespnvolving 1 occur in two
intervals, but four exceptional paif$2,2), (2,3), (3,2), (3,3)} occur uniquely in different intervals.

Consider now a third diagram. An exceptional pair extendfitee contributing triples only if all three sides
in the third diagram meet the interval corresponding to gt If the third diagram is stabbing, then one of its
three vertices lies in that interval—thus there is at leasttdple which does not contribute. If the third diagram is
non-stabbing, then either the middle vertex or else botlpeints must lie in that interval—thus there are at least
two triples which do not contribute. O

Lemma 7.6. At most78 quadruples of edges of four disjoint triangles can lead t@mmon tangent.

Proof. First consider the maximum number of stabbing edges betiveeiriangles. If the triangles are disjoint,
then there are at most three stabbing edges ; one triangle lcave three edges stabbing the other. Indeed, if at
least two supporting lines of a triangleneet another trianglé which is disjoint fromt, thent lies entirely on one
side of the plane supportirt§ and thus no supporting lines tbfcan meet. Figure 7.7(a) shows a configuration in
which all three supporting lines ofstabt’.

Consider now the bipartite graph between 12 nodes repiagahte edges of the four triangles and 4 nodes
representing the triangles. This graph has an arc betweedgee and a trianglé if the line supportinge stabg.

(We assume thatis not an edge df.) We just showed that the edges of one triarigtan have at most three arcs
incident on another triangké, and so this graph has at most 18 edges.

Let the weight of a triangle be the number of arcs emanatimg fits edges in this graph. As the graph has at
most 18 arcs, at least one triangle has weight less than 5rghfe ¢hat there is a triangle of weight at most 3. This
is immediate if the graph has 15 or fewer edges. On the othnet, ltlais graph has more structure. If it has 18 edges,
then all pairs of triangles are in the configuration of Figdré(a), and so every triangle has weight a multiple of
3, which implies that some triangle has weight at most 3.dfdhaph has 17 edges, then there is exactly one pair
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Fic. 7.7 —(a) Two disjoint triangles can have at most 3 stabbing ligsTwo intersecting triangles may have
up to four.

of triangles with only two stabbing edges, and so the possildights less than 5 are 0, 2, and 3. If the graph has
16 edges, then there is one pair with only one edge stabhimgpgairs with two edges stabbing. There can be at
most two triangles of weight 4, and again we conclude thattieea triangle with weight at most 3.

If a triangle has weight at most three, either all three edg@ls a unique triangle, or else one edge stabs no
triangles and another edge stabs at most one other triatvglsum the number of contributing triples over the
edges of this triangle. By Lemma 7.5, this sum will be at m&t25+26=78 if all three edges stab a unique
triangle and at most 27+26+25=78 if not. This proves the lamm O

Remark 7.7. There exist four disjoint triangles whose bipartite grapdstexactly 18 edges. Thus the previous
argument cannot be improved without additional ideas. itaaceivable that further restrictions to the bipartite
graph may exist, leading to a smaller upper bound.

Remark 7.8. This proof does not enable us to improve the bound when thiegies are not disjoint. Two inter-
secting triangles can induce up to four arcs (see Figurety))7dnd thus the total number of arcs is bounded above
by 24. The minimal weight of a triangle is then 6, and the eadesich a triangle could all have degree 2, which
leads to no restrictions.

7.4 Upper bounds on the number of components

Let F andJ be the sets of quadruples of edges, one from each of fougteésnwhose supporting lines have
finitely and infinitely, respectively, many common tran®ads. Letngy andny be the sum over all quadruples of
edges irg andJ, respectively, of the numbers of connected componentsrofitan transversals to each quadruple
of edges. Note that the number of quadruple$ and3J is |F| + |J| = 81.

Consider a connected componenbf common transversals to a quadruple of edgesJ. The arguments
of [BEL"05] show that contains a line that meets a vertex of one of the four edges [iffe is thus transversal
to another quadruplg of edges. Thus, the connected comporasftcommon transversals tpis connected with
a connected componecitof common transversals . If ¢ € F we charge the componeot ¢’ to ¢’. Otherwise
g andd' are both irfl and the componemtUc’ is counted twice. The number of connected components oétarg
to four triangles is thus at mosg + ny /2.

Since any four lines admit at most two or infinitely many trarsals,ny < 2|F]. Also, any four segments
admit at most four connected components of common trareedBEL"05], thusn; < 4|J|. Hence, the number
of connected components of tangents to four triangles isoat 87| + 2|J| = 162.

This still may overcount the number of connected componaftemngents, but further analysis is very delicate.
Such complicated arguments are not warranted as we hawdwlobtained the upper bound of 162 common
tangents to four triangles in. As in Section 7.3, if the triangles are disjoint, then ndgalkadruples of edges can
contribute, which lowers this bound to 156.

7.5 Random triangles

We proved Theorem 7.1 by exhibiting four triangles havingc6thmon tangents. We do not know if that is
the best possible. Since the geometric problem of detengpitiie tangents to four triangles is computationally
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Number 0 2 4 6 8 10 12 14

Frequency|| 1515706| 331443 | 646150| 403679| 637202 | 327159| 358312| 238913

16 18 20 22 24 26 28 30 32 | 34 | 36| 38| 40
253396 | 114046| 80199 | 44870| 27726| 12426| 5796 | 2016 | 813|111 30| 3 | 4

TAB. 7.2 —Number of triangles with a given number of tangents, out d&@00 randomly constructed triangles.

Triangle Vertices
t1 (—4,—731,-336) | (297,—507,978) | (824 —62, —359
to (531,-631,—-820) | (—24,—-716713 (807,377,177)
t3 (586,—205,952) (861,774,235 | (—450,758161)
ta (330 —141,—908) | (942 -920651) | (—226,489 968

TAB. 7.3 —Four triangles with 40 common tangents.

feasible—it is the disjunction of 81 problems with algebidégree 2 and simple inequalities on the solutions—we
investigated it experimentally.

For this, we generated 5000 000 quadruples of triangles evheices were points with integral coordinates
chosen uniformly at random from the cupe100Q 10002. For each, we computed the number of tangents. The
resulting frequencies are recorded in Table 7.2. This seewosumed over six months of CPU time on 1.2GHz
processors at the MSRI and a DEC Alpha machine at the UniyesMassachusetts in 2004. It is archived on
the web pagkaccompanying this article.

In this search, we found four different quadruples of triasgvith 40 common tangents, and none with more.
Based on thisiiid random model, we find that the probabilty that the four trlaadhave at least one tangent is
around 69.7%, and that the expected number of tangents isvaoam around 6.325, with a standard deviation of
about 12.93. The vertices of one are given in Table 7.3. Tirgmagles are rather ‘fat’, in that none have very
small angles. Contrast that to the triangles of our constmdn Section 7.3. In Figure 7.8 we compare these
two configurations of triangles. On the left is the configinmabof triangles from Table 7.3, together with their 40
common tangents, while on the right is the configuration iahgyles having 62 common tangents. The triangles
are labeled in the second diagram, as they are hard to digmérom the lines. As we remarked in Section 7.3,
many of the lines are extremely close and cannot be easiiynglisshed ; that is why one can only count eight
lines in this picture.

/ to
\‘\\\,\_\;‘ 4(‘-/1/111// t t3
S 4
g \7\ ¥
i
)%;/ g

FiG. 7.8 —Triangles with many common tangents.

Twww.math.tamu.edu/  ~sottile/stories/4triangles/index.html
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Chapitre 8

Predicates for line transversals in 3D

Cet article a été soumis@omputational Geometry : Theory and Applicatigg& L +06]. Une version courte est
parue dans les proceedings dd.&h Canadian Conference on Computational Geometry

Abstract

In this paper we study various geometric predicates forradeténg the existence of and catego-
rizing the configurations of lines in 3D that are transvetedines or segments. We compute the
degrees of standard procedures of evaluating these presliddne degrees of some of these proce-
dures are surprisingly high (up to 168), which may explairywbmputing line transversals with
finite-precision floating-point arithmetic is prone to err®ur results suggest the need to explore
alternatives to the standard methods of computing thesetitjea.

8.1 Introduction

Computing line transversals to lines or segments is an itapboperation in solving 3D visibility problems
arising in computer graphics [BD®7,DD02,DDP97,DDP02, EGHHZ00, PD90]. In this paper, welgtarious
predicates and their degrees concerning line transveshifies and segments in 3D.

A predicate is a function that returns a value from a discsetie Typically, geometric predicates answer
questions of the type “Is a point inside, outside or on thendamy of a set?”. We consider predicates that are
evaluated by boolean functions of more elementary pregc#lie latter being functions that return the sign@
or +) of a multivariate polynomial whose arguments are a sulfstitedinput parameters of the problem instance
(see, for instance [BP0O]). Bgegreeof a procedure for evaluating a predicate, we mean the mawichegree
in the input parameters among all polynomials used in th&uatian of the predicate by the procedure. In what
follows we casually refer to this measure as the degree obpttbeicate. We are interested in the degree because
it provides a measure of the number of bits required for arctesgaluation of our predicates when the input
parameters are integers or floating-point numbers ; the rumitbits required is then roughly the product of the
degree with the number of bits used in representing each ugue.

In this paper, we first study the degree of standard procedaraletermining the number of line transversals
to four lines or four segments in 3D ; recall that four linesRA admit 0, 1, 2 or an infinite number of line
transversals and that four segments admit up to 4 or an mfimimber of line transversals [BED5]. We also
consider the predicate for determining whether a minimal,(locally shortest) segment transversal to four line
segments is intersected by a triangle. These predicatebigngtous in 3D visibility problems. The latter predicate
for instance, can be used for determining whether two ttemgee each other in a scene of triangles (that is, for
determining whether there exists a segment joining the tiandles and that does not properly intersect any of the
other triangles). Finally, we study the predicate for omigplanes through two fixed points, each plane containing
a third rational point or a line transversal to four segmentses. This predicate arises in the rotating plane-sweep
algorithm that computes the minimal free segments tangeiouir amongk convex polyhedra in 3D [BDDO7].

93
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Our study shows that standard procedures for solving theskgates have high degrees. We study, in particu-
lar, procedures that involve computing the Plicker coatdis of the line transversals involved in the predicates.
Throughout the paper, the points defining input geometiioigives (which can be lines, segments, and triangles)
are, by assumption, given by their Cartesian coordinatestendegrees of the procedures for evaluating predicates
are expressed in these coordinates. We show that, for dategithe number of transversals to four lines or four
segments, such standard methods lead to procedures obd2ym 36, respectively. For determining whether a
minimal segment transversal to four line segments is iatéesl by a triangle, we show that these methods lead to
a procedure of degree 78. Also, for ordering, in a rotatiemadep about a line, two planes, each defined by a line
transversal to four lines, such methods lead to a procedutegree 144. Furthermore, in some implementations,
the Plicker coordinates of the relevant line transversals@mputed in a way that the degrees of these procedures
are even higher; for instance, the procedure for evaludtindatter predicate for ordering planes then become
of degree 168 instead of 144. These very high degrees mayekplgin why using fixed-precision floating-point
arithmetic in implementations for solving 3D visibility gislems are prone to errors when given real-world data
(see, for instance, [Gla07]).

The degrees we present are tight, that is, they correspotitetonaximum degree of the polynomials to
be evaluated, in the worst case, in the procedures we conlidbould be stressed that these degrees refer to
polynomials used in specific evaluation procedures and wema claim on the optimality of these procedures.

In the next section we describe a standard method used fquugorg the line transversals to four lines, which
is common to all our predicates. In Section 8.3 we describgtlkdicates and their degrees. Some experimental
results are presented in Section 8.4.

8.2 Computing lines through four lines

We describe here a method for computing the line transwgetedbur lines in real projective spa@&8. This
method is a variant, suggested by Devillers and Hall-HoOHHDO] and also described in Redburn [Red03], of that
by Hohmeyer and Teller [HT99] ; note that, for evaluatingdicates, the latter method is not appropriate because
it uses singular value decomposition for which we only kndwumerical methods and thus the line transversals
cannot be computed exactly, when needed.

Each line can be described using Pliicker coordinates (dex98} for example, for a review of Plucker
coordinates). If a liné in R3 is represented by a direction vectband a pointp in R® then/ can be represented
by the six-tuple(U, U x 5{)) in real projective spacB5, whereO is any arbitrarily, fixed, origin anc denote the
cross product. The side produgtof any two six-tupled = (a1, ay, 83,a4,as,85) andk = (Xg, X, X3,Xa, X5, Xg) IS
L Ok = agxg + agXo + agXs + agXq + a2Xs + asXs. The fundamental importance of the side product lies in o f
that a six-tupl&k € P5 represents a line in 3D if and onlykf> k = 0 ; this defines a quadric iP5 called the Pliicker
quadric. More generally, recall that two lines interseatial projective space®(R) if and only if the side product
of their Plicker coordinates is zero. Notice that this ireplihat there is a predicate for determining whether two
lines intersect ifP3(R) which is of degree two in the Pliicker coordinates of the liaed, if the lines are each
defined by two points, of degree three in the Cartesian coates of these points.

Oriented lines oR3, with direction vectoti and through a poinp, can be represented similarly by a six-tuple
(0,0 x (Tf)) in real oriented projective spacie(, the quotient ofR6\ {0} by the equivalence relation induced by
positive scaling). The sign (positive or negative) of thiesbperator of two oriented linédsandk then determines
on which “side” of/, k lies; for instance, ibp andoq are two lines oriented fror to p and fromo to g and/
is an arbitrarily oriented line such thétp, g, ando are not coplanar, theft © op) (¢ ® oq) < 0 if and only if ¢
intersects segmeity (see Figure 8.1(a)).

Given four lines?y, ..., ¢4, our problem here is to compute all links= (x1,%2, X3,X4,Xs5,%s) € P5 such that
ke ¢ =0, for 1< i < 4, which can be written in the following form :

X1
a a5 ag a a ag X2 0
bs bs bs by by bs xx |_| O (8.1)
C4 C Cg C C2 C3 X4 0
di ds dg di db ds X5 0
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where the rows of the # 6 matrix contain the Pliicker coordinates of the four lindsisTan be rewritten as

a a1 a a3 X3 auX1 + asX2 0
bg b1 by b bax1 + bsx 0
6 D1 D2 D3 X4 n 4X1 + D5X2 _ (8.2)
Cg C1 Cr C3 X5 C4X1 + CsX2 0
ds di dr ds X6 daxq + dsxo 0

Let 6 denote the determinant of the above 4 matrix. Assuming # 0, we can solve the system fgsg, X4, X5,
andxg in terms ofx; andxz. Applying Cramer’s rule, we get

X3 = —(01x1+PBix2)/d
Xa = —(02X1+P2x2)/d
Xs = —(03X1+B3x2)/d
Xe = —(0axy+PBax2)/d

whereq; (respectivelyB;) is the determinand with the i!" column replaced byas, bs,cs,ds)T (respectively
(as, bs, Cs, d5)T). We rewrite this system as

X1 = -—ud
X = -V
X3 = Oiu+pBgv (8.3)
X4 = 0Opu+Bv
Xs = O3u+Pav
X6 agu+Bav
with (u,v) € P1. Sincek is a line, we hav&® k = 0, which implies
X1X4 + XoXs + XgXe = 0.
Substituting in the expressions far. .. xg, we get
AP +Buv+CV =0 (8.4)
where
A = 0104— 020,
B = 0a1Bs+B104—P20—039,
C = BiPa—Bsd

Solving this degree-two equation {m,v) and replacing in (8.3), we get (assuming thag 0) that the Plicker
coordinates of the transversal lineare :

Xy = B&F&VBZ—4AC

X2 = —2A0

X3 = —Boai1+2AB1+a1v B2 —4AC

X4 = —Bay+2AB+0,vB2—-4AC (8.5)
Xs = —Baz+2AB3+aszy B2 —4AC

X¢ = —Bog+2ABs+ 04V B2 —4AC.

Lemma 8.1. Consider four lines, given by the Cartesian coordinatesadfsof points, that admit finitely many
line transversals irP3(R). If the four lines are not parallel to a common plane, the RErccoordinates of their
transversals ifP3(R) can be written asy + ¢iv/A, i = 1,...,6, where@, ¢;, andA are polynomials of degree at
most17, 6, and 22, respectively, in the coordinates of the input points. @tliee, the Plicker coordinates of the
transversals can be written as polynomials of degree at rh@sWoreover, these bounds are, in the worst case,
reached for three of the coordinates.
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Proof. The assumption that the four lines admit finitely many transals inP3(R) ensures that the 4 6 matrix

of Plicker coordinates (in (8.1)) has rank 4. Consider firstdase where the four input lines are not all parallel to
a common plane. Then, the<3 matrix of the direction vectors of the four lines has ranBgthe basis extension
theorem, this matrix can be complemented by one of the otbleinms of the matrix of Plicker coordinates
(of (8.1)) in order to get a 4 4 matrix of rank 4. We can thus assume, without loss of gegrtiat the 4x 4
matrix of (8.2) has rank 4.

Since, by assumption, the four lines admit finitely many sxamsals inP3(R), A, B, andC in (8.4) are not
all zero. We compute the degree, in the coordinates of thet ippints, of the various polynomial terms in (8.5).
For each input ling;, the first three and last three coordinates of its Pliickeresgmtation have degree 1 and 2,
respectively. Hencd, a1, andp; have degree 5 armt and3; have degree 6 fdr= 2, 3,4. Hence A, B, andC have
degree 11 and the bounds on the degrees, ¢f, andA follow. Note, in particular, that, i # 0, these bounds are
reached for = 4,5, 6.

Consider now the case where the four input lines are patalle&lcommon plane. Since the four lines admit
finitely many transversals i3(R), they are not parallel. It follows that the43 matrix of the direction vectors of
the four lines has rank 2. Two vectors, say, b;, i, d;) fori = 1,2, are thus linearly independent and, by the basis
extension theorem, the corresponding 2 matrix can be complemented by two other columns (&b, ¢, d;)
for i = 4,5) of the matrix of Plicker coordinates (of (8.1)) in ordedgfine a 4< 4 matrix of rank 4. As above, a
straightforward computation gives the Plicker coordisatethe line transversal. We get

X1 =01U, Xp=02U, X3=-Ud, Xg4=03U+P3V, Xs=04U+PsV, Xg=—VO
where(u,v) € P1(R) is solution of the equation
AW +Buv=0 where A'=aia3+004 and B =a1B3+ aoPs+ 52 (8.6)

0,01,02, B3, B4 have degree 6 amulz, a4 have degree 7 (argh = B2 = 0) thusA’ andB’ have degree 13 and 12,
respectively. Note thad' andB’ are not both zero since there are finitely many transver$hks Pliicker coordi-
nates of the transversals can thus be written as polynowiialegree at most 19 and, for one of the transversals
(the one not in the plane at infinity), this bound is reachedtfaee coordinates (namely, xs, Xg). O

Lemma 8.2. Consider four lines, given by the Cartesian coordinatesairfgof points, that admit finitely many line
transversals ifP3(R). If the four lines are not parallel to a common plane, we campate on each transversal two
points whose homogeneous coordinates have thedp#ndi /A, i = 1,. .., 4, where@, ¢i, andA are polynomials
of degree at most7, 6, and 22, respectively, in the coordinates of the input points. @tlige, we can compute
on each transversal two points whose homogeneous cooediaat polynomials of degree at ma$t Moreover,
these bounds are reached, in the worst case, for some ca@bedin

Proof. Denote byw; (resp.wy) the vector of the first (resp. last) three coordinate&ef. . ., Xs), the Plicker coor-
dinates of a lind, and letn denote any vector d&2. Then, if the four-tupléw, x n,w; - n) is not equal tq0, 0, 0, 0),

itis a point (in homogeneous coordinates) on the kifiey Lagrange’s triple product expansion formula). By censi
dering the axis unit vectors far, we get that the four-tuple®,Xs, —Xs,x1), (—Xe,0,X4,X%2), (X5, —X4,0,X3) that
are non-zero are points on the transversal llndsther five of the six Plicker coordinatesloére zero or at least
two of these four-tuples are non-zero and thus are poinkslorthe latter case, the result follows from Lemma 8.1.
In the former case, two points with coordinates 0 or 1 canyebsi computed on lin& since the line is then one
of the axis or a line at infinity defined by the directions ogboal to one of the axis. O

Remark 8.3. In some implementations (for instance, the one of [Red@B§4 x 4 submatrix of the matrix of
Plicker coordinates (se@.1)) used for computing the line transversals is chosen, byuliefas the leftmost sub-
matrix whose determinant has degree 7 in the coordinatdsedifiput points. In this case, the Pliicker coordinates
of the line transversals are written g+ ¢;v/A, i = 1,...,6, whereq, ¢;, andA are polynomials of degree at most
20, 7, and 26, respectively, in the coordinates of the input points (drese bounds are reached). Similarly for the
homogeneous coordinates of two points on the transversals.
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8.3 Predicates

8.3.1 Preliminaries

We start by two straightforward lemmas on the degree of pegds for determining the sign of simple alge-
braic numbers. Ik is a polynomial expression in some variables, we denote bgyxji¢he degree ok in these
variables. This first lemma is trivial and its proof is omitte

Lemma 8.4. If a,b, and c are polynomial expressions of (input) rational nemnsbthe sign of & b,/c can be
determined by a predicate of degneeu{2deda),2dedb) +degc)}.

Lemma 8.5. If a;, Bi, 8, 1, i= 1,2, are polynomial expressions of (input) rational numbers,gign ofx; + B1 v+
(a2 +B2Vd) /I can be obtained by a predicate of degree

max{4deda1), 4dedfi)+2dedd), 4dedaz)+2dedu), 4dedpz)+2dedd)-+2dedy),
2dedaq) +2dedP1) +degd), 2dedoay)+2dedf.)+2dedp)+ degd)}.

Proof. The predicate is to evaluate the sign of an expression ofdha &+ b,/[i, wherea = a3 + B1V/3,

b = a, + B2v/3, andai, Bi, & are rational. This can be done by evaluating the sigra bf anda® — b?u. The
first two signs can be obtained by directly applying Lemma @# the other hand? — b?is equal toA+ Bv/3
with A = a2 + 325 — aZp— B3ud andB = 201 B; — 2a,B21. The sign ofA+ B/ can be determined by another
application of Lemma 8.4, which gives the result. O

8.3.2 Transversals to four lines

We consider first the predicate of determining whether fomad admit 0, 1, 2, or infinitely many line transver-
sals inP3(R) (that is lines inP3(R) that intersect, ifP3(R), the four input lines). An evaluation of this predicate
directly follows from the algorithm described in Sectio 8&r computing the line transversals. Recall that, in the
sequel, all input points are, by assumption, given by thait&sian coordinates.

Theorem 8.6. Given four lines defined by pairs of points, there is a predic# degree22 in the coordinates of
these points to determine whether the four lines admit 0, & Bifinitely many line transversals it®(R).

Proof. We consider three cases. First, if the four lines are paralleich can easily be determined by a predicate
of degree 3, then they admit infinitely many line transvergaP3(R). Second, if the four lines are not parallel but
parallel to a common plane, which can easily be determined fmedicate of degree 3, then the four lines admit
infinitely many transversals if Equation (8.6) is identigadero and, otherwise, 2 line transversal®it{R) ; this
can thus be determined with a predicate of degree 13 (seedbégs Lemma 8.1). Finally, if the four lines are not
parallel to a common plane, they admit infinitely many traarsals if Equation 8.4 is identically zero and, other-
wise, 0, 1, or 2 transversals depending on the sigh @ Lemma 8.1) which is of degree 22 in the coordinates of
the points defining the lines. O

Note that if the leftmost (instead of the rightmostik4 submatrix of the matrix of Pliicker coordinates
(in (8.1)) is used for computing line transversals (see Rkr8aB) then the procedure described in the above
proof has degree 26 instead of 22.

All line transversals are defined & except in the case where the four input lines are paralleldonamon
plane, in which case the intersection of this plane with tla@e at infinity is a line transversal at infinity. Note
also that, determining whether a line transvers@3(R) is transversal ifR® amounts to determining whether the
transversal is parallel to one of the four input lirgsthat is if their direction vectors are collinear. This can b
done, by Lemmas 8.1 and 8.4, by a predicate of degree 36 inattestan coordinates of the points defining the
input lines.

Note, however, that if the points defining thehave rational coordinates and if the transversal is partalle
one of the?;, the Plicker coordinates of the transversal are ratiomaleed, the multiplicative factor of the di-
rection vectors is rational (since one of the coordinatethefdirection vector of the transversal is ratioreag,
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J

(©)

Fic. 8.1 — (a) : Transversdl intersects segmengq only if (¢®op) (¢ ®oq) < 0. (b-c) : An
illustration for the proof of Lemma 8.10.

X2 in (8.5)) and thus all the coordinates of this direction ve@re rational, which implies thdt is a square in
(8.5). Hence, deciding whether a transversal is parallehwof the input lineg; can be done by first determining
whetherA is a square and, if so, testing whether the direction veet@sollinear. It thus follows from Lemma 8.1
that determining whether a transversal is parallel to onta@finput lines; can be done with a fixed-precision
floating-point arithmetic using a number of bits roughly alio 22 times the number of bits used in representing
each input value. This should be compared to the degree Bé akiove procedure. In this paper we have restricted
our attention to evaluation procedures for predicatesdbasist entirely of determining the signs of polynomial
expressions in the input parameters. We see here an exafrpleredicate which may be more effeciently eva-
luated by a procedure which permits other operations, s ¢hse, dertermining whether a rational number is a
square. This provides an interesting example of a geonmkiticate whose algebraic degree does not seem to be
an entirely adequate measure of the number of bits needddef@omputation.

8.3.3 Transversals to four segments

We consider here the predicate of determining how manyeasals four segments &f° admit. Recall that
four segments may admit up to 4 or infinitely many line tramsats [BEL"05]. In this section, we prove the
following theorem.

Theorem 8.7. Given four line segments, there is a predicate of degree 36artoordinates of their endpoints to
determine whether those segments admit 0, 1, 2, 3, 4, ortgffimhany line transversals.

Note that if, the leftmost (instead of the rightmostk 4l submatrix of the matrix of Pliicker coordinates
(in (8.1)) is used for computing line transversals (see RkrzB) then the procedure described below for the
predicate of Theorem 8.7 has degree 42 instead of 36.

We consider, in the following, the supporting lines of theifeegments, that is, the lines containing the
segments; in the case where one (or several) segment iseetiu@a point, we consider as supporting line, any
line through this point and parallel to at least another sutopg line. We first consider the case where the four
supporting lines admit finitely many transversalsPii; this can be determined by a predicate of degree 22, by
Theorem 8.6.

Lemma 8.8. Given four segments iR3 whose supporting lines admit finitely many line transver a3, deter-
mining the number of transversals to the four segments calobe with a predicate of degree 36 in the coordinates
of their endpoints.

Proof. Let/ denote an (arbitrarily) oriented line, as well as its Plird@ordinates, that is transversals to the four
lines ;¢ can be computed as described in Section 8.2. We considerdtieate of determining whethéintersects
each of the four segments, in turn. Lepgandq denote the endpoints of one of these segments. For any ttuoctlis
pointsr ands, denote by's the Plicker coordinates of the limg oriented fronr to s; depending on the context,
rs also denotes the line througlands or the segment fromto s.
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If a pointo does not lie in the plane containing lidend segmenpq (see Figure 8.1(a)), then lifantersects
segmentpq if and only if the oriented lin¢ is on opposite sides of the two oriented lines froto p and fromo
to g, thatis if (¢ ©op) (¢®0q) < 0 (recall that> denotes the side operator — see Section 8.2).

On the other hand, poirttlies in a plane containing linéand segmenpq if and only if £ intersects (irP3)
both linesop andog, that is both side operatofs> op and/® oqare zero. By choosing pointto be for instance
(1,0,0), (0,1,0), (0,0,1), or (1,1,1), we ensure that one of these points will not be coplanar withd segment
pq unless segmeniq lies on/.

Hence the predicate follows from the sign of side operatbtseline transversal and of a line defined by two
points, one of which with coordinates equal to 0 or 1. The degf the Plucker coordinates of the line through
these two points is thus 1 (in the coordinates of the inpubtsdi Hence, by Lemma 8.1, the predicate can be
computed by determining the sign of polynomials of degrema@sdt 20 if the input lines are parallel to a common
plane and, otherwise, by determining the sign of expressidrthe forma+ b,/c wherea, b andc have degree
at most 18, 7, and 22, respectively ; moreover, these bouredseached. By Lemma 8.4, the predicate thus has
degree 36, which concludes the proof. O

We now consider the case where the four lines admit infinitedyy transversals. Recall thati#8, four lines
or line segments admit infinitely many transversals onBE[L05] :

1. they lie in one ruling of a hyperbolic paraboloid or a hyp#oid of one sheet,
2. they are all concurrent, or

3. they all lie in a plane, with the possible exception of augrof one or more that all meet that plane at
the same point.

We treat the cases independently.

Lemma 8.9. Given four segments IR3 whose supporting lines are pairwise skew and admit infnitehny line
transversals, determining the number of their line tramsaks can be done with a predicate of degree at most 36
in the coordinates of their endpoints.

Proof. When four lines are pairwise skew, their common transversatsbe parameterized by their points of
intersection with one of the lines; moreover, the set of camriransversals to the four segments corresponds
(through this parameterization) to up to four intervals battline and the transversals that correspond to the
endpoints of these intervals contain (at least) one entipbihe segments [BELO5]. We can compute and order
all these interval endpoints and determine whether thestsea transversal (to the four segments) through each
midpoint of two consecutive distinct interval endpointy: &nstruction and by [BELO5], the four segments
admit such a transversal if and only if they admit infinitelgmy transversals.

The set of interval endpoints, on, say, segm&ns a subset of the endpoints sf and of the intersection
points ofs; with the planes containing: and an endpoint of; or 4 and of the intersection points ef with the
planes containingz and an endpoint of;. The coordinates of these points can be trivially computethtional
expressions of degree 4 in the coordinates of the segmepbetsl The coordinates of the midpoints are thus
rational expressions of degree at most 8.

The transversal to the four lines through (any) one of theisipomts intersects liné; and lies in the plane
containing line/z and the considered midpoint; the coordinates of the inttisepoint between this plane arg
are rational expressions of degree at most 19. Finallyyiehiéeng whether a transversal (to the four lines) through
two points whose coordinates are rational expressions gfede8 and 19 is a transversal to each of the four
segments can be done, as in the proof of Lemma 8.8, using gatators. Hence, we can decide whether the four
segments admit infinitely many transversals with a predictlegree at most 36 since the Plucker coordinates of
the line transversal are of degree at most 35.

Now, if the four segments admit finitely many transversals,can determine the number of transversals as
follows. As mentioned above, the set of transversals carabenpeterized by intervals on a line and the interval
endpoints correspond to transversals that go through aesggendpoint. A transversal is isolated if and only if
it corresponds to an interval that is reduced to a point. Tausansversal is isolated only if it goes through two
distinct segment endpoints (the segments necessarilydistiect endpoints since, by assumption, their suppor-
ting lines are pairwise skew and thus no segment is reducadotiint). Determining whether the lines through
two distinct endpoints intersect the other segments caly égsdone, as described in the proof of Lemma 8.8, by
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computing the sign of side operators which are here of degjie¢he coordinates of the segment endpoints

Lemma 8.10. Given four segments iR3 whose supporting lines are not pairwise skew and admit tefinimany
line transversals, determining the number of their linengaersals can be done with a predicate of degree 7 in the
coordinates of their endpoints.

Proof. First, note that testing whether two segments intersecbeatione using side operators with a predicate
of degree 3. The four lines containing the segments are rinkipa skew and they admit infinitely many line
transversals. Thus, they are all concurrent or they alhlie planeH, with the possible exception of a group of one
or more that all meet that plane at the same point [B&%]. Four cases may occur :

(i) all four lines lie in a planed,

(i) three lines lie in a planél and the fourth line intersects in exactly one point,

(iii) two lines lie in a planeH and two other lines intersekt in exactly one and the same point,
(iv) three lines are concurrent but not coplanar.

Differentiating between these cases can be done by detegnirhether sets of four segment endpoints are copla-
nar (which is a predicate of degree 3). We study each caserin tu

Case (i). The four segments are coplanar. Any component of trandsegeatains a line through two distinct
segment endpoints. Hence the four segments have finitely tnamsversals if and only if any line through two
distinct endpoints that is a transversal to the four segmisntin isolated transversal. This only océérsee
Figure 8.1(b)) when the transversal goes through the entipof three segments such that the segment, whose
endpoint is in between the two others, liesihon the opposite side of the transversal than the two otlgenests.

This can be tested by computing the sign of scalar produdside operators between the transversal and the lines
through a poinb not inH and the segment endpoints (see Figure 8.1(b)). This leaapredicate of degree 4.

Case (ii). Three lines lie in a plankl. Testing whether the fourth segment intersects the gtanan easily be
done by computing the point of intersection betwétmnd the line containing the fourth segment, leading to a
predicate of degree 3. If the fourth segment does not irtepsaneH, the four segments have no transversal unless
the first three segments are concurrent in which case thesBgments have one or infinitely many transversals
depending on whether the four lines supporting the segrmaetgoncurrent. Otherwise, lptdenote the point

of intersection. We assume that the three segmenit$ &e not concurrent; otherwise the four segments have
infinitely many transversals. Thus, any component of trarsals contains a line throughand through a segment
endpoint. Hence the four segments have finitely many trasaigif and only if any line througp and a segment
endpoint that is a transversal to the four segments is aatebltransversal. Testing whether such a line is a
transversal to all segments can be done, as in the proof ofrize&8, by computing the sign of side operators of
the line transversal and of lines through a segment endpath&s poinb not inH ; the coordinates of poirp are
rational expressions of degree 4, thus the Pliicker codetirad the transversal have degree at most 6, which leads
to a predicate of degree 7. Such a line transversal is isblate Figure 8.1(c)) if and onlyff the transversal
goes through two endpoints of two distinct segments thatri¢ghe same side (in plari¢) of the transversal or
not depending whethgr is in between the two endpoints or not. This test can be dorebputing the sign of
scalar products and side operators between the transaa#he lines through a poiotot inH and the segment
endpoints (see Figure 8.1(c)). This test also leads to dqatedof degree 7. We can thus determine the number of
isolated transversals with a predicate of degree 7.

Case (iii). Two lines lie in a planéd and two other lines intersekt in exactly one and the same point. (Note
that there may be two instances of platdor a given configuration.) This case can be treated siryilasl Case

(ii).

2For simplicity, we do not discuss here the case where theatamsversal contains one of the four segments.
13we assume here for simplicity that the line transversalaiostno segment.
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Case (iv). Three lines are concurrent but not coplanar. If none of theeticorresponding segments intersect,
they have no common transversal. If only two segments ieterthe three segments have exactly one transversal ;
checking whether that transversal intersects the fougimset can easily be done with a predicate of degree 3.
Now, if the three segments intersect, then the four segneawvs infinitely many transversals if they are concur-
rent or if their supporting lines are not concurrent. Othisewif the four segments are not concurrent but their
supporting lines are, the four segments then have a unigneversal. This can also be checked with a predicate
of degree 3. O

We can now conclude the proof of Theorem 8.7. By Theorem 86;am determine with a predicate of degree
22 whether the four lines containing the four segments afiniiely many transversals i#3. If the four lines
admit finitely many transversals, then, by Lemma 8.8, det@ng the number of transversals to the four segments
can be done with a predicate of degree 36. Assume now thabthdifies admit infinitely many transversals.
Note that determining whether the input lines are pairwisawscan easily be done with a predicate of degree 3.
Thus, by Lemmas 8.9 and 8.10, determining whether the fa@meats admit 0, 1, 2, 3, 4, or infinitely many line
transversals can be done by a predicate of degree at moseB86eHwve can determine the number of transversals
to four segments with a predicate of degree 36. O

8.3.4 Transversals to four segments and a triangle

We consider here the predicate of determining whether amalsegment transversal to four line segments is
intersected by a triangle. Given a line transvefdal a setS of segments, a triangl€ occluded if ¢ intersectsl
and if there exist two segments@whose intersections withlie on opposite sides &f. We describe a method for
evaluating the predicate for determining whether a triamgicludes a transversal to a given set of line segments
and establish its degree.

Theorem 8.11. Let/ be a line transversal to four line segments that admit fipitelny transversals and let T be
a triangle. There is a predicate of degree 78 in the coordinaif the points defining the segments and the triangle
to determine whether T occludés

Proof. Let ¢ denote an oriented line transversal to segments ., s, each defined by two pointg and fj,
i=1,...,4,and lefl be atriangle defined by three poimtsy, andr. The Plicker coordinates étan be computed
as described in Section 8.2. We only consider the case wher®tr lines containing segmergshave finitely
many transversals because, otherwise, since the four segadmit finitely many transversals, each transversal
goes through at least one endpoint of the four segments @&nstiaightforward that the degree of the predicate is
then much smaller.
We first determine whethet intersectsT by taking the side product of with each supporting line of
(oriented consistently)é intersectsT if and only if no two side products have opposite signs. (+1). Similarly
as in the proof of Lemma 8.8, there is a predicate of degree3@dtermining the sign of these side operators.
Assuming that’ intersectsT, we next find the point of intersection. By Lemma 8¢2can be represented
parametrically in the formm+ pt. We determine the value offor which the determinant o, g,r, T+ pt is equal
to zero ; denote this value bby tg. This determinant has the forag + bgtg, where, by Lemma 8.2 andbg are
polynomials of degree 22 &, ..., s are parallel to a common plane or, otherwise, have the fp#nd /A where
¢,¢, andA have degree 20, 9, and 22, respectively, in the coordindtpsior, g, f;.
Now, for each segmerst, we compute the point of intersection §fwith ¢ in terms of the parameteérusing
the method similar to that of the previous section : chooseiat p; not in the plane determined iy and/ and
compute the valué for which the determinant of, fi, o;, T+ pt equals 0. Denote this value Iy Sinceo; can
be chosen with all coordinates equal to 0 or 1, we get, silpiks in the previous paragraph, that each of these
determinants has the form + bjt; wherea; andb; are polynomials of degree 21 4f,...,s are parallel to a
common plane or, otherwise, have the fapm ¢+/A whereg, ¢, andA have degree 19, 8, and 22, respectively.
Determining whethell occludes/ is now only a matter of determining whethigrlies between two of the
valuest;,i = 1,...,4, which requires only that we be able to compaxalues, that is, compute sifn—t;). Ob-
serve that; —t; = %b‘?b" < 0, so sigrit —tj) = sign(ajb; — a;b;) sign(b;) sign(b;). It follows from the above
characterization of the; andb; that a produc;b; is either a polynomial of degree 43sf,...,s are parallel
to a common plane or, otherwise, has the fagm ¢+/A where@, ¢, andA have degree at most 39, 28, and 22,
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Fic. 8.2 — Plane®; andP, such thaP; < P,

respectively (and these bounds are reached in the worst édggalying Lemma 8.4 yields a predicate of degree
78, which concludes the proof. O

Note that, if the leftmost (instead of the rightmostk 4l submatrix of the matrix of Pliicker coordinates
(in (8.1)) is used for computing line transversals (see R&rBa3) then the procedure described above for the
predicate of Theorem 8.11 has degree 90 instead of 78.

8.3.5 Ordering planes through two fixed points, each containing a third
(rational) point or a line transversal

Let ¢ be a line defined by two pointg andvo, and? be the linef oriented in the directiomvs.

We define an ordering of all the planes containingith respect to the oriented linkand a reference point
O (not onY). Let Py be the plane containin@ and/, and letP; andP, be two planes containing We say that
P, < Py if and only if Py is encountered strictly befof® when rotating counterclockwise abala plane fronPy
(see Figure 8.2a).

Let p; be any point on plan®& but not on¢, fori = 1,2, and letD(p,q) denote the determinant of the four
points(vi, Vo, p,d) given in homogeneous coordinates.

Lemma 8.12. Withx = D(O, p1) - D(O, p2) - D(p1, p2), we have :
(@) Ifx>0thenR > P,.
(b) Ifx<OthenR < P,.
(c) Ifx=0then
() ifD(p1,p2) =0,then R =P,
(i) elseif D(O,p1) =0, then R < Py,
(iii) else R > P,.

Proof. Assume first thaD(O, p1) - D(O, p2) > 0, that is, thaip; and p; lie strictly on the same side of the plane
Py (see Figure 8.2b). Then the orderfyfandP;, is determined by the orientation of the four poif\s, v2, p1, p2),
that is by the sign ob(p1, p2). It is then straightforward to notice thBt > P, if and only if D(p1, p2) > 0. Hence,

if x > 0, thenP; > P, and, ifx < 0, thenP, < P..

Suppose now thdd (O, p1) - D(O, p2) < 0, that is, thaip; and p; lie strictly on opposite sides of the plaRe
(see Figure 8.2c). The order Bf andP; is then still determined by the sign Bf p1, p2). However,P; > P, if and
only if D(p1, p2) < 0. Hence, we have in all cases thaty i- 0, thenP; > P and, ifx < 0, thenP; < P,.

Suppose finally thgt = 0. If D(p1, p2) = 0, thenp; andp, are coplanar, anB, = P,. Otherwise, iD(O, p1) =
0, thenPy = Py thusP; is smaller to all other planes (containiﬁ}; and in particulaP; < P,. Furthermore, since
D(p1, p2) # 0, P1 # P, and thusP, < P,. OtherwiseD(O, pz) = 0 and we get similarly tha®, < P;. O
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Computing a point on a plane defined by/ and a line transversal. We want to order planeg

that are defined by liné and either a rational point not dhor by a line transversal tband three other lines. In
the latter case, we consider a point on the line transvendatl is non-rational, in general ; see Lemma 8.2). The
following lemma tells us that, in general, such a pl&eontains no rational points outside ©fand that in the
cases where it does contain such a rational point, the Bmswersal is then rational. Hence, if the points computed
on the line transversal, as described in Lemma 8.2, are tiohad, there is no need to search for simpler points on
the plane (but not of).

Lemma 8.13. The plane P containing a rational linéand a line transversal té and three other segments, each
determined by two rational points, contains in general ntaal points except od. Furthermore, if plane P
contains a rational point not oA then the line transversal is rational.

Proof. Suppose that the plafecontains a rational poirt not oné. Then the plane contains three (hon-collinear)
rational pointsp and two points orf, and thusP is a rational plane. This plane intersects the three otlggnsats

in three points, all of which are rational and lie on the traansal. So the transversal is a rational line which implies
that the discriminanB? — 4AC in Equation (8.5) is a square, which is not the case in general O

Comparing two planes. We want to order planeB that are defined by either lineand another (input
rational) point not or?, or by line/ and a line transversal tband three other lines.

By Lemma 8.12, ordering such planes abéamounts to computing the sign of determinants of four points
(in homogeneous coordinates). Two of these points are ifgffine rational) points o (v; andv,) and each of
the two other points is either an input (affine rational) pojni = 1,2, or is, by Lemma 8.2 (and Lemma 8.13), a
pointu; whose homogeneous coordinates have degree at most 19 ¢iodtdinates of the input points) or a point
of the formp; + g V4, i = 1,2, where thé\; have degree 22 and where theandg; are points with homogeneous
coordinates of degree at most 17 and 6, respectively. Ifdhegdoints are all input points, then the determinant of
the four points has degree 3 in their coordinates.

If only three of the four points are input points, then theetlgtinant of the four points is either a polynomial
of degree 22 or it has the for®(p1,r1) + D(q1,r1) vA; where the degrees of tig() are 20 and 9, respectively,
in the coordinates of the input points. Hence, by Lemma 8&lstgn of this expression can be determined with a
predicate of degree 40.

Finally, if only two of the four points are input points, théme determinant has one of the following forms
(depending on whether the quadruples of lines defining testrersals are parallel to a common plane); the
degrees are given in terms of the coordinates of the inputgoi

(i) D(ug,u2) which is of degree 40.
(i) D(ug, p1)+D(u1,q2) VA where theD() have degree 38 and 27, respectively.
(iii) D(p1,p2) + D(d1, p2) VA1 + (D(p1,G2) + D(a1,d2) VA1) VA2 where theD() have degree 36, 25,
25, and 14, respectively.
Hence, by Lemma 8.5, the sign of these expressions can lrenite¢el with a predicate of degree at most 144 (and
the bound is reached in the worst case). We thus get the fiolipresult.

Theorem 8.14. Let/ be an oriented line defined by two points, lgthe a point not ort, and let B be the plane
determined by and . Given two planes £P, containing/ there is a predicate which determines the relative
order of R and B about/ with respect to f’having the following degree in the coordinates of the inmints :
(i) degree 3if Ri = 1,2 are each specified by a (input) point;p
(ii) degree 40 if R is specified by a pointjpand B is determined by a line transversal fcand three
other linesty, ¢», {3, each specified by two (input) points;
(iii) degree 144ifRi = 1,2 are each determined by a line transversaf &nd three other line§ 1,4 », ¢ 3,
each specified by two (input) points.

Remark 8.15. Similarly as before, note that, if the leftmost (insteachefitightmost¥ x 4 submatrix of the matrix
of Pliicker coordinates (ii§8.1)) is used for computing line transversals (see Remark 863) the predicates of
Theorem 8.14 have degree 3, 46, and 168.
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. ®ll1012 | 100 | 108 | 10% | 104 | 102
predicate
degree 168 99.6% | 50.4% | 7.6% | 0.8% | 0.08% | 0.008%
degree 3 99.5% | 8.2% | 0.08% | 0.001%

TAaB. 8.1 — Percentages of failure of the degree 168 and degreedscates using double-
precision floating-point interval-arithmetic, fervarying from 1012 to 102

8.4 Experiments

In this section, we report the results of experiments thatyae the behavior of the predicate for ordering,
in a rotational sweep about a line, two planes each definedlibg &ransversal to four lines, that is the predicate
related to Theorem 8.14(iii). The degree of the procedureisefor evaluating this predicate is 168 because we
use for computing line transversals to four lines the codeaxfburn [Red03], which, as noted in Remarks 8.3 and
8.15, leads to degree 168 instead of 144 as in Theorem 8)14(ii

The standard approach to comparing two such planes is tefisstiate the predicate using fixed-precision
interval-arithmetic. This is very efficient but may fail whehe sign of an expression cannot be successfully
determined because the result of the evaluation of the sgimre is an interval that contains zero. If this hap-
pens, the answer to the predicate is then obtained by eitladwaging exactly the expression (and thus its sign)
using exact arithmetic or by increasing the precision ofititerval arithmetic until either the result of the eva-
luation of the expression is an interval that does not carzaro or the separation bound is attained (see for
instance [BFM 01, Mig82, Sch00, Yap97]) ; in both approaches the compnati much slower than when using
fixed-precision interval-arithmetic. We are thus integésin determining how often the fixed-precision interval-
arithmetic evaluation of our predicate fails.

To test our predicate, we generate pairs of planes, eachedefin two lines, one chosen at random and
common to the two planes, and the other defined as a trankt@its@& common line and to three other random
lines. We are interested in evaluating our predicate in #se evhere the two planes are very close together, that is,
when there is significant risk of producing an error when giinite-precision floating-point arithmetic.

We generate two sets of four lines. Each line of the first sdetermined by two points, all of whose coor-
dinates are double-precision floating-point numbers ahaséormly at random from the interv@-500Q 5000.

The second set of lines is obtained by perturbing the poietinidg three of the lines of the first set; the fourth
line is not perturbed and is thus common to the two sets. Taugiea pointp, we translate it to a point chosen
uniformly at random in a sphere centeregatvith radiuse.

We compute, for each of these two sets of four lines, a linestrarsal. If either set of four lines does not admit
a transversal (which happens roughly 24% of the time), wewthout that data and start again. Otherwise, we
choose a transversal in a consistent way for the two setauofifees, that is, such that one transversal converges
to the other wheig tends to zero. Each transversal, together with the commendiefines a plane.

For various values of, varying from 102 to 1019, we evaluate the predicate using double-precision floating
point interval arithmetic until we obtain 1000 pairs of pdarfor which the computation of the predicate fails. We
measure the percentage of time that the computation fdiksrd@sults of these experiments are shown in Table 8.1.

We observe, as expected, that wheeis sufficiently small (1019), that is, when the two planes are often
close enough to each other, the fixed-precision intenitiiraetic predicate fails with high probability and thatghi
probability decreases asincreases. Whea = 102, the probability of failure is close to zero. Finally, we leav
also observed that the predicate fails when the angle betinestwo planes is less than roughly $radians,
which is, of course, independentof

Note finally that the percentage of failure of the degree I&8lipate using fixed-precision interval-arithmetic
is, as expected, high compared to lower-degree predicBbte 8.1 also shows the failure rate for the degree 3
predicate related to Theorem 8.14(i). We use the same expetal scheme as above, that is, we chose at random
three points that define a plane and perturb one of thesesgmjrat most.

All the experiments were made on a i686 machine with AMD Athlh73 GHz CPU and 1 GB of main
memory using the CGAL interval number type with double-gien floating-point numbers [CGA].
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Chapitre 9

Lines and free line segments tangent to
arbitrary three-dimensional convex
polyhedra
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Abstract

Motivated by visibility problems in three dimensions, weéstigate the complexity and construc-
tion of the set of tangent lines in a scene of three-dimersipalyhedra. We prove that the set of
lines tangent to four possibly intersecting convex polyhdad R2 with a total ofn edges consists
of ®(n?) connected components in the worst case. In the generic easke connected component
is a single line, but our result still holds for arbitrarilggenerate scenes. More generally, we show
that a set ok possibly intersecting convex polyhedra with a totahaddges admits, in the worst
case,0(n’k?) connected components of maximal free line segments tangertieast four poly-
topes. Furthermore, these bounds also hold for possiblyded lines rather than maximal free line
segments.

Finally, we present ®(n’k?logn) time andO(nk?) space algorithm that, given a scen&gissibly
intersecting convex polyhedra, computes all thi@imalfree line segments that are tangent to any
four of the polytopes and are isolated transversals to thefsdges they intersect; in particular,
we compute at least one line segment per connected compaitangent lines.

9.1 Introduction

Computing visibility relations in a 3D environment is a plain central to computer graphics and engineering
tasks such as radio propagation simulation and fast puitagy Examples of visibility computations include de-
termining the view from a given point, and computing the uaand penumbra cast by a light source. In many
applications, visibility computations are well-known tecaunt for a significant portion of the total computation
cost. Consequently a large body of research is devoted tsmeup visibility computations through the use of
data structures (see [Dur00] for a survey).

One such structure, the visibility complex [DDP02, PV9@hsjcodes visibility relations by partitioning the set
of maximal free line segments. The size of this partitiomitmately related to the number of maximal free line
segments tangent to four objects in the scene ; for a scemiziahgles inR3, the complex can have sign?) in

107



108 CHAPITRE 9. LINES AND FREE LINE SEGMENT TANGENT TO POLYTOPES

Fic. 9.1 —A terrain of sizen with Q(n*) maximal free line segments tangent in four points.

the worst case [DDP02], even when the triangles form a tefsge [CS89b] or Figure 9.1). The complex is thus
potentially enormous, which has hindered its applicatiopriactice. However, there is evidence, both theoretical
and practical, that this estimation is pessimistic. Thediolound examples, which are carefully designed to exhibit
the worst-case behavior, are unrealistic in practice. €alistic scenes, Durared al.[DDP97] observe a quadratic
growth rate, albeit for rather small scenes. For randomes;eDevillerset al. [DDE™03] prove that the expected
size of the visibility complex is much smaller; for uniforyndlistributed unit balls the expected size is linear and
for polygons or polyhedra of bounded aspect ratio and similge it is at most quadratic. Also, in 2D, while the
worst-case complexity of the visibility complex is quadcaexperimental results strongly suggest that the size of
the visibility complex of a scene consisting of scatteréahigles is linear [CF99].

While these results are encouraging, most scenes are natmathal fact, most scenes have a lot of structure
which we can exploit; a scene is typically represented byyntaangles which form a much smaller number of
convex patches. In particular, if a scene consistsdigjointconvex polyhedra with a total efedges, then under a
strong general position assumption, the number of maxirealline segments tangent to four of the polyhedra is at
mostO(n?k?) ; this follows directly from the bound proved in [EGHHZ00] tite number of combinatorial changes
of the silhouette map viewed from a point moving along a ghreline, and was also later proved in [BDD2].

We present in this paper a generalization of these resuitist preliminary definitions, we give a detailed account
of our results and then present related previous work.

Preliminary definitions. We consider a scene that consists of a finite number of padgtopot necessarily dis-
joint, not necessarily fully dimensional, and in arbitragsition. The definitions below are standard, yet carefully
phrased in a way that remains valid in those situations.

A polytopeis the convex hull of a point set. A planetangentto a polytope if it intersects the polytope and
bounds a closed half-space that contains the polytope.d gactedge, or a vertex of a polytopeRA is the 2, 1 or
0-dimensional intersection of the polytope with a tangdahe. Note that, with this usual definition of polytopes,
edges and faces are closed and they are not subdivided ingny w

A line or segment igangentto a polytope (whether or not the latter is fully dimensignflt intersects the
polytope and is contained in a tangent plane. In a given pladi@e is tangent to a polygon if it intersects the
polygon and bounds a closed half-plane that contains thggpol With these definitions, given a polygon in a
planet, and a line contained im that intersects the relative interior of this polygon, theelis tangent to the
polygon when considered as a polytopéRify but not tangent to the polygon in the plame

The set of lines iR® has a natural topological structure, namely, that of Pliiskace [Sto91]. The set of
lines tangent to at least four polytopes is a subspace, wdwseected componentsrrespond to lines that can be
continuously moved one into the other while remaining tamge at least four polytope. A line or line segment
is freeif it is tangent to each polytope that its relative interinteirsects'® otherwise it isoccluded A free line
segment is anaximal free line segmeiftit is not properly contained into another free line segmé&ime space of
line segments also has a natural topological structuretembhnected componerd§ maximal free line segments
tangent to at least four among tk@olytopes are defined similarly as for lines.

14The set of polytopes to which the line is tangent might chahgeng the motion.

15When the polytopes are fully dimensional, a segment is fréedbes not intersect the interior of any of
them. Our definition ensures that a segment is free also wheteisects and is coplanar with a two-dimensional
polytope. The endpoints of a free segment may also lie ondhadary of a polytope.
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A support vertexf a line is a polytope vertex that lies on the lines@pport edgef a line is a polytope edge
that intersects the line but has no endpoint on it (a supple éntersects the line at only one point of its relative
interior). A supportof a line is one of its support vertices or support edges. Tipparts of a segment are defined
similarly. Notice that it follows from the definition of palgpes that any line has at most two supports in any given
polytope.

A line is isolated with respect ta set of edges and vertices if the line cannot be moved canisty while
remaining a common transversal to these edges and veFiggbermore, we say that a sedf edges and vertices
admits an isolated transversiilthese edges and vertices admit a common transversaktistiated with respect
to 8. Finally, a line isisolatedif it is isolated with respect to a set of some, and hence gitssupports.

Our results. In this paper we present two types of results, combinatboahds and algorithms.

Combinatorial boundsWe generalize the result of [BDI®2, EGHHZO00] in two ways. First, we consider poly-
topes that mayntersect We show that among polytopes of total complexity, the number of lines tangent to
any four of them is in the worst case either infinite@(n?k?). The most surprising aspect of this result is that the
bound (which is tight) is the same whether the polytopessete or not. This is in sharp contrast to the 2D case,
where the number of tangents of two convex polygons is alwaislisjoint, and could be linear in the size of
the polygons if they intersect. Second, we consider poBgaparbitrary position : we drop all general position
assumptions. The polytopes may intersect in any way ; thgyawerlap or coincide. They may degenerate to poly-
gons, segments or points. While four polytopes in generatipngas defined in [BDD 02]) admit a finite number
of common tangents, four polytopes in arbitrary positioryrmdmit an infinite number of common tangents which
can be partitioned into connected components.

Our main results are, more precisely, the following.

Theorem 9.1. Given k polytopes ifR® with n edges in total, there are, in the worst cag¢nk?) connected
components of maximal free line segments tangent to at feastof the polytopes. This bound also holds for
connected components of possibly occluded lines tangertieast four of the polytopes.

These results improve the trivial bound ©fn*). Note that, wherk # 4, neither of the two results stated in
Theorem 9.1 implies the other since a line tangent to at feastamongk polytopes may contain many, but does
not necessarily contain any, maximal free line segmentgetatrio four polytopes.

Whenk = 4, Theorem 9.1 implies that there aB§n?) connected components of lines tangent to the four
polytopes, an improvement on the previously known uppemnbaoef O(n®logn) which follows from the same
bound on the complexity of the set of line transversals td afggolyhedra (here four) with edges in total [Aga94].
Moreover, we prove a tighter bound when one of the four pplgtohas few edges.

Theorem 9.2. Given3 polytopes with n edges in total and one polytope with m edbjeg are, in the worst case,
©(mn) connected components of lines tangent to the four polytopes

We also prove the following result which is more powerfubulygh more technical, than Theorem 9.1. Whe-
reas Theorem 9.1 bounds the number of connected comporfaatsgents, Theorem 9.3 bounds the number of
isolated tangents with some notion of multiplicity. For exae, the line in Figure 9.2 is counte@) times which
is the number of minimal sets of vertices that admit that &eean isolated transversal. Although neither theorem
implies the other, we will prove in Proposition 9.23 that tigper bound of Theorem 9.1 is easily proved using
Theorem 9.3.

Theorem 9.3. Given k polytopes iiR® with n edges in total, there are, in the worst ca@én?k?) minimal sets of
open edges and vertices, chosen from some of the polytbpésidmit a possibly occluded isolated transversal
that is tangent to these polytopes.

Algorithm. We now turn our attention to the computation of all free segimehat are isolated transversals to
their set of supports and tangent to the corresponding @ud. Duranckt al. [DDP02] proposed an algorithm
for this problem with worst-case time complexi®((n® + p)logn) where p is the output size ; this algorithm,
based on a double-sweep, has proven to be difficult to impienDrirandet al. also presented an algorithm with
O(n%) worst-case time complexity that incorporates interestiagristics leading to reasonable performance in
practice [DDP97]. We present an algorithm that uses, in thesixcaseO(n?k?logn) time andO(nk?) space,
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Fic. 9.2 —A line tangent at a vertex of each kpolytopes.

is readily implementable, and uses only simple data stresturhe polytopes may intersect and be in arbitrary
position. A preliminary version of this algorithm was debed for disjoint convex polyhedra in X. Goaoc’s Ph.D.
thesis [Goa04].

Theorem 9.4. Given k polytopes ifR® with n edges in total, we can compute, itir@k?logn) time and Qnk)
space, all the possibly occluded lines that are isolateshgxersals to their set of supports and tangent to the
corresponding polytopes. We can also compute, {n’&¥logn) time and Qnk?) space, all the minimal free
segments that are isolated transversals to their set ofatipnd tangent to the corresponding polytopes.

It should be noted that our algorithm does not provide thgeimds (possibly at infinity) of the maximal free
segments. Computing the endpoints of each such segmentecdane by shooting rays i@(log2 n) time per
ray usingO((nk)?+¢) preprocessing time and storage [AS96]. Such ray-shootite structures are not, however,
readily implementable. Alternatively, each ray-shootingry can be answered @ klogn) time afterO(nlogn)
preprocessing time and using additio@{h) space by applying the Dobkin-Kirkpatrick hierarchy on eaoly-
tope [DK83].

To emphasize the importance of considering intersectingtques, observe that computer graphics scenes
often contain non-convex objects. These objects, howeasr,be decomposed into sets of convex polyhedra.
Notice that simply decomposing these objects into convéyheara with disjoint interiors may induce a scene
of much higher complexity than a decomposition into intetieg polytopes. Moreover, the decomposition of a
polyhedron into interior-disjoint polytopes may introdunew tangents which were not present in the original
scene; indeed a line tangent to two polytopes along a shacedd not tangent to their union.

The importance of considering polytopes in arbitrary posicomes from the fact that graphics scenes are
full of degeneracies both in the sense that four polytopeg adanit infinitely many tangents and that polytopes
may share edges or faces. There may actually be more codrmmtgponents of tangents when the objects are
in degenerate position ; this is, for instance, the caseifier $egments [BEL05]. Also, we could not find a
perturbation argument that guarantees the preservatiatl ¢br at least a constant fraction of) the connected
components of tangents and we do not believe that finding apeiturbation is a simple matter.

Related results.Previous results on this topic include those that bound dinepdexity of sets of free lines or free
line segments among different sets of objects. They are suired in Table 9.1.

Recently, Agarwakt al.[AAS04] proved that the set of free lines amamgnit balls has complexit®(n3*#).
Devillerset al. showed a simple bound 6f(n?) [DDE*03] for this problem, and Koltun recently sketched a bound
of Q(n®) (personal communication, 2004).

The complexity of the set of free line segments amomglls is trivially O(n*). Devillers and Ramos showed
that the set of free line segments can have compl&ity’) (personal communication 2001, see also [DDA]).
When the balls are unit size, tif%n?) lower bound for the set of free lines holds. A lower boundX§f*) that
applies to either case was recently sketched by Glisseqp&rsommunication, 2004).

We mention two results for polyhedral environments. Hatpand Sharir [HS94] and Pellegrini [Pel94] pro-
ved that, in a polyhedral terrain withedges, the set of free lines has near-cubic complexity. Dg, Bsverett and
Guibas [dBEG98] showed@(n®) lower bound on the complexity of the set of free lines (andtiee segments)
amongn disjoint homothetic convex polyhedra.
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] \ Worst-case |  Expected |
free lines to a polyhedron o(n?) (trivial)
free lines above a polyhedral terrain O(n32¢vIean) [HS94, Pel94]
free lines among disjoint homothetic polytopes Q(n®) [dBEG98]
free lines among unit balls Q(r?) [DDE*03], O(n**¥) [AAS04] | ©(n) [DDE*03]
max. free segments above a polyhedral terrain O(n*) [CS89Db]
|solateq mellx.m.]al free segments among ©(n?k2) [EGHHZ00, BDD' 02]
k generic disjoint convex polyhedra
max. free segments among unit balls Q(n?) [DDE*03], O(n%) O(n) [DDE*03]

TAB. 9.1 —Published bounds on the complexity of the set of free linesiaximal free line segments among
objects of total complexity. The expected complexities are given for the uniform distion of the balls centers.

This paper is organized as follows. We prove the upper boahditeorems 9.1, 9.2, and 9.3 in Sections 9.2
and 9.3, and the lower bounds in Section 9.4. In section Hresent our algorithm for computing free segments.

9.2 Main lemma

We prove in this section a lemma which is fundamental for tte®fs of the upper bounds of Theorems 9.1,
9.2, and 9.3. Consider four polytopesQ, R, andSin R3, with p, g, r, ands > 1 edges, respectively, and kbe
an edge ofs.

MAIN LEMMA. There are @p+qg+r) isolated lines intersecting e and tangentRpQ, R and S excluding
those that lie in planes that contain e and are tangent toall fpolytopes.

The proof of the Main Lemma is rather complicated becausaritkes polytopes which may intersect as well
as all the degenerate cases. To assist the reader, we festirgiwerview of the proof. We then state preliminaries
and definitions in Section 9.2.2. In Sections 9.2.3 and 9Welbound the number of so-called “generic tangent
lines”. In Section 9.2.5, we bound the number of “non-gen&angent lines”. Finally, in Section 9.2.6, we pull
these results together to conclude the proof of the Main Lamm

9.2.1 Proof overview

The proof is inspired by a method which was, to our knowledigst, used in [BDEG94] (and later in [dB-
HOVK97, EGHHZ00, BDD 02]). We present here an overview of the proof in which we doatluress most of
the problems arising from degeneracies. In particular,esdefinitions and remarks will require more elaboration
in the context of the complete proof.

We sweep the space with a plafigrotating about the line containirey The sweep plane intersects the three
polytopesP, Q, andR in three, possibly degenerate or empty, convex polygonetdd®, Q;, andR;, respectively
(see Figure 9.3). During the sweep, we tracktitangentsthat is, the lines tangent & andQ, or toQ; andR;,
in ;. As the sweep plane rotates, the three polygons deform arutdngents move accordingly. Every time two
bitangents become aligned during the sweep, the commothiayeform is tangent t®, Q, andR.

In any given instance of the sweep pldig we consider the pairs of bitangents (one involih@ndQ;, and
the otherQ; andR;) that share a vertex @@ (see Figure 9.3). The isolated lines intersectrgnd tangent t®, Q,

R andS are isolated transversals with respect to a tuple of suppioat consists of and the supports of two such
bitangents. We consider alandidatesuch tuples of supports as the sweep plane rotates.

Such a tuple induced by an instance of the sweep plane chardles plane rotates only when a support of a
bitangent changes. We defiostical planesin such a way that the supports of the bitangents do not chasgee
sweep plane rotates between two consecutive critical plagethe sweep plane rotates, the supports of a bitangent
change if a support starts or ceases to be swept, or if, diteamgotion, the bitangent becomes tangent to one of
the polygons along an edge of that polygon (see Figure :4hel latter case, this means that the bitangent crosses
a face or contains an edge of one of the polytopes. We thusedeimtypes of critical planes : an instance of the
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Fic. 9.3 —Planefll; contains edge and intersects polytopds Q, andR in polygonsk, Q;, andR.
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Fic. 9.4 —A bitangent toR andQ; is tangent td% along an edge. The plamg is F-critical.

sweep plane is critical if it contains a vertex of one of théy/mpes, or if it contains a line that lies in the plane
containing a face of one of the polytopes, and is tangentathan of the polytopes (see Figures 9.4 and 9.5). We
will show that the number of critical planes@{p+q+r).

When the polytopes intersect there may exist a linear numtgtamgents in an instance of the sweep plane
(two intersecting convex polygons may admit a linear nuntdfdritangents, as is the case for two regulagons
where one is a rotation of the other about its center). Theretban be a linear number of candidate tuples induced
by any instance of the sweep plane, and the linear numbeiticbtplanes leads to a quadratic bound on the total
number of distinct candidate tuples. In the detailed prddhe lemma, we amortize the count of candidate tuples
over all the critical planes to get a linear bound on the nurobdistinct candidate tuples and thus on the number
of isolated lines intersectingand tangent t®, Q, R andS; this bound will however not hold for those isolated
lines that lie in planes that contagand are tangent to all four polytopes. Indeed, the numbeudf ssolated
tangent lines can be quadratic, in degenerate cases ; fanags four polytopes such that a plane contains edge
e and a face of linear complexity from each other polytope mé@myiain this plane a quadratic number of such
isolated tangent lines (one through each of a quadratic ruoftpairs of vertices).

9.2.2 Preliminaries and definitions

We can assume without loss of generality tRa@Q, R andS havenon-empty interioindeed, since the set of
isolated tangent lines to the four polytopes is zero-diriwarad, there is always room to extend any polytope with
empty interior in such a way that none of the original isalangent lines are lost.



9.2. MAIN LEMMA 113

We say that a ling@roperly intersects a polygon if it intersects its relative interiorthe sequel, we use this
definition only when the line and polygon are coplanar. Notltat a line that contains a segment is tangent to the
segment as well as properly intersects it.

Let | be the line containing and letl; denote the sweep plane parameterized ky[0, 7] such thatlT;
contains the linde for all t and Mg = My Each pland; intersects the three polytop® Q, andR in three,
possibly degenerate or empty, convex polygdhsQ);, andR;, respectively (see Figure 9.3).

For anyt, a bitangentto polygonsP; andQ; is a line tangent t&} andQ; in IM; (the line may intersect the
polygonR; in any way, possibly not at all). For anylet a (P, Q;)-tuplebe the unordered set of all supportsHin
andQ of one of the bitangents to polygois andQ;. Note that a support iR may be identical to a support in
Q, in which case théR;, Q;)-tuple does not contain duplicates. Also note th&BaQ; )-tuple consists of exactly
one support i and one support i (possibly identical) except when the corresponding bigsuhgs tangent to
P (or Q) along a face (either intersecting the face properly oraioirig one of its edges) ; then tiig, Q;)-tuple
contains two supports iR (or Q) instead of one. £Q-tupleis a set of edges and vertices that iPa Q;)-tuple
for somet. We define similarly théQ;, R;)-tuplesandQR-tuples

We say that &R, Q;)-tuple ismaximal for some if it is not contained in any othdiR, Q;)-tuple, for the same
t. Note that a(P;, Q;)-tuple is non-maximal for someif and only if all its supports interse€l; in one and the
same point, an& andQ; are not equal to one and the same point (see Figure 9.7(b)).

For anyt, let a (R, Q;, R)-tuple be the union of &R, Q;)-tuple and & Q;, R )-tuple that share at least one
support inQ. A (R, Q, R)-tuple is maximal for someif it is not contained in any othgiR;, Q;, R;)-tuple, for the
samet. A PQR-tupleis a set of edges and vertices that ifPg Q;, R )-tuple for some. Note that aPQR-tuple
typically consists of three supports, one from each polgt@md consists, in all cases, of at most two supports in
P, at most three supports @, and at most two supports R.

A line intersectinge and tangent t®, Q, R andS is called ageneric tangent linéf and only if it intersects
Sonly oneand is tangent t&, Q;, andR; in some plandl;. Otherwise it is called aon-generic tangent lineA
non-generic tangent line properly intersects a facd of properly intersectg, Q, or R in some planél;. In the
latter case?, Q, or R; is a face or an edge &f, Q, or R lying in IM; ; thus a non-generic tangent line is (in both
cases) tangent 1, Q, R andSin a plane containing a face or two edges of these polytopdsgenerate situation.

In the following three subsections, we bound the number nége and non-generic tangent lines. It is helpful
to keep in mind that, as observed earlier, two convex polggom plandl; (such a$? andQ;) may admit a linear
number of tangents if they intersect.

9.2.3 Generic tangent lines

Lemma 9.5. The set of supports iR, Q, andR of a generic tangent line is BQR-tuple.

Proof. Any generic tangent liné is tangent inf; to R, Q, andR; for some valud. Thus the set of supports
of £in P andQ (resp. inQ andR) is a (R, Q)-tuple (resp. dQ;, R)-tuple). Moreover th€P;, Q;)-tuple and the
(&, R)-tuple contain the same supportsQnand thus their union is @, Q;, R )-tuple, hence #QR-tuple. O

We now define theritical planeslT; in such a way that, as we will later prove, the sef®f Q;, R)-tuples is
invariant fort ranging strictly between two consecutive critical valuég. introduce two types of critical planes :
theV-critical andF-critical planes

A planerl; is V-critical if it contains a vertex oP, Q, or R, not onle. (The constraint that the vertex does
notlie onle ensures that the number of V-critical planes is finite evetteigenerate configurations.) A plaieis
F-critical relative to an ordered pair of polytopég, Q) if (see Figure 9.5) it contains a lirfesuch that

(i) ¢ lies in a plané¥ # IN; containing a face dP, and

(i) £ is tangent in¥ to polygonQ NW¥ or PNW, at some point not oh.

For simplicity, we do not require théiis tangent td? ; this leads to overestimating the number of common tangents
to P, Q, R, andS but only by an asymptotically negligible amount. Note that all lines in¥ tangent toQ are
tangent to the polygo® N'¥ when that polygon is a face or edge@flying in W. Note also that we defing; to

be F-critical wher? is tangent td® N W at some point not ot only for handling the very degenerate case where
QnNWis an edge of) and there exists a line ¥ that properly intersect® "W and is tangent t® N'Y along an
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Fic. 9.5 —Planerll; is F-critical : it contains a line that lies in a plafié containing a face o such that the line
is tangent taQ NP at a point not ore.

edge that has an endpoint kr{see Figure 9.6). Note finally thatéfe M; satisfies (i) and is tangent, #4, toPNWY
at some point not oh, then polytopeQ plays no role and thuB; is F-critical relative to(P,Q) for all polytopes
Q.

F-critical planes relative t0Q,P), (Q,R), and(R,Q) are defined similarly. A planél; is F-critical if it is
F-critical relative to pairs of polytope®, Q), (Q,P), (Q,R), or (R,Q).

The values of corresponding to critical pland% are calleccritical values We callV-critical andF-critical
eventshe ordered pairét, 0) wheret is a critical value and is a vertex or line depending on the type of critical
event. In a V-critical evenp is a vertex ofP, Q, or R that belongs td1; \ l. In an F-critical evento is a line lying
in some planél; and satisfying Conditions (i-ii) above. éxitical eventis a V-critical or F-critical event.

Lemma 9.6. There are at mosg(er g+r) V-critical events an@ (p+2g+r) F-critical events.

Proof. The number of V-critical events is at most the total numbevestices ofP, Q, andR, and hence is less
than two thirds the total number of edgesRfQ, andR. We now count the number of F-critical events relative
to polytopeg P, Q). Let W be a plane containing a face Bf and suppose that for some pldng line ¢ = Ny NY
satisfies Conditions (i-ii). Plar¥’ does not contaify because otherwise bothand/ lie in the two distinct planes
Y andr;, sof = | but then? cannot satisfy Condition (ii). Furthermofeandl, intersect or are parallel since they
both lie inMM;. Thus ifWNle is a point ther? contains it, and otherwis€ Nle = 0 and/ is parallel tole.

If WNleis a point, there are at most four candidates for afimeplaneW¥ going through¥ Nnle and tangent
to QNW or PNW at some point not ohe. Likewise, if WNle is empty, there are at most four candidates for a line
£in planeW that is parallel tde and tangent t@ NW or PN W. In either case, each candidate line is contained in a
unique plandTy, fort € [0, 11, sincel # | (¢ contains a point not o). Hence, a face d?P generates at most four
F-critical events relative t0P, Q). Therefore the number of critical events relativéQ) is at most% p since the
number of faces of a polytope is at most two thirds the numbés @dges. Hence the number of critical events
relative to(P,Q), (Q,P), (Q,R) and(R,Q) is at most§(p-+2q+r). O

The following lemma states that the critical planes havedémgred property. Late be the set of supports of
le in P andQ and letu denote soméR;, Q;)-tuple.

Lemma 9.7. Let t* be the endpoint of a maximal interv&tthroughout which @ ue is a maximal(R, Q;)-tuple.
Then t is a critical value. Moreover, there exists a V-critical evét*,v) or a F-critical event(t*,m) such that u
contains v or an edge with endpoint v, or u is contained in gte§supports of m.

The proof of this lemma is rather long and intricate ; we posit to Section 9.2.4. Note that, as stated, this
lemma only applies under the assumptions thiastmaximal and distinct frome. These assumptions are made in
order to simplify the proof of Lemma 9.7 ; we don't suggest tha lemma is false without them.

16such an interval could be open or closed, a single point oni@mvial of positive length.
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Fic. 9.6 —Planel,- contains a linen such that (iymlies in a plane # MMy containing a face dP, and (ij)mis
tangent to polygo® N'¥ at some point not oh. ; howevermmis not tangent t&@Q N Y. If the definition of F-critical
planes was not considering such pldme to be F-critical then Lemma 9.7 would not hold. Indeed theuset
supports of lind1_¢ "W is a maximal(P;, Q;)-tuple for some but not atlin any open neighborhood 6f, and,
although;- is V-critical, there exists no V-critical evefit*, v) such thau containsv or an edge with endpoimt

Lemma 9.8. Any edge or vertex d® or Q is in at most2 PQ-tuples that are maxim&lP;, Q;)-tuples for all t in
any given non-empty interV&bf R /1Z.

Proof. Letf be an element of a non-empty interdadf R /1Z andx be an edge or vertex & or Q. If x does not
intersect; then no(R, Q¢)-tuple contain. If x intersectd Ty in one point then there are, in general, at most two
lines inMM going throughx and tangent t&; andQ (see Figure 9.7(a)) ; in all cases there are at ma&.3))-
tuples containing (see Figure 9.7(b)), however at most 2 of them are maximalintersectd1; in more than one
point, x is an edge lying ifflz. Then any line iy intersectingk and tangent t& andQ; contains an endpoint of
x and thus< belongs to ndP;, Qr)-tuple.

Hence at most PQ-tuples contairx and are maximalP, Q )-tuples fort = f, and thus at most PQ-tuples
containx and are maxima(lR;, Q;)-tuples for allt in J. O

Lemma 9.9. There are at most -+ q+r) PQR-tuples.

Proof. In order to count the number of distin®,Q;, R)-tuples, we charge each maximd@, Q;, R )-tuple

to a critical event. We then show that each critical eventhigrged at most a constant number of times. It then
follows from Lemma 9.6 that there a@(p+ q+r) distinct maximal(R, Q, R;)-tuples. A maximalR, Q, R )-
tuple consists of at most two supportsRnat most three supports @, and at most two supports R, and thus
contains at most2? — 1)(2% — 1)(2? — 1) distinct subsets with at least one support in eacR,d andR. Each
maximal(R, Q;, R;)-tuple thus contains at most a constant number of disflcQ;, R )-tuples, which implies the
result.
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. N

Fic. 9.7 —Lines throughx in IM; and tangent t& andQ;.

Let s be a maximal(R;, Q;, R)-tuple and lety be any maximal connected subsetRfTiZ such thatsis a
maximal (P, Q, R )-tuple for allt € J. Letu be a maximal(R, Q;)-tuple andu’ a maximal(Q;, R )-tuple such that
the union ofu andu’ is sand such thati andu’ share at least one support@

First, suppose that= R/TZ. Thenu is a maximal(R, Q;)-tuple for allt € R/TZ. Thus each support in
intersectd1; for all t € R/1Z and thus intersects ; moreover each support inintersectd1; only onle for all
t € R/TZ except possibly for one value of SinceP andQ have non-empty interio} U Q; is not reduced to a
point for allt in some interval of positive length. For &lin such an interval, sinceis maximal, the union of the
supports iru intersectdl; in at least two distinct points. These at least two distirh{s lie onle for some values
of t by the above argument. Thus, for these values kfis the only line inl; whose set of supports contains
Henceu is the set of supports df. The same property holds ferand thuss is also the set of supports bf We
can thus assume in the following tHag R /TZ, and only count the maximaR, Q, R;)-tuples that are not the set
of supports ofe.

Interval J is thus a non-empty interval &/TZ; it can be open or closed, a single point or an interval of
positive length. Letvp andw; denote the endpoints 6f£ R/TtZ.

If scontains a vertex, or an edge with endpoint such thawv lies inly, \ le, fori =0 or 1, then we charge
to the V-critical event{w;,v). Otherwise, we chargeto an F-critical eventw;, m) wheremis a line iny, whose
set of supports containsor U'. Such a V-critical or F-critical event exists by Lemma 9.7.

We now prove that each critical event is charged by at moshstaat number of distinct maximé®, Q, R;)-
tuples. As mentioned before, that will imply the result.

Consider a V-critical ever(t*,v) that is charged by a maximé®, Q;, R;)-tuples. By the charging schems,
contains a suppoxrthat isv or an edge with endpoim andsis a maximal R, Q;, R;)-tuple for allt in at least one
of three intervals{t*} and two open intervals having as endpoint ; denote these intervalspyl,, J3.

By Lemma 9.8, at most PQ-tuples contairx and are maximalR, Q; )-tuples for allt in J;. Moreover, each of
thesePQ-tuples contains at most 2 supportsQnand each of these supports belongs to at m@3R2uples that
are maximalQ;, R;)-tuples for allt in J;. Thus at most #QR-tuples contairx and are maximalP;, Q;, R;)-tuples
for all t in J;, for eachi = 1,...,3. Hence any V-critical ever(t*,v) is charged by at most 24 distinct maximal
(R, Q,R)-tuples.

Consider now an F-critical eve(it*,m) that is charged by a maximé®, Q;, R )-tuples, and define as before
u andu’. By the charging scheme, the set of supportsnafontainsu or U’ (or both) ; suppose without loss of
generality that it containg. The set of supports @f contains at most two supportsiand at most two supports
in Q. Sinceu contains at least one supportfrand at least one support@, there are at mosf3hoices fou.

By the charging schemsi,is a maximal(R, Qt, R;)-tuple for allt in at least one of 3 intervalgt*} and two
open intervals having as endpoint ; denote Iiy,J2, I3 these intervals. It follows from Lemma 9.8 that, for each
supportx of Q in u, at most 2QR-tuples contairx and are maximalQ;, R;)-tuples for allt in J;. There are at most
32 choices for (as shown above), 2 fog; 3 fori and 2 for theQR-tuples containing. Hence any F-critical event
(t*,m) is charged by at mosf2« 32 distinct maximal(P, Q, R )-tuples.

Therefore each critical event is charged by at most a constamber of distinct maximalR, Q;, R)-tuples,
which concludes the proof. O

Corollary 9.10. There are at most (p+ q) PQ-tuples.

Proof. ReplaceR by a copy ofQ in Lemma 9.9. AnyPQ-tuple is also aPQQ-tuple, and there are at most
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O(p+q+0q) = O(p+q) of these. 0

Proposition 9.11. There are @p-+q+r) isolated generic tangent lines.

Proof. A generic tangent line is transversalé@nd to the edges and vertices dP@R-tuple, by definition and
Lemma 9.5. An isolated generic tangent line is thus an iedl&ansversal with respect to a set of edges and ver-
tices that consists of RQR-tuple and either edgeor one or both of its endpoints. The number of such sets is four
times the number dPQR-tuples, which is ilO(p+g+r) by Lemma 9.9. The result follows since each such set
consists of at most eight edges and vertices (at most twastgafipom each of the four polytopes) and thus admits
at most eight isolated transversals [BE5]. O

9.2.4 Proof of Lemma 9.7

Recall thatue denotes the set of supportslgin P andQ, and that Lemma 9.7 states the following.

Let t* be the endpoint of a maximal interval throughout whick ue is a maximal(R, Q;)-tuple.
Thent is a critical value. Moreover, there exists a V-critical evé*, v) or a F-critical event(t*, m)
such that u contains v or an edge with endpoint v, or u is cortain the set of supports of m.

We can assume thatcontains no vertex v and no edge with endpoint v, such thaswhl;- \ | because
otherwise(t*,v) is a V-critical event such that containsv or an edge with endpoim which concludes the proof.

We prove a series of lemmas that yields Lemma 9.7. Indeedrove phe existence of a limain N+ whose set
of supports containg (Lemma 9.14) such that (ip lies in a planép £ N+ containing a face oP (Lemma 9.15),
and (i) mis tangent in¥ to polygonQ NY¥ or PNW, at some point not ol (Lemma 9.16). This proves thBk:-
contains a linenwhose set of supports contaimand such thaft*,m) is an F-critical event, which concludes the
proof.

By hypothesis, for any sufficiently small open neighborh®6df t* whose endpoints are denoted tgyand
t1, uis not a maximal(R, Q)-tuple for some € N andu is a maximal(R, Q;)-tuple fort =t* or for allt € (t*,t1)
(or by symmetry for alt € (to,t*)).

We only consider in the following supports hand inQ ; polytopeR plays no role. We start by proving two
preliminary lemmas.

Lemma 9.12. Each support in u intersecfs; in exactly one point (possibly og)] for all t in any sufficiently small
open neighborhoot of t*.

Moreover, the union of all supports in u interse€tsin at least two distinct points for all # t* in N. This
property also holds for & t* if u is a maximal(R+, Q)-tuple.

Proof. Sinceuis a(R,Q;)-tuple for some in every open neighborhood tf, each support i intersectd1; for
somet in every open neighborhood of. It thus follows from the assumption thatcontains no vertex and no
edge with endpoint, such that lies onll;- \ lg, that each support in intersectd1; for all t in any sufficiently
small open neighborhodl of t*. It follows that each support in either lies inle or intersectd1; in exactly one
point for allt € N. However, no edge aflies inlg because otherwise fdenotes such an edge of, sBythen any
line tangent td? in My and intersecting contains an endpoint ofwhich is a vertex oP; thus, by definitionu
does not contair but one of its endpoints. Hence each suppot iitersectd1; in exactly one point for ali € N.

We now prove that the union of the supportsiimtersectdT; in at least two distinct points for artiye N such
thatu is a maximal(R, Q;)-tuple. Suppose for a contradiction that the union of thepeuds inu intersectdT; in
one single point for somet € N such that is a maximal(R, Q;)-tuple. Then polygonB; andQ; are both reduced
to pointv because otherwigeis not maximal (otherwise, a line ifi; tangent td?, andQ; atv can be rotated about
v until it becomes tangent @ or Q; at some other points). Thus= P, = Q is a vertex of° and ofQ because the
polytopes have non-empty interior. Hence {v} because each supporturcontainsv. It follows thatv lies onle
since each support imintersectd1; for all t € N. Moreover, sincd; andQ; are both reduced to poirt= NP =
leNQ, the setue of supports ofe is u, contradicting the hypotheses of Lemma 9.7.

Thus, ifuis a maximal(P;, Q;)-tuple for allt € (t*,t1), the union of the supports imintersectd1; in at least
two distinct points for alt € (t*,t1) and thus for alt # t* in any sufficiently small open neighborhoodtéf Also,
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Fic. 9.8 —Line mis tangent td® along a face in plan® # M.

if uis a maximal(R,Q;)-tuple fort =t*, the union of the supports imintersectd1; in at least two distinct points
fort =t* and thus for alt in any sufficiently small open neighborhoodtéf O

Lemma 9.13. If u is a maximal(P«, Qi+ )-tuple then u consists of at least three supports.

Proof. Note that it follows from Lemma 9.12 thatcontains at least two supports. Suppose for a contradiction
thatu consists of only two supports. By Lemma 9.12, they inter§gdn exactly two distinct points for all in
any sufficiently small open neighborhodd of t*. Thus there exists for atle N a unique linem in M; whose
set of supports contains, moreovem is continuous in terms df Sinceu is a maximal(P+, Qi+ )-tuple, the set
of supports ofm- is u. Thus, for allt in any sufficiently smallN, the set of supports afy is u. Thus the set of
supports ofn is invariant fort € N and sincem is tangent td?+ andQ+, line m is tangent td®? andQ; for all
teN.

Hence, for alt € N, line m;, whose set of supports is is tangent td% andQ; in ;. Thusu is a maximal
(R, Q)-tuple for allt € N. Moreover,m is the unique line iM1; whose set of supports containsthusu is a
maximal (P, Q;)-tuple for allt € N, contradicting the hypotheses of the lemma. O

Lemma 9.14. There exists a line m ifly» whose set of supports contains u that is tangentt@iRd Q- along an
edge of one of them, say qf P

Proof. Consider first the case wheues a maximal(P«, Qi+)-tuple. There exists ifl= a line m tangent toR
andQ;+ whose set of supports is By Lemma 9.13, the setof supports ofn contains at least three supports, and
hence at least two supportsi(or in Q). Furthermore, the supports ofin one polytope interseél;- in distinct
points (by definition of supports). Thusintersectd- (or Q) in at least two distinct points and is tangent®o
andQ+. The result follows sinc®- (andQ;+) is convex.

Consider now the case wheuwds a maximal(R, Q)-tuple for allt € (t*,t;). Then, for allt € (t*,t;), there
exists a line irl; tangent td? andQ; and whose set of supportsiisMoreover, by Lemma 9.12, this line is unique
for eacht € (t*,t1) and varies continuously in terms DE (t*,t1). Whent tends tat*, the line tends to a liney-
in M= which is tangent t&?- andQ;« and whose set of supports containsgf its set of supports strictly contains
u thenm, is tangent td?« andQ- along an edge of one of them because the polygons are comgtheace we
can choosen = m- to complete the proof. Otherwisejs a(R«,Q+)-tuple.

We can suppose thatis a non-maxima(R-, Qi )-tuple since we already treated the case wii@samaximal.
There exists il a line tangent td%+ and Q+ whose set of supports is Sinceu is non-maximal this line is
tangent td3- andQ;+ at a shared vertex, and can be rotated about this verfax iantil it becomes tangent -
andQ;+ at some other points, which must occur becausenon-maximal ; letn denote the resulting line. The set
of supports ofn containsu andmis tangent td?+ andQ;+ along an edge of one of them because the polygons are
convex. O

Lemma 9.15. Line m lies in a planéV # I« containing a face oP.

Proof. By Lemma 9.14m contains an edge &~ ; see Figure 9.8. This edge either intersects the relatteeian
of some face oP in which case we tak® to be the plane containing that face, or it is an edge of which case
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Fic. 9.9 —mis tangent td® along a face i¥ and (a) toQ N only onle or (b) toQ along a face in¥.

we takeW to be a plane, different frofi-, containing one of the two faces Bfincident to that edge. O

Letm be the lineW N T, for all t in any sufficiently small open neighborhoddof t* ; line m is well defined
sinceW Nl is linemby Lemmas 9.14 and 9.15.

Lemma 9.16. Line mis tangent t® N or to Q NV, at some point not ol

Proof. We assume for a contradiction that limedoes not satisfy the lemma, i.en,is not tangent t&> WY or to
QNW at any point other than olk. We prove that the set of supportsrofis u and is a maxima(R;, Q;)-tuple

for all t in any sufficiently small neighborhood tf, contradicting the hypotheses of Lemma 9.7 and thus proving
Lemma 9.16.

Sincemis tangent tdQ (by Lemma 9.14)mis tangent taQ N'Y only onle (see Figure 9.9(a)), an properly
intersectsQ N'W which is then a face or an edge Qf(see Figure 9.9(b}y. Similarly mis tangent td® N only
onle, or m properly intersects it ; howev@N W is necessarily a face & by Lemma 9.15.

The following Lemmas 9.17 and 9.18 imply that the set of sufgpaf m is invariant and equal ta for all t
in any sufficiently small open neighborhoddof t*. Moreover, sincen varies continuously withandm= my is
tangent td?+ andQ;+ (by Lemma 9.14), linen is tangent td® andQ; for allt € N. Henceu is a(P;, Q;)-tuple for
all't € N. We now prove thati is a maximal(R, Q;)-tuple for allt € N.

As we have seen beform = m- is tangent td® in at least two points (by Lemma 9.14), thwe intersects its
supports in at least two distinct points. Moreover the setupfports ofny+ is u. Thus there is a unique line M
whose set of supports contaimsHenceu is a maximal(R+, Qi+ )-tuple.

By Lemma 9.12m is the unique line ifl; whose set of supports containdor all t £ t* in N. Thusu is a
maximal(P;, Q;)-tuple for allt #t* in N.

Henceuis a maximal R, Q)-tuple for allt € N, contradicting the hypotheses of Lemma 9.7 and thus conclu-
ding the proof of Lemma 9.16. O

Lemma 9.17. The set of supports ofiris u for some t in any sufficiently small open neighborhdoaoff t*.

Proof. We first prove that the supports inare supports ofry for all t € N. A support vertex iru lies onle by
Lemma 9.12 and thus lies f; for all t. A support vertex iru also lies ormby Lemma 9.14 and thus lies in plane
Y by Lemma 9.15. Hence, for dlle N, the support vertices inlie onm, and thus are supports of.

In order to prove that the support edgesliare supports ofiy, it is sufficient (by Lemma 9.14) to prove that
the support edges ofi are supports ofry. The support edges ofiin P lie in planeW (see Figure 9.9(b)) because
Y containsm and a face oP (indeed ifm intersects an edge &f not in ¥ thenm contains one of its endpoints,
and thus the edge is not a support). Thus all the support edgebe in W andm contains none of their endpoints
(by definition). Sincem lies inW for all t andm = m, line m; intersects all the support edgesmfind contains
none of their endpoints for dllin any sufficiently small open neighborhoddof t*. Hence the support edgesraf
in P are supports ofiy for allt € N.

Note that in these two situations, two edges of two distiraytopes are then coplanar (in the first case an
edge ofQ ande are coplanar, and in the later case a fac® éd coplanar with a face or an edge @J. Hence
proving this lemma is straightforward under some genersitipm assumption that excludes such situations.
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Consider the case whe@N W is a face or an edge @. Similarly as forP, the support edges ofiin Q lie in
planeW, and thus are supports of for allt € N.

Consider now the case whemeis tangent taQ NW only onle at, say, poin¥ (see Figure 9.9(a)). Thenlies
in W (sincem C W by Lemma 9.15) and also lies ; for all t (sincele C IM; for all t). Hencem, containsv for
allt € N. Moreover,m is tangent tdQ N'Y only atv for all t in any sufficiently small open neighborhoddof t*.
Hence the set of supports f in Q is invariant for allt € N.

We have so far proved that the set of supportsyofontainsu for all t € N.

We now prove that the set of supportsmfis u for somet € N. Consider first the case wheuds a maximal
(P, Q¢+ )-tuple. Then, by Lemma 9.12, the union of the supportsimtersectdli- in at least two distinct points,
thusm = mis the only line inlM- whose set of supports containsMoreover, sincel is a(R-, Qi )-tuple, there
exists a line iMl whose set of supports is Hence the set of supports w§- is u.

Consider now the case wharés a maximal R, Q;)-tuple for allt € (t*,t1). By Lemma 9.12, for alf € (t*,t1),
the union of the supports imintersectd1; in at least two distinct points, thug is the only line inM1; whose set
of supports containa. For allt € (t*,t1), sinceuis a(R,Q)-tuple there exists a line iA; whose set of supports
is u. Hence the set of supportsof is u for all t € (t*,t;). O

Lemma 9.18. The set of supports ofns invariant for t ranging in any sufficiently small open nieiigprhoodN
of t*.

Proof. Firstif m=Ilgthenm =Il¢for allt € N becauséV containsm= |l (by Lemma 9.15) andll; containd for
all t (by definition). Thus the set of supportsrof is invariant for allt € N. We now assume that # |.

Line mis tangent to polygo®- along an edge by Lemma 9.14. Thuds tangent td? in at least two points.
Hence, sinc®NW is a face ofP andmlies in ¥, eitherm properly intersect® "W or mis tangent t® N along
one of its edges. In the later case, the edge does notlliesincem # l¢, thusmis tangent td®NW¥ at some point
not onle, contradicting our assumptions. Herrogroperly intersects the face Bfin W.

It follows that, if m contains a vertex d®, then this vertex is an endpoint of a support edgeadbr all t in any
sufficiently small open neighborhood tf(indeedm lies inW and tends tenwhent tends ta*). By Lemma 9.17,
the set of supports afy is u for somet in any sufficiently small open neighborhoodtéf Hence, ifm contains a
vertex ofP, this vertex is an endpoint of a support edgelilBy assumptioru contains no edge with endpoint on
M=\ le, thusm contains no vertex oP except possibly oife (sincem lies in My+). It thus follows that the set of
supports ofn, in P is invariant fort ranging in any sufficiently small open neighborhood*ofsincem, c W tends
to mwhent tends tat* and all supports ofn lie in W).

Now consider the case whemeproperly intersect® NW which is a face or an edge &f. Similarly as forP,

m contains no vertex a except possibly oft and thus the set of supportsmof in Q is invariant fort ranging in
any sufficiently small open neighborhoodtof

Finally, consider the case whemeis tangent taQ NW¥ only onle. Then, as in the proof of Lemma 9.17, the
set of supports oy in Q is invariant for allt ranging in any sufficiently small open neighborhood gfwhich
concludes the proof. O

9.2.5 Non-generic tangent lines

We count here the number of non-generic tangent lines. Mateas mentioned before, there are no such lines
under some adequate general position assumption.

Proposition 9.19. There are at most b+ g+ r) isolated non-generic tangent lines except possibly fosétthat
lie in planes that contain e and are tangent to all four popgs.

Proof. An isolated non-generic tangent line lies in pldmefor somet and contains (at least) two distinct points,
each of which is a vertex @, Q, R, or S, or a point of tangency between the line and one of the poly&art;,
andR; ; indeed, otherwise the line can be movedlinwhile keeping the same supports.

We count first the isolated non-generic tangent lines thatato two distinct points of tangency with two of
the polygonsR, Q;, andR; in M; for somet. Consider such a liné tangent to, say® andQ; in M. Line ¢ is
non-generic and thus properly intersects a fac8 of a face or an edge & lying in ;. If ¢ properly intersects
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a face ofS or a face or an edge @& lying in M; but not entirely contained ih, thenll; is one of the at most
four planes tangent tB or S. There areéO(p—+ q) lines tangent t& andQ; in two distinct points in each of these
planes and thu®(p+ q) such lines in total. Otherwisé]; intersects each d® andSin an edge contained iR.
The supports of are thus the union of RQ-tuple, and of, in each dR andS, the edge lying ife or one (or
both) of its endpoint. It follows that at most a constant nemif such isolated non-generic tangent lines contain
a givenPQ-tuple in its set of supports. Hence the number of such lis@s most the number &Q-tuples, which

is in O(p—+ q) by Corollary 9.10. It follows that there are at m@tp+ q+r) isolated non-generic tangent lines
that contain two distinct points of tangency with two of thaygonsR, Q;, andR; in M; for somet. We obtain
similarly that there are at mo§&(p+ q+r) isolated non-generic tangent lines that contain two disfioints of
tangency with only one the polygoRs Q;, andR;.

We now count the isolated non-generic tangent lines thabaoa unique vertex d?, Q, R, or Sand a unique
point of tangency with the polygorg, Q;, andR; in IN; for somet. Each vertex of P, Q, R, or S that does not
lie onle is contained in a unique plam& and there are, in that plane, at most six lines throughd tangent t&},
@, or R.. There are thu®(p+qg+r) such lines in total. Consider now a liiéhrough a vertex onle and tangent
to B atw # v in IN; for somet. We can suppose that each@f andR; is either tangent td atw or is properly
intersected by ; indeed otherwisé is tangent to two polygons in two distinct points Qf (or R) is a face ofQ
(resp.R) or an edge not contained igthenl1; is one of the at most two planes tangen@Qdresp.R) and, in each
of these planes, there are at most two lines througd tangent t&}. If Q; (or R,) is tangent td atw such that the
support edges afin P and inQ (resp.R) are not collinear theh goes through a vertex &, Q, R, or Sthat lies
onle, and through a vertex of the intersection of two of these foplgs. There are at most eight vertice$p0,

R, andSonle andO(p+ g+ r) vertices on the intersection of two of these polytopes. &laee thu(p+q-+r)
such lines in total. Otherwis€); (andR) is an edge contained ig or is tangent t& at w such that the support
edges of in P and inQ (resp.R) are collinear ; ther is not isolated.

We finally bound the number of isolated non-generic tangaeslthat contain no point of tangency with the
polygonsP;, Q;, andR; in I, for anyt (and thus contain at least two verticesRfQ, R, andS). Consider such a
line ¢ that lies in plandT; for somet. Line £ is tangent td?, Q, andR and thus properly interseE, Q;, andR; in
planell; which is tangent t®, Q, andR. If planell; is not tangent t&, ¢ goes through an endpoint efsincel is
tangent taS) and there ar®(p+ g+ r) such lined that go through an endpoint e&nd at least another vertex@f
Q, orR. If planel; is tangent tcs, line ¢ lies in a plandT; tangent td?, Q, R, andS, which concludes the proofl

Note that there can l&(n?) isolated non-generic tangent lines that lie in a plane tanigeall four polytopes.
Consider, for instance, four polytopes that admit a comraogént plane containing edgean edgeg’ of P, and
two faces ofQ andR of linear complexity such that all the lines through a veréeach face interseetande’.
All these lines are isolated non-generic tangent lines.

9.2.6 Proof of the Main Lemma

Proposition 9.11, which handles the isolated generic tanlijges, and Proposition 9.19, which handles the
isolated non-generic tangent lines, directly yield the Maémma.

9.3 Upper bounds

We prove in this section the upper bounds of Theorems 9.1,88@ 9.3. The lower bounds are proved in
Section 9.4. Considéek pairwise distinct polytopeBs,. .., P with ng,..., ng edges, respectively, andedges in
total.

Lemma 9.20. For any edge e of;, there are @n; +n +ny) sets of open edges, chosen flBMP;, P, andPp,
that admit an isolated transversal that intersects e andiigyent to these four polytopes.

Proof. Any isolated transversal to a set of edges is isolated witheet to the set of all its supports. It is thus suffi-
cient to bound the number of sets of open edges, chosenHydry, Py, andPy, that are intersected by an isolated
line that intersects and is tangent to these four polytopes. The Main Lemma stlaé¢shere ar©(n; + ny + ny,)
isolated lines intersectingand tangent t®;, P;, P, andPy, excluding those that lie in planes that contaiand
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are tangent to all four polytopes. Any of thedén; + n; + ny,) isolated lines intersects at most two open edges in
any polytope. Thus there a@n; + n +ny) sets of open edges (chosen frenP;, P, andPy,) that are intersec-
ted by one of these isolated lines. Now consider any isolatedhat lies in a plane that contairsind is tangent

to all four polytopes. This plane contains all the open edbesare intersected by the isolated line. Thus these
edges (and any subset of them) admit no isolated transversal O

Lemma 9.21. A minimal set of open edges and vertices that admit an istlasversal consists of (i) two
vertices, (ii) one vertex and one or two edges, or (iii) twweg, or four edges.

Proof. Consider a minimal set of open edges and vertices that admitsolated transversal. The elements are
necessarily distinct because the set is minimal. If the @etains two vertices, it contains no other element since
the two vertices admit a unique transversal.

Suppose now that the set contains one vertex. None of the eggas contain the vertex because otherwise
such an edge would be redundant. Thus, the vertex and anyesédsfine either a line, and thus admit an isolated
transversal, or they define a plane. If none of the other edg@sect that plane in a unique point, the vertex and
all open edges admit zero or infinitely many common transiers contradiction. Thus there exists an edge that
intersects the plane in a unique point. Hence, the vertex\@aampen edges admit a unique transversal, and the
minimal set contains no other element.

Suppose finally that the set only contains open edges. Thaakazation of the transversals to a set of line
segments [BEIL05] shows that either two, three or four of these line segmadmit at most two transversals, or
that the set of common transversals to all the open line setgoan be parameterized by an open set of parameters
in R?, R or R/TZZ. In the latter case, the edges admit no isolated transyersahtradiction. Hence, the minimal
set of edges consists of two, three or four edges. (Notewadt three edges may admit an isolated transversal if
that transversal contains one or two of the edges.) O

We can now prove the upper bound of Theorem 9.3.

Proposition 9.22. There are @n’k?) minimal sets of open edges and vertices, chosen from soyiepes, that
admit an isolated transversal that is tangent to these pplgs.

Proof. We bound the number of minimal sets depending of their typeraing to Lemma 9.21. First, there are
O(n?) pairs of vertices, pairs of edges, and sets of one vertex a@edge. Hence, at madtn?) such pairs admit
an isolated transversal.

Consider a minimal set of one vertex and two open edges, olios®a some polytopes, that admit an isolated
transversal that is tangent to these polytopes. The opegsatiy not contain the vertex because otherwise they
admit no isolated transversal. Thus the vertex and eachasfges a plane. For each of t@¥n?) planes defined
by a vertex and an open edge not containing it, thereCdke lines in that plane that are tangent to one of the
polytopes at some point other than the vertex. Hence ther®@?k) sets of one vertex and two edges, chosen
from some polytopes, that admit an isolated transversalghiangent to these polytopes.

It is straightforward to show that three open edges admitalated transversal only if the line containing
one of the edges intersects the two other edges. Since anintersects at most two open edges in any ofkhe
polytopes, there ar®(nk?) sets of three open edges that admit an isolated transversal.

Consider now the case of four edges, chosen from at most plotgtopes, that admit an isolated transversal
that is tangent to these polytopes. The two edges chosertlt@same polytope belong to the same face, and the
isolated transversal lies in the plane containing that.fReeh of the two other open edges intersects that plane in
one point, because otherwise the four open edges admit zérfinitely many transversals. For each of {0én)
planes containing a face of one of the polytopes, and eadied(n) edges intersecting that plane in exactly one
point, there are at mosk2ines in that plane that contain this point and are tangewnt® of thek polytopes at
some other point. Hence there &&?k) sets of four open edges, chosen from at most three polyttzsadmit
an isolated transversal that is tangent to these polytopes.

We finally bound the number of sets of four edges, no two chfreen the same polytope. By Lemma 9.20
and by summing over ali edgese of the polytopes, the numbér of sets of four open edges, chosen from four
polytopes, that admits an isolated transversal that isstaing these four polytopes satisfies
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T<n Z C(nj+m+nm),
j<I<m

whereC is some constant. Since eaghl <i <Kk, appear:{kgl) times in the sum, it follows that

T<Cn kni (k;1> —Cr? (k;1>

IRNES

soT is in O(n?k?) as claimed. O

The above result implies the following upper bounds and iti@dar those of Theorem 9.1.

Proposition 9.23. There are @n?k?) connected components of maximal free line segments tatwgatieast four
of the polytopes. This bound also holds for connected coemgsrof possibly occluded lines tangent to at least
four of the polytopes. Furthermore, the same bound holds@ated such segments or lines.

Proof. We prove the proposition for possibly occluded lines tangerat least four of the polytopes; the proof
is similar for maximal free line segments. By PropositioR2) .there aré(n’k?) minimal sets of open edges and
vertices, chosen from some polytopes, that admit an isblagensversal that is tangent to these polytopes. The
bound on the number of connected components thus follows fihe fact that any connected component of lines
tangent to four polytopes contains an isolated line. Indaag non-isolated line can be moved while keeping the
same set of supports until (at the limit) the line interseatew edge or vertex. During the motion, the line remains
tangent to all four polytopes since it keeps the same supextcept at the limit) ; if the line has more than one
degree of freedom, this can be repeated until the line besisonkated. O

We now prove the upper bound of Theorem 9.2. We start by twingreary lemmas.

Lemma 9.24. Four possibly intersecting convex polygonsRA admit at most a constant number of connected
components of line transversals.

Proof. Consider the usual geometric transform where a lin®&3rwith equationy = ax+ b is mapped to the
point (—a,b) in the dual space (see e.g. [SA95, §8.2.1]). The transwetsal convex polygon are mapped to a
region bounded from above by a convermonotone curve and from below by a concaw@onotone curve ; such

a region is called stabbing region, and the curves are esfeéoras the upper and lower boundaries of the stabbing
region. The transversals to four polygons are mapped tatkesiection of four stabbing regions. There exists no
transversal of a given slope if and only if the lower boundzrg stabbing region lies above the upper boundary of
another stabbing region at that slope. Two such boundatiesect in at most two points, and thus the transversals
to four polygons form at most a constant number of conneatetponents of transversals. O

As in Section 9.2, leP, Q, R, andS be four polytopes ifR3, with p, g, r, ands > 1 edges, respectively, and
letebe a closed edge &

Lemma 9.25. There are Qp+ g+r) connected components of lines intersecting e and tangéht@ R and S.

Proof. As in the proof of Proposition 9.23, any connected componélibes intersecting and tangent t®, Q,
R, andS contains an isolated line. The Main Lemma thus yields thexietlareO(p+ q-+r) connected components
of lines intersecting and tangent t®, Q, R andS except for the components that only contain isolated lihas t
lie in planes that contaiaand are tangent to all four polytopes.

We show that there are at most a constant number of connemtegbnents of lines intersectimgand tangent
to P, Q, R andS that lie in planes that contaimand are tangent to all four polytopes. There may be infinitely
many such planes that intersé4tQ, R andS only onlg but all the lines tangent to the four polytopes in all these
planes belong to the same connected component. Besidesiiae®s there are at most two planes contairing
and tangent to all four polytopes. In any such plane, thesltaagent to the four polytopes are the transversals to
the four polygons that are the faces, edges, or verticBs@f R, andSlying in the plane. Lemma 9.24 thus yields
the result. O

We can now prove the upper bound of Theorem 9.2.
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Fic. 9.10 —Lower bound examples for Lemmas 9.27 and 9.28.

Proposition 9.26. Given 3 polytopes with n edges in total and one polytope with m edipese are Gmn)
connected components of lines tangent to the four polytopes

Proof. Let S denote the polytope witm edges. First, ifs consists of a single point, it is straightforward to show
that there aré(n) connected components of lines tangent to the four polytopéserwise, by summing over
all the edges o8, Proposition 9.25 yields that the number of connected carapts of lines tangent to the four
polytopes isO(mn). O

9.4 Lower bounds

We provide in this section the lower-bound examples neededlieorems 9.1, 9.2, and 9.3. The following
proposition proves the lower bound of Theorem 9.2.

Lemma 9.27. There exist four disjoint polytopes of complexity n such tha number of common tangent lines is
finite andQ(n?). There also exist two polytopes of complexity n and two ppa of complexity m such that the
number of common tangent lines is finite a@nn).

Proof. We consider four planar regular polygoRs Q, R, and S, each withn vertices, embedded iR3. P is
centered at the origin and parallel to yeplane,Q is obtained fronP by a rotation of anglé about thex-axis,
andR andS are obtained fronP andQ, respectively, by a translation of length 1 in the positiv@irection (see
Figure 9.10). We transform the polygoRsand Q into the polytoped® andQ by adding a vertex at coordinates
(g,0,0). Similarly, we transform the polygori®andSinto the polytopef andS by adding a vertex at coordinates
(1+¢,0,0).

For ¢ sufficiently small, the lines tangent B) Q, R andS are the lines through a vertex BN Q and a vertex
of RN'S. SincePNQ andRN Shave 4 vertices each, there ar@4tangent lines. Now, moving andS by 2 in
thex direction ensures the disjointness of the polytopes whigsgrving the existence of the tangentsig small

enough.
ReplacingR andSin the above construction by regular polygons each witrertices yields th&(mn) lower
bound in the case of two polytopes of complexitgnd two polytopes of complexity. O

We now prove the lower bounds of Theorems 9.1 and 9.3. Thewolh proposition directly yields these
bounds since the number of isolated tangents to any foureoptiytopes is less or equal to the number of sets
of open edges and vertices in at most four polytopes thattagmisolated transversal that is tangent to these
polytopes.

Lemma 9.28. There exist k disjoint polytopes of total complexity n su@kt the number of maximal free line
segments tangent to four of them is finite &(a’k?). Moreover these segments lie in pairwise distinct lines.
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Proof. The lower bound example is similar to the one with four potitae For simplicity suppose thatandk
are such thaf and'ﬁ are integers. We first take gregular polygomA; in the planex = 0. Next we consider a
copy, By, of A; scaled by a factor ofl + €), and on each edge &, we place;'j points. PolygorB;, 1 <i < ;'j, is
constructed by taking thé& point on each edge &. If € is small enough, the intersection pointsfafandB; are
outside the other polygor; for 1 < j < % andi #£ j. Now theA;, for 2 <i < L—‘l, are constructed as copies/f
scaled by a factor 4 (€ (see Figure 9.10). For the moment, all polygons lie in pbare0. We now construct 4
families of ¥ polygons each :

- B is a copy ofA translated bye in the negativex direction

- Q is a copy ofB; translated bye in the positivex direction

- R is a copy ofB; translated by % i€ in the positivex direction

- §is a copy ofA translated by % i€ in the positivex direction
Any choice of four polygons, one in each fami, Q;, R and Sy, reproduces the quadratic example of
Lemma 9.27 with polygons of siz@ and thus with total number of tangents larger tIQ§|)44(E)2 = %“2. Fur-
thermore the lines tangent @, Q;, R andSy are only occluded by andSy for i’ > i andm’ > m, that is,
beyond the portion of the tangents containing the contaatgaor hek polygons can be transformed irk@onvex

polyhedra as in Lemma 9.27. O

9.5 Algorithm

Using the sweep-plane algorithm outlined in Section 2.1 cese compute ifD(n’k?logn) time all minimal
sets of open edges and vertices, chosen from some of th@pesytthat admit a possibly occluded isolated trans-
versal that is tangent to these polytopes. Now, for some efeHines, the segment joining the contact points
with the polytopes is free. We can use standard, but complicaay-shooting data structures in order to deter-
mine which of thes@(n?k?) segments are free ; this can be don®ifog?n)-time per query usin@((nk)2+¢)
preprocessing time and storage [AS96].

We present in this section a solution that u€¢s?k?logn) time andO(nk?) space. We adapt the algorithm
outlined in Section 2.1 to directly compute the minimal s#tedges and vertices admitting an isolated line trans-
versal that contains a free segment tangent to their ragpguilytopes. Our algorithm has better time and space
complexities than the previously mentioned approach, anéadily implementable. Moreover, the space com-
plexity drops toO(nk) if no occlusion is taken into account. Precisely, we proweftillowing theorem which is
more powerful, though more technical, than Theorem 9.4 aedtty yields it.

Theorem 9.29. Given k polytopes ifR® with n edges in total, we can compute irirBk?logn) time and Qnk)
space all the minimal sets of open edges and vertices, cHazansome of the polytopes, that admit an isola-
ted, possibly occluded, line transversal tangent to thesigtgpes. We can also compute, irirBk?logn) time
and Q(nk?) space, all the minimal sets of open edges and vertices thmit ah isolated line transversal contai-
ning a maximal free segment that is tangent to these polgtdagathermore, the algorithm reports which of the
transversals contains such a free line segment.

For ease of presentation, we describe a simplified versigheoélgorithm in which we assume that the po-
lytopes are in generic position; see Section 9.5.2 for lethising the same techniques as in Section 2, it is
straightforward though tedious to generalize the algoritbr arbitrary situations. We also only detail the algo-
rithm for the case of minimal sets of four edges, no two chdemn the same polytope ; the other sets of at most
four edges and vertices can be computed similarly.

9.5.1 Algorithm overview and data structures

The input to our algorithm is a set of possibly intersectiotytopes structured in a standard way so that classic
incidence queries can be performed in constant time (semdtance, [BY98, §9.1]).

We consider each polytope edgein turn and sweep a plane around it between its two incidergd. During
the sweep we create and maintain the following objects.
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Combinatorial polygonsThe sweep plane intersects each polytope in a (possiblyy@rophvex polygon whose
vertices correspond to polytope edges. For each of theggqmd, we maintain the set of vertices, each represented
by its corresponding polytope edge, in a data structure allatits logarithmic-time vertex insertion, deletion
and look-up operations, as well as ray-shooting queriess @&n be done with a balanced binary search tree
(see [O’'R98, §7.9.1]).

Combinatorial bitangentsThe algorithm keeps track of the lines contained in the swsape and tangent to
two polygons. The polytopes properly intersected by suchamgpent between its two supports arehteckers

A bitangent is represented by (pointers to) its two suppants a set of its blockers, ordered by polytope index,
stored in a balanced binary search tree.

Polytope edgedle associate with each polytope edge a list of pointers tadhginatorial bitangents it supports
in the current sweep plane.

Critical eventsThe sweep stops at critical events at which time combirgtpdlygons and bitangents are updated.
In addition to the V- and F-critical events defined in Sect®B.3, we introduce the following two new types
of events at which the set of blockers of some combinatoitahigents may change. #critical event occurs
whenever three bitangents, supported by@R-tuple, become aligned (see Figure 9.11b). lAgritical event
occurs when the sweep plane contains a point of interselotitmeen an edge and a face of two (distinct) polytopes
(see Figure 9.12).

Each event is represented by a data structure providinggrsito the primitives that define it : a vertex for a
V-event, a bitangent and a face for a F-event, three bitéaadena T-event, and a face and an edge for a I-event.
In addition, for a T-event, we store a bit of information sfpgng which of the line transversals tg and the three
support edges defines the T-event. Note that the criticalkevaf each critical event can be computed in constant
time from the information associated with the event; it tdoes not need to be explicitly stored.

Finally, critical events are sorted in the order in whichytla@pear during the sweep and stored inesiant
gueuesupporting insertion and deletion in logarithmic time.

9.5.2 Generic position assumption

Our generic position assumption is tihé ordered set of events does not change under any arlytariall
perturbation of the input polytopedhis assumption corresponds to (i) the events are gerart (i) no two
events occur in the same sweep plane, except for F- anddatétvents induced by the same pair of edge and face.
The genericity of the events is ensured by (but not charaettby) the following geometric conditions :

V-critical events no vertex lies on a line containing another edge,
F-critical events :no two edges in two distinct polytopes are coplanar,

I-critical events :if an edge intersects a face of another polytope, it doesaueply and not on a line containing
another edge,

T-critical events :any four lines containing polytope edges admit zero or teogversals.

9.5.3 Initialization

For each new sweep, we initialize the event queue and cat#tieicombinatorial polygons and combinatorial
bitangents as follows.

Combinatorial polygonsComputing the combinatorial polygons in the initial swedgng can easily be done in
O(n) time.

Combinatorial bitangentsThe bitangent lines to two polygosandQ in the initial sweep plane through a given
vertex of P can be computed by a binary search@in O(logn) time. The blockers of a given bitangent can be
found using one ray-shooting query per combinatorial pofydor a total time oD(klogn). Altogether, theD(nk)
combinatorial bitangents can thus be compute@(nk?logn) time.

Event queueThere areO(n) V-critical events andD(nk) I-critical events, since an edge intersects a polytope in
at most two faces. Th®(nk) edge-face intersection points are computed and storedimioee the beginning of
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Fic. 9.11 —(a) The sweep plane in which the combinatorial bitangertt aifpport edges; ande, is created. (b)
The sweep plane at a T-critical event induced by the threménts with support edgesei, e, andes. (c-d) A
line ¢ that defines an F-critical event. (d) The F-event defined dgcurs simultaneously with an I-critical event.

the first sweep ; this computation can be done by using brute fim O(n?) time, and withO(nk) space, since it
is done once for all the sweeps. For each sweep, all the V--aritidal events can then be inserteddgnklogn)
time. For each of th©(nk) combinatorial bitangents, we also insert F- and T-criteants inO(klogn) time as
explained in Section 9.5.4 (Lemma 9.30). In total, initialy the event queue tak€¢nk?logn) time per sweep.

Thus, initializing all the combinatorial polygons, bitags, and the event queue can be dor®(ink? logn)
time per sweep plu®(n?) time overhead for a total @(n’k?logn) time as announced in Theorem 9.29.

9.5.4 Updating the event queue

Every time a new combinatorial bitangent is created, we edmand insert into the queue new F- and T-events
as described below. Lej ande; denote the two support edges of a new combinatorial bitsngenlly, denote
the critical plane at which the new combinatorial bitangemtreated.

New T-critical eventsSee Figure 9.11a-b. Consider all the bitangents hagiraps support edge and compute the
set of support edges (distinct froep andey) of all these bitangents. Compute the intersection of thissth the
similar set fore, ; this can be done i®(klogk) time by ordering the edges by their indices. For each egge
in that set, insert a T-event for each line transversdl,te;, e, andes if the transversal is tangent to the three
polytopes containingy, &, andes ; this test can be done in constant time. Each of the at kiosertions into the
event queue taked(logn). Thus computing and inserting the new T-critical eventesd klogn) time per new
bitangent.

New F-critical eventsConsider in turn each of the four faces incident to one of Wwegupport edges. L& and

f denote the considered edge and face. We compute a candidagmf in constant time, as follows. Compute the
line ¢ (if any) that lies in the plan&’ containingf and goes through ande;, (see Figure 9.11c). is tangent to
the polytope containingp, ¢ defines an F-event. We reject this F-evertdoes not interse@ (in such a case, the
edgee; does not intersect the sweep plane at the F-event and thuasitiignatorial bitangent te; ande, would
have been deleted at some V-event before the F-event). Weliatsard this F-event if it occurs at the critical value
to where the (considered) bitangent is created (th&ljscontains?) ; we discard such F-events because when a
bitangent is created at an F-event, we do not re-insert the $aevent into the queue. We thus retain at most four
F-events, at most one for each of the four faces incident éoobthe two support edges. If no F-event is retained,
the bitangent will be deleted at a V-critical event and no keeritical event is created. If more than one F-event
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is retained, we need only keep the first one, since, as we smih Section 9.5.5.2, the combinatorial bitangent
will be deleted at the first of these events.

Again, letf denote the face incident to edggethat induces that F-critical event. If the other supportedg
intersects facd (see Figure 9.11d), then this event will be treated as aitit@lrevent and again we create no new
F-event. Otherwise, we insert the F-event into the que@iogn) time. We thus get the following lemma.

Lemma 9.30. Each time a combinatorial bitangent is created, the everugucan be updated in(®logn) time.

9.5.5 Processing events

9.5.5.1 V-critical events

Let v denote the vertex that induces a V-critical event. As theepw@ane reacheg all edges incident te
start or cease to be swept; we call the forrsrting edges and the latteéerminatingedges. LeQQ denote the
polytope to whichv belongs and lefily, be the sweep plane containimgWhen processing a V-event, we perform
the following operations.

Create and delete combinatorial bitangenBippose first that the critical plane througproperly intersect§).
Consider in turn each combinatorial bitangent supported tgrminating edges, incident tov and leth denote
the other support edge of this bitangent. We check all stadgdges incident te to find the edges such that the
line in My, ¢ throughes andh is tangent taQ for € > 0 arbitrarily small. We create a new combinatorial bitarigen
and delete the old one; in fact, we simply replacdy e; in the combinatorial bitangent, create a pointer from
edges; to the bitangent, and update the event queue. After hanthistast bitangent supported by edgedelete

all the pointers frong to the bitangents.

The critical plane througtcontaingO(k) bitangents through, thus, by continuity, at mo€(k) combinatorial
bitangents are deleted and created. Each deletion andocréaites linear time in the degreewplus O(klogn)
time for updating the event queue (Lemma 9.30). Hence, sheeeum of the degrees of the vertice©is), this
step take©(nk?logn) time in total for all non-extremal V-events.

Suppose now that the critical plane througis tangent tdQ and that all edges incident toare starting. For
each edge not incident to we can decide in constant time whether it supports a bitatrigeoughv in the critical
plane througlv. If so, we check, for each edge incidentaf the line in planelly, ¢ that goes through these two
edges is tangent tQ for € > 0 arbitrarily small. If so, we create a new combinatoriabbgent. By continuity,
O(k) bitangents are created in total tif®n+ kd) whered is the degree of. For each of these newly created
bitangents, we compute its set of blockers in (brute foég)) time and update the event queugdfklogn) time
(Lemma 9.30). This take®(nklogn) time per event, heno®(nk?logn) time per sweep since there are at most
two sweep planes tangent to any polytope.

Finally, if all edges incident te are terminating, we delete all tli&k) bitangents supported by these edges;
for each bitangent, deleting its blockers and the pointanfthe edge not incident tocan be done i©O(k) time.
Hence, this take®(k?) time per critical event an@(k®) time per sweep.

Update the combinatorial polygon associated w@hThis takesO(logn) time per polytope edge incident to
thusO(nlogn) time in total for all V-events.

Hence, processing all V-events take@k?logn) time per sweep.

9.5.5.2 F-critical events

We process an F-critical event as follows. begnd f denote the bitangent and face associated with the event.
Let e; ande; denote the two support edgesko$uch that; is the edge that belong tb(see Figure 9.11c-d). By
construction of F-events (see Section 9.564)Joes not intersect fack(see Figure 9.11c), thus the bitangbris
deleted and a new combinatorial bitangent is created.

Bitangentb is removed from the lists of bitangents supportedebynde, in O(k) time. The support edges
of the new bitangent are» and the edge] # e; of f that is intersected by the line in the platg(containingf)
throughle ande, (see Figure 9.11c). This edggis also one of the two edges adjacenetan its combinatorial
polygon. Edgeg; can thus be computed iB(logn) time. As usual, the new bitangent is added to the lists of
bitangents supported b} ande,. We then compute all the blockers of this new bitangent byopering one
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Fic. 9.12 —I-critical event.

ray-shooting query per combinatorial polygon, for a toitalet of O(klogn). We finally update the event queue in
O(klogn) time (Lemma 9.30).

There areO(k) F-events associated to each polytope face, @) F-events per sweep. Hence, the total
time complexity for processing all F-eventsO$nk?logn) per sweep.

9.5.5.3 I-critical events

An l-event is associated with a fadeof some polytope® and an edge; of some other polytop€. Let
p denote the point of intersection betweérande;. The sweep pland],, that containgp intersects the two
polytopesP andQ in two polygonsR, andQ,. See Figure 9.12. Poimtlies on an edge d®, ; the two endpoints
of this edge are the intersection of two edge$pfayey ande,. These two polytope edges can be computed in
O(logn) time using the combinatorial polygon associated with

Create or delete combinatorial bitangentkthe two polygons?, andQ, are tangent ap (see Figure 9.12a), the
two combinatorial bitangents whose pairs of support edgeéeg, e;) and(e;, e2) are either created or deleted at
the I-event. If these bitangents appear in the list of bitantg having edge; as support, we remove them from
the list and delete them ; this can be done brute ford@(kj time. Otherwise we create these two combinatorial
bitangents. We compute their set of occlude®{klogn) time by intersecting the bitangents with all the polytopes
using their associated combinatorial polygons. Finally,update the event queueQ@tklogn) time.

Update sets of blocker&onsider now each of th@(k) bitangents having; as a support edge except for the two
bitangents that might have just been created. We updatetits blockers as follows. First, note that only polytope
P may have to be added to, or removed from, the set of blockevs.Sltuations occur : either the geometric
bitangent segment joining the two support edgeBljnproperly intersects polygoR,, or not. In the first case
(e.g., segmenpqin Figure 9.12), polytop® was and remains a blocker of the bitangent. In the secondease
segmentpr in Figure 9.12) P has to be either removed from, or added to, the set of blockéis can be done
in O(klogk) time by searching foP in the set (recall that polytopes are ordered by their index binary search
tree).

Processing an l-event thus takeglogn) time. Since any polytope edge intersects any other polyitopé
most two points, there a@(nk) I-events which can be processeddnk?logn) time in total per sweep.

9.5.5.4 T-critical events

Suppose that on the line transversaétpe,, e3 andle (the one associated to the T-event) edge®,, e3 are
met in that order at pointgy, pz2, ps. Let Q; be the polytope containing, 1 <i < 3.

Update sets of blockerklpdate the occluder set for the bitangent with support edgaades by either removing
Q2 (if it appears in the set) or addin@, (if it does not appear in the set) ; this can be don®(logn) time.

Output.First determine if the segmepi ps is unoccluded by checking if the set of blockers of the bieamgvith
support edges; andes is empty or reduced tQ». If so and if the segment intersects the reference edtieen it
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is a free segment transversal to the four edges e, €3. In order to report each such transversal exactly once, we
report it only if the reference edgeis smaller thare, for some global ordering of all edges. This can be done in
constant time.

There areD(nk?) T-critical events per sweep (see the proof of Propositi@2)9.thus all the T-events can be
processed iD(nk?logn) time per sweep.

9.5.6 Complexity

Note first that we assume a model of computation in which bedrdkgree algebraic polynomials may be
evaluated in constant time. See [ELD6] for a detailed description of the predicates concerfimgtransversals
that are used in this algorithm.

In this model of computation, we have describe@l(@a’k?logn)-time algorithm for computing all the minimal
sets of edges, no two chosen from the same polytope, that adnisolated line transversal containing a free
segment that is tangent to all these polytopes. As mentieaelier, the sweep-plane algorithm can be easily
modified to report all types of minimal support sets.

The space used by the algorithm@$nk?) in the worst case. To see this, first notice that storing tmebioa-
torial polygons and the V-, F- and I-critical events u€gsk) space. There are al€(nk) combinatorial bitangents
in any sweep plane. Storing the combinatorial bitangents taquire®©(nk?) space since, in the worst cag¥nk)
of them may be intersected (k) polytopes. Furthermore, there may®gk?) T-events in the queue since each
of the ©(nk) bitangents may share a support waik) other bitangents. This yields the bounds of Theorem 9.4
for computing minimal free segments.

Notice that, with a slight modification to the algorithm, amalincrease in the time complexity, we can reduce
the storage requirement of the T-eventsmk). To do this we maintain the bitangents sorted by polar angle
around each vertex of the combinatorial polygons, whichezsily be done since the cyclic ordering changes only
at T-critical events or when a bitangent is created or dél&dece two bitangents become aligned only when they
are neighbors in this cyclic ordering, we only need to maintiae T-events for pairs of consecutive bitangents and
there can only b©(nk) of these at any one time.

Finally, the bounds of Theorem 9.4 that concern the comjautaf potentially occluded isolated lines tangent
to polytopes are obtained by noticing that we need not maitie sets of blockers of the bitangents which reduces
the space requirements for the combinatorial bitange ).

9.6 Conclusion

We have presented a tight bound on thenberof (connected components of) lines and maximal free line
segments that are tangent to at least four ankgmgssibly intersecting polytopes in arbitrary position. idipiem
that we leave open is to prove that the same bound holds faotdinatorial complexitef the set of all maximal
free line segments amorkgpolytopes.

We have also shown how to compute in near-optimal worst-ttameall theminimalfree line segments that
are isolated transversals to their set of supports and taigehe corresponding polytopes. We believe that our
algorithm can also be made to report all connected sets afiralrfree segments that are transversal to the same
set of edges. A problem that we have not solved, however,dertgoute in the same time and space complexities,
respectively, the polytopes supporting the endpoints®ttirrespondinghaximalfree line segments.
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Towards an implementation of the 3D
visibility skeleton

Cet article court présentant une vidéo va étre publiée dangrbceedings d23th ACM Annual Symposium on
Computational Geometfz ELW07].

Abstract

In this note we describe the contents of a video illustrangalgorithm for computing the 3D
visibility skeleton of a set of disjoint convex polytopeshelvideo can be found attp://www.
cs.mcgill.ca/~Izhang15/video/ with file namesocg07visidemo.mov

10.1 Introduction

The 3D visibility skeleton is a graph whose vertices coroespto the maximal free line segments that are
transversal to four edges of at least three distinct poBgagmd tangent to those polytopes;; its arcs correspond to
sets of maximal free line segments that are tangent to tholytopes [DDP97]. The visibility skeleton has been
used for visibility computations such as computing shadowundlaries [DDP99, DD02].

This video demonstrates a sweep plane algorithm for caqgiuhie vertices of the 3D visibility skeleton of a
set of polytopes in 3D [Goa04, BDm7].

10.2 The algorithm

The input of the algorithm is a set &fdisjoint convex polytopes in general position withedges in total.
The output of the algorithm is the set©fn?k?) vertices of the 3D visibility skeleton of the input polyhadihe
algorithm, which runs if©(n’k?logn) time, can also be used to compute the arcs of the skeleton.

The algorithm performs a rotational plane sweep around edgee of each polytope, sweeping from one
incident face of that edge to the other incident face. Theepvpdane intersects the polytopes in at modisjoint
convex polygons, which change their shape as the sweep mtates. Figure 10.1(a) shows one position of the
sweep plane, drawn as a faint grid, as it rotates around @dfjpolytopeC. PolytopesA andB are intersected by
the sweep plane. Polytoge lies above the plane, with edgein the plane. Polytop® lies below the plane.
Figure 10.1(b) shows the view inside the sweep plane. ThetquésA and B intersect the plane in convex
polygonsA and B, which support 4 bitangents. Figure 10.2 shows the 2D \ifsitskeleton corresponding to
Figure 10.1(b). The circular cycle of directed arcs gives ahdering of the 4 bitangents around polygbnthe
cycle of the remaining directed arcs gives the ordering eflhitangents around polyg@h

During the sweep, the algorithm maintains the 2D visib#ikgleton of the intersected polytopes [PV96a]. The
2D visibility skeleton for the convex polygons in the inlteweep plane is computed and then used to determine
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(a) (b)

Fic. 10.1 —(a) One position of the sweep plane. (b) The view inside theegpwplane.

Fic. 10.2 —The 2D visibility skeleton for Figure 10.1(b).

the initial queue of critical events that will occur duriniget sweep. The sweep planes at which these critical
events occur are calleent planesAt a critical event, the 2D visibility skeleton may changgetbpology and the
algorithm updates it, as well as the queue of critical events
There are three types of critical eventsVAeventoccurs when the sweep plane encounters a polytope vertex
that supports one or more bitangents in the sweep plarfeeyentoccurs when two or three bitangents become
colinear. AnF-eventoccurs when a bitangent becomes colinear with a face of dquey There ar®(nk?) events
per sweep, and they can be computed and process2akilogn) time in the usual sweep algorithm paradigm.
The vertices of the 3D visibility skeleton are captured dgrihe sweep, as they correspond to \he, F-
events whose associated bitangents intersect theedttigé the sweep plane is rotating about. After theweeps,
a description of the arcs of the 3D visibility skeleton cancbenputed, although the details are not illustrated in
the video.

10.3 Implementation issues and technical details

Although the algorithm as described in [BDD7] works for any set of possibly intersecting convex poly-
topes in any configuration, the current implementation ireguthat the polytopes satisfy certain general position
assumption'$.

18The precise definition of our general position assumptisrstriaightforward but lengthy. It guarantees, for
example, that each critical event corresponds to a unigsiéiqo of the sweep plane.
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The key predicate of the sweep algorithm compares two evanesp, to order their occurrences in the sweep.
A detailed study of this predicate and its degree is giverEliL["06].

The algorithm was implemented in C++ using tBEAL [CGA] library. We used th€ ORElibrary [COR] to
perform exact comparisons of algebraic numbers. To contpet2D visibility skeleton we used the CGAL-based
package due to Angelier and Pocchiola [AP03a], based on thed$ Flip Algorithm [AP0O3b, PVV96a].

The graphical output was produced using @@omviewsoftware [Geo] through the interface provided by the
CGALlibrary. We took snapshots of the Geomview window displayilevrotating the viewpoint to provide a 3D
view of the objects in the display window. Finally, we usbtbvie [iMo] to assemble all the snapshots together
into the final video. We used thudacity[Aud] software for the audio.
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Chapitre 11

The expected number of 3D visibility
events is linear

Cet article est paru dar®iAM Journal on ComputinfPDE* 03] ainsi que dans la thése de X. Goaoc [Goa04].
Abstract

In this paper, we show that, amongsiniformly distributed unit balls ifR3, the expected number of
maximal non-occluded line segments tangent to four balisésr. Using our techniques we show
a linear bound on the expected size of the visibility compedtata structure encoding the visibility
information of a scene, providing evidence that the storaggirement for this data structure is
not necessarily prohibitive. These results significantipiove the best previously known bounds
of O(n%/3) [DDP02].

Our results generalize in various directions. We show thatinear bound on the expected number
of maximal non-occluded line segments that are not too dogbe boundary of the scene and
tangent to four unit balls extends to balls of various butrstad radii, to polyhedra of bounded
aspect ratio, and even to non-fat 3D objects such as polyafdrmunded aspect ratio. We also prove
that our results extend to other distributions such as thesBo distribution. Finally, we indicate
how our probabilistic analysis provides new insight on tkpeeted size of other global visibility
data structures, notably the aspect graph.

11.1 Introduction

Visibility computations are central in computer graphipplecations. Computing the limits of the umbra and
penumbra cast by an area light source, identifying the sktookers between any two polygons and determining
the view from a given point are examples of visibility quertbat are essential for the realistic rendering of 3D
scenes. In global illumination algorithms, where the flowiglt in a scene is simulated according to the laws of
geometrical optics, visibility computations are exceslicostly. In fact, more than half of the overall computatio
time can routinely be spent on visibility queries in radigsimulations [HSD94].

One approach to speeding up rendering is to store globdliltigiinformation in a data structure which can
then be efficiently queried. The visibility complex, a péot of the set of maximal free line segments, has been
proposed as a unified data structure encoding the visiliformation of a scene [PV96b] and has been used for
rendering purposes [DDP02]. Other related data structnobsde Pellegrini’s ray-shooting structure [Pel93], the
aspect graph [PD90] and the visual hull [Lau94] ; see [Dufodh recent survey.

One problem with these types of data structures which mayeptetheir application in practice is their po-
tentially enormous size ; the size of the visibility compleka set ofn triangles inR3 is ©(n*) in the worst
case [DDPO02], which is prohibitive even for scenes of reddyi modest size. Worst-case examples are somew-
hat artificial and indeed Durand, Drettakis and Puech [DDP®Gvide empirical evidence indicating that these
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] \ Worst-case |  Expected |
possibly occluded lines amongst unit balls o(n*) O(n%) [DDPO2]
free lines amongst unit balls Q(n?) [+], O(n®¢) [AAS99] o(n) [+]
free lines amongst disjoint homothetic polytopes Q(n®) [dBEG98]
free segments amongst unit balls Q(n?) [+], O(n%) O(n)[+]
free segments amongst arbitrary sized ballg Q(n®) [DRO1], O(n%)
visibility complex of unit balls Q(n?) [+], O(n%) o(n) [+]

TAB. 11.1 —Known bounds on the complexity of the set of lines, free linesnaximal free line segments
tangent to 4 amongstobjects. The expected complexities are calculated for tiiferum distribution. The results
referenced by are established in this paper.

worst-case upper bounds are largely pessimistic in paldituations ; they observe a quadratic growth rate, albeit
for rather small scenes. In 2D, while the worst-case conifglexX the visibility complex is quadratic, experimen-
tal results strongly suggest that the size of the visibitiynplex of a scene consisting of scattered triangles is
linear [CF99].

Our goal is to provide theoretical evidence to support tlodsservations. To this end we investigate ¢éxpec-
ted sizeof the visibility complex, or equivalently, the expectedmier of visibility events, occurring in scenes in
RR3. A visibility event is a combinatorial change in the view afr®ving observer ; such an event occurs when the
viewing direction becomes tangent to some objects. Foradatsnvex objects in general positionR?, the vie-
wing direction can be tangent to at most four objects. Migjbévents thus correspond to maximal non-occluded
line segments tangent to at most four objects ; combindipddferent visibility events correspond to the faces of
the visibility complex.

In this paper we prove that the expected number of maximalawaiuded line segments tangent to four balls,
amongstn uniformly distributed unit balls irR3, is linear. This improves the previously known upper bouhd o
O(n8/3) by Durand et al. who proved the more general result that thea®rd number of (possibly occluded) lines
tangent to four balls i©(n®/3) for the same model [DDP02]. The intuition behind our proathiat, given a line
segment tangent to four balls, the probability that thisysegt is not occluded by any other ball is the probability
that a cylinder-like volume of radius 1 about the segmentis from the centers of the other balls. This probability
decays roughly exponentially fast with the length of thenseqt, yielding the result. Using our techniques we then
show a linear bound on the expected size of the visibility e of n uniformly distributed unit balls irR3. A
simple computation then provides us with the same resuthfoPoisson distribution.

Our results generalize in the following ways. We show thait,dertain types of visibility events, the linear
bound also applies to balls of various but bounded radii,alghedral objects enclosed between two concentric
balls of fixed radius, and even to non-fat objects such agjooly, enclosed between two concentric circles of fixed
radius, whose centers and normals are uniformly distribier the remaining types of visibility events (namely
those occurring close to the boundary of the scene — seeoBeti7.3 for the details), we prove only @in?)
bound, which is still an improvement over the bound by Durenal. [DDP02].

Of course objects in graphics scenes are seldom distrilouniéaimly or according to a Poisson point process.
We chose this model because it allows tractable proofs afrétieal results. This is important in a context where
there are few rigorous results either theoretical or expeniial. The same model, albeit with significant simpli-
fying assumptions, has also been used to study the averagaedty of ray shooting [SKHBS02, SKM98] and
occlusion culling for 2D urban scenes [NFLYCO99]. Itis irgsting to note that Szirmay-Kalos et al. [SKHBS02],
after establishing bounds on the average complexity of haptng in scenes consisting of unit balls distributed
according to a Poisson point process, tested their algosittn a small number of realistic scenes. The results they
obtain are consistent with those predicted by the the@latsults thus providing some evidence that the model is
helpful. No other model has been widely accepted by the graglommunity and, in fact, generating meaningful
random scenes usable for testing algorithms is a major @nokiNote that rather than attempting to generate ran-
dom scenes, an alternative approach, which has been usedlijotise average complexity of ray shooting, is to
fix the scene and randomly distribute the rays; see, for elg#BCCO02].)

Previous results on this topic include those that bound tieber of lines and the number of free (i.e., non-
occluded) lines amongst different sets of objects. Theysamemarized in Table 11.1. Agarwal, Aronov and Sha-
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rir [AAS99] showed an upper bound @(n*+¢) on the complexity of the space of line transversals ddalls

by studying the lower envelope of a set of functions. A stufithe upper envelope of the same set of functions
yields the same upper bound on the number of free lines tangdaur balls [DRO1]. Agarwal et al. [AAS99]
also showed a lower bound on the complexity of the space efttamsversals af balls of Q(n®) for arbitrarily
sized balls an®(n?) for unit sized balls. De Berg, Everett and Guibas [iBEG98}sd aQ(n?) lower bound on
the number of free lines (and thus free segments) tangeatit@mongsh disjoint homothetic convex polyhedra.
Recently, Devillers and Ramos [DR01] presented a sinifle’) lower bound on the number of free segments
tangent to 4 amongstarbitrarily sized balls, which also holds for non-intertseg balls. We also present a simple
Q(n?) lower bound on the number of free segments tangent to 4 armomngst balls.

In the next section we carefully define the problem and statenain results. In Section 11.3 and Section 11.4
we prove the expected upper and lower linear bounds on thdewuof free segments tangent to four balls. In
Section 11.5 we extend this result to the visibility compMse present in Section 11.6((n?) worst-case lower
bound. In Section 11.7 we discuss extensions of our resusisrhe other models. We conclude in Section 11.8.

11.2 Our model and results

We first describe our objects and their distribution. het N andp be a positive constant. A sample scene
consists ofn unit radius ballsB,,...,By whose centergs, ..., pn are independently chosen from the uniform
distribution over a universal béll of radiusR centered a©. Since we distribute the centepsoverlU, the ballsB;
may intersect each other and are contained in the ball, debict, whose radius iR+ 1 and whose center is that
of U.

We define the radiuR of the universal balll to be a function ofi satisfying

R —n/u (11.2)

The constanfi reflects the density of the balls in the sense that the exgp@tamber of centers lying in any given
solid of volumeV in the universe isj’—T[pV. (The model is interesting only if is asymptotically proportional to
R®. Indeed, if% tends to infinity whem tends to infinity, then the universe gets entirely filled uphwialls and
visibility events only occur irll* \ U. Conversely, if% tends to zero when tends to infinity, then the balls get
scattered so far apart that the probability that any foutl{me) balls have a common tangent goes to zero.)

We now define thevisibility complexof a set of objects [PV96b]. Aree or non-occludedsegment is a line
segment that does not intersect the interior of any objefted segment is maximal if it is not properly contained
in another one. Thus, the endpoints of a maximal free seganerither on an object or at infinity. We say that two
maximal free segments are similar if their endpoints lie ls $ame objects (possibly at infinity). The visibility
complex of a collection of objects is roughly defined as theifian of the space of maximal free segments into
connected components of similar segmé&htlts faces have dimension between 0 and 4 ; when the objexia ar
adequate general positionkalimensional face corresponds to a connected set of siméaimal non-occluded
line segments tangent to-4k objects.

In order to bound the total number of faces of the visibiligmplex, we first bound the number of O-faces.
To do this, we count th& 4-segmentswhich are the free segments tangent to 4 balls with endpainttwo of
those balls. Since there is a one-to-one correspondenaedrD-faces an@l4-segments when the objects are in
adequate general position, this yields a bound on the exgpextmber of vertices of the visibility complex. Note
that since the balls are containedlr, the T4-segments are also contained.in.

Our main result is the following.

Theorem 11.1. The expected number ofidsegments amongst n uniformly distributed unit bali®{s).
We extend this result to the higher dimensional faces of timepdex.

Theorem 11.2. The expected size of the visibility complex of n uniforngjritiuted unit balls i€(n).

Formally, we consider the space of free segments quotidntéle equivalence relation that is the transitive
and reflexive closure of the inclusion. In other words, tweefsegments are identified if they are both contained in
the same maximal free segment. This allows the cells of th#ipa to be connected.



138CHAPITRE 11. THE EXPECTED NUMBER OF 3D VISIBILITY EVENTS IS LINEAR

We also present a@(n?) worst-case lower bound on the numbeiTef-segments amongstunit balls inR3
(see Proposition 11.27). In fact the lower bound holds ferrtbmber ok-faces of the visibility complex, for ak
between 0 and 4.

11.3 The expected number o 4-segments is at most linear

The general idea behind the proof of the upper bound of Thedte1 is the following. For any ordered choice
of four balls, we bound from above the probability that a liséangent to these balls in the given order and is not
occluded in between its contact points with the balls. Thersum these probabilities over all ordered quadruples
of balls and all potential tangent lines to these balls.

For any two pointg andq, and positive real number, let H(p, g, a) denote the union of all the balls of radius
a centered on the line segmep (see Figure 11.1). We first show that a line is tangent to falls B;, B, B, and
By in that order only ifp; andpy are inJ{ (p;, pi, 2). Thus the volume of{ (pi, pi,2) NU gives an upper bound on
the probability that a line tangent to the four balls, in thesg order, exists.

We next show that a segment tangent to four b@j|sB;, Bx andB, in that order, at point, tj, tx andt,
respectively, is not occluded if and only if the centers d¢framaining balls are outside or on the boundary of
H(t;,t,1). The volume ofu \ H (t;,t,1) gives an upper bound on the probability that the tangent sagia not
occluded. Thus, to get an upper bound on that probabilityyeesl a lower bound on the volumeXf(t;,t, 1) NU.

To bound the probability that 84-segment exists, we integrate over the distance betywesmd p;, and over
the distance fronp; to the boundary of the univerdé. This integral is split into three parts covering the cases
where

(i) Bi andB are close to one another,

(ii) at least one oB; andB; is entirely inside the universe,

(iii) Bi andB, are not close to one another and both are partially outselariverse.
In each case we over-estimate the volumg{dfy, p;,2) "U and under-estimate the volumeJf{t;,t,1) N U. We
apply the same general proof technique in each of the thissesciVhile Case (ii) illustrates the main idea behind
the proof (Case (i) being a simplified version), extendirig itiea to Case (iii) is technically challenging because
of the difficulties caused by the boundary of the universe.

11.3.1 Definitions

LetN be the set of ordered 4-tuplésj, k,|) chosen fron{1,2,...,n} such that, j,k,| are pairwise distinct. In
our model, the probability that four centers are collinsardro, so we may assume that any set of four balls admits
at most 12 real common tangent lines [DMPTO01, MPTO01]. Moezgthe real common tangent lines correspond to
the real solutions of a degree 12 system of equations. Fosetrgf four balls we order arbitrarily the 12 solutions
of the associated system.

Given four ballsB;, Bj, B andB, we denote b)&i‘f’m, forwin {1,...,12}, the event that thet" solution of
the system is real, that the corresponding real tangenislitaagent to the four balB;, Bj, By andB; in that order,
and thatp; is not closer tham to the boundary ofl. Whenevetai‘:’j’k.I occurs, we denote the points of tangency of
that line onB;, Bj, By, By byt;, tj, t, ti, respectively. Led?, | be the event that{; | occurs and the line segment
tit; is not occluded. Notice that ﬁ’i‘j’j‘kﬂl occurs, the ballB;, Bj, B, B| define aT 4-segment, and thatB4-segment
corresponds to a uniqu’ , ;.

Letx; be the random variable representing the distance fioim p;, andy; (resp.y;) be the random variable
denoting the distance from (resp.p;) to the boundary of the universe.

In the sequel, a random poiptdenotes a point chosen from the uniform distribution aver

11.3.2 The Proof

There is a one-to-one correspondence betweef4hsegments and the evei§ , | that occur. We thus have
the following straightforward lemma. '
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Q

(@) H(pi, pr,2)

D

B

(b) H(ti,ti,1)
Fic. 11.1 —H (pi, pr,2) andJH (tj,t,1) are shown shaded.

Lemma 11.3. The expected number o#iisegments amongst n uniformly distributed unit balls is

12
> P&
(i,j,kDeNw=1

We bound the probability IPtBI k,) by integrating over the distangdetweenp; andp;, and over the distance
y from p; to the boundary of the unlverie The integral is split into three parts covering the casesre/li) the
balls B; andB, are close to one another, (jb) is at distance at least 1 from the boundaryigfand (iii) the balls
B; andB; are not close to one another apdis at distance less than 1 from the boundarglofNote that in the
last case, |6°’ K oceurs, then both ball centepsandp; are within distance 1 from the boundarylf Two balls
are conS|dered close to one another if their centers arerdban some sufficiently large constant; for technical
reasons which are embedded in the proof of Proposition 1&v@@ctually defineloseto mean distance at most 6.

Lemma 11.4. Pr(éi‘j’j_kJ) < lxge + ly>1+ Ixs6y<1, Where

6
Iy — /X:O PHE?, 4y [ X1 = X) - PIX< Xi) < X+dX),
2R
ly>1= o Pr(& i | Xi) =% ¥i > 1)-Pr(x < xj) <x+dx|yi > 1),
2R r1
lx>6y<1 :/ / Pr(& ki [ X1 =X Yi=Y, Yi <Vi)
x=6.Jy=0 ’
Pri(x<xip <x+d) Ny <Vi) [Yi=Y)
Priy <yi <y+dy).
Proof. By the Total Probability Theorem (see [Pap91]),

2R
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The integral can be split at= 6, giving Ix<s. Then applying the Total Probability Theorem on what rersaime
get

2R rR
/ / Pr(6i‘j’j7k7, [Xii =X Yi=Y) -Pr(X<Xj) <x+dx) |y =Yy) (11.2)
X

=6 Jy=0
-Priy <yi <y+dy)

which can be split ag = 1. The part corresponding yobetween 1 an® is equal to

2R rR
/ / Pr(& i [ X =% yi=y, yi > 1)
x=6Jy=1 Y
Pri(X<xip <x+dx) |yi=Y, ¥i >1)-Prly<yi <y+dy)

2R rR
< /Xfe/nyPr(éﬁ’j,kJ NX<Xip <x+dX) [yi=Y, yi > 1) -Prly<yi <y+dy).
Applying the Total Probability Theorem again, we get

2R
GPV(5i‘f’j,k‘| N(X< X < x+dx) |y > 1)
- :

which is less tham,~1. Consider now the part of (11.2) fglbetween 0 and 1. i, > y; thenéSi‘*’j_k’I does not occur
(by definition ofL{ , |), thus we have '

Pr(&% i [ Xi) =% i =y)-Pr(x< xi) <x+dx) |yi =Y)
= Pr(&fj N(X<xip <x+dx) [yi =Y)
= Pr(& g N(X<xip <x+dx)N(yr <vyi) |yi=y)
= Pr(& ki [ X1 =% Yi=Y, yi <Vi)
Prix<xip <x+dx) Ny <vi) | yi =Y).

Thus, the part of (11.2) foy between 0 and 1 is equal kg.gy1. O

Let = denote any of the following eventsx;( = x), (Xi| =X, yi = 1), Xi) =X, Yi =V, ¥I <Vi). The next three
lemmas are used to bound(B{i_”j,k"I | =) appearing in the three integrdige, ly>1 andly-6y<1.

Lemma 11.5. If a line is tangent to four balls BBj, By, B, in that order at {,tj,t,t,, respectively, then ppy €
H(pi,p,2). Also, the segmenttitis not occluded if and only if the interior ¢f (t;,t,1) does not contain the
center of any other ball.

Proof. Segmentit; is contained ind{ (pj, pi,1). Sincet; andty belong to that segment; andt, are also in
H(pi,pr,1). Thusp;, px are both ird{ (p;, pi,2). See Figure 11.1 (a).

The segmentit; is occluded if and only if some baly, y# i, j,k, |, properly intersects it, that is the center of
By lies in the interior of}{ (tj,t,1). See Figure 11.1 (b). O

(3x+8)

Lemma 11.6. Pr(p € H(pi, pi,2) | =) < =9

Proof.
_ Volume of 3((pi, pi,2)NU ,_ _ Volume of H(pj, pi,2)

Prip € 3(pi, . 2) | Z) Volume of U =< Volume of U
WhenZ= occurs ) = x and the volumes df( (p;, pi, 2) andU are 4 (3x+ 8) and I'R®, respectively. Thus

3x+8
S

Pr(pe H(pi,p,2) | =) <
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(3x+8)2
R6

Proof. If &% | occurs, ther{?, , | necessarily occurs, thus

Lemma 11.7. Pr(8% | | =) < Pr(p & H(ti, by, 1) | L0, D)™

Pr(& i | =) = Pr(8 k) L k) 12) = P& k) [ 2)-Pr& i | Lifjkrs 2)-

By Lemma 11.5, P(’f’ff)j,m | =) is bounded by the probability thatj and px belong toJ{(p;, pi,2) given =, and
Pr(6{*7’j7k’I | ﬁ’i‘f’j,k,ﬂ is equal to the probability that for afl£ i, j, k.1, point py is outsided{(t;,t, 1) given=. Since all
the points are independently and identically drawn fromuhigorm distribution ovefll, Lemma 11.6 yields the
result. O

We consider the three integralgg, ly>1 andlx-ey<1 in the following subsections, and prove that each is
bounded byO (n—la) This will complete the proof of the upper bound of Theoremlldince, by Lemmas 11.3
and 11.4, the expected numberTof-segments is less than ([2(Ix<e + ly>1+ Ix>6y<1)-

B; and B, are close to one another

We prove here thak<g is O (n%) WhenB; andB, are close to one another, the probability that there exist
two other ballsB; andBy, defining a line tangent t8;, Bj, By, B in that order, is small enough that we do not need
to consider occlusions in order to get the bound we want.

We first bound the term Px < x; | < x+dX) appearing in the integréj<s.

2

3
Lemma 11.8. Pr(x < Xj| < X+dx) < %dx.

Proof. Whenp; is given, pp must belong to a spherical shell between two spheres of cgntnd radiix and
X+ dx. The probability Pfx < x| < x+dx), if p; is known, is exactly the volume of the part of the sphericalish
insideU divided by the volume of(. The volume of the part of the spherical shell insitles bounded from above
by the volume of the spherical shell which im&dx. Since the volume of( is %TIR3 we get the claimed bound.
(The exact value of Px < x;| < x+dXx) is actually given in [Mat99, San76] but the above approxerziund is
enough for our purposes.) O

.. . 1
Proposition 11.9. Iy<g is O(n?’)

Proof. Recall that (see Lemma 11.4)
6

Ix<6 = / OPr(Z}i‘:’j.k,I | Xi| =X)-Pr(x < X <X+ dXx).
X=

By Lemma 11.7,

(3x+8)2
R6
(3x+8)2

STR

It thus follows from Lemma 11.8 that

6 (3x+8)2 3x? e, ’ 1
< _— e — = — — .
nge\/X:O =3 dex i /X:OSX (3x+8)“dx o(n3)

Pr(& ki [ Xi) =X) < Prip & H(tit, 1) [ xip =% L0 )"
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Bi is entirely inside U

For the integraly>1, occlusions must be taken into account. To this aim, we bdwml below the volume of
H(ti,t,1) NU in the following lemma.
Lemma 11.10. WhenL{> " k) oceurs andy; > 1, the volume of{(t;,t;,1) N U is greater than:; M5 Xi |-

Proof. LetK be the ball having diametggt;. Note thatk and p; are both contained it and in3(t;,t,1). The
convex hull ofp; andK is thus contained id(t;,t;,1) N U, and its volume is larger than half the volume of the
ballK, 15, plus the volume of a cone of apgk of base a disk whose boundary is a great circli adnd of height
greater thax;| — 1. The volume of that cone is at Iea?!%(xu —1) = 5Xi1 — 15 O

We now bound the probability that a tangent line segnignis not occluded by any of the othar- 4 balls,
given that the line segment; exists and the baB; is entirely contained ifl.

&) n-4 KX
Lemma 11.11. Pr(p &I, 0,1) | Xy =X Vi > 1, Li’j’kJ) < 55exp( 16)
Proof. First notice that

Pr(p g H(i,u,1) [ X1 =X Vyi>1, Li‘f’j,k,l)
_ Volume of 3 (tj,t, 1) NU

B Volume of U b= yiz1, 29

ikl

By Lemma 11.10, the volume &f (t;,t;,1) NU is bounded from below b)flzx. Since the volume ofl is ‘é‘nR3,
we get

n—4 X n—4
Prpe 3ttt D) 1 =xyi 21 £8,) < (1-155) -
Forany 0<t < 1, we havg1—t) < e ! thus

e

(1_t)n—4 < g t(n—4) _ gtnght 55t

//\

n<
Now 0< x < 2RandR > 1 sinceB; is entirely insidéll. Thus 0< < % 1and

p%\

n
Pr<p¢%(ti,tl,l) | X=X Yi>1, Li‘j’j’kﬁ,) < 55exp(

5%0)
UX

=55 exp(— 173)

The following proposition now bounds the integkal;.
o . 1
Proposition 11.12. ly>1 is O (n3>
Proof. Recall that
2R
lyo1 = / PHE kg Dy =% 12 1) Prix g <k dxyi 2 1),
X: :

By Lemmas 11.7 and 11.11 we have

3x+8)? KX
Pr(éi‘?j’k’l [Xig =X, ¥i>1) < % 55e xp(—ﬂ_))

Similarly as in Lemma 11.8 we have

3¢

dex

Prix <xj; <x+dx|yi > 1) <
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Thus we get

R (3x+8)2 uxy 3x2
< [ D aa
'yzl\/xzo Ro 559Xp( 16) re 0¥

B a3y 82 b
<n3 - 3X°(3x+8) 55exp( 1G)dx

Changing‘i—g by zwe get integrals of the kind
/ Z exp(—2z)dz
0

which is bounded by a constant and thys is O (n—lg,) : O

Bi and B, are not close to one another and Bis partially outside U

The only remaining task is to bound the integkalgy.1. As in the previous case, we need to bound from
below the volume ofH(t;,t;,1) NU. Here, however, the tangetit; can be entirely outsidé, so the bound of
Lemma 11.10 does not apply and a more intricate proof is rieétle need to distinguish two cases depending on
the distance of segmetfit; from O, the center otl.

To this aim, we introduce two new types of events. For smyR, let S"i‘j’j’k_rl (s) (resp.Nﬁ7k7| (s)) be the event
thatJLi‘j’j_’k’I occurs and the line segmdiit is at distance greater (resp. less) than 1 — sfrom O. For reasons that

will become clear in the proof of Lemma 11.15, we cons'udefy%.
The next five lemmas are used to bound the first term of therialtgg sy 1.

Lemma 11.13. For any random point p ifil, Pr(5i°:’j,k,| |Xi1 =X, Yi=Y, yI <Yi)is equal to
2
Pr(?i(f)j,k,l (Y3) [ Xi) =X Yi=Y, ¥ < yi)
® 2 n—-4
: Pr(p ¢ fH(tiatl B} 1) ‘ Xi,| = Xa Yi = y7 y| g yi7 gi,j.k_} (ys))

2
+Pr(Ni(f)j.k,| (Y3) [ Xi) =X Yi=Y, Wi < Yi)
2 n—4
~Pr(p¢3{(ta,t|,1) [ X1 =X Yi=Y, ¥ <VYi, Ni‘j’,-,kJ(yS))

Proof. &, impliesL{% | which can be split int&F | (v%), NE ki (y%), and the event that?, ,; occurs and
the line segmerttt; is at distance exactliR+ 1 — y% from O. This later event occurs with probability O, thus
Pr(éic:)j,k,l [ X=X Yi=Y,YI <VYi) =
Pr(8 k1 NI (v3) | Xi) =% Yi=Y, i <Vi)
+Pr(8 k) mNi(f)j,kJ(y%) X=X Yi=VY, Y <Vi),
which can be expanded into
P (V3) [ Xig =% ¥i =Y, i <¥i)
PSP [ X =% Yi =Y, Y1 <Vi, Ty

winy

)
+PrN (V) %01 =% Vi =Y, i <Yi)

2
Pr(8T [ Xin =% Vi =Y, i <Yis N (¥3))-

Whens—"i‘j’j Kl (y%) occurs, the probability

2

Pr& i [Xin =X ¥i =¥, Vi <Vi, T (¥3))
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is the probability that the tangent is not occluded, thapjsjoes not belong t6{(tj,t,1) for all then—4 values
of y#i,j,kI. The same argument holds ﬂsfffj’k., (y%). Since thepy are independent, we get the result. O

In order to bound the two terms in Lemma 11.13,

win

))n74 and

)"

Pr(pgﬂ(ti,thl) [Xit =X Yi =Y, Vi <Yi, T (Y

winNy

Pf(p¢9f(ti,tl,1) [Xit =% Vi =Y, Vi <Yi, N (Y
we need to bound the volume &f(ti, 1, 1) NU from below.

Lemma 11.14. Whenx;; > 6, y; <Vyi < 1, Lf"j 1 occurs and segmenttis at distance less than R1—s,
0 < s< 1, from the center ofl, then the volume dK(tj,t;,1) NU is larger thane\i@ (Xi1 —5)sv/s.

Proof. We give here the idea of the proof; full details can be foundppendix A. Lett be the closest point on
segment;t; from O, andD be a unit radius disk centeredtaih a plane containin®, the center oll. We define

a quadrilateral with verticea,b,a,b’ such thata anda’ are the closest and the farthest points, respectively, in
DNU from O, andb andb’ are the points of intersection 8D and the perpendicular bisector of segmaait(see
Figure 11.2). Lew be equal tdR+ 1 minus the distance froi® to segment;t;. We prove that the convex hull of
a,b, &, and py, which is included in(ti,t,1) N'U, has volume greater tha%q% (Xi1 —5) min(2v/2,v\ ). It
follows that, for any 0< s < 1, if segment;t; is at distance less thd+ 1 — sfrom O, thenv > s and the volume

of 3((t,t,1) NU is greater tha% (X1 —5)sV/s. O

%o

Fic. 11.2 — For the sketch of the proof of Lemma 11.94((0, 1)).

Lemma 11.15. For any random point p ifll, x> 6 and0 <y < 1,

2 n—-4
Pf(péfg{(ti,tl,l) [Xip =% Yi=Y, Y <VYi, Tl (y3)>

u(x5)y2)
<55exp| ————

p( 821

and
© 2 n—-4
Pf(p¢9f(ti,tl,1) |Xi) =X Yi =Y, Vi <VYi, N (y3))

u(X—S)y>
<b5exp( —————|.

p( 8v2m
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Furthermore, if x> 6v/R then

© 2 n—-4
Pf(p¢%(ti,tl,l) [ Xt =X Yi=Y, Vi <Vi, Nijk (y3))

<55 exp(— “éi;;?) .

Proof. Letx;| =X, y; =y and suppose first that eveﬁfﬁ’jyk,l (y%) occurs. Since; is at distancd&r—y from O, the
segment;t; is at distance less th&+ 1 —y from O, and thus, by Lemma 11.14, the volumeJéft;,t;,1) N U is
greater thalﬁﬁ (x—5)y,/¥, which is bigger thar%l—ﬁ (x—5)y? since 0< y < 1 (we boundy,/y from below byy?
only so that we can actually compute the intedrain the proof of Proposition 11.20). We now follow the proof
of Lemma 11.11, except that the volumeJé{t;,t;, 1) NU is now bounded from below bg% (x—5)y? instead of

15X We get

n—-4
Pf(p€9'f(ti7t|,l) [ X1 =X Yi=Y, ¥ <Vi, gi(f)j,kJ(y%))
< 55exp(— u(x—5)y2>.

8v2m

WhenN{ (y%) occurs, the segmett, is at distance less thd- 1—y% from O, and thus, by Lemma 11.14,

the volume of (t;,t,1) N'U is bounded from below b%% (x—5)y31/y = 6—\1@ (x—5)y. Then, as before, we
get

© 2 n—4
Pr(pgg{(ththl) | Xi,| =X, Yi :y7 y| <Yi7 Ni7j,k,| (ya))

< 55exp<—m) .

Now, if x > 6v/R, the length of the tangent, is at least ' R— 2. Sincex > 6, R> 3 and a simple computation
shows that §R— 2 is bigger than 2R+ 1 which is the length of the longest line segment that mayegtlie
insideU™ \ U. Thusdist(O,titj)) < R=R+1—swith s=1 and, by Lemma 11.14, the volume&{t;,t;,1) N U is
greater thar%\l—ﬁ (x—5). Then, as before, we get

" 2 n—4
Pr(pgg{(tiathl) | Xi,| =X, Yi :ya y| < Yi7 Ni,j,kJ (ya))

<55exp<—L;3()\(fzf[)).

O

(3x+8)?
o

Lemma 11.16. Pr(Ni‘j’jﬁk.,(y%) [Xi) =X Yi=Y, VI <Vi) <

Proof. The eveniN{" | (y%) occurs only ifC{ | occurs. The result thus follows since, by Lemmas 11.5 ar@{ 11.

2
PrL s [Xid =%, ¥i =¥, Y1 <¥i) < %- 0

Lemma 11.17.1fy < 1, then

6 2\,2
Pr(&ﬁ‘:’jk,l (v3) | X1 =X, Vi :y) < 81%%.
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Fic. 11.3 —For the sketch of the proof of Lemma 11.17.

Proof. A “far” tangentt;t, is at distance at leaft+ 1 — y% from the centeiO of U. Such a segment also lies in

H(pi,pi,1). Let E be the part ofH(pi, p,1) lying outside of the sphere of radits+ 1—y% and cente©. See
Figure 11.3 (a). Now, botlp; and px must be in the region insidé and within distance 1 frork. Denote this
region byK. Then

Volume ofK \ ?
\Volume of U

2
Pf(?{f’j,m (Y3) [ X1 =% Yi=Y, ¥ < Yi) < (

By Proposition 11.32, which we prove in Appendix B, the votiofK is bounded from above by 1& (x +
6)y, which yields the result. Here we give the intuition of theqft Refer to Figure 11.3. First notice that the “leng-
th” of K is at mostx+ 4. SinceK is enclosed in between a sphere of radand one of radiuR—y%, its “height”
is at mosty%. For the “width”, consider Figure 11.3 (b) which shows a sreection ofK taken with a plane
throughO and perpendicular tp; p;. The “width” of K is no more than 2 times the “width” &. The “height” of

E can be bounded by some constant tirylzesthus its “width” can be bounded by some constant timég = y%.
Thus, intuitively, the volume df is smaller tharfx+ 4)y§ y% = (x+4)y, up to a constant, and the result follows.

We now bound the two last terms of the intedkals y<1.

Lemma 11.18. Pr(y < yj <y-+dy) < s—gy

Proof. The even{y <y; < y-+dy) occurs only ifp; lies in the spherical shell delimited by the two spheresearent
atO of radii R—y andR— y — dy whose volume is smaller tharréR? dy. Dividing by the volume of( proves the
result. |

Lemma 11.19. For 6 < x< 2R and y< 1, we have
6xydx
=
Proof. The probability Pf(x < x;; <Xx+dxX)N(yi <Vi) | Yi =Y) is equal to the volume of the region (shown in

grey in Figure 11.4) which is the intersection of the regiobé&tween the two spheres centere@;and of radiix
andx+ dx, and the region in between the two spheres center®dhat of radiiR andR—y, divided by the volume

Pri(x < xij <x+dx) Ny <vi) |yi=y) <
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of U. We prove in Proposition 11.37 in Appendix C that the volurh¢hat region is at most 8xydx Roughly
speaking, the volume bounded by the four spheres is at nrosg 8xbecause, its “thickness” @, its “height” is
y and its “radius” isx. Dividing by the volume ofl proves the result. O

\\. o

Fic. 11.4 — For the proof of Lemma 11.19.
We can now bound the integrigl.e y<1 of Lemma 11.4.
- . 1
Proposition 11.20. Iy-gy<1 is O (n3)

Proof. Recall that

R 1
ly>6,y<1 :/ / Pr(8 ki [ Xi) =% Yi=Y, yi <Vi)
x=6Jy=0 Y

Pri(x<xip < x+dx)N(yr <Vi) |yi=Yy)
Priy <yi <y+dy).

By Lemmas 11.18 and 11.19, we get

Rt 6xydx 3dy
Ix>6y<1 < /X:6/yzopf(5i°fj,,k,| X1 =% Y=Y W S¥i)—Fg— R

By Lemma 11.13, Rﬁi(f)j,m [ X1 =X Yi=Y, yi <Yi)isequal to

2
Pr(?i(:)j,k,l (Y3) [ X =% Yi=Y, N < yi)
W 2 n—4
~Pf(p€}€(ti,tl,1) [ X1 =X Yi=Y, ¥ <VYi, S:i,j7k7|(y3))
+Pr(Ni0:)j,k,I (V3) [ %1 =% Vi =, Vi < Yi)
2 n—-4
. Pr(p g J'C(tiatl ) 1) ‘ Xi.| = Xa Yi = y7 YI g yi7 Ni(‘:)LkA,I (y3)) .
We split the integral at = 61/R. Whenx > 61/R, the distance fron® to the tangentt, is less tharR (see the

proof of Lemma 11.15), which is less th&a+ 1—y% for anyyin (0,1). Thus, for any > 6y/Randy € (0,1), the
probability Pr(&"i‘f’j Kl (y%) [Xi1 =X VYi=Y, ¥ < yi> is equal to 0. It then follows from Lemmas 11.15, 11.16 and
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11.17 thatlyogy<1 < J1 4 J2+ I3 with

6VR _ B2
:Jl—/x 817 XJ’R? 2 558xp<— “(;(\/;Ly )-6Xg3dx-?,

H(X—5)y 6xydx 3dy
55exp( 8T ) =9 R

Is / / 3x+8) B5ex ( u(XS)).nydx.S’dy
 Jx=6vR P 8V2m RS R’

by zin the three integrals angd by y in J1, we get

6VR 1 (3x+ 8)
1= [ /
y=0

Changmg

sf
1< gy ; [N [ 2y expt-zy)dzay,

K U= 3 rcvVR p1
Js < 10 ZO/Z /yzoz“yexp(—zy)dzdy

— 0 1
J <— / Z'yexp(—z)dzd
3 RI0 UZO 2—0Jy=0 y F( ) y

whereK andc are some positive constants.
Note first thatJz is bounded from above b{— yu=2 [ ,2' exp(—2)dz These integrals are bounded by a

constant, thu§s is O (@
To bound the integral% andJ,, we now compute the integral

Al
/ Z'yexp(—zy)dzdy (11.3)
z=0.Jy=0

forue {0,...,3} andA > 0, for example with Maple [Map]. Far= 0 it is equal to

exp(—A)+A-1

n (11.4)

Foru=1, the integral (11.3) is equal to
exp(—A) +InA+Ei(1,A) +y-1 (11.5)

whereEi(1,A) denotes the exponential integﬂlw dt andy denotes Euler’s constant. Finally, for= 2
or 3, the integral (11.3) is equal to

exp(—A) PL(A u— 1)+ Py(A u—1) (11.6)

whereP, (A,u— 1) denotes a polynomial of degree- 1 in A.
When A tends toe, (11.4) tends to 1, (11.5) is equivalent toAr{sinceEi(1,A) tends to 0) and (11.6) is
equivalent to the leading monomial Bf(A, u— 1) which is of degre@— 1 < 2. This guarantees that fé&r= cv/R

andu € {0,...,3}, the integral (11.3) iO(R). It follows thatJ; andJ, areO (%
SinceR® = n/y, we get thaty-gy<1 < J1+J2+J3=0 (%) =0 (n—lB) O

We can now conclude the proof that the expected numb€&desegments i®(n), because, by Lemmas 11.3,
11.4, and Propositions 11.9, 11.12, and 11.20, the expact®tber ofT 4-segments is smaller than

(i,J,k,znemlz;(o(nl)+o< 1>+O< 1>> =0(n).
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11.4 The expected number ol 4-segments is at least linear

In this section, we prove that the expected numbérésegments amongstuniformly distributed unit balls
is Q(n). To do this, we bound from below the probability that fouragivballs have a givem4-segment. The key
step is to give a condition on the relative positions of fooit balls that guarantees that they have exactly twelve
common tangent lines. We use here the notation as definedfin$é&1.3.1.

Lemma 11.21. Let e be a real number satisfyilfg@ < e< 2and let the radius R dfl be strictly greater than e.
There exists an > 0 such that for any point g U, there exist three ballB1(p), '2(p), ['3(p) of radiuse contained
in U and satisfying the following conditions :
— p and the centers of tHg(p) form a regular tetrahedron with edges of length e, and
— for any triple of pointgp1, p2, p3), pi taken fronT;(p), the four unit balls centered at pg pp; and
have exacthyl 2 distinct tangent lines.

Proof. Macdonald, Pach and Theobald proved [MPTO1, Lemma 3] thatidballs centered on the vertices of
a regular tetrahedron with edges of Iengﬂ%‘/E < e< 2, have exactly 12 distinct real common tangent lines.
Moreover, these 12 tangent lines correspond to the 12 retd of a system of equations of degree 12, thus each
tangent line corresponds teampleroot of that system of equations. It thus follows that for anificiently small
perturbation of the 4 ball centers, the 4 perturbed balllshstve 12 real common tangent lines. lset 0 be such
that the 4 ball centers can move distaade any direction while keeping 12 distinct common tangents.

Now, for any pointp € U, consider a regular tetrahedron with edge lergjtlavingp as a vertex and such that
the other vertices are at distance at leafbm the boundary ot(; for example, we can choose the other three
vertices on a plane perpendicular to the segrdgmtLet1(p), I'2(p), andl 3(p) be the balls of radius centered
at the vertices, distinct from, of that tetrahedron. By the previous reasoning, for@myl 1(p), r € '2(p), and
se '3(p), the four unit balls centered @t g, r ands have exactly twelve tangents. O

Now, by Lemma 11.3, the expected humbefdfsegments is
12

> Pr& )
(i,j,kleNw=1

Thus we only need to bound from below the probability thatabmtéi‘f’j,k’, occurs.

. 1
Lemma 11.22. Pr(ESi‘:’j’kJ) isQ <n3)

Proof. Assume thah > 8y so that the radiuR = 3/n/u of U is larger than 2 and IeE(p) be the sef 1(p) x
2(p) x M3(p) wherel'j(p) ande are defined as in Lemma 11.21. First, note that

Pr(8 1) = P87 1 N (Pis Py, Px) € T(P1))
= Pr((pi, pj; px) € T(P)) - Pr(&Y 1 | (Pis Py, Px) € T(P1)-

Sincel'1(p), F2(pr), andlz(p;) are three balls of radiwsentirely contained ifil, we have

3
4.3 309
3“5) _ pE
7] =3
STRS n

Pr((pi, pj, k) € T(P1)) = (

By Lemmas 11.5 and 11.21, the ev(aﬁft’j.k_yl | (pi, Pj, Px) € T(pr)) occurs if and only if the interior df( (t;,t,1) N
U does not contain the center of any ball. Note that the voluiné @, t;, 1) N'U is at most the volume oK (1,1, 1),
which is at most‘g—‘n+ T(2+ e+ 2¢) since the length dft| is at moste-+ 2+ 2¢. It follows that

n—4
(3 +2+e+2)
Pr(8Y ki | (Pi, Py, ) € T(P1)) = <1_3Volume(U)>
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Sincee < 2, we get, after some elementary calculations, that

6+2e)u\ "4
Pr(&% i | (pi, Py, Px) € T(P1)) > (1—(n)”> : (11.7)
We thus have - o
(e 6+2e)u\
PI(&Y ) > s (1( : ) ) '
4
Since(l— %‘)n tends toe™ (6+2)H whenn tends to infinity, we get
1
PI’( ﬁ)j,k.|) == Q (n?’) .
O

This completes the proof of the lower bound of Theorem lIntesihe expected number d#-segments
amongsh uniformly distributed unit balls is, by Lemmas 11.3 and 21.2

12 12
P = > > Q <nl3> =Q(n).

(i, kT eN =1 (i, kT en =1

11.5 The expected size of the visibility complex is linear

In this section we prove Theorem 11.2, that the expectedddittee visibility complex of a set ofi uniformly
distributed unit balls is linear.

We say that the balls are in general position if &gimensional face of the visibility complex is a connected
set of maximal free segments tangent to exactlykdballs. We can assume that the balls are in general position
since this occurs with probability 1. We give a bound on thgeeted number df-faces, fok =0, ..., 4.

Lemma 11.23. The expected number @ffaces is9(n).

Proof. A O-face of the visibility complex is a maximal free line segmnh tangent to 4 balls. Each maximal free
line segment tangent to 4 balls containB4&segment and eadM-segment is contained in one maximal free line
segment. Thus, by Theorem 11.1, the expected number oE@-fadinear. O

To deal with the faces of dimensid> 1, we divide them into two classes.&face isopenif it is incident
to at least onék — 1)-face, otherwise it i€losed When the balls are in general position, the numbek-tHces
incident to a particulatk — 1)-face is constant. In the proof of the following lemmas, aopstant can be used.
However, for completeness, we will use the exact valueswithbut justifying them.

Lemma 11.24. The expected number bffaces isd(n).

Proof. Note that a O-face corresponds to a maximal free segmenenéang 4 balls and it is incident to those
1-faces corresponding to free segments tangent to 3 amthrags 4 balls. So, a O-face is incident to exactly six
1-faces, which implies that the number of open 1-faces im&githe number of 0-faces, and is ti@@) by the
previous lemma.

Proving that the expected number of closed 1-fac€i§ can be done in a way very similar to the proof of
the upper bound in Theorem 11.1. The difference is that wsidennow only three balls and thus in all proofs,
we forget ballB. We have to consider onlf) triples of balls instead of}) quadruples, but we remove from the
integral the probability Ripx € (pi, pi, 2)|Xi| = X) < %. Since% =, this amounts to dividing the terms over
which we integrate by(3x+ 8) which does not change the general shape of the integraldy@goial multiplied
by an exponential) which are convergent. Notice #aB;, B andw now define a set of segmers, rather than
just a single segment. However, those segments define aldefsee only if none of them is occluded by one of
then— 3 remaining balls. Any particular choice of a tanggtnin the 1-face will give a relevant cylindéc(t;,t, 1)
to use in the proofs. a
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Lemma 11.25. The expected number 2ffaces is9(n).

Proof. Since a 1-face has five incident 2-faces, the tight lineantdan the number of 1-faces gives a tight li-
near bound on the number of open 2-faces. The closed caskvésl similarly to the proof of the upper bound
in Theorem 11.1. We now consid@) pairs of ballsB;,B; and we remove from the integrals the probability

2
Pr(pj., px € H(pi, P, 2)|Xi) =X) < (%) which gives arO(n) bound on the number of closed 2-faces. O

Lemma 11.26. The expected numbers®faces andi-faces ared(n).

Proof. A 3-face, corresponding to lines tangent to a ball, can oslglbsed ifn = 1. The number of open 3-faces
is linear by the fact that in general position a 2-face isdeait to four 3-faces. The number of 4-faces is linear
since a 3-face is incident to three 4-faces. O

11.6 Worst-case lower bound

We provide here &(n?) lower bound on the number &faces in the visibility complex. Recall that for the
case oh arbitrarily sized balls, Devillers and Ramos [DRO1] presera simpleQ(n®) lower bound on the number
of free segments tangent to 4 balls, which is also the nunfhertices in the visibility complex. Their lower bound
(see Figure 11.5) consists of g)balls such that the view from the origin consistsaflisjoint disks centered on
acircle, (i) § balls such that the view from the origin consistsiafisks whose boundaries are concentric circles
intersecting (in projection) all the disks of (i), and (i)tiny balls centered around the origin such that from any
point on thes€; tiny balls the view of the balls in (i) and (ii) is topologidginvariant. Note that finding a(nd)
lower bound on the number of free segments tangent to 4 batisngsin balls of bounded radii, is to the best of
our knowledge, open.

Fic. 11.5 — Quadratic view from the origin [DRO1].

Proposition 11.27. The number of k-faces in the visibility complex of n disjainit balls in R is Q(n?) for all k
betweerD and4.

Proof. We first observe that the size of the visibility complexnadinit balls can trivially be quadratic by having
the balls sparsely distributed in the space such that amyphalls defines a closed 2-face.

Getting a quadratic number of free lines tangent to foursbathongst a set af unit balls can be done by
taking ballsB; centered at2i,0,0) for 1 <i < g and baIIsB’j centered at2j,10,0) for 1 < j < g Then, for
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anyi and j, the line through the point&i + 1,0,1) and (2j + 1,10,1) is free and can be moved down so that it
comes into contact with the four balB, B; 1, B’]- andB’Hl. This argument proves that the numbekéaces, for
0 < k< 2, can be quadratic.

The free segmen(®i, 1,0)(2j,9,0) belongs to the 4-face consisting of maximal free segmerttsavidpoints
onB; and B’j. Thus there is a quadratic number of 4-faces. The bound plsieea to 3-faces by considering lines
tangent taB; and stabbings;.

In the above construction, the balls can be pushed togethey Will intersect) so that they fit inside a sphe-
rical universe of radiusy/n/p without changing the result. Note also that the above coatitn can be slightly
perturbed to obtain the same result for a set ohit balls, disjoint or not, with no 4 centers coplanar. a

11.7 Generalizations

In this section we provide several generalizations of osults.

11.7.1 Poisson distribution

Consider a set of unit balls whose centers are drawn by a 3igs&opoint process of parameiein the
universell. By aPoisson point process of parameter pUfGS92], we mean that we generafeandom points
insideU so that
(1- Volume(U))X - exp( —p- Volume (L))

ki

and for any disjoint subsetd andM’ of U, the number of the points insidé and the number of points insid¢’
are independent random variables. Note that Equation)¥ieRls that the expected number of points insitlies
H-Volume(U) = F'n.

The following simple argument shows that our results exterttis distribution. LeX be the random variable
representing the number of centers of unit balls generatexiRoisson point process with parametén U, and
letY be the random variable representing the numbdrdstegments amongst those balls. The expected number
of T4-segments is

Pr(X=k) = (11.8)

E(Y) = i E(Y|X =K)-Pr(X =K).
k=0

Theorem 11.1 giveE(Y|X = k) = ©(k) and

(3TTn)K- exp(—3mn)
k!

Pr(X =k) =

Thus

Arnk-1
E(Y)=0 (‘3‘11 nexp(—4mn) 3¢, <:(;|7(T_“)1)|>

=0O(n exp(—3mn) exp(3Tn)) = O(n).

Therefore the expected numberd-segments amongatballs whose centers are generated by a Poisson point
process with parameterin U is ©(n). Similarly this bound extends to the expected size of thibiity complex.

We now investigate various models in which we change theesbffhe universe or the nature of the objects.

11.7.2 Smooth convex universe

Our results can be generalized to the case where the uniganedonger a ball, but a homothet of a smooth
convex set with homothety factor proportional . This can be achieved by considering the radius of curvature
of the boundary of the universe, instead®n the proofs of the lemmas dealing with tangents outsideitiiverse.
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11.7.3 Other objects

Let rmin andrmnax be two strictly positive real constants. In the followinge Wwound the expected number of
T4-segments amongst balls whose radii vary in the intgry@l, rmay, amongst polyhedra each enclosed between
two concentric balls of radiimin andrmax and amongst polygons each enclosed between two conceinties of
radii rymin andrmax The centers of the concentric balls or circles are calledténters of the polyhedra or polygons,
respectively. In each caseTd-segment is calleduterif the centers of the two extremal objects it is tangent to are
farther apart thanrg,axand are both at distance less thap 2 from the boundary ofl(. Otherwise thé 4-segment
is calledinner.

For these models, the proof of tiEn) lower bound on the expected numberTaf-segments (Section 11.4)
generalizes directly because, for the kind of objects wesiclam, there always exist placements of four of them
such that they admit at least one common tangent line withijphialty one.

Balls of various radii

We have considered a model where all the balls have the sainesrédf we allow the radii to vary in the
interval [rmin, Fmax, then the proof of the linear upper bound on the expected puofinnerT 4-segments genera-
lizes almost immediately by considering the volurtéq;, pi, 2rmax) andH (ti, t;, rmin) instead ofH(p;, pi,2) and
H(ti, 4, 1),

Section 11.3.2 generalizes immediately to prove that theeed number of 4-segments tangent to four balls
Bi, Bj, B« andB; in that order such that and p, are closer to one another than&y is O(n). The only difficult
task for extending Section 11.3.2 is the proof of the follogvanalog of Lemma 11.10.

Lemma 11.28. Whenx; > 6I'max Yi = 2rmaxand Lf"J w1 occurs, the volume dF((ti, 1, rmin) VU is greater than
zﬂzlrr%ﬂn(xi,l - 6rmax)-

Proof. The proof is similar to the proof of Lemma 11.10. Refer to Fegi1.6. Letm be the midpoint of segment
tit andK be the sphere of diametsf;, centered on the poimtlying on segment; p; at distanc%rmm fromt;. The
sphereK is entirely insideH(ti,t, rmin) N U, mlies in H(t, 4, rmin) and a straightforward computation shows that
mis in U sincet; is in U at distance at leasfax from its boundary ang is at distance at mosyax from U. Thus
H(ti,t,rmin) N U contains the convex hull & andm which contains the cone of apex of base a disk whose
boundary is a great circle ¢f, and of height the distance fromto the centec of K. Now

Xij =|pipi| < [pic|+ [em + [mb[+ [t pi |

1
< Fmax+|cm + E|tit| | + Fmax
1
< 2rmax+|cm + é(xi.l + 2l max)-

Thus|cm > 2x;) — 3rmaxand the volume of the cone is at legst "g2)2(3X; | — 3rmax) = 25 2in(Xi) —6lmay). O

B

t

Fic. 11.6 — For the proof of Lemma 11.28.
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The rest of Section 11.3.2 generalizes easily for proviag tie expected number ®#-segments tangent to
four ballsB;, Bj, B andB, in that order such thas; andp, are farther apart tharr@ax andp; is farther than Bnax
from the boundary of(, is O(n). Hence the expected number of inflet-segments i©(n).

Our proof cannot be extended to provide a linear upper boarti@expected number of oufé4-segments.
This is because, if ballB; andB; are of radiugmax then a line segmertit; tangent toB; andB; might be outside
U and at distance greater thagiy from its boundary. Thed{(t;,t/,rmin) does not intersectl and we cannot
bound3(t;,t, rmin) NU from below by a positive constant as in Lemma 11.14, whichrigial for the proof of
Lemma 11.15 and thus for Proposition 11.20.

However, by not taking into account the occlusion in the pajdroposition 11.20, we get that the expected
number of outeiT 4-segments i©(n?). Refer to the proof of Proposition 11.20 and consigesr,..y<2rmae the
analog ofly 6 y<1 for this case. The analogs of Lemmas 11.6 and 11.7 yield that

3xr2,.,+8r3 )2
Pr(8 1 [ X1 =X Yi =Y, Y1 <Vi) < ( maXRG max) .

Lemma 11.18 still holds and we can easily prove the analogeairha 11.19. Both results imply that

|x>6rmax,y<2rmax X
X=6rmax

1 1
“°(w)-o(%)
Hence the expected number of inflet-segments i©(n) and the expected number of oule4-segments is
O(n?). This still improves the result of Durand et al. [DDP02] whoyed a bound 0©(nf/3) for the same model.
In this section we have assumed that the sphere centers ifmemin distributed but we have made no as-
sumption on the distribution of the radii of the spheres ia ithterval [rmin, rmad, Which are thus assumed to be

worst case. The addition of some hypothesis on the radiildigion may yield better results on the number of
outerT4-segments.

/meax 3xr2aX+8rmax)2 6xydx 3dy
y— R3 R

Polyhedra of bounded aspect ratio

Consider polyhedra of constant complexity, each encloséad®en two concentric balls of radijin andrmay
whose centers are uniformly distributedlin In such a case, as for balls of various radii, @@) bound on the
expected number of inndr4-segments immediately applies as well as@fa?) bound on the expected number
of outerT4-segments.

Polygons of bounded aspect ratio

Our proof technigue can also be generalized to non-fat 3Batbjsuch as polygons. Consider polygons of
constant complexity enclosed between two coplanar coriceirtcles of radiir min andrmax and whose centers and
normals are independently chosen from the uniform digtiobs overR® andS?. Let Ty, ..., T, be such polygons
with respective normalsy, ..., n, and centergs, ..., pp.

Four polygonsT;, Tj, Tc and T, have a common tangent line that meet them in that order orgy éind py lie
in H(pi, pi,2rmax)- This implies, as in Section 11.3.2, that the expected nurob&4-segments tangent to four
polygonsTi, Tj, T andT, in that order such thas andp, are closer to one another than some constant, I5ay,6
is O(n).

When such a tangent, denotig, exists, it is not occluded only if, for any# i, j,k,1, point p, does not lie
in the interior of (t;, 1, rmincosBy) where8, denotes the angle between and the supporting line dft; (see
Figure 11.7 (a) and Lemma 11.5). Lydbe an integer distinct from j, k andl. By the Total Probability Theorem,
the probability thaily does not occlude the tangent line segmignis bounded from above by

/2
/ Pr(py & J(ti 1y, FmincoSBy) | 8, = 8) - Pr(® < 8, < 6+ dO).
6=0
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Supporting line ofjt,

(@)

Fic. 11.7 —lllustration for the case of polygons of bounded aspecbrati

Similarly as in Lemma 11.28, when the tangghtexists X; | > 6rmaxandy; > 2rmay the volume ofH(t;, 1, rmin) N
Wis greater thamg (rmincosBy)?(Xi| — 6rmax). Thus

32R8

The probability thaBy is in betweerB and6 4 d@ is sin8d6, which corresponds to twice the area of the spherical
shell between the latitudésand® + dO on the unit sphere, divided by the area of the unit sphereKgpse 11.7
(b)). Thus wherp; is at distance greater than:6xfrom p; and at distance greater thanngy from the boundary

of U, the probability thally does not occlude the tangent line segngnis bounded from above by

Pr(py & H(ti,ti,rmincoshy) | 8, = 8) < 1

T[/Z (rmin COS@y)Z(X” - 6rmax) . _ l‘%m (Xi7| — 6rmax)
/9:0 (1— 30RE >S|nede_1—96R3

Then, similarly as in Lemma 11.11, the probability that tluegent line segment,; is not occluded, whep; is at
distance greater thamg.x from p; and at distance greater than.gx from the boundary off, is at most

. “r%in (Xi,l — 6l max) )

55 exp( %

We thus get the analog of Proposition 11.12 for the modelidensd here which implies that the expected number
of T4-segments tangent to four polygonsT;j, Tx andT; in that order such tha and p; are farther apart than
6rmaxandp; is farther than Bmax from the boundary oft is O(n).

We thus get that the expected number of infidrsegments i©(n). Moreover, as for balls of various radii,
the expected number of out€4-segments i©(n?).

11.8 Conclusion

In this paper, we proved that the expected numbérstegments amongstuniformly distributed unit balls
in R is ©(n). We also proved that the expected size of the visibility clempf n uniformly distributed unit
balls is©(n). Equivalently the expected number of combinatoriallyetidnt visibility events amongstuniformly
distributed unit balls i®(n). We then proved th#&(n) also bounds the expected numbeTdfsegments occurring
not too close to the boundary of the universe for variousratiedels such as uniformly distributed polyhedra,
or polygons, of bounded aspect ratio and constant compléar these models, we also provide®@?) bound
on the expected number of all th&-segments.

This paper is an attempt to analyze the average-case belodtie size of visibility structures. The distribu-
tion models of scene objects investigated here are theat@tinature since objects in graphics scenes are seldom
distributed uniformly or by a Poisson process. However, results are important in a context where there are
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few rigorous results either theoretical or experimentaley provide theoretical ground to support the empirical
evidence indicating that the worst-case upper bound on tingber of visibility events is largely pessimistic in
practical situations. As a consequence, there is reasoeligyb that an output-sensitive algorithm for computing
all visibility events may work in practice.

Practitioners will be concerned about the size of the com$tiaden in the® notation. We have calculated (in
the proofs of Section 11.3) this constant to be no larger #&p® 4 231 p+ 237e W3 (12 + 1/12). Of course this
is shocking. We suppose that the constant is actually muellemmHowever estimating it in practice is a difficult
problem which is still to be solved. After solving this prebi, an interesting experiment will be to compare
the number of visibility events occurring in a realistic jginéc scene with the theoretical bound for uniformly
distributed objects.

The results proved here also provide new insight on the cexitglof other visibility structures. Consider
for instance the aspect graph, a partition of viewpoint sgato maximal connected regions by surfaces along
which visibility events are observed. As explained in [Bét8he complexity of the aspect graph is dominated by
o™, whered is the degree of the surface corresponding to lines “tariger® objects andn the dimension of the
viewpoint space. For a scene composea disjoint spheresj is trivially O(n?), so the aspect graph h@gn®)
orthographic views an@®(n°) perspective views. However the results of this paper shawttte expected value
of & is ©(n) since the expected number of families of lines tangent teetlobjects (related to the 1-faces of the
visibility complex) is linear and the degree of each fam#iybounded. It would thus be interesting to get a good
bound on the expected value & and&® which is related to bounding the expected value of the sqaagethe
cube of the number of combinatorially different visibiliégyents. Note that the former would also give the standard
deviation of the expected number of combinatorially défarvisibility events. Similar observations hold for the
polyhedral case.

11.9 Appendix A. Volume of the intersection of a 3D hippo-
drome with a ball

Recall thatll is a ball of radiuRR centered a©. Let B; andB, be two unit balls whose centepsandp, are in
U, within distance 1 from its boundary, and distamce 6 apart. Letjt; be a line segment tangentBpandB at its
endpoints. The section is devoted to the proof of the follmyproposition which leads directly to Lemma 11.14.

Proposition 11.29. For any0 < s < 1 such that segmenttis at distance less than-R1— s from O, the volume
of H(t,t,,1) N Wis larger thanB%f2 (X—5)s4/8.

(a)t is not equal td; ort; ; 6 =0. (b)t is equal tat.

Fic. 11.8 —For the definition of andC (C is shown from the side view).

We proceed as follows. Letbe such that the distance frato the segmertit; is R+ 1—v, and lett be the
point on segmertit; closest taO (see Figure 11.8). Assume without loss of generality theicloser ta; than to
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Fic. 11.9 —For the definition of, &, b,b'.

t). LetC (resp.D) be the unit radius circle (resp. disk) centerediatthe plane, denote®, containing the vectors

Ot and the cross product ait andfit. Let6 be the angle between the plane orthogonatitand®. We first prove
the following lemma.

Lemma 11.30. The volume of{(t,t;,1) NU is greater than

%min (2’\/\\/g> -min <)(;2,(x—2) Cose—1> .

Proof. Let a denote the closest point @ from O, & the farthest point il N'U from O, andb andb’ the two
points of intersection of and the perpendicular bisector of segmasit(see Figure 11.9).

The volume ofH(t;,t,1) NU is greater than the volume of the convex hullab,a’,b’ and p because
H(ti,t,1) nU is convex and contains these five points. The volume of thigheadron is equal to one third of
the area of its base, the quadrilateral with vertiagds &', b/, times its height, the distance fropp to the planeP
containinga, b, a’,b’.

We first compute a lower bound on the area of the quadrilatéthiverticesa, b, &, b, If v< 2 (see Figure 11.9
(a) and (b)), then the length af is equal tov, and a simple calculation gives that the lengttbbfis equal to

24/v— sz > \/2v. Thus the area of the quadrilateeb, &, b’ is greater thaﬁ’Tg. If v> 2 (see Figure 11.9 (c)),
thenC is entirely contained ifll and the area of the quadrilaterb,a’,b’ is equal to 2. Thus, the area of the
quadrilateral is at least m(8, V\\g).

The volume of the polyhedron is thus greater tI%amin(Z, %’) times the distance from, to the planeP. We
consider two cases.

First, suppose thatbelongs to the interior of the segmet (see Figure 11.8 (a)). Then, the height is equal to
the distance from tot sincep, anda, b, a’, b’ belong, respectively, to the two planes, orthogonattand passing
throught; andt, respectively. Sincg andt; belong toB; andB, they are at least distange- 2 apart, thus andt
are at least distanc?iizLZ apart. Thus, the height from to P is at Ieast";zz.

Second, suppose thiat t; (see Figure 11.8 (b)};# t; since we assumed thiats closer ta; than tot;. Refer
to Figure 11.10. LeA andB be the orthogonal projections pf andt; onto P, respectively. Note that the lengths
of Ap andBY are the distances from andt, to the planeP, respectively.

Considering the trianglé&\Apt, and that the distance betwegrand p; is 1, we obtain thatfAp| > |AY| —
[tipi| = |AY| — 1, where|ab| denotes the length of segmati SinceA € P and the length oBY; is the distance
fromt to the planeP, the length ofAy is greater than that d@t, thus|Ap| > |Bt| — 1.

To bound the length oBt;, we now consider the triangléBtjit. The angle/Btt is the angle between the
normal of the plan@ andtjt;, that is, by definitionf. So the length oBY; is the length ofit; times co® and, since
[tit/] is at leas — 2, |BY| is greater tharix — 2) cosf. Thus the length oAp is greater tharix — 2) cosd — 1.
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Fic. 11.10 — The height fronp to P is greater thart;jt;| cosd — 1.

Hence the distance from to the planeP is greater than miff52, (x — 2) cosB — 1) and thus the volume of
H(ti,t,1) NU is greater thar% min(2, VW) min(%5= 2 (x—2)cosf—1). O

The following lemma bounds cés

Lemma 11.31. The angled is such thatos > 4.

Proof. Note first that this lemma is intuitively obvious. Indeeddg$ggure 11.8 (b)), ik is sufficiently large and
if tj is the closest point on segmdit to O, then the angle between the plane suppor@rand the segmertt; is
necessarily close tm/2, which implies thaf is close to 0. We now prove the lemma.
Refer to Figure 11.10 and consider the triangl@tt,. Let |ab| denote the length of segmeatt. Then the law
of cosines yields
[eE

|Ot 2+ [tit; |> — 2- |Ot| - tity| - cog § + 6)
Ot 2+ [tit |2+ 2+ |Ot] - [tity| - sin®
which gives that
O[> — |Ot[* — [tity|°
2-|Ot] - [tity|
The centersy andp; of ballsB; andB, are distance > 6 apart and at distance less than 1 from the boundary of
U, soltit;| >4, |Ot| > R—2 and|Ot | < R+ 1. Hence

sinG =

. (R+1)2-(R-22-4> 6(R-2) 3
siné < 2. (R-2)-4 SBR-2) 4

Using co® = /1 — (sinB)2 proves that co8 > Q. O

We can now conclude the proof of Proposition 11.29. For ary <X 1, if segment;t; is at distanceR+
1-v< R+ 1— sfrom the center oll, thenv > s. By Lemma 11.31(x—2)cos8—1 > Xz which means that

m|n( 2 (x—2)cosB—1) > 52 5 . Thus Lemma 11.30 gives that the volumeJddft;,t;,1) N'U is greater than
ef (x 5) min(2v/2,v\/V) > 6\[ (X—5) min(2v/2,5\/3) = 6\1@ Sy/S(x—5) sinces < 1. Hence the volume of
H(t,t,1) NUis greater thalh Sv/S(x—5).

11.10 Appendix B. Volume oK

Recall thatll is a ball of radiusR centered aO and letp; and p; be two points ifll within distance 1 of its
boundary and distanceapart. Lety be a real number such thakOy < 1. LetF be the open ball with cent€ and
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ENdF

oF
ouU

Fic. 11.11 —The partE of H(p;, p, 1) outsideF.

radiusR+ 1—y% andoF its frontier. LetE be the part ofH(p;, pi, 1) that is outsidé- andK be the intersection of
U with the union of all unit balls centered on pointsin(see Figure 11.3). This section is devoted to the proof of
the following proposition used in the proof of Lemma 11.17.

Proposition 11.32. The volume of K is bounded from abovel®ye (x+ 6)y.
Lemma 11.33.1f z € U is at distance less thahfrom E, then z is at distance less thhfrom ENJF.

Proof. Letze U andw € E be two points at distance less than 1 and refer to Figure 1Letiv be the point of
intersection oBF and the ray fron© throughw. For any ballB centered iril, B\ F lies in the cone of cented
and baseBNdF. Thus = H(p;, pi,1) \ F lies in the cone of cente® and basée NdF. Hence the ray fron®
throughw lies in this cone and/ € ENdF. On the other handzw/| < |zw| sinceze F, w € dF andw lies outside
F on the ray fronD throughw'. Thus, sincav € ENJF and|zw| < 1 by hypothesis, the distance franto E NoF
is less than 1. O

The above lemma implies thit is the intersection of( with the union of all unit balls centered dhnoF.
To bound the volume df, we enclosé&= NJF in a subset 0dF that will be easier to deal with.

Let B(p) denote the ball of unit radius centeredpat_et 1(p) be the point that maximizes (under inclusion)
the intersectio®F N B(q) for all q on the ray fromO throughp. A simple computation yields that the distance
betweer(p) andOis

R =1/ (R+1-y$)2—1.

ThusTtis the orthogonal projection onto the sphere centered at radiusR,. Now let (p) be the point that
maximizes (under inclusion) the intersect@éfin B(q) for all g on the radius of( throughp (that is the part inside
U of the ray fromO throughp). Similarly, 1’ is the orthogonal projection onto the sphere center&@latradius

R =min(R Ry).

Let G be the union of the spherical cagis N B(1(p)) for all pon the segment frorp; to p; (see Figure 11.12).
Let H denote the points dfl at distance less than or equal to 1 fr@see Figure 11.13).

Lemma 11.34.K C H.

Proof. ENAF is the union o@F NB(p) for all p on the segmen; p;. Furthermore, for any sugh, 0F NB(p) C
OF NB(1Y(p)) by definition of’ sincep € U. ThusENJF is contained irG.

By Lemma 11.33K is the intersection ofl with the union of all unit balls centered dhnodF. ThusK is
contained irH, the union of all unit balls centered @. O

To bound the volume dfl from above, we first bound the area of its section by pldmélksat containO and
are orthogonal to the plane, denot& p;, p ), containingO, p; andp, (see Figures 11.13 and 11.14).
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R oy

Fic. 11.12 —G, a part ofdF enclosinge NoF.

Fic. 11.14 —Section ofH by a pland intersecting segmer; p; at p.

Lemma 11.35. The area of 1N H is less tharl2my.

Proof. The section ofG by a planel is a circular arc oF. If I intersects the segmeptp;, let p denote the
point of intersection, then the circular arc is the intetisecof dF and the diskB(17(p)) NN (refer to Figures 11.12
and 11.14). Otherwise, the circular arc is the interseadiod and the diskB(t(p;i)) N M or B(T!(p)) N1 (see
Figure 11.12). The disk has radius 1 in the former case ands ks than one in the latter case. In both cases the
center of the disk is at distan® from O. Thus the length of the circular af@N M is maximal if and only ifl1
intersects the segmeptp,. Thus the area dfl NH is maximal if and only iff1 intersects the segmeptp,. Hence
we can assume that is such a plane. Lgt denote its intersection with segmemp;.

Let a andb denote the endpoints @NT1 and refer to Figure 11.14. Poirasandb are the intersection afF
and the circle i1 of radius 1 centered at'(p). The lines(Oa) and (Ob) split M N H into three parts, a left, a
central and a right part. Symmetries with respect to theslj@a) and (Ob) send the left and right parts into the
central one. Hence, the arealdf H is bounded by 3 times the area of its central part. This pallisnited by the

two rays fromO througha andb, and the two circles ifil with centerO and radiiR andey%. So, ifa denotes
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Fic. 11.15 — The length of the circular arab.

the length of the circular arab, the areaA of the central part is

A-— 2 mR-R-y§) a2 <
2n(R+1-y3) 2(R+1-y3)
We now bound the length of the arcab. We choose an orthonormal frani®(p),X,Y) in M such thatO

has coordinate), —R') (see Figure 11.14). Recall thais one of the intersection points of the circle centered at

1¢(p) of radius 1 and the circle centered@of radiusR+1— y%. A simple computation yields that the coordinates
(Xa,Ya) of a are equal to
2
_ (R+1-y3)2—1-R? _ ;

v y3 + 2R— 2R3 — 2y5
a= 2R

If R =R, then
2
2—y3
2R

=1-yi(1+ T2 ) > 12y

which implies that

Xal < /1— (- 2y8)2 = \/ayh —ayd < 28,
Now if R # R, then(R+1—y3)2 — 1 < R? by definition. Expanding this inequality yields
y3 +2R— 2Ry8 — 2y5 <0,

%>y%+2R>7R > 1
Y 2Ry “R1”

N

Thus Zy% > 1 and sincéXa| = /1— Y2 < 1 we get|Xa| < \@y%. Hence, in both cases,

1
[Xa| < 2y3.
Thus the length of the circular aabis (see Figure 11.15)
1
o= (R+1—y%)~2arcsin Lb < (R+l—y%)~2arcsin Lz .
R+1-—ys3 R+1-ys
A straightforward computation shows that ar¢gin- ix < 0 for anyx € [0,1]. Thus

1
a<(Re1-yd).on—2
R+1-ys

Wi

=4my



162CHAPITRE 11. THE EXPECTED NUMBER OF 3D VISIBILITY EVENTS IS LINEAR

Fic. 11.16 —For the computing a bound a&®.

Since the area of the middle part is less than or equab:g%,

A< 4T[y% y% =4my.

This implies that the area &f NH is less than or equal to I8 |

Lemma 11.36. The volume of H is bounded from abovelly® (x+ 6)y.

Proof. We express the volume &f by an integral using spherical coordinate®, ¢) in an orthogonal frame
(0,X,Y,Z) such that the plangD, X, Y) containsp; andp; (see Figure 11.13). A plar= constant contains the
Z-axis and thus is a plarf@. Let 14 (r, 8, @) denote the indicator function &f ; 14(r,8, @) is equal to 1 if the point
of coordinategr, 6, @) belongs tdH and to 0 otherwise. Then

Volume ofH :///1H(r,9,(p)-rzsin(pdrded(p.
@JrJe

SinceH is insidel, r - 14(r,6,0) < R-14(r, 6, 9). Moreover sifp < 1, thus

Volume ofH < R/9 (//1H(r,6,(p)-rdrd(p) de.
QJr

The double integral in parentheses is equal to the area ofdbion ofH by a planellg : 6 = constant. By
Lemma 11.35, this area is less thammd2 which is independent d. Moreover the area is equal to 0 whEg
does not intersedi. Let AB denote the angle between the two extreme plé&hgthat intersecH. Thus we have

Volume ofH < R- 121y - AB.

We now bound\6. Refer to Figure 11.16. Ldlg, andlMg, be the two extreme planes that intersdct_et u;
andu, be the two points of intersection &f with g, andlMg, respectively y; anduy, lie ondU. Let o andoy be
the two points inG at distance 1 fromy; anduj, respectivelys?(p;) and(p;) are at distance 1 from; andoy,
respectively.

The angle between the two extreme plafigsandllg, is, as before,

|UiU||/2 ‘UiU|‘/2:_,_[|UiU||'

Ae = 2 i F
arcsin R R

< 2T

Now we boundu;u| by the length of the polygonal line shown in Figure 11.16.

uiw| < |uioi] + o (pi) | + [T (pi) pil + [pipi |+ [Pt (pn) |+ [T (pr)a| -+ [oru|
=1+1+[(p)pi| +x+|pT(p)|+1+ 1
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We show that!(p;)pi| and|p 0 (pr)| are less than I7'(p;) is insidelUl at distance less than 1 frodf which lies
outsidell. ThusTt () is insideU at distance less than 1 from its frontier. Poinis also insidell at distance less
than 1 from its frontier. Sinc@; and1/(p;) are on the same ray starting fra® they are at distance less than 1
apart. Similarly forr?(p;) andp;. Hence

Therefore
Volume ofH < R-12my- A8 < 1212y (X + 6).

Proposition 11.32 follows from Lemmas 11.34 and 11.36.

11.11 Appendix C. Volume of the intersection of two
spherical shells

We prove in this section the following proposition used ia groof of Lemma 11.19.

Proposition 11.37. Let R> 0, x € [6,2R], y € [0,1] and p be a point at distance Ry from O. The volume of
the intersection of the region in between the two spheretemhat p and of radii x and % dx, and the region

in between the two spheres centered at O and of radii R ard/RRsee Figure 11.17) is bounded from above by
8rixydx.

Fic. 11.17 — For the proof of Proposition 11.37.

Proof. Define the ballB; with centerO and radiusk, B, with centerO and radiuR —y, Bz with centerp and
radiusx and finallyB4 with centerp and radius-+dx. Let'V denote the intersection ¢B; \ Bz) and(B4\ Bz). We
prove that the volume of is less than &xydx

Sincedxis infinitesimally small, the volume d&f is AdxwhereA is the area of the intersection of the sphere
0Bz with By \ By.

Let (p,X,Y,Z) be an orthogonal reference frame whose cent@rand whosex-axis is oriented alonng)
(see Figure 11.17). Notice that all spheres are centeredatraxis. LelC; (resp.Cy,Cs) denote the circle that is
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Cylinder of radius
X .
A Annulus of outer radiug and AX /e _ X2 and

I ius: /x2 — X2
inner radius, /x? — X{ | heightX, — %o

Cylinder of radius«

,,,,,,,,,,,,,,,, and heightX; — X; - B
B1 -
,,,,, Y SN Ll
By
\ .
I Annulus of outer radiux '\ Annulus of outer

\\\ ‘ . .
' 1 and inner radius/x2 — X2 o radius,/x2 — X?

hYe) and inner radius

(@) (b) \/W

Fic. 11.18 — For the proof of Proposition 11.37, case 1.

the boundary of the intersection Bf (resp.By,Bz) and the planép, X,Y) in which Figure 11.17 is drawn. The
equations of these circles are, in the frafpeX.,Y),

Ci: (X+R-y)?+Y2 = R
C: (X+R—y)2+Y?2 = (R-y)?
Cs: X24+Y2 = X2

SinceCs is centered at a point dfp and has radiug > 6 > 1 >y, Cs intersects or enclos€} andC;. In fact,
Cs intersects or enclos€y andC, in one of the three following ways.
Case 1:1f 6 < x < 2R— 2y thenGC; intersects botle; andC; (see Figure 11.17 (a)).
Case 2 :If 2R— 2y < x < 2R—y thenCj intersect$C; and enclose€; (see Figure 11.17 (b)).
Case 3 :If 2R—y < xthenCs3 encloses botl; andC,. In that cas€) is empty and the volume is 0.

In the first case, leX; (resp.Xp) be the abcissa of the points of intersection of cir€legresp.C;) andCs.
Note thatX; > X, and their values can be computed directly from the equabbtise circlesC;,C, andCs :

o _ R —x?—(R—y)? " — —x?
S =N VA 2T 2R—2y

Using the fact thay < x < 2R— 2y we get

Xi—Xo — y(ZR_)—y<1+ y ><2y,

2R—2y 2R—2y
2x% —y(2R—y) X
X — = < < 2X.
X1 — X2 2R72y \2x2R72y\2x

We now bound from above the argaof the surfacedB3 N (B; \ Bz) by the area of a larger surface which
depends on the sign of;. If X; > 0, the surface consists of a cylinder of axis ¥axis, of radiusx and height

X1 — X2, and of two annuli in the planeé = X; andX = X;, of inner radius.\/x2 - X12 and\/x2 — X22, respectively,
and outer radiug (see Figure 11.18 (a)). ¥; < 0, the surface consists of a cylinder of axis ¥waxis, of radius

/X% — Xl2 and heightX; — Xp, and of an annulus in the plade= X,, of inner radius, /x2 — X22 and outer radius

X2 — X2 (see Figure 11.18 (b)). In both cases that surface is langedB3 N (B1 \ By) by convexity.

If X, > 0, the area of the cylinder iS®(X; — X;) < 4rxyand the area of the annuli ame? — 11(x% — X?) = TiX2,
i =1,2. SinceX; > 0, X; < y < xand thugiX? < Txy. We also have from the expressiongfthatR? — x2 — (R—
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y)? > 0 and thus? < y(2R—y). Thus

=T X X ey R X (g Y
TRy Ry SRRy T YRy \" T 2R—2y )

s

It thus follows fromy < x < 2R— 2ythatTr)(22 < 2mxy. HenceA < 7Ty.

If X3 <0, the area of the cylinder isng/x2 — X12(X1 —X2) < 2rmx(2y) and the area of the annulusn'$x2 —
X2) — (X2 — X2) = T(Xg — X2) (— Xz — X1) < 41xy. ThusA < 8mxy.

Consider now the second casR 22y < x < 2R—Yy (see Figure 11.17 (b)). For a fixed valueyfA is the
area of a spherical cap whose perimeter and curvature desrax increases. Thud is a decreasing function of
X. Since the boundl < 8mxy is valid for x = 2R— 2y and 8wy is an increasing function of, A < 8rxy for any
X > 2R—2y. O

<
<
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Chapitre 12

An upper bound on the average size of
silhouettes

Cet article a été soumisBiscrete Computational Geometf@L06]. (Voir également le rapport de
recherche [GLO7].) Une version préliminaire a été publidéesdes proceedings @2th ACM Annual Symposium
on Computational Geometflio6].

Abstract

Itis a widely observed phenomenon in computer graphicshigasize of the silhouette of a polyhe-
dron is much smaller than the size of the whole polyhedrois paper provides, for the first time,
theoretical evidence supporting this for a large class @aib, namely for polyhedra that approxi-
mate surfaces in some reasonable way ; the surfaces may m®neex and non-differentiable and
they may have boundaries. We prove that such polyhedra liaeaisttes of expected siz@(,/n)
where the average is taken over all points of view aiglthe complexity of the polyhedron.

12.1 Introduction

The silhouette of a polyhedron with respect to a given viemgs, roughly speaking, the set of edges incident
to a front and a back face. Silhouettes arise in various problin computer graphics such as hidden surface
removal and shadow computations (see [Dug04, DD02, EGHHicB@ome recent references) and algorithms to
compute them efficiently have been well-studied (see theegury Isenberg et al. [IFH03]). They are important
in shape recognition ; Sander et al. [SEW] claim that the silhouette “is one of the strongest visusds of the
shape of an object”.

It is a widely accepted fact that the silhouette of a polybads usually much smaller than the whole polyhe-
dron. Sander et al. [SG@®O0], for instance, state the largely repeated claim thasilheuette of a mesh is often
of size®(,/n) wheren is the number of faces of the mesh. An experimental study litnKeand Welzl [KW97]
confirms this for a set of realistic objects. This experirabatudy was extended by McGuire [McG04] to a larger
database of larger objects for which the observed size dfitheuette is approximately’8.

There are few theoretical results supporting these obsenga Kettner and Welzl [KW97] prove that a convex
polyhedron that approximates a sphere with Hausdorff tgta has®(1/¢) edges, and a random orthographic
projection of such a polytope h&1/./¢) silhouette edges. Alt et al. [AGGO03] give conditions undéich it can
be proved that the average silhouette ebavexpolyhedron has siz&(,/n) and give additional conditions under
which the worst-case size is provably sub-linear.

The goal of this paper is to study the average silhouettedizmn-convexpolyhedra. Convexity is a very
strong assumption, which was crucial in the previous théaeresults. Here, rather, we assume that the poly-
hedron is a good approximation of some fixed (not necessawityex) surface. Notice that it is very difficult to
guarantee anything on therst-casecomplexity of the silhouette of a polyhedron unless it apprates a strictly

167
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Fic. 12.1 —A worst-case linear silhouette (left) of a polyhedron apgmating a cylinder.

(@) (b) (c)

Fic. 12.2 —Three different notions of silhouettes : (a) outline of aickohs cast by its shadow, (b) rim of an
opaque object, and (c) rim of a transparent object.

convex surface. Alt et al. [AGGO03] give an example of a potytad approximation of a section of a cylinder with
worst-case silhouette sif(n) (see Figure 12.1). Moreover, their example can be modifisdiah a way that the
surface is smooth, and its polyhedral approximation is &="ras one might hope (for instance, it can be required
that the faces are fat triangles that all have almost the séag

In this paper we prove an upper bound onélpected sizef the silhouette for random viewpoints. We prove
that the silhouette of a polyhedron that approximates aseearih a reasonable way has expected Gizgh). Note
that the average is taken over all viewpoints for a givenasgrfand not on a set of surfaces.

In Section 12.2, we define precisely the notion of silhouéttepolyhedra and general surfaces. We then
present and prove our main result in Section 12.3 and coadtu8ection 12.4.

12.2 Definitions

The term silhouette has been used in the literature to repreeveral different notions, depending on the
application, reflecting such issues as : is the object censitiopaque or transparent? Is occlusion taken into
account ? Is one interested by what the eye perceieesa plane curve, or by the space curve which gave birth to
it ? In the area of photography, for instance, a silhouetso(ealled apparent boundary) is defined as an outline of
a solid object, as cast by its shadow, that appears darksigaliyht background (Figure 12.2(a)). In the field of
computer vision, by contrast, the silhouette (also caliex] profile or contour generator) is roughly defined as the
curve on the surface that separates front face regions fierhdck ones, either for opaque (Figure 12.2(b)) or for
transparent (Figure 12.2(c)) objects.

In this paper we prove an upper bound on the size of the tramspsilhouette ; since such a silhouette contains
the apparent boundary and the contour, our bounds also &pplythese types of silhouettes. In the rest of the
paper the term silhouette will be used to mean transparkioistte.
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In the rest of this section we give a formal definition of sillettes of polyhedra and then provide a definition
for more general surfaces.

12.2.1 Polyhedra

The (transparengilhouetteof a polyhedron from a viewpoint (possibly at infinity) is thet of edges that are
adjacent to a front face and a back face. A face is considefamhtface if the angle between its normal vector
and a vector from a point of the face to the viewpoint is acate] a back face if that angle is larger thaf®. If
the point of view is in the plane containing the face, we rédghe definition of silhouettes for the case of general
surfaces. The normal vectors should point outwards, but vefadly matters is that the orientation is consistent for
the two faces that share this edge, so this definition alsbespie non-orientable (necessarily self-intersecting)
polyhedra.

In this paper, we call complexity of a silhouette (of a polgtan) its number of edges.

12.2.2 General surfaces

Our objective is to bound the size of the silhouette of a petiybn. To achieve this goal, we need to relate the
silhouette of the polyhedron to the silhouette of the swid@pproximates, which means we need a definition of
silhouettes that applies to a larger class of objects. Algihadhis may seem unintuitive, we first define the silhouette
as a set of rays, and then relate this to the more usual cooteset of points on the surface.

Let Sbe a compact 2-manifold without boundary. It separ&&# two non-empty open regions ; call and
0" their closures (s@ N ¢’ = Sand ¢ U ¢’ = R3). LetV be a viewpoint not or$ but possibly at infinity. The
(transparent¥ilhouetteof SfromV is the set of ray® starting fromV that are tangent t8in a non-crossing way
(R may crossS elsewhere). More formally, we require that there exists p@nosegment of R that contains a
connected component &1 Sand is contained either iff or &”.

This definition defines a set of rays. The silhouette can atseden as the trace of this set of rays on the
surface. More precisely, for each r&on the silhouette, we consider the closest poin¥ ton each connected
component oRN Sthat satisfies the non-crossing property. This definitiaroissistent with the one given for the
particular case of polyhedra, and is the one we will use & plaper.

For a given viewpoint at infinity, we define the (projectégthof the silhouette as the length (counted with
multiplicity if several points have the same projectionjtté projection of the silhouette, along the direction given
by the viewpoint, on an orthogonal plane.

Remark. The definition of the silhouette can be extended to casesafdisnot a 2-manifold, but an immersion of

a compact 2-manifold. More precisely, we have a 2-mani®lahd an applicatiori : S — RS such thaS= f(S)

and for any point or8 there exists a neighborhott of that point such that) and f (U) are homeomorphic. The
local orientation is sufficient to decide whethRrrossesS or not (note that more complicated things can happen
than crossing or being tangent, even with smooth surfacesngtance, the surface may ripple an infinite number
of times in the neighborhood of a point, making it imposstbldefine on which side & Ris near the intersection
point). This remark extends to the whole paper and, in pdeicto Theorem 12.1. However, we do not give either
a definition or a proof of this, as it would uselessly make ytréng more obscure.

12.3 Main results

Let Sbe a compact 2-manifold without boundary whose silhouétte® finite average length, si®, where
the average is taken over all viewpoints at infinity. Betbe a polyhedron withm triangular faces, that is homeo-
morphic toSthroughf, : P, — S such that :

1. the length of any edge &% is at Ieast% and

2. for any pointx on Py, d(x, fa(X)) < &\/(ﬁx) whereh(x) is the smallest height of the triangle(s) i&f that
contain(s),

wherea andf are two arbitrary positive numbers ad()) denotes the Euclidean distance.
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Theorem 12.1. The expected complexity of the silhouette pfsPO(1/n), where the average is taken over all
viewpoints at infinity. More precisely, for any n, the expdatomplexity is at most

(15[5+ %‘ siIh(S)) NG

Note that the bound is valid for amyand any polyhedroR, satisfying the above assumptions. Note also that
the bound depends @wonly by the average length of its silhouette.

We first clarify the meaning of the hypothesesRrand their implications. We then prove Theorem 12.1 in
Section 12.3.2. We finally show in Section 12.3.3 how Theot@m can be generalized to surfaces with boundary
and viewpoints at finite distance. In particular, we proweftiilowing result.

Let S be any compact two-manifold with boundary of finite lengthl avhose silhouette has finite average
length (taken over all viewpoints at infinity).

Theorem 12.2. Any mesh Pwith n triangular faces that approximate$ &cording to Hypotheses 1 and 2 has a
silhouette of expected complexityZn) when the viewpoint is chosen uniformly at random in a ball.

12.3.1 Meaning of the hypotheses

Hypothesis 1 is here to avoid short edges. The main idea @frthadf is to link the complexity of the silhouette

to its length, and arbitrarily short edges would make thipassible. Now the% factor makes sense : intuitively,

since the polyhedron hasfaces, each face has area of orﬁewhich means that the edges have length of order
1

NGE
Hypothesis 2 is rather technical, and we discuss insteadnttemning of the following two more intuitive
hypotheses, which, together with Hypothesis 1, irdplgypothesis 2.

3. The faces oP, are fat.
4. For anyx on Py, d(x, fa(X)) < ¥, whereyis some positive constant.

Hypothesis 3 is quite natural. Hypothesis 4 ensuresRhapproximates. Furthermore, thé; factor is reaso-

nable ; indeed, in 2D, when considering a regular polygoh wige Iengtt@(%) inscribed in a circle of radius

1, the maximal distance between a point on the polygon anditble is 9(%). The situation is the same in 3D.
Basically it means that the error when approximating théaserwith a plane is of the second order.

Our hypotheses (1-3-4 or 1-2) ensure that the homeomorphidms good properties, that is that, roughly
speaking, the polyhedron can be obtained by only a smallgmtion of the surface while keeping the normal vec-
tors in approximately the same directions. This is cruaabiur proof since otherwise, for example, a cylinder can
be approximated by a lantern of Schwarz [Sch90] (see Fig2t®&(d)) whose silhouette has expected complexity
O(n) and unbounded length.

Notice that the existence of polyhedra with arbitrarilygmumber of edges that approximate the surface
according to these hypotheses is a constraint on the suffaiteevery surface admits such an approximation
(think of the neighborhood of 0 in the surface definedzby (x% +y?)'/8 as shown in Figure 12.3(b)). However,
the class of surfaces for which such approximations exigtiite large. It includes, in particular, smooth surfaces
and polyhedra with fat faces.

12.3.2 Proof of Theorem 12.1

We consider a point of view chosen randomly at infinity. We kalhe length of an edge of polyhedronP,
and6, the exterior dihedral angle associate@{@ee Figure 12.4).

Let Te denote the union of the two triangles adjacent to egl{jacluding e but not the other edges). For any
partR of S, let silh(R) be the average length of the part of the silhouett8 thfat lies inR.

2OIndeed, for anyin P,, Hypotheses 1 and 3 imply thiagx) > &/./n for some positive constadt, Hypothesis 2
then follows from Hypothesis 4 sindg€x)//n > 6/n > 8/y-d(x, fn(X)).
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ine

Fic. 12.3 —(a) Two half lanterns of Schwarz (courtesy of Boris Thibe(th) A surface that cannot be approxi-
mated with the right properties.

2]
’

Fic. 12.4 —(a) Length and dihedral angle of an edge ; (b) set of direstionwhiche s on the silhouette.
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We first recall a classical formula on the expected size bbsiéttes which can also be found, for instance,
in [McGO04].

An edgee is on the silhouette if the direction of view is in the darka the sphere of directions of Fi-
gure 12.4(b). The angular measure of this regionfg #vhich means that the probability farto be on the
silhouette i/t The expected number of edges on the silhouette is thus

1
E== Be.
T[edQXe e °

We now state our main lemma. The general idea of this lemnietamnder strong hypotheseshas bounded
curvature, the edges have Ien@l(l%), and Hypotheses 3 and 4 are satisfied), one can prov@gr@t% for
some constartt. In cases where this inequality does not hold, edigenear some kind of edge of the surface,
or at least some feature that will appear quite often on thewsette and we are going to charge this edge to the
silhouette ofS.

Lemma 12.3. For any edge e on?

C 8m._. ,
< — 4 — T. = )
Be < NP silh(fn(Te)) with C=313

Theorem 12.1 follows from Lemma 12.3. Indeed, siﬁgélas% edges, each of length at qu% (by Hypo-
thesis 1), we get that the expected complexity of the siltteus

because z silh(f, (Te)) = 3 silh(S) since the length of the silhouette Bthat lies in the image (througfy) of
edge e
a triangle is counted three times (once per edge). Hence,

E< (15;3+ i“snh(3)> V=0 (V).

Proof. [Proof of Lemma 12.3] The idea of the proof is as follows. Qdasthe set of directions for whiahis on
the silhouette. We first construct a subSebf these directions whose measure is a constant tB@es% (see

Figure 12.5). We then prove a lower bound on the length of ilhewsette of f,(Te) for all these directions, and
deduce the result.

Let C be a positive constant, whose value will be defined later Espmtion 12.2). For any edgeon P,, we
can assume th&. — % > 0 since, otherwisee < % and there is nothing else to prove.

The set of directions for whichis on the silhouette is the set of directions between thegslaefined by the
faces adjacent te. Rotate each face abogiby an angle szTCm so that the exterior dihedral angle decrease%hby
(see Figure 12.50 is defined to be the set of directions between these two naveglidnat make an angle larger

thantt/3 with the line supporting. The measure of the set of directions between these twogplam6. — %).

Restricting this set of directions to those that make anelager thant/3 with the line supporting, we get, by
integrating on the sphere of directions, that the measu€eisf2 (6. — %).

The remaining step uses the property, which we prove in Goyol2.5, that for all the directions i@, the
silhouette off,(Te) has length at least/4. Assuming this temporarily, we sum this inequality o@rThe smal-

ler side of the inequality is 'g(ee— %). The larger side is the integral of the length of the silhtaief f,(Te)

over all directions i, which is smaller than this same integral over all directidhat is 4tsilh( f,(Te)). Hence
4nsilh(fa(Te)) = 'g(ee— \%), which concludes the proof. O

We now state a lemma and its corollary which we used in thefpgblbemma 12.3 under the hypothesis that
Be — \% > 0. We can thus assume in the sequel that this property holds.

Let € be the segment obtained by clipping fraall the points at distance less th&nfrom its extremities.
Refer now to Figures 12.6(a)—(b).
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Fic. 12.5 —Construction ofQ.

(@) Orthogonal projection (b) For the definition oDy.
along d of € and of the
silhouette offy(Te).

Fic. 12.6 —For the proofs of Lemma 12.4 and Corollary 12.5.
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Lemma 12.4. Any line with direction d= Q that intersects‘ecan be translated in a direction orthogonal to e and
d until it becomes tangent to S ip(Te).

Corollary 12.5. For any direction d inQ, the silhouette of{ Te) has length at Ieas%.

Proof. Consider the projection @& and of the silhouette df,(Te) onto a plane orthogonal th(see Figure 12.6(a)).
It follows from Lemma 12.4 that, in that plane, each pointloa projection o maps to a point on the projected
silhouette in the direction orthogonaléb Hence, the projected silhouette is longer than the prioject €, which

is at Ieas@ times the length of' sinced makes an angle of at least3 with €. Thus the silhouette of,(Te) has
length at Ieas@'fe > IZe- O

Proof. [Proof of Lemma 12.4] LeD denote a line with directiod € Q that intersect®. Let T; and T, denote
the two triangles adjacent wand leth; andh, denote their respective smallest heights. yiet ph;i//n, X* =
max(x1,X2), andx~ = min(x1,x2). Refer now to Figure 12.6(b). We cdll;, t € [-x~,X"], the line obtained
by translatingD at distancelt| in a direction orthogonal to the plane defined dgndd; positive values of
correspond to lines in the half-space bounded by the plafieedebye andD, and not containind@e ; negative
values oft correspond to lines in the other half-space. For claritygeeoteD_,- by D~ andD,+ by D*.

By constructionD is at distancg™ from Te. ThusD* does not intersedi(Te), by Hypothesis 2. We prove
thatD~ intersectsf,(Te) and that no lined; intersects the boundary df(Te). This will imply that, sweepind:
from D to D, the first lineDy, that intersectdy(Te) is tangent tofn(Te) at one of its interior point, which will
conclude the proof.

We first prove that no lin®; intersects the boundary éf(Te). In other words, we prove that, for each edge
€* on the boundary ofe, no lineD; intersectsf,(€*). Let T; be the triangle (ofs) containinge*. By Hypothesis 2,
it is sufficient to prove that the distance betwé®rande* remains greater than or equalyofor all t.

First notice that it is sufficient to prove that the distaneéA®eenD; ande* remains greater than or equalyo
for allt € [-x~,0]. Indeed, then, the distance betwd®n= D ande* is at leasix;, and the distance betweén
ande* increases fot > 0 (see Figure 12.6(b)).

Let I be the smallest anglé can make with the plane containifigand refer to Figure 12.6(c). L& be
the point of intersection betwedh and the plane containing andw be the distance betweeq and the point
on € that realizes the distance betwd@nande®. The distance betwedd, ande* satisfied(Dy,e") > v sinll >
d(A:,€")sinlC. Hence, for proving thatl(D;,e") > x; for t < 0, it is sufficient to prove thad(A;,€") > s,.Xﬁ for
t<0.Weseta= SIX# to simplify the notation.

We just proved thatl(A;,€*) > a impliesd(Dy,e*) > x; (for all t). Conversely, we have thatD;,e*) < x;
implies d(A;,e*) < a. Similarly, for edgee, we get thatd(D;,e) < x; impliesd(A;,e) < a. By definition of Dy,
we have thatl(Dy,e) < x; fort < 0, thusd(A;,e) < afor t < 0. Furthermore, the angle betweeand segment
{A |t € [-x,xT]} is at leastrt/3 because this angle is at least the angle between theirgamiabprojection on
the plane defined bg andD that is the angle betweanandD since allA; lie in the plane spanned iy, which
projects onD ; the lower bound oft/3 follows since the angle betweerandD is at leastri/3 by definition of
Q. Hence, the locus of point, fort < 0, lies in a region, denoted, shown in dark gray in Figure 12.7(a). For
proving thatd(A,e*) > afort < 0, itis thus sufficient to prove that this region does notrseet the set, denoted
Y, of points at distance less tharfrom e* (shown in light gray in Figure 12.7(a)).

Referring to Figures 12.7(b)—(c), Iptbe the endpoint of the closest t&* ands be its projection on the line
supportinge*. If the two regionsy’andY’ intersect, there exists a poigin the intersection that is at distance less

than or equal to%afrom p and at distance less than or equahtisom e*; thusd(p,s) < d(p,e*) < d(p,q) +

d(g,e") < (1+ %)a. On the other handi(p,s) is one fourth of one of the heights of the triangleand thus is

at Ieast%. Hence, if the two regions intersect, th%ng (1+ %) SIX# We postpone to Lemma 12.7 the proof
sinl
concludes the proof that no lir# intersects the boundary &f(Te).
We now prove thab~ intersectsf,(Te). Consider a projectiorp(), along the directioml onto a plane ortho-
gonal tod. We proved that, for any of the two triangl&s Y is at distance at leagt from each edge* # e of T,.
It follows thatY lies in triangleT; and thus thab; intersectsT; for all t < 0. ThereforeD ™ intersectsT; and is at
distance at leagy; from each edge* # e of T;, fori = 1, 2. FurthermoreD~ is at distancg™ = min(x1,X2) from

that, withC = 3133, we have% > (1+ %) Xi_ which implies that the two regionéandY’ are disjoint. This
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(b)

Fic. 12.7 —For the proof of Lemma 12.4.

Fic. 12.8 —Projection ofdT;, f,(dT;) andD~.

e, by definition. We now consider the triandlefor which; = x~. It follows thatD~ is at distance at leagt from
all three edges of;. ThusD~ projects to a poinP = p(D™) inside trianglep(T;), at distance at leag; from the
three edges op(T;) (see Figure 12.8).

Roughly speaking, by Hypothesis 2, the cufyédT;) is at distance less thgg from 0T, (the boundary of
T;) thus its projectiorp(fn(dTi)) is at distance less thag from the edges of(T;). It is thus intuitively clear that
p(D™) intersecty( fn(Ti)), and thus thab~ intersectsfy(Ti) (and thusf,(Te)).

More formally, consider the applicatiap from the trianglep(T;) to the plane containing it such that, for any
point x in T, the pointp(x) is sent to the poingn(p(x)) = p(fn(x)). We first prove that the curves(dT;) and
gn(p(dT;)) are homotopic iR?\ P. Consider the continuous application

F: 0T, x[0,1] — R2
(XA)  — Ap(X)+(1=A)gn(P(X)) = Ap(X) + (1 —A) p(fn(X)).

F is an homotopy between the curve®T;) andgn(p(dT;)) in R?. We prove that the image & does not contain
P, which yields the result. The triangle inequality gives

d(RF(x,A)) = d(P, p(x)) —d(F (x,A), p(x)).

We have already proved that poidts at distance at leag; from p(x) for all pointsx in dT;. On the other hand,
the distance betweep(x) and p(fn(x)) is larger than or equal to the distance betweéx) and their barycenter
F(x,A), for anyA € [0,1]. Hence

d(P.F(x,A)) = Xi —d(p(X), p(fn(x)))-

Finally, sinced(p(x), p(fa(x))) < xi for all x € T, by Hypothesis 2, we have thdfP, F (x,A)) > 0 for all (x,A).

Hence, the image d¥ does not contain poir and thus the curves(dT;) andgn(p(dT;)) are homotopic ifiR?\ P.
Now, we can contragb(0T;) to a point while remaining imp(T;). Composing this witly, gives a contraction

of gn(p(T;)) in gn(p(T;)). ON the other hand, there is no contractiorp@T;) in R?\ P (sinceP is in p(T;)), thus
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P

Fic. 12.9 —For the proof of Lemma 12.6.

there is no contraction of its homotopic cuiyg p(dT;)) in R2\ P. Hence, there exists a curve that is contractible in
gn(p(Ti)) but not inR?\ P. It follows thatgs(p(T;)) is not included ifR?\ P. HenceP is in gn(p(Ti)) = p(fn(Ti)).
ThereforeD™ intersectsf,(T;) and thusf,(Te), which concludes the proof.

O

We finally prove the two following simple technical lemmasigihcomplete the proof of Theorem 12.1. Recall
thatl is the smallest angle a directione Q can make with the plane containifig

Lemma 12.6. sinl = @sin%ﬁ.
Proof. In the following, we identify the sphere of directions witrsphereS embedded irR3; let O denote its
center. We assume that the embedding preserves diredtientof any directiord, the corresponding poitd on
8 is such thatd andOM have the same direction).

Refer to Figure 12.9. Lal be a direction iQ andM be its corresponding point dh Consider one of th&
and let? be the plane containin@ and parallel to the plane containifig Let H be the orthogonal projection of
M onto planeP. Let E andE’ be the two points o8 that correspond to the two (opposite) directions of segment
e. LetK be the orthogonal projection ™ (andH) onto the lineEE’. Finally, let® be the angle#’MKH, ¢ be the
angleZMOK, andy be the anglezMOH.

It follows from these definitions that

HM HM KM

siny = oM~ KM oM = sind sing.

Now, the angley is also the angle between directidnand the plane that contaids. Thuslm = Jngy, by
S

definition of . The angled is the angle between the plane containih@nd the plane containingandd. It thus
follows from the definition o2 thatdinée = z%ﬁ (see Figure 12.5(a)). The angpas the angle betweethand the
€

line containinge. It thus also follows from the definition @ thatdinglz(p: 3. In addition, sincey, 6 andg@ are in
€
[0, 7], we have
sinl” = inf sin inf sin@ = sinL and infsing= sinlT
TS dgS" T 2yn gt P SNg:
Furthermore, the constraints 6rand@in the definition ofQ are independent. Thus, the minimaBodind@ can be
attained for the same directiahin Q. It follows that
inf (sin@ sing) = inf sinB. inf sine.
deQ deQ deQ
We can thus conclude that
sinlC = inf siny = inf sinB sin@= inf sinB inf sing= ésin
deQ deQ deQ deQ

2 7 2yn
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0
Lemma12.7. % > (1+ &) Ji- with C= 313,
Proof. By Lemma 12.6, replacing; andl" by their values in the inequalit&‘f > (1+ %) SI% gives
Bhi
hi ( 2 > NG
—> |1+ —= | —F
4 V3ain( €
) Fan()
or equivalently
2 V3 ./ C
43 (1+ \/§> < ﬁzsm(m> : (12.1)

Notice first that for large enough valuesmfusing the approximation sir X in the neighborhood of zero,
we derive the sufficient condition 168

> (1+ 5@) ~19.9p.

Now, since we want our result for all the computation is more complicated. Recall first that for strictly
concave functiorf, such thatf (0) =0, f(x) > % xforanyx € (0,Xp). It follows that sirk > %xfor anyxe (0,7).

C C 6,
—>0andthusthate(2—ﬁ<7e<g,weget

/N
sin L > g i
2y/n m2yn’
To guarantee inequality (12.1), it is thus sufficient to have

>< V32 C

Since we assumed thég —

<Vn— = ——.

2
45(1+ NG

V3
or equivalently
c> g (2+ Jé) 1B ~ 3127,
which concludes the proof. Note that we can set
C=313p. (12.2)

in the definition ofQ (in the proof of Lemma 12.3) since Inequality (12.1) is théyaonstraint orC. O

12.3.3 Generalizations

We prove here Theorem 12.2. We first show that Theorem 12.&rgkres to the case where the viewpoint
is chosen randomly at finite distance. We then show that derisig surfaces with boundary does not change the
asymptotic expected complexity of the silhouette.

Point of view at finite distance. We have thus far restricted ourselves to the case where ¢hepuint

is chosen uniformly at random at infinity. However, our résuiplies to any distribution of viewpoints such that

the probability for an edge to be on the transparent silhouetteO&.), wherebe is the exterior dihedral angle

associated te; indeed, the expected number of edges on the silhouetteris tE O(Be) and we get the result
edge e

by applying, as before, Lemma 123Such a distribution of viewpoints is obtained, in particulghen the point

of view is chosen uniformly at random in a ball. This is alse tase ifS delimits a bounded regio@w and the

viewpoint is chosen uniformly at random B\ &, for a ballB.

2INote that, in Lemma 12.3, sillf(Te)) always refers to an expected length for a viewpoint chosedaialy
at infinity.
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Surfaces with boundary. LetSbe a 2-manifold with boundar$. We consider that the boundary is always
on the transparent silhouette and so the definition of thesparent silhouette of a 2-manifdBlvith boundary is
exactly that of a 2-manifold without boundary plus the baanydB.

The surfaceS is approximated by a triangulated meBhthat satisfies Hypotheses 1 and 2, as in the case
without boundary, except that now the mesh may not be a pdigine(some edges may have only one adjacent
face rather than two).

To give an upper bound on the number of edges on the silhaafetie mesh, we consider the boundary edges
and the other (non-boundary) edges separately. For théboondary edges, the same reasoning as before still
holds. For the boundary edges, it is easy to see that thehl¢img3D) of the boundary of, cannot be much larger
than the length oB. Indeed, the two are homeomorphic, and the hypotheses itmgiyhe image of an edge of
lengthlg, is a curve whose extremities lie at distance at leasef3 - \'—% = Q(%) apart. This means that the length

of Bis at Ieasﬁ(%) times the number of boundary edgedfHence, the number of boundary edge®pis at
mostO(4/n) times the length oB. So, if the length ofB is bounded, the expected complexity of the silhouette of

Py is O(y/n).

12.4 Conclusion

This paper gives an idea of why, and when, the usual claintiieagilhouette of a triangulated mesh has size
O(y/n) is valid. In particular, we have given a set of conditionshstitat any triangulated mesh approximating
a surface in a way that satisfies those conditions has a sitteoaf expected siz@(,/n). Roughly speaking, the
mesh should have no short edges, its faces should be fahaddtance between it and the surface it approximates
should never be too large. The surface itself is not necéssaerywhere differentiable and may have boundaries.

A natural question to ask is whether meshes satisfying thosditions exist. In fact, for smooth surfaces,
the meshes produced by Boissonnat and Oudot [BOO05] are echeesample. The critical property of the meshes
they compute is that the ratio between the size of the laagesthe smallest triangles remains bounded, although
meshes are non-uniform with small triangles in areas o€lartgvature. However, in order to satisfy our conditions,
non-smooth surfaces with curved sharp edges (such as a figinger with a sharp equatorial arc) would have to
be approximated by small triangles over the whole surfaoceh $neshes would have silhouettes of expected size
O(y/n) but thenn would be much larger than necessary ; it would be reasonabieptace the large number of
triangles used to mesh large flat portions of the surface avigmaller number of large triangles, which would
give a silhouette of size closer to linear. This explains wig/observed expected size of silhouettes, as shown in
[McGO04], is larger tha®(+/n). The fact that non-uniform meshes approximating such sesfappear, in computer
graphics, to have silhouettes of expected size much sntlaflen is thus likely due to additional properties of the
surfaces or the meshes.
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