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INTRODUCTION

Dans cette thése nous éwdlons certalns problémes d'optimisatlion comblnatolre, une aes
branches des mathématiques qul a connu un développement considérable durant les trentes
derniéres années. '

Un probléme d'optimisation combinatolre peut étre géfinl comme étant celul de déterminer un
plus petit (ou un plus grand) élément d'un ensemble finl valué.

Plusieurs problémes concrets provenant de aomalnes alvers, comme 1'lnaustrie, le transport,
1'agriculture, 1'économnle, 1a gestion, peuvent étre modélisés comme des problémes d'optimisation
combinatolre car lls mettent en Jeu des varlables de déclsion qul sont par nature entléres et
méme souvent bivalentes.

La résolution de ces problémes a susclté I'invention de nouvelles technigues théorlques comme
I'optimisation dans les réseaux ou le développement de domalnes plus anciens comime la théorle
des graphes. Les recherches sur ces techniques ont permis a leur tour un élargissement du champ
d'application de l'optimisation combinatoire dont on trouve aujourdhul des exemples en
meaecine, blologle, physique, soclologle.

Complexité des problémes

A premiére vue, 11 apparait trés simple de résoudre un probléme a'optimisation combinatoire, vu
le caractére finl de 1'ensemble de ses solutions et on peut sans doute dire que ce type de
problémes n'existe pas pour la mathématique classique. On peut penser par exemple a une
procéaure qui consiste a énumérer toutes les solutions possibles et prendre lamellleure. Mals, en
pratique, le nombre de ces solutions peut étre trés grand méme pour des problemes de petites

tailles (ce nombre est généralement de 1'ordre de 2" oli n caractérise la taille du probléme). Or sin
= 50, il faut au plus puissant ordinateur quelques centaines d'années pour éxtraire le plus petit

220

élément parmi 2> nombres et fourmnir une solution optimale. Vue cette efficacité aésas!reuse, 11
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est clalr que cette méthode énumérative triviale ne peut étre envisagée que trés rarement et que
le probléme central de I'optimisation combinatoire est celul de l'efficacité pratique des
méthodes ( algorithmes ) gu'elle met en geuvre.

Cette discipline ne peut donc se passer d'une théorle mathématique de la complexité des
algorlthmes qu'elle a pulssamment contribuer & développer ces demiéres années. Rappelons en
briévement les principes et résultats:

-1a performance d'une méthode de résolution (algorithme) est en général mesuré par le "temps”
a'exécution . Ce qul intéresse 1a théorle de la complexité c'est la maniére dont varle ce temps en
fonction de 1a tallle (des données) du probléme. '

-En 1965 Edmonds a aéfini un algorithme “efficace” (ou polynomial) comme un algorithme tel que
cette fonction pulsse étre borné par une fonction polynomiale . Un probléme est dit polynomial

(ou faclle) sl1 existe un algorithme polynomial qui le résoud. Parmi les problémes poiynomiaux, on

trouve ceux du plus court-chemin,de 1'arbre de polds minimum ou du couplage maximum.

-De 1a définltion précédente i1 résulte que pour montrer qu'un probléme est diffictle 11 suffit de
aémontrer qu'll n'existe pas d'algorithme polynomial pour le résoudre. Malheureusement cette
preuve semble hors de portée pour 1'Instant et on a & chercher plutdt a comparer la compiexité de
certalns problémes. C'est Cook [ 2 ] puls Karp [ ¢ ] qul ont aéfini 1a classe tes problémes gits
NP.Complets, pour lesquels on ne connait pas d'algorithmes polynomiaux, mals qul posséde la
propriété que sl un seul de ces problémes étalt polynomial alors tous les problémes NP (c'est &
dire tous les problémes de 1'optimisation combinatolre) seralent polynomiaux.

Cook a trouvé, avec le probléme dlt de 1a satisfaisabilité, le premier représentant de cette classe,
qui compte aujourd’hut plusleurs centaines de problémes (qu'on peut consulter dans I'ouvrage de
Garey et Johnson [ 3 J), dont beaucoup de problémes classiques comme celul de I'existence dans
un graphe d'un cycle hamlitonien, ou d'un cocycle de cardinal donné.

11 est assez remarquable que cette séparation théorique entre problémes faclies et aifficlies
qu'opére cette théorle de 1a complexité coincide bien avec la distinction falte par les praticlens
de l'optimisation combinatolre.

Optimisation combinatolre et Programmation i inéalre

C'est & G.B. Dantzlg que revient le mérite d'avolr, le premier, proposé un algorithme, 1a méthode
du Simplexe, pour résoudre les problémes de Programmation Linéalre (c'est A dire les probiémes
d'optimisation dont les varlables sont continues, définis par des inéquations iinéaires et une
fonction objective linéalre). Non seulement cette méthode s'est révélée efficace en pratique
mals elle a constitué un outll théorique trés important de I’ optimisation comblnatolre.;’
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1l est bien connu, en effet, gu'une solution optimale (de base) d'un prograrnme lin€aire donné,
trouvée per l'algorithme du simplexe, correspond toujours & un point extréme du polyeédre
défini par les inéqueations du programime. Donc cet slgorithme permet de résocudre un problérme
d'optimisation combinatoire dont I'ensemble des solutions correspond aux points extrémes
d'un polyedre dont on connait la caractérisation per unsystéme d'inéquations linéaires.

Par corséquent, étant donné un problérme d'optimisation combinatoire ol toute solution peut

Btre représentée par un point dans R" (powr n donné), elors il est clair que si on peut
caractériser le polyédre, enveloppe convexe de ces points (voir Fig.1) par des inéquations
lindaires, le probléme se rameéne a larésolution d'un sirnple programme lingaire.

(8) (b)
enveloppe convexe des points de laFig.1(a)

Fig. 1

Ce passage de l'optimisation sur un ensemble discret (qui peut avoir un nombre trés grand de
solutions possibles) a celui de I'optimisation sur un domaine convexe a été a l'origine d'un
nouvel essor de l'optimisation combinatoire. En effet ce passage a permis d'envisager une
nouvelle approche des problémes d'optimisation combinatoire dite “polyédrale”. Cette
 approche consiste a ramener un tel prubléme a larésolution d'un progremme combinatoire en
décrivant 1'enveloppe convexe de ses solutions par des inéquations linéaires. Cette approche a
été véritablement initialisée par les travaux d'Edmonds sur le probléme du couplage de poids
maximum quand il a donné la caractérisation compléte de I'enveloppe convexe des solutions
de ce probléme et par les traveux sur les coupes de’veloppéé par Dantzig, Gomory et Balas. Per
la suite, d'autres polyedres ont été largement étudiés, en particulier celui associé au probléme
duvoyageur de commerce [ 5] [ 6). {7]

Malgré sa grande efficacité pratique I'algorithme dusimplexe n'est pas polynomial. En effet il
& €té montré a partir d'un cas particulier que cet algorithme peut avoir une fonctign de temps
qui croit d'une maniére exponentielle en fonction de la taille du probléme. 1979 le

Dans [8], J.F. MAURRAS et al ont décrit des algorithmes polynamiaux pour
résoudre des classes particuliéres de programmes linéaires. En 1979 le



mathématiclen soviétique Kachian a proposé une nouvelle méthode dite "méthode des
ellipsoides™ qui permet de résoudre en temps polynomial tout programme linéaire donné. Cette
méthode a joué par la sulte un rdle central dans les dermiers oéveloppements de i'optimisation
combinatolre. Elle a permis d'engendrer des algorithmes polynomiaux pour des problémes
comblinatoires en relation avec les polyddres. En effet, en utilisant cette méthode, Gritschel,
Lovasz et Schrijver [ 4 ] ont montré qu'll existe un algorithme polynomial pour résoudre un
probléeme d'optimisation sur un polyédre donné st et seulement sl 11 existe un algorithme
polynomial pour le probléme de séparation assoclé a ce polyédre, c'est-a-dire un algorithme qul
permet de décider pour un point x donné, si X appartient au polyédre, et dans le cas contraire, de
déterminer un hyperplan qul sépare x du polyédre (une Inéquation du polyédre qui n'est pas
vérifiée par x). La connalssance d'un algorithme polynomial pour le probléme de séparation
permet donc d'une part de montrer que le probléme d'optimisation est polynomial et d'autre part
de décrire un algorithme polynomial qui utilise la méthode des élilpsoldes pour résoudre ce
probléme. |

Par conséquent, étant donné un probléme d'optimisation combinatolre, sl ce probiéme est
polynomial, alors 11 est généralement possible ae donner une déscription linéaire compléte a son
polyédre de solutions et de se ramener ains! a i’étude d'un programme linéalre. Mals s'll est
NP-complet, alors i1 y a un trés falble espoir de pouvolr donner une telle caractérisation.
Cependant, 11 est Intéressant de montrer dans ce cas que certaines classes d'inéquations sont
essentlelies (facettes) pour gécrire son polyédre. D'aprés le résuitat de Grotsohel, Lovasz et
Schrijver, le systéme partiel décrit par ces Inéquations peut étre parfols suffisant pour donner en
temps polynomial une solution optimaie au probiéme. Cecl dépend de 1a complexité du probléme
de séparation associé acesystéme.

Présentation de nos Travaux

C'est dans cette double filiation, de 1a théorle de la complexité et de l'utilisation de la
Programmation Linéalre, que se situe I'essentiel des travaux présentés dans cette Thése.

Dans le domaine ou transport les techniques d'optimisation combinatoire sont largement
appliquées pour déterminer des réseaux de transport optimaux. Le premier chapitre de cette
thése entre dans ce cadre. Nous étudions un probiéme de régulation de trafic qui nous a été
soumlis par 1'Institut de Recherche sur ie Transport a Paris. Nous donnons du probléme un modéle
mathématique qui conduit a 1a résoiution d'un probléme d'optimisation combinatoire. - '



Dans 1e deuxiéme chapitre nous nous intéressons a un des problémes de 1a physique statistique
qul reléve de 1a comblinatolre et de 'optimisation : 1a aétermination du fondamental qui conslste
a déterminer dans un systéme ayant un nombre trés grand de conflgurations d'énergles une
conflguration qul minimise cette énergle.Dans le cas du modéle d'Ising des verres de spins, que
nous allons étudler, ce probléme peut se ramener a la recherche d'un cocycle de polds minimum
dans un graphe donné . Dans le cas ol le systéme est planalre (bidimensionnel), 11 a é1& montré que
le probléme est polynomial et 11 peut se résoudre d'une manlére trés éfficace en utllisant la
théorfe du couplage développéepar J.Edmonds. Dans le cas ol le systéme n'est pas planalre
(trigimentionnel) i1 a été montré par contre que le probléme est en général NP-complet.

Notre étude concermne en particuller 1'approche polyédrale de ce probléme. Nous étualons le
polyédre assoclé et nous caractérisons certalnes classes de ses facettes. L'équivalence de ce
probléme avec celul du cocycle de polds minimum dans un graphe nous a ouvert la vole vers
d'autres problémes mathématiques Intéressants que nous avons également étudlés.

Le troisléme chaplitre conceme deux généralisations du probléme du verre de spins. La premiére
sera donnée en terme de cocycle de polds maximum. Nous étudlons le polyédre assoclé a ce
probléme et nous donnons sa caractérisation dans la classe des graphes non contractibles a Ks. La
deuxiéme sera donnée en terme d'indépendant de polds maximum. Nous étudlons une composition
particullére des systomes d'Inaépendants et nous proposons une méthode qui permet de décrire
les polyédres correspondants. Nous étudions en particulier le cas des systémes deflnls par les
sous graphes sans clrcult et nous aécrivons le polyédre assocté dans une classe de graphes
(orfentés), celle des graphes symétriques non contractibles a3 3.

Dans le quatriéme et dernler chapitre de cette thése nous étudions deux autres problémes
d'optimisation combinatolre : l'absorbant et le Kj-recouvrement de polds minimum. Ces
problémes sont NP-complets dans le cas général. Nous avons essayé alors ge décrire des
systémes de contraintes essentlelles de leurs polyédres assoclés, ainst que des algorithmes
efflcaces pour les résoudre dans certains cas particullers. Pour le premier probléme nous donnons
une déscription compléte de son polyédre dans la classe des graphes absorbants a seull définle
par Benzaken et Hammer [ 1] Notre étude sur le probléme du Kj-recouvrement nous a permis de
donner des graphes dits “KKj-parfalts" une caractérisation trés simllalre a la conjecture forte des

graphes parfaits.



Cette thése est le résultat de plusieurs travaux écrits dans certalns articles et rapports de
recherche en cours de parution. Comme il a été présenté cl-dessus, elle comporte quatre parties -
qu'on va présenter ci-dessous avec les publications correspondantes.

1. Application de I' Optimisation Combinatoire & un Modéle de Transport

[1.1]"Improvement of traffic flow by the réduction of capacities™
avec P.H.Fargler, JFonlupt et J.P.Unry.
RRn° 223. IMAG (soumis & Européen Journal of Operations Research).

[1.1] "Résolution d'un probléme de régulation de trafic”
Thése de 3° cycle (partie I). Juln 81. IMAG.

1. Modéles de Verres de Spins et Optimisation Combinatolre

{11.1] "Composition of graphs and the bipartite subgraph polytope”
avec J. Fonlupt et J.P.Uhry . RR n°459 . Laboratolre ARTEMIS (IMAG).
(soumnis & Discrete Mathematics)

[11.2] "Facets of the bipartite subgraph polytope” avec F. Barahona et M. Grotschel.
Research Report n® 83264. institut fur Operations Research, Universitat Bonn
(3 paraitre dans Mathematics of Operations Research).

IL Sur deux généralisations du probieme du Verre de Spins

{I11.1]"On the cut polytope”, avec F. Barahona. .
Research Report n°® 83271. Institut flir Operations Research, Universitat Bonn.
(& paraitre dans Mathematical Programming).

[111.2] "Compositions in the acyclic subdigraph polytope”
avec F.Barahona. RR n°s00.Laboratolre ARTEMIS (IMAG) N
(soumis & Mathematics of Operations Research). |



[111.3] "On a composition of Independence Systems by Circuit-ldentification”
avec R.Euler RR rn°501 Laboratoire ARTEMIS (IMAG)
(sounnis & Journal of Combinatoriol Theoty B).

IV. Etude algorithmique et polyédrale de deux problémes d'optimisation combinatoire.

[1V.1] "Polytope des absorbants d'un graphe aseuil”. Thése de 3° cycle (partie II).
(Annals of Discrete Maths, 17(1983) 443-452)..

[1v.2]) "Kj-covers I : complexity and polytope" avec M. Corforti et D.G. Corneil. RR n®444.
Leboratoire ARTEMIS (IMAG). (& paraitre dans Discrete Mathematics).

[1v.3] "Kj-cover Il : Kj-perfect graphs” avec M. Conforti et D.G. Corneil. RR n®445.
Laboratoire ARTEMIS (IMAG) (soumis & Journal of Combinatorial Theory B)

Chacune de ces parties gui constitue un chapitre de la thése contient un résurné des résultats
présentés dans les rapports correspondants. Ces documents sont tous mis en annexes . A la fin
de chaque chapitre on donne la liste des références mentionnées dans ce chapitre. Si un auteur
ouunrésultat est cité sans référence alors celle-ci se trouve dans le travail décrit.

Notations et Définitions

Dans ce qui suit nous donnons quelques définitions et notalions communes aux quatre
chapitres.

Un graphe dont I'ensemble des sommets est ¥ et I'ensemble des arétes est E sera noté G =
(V.E).

Les graphes considérés sont (sauf indication contraire), finis, non oriertés, simples, sans
arétes rnultiples.

Une aréte dont les extrémités sont vj, vj sera notée aussivijvj. Un graphe H = (U, F) est un
sous graphe de GsiUcY et FCE.

Le nombre de sommets |V] d'un graphe G est appelé l'ordre de G.

Pour un ensemble de sommets U € ¥, on note E(U) I'ensemble des arétes dont les deux
extémités sont dans U. De méme on note Y¥(F), pour FCE, I'ensemble des sommets écip'acents
aux arétesdeF.

°



Un cocycle de G = (V, E) définl sur U C Vv, est 1'ensemble d'arétes de G dont une seule extrémité
estdans U. .

Pour un sommet ve V, on note § (v) I'ensemble d'arétes adjacentes a v.

Un graphe G - (V, E) est alt complet st V vj,v j -VivjeE. Ungraphe complet d'ordren seranoté
K. Un sous graphe complet maximal d'un graphe G est dit une clique de G.

Un graphe est dit bipart! si son ensemble de sommets peut étre partitionné en deux sous
ensembles Vy et V2 tels que toutes les arétes du graphe alent un sommet dans Vj et 1'autre
sommet dans V2. Un graphe biparti G est alt maximal si pour toute aréte ajoutée a G{entre geux
sommets de G) le graphe obtenu n'est pas biparti.

Un graphe G est dit contractible & H, sl H peut étre obtenu & partir de G par une séquence de
suppressions et de contractions d'arétes. Chacune de ces dernléres opérations consiste &
ldentifler deux sommets aajacents de G. (Les arétes muitlples qul sont créées par cette
ldentification sont remplacées par des arétes simpies).

Un polyédre P C R" est une intersection finie dhyperplanidans R™. 11 peut &tre défint aussi
comme étant un ensemble de points de R™ vérifiant un nombre finl d'Inéquations iinéaires. un

polytope est un polyédre bomé. On appelle enveloppe convexe d'un ensemble de points de R, le
polyédre défini par l'ensemble des combinalsons convexes de ces points. iLa dimension d'un
polyédre P donné est d-1 ou d est le nombre maximum de points de P affinerment indépendants.

Une Inéquation 3 ajxj = avx ¢ ag est dite vallde pour P si elle est vérifiée par tout polnt xeP. Un
sous ensemble Q¢ P est dit une face de P s'll existe une inéquation alx < 8g valide pour P telle

que Q- {xlaTx = agl. Une face de P de dimension maximale (resp. zéro) est dite facette (resp.
point extréme) de P. Etant donné un ensemble E (quelconque) et un sous ensemble F de E. on

appelle vecteur d’incidence deF, le vecteur x F défini par

1 sleeF

o -

0 sinon

Ce vecteur est appelé aussl le vecteur représentatif ou caractéristique geF.

Pour FCE onnote XF)~ 3 xe.Enflnonnote I x1(resp.| x ) )pour un réel x, le plus petit (resp.
e€eF

grand)entler 2 x (resp ¢ x). . '
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CHAPITRE !

APPLICATION DE L'OPTIMISATION COMBINATOIRE A UN MODELE DE TRANSPORT

L Introouction

Dans ce chapltre nous étudions un probleme de régulation de trafic par restrictions de capacités.
Nous utllisons certalnes technlques de I'optimisation combinatolre pour donner ou prooleme un
moagle mathématique et proposer une méthode qul permette de le résoudre.

Les phénoménes de congestion des réseaux routiers sont un des problémes majeurs de la circulation
urbaine et sont source de perte de temps a la fols pour I'usager et d'argent pour la collectivité.
D'ol lanécesslté de trouver des politiques de régulation qul permettent d'éviter ces congestions ou
de les aéplacer de manlére a améllorer au maximum 1'écoulement au trafic dans le réseau.

Une congestlon se manifeste souvent sur un trongon par le falt que pendant un certaln temps le
traflc entrant sur ce trongon est supérleur au trafic pouvant sortir de ce trongon. Une approche
possible pour modéliser ces situations de congestions est de considerer des réseaux avec capacités.
C'est a dire de supposer que chaque trongon e admet une capacité Cle) et que le trafic sur ce
trongon ne peut pas dépasser cette capacité. Une congestion se crée donc sur un trongon e
seulement si pendant une certaine période le trafic entrant dans e est supérieur & C(e). Dans ce cas
une queue se crée sur le trongon et le temps de passage est augmenté d'un temps ol a 1'attente dans
cette queue.

Une manlére simple pour réguler un réseau est d"aggraver les conditions de circulation sur certains
troncons. Cela peut sembler paradoxal mals 11 est faclle de comprendre qu'en déplacant alnsi les
congestlons on peut améliorer le temps total passé par les usagers dgans le réseau. Cecl est par
exemple connu des automobilistes parlslens habitués aux restrictions d'accés sur les voles
autoroutléres. _

Dans le modéle que nous utilisons cette régulation s'obtient simplement en abalssant les "cippacltés
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de certalns trongons, ce qui peut-étre obtenu dans la pratique en supprimant une ou piusieurs voles
ou blen en réglant un feu de signalisation d'une maniére adéquate. Cette politique de régulation est
1'objet de notre étude dans [1.1],[L1].

11 existe (au moins) deux maniéres de modéliser le comportement des usagers dans le réseau.

Une premiére approche , qu'on peut qualifiée de dictatoriale, impose a chaque usager un itinéralre
précls de maniére a optimiser la satisfaction de I'ensemble, c’est 3 dire le temps total passé dans le
systéme. Mals 11 est bien connu que cette régulation est purement théorique. Elle ne peut pas étre
appliquée dans la réalité pulsqu'elle impose a certalns usagers des Itinéraires qul ne sont pas les
plus intéressants pour eux, sauf a mettre un policier dans chaque volture!

11 est beaucoup plus réallste et intéressant d'étudier une poiitique de régulation qui suppose que les
usagers s'affectent toujours selon leurs propres cholx. Une telle affectation, dite optimaie pour
l'usager, vérifie le premier principe de wardrop : “les coits (temps de parcours) des itinéraires
utllisés par le trafic entre une origine et une destination du réseau sont égaux et ne dépassent pas
les colts des 1tinératres non utilisés™. C'est cette approche que nous avons utilisée,

2. L e probléme étudié

Consldérons un réseau routier R = (X, E) constitué de noeuds et de trongons oli chaque trongon (arc)
ayant une capacité maximum g'écoulement. Sur ce réseau clrcule un trafic entre plusieurs origines
et plusleurs destinations.

Le probléme que nous avons étualé consiste alors a trouver un modéle de réguiation qui permette
d'améliorer la circulation des usagers sur le réseau R, en abalssant éventuellement les capacités de
certalns arcs de ce réseau. On note (~)ce probiéme.

Pour étudier le probléme (~)on s'est placé dans les hypothéses sulvantes :

1) Toutes les caractéristiques au réseau ainsl que les données adu trafic sont constantes (cas
statique)

2) Le temps total de parcours t(e) sur un trongon e est linéalre sl le trafic f(e) vérifie f(e) < Cle). Mals
st fie) = C(e) alors ce temps peut étre augmenté par un temps supplémentaire dl a Ia congestion qui
peut étre créée sur ce trongon (volr Fig.2 ).



13

ble}

2

Cle) f(e)

Fig. 2

ol bie) est le temps de parcours avide sur le trongon e. Le temps de parcours réel t(e) peut s'écrire
donc

t(e) = b(e) + m{e)
ou irie) est le temps supplémentaire de congestion.

La deuxiéme hypothése qui est fondamentale dans notre étude a été utilisée par Fargier et
Fonlupt (1981) dans leur étude sur le probléme de l'affectation du trefic dans les réseaux avec
cepacités. Malgré le caractére trés simplificateur de ces hypothéses les résultats obtenus dans
cette étude restent significatifs dans des situstions réalistes. (ex. régulation d'un corridor
autoroutier).

3. Modélisation mathématigque du probléme

Notons Fjj (e), le trafic circulant entre une origine xj et une destination xj du réseau R = (X, E).
Soitf ij(e) laportion de ce trafic gui circulesur l'arc e.
Une affectation optimale de trafic dans le reseau R=(X,E ) peut étre définie comme une solution

du programme linéaire
-Fjj si k=i
2 fife) - 2 fife)= 0 sik#i,j (1.1)
e/xk=T(e) e/xk=Ie)
Fij sik=j
(P) 2 fije)="1(e) < c{e) Y e€E (1.2)
| X1.X jeX ¥
fife)2 0 ¥ e€E (1.3)

Z =Min ¥ ble) f(e)
eeE
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D'aprés 1a dualité en programmation linéalre, une solution f = (fi j (e), e €E) de (P) est optimale s'i
existe une solution(a, m)=(a (1, }, k); m(e), x;, x J Xk X;e€E)dudual de (P) telle que pour chaque
e = (X, X))

m(e)20 V e€E (1.9)
a(l,LD-a(, Lk)<ble)+mie) (1.5)
sifije)> 0, a(LL)- A, LK)-0e)+m(e) (1.6)
sim(e)> 0, f(e)~C(e) (1.7
Zoe)fie)~ Z(aLl.D- aLLD) Fij- 3 mie)Cle) {1.8)
eeE Xi, X}, €E eeE

La valeur d'une varlable A(l, | k) peut étre Interprétée comme étant le temps nécessalre A un usager
allant de xj & xj pour arriver & xi. Alnsi on peut volr qu'une affectation optimale (f; j(e). e€E)selonle
premier princlpe de wardrop, dans le réseau R = (X, E) munl du systéme de capacité C = (Cle), e€E),
peut étre oéterminée comme une solution du systéme linéalre w(C), aéfini par ies contralntes (1, 1)
- (1.8). Le temps total passé par les usagers dans cette affectation est donc

T= 2 (b(e) » m(e)) fle)
eeE

Nous avons alors
Tnéoréme 1.1:

Leprobléme () est équivalent au probléme suivant

(f.A,m,C)eW(C)

(P1)
tq T solt minimun

Le probiéme (P1) consiste donc & trouver un systéme de capacltés (C(e), e€E ) dans le réseau R qul
minimise T. Ce probléme, comme on peut le remarquer est un programme qul n'est pas en général
convexe. Et cecl montre la difficulté du probléme qui ne peut étre résolu que par des méthodes
adaptées (comme la méthode de Branch and Bound ou 1a méthode des coupes). Ce probléme est
aifficlie & résouare méme dans Ie cas d'un réseau simpliflé avec une origine et une GeS{Snatlon, ol
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une telie régulation peut étre intéressante. Nous avons donné dans [I.1] geux exemples significatifs
qul montrent blen 1I'Intérét de la régulation dans ce cas. Notons de plus que sl on suppose que la
régulation ne moalfie guére I'affectation, qul est une hypothése couramment falte dans 1a pratique,
alors, dans ce cas, le probléme (P1) devient équivalent a un simple programme linéaire.

4. Résolution au probléme

Comme nous 1'avons mentlonné, les méthodes de séparation et évaluation sont couramment
utliisees pour la résolution effective de la plupart des problémes a'optimisation combinatoire. Nous
avons utllisé cette technique pour résoudre complétement le probléme (#)dans le cas ol le réseau
R comporte une origine et plusieurs destinatlons. Pour ce falre on a ramené le probléme a la
recherche d'un sous réseau R» approprié de R. La procédure d'évaluation utllisée est basée sur
l'affectation de colt minimum (aéfinle par le programme (P)), et la procéaure de séparation
consiste en chaque sommet de 1'arborescence a Interdlr certalns arcs de R et a obliger d'autres
d'étre dans R*. Nous avons testé par la sulte cette méthode sur un réseau (ayant une origine et une
destination) représentant une partie de la viile de Grenoble. Les résultats expérimentaux obtenus,
blen qu'ils ne solent pas généraux, montrent en particulier que 1'effet de la régulation étualée, peut
Uépendre surtout de I'intensité au trafic qul circule dans le réseau et des caractérlstiques de ce
demier. (Ces résultats sont présentés dans [I.1).

Notons en conclusion que le modéle proposé, vues les hypothéses stmplificatrices sur lesquelles i
repose, ne peut pas étre un outll de régulation en temps réel pour des cas concrets, mals 11 peut
permettre de répondre 3 des questions Intéressant les praticlens concemant par exemple les
politiques de régulation qu'ils peuvent appliquer dans des cas types (ex. accldents sur autoroute), ou
le gain au temps qu'on peut espérer par une régulation dans aes réseaux complexes. Enfin ce modéle
parait constituer plus un outil * pédagogique” permettant aux praticiens de mieux cerner la réalité
complexe d'un systéme routler plutdt qu'un outll directement opérationnel.
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CHAPITRE 11

MODELES DE VERRES DE SPINS ET OPTIMISATION COMBINATOIRE

i_Intreduction

Un verre de spins est un systeme obtenu par une faible diluation (1%) d'un matériau magnétique
(Fer) dans un matériau non magnétique (Or). L'intérét des physiciens pour ce matériau vient de
I'observation d'un pic dans la courbe de la susceptibilité magnétique X(T) en fonction de la
température T(Fig. 3). |

A

A VAN

I
Fig.3

Un tel pic est généralement l'indice d'une transition de phase, d'un changement d'état du
systéme. D'ou larecherche de madéles susceptibles d'expliquer ce phénomeéne.

Dans un verre de spins les atornes magnétiques sont disposés aléatoirement dans I'espace.
Entre deux atomes il existe une énergie d'interaction:

H12=- XR}S1.82

ou Sj est le moment magnétique (spin) de I'atome i
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XR) =A cos(2BR)
(BR)

R étant la distance entre les deux atomes, A et B étant des constantes (Fig. 4).

e

Fig.4

—
\

Pour bien modéliser ces systémes, les physiciens ont construit un modéle trés simplifié : ils
supposent que les spins sont situés aux noeuds d'un maillage carré régulier (au lieu d'étre
répartis aléatoirement) et sont définis par des vecteurs unidimentionnels {au lieu d'étre
tridimentionnels) Sj prenant les valeurs +1 ou -1. Ces maillages sont généraiement planaires
carrés (Fig. 5(a)) ou cubiques (Fig. 5(b)).

(8) (b}
Fig.5

Ils supposent en plus que les interactions entre les spins n‘ont lieu qu'entre plus proches voisins
(Elles sont représentées par les arétes du maillage) et que leurs énergies sont des variables
aléatoires indépendantes pouvant prendre des valeurs positives ou négatives. Une aréte telle
que I'énergie correspondante est positive (resp. négative) est dite liaison p’o;fitive (resp.

négative).
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A une configuration des spins S (affectation des walewrs +1 ou -1 aux spins) correspond une

énergie du systeme. Cette énergie est définie par
H(S) =~ Z 1i;8i 3 (2.1)
ou Jj jest l'interactionentre lesspirsiet j

Les physiciens se posent depuis longtemps des questions sur les caractéristigues ies états
d'énergie minimums d'un verre de spins (a la température T= OK) et sur le calcul de 1a fonction

de pertition qgui et définie par

f(T)= ¥ exp(H(S)/KT)
SeS

ou § est I'ensemble des configurations possibles des spins, K laconstante de Boltzmannet T la
température.

La fonction de pertition a €té obtenue per Onsager [8] en 1944 powr la grille carrée
bidimentionnelle dans le cas férromagnétique ou toutes les énergies d'interaction sont
positives, ce qui lui avalu le prix Nobel. Quelques années plus tard Temperely [9) avait résolu la
méme question (dans le méme cas ferromagnétique) en dénombrant les couplages parfaits d'un
graphe planaire. Ce qui a montré la grande efficacité de l'optirnisation combinatoire pour ce

genre de modeles.

Pour déterminer un état fondamental d'un verre de spins (une configuration S qui minimise
I'énergie H(S) du systeme), les physiciens utilisent traditionnellement des heuristiques de type
Monte-Carlo (des méthodes qui consistent, & partir d'un état initial, de changer des
configurations de spinz de telle maniére & diminuer 1'énergie dans le systéme) pour obtenir des
solutions approchées, méme dans le cas ou le maillage est planaire (travaux de Kirpatrick [ 7],
Binder[ 4 ]).

Les rechierches menées depuis certaines années dans 1'équipe de Recherche Opérationnelle du
Laboratoire AR:fEMIS de I'Institut LM.A.G., en collaboration avec MM. Meynard et Rammel du
Leboratoire sur les besses ternpéretures du C.MR.S. ont montré encore l"iiptérét de
I'optimisation combinatoire pour ce type de problémes. En effet, danz leur thése, E. Biéche[3]
et F. Barahona[ 2 } ont étudié le problémie du fondamental, qu'on désignera dans la suite par FF.
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dans le cas ou le maillage décrivant le verre de spins est planaire (cas bidimentionnel). Ils ont
montré que dans ce cas le probléeme est équivalent au probléme du postier chinois . Ceci leur a
permis d'étudier des approches efficaces de résolution, basées sur la théorie du couplage.
L'approche étudiée par Biéche consiste a déterminer un couplage parfait de poids minirmum
dans un graphe complet approprié slors que celle étudiée psr Barahona fait intervenir un
algorithme de résolution directe du probléme du postier chinois. Les deux approches

nécessitent un temps de calcul de l'ordre de 0(n3) ou n est lataille de la mailie. D'autre part
Barahona a montré également que le calcul de I'entropie (dénombrement des états) et le calcui
de la fonction de partition dans le cas planaire sont des problémes qui peuvent étre résolus
aussi en temps polynomial. Il a montré par contre que dans le ces tridimentionnel le probiéme
F¥ est NP-complet.

Puisque le probléme AF est NP-complet dans le cas tridimentionnel, alors, comnme on l'a déja
signalé, une approche possible de ce probléme dens ce cas est d'étudier le polyédre, enveloppe
convexe de ses solwnions. L'objet de ce chapitre est donc d'étudier ce polyédre dans le cas
général et de caractériser certaines classes de ses facettes, pour pouvoir simuler des
échartillons tridimentionnels de tailles non triviales. Dans la suite nous donnons gquelques
résultats préliminaires utiles pour le reste du chapitre.

2. Préliminaires

2.1 L eprobléme FF enterme de graphes

A un systéme, verre de spins donné, on peut associer un graphe GS=(X, F) tel que X représente

I'ensernble des spins et F soit partitionné en deux ensembles F* et F~ tel que F* (resp.F~)
represente les liaisons positives (resp. négatives). On associe & chaque liaison ij le poids |J; jl-
L'énergie totale du systéme donnée par (2.1) s'écrit donc

HS) = -¥ 3l SiSj+ I 13ijl Sisj (2.2)
ijeF* ijeF
Le probléeme AF serameéne donc a déterminer, dans le graphe GS, une affectation de I'ensemnble
des sommets X dens {-1, +1} qui minimise (2.2). Dens ce qui suit nous montrons qu'on peut
étendre le graphe GS & un autre graphe dont toutes les liaisons sont négatives.

En effet, considérons le graphe G = (¥, E), déduit de GS de la maniére suivante IOn remplace
chaque liaison positive ij par une chaine formée de deux liaisons négatives. A chacune de ces
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liaisons on associe le poids -Jj j- Lereste du graphe GS reste inchangé.

temme?2.1:
A toute solution optimale dans GS on peut faire correspondre une solution optimale dans G et

vice versa.

Démonstration -

Sans perte de généralité on suppose que Jij #0 Y ij. Si §' est une affectation optimale dans G
alors pour toute chaine (i, k, j) correspondant a une liaisonij, ona: Si Sj' = Sj' = +1(resp.-1) alors
Sk' = -1(resp.+1)(sinon S' ne peut pas &tre optimale). Considérons a partir de §', I'affectation S
aux sormmets de X définie par Sj = Sj' ¥ i€X. 1l est simple de vérifier que :

H(S)=H(S) - ¥ |3
ijeF
Par conséquent $' est optimale dans G si et seulemerit si S est optimale dans GS.
[ ]

Le lemme 1.1 montre que le probléme de la frustrstion, associé & un verre de spins donné, peut
toujours se ramener & determiner, dans un graphe G = (¥, E) olitoute aréte e est munie d'un poids
we ? 0, une affectation S : Y+——>3{-1,+ 1} qui minirnise :

HS)= ¥ weSiS; (2.3)
e=ijeE

Notons de plus que si le verre de spins est planaire (bidimentionnel) alors le graphe G I'est aussi.

2.2_ Le problé enterme de sous bi i de poids im

——m

Pour une affectation S des valeurs +1 ou -1 aux sommets du graphe G =(V, E), considérons la
bipartition ¥4, V2de Vv telle que Y1 ={i/Sj = +1} et V2 ={i/Sj = -1}. Nous avons :

HS)= Zwij+ Twij -3 wjj
ijevi ijevz  iev],jevy

ou wij est le poids de la liaison ij:
Done

H(S)= ¥ wij -2 7 wij. : ’
ijeE 1€Y1,jeve
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Par conséquent, minimiser H(S) est équivalent amaximiser ¥ wjj, le poids du cocycle défini par
i€Y1,jevz
labipartitionde VenVjiet Vo.

Puisque les poids sur les arétes sont tous (strictement) positifs alors un sous graphe biparti de
poids maximum de G est toujours maximal et correspond par conséquent & un cocycle. Une
solution optimale de AF dans G est caractérisée donc par un sous graphe biparti(maximal) de G
de poids maximum.

Soit PB(G) I'enveloppe convexe des vecteurs XF, ou(VY, F) est unsous graphe biparti de G. PR(G)
sera appelé le polytope des sous graphes bipartis de G. Une solution optimale du probléme AF
peut donc étre considérée comme une solution de base du programme

Max { wx, x€ PE(G}}
Si ce programme peut &tre résolu en temps polynomial alors le probiéme PF peut I'étre aussi.

Notons de plus que si le polytope Pg(G) est défini per le systéme d'inéquations linéaires

(2.4)

ou A et bsont données, et M- (1, 1, ..., 1) alors le polyédre

Ax 2 b
(2.5)

x20

déduit de (2.4) en changeant x par I-x, a8 tous ses sommets en 0-1, et si x* est un de ses
sommets alors I-x* est un sommet de (2.4) et représente un sous graphe biparti maximal de G.
Ceci implique que le polyédre des solutions du probléme AF est en effet le polyédre(2.5) dont
1'étude est équivalente a celle du polytope Pg{(G).

11 est bien connu gu'un graphe est biparti si et si seulement si il ne contient pas de E:'{cle impair.



23

Etant donné un graphe G = (v, E), il est clair donc gue les contraintes -

«(C)¢|C| -1 C cycle impair de G (2.6)
Otxesl ecE (2.7)

sont valides pour le polytope Pg(G).
Dans [ 1 ], Barahona a montré que ces contraintes définissent des facettes de Pg(G) et
caractérisent ce polytope dans le cas ot G est planaire.

En 1981, Grétschel et Pulleyblank ont proposé un algorithme polynomial basé sur lathéorie du
couplage qui permet de résoudre le probléme de séparation pour les contraintes (2.6) et (2.7).
Par conséquent, cet algorithme combiné avec la méthode des ellipsoides permet de résoudre
en temps polynomial le probléme AF dans les graphes G dont le polytope Pg(G) est décrit
complétement par les contraintes (2.6) et (2.7). Grétschel et Pulleyblank ont appelé ces
graphes, les graphes faiblement bipartis. Les graphes planaires et les graphes bipartis font
partie donc de cette classe de graphes. Dans un premier temps de notre étude nous avons
essayé d'étendre la clesse des graphes planaires & une classe plus générale de graphes
faiblement bipartis.

Onsait qu'un graphs est planaire si et seulement si il n'est pas contractible a Kg ou a K33
(Fig6).

Ks K33

Fig.6

De plus on peut voir que les contraintes (2.6) et (2.7) ne suffisent pas pour caractériser le
polytope PE(Ks). En effet la solution xe = 2/3, pour e €K5 définit dans ce cas un point extrérne
du polyédre décrit par (2.6) et (2.7). Pour séperer ce point, du polytope Pg(Ks), on doit ajouter la
contrainte - .
S xg £ 6 (2.8)
2EKS
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qui définit une facette de Pg(K5). De méme cette contrainte définit une facette de Pg(G) pour
tout graphe G contenant un Ks. Il est, dés lors, assez naturel de se demander si les graphes non
contractibles (seulement) & Ks sont faiblement bipartis. Cette question est le point de départ
du travail que nous présentons dans le paragraphe suivant .

2.C osition of hs and the bi ite lvtope
(article[11.1} en collaboration avec J. Fonlupt et Jean-Pierre Uhry)

Etant donnés deux graphes Gi et G2, on dit que le graphe G est une k-somme de Gj et G2, noté
G =G, G2 si G est obtenu a partir de G1 et G2 en identifiant deux graphes complets Ki
contenus dans ces graphes ( voir Fig. 9 (a) ,le cas ou k=3). Wagner amontré que tout graphe non
contractible & K5 peut 8tre obtenu par une suite finie de k-somme avec 1 ¢ k ¢ 3 & partir des
graphes planaires et des copies du graphe Vg (Fig. 7). Dans cet article on s'est intéressé &
'étude du probléme AF dans les graphes définis par des opérations de k-sommes, 1 ¢k ¢ 3, a
partir d'autres graphes quelconques. Les graphes non contractibles & Ks ne sont donc qu'une
classe particuliére de ces graphes.

Le graphe Vg
Fig. 7

Soit G = (V, E) un graphe, k—-somme de G =(V{, Ey) et G2=(V2, E2), telque G1 Gz=Kget 1<k
<3. On peut alors remarquer qu'un cycle élémentaire C de G, qui intersecte Gi\Kk et G2\Kg,
est impsir si et seulement si il existe deux cycles Ci et C2 contenus respectivement dans Gi
et G2 tels que si 1'un est pair (resp. impair) 'autre est impair (resp. pair) et C = C1U C2\ep oti &9
est une aréte de Ki (voir Fig. 8)
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Maintenant si.on considére les graphes Gy et G2 obtenus a partir de Gt et G2 enajoutant entre
chaque couple de sommets de Kk une chaine de longueur deux (voir Fig. 9(b) le cas ou k=3 )
alors tout cycle pair de G (resp. G2) contenant une aréte de Kk va correspondre & un cycle
impair de G1 (resp. G2) contenant une chaine supplémentaire et vice versa. Par conséquent tout
cycle impair (élémentaire) dans G peut étre défini & partir de cycles impairs dans Gy et Go.
Ceci nous a permis d'étudier le probléeme AF, sous les deux aspects algorithmique et polyédral,
dans le graphe G = G] Gy apartir des graphes Gl et Gz. |

(b)
Fig. 9

En ce qui concerne l'aspect algorithmique nous avons proposé une méthode qui permet de
calculer une solution optimale de AF dans G & partir des solutions optimales dans Gi et G2.
L'idée de la méthode consiste a ramener le calcul de la solution optimale dans G au calcul
d'une solution optimale appropriée dans Gp. Ceci permet par la suite une sorte de
décomposition dans la recherche d'une solution optimale de A dans un graphe G défini par une
suite finie de k-somme, 1 £ k £ 3 & partir d'autres graphes Gi, ..., Gn, deplus si I'on peut
résoudre AF entemps polynomial dans les graphes GL...,Cn carrespondants et si n est
polynomial, alors on peut le résoudre également en temps polynomial dans G. Puisque le
probléme AF est polynomial dans les graphes planaires et dans Vg (par énumeération), alors
d'apres la décomposition de Wagner le probléme AF reste polynomial dans les graphes non
contractibles a Ks. Ce cas particulier est également démontré par Barahona.

Notre approche polyédrale a consisté par la suite a étudier le polytope Pg(G) & partir des
polytopes Pg(G1) et PE(G?).

Notons d'abord que si un graphe H contient une chaine sans corde alors les coefficients des
variables associées aux arétes de cette chaine, dans toute inéguation définissant un']e facette
de Pg(H), sont égaux.
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Considérons maintenant deux contraintes -

2 Bexet I &exe + I 8elxe, +Xe)id (2.9
ecEy ek e€ Kk
2 bexe+ I bexe + ¥ Belxe,+xe) LB (2.10)
e€Ey g€ Kk e€Kk

définies respectivement comme combinaisons linéaires des contraintes de PR(G1) et PR(G2),
o Ej = Ej \ Ky, i=1, 2 et ey, e2 définissent la chaine ajoutée entre les sommets de e dans la
construction de G1 et G7. Supposons de plus

et Ve €Kk
be X @

alors on peut définir a pertir de ces contraintes{(2.9) et (2. 10)}une contrainte dite mixée valide
pour le polytope Pg(G) telle que

(2.11) Z 8exe +Y 8exetl ((ag+be)-(8e+be)xetd+B-2F (fe+be)
e€Eq e€E? eeKk e€KK

Soit (P)I'ensemble corvexe de R'E| défini par

i) les contraintes de_Pa(Gl) et Pp(G2) dont le support n'intersecte pas les chaines
supplémentaires

ii) 1es contraintes(2.11)

Lerésultat fondamental de ce paragraphe est ls :

Théaréme 2.1
8) (P! est ur polytope
b) (P)=Pp(G)

& partir de ce théoréme nous avons déduit une caractérisation minimale (ou toute contrainte
étant une facette) du polytope P(G) dars le cas ou le graphe G est défini par unt:j'oération de
2-somme a partir de G1 et G2. Cette ceractérisation est trés simple & obtenir a partir de

Pg(Gp et PB(G2).
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De méme nous avons déduit le :

Corollaire 2.2 ;
Soit G une k-somme de G1 et G2 avec 1 £k £ 3.5i G et Gzsont faiblement bipartis alors G est
faiblernent biparti.

A partir de ce corollaire et de la décomposition de Wagner des graphes non contractibles & Ks,
onobtient :

Les graphes non contractibles a K5 sont faiblement bipartis.

Puisque les graphes non contractibles a Ks sont faiblement bipartis, alors comme on I'a déja
signalé, le probléme AF peut se résoudre aussi dans ces graphes en temps polynomial en
utilisant la méthode des ellipsoides et 1'algorithme de Grétschel st Pulleyblank déja
mentionné.

Par lé corollaire 2.2 nous montrons aussi gue les graphes définis comme des k-sommes des
graphes non contractibles a Ks et des graphes G tels que G\v soit biparti{ouv est unsommet de
G) sont également faiblement bipartis. La caractérisation compléte des graphes faiblement
bipartis est une question qui est encore ouverte.

Dens le paragraphe suivant nous étudions le polytope Pg(G) dans le cas général et nous
caractérisons certaines classes de ses facettes.

.Facets of the bipartite subgraph polvtope
(article[Ii.2] en collaboration avec F. Barahona et M. Grétschel)

Il a été mentionné au début de ce chapitre que si un graphe G =(Y¥, E) contient un K5 alors la
contrainte (2.8) définit une facette de Pp{G). Une premiére classe de facettes que nous avons
obtenue généralise cette contrainte pour tout graphe complet d'ordre irnpair.

Théaréme 2.4 :
Soit G =(V, E)un graphe et soit (W, E(W)) un sous graphe complet de G d'ordre p 2 3. Alors

X(E(W)) ¢ [p/2] | p/2]

est une inégalité valide de Pg(G) si et seulement si p est impair.
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A partir de ce théoréme nous avons déduit que le polytope, enveloppe convexe des vecteurs
représentatifs des cocycles de G {gue nous étudions dans le prochain chapitre} est de pleine
dimension.

Un graphe G = (V, E) est dit p-roue de bicyclette si G est défini par un cycle de longueur p et
deux sommets adjacents & tout les sommets du cycle. Ces deux sommets sont dits universels.
Une deuxiéme famille de facette obtenue est définie sur les 2k+1- roue de bicyclettes.

Théareme 2.5
Soit G =(V, E) un graphe et (W, F)une 2k+1-roue de bicyclette avec k 2 1 contenue dans G. Alors
l'inégalité

x(F) £ 2(2k+1)
définit une facette de Pg(G).

Nous avons décrit par la suite certaines procédures de construction de facettes du polytope
PB(G) a partir d'autres facettes. En particulier nous avons montré, en utilisant le théoréme 2.4,
qu'étant donné un graphe complet (d'ordre quelcongue) on peut essocier des entiers : O
appropriés & ses sommets et obtenir sur ce graphe une nouvelle facette de Pg(G). Les
coefficients de ces facettes ne sont pas nécessairement en 0-1, ils peuvent étre méme de

I'ordre de O(n2) ou n est le nombre des sommets du graphe. Dans une deuxiéme procédure nous
avons montré que 1'opération qui consiste & remplacer dans un graphe une aréte (resp. une
chaine impaire sans corde) par une chaine impaire sans cordre (resp. une arétej permet elle
aussi de définir de nouvelles facettes. De méme celle qui consiste & diviser les arétes d'un
cocycle d'un graphe (mettre un nouveau sommet sur chacune de ces arétes) conduit également
alaconstruction de nouvelles facettes de PE{(G).

En ce qui concerne I'aspect algorithmique de ces classes de facettes on peut d'abord remarquer
qu'en utilisant des procédures énumératives, il est possibie de résoudre polynomialement le
probléme de séperation pour chacune des classes de facettes associées aux Koks1 et aux
Zk+1- roue de bicyclettes avec 2k+1 ¢ s ou s est fixé. Par exemnple pour Ks cela nécessite un

temps de l'ordre de O(n"’). Pour les graphes complets d'ordre impair quelconque on ne sait pas
encore si on peut résoudre en temps polynomial ou non le probiéme de séparation
correspondant. Par contre pour les facettes associées aux 2k+1-roue de bicyclettes, Gérard[¢)
amontré derniérement que le probléme de séparation pour ces contraintes peut se résoudre en
temps polynomial. Il a montré que ce probléme peut se ramener & la recherche d'un cycle
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impair de poids minimum pour lequel on connait déja d'algorithme efficace. Notons de mérne
gue pour ce dernier probléeme Johinson et Gastou [5] ont proposé également un algorithme
polynomial de résolution qui raméne le probléme & larecherche de plus courtes chaines dans
un graphe.

Puisque K5 est une 3-roue de bicyclette, il est maintenant trés souhaitable de trouver un
algorithme polynornial qui permét de résoudre en temps polynomial le probléme de séperation
pour les contraintes définies sur les graphes obtenus a partir de Ks par des subdivisions
impaires d'arétes (deuxiéme procédure de construction de facettes mentionnée). Cette
configurationsimplifiée peut définir dans certains graphes, ou le probléme AFest NP- complet
(par exemple les graphes Gtel que G\v soit planaire), le seul type de contraintes essentielles du
probléme, définies a partir des graphes complets.
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CHAPITRE I

L'objet de ce chapitre est 1'étude de deux généralisations du probléme du verre de spirns. La
premiére généralisation est donnée enterme de cocycle de poids maximum.

Considérons un graphe G = (V, E) ol chaque aréte étant munie d'un poids quelconque we (au lieu
d'étre positif). Soit P’le probléme qUi consiste & déterminer une affectation S : Y—s{-1, + 1} qui
minimise

ZwUﬁ 8i Sj
ijeE

1l est clair que ce probléme généralise le probléme PFdu verre de spins (§11.1) et d'aprés ce qui
est décrit dans (§11.2) toute solution de P’ correspond & un cacycle de G et vice verse. Par
conséquent le polyédre des solutions de A correspond au polyédre, enveloppe convexe des
vecteurs représentatifs des cocycles de G. On appelle ce polyédre le polytope des cocycles de G
et on le note PC{G). Dans le paragraphe suivant nous étudions le polyédre Pc{G) et nous dannons
sa ceractérisation dans les graphes non contractibles a Ks.

1. Onthe cut pohtope
(erticle{lIl, 1} en collaboration avec F. Barahona)

Etant donné un graphe G =(V, E), il est évident que toute contrainte valide pour le polytope P(G)
est également valide pour PC(G), donc PC(G) C Pp(G).Mais en général PC(G) # PR(G). En effet
considérors«n cycle C dans G, alors tout cocycle de G doit contenir un nombre peir d'arétesde
C. Ceci irnplique que les constraintes

X(F) - x(C\F) £ |F]-1 CecycledeG, (3.1
FCC, |F]impair
)

sont valides pour Pc(G). Mais il est facile de voir que ces contraintes ne sont pas en général
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valides pour Pg(G). Considérons de plus les contraintes dites triviales
0<xpt1l pourecE - v (3.2)

qui sont aussi valides pour Pc(G).
Le résultat suivant caractérise parmi les contraintes (3.1) et (3.2 celles qui définissent des
facettes de PC(G).

Théxeéme 3.1 :

(i) une contrainte parmi (3.1) définit une facette de PC{(G) si et seulement si C est un cycle sans
corde(une aretee £C liant deux sommets du cycle).

(ii) une contrainte parmi (3.2) définit une facette de PC(G) si et seulement si e n'appertient pas a

untriangle.

Nous avons étudié le probléme de séparations associées aux contrairtes (3.1) et (3.2) et nous
avors proposé un algorithme qui permet de résoudre ce probléme entemps polynomial. Pour ce
faire I'algorithme raméne le probléme & la recherche de plus courtes chaines dans un certain
graphe. Cet algorithme combiné avec la méthode des ellipsoides permet donc de calculer en
temps polynomial un cocycle de poids maximum dans les graphes G tels que le polytope PC(G)
soit décrit complétement par les contraintes (3.1) et (3.2). Nous avons étudié ces grephes,ce qui
nous a permis d'établir le -

Thémréme 3.2
Un graphe G est non contractible & K5 si et seulement si PC(G) est défini par les contraintes(3.1)
et (3.2).

A notre connaissance, c'est la premiére fois qu'une caractérisation compléte du polytope PC(G)
est connue pour une classe de graphes nontriviale.

Nous avons examiné également dans cet article certaines procédures génératrices de facettes
du polytope PC(G). Nous avons montré en particulier que I'opération qui consiste & remplacer
dans un graphe un sommet per un triangle, d'une maniére asppropriée, permet de construire de
nouvelles facettes.

Enfin, dans cet article, nous avons étudié quelques propriétés lides 4 I'adjacence des points

extrémes du polytope PC(G). Par définition deux points extrémes x1 et x2 d'un polyédre (P)de R"

sont adJace'\ts si et seulement si il existe un vecteur C eR" tel gue xi et x7 sment les seuls
points extrémes qui maximisent Cx sur (P). . .
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Nous asvons alors le -

Théréme 3.3:

Soit G = (¥, E) un graphe et soient «!

J

et x~ deux points extrémes de PC(G) correspondant aux

cocycles I et 2. Soit F = E\(1ad) (14 = (INJ) U (M. x! et xJ sont adjacents dans PC(G) si el
seulement si H =(¥, F) adrmet deux composantes connexes.

A partir de ce théoreme nous avons déduit que le polytope PC(G) possede la propriété de Hirsch
et gue quand le graphe G est complet, Pc(G) est de diamétre 1.

La deuxiérne généralisation du probléme duverre de spins que nous avons étudiée est donnée en
terme d'indépendant de poids - rnaxirnum. Rappelons d'sbord en quelques mots certaines
définitions de base liées & ce probléme.

Un systéme d'indépendents est défini par un couple (E, 7 ) ou E est un ensemble fini d'éléments
et /unefamille de sous ensembles de E qui vérifient

Jecler=>Jl€}

Les éléments de / sont appelés des ensembles indépendants’ et les sous ensembles de E non
contenus dans /sont appelés des ensembles dépendants. Un ensernble indépendant maximal
(resp. dépendant minimal) est dit une base (resp. circuit) de (E, /). Un systéme d'indépendants
peut étre défini aussi par I'ensemble de'ses bases ou de ses circuits.

Etant donné un systéme d'indépendants (E, /) ou E est un ensemble valué, le probléme de
I'indépendant de poids maximum consiste & déterminer un élément dans /de poids total
maximum. (Remarquons ici que / peut avoir un nombre exponentiel d'éléments). Ce probléme
modélise une large classe de probléemes d'optimisation combinatoire, en particulier celui du
sous graphe biparti de poids maxirum (le probléme £F). En effet on peut voir que les ensembles
d'arétes des sous graphes bipartis d'un certain graphe définissent un systéme d'indépendants
dont les circuits sont les cycles impairs de G. Un autre probléme qui entre dans cette classe est
celui du sous graphe sans circuit de poids maximum. Ce probléme consiste & déterminer dans un
graphe orienté donné ou tout arc est muni d'un certain poids, un sous graphe sans circuit de
poids total maximum. Le systéme d'indépendants correspondant est défini par les circuits de ce:
graphe. Ainsi onrerargque que les ensernbles de circuits de ce systéme et de celui associé aux
sous Qraphes bipartis, sont définis les deux sur les mémes structures,représent'é;fs par les
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cycles d'un graphe. Ceci nous a permis d'utiliser des idées similaires & celles développées au
paragraphe I1.3 pour étudier ce dernier probleme et de caractériser le polyedre de ses solutions
dans la classe des graphes symétriques non contractibles 8 K3 3.

2. Composition in the acyclic subdigrapoh polvtope

(article[lll1.2) en collaboration avec F. Barahona)

Dans ce peragraphe, on désigne par D = (¥, A) un graphe orienté dont V est I'ensemble des
sommets et E celui des arcs. Un arc dont I'extrémité initiale est i et 'extrémité terminale est j
est noté par (i, j). Etant donné un systéme de poids (w (€), e €A), le problérne du sous graphe sans
circuit dans G est donc de déterminer un sous ensemble A'C A tel que le graphe D' = (Y, A') ne
contienne pss de circuit et

w(A)= T wie)
eeq’
soit maximum.
Ce probléme posséde des applications dans différents domaines scientifiques (Kaas[1], Lenstra
{2] Young[ 3]). Il est NP-complet dans le cas général mais polynomisl dans la classe des
graphes planaires.
On appelle polylope des sous grephes sans circuit de D =(V, A) noté Pac(D), I'enveloppe convexe

des vecteurs représentatifs xF tel que(V, F) soit sans circuit. Il est clair que les contraintes
x(C) ¢|C}-1 Ccircuit de D (3.3)
xg ¢ 1 e€A (3.4)
xg 20 een ' (3.9)

sont valides pour PAC(D). Grotschel, Jiinger et Reineit (1982) ont montré que les contraintes
(3.3) et (3.5) définissent des facettes de Pac(D) et une contrainte parmi(3.4) associée dunarce
= (i, j) définit une facette de PAc(D) si et seulement si (j, i) ¢ A. Ils ont montré que le probléme
de séparation pour ces contraintes peut se résoudre en temps polynomial. Par conséquent le
probléme du sous graphe sans circuit peut se résoudre en temps polynomial dans les graphes D
ou le polytope Pac(D) peut étre décrit par les contraintes (3.3), (3.4) et (3.5). Ils ont appelé ces
graphes, les graphes faiblement sans circuit. Iis ont montré a partir d'un résultat de Lucchesi
(1978) que les graphes planaires orientés sont faiblement sans circuit. |

Etant donné un graphe G = (¥, E) (nhon orienté), on appelle graphe symétrique de G, le graphe
orienté D(G) = (V.A) tel que A = {(i, j), (jJ, i) / ij € E}. Dans cet article nous avons" essaye en
particulier de caractériser les graphes symétrigues faiblement sans circuit, en utilisant des
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opérations de compositions du polytope des sous graphes sans circuit, similaires & celles
décrites en(§ I1.3) pour celui des sous grephes bipertis.

. Soient deux graphes D1 =(V1, A1) et D2 =(V2, A2). Un graphe D3 =(V3, A3)est dit 2-somme de D}

et Dz s'il est obtenu a partir de Dy et D2 en identifiant deux circuits de D1 et Dz ayant chacun
deux sommets (voir Fig. 10).

D3

Fig. 10

Il est clair que la contrainte
x(u,v)+x(v,upct

définit une facette de PAc(D1) et PAc(D2). De plus on peut veir que cette contrainte définit la
seule facette ou les coefficients de x(u, v) et x(v, u) sont les deux non nuls. Supposons que les
autres contraintes de PAC(D1) (resp. PAc(D2)) dont le support intersecte le circuit ((u, v), (v, u))
sont

taegkxet+x(uV)sdk, KeEKi
eéél

z aekxetx(v,ulsdk, kéEK2
e€A1

2 blexegt+ x(u,v) <R, 1€L1
e€A?
resp.
2 blexe+ x(v,u) £, 1€L1
e€Ay

ol Aj = Ai\{(u, v), (v, u)}, i=1, 2
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Et considérons les contraintes

Z8kexe+ 2 blexes Ok +fi-1 (3.6)
eEAY e€A?

avec(k, Je(K1 x L)U{K2x 1)

Nous avons montré que ces contraintes sont valides pour Pac{D) et définissent des facettes de

ce polytope. Soit (P) le polyédre de RI Al défini par les contraintes de PAC(D1) ., Pac(D2) et les
contraintes (3.6). Nous avons le : v

Théorémie 3.4 -
(P)=Pac(D3)

A partir de ce théoréme on peut déduire ainsi que si D1 et D2 sont faiblement sans circuit alors
D3 I'est aussi. De plus que le systeme (P) définissant Pac(D3) est minimal (en supposant que les
systémes de PAc(D1) et PAc(D2) sont minimaux).

Un graphe G non contractible a K3 3 est dit maximal si pour toute aréte ajoutée aG, le graphe
obtenu est contractible & K3 3. Wagner a montré que tout graphe non contractible a K 33
" maximal peut étre obtenu par des opérations de 2-sormme (§ 11.3) & partir de graphes planaires et
des copies de Ks.

Onobtient le:

Théaréme 3.5 -
D(Ks) est faiblement sans circuit.

A partir desthéoréme 3.4 et 3.5 et durésultat de Wagner nous avons le :

Théréme 3.6 :
Un graphe D(G) est faiblement sans circuit si et seulement si G est non contractibie 4 K3 3.

Dans le paragraphe suivant nous généralisons 1'opération de composition de polyédres décrite
ci-dessus, au cas des systémes d'indépendants an général.
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3. Ona Composition of Independence ‘_ég@t_ems‘ by Circuit- Identification

{article[l11.3] en collaboration avec R. Euler.)

Etant donné un systéme d'indépendants (E, /) ,on appelle polytope des indépendants de (E, 7 ),

F

noté P(7) ,I'enveloppe convexe des vecteurs x' ol FE I Ce polytope a été étudié en particulier

pour certains systémes d'indépendants comme les ensembles stables, les couplages, les sous
graphes bipartis ( un ensemble S de sommets d' un graphe G=(V E) est un stable de Gsi E{S]=¢.Et
un ensemble FESE est un couplage de G si les arétes de F sont deux & deux disjointes). Dans ce
peragraphe nous étudiors ce polyédre dans des systémes d'indépendants quelcongues définis &
partir d'autres systemes par une certaine opération de composition. Cette opération généralise
celle de la 2-somme étudiée ci-dessus dans les cas des sous graphes bipartis et des sous
graphes sans circuit. '

Soit (E, /) un systéme d'indépendants dont Cest I'ensemble des circuits. Soit C e tel queC =

clucZaveccle ;zf + C2. On dit que (E, 7} vérifie pour C = cluc?ia propriété (¥ )siles deux
conditions suivantes sont satisfaites

1) Pour tout C'€ C tel que C'NC &, nous avons C'NC = Cloucnec = 2

2) Pour tous circuits C1, C2€ Ctels que CNCy = clet CNCy= C2, il existe un circuit C3€ Ctel
que C3C (C1UC2)\ C.

Considérons maintenant deux systémes d'indépendants (EL A) et (E2, A) ayant comme
ensemble de circuits (1 et (). Soient Cy et C) deux circuits dans C1 et O ayant

respectivemnent les partitions (C11, C12) et [Czl, C22]. Supposons que (E1, 4) (resp. (Ez, 72))
verifie lapropriété (W) pour Cp = C11 U C12[resp. Cz= Cz1 U (322] et gue

Icili=1c2Y, 1c19 = 1c2%

Soit (E3, 5) le systéme d'indépendsnits obtenu & partir de (Eq, A) et (E2, 72) en identifiant le
circuit C2 avec Cy (Cz1 avec C11 et sz avec C12) et dont I'ensemble des circuits est O3 tel
que 3= 631 U 632 &Vec

al=qucy

ou & est I'ensemble déduit de Czenidentifiant Cz avec C) |
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et
O3 ={(C'UC)\Cy 1 C'eqy et C'el>
avec C11_C_C' et C12_C_C" ou Cll_g C" et Clng'}

Dans le cas ou les systémes (Ey, /), (E2, &) sont définis par les sous graphes bipartis(resp. les

sous graphes sans circuit) 632 correspond 8 'ensemble des cycles impairs (resp. circuits)
éléementaires créés par I'opération de la Z-somme.

Du fait que les syétémes (E1, A)(resp.(E2, &) vérifie lapropriété (W) pour Ci(resp.C2), onpeut
voir facilement que toute base de (Ej, /) (resp. E2, £)) contient (|C1|-1)(resp.|C2|-1) éléments
de C1 (resp. C?7). Ceci implique par conséquent que les contraintes '

x(C1) £IC1l-1
resp.x(C2)£|C2o|-1

définissent des facettes de P{A) (resp. P(%)) et que les autres facettes de ce polytope dont le
support intersecte C1(resp. C2z) sont de type

Saekxe+ x(C1l) ok, kéK
e€Eq
S aekxe+ X(C19 €0k, kEK2
8€E]

S berxe+x(C2) B, €Ly
resp. e €E2

Ibelxe +x(C2A<h, 1€l
e €E7
ouEj=Ej\Cj, i=1, 2
Considérons maintenant les contraintes

Tagkxe+ I bel xet8k+ 8] -(IC1l-1) (3.7)
e€Ey e €E? .
avec(k, DE(KixLUK2xLy) '
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Les contraintes (3.7)sont valides pour le palytope P( ). De plus elles définissent des facettes de

ce polytope. Soit (Q) le polédre de RIEI défini par les contraintes des polytopes P( /), P(%) et les
contraintes(3.7). Nous avons alors le :

Théoréme 3.7 :
(Q)=P(5)

Ce théoréme nous permet donc de donner une description complete et minimale du polytope
P(/3) a partir des polytopes P(4) et P(%). Per exemple dans le cas ol les systémes (E1, A) et

(E2, %) sont définis par les ensembles stables de deux graphes Gj ={V1, E1) et G2= (V2, E2)
parfaits, alors les polytopes P /1) et P( /) sont définis par les contraintes associées aux cliques
de Gi et G2, ainsi les contraintes (3.7) sont définies sur des cligues du nouveau graphe G3
déduit de Gy et G2 et qui représente le systéme (E3, 5). Le théoréme 3.7 implique donc que le
graphe Gz est aussi parfait. Par conséquent cette opération de composition de systéme
d'indépendants préserve la perfection dans le cas oU ces systémes sont définis par les
ensembles stables dans les graphes.

Nous avons étudié également dans cet article la propriété “dual totalement entier” (total dual
intégral) pour des systémes d'inéguations en relation avec les polyédres des indépendants. Par

définition un systéme

Ax ¢b

ou A est une matrice (m, n) & coefficients entiers et b € R™ est dit" dual totalement entier”

(TDD si pour tout vecteur C €R™ & coefficients entiers, le dual du programme

Max{CTx, Ax ¢b)

adrnet une solution optirnale entiére.
Onobtient alors :

ltﬂ' !Q‘!Ilﬁ 1-ﬂ -
Siles systemes P( A1) et P(4&) sont TDI alors P( /) est TDI
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Supposons que A est la matrice d'indicence dont les lignes représentent les circuits d'un
systéeme d'indépendants (E, /). Considérons ie systéme

Axs b
(3.8)

ou chaque coefficient de b est égal a|C|-1, avec C un circuit de (E, 7). Si(3.8) est TDI alors
(3.8) = P( /). Nous avons également montré pour une classe particuliére de matrice A que (3.8) est
TDI

Théoreme 3.9:
Si A est équilibrée (ne contient pas de sous matrice carrée impaire ayant dans chaque ligne et
chaque colonne deux 1) alors (3.8) est TDL

De ce théoréme on déduit que si (E, 7) est un matroide, alors P(7) = (3.8) si et seulement si les
circuits de ce matroide sont deux & deux disjoints.
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CHAPITRE IV

COMBINATOIRE

L'objet de ce dernier chapitre est 1'étude de deux autres problémes d'optimisation combinatoire :
Pabsorbant et le kj-recouvrement de poids minimum. On s' intéresse er particulier & I'étude des
polyédres essociés & ces problémes.Nous étudions également une caractérisation des graphes
dits "kj-parfait" en la liant & la perfection de lewr grephe d'intersection.

i e des absarb dans une classe aseuil
(article[Iv.1])

Etant donné un graphe G = (V, E), un ensemble A sV est dit absorbant (dominant) si tout-sommet
dans V\A est adjacent & au moins un sommet de A. Le polytope des absorbents de G est
I'enveloppe convexe des vecteurs représentatifs des absorbants de G.

Comme nous I'avons déja signalé, il est souvent intéressant de ceractériser des structures
combinstoires par l'enveloppe convexe de lewsvecteurs représentstifs. Ceci & notre
connaissance, n'a jamais été fait sur les absorbants d'une classe de graphes non triviale. Dans ce
paragraphe nous donnons cette caractérisation dans la classe des graphes absorbants a seuil.

Détinition 4.1 (Benzeken et Hammer)

Soit G =(V, E)un graphe tel que V = {1, 2, ..., n}. G est dit absorbart aseuil s'il existe des poids ajro

associés aux sommets de G et unseuilb 2 0, tel que ASY est un absorbant si et seulement si
2ajrb.

iéA

Parmi les caractérisations des graphes absorbants a seuil données per Benzaken et Hammer nous
considérons lasuivante :
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Théaréme 4.2
Les deux propriétés suivantes sont équivelentes
i) G est absorbant aseuil
ii) G peut se ramener & un graphe reduit & un sommet en enchainant un nombre fini de fois les
opérations suivantes :
W1:suppression d'unsommet isolé (sommet non adjacent & aucun autre sornmet)
W2 :suppression d'unsommet universel (sommet adjacent & tous les autres sommets)
W3: suppression d'une paire de pbles (deux sommets non liés entre eux mais adjacents atous

les autres sommets).

Considérons maintenant un graphe absorbant a seuil G. Soit n1 le nombre d'opérations de type
W1 afaire pour ramener G aunsommet. Soit ni+ice sommet et soit i le sommet isolé définissant

la iéme opération W4. Pour tout sommet j=ni+1 on désigne par Vi I'ensemble des sommets de G
qui sont adjacents & j et par Yni +1 I'ensemble X \ {1, ..., n1}. On note Wk = Yk - Yk-1pour 1 ¢k ¢
ni+1 et Vo= J.Saient (Vidy et (Wi)y (resp(Vkp et {Wi)p ) les ensembles de sommets universels
(resp. paires de pbles ) de Yk et Wk pour k=1,.._nl+1.

Leresultat central de cet article est :

Théxeéme 4.3
Le polytope des absorbants de G, P(G) est défini per les inégalités suivantes :

. (I—Jm )i+ Zxj2l i=1,‘-..,n1+1
JEV} i€(Widp,k=1,..ni+1
o 2xit(jk+2) Fxj L (*1-Y) T xj
i=k+1,...n1 ieVRUWketlu  t=k,.. j-1 1€ (WreDpUWte2y
QR + ¥ xi 2 j-k+2 Otkejent

i€(VYn1 +1-Vj+ DUWjs 1p

° Oexjsl Y ieY
1 sinl+l=j
ou Jn1+1,i=
O sinon

Il est fbacile de voir que toutes ies contraintes dans Q sont valides pour P(G). Ceci i;r'blique que
P(G) € Q. Pour démontrer le théoréme il suffit donc de montrer que les points extrémes de Q
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représentent tous des absorbarts de G. Pour ce faire nous avors décrit d'abord un algorithrne
polynomial qui permet de construire un absorbant de poids minirmum dans un graphe absorbant &
seuil. Cet algorithme exige un nombre linéaire d'opérations. Per la suite nous avors utilisé cet

algorithme pour montrer que pour tout C eR"le programme linéaire
Min{Cx, x€Q},

admet une solution de base en0-1. Ce qui montre que tous les points extrémes de Q sont en0-1et
représentent par conséquent des absorbants de G.

Notons que la description du polytope P(G) par le systéme linéaire Q n'est pas minimale. La
description minimale de P(G) dans ce cas est une question qui est encore ouverte.

2 Kij ements : lexité ki—parfai

Parmi les problemes d'optimisation combinatoire qui ont été trés étudiés ces derniéres années,
on trouve celui du trensversal de poids minimum. Ce probléme consiste a déterminer dans un
graphe G =(V, E}, outout sommet est muni d'un certain poids, un ensemble TSV tel que V ijeE,
{i,i}NT = @, et qui soit de poids total minimum. Ce probléme est équivalent a celui du steble
(indépendant) de poids maximum . 11 est parmi les premiers problémes montrés NP-complets. Le
polyédre associé a ce probléme a été largement étudié. En particulier Padberg(1973) a étudié ce
polytope dans le cas général et il a décrit certaines classes de ses facettes. Dans ce paragraphe
nous étudions une généralisation de ce probléme enterme de Kj-recouvrement.

Etant donné un graphe G = (V, E) et un entier i 2 2 un ensemble C de Kj-1 de G est dit
Ki-recouvrement de G si tout Kj de G contient au moins un Kj-1 de . Pour i=2, un
Kz—recom‘/rement de G est un transversal. Si F est un ensemble de K; de G, alors un
Ki-recouvrement de F est défini de la méme maniére que dans G. Pour un systéme de poids W =

(Wj, Kj- 1jc G) associé aux Kj-1 de G, le probléme du Kj-recouvrernent de poids minimurm dans G
consiste a déterminer un Kj-recouvrement Cde Gtelque § wj soit rminimurn.
' Ki-1€C

Dans un premier temps nous avons étudié certains aspects algorithmiques et polyédraux de ce
probléme que nous présentons dans le paragraphe suivant.
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2.1 Kj - Cover I - Complexity and polytopes
(article[IV.2} en collaboration avec M. Conforti et D.G. Corneil)

Pour i=2, le probléme du K2-recouvrement est équivalent & celui du transversal de poids
minimum. Comme nous 1'avons mentionné, ce probléme est en général NP-complet. e probléme
du K3-recouvrement 1'est également comme I'a montré Yannakakis. En utilisant une technique
analogue on obtiert le :

Boréme 4.2
Pour i & 2, le probléme du Kj-recouvrement est NP-complet.

Un graphe est dit triangulé sitout cycle de ce graphe de longueur > 3 admet une corde. pour i=2 le
probléme du K2-recouvrement est polynomial dans les graphes triangulés. Par contre pour i>2
nous avons le:

Théoréme 4.3

Pour i>2, le probléme du Kj~recouvrement est NP-cornplet dans les graphes triangulés.

Pour montrer ce théoréme, on peut construire (en temps polynomial) & partir d'un grephe G donné
un graphe G' triangulé de telle maniére que les problémes du Kj-recouvrement dans les deux
graphes soient équivalents.

Cependant, dans un graphe triangulé ou la taille maximale d'une clique est fixée, le probléme du
Ki-recouvrement est polynomial et nous avons donné dans cet article un algorithme basé sur la
programmetion dynamique qui permet de déterminer dans ce cas une solution optirnale du
probleme en temps polynomial.

Etant donné un graphe G = (V, EJ, on désigne par Fi(G) I'ensemble des K de G. Soit iA la matrice
d'incidence Kj-1-Kj dont les colonnes représentent les éléments de Fi(G), les lignes ceux de
Fi-1(G), telle que

isi Kj-ij C Kik
iAjk =
| 0 sinon

A la matrice iA on associe le graphe 1i(G) dit graphe Ki—interséction de G. Les sommets de 1j(G)
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correspondent aux Kj dans Fi(G), et deux sommets sont adjacents si et seulement si les Kj
correspondants ont un Kj-1 en commun. Notons que cette notion de graphe Kj-intersection est
fondarnentale dans cette étude.

On appelle polytope des Kj-recouvrements de G, noté PKj(G), I'enveloppe convexe des vecteurs

x“ ol C est un Kj-recouvrement de G. Nous avons étudié ce polytope et nous avors examiné
quelques classes de ses facettes.

Il est clair que les contraintes :
iATx: 2 ‘ (4.1)

O¢xjel pour Ki_lj € Fi-1(G) (4.2)
sont valides pour PKj (G). Nous avons :

Pourix 3, les contraintes (4.1) et (4.2) définissent des facettes de PKj(Q).

Théaréme 4.5

Soit Kj» 1° un sous graphe complet de G detaille i+ 1. Lacontrainte

z xj rlir12]
Ki-1d CKie1®

est valide pour P (G). Elle définit une facette de PKj(G) si et seulement si i est pair.

Un graphe H est dit Kj-p-trou si Ij(H) est un trou de longueur p (un trou est un cycle sans corde).
De méme un graphe est dit p-roue d'ordre i s'il est défini par un trou C de longueur p 2 3 et un K*;
universel a C (tout sommet de K*j est adjacent a tout sommet de C). Notons qu'une p-roue
d'ordre i-2 est un Kj-p-trou.

Théoréme 4.6 :
Scit G un graphe et soit H un sous graphe de G, définissant un Kj-p-trou avec i » 3. Alors

l'inégalité
Z Xj [ pf2]
Ki-13 € Fi-1(H)

est valide pour P (Q). Elle définit une facette de P (G} si et seulement p est irnpair.
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Théoréeme4.7. :
Soit G un graphe et soit Hunsous graphe de G définissart une{2K+1}-roue d'ordrei-1ouk > Zet i
r 3. Soit & =Fj-1(H) \K*j-1. Alors I'inégalité

2 xj rk(i-1)+[i-1/2]
Kj_ljé <

est valide pour P j (G). Elle définit une facette de PKj(G) si et seulemnent i est pair.

Nous avons caractérisé également d'autres facettes du polytope Pk (G) dans le cas ol i=3. Ces
facettes sont liées au polytopoe des sous graphes bipartis étudiés en(§, 11.3). Par la suite nous
avons étudié le probléme de séparation pour les contraintes données par les théorémes 4.6 et 4.7.
En utilisant I'algorithme de Gérard (déja mentionné) nous avons décrit un algorithme qui permet
de résoudre ce probléme en temps polynomial pour les contraintes associées aux (2k+1)-roues
d'ordre i-1 et i~2 avec i=2r, ol r est un entier. Pour les contraintes associées aux Kj-p-trous,
autres que celles données par les p-roues d'ordre i-2, on ne connait pas encore d'algorithme
polynomial qui permet de résoudre le probléme de séparation correspondant. L'existence d'un tel
algorithme est un probléme ouvert trés intéressant, car si un tel algorithme existe alors il
permet de résoudre en temps polynomial dans le graphe Kj- intersection ie probléme dutrou de
poids minimum.

Etant donné un graphe G = (V, E}, un ensemble de Kj de G est dit "Kj-packing" de G s'il ne contient
pas deux Kj ayant un Kj-1 en commun. Si FCFj(G), on définit un "Kj-packing “ dans F de laméme
maniére que dans G.

Soit cj(F) (resp. pj(F)) la cardinalité d'un Kj-recouvrement minimum (resp. Kj-packing maximum)
dans F. Il est clair que

ci(F)2pi(F)  FCFi(G) (4.3)

Mais en général c¢j(F) # pj(F). Dans le prochain paragraphe nous étudions les graphes dans lesquels
I'inégalité (4.3) est toujours vérifiée avec égalité.
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2.2 Ki—cov Kij ect
{article[IV.3]) en collaboration avec M. Conforti et D.G. Corneil)

Un graphe G est dit Kj-parfait si cj(F) = pj(F) pour tout FCFj(G). On peut voir facilement que les
graphes K2-parfaits sont précisément les graphes bipartis. Le graphe Ki- intersection de G, 1j(G)
est dit conforme si pour toute cligue de taille k : 2 dars Ii(G), les Kj de G correspondants aux
sommets de cette clique ont exactement i-1 sommets en commun. Par conséquent si I(G) est

conforme alors le nombre de cliques disjointes dans liF(G) est égal a cj(F)ou FLFi(G) et ljF(G) est
le sous grephe induit de G dont les sommets correspondent aux Kj de F. Nous avons alors le :

Le graphe [j(G) est conforme si et seulement si G ne contient pas un Kij¢1.

A partir de ce théoréme on peut déduire que si le graphe Ij(G) est conforme, alors il ne contient
pas un sous graphe induit K4-e (le graphe K4 moins une aréte). Parthasarathy et Ravindra(1979)
ont montré que les graphes sans K4-e vérifient la conjecture forte des graphes parfaits : un
graphe est parfait si et seulement si il ne contient pas de trou ou d'anti-trou(le complémentaire
d'un trou) de longueur 2 5. Ceci nous a permis d'établir le:

!!m‘ é!!!e ﬂ-g :

Un graphe G est Kj-parfait si et seulement si Ii(G) est conforme et parfait.

Nous avons étudié per la suite une ceractérisation des graphes Kj-parf aits en terme de rnatrices
parfaites. Par définition une matrice A a coefficients enQ-1 est dite parfaitesile polyédre

Ax $ 1
x20

atous ses sommets en0-1. Onobtient alors le :

Théoréme 4.10 :
Un graphe G est Kj-parfait si et seulement si iA est une matrice parfaite.

Il est bien connu que toute matrice équilibrée (§ 111.3) est parfaite. Donc le théoréme 4.10
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implique que si iA est équilibrée, alors le graphe carrespondant est Kj-parfait. Laréciproque de
cette propriété n'est pas par contre vraie. Nous avons donné (dans [ 1v.3]) un grephe K3-parfait
pour lequel la matrice 3A n'est pas équilibrée. Dans une derniére partie de cet article nous avans
étudié les graphes pour lesquels la matrice iA est équilibrée et nous avons donné & ces graphes
une caractérisation en terme de sous graphes peartiels interdits dans le graphe Kj-intersection.

A la suite de cette étude plusieurs guestions restent encore ouvertes. En particulier I'existence
d'un algorithme polynomial de reconnaissance des graphes Kj-parfaits. Cette question est liee
au probléme de I'existence d'un trou impair dans le grephe Kj-intersection. De méme il est
intéressant d'étudier encore le polytope PKi(G) et de ceractériser d'autres familles de ses
facettes pouvant avoir des coefficients différents de O et 1. Enfin on peut également étudier les
graphes G pour lesquels cj(H) = pj(H) pour tout sous graphe partiel (induit) H de G. Ces graphes
peuvent contenir des graphes non Kj-parfaits.
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ABSTRACT

In this paper we study the following traffic regulation problem :

Given a capacited transportation network with several origins and destina-
tions, we assume that all the users follow the first Wardrop principle
known as the user optimising assignment principle . It is well known that
the time spent by the users in such an assignment equilibrium is not the
best possible.

In order to improve the general traffic situation a central decision center
may decide change locally the traffic parameters on some links of the
network. In particular it may be interesting to reduce the value of the
capacities of some links of the network and for many examples of networks,
degrading the traffic conditions on some links may lead to a global impro-
vement of traffic conditions on this network. The regulation problem
consists in finding on which links it may be interesting to lower the
initial capacities in order to improve the general traffic condition on
this network. In this paper we study this problem from a theoretical point of
view and also by providing some interesting examples which show the
interest of this kind of study.

2Institut de Recherche des Transport
2 avenue du Général Malleret Goinville
94114 Arcueil - France . "

xkInstitut de Mathématiques Appliquées de Grenoble
BP 68, 38402 Saint Martin d'Héres Cedex - France
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I. INTRODUCTION

One of the major problems met in urban traffic theory is to find good

regulation policies in order to solve congestion problems.

The best possible regulation method would consist in finding a traffic
assignment which satisfies the second Wardrop principle (Wardrop, 1952) :

"The average travel time is minimum®.

However this assignment pattern is quite unrealistic in the sense that some
drivers will have to use routes which are not optimal for them in order to

reach the goal defined by this principle.

A more interesting approach is to assume that the users will behave according
to the first Wardrop principle : {(wardrop 1952), known also as the user

optimising assignment prinéiple :

"The journey time on all routes actually used are equal, and less than

those which whould be experienced by a single vehicle on an unused route”.

An equilibrium situation which satisfies this principle is called a user
optimising pattern. Of coursethis pattern will depend on the traffic condi-

tions on each link of the network.

More precisely it is usually admitted that the travel time 6(e) on a link

e is a non decreasing continuous function depending on the traffic flow

f(e) observed on this link.

Moreover in capacited networks we assume that on each link e the traffic flow
cannot exceed a given capacity c(e).

In our study we shall consider capacited networks rather than uncapacited
networks. The reason is that the capacity of a link is a parameter which can
be easily modified by a central decision center : for instance the capacity
of a link can be reduced by the removal of oneor several lanes of the link

or by the use of an appropriate signal setting at the entrance of this link.
On the other hand, it seems more difficult to act on the other parameters de-

fining the travel time 6(e) of a link e.

We can now define the kind of regqulation policies we want to study. -
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It is possible, by eventual reduction of the capacities of some links of the
transportation network to improve the traffic conditions of this network
(average time gpent by the users), if we assume that the users will always

behave according to the user optimising assignment principle ?

It may be surprising that degrading the traffic conditions on some links

of the network may lead to a global improvement of traffic conditions, but this

paradox has alre¢dy been observed by risk (1980), FISK and PALLOTINS (19757
MURCHLAND (1970)in the so-called paradoxes in the equilibrium assignment patterﬁ

or Braess's paradoxes.
In part II of this publication, we shall precise our notation and definitions
and we shall set our main hypothesis concerning user assignment pattern in

capacited networks.

In part III we shall give a mathematical formulation of our regulation model

and we shall study this model.

In part IV we shall give some interesting examples showing what kind of

improvement can be obtainedtn; this regulation method.

In part V we shall propose some resolution method for the model defined in

part ITIX.
II. CAPACITED NETWORKS AND USER OPTIMISING PATTERNS

IXI.a. The main hypothesis

In this study we shall deal with linear capacited networks which are very
. simplified type of networks but all the results proved here could be easily

extended to more classical types of capacited networks.

On a link e, the travel time is a constant b(e) defined as the initial travel
time, provided that the traffic flow is strictly less than a given capacity cl(e).
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Fig. 1
Note that the travel time 86(e) is not defined when f{e) = c(e) and this is one

of the main difficulties incountered with capacited networks : it may be dif-
ficult to give an interpretation of the userxr optimising assignment principle
in capacited networks. This is extensively discussed in the book of

Potts and Oliver : "Flows in transportation networks".

However, in a recent publication, FARGIER and FONLUPT (1983) made the following

assumption.

If the traffic flow on a link e is equal to the capacity of the link,c(e)

the travel time on this link is equal to

bl(e) + m(e) {Main hypothesis)
This additional time m(e) 2 O can be interpreted as a congestion time due to
the existence of a queue on the saturated link e. Moreover m(e) is not given

as a data but is itself the result of the traffic assignment pattern.

II.b. Notations and definitions

The transportation network will be denoted R = (X,E,c,b) where :

- X is the set of nodes

- E is the set of links

- For any e € E, I(e) is the initial end of e and T(e) is the final end
of e ; (I(e), T(e) € X)

- c{e) is the capacity of link e. (c(e) may be infinite).

- b(e) is the initial travel time on link e.

~ 0(e) is the average travel time on link e.

- The traffic demand is defined by a set {Fij PR Xy e X} where F}i is
the amountof traffic which has to go from node X4 to node xj. We note

fij(e) the flow going from X, to xj and using the link e.
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We consider only static situations : the flows and travel times are indepen-

dant of the time.

ITI.c. System and user optimising pattern

It is well known [see for instance Akcelik (1979) or Fargier, Fonlupt (1983)]
that the system pattern which corresponds to the second Wardrop principle

can be found as the solution generally .unique of the following linear program P

VX , ¥X, € X ; Ve € E f..(e) 20 » (1)
i j ij
in, ij ka € X : . —Fij if k =1
b fij(e) - z fij(e) = (o] if k¥ # 1,3 (2)
{elxk=T(e)} {elxk=I(e)}
(P)
Fpy k=)
Ve ¢ E L £,..(e) = fle) < cle) (3)
X, ,X, € X 13
1%
Z=min I b(e) fle) (4)
ecE

Constraints (2) are flow constraints for each node x, and each pair {x

k 'xj)

i
Constraints (3) are capacity constraints.

The objective function represents the time spent by all the users of the

transportation network during a unit period of time.

Fargier and Fonlupt (1983) proved that the user optimised pattern can also
be found by solving program (). More precisely they proved the following result :

A feasible solution {fij(e) : xi,xj € X, e € E} is a user optimised pattern if

there exists a set of real variables w(i,j,%) (xi,xj,x2

nodes of the network and a set of real variables m(e) defined on the links of

€ X) defined on the

the network such that :
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for any couple of nodes (xi,xj) and any link e = (xk,xl)
m(e) > 0O (5)
w{i,j,8) ~ w(i,j,k) < b(e) + m(e) (6)
1f fij(e) > 0 w{i,j,%) - w{i,j,k} = ble) + m(e) (7)
If m(e) > O, f(e) = cle) (8)

Interpretating n(i,j,) as the minimum time for a user going from xi to xj
to reach node xl, these conditions appear clearly as equilibrium condition
for defining a user optimising pattern. In particular condition (8) means

that if there is a congestion on a 1link e, this link is saturated.

From a mathematical point of view note that constraints (5) and (6) are

exactly the constraints of the dual program (D) of (P) [see for instance

Dantzig (1963)1-

Conditions (7) and (B) are the well known complementary slackness conditions
of linear programming and a feasible solution of program (P) satisfying

conditions (5) (6) (7) (8) is an optimal solution of program (P).

Therefore the user optimising pattern can also be found by solving linear

program {(P).

The relation between user optimised pattern and system optimised pattern can

be stated in the following way.

a) The traffic observed in this two patterns at the same and this unique

solution can be found by solving linear program (P).

b) There is an essential difference between the two patterns

In the system optimised pattern the time Spent by the users is

Z =1L b(e) f(e).

In the user optimised pattern the time spent by the users is

T =% (b(e)+m(e)) f(e). ‘ ’
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vhere the variables m(e) are defined by optimality conditions {5) (6) (7) (8).

To illustrate this difference between the two patterns consider the following

simple example, Fig. 2

€2

Fig. 2
The network is constituted by two nodes O and D and two disjoint links

e, and e,- Let us take an entering traffic F in O equal to 1O.

Moreover let us suppose that the traffic is defined by the following parameter

i}
el
il
(%2}

b(el) c(el)

Il
LY}

b(ez) c(ez) = 10.

The traffic in the user and system assignment patterns is obviously :
f(el) =5 f(ez) =5,

The time spent by the users in the system optimised pattern is :
Z=1x5+3x5= 20.

However in the user optimised pattern there is a congestion on 1link e1 and
the time spent by the users using link e1 is the sum of the initial time
b(el) and an additional time m(el) due to this queue. m(el) is determined by

equalling the time spent by users on links e, and e2.
There fore b(el) + m(el) = b(e2).
m(ei) = 3~-1 = 2.

The time spent by the users in the user optimised pattern is

w= (1+2) x 5 + 3 x 5 = 30.
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I11. MATHEMATICAL FORMULATION OF THE REGULATION PROBLEM
The dual (p) of the linear program (P) can be written :

For any couple of nodes (xi,xj) and any link e = (x ,xl)

k
m{e) 2 O (5)
(D) m{i,j, &) - w(i,j,k) < b(e) + m(e) (6)
max X (n{i,j,3) - =(i,3,i)) Fij - L m(e) cle) = w (9)
xi,xjex eclE

Instead of using complementary slackness conditions for characterizing
optimality in a linear program, we can also use the fact that a couple of
feasible solution in the primal and the dual is optimal if and only if the
value of the objective function in the primél is equal to the value of
the objective function in the dual.

So in our situation optimality in (P) and (D) can be characterized by

constraints (1) (2) (3) (5) (6) and the constraint (10)

L bie) f(e) = ) (n(i,j,j)—ﬂ(i,j,i)]Fi. - ¥ m(e) cle) (10)

ecE X, ,X_€X ] e€E
13

i
{m(e) ; e € E} can be found as the solution generally unique of the linear

In conclusion, a user optimised pattern {fij(e) Pox ,xj € X ; e € E}

system of equations and inequations : (1) (2) (3) (5) (6) (10).

The global time spent by the users in such a pattern is :

T = I [b(e) + m(e)] £(e)
eeckb
Now let us assume we can modify the capacities of the links of the network
there are some unitial capacities e - c(e) on each link of the network and
the real capacity c{e) of a link is now considered as a variable which satis-

fy the following constraints.

0 < c(e) < cle) Ve € E ) (11)

The regulation problem can be set under the following form : Find the value

of the capacities c{e) such that

T = I [b(e) + m(e)] f(e) is minimum.
ecE
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In summary our problem has the following formulation :

The variables are - the traffic flows : fij(e) e € E ; xi,xj € X.
- the additional costs m(e) ; e ¢ E.
- the capacities cle) ; e € E.

These variables satisfy the linear constraints :
(1) (2) (3) (5) (6} (10)
The problem is to minimize the objective function

T= L [ble] +m(e)] £(e).
eckE
We shall call this mathematical program, program (R).

Remark : The preceding mathematical programming problem is among the most
difficult problem encountered in the theory of optimisation. The main diffi-
culty is that the objective function is a quadratic function neither convex
or concave. Finding a local optimum is not a very hard task but there is no
way at the present time to find the global optimum of this program (R) by

an efficient algorithm.

Theoretically (R) can be solved by cutting planes methods [ (see Zwart (1969) ]
or branch and bound methods [see for instance Hillier , Liberman (1974)].

We shall discuss some aspects of the resolution of (R) in the last section

of this paper.

IV. SOME EXAMPLES OF REGULATION

showing that regulation may be interesting even in the case of simplified net-

works with one origin and one destination.

Fig. 3
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The entering traffic in O is equal to 100 (vehicles perunit of time).

]
il

The initial costs are b(O,xl) 2 ; b(O,x2) 9 ; b(xl,x2) = 2

1

b(xl,D) 8 ; b(xz,D) = 3.

The initial capacities of the links (O,xl) and (x2,D) are respectively 70

and 80. The other capacities are infinite .

Note that there are 3 possible routes in this network :

(OIXIID) rl
(O,xl,xz,D) r2
(O:leD) r3

Without regulation the user optimised pattern is :

[

f(O,xl) 70
f(O,xz) = 30

20 (12)

f(xl,D)

f(x2.D) 80

f(xl,xz) = 50

It is easy to check that the conditions (1) (2) (3) (5) (6) (7) (B) are
satisfied by this assignment.
On the other hand there are additional costs on the saturated links (0,x1)

and (x.,D)

2

m(O,xl) is determined by the condition that the cost of the route

(0,x ,x2) is equal to the cost of the route (0,x2).

1
m(O,xl) + b(O,xl) + b(xl,x2) = b(O,xz).

m(O,xl) = 5

Similarly there is an additional cost on link (x2,D), m(x,,D) equal to 3.

2
The global time spent by the users without regulation is equal to :

T, =L[b(e) + m(e)] f(e) = 15 x 100 = 1500.

Note that the time spent by the drivers in the system assignment pattern is

T3 = I b(e) f(e) = 910.
ecE

Now lower the capacity of link (xl,xz) to 50. ‘
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It is easy to see that thé flows in the preceding user optimised pattern (12)

remain optimal with this new condition. However link (x ,x2) is now saturated

1
and it is possible to imagine that congestion appears on this link.

The following solution satisfies also the first wardrop principle.
m(O,xl) = 2
m(xl,xz) =3
m(xz,D) = 0.

The cost of this new solution is

'I‘2 = Zib(e) + m(e)] £(e) = 12 x 100 = 1200 < Tl'

This situation illustrates the following paradox (studied in other context by
KISK (1980) FISK and PALLOTINS (1979) or MURCHLAND {1970) see also M.J. SMITH
(1979)). |

If we deteriorate the traffic conditions on a link of the network [here link
(xl,xz)] we globally improve the traffic conditions on the network.

Note that the explanation of this paradox is very simple.

The 1ink (xl,xz) is now a saturated link. So the congestion which was on the

link (xz,D) has been replaced by a congestion on the link (xl,xz). As the traf-
fic using link (XZ,D) is larger than the traffic using link (xl'x2)' this implies

an improvement in the global conditions of traffic.

An other interesting remark is that the traffic flow on each link is the same
after the use of our regulation policy. To conclude with this example we
assert (without proving it) that lowering the capacity of link (xi,xz) to 50
is the best possible regulation policy in this example (The proof is very

easy). .

c) Example_ 2. Th's example again corresponds to an other kind of paradoxes :
the creation of a rapid road betweentwo links of a transportation network may
lead to an increase of the global time spent by the users in this network.

Consider the network depicted in Fig. 4.

*y

Fig. 4
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100

1

For this example assume that : F

b(O,xl) = 2 ; b(xl,x2) = 0 ; b(x; ,D) = 17
b(O,xZ) =17 ; b(x2,D) = 2 ; b(0,D) = 20.
c(O,xl) = 90 c(x2,D) = 90.

The other capacities are infinite.

This network has 4 distinct routes :

(0’x1’D) (1)
(0:X2:D) (2)
(lellleD) (3)
(0,D) (4)
Without regulation the traffic flows corresponding to the using assignment

pattern is :

f(O,xl) = 90 ; f(xl'XZ) = 90 ; f(xz,x3) = 90.
£f(G,D) = 10 ;
f(O,xz) = Q0 f(xl,D) = 0.

f90 drivers use route (3) and 10 drivers use route {(4)].
Yinks (O’XI) and (xz,D) are saturated.

The congestion occurs on link (O'XI) or link (xz,D) and a possible solution is

m(O,xl) = 8, m(x_,D) =2

2
(an other solution is m(O,xl) = 2; m(xz,D) = 8).
The total time spent by the users is :
T1 = % (b(e) + m(e)) f(e) = 20 x 80 + 20 x 10 = 2000.
eck
The time spent by the drivers in a system optimised pattern is
T, = L b(e) f{e) = 1100.

3
eck
It is easy to see in this example that if we want to improve the global situation

of traffic flow it is necessary to change on some links the value of the traf-
fics (this is the main difference with the first example).
If we take c(xl,xz) = O the rapid road (xl,xz) is closed to the traffic. The

new user assignment pattern is given by the following solution
50 drivers use route (1) and 50 drivers use route (2).

In this solution the links (O,xl) and (x_.,D) are not saturated and

2
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m(O,xl) = 0, m(xz,D) = 0 which means that there are no congestion

on any link of the network.

The global time spent by the users is T 19 x 50 + 19 x 50

2

T

T
9 1900 < )

V. RESOLUTION OF PROGRAM (R) : AN OUTLINE

a) Exact solution of (R)

As it was previously noticed, program (R) is a very difficult to solve
because of the non-convexity of the objective function.
A resolution method based on a branch and bound method has been proposed by
FONLUPT, MAHJOUB and UHRY (1980). Thanks to this method it was possible to
solve a real example corresponding to the city of Grenoble.
This network was with one origin and one final destination. If we call F the
value cf the flow going from G to D, it was possible to find for each value
of F the best regulation policies. Results of this experimentation appear in
Fig. (5). |

T &
7
T, (F)
3800 P (F) —mmmmmmme ' “
2 : 2
T, (F) ++++++++ § X
3 J x
3040 A
2280 _
1520 |
760 -
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If F is the entering traffic flow T(F) is the time spent by the drivers.

TI(F) is the time spent by the drivers in the original network according to

the first wardrop principle (user assignment pattern). T2(F) is the time spent
by the driven with the use of the best regulation policy.

T3(F) is the time spent by the drivers according to the second wardrop principle

(system assignment pattern).

Remark 1

Note that there are three kind of situations :

1°) If F £ 10 (vehicles/second) TI(F) = T3(F) and there is no need of studying
a regulation policy {(the charge of traffic is small and there are no
saturated arcs).

2°) If F 2 45 (vehicles/second)the network becomes completely saturated and

4 all possible regulation policies are useléss.

3°) 10 £ F £ 45. This corresponds to an interesting situation where the network
is not completely saturated and there -may be advantage to remove congestion

from certain links towards other links.

Remark 2
The largest improvement we could get was for F = 42. In this situation
TI(F) = 3486 and TZ(F) = 3276.

So one method provides an improvement of about 7 % in this situation.

Remark 3
Note that the function F - T2(F) is an increasing function but the shape of
the diagram (F,T2(F) is not very regular. This is not surprising, if we

considexr that the problem (R) is not on convex mathematical program.

b) Approximate methods for solving (R)

Program (R) is difficult to solve but it is easy to find a local optimum
to (R). ,
If the variables {fij(e) Poxg Xy € X ; e € E} are fixed,the program (R)
becomes a linear program easy to solve. To fix the traffic variables means
that we want to keep the actual values of the existing traffic before regulation.
Then the problem that we have to solve is to find on which links it is interes-

ting to locate the congestion, and this can be done by linear programming.

Note also that if we fix the variables m(e)re € E the program (R) becoméé’a
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linear program (a multicommodety flow problem). Fixirg alternatively the
traffic flow variables fij(e) and the congestion costs m(e}) may lead to
an interesting heuristique procedure to find of local optimum to (R).

VI. CONCLUSION

In this paper, we tried to implement a new approach to for studying regulation
problems. Our main hypothesis was to assume that the drivers always behave
according to the first Wardrop principle : regulation methods which do not

on this principle seem not very realistic for general transportation
networks. The only way for a central decision center to act on the decisions
of drivers is to change locally the traffic conditions on the links of the
network. A result of this study is that this problem is a very difficult one
and that no exact solution may be found in the general case. However such
regulation policies may give interesting results in some special cases and
alsc enlightens from a new point of view the assignment problem. To continue
this study it would be interesting to study some kinds of networks for which
it is possible to solve program (R} : for instance we can think to the case of

a corridor already studied by Payne and Thompson (1974} [see also Mahjoub (1981)].
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Abstract

Given a graph G = (Y, £} and & set of positive edge weights (Ce, e€E), the max-cut problem
in G consists of determining a cut F inG such that 3 FCF is as large as possible. A graph
1s said to be the k-sun of graphs Gj andGj, ifGis obralned fromGj endGj by identifying a
Kk contained in each of them, where Kk is the complete graph on k vertices, withk € M. The
bipartite subgraph polytope Pg(5) of G, is the convex hull of the incidence vectors of all
edge sets of bipartite subgraphs of G. For a graph G defined by the k-sum, 1 ¢k ¢ 3 of the
graphs G{ and G2, we present in this peper, a method to calculate a max-weight ‘cut inG
from the max-weight cuts inGj and G2 where G and Gy are two appropriate graphs defined
from 51 and G2. Moreover we give a description of the polytope Fg(G) when the polytopes
PR(G1) and PB(G2) are known. We may then conclude that graphs noncontractible to Ks are
weakly bipartite. If G 1s the 2-sum of G1‘ and G2 then the polytope PR(G) will be
characterized by a minimal system of constraints, where each one defines a facet of
Pe(G) .

RESUNG

Etant donné un graphe G=(V, E) et un systeme de poids non négatifs sur les arétes (Ce, e€E)

le probleme du cocycle de poids maximum dans G, consiste & déterminer un cocycle F dansG
tel que § Ce soit maximum.Ungrephe G est dit k-somme de deux graphes Gi et Gz si Gest
obtenu a pgrtir Je Gy et G2 en identifiant un graphe complet Kk contenu dans Gi et Gz (Kk
est le graphe complet ayant k sommets , avec keN) . Le polytope des sous graphes bipertis
de G noté Pg(G) est 1'enveloppe convexe des vecteurs d'incidence de tous les ensembles
d'arétes des sous graphes bipartis de G.Pour un graphe G défini par 1a k-somme , 1 <k ¢
3, de deux grephes Gi et G2, nous présentons dans ce papier une méthode qui permet de
calculer un cocycle de poids maxirﬁun dans G & partir des cocycles maximums dansGj et G2,
ou G1 et G2 sont deux graphes appropriés définis & partir de Gi et G2.De méme, nous donnons
une caractérisation du polytope Pg(G) quand les polytopes Pg(Gy) et Pg(G2) sont supposés
connus. Nous montrons en particulier que si Gj et G2 sont faiblements bipartis alorsG est
également faiblement biparti.Ce résultat nous permet de déduire per la suite que les
graphes non contractibles @ Ks sont faiblement bipartis.Dans le cas ou G est 1a 2-somme
de Gi et G2 le polytope Pg(G) sera ceractérisé par un systéme minimal de cotraites od
toute contraite est une facette de P(G).
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1. Introduction and notation

In this paper we consider only finite, simple, undirected graphs, containing neither
loops nor multiple edges. A graph is denoted by G=(Y,E), where v is the node set andE the
edge set of G. An edge & € E, whose vertices are vi and vj can also be denoted by viv). The
greph H=(U,F) is a subgraph of Gif U SVand FCE. We also say that His contained inG and
that G containsH.

Let G=(¥,E) be a grapn, if FCE, then Y(F) denotes the set of nodes of ¥ which cccur at
least once as an endnode of an edge inF, and G(F} denotes the graph (V(F), F). Similary,
for W €V, E(W) denotes the set of all edges of Gwith both endnades inW.

A greph G 1s called hjipertite if its node set may be partitioned into two nonempty
disjoint sets V1 and V2 such that all edges have one nade in V1 and the othex inV2. The set
of edges of abipartite graphwill be called abipartite edge set. The family of bipertite
edge sets of G=(V,E) is denoted by B(E). Abipartite edge set BEB(E) is said to be maximal
if Ye€E\B, BU {e}¢B(E).

A Cut of G=(V,E) is a set FCE such that there exists a set UcV where F={vjvj€E | vi€U
and vJ¢U} . A greph G is contractible to H, if H may be obtained from G by a sequence of
elementary removals and contractions of edges. A contraction consists of identifying a
pair of adjacent vertices and of preserving all other edjacencies between vertices
(multiple edge arising from the identification are replaced by single edges) .

Given a graph G=(V,E) and a set of positive edge weights (Ce, e€E), the problem of finding
a cut F such that its weight 3 Ce is as large as possible is called the max-cut problem and
it is denoted by ;) Since tﬁgget of edges of any bipartite subgraph of Gis containedina
cut, the optimal solution for 7 is amaximum weight bibartite subgraph of G. However if
the weight function b:E-—— R admits b(e) < O for some e €E, then the max—weight cut may be
different from the max-weight bipartite subgraph of G.

A polvhedron P C R™is the intersection of finitely many halfspaces in R™. A polytope is
a bounded polyhedron or equivalently the convex hull of finitely many points. The
dimension of a polyhedron P, is the maximum number of affinely independent points in P
minus one.

Ifd>01is the dimension of P, thena valid linear inequality of P,
2 8ixj s 8g o
i=1, ., m ’
defines a facet of Pif it is satisfiedwith equality by exactly d arfinely independent
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points of Pand P N {x & P | ¥ ajxji = agl¥ P
i=1, ...,m

If G = (V,E) is a graph and F C E an edge set then the 0O/1-vector «Fe RglEl

with xe' =1 if €€ F; end xe =0 if e¢ F is celled the incidence

vector of F.
The corvex hull PRfG) of the incidence vectors of all edge sets of bipartite subgraphs of

Giscalled the bipartite subgraph polytope of G, ie

PB(G) = conv {xBe RE | B €B(E))

Over the last few years, the study of this polytope has generated a great deal of interest
(ef. [1], [3], [4], [10]). Note that an optimal solution of j)is an optimal basic solution
of the linear program

Max Cx, x € Pg(G)

Since the problem ﬁis NP-complete [18], we cannot expect to find a complete explicit
characterization of Pg(G) for all graphs G. This characterization is known only for
certain classes of graphs such as planar graphs (cf, Barahona [1]) and weakly bipartite
graphs (cf, Gréitschel & Pulleyblank [10]}. In [4], Barahona, Gritschel and Mahjoub have
presented various classes of facets of this polytope in the general case. Barahona [1],
showed that the constraints

Dixesl for e€E | (1, 1)
Txet |C]-1 for all odd cyclesC inG (1,2)
eelC

define facets of Pg(G). (We call the inequalities (1, 1) trivial and the inequalities
(1, 2) odd cycle constraints).

Gratschel & Pulleyblank [10], defined the class of weakly bipartite graphs as the set of
graphs G for which the polytope Pg(G) is defined by (1, 1) and (1, 2). They also presented a
polynomial algorithm that solves the separation problem for the inequalities (1,1) and

(1,2) : "Given xeR'E', is x a point of Pg(G) ?, if not, find the constraint ambng those in
(1,1) and (1, 2) violated by x". This algorithm, alongwith the ellipsoid method, solves

f)polynomially for this class of graphs. Two classes of graphs which satisfy the
definition of weakly bipartite are bipartite graphs and planar graphs [1]. Furthermore
Barshona showed in {3], that the gréphs G satisfying the following property are weakly
bipattite : there exist twovertices u, v of G such that G\ {u, v} is bipartit&.
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Given two graphs Gj and Gj we say that graph G is the k-sum of Gj and Gj, denoted G = Gi
Gj, 1f G is obtained fromGj andGj by identifying two Kk contained in both of them (Kk is a
complete graph on k vertices, KE N). It is easy to see that the 2-sum of two planar graphs
is planar, but the 3-sum of two planar graphs may not necessarily be planar. Wagner [16],
showed that any graph G = (V,E) which is maximally noncontractible to K5 (ie G is
noncontractible to K5 and ¥ vi,vJ'EV | vivj€E, G+ vjvj is contractible to Ks) may be
obtained by means of k-sums, 1 ¢k ¢ 3, of maximal planar graphs and copies of Vg (Vg is the
graph of Fig.1). See also Ure [13], Seymour [14]). This characterization gives rise toa
polynomial algorithms for recognizing whether a given graph is contractible toKs.

If G is the k—-sum obtained from G1 and G2 by identifyingKy, thenwe define Gy, i=1,2, tobe
the graphs derived from Gj, i=1, 2, by adding between each pair of vertices of Ky a path of
size two (see Fig.2andFig.3).

From the work of Seymour on matroids and multicommodity flow [15], we can shos that the
graphs noncontractible to K5 are weakly bipartite. In this paper we will present a
generalization of this result. In section 3 we give a description of the polytope Pg(3G)
when G is a k-sum of G1 and G2 with 1 ¢ k ¢ 3, and the polytopes Pg(G1) and Pg{G2) ere known.
Moreover we show that if Gi and G2 are weakly bipartite then G isweakly bipartite. We can
then conclude that graphs noncontractible to Kg are weakly bipartite. In section 4, we
describe amethod of constructing facets of the polytope Pg(G) from facets of Pg(G1) and
of PB(Gz) where G=G1Gz. In this case these constructions yield a minimal system of
inequalities which characterize the polytope PB(G). In the following section, we present
amethod to calculate a maximum weight cut in a graph G=Gzl 15Kk &3, withnonnegative
weighted edges. This cut is expressed as a function of the optimum cuts inGy andGz.

Fig.1 The graph Vg
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2. k-sums andalgorithm

In this section we present an algorithm to calculate an optimum solution of the problem.
inagraphG =Gy Gz, 1<K ¢ 3 where the optimum solutions are known for Gy and Gz. We

will extend this algorithm to the case where G is obtained by means of k-sums, 1 ¢k ¢ 3.

Furthermore we assume that the edges of G have been assigned nonnegative weights. First

note that if G = Gy {1 G2, then the optimum cut inGis the sum of two optimum cuts in Gy and

Gz. In the following we study the case of the 3~sum. The case of the 2-sum may be obtained

as avariant of the first one.

2.1. F-sum
Consider graphG = (V.E), a 3-sumof Gi ={V1 E1) and Gz = (V2, E2) where

E1N E2={ey ez e3} (seeFig.2(a))

Let ( e‘i, ezi), i=12173 be the paths added between the vertices of ei, i=1223 for
constructing the graphs Gy and G2 (G2 is giveninFig. 2.(b)). Let Z be edge set {4, o], ezi,-
i=1,2 3}. Denote by w};‘,; N‘é;; w‘g;,,.wg respectively the max-weight cut inGj, fori=1,2,
which contains e2, e3 but not e1; e1, e3but not e2; e1, e2but not e3; not eg, e, e3, and
denote by w&,; wk‘,- wb_,; w}; the weights of these cuts. (In general upper casewill signify

a cut and lower case will signify the corresponding weight) .

(a) (b)
Fig.2
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ih é\

v
it is obvious that a max-weight cut is among these cuts . We remark that these cuts may be
calculated by considering appropriate weights on the edges in 2. Let:

- W — wh, + WE,+ WEy

Wy =

2

1 R N S X
Wo + We, ~ We, *t Weg

W2 =

2

11 1 1
~Wp + WE, +WE,~ WE,

W3 =

and

2

nj= max{o,wj) for 3=1,23

Aj=n3-w3

for 1=1,2,3

Let H = {V(Z),Z). To H we assign the following system of edge weights denoted by (4, 1) :
the edges e'i, eﬁ receive the weights Aj and the edge ej receives the weights nj, fori =

1,2 3.

Letwq;w?z;w'i"

; w‘; be the weights of the max—cuts inHwhichrespectively containe?

e3, but not e1; e1 e3, but not eéz; ej e2 but not e3; not e}, ez e3. It iseasy tosee
that there always exists areal § which satisfies the following system :

(2,1)

wg-U

Thus it becomes easy to determine amax-weight cut inG from G2 there by esta‘bilishing the

following.
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Theorem 2.1

Let W2 be an optimum cut in G where the edges of H have the weight system (4, n) and the
weights of the other edges of G remain unchanged. Set ﬁz = ﬁz NZ.LetWbeacut of G
obtained as follow

(a) if {ey,e2) C Wz andesg iz , W=W2
(b) if fer, e3} C W2 andezd iz , W=W2 U Wg,
(c) if {ez, e3) € Wy andeyd @y , W=W2

(d) if {ey, ez, e3}NHz= & , W=Wa U W

ThenW is an optimum cut of Gwhoseweight is w=#2+0.

Proof

On the one hand, the set W formulated by each operation (a), (b), (c), (d), defines acut
of G whose weight isw = w2 + {. On the other hand, w* the maximumweight of a cut 1n G must

satisfy
w* = max (w%; w%, / w’52+ w&,wéf "‘%a e + wa)
From system (2, 1), it follows that
wr= W2 +0 -
Thus the cut is optimum.
|
2.2 2-sun

As mentioned above, this case may be studied as a variant of the preceding case. In fact
consider agraph G = (V,E), the 2-sum of G = (V1 Ej) and G2 = (V2 E2) where

E1NE2 = {e1] (seeFig.3(a)})




II-9

Let G, be the 3-sum of the graphs Gy and G2 obtained by identifying the triangle
(e1, e2, e3) where (e2 e3) is the path added to both Gy and G2 for constructing the graphs
G1 and G2 (see Fig.3(b}). (6 is the graph G with the path (e2 e3) added between the
vertices of e1). If we consider null weights on the edges e2, 83, it is clear that acut Wis
optlmun 1n G if and only if the cut W - {e2, e3} is oprimum in G. As a consequence, if
we(resp we.) denotes the max-weight cut in G which contains (resp does not contain) the
edge ey, and if we set

w'l = W'e‘—wle'!
n = max (0, w'1)
4 = n—w'1

Then a max-weight cut in G may be determined by the following corollery.

Corollarv 2.2

Let W2 be an optimum cut of G2 where &2, e3 have the same weight A, and e] has weight n. The
- other weights remain unchanged. Let W be the cut obtained as follow

(a) if e €W , W=W, \ {ez e3}U w},,
(b) it efil2 , W=z \(ez e3) U W,

ThenW is an optimum cut inGwhose weight is w=W2+ Q.

Theorem 2.1 and corollary 2.2 allow a kind of decomposition in the determination of en
optimum cut in graphs formed by the k—sum operation, 1 <k ¢ 3. In fact consider a graphG
obtained by means, of k-sums, 1 < k £ 3, of the graphs G, G2, ..., Gp. G may be decompased
serially in the following way :

H1 =Gy
(2,2) gHi+1=Hi [KJ Gi+1 with 1¢kj$3 VYi€{1,2 ..., n1})
G=Hq

Note that if G is & greph which has several plerallel paths of size two bekween two
vertices vj,vj, then an optimum cut in G may be calculated by replacing these parallel
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paths by a single onewith appropriate weights on its edges.
Let ﬁi, 1 =12 ...,n be the graph obtained from Gij by adding between the vertices of

every edge e€GiNGj forall j # i, apathcontaining two edges.

We consider the sequence of graphs Gi, i=n,n-1, .., 1
defined as follow

Gn = G, Tn =Hn—1
' =Ti[kJG'1
6i1- 7

withG'j = Ei and T is defined from Ti by adding a path of size two between the vertices
of an edge e€ Ki,, only if a such path does not already exist. From the above remarks an

optimum cut in Gi may be calculaﬁed from Gi'1 with an appropriate system of weights
deduced from the optimum cuts in 51. An optimum solution in G may thus be calculated

recursively from the graphs Gi, i=n,n-1,...,1. To do this we need to calculate in each
graph ﬁi, fori=1, ..., n, kj+1 max-weight cuts. Thus we have the following.

Corollarv 2.3

Let G be a graph obtained by means of k-sums, 1<Kk ¢ 3, from the graphs Gy, ...,Gn. (&s in
(2,2)). If the problem /r)is polynomial for the graphs Gi, ..., Gn then 2 is polynomial
for G.

Since the problemﬂs polynomial in planar graphs and in Vg (by enumeration of solutions)
then using Wagner's decompositon and corollary 2.3 we can conclude that problem f) is
polynomially solvable for graphs noncontractible to K5. This has also been shown by
Barahona[2].
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3. k-sums and the bipartite subgraph polytope

As mentioned above, a complete description of the bipartite subgraph polytope Pg{(G) by a
finite system of inequalities is not known in the general case. Moreover for a graph G
defined by a k-sum. 1 £ k £ 3, of two graphs Gi and G2 we can give such a descriptionwhere
the polytopes Pg(G1) and Pg(G2) are known. If G is the 1-sum of Gy and G2 then Pg(G) is
given by the juxtaposition of Pg(Gy1) and Pg{G2). In the following peragreph we give this
description in the 3-sun case. The case of the 2-sum may be obtained as a particular case
of the first one.

3.1 Fsum

LetG=(Y,E)bea3-sunof G} = (V1,E1) andG2 = (¥2,E2) (see Fig.2). Let the triangle
To=Ei1NEz={ey ez e3}.

Denote T{ the triangle {ey, e%, eai) for 1 =1,2 3. We keep the notation of the previous
section). Moreover, denote gl Ei\Tg for i =1, 2. We have then

Er=eluTiuToUTS

E2=E2UTIUT2UTS

Notation : We introduce the following notations whichwill be used in the remainder of the
paper. Given a graph G = Gj G2, 1:8k<¢3 whereGi = (YL Ef) and G2 = (Y2, E2), we
associate with each edge e€EjUE2 avariable xg. For all subset FCEUE, we set

xF = (xe, 8 EF)

Let afF =(8e, e F) be avector of rIFI We denote

{&F, XF > = T 8gXg
eeF

Suppose, polytopes Pg(Gi) and Pg(G2) are defined by the following systems of

inequalities ’
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_ Os<xesl for e€Ey
P(G1) =
eE1, g1+ (8T, xTr £ 8K kel K (3,1)
i=1,.,3
and
_ Osxetl for e€E?
PB(G2) =

—

<bi52, XE2> +3 <'5'ﬁ/*ﬁ> ¢ gl i=1, .., (3,2)

i=1,..3

The constraints described in (3,1) and (3, 2) will be called proper constraints. We:
suppose that each of these constraints is nonredundant (i.e. each defines a facet of the

polytope) . A proper constraint which corresponds to k€{1,2, ... k}(respl€{1,2, ..., 1})

will be denoted by (k) (resp (1)).

Recall, that for all BeB(E1) (respBEB(E?)), xB 1s avertex of Pe(G1) (xrespPg(G2)

(and vice versa) and; moreover, the coefficents in a proper constraint are nonnegative
(this is a consequence of the fact that B(E) defines a family of independents). In the
following we introduce some preliminaery lemmas and definitions.

Lemma 3.1

For a constraint (k) (resp(1l)) which is different than the constraintes associatedwith
tnangles Ti, i=1,2,3, at least one of the coefficients ﬂe; aei and ae"‘ (resp b.‘ , b,g
and be2) is equal to zerofori=i, 2 3.

Proof

we prove this iemma ror Pg(G1) (the proof for Pg(G2) is similar). Suppose that there is ig€
{1,2, 3} andafacet defining inequality (k) of Pg(G1) such that

ag) 0, 8el> 0, &g2> 0

Thus every bibartite edge set B C E, whose incidence vector xB satisfies (k) with
equality, also satisfies .

xEB‘: XSO* x%= 2
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This implies that facet (k) and the facet associated with triangle T define the same
hyperplane which is impossible.

n
leoman 3.2
el = 8e2, k=12 ... K; i=123
bg; =b;g, 1=1,2 ...,L; i=1,23

Proof :

We prove this lemma for PB(G1) (the proof for PB(Gz) is similar). Suppose not, and there
exist iandkwhere, 1£1£3; 1 $k ¢ K, such that we have, for example, O ¢ a'éil < a'é_.?
Since, constraint (k) is nontrivial, there exists BEB(E1) such that B ismaximal and its

B

incidence vector x“ satisfies (k} with equality and x%iz =0 (then xgl =1]).
]

LetB' =B\ (e’i} u (eﬁ} . It's obvious that B' defines a bipartite edge set of Gi. But the
BA

vector x~ violates the constraint (k) and, thus, we have a contradiction.

|
3.1.1_ Mixtyre of proper constraints

For every constraint (k)(resp(l)), we associate areal coefficient ng 20 (resp uj) andwe
set

n=(m k=1, ...,K)
and u=(u}, 1=1,...,1)

We may, then, define constraint (w) obtained by a linesar combination of the K proper
constraints such that

(n) :=<eE (n), xE,> s 0(nm)

with aE‘(n) = ¥ K aE and o(n)=§ ok K
k=1, . K ! k=1, ., K

In the same manner, we may define the constraint

(1) := <bE(u). xEy> £ B(u)

with ~bE,(u) = T bl(-‘;2 and B(u

) = 2 L. '
1=1, L 1=1,.

Mote that the constraints (n) and (u) are in general redundant and in order for them to be
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nonzero, it is necessary that n¢0 and u $ 0. Moreover note that by the precedent lemma

we have
ael(n) =ae2(n), 121,23
and
bel(u) =be2(u), i=1,273
Now, consider two constraints (n) and (1) expressed as

(n) := <egi(n), xg1>+ T (ae(n)xe +ael(n)(xel+xe2)) ¢ 8(N)

i=1,.,3
(w) := <bE2(n), xg2>+ T (be,(u)xe, + be! () (xel+xe2)) ¢ Blu)
i=1,..,3 :
Suppose, moreover,
o, (1) 2 bep(u), i=1,23
(3, 3)
be, (1) 2 aeil(n), i=1,273
and
Tk + Tu=1
k=1, ., K 1=1,.,L
(3, 4)
mk 20, =1, p
up 20, =1,...,L

(the first constraint of (3, 4) means just that, at least one of the constraints (n) and
(u) is nonzero).

We call mixed constraint of (n) and (1) denoted by [n, u], the constraint defined on the
set E by

[n, 1] := <eg1(n), xg1> + <bE2(u), xg2> + T (g, (n) + be, (1)
i=1,.,3

- 8g1(n) - bei(u))xe, ¢ 8(n) + B(u) - 2% (agi(n) + bel(u))
1=1,.,3
In the following we denote by (R), the system of linear inequalities defined by

conditions (3,3) and (3,4). Let (P) be the convex subset of RIEl defineaiby all mixed
constraints [n, u] satisfying (R), and the trivial constraints.
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D<xestl for eckE (3,5)

Note that there exists an uncountable infinity of mixed constraints. In the next lemms,
we show that only a finite number of constraints suffices to define (P).

Lemma 3.

(P} is apolytope

Proof

Let {n, u] be amixed constraint satisfying the system (R) which is formed by seven linesr
equalities and inequalities whose variables are nk, k=1, ..., Kandy), 1=1, ... L. If
(m u) isn't a basic solution of (R) then (w, u) may be written as a half sum of other
solutions of (R), (wy, u1) and (n2, u2). But then, the constraint [n, u] may bewrittenas a
half sum of mixed constraints [ny u1] and [n2, u2], which shows that 4[n, u] is redundant .
Therefore, the nontrivial constraints which may be nonredundant for (P) are the mixed
constraints [n, u] where (n, u) is a basic solution of (R). This shows that the number of
nonredundant constraints of (P) is finite and therefore (P) is a polytope.

Remark 3.4 [
All constraints defining facets of Pg(G1) or of Pg(G2) (which define also facets of
Pg(G1) or of PR(G2)) are among the constraints of (P).

3.1.2 Extepsion of a solution

Definition3.5:
Let xg = (xgl, XE2 xTo) be avector of R'El .
We call extension of xg, the vector xg of RiE'l UEZa defined by

XE = (XE1, XE2, XT,, XT,, XT)
with xgl=1 , i=1,23 .

Xe'2=I—Xe'., i=123
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Definition 3.6 :

Given a feasible solution xg of (P), then xg is said to be nondominated if there does not
exist a feasible solution < of (P) such that

XE § xE and xg 2 xeg for e€E.

Definition3.7 :

Given an inequality C, and a real-valued vector x, we say that x saturates C if x
satisfiesC at equality.

We have the following fundamental result.
Lemma 3.8
Let xg =(xgl, xE2, xTo) be afeasiblé, nondominated solution of (P), and let
XE = (XE1, XEZ, XT,, XT,, x'E) be its pxtensiun.
-Then the vectors
xEy = (XEYL, XT,, XT,, X'[)
xF;,=.( XE2, XT,, XT,, XT:)
are both feasible solutions for Pg(Gi) and Pg(Gz) respectively. Furthermore, amixed

constraint [m, u] is saturated by XE if and only if (n) is saturated by x§, and (u) is"~
saturated by xg,.

Proof
We will show that xg, € PB(Gi) (the proof for xg, € Pg(G2) is similar). Consider a

constraint (n) written as

(n) := <agl(n), xg1> + <aTo(n), XTo>*éBe,1(“) (xel +xe2) & A(W)
i€1

with - 1C{1,2 3}
- aei1>0, fori€l (ae!1=0 fori€ {1,2 3}\I)

- u={ng k=1, ...,K}20 . )

1°/ To prove that xg, satisfies (n), we may assume that for i€, Xe; ¢ 1. Infact, if for
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example, Xe; = 1 fori€ I'CI thenwe'll have to show that the constraint

(n') :=<egl(m), xg1> + <afy(n), x70>~ .ael(")lxe1+xe¢-) $0(m) - ae:“"]
i INIT~ i€l’

is satisfied by xE,. But it is easy to see that if (n) is velid for Pg(G1), sois (n') and
therefore we may consider insteed of (n), the constraint (n').

29/ Since solution xg is assumed to be nondominated, for all i€I there exists at least
one constraint in (P) whose support (the edge set whose the corresponding coefficients
are nonzero) contains ej and which is saturated by xg. Hence we may assune that there
exists amixed constraint in (P) such that

[, @] := <eg1(W), xg1> + <bg2(D), xg2> + I Ce, xe; ¢ a
i=1,.,3

with Ce. >0 for i€l, which is saturated by xg and obtained from the constraints

(M) :=<egl(W), xg1> + T (ae(n)Xe +ae1(n) (Xe1+x¢=2)) a()
i=l1,. ,3

(1) == <bg2(d), xg2> + ¥ ((be;(l)xe, +beg(u) (xal+Xe2)) B(a)
1=1,.,3

we have then

Ce,; = (8e(ﬁ)—be}(ﬁ)l'*(be(ﬁ)‘ae.l(ﬁ)), i=1,273
q = G(n)+B(u)-— zz(ae,l(n) +be1(u))

i=1, .,
aei(ﬁ) 2 Ue‘l(ﬁ) and bei(ﬁ) H aell(ﬁ), 1=1,2,3

Let
I1={1€1 | be] ([) =aei1(ﬁ)
I2=1IN\11

without loss of generality, we may assumne that

[ 2%

%3(ﬁ) - beiliﬂ]
bei[ﬁ] - aeil(ﬁ]

aeil(n) for 1€11

[ 2%

ael(n) for i€17
|

(If not, wemay multiply (7) and (i) by sufficiently large values for the coefficients).
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Moreover consider the following constraints of Pg(G2)
ae‘l(xe‘-» Xe.1+xel2) < 2&3‘1 for i€17 - (3,8)
1

Now if we sum up term by term, on the one hand, the constraints {(n) and (7} and, on the
other hand, the constraints (3,6) and ({i), and if we mix the newly found constraints, we
obtain the constraint

<sg1(n) + g 1(7), xE1> + <bE2(i), xE2> + <aT0(M), XTo?
‘*Z (Ce“ael(“))xe,*zﬁe; Xel 4 6*6(“) ‘zzﬁe‘i
iel oie(l, 2, 3)\1 i€1

Since, this constraint is satisfied by xg, and the constraint [f, (i} is saturated by xg, we
may deduce that constraint (n) is satisfied by Xg, . Therefore, by the definition of an
extension it is obvious that a mixed constraint [n, u] is saturated by xg if and only if
(n) and (u) ere saturated respectively by xE, and xg,and this completes the proof .

|
femma 3.9

The constraints of Pg(G) associatedwith odd cycles, are among the constraints of {(P).

Proof

Let C be an odd cycle of G. IfFCC Gy or CC G2, then, from remark 3.4 the constraint
associated with C belong to the set of constraints of (P). If not, it is easy to see that
there may be exist two odd cycles C1C Gi and C2CG2 and amixed constraint defined from
the constraints associated with C{ and C2 which is the constraint associated with C in

PB(G) .
|

Now we can introduce this major result

Theorem 3. 1D
PB(G) = (P)

Proof )
First we prove that Pg(G)c(P). Let B, be a bipartite edge set of G.
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et xB = {xg , xgg, x%) be its incidence vector. Then (xg ,x%) and (x?z, x?o) are the

incicence vectors of two bipartite edge sets By and B2 respectively of Gj and G2.
Moreover these sets may be extended £o two bipartite edge setsBy, B2 of Gj, G2 such that

[BiNTi | =1B2NTi} =2 fori=1,23

since xB1 €Pg(Gy) and xB2 € Pg(G2) then all mixed constraints ere satisfied by B
Therefore xae {(P).

On the other hand, by lemma 3.9, each 0.1 feasible solution for (P) is the incidence
vectaor of abipartite edge set of G. Then to prove the theorem, it suffices to schow that
all extreme points of (P) are in0.1. Suppose not, then there exists non(0-1 extreme point
of (P), xg = (xgl, XE2, xTo). XE may be assumed to be nondominated (if not, xg is dominated
by another non'0-1 extreme point of (P)). Let xE = (xEL, XE2, XT,, X1, "Ta) be the extension
of xg. From lemma 3.8, xg, = (xEl, x7,, XT,, sz) and xg, = (X2, XT,, XT, xT,) are reasible
solutions for Pg(G1) and Pg(G2) respectively. Then they may be written as

1 -
XE, = Ay B} with BJEB(E1); 4)>0 for j=1,...,s end TAj=1
J=1,..,s j=1,..,s
and '

2 —
Xg, = T 0k Bk with B?(éB(Ez); Qk >0 for k=1, ..., t and ZQk=1
k=1,.,t k=1, .t

Note that all constraints of Pg(G1) (resp Pg(G2)) saturated by xg, (resp xg,) are also

saturated by vectors xB‘j, =1, ..., s (resp xB:, k=1, ..., t). Weclaim that for each set
85, j=1,...,s (resp Bk k=1, ..., t) the cardinality of its intersectionwith Tgis zeroor
two. In fact, if there exists Jo € {1,2,....s} such that B‘jo N Tg = {ei} where
ig€{1, 2 3} then, since§ x:“ =2 for i=1,2 3 (because § xe=2 for i=1,23), we

have ‘€ | ‘€N

- 8
xe] + xef =2 for i€{1,2,3)\{io)

Therefore the constraint inPg(G1) associatedwith the odd cycle
(ei,el,el; i€{1,2,3) \{io))

will be violated by xajo and this is impossible. Thus our claim is proved. Now we'll
consider two cases

.

19/ xe, + Xgy+ Xgz ¢ 2 )

) . 2 .
Then, there exist Blo , J0€{1,2, ..., s} and Bkg , ko€(L, 2, ..., t} such that BjoNTg =¥
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end BhoNTo= 2. Let Bo=(Bjo U Bko ) \{el, e?; 1=1,23). It isclear thatBoisa
bipartite edge set of G. Furthermore, every constraint of.(P) saturated by xg is also

saturated by xBo . In fact, for a trivial constraint, the result is obvious. Consider a
mixed constraint [m, u), then from Lemma 3.8, xg, (resp xg,) saturates the constraint (n)

i 2
(resp (1)) . On the other hand, xBjo {resp xako) saturates (n) {resp{u)).

Since

g
Txgh =2 ; 1=1,23
e€Tj
and

B2
T Xgko = 2 ; i=1,23
e€Ty

then xBo saturates the constraint [n, u]. But xg is assumed to be an extreme point of (P).

since xPo } xg, we have a contradiction.

20/ Xe, +X32+Xes = 2

We may assume that xe, 2 Xey2 Xe,. Then it is easy to see that there exist in this case

830' jo€{1, ... s}and Bﬁo , ko€{1,2, ..., t} such that B}oﬂTo={eL e2} and BkoN To

. 1 2 1.2 .
={ey, e2}. If we consider Bp = (Bjo U Bko ) \{ej,ef; i=12 3} we have the same result as

in the previous case. We have thus proved our theorem.
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3.2. 2-sum

Consider graph 3 = (V,E), a2-sumof G1 = (V1 E1) andG2 = (V2 E2) . As mentioned above, the
characterization of the polytope PR(G) in this cese may be oresented es a particuler case
of the 3-sun. In fact suppose E1NE2 = {e1} and consider the grephs Gi, G2 obtained from
Gi, G2 by adding %he path (e2, e3) between the nodes of e].

Let G' be the 3-sum of Gi and G2 obtained by identifying the triangle {ey e2 e3}. (G' is
the graph G in which we add the path (e2, e3) between the nodes of e} (see Fig.4). The
polytope Pg (G) mey thus be determined from the polytope Pe(G') by considering only the
constraints where the support does not intersect the path (g2, e3). From lemmas 3.1 and
3.2, each polytope Pg(G1) and Pg(G2) may be described by aminimal system of inequalities

as follow {by Eliresp EZ) we denote the set E:~-{e1} (respEz2\ {e2}).

Dexesl for e€Ey

Xe, + Xep + Xeg & 2 : (3,7)
Pg(G1) € <eEl , xg1> « ¥ k=1,2,...,Ki (3,8)

Cefl, xgl>+xg, & X k=Ki+1, ... K2 (3,9)

<a?51, x51$+x32+xe3$ gk k=Kz2+1 ... K3 (3, 10)
and

Dexesl for eéEa

Xg, + Xgp + Xgg & 2 (3, 11)
pg(Gz) € <bg2 , xg2 > ¢ B! 1-12...,L1 (3 12)

(bt'e2,;|(52>+:(el.‘.t31 1=L3+1,...,L2 (3, 13)

[
H

[}
CbE2, XE2 > + Xgp+ Xgg & Bl Lz+1, ..., L3 (3, 14)

(Note that by lemma 3.1 if graph G contains triangle T such that one of its nodes is of

degree two, then ¥ xg ¢ 2 isthe single facet of Pg(G) whose the support contains T).
e€T



I1-22

Lemmma 3_11

The nontrivisl facets of the polytope Pa(él) {recall that 51 (resp (3‘2) is the graph

2y,

obtained from Gi (respG2) by adding the path (eil , Bf between the nodes of each edge

ei, Tor i =1, 2, 3) whose support intersects El and the paths added between the nodes of e2
and e3 are of three types

gk (3,15)

i~

a) <a,t:1, xEI>+er+xe%+xeg

b) <o§1,x51)+xe3+xe%+xeg ¢ gk {3, i5)
K

c) <afi, xEI)+xe% +Xeg +xe%+xe§ ¢ ak (3,17)

(a similar 1emmamay be established far the polytope Pa(ﬁz)) ;

Proof

On the one hand, the support of such & facet may not contain neither ey, ez
simultaneously, nor ei, e3 simultaneously, nor the six edges of the added paths, since in
each of these cases, two even or odd chordless paths will be created between the nodes of
e1 and this is not possible for a facet. On the other hand, this support may not containa
cycle of length five contained in {ej, e'i , ezi ; 1=1,2,3} (if not, the constraint
associatedwith this cycle defines the seme hyperplane as that of the facet}. Thus we have
only the three types of facets given by the lemma.

Fig.4
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In [4], the following has been shown.

Theorem 3.12

Let G = (V,E) be a graph and <sg, xg> ¢ 8 be a facet of Pg(G) whose support contains a
shordless path S of odd length k+1 23 with ag =9*% forall e&£S. Let G* = (V*,E*) be the

graph cbtained from G by replacing the path S by an edge eg. Let a*p*& RIE‘l be defined as
follows

a*e =g8g if e $ eg
a%e,=d*

Then
{a*gx», xgx> £ d-Kk @+

~defines a facet of Pg(G*) .

From theorem 3.12 it is easy to see that :
- For a constraint described in (3, 15) or (3, 16) (resp (3, 17)) which defines a facet of

PB(Eu)), the constraint <é1  XE1> + xg, & ak-2 (resp <a&1 , YELY + xgptxeyt dk-2) defines
also a facet of Pg(Gi).

- Each mixed constraint [m, u] associated with a constraint (n) of PB(§1), described in
(3, 17) and a constraint (u) of Pg(G2) such that
] 2 1
u) := <bE2, XE*> + Xgpt Xgg & 8

may not define a facet of Pg(G').([n, u] mey be written in this case as a sum of two valid
constraints of Pg(G')).

From the previous remarks and from theorem 3. 10 we have

Corollary 3.13
The polytope Pg(G) is defined by the following system of inequalities (Q)

- 0 £xesl for e€E
- (k) k=1, ..., K2 .
- (1) ) 1=1, ..., L2



I1-24

k‘l
- <egl,x51>+<b%2,x52>i o“+ Bl—z {3, 18)
with (k, DE({(ka+1, .. k2) x (L2#L .. L3)JU {(La+l, .. L2) x (K2+1, ... Kg)} ).

We can also deduce the following corollaries

Corollary 3.14

LetGbeak-sum, 1<k <3 of G andG2. If Gy and Gz are weakly bipartite thenG is weakly
bipartite.

Corollary 3.15

Let G be a graph obtained by means of k-sums, 1 ¢ k £ 3, starting from Gy, G2, ..., Gp (cf
2.2). 1f 51, 52, ..., Gpare weakly bipartite thenG isweakly bipartite.

Corollary 3.16

Let G be a 2-sum of‘.G1 and G2 such that Gi isweakly bipartite and G2 is bipartite, thenGis
weakly bipartite.

Using Corollary 3.15, we will show in section 5 that the graphs noncontractible toKs are
weskly bipartite. In the following section we introduce a method for constructing other
facets of Pg(G) from the known ones. We show that the constraints described in (3, 18)
define facets of Pg(G).
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4_ Construction of facets

We may ask whether the "mixed" inequalifies of (P} and (Q) not originating in Pg(Gy) and
Pg(Gz} define facets of the polytope Pg(G), - (where G is the 3-sum or the 2-sum of Gy end
G2) . In this section we show that eech such inequality in (Q) (described in (3, 18))

defines a facet of PB(G) but this is note txue for (P).

Theorem4.1

' Given a graph G, a 2-sum of G and G2 (as aefined in cf. 3.2}, constraints (3, 18) define
facets of Pg(G). '

Proof :
Consider such a constraint
Ko 7 lO kf) ﬂo
{n, 1) :=<eFi, xgl> + <bF2, xg2> 8 +§ - -2

and suppose for example that kg&{ki+1, ..., K2} and 1g€{L2+1, ..., L3} . From theorem 3.10
this constraint is valid for Pg(G). To prove that [(n, u] is a facet of Pg(G) it suffises to
exhibit |E] bipartite edge sets of G whose incidence vectors are linearly independent
and satisfy (n, u] with equality.

Since the constraints

. .
(uw) := <e.5°1, XED> + xg, ¢ d"w

o lg

and (i) := <bE2, xE2) + Xg,*+ Xezt B

are nontrivial facets respectively of Pg(Gi) and Pg(G2), (n) is a facet of Pg(Gy).

Moreover if we let |E1] =mi+1 and |E2] =m2 then there are mj+1 (respm2+2) bipartite
1 1 2 2

edge sets Bi, ...,Bp+1€Ej(respBy, .. .,BM2€E2] whose incidence vectors

1 1 2 2
Bl,.. =] Bl,.. B

b ., Xx"m1+1 (resp x ., X°m2+2)

ere linearly independent and satisfy the constraint (n) (resp(u)) with equality.

Let Mi(resp M2) be the (mi+1,mi+1) (resp(mz+2, m2+2}) matrix whose columns are the

» B‘ Bl 82 82
incidence vectors x-1, , x-mi+1({resp x"1, , x°m2+2) . We assume that the l'aft two rows of M

correspond to edges e2 and e&3. Horeover we assume that the sets 81, .. Br02+2 are
2
ordered in such way that the sets, B1, ., Br, contaln both edges e2 e3; Br+1, ..., Bs
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. 2
contain e? but not e3; B§+1, ...,B:pz contain ez but not e2. Note if ka, for r+1s¢k¢

s satisfies (u) with equality, then xai' whexe Bﬁ' =B;2( \ {ez2} U {e3} alsosatisfies
(u) with equality. Hence we may assume that B§+1 = B§+1 \ {e2} U {e3}. Finally we assume
that the sets Bi, .- B:n +1 are such that oniy Bi, .., B‘k containejwith k <mi+1 (recail
that (ni is nontrivial). Thus our matrices M1 and M2 look as follows.

k my+1-k r S-r m2+2-s
T TN m—n" e et . Tttt e .
ey (1..... 1100 ... 0
m2{| D1 | Dz 03
M1= M2 = '
™
- Ay A2 e |1...1}1...1]10...0

where Ay, A2, Dy, D2, D3 are some O-1/matrices .

Mow we transforme the edge sets B_‘;, j=1, ..., m1+1 and 83, j=1, ..., m2+2 into bipartite
edge sets inG as follows

Bik'l-].Ué‘% , 183 ¢
B\ {e1) UB} , T+ € ) € mpe2
Bj = ‘ N ] ”2 .
8j~m2—2 ~{eqJ UB 4 , Moed £ ] & My+24K
B;—mz—zu E;l . Mo#3+K & J L motml+3

where 83 =B\ {e2, e3)

Thus we have a family of mj +m2+ 3 bipartite edge sets Bj, j=1, ..., mp+m2+3 of G whose
incidence vectors satisfy the constraint (n, u) with equality.

Let M be the {mi+m2, mi+m2) matrix whose columns are the incidence vectors xa

1 £ ) ¢ my+m2+3 with j different than 1,1+1 s+1. We denote by aj, az, di, d2, d3
respectively the first column of A1, A2, D1, D2 andD3; thus dz = d3. Furthermére let D} for

j such that



i=i,2, 3, be thematrix obtained fromDi by remaving di, thenM looks as follows

To prove the theorem,it remains to show that M 1s nonsingular. Consider matrices Mic and
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r-1 s-r-1 m2+1-s k mi+1i~Kk
T U e I NI N TR e T,
D} D D3 dz, ....d2 dy, ..., d1
i+ m2
a2, ...,a2la}, ...,a1} a8, ..., a1 A1 A2

M2c obtained from My and M2 as follows

...... 110.....011 )

° Di1 D2 D3 :

Mic = A1 A2 : Ma2c = 0
) 1. .. 11, ... 1lo. ... 1

...... 111......%)j¢c i.....1]0.....0}1.....1|1

i..... 111..... 1l1..... c

where c is areal constant.
We claim that Mic and M2c are nonsingular for ¢ » 1 and ¢ £ O (we show theresult ror M2c;

the proof for Mic is similar). Since the matrix M2 is nonsingular, the equation system

M% 0="1 (where 1’ isthe m2+2 vector (1, ..., 1) and M;' is the transpose of M2) has a unique
solution given by

lo
be

Qe = — for e€E2

Blo

If the last row of M2¢ 1s a dependent of the first ones then

be +bg 2

BIO

must hold. But Blo 2 2 thus implying that O <c £ 1 and our claim is shown.

Let Mic (resp Mzc) be the matrix obtained from Mic {resp M2c) by subtracti'rb the column
which contains ai {resp di) from each column which intersects thematrix Aj {respDj) for
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i=12(respi=1,273).

M. eand M2c look as follows

- - 0 . 5
_ A1 A2 a1 az . _ D1 D2 D3 {dy|d21{d3 |4
Mic= O M2 = _ B _ 1 i 0 J1
; _ i v 1 Dg Ds Deg |1 O 11l
A3 A4 1 1 c 11141 ¢

where Az, A4, D4, D3, Dg are ell zeros matrices and Aj, i=1,2 (respDj, i=1,2,3) is the
metrix obtained from Aj (TespDi) by deleting column ai (resp di) after subtracting it
from each column of A (respDji). ' '

Since the matrices Mic and M2 are nonsingular forc > 1 andc £0,and d2 =d3 it iseasy
to show by elementary operations of subtraction and addition on the three last rows and
columns of these matrices that the following square matrices r=110 and ﬁzc are
nonsingular for c > i and c ¢ O.

Ay A2 aj - (1-c)az Moc=| D1 D2 D3 tdi-d?

= 4]
oy
(]

1}

where t=1/2+ 1/2(1-c).

Now, frommatrix M construct thematrix®™ by subtracting columnm? (respmg + k) fromall
columns i such that

r £1sma+k-1 and i}mz(resp 1si<r-1 and mz+k+15i¢smg+m2)

M may bewritten as

Dy | D2 | D3 | d2 | A3 | Ag | d1
M =

D4 Ds | Dg | a1 Ay Az a2

where D4, Ds, Dg, A3, and A4 are all zeromatrices.

Moreover, since the matrix ﬁzc is non singular for c =2, the following (m2, m2} submatrix
M2 of # is nonsingular .
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Hence, the vector dimay be written as

m2—1 _
di=0d2+ T 4id;
i=1
wrereQand dj, i=1, ..., m2-1 exerealswith 040 and di  iscolumni of Mgy .
Then
mz-1 )
19 d1-d2= % A'id; where A'j=3i/0
i=1 :
Since the matrix ﬁ',‘c' is nonsingular for ¢> 1 and ¢<0 (iefor t €] -=, 1]) it follows
that 1/0 € ]-=, 1].
We now construct the matrix M fromthematrix M by subtracting the vector

m2-1
Qdz+ T A'id
i=1

from the columnwhich contains di. o may be written as

0
By | Dz | D3 | d2 | A3 | A4
0

X
“..

D4 D5

ay | A1 | A2 | Oar-e2

o
o

Since the matrix r=110 is nonsingular, for € > land c <0, and 10 €11, +e[, the (my,m1)
submatrix

A1 A2 Qai-a2

is nonsinguler. Moreover since ﬁz is nonsingular and Az, A4 are two null matrices, we
may conclude that M is nonsingullar. Consequently the matrices M and M eare nonsinguler
and the proof is coamplete. . . .
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Theorem 4.1 shiows that the polyhedron (Q) (given in the preceding section) defines a
minimal system of inequalities which describe the polytope PR(G). But the systz=m of
inequalities which defines the polytope (P) nead not be minimal. In this case suppose
there exists aconst_aint {n) of Pg(G1) associated with an odd cycle of Gi such that

(n) := ¥ xe +xg,+xey £ IF1]+1
e€Fy

and a constraint (u) of Pg(G2) asspciated with an odd cycle of G2 suoh that

(1) := F xpg+xel +xg2 +xel+xe2 & |F2]+3
=r 1 i 2 2

Then the constraint

[mu]:= % xe+ T xg & [Fi] +|F2i
e€EFf) e€F)

will be a constraint of (P) which does not define a facet of Pg(G) because the set F{UF32
defrines an even cycle of G.

3. Final remarks and examples

In [4] the following has been shown
Theorem 3.1

Let G=(V,E) beagraphand <eg, xg> £ 8 anontrivial facet of Pg(G). Let vE€ ¥V be any node
and suppose the star F of v(F={vvi€E | vi $v}) consists of the edges v vy ..., v vk,
construct a new graph G' = (V',E’) from G as follows. Subdivide each edge of the star F,
i.e. add k new nodes uj, ..., uk and replace the edges v vy, ..., v vk by the edges v uj,
uivyi, vuz, uv2, ..., Vuk, Ukvk. Keep all other nodes and edges, and moreover optionally
add any further edge linking a new node us to any other node inV’, or any edgev vs, s=1,
k.

..y

Let ée'eR'E.l be defined as follows

e = 8¢ for e EENE’
8y, = Buy, = Buy, for s=1 ...k
8e =10 ; else
and let ‘ )

k
0 =0+7 ayy
s=1
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then <ag', xg'> ¢ 8 defines a facet of Pg(G'].

Using Wagner's decomposition of graphs noncontractible to Ks, -and the above results we
can show the follawing.

oll
The graphs noncontractible toKs are weakly bipartite.
Proof

Since planar graphs are weakly bipartite, to prove this result it suffices to show by
corollary 3.13 and Wagner's decomposition that the graph obtained from \/3 by adding a
path of length two between the nodes of each edge is weakly bipartite. Let V3 be this
graph. Note that graph Vg is weakly bipartite [3]. If Vg is not weakly bipartite then
there exists a subgraph H of ¥g which is not an odd cycle and which produces a nontrivial
racet of Pg(¥g) . '

By lemma 3.1 H may be obtained from Vg by dividing some edges and removing others. Thus by
theorems 3.12 and 5.1 we may assume that in H, only edges of the exterior cycle of Vg
{cycle of length eight) are divided. Now 1t is easy to see that in this case, H is such that
H-{u, v} isbipartite where uand v are two nodes of H. From Berahona's result [3], His

weakly bipartite and we have a contradiction.
|

We can easily deduce from this corollary the following equivalent result which has been
conjectured by Johnson and Gaston in [9].

Corallary 3.3
Given a graphG = (V,E) noncontractible to ks, the polyhedron
ZXxe 21 for all odd cyclesCinG
e€ecC
xg 20 for e€E

has all vertices in0.1.

Consider now a greph G such G \vg is_bipartite where vg is a node of G. If we divide the
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edges of any triangle of G, the resulting graph is also weakly bipartite [3]. Thus the
2-sum and the 3-sum of this graph and a graph noncontractible to ks gives also a weakly

bipartite graph .

In the following we give an example which illustrates the method introduced above fox
describing the polytope Pg(G) in the case of 2-sum.

Consider the graph G given in Fig.s which is the 2-sum of two graphs G1 and G2 whose graphs
Gy and G2 are presented respectively inFig. s {(b) and Fig.s (c).

Fig.5

It is easy to see from the results in {3], [4], [10], that the polytopes Pg(Gi) and
Pg(G2) ere defined by the following two minimal systems

T xe < |C]-1 for C odd cycle in Gy

eeC
EXe+2Xe2+21e3i10

e€E1
0<xe sl for e € Eg

PB(G1)

for C odd cycle in G2

[n |
>
(1]
i~
[3]
1
ot

"
[}
&

%

o

Pa(G2)

0 ¢ xex<l , for e€ E2

|
From corollary3.11 we deduce that the polytope Pg(G) is defined by the following
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constraints {(where esach constraints is a facet of Pg{G))

¥ xe & IC)-1 for C odd cycle in G
el
T Xeg + % xe & jL|+S for L C Gy, odd path between a and b

=€E2 eetl

Pg(G) = 172 F xg + T xg & |T|+3 for T C G2, even path between a and b
e€E1 ecT
/27 g+ % xg £ 9
ecel eckE?

0 xe £ 1 for eckE

[
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Abstract

The bipartite subgraph polytope PB(G) of a graph G=[V,E] is the convex
hull of the incidence vectors of all edge sets of bipartite subgraphs
of G. We show that all complete subgraphs of G of odd order and all
so~called odd bicycle wheels contained in G induce facets of PB(G)'
Moreover, we describe several methods with which new facet defining
inequalities of PB(G) can be constructed from known ones. Examples of
these methods are contraction of node sets in odd complete subgraphs,
odd subdivision of edges, certain splittings of nodes, and subdivision
of all edges of a cut. Using these methods we can construct facet de-

fining inequalities of PB(G) having coefficients of order ]Vﬁ .

Keywords: Bipartite Subgraphs, Max-Cut Problem, Polyhedral Combinatorics,:

Facets of Combinatorial Polytopes, Cutting Planes.
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1. Introduction and Notation

In this paper we study the polytope associated with the bipartite subgraphs
of a graph. We shall exhibit various new classes of facets of this polytupe,
in particular, we describe several methods with which new classes of facets
can be derived from known ones. Using these constructions we obtain facet
defining inequalities with integral coefficients in the interval {0, n?/4]

where n is the order of the given graph.

-Results about the bipartite subgraph polytope have been used by GROTSCHEL
and PULLEYBLANK (1981) for the design of polynomial time algorithms for
special cases of the max-cut problem. These ideas have been successfully
implemented by BARAHONA and MACCIONI (1982) for the solution of medium
sized real-world problems of this type. We hope that our polyhedral results
may lead to the design of new efficient LP-based cutting plane algorithms

for the max-cut problem.
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The graphs we consider are finite and undirected. Loops and multiple edges
do not play a role in what follows, so we assume that our graphs have no
multiple edges and no loops. We denote a graph by G = [V,E], where V is
the node set and E the edge sei of G. The cardinality of V is called the
order of G. If e € E is an edge with endnodes i and j we also write ij to
to denote the edge e. If H = [W,F] is a graph with W< V and F € E then

H is called a subgraph of G. We also say that H is contained in G and

that G contains H.

If 6 = [V,E] is a graph and F c E, then V(F) denotes the set of nodes of
V which occur at least once as an endnode of an edge in F. Similarly, for

Wc V, E(W) denotes the set of all edges of G with both endnodes in W.

A graph G is called complete if every two different nodes of G are linked
by an edge. The complete graph with n nodes is denoted by Kn'

A graph is called bipartite if its node set can be partitioned into two
nonempty, disjoint sets V; and V, such that no,two nodes in V; and no two

nodes in V2 are linked by an edge. We call V,,!Vy a bipartition of V.

If Wc V then 6(W) is the set of edges with one endnode in W and the other
in WW. The edge set 8§(W) is called a cut. Clearly, [{V,8(W)] is a

bipartite subgraph of G. We write 8(v) instead of 6({v}) for v € V and call
8(v) the star of v. For a node v € V the cardinality of 8(v) is called

the degree of v. For W< V the set of nodes in WW which are adjacent to

a node in W is denoted by T'(W).

If U,W are disjoint subsets of V, then [U:W] denotes the set of edges of G

which have one endnode in U and the other endnode in W, for instance

[{v}: Wv}]= 8(v).

A path P in G = [V,E] is a sequence of edges €€ 558 such that

€1 =VQVys € SVIVy,...s€) =V LV and such that vi#vj for i#j..The nodes

Yo and vk are the endnodes of P and we say that P links Yo and vk.mr goes

from v, to vk.-The number k of edges of P is called the length of J. 1f

P=e1,e2,...,ek is a path linking Vo and Vi and ek+’ = vovkE E, then the se-
1.

quence ey,e),...,e € . is called a cycle of length k + A cycle
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{path) is called odd if its length is odd, otherwise it is called even.
If P is a cycle or a path and uv an edge of E~P with u,v € V(P),

then wuv 1is called a chord of P.

If v is 2 node in a graph G, then G—v denotes the subgraph of G obtained by

removing node v and all edges incident to v from G.

A polyhedron P < R" is the intersection of finitely many halfspaces in R"
A polytope is a bounded polyhedron or equivalently the convex hull of
finitely many points. The dimension of a polyhedron P, denoted by dim P, is

the maximum number of affinely independent points in P minus one.

If a € R"~{0}, ap € R, then the inequality aTx S ag is said to be valid
with respect to a polyhedron P g;]fl if Pc{x € Ifll aTx's ap}. We say
that a valid inequality aTx £ ag supporis P or defines a face of P if

@ +pPn{x| atx = ag} ¥ P. A valid inequality alx s ag defines a facet

of P if it defines a face of P and if there exist dim P affinely indepen-
dent points in P N {x l aTx = ag}. Two face—deiining inequalities aTx < ag,
bix s by are called equivalent if

P x| atx = agl = P n {x | blx = bel.

If P={x | Ax s b}, then Ax s b is called nonredundant if
P4 (x| A'x s b'} for all inequality systems A'x S b' where A'x S b’

arises from Ax S b by deleting one inequality.

For every facet F of a full-dimensional polyhedron P C R", i. e. dim P = m,
there exists a unique (up to multiplication by a positive constant) valid
inequality aTx S ap such that F = {x € P | aTx = ag}. This implies that

(up to multiplication by a positive constant) there is a unique complete

and nonredundant inequality system Ax S b such that
P=1{x € R" | ax s b}

We shall bresent a quite large, but partial, nonredundant system of
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inequalities for the polyhedron associated with the bipartite subgraphs of
a graph.

If x is a real number, then [x] resp. [xj denotes the smallest resp. largest

integer not smaller resp. larger than x.
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2. The Bipartite Subgraph Polytope and the Max-Cut Problem

Given a graph G = [V,E] with edge weights €, > 0 for all e € E, then the
max-cut problem can be stated as follows: Find a cut 8(W) in G such that

c{6(W)) := & ¢ is as large as possible. This problem can be approached
e€S (W)
from a polyhedral point of view in the following way.

If G = [V,E] is a graph and F € E an edge set then the 0/1-vector xF € RE
-with xg = 1 if e € F, and xz = 0 if e § F is called the incidence vector of F.
The convex hull PB(G) of the incidence vectors of all edge sets of bipartite

subgraphs of G is called the bipartite subgraph polytope of G, i. e.

PB(G) = conv {xF € RE | [V,F] is a bipartite subgraph of G}. (2.1)

Obviously, every edge set of a bipartite subgraph of G is contained in a cut
of G. This implies that for positive edge weights Cos © € E, every optimum

basic solution of the linear program
T . .
max ¢ x, x € PB(G) (2.2)

is the incidence vector of a cut of G. Hence, whenever the linear program
(2.2) can be solved in polynomial time, the max-cut problem can be solved

in polynomial time (this implication also holds the other way around).

Since the max-cut problem is NP-complete we cannot expect to find a complete
explicit characterization of PB(G) for all graphs G. It may however be that
for certa%n classes of graphs G, PB(G) can be described by means of a few
classes of linear inequalities and that for these classes of inequalities
polynomial time separation algorithms can be designed, so that the max-cut
problem for these graphs is solvable in polynomial time. Examples of such
classes of graphs are planar graphs, cf. BARAHONA (1980), and weakly bi-
partite graphs, cf. GROTSCHEL & PULLEYBLANK (1981).

It is trivial to see that PB(G) is full-dimensional, which implies  that
PB(G) has a unique (up to positive scaling) nonredundant defining iinear
inequality system. BARAHONA (1980) showed that the following inequalities

0 s x, s 1 for all e € E (2.3)
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x(C) = |c|-1 for all odd cycles C in G (2.4)

define facets of PB(G). (We call the inequalities (2.3) ¢rivial and the
inequalities (2.4) odd cycle constraints.) Using matching techniques

GROTSCHEL & PULLEYBLANK (1981) devised a polynomial time separation algorithm
for the system (2.3), (2.4) (i. e. an algorithm &hich decides in polynomial
time whether a given vector y € QE satisfies (2.3) and (2.4), and if not,
finds a violated inequality). Thus, the ellipsoid method implies that there

is a polynomial time algorithm for the solution of (2.2) whenever PB(G) is
completely determined by the trivial inequalities (2.3) and the odd cycle
constraints (2.4). Such graphs are called weakly bipartite. It is for instance
known that all planar graphs are weakly bipartite, cf. BARAHONA (1980).

In the next two paragraphs we shall introduce various new classes of inequali~

ties defining facets of PB(G)°

To simplify technical details in subsequent proofs we now state a lemma which

we shall use frequentliy in the following sections.

(2.5) Lemma. Let bT; £ B be a valid inequality with respect to PB(G).
Let Y, Y', Z and Z' be mutually disjoint subsets of V and
let v € V~(YVUY'"uUu 22U 2'). suppose ithat the incidence vectors of

the following edge sets of bipartite subgraphs '

B, :={¥y'uryuiv):2z'uzl
By := [Y'UY:2'"UZU(v]]
By := [¥Y' Uz U {w}:2'vY]
B, :=[¥'vz:2z'uyuwll

satisfy bz < B with equality. Then

£ b = X b
z€2 2V yey YY
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Proof. Clearly,

T By _

0= 8 -B=">bx T Bs

TB
0= 8 - 8 2 - plyh

"
o
»®

|
o
ES

1
agl
M
(-4

- X I b ,+b Y- I ¥ b,
z€z \z'e€z' %% ) yey yreyr VY -

Thus, subtracting the twe equations from each other we cbtain

0= 2 X bzv -2ZXIb v which proves our claim.
Z€Z yey ¥
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3. Further Rank Facets of PB(G)

For a graph G = [V,E] let
B(c):= {B < E | [V,B] is bipartite} | (3.1)

denote the set of edge sets of bipartite subgraphs of G. Clearly,
B(G) is an independence system on E, i. e. B(G) satisfies @€ B(G) and
B' < B € B(G) = B' € B(G). For every set F ¢ E the number

r(F) := max {{B| : B € B(G), B —F}

is called the rank of F (with respect to B(G)). If F< E then the

0/1-inequality

Xx(F) := £ x S r(¥) (3.2)
ecF ©

is by definition a supporting inequality of PB(G)° The inequalities of
type (3.2) are called rank inequalities, e. g. the odd cycle constraints

(2.4) are rank inequalities.

Obviously, every facet of PB(G) defined by a 0/1-inequality is a rank
inequality, and it is a very interesting open problem to characterize

those rank inequalities of PB(G) that define facets of PB(G).

In this section we introduce two new "basic" classes of facet defining
rank inequalities, further such inequalities will be derived in the

next section.

(3.3) Theorem. Let G = [V,E} be a graph and tet (W,E(W)] be a complete
subgraph of order p 2 3 of G. Then

T(E(W)) s 3‘121] lgj (3.4)

s

18 a valid inequality with respect ito PB(G). (3.4) defines a facet
of Pg(G) if and only if p is odd.

Proof. First of all, it is trivial to see that the right hand side of

(3.4) gives the rank of a complete subgraph with respect to B(G).
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We now show that for p even, inequality (3.4) is the sum of p (positively
scaled) inequalities (3.4) for which IWl is odd. Namely if [W,E(W)] is a

complete subgraph of G with p = |W!| even, then

x(E(W)) = ——15 I x(E(Wv})) = 2 p 55 1 15 LY 51 18]
vEW '

This implies that (3.4) does not define a facet of PB(G) in case p is even.
Now let us assume that [W,E(W)] is a complete subgraph of G with |W| = 2k+1,
k 2 1, and let us denote the corresponding inequality x(E(W)) = k(k+1)

by aTx £ a. Assume, moreove;, that bTx < B is a facet defining inequalitiy
for P (G) which has the f0110w1ng property If a vertex x € PB(G) satisfies
aTx = @ then x also satisfies b x = B. If we can prove that b = pa for some
p > 0 then we can conclude that aTx S a is equivalent to bTx < B, i. e.

defines a facet of PB(G), and we are done.

To prove the claim above we first show that for any three different nodes
r, s, t € W we have brt = bst' To prove this, we take two disjoint node
sets U, U' < W~{r,s,t} of cardinality k-1, and apply Lemma (2.5) with

Y'=U,2'"=U"', Y ={r}, Z=1{s}, and v = .

Since r, s, t were arbitrarily chosen and since [W,E(W)] is connected we

can conclude that for some p € R

b.. = p for all ij € E(W).

It is a trivial matter to prove that

bij =0 for all ij € ENE(W).

Moreover, it is easy to see that for every edge e in G there is a set

B € B(G) with e € B and aTxB = a. This implies that the face defined by
aTx £ a is not contalned in the trivial facet {x € P (G) l X, = 0} for
some e € E. Hence b x £ B defines a nontrivial facet of P (G) which by
the monotonicity (i. e. 0 £ x sy € Py (G) implies x € Py (C)) of P (G)
implies that all coefficients of b are nonnegative and at least one’ls
positive. Hence we can conclude that p > @ and, thus, b = pa holds which

proves our claim.



11-48

In the following we shall refer to the facet defining inequalities intro-
duced in (3.3) as odd complete subgraph inequalities or as the Kores™

inequalities.

Note that Theorem (3.3) can be used to prove the following
Remark: For every graph G = {V,E} the cut polytope
conv {xé'(h’) € REl W e v}

has full dimension |E].

Namely, we embed G into a complete graph K2k+1° Then we know that the
K2k+‘—inequa1ity defines a facet of PB(K2k+I)“ We therefore can make up

a nonsingular ((Zﬁ;l) (25;'))—matrix M whose rows are incidence vectors of
bipartite Edée sets i; K2k+1 satisfying the K2k+1—inequality with equality.
Note that each of these bipartite edge sets necessarily is a cut of K2k+l'
Now we remove all columns from M corresponding toc edges of K2k+i which are
not in G. The resulting matrix M’ has full rank {E| and the rows of M’
correspond to cuts of G. Thus, there are |El cuts of G whose incidence
vectors are linearly independent. Adding the zero vector (which is the
incidence vector of §(V)) we obtain a set of |Ef + t affinely independent

points in the cut polytope of G.

A graph G = [V,E] is called a bicycle p-wheel if G consists of a cycle
of length p an’ two {so-called universal) nodes which are adjacent to
each other and to every node in the cycle. A bicycle p-wheel is called

odd if p is odd. Figure 3.1 shows a bicycle 7-wheel.

(3.5) Theorem. Let G = [V,E] be a graph and let [W,F] be a bicycle (2k+1)-
wheel, k 2 1, contained in G. Then the inequality.

x(F) s 2 (2k+1) {3.6)

defines a facet of PB(G).
Proof. Let v,w be the two universal nodes of tﬁe bicycle (2k+1)-wheel
[W,F] in G, and let the cycle C of [W,F] be formed by the edges

U U, Uglg gl e ey Uy Uy osliny (U [W,F] contains the following triangles
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Figure 3.1
T, &= {vw, vu,, wui}; i=1,...,2k+1,
Ty \'
i:= {vui, vug o uiui+l}’ i=1,...,2, T, ., = [vu‘, VU, ul?2k+l}
T; 1= { b, i=1 2k, TS .. = { )
£0FT T W UiVt BT Dot Doy BT U Wi Y2k
By summing up appropriately we get
2k+1
(2k+1)x(F) = X (x(Ti)+kx(T¥)+kx(Tz)) + x(C) S (2k+1) (2+2k+2k) + 2k =
i=1

= (2k+1)2(2k+1) + 2k.
Dividing through 2k+1 we obtain
x(F) s 2 (2k+1) + 2k/(2k+1).

Since for every vertex of PB(G) the left hand side of the above inequality
is an integer which, by the validity of the odd cycle inequalities, does not
exceed the right hand side, we can round the right hand side down to the

next integer and obtain that (3.6) is valid for PB(G).
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Let us denote our inequality x(F) £ 2(2k+1) by aTx £ o and let us assume
(as in the proof before) that bTx S B is a facet defining inequality such
that {x € PB(G) | a'x = a) c{x¢€ P (G) | b'x = B}. We are done if we can
prove that there is p > 0 such that b = pa.

First we show that for every node u,, { £ i $ 2k+1, b = b holds. We
i vu, vw

simply pick an arbitrary node of the cycle C, say u, and apply Lemma (2.5)

with

3’ us,---, u2k+1}’ Z’ = {u2, U4,.-a, u2k},

Y := {u,}, 2 :={w} and v :=v.

By symmetry we obtain bu.w = bvw for i = 1,...,2k+1, Thus, if we set
P :=b

we can conclude that
b =b_ =p, i=1,...,2k+i.

In the next step we show that the b-values of the cycle edges are equal.

Set B, := fY* vz:2'vu {u1,v}]

B2 = [Y' U {w,u'} ¢ 2 U {v}]

then again Bj € B(G) and aTxBj =q, j = 1,2. So

0 = blxB2 - pTyB1 = b, +b _-b b =b . -b
1¥2 i Yi%2K+1 Uy 12 Yi2Kk+1
which implies
L. = b =p' i=1 2k
1Y 2K+1 u.u, sreeo
i i+t
for some p' € R. 'i

To prove that p = p' consider the sets
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o= ' . '
By i= [Y' U {ua,uz) 2 (2o, ) v v, ul]
.= L] . ?
BQ = {Y' U {uz} : (2 \{uz}) U {v,w,u]}]
which are in B(G) and for which aTxB3 = aTxB“ = o, We get
0= bTxB'o - bTxB3 = b u ¥ b -b v bu w 2(p'~p). Hence we
Y1%2 0 Btk Yy 1

have shown

.. = ij € F.
le p for all ij € F
For every pair of nodes uc, uj which are not neighbours on the cycle C, it
is easy to construct a bipartite subgraph [W,B] of [W,F] with bipartition
W., W, such that u, € W,, u, € W, and such that aTxB =da. If u,u, € E,
i 2 i 1 J 2 ' i)

then of course B' = B U {u.u.} € B(G) and aTxB = a., Hence
T B’ T B 13
0 =bx -b'x =b .
u.u,
1]
If i} is an edge of E with one endnode not in W, then it is trivial to

construct B € B(G) such that B U{ij} € B(G) and aTxB = a, which implies

bij = 0. Altogether we have now shown
bij =p for all ij € F,
bij =0 for all ij € E-F.

As in the proof of (3.3) it follows that p > 0 and thus that b = pa which
finishes the proof of (3.5).

In the following we shall call the inequalities (3.6) odd bicycle wheel
inequalities. Of course, we could have considered even bicycle wheel inequali-
ties as well, but as in (3.3) these "even inequalities" do not define facets

of PB(G)°

Note that the bicycle 3-inequalities (3.6) are the same as the Ks—inequali—
ties (3.4). But this is the only overlapping of these two classes of in-

equalities. \

Let us denote the polytope defined by the trivial inequalities (2.3) and
the odd cycle inequalities (2.4) by PC(G). BARAHONA (1980) has shown
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that the max-cut problem for the class of graphs G which have the following
property "there exists a node v such the G - v is planar" is NP-complete.
Since linear programs over PC(G) are solvable in polynomial time;, we can
conclude (unless P = NP) that PC(G) does not equal PB(G). This observation
lead us to the discovery of the odd bicycie wheel inequalities. Namely, if
one of the universal nodes of a2 bicycle wheel is removed then the remaining

graph is planar.

In fact, BARAHONA (1982) has shown that the max-cut problem is NP-complete

for the following class of graphs G : " G contains a node v such that

G - v is planar and all nodes in G - v have degree at most three"”. The

odd bicycle wheels (except p = 3) do not‘belong to this class. We shall,
however, give a construction (node-splitting) with which facets of PB(G)

for graphs G of this type can sometimes be constructed from odd bicycle wheel i
equalities. These inequalities however are not rank inequalities, since

they have coefficients larger than one (see section G for an example).

it is obvious that
PB(G) = convix € PC(G)QAx integer},

so one may ask what is the Chvatal rank, cf. CHVATAL (1973), for a class
of facets of PB(G) with respect to the trivial inequalities (2.3) and the
odd cycle constraints (2.4). The validity proof for the odd bicycle wheel
inequalities given in (3.5) shows that these inequalities are of Chvatal
rank one. This is, however, not the case for the'K2k+1—inequalities. For
instance, one can easily show Ehat the K7—inequalities are of Chvatal

rank 2, and we conjecture the Chvatal rank (with respect to PC(G)) of

K2k+1—1nequallt1es grows linearly with k.
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4. Contraction and Splitting of Nodes

In this seé¢tion we shall describe three methods for constructing “facets

from facets". The first one called "node set contraction" can only be applied
to the odd complete subgraph inequalities introduced in section 3, while

the other two, named “odd subdivision of edges" and "node splitting", are
universal and can be apélied to any facet defining inequality. The latter

two operations can also be reversed.

(4.1) Theorem. (Node Set Contraction) Let [W,E(W)] be a conplete sub-
graph of order 2k+1, k 2 3, of a graph G = [V,E] and let WI, ,,...,Né
be a partition of W into nonempty mutually disjoints subsets such

that £ IW.1 S k-1.
=1, 10 1>1 v

Let G' = [V',E']} denote the graph obtained from G by shrinking the
nodes 1in W% into a single node W, 2 =1,...,8 ( 7. e. all new nodes
w, are adjacent in G', and a new node w, ts adjacent in G' to an old

node v € W¥W <ff Wi contains a node adjacent to v in G). Set

awiwj := lW;IIWEI forall 1 si < jss
A 0 for all other vw € E'
then
alz s a := k(k+1) (4.2)

defines a facet of PB(G').

Proof. Denoting by alx := x(E(W)) £ k(k+1) =: o the odd complete sub-
graph inequality of [W,E(W)] with respect to PB(G) we immediately see

that a nonzero coefficient a, o of the new inequality (4.2) is equal to
- i
L Z a_ . If we have a bipartition V!, Vi of V' we can expand the
vEW. wEW.
1 ]
nodes of V' into nodes of V to obtain the corresponding bipartition
V‘,,V2 of V. Then it immediately follows that for the edge sets ‘i
- 1 3
B' = [V;:Vé] and B = [VI:VZ} we have aTxB = aTxB which implies that

a'x S a is valid with respect to PB(G').
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Assume as in the previous proofs of this type that bTx < B is a facet
defining inequality for PB(G') with {x € PB(G')’aTx =a} c {x € PB(G')IbTx - 8}

To prove our theorem we have to show that b = pa holds for some p > 0.

Let W' denote the subset of V' obtained by shrinking the node sets wl,...,ws.
We may assume that Iwil > % for i=1,...,r and iwil =1 for i = r+t,...,s.

(If no set wi has cardinality more than one, there is nothing to prove.) Note t
s-r 2 k+2 because of the assumption q := 3W1i + ... # iwri S k-1. Set

S := {w',...,wr}, T = W'SS.

Let, u, v, w be three different nodes in T. Let U be any subset of ™~{u,v,w}
of cardinality k-1 and S' := T~(U U {u,v,w}); Set Y := {u}, 2 := {w}, ¥' := v,

2' := S U S', then ‘the incidence vectors of B ..,B, as defined in (2.5)

i’ 4

satisfy aTx S a with equality, and hence bTx S B also with equality. There-

fore Lemma (2.5) implies buv = bwv and we can conclude that there is p € R with

buv = 0 for all u,v € T.

Now we choose any v, € S and any v € T. Set Y := {wi}, let Z be any subset

of T~v} of cardinality iwil, 2’ be any subset of T™N(Z U {v}) of cardinality

k - IW.f and Y" := (SUT)N2Z uz'u{v}lu {wi}). Again, the incidence vectors ¢
i

T R .
Bl""’B4 as defined in (2.5) satisfy aTx S a and hence b'x £ B with equali-

ty, so we can conclude from (2.5) that bvw. = X bzv = plwii thus
i z€Z
b ., = plwil for all w, € S and all v € T.

i

Let S‘ be any subset of T of cardimality k+1-q and set 82 := T\S‘. Then

[sus

B 3 52] is an edge set in B(G) satisfying aTx = a. Hence

1

BPez oz b+ I 5 b= kD).
w.E€S jes, i i€s, jes, 3

B=">

To determine the coefficients bw w for Vis wj € S (in case S| > 1) we

i
use the following argument. Let SI’ S2 be any bipartition of S, then by
our assumptions we have that ky 3= I lwil S k-3 and ky:= I W1 s k-3.
w.€S, w.€s, -J

Choosing any subset S; of T of cardinality k+i-~k,i and setting Sé i= T\S;

we see that B := [S‘ U S; : 8, U Si]‘is the edge set of a bipartite sub-
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graph of G' such that aTxB = o and therefore bTxB = 8 holds. Thus, for
1> S2 of S we can find an edge set B £ B(G') with

B € E(W') such that bTxB = B.

Observe that for all edges ij € E'NE(W') the components x?j of the in-

every bipartition §

. B .
cidence vectors x of all these edge sets B are zero by construction. Let

- = ]
y € RE(S) resp y € B&Kw )\E(S)) denote the vector obtained from a vector

L]
y € RE by dropping the components corresponding to edges ij € E'~E(S)
g

(resp. edges ij € E'~N(E(W')~E(S))). Thus for every edge set B € B(G) as
TB
X

constructed above we have 8 = b = ET;B + gT;B. Since we know already

all coefficients bij for ij € E(W')NE(S), we get

IS8 pX pX bjw + I )3 biw + I b
2w, &P, TR LR
wiES1 JESZ i ijS2 1€S1 ] 1€S' JG.S2

ol

it

1] v
X plSZIIWiI + I pis

- ]
wi Sl wj682

) ]
lle! + plslilszi

8 8 ? ]
p(knlszi + kzlsll + Islllsze)

p(kl(k-kz) + kz(k+l—kﬂ) * (k-kz)(k+1—k§))

p(k(k+1) - k‘kz)

which implies that for every set B € B(G) comstructed from a bipartition

Sl’ 82 of S as above we obtain an equation

Bix> = B - p(k(k+1) - Kk k,

=P kik

Let us write this equation system in the form

Ab = B.

I. e. we have |E(S)| unknowns b ij € E(S), and the matrix A is an

cuts G(S') of [S,E(S)], @ # S‘ # 8, Sl

is given as calculated above. This matrix A has full rank IE(S)| (see

iy’
- 1,1E(S)|)-matrix whose rows are the incidence vectors of the

€ S, and the right hand side B

Remark behind Theorem (5.3)), so, if the system Ab = B has a solution, it
has a unique solution. Now we simply set

bwi"j= plwillel for all wi,wj €S
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and can easily see that this stipulation in fact gives a solution of our
system. Hence we also know the coefficients of b corresponding to edges in

E(S).

It is trivial to show that
bij =0 for all ij € E'~NE(W"),

thus we have proved that b = pa holds.

Theorem (4.1) shows that for any K ~inequality, k 23, one can shrink

+
one or more subsets of nodes (suij:tito some cardinality conditions) to
obtain new facet defining inequalities with coefficients which are not only
zero and one. Moreover the supports of these inequalities aTx Sa (i. e.
the edge sets Fa := {ij € E'gaij > 0}) may also be the edge sets of complete

subgraphs of G’ of even order.

(4.3) Corollary. Let G = [V,E] be a graph containing a complete subgraph
{W,E(W))of order k+4, k 2 2. Then Pp(G) has a facet defining inequali-
ty 015 S k(k+1) whose support is E(W) and whose coefficients are

o, 1, %(k—l),'%(k—I)g in case k is odd, resp. 0, 1, kgg, %, %-k(k—2)

in case k is even.

In particular, if G itself is the complete graph of order n = k+4,
Corollary (4.3) shows that the coefficients of facets of PB(G) may be of

order nz.

We now introduce a facet construction method which will turn out to be a
special case of another such method but which is of particular interest

and therefore gets its own name.

{(4.4) Theorem.

(a) (0dd Edge Subdivision). Let G = [V,E]} be a graph and aT; S abe
a nontrivial facet defining inequality for Pb(G). Let 1§ € ?ibe an
edge with a;; > 0. Let G' = [V',E'] be a graph obtained from|G in
the following way. An even number of new nodes il,ig,...,ik 18
added. The edge set P = iil,iziz,...,ik_Iik,ikj (i. e. a path of
odd length) is added. Any further edge having at least one of the
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new nodes il""’ik as an endnode may be added. The edge 17 may be
- vl ~
removed. Let a € RE be defined as follows

a = € N E')NZ7)
'S Gy for all ww € (E ISES N
a :i=aq,. for all uv € P,

uv J

a_ :z 0 otherwise,

uy

Then

ax £a+ ka..
17

definee a facet of PB(G’).

(b) (Replacing an odd path by an edge). Let G' = [V',E'] be a graph

and 51; Sa bea facet defining inequality for PB(G'). Suppose the

support of a contains a path P = {iil,iliz,...,ik_zik,ikj}

of odd length k+1 2 3 with a., = a' forall uv € P and where the de-

gree of all nodes il""’ik in the support of a is 2and ij is not in
the support of a. Let G = [V,E] be the graph obtained from G°* by re-
moving the nodes i]""’ik and adding the edge ij (if ij is not al-

ready contained in G'). Let q € I#E be defined as follows:

= q for all ww € E n E°

Then
a]; S a - ka!

defines a facet of PB(G)‘ 0
Thus Theorem (4.4) (a) shows that we can subdivide "positive edges" of a
facet defining inequality an odd number of times and that we will get another
facet defining inequality this way. Theorem (4.4) (b) tells us that this
operation can also be reversed without losing the desired properties. i
Theorem (4.4) is a corollary of the following more general result (set

F ={ij} ang apply (4.4) repeatedly).

(4.5) Theorenm.
(a) (Node Splitting). Let G = (V,E] be q graph and aI; Sa pea

T o

nontrivial facet defining ineaunlitr fam D i1
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support of a, and let v be a node in V(E j. Let V_, V, be any
o r&wv,) @ re

bipartition of V such that a x 1

Choose any nonempty subset F < §(v) N Ea n E(Vl) and construct

a new graph G' = [V',E'} from G as follows. Split node v into two

is incident to all edges contained in F

= o and assume that v € Vjﬁ

70 Vg such that v,

and v, 18 tneident to all edges in §(v)NF. The edge v, may be

added, as well as any edge VU with vu € F. Moreover, add a new

nodes v

adjacent to v, and Vs in addition any further edge having

node 03 1

v, Or v, as one endnode may be added. The other parts of G remain

unchanged. Set

aij 2= aij for all ij € ENS(v)
i ;o
vu i a, for all v,u € E' with vu € F,
a .= ! ey
avzu sa for all vu € E with vu € (8(v) N E&)\F,
a ;T a ;= y:= L oa.,,
Va¥; V3Vs ijer ¥
a,, := 0 otherwise
iJ

a:=a+ 2y,

then a'z S & defines a facet of Pé(G').

(b) (Contraction of a path of length two). Let G' = [V',E'] be a graph
and 51; S a be an inequality defining a facet of PB(G'). Suppose G'
contains a node v, contained in exact;y two edges, say vV, and LPLPY
of the support FZ of a, that vV, ¢ FZ, that v, and v, have no

- ' [ e p = =
common neighbour in [V ,F&] except v, and that a01v3 avzva

a(8(v )NMvv,.}) s Z(G(vz)\{v2v3}). Let G = [V,E) be the graph obtained
from G' by removing the nodes Vys Vs Vg adding a new node v and the

» - o . '
edges {vj | avlj > 0} u {vj | v,f € E'}.

Set
" forall ij €EENE )

a..:=a..
1j 1

a.. : . .
vj v,J v,J
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- . 3 j o ! ssa_.>0
avJ v, if voJ € E' unless asz

]
Q

then a1; S a defines a facet of PB(G).

Proof. The validity of the new inequalities defined in (a) and (b) follows
by elementary construction. It remains to prove that the faces defined by

the inequalities contain sufficiently many affinely independent points.

. T . . . . .
(a) Since a’x £ o 1is nontrivial, there are m =|E| bipartite edge sets

Bl""’Bm € E whose incidence vectors are linearly independent and satisfy

aTxBi =a, i =1,...,m. Set
B} i= (BN, (v)) U {vl 32V 3} u {v u | vu € B, N Fl U {v u | vu € B,~F)
t
i=1,...m, then B' is a bipartite edge set im G' and aTxBl = a + 2y. More-
13 ?
over, the 1nc1dence vectors xBl € lﬂi i =1,...m are linearly independent.

Let F;‘E E' denote the support of a. Using the assumption that aTxd(vl) =

and v € VI we immediately see that the incidence vectors of the bipartite

1= GG'((VI\{V})U {vz,v3}) N F; and B .o = GG'((VI\{V))U {Vz})leg

edge sets B 42 ¢

m+1
in G* satisfy ;TxBi =a + 2y, i = m+!, mt2, It is obvious , that each of the
B+t Bp+2 Bj

vectors x and x is linearly independent from the vectors x ', i = 1,...,m,
and it is an easy exercise in linear algebra to prove that in fact all the

-

B . . .
vectors x * , i = 1,...,mt2 are linearly independent.

Moreover, consider the incidence vectors of the following bipartite edge sets.

] = v
If v,v, € E' set Bv v Bm+2 U {V'VZ}. If v.u € E', v, #Fu # Vas then,

12 V2 3
if u € V‘ set Bv3u = Bm+2 U {v3u}, if u € V\V] set Bv3u = Bm+1 U {v3u}.
v.u € E' such that vu ¢ F, then, if u € V, set B := B U {v ul, if
1 i v, u mt+2 1

1

.= ' :
u ¢ V, then set B u : (Bm+2\6(vl)) U {v1v3,v u}. If v,u € E' with vu € F,

v
then because aTx £ o defines a nontrivial facet of P (G) there exists a bi-
partite edge set B < E with vu € B and aTx Uu=q, and we set

B, . (B \6 w)) U {v1 32V } U {v J | vj € B, N F} U {szl Vi€EB \J] U {v u}
24
Clearly, these incidence vectors satisfy aTx S a + 2y with equality and the

set of |E'| vectors constructed above is linearly independent.
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a + 2y} contains |E'| linearly independent points

]

~T
Thus PB(G') n{x]ax

which proves that aTx £ a + 2y defines a facet of PB(G°)°

(b) Let Q = {v3u € E' | v, #u# v2} U {viu €E | EV1U =0} u

{v2u €E' | gv u > 0}. Then by assumption aij = 0 for all 1ij € Q. If

alx £ a defines a facet of PB(G') then the inequality z

7 ijJEE'Q
clearly defines a facet of PB(C'—Q). Thus we may assume without loss of

a..x.. Sa
1] 13

generality that Q = @, i. e. that in G' no node in v'\{vi’VZ’VB} is

adjacent to v, and that no such node is adjacent to both vy and Vye

By assumption ETx S o defines a nontrivial facet of PB(G'), so there

are m := |E'| bipartite edge sets B!, B%,...,B' whose incidence vectors are
m :

linearly independent and satisfy ;Tx i= a, i,...,m. We may assume that
N c V' is the set of neighbours of vy in [V',F;] different from V3, and

that k := |N}.

Now let M be the (m,m)-matrix whose rows are the incidence vectors
L
xB‘,...,me, We may assume that the last k+2 columns correspond to the
edges in’ i € N, and Vi Vs VyVge Moreover, we assume that the sets
B;,...,B; are ordered in such a way that the sets B',...B; contain both
L 1 4
edges VIVB’ v2v3, the sets Br+1’°°"Bs contain viv3 and not v2v3 and

] ] 2
the sets Bs+l""’Bm contailn v2v3 but not v1v3.

-T B' =~
Note that the assumptions of the theorem imply that if aTxB = a’

then B' contains at least one of the edges V V3 VyVa, and moreover, if
B' contains only one of the edges V., V3, Vyvg then B' necessarily contains
all edges v‘i, i € N, otherwise B" = (B'\{v'il i € NDU {v v, ,v,v,} would

""TB“ - '3”2
be a bipartite edge set with a'x > a. Thus, our matrix M looks as follows

m—k-2 k 2
Pt PN
e M' MZ 3
= M
s~r { M3 MS 1lol
|
— { MZ. M6 Ol Y

are some 0/1-matrices, the matrices MS and M6 contain

here M,, M., M., M
Y 17727 73 4 where J§ denotes a

ones only and the last two columns are as indicated,

column of omnes.



II-61

Now we transform the edge sets Bi < E’ into bipartite edge sets Bi < E,
i=1,...,m as follows

B, := (Bi\(éc.(vl) u 66.(V2»9 U {vj | v,i € B;, j¢V3}

. . ro.
u {vjl v,j € B}, 3#v3}

Note that this transformation corresponds to a shrinking of the nodes
Vgo Vos Vg into the node v. (By our assumption Q = ¢, no multiple edges
will occur.) It follows from our remarks above, that aTxBi = a for
i=1,...,m. If A is the (m,m~2)-matrix whose rows are the incidence

B; .
wectors x *, i = 1,...,m, then A 1looks as follows

m—k-2 k
r; A4 Ay
= A
s—~r { A3 A5
m-s { A4 A
where by construction the following holds
A =M, i=1,...,4

and AS’ A6 are matrices containing zeros only.

Te prove the theorem we now show that the rank of A equals m-2.

First we add to M a (m+1)st column which contains twos only and then
we add to this matrix a (m+1)st row having zeros everywhere exept in
positions m~k-1,...,m2 and m+1 which contain ones. Let us denote this

matrix by M’
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2

M! M, jUjbB].
M3 MS 1}]0 = M

M& M6 0ly].

2

1...1 jOl0]1

Since M is nonsingular the equation system MA = 2 has a unique solution
which, in fact, is nothing but a multiple of the normal vector a of the

given facet, i. e, we obtain

A, = —1 for all ij € E'

zav i ng v
£, = —L- 13
iEN 1 i€N a a
has to hold. But this implies that 25v v @ , hence the incidence vector
13

of the bipartite edge set {vlv3,v2v3} satisfies STx S & with equality which
is impossible by our assumptions. Therefore we can conclude that M' is a

nonsingular matrix.

Now we perform the following operations on M'. To each of the columms
m-k-§,...,m2, i. e. the columns corresponding to the edges vii, i €N,
we add the column m~1 and the column m and subtract the column m+1., It is

easy to see that the matrix M" we obtain this way looks as follows:

2
A' A2 Biu]. |
)

- Mli
A3 A5 110

A4 A6 0f1].

2

0 1
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M" is nonsingular, since M' is nonsingular. Deleting the last column and
the last row from M" we again obtain a nonsingular matrix M" . Deleting
the last two columns from M' we obtain a matrix of full column rank m-2.

But this matrix is the matrix A, and our proof is complete.

To illustrate the methods of facet construction introduced before we now
give an example. Let [V,E7] be the complete graph K,, then x(E7) £ 12

defines a facet of PB(K7) by Theorem (3.3). We pick the nodes 6 and 7 of
K7 and shrink them by node set contraction into a new node 6' to obtain

the complete graph Kc. By Theorem (4.1) the inequality
2x(§, (67)) + x(E({1,2,...,5)) s 12
6

defines a facet of PB(K6). GK (Vl) with V‘ = {4,5,6') is a bipartite edge

6
set whose incidence vector satisfies the above inequality with equation.

Choosing F = {46°,56'} we construct the following new graph G' (with 8

nodes) by splitting node 6° into v, and v, and adding a new node v, with

1 3

the method described in Theorem (4.5) (a), cf. Figure 4.1.

Figure 4.1

The inequality ng £ 20 defines a facet of PB(G') where the coefficients

. °

aij are equal to one for ij with 1 £ i < j 'S, and the other coefficients
have the value indicated on the corresponding edges in Figure 4.1. More-
over, this inequality defines a facet of PB(H) for all graphs H containing

G' as a subgraph.
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5. Cut Subdivisions

We now describe how a cut of the support of a facet defining inequality

can be subdivided to get a new facet. We start with a special case.

(5.1) Theorem. (Subdivision of a Star) Let G = [V,E]} be a graph and

aT; S a be a nontrivial facet defining inequality for PB(G). Let

v € V be any node and suppose the star 8(v) of v consists of the

edges vil,...,vik.Construct a new graph G' = [V',E') from G as follows.

Subdivide each edge of the star §(v), ©. e. add k new nodes j1""’jk

and replace the edges vil,vig,...,vik by the edges vjz,jlij;vjz,jziz;...°
vjk,jkik. Keep all other nodes and edges, and moreover, any further,

edge linking a new node js to any other node in V', and any edge

vis, 8§ = 1,...,k may be added.

Set
a.. := a., or all ij € E n E!
ij i f J
v iz aj i T Ay for 8 = 1,...,k,
s 8 8 s

a.. := 0 else

g

_ k

a:szoa+ X a,: s
8=1 8

then 515 S o defines a facet of PB(G').

Proof. It should be clear that ;Tx S a is valid with respect to PB(G').
Since aTx S a is a nontrivial facet of PB(G) there are bipartite edge
sets Bl""’Bm C E, m := JEl, whose incidence vectors are linearly in-

dependent and satisfy the inequality with equality.

We claim that there is an injective mapping @: {1,...,k} = {1,...,m} such
that Bw(s) does not contain the edge vis, 1t 58 Sk, i. e. that we may
assume that Bs does not contain vis, 1 S8 < k. Namely, first og all for
each edge vis there is a set B, not containing vis, otherwise a x.$ o would

define the (trivial) facet {x € PB(G)I X i =1}. Secondly, if there 'were
s

two edges vis, vir such that each set Bj not containing vis does not contain

vir and vice versa, then the nonsingular (m,m)-Matrix M whose rows are the
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incidence vectors of the sets Bj would contain two identical columns, a
contradiction. We may also assume that the last k columns of M correspond

to the edges Vis’ 1 £s £k, i. e. that M has the following form

K
[ ——
0
k M, .
. -
0
= M
M
2 My

where M!, M2, M, are some 0/i-matrices and the (k,k)-submatrix in the upper

3

right hand corner is a 0/1-matrix M, with zeros on the main diagonal.

A
Let m* := |E'|.We now construct edge sets B; in G' as follows:
¢ o= -4 = . s . . =
B : (Bt\éc(v)) U {VJSQ s=1,...,k} U {Jsxs| vi_ € Bt} t=1,...,m,

. o (mt . . . _
B o ® (Bé\{vlsl) U {Jsls} s = 1,...,k,

and for the k', say, edges e in G' for which one of the

mtk+1° " Cmekok
endnodes is one of the nodes js’ s € {1,...,k}, and the other endnode is

a node in V'\{js,is,v}, say e - jsu, we define B! t=1,...,k'

mtk+t m+k+t’

to be the bipartite edge set among the two sets

B' U {j u} or B' U {j ul.
mts S S s

Moreover, for the (possibly existing) further m'—(m+k+k').edges

€ k+k' 417" St in G’ for which one of the endnodes is v and the

other is one of the endnodes i_, s € {1,...k}, say e = vir, we set

mtk+k '+t

' e . - . s . . .
Bm+k+k'+t ' (Bi;\dc(v)) v {VJSI s=1,...,k} u {Jslsl vig € Bi!} v {V1r]

where Bi is a bipartite edge set in G such that v and ir are in the same
: T_Bj
set of the corresponding bipartition of V and such that a x T = a. Note

. T . . .
that such a set Bi exists because a xXx £ O is nontrivial.
r
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It is clear from the .construction that each of the sets B£9 t=1,...,m",

is the edge set of a bipartite graph and that its incidence vector satisfies

ETx S a with equality.

Consider now the (m',m')-matrix M' whose rows are the incidence vectors of
the sets Bé, t =1,...,m'. We may assume that the columns of M' corresponding
to the edges in E N E' are ordered in the same way as in M, that the k
columns m-k+!,...,m of M' correspond to the edges jsis’ s =1,...,k, that

the next k columns m+1,...,m+k correspond to the edges vji,...,vjk and that

the last m'-(m+k) columns correspond to the further edges e senes oy of

m+k+1
G'. Then M' looks as follows

m
0 *
M, .
* 0
o /] 0
% "y - W
L * 0 . ] |
M . 0
5 * N *x .
1 0
M. M, Mg i

where the principal (m,m)-submatrix is equal to M, MS M6’ M7, M8 are
§
0/1-matrices and the other matrices are of the indicated type. It is not

too difficult to prove that M’ is nonsingular. This finishes our proof.

i

Using the above construction and Theorem (4.4) we get a more geneyal method.

(5.2) Theorem.
(a) (Subdivision of a Cut) Let G = [V,E} be a graph and 01; Sa
be a nontrivial facet defining inequality for PB(G). Let W < V and
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suppose that §(W) = {wlul”'°’wkuk}’ with w. €W, T = 1,...,k.

Construct a new graph G' = [V',E'] from G as follows. Subdivide
each edge of 6(W), 1. e. add k new nodes jl”"’jk and replace

the edges WU Wty e o W) g by the edges Wi 15d 45

w2J29J2u23 e o Dwk(]kbl]k k“
moreover, any further edge linking a new node js to any other node

Keep all other nodes and edges, and

v € V’\{j U } may be added as well as any of the edges

Wk, Wy Set
- —_ * o ’
ij aij for all ij € ENE
a. . :=a = a _
W, U, wu, &= 1,. 2K
a..:= 0 otherwise,
g
- k
a:=a+ ¥ a »
_, wu
8=1 8 8

then 51; < a defines a facet of PB(G').

(b) (Contraction of a Cut) Let G' = [V’,E’].be a graph and ET; s a

be a facet of PB(G'). Let W< V'be a node set, and let W' < VAW be
the set of nodes which are linked to a node in W by an edge contained
in the support FE of a. Suppose that E'(W') n FE = ¢, that
(GG,(W')\G(W)) n r- ts a matching and that every node j € W' is
contained in exactly two edges, say wjj, ujj where wj € W and

uj € V(W U W'), of the support of @ which in addition satisfy

aujj za, .j - Construct a new graph G = [V,E]l from G' as follows.
Remove tie node set W'. Remove all edges of 6 (W), Keep all other
nodes and edges and add the edges ujwj for aZZ J € W'. Set

R ;3 '
aij : aij for all 275 € ENE
a :=a_ . forall j €W

a :za- als(W))

then the inequality oz s a defines a facet of PB(G). )
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Proof. It is clear that the new inequalities defined in (a) and (b) are valid.

(a) For every node w € W we perform the subdivision of its cut §(w) as descri-
bed in Theorem (5.1) (and add the additional edges we want to have). This
gives a facet defining inequality where each edge of the cut 6(w) is sub-
divided as described in the theorem and each edge vw € E(W) is replaced by

a path of length three. Using Theorem (4.4) (b) we replace all these paths

by the (original) edges vw finishing the proof.

(b) First we remove all edges ij from G' which have (at least) one endnode
rin W' and for which ;ij = 0 to obtain a graph E; whefe all nodes of W' have
degree two. Clearly, the projected inequality a x £ a (leaving out the
deleted coefficients) defines a facet of.PB(G“)° Now we apply part (a) of
the Theorem to subdivide the cut 6(W). This way we obtain paths of length
three where in each path all edges have the same positive a-coefficient. We
replace these paths by a single edge using Theorem (4.4) (b) to obtain a
facet defining inequality for PB(G),
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6. Examples and Final Remarks

The constructions defined in sections 4 and 5 can be used to obtain an
incredibly large number of quite "wild" facets from the facets described
in section 3. We shall discuss some examples.

Taking the K -inequalities (3.3) and node splitting (4.5) we can gene-

rate facet dZ:Ziing inequalities for PB(G) where G is a graph of order 4k
such that all integers 0,1,...,k occur as coefficients. For example, consider
the graph K7, i. e. k = 3. The inequality x(E7) S a = 12 defines a facet

of PéKz) by (3.3). Now we pick a node, say 7, take any set of three edges
incident to 7, say 47, 57, 67 as set F and apply the node splitting des-
cribed in (4.5). We obtain the graph shown in Figure 6.1 (coefficients of a

larger than one are written on the corresponding edges).

K1
[

18

Figure 6.1

Now we split on node 9 taking 19, 29 as F to get the graph of Figure 6.2.

Fimime 8.2
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Weighting the edges of the graph G shown in Figure 6.2 as indicated we get
a facet of PB(G) with coefficients 1,2,3 (zero coefficients can be obtained

by adding further edges).

A graph - of interest in all parts of graph theory — is the Petersen graph
P. We display a facet of PB(P) with coefficients 1 and 2 and right hand
side 16 which is obtained by a metamorphosis of KS (showing this way that

P is not weakly bipartite). We start from x(ES) S 6 and then apply various
constructions. We indicate the constructions on the arrows of Figure 6.3,

a double line states that the coefficient of the edge in the corresponding
inequality is two. The right hand sides, denoted by RS, of the inequalities

corresponding to the graphs shown in Figure 6.3 are also indicated.



Ir-Nn

split node 1

Theorem (4.5)

split node 2 Theorem (4.5)

- split nodes 3,4 and 5
<<

Theorem (4.5)

contract cut (Theorem (5.2)(b)

§({1,2,3,4,5})

Figure 6.3
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By repeated splitting of one of the universal nodes of a bicycle p-wheel

we can construct graphs which have the property that they contain a node v
(namely the remaining universal node) whose removal results in a planar

graph where all nodes have degree at most three. Figure 6.4 shows such a constru

tion for a bicycle 5-wheel. (The method, however, does not work for all

bicycle wheels.)

split node u

_
Theorem (4.5)

split node wu

Theorem (4.5)

Figure 6.4

The final graph G of the sequence of spllttlngs shown in Figure 6.4 has

the property that G-v is planar and all nodes have degree at most three. The in-
equality derived from this graph (edges drawn with a double line geL

coefficient 2, all other coefficient 1) with right hand side 18 defines

a facet of PB(GJ.
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The algorithmic aspects of our theoretical analysis are still unexplored.
We would like to know whether there are polynomial time algorithms for the
separation problems involved with the classes of facets of PB(G) described

here.

For instance, for s fixed, one can check whether all K2k+l—inequalities

and all bicycle (2k+1})-wheel inequalities, 2k+t £ s, are satisfied by

brute force enumeration in polynomial time. But even for K5 this takes

O(ns) time. We do not know whether there is a polynomial time algorithm

for checking all odd complete subgraph inequalities or all odd bicycle

wheel inequalities. (Note added in proof: See the paper of B. Gerards in this
issue of MOR on this subject.)

It seems quite hopeless to find reasonable algorithms that solve the se-
paration problems for the classes of facets obtained from the odd complete
subgraph inequalities or odd bicycle wheel inequalities by any of the

constructions described in sections 4 and 5.

Even the simplest case is open, the graphs obtained from l(5 by odd sub-
division of edges (Theorem (4.5) (a)). Let us call these graphs odd
homeomorphs of KS. What one has to solve here is the following. Given

a graph G = [V,E] and a point y € QE,'say 0= Ve S 1 for all e € E.

Check whether there is a subgraph H = [W,F) of G obtained from K_ by odd

5
subdivision of edges such that the corresponding facet defining inequality
of PB(G) is violated.

For each odd homeomorph H = [W,F] of K_ the corresponding inequality can

5
be written as

x(F) 2 |F| - 4 (6.1)

see (4.4) (a) and (3.3). If y is given as above then we set w, 2= 1Ty,

for all e € E. If we can solve in polynomial time
min {w(F) | [V(F),F] odd homeomorph of KS} (6.2)

then we can solve the separation problem for the inequalities (6.15‘in
polynomial time. Namely, if the minimum in (6.2) is 4 or larger then y

satisfies all inequalities (6.1), otherwise for the minimum F*

y(F*) > |F*| - 4
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holds and a violated inequality is found.

Of course, this question can be asked for the odd homeomorphs of K7, K9
etc, as well. We have the feeling that at least for the odd homeomorphs

of K5 a polynomial separation algorithms can be found.



11-75

REFERENCES

{1} F. Barahona, "On the complexity of Max Cut", Rapport de Recherche no. 186,
IMAG, Universite Scientifique et medicale de Grenoble, France, February 1980,
[2] F. Barahona, "The Max Cut problem in Graphs not contractible to KS",
Institut fiir Operations Research, Universitit Bonn, 1982,

[3) F. Barahona, E. Maccioni, "On the exact ground states of three-dimensional
Ising spin glasses™, Journal of Physics A: Math. Gen. 15 (1982) L611-L615.

[4] V. Chvatal, "Edmonds polytopes and a hierarchy of combinatorial problems",
Discrete Mathematics 4 (1973) 305-337.

{5} M. Grotschel, W. R. Pulleyblank, "Weakly bipartite Graphs and the max-
cut problem", Operations Research Letters 1 (1981), 23-27.



ANNEXE 4



IIi-1

Report No. 83271 - OR
ON THE CUT POLYTOPE
by

Francisco Barabona *
Ali Ridha Mahjoub **

April 1983

*) Institut for Operationus Research, Universitit Boon, West Germany.
Research supported by the Alexander von Humbold Stiftung. Present adress:
Dpto. de Matem4ticas, Universidad de Chile, Casilla 5272, Santiago 3, Chile.

**) IMAG, Université: Scientifique et Medicale de Grenoble, Francs.

ISSN 0724-3138



I11-2

Abstract

The Cut Polytope Pc(G) of a graph G = (V,E) is the convex hull of the
incidence vectors of all edge setsof cuts of G. We show some classes of facet defining
inequalities of Pc(G). We describe three methods with which new facet defining
inequalities of Pc(G) can be constructed from known ones. In particular, we show
that inequalities associated with chordless cycles define facets of this polytope,
moreover, for these inequalities a polynomial algorithm to solve the separation
problem is presented. We characterize the facet defining inequalities of Pc(G) if
G is not contractible to K5. We give a simple characterization of adjacency in
Pc(G), we prove that for complete graphs this polytope has diameter one, and that
P:(G) has the Hirsch property. A relationship between Pc(G) and the convex hull
of incidence vectors of balancing edge sets of a signed graph is studied.



I11-3
Introduction and Notation

The graphs we consider are finite and undirected. We denote a graph by
G = (V,E), where V is the node set and E the edge set of G. The cardinality of
V is called the order of G. If e € E is an edge with endnodes s and j we also write
tj to denote the edge e. If H = (W, F)is a graph with W C V and F C E then
H is called a subgraph of G.

If G =(V,E)is a graph and F C E, then V(F) denotes the set of nodes of
V which occur at least once as an endnode of an edge in F. Similarly, for W C
V, E(W) denotes the set of all edges of G with both endnodes in W.

A graph G is called complete if every two different nodes of G are linked by
an edge. The complete graph with n nodes is denoted by K. A graph is called
bipartite if its node set can be partitioned into two nonempty, disjoint sets V; and
V, such that no two nodes in V; and no two nodes in V2 are linked by an edge. We
call V,V, a bipartition of V. If |V;| = p, |Va| = ¢ and G is a maximal bipartite
graph, it is denoted by K, ,. f W C V then §(W) is the set of edges with one
endnode in W and the other in V' \ W. The edge set §(W) is called a cut . We write
d(v) instead of 6({v}) for v € V and call §(v) the star of v.

It U, W are disjoint subsets of V', then [U : W] denotes the set of edges of G
which have one endnode in U and the other endnode in W. We write [u : W] instead

of [{u} : W] for u€ V.

A path  Pin G = (V,FE)is asequence of edges ¢;,¢5,..., & such that e; =
VoUy, €2 = V3V3,..., 5 = Uy V; and such that v; 75 v; for § 7% j. The nodes v,
and v; are the endnodes of P and we say that P links v and vi or goes from v, to
ui. If P=¢,,ez,...,6 is a path linking vo and vy and e;; == vyv; € E then the
sequence ey, €z, ..., €k, ex41 is called a cycle . '

If Pis acycle an " uv and edge of E'\ P with u,v € V(P), the uv is called a chord
of P. A cycle with three edges is called a triangle .

If v is a node of a graph G, then G \ v denotes the subgraph of G obtained by
removing node v and all edges incident to v from G.

A graph G is contractible to G' if G’ can be obtained from G by a sequence
of elementary contractions, in which a pair of adjacent vertices are identified and
all other adjacencies between vertices are preserved (multiple edges arising from the
identification being replaced by single edges).

A polyhedron P C IR™ is the intersection of finitely many halfspaces in IR™.
A polytope is a bounded polyhedron or equivalently the convex hull of finitely many
points. The dimension of a polyhedron P, denoted by dim P, is the maximum
number of affinely independent points in P minus one. .

If a € IR™\ {0}, ao € IR, then the inequality aTz < aq is said to be valid .
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with respect to a polybedron P C R™ if P C {z € R™ | aTz < ay). We say
that a valid inequality a7z < aq supports P or defines a face of Pif 8 % Pn {zi
a7z = ap} 5% P. A valid inequality a7z < a defines a facet of P if it defines a
face of P and if there exist dim P affinely independent points in P {aTz = q¢}.

If PC IR™ is a full dimensional polyhedron, i.e. dim P = m, a linear system
Az < b that deflnes P is minimal if and only if there is a bijection between the
inequalities of the system and the facets of P. Moreover, these facet inducing
inequalities are unique up to positive multiples.

Given F' C FE the incidence vector of F, zF is defined by

1 ifee F
F — 8
* (“)‘{o, ifee E\F

Given b: E — IR, and F C E,YF) will denote ) . b(e). The support of b, Ej
will be Ey == {e | b(e) #~ 0}.

The cut polytope Pc(G) of a graph G = (V, E) is the convex hull of incidence
vectors of all edge sets of cuts of G. The bipartite subgraph polytope Pg(G) is
defined in ap analogous way. It is clear that Po(G) C Pg(G), but in general
Pc(G) £ Pg(G). Moreover, given a weighting function w : £ — IR, a maximum
weighted cut could be different fma maximum weighted bipartite subgraph if w(e) <
0 for some edges e € E.

In Barahona, Grotschel and Mahjou.b {2} it has been shown that P(G) is
full dimensional, moreover some of the facets defining inequalities of Pg(G) there
studied, are also facet defining inequalities of Pc(G).

We will present methods to derive new facet defining inequalities of Pc(G) from
known ones. In particular, we are looking for facet defining inequalites of Pc(G)
that are not valid for Pg(G). We shall present a polynomial algortihm to solve
the separation problem for inequalities associated with cycles. Moreover, we prove
that these inequalities and inequalities associated whitedges suffice to define Pc(G)
if and only if G is not contractible to Ks. We give a simple answer to the question
when are two extreme points adjacent in Po{G). This characterization permits us
to derive upper bounds for the diameter of this polytope,in particular, we prove that
if G is complete then Po(G) has diameter one. We will use our resuits to study the
polytope of balancing edge sets of a signed graph.
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2. Construction of Facets.

First, we will state three theorems that characterize some facet defining in-
equalities of Pc(G).we will omit the proofs because they are analogous to those
that appear in [2}.

Theorem 2.1 Let G = (V,E) be a graph and et (W, F') be a complete subgraph
of order p > 3 of G. Then

(EW) < 21E) (2.2

is a valid inequality with respect to Pc(G). (2.2) defines a facet of Po(G) if and
only if p is odd.
O
A graph is called a bicycle p-wheel if G consists of a cycle of length p and two
nodes which are adjacent to each other and to every node in the cycle.

Theorem 2.3 ‘ :
Let G = (V,E) be a graph and let (W, F) be a bicycle (2k + 1)-wheel, k > 1,
contaiped in G. Then the inequality

o(F) < 22k + 1)

defines a facet of Pc(G).
a

Theorem 2.4 (Node Set Contraction) Let (W, E(W)) be a complete subgraph of
orqer 2k+ 1, k > 3, of a graph G = (V, E) and let Wy, W,,...,W, be a partition
of W into nonempty mutually disjoint subsets such that

3 W< k-1

wWil>1
i==1

Let G’ = (V', E') denote the graph obtained from G by shrinking the nodes in W;
into a single node w;,i = 1,...,s (i.e. all new nodes w; are adjacent in G, and a
new qode w; is adjacent in G’ to an old nodeve V\W iff W; contains a node
adjacent to v in G). Set

By, = |W;||W}] foralll1 <i<j<s
Gy =0 for all other vw € £’

then
' aTz < a:=k(k+1)

defines a facet of Pc(G').
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To simplify technical details in subsequent proofs we first state a lemma.

Lemma 2.5 Let b7z < 8 be a valid inequality with respect to Pc(G). Given adjacent
nodes p and q let S be a subset of V \ {p,q} and T =V \(S U {p,q}). Suppose
that the incidence vectors of the edge sets 6(S), 5(T},6(S U {p}), 6(S U {g}) satisfy
bTz < B with equality. Then
bpg = Q.

Prool. 0=f— §=bT2%T) — pT8SUPY = b([g : T]) — b([g : S]) — bp,, and
0=p—p=bTz%5) — pTz8(SUs)) = b([q : S])— b]g : T])—~ by,. Thus, summing
the two equations we obtain ‘ “

—2bpg = 0.

Now we shall describe three methods to construct "facets from facets”.

Theorem 2.6

(a) (Node Splitting) Let G = (V, E) besgraph and aTz < o be a facet defining
inequality for Pc(G). Let E, be the support of a, and let v be a node in V(E;). Let
W be a subset of (Elsuch that aT2*W ) = o and assume that v € W.Choose any
nonempty subset ' C 6(v)n € ( W) such that a, > 0 for e € F, and construct
a new graph G' = (V',E’) from G as follows. Split node v into two nodes vy, Vg
such that vy is incident to all edges contained in F and v, is incident to all edges in
§(v)\ F. The edge vy v, is added, in addition any further edges vyu with u € V(E,)
may be added. The other parts of G remain unchanged. Set

Ti; = a;; for all if € E\ 6(v)
Tyu 1= Gyy for all viu € E’ withvu e F,
Ty == Gyg for all vou € E* with vu € (5(v)n E;)\ F,
Uyyv, := —a(F})
qi; =0 otherwise
T:=a«a
then a7z < @ defines a facet of Pc(G).

(b} (Contraction of an edge) Let G* = (V',E’) be a graph and 77z < @ be
an inequality defining a facet of Pc(G'). Suppose that vuy € Ey, that vy and vg
have no common neighbour in (V°, E‘,), that a,,, > 0 for v;u € 6(v;)\{v,v3} and
that —y,v, = (6(v1)\{v1v2}) > (6(va)\{v1v2}). Let G = (V,E) be the graph
obtained from G’ by removing the nodes vy, vo ,adding a new node v and the edges
{(vj18uy5 > 0} U {vj | v2j € E'}. Set

aij == Ty5 forallije ENnE’
Gy == Ty,; ifd,,; >0
Aoy = Ty, if v2j € E* unless @,,; > 0 )
a:=a
then aTz < a defines a facet of Po(G).
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Proof. The validity of the new inequalities defined in (a) and (b) follows by elemen-
tary construction. Then, let us assume that there is a facet defining inequality
bTz < j for Pc(G) which has the following property. If a vector z € Pc(G) satistles
aTz = a then z also satisfies b7z = §. If we can prove that @ = pb for some p > 0,
then we can conclude that a7z < a is equivalent to b7z < 8, i.e. a7z < a deflnes
a facet of Pc(G).

(a) First, we will show that for u ¢ V(Ey) by, = 0. To prove this apply
lemma (2.5) with S := (W\{v})U {v2}, p:=1v;, ¢ :=u.

Since aTz < «a defines a facet of Po(G) there are m = |E| cuts
8(Uh),...,0(Un) C E whose incidence vectors are affinely independent and satis{y
aTz00) =g, §=1,...,m. Set

U e U; ifUEUi

UTTUUN (v U {u, ),  ifve U
Since a7z%U") = g, then bT2%WU¢) = B, i=1,...,m. The vectors z5(U:"),
i=1,...,m are affinely independent, then we can conciude that by = pUuw

for uw 7 v us. Let W’ be (W\ {v}) U {v,va}, and W" = W'\ {v;}. Since
alz8W) = gTz%W") = o, we have that

bTz8W) = pT25(W") = g then
0 =bTz8W) — pT28W™) — _p, .. — b(F), hence
buyuy = —b(F) = —pu(F) = PByyug-

bTz < B is valid, thus p > 0.

(b) By assumption a7z < @ defines a facet of Pc(G), so there are m = |E|

edge sets 6(U;'),...,0(U,,’) whose incidence vectors are affinely independent and
satisfy aTz%U") = @, i = 1,...,m. We may assume that N C V' is the set of
neighbours of v in (V°, E5) different from v;, and that &k := |N]|.
Now let M be the (m,m)matrix whose rows are the incidence vectors
28Wy) [ 28Um’) We may assume that the last k 4 1 columns correspond to
the edges v;i, 1 € N and v v,. Moreover, we assume that the set 6(U,'),...,0(Ux")
are ordered in such a way that only the sets §(U;’),..., 6(U;’) contain the edge v vz,
and that v € Uy, i =1,...,m.

Note that the assumptions of the theorem imply that if U;’ does not contain v,
ther' necessarily contains all nodes i € N, otherwise U" = U;"' U {v,} would define
a cut 6(U") such that 27z%(Y") > a. Thus, our matrix M looks as follows
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m-t-k t-1 k i

=

Mt, MS | Ms 0 m-r

Where M3 contains only ones and columns s, m~k-t < s < m-k, correspond
to edges in 6(v1)\ E'a and v2j € E' for which & v . >0

1j
Now we transform the sets U;' C V' into sets U; C V, i = 1,...,m as follows.

Ui = (Ui'\ {v1, v2}) U {v}.

This transformation corresponds to contracting the edge vyvs. It follows from our
remarks above that a725(U) = q for i = 1,...,m. If A is the (m,m — 1}-matrix
whose rows, the incidence veciors z8(U) { = 1,...,m then A looks as follows

ore
m-k-t &
e Y
r
mn-r
As | A,
w here A= My
43 qu
A‘l = MG
and A, contains zeros only. _
‘To obtain A we can perform the {ollowing operations on M. .

Subtract the last column from the colums m - ky, ..., m - 1. Then, dele-
te the last colum and colums s such that m~k-t < s < m-k. It is clear

that the rows of this matrix have affine rank m-t and our proof ig complete.

0
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Theorem 2.7 (Replacing a node by a triangle) Let G = (V, E) be a graph and
2Tz < a be a facet defining inequality for Pc(G). Let v be a node in V(L) such
that a, > 0 for each e € 6{v). Let F\, F2, F3 be 3 partition of 6(v) and assume
that there exist Wi, Wy, Wy C V such that aTz*Wd) = o and F; C E(W,) for
i = 1,2,3. (W, may coincide with Wj for i 5% j). Construct a new graph G' =
(V',E') from G as follows. Replace v by vy, va,v3 such that v; is incident to all
edges contained in Fy, i = 1,2,3. Add edges vyva, vy v3 and vaus, in addition any
further edge viu, i = 1,2,3, with u ¢ V(E,) may be added. The other parts of G
remain unchanged. Set '
Tij == ayj forallije E;\ 6(v)
Ty,u := Gyy for all viu e E®
with v,u € Fy,i =1,2,3
_ —o(F\) — a(F2) + a(F3)

aulua = 2
q e —a(Fy) — a(F3) + a(F3)
vV T v 2
1. o —0F2) — a(F3) 4 a(F1)
ygvz 2
T,; ;=10 otherwise

= a
then 3Tz < o defines a facet of Pc(G").
g

The proof of this Theorem is analogous to the proof of Theorem 2.6p)We leave
it to the reader.

To illustrate these constructions we will give some examples of facet deflning
inequalities of Pc(G) that are not valid for Pg(G).
Let G = (V, E) be the complete graph K7, then X(E) < 12 defines a facet of
FPc(G), by Theorem 2.1. Choosing F' = {71,72,73} we split the node 7 into v, and
vz and we obtain a graph G’ = (V*, E"), f. Figure 2.1
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The inequality
(£’ \ {vyva}) — 3z(vyvp) < 12
defines a facet of Pc(G).

By splitting some nodes of a bicycle 5-wheel as it is shown in Figure 2.2 we
obtain the graph of Figure 2.3 .

Figure 2.2

Figure 2.3

Let G = (V, E) be this graph and E’ = {e,, .. -y es},the inéquality
HE\E)— 22(E") < 10

defines a facet of Pc(G).

Let G = (V, E) be the complete graph K. Replacing the node 7 by a triangle
we can obtain the graph G’ = (V", E’) in Figure 2.4
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Figure 2.4

Since z(£) < 12 defines a facet of Po(G), by Theorem 2.7, the inequality
Z(E \ {viva, vavs, viv3}) — 2({vy1v2, v2v3, v93}) < 12

defines a facet of Pc(G').
The third method for obtaining "facets from facets” is the following

Theorem 2.8 (Changing the signs of a Star) Let G = (V,E) be a graph and
aTz < a be a facet defining inequality for Pc(G). For any v € V the inequality
— Y sl + Y] anle) S a—a(b(v) (28)
e€8(v) e€8(v)
defines a facet for Pc(G).
Proof. Let us denote 37z < @ inequality (2.8) . aTz < wis valid for Pc(G),

otherwise it exists U C V with v € U such that
’ aTz00) s i |
But this implies that for U’ = U \ {v}

aTz8U7) >a .

Since aTz < o defines a facet, there are m = |E| sets U,i=1,...,msuch
that aTz%UV) = o, v € U;, i = 1,...,m and the vectors 28U 28Um) ape
affinely independent. Set U;' = U; \ {v}, then

5wy — [270e), if e g 6(v)
=) {1 — 2%WUie),  ifee b(v)
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Thus the vectors z8(Ue) . z6(Um) are affinely independent and satisfy az < &
with equality.
o
Theorems 2.6 and 2.8 can be combined to give new procedures of construction
of facet defining inequalities. The following corollaries illustrate this fact.

Corollary 2.9 Let G = (V,E) be a graph and aTz < a be a facet deflning
inequality for Pc(G). Let W C V, and set

T;5 : = aj for ij € E\ 6(W),
Tyj : = — a5 for ij € 6(W),
T = a — a(6(W)),

then a7z < w deflnes a facet of Pc(G).

Proof. Using Theorem 2.8 we change the signs of the coefficients associated withg{v)
for each v € W.

g

Corollary 2.10
(a) (Subdivision of an edge.}. Let G = (V,E) be a graph and ¢Tz < a be
a racet deflning inequality for Pc(G). Let ij € E be an edge with a;j 7% 0. Let
= (V", E") be a graph obtained from G in the following way. Nodesi =1i,,.:.,ix
are added. The edge set P = i;,4,i3,...,i3— 13,9 J is added. Any further edge
f,u with u g V(E,) may be added. The edge ij is removed. Let Pt ,P— define a
partition of P with |P*| odd if a;; > 0, and [P™| even if a;; < 0. Let a € IRIF'l
be defined as follows

Tuo = Gy foraliuve EnE’
Tyy == Qg5 for all uv ¢ Pt
Tuy = —ajj for all uv € P~

Tyo == 0 otherwise

Then
2’z < a+ ()Pt —1)ay; if a.. >
T ' - 1J
defines a facet of Pc(G'). @ X €&~ |p Iaij if a;: <0
(b) (Replacing a path by an edge). Let G' = (V', E') be a graph aﬂ]d aTz<
be a facet definine inequality for Pc(G'). Let Ey be the support of 87z < ©.
Suppose that Ex contains a path P == {ii,,i31a,...,5} such that
(i) 1y has degree twoin Ex,fori=1,...,k. N
(i) € Ex. | | '
(i) a4y, =a foruve PY C P,8,, = —a’ foruv € P~ = P\ Pt, with
[Pt | oddifa’ > 0and [P {evenifa' <O0.
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Let G = (V,E) be the graph obtained from G’ be removing the nodes iy, ..., i
and adding the edge ij. Let a € IR} be deflned as follows:

Ayy = Tyy foraluwve Enk’

Qiy = o'
Then
aTz<a— (Pt —1Da iF et > 0
T - ' .
defines a facet of Pc(G). 2@ X <o* [P ]| @ _ ifa' <0

g
The proof of Corollary 2.10 follows by applying Theorems 2.6 and 2.8 repeatedly.

Corollary 2.11 For any pair of cuts, Cand D, there is a one-to—one correspondence
between the facets adjacent to z€ and to zP.

Prool. Let ez < a be a facet defining inequality such that az€ = a, If we apply
Corollary 2.9 with §(W) = CaD, we obtain a facet defining inequality bz < B,
such that 6z = 4.
a
Let us define

CONE(Pc(G) = (y|y =)z, 3 € Po(G), ) € Ry.).

If Po(G)= (2| Az > b, Ez > 0}, b < 0, then CONE(Pc(G)) = (= | Ez > 0).

Corollary 2.11 shows that a set of inequalities defining Pc(G) can be obtained
from a set of inequalities defining the facets adjacent to one extreme point of
Fc(G). Hence, getting a characterization of CON E(Pc(Q)) is as hard as getting a
characterization of Po(G).
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3. Facets associated with edges and cycles.

Given a graph G = (V, E), an incidence vector z must verify the inequalities
0<z(e)< 1 foree E. (3.1

Moreover, if z is an incidence vector of a cut then for each cycle C , z(C) is an even
number. These conditions imply the inequalities

H(F)—z(C\F) < |F]— 1 for each cycle C, (3.2)
F C C,|F}odd.

In what follows we shall study when the above inequalities define facets of Po(G).

Theorem 3.3  (3.2) defines a facet of Pc(G) if and only if C is a chordless cycle.

Proofl. If C is chordless cycle, inequality (3.2) can be obtained from ar inequality
associated with a triangle (Theorem 2.1), by applying Theorems 2.6 and 2.8
repeatedly as in Corollary 2.10.

If C = {viva,vavs,...,v4v;} has a chord , say v,y It is easy to see that an
inequality (3.2) associated wiC can be obtained by summing inequalities (3.2) as-
sociated to Cy = {vyva,v2v3,...,v— v,y } and Cp = {vive, .., vk—1ve, vrys .
This finishes our proof.

0

Theorem 3.4  (3.1) define facets if and only if e does not belong to a triangle.

Proof. Let us suppose that e does not belong to a triangle and let us study the
inequality

2(e) > 0. (3.5)

Let us assume that there is a facet defining inequality 6Tz > g such that
S = {z € Pc(G) | 2(e) = 0} C {z € PcAG) | 4Tz = B}

S is the cut polytope of the graph G obtained by contracting e. Since Pc(G) is full
dimensional we can conclude that by =0 for f € E\{e}.
bTz > B is valid, hence b, > 0.
Now we can conclude that
ze) L 1

defines a facet by applying Theorem 2.8 to inequality (3.5).
That finishes the first part of the proof.
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Let us suppose that e belong to a triangle say {e, f,g9}. By Theorem 3.3 we
have the following facet defining inequalities.

x(e) + z(f) + z(g) < 2 (3.6)
ze)— 2(f)— 2(g) < O (3.7)
—z(e)+z(f)—z(g) < O (3.8)
—(e)—z(f)+z(g) < 0 (3.9)

Summing (3.6) and (3.7) we obtain
2z(e) < 2,

and (3.8) plus (3.9) gives
2z(e) > 0.

Hence, in this case (3.1) do not define facets.

0

Grotschel, Lovasz and Schrijver [3] have shown that there exists a polynomially
bounded algorithm for a linear optimization problem over a polyhedron if and
only if there is a polynomially bounded algorithm for the associated separation
problem : given a point z, either verify that it belongs to the polyhedron or else
find a hyperplane that separates it from the polyhedron.

The knowledge of an efficient method to solve the separation problem gives
an answer to some theoretical and practical questions. It proves that a problem
is polynomially solvable, and it permits the design of Linear Programming based
cutting plane algorithms.

In what follows we shall give a polynomial algorithm to solve the separation
problem for (3.2) inequalities. Let us write these inequalities as

Z z(e) + 2(1 — z(e)) > 1 for acycle C,

e€C\F eEF
and F' C C,|F| odd.

Given z, we are looking for a minimum weighted cycle, where some edges have the
weight z(-), and an odd number of edges have weight 1 — z(-).
From the given graph G we form a new graph G’ with two nodes i’ and ", for

o

every node i of G. For every edge ij of G we put edges i"j’ and ¢"'j”* with weight
1(i7), and edges "5 and i"';* with weight 1 — z(ij). Now, for node i of G we find
a shortest path f m i’ to 4"". The minimum over the vertices of the lenghts of the
corresponding shortest path is the weight of the required cycle. As the computation
of a shortest path takes 0(n?) calculations, this procedure has a time complexity of

0(n3).
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The existence of a good algorithm for the separation problem associated to
inequalities (3.1) and (3.2) leads us to ask which are the graphs such that these
inequalities suffice to define Pc(G). In what follows we shall see that those are the
graphs not contractible to K.

Corollary 2.11 implies that Pc(G) is defined by the inequalities associated to
cycies and to edges if and only if CON E(Pc(G)) is defined by :

(f) < 2(C\{f})), Cacycle, f€ C,
z(e) > 0 eeEE

This is called the “sum of circuits” property by Seymour [5]. Actu:illy, he proved
that the “sum of circuits” property holds if and only if G is not contractible to K. 5.
We can state the following:

Corollary 3.12 A graph G is not contractible to K5 if and only if Po(G) is defined
by:

0 < z(e) < 1, for each edge ¢ that does not belong to a triangle,
2(F)— z(C\ F) < |F| — 1, for each chordless cycle C, F C C, |F| odd.
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4. Adjacency in Po(G).

In this section we will give a simple characterization of adjacency in Pc(G),
and we will derive a bound for the diameter of Pc(G).
Let IaJ denote (I\ J)U(J\1). If I and J are cuts then /aJ is a cut.

Theorem 4.1 Let G = (V,E), bea graph. Let z!,z7 be extreme points of Po(G);
let I, J be the corresponding cuts. Let F = E \(/aJ). Thenz! and z7 are adjacent
in Pc(G) if and only if H = (V, F) has two connected components.

Proof. By deflnition, 2’ and z7 are adjacent in Po(G) if and only if there is a
vector ¢ = (¢, : e € E) such that z/ and z7 are the only two extreme points which
masimize cz over Po(G).

(i) “U" part. Let G; = (V;, Ey), i = 1,2 be the connected components of H.
Let T; be a spanning tree of G;, i = 1,2. Set

1 ifGET.ﬂ(IﬂJ),‘-‘—l,z,
Ce=(—1 CET;’\([nJ),i=l:2n
0 - otherwise.

Then
cz<|hin(InJ)+|Tan({InJ)

for all z € Pc(G). The equality holds for an extreme point z if and only if
z=zlorz =127, A '
(ii)  “Oniy if* part. Since H can not be connected, let us suppose that G; =

Vi E3),i=1,..,k, k> 3, are the connected components of H. Assume
that there is a vector ¢ with the desired properties. Setting

_ f1—z(¢)f, ife € 6(V),
ale) = {z(e)’ , otherwise,

1 — z(e)’, ife € 6(Vy),
oy = {1 =30, Heesn)
z{e)”, otherwise,

a and b belong to Po(G), and a + b = z/ 27, s0 cz! + cz7 = ¢q +- cb.
Counsequencly, maz{ca, b} > cz! = cz’ which is a contradiction as both g
and b are extreme points of Pc(G). That finishes the proof.

a

The graph of a polyhedron is the graph whose nodes correspond to the extreme
points of this polyhedron and which has an edge joining each pair of nodes for which
the corresponding extreme points are adjacent.

Given two cuts [ and J, let 7 and j be the corresponding nodes of the graph
of Pc(G). The distance from [ to J, d(, J) is the number of edges in the shortest



I11-18

path from s to j. The diameter of Po(G) is
maz{d(l,J):1,J are cuts of G}.

Theorem 4.1 implies the following:

Corollary 4.2 If G is a complete graph then Pc(G) has diameter one.
b

If G is connected and C is a cut let us define T(C) as the graph obtained by
contracting edges not in C, and replacing multiple edges by single edges. Let m(C)
be the number of edges of T(C).

Theorem 4.3 If [ and J are cuts of G, then

d(1,J) < m(IaJ).

Proof. Let P be a minimal cut included in IaJ.
Set L = IaP.L is a cut and z! is adjacent to z’. Furthermore,
m(LaJ) < m(IaJ), and the theorem follows by induction on m(/aJ).
d

The bound in Theorem 4.3 may be realized. For instance, if G = (V,E)is the
graph K, 5, I =@, and J = E, then d(I,J) = p.

Coroliary 4.4 The diameter of Pc(G) is at most
maz{m(C): Cis a cut}.

O

Again, the graph K , shows that the bound of the corollary may be realized.
A d-dimensional polyhedron P with k facets has the Hirsch property if the
diameter of P is at most k — d.

Theorem 4.5 FPc(G) has the Hirsch property.

Proof. Pc(G) has dimension |E|. Let us partition E into £; and E,, where E;
contains the edges that belong to a triangle. Let Tj,..., T, be the triangles of G.
By Theorems 3.3 and 3.4 Pc(G) has at least 4r - 2| Eo| facets. Since r > |E;|/3,
dr + 2| 5| — |E] > |EA|/3 + | E2].

On the other hand, if C is a cut

m(C) < |Ei}/3 + | Eal,

‘and our proof is complete. .D
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5. Signed Graphs

A signed graph is a graph G = (V, E') where E is partioned into E_ and E.
Elements of E_ (E) are called negative (positive). For instance, if this structure
represents a social group, we can think of positive and negative relationships between
the members of the group.

A signed graph is called balanced if there exists U C V such that E_ = §(U).
A graph is baladced if and only if each of its cycles includes an even number of
negative edges, c.f. Harary [4].

A balancing set is an edge set S$ C E such that when the signs of the elements
of S are changed the resulting graph is balanced.

It is easy to see that S is a balancing set if and only if there exists U C V,
such that SN E4 = Sn6(U) = Ex nd(U) and Sn E~ = Sn(E\6U)) =
E_n(E\6U)). Then y is the incidence vector of a balancing set if and only if
there exists an incidence vector of a cut z, such that

__fale) ifeg Ey ‘
yley= {1 —z(e) ifeeE_ (1)

Thus, a minimum weighted balancing set can be founded by solving a minimum
(maximum) cut problem.

Let us call Pgs(G) the convex hull of incidence vectors of balancing sets of a
signed graph G. Facet deflning inequalities of Pgs(G) can be obtained from facet
defining inequalities of Po(G) by using relation (5.1). In particular, Theorem 3.5
can be stated as

Remark 5.2 A signed graph G is not contractible to K if and only if Pgs(G) is
defined by

Z(C\F)— z(F) 2 1 — |F|, for each chordless cycle C,
FCC |ICnE~|+|F]odd,

0<z(e)< 1 for each edge e that does not belong to a triangle.

Again relation (5.1) enables us to translate adjacency results in Pc(G) into
adjacency resuits in Pgg(G). For instance Corollary 4.2 gives us

Remark 5.3 If G is a complete signed graph then Pgs(G) has diameter one.
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ABSTRACT

Given a digraph D that is a 2-sum of t'wo digraphs D1 and D7, we characterise a systemn of linear
inequalities that define the acyclic subdigraph polytope of T, provided that such systems are
known for D1 and D7. This fact is used to characterise this polytope for symmetric digraphs not
contractible to K3 3.

RESUME

Etant donné un graphe orientd D défini comme une 2-somme de deux graphes D et 02, on
caractérise un systéme d'inéquations linéaires qui définit le polytope des sous graphes sans
circuits de D quand les systémes correspondants & Di et D2 sont supposés connus. Mous
utilisons par la suite ce résultat pour caractériser ce polytope dans les graphes orientés
symétriques, non contractibles & K3 3.
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1. INTRODUCTION

A digraph D = (V,A) consists of a finite nonempty set V of no
des and a set A of arcs which are ordered pairs of different elements of
V. If D' = (V , A') is a digraph with A' ¢ A, D' is called a subdigraph
of D.

Given w : A > R, the acyclic subdigraph problem consists
in finding a set A' c A such that A' does not contain directed cycles,

and

w(A') = ) w(e)
eeA’
is as large as possible.
If S c A, the incidence vector x° of S is defined as
1 if eeS
Sty =
x“(e) =
0 if eeA\S
The acyclic subdigraph polytope is
PAC(D) = conv{xSIS c A, S has no directed cycle]

The acyclic subdigraph problem can be stated as

Maximize wx
s.t. xePAC(D)
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This problem is NP-Hard [3], and it is known to be solvable
in polynomial time for planar digraphs [g9].

If D is a planar digraph PAC(D) is defined by the so-called
dicycle inequalities [9], [4].

Grotschel, Jinger & Reinelt [47], characterised several fa-
cet defining inequalities of this polytope. They used them to solve several
real-world probiems [6],[ 7].

We shall prove that if a digraph D is a 2-sum of D1 and 02
then a system of inequalities defining PAC(D) may be obtained from the
systems of inequglities that define PAC(DI) and PAC(DZ)' the ideas we use
are similar to those of [ 1 ]. This fact and a theorem of Wagner will ena-
ble us to characterise PAC(D) for symmetric digraphs not contractible to K3’3.
A graph G = (V,E) consists of a finite nonempty node set V,
and a set E of edges which are unordered pairs of different nodes. If
G = (V,E) is a graph then an orientation of G is a digraph which contains
an arc (i,j) or (j,i) but not both whenever ijeE. The symmetric digraph
D(G) is a digraph (V,A) where {(i,j} and (j,i) belong to A whenever ijeE.
If G is not contractible to K3’3 we say that D{G) is not contractible to

K3,3.
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2. Sums

In this Section we shall study some composition of facets defi
ning inequalities of PAC(D)O

If.(u,v)eA and (v,u)eA it has been proved that
x(u,v) + x{v,u) ¢ 1
defines a facet [ 4 ].
Since PAC(D)is full-dimensional there is no other facet defined
by an inequality with nonzero coefficients for x(u,v) and x(v,u) simulta-

neously.

Moreover, the inequalities that define facets have non-negative
coefficients.

A digraph D
D, = (V2, Al) if:

(V,A) is a 2-sum of the digraphs D, = (vl,Al) and

1l
L4

i) v, u V2

{u,v}

"

i) V1 n V2
iii) A=A  UA,
iv) A; A, = {(u,v),(v,u)}.

See_ Figure 2.1.
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Figure 2.1
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Futhermore, let us assume that the facet defining 1nequa11t1es
of PAC(D )} are

r (a) 0 < x(e) eeh,

(b) eiﬁikEX(E) + x(u,v) g a s keKl,
(2.1) ) (c) eiﬁikEX(E) + x(v,u) € oy s keKz,

(d) x(u,v)+xbveu) ¢ 1
(e) x(i,j) <1 (m)éﬂ1 {3 JIEA
(f ) ‘keK
) eéA:ke e) € o, ke
and that those of PAC(DZ) are

3!

¢

(a) 0 ¢ x(e) , eeh,,

(2.2) < (b) ¢ by x(e) +x{u,v) € By » Rely,
eeA2

(c) = b x(e) +x(v,u) ¢ By » fel,,
eeA2
(d) x(u,v) *+ x(v,u) ¢ 1,

(‘e) X(i,j) S 13 (1’J)6K2! (J:i)¢A2

(f) b, x(e) ¢ B, , el
‘ eg 2 pex(e) < B, €L,

where Ai = Ai\xi(u,v), (v,u)l}.
In what follows we shall study the following inequalities.

(2.3) £ a, x(e) +1I by x(e) € a, + 8, -1
ek, ke eeh, Le k= "%

for keK1 and zeL2 or keK2 and ZGLI.

Lemma 2.4 Inequalities (2.3) are valid for PAC(D)'
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Proof.

Let B an acyclic edge set of D. lLet 81(82) be the restriction
of B to DI(DZ)' We can extend B, and B, to two acyclic edge sets
Ei c A such that

and B gA

1 r4 2

.|§ifl{(u,v)(v,u)}i = By N {{u,v),(v,u)}f = 1
Since xB1 and x52 satisfy (2.1) and (2.2) respectively it is
clear that xP satisfies (2.3)

Let P be the polytope defined by (2.1), (2.2) and (2.3). Befo-
re proving that P = PAC(D) we shall introduce a technical Lemma.

Lemma 2.5 Let xeP, such that at least one of the inequalities (2.1)
(b}, (2.2)(b), x(u,v) € 1, holds with equality. Let y, and y, be defined
as follows,

[ x(e) , for eeh; . e f (v,u) ,
yile) = 4

1 - x(u,v) , ife=(v,u),

[ x(e) , for eeh, , e f (vyu),
yale) = S |

[ 1 - x{u,v) , ife=(v,u),

then ylePAc(Dl)., yzePAC(DZ)’
Moreover, an inequality of (2.3) holds with equality if and only if the
corresponding inequalities of (2.1) and {2.2) hoid with equality for ¥q

and y, respectively.
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Proof.

If x(u,v)= 1 it is clear that ylePAC(Dl).
Let us assume that x(u,v)< 1.
Let us consider the inequality

(2.6) La x(e)+ x(v,u)s o, for keK
eeAlke k 2

Case 1. Suppose that it exists reKl such that

I a

x(e) + x(u,v) = .
eeA1

re

Applying Lemma 2.4 to the 2-sum of D1 with itself we obtain
that

L _a . x(e)+ z_a

x(e) sa, +a -1
eeA1 eeA1 k r

re

is valid for,PAc(Dl). Moreover, it is satisfied by ¥y

Hence if A does not satisfy (2.6) we would have a contradic-
tion.

Case 2. Suppose that it exists reL1 such that

eéxarex(e) + x(u,v) =Br’
. 2
the constraint
I a, _ x(e}j+ & a_ x(e)sga +8 -1
eeAl ke eeAz re k r
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must be satisfied by x.

Again, if i does not satisfy {2.6) we would have a contradic-
tion.

The proof that yzePAC(DZ) is analogous.

Furthermore, the way that ¥q and Yy, are defined implies that
an inequality (2.3) holds with equality for x it and only if the associa
ted inequalities (2.1) and (2.2) hold with equality for y; and Y, respec
tively.

At this point we are able tc prove the main result of this Sec
tion.

Theorem 2.7 = P = PAC(D).

Proof.

Since the dicycle inequalities are included in'(an), (2.2),
(2.3) it is clear that a point of P is integral if and only if it is the
incidence vector of an acyclic subdigraph.

Lemma 2.4 implies that PAC(D) ¢ P, then we have to show that
all the extreme points of P are integral.

Let us suppose that X is an extreme point that has fractional
components.
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Case 1. X satisfies the hypotesis of Lemma2.5.Let v anf y2 be deﬁnedain this Lemma.

y1=% aixi, 8i20,2aj=1,
yz=g Tix'j, Mj20,5M)=1.

where xsi(ij) are incidence vector of acyclic subdigraphs of D1(D32).

Note that all the constraints of Pac(D1) (PAc(D2)) thet hold with equality for yi{y?2) also hold

with equality for xsi[x Tj).
Subcase 1(a) " X(u, v} < 1.

e have that yi{v, u)> Oandy2 # (v, u) » 0.

There exists Sy and Tgsuch that (v, u)e SpN Ts.

If X(u, v) + X{v, u) < 1then no inequality of type(2.1)(c) or (2.2)(c) could hold as equationfor X.
Infact, let us assume that

2 Bkge X(8) + X(v, u) =Xk, forkgeK2.
e€A]

Since X satisfies the hypotesis of Lernma 2.5 we have that

T ake x(2)+ X(u, v) =&, for some k€K1,
e €Ay
or
2 -blye (e} + X(u, v) = By, for some 13€L1
e€A?

This implies

"2 eoe X(€)+ ¥ okqe X(€) YXkot Xky- 1,
e€hi e€A]

or
Z 8koe X(€)+ I blje X(e)=%k ¢ Bl,- 1.
e€A] e€A? ‘
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Then set W = Sy U Tg \ {(v, u)}. W definies an acyclic subdigraph and any constraint that holds as

equation for X also holds as equation for x™. This is cleer for (2.1) and (2.2), for (2.3} it follows
fromLemma 2.5.
This contradicts the fact that X is an extreme point.

If x(uv)+x(v,u)=1setW=SUTs. «™ has the same properties mentioned above.

Subcase 1{bj %(u,vi=1

There exists Sy and Tg such that (u, v)€SyNTs. Set W=Sr U Ts.
The proof follows as inthe subcase 1{a).

Case 2

If none of the inequalities (2.1) (b}, (2.2) (b), X(u, v) £ 1, holds with equality, we must have X(u, v} =
0. Hence we can increase the value of X(u, v) and get another fractional extreme point that can
betreated in case 1. Qur proof is complete.
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3. Facets
In this Section we shall show that inequalities (2.3) define
facets of PAC(D). Since inequalities (2.1) and (2.2)-also define facets

of PAC(D)’ we have a minimal system that defines this polytope.

For keK1 and zeL2 let us assume that

(3.1) “ eﬁﬁ;kex(e) + x{u,v)g @, > and
(3.2) L b x(e) + x(v,u)< B,
eeA2

define facets of PAC(DI) and PAC(DZ) respectively.

Let us remark that (3.1) and (3.2) also define facets of
PAC(Di) and PAC(Dé)’ where

= (Vi» AN {(viu)b)and D) = (V,, A o\ {(u,v)1).
Hence there are p = ]All - 1 (respectively q = ]A | -1),

acyclic subdigraphs Sl’ . ,Sp of Di (Tl, »1_of D ) whose 1nc1dence
vectors are linearly independent and satisfy ?3 l)((3 2)) with equality.

We assume that
S 1, for l1lgsigr,

x{uv) L
0, for r+1¢ic¢op,
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and

1 , forlgicgt,

T,
x(vu) ! =
0 , fort+lgcicaqg.
Set Sp+1 = Sr+l U {(v,u)} and
Ter = Ten U (W)

Let MI(MZ) be tge (p+1)x(p+1) ({q+1)x(q+1)) matrix whose
columns are the vectors x ' (x f).

M. and M2 look as follows

1
My = cf N d p d
1 1 100.0.000+x(u,v;
0] 0...010000.... 0|1 « x{v,u
- S ———
r pti-r
0l 0 0 0] 0 .. 0 11] « x{u,v)
1] 1 1100 . 0 [0] « x(v,u)
= e f R f
M, Q

t qti-t
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Before proving the main Theorem of this Section we will in-
troduce two technical Lemmas.

Let N' be the matrix obtained from N by subtracting c from
each column.

Let P' be ‘the matrix obtained from P by subtracting d from
each column.

Let Q* and R’ be the matrices obtained from § and R by doing
the same with e and f respectively.

The matrices

N' |d] P
QD f Rl
are nopsingular.
Lemma 3.3. . Let Mly be
0
_ M :
Mly = 1 ol
1]
0
1 lly s
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and sz be

0
1
- 0
Moy = ) :
0
] iy

if y£(0,1) then Mly and sz are nonsingular,

Proof.
Let 1 be a row of ones, since M1 is nonsingular, the solution of

AMI =1 is
a
- ke
Ale) = 5
Since A{uv) = a;— , and 0 < o > 1, Aluv)e(0,1). If yg(0,1)
k

then Mly is nonsingular.

The proof for sz is analogous.

]
Lemma 3.4. Let Mly be

c-yd N' P




I11-37

and Méy be
éy = e-yf qQ° R®
if yé(G,1) then Miy and Méy are nonsingular
Proof.
0|0
cd W d p! 3K
0i0
11 0 . 0 {0 01011
0‘ 0. 010 . 0j1]0
1] 0 . 0j1f 0 . 0j0
is nonsingular, by Lemma 3.3.
Thus
B 0
¢-(1-y)d N d P’ .
0
0 0...0 [-I/y[ 0.0 [1
0 0...0 0 0...0 ly

is nonsingular, and (1-y) ¢ (0,1) <==>y ¢ (0,1).

The proof for Méy is analogous.
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Theorem 3.5 The inequality

(3.6) a, x(e) + b, x(e) €a + B, -1
egAlke egﬁz ke ko h

defines a facet of PAC(D).

Proof.
It is easy to see that the columns of

satisfy(3.6) with equality and belong te PAC(D). We shall prove that M
is nonsingular. It is enough tc prove that

0 0 N° p! dlcld

Mo = [1] 0 0 0 0j1fo
- 0 (4] 0 1] 0]011

R! Q' 0 0 elfle
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is nonsingular,

We only need to prove that

0 0 N' p!
M" =
R qg* 0 1]
is nopsingular.
Since
NP | d

is nonsingular, we have that

Then by columns operations we get

0 0 N! P!
M" =

R’ Q' 0 0

We have to prove that

R® | Q' | f-ve

is nonsingular.
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Since

N P' | c-vyd

is singular, by Lemma 3.4 we have that ve(0,1).

This implies that 1/y>1, and that

R | o | y(e-1/vF) |

is nonsingular.

The proof is complete.

How, we shall see an example. Let D = (V,A) be the digraph of Fi-
gure 3.1

Figure 3.1 |
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D is a 2-sum of D1 = (Vl, Al) and 02 = (V2, AZ)' Let A!

1 be Al\k{(v,u)} and
A5 = Az‘\{(u,v)}Grﬁtschel et al [ 4] proved that

r x(e) ¢ 7, and
eeAi

I x(e) g 11
eeA2
define facets of PAC(DI) and of PAC(DZ) respectively.
Theorem 3.5 implies that
L x(e) € 17
eeh’

defines a facet of PAC(D)’ where
A* = AN{(u,v),(v,u)l}.

If we continue with this procedure we can generate complicated
facet defining inequalities.

We can state the following Corollaries.

Corollary 3.7. The characterisation of PAC(D) given by Theorem 2.7
(i.e. by (271), (2.2) and (2.3)) is minimal.

O

Corollary 3.8 If PAC(Dl) and PAC(DZ) are defined by rank inequalities
then PAC(D) is also defined by rank inequalities.

O

Rank inequalities are inequalities with 0 and 1 coefficients.
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4. Heakly Acyclic Digraphs

A digraph D = (V,A) is called weakly acyclic (w.a.) i 4] if
PAC(D) is defined by

0 <x(e) g1, for eeh,
x(€C) < |C] -1, C a dicycle of D.

x(S) denotes ) x(e).
ees
Since the separation probiem [: 8:] can be solved in polynomial
time for these inequalities we can optimize a linear function over this
polyhedron in polynomial time.

A characterisation or a polynomial algorithm to recognize w.a.
digraphs is not known. Planar digraphs are w.a. [ 97, [47]. Theorem
2.7 shows that a 2-sum of w.a. digraphs gives a w.a. digraph.

Let us remark D(K3’3) and D(G) for any graph G contractible to
'K3,3 are not w.a. [47]. Let us denote by C the class of graphs not con
tractibie to K3’3. We shall prove that G e € if and only-if D(G) 1s w.a.

A graph G in C is said to be maximal if for any edge that we

add to G we obtain a graph not in C. Let us denote by C the class of ma-
ximal graphs in C.
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Wagner [:11:] proved that any nonplanar graph in € can be obtai
ned by doing 2-sums of planar triangulated graphs and copies of KS’

We just need to prove that D(KS) is w.a.
Set D(K;) = (V,A)
We have to prove that for any w the problem

(4.1) Max wx
s.t. |
x(C) « |c] -1, C a dicycle of D(Kg) s

xz0

has an integer optimal solution.

The dual problem is
(4.2) Min J(|C] - 1)y,

s.t.
My, : esC} > w(e)

y 2 0.

Let us define D' = (V,A) as follows:

a) If w(i,3)> w(j,i)2 0 then (i,))eA and w'(i,3)= w(i,j)-w(j,i)

b) If w(i,j)= w(j,i)» 0 then (1,j)eA’ or (J,i)eA'but not both,
say (i,j)eA'; in this case w'(i,j)= 0.

c) If w(i,jk 0 > w(j,i)then (i,j)eA’ and w'(i,J) = w(i»Jd) .

d) If w(i j)< 0 and w(j,i)< O we do not put any arc between i
and j.
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Let us suppose that

(4.3) Max w'x
s.t.
x(C) ¢ |C] -1, C a dicycle of D',

0 < x(e) €1, eeh’
has an integer optimal solution X and {(z,y) is an optimal solution of

Min Z(ICl—l)zc + ) y(e)
s.t.

) (z, : eeC} + vy (e) » w'(e)
220, y>0
Set
x(1,§) = X(,3), X(3,i) = 1-X(i,3) if a) or b} hold,
x(i:3)= x(i,3),x(J,1)= 0, if c) holds,
X(i,3)= x(j,i)=0 if d) holds,

¥ = z_ if C is a dicycle of D',

j, - Y(i,j)w(i,i) if C= {(i,j){i,1)} and a) or b) hold,
¥ = v(i,3) if € = ((i,3),(3,i)}and c) holds,
ic = 0 otherwise.
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It is easy tc see that x and y are optimal solutions of (4.1) and {4.2)
respectively.

Thus, we need to prove that for any w'> 0 (4.3) has an
integer optimal solution.

If case d) holds then D' is planar and we are done.

We shall prove that if D' is any orientation of K5 then
the polyhedron defined in (4.3) has integer vertices.

Let x be an extreme point.
Lemma 4.4. If x(e) = 0 for some arc e then X is integer valued.
Proof.
Set D" = D'\e, and let x" be the vector X without the com

ponent x{e).

x"ePAC(D"), because D" is planar.

X" =% s Iy L a0 i

where X5 is an extreme point of PAC(D“), i.e. X5 is a representative vec

tor of an acyclic subdigraph of D".

Let ii be the vector obtained by adding to x; a 0 in the

component ii(e)



I1I-46

For any inequality ax < a of (4.3) we have that

x
i
xi
<
<abo

®

This implies that X

a

Lemma 4.5 If there exists an arc e that does not belong to a dicycle
then X is integer valued.

Proof.

If e does not belong to a dicycle the nontrivial inequalities
of (4.3) are associated to D'\ e. Since this digraph is planar we are

done, 0

Lemma 4.6 If x(e) > 0 for any eeA' then for any nonempty set S ¢ V there
fs at Teast one arc ee§(S) with x(e) = 1.

Proof.

Let S be such a set, let 6+(S)(6'(S)) be the set of arcs that
enter (leave) S. If 6+(S) =@ (or 6§ (S) = ) there are some arcs that do
not belong to any dicycle, this implies that x is integer valued.

 Otherwise if x(e) < 1 for any arc ees(S) we can define x® as

follows:
{ x(e)+e if eeé+(S) ,
x'(e) = < x(e)-¢ if ees (S) ,
x(e) otherwise.

For € sufficiently small x' belongs to the polyhedron (4.3)'
and if x satisfy one of the inequalities as equation then x‘ also does.
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This contradicts the fact that x is an extreme point,

0

Lemma 4.7 If there is a vertex v that covers every dicycle then X
is integer valued,

Proof.

Let D* = (V", A") be defined as follows:

V" = VX{v}uis,t}.

(i.i)eA" => (i,j)eA" for i # v, j#v,

(v,i)eA’ => (s,i)eA" ,

(i,v)eA® => (i,t)eA" .

Let A be the incidence matrix of all directed paths from s to
t in D".

It is well known that for any w' > O the problem

Min w'x
s.t. Ax 21
x20

has an integer valued optimal solution x.

But A is also the incidence matrix of the dicycles
of D'. Then tha vector X' defined as

x'(e) = 1-x(e) for eeA’ s

is an optimal solution of (4.3),
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In what follows we shall assume that x(e) > 0 for any arc
eeA’. Lemma 4.6 implies that there is a spanning tree T of arcs e with
x{e) = 1,

We will study three cases.

Case 1. T contains a directed path P of lenght three. This implies the
orientation of Figure 4.1, where the doubie arcs are those of P.

! 5
L

3
Figure 4.1

Since 5 covers every dicycle we have that x is integer va-

Tued.

Case 2. T contains a directed path of ienght two, and no directed path

of lenght three.

Subcase 2.1 Suppose that T contains the arcs ¢f Fig.re 4.2(a), this im
plies the orientations of Figure 4.2(b).
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[ 14
[ J

(a) (b)

Figure 4.2

Since 5 covers every dicycle this implies that x is inte
ger valued.

Subcase 2.2 Suppose that T contains the arcs of Figure 4.3(a), it im
plies the orientations of Figure 4.3(b).
1 i

5
o

3
(a)

Figure 4.3

Again we have that 5 covers every dicycle.



ITII-50

Subcase 2.3 T contains the arcs of Figure 4.4 (a). It implies that
(1,3)eA’.
1 s 1
5 5
9 2
4 4
3 3
(a) (b)
Figure 4.4

If the subdigraph induced by {1,2,3,4} has no dicycle
we have that 5 covers every dicycle, then we should assume that (2,4)
and (4,1) belong to A*. If 3 has only entering arcs we are done, then
we should assume that (3,5)eA'.

If the arcs (5,2) or {2,5) belongs to T we would have
the orientations of Figure 4.3(a) or Figure 4.2{a}, if (5,4)eT we would
have a contradiction with the constarint

x(4,3) + x(3,5) + x(5,4) < 2,

hence we should assume that (1,5)eT or (4,5)eT.

Subcase 2.3.1  (1,5)eT.

We should suppose that (5,4)€A', otherwise the digraph
induced by {1,3,4,5]} would have no dicycle,and that (5,2)eA', otherwi
se the subgraph -induced by {1,2,3,5} would have no dicycle. We have
then the orientation of Figure 4.5.
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3

Figure 4.5

x satisfies

(4.8) x(2,4) + x(4,1) <1
(4.9) x(5,2) + + x(3,5) § 1
(4.10) x(3,5) + x(5,4) <1
(4.11) x(4,1) + x(5,4) <1
(4.12) x(1,3) + x(5,2) + x(2,4) + %(4,1) + %(3,5) €4
(4.13) x(1,3) + x(4,1) + x(3,5)+ x(5,4) £ 3

(4.8) and (4.9) imply that (4.12) holds with strict inequality.

Ifx(4,1) = 1. then x(5,4) = 0. 'hus we may assume
x(4,1) < 1. This and (4.10) imply that (4.13) holds with strict ine-
fquality. -

Thus we have six variables and four inequalities that
could hold as equation, this implies that some variable should be
equal to zero or one. In the former case we are done, and in the last
case we would have one of the preceding cases. '
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Subcase 2.3.2 (4,5)eT .

We should assume that (5,1)eA', otherwise the subdigraph
induced by {1,3,4,5} would have no dicycle. We assume also that (5,2)eA‘,
otherwise the subdigraph induced by {2,3,4,5} would have no dicycle. We
have then the orientation of Figure 4.6

Figure 4.6
x satisfies
(4.14) x(2,4) + x(4,1) <1
(4.15) x(3,5) + x{(5,2) g 1
(4.16) x(2,4) + x(5,2) €1
(4.17) x(3,5) + x(5,1) 1
(4.18) x(2,4) + x(5,1) €1
(4.19) x(1,3) + x(3,5) + x(5,1) € 2
(4.20)  x(1,3) + x(2,4) + x(4,1) + x(3,5) + x{(5,2) § 4

(4.17) implies that (4.19) can hold with equality only
if (4.17) does and x(1,3) = 1.

(4.14) and (4.17) imply that {4.20) cannot hold as
equation.
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Thus we should assume that x(1,3) = 1, and restrict our
attention to (4.14),....(4.18).

Let us define x' as follows:

x'(2,4) = %(2,4) + ¢,
x'(4,1) = x(4,1) - €,
. x'(3,5) = X(3,5) + ¢,
x'(5,2) = x(5,2) - ¢,
x'(5,1) = x(5,1) - e,
x'(i,3) = x(i,j) for all the other arcs (i,j)eA’.

For € sufficiently small x' belongs to the polytope of
(4.3), and if x satisfy with equation one inequality of (4.14),...,
(4.18) then x' also does, this contradicts the fact that X is an extre
me point.

Subcase 2.4 T contains the edges of Figure 4.7
—>8
>0
"Figure 4.7

This is analogous to the subcase 2.3.
Case 3. T does not contain a directed path of lenght 2,

Subcase 3.1 T is one of the trees of Figure 4.8
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(a) (b)
Figure 4.8

Since the arcs of T do not belong to a dicycle we are

done.
Subcase 3.2 T is one of the trees of Figure 4.9. That of Figure
4.9(a) say

(a)

Figure 4.9

Without loss of generality we can assume that (4,5)eA’.
We should assume that (1,3)eA', otherwise arcs adjacent to 3 would not
belong to a dicycle. Let us suppose that (5,1)eA’, otherwisse the sub-
digraph induced by {1,2,3,5} would have no dicycle. By the same reasons
we suppose that (4,1)eA'. We assume that (5,2) and (2,4) belong to A",
otherwise the subdigraph induced by {2,3,4,5} would have no dicycle.
Thus we obtain the orientation of Figure 4.10
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3 5
4
Figure 4.10 -
(4.21) x(2,4) + x(4,1) 1
(4.22) x(4,1) + x(1,3) €1
(4.23) x(1,3) + x(5,1) €1
(4.24) x(2,4) + x(4,5) + x(5,2) € 2
(4.25) x(2,4) + x(5,1) + x(4,5) £ 2
(4.26) x(1,3) + x(5,1) + x(4,5) £ 2
(4.27) x(2,4) + x(4,1) + x(1,3) £ 2
(4.28) x(2,4) + x(4,1) + x(1,3) + x(5,2) € 3
(4.29) x(2,4) + x(1,3) + x(5,1) + x(4.5) < 3

(4.23) implies that (4.26) holds with equality only if
x(4,5) =1, (4.22) implies that (4.27) holds with equality only if -
x(2,4) = 1, (4.27) implies that (4.28) holds with equality only if
x(5,2) = 1, (4.26) implies that (4.29) holds as equation only if
x(2,4) = 1. In any of these cases we would have a path of lenght two
of arcs (i,j) with x(i,j) = 1.

‘ Thus we will assume that, (4,26),...,(4.29) holds with
strict inequality.

Again we have six variables and five constraints, hence
one of these variables should be equal to zero or one.
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Subcase 3.3 T is one of the trees of Figure 4.11. That of Figure
4.11(a) say.
?

(a) (b)

Figure 4,11

We do no loose generality if we suppose tat (1,5)eA’.
We should assume that (4,1)eA’, otherwise the subdigraph induced by

{1,2,3,4} would have no dicycle. By the same reasons we assume that
(2,5)eA' and (5,3)eA!.

If (4,2) and (3,1) belong to A' the subdigraph induced
by {1,2,3,4} would have no dicycle,

There are three more cases to study,

Subcase 3.3.1. (4,2) and (1,3) belong te A, we have then the orienta
tion of Figure 4.12.

3
Figure 4.12
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x satisfies

(4.30)  x(1,3) + x(4,1) <1
(4.31) x(4,1) + x(1,5) & 1
(4.32) x(2,5) + x(5,3) <1
(4.33) x(2,5) + x(4,2) <1
(4.34) ' x(2,5) + x(5,3) + x(4,2) g 2
(4.35) x(4,1) + x(2,5) ¢ 1
(4.36) x(4,1) + %(1,5) + X(5,3) <2
(4.37) x(4,1) + x(5,3) & 2
(4.38) x(1,3) + x(4,1) + x(2,5) €2

We assume that (4.34), (4.36), (4.37), (4,38) hold with
strict inequality, otherwise we would have that one of these six varia
bles would be equal tc one.

In this case we have only five inequalities.

Subcase 3.3.2 (2,4) and (3,1) belong to A', we have then orientation
of Figure 4.13,

]

3
Figure 4.13
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X satisfies

(4.39) x{2,4) + x(4,1) < 1
(4.40) x(5,3) + x(3,1) + x(1,5) , <2
(4.41) x(5,3) + x(2,5) < 1
(4.42) x(4,1) + x{1,5) <1
(4.43) x(4,1) + x{5,3) + x{1,5) < 2
{4.44) x{4,1) + x(2,5) <1

(4.42) implies that {4.43) holds as equation only if
x{(5,3) = 1, but in this case we would have a path of lenght two of arcs
(i,3) with X(i,j) = 1. |

We suppose then that (4.43) holds with strict inequa-
lity, in this case we have five constraints.

Subcase 3.3.3 (2,4) and (1,3) belong to A*, we have the orientation
of Figure 4.14.

3

Figure 4.14
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X satisfies

(4.45) x(4,1) + x(2,4) < 1
(4.46) x{2,5) + x(5,3) s 1
(4.47) x(4,1) + x(1,3) < 1
(4.48) x(4,1) + x{1,5) < 1
(4.49) x(4,1) + x(5,3) + x(1,5) < 2
(4.50) x(4,1) + x(2,4) + x(1,3) § 2
(4.51) x(4,1) + x(2,5) < 1
(4.52) x(4,1) + x(2,4) + x(5,3) + x(1,5) < 3
(4.53) x(4,1) + x(2,5) + x(5,3) < 2
(4.54) x(4,1) + x(2,5) + x(1,3) < 2

If any of the inequalities (4.49), (4.50), (4.52),
(4.53), (4.54) holds as equation then one of these variables has the
value one.

The remaining inequalities are only five.
We have proved the following Lemma.

Lemma 4,55 D(K5) is weakly acyclic,
a

Then we can state the main Theorem of this Section.

Theorem 4,56 D(G)eweakly acyclic if and only if G is not contracti-

bie to K3’3=

o .
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Let A be a matrix with nonnegative entries. Let P={x|Axx1,
x30} , and let us suppose that this system of inequalities is not redun
dant. If B is the matrix whose rows are the extreme points of P, the
pair (A,B) is called a blocking pair [T27] . Actually the extreme points
of Q = {x|Bx1, x>0} are the rows of A.

Theorem 4.56 can be stated as follows.

Theorem 4.56'. Given an undirected graph G, let A be the incidence matrix
of the dicycles of D(G), and B the matrix whose rows are the incidence vec
tors of minimal sets that cover every dicycle. (A,B) is a blocking pair

if and only if G is not contractibie to K3’3°
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Abstract

Call an Independence system(E, /) linearly relaxable , If the clrcult-Inequalitles x(C) ¢ IC]-1
together with the constralints 0< xe ¢ 1 forali e € € are sufficlent todeflne P(/), the convex
hull of the incldence vectors of members of /. Examples are given by independence systems
assoclated with blpartite subgraphs of graphs not contractible to Ks (cf. Fonlupt et al.[ 6 ]) or
with acyclic subdigraphs of digraphs obtalnable from graphs not contractible to K3 3 (cf.
Barahona and Mahjoub [ 1 ]). Further classes are stable set independence systems of bipartite
graphs and, as we are golng to show here, a generalization of these within the framework of
balanced matrices.

The composition of general blpartite subgraph resp. acyclic subdigraph independence systems
and in particular of thelr assoclated polyhedra by the identificatlon of a palr of 3-cycies resp.
2-dlcycles together with its implicatlons for an algorithmic treatment has been the central
subject of the above mentioned two references. we generalize this kind of composition within
the framework of Independence systems satisfying a special circuit-exchange property and
discuss Its Implioations for associated polyhedra, totsily dual Integral linear systems describing
these as well as related optimizatlon problems. Special attention is given to linearly reiaxable

such independence systems.

Key words

Independence System, Circult-Exchange Property, COﬂElDOSmOH, Polyhedral Description, Total
Dual Integrality, Algorithm.

Resumné

Un systéme d'Independants ( E, /) est dit linéalrement relaxabie s} les contraintes associés aux
clrouits XC) ¢ IC|-1 et ies contraintes triviales 0 ¢ xg < 1 pour e E decrivent complétement le
polyédre P (7 ), enveloppe convexe des vecteurs réprésentatlfs des éléments de /. Dans un
prémier temps Nous montrons que les systémes d'indépendants dont la matrice @'Incldence des
clroults est équiiibrée, sont linéairement relaxables . Par 1a sulte nous étudions une opération
de composltion de systémes d'Inaépendants liée & une propriété d’échange de circults.st (E3 A3)
est le systéme defini par cette opération a partir de (Ej, /1 )et(E2, /2 )alors nous donnons une
adéscription compiéte du polyédre P ( /3 ) & partir des poiyédres P (/1 )et P( /2). Nous décrivons
également une méthode qui permet de calculer un Indépendant de polds maximum dans(E3, /3)
a partir dge telles é1éments dans (E1 ,/1 ) et (Ep, /2 ). Cecl nous permettrad 'étualeﬁg propriété
“totalement dual entler” pour le systéme linéalre décrivant le polytope P( /3).
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1) Introducion

The concept of an Independence system has turned out to be sultable in embracing a large
varlety of combinatorial structures. It is deflned to be an ordered palr (E, /) consisting of a
finite ground set E and a nonempty system / of subsets of E, which fulfllls the following
conaition of “subclusiveness® : '

Jeiers = Je/

We call the members of / independent sets and those of 7.3 A 2E denoting the power set of
E, dependent sets. A maximal independent set is abase and a minimal dependent set a circuit
of (E, /7). The corresponding set systems are denoted by & and C. Throughout the following we
restrict ourselves to normal independence systems , 1.e. those for which e} € / foralle € E.

The restriction (X, 7x) of (E, /) to X€E is that independence system with /x =/ n2X .witn
any Independence system we may assoclate an optimlzation problem, the jndependent set
problem (ISP) as follows :

Glven real welghts we on the elements of E find an Independent

set 1 which has maximum total welght w(I) = 3 we .
e€l

In general, this problem Is NP-Hard but if we restrict ourselves to speclal classes of
independence systems, as for Instance glven by matrolds, 2-matrold-Intersections or
matchings in a graph, then the resulting problem Is polynomlally solvable provided one can test
In polynomial time whether a given set 1 1s Independent or not. Very often the valldity of these
algorithms could be shown by using llinear programming tools such as complementary
slackness or the duallty theorem. Necessary for such an approach Is an explioclt knowledge of
the assoclated polytope P (/), defined to be the convex hull of Inclaence vectors of all members
of 7 . whereas the "pioneering™ results have been obtalned by establishing linear systems
sufficlent to define P(/) for selected classes of independence systems, recent efforts have
been made to investigate Independence systems, whose assoclated polytopes can be described
In a stralgntforward way. One such class Is glven by those Independence systems (€, /), for
which the clrcult-Inequallties XC) s |C}j-1.C €C, and the trivial Inequalitles Dsxg<1, e€E,
are sufficlent to define P(/). In such a case we will speak of a llnearly relaxable fndependence
system. By deflnition examples are given by bipartite subgraph systems In weakly bipartite
graphs (cf. Grotschel and Pulleyblank [8]) or acyclic subaigraphs systems In weakly acyclic
digraphs (cf. Grotschel, Junger and Relnelt [7]. Both of these are nontrivial examples since the
first class contains as speclal case blpartite subgraph systems over graphs not contractible to
Ks and the second class contalns acyclic subdigraph systems over planar digraphs, for
Instance. An important characterlstic of both classes Is the fact, that a minimum welgmeq oad
cycle resp. a minimum welighted dicycle can be found in polynomial time so that together with
the elllpsoid method the assoclated independent set problém can be solved in polynomial time,
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100. An Interesting challenge therefore conslists in finding such algorithms for further classes
of linearly relaxable independence systems or even for the wiole class and, in particular, to
develop purely combinatorial such algorithis. A further well known Independence system of
such akind is that glven by the stabie sets In a bipartite graph, the independent set problem of
which is known to be polynomlaily solvable by network-flow technlques. As we wlll show In
section 2), thls class can be generalized within the framework of balanced matrices as
introduced by Berge [3 ] thereby providing a characterization of those matroids, which are
ilnearly relaxable.

Very recently, the composition of independence systems arlsing from bipartite subgraphs of
graphs (cf. Fonlupt et al. [6 ] ) or from acyclic subdigraphs of digraphs (cf. Barahona and
Mahjoub [1 ] ) has been studled. For the first class a method has been presented, which
calculates a bipartite subgraph of maximum welght in a graph G obtalned by composing two
glven graphs G and G2 In a speclflc way. Moreover, a system of linear inequallties (inshort: a
linear system) sufficient to descrlbe the assoclated polytope P(/ ) has been shown o be
obtalnable from those describlng P(/1) and P(/2). For the special case of a “2-sum" P(/)could
even be characterlzed by a minimal such system. Finally, the first paper contalns a discussion
of the implications for weakly blpartite graphs. A simiiar Investigation has been accompilished
for the second class of Independence systems. we should point to the fact that In both cases a
certaln "circuit-exchange property” is satisfled, which we are golng to study in fuli detall in
section 3). It was especlally this property that gave us the motivation for writing this paper. Its
organisation is much along the 1lne of the two aforementioned ones : In section 2) we present
linearly reiaxable independenoce systems together with some examples and extensions within
the framework of balanced matrices. Section 3) Is devoted to a discussion of the
“clrcult-exchange property” as aiready mentioned. The composition of independence systems
having this property Is the subject of the foliowing part. Section S) contains our resulis on a
composition of associated polyhedra, followed by a study of minimal iinear systems sufficlent
to describe these poiyhedra. Algorithmic aspects are treated in sectlon 7) providing at the
same time basic tools for a conclusive treatment of iinear systems having the property of total
dual integrality.

2) Linearly Relaxable Independence Systems

The class of independence systems, the associated polytope of which can be fully described by
means of the clrcult- and the trivial inequalities and probably known for the longest tlme is
that given by the stable sets In a bipartite graph G. Since these graphs are perfect, the linear
system ‘i

Axs?, x20, .
where A Is the edge-node Incldence matrix of G, has the property of total adual Integrality
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(TDI), which means that for any Integer vector ¢ there Is an integral optimum solution to the
problem ,
Minimise Zy subjectto yA 20, y2 0.

This concept has been introduced by Hoffman [9) and Edmonds and Glles[S ] and proved tobe
very useful in formulating a 1arge number of max-min results In a purely combinatorlal way. In
particular Edmonds and Glles {5 ] have shown that If a linear system is TDI, then every face of
the assoclated polyhedron contalns an Integer polnt. Sufficient for a linear system to fully
describe the polytope associated with an independence system Is therefore Lo show that it Is
TDI and this Is exactly the way we will obtaln a more general class of linearly relaxable
independence systems than that glven by bipartite graphs in the above mentloned sense. Berge
has Introduced the notlon of a balanced matrix, defined to be a 0-1 matrix which does not
contaln a submatrix of odd order having all row and column sums equal to 2. with any 0-1
matrix A, whose rows represent the Incldence vectors of a clutter on E, a set of elements
numbered by the column Indlces, we can assoclate an independence system (Ea, /A ) Ina
stralghtforward way, namely by just taking the rows of A as the incldence vectors of a system
Ch of clrcults. In the sequel we will show that the llnear system
AXsb O0ixs 1

where A is balanced, b7 = (183 - 1,..., 1ay - 1)and g} is the i-th row vector of A, is TDI. For
this iet the duplication of an element e €E, say 81, transform A into a 0-1 matrix A’ as shaown
inFigure 1:

£ owm D] bt o
[
[

Figure 1

Lemma(2.1) : .

If A Is balanced, then A’ as shown InFig.1 Is also balanced.
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Proof :
Suppose that A’ Is not baianced, l.e. there Is a submatrix C of odd order having row-and
column-sums all equal 2. Then since A Is balanced C must “use” rows of Y1 as well as of Y2. If
the first resp. second column of A’ is not used by C, then all rows from C within Y1 resp. Y2
can be exchanged agalnst thelr counterparts in Y2 resp. Yy, since these In tum cannot be

used by C at the same time due to the structure of C. This, however, ylelds a contradiction to
Abeing balanced and therefore C must use columns 1andzof A’

Casel

The two llnes used by C In Y1 resp. Y2 correspond t0 each other. But then C contains a
submatrix of order 4 with row- and column-sums equal {0 2, a contradiction to the structure of
C.

Case2

Two of the 8 rows (Indexed by 11,12 In Y1 and J3, j2 In Y3) say lines {3 and i, correspond to
each other. Then by using only llnes jo and the counterpart of 12 In Y2 yleids a forbidden
submatrixinA

Case 3

None of the 4 rows 14,12, J1. J2 correspond to another. Then w.l.0.g. we canstart withiine j» in
Y2 and proceed line by line “along the odd cycie'(l.e. two consecutlve iines have a nonzero
element In common) untll we reach for Instance line 14 In C. If the number of lines met this way
(Including iines J2 and 11) Is 0da, the exchange of 1ine i3 agalnst Its counterpart In Y2 and the
deletion of iines 13,12, J1 fromC ylelds a forbldden submatrix in A If the number of lines met
Is even, then the remaining 1ines within C form an odd number of 1ines and the exchange of 1ine
12 agalnst its counterpart In Y2 and the deletlon of rows 11,12, J» from C ylelds also a
forbladen submatrix In A, a contradiction. n

From the theory of balanced hypergraphs (cf. Berge and Las Vergnas [3}) 1t is known that the
maximum cardinality V of palrwise disjont edges in such a hypergraph equals the minimum
cardinality T of a transversal. This implles for (Ea, ) that the maximum cardinality 1(E)of an
Independent set within E, also called the rark of €, equals IEI -V. Hence, if M represents a
collection of clircults within On forming @ matehing of cardinallty V in the associated
hypergraph we get
[El-V=2(Cl-1)+[ENUCI- 1E)
CcM CsM
Thisintumgivesusa 0-1solutiony to the dual program of . .



I11-69

Maximise J xg

P) eeE
s.t. 2xa ¢ ICJ-1 YCeoy

eecC
OsXe £ 1 YeeE,

more precisely,

YF=1 ¢> FEM or F={e} withee(E\ UC)
CeM

Thus for a = 7 we have an integral optimum solution to (D), the auatl of (P). It remains to show
the existence of such a solution for every other Integral vector a, which we can suppose to
have strictly positive components without loss of generality. If then A denotes the Incidence
matrix of all those clrcults, which define the corresponding restriction of (Ea, /), we can
“"multiply” A by a by duplicating consecutively column | of A aj times Just as described in
Figure 1. Due to Lemma (2.1) the resulting matrlx Az Is agaln a balanced matrix. As just
demonstrated for a = 1 we can now find an optimum 0-1 solution to the corresponding dual
program over Ag, which can be transformed into an Integral optimum solution to the dual of the
problem

Maximize @Tx
st Axsh,
_ Dexe 1.
Summing up we have thus shown

Theorem (2.2)

Let A be the incldence matrix of a clutter over E. Then If A Is balanced the llnear system
Ax ¢b, Osx¢?1 |
Is TOI(Implying that (Ea, /) Is linearly relaxable).

Using this result we are now able to characterize those matroids, which are at the same time
lMinearly relaxable ;

Corollary (2.3)

If €, /)is amatroid then(E, /)is linearly relaxable iff the members of C are pairwise disjoint.
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Suppose there are two clrcults Cy, C2 € € having non empty Intersectlon. Then we may

consider the restriction of (E, C)to CjUCy. Clearly, theinequality 3 xe ¢ |C1UCPI-1
esCj UGy
deflnes a facet of the polytope P(/c,uU C,). which may be lifted to a facet of P(/). This,

however, ylelds a contradiction to the property of (E, /) to be linearly relaxable.

ﬂ(_ﬂ

If the members of C are palrwlse disjoint, the Incidence matrix A of C s clearly balanced.

By Theorem(2.2) (E, /) Is linearly relaxabie.
[

we mention at this polnt, that there is still no polynomial algorithm for the solution of the
assoclated independent set problem.

A further example is given by bipartite raph | systems over so called “weakly

bipartite™ graphs. For a preolse explanation iet G ={ V.E] be a finite, unalrected graph and 7be
the collection of all those edge sets in G, which Induce & bipartite subgraph. Clearly, the
corresponding system C of clrcults consists of all those sets of edges, which Inouce an
elementary odd cycle. Finally, a graph G - [VE] Is called weakly bipartite, if its bipartite
subgraph independence system Is lineariy relaxabie. Due 10 a result of Grotschei and
Pulleyblank [8] a minimum welghted odd cycie in an arbitrary graph G can be found in
polynomial time so that together with the elllpsold method a polynomial algorithm to soive
the so-called "max-cut™- problem over weakly bipartite graphs is at hand. Also noie that this
class contains as a speclal case those graphs which are not contractible to Ks (cf. Foniupt et al.

i6))- ‘
Simllar results can be derlved for "weakly acyclic” digraphs respectively acyclic subdigraph

independence systems over digraphs. The interested reader Is referred to the papers by
Grotschei, Jinger and Relnelt [7] as well as Barahona and Mahjoub[1] for the detalls.

We close this section by stating that both the clrcults of bipartite subgraph and acyclic
subdigraph independence systems share a certalin circult-exchange property, which we will
discuss In more detall in the next section. We fee} that this abstract property deserves
attention for its own, In particular in connection with the pyoblem of finding a minimum
welighted circuit among a collection C of such clrcuits.
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3) A Certaln Clrouit - Exchange Property

As already announced previously we are now going to Introduce Independence systems, whose
systems of clrcuits share a certaln “exchange-property®. we will see later that It is this
property which Is to be kept when composing Independence systems by circult-identification.
For a precise presentation let C be a circult of an Independence system (€, /) and (C1, 9
denote a partition of C into two nonempty subsets of C. We say that the system C of circuits
has the exchange-property, if the following condition holds :

Forali C,C1,C2€ C anaal partitions(C1,G?) of C such that cacy -ct, cacy -2
(c1)

there exists a further circult Cz€ C which Is contalned in (Ciucy\c.
It is not difficult to see that this property Is especially shared by the circuits of a binary
matrold. Using a simple counting argument it can be shown for elementary cycles of odd
cardinality in a graph-as well. A similary easy argument based on the orientations of edges
finally may be used to verify this property for elementary dicycles In a digraph, se that the
"prototypes" of both bipartite subgraph and acyclic subdigraph independence systems are

recognized to share property (C1). For general stable set Independence systems over graphs
we can derive

Proposition3.1 ‘

Let G =[VE]be a finite, undirected graph, let Kj = [ViE{} I=1,../m, denote its connected
components and (V, /) be the independence system given by all stable sets of G having E as
system of clrcuits. Then E satisfies condition (1) If and only if the components K Induce

either complete bipartite graphs or complete subgraphs, 1.e. cligues.

Proof ;

———

If KK§ does not contaln an oad elementary cycle let (vl1 v{" ) be the partition of V; such that
every edge from Ej connects an element from v11 to one from vlz If the nodes v, vz € Vl .

v; . respectively, are not connected by such an edge, by connectedness of K and the
clrcult-exchange-property we obtaina contradlction.

If Kj does contaln an odd elementary cycle C, then agaln by the clrcult-exchange property
applied to that "nalfcycle” of C connecting two nodes of C and using an even number of nodes,
the subgraph of Kj Inouced by C must be complete. Moreover, any other node connected
somehow to C must be adjacent to every other node of C and, therefore, Kj must be acomplete

subgraph of G. . |
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So far the examples for thls speclal class of independence systems. As we wlll see In the
foilowlng sectlons, the composition of Independence systems by “clrcult-ldentiflcation™ will
be defined in such a way as to maintaln exactly property (C1) for the resulting independence
system. An approprlate treatment of linear inequatities (the "mixing”) will enable us to derive
similar results for the composition of assoclated polyhedra, for an algorithmic approach and,
at the end, within the framework of total duat Integrallty.

4) Composing Independence Systems by Circult-Identification

This sectlon Is devoted to the presentation of those Ideas which underiy the

operation of composing independence systems having property (C1) by circult-identification.
To enable this ldentification each of the two Independence systems must contaln a circult
which fulfllis certain properties. The flrst of these can be stated as follows. If (E,/) is given

together with its system C of circuits thereisa C € £ and a partition €1,cd of C such
that

(€2) ForallC'éc, c'nC +f Implles elther thatC'nC=C! or that c'ne-=c2.

Now let (E1./1), (E2, /2) be two Independence systems and Cj, C2 members of 4, &

respectively, together with partitions (C3}, C19),(C21, C29) so that (£2)Is fulfilled for both
with respect to Cy and C7 as well as their partitions. in order to be able to identify Cq with
Cz we will have to assure that the partitions given are “compatible”, which means that

(c® 1Ic1di= ezt ana 1IC13 =123

This, however, can always be achleved by "contracting” (E1. /1) resp. (E2. /2) “appropriateiy”,
an operation, which can be defined as follows : given (E, /) and an element e€E the

independence system obtained by contracting e iIs (€ \{e}, Z)with £={I<E \[e}:1 U (e} €/)
or equivalentiy, (E \{e}), ) where
8= (CeC: (e£0) and (C'\[e) }¢C forall C'eC containing e}
UfC\fe}: CeC and e€C).
As painted out in Cunningham [4 ] it is not only easy to get polyhedral descriptions for (E\ (g},

7%) from one for (€, /) ; one can also solve the Independent set problem for (E \ieh 7 %)
effiolently, whenever this is the case for (E, 7). .
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we are now ready to define the composition (Ez, /3) of two Independence systems €y /1),
1=12, sharing property (C 1) and possessing at the same time two aistinguished circults Cj

and Cy together with partitions (C11,019),(C1, Cp?) such that (& 2) and( & 3) are satisfied
with respect to these.

The new ground set Is given by
Ez:=E3; U (E2 \Cy).

The new system £ of clrcults consists of two systems of subsets of E ;

- gl 0108y where €1 Is the system of clroults of (€1, /1) and C2 Is
obtained from C by identifying the elements inCp! resp.Cz2 withthose inCy 1
resp.C32 1nsome Injective way;
- 052:={(C'vC") \Cy : (C11¢ © and 12 ¢ C)

or (C1%cc'anacylccm

and C'eCy, C"e O}

Clearly, the structure of 052 ensures that (E3, /3)again satisfies the exchange-property (C1)
as introduced in section 3)

€2
Gy ey
e3
- )
Figure 2

As an example just consider a so-called 3-sum of two graphs Gy = [Vi.E1l Gz =[v2,E7] as
Investigated by Fonlupt et al. in [6] In connection with the max-cut problem over the 2-sum of
2 given graphs (see Fig. 2). One easily verifies that this operation corresponds exactly t.o the
more general composition as introduced above when speclalised to bipartite subgraphs and
distinguished 3-element circuits. The approach undertaken by Barahona and Mah joub inf1] for
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the acyclic subdigraph Independence systems Is exactly along the same line.

To conclude this section we would like to formuilate a resuit, which Is of more technical a
nature and which will be useful for many of the proofs to follow. For this let (E, /) be an

independence system having £ as system of circuits. Moreover, let C € C and (01, 02) bea
partition of C such that ' 1),{ C'2) hold with respect to(€, /), C and (C1,C?). Thenwe have

Lemima(a.1)

Any base of (E, /)contalns |C| -1 many elements from C.

Proof :

p SE—Aa—4-N

Suppose there Is a base B € 8 contalning less than ICI -1 many elements fromC.

Case 1 cl¢cB or cl¢B

Suppose OI;C_ B le B n02| < l02|-1 by supposition. SinceBisabase , therelsaclrcuitin
BU({e} for every e€E \ B.Solet eoéCZ \ B and C’beacircuit contalned In B U {eg). Then

C' contains at most |Ic%-1 many elements from C, a contradlction to property (C 2) with
respect toCand (C1,C%).

case2 cl¢B and C%¢B
Let eeCi\ B and ezeC2\ B. ifnow (8 nchu feg) »C! or BNCH U fezh # C, the
situation reduces to Case 1. Therefore, we may suppose that

®nch U feg)=c! and BNCHU [ez) = CZ
Since B Is abase, there are two circuits C' and C~ such that

C'c BU fej} (and,moreover,Cl=C'nC),
C*¢ B U {eg) (and, moreover,C2 = C*NC). .

By (C1) there exists aclrcult C3 In(C'U C") \C, acontradiction to the membership of B inZ
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>) Composing Assoclated Polyhedra

The main subject of this section will be the discussion of the composition of polyhedra
assoclated with Independence systems as they have been studled in the last section. It will tumn
out that In particular the operation of “mixing" circults has a stralghtforward counterpart in
terms of linear Inequalltles. First of all let us Introduce some basic notions from polyhedral

theary.A palyhedron PSR is the Intersection of finitely many halfspaces in R™, Le. sets of

polnts of the form {x € R™: alx ¢ ag}, where a€ R™\ (o], ag € R. If P Is bounded or,
equivalently, the convex hull of finitely many polnts we speak of a polytope. A linear

inequality a¥x ¢ ag withaeRM\ {0}, ay€R, issaidtobe valid forP, if Pc xeRM:alx s agl-

A subset F of P Is called a face of P, If there exists an Inequality alxs ag valld for P such that

F={xeP:alx= ag)- We also say that alxs 8g defines F. A faceF is calledproper, if F *P. A
proper, nonempty face maximal (minimal) with respect to set-inclusion is called a facet
(extreme point or vertex) of P. Since we only deal with full-dimensional polytopes, any such P

has a representation of the form P = [x€ R™: Ax < b). we will particularly consider those

polytopes, which represent the convex hull of incidence vectors x! of independent sets ina
given independence system(E, /.

So let (E, /) be an independence system, £ its system of circuits and C € C together with a

partition (01, 02) such that (C1),(C 2),(C 3) hold. The followlnig Is the flrst of a sequence of
lemmata, which will lead us to the main result of this section. It concermns the support a) of

certain inequalities alxs aqg, which Is defined to conslist of all those elements e €E, for which
gg 0.

Lemma (5.1

The inequality 3 xg < |C|-1 for the distingulshed circuit C defines a facet of P(/).
' eeC

Moreover, for the support S of any other facet-defining inequallty the following holds :
SNC+@ => either SNC=C! or snc-c2.

Proof :

Clearly, x(C):= Ixg<|Cl-1 definesafacetof P(/g), the polytope assoclated with the

eeC - )
restrictlon (C, /c). Now any e€ E~C can be enlarged to a base B of E contalning |C]-1 many

elements from C due to Lemma (4.1). Therefore, the coefficlents for the remaining elements
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canall be iifted to zero, which proves the flrst part of our assertion.
For the second part suppose w.l.o.g. that there Is a facet-defining inequality alxg 8g, whose

support S(a) nas nonempty Intersection with C1, put s(a) N ct « ¢, wnere IC1] 2 2 can e

assumed. Let 1€ 7 with a' x! = ag and let eg be an eiement of (Cln Sa))\ 1. Then we can
enlarge I to a base B of E (only by elements e having ag = 0)), which by L emma (4.1) has [C|-1
many elements in common with C. Since ag > 0, B does not contain eg. Moreover, B u {eg)

contalns C and possibly a number of those circults, which contaln exactly C1. Therefore, Bu
{egiMeyl € { where eg € cl (Xa) U {eg)) with ag = 0. This impiies that the corresponding
incidence vector does not satisfy the lnequallty alx ¢ ap, a contradiction. Consequently, any
such 1 must contain Sa)AC! entirely. But then the inequality ax ¢ ag cannot define a facet of

- P (/). By a simliar reasoning we can derlve that the coefficients ag ,eeS(a)n cl, must all be
equal.

Finally, suppose that, In addition to X{C) ¢ |C| - 1, there Is a facet-defining inequality alx s ap
for P (7 ), whose support contalns C. Then every incldence vector xl of an independent set 1,
which satisfles this inequality with equality, must contain [C}-1 many elements of C.

Otherwise, by Lemma (4.1) alx ¢ ag would not be valid for P(/). But then alx ¢ ag and xC) ¢

ICI-1 define the same hyperplane, a contradiction.
]

Using Lemma (5.1) the two polytopes P (/1) and P ( /2) cen be described by linear systems having
the following form ( (C11,C19) . (C21, Co?) are the partitions of the distinguished circults ):

3 aglxe tsag!  for tEKI 52)
eeEl

3 ae'xer I xetap!  for i€Ky (5.3)
e€Eg eec;l

P(/1)

5 edxer I xetag! for texs (5.4)
ecEy eeCy?

2 X $iCyl-1 (55)
eeCy

Dexpel ' for all e€Ey (5.6)
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3 belxe shgd  for jJeby 6.7)
eééz

Ioglxer I % sbg! for jeip (5.8)
e€Ey eeCpl

P(/2)

S bedxer I xe sbgl dor jeis (59)
E€EE; " e€Cy2

3 xetl <jCal-1 | (5.10)
eECy

Dsxesl forall eé€Ejp (5.11)

whereEy=Ej\Cj forr=1,2.

Let us now proceed to define “mixed constraints®, in some sense the geometric analogue of the
members of £3°

Definition(5.12)

Given a constraint of the type (5.3) (resp. (5.4)) and one of type (5.9) (resp. (5.8)) the assoclated
mixed constraint Is givenby

(5.13) S aelxe+ 3 belke s apl+npd-(Cy1-1)
ecEy e€Ep '

An immediate consequence is

Lemma §§.1a)

Any mixed constraint (5.13)1s valid for P (/3).

Proof :

Let I be @ member of &, 1;:=INE,, Ip:= m(ézu Cj) and I the corresponding member 'df b.
Clearly, Iy, and I can be enlarged tobeses By , B, of E; ,E 2, containing [C1l - 1, |C2| - 1 many

elements of Cy, C, respectively, by Lemma (4.1). Since xB1, B2 potn satisfy the constraints



I111-78
for P(/1),P(/2) used to form the mixed constraint, x! satisfies this latter constraint.
-
In order to establish a linear system sufficient to describe P(/3) and based upon those for P(/y),

P{/2) we will Introduce an “auxiliary” independence system (E3, 1), which Is Incuced by the
foilowing system of circults:

cy" = {Cecs: CHZ¢C]

It is a polyhedral description of this independence system that we are now going to present. For
this let P be the polyhedron defined by ali constraints of type (5.2),(5.3), (5.6), (5.7), (5.8), (5.11)
and the collection of all possible constraints (5.13).

Lemma §§._15)

Any Inequality X(C) ¢ [C] - 1 for C € ¢4 Is recundant with respect to the inequalities defining
P.

Proof ;

Let C be acircult from £1". If CSEq \ 012 or CEEp U 011 then the associated inequality is

reaundant with respect t10(5.2),(5.3),(5.7),(5.8). Moreover, if there is aclrcult CeC 1“ satisfying
CNEj #fd and C N Eg # f then by definition of (E3, /3) this clrcuit Is obtalned by mixing two
clreults C; € €3 and Cp € C 2. Since the corresponding inequalltles can be iifted to
facet-defining ones for P (/1 ), P(/2), respectively, the circult-inequallty XC) ¢ |Cl - 1 canbe
obtalned from amixed constraint by putting the remaining coefficlents to zero.
ﬂ [

iLemma (5.16
Glven two inequalities of type (5.3) and (5.9), l.e.

S eelxe+I x toagh 16Ky ad I sedxe+ I xe t8gh ek,
e€eEy eecil BEE, e€cy?

both valld for P(71), the mixed Inequality

5 (ae' +aa))xe saptrapl-(cyl-1)
eéEy

IsalsovalldforP(/1).
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Proof :

In analogy to the proof of L_emma (5.14) any 1€ /4 can be enlarged to a base Bj of 'El having
IC1] -1 many elements In common with Cy, the distingulshed clrcult. The assertion follows

immediately.
]

Lemma(5.17)

Let x be a feaslble solution of the linear system defining P and let at least be one of the
inequalities (5.3, (5.8) or XCy1) ¢ 1C11f be satisfied with equality by X. Moreover, let & :=
|0115—>‘<(C]_1) (20) eg bea distinguished element from 012 resp. 022 and

xe for e€bq \012,

X! = 1 foreeCi?\{ep}.

§ fore=eg

Xe for e€Ex\Cp2,
i92;= 1 foreéczz\[eg},
b fore-ep

Then %1, %2 are both feasible for P (/1) .P ( 72). Furthermore, a mixed constralnt (5.13) Is
satisfled by x with equality iffthe assoclated Inequallties of type (5.3) (resp. (5.4)) and (5.9)

(resp. (5.8)) are satisfied with equality by il, %2,

Pr100f:

First of all we claim that x has to satlsfy the inequality 5(011) 2 lclll - 1. Otherwlse, the
constralnt assumed to be satisfled with equallty by X would be of type (5.3) or (5.8). But then

2 ael Xe > aul -(lc1-1)  resp. 3 bel Xe jbul - (IczY-1).
eeky eck,

This, hawever, contxadlcts the validity of these inequalities with “>* replaced by "<* wmch
must hold due to a similar reasoning as has been used for the proofs of Lemnmata (5. la»end
(5.16).
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Consequently, 0 ¢ b < 1and thus the trivial inequalities are fulfilled. we will now proceed to
showing that xlep (/1) (the proof for x2P (/2) is simost identicai ).

Clearly, the constralnts (5.2), (5.3) are fulfilled by L. If now x(C1 1} = [C11] we know from the
definitionof P that an inequallity of type (5.4). i.e.

2 ae'xe<» T X Sagl for €Kz
eeEy 66012

is satisfied by x1_since the inequality

S ag! % ¢ apl+ [C1l}-(C1l-1) (- api-(C1%-1),
e€¢Ey

obtalned by mixing

3 aglxg+ S xg ¢ ag!with xC1h) < oyl
eeE1 86012

is satisfied by x! and x1(C3?) = |C19-1.

if, however, >(011) < lclll, there is an Inequality of type (5.3) or (5.8) satisflegd by X with

equality.
If wehave

() 3 selozg + 3 % =alo,
eéEl eecll

then for an Inequallty of type (5.4) we get together with Lenina (5.16) that

(+) 3 (8g'osagh) %o s aplo+ag! - (Icyi-1).

e€Ey
Subtracting (+) from (++) and taking account of the fact that XCj) ¢ ICy}-1 we obtain the
valldity of ail Inequallties (5.4) for i, )
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If intum

°

3 bglxg+ $ % = bgl, then

e¢Eg eeCyl

S alxe+ 3 behee ¢ ag'+bgh-(lcyi1)
ecEy e€kyp

and by subtraction we nbtaln as above that

3 agl¥% *+ 3 % cadl
QGEI 86012

Note that by laentification of C1 andCo we can replace >‘<(012) by )‘((022) etc.

Finally, it is abvious that by definition of )‘(1,)‘(2 amixed constraint is satisfied with equality iff

both inequallties used for this are satisfled with equality by il, )‘(2, respectively.

]
We are now able to state the key result of this section:

Theorem(5.18

P71 =P .

Proof :

=i~

By Lemma (5.15) apoint x¢P Is integral Iff it 1s the incidence vector of aset 1 Independent In

71" since P(71") Is contalned In P, we only have to show that every extreme polnt of P is
integral.
For this suppose there Is an extreme polnt of P having at least one nonintegral component.

Casel
There is an element e“e()l1 such that O < xg* <1; in this case x must satisfy at least one.of the
constraints (5.3), (5.8) with equality, for otherwise X would not define an extreme point of P. Let
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il, %2 be defined as In Lemma (5.17), by which we have seen that iiéP(J 1) and %2¢ P(72).
Consequently, there is a representation of the form

x! - %\)ixsii , %2 - Zs}lj xSj

i~1 J~1

Z S
with 3Vi=1, Spy=1, Vi, My 2 0and sités, ser forall i,j.
=1 ol

we note at this place that any cor:ostralnt satlsfled by x1 resp. %2 with equallty is at the same
time satisfied with equality by xSt =172 and x5i? +§=1,..., s.respectively. Now since
%g* ¢ 1, there must exlst Inaices lo and J, such that e £511 and e~¢#sj2 . By definitionof &1, %2
it follows that C12¢Si3 N S2. Lets = (511 U S2)\C42.

§ Is amember of 71" as Is clear from the Independence of Si% ,Sj> and the structure of the
circuits of (E3, /1").

We now claim that any constraint satisfied by x with equality Is at the same time satisfied with

equality by xS, This Is immealately clear ror constraints of type (5.2),(5.3),(5.7),(5.8) as well as
the trivial inequalities. So let us consider a mixed constraint (5.13). By Lemma (5.17) the two

constraints used for getting the mixed one are satisfled with equality by x1 and %2. In addition,
the incidence vectors of s;}, and s;% satlsfy the inequality X(Cj) ¢ |C1l-1 with equality, since
this Is the case for x1 and % Z by definition and the result stated in Lemma(5.17). Therefore, x°

satisfles the mixed constraint with equality, toc. Since x5 ¢ X, X cannot define an extreme
point, acontradiction.

Case2

Foralie €Cy! wehave %g = 1;
In this case there are S5 anas;2 suchthatCy ¢ SiEnsi2. Puttings == (i3 u 52 )\Cil.we

again obtain a member of /1", whose incidence vector satisfies the same constraints with
equality as X, a contradiction.
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Case3

There is an element 8*6011 with xg» = 0; if there is at least one inequality of type (5.3)or (5.8),
which is satisfied with equality by x , case 1 applies.
Otherwise, we can augment Xe= properly to obtain another extreme point of P, which satisfies

one of the constraints (5.3) or (5.8) or x(Cll) d lC11|-1 with equality. But then again case 1

applles.
[ ]

Coroll .19

1¢ /" is obtalned by deleting from £ all those circuits which contain Cll, the linear system
given by the inequalities (5.2), (5.4), (5.7), (5.9), the trivial inequalities and all mixed inequalities

(5.13) fully descrloe the polytope P ({2").

Coroliary (5.20)

The polytope P ( 7 3 ) Is fully descrlbed by the constralnts (5.2), (5.3), (5.8)(5.7)(5.8), (5.9)(5.13),
the inequallty X(Cy) £ [C1i-1as well as all trivial Inequallties D¢ xg £ 1 for  e¢Es.

Proof :

e e

First, we show that the support of a facet-defining Inequallty of P (/3) does not contaln C1
(except if 1t is the circuit-inequality itself). For suppose such a further inequality alx ¢ ap

exists. By Lemma (4.1) and our assumption any Independent set I, whose Incidence vector x!
satisfles this inequality with equality must already contaln |Cy}-1 many elements from C1. But
thenalx ¢ ag defines the same hyperplane as (Cy) ¢ |C1]-1, a contradiction.

So if the constraints proposed do not suffice to describe P (/3 ) an additional facet-defining
Inequality must exist, whose support has elther C1? or C;2 as common Intersection with C;.

But then it defines at the same time a facet for P (/1") or P (/2"), which contradicts the fact

that all such inequalities are among those just presented.
n

The conclusion with particular reference to the class of linearly relaxable independence
systems is as follows :
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Coroil 21

If (E1, /1) and (E2. /2) as given above are both lineariy relaxable, then (E3, 73) obtained by
composition Is also linearly relaxable.
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6. Sufficlent to Deflne P(/

There are two maln reasons for the Interest in deriving minimal linear systems sufficient to
deflne P ( /) for a general Independence system (E /). The flrst s that the number of varlables
for the aual program to that assoclated with (ISP) Is reduced to its mintmum. The second,
algorithmically perhaps more Important, Is that the Inequalities of such a minimal system ail
deflne facets of P ( /), L.e. they are best possible supporting hyperplanes. we will show in this
section that once we are given minimal linear systems sufflclent to defineP(/y)andP(/2)the
linear system as derived in section 5) for describlng P (7 3 ) 1s againa minimal such system.
First observe that an inequality of type (5.2),(5.3), (5.8) or (5.7),(5.8), (5.9) Is easlly shown to be
facet-defining for P (7 3 ) provided It has this property for P (71 )or P(72), respectively. So let
us consider the mixed Inequalitles and start with

61) 3 aexe+xC1h) s al | 1eKy,
8651

62 3 bexe*x(CA b, JeLs.
eEFp

The constraint obtalned from these by mixing them s

(6.3) 3 alxg + 3 blxg ¢ al +0d - (Icy1).
eééi eééz

If now (6.1) and (6.2) define facets of P (/1 )and P (7 2 ), respectively, there are members Sy, ...,
Slg,jin 71 as well as Ty, ... T|g, | In 72 such that their Incldence vectors are linearly
Independent and all satisfy (6.1) respectively (6.2) with equality. For convenience let us
introduce some notations :

) Icili=p. IC1A-:q . prg=¥;

i) Cil={ey,..epl. Cr2=(el...eql;
1)) [Efi-¥ =, [E}-¥=m.
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Moreover, iet us Index the sets Sj,...,Sp«y such that
$1,...5r, contalntheelements ep,...ep butnotej,

Sty+toeSpy " * * e1.€3,...ep butnotez,

Srp_ # oo S Ip " " " ei.ea.... Bp-]_ but not ep ’

srp * 1[ oseg Sr'*-’“ " el; 92, ssny ep .

and suppose that the Indices s1, $2, ... Sq Induce a similar Indexing of the sets Ty, ..., Tms ¥ .

Now let M1 (M2 )be the (n+¥) x (n+Y¥) ((m+Y) x{m+¥)) -matrix having the vectors xsi(x-'j)as
colurmns for i=1,...,n+ ¥ (j=1,....m+X). Mj for instance can be represented as follows :

1£] -1 Ip-Tp-1 n¥-Ip columns
Ny N2 Np Np+1i
linetey | 0-—-0 | 1-—-—-1 1-—-1 1---1
linedez | 31 | g0 1-—-1 | 1---1
linetep | 1-—-1 | 1-—-1 0---0 | 1---1
Figure (6.4)

A similar representation can be given for the incidence vectors of Ty, ..., T+ ¥, where the
submatrices N}, i=1, .., p+1, are replaced by matrices R}, =1, ..., q+1, having the sppropriate
sizes withrespect to sy, ... sq-

The following lemima wili be of use for the proof of our maln result:
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Lemma(6.5):

Forcé[0,1] thematrices Mp® and MpC given as follows are nonsingular :

B 0 0

I !

My© - M1 0 Mof - M2 o
1| ey 1| ~¢;

i |
1] =ep 1| =egq

P 1l¢c 1 s 1]c

Proof :

Since My Is nonsinguiar, the system of equations

AMg =1

allows one unique solution namely that glven by

1

aglzeg! fore €y,
de - 1/ag0 fore cil,
] otherwlse.

If the last line of M1° can be written as a linear combination of the remaining lines we will get :
Shei= p/ag' = c
implying by Independence of the set 011 thatp ¢ tilgl and therefore 0 ¢ ¢ ¢ 1, In contradiction

to our assumption.
The proof for M2® Is along the same line. |
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Let us point out that if S Is a member of /1 , containing an element eje C 11 but not containing
ej€ 011, then §':=(S\{ej}) U (e} 1sagalnamember of /3. Moreover, if the Incidence vector
xS of S satisfies (6.1) with equality, the same holds for the incldence vector of S'. Clearly, this

observation is aiso valld for all T€ /2 , appropriate eiements from 012 and Inequality (6.2). We
may therefore assume that the flrst columns dj, ..., dp 0f @ach of Ni,....Np and f1, e, fq OF
Ry, .., Rq . respectively, are Identical. Moreover, let dg.j { fq+1) denote the flrst column of

the matrix Npo-l (Rq&] ).

we remark at this point that all these columns do exist In the matrices M3 and Mp.

Now let matrices (44© ( M€ ) be obtained by subtracting column dj from all remaining ones in
Nj ( f from thoseinR}) fori=1,..., p+1 {j=1,--.g*1}, the result of which Is shown inFigure
(6.6) for the first matrix:

e AT — (g [0
_ o 1 - 1
A I
M]_C - 1 ~ o - 1 l O I
1 1l 1 6 - 0 |c
Figure(6.6)

Lemma(6.7)

if t is notin J+1,+= [ ,the two matrices

M = | Ny | N2| . | Np | Nper | tdpep-dy

M® - | R1| R2| .. | Rig|Rqget| tfger-f1

where R'j are obtalned from Rj exactly as the Nj from Nj , I=1, ..., p*1, }=1, .. Q+1, are

nonsinguiar. \
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T00f :

By performing addltioné and subtractions on rows and columns of M1 €, M,C we find cut that

t= p-H{c)-1 _ 1+ 6
p(1-0) p(1-0)

Since we know that M;© is nonsingular for c¢g [0, 1], our assumption implies that £, Is
nonsingular, exactly as 1s shown for MoC.

From this lemma we can conclude that the matrix

M = | N1 |N2 ]| . Np | Np«1 | @

is nonsingular. If, namely, p+1 then t becomes 0 forc=- p/{(p-1) ;andIf p -1, we canderive
this result fromy .

we will now proceed Lo construct Independent sets within /3 from$i, Tj, I=1,...n+¥, j=1...
m+7J .For this et :

(NG hu(Tsa1 M €42) 151, 1p
Wj:=

($1\C1HU(T1\Cy2) L1 = 1peq.ew, NWE;

(TNGAU(S1,+1\C1 1Y), f=1,..5q,
W'J :=
(TcAu(siverl). § - Sq+LoM* ¥

The sets Wy, W'j .for all such i, jare In /3 and thelr Incldence vectors satisfy the constraint
(6.3) with equallty. Since the columns dy, ..., dp (f1....fq)are ldentical we have that

$1\Cq! = Sp+1 cy! fori-1,.. p-1

T1NC 2= Tg01 Vo2 for 11,071 |
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This implles that

Wi = Wpe1 for 1-1,..,p-1

W= wsl +1 for 1=4,..,G1.

identically, Wy - W'sq +1 8nd Wi, +1 ~ W'1. We now consider all those sets Wy, W'j such that
1+4,1j+3 fOri=1,., p-1and J+1,55+1 fori=4,.. q-1.

Let M" be the matrix, whose columns are Just the incidence vectors of these sets. It has the

following form:
Np e Np“ Nps+1 | Ope1-Opei |- | Opsi el | 0101
M”- - - e N L .
fq+1 . fqel ...... fq+1 e fq‘l f1..7g R].“ von Rq“ Rq-u-l

where Ny "(R}") are derived fromNj (Rj) by deleting the first column, 1=1,..,p, |=1,...q.

To show that (6.3) deflnes a facet of P (73) it remalns to verlfy that M" has full rank. For this
we consider the matrixM™", derived from M™ by subtracting the columns { 9 \and[ %,

fq"l fl

from every column occurring inone of Ny, Rq+1 and Rj", Np-q , Tespectively , i€{i,....p},
J€fL. ...q). M™" can thus be wrltten as follows::

N1} « | Npsa1 0 Op+1 | 01
Mﬂﬂ. B

seo

0 R’y

Rqet] f1 | fget

We know that the matrix Mj as described above is nonsingular. Therefore, there are vectors
Fip..., qu and a scalar Pg + 0 such that

f1

dpeg = My, | |
?p*l

(6.8)

|
b
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Now since Mlc isnonsingular foralit ¢ ]1,=[ , (6.8) implies that

e,
fa

Therefore, it remains to show that the matrix

R} ! - |Rg LR'MJ f1-fo rq.1J

is nonsingular. This, however, follows from the fact that 1 / ?n €)1, »[ , andthus fg €}0,1(,
and the application of Lemma (6.7).
Summing up we have shown:

Theorem(6.9):

ANy mixed constralnt defines a facet of P { 73 ) provigea it 1s obtalned from two such
Inequallties for P{ /1) and P(/2).

An immedlate consequence Is

Corollary(6.10):

If the linear systems sufficient to define P(71) and P( /2)contalnonly 0-1 inequalities then
this Is also the case for the derlved system sufficlent to define P(7/3).

Finally, Theorem (6.9) together with the observation conceming the property of inequalltles
(5.2}-{(5.4)and(5.7)-(5.9) of being facet-deflning ylelds the maln result of this section :

Theorem(6.11):

If we are glven minlmal near systems sufficient to define the polytopes P( /1) and P(/2),
then the linear system derlved in section 5) to describe P( / 3) Is alsoa minimal such system.
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7. Sgiving the L set problem for (Ex. /

After having discussed how to compose an independence system (E3, 73) outof (Ey,71) .
( E2,77) and, In particular, how to obtaln a iinear system sufficient to “efine P / 3 ) once we
dispose of such systems for P ( / 1 )and P ( /72 ) we are now going to elaborate on aigorithmic
aspects of our composition. As above and throughout this section let (E4, 71 ). (E2, /2 ) satisfy
conditions ( C1)and(C 2),(C 3 ) with respect to distinguished cirouits Cy € €1,C2€ Cr and

partitions (01‘1, c19, (021, Cz9), and let (E3. /3 ) be the composition of these two as defined
above. For notational convenience we will write /3 = /1 a /2. Moreover, let w:Ez—>Rbe a
welght-function on E3, which can be assumed to be nonnegative without loss of generality. In
the sequel we wili show how a maximum-weight independent set ( with respect to w)within /3
can be determined from such a set within /4 (w.r.t. the restriction of w to E4) and one within /2
with respect to a slightly different objective function w2 :E2- R, than the restriction of w to
E2. As will tum out the method proposed is polynomial in [Ez| provided polynomial algorithms
for solving problem (1SP) over (Ej, /1) and (Ez, /2 ) are available. Of specific Importance is the
fact that this method can be generalized to polynomially solve problem (ISP) over an

independence system (E, /), which is obtained by sequentially composing(Ey, 71 ), . (Em. /m).
m belng poiynomial in [E.

Flrst observe that by Lemma (4.1) any base of (E3, /3 ) contains |C3]-1 many elements fromCy ,
the clreult from C'1 identifled with C2 € C7 . For the given partition (011, 012) of Cy et
e*€ Cyl and e~ €C12 bechosensuch that

w(er)- min {w (e): eeC1l} and w(e**)-min [w(e): e€Cy2}.

As a consequence any maximum-welght base of ( E3, /3 ) can be transformed Into one
containing the whole set Cj \{ e», e ] and either e* or e*~, but not both. This can be achieved

by appropriate element interchangements within 011 or 012 and due to the special structure
of the members of 3.

Let us now consider the restrictions w! ana w? of w'to Eq and Eo, respectively, lLe. the
welght-functions w! : Ep+R., given by wl(e) = wie) =: wg for all € E,1=1,2. Thenlet By and
Bi" (‘B2" andBz"")be bases within 73 (/2) having maximum total welgnt w1 and e
(w 2% and wo»¥) with respect to wl (w?) and containing e* and e**, but nct both, xespﬁ'ctively.
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If then w 3 Is the maximum total welght of a member Iz from /3 (with respect to w) we have
Wz=-max (wWi*+wz%- w(Cy\[er]), W unsWyun - w(Cy\[e*}) },

since any such I3 decomposes Into optimal bases By € /1 and B2 € /2. We should remark at this
point that a stralghtforward way to determine such an I3 would consist just iIn determining

optimal bases B;",B2" and B;"", B;"™" and comparing the total welghts of By U B," and

B U Bz . Tespectively. This proceaure, however, would provide us with an exponential
algorithm when generalized to the composltion of more than 2, say m , Independence systems,
even whenm is polynomial in [E].

As already mentioned the method presented here will require a maximum-welght base within

/2 and with respect to wZ,a modification of wZ. The detalls of this modiflcatlon are now being
developed. First of aliby putting ¥ := w(Cjp\{e~* e**}) ana considering the system of 2

equations

x;x- w1~—6°

(7.1) .
y#xu wlﬂ”— s‘

In which x, y,6 are parameters, we are able to glve a slightly different expression for Wz in
terms of these parameters. Namely, if (7.1) aomits a solution having x, y both positive, we get

(7.2 w3 - 8§ Max{X +Wan ~we®, §+@Woun_\ous |, |
So if we deflne
No:n wlﬂ-wlﬁl" X o= max’l]'w“l . y .- x-au'

one easlly verifles that together with arbitrary 6, x and y satisfy the system (7.1). As a

modification of w2 we now assign the welghts x and y to e and e~~, respectively, and a welght
We + M, Mchosen to be sufficlently large ( for Instance M~ 2(x + y)) to the remalning elements

of Cy. Together with wez as welghts for all e€E2 \ C2 we hereby obtain a new welght-function
w2 over E2. assuring by the cholce of M that any maximum welght base of (E2, /2) with respect
to wZ will elther not contain e or e, The total weight of such abase Is thus givenby ) g
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W g =max(w2" - waw + X + M(IC11-2), @ 2% ~ Wawn +y +M(IC1}-2)}
=M([C11-2) + max[x + W%~ weg«, y+ Wus ~ wous
implying by (7.2)
73) W3- F.Wy-M(jcyl-2).
This allows us to derlve the followlng result :

Theoremn(?.3

Let W be glven as just Introduced and By be a maximum-welght base within (E, /2) with
respect to wZ. Moreover, let Bz be the subset of E3 defined as follows :

) Ife€By then Bs:=ByU By",

il) ife*=¢By then Bx:- 52 uB .
Then B3 is a maximum-welight Independent set with respect to w within(Ez, /3).

Proof :

P

Clearly, B3 is amember of /3 by deflnitionof C3.Moreover, for w({Bz) we have Incase
) @z+wy"- ¥ -x-M(IC1l-2) =2 +F-M(|Cyl-2)

and Incase
) @2+93™" -¥-y-M([C1}-2) =P +5-M([Cyf-2),

which inboth cases equals @3 by(7.3).

Let us now reflect on the sltuation that an Independence system (E, /) Is the composition of
more than two appropriate (Ey, /j ). For convenlence let

|
By Theorem (7.4) a maximum-welght Independent set with respect to w and (E, /) can be found

by determining By ~,B; ™" as already considered above and by solving (ISP) over Hp with respect

Hne=/n., Hp-i=Hpf+1 A It . 1=1,..,n-1, and /== Hj.
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to a modifled welght-function W2. This latter problem can now be “decompased” 1dentically
and so on untll we reach the point to determine an optimal Independent set within /, with

respect to a welght-function w". Together with Bn-1", Bp-3™" this ylelds by application of
Theorem (7.4) an optimal solutlon for (ISP) over Hy, and so on untii we obtaln sucha solution for
Hj. which equals /. Figure (7.5) illustrates this procedure schematically, the Bj representing

maximum-welght Independent sets withinHj ana with respect to welght-functions W for
i=nn-1,..,1.

61 A 2 A 3 A ...l A In-1 a n

[} i j & ]
w=wl
B3 ,B;lm9 l Wz
_ I ‘1 I}
B2",B"™" W
i wh-1

| ——

* P
Bﬂ‘l vBﬂ‘lm‘ wﬂ

v v l 1,

Bje— Bp «&—— ... «——Bp-;] <—— By

Figure(7.5)



I11-96

8. On Linear Systems Deflning P(/4),P(/2).P(/73) and Total Dual Integrality

The results we are golng to present in this sectlon strongly refer to the property of total dual
Integrality of linear systems as Introduced in section 2) and the particular descriptions of
P{/1), P (/2),P(/3)as consldered In sectlon 5). we assume(Ey, /) 1 ~ 1,2, 3, to be given as above
and, for the sake of brevity, we denote the linear system (5.2) - (5.6) defining P (/1) in section S)
by (L1), the corresponding system for P (/2) by (L2) and the system d=flning P (/3) given by ali
linear inequalities of type (5.2) - (5.4),(5.7) - (5.9, (5.13) as well as the clrcult inequality X(C1) ¢
IC11-1 and the trivial inequalities by (Lz). The main result of this section wili conslst in proving
(L3) to be TDI, whenever (L1) and (L) are so. For this we assign to any inequality of (L 1) a dual

variable yj!, 1€ K3 U Kz UK3, a varisble yc! for the circuit-inequality and variables zgt
to all inequalities xg £ 1, e €Ej. The same assignment is done for (L) so that being faced with
the ltnear programs ’

Maximize wix Maximize wéx
(P1) and (P2}
subject to(L.1) subject to (L)

we can easlly formulate the assoclated adual programs as follows {we restrict ourselves to
expilcitly describing it for (Py)) :

Minimize 3 agi il ycl(lCﬂ-l) + 3 zgl

+

IEK{UKUK3 e€Ey
subject to
3 aelyl ¢ ze! 2 wel forall eeEl,

leKiUKUK3

(D1)
Syt ¢ yol + zel 2 wel foralleec;!,
i€K;

T oyl ¢ yol + zel 2 wg! foralieec;?

leikz | .

()4

yil 2 0 forall i€KjUKpUKs, ycl20, zg! 20 forall ecky.
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For the related problem over (L3), lLe.
Maximize wX
P3)
subject to (L3)

weobtalnas 1ts dual the following program:

Minimize 3 yllagt + 3 yi2og!  + yc (IC1i-1)
1€ KjUKUK3 leLjULULs

+ 32 + 3 Eyjlagteng-icyin)

e€E3 ljeox 3
OrL2xiKs
subjec to
2 ael‘)'l1 + 2 Belf-lj + Zg 2 wg forall e€Ey ,
1 €KJUKUK3 i
3 obely? . 3 bel€yy + ze 2 we forall e€Ez,

fe LjuLauLs 1)
(D3) (¢
| we forall e€Cpl,

[ 4

A LD S L S
feKs leLy

[\

3 yll + 7 yi2 t Yo+ 2 we forall eecl""

16Ky leLs

yil2 0 VIEKIUKUK3, y22 0 V 1eLiULouLs,

Eij2 0 Vijerpds and Kadp, yo 2 Dand zg 2 D Ve€Es.

\

Assumlng now that the linear systems (L1) and (L) are TDL we will construct for an Mtegral
welght-function w : E3 —Z, an integer-valued optimal solution to (D3) from integral optimal
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solutions to (D4) and (D) for the restrictions of w to w! and w to w2, Two maln cases are to be
distinguished for & g, which was defined to be equal to W 4% - Wysx:

Casei: ¥p 20

Letus change wZ 1o W2 as follows:

- toeachelement e€Cy! we assign the weight&p,
- to e** we assign the weight 0,

- the remalning welghts we? are leftunchanged.

Then together with

¥ =¥p(ic1l1) + w(Ci2\fe)),
Y = w(Cy\{e*]) asabove and
B mwin_og -¥ weobtain for wsy:

UJB = [nax(wlu .;wzn..x_ Wenr '(Ulau s Wy wn_ X - we”*'
= max[5+0lu &X# wzu-b’—we.. 08'4 76 wz““—x— we“]
=58+ max{wa* +Sg-wew ¢+ I (Xg-we),

eecg \{e*}
Wonn - weuu + 3 (¥g-we) }
eecl’ vier}
-6‘4&-)2 ’
where W 2 {s the maximum Wz-welgm of an Independent set 52 within /72 .

Subcase 1.1; B does not contalnew=.

Clearly, Bz contalns C1 \{e*~}and can therefore be writtenas
Bz = 1U(Cy2\ e ).
The Inclaence vector x! of I 1s therefore an optimal solution for (P2) with respect tc the
weight-function we givenby
Wel forall e€Ex\CyZ,
wel =

D forall e€Cy?.
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The objective function value for x! and wlis equal to W 2-w(C 12 \{e**} ). Since the linear system

(L2) Is TDI, there s an Integral optimal solution ( y2, yc?, z2 ) to (D2) with respect to w2. By
complementary slackness we get

$ 9%+ yc? + 2 =% forall e€cyt,
1€L 2

implying 282.. ze-2 forall e,e‘ecll. Identically,

3 9 ¢ yo? + 2e2= 0 forall e€Cy2,
i€z

implying yi2= 0 forall 1€L3, yo2- 0 and ze2 -0 forall e€Cy2.

Now weput
t :'“D - Zeg -

If then w! fs the welght-function cbtalned from w! by changing the welghts we for €€ C;2 to

we + & and leaving the others as they are, there is ?1 € /4 having maximum Ql-weight and not
containing e=«, as follows from the definition of %g and the assumption that o g 2 0. Consequently,

there is an Integral optimal solutlon ( yl, ycl, 21 ) for (D1) with respect to 01 satisfying zel.- 0.
By feasibility we get

S oyt ycl ezl 2 wert forall ee ci2,
1€K3
implying by zé" =01 that

(8.1) S oyileyclot.
feks

To simplify our presentation we remark at this point that any constralnt of type (5.3)and(5.4)((5.8)
and (5.9) ) of the linear system (.3) describlng P (/3) can be considered as belng obtained from
mixing Itself with the circult Inequallty X(C2) € |C2l-1 (XC1) £ |C1l-1) Since we wiil have to
Indexall Inequallties of (5.13), we assign to the aforementioned Inequallties the Indlces (i ,37{2)
((T1.D).where 1 € KIUKUK3.,JE LI UL2UL3 and ¥, ¥2 are Indices for the
clreult-nequalltles In (L 1), (L2) , respectively. As a consequence, the Inequality X(C1) ¢ [C1l-1 in
(Lz)will get the index(¥1,39).
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The following lemma of more technical a nature is easlly derived from the totai unimodularity of
matrices describing the transportation polytope:

Lemma(8.2);

Conslder p+1 constralnts from (L 1) Indexed by 1. ... I elther belng elements from Kz or from Kz
and ¥y as well as q+1 constralnts from (L2) Indexed by Ji, ..., Jy elther from (L3) or (Lg),
respectively, and ¥ 2. Suppose In addition that there are nonnegative Integers M lg), s=1,...p,
and X (Cj)as well as suchnumbersA(Jr), r-1,..,q and M{(Co) fuifliling the condition

P q ‘
ACD + IAUs) - M€ + IpUD -SL
S=1 =1

Then we can associate with any mixed constraint indexed by ( g . 8 ). i’e Mp= {13, ... Ip. ¥4l
§eMp:=jt, ..., Jq. ¥ 2lanintegral, nonnegative number £ {# ,&) such that the foliowing holids :

SE(L.8) =p(d) forandemy ,
fe ™y '

SE(P.6) = MP) foran femy
Je

( implying that ‘g %‘uf,é) .

By (8.1) there are Indices ij, .., Ip € K3 suchthat

p p
Syt <t ad Tyl o+ oyl ot
s=1 s=1

{(1f t-0 or yclz t theset (1y,...ip} Isempty). Wenow put

p
€ t- 3 e

$=1

Since 3 y2 + ycf=t bydefinitionof t wecan apply Lemma (8.2) and assign nomeédtive values
iel
2

E (f.4) toeverymixed constraint indexedby {£,8).P€ My, d€ My suchinat
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SE(P, 1) = y? forall 1€Lo,
P
!Z)E(l’,lfz)- yc?.

(8.3)
g&(ls L6 - i} foral s=1,..p,

EEO&, 5) -g .

holds; moreover these € (f ,J ) can be chosen to have integral-valued components only, since the
right-hand sides are all integral-valued.
From this we now deflne the nonnegative, integrai-valued vector ( 91 . 92 . Yo .€.2)as follows:

y;l, wheneveri+ly,...ip .

&(1.%2) for 1=1y,..1p.

12, wheneveri ¢l ,

E(31.1) for 1€Lp,

yoc = (ycl-3) «E(¥1.%2),
E(l'j) fori"ll,...,lp, jELZI

Zel

for e€Ey
22 for e€Ez .

By observing that € (P, ¥ 2)= 0 for all Pe My, aue to y02 = 0, andusing(8.3) It takes abit of p&rely
technical effort to verify that indeed ( 71 , )72, yc . £, 2) is a feasibie solution for (B3z) and, in
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particular, its objective function value is exactly equal o W 2 6: which equals ¢z, we have
hereby found an Integral-valued optimal solution to(D3)

Subcase 1.2: B2 contains e~

Then by complementary slackness the optimai solution ( yz, ycz, 22 ) to (D7) with respect to we
has the property :

- zg2 = 0 forall e€cy! ;

-5 2 s yo2s 22 = ; we forall e C;’\(ew
i€Lyg 0 for =g

which Implies that

zez = wg forall eéclz,slnoe ycz- 0= Y ylz .
iel
3

Inaaaition, we have

2 y12 + y02 + 292 2 g forall eéc11 .implying
leL,

(8.4) 3 yi2 2%
€L,

Now let w! be the welght-function obtained from wl by changing just the wg to wg «Xp forall
e€C12 . Then we can show :

Lemma(8.5)

There Is an optimal solution to (P1) with weight-function Ql, which contains e* and one such
solution , which contains e%» . . .
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if an optimal solution to (P1) with wlcontains e® (e*+), itstotal weight is
Wiyr +Xg([C131), (Wi +Xgic1Y).
and, consequently, the set 81'"' (Bl") considered in section 7) has total weight

W ynn + XglCyY = Wymm » O +%g(ICTH-1)
= Wyx +¥p(|Cy3-1).

From this lemma we can conclude that there is a solution to (D) which satisfies

Zgnn = 0 and
(8.6) T ol v yct ~wenw %
1€Ks

Therefore, there are elements 1j, ... g in K3 such that

q q
Syl <xg aa 3 yl e yol 299
s-1 g-1

(1r%g=0 or yc'2%g, fiy...1g=92)

Now we deflne

q
Si=op- 3 oyl
s=1

By (8.4) thereare ji...Jp+1€L2 satlsfying
P p+1
3y <>g ad I yf2: g
r=1 r=1
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Here we put

p
G, 0 - 3 v
1=1

By Lemma(8.2) we can assign to the mixed constraints indexed by ( ?,J ). Je Mp:={14, .., iq,b’ il.
f € Mg = {]1,. Jpe1) values £(P.4) 2 0 suchthat

y,% ., =1,..,p,
TE. )=
Pe ™My €2, 1=p+1 ,

SE(s.8) - yil.s-1..q.
SeMp

S€(¥1.9)- €y
Jé Mo

implylng 3€(£.4) - *q .
P4

/

If we now consider the solution
nil ifiely,..lq.

yit-
0 else,

y forjsliJpe1.
= E(¥1.)) for J=hdp.
E(¥1. )+ (y.-52) forj=lp.,

yc- .V(}1 ’% i,

€y E(1L1) 1€MN P 1), JEM

ze1 for e€Eq ‘
Zg:=

zeZ for ecEy
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we can easlly verlfy its feasibility for (D3). Moreover, Its obJectlve function value can be shown to
be equal to W7 + &7, whichequals W3 .

The case Xp ¢ 0 can be treated very similarly to that glven by &g > 0 Just by consldering
appropriately defined welght-functions wl, W2 over (E1,1)and (E2, /7).

9. Final Remarks

It appears that most of the results presented in this paper are also valid for the situation that
(E1. 71). (E2, /2) do not necessarily share property (£ 1). We have made some investigations in this
direction for the special case that (€}, /) arise from stable sets in graphs Gy, I=1, 2. Let us discuss
some of these aspects In more detall. Let Gz be the graph obtalned from G1 and G2 by the
ldentification of an edge {a.b). Figure(9.1) gives an lllustration of such a graph Gz ,where S5, Sp
(Ta. Tp) correspond to the sets of neighbours of a,b in G (G2). The edges appearing in Figure
(9.1) are exactly those which correspond to the mixed circuits . Alsanote that by (C2), (C3)
SaandSp (T and Tp) have empty Intersection.

Figure(9.1)

Let us now suppose that Gy and G are perfect. P( /1), P( /2) are then describable by their
clique- and the trivial inequalities. Obviously, P ( /3 ) is describable by the linear systems
obtalned fromP( /1 ) and P({ /2) augmented by all clique inequalities, which are induced by
K\{a} ,K'\{b}, K K* being maximal cliques in Gy, G2 andcontaining a,b, respectively. It
follows that the graph Gz Is perfect again, i.e. our composition preserves perfection. : .

If, however, Gy and G are h-perfect, i.e. the clique-, odd cycle- and the trivial inequalities are

sufficient to describe P (73 ) ,P(/2), Gsz isnot necessarily h-perfect. To see this just consider
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the two graphs of Figure(9.2):
3 1 i
i 2
5
Gy G2

Figure(9.2)

Gi Is perfect, Gz 1s serles-paraliel. The assoclated polyhedra can be described as follows :

P(71)={x€R%: xg+xg+x5¢1 ,x+x5+x5¢1,
Xp+xz £1,x2+xg¢1,x20,I=1,..5}

X+ X2 ¢ 1 ,Xp+Xg+X7+Xg+Xg £ 2,
P(/2) =~ [XERB: xg+x7¢1,x7+xg¢ 1,Xp+x81, |}
x2+xg ¢ 1,%g +xg¢1,%x20,i-1,..9

G3 as the composition of G and G2 Is as follows :

G3

Figure(9.3) .
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The assoclated polytope P (/3 ) can be described as follows :

L),
L2,

L3) X3+Xg+Xp £ 1, (9.49)
X3+Xg5+Xg £1, (9.5)

X3+ X5+ X+ X7+ Xg+Xg £2 (9.6) ,

where (9.4) and (3.5) are clique inequalities and (9.6), however, does not correspond to such nelther
to an odd cycle Inequallty, Impiying that Gz Is not h-perfect.

To conclude we would llke to mentlon some problems which to our mind deserve particular
attention. The flrst Is the problem of designing a polynomial algorithm for the solution of (ISP)
over those Independence systems, which arise from balanced matrices In the way presented In
sectlon 2). A second line of further research could consist in a thorough study of those
Independence systems , whose system C of clroults fulfilis condition (1), with particular
-Tespect to finaing 3 minimum welgnted clrcult in C for a glven welght function w. Finally, a
characterization of linearly relaxable independence systems much along the line as It has been
donein [1] and [6] for the two “prototypes” could be of special Interest .
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POLYTOPE DES ABSORBANTS
DANS UNE CLASSE DE GRAPHE A SEUIL

Ali Ridha MAHIOUB
ILMA.G., B.P. 53X, 38041 Grenoble, Cedex, France

A graph G is defined to be domishold (Benzaken and Hammer (1978)) if there exist real
pusitive numbers associated to theis vertices so that a set of vertices is dominating if and only
if the sum of the corresponding weights exceeds a certain threshold b.

in this paper, we characterize the polytope of the dominants in this class of graphs, using a
polynomial algorithm 1o find a minimum weight dominating sct.

. Iniroduction

Soit G =(X, E) un graphe 4 a sommets, simple, non orienté, sans boucle,
dont X représente Pensemble des sommets, E celui des arétes. Un ensembie
A C X est dit absorbant si toui sommet de X - A est adjacent 2 au moins un
sommet de A.

On peut associer & chaque absorbant A de G son vecteur représentatif x*
dans {0, 1}" (x =1 si i € A, 0 sinon). En considérant chacun de ces vecteurs
comme un point de R", on peut définir 'cnveloppe convexe P(G) de ces
absorbants qu’on appellera polytope des absorbants de G.

l est en effet souvent intéressant de caractériser des structures combinatoires
par Peaveloppe convexe de ses vecteurs représentatifs (cf. les travaux d’Ed-
monds sur les couplages, de Fulkerson sur les graphes parfaits, de Chvatal, Uhry
¢t Boulala sur les stables dans un graphe série parallele). Ceci, 3 notre
connaissance, n’a jamais €4¢ fait sur les absorbants d’une classe de graphes non
triviale. De plus, cette caractérisation est souvent liée a des algorithmes de
reconnaissance et d’optimisation polynomiaux. .

Dans cet article, nous caractérisons le polytope P(G) dans la classe des
graphes absorbants a seuils définie par Benzaken et Hammer [1] et, pour ce
faire, nous donnons un algorithme polynomial en O(n) de construction d’un
absorbant de poids minimum dans un tel graphe, alors que ce probleme est
NP-complet dans le cas général.

Définition ! (Benzaken et Hammer [1]). Soit G = (X, E) un graphe fini, sans
boucle, simple, non orienté, X ={1,2,...,n}, G est dit absorbant a seuil s’il

443
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existe des poids a; = () associés aux sommets de G et un seuil b =0 el que
A C X est un absorbant (ou dominant) de G si et seulement si 2,c.a = b.

Parmi les caractérisations des graphes absorbanis 2 seuil ({1]), nous utiliserons
essentiellement la suivante.

Théoréme 1. Les deux propriétés suivantes sont équivalenies :
(1) G est absorbant & seuil.
(2) G peut se ramener & un graphe réduit @ un sommet en enchainant un nombre
fini de fois les opérations suivanies (cf. Fig. i):
& : Supprimer un sommel isolé. ‘
&: : Supprimer un sommet universel (sommet adjacent & ftous les auires
sommets).
¢ : Supprimer une paire de poles (deux sommeis non liés entre eux, mais
adjacents a tous les autres sommels). ‘

G G G
[~ ~J
* — <X
(a) (b {c}
Sommet isolé Sommet universel Paire de pole

Fig. 1. G estie graphe restant apres avoir fait ['une des opérations ¢,, ¢, ou ¢,.

)

Remarque 1. L'operation ¢, va définir des étapes dans le ‘démontage’ de G.
Chaque étape consiste & supprimer des sommets universels et des paires de pole
adjacents 4 un sommet qui, par la suite, devient un sominet isolé. Antrement dit,
il s’agit dans chaque étape d’enchainer des opérations de type ¢, ou ¢, suivies
d’une opération de type ¢,.

Soit n, le nombre d’opérations de type ¢,, 3 faire, pour ramener G i un
sommet. On numérotera n, + I ce sommet, et § fe sommet isolé définissant la
i¢me opération ¢,. Pour tout sommet j# n, + I, on notera V, I'ensemble des
sommets de G qui sont adjacents 4 j et V.., =X ={l,...,n)}.

D’apreés ce qui précéde, on peut représenter G par le schéma symbolique dc Ia
Fig. 2.
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Polytope des absorbanis

On posera dans la suite W, =V, - Vi [ 1<k =n,.

n, k k-1 2 ]
Ve 117Vn, OO V,-V,,; |00 V,-V, @] V,-V,
Fig 2. V,~ V. ,=lilieVv, etig V. Jet V, =0

Remarque 2. Dans la suite on considére le sommet n, + | comme un sommet
universel dans W, ..

Soit C=(C,,....C,) un vecteur de R". On désignera par P(G,C) le
probléme de ia recherche d’ua absorbant A, de G el que Z.c 4, G soit minimum
(on dit que A, est de poids minimum dans G). Dans ce qui suit, nous allons
donner un algorithme de résolution de P(G, C') qui exige scuiement un nombre
d’opérations élémentaires pmp(:r(iunncl a n. Pour ce faire on peut supposer que
C =0 pour i € X, car les sommets ayant des poids négatifs apparticnnent
furcément a A,.

2. Algorithuue de résolution de P(G, C)
2.1, Algorithme

On notera (Vi) et (W,), (resp. (Vi) et (WL),) les ensembles de sommets
universels (resp. paires de poles) de Vi et Wi, Pour k =1,..., 0, + 1, soit p.
(resp. wc) un sommet de (W), (resp. (WL ),) tel que G, = min{ 'é €(W.),}
(resp. €, = min{C, Ii € (Wi). ). Soicat i} el j* respectivemcent les sommets tels
quc

Ci;= min{(; 'i =k,...,m}
[
G = min{C, li E{pinaPuintin,. . il

eb soit ko ted que j*E W,

D’apres les notations précédentes, Pabsorbant A, de poids minimum parmi les
absorbanis suivants est solution de P(G, C):

(@) {1,2,....r —LP,j* r=1,... ke,

)y {L,2,...,r— Ll r=1,... kst 1i,

© {,2,....r=LP,i%), r=1,... ke,

@) {1,2,... ko, Piyor, s},
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oi s csl un sommet el gue

C o =min{C i € (Wi, )y — (P d U (Voo — Vi UL
2.2. Justification

Soit A, une solution de P(G, C), et soit 7 le plus petit entier compris entre { ¢t
ko (s'il existe) tel que AyN W, #0.

(1) r existe.

Done {1,2,....r— 1} C A, Si A,D(W,).5#8 alors A,={1,2,...,r— 1 u},
sinon, il existe i# p, tel quc Ay={1,2,...,r — L, p.. i}, donc i €{i%,j}.

{2) r n’existe pas.

Donc A0 W, =W et par suite {1,2,..., ko C As. D'aprés la définition de j*,
il cxiste dans ce cas, un absorbant A, de poids minimum tel que A, N W, # 6,
donc As={1,2,..., ke, th,n} ou bien Ao=1{1,2,..., ku, pr, i, S}

2.3. Exemple

Soit G le graphe ci-dessous (Fig. 3), défini par Penchainenient des opérations

d’lo d’h ‘ﬁ" (bh 4’2-

W,

3 7
o o
2]
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On affecte aux sommets de G les poids C, =2, C,=3, C.= 12, C, =20,
Co=8, Co=16, C,=4. Dapres Palgorithme, un absorbant A, de poids
minimum dans G est parmi les absorbants {4}, {1,5,7), {1,5,2}, {1,2,7} donc
A.=1{1,2,7}) de poids 9.

3. Polytope des absorbants d’un graphe absorbant a seuil

31, Une famille de facette de P(G)
4

Lewmme 8. Si (G n’a pas de sommets isolés (i.e., V, # W), alors P(G) est de pleine
dimension.

Démonstration. Si V,# @, les ensembles X —{i}, i =1,...,n et Pensemble X
lui-méme forment une famille de n + 1 absorbants affinement indépendants.

Remarque 3. Pour caractériser (), on supposera, sans perte de généralité,
que G n'a pas de sommets isolés.

Définition 2. L'inéquation 2 ax, = an, a; € R, Vi, est dite facette (face de
dimension n — 1) de P{G) si et seulement si

{1} elle cst valide pour tout absorbant de G;

(2) it existe n absorbants aflinement indépendants vérifiant cette inéquation
avec égalité.

i.emme 2. Pour tout sommet i € X, la contrainte x, <1 définit une facette de
P(G).

Démonstration. D’une part, la contrainte x, <1 est satisfaite par tous les
absorbants, d’autre part les n absorbants suivants X, X —{1},..., X —{i - I},

X —{i+1},..., X —{n} sont affinement indépendanis et vérifient la contrainte
avee égalité.

3.2. Le polytope P(G)
321

Théoréme 2. Le polytope P(G) est défini par les inégalités suivantes:
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S t 2,21 i=1.. . mtl )
ey
P E(Wo) k=1, mt i,

",

E x, t(j k+2) E x,-&z(j4»§~i§ 2 X,

t Rkt e A, U L), COUW, L L,
0 3 {2)
+ > x.zj-k+2, Osk<j<u,
FE (Vo - Y dUW, ),
=1 VieX 3)
n=0 VieXx, {4)

on
I osin, +1 =i
5n,-|.e =
0 sinon.

I est clair que les contraintes (1), (3) et {4) sont satisfaites pour tout absorbant”
du graphe G. Pour une contrainie (C) de fype (2), définic par j, k tels que
0< k <j=<un, on considére un absorbant A de G.

Si A NV, U(W,.,).)#H, alors (C) esi vériliée, sinon soit f,, k <, <n,, I
plus peiii entier tel que ANV, =0 et ANV, #i donc {i,2,...,8]CA.
Suivant que i, < j ou £, > j on peut voir fzcilement que la contrainte (C} est bicn
vérifiée.

Remargue 4. Les contraintes de type (1) et {2) correspondantes respectivement
ai=un 41, et (kj)tel que k =j = n,, sont fes mémes.

3.2.2. Démonstration du Théoréme 2

Pour démontrer fe théoréme, il suflit de montrer gque les poinis extrémes du
pelytope Q repgésenient tous des absorbants de G. Pour ce faire, considérons de
progranime linéaire suivant:

X E ()v
P(; =
minCxX, CER".

On sait que pour tout point extréme de O, il exisie un vecteur C iel que cc
point soit solution optimale unique de P, Par conséqguent, il sullit de montrer
que pour foul systeme de poids C =(Cy,..., C,) € R, sur les sommets de G, il
existc une solution optimale de P qui est le vecieur représentalif d'un
absorbanit de G. Pour cela, nous monfrons que pour tout absorbani A, de poids
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minimum dans G et de vecteur représentatif x ™, donné par Palgorithme
précédent, il existe une solution y™ du dual D de P qui vérific avec x™ les
conditions du théoréme des écarts gomplémentaires.
Puisque on a supposé C, =0, Vi € X, on peut omettre les contraintes (3).
A une conirainte de type (1), correspondant 3 un sommet § (isoié ou
apparicnant a une paire de pole), on associe la variable duale y,, et 2 une
contrainte de type (2) définie par ics enticrs k, j on associe la variable duale e, .
Le dual Dg; sécrit:

[]
yi + Z y, + 22 e; <G, pouri=|\,..  n,, o)
1€V, O<k-ii- 1
k- jn,
2yt Xyt X eut L5 (-h+Iea,
i—h ,'e(v,,',.)', uskr.,rh ek<h-2

h-l<jsn,

+ XY -k +2)en, < Coy, pour u € (W,,)., )

h V<h=j<ny

Do 5 E yi + 2. wt ZZ En* ZZ U—h+2)e,

i=h Brk<gah U<k<h-
"‘I"'l

*
+t 2 (-k+de,<C, POUPHY {p.p*) est une

bR~y paire de pole de (W, ), @
320, ie“""‘"l}U(Vn.n)m
£, 20, OUsk<j=<n, ®)
max ( 2 yi + yt EZ G—-k+ 2)5”) )
IE(V.I..), o<k=f=n,

Soit P(A,) le poids d’un absorbant A.., solution de P(G, C), alors d’aprés
Falgorithme précédent, it existe r, 1 <r < k,+1, tel que:

l)(A|u)2(";=+Cs+Cz+‘ +(r B

PA)< G-+ C,+ G+ -+ C + C..
Donc, il existe 1, r — i < ¢ <k, tel que

PA)=C-+C+Cot -+ C+8 avec0<8<C,,.
D’ob le iemme suivant.

Lemme 3. Si A, est solution de P(G, C), alors il existe 1, r — 1 < 1 < ko, et un réel
8,0=<8=<C,.,, tel que
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PAY=C- v oV Codoo -4 C 1 8, “)
Sois
Ci=min{fC,....C,C}, i=1,... ke, (1)

avec Ch =0, Goy=C,, ot C, = min{G., Cy.y,..., Cob.

™
Nous avons C¥ < (%, pour i =1, .. k. Alors, si A, est solution de P{G,C)
et de poids donné par la refation (9), il en résuite: ,
GH+Gut +C+C.+8<C, +Ct, (i)

C’,.+C....+~--+C,+(.,',-.+6$C..,., pour b ig, ish =<1y,
et si

t=ks, 8<C. ' (12
ps et u, sont déja définis dans I'algorithme au Section 2.1. Soit i, tcl gue
O<ivs<t si0<6<sClet (P<s86<CS,
{50 ={f+1, sinon.

Lemme 4. Si P(A)=C.+Ci+ Cy+-- -+ C + 5 avec r - | Ssi<k,et =§ =
Gy, alors

e =0l - 't k’:“,l,“.,i"“i,
£, =8 - C},

Ept 1 = C:-u -8,

& =G~ CE, k=i..+l,...,ﬂ—l\,
y=GC-C%, i=1,...,1

(= 8.)y + B, Yo, = A8 — ),

y"u: <

Y11 = G- — &,

yi = £ =1, ailleurs

' b sit=k,, b osid>Ch,
sl.l.,z el A =

0 sinon, 0 sinon,

ou

€= 22 Eu,

B<hk=<fn,

esi une solution réalisable du dual D,;.
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Démaonstration. Simpic a vérificr a partir de (10), (11) et (12).

D’aprés les Lemmes 3 et 4, on déduit que pour tout absorbant A, solution de
P(G, C), on peut associer une solution réalisable y™ du dual D;.

Lemme 5. Pour tows absorbant A., solution de P(G,C), déterminé par {’al-
gorithme, x " est une solution optimale de P.;.

Démonsiration. 11 est facile de vérifier que pour tout absorbant A, de poids
minimum proposé par Palgorithme, x* vérific avec y™ les conditions du
théoreme des écaris complémentaires.

Le Lemme 5 achéve la démonstration du Théoreme 2.

Exemple. On reprend le graphe G donné par la Fig. 3, le polytope P{G) sera
dans ce cas: '

X, + X4 =1,

Xt x4 x5+ x,t I7?l,
X+ X3t xot+ x5+ X, 2',
Xt xut x, + x,+ x,=1,
P(G) 1
Xetx:t X3+ 2x,+ xst+ xot+ x,22.°
Xttt X434+ x4+ x4+ x, 23,7
Xp+ Xyt 2xyH 44X, + 2%+ 2x,+ 2%, =4, ¢

xpt x4 2x, b xt x,t x,=2,

XaH 243+ 2x5+2x,+2x,=3. ¢

Les quatres contraintes marquées d'une astérisque sont redondantes, ce qui
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