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Chapitre 1

Travaux de recherche

1.1 Thèmes de recherche :

Toutes mes activités de recherche se situent dans le domaine des �atomes froids�. Ce
domaine de la physique atomique, dont les premières expériences datent de la �n des années
1980 explore les propriétés quantiques des atomes et de l'interaction lumière-matière. Ceci
met en avant les aspects ondulatoires de la matière, d'où le terme d'optique atomique.
Mes travaux de thèse, que je résumerai dans la section 1.2, portaient sur un mécanisme de
refroidissement spéci�que à certaines transitions atomiques et pouvaient être vus comme
une nouvelle voie vers la condensation de Bose-Einstein. Celle-ci a été observée pendant ma
thèse par une approche très di�érente où le refroidissement laser est abandonné au pro�t
du refroidissement évaporatif.

C'est cette méthode que nous avons utilisé après mon arrivée en tant que maître de
conférence dans le groupe d'optique atomique du laboratoire Charles Fabry de l'Institut
d'Optique pour d'une part étudier ce nouvel état de la matière (partie �matière condensée�
de mes recherches) et pour d'autre part utiliser ces propriétés de cohérence (partie �op-
tique atomique quantique�). Plus précisément j'ai co-encadré avec Christoph Westbrook et
Alain Aspect l'expérience �hélium métastable". Nos recherches sont pour une grande part
expérimentales, mais j'ai développé, seul ou avec un étudiant, un modèle théorique pour
quasiment toutes les expériences que nous avons réalisées. Un résumé de ces recherches est
donné en section 1.3.

1.2 Résumé de mes travaux de recherche doctoraux

Le refroidissement laser est une méthode extrêmement performante et permet de re-
froidir un échantillon gazeux à des températures proches du zéro absolu en une fraction de
seconde [1, 2]. La température Doppler et la température sub-recul dé�nissent trois régimes
de température, correspondant à des mécanismes de refroidissement di�érents. La tempé-
rature Doppler est donnée par la largeur naturelle du niveau excité par le laser (40 µK pour
l'hélium métastable et 120 µK pour le césium) et la température sub-recul par l'énergie
minimale donnée par un photon spontané (4 µK pour l'hélium métastable et 0.2 µK pour le
césium). Ces mécanismes de refroidissement standards ne sont e�caces qu'à faible densité
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atomique, quand la di�usion multiple de photons peut être négligée 1.
Or le seuil de condensation de Bose-Einstein n'est franchi qu'à des densités atomiques

relativement fortes, de l'ordre de 1013 at/cm3. L'épaisseur optique et donc la di�usion
multiple sont alors très importantes. L'idée à la base de ma thèse était de démontrer un
mécanisme de refroidissement où le taux de di�usion de photons est très faible, diminuant
ainsi, pensait-on, le phénomène de di�usion multiple.

Le refroidissement laser traditionnel nécessite de travailler sur une transition atomique
du type Jf → Je = Jf+1 avec un laser sur le rouge (fréquence plus faible que la fréquence de
résonance atomique). Dans ce cas l'atome e�ectue en permanence des cycles d'absorption-
émission spontanée. Par contre si on utilise une transition du type Jf → Je = Jf − 1 ou
Jf → Je = Jf avec un laser sur le bleu, on peut montrer que les atomes sont pompés
et refroidis dans un état gris où le taux d'émission spontanée est très faible. Ma thèse a
consisté à étudier ces mélasses grises sur la transition 6 S 1

2
F = 3 → 6 P 3

2
F = 2 de l'atome

de césium. Les premières véri�cations de l'e�cacité de ce refroidissement ont été e�ectuées
dans un réseau optique dissipatif à quatre faisceaux [6, 7]. Dans une mélasse optique à
six faisceaux, la température limite de 1 µK est plus faible d'un facteur 3 qu'avec le
refroidissement usuel sur le rouge, mais malheureusement le taux de chau�age par di�usion
multiple est sensiblement le même [8]. La raison principale vient du fait que bien que le
taux de di�usion de photons est de deux ordres de grandeur plus faible dans une mélasse
grise, le temps de thermalisation est de deux ordres de grandeur plus long : il y a moins
de photons spontanés mais leur e�et est plus dévastateur.

Nous avons combiné ce refroidissement dans deux types de piège dipolaire utilisant un
laser YAG : Nd3+ à 1064 nm. Dans le premier cas, il s'agissait d'un faisceau gaussien focalisé
où nous avons mis en évidence que l'anisotropie élevée du piégeage diminuait fortement la
réabsorption de photons et, dans le deuxième cas, un réseau holographique bi-dimensionnel
réalisant par e�et Talbot un piégeage tri-dimensionnel [9]. Nous avons obtenu une densité
dans l'espace des phases de l'ordre de 10−3, ce qui constituait à l'époque un record pour du
refroidissement purement optique. Ce chi�re aurait sans doute pu être amélioré si le vide
avait été de meilleure qualité ; la durée de vie pour ces expériences était de l'ordre de la
seconde. L'image des atomes piégés dans le réseau optique a été utilisée comme première de
couverture pour la revue des Comptes-rendus de l'Académie des Sciences pendant l'année
1998.

1.3 Travaux de recherche post-doctoraux

Dès mon arrivée à l'Institut d'Optique, nous avions décidé de nous lancer dans la course
de la condensation de Bose-Einstein de l'hélium métastable. Cet atome a en e�et un atout :
sa métastabilité. Son énergie interne de 20 eV est su�samment grande pour que cet atome
puisse être détecté électroniquement de façon très e�cace par une galette de micro-canaux ;
il est ainsi possible de faire du comptage d'atomes uniques, d'où la thématique optique
atomique quantique. De plus, la probabilité d'avoir une ionisation lors d'une collision entre
deux ou trois atomes d'hélium métastable est assez importante aux densités atomiques

1Le refroidissement Doppler dans un piège magnétique [3, 4] ou le refroidissement dit �festina lente� [5]
n'a pas cet inconvénient.
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auxquelles nous travaillons. Les ions produits, détectables par la même galette permettent
d'avoir un diagnostic in situ original de la densité atomique.

On peut chronologiquement distinguer trois périodes. De 1998 à 2004 nous avons ob-
tenu le condensat et étudié ces propriétés collisionnelles. Ceci sera décrit dans le chapitre 2.
De 2004 à 2007 nous avons mesuré les propriétés de corrélation à deux corps des nuages
au-dessus ou en dessous de la dégénérescence quantique, suite à une amélioration de notre
système de détection (chapitre 3). Depuis 2006, nous avons commencé une nouvelle théma-
tique portant sur l'optique atomique quantique et une première expérience sur la création
de paires d'atomes a déjà eu lieu. Ceci sera décrit dans le chapitre 4.

Je donne un bref résumé ci-dessous des principaux résultats de nos travaux de recherche.

1.3.1 Condensation de Bose-Einstein de l'hélium métastable

Condensation de Bose-Einstein de l'hélium métastable : L'obtention d'un conden-
sat de Bose-Einstein passe par une étape de refroidissement évaporatif qui nécessite d'avoir
de �bons" paramètres collisionnels. Cela signi�e qu'il faut beaucoup de collisions élastiques
et peu de collisions inélastiques. Les constantes de collisions utiles n'avaient jamais été
mesurées et il était notoirement connu que dans un piège magnéto-optique d'hélium mé-
tastable les collisions inélastiques sont très importantes [10]. De plus les nuages d'hélium
métastable étaient peu denses et relativement chauds. En conclusion, le succès d'une telle
expérience n'était pas du tout garanti.

Après de nombreuses modi�cations du montage expérimental, nous avons entrepris d'es-
timer l'importance des collisions élastiques. J'ai établi un modèle simulant une expérience
originale de thermalisation que nous avons menée au laboratoire. L'analyse des résultats
montrait que la condensation de Bose-Einstein pouvait être obtenue avec le nuage atomique
et le piège dont nous disposions [11]. La condensation a e�ectivement été observée quelques
mois plus tard [12, 13].

Propriétés collisionnelles d'un gaz dégénéré d'hélium métastable : L'obten-
tion d'un condensat, ou d'un nuage froid très dense, permet en principe de mesurer les
constantes de collisions élastiques et inélastiques. Ces dernières sont généralement consi-
dérées comme néfastes car elles limitent les densités atomiques accessibles. Dans le cas
de l'hélium métastable, elles ouvrent, au contraire, des perspectives extrêmement intéres-
santes car elles conduisent majoritairement à l'ionisation d'un atome d'hélium. Ces ions
pouvant être détectés avec une e�cacité proche de 100%, ils constituent un outil de mesure
très précieux. C'est dans cette optique qu'une série d'expériences a d'abord été menée sur
des condensats [14, 15] puis sur des nuages proches du seuil de condensation [16, 17]. La
longueur de di�usion, paramètre des collisions élastiques, et les constantes de collisions
inélastiques à deux et trois corps ont pu être extraites de ces mesures.

1.3.2 Corrélation Hanbury Brown et Twiss sur des gaz ultra-froids

de 4He* et 3He*

La détection par galette de micro-canaux des expériences précédentes ne permettait que
de remonter au �ux d'atomes d'hélium métastable tombant sur notre détecteur. L'ajout
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de lignes à retard sous la galette [18] rend ce détecteur sensible en position. On peut alors
considérer que nous disposons d'un détecteur 3D (deux positions et un temps d'arrivée)
qui ouvre la voie à de nombreuses expériences, dont les mesures de fonction de corrélation.

L'expérience conceptuellement la plus simple, mais expérimentalement très exigeante,
est la mesure de la fonction de corrélation à deux particules, autrement appelée corrélation
d'intensité ou corrélation Hanbury Brown et Twiss [19, 20]. La probabilité de trouver une
particule bosonique en r sachant qu'une autre a été mesurée en r′ est plus importante pour
|r − r′| petit, ceci même s'il n'existe aucune interaction entre particules. En optique, on
parle de groupement de photons. Bien qu'il existe une interprétation totalement classique
de ce phénomène, celui-ci prend tout son sens en mécanique quantique en terme d'inter-
férence constructive entre chemins indiscernables. La mécanique quantique prévoit que le
groupement se produit pour des bosons alors qu'il s'agit d'�anti-groupement" pour des
fermions (principe d'exclusion de Pauli). Nous avons réalisé cette mesure sur un nuage très
froid de bosons et sur un condensat. Comme en première approximation un condensat est
un état pur, la fonction de corrélation attendue est plate, ce que nous avons e�ectivement
observé, en parallèle de l'observation du groupement pour un nuage �chaud" [21]. J'ai dé-
veloppé avec J. Viana Gomes un calcul analytique de la fonction de corrélation sur un
nuage en expansion libre sous l'e�et de la gravité a�n de comparer théorie et expérience
[22]. L'accord était très satisfaisant.

Nous avons mené au cours de l'été 2006 une collaboration avec l'équipe de W. Vas-
sen à l'université libre d'Amsterdam sur des nuages fermioniques d'Hélium 3 métastable.
Nous avons e�ectivement observé une diminution de la fonction de corrélation à courte
distance [23].

1.3.3 Création de paires d'atomes corrélés

Il s'agit d'une étape supplémentaire par rapport à l'expérience précédente. Les corré-
lations HBT que nous avions étudiées étaient une conséquence de la statistique quantique
de nuages à l'équilibre thermodynamique. Dans cette nouvelle thématique, nous avons
cherché à créer des sources non classiques. Dans ce premier exemple nous avons créé des
paires d'atomes corrélés. Il s'agit de la brique élémentaire pour faire de l'optique atomique
quantique, comme une mesure EPR par exemple ou du squeezing. L'idée de base pour la
création de paires d'atomes corrélés est de créer par faisceaux Raman deux condensats
qui ont une vitesse relative su�samment importante pour qu'il y ait des collisions élas-
tiques entre eux. La distribution de vitesse d'un condensat étant très faible par rapport à
cette vitesse relative, les vitesses de deux atomes ayant subis une collision sont fortement
corrélées [24, 25]. On peut voir ce mécanisme comme un mélange à quatre ondes spontané.
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Chapitre 2

Condensation de Bose-Einstein de

l'hélium métastable

2.1 Introduction

Depuis 1995 et la naissance des condensats de Bose-Einstein gazeux sur le sodium,
rubidium et lithium [26, 27, 28], la physique atomique et plus particulièrement l'optique
atomique se devait d'évoluer pour étudier et utiliser ces sources atomiques cohérentes. Le
groupe optique atomique du LCFIO a ainsi démarré une expérience de condensation de
rubidium en 1996 et observé un condensat en 1998 [29] peu avant mon arrivée dans le
groupe. Nous avons entrepris de �condenser� un autre atome, l'hélium métastable. On peut
se demander pourquoi il est nécessaire ou utile d'avoir des condensats d'atomes di�érents 1.
La réponse est multiple. Comme en optique, même si tous les lasers ont en gros les mêmes
propriétés, l'interaction avec la matière dépend elle fortement de la longueur d'onde et
donc permet de mener des études sur des matériaux di�érents et donc augmente consi-
dérablement leur intérêt. Pour les atomes c'est identique ; chaque atome a une structure
interne particulière, des propriétés collisionnelles di�érentes et des méthodes de détection
di�érentes. Il est donc important de choisir tout nouveau candidat à la condensation de
Bose-Einstein dans cette perspective.

L'hélium métastable répond parfaitement à ce cahier des charges : il n'a pas de structure
hyper�ne, les processus collisionnels inélastiques sont très di�érents de ceux des alcalins (cf
section 2.5.1) et permettent un diagnostic original (section 2.3). De plus ayant une grande
énergie interne, il se détecte très facilement et très e�cacement (section 2.3). Ce dernier
point est le point clé de la plupart des expériences que je décrirai et est l'argument principal
pour tenter l'aventure de la condensation de l'hélium métastable.

Après les premières observations de la condensation en 1995, de très nombreux groupes
ont démarré une activité de recherche dans ce domaine. Parmi les premières travaux ex-
périmentaux, on peut citer l'étude des excitations élémentaires [30, 31, 32], des propriétés
de cohérence des condensats [33], l'observation d'un laser à atomes [34, 35], de conden-
sats dans plusieurs états internes (�spinor condensate�) [36]. Je renvoie aux articles de

1La très grande majorité des équipes a choisi l'atome de rubidium pour sa �facilité� à se condenser.
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revue [37, 38, 39, 40] et aux ouvrages [41, 42] pour une bibliographie plus détaillée. Je
reviendrai dans la section 2.6 sur les principaux travaux dans ce domaine de recherche
après 2001 en général et sur les condensats d'hélium métastable en particulier.

Ce chapitre commence par une description de l'hélium métastable avant d'aborder la
méthode de détection électronique que nous utilisons. Je décrirai ensuite l'expérience qui
nous a permis d'observer la condensation et poursuivrai par les propriétés collisionnelles,
élastiques et inélastiques. Je terminerai par quelques perspectives de recherche dans la
section 2.7.

Cette partie décrit les expériences e�ectuées durant la période 1998-2004 et correspond
au travail de thèse d'Antoine Browaeys [43], d'Alice Robert [13], d'Olivier Sirjean [15], de
Signe Seidelin [16], de Rodolphe Hoppeler [19] et de Jose C. Viana Gomes [44].

2.2 Description de l'hélium métastable

L'hélium est un atome étudié/utilisé tant en matière condensée avec l'hélium liquide
qu'en astrophysique puisque c'est un atome abondant dans les étoiles. C'est également
un atome dont la structure interne est relativement simple à décrire car il n'a que deux
électrons et quatre nucléons. Des mesures spectroscopiques, sur 3He et 4He, sont d'ailleurs
toujours menées pour en déduire des mesures de la constante de structure �ne [45, 46, 47]
ou de tailles nucléaires [48].

Un diagramme d'énergie simpli�é se trouve �gure 2.1. Les deux états 2 1S0 et 2 3S1

sont métastables mais la durée de vie de l'état singulet n'est que de 19.5 ms (transition
dipolaire électrique à deux photons [49]) alors qu'elle vaut de l'ordre de 2 h pour l'état
triplet (transition dipolaire magnétique au premier ordre [50, 49]) du fait de la violation
de la conservation du spin. La conservation au premier ordre du spin implique également
que tous les états triplets excités vont se désexciter préférentiellement vers l'état 2 3S1 et
non vers 1 1S0 ou 2 1S0. L'état 2 3S1 peut ainsi être considéré comme un état fondamental
à l'échelle de la durée des expériences. C'est l'état que nous utilisons dans nos expériences
et je le noterai He* dans la suite. Je reviendrai brièvement sur la méthode de production
de ces atomes dans la section 2.4.

En réalité, il existe une petite probabilité que les états triplets se désexcitent vers l'état
fondamental en émettant des photons UV (λ ∼ 62 nm) [51]. Une partie de la thèse de
Julie Poupard consistait à étudier les deux transitions 2 3P1 → 1 1S0 (transition dipolaire
électrique via un couplage avec l'état singulet 2 1P1, de taux de départ ∼ 177 s−1) et
2 3P2 → 1 1S0 (transition quadrupolaire électrique, ∼ 0.33 s−1) en détectant directement
les photons UV émis sur la galette de micro-canaux (cf 2.3). Nous avons pu mesurer la du-
rée de vie et le diagramme de rayonnement de ces deux transitions. L'accord avec la théorie
n'était pas trop satisfaisant sur la transition 2 3P1 → 1 1S0 (facteur 3 sur la durée de vie) et
nous estimons après coup que cela était dû à une mauvaise calibration du nombre d'atomes.

Le refroidissement laser s'e�ectue sur la transition 2 3S1 → 2 3P2 mais nous avons
également utilisé la transition 2 3S1 → 2 3P0 pour e�ectuer des transitions Raman (cf
chapitre 4 sur la création de paires d'atomes corrélés). Ces deux transitions sont à une
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Fig. 2.1 � Diagramme d'énergie simpli�é de l'atome d'hélium. L'état 2 3S1, noté He* dans
la suite, est un état métastable de grande durée de vie. La transition vers l'état 2 3P2

est quasi-fermée et accessible expérimentalement avec une diode laser à 1083 nm. Cette
transition est utilisée pour le refroidissement laser.

longueur d'onde de 1083 nm, la largeur naturelle des états excités est de Γ/2π = 1.6 MHz
et l'intensité de saturation 0.16 mW/cm2. Il existe des diodes DBR (50-70 mW) et depuis
quelques années des lasers à �bre (jusqu'à 10 W !) à cette longueur d'onde.

2.3 Méthode de détection

2.3.1 Méthode optique

La détection optique est la méthode utilisée en atomes froids. Cela peut être une me-
sure de �uorescence, d'absorption voire d'indice (par contraste de phase par exemple).
Malheureusement 1.08 µm se trouve à l'extrême limite du gap du silicium et les meilleures
détectivités sont de l'ordre de 2% sur une caméra CCD, donc bien faibles 2. Les caméras
en InGaAs sont plus sensibles, ∼ 60%, mais ont trop de bruit pour donner de résultats
meilleurs que les CCD au silicium. Un autre point délicat quand on veut faire une ima-
gerie optique sur He* est la vitesse de recul de 9.2 cm/s. Cette vitesse élevée fait qu'un

2 Les caméras bas bruit sont généralement refroidis. Comme le gap du silicium augmente quand la
température diminue, la détectivité à notre longueur d'onde est signi�cativement plus faible à basse tem-
pérature et nous avons constaté une baisse d'un facteur deux entre 20°C et -60°C lors d'un test sur une
caméra Hamamatsu.
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atome sort très vite de résonance au fur et à mesure qu'il absorbe des photons ; une mesure
quantitative du nombre d'atomes est donc délicate 3.

Malgré ces inconvénients, il faut reconnaître que la facilité d'exploitation des images,
la qualité des détecteurs CCD en terme de bruit, de linéarité et de résolution spatiale et la
possibilité de choisir le moment où on veut observer le nuage pendant le temps de vol ou
in situ, en font une méthode de détection précieuse et très utile, que nous avons regrettée
à plusieurs moments de ne pas avoir. Notre choix, en e�et, s'est porté dès le départ sur une
détection électronique.

2.3.2 Méthode électronique

Généralités : L'énergie interne d'He* est su�samment grande pour pouvoir extraire des
électrons lors de son impact sur une surface solide [52]. Sur une surface métallique, il s'agit
d'un mécanisme d'ionisation résonante He∗ + A → He+ + A− suivi d'une neutralisation
Auger He++A− → He+A++e− et des détectivités de l'ordre de 60% ont été mesurées [53,
54, 55]. Cette production e�cace d'électrons permet d'envisager la détection de particules
uniques d'He*. Pour cela il faut ampli�er ce signal électronique. C'est le rôle d'une galette
de micro-canaux (microchannel plate en anglais que je noterai MCP dans la suite) 4 [56].
Ce schéma de détection (plaque métallique et galette de micro-canaux) a été employé, par
exemple par Shimizu [57], mais généralement on place directement la galette sous le �ux
d'He*.

Jusqu'en 2004 la douche d'électrons à la sortie du MCP était détectée sur une anode de
la taille de la galette. Depuis, l'utilisation d'une anode composée de lignes à retard permet
de connaître la position de l'impact des He* sur la surface de la galette. Comme ce détecteur
est l'atout principal de notre expérience, je vais détailler un peu son fonctionnement et ses
performances.

Description d'une galette de microcanaux : On peut se référer aux thèses d'Olivier
Sirjean [15] et de Martijn Schellekens [20] pour une étude détaillée.

Une galette de micro-canaux se compose d'un ensemble de �bres creuses collées entre
elles. Leur face interne est traitée pour maximiser l'éjection d'électrons par les particules
incidentes (ions, photons UV, X, gaz rare métastable) et les faces avant et arrière sont
métallisées pour imposer une di�érence de potentiel de l'ordre de 1 kV a�n d'accélérer ces
électrons et de provoquer un mécanisme d'avalanches. Une galette a un gain de l'ordre
de 104 mais la distribution du gain est quasi-exponentielle et il n'est donc pas possible
d'utiliser ce système en comptage. Par contre deux galettes en série ont un gain de l'ordre
de 107 et surtout la distribution du gain est piquée [56] ; il est alors possible de �xer un
discriminateur sous le gain moyen pour éliminer le bruit électronique et de détecter la quasi-
totalité des impulsions électriques. Ce régime de fonctionnement permet donc de faire du
comptage. Nous n'avons pas de mesures précises de détectivité mais une estimation de

3 La solution généralement adoptée est de rétroré�échir le faisceau d'imagerie pour minimiser cet e�et.
4 Une autre solution est le channeltron, version �macroscopique� moins onéreuse d'une galette de micro-

canaux.
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10 % basée sur une comparaison entre notre détecteur et une mesure optique 5.
Ce type de détecteur est très linéaire tant que le �ux d'He* n'est pas trop fort. Il

n'existe pas de chi�res absolus dans la littérature, car cela dépend du type exact de galettes
(constructeur, traitement des faces internes, densité des �bres ...), de la taille du nuage
d'He*, mais un ordre de grandeur est 105 coups/s/cm2. Expérimentalement les temps de
vol des condensats de Bose-Einstein sont fortement perturbés par cette saturation car trop
dense. C'est pourquoi ce régime de comptage n'a pas été utilisé avant 2004 pour les temps
de vol mais uniquement pour la détection des ions He+ (cf. 2.5.1). Pour les temps de vol
nous travaillions à haute tension plus faible et faisions une détection analogique des nuages
(�ltre passe-bas sur l'anode). Depuis 2004, nous travaillons en comptage et devons donc
vivre avec la saturation sur les nuages atomiques trop denses car l'information spatiale
n'est accessible que dans ce régime de fonctionnement.

Détection des ions : Comme nous le verrons dans la section 2.5.1, un nuage d'He*
produit des ions He+ et des électrons. Ces particules sont chargées donc peuvent être
attirées et accélérées su�samment pour pouvoir déclencher une avalanche dans une galette
de micro-canaux. Une e�cacité de détection de 60% est atteinte pour He+ si la tension
accélératrice dépasse 1 kV [58]. Ce pourcentage correspond en fait au rapport de la surface
ouverte formée par les trous des �bres par la surface totale du MCP. Il est en principe
possible d'améliorer encore ce pourcentage en ajoutant une grille au-dessus du détecteur
pour permettre aux électrons éjectées depuis sa surface métallique d'être réinjectés dans une
�bre creuse ; cette méthode a été validée par l'équipe de B. Deconihout dans un contexte
di�érent et une détectivité de l'ordre de 80% a été mesurée [59].

Comme nous le verrons dans la suite de ce chapitre, cette détection des ions constitue
une mesure in situ non invasive de la densité atomique d'un nuage ultra-froid d'He*. Le
temps de transit de la zone de production des ions au détecteur est inférieure à la microse-
conde ; ce temps est donc court devant les temps caractéristiques de la dynamique dans des
nuages ultra-froids. Il s'agit donc d'un diagnostic original, permettant de faire des mesures
en temps réel, que nous avons mis à pro�t pendant la période 2001�2004 [13, 15, 60, 17],
pour observer le seuil de la condensation de Bose-Einstein et mesurer les constantes de
collisions (cf. 2.5).

Détection des atomes par temps de vol : Une fois le nuage atomique créé, le piège
est coupé et les atomes tombent sous l'e�et de la gravité. Après un temps de chute t, une
�image� du nuage est réalisée. Comme annoncé précédemment, cette image est tradition-
nellement obtenue par absorption d'un faisceau laser résonnant. Notre méthode consiste
à laisser tomber le nuage jusqu'au détecteur et mesurer le �ux φ(t) ou φ(x, y, t). Quelque
soit la méthode d'imagerie, l'analyse d'un temps de vol nécessite de connaître l'évolu-
tion du nuage pendant la chute. Lorsque les interactions peuvent y être négligées, ceci
ne pose pas de problème et des solutions analytiques existent dans les cas simples. Par
exemple, si t est su�samment grand, la distribution des positions dans l'image correspond
à la distribution des vitesses dans le piège. Les choses se compliquent singulièrement si les

5 Cette mesure a été faite lors de notre séjour à Amsterdam dans le cadre d'une collaboration sur la
mesure de l'e�et Hanbury Brown et Twiss sur des fermions que je décrirai au chapitre 3.

9



interactions doivent être prises en compte. A ma connaissance, seul le cas d'un conden-
sat de Bose-Einstein pur (T = 0) piégé dans un potentiel harmonique [61, 62] est connu
analytiquement.

La �gure 2.2 illustre la forme du �ux d'ions pour di�érentes températures. Pour un
détecteur de taille �nie D placé à une distance h sous le piège, deux régimes apparaissent
suivant l'importance relative de l'énergie cinétique kBT et de l'énergie potentiel mgh.
Si l'énergie cinétique domine, les trajectoires atomiques sont des lignes droites, le temps
d'arrivée typique est donné par h/

√
kBT/m et le nombre d'atomes détecté varie comme

D2/h2. Plus la température baisse, plus les trajectoires sont courbées et plus la détectivité
est grande. Quand l'énergie potentielle domine, le temps d'arrivée moyen vaut

√
2g/h et

la largeur temporelle du �ux,
√
kBT/m/g, diminue avec la température.
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Fig. 2.2 � Flux atomique au niveau du détecteur positionné à h = 46.6 cm de la zone de
piégeage pour di�érentes températures du nuage. Sur le graphe a) les températures sont
T = 1, 0.5, 0.25 et 0.125 mK de la courbe la plus claire à la plus foncée. Sur le graphe b) les
températures sont T = 100, 50, 25 et 12.5 µK de la courbe la plus claire à la plus foncée. Le
nombre d'atomes est identique pour toutes les courbes. La taille �nie du détecteur (8 cm de
diamètre) fait que le nombre d'atomes détectés croît quand la température baisse. Tous les
atomes sont détectés pour une température de 1 µK alors que pour 12.5 µK seuls 30 % sont
détectés ; ce nombre chute à 0.6 % à 1 mK. La taille �nie du détecteur est aussi responsable
du temps moyen d'arrivée. A haute température, ce temps ≈ h/

√
kBT/m augmente quand

la température baisse ; à basse température ce temps se �ge à la valeur donnée par la gravité,√
2g/h.

Plus généralement, pour des nuages ultra-froids, on s'attend à ce que le �ux soit de
forme gaussienne, sa largeur permettant de mesurer la température et son aire le nombre
d'atomes. Pour un condensat de Bose-Einstein dans le régime Thomas-Fermi [37, 61, 62],
la forme est une parabole inversée dont la largeur est reliée au potentiel chimique car les
interactions entre atomes prédominent sur leur énergie cinétique.

Résolution temporelle : Le phénomène d'avalanche dans une galette de micro-canaux
est très rapide, de l'ordre de quelques centaines de picosecondes. Il faut cependant tenir
compte du fait que la chaîne électronique peut avoir des temps morts, que l'adaptation
des impédances n'est jamais parfaite, etc. Cela nous a conduit a imposé un temps mort
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dans le traitement des données de typiquement 300 ns (le temps mort minimal atteignable
est de l'ordre de 20 ns). Ces échelles de temps sont bien inférieures à toutes les constantes
de temps que l'on peut trouver dans des expériences sur des condensats. On peut ainsi
considérer que la résolution est in�niment bonne.

MCP

ligne à retard

bride CF160 pour le 
raccordement au vide

Fig. 2.3 � Photo du détecteur. En premier plan ce trouve la galette de micro-canaux Ha-
mamatsu de 8 cm de diamètre ; on entre-aperçoit l'enroulement des lignes à retard sous un
cache métallique en forme de L.

Résolution spatiale avec anode à lignes à retard : La �gure 2.3 montre une photo
du détecteur et le schéma sur la �gure 2.4 illustre le principe de fonctionnement. L'idée
est de coder la position par une mesure de di�érence de temps d'arrivée de l'impulsion
électrique aux deux bouts de la ligne [18]. Les lignes à retard sont en fait des lignes de
transmission pour minimiser la dispersion au cours de la propagation. On détecte avec notre
électronique des impulsions de 20 ns de large que l'on parvient à pointer à 700 ps près. Si
on compare avec des montages similaires (très souvent utilisés pour l'étude de collisions
entre ions par exemple), on devrait être capable de faire mieux et être limité par la pas de
codage, qui est de 275 ps actuellement. Notre résolution spatiale actuelle de 300 µm rms
pourrait donc devenir de l'ordre de 100 − 150 µm en travaillant sur l'électronique. Ceci
serait une amélioration importante car les expériences présentées aux chapitres 3 et 4 ont
un rapport signal à bruit et une résolution limités par cette résolution.

Il faut noter qu'il existe de très nombreux types d'anodes/systèmes de mesure comme un
réseau d'anodes discrètes [63], des mesures par division de charge (anode résistive 6 [64],

6C'est ce type d'anode qui fut utilisé à l'ENS dans les expériences de refroidissement sub-recul VSCPT.
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anode Vernier [65], ...), etc... Certaines méthodes permettent d'obtenir des résolutions
spatiales bien meilleures, 10 µm rms ayant par exemple été démontrée dans Ref. [65]
mais le détecteur �parfait� n'existe pas encore. En particulier la plupart des dispositifs ne
fonctionnent qu'à des �ux de particules bien plus faibles (quelques 103 coups/s) que ceux
des temps de vol typiques de notre expérience (jusqu'à 106 coups/s). Mais des progrès
constants sont réalisés [66] et on peut raisonnablement être optimiste pour l'avenir.

Fig. 2.4 � Schéma de principe de fonctionnement d'un détecteur composé de galettes de
micro-canaux et de lignes à retard pour la mesure de la position. Le point d'impact de la
douche électronique à la sortie de la galette est déterminé par la mesure de la di�érence de
temps d'arrivée aux deux bouts de la ligne à retard.

Limitations actuelles : J'ai déjà énoncé plus haut deux limitations de notre détecteur :
la saturation à haut �ux et la résolution spatiale. Il reste une dernière limitation non due
au détecteur en lui-même mais à notre montage expérimental : nous ne détectons pas tous
les atomes à la coupure du piège magnétique (cf. 2.4). Une mesure de la composante du
champ magnétique parallèle au biais est reportée sur la �gure 2.5 [13]. On y observe une
décroissance très rapide du champ, une inversion, puis un retour lent à zéro. On attribue
la décroissance rapide à la coupure des alimentations de courant et la lente à des courants
de Foucault, di�cilement évitables dans une enceinte métallique. On a pu montrer, par
e�et Stern et Gerlach, que la plupart des atomes suivent le retournement du champ et
donc restent dans l'état piégeant m = 1. Une faible partie passe dans m = 0 par transfert
non adiabatique 7. Notre enceinte n'a pas de blindage magnétique et la distance du piège
au détecteur est très grande (47 cm dans la version actuelle). En conséquence, le nuage
d'atomes dans m = 1 subit une décompression lente de son con�nement et sera très, trop
sensible, au champ magnétique parasite pendant la chute. En conséquence, ces atomes sont
inutilisables. Par contre les atomes dans m = 0 sont insensibles au champ et toutes nos

7Une fraction encore plus faible passe dans m = −1.
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expériences sont basées sur des mesures faites sur cet état interne. Le taux de transfert
est cependant faible, estimé à ≈ 10%, n'est pas totalement maîtrisé et varie suivant les
caractéristiques du nuage d'atomes [60]. Cela nous empêche d'avoir une mesure �able du
nombre d'atomes dans le piège à partir du nombre d'atomes que nous détectons sur la
galette. Je reviendrai sur ce problème dans la section 2.5.2.
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Fig. 2.5 � Valeur du champ magnétique sur l'axe du biais en fonction du temps. Le piège est
coupé à t = 0. On observe que le champ se retourne très rapidement puis décroît lentement
vers 0. Une expérience complémentaire, décrite dans la thèse d'A. Robert [13] montre que la
composante transverse du champ ne s'annule pas en même temps et donc que la plupart des
atomes suivent adiabatiquement l'état m = 1 pendant la coupure. Une partie des atomes
e�ectue néanmoins une transition non adiabatique vers m = 0 et ce sont ces atomes et
uniquement ceux-ci que nous détectons avec la galette de micro-canaux.

Conclusion : Notre système de détection électronique permet de connaître le temps et
la position d'arrivée des atomes d'hélium métastable sur la galette. On peut donc consi-
dérer que c'est un détecteur 3D. De plus nous sommes capables de compter les atomes. Il
s'agit donc d'un outil extrêmement performant encore unique dans la communauté atomes
froids, qui trouvera toute son utilité dans les expériences de corrélation que je décrirai dans
les chapitres 3 et 4. J'aurai l'occasion de revenir sur une autre méthode de détection de
particules uniques basée sur une cavité optique en couplage fort dans le chapitre 3. On peut
également signaler que le groupe de C. Zimmermann développe une méthode de détection
par ionisation d'atomes de rubidium [67, 68] et celui de H. Ott [69, 70] par ionisation par
un faisceau électronique de taille sub-micronique.
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2.4 Condensation de Bose-Einstein

Outils nécessaires pour obtenir un condensat : Le phénomène de condensation se
produit quand la distance typique entre atomes est de l'ordre de grandeur de la longueur
d'onde thermique de de Broglie. Comme les densités atomiques maximales sont de l'ordre
de 1015 at/cm3 (limitation due aux processus inélastiques à deux et/ou trois corps, cf.
section 2.5.1), la température du nuage doit être de l'ordre du microKelvin. Compte tenu
de la taille des nuages atomiques con�nés dans un potentiel localement harmonique 8, le
nombre d'atomes minimum est de l'ordre de 103 à la température de transition.

On caractérise la proximité au seuil de condensation par le paramètre de dégénérescence
nλ3

th où n est la densité pic et λth = h/
√

2πmkBT la longueur d'onde thermique de de
Broglie. Dans une enceinte ultra-vide (nécessaire pour limiter les collisions inélastiques) à
température ambiante, ce paramètre est de l'ordre de 10−20. Il faut donc gagner 20 ordres
de grandeur pour aboutir à la condensation ! Je vais décrire rapidement, et en utilisant les
chi�res de notre expérience, les di�érentes étapes à franchir.

Montage expérimental : Quand je suis arrivé dans l'équipe �hélium métastable� (com-
posée à l'époque d'A. Browaeys, J. Poupard et C. I. Westbrook) celle-ci étudiait les col-
lisions Penning assistées par la lumière dans un piège magnéto-optique (cf. section 2.5.1).
La durée de vie mesurée sur les atomes n'était que de quelques centaines de milliseconde
et donc inadaptée pour des expériences de condensation. Une modi�cation du montage
expérimental avait déjà été décidée (enceinte ultra-vide, montage d'un MCP sous vide,
etc...) et j'ai �nalisé avec eux le dessin de la nouvelle enceinte à vide. Antoine Browaeys a
été le principal artisan de ces changements [43].

Source et piège magnéto-optique : Dans notre montage la source est un jet superso-
nique d'hélium, refroidi à l'azote liquide, et excité dans l'état métastable par une décharge
sous vide de 2 kV [43]. Ce jet, refroidi transversalement et longitudinalement par laser,
charge un piège magnéto-optique. On obtient typiquement quelques 108 atomes à une
température de 1 mK. Le paramètre de dégénérescence vaut de l'ordre de 10−7. Le refroi-
dissement laser est donc très e�cace et absolument nécessaire à l'heure actuelle 9. L'étape
suivante est de transférer ce nuage dans un piège magnétique et de faire du refroidissement
évaporatif.

Piège magnétique : Nous avons débuté en 1999 par un piégeage magnétique quadrupo-
laire [75] dont le succès nous a amené vers un piège Io�e-Pritchard de type �clover-leaf� [76].
Contrairement au premier, celui-ci ne sou�re pas des transitions de Majorana [77] car son
biais (minimum du module du champ) est non nul. Nous travaillons avec des biais entre 150
et 300 mG ; cela conduit à des fréquences d'oscillation le long de l'axe du biais de l'ordre de

8 En excluant le cas particulier des réseaux optiques dont je reparlerai brièvement, je ne connais qu'une
seule expérience où le con�nement n'est par harmonique : l'équipe de M. Raizen a créé par un ensemble de
quatre faisceaux dont deux faisceaux TEM01 un piège qui, dans une direction, est proche d'une boite [71].

9 Le refroidissement laser étant peu e�cace pour des molécules, des approches alternatives ont été uti-
lisées comme les décélérateurs Stark [72], le refroidissement par gaz tampon [73, 74] mais les températures
atteintes sont encore élevées, dans la gamme de la dizaine de mK.
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50 Hz et de 1000 à 2000 Hz transversalement. De plus ce piège a l'avantage de n'avoir des
bobines que dans deux plans parallèles (un agencement des bobines est représenté sur la
�gure 2.6). L'enceinte est métallique et non en verre pour deux raisons. Tout d'abord une
enceinte métallique est beaucoup plus �exible pour d'éventuelles modi�cations ultérieures.
En�n le métal est aussi une immense masse électrique, ce qui garanti un comportement
sain quand on applique plusieurs kV pour le fonctionnement des galettes de microcanaux
(le verre a tendance à se charger et modi�e donc la carte de champ électrique). Cela a
cependant comme inconvénient que les bobines de champ magnétique sont assez éloignées
de la zone du piège 10 et donc que les performances de celui-ci sont modestes.

compensation

courbure
gradient

x

z

y

Fig. 2.6 � Piège magnétique de type clover-leaf. Avec un courant de 200 A, on obtient un
gradient transverse B′ = 80 G/cm et une courbure longitudinale B′′ = 20 G/cm2.

Refroidissement évaporatif : Une fois dans le piège magnétique il faut utiliser le re-
froidissement évaporatif 11 [79, 80]. L'idée de ce refroidissement est d'expulser du piège les
atomes les plus énergétiques par une onde RF e�ectuant une transition dipolaire magné-
tique vers un état non piégeant et laisser les atomes restants se thermaliser par collision
élastiques. En diminuant petit à petit la fréquence de l'onde RF, on diminue la température
et, si la perte d'atomes n'est pas trop importante, on augmente la densité et la densité dans
l'espace des phases jusqu'à l'obtention du condensat. Ce refroidissement n'est e�cace que
si le taux de collisions élastiques est bien supérieur au taux de collisions inélastiques. Je
reviendrai sur les mesures de ces collisions dans la section 2.5.

10 L'option �bobines dans l'enceinte à vide� est évidemment intéressante du point du vue du champ
magnétique mais plus risquée du point du vue de la qualité du vide. En pratique, cette option n'est utilisée
que dans les montages à puce atomique [78] pour lesquels les contraintes de vide sont relâchées du fait de
la rapidité d'obtention d'un condensat (quelques secondes).

11 Depuis 2005 nous appliquons au préalable une phase de refroidissement Doppler dans le piège ma-
gnétique [4] permettant de diminuer la température d'un facteur deux avec une perte d'atomes de ∼ 10 %
[24].
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Condensats : Je présente �gure 2.7 les premières données qui montraient l'obtention
du condensat dans la nuit du 12 février 2001. On retrouve bien le type de courbes pré-
sentées sur la �gure 2.2 mais avec une di�érence notable : le signal détecté diminue ici
fortement avec la température. Ceci est évidemment dû à la perte d'atomes pendant le re-
froidissement évaporatif. Expérimentalement cela veut dire que le signal diminue pendant
le refroidissement pour être quasiment indétectable pour une gamme de température vers
les 20−50 µK. Nous n'arrivions jamais à avoir un signal dans cette gamme de température.
Ce n'est qu'en poursuivant la rampe �dans le noir� que nous avons �ni par retrouver un
signal quand la température était inférieure à ∼ 5 µK.

La courbe la plus foncée de la �gure 2.7 n'est pas une gaussienne car trop pointue ; elle
correspond à un nuage sous la température critique et a donc une double structure : une
gaussienne caractérisant le nuage thermique et une parabole inversée, plus �ne, caractéri-
sant le condensat. Une telle courbe permet donc en principe de déterminer, la température
et le nombre d'atomes du nuage thermique ainsi que le potentiel chimique et le nombre
d'atomes du condensat. Comme expliqué précédemment, il nous est di�cile d'utiliser de
façon �able l'amplitude des signaux et donc de connaître les nombres d'atomes.
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Fig. 2.7 � Temps de vol �historiques� correspondant à di�érents moments au cours du
refroidissement évaporatif. Les températures sont de 850 µK, 550 µK, 350 µK pour les
courbes de temps d'arrivée inférieur à 50 ms. La courbe grise de temps moyen d'arrivée de
100 ms correspond à 10 µK, la dernière courbe correspond quant à elle à un nuage sous le
seuil de condensation. Ces deux derniers temps de vol ont été multipliés par un facteur 20
sur cette �gure. Le détecteur étant positionné à 5 cm en 2001, un atome de vitesse nulle
est détecté 100 ms après la coupure du piège.

Avec nos paramètres expérimentaux, la température de transition se situe entre 0.5 et
2.5 µK. Le nombre d'atomes est alors de l'ordre de 106. Le potentiel chimique typique est
de 0.3 µK, ce qui correspond à 105 atomes dans un condensat pur. Durant les périodes
�fastes� la durée d'un cycle complet de production d'un condensat est de 20-25 s. Une durée
plus typique est 40 s.
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2.5 Propriétés collisionnelles

Comme décrit plus haut, le succès du refroidissement évaporatif nécessite d'avoir beau-
coup de collisions élastiques par rapport aux collisions inélastiques. D'autre part, les pro-
priétés des condensats sont paramétrées par l'interaction répulsive entre atomes. Il est donc
important de connaître les constantes de ces di�érentes collisions. Aucune de ces grandeurs
n'avaient été mesurées quand nous avons démarré la projet condensation de l'hélium mé-
tastable.

2.5.1 Collisions inélastiques

Généralités : Les collisions inélastiques majoritaires dans le cas d'He* sont des collisions
dites Penning où un atome d'He* retourne dans l'état fondamental et un ion est créé. Dans
le cas de collisions à deux corps les réactions sont [81] :{

He* + He* → He+ + He + e−

He* + He* → He+
2 + e−

La constante de collision associée, notée traditionnellement β, est assez importante, de
l'ordre de 10−10 cm3/s [82, 83, 84, 85, 86, 87, 88, 89]. Cependant cette constante est encore
plus importante dans un piège magnéto-optique car la collision est beaucoup plus favorable
quand l'un des atomes est dans l'état excité. Une première mesure faite à l'ENS indiquait
une valeur de l'ordre de 10−7 cm3/s [10]. Une nouvelle série de mesures a été menée dans
notre groupe [90] ainsi que dans les autres groupes He* [88, 87, 91] suite à la publication
par P. van der Straten d'une mesure beaucoup plus favorable [85]. Toutes ces nouvelles
expériences ont cependant con�rmé le résultat initial.

On minimise ces collisions inélastiques en travaillant à grand désaccord, ∼ 40 MHz,
pour diminuer la population de l'état excité et ainsi maximiser le nombre d'atomes (dans
la gamme 108 − 109) 12.

Même sans lumière la constante de collision β ≈ 10−10 cm3/s est beaucoup trop grande
pour espérer obtenir la condensation. En utilisant le potentiel moléculaire de Stärk et Meyer
[92], G. V. Shlyapnikov et ses collègues ont prédit que si les atomes étaient polarisés dans
l'état de m maximum (m = 1) alors les collisions précédentes étaient fortement inhibées
car elles ne conservaient pas le spin [93, 94]. Une valeur de l'ordre de 10−14 cm3/s étaient
annoncée (voir aussi Refs. [95, 96]). Cette valeur conjointement avec leur prédiction d'une
longueur de di�usion de l'ordre de 8 nm (cf. section suivante) devait permettre l'observa-
tion de la condensation de Bose-Einstein de l'hélium métastable. Toutefois, le calcul ab
initio des potentiels moléculaires est souvent trop approximatif pour en déduire des valeurs
�ables des processus collisionnels à basse température et des mesures expérimentales sont
nécessaires.

12 Les processus sub-Doppler n'étant pas e�caces sur He*, sans doute à cause de la trop faible di�érence
entre la limite Doppler et la limite sub-recul (40 µK et 4 µK respectivement), la température est bien
décrite par un refroidissement Doppler et est de l'ordre de 1 mK.
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A haute densité, les collisions à trois corps entrent aussi en jeu, et représentent le
facteur limitant sur l'atome de rubidium par exemple. Des calculs théoriques prédisent que
la constante de collisions, notée traditionnellement L, varie comme la longueur de di�usion
à la puissance quatre [97, 98]. Dans le cas d'He*, la molécule formée par ce processus va
�nir par s'ioniser suivant un processus Penning :

He* + He* + He* → He*2 + He*chaud → He+ + He + e− + He*chaud

Mesure des constantes de collisions : Nous venons de voir que les processus in-
élastiques prépondérant à haute densité conduisent à l'ionisation d'un atome d'hélium
métastable. Le taux d'ions, que nous sommes capables de mesurer avec la galette de micro-
canaux (cf. 2.3) est donc relié aux constantes de collision et à la densité atomique. Plus
précisément, le taux d'ions φ est donné par :

φ = N/τ ′ + 1
2
κ2β

∫
drn2(r) + 1

3
κ3L

∫
drn3(r)

avec : dN/dt = −N/τ − κ2β
∫

drn2(r)− κ3L
∫

drn3(r)

où τ est la durée de vie, τ ′ > τ la contribution des collisions à un corps qui conduisent
à une ionisation, N le nombre d'atomes et n la densité atomique. Les facteurs 1/2 et 1/3
viennent du fait qu'il n'y a qu'un ion produit par réaction alors qu'il y a perte de 2 ou 3
atomes d'hélium métastable. Les coe�cients κ2 et κ3 sont les facteurs de dégénérescence
quantique. Ils valent 1 pour un nuage thermique et respectivement 1/2 ! et 1/3 ! pour un
condensat 13 14 [99].

Cette analyse montre aussi que, si les constantes de collision sont connues, mesurer
le taux d'ions permet de mesurer la densité atomique, et cela en temps réel. Ce fut une
motivation supplémentaire pour mener une campagne de mesure de ces constantes. Cette
mesure est décrite dans la référence [14] dont la �gure 2.8 est extraite.

Un inconvénient de cette mesure est que, comme je l'ai mentionné dans la section 2.3,
nous ne sommes capables d'extraire d'un temps de vol de condensat que sa largeur, c'est-à-
dire que mesurer son potentiel chimique µ. Cependant, dans l'approximation de Thomas-
Fermi [37], le nombre d'atomes et la densité peuvent se déduire de µ et de la longueur de
di�usion a 15. On montre alors que la mesure du taux d'ions en fonction de la densité pic
permet de mesurer β/a2 et L/a3 [14].

En utilisant les résultats e�ectués au seuil de condensation [17], que je décris dans la
prochaine section, nos mesures donnent :

β = 0.9+1.7
−0.8 10−14 cm3/s et L = 2.5+4.5

−1.7 10−27 cm6/s

13 Ces coe�cients sont di�érents pour un nuage thermique et un condensat car ils sont liés aux fonctions
de corrélation à deux et trois corps qui sont di�érentes pour ces deux types de nuages. Nous reviendrons
sur des mesures de ces fonctions de corrélation dans le chapitre 3.

14 Dans le cas de gaz avec interaction ces coe�cients doivent être corrigés par un facteur en
√

na3 avec
a la longueur de di�usion [14, 15].

15 On a les relations suivantes : µ = 4πh̄2a
m n0 avec n0 est la densité pic et µ = h̄ω

2 (Na/σ)2/5 où ω est la
moyenne géométrique des pulsations du piège et σ la moyenne géométrique des tailles de l'état fondamental
du piège.
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Fig. 2.8 � Taux d'ions normalisé par le nombre d'atome en fonction de la densité pic.
Ces mesures sont réalisées sur des condensats de Bose-Einstein d'hélium métastable. La
non-linéarité de la courbe indique que les processus à trois corps ne sont pas négligeables
aux densités accessibles expérimentalement. Figure extraite de Ref. [14].

Des résultats similaires ont été obtenus sur les montages de l'ENS [100] et d'Amster-
dam [101]. Dans le cas des alcalins, la constante de collisions à deux corps est généralement
très faible et le taux de pertes correspondant est négligeable par rapport à celui du trois
corps ; la constante de collisions à trois corps est typiquement 10 fois plus faible pour les
alcalins [102]. L'hélium métastable a donc des propriétés collisionnelles inélastiques plus
défavorables que ces derniers.

2.5.2 Collisions élastiques

Généralités : A basse température les collisions s'e�ectuent uniquement dans l'onde s
et sont donc isotropes. Les ondes d'ordres supérieurs ne contribuent pas à cause de leur
barrière centrifuge correspondante. On peut estimer que sur He* les collisions sont en onde
s quand la température est inférieure à 8 mK [81]. La section e�cace de collision vaut alors
8πa2 où a est la longueur de di�usion.

Plusieurs méthodes sont disponibles pour mesurer a : expérience de thermalisation (cf.
ci-dessous), mesure sur des condensats (par la mesure du nombre d'atomes et du potentiel
chimique), mesure spectroscopique sur le potentiel moléculaire par photoassociation (cf.
ci-dessous). En 2000, il n'y avait pas encore de condensats et c'est donc par une méthode
de thermalisation que nous avons fait notre première mesure de la longueur de di�usion.

Expérience de thermalisation : La méthode traditionnelle est de mettre le nuage hors
équilibre en appliquant un couteau radio-fréquence et en étudiant le retour à l'équilibre à
travers le rapport d'anisotropie du nuage atomique [103, 104, 105]. Ne disposant pas de
caméra, nous ne pouvions utiliser cette méthode. Nous avons donc développé une méthode
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originale qui consiste à appliquer, après un délai variable, un deuxième couteau. Celui-ci
vient mesurer le nombre d'atomes, qui après thermalisation repeuple les états d'énergie
élevée. La �gure 2.9 reproduit les résultats expérimentaux [11]. J'ai développé un modèle
théorique, que l'on peut partiellement trouvé dans la thèse d'A. Robert [13], qui permet
de relier analytiquement la constante de temps associée à cette expérience au taux de col-
lisions élastiques. Je n'ai malheureusement jamais pris le temps d'écrire un article complet
sur ce modèle. La conclusion de cette étude était encourageante et laissait penser que le
refroidissement évaporatif devrait conduire à la condensation de Bose-Einstein dans nos
conditions expérimentales 16.
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Fig. 2.9 � Expérience de thermalisation. Un couteau RF expulse les atomes d'énergie élevée.
Un deuxième couteau, à la même fréquence, est appliqué après un délai variable et sonde le
repeuplement des niveaux d'énergies élevées. La constante de temps de retour à l'équilibre
thermodynamique est d'autant plus courte que le taux de collisions est grand. La chute à
temps long est due à la durée de vie des atomes. La �gure de droite montre que le temps de
thermalisation est bien relié au nombre d'atomes et donc aux collisions élastiques. Figures
extraites de Ref. [11].

Mesure à la température critique : Nous avons vu que le taux d'ions était lié aux
constantes de collisions et à la densité atomique. Celle-ci dépend du nombre d'atomes et
du potentiel chimique pour un condensat pur alors qu'elle dépend du nombre d'atomes et
de la température pour un nuage thermique. Donc si on était capable de mesurer ces deux
derniers paramètres dans un nuage thermique nous pourrions faire une deuxième mesure,
indépendante, des constantes de collision. La confrontation de ces deux mesures permettrait
alors de mesurer la seule inconnue restante, la longueur de di�usion. Le problème est que
nous ne sommes pas capables de mesurer le nombre d'atomes expérimentalement( cf. 2.3).
Sauf au seuil de condensation où ce nombre est relié thermodynamiquement à la température
critique. Ainsi l'étude du taux d'ions de nuages au seuil de condensation en fonction de
leur température critique permet de mesurer la longueur de di�usion et également les
constantes de collisions inélastiques. C'est le principe de la mesure décrite dans la thèse de
Signe Seidelin [16] et dans la référence [17].

16 Cette expérience mesurait donc le taux de collisions élastiques et non la longueur de di�usion. Passer
de l'un à l'autre nécessite de connaître la densité et donc le nombre d'atomes qui, comme je l'ai déjà dit,
est une quantité mal connue dans notre expérience.
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C'est grâce au signal d'ions que nous pouvons détecter des nuages au seuil de conden-
sation. La �gure 2.10 présente le taux d'ions pendant un laps de temps où le seuil de la
condensation est franchi ; il se produit une brusque augmentation de densité et donc une
augmentation du taux d'ions (bien que la constante de collision soit plus faible). On peut
donc a priori utiliser le taux d'ions comme indicateur du seuil de condensation et ainsi pro-
duire des nuages �exactement� au seuil [60, 44]. Cependant l'instabilité du biais de ±50 kHz
nécessite de con�rmer ce diagnostic par une étude de la forme du temps de vol.

Fig. 2.10 � Evolution du taux d'ions produit dans les dernières secondes de la rampe radio-
fréquence pour di�érents nombres d'atomes initiaux. On observe clairement l'apparition
du seuil de condensation par la brusque augmentation du taux d'ions. Le seuil est atteint
d'autant plus tard (et donc la température critique est d'autant plus faible) que le nombre
initial d'atomes est faible.

La �gure 2.11 montre nos résultats. Nous obtenons ainsi,

a = 11.3+2.5
−1.0 nm

Cette valeur est légèrement plus grande que celle prévue par G. V. Shlyapnikov, mais en
bon accord avec un calcul moléculaire e�ectué par Gadéa, Dickinson et Leininger [106, 107].
Postérieurement à notre mesure, un nouveau calcul théorique conduisait à a = 7.5 ±
0.2 nm [108] et une mesure faite dans le groupe de M. Leduc était en très bon accord avec
cette dernière valeur.

Mesure par photoassociation du LKB : Bien que nous n'ayons pas du tout participé
à cette expérience, il m'a semblé nécessaire de résumer ici les résultats obtenus dans le
groupe de M. Leduc [109, 110]. La longueur de di�usion caractérise la section e�cace de
collision élastique à basse température, mais caractérise aussi l'énergie du dernier niveau lié
du potentiel moléculaire 5Σ+

g qui est relié asymptotiquement à deux atomes dans le niveau
m = 1. Une mesure de l'énergie de ce niveau par rapport au continuum permet donc d'en
déduire très précisément la longueur de di�usion. C'est ce qui a été e�ectué dans cette
équipe par di�érentes techniques de photoassociation. Il est peu vraisemblable que cette
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Fig. 2.11 � Mesure du taux d'ions de nuages au seuil de condensation en fonction de la
température critique. Les courbes correspondent aux résultats théoriques pour di�érentes
valeurs de la longueur de di�usion. Figure extraite de Ref. [16].

mesure soit fausse, d'autant que deux méthodes di�érentes ont donné le même résultat. La
valeur obtenue est :

a = 7.512± 0.005 nm

Notre résultat est donc très vraisemblablement erroné. José Viana Gomes est revenu
sur ce point dans sa thèse [44]. Il a entrepris une analyse critique des mesures et testé
une méthode di�érente de celle de S. Seidelin pour le traitement des données ; il a étudié
tous les nuages, même ceux qui ne sont pas au seuil et a a�né le critère permettant de
s'assurer que les nuages sont au seuil. Son analyse a permis de fortement diminuer les
barres d'erreurs statistiques sur notre valeur publiée, mais la valeur moyenne est restée la
même : a = 11.2± 0.4 nm ! La �gure 2.12 traduit sa nouvelle analyse.

On doit en conclure qu'une erreur systématique entache nos résultats. Faute de tests
�ables sur l'expérience, il n'a pu émettre que des hypothèses. La plus plausible est une
erreur sur la mesure du potentiel chimique. Dans l'analyse des données sur les conden-
sats [14, 17], nous supposions que la partie du nuage (∼ 10%) qui a e�ectué un transfert
non adiabatique dans m = 0 évolue en temps de vol avec le potentiel chimique des atomes
piégés. En e�et, lors des premiers instants après la coupure, les atomes dans m = 0 sont
encore baignés dans le nuage m = 1. Les deux nuages s'étalent et transforment leur énergie
d'interaction (i.e. µ) en énergie cinétique. Comme le nuage m = 1 est plus dense nous pen-
sions que c'est lui qui gouverne, par collisions élastiques entre les deux nuages, l'expansion
du nuage m = 0. Cette hypothèse est sans doute trop forte.
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Fig. 2.12 � Longueur de di�usion obtenue sur des nuages au-dessus ou proche du seuil de
condensation. Chaque point sur la �gure représente la valeur de la longueur de di�usion (et
sa barre d'erreur) déduite d'une mesure sur un nuage thermique de fugacité Zmap (Zmap = 1
pour un nuage au seuil de condensation). Aucun e�et systématique n'est observé en fonction
de la fugacité et la valeur moyenne est la même que celle trouvée précédemment [17] mais
avec des barres d'erreur bien plus faibles (la partie grisée correspond à ± la valeur rms de
l'erreur).

2.6 Etat de l'art en 2007

Condensat, ce qui a été fait depuis 2001 : Depuis le démarrage de notre projet et
l'obtention de notre premier condensat en 2001, divers types de condensats ont été observés
et étudiés. Je renvoie aux articles de revue [37, 39, 40] pour une bibliographie complète. Je
liste ci-dessous une petite sélection :

� Vortex [111, 112] - réseau de vortex [113]. L'existence de vortex est une caractéris-
tique fondamentale d'un super�uide en rotation [111]. Le moment cinétique associé
est quanti�é par unité de h̄ [112]. Pour une vitesse de rotation importante, il est
énergétiquement moins couteux de créer un réseau ordonné de vortex de charge unité
(réseau d'Abrikosov) plutôt qu'un seul vortex de charge élevée [113].

� Soliton [114, 115, 116]. Un soliton est une excitation qui se propage sans déformation
et nécessite une non-linéarité. Dans le cas d'interaction répulsive entre atomes il s'agit
d'un soliton noir (�trou� dans le pro�l de densité) [114]. La propagation d'un soliton
brillant (�bosse� dans le pro�l de densité) a aussi été observée pour des interactions
attractives. Le soliton n'est cependant stable que pour une propagation dans un guide
1D [115, 116].

� Condensat moléculaire [117, 118, 119]. En utilisant des résonances de Feshbach, on
peut créer un condensat moléculaire à partir d'un nuage ultra-froid de fermions 17.

17 A cause du principe d'exclusion de Pauli les molécules formées de fermions sont beaucoup plus stables
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� Quasi-condensat [121]. Si le nuage est très anisotrope, il existe une gamme de tem-
pérature pour laquelle la longueur de cohérence du nuage est inférieure à sa taille du
fait de �uctuations de phase le long de l'axe long.

� Gaz 1D, régime de Tonks [122]. Un nuage bosonique 1D en interaction forte (ce
qui signi�e paradoxalement faible densité en 1D), a certaines caractéristiques d'un
nuage fermionique. En particulier, les atomes n'ont plus tendance à être groupés (cf.
chapitre 3).

� Gaz 2D : transition de Berezinskii-Kosterlitz-Thouless [123].
� Transition super�uide - isolant de Mott dans un réseau optique [124]. Dans un po-
tentiel périodique, l'état fondamental d'un nuage à température nulle dépend de
l'importance relative de l'énergie d'interaction à l'intérieur d'un puits et de l'énergie
tunnel. Si cette dernière est plus importante, l'état fondamental sera super�uide et
le nombre d'atomes par puits est très �uctuant. Dans le cas contraire, la population
de chaque puits a une valeur �xe et identique d'un puits à l'autre ; c'est l'isolant de
Mott.

� Mélange à quatre ondes d'ondes de matière [125]. Le terme d'interaction est un terme
non linéaire et conduit donc à des phénomènes d'optique atomique non linéaire. Je
reviendrai sur ce type d'expérience dans le chapitre 4.

� Ampli�cation cohérente d'une onde de matière [126]. Phénomène relié au précédent
mais avec deux ondes de matière et deux ondes lumineuses et également relié à la
superradiance dont je parlerai dans la section 4.5.

� La condensation a été obtenue avec les atomes de 85Rb [127], césium [128], chrome [129]
(fort moment magnétique de 6 µB, interaction dipôle-dipôle longue portée impor-
tante), ytterbium [130] (niveau fondamental non dégénéré) et potassium [131].

Condensat, ce qui reste à faire : Je cite en vrac une liste, non exhaustive, de situations
où je trouve qu'il serait intéressant de produire des condensats :

� Laser à atomes continu/Condensat en régime stationnaire. Une expérience initiée à
l'ENS se poursuit à Toulouse dans le groupe de D. Guéry-Odelin [132, 133]. Le proces-
sus de formation du condensat en pompage/refroidissement continu où la stimulation
bosonique serait importante est une problématique encore largement ouverte.

� Interaction forte en 3D pour se rapprocher de la matière condensée et en particulier
de l'hélium liquide où la dépletion quantique n'est pas du tout perturbative.

� Condensat homogène : cela éliminerait le champ moyen (ou plutôt son inhomogénéité)
et donc permettrait observer plus facilement les e�ets N corps (quasi-particules de
Bogoliubov, e�et sur la température critique...).

Fermions : Depuis quelques années, beaucoup de progrès ont été faits sur l'étude de
gaz dégénérés fermioniques. Ces atomes ayant une section e�cace de collisions très faibles
à basse température, il est nécessaire de faire du refroidissement évaporatif avec un bo-

que celles formées de bosons [120].
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son 18 19 [135, 136]. Depuis l'obtention de la première mer de Fermi [135, 137], on peut
citer l'observation de la transition BCS [138, 139], le régime unitaire (longueur de di�usion
in�nie) [140, 141].

Les condensats He* : Les équipes de Michèle Leduc à Paris, de Wim Vassen à Amster-
dam et d'Andrew Truscott à Canberra ont obtenu un condensat respectivement en 2001
[100], 2005 [101] et 2006 [142].

L'équipe de M. Leduc s'est principalement focalisée sur la mesure de la longueur de
di�usion [109, 110] et la création de molécules froides d'hélium métastable [143, 144, 145].
Cette équipe a récemment décidé de déplacer son activité vers l'étude de condensats d'He*
dans un réseau optique. L'équipe de W. Vassen s'est elle concentrée sur le refroidissement
de l'isotope fermionique 3He* [146] et l'obtention d'une mer de Fermi [147]. Nous avons
d'ailleurs collaboré avec cette équipe sur une expérience que je décrirai dans la section 3.5
sur l'observation �directe� du blocage de Pauli [23]. La première expérience de l'équipe de
A. Truscott porte sur les lasers à atomes [148].

Toutes ces expériences utilisent une détection optique. Les équipes hollandaise et aus-
tralienne disposent aussi de galettes de micro-canaux, mais seuls les australiens en tirent
une information spatiale en imageant un écran de phosphore à la sortie du MCP. Ces trois
expériences ont en commun un nombre d'atomes de quelques 109 dans le piège magnéto-
optique, de 105 − 106 dans un condensat pur obtenu en 10 − 20 s. Ces performances sont
donc bien supérieures aux nôtres et on peut, en partie au moins, l'imputer à une puissance
optique disponible bien plus importante que dans notre montage ainsi qu'au fait qu'ils
utilisent des sources laser de largeur spectrale faible par rapport à la largeur de raie, ce
qui n'est pas notre cas avec les diodes DBR. Nous sommes en train de remédier à ces deux
problèmes.

2.7 Perspectives

Je liste ci-dessous des expériences que nous pourrions mener dans l'avenir pour carac-
tériser un condensat de Bose-Einstein moyennant des améliorations du dispositif expéri-
mental ou l'ajout de nouveaux outils.

2.7.1 Mesure de la densité atomique de nuages froids

Notre détecteur est capable de mesurer les coordonnées des atomes détectés. il s'agit
donc d'un détecteur 3D. Cependant l'inhomogénéité du gain observée ainsi que les pos-
sibles problèmes de saturation de ce détecteur font qu'il n'est pas encore possible d'avoir
une parfaite con�ance en cette reconstruction 3D pour des nuages denses. Si l'on parvient
à maîtriser ces aspects dans le futur, nous pourrions étudier la forme des temps de vol
en détail, en particulier pour des nuages proches du seuil de condensation. La plupart des

18 En fait il su�t d'avoir deux espèces di�érentes c'est-à-dire que deux niveaux Zeeman du même atome
fermionique conviennent également.

19 En utilisant une résonance de Feshbach il est théoriquement possible de condenser avec des collisions
en onde p [134].
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équipes ajustent les images obtenues par une gaussienne plus une parabole inversée en des-
sous du seuil et une gaussienne au-dessus. C'est évidemment une grossière approximation,
et il serait intéressant d'étudier de façon plus précise la forme de la densité atomique dans
un temps de vol. En particulier le coeur du nuage atomique (donc la densité pic) est l'en-
droit où la densité est la plus forte et où les e�ets des interactions seront les plus forts. Par
exemple, un calcul semi-classique standard donne une densité pic au seuil de condensation
de 2.612/λ3

th où λth est la longueur d'onde de de Broglie. Cela n'a jamais été véri�é sur des
nuages d'atomes froids. En étudiant une situation plus simple, gaz sans interaction dans
un piège harmonique, nous nous sommes aperçus que ce résultat n'allait pas de soi et qu'on
s'attendrait plutôt à avoir une densité pic au seuil de 6.24/λ3

th car le con�nement spatiale
dans un piège harmonique fait que la densité de l'état fondamental augmente considéra-
blement plus vite que sa population [149]. Par contre, la fraction condensée, elle, est bien
décrite par un calcul semi-classique. Ce petit exemple montre bien que des mesures globales
(comme le nombre d'atomes) sont moins sensibles que des mesures locales. Nous avons un
outil unique pour faire ces mesures locales. Or, une image par absorption ne permet pas
de mesurer la densité mais uniquement la densité intégrée le long de l'axe de propagation
du laser. Notre détection est donc beaucoup plus adaptée pour ces études.

Ces études pourraient être conduites sur des nuages 3D, 2D et 1D, ces deux derniers
exemples étant réalisables avec des pièges optiques que j'évoque dans le prochain para-
graphe. Il faut encore une fois souligner que l'analyse théorique reste à faire car nos me-
sures ne seraient pas in situ mais en temps de vol et l'e�et des interactions sur la forme
des nuages sera sans doute plus faible que dans le piège.

2.7.2 Piège optique

Les sections précédentes ont montré que l'He* permet d'avoir des diagnostics originaux,
mais que les propriétés collisionnelles sont peu favorables pour des études nécessitant des
densités atomiques importantes. Un piège optique pourrait permettre d'améliorer ce point.
Nous reviendrons également sur d'autres attraits de ce type de piège dans la section 3.6.

Nuage uni ou bidimensionnel : Un piège optique ou encore mieux un réseau op-
tique permet un con�nement très fort, inaccessible avec un piège magnétique (sauf puce
atomique [78]). Si la fréquence d'oscillation est plus grande que le potentiel chimique et la
température du nuage, aucune excitation n'est possible sur cet axe. Si cette propriété est
réalisée sur un axe le nuage peut être décrit par une physique à deux dimensions, et à une
dimension si cela est réalisé sur deux axes.

Résonance de Feshbach : Dans un piège magnétique les atomes d'He* sont piégés dans
le niveau m = 1 et comme cet atome n'a pas de structure hyper�ne, c'est le niveau de l'état
2 3S1 d'énergie maximale ; il ne peut donc pas y avoir de résonances de Feshbach [40]. Ce
type de résonance permet de modi�er les propriétés collisionnelles aussi bien élastiques [150,
151] qu'inélastiques [152, 102, 98, 153] même si ce dernier e�et n'a pas à ma connaissance
été encore observée 20.

20Une observation expérimentale de ce phénomène a peut être été faite dans le groupe de R. Grimm [154].
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Il peut ainsi être judicieux de piéger He* dans un piège optique pour pouvoir travailler
sur le niveau m = 0 ou m = −1 et chercher des résonances de Feshbach. Il n'existe actuel-
lement pas de données théoriques sur ces résonances, mais comme les puits de potentiel
sont particulièrement profonds pour He* [92], on peut craindre que les champs magnétiques
utiles ne soient élevés.

On peut noter que 3He*, l'isotope fermionique, possède une structure hyper�ne, donc
les résonances de Feshbach sont plus nombreuses et sans doute plus facilement accessibles
expérimentalement.

Finalement, on peut noter que des résonances de Feshbach peuvent aussi être induites
par laser soit à un ou deux photons [155, 156, 157]. Il y a déjà eu quelques véri�cations
expérimentales [158, 159, 160, 161] mais en général le changement de longueur de di�usion
s'accompagne d'une forte augmentation de processus inélastiques et cette méthode n'est
donc pas vraiment utilisée jusqu'à présent. A noter un article qui traite explicitement le
cas de l'hélium métastable bosonique [162] avec la même conclusion quant aux collisions
inélastiques.

Propriétés collisionnelles : Si le con�nement est très fort (fréquence d'oscillation
dans la gamme du MHz), les propriétés collisionnelles élastiques et inélastiques peuvent
être considérablement modi�ées [163, 164] ; en particulier il est prédit que pour certaines
valeurs discrètes la constante de collisions inélastiques est très fortement réduite. Il faut
travailler dans un réseau optique pour atteindre cette gamme de fréquence.

Imagerie ionique : Un autre avantage du piège optique est qu'il pourrait être envisa-
geable de faire une imagerie ionique in situ des atomes piégés. Il semble en e�et di�cile de
le faire dans un piège magnétique à cause des aberrations dues au champ magnétique in-
homogène. La longueur d'onde des ions pouvant être très petite si on les accélère, on peut
en principe faire des mesures très �nes. Il faut cependant faire attention que le nombre
d'ions produits n'est pas très grand, de l'ordre de 105/s au seuil de condensation. Il semble
donc di�cile de vouloir à la fois faire une étude en dynamique et avoir une bonne résolu-
tion spatiale. Cependant le gros avantage est que la non-linéarité de la production d'ions
(processus à deux ou trois corps) fait qu'on privilégie le coeur du nuage, là où la densité
est la plus forte et donc là où les e�ets N corps sont les plus importants.

2.8 Conclusion

Cette activité de recherche qui recouvre les années 1998-2004, nous a permis d'obtenir
un condensat de Bose-Einstein composé, pour la première fois, d'atomes qui n'étaient pas
dans leur état interne fondamental. Dans notre article sur la condensation de l'hélium
métastable [12] nous faisions remarquer que ces atomes ont une énergie interne 11 ordres
de grandeur plus grande que leur énergie externe. Même si cet argument a un petit côté
publicitaire, il montre bien que l'obtention d'un gaz dégénéré d'hélium métastable n'allait
pas de soi. Cette étape franchie, de nombreuses études où l'existence d'ions et la détectivité
individuelle d'atomes d'He* s'o�raient à nous. J'ai évoqué dans ce chapitre certaines d'entre
elles et en ai évoqué d'autres dans la partie 2.7, dans un domaine que je quali�erai de
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matière condensée. Les deux chapitres suivants décrivent des expériences où nous avons mis
à pro�t les atouts de l'hélium métastable dans le domaine de l'optique atomique quantique.
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Chapitre 3

Corrélation d'intensité : e�et Hanbury

Brown et Twiss

3.1 Introduction

Une source lumineuse ou matérielle est d'abord dé�nie par sa taille, sa brillance, sa
divergence, le nombre d'atomes qu'elle contient, etc... Mais cela ne la dé�nit évidemment
pas totalement. Utilisée comme source dans un interféromètre, on en déduira les longueurs
de cohérence transverse et longitudinale. Dans ce type de mesure, la physique mise en
jeu n'est qu'à une particule. Par contre savoir si la probabilité de détecter une particule
in�uence la détection des autres particules nécessite de connaître les propriétés à N corps
de la source via ses fonctions de corrélation d'ordre n = 1, ...,∞ (voir plus bas pour une
dé�nition précise).

Une source n'est donc a priori totalement dé�nie que si ces dernières sont connues.
Il se trouve que les sources �naturelles� telles que les sources cohérentes (laser, laser à
atomes idéal) ou chaotiques (lampe à décharge, nuage atomique thermique) sont totale-
ment décrites par la fonction de corrélation d'ordre 1. Cependant, des phénomènes tels que
la supraconductivité haute température, l'hélium super�uide sont décrits par des sources
fortement corrélées. Si la précision de mesure d'un déphasage dans un interféromètre (ato-
mique ou optique) est généralement limitée par le bruit de projection quantique (∝ 1/

√
N

où N est le nombre de particules utilisées pour la mesure), l'utilisation de sources forte-
ment corrélées permet en principe d'être plus précis. Il est alors possible d'atteindre la
limite d'Heisenberg (∝ 1/N) [165]. Si le déphasage dans l'interféromètre est dû à un e�et
à p-corps, il est même prédit que le bruit minimal sur la constante de couplage associée
est en 1/Np [166, 167]. Pour un gaz en interaction la longueur de di�usion pourrait par
exemple être mesurée avec une précision en 1/N2 [168, 169]. Dans un autre domaine, un
ordinateur quantique nécessite également d'utiliser de telles sources. En conclusion, il est
clair que l'un des thèmes actuels majeurs de la physique est de créer des sources fortement
corrélées, et de les étudier.

Il est plus que probable que les fonctions de corrélation d'ordre n ≥ 2 seront des outils de
mesure majeurs. C'est le thème de ce chapitre, qui repose sur deux séries d'expériences que
nous avons menées pendant la période 2004�2007 sur des nuages ultra-froids de bosons et
de fermions (section 3.5). Je commencerai ce chapitre par décrire l'expérience de Hanbury
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Brown et Twiss (3.2) qui représente l'analogue optique de nos expériences et qui est sans
doute l'expérience fondatrice de l'optique quantique moderne. Je décrirai ensuite, de façon
plus formelle, les fonctions de corrélation et leurs propriétés dans la section 3.3. Notons
tout de suite que nos expériences n'ont pas montré d'e�ets à N-corps et que les nuages
sondés sont, à notre rapport signal sur bruit près, bien décrits par des sources cohérentes
(condensat de Bose-Einstein) ou chaotiques (nuages thermiques de fermions ou de bosons).
Ces expériences montrent la faisabilité de mesures de fonction de corrélation. J'évoquerai
en perspective (section 3.6) d'autres études qu'il serait intéressant de mener sur des nuages
à l'équilibre thermodynamique où des e�ets N corps sont attendus [40]. La création d'une
source spéci�que, source de paires d'atomes corrélés, fera l'objet du chapitre 4.

Je ne discuterai donc pas des expériences exploitant la fonction de corrélation du pre-
mier ordre, c'est-à-dire de l'interférométrie atomique. Il faut noter qu'il s'agit de l'une des
principales applications des atomes froids à travers des horloges, gyromètres, gravimètres,
etc car ceux-ci sont aujourd'hui très précis et concurrentiels par rapport aux interféro-
mètres optiques, et leur marge de progression est encore très grande. Ils utilisent soit des
jets atomiques froids transversalement soit des atomes froids. Notons également que la pre-
mière observation de la cohérence du premier ordre d'un condensat a été faite par l'équipe
de W. Ketterle en 1997 par la visualisation de franges résultant de l'interférence de deux
condensats [33].

Ce chapitre reprend le travail de thèse de Rodolphe Hoppeler [19] pour la partie prépa-
ratoire, de Martijn Schellekens [20] en étudiant clé, d'Aurélien Perrin [24] et, pour la partie
fermion, de Valentina Krachmalnico�.

3.2 Expérience de R. Hanbury Brown et R. Twiss

La question posée en introduction (�est-ce que la probabilité de détecter une particule
in�uence la détection des autres particules ?�) peut être vue légèrement di�éremment en
optique car il est plus traditionnel de parler d'ondes que de particules. Détecter des par-
ticules revenant à mesurer une intensité, cette question se résume à comparer 〈I(x)I(x′)〉,
valeur moyenne de la probabilité de détection d'une particule en x et une autre en x′, à
〈I(x)〉 〈I(x′)〉. L'intensité I est une fonction �uctuante autour de sa valeur moyenne. Si le
bruit est totalement aléatoire, c'est-à-dire s'il n'existe aucune in�uence, aucune corrélation
entre I(x) et I(x′), la valeur moyenne (au sens statistique) du produit des intensités doit
être égale au produit des valeurs moyennes et cela quelque soit le paramètre x qui peut
représenter ici le temps ou la position relative des détecteurs. Toutefois on conçoit que pour
toute source réelle, le bruit a un spectre �ni et si |x− x′| → ∞, on doit trouver

〈I(x)I(x′)〉 = 〈I(x)〉 〈I(x′)〉 si |x− x′| → ∞

Si I est une fonction (et non un opérateur), on peut également démontrer les relations
suivantes en utilisant des inégalités de Cauchy-Schwarz [170],

〈I2(x)〉 ≥ 〈I(x)〉2 et 〈I2(x)〉 ≥ 〈I(x)I(x′)〉 (3.1)
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La fonction 〈I(x)I(x′)〉/〈I(x)〉 〈I(x′)〉, qui sera appelé fonction de corrélation d'ordre
deux normalisée dans le prochain paragraphe est donc maximale pour x = x′ et tend
vers 1 pour |x − x′| → ∞. La largeur caractéristique de cette fonction est la longueur de
corrélation.

Si la source lumineuse est une source chaotique, la lumière émise présente des tavelures
en temps comme en position. Un calcul [170] conduit alors à :

〈I2(x)〉 = 2 〈I(x)〉2

Ce résultat que tout un chacun peut démontrer et comprendre en terme d'excès de
bruit à x = x′ est un peu choquant quand on y pense. Revenant à notre question initiale,
cela revient à dire que, oui, dans le cas d'une source chaotique, la probabilité de détection
d'un photon dépend de la détection d'un premier photon et la probabilité de détecter deux
photons est deux fois plus grande si les photons sont proches que séparés. Cela évidemment
n'a pas manqué de susciter la polémique car il n'existe strictement aucune force entre les
photons qui pourraient contraindre ceux-ci à se grouper.

Corre late ur

Lam e  séparatrice

Ph oto-

m ultiplicate urs

Lam pe  à m e rcure

Fig. 3.1 � (a) Dispositif expérimental de Hanbury Brown et Twiss pour la mesure de
la fonction de corrélation à deux corps d'une source chaotique. (b) Résultat expérimental
montrant le groupement des photons. Figure extraite de Ref [171].

Les premiers à pointer cette situation sont R. Hanbury Brown et R. Q. Twiss deux
radio-astronomes qui cherchaient à mesurer des diamètres angulaires d'étoiles sans être
génés par les �uctuations atmosphériques qui brouillaient les franges d'un interféromètre
de Michelson classique. Après leur expérience de principe sur une lampe à mercure (cf
�gure 3.1) [171], ils ont e�ectivement utilisé cette technique, dite aussi d'interférence en
intensité, pour mesurer le diamètre angulaire de Sirius A [172]. Ce que l'histoire a surtout
retenu est l'interprétation quantique de ce phénomène, due non pas à une quelconque
attraction entre photons mais comme une conséquence directe de la statistique quantique
de cette source bosonique. C'est le phénomène de groupement ou bunching en anglais.
L'interprétation de ces expériences et de ce qu'elles impliquaient est due en particulier à
Fano [173] et Glauber [174, 175, 176] et a valu à ce dernier le prix Nobel en 2005 [177]. En
un certain sens, l'optique quantique est née de cette expérience.

Le traitement quantique prédit qu'il est possible de violer les inégalités classiques don-
nées par Eq.(3.1). Un exemple simple est un atome unique excité par un laser pulsé de
telle sorte qu'un seul photon de �uorescence au maximum est émis par pulse. Dans ce cas
la lumière de �uorescence se compose de photons séparés par la période des impulsions et
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en particulier 〈I2(t)〉 = 0. On parle alors de dégroupement ou d'antibunching. La première
observation a été réalisée dans le groupe de H. J. Kimble en 1977 [178]. Je reviendrai sur
la violation de ces inégalités classiques dans le chapitre 4.

3.3 Fonctions de corrélation

3.3.1 Dé�nitions

De manière formelle on dé�nit les fonctions de corrélation d'ordre n par,

G(n)(x1, ...,x2n) = tr
[
ρ̂Ψ̂(−)(x1)...Ψ̂

(−)(xn)Ψ̂(+)(xn+1)...Ψ̂
(+)(x2n)

]
avec la notation xi = (ri, ti). Dans cette expression ρ̂ correspond à la matrice densité

du système quantique considéré, Ψ̂ le champ électrique ou l'opérateur champ suivant la
nature photonique ou matérielle des particules. Il est souvent plus commode d'utiliser la
forme normalisée des fonctions de corrélation, qui permet de comparer les propriétés de
cohérence de deux sources de particules

g(n)(x1, ...,x2n) = G(n)(x1, ...,x2n)/
2n∏

j=1

[
G(1)(xj,xj)

]1/2

Si xn+i = xi pour tout i, on peut interpréter la fonction de corrélation G(n) comme une
mesure de la probabilité qu'une particule soit détectée à chaque position ri et instant ti. Par
exemple, G(1)(x1,x1) correspond à une mesure de l'intensité moyenne de la source, tandis
que G(2)(x1,x2,x2,x1) correspond à la mesure du taux de coïncidences de détection aux
positions r1 et r2 aux temps t1 et t2. Dans la suite nous nous focaliserons sur les fonctions
de corrélation d'ordre 1 et 2 puisque ce sont celles qui interviendront dans nos expériences
et que nous avons mesurées.

Notons que, de manière générale, il est très di�cile de mesurer une fonction de corré-
lation d'ordre élevé. Regarder des coïncidences entre détecteurs nécessite qu'ils soient de
taille inférieure à la largeur de cohérence de la source et qu'ils aient des positions relatives
dé�nies à mieux que cette largeur de cohérence. Finalement leur résolution temporelle doit
être meilleure que le temps de cohérence de la source. La probabilité de faire une mesure
de n coïncidences varie donc comme εn où ε décrit la cohérence de la source (densité fois
volume de cohérence ou population dans une cellule élémentaire de l'espace des phases dans
nos expériences). Pour une source non cohérente, ε < 1 ce qui rend ces mesures d'autant
plus dures que n est grand.

3.3.2 Fonction de corrélation du premier ordre

Théorèmes de Zernike-van Cittert et de Wiener-Kinchine : Par simple transfor-
mation de Fourier on montre que
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∫∫∫
dR G(1)(R− r

2
,R +

r

2
; t, t) =

∫∫∫
dK G(1)(K,K; t, t)e−iK.r (3.2)∫∫∫

dK G(1)(K− k

2
,K +

k

2
; t, t) =

∫∫∫
dR G(1)(R,R; t, t)e−ik.R (3.3)

Ces équations relient la corrélation d'ordre un en vecteur d'onde avec la densité de la
source (intensité en optique photonique) et réciproquement la corrélation spatiale d'ordre
un avec la distribution en vecteur d'onde de la source. Ces équations traduisent le théorème
de Zernike-van Cittert 1 [179]. Dans le cas d'un nuage atomique à l'équilibre thermody-
namique de taille s et de température T , cela signi�e que la longueur de cohérence vaut
h̄/
√
mkBT (longueur d'onde thermique de de Broglie) et que la largeur de la corrélation

en impulsion vaut h̄/s.
Des relations équivalentes existent entre les espaces temps et fréquence. Dans le cas

d'une source stationnaire et uniquement dans ce cas là, on obtient le théorème de Wiener-
Kinchine [179] qui indique que la corrélation temporelle d'ordre un est la transformée
de Fourier de la densité spectrale de puissance. Par exemple dans un nuage atomique à
température T le temps de cohérence est h̄/kBT .

Il n'existe pas dans le cas général de relations similaires aux Eqs.(3.2) et (3.3) pour les
ordres plus élevés.

Cas d'une source pulsée : Dans notre expérience, nous étudions des nuages initiale-
ment à l'équilibre thermodynamique mais dont le con�nement est coupé brutalement à
t = 0. La mesure de la corrélation s'e�ectue après un temps de vol de ∼ 300 ms. La corré-
lation temporelle n'est donc plus reliée au spectre de la source mais à la distribution des
vitesses suivant l'axe vertical et obéit donc au théorème de Zernike-van Cittert. On peut
comprendre cela en disant que dans une source continue, deux atomes détectés en même
temps au même endroit peuvent avoir des vitesses quelconques, alors qu'avec une source
pulsée ils doivent avoir la même vitesse (à la taille du nuage initial près).

3.3.3 Fonction de corrélation en optique atomique

Il y a a priori une parfaite analogie entre les ondes lumineuses et les ondes de matière.
Mathématiquement on remplace les opérateurs création et annihilation par les opérateurs
champs et la longueur d'onde par la longueur d'onde de de Broglie. Il existe cependant
quelques di�érences : les atomes ont une masse, sont sensibles à la gravité et ont une relation
de dispersion non linéaire. D'autre part les photons sont des bosons alors que les atomes
peuvent aussi être fermioniques. Finalement, les atomes interagissent naturellement alors
que l'observation de phénomènes non-linéaires avec la lumière nécessite l'ajout d'un cristal
non-linéaire. En corollaire les non-linéarités atomiques sont également plus importantes que
les photoniques [180]. Ces di�érences et donc cette richesse de situations di�érentes font
des atomes des candidats excitants pour des mesures de corrélation. Nous verrons dans la

1 Ces équations ne sont pas dé�nies dans le cas d'une source homogène et il faut alors prendre quelques
précautions d'usage (calcul dans une boite dont on fait tendre la taille à l'in�ni en �n de calcul).
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suite que la première catégorie de di�érences (masse, accélération, relation de dispersion) ne
modi�e pas les mesures que nous avons e�ectuées mais peuvent modi�er les caractéristiques
des corrélations dans d'autres situations, comme dans le cas d'un �ux continu. Une étude
théorique est en cours sur ce point mais n'est pas encore achevée et je ne reviendrai pas
dessus dans ce manuscrit.

3.3.4 Résultat à l'équilibre thermodynamique

Gaz sans interaction : Les calculs sont ici équivalents à ceux sur la lumière chaotique et
peuvent être menés de manière analytique dans le cas d'un con�nement harmonique [181,
22]. Si la fréquence d'oscillation dans la direction α vaut ωα, on obtient par exemple :

G(1)(r, r′) =
1

π3/2

∞∑
l=1

eβlµ̃
∏
α

1

σα

√
1− e−2ταl

× exp

[
− tanh(

ταl

2
)

(
rα + r′α

2σα

)2

− coth(
ταl

2
)

(
rα − r′α

2σα

)2
]
.

où µ̃ = µ − h̄
2

∑
α

ωα, β = 1/kBT , σα =
√

h̄
mωα

et τα = h̄ωα

kBT
. On a noté kB la constante

de Boltzmann et µ le potentiel chimique, déterminé par la condition de normalisation∫∫∫
dr G(1)(r, r) = N , le nombre d'atomes.

Cette expression, particulièrement indigeste, est valable quelque soit la température et
montre la richesse de la corrélation même pour un gaz sans interaction :

� Très au-dessus de la température critique, µ < 0 et |µ| � kBT et donc,

G(1)(r, r′) =
N

λ3
th

∏
α

ταe
− τα

2
(
rα+r′α
2σα

)2e
−π(

rα−r′α
λ
th

)2

et

g(2)(r, r′) = 1 + e
−2π( r−r′

λ
th

)2

où λth = h̄
√

2π
mkBT

est la longueur d'onde thermique de de Broglie. Celle-ci est donc

la longueur de corrélation d'un nuage thermique chaud. Elle est isotrope car la dis-
tribution de vitesse l'est (cf. Eq.(3.2)). Cette longueur est aussi homogène (même
valeur dans tout le nuage).

� En se rapprochant de la température critique, la corrélation devient inhomogène. La
longueur de corrélation est toujours la longueur de de Broglie loin du centre du piège,
mais proche du centre, il faut considérer de plus en plus de termes dans la somme
sur l, ce qui augmente la longueur de corrélation.

� Au seuil de condensation et au centre du nuage, la longueur de corrélation diverge.
� A température très en dessous du seuil, les atomes sont tous dans le même état (l'état
fondamental), G(1)(r, r′) =

√
ρ0(r)ρ0(r′) avec ρ0 la densité de l'état fondamental du

piège. Le nuage est alors cohérent et la fonction de corrélation normalisée ne présente
plus de groupement mais est plate, g(2)(r, r′) = 1.
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Gaz avec interaction : Dans un nuage ultra-froid les interactions sont en général en
onde s et sont donc caractérisées par un seul paramètre, la longueur de di�usion a. Il
est légitime dans les situations explorées jusqu'à présent de remplacer le vrai potentiel
moléculaire d'interaction par un potentiel de contact [37]. La résolution exacte du problème
n'est plus possible, mais les interactions étant généralement faibles, on peut faire une théorie
de champ moyen 2 [37]. Dans cette approximation et à température nulle, le condensat de
Bose-Einstein est toujours un état cohérent, tous les atomes dans la même fonction d'onde,
mais cette fonction d'onde n'est plus l'état fondamental à une particule du piège. Cette
approche s'est révélée très fructueuse et est largement satisfaisante pour la très grande
majorité des expériences. Mais il s'agit d'une approximation. L'approche de Bogoliubov
[37, 38] montre que même à température nulle, tous les atomes ne sont pas dans l'état
fondamental donné par le champ moyen et on appelle dépletion quantique la partie des
atomes qui se trouvent en dehors. La fonction de corrélation normalisée n'est donc pas plate
et égale à 1. Intuitivement c'est évident à cause de l'interaction répulsive entre atomes qui
provoque un �creux� à séparation spatiale faible [181, 182]. Une observation expérimentale
de la déplétion quantique a été e�ectuée sur des atomes con�nés dans un réseau optique
dans l'équipe de W. Ketterle [183].

L'e�et des interactions sur le nuage thermique est très faible car la densité de ces
nuages est faible. On pourrait donc penser que ces e�ets sont négligeables ou à tout le
moins qu'une approche de type champ moyen est su�sante. Ceci ne semble pas vrai. Dans
un article récent [184], T. Esslinger et ses collègues ont montré que proche du seuil de
condensation, la longueur de corrélation spatiale était sensible aux interactions et que leur
résultat est plus en accord avec une théorie de Bogoliubov qu'avec une théorie de champ
moyen.

3.3.5 Dans un temps de vol

Gaz sans interaction : La longueur de corrélation typique dans un piège est de 1 µm
voire moins. Faire une mesure in situ est donc une gageure. Par contre on sait bien que
durant la chute libre d'un nuage, sa taille augmente linéairement à temps long, si(t) =
siωit

3. On peut se demander ce qu'il en est pour la longueur de corrélation. C'est pour
répondre à cette question, de façon quantitative, que nous avons mené une étude théorique
dans un cas simple : un gaz sans interaction, con�né initialement dans un piège harmonique,
et qui s'étend en chute libre sous l'e�et de la gravité. L'analyse détaillée se trouve dans la
thèse de José Carlos Viana Gomes [44] et est retranscrite dans l'article Ref. [22]. Un calcul
analytique exacte est possible et dans le cas limite qui nous intéresse (temps de chute long
devant la période d'oscillation dans le piège et vitesse acquise par la gravité grande devant
la largeur de la distribution de vitesse) on trouve que la fonction de corrélation pendant
la chute est identiquement égale à celle à l'équilibre thermodynamique si on applique un
changement d'échelle sur les longueurs x→ x/ωxt, y → y/ωyt et z → (H − gt2/2)/ωzt où

2Je ne traiterai dans ce manuscrit que du cas des interactions répulsives, a > 0.
3 Pour un gaz sans intéraction, la taille à l'instant t est reliée à la taille initiale par si(t) = si

√
1 + (ωit)2

avec si =
√

kBT/mω2
i . A temps long on trouve donc s(t) ≈

√
kBT/m t. Comme attendu, la taille est alors

donnée par la distribution de vitesse.
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H est la hauteur de chute. Donc la longueur de corrélation pendant la chute vaut :

l
(chute)
i = λth ωit avec i = x, y, z (3.4)

On obtient la même dilatation que la taille du nuage.On peut en donner une interpréta-
tion simple. Nous avons déjà vu dans la section précédente que la fonction de corrélation à
un corps était la transformée de Fourier de la distribution d'impulsion (d'où λth = h/∆p).
De manière symétrique, Eq.(3.3) montre que la fonction de corrélation à un corps en im-
pulsion est la transformée de Fourier de la distribution de position. Cette formulation n'est
pas toujours connue car on travaille souvent en matière condensée avec des systèmes ho-
mogènes où la largeur de corrélation en impulsion est donc nulle. Ce n'est plus le cas ici.
La longueur de corrélation en impulsion est donc,

lp;i = h/si

Dans un piège harmonique de pulsation {ωi} cela devient :

lp;i = h/si = mωiλth

Or la mesure de la position d'un atome sur le détecteur est en très grande partie reliée à
sa vitesse transverse et non pas à sa position transverse dans le piège. Donc une corrélation
en position sur le détecteur revient à une corrélation en impulsion. On réobtient bien
Eq.(3.4) avec xi = pit/m.

Les relations précédentes permettent aussi d'écrire que

l
(chute)
i = h̄t/msi

où si est la taille du nuage dans la direction i. Sous cette forme, on peut faire l'analogie
optique avec les tavelures dont la longueur de corrélation est λL/s où s est la taille de la
source lumineuse, λ la longueur d'onde et L la distance d'observation. Il su�t d'identi�er
λ à h̄/mv et L = vt avec v la vitesse moyenne des atomes.

Il faut souligner que le calcul conduit à la même formule pour la corrélation spatiale
suivant l'axe de propagation (axe vertical). Ceci vient du fait que notre source n'est pas
continue mais pulsée. Comme je l'ai déjà souligné, on ne retrouve donc pas la relation
de Wiener Kinchine qui relie la corrélation le long de l'axe de propagation à la largeur
spectrale de la source. Cela signi�e aussi que la gravité ne modi�e pas les propriétés de
corrélation.

Gaz avec interaction : Je n'ai pas connaissance de calculs dans le cas de gaz avec
interactions. Le seul article que je connaisse traite de la cohérence d'ordre un et montre
par une simulation numérique que les interactions peuvent avoir un e�et non négligeable
en élargissant les pics de di�raction d'un condensat se ré�échissant sur un potentiel pério-
dique [185]. Les articles théoriques se placent généralement dans le cas où les interactions
sont supprimées pendant la chute en annulant la longueur de di�usion par résonance de
Feshbach... Un pauvre expérimentateur n'a pas toujours la possibilité de réaliser cela aussi
simplement qu'écrire une ligne dans un article théorique. On peut cependant émettre l'idée
qu'après la coupure du piège, la conversion de l'énergie d'interactions en énergie cinétique
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est su�samment lente pour que l'état du système évolue en grande partie de manière adia-
batique vers un état sans interaction. La �trace� laissée par les interactions pourrait donc
être assez faible.

3.4 Résultats expérimentaux sur des particules massives

Etat des lieux : Des mesures des fonctions de corrélation ont été menées dans des do-
maines très divers de la physique comme sur des électrons dans un conducteur [186, 187], des
électrons libres [188], des neutrons [189], des particules de haute énergie [190, 191, 192, 193].
Dans le domaine des atomes froids, l'expérience pionnière est celle de Yasuda et Shimizu en
1996 [57] sur un jet continu de néon métastable extrait d'un piège magnéto-optique. Cette
expérience de principe a été suivie par des expériences sur des quasi-condensats (longueur
de cohérence de phase, e�et des interactions en géométrie quasi 1D) [194, 195], sur des
atomes initialement con�nés dans un réseau optique (transition super�uide-isolant, obser-
vation du dégroupement pour un nuage fermionique) [196, 197, 198], sur un laser à atomes
(fonction de corrélation plate) [199], sur un nuage au seuil de condensation (divergence
de la longueur de corrélation au seuil) [184], ainsi que nos propres expériences [21, 23]. Il
faut aussi noter une autre série d'expériences qui ont mesuré la valeur de la fonction de
corrélation à séparation nulle (spatiale et temporelle) par la mesure du taux de collisions
inélastiques à deux et trois corps dans des nuages d'atomes froids (comparaison nuage
thermique-condensat, voir discussion à la section 2.5.1) [200, 201, 202].

Méthodes de détection avec des atomes froids : Se posent toujours la question de
la mesure de ces corrélations. Plusieurs types de mesures ont déjà été démontrés :

� Mesure des pertes inélastiques à deux et trois corps : mesure de g(2)(0) et g(3)(0).
Théorie : [99]. Expérience : [200, 201, 202].

� Etude du bruit sur des images en absorption : mesure des corrélations transverses
d'un nuage, intégrées le long de l'axe d'illumination. Théorie : [203, 204]. Expérience :
[205, 196, 197].

� Utilisation d'un détecteur résolu en temps et en position. Expérience [199, 21, 23, 184].
Dans toute les expériences citées plus haut, la fonction de corrélation d'ordre 2 n'a été

mesurée que sur une variable (temps pour les sources stationnaires ou spatiale pour les
sources pulsées). Aucune expérience n'utilise un détecteur dont la taille (taille physique
et temps de réponse) soit inférieure à la longueur de corrélation. Les situations les plus
pures sont celles nommées �détecteur résolu en temps et en position�. Le groupe de Tilman
Esslinger [199, 184] utilise une cavité optique de �nesse su�sante pour que le passage d'un
unique atome change signi�cativement la transmission d'un faisceau sonde (interaction
atome-cavité en couplage fort). Le �détecteur� a donc une surface donnée par la longueur de
la cavité et la taille du mode optique (∼ 120×30 µm2) et une résolution temporelle donnée
par le temps de passage dans la cavité et par son électronique de comptage. Cette surface
relativement importante, vu la distance détecteur-source de 36 mm, fait que ce détecteur
n'est pas bien adapté à des nuages larges et de corrélation spatiale faible. D'autre part il
ne mesure que des corrélations temporelles. L'avantage et l'originalité de notre détecteur
est qu'il a une très grande surface, 50 cm2, et qu'il s'agit en fait de ∼ 105 détecteurs en

37



parallèle, ce qui permet de mesurer la fonction de corrélation dans les trois directions de
l'espace. Par contre sa résolution spatiale est moins bonne, 300 µm rms.

Mesures e�ectuées sur notre montage : J'ai déjà décrit brièvement notre système
de détection dans le chapitre 2. Pour des raisons de rapport signal sur bruit, nous n'avons
pas mesuré la fonction de corrélation g(2)(x, x′) mais plutôt une fonction de corrélation
moyenne (moyennage sur un des deux points à séparation �xe) :

g(2)
m (r) =

∫
dR G(2)(R,R + r)∫
dR ρ(R)ρ(R + r)

(3.5)

où ρ est la densité atomique.

3.5 Nos résultats expérimentaux

Deux séries d'expériences ont été menées : nuage bosonique d'4He* (thermique et
condensat) et nuage fermionique d'3He*. Cette dernière expérience est le fruit d'une col-
laboration avec le groupe de W. Vassen-W. Hogervorst de l'université d'Amsterdam qui
dispose d'une source froide de cette isotope [147]. V. Krachmalnico� assistée de M. Schel-
lekens, H. Chang et A. Perrin est partie en juillet-août 2006 à Amsterdam avec notre
détecteur et toute l'électronique de pilotage pour e�ectuer l'expérience 4.

Nuages thermiques de bosons L'expérience est conceptuellement très simple. On crée
un nuage de température donnée, on coupe le piège et on détecte les particules sur notre
détecteur sensible en position. Le reste n'est qu'un traitement informatique des données
pour calculer le nombre moyen de paires d'atomes séparés d'une distance donnée et donc
en déduire la corrélation d'ordre 2. J'ai rappelé dans la section 3.3.5 que les longueurs de
corrélation sont en h̄t/msα dans la direction α. Comme sα ∝

√
T , changer la température

permet de changer la longueur de corrélation détectée. Avec un temps de chute de 308 ms,
des fréquences d'oscillation de 50 et 1200 Hz, le volume de corrélation au niveau du détec-
teur est de l'ordre de 30 × 800 × 800 µm3. Notre détecteur est donc capable de résoudre
deux des trois directions 5. Comme notre résolution n'est pas su�sante sur l'axe long des
nuages, notre détecteur moyenne sur une zone grande devant la longueur de corrélation et
donc la hauteur de la fonction de corrélation g

(2)
m sera de l'ordre de lx/2d et non pas 2 [22].

Dans cette formule lx est la longueur de corrélation théorique dans le temps de vol sur l'axe
long et d la résolution à une particule du détecteur.

La �gure 3.2 présente nos résultats expérimentaux et montrent sans ambiguïté l'obser-
vation du groupement bosonique et ceci dans les trois directions de l'espace. L'analyse des
largeurs et des hauteurs de corrélation en fonction de la température permet de montrer,

4 En tout 9 m3 de matériel tout de même !
5 En fait, si l'axe long des nuages (axe du biais) était sur la verticale, nous serions capable de résoudre

les trois directions.
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Fig. 3.2 � Fonction de corrélation pour des nuages thermiques et pour un condensat d'
4He*. Les courbes de gauche montrent la fonction de corrélation suivant l'axe vertical,
celles de droite la corrélation dans le plan du détecteur. L'anisotropie observée est plus
faible qu'attendue théoriquement du fait de la résolution de notre détecteur. Courbe extraite
de Ref [21].

qu'à notre rapport signal sur bruit près, un modèle de gaz sans interaction su�t à expli-
quer nos mesures. Ces données ont nécessité un moyennage sur plus de 1000 di�érentes
réalisations de l'expérience.

Condensat de Bose-Einstein J'ai déjà évoqué le fait que dans l'approche de Bogoliu-
bov la fonction de corrélation spatiale du condensat présente un dégroupement alors que
le calcul en champ moyen prédit une fonction de corrélation plate.

A quoi peut-on s'attendre dans un temps de vol ? Comme dit plus haut, la réponse n'est
pas évidente car lors des premiers instants après la coupure du piège, l'énergie d'interaction
se transforme en énergie cinétique de façon douce et l'état fondamental N corps de Bogo-
liubov se transforme sans doute en l'état cohérent du champ moyen. La vraie interaction
répulsive existe toujours mais est à trop courte portée pour pouvoir être visible expérimen-
talement. On s'attend donc à trouver en bonne approximation une fonction de corrélation
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plate. C'est bien ce que nous avons observé (cf �g 3.2). Les données expérimentales ont
nécessité un traitement informatique un peu complexe à cause des problèmes de saturation
du détecteur évoqués dans le chapitre 2. Je renvoie le lecteur au manuscrit de thèse de M.
Schellekens [20] pour plus de détails. Il faut signaler qu'une mesure dans le cas d'un laser
à atome (�ux continu et non pulsé comme dans nos expériences) a été faite dans le groupe
de T. Esslinger et donne également une fonction de corrélation plate [199].

Nuages thermiques de fermions L'expérience est en tout point identique à la pré-
cédente. La seule di�érence provient de la méthode pour refroidir des fermions. L'équipe
hollandaise utilise le refroidissement sympathique entre 3He* et 4He* : les deux espèces sont
con�nées dans le piège magnétique dans l'état de moment magnétique maximal (mJ = 1
pour 4He* et F = 3/2 mF = 3/2 pour 3He*) et sont donc soumises au même potentiel
magnétique. A la �n du refroidissement évaporatif sur l'isotope bosonique, un couplage
dipolaire magnétique par radio-fréquence permet d'extraire du piège tous les bosons sans
a�ecter les fermions 6. Pour véri�er la cohérence de nos résultats, nous avons également
répété la mesure sur le nuage de bosons 7. Comme la taille spatiale est la même pour
les deux isotopes à même température, les longueurs de corrélation ne di�èrent que par
le facteur de masse. Ceci conduit donc à une largeur plus grande de 4/3 pour le fermion
et une hauteur également plus grande (en valeur absolue) de 4/3. Evidemment, avec des
fermions la fonction de corrélation ne présente pas de groupement mais un dégroupement
dû au principe d'exclusion de Pauli. La �gure 3.3 illustre nos résultats. L'accord est bon
sur la largeur, mais pas vraiment sur la hauteur, celle du boson étant pour une raison
inconnue trop faible. La coupure du champ magnétique étant plus lente à Amsterdam qu'à
Orsay, l'expansion des nuages, le bosonique avec interaction, le fermionique sans interaction
pourrait être di�érente et donc in�uer sur la fonction de corrélation.

Conclusions : Le cas des gaz sans interaction est bien connu et faire une mesure de
corrélation n'apporte rien sur la physique. Cependant, les interactions sont bien présentes
et montrer qu'elles ne jouent aucun rôle dans nos expériences est un résultat en soi. D'autre
part, ces expériences ont un caractère pédagogique indéniable. Si on peut comprendre le
groupement des bosons par un raisonnement purement classique (cf section 3.2), il n'en
est pas du tout de même pour les fermions. On est obligé d'utiliser une analyse quantique.
Finalement, ces expériences montrent la maturité de systèmes de détection extrêmement
performants dans le domaine des atomes ultra-froids et le savoir-faire développé au sein de
notre groupe 8.

3.6 Perspectives

6 La fréquence RF pour extraire les bosons est 3/2 fois plus grande que celle qui extrairait les fermions.
La température de ces derniers est su�samment basse pour que le nombre de fermions extraits est quasi-
nul.

7 Dans ce cas, on ne chargeait même pas les fermions dans le piège.
8 Mis bout à bout, le temps passé pour �apprivoiser� le détecteur dépasserait la durée d'une thèse si

une seule personne avait travaillé dessus.
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Fig. 3.3 � Comparaison entre la corrélation d'un nuage bosonique (points clairs) et à celle
d'un nuage fermionique (points foncés) de même température. On observe bien un groupe-
ment pour les bosons et un dégroupement pour les fermions. Figure extraite de ref. [23].

Corrélations dans des structures complexes : Comme le montre les parties pré-
cédentes, les interactions ont un e�et faible dans nos expériences. Cependant, il est bien
connu que plus la dimensionnalité du nuage est faible plus les interactions auront une in-
�uence sur les propriétés de corrélation. L'article de revue Ref. [40] présente un panorama
assez exhaustif des di�érentes situations envisageables. En basse dimensionnalité les états
sont vraiment N corps et donc très loin des situations classiques que l'on peut sonder sur
des nuages 3D. Ce domaine de recherche est en pleine expansion actuellement tant théo-
riquement qu'expérimentalement. Voici une liste, non exhaustive, des situations physiques
où il serait intéressant d'étudier la corrélation d'ordre 2 :

� 1D : La physique 1D est particulière en ce sens qu'il existe dans certaines situations
des résultats théoriques exactes du problème à N corps [206, 207, 208]. Suivant le
régime des interactions et de la température on peut obtenir un gaz thermique,
un quasi-condensat, un gaz de Tonks. Aucune fonction de corrélation n'a encore
été mesurée mais des valeurs moyennes [195] et à séparation nulle [201, 202] ont
récemment été établies.

� 2D : La transition de phase à deux dimensions d'un gaz homogène en interaction
est la transition Berezinskii-Kosterlitz-Thouless récemment observée sur des atomes
froids [123].

� Réseau 1D, 2D et 3D : Le fait d'avoir plusieurs puits peut modi�er la thermody-
namique des systèmes si l'e�et tunnel n'est pas négligeable. Je ne peux manquer
de mentionner la transition super�uide � isolant de Mott et son observation expé-
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rimentale dans le groupe de T. W. Hänsch [124]. Comme exemple de perspective
plus lointaine, les réseaux semblent aussi de bons candidats pour observer l'e�et Hall
quantique fractionnaire [209, 210].

Mesures de corrélation locales : Si l'on revient sur notre expérience, nous n'avons pas
été capable d'extraire toute l'information souhaitée. En e�et pour des problèmes de rapport
signal à bruit, nous ne pouvons que faire une mesure d'une fonction de corrélation moyenne
(cf. 3.4) alors que le coeur du nuage, où la densité est la plus forte et où le condensat
�pousse�, pourrait apporter des informations précieuses. Comme nous l'avons souligné dans
la section 3.3.4, la forme de la fonction de corrélation s'écarte d'une gaussienne au centre du
nuage quand la température approche la température critique. J'ai déjà signalé l'expérience
de T. Esslinger [184] qui semble montré que l'exposant critique associé à la largeur de
corrélation est plus en accord avec une théorie Bogoliubov N corps qu'avec une théorie de
champ moyen dans un nuage 3D standard. Il serait évidemment très intéressant de refaire
une telle étude avec si possible un meilleur rapport signal à bruit.

On pourrait aussi s'intéresser au g(2) sous le seuil de condensation, à la fois dans la
partie condensée et dans la partie thermique. Il faut rappeler toutefois que la relation entre
la corrélation en position à temps de chute long et la corrélation en vitesse ou position dans
le piège n'est pas connue dans le cas général d'un nuage avec interaction et il n'est donc
pas garanti que des e�ets d'interaction sur la fonction de corrélation soient accessibles par
cette méthode.

Mesures de corrélation d'ordres supérieures à deux : Très récemment, dans le
groupe de J. Schmiedmayer, une expérience d'interférence entre deux quasi-condensats 1D
a montré que la statistique du contraste des franges contenait une information très riche et
serait sensible à des fonctions de corrélation d'ordres élevés [204]. Cette nouvelle approche
est prometteuse et mérite sans doute un développement. Sur notre montage expérimental,
une fois les atomes détectés rien ne nous empêche a priori de calculer des fonctions de
corrélation d'ordre 3, 4... Comme indiqué précédemment la limitation ne vient que d'un
problème de rapport signal à bruit.
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Chapitre 4

Création et détection de paires

atomiques corrélées

Dans le chapitre précédent j'ai décrit des expériences de corrélation d'intensité sur
des nuages bosoniques et fermioniques qui mettaient en avant la statistique quantique des
particules. La section 3.6 montrait quelques exemples où il serait intéressant de mesurer ces
e�ets dans des systèmes plus complexes où le nuage atomique doit être considéré comme
un vrai système à N corps.

La thématique développée dans ce chapitre est di�érente et se rapproche plus des pro-
blématiques actuelles de l'optique quantique et de l'information quantique. Nous désirons
créer des corrélations entre particules, et à plus long terme créer des intrications. L'expé-
rience décrite dans ce chapitre concerne la création de paires d'atomes corrélés lors de la
collision de deux condensats de Bose-Einstein [25]. Ce point de vue corpusculaire s'appelle-
rait plutôt processus à quatre ondes spontané dans le langage de l'optique quantique. Cette
forte analogie sera soulignée dans les sections 4.1 et 4.2. Je décrirai ensuite l'expérience et
les principaux résultats dans la section 4.3. Di�érents contacts avec des groupes de théori-
ciens ont enrichi notre point de vue et des articles théoriques ont été publiés en commun ou
sont en préparation (K. Mølmer [211], K. V. Kheruntsyan [212], M. Trippenbach [213]) ; je
décrirai qualitativement notre compréhension actuelle de ces expériences. Comme dans les
chapitres précédents je terminerai par les perspectives qu'o�rent cette première expérience
(section 4.5).

L'acteur clé de ce travail est Aurélien Perrin. On trouvera des informations détaillées
dans sa thèse [24]. Martijn Schellekens et Valentina Krachmalnico� ont aussi contribué à
ce travail. Notre activité expérimentale est encore centrée sur cette thématique.

4.1 Fluorescence paramétrique

Si les bases théoriques de l'optique quantique moderne sont nées des expériences de
Hanbury Brown et Twiss [171], c'est la création de sources non classiques qui a lancé ce
domaine de recherche. En particulier la création de photons jumeaux dans les expériences
de �uorescence paramétrique (�spontaneous parametric down conversion�) a été une étape
décisive. L'expérience pionnière est celle de D. C. Burnham et D. L. Weinberg qui ont mon-
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tré en 1970 que les photons étaient bien créés par paires [214, 215]. Parmi les expériences
clé qui ont suivi on peut noter l'intrication [216], la violation des inégalités de Bell 1 [221],
le phénomène d'interférence sur une séparatrice, dit e�et HOM [222].

La �gure 4.1 présente le dispositif expérimental qu'ont utilisé Burnham et Weinberg.
Un cristal non linéaire d'ordre 2 permet de créer à partir d'un laser à 347 nm deux faisceaux
lumineux en forme de cône de longueurs d'onde 633 nm et 668 nm. Les angles des deux
cônes et les longueurs d'onde respectent l'accord de phase du processus d'ampli�cation
paramétrique. La véri�cation que les photons émis sont bien corrélés est e�ectuée par une
mesure de coïncidence sur deux détecteurs en comptage de photons : un détecteur est �xe et
centré sur le cône des photons à 668 nm et l'autre se déplace dans un plan perpendiculaire
à l'axe du cône à 633 nm. Ils ont alors véri�é que le taux de coïncidence est maximal quand
les détecteurs sont positionnés sur des modes de photons jumeaux.

Fig. 4.1 � Montage expérimental et résultat de l'expérience de Burnham et Weinberg pour
la démonstration de la production de paires de photons corrélés dans un processus d'ampli-
�cation paramétrique. La �gure de droite montre que le taux de coïncidence entre les deux
détecteurs est maximal quand ceux-ci sont positionnés sur deux modes véri�ant l'accord de
phase. Figures extraites de Ref. [214].

Dans le cas d'un processus d'ampli�cation paramétrique, un photon pompe est absorbé
et deux photons de �uorescence sont émis. L'usage les appelle photons signal et complé-
mentaire (idler en anglais). Si la pompe est intense, on peut se contenter de quanti�er les
modes de �uorescence. Dans ces conditions, une décomposition en onde plane du Hamilto-
nien d'interaction donne

Ĥ(t) = χ(2)

∫∫
dkidks

∫∫∫
dr Ep(r, t)e

−i(ks+ki).r+i(ωi+ωs)tâ†ki
â†ks

(4.1)

où Ep(r, t) décrit le champ électrique de la pompe. Si la �uorescence est peu intense, on

peut linéariser l'opérateur d'évolution exp[−ih̄
∫
dτĤ(τ)] ≈ 1− ih̄

∫
dτĤ(τ) pour obtenir

l'état quantique des modes de �uorescence, |Ψ〉 ∝
∫
dτĤ(τ)|vide〉. On peut alors mettre

1Les premières expériences d'inégalités de Bell [217, 218, 219, 220] ont été réalisées sur une cascade
radiative et non pas sur une ampli�cation paramétrique. L'intrication est alors en polarisation.
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cet état sous la forme

|Ψ〉 ∝
∫∫
dkidks φ(ki,ks)|ki,ks〉 (4.2)

où la fonction φ(ki,ks) se calcule par intégration spatiale sur le volume du cristal
doubleur et par intégration temporelle [223, 224]. Dans le cas idéalisé d'une onde plane et
continue ainsi qu'un cristal de longueur d et de section in�nie, on trouve par exemple

φ(ki,ks) ∝
∫
dωp f(ωp) δ(ωi + ωs − ωp) δ(ki⊥ + ks⊥) sinc[(kiz + ksz − kpz)

d

2
]

où f décrit le spectre de la pompe 2. De manière générale, les conditions d'accord de phase
font que la fonction φ(ki,ks) est non séparable. L'état |Ψ〉 est ainsi un état intriqué cor-
respondant à une somme cohérente de paires individuelles de photons. Les caractéristiques
de corrélation de la lumière spontanée dépendent de la largeur du spectre de la pompe, de
sa durée (dans le cas d'une pompe pulsée), de la taille de son mode spatial, du volume du
cristal 3.

La situation décrite ici correspond à la �uorescence paramétrique dans des cristaux où
l'accord de phase est de type I ; les photons jumeaux ont alors la même polarisation et
l'état |Ψ〉 correspond à une intrication à variables continues. Il est donc nécessaire pour
démontrer l'intrication d'utiliser deux paires di�érentes de photons [221, 216]. On peut
d'ailleurs signalé que c'est ce type de source (création en un point donné de deux particules
de vitesses corrélées) qu'ont considéré Einstein, Podolski et Rosen dans leur fameux papier
sur l'e�et EPR [225].

Avec un accord de phase de type II, les photons jumeaux ont des polarisations orthogo-
nales. L'intrication peut alors être démontrée sur un montage comportant un seul couple
de modes (k,k′) pour les paires de photons jumeaux et des polariseurs.

Régime stimulé : On peut parvenir au régime stimulé de deux façons. Soit on injecte
en plus de la pompe un signal faible à la bonne fréquence et le bon angle pour l'accord
de phase (ampli�cateur paramétrique optique ou OPA), soit on place le cristal dans une
cavité résonnante sur deux modes jumeaux (oscillateur paramétrique optique ou OPO). La
situation théorique est alors un peu plus complexe [226, 224], en particulier s'il faut tenir
compte de plus de deux modes [227, 228]. De manière qualitative on peut comprendre que
comme les photons sont créés par paires, l'intensité des deux modes peut �uctuer (shot
noise) mais la di�érence d'intensité doit être très faible (sub shot noise) [229].

4.2 Optique atomique quantique et atomes jumeaux

Introduction : Des phénomènes quantiques équivalents peuvent être étudiés avec d'autres
types de sources et de particules. Dans la section précédente j'ai évoqué des états intriqués
de photons. On peut aussi s'intéresser à des états photon-atome ou atome-atome. C'est
ce dernier type d'états que nous avons commencé à étudier. De plus les sources peuvent

2 Dans cette expression ce sont les vecteurs d'onde à l'intérieur du cristal qui interviennent.
3 Comme souvent, la véri�cation expérimentale de l'intrication dépend de la méthode de détection et

en particulier des propriétés en taille et réponse spectrale des détecteurs.
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être macroscopiques (en taille et nombre de particules) ou microscopiques. Il se trouve
que les techniques d'intrication et leur observation sont assez di�érentes suivant les ca-
ractéristiques de ces sources et conduisent à deux domaines de la physique encore assez
disjoints à l'heure actuelle. On peut citer les expériences sur des ions piégés (voir ci-dessous)
ou sur des atomes dans des cavités optiques [230, 231] pour des sources microscopiques.
Une expérience pionnière d'états photon-atome sur des sources macroscopiques, mais où
seule la corrélation et non l'intrication a été montrée, a été e�ectuée dans le groupe de J.
Mlynek [232]. Dans la suite je me limite à des états atome-atome.

Corrélations-intrication avec sources microscopiques : De très nombreuses expé-
riences d'optique atomique quantique ont été réalisées sur des sources contenant quelques
particules. Ces expériences utilisent pour la plupart des ions ultra-froids [233, 234] et ont
été en partie initiées par une proposition d'ordinateur quantique avec des ions par I. Ci-
rac et P. Zoller [235]. La porte quantique proposée dans cet article a été réalisée dans le
groupe de R. Blatt [236]. Un des derniers faits d'arme est la création d'un chat de Schrö-
dinger à 6 ions dans le groupe de D. Wineland [237]. Les ions sont utilisés car il est très
facile de les piéger, de les refroidir et les temps de con�nement sont bien supérieurs à ceux
que l'on trouve pour des atomes car la profondeur des pièges est gigantesque. De plus
l'interaction entre ions étant très forte par rapport à des atomes, il est �plus simple� de
faire des portes quantiques. Des expériences sur la manipulation quantique d'atomes ou
molécules uniques ont déjà été réalisées et des intrications/violations d'inégalité de Bell
entre atomes ont été démontrées via des intrications atome-photon [238, 239, 240, 241].
Signalons également quelques expériences de violation d'inégalité de Bell en physique des
particules [242, 243, 244].

atomes jumeaux avec sources macroscopiques � Expériences et modélisation :

En atomes froids, les deux expériences faites avec des ondes de matière qui ont démontré
l'existence de corrélation, celle de D. S. Jin [205] et la notre [25], sont très liées au proces-
sus de �uorescence paramétrique. Dans l'expérience de D. Jin, des molécules ultra-froides
sont dissociées par résonance de Feshbach en deux atomes fermioniques de potassium. La
conservation de l'énergie et de la quantité de mouvement conduisent à ce que les atomes
soient sur une sphère dans l'espace des vitesses et que les deux atomes issus de la même
molécule aient des vitesses opposées ; ils forment une paire d'atomes corrélés, comme les
photons jumeaux précédemment décrits. Une étude du bruit sur les images en absorption
de cette sphère de di�usion [203] a permis d'observer cette corrélation. Cependant, aucune
étude quantitative sur la largeur de la corrélation ou sur son amplitude n'a été menée.

Notre expérience consiste à faire collisionner deux condensats de Bose-Einstein et,
comme précédemment, les atomes di�usés se trouvent sur une sphère dans l'espace des
vitesses. Le détecteur 3D permet alors de mesurer la corrélation. Je décrirai plus en détail
l'expérience dans la section 4.3 suivante.

Formellement, dans l'ampli�cation paramétrique et dans l'expérience de Jin, il s'agit
d'un e�et à trois particules (un photon pompe et deux photons jumeaux, ou une molécule
et deux atomes di�usés), alors que dans notre cas il y a quatre particules (deux atomes du
condensat et deux atomes di�usés). Cependant le traitement théorique confond toutes ses
approches car les sources sont supposées su�samment intenses pour que les opérateurs des
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champs sources soient traités classiquement. Le Hamiltonien �nal est donc formellement
identique à Eq.(4.1) et ne contient que les champs des particules di�usées et, dans l'approxi-
mation considérée, est quadratique en ces champs [245, 246, 247, 248, 249, 250, 251, 252].
Par exemple dans notre situation il su�t de remplacer Ep(r, t) par ψ+(r, t)ψ−(r, t) où ψ±
représente les fonctions d'onde des deux condensats en collision et χ(2) par le couplage en
onde s, 4πh̄2a/m.

Mélange à quatre ondes : Bien que notre expérience devrait être considérée comme
un mélange à quatre ondes, ce terme est plus couramment employé dans le cas où trois
ondes intenses donnent naissance à une quatrième onde. On se trouve alors dans le régime
stimulé que j'ai brièvement décrit dans la section 4.1. L'ampli�cation d'une onde de matière
a été observée, avec un facteur d'ampli�cation de l'ordre de 1.5 dans le groupe de W. D.
Philipps [125] ; une série d'expériences plus récentes dans le groupe de W. Ketterle a conduit
à un facteur d'ampli�cation de 20 [126, 253]. Aucune mesure de corrélations ou de réduction
de �uctuations d'intensité sub shot noise n'a cependant été e�ectuée.

4.3 Notre expérience

Montage expérimental : Nous avons cherché à créer deux condensats de Bose-Einstein
de vitesse relative su�sante pour qu'ils collisionnent comme des particules libres 4. Comme
nous ne détectons que les atomes dans m = 0 (cf section 2.3), il faut aussi que les atomes
des condensats soient dans cet état. Tout ceci est réalisé dans notre montage par trois
faisceaux qui e�ectuent deux transitions Raman m = 1 → m = 0 avec deux transferts
de vitesse di�érents. Le schéma du transfert est expliqué sur la �gure 4.2. Les faisceaux
sont proches de la transition 2 3S1 → 2 3P0. La transition vers 2 3P2 serait moins e�cace
car on ne pourrait éviter un peuplement de l'état m = −1, et la transition vers 2 3P1 est
peu favorable à cause de l'apparition du phénomène de superradiance Raman (cf section
4.5). Comme les atomes di�usés sont dans l'état m = 0 il n'est pas nécessaire de couper le
champ magnétique après les impulsions Raman.

Dès que le transfert est e�ectué les collisions se produisent jusqu'à un temps où le taux
de collision devient négligeable. Dans notre cas, ce temps n'est pas donné par la séparation
physique des deux condensats mais par leur expansion radiale car la vitesse relative des
condensats est dirigée suivant l'axe long des condensats 5. Un calcul semi-classique du taux
de collisions montre que celui-ci chute d'un facteur 2 après typiquement 140 µs.

Observation de la sphère de collision : Il su�t ensuite de mesurer la position et le
temps d'arrivée des atomes sur le détecteur puis de faire le calcul des corrélations atomiques
dans la sphère de di�usion. Bien que l'on observe un certain nombre d'e�ets parasites, la

4 Cela signi�e que la vitesse relative doit être grande devant la vitesse du son [254]. Le rapport des
deux vaut en gros 8 dans notre cas.

5 Ces temps sont alors de l'ordre de r||/2vrec et 1/ω⊥. Leur rapport est donc
ω⊥
ω||

√
µ

Erec
où ω⊥ et ω||

sont les fréquences d'oscillation transverse et longitudinale, µ le potentiel chimique et Erec l'énergie de
recul.
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Fig. 4.2 � Dispositif expérimental pour le transfert Raman. Les faisceaux L2 et L1 induisent
une transition Raman vers l'état m = 0 avec un transfert de vitesse de vrec(ex − ez). De
même les faisceaux L′2 et L1 induisent une transition Raman vers l'état m = 0 avec un
transfert de vitesse de vrec(−ex − ez). Les deux transitions sont e�ectuées en même temps
et durent 500 ns. La �gure de droite représente la sphère de collision et les deux condensats
après un temps de vol long. Figure extraite de Ref. [25].

sphère de di�usion est bien visible comme le montre la �gure 4.3. Le nombre d'atomes
détectés sur la sphère est en moyenne de 100. La détectivité étant estimée à 10%, cela cor-
respond donc à 1000 atomes et représente ainsi environ 5% des atomes du condensat initial.

Observation d'une corrélation opposée et locale : La �gure 4.4 présente les résul-
tats sur la corrélation. Tout d'abord, comme pour les corrélations vues dans le chapitre
précédent, nous avons été obligé de moyenner sur tous les couples d'atomes ayant la même
di�érence de position, cf Eq. (3.5) 6. Ensuite, pour plus de clarté, les courbes tracées sont
des projections de la fonction de corrélation 3D. Les axes sont les axes propres du condensat
initial. Finalement, nous avons également tracé ces projections pour des atomes proches
(corrélation locale) en plus de celles des atomes de vitesses relatives opposées.

Nous observons bien une corrélation, preuve que les atomes sont émis par paires. La
corrélation est anisotrope, et les tailles mesurées sont proches des largeurs en vitesse de
la fonction d'onde initiale du condensat. Comme pour le chapitre précédent, la résolution
spatiale du détecteur est trop élevée pour résoudre la vraie corrélation sur l'axe long du
condensat (axe x) et limite donc aussi la hauteur de la corrélation. Nous observons égale-
ment une corrélation locale, qu'un modèle corpusculaire classique est totalement incapable
de reproduire. Les largeurs de la fonction de corrélation sont très proches de celles en
opposé, mais la hauteur est notablement plus faible.

6 Comme dans le cas du chapitre précédent, ce moyennage fait perdre des informations ; je reviendrai
sur ce point dans la partie analyse.
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Fig. 4.3 � Tranche en temps de la sphère de collision sur le détecteur. Les nuages I et II
correspondent à la partie restante des deux condensats qui ont collisionné. Il est probable
que le nuage III corresponde à un condensat extrait par un processus Raman non résonant
à un faisceau et que le nuage IV soit son conjugué par mélange à quatre ondes stimulé. Les
vitesses sont normalisées par la vitesse de recul. Voir Ref. [24] pour plus de détails. Figure
extraite de Ref. [25].

4.4 Analyse et interprétation

Approches-informations souhaitées : De très nombreux articles théoriques discutent
de la corrélation de particules par collision entre deux condensats. Si l'on rajoute les articles
sur la dissociation moléculaire, qui correspond au même Hamiltonien, la liste se rallonge
encore plus. Je vais dans la suite utiliser plusieurs approches et donner les résultats aux-
quels elles conduisent. Le but de cette section est dans l'idéal de comparer nos résultats
expérimentaux à un calcul théorique. Je serai dans la plupart des cas moins ambitieux.
D'une part, la compréhension théorique des phénomènes mis en jeu s'est révélée plus com-
pliquée que prévu et des études complémentaires sont nécessaires. D'autre part, les données
expérimentales ne sont pas assez précises et diversi�ées pour être sûr de l'interprétation.
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Fig. 4.4 � Projection de la fonction de corrélation 3D sur les axes propres du condensat
initial. a) Corrélation opposée. b) Corrélation locale. On note l'anisotropie des projections,
les largeurs similaires en local et en opposé et l'amplitude plus élevée pour la corrélation
opposée. Figure extraite de Ref. [25].

Approche classique : Si l'on adopte le point de vue corpusculaire, notre expérience se
résume à une expérience de choc entre deux particules ; les particules incidentes sont des
atomes des deux condensats et les particules après le choc sont les atomes di�usés. On
s'attend donc à une conservation de l'impulsion et de l'énergie. Le condensat initial ayant
une dispersion de vitesses très faible, on peut considérer en première approximation que
l'impulsion incidente totale est nulle et que l'énergie incidente totale est de deux énergies
de recul. Il en sera donc de même pour les atomes di�usés, d'où la sphère de collision de
rayon la vitesse de recul et des paires d'atomes de vitesse opposée. La densité du condensat
et la section e�cace de collision vont donner le nombre d'atomes di�usés. La taille �nie de
la fonction d'onde du condensat va se re�éter sur une sphère d'épaisseur �nie et sur une
largeur en vitesse de la fonction de corrélation (δv(corr)) donnée par la largeur en vitesse
(V ) de la fonction d'onde des condensats,

δv
(corr)
i ∝ Vi pour i = x, y, z (4.3)

Nous allons, dans une certaine mesure, retrouver ces conclusions dans les modèles sui-
vants. Par contre, cette approche corpusculaire ne peut prédire la corrélation locale obser-
vée expérimentalement, ni en conséquence sa largeur. Une approche ondulatoire l'aurait au
contraire prédit immédiatement ; les ondes émises de manière spontanée par la source (ici
les condensats en collision) ont les propriétés de corrélation d'une source thermique vues
au chapitre précédent. On attend donc un e�et Hanbury Brown et Twiss, c'est-à-dire un
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groupement pour des atomes de vitesses proches, d'où une corrélation locale [211]. Comme
d'habitude une approche quantique contient automatiquement ces deux points de vue et
prédira donc les deux e�ets.

Calcul onde plane : Si le nombre d'atomes di�usés est négligeable devant le nombre
initial dans le condensat et si on peut considérer celui-ci comme étant uniforme, un calcul
analytique non perturbatif 7 peut être e�ectué [255]. En utilisant une base ondes planes
pour les modes des atomes di�usés, un atome dans le mode k est alors exclusivement couplé
au mode −k. Les équations de Heisenberg des opérateurs champs âk et â−k sont couplées
et peuvent être intégrées analytiquement. On obtient alors les résultats suivants :

g(2)(k,k, t) = 2 (4.4)

g(2)(k,−k, t) = 2 + 1/nk(t) (4.5)

g(2)(k,k′, t) = 1 si k′ 6= k ou k′ 6= −k (4.6)

où nk = 〈â†kâk〉 est la population du mode k. Celle-ci est une fonction en sinh2(γt) avec
γ un taux dépendant du terme de couplage de création des paires et de l'énergie des atomes
di�usés. Ce modèle prédit bien l'e�et HBT et la corrélation en opposé ainsi que l'in�uence
de la population sur la hauteur de la corrélation en opposé. Remarquons que les facteur
2 de la corrélation locale et opposée ne sont pas reliés et rien n'assure qu'il en sera de
même dans le cas d'un condensat inhomogène. De plus, utilisant un condensat homogène,
ce modèle prédit des largeurs des fonctions de corrélation in�niment �nes.

Calcul perturbatif : Un calcul analytique est possible en régime perturbatif, c'est-à-dire
quand le nombre d'atomes extraits est faible devant le nombre d'atomes dans le condensat
initial et quand la population des modes di�usés est faible devant un (régime spontané).
Cette approche a été suivie par M. Trippenbach dans une série d'articles [249, 250, 256] et
par V. A. Yurovsky [247]. Dans le cas d'un piège isotrope, cette approche peut être com-
paré avec un calcul numérique, valide même dans le régime stimulé (modes de population
supérieure à un) [250, 256].

Une collaboration avec M. Trippenbach et ses collègues est en cours pour étudier le
cas de la collision entre deux condensats anisotropes, la collision se produisant suivant
l'axe long (Ox dans la suite) des condensats [213]. Même si tous les calculs ne sont pas
�nis, on retrouve que les longueurs de corrélation en opposé sont reliées aux tailles Vi de
la distribution en vitesse du condensat initial. On retrouve également une hauteur de la
corrélation inversement proportionnelle à la population des modes de la sphère.

La corrélation locale conduit bien à g(2)(k,k) = 2 [211] mais la largeur de la fonction
de corrélation apporte quelques surprises à première vue. On trouve que la largeur de la
fonction de corrélation g(2)(k + δk,k− δk) est certes anisotrope (dépend de la direction
de δk) mais est aussi inhomogène (dépend de la direction de k). On retrouve un résultat

7 Un mode k peut avoir une population grande devant 1, mais la somme des populations de tous les
modes doit rester faible devant le nombre d'atomes des condensats initiaux.
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équivalent à Eq.(4.3) uniquement quand k⊥δk. Dans les autres situations la corrélation
en locale aura une largeur proche de Vx quelque soit la direction de δk. Ce résultat est
un peu di�cile à comprendre mais on peut tenter quelques hypothèses. L'équation (4.3)
provient uniquement de la conservation de la quantité de mouvement. Cependant il y a
aussi conservation de l'énergie. Cette équation est une équation qui mélange toutes les
directions ; or l'énergie cinétique initiale dépend au premier ordre uniquement de la vitesse
suivant x des atomes car la collision se produit suivant x. Comme dans notre situation
expérimentale Vx � Vy = Vz, il n'est pas aberrant que la corrélation locale soit dominée
par Vx.

Quoiqu'il en soit on ne peut que constater que ce modèle n'explique pas parfaitement
nos résultats expérimentaux où corrélation locale et opposée ont des largeurs semblables.
Il est probable que ceci soit relié au fait que dans ce modèle on ne prend pas en compte le
champ moyen i.e. que les atomes di�usés sont créés sur une colline de potentiel inhomogène.
Ceci va nécessairement élargir les corrélations. Une simulation de cet e�et classique est en
cours.

Approche �Positive-P� : Il existe des méthodes numériques pouvant s'appliquer dans
le régime stimulé. On peut citer la méthode truncated Wigner [251, 257] mais je vais dé-
tailler un peu plus la méthode Positive P puisque nous avons une collaboration avec K.
Kheruntsyan [212]. Cette méthode [258] consiste à remplacer les opérateurs champ dans
le Hamiltonien N corps par des champs classiques en ajoutant des termes de bruits. Les
équations d'évolution de ces champs sont ensuite calculer numériquement. Cette méthode
est très puissante car on peut démontrer l'exacte équivalence entre les résultats quantiques
et ceux donnés par cette méthode après moyennage sur di�érentes réalisations du bruit.
Cependant cette méthode a deux talons d'Achille. Tout d'abord elle est très exigeante
numériquement ; les calculs qu'Aurélien Perrin a e�ectués en Australie nécessitaient typi-
quement 100 heures de calculs sur 7 CPU en parallèle ! Deuxièmement, une instabilité nu-
mérique fait que les résultats deviennent aberrants à partir d'un certain temps d'évolution
temporelle (ampli�cation exponentielle du bruit [259]). Le temps maximal d'applicabilité
est de 25 µs dans nos conditions expérimentales alors que le temps de collision est de l'ordre
de 140 µs. La simulation complète de notre expérience est donc impossible.

Les résultats obtenus sont cependant en très bon accord avec les données expérimentales
(à 20% près). En conséquence ils le sont moins avec le calcul perturbatif. Ceci pourrait
s'expliquer par le fait que la méthode Positive P étant restreinte à des temps très courts,
la conservation de l'énergie est moins stricte et il est donc logique d'obtenir un résultat
conforme à la conservation de la quantité de mouvement.

Cette simulation montre aussi que des e�ets de stimulation bosonique devraient être
observables expérimentalement si nous sommes capables d'avoir des condensats ayant un
nombre d'atomes d'un ordre de grandeur plus grand. Deux articles théoriques se sont
intéressés à cette situation. Même si l'approche de Pu et Meystre [246] semble incor-
recte [248, 260], Vardi et Moore [248] prédisent le même type d'e�et : dans certaines
situations, l'anisotropie du condensat peut conduire à ce que les atomes ne soient di�usés
que dans des modes se propageant suivant l'axe long du condensat. Cette situation est
analogue au phénomène de superradiance [261] (cf section suivante) où les photons di�usés
d'un condensat anisotrope ne sont plus émis isotropiquement mais sont dirigés suivant l'axe

52



long du condensat (end-�re modes). Cependant, le critère d'apparition de la directionnalité
dans Ref. [248] est di�cilement �chi�rable� et nécessiterait une étude plus approfondie.

4.5 Perspectives

Calculateur quantique : On associe de plus en plus les termes optique (atomique)
quantique et information quantique. J'ai déjà mentionné au 4.2 les expériences sur des
ions piégés. L'un des systèmes envisagés sur les atomes neutres est le piégeage d'atomes
dans un réseau optique dans le régime de Mott (exactement un atome par puits). Dans
ce cadre l'hélium métastable ne semble pas être un bon candidat car son atout réside
dans sa détection en temps de vol alors qu'il est vraisemblable que les opérations entre
qubits et la lecture de ces derniers nécessiteront des méthodes in situ ayant en plus une
e�cacité de détection proche de 100%. Si on ote de la problématique ce dernier point,
l'hélium métastable pourrait être un atome intéressant si on utilise plutôt une approche
équivalentes aux �variables continues� de l'optique quantique en opposition aux photons
uniques. L'information quantique sera ainsi partagée par plusieurs atomes et pourrait être
codée sur l'impulsion et non sur le spin d'atomes localisés. Une telle approche est envisagée
par exemple dans Ref. [262]. Ce thème de recherche semble cependant di�cile à aborder,
d'autant plus quand on ajoute le problème de détectivité.

Densité anisotrope : J'ai mentionné précédemment qu'il existe encore peu d'études
théoriques dans le cas où la population des modes sur la sphère est proche ou supérieure
à un. Le premier e�et devant apparaître serait une augmentation de la population des
modes dans l'axe long du condensat [248, 260]. Comme dans notre situation expérimentale
les condensats collisionnent dans cette direction, ces zones de la sphère de collision sont
occupées par les deux condensats et aucune mesure n'est possible (cf. �g. 4.2). Il faudrait
donc faire se collisionner les condensats suivant leur axe court. Cependant la direction
longue est celle qui maximisait le nombre de collisions ; le nombre d'atomes di�usés serait
donc plus faible et pourrait rendre l'expérience di�cile à mener à son terme.

Classique ou quantique, telle est la question : On peut se demander ce qui est
quantique dans une collision entre deux condensats. Si on utilise un point de vue ondula-
toire, la corrélation en opposée, la stimulation bosonique éventuelle sont quantiques, alors
que la corrélation locale est classique. D'un point de vue corpusculaire, plus naturel pour
des atomes, la corrélation en opposée est classique et la stimulation ainsi que la corrélation
locale sont quantiques. Ce type d'expériences touche donc intimement à la dualité onde-
corpuscule. On pourrait aller un peu plus loin dans ce sens en s'intéressant au squeezing
(réduction de �uctuations) de la di�érence de populations entre modes diamétralement
opposées et à la violation d'inégalités de Cauchy-Schwartz [224, 263, 264, 212, 265].

Si le détecteur a une e�cacité de 100%, d'un point de vue corpusculaire on s'attend
donc à ce que la di�érence de population entre deux modes diamétralement opposées soit
strictement nulle et donc que le squeezing soit parfait (variance de la di�érence de popula-
tions nulle). Ce résultat n'est pas du tout évident avec une approche ondulatoire. Le calcul
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quantique dans le cas de la collision entre deux ondes planes de matière conduit également
à un squeezing parfait, mais le résultat n'est pas connu dans le cas plus réaliste d'ondes
de matière de taille �nie. Des e�ets de champ moyen, de collisions multiples pourraient
également limiter la valeur du squeezing.

Avec un détecteur d'e�cacité η < 1, l'observation de squeezing est plus délicate. Si on
considère une sphère de collision contenant N atomes, seuls ηN atomes seront détectés.
Considérons deux hémisphères. S'il n'existe aucun processus de création de paires, le bruit
sur la mesure du nombre détecté sur chaque hémisphère ainsi que de la di�érence de
population entre les hémisphères sera en ∼

√
ηN . Si au contraire la sphère ne contient

que des paires, le bruit sur la di�érence de population devrait être en ∼
√

(1− η)ηN .
Pour démontrer une réduction de �uctuations sur la di�érence de population, il faut donc
que le bruit sur la mesure du bruit soit faible. Avec une e�cacité estimée de l'ordre de
η ≈ 0.1, il faut que la mesure de la largeur de la distribution de di�érence de population
entre les hémisphères soit précise au % près, ce qui n'est pas simple. Bien que l'analyse des
résultats de cette expérience [24] semble faire croire que nous avons e�ectivement observé
une réduction des �uctuations, le traitement informatique n'est pas assez robuste pour
l'a�rmer. Cette mesure semble toutefois envisageable si l'on parvient à accumuler plus de
données (deux à trois fois plus que pour l'expérience décrite dans ce chapitre).

Intrication - Inégalité de Bell : L'état que nous créons par cette collision est un état
à N corps, Eq.( 4.2). Il s'agit donc d'un état intriqué. Si on utilise l'approche perturbative
vue plus haut, ainsi que les approximations de Ref. [213] on trouve, à temps long,

|Ψ〉 ≈
∫∫
dqdk e−(

q⊥σ⊥
2

)2−( qxσx
2

)2h(ζ) |k + q/2,−k + q/2〉

avec ζ =
σQ

4Q
(2Q2 − 2k2 − q2) et h(ζ) = e−ζ2

[Er�(ζ) + i]. Dans ces expressions σx, σ⊥ et
σQ sont respectivement les largeurs des condensats initiaux suivant les axes long, court et
suivant la direction de la collision. Les condensats ont dans ce modèle une vitesse relative
de ±h̄Q/m. La fonction h étant complexe, chaque couple d'atomes jumeaux a une phase
propre.

Il serait évidemment très intéressant de démontrer cette intrication et de violer des
inégalités de Bell correspondantes. En optique, les inégalités de Bell ont été testées d'abord
sur des états intriqués en polarisation [217, 218, 219, 220]. Ce n'est qu'en 1990 que J.
G. Rarity et P. R. Tapster montre l'intrication en impulsion [221, 216]. L'idée était de
considérer deux paires de photons et de les mélanger sur des séparatrices. La mesure de
taux de coïncidences entre les di�érents détecteurs à la sortie des deux séparatrices leur a
permis de démontrer l'intrication.

Nous pourrions utiliser une méthode analogue où la séparatrice est remplacée par une
impulsion Bragg π/2 (voir Ref. [266] pour une autre proposition). La di�culté réside dans
le très faible nombre de paires que nous créons par nuage. La statistique sera donc très
mauvaise, ce qui rend cette expérience di�cile voire impossible sauf si on parvient à obtenir
des condensats plus gros 8.

8 Comme le processus de création de paires varie en Nα où α ≈ 1.4, un condensat contenant 10 fois
plus d'atomes produira 25 fois plus de paires. De tels condensats ont déjà été produits dans les autres
groupes ayant des condensats d'hélium métastable.
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Une autre façon de démontrer l'intrication est d'utiliser le critère d'inséparabilité de
Duan, Gieldke, Cirac et Zoller [267]. En désignant par j = 1, 2 la particule de la paire
et en dé�nissant X̂ = x̂1 + x̂2 et k̂ = k̂1 − k̂2, ils ont montré que si (∆X̂)(∆K̂) ≤ 2,
alors l'état était intriqué 9. Dans ces équations les positions sont les positions initiales, au
moment de la création de la paire. Cette méthode se rapproche de ce qu'on appelle �ghost
interference�, mis en avant dans le groupe de Y. Shih [268, 269]. Une mesure directe in
situ de la corrélation spatiale est inenvisageable mais une mesure sur une image du nuage
su�rait. Cependant, la réalisation d'une lentille atomique, de qualité et ayant la bonne
focale n'est sans doute pas triviale.

Photoassociation comme méthode alternative de création de paires : Il faudra
peut être considérer d'autres propositions pour créer des paires, comme par exemple en
utilisant la photoassociation [270]. Une méthode similaire a été proposée par F. Masnou-
Seeuws [271, 272] et je vais la détailler un peu. L'idée est d'illuminer un condensat avec un
laser accordé sur une résonance moléculaire. Deux atomes à la bonne distance vont former
une molécule qui va se désexciter pour former soit une molécule dans l'état fondamental soit
deux atomes libres. Comme ce processus est symétrique pour les atomes, ces atomes libres
sont corrélés. L'optimisation de ce processus de formation de paires consiste à avoir un taux
de production important, une distribution d'énergie faible (on couple vers un continuum
donc toutes les paires n'auront pas la même énergie cinétique) et des processus parasites
faibles, comme l'émission spontanée atomique si le niveau moléculaire est peu désaccordé
par rapport à la transition atomique. Des calculs sont en cours sur l'hélium métastable (F.
Masnou-Seeuws, P. Naidon, J. Mur Petit).

Mélange à quatre ondes stimulé : Les premières observations expérimentales d'un
mélange à quatre ondes stimulé ont été obtenues dans le groupe de W. Ketterle et W. D.
Phillips [125, 126, 273]. Dans ces expériences, les atomes dans le mode du �germe� et ceux du
mode conjugué doivent également conduire à un squeezing. L'inconvénient expérimental est
la possible saturation du détecteur si ces condensats sont trop denses (cf 2.3). Evidemment
ces sources sont aussi de bons candidats pour de l'intrication car il n'y a que deux modes
à considérer et non pas tous ceux de la sphère de collision dans le processus spontané.
On peut noter toutefois que dans un réseau optique, comme la relation de dispersion est
modi�ée, il y a une grande �exibilité dans les modes qui peuvent être stimulés [274, 275].
Cela pourrait être plus intéressant d'un point de vue pratique.

Superradiance : Si la di�usion de la lumière par un atome est simple à décrire, la situa-
tion se complique très vite dans le cas de la di�usion par un grand nombre d'atomes. En par-
ticulier il peut apparaître un phénomène de superradiance dans le cas d'un nuage de taille
faible devant la longueur d'onde optique ou dans le cas d'un nuage allongé [276, 277, 261].
Dans ce dernier cas, la lumière de �uorescence n'est plus isotrope mais se concentre sur
l'axe long du nuage. Suivant le nombre d'atomes et l'anisotropie du nuage, plusieurs ré-
gimes di�érents apparaissent et leurs compréhensions théoriques restent délicates. La su-

9 Chacune des particules véri�e bien sûr [x̂j , k̂j ] = i et donc (∆x̂j)(∆k̂j) ≥ 1, mais les opérateurs X̂ et

K̂ commutent et donc (∆X̂)(∆K̂) = 0 est possible en théorie.
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perradiance a été observée et étudiée depuis les années 1970 [261] et elle a été observée
depuis sur des condensats de Bose-Einstein [278, 273, 279] ainsi que sur des nuages ther-
miques froids [280]. Comme dans ces situations la largeur de la distribution de vitesses est
faible ou de l'ordre de la vitesse de recul, les atomes ayant subi un (ou plusieurs) cycle de
�uorescence se distinguent très facilement des autres dans un temps de vol. Des propriété
de corrélation ont été prédites (corrélation atome-lumière et atome-atome) [260] mais il
n'existe pas encore de mesure. Ce mécanisme a d'ailleurs été utilisé pour ampli�er des
ondes de matière [281, 282]. La �gure 4.5 présente des exemples de superradiance observée
sur notre montage expérimental quand un faisceau laser est proche du niveau 2 3P1.

Fig. 4.5 � Exemples de superradiance observés dans notre montage expérimental avec un
faisceau pompe polarisé linéairement se propageant suivant l'axe Oz. Dans la courbe de
gauche la polarisation est suivant Ox et dans celle de droite, suivant Oy. Outre les conden-
sats ayant des vitesses de nkz + pkx avec (n, p) entiers relatifs, on remarque également des
sphères de collision. Voir la thèse d'A. Perrin [24] pour plus de détails.
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Chapitre 5

Conclusion

Ce manuscrit traduit 10 ans de recherche sur le montage �hélium métastable� du labora-
toire Charles Fabry de l'Institut d'Optique. Débutant avec une source d'atomes froids, nous
sommes parvenus à atteindre la dégénérescence quantique et utiliser les atouts de cet atome
pour entrer dans le régime de l'optique atomique quantique. Les premières expériences sur
la corrélation d'intensité de nuages thermiques ou dégénérés nous ont montré que notre
dispositif expérimental était très performant. L'étude de situations plus exotiques a com-
mencé avec la création de paires d'atomes, mais clairement nous sommes au début d'une
longue histoire : corrélation de nuages à basse dimensionnalité, con�nés dans un réseau
optique, inégalités de Bell pour ne citer que quelques exemples. L'analyse de la plupart de
ces expériences est de nature statistique. Le nombre d'atomes participant à l'expérience
et l'e�cacité de détection seront ainsi deux paramètres importants qui aiguillonneront nos
choix expérimentaux.
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Partie administrative

A.1 Curriculum vitae

� Ancien élève de l'Ecole Normale Supérieure de Lyon (1990 � 1995).
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� Thèse au laboratoire Kastler Brossel (1994 � 1998) sous la direction de Christophe
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Thèse soutenue le 16 janvier 1998 à l'université Paris VI avec pour titre : Etude du
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Allocataire couplé de l'université Paris VI (1995�1998)

� Maître de conférence à l'Institut d'Optique - Graduate School depuis septembre 1998.
Travail de recherche au sein du laboratoire Charles Fabry de l'Institut d'Optique
dans le groupe �optique atomique" dirigé par Alain Aspect.

A.2 Responsabilités administratives

Liste de mes principales activités administratives depuis 1998 :
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� Examinateur TP d'optique du concours d'entrée Centrale-SupElec depuis 1999.
� Responsable pédagogique du CFA SupOptique (centre de formation par l'appren-
tissage, dispense de 24 h. eq. TD) depuis 2002.

� Membre du conseil de la formation de l'Institut d'Optique-Graduate School depuis
2004.

� Responsable de la partie physique pour l'admission sur titre à l'Institut d'Optique-
Graduate School depuis 2006.

� Recherche :
� Membre de la commission de spécialiste CS30 de l'université Paris-Sud depuis 2000.
� Membre du jury de thèse d'Olivier Sirjean (27/06/2003) et de Rodolphe Hoppeler
(28/10/2005).

� Membre invité du jury de thèse de Jose Carlos Viana Gomes (09/02/2007) et
d'Aurélien Perrin (29/11/2007).
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� Contrat Pessoa (Puce à atomes et corrélations spatiales de condensats de Bose-
Einstein) avec Prof. M. Belsley (université de Minho, Portugal) de 2004 à 2006.

� Contrat Pessoa (Propriétés de cohérence d'un faisceau d'atomes ultra-froids) avec
Prof. J. Viana Gomes (université de Minho, Portugal) en 2008.

A.3 Encadrement d'étudiants

A.3.1 Etudiants en DEA et M2

J'ai encadré 5 étudiants en stage de DEA ou M2 :
� 2000 : Olivier Sirjean, DEA laser et matières, Piégeage magnétique de l'hélium mé-
tastable.

� 2001 : Jérome de Vasconcelos, DEA physique théorique, Etude théorique de la ther-
malisation d'un gaz d'atomes piégés.

� 2002 : Rodolphe Hoppeler, DEA physique théorique rhône-alpin, Condensation de
Bose-Einstein de l'hélium métastable : mise en oeuvre d'une transition Raman sti-
mulée pour la détection du condensat.

� 2004 : Aurélien Perrin, DEA physique quantique, Transfert adiabatique de population
par utilisation d'états non couplés.

� 2007 : Jean-Christophe Jaskula, M2 physique du solide Condensation de Bose-Einstein
de l'hélium métastable - Diode laser en cavité étendue.

A.3.2 Etudiants en thèse

Co-encadrement : J'estime mon pourcentage d'encadrement entre 50 et 70% suivant
les étudiants. Le directeur de thèse est soit Alain Aspect soit Christoph Westbrook à
l'exception de Jean-Christophe Jaskula dont je suis o�ciellement le directeur de thèse. Je
donnerai leurs contributions respectives à la �n de l'introduction de chacun des chapitres
du manuscrit.

Thèses déjà soutenues :

� 2000 : Julie Poupard : Mesure de deux caractéristiques de l'hélium métastable impor-
tantes pour le refroidissement radiatif.

� 2000 : Antoine Browaeys : Piégeage magnétique d'un gaz d'hélium métastable : vers
la condensation de Bose-Einstein.

� 2001 : Alice Robert : Réalisation d'un condensat de Bose-Einstein d'atomes d'hélium
métastable.

� 2003 : Olivier Sirjean : Collisions ionisantes : un nouveau diagnostic pour les conden-
sats de Bose-Einstein d'hélium métastable.

� 2004 : Signe Seidelin : Collisions dans un gaz d'hélium métastable au voisinage de la
dégénérescence quantique.

� 2005 : Rodolphe Hoppeler : De la condensation de Bose-Einstein à l'e�et Hanbury
Brown et Twiss atomique de l'hélium métastable.

� 2007 : Jose Carlos Viana Gomes : Thermométrie et propriétés de cohérence d'un gaz
quantique ultra-froid d'hélium métastable.
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� 2007 : Martijn Schellekens : L'e�et Hanbury Brown et Twiss pour les atomes froids.
� 2007 : Aurélien Perrin : Observation de paires d'atomes corrélés au travers de la
collision de deux condensats de Bose-Einstein.

Thèses en cours : Valentina Krachmalnico� (soutenance prévue en 2009), Jean-Christophe
Jaskula (soutenance prévue en 2010), Marie Bonneau (soutenance prévue en 2011).

Premier emploi en CDI des anciens thésards : université/CNRS : 3, industrie : 3,
enseignement dans le secondaire : 2.

A.3.3 Docteurs en séjour post-doctoral

Pour être complet, l'équipe a aussi accueilli des docteurs en séjour post-doctoral :
Stephan Nowak en 1999-2000, Hong Chang en 2006-2007, Vanessa Leung en 2007-2008 et
Guthrie Partridge en 2008-2009.
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Annexe B

Publications
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B.1.1 Publications dans des revues à comité de lecture

1. Pair correlations of scattered atoms from two colliding Bose-Einstein Conden-
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Physical Review A 78, 053605 (2008)
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transition temperature

R. Hoppeler, J. Viana Gomes, D. Boiron
European Physical Journal D 41, 157 (2007)

8. Theory for a Hanbury Brown Twiss experiment with a ballistically expan-

ding cloud of cold atoms

J. Viana Gomes, A. Perrin, M. Schellekens, D. Boiron, C. I. Westbrook and M. Bels-
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13. A Bose-Einstein condensate of metastable atoms
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ix
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B.2.1 Publications dans des revues à comité de lecture

1. Trapping and cooling of cesium atoms in a speckled light

D. Boiron, C. Mennerat-Robilliard, L. Guidoni, J.M. Fournier, C. Salomon, G. Gryn-
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Optics Communication 126, 49 (1996)
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D. Boiron, C. Triché, D.R. Meacher, S. Guibal, P. Verkerk, G. Grynberg
Physical Review A 52, R3425 (1995)
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2. Temperature of cesium atoms in gray optical molasses
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European Quantum Electronics Conference (Glasgow (GB), sept. 1998)
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Séminaire sur la Manipulation d'Atomes par Laser et Applications (Lille (France),
1996)

xi



xii



Annexe C

Articles

Les pages suivantes reproduisent le texte des articles correspondant à mon travail au
laboratoire Charles Fabry de l'Institut d'Optique.
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Abstract. We have measured the two body loss rate in a magneto-optical trap containing triplet metastable
He atoms. We find a rate constant β = 3 × 10−8 cm3/s at a −8 MHz detuning, with an uncertainty of
a factor 2. This measurement is in disagreement with a recent experiment which measures the absolute,
ion-producing collision rate, but agrees with several other published measurements.

PACS. 32.80.Pj Optical cooling of atoms; trapping – 34.50.Rk Laser-modified scattering and reactions

Metastable helium (He*) is an interesting and unusual
atom for laser cooling and trapping studies. It has a very
well understood structure and is thus of interest for pre-
cision measurements [1]. Its large recoil velocity poses un-
usual problems for producing laser cooled samples, and
also provides an interesting testing ground for the the-
ory of laser cooling when the recoil velocity is large [2].
It has also been suggested as a promising candidate for
evaporative cooling [3]. Dense, cold samples would clearly
be useful for furthering these studies. Already in the first
magneto-optical trap (MOT) for He* however, it was re-
ported that light assisted collisions lead to large two body
loss rates and severely limit the density [4]. On the other
hand, a recent experiment reported a very much lower
loss rate constant [5]. It is obviously of great importance
to resolve this discrepancy in order to understand the loss
processes.

The loss rate measured in reference [4] was attributed
to the following processes:

He∗(23S, 23P)+He∗(23S)→
{

He(11S) + He+(12S) + e−

He+
2 + e−

·

This rate was measured by monitoring all the ions pro-
duced by the trap and observing the non-exponential de-
cay of the ion signal. By contrast, the work of reference [5]
reports an absolute measurement of the He+ and He+

2 ion
production rate and found a rate 40 times smaller than
that of reference [4]. This new rate appeared to be in good
agreement with a theoretical calculation made by the au-
thors. Since the technique of reference [4] is sensitive to

a e-mail: stephan.nowak@iota.u-psud.fr
b Present address: Sussex Center for Optical and Atomic

Physics, University of Sussex, Brighton BN1 9QH, UK.
c Unité Mixte du CNRS No. 8501

the total two body loss rate while that of reference [5] ob-
serves only the ion production rate, this discrepancy may
point to some other light-assisted collision process that
does not produce ions.

In order to help clarify this issue, we have undertaken
a new experiment to measure the two body loss rate pay-
ing close attention to several possible sources of system-
atic errors including the measurement of the density. We
use the trapped atom fluorescence to observe the non-
exponential decay of the trap. Our experiments confirm
the measurements of reference [4] and seem to indicate
that the two body loss rate is much higher than the rate
measured by [5]. In addition, even more recent experi-
ments, one measuring the trap loss [6] and one measuring
the absolute ion production rate [7], appear to agree with
our results. Thus, the preponderance of experimental data
indicate that the two body loss rate from the trap is higher
than measured in [5] and is largely due to ionizing colli-
sions.

Our starting point is the phenomenological equation
for the evolution of the number N(t) of trapped atoms
during the loading of the MOT

d
dt
N(t) = R− N(t)

τ
− β

∫
n2(r, t)d3r . (1)

In this equation R is the flux of atoms captured by the
trap during the loading. It depends on various parameters
of the MOT, particularly on the detuning and intensity
of the trapping laser. The lifetime τ of the trap is due
to collisions of He∗ with background gas molecules. Our
measurements indicate that τ is independent of the MOT
parameters to within 20%. The last term of the equa-
tion describes the two body losses resulting from collisions
between trapped atoms. Our definition of β is the same
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as that of references [4–6], and we have assumed that the
quantity β is independent of position.

If one assumes that the spatial distribution is inde-
pendent of the number of atoms in the trap, one can
write n(r, t) as a product n0(r)f(t) where n0(r) de-
scribes the shape of the trapped atom distribution. In
this case the last term in equation (1) can be expressed as
−βN2(t)/Veff , where Veff is an effective volume of the trap.
Our measurements indicate that Veff is indeed indepen-
dent of the number of trapped atoms and, during the trap
decay, independent of time. As the trap has a Gaussian
profile in 3 dimensions Veff = π

3
2 (2σx)(2σy)(2σz), where

σ is the rms size.
The decay of N is given by integrating equation (1)

with respect to time in the absence of loading (R = 0)
and assuming that the initial number of atoms is equal to
the steady state value N(0) = NS. This leads to

N(t) =
NS(

1 +
βNSτ

Veff

)
e
t
τ − βNSτ

Veff

· (2)

In the presence of a loading rate (R 6= 0) the solution for
equation (1) with N(0) = 0 is

N(t) = NS
1− e−

t
τ0

1 +
N2

Sβ

VeffR
e−

t
τ0

(3)

where

τ0 =
τ√

1 +
4βRτ2

Veff

· (4)

Equation (3) describes the number of trapped atoms
during the loading phase. The steady state solution for
equation (1) gives a simple relation between β and NS

β =
R− NS

τ
N2

S

Veff · (5)

The above equations all offer different, though related
routes to get β. Taking for example equation (5), one can
measure Veff using camera observations, τ using the ex-
ponential decay of the trap when the density is low, and
NS from the number of trapped atoms observed in steady
state. The quantity R can also be measured by observing
the initial slope of the loading curve R = dN/dt(t = 0).
Note that the uncertainty with which one measures R is
highly correlated with that of NS. If τ is very large, NS/τ
can be neglected compared to R and thus τ is unimpor-
tant in determining β. Equations (2, 3) permit the de-
termination of β by fitting the decay and loading curves.
However, the fitting parameters contain combinations of
the quantities β, NS and Veff , so that it is still necessary
to make independent measurements of NS and Veff to ex-
tract β. Our strategy is to use all three methods to check

the consistency of our approach while making the best
measurements we can of NS and Veff .

Our LN2 cooled helium source is similar to the one
described in references [8,9]: a high voltage DC discharge
produces metastable atoms. The flux of metastable atoms
is 1012 s−1 (luminosity of 4 × 1014 sr−1s−1). The mean
longitudinal velocity is 1300 m/s and the FWHM of the
velocity distribution is 300 m/s. We optically manipulate
the atomic beam with laser light using the closed transi-
tion 23S1–23P2 at a wavelength of 1083 nm. The natural
linewidth is Γ/2π = 1.6 MHz. The light is emitted by
50 mW DBR laser diodes. Their frequency width Γdiode

is estimated from the measured beat note between two
identical diodes. The measured width was 4 ± 0.5 MHz,
FWHM from which we deduce Γdiode/2π = 2± 0.3 MHz,
assuming Lorentzian line shapes. They are locked on the
transition 3S1–3P2 using saturated absorption in a He RF
discharge cell. The detuning of the laser trapping beams
is controlled with an adjustable Zeeman shift produced by
Helmholtz magnetic coils around the He cell.

We collimate the atomic beam using a transverse mo-
lasses with curved wave fronts [9–11]. Under normal trap-
ping conditions, we observe an increase in the number of
trapped atoms of a factor 6. This molasses also allows us
to bend the atomic beam by an angle of 1◦ so as to reduce
the flux of ground state atoms as well as ions and UV
photons produced in the discharge. The atoms are then
slowed down in a Zeeman slower to a velocity less than
50 m/s. The Zeeman field passes through zero partway
along the slowing path so as to allow us to detune the
slowing laser by −400 MHz from the 3S1–3P2 resonance.
The total slowing length is 2.4 m.

The resulting slow atomic beam then loads a MOT
consisting of three retroreflected laser beams. The center
intensity per beam is 4 mW/cm2, and the waist diameter
of the order of 2 cm. The magnetic field gradients were
10, 6 and 4 G/cm in the different directions. The lack of
symmetry is due to the presence of the Zeeman slower and
a compensation coil which remained on during the exper-
iment. A typical background pressure of 4 × 10−8 mbar
results in a lifetime τ of the trap of 150 ms. This lifetime
is unchanged when either the atomic beam or the cooling
laser is blocked by a mechanical shutter. The temperature
of the trap was roughly measured by an absorption tech-
nique to be 1.5 mK at a detuning of the trapping laser of
−20 MHz.

The measurement of β proceeds in two steps. First
one fits the data to one of the equations (2, 3) or (5).
For example typical decay curves of the trap fluorescence
at 1.083 µm when cutting off the slowing laser beam at
time t = 0 are shown in Figure 1 for two detunings of
the trapping laser. For a –16 MHz detuning the decay
is purely exponential whereas at –6.4 MHz the decay is
exponential only for times bigger than 150 ms. Before that
the influence of the non linear terms of equation (1) is
clearly visible. Fitting this nonlinearity leads generally to
a measurement of βNS/Veff . The next step is to measure
NS and Veff to extract the rate constant β. We discuss
these steps below.
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Fig. 1. Time dependence of the trap fluorescence for two dif-
ferent detunings. The vertical axis is logarithmic, and the cur-
vature is due to two body loss processes

To analyse curves such as in Figure 1 we use the an-
alytical solution (2) with βNS/Veff and the lifetime τ as
fitting parameters. We checked that the value of τ is the
one deduced from a fit of the exponential part of the de-
cay, reached when the number of trapped atoms is low
enough for the two body collisions between He* atoms to
be negligible. We measured Veff as a function of the num-
ber of atoms in the trap. We did this both by changing the
loading rate and observing the size in steady state as well
as by taking pictures during the decay of the trap. In both
cases we see a 30% increase in the size as the number of
atoms increases from 3×106 to 3×107. This change in size
only has a small effect on the resulting value of β (∼ 10%).
We estimate the uncertainty in the fitted parameters to be
approximately 10% by examining dispersion in the results
when we fit the same data over different time intervals.
Fits to data taken under nominally the same conditions
within several hours show a statistical dispersion of 15%.

To confirm the results we get from the decay curves,
we also performed a fit of the loading of the trap to the
function in equation (3). Our fits give a value of βNS/Veff

that is a factor of 2 smaller than the one we get using the
decay data from the same run. We also used equation (5)
to get β by measuring R/NS from the initial slope of the
loading curve (and using the value of τ from the fit of the
decay curve). This method also gives a β that is 2 times
smaller than the decay curve. This disagreement is sur-
prising because although the absolute uncertainties with
which we measure NS, Veff , and β are of order a factor of
two, most of the uncertainties should be common to the
three methods.

To explain this discrepancy we first checked that it is
not due to the presence of the slowing laser or the atomic
beam. We found that decay data give the same value of
β and τ regardless of the presence of the slowing laser
and the atomic beam. We also checked that the value of
β derived from the loading curve did not change when we

blocked that part of the slowing laser beam which inter-
sected the MOT by an absorber, thus making a dark spot
slower [12].

We also made measurements of the trap size and shape
during loading. In the first 10 ms of loading the trap is
not Gaussian but rather appears to have a slight halo in
the direction from which the atomic beam arrives. It ap-
pears that in the early phases of loading the atoms are
not immediately captured in the steady state volume of
the trap. Thus the effective volume of the trap is slightly
bigger than is assumed in equation (3). This may account
for the discrepancy. It is difficult to quantitatively esti-
mate the influence of this effect on the value of β deduced
from the loading curve because the temporal resolution
with which we were able to observe the loading trap was
only of order 5 ms. At the start of the loading the num-
ber of atoms in the trap varies rapidly on this time scale.
We conclude that the loading curves are probably not as
reliable for extracting β as the decay data. On the other
hand, in view of our overall uncertainty, this discrepancy
is not large and thus the loading curves do confirm our
results at the factor of two level. In what follows we will
only show data derived from the decay curves.

In order to determine the number of trapped atomsNS

we monitor the total power P scattered by the trapped
atoms into a solid angle Ω with a photodiode. This power
is given by P = ~ωΓ (Ω/4π)πPNS, where ω and Γ are the
frequency and natural linewidth of the MOT transition
and πP is the fraction of atoms in the excited state. We
use the following formula to calculate πP [13]

πP =
1
2

C
I

I0

1 + C
I

I0
+
(

2∆
Γdiode + Γ

)2 (6)

where ∆ is the laser detuning from resonance and I is
the total laser intensity of all 6 beams taken at the center
of the Gaussian profile. I0 is the saturation intensity of
the transition taking into account the width of the lasers,
that is I0 = (Γdiode + Γ )Isat/Γ = 0.37 mW/cm2, where
Isat = 0.16 mW/cm2 for the transition mJ = 1←→ mJ =
2. The phenomenological parameter C would be equal to
unity if a single, circularly polarized beam were present
and all atoms were inmJ = 1 ground state. However, since
6 differently polarized beams are present at the center of
the trap, C should be smaller. In reference [13] it was
found empirically for a Cs MOT that C is somewhat larger
than the average of the squares of the Clebsch-Gordan
coefficients over all possible transitions. For the J = 1←→
J = 2 transition this average is 0.56. We will assume here
C = 0.8±0.2 . Because of the high saturation of our MOT,
the uncertainty we have assumed for C amounts to only
a 5% uncertainty in πP for small detunings and 10% for
large detunings. The high saturation also means that we
are not very sensitive to the effect of the linewidth of the
lasers.

We have roughly confirmed the value of πP by measur-
ing the absorption of a weak resonant probe beam through
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Fig. 2. Fitted two body loss rate coefficient β as a function
of detuning at total intensity I/Isat = 160. Different symbols
refer to different runs taken on different days.

the atomic cloud after the MOT laser beams had been
turned off. Our observation of 30% absorption on reso-
nance confirms the measurement of the number of trapped
atoms to within a factor of two. Note also that the ob-
served absorption indicates that, at typical MOT detun-
ings, the optical thickness of the cloud is negligible. The
calibration of our photodiode is known to the order of
10%. The major source of uncertainty in NS is the solid
angle which we can only estimate to within a factor of
1.5. We estimate the uncertainty in our detected power
measurement (P ) to be about 20%.

The volume Veff is measured by observing the size of
the trap along three orthogonal axes in the steady state
regime using a calibrated CCD camera. The Zeeman shift
due to the magnetic field gradient is negligible compared
to our detuning and therefore does not affect our esti-
mate of the volume. Similarly the Doppler shift at 1.5 mK,
about 2 MHz, is negligible as well. We estimate the un-
certainty in Veff to be about 20%.

Our final uncertainty in the absolute value of β is the
quadrature sum of the contributions described above and
is dominated by the statistical fluctuations in βNS/Veff

and by the uncertainty in the solid angle, both of order
50%. The total uncertainty is a little less than a factor of
two. Therefore our conclusion that β = 3×10−8 cm3/s at a
–8 MHz detuning of the trapping laser is to be understood
as 1.5× 10−8 cm3/s < β < 6× 10−8 cm3/s.

We performed the measurement of β for various detun-
ings of the trapping beams, from −5 MHz to −16 MHz,
and various intensities corresponding to I/Isat varying
from 10 to 160. We found that in steady state, the shape
of the trap is always Gaussian. The volume Veff varies
between 30 mm3 and 200 mm3. The number of trapped
atoms slightly increases with the detuning of the trapping
beams from 3× 107 up to 4× 107 while the density at the
center decreases from 3× 109 cm−3 to 6× 108 cm−3. The
dependence of β with the detuning and the intensity is
shown in Figures 2 and 3. Figure 2 presents the measured
values for β versus the detuning of the trapping laser for
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Fig. 3. Fitted two body loss rate coefficient β as a function of
total intensity at detuning ∆ = −6 MHz.

experiments carried out on 3 different days at nominally
the same conditions. There are clearly some conditions in
the MOT that are not very reproducible. The uncertainty
in the solid angle is common to all measurements, there-
fore the trends shown in Figures 2 and 3 are weak but sta-
tistically significant. The detuning dependence shows the
same general behavior as the data of reference [5] although
it was taken over a much smaller range of detunings. This
behavior can be understood in terms of a model similar to
reference [14] in which one assumes that a competition be-
tween incident flux and survival give a maximum collision
rate at some value of the detuning.

In order to compare our results to other measure-
ments, we note that our results are consistent with those
of reference [4], which found 2 × 10−8 cm3/s < β <
3 × 10−7 cm3/s for a detuning of −5 MHz and approx-
imately the same intensity. Our results also agree with
two recent experiments done with MOT parameters sim-
ilar to ours: reference [6] used the decaying trap signal
to find β = 1 × 10−8 cm3/s and reference [7] reports
a measurement β = 4 × 10−8 cm3/s using the absolute
ion signal. All these results disagree with that of [5], who
measured β = 2 × 10−9 cm3/s at −5 MHz detuning and
about the same intensity. The experiment of reference [7]
is very important in ruling out the possibility that a decay
mechanism producing no ions can account for the result
of reference [5]. Note also that the work of reference [6]
also includes measurements of trap loss processes result-
ing in metastables escaping from the trap (radiative es-
cape). This also lends credence to the view that ionizing
collisions are indeed the primary trap loss mechanism.
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Abstract. Metastable helium atoms were efficiently trans-
ferred from a magneto-optical trap (MOT) to a magnetic
quadrupole trap, producing samples of up to3×107 mag-
netically trapped atoms at a temperature of about1 mK. We
observe purely exponential decay of the samples with time
constants of9–10 s and derive an upper bound for the rate
coefficient of inelastic Penning collisions.

PACS: 32.80.Pj; 42.50.Vk; 34.50.RK

The breakthrough achievement of Bose–Einstein condensa-
tion (BEC) [1, 2] in dilute atomic vapors was largely due to
the successful combination of laser cooling, magnetic trap-
ping and evaporative cooling. But, although cooling and trap-
ping techniques have been applied to many different atomic
species, BEC in dilute gases has been achieved for only
a few elements. Metastable helium (He∗) is an interesting
and challenging candidate for extending the list of Bose
condensed gases beyond the first column of the periodic
table [3]. Cold, dense samples ofHe∗ could possibly have
many applications in precision measurements [4] and in sur-
face potential studies [5]. Metastable helium, however, poses
particularly difficult problems for experiments. One of the
worst of these is the severe limit for the particle density in
a magneto-optical trap (MOT) due to light-assisted Penning
ionizing collisions [6–10]. The rate of Penning ionization can
be greatly suppressed in magnetic traps, first because of the
absence of resonant light, and secondly because in a mag-
netic trap, Penning ionizing collisions are highly forbidden
by spin conservation when the sample is spin polarized in the
magnetic trap. A suppression of five orders of magnitude is
estimated in theory [11]. In addition, an elastic collision rate
in the spin polarized sample large enough that evaporative
cooling should be possible is estimated in [11]. In this pa-
per we report the efficient transfer ofHe∗-atoms from a MOT
to a magnetic trap. The observed magnetic trap lifetime al-
lows us to put an upper limit on the inelastic collision rate
coefficient for spin-polarized atoms.

An atom with magnetic momentµ, adiabatically follow-
ing a magnetic fieldB(r), experiences a potential

Wmag=−µ · B(r)= gJmJ µB B(r) . (1)

Here,µB is the Bohr magneton and forHe∗ mJ =−1,0,+1
andgJ = 2. FormJ =+1, this potential is confining at a local
minimum of the magnitude of the magnetic field,B(r). In our
experiment we use a simple magnetic quadrupole potential
produced by two parallel coils with opposite currents, which
has already proven useful in BEC experiments [2]. This po-
tential has the advantage of having a nonzero gradient close
to the center, thus confining more tightly than a parabolic
trap [12, 13], and producing an exponentially peaked density
distribution.

We use a DC-gas discharge source [14] to produce a beam
of metastable helium atoms (intensity1014 s−1sr−1), which
is transversely collimated with a molasses, and slowed with
a Zeeman slower to a velocity of10–30 m/s to load an MOT
in the standard 6-beamσ+/σ− configuration. There we have
108 atoms (based on absolute fluorescence measurements)
at a central density of109 cm−3 (limited by Penning colli-
sions), at temperatures between 0.6 and1.5 mK, depending
on laser detuning. Laser light resonant with the atomic transi-
tion 23S1−2 3P2 (1083 nm) is provided by DBR laser diodes
(Spectra Diode Labs) locked to this transition, with fine tun-
ing by acousto–optical modulators. We transfer the atomic
sample from the MOT to the magnetic quadrupole trap by
shutting off the laser light and ramping up the magnetic field
at the same time. This scheme ensures a good alignment
of the magnetic trap with respect to the MOT, as at typical
working parameters the atomic cloud is quite large compared
to any displacement induced by gravity or laser radiation
imbalances.

We detect the atoms with a multichannel plate (MCP)
stack (HAMAMATSU 4655) with a detector anode, mounted
5 cm below the trap. Its upper side is set to−2 kV, with the
lower side on ground potential. The detector anode is set to
a small positive voltage to help extract the electrons from the
MCP. Two fine grids are mounted above the detector. The first
is at ground potential and used to shield the trap region from
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the high electric fields produced around the MCP stack. The
second one is biased so as to repel positive ions. In the ab-
sence of metastables hitting the detector we detect negligible
anode current. We calibrated thisHe∗-detector and tested its
linearity by comparing its signal to fluorescence and absorp-
tion measurements of particle numbers in the MOT.

Figure 1a shows the timing in the experiment. During the
loading phase all lasers are on, as well as the atom beam and
the magnetic fieldBZeem of the Zeeman slower. The gradient
of the quadrupole fieldBquad for the MOT is low (typically
5 G/cm in the radial direction). Att = 0, after typically1 s
of loading, the laser and magnetic field of the Zeeman slower
are switched off, the atom beam is blocked with a mechani-
cal shutter, and the MOT lasers are switched off. The MOT
lasers are switched using an acousto–optical modulator in
series with a mechanical shutter. The field gradient of the
quadrupole is raised in about3 msto 50–80 G/cm (radial di-
rection) to produce the magnetic trap. After a delaytD the
magnetic trap is switched off with a time constant of∼ 500µs
and we observe the arrival of the atoms on the MCP. The
quadrupole magnetic fields of the MOT and the magnetic trap
are produced by the same pair of coils. They have a diam-
eter of11 cmand are placed at a separation of7 cm outside
the vacuum. The pressure is around10−9 mbarwhen the atom
beam is on, as was measured with an ion gauge and somewhat
lower when the atom beam is shut off after loading the MOT.

Figure 1b shows the time-of-flight (TOF) signals of the
metastable atoms detected by the MCP detector. The first
peak is due to those atoms in the MOT which could not be
transferred to the magnetic trap, the second peak is produced
by atoms released from the magnetic trap. Detailed inspec-
tion of the first peak reveals a double structure, corresponding
to atoms in themJ =−1 state, which are repelled from the
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Fig. 1. Timing of a typical experimental run, together with some typical
TOF data. The nonzero offset during the MOT phase is due to detection of
not trapped atoms, and UV photons coming from the atom source. The two
peaks just after turning on the magnetic trap correspond to untrapped atoms
in the mJ =−1 state (expelled) and in themJ = 0 state (insensitive to the
magnetic field)

magnetic field minimum, and in themJ = 0 state, which are
insensitive to the magnetic field. By integrating the area of
these signals, taking into account a geometrical correction
factor accounting for atoms that do not hit the detector, we de-
rive a transfer efficiency from the MOT to the magnetic trap
of typically 30%, showing that atoms in a MOT are unpolar-
ized on average.

For further analysis we fit calculated TOF signals to our
data, assuming Maxwell–Boltzmann velocity distribution in
the trap and taking into account gravity. We neglect the size
of the trap, because for trap diameters up to10 mm, which is
the largest trap diameter we used, its size has only a small in-
fluence on the detected signal. The only parameters for the fit
are the temperatureT of the sample and a scaling factor pro-
portional to the number of atoms. We found that the value of
the gradient of the magnetic trap does not dramatically affect
the transfer efficiency nor the change of mean energy of the
atomic cloud.

By repeating measurements with different delay timestD
and evaluating the number of particles in the detected TOF
peak we measured the lifetime of the magnetic trap. The data
set in Fig. 2 is fitted very well by a purely exponential de-
cay, revealing a decay constant ofα−1 = 9 s. We varied the
pressure in the chamber by a factor of 3 by reducing the ro-
tation rate of our turbo pumps and found that this lifetime
is approximately inversely proportional to the residual gas
pressure. Besides collisions with residual gas particles, Ma-
jorana spin flips can contribute to losses from a quadrupolar
magnetic trap at a rate [13]ΓM ∼ h/m×1/l2, wherel is the
typical length scale of the radius of the trapped atomic cloud.
Evaluatingl from the temperature and the magnetic field gra-
dient of the trap, we find that Majorana spin flips occur at time
constants of aboutΓ −1

M ∼ 60 s. Therefore, we do not expect
this to be a lifetime-limiting factor for the trap, in agree-
ment with the observation of the pressure dependence of the
lifetime.

It is interesting to attempt to derive an upper limit for the
rate coefficientβ of inelastic collisions of polarized atoms
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Fig. 2. Particle number in the magnetic trap as a function of time.Circles
are measured data, thedashed lineis a fitted linear curve in the semilog plot
showing a trap lifetime of9 s and thedotted linesindicate the uncertainty
in particle number produced by the fit. Thethin solid line is what we would
expect in the presence of inelastic two-body collisions with a rate coefficient
of 8×10−11 cm3 s−1
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Fig. 3. Typical TOF data of atoms from the magneto-optical trap (a) and
from the magnetic trap after storing times of0.5 s (b) and 20 s (c). Solid
curvesare experimental data,dashed linesshow the respective best fits to
TOF signals as expected from a Maxwell–Boltzmann distribution, corres-
ponding to about1.0 mK in a andb and1.3 mK in c. The data inc deviate
somewhat less from the Maxwell–Boltzmann case than the data curve inb.
This may be interpreted as an effect of the onset of thermalization due to
elastic collisions. It is, however, not possible to deduce a time constant for
thermalization from these data

inside the trap. To do so, we need to determine the particle
density in the trap, i. e. the shape of the atomic cloud. As
a working hypothesis we assume that the atoms in the trap are
in thermal equilibrium. The TOF characteristics (see Fig. 3)
of the atoms released from the trap show that this is not ex-
actly the case, but the deviation from a Maxwell–Boltzmann
distribution is small enough that this hypothesis is reasonable.
This permits us to estimate the diameter of the cloud inside
the magnetic trap and so determine the density. Using the
measured particle number in the magnetic trap we find a peak
density of3×108 cm−3 in the trap, from which we deduce an
effective density [15] inside the trap ofneff = 4×107 cm−3.
Experimentally we found that the statistical scatter of our
measurements of particle numbers is at most5%, so the sta-
tistical scatter of the density amounts to the same value.

To the data in Fig. 2 we fit the solution of the equa-
tion Ṅ/N =−α−βneff which describes one- and two-body
losses from the trap [6–10]. Using the same fitting function
as in [6, 8, 10], withneff adapted to our case, we find thatβ
is negligible. To derive the most conservative upper limit for
this coefficient we proceed as follows: A linear fit to the data
in the linear-logarithmic plot (dashed line in Fig. 2) provides
us with the decay coefficientα. We find that the uncertainty in
this fit (indicated by dotted lines) is practically identical to the
uncertainty of the fitted initial number of atoms. We then su-
perpose the experimental data with tentative fit functions with
different values ofβ, keepingα fixed. With this method we
can determine8×10−11 cm3 s−1 as an upper limit for this rate
coefficient. Figure 2 shows a decay curve using this coeffi-

cient (straight line). This value is consistent with calculations
presented by Mastwijk et al. [7] for an unpolarized sample of
metastable helium 23S1 and compatible with the suppression
factor measured by Hill et al. [16] for a polarized sample. The
uncertainty in this coefficient is mainly due to the statistical
scatter in the number of atoms in the trap and due to the devi-
ation of the velocity distribution from a Maxwell–Boltzmann
distribution, which affects the value ofneff.

To summarize, we have set up a magnetic trap for
metastable helium and demonstrated the efficient transfer of
atoms from the MOT (∼ 30%), atom numbers as high as
3×107 and background-gas limited lifetimes of more than9 s
in the magnetic trap. From this lifetime we deduce an upper
limit of 8×10−11 cm3 s−1 for the inelastic collisional rate co-
efficient with polarized atoms. Application of a stronger field
gradient and improved vacuum will bring us into a good start-
ing position for evaporative cooling experiments to increase
the phase space density of our sample and to more precisely
measure collision rate coefficients as well as the scattering
length for ultra cold elasticHe∗−He∗ collisions.
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A Bose-Einstein Condensate of
Metastable Atoms

A. Robert, O. Sirjean, A. Browaeys,* J. Poupard,† S. Nowak,‡
D. Boiron, C. I. Westbrook, A. Aspect§

We report the realization of a Bose-Einstein condensate of metastable atoms
(helium in the lowest triplet state). The excitation energy of each atom with
respect to the ground state is 20 electron volts, but inelastic processes that
would destroy the sample are suppressed strongly enough in a spin-polarized
sample to allow condensation. Our detection scheme takes advantage of the
metastability to achieve detection of individual atoms as well as of the decay
products of inelastic processes. This detection opens the way toward new
studies in mesoscopic quantum statistical physics, as well as in atomic quantum
optics.

Bose-Einstein condensation (BEC) of heli-
um in its ground electronic state has been
known for decades and is responsible for
many extraordinary properties of liquid he-
lium. The more recently observed BEC of
weakly interacting atomic gases exhibits a
rich variety of phenomena at the interface
between condensed matter and statistical
physics on the one hand and atomic, mo-
lecular, and quantum optical physics on the
other (1). The phenomenon has thus far
been observed in four different atomic spe-
cies: H, Li, Na, and Rb (2–5). We now
report the observation of BEC in a fifth
species: metastable triplet He (He*). This
result is important in itself because not all
atoms lend themselves to condensation
with present technology and, as was dem-
onstrated in the case of Cs (6 ), sometimes
only in attempting to form a BEC can one
obtain accurate enough information to con-
clude whether it is possible or not. In the
case of He*, it was in fact predicted that
elastic collision rates were sufficiently
large and inelastic collision rates were suf-
ficiently low to permit BEC (7 ), and this
prediction has stimulated experimental ef-
forts in several labs (8–10). Our work ver-
ifies these predictions, and helium is now
the only atom that exhibits BEC in two
phases with vastly different densities, cor-
responding to different electronic states.

A BEC of He* is remarkable in that the

constituent atoms contain a large internal en-
ergy: the 2 3S1 state is 20 eV above the
electronic ground state, and this energy is
huge compared to the thermal energy of our
sample (10210 eV per atom at 1 mK). Only a
complete decoupling of the internal and ex-
ternal degrees of freedom prevents conver-
sion of the internal electronic atomic energy
into ionization and kinetic energy that would
lead to an immediate destruction of the con-
densate. An unpolarized sample of metasta-
ble helium at such a large density (about 1013

cm23) would be destroyed in less than a
millisecond (11–13). The reason this does not
happen is the complete spin polarization of a
magnetically trapped gas. When all spins are
aligned along the same direction, Penning
ionizing collisions that could release the in-
ternal potential energy are suppressed by spin
conservation (14). Theoretical studies (7, 15,
16) that take into account spin relaxation
predict a suppression factor as large as 105

(17).
The large energy content of each atom

opens the ultimate possibility of detecting
individual atoms with nanosecond time res-
olution, an extremely challenging task
when using optical detection. When the
atoms hit a detector such as a microchannel
plate (MCP) with a velocity of 1 m/s as in
our experiment, the time resolution trans-
lates into nanometer position resolution.
With such sensitive detection, it will be-
come possible to study mesoscopic statisti-
cal physics, with a number of particles
ranging from 105 or larger to a few, thereby
allowing the study of finite number effects
in an unusual range (18). Individual atom
detection will also allow one to perform
new quantum atom optics experiments. For
instance, the celebrated experiments of spa-
tial interference between two independent
condensates (19) could be done with a
time- and position-resolved detector, so
that the emergence of a relative phase be-
tween the two condensates, as predicted in

several theoretical papers (20), could be
followed in real time.

Our experiment begins with a magneto-
optical trap of He* (21). After optical molas-
ses cooling, optical pumping, and magnetic
compression, the magnetic trap contains
about 2 3 108 atoms at 1 mK. Metastable
helium in the 2 3S1 state has a (purely elec-
tronic) spin of 1, and only the m 5 11
magnetic sublevel can be trapped. The m 5
21 sublevel is antitrapped, and m 5 0 is
insensitive to the magnetic field. The mag-
netic trap is of a “cloverleaf ” design (22)
with B9 5 85 G/cm, B0 5 20 G/cm2, and a
bias field B0 5 0.3 G at the end of the
compression. The corresponding axial and
radial oscillation frequencies in the harmonic
trapping potential are about 50 and 1300 Hz,
respectively. The atomic cloud is elongated
along the coils’ axial direction (Fig. 1), and
its lifetime is 50 to 60 s.

After the compression stage, thermaliza-
tion is rapid enough for evaporative cooling
(21), and we begin a radio frequency (RF)
evaporation ramp at a frequency of 135 MHz.
The ramp lasts about 60 s and goes down to
a value around 1 MHz, which is about 150
kHz above the minimum of the trapping po-
tential. After the ramp, the trap holds the
remaining atoms for 100 ms or more. We
then turn off the currents producing the mag-
netic trap, and atoms falling under the influ-
ence of gravity are detected by a MCP placed
5 cm below the trap center. We show in Fig.
2 the signal from the MCP as a function of
time after the atoms’ release and for various
values for the final frequency of the ramp.
The time-of-flight (TOF) spectra show the
arrival time distribution for a cloud of atoms
falling on the detector. The mean arrival time
corresponds to the time it takes for the atoms,
initially nearly at rest, to fall 5 cm.

Because the width of the distribution is
small compared to the mean arrival time, all
of the atoms hit the detector with nearly the
same final velocity of 1 m/s. The TOF spectra
are then proportional to the spatial distribu-
tion along the vertical x direction, integrated
over y and z.

Figure 2 thus shows the behavior charac-
teristic of most other BEC experiments using
atoms in a harmonic trapping potential: At a
high final ramp frequency (that is, above the
condensation temperature), the spatial distri-
bution is well approximated by a Maxwell-
Boltzmann distribution, whereas when the
ramp goes low enough and reduces the tem-
perature sufficiently, the distribution exhibits
a narrow peak on top of a broad one. The
fraction of atoms in the narrow peak increas-
es as the final ramp frequency is lowered, and
we interpret this peak as a BEC. The signal
disappears altogether when the ramp is al-
lowed to go even lower and to completely
empty the trap.
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The spectra shown in Fig. 2 correspond to
approximately 5 3 103 atoms falling on the
MCP. They correspond to freely falling
atoms released from the trap immediately
after the currents in the coils are turned off.
Stray magnetic field gradients are present
during the atoms’ fall, and therefore we
conclude that these atoms are in the field-
insensitive m 5 0 state. We have confirmed
this interpretation by deliberately applying
a field gradient of 0.1 to 1 G/cm along the
vertical direction during the 100-ms fall
time. We observed no change in the arrival
time nor in the height of the observed peak
in the presence of these gradients. We thus
interpret the spectra as a sample of the cold,
trapped cloud in m 5 11 (including both
the condensed and the uncondensed frac-
tions) that was rapidly transferred to the
m 5 0 state during the switch-off of the
current. We know from previous in situ
magnetic field measurements that when the
current is switched off, eddy currents in the
vacuum chamber cause the bias magnetic
field at the position of the atoms, originally
0.3 G, to reverse and attain values above
100 G. This reversal takes place in about
100 ms, after which time the magnetic field
decays with a time constant of about 1 ms.
We presume that during this fast reversal,
most of the atomic spins adiabatically fol-
low the magnetic field, but a small fraction
ends up in the m 5 0 state. Such a nonadia-
batic transition must take place while the
field is close to zero; that is, in a time short
compared to the 100-ms reversal time (23).

This scenario is supported by two addi-
tional observations. First, when applying
the vertical gradient mentioned above, we
observed a second peak in the TOF spec-

trum. This peak arrived earlier by an
amount consistent with the acceleration
caused by the applied gradient and there-
fore corresponded to atoms in one of the
field-sensitive states. This peak had an area
as much as seven times greater than that of
the m 5 0 peak, indicating that many more
atoms were in the trap than were observed
in the TOF spectrum. In a second experi-
ment, we used an RF knife ramping through
the trap at 1 kHz/ms to couple the atoms out
of the condensate rather than turning off the
magnetic field. In this way, we also ob-
served as many as seven times more atoms
as in the curves in Fig. 2.

We can confirm the idea that many more
atoms are trapped than are observed in Fig.
2 by an independent analysis leading to the
number Nth of atoms in the thermal cloud
below the critical temperature. By fitting
the wings of the TOF spectra, we are able
to determine the temperature T of the
trapped atomic cloud and, using the Bose
distribution, to infer Nth. As discussed in
(18) and experimentally demonstrated in
(22, 24, 25), this number should be given
by: Nth 5 1.202 (kT/\ṽ)3, where k is Boltz-
mann’s constant, \ is Planck’s constant
divided by 2p, and ṽ denotes the geometric
mean of the trap oscillation frequencies.
This relation gives an absolute thermody-
namic measurement of the number of at-

oms. It is greater by a factor f 5 8 6 4 than
the value from the MCP. The uncertainty
given for f is the standard deviation of 28
measurements. Taking this correction into
account, the largest condensate we have
observed contained about 105 atoms.

We have also examined the behavior of
the condensate for different atom numbers.
Figure 3 shows the results of a series of runs
for which the number of atoms in the con-
densate was varied. We plot the width corre-
sponding to the Thomas-Fermi radius of the
condensate after expansion, as a function of
the number N0 of atoms in the condensed
fraction. We obtained good fits to an inverted
parabola squared for numbers of detected
atoms as low as 400. The size wi of the
condensate in the direction i, in the Thomas-
Fermi approximation, and for a scattering
length a is given by

wi 5 siÎ ṽ

vi
S15

N0a

s̃ D 1/5

where si 5 ={\/mvi} is the size of the
ground state harmonic oscillator wavefunc-
tion along the ith direction, and s̃ denotes
the geometric mean of the three sizes. To
obtain the size of the condensate in the trap
from the measured size after the expansion
of duration (t) 5 100 ms, we use the anal-
ysis of (26 ) according to which, for a sud-
den switch-off of the trapping potential, the
spatial distribution of the condensate along
an initially tightly confined direction i is
simply dilated by a factor vit during expan-
sion. Thus, the condensate size should vary
as the 1/5 power of the number of atoms, as
is confirmed by a fit to a log-log plot (slope
0.19) and Fig. 3.

Knowing the size as a function of the
number of atoms in the condensate allows

Fig. 1. Schematic diagram of the apparatus (not
to scale). The coils that form the magnetic trap
are outside the vacuum in reentrant flanges.
The microchannel plate is 5 cm below the
center of the trap. The incoming He* beam
propagates along the y axis (horizontally). The
three pairs of magneto-optical trap laser beams
(not shown) propagate along the z axis and at
45° to the x and y axes.

Fig. 2. TOF spectra for different final frequen-
cies of the RF ramp (values are shown at the
left of each curve). The solid lines show Gauss-
ian fits to the wings. This series of spectra
shows the BEC transition as the RF ramp lowers
the temperature further and further. The tem-
perature at the transition is 0.7 mK. Each spec-
trum is a single-shot acquisition containing
about 5 3 103 atoms, although the actual
number in the condensate is higher by a factor
of about 8.

Fig. 3. Observed width of the condensate peak
after expansion, as a function of the number of
atoms in the peak to the 1/5 power. The width
is derived from the TOF spectrum and is given
in milliseconds. After correcting the number of
atoms for the fraction we do not observe (see
text), the slope of the straight line gives an
estimate of the scattering length of 20 6 10
nm.
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us also to get an estimate of the scattering
length a. We used the data in Fig. 3, and
correcting the number of atoms by the cor-
rection factor f we obtained a 5 20 6 10
nm. This result is consistent with our elas-
tic rate constant measurements at 1 mK
(21). The validity of the above analysis
relies on two important assumptions. First,
the release of the atoms from the trapping
potential must be rapid as compared to the
inverse of the angular frequency vi. If this
were not the case, the expansion would not
be as fast as expected, and this discrepancy
would lead to an underestimate of the size
of the condensate and therefore of a. Ac-
cording to the discussion of the rapid trans-
fer to m 5 0 above, it is reasonable to
believe that the condition is fulfilled in our
case, but its violation can lead to large
errors. The second assumption is that the
interaction energy between the atoms in the
various m sublevels is described by a single
scattering length a (27, 28) and that they all
expand freely (29).

We have also observed the ions pro-
duced by the trapped condensate by nega-
tively biasing a grid above the MCP (Fig.
4). These ions are due to Penning ionization
of residual gases, two-body Penning colli-
sions within the condensate, or possibly to
other, more complicated processes. We ob-
served a factor of 4 to 5 more ions from the
condensate than from a thermal cloud at 1
mK, and we attribute this increase to the
larger density in the condensate. The life-
time of the condensate, estimated by ob-
serving the decay of the ion rate, is on the
order of a few seconds. This is true both
with and without an RF knife to evacuate
hot atoms (22, 30), although the lifetime is
slightly longer with the knife present. The
density of the condensate, deduced from its
vertical size measurement and its known
aspect ratio, is on the order of 1013 cm23,
so from the lifetime we can place an upper
limit of 10213 cm3 s21 on the relaxation-
induced Penning ionization rate constant.

The observation of BEC in He*, togeth-

er with our MCP detector, offers many new
possibilities for the investigation of BECs.
The ion detection described in the previous
paragraph allows continuous nondestruc-
tive monitoring of the trapped condensate.
Our ability to count individual He* atoms
falling out of the trap can be combined with
several outcoupling schemes releasing the
atoms in the field-insensitive m 5 0 state:
A laser-induced Raman transition (31) can
provide an even faster and more flexible
scheme than the fast reversal of the mag-
netic field presented here; on the other
hand, like an RF outcoupler, it can also
produce a quasi–continuous-wave atom la-
ser (32, 33), and the RF experiment pre-
sented above is a crude version of it. Fast
dumping of atoms, with numbers ranging
from over 105 to a few, can offer new
opportunities for studies in statistical phys-
ics with low numbers of particles, such as
investigations of corrections far from the
thermodynamical limit (18). Slow outcou-
pling combined with space- and time-re-
solved detection of individual atoms should
allow one to perform accurate comparisons
of correlation functions (30) for a thermal
beam of ultracold atoms (34 ) and for an
atom laser, realizing the quantum atom op-
tics counterpart of one of the fundamental
experiments of quantum optics. Experi-
ments that are still unrealized in quantum
photon optics may also become possible
with a system such as that reported here.

It has already been shown that the laser
and vacuum apparatus necessary to manip-
ulate 4He is readily adapted to the fermi-
onic isotope 3He (12). Thus we expect that
it will soon be possible to study a degener-
ate gas of fermions using sympathetic cool-
ing (35–37 ). Finally, the upper-lying levels
of triplet metastable helium are radiatively
coupled to the electronic 1 1S0 ground state,
so that a laser excitation of the condensate
toward one of these levels would create a
population inversion with the ground state.
This excitation could lead to superradiance,
and even lasing beyond 20 eV. It might also

yield a dilute degenerate sample of ground-
state helium, giving yet a third phase of
quantum degenerate helium.
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Fig. 4. Ions detected by the MCP
during the magnetic trap phase.
The vertical dashed line at t 5 0
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ramp. The thin line corresponds
to a final RF frequency of 1.2
MHz (Fig. 2) [that is, a thermal
cloud (T 5 1 mK)], whereas for
0.97 MHz (thick line) the cloud is
almost a pure BEC. The lifetime
is smaller in the latter case, indi-
cating a higher loss rate for a
BEC.

R E S E A R C H A R T I C L E S

www.sciencemag.org SCIENCE VOL 292 20 APRIL 2001 463

xxvii



xxviii



Thermalization of magnetically trapped metastable helium
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We have observed thermalization by elastic collisions of magnetically trapped metastable helium atoms. Our
method directly samples the reconstruction of a thermal energy distribution after the application of a RF knife.
The relaxation time of our sample toward equilibrium gives an elastic collision rate constant ofa;5
31029 cm3/s at a temperature of 1 mK. This value is close to the unitarity limit.
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Bose-Einstein condensation~BEC! of dilute atomic va-
pors has been observed in Rb@1#, Na @2#, Li @3#, and H@4#.
Atoms in these gases are in their electronic ground states.
Metastable helium in the 23S1 state (He* ), which has long
been of interest to the laser cooling community, is by con-
trast in a state 20 eV above the ground state. This situation
presents additional possibilities for the study of cold dilute
atomic gases. First, the large internal energy permits efficient
detection by ionization of other atoms and surfaces: it is
possible to study very small samples. Second, Penning ion-
ization both by the background gas and between trapped at-
oms offers a high time resolution monitor of the number and
density of trapped atoms. Third, the possibility of using the
large internal energy of He* for atomic lithography has al-
ready been demonstrated@5#, and this application as well as
atom holography@6# may benefit from highly coherent
sources. Finally, much theoretical work has already been de-
voted to estimation of the elastic collision cross sections on
the one hand and Penning ionizing rates on the other@7,8#.
Experiments such as the one reported here can test this work.

BEC is achieved in dilute gases by evaporative cooling of
a magnetically trapped sample@9#. In He* , it is hampered by
the fact that in a magneto-optical trap, the typical starting
point of magnetic trapping, the achievable atomic density is
limited by a large light-assisted Penning ionization rate@10–
15#. On the other hand, the scattering length for low energy
elastic collisions is predicted to be quite large, and the Pen-
ning ionization rate highly suppressed in a spin polarized
sample@7,8#. He* in a magnetic trap necessarily constitutes a
spin polarized sample and experiments have already demon-
strated a suppression of more than one order of magnitude
@16–18#. If the theoretical estimates are right, efficient
evaporative cooling may still be possible in spite of the low
initial trap density. We report here the observation of the
thermalization of He* due to elastic collisions which appears
to roughly bear out the predictions.

To perform a thermalization experiment, a trapped cloud
is deliberately placed out of equilibrium and its relaxation
due to the elastic collisions between trapped particles is ob-
served. Usually the observations are made by imaging the
spatial distribution as a function of time@19–21#. In our
experiment the relaxation is observed directly in the energy
distribution of the atoms in the magnetic trap. First this dis-
tribution is truncated aboveERF5hn by a radio frequency
pulse~or RF knife! of frequencyn. The cloud rethermalizes
by elastic collisions and the population of the states of en-

ergy higher thanERF increases from zero; for large times
compared to the thermalization timet th the distribution
reaches a thermal distribution@22#. With the help of an ana-
lytical model and numerical simulations, we deducet th from
the time dependence of the number of atoms with energy
aboveERF. We measure this time dependence by applying a
second RF knife after a delay timet, and with a frequency
slightly above that of the first one. Our model also allows us
to relatet th to the elastic collision rate per atom in the trap.

Much of our setup has been described previously@14,17#.
Briefly, we use a liquid N2 cooled dc discharge source to
produce a beam of metastable He atoms. The beam is slowed
down to ;100 m/s using Zeeman slowing and loads a
magneto-optical trap~MOT!. Typically, 33108 atoms are
trapped at a peak density of 33109 at./cm3, limited by
light-induced Penning ionization. The temperature of the
cloud is about 1 mK and the cloud is roughly spherical with
a rms size of 2.5 mm. We then apply a 5 msDoppler molas-
ses to cool the atoms down to 300mK. This is achieved by
switching off the magnetic field, decreasing the detuning
close to resonance, and lowering the intensity to 10% of its
value in the MOT. An optical pumping step allows us to trap
up to 1.53108 atoms in a Ioffe-Pritchard trap. We use a
‘‘cloverleaf’’ configuration @23# with B8585 G/cm, B9
525 G/cm2, and a bias fieldB05200 G. The two sets of
coils are outside the vacuum, separated by 4 cm. After low-
ering the bias field to 4 G, the temperature of the compressed
atomic sample reaches 1 mK. The lifetime of the trap is 60 s.

We use a two stage microchannel plate~MCP! to detect
the atoms. The MCP is placed 5 cm below the trapping re-
gion and has an active area of 1.4 cm diameter. Two grids
above the MCP allow us to repel all charged particles and
detect only the He* . After turning off the magnetic trap, the
MCP signal corresponds to a time of flight~TOF! spectrum
that gives the temperature of the atoms. The area of this
spectrum is proportional to the number of atoms in the trap at
the time it was turned off. The collection and detection effi-
ciency of the MCP varies by roughly a factor of 2 depending
on the magnetic field configuration we use, and so one must
take care to use only data corresponding to the same mag-
netic field when making comparisons. We also use the MCP
to monitor the atoms falling out of the trap while applying a
RF knife. The area of the MCP signal in this case measures
the number of atoms with an energy above that of the RF
knife. Finally, when we bias the grids so as to attract positive
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ions, the MCP signal can be used to observe the products of
Penning ionization with the background gas while the trap is
on. This signal is proportional to the number of trapped at-
oms. We observe an exponential decay, indicating that two
body loss (He* 1He* ) is negligible.

Two parallel coils in the vacuum system produce a RF
magnetic field perpendicular to the bias field and constitute
the RF knife. To understand the effect of the RF knife on the
trapped cloud and to assure that our sample is at thermal
equilibrium, we first performed a RF spectroscopy measure-
ment of the energy of the atoms in the trap@24#. We apply a
RF pulse at a frequencyhn which changes the Zeeman sub-
level of the atoms from the trappedM511 state toM50.
The duration of the knife is 3 s, which is necessary to expel
all the atoms with energy abovehn over the entire range that
we explore. We then turn off the magnetic trap to measure
the number of remaining atoms. Observation of the atoms
falling onto the MCP during the RF knife shows that the flux
of atoms expelled is negligible at the end of the pulse.

An example of the RF spectrum is shown in Fig. 1~a!. The
derivative of the data gives the energy distribution. In Fig.
1~b! we compare this distribution with a thermal one at 1.1
mK, the temperature measured by an independent TOF mea-
surement. We conclude that our atomic sample is close to
thermal equilibrium.

We begin the thermalization experiment with a 2 s RF
knife of frequency n15135 MHz @corresponding to
h5(hn22mBB0)/kBT;6#. Next we measure the number of
atoms falling onto the MCP during a second RF knife at a
slightly higher frequency (n25138 MHz) and delayed by a
time t. Assuming that the angular distribution of the atoms
expelled by the second RF knife is constant during the ther-
malization process, the MCP signal is proportional to the
number of expelled atoms. Furthermore, we have checked
that the difference of the TOF areas before and after appli-
cation of the RF knife agrees to within 20% with the number
of atoms that should be expelled by the knife, given our
temperature and the position of the knife. This gives us con-
fidence that at the end of the RF knife the energy distribution
is a truncated Maxwell-Boltzmann distribution, and that the
sufficient ergodicity hypothesis we make below is reason-
able.

Plots of the number of expelled atoms as a function oft
are shown in Fig. 2 for samples having different numbers of
atoms but the same temperature to within 10%. Figure 2
shows that the number of atoms above the RF knife increases
rapidly and then falls again with a time constant close to the

trap lifetime as atoms are lost. If the initial increase is indeed
due to thermalizing collisions, the initial slope of each curve
should be proportional to the square of the number of atoms.
Our data roughly confirm this dependence.

To be more quantitative, and to determine the thermaliza-
tion timet th , we use a model based on the Boltzmann equa-
tion under the sufficient ergodicity hypothesis and inspired
by @25#. We divide the sample into two energy regionsE2

and E1 with energies below and abovehkBT, respectively,
and denote byN2 andN1 the number of atoms belonging to
the two regions. We assume thath@1. Immediately after
truncation,N150, and we seek a differential equation gov-
erning the time dependence ofN1 . Sinceh@1, we take into
account only collisions of the type (E2)1(E2)↔(E2)
1(E1), and neglect all collisions involving two atoms inE1

in either the final or initial state. The corresponding fluxṄ1

is thus of the form

Ṅ15D1N2
2 2D2N2N1 . ~1!

The coefficientsD1 andD2 are calculated using Boltzmann
equation@27#. In particular,D1N2 is exactly the evaporation
rate in an evaporative cooling process@25#. If we make the
further approximations that the atoms inE2 and E1 have
thermal distributions@26#, neglect variations of the tempera-
ture during thermalization, and assume that the collision
cross sections is independent of velocity,D1 and D2 are
analytic functions of the trap parameters, atomic massm, s,

FIG. 1. RF spectrum of atoms in the magnetic
trap. ~a! Fraction of remaining trapped atoms af-
ter the RF pulse as a function of the RF frequency
n. ~b! Derivative of these data, i.e., the energy
distribution in the magnetic trap. The solid line is
the prediction for a cloud at a temperature of 1.1
mK, the temperature measured by time of flight
~TOF!. The dashed line indicates the frequency
corresponding to the bias field.

FIG. 2. Integrated MCP signal during the RF probe pulse as a
function of the delay between the truncation and probe pulses. The
three curves correspond to 53107, 73107, and 103107 atoms in
the trap, varied by changing the power in the Zeeman slowing laser.
The lifetime of the trap is 3864 s, and the temperature is 0.9
60.1 mK.
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h, andmBB0 /kBT. This last parameter appears because our
trap cannot be approximated by a harmonic trap; we use the
semilinear form@25#. It is straightforward to take into ac-
count the finite lifetime t of the atomic sample since
N2(t)1N1(t)5N2(0)exp(2t/t). The solution of the result-
ing differential equation is

N1~ t !5Nthe
2t/tF11

q

12q2exp@~t/t th!~12e2t/t!#
G ,

~2!

where t th
215(gel /A2)@q/(12q)#(e2hVev/Ve) and Nth5(1

2q)N2(0). The elastic collision rate isgel5ns v̄ with n

defined at the center of the trap andv̄54AkBT/pm. The
quantitiesVev, Ve, andq are defined as in@25,27#; they are
analytic functions ofh andmBB0 /kBT. The quantityq is the
ratio of the number of atoms below the RF knife to the total
for a thermal distribution~about 0.9 under our conditions!,
andNth is the asymptotic value ofN1 for infinite trap life-
time. Numerical simulations of the energy form of the Bolt-
zmann equation are in good agreement with our model for
h.10; for h56 the quantitygelt th is 1.8 times larger, mean-
ing that our assumption about the distribution function fails
for small h @27#. We take this factor into account in calcu-
lating gel .

To fit the data of Fig. 2 with Eq.~2!, we fix the lifetimet
at its measured value and uset th and Nth as adjustable pa-
rameters. The uncertainty int th is estimated by varying the
lifetime of the trap within its uncertainty range and looking
at the resulting dispersion int th . The uncertainty in the num-
ber of trapped atoms is estimated from the dispersion of the
TOF area measurements before and after taking a curve as in
Fig. 2. The exact value ofq has little influence on the fit.

We made several tests to check the consistency of our
results. First, we checked that the fitted value ofNth corre-
sponds to the expected fraction of atoms above the knife for
our temperature. Second, Fig. 3 shows thatt th

21 is propor-
tional to the number of trapped atoms, as it must be if the
process of refilling of the upper energy class is due to two
body collisions. We can exclude any effect independent of
the number of atoms. The line passing through the origin
uses the slope as a fit parameter and hasx255 for eight
degrees of freedom. Third, we have done an additional ex-
periment that confirms the presence of elastic collisions: in a
trap decay rate experiment,in the presenceof the RF knife,
the ion signal exhibits a clear nonexponential behavior at
short times. This effect can be satisfactorily interpreted as
elastic collisions bringing atoms above the RF knife and
hence allows a measurement of the evaporation rate. This

rate is consistent with the results obtained in our thermaliza-
tion experiment. Fourth, we have checked that heating can-
not explain the repopulation of the upper energy classes.
With the trap undisturbed, we can place an upper limit on the
heating rate of 25mK in 60 s. This limit is two orders of
magnitude too low to explain our data. Lastly, we have per-
formed the thermalization experiment for different lifetimes
of the magnetic trap~20, 40, and 60 s! and found consistent
results.

From our data in Fig. 3, we can deduce an accurate mea-
surement of the thermalization time; the fit givest th53.0
60.3 s for the densest sample. Using the measured tempera-
ture and bias field, this value oft th leads togel5661 s21;
this result depends on the accuracy of our thermalization
model. To find the rate constanta5gel /n, we must estimate
the density. Since the data show that our sample is close to
thermal equilibrium, we can calculate the volume of the trap
knowing the trap parameters. The absolute measurement of
the number of atoms is performed by measuring the total
power absorbed from a saturating laser beam, similar to@15#.
A TOF area of 75 mV s corresponds to 108 atoms in the
magnetic trap with an uncertainty of a factor of 2. This leads
to a5531029 cm3/s to within a factor of 3 atT51
60.1 mK. Leducet al. have obtained a similar result with a
different measurement@28#. The unitarity limit at that tem-
perature isa;1028 cm3/s. This means that it is probably
not valid to use a constant elastic cross section in our model
and some deviation might appear in the quantitygelt th . The
results shown here are very encouraging for evaporative
cooling of He* in search of BEC.
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Getting the Elastic Scattering Length by Observing Inelastic Collisions
in Ultracold Metastable Helium Atoms
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We report an experiment measuring simultaneously the temperature and the flux of ions produced by
a cloud of triplet metastable helium atoms at the Bose-Einstein critical temperature. The onset of
condensation is revealed by a sharp increase of the ion flux during evaporative cooling. Combining our
measurements with previous measurements of ionization in a pure Bose-Einstein condensate, we extract
an improved value of the scattering length a � 11:3�2:5

�1:0 nm. The analysis includes corrections that take
into account the effect of atomic interactions on the critical temperature, and thus an independent
measurement of the scattering length would allow a new test of these calculations.

DOI: 10.1103/PhysRevLett.93.090409 PACS numbers: 03.75.Hh, 34.50.–s, 67.65.+z

Understanding and testing the role of interparticle
interactions in dilute Bose-Einstein condensates (BEC)
is an exciting area of current research. Although mea-
surements of the interaction energy and the spectrum of
excitations of a BEC have confirmed the validity of the
Gross-Pitaevskii equation [1], there are still relatively few
quantitative tests of other aspects, such as the effect of
interactions on the value of the critical temperature (Tc)
or the condensed fraction [2,3]. The success in condens-
ing metastable helium atoms (He�) [4,5] was greeted with
interest in the community partly because the metastabil-
ity offers new detection strategies unavailable with other
species. To fully use these strategies, however, we are still
missing an accurate value of the s-wave scattering length
a, the atomic parameter which determines all elastic
scattering behavior at low energies. An accurate value of
a would also be useful to help clarify some puzzling
results concerning measurements of He� in the hydro-
dynamic regime, in which two different ways of measur-
ing the elastic scattering rate appeared to be in
contradiction [6]. Also, because He is a relatively simple
atom, theoretical predictions of a are already in a rather
narrow range [7,8] and these calculations should be tested.

A straightforward method to determine a is to use
ballistic expansion of a BEC to measure the chemical
potential for a known atom number. This was done in
Refs. [4,5], but the measurements were limited by the
calibration of the number of atoms. The reported values
for a are 20� 10 and 16� 8 nm, respectively. A recent
estimate, limited by similar effects, is a � 10� 5 nm
[9]. In this Letter, we report a new measurement of a
which makes extensive use of a unique feature of He�,
spontaneous Penning ionization within the sample.

We exploit two specific situations in which the absolute
atom number N is simply related to a and measured
quantities: (i) for a pure BEC, the number is deduced
directly from the chemical potential � and a, and
(ii) for a cloud at the BEC threshold, it is simply related
to Tc. Both � and Tc are accurately deduced from time of
flight (TOF) measurements. Comparison of ion rates from

a pure BEC of known chemical potential and from a cloud
at Tc allows us to extract a and the ionization rate con-
stants. The deduced value of a is independent of the
absolute ion detection efficiency, assuming that this effi-
ciency is the same in the two measurements. The ion
signal is also used in another novel way: since it provides
a real-time observation of the onset of BEC [10], we use it
to reliably produce a cloud at threshold.

A dense cloud of He� produces a steady flux of ions due
to various ionization processes. Density losses due
uniquely to ionizing collisions depend on the local den-
sity n according to �dn=dt�ionizing � ��n=�i� � n2 �
Ln3, with �i the lifetime due to ionizing collisions with
the background gas and  and L the 2-body and 3-body
ionization rate constants defined for a thermal cloud. The
total ion rate from a thermal cloud is given by

� �
N
�i

�
1

2

Z

n2dr�
1

3
L
Z

n3dr: (1)

The numerical factors reflect the fact that although two
(three) atoms are lost in 2-body (3-body) collisions, only
one ion is produced. Ionization measurements on a pure
BEC were reported in Ref. [11], and, as a was not pre-
cisely known,  and L were given in terms of a.

For a precise measurement of a, corrections due to
interactions must be taken into account. In the mean-field
approach, the density is given by [1]

n�r� �
1

�3�T�
g3=2

�
exp

�
�

1

kBT
�V�r� � 2gn�r� ��	

��
;

(2)

with ��T� the thermal de Broglie wavelength, T the tem-
perature kB the Boltzmann constant, V the trapping po-
tential g � 4� �h2a=m the interaction constant, � the
chemical potential, and g��x� �

P
1
i�1 x

i=i�.
The ion rate at the phase transition �c can be derived

from Eq. (2) by a first order perturbation theory similar to
Ref. [12] but with a fixed temperature rather than a fixed
atom number. We use the chemical potential of a gas in a
harmonic potential at the BEC transition:
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�c=kBTc �
3

2

~!
!c

� 4g3=2�1�
a
�c

: (3)

This gives

�c �

�
!c

!

�
3
�
1

�i

�
1:20� 2:48

~!
!c

� 12:35
a
�c

�
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�3
c
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0:33� 1:81

~!
!c

� 6:75
a
�c

�

�
L

�6
c

�
0:22� 2:21

~!
!c

� 6:50
a
�c

��
; (4)

with ~! � �2!? �!k�=3, ! � �!k!
2
?�

1=3, !c � kBTc= �h,
and �c � ��Tc�. The numerical values come from the
calculation of arithmetic series and are independent of
any parameters of the cloud. The terms proportional to
a=�c account for the atomic interactions, while the cor-
rections proportional to ~!=!c take into account the effect
of finite sample size. For the typical parameters (Tc 
2 �K and a � 12 nm) we have a=�c ’ ~!=!c ’ 0:02, cor-
responding to an interaction correction of 20%, 40%, and
60% in the three successive terms in Eq. (4). Even though
the first order corrections are large, we find, using an
approach similar to Ref. [13], that the second order cor-
rections are negligible: �4%, 1:8%, and �3%, respec-
tively. Note that finite size corrections are always smaller
than those due to interactions.

Our setup has been described in Ref. [11]. Briefly, we
trap up to 2� 108 atoms at 1 mK in an Ioffe-Pritchard
cloverleaf trap with �i estimated to be >500 s. In a
typical run, forced evaporation for 30 s cools a cloud to
a temperature near the phase transition. At this point, the
rf-knife frequency is decreasing at a rate of 400 kHz=s.
The axial and radial oscillation frequencies in the har-
monic trapping potential are !k=2� � 47� 3 Hz and
!?=2� � 1225� 20 Hz, respectively. A 2-stage, single
anode microchannel plate detector (MCP) is placed 5 cm
below the trapping region. Two grids above the MCP
allow us either to repel positive ions and detect only the
He� atoms or to attract and detect positive ions produced
in the trapped cloud. As explained in Ref. [11], to detect
the ion flux, the MCP is used in counting mode, whereas
we record the TOF signal at low gain (analog mode) to
avoid saturation. As explained in Ref. [4], the TOF signal
is due to atoms in the m � 0 state which are insensitive to
the magnetic field. However, atoms in magnetic field
sensitive states are still present, and their trajectories
are affected by uncontrolled residual fields. Therefore,
during the time of flight, we apply a magnetic gradient in
order to push these atoms away from the detector. The
ratio between the detected atoms in the m � 0 state and
the initial number of atoms in the cloud is not well known
[10], so we use the TOF only to get the temperature.

The crux of the experiment is to obtain a cloud of
atoms at the phase transition. To identify the BEC thresh-
old point, we monitor the ion signal. We have shown in

Ref. [10] that the onset of BEC is heralded by a sudden
increase of the ion rate associated with the increased
density of the condensate. More precisely, the BEC
threshold corresponds to the rapid change in slope of
the ion rate vs time or the maximum of the 2nd derivative
[14]. Figure 1 shows a series of such ionization rates
during evaporation through the BEC transition. From
these curves we can determine an empirical relation
between the time of the onset of condensation and the
ion rate preceding it. This relation stays valid only as long
as we keep the same evaporation ramp and bias field. We
will refer to this as the ‘‘threshold curve.’’ Because of
fluctuations of the bias field, we observe fluctuations of
the time of BEC onset from run to run. These correspond
to approximately �60 ms in time or �25 kHz in fre-
quency, a value which agrees with independent measure-
ments of the fluctuations of the bias field.

Having established this relation, we can interrupt an
evaporation sequence very close to the BEC threshold and
record the instantaneous ion rate as well as the corre-
sponding TOF signal. Only runs closer than �60 ms to
the threshold curve are used in the analysis.

We fit the associated TOF spectrum to determine the
temperature (Fig. 2). We use Eq. (2) together with �c

given in Eq. (3) for the initial atomic density and then
assume purely ballistic expansion of the cloud after the
switching off of the trap.We refer to this fit as the Bose fit.
The fits are weighted by an estimated uncertainty in each
point of the TOF curve. To make this estimate, we chose a
set of TOF spectra which appeared to show no systematic
deviation from their fits and used them to estimate the
amplitude of the noise. This noise varies as the square root
of the amplitude of the signal, indicating that we are
limited by the shot noise of the atom detection. Our
procedure is only an approximate indicator of the error
bars. The chi square per degree of freedom �2 for the fits
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FIG. 1. Variation of the ion rate as the atomic cloud is cooled
through the phase transition for various initial densities (gray
curves). The rf-knife frequency at t � 0 is 2 MHz. The sudden
increase of the ion rate (crosses) occurs at the BEC transition.
The solid line passing through the transition points constitutes
our empirical relation, named threshold curve.
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deduced in this way ranges from 0.8 to 3. We then exclude
a successively larger window (up to the rms of the TOF
signal) from the fit (see Fig. 2). For all runs, we observe a
variation of less than 5% and in most cases less than 3%
of the temperature as the excluded window is increased.

In Fig. 2, we show an example of a typical TOF spec-
trum where the wings are fitted by a Gaussian and the
Bose function described above. The ability of the Bose
function to reproduce the center of the distribution with-
out including it in the fit, unlike the Gaussian, confirms
that the cloud is indeed close to the BEC threshold. In the
following, we use the temperature given by the fit with an
excluded window of half the rms width of the TOF signal
in order to avoid the possibility of a small condensate
component or other high density effects distorting our
analysis.

Before plotting the ion rate as a function of the critical
temperature, we correct the observed temperature to ac-
count for the hydrodynamic expansion of the cloud (see
[2] and references therein). This is done in the spirit of
Ref. [15], which uses the Boltzmann equation approach to
take into account collisions during the expansion. The
collision rate in Ref. [15] is calculated using a Gaussian
density profile. We rather use the value calculated for an
ideal Bose gas [16], which we have adapted to take inter-
actions into account. This correction depends on the scat-
tering length but the effect on the final value of a is only
of order 0.3 nm for a ranging from 10 to 14 nm. We there-
fore simply assume a � 12 nm for this correction in the
following. Due to the additional anisotropy of the expand-
ing cloud in the horizontal (detector) plane, the fitting
function should be modified; but a simulation of this
effect shows that the correction to the temperature is
less than 0.1%.

Finally, we correct the detected ion rate �c;det to ac-
count for the detection efficiency � such that �c �
�c;det=�. It should be noted that the rate constants were

obtained by ion rate measurements [11]. This means that
they were also corrected:  � det=�0 and L � Ldet=�0.
Equation (4) shows that, as long as � � �0, the detection
efficiency cancels out and does not have any impact on the
determination of a. We have checked experimentally that
� � �0. To allow comparison with figures in earlier pub-
lications, all the figures have been corrected using the
same � as earlier, namely, � � 0:42 [10,11].

The results are plotted in Fig. 3. Curves corresponding
to the expected variation for three values of the scattering
length are also shown. We see that a large fraction of the
data falls between a � 10 and 14 nm. The points at the
highest temperatures, however, show a tendency to fall
near the theoretical curve for a � 10 nm, while those at
lower temperatures fall near a � 14 nm. To analyze this
tendency further, we examine the TOF fits more closely
using the �2 value as an indicator of the confidence level
of each measurement. A large �2 could mean that the
Bose function with � imposed to �c is not the right fit
function and, therefore, that the cloud is not sufficiently
close to Tc. As shown in Fig. 3, outliers tend to be
correlated with a large �2. Note, however, that the re-
maining scatter in the data is too large to be accounted for
by our a priori estimates of the uncertainties in our ion
rate or temperature measurements. We presume that it is
due to fluctuations in the determination of the BEC
threshold.

To determine the scattering length, we fit the black
points in Fig. 3 with a as a free parameter and using 
and L parametrized by a as in Ref. [11]. The fit gives (all
points are given equal weight) a � 11:3 nm. Our chief
estimated uncertainty stems from the fact that our data
show a systematic tendency to fall above the best fit at low
temperature and below it at high temperature. To estimate
this uncertainty, we fit the data (including gray points)
separately for Tc below and above 2 �K. We find a �
13:8 nm for the low temperature data and a � 10:4 nm
for the high temperature data. The uncertainties in the
measurements of  and L also contribute to the uncer-
tainty in Eq. (4) used for fitting. In fact, the uncertainties
in  and L are highly correlated [11] and their contribu-
tion to the uncertainty is less than 0.5 nm.

The error bars are obtained by summing quadratically
the sources of uncertainties. Our final result for the scat-
tering length is thus a � 11:3�2:5

�1:0 nm. This result may be
compared with the calculation in Ref. [8]. This work leads
to a � 8 nm using the potential curves of Ref. [17]. From
Ref. [8] one also finds that a 0.5% shift of the repulsive
part of that potential would bring the theoretical value
into agreement with our result. This 0.5% shift corre-
sponds to the estimated uncertainty in the potential of
Ref. [17]. Another theoretical treatment [7] gives a scat-
tering length between 8 and 12 nm, also consistent with
our results.

Our result also allows one to give values for the 2- and
3-body ionization rate constants. The error bars of
Ref. [11] are modified to take into account the uncertainty
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FIG. 2. Time of flight signal corresponding to a cloud re-
leased from the trap (at t � 0) when its ion rate is on the
threshold curve. Here we have fitted the data with an excluded
window indicated by the vertical lines (width equal to the rms
width of the TOF signal). A Gaussian function (dotted line)
does not describe the central part of the data well, while the
Bose function as defined in the text (solid line) does, indicating
that the cloud is close to threshold.
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of a. The uncertainty in the ion detection efficiency also
contributes to the uncertainty in the rate constants. As
discussed in Ref. [11], we will assume � � 0:42 to get the
central values of the rate constants.We will include a one-
sided contribution to the error bars to account for the
possibility, also discussed in [11], that � could be a factor
of 2 smaller. We finally get  � 0:9�1:7

�0:8 � 10�14 cm3=s
and L � 2:5�4:5

�1:7 � 10�27 cm6=s. The rate constants are in
good agreement with theoretical predictions [8,18].

As shown in Fig. 3, curves a and b, our value of a is
significantly shifted by the nonideal gas corrections of
Eq. (4). Thus, when an independent measurement of the
scattering length becomes available, our results can be
used as a test of these corrections [19]. Note, however,
that corrections to the critical temperature beyond mean-
field theory [20] are small when one parametrizes the
critical point in terms of an average density [13]. But an
examination of the critical density measured in a local
way, by imaging the ions from a cloud, for example, is
sensitive to critical fluctuation phenomena which go be-
yond mean-field theory similar to the homogenous case
[20]. Thus, refinements of the ionization measurements
described here promise to continue to provide new tests of
BEC physics.
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F. Laloë, C. R. Phys. 5, 21 (2004); N. Prokof ’ev,
O. Ruebenacker, and B. Svistunov, Phys. Rev. A 69,
053625 (2004), and references therein.

200

150

100

50

0

x103

3.02.52.01.51.0

 
χ2  > 2

χ2  < 2

12 nm

a) b)14 nm 10 nm

Io
n 

R
at

e 
( s

-1
)

Tc ( µK )

FIG. 3. Ion rate versus critical temperature. The points cor-
respond to the results of 280 runs for which the ion rate was
deemed sufficiently close to the condensation threshold. Gray
indicates runs for which �2 in the TOF fits was above 2. The
dashed line is the theoretical estimate for a � 10 nm, the
dotted line for a � 14 nm [both including interaction correc-
tions of Eq. (4)]. The two solid lines correspond to a � 12 nm,
(a) with interactions and (b) without interactions, and illustrate
the size of their effect.
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Abstract
We discuss observations of the ion flux from a cloud of trapped 2 3S1
metastable helium atoms. Both Bose–Einstein condensates (BEC) and
thermal clouds were investigated. The ion flux is compared with
time-of-flight observations of the expanded cloud. We show data concerning
BEC formation and decay, as well as measurements of two- and three-body
ionization rate constants. We also discuss possible improvements and
extensions of our results.

Keywords: Cold atoms, Bose–Einstein condensate, metastable helium,
condensate formation, Penning collisions

1. Introduction

Metastable helium (He∗) has recently joined the list of atomic
species for which Bose–Einstein condensates (BEC) have been
realized [1, 2]. Its major feature is the 20 eV internal energy
of the metastable state. Although this metastability leads
to additional possible loss channels, it has been shown that
these are not a serious problem. Indeed, ionizing collisions
are a benefit because their low rate is nevertheless easily
detectable. Ion detection is thus a new, ‘non-destructive’ and
real-time observation tool for studies of the phenomenon of
BEC formation kinetics [3–7]. In this paper we will describe
our progress toward rendering the ion signal quantitative.

Several loss mechanisms are specific to the metastable
state. First, collisions with the background gas lead to Penning
ionization of the background gas:

X + He∗ → X+ + He + e−.

The positive ion X+ thus produced can be easily detected and
if this is the dominant ion production mechanism, as it is for a
dilute sample (for a density n � 1010 cm−3), the corresponding
flux is proportional to the number of trapped He∗ atoms. So for

1 Author to whom any correspondence should be addressed.
2 Permanent address: Departamento de Fisica, Universidade do Minho,
Campus de Gualtar, 4710-057 Braga, Portugal.

example we can easily measure the lifetime of a dilute, trapped
sample. This linearity no longer holds when the density of the
trapped cloud becomes high. Collisions between atoms in the
cloud must be taken into account. The relevant ionization
mechanisms involve both two-body processes:

He∗ + He∗ →
{

He+ + He(1S) + e−

He+
2 + e− (1)

and a three-body process:

He∗ + He∗ + He∗ → He∗
2 +He∗(∼1 mK)

↪→ He+ + He(1S) + e−.
(2)

When these processes are present, the ion flux is related to the
spatial integral of n2 and n3. At BEC densities, the two- and
three-body processes dominate the background gas ionization,
and so detecting the ion flux in this case amounts to monitoring
the atomic density.

In this paper, after a brief description of our experimental
set-up, we present observations, via the ion flux, of the
formation and the decay of a He* BEC. The observations are
mainly qualitative, but we discuss some of the requirements for
making them quantitative. We then discuss our measurements
of the two- and three-body ionization rate constants both in
a BEC [8] and in a thermal cloud. We discuss some of the
systematic errors in these measurements and conclude with
some ideas for avoiding these errors.

1464-4266/03/020112+07$30.00 © 2003 IOP Publishing Ltd Printed in the UK S112
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0 V
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Figure 1. Experimental set-up. The cold atoms are trapped in a
cloverleaf type magnetic trap. A special feature of our set-up is the
MCP placed below the trapping region. Two grids above the MCP
allow us either to repel positive ions and detect only the He∗ atoms
suddenly released from the trap (TOF measurements), or to attract
and detect the positive ions produced in the trapped cloud (ion rate
measurements).

2. Set-up and experimental procedure

Our set-up has been described previously [1, 8, 9]. Briefly,
we trap up to 2 × 108 atoms at 1 mK in a Ioffe–Pritchard trap
with a lifetime (τ) of 90 s. We use a ‘cloverleaf’ configuration
(figure 1) [10] with a bias field B0 = 300 mG. The axial
and radial oscillation frequencies in the harmonic trapping
potential are typically ν‖ = 47±3 Hz and ν⊥ = 1200±50 Hz
respectively (ω/2π = (ν‖ν2⊥)1/3 = 408 Hz). In a typical
run, forced evaporative cooling takes place for 40 s and is
divided into four linear ramps. The last ramp lasts for 5 s and
the frequency decreases from 2000 kHz to a value between
1500 and 1000 kHz, depending on the condensed fraction
wanted. A frequency of 1000 kHz (which is about 50 kHz
above the minimum of the trapping potential) corresponds to
the formation of a pure condensate.

A special feature of our set-up is the detection scheme,
based on a two-stage, single-anode microchannel plate
detector (MCP) placed 5 cm below the trapping region
(figure 1). Two grids above the MCP allow us either to repel
positive ions and detect only the He* atoms, or to attract and
detect positive ions produced in the trapped cloud. To detect
the ion flux, the MCP is used in counting mode [8]: the anode
pulses from each ion are amplified, and processed by a counter
which records the time delay between successive events. We
can also use the MCP to record a time-of-flight (TOF) signal
of the atoms released from the trap. Because the width of the
TOF distribution is small (about 5 ms for a BEC) compared
with the mean arrival time (100 ms), all of the atoms hit the
detector with nearly the same final velocity of 1 m s−1. The
TOF spectra are then proportional to the spatial distribution
along the vertical direction, integrated over the two horizontal
directions. To record the TOF we use the MCP in analogue
mode to avoid saturation due to the very high instantaneous
flux [8].

3. Monitoring the evolution of a He∗ cloud

To monitor the evolution of an atomic cloud, one usually
releases the cloud and measures the TOF signal. Such a
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Figure 2. Single-shot measurements of the ion rate versus time and
the corresponding TOF signals. Forced evaporative cooling takes
place until t = 0 (only the last 2 s of the rf ramp are shown: from
1400 to 1000 kHz). The upper, lighter, ion curve corresponds to the
case where we keep an rf shield on during the decay, while the
lower, darker, decay curve is recorded without. The arrows indicate
the time the trap was switched off to record the TOF. The dark
curves superimposed on the TOF signals are Gaussian fits to the
wings of the TOF.

technique is destructive, and one must repeat the cooling
sequence for each measurement. The TOF signals are thus
subject to fluctuations in the initial number of atoms. In our
case, we have a supplementary signal: the ion rate. We can thus
minimize these fluctuations, by selecting runs having identical
ion rates from the time between the beginning of the last rf
ramp until release.

Another type of observation is possible, however. We
can use the evolution of the value of the ion rate, which is
obtained in a single run, independent of any initial fluctuations.
When the density is close to the density for BEC formation
(i.e. n � 1012 cm−3), two- and three-body collisions within the
cloud dominate the ion production. Thus the ion rate is related
to the density of the cloud via the two- and three-body rate
constants. Under some conditions (see appendix A) a record
of the ion rate followed by a TOF measurement at the end of the
formation of the BEC allows one to monitor the evolution of all
the parameters of the cloud. In such an observation, knowledge
of the two- and three-body rate constants is essential. This is
the aim of the experiments described in section 4.

3.1. Observation of condensate formation during the
evaporation ramp

Before trying to do a quantitative experiment on BEC
formation from of a non-equilibrium uncondensed cloud [3, 4],
we can explore qualitatively what happens during our standard
evaporation ramp. We show in figure 2 the evolution of the
ion rate from 2 s before the end of the rf ramp to 2.5 s after
it. In addition we show the TOF signals corresponding to
various times before the end of the ramp, selected using their
initial ion rate. Between times t = −2 and 0 s, the rf was
ramped down linearly from 1.4 to 1 MHz. At t = 0 a pure
condensate is formed. The comparison of the TOF and ion
data first shows that the appearance of a narrow structure in
the TOF spectrum corresponds, as closely as we can observe
it, to an abrupt change in the slope of the ion signal. Thus, not
only is the ion signal a reliable indicator of the presence of a
BEC, but also a precise measure of the time of its appearance.
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Figure 3. Same as in figure 2 except that we examine the decay of
the ion signal after t = 0. The upper TOF curves correspond to the
upper (lighter) ion decay curve (rf shield present). The lower TOF
curves correspond to the lower (darker) ion curve (without rf shield).
This shows that the rf shield is maintaining a quasi-pure BEC during
the decay, and that in the absence of an rf shield the condensate
rapidly heats up, causing the ion rate to drop even faster.

One’s first reaction in looking at the ion rate signal is to
assume that the higher the ion signal, the larger the BEC and the
smaller the thermal cloud. Figure 2 shows, however, that this is
not quite the case: the maximum in the ion signal arrives before
the achievement of a pure BEC. In fact, computing the value
of the ion signal is rather complex. First, as was discussed
in [11, 12], as well as below, the indistinguishability of the
atoms in the BEC renders the effective two- and three-body
collision rate constants smaller than in the thermal cloud by
factors of 1/2! and 1/3! respectively. Collisions between
condensed and non-condensed atoms must also be taken into
account [11] and the degree of overlap between the two clouds
must be calculated. Thus it might be conceivable that the ion
rate goes down when a BEC is formed. We show, however, in
appendix A that for a fixed total number of atoms, the ion rate
increases monotonically as a BEC becomes more and more
pure. The observation in figure 2 is explained by the fact that,
up until t = 0 in figure 2, the atoms are being evaporatively
cooled as well as undergoing ionizing collisions and thus
the total number of atoms must be decreasing. An explicit
calculation including the atom loss is given in appendix A and
agrees qualitatively with our observations.

3.2. Observing the decay of the condensate

Figure 3 shows a series of TOF spectra taken after the end of
the rf ramp. Two situations are shown. In one case (upper,
lighter ion curve) the rf knife was held on at the frequency
corresponding to the end of the ramp. In the other case (lower,
darker ion curve) the rf power was turned off completely at the
end of the ramp. The data show that the condensate remains
pure with the rf knife kept on. In the absence of the rf knife,
the ion rate decays much faster and one sees that the sample
rapidly acquires a thermal component. Since the total number
of trapped atoms in the presence of a knife must be smaller than
or equal to that in the absence of rf knife, we conclude that the
rapid decline in ion rate is due to a loss of sample density and

4

3

2

1

0

Te
m

pe
ra

tu
re

 (
µK

)

3.02.52.01.51.00.50.0

Time (s)

Figure 4. Heating of the condensate in the absence of an rf shield.
The temperature increases from 1.1 to 2.2 µK in 1.5 s. The time
t = 0 is the same as in figures 2 and 3. For each different time, four
different TOFs have been acquired and fitted.
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Figure 5. The measured number of atoms as a function of time.
Crosses represent the total atom number, circles represent the
number of atoms in the condensed part. The data come from the fits
of the TOFs presented in figures 2 and 3 and correspond to the case
where the rf knife is absent. The time scale indicated is the same as
in figures 2 and 3. The increase in the total number after t = 0 is
spurious (see text).

not of the total number of atoms. This conclusion is confirmed
by a fit to the thermal wings, which reveals a heating as shown
in figure 4.

3.3. Measuring the total number of atoms

An attempt to measure the total number of atoms as a function
of time is shown in figure 5. Both the total number and the
condensed number as derived from fits to the TOF signals of
figures 2 and 3 are plotted. Surprisingly the total number of
atoms appears to increase between t = 0 and 1 s. There must be
a systematic error, which we can account for by recalling that in
our apparatus we only detect atoms which make non-adiabatic
transitions to the (field insensitive) m = 0 state during the
turn-off of the magnetic trap [1]. The fraction we observe is
of the order of 10%. It is quite possible that this non-adiabatic
transition does not occur with equal probability at every point
in the trap. Thus clouds with different spatial distributions may
be converted to the m = 0 state with different efficiencies. This
could explain why atoms in the thermal cloud are observed
with a higher efficiency than condensed atoms, as indicated in
figure 5.

We conclude that our measurements of the absolute
number of atoms contain uncontrolled systematic errors of the
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order of a factor of two. So, even if we know the ionization
rate constants, we cannot use the ion rate to study condensate
growth kinetics because we need the absolute value of the
initial number of atoms. It would also be useful to measure
the variation in the number of atoms during formation. Such a
study will have to wait for a more reliable method of releasing
the atoms from the trap (see conclusion). However, the
measurement of the ionization rate constants is a first step.
For a BEC, we can circumvent the systematic error on the
detection efficiency of the atoms to make a measurement of
the ionization rate constants. This has been described in [8]
and will be summarized in the following section. Afterwards,
we will investigate the effect of this systematic error on the
measurement for a thermal cloud.

4. Rate constants of ionizing collisions

The usual method of measuring the inelastic rate constants
relies on fits to a non-exponential decay of the number of
atoms. This method has some practical problems if the sample
heats during the measurement: the density changes which
complicates the fitting procedure. A way to avoid this heating
is to apply an rf shield, but this causes atom losses, which are
not due to collisions. What is even more inconvenient in our
case is that what is measured in this kind of experiment is a
decreasing atom number due to losses, which can be due to
ionizing as well as non-ionizing collisions. We want to relate
the ion rate to the density of the cloud, so what we need is
the rate constants for ionizing two- and three-body collisions.
We therefore use another method which consists of directly
observing the products of the collisions, namely the number of
ions, as a function of the density of the cloud.

As we have seen in section 3, there is a systematic error
on the measurement of the number of atoms and thus of the
density of the cloud. But we will see that we can circumvent
it in the case of the BEC. Let us then assume first that we are
able to measure the number of atoms accurately.

We use the MCP to detect both the ions and the TOF signal.
In a single run we record the ion rate during the last seconds
of the ramp until we switch off the magnetic trap and record
the TOF signal (to obtain the atom number N and the density).
The very last value of the ion rate recorded corresponds to
ions produced by the cloud observed with the TOF signal. We
repeat this sequence many times with different numbers of
atoms in the cloud. The way to vary this number is to keep
the atoms in the trap with an rf shield kept on. In this way we
reduce the atom number and keep the temperature of the cloud
constant. As explained in appendix A, the relation between ion
rate and density is quite complex in the case of the presence
of collisions between atoms in the condensed part and atoms
in the thermal part. We therefore only examine the case of a
pure BEC or a pure thermal cloud. In that case we can write
the ion rate per atom � as follows:

ion rate

N
= � = 1

τ ′ +
1

2
κ2β〈n〉 +

1

3
κ3L〈n2〉 (3)

where 〈n〉 = 1
N

∫
n2 dr and 〈n2〉 = 1

N

∫
n3 dr, n being the

local density. We have also introduced the two- and three-
body ionizing collision rate constants, β and L respectively,
defined according to their effect on the density loss in a thermal

gas3: ( dn
dt )ionization = − n

τ ′ −βn2 − Ln3. The effective lifetime
τ ′ � τ is due to ionizing collisions with the background gas.
The numerical factors come from the fact that although two
or three atoms are lost in each type of collision, only one ion
is produced. The factors κ2 and κ3 take into account the fact
that the two-and three-particle local correlation functions are
different depending on whether it is a BEC or a thermal cloud.
For the thermal cloud κ2 = κ3 = 1, while for a dilute BEC,
one has κ2 = 1/2! and κ3 = 1/3! [11, 12]. When the sample
is very dense, quantum depletion must be taken into account,
which modifies these factors [11]. A measurement of β and L
would allow us to test experimentally the theoretical values of
κ2 and κ3 [8].

4.1. Rate constants for a BEC

To determine the ionizing collision rate constants β and L ,
we need an absolute calibration of the number of atoms in
the condensate, N0, and the peak density, n0, in order to
calculate 〈n〉 and 〈n2〉. As discussed above, we do not have
a good calibration of these quantities. In the case of a BEC,
however, the measurement of the chemical potentialµobtained
by a fit of the TOF signal gives an accurate value for the
product n0a = µm/4πh̄2, a being the scattering length.
With the value of ω we also obtain the product N0a =
(1/15)(h̄/mω)1/2 (2µ/h̄ω)5/2. Experimentally we confirm
that µ ∝ N 2/5

d where Nd is the number of detected atoms [8].
This is a good indication that our detector is linear and that
the detection efficiency for a BEC is indeed independent of µ.
Assuming a value of the scattering length (a = 20 nm), we
therefore have an accurate measurement of n0 and N0. We have
measured the rate constants β and L for a condensate [8]. We
obtain by a fit to equation (3) (having corrected for the effect
of quantum depletion and the fact that the BEC also contains
a small thermal fraction) β = 2.9(±2.0)× 10−14 cm3 s−1 and
L = 1.2(±0.7) × 10−26 cm6 s−1. These values agree with
the theoretical estimates [13, 14]. The scattering length is not
well known [1, 2], so we have also given β and L for different
values of a [8].

4.2. Rate constants for a thermal cloud

To determine the rate constants for a thermal cloud we need,
as before, to determine the atom number and density. We
cannot use the same trick as in section 4.1 to avoid systematic
errors in the detection efficiency. If we want to use the above
experimental method for a thermal cloud we must rely on a
fit of the TOF to find the atom number and the temperature
T . In appendix B, we propose a method to determine the
rate constants which is independent of an absolute detection
efficiency, but at this stage we will concentrate on the same
technique as used for a BEC.

As we have shown above, the detection efficiency is ex-
pected to be different for a thermal cloud and we can investigate
the effect of this systematic error on these measurements. We
repeat the above described experiment, this time with a pure
thermal cloud. To begin with, we assume that the detection
efficiency is the same for a BEC and a thermal cloud. We

3 Collision rate constants are sometimes defined directly for a BEC (β ′ = β/2
and L ′ = L/6).
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Figure 6. Ion rate per trapped atom (�) in a thermal cloud versus
average density. The full curve corresponds to the value of β and L
deduced from the condensate measurements.
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Figure 7. Same as figure 6 but assuming a detection efficiency of
the thermal cloud a factor of 1.5 higher relative to the BEC. The data
have simply been rescaled along both axes; the full curve is the same
as in figure 6.

plot the ion rate per atom as a function of 〈n〉 in figure 6. We
can extrapolate the data to obtain the vertical intercept, which
corresponds to 1/τ ′. For densities corresponding to the mo-
ment of formation of BEC, the corresponding ion rate N/τ ′
is negligible compared with the total ionization rate, meaning
that we are dominated by two- and three-body processes (see
figures 2 and 5). To compare with the results obtained for the
BEC, we have also plotted the curve we would expect using
the above values of β and L . It is clear that the data do not
agree with this curve. Moreover, no possible pair of β and L
taken within their error bars (see [8]) can transform the curve
so that it agrees with the data. Nor can assuming a different
scattering length. What can make the curve agree with the
data is assuming a different detection efficiency for atoms in
the thermal cloud. If we assume for example that the detection
efficiency is a factor of 1.5 higher for a thermal cloud relative
to a BEC (which is consistent with figure 5), the curve agrees
better with the data as shown in figure 7.

The dispersion of the data points is quite large. This
dispersion can be understood by examining figure 8 in which
we have plotted the same data as in figure 6, but now indicating
the temperature corresponding to each different point on the
graph. There is a clear systematic variation with temperature.
One possible explanation is that the detection efficiency is
temperature dependent. This agrees with the above idea that
the efficiency depends on the spatial extent of the cloud which
is indeed related to the temperature. We do not know the form
of the detection efficiency as a function of temperature, but
comparing these data (indicating that cold atoms are better
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Figure 8. Same data as in figure 6 but with the different
temperatures indicated. The lighter circles correspond to the point
with higher temperatures (the maximum temperature is 5.5 µK), the
darker circles with lower temperatures (minimum temperature
1.8 µK).

detected) with the fact that a thermal cloud is better detected
than a BEC, leads us to conclude that there exists a certain
temperature giving a maximal detection efficiency. Therefore
the correction to the detection efficiency for thermal atoms is
not just a simple factor, but rather a function of temperature.
Without knowing this correction, we cannot use this method
to determine the collision constants for a thermal cloud. Still,
these results are a consistency check on the rate constants
measured using a BEC.

5. Conclusion

We have seen that the benefits of ion detection are twofold.
First, the ion rate can be used to select BECs with very similar
parameters out of a sample with large fluctuations. Second,
the ion rate itself can give information on the condensate on a
single-shot basis. Quantitatively, we still have some difficulties
interpreting the data due to systematic errors in the detection
calibration.

One way to overcome this problem is to release the atoms
from the trap by the mean of Raman transitions. It should
be possible to transfer close to 100% of the atoms into the
m = 0 state. This will eliminate the temperature dependence
of the detection efficiency and allow us to obtain more precise
measurements of β and L , both for the BEC by improving
the value of the scattering length and for the thermal cloud by
making the detection efficiency temperature independent.
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Appendix A. Predictions of the ion rate during the
formation of the BEC

The two- and three-body ion rates (I2b and I3b respectively) in
a sample containing both a BEC and a thermal cloud are given
by [11]:
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I2b = 1

2

β

2!

∫
dr [n2

0(r) + 4n0(r)nth (r) + 2n2
th(r)] (A.1)

I3b = 1

3

L

3!

∫
dr [n3

0(r) + 9n2
0(r)nth (r)

+ 18n0(r)n2
th(r) + 6n3

th(r)] (A.2)

where n0(r) is the local density of the BEC and nth(r) is the
local density of the thermal cloud. Here we have taken into
account the symmetrization factors, but neglected quantum
depletion.

Four parameters are needed to determine the densities of
the two clouds: N0, µ, Nth and Tth . In the Thomas–Fermi
approximation, however, the BEC density depends only on µ:

n0(r) = max

[
0,

µ − U (r)

g

]
(A.3)

with U (r) the harmonic trapping potential and g = 4πh̄2a/m
the interaction strength. The density of the thermal
cloud depends on two parameters. But, if thermodynamic
equilibrium is reached, taking into account the interactions
between the BEC and the thermal cloud (and neglecting the
interaction energy of the thermal cloud), we can write:

nth(r) = 1

λ3
d B

g3/2

(
exp

(
− 1

kB T
(U (r) + 2gn0(r) − µ)

))
(A.4)

where λd B is the thermal de Broglie wavelength and g3/2(x) =∑+∞
n=1

xn

n3/2 . In that case, given µ, nth only depends on one
additional parameter.

A.1. Comparison between the ion rates created by a thermal
cloud at T = TC and a pure BEC

Before trying to calculate the ion rate for any T , which requires
numerical calculation, let us first examine the ion rate created
by a thermal cloud at T = TC with a number of atoms N and
that created by a pure BEC (T = 0) with a number of atoms
ηN (η < 1).

In the case of two-body collisions, the ratio R2b of the ion
rates created by a pure BEC (I B EC ) and by a thermal cloud
(I th ) is related to the ratio of the peak densities. For three-body
collisions the ratio (R3b) is related to the square of that ratio.
Using the above equations we find:

(
n0

nth

)
= C0η

2/5N−1/10

(
σ

a

)3/5

(A.5)

R2b = I B EC
2b

I th
2b

= C2η
7/5N−1/10

(
σ

a

)3/5

(A.6)

R3b = I B EC
3b

I th
3b

= C3η
9/5N−2/10

(
σ

a

)6/5

(A.7)

where σ =
√

h̄
mω

. The numerical factors C0 � 0.78,
C2 � 1.05 and C3 � 0.49 are independent of the atom
considered and only assume that the cloud is trapped in a 3D
harmonic trap. The maximum ratios are reached in the case of
no loss (η = 1). Using the typical values of our experiment

200x10
3
 

150

100

50

0

 I
on

 r
at

e 
(i

on
s/

s)

0.60.40.20.0
 Time (s)

120x10
3
 

100

80

60

40

20

0

 I
on

 r
at

e 
(i

on
s/

s)

0.60.40.20.0
 Time (s)

7x10
5
 

6

5

4

3

2

1

0

Total num
ber of atom

s

a) b)

Figure A.1. Evolution of the ion rate with time. In (a) the total
number of atoms is constant. We show the different contributions to
the total ion rate (continuous curve) of the ion rate created by
two-body collisions (short dashed curve) and three-body collisions
(long dashed curve). In (b) the total number of atoms (dashed curve)
decreases due to ionizing collisions. Here the ion rate exhibits a
maximum before the formation of a pure BEC. For both graphs, the
initial number of atoms is 6 × 105 and a linear evolution of the
temperature between TC and 0 is imposed. The rates have been
calculated with the values of rate constants measured in [8].

(a � 20 nm, N � 4 × 105 and ω � 2π × 408 Hz), we find
( n0

nth
)max � 4, (R2b)max � 5 and (R3b)max � 12.
If the total number of atoms decreases during the

formation of the BEC, these ratios rapidly fall. For instance,
if the number of atoms decreases by a factor of 3.5 during the
last 750 ms of evaporation as shown in figure 5, we would
not have seen an increase of ionization rate but roughly the
same ion rate at t = −750 and 0 ms! This is an additional
evidence of the difference of neutral atom detection efficiency
for a thermal cloud and BEC (i.e. the total number of atoms
decreased by less than 3.5).

A.2. Evolution of the ion rate between T = TC and T = 0

Using equations (A.1) and (A.2), we have numerically
calculated the ion rates for all temperatures. If the cloud is at
thermodynamic equilibrium all the parameters of the cloud are
deduced from two parameters, for example the total number
of atoms and the temperature. To simulate a time evolution
of the ion rate we thus need a model for the variation of
these parameters. In this appendix we will assume a linear
evolution of the temperature between T = TC and 0 in 0.7 s.
This is of course a simplification, but given the linearity of the
evaporative cooling ramp, it is quite a good approximation.

In figure A.1(a) we show the evolution of the ion rates
assuming a constant total number of atoms. The ion rate
increases monotonically. We also see that the number of
ions produced and thus also the number of lost atoms is not
necessarily negligible compared with the total.

We can attempt to take into account these losses in our
model. In the experiments described in the text, the losses
are not only due to the ionizing collisions but also to the rf
knife. In addition, losses not only lead to a decrease in the
total number of atoms but also to a change in the temperature
because these collisions change the condensed fraction. Thus,
modelling the ion rate can be quite complicated. Here we wish
simply to illustrate the effect of loss, so we assume that losses
are only due to ionizing collisions, and we will neglect losses
due to the rf knife. Figure A.1(b) shows the results. The atom
number decreases by only 30% and the ion rate reaches a local
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maximum before the formation of the pure BEC, as in our
experiment. Extensions of our model to include losses due to
the rf knife would allow one to monitor all the parameters of
the cloud using the ion signal.

Appendix B. Proposed measurement of rate
constants independent of absolute neutral atom
detection efficiency

We will assume in this section that the absolute ion detection
efficiency is known, and that two- and three-body losses are
ionizing collisions [13]. The idea behind this method is that
two TOF signals separated by a given time can measure the
relative atom loss during this time, while the ion rate can
measure the absolute atom loss. These data allow one to extract
the rate constants without relying on an absolute calibration of
the neutral atom detection efficiency. The method works if
the neutral detection efficiency is unknown but independent of
temperature. Otherwise, we must also assume that the cloud
does not heat during the measurement or that we know the
variation of detection efficiency with temperature.

To simplify the discussion we will neglect three-body
reactions and assume that the sample does not heat during
the measurement. This will allow us to derive analytical
expressions, but the results are easily generalized to include
heating as well as three-body reactions. We can then write the
ion rate I (t) as:

I (t) = εN(t)

τ ′ +
βε

2Ve f f
N(t)2 (B.1)

with τ ′ the lifetime due to ionizing collisions, N(t) the absolute
atom number, Vef f defined by 〈n〉 = N/Ve f f and ε the ion
detection efficiency. We write Nd (t) = αN(t) where Nd (t)
is the number of atoms detected and α is the neutral atom
detection efficiency. Then

I (t) = εNd (t)

ατ ′ +
εβ

α22Ve f f
Nd (t)2. (B.2)

We can also write an equation for the atom number

dN (t)

dt
= − N(t)

τ
− β

Vef f
N(t)2 (B.3)

with τ the total lifetime of the sample that we can measure
independently at lowest density. The solution is:

N(t)

N(t0)
= 1(

1 + β

Vef f
N(t0)τ

)
e(t−t0)/τ − β

Vef f
N(t0)τ

. (B.4)

Substituting again Nd (t) = αN(t) we have:

Nd (t)

Nd (t0)
= 1(

1 + β

αVef f
Nd (t0)τ

)
e(t−t0)/τ − β

αVef f
Nd (t0)τ

. (B.5)

Thus we can measure an initial ion rate and the corresponding
detected atom number Nd(t0) by a TOF signal, let the system
evolve for a certain time and then again measure the ion rate
and the atom number Nd (t). With the evolution of the ion
rate, we can deduce ε/ατ ′ and εβ/α2Vef f from equation (B.1),
and from the evolution of the atom number we can deduce
β/αVef f using equation (B.5). With the value of Vef f and ε,
we can obtain the value β . We can also obtain the detection
efficiency α.

If we allow for three-body reactions, the method can still
be used but (B.4) is no longer analytical and must be integrated
numerically. If the sample heats during the measurement,
we only have to recalculate the volume Ve f f for each TOF
measurement.

The reason why we have not yet been able to apply this
method is, as indicated above, that the sample is heating so that
the detection efficiency changes during the measurement. As
we have not been able to measure the temperature dependence
of α(T ) the above equations cannot be solved. We hope to
render the detection efficiency temperature independent in the
near future by using Raman transitions as mentioned in the
conclusion.
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We have studied ionizing collisions in a BEC of metastable He. Measurements of the ion production
rate combined with measurements of the density and number of atoms for the same sample allow us to
estimate both the two- and three-body contributions to this rate. A comparison with the decay of the
atom number indicates that ionizing collisions are largely or wholly responsible for the loss. Quantum
depletion makes a substantial correction to the three-body rate constant.
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The observation of Bose-Einstein condensation (BEC)
of metastable helium (He in the 23S1 state, denoted He*)
[1,2] constituted a pleasant surprise for experimentalists
although the possibility had been predicted theoretically
[3]. Success hinged, among other things, on a strong
suppression of Penning ionization in the spin-polarized,
magnetically trapped gas. Too high a rate of ionization
would have prevented the accumulation of sufficient den-
sity to achieve evaporative cooling. The ionization rate is
not completely suppressed however, and when the atomic
density gets high enough, a magnetically trapped sample
of He* does produce a detectable flux of ions. As shown
in [1], this signal can even be used as a signature of
BEC. The observation of ions from the condensate opens
the possibility of monitoring in real time the growth
kinetics of a condensate [4]. This is an exciting prospect,
but to quantitatively interpret the ion rate, one needs the
contributions of two- and three-body collisions.

In this paper we use the unique features of metastable
atoms to detect, in a single realization, the ionization
rate, the density, and the atom number. This allows us
to extract two- and three-body rate constants without
relying on fits to nonexponential decay of the atom num-
ber, which require good experimental reproducibility [5–
7] and are difficult to interpret quantitatively [5]. After
estimating the ionization rate constants, a comparison
with the decay of the atom number reveals no evidence
for collisional avalanche processes. Thus, by contrast with
87Rb [8], He* seems to be a good candidate for studying
the ‘‘hydrodynamic’’ regime [9], as well as the effects of
quantum depletion, i.e., a departure from the Gross-
Pitaevskii wave function in the Bogoliubov theory, due
to atomic interactions [10]. Indeed in our analysis of the
three-body ionization process, quantum depletion makes
a substantial correction [11].

Much theoretical [3,12] and experimental [1,2,13,14]
work has already been devoted to estimating inelastic

decay rates in He*. The dominant two-body decay
mechanisms, called Penning ionization,

He� � He� !

�
He� � He�1S� � e�

He�2 � e�
(1)

are known to be suppressed by at least 3 orders of magni-
tude in a spin-polarized sample, but the total rate con-
stant has not yet been measured. The three-body reaction,

He� � He� � He� ! He�2 � He���1 mK�

,! He� � He�1S� � e� (2)

proceeds via three-body recombination followed by auto-
ionization of the excited molecule. Both reactions yield
one positive ion which is easily detected. We define colli-
sion rate constants according to the density loss in a
thermal cloud: dn

dt � � n
� � �n2 � Ln3 with n the local

density, � the (background gas limited) lifetime of the
sample, and � and L the two-body and three-body ioni-
zation rate constants defined for a thermal cloud [15]. The
theoretical estimates of the rate constants at 1 
K are
�� 2	 10�14 cm3 s�1 [3,12] and L� 10�26 cm6 s�1

[16], and the experimental upper limits were [1,2] � 

8:4	 10�14 cm3 s�1 and L 
 1:7	 10�26 cm6 s�1.

For a pure BEC, in the Thomas-Fermi regime with a
number of atoms N0, and a peak density n0, one can
calculate the expected ionization rate per trapped atom:

� �
ion rate

N0
�

1

�0
�

2

7
2�n0 �

8

63
3Ln

2
0: (3)

The numerical factors come from the integration over the
parabolic spatial profile and the fact that although two or
three atoms are lost in each type of collision, only one ion
is produced. The effective lifetime �0 � � is due to ioniz-
ing collisions with the background gas. The factors i
take into account the fact that the two- and three-particle
local correlation functions are smaller than those of a
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thermal cloud. For a dilute BEC 2 � 1=2! and 3 � 1=3!
[7,11]. Because the He* scattering length (a) is so large,
quantum depletion (�

����������
n0a3

p
� leads to significant correc-

tions [11] to the ’s as we discuss below.
Much of our setup has been described previously

[1,17,18]. Briefly, we trap up to 2	 108 atoms at 1 mK
in a Ioffe-Pritchard trap with a lifetime (�) of 90 s.We use
a ‘‘cloverleaf ’’ configuration [19] with a bias field B0 �
150 mG. The axial and radial oscillation frequencies in
the harmonic trapping potential are �k � 47� 3 Hz and
�? � 1800� 50 Hz, respectively [!=2� � ��k�2

?�
1=3 �

534 Hz]. A crucial feature of our setup is the detection
scheme, based on a two stage, single anode microchannel
plate detector (MCP) placed below the trapping region.
Two grids above the MCP allow us either to repel positive
ions and detect only the He* atoms, or to attract and
detect positive ions produced in the trapped cloud.

To detect the ion flux, the MCP is used in counting
mode: the anode pulses from each ion are amplified,
discriminated with a 600 ns dead time and processed by
a counter which records the time delay between succes-
sive events. Typical count rates around BEC transition are
between 102 and 105 s�1. We have checked that the cor-
relation function of the count rate is flat, indicating that
there is no double counting nor any significant time
correlation in the ion production. The dark count rate is
of order 1 s�1. By changing the sign of the grid voltage,
we have checked that while counting ions, the neutral
He* detection rate is negligible compared to the ion rate
(less than 5%) even when the radio frequency (rf) shield
is on. The intrinsic ion detection efficiency of the MCP for
2 keV He� ions is close to the open area ratio (60%) [20].
To estimate the total ion detection efficiency, we then
multiply by the geometric transmission of the two grids
�0:84�2. Based on Refs. [20,21], we assume this (0:42) is
an upper limit on our detection efficiency.

To find the values of N0 and n0 corresponding to the
measured ion rate, we use the MCP to observe the time-
of-flight (TOF) signal of the He* atoms released from the
rapidly switched off trap. The instantaneous count rate
can be as high as 106 s�1, and the MCP saturates when
used in counting mode. To avoid this problem, we lower
the MCP gain, and record the TOF signal in analog mode
with a time constant of 400 
s. Several tests were per-
formed to verify the linearity of the detector.

In a typical run, evaporative cooling takes place for
40 s, down to an rf-knife frequency about 50 kHz above
the minimum of the trapping potential. Near the end of
the ramp, the ion rate increases sharply, signaling the
appearance of a BEC (Fig. 4 in [1]). After reaching the
final value, the rf knife is held on at that frequency. This
constitutes an rf shield which eliminates hot atoms and
maintains a quasipure BEC for up to 15 s (see Fig. 3). By
quasipure we mean that we see no thermal wings in
signals such as shown in the inset of Fig. 1. From tests
of our fitting procedure, we estimate that the smallest

thermal fraction we can distinguish is about 20%, with a
temperature on the order of the chemical potential. Runs
with visible thermal wings were discarded.

To acquire the TOF signals corresponding to a given ion
rate, we turn off the rf shield, wait 50 ms, and then turn
off the magnetic trap and switch the MCP to analog
mode. To be sure that the rf has no influence on the ion
rate, we use only the number of ions observed during the
50 ms delay to get the rate. We fit the TOF signals to an
inverted parabola squared as expected for a pure BEC in
the Thomas-Fermi regime and for a TOF width (� 5 ms)
narrow compared to the mean arrival time (100 ms) [1].
Under these assumptions, the chemical potential 
 de-
pends only on the TOF width, the atomic mass, and the
acceleration of gravity [22], and thus can be measured
quite accurately. Figure 1 shows that 
 varies as expected
as N2=5

d with Nd the number of detected atoms in the
quasipure BEC. A fit on a log-log plot gives a slope of
0.39. Residuals from the linear fit do not show any system-
atic variation which is a good indication of the detection
linearity and of the proportionality between Nd and N0.

To determine the collision rate constants � and L, we
need an absolute calibration of the number of atoms and
the density. As discussed in Ref. [1], all the atoms are not
detected, and the direct calibration has a 50% uncertainty
which is responsible for the large uncertainty in the
scattering length a. In fact the measurement of the
chemical potential gives an accurate value for the product
n0a � 
m=4� �h2, and with the value of ! gives the
product N0a � �1=15�� �h=m!�1=2�2
= �h!�5=2 as well.
Therefore, in the hopes that the He* scattering length
will be measured more accurately in the future, we shall
express N0 and n0 in terms of a. In this paper, unless
stated otherwise, we suppose that a � 20 nm, and in our
conclusions we shall discuss how our results depend on a.

Figure 2 shows the ion rate per atom � versus the peak
density. The densest sample corresponds to N0 � 2	 105
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FIG. 1. Chemical potential versus number of detected atoms
to the power 2

5 and its linear fit. Data are for quasipure BEC. The
inset shows a typical TOF signal and its inverted parabola
squared fit.
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atoms and n0 � 2:5	 1013 cm�3. The corresponding
Thomas-Fermi radii are r? ’ 5 
m and rk ’ 200 
m.
The vertical intercept in Fig. 2 corresponds to ionizing
collisions with the background gas (1=�0). We have
independently estimated this rate using trapped thermal
clouds at 1 mK and 5 
K and found 1=�0 & 5	 10�3 s�1.
This value is negligible at the scale of the figure.

The curvature in Fig. 2 shows that three-body ionizing
collisions are significant. Before fitting the data to get �
and L, we must take into account several effects. First, for
three-body collisions, quantum depletion is important.
For T � 0, on the basis of Ref. [11], we obtain a multi-
plicative correction to the factor 3 of �1� �� �
�1� 23:2	

�����������
n0 a3

p
� [23]. At our highest density � ’

0:35. Two-body collisions are subject to an analogous
correction but approximately 3 times smaller. The fits in
Fig. 2 include the density dependence of 2;3, associated
with quantum depletion. The n3=20 dependence introduced
for two-body collisions is far too small to explain the
curvature in the data. The density dependence of 2;3 does
not improve the quality of the fit, but it significantly
reduces the value of the fitted value of L (by 30%).

In addition, the fact that the sample probably contains a
small thermal component means that collisions between
the condensed and the thermal parts must be taken into
account [6,11]. Assuming a 10% thermal population
( 

kBT

’ 1:5), we find 3 �
1
6 �1� �� �0�, with an addi-

tional correction �0 ’ 0:11 for the densest sample [24].
Taking into account all these corrections, and as-

suming an ion detection efficiency of 0.42, the fitted
values of the collision rate constants [15] are �20 �
2:9��2:0� 	 10�14 cm3 sec�1 and L20 � 1:2��0:7� 	
10�26 cm6 sec�1, where the subscripts refer to the as-
sumed value of a. These values are in good agreement
with the theoretical estimates. The error bars are esti-
mated as follows. We fix either � or L and use the other as

a fit parameter. We repeat this procedure for different
values of the fixed parameter and take the range over
which we can get a converging and physically reasonable
fit (i.e., no negative rate constants) as the uncertainty in
the fixed parameter. These error bars are highly corre-
lated since if � is increased, L must be decreased and vice
versa. The error bars do not include the uncertainty in the
absolute ion detection efficiency (see below).

Until now we have assumed a � 20 nm, but current
experiments give a range from 8 to 30 nm [1,2]. Using
Eq. (3) and our parametrization of n0 and N0 in terms
of a, one can see that, in the absence of quantum deple-
tion, the values of � and L extracted from our analysis
would be proportional to a2 and a3, respectively. Taking
quantum depletion into account, no simple analytical
dependence exists, but one can numerically evaluate �
and L vs a and fit the results to expansions with leading
terms in a2 and a3, respectively. The effect of quantum
depletion is negligible for � [�a � �20�

a
20�

2]. For L, we
find La � L20�

a
20�

3�1� 0:21 a�20
20 � with a in nm.

To test the consistency of our measurements, we plot
the decay of the atom number (Fig. 3). To acquire these
data, we held the BEC in the trap in the presence of the rf
shield for varying times. This study involves multiple
BEC realizations, which typically exhibit large fluctua-
tions in the initial atom number. We have been able to
reduce this noise by using the ion signal to select only
data corresponding to the same ion rate 500 ms after the
end of the ramp. This time corresponds to t � 0 in the
figure. We also plot the predicted decay curve (solid line)
corresponding to ionization only. This curve results from
a numerical integration of the atom loss due to ionization
processes, calculated from the fitted values �20 and L20.
The fact that the error bars on � and L are correlated
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FIG. 2. Ion rate per trapped atom versus peak density for 350
different quasipure BEC’s. Atom number and density are de-
duced from 
 , !, and a (here 20 nm). Data were taken for two
different bias fields corresponding to �? � 1800 Hz (crosses)
and �? � 1200 Hz (circles). The dashed line corresponds to the
best fit involving only two-body collisions. The solid line is a fit
to two- and three-body processes.
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value of the two- and three-body rate constants for a � 10 nm
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because other, nonionizing losses could be present.
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leads to a small uncertainty on the solid curve that hap-
pens to be of the same order of magnitude as the typical
error bars on the data. The observed decay agrees fairly
well with the solid curve, and ionization apparently ac-
counts for most of the loss. If the ion detection efficiency
were actually lower than we assume, the predicted decay
would be faster than the observed decay which is un-
physical (assuming a � 20 nm). We conclude that our
estimate of the ion detection efficiency is reasonable and
does not lead to an additional uncertainty in � and L.

We also plot the curves obtained from the same analy-
sis but with scattering lengths of 10 and 30 nm, assuming
a detection efficiency of 0.42. The curve corresponding to
a � 30 nm lies below the data points. Based on our
analysis, this means that a � 30 nm is excluded. A scat-
tering length of 25 nm is the largest one consistent with
our data. In contrast, the decay predicted for an analysis
with a � 10 nm is slower than the observed decay. This
would mean that there are additional nonionizing losses
(contributing up to half of the total loss), and/or that we
have overestimated the ion detection efficiency by a factor
as large as 2. In the latter case, � and L should be multi-
plied by the same factor. This results for a � 10 nm in a
supplementary systematic uncertainty on � and L of a
factor as large as 2.

In the event that our upper limit on the ion detection
efficiency is too low, the rate constants � and L should be
reduced by a factor as large as 2.4 (� 0:42�1). In that
case, our data would not exclude a � 30 nm and nonion-
izing losses could significantly contribute to the total loss.

Even though the peak densities of our BEC are small
compared to those in alkalis, the elastic collision rate is
high because of the large scattering length, and one must
consider the possibility of collisional avalanches. For a �
20 nm our densest cloud has a mean free path of 7 
m
and using the definition of [8] the collisional opacity is
0:8. With Rb atoms this would result in much increased
loss due to avalanches [8]. Here we have to consider
secondary collisions leading to both ion production and
atom loss. However, for secondary ionization, mean free
paths are at least 2 orders of magnitude larger than rk.
Hence secondary ionization is unimportant. This conclu-
sion is supported by our observation of no correlation in
the time distribution of detected ions.

The good agreement between the data and the curve in
Fig. 3 indicates that losses due to nonionizing collisional
avalanches are not taking place either. This is in agree-
ment with data on elastic collisions with He�, He�2 , and
He�1S�, which have small cross sections [25]. Collisions
with hot He* atoms from the reaction of Eq. (2) are more
likely to play a role, but due to the higher velocity, the
elastic cross section for these atoms is smaller. In Rb the
situation is different because a d-wave resonance in-
creases the total cross section [8].

The theoretical analysis shows that quantum depletion
strongly affects the measured three-body rate constant.

One way to experimentally demonstrate this effect would
be to compare with similar measurements with thermal
clouds. Absolute calibration of ion and atom detection
efficiency should play no role in this comparison, if one
could prove that they are the same for both situations.
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uation for uncorrelated detection events. This

fact was used by HBT to measure the angular

size of a star (8), but another major conse-

quence of the observation was to draw attention

to the importance of two-photon amplitudes

and how their interference can lead to sur-

prising effects. These quantum amplitudes

must not be confused with classical electro-

magnetic field amplitudes (3). Two-photon

states subsequently led to many other striking

examples of Bquantum weirdness[ (9). In con-

trast to a chaotic source, all photons in a single

mode laser are in the same quantum state.

Hence, there is only one physical process and

no bunching effect. A similar effect is ex-

pected for atoms in a Bose-Einstein conden-

sate (BEC).

Two-particle correlations have been ob-

served both for cold neutral atoms (10–12)

and for electrons (13–15), and three-particle

correlations (16–18) at zero distance have also

been used to study atomic gases. But the full

three-dimensional effect and its dependence

on the size and degeneracy of a sample has

yet to be demonstrated for massive particles.

Here, we demonstrate the effect for a trapped

cloud of atoms close to the BEC transition

temperature released onto a detector capable

of individual particle detection. We extract,

for varying cloud sizes, a three-dimensional

picture of the correlations between identical

particles produced by quantum interference.

We also show that a BEC shows no such cor-

relations. The results are in agreement with

an ideal gas model and show the power of

single particle detection techniques applied

to the study of degenerate quantum gases.

The calculation of the phase difference of

the possible two-particle detection amplitudes

given in (7) can be adapted to the case of par-

ticles of mass m traveling to a detector in a

time t. One can show that the correlation

length observed at the detectors, that is, the

typical detector separation for which inter-

ference survives, is li 0
It
msi

, where s
i

is the

source size along the direction i, I is the

reduced Planck_s constant, and we have as-

sumed that the size of the cloud at the de-

tector is much larger than the initial size. The

optical analog of this expression, for a source

of size s and wavelength l at a distance L

from the observation plane, is l 0 Ll/2ps.

This is the length scale of the associated

speckle pattern. The formula can be recov-

ered for the case of atoms traveling at con-

stant velocity v toward a detector at distance

L if one identifies h/mv with the deBroglie

wavelength corresponding to velocity v. The

formula we give is also valid for atoms ac-

celerated by gravity, and the interpretation of

l as the atomic speckle size remains valid. A

pioneering experiment on atom correlations

used a continuous beam of atoms (10). For a

continuous beam, the correlation time, or equiv-

alently, the longitudinal correlation length, de-

pends on the velocity width of the source and

not on the source size. Thus, the longitudinal

and transverse directions are qualitatively dif-

ferent. By contrast, our measurements are per-

formed on a cloud of atoms released suddenly

from a magnetic trap. In this case, the three

dimensions can all be treated equivalently, and

the relation above applies in all three. Because

the trap is anisotropic, the correlation func-

tion is as well, with an inverted ellipticity.

Our sample is a magnetically trapped cloud

of metastable helium atoms evaporatively

cooled close to the BEC transition tempera-

ture (19) (about 0.5 mK for our conditions).

Our source is thus very small, and together

with a long time of flight (308 ms) and

helium_s small mass, we achieve a large

speckle size or correlation volume (30 mm by

800 mm by 800 mm), which simplifies the

detection problem. For example, the observa-

tions are much less sensitive to the tilt of the

detector than in (10).

To detect the atoms, we use an 8-cm-

diameter microchannel plate detector (MCP).

It is placed 47 cm below the center of the

magnetic trap. A delay line anode permits

position-sensitive detection of individual par-

ticles in the plane of the detector (20) (Fig. 1).

Atoms are released from the trap by suddenly

turning off the magnetic field. About 10% of

these atoms are transferred to the magnetic

field–insensitive m 0 0 state by nonadiabatic

transitions (19) and fall freely to the detector.

The remaining atoms are removed by applying

additional magnetic field gradients during the

time of flight. For each detected atom, we

record the in-plane coordinates x and y and the

time of detection t. The atoms hit the detector

at 3 m/s with a velocity spread below 1%, and

so we convert t into a vertical position z. The

observed root mean square (rms) resolution is

d È 250 mm in x and y and 2 nm in z. These

data allow us to construct a three-dimensional

histogram of pair separations (Dx, Dy, and Dz)

for all particles detected in a single cloud. The

histograms are summed over the entire atom-

ic distribution and over many shots, typically

1000 (21).

Because of our good resolution along z,

we begin by concentrating on the correlation

function along this axis. Normalized corre-

lation functions for various experimental

conditions are shown in Fig. 2A. To compute

the normalized correlation function, we di-

vide the pair separation histogram by the

autoconvolution of the average single parti-

cle distribution along z. We also normalize

the correlation function to unity for large sep-

arations. This amounts to dividing, for each

elementary pixel of our detector, the joint de-

tection probability by the product of the indi-

vidual detection probabilities at the two pixels.

This gives us the usual normalized correlation

function g(2)(Dx 0 0, Dy 0 0, Dz). The HBT

bunching effect corresponds to the bump in

the top three graphs of Fig. 2A. The fourth

graph shows the result for a BEC. No correla-

tion is observed. EA detector saturation effect in

the BEC data required a modified analysis pro-

cedure (21).^ We have also recorded data for a

cloud with a 2-mm radius and 1-mK temper-

ature for which the correlation length is so

small that the bunching effect is washed out by

the in-plane detector resolution. Experimentally,

the normalized correlation function in this case

is indeed flat to within less than 1%.

We plot (Fig. 2B) the normalized corre-

lation functions in the Dx j Dy plane and for

Dz 0 0 for the same three data sets. The data

in Fig. 2B show the asymmetry in the cor-

relation function arising from the difference

in the two transverse dimensions of the trapped

cloud. The long axis of the correlation function

is orthogonal to that of the magnetic trap.

Fig. 1. Schematic of the apparatus. The trapped cloud has a cylindrical symmetry with oscillation
frequencies of wx/2p 0 47 Hz and wy/2p 0 wz/2p 0 1150 Hz. During its free fall toward the
detector, a thermal cloud acquires a spherical shape. A 1-mK temperature yields a cloud with an
rms radius of about 3 cm at the detector. Single particle detection of the neutral atoms is possible
because of each atom’s 20-eV internal energy that is released at contact with the MCP. Position
sensitivity is obtained through a delay-line anode at the rear side of the MCP.
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We expect the experimental normalized

correlation function for a thermal bosonic gas

to be described by

g
ð2Þ
th ðDx;Dy;DzÞ 0

1 þ hexp j
Dx

lx

� �2

þ Dy

ly

� �2

þ Dz

lz

� �2
" # !

ð1Þ

We have assumed here that the gas is non-

interacting and that the velocity and density

distribution remain roughly Gaussian even

close to the BEC transition temperature. Nu-

merical simulations indicate that this is a good

approximation when the correlation function

is averaged over the entire cloud (22). As dis-

cussed above, the correlation lengths should

be inversely proportional to the sizes, s
i
, of

the sample. In a harmonic trap with trapping

frequency w
i

along the i direction, one has

si 0
ffiffiffiffiffiffiffi
kBT

mw 2
i

q
, where kB is Boltzmann_s con-

stant and T is the temperature of the atoms.

Because T is derived directly from the time

of flight spectrum, we shall plot our data as a

function of T rather than of s. The parameter

h would be unity for a detector whose res-

olution width d is small compared with the

correlation length. Our d is smaller than ly
but larger than lx, and in this case the con-

volution by the detector resolution results in

an h given roughly by lx/2d È 5%. We use

Eq. 1 to fit the data by using h and the li as

fit parameters and compare the results to the

ideal gas model (21).

The results for l
x
, l

y
, and l

z
for our three

temperatures are plotted in Fig. 3A. The fitted

values of l
x

are È450 mm and are determined

by the detector resolution rather than the true

coherence length along x. The value of l
y

has

been corrected for the finite spatial resolution

of the detector. The fitted value of l
z

requires

no correction, because in the vertical direction

the resolution of the detector is much better. l
y

and l
z

are consistent and agree with the pre-

diction using the known trap frequencies and

temperatures. Figure 3B shows the fitted value

of h versus temperature, along with the pre-

diction of the same ideal gas model as in Fig.

3A, using the measured detector resolution.

The data are in reasonable agreement with the

model, although we may be seeing too little

contrast at the lowest temperature. The run at

0.55 mK was above, but very close to, the BEC

transition temperature. (We know this because,

when taking data at 0.55 mK, about one-third

of the shots contained small BECs; these

runs were eliminated before plotting Fig. 2.)

Future work will include examining whether

the effect of the repulsive interactions between

atoms or finite atom number must be taken into

account.

The results reported here show the power

of single particle detection in the study of

quantum gases. The correlations we have ob-

served are among the simplest that should be

present. Two recent experiments have shown

correlations in a Mott insulator (11) as well as

in atoms produced from the breakup of mole-

cules near a Feshbach resonance (12). Im-

proved observations of these effects may be

possible with individual particle detection.

Other atom pair production mechanisms, such

as four-wave mixing (23, 24), can be inves-

tigated. A fermionic analog to this experiment

using 3He would also be (25) of great interest.
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Fig. 2. (A) Normalized
correlation functions
along the vertical (z)
axis for thermal gases
at three different tem-
peratures and for a BEC.
For the thermal clouds,
each plot corresponds
to the average of a
large number of clouds
at the same temper-
ature. Error bars cor-
respond to the square
root of the number of
pairs. a.u., arbitrary units.
(B) Normalized corre-
lation functions in the
Dx j Dy plane for the
three thermal gas runs.
The arrows at the bot-
tom show the 45- ro-
tation of our coordinate
system with respect to
the axes of the detec-
tor. The inverted ellip-
ticity of the correlation
function relative to the
trapped cloud is visible.

Fig. 3. Results of fits to the data in Fig. 2, A
and B. (A) Fitted correlation lengths lx,
ly, and lz along the three axes (triangles,
squares, and circles) as a function of
temperature. The upper axis shows the
corresponding source size sz. Vertical
error bars are from the fits. Horizontal
error bars correspond to the standard
deviation of the measured temperature.
Along the x axis, the measurement is
entirely limited by the detector resolu-
tion. The dotted horizontal line is the
result of an independent estimate of the
resolution. The result for the y axis has
been corrected for the finite detector resolution as characterized by the fitted value of lx. The z axis
suffers from no such resolution limit. The solid curve corresponds to It/msz. (B) Fitted contrast h of the
correlation function for the three temperatures used. The solid line corresponds to the same non-
interacting gas model as the line in (A) (21) and includes the finite detector resolution.
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Abstract. We have studied the atomic density of a cloud confined in an isotropic harmonic trap at the
vicinity of the Bose-Einstein transition temperature. We show that, for a non-interacting gas and near this
temperature, the ground-state density has the same order of magnitude as the excited states density at the
centre of the trap. This holds in a range of temperatures where the ground-state population is negligible
compared to the total atom number. We compare the exact calculations, available in a harmonic trap, to
semi-classical approximations. We show that these latter should include the ground-state contribution to
be accurate.

PACS. 03.75.Hh Static properties of condensates; thermodynamical, statistical, and structural properties
– 03.65.Sq Semiclassical theories and applications – 05.30.Jp Boson systems

The phenomenon of Bose-Einstein condensation (BEC)
is a phase transition. Below the critical temperature Tc,
the ground-state population, which is the order param-
eter, becomes macroscopic. This phenomenon, that hap-
pens strictly speaking only at the thermodynamic limit, is
usually illustrated in textbooks with a homogeneous gas.
Experimentally, the Bose-Einstein condensation of dilute
gases has been observed since 1995 with atoms confined
in a harmonic trap [1]. These stimulating experimental
data have quickly pointed out that two effects had to be
taken into account: the interatomic interactions and the
finite number of atoms [2]. Several papers, as the present
one, have studied harmonically trapped ideal gases con-
taining a finite number of atoms. Two quantities have
been investigated in detail: the atom number [3,4,6–9]
and the specific heat [5,7,9]. For a finite but large (typi-
cally 106) number of atoms, the properties of the atomic
cloud change abruptly at a characteristic temperature we
will name the transition temperature T ∗. This tempera-
ture is shifted compared to Tc, but by a small amount,
typically of few percent for atom numbers around 106.
There is also a characteristic temperature for the specific
heat; it is different from the previous one but still close to
Tc [5,9].

Surprisingly, less attention has been paid on the atomic
density of an ideal gas [10]. In a homogeneous gas it
is obviously equivalent to the atom number but this is
no more the case in a spatially varying potential. It be-

a Permanent address: Departamento de Fisica, Universidade
do Minho, Campus de Gualtar, 4710-057 Braga, Portugal.

b e-mail: denis.boiron@iota.u-psud.fr

comes the good parameter of the theory, in particular
to perform local density approximations. This quantity
is then particularly important for the study of the shift of
the critical temperature by the interatomic interactions,
both within the mean-field approximation [6] and beyond
this approximation [11]. We will show, in the case of an
isotropic harmonic trapping and for a finite atom num-
ber, that the ground-state density at the centre of the
trap increases much more sharply than its population as
the temperature decreases. This leads to the fact that near
the Bose-Einstein transition temperature the density is al-
ready dominated by the ground-state contribution. This
holds whatever the atom number is, and is a remanence of
the infinite compressibility of an ideal gas at the thermo-
dynamic limit [12]. Usual semi-classical approximations
do not take into account the ground-state contribution
and then fail in the vicinity of the Bose-Einstein transi-
tion temperature. This is not a finite size effect in the
sense that it is not related to the discretization of the ex-
cited states energy levels. We will compare the exact re-
sults with semi-classical approximations. The addition of
the ground-state contribution on the latter ones improves
their accuracy. We will finally show that the influence of
the ground-state is smaller if the measured quantity is the
density integrated over at least one dimension. It is still
large for typical experimental parameters.

We will perform our calculations in the grand canoni-
cal ensemble (GCE). Then, the Bose-Einstein distribution
gives the population Ni of a given energy level εi: Ni =

(eβ(εi−µ) − 1)−1 with
∞∑

i=0

Ni = N . Here β = 1/kBT with
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kB the Boltzmann’s constant, µ the chemical potential and
N the total atom number. The equivalence between GCE
and the canonical or microcanonical ensemble, these latter
being probably more appropriate descriptions, is generally
not guaranteed, especially for systems that are not at the
thermodynamic limit. For instance, it is well-known that
the GCE predicts unphysical large fluctuations of the con-
densate population at low temperature [13]. However, the
authors of references [10,14,15] have shown that the oc-
cupation numbers Ni in GCE are very close to the ones in
the canonical ensemble. The difference is more pronounced
for small atom number and anisotropic clouds. As a result
and because GCE enables to give analytic expressions on
contrary to the other ensembles, we will use GCE in the
following.

For a fixed atom number, the chemical potential in-
creases as the temperature decreases. As µ has to be
smaller than ε0, the ground-state energy, the excited states
population will saturate when µ approaches ε0 whereas N0

is still increasing: N −N0 =
∞∑

i=1

Ni(µ, T ) ≤
∞∑

i=1

Ni(ε0, T ).

As in references [2,16], we will define the transition tem-
perature T ∗ as the temperature for which the excited
states saturated population is equal to the total atom
number:

∞∑

i=1

Ni(ε0, T ∗) = N. (1)

As pointed out in the introduction, there is not a unique
definition of the transition temperature for a finite atom
number. Other definitions use, for instance, a change in
the slope for the condensate fraction in function of temper-
ature (more explicitly d3(N0/N)/dT 3 = 0) [17], a change
in the power dependence on the condensate fraction in
function of the atom number [9], which are also perti-
nent. We have checked that these various definitions af-
fect marginally the value of T ∗ and do not modify our
conclusions [18]. In the following we will then use equa-
tion (1) to define T ∗. Note that the chemical potential µ∗
at the transition temperature is close but not equal to the
ground-state energy; it is determined by the constraint

∞∑

i=0

Ni(µ∗, T ∗) = N. (2)

There are only a few examples of trapping potentials
where the eigen-energies and the eigen-functions are
known exactly. Semi-classical approximations give usually
accurate enough results and are suited to include inter-
atomic interactions, at least perturbatively. We will de-
rive various type of semi-classical approximations in the
following and test their accuracy because the harmonic
potential is an exactly solvable potential.

We will first examine the situation where �ω � kBT
with ω the oscillation frequency of the isotropic harmonic
trap. This corresponds to the large atom number limit
and semi-classical approximations should work. Replac-
ing the discrete energy spectrum by a continuous one
and neglecting the ground-state energy ε0, the density is

0.4
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Fig. 1. Ground-state population fraction in function of the
temperature in �ω/kB unit for a cloud of 103 atoms. The dot-
ted curve corresponds to the exact result given by model ex.
The solid, dot-dashed and dashed lines correspond respectively
to the semi-classical models sc, sc0 and sc∞. The last two ne-
glect the ground-state contribution above their corresponding
transition temperature and the first two take into account finite
size effects. The model sc is the closest to ex near Bose-Einstein
transition.

ρ(r) = 1
λ3 g 3

2
[z exp(− τ

2 (r/σ)2] with z = eβµ the fugac-
ity, τ = �ω/kBT and g 3

2
( ) a Bose function [19]. With

the above notation, the thermal de Broglie wavelength is
λ = σ

√
2πτ and the size of the cloud is

√
kBT/mω2 =

σ/
√

τ . Similarly, the atom number is N = g3(z)/τ3.
Equation (1) leads then to N = ζ(3)/τ∗3, with τ∗ the
value of τ at T = T ∗. The above expressions for the
density and atom number are in fact approximations for
the excited states and do not contain the ground-state
contribution. Then µ∗ defined by equation (2) is equal
to 0 and z∗ = 1. The transition temperature defined
here corresponds to the critical temperature Tc. The peak
density at the transition temperature is then given by
ρ(0)λ3 = g 3

2
(z∗) = ζ(3/2) ≈ 2.612. For temperatures be-

low Tc, the excited states population is given by ζ(3)/τ3.
Then, the ground-state population fraction is N0/N = 0
for T > Tc and N0/N = 1 − (T/Tc)3 for T < Tc. This
fraction will be plotted in Figure 1, labelled with sc∞.

These approximations are too crude and give in-
accurate results for the atomic density, however. The
reason is that the ground-state contribution cannot be
neglected. A better expression is ρ(r) =
1
λ3 g 3

2
[ze−

τ
2 (r/σ)2 ] + ρ0(r) and similarly N = 1

τ3 g3(z) + N0

with ρ0(r) = [N0/(
√

πσ)3]e−(r/σ)2 and N0 = z/(1− z).
The value of T ∗ is unchanged as it is defined by
the excited states saturation, but z∗ is now different
from 1. Using g3(z∗) ≈ ζ(3) − ζ(2)x∗ with z∗ = e−x∗

(x = β(ε0 − µ) > 0), one finds using equation (2)
that x∗ ≈ τ∗3/2/

√
ζ(2) [9]. The ground-state popula-

tion is ∼1/x∗ and, as expected, is vanishingly small
as τ∗ → 0 compared to the excited-state population
ζ(3)/τ∗3. The ground-state peak density is ∼1/(

√
πσ)3x∗

whereas the excited state peak density is ζ(3/2)/λ∗3. As
λ∗ = σ

√
2πτ∗, the two quantities have the same order of

magnitude! The above high-N analysis predicts then that
the degeneracy parameter at the transition temperature
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is ρ(0)λ3 = ζ(3/2) + 2
√

2ζ(2) ≈ 6.24 and not 2.612. The
ground-state population is extremely small but the size of
its wave-function is also extremely small compared to the
atomic cloud size. For a harmonic trap both depend on
the same small parameter, raised to the same power. So,
even for very large atom number, the traditional criterion
for BEC should be modified. This effect is linked to the
pathological behaviour of the ground-state density at the
thermodynamic limit, i.e. the infinite compressibility of
an ideal gas [12]. This limit means N → ∞ with Nω3 →
constant. The ground-state size being σ =

√
�/mω, the

density of that state behaves as
√

N below threshold and
is then infinite at the thermodynamic limit whereas the
density above Tc is finite.

We will now address the case of atom numbers in the
accessible experimental range, 103–106. It is well-known
that the transition temperature will be shifted compared
to Tc [3,4,7]. A better approximation, which takes into
account the ground-state energy to first order, is ρ(r) =
1
λ3 {g 3

2
[z̃(r)] + 3τ

2 g 1
2
[z̃(r)]} where z̃(r) = ze−

τ
2 (r/σ)2 . Then

N = 1
τ3 [g3(z) + 3τ

2 g2(z)]. The corresponding transition
temperature is T ∗sc such that N = 1

τ∗3sc
[ζ(3) + 3

2ζ(2)τ∗sc].
This is the usual semi-classical approximation found in the
literature. The ground-state population fraction is then
N0/N = 0 for T > T ∗sc and

N0/N = 1−
(

T

T ∗sc

)3 ζ(3) +
3τ

2
ζ(2)

ζ(3) +
3τ∗sc

2
ζ(2)

for T < T ∗sc. This fraction, also plotted in Figure 1, will be
labelled with sc0. Note that g 1

2
(z) diverges at z = 1 [20],

meaning that this approximation is intrinsically inaccu-
rate near the centre of the trap and near the transition
temperature. This divergence is however weak, and any
spatial integration would give a finite result. We can still
cure this pathology by adding, as before, the ground-state
contribution. We obtain then
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ρsc(r) =
1
λ3
{g 3

2
[z̃(r)] +

3τ

2
g 1

2
[z̃(r)]} +

z

1− z

e−( r
σ )2

(
√

πσ)3

N =
1
τ3

[g3(z) +
3
2
τg2(z)] +

z

1− z

T ∗sc such that N =
1

τ∗3sc

[ζ(3) +
3
2
ζ(2)τ∗sc]

.

(3)
This semi-classical approximation will be labelled with sc
in the following. The comparison of T ∗sc with the value
given by the exact model (see below) can be used to check
the finite size correction. Even so, this comparison is use-
less to check the contribution coming from the ground
state since it does not depend on it (same transition tem-
perature as sc0).

We can now test these semi-classical approximations
for a harmonically trapped gas. As we referred before,
for this case, the eigen-energies and the eigen-functions
are known exactly. The corresponding expressions of the
atomic density and atom number [13], labelled with ex in
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Fig. 2. Relative shift of the semi-classical transition temper-
atures Tc (dashed line) and T ∗sc (dotted line) to T ∗ex (see text)
in function of the atom number. Both temperatures converge
for high atom numbers. The critical temperature at thermody-
namic limit, Tc, deviates by less than 1% for N > 5×105. The
semi-classical transition temperature defined for a finite atom
number, T ∗sc, is much more accurate and deviates by less than
1% for N > 400.

the following, are:
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ρex(r) =
1

(
√

πσ)3
∞∑

l=1

zl

(1 − e−2τl)3/2
e− tanh( τl

2 )( r
σ )2

N =
∞∑

l=1

zl

(1− e−τl)3

T ∗ex such that N =
∞∑

l=1

(
1

(1− e−τ∗exl)3
− 1

)

where, here z = eβ(µ−ε0). The semi-classical model corre-
sponds to a Taylor expansion in τ of these last expressions.

In Figure 1 we plot the ground-state population frac-
tion in function of the temperature for the various models
described above. When the number of atoms is only 103,
finite size effects are large. The prediction of model sc∞
is clearly wrong compared to the exact model prediction.
On contrary models sc0 and sc give a result close to the
one of ex [21]. Figure 2 shows the relative deviations of
Tc and T ∗sc from T ∗ex in function of the atom number. As
expected the different values are similar but, as above, the
model sc give a closer result to ex than sc∞. The value T ∗sc
deviates less than 1% for N > 400 and the relative shift
is ∼10−4 for typical experimental atom numbers. This is
well below actual experimental uncertainties. The ther-
modynamic value Tc deviates more, typically 1% but is
still close to T ∗ex [3,4,7,9]. The discrepancy with Tc would
have been more pronounced for an anisotropic trap (see
below).

This two figures illustrate what is called finite size ef-
fects, the fact that the energy level spacing is not negligible
compared to the temperature. What we are interested in is
the role of the ground-state. For this, the transition tem-
perature and the condensate population fraction are not
the best observables. It is nevertheless already clear from
Figure 1 that sc is a significant improved model to describe
semi-classically a cloud near degeneracy compared to sc0.
The high-N model predicts that the ground-state influ-
ence should be much more pronounced on the peak den-
sity. We will now focus our attention on that observable,
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Fig. 3. Degeneracy parameter ρ(0)λ3 in function of the atom
number N for clouds at the transition temperature. The dot-
ted line corresponds to the semi-classical model sc at T = T ∗sc

and the solid line to model ex at T = T ∗ex. Even if the degener-
acy parameters are somewhat different, they both differ signifi-
cantly to the usual value of 2.612 (dashed horizontal line). This
deviation is due to an under-estimation of the ground-state
density. The actual values are close to our high-N prediction
of 6.24 (see text).
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Fig. 4. Condensate atom number fraction N0/N (dashed line)
and peak density fraction ρ0(0)/ρ(0) (solid line) in function
of the temperature in harmonic oscillator unit �ω/kB, using
model ex. The cloud contains 106 atoms. The transition tem-
perature is T ∗ex = 93.37�ω/kB and the asymptotic thermo-
dynamic temperature is Tc = 94.05�ω/kB . The positions of
these temperatures are shown as vertical lines in the figure.
The ground-state peak density increases much more sharply
than the ground-state population around the transition tem-
perature. The former has also a significant value above T ∗ex.
The model sc is indistinguishable for N0/N , but is slightly
different for ρ0(0)/ρ(0) (dotted line).

only in the more pertinent comparison between the models
sc and ex.

This is first illustrated in Figure 3 where the degener-
acy parameter ρ(0)λ3 is plotted in function of the atom
number for clouds at T = T ∗. We plot this number for the
semi-classical approximation sc and for the exact model,
ex. The two curves are higher than 2.612. This highlights
the inaccuracy of the standard semi-classical models (sc0

or sc∞) that do not take into account the ground-state
contribution. It confirms also the calculation developed
above. The degeneracy parameter is astonishingly con-
stant till 103 atoms and does not differ much even for
smaller atom numbers. Models sc and ex, which have
almost the same transition temperature, have the same
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Fig. 5. Same as in Figure 4 but with 103 atoms. The transition
temperature is T ∗ex = 8.71�ω/kB and the asymptotic thermo-
dynamic temperature is Tc = 9.41�ω/kB . Since the number of
populated states is considerably reduced compared to Figure 4,
the discrepancy between sc (dotted lines) and ex is more pro-
nounced. This also explains why the increase of the condensate
peak density is slower.
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Fig. 6. Atomic density ρex in function of r/σ where σ is the
size of the harmonic oscillator ground-state. The temperature
is T = 93.37�ω/kB and the atom number N spans from 0.990×
106 to 1.004×106 by step of 2000 atoms. The curve at threshold
is in dotted line and corresponds to 106 atoms. The inset shows
the excited states and ground state density profile at threshold.
The dip around r = 0 is mainly due to the first excited state
population.

asymptotic value of the degeneracy parameter. This value,
6.24, is the one predicted by our high-N analysis. The
model sc is significantly higher than this value for exper-
imentally accessible atom numbers. This is because our
first analysis does not take into account the 3

2τ term of
model sc. To first order [19],

x∗sc ≈
(τ∗sc)

3
2

√
ζ(2)

(

1 +
9

8ζ(2)
τ∗sc ln τ∗sc

)

and is then slightly smaller than (τ∗sc)3/2/
√

ζ(2). Conse-
quently the ground-state peak density is bigger at T ∗sc us-
ing model sc than at Tc using the high-N model. The
excited states peak density is also higher in model sc be-
cause of this 3

2τg 1
2

term.
The next three figures deal with the cloud properties

around the Bose-Einstein threshold. Figures 4 and 5 show
the evolution of the condensate fraction N0/N and the
condensate peak density fraction in function of T for two
different atom numbers, 106 and 103. Figure 6 shows the
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density profile of clouds near degeneracy. What prevails
in Figure 4 is the sharp increase of the condensate peak
density compared to the condensate population. Moreover
the models sc and ex give very close results validating our
analysis on the ground-state contribution near degener-
acy. This means that the peak density is a much better
marker of the Bose-Einstein threshold than the atom num-
ber. This feature is in fact used experimentally: the ap-
pearance of a small peak over a broad distribution is the
usual criterion to distinguish clouds above or below the
transition temperature. This sharpness also explains why
the value of the peak density is very sensitive to the value
of the temperature (cf. Fig. 3). Figure 4 shows also that,
above threshold, the ground-state peak density fraction
decays slowly. This is even more pronounced in Figure 5
where N = 103 instead of 106. It comes from the fact that
the number of populated states is not macroscopic any-
more (kBT < 10�ω) and then the transition is smoother
for smaller atom number. Once again, the density is a
better marker of degeneracy than the atom number. This
figure shows also that the 3

2τ term and the ground-state
contribution make the model sc still very close to model
ex, respecting the density and population fractions, even
for 103 atoms.

The above analysis is focused on the peak density i. e.
at the centre of the cloud. Figure 6 shows the total density
profile of clouds, all at the same temperature, but contain-
ing different numbers of atoms around N∗

ex, the number
of atoms for which T = T ∗ex (N = N∗

ex corresponds to the
dotted line). This figure simulates somehow an experimen-
tal observation of BEC threshold. Only the central part
is sensitive to the atom number; this corresponds to the
condensate growing as the number of atoms is increased
and to the fact that the excited states are already satu-
rated for these atom numbers. Moreover, by looking at the
graph, one would rather think that the Bose-Einstein tran-
sition occurs for a smaller atom number. This points out
that the definition on the transition temperature based
on an atom number criterion does not fully correspond
to the one based on the atomic density which would be
more connected to experiments. The inset shows the ex-
cited states and ground state density profiles at threshold.
The excited states density exhibits a dip in the centre of
the cloud, obviously not present in semi-classical models
(monotonic functions). We check that the height of the
dip is proportional to 1/τ and can almost be totally at-
tributed to the first excited state population. The aim of
this paper is to show the importance of the ground-state
in the study of non-interacting clouds close to threshold.
The inset reveals that the first excited state density is also
largely under-estimated; it represents ∼10% of the peak
density whereas it contributes only to ∼0.1% of the pop-
ulation.

We have shown results on the atomic density at the
vicinity of the transition temperature. Detection tech-
niques consist rather on 1D-integrated density, corre-
sponding to 2D absorption images, or 2D-integrated den-
sity [23]. One can show that, at threshold, the 1D and
2D-integrated peak density of the ground-state are van-
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Fig. 7. Contribution of the ground-state on the peak density
for, from bottom to top, 1D, 2D and 3D images in function
of the number of trapped atoms. The clouds are at the tran-
sition temperature T ∗ex and the calculations use model ex. A
3D image would give the density in all three dimensions of
space [25] whereas a 2D (resp. 1D) image corresponds to the
density integrated over one (resp. 2) dimension. For N = 104

atoms the ground-state contributes to ∼26% in 2D images and
∼6% in 1D images. In contrast to 3D image, the ground-state
contribution is very small for large atom number; it is not for
typical atom numbers accessible in experiments.

ishingly small for large atom numbers on contrary to the
non-integrated case. The peak 1D-integrated density frac-
tion behaves at threshold as

√
τ and the 2D-integrated

peak density as τ . For typical atom number this is never-
theless not negligible. This is illustrated in Figure 7 where
is plotted the condensate peak density fraction for 3D,
2D and 1D images of clouds at threshold. The calcula-
tions use the model ex. At the transition temperature
T ∗ex, the ground-state contributes to more than 10% for
N < 2500 atoms in 1D images and for N < 8× 106 atoms
for 2D images. It means that, even with the conventional
technique of absorption images, the effect should be ex-
perimentally observable if interactions could be switched
off using, for instance, the magnetic tunability of the scat-
tering length close to a Feshbach resonance [24].

Apart from the atomic density, two- and three-body
inelastic loss rates will also be affected and could be 20
to 30% higher than predicted by model sc0 around the
transition temperature for typical atom numbers. Finally,
in most experimental set-ups, the trapping potential is
anisotropic and finite size effects are then stronger. Indeed
the term 3

2τ in equation (3) should be replaced by 3
2

ω̃
ω̄ τ ,

with ω̄ = (
∏

i

ωi)1/3 the geometric mean and ω̃ = 1
3

∑

i

ωi

the arithmetic mean [3]. Whatever the anisotropy is, ω̃
is always larger than ω, making the finite size contri-
bution stronger. To first order and if kBT ∗ex � �ωi for
i = x, y and z, the ground-state contribution should be
the same since our high-N analysis does not depend on
any anisotropy.

In conclusion, we have shown that the density of an
ideal atomic gas is dominated by the ground-state contri-
bution near the transition temperature. The inter-atomic
interactions have been neglected in our analysis and will
modify our conclusions. With repulsive interactions, the
clouds tends to decrease its density at the centre of the
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cloud whereas it tends to increase it with attractive in-
teractions. Previous calculations have treated separately
finite size and interactions effects, both corrections be-
ing finally added [6]. Since the ground-state has a non-
perturbative effect on the density, our analysis tends to
prove that both effects have to be investigated together.
The approach of reference [10] could in this respect pro-
vide helpful informations. Feshbach resonances, which en-
able to tune the interactions strength, constitute a power-
ful tool to check the accuracy of the different theoretical
models. Moreover, a full three-dimensional density mea-
surement would also be valuable; this type of measure-
ment is at the edge to be available in our experiment on
metastable helium in Orsay [25].

We thank S. Giorgini for stimulating discussions. The Atom
Optics group of LCFIO is member of the Institut Francilien de
Recherche sur les Atomes Froids (IFRAF).
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We have studied one-body and two-body correlation functions in a ballistically expanding, noninteracting
atomic cloud in the presence of gravity. We find that the correlation functions are equivalent to those at thermal
equilibrium in the trap with an appropriate rescaling of the coordinates. We derive simple expressions for the
correlation lengths and give some physical interpretations. Finally a simple model to take into account finite
detector resolution is discussed.
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I. INTRODUCTION

Whether a source emits photons or massive particles, if it
is to be used in an interferometric experiment, an essential
property is its coherence. The study of coherence in optics
has shown that more than one kind of coherence can be
defined �1�. The most familiar type of coherence is known as
first order coherence and is related to the visibility of inter-
ference fringes in an interferometer. It is proportional to the
value of the correlation function of the associated field. Sec-
ond order coherence is less intuitive and corresponds to the
correlation function of the intensity or squared modulus of
the field. From a particle point of view, second order coher-
ence is a way of quantifying density correlations and is re-
lated to the probability of finding one particle at a certain
location given that another particle is present at some other
location. Particle correlations can arise simply from ex-
change symmetry effects and exist even when there is no
interaction between the particles. This fact was clearly dem-
onstrated in the celebrated Hanbury Brown Twiss experiment
which showed a second order correlation for photons coming
from widely separated points in a thermal source such as a
star �2�.

Analogous correlations in massive particles have also
been studied, particularly in the field of nuclear physics
�3–7�. Spatial correlations using low energy electrons have
also been studied �8,9�. The advent of laser and evaporative
cooling techniques has also made it possible to look for cor-
relations between neutral atoms and recently a wide variety
of different situations have been studied �10–16�. Correlation
phenomena are generally richer when using massive particles
because they can be either bosons or fermions, they often
have a more complex internal structure and a large range of
possible interactions with each other. In the field of ultracold
atoms, the many theoretical papers to date have included
treatments of bosons in a simple three-dimensional �3D� har-
monic trap �17,18�, a one-dimensional �1D� bosonic cloud in
the Thomas-Fermi regime and Tonks-Girardeau limit
�19–21�, the Mott insulator or superfluid phase for atoms

trapped in optical lattices �22� and the two-dimensional �2D�
gas �23�.

Almost all these theoretical treatments have dealt with
atomic clouds at thermal equilibrium. On the other hand, all
the experiments so far except Ref. �16� have measured cor-
relations in clouds released from a trap which expand under
the influence of gravity and possibly interatomic interactions.
It is generally not trivial to know how the correlation prop-
erties evolve during expansion. Moreover, matter waves have
different dispersion characteristics than light. All this raises
interesting questions concerning the value of the correlation
lengths during the atomic cloud expansion. In particular we
would like to know how to use the results of Ref. �17� to
analyze the experimental results of Ref. �15�, a conceptually
simple experiment in which second order correlations were
measured in a freely expanding cloud of metastable helium
atoms. The correlation length was defined as the characteris-
tic length of the normalized second order correlation func-
tion. We will use the same definition in this paper �see Sec.
II A for details�.

To illustrate a more general question that comes up in
thinking about the coherence of de Broglie waves, consider a
beam of particles with mean velocity v hitting a detector.
Two obvious length scales come immediately to mind, the de
Broglie wavelength � / �m�v� associated with the velocity
spread �v and the length associated with the inverse of the
energy spread of the source �v /m��v�2. These two scales are
obviously very different if v is large compared to the velocity
spread. In this paper, we will show that in an experiment
such as Ref. �15�, the correlation length corresponds to nei-
ther of the above length scales, although they can be relevant
in other situations. We find that the correlation length after an
expansion time t of a cloud of initial size s is �t /ms. This
result is the atom optical analog of the van Cittert-Zernike
theorem �24�. It has also been stated in a different form in
Ref. �25�. For the special case of an ideal gas in a harmonic
trap of oscillation frequency �, the correlation length can be
recast as ��t where � is the thermal de Broglie wavelength.
Hence the correlation length after expansion is simply di-
lated compared to that at equilibrium with the same scaling
factor as the spatial extent of the cloud itself.

We will confine ourselves here to the case of a cloud of
noninteracting atoms released suddenly from a harmonic
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trap. The paper is organized as follows. We will begin in Sec.
II with some simple definitions and general results about the
correlation properties of a noninteracting cloud both at ther-
mal equilibrium in a trapping potential and after a ballistic
expansion. Without making any assumptions about the form
of the trapping potential, we can only find simple analytical
results in the limit of a nondegenerate gas. Next we will
make a more exact and careful treatment by specializing to
the very important case of a harmonic potential. We intro-
duce the flux operator �26� involved in the experimental elec-
tronic detection with metastable helium and then calculate
the correlation function of the flux. We will summarize the
results and give a physical interpretation in Sec. IV. This
interpretation will allow us to comment on the rather differ-
ent case of a continuous beam as in the experiments of Refs.
�7,10,14�. In Sec. V we will use our results to analyze the
experimentally important problem of finite detector resolu-
tion. Finally, the Appendix adds some detailed calculations
concerning the expressions found in Sec. III B.

II. GENERAL RESULTS ON CORRELATION FUNCTIONS
OF NONINTERACTING GASES

Here we recall some basic results concerning the density
and first and second order correlation functions for a cloud of
noninteracting bosons at thermal equilibrium. A more de-
tailed analysis can be found in Ref. �17�. Theoretical treat-
ments that take into account interatomic interactions can be
found in Refs. �17,18,27�. We also give some approximate
results for a noninteracting gas after it has expanded from a
trap.

A. Definitions

Consider a cloud of N atoms at thermal equilibrium at a
temperature T, confined in a trapping potential. This poten-
tial is characterized by ��j ,�j

0�r�� the energy and wave func-
tion of level j �here supposed nondegenerate for simplicity�.
In second quantization, one defines the field operators

�̂†�r� = �
j

�j
*�r�âj

†, �̂�r� = �
j

�j�r�âj.

The operator âj
† creates and âj annihilates one particle in

state ��j	 whereas �̂†�r� creates and �̂�r� annihilates a par-
ticle at position r.

Correlation functions and the atomic density are statistical
averages of such field operators. We use the Bose-Einstein
distribution, 
âj

†âk	=�jk�e	��j−��−1�−1 where 	=1/ �kBT�, kB

is the Boltzmann constant and 
 is the chemical potential.
The value of 
 ensures the normalization �j
âj

†âj	=N. We
can then define

�a� the first order correlation function G�1��r ,r��
= 
�̂†�r��̂�r��	,

�b� the second order correlation function G�2��r ,r��
= 
�̂†�r��̂�r��̂†�r���̂�r��	,

�c� and the density �eq�r�= 
�̂†�r��̂�r�	=G�1��r ,r�.
Several other first and second order correlation functions

can be defined �see below� but these are the most common

ones. The first order correlation function appears in interfer-
ence experiments whereas second order correlation functions
are related to intensity interference or density fluctuation.
First and second order correlation functions are connected
for thermal noninteracting atomic clouds. The G�2� function
contains a statistical average of the type 
âj

†âkâl
†ân	 which

can be calculated through the thermal averaging procedure
�Wick theorem �28��. One finds 
âj

†âkâl
†ân	= 
âj

†âj	
âk
†âk	

���jl�kn+�jn�kl�+ 
âj
†âj	�kl�jn, which leads to

G�2��r,r�� = �eq�r��eq�r�� + �G�1��r,r���2 + �eq�r���r − r�� .

The last term is the so-called shot-noise term. It will be ne-
glected in the following because it is proportional to N
whereas the others are proportional to N2.

It is convenient to define a normalized second order cor-
relation function

g�2��r,r�� =
G�2��r,r��

�eq�r��eq�r��
.

If the cloud has a finite correlation length, then for distances
larger than this length the first order correlation function van-
ishes. Then g�2��r ,r�=2 and g�2��r ,r��→1 when �r−r��
→. This means that the probability of finding two particles
close to each other is enhanced by a factor of 2, compared to
the situation where they are far apart. This is the famous
bunching effect first observed by Hanbury Brown and Twiss
with light �2�.

The above expression of the G�2� function cannot be ap-
plied in the vicinity and below the Bose-Einstein transition
temperature. The calculation of 
âj

†âkâl
†ân	 is performed in

the grand canonical ensemble which assumes the existence
of a particle reservoir that does not exist for the condensate.
It is well known �29� that this gives unphysically large fluc-
tuations of the condensate at low enough temperature. This
pathology disappears at the thermodynamic limit if there is
an interatomic interaction �29�. It has also been shown that it
cancels for a finite number of noninteracting particles if one
uses the more realistic canonical ensemble �30�. One way to
keep using the grand canonical ensemble is to add the ca-
nonical result for the ground state �17�. This approach is
validated by the results in Ref. �30� and will be used in the
following. The largest deviation is expected to occur near the
transition temperature �30�. The contribution of the ground
state is −
â0

†â0	2�j0�k0�l0�n0. Then, with �0 the ground-state
density, it follows that,

G�2��r,r�� = �eq�r��eq�r�� + �G�1��r,r���2 − �0�r��0�r�� .

�1�

The normalized second-order then becomes

g�2��r,r�� = 1 +
�G�1��r,r���2

�eq�r��eq�r��
−

�0�r��0�r��
�eq�r��eq�r��

.

Because the ground state density is negligible for a ther-
mal cloud, the normalized correlation function g�2��r ,r�� still
goes from 2 to 1 as the separation of r and r� increases. On
the other hand, for a BEC at T=0, only the ground state is
occupied. Then �G�1��r ,r���2=�eq�r��eq�r��=�0�r��0�r�� and
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g�2��r ,r��=1. The amount of particle bunching present in
the second order correlation function can be quantified as
g�2��r ,r��−1 and this typically decays exponentially as the
modulus squared of the separation between the two points
increases. We define the correlation length to be the charac-
teristic length over which the amount of particle bunching
decays, that is the distance over which g�2��r ,r��−1 decays
to 1/e of its maximum value. The correlation length of a
BEC is infinite. Such a system is said to exhibit bunching at
high temperature over the correlation length and no bunching
in the condensed phase.

B. Correlations in an expanding cloud

In most experiments, particle correlations and other char-
acteristics are not directly measured in the atom cloud, �Ref.
�16� is an exception�. Rather, the cloud is released from a
trap and allowed to expand during a “time of flight” before
detection. For a sufficiently long time of flight, and neglect-
ing interactions between the atoms, the positions one mea-
sures at a detector reflect the initial momenta of the particles.
The results of Sec. II A concerning the correlation functions
in position space all have analogs in momentum space. In
fact the correlation functions in the two reciprocal spaces are
closely related. At equilibrium, i.e., inside the trap, the fol-
lowing relationships can be easily derived:

� dpG�1��p,p�e−ip·r/� =� dRG�1��R − r/2,R + r/2� ,

� drG�1��r,r�eiq·r/� =� dPG�1��P − q/2,P + q/2� .

In other words, the spatial correlation length is related to
the width of the momentum distribution and the momentum
correlation length is related to the width of the spatial distri-
bution, i.e., the size of the cloud. No equally simple and
general relationship holds for the second order correlation
functions. This is because, close to the BEC transition tem-
perature, and at points where the ground state wave function
is not negligible, the special contribution of the ground state,
the last term in Eq. �1� must be included, and this contribu-
tion depends on the details of the confining potential. On the
other hand, for an ideal gas far from the transition tempera-
ture one can neglect the ground state density, make the ap-
proximation that the correlation length is very short, neglect
commutators such as �r̂ , p̂�, and then write the thermal den-

sity operator as �̂=e−	�P̂2/2m�e−	V�r̂�. These approximations
lead to

G�2��p,p�� = �eq�p��eq�p�� + �G�1��p,p���2

and

G�1��P − q/2,P + q/2� � e−	�P2/2m� � dre−	V�r�eiq·r/�.

One sees that in this limit, the interesting part of G�2� in
momentum space is proportional to the square of the Fourier
transform of the density distribution and independent of the

mean momentum P. This result is the analog of the van
Cittert-Zernike theorem �24�. For a trapped cloud of size s�

in the � direction, one has a momentum correlation “length”
given by

p�
�coh� =

�

s�

. �2�

If atoms are suddenly released from a trap and allowed to
freely evolve for a sufficiently long time t, the positions of
the particles reflect their initial momenta and the spatial cor-
relation length at a detector is given by

l�
�d� =

p�
�coh�

m
t =

�t

ms�

. �3�

The normalized second order correlation function is then
a Gaussian of rms width l�d� /2. This result was experimen-
tally confirmed in Ref. �15�. One wonders however, to what
extent the approximations we have made are valid. The
clouds used in Ref. �15� were in fact very close to the tran-
sition temperature so that effects due to the Bose nature of
the density matrix may be important. Although the time of
flight was very long, it is useful to quantify the extent to
which identifying the momentum correlation length in the
trap with the spatial correlation length at the detector is ac-
curate. Finally, the effect of gravity on the falling atoms
never appears in the above approximate treatment, and we
would like to clarify the role it plays. In order to answer
these questions we undertake a more careful calculation. We
will confine ourselves to atoms initially confined in a har-
monic trap, a good approximation to the potential used in
most experiments, and happily, one for which the eigenstates
and energies are known exactly.

III. DENSITY AND CORRELATION FUNCTIONS FOR A
HARMONIC TRAP

A. At equilibrium in the trap

The eigenfunctions for a three-dimensional harmonic po-
tential of oscillation frequency �� in the � direction, are
given by

�j
0�r� = �

�=x,y,z
Aj�

e−r�
2 /2��

2
Hj�

�r�/��� .

Here ��=� /m�� is the harmonic oscillator ground-state
size, Hj�

is the Hermite polynomial of order j� and Aj�
= ����2 j��j��!�−1/2. The eigenenergies are given by �j
=��=x,y,z����j�+1/2�. Then �17,29�, with ��=	��� and 
̃
=
−���� /2, one finds

�eq�r� =
1

�3/2�
l=1



e	l
̃�
�

1

��
1 − e−2��l

e−tanh���l/2��r�
2 /��

2 �

and
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G�1��r,r�� =
1

�3/2�
l=1



e	l
̃�
�

1

��
1 − e−2��l

exp�− tanh� ��l

2
�

�� r� + r��

2��
�2

− coth� ��l

2
�� r� − r��

2��
�2� .

The above expressions can be transformed into more familiar
forms in limiting cases:

�i� For high temperature, 
→− and one recovers the
Maxwell-Boltzmann distribution. The density is �eq�r�
= N

�3 ����e−���/2��r�
2 /��

2 � with �=�2� /mkBT the thermal de
Broglie wavelength. The size of the cloud is s�=�� /��

=kBT /m��
2 . The first order correlation function is

G�1��r,r�� =
N

�3�
�

��e−���/2�„�r� + r���/2��…
2
e−�„�r� − r���/�…2.

�4�

Using our definition, the correlation length is l�t�=� /2�.
�ii� For a temperature close to but above the Bose-

Einstein transition temperature, one must keep the summa-
tion over the index l. The density is �eq�r�
= 1

�3 g3/2�e	
̃��e−���/2��r�
2 /��

2 ��, where ga�x�=�l=1
 xl / la is a Bose

function. The first order correlation function is

G�1��r,r�� =
1

�3�
l=1


el	
̃

l3/2

��
�

e−���l/2�„�r� + r���/2��…
2
e−��/l�„�r� − r���/�…2.

As the temperature decreases, the number of values of l that
contribute significantly to the sum increases. It is then clear
from the above expression for G�1� that the correlation length
near the center of the trap will increase and that the normal-
ized correlation function is no longer Gaussian. Far from the
center, only the l=1 term is important and the correlation
function remains Gaussian. Thus close to degeneracy the
correlation length is position dependent �for an explicit ex-
ample see Sec. III B 5�.

�iii� Near and below the transition temperature, the sec-
ond order correlation function is given by Eq. �1� with

�0�r�= e	
̃

1−e	
̃ ��
e−r�

2 /��
2

�����3 . As the temperature decreases, the cor-

relation at zero distance, g�2��0,0� decreases from 2 to 1 and
the correlation length increases. Around the transition tem-
perature, g�2��0,0� is already significantly different from 2
since the condensate peak density is already very large for a
noninteracting harmonically trapped cloud �31�. At T=0, the
correlation length is infinite and g�2��r ,r��=1.

B. Correlations in a harmonically trapped cloud after
expansion

Here we consider the cloud after expansion. First we dis-
cuss two classes of detection methods which must be distin-
guished before calculating correlation functions.

1. Detection

We assume that the trapping potential is switched off in-
stantaneously at t=0. The cloud expands and falls due to
gravity. Two types of detection can be performed:

�a� Snap shot. An image is taken of the entire cloud at
t= t0. We have then access to

Gim
�2��r,t0;r�,t0� = 
�̂†�r,t0��̂�r,t0��̂†�r�,t0��̂�r�,t0�	 .

The usual imaging technique is absorption, and so one has
access to the above correlation functions integrated along the
imaging beam axis. This was used for the experiments of
Refs. �12,13�.

�b� Flux measurement. The atoms are detected when
they cross a given plane. We will only consider the situation
in which this plane is horizontal at z=H. One has access to

Gfl
�2��r = �x,y,z = H�,t;r� = �x�,y�,z� = H�,t��

= 
Î�r,t�Î�r�,t��	 ,

where Î is the flux operator defined below. The detection
systems required for such experiments correspond most
closely to those of Refs. �10,15�, in which a microchannel
plate, situated below the trapped cloud, recorded the arrival
times and in one case the positions of the atoms. It also
corresponds closely to imaging a cloud that crosses a thin
sheet of light �32�, or to the experiment of Ref. �14�, in
which the transmission of a high finesse optical cavity
records atoms as they cross the beam.

These two correlation functions are different, but if the
detection is performed after a long time of flight, they are in
fact nearly equivalent. This equivalence will be discussed in
the following.

The flux operator is defined quantum mechanically by

Î�r,t� =
�

m
Im��̂†�r,t��z�̂�r,t�� =

�

2mi
��̂†�r,t��z�̂�r,t�

− �z�̂
†�r,t��̂�r,t�� .

The flux has thus the dimensions of a density times a veloc-
ity. We will give the explicit expression of this velocity in the

Sec. III B 4. Here, the atomic field operators �̂�r , t� depend
on space coordinates as well as on time. They represent the
time evolution of the atomic field during the flight of the
atoms, falling from the trap. The field operators for the fall-
ing cloud can be easily derived if we assume that there are no
interactions between the atoms and that the occupation num-
ber in each mode is constant �as in free expansion�. In this
case, these operators can be defined as

�̂†�r,t� = �
j

�j
*�r,t�âj

†, �̂�r,t� = �
j

�j�r,t�âj,

where the spatiotemporal dependence is carried by the wave
function and the statistical occupation by the creation and
annihilation operators.

2. Ballistic expansion of a harmonic oscillator stationary state

After switching off the trap, the harmonic oscillator wave
functions noted �j

0 are no longer stationary states. There are
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two ways to calculate the correlation after expansion: propa-
gation of wave functions or propagation of the density matrix
�the Schrödinger or the Heisenberg picture�. In the following
we will use the first approach which is physically more trans-
parent �see Ref. �33� for the Heisenberg picture�.

The ballistic expansion of a cloud is easy to calculate with
the appropriate Green function. The Green function K is de-
fined as

�j�r,t� = �
−



dr0K�r,t;r0,t0��j
0�r0,t0� .

As the �j
0 functions are stationary states for t�0, we can

take t0=0 in the following. The Green function for particles
in an arbitrarily time-varying quadratic potential is known
�34�. After expansion, the potential is only due to gravity and
the Green function is then

K�r,t;r0� = � m

2i��t
�3/2

eia�r − r0�2
eib�z+z0�e−ic

with a= m
2�t , b= mgt

2� , and c= mg2t3

24� .
One can then derive an analytical expression of �j�r , t�

�35,36�,

�j�r,t� = ei��r,t��
�

eij����+3�/2�

��t − i
�j

0�r̃� , �5�

where ��=tan−1� 1
��t �,

��r,t� =
m

2�t
��x̃�xt�2 + �ỹ�yt�2 + �z̃�zt�2 + 2gt2�z −

1

8
gt2��

− c −
3�

4
�6�

and, with r̃= �x̃ , ỹ , z̃�,

x̃ =
x

1 + �x
2t2

, ỹ =
y

1 + �y
2t2

, z̃ =

H −
1

2
gt2

1 + �z
2t2

. �7�

In the case of flux measurement, the position of the de-
tector is fixed at z=H. The phase ��x̃ , ỹ , t� is global as it does
not depend on the index j; it will cancel in second order
correlation measurements. This is in contrast to interferomet-
ric measurements where it is this phase that gives rise to
fringes. The above results show that after release, the wave
function is identical to that in the trap except for a phase
factor and a scaling factor in the positions �37�. This scaling
is obviously a property of a harmonic potential, and it con-
siderably simplifies the expression of the correlation func-
tions as we will see below.

3. Flux operator

Using �zHn�z�=2nHn−1�z�, the spatial derivative of the
wave function can be written

�z�j�r,t� =
m

�
��iv2 − v1�� jz

�z,t�

− iv3
jz� jz−1�z,t��� jx

�x,t�� jy
�y,t� ,

where the velocities v1, v2, and v3 are time dependent and
are given by

v1�t� = �z

H −
1

2
gt2

1 + �z
2t2 , �8�

v2�t� =
1

t
�H +

1

2
gt2 −

H −
1

2
gt2

1 + �z
2t2 � , �9�

v3�t� =
2�z�z

1 + �z
2t2

ei�z. �10�

The velocity v2 is usually much larger than the other two and
will give the dominant contribution for the mean flux and the
second order correlation function. An atom with zero initial
velocity will acquire after a time t a velocity gt which is
close to v2�t�. The flux operator is

Î�r,t� = �
j,k

�v2�j
*�k −

1

2
�v3

k�j
*�k−1z

+ v3
*j�j−1z

* �k��âj
†âk,

�11�

where j−1z is the vector �jx , jy , jz−1� and where we write
�=��r , t�.

4. Mean density and mean flux

We will first calculate the mean density ��r , t�
= 
�̂†�r , t��̂�r , t�	. Using Eq. �5�, one finds easily that
��r , t�= 1

��
1+��

2 t2 �eq�r̃�. This means that the density has the

same form during expansion up to an anisotropic scale factor
given by Eq. �7� �37,38�. The statistical average of Eq. �11�
leads to


Î�r,t�	 = �
j
�v2��j�2 −

jz

2
�v3� jz

* � jz−1 + v3
*� jz

� jz−1
* ��� jx

� jy
�2�

�
âj
†âj	 .

Because v3� jz
* � jz−1= i

�v3�
1+�z

2t2 � jz
0 �z̃�� jz−1

0 �z̃�=−v3
*� jz

� jz−1
* , the

second term cancels out. Then, without any approximation,


Î�r,t�	 =
v2�t�

�
�

1 + ��
2 t2

�eq�r̃� = v2�t���r,t� .

The flux is proportional to the density of a cloud at thermal
equilibrium with rescaled coordinates. This means that the
mean flux of an expanding noninteracting cloud is propor-
tional to the atomic density without any approximation. This
result holds with and without gravity taken into account.
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5. Second order correlation

Here we calculate the correlation functions. A discussion
is given in the next section. The snap-shot correlation func-
tion is

Gim
�2��r,t;r�,t� = �

j,k,l,n
�j

*�k�l�
*�n�
âj

†âkâl
†ân	 .

Using Eq. �5�, one finds, without any approximation �except
the neglect of the shot-noise term�:

Gim
�2��r,t;r�,t� =

1

�
�

�1 + ��
2 t2�

���eq�r̃��eq�r̃�� + �G�1��r̃, r̃���2 − �0�r̃��0�r̃��� .

As in the case of the mean density, the snap-shot correlation
function has the same form as in the trap except for an an-
isotropic scale factor.

The calculation of Gfl
�2� is similar,


Î�r,t�Î�r�,t��	 = − � �

2m
�2

�
j,k,l,n

��j
*��z�k� − ��z�j

*��k�

���l�
*��z�n�� − ��z�l�

*��n��
âj
†âkâl

†ân	 .

Two major differences appear compared to the mean flux
calculation: the terms in v3 and the phase factor ��+3� /2 in
Eq. �5� do not cancel. This makes the exact calculation very
tedious. It is postponed to the Appendix.

Experiments are usually performed in situations satisfying
two conditions: �1� the width of the cloud after expansion is
much larger than that of the trapped cloud, and �2� the mean
velocity acquired during free fall is much larger than the
velocity spread of the trapped cloud. The first condition
means that ��t�1 and the second one that gt�kBT /m. The
latter condition also means that the mean arrival time, t0
=2H /g, is much larger than the time width kBT /mg2 of
the expanding cloud. With these approximations the scale
factors become quite simple. x̃� x

�xt0
, ỹ� y

�yt0
and z̃

�
H−�1/2�gt2

�zt0
�

g�t0−t�

�z
. In particular, the coordinate z̃ is propor-

tional to the arrival time t. This means that in experiments
that measure arrival times, the results have the same form
when expressed as a function of vertical position.

In the correlation function of the flux, the above approxi-

mations also lead to v2�2gH and �jzv3 /v2�� kBT

��z

�z
2H

=
sz

2H
where sz is the width of the cloud inside the trap and

where the typical value of the occupied trap level, jz, is
�

kBT

��z
. The term containing v3 is then very small compared to

the one proportional v2. In Ref. �15� for instance the above
ratio is �10−5. We will neglect terms containing v3 in the
following. The phase factors �� in Eq. �5� are also very small
since ��t�1 and can be neglected �see the Appendix�.

Under all these approximations, one finds

Gfl
�2��r,t;r�,t�� =

v2v2�

�
�

�1 + ��
2 t2��1 + ��

2 t�2�
��eq�r̃��eq�r̃��

+ �G�1��r̃, r̃���2 − �0�r̃��0�r̃��� .

We again find the same correlation function as in the trap,
rescaled by a slightly different factor compared to Gim

�2�. This
factor simply reflects the expansion of the cloud between the
times t and t�.

The scaling laws for the harmonic potential result in a
very simple expression for the correlation lengths at the de-
tector,

l�
�d� = l�t�1 + ���t�2. �12�

Where l�
�d� is the correlation length along the � direction at

the detector and l�
�t� is the correlation length in the trap. If the

gas is far from degeneracy l�t�= �
2�

, and we recover the result
of Eq. �3�. Close to degeneracy the correlation length is po-
sition dependent. In the case of a pulse of atoms as in Ref.
�15�, this formula applies along all three space axes. In ad-
dition, when making a flux measurement, one often ex-
presses the longitudinal correlation length as a correlation
time. For a pulse of atoms from a harmonic trap, with a mean
velocity v at the detector, the correlation time is

t�coh� =
lz
�d�

v
= l�t��z

g
. �13�

It is independent of the propagation time as long as �zt�1.
These calculations are illustrated in the following figures.

For simplicity we have used an isotropic trapping potential.
As pointed out above, the normalized second-order correla-
tion functions gim

�2� and gfl
�2� are virtually identical with typical

parameters �see the Appendix� and we will use the shorter
notation g�2�. In Fig. 1 we show the normalized correlation
function g�2��r̃ ,0� as a function of r̃�r /�t for various tem-
peratures in the vicinity the Bose-Einstein phase transition
T*. We use the saturation of the excited state population to
define T* �31�. This is the correlation function at the center
of the cloud. One sees that at T=T* �the thick dashed line in
the figure�, the correlation function at zero distance is already
significantly diminished compared to higher temperatures.
The correlation length, on the other hand, is larger than
��t /2�. Also, one sees that the correlation function is al-
most flat for temperatures a few percent below T*.

In many experiments of course, one does not measure the
local correlation function, but the correlation function aver-
aged over all points in the sample �15�. The effect of this
averaging is shown in Fig. 2. We plot gm

�2��r̃�

=
�dRG�2��R+r̃e,R�

�dRG�1��R+r̃e,R+r̃e�G�1��R,R� , where the vector e is a unit vector

in some direction. One sees that the amplitude of the corre-
lation function decreases more slowly, and that after averag-
ing, the correlation length hardly varies as one passes T*.

To illustrate how local the effects which distinguish Figs.
1 and 2 are, we also plot in Fig. 3 the value of g�2��r̃ , r̃�, the
zero distance correlation function as a function of r̃ in the
vicinity of the cloud center. One sees that even below T*, the
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correlator is close to 2 at a rescaled distance of a few times
the harmonic oscillator length scale. We can simply interpret
this effect by observing that at r̃ the effective chemical po-
tential is 
−V�r̃�. Away from the center, the effective chemi-
cal potential is small and this part of the cloud can be de-
scribed as a Boltzmann cloud.

Before interpreting these results further, we recall some of
our assumptions and their possible violation. First, we obtain
Eq. �12� if we make a semiclassical approximation assuming
that kBT greatly exceeds the energy spacing in the trap in
each dimension of space. In an anisotropic trap, this condi-
tion can be violated in one or two dimensions and then cor-
relation length along these directions will be larger and can
become infinite for a small enough temperature. Second, we
have assumed a noninteracting gas throughout.

Repulsive interactions inflate the trapped cloud, and thus
reduce the length l�d� at the detector. We expect this to be the
main effect for atomic clouds above the Bose-Einstein tran-
sition threshold, where the effects of atomic interactions are
typically small. The reduction is typically a few percent.
Even slightly below T*, the condensate density is quite high,
expelling the thermal atoms from the center of the trap. The
effects of interactions inside the trap and during the cloud’s
expansion cannot be neglected. Taking them into account is
then complex and beyond the scope of this paper.

IV. PHYSICAL INTERPRETATIONS

The main result of this paper is that in an experiment
which averages over a detector in the sense of Fig. 2, even at
T=T*, the correlation lengths at the detector are well ap-
proximated by

l�
�d� = l�t���t .

The correlation length increases linearly with the time of
flight. A simple way to understand this result is to consider
the analogy with optical speckle. Increasing the time of flight
corresponds to increasing the propagation distance to the ob-
servation plane in the optical analog. The speckle size, i.e.,
the correlation length, obviously increases linearly with the
propagation distance. Another way to understand the time
dependence is to remark that after release, the atomic cloud
is free and the phase space density should be constant. Since
the density decreases with time as �����t� and the spread of
the velocity distribution is constant, the correlation volume
must increase by the same factor �25�.

Yet another way to look at the correlation length is to
observe that, far from degeneracy, the correlation length in-
side the trap is the thermal de Broglie wavelength, that is,

�
2�

=� /�p where �p=m�v is the momentum width of the
cloud. By analogy, after expansion, the correlation length is
� / ��p�loc, where ��p�loc is the “local” width of the momen-

FIG. 1. �Color online� Two-body normalized correlation func-
tion at the trap center, g�2��r̃ ,0� for 106 atoms as a function of the
position r̃=r /�t for various temperatures around transition tem-
perature. The horizontal axis is labelled in units of the size of the
harmonic oscillator wave function �. The thick dashed line corre-
sponds to the transition temperature T* defined in Ref. �31� and is
93.37�� /kB for 106 atoms. The temperature step is 0.4�� /kB. The
thermal de Broglie wavelength is �0.26�. The effect of the ground
state population is clearly visible in the reduction of g�2��0,0�, and
in the rapid flattening out of the correlation function slightly below
T*.

FIG. 2. �Color online� Two-body normalized correlation func-
tion gm

�2��r̃� for 106 atoms as a function of r̃. This function is an
average of the two-body correlation function over the cloud. The
conditions are the same conditions as for Fig. 1. Unlike Fig. 1, the
shape is always almost Gaussian and converges more slowly to a
flat correlation for low temperatures. This is because only a small
region around r̃=0 is fully sensitive to the quantum atomic
distribution.

FIG. 3. �Color online� Two-body normalized correlation func-
tion g�2��r̃ , r̃� for 106 atoms as a function of r̃. The conditions are
the same as for Fig. 1. Even for T�T* the correlation goes to 2 far
from the center. This is due to the finite spatial extent of the con-
densate. It can also be understood in terms of the chemical potential

�r̃� which, in a local density approximation, decreases as r̃ in-
creases and thus the correlation is equivalent to that of a hotter
cloud.
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tum distribution. As the pulse of atoms propagates, fast and
slow atoms separate, so that at a given point in space the
width in momentum is reduced by a factor

s�

�vt .
For a continuous beam, the formula �12� only applies in

the transverse directions. In the longitudinal direction, an
argument in terms of a local thermal de Broglie wavelength
can be used to find the coherence length or time. If the atoms
travel at velocity v without acceleration, the momentum
spread and correlation length remain constant. Defining the
energy width of the beam as �E=mv�v, one finds a corre-
lation time � /v=� /�E �7�. In the presence of an acceleration
such as gravity, the momentum spread of the beam decreases
�the energy spread at any point �E is constant�, which in-
creases the correlation length. The correlation time, however,
remains � /�E �10�.

The result that the coherence length of a cloud of atoms
can vary with the distance of propagation, is in apparent
contradiction with the results of Refs. �39,40�. Those papers
give convincing reasons, both experimental and theoretical,
for why the dispersion associated with the propagation of
massive particles should not result in an increase of the co-
herence length. The contradiction is resolved by noting that
the Mach-Zender interferometer considered in that work is
sensitive to the function f�r , t�=�dRG�1��R , t ;R+r , t�. If the
Hamiltonian commutes with the momentum operator, i.e., if
plane waves are stationary states, one can easily demonstrate
that the function f and hence its width are independent of the
time t. The experiments we analyze are sensitive to the
modulus of G�1� whose width will always increase with time.
Thus the coherence length can depend on the interferometer
as well as the source.

The role of the acceleration of gravity in these experi-
ments is minor. It governs the propagation time and the
speed of the particles when they reach the detector. In a
pulsed beam, gravity has no effect on the correlation length,
although it does affect the correlation time. It also renders
the rescaling of the z coordinate linear for large times so that
the correlation function in position z and time have the same
form. Without gravity �cancellation with a magnetic field
gradient for example�, a pulse of atoms would take longer to
reach the detector, thereby giving the correlation length more
time to dilate, and in addition they would hit the detector at
a lower velocity. The correlation time would then increase
with time and its order of magnitude would be

��t0

vT
= ��

kBT t0

where vT=kBT /m is the thermal velocity and t0=vT /H is
the time of flight to the detector.

V. EFFECT OF FINITE DETECTOR RESOLUTION

In the preceding sections, the detector was considered
ideal, i.e., with arbitrarily good spatial and temporal resolu-
tion. Here we will consider a model of a more realistic de-
tector, in which we suppose that the spatial resolution in the
x-y plane is Gaussian. This is often the case due to smearing
in pixels �13,16� and is also approximately true in Ref. �15�.
To simplify the discussion we will restrict our analysis to the
case T�T* and use a Maxwell-Boltzmann distribution rather
than Bose-Einstein distribution. In this case, each direction

of space is independent and we will only consider one direc-
tion at a time in the following.

There are three different scales in the problem: the size of

the cloud at the detector s�t��kBT

m t, the correlation length at
the detector l�d� and the rms width of the detector resolution
function d. The definition of the resolution function is that
for a density ��x�=Ae−x2/2s�t�2

, the observed density is given
by a convolution

�obs�x� =� dx0��x0�
e−�1/2���x − x0�/d�2

2�d

=
A

1 + d2/s�t�2
e−�x2/2�s�t�2+d2��.

Similarly if G�1��x ,x��=Aei�e−�x + x��2/2�2s�2
e−�x − x��2/2�l�d��2

is
the first order correlation function and Gobs

�1� �x ,x�� the ob-
served one, we have

�Gobs
�1� �x,x���2 =� dx0dx0��G

�1��x0,x0���
2

�
e−�1/2���x − x0�/d�2

2�d

e−�1/2���x� − x0��/d�2

2�d
�14�

=
�A�2

�1 + d2/s2�t���1 + 4d2/�l�d��2�

�e−��x + x��2/4�s�t�2+d2��e−��x − x��2/�l�d��2+4d2�

�15�

Consequently, with �=x ,y and z:
�i� The amplitude of the normalized correlation function

becomes

gobs
�2� �0,0� = �Gobs

�1� �0,0�
�obs�0�

�2

= 1 + �
�

 1 + d�
2/s�

2�t�
1 + 4d�

2/�l�
�d��2 .

�ii� The observed widths of the cloud are s��t�
→s�

2�t�+d�
2 .

�iii� The observed correlation lengths are l�
�d�

→�l�
�d��2+ �2d��2. The factor 2 can be understood as 2

�2 where the first term comes from the fact that d� is
defined for one particle and not for a pair of particles and the
second one comes from the fact that the correlation length is
not defined as an rms width.

In the experiment of Ref. �15� the trapped cloud had a
cigar shape. At the detector the cloud was spherical but the
correlation volume was anisotropic with lx

�d��d� ly
�d� /4. In

the third �vertical� direction, the resolution width was much
smaller than any other length scale. The observed contrast of

the correlation function was therefore approximately,
lx
�d�

2d .

VI. CONCLUSION

The most important conclusion of this paper is that the
expansion of a noninteracting cloud from a harmonic trap in
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thermal equilibrium, admits a rather simple, analytical treat-
ment of the time variation of the density and the correlation
functions. In such a pulse of atoms, correlation lengths scale
in the same way as the size of the density profile. The agree-
ment with experiment indicates that the neglect of interac-
tions is a good approximation above the BEC transition tem-
perature. An important next step however, is to examine
interaction effects so that the next generation of experiments,
which will be more precise and better resolved, can be fully
interpreted.
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APPENDIX

Explicit expression of the flux correlation function

We found in Sec. III B, the following expression for the
flux operator:

Î�r,t� = �
j,k

�v2�j
*�k −

1

2
�v3

k�j
*�k−1z

+ v3
*j�j−1z

* �k��âj
†âk,

where j−1z is the vector �jx , jy , jz−1� and where we write
�=��r , t�.

The second order correlation function for the flux is then,


Î�r,t�Î�r�,t��	 = �
j,k,l,n

�v2�j
*�k −

1

2
�v3

kz�j
*�k−1z

+ v3
*jz�j−1z

* �k��
� �v2���l

*�n� −
1

2
�v3�nz��l

*�n−1z
�

+ v�3
*lz��l−1z

* �n���
�
âj

†âkâl
†ân	 .

Neglecting the shot-noise and ground-state contributions,
this leads to


Î�r,t�Î�r�,t��	 = 
Î�r,t�	
Î�r�,t��	 + Re�A�

with

A = �
j,l
�v2v2��j

*�j��l��l
* +

1

2
v3v3�jzlz�j

*�j−1z
� �l−1z

��l
*

+
1

2
v3v�3

*lz�j
*�j��l−1z

��l−1z

* − v2v3�jz�j
*�j−1z

� �l��l
*

− v2�v3
lz�j

*�j��l−1z
��l

*�
âj
†âj	
âl

†âl	 .

We write A=�i=1
5 Ti where the Ti terms can be recast, using

tan ��=1/��t, tan ��� =1/��t�, ��=��� −��, ��j����� −���
= j ·�, �l

0=�l
0�r̃�, and �l�

0=�l
0�r̃��,

T1 = v2v2��
j,l

�j
*�j��l��l

*
âj
†âj	
âl

†âl	 =
v2v2�

�
�

�1 + ��
2 t2��1 + ��

2 t�2�
�
j,l

�j
0��j

0�l
0��l

0ei���j�−l������−���
âj
†âj	
âl

†âl	

=
v2v2�

�
�

�1 + ��
2 t2��1 + ��

2 t�2���j
�j

0��j
0eij·�
âj

†âj	�2
,

T2 =
1

2
v3v3��

j,l

jzlz�j
*�j−1z

� �l−1z
��l

*
âj
†âj	
âl

†âl	 =

−
1

2

�v3v3��

�
�

�1 + ��
2 t2��1 + ��

2 t�2���
j

jz�j
0��j−1z

0 eij·�
âj
†âj	���

l

lz�l−1z

0 ��l
0e−il·�
âl

†âl	� ,

T3 =
1

2
v3v�3

*�
j,l

lz�j
*�j��l−1z

��l−1z

* 
âj
†âj	
âl

†âl	 =
1

2

�v3v3��

�
�

�1 + ��
2 t2��1 + ��

2 t�2���j
�j

0��j
0eij·�
âj

†âj	���
l

lz�l−1z

0 ��l−1z
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T5 = − v2�v3�
j,l

lz�j
*�j��l−1z

��l
*
âj
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âl
†âl	 = − i

v2��v3�

�
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l
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âl
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The term T1 is a real number which is not the case for T2, T3,
T4, and T5.

Calculation for harmonic oscillator stationary states

All the above terms can be calculated analytically. All the
series are identical in the direction x and y. We are then left
with the calculation of three series in only one direction,

�
n=0



n�n−1
0 �z̃��n

0�z̃��e−nu,

�
n=0



n�n
0�z̃��n−1

0 �z̃��e−nu,

�
n=0



n�n−1
0 �z̃��n−1

0 �z̃��e−nu.

The function gu�z̃ , z̃��=�n=0
 �n

0�z̃��n
0�z̃��e−nu is known �17,29�

and its expression is

gu�z̃, z̃�� =
1

���1 − e−2u�
exp�− tanh�u

2
�� z̃ + z̃�

2�
�2

− coth�u

2
�� z̃ − z̃�

2�
�2� .

Using

z̃�n
0�z̃� = �

2

z̃�â + â†��n

0	 = �
2

�n�n−1
0 �z̃� + n + 1�n+1

0 �z̃�� ,

one finds

z̃gu�z̃, z̃�� =
�

2
�� n�n−1

0 �z̃��n
0�z̃��e−nu

+ eu � n�n
0�z̃��n−1

0 �z̃��e−nu� .

It follows easily that

�
n=0



n�n−1
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�
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Moreover,

�n=0


n�n−1

0 �z̃��n−1
0 �z̃��e−nu = e−u�gu�z̃, z̃�� − �ugu�z̃, z̃��� .

Then,
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−
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Explicit expression of the flux correlation
function—Part II

We define GB
�1��r ,r� ,u�=�n

�n
0�r��n

0�r��e−nu. This
function, the 3D equivalent of the function gu, is connected
to the one-body correlation function by G�1��r ,r��
=�l=1

 e	l
̃GB
�1��r ,r� , l�� with ��=	���.

Then,
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The dominant term is T1 and is the one used in Sec. III B 5.

Contribution of neglected terms in the correlation of the
flux

Here we evaluate the neglected terms T2 to T5 and the
shot-noise contribution. They will be evaluated in the case of
clouds far above BEC threshold. Under this assumption, all
the functions are separable in the variables x ,y, and t and the
summation over the index l in the preceding equations re-
duces to the single term l=1.

Shot-noise contribution

Using the above analysis one can show that the main term
is still proportional to v2v2�. The additional term is then,

v2v2�

�
�

�1 + ��
2 t2��1 + ��

2 t�2�
e	
̃GB

�1��r̃, r̃�,� − i��GB
�1��r̃, r̃�,i�� .

For t= t�, �=0 and GB
�1��r̃ , r̃� ,0�=��r̃− r̃��. The shot-noise

term is then

v2
2

�
�

�1 + ��
2 t2�

�eq�r̃���r̃ − r̃�� .

As expected, this term corresponds also to the one at equi-
librium with rescaled coordinates.

T2–T5 contribution

We have Gfl.
�2��r , t ;r� , t��= 
Î�r , t�Î�r� , t��	= 
Î�r , t�	

�
Î�r� , t��	+Re�A� where A=�i=1
5 Ti.

Case t= t�:

�a� �=0, then T1=
v2v2�

�
�

�1+��
2 t2��1+��

2 t�2�
�G�1��r̃ , r̃���2, T2

and T3 are real number and Re�T4�=Re�T5�=0.
�b� One finds, to leading orders, g�2��0,0 , t ;0 ,0 , t�−2

� 1
8
� sz

H
�2�1−2

t−t0

t0
��1−

�z
2

6
� where sz is the initial size of the

cloud in the vertical direction and t0=2H /g.
�c� The deviation from 2 is extremely small in the ex-

perimental conditions of Ref. �15� ��10−11� but shows that
the bunching is strictly speaking not 2 at the center. This
behavior is expected for any flux correlation function of dis-
persive waves �41�.

�d� The correlation lengths at the detector are not
modified by the additional terms.

Case t� t�:
�a� The correlation function can be written as

g�2��0,0,t;0,0,t�� = 1 +
�GB

�1��r̃, r̃�,� + i���2

GB
�1��r̃, r̃,��GB

�1��r̃�, r̃�,��
�1 + �� .

�b� where

�GB
�1��r̃,r̃�,�+i���2

GB
�1��r̃,r̃,��GB

�1��r̃�,r̃�,��
� e−��t − t��/t�coh��2�1−��z

2�/6�1−��t+t�−2t0�/t0�

and
�c�

� �
1

8
�wz

H
�2�1 − � t + t� − 2t0

t0
���1 −

�z
2

6
�

−
3

2��zt0�z�2� t − t�

t0
�2�1 +

�z

3
� .

We have neglected terms in �z , �t− t0�3 , �t�− t0�3 , �t− t0�2�t�
− t0� , �t− t0��t�− t0�2, and higher orders.

�d� The value of � is extremely small ��10−10� using

Ref. �15�. The deviation from e−��t − t�� / t�coh��2
is mainly due to

the mean time �t+ t�� /2 contribution and changes the value
of the correlation time in the wings of the time of flight by
�3%. The effect of the phase factor � is negligible.
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LETTERS

Comparison of the Hanbury Brown–Twiss effect for
bosons and fermions
T. Jeltes1, J. M. McNamara1, W. Hogervorst1, W. Vassen1, V. Krachmalnicoff2, M. Schellekens2, A. Perrin2,
H. Chang2, D. Boiron2, A. Aspect2 & C. I. Westbrook2

Fifty years ago, Hanbury Brown and Twiss (HBT) discovered
photon bunching in light emitted by a chaotic source1, highlight-
ing the importance of two-photon correlations2 and stimulating
the development of modern quantum optics3. The quantum inter-
pretation of bunching relies on the constructive interference
between amplitudes involving two indistinguishable photons,
and its additive character is intimately linked to the Bose nature
of photons. Advances in atom cooling and detection have led to
the observation and full characterization of the atomic analogue of
the HBT effect with bosonic atoms4–6. By contrast, fermions
should reveal an antibunching effect (a tendency to avoid each
other). Antibunching of fermions is associated with destructive
two-particle interference, and is related to the Pauli principle
forbidding more than one identical fermion to occupy the
same quantum state. Here we report an experimental comparison
of the fermionic and bosonic HBT effects in the same apparatus,
using two different isotopes of helium: 3He (a fermion) and 4He (a
boson). Ordinary attractive or repulsive interactions between
atoms are negligible; therefore, the contrasting bunching and
antibunching behaviour that we observe can be fully attributed
to the different quantum statistics of each atomic species. Our
results show how atom–atom correlation measurements can
be used to reveal details in the spatial density7,8 or momentum
correlations9 in an atomic ensemble. They also enable the direct
observation of phase effects linked to the quantum statistics of a
many-body system, which may facilitate the study of more exotic
situations10.

Two-particle correlation analysis is an increasingly important
method for studying complex quantum phases of ultracold atoms7–13.
It goes back to the discovery, by Hanbury Brown and Twiss1, that
photons emitted by a chaotic (incoherent) light source tend to be
bunched: the joint detection probability is enhanced, compared to
that of statistically independent particles, when the two detectors are
close together. Although the effect is easily understood in the context
of classical wave optics14, it took some time to find a clear quantum
interpretation3,15. The explanation relies on interference between the
quantum amplitude for two particles, emitted from two source
points S1 and S2, to be detected at two detection points D1 and D2

(see Fig. 1). For bosons, the two amplitudes D1h jS1i D2h jS2i and
D1h jS2i D2h jS1i must be added, which yields a factor of 2 excess in

the joint detection probability, if the two amplitudes have the same
phase. The sum over all pairs (S1,S2) of source points washes out the
interference, unless the distance between the detectors is small
enough that the phase difference between the amplitudes is less
than one radian, or equivalently if the two detectors are separated
by a distance less than the coherence length. Study of the joint
detection rates versus detector separation along the i direction then

reveals a ‘bump’ whose width li is the coherence length along that
axis1,5,16–19. For a source size si (defined as the half width at e21/2 of a
gaussian density profile) along the i direction, the bump has a half
width at e21 of li 5 ht/(2pmsi), where m is the mass of the particle, t
the time of flight from the source to the detector, and h Planck’s
constant. This formula is the analogue of the formula li 5 Ll/(2psi)
for photons, if l 5 h/(mv) is identified with the de Broglie wavelength
for particles travelling at velocity v 5 L/t from the source to the
detector.

For indistinguishable fermions, the two-body wavefunction is
antisymmetric, and the two amplitudes must be subtracted, yielding
a null probability for joint detection in the same coherence volume.
In the language of particles, it means that two fermions cannot have
momenta and positions belonging to the same elementary cell of

1Laser Centre Vrije Universiteit, De Boelelaan 1081, 1081 HV Amsterdam, The Netherlands. 2Laboratoire Charles Fabry de l’Institut d’Optique, CNRS, Univ. Paris-sud, Campus
Polytechnique RD 128, 91127 Palaiseau Cedex, France.

S

∆x

S1

63 cm

∆y

D1 D2

S2

Figure 1 | The experimental set-up. A cold cloud of metastable helium
atoms is released at the switch-off of a magnetic trap. The cloud expands and
falls under the effect of gravity onto a time-resolved and position-sensitive
detector (microchannel plate and delay-line anode) that detects single
atoms. The horizontal components of the pair separation Dr are denoted Dx
andDy. The inset shows conceptually the two 2-particle amplitudes (in black
or grey) that interfere to give bunching or antibunching: S1 and S2 refer to
the initial positions of two identical atoms jointly detected at D1 and D2.
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phase space. As a result, for fermions the joint detection rate versus
detector separation is expected to exhibit a dip around the null
separation. Such a dip for a fermion ensemble must not be confused
with the antibunching dip that one can observe with a single particle
(boson or fermion) quantum state—for example, resonance fluor-
escence photons emitted by an individual quantum emitter20. In
contrast to the HBT effect for bosons, the fermion analogue cannot
be interpreted by any classical model, either wave or particle, and
extensive efforts have been directed towards an experimental demon-
stration. Experiments have been performed with electrons in
solids21,22 and in a free beam23, and with a beam of neutrons24, but
none has allowed a detailed study and a comparison of the pure
fermionic and bosonic HBT effects for an ideal gas. A recent experi-
ment using fermions in an optical lattice25, however, does permit
such a study and is closely related to our work.

Here we present an experiment in which we study the fermionic
HBT effect for a sample of polarized, metastable 3He atoms (3He*),
and we compare it to the bosonic HBT effect for a sample of polar-
ized, but not Bose condensed, metastable 4He atoms (4He*) pro-
duced in the same apparatus at the same temperature. We have
combined the position- and time-resolved detector, previously
used5,26 for 4He*, with an apparatus with which ultracold samples
of 3He* or 4He* have recently been produced27. Fermions or bosons
at thermal equilibrium in a magnetic trap are released onto the
detector, which counts individual atoms (see Fig. 1) with an effi-
ciency of approximately 10%. The detector allows us to construct
the normalized correlation function g(2)(Dr), that is, the probability
of joint detection at two points separated by Dr, divided by the
product of the single detection probabilities at each point.
Statistically independent detection events result in a value of 1 for
g(2)(Dr). A value larger than 1 indicates bunching, while a value less
than 1 is evidence of antibunching.

We produce gases of pure 3He* or pure 4He* by a combination of
evaporative and sympathetic cooling in an anisotropic magnetic trap
(see Methods). Both isotopes are in pure magnetic substates, with
nearly identical magnetic moments and therefore nearly identical
trapping potentials, so that trapped non-degenerate and non-inter-
acting samples have the same size at the same temperature. The
temperatures of the samples yielding the results of Fig. 2, as measured
by the spectrum of flight times to the detector, are 0.53 6 0.03 mK and
0.52 6 0.05 mK for 3He* and 4He*, respectively. The uncertainties
correspond to the standard deviation of each ensemble. In a single
realization, we typically produce 7 3 104 atoms of both 3He* and
4He*. The atom number permits an estimate of the Fermi and
Bose–Einstein condensation temperatures of approximately 0.9 mK
and 0.4 mK, respectively. Consequently, Fermi pressure in the trapped
3He* sample has a negligible (3%) effect on the trap size, and repuls-
ive interactions in the 4He* sample have a similarly small effect. The
trapped samples are therefore approximately gaussian ellipsoids
elongated along the x axis with an r.m.s. size of about 110 3

12 3 12 mm3. To release the atoms, we turn off the current in the
trapping coils and atoms fall under the influence of gravity. The
detector, placed 63 cm below the trap centre (see Fig. 1), then records
the x–y position and arrival time of each detected atom.

The normalized correlation functions g(2)(0,0,Dz) along the z (ver-
tical) axis, for 3He* and 4He* gases at the same temperature, are
shown in Fig. 2. Each correlation function is obtained by analysing
the data from about 1,000 separate clouds for each isotope (see
Methods). Results analogous to those of Fig. 2 are obtained for cor-
relation functions along the y axis, but the resolution of the detector
in the x–y plane (about 500 mm half width at e21 for pair separation)
broadens the signals. Along the x axis (the long axis of the trapped
clouds), the expected widths of the HBT structures are one order of
magnitude smaller than the resolution of the detector and are there-
fore not resolved.

Figure 2 shows clearly the contrasting behaviours of bosons and
fermions. In both cases we observe a clear departure from statistical

independence at small separation. Around zero separation, the fer-
mion signal is lower than unity (antibunching) while the boson signal
is higher (bunching). Because the sizes of the 3He* and 4He* clouds at
the same temperature are the same, as are the times of flight (pure free
fall), the ratio of the correlation lengths is expected to be equal to the
inverse of the mass ratio, 4/3. The observed ratio of the correlation
lengths along the z axis in the data shown is 1.3 6 0.2. The individual
correlation lengths are also in good agreement with the formula
lz 5 ht/(2pmsz), where sz is the source size along z. Owing to the finite
resolution, the contrast in the signal, which should ideally go to 0 or
2, is reduced by a factor of order ten. The amount of contrast reduc-
tion is slightly different for bosons and fermions, and the ratio should
be about 1.5. The measured ratio is 2.4 6 0.2. This discrepancy has
several possible explanations. First, the magnetic field switch-off is
not sudden (timescale ,1 ms), and this could affect bosons and
fermions differently. Second, systematic errors may be present in
our estimate of the resolution function. The resolution, however,
does not affect the widths of the observed correlation functions along
z, and thus we place the strongest emphasis on this ratio as a test of
our understanding of boson and fermion correlations in an ideal gas.
More information on uncertainties and systematic errors, as well as a
more complete summary of the data, are given in Supplementary
Information.

Improved detector resolution would allow a more detailed study of
the correlation function, and is thus highly desirable. The effect of the
resolution could be circumvented by using a diverging atom lens to
demagnify the source4. According to the formula l 5 ht/(2pms), a
smaller effective source size gives a larger correlation length. We have
tried such a scheme by creating an atomic lens with a blue-detuned,
vertically propagating, laser beam, forcing the atoms away from its
axis (see Methods). The laser waist was not large compared to the
cloud size, and therefore our ‘lens’ suffered from strong aberrations,
but a crude estimate of the demagnification, neglecting aberrations,
gives about 2 in the x–y plane. Figure 3 shows a comparison of
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Figure 2 | Normalized correlation functions for 4He* (bosons) in the upper
plot, and 3He* (fermions) in the lower plot. Both functions are measured at
the same cloud temperature (0.5 mK), and with identical trap parameters.
Error bars correspond to the square root of the number of pairs in each bin.
The line is a fit to a gaussian function. The bosons show a bunching effect,
and the fermions show antibunching. The correlation length for 3He* is
expected to be 33% larger than that for 4He* owing to the smaller mass. We
find 1/e values for the correlation lengths of 0.75 6 0.07 mm and
0.56 6 0.08 mm for fermions and bosons, respectively.
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g(2)(Dz) for fermions with and without the defocusing lens. We
clearly see a greater antibunching depth, consistent with larger cor-
relation lengths in the x–y plane (we have checked that ly is indeed
increased) and therefore yielding a smaller reduction of the contrast
when convolved with the detector resolution function. As expected,
the correlation length in the z direction is unaffected by the lens in the
x–y plane. Although our atomic lens was far from ideal, the experi-
ment shows that it is possible to modify the HBT signal by optical
means.

To conclude, we emphasize that we have used samples of neutral
atoms at a moderate density in which interactions do not play any
significant role. Care was taken to manipulate bosons and fermions
in conditions as similar as possible. Thus the observed differences can
be understood as a purely quantum effect associated with the
exchange symmetries of wavefunctions of indistinguishable particles.

The possibility of having access to the sign of phase factors in a
many-body wavefunction opens fascinating perspectives for the
investigation of intriguing analogues of condensed-matter systems,
which can now be realized with cold atoms. For instance, one could
compare the many-body state of cold fermions and that of ‘fermio-
nized’ bosons in a one-dimensional sample28,29. Our successful
manipulation of the HBT signal by interaction with a laser suggests
that other lens configurations could allow measurements in position
space (by forming an image of the cloud at the detector) or in any
combination of momentum and spatial coordinates.

METHODS
Experimental sequence. Clouds of cold 4He* are produced by evaporative cool-

ing of a pure 4He* sample, loaded into a Ioffe–Pritchard magnetic trap30. The

trapped state is 23S1, mJ 5 1, and the trap frequency values are 47 Hz and 440 Hz

for axial and radial confinement, respectively. The bias field is 0.75 G, corres-

ponding to a frequency of 2.1 MHz for a transition between the mJ 5 1 and

mJ 5 0 states at the bottom of the trap. After evaporative cooling, we keep the

radio frequency evaporation field (‘r.f. knife’) on at constant frequency for

500 ms, then wait for 100 ms before switching off the trap. In contrast to the

experiments of ref. 5, atoms are released in a magnetic-field-sensitive state.

To prepare 3He* clouds, we simultaneously load 3He* and 4He* atoms in the

magnetic trap27. The trapping state for 3He* is 23S1, F 5 3/2, mF 5 3/2, and axial

and radial trap frequencies are 54 Hz and 506 Hz—the difference compared to
4He* is only due to the mass. The two gases are in thermal equilibrium in the trap,

so that 3He* is sympathetically cooled with 4He* during the evaporative cooling

stage. Once the desired temperature is reached, we selectively eliminate 4He*

atoms from the trap using the r.f. knife. The gyromagnetic ratios for 4He* and
3He* are 2 and 4/3 respectively, so that the resonant frequency of the m 5 1 to

m 5 0 transition for 4He* is 3/2 times larger than the m 5 3/2 to m 5 1/2 trans-

ition for 3He*. An r.f. ramp from 3 MHz to 1.9 MHz expels all the 4He* atoms

from the trap without affecting 3He*. We then use the same trap switch-off

procedure to release the 3He* atoms (also in a magnetic-field-sensitive state)

onto the detector. We can apply magnetic field gradients to check the degree of

spin polarization of either species.

Correlation function. The detailed procedure leading to this correlation is given

in ref. 5. Briefly, we convert arrival times to z positions, and then use the three-

dimensional positions of each atom to construct a histogram of pair separations
Dr in a particular cloud. We then sum the pair distribution histograms for 1,000

successive runs at the same temperature. For separations much larger than the

correlation length, this histogram reflects the gaussian spatial distribution of the

cloud. To remove this large-scale shape and obtain the normalized correlation

function, we divide the histogram by the autoconvolution of the sum of the 1,000

single-particle distributions.

Atom lens experiment. A 300 mW laser beam with an elliptical waist of approxi-

mately 100 3 150mm2 propagates vertically through the trap. The laser fre-

quency is detuned by 300 GHz from the 23S1 to 23P2 transition. After turning

off the magnetic trap, and waiting 500ms for magnetic transients to die away, the

defocusing laser is turned on for 500ms.
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13. Estève, J. et al. Observations of density fluctuations in an elongated Bose gas: ideal
gas and quasicondensate regimes. Phys. Rev. Lett. 96, 130403 (2006).

14. Loudon, R. The Quantum Theory of Light 3rd edn (Oxford Univ. Press, Oxford,
2000).

15. Fano, U. Quantum theory of interference effects in the mixing of light from phase
independent sources. Am. J. Phys. 29, 539–545 (1961).

16. Hanbury Brown, R. & Twiss, R. Q. A test of a new stellar interferometer on Sirius.
Nature 178, 1046–1048 (1956).

17. Baym, G. The physics of Hanbury Brown-Twiss intensity interferometry: From
stars to nuclear collisions. Acta Phys. Pol. B 29, 1839–1884 (1998).

18. Boal, D. H., Gelbke, C.-K. & Jennings, B. K. Intensity interferometry in subatomic
physics. Rev. Mod. Phys. 62, 553–602 (1990).

19. Viana Gomes, J. et al. Theory for a Hanbury Brown Twiss experiment with a
ballistically expanding cloud of cold atoms. Phys. Rev. A 74, 053607 (2006).

20. Kimble, H. J., Dagenais, M. & Mandel, L. Photon antibunching in resonance
fluorescence. Phys. Rev. Lett. 39, 691–695 (1978).

21. Henny, M. et al. The fermionic Hanbury Brown and Twiss experiment. Science
284, 296–298 (1999).

22. Oliver, W. D., Kim, J., Liu, R. C. & Yamamoto, Y. Hanbury Brown and Twiss-type
experiment with electrons. Science 284, 299–301 (1999).

23. Kiesel, H., Renz, A. & Hasselbach, F. Observation of Hanbury Brown-Twiss
anticorrelations for free electrons. Nature 418, 392–394 (2002).

24. Iannuzzi, M., Orecchini, A., Sacchetti, F., Facchi, P. & Pascazio, S. Direct
experimental evidence of free-fermion antibunching. Phys. Rev. Lett. 96, 080402
(2006).

25. Rom, T. et al. Free fermion antibunching in a degenerate atomic Fermi gas
released from an optical lattice. Nature 444, 733–736 (2006).

26. Jagutzki, O. et al. A broad-application microchannel-plate detector system for
advanced particle or photon detection tasks: Large area imaging, precise multi-hit
timing information and high detection rate. Nucl. Instrum. Methods Phys. Res. A
477, 244–249 (2002).

0 1 2 3

C
or

re
la

tio
n,

 g
(2

) (∆
z)

1.05

Separation, ∆z (mm)

1.00

0.95

0.90

Figure 3 | Effect of demagnifying the source size. We show normalized
correlation functions along the z (vertical) axis for 3He*, with (dark blue
squares) and without (light blue circles) a diverging atomic lens in the x–y
plane. The dip is deeper with the lens, because the increase of the correlation
lengths in the x–y plane leads to less reduction of contrast when convolved
with the resolution function in that plane.

LETTERS NATURE | Vol 445 | 25 January 2007

404
Nature   ©2007 Publishing Group

lxxiii



27. McNamara, J. M., Jeltes, T., Tychkov, A. S., Hogervorst, W. & Vassen, W.
Degenerate Bose-Fermi mixture of metastable atoms. Phys. Rev. Lett. 97, 080404
(2006).

28. Girardeau, M. Relationship between systems of impenetrable bosons and
fermions in one dimension. J. Math. Phys. (NY) 1, 516–523 (1960).

29. Olshanii, M. Atomic scattering in the presence of an external confinement and a
gas of impenetrable bosons. Phys. Rev. Lett. 81, 938–941 (1998).

30. Tychkov, A. S. et al. Metastable helium Bose-Einstein condensate with a large
number of atoms. Phys. Rev. A 73, 031603(R) (2006).

Supplementary Information is linked to the online version of the paper at
www.nature.com/nature.

Acknowledgements This work was supported by the access programme of
Laserlab Europe. The LCVU group in Amsterdam is supported by the ‘Cold Atoms’
programme of the Dutch Foundation for Fundamental Research on Matter (FOM)
and by the Space Research Organization Netherlands (SRON). The Atom Optics
group of LCFIO is a member of the IFRAF institute and of the Fédération LUMAT of
the CNRS, and is supported by the French ANR and by the SCALA programme of
the European Union.

Author Information Reprints and permissions information is available at
www.nature.com/reprints. The authors declare no competing financial interests.
Correspondence and requests for materials should be addressed to C.I.W.
(christoph.westbrook@institutoptique.fr) or W.V. (w.vassen@few.vu.nl).

NATURE | Vol 445 | 25 January 2007 LETTERS

405
Nature   ©2007 Publishing Group

lxxiv



Observation of Atom Pairs in Spontaneous Four-Wave Mixing
of Two Colliding Bose-Einstein Condensates
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We study atom scattering from two colliding Bose-Einstein condensates using a position sensitive, time
resolved, single atom detector. In analogy to quantum optics, the process can also be thought of as spon-
taneous, degenerate four-wave mixing of de Broglie waves. We find a clear correlation between atoms
with opposite momenta, demonstrating pair production in the scattering process. We also observe a
Hanbury Brown–Twiss correlation for collinear momenta, which permits an independent measurement of
the size of the pair production source and thus the size of the spatial mode. The back-to-back pairs occupy
very nearly two oppositely directed spatial modes, a promising feature for future quantum optics
experiments.

DOI: 10.1103/PhysRevLett.99.150405 PACS numbers: 03.75.Nt, 34.50.�s

Recent years have seen the emergence of ‘‘quantum
atom optics’’, that is the extension of the many analogies
between atom optics and traditional optics to the quantum
optical domain in which phenomena like vacuum fluctua-
tions and entanglement play a central role. In optics, the
advent of correlated photon pairs [1] has provided a fruitful
avenue of investigation, with examples including single
photon sources and entangled states [2]. Partly inspired
by this work, there have been many proposals concerning
atom pairs, especially the production and observation of
entanglement [3–7]. Many authors have also theoretically
investigated other aspects of the pair production mecha-
nism in both atomic collisions and in the breakup of
diatomic molecules [7–13].

As emphasized in Ref. [4], pair production can be
studied in two limits. If many atoms are created in a single
mode, stimulated emission of atoms is important, and one
can speak of two mode squeezing in analogy with
Ref. [14]. The opposite limit, in which the occupation
number of the modes is much less than unity, corresponds
to the spontaneous production of atom pairs, entangled
either in spin or momentum in analogy with
Refs. [15,16]. Experiments on stimulated atomic four-
wave mixing [17–19] and on parametric amplification in
an optical lattice [20,21] are in the first limit, and pairs of
‘‘daughter BEC’s’’ with opposite velocities have been
clearly observed. Experiments in the regime of individual
atom pairs include the many experiments investigating the
scattered halo in collisions of cold atoms either in the
s-wave regime [22–24] or for higher partial waves
[25,26]. None of these experiments, however, has demon-
strated correlated pairs. The only evidence of atom pair
production with cold atoms has been reported in absorption
images of atoms from the breakup of molecules near a
Feshbach resonance [27].

Here, we report on the observation of individual atom
pairs with opposite velocities produced in the collision of

two condensates. A time and position resolved, single atom
detector [28] permits us to reconstruct the three dimen-
sional distribution of the scattered atoms: a spherical shell
in velocity space. We also reconstruct the two-particle
correlation function in 3D and find a strong correlation
between atoms emitted back to back. This process can be
interpreted as a spontaneous four-wave mixing process
constrained by a phase matching condition as in the non
linear optical analog which produces twin photons [2]. It
can also be seen as the result of pairwise elastic collisions
between atoms, constrained by momentum conservation.
We measure the width of the velocity correlation function
for a back to back atom pair and show that it corresponds
very nearly to the uncertainty limited momentum spread of
the colliding BECs.

This interpretation is confirmed by the observation of
the velocity correlation function for two atoms scattered
in the same direction. This latter effect, predicted in
Refs. [7,10,13], is another manifestation of the Hanbury
Brown–Twiss effect (HBT). As in high energy collisions
[29], the effect allows us to measure the size of the colli-
sion volume.

The fact that the width of the HBT peak is close to that of
the back-to-back correlation confirms that for a given atom
on the collision sphere, its partner is scattered into a single
mode of the matter wave field. This observation is crucial
for future experiments in which one would like to bring
pairs back together in order to confirm their entanglement
in the spirit of Ref. [16] or observe other quantum effects
[30].

We produce condensates of 104–105 atoms in the mx �
1 sublevel of the 23S1 state of metastable helium (He�).
The condensates are stored in a cylindrically symmetric
magnetic trap with axial and radial trapping frequencies of
47 and 1150 Hz, respectively. The bias field is 0.25 G in the
x direction (see Fig. 1), and defines the quantization axis.
The uncertainty limited velocity spread of the colliding
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atoms is thus anisotropic and we calculate it numerically
using the Gross-Pitaevskii equation [31]. For a condensate
with 3� 104 atoms, we find rms axial and radial velocity
spreads of vrms

x � 0:0044vrec and vrms
yz � 0:091vrec, where

vrec � 9:2 cm=s is the single photon recoil velocity, @k=m
where k is the photon wave vector and m is the atomic
mass. The spread in these values due to the spread in
condensate number is about �20%.

To generate two colliding Bose-Einstein condensates,
we use two stimulated Raman transitions with different
momentum transfers, produced by phase coherent laser
beams L1, L2, and L02, as shown in Fig. 1 [31]. These
transitions have two purposes: first they transfer atoms to
the magnetic field insensitive state mx � 0 so that they
freely fall to the detector and second, they separate the
condensate into two components with velocities vrec�e1 �
e2�, where e1 and e2 are the unit vectors along the propa-
gation axes of the laser beams L1 and L2 respectively. The
beams are pulsed on for a duration of �500 ns and couple
about 60% of the atoms to the mx � 0 state. We do not
switch off the magnetic trap, therefore atoms remaining in
mx � 1 stay trapped. The two colliding condensates travel
with a relative velocity of 2vrec, at least 8 times larger than
the speed of sound in the initial condensate. This ensures
that elementary excitations of the condensate correspond to
free particles. Since they are no longer trapped, the two
colliding condensates expand radially, reducing the colli-
sion rate. A numerical model [8], assuming an expansion
identical to that of a single condensate with the same total
number of atoms, shows a roughly exponential decrease in
the pair production rate with a time constant of �150 �s.

After the collision, atoms fall onto a 8 cm microchannel
plate detector placed 46.5 cm below the trap center. This

detector measures the arrival time of the atoms and their
positions in the x-y plane [28,32]. Figure 2 shows succes-
sive 2.4 ms time slices showing the atom positions as they
cross the detector plane. The time of flight for the center of
mass to reach the detector is 320 ms. Since this time of
flight is large compared to the collision duration, and the
observed patterns are large compared to the collision vol-
ume, the observed 3D atom positions accurately reflect the
velocity distribution after collision. In the following, we
will only refer to the velocities of the detected atoms.

In Fig. 2, one clearly sees a spherical shell of radius of
vrec, represented by circles of varying diameter [see also
Fig. 1(b)]. In the midplane of the sphere one can see the
unscattered, pancake-shaped condensates I, II which lo-
cally saturate the detector. Other features are also visible in
Fig. 2. In frames (a),(b) one sees a condensate, III, which
underwent no momentum transfer, possibly due to the
imperfect polarization of the Raman beams which can
produce an off resonant, single beam Raman transition
[31]. A fourth condensate, IV, probably resulting from
four-wave mixing [17] of condensate III and the main
unscattered condensates I, II is visible in frames (h),(i).
Frames (b),(c) show a collision sphere due to the collision
of I with atoms remaining trapped in mx � 1 and with
condensate III. The two spots within the sphere in frames
(d)–(f) are not understood.

To avoid effects of local saturation of the detector in our
analysis, we exclude regions around the 4 condensates,
representing about 40% of the sphere. On the remaining
area of the sphere we detect between 30 and 300 atoms on

FIG. 2 (color online). (a)–(i) Images of the collision of two
condensates. Each frame represents a 2.4 ms time slice of the
atomic cloud as it passes the plane of the detector (x-y). 150
shots have been averaged to obtain these images. The two
colliding condensates I, II and the collision sphere are clearly
visible. Other features visible in the images are discussed in the
text. The axes are marked in units of the recoil velocity.

FIG. 1 (color online). (a) View of the magnetically trapped
condensate (in the mx � 1 state) and the three laser beams which
create two cigar shaped counterpropagating free condensates (in
the mx � 0 state) by ��=� Raman transfers induced by L1 � L2

and L1 � L
0
2, respectively (see inset). L1 is �-polarized (along x)

while L2 and L02 are ��-polarized. (b) Representation in velocity
space of the expected atomic density after the collision. The
scattered atoms are on a sphere and the remaining condensates,
pancake-shaped after expansion, lie on the edge of the sphere
along the x axis. A collision process involving an atom of each
condensate is also represented. The shape of the scattering
modes is related to the uncertainty limited momentum spread
of the condensates.
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each shot, with an average of about 100 per shot. Assuming
a detection efficiency of 10% [32], this means that�5% of
the atoms are scattered from the two condensates. This
number is consistent with the expected s-wave cross sec-
tion [33] and the estimated evolution of the density during
the collision.

We examine the pair correlation function for atoms in
back to back directions by constructing, within the set of all
the scattered atoms in one shot, a three-dimensional histo-
gram containing all the pairs with a velocity sum V �
V1 	 V2 close to zero. We then sum the histograms over
1100 shots. Another histogram containing all the pairs of
the sum of all shots gives the accidental coincidence rate
for uncorrelated atoms and is used as a normalization. We
thus recover the normalized second order correlation func-
tion, averaged over the sphere [31], g�2��V� of the distri-
bution of relative velocities of atom pairs on the sphere.
Figure 3(a) shows the behavior of g�2��V� around V � 0
projected along the three space axes. The peak indicates
that, given the detection of an atom on the sphere, there is
an enhanced probability of detecting a second one on the
opposite side. Cartesian coordinates are best suited to
plotting the data because of the competing spherical sym-
metry of the scattering process and the cylindrical symme-
try of the source.

To analyze these results further, we perform a three-
dimensional Gaussian fit to the normalized histogram:

 g�2��Vx; Vy; Vz� � 1	 �e�
�V
2
x =2�2

x���Vy	Vz�2=�2�2
yz��: (1)

The fit gives �BB�0:19�0:02, �BB
x �0:017�0:002vrec,

and �BB
yz �0:081�0:004vrec. The observed width in the

x direction is limited by the rms pair resolution of the
detector, 0:14vrec [31,36]. In the y and z directions, the
observed width is close to the uncertainty limited velocity
scale vrms

yz discussed above. It is therefore reasonable to
conclude that the anisotropy in the correlation function is
closely related to the anisotropy of the momentum distri-
bution in the source. Detailed modeling accounting accu-
rately for this width is in progress, but for purposes of this
Letter, we will simply compare the width with that of the
correlation function for collinear atoms as described below.

The procedure to construct the correlation function for
nearly collinear velocities (the HBT effect) is the same as
that for the back-to-back correlation function. Defining the
relative velocity V0 � V1 � V2, we show in Fig. 3(b) the
correlation function g�2��V0� around V0 � 0. Using the
fitting function, Eq. (1), we find: �CL � 0:10� 0:02,
�CL
x � 0:016� 0:003vrec, and �CL

yz � 0:069� 0:008vrec.
As in the back to back case, the width in the x direction is
limited by the resolution while in the y-z plane it is close to
vrms
yz . If we think of the HBT effect as giving a measure of

the size of the pair production source, the width of the
collinear correlation function defines the size of a mode of
the scattered matter wave field. The fact that the back-to-
back and collinear widths are so close, at least in the
directions we can resolve, is further, strong evidence that,
at least in the directions we resolve, the pairs we produce
are in oppositely directed modes.

We now turn to the height of the peaks�. In the collinear
case we expect the value of �CL to be unity for a detector
resolution much smaller than the peak width. Since in the x
direction the width is clearly limited by the resolution, a
crude estimate for �CL is the ratio of the ideal width to the
observed one: �CL � vrms

x =�x � 0:3. The discrepancy
with the fitted value may have to do with our crude estimate
of the effective source size along x and therefore of vrms

x .
In the back-to-back case, the height of the peak is not

limited to unity. A simple model of the peak height com-
pares the number of true pairs to random coincidences in a
volume �V defined by the widths observed in Fig. 3:

 1	 �BB �
true	 random

random
� 1	

V
N�V

: (2)

Here N is the number of atoms scattered on a single shot
(but not necessarily detected) and V is the volume of the
scattering shell. A rough estimate of �V=V is 1=1400. As
mentioned above, we detect on average 100 atoms on the
analyzed 60% of the sphere. Assuming again a quantum
efficiency of 10%, a rough estimate of the average number
N is 1700 so that we find �BB � 0:8 which gives the
correct order of magnitude. We emphasize that �V is
limited by the detector resolution in the x direction and is
therefore about 10 times larger than the volume corre-
sponding to a single mode. Thus, as stated in the introduc-

FIG. 3. Back-to-back [panel (a)] and collinear [panel (b)] cor-
relation peaks. (a) Projection of g�2��V � V1 	 V2� along the
different axes of the experiment and around V � 0. The projec-
tion consists in averaging the correlation in the two other
directions over a surface equal to the products of the correspond-
ing correlation lengths. This averaging makes the height smaller
than the 3D fitted value �BB � 0:19� 0:02. The peak is the
signature for correlated atoms with opposite velocities. (b) Pro-
jection of g�2��V0 � V1 � V2� along the different axes of the
experiment. This peak is due to the Hanbury Brown–Twiss
bunching effect. All velocities are expressed in units of the recoil
velocity.
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tion, the number of scattered atoms per mode is small
compared to unity, and we are in the separated entangled
pair production regime. We can verify the 1=N dependence
of Eq. (2) by binning the data according to the number of
scattered atoms per shot. Dividing the 1100 shots into
3 bins of different atom numbers we do observe the ex-
pected trend as shown in Fig. 4.

A detailed model of the pair production process must
include a more careful description of the collision geome-
try of colliding and expanding condensates as well as the
effect of the condensates’ mean field on the scattered
atoms, something which is neglected in the above discus-
sion. A rough estimate of the mean field effect is found by
adding the chemical potential to the kinetic energy of a
scattered atom. This gives an additional velocity broad-
ening of order 0:03vrec, not entirely negligible compared to
the observed widths. Several workers are developing such
models. The correlation functions we observe lend them-
selves to an investigation of Cauchy-Schwartz inequalities
[2]. A cross correlation (back-to-back) greater than an
autocorrelation (collinear) violates a Cauchy-Schwartz in-
equality for classical fields. Sub-Poissonian number differ-
ences between opposite directions should also be present
[7]. A future publication will discuss these aspects of the
experiment.
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Low energy elastic scattering between clouds of Bose condensed atoms leads to the well known s-wave halo
with atoms emerging in all directions from the collision zone. In this paper we discuss the emergence of
Hanbury Brown and Twiss coincidences between atoms scattered in nearly parallel directions. We develop a
simple model that explains the observations in terms of an interference involving two pairs of atoms each
associated with the elementary s-wave scattering process.
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I. INTRODUCTION

In a number of experiments, Bose-Einstein condensates
have been prepared to collide with each other with well de-
fined collision energies and momenta. At the microscopic
level, when two particles with equal mass and opposite ve-
locities collide in an s-wave collision, the collision partners
will propagate away from each other with the same probabil-
ity amplitude in all directions, but their individual momenta
are correlated in opposite directions, as their total center-of-
mass momentum is conserved in the collision process. In
experiments with colliding condensates, the scattering into
all directions has been clearly observed as a so-called s-wave
halo of scattered particles �1�. The observation of pair corre-
lations of particles leaving the collision region back-to-back
�see Fig. 1�, requires efficient detection of all momentum
components of individual atoms, and this correlation has re-
cently been observed as a significant coincidence signal in a
collision experiment with Bose-Einstein condensates of
metastable atomic helium �2�. The same experiment also ob-
served an increased coincidence of particles scattered into
the same direction. This phenomenon is due to the bosonic
nature of the particles and to the fact that several independent
scattering processes occur simultaneously.

We shall present a theoretical analysis of this Hanbury
Brown and Twiss correlation phenomenon, aiming at a
simple model which explains its qualitative and quantitative
character in experiments. It is important to emphasize that
the appearance of atoms moving in the same direction is not
compatible with momentum conservation in a single colli-
sion process of two counterpropagating atoms, and our dis-
cussion will, indeed, refer to effects that rely on a many-body
treatment of the collision of larger ensembles. In order to get
physical insight, we will separate the problem in two: first,
we treat independent pairwise collisions in which the colli-
sional interaction gives rise to pairs of scattered atoms, and
second, we treat the evolution of the many-body state de-
scribing the ensemble of scattered atoms neglecting the in-
teractions in order to apply analytic methods. The validity of
this separation and means to improve the theory, if necessary,
will be discussed.

In Sec. II, we present a full second quantized description
of the collision of a large number of identical bosons. We

shall write down the second quantized many-body Hamil-
tonian, and discuss how the elementary processes of interest
relate to the different terms in this Hamiltonian. We treat the
case where all the atoms initially populate two counterpropa-
gating single particle states which are only weakly depleted
by the collisions, and which will hence serve as c-number
field sources for creation of pairs. This is in analogy with the
quantum optics treatment of spontaneous four-wave mixing,
where photon pairs are generated from the interaction of two
incident laser beams, described by classical electromagnetic
waves. In Sec. III, we discuss the Bogoliubov transforma-
tion, which provides a very accurate approximation to the
time evolution of the system. We shall not, however, apply
this transformation in a quantitative treatment, but rather
show that its formal structure already predicts the collinear
�Hanbury Brown and Twiss �HBT�� correlation and moti-
vates a quite general analytical Ansatz for the quantum state
of the scattered atoms. In Sec. IV, we shall consider the
leading two- and four-atom terms in an expansion of the
quantum state of scattered atoms, and show that they hold
the key to the observed Hanbury Brown and Twiss correla-

FIG. 1. �Color online� Diagrammatic representation of two con-
densates colliding and giving rise to an s-wave halo of scattered
particles. Particles are scattered pairwise back-to-back.
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tions. In Sec. V, we shall use energy conservation and phase
matching considerations to motivate a simple analytical
model, from which we show that the coincidence of scattered
particles in the same direction, though a many-body effect,
can be understood quantitatively from the properties of the
simple two-atom scattering wave function. Section VI con-
cludes the paper with a discussion of the insights offered by
our analysis.

II. COLLIDING BOSE-EINSTEIN CONDENSATES

The Hamiltonian,

H =� dr��̂†�r���−
�2

2m
� + V�r�� +

g

2
�̂†�r���̂�r����̂�r�� , �1�

with field operators obeying the Bosonic commutator rela-
tions ���r�� ,�†�r����=��r�−r���, gives a good description of
bosons interacting at low collision energies via a short range
potential. The interaction is represented by a delta-function
interaction term with strength g, proportional to the s-wave
scattering length. The atoms may be subject to a wide range
of trapping or guiding potentials V�r��, or they may propagate
freely �V=0�, and the initial state of the system may be
specified according to experimental preparation procedures
to describe, for example, a single condensate or several mac-
roscopically populated components. We are interested in the
situation, in which two condensates with well defined mo-
menta, and hence relatively large spatial extent, propagate
toward each other. The conventional second quantized
Hamiltonian fully describes the problem, and a Monte Carlo-
type simulation of the dynamics �3–5�, and perhaps even
simpler simulation approaches based on truncated Wigner
function expansions �6,7�, may solve this problem in full
generality by full three-dimensional �3D� propagation of sto-
chastic Schrödinger-type equations.

We assume that elastic collisions occur with a sufficiently
small cross section that the colliding condensates are only
weakly depleted due to the collision term in Eq. �1�. The
Hamiltonian has terms describing the kinetic energy and the
potential energy of atoms moving in the external potential
and finally, a term describing the mean field repulsive or
attractive potential due to the other atoms of the colliding
condensates. But the product of two creation and two anni-
hilation operators in the interaction term does not only read
as density dependent correction to the potential energy in the
Gross-Pitaevskii equation: the product of two creation opera-
tors may also cause the creation of a pair of atoms with
momenta entirely different from the incident ones, extracted
consistently from the condensates by the product of annihi-
lation operators. The pairs of atoms “created” in the scatter-
ing process are the ones that are detected as the s-wave halo
around the condensate collision region in Fig. 1.

We can think of each point in the collision zone as a point
source for a pair of initially close atoms �atoms only collide
at short range�, which are subsequently separated by free
propagation, perturbed by the interaction with the condensate
components. This propagation, together with the coherent
addition of pair amplitudes originating from the entire colli-

sion zone leads to a complicated many-body entangled state,
but energy conservation, imposed after a sufficiently long
interaction time, and momentum conservation, imposed by
phase matching, serves to justify our simpler model, de-
scribed below.

III. BOGOLIUBOV APPROXIMATION

If the original condensates are only weakly depleted by
the scattering, we may follow Refs. �8–10� and expand the
atomic field annihilation operator,

�̂�r�,t� = �k�0
�r�,t� + �−k�0

�r�,t� + �̂��r�,t� , �2�

as a sum of mean field terms ��k�0
describing the incident

wave packets, and noise terms �̂��r� , t�, describing field com-
ponents of the initially unpopulated scattering modes. We
shall assume that there is no active external potential during
the collision, and for convenience we omit the prime on the
noise operator terms in the following. The Bogoliubov ap-
proximation consists of applying the Gross-Pitaevskii equa-
tion to the propagation in time of the mean field part and of
obtaining the Heisenberg equations of motion for the field
operators from an expansion of the Hamiltonian �1� to sec-
ond order in the noise operator terms.

These equations of motion are linear in the field creation
and annihilation operators,

i��t�̂�r�,t� = �−
�2

2m
� + 2g��k�0

�r�,t� + �−k�0
�r�,t��2��̂�r�,t�

+ g��k�0
�r�,t� + �−k�0

�r�,t��2�̂†�r�,t� . �3�

By expanding the operator solution to this equation as a for-
mal Bogoliubov transformation,

�̂�r�,t� =� dr�� �f�r�,r�� ,t��̂�r�� ,0� + g�r�,r�� ,t��̂†�r�� ,0�� ,

�4�

the Heisenberg equations of motion �3� can be rewritten as
partial differential equations for the c-number functions f
and g, and the atomic annihilation operators are at any given
time explicitly expressed as linear combinations of the anni-
hilation and creation operators at time zero, where the initial
state is assumed to be known �incident condensate wave
functions, no scattered atoms�. The mean atom number and
any higher order correlation function of the field can there-
fore be expressed algebraically in terms of the expansion
coefficients of the Bogoliubov transformation and the known
vacuum expectation values of field operator products. Al-
though obviously related, the use of the Bogoliubov transfor-
mation here is different from the Bogoliubov approximation
used to identify low-lying, collective excitation modes in a
condensate. The analysis rather follows the philosophy of
squeezed light generation with optical parametric oscillators
in quantum optics, where the Bogoliubov method is used to
diagonalize a multimode Hamiltonian with pair creation and
annihilation operators �11� �see also �12,13��. By use of the
Bogoliubov approximation, the full many-body problem has
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been reduced to partial differential equations of a complexity
comparable to the single particle Schrödinger equation, and
one only has to solve time dependent wave equations in three
spatial dimensions as done in Refs. �8–10�.

Here we shall demonstrate some properties of the solution
that follow by purely analytical arguments, i.e., without ac-
cess to the precise solution. Since the initial state of the
atomic scattering modes �momentum components� of interest
is the vacuum state, which has a Gaussian �Wigner� probabil-
ity distribution for the multimode field variables, and the
Bogoliubov transformation is linear in field operators, the
state will, independently of the precise form of the transfor-
mation, at all later times be a Gaussian with vanishing mean
field expectation value �14�. If we restrict the analysis to a
single final momentum state �mode�, by a partial trace over
all other modes, the state of this mode is also a Gaussian
state with vanishing mean amplitude. It is thus fully charac-
terized by the second moments of the Hermitian linear com-

binations qk� 	��̂†�k��+�̂�k��� /
2, pk� = i��̂†�k��−�̂�k��� /
2 of
the field operators. We now wish to establish that our Gauss-
ian distribution is symmetric, i.e., Var�qk��=Var�pk��. This in-

deed follows if the “anomalous” moments ��̂†�k��2�
= ��̂�k��2�=0, i.e., if there is no coherence between states
differing by two atoms propagating in the given direction.
We now apply the physical argument, that the collisional
Hamiltonian does not produce such coherence, since the col-
lision process can only produce pairs of atoms propagating in
opposite directions, and states, e.g., with zero and two atoms
with momentum k� must also contain zero and two atoms
with momentum around −k�. The anomalous moments vanish
due to the orthogonality of these parts of the wave function.

It is well known in quantum optics, that a symmetric
Gaussian state is equivalent to an incoherent mixture of num-
ber states with exponential number distribution, also known
as a thermal state with the density matrix �11�,

�1 = �1 − �t�2�  �t2�n�n��n� . �5�

The state conditioned upon detection, and annihilation, of a
single particle reads,

�c = 	â�1â† =
�1 − �t�2�2

�t�2 
n

�t2�nn�n − 1��n − 1� , �6�

where 	 is a normalization constant. A straightforward cal-
culation shows that this state has precisely twice as many
bosons on average as �5�, and hence that the probability to
detect two bosons by a low efficiency detector is twice the
square of the single quantum detection probability. It thus
follows that the coincidence counting rate for observing two
atoms leaving the collision zone in the same, narrowly de-

fined, direction, ��̂†�k���̂†�k���̂�k���̂�k��� is twice the square
of the mean counting rate, and twice the coincidence rate for
seeing atoms in two unrelated directions.

Without performing any calculations, we therefore under-
stand qualitatively the observed coincidences observed in the
experiments �2� as the direct consequence of the thermal
counting statistics �Gaussian quadrature distribution� of the

output flux in all scattering directions. This is the famous
Hanbury Brown and Twiss effect �17–20� observed origi-
nally as photon bunching in chaotic light resulting from the
addition of the contributions of many incoherent emitters.
We note that the factor n in the expansion �6� is a bosonic
amplification factor stemming from the 
n coefficients ac-
companying the annihilation operator acting on the quantum
state. The effects of this amplification factor are also ob-
served in condensate formation �21� and matter wave ampli-
fication �22� experiments. In order to provide a natural esti-
mate of the HBT momentum correlation function, one could
develop the field correlations by solution of the linear
Bogoliubov-de-Gennes equations for the problem �8–10�
which by the corresponding linear transformation of opera-
tors provides the first and second order momentum correla-
tion functions and hence the momentum range within which
the bunching effect takes place. Here, we will rather keep
track of the binary scattering states, and in particular of the
counterpropagating partners, which will give us an alterna-
tive and very useful physical interpretation of the effect.

The Bogoliubov transformation of field operators is
equivalent to a multimode unitary squeezing operation �11�,
which is indeed nothing but the time evolution operator of a
Hamiltonian with quadratic terms in field creation and anni-
hilation operators. Such an operator can be ordered as a
product of three exponentials �15,16�: one involving a sum
of products of pairs of creation operators, one involving a
sum of products of creation and annihilation operators and
one involving a sum of products of pairs of annihilation op-
erators. When acting on the initial vacuum state vector, only
the unit term of the series expansion of the latter two expo-
nentials contribute, and the state can therefore be written in
terms of a quadratic form of creation operators of atoms, e.g.,
in the momentum space representation,

��� = N� exp�� dk�1dk�2��k�1,k�2��̂†�k�1��̂†�k�2���vac� .

�7�

The function ��k�1 ,k�2� generally depends in a complex man-
ner on the dynamical evolution. It is of course related to the
scattering wave function of a single pair of atoms, and we
shall come back to this relationship in connection with the
model studied in Sec. V of the paper. The use of second
quantization automatically yields the bosonic symmetry of
our state, but in addition we can require that the pair ampli-
tude function obey the explicit exchange symmetry
��k�1 ,k�2�=��k�2 ,k�1�. For now, let us assume, that the propen-
sity for atoms to be scattered into opposite directions also
implies that ��k�1 ,k�2� takes nonvanishing values for all direc-
tions of the scattered particles, but only if k�1�−k�2. The func-
tion ��k�1 ,k�2� is not a normalized wave function: the larger its
amplitude the more particle pairs are created, and higher or-
der terms of the exponential play more and more important
roles. The many-body state ��� is normalized by the prefac-
tor N� in �7�.

We now proceed to determine the density-density correla-
tions of atoms detected in two different directions, labeled by
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momentum states �k� ,k���, i.e., the expectation value

F�k�,k��� 
 ��̂†�k���̂†�k����̂�k����̂�k��� �8�

The state �7� is a Gaussian state, and by Wick’s theorem �23�
this expectation value can be written down in terms of only
pair-expectation values. We shall address the contribution
from the four-atom component in the expansion of the expo-
nential in �7�, as this provides a straightforward interpreta-
tion of the origin and the behavior of the atomic Hanbury
Brown and Twiss correlations.

IV. TWO-ATOM AND FOUR-ATOM STATES

The state �7� can be written explicitly,

��� = N���vac� +� dk�1dk�2��k�1,k�2��̂†�k�1��̂†�k�2��vac�

+
1

2
�� dk�1dk�2��k�1,k�2��̂†�k�1��̂†�k�2��2

�vac� + . . .� .

�9�

The zero order term is the vacuum state. The first order term
is a two-atom state of atoms propagating back-to-back, and
the second order term of the series expansion of �7� is the
four-atom state

��4� 	 �� dk�1dk�2��k�1,k�2��̂†�k�1��̂†�k�2��2

�vac� , �10�

which we will show accounts for the observed HBT effect.
The squared pair creation operator in �10� can be expanded
as a fourfold integral. To obtain the correlation function �8�,
we have to apply the product of the two annihilation opera-
tors on ��4� and determine the squared norm of the resulting
state,

F�k�,k��� 
 ��̂�k���̂�k�����4��2. �11�

Using the field commutator relations, we can shift the anni-
hilation operators to the right of all creation operators in �11�.
This yields a total of 12 terms, which by relabeling and use
of the exchange symmetry can be reduced to a sum of three
different contributions,

�̂�k���̂�k�����4� 
� dk�1dk�2���k�1,k�2���k�,k���

+ ��k�1,k����k�2,k���

+ ��k�1,k�����k�2,k����̂†�k�1��̂†�k�2��vac� .

�12�

and thus its squared norm:

F�k�,k��� 
� dk�1dk�2���k�1,k�2���k�,k��� + ��k�1,k����k�2,k���

+ ��k�1,k�����k�2,k���2. �13�

This is the main result of the paper. Dealing explicitly with

the four atom component it is easy to see what happens. In
Fig. 2. we illustrate the case of detection of a particle pair in
random directions. Because, as noted below Eq. �4�, ��k� ,k���
vanishes unless k� and k�� are anti-parallel, the first term in Eq.
�10� only contributes if the detectors correspond to opposite
directions. For opposite or random directions such as in Fig.
2, there is also no cross term between the second two terms
because one vanishes whenever the other is finite. If �k� ,k���
are nearly parallel, as illustrated in Fig. 3, the last two terms
evaluate the two different �-terms at the detector directions
and at the direction specified by the integration variables.

FIG. 2. �Color online� State of four atoms, scattered pairwise
back-to-back. Atoms detected by detectors A and B in an arbitrary
pair of directions have partners recoiling in the opposite directions
within a certain width imposed by the uncertainty on total and rela-
tive momentum of the atoms. The quantum state of the detected pair
is obtained by a partial trace over the recoiling momentum compo-
nents, and the coincidence counting yield in the detectors is just the
product of the single detector count signals

FIG. 3. �Color online� State of four atoms, with two atoms de-
tected in nearly parallel directions. The detected atoms are not un-
ambiguously identified with their recoiling partners if their momen-
tum distributions are wide enough to overlap. This leads to an
interference term in the coincidence counting yield in detectors A
and B as expressed by the formal expression �13�.
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This means that values of the integration variables k�1 ,k�2 ex-
ist �opposite to the detector directions�, where both of the last
terms in �13� contribute, namely if k�1 and k�2 are within the
“recoil cone” of both detection directions k� and k��. For iden-
tical k� and k�� this interference give precisely the factor 2
increase of coincidences compared to the case of random
directions. We also note that the enhanced coincidences oc-
cur within a solid angle specified precisely by this “recoil
cone”. The next section develops our model one step further
and carries out the calculation for the special choice of a
Gaussian for the function ��k�1 ,k�2�.

V. RESULT FOR A SIMPLE ANSATZ FOR �„k�1 ,k�2…

As stated above, the Bogoliubov approximation to the ac-
tual state can be found numerically by solution of linear
wave equations. In this section, we shall rather take a simpler
approach by making an Ansatz for the shape of the function
� by appealing to the dynamics and the conservation laws
valid in the bipartite collision dynamics.

Energy conservation, which is effectively enforced during
the temporal solution of the Schrödinger equation, suggests
that the atomic pair state ��k�1 ,k�2� describes particles with
the same energy as the incident condensate particles. Mo-
mentum conservation suggests that they also have the same
total momentum as the colliding pair. Due to the finite size of
the colliding clouds, this does not strictly imply that the two
atoms must have exactly opposite momenta. The finite size
of the collision zone implies a quantum mechanical momen-
tum uncertainty, and if contributions from small regions
�with correspondingly large total momentum uncertainty� are
added coherently the resulting phase matching condition is
not sharp if the entire collision zone has finite size. There are
therefore quantum fluctuations of both the modulus and di-
rection of the momenta. When the particles escape from the
collision zone as illustrated in Fig. 1, they are also repelled
by the mean field interaction with the two condensate com-
ponents. Here we will not try to describe accurately the ef-
fect of this interaction, which is in any case small when
atoms leave a condensate after receiving an initial kinetic
energy large compared to the chemical potential �24�. Note,
however, that such mean field repulsion has in fact turned out
to be tractable in the atom laser output from a condensate,
where a generalized ABCD matrix formalism yields an ana-
lytical description of the propagation �25�.

We define coordinates such that the nearly parallel k� ,k�� of
interest are close to the negative z-direction. Their partners at
k�1 ,k�2 must both be close to the positive z-direction, and we
shall assume the z-coordinates to be equal and opposite and
only look at their x and y components. Their widths are
related to the wave functions of the colliding condensates,
both due to the amplitude of collisions out of these conden-
sates and due to the mean field repulsion, and they are thus in
general anisotropic. We restrict for simplicity the integration
to one transverse coordinate �putting vector arrows on the
arguments will yield the 2D result�, and we assume that a
single pair is described by a wave function, where the wave
function amplitude for the recoiling partner has a bell shaped

profile, that we for simplicity approximate by a Gaussian,
centered at minus the coordinates of the detected particle.
The width of this wave function is parametrized by a mo-
mentum width K which thus represents both the momentum
width of the colliding condensate particles and the accelera-
tion due to the mean field.

Assuming thus the last two terms in �13� to be of such
Gaussian shape, and ignoring the first term which vanishes
for the geometry studied, we can explicitly calculate the co-
incidence signal:

F�k�,k��� 
� dk1dk2�exp�− ��k1 + k�2 + �k2 + k��2�/2K2�

+ exp�− ��k1 + k��2 + �k2 + k�2�/2K2��2


 1 + exp�− �k − k��2/2K2� , �14�

where we recall that k and k� here refer to �small� transverse
coordinates of the detector directions with respect to a given
axis, i.e., �k−k�� is the radial momentum of the outgoing
particles multiplied with their mutual �small� angle in radi-
ans.

We recover the Hanbury Brown and Twiss correlations,
and we observe that the correlations persist for final state
momenta within a distance from each other of the order of
the quantum mechanical uncertainty of the total momentum
of the atom pair escaping the collision zone. This is in accord
with our interpretation in terms of the interference between
the indistinguishable components illustrated as the overlap-
ping recoil cones in Fig. 1�c�, that leads to the last term in
�14� depending on both k and k�, whereas the direct terms
lose the k and k� dependence due to the Gaussian integrals.

It is interesting to note, that Eq. �14� follows from a two-
state amplitude ��k ,k��
exp�−�k+k��2 /2K2� for transverse
momentum components of atoms propagating in nearly op-
posite directions, and therefore the two atom component of
Eq. �9� predicts a correlation of atoms in opposite directions
with the dependence ���k ,k���2
exp�−�k+k��2 /K2�. The
Hanbury Brown and Twiss bunching thus occurs within a
Gaussian width that is 
2 times larger than the range of
correlation of recoiling atomic momenta. This prediction for
the Gaussian wave functions has been verified by more de-
tailed analysis of the full 3D propagation �5�. One way to
understand the broadening is to recognize that the density
dependence of the pair production mechanism results in a
source which is spatially narrower than the condensates
themselves.

Although we have based our analysis on the four-atom
component of the full many body states, we have argued that
a calculation based on the full state would yield the same
results, and in particular that the HBT correlation amounts to
a factor of two in parallel directions while the correlation in
opposite directions is not limited by this factor. When mul-
tiple scattering is neglected, the complete many-body prob-
lem is solved by the Bogoliubov-de-Gennes equations, and
the resulting Gaussian or thermal character of the many-body
state is fully accounted for by the second moments. This
does not imply, however, that one would get the same quan-
titative results for scattering of few and many atoms. If the
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normalized wave function for a single scattered pair in the
case of a low scattering probability is denoted ��k�1 ,k�2�, it
may be reasonable to describe the collision process by the

effective Hamiltonian H=��dk�1dk�2��k�1 ,k�2��̂†�k�1��̂†�k�2�
+H.c., where � is a coupling strength. The unitary time evo-
lution operator is the exponential of this operator multiplied
by �t / i�� or integrated over a suitable time interval. We note
that this does not generally result in an expression for
��k�1 ,k�2� in �7� which is proportional to ��k�1 ,k�2�. In the case
of single mode squeezing, it is known that one must evaluate
the hyperbolic tangent function of the squeezing parameter
to convert the squeezing operator to the normal order form
�11�, and in our general multimode case, normal ordering is
accomplished by evaluating the tanh function of a matrix
argument �15,16�. For small arguments, in the perturbative
regime of spontaneous four wave mixing, tanh is a linear
function, and we get the same momentum dependence. Out-
side the perturbative regime, we retain the factor 2 bunching
effect by our general argument, but the precise shape of the
correlation peak may be modified.

VI. DISCUSSION

We have presented a simple interpretation of the observed
Hanbury Brown and Twiss correlations observed in the elas-
tic scattering of Bose-Einstein condensates. We emphasize,
that in order to make quantitative predictions, it is necessary
to make a more elaborate calculation of the pair formation
and the propagation of the atoms both in free space and in
the regions where the mean field of the condensate compo-
nents act as a perturbing potential. Such a description is of-
fered by the Bogoliubov theory in Refs. �8–10�, and we note
that �10� as well as �4� also provide numerical evidence for
the density correlations discussed in the present paper. Our
interpretation relies on the structural property of the solu-
tions to the Bogoliubov theory �7�, but it proceeds by apply-
ing a different physical reasoning which recognizes that the
two detected particles are accompanied by collision partners
propagating in the opposite directions, and we hence observe
part of a four-atom state. This is an appealing picture, in
particular because the prediction of the coincidence signal,
and in particular its width, relates to the transverse spreading
of the pair wave functions of oppositely propagating atoms
after the bipartite collisions.

As we discussed in the text, when observed from only one
direction, the reduced density matrix of the expanding
atomic cloud is similar to a thermal state. This density matrix
is sufficient to predict the outcome of any measurement on
the observed part of the system, and it explains the experi-
mental findings as an analog of the observed bunching of the
photons from a thermal/chaotic light source. The optical
Hanbury Brown and Twiss experiment has a characteristic
transverse spatial scale over which the correlation falls to
unity, related to the transverse momentum distribution of the
photons impinging on the detector, and in a similar manner
we have a finite transverse coherence length in the atomic

scattering experiment. We discussed the isotropic s-wave
scattering, with possible corrections due to anisotropy of the
colliding clouds and spatial phase matching. In addition, one
may apply a periodic background potential, which may alter
the energy dependence on the momentum vector of moving
atoms, and hence modify the scattering profile �26,27�, and
with confinement to one dimension, it may lead to highly
selective population of specific momentum states with
strong, observable quantum correlations �28,29�.

It is interesting to recall that a mixed quantum state, i.e., a
density matrix, can always be formally obtained as the re-
duced state of a larger quantum system which is in a pure
state, and in particular any thermal quantum state of a
bosonic degree of freedom can be modeled by a pure
squeezed state in a doubled tensor space. This is known as
the “thermofields” formulation �30�, and for example the
single mode thermal state �5� can be obtained as the trace
over one of the modes of a non-degenerate two mode
squeezed state, as obtained, e.g., from a non-degenerate op-
tical parametric oscillator �OPO�,

��OPO� 
 
n

tn�n,n� . �15�

In our four-atom analysis, the apparently thermal state arriv-
ing at nearby detectors is precisely part of such a larger sys-
tem. The advantage of this insight is that the spatial scale of
the extended state, in our case the probability distribution of
the total momentum of scattered atoms, directly yields the
density correlations in the reduced density matrix. More
elaborate analyses �31� have shown how density-density cor-
relations in the image of expanding gases can reveal a wide
range of more complex many-body properties, as confirmed
by experiments �32�.

Finally, if the collision occurs between two different
bosonic species, the same kind of correlations will occur for
the density correlations of each species, but not for the cross
correlation, where the recoiling atoms are distinguishable,
and hence do not interfere. For collisions between bosons
and fermions the situation is different. Electrons have been
demonstrated to show antibunching related to their fermionic
character �33�, and antibunching has also been demonstrated
for neutral fermionic atoms �34,35�. Collisions between a
Bose condensate and a degenerate Fermi gas, where all fer-
mions initially occupy orthogonal states, but where Pauli
blocking forbids more than one atom ending up in the same
final state should lead to observable antibunching effects in
the scattered bosons.
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Comment on “Quantum time-of-flight distribution for cold trapped atoms”
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Ali et al. �Phys. Rev. A 75, 042110 �2007�� have claimed that empirically testable differences exist between
the quantum and semiclassical time of flight distribution for cold trapped atoms. We believe these claims to be
misleading. For the particular case of noninteracting bosonic particles released from a harmonic trapping
potential, we show that the quantum and semiclassical calculations for the time-of-flight distribution are
equivalent, provided one is not too close to the quantum degeneracy point.

DOI: 10.1103/PhysRevA.77.026101 PACS number�s�: 03.65.Ta, 03.65.Xp, 37.10.De

Empirical fits to the time-of-flight �TOF� signals that are
observed when a cold atomic cloud expands following the
switch-off of the trapping potential are commonly used to
infer the thermal and quantum characteristics of the sample.
Ali and co-workers �1� claim that the result of a “quantum
calculation” for the TOF differs in an “empirically testable
way” from the commonly used semiclassical description of
the TOF signal. In particular they present results portraying
striking differences for the TOF signal as the “size” of the
initially trapped atomic cloud is varied. These results clearly
differ from the semiclassical description which predicts that
for a sufficiently long time of flight, the size of the expand-
ing cloud is determined solely by the initial temperature of
the sample. We believe, however, that the deviations from
the semiclassical description predicted by Ali and co-workers
are manifest only in extreme limits, when the simple thermal
averaging they employed is not appropriate. The purpose of
this comment is to point out several subtle yet important
points that we believe were neglected by Ali and co-workers
in their development.

The calculation of Ali et al. is performed on noninteract-
ing particles and is based on the quantum mechanical flux
�which they call the “probability current”�. Restricted to the
one-dimensional case, the proposed model starts by describ-
ing each atom in the cloud as a Gaussian wave packet cen-
tered at z=0 and moving with a group velocity v, such that
��z , t=0�= �2��0

2�−1/4 exp�− z2

4�0
2 �exp�i mv

� z�. The ballistic ex-
pansion is accomplished by computing the time evolution of
the wave packets with the appropriate propagator for free fall
under the influence of a constant gravitational field. Carrying
this out, a v-dependent amplitude term appears in the
evolved wave function ��z , t�. This term allows Ali and co-
workers to compute a thermal average of the particle’s flux
� /m Im��*�z , t��z��z , t��, with v distributed according to a
Maxwell-Boltzmann factor. The resulting TOF distribution is
characterized by a width and a velocity of the center of the
cloud. For a long propagation time, the width is given in
their model by

��Ali et al.� =�� �

2m�0
�2

+
kBT

m
t . �1�

This result is in contradiction with the semiclassical model
�2�. Provided that the localization induced by trapping poten-
tial does not significantly alter the thermal velocity distribu-
tion, one can estimate the initial momentum distribution of a
cloud at temperature T using the equipartition theorem
�p̂2	 /2m=kBT /2, yielding �p=��p̂2	=�mkBT. Using
Maxwell-Boltzmann statistics, the semiclassical approxima-
tion states thus that the size at large enough time t is

��sc� =�kBT

m
t .

The discrepancy, illustrated in Fig. 4 of Ref. �1�, happens
when the term � /2m�0 is comparable or larger than �kBT /m.
In their model Ali et al. seem to be assuming that each ve-
locity class of the atomic cloud starts out in a kind of mini-
mum uncertainty wave packet of size �0. Very little is said
about this size and it is treated by the authors as a free pa-
rameter which is independent of the temperature. The first
term in Eq. �1� is simply the momentum spread, due to the
uncertainly principle. Hence, differences appear only when
the characteristic energy associated with the strong uniform
localization assumed by Ali et al. is comparable to the ther-
mal energy. This would seem to place them below the quan-
tum degeneracy point for any realizable smoothly varying
trapping potential with a reasonable number of atoms. At
such an extreme initial localization, their use of a continuous
Maxwell-Boltzmann velocity distribution to carry out the
thermal averaging appears inadequate.

One of the most common trapping potentials is the har-
monic potential for which a fully quantum mechanical cal-
culation can be carried out for the time of flight signal re-
sulting from an initially thermalized cloud of noninteracting
Bose atoms �3�. In this case the TOF signal mimics the origi-
nal density distribution in the trap provided a rescaling of the
coordinate is performed. Using the results of Sec. B.4 of Ref.
�3�, the root mean square value of the TOF signal can be
written as*zgomes@fisica.uminho.pt
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��Q�
2 = �1 + �2t2�

�2

2



l=1

�
e�l�̃

�1 − e−	l�3

1

tanh�	l/2�



l=1

�
e�l�̃

�1 − e−	l�3

with �=�� /m�, 	=�� /kBT, �=1 /kBT, and �̃=�−3�� /2
where � is the chemical potential and � the trap oscillation
frequency. For simplicity we have considered an isotropic
harmonic potential. Using Bose-Einstein statistics, an im-
proved semiclassical calculation valid close to degeneracy
could be obtained under the approximation 	
1 and would
give

��sc imp.�
2 = �1 + �2t2�

�2

	

g4�e��̃�
g3�e��̃�

,

��sc imp.� =�g4�e��̃�
g3�e��̃�

�kBT

m
t ,

where in the last line, only for simplicity and to clarify the
final result, we have also made the approximation �1+�2t2

=�t. In this expression we have also used the definition of
the so-called Bose function gi�x�=
l=1

� xl

li . The results are
plotted in Fig. 1. For temperatures well above the quantum
degeneracy ��Q� coincides with ��sc� and ��scimp� and is still
very close to ��scimp� near the degeneracy. Therefore, at least
for the important case of a harmonic trapping potential,
semiclassical approximations lead to accurate descriptions of
TOF signals provided one is not too close or below quantum
degeneracy.

We note that for temperatures close to, but above quantum
degeneracy, the cloud released from a harmonic trapping po-
tential tends to expand slightly less rapidly than the semiclas-
sical prediction. This reflects the tendency of Bose-Einstein
statistics to favor higher populations in the lower energy lev-
els of the trapping potential in comparison to Maxwell-
Boltzmann statistics, resulting in somewhat less ballistic
spreading upon release. These results are in marked contrast
to the calculations of Ali et al., which always predict an
increase in the clouds width due to the quantum localization
effects.

Finally we would like to mention that even for a nonin-
teracting atomic cloud trapped within a harmonic potential
typical semiclassical calculations can lead to results that de-
viate significantly from the quantum description above Bose-
Einstein degeneracy. An interesting example is the calcula-
tion of the atomic degeneracy parameter at the trap center
�4�. Although the number of atoms in the ground-state energy
level may be a small fraction of the total number of atoms,
their density can still be comparable to that of the excited
states population density due to the strong localization of the
ground-state wave function. Since semiclassical calculations
usually neglect the ground state near to but above the quan-
tum degeneracy temperature these models will fail to ad-
equately describe the gas in this region.
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FIG. 1. �Color online� Width of the time of flight signal in
function of the temperature �in units of ��� for a expanding cloud
initially confined in a harmonic potential of N=106 atoms. The
widths are normalized by ��sc�. The full quantum result �dots� is
very close to the improved semiclassical results �solid line� above
quantum degeneracy �kBTc�94���. Both tend to ��sc� at high
temperature.
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Abstract. We perform a theoretical analysis of atomic four-wave mixing via
a collision of two Bose–Einstein condensates of metastable helium atoms,
and compare the results to a recent experiment. We calculate atom–atom
pair correlations within the scattering halo produced spontaneously during the
collision. We also examine the expected relative number squeezing of atoms
on the sphere. The analysis includes first-principles quantum simulations using
the positiveP-representation method. We develop a unified description of the
experimental and simulation results.
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1. Introduction

Recent years have seen the introduction of powerful new tools for studying degenerate quantum
gases. For example, on the experimental side correlation measurements offer a new experimental
probe of many-body effects [1]–[11]. On the theoretical side, the challenges posed by the new
experimental techniques are being met by quantum dynamical simulations of large numbers
of interacting particles in realistic parameter regimes. These are becoming possible due to
the advances in computational power and improvements in numerical algorithms (for recent
examples, see [12]–[15]).

In this paper, we study metastable helium (4He∗), which is currently unique inquantum
atom opticsin that it permits a comparison of experimentally measured [16] and theoretically
calculated quantum correlations. This is one of the first examples in which experimental
measurements can be considered in the context of first-principles calculations. Our goal in this
paper is to confront a theoretical analysis with the results of recent experiments on atomic
four-wave mixing via a collision of two Bose–Einstein condensates (BECs) of metastable4He∗

atoms [16]. Figure 1 is a schematic momentum space diagram of these experiments. Two
condensates, whose atoms have approximately equal but opposite momenta,k1 andk2 ' −k1,
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Figure 1. Schematic momentum space diagram of the atomic four-wave
mixing interaction. Optical Raman pulses generate untrapped condensates with
momentak1 andk2 = −k1 parallel to thex-axis (dark disks). These undergo a
four-wave mixing interaction to produce correlated atomic pairs on a spherical
shell of radiusk1.

interact by four-wave mixing, while they spatially overlap, to produce correlated atomic pairs
with approximately equal but opposite momenta,k3 andk4, satisfying momentum conservation,
k1 + k2 = k3 + k4. Figure1 corresponds to the experimental data shown in figure2 of [16], since
after time-of-flight expansion, atomic momentum is mapped into atomic position.

We perform first-principles quantum simulations of the collision dynamics using the
positive P-representation method [17]–[20]. The advantage of this method is that given the
Hamiltonian of the interacting many-body system, no additional approximations are imposed to
simulate the quantum dynamics governed by the Hamiltonian. The drawback on the other hand,
is that it usually suffers from large sampling errors and the boundary term problem [21] as the
simulation timetsim increases, eventually leading to diverging results.

An empirically estimated upper bound for the positive-P simulation time (beyond which
the stochastic trajectories start to make large excursions in phase space, leading to boundary
term problem and uncontrollable sampling errors [21]) for the evolution of condensates with
s-wave scattering interactions is given approximately by [22]

tsim. 2.5m(1V)1/3/[4π h̄aρ2/3
0 ], (1)

wherem is the atom mass,a is the s-wave scattering length,ρ0 is the condensate peak density,
and1V = 1x1y1z is the volume of the elementary cell of the computational lattice, with
lattice spacings of1x, 1y and1z. Applying this formula to metastable helium, we see that
this is a particularly challenging case among commonly condensed atoms due to its small
atomic mass and relatively large scattering length. Our simulations are restricted to short
interaction times (typically.25µs), which are about six times shorter than the experimental
interaction time of [16]. Despite this, our positive-P simulations provide useful insights into
the experimental observations; in addition, they can serve as benchmarks for approximate
theoretical methods (such as the Hartree–Fock–Bogoliubov method [23]–[26] or the truncated
Wigner method [12, 13]) to establish the range of their validity.
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We note that the simulations of BEC collisions of [12, 13] using the truncated Wigner
method are in a different regime than the ones carried out here using the positive-P method.
More specifically, the authors of [12, 13] simulate condensates at much higher densities, for
which the approximations of the method [13, 27] are satisfied. The advantage of the Wigner
method over the positive-P is that it does not suffer from boundary term problem and can be
used to simulate condensate collisions for longer durations.

In the present paper, we calculate atom pair correlations within the scattering halo produced
spontaneously during the collision (see figure1). The scattering halo is a spherical shell in
momentum space. In the limit of small occupation of the scattered modes, the s-wave nature of
the collisions ensures an approximately uniform atom population over the halo. We consider the
strength and the width of the correlation signal, as well as the momentum width of the halo. We
also analyze relative atom number squeezing and the violation of the classical Cauchy–Schwartz
inequality.

In section2 of this paper, we will summarize the experimental results we wish to analyze.
In section3, we discuss order of magnitude estimates. In section4, we describe simulations
using the positiveP-representation method, and in section5, we discuss the results of our
simulations. Section6 summarizes our work.

2. Summary of experimental results

2.1. Overview of the experiment

The starting point of the experiment is a4He∗ condensate of 104–105 atoms confined in
a magnetic trap whose frequencies are:ωx/2π = 47 Hz andωy/2π = ωz/2π = 1150 Hz. A
sudden Raman outcoupling drives the trapped4He* from the mx = 1 Zeeman sublevel into
the magnetic field insensitive statemx = 0 [16]. The Raman transition also splits the initial
(mx = 1) condensate into two roughly equally populated condensates with opposite velocities
along thex-direction. The magnitude of each velocity is equal to the recoil velocityvr =

9.2 cm s−1, defined by the momentum of the photons used to create the colliding condensates
h̄kr , kr = 5.8× 106 m−1. The relative velocity 2vr of the two condensates is about eight times
higher than the speed of soundcs =

√
µ/m of the initial condensate, ensuring that the relevant

elementary excitations of the condensates correspond to free particles.
During the separation of the condensates, elastic collisions occurring between atoms with

opposite velocities scatter a small fraction (5%) of the total initial atom number into the halo.
The system is shown in three dimensions (3D) in an accompanying video of the experimental
results after a 320 ms time of flight5. For the purposes of this paper, the experiment consists
in the acquisition of the 3D positions of the particles scattered into the collision halo after the
time of flight. This information permits the reconstruction of the 3D momentum vectors of the
individual particles after they have ceased interacting with each other.

5 A 3D, animated rendition of the atomic positions 320 ms after release from the trap, available from
stacks.iop.org/NJP/10/045021/mmedia. The vertical positions are derived from the arrival times as described
in [16]. Each point corresponds to the detection of one atom and the animation shows the sum of 50 separate runs.
The ellipsoids at the sides are the colliding condensates. The ellipsoids at the top and bottom result from imperfect
Raman polarizations and stimulated atomic four-wave mixing (see [16]). The four condensates are excluded from
the analysis given in the text.
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2.2. Main results

Knowledge of the momentum vectors in turn permits the construction of two-particle correlation
functions in momentum space. The correlation function shows features for particles traveling
both back-to-back (BB) and collinearly. The BB correlation results from binary, elastic
collisions between atoms, whereas the collinear (CL) correlation is a two particle interference
effect involving members of two different pairs: a Hanbury Brown–Twiss correlation [28].
Both correlation functions are anisotropic because of the anisotropy of the initial colliding
condensates.

To quantify these correlations, we first introduce the unnormalized normally-ordered
second-order correlation function between the densities at two points in momentum space,

G(2)(k1, k2) = 〈: n̂(k1)n̂(k2) :〉. (2)

Here, n̂(k) = â†(k)â(k) is the momentum density operator,â†(k) and â(k) are the Fourier
transforms of the field creation and annihilation operators9̂†(x) and9̂(x), and the colons ::
stand for normal ordering of the operators according to which all creation operators stand to the
left of the annihilation operators, so that

〈: n̂(k1)n̂(k2) :〉 = 〈â†(k1)â
†(k2)â(k2)â(k1)〉. (3)

Because of a low data rate, the correlation measurements must be averaged over the entire
collision sphere to get statistically significant results. The average CL second-order correlation
as a function of the relative displacement1ki in theki -direction (i = x, y, z) is defined as

g(2)

CL(1ki ) =

∫
D

d3kG(2)(k, k + ei 1ki )∫
D

d3k〈n̂(k)〉〈n̂(k + ei 1ki )〉
, (4)

whereei is the unit vector in theki -direction. The normalization ofg(2)

CL(1ki ) ensures that for
uncorrelated densitiesg(2)

CL(1ki ) = 1. The integration domainD in (4) selects a certain region of
interest in momentum space and can be defined, for example, to contain only a narrow spherical
shell and to eliminate the initial colliding condensates. Due to the averaging, the dependence of
the correlation functions on the directionk is lost.

The average BB correlation functiong(2)
BB(1ki ) between two diametrically opposite points,

one of which is additionally displaced by1ki in the ki -direction, is defined similarly to
g(2)

CL(1ki ):

g(2)
BB(1ki ) =

∫
D

d3kG(2)(k, −k + ei 1ki )∫
D

d3k〈n̂(k)〉〈n̂(−k + ei 1ki )〉
. (5)

The experimental observations can be summarized as follows. The width of both
correlation functions along the axial direction of the condensate, thex-axis, is limited by the
resolution of the detector and hence contains little information about the collision. In the radial
direction (with respect to the symmetry of the colliding condensates), one observes a peak which
can be fitted to a Gaussian function with rms widthsσ CL

y,z andσ BB
y,z for the CL and BB cases,

respectively. The experimental results are summarized in the following table

σ BB
y,z/kr σ CL

y,z/kr σ CL
y,z/σ

BB
y,z

0.081± 0.004 0.069± 0.008 0.85± 0.15
(6)
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Figure 2. Cross-section of the scattering halo. A sloped background is present
due to thermal atoms in the trap. This background has been fitted to a straight
line and subtracted in order to estimate the rms width,δk ' 0.067kr .

One can also use the data to deduce the averaged radial widthδk of the scattering halo.
Figure2 shows a cross-section of the halo, averaged over all accessible scattering angles. The
presence of the unscattered condensates prevents observation of the shell along thex-axis, but
along the accessible directions we findδk ' 0.067kr .

3. Qualitative analysis

In this section, we discuss some simple, analytical estimates of the measured quantities. In later
sections, we will do more precise, numerical calculations which will verify the results of this
section.

3.1. Width of the pair correlation functions

As discussed in [16], the width of the BB and CL correlation functions should be on the order
of the momentum width of the initial condensate, which in turn is proportional to the inverse
width of its spatial profile. For a Gaussian density profile of the initial condensate in position
spaceρ(x) = 〈9̂†(x)9̂(x)〉 = ρ0 exp [−

∑
i =x,y,z r 2

i /(2w2
i )], and therefore a Gaussian density

distribution in momentum space,n(k) = 〈n̂(k)〉 ∝ exp [−
∑

i =x,y,z k2
i /(2σ 2

i )], with σi = 1/2wi ,
an approximate theoretical treatment based on a simple ansatz for the pair wavefunction predicts
a Gaussian dependence of the BB and CL correlation functions on the relative wavevectors
1ki [28]:

G(2)(k, −k + ni 1ki ) ∝ exp

(
−

1k2
i

2(σ BB
i )2

)
, (7)

G(2)(k, k + ni 1ki ) ∝ exp

(
−

1k2
i

2(σ CL
i )2

)
. (8)
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The widths of the BB (σ BB
i ) and CL (σ CL

i ) correlations are related to the momentum-space
width σi of the initial (source) condensate via [28]

σ BB
i /σi =

√
2, (9)

σ CL
i /σi = 2, (10)

and therefore the width of the BB correlation is
√

2 times smaller than the width of the CL
correlation. Similar predictions of correlation widths have been made and discussed in [13, 24].

In section5.1, the initial momentum-space widths are found to beσx = 0.0025kr andσy,z =

0.055kr , assumingN = 9.84× 104 atoms. Expressing the experimentally measured widths in
units ofσy,z, we can rewrite (6) as

σ BB
y,z/σy,z σ CL

y,z/σy,z σ CL
y,z/σ

BB
y,z

1.47± 0.07 1.25± 0.15 0.85± 0.15
(11)

and therefore, equation (9) is in agreement with the measured width of the radial BB correlation
function, whereas (10) overestimates the width of the CL correlation function by almost 60%.
As we show below, first-principles simulations using the positive-P method and incorporating
atom–atom interactions result in widths which are closer to the experimental values.

The discrepancy between the two theoretical approaches (which apparently is larger for the
CL correlations than for the BB ones) comes mostly from the fact that the above calculation
is made for a Gaussian shape of the initial BEC density profile, whereas in practice and
in the positive-P simulations the spatial density of a harmonically trapped condensate is
closer to an inverted parabola (as in the Thomas–Fermi limit) rather than to a Gaussian. An
alternative theoretical model [29], based on the undepleted source condensate approximation
and a numerical solution to the linear operator equations of motion for scattered atoms, also
confirms that for short times the momentum-space correlation widths are narrower if the source
condensate has a parabolic spatial density profile, compared to the case of a Gaussian density
profile.

3.2. Width of the scattered halo

A second, experimentally accessible quantity in a BEC collision is the widthh̄δki in momentum
space of the halo on which the scattered atoms are found. Clearly the momentum spreadσi (in
i = x-, y- or z-direction) of the colliding condensates imposes a minimum width

δki & σi . (12)

This limit suggests that the halo could be anisotropic. As noted above, however, the experiment
in [16] is not highly sensitive to such an anisotropy, and measures the width chiefly in the
y- andz-directions.

Other physical considerations also affect this width, and suggest that the halo should rather
be isotropic, in which case we can drop the index fromδk. Here, we discuss two mechanisms
that impose a finite radial width on the halo.

If the pairs are produced during a finite time interval1t , the total energy of the pair is
necessarily broadened byh̄/1t . This is true even if the relative momentum is well defined.
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For a meank-vector kr , the finite interaction time between the colliding BECs results in a
broadening of

δk '
m

h̄kr 1t
, (13)

where we assumedδk/kr � 1. In the experiment, the collision time is sufficiently long that
the above effect does not impose a limitation on the width of the sphere. In the positive-P
simulations, however, numerical stability problems limit the maximum collision time that can
be simulated, as discussed in section5, and this time does indeed impose a width on the halo. For
short collision times, where the scattering is in the spontaneous regime, our numerical results
for the widthδk are in good agreement with the simple estimate of equation (13).

For long collision times, it can happen that so many atoms are scattered that Bose
enhancement and stimulated effects become important. In this case, the width of the
scattering shell can be estimated by a slightly more involved approximate approach based on
analytic solutions for the uniform system within the undepleted ‘pump’ (source condensate)
approximation [30]. Under this approximation, the present system is equivalent to the
dissociation of a condensate of molecular dimers studied in detail in [14, 31, 32]. The latter
system in turn is analogous to parametric down-conversion in optics [33]. The details of the
approximate solutions, common to condensate collisions and molecular dissociation, and the
relationship between them are given in appendixC. The resulting width of the halo found from
this approach is

δk '
4πaρ0

kr
. (14)

We see that in this regime, the width is proportional to the scattering lengtha and the peak
densityρ0, but it no longer depends on the collision duration.

The physical interpretation of equation (14) is that with the stronger effective coupling
(or nonlinearity)aρ0, one can excite and amplify spectral components that are further detuned
from the exact resonance conditionh̄1k = 0 (or further ‘phase mismatched’). The inverse
dependence on collision momentumkr can be understood via the quadratic dependence of the
energy on momentumk: to get the same excitation at a given energy offseth̄1k, (C.3), one
requires smaller absolute momentum offsetδk at largerkr than at smallkr .

Positive-P simulations covering the transition from the spontaneous to stimulated regimes
are available for23Na condensate collisions as in [15]. The numerical results in this case are
in agreement with the simple analytic estimate of equation (14). More specifically, we find
that for collision durations between 300 and 640µs the actual numerical results for the width
of the spherical halo vary, respectively, betweenδk/kr ' 0.13 andδk/kr ' 0.087, whereas
equation (14) predictsδk/kr ' 0.096.

For 4He∗, on the other hand, the small mass and the larger scattering length of4He∗ atoms
limit the maximum simulation time totsim. 25µs. This is far from the stimulated regime,
and therefore we do not have a direct comparison of the numerical results with equation (14).
The experiment is also not in the stimulated regime. We are nevertheless tempted by the
numerical23Na result to extrapolate equation (14) to 4He∗ BEC collisions in the long time
limit and we obtainδk/kr ' 0.05. Adding this width in quadrature to the momentum width
of the initial condensate,σy,z ' 0.055kr , gives

√
(0.05kr )2 + (0.055kr )2 = 0.074kr , not far from

the experimentally observed radial momentum width ofδk ' 0.067kr . We thus suggest that the
mechanism leading to equation (14) may play a role in the experiment.
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4. Model

The effective field theory Hamiltonian governing the dynamics of the collision of BECs
is given by

Ĥ =

∫
dx

{
h̄2

2m
|∇9̂|

2 +
h̄U0

2
9̂†9̂†9̂9̂

}
, (15)

where9̂(x, t) is the field operator with the usual commutation relation [9̂(x, t), 9̂†(x′, t)] =

δ(3)(x − x′), m is the atomic mass, the first term is the kinetic energy, and the second term
describes the s-wave scattering interactions between the atoms. The trapping potential for
preparing the initial condensate before the collision is omitted since we are only modeling the
dynamics of the outcoupled condensates in free space. The use of the effective delta function
interaction potentialU (x − y) = U0δ(x − y) assumes a UV momentum cutoffkmax. In our
numerical simulations, the momentum cutoff is imposed explicitly via the finite computational
lattice. If the lattice spacings (1x, 1y and 1z) in each spatial dimension are chosen to
be much larger than the s-wave scattering lengtha, then the respective momentum cutoffs
satisfykmax

x,y,z � 1/a. In this case the coupling constantU0 is given by the familiar expression
U0 ' 4π h̄a/m [34] without the need for explicit renormalization.

To model the dynamics of quantum fields describing the collision of two BECs, we use the
positive P-representation approach [17]. In this approach, the quantum field operators9̂(x, t)
and 9̂†(x, t) are represented by two complex stochasticc-number fields9(x, t) and 9̃(x, t)
whose dynamics is governed by the following stochastic differential equations [15]:

∂9(x, t)

∂t
=

ih̄

2m
∇

29 − iU09̃99 +
√

−iU092 ζ1(x, t), (16a)

∂9̃(x, t)

∂t
= −

ih̄

2m
∇

29̃ + iU099̃9̃ +
√

iU09̃2 ζ2(x, t). (16b)

Here,ζ1(x, t) andζ2(x, t) are real independent noise sources with zero mean,〈ζ j (x, t)〉 = 0,
and the following non-zero correlation:

〈ζ j (x, t)ζk(x′, t ′)〉 = δ jkδ
(3)(x − x′)δ(t − t ′). (17)

The stochastic fields9(x, t) and 9̃(x, t) are independent of each other [9̃(x, t) 6= 9∗(x, t)]
except in the mean,〈9̃(x, t)〉 = 〈9∗(x, t)〉, where the brackets〈. . .〉 refer to stochastic averages
with respect to the positiveP-distribution function. In numerical realizations, this is represented
by an ensemble average over a large number of stochastic realizations (trajectories). Observables
described by quantum mechanical ensemble averages over normally ordered operator products
have an exact correspondence with stochastic averages over the fields9(x, t) and9̃(x, t):

〈[9̂†(x, t)]m[9̂(x′, t)]n
〉 = 〈[9̃(x, t)]m[9(x′, t)]n

〉. (18)

The initial condition for our simulations is a coherent state of a trapped condensate,
modulated with a standing wave that imparts initial momenta±kr (wherekr = mvr /h̄ andvr is
the collision velocity) in thex-direction,

9(x, 0) = 〈9̂(x, 0)〉 =
√

ρ0(x)/2
(
eikr x + e−ikr x

)
, (19)

with 9̃(x, 0) = 9∗(x, 0). Here,ρ0(x) is the density profile given by the ground state solution to
the Gross–Pitaevskii equation in imaginary time. The above initial condition models a sudden
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Raman outcoupling of a BEC of trapped4He∗ atoms in themx = 1 sublevel into the magnetic
field insensitive statemx = 0, using two horizontally counter-propagating lasers and a third
vertical laser [16]. In this geometry, the Raman transitions split the initial (mx = 1) condensate
into two equally populated condensates and simultaneously impart velocities of±vr onto
the two halves. As a result, the two outcoupled condensates undergo a collision and expand
in free space. Accordingly, in our dynamical simulations, the field9̂(x, t) represents the atoms
in the untrapped statemx = 0, having the s-wave scattering length ofa00 = 5.3 nm ([16] and
references therein), while the initial density profileρ0(x) refers to that of the trapped atoms in
the mx = 1 state having the scattering length ofa11 = 7.51 nm [35]. The same distinction in
terms of the scattering length in question applies to the definition of the interaction strength
U0 ' 4π h̄a/m, in whicha has to be understood asa11 for the trapped condensate or asa00 for
the outcoupled cloud.

In our simulations, we assume for simplicity that the outcoupling from the trappedmx = 1
state is 100% efficient, in which case the entire population is transferred into themx = 0 state
and therefore we have only to model s-wave scattering interactions between the atoms in the
mx = 0 state. In the experiment, on the other hand, the transfer efficiency is only about 60%
and therefore the collisions between the atoms in themx = 0 andmx = 1 are not completely
negligible and may be responsible for some of the deviations between the present theoretical
results and the experimental observations.

5. Results and discussion

5.1. Main numerical example

Here, we present the results of positive-P numerical simulations of collisions of two
condensates of4He∗ atoms (m ' 6.65× 10−27 kg) as in the experiment of [16]. The key
parameters in our main numerical example are the collision velocity,vr = 9.2 cm s−1, and the
peak density of the initial trapped condensate,ρ0 = 2.5× 1019 m−3. The trap frequencies are
matched exactly with the experimental values,ωx/2π = 47 Hz andωy/2π = ωz/2π = 1150 Hz.
The s-wave scattering length for the magnetically trapped atoms in themx = 1 sublevel is
a11 = 7.5 nm; the s-wave scattering length for the outcoupled atoms in themx = 0 sublevel
is a00 = 5.3 nm. Other simulation parameters are given in appendixD.

The initial state of the trapped condensate is found via the solution of the Gross–
Pitaevskii equation in imaginary time. Given the above trap frequencies and the peak density
as a target, we find that the total number of atoms in the main example isN = 9.84× 104.
With these parameters, the average kinetic energy of colliding atoms isEkin/kB = mv2

r /2kB '

2.0× 10−6 K, which is about 7.4 times larger than the mean-field energy of the initial condensate
EMF/kB = 4π h̄2a11ρ0/mkB ' 2.7× 10−7 K.

The duration of simulation in the main example ist f = 25µs. This is considerably smaller
than the estimated duration of collision in the experiment, 140µs (see appendixA). The number
of scattered atoms in our numerically simulated example att f = 25µs is∼1750, representing
∼1.8% of the total number of atoms in the initial BEC. Operationally, the fraction of scattered
atoms is determined as the total number of atoms contained within the scattering halo (see
figure 3 showing two orthogonal slices through the momentum density distribution) after
eliminating the regions of momentum space occupied by the two colliding condensates. We
implement the elimination by simply discarding the data points corresponding to|kx| > 0.99kr ,
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Figure 3. Slices throughkz = 0 (a) andkx = 0 (b) of the 3D atomic density
distribution in momentum spacen(k, t f ) after t f = 25µs collision time. Due to
the symmetry in the transverse direction (orthogonal tox), the average density
throughky = 0 coincides with that ofkz = 0. The color scale is chosen to clearly
show the halo of spontaneously scattered atoms and cuts off the high-density
peaks of the two colliding condensates (shown in white on the left panel).

which fully contain the colliding condensates. This cuts off a small fraction of the scattered
atoms as well, but the procedure is simple to implement operationally and is unambiguous.

In order to compare our calculated fraction of scattered atoms att f = 25µs with the
experimentally measured fraction of 5% at the end of collision at∼140µs, we first note that
these timescales are relatively short and correspond to the regime of spontaneous scattering. The
number of scattered atoms increases approximately linearly with time, therefore our calculated
fraction of 1.8% can be extrapolated to about 10% to correspond to the expected fraction at
∼140µs. Next, one has to scale this value by a factor 0.62 to account for the fact that in the
experiment only 60% of the initial number of atoms was transferred to themx = 0 state of the
colliding condensates. Accordingly, our theoretical estimate of 10% should be proportionally
scaled down to 4% conversion, in good agreement with the experimentally estimated fraction
of 5% (see also appendixA).

In figure 4, we plot the radial momentum distribution of scattered atoms (solid line),
obtained after angle averaging of the full 3D distribution within the region|kx|6 0.8kr . The
numerical result is fitted with a Gaussian∝ exp[−(k − k0)

2/(2δk2)] (dashed line), centered at
k0 = 0.98kr and having the radial width ofδk = 0.10kr ' 5.8× 105 m−1, wherek = |k|. The
fitted radial width ofδk = 0.10kr of the numerical simulation is in reasonable agreement with
the simple estimate of equation (13), which givesδk ' 0.075kr for 1t = 25µs.

Figure 5 shows the numerical results for the BB and CL correlations (solid lines with
circles), defined in equations (4) and (5). Due to the symmetry of they- andz-directions, the
results in these directions are practically the same. In order to verify the hypothesis that the
shape and therefore the width of the pair correlation functions is governed by the width of
the momentum distribution of the source condensate, we also plot the actual initial momentum
distributions of the source condensate in the two orthogonal directions (with the understanding
that the horizontal axis1ki now refers to the actual wavevector componentki ). The actual data
points for the correlation functions and for the momentum distribution of the source are shown
by the circles and squares, respectively, and are fitted with Gaussian curves for simplicity and
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Figure 4. Angle averaged (radial) momentum distributionn(k) of the scattered
atoms (solid line) and a simple Gaussian fit (dashed line) used to define the radial
width δk = 0.10kr of the halo around the peak momentumk0 = 0.98kr (see text).

to guide the eye. The Gaussian fits for the correlation functions (solid lines) give:

g(2)
BB(1ki ) − 1 = 9.2 exp{−1k2

i /[2(σ BB
i )2]}, (20)

g(2)

CL(1ki ) − 1 = exp{−1k2
i /[2(σ CL

i )2]}, (21)

where the correlation widthsσ BB
i andσ CL

i are shown in the table (22) below. The Gaussian fits
(dashed lines) for the slices of the initial momentum distributionn0(ki ) ∝ exp{−k2

i /[2(σi )
2]}

are scaled to the same peak value asg(2)

BB/CL(0) − 1 and haveσx = 0.0025kr andσy,z = 0.055kr .
By comparing the solid and the dashed lines, we see that the shape of the correlation

functions indeed closely follow the shape of the momentum distribution of the source. More
specifically, we find that the following results provide the best fit to our numerical data:

σ BB
x /σx σ BB

y,z/σy,z σ CL
x /σx σ CL

y,z/σyz

1.18 1.39 1.27 1.57
(22)

The ratios between the CL and BB correlation widths areσ CL
x /σ BB

x ' 1.08 andσ CL
y,z/σ

BB
y,z ' 1.13.

The errors due to stochastic sampling on all quoted values of the correlation widths are smaller
than 3%.

The values forσ CL
y,z/σy,z andσ BB

y,z/σy,z can be compared with the respective experimentally
measured values of table (11) and we see reasonably good agreement, even though the numerical
data are for a much shorter collision time. The remaining discrepancy between the numerical
data att f = 25µs and the experimentally measured values after a∼140µs interaction time
may be due to the evolution of the condensates past 25µs, not attainable within the positive-P
method. The above numerical results for the correlation widths can also be compared with the
simple analytic estimate based on the Gaussian ansatz treatment of equations (9) and (10). We
find that the approximate analytic results overestimate the BB and CL widths by∼20 and 40%,
respectively, in the present example.
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Figure 5. BB and CL atom–atom pair correlation,g(2)

BB/CL(1ki ) − 1 as a function
of the displacement1ki (i = x, y and z) in units of the collision momentum
kr , after t f = 25µs collision time. The circles are the numerical results, angle-
averaged over the halo of scattered atoms after elimination of the regions
occupied by the two colliding condensates; the solid lines are simple Gaussian
fits to guide the eye (see text). For comparison, we also plot the initial momentum
distributionn0(ki ) of the colliding condensates; the actual data points are shown
by the squares and are fitted by a dashed-line Gaussian.

The amplitude of the correlation functions can also be inferred by simple models. In
fact, the CL correlation function is a manifestation of the Hanbury Brown and Twiss effect
since it involves pairs from two independent spontaneous scattering events and we expect an
amplitude ofg(2)

CL(0) = 2 [28]. This is in agreement with the positive-P simulations. The BB
correlation amplitude, on the other hand, can be substantially higher and display super-bunching
(g(2)

BB(0) � 1) [14, 24] since the origin of this correlation is a simultaneous creation of a pair of
particles in a single scattering event.

In a simple qualitative model [16], the amplitude of the BB correlation can be linked to
the inverse population of the atomic modes on the halo. As we show in appendixB, this model
follows the trends observed in our first-principles numerical simulations.

5.2. Shorter collision time

Here, we present the results of numerical simulation for the same parameters as in our main
numerical example from section5.1, except that the data are analyzed att f = 12.5µs, which
is half the previous interaction time. We found in section5.1 that σ BB

yz , σ CL
yz and the width of

the haloδk are all nearly the same. In section 3, however, we argue that the widths of the
correlation functions and the halo are governed by different limits (equations (9), (10) and (13)
or (14), respectively). The example in this section illustrates this point.
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Figure 6. Same as in figure3, except fort f = 12.5µs collision time.
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Figure 7. Same as in figure4, except fort f = 12.5µs collision time. The width
and the peak of the fitted Gaussian here are:δk = 0.20kr andk0 = 0.95kr .

Figure6 shows two orthogonal slices of the s-wave scattering sphere in momentum space
(cf figure3), whereas figure7 is the corresponding radial distribution after angle averaging. The
most obvious feature of the distribution is that it is broader than att f = 25µs and the fitted
Gaussian gives the radial width ofδk = 0.20kr . This is precisely twice the width in figure4 and
is in agreement with the simple qualitative estimate of equation (13).

The BB and CL correlation functions aftert f = 12.5µs collision time are qualitatively
very similar to those shown in figure5, except that the Gaussian fits are

g(2)
BB(1ki ) − 1 = 35.6 exp{−1k2

i /[2(σ BB
i )2]}, (23)

g(2)

CL(1ki ) − 1 = exp{−1k2
i /[2(σ CL

i )2]}, (24)
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Figure 8. Same as in figure3, except for
√

2 times smaller collision velocity,v′

r =

6.46 cm s−1 (k′

r = 4.09× 106 m−1). The axes for the momentum componentski

(i = x, y andz) are in units of smaller recoil momentum than in figure3, and
therefore the absolute radius of the s-wave scattering sphere is smaller in the
present example.

with the correlation widths given by

σ BB
x /σx σ BB

y,z/σy,z σ CL
x /σx σ CL

y,z/σyz

1.16 1.28 1.27 1.48
(25)

The ratios between the widths areσ CL
x /σ BB

x ' 1.09 andσ CL
y,z/σ

BB
y,z ' 1.16.

For the correlation functions, the main difference compared to the case for 25µs is that
the peak value of the BB correlation is now larger, reflecting the lower atomic density on the
scattering halo. The correlation widths, on the other hand, are practically unchanged, at least
within the numerical sampling errors of the positive-P simulations; the errors are at the level
of the third significant digit in the quoted values, which we suppress. The number of scattered
atoms in this example is about 850, which is approximately half the number at 25µs, confirming
the approximately linear dependence on time in the spontaneous scattering regime.

5.3. Smaller collision velocity

In this example, we present the results of simulations in which the collision velocity is smaller
by a factor

√
2 than before,v′

r = 6.5 cm s−1 (k′

r = 4.1× 106 m−1), while all other parameters
are unchanged. In practice, this can be achieved by changing the propagation directions of the
Raman lasers that outcouple the atoms from the trapped state. As in the previous example, the
halo width illustrates equation (13).

The results of positive-P simulations for the momentum density distribution att f = 25µs
are shown in figures8 and9. The most obvious feature of the distribution is again the fact that
it is now broader than in our main example of section5.1. The width of the Gaussian function
fitted to the numerically calculated radial momentum distribution is given byδk = 0.21k′

r . This
is again in excellent agreement with the simple analytic estimate of equation (13), which predicts
the broadening to be inversely proportional to the collision velocity. We also note that the peak
momentum (relative tok′

r ) in the present example is slightly shifted towards the center of the
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Figure 9. Same as in figure4 except for
√

2 times smaller collision velocity
v′

r (k′

r = 4.1× 106 m−1). The width and the peak of the fitted Gaussian are
δk = 0.21k′

r = 8.6× 105 m−1 andk0 = 0.92k′

r .

halo, k0 = 0.92k′

r , which is a feature predicted in [30] to occur when the ratio of the kinetic
energy to the interaction energy per particle is reduced.

The BB and CL correlation functions in this example are again qualitatively very similar
to those shown in figure5, except that the Gaussian fits are

g(2)
BB(1ki ) − 1 = 9.0 exp{−1k2

i /[2(σ BB
i )2]}, (26)

g(2)

CL(1ki ) − 1 = exp{−1k2
i /[2(σ CL

i )2]}, (27)

with the correlation widths given by

σ BB
x /σx σ BB

y,z/σy,z σ CL
x /σx σ CL

y,z/σy,z

1.16 1.35 1.31 1.51
(28)

whereσx/k′

r ' 0.0035 andσx/k′

r ' 0.078. The ratios between the CL and BB correlation widths
areσ CL

x /σ BB
x ' 1.13 andσ CL

y,z/σ
BB
y,z ' 1.12.

As we see from these results, the absolute widths of the correlation functions are practically
unchanged compared to the main numerical example (22). This provides further evidence that,
at least for short collision times, the correlation widths are governed by the momentum width
of the source condensate, which is unchanged in the present example compared to the case of
section5.1.

The number of scattered atoms in this example is about 1270, which is approximately√
2 times smaller than in section5.1 and corresponds to∼1.3% conversion. This scaling is in

agreement with the rate equation approach [24], according to which the number of scattered
atoms is proportional to the square root of the collision energy and hence to the collision
momentum, which is

√
2 times smaller here.
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Figure 10. Same as in figure3 except for the scattering lengths ofa00 = 2.65 nm
anda11 = 3.75 nm, which are twice as small as before.

5.4. Smaller scattering length

Finally, we present the results of numerical simulations for the same parameters as in our
main numerical example from section5.1, except that the scattering lengthsa11 and a00 are
artificially halved, i.e.a00 = 2.65 nm anda11 = 3.75 nm. The trap frequencies are unchanged
and we modify the chemical potential to arrive at the same peak density of the initial BEC in the
trap,ρ0 ' 2.5× 1019 m−3. The total number of atoms is now smaller,N ' 3.5× 104. One effect
of changing the scattering length is that it changes the size and shape of the trapped cloud,
and therefore also its momentum distribution. The shape is slightly closer to a Gaussian and
therefore also to the treatment in [28].

Due to the smaller scattering length, the density distribution in position space of the initial
trapped condensate is now narrower and conversely the momentum distribution of the colliding
condensates is broader. On the other hand, the width of the halo (see figures10 and 11 at
t f = 25µs) of scattered atoms is practically unchanged compared to the example of figure4, as
it is governed by the energy–time uncertainty consideration (13), for the spontaneous scattering
regime. The only quantitative difference is the lower peak density on the scattering sphere,
which is due to the weaker strength of atom–atom interactions resulting in a slower scattering
rate. The number of scattered atoms at 25µs is∼180, corresponding to 0.51% conversion of
the initial total numberN ' 3.5× 104. The fraction 0.51% itself corresponds approximately to
a scaling law of∼a3/2, which is the same as the scaling of the total initial number of trapped
atoms in the Thomas–Fermi limit for a fixed peak density.

Since the widths of the correlation functions are governed by the width of the momentum
distribution of the initial colliding condensates, we expect corresponding broadening of the
correlation functions as well (see figure12). To quantify this effect, we fit the momentum
distribution of the initial BEC by a Gaussian∝ exp{−k2

i /[2(σi )
2]}, whereσx = 0.0036kr and

σy,z = 0.068kr (cf with σx = 0.0025kr andσy,z = 0.055kr in figure5, which are∼
√

2 smaller).
The Gaussian fits to the correlation functions in figure12are

g(2)
BB(1ki ) − 1 = 49 exp{1k2

i /[2(σ BB
i )2]}, (29)

g(2)

CL(1ki ) − 1 = 0.94 exp{1k2
i /[2(σ CL

i )2]}, (30)

New Journal of Physics 10 (2008) 045021 (http://www.njp.org/)

cv



18

0 0.5 1.0 1.5
0

0.5

1.0

1.5

2.0

× 10–19

k /kr

n(
k)

 (
m

3 )
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andk0 = 0.98kr , which are the same as in figure4.
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Figure 12. Same as in figure5 except for twice as small s-wave scattering lengths
a11 anda00.
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Figure 13. Illustration of the four regions of the momentum space density,
forming the quadrantsA, B, C andD on the s-wave scattering sphere, on which
we analyze the data for relative number squeezing.

where the widthsσ BB
i andσ CL

i are given by

σ BB
x /σx σ BB

y,z/σy,z σ CL
x /σx σ CL

y,z/σy,z

1.18 1.53 1.42 1.81
(31)

We see that the relative widths are practically unchanged, implying that the absolute widths
are broadened. The ratios between the CL and BB correlation widths are slightly increased and
are given byσ CL

x /σ BB
x ' 1.20 andσ CL

y,z/σ
BB
y,z ' 1.18.

These numerical results make the present example—with the diminished role of atom–
atom interactions—somewhat closer to the simple analytic predictions of equations (9) and (10)
based on a Gaussian ansatz for non-interacting condensates.

5.5. Relative number squeezing and violation of Cauchy–Schwartz inequality

Another useful measure of atom–atom correlations is the normalized variance of the relative
number fluctuations between atom numbersN̂ i and N̂ j in a pair of counting volume elements
denoted viai and j ,

Vi − j =
〈[1(N̂ i − N̂ j )]2

〉

〈N̂ i 〉 + 〈N̂ j 〉
= 1 +

〈: [1(N̂ i − N̂ j )]2 :〉

〈N̂ i 〉 + 〈N̂ j 〉
, (32)

where1X̂ = X̂ − 〈X̂〉 is the fluctuation. This definition uses the conventional normalization
with respect to the shot-noise level characteristic of Poissonian statistics, such as for a coherent
state,〈N̂ i 〉 + 〈N̂ i 〉 . In this case, the varianceVi − j = 1, which corresponds to the level of
fluctuations in the absence of any correlation betweenN̂ i and N̂ j . Variance smaller than one,
Vi − j < 1, implies reduction (or squeezing) of fluctuations below the shot-noise level and is due
to quantum correlation between the particle number fluctuations inN̂ i andN̂ j . Perfect (100%)
squeezing of the relative number fluctuations corresponds toVi − j = 0.
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Figure 14. Relative number variance in the diametrically opposite and
neighboring quadrants,VA−C/B−D andVA−B/C−D, as a function of time.

In the context of the present model for the BEC collision experiment and possible
correlation measurements between atom number fluctuations on diametrically opposite sides
of the s-wave scattering sphere, we assign the indicesi, j = A, B, C andD in equation (32) to
one of the four quadrants as illustrated in figure13. The total atom number operator̂N i in each
quadrantDi within the s-wave scattering sphere is defined after elimination of the regions in
momentum space occupied by the two colliding condensates

N̂ i (t) =

∫
Di

dkxdky

∫ +∞

−∞

dkzn̂(k, t). (33)

Operationally, this is implemented by discarding the data points beyond|kx| > 0.8kr . In
addition, the quadrantsDi are defined on a 2D plane after integrating the momentum distribution
along thez-direction, which in turn only takes into account the 3D data points satisfying
|1− k2/k2

r | < 0.28, i.e. lying in the narrow spherical shellkr ± δk with δk ' 0.14kr . The
elimination of the inner and outer regions of the halo is done to minimize the sampling error in
our simulations, since these regions have vanishingly small population and produce large noise
in the stochastic simulations.

The choice of the quadrants as above is a particular implementation of the procedure
of binning, known to result in a stronger correlation signal and larger relative number
squeezing [11, 36]. Due to strong BB pair correlations, we expect the relative number
fluctuations in the diametrically opposite quadrants to be squeezed,VA−C, VB−D < 1, while the
relative number variance in the neighboring quadrants, such asVA−B andVC−D, is expected to
be larger than or equal to one. The positive-P simulations confirm these expectations and are
shown in figure14, where we see strong (∼80%) relative number squeezing for the diametrically
opposite quadrants,VA−C,B−D ' 1− 0.8 = 0.2.

These results assume a uniform detection efficiency ofη = 1, whereas if the efficiency
is less than 100% (η < 1), then the second term in equation (32) should be multiplied
by η. This implies, that forη = 0.1 as an example, the above prediction of∼80% relative
number squeezing will be degraded down to a much smaller but still measurable value of
∼ 8% squeezing (VA−C,B−D ' 1− 0.08= 0.92). Even with perfect detection efficiency, our
simulations do not lead to ideal (100%) squeezing. This can be understood in terms of a small
fraction of collisions that take place with a center-of-mass momentum offset that is (nearly)
parallel to one of the borders between the quadrants. As a result, the respective scattered pairs
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fail to appear in diametrically opposite quadrants during the (finite) propagation time (see
also [36]).

For the symmetric case with〈N̂ i 〉 = 〈N̂ j 〉 and 〈N̂2
i 〉 = 〈N̂2

j 〉, the varianceVi − j can be
rewritten as

Vi − j = 1 +〈N̂ i 〉[g
(2)

i i − g(2)

i j ], (34)

where the second-order correlation functiong(2)

i j is defined according to

g(2)

i j =
〈: N̂ i N̂ j :〉

〈N̂ i 〉〈N̂ j 〉
. (35)

Equation (34) helps to relate the relative number squeezing,Vi − j < 1, to the violation of
the classical Cauchy–Schwartz inequalityg(2)

12 > g(2)

11 , studied extensively in quantum optics with
photons [33, 37]. The analysis presented here (see also [36] on molecular dissociation) shows
that the Cauchy–Schwartz inequality, and its violation, is a promising area of study inquantum
atom opticsas well.

6. Summary

An important conclusion that we can draw from the numerical simulations is that the predicted
widths of the correlation functions are remarkably robust against the parameter variations we
were able to explore (in section5.1 through 4). This gives us confidence in our physical
interpretation of the width as being chiefly due to the initial momentum width of the condensate.
The discrepancy with the analytical calculation of [28] seems to be primarily due to the different
cloud shapes used. The width of the halo varies with the parameters we tested in a predictable
way and also confirms the discussion in section3.

As for comparison with the experiment, the numerically calculated widths of the scattering
halo and the correlation functions coincide with the experimental ones to within better than
20% in most cases. The main discrepancy with the experiment is in theratio of the BB
and CL correlation widths. From the experimental point of view, these ratios are more
significant than the individual widths since some sources of uncertainty, such as the number
of atoms and the size of the condensates, cancel. The discrepancy may mean that the CL
correlations are not sufficient to characterize the size and momentum distribution in the source
at this level of accuracy. The discrepancies may of course also be due to the numerous
experimental imperfections, especially the fact that the Raman outcoupling was only 60%
efficient, and therefore an appreciable trappedmx = 1 condensate was left behind. This defect
may be remedied in future experiments. On the other hand, the current simulations neglect the
unavoidable interaction of the scattered atoms with unscattered,mx = 0 condensates as they
leave the interaction region. This interaction could alter the trajectories of the scattered atoms
in a minor, but complicated way. Future numerical work must examine this possibility further.

Still, the overall message of this work is that a first principles quantum field theory
approach can quantitatively account for experimental observations of atomic four-wave mixing
experiments. This work represents the first time that this sort of numerical simulation has been
carefully confronted with an experiment. An interesting extension would be to examine the
regime of stimulated scattering. It has been predicted that a highly anisotropic BEC could lead
to an anisotropic population of the scattering halo [38, 39]. This effect would be a kind of atomic
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analogue of superradiance observed when off-resonant light is shone on a condensate [40, 41].
In addition, our results may be useful beyond the cold atom community: theoretical descriptions
of correlation measurements in heavy ion collisions [42] may benefit from some of our insights.
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Appendix A. Duration of the collision

In order to estimate the collision duration one can consider a simple classical model of the
collision [24]. Denoting byρ1(x, t) andρ2(x, t) the density distributions of the two condensates,
the number of scattered atomsNsc(t) at a given time can be written

Nsc(t) = 2
∫ t

0
dt ′

∫
d3x2σ0vr ρ1(x, t ′)ρ2(x, t ′), (A.1)

whereσ0 = 8πa2
00 is the cross-section for a collision of two particles. In this latter formula

a00 ' 5.3 nm is the scattering length betweenmx = 0 atoms [16].
The time-dependent density of the two condensates can be calculated from the expansion

of a condensate in the Thomas–Fermi regime described in [44]. This approach suggests two
different timescales for the collision duration. First, the separation of the two condensates occurs
in a time defined by the ratio of the longitudinal size of the condensates and their relative
velocity tsep= Rx/vr . Taking for Rx the Thomas–Fermi radius of the initial condensate, one
can show thattsep is on the order of 1 ms. At the same time, the condensates expand during
their separation on a timescaletexp = 1/ωy = 1/ωz ' 140µs. This latter effect appears to be
predominant in the evaluation of equation (A.1) and texp can be taken as a definition of the
collision duration1t . The numerical evaluation of equation (A.1) givesNsc(1t) ' 0.66Nsc(∞)

and the estimated total number of scattered atoms corresponds to the experimentally observed
5% of the initial total number of atoms in the trapped condensate.

Appendix B. Occupation number of the scattering modes and amplitude of the
BB correlation

In order to estimate the occupation number of the scattering modes one needs to compare the
number of scattered atomsNsc to the number of scattering modesNm. To achieve this one has
to first consider the volume of a scattering modeVm, given by the first-order coherence volume
(also dubbed ‘phase grain’ in [12, 15]). Such a volume corresponds in fact to the coherence
volume of the source condensate, and in practice it can also be deduced from the measurement
of the width of the CL correlation functiong(2)

CL(1ki ) as one expects in a Hanbury Brown–Twiss
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experiment. For simplicity, we match the scattering mode volumeVm to the coherence volume
of the source condensate in momentum space,

Vm ' βσx(σyz)
2, (B.1)

whereβ is a geometrical factor which depends on the geometry of the modes. Approximating
the source condensate in momentum space by a Gaussian∝ exp [−x2/(2σ 2

x ) − (y2 +
z2)/(2σ 2

y,z)], one hasβ = (2π)3/2.
The number of scattering modesNm can in turn be estimated from knowledge of the total

volume of the scattering shellV ,

Nm =
V

Vm
, (B.2)

where the volumeV is determined from the value of the width of the scattering shellδk:

V =

∫
d3k exp [−(k − kr )

2/(2δk2)]

' 4π
√

2πk2
r δk, (B.3)

for δk � kr . If we apply this estimate to the results of the main numerical example (see
section5.1), we findNm ' 26 400. AsNsc = 1750, this implies an occupation number per mode
of Nsc/Nm ' 0.066. Such an estimate confirms that the system is indeed in the spontaneous
regime and that bosonic stimulation effects are negligible.

The simple model of [16] for the BB correlation predicts that its height is given by

g(2)
BB(0) = 1 + Nm/Nsc. (B.4)

Using the above estimate ofNm and the actual value ofNsc found from the numerical
simulations, we obtain that the height of the BB correlation peak should be approximately given
by ∼ 16. This compares favorably with the actual numerical result of 10.2. Similarly, we obtain
the BB correlation peak of:∼62 in the example with the shorter collision time (compare with
the numerical result of 36.6); ∼18 in the example with the smaller collision velocity (compare
with 10); and∼70 in the example with the smaller scattering length (compare with 50).

Appendix C. Width of the s-wave scattering sphere in the undepleted ‘pump’
approximation

To estimate the width of the halo of scattered atoms beyond the spontaneous regime we use
the analytic solutions for a uniform system in the so-called undepleted ‘pump’ approximation
in which the number of atoms in the colliding condensates are assumed constant. This
approximation is applicable to short collision times. Nevertheless, it formally describes the
regime of stimulated scattering and can be used to estimate the width of the s-wave scattering
sphere as we show here.

The problem of BEC collisions in the undepleted ‘pump’ approximation was studied
in [30]; the solutions for the momentum distribution of the s-wave scattered atoms are formally
equivalent to those obtained for dissociation of a BEC of molecular dimers in the undepleted
molecular condensate approximation [14, 31]. For a uniform system with periodic boundary
conditions, one has the following analytic solution for momentum mode occupation numbers:

nk(t) =
ḡ2

ḡ2 − 12
k

sinh2

(√
ḡ2 − 12

k t

)
. (C.1)
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Here, the constant̄g is given by

ḡ = 2U0ρ0 =
8π h̄a00ρ0

m
, (C.2)

whereU0 = 4π h̄a00/m corresponds to the coupling constantg/h̄ of [30], and we note that the
results of [30] contain typographical errors and have to be corrected as follows [45]: given the
Hamiltonian of (1), withg = 4π h̄2a/m, the couplingg in (2), (7), (9) and (10), as well as in the
definition of1(p) after (9), should be replaced by 2g. In the problem of molecular dissociation,
the constant̄g corresponds tōg = χ

√
ρ0 [14], whereχ is the atom–molecule coupling andρ0

is the molecular BEC density.
The parameter1k in equation (C.1) corresponds to the energy offset from the resonance

condition

h̄1k ≡
h̄2k2

2m
−

h̄2k2
r

2m
, (C.3)

whereh̄kr is the collision momentum; in molecular dissociation,h̄2k2
r /m corresponds to the

effective dissociation energy 2h̄|1eff|, using the notation of [14].
From equation (C.1), we see that modes with̄g2

− 12
k > 0 experience Bose enhancement

and grow exponentially with time, whereas the modes withḡ2
− 12

k < 0 oscillate at the
spontaneous noise level. The absolute momenta of the exponentially growing modes lie
near the resonant momentum̄hkr , and therefore we can use the conditionḡ2

− 12
k = 0 to

define the approximate width of the s-wave scattering sphere. First, we writek = kr +1k and
assume for simplicity thatkr is large enough so that1k � kr . Then the condition̄g2

− 12
k = 0

can be approximated by

1−

(
h̄kr 1k

mḡ

)2

' 0. (C.4)

This can be solved for1k and used to define the widthδk = 1k/2 of the s-wave scattering
sphere as

δk

kr
'

mḡ

2h̄k2
r

=
4πa00ρ0

k2
r

. (C.5)

The reason for defining it as half of1k is to makeδk closer in definition to the half-width at
half maximum and to the rms width aroundkr .

The above simple analytic estimate (C.5) gives δk/kr ' 0.05 for the present4He∗

parameters. For comparison, the actual width of the analytic result (C.1) varies betweenδk/kr '

0.12 andδk/kr ' 0.027 for durations between̄gt = 1 andḡt = 7, corresponding, respectively,
to t ' 20µs andt ' 140µs in the present4He∗ example.

Appendix D. Positive- P simulation parameters

The positive-P simulations in our main numerical example of section5 are performed on a
computational lattice with 1400× 50× 70 points in the (x, y, z)-directions, respectively. The
length of the quantization box along each dimension isLx = 252µm, L y = 20.52µm and
Lz = 30.76µm. The computational lattice in momentum space is reciprocal to the position
space lattice and has the lattice spacing of1ki = 2π/L i , giving 1kx = 2.49× 104 m−1,
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1ky = 3.06× 105 m−1 and1kz = 2.04× 105 m−1. The momentum cutoffs arek(max)
x = 1.75×

107 m−1, k(max)
y = 7.66× 106 m−1 andk(max)

z = 7.15× 106 m−1.
The momentum cutoff in the collision direction,k(max)

x , is more than 3 times larger
than the collision momentumkr , and hence it captures all relevant scattering processes
of interest, including the energy non-conserving scatterings(kr ) + (kr ) → (3kr ) + (−kr ) and
(−kr ) + (−kr ) → (−3kr ) + (kr ) [15]. In all our figures, the regions of momentum space covering
kx ' ±3kr are not shown for the clarity of presentation of the main halo. These scattering
processes, which produce a weak but not negligible signal atkx ' ±3kr , i.e. outside the main
halo, are enhanced by Bose stimulation due to the large population of the colliding condensate
components atkx ' ∓kr , respectively. In the remainingy- andz-directions, such processes are
absent and therefore the number of lattice points and the momentum cutoffs can be smaller.

Since the momentum distribution of the initial condensate is narrowest in thekx-direction,
one may question whether the resolution of1kx = 2.49× 104 m−1 with 1400 lattice points
is sufficient. We check this by repeating the simulations with 4200× 40× 40 lattice points
and quantization lengths ofLx = 753µm andL y = Lz = 15.4µm, which give smaller lattice
spacing1kx = 8.24× 103 m−1, together with1ky = 1kz = 4.08× 105 m−1, k(max)

x = 1.75×

107 m−1 and k(max)
y = k(max)

z = 8.16× 106 m−1. Our results on the new lattice reproduce the
previous ones, within the sampling errors of the stochastic simulations. We typically average
over 2800 stochastic trajectories, and take 128 time steps in the simulations over 25µs collision
time. A typical simulation of this size takes about 100 h on 7 CPUs running in parallel at 3.6 GHz
clock speed.
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Perturbative approach

J. Chwedeńczuk,1 P. Ziń,2 M. Trippenbach,1,2 A. Perrin,3,4 V. Leung,3 D. Boiron,3 and C. I. Westbrook3

1Institute of Theoretical Physics, Physics Department, Warsaw University, Hoża 69, PL-00-681 Warsaw, Poland
2The Andrzej Sołtan Institute for Nuclear Studies, Warsaw University, Hoża 69, PL-00-681 Warsaw, Poland
3Laboratoire Charles Fabry de l‘Institut d‘Optique, CNRS, Univ Paris-Sud, Campus Polytechnique, RD128,

91127 Palaiseau cedex, France
4Atominstitut der Österreichischen Universitäten, TU-Wien, Stadionallee 2, A-1020 Vienna, Austria

�Received 22 July 2008; published 4 November 2008�

We apply an analytical model for anisotropic, colliding Bose-Einstein condensates in a spontaneous four-
wave-mixing geometry to evaluate the second-order correlation function of the field of scattered atoms. Our
approach uses quantized scattering modes and the equivalent of a classical, undepleted pump approximation.
Results to lowest order in perturbation theory are compared with a recent experiment and with other theoretical
approaches.
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I. INTRODUCTION

The analog of correlated photon pair production �1� has
recently been demonstrated using atoms. Both molecular dis-
sociation �2� and four-wave mixing of de Broglie waves �3�
have shown correlation peaks. As in quantum optics, such
atom pairs lend themselves to investigations into nonclassi-
cal correlation phenomena such as entanglement of massive
particles �4–7� and spontaneous directionality or superradi-
ant effects �5,8�. From the point of view of the outgoing
atoms, the underlying physics is very similar and thus theo-
retical descriptions should be applicable to both processes.
The experiment using four-wave mixing of metastable he-
lium atoms in particular has yielded detailed information
about the atomic pair correlations. Efforts to treat the experi-
mental situations are therefore highly desirable.

Theoretically, a description of condensate collisions in the
spontaneous scattering regime requires a formulation that ex-
tends beyond the mean-field model �9,10�. In previous work
on spherical Gaussian wave packets, within a perturbative
approach, we have given analytical formulas for the correla-
tion functions �11,12�.

In this paper we extend our method to anisotropic conden-
sates to give an analytic description of the correlation prop-
erties of spontaneously emitted atom pairs in a geometry
much closer to and in good agreement with the experiment
�3�. Numerical approaches using the truncated Wigner
method �13,14� and positive-P method �15–17� have also
been used, in particular to give insight into the stimulation
regime where bosonic enhancement comes to play.

Here, we use the model of colliding condensates to exam-
ine two types of correlations. First, we shall focus on atom
pairs originating from the same two-body scattering event.
These consequently have nearly opposite momenta. Thus we
analyze the opposite-momenta correlations of atom pairs.
Second, we examine two-body correlations between atoms
scattered with nearly collinear momenta, a manifestation of
the Hanbury Brown-Twiss �HBT� effect �11,15,16,18�. In
both cases, the demonstration of a two-particle correlation
requires a measurement of the conditional probability of de-

tecting a particle at position r1 given that a particle was
detected at r2. This probability is proportional to the second-

order correlation function G�2��r1 ,r2� of the field �̂ of atoms:
i.e.,

G�2��r1,r2� = ��̂†�r1��̂†�r2��̂�r2��̂�r1�� .

We shall pay particular attention to correlations in momen-
tum space and compare these results with experimental data
of �3�. A careful comparison of a numerical treatment based
on the positive-P method �17� with the experiment �3� indi-
cated reasonable agreement, but one of the limitations of the
method, the short collision duration which could be simu-
lated, left some unresolved questions. In particular, energy
conservation is a less stringent constraint for short collision
times, and thus one can wonder about the role this constraint
plays in the experiment. The treatment given here is not sub-
ject to this limitation and also agrees fairly well with the
experiment for most of the experimentally accessible observ-
ables. One observable quantity, however—the averaged
width of the collinear correlation function in a direction or-
thogonal to the symmetry axis—disagrees with the experi-
ment and with Ref. �17�. In our treatment, it is precisely the
requirement of energy conservation that is at the origin of the
difference. At the end of the paper we shall discuss possible
explanations of this discrepancy.

Let us first describe the experiment in which a collision of
two Bose-Einstein condensates of metastable helium pro-
duces a cloud of scattered atoms. A condensate of approxi-
mately 104–105 He* atoms is created in a cigar-shaped mag-
netic trap with axial and radial trapping frequencies of �z
=2��47 Hz and �r=2��1150 Hz, respectively. Three la-
ser beams are used to transfer the atoms into two counter-
propagating wave packets by a Raman process, with a trans-
fer efficiency of about 60%. As the wave packets
counterpropagate with a relative velocity of 2vrec
=18.4 cm /s, atoms from the two clouds collide via s-wave
scattering, populating a spherical shell in momentum space
often referred to as the “halo” �19–21� �see Fig. 1�. In the
experiment, about 5% of the atoms are scattered. In addition
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to splitting the condensate, the Raman transition transfers the
atoms into an untrapped magnetic substate. The transferred
atoms thus expand freely, falling onto a microchannel plate
�MCP� detector that allows the three-dimensional reconstruc-
tion of the position of single atoms with an estimated effi-
ciency of 10% �22,23�. Knowing the positions of individual
atoms, the initial momenta and the second-order momentum
correlation function of the cloud of scattered particles can be
computed. The precision of the measurement is limited by
the finite resolution of the MCP. This factor will be taken
into account in our comparison between the theoretical esti-
mates and the experimental results.

II. MODEL FOR SCATTERING

To make the comparison, we introduce a simplified model
for atom scattering during a collision of two Bose-Einstein
condensate wave packets. In this model we assume that two
counterpropagating wave packets constitute a classical unde-
pleted source for the process of scattering. This concept is
introduced in analogy to examples in quantum optics, where
a strong coherent laser field is treated as a classical wave and
its depletion is neglected �24�. We shall simplify the model
further on. Since we assume that the two colliding conden-

sates remain undepleted, the population of the �̂ field of scat-
tered atoms should be small, as compared to the number of
atoms in the condensates. In such a regime, a Bogoliubov
approximation is often used �25,26�, leading to linearized

equations of motion for the quantum fields. In our case, the �̂
field of scattered atoms satisfies the Heisenberg equation �for
details of the derivation, see �11,12��

i��t�̂�r,t� = −
�2�2

2m
�̂�r,t� + 2g�Q�r,t��−Q�r,t��̂†�r,t� .

�1�

Here ��Q�r , t� is the c-number wave function of the collid-
ing condensates with mean momentum per atom equal to

��Q. Moreover, the coupling constant g= 4��2a
m is related to

the atomic mass m and s-wave scattering length a of He*.
To permit analytic calculations, we model the condensate

wave functions ��Q�x ,y ,z , t� as Gaussians:

��Q =� N

2�3/2�r
2�z

exp�	iQz −
i�Q2t

2m
	

�exp
−
1

2�r
2 �x2 + y2� −

1

2�z
2�z 	

�Qt

m
	2� , �2�

where N is the total number of particles in both wave pack-
ets. The radial ��r� and axial ��z� width of the Gaussians are
extracted from the initial condensate wave function 
0
which is calculated numerically from the Gross-Pitaevski
equation using an imaginary-time method. In practice, we fit
�dvx�dvy
0�v�2 with a Gaussian function � exp�−vz

2 /�z
2�

and then use �z=� / �m�z�. We define �r similarly. Here, for
simplicity, we neglect the spread of the condensates during
the collision. This assumption seems reasonable because
most of the atom collisions take place before the two clouds
have had time to expand.

It is useful to change variables and rescale the field op-
erator

�Q

m�z
t → t, r/�z → r,

1

�z
3/2 �̂�r,t� → �̂�r,t� ,

which simplifies the equation of motion �1�: i.e.,

i�t�̂�r,t� = −
1

2
�2�̂�r,t� + �e−�x2+y2�/�2−z2

e−it−t2�̂†�r,t� ,

�3�

where �=
4Na�z

�r
2��

, =Q�z, and �=
�r

�z
.

The condensate density in momentum space then reads


0�k�2 =
N3

��3�2
exp�− 2�kz

2 + �2kr
2�� . �4�

The three parameters �, , and � fully determine the dynam-
ics of the field of scattered atoms. For N=104 and �Q
=mvrec we have �=1652, =227, and �=0.05.

We also find �z=0.004vrec, �z=39 �m, �r=0.0870vrec,
and �r=2 �m. The parameter � is a measure of the strength
of the interactions between particles. As such, it governs the
fraction of atoms scattered into the halo. As a consistency
check, in Appendix A we give an alternate estimate of � in
the experiment using the observed fraction of scattered at-
oms.

In Sec. III we derive an analytical expression for the
second-order correlation function in the perturbative regime.
It is still an open question whether, for these parameters, the
perturbative approach applies. We tackle this issue after the
evaluation of the G�2� function is Sec. III C. In Sec. IV we
compare the perturbative results with the experimental data
of �3�.

z

x

y

FIG. 1. �Color online� Velocity space representation of the pair
production experiment. Raman pulses generate counterpropagating
condensates which collide and expand into disk-shaped clouds
along the z axis. Atoms scattered during the collision expand to
form a spherical shell of correlated pairs. Note that the orientation
of the axes in this article differs from Ref. �3�
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III. DERIVATION OF G(2) IN THE PERTURBATIVE
REGIME

We shall begin the analytical calculations with a definition

of the Fourier transform of the �̂ operator:

�̂�r,t� = � 

2�
	3/2� dkeik·r−ik2t/2�̂�k,t� . �5�

This particular form of the Fourier transformation “incorpo-
rates” the free evolution of the field. Substitution of Eq. �5�
into Eq. �3� gives

�t�̂�k,t� = Ae−ite−t2� dk�e�i/2��k2+k�2�t

�exp�−
�22

4
�kr + kr��

2 −
2

4
�kz + kz��

2	�̂†�k�,t� ,

where A=−i �2�2

8�3/2 , kr=kxex+kyey, and ei is a unit vector in i
direction. The above can be integrated formally, giving

�̂�k,t� = A�
0

t

d�e−i�e−�2� dk�e�i/2��k2+k�2��

�exp�−
�22

4
�kr + kr��

2 −
2

4
�kz + kz��

2	�̂†�k�,�� .

Since in the Heisenberg picture the scattered field remains

in its initial vacuum state and the evolution of the �̂ field is
linear, the second-order correlation function G�2��k1 ,k2� de-
composes into

G�2��k1,k2;t� = ��̂†�k1,t��̂†�k2,t��̂�k2,t��̂�k1,t��

= G�1��k1,k1;t� · G�1��k2,k2;t�

+ G�1��k1,k2;t�2 + M�k1,k2;t�2, �6�

where M�k1 ,k2 ; t�= ��̂�k1 , t��̂�k2 , t�� is the anomalous den-

sity and G�1��k1 ,k2 ; t�= ��̂†�k1 , t��̂�k2 , t�� is the first-order
correlation function. Below we calculate these two functions
in the lowest order and for a time t=� because all the mea-
surements are made long after the collision has finished. We

expand �̂ in a series of perturbative solutions,

�̂�k,t = �� = �
i=0

�

�̂�i��k� ,

where to the lowest order we get

�̂�1��k� = A�
0

�

d�e−i�e−�2� dk�e�i/2��k2+k�2��

�exp�−
�22

4
�kr + kr��

2 −
2

4
�kz + kz��

2	�̂�0�†�k�� .

�7�

A. Anomalous density: k1¶−k2 correlations

The anomalous density to the first order is expressed as

M�k1,k2� = ��̂�0��k1��̂�1��k2�� .

Using Eq. �7� we get

M�k1,k2� = A exp�−
�22

4
�k1,r + k2,r�2	

�exp�−
2

4
�k1,z + k1,z�2	

��
0

�

d� exp�− i�� − �2� ,

where �=�1−
k1

2+k2
2

2 �. This gives

M�k1,k2� = − i
�2�2

16�
exp�−

2

4
�k1,z + k2,z�2	

�exp�−
�22

4
�k1,r + k2,r�2 −

�2

4
	
1 − erf� i�

2
	� .

�8�

This expression shows that the anomalous density describes
the correlations of atoms with opposite momenta. In other
words, it is non-negligible only when k1�−k2. If this con-
dition is not satisfied, the exponential functions drop quickly.
Comparing this expression to Eq. �4�, we find that the widths
of the anomalous density have the same anisotropy and are 2
times larger than the condensate density. Moreover, this ex-
pression shows that this function is also non-negligible only
for ��1. As  is large, ��1 only when k1�1 and k2�1.
This requirement expresses the conservation of energy in the
collision of two atoms.

B. First-order correlation function: k1¶k2 correlations

To the lowest order we have

G�1��k1,k2� = ��̂�1�†�k1��̂�1��k2�� .

Using Eq. �7� and ��̂�0��k1��̂�0�†�k2��=��3��k1−k2� we get

G�1��k1,k2� = A2�
0

�

d��
0

�

d�� exp�− �2 − ��2 + i�� − ����

�� dk exp
−
�22

4
��k1,r + kr�2

+ �k2,r + kr�2��
�exp
−

2

4
��k1,z + kz�2 + �k2,z + kz�2��

�exp
i


2
�k2 + k2

2��� − i


2
�k2 + k1

2��� .

In Appendix B we show that if the following three condi-
tions are satisfied,
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 � 1,
�

ur
� 1,

1

ur�
� 1, �9�

where u= �k1+k2� / k1+k2 and ur= �k1,r+k2,r� / k1+k2 re-
fers to the radial component of u, then the atomic density is
given by

G�1��k,k� =
�2�3

32�2�ur

exp
−
22�2�k − 1�2

ur2
� �10�

and the first-order correlation function by

G�1��k1,k2� =
�2�3

32�2�ur
exp
−

�22

8
�kr

2 −
2

8
�kz

2�
�exp�−

2

8
�u�k�2	
1 − erf� iu�k

2�2
	�

�exp�−
22�2�K2

ur
2 	 . �11�

We have introduced
k1+k2

2 =1+�K, �k=k1−k2 and assumed
�k is small.

The conditions �9� are fulfilled in the experiment of Ref.
�3� because the region ur�0 corresponds to the location of
the two condensates and has been excluded from the analy-
sis. The density of the scattered particles is peaked around
k=1 with a width of

ur
� �1. We thus expect an anisotropic

halo thickness, but the anisotropy is only strong around ur
�0, a direction which was inaccessible in the experiment of
Ref. �3�

As in the case of the anomalous density M, we can de-
compose G�1��k1 ,k2� into factors expressing momentum con-
servation �first line of Eq. �11�� and energy conservation
�second line of Eq. �11��. We find that the widths of the
momentum contribution are �2 larger than the corresponding
ones for M�k1 ,k2� �12,18�. As discussed in Refs. �17,18�, the
�2 is due to the assumption of a Gaussian density profile.
The energy contribution happens to be much more constrain-
ing than for M�k1 ,k2� because of the term u�k. If u�k=0,
meaning k1=k2, the width of G�1��k1 ,k2� is given by the
momentum contribution. But if u�k�0 and, for instance, if
u is parallel to �k, its width is �1 / even in the radial plane,
in contradiction with the simple model developed in Ref. �3�.

C. Applicability of perturbation theory

Perturbation theory is valid provided the scattering of at-
oms is spontaneous. When bosonic enhancement comes in to
play, the perturbative approach fails. Here we give a simple
estimate for parameters such as the number of scattered at-
oms and the dimensionless parameter  for which the per-
turbation is small and the above first-order results can be
used. Note that, usually, to verify whether the perturbation is
small, one has to calculate the physical quantities up to sec-
ond order. Then, comparison of the two lowest orders would
give an answer to the question if the perturbation theory can
be used. Moreover, such an approach would yield an expan-
sion parameter in the perturbative series. However, we were
unable to evaluate the physical quantities to second order in

this case. Thus below we provide an alternative method for
verification of whether for these parameters �, , and � the
perturbative approach applies.

A coherence volume can be attributed to each scattered
atom. It is a volume in momentum space in which the atom
is first-order coherent. In other words, if we choose a scat-
tered atom with momentum k, the volume set by all the wave
vectors k1 for which G�1��k ,k1� is not negligible is the co-
herence volume. If two bosons scatter in such a way that
their coherence volumes overlap, their joint detection ampli-
tude is enhanced by an interference effect. In other words,
scattering into an already occupied mode is stimulated. The
function G�1� permits an estimate of both the number of scat-
tered atoms and their associated coherence volumes. If the
number of scattered atoms is small, coherence volumes are
unlikely to overlap and stimulated scattering is negligible. In
this situation we expect our perturbative solution to be valid.

The above argument was used in the case of the collision
of two spherically symmetric ��=1� Gaussian wave packets
�12� and, in comparisons with numerical solutions of the

equation for the field �̂, proved to be correct. Here we apply
an analogous reasoning for the case ��1. A conservative
estimate for the maximum number of scattered atoms for
which the perturbative approach applies is Ncrit=V /Vc, where
V is a lower bound on the k-space volume into which atoms
are scattered and Vc is an upper bound on the coherence
volume of an individual atom.

In the comparison with the experiment �Sec. IV� we ana-
lyze a k-space volume � which excludes angles � smaller
than � /4. From Eq. �10� one sees that the density of scat-
tered atoms is peaked around k=1 with an rms width of
sin � /�. In the volume �, the minimum rms width of the
shell is ���2�−1. Taking twice this minimum rms as the
thickness of the shell, we find a lower limit on the volume of
V�4� /�.

The analysis of Eq. �11� shows that Vc reaches its maxi-
mum in � for ��� /4 �or ��3� /4, but due to symmetry
we will focus on one of these values�. If we set �=� /4
+��, �=��, and k1=k2=1, we find

G�1���,�� � exp�−
2����2

16
−

2�2����2

16
	 .

This gives an angular area of coherence approximately equal
to 8� /�2. Now we need to find the coherence width in the
radial direction. Setting k1= �1+�k /2�k /k and k2= �1
−�k /2�k /k we get

G�1���k� � exp�−
2�k2

8
	 .

The limit on the coherence volume is therefore Vc
�64� /3�3.

Combining the estimates of V and Vc, we find that the
critical number of atoms is given by Ncrit=

32

16 . For =227
we get Ncrit�104. In the experimental realization, the num-
ber of atoms detected in � varied from 30 to 300. Assuming
10% detection efficiency this gives a maximum of 3000 scat-
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tered atoms. Thus the experiment should be in the perturba-
tive regime. A similar argument is given in Ref. �17� leading
to a similar value of Ncrit.

IV. COMPARISON WITH EXPERIMENT

The formulas �8� and �11� cannot be directly compared
with experimental data. This is due to an extra step which is
made during the measurements: the joint probabilities mea-
sured in experiment are averaged over a region of interest �
which excludes the unscattered condensates. We approximate
� by �� � �

4 , 3�
4 � and �� �0,2�� �where u

= �sin � cos � , sin � sin � , cos ���.
In case of local momentum correlations, the normalization

procedure is done by choosing k1 and k2 almost equal: k1
−k2=�k, where �k is small. So we set k1=k+�k /2 and
k2=k−�k /2. The averaging corresponds to calculation of an
integral

�G�1���k�2� = �
�

dkG�1��k1,k2�2. �12�

Then, this function is normalized by

�
�

dkG�1��k1,k1� · G�1��k2,k2� . �13�

Let us denote the resulting normalized function by
�g�1���k�2�. As the anomalous density vanishes for local
correlations, Eq. �6� gives

g�2���k� = 1 + �g�1���k�2� .

For �k=0 we get g�2��0�=2 �18�.
In the case of back-to-back momentum correlations, in

analogy we have k1 and k2 almost opposite: k1+k2=�k. We
set k1=k+�k /2 and k2=−k+�k /2. Once again, the averag-
ing corresponds to

�M��k�2� = �
�

dkM�k1,k2�2.

After normalization by the function �13� we obtain
�m��k�2�. For the opposite momentum correlations, G�1�

vanishes; thus,

g�2���k� = 1 + �m��k�2� .

Let us now calculate the normalization function from �13�, as
is common for both local- and opposite-momentum correla-
tions. From Eq. �11� we have

G�1��k1,2� =
�2�3��

32��2u1,2r

exp
−
2�2�k1,2

2 − 1�2

2u1,2r2
� .

Now, in spherical coordinates, u1,2r= sin �1,2, where �1,2 is
an angle between the vector k1,2 and z axis. Since 1

2�k is
much smaller than k, we can approximate sin �1,2�sin �,
where � is an angle between the vector k and z axis and drop
higher-order terms in �k in the exponentials. We end up with
the approximate expression

�
�

dkG�1��k1,k1� · G�1��k2,k2�

�
�42�6

211� sin2 �
�

�

dk exp
−
2�2�k2 − 1�2

sin2 �

−
2�2�k · �k�2

sin2 �
� .

If �k=�k ·ex, k ·�k=k�k sin � cos �, and if �k=�k ·ez,
k ·�k=k�k cos �. The resulting integrals are calculated nu-
merically.

A. Back-to-back momentum correlations

As discussed above, we set k1=k+�k /2 and k2=−k
+�k /2. Using Eq. �8�,

M�k1,k2�2 =
�24�4

256�2 exp�−
�22

2
�kr

2 −
2

2
�kz

2 −
�2

4
	

�
1 + erfi2��

2
	� .

Here, �=�1−k2− �k2

4 �. The averaging over � is equivalent
to

�M��k�2� = �
�

dkM�k1,k2�2

=
�24�4

256�2 e−��22/2��kr
2
e−2/2�kz

2

��
�

dke−�2/4
1 + erfi2��

2
	� .

Numerical evaluation of this integral �for parameters 
and � as defined above� shows that the averaged anomalous
density can be well approximated by

�M��k�2� � exp�−
�22

2
�kr

2 −
2

2
�kz

2	 .

As we see, the width of �M��k�2� is primarily determined
by the momentum conservation constraint, but the analysis
shows that energy conservation plays a role, decreasing the
predicted width in the xy plane by the order of 10%. We
normalize the second-order correlation function by �13� and
introduce an empirical parameter �bb to normalize the height
of the calculated correlation function to that of the data. We
recall that the experimentally observed heights involve com-
plex issues such as detector resolution, and we refer the
reader to Ref. �3� for more information. It is not our purpose
to account for the heights here; thus, our empirical parameter
is simply a means to compare experimental and theoretical
widths.

We find

g�2���k� = 1 + �bb�m��k�2� .

This function is plotted in Fig. 2, using the value �bb
=0.032. We find good agreement with the experimental data
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in the x and y directions. In the z direction, the width of the
experimental peak is dominated by the detector resolution
which is larger than the calculated width.

B. Local momentum correlations

For the collinear correlation function we choose k1=k
+�k /2 and k2=k−�k /2. Using Eq. �11� and the definition
from Eq. �12� we have

�G�1���k�2� = �
�

dk
�42�6

211�ur2
exp�−

2

4
�u�k�2	

�exp
−
�22

4
�kr

2 −
2

4
�kz

2�
�
1 + erfi2� 

2�2
u�k	�

�exp�−
42�2�k − 1�2

ur
2 	 .

Let us now consider two separate cases.
Let us set �k=�kxex. Then, u�k=�k sin � cos �. Integra-

tion over the region � consists of an angular and a radial
integral. The radial one is

Ir = �
0

�

k2dk exp�−
42�2�k − 1�2

ur
2 	 .

The width of this Gaussian function is so small that we can
set k2dk�dk. Setting k=1+dk and extending the lower limit
of the integral to −� gives Ir� ur. Thus

�G�1���kx�2� � e−��22/4��kx
2�

0

2�

d��
�/4

3/4�

d�

�exp�−
2

4
�kx

2u2��,��	
�
1 + erfi2��kx

2�2
u��,��	� ,

where u�� ,��=sin � cos �. This integral is calculated nu-
merically, and we obtain

�g�2���kx�� = 1 + �g�1���kx�2� .

The result is again rescaled by the parameter �cl, although it
need not be identical to the back-to-back case:

�g�2���kx�� = 1 + �cl�g�1���kx�2� .

As �g�1��0�2�=1, we deduce the value of �cl=0.05.
Now we set �k=�kzez, and therefore u�k=�kz cos �. The

radial integral is the same as in the previous case, and we
find

�G�1���kz�2� � exp
−
2

4
��kz�2�

��
�/4

3/4�

d� exp�−
2

4
��kz�2 cos2 �	

�
1 + erfi2��kz

2�2
cos �	� .

Numerically we find

�g�2���kz�� = 1 + �cl�g�1���kz�2� .

We find that choosing �cl=0.05 makes the observed heights
match.

Once again, because of the detector resolution, we find
that the calculated peak is much narrower than the observed
one in the z direction. What is more surprising is that the
widths of the correlation functions in the x and y directions
are also narrower than those in the experiment. As can be
seen from the discussion following Eq. �11�, the peak width
along the direction of the outgoing atoms is strongly con-
strained by the energy conservation requirement. This means
that for scattering far from the z axis �� large�, the x and y
components of the correlation function are narrower than
they would be taking momentum conservation alone into ac-
count. This result contradicts the simple reasoning of Ref.
�3�.

In the next section we speculate about why the above
width for the correlation function is in agreement with nei-
ther the experiment nor the positive-P simulations.

V. CONCLUSIONS

The perturbative result we have presented here, while
rather complex, has the virtue that the results are analytic and
permit identification of the physical processes involved in
the pair formation process. In particular, the roles of energy
and momentum conservation are clearly identified. Our re-
sults for the back-to-back correlation are in good agreement
with the experiment. On the other hand, the collinear corre-
lation function, as shown in Fig. 3, is in apparent contradic-
tion with both the experiment and with the calculation of
Ref. �17�. The perturbative correlation function given in this
work is narrower. This discrepancy clearly needs more atten-
tion, both theoretical and experimental, but we wish to make
some comments about possible causes. First, as discussed in

-0.2 0 0.2

δv
y

/ v
rec

-0.2 0 0.2

δv
z

/ v
rec

1

1.05

1.1

-0.2 0 0.2

δv
x

/ v
rec

a) b) c)g(2)

FIG. 2. �Color online� Normalized opposite-momentum correla-
tions calculated in perturbative regime as compared with experi-
mental data. Three plots correspond to three different directions.
Here, �vi= �� /m��ki and vrec= �� /m�Q.
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Ref. �17�, the calculations using the positive-P representation
are not able to simulate the entire duration of the collision;
indeed, only about 20% of the collision time can be simu-
lated. Thus, energy conservation is not as strictly enforced,
leading to additional broadening in the calculations of Ref.
�17�. Although this effect was discussed in that reference, the
problem requires further scrutiny; it is not entirely clear to us
which widths are most affected by a short collision time.
Second, the experimental observations are also subject to
effects not treated here. It was briefly mentioned in Ref. �3�
that the mean-field interaction between the escaping atoms
and the remaining condensates may not be negligible. It is
therefore important to undertake an analysis of their effect on
the correlation functions. Finally, an important simplification
in the present treatment is the assumption that the conden-
sates do not expand during the collision. This assumption
seems reasonable because most of the atom collisions take
place before the clouds have had time to expand. Still, a
quantitative estimate of the influence of the condensate ex-
pansion is another avenue for future analysis.

Clarifying these questions may have ramifications beyond
atom optics. Conceptually similar experiments involving col-
lisions between heavy ions have also uncovered discrepan-
cies between observations and simple models �27,28�, the
so-called “HBT puzzle.” We hope that the work presented
here will continue to stimulate careful thought about the
four-wave-mixing process of matter waves.
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APPENDIX A: DETERMINATION OF �

When we introduced �, it was simply defined in terms of
the number of atoms, the condensate size, and the scattering
length. Here we give a complementary estimate of � which
provides a consistency check. The result essentially shows
that our treatment is able to predict, to within experimental
uncertainties, the number of scattered atoms. We start from
Eq. �10�. The integration of this equation over � gives the
number of scattered atoms to first order. This result, being a
function of �, can be compared with the number of scattered
atoms in the experiment. Knowing this number, we can
evaluate �. First, using Eq. �10�, the number of scattered
atoms in � is given by

N� =
�2�3

32�2�ur
�

�

dk exp
−
2�2�k2 − 1�2

2ur2
� .

Let us focus for a moment on the radial part of the above
integral:

Irad =
�2�3

32�2�ur
�

0

�

k2dk exp
−
2�2�k2 − 1�2

2ur2
� .

First, as the integrand is strongly peaked around k=1, the
measured volume can be dropped; i.e., k2�1. Then, intro-
ducing k=1+�k and assuming �k is small we get

Irad �
�2�3

32�2�ur
�

−1

�

d��k�exp
−
22�2��k�2

ur2
� .

The lower limit can be extended to −�, giving

Irad �
�2�3

32�2�ur
�

−�

�

d��k�exp
−
22�2��k�2

ur2
� =

�2�2

64
.

Integration over the angular variables gives a factor of 2�2�
and

N� =
��2

32
�2�2.

From the experimental data we know that the number of
scattered atoms varies from 300 to 3000. For N�=300 we get
�=930, and for N�=3000 we get �=2940. Thus the value of
�=1652 calculated from the model of colliding Gaussians
lies somewhere in between. This result confirms that the
choice of parameters such as �r and �z is reasonable.

APPENDIX B: FIRST-ORDER CORRELATION
FUNCTION: k1¶k2 CORRELATIONS

To first order the G�1� function is

G�1��k1,k2� = A2�
0

�

d��
0

�

d�� exp�− �2 − ��2 + i�� − ����

�� dk exp
−
�22

4
��k1,r + kr�2

+ �k2,r + kr�2��
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δv
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/ v
rec
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δv
z

/ v
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a) b) c)g(2)

FIG. 3. �Color online� Normalized collinear correlations calcu-
lated in the perturbative regime as compared with experimental
data. Three plots correspond to three different directions. Due to
cylindrical symmetry of the colliding condensates, theoretical re-
sults preserve this symmetry. Here, �vi= �� /m��ki and vrec

= �� /m�Q.
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�exp
−
2

4
��k1,z + kz�2 + �k2,z + kz�2��

�exp
i


2
�k2 + k2

2��� − i


2
�k2 + k1

2��� .

Thus, in contrast to the anomalous density, we must per-
form a two fold time as well as a three-dimensional space
integral. The space integral can be evaluated analytically.
Then, introducing x= �+��

�2
and y= �−��

�2
the first-order correla-

tion function is

G�1��k1,k2� =
�2�2

16�3/2�2
exp
−

�22

8
k1,r − k2,r2 −

2

8
k1,z − k2,z2��

0

�

dx�
−x

x

dy exp
− x2 + i


2�2
x�k2

2 − k1
2��

�exp
− y2�1 +
ur

2

�2 + uz
2	 + i�2y�1 −

k1
2 + k2

2

4
−

�k1 + k2�2

8
	�exp
i�2y

�k1,r + k2,r�2

4

y2

�2��2�
1

1 + 2y2/��2�2�
�exp
 y2

�2�ur
2 −

�k1,r + k2,r�2

4�1 + 2y2/��2�2�	�exp
i�2y
�k1,z + k2,z�2

4

y2



1

1 + 2y2/2�
�exp
y2�uz

2 −
�k1,r + k2,r�2

4�1 + 2y2/2�	� 1

1 + i�2y/��2�
1

�1 + i�2y/
,

where u=ur+uz is a vector of unit length and direction k1
+k2. As the scattering of atoms conserves energy and mo-
mentum, we expect that the density of atoms should be cen-
tered around k=1 �which corresponds to k=Q in physical

units�. Moreover, from the factor exp�−y2�1+
ur

2

�2 +uz
2��, we

deduce that the characteristic width of variable y is

1 /�1+
ur

2

�2 +uz
2.

Using the second of conditions �9� we have

exp
− y2�1 +
ur

2

�2 + uz
2	� � exp
− y2ur

2

�2� .

Since the characteristic range of y is � / ur, all the terms
proportional to y / and y /�2 can be dropped. This gives

G�1��k1,k2� =
�2�2

16�3/2�2

�exp
−
�22

8
k1,r − k2,r2 −

2

8
k1,z − k2,z2�

��
0

�

dx�
−x

x

dy exp
− x2 + i


2�2
x�k2

2 − k1
2��

�exp
−
y2

�2ur
2 + i�2y�1 −

k1
2 + k2

2

4

−
�k1 + k2�2

8
	 +

y2

�2�ur
2 −

�k1,r + k2,r�2

4
	� .

�B1�

Now, by letting k1=k2=k in Eq. �B1� let us focus on the
momentum density of scattered atoms:

G�1��k,k� =
�2�2

16�3/2�2
�

0

�

dx exp�− x2��
−x

x

dy exp
−
y2

�2ur
2

+ i�2y�1 − k2��exp
 y2

�2ur
2�1 − k2�� .

From the above we deduce that the characteristic width of x
is 1, which is much larger that the characteristic width of y.
This allows another approximation—the limits of y integral
can be expanded up from −� to �. The variables y and x
effectively decouple, giving

G�1��k,k� =
�2�2

32��2
�

−�

�

exp
−
y2

�2ur
2 + i�2y�1 − k2��

� exp
 y2

�2ur
2�1 − k2��dy .

After integration over y and with k�1, one obtains

G�1��k,k� =
�2�3

32�2�ur
exp
−

22�2�k − 1�2

ur2
� .

Equation �B1� can be rewritten in the form

G�1��k1,k2� =
�2�2

16�3/2�2

�exp
−
�22

8
k1,r − k2,r2 −

2

8
k1,z − k2,z2�

��
0

�

dx�
−x

x

dy exp
− x2 + i


2�2
x�k2

2 − k1
2��

�exp
−
y2

�2ur
2 + i�2y�1 −

k1
2 + k2

2

4
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−
�k1 + k2�2

8
	 +

y2

�2�ur
2 −

�k1,r + k2,r�2

4
	� .

Introducing
k1+k2

2 =1+�K and �k=k1−k2, where �k is
small, we obtain

G�1��k1,k2� =
�2�3

32�2�ur
exp
−

�22

8
�kr

2 −
2

8
�kz
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