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5Résumé et mots 
lésRésumé : Les thèmes abordés dans le 
adre de la thèse �Chemins 
on�nés dans un qua-drant� se 
on
entrent autour des mar
hes à petits sauts (
'est-à-dire aux huit plus pro
hesvoisins) 
on�nées dans un quart de plan.Tout d'abord, nous 
onsidérons le problème 
ombinatoire 
onsistant à 
ompter les
hemins du plan qui, se déplaçant selon un ensemble �xé de sauts, restent dans un quadrant.Nous nous fo
alisons sur les questions suivantes :� expli
iter la série génératri
e des nombres de 
hemins partant de l'origine et seterminant en un 
ertain point en un temps �xé ;� analyser la façon dont 
ette fon
tion dépend de l'ensemble de sauts, et en parti
ulierétudier sa nature (rationnelle, algébrique, (non) holonome).Ensuite, nous examinons le problème probabiliste des mar
hes aléatoires à valeurs dansun quadrant, homogènes à l'intérieur et tuées au bord. Nous nous intéressons alors auxquestions suivantes :� expli
iter les probabilités d'absorption en un 
ertain point du bord en un temps �xé,et en parti
ulier les probabilités d'absorption en un 
ertain site du bord ;� trouver l'asymptotique de 
es probabilités ;� expli
iter les probabilités que le pro
essus se trouve en un 
ertain point intérieur auquadrant en un temps �xé, et les fon
tions de Green ;� 
al
uler l'asymptotique pré
ise de 
es fon
tions de Green le long de toutes les traje
-toires ;� obtenir toutes les fon
tions harmoniques positives ou nulles ainsi que la 
ompa
ti�-
ation de Martin ;� analyser le temps d'absorption sur les axes, et notamment l'asymptotique de sa queuede distribution.Les méthodes que nous utilisons pour répondre aux questions 
i-dessus font appel àl'analyse 
omplexe.Mots 
lés : Mar
hes aléatoires tuées ; Fon
tions de Green ; Probabilités d'absorption ;Frontière de Martin ; Énumération des mar
hes du plan ; Séries génératri
es ; Algébri
ité ;Holonomie ; Problèmes frontière ; Surfa
es de Riemann ; Uniformisation ; Représentations
onformes



6Abstra
t and keywordsAbstra
t : The PhD thesis �Paths 
on�ned to a quadrant� deals with two di�erent aspe
tsof the walks with small steps (i.e. to the eight nearest neighbors) that are 
on�ned to aquarter plane.First, we study the 
ombinatori
s of 
ounting the planar walks whi
h, while movinga

ording to a given step set, remain in a quadrant. We then 
on
entrate on the followingproblems :� to make expli
it the generating fun
tion of the numbers of su
h traje
tories ;� to analyse the fashion in whi
h that series depends on the step set, and in parti
ularits nature (rational, algebrai
, (non-)holonomi
).Se
ond, we study the random walks with values in a quadrant, whi
h are taken homo-geneous inside and killed at the boundary. For these pro
esses, we are interested in thefollowing probabilisti
 problems :� to make expli
it the absorption probabilities at a �xed time in a 
ertain site ofthe boundary, and in parti
ular the absorption probabilities in some point of theboundary ;� to �nd the asymptoti
 behavior of these probabilities ;� to make expli
it the probabilities that the pro
ess, at a �xed time, is in a 
ertain sitebelonging to the interior of the quadrant, and in parti
ular the Green fun
tions ;� to 
ompute the pre
ise asymptoti
s of these Green fun
tions along all traje
tories ;� to obtain all non-negative harmoni
 fun
tions, as well as the Martin 
ompa
ti�
ation ;� to analyse the hitting time of the axes, and in parti
ular evaluating its asymptoti
tail distribution.The methods that we use in order to solve these problems are partially based on 
omplexanalysis.Keywords : Killed random walks ; Green fun
tions ; Absorption probabilities ; Martin boun-dary ; Enumeration of the planar walks ; Generating fun
tions ; Algebrai
ity ; Holonomy ;Boundary value problems ; Riemann surfa
es ; Uniformization ; Conformal mappings
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13Les thèmes que nous aborderons dans le 
adre de 
ette thèse se 
on
entreront autourdes mar
hes à petits sauts 
on�nées dans un quart de plan. Nous étudierons deux aspe
tsde 
es pro
essus, en donnant, dans 
ha
une des Parties II et III, un sens di�érent à lanotion de 
on�nement.Tout d'abord, dans la Partie II, nous 
onsidérerons les 
hemins du quadrant Z2
+

∗ se déplaçant selon le même ensemble de sauts S en tout point intérieur au quadrant,
∗ suivant S ∩ (Z×Z+) (resp. S ∩ (Z+×Z), S ∩ (Z+×Z+)) sur le bord horizontal (resp.sur le bord verti
al, en l'origine) du quart de plan Z2

+,
∗ à petits sauts, i.e. S ⊂ {−1, 0, 1}2 \ {0, 0}.Il y a manifestement 28 modèles, mais quelques-uns sont triviaux, tandis que 
ertainss'obtiennent par symétrie à partir d'autres ; M. Bousquet-Mélou et M. Mishna montrentdans [BMM09℄ qu'il existe en réalité 79 problèmes intrinsèquement di�érents à étudier.Pour 
es 79 ensembles de sauts S, nous nous fo
aliserons sur les questions suivantes :(1) expli
iter la fon
tion génératri
e (de trois variables) du nombre de 
hemins partantde l'origine et se terminant en un 
ertain point de Z2

+ en un temps �xé,(2) analyser la façon dont 
ette fon
tion génératri
e dépend de S, et, en parti
ulier,étudier sa nature (rationnelle, algébrique, holonome, non holonome).
Figure 1 � Exemple de mar
hes 
onsidérées dans la Partie II

S

Ensuite, dans la Partie III, parti
ulièrement motivés par les travaux [Bia91, Bia92a,Bia92b, Bia92
℄ de P. Biane, [IR08, IRL09, IR09a, IR09b℄ de I. Ignatiouk-Robert et al. et[EK08, KS09℄ de W. König et al., nous analyserons les mar
hes aléatoires (X(k), Y (k))k∈Z+à valeurs dans le quart de plan Z2
+

∗ homogènes à l'intérieur du quadrant Z2
+, i.e. les probabilités de transition pi,j =

P[(X(k + 1), Y (k + 1)) = (X(k), Y (k)) + (i, j) | X(k) 6= 0, Y (k) 6= 0] ne dépendrontpas de (X(k), Y (k)),
∗ faisant des petits sauts à l'intérieur du quadrant, i.e. les pi,j 
i-dessus seront nullesdès que |i| > 1 ou |j| > 1,
∗ tuées au bord de Z2

+, i.e. sur (Z∗
+ × {0}) ∪ {(0, 0)} ∪ ({0} × Z∗

+).Pour 
es pro
essus, nous nous intéresserons aux problèmes suivants :(3) expli
iter la fon
tion génératri
e (de deux variables) des probabilités d'absorption enun 
ertain point du bord en un temps �xé, et, en parti
ulier, 
elle (d'une variable)des probabilités d'absorption en un 
ertain site du bord,(4) trouver la forme expli
ite et l'asymptotique des probabilités 
i-dessus,(5) expli
iter la fon
tion genératri
e (de trois variables) des probabilités que le pro
essusse trouve en un 
ertain point de l'intérieur du quadrant en un temps �xé, et, enparti
ulier, la fon
tion génératri
e (de deux variables) des fon
tions de Green,



14(6) 
al
uler l'asymptotique pré
ise des fon
tions de Green le long de toutes les traje
-toires,(7) obtenir toutes les fon
tions harmoniques positives ou nulles, ainsi que la 
ompa
ti�-
ation de Martin,(8) analyser le temps d'atteinte des axes, et, en parti
ulier, évaluer l'asymptotique de saqueue de distribution.
Figure 2 � Mar
hes aléatoires analysées dans la Partie III

(pi,j)−1≤i,j≤1

Les thèmes des deux bran
hes de 
ette thèse sont 
ertes indépendants, mais leur analyses'avérera posséder un point 
ommun essentiel : les fon
tions génératri
es des quantités quinous intéresseront, 
omme le nombre de 
hemins dans la Partie II, puis les probabilitésd'absorption et les fon
tions de Green dans la Partie III, véri�ent une 
ertaine équationfon
tionnelle qui sera notre point de départ.C'est 
et aspe
t analytique que nous allons présenter en premier lieu, dans la Se
tion 1de 
ette introdu
tion. Par la suite, nous motiverons et énon
erons de façon détaillée nos
ontributions à l'analyse de l'énumération des 
hemins et à l'étude des mar
hes tuées, dansles Se
tions 2 et 3 respe
tivement.1 Appro
he analytique1.1 Prin
ipe de l'appro
heL'appro
he pionnière pour résoudre des problèmes liés aux mar
hes dans un quadrantvia l'utilisation d'une équation fon
tionnelle et de l'analyse 
omplexe a été proposée parV. Malyshev dans les années 1970, alors a�n d'étudier les probabilités stationnaires pourdes mar
hes aléatoires ergodiques, homogènes à l'intérieur du quadrant et ré�é
hies surle bord, voir [Mal72℄. Dans 
et arti
le, V. Malyshev a obtenu leur fon
tion génératri
e entermes de séries et de produits in�nis, dé�nis sur le re
ouvrement universel d'une 
ertainesurfa
e de Riemann naturellement asso
iée à la mar
he aléatoire. Pour des questionssemblables, G. Fayolle et R. Iasnogorodski ont, peu de temps après, présenté dans [FI79℄ uneappro
he plus intrinsèque au plan 
omplexe, utilisant notamment des problèmes frontière.Plus ré
emment, le livre [FIM99℄ des trois auteurs pré
édemment mentionnés a résumé etproposé de nouvelles voies pour le 
al
ul de 
es fon
tions génératri
es.Malheureusement, 
es méthodes ne donnent pas dire
tement d'information sur le
omportement quantitatif des probabilités stationnaires. C'est pourquoi V. Malyshev asuggéré de façon indépendante, dans [Mal73℄, une appro
he pour 
al
uler l'asymptotique de
es probabilités. Cette dernière a été notamment développée par I. Kurkova et V. Malyshevdans [KM98℄ pour le 
al
ul de l'asymptotique des fon
tions de Green et de la frontièrede Martin de pro
essus transients et ré�é
his sur le bord du quadrant, puis adaptée par



1. APPROCHE ANALYTIQUE 15I. Kurkova et Y. Suhov dans [KS03℄ à l'étude de 
ertaines mar
hes aléatoires non homogènesà l'intérieur du quadrant.Avant de dé
rire pré
isément les deux aspe
ts de 
ette appro
he, nous allons nousintéresser à son analogue élémentaire de dimension un, à travers l'exemple de la ruinedu joueur. Notons don
 (X(k))k∈Z+
la mar
he aléatoire aux plus pro
hes voisins sur Z+,ave
 probabilités p1 de 
roître et p−1 = 1 − p1 de dé
roître, absorbée en 0 et partantd'un 
ertain état initial i0. Aussi, posons qi0 pour la probabilité de ruine et Qi0(x) =∑

i≥1

∑
k≥1 Pi0 [X(k) = i]xi−1 pour la série génératri
e des fon
tions de Green. Il est trèsfa
ile de montrer que 
es dernières véri�ent l'équation

x
[
p1x+ p−1x

−1 − 1
]
Qi0(x) = qi0 − xi0. (1)Grâ
e à (1), trouver expli
itement les fon
tions de Green est équivalent à obtenir qi0 .Pour 
e faire, remarquons qu'évaluer (1) en un point x̂ annulant le noyau x[p1x+p−1x

−1−1]et appartenant au domaine de dé�nition de Qi0 
onduit à qi0 = x̂i0 � le seul x̂ possibleétant i
i [1 − (1 − 4p1p−1)
1/2]/[2p1].Pour obtenir alors l'asymptotique des fon
tions de Green, il su�t de 
onstater que (1)
onduit aisément à 
onnaître le 
omportement de Qi0 au voisinage de son unique singularité� à savoir [1 + (1 − 4p1p−1)

1/2]/[2p1] � et permet don
 de 
on
lure.Dans le 
as de la dimension deux, l'équation fon
tionnelle analysée dans [FIM99℄ peutêtre présentée de façon générique 
omme
K(x, y)Q(x, y) = k(x, y)q(x) + k̃(x, y)q̃(y) + k0(x, y)q0, (2)où Q(x, y) =

∑
i,j≥1Qi,jx

i−1yj−1, q(x) =
∑

i≥1Qi,0x
i−1, q̃(y) =

∑
j≥1Q0,jy

j−1 et q0 =

Q0,0 sont in
onnues, tandis queK(x, y) = xy
[∑

i,j pi,jx
iyj−1

], k(x, y) = x
[∑

i,j p
′
i,jx

iyj−

1
], k̃(x, y) = y

[∑
i,j p

′′
i,jx

iyj −1
] et k0(x, y) =

∑
i,j p

0
i,jx

iyj −1 sont des polyn�mes 
onnus.
Figure 3 � Mar
hes aléatoires étudiées dans [FIM99℄

pi,j

p′′i,j

p0
i,j p′i,jCi-dessus, les pi,j (resp. p′i,j, p′′i,j, p0

i,j) désignent don
 les probabilités de transition desmar
hes aléatoires à l'intérieur (resp. sur l'axe horizontal, sur l'axe verti
al, en l'origine) duquadrant, et les Qi,j sont les probabilités stationnaires des pro
essus � supposés ergodiquesdans [FIM99℄. Par ailleurs, les mar
hes sont supposées ne faire, à l'intérieur du quart deplan, que des petits sauts : 
ela signi�e que si |i| > 1 ou |j| > 1, alors pi,j = 0. Ce
i entraîneen parti
ulier queK est un polyn�me du se
ond degré au plus en 
ha
une des variables x, y.En�n, il est important de noter que Q, q, q̃ étant des fon
tions génératri
es de probabilités,le domaine de validité de (2) est a priori égal à D2 = {(x, y) ∈ C2 : |x| < 1, |y| < 1}.Si la série Q est 
her
hée expli
itement, alors, grâ
e à (2), il su�t de déterminer lesfon
tions q, q̃ et la 
onstante q0. À 
et égard, l'idée issue de la dimension un et 
onsistant à



16utiliser les zéros du noyau K est la bonne. En e�et, 
et ensemble des zéros du noyau, qui ne
ontenait que deux points dans le 
as de la dimension un, est maintenant, selon les valeursdes paramètres pi,j, une surfa
e de Riemann de genre 0 ou 1, autrement dit une sphère ou untore. Utilisant la ri
hesse de 
et ensemble ainsi que la dépendan
e q, q̃ en une seule des deuxvariables x, y, les auteurs de [FIM99℄ montrent que q, q̃ véri�ent des problèmes frontière detype Riemann-Carleman, à partir desquels ils déduisent des expressions expli
ites de 
esdeux séries, puis de q0 par normalisation.En 
e qui 
on
erne maintenant le 
omportement quantitatif des 
oe�
ients Qi,j de Q,V. Malyshev avait noté que l'équation (2) permet de les représenter 
omme des intégralesdoubles de Cau
hy, ave
 au dénominateur de l'intégrand la fon
tion K(x, y)xiyj . Lesexposants i, j allant tendre vers l'in�ni, il était par 
onséquent naturel, dans le but de
al
uler l'asymptotique de Qi,j, d'adapter à deux paramètres i, j la méthode du 
ol. C'estpré
isément 
e qu'a proposé V. Malyshev dans [Mal73℄, utilisant d'abord le théorème desrésidus pour ramener les Qi,j à des intégrales simples, puis le théorème de Cau
hy a�n debouger le 
ontour jusqu'au point du 
ol.Dans la première situation dé
rite 
i-dessus, les 
ourbes sur lesquelles q, q̃ véri�ent lesproblèmes frontière peuvent tout à fait être extérieures à D , i.e. au domaine de dé�nitionde q, q̃ ; dans la deuxième, le point du 
ol peut également ne pas appartenir à D . Pour
es deux raisons, il 
onvient de 
ommen
er par prolonger q, q̃ au-delà de D , jusqu'à 
es
ourbes et points. À 
ette �n, une pro
édure originale de prolongement est introduite dans[FIM99℄ : basée sur l'équation (2), elle utilise de façon 
ru
iale le fait que q, q̃ ne dépendentque d'une des deux variables x, y, ainsi que la surfa
e donnée par les zéros du noyau
{(x, y) ∈ C2 :

∑
i,j pi,jx

iyj − 1 = 0} et ses automorphismes asso
iés dits �de Galois� (déjà
onsidérés dans [Mal71℄)
ξ(x, y) =

(
x,

∑
i pi,−1x

i

∑
i pi,+1xi

1

y

)
, η(x, y) =

(∑
j p−1,jy

j

∑
j p+1,jyj

1

x
, y

)
, (3)et elle 
onduit à un prolongement des fon
tions q, q̃ à tout le plan 
omplexe. Une autre
onséquen
e de 
e prolongement est que l'identité (2) elle-même peut être étendue à undomaine 
ontenant stri
tement D2.Nous reviendrons en détail sur 
es transformations ξ, η laissant invariante la fon
tion∑

i,j pi,jx
iyj ainsi que sur le prolongement des fon
tions q, q̃, à la fois dans les Sous-se
tions1.2-1.3 et dans les Se
tions 2-3.Les étapes prin
ipales de l'appro
he analytique introduite dans [FIM99℄ étant rappelées,nous souhaitons maintenant mettre en éviden
e deux di�éren
es notables entre les équa-tions fon
tionnelles qui y sont 
onsidérées et 
elles que nous nous apprêtons à ren
ontreret étudier dans 
ette thèse.D'une part, les pro
essus auxquels nous allons nous intéresser i
i seront tels que lesfon
tions 
onnues k, k̃, k0 ne dépendront pas des deux variables x, y mais k0 sera 
onstantet k (resp. k̃) dépendra uniquement de x (resp. y). Cela entraînera des simpli�
ations toutà fait pro�tables, notamment lors de la résolution expli
ite des problèmes frontière.D'autre part, nous introduirons i
i une nouvelle variable dans l'équation fon
tionnelle(2) puisqu'en plus de [FIM99℄, nous 
onsidérerons la variable �du temps� z. Cela nouspermettra en e�et d'élargir le spe
tre de notre étude, et de répondre, par exemple, à desquestions liées au nombre d'étapes pour l'énumération des mar
hes ou au temps d'atteintedu bord pour les mar
hes tuées. Cela sera, en revan
he, une sour
e 
onstante de di�
ultés
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hniques supplémentaires : il s'agira notamment d'étendre la pro
édure de prolongementdes fon
tions q, q̃ à toutes les valeurs de z, ou en
ore d'étudier la dépendan
e vis à vis de
z du groupe de Galois engendré par les automorphismes (3).Grâ
e à (2) et en a

ord ave
 les deux remarques faites 
i-dessus, il est possible deprésenter ainsi les équations fon
tionnelles que nous 
onsidérerons dans 
ette thèse :

K(x, y, z)Q(x, y, z) = k(x, z)q(x, z) + k̃(y, z)q̃(y, z) + k0(z)q0(z) + κ(x, y, z), (4)
Q, q, q̃, q0 étant in
onnues et K,k, k̃, k0, κ 
onnues � la présen
e de κ 
i-dessus est 
ertesune di�éren
e formelle ave
 (2) mais ne 
ompliquera en rien l'analyse.En nous appuyant sur les notations prises au tout début de 
ette introdu
tion, nousdé�nissons à présent en détail 
e que seront les fon
tions in
onnues et 
onnues dans (4),pour 
ha
un des modèles des Se
tions 2 et 3.Dans la Se
tion 2, si S désigne l'espa
e des sauts admissibles, posant
qZ2

+
(i, j, k) =

∣∣{traje
toires se mouvant selon S, 
on�nées dans Z2
+,partant de (0, 0) et se terminant en (i, j) au temps k exa
tement}∣∣,les séries génératri
es Q, q, q̃, q0 seront égales à

Q(x, y, z) =
∑

i,j,k≥0

qZ2
+
(i, j, k)xiyjzk,

q(x, z) = Q(x, 0, z), q̃(y, z) = Q(0, y, z) et q0(z) = Q(0, 0, z). Quant aux fon
tions 
onnues,elles vaudront
K(x, y, z) = xyz



∑

(i,j)∈S

xiyj − 1/z


 ,

k(x, z) = K(x, 0, z), k̃(y, z) = K(0, y, z), k0(z) = K(0, 0, z) et κ(x, y, z) = −xy. Noussupposerons que S ⊂ {−1, 0, 1}2 \ {0, 0}, voir la Figure 1, 
e qui en parti
ulier entraîneraque K sera un polyn�me du se
ond degré au plus en 
ha
une des variables x, y.Dans la Se
tion 3, notant (i0, j0) la position initiale du pro
essus (X(k), Y (k))k∈Z+
,

Q(x, y, z) =
∑

i,j≥1,k≥0

P(i0,j0)[(X(k), Y (k)) = (i, j)]xi−1yj−1zksera la série génératri
e des fon
tions de Green à l'intérieur du quadrant, tandis que q, q̃, q0seront 
elles des probabilités d'absorption, et plus pré
isément, posant, pour i ou/et j nul,
hi0,j0

i,j,k = P(i0,j0)[(X,Y ) est tué au point (i, j) au temps k exa
tement],les séries q, q̃, q0 vaudront
q(x, z) =

∑

i≥1,k≥0

hi0,j0
i,0,kx

i−1zk, q̃(y, z) =
∑

j≥1,k≥0

hi0,j0
0,j,ky

j−1zk, q0(z) =
∑

k≥0

hi0,j0
0,0,kz

k.Quant aux fon
tions 
onnues, elles seront égales à
K(x, y, z) = xyz



∑

i,j

pi,jx
iyj − 1/z


 , k(x, z) = k̃(y, z) = k0(z) = 1, κ(x, y, z) = −xi0yj0,



18les pi,j 
i-dessus désignant les probabilités de transition à l'intérieur du quadrant. Ellesseront supposées nulles si |i| > 1 ou |j| > 1, voir la Figure 2 ; le noyau K sera don
, i
iaussi, un polyn�me du se
ond degré au plus en 
ha
une des deux variables x, y.Nous allons maintenant, dans la Sous-se
tion 1.2, montrer que les fon
tions in
onnues
q, q̃ satisfaisant à l'équation fon
tionnelle (4) véri�ent des problèmes frontière, nous endéduirons alors leurs expressions expli
ites. Nous nous pen
herons ensuite, dans la Sous-se
tion 1.3, sur di�érentes méthodes pour 
al
uler l'asymptotique des 
oe�
ients de 
esséries génératri
es désormais expli
ites.1.2 Problèmes de Riemann-Carleman et 
ollage 
onformeTout au long de la Sous-se
tion 1.2 et des suivantes, nous supposons que K est un poly-n�me du se
ond degré exa
tement en 
ha
une des variables x, y � 
ette hypothèse seranaturellement véri�ée dans les Parties II et III.Rédu
tion de l'analyse à un problème frontière Si X0(y, z) et X1(y, z) désignentles deux solutions en x de K(x, y, z) = 0, alors pour i ∈ {0, 1} et sous réserve que l'identité(4) soit véri�ée en (Xi(y, z), y), l'égalité

0 = k(Xi(y, z), z)q(Xi(y, z), z) + k̃(y, z)q̃(y, z) + k0(z)q0(z) + κ(Xi(y, z), y, z) (5)a lieu. Faire ensuite la di�éren
e des deux équations (5) 
orrespondant à i ∈ {0, 1} 
onduitformellement à
k(X0(y, z), z)q(X0(y, z), z) − k(X1(y, z), z)q(X1(y, z), z) = (6)

κ(X0(y, z), y, z) − κ(X1(y, z), y, z).Avant de poursuivre, il 
onvient de se pen
her plus en détail sur les fon
tions algé-briques X0,X1. Un 
al
ul simple nous fait remarquer que leur expression analytique 
om-porte la ra
ine 
arrée d'un polyn�me de degré trois ou quatre, à ra
ines réelles et dis-tin
tes ; pour 
ette raison, X0,X1 sont méromorphes sur un plan 
omplexe 
oupé du type
C \ ([y1(z), y2(z)] ∪ [y3(z), y4(z)]), les yi(z) étant les ra
ines du polyn�me susmentionné.
X0,X1 ne sont bien sûr pas dé�nies sur les segments [y1(z), y2(z)] et [y3(z), y4(z)] maisadmettent, pour y tendant vers l'un d'eux en restant dans un des demi-plans inférieur ousupérieur, des limites 
omplexes 
onjuguées l'une de l'autre.Faisant tendre ainsi y vers [y1(z), y2(z)] ou [y3(z), y4(z)] et posant t = X0(y, z), noustrouvons que la fon
tion q véri�e formellement la 
ondition

k(t, z)q(t, z) − k(t, z)q(t, z) = κ(t,X−1
0 (t, z), z) − κ(t,X−1

0 (t, z), z) (7)pour t ∈ X([y1(z), y2(z)], z) ou t ∈ X([y3(z), y4(z)], z), 
ourbes manifestement symétriquespar rapport à l'axe réel. (7) est appelée une 
ondition au bord de type Riemann-Carleman.Pour résumer, sous réserve que l'équation (4) soit véri�ée en (Xi(y, z), y) pour i ∈ {0, 1}et y ∈ [y1(z), y2(z)] ou/et y ∈ [y3(z), y4(z)], nous obtenons une ou deux 
onditions aubord (7).Il sera montré dans les Se
tions 2-3 qu'un des segments 
i-dessus, disons [y1(z), y2(z)],appartient au disque unité D , tandis que l'autre, [y3(z), y4(z)], y est extérieur.
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ette notation, le prolongement holomorphe des fon
tions q, q̃ que nous 
onstrui-rons sera tel que l'identité (4) pourra être étendue à un domaine 
ontenant {(Xi(y, z), y), i ∈
{0, 1}} pour y ∈ [y1(z), y2(z)], mais pas pour y ∈ [y3(z), y4(z)].Ainsi nous obtiendrons le problème frontière de Riemann-Carleman suivant : trouverune fon
tion q holomorphe à l'intérieur du domaine borné par la 
ourbe X([y1(z), y2(z)], z)et véri�ant sur 
ette dernière la 
ondition au bord (7).Par symétrie, il existe bien sûr un analogue de 
e problème pour la fon
tion q̃.Réussir le prolongement des fon
tions q, q̃ est don
 doublement 
ru
ial : il permet d'unepart d'étendre leur domaine de dé�nition jusqu'aux 
ourbes sur lesquelles elles véri�ent la
ondition au bord (7), et d'autre part également de déterminer la 
lasse de fon
tions danslaquelle il 
onvient de les 
her
her.L'extension de 
ette étape de l'appro
he analytique à toutes les valeurs de z n'estpas une 
onséquen
e dire
te du livre [FIM99℄, et 
ette généralisation à laquelle nousparviendrons dans les Se
tions 2-3 sera, à 
et égard, une des 
ontributions de 
ette thèse.Résolution du problème frontière Nous nous 
on
entrons maintenant sur la façond'obtenir des expressions expli
ites de q, q̃ à partir des problèmes frontière de Riemann-Carleman dé
rits et obtenus 
i-dessus.Le raisonnement usuel, voir [Gak66℄, 
onsiste à ramener 
es problèmes frontière àd'autres, pour lesquels la résolution expli
ite est parti
ulièrement agréable, à savoir lesproblèmes de type Riemann-Hilbert, i.e. ave
 une 
ondition au bord sur un segment.Pour réaliser la transformation de l'un en l'autre, il s'agit don
 de trouver une fon
tionqui �
olle� la partie supérieure de X([y1(z), y2(z)], z) à sa partie inférieure en un segment,et plus pré
isément une �
onformal gluing fun
tion� (CGF) pour l'ensemble délimité par
X([y1(z), y2(z)], z), au sens suivant, voir [Gak66℄ ou [Lit00℄.Dé�nition 1. Soit C ⊂ C∪{∞} un ensemble ouvert, simplement 
onnexe, symétrique parrapport à l'axe réel et di�érent de ∅, C et C ∪ {∞}. w est dite une CGF pour l'ensemble
C si w est une appli
ation méromorphe dans C , par ailleurs 
onforme de C vers le plan
omplexe privé d'un segment, et si en outre pour tout t sur le bord de C , w(t) = w(t).

Figure 4 � Collage 
onforme de l'ensemble X([y1(z), y2(z)], z)

X([y1(z), y2(z)], z)

D w w(X([y1(z), y2(z)], z), z)

x4(z) x1(z) x2(z) x3(z)

La théorie générale de 
es fon
tions prédit leur existen
e � mais en revan
he au
uneexpression expli
ite � pour tout ensemble ayant un bord su�samment régulier, voir parexemple [Gak66℄.



20 Cela étant, grâ
e à l'utilisation d'une CGF, le problème frontière ave
 
ondition aubord (7) devient de type Riemann-Hilbert, et, par la même, immédiatement résoluble entermes d'intégrales de Cau
hy, voir [Gak66℄.Pour rendre l'expression de q, q̃ ainsi déterminée 
omplètement expli
ite, il reste don
à trouver expli
itement une CGF.C'est un résultat auquel parviennent les auteurs de [FIM99℄ dans le 
adre de l'équationfon
tionnelle (2), grâ
e au raisonnement suivant : ils 
ommen
ent par plonger la 
ourbedont ils 
her
hent une CGF dans l'ensemble K1 = {(x, y) ∈ C2 :
∑

i,j pi,jx
iyj − 1 = 0} ;ils uniformisent ensuite la surfa
e K1, ave
 des fon
tions rationnelles si son genre est 0ou elliptiques de Weierstrass si le genre est 1 ; ils montrent alors que sur 
ette nouvellesurfa
e, la 
ourbe est transformée en un ensemble parti
ulièrement simple (typiquementun segment), pour lequel il est fa
ile de trouver expli
itement une CGF ; ils projettent en�nla CGF ainsi trouvée pour revenir au plan 
omplexe et en obtiennent �nalement une pourla 
ourbe initiale.Le 
ollage 
onforme est un aspe
t de l'appro
he analytique que nous développeronstout parti
ulièrement dans 
ette thèse, et 
e pour les deux raisons 
i-après.Premièrement, par
e que trouver des CGF pour les 
ourbes ren
ontrées dans les pro-blèmes des Se
tions 2-3 permet, 
on
rètement, de 
ompléter l'expli
itation des expressionsde q, q̃ obtenues grâ
e aux problèmes frontière.Deuxièmement, par
e que le 
ollage 
onforme est une notion intrinsèque : les CGF nedépendent en e�et que du noyau K et sont don
 les mêmes pour une 
lasse d'équationsfon
tionnelles (et don
 de pro
essus) bien plus large que (4) � par exemple, 
elle obtenuede (4) en 
onservant le même noyau K mais en autorisant les fon
tions k, k̃, k0 à dépendredes trois variables x, y, z (
e qui, du point de vue des pro
essus, 
orrespond à permettredes 
omportements beau
oup plus généraux sur les frontières).Con
ernant les résultats existants, nous avons déjà noté, plus haut, qu'un pro
édépour 
onstruire une CGF est présenté dans [FIM99℄ ; en revan
he, au
une propriété de
ette fon
tion � le fait qu'elle soit e�e
tivement une CGF mis à part � n'y est démontrée.C'est pourquoi nous prouverons i
i les faits suivants.Tout d'abord, nous étendrons la méthode de [FIM99℄ 
onsistant à trouver expli
itementune CGF pour z = 1 à des valeurs de z générales, 
e qui né
essitera de 
onstruire uneuniformisation de Kz = {(x, y) ∈ C2 : K(x, y, z) = 0}, et non pas seulement de K1.Ensuite, nous montrerons que la 
onstru
tion de [FIM99℄ est potentiellement 
omplète,au sens suivant : leur méthode 
onduit à disposer d'une CGF arbitraire ; pour les obtenirtoutes, il 
onvient alors d'utiliser des résultats généraux sur le 
ollage 
onforme ou sur lesopérateurs de Fredholm. I
i, nous prouverons que leur 
onstru
tion d'une CGF peut enfait se généraliser, et nous trouverons ainsi, de manière élémentaire et dire
tement, toutesles CGF.En�n, nous étudierons et 
ara
tériserons les propriétés globales de 
es CGF. En fait, laforme expli
ite des CGF obtenue abruptement après l'analyse met en jeu plusieurs fon
tionselliptiques de Weierstrass, asso
iées à des périodes di�érentes, et ne fait en parti
ulier pas
lairement transparaître la dépendan
e aux paramètres (
'est-à-dire à S dans la Se
tion 2et aux pi,j dans la Se
tion 3), question pourtant tout à fait naturelle. En utilisant la théoriedes transformations des fon
tions elliptiques, voir par exemple [HC44℄, nous montreronsque les propriétés globales des CGF sont 
onsidérablement liées à la �nitude du groupeengendré par les automorphismes de Galois (3), et plus pré
isément, nous démontrerons lerésultat suivant : pour z �xé, si le groupe d'automorphismes est �ni (resp. in�ni) alors toute



1. APPROCHE ANALYTIQUE 21CGF est algébrique (resp. non holonome) � rappelons qu'une fon
tion est dite holonomesi elle est solution d'une équation linéaire à 
oe�
ients polynomiaux, 
e qui est le 
as, parexemple, des fon
tions algébriques, voir [FS09℄. Nous prouverons aussi que le signe de la
ovarian
e peut s'avérer déterminant quant à la nature de 
es fon
tions.Ces résultats seront pré
isés dans les Se
tions 2-3 : nous expli
iterons, le 
as é
héant, ledegré d'algébri
ité des CGF, nous montrerons également que si le groupe engendré par (3)est �ni pour tout z, alors la CGF est algébrique en tant que fon
tion bivariée, en�n nousdonnerons de nombreux exemples expli
ites, ainsi que la méthode générale de simpli�
ationdes expressions abruptes.En 
on
lusion, les Sous-se
tions 1.1-1.2 
onduisent à disposer de représentations inté-grales 
omplètement expli
ites pour les fon
tions q, q̃, également pour q0 en évaluant (4) entout point annulant le noyau et appartenant au domaine de validité de (4), et �nalementaussi pour Q en utilisant de nouveau (4).1.3 Cal
ul des asymptotiquesLes résultats expli
ites pré
édents, très satisfaisants par 
ertains 
�tés, sont pourtantloin de 
onduire dire
tement à l'asymptotique des 
oe�
ients des séries Q, q, q̃, q0.Con
ernant la partie 
ombinatoire de 
ette thèse (Partie II), nous expliquerons dans laSe
tion 2 qu'il sera naturel de se fo
aliser davantage sur l'obtention d'expressions expli
itesplut�t que sur le 
al
ul d'asymptotiques. En revan
he, nous montrerons dans la Se
tion 3qu'il sera tout à fait pertinent de s'intéresser à des 
omportements quantitatifs dans lasituation probabiliste des mar
hes tuées (Partie III).Nous allons don
 i
i présenter les méthodes asymptotiques et les développements quenous en avons fait sur les deux exemples suivants, issus de la future Se
tion 3 : ave
 lesnotations du tout début de 
ette introdu
tion, nous 
onsidérerons d'abord les fon
tionsde Green Gi0,j0
i,j =

∑
k≥0 P(i0,j0)[(X(k), Y (k)) = (i, j)], dont la série génératri
e est égale à

Q(x, y, 1), puis les probabilités d'atteinte des bords P(i0,j0)[(X,Y ) atteint l'axe horizontal(resp. verti
al) au temps k exa
tement], dont la série génératri
e vaut q(1, z) (resp. q̃(1, z)).Asymptotique des fon
tions de Green Dans 
e paragraphe, la variable z sera égale
onstamment à 1, et pour 
ette raison, nous l'omettrons dans les notations � par exemple,nous é
rirons κ(x, y) à la pla
e de κ(x, y, 1).Il s'agit don
 i
i d'obtenir l'asymptotique, lorsque i + j → ∞ selon j/i → tan(γ),
γ ∈ [0, π/2], des 
oe�
ients Gi0,j0

i,j de Q véri�ant (4). Pour 
ela, suivant [Mal73℄ et [KM98℄,nous utilisons d'abord les formules de Cau
hy dans (4), 
e qui nous permet d'é
rire 
es
oe�
ients 
omme des intégrales doubles, puis nous appliquons le théorème des résidus àl'in�ni : nous obtenons alors que −2πıGi0,j0
i,j est égal à

∫

{|x|=1−ǫ}

k(x)q(x)

[∂yK(x, Y1(x))]xiY1(x)j
dx+

∫

{|y|=1−ǫ}

k̃(y)q̃(y) + k0q0 + κ(X1(y), y)

[∂xK(X1(y), y)]X1(y)iyj
dy, (8)où ǫ > 0 est petit. Rappelons (voir la Sous-se
tion 1.2) que X0,X1 sont les ra
ines en x de

K(x, y) ; de même, Y0, Y1 
i-dessus désignent les ra
ines en y du noyau. Elles sont dé�niesde manière non ambiguë grâ
e à la remarque suivante : une appli
ation du prin
ipe dumaximum 
onduit à noter que né
essairement |X0| ≤ |X1| ou |X1| ≤ |X0|, et que de même
|Y0| ≤ |Y1| ou |Y1| ≤ |Y0|, nous les �xons don
 en 
hoisissant |X0| ≤ |X1| et |Y0| ≤ |Y1|.



22 Les exposants i, j étant destinés à tendre vers l'in�ni, il est par 
onséquent naturel,a�n d'obtenir l'asymptotique de (8), de souhaiter adapter la méthode du 
ol � initialementprévue pour un seul paramètre. Cette idée s'avèrera être fru
tueuse, mais sa réalisationtout à fait di�érente selon que le drift est nul, ou non.Supposons don
 d'abord que le drift est non nul. Dans 
e 
as, le point du 
ol s'avèreradépendre de γ.Pour γ ∈]0, π/2[, nous généraliserons dire
tement au 
as des mar
hes aux huit pluspro
hes voisins les travaux [Mal73℄ et [KM98℄ réalisés dans le 
adre des mar
hes simples� 
'est-à-dire ayant des sauts aux quatre plus pro
hes voisins seulement.Lorsque γ = 0 et γ = π/2, le point du 
ol 
oïn
idera ave
 une singularité algébrique de
X ou Y et l'analyse, nettement plus déli
ate, n'a pas été faite dans les travaux antérieurs ;pour la mener à bien, nous aurons re
ours à une méthode plus sophistiquée, utilisantnotamment les 
hemins de plus grande des
ente.Faisons maintenant l'hypothèse que le drift est nul. Dans 
e 
as, le point du 
ol seraégal à 1 pour tout γ, et la situation paraît a priori favorable. En réalité, 
e point 1 sera trèsproblématique : d'un 
�té, par
e que le dénominateur de 
ha
un des intégrands de (8) auraun p�le en 1 (
e sera, en fait, une 
onséquen
e de la nullité du drift), d'un autre 
�té, 
ar lesdeux numérateurs auront également une singularité en 1, de type logarithmique (
ela noussera révélé par les expressions expli
ites de q, q̃ que nous obtiendrons des Sous-se
tions 1.1-1.2). Pour avoir l'espoir de 
on
lure, il 
onviendra don
 de 
her
her à 
onsidérer ensembleles deux membres de (8) et d'étudier alors l'asympotique.Pour réaliser 
ette idée, nous utiliserons une uniformisation de la surfa
e K1, 
'est-à-direque nous trouverons deux fon
tions x(s) et y(s) � en l'o

urren
e des fra
tions rationnelles �telles que K1 = {(x(s), y(s)) : s ∈ C ∪ {∞}}. Partant de (8), nous obtiendrons alors que

Gi0,j0
i,j =

1

2πı

∫

Γ

k(x(s))q(x(s)) + k̃(y(s))q̃(y(s)) + k0q0 + κ(x(s), y(s))

[∂yK(x(s), y(s))]x(s)iy(s)j
∂sx(s)ds, (9)où Γ est un 
ertain 
ontour � le fait d'avoir 
e même 
ontour Γ pour les deux termes de(8) sera hautement non trivial et requerra, en plus de l'utilisation du théorème de Cau
hy,une 
onnaissan
e �ne des propriétés analytiques des intégrands de (8).Il s'agira alors d'étudier pré
isément le 
omportement de l'intégrand de (9) au voisinagedu 
ontour Γ et tout parti
ulièrement près du point du 
ol, i.e. près du point 
orrespondantà (x, y) = (1, 1). Ce travail se révélera de nature très te
hnique, et nous apparaîtra hors deportée dans le 
as général. Il y aura 
ependant une 
lasse de pro
essus pour laquelle nouspourrons analyser 
ette quantité, à savoir les mar
hes telles que le prolongement 
onduiraà une forme fermée et expli
ite de k(x)q(x) + k̃(y)q̃(y) + k0q0 + κ(x, y) pour (x, y) ∈ K1,ou de manière équivalente du numérateur de (9). Dans la Se
tion 3, nous dé
rirons endétail la 
lasse de mar
hes 
ouverte par l'hypothèse 
i-dessus et nous montrerons qu'elleest agréablement importante, à la fois par le nombre et par le 
ara
tère des pro
essusqu'elle renferme (nous prouverons notamment que pour tout entier p ≥ 2, elle 
ontient aumoins un pro
essus admettant un groupe engendré par (3) d'ordre exa
tement 2p).Étendre l'analyse asymptotique de (9) à toutes les mar
hes aléatoires aux huit pluspro
hes voisins à drift nul est un enjeu très stimulant (qui 
onduirait par exemple àrépondre au problème ouvert qu'est la des
ription de la 
ompa
ti�
ation de Martin de
es pro
essus) et est un point que nous souhaitons vivement développer dans les annéesfutures.



2. ÉNUMÉRATION DES CHEMINS 23Asymptotique de la queue de distribution du temps d'atteinte d'un des axesNous nous tournons maintenant vers la dépendan
e des séries Q, q, q̃, q0 en la variable z,que nous réintroduisons don
 i
i. Nous allons nous 
on
entrer sur l'exemple de q(1, z), quisera, dans la Partie III, la série génératri
e des probabilités d'atteindre le bord horizontalen un 
ertain temps pour les mar
hes tuées, voir le tout début de la Sous-se
tion 1.3.En premier lieu, rappelons que les Sous-se
tions 1.1-1.2 
onduisent à disposer d'uneexpression expli
ite de q(1, z). Une façon naturelle et usuelle d'aborder alors le 
al
ul del'asymptotique des 
oe�
ients de 
ette fon
tion d'une variable est la re
her
he et l'étudede ses singularités, dans l'esprit de [Jun31℄, [Pól74℄ ou [FO90℄ � et i
i il su�ra en fait dese fo
aliser sur le point 1.Le 
omportement de q(1, z) au voisinage du point 1 nous apparaîtra d'une profonde
omplexité, la variable z apparaissant en e�et dans la 
ourbe d'intégration ou en
ore dansles périodes des di�érentes fon
tions elliptiques de Weierstrass qui 
omposent les CGF � àtitre de 
omparaison, la dépendan
e de q(x, z) en x est nettement plus simple : 
'est 
elled'une intégrale de Cau
hy évaluée, 
ertes, en une CGF.Dans 
ette thèse, nous nous fo
aliserons don
 sur l'analyse de q(1, z) dans les quelques
as parti
uliers pour lesquels il nous sera possible de surmonter 
es di�
ultés, à savoir
ertaines mar
hes disposant d'un groupe engendré par (3) �ni pour tout z.Cette notion de groupe ne dépendant pas de z, qui peut à première vue paraître unené
essité 
al
ulatoire, s'avère en réalité être tout à fait pertinente ; elle a notamment été
onsidérée (en substan
e, voir Proposition 13 page 36) dans les travaux de 
ombinatoire[BMM09℄.À titre d'exemple, l'hypothèse 
i-dessus sera véri�ée par les 19 mar
hes qui, dans la
lassi�
ation de [BMM09℄, disposent d'un groupe �ni et d'une 
ovarian
e négative ou nulle ;
omme 
as parti
uliers, nous pouvons 
iter les mar
hes aléatoires dans les 
hambres deWeyl des duaux de SU(2) × SU(2), SU(3) et Sp(4), voir la Figure 12 page 39, ainsi que lepro
essus pouvant s'interpréter 
omme le passage de quatre à deux blo
s dans le 
élèbremodèle du votant, voir la Figure 14 page 45.Nous avons à présent terminé la des
ription des di�érentes fa
ettes de l'appro
heanalytique utilisée et développée dans 
ette thèse, et nous souhaitons maintenant, dansles Se
tions 2 et 3, présenter nos résultats 
ombinatoires et probabilistes.2 Énumération des 
heminsLe premier thème abordé dans le 
adre de 
ette thèse sera l'énumération des mar
hes sedéplaçant sur un réseau plan, qui est un sujet à la fois 
lassique et 
élèbre en 
ombinatoire.Pour un ensemble borné de sauts S ⊂ Z2 donné, il est question de 
ompter le nombrede 
hemins qU (i, j, k) se mouvant selon S, partant d'un point �xé et arrivant en un 
ertainpoint (i, j) en un temps donné k ≥ 0, tout en étant éventuellement 
on�nés dans une région
U ⊂ Z2. Il s'agit alors, d'une part, de résoudre 
e modèle, 
'est-à-dire d'expli
iter la sériegénératri
e ∑(i,j)∈U ,k≥0 qU (i, j, k)xiyjzk qui lui est asso
iée, et d'autre part, de dé
rire lanature (rationnelle, algébrique, holonome, non holonome) de 
ette fon
tion.Ainsi, si au
une restri
tion sur les 
hemins n'est imposée (i.e. U = Z2), il est fa
iled'expli
iter la série génératri
e 
i-dessus qui s'avère être une fra
tion rationnelle.Autre exemple, si les traje
toires sont supposées rester dans un demi-plan U , alors lasérie peut également être expli
itée et se révèle algébrique, voir par exemple [BMP03℄.



24 Il est ensuite naturel de 
onsidérer les mar
hes 
on�nées dans une interse
tion de deuxdemi-plans, 
omme le quart de plan U = Z2
+. La situation semble d'emblée plus ri
he etplus diverse : 
ertaines mar
hes sont telles que leur série génératri
e est algébrique, 
'est le
as de la mar
he asso
iée à S = {(−1, 0), (1, 1), (0,−1)} et partant de (0, 0), voir [FH84℄ et[Ges86℄, d'autres admettent une série génératri
e qui n'est pas même holonome, 
omme lemontre l'exemple de la mar
he atta
hée à S = {(−1, 2), (2,−1)} et partant de (1, 1), voir[BMP03℄. Cette pluralité fait qu'il paraît très intéressant de se 
on
entrer sur 
es mar
hesrestant dans un quart de plan.C'est ainsi que M. Bousquet-Mélou et M. Mishna ont ré
emment entrepris, dans[BMM09℄, l'étude systématique des mar
hes 
on�nées dans Z2

+, partant de l'origine et ayantdes petits sauts. Rappelons-nous (voir le tout début de l'introdu
tion) que 
ela signi�e que
S est in
lus dans l'ensemble à huit éléments {−1, 0, 1}2 \ {(0, 0)}, et souvenons-nous aussique sur le bord horizontal Z∗

+×{0} (resp. sur le bord verti
al {0}×Z∗
+, en l'origine (0, 0)),les pas de la mar
he ont alors lieu selon S ∩ (Z×Z+) (resp. S ∩ (Z+ ×Z), S ∩ (Z+ ×Z+)).

Figure 5 � Exemple de mar
he à petits sauts 
on�née dans Z2
+

S

Il y a au total 28 tels modèles, mais, 
omme déjà relevé, quelques-uns sont triviauxet 
ertains s'obtiennent par symétrie à partir d'autres : il existe en fait 79 problèmesintrinsèquement di�érents à étudier, voir [BMM09℄.Un point de départ 
ommun pour l'analyse de 
es 79 mar
hes est le suivant : désignant,
omme dans la Sous-se
tion 1.1, le nombre de 
hemins 
on�nés dans Z2
+, partant de (0, 0)et se terminant en (i, j) en temps k par qZ2

+
(i, j, k), leur série génératri
e

Q(x, y, z) =
∑

i,j,k≥0

qZ2
+
(i, j, k)xiyjzk (10)véri�e l'identité

xyz



∑

(i,j)∈S

xiyj − 1/z


Q(x, y, z) = c(x, z)Q(x, 0, z)+ c̃(y, z)Q(0, y, z)− zδQ(0, 0, z)−xy,(11)où nous notons c(x, z) = zx

∑
(i,−1)∈S x

i, c̃(y, z) = zy
∑

(−1,j)∈S y
j et δ = 1 si (−1,−1) ∈ S,

δ = 0 sinon. L'équation fon
tionnelle (11), qui est démontrée dans [BMM09℄, est bien 
elleprésentée dans la Sous-se
tion 1.1 : e�e
tivement, si K(x, y, z) = xyz
[∑

(i,j)∈S x
iyj −1/z

],alors c(x, z) = K(x, 0, z), c̃(y, z) = K(0, y, z) et δ = K(0, 0, z). Par ailleurs, si n désignele 
ardinal de S, alors l'identité (11) est valide au moins sur {|x| ≤ 1, |y| ≤ 1, |z| < 1/n},puisque, bien sûr, qZ2
+
(i, j, k) ≤ nk.Pour résoudre tous les modèles, 
'est-à-dire dans le but d'expli
iter Q(x, y, z) pour
ha
un des 79 problèmes, il su�t don
 de résoudre l'équation fon
tionnelle (11).



2. ÉNUMÉRATION DES CHEMINS 25M. Bousquet-Mélou et M. Mishna ont alors remarqué qu'une idée-
lé pour l'analyse de(11) est l'utilisation du groupe engendré par (3). Il 
onvient tout de suite de noter que lesens donné à 
e groupe sera i
i légèrement di�érent que 
elui utilisé pré
édemment : ene�et, dans les Se
tions 1 et 3, de même que dans [Mal71℄ et [FIM99℄, il est 
onsidéré 
ommeun groupe d'automorphismes de l'ensemble K1 des zéros du noyau, tandis qu'i
i, il seradé�ni 
omme un groupe de transformations birationnelles de C(x, y)2 � en parti
ulier, lapropriété de �nitude devient plus 
ontraignante. Ces di�érentes appréhensions de la notiondu groupe seront d'ailleurs 
ommentées autour de la Proposition 13 page 36.Cela étant, 
e groupe (au sens des transformations birationnelles, don
) est étudié endétail dans [BMM09℄ pour 
ha
une des 79 mar
hes : il est �ni dans 23 
as (et alors de
ardinal 4, 6 ou 8) et est in�ni dans les 56 autres.En 
e qui 
on
erne les 23 mar
hes ayant un groupe �ni, les réponses aux deux questionsqui nous intéressent, à savoir l'obtention d'une expression expli
ite de la série génératri
e(10) et la des
ription de sa nature, ont été trouvées très ré
emment.En e�et, dans l'important arti
le [BMM09℄, 22 de 
es 23 modèles sont résolus : la série(10) est expli
itée et s'avère être holonome, même algébrique dans 3 
as.La 23ème modèle, qui 
orrespond aux sauts S = {(−1,−1), (−1, 0), (1, 1), (1, 0)}, estaujourd'hui 
ommunément appelée �mar
he de Gessel�, en raison de la 
onje
ture queI. Gessel énonça en 2001, à propos de la validité supposée de la formule q(0, 0, 2k) =
16k[(5/6)k(1/2)k]/[(2)k(5/3)k ], où (a)k = a(a+1) · · · (a+k−1). La �
onje
ture de Gessel�demeurant sans preuve, l'interêt manifesté par la 
ommunauté 
ombinatori
ienne à sonégard � et plus globalement à l'attention de la mar
he de Gessel � n'a 
essé de grandirdepuis 2001, jusqu'à devenir parti
ulièrement aigu tout au long des années 2008-2010.Ainsi, en 2009, M. Kauers, C. Kouts
han et D. Zeilberger o�rent en�n, dans [KKZ09℄,une preuve (par ordinateur) de 
ette fameuse 
onje
ture. Une kyriade d'autres appro
hes dela 
onje
ture de Gessel et plus généralement de remarques autour de la mar
he homonymeentoure 
e résultat : voir, dans 
ette perspe
tive, [PW08℄, [Ayy09℄, [Pin09℄. En�n, A. Bostanet M. Kauers donnent dans [BK09℄ une preuve assistée par ordinateur du fait que la série(10) asso
iée à la mar
he de Gessel est algébrique. De plus, ils en expli
itent des polyn�mesminimaux, utilisant pour 
ela un système de 
al
ul formel puissant de l'INRIA (InstitutNational de Re
her
he en Informatique et Automatique).En automne 2009, I. Kurkova et moi remarquons qu'en dépit de 
e vif intérêt, 
emodèle n'est toujours pas résolu, 
'est-à-dire que la série (10) n'est pas en
ore expli
itée.C'est pour 
ette raison que nous déposons sur arXiv, en dé
embre 2009, le preprint [KR09a℄donnant une expression expli
ite de la série (10) pour la mar
he de Gessel, utilisant pour
ela les méthodes analytiques (en parti
ulier, sans aide d'ordinateur) dé
rites dans laSe
tion 1. Peu de temps après, nous apprenons que de son 
�té, M. van Hoeij a également,durant l'automne 2009, 
her
hé et obtenu une expression par radi
aux de la série (10)(utilisant à 
ette �n les polyn�mes minimaux donnés dans [BK09℄ ave
 aide d'ordinateur,voir l'appendi
e de [BK09℄), mais, à 
ette époque, il n'a pas en
ore rendu publi
 
e résultat.Ainsi, ave
 [BMM09℄ et [KR09a℄, les 23 modèles asso
iés à un groupe �ni deviennentrésolus sans aide informatique. Par ailleurs, dans le travail en préparation [BCK+10℄,A. Bostan et al. obtiennent des représentations intégrales de (10) pour 
es mêmes 23mar
hes, par une méthode partiellement algorithmique, basée sur le télés
opage 
réatif etsur la résolution des équations di�érentielles du se
ond ordre en termes de fon
tions hyper-géométriques.



26 D'un autre 
�té, seulement 2 des 56 modèles ayant un groupe in�ni ont été résolus :pour les mar
hes asso
iées à S = {(−1, 1), (1, 1), (1,−1)} et S = {(−1, 1), (0, 1), (1,−1)}dessinées à gau
he sur la Figure 6 
i-dessous, M. Mishna a, dans [MR09℄, expli
ité la série(10) et a montré qu'elle était, dans les deux 
as, non holonome.C'est dans 
e 
ontexte très stimulant que s'ins
rivent les 
ontributions de 
ette thèse àl'énumération des 
hemins.Notre premier arti
le, résolvant la mar
he de Gessel [KR09a℄ et 
ité plus haut, est ànotre 
onnaissan
e une des premières exportations à un autre domaine que les probabilitésde l'appro
he analytique de [FIM99℄. Il pose ainsi les bases de l'utilisation de 
es méthodesdans le 
ontexte d'énumération des mar
hes à petits sauts 
on�nées dans un quart de plan.La di�
ulté des détails te
hniques s'est, quant à elle, essentiellement fo
alisée surle 
al
ul de la CGF, que nous avons expli
itée et dont nous avons montré qu'elle étaitalgébrique en tant que fon
tion bivariée.À la fois pour 
ontextualiser et pour élargir 
e résultat, il était alors naturel de souhaitergénéraliser 
ette analyse à toutes les 79 mar
hes. C'est 
e que nous avons fait dans [Ras10a℄,en introduisant une appro
he uni�ée pour la résolution expli
ite de tous les 79 problèmes.La portée de 
e dernier travail [Ras10a℄ est double : d'une part, il 
onduit à disposer,pour la première fois, d'une expression expli
ite de la série (10) pour 54 des 56 mar
hesasso
iées à un groupe in�ni, et d'autre part, en fournissant une expression expli
ite dumême type pour les 79 mar
hes, il permet de faire ressortir 
lairement la façon dont la série(10) dépend des paramètres � nous serons davantage pré
is à 
e propos dans le Théorème 5.Nous allons maintenant dé
rire pré
isément nos 
ontributions. Dans 
e qui suit, nousadoptons les notations suivantes : xyz[∑(i,j)∈S x
iyj−1/z

]
= ã(y, z)x2+b̃(y, z)x+c̃(y, z) =

a(x, z)y2 + b(x, z)y + c(x, z), où c̃(y, z), c(x, z) sont les polyn�mes dé�nis au-dessous de(11), ã(y, z) = zy
∑

(+1,j)∈S y
j , b̃(y, z) = −1 + zy

∑
(0,j)∈S y

j, a(x, z) = zx
∑

(i,+1)∈S x
i et

b(x, z) = −1 + zx
∑

(i,0)∈S x
i. Posons également d̃(y, z) = b̃(y, z)2 − 4ã(y, z)c̃(y, z) ainsique d(x, z) = b(x, z)2 − 4a(x, z)c(x, z). En parti
ulier, les ra
ines du noyau 
onsidéréesdans la Se
tion 1 prennent les expressions X0(y, z) = [−b̃(y, z) + d̃(y, z)1/2]/[2ã(y, z)],

X1(y, z) = [−b̃(y, z) − d̃(y, z)1/2]/[2ã(y, z)], Y0(x, z) = [−b(x, z) + d(x, z)1/2]/[2a(x, z)] et
Y1(x, z) = [−b(x, z) − d(x, z)1/2]/[2a(x, z)].Pour les 5 pro
essus de la Figure 6 
i-dessous, il s'avère que l'appro
he de la Se
tion 1 nefon
tionne pas, 
ar les 
ourbes asso
iées aux problèmes frontière (7) deviennent dégénéréesen des points. Ces 5 mar
hes disposent de la propriété 
ommune qu'au
une des transitions
(0,−1), (−1,−1), (−1, 0) n'appartient à S, elles sont dites �singulières�.

Figure 6 � Les 5 mar
hes singulières dans la 
lassi�
ation de [BMM09℄Deux de 
es pro
essus sont 
eux qu'a étudiés M. Mishna dans [MR09℄ ; nous générali-serons son appro
he aux 5 mar
hes singulières et nous obtiendrons le résultat 
i-après � où
f◦k désigne f ◦ · · · ◦ f ave
 k o

urren
es de f .



2. ÉNUMÉRATION DES CHEMINS 27Théorème 2. Pour les 5 mar
hes singulières de la Figure 6,
Q(x, 0, z) =

1

zx2

∑

k≥0

Y0 ◦ (X0 ◦ Y0)
◦k(x, z)

[
(X0 ◦ Y0)

◦k(x, z) − (X0 ◦ Y0)
◦(k+1)(x, z)

]
.

Q(0, y, z) est obtenu de l'égalité 
i-dessus en remplaçant X0 (resp. Y0) par Y0 (resp.
X0). De plus, Q(0, 0, z) = 0 et Q(x, y, z) est alors expli
itée grâ
e à (11).Ces résultats étant donnés, nous souhaitons maintenant nous intéresser à la situationplus ri
he des mar
hes non singulières. Elles sont telles que pour tout z ∈]0, 1/n[, d̃ (resp.
d) a trois ou quatre ra
ines, que nous appelons yk(z) (resp. xk(z)). Fixons-les en notant que
|y1(z)| < y2(z) < 1 < y3(z) < |y4(z)| (resp. |x1(z)| < x2(z) < 1 < x3(z) < |x4(z)|). Aussi,posons GY ([x1(z), x2(z)], z) (resp. GX([y1(z), y2(z)], z)) pour la 
omposante 
onnexe de
C \ Y ([x1(z), x2(z)], z) (resp. C \X([y1(z), y2(z)], z)) 
ontenant y1(z) (resp. x1(z)).Théorème 3. Supposons que la mar
he soit non singulière.La fon
tion c(x, z)Q(x, 0, z) − c(0, z)Q(0, 0, z) admet, pour x ∈ GX([y1(z), y2(z)], z) et
z ∈]0, 1/n[, l'expression suivante :
c(x, z)Q(x, 0, z) − c(0, z)Q(0, 0, z) =

xY0(x, z) +
1

π

∫ x2(z)

x1(z)

t
[
− d(t, z)

]1/2

2a(t, z)

[
∂tw(t, z)

w(t, z) −w(x, z)
−

∂tw(t, z)

w(t, z) − w(0, z)

]dt,
w étant une CGF (voir la Dé�nition 1) pour l'ensemble GX([y1(z), y2(z)], z).La fon
tion c̃(y, z)Q(0, y, z) − c̃(0, z)Q(0, 0, z) admet, pour y ∈ G Y ([x1(z), x2(z)], z) et
z ∈]0, 1/n[, l'expression suivante :
c̃(y, z)Q(0, y, z) − c̃(0, z)Q(0, 0, z) =

X0(y, z)y +
1

π

∫ y2(z)

y1(z)

t
[
− d̃(t, z)

]1/2

2ã(t, z)

[
∂tw̃(t, z)

w̃(t, z) − w̃(y, z)
−

∂tw̃(t, z)

w̃(t, z) − w̃(0, z)

]dt,
w̃ étant une CGF pour GY ([x1(z), x2(z)], z).La formulation de Q(0, 0, z) dépend de la valeur de c(0, z) = c̃(0, z) ∈ {0, z} 
omme suit.Supposons tout d'abord que c(0, z) = c̃(0, z) = z, ou de manière équivalente que δ = 1dans (11). Grâ
e à (11), nous obtenons que pour tout x, y, z véri�ant∑(i,j)∈S x

iyj −1/z =
0, |x| ≤ 1, |y| ≤ 1 et z ∈]0, 1/n[ :
zQ(0, 0, z) = xy−

[
c(x, z)Q(x, 0, z)−c(0, z)Q(0, 0, z)

]
−
[
c̃(y, z)Q(0, y, z)−c̃(0, z)Q(0, 0, z)

]
.Supposons maintenant que c(0, z) = c̃(0, z) = 0, ou de manière équivalente que δ = 0dans (11). Alors la fon
tion Q(0, 0, z) est égale à la limite, lorsque x tend vers 0, de

1

c(x, z)

(
xY0(x, z) +

1

π

∫ x2(z)

x1(z)

t
[
− d(t, z)

]1/2

2a(t, z)

[
∂tw(t, z)

w(t, z) − w(x, z)
−

∂tw(t, z)

w(t, z) − w(0, z)

]dt).La fon
tion Q(x, y, z) a alors l'expression expli
ite obtenue en inje
tant dans (11) lesrepresentations intégrales de Q(x, 0, z), Q(0, y, z) et Q(0, 0, z) trouvées juste 
i-dessus.



28 Ainsi, pour que les fon
tions Q(x, 0, z), Q(0, y, z), Q(0, 0, z) et Q(x, y, z) soient 
om-plètement 
onnues, il reste à expli
iter des CGF pour les ensembles GX([y1(z), y2(z)], z)et G Y ([x1(z), x2(z)], z).Le résultat suivant répond pré
isément à 
et obje
tif, en donnant, pour toutes les
74 mar
hes non singulières, l'expression expli
ite d'une CGF pour 
ha
un des ensembles
GX([y1(z), y2(z)], z) et GY ([x1(z), x2(z)], z) ; malheureusement, nous ne pourrons l'énon-
er dans son intégralité que dans la Partie II.Théorème 4. Les fon
tions w et w̃ expli
itement dé�nies en (B.11) de la Partie II sontdes CGF pour les ensembles GX([y1(z), y2(z)], z) et GY ([x1(z), x2(z)], z) respe
tivement.Dans la Partie II, nous verrons que la forme expli
ite des CGF w et w̃ du Théorème 4asso
ie plusieurs fon
tions elliptiques de Weierstrass, liées à des périodes di�érentes, etne fait en parti
ulier pas 
lairement transparaître la dépendan
e à l'ensemble de sauts S.C'est pourquoi nous prouverons le résultat 
i-dessous.Théorème 5. Si le groupe de la mar
he engendré par (3) est �ni (resp. in�ni) au sens destransformations birationnelles, alors toute CGF pour les ensembles GX([y1(z), y2(z)], z) et
GY ([x1(z), x2(z)], z) est algébrique (resp. non holonome) en tant que fon
tion bivariée. Deplus, dans le 
as d'un groupe �ni, si la 
ovarian
e ∑(i,j)∈S ij est négative ou nulle (resp.positive) alors toute CGF est rationnelle (resp. algébrique non rationnelle).Nous expli
itons maintenant, sous forme simpli�ée, une CGF pour 
ha
une des 23mar
hes disposant d'un groupe �ni.Proposition 6. Pour les 16 mar
hes ayant un groupe d'ordre 4, les fon
tions [(t/x4(z)−
1)(t−x1(z))]/[(t−x2(z))(t−x3(z))] et [(t/y4(z)−1)(t−y1(z))]/[(t−y2(z))(t−y3(z))] sontdes CGF pour les ensembles GX([y1(z), y2(z)], z) et GY ([x1(z), x2(z)], z) respe
tivement.

Figure 7 � 2 exemples parmi les 16 mar
hes ayant un groupe d'ordre 4Proposition 7. Pour les 2 mar
hes de la Figure 8, les fon
tions suivantes sont des CGFpour les ensembles GX([y1(z), y2(z)], z) et G Y ([x1(z), x2(z)], z) respe
tivement :
u(t)

(t− x2(z))(t − 1/x2(z)1/2)2
,

ũ(t)

(t− y2(z))(t − 1/y2(z)1/2)2
,ave
 u(t) = t2 et ũ(t) = t (resp. u(t) = ũ(t) = t(t+ 1)) pour la mar
he à gau
he (resp. àdroite) sur la Figure 8.Les deux mar
hes de la Figure 8 
i-dessous, très 
élèbres, apparaîtront de façon naturelledans la Partie III : 
elle de gau
he s'interprétera, en e�et, 
omme (la duale d') une mar
hedans la 
hambre de Weyl du dual de SU(3), tandis que 
elle de droite interviendra dansl'étude du modèle du votant, voir les Figures 12 et 14 pages 39 et 45 respe
tivement.
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Figure 8 � Les 2 mar
hes ayant un groupe d'ordre 6 et une 
ovarian
e négativeProposition 8. Pour les 3 mar
hes de la Figure 9, il existe des fon
tions algébriques(expli
itées dans le Chapitre B) α(z), β(z), δ(z), γ(z) telles qu'une CGF pour l'ensemble

GX([y1(z), y2(z)], z) = G Y ([x1(z), x2(z)], z) est donnée par l'unique fon
tion ayant unp�le en x2(z) et par ailleurs solution de
w2 +

[
α(z) +

β(z)u(t)

(t− x2(z))(t− 1/x2(z)1/2)2

]
w+

[
δ(z) +

γ(z)u(t)

(t− x2(z))(t− 1/x2(z)1/2)2

]
= 0,ave
 u(t) = t2 (resp. u(t) = t, u(t) = t(t+ 1)) pour la mar
he à gau
he (resp. au milieu, àdroite) sur la Figure 9.

Figure 9 � Les 3 mar
hes ayant un groupe d'ordre 6 et une 
ovarian
e positiveLes mar
hes de la Figure 9 revêtent une importan
e historique parti
ulière : 
elle degau
he, souvent nommée �de Flatto� ou �de Kreweras�, voir [FH84℄ ou [Ges86℄, est en e�etla première des 79 pour laquelle il fut prouvé que la série génératri
e trivariée est algébrique.Proposition 9. Pour la mar
he à gau
he sur la Figure 10, les fon
tions suivantes sontdes CGF pour les ensembles GX([y1(z), y2(z)], z) et G Y ([x1(z), x2(z)], z) respe
tivement :
t2

(t− x2(z))(t − 1)2(t− x3(z))
,

t(t+ 1)2

(t− x2(z))2(t− x3(z))2
.Proposition 10. Considérons la mar
he à droite sur la Figure 10. Posons G2(z) = (4/27)

(1 + 224z2 + 256z4), G3(z) = (8/729)(1 + 16z2)(1 − 24z + 16z2)(1 + 24z + 16z2), K(z)pour l'unique solution positive de K4 − G2(z)K
2/2 − G3(z)K − G2(z)

2/48 = 0 � si nousdé�nissons rk(z) = [G2(z) − exp(2kıπ/3)(G2(z)
3 − 27G3(z)

2)1/3]/3, nous avons K(z) =
[−r0(z)

1/2 + r1(z)
1/2 + r2(z)

1/2]/2 � et
F (t, z) =

1 − 24z + 16z2

3
−

4(1 − 4z)2

z

t2

(t− x2(z))(t − 1)2(t− x3(z))
,

F̃ (t, z) =
1 − 24z + 16z2

3
+

4(1 − 4z)2

z

t(t+ 1)2

[(t− x2(z))(t − x3(z))]2
.



30Une CGF pour l'ensemble GX([y1(z), y2(z)], z) est alors donnée par l'unique fon
tion ayantun p�le en x2(z) et par ailleurs solution de
w3 − w2

[
F (t, z) + 2K(z)

]
+ w

[
2K(z)F (t, z) +K(z)2/3 +G2(z)/2

]

−
[
K(z)2F (t, z) + 19G2(z)K(z)/18 +G3(z) − 46K(z)3/27

]
= 0.(12)De même, une CGF pour l'ensemble G Y ([x1(z), x2(z)], z) est donnée par l'unique fon
tionayant un p�le en x3(z) et solution de l'équation obtenue de (12) en remplaçant F par F̃ .

Figure 10 � Les 2 mar
hes ayant un groupe d'ordre 8Nous avons déjà 
ommenté de façon approfondie le statut si parti
ulier de la mar
he deGessel, à droite 
i-dessus. Notons que la mar
he représentée à gau
he sur la Figure 10(souvent appelée �de Gouyou-Beau
hamps�) est également fameuse : elle possède des
onnexions ave
 de multiples objets 
ombinatoires, 
omme ave
, par exemple, les �non-
rossing mat
hings�, voir [CDD+07℄.3 Mar
hes tuéesL'enthousiasme de la 
ommunauté probabiliste à l'endroit des pro
essus sto
hastiques
on�nés dans des 
�nes de Zd date au moins d'un demi-siè
le et de l'arti
le [Dys62℄. C'esten e�et dans 
e travail qu'en étudiant le fameux �gaussian unitary ensemble�, F. Dysonobserva que la famille des valeurs propres de 
e pro
essus matri
iel est égale, en distribution,à un ensemble de parti
ules browniennes 
onditionnées à ne jamais avoir de 
ollision lesunes ave
 les autres. Suivirent alors quelques dé
ennies plus silen
ieuses, puis un netregain d'intérêt dans les années 1990. Depuis lors, d'importantes 
lasses de pro
essus
on�nés dans des 
�nes de Zd sont analysées, 
omme, par exemple, les �non-
ollidingrandom walks�, également appelées �vi
ious walkers� ou en
ore �non-interse
ting paths�.Ce sont les pro
essus Z = (Z1(k), . . . , Zd(k))k∈Z+

omposés de d mar
hes aléatoires i.i.d.et 
onditionnés, en outre, à ne jamais quitter la 
hambre de Weyl W = {z ∈ Rd : z1 < · · · <

zd}. Les pro
essus (Z2(k)−Z1(k), . . . , Zd(k)−Zd−1(k))k∈Z+
formés des distan
es entre 
esmar
hes aléatoires s'avèrent dé
rire le 
omportement des valeurs propres d'intéressantspro
essus matri
iels, dans 
ette perspe
tive, voir [Bru91, HW96, Gra99, KO01, KT04℄,et apparaissent également dans l'analyse du �
orner-growth model�, voir [Joh00, Joh02℄.Par ailleurs, de multiples 
onnexions entre 
es pro
essus, les matri
es aléatoires et les �lesd'attente en tandem sont mises en éviden
e dans [O'C03
℄, tandis que [Kön05℄ propose unevue d'ensemble de 
e domaine, à travers le prisme des polyn�mes orthogonaux.Une façon naturelle et usuelle de 
onstruire des pro
essus 
onditionnés à rester dans une
hambre de Weyl 
onsiste à utiliser une transformation de Doob. C'est pré
isément l'objetde l'arti
le [EK08℄ pour les pro
essus Z dé
rits plus haut. P. Ei
helsba
her et W. König ytrouvent une fon
tion h positive, harmonique et nulle au bord de la 
hambre de Weyl W ; il



3. MARCHES TUÉES 31est alors 
lair que le h-pro
essus de Z est bien 
on�né dans W � par h-pro
essus de Z nousentendons le pro
essus Zh dé�ni par Pu[Zh(k) ∈ dv] = Pu[Z(k) ∈ dv, τW > k]h(v)/h(u),où τW = inf{p > 0 : Z(p) /∈ W }. En outre, les auteurs de [EK08℄ prouvent que Zh 
oïn
ide,en distribution, ave
 la limite, lorsque p → ∞, du pro
essus Z 
onditionné par [τW > p],
e qui est loin de prévaloir en général. A�n d'obtenir 
e dernier résultat, ils démontrentque l'asymptotique de la queue de distribution du temps d'atteinte τW admet la forme
Pu[τW > p] ∼p→∞ Ch(u)/pα, pour 
ertaines 
onstantes C et α. En e�et, il leur su�t alorsd'utiliser 
et équivalent dans l'identité suivante, obtenue grâ
e à la propriété de Markovde Z :

Pu[Z(k) ∈ dv|τW > p] = Pu[Z(k) ∈ dv, τW > k]
Pv[τW > p− k]

Pu[τW > p]
.Cela suggère, plus globalement, de s'intéresser à l'asymptotique de la queue de distri-bution du temps de sortie de 
�nes, pour des pro
essus généraux de Zd.À 
e propos, outre les résultats du travail [EK08℄, par ailleurs étendus dans [KS09℄ à des
hambres de Weyl d'autres types, 
itons les arti
les [DO05℄ et [DM09℄, où des problèmessemblables sont étudiés dans le 
adre des pro
essus asso
iés à des groupes de ré�exion �nis.Mentionnons également les travaux très généraux [Var99℄ et [Var00℄ de N. Varopoulos.Ce dernier y 
onsidère des mar
hes aléatoires de Zd homogènes et non 
orrélées, et montrealors que pour tout 
�ne Ω (su�samment régulier et 
ontenant l'état initial de la mar
he),il existe une 
onstante α, universelle pour 
haque 
�ne Ω, telle que la queue de distribution

P[τΩ > p] du temps d'atteinte τΩ du bord du 
�ne Ω est bornée, de part et d'autre, parune quantité de la forme C/pα. Néanmoins, 
es di�érentes 
onstantes C ne peuvent êtrepré
isées par 
ette appro
he.Un tout autre domaine où des pro
essus 
on�nés dans des 
�nes de Zd apparaissent est
elui des mar
hes quantiques � généralisations non 
ommutatives des mar
hes aléatoires
lassiques, voir e.g. [Bia08℄. D'une manière remarquable, il s'avère possible d'obtenir despro
essus 
lassiques à partir des quantiques, par restri
tion de 
es derniers à des espa
es
ommutatifs ; 
e traitement ad ho
 des pro
essus 
lassiques peut d'ailleurs se révéler tout àfait fru
tueux. C'est ainsi que dans [Bia91℄, en étudiant une mar
he quantique sur l'algèbrede von Neumann de SU(n), P. Biane obtient deux pro
essus 
lassiques, par restri
tion autore maximal puis au 
entre du dual de SU(n). P. Biane prouve alors que le premierdes deux pro
essus n'est rien d'autre qu'une mar
he aléatoire homogène aux plus pro
hesvoisins sur le tore maximal du dual de SU(n), tandis que le deuxième est le h-pro
essusdu premier préalablement tué au bord de la 
hambre de Weyl, au moyen d'une 
ertainefon
tion harmonique h positive à l'intérieur de la 
hambre de Weyl asso
iée et nulle à sonbord. Par la suite, P. Biane généralise 
es résultats, dans [Bia92
℄, au 
as des groupes deLie semi-simples et simplement 
onnexes. *Dans les deux situations 
onsidérées 
i-dessus, h est une fon
tion harmonique, positiveà l'intérieur de la 
hambre de Weyl et nulle à son bord. Est-elle unique ? Sinon, quelle estla stru
ture de l'ensemble de 
es telles fon
tions ? Les réponses à 
es questions trouventnaturellement leur pla
e dans la théorie de la frontière de Martin (appliquée aux pro
essussous-ja
ents tués au bord de la 
hambre de Weyl), dont nous esquissons 
i-après les grandeslignes.D'abord introduit pour le mouvement brownien par R. Martin en 1941 dans [Mar41℄, le
on
ept de 
ompa
ti�
ation de Martin a été ensuite étendu aux 
haînes de Markov dis
rètes



32par J. Doob et G. Hunt à la �n des années 1950, dans [Doo59℄ et [Hun60℄. L'objet de 
ettethéorie est à la fois de dé
rire le 
omportement asymptotique des 
haînes de Markov et de
ara
tériser toutes leurs fon
tions (sur)harmoniques.Pour une 
haîne de Markov transiente dé�nie sur un espa
e d'état E, la 
ompa
ti�
ationde Martin est la plus petite 
ompa
ti�
ation Ê de E pour laquelle les noyaux de Martin
z 7→ kz0

z = Gz0
z /G

z1
z se prolongent 
ontinûment � par Gz0

z nous désignons les fon
tions deGreen du pro
essus, 
'est-à-dire les nombres moyen de visites faites par le pro
essus en zpartant de z0, et par z1 nous notons un état arbitraire de référen
e. Ê \E est alors nomméela frontière de Martin. Aussi, il est 
lair que pour tout α ∈ Ê, z0 7→ kz0
α est surharmonique ;

∂mE = {α ∈ Ê\E : z0 7→ kz0
α est harmonique minimale} est alors 
ommunément appelée lafrontière de Martin minimale � rappelons qu'une fon
tion harmonique h est dite minimalesi l'inégalité 0 ≤ h̃ ≤ h ave
 h̃ harmonique implique que h̃ est proportionnelle à h. Ave
 
esnotations, la théorie (voir e.g. [Dyn69℄) a�rme que toute fon
tion h surharmonique (resp.harmonique) peut s'é
rire 
omme h(z0) =

∫
Ê k

z0
z µ(dz) (resp. h(z0) =

∫
∂mE k

z0
z µ(dz)), où µest une 
ertaine mesure �nie, 
ara
térisée de manière unique dans le se
ond 
as 
i-dessus.*Dans 
e 
ontexte, le 
as des mar
hes aléatoires homogènes de Zd est, aujourd'hui,
omplètement traité. Tout d'abord, la frontière de Martin minimale est dé
rite dans[DSW60℄, grâ
e à la théorie de Choquet-Deny. De plus, si le drift est non nul, P. Ney etF. Spitzer obtiennent, dans le 
élèbre arti
le [NS66℄, l'asymptotique des fon
tions de Green,utilisant pour 
ela des 
hangements exponentiels de mesure et le théorème limite 
entrallo
al ; 
ela donne, par 
onséquent, la réalisation 
on
rète de la frontière de Martin. Parailleurs, si le drift est nul, l'asymptotique des fon
tions de Green est trouvée dans [Spi64℄ ;il s'ensuit que la 
ompa
ti�
ation de Martin est alors la 
ompa
ti�
ation d'Alexandrov.*En revan
he, les résultats relatifs à la frontière de Martin pour les mar
hes aléatoires nonhomogènes de Zd sont rares et plus ré
ents. Dans toute la suite, nous nous 
on
entreronssur une sous-
lasse de 
es pro
essus non homogènes de Zd, à savoir les mar
hes aléatoirestuées au bord de 
�nes de Zd. En e�et, d'une part, 
e sont des pro
essus très étudiés (voirainsi [Bia91, Bia92a, Bia92b, Bia92
℄ et [IR08, IRL09, IR09a, IR09b℄), et, d'autre part,ils sont intimement liés aux pro
essus Z dé
rits plus haut : les fon
tions harmoniques despro
essus Z tués étant, par essen
e, nulles au bord, elles fournissent autant de possibilitéspour 
onditionner les pro
essus Z (tués ou non) à rester 
on�nés à l'intérieur des 
�nes.D'un 
�té, le 
as des pro
essus de Zd tués au bord d'un 
�ne à l'intérieur duquel ilspossèdent un drift non nul est, à l'heure a
tuelle, plut�t bien 
onnu.Ainsi, en étudiant des mar
hes quantiques sur le dual des groupes de Lie 
ompa
ts,P. Biane vient à 
onsidérer, dans [Bia92
℄, des mar
hes aléatoires 
lassiques ayant un driftnon nul à l'intérieur de la 
hambre de Weyl et tuées à son bord � grâ
e au pro
édé derestri
tion déjà présenté. Résolvant alors une équation du type Choquet-Deny, il parvientà trouver la frontière de Martin minimale de 
es pro
essus.Lorsque le groupe de Lie 
ompa
t 
i-dessus n'est autre que SU(n), la 
ompa
ti�
ation deMartin est dé
rite dans [Col04℄, grâ
e à l'obtention de l'asymptotique des noyaux de Green.Par ailleurs, la frontière de Martin minimale des mar
hes de Zd tuées au bord de Zd

+ayant une stru
ture produit et un drift non nul à l'intérieur de Zd
+ est dé
rite dans [PW92℄.



3. MARCHES TUÉES 33En�n, d'importants travaux ayant trait à 
es pro
essus ont été réalisés ré
emment parI. Ignatiouk-Robert. En e�et, en 2006, elle propose une appro
he novatri
e pour l'analysede la frontière de Martin des mar
hes aléatoires à drift non nul et ré�é
hies au borddu demi-espa
e Zd−1 × Z+, 
ombinant pour 
ela des méthodes issues de la théorie desgrandes déviations à l'utilisation de résultats propres aux pro
essus de Markov additifs, voir[IR09b℄. Par la suite, 
ette appro
he est étendue ave
 su

ès, dans [IR08℄, à la des
riptionde la frontière de Martin des mar
hes tuées au bord de Zd−1 × Z+. I. Ignatiouk-Robertet C. Loree la développent alors, dans [IRL09℄, à l'étude des mar
hes tuées au bord duquart de plan Z2
+, puis I. Ignatiouk-Robert la déploie en�n, dans [IR09a℄, à l'analyse despro
essus tués au bord de Zd

+. Notons toutefois que les di�érents travaux dé
rits dans 
eparagraphe ne traitent pas de l'asymptotique des fon
tions de Green, et que, par ailleurs,l'hypothèse faite sur la non nullité du drift y est absolument essentielle.D'un autre 
�té, un très petit nombre de résultats 
on
ernant les pro
essus tués aubord de 
�nes de Zd à l'intérieur desquels ils disposent d'un drift nul existe aujourd'hui.Le 
as des mar
hes produit de Zd à drift nul et tuées au bord de Zd
+ est 
onsidéré dans[PW92℄ : la frontière de Martin minimale se 
ompose alors d'un unique point.Des exemples intéressants apparaissent une nouvelle fois dans le 
ontexte des mar
hesquantiques : ainsi, dans [Bia92
℄, P. Biane 
onsidère 
ertains pro
essus tués obtenus parrestri
tion, et montre, grâ
e à la 
onsidération d'une équation du type Choquet-Deny, ques'ils possèdent un drift nul à l'intérieur de la 
hambre de Weyl, alors leur frontière deMartin minimale est réduite à un point.C'est en parti
ulier le 
as de SU(n), pour lequel P. Biane parvient à trouver, dans[Bia91℄, l'asymptotique des fon
tions de Green le long de toutes les traje
toires, sauf 
ellestangentes au bord de la 
hambre de Weyl.Pour un usage futur, notons que le pro
essus juste 
i-dessus 
orrespond, pour n = 3, à
elui dessiné au milieu de la Figure 12 (voir page 39), et que l'unique fon
tion harmoniquesous-ja
ente trouvée dans [Bia91℄ est alors (i0, j0) 7→ i0j0(i0 + j0).*C'est dans 
e 
ontexte ri
he dépeint 
i-dessus que s'ins
rivent les 
ontributions de 
ettethèse à l'étude des mar
hes tuées. À propos, rappelons (voir le tout début de l'introdu
tion)qu'elles 
on
erneront l'ensemble P des mar
hes aléatoires (X(k), Y (k))k∈Z+

du quart deplan Z2
+

∗ homogènes à l'intérieur du quadrant Z2
+, i.e. les probabilités de transition pi,j =

P[(X(k+1), Y (k+1)) = (X(k), Y (k))+(i, j) | X(k) 6= 0, Y (k) 6= 0] ne dépendent pasde (X(k), Y (k)),
Figure 11 � Mar
hes aléatoires P analysées 
i-après

(pi,j)−1≤i,j≤1
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∗ faisant des petits sauts à l'intérieur du quadrant, i.e. les pi,j 
i-dessus sont nulles dèsque |i| > 1 ou |j| > 1,
∗ non singulières, i.e. dans la liste p1,1, p1,0, p1,−1, p0,−1, p−1,−1, p−1,0, p−1,1, p0,1, il n'ya pas trois zéros 
onsé
utifs (
ette hypothèse te
hnique nous permet d'éviter l'étudedes mar
hes dégénérées),
∗ tuées au bord de Z2

+, i.e. sur (Z∗
+ × {0}) ∪ {(0, 0)} ∪ ({0} × Z∗

+).Pour les pro
essus de 
et ensemble P, nous nous intéresserons essentiellement à leursfon
tions de Green et probabilités d'absorption hi0,j0
i,j,k = P(i0,j0)[(X,Y ) est tué au point (i, j)au temps k exa
tement], pour i ou/et j nul, souvent à travers leurs fon
tions génératri
es

Qi0,j0(x, y, z) =
∑

i,j≥1,k≥0

P(i0,j0)[(X(k), Y (k)) = (i, j)]xi−1yj−1zk,et
qi0,j0(x, z) =

∑

i≥1,k≥0

hi0,j0
i,0,kx

i−1zk, q̃ i0,j0(y, z) =
∑

j≥1,k≥0

hi0,j0
0,j,ky

j−1zk, qi0,j0
0 (z) =

∑

k≥0

hi0,j0
0,0,kz

k.Rappelons (voir l'identité (4) de la Se
tion 1) qu'elles véri�ent l'équation fon
tionnelle
K(x, y, z)Qi0,j0(x, y, z) = qi0,j0(x, z) + q̃ i0,j0(y, z) + qi0,j0

0 (z) − xi0yj0. (13)Nous nous apprêtons maintenant à dé
rire en détail nos 
ontributions, en quatre temps.Tout d'abord, dans la Sous-se
tion 3.1, nous donnerons des expressions expli
ites desfon
tions génératri
es Qi0,j0, qi0,j0, q̃i0,j0, qi0,j0
0 
i-dessus, et, par la même, des fon
tions deGreen, des probabilités d'absorption et de la distribution du temps d'atteinte de 
ha
undes axes et de l'origine.Ensuite, dans les Sous-se
tions 3.2-3.3, nous nous intéresserons à l'asymptotique desfon
tions de Green et des probabilités d'absorption, dans le 
as d'un drift d'abord non nul,puis nul. En parti
ulier, nous formulerons alors nos 
on
lusions 
on
ernant la frontière deMartin.En�n, dans la Sous-se
tion 3.4, nous énon
erons et 
ommenterons nos résultats asymp-totiques relatifs au temps d'atteinte de 
ha
un des axes et de l'origine.*Rappelons que K(x, y, z) = xyz

[∑
i,j pi,jx

iyj − 1/z
] ; par ailleurs, dans la suite, nousposerons

K(x, y, z) = ã(y, z)x2 + b̃(y, z)x+ c̃(y, z) = a(x, z)y2 + b(x, z)y + c(x, z),ainsi que d(x, z) = b(x, z)2 −4a(x, z)c(x, z) et d̃(y, z) = b̃(y, z)2 −4ã(y, z)c̃(y, z). Pour tout
z ∈]0, 1[, les polyn�mes d et d̃ possèdent 
ha
un trois ou quatre ra
ines, que nous appelonsles xk(z) et yk(z). Fixons-les en remarquant que |x1(z)| < x2(z) < 1 < x3(z) < |x4(z)|et |y1(z)| < y2(z) < 1 < y3(z) < |y4(z)|. Finalement, les ra
ines du noyau K 
onsidéréesdans la Se
tion 1 possèdent les expressions X0(y, z) = [−b̃(y, z) + d̃(y, z)1/2]/[2ã(y, z)],
X1(y, z) = [−b̃(y, z) − d̃(y, z)1/2]/[2ã(y, z)], Y0(x, z) = [−b(x, z) + d(x, z)1/2]/[2a(x, z)] et
Y1(x, z) = [−b(x, z) − d(x, z)1/2]/[2a(x, z)].



3. MARCHES TUÉES 353.1 Résultats expli
itesDu point de vue de l'appro
he analytique, la situation est semblable à 
elle de la Se
tion2 : grâ
e à l'équation fon
tionnelle (13) et aux méthodes exposées dans la Se
tion 1, desreprésentations intégrales expli
ites faisant intervenir des fon
tions de 
onformal gluing(CGF) peuvent être obtenues pour les di�érentes séries génératri
es re
her
hées. Notons,
ependant, que la ri
hesse analytique sera i
i indéniablement supérieure à 
elle de la Se
tion2, les paramètres pi,j étant tels que nous 
onsidérons à présent une in�nité de mar
hes, etnon pas seulement 79.Théorème 11. Les fon
tions qi0,j0(x, z) et q̃i0,j0(y, z) de (13) admettent les représentationsintégrales obtenues de 
elles de c(x, z)Q(x, 0, z) − c(0, z)Q(0, 0, z) et c̃(y, z)Q(0, y, z) −
c̃(0, z)Q(0, 0, z) données dans le Théorème 3, après avoir rempla
é t/[2a(t, z)] et t/[2ã(t, z)]par ti0µj0(t, z) et tj0/µ̃i0(t, z), où

µj0(t, z) =
1

[2a(t, z)]j0

(j0−1)/2∑

k=0

C2k+1
j0

d(t, z)k
[
− b(t, z)

]j0−(2k+1)
,

µ̃i0(t, z) =
1

[2ã(t, z)]i0

(i0−1)/2∑

k=0

C2k+1
i0

d̃(t, z)k
[
− b̃(t, z)

]i0−(2k+1)
.Pour obtenir qi0,j0

0 (z), il su�t alors d'évaluer (13) en tout triplet (x, y, z) véri�ant |z| < 1et (x, y) ∈ Kz ; parvenir à une expression expli
ite de Qi0,j0(x, y, z) est ensuite immédiatà partir de (13).Ainsi, les fon
tions génératri
es Qi0,j0, qi0,j0, q̃i0,j0, qi0,j0
0 sont désormais 
onnues expli
i-tement. Leurs 
oe�
ients le deviennent don
 également ; en parti
ulier :

∗ les 
oe�
ients de Qi0,j0(x, y, z), i.e. les probabilités de visite P(i0,j0)[(X(k), Y (k)) =
(i, j)], pour i, j ≥ 1 et k ≥ 0,

∗ les 
oe�
ients de Qi0,j0(x, y, 1), en d'autres termes les fon
tions de Green Gi0,j0
i,j =∑

k≥0 P(i0,j0)[(X(k), Y (k)) = (i, j)], pour i, j ≥ 1,
∗ les 
oe�
ients de qi0,j0(x, z), q̃i0,j0(y, z) et qi0,j0

0 (z), 
'est-à-dire les di�érentes proba-bilités P(i0,j0)[(X,Y ) est tué au point (i, j) au temps k], pour i ou/et j nul et k ≥ 0,
∗ les 
oe�
ients de qi0,j0(x, 1), q̃i0,j0(y, 1) et qi0,j0

0 (1), i.e. les probabilités d'absorptionen un 
ertain site du bord, 
'est-à-dire P(i0,j0)[∃k ≥ 0 : (X(k), Y (k)) = (i, j)], pour iou/et j nul,
∗ les 
oe�
ients de qi0,j0(1, z), q̃i0,j0(1, z) et qi0,j0

0 (z), don
 la distribution du tempsd'atteinte de l'axe horizontal (resp. de l'axe verti
al, de l'origine), i.e. les quantités
P(i0,j0)[(X,Y ) atteint l'axe horizontal (resp. l'axe verti
al, l'origine) au temps k].Les 
oe�
ients 
i-dessus, obtenus, par exemple, grâ
e aux formules de Cau
hy, peuventparfois être aussi é
rits sous une forme parti
ulièrement 
ompa
te ; à titre d'illustration,mentionnons le résultat 
i-après.Proposition 12. Pour les mar
hes aléatoires telles que p−1,0 + p0,1 + p1,0 + p0,−1 = 1,l'égalité suivante a lieu :

P(i0,j0)[∃k ≥ 0 : (X(k), Y (k))=(i, 0)] =

1

π

∫ x4(1)

x3(1)
t−i−1

[
ti0 − ([p−1,0/p1,0]/t)

i0
]
µj0(t, 1)

[
− d(t, 1)

]1/2dt+ ri0,j0
i ,



36où ri0,j0
i désigne le 
oe�
ient d'ordre i du polyn�me xP∞[xi0−1Y0(x, 1)

j0 ], si P∞[f ] dénotela partie prin
ipale à l'in�ni de f . Remarquons que pour i ≥ [1 ∨ (i0 − j0)], ri0,j0
i = 0.L'ingrédient prin
ipal de la preuve de la Proposition 12 est la rationalité d'ordre 2 de laCGF sous-ja
ente (rationalité obtenue en adaptant, pour z = 1 seulement, le Théorème 5).Cette dernière propriété n'est 
ependant pas le monopole des mar
hes véri�ant p−1,0+p0,1+

p1,0 + p0,−1 = 1, mais s'avère être partagée, plus généralement, par tous les pro
essusdisposant, pour z = 1 seulement, d'un groupe d'automorphismes de Kz = {(x, y) ∈ C2 :
K(x, y, z) = 0} généré par (3) d'ordre 4.La question de la des
ription de la famille formée des mar
hes possédant un grouped'automorphismes de K1 d'ordre 4 se pose immédiatement : 
oin
ïde-t'elle ave
 
elle, ren-
ontrée dans la Se
tion 2, des pro
essus disposant d'un groupe d'ordre 4 au sens des trans-formations birationnelles ? Ou ave
 
elle, évoquée dans la Sous-se
tion 1.3, des pro
essusayant, pour tout z ∈]0, 1[, un groupe d'automorphismes de Kz généré par (3) d'ordre 4 ?Proposition 13. Le groupe engendré par (3) est d'ordre 2p au sens des transformations bi-rationnelles si et seulement si, pour tout z ∈]0, 1[, il est d'ordre 2p au sens des automor-phismes de Kz = {(x, y) ∈ C2 : K(x, y, z) = 0}.S'il n'y a don
 pas de di�éren
e entre la notion du groupe engendré par (3) �au sens destransformations birationnelles� et 
elle �au sens des automorphismes de Kz pour tout z�, ily en aura en revan
he bien une entre la notion du groupe �au sens des automorphismes de
Kz pour tout z� et 
elle �au sens des automorphismes de K1� ; 
'est là une grande ri
hesseanalytique de 
ette Se
tion 3 � dans la Se
tion 2, la question n'avait pas lieu d'être posée,puisque la 
lassi�
ation des mar
hes y était réalisée, ipso fa
to, grâ
e à la notion �au sensdes transformations birationnelles�.Nous ren
ontrerons, dès la Sous-se
tion 3.3, un nombre important d'exemples illustrant
ette diversité, 
omme les familles de pro
essus (15), (17) et (18) : 
ertains de leurs élémentsse révéleront posséder des groupes �nis pour z = 1, mais in�nis pour d'autres valeurs de z.À propos des groupes �nis pour z = 1, nous montrerons, dans la Partie III, le résultat
i-dessous. Ce dernier est une 
onséquen
e du fait que, pour de tels pro
essus, la pro
édurede prolongement des fon
tions qi0,j0 et q̃i0,j0 prend la forme d'un algorithme �ni, permettantainsi d'obtenir des formules fermées pour 
ertaines quantités, 
omme, par exemple, pour
Pi0,j0[(X,Y ) est tué].Proposition 14. Sous l'hypothèse que le groupe d'automorphismes 〈ξ, η〉 est �ni pour
z = 1 et sous réserve que la 
ondition ω2/ω3 ∈ Z soit véri�ée (pour les dé�nitions de ω2 et
ω3, nous reportons à l'équation (C.9) de la Partie III), la probabilité que le pro
essus soittué au bord vaut

Pi0,j0[(X,Y ) est tué] = 1 −
∑

ρ∈〈ξ,η〉

sign(ρ)ρ(1),où sign(ρ) désigne la signature de ρ, 
'est-à-dire (−1)m, si ρ peut s'é
rire 
omme la 
om-posée de m automorphismes ξ et η.En�n, que le groupe soit �ni ou in�ni, nous prouverons le résultat suivant, donnant lavitesse, lorsque l'état initial (i0, j0) s'éloigne du bord, à laquelle Pi0,j0[(X,Y ) est tué] tendvers 0.



3. MARCHES TUÉES 37Proposition 15. La probabilité que le pro
essus soit tué au bord véri�e la double inégalité
A/2 ≤ Pi0,j0[(X,Y ) est tué] ≤ A, où nous avons noté

A =

[
p1,−1 + p0,−1 + p−1,−1

p1,1 + p0,1 + p−1,1

]i0

+

[
p−1,1 + p−1,0 + p−1,−1

p1,1 + p1,0 + p1,−1

]j0

.3.2 Asymptotique des fon
tions de Green et des probabilités d'absorp-tion dans le 
as d'un drift non nulTout au long de la Sous-se
tion 3.2, nous supposerons que le drift est positif, 
'est-à-direque ∑i,j ipi,j > 0 et ∑i,j jpi,j > 0.Nos premiers résultats 
on
ernent l'asymptotique des fon
tions de Green
Gi0,j0

i,j =
∑

k≥0

P(i0,j0)[(X(k), Y (k)) = (i, j)] = E(i0,j0)

[
∑

k≥0

1{(X(k),Y (k))=(i,j)}

]
,d'abord pour γ ∈]0, π/2[ (Théorème 16), ensuite pour γ = 0 et γ = π/2 (Théorème 17).A�n de les énon
er, soit (u(γ), v(γ)) l'unique solution de grad(φ(u, v))/|grad(φ(u, v))| =

(cos(γ), sin(γ)) sur la 
ourbe {(u, v) ∈ R2 : φ(u, v) =
∑

i,j pi,j exp(iu) exp(jv) = 1}, voir[Hen63℄. Posons alors sx(tan(γ)) = exp(u(γ)) et sy(tan(γ)) = exp(v(γ)).Théorème 16. Pour les mar
hes de P possédant un drift positif, les fon
tions de Green
Gi0,j0

i,j admettent l'asymptotique suivante, lorsque i+ j → ∞ et j/i → tan(γ), γ ∈]0, π/2[ :
C(γ)

sx(tan(γ))i0sy(tan(γ))j0 − qi0,j0(sx(tan(γ)), 1) − q̃ i0,j0(sy(tan(γ)), 1) − qi0,j0
0 (1)

i1/2sx(j/i)isy(j/i)j
,où C(γ) > 0 est une 
onstante (expli
itée dans la preuve).Théorème 17. Pour les mar
hes de P possédant un drift positif, les fon
tions de Greenadmettent l'asymptotique suivante, lorsque i+ j → ∞ et j/i → tan(γ), γ = 0 :

Gi0,j0
i,j ∼ C0

j

i

j0sx(0)i0sy(0)
j0−1 − ∂y q̃

i0,j0(sy(0), 1)

i1/2sx(j/i)isy(j/i)j
,où C0 > 0 est une 
onstante (expli
itée dans la preuve).L'asymptotique des fon
tions de Green lorsque i + j → ∞ et j/i → tan(γ), γ = π/2s'obtient alors par un 
hangement adéquat des paramètres.Faisons maintenant trois remarques autour des Théorèmes 16-17.Premièrement, ils 
omplètent doublement le travail [IRL09℄, où l'asymptotique desnoyaux de Martin (
'est-à-dire des quotients de fon
tions de Green Gi0,j0

i,j /G1,1
i,j ) est obtenue.D'abord, par
e qu'ils donnent l'asymptotique des fon
tions de Green elles-mêmes ; ensuite,
ar toutes les quantités apparaissant dans 
ette asymptotique sont i
i obtenues expli
ite-ment (à 
e propos, voir la Sous-se
tion 3.1, voir aussi le Théorème 20 plus bas).Deuxièmement, ils ont permis de donner une nouvelle preuve, seulement un mois après(voir [KR09b℄) la parution sur arXiv de l'arti
le [IRL09℄, du résultat 
i-dessous.



38Corollaire 18. Pour les mar
hes de P ayant un drift positif, la 
ompa
ti�
ation de Martinde Z2
+ est homéomorphe à la fermeture de {(x, y)/(1 + ‖(x, y)‖) : (x, y) ∈ Z2

+} dans R2.Troisièmement, le Théorème 17 
onduit à l'asymptotique des probabilités d'absorption
P(i0,j0)[∃k ≥ 0 : (X(k), Y (k)) = (i, 0)] et P(i0,j0)[∃k ≥ 0 : (X(k), Y (k)) = (0, j)]. En e�et,
es quantités étant, pour i0, j0 > 0, reliées aux fon
tions de Green via

P(i0,j0)[∃k ≥ 0 : (X(k), Y (k)) = (i, 0)] = p1,−1G
i0,j0
i−1,1 + p0,−1G

i0,j0
i,1 + p−1,−1G

i0,j0
i+1,1,

P(i0,j0)[∃k ≥ 0 : (X(k), Y (k)) = (0, j)] = p−1,1G
i0,j0
1,j−1 + p−1,0G

i0,j0
1,j + p−1,−1G

i0,j0
1,j+1,(14)leurs asymptotiques, lorsque i et j tendent vers l'in�ni, dé
oulent de 
elle des fon
tions deGreen dans les 
as limite γ = 0 et γ = π/2.Corollaire 19. Pour les mar
hes de P ayant un drift positif, les probabilités d'absorptionadmettent l'asymptotique suivante, lorsque i→ ∞ :

P(i0,j0)[∃k ≥ 0 : (X(k), Y (k)) = (i, 0)] ∼ C1
j0sx(0)

i0sy(0)
j0−1 − ∂y q̃

i0,j0(sy(0), 1)

i3/2sx(1/i)i
,où C1 = [C0/sy(0)] · [p1,−1sx(0) + p0,−1 + p−1,−1/sx(0)], C0 étant la même 
onstante quedans l'énon
é du Théorème 17.L'asymptotique des probabilités d'absorption P(i0,j0)[∃k ≥ 0 : (X(k), Y (k)) = (0, j)]lorsque j → ∞ s'obtient alors par un 
hangement adéquat des paramètres.Grâ
e au Théorème 11 de la Sous-se
tion 3.1, les di�érentes quantités apparaissantdans l'asymptotique des probabilités d'absorption sont expli
ites. Néanmoins, la façon dontelles dépendent des paramètres, notamment du groupe d'automorphismes 〈ξ, η〉, n'est pastransparente, et le reste de la Sous-se
tion 3.2 est justement destiné à la des
ription de
ette dépendan
e.Théorème 20. La 
onstante

C1

[
j0sx(0)i0sy(0)

j0−1 − ∂y q̃
i0,j0(sy(0), 1)

]apparaissant dans le Corollaire 19 peut s'é
rire 
omme Ai0,j0
1 +Ai0,j0

2 , ave
 Ai0,j0
1 et Ai0,j0

2dé�nis 
omme suit.
∗ Supposons d'abord que p1,1 + p1,−1 + p−1,−1 + p−1,1 < 1. Alors

Ai0,j0
1 =

j0sx(0)i0

4

[
−sx(0)∂xd(sx(0), 1)

πa(sx(0), 1)c(sx(0), 1)

(
c(sx(0), 1)

a(sx(0), 1)

)j0
]1/2

,

Ai0,j0
2 = C2

∫ x2(1)

x1(1)

∂tw(t, 1)ti0µj0(t, 1)[−d(t, 1)]
1/2

[w(t, 1) − w(sx(0), 1)]2
dt,où a(x, z), c(x, z), d(x, z), xk (z) sont dé�nis dans l'introdu
tion de la Se
tion 3, µj0dans la Sous-se
tion 3.1, w dans la Se
tion 1 et où C2 est une 
onstante expli
itéedans l'énon
é du Théorème C.24 de la Partie III.Si en outre, ave
 les notations (C.9) de la Partie III,

∗∗ ω2/ω3 ∈ 2Z + 1, alors Ai0,j0
2 = 0,
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∗∗ ω2/ω3 ∈ 2Z, alors

Ai0,j0
2 = −

j0x2(1)
i0

4π1/2

[
−

x3(1)∂xd(x2(1), 1)

a(x2(1), 1)c(x2(1), 1)

res[w, x2(1)]res[w, x3(1)]

(
c(x2(1), 1)

a(x2(1), 1)

)j0
]1/2

,où, pour k = 2 et 3, res[w, xk(1)] désigne le résidu de la fon
tion w au point xk(1)� nous verrons dans le Lemme C.26 de la Partie III que 
es résidus sont, dans 
e
as, non nuls.
∗ Supposons à présent que p1,1 + p1,−1 + p−1,−1 + p−1,1 = 1. Alors, ave
 les notations
i-dessus,

C1

[
j0sx(0)

i0sy(0)
j0−1 − ∂y q̃

i0,j0(sy(0), 1)
]

= 2Ai0,j0
1 + 2Ai0,j0

2 .3.3 Asymptotique des fon
tions de Green et des probabilités d'absorp-tion dans le 
as d'un drift nulDans toute la Sous-se
tion 3.3, nous supposerons que le drift est nul, 
'est-à-dire que∑
i,j ipi,j = 0 et ∑i,j jpi,j = 0.Cette sous-se
tion est 
omposée de trois paragraphes, 
onsa
rés su

essivement auxénon
és des résultats 
on
ernant les familles de pro
essus Pp, Pα,β et Pn, voir (15), (17)et (18), que nous introduisons maintenant.Les pro
essus représentés sur la Figure 12 
i-dessous étant, nolens, volens, parti
ulière-ment importants (notamment 
ar ils apparaissent dans le 
ontexte des mar
hes quantiques),nous souhaitons dé�nir, pour 
ha
un des trois, une famille (in�nie) le 
ontenant et véri�antdes propriétés du même type.

Figure 12 � Mar
hes aléatoires dans les 
hambres de Weyl des duaux de SU(2) × SU(2),SU(3) et Sp(4)

∗ Premièrement, puisque la mar
he à gau
he sur la Figure 12 possède, pour tout z, ungroupe d'ordre 4, il semble naturel de la plonger dans
Pp =

{pro
essus à drift nul de P : pour z = 1, le groupe (3) est d'ordre 4
}
. (15)Dans la Partie III, nous verrons qu'à l'intérieur de Pp 
ohabitent des mar
hes asso
iéesà des groupes d'ordre 4 pour tout z et d'autres liées à des groupes ayant un ordre 4 pour

z = 1 seulement.Par ailleurs, notons qu'il existe une toute autre des
ription de Pp, à savoir
Pp =

{pro
essus à drift nul de P : (i0, j0) 7→ i0j0 est harmonique}. (16)
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ritère suivant, prouvé dans [FIM99℄ :pour z = 1, une mar
he admet un groupe d'ordre 4 si et seulement si
∣∣∣∣∣∣

p1,1 p1,0 p1,−1

p0,1 −1 p0,−1

p−1,1 p−1,0 p−1,−1

∣∣∣∣∣∣
= 0.Il su�t alors de remarquer que d'autre part, un élément de P à drift nul possède (i0, j0) 7→

i0j0 pour fon
tion harmonique si et seulement s'il véri�e l'égalité 
i-dessus.
∗ Deuxièmement, remarquons que la mar
he au milieu de la Figure 12 dispose, pourtout z, d'un groupe d'ordre 6. Dé�nir un analogue stri
t de (15) paraît toutefois di�
ile,
ar la des
ription de l'ensemble
{pro
essus à drift nul de P : pour z = 1, le groupe engendré par (3) est d'ordre 6

}nous paraît véritablement ardue. L'utilisation des fon
tions harmoniques, 
omme en (16),est en revan
he davantage envisageable, et nous dé�nissons
Pα,β =

{pro
essus à drift nul de P : (i0, j0) 7→ i0j0(i0+αj0+β) est harmonique}. (17)Prendre α = 1 et β = 0 
i-dessus 
onduit immédiatement à noter que la mar
he dessinée aumilieu de la Figure 12 appartient, e�e
tivement, à un Pα,β. Par ailleurs, nous 
onstateronsque tous les éléments de 
et ensemble ont un groupe d'ordre 6 pour z = 1 � et, parfoisseulement, pour tout z.
∗ Troisièmement, observant que seules des mar
hes asso
iées à des groupes d'ordre 4,

6 ou 8 étaient jusqu'alors 
onnues, nous introduisons maintenant, pour n ≥ 3,
P

n =
{pro
essus de P : p−1,0 = p1,0 = sin(π/n)2/2, p−1,1 = p1,−1 = cos(π/n)2/2

}
.(18)Nous prouverons que 
es pro
essus admettent, pour z = 1, un groupe d'ordre 2n. Pourd'autres valeurs de z, nous verrons qu'il est toujours in�ni � à l'ex
eption de n = 4, 
as
orrespondant pré
isément à la mar
he dessinée à droite sur la Figure 12.Les pro
essus Pp (voir (15))Théorème 21. Supposons que le pro
essus appartienne à Pp. Alors les fon
tions de Greenadmettent l'asymptotique suivante, lorsque i+ j → ∞ et j/i → tan(γ), γ ∈ [0, π/2] :

Gi0,j0
i,j ∼ Ci0j0

ij
[
(p1,1 + p0,1 + p−1,1)i2 + (p1,1 + p1,0 + p1,−1)j2

]2 ,où C > 0 est une 
onstante.Ci-dessus, si le pro
essus de Pp est 
elui représenté à gau
he sur la Figure 12, alorsl'asymptotique des fon
tions de Green pour γ ∈]0, π/2[ peut 
ertainement être obtenue de[Bia91℄. Quel que soit le pro
essus de Pp, le Théorème 21 pour γ ∈ [0, π/2] est inédit � ànotre 
onnaissan
e.Mentionnons maintenant deux 
onséquen
es du Théorème 21. La première 
on
erne lafrontière de Martin.
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ompa
ti�
ation de Martin des pro
essus de Pp est la 
ompa
ti�
ationd'Alexandrov.Dans le 
as du pro
essus dessiné à gau
he sur la Figure 12, 
e résultat peut êtredéduit de [Bia92a℄. Plus généralement, 
e 
orollaire est une 
onséquen
e de [PW92℄ dansle 
as parti
ulier (stri
tement in
lus dans Pp) des mar
hes aléatoires produit, 
'est-à-diredes pro
essus pP + qQ + (1 − p − q)P ⊗ Q, où P et Q sont des mar
hes aléatoires un-dimensionnelles, ayant des sauts aux plus pro
hes voisins, à drift nul et tuées en l'origine.Une deuxième 
onséquen
e du Théorème 21 est relative aux probabilités d'absorption
P(i0,j0)[∃k ≥ 0 : (X(k), Y (k)) = (i, 0)] et P(i0,j0)[∃k ≥ 0 : (X(k), Y (k)) = (0, j)]. En e�et,grâ
e aux identités (14), nous obtenons le résultat 
i-après.Corollaire 23. Supposons que le pro
essus appartienne à Pp. Alors les probabilités d'ab-sorption admettent l'asymptotique suivante, lorsque i→ ∞ :

P(i0,j0)[∃k ≥ 0 : (X(k), Y (k)) = (i, 0)] ∼ C[(p1,−1 + p0,−1 + p−1,−1)/p0,1
2]i0j0/i

3,où C est la même 
onstante que dans l'énon
é du Théorème 21.Les probabilités P(i0,j0)[∃k ≥ 0 : (X(k), Y (k)) = (0, j)] possèdent l'équivalent obtenu de
i-dessus en remplaçant (p1,−1 + p0,−1 + p−1,−1)/p0,1
2 par (p−1,1 + p−1,0 + p−1,−1)/p1,0

2.Les pro
essus Pα,β (voir (17)) Nous allons, à présent, énon
er des équivalents duThéorème 21 et des Corollaires 22-23 pour la famille Pα,β ; mais auparavant, nous souhai-tons introduire Pα,β en détail.Plus haut, nous avons noté que pour la mar
he tuée dessinée au milieu de la Figure12, il est prouvé dans [Bia91℄ et [Bia92a℄ que (i0, j0) 7→ i0j0(i0 + j0) est l'unique fon
tionharmonique positive. Par des méthodes similaires, un résultat analogue pourrait 
ertaine-ment être obtenu pour la mar
he �duale�, 
'est-à-dire pour le pro
essus admettant les sautsde probabilités p−1,0 = p0,1 = p1,−1 = 1/3. En parti
ulier, posant Pp,SU(3) pour
{pro
essus de P : p0,−1 = p−1,1 = p1,0 = µ, p−1,0 = p0,1 = p1,−1 = ν, µ+ ν = 1/3

}
,i.e. pour l'ensemble formé des produits 
artésiens d'une mar
he aléatoire sur la 
hambre deWeyl de SU(3) ave
 sa duale, voir à gau
he sur la Figure 13 
i-dessous, il provient de [PW92℄que tout pro
essus de Pp,SU(3) admet également une frontière de Martin minimale réduiteà un point. L'unique fon
tion harmonique sous-ja
ente étant (i0, j0) 7→ i0j0(i0 + j0), ilsemble alors naturel de 
onsidérer la famille P1,0, voir (17) ; nous verrons dans le ChapitreD de la Partie III que l'in
lusion Pp,SU(3) ⊂ P1,0 est stri
te.A�n de 
onsidérer l'ensemble des mar
hes de P admettant un polyn�me de degré trois,harmonique et positif dans Z2

+, il est �nalement naturel de dé�nir Pα,β , 
f. (17).Sa des
ription pré
ise en termes des paramètres pi,j est plut�t volumineuse, mais fa
ileà obtenir ; elle est donnée dans le Chapitre D. À 
e sujet, notons i
i simplement que si
α > 2 ou α < 1/2, alors pour tout β, Pα,β = ∅ ; si α = 1/2 ou α = 2, alors pour tout
β 6= 0, Pα,β = ∅, tandis que Pα,0 est réduit à une mar
he ; et si α ∈]1/2, 2[ et |β| estsu�samment petit, alors Pα,β est un ensemble (non vide) à deux paramètres. À droite surla Figure 13 
i-dessous, nous représentons l'exemple d'un pro
essus appartenant à Pα,0,quel que soit α ∈ [1/2, 2].
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Figure 13 � À gau
he, une mar
he typique de Pp,SU(3), ave
 µ + ν = 1/3. À droite,l'exemple d'une mar
he de Pα,0, ave
 λ = α(α−1/2)/[2−α+2α2 ], µ = (α/2)/[2−α+2α2 ]et ν = (1 − α/2)/[2 − α+ 2α2]

µ ν µ ν

ν λ
µ λ

µ ν ν µ

Théorème 24. Supposons que le pro
essus appartienne à Pα,β. Alors les fon
tions deGreen admettent l'asymptotique suivante, lorsque i+j → ∞ et j/i → tan(γ), γ ∈ [0, π/2] :
Gi0,j0

i,j ∼ Cα,βi0j0(i0 + αj0 + β)
ij(i + αj)

[
i2 + αij + α2j2

]3 ,où Cα,β > 0 est une 
onstante (expli
itée dans le Chapitre D).Dans le 
as parti
ulier de la mar
he aléatoire du milieu de la Figure 12, l'asymptotique
i-dessus est obtenue dans [Bia91℄, lorsque γ ∈]0, π/2[.Donnons maintenant deux 
onséquen
es du Théorème 24 
i-dessus.Corollaire 25. La 
ompa
ti�
ation de Martin des pro
essus de Pα,β est la 
ompa
ti�
ationd'Alexandrov.Corollaire 26. Supposons que le pro
essus appartienne à Pα,β. Alors les probabilités d'ab-sorption admettent l'asymptotique suivante, lorsque i→ ∞ :
P(i0,j0)[∃k ≥ 0 : (X(k), Y (k)) = (i, 0)] ∼ Cα,β[p1,−1 + p0,−1 + p−1,−1]i0j0(i0 + αj0 + β)/i4,où Cα,β est la même 
onstante que dans l'énon
é du Théorème 24.Les probabilités P(i0,j0)[∃k ≥ 0 : (X(k), Y (k)) = (0, j)] possèdent l'équivalent obtenu de
i-dessus en remplaçant [p1,−1 + p0,−1 + p−1,−1] par [p−1,1 + p−1,0 + p−1,−1]/α

5.Les pro
essus Pn (voir (18)) Rappelons que quel que soit n ≥ 3, les pro
essus de Pnadmettent un groupe d'ordre 2n : la famille ∪n≥3P
n est don
 représentative de l'ensembledes pro
essus de P à drift nul et asso
iés à des groupes �nis � et 
'est, pré
isément, 
e quimotive sa dé�nition.Théorème 27. Supposons que le pro
essus appartienne à Pn. Alors les fon
tions de Greenadmettent l'asymptotique suivante, lorsque i+ j → ∞ et j/i → tan(γ), γ ∈ [0, π/2] :

Gi0,j0
i,j ∼ Cnfn (i0, j0)

sin
(
n arctan

( j/i
1+j/i tan (π/n)

))

[
cos(π/n)2 (i2 + 2ij) + j2

]n/2
,où

∗ Cn > 0 est une 
onstante (expli
itée dans le Chapitre E),
∗ fn est un polyn�me de degré n, stri
tement positif (resp. nul) à l'intérieur (resp. aubord) de Z2

+, harmonique pour les pro
essus de Pn et expli
ité dans le Chapitre E.
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to, la quantité fn(i0, j0) 
i-dessus apparaît lors du 
al
ul du développementau voisinage de (x, y) = (1, 1) de ∑ρ∈〈ξ,η〉 sign(ρ)ρ(xi0yj0) � 
e qui évoque, à juste titred'ailleurs, l'énon
é de la Proposition 14. En parti
ulier, l'expression expli
ite de fn(i0, j0)est 
omplexe, dans le 
as générique n ≥ 3, 
'est pourquoi nous ne la donnerons dans sagénéralité que dans le Chapitre E ; à titre d'exemple, mentionnons simplement i
i
f3(i0, j0) = 24 · 31/2 · i0j0(i0 + 2j0),

f4(i0, j0) = (256/3) · i0j0(i0 + 2j0)(i0 + j0),

f6(i0, j0) = (288/5)31/2 · i0j0(i0 + 2j0)(i0 + j0)
(
(i0 + 2j0/3)(i0 + 4j0/3) + 10/9

)
.Donnons maintenant deux 
onséquen
es du Théorème 27 
i-dessus.Corollaire 28. La 
ompa
ti�
ation de Martin des pro
essus de Pn est la 
ompa
ti�
ationd'Alexandrov.Corollaire 29. Supposons que le pro
essus appartienne à Pn. Alors les probabilités d'ab-sorption admettent l'asymptotique suivante, lorsque i→ ∞ :

P(i0,j0)[∃k ≥ 0 : (X(k), Y (k)) = (i, 0)] ∼ Cnfn(i0, j0)n[tan(π/n)/(cos(π/n))n]/in+1,où Cn est la même 
onstante que dans l'énon
é du Théorème 27.Les probabilités P(i0,j0)[∃k ≥ 0 : (X(k), Y (k)) = (0, j)] possèdent l'équivalent obtenu de
i-dessus en remplaçant tan(π/n)/(cos(π/n))n par sin(2π/n)/2.3.4 Asymptotique de la queue de distribution du temps d'atteinte d'undes axesDans 
ette sous-se
tion, nous allons nous 
on
entrer sur les asymptotiques des queuesde distribution des temps d'atteinte de l'axe horizontal et de l'axe verti
al. À 
et e�et,rappelons que les lois exa
tes de 
es temps d'atteinte sont 
onnues, puisque
qi0,j0(1, z) =

∑

k≥0

∑

i≥1

hi0,j0
i,0,kz

k =
∑

k≥0

P(i0,j0)[(X,Y ) atteint l'axe horizontal au temps k]zk,

q̃ i0,j0(1, z) =
∑

k≥0

∑

j≥1

hi0,j0
0,j,kz

k =
∑

k≥0

P(i0,j0)[(X,Y ) atteint l'axe verti
al au temps k]zk,ont été obtenues expli
itement dans la Sous-se
tion 3.1.Notre premier résultat 
on
erne les trois pro
essus de la Figure 12 plus haut.Théorème 30. Supposons que le pro
essus soit l'un des trois représentés sur la Figure 12.Notons alors, pour les pro
essus de gau
he à droite sur 
ette même �gure, h(i0, j0) = i0j0,
i0j0(i0 + j0) et i0j0(i0 + j0)(i0 +2j0), fon
tions harmoniques 
orrespondant à l'unique pointde la frontière de Martin (voir les Corollaires 22, 25 et 28). L'asymptotique suivante a lieulorsque k → ∞ :

P(i0,j0)[(X,Y ) atteint l'axe horizontal au temps k] ∼ Cah h(i0, j0)

k1+|〈ξ,η〉|/4
, (19)

Cah > 0 étant une 
onstante dépendant du pro
essus, par ailleurs expli
itée dans le ChapitreF, et |〈ξ, η〉| le 
ardinal du groupe engendré par (3).Une asymptotique similaire a lieu pour P(i0,j0)[(X,Y ) atteint l'axe verti
al au temps k],
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∗ après avoir rempla
é Cah par une autre 
onstante Cav > 0,
∗ en notant que pour le pro
essus à droite sur la Figure 12, si i0 et k n'ont pas la mêmeparité, alors P(i0,j0)[(X,Y ) atteint l'axe verti
al au temps k] = 0.Signalons que pour la mar
he à droite sur la Figure 12, l'asymptotique de P(i0,j0)[(X,Y )atteint le bord au temps k] = P(i0,j0)[(X,Y ) atteint l'axe horizontal au temps k] +

P(i0,j0)[(X,Y ) atteint l'axe verti
al au temps k] peut vraisemblablement être aussi obtenuede [DO05℄, où la série génératri
e de la distribution du temps d'atteinte du bord (pour lepro
essus à temps 
ontinu sous-ja
ent) est expli
itée.Corollaire 31. Posons, pour les pro
essus de gau
he à droite sur la Figure 12, h(i0, j0) =
i0j0, i0j0(i0 + j0) et i0j0(i0 + j0)(i0 + 2j0). Alors, pour 
es trois pro
essus (X,Y ), le
h-pro
essus au sens de Doob de (X,Y ) 
oïn
ide, en distribution, ave
 la limite, lorsque
p→ ∞, du pro
essus (X,Y ) 
onditionné par [τ > p], τ étant le temps d'atteinte du bord.*Outre les trois pro
essus représentés sur la Figure 12, nous nous intéresserons tout parti-
ulièrement, dans le Chapitre F, à 
elui dont les sauts sont dessinés sur la Figure 14 plusbas, et 
e dans le but de 
ompléter 
ertains résultats de [BFMP01℄ et [MMVW08℄ relatifsau modèle du votant.Par le modèle du votant, nous désignons un pro
essus à temps 
ontinu sur {0, 1}Z,pouvant s'interpréter 
omme suit : initialement, en 
haque site de Z, il y a zéro ou uneparti
ule ; une parti
ule apparaît (resp. disparaît) alors en un site libre (resp. o

upé) selonune loi exponentielle de taux proportionnel au nombre de sites voisins où une parti
ule estprésente (resp. absente). Par ailleurs, l'état initial est supposé appartenir à l'ensemble des
on�gurations ayant un nombre �ni de sites libres (resp. o

upés) à gau
he (resp. à droite)de l'origine. Cela entraîne, en parti
ulier, que le pro
essus reste dans 
et ensemble au 
oursde son évolution. Ainsi, à 
haque instant, il y a un nombre �ni de �01� (resp. �10�), i.e. depaires de sites (x, x+ 1) ave
 zéro (resp. une) parti
ule en x et une (resp. zéro) en x+ 1.Quant au modèle à temps dis
ret sous-ja
ent, la 
on�guration Cn+1 au temps n + 1s'obtient de Cn en deux temps : il y a d'abord le 
hoix, selon une loi uniforme, d'un �01�ou �10�, puis vient son rempla
ement, ave
 probabilité 1/2, par un �00� ou �11�.Si l'état initial est la 
on�guration d'Heaviside, 
'est-à-dire la 
on�guration forméed'uniquement deux blo
s in�nis de 1 et de 0, alors le pro
essus en sera, à 
haque instant, unetranslation. Cela suggère indubitablement de 
onsidérer la relation d'équivalen
e suivante :deux 
on�gurations sont dites équivalentes si elles sont des translations l'une de l'autre.Dans la suite, nous travaillerons sur l'espa
e quotient latent, dont tout élément peut don
être 
ara
térisé par un nombre �ni d'entiers positifs (X1, Y1, . . . ,XN , YN ) :

. . . 111

X1︷︸︸︷
0000

Y1︷︸︸︷
111

X2︷︸︸︷
000

Y2︷ ︸︸ ︷
11111 . . . . . .

XN︷︸︸︷
000

YN︷︸︸︷
1111 000 . . . , (20)

N étant le nombre de blo
s �nis de zéros (ou uns) et ni (resp.mi), i ∈ {1, . . . N} la taille du
ième blo
 de zéros (resp. uns). Nous référons à [Lig85℄ pour une présentation approfondiedu modèle du votant, et plus généralement pour une introdu
tion aux �intera
ting parti
lesystems�.En utilisant des fon
tions de Lyapunov, les auteurs de [BFMP01℄ démontrent que si
τ est le temps d'atteinte de la 
on�guration d'Heaviside, alors E[τ3/2−ǫ] < ∞, pour tout
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ǫ > 0. Ensuite, dans le but de prouver que E[τ3/2+ǫ] = ∞, pour tout ǫ > 0 (et tout étatinitial di�érent de la 
on�guration d'Heaviside), ils remarquent qu'il su�t de le faire pourtout état initial véri�ant N = 1 dans (20). Ainsi, ave
 les notations de (20), ils 
onsidèrentle pro
essus (X1, Y1) = (X1(k), Y1(k))k∈Z+

.
. . . 111

X1(k)︷ ︸︸ ︷
000000

Y1(k)︷ ︸︸ ︷
11111 000 . . . .Le pro
essus (X1, Y1) est une 
haîne de Markov sur Z2

+

∗ homogène à l'intérieur du quadrant, ave
 des probabilités de saut p1,0 = p1,−1 =
p0,−1 = p−1,0 = p−1,1 = p0,1 = 1/6 (
f. la dynamique du pro
essus à temps dis
retprésentée plus haut),

∗ absorbée au bord (puisque la 
on�guration d'Heaviside est absorbante pour le modèledu votant).
Figure 14 � Mar
he aléatoire apparaissant dans l'étude du passage de quatre à deux blo
spour le modèle du votantUtilisant alors les résultats de [AIM96℄, qui 
on
ernent les moments des temps depassage pour des mar
hes ré�é
hies au bord d'un quadrant, les auteurs de [BFMP01℄prouvent que E(i0,j0)[τ

3/2+ǫ] = ∞, pour tout ǫ > 0 et tout état initial (i0, j0) intérieur à
Z2

+, τ étant le temps d'atteinte du bord pour le pro
essus (X1, Y1).Néanmoins, la question de la �nitude de E(i0,j0)[τ
3/2] n'obtint pas de réponse des deuxarti
les [BFMP01℄ et [MMVW08℄.Dans 
e 
ontexte, la 
ontribution de 
ette thèse est double. En e�et, d'un 
�té, grâ
e àla Sous-se
tion 3.1, les fon
tions qi0,j0(1, z) et q̃i0,j0(1, z) sont expli
itées ; d'un autre 
�té,nous prouverons le résultat asymptotique 
i-après.Théorème 32. Pour le pro
essus de la Figure 14, lorsque k → ∞ :

P(i0,j0)[(X1, Y1) atteint l'axe horizontal au temps k] ∼ 9

16

(
3

π

)1/2 i0j0(i0 + j0)

k5/2
.Exa
tement la même asymptotique que 
i-dessus a lieu pour P(i0,j0)[(X1, Y1) atteint l'axeverti
al au temps k].En parti
ulier, il devient 
lair que E(i0,j0)[τ

3/2] = ∞.Par ailleurs, un analogue du Corollaire 31 pourrait 
lairement être énon
é.Dans le Chapitre F de la Partie III, nous verrons que les Théorèmes 30-32 et le Corollaire31 admettent une généralisation au 
as de toute mar
he qui, d'une part, dispose d'un groupe�ni pour tout z, et d'autre part, possède une CGF rationnelle � 
'est le 
as, par exemple,



46de 19 des 23 mar
hes asso
iées à des groupes �nis dans la 
lassi�
ation de [BMM09℄. Pourtoutes 
es mar
hes, un résultat similaire au Théorème 30 pourrait ainsi être énon
é ; enoutre, si le drift est nul, la fon
tion h de (19) 
orrespond à l'unique élément de la frontièrede Martin (alors réduite à un point), tandis que si le drift est non nul, h devient la fon
tionharmonique apparaissant dans l'asymptotique des fon
tions de Green lorsque j/i → tan(γ),pour γ égal à l'angle du drift.4 Correspondan
e des prin
ipaux résultats de l'introdu
tionIntrodu
tion Page Corps de la thèse PageThéorème 2 27 Theorem B.2 73Théorème 3 27 Theorems A.6 & B.5 56 & 74Théorème 4 28 Subse
tion B.4.1 82Théorème 5 28 Theorem B.7 75Proposition 6 28 Proposition B.26 86Proposition 7 28 Proposition B.27 87Proposition 8 29 Proposition B.28 87Proposition 9 29 Proposition B.29 87Proposition 10 29 Theorem A.7 57Théorème 11 35 Theorems C.13 & F.1 108 & 174Proposition 12 35 Equations (D.25) & (F.25) 146 & 183Proposition 13 36 Proposition B.18 81Proposition 14 36 Corollary C.9 105Proposition 15 37 Proposition C.10 105Théorème 16 37 Theorem C.15 112Théorème 17 37 Theorem C.18 114Corollaire 18 38 Corollary C.19 114Corollaire 19 38 Corollary C.23 123Théorème 20 38 Theorem C.24 124Théorème 21 40 Se
tion D.4 144Corollaire 22 41 Se
tion D.4 144Corollaire 23 41 Se
tion D.4 144Théorème 24 42 Theorem D.1 134Corollaire 25 42 Corollary D.2 134Corollaire 26 42 Corollary D.3 134Théorème 27 42 Theorem E.10 162Corollaire 28 43 Corollary E.12 162Corollaire 29 43 Proposition E.13 168Théorème 30 43 Propositions F.5, F.14 & F.23 183, 185 & 193Corollaire 31 44 Corollaries F.6, F.15 & F.24 178, 185 & 194Théorème 32 45 Proposition F.14 185



5. PERSPECTIVES 475 Perspe
tivesTerminons 
ette introdu
tion par l'évo
ation de quelques points pré
is que nous souhai-tons vivement développer dans les mois et années futures.*En 
e qui 
on
erne l'appro
he analytique de la Se
tion 1, il nous semble que deux possi-bilités de généralisation émergent :
∗ d'abord, dans l'esprit de [CB83℄ et [Coh92a℄, il est tout à fait normal d'envisager dessauts plus généraux que seuls 
eux aux huit plus pro
hes voisins ;
∗ aussi, il est naturel de 
onsidérer le 
as de la dimension supérieure.Si le premier item 
i-dessus paraît un obje
tif attingible à moyen ou long terme, laréalisation du deuxième nous semble en
ore plus ambitieuse.*Pour 
e qui est de la Se
tion 2, il nous paraît absolument important de développer lesdeux aspe
ts suivants :
∗ dans un premier temps, nous souhaitons vivement trouver la nature de la sériegénératri
e trivariée pour toutes les 56 mar
hes ayant un groupe in�ni, 
e qui nouspermettrait de répondre à une 
onje
ture de M. Bousquet-Mélou et M. Mishna, voir[BMM09℄ ;
∗ d'un tout autre point de vue, il paraît naturel d'envisager des légères modi�
ationsdu modèle (
omme l'introdu
tion de 
hemins ave
 poids, ou la permission de 
ompor-tements plus généraux sur les frontières, et
.), et de répondre alors aux mêmesquestions (voir 
elles numérotées (1) et (2), au tout début de l'introdu
tion).*En�n, 
itons également deux points de la Se
tion 3 qu'il nous semble 
ru
ial d'étendre :
∗ premièrement, nous souhaitons trouver, pour toutes les mar
hes à drift nul, la 
om-pa
ti�
ation de Martin (est-elle, systématiquement, la 
ompa
ti�
ation d'Alexan-drov ?) ;
∗ deuxièmement, nous désirons obtenir l'asyptotique de la queue de distribution destemps d'atteinte pour toutes les mar
hes à drift nul.6 NotationsCi-dessous, nous introduisons quelques notations que nous utiliserons dans 
ette thèse.
∗ ı désignera le nombre 
omplexe usuel tel que ı2 = −1.
∗ Nous noterons z le nombre 
omplexe 
onjugué de z.
∗ Pour la dérivée d'une fon
tion f , nous emploierons indi�éremment l'é
riture �∂f � ou�f ′�.
∗ ln sera systématiquement la détermination prin
ipale du logarithme (voir [JS87℄).
∗ Cp

n représentera le 
oe�
ient binomial de p éléments parmi n.
∗ ⌊x⌋ désignera la partie entière du réel x.
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Chapitre AExpli
it expression of the 
ountinggenerating fun
tion forGessel's walk ∗

In this 
hapter, we 
onsider the so-
alled Gessel's walk, that is the planar random walkthat is 
on�ned to the �rst quadrant and that 
an move in unit steps to the West, North-East, East and South-West. For this walk, we make expli
it the generating fun
tion of thenumber of paths starting at (0, 0) and ending at (i, j) in time k.A.1 Introdu
tion and main resultsThe enumeration of latti
e walks is a 
lassi
al problem in 
ombinatori
s. The oneof Gessel's walk seems to puzzle the mathemati
al 
ommunity already for several years[Ges86, PW08, KKZ09, Ayy09, Pin09, BK09℄. This is a planar random walk that is 
on�nedto the �rst quadrant and that 
an move in the interior in unit steps to the West, North-East,East and South-West, see Pi
ture A.1.
Figure A.1 � Gessel's walkFor (i, j) ∈ Z2

+ and k ∈ Z+, set
q(i, j, k) =

∣∣{walks 
on�ned in Z2
+ starting at (0, 0) and ending at (i, j) in time k}∣∣.I. Gessel 
onje
tures around 2001 that q(0, 0, 2k) = 16k

[
(5/6)k(1/2)k

]/[
(2)k(5/3)k

],where (a)k = a(a+ 1) · · · (a+ k− 1). In 2009, M. Kauers, C. Kouts
han and D. Zeilbergeryield a remarkable although heavily 
omputer-aided proof of this 
onje
ture, see [KKZ09℄.
∗. This work is a 
ollaboration with I. Kurkova and is taken from the preprint [KR09a℄.51



52 CHAPITRE A. GESSEL'S WALKThe arti
les [Ayy09, Pin09℄ give 
onne
tions between Gessel's walk and other interestingmodels. Pre
isely, S. Ping in [Pin09℄ establishes a probabilisti
 model for Gessel's walk
on
erned with vi
ious walkers, and A. Ayyer interprets in [Ayy09℄ su
h walks as Di
k wordswith two sets of letters and gives expli
it formulas for a restri
ted 
lass of these words.Nevertheless, both approa
hes are yet in some way of providing a �human� proof of Gessel's
onje
ture, but may 
ertainly help for a better understanding of Gessel's walk.M. Petkovsek and H. Wilf in [PW08℄ state some similar 
onje
tures for the number ofwalks ending at other points � two of them have been proved, besides, by S. Ping in [Pin09℄.In [PW08℄, M. Petkovsek and H. Wilf also obtain an in�nite lower-triangular system oflinear equations satis�ed by the values of q(i, 0, k) and q(0, j, k) + q(0, j − 1, k), and theymanage to express these values as determinants of lower Hessenberg matri
es with unitsuperdiagonals whose non-zero entries are produ
ts of two binomial 
oe�
ients.Finally, A. Bostan and M. Kauers in [BK09℄ show that the 
omplete generating fun
tionfor Gessel's walk
Q(x, y, z) =

∑

i,j,k≥0

q(i, j, k)xiyjzkis algebrai
 and make expli
it minimal polynomials for Q(x, 0, z) and Q(0, y, z). The proofof A. Bostan and M. Kauers given in [BK09℄ involves, among other tools, 
omputer 
al
ula-tions using a powerful 
omputer algebra system Magma, it requires immense 
omputationale�ort.Curiously, in spite of this vivid interest to Gessel's walk, the 
omplete generating fun
-tion Q(x, y, z), or even Q(0, y, z) or Q(x, 0, z) have not yet been analyzed without 
omputerhelp � up to our knowledge.Furthermore, M. Bousquet-Mélou and M. Mishna in [BMM09℄ undertake re
ently thesystemati
 analysis of the enumeration of the walks 
on�ned to the quarter plane Z2
+starting from the origin and making steps at any point of Z2

+ from a given subset of
{−1, 0, 1}2 \{(0, 0)}. There are 28 su
h models. Moreover they show that, after eliminatingtrivial models and those that are equivalent to models of walks 
on�ned to a half-planeand solved by known methods, it remains 79 inherently di�erent problems to study.Following the idea of Book [FIM99℄, they asso
iate with ea
h model a groupW of birationaltransformations (for details on this group, see Subse
tion A.2.1 below). This group is �nitein 23 
ases and in�nite in the 56 other 
ases. Then, they are able to solve �mathemati
ally�(i.e. to make expli
it the fun
tion Q(x, y, z) without 
omputer help) 22 models asso
iatedwith a �nite group. The only 
ase with �nite group that remains unsolved is the model ofGessel's walk.The aim of Chapter A is to solve Gessel's walk model, i.e. to represent in a 
losed formthe generating fun
tion Q(x, y, z) without 
omputer help.In addition of being not 
omputer-aided, our method presents the advantage of beinggeneralizable up to the 
ase of all 28 walks des
ribed above with unit steps in the quarterplane Z2

+ and asso
iated with a �nite or in�nite group � this extension will be the obje
tof Chapter B.Let us observe that for any (i, j) ∈ Z2
+ and k ∈ Z+, q(i, j, k) ≤ 4k, so that Q(x, y, z) isholomorphi
 in {|x| < 1, |y| < 1, |z| < 1/4} and 
ontinuous up to {|x| ≤ 1, |y| ≤ 1, |z| <

1/4}.Our starting point is the fun
tional equation already stated in [BMM09℄ and exploited



A.1. INTRODUCTION AND MAIN RESULTS 53in [PW08℄, valid a priori on {|x| ≤ 1, |y| ≤ 1, |z| < 1/4} :
K(x, y, z)Q(x, y, z) = zQ(x, 0, z) + z(y + 1)Q(0, y, z) − zQ(0, 0, z) − xy, (A.1)where K(x, y, z) = xyz

[
1/x+ 1/(xy) + x+ xy − 1/z

].Our method heavily relies on the profound analyti
 approa
h developed in [FIM99℄ byG. Fayolle, R. Iasnogorodski and V. Malyshev. Let us re
all from Se
tion 1 of Part I that inthis book, the authors 
ompute the generating fun
tions of stationary probabilities for someergodi
 random walks in a quarter plane. These random walks have four domains of spatialhomogeneity, namely the interior {(i, j) : i > 0, j > 0}, the horizontal axis {(i, 0) : i > 0},the verti
al axis {(0, j) : j > 0} and the origin {0, 0} ; in the interior, the only possible non-zero transition probabilities are the eight jumps at distan
e one. They redu
e the problemto the solution of the following fun
tional equation on {|x| ≤ 1, |y| ≤ 1},
K(x, y)Q(x, y) = k(x, y)q(x) + k̃(x, y)q̃(y) + k0(x, y)q0, (A.2)with known polynomials K(x, y), k(x, y), k̃(x, y), k0(x, y) and with fun
tions Q(x, y), q(x),

q̃(y) unknown but holomorphi
 in unit dis
s, 
ontinuous up to the boundary.First, they 
ontinue q(x) and q̃(y) meromorphi
ally (with poles that 
an be identi�ed)to the whole 
omplex plane 
ut along some segment. This ingenious 
ontinuation pro
edureis the 
ru
ial step of Book [FIM99℄.After that, they show that q(x) and q̃(y) verify a boundary value problem of Riemann-Carleman type, and they solve the latter by 
onverting it into a boundary value problemof Riemann-Hilbert type.Compared to (A.2), our equation (A.1) seems more di�
ult to analyze, as it involves a
omplementary parameter z. From the other point of view, the 
oe�
ients k(x, y), k̃(x, y)and k0(x, y) in front of the unknowns zQ(x, 0, z), z(y + 1)Q(0, y, z) and zQ(0, 0, z) areabsent. This will allow us to 
ontinue zQ(x, 0, z) and z(y+1)Q(0, y, z) as holomorphi
 andnot only meromorphi
 fun
tions and, 
onsequently, to simplify substantially the solutions.In the sequel, we will suppose, for te
hni
al reasons, that z is �xed in ]0, 1/4[.We are now going to state the main results of Chapter A. To begin with, let us have a
loser look to the kernel K(x, y, z) that appears in (A.1) and let us take some notations.The polynomial K(x, y, z) 
an be written as K(x, y, z) = ã(y, z)x2 + b̃(y, z)x+ c̃(y, z) =
a(x, z)y2 + b(x, z)y + c(x, z), with ã(y, z) = zy(y+ 1), b̃(y, z) = −y, c̃(y, z) = z(y + 1) and
a(x, z) = zx2, b(x, z) = zx2−x+z, c(x, z) = z. De�ne also d̃(y, z) = b̃(y, z)2−4ã(y, z)c̃(y, z)and d(x, z) = b(x, z)2 − 4a(x, z)c(x, z).For any z ∈]0, 1/4[, d̃ has one root equal to zero as well as two real positive roots,that we denote by y2(z) < 1 < y3(z). We have y2(z) = [1 − 8z2 − (1 − 16z2)1/2]/[8z2] and
y3(z) = [1 − 8z2 + (1 − 16z2)1/2]/[8z2] ; we also note y1(z) = 0 and y4(z) = ∞.Likewise, for all z ∈]0, 1/4[, d has four real positive roots, that we denote by x1(z) <
x2(z) < 1 < x3(z) < x4(z). Their expli
it expression is x1(z) = [1 + 2z − (1 + 4z)1/2]/[2z],
x2(z) = [1 − 2z − (1 − 4z)1/2]/[2z], x3(z) = [1 − 2z + (1 − 4z)1/2]/[2z] and x4(z) =
[1 + 2z + (1 + 4z)1/2]/[2z].With these notations, we haveK(x, y, z) = 0 if and only if [b̃(y, z)+2ã(y, z)x]2 = d̃(y, z)or [b(x, z)+2a(x, z)y]2 = d(x, z). In parti
ular, the algebrai
 fun
tions X(y, z) and Y (x, z)de�ned by K(X(y, z), y, z) = 0 and K(x, Y (x, z), z) = 0 have two bran
hes, meromorphi
on respe
tively C \

(
[y1(z), y2(z)] ∪ [y3(z), y4(z)]

) and C \
(
[x1(z), x2(z)] ∪ [x3(z), x4(z)]

).



54 CHAPITRE A. GESSEL'S WALKThe following straightforward results give some properties of the two bran
hes of thesealgebrai
 fun
tions X(y, z) and Y (x, z).Lemma A.1. Call X0(y, z) = [−b̃(y, z) + d̃(y, z)1/2]/[2ã(y, z)] and X1(y, z) = [−b̃(y, z) −
d̃(y, z)1/2]/[2ã(y, z)] the bran
hes of X(y, z). For all y ∈ C, we have |X0(y, z)| ≤ |X1(y, z)|.On C \

(
[y1(z), y2(z)] ∪ [y3(z), y4(z)]

), X0 has a simple zero at −1, no other zero andno pole ; X1 has a simple pole at −1, no other pole and no zero. Finally, both X0 and X1be
ome in�nite at y1(z) = 0 and zero at y4(z) = ∞.Now we 
all Y0(x, z) = [−b(x, z) + d(x, z)1/2]/[2a(x, z)] and Y1(x, z) = [−b(x, z) −
d(x, z)1/2]/[2a(x, z)] the bran
hes of Y (x, z). For all x ∈ C, we have |Y0(x, z)| ≤ |Y1(x, z)|.On C \

(
[x1(z), x2(z)] ∪ [x3(z), x4(z)]

), Y0 has a double zero at ∞, no other zero andno pole ; Y1 has a double pole at 0, no other pole and no zero.Both Xi(y, z), i ∈ {0, 1} are not de�ned when y belongs to a bran
h 
ut, in other wordsfor y ∈ [y1(z), y2(z)] ∪ [y3(z), y4(z)]. However, the limits X±
i (y, z) de�ned by X+

i (y, z) =
limXi(ŷ, z) as ŷ → y from the upper side of the 
ut and X−

i (y, z) = limXi(ŷ, z) as ŷ → yfrom the lower side of the 
ut are well de�ned. Sin
e for y in a bran
h 
ut, d̃(y, z) < 0,these two quantities are 
omplex 
onjugate the one from the other.A similar remark holds for Yi(x, z), i ∈ {0, 1} and x ∈ [x1(z), x2(z)] ∪ [x3(z), x4(z)].In fa
t, for respe
tively y ∈ [y1(z), y2(z)] and x ∈ [x1(z), x2(z)], we have :
X±

0 (y, z) =
−b̃(y, z) ∓ ı

[
− d̃(y, z)

]1/2

2ã(y, z)
, Y ±

0 (x, z) =
−b(x, z) ∓ ı

[
− d(x, z)

]1/2

2a(x, z)
, (A.3)

X±
1 (y, z) = X∓

0 (y, z) and Y ±
1 (x, z) = Y ∓

0 (x, z) � note that for Equation (A.3) to be truefor respe
tively y ∈ [y3(z), y4(z)] and x ∈ [x3(z), x4(z)], we have to ex
hange X±
0 (y, z) and

Y ±
0 (x, z) in X∓

0 (y, z) and Y ∓
0 (x, z) respe
tively.Lemma A.2. Consider X([y1(z), y2(z)], z) and Y ([x1(z), x2(z)], z). (i) These two 
urvesare symmetri
al w.r.t. the real axis and not in
luded in the unit dis
. (ii) X([y1(z), y2(z)], z)
ontains ∞ and Y ([x1(z), x2(z)], z) is 
losed. (iii) Both of them split the plane into two
onne
ted 
omponents, we 
all GX([y1(z), y2(z)], z) and G Y ([x1(z), x2(z)], z) the 
onne
ted
omponents of x1(z) and y1(z). They verify GX([y1(z), y2(z)], z) ⊂ C \ [x3(z), x4(z)] and

GY ([x1(z), x2(z)], z) ⊂ C \ [y3(z), y4(z)].Note that 
omplete proofs, for z = 1/4, of Lemmas A.1 and A.2 
an be found in Part 5.3of [FIM99℄. For other values of z, the details are essentially similar and thus we omit them.These notations and properties of the kernel K(x, y, z) are enough in order to state ourresults.First of all, we would like to show that zQ(x, 0, z) and z(y + 1)Q(0, y, z) verify someboundary value problems of Riemann-Carleman type.But it turns out that the asso
iated boundary 
onditions veri�ed by zQ(x, 0, z) and
z(y+1)Q(0, y, z) hold respe
tively on the 
urvesX([y1(z), y2(z)], z) and Y ([x1(z), x2(z)], z),whi
h are not in
luded in the unit dis
, see Lemma A.2, and where therefore the fun
tions
zQ(x, 0, z) and z(y + 1)Q(0, y, z) are a priori not de�ned. For this reason, �rst we needto 
ontinue the generating fun
tions up to these 
urves. In fa
t, we are going to show thefollowing result � the proof of whi
h being the 
entral subje
t of Se
tion A.3.
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Figure A.2 � The 
urves X([y1(z), y2(z)], z) and Y ([x1(z), x2(z)], z)Theorem A.3. The fun
tions zQ(x, 0, z) and z(y + 1)Q(0, y, z) 
an be holomorphi
ally
ontinued from their unit dis
 up to C \ [x3(z), x4(z)] and C \ [y3(z), y4(z)] respe
tively.Furthermore, for any y ∈ C \
(
[y1(z), y2(z)] ∪ [y3(z), y4(z)]

),
zQ(X0(y, z), 0, z) + z(y + 1)Q(0, y, z) − zQ(0, 0, z) −X0(y, z)y = 0, (A.4)and, for any x ∈ C \

(
[x1(z), x2(z)] ∪ [x3(z), x4(z)]

),
zQ(x, 0, z) + z(Y0(x, z) + 1)Q(0, Y0(x, z), z) − zQ(0, 0, z) − xY0(x, z) = 0. (A.5)Remark A.4. For y ∈ {|y| ≤ 1} su
h that |X0(y, z)| ≤ 1, (A.4) follows immediatelyfrom (A.1). Likewise, for x ∈ {|x| ≤ 1} su
h that |Y0(x, z)| ≤ 1, (A.5) is a straightforward
onsequen
e of (A.1). The fa
t that equations (A.4) and (A.5) are veri�ed not only for thesevalues of y and x but a
tually on C\

(
[y1(z), y2(z)]∪ [y3(z), y4(z)]

) and C\
(
[y1(z), y2(z)]∪

[x3(z), x4(z)]
) respe
tively will be shown in Se
tion A.3.Remark A.5. In the proof of Theorem A.3, we will see that like z(y+1)Q(0, y, z), Q(0, y, z)
an be holomorphi
ally 
ontinued from the unit dis
 up to C \ [y3(z), y4(z)].Now we explain how to obtain the above mentioned boundary 
onditions veri�ed bythe fun
tions zQ(x, 0, z) and z(y + 1)Q(0, y, z).Let y ∈ [y1(z), y2(z)], and let ŷ+ and ŷ− be 
lose to y, su
h that ŷ+ is in the upperhalf-plane and ŷ− in the lower half-plane. Then we have (A.4) for both ŷ+ and ŷ−. If now

ŷ+ → y and ŷ− → y, then we obtain X0(ŷ
+, z) → X+

0 (y, z) and X0(ŷ
−, z) → X−

0 (y, z) =
X+

1 (y, z). So we have proved that for any y ∈ [y1(z), y2(z)],
zQ(X+

0 (y, z), 0, z) + z(y + 1)Q(0, y, z) − zQ(0, 0, z)−X+
0 (y, z)y = 0, (A.6)

zQ(X+
1 (y, z), 0, z) + z(y + 1)Q(0, y, z) − zQ(0, 0, z)−X+

1 (y, z)y = 0. (A.7)Subtra
ting (A.7) from (A.6), we obtain that for any y ∈ [y1(z), y2(z)],
z
[
Q(X+

0 (y, z), 0, z) −Q(X+
1 (y, z), 0, z)

]
= X+

0 (y, z)y −X+
1 (y, z)y. (A.8)Then, using the fa
t that for i ∈ {0, 1}, y ∈ [y1(z), y2(z)] and z ∈]0, 1/4[, Y0(X

±
i (y, z), z) =

y � whi
h 
an be proved by elementary 
onsiderations starting from Lemma A.1, or by the
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oming Lemma A.16 �, we get the �rst part of (A.9) below :
∀t ∈ X([y1(z), y2(z)], z) : z

[
Q
(
t, 0, z

)
−Q

(
t, 0, z

)]
= tY0

(
t, z
)
−tY0

(
t, z
)
,

∀t ∈ Y ([x1(z), x2(z)], z) : z
[(
t+ 1

)
Q
(
0, t, z

)
−
(
t+ 1

)
Q
(
0, t, z

)]
= X0

(
t, z
)
t−X0

(
t, z
)
t.(A.9)Likewise, we 
ould prove the se
ond part of (A.9).Note that as a 
onsequen
e of (A.6) and (A.7), the equality (A.4) is, in some sense,also veri�ed for y ∈ [y1(z), y2(z)] � the same is true for (A.5) and x ∈ [x1(z), x2(z)].With Lemma A.2, Theorem A.3 and Equation (A.9), we obtain that zQ(x, 0, z) and

z(y + 1)Q(0, y, z) 
an be found among the fun
tions holomorphi
 in GX([y1(z), y2(z)], z)and GY ([x1(z), x2(z)], z), 
ontinuous up to the boundary and verifying the boundary
onditions (A.9).Su
h problems are known as boundary value problems of Riemann-Carleman type. Astandard way to solve them 
onsists in 
onverting them into boundary value problemsof Riemann-Hilbert type by use of 
onformal gluing fun
tions (CGF), in the sense ofDe�nition 1 of Part I.Let w(t, z) and w̃(t, z) be CGF for GX([y1(z), y2(z)], z) and GY ([x1(z), x2(z)], z) � theexisten
e (but no expli
it expression) of w and w̃ is ensured by general results on 
onformalgluing. For a general a

ount about boundary value problems and 
onformal gluing, werefer to [Lit00℄.Transforming the boundary value problems of Riemann-Carleman type into boundaryvalue problems of Riemann-Hilbert type thanks to w and w̃, solving them and working outthe solutions, we will prove the following.Theorem A.6. The fun
tion z[Q(x, 0, z)−Q(0, 0, z)
] has the following expli
it expressionfor z ∈]0, 1/4[ and x ∈ C \ [x3(z), x4(z)] :

z
[
Q(x, 0, z) −Q(0, 0, z)

]
=

xY0(x, z) +
1

π

∫ x2(z)

x1(z)

t
[
− d(t, z)

]1/2

2a(t, z)

[
∂tw(t, z)

w(t, z) − w(x, z)
−

∂tw(t, z)

w(t, z) − w(0, z)

]dt,
w being a CGF for the set GX([y1(z), y2(z)], z).The fun
tion z

[
(y + 1)Q(0, y, z) − Q(0, 0, z)

] has the following expli
it expression for
z ∈]0, 1/4[ and y ∈ C \ [y3(z), y4(z)] :
z
[
(y + 1)Q(0, y, z) −Q(0, 0, z)

]
=

X0(y, z)y +
1

π

∫ y2(z)

y1(z)

t
[
− d̃(t, z)

]1/2

2ã(t, z)

[
∂tw̃(t, z)

w̃(t, z) − w̃(y, z)
−

∂tw̃(t, z)

w̃(t, z) − w̃(0, z)

]dt,
w̃ being a CGF for the set GY ([x1(z), x2(z)], z).The fun
tion Q(0, 0, z) has the following expli
it expression for z ∈]0, 1/4[ :

Q(0, 0, z) = −
1

π

∫ y2(z)

y1(z)

t
[
− d̃(t, z)

]1/2

2ã(t, z)

[
∂tw̃(t, z)

w̃(t, z) − w̃(−1, z)
−

∂tw̃(t, z)

w̃(t, z) − w̃(0, z)

]dt,
w̃ being a CGF for the set GY ([x1(z), x2(z)], z).The fun
tion Q(x, y, z) has the expli
it expression obtained by using the ones of
Q(x, 0, z), Q(0, y, z) and Q(0, 0, z) in (A.1).
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tions in the integrands are expli
it, ex
ept for the CGF w and w̃. In[FIM99℄, suitable CGF are 
omputed impli
itly by means of the re
ipro
al of some knownfun
tions (see the formulas (A.23) and (A.24) below for the details). Starting from thisrepresentation, we are able to make expli
it these fun
tions for Gessel's walk.In order to state the result, we need to de�ne G2(z) = (4/27)(1 + 224z2 + 256z4),
G3(z) = (8/729)(1+16z2)(1−24z+16z2)(1+24z+16z2), L(z) as the only positive root of
L4−G2(z)L

2/2−G3(z)L−G2(z)
2/48 = 0 � noting rk(z) = [G2(z)−exp(2kıπ/3)(G2(z)

3−
27G3(z)

2)1/3]/3, we have L(z) = [−r0(z)
1/2 + r1(z)

1/2 + r2(z)
1/2]/2 � and

F (t, z) =
1 − 24z + 16z2

3
−

4(1 − 4z)2

z

t2

(t− x2(z))(t − 1)2(t− x3(z))
,

F̃ (t, z) =
1 − 24z + 16z2

3
+

4(1 − 4z)2

z

t(t+ 1)2

[(t− x2(z))(t − x3(z))]2
.

(A.10)Theorem A.7. A suitable CGF for the set GX([y1(z), y2(z)], z) is the only fun
tion havinga pole at x2(z) and solution of
w3 − w2

[
F (t, z) + 2L(z)

]
+ w

[
2L(z)F (t, z) + L(z)2/3 +G2(z)/2

]

−
[
L(z)2F (t, z) + 19G2(z)L(z)/18 +G3(z) − 46L(z)3/27

]
= 0.(A.11)Likewise, a suitable CGF for the set GY ([x1(z), x2(z)], z) is the only fun
tion having apole at x3(z) and solution of the equation obtained from (A.11) by repla
ing F by F̃ , see(A.10).Let us now outline some fa
ts around Theorems A.3, A.6 and A.7.Remark A.8. With Theorems A.6 and A.7, it is 
lear that the integral representations of

Q(x, 0, z) and Q(0, y, z), initially given for z ∈]0, 1/4[ admit holomorphi
 
ontinuations for
|z| < 1/4. In parti
ular, Cau
hy's formulas yield expli
it expressions for the numbers ofpaths q(i, j, k).In fa
t, the initial hypothesis �z ∈]0, 1/4[� is just te
hni
al, in the sense that it aims atensuring that both polynomials d and d̃ have three or four distin
t and real roots, whi
h isvery 
onvenient for a syntheti
 presentation of Se
tions A.2 and A.3.Remark A.9. Sin
e (A.1) is valid at least on {|x| ≤ 1, |y| ≤ 1, |z| < 1/4}, then for anysu
h (x̂, ŷ, z) with K(x̂, ŷ, z) = 0, the right hand side of (A.1) equals zero, so that
z
[
Q(x̂, 0, z) −Q(0, 0, z)

]
+ z
[
(ŷ + 1)Q(0, ŷ, z)−Q(0, 0, z)

]
+ zQ(0, 0, z) − x̂ŷ = 0. (A.12)We dedu
e that

zQ(0, 0, z) = −z
[
Q(x̂, 0, z) −Q(0, 0, z)

]
− z
[
(ŷ + 1)Q(0, ŷ, z) −Q(0, 0, z)

]
+ x̂ŷ, (A.13)with the fun
tions in the square bra
kets in right hand side given by the �rst two formulasin Theorem A.6. For the expli
it expression of zQ(0, 0, z) given in Theorem A.6, we have
hosen to substitute (x̂, ŷ, z) = (0,−1, z) in (A.13), whi
h is su
h that K(x̂, ŷ, z) = 0, sin
ewith Lemma A.1, we have X0(−1, z) = 0 . Moreover, we show in Theorem A.3 that for any

z ∈]0, 1/4[, the equation (A.12) is valid not only on {(x, y) ∈ C2 : K(x, y, z) = 0} ∩ {|x| ≤
1, |y| ≤ 1} but in a mu
h larger domain of the algebrai
 
urve {(x, y) ∈ C2 : K(x, y, z) = 0}.Namely, if (x̂, ŷ, z) is su
h that z ∈]0, 1/4[, x̂ /∈ [x3(z), x4(z)] and ŷ = Y0(x̂, z), or ŷ /∈
[y3(z), y4(z)] and x̂ = X0(ŷ, z), then (A.12) is still valid. Substituting any (x̂, ŷ, z) fromthis domain into (A.12) yields zQ(0, 0, z) as in (A.13).



58 CHAPITRE A. GESSEL'S WALKRemark A.10. With the analyti
al approa
h proposed here, it would be possible, withoutadditional di�
ulty, to obtain expli
itly the generating fun
tion of the number of walksbeginning at an arbitrary initial state (i0, j0) and ending at (i, j) in time k. Indeed, the onlysigni�
ant di�eren
e is that the produ
t xy in (A.1) would be then repla
ed by xi0+1yj0+1.Remark A.11. In Theorem A.6, the fun
tions z[Q(x, 0, z) − Q(0, 0, z)] and z[(y + 1)
Q(0, y, z) −Q(0, 0, z)] are written as the sums of two fun
tions whi
h are not holomorphi
near [x1(z), x2(z)] and [y1(z), y2(z)] respe
tively. However, the sum of these two fun
tionsis, of 
ourse, holomorphi
 near these segments, sin
e they are in
luded in the unit dis
. Byan appli
ation of the residue theorem as in Se
tion C.6 of Chapter C (see parti
ularly (C.54)and (C.59)), we 
ould write both generating series as fun
tions manifestly holomorphi
near these segments and having in fa
t their singularities near respe
tively [x3(z), x4(z)]and [y3(z), y4(z)].The rest of Chapter A is organized as follows.In Se
tion A.2, we prove Theorem A.7. There the impli
it representation of the CGFgiven in [FIM99℄ (and re
alled here in Subse
tions A.2.1 and A.2.2) in a general setting isdeveloped in Subse
tion A.2.3 to the 
ase of Gessel's walk.The proof of Theorem A.3 is postponed to the last Se
tion A.3. The main idea of theholomorphi
 
ontinuation pro
edure is borrowed again from [FIM99℄, we show how it workswith the parameter z ∈]0, 1/4[.Finally, we give now the proof of Theorem A.6.Proof of Theorem A.6. The proof is 
omposed of two steps : the �rst one, inspired by[FIM99℄, will allow us to obtain integral representations of the fun
tions zQ(x, 0, z) and
z(y+1)Q(0, y, z) on the 
urves X([y1(z), y2(z)], z) and Y ([x1(z), x2(z)], z) ; the se
ond onewill 
onsist in transforming these formulations into the integrals on real segments writtenin the statement of Theorem A.6, whi
h are more 
onvenient, notably from a 
al
ulationspoint of view.Let us begin by solving the boundary value problems of Riemann-Carleman type withboundary 
onditions (A.9). The use of CGF allows us, as in [FIM99℄ or [Lit00℄, to transformthem into boundary value problems of Riemann-Hilbert type. Following again [FIM99℄or [Lit00℄, we solve them, and in this way, we obtain representations of the unknownfun
tions zQ(x, 0, z) and z(y+1)Q(0, y, z) as integrals along the 
urves X([y1(z), y2(z)], z)and Y ([x1(z), x2(z)], z). Pre
isely, for zQ(x, 0, z), we get that up to some additive fun
tionof z,

zQ(x, 0, z) =
1

2πı

∫

X([y1(z),y2(z)],z)
tY0(t, z)

∂tw(t, z)

w(t, z) − w(x, z)
dt, (A.14)where w is the CGF of GX([y1(z), y2(z)], z) we used for the transformation of the boundaryvalue problems. Similarly, we 
ould write an integral representation of z(y + 1)Q(0, y, z),up to some additive fun
tion of z.We are now going to transform the integral representation (A.14) of zQ(x, 0, z). Tobegin with, let C(ǫ, z) be any 
ontour su
h that(i) C(ǫ, z) is 
onne
ted and 
ontains ∞,(ii) C(ǫ, z) ⊂

(
GX([y1(z), y2(z)], z) ∪X([y1(z), y2(z)], z)

)
\ [x1(z), x2(z)],(iii) limǫ→0C(ǫ, z) = X([y1(z), y2(z)], z) ∪ S(z), where we have denoted by S(z) the realsegment [x1(z),X(y2(z), z)] traversed from X(y2(z), z) to x1(z) along the lower edgeof the slit and then ba
k to X(y2(z), z) along the upper edge,
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onne
ted 
omponent of 0 of C \ C(ǫ, z).
ε

1 (z) 2x (z)

(z)y1 y2 (z)

3 4x x(z) (z)

],z),X([ C(  ,z)

x

Figure A.3 � The 
urve X([y1(z), y2(z)], z) and the new 
ontour of integration C(ǫ, z)Now we apply the residue theorem to the integrand of (A.14) on the 
ontour C(ǫ, z).Thanks to Lemma A.1 and the property (ii) of the 
ontour C(ǫ, z), tY0(t, z) is, as a fun
tionof t, holomorphi
 in GC(ǫ, z). Likewise, by using De�nition 1 of Part I as well as theproperty (ii) above, we get that ∂tw(t, z)/(w(t, z) − w(x, z)) is meromorphi
 on GC(ǫ, z),with a unique pole at t = x. Therefore, we have :
1

2πı

∫

C(ǫ,z)
tY0(t, z)

∂tw(t, z)

w(t, z) − w(x, z)
dt = xY0(x, z). (A.15)Making then ǫ go to 0, using (A.14), (A.15) and the property (iii) of the 
ontour, weobtain that, up to an additive fun
tion of z,

zQ(x, 0, z) = xY0(x, z) −
1

2πı

∫

S(z)
tY0(t, z)

∂tw(t, z)

w(t, z) − w(x, z)
dt. (A.16)Sin
e for any x ∈ GX([y1(z), y2(z)], z), the integrand in (A.16) is, as a fun
tion of t,holomorphi
 at any point of ]x2(z),X(y2(z), z)[, we have

∫

S(z)
tY0(t, z)

∂tw(t, z)

w(t, z) − w(x, z)
dt =

∫ x2(z)

x1(z)

[
tY +

0 (t, z) − tY −
0 (t, z)

] ∂tw(t, z)

w(t, z) − w(x, z)
dt,(A.17)so that with (A.3), we immediately obtain the expression of z[Q(x, 0, z)−Q(0, 0, z)] statedin Theorem A.6, when x ∈ GX([y1(z), y2(z)], z).Likewise, we 
ould obtain, for y ∈ GY ([x1(z), x2(z)], z), the expression of z[(y +

1)Q(0, y, z) −Q(0, 0, z)] written in Theorem A.6.The formula for Q(0, 0, z) has been already proved in Remark A.9.In fa
t, the integral representations of z[Q(x, 0, z)−Q(0, 0, z)] and z[(y+1)Q(0, y, z)−
Q(0, 0, z)] hold not only on GX([y1(z), y2(z)], z) and GY ([x1(z), x2(z)], z) but a
tually on
C \ [x3(z), x4(z)] and C \ [y3(z), y4(z)] ; we will show this fa
t in Proposition A.17, sin
ethe ne
essary tools will be naturally introdu
ed in Subse
tions A.2.1 and A.2.2.Note. In De
ember 2009, just after the �rst version of the paper [KR09a℄ (that has led tothe bulk of Chapter A) appeared on arXiv, we re
eived an e-mail from M. van Hoeij, who



60 CHAPITRE A. GESSEL'S WALKsaid us that he had, at the same time, found expli
itly Q(x, y, z) by 
omputing an expli
itsolution to the minimal polynomials for Q(x, 0, z) and Q(0, y, z) given in [BK09℄ and byusing (A.1) � this expression 
an be found in the appendix of [BK09℄. As already said, theresults of A. Bostan and M. Kauers in [BK09℄, and 
onsequently also the ones of M. vanHoeij, require the use of a powerful 
omputer algebra system. However, this 
omputer-aidedapproa
h leads to another 
losed form of Q(x, y, z) and gives a 
omplementary interestinginsight into Gessel's walk.A.2 Study of the 
onformal gluing fun
tionsNotation. For the sake of shortness, we drop, from now on, the dependen
e of the di�erentquantities w.r.t. z ∈]0, 1/4[.The main subje
t of Se
tion A.2 is to prove Theorem A.7. For this, we are going tode�ne two fun
tions, namely w and w̃, whi
h thanks to Part 5.5 of [FIM99℄ are known tobe suitable CGF for the sets GX([y1, y2]) and GY ([x1, x2]), and we will show that thesefun
tions verify the 
on
lusions of Theorem A.7.The de�nitions of these CGF given in [FIM99℄ are re
alled here in Subse
tion A.2.2, seeparti
ularly (A.23) and (A.24). They require to de�ne some fun
tions on a uniformizationof the algebrai
 
urve {(x, y) ∈ C2 : K(x, y, z) = 0}, so that we begin Se
tion A.2by stu- dying an adequate uniformization of this 
urve � note that Subse
tion A.2.1 isalso ne
essary for Se
tion A.3, where we will prove Theorem A.3.A.2.1 UniformizationIn what follows, we note K the algebrai
 
urve {(x, y) ∈ C2 : K(x, y, z) = 0}, K beingde�ned in (A.1).Proposition A.12. For any z ∈]0, 1/4[, K is a Riemann surfa
e of genus one.Proof. We have shown in Se
tion A.1 that K(x, y, z) = 0 if and only if [b(x) + 2a(x)y]2 =
d(x). But the Riemann surfa
e of the square root of a polynomial whi
h has four distin
troots of order one has genus one, see e.g. [JS87℄, therefore the genus of K is also one.With Proposition A.12, it is immediate that K is isomorphi
 to some torus ; in otherwords, there exists a two-dimensional latti
e Ω su
h that K is isomorphi
 to C/Ω. Su
h asuitable latti
e Ω (in fa
t the only possible latti
e, up to a homotheti
 transformation) ismade expli
it in Parts 3.1 and 3.3 of [FIM99℄, namely ω1Z + ω2Z, where

ω1 = ı

∫ x2

x1

dx
[−d(x)]1/2

, ω2 =

∫ x3

x2

dx
[d(x)]1/2

. (A.18)We are now going to give a uniformization of the surfa
e K , in other words, we aregoing to make expli
it two fun
tions x(ω), y(ω) ellipti
 w.r.t. the latti
e Ω su
h that K =
{(x(ω), y(ω)), ω ∈ C} � and then also equal to {(x(ω), y(ω)), ω ∈ C/Ω}. By using the samearguments as in Part 3.3 of [FIM99℄, we immediately obtain that we 
an take
x(ω) = x4 +

d′(x4)

℘(ω) − d′′(x4)/6
, y(ω) =

1

2a(x(ω))

[
−b(x(ω)) +

d′(x4)℘
′(ω)

2(℘(ω) − d′′(x4)/6)2

]
,(A.19)
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℘ being the Weierstrass ellipti
 fun
tion with periods ω1, ω2.By 
onvenien
e, we 
onsider, from now on, that the 
oordinates of the uniformization
x and y are de�ned on C/Ω rather than on C.It is well-known that ℘ is 
hara
terized by its invariants g2, g3 through

℘′(ω)2 = 4℘(ω)3 − g2℘(ω) − g3. (A.20)Lemma A.13. The invariants g2, g3 of ℘ are equal to :
g2 = (4/3)

(
1 − 16z2 + 16z4

)
, g3 = −(8/27)

(
1 − 8z2

)(
1 − 16z2 − 8z4

)
.Proof. It is well-known that 4℘(ω)3 − g2℘(ω) − g3 = 4[℘(ω) − ℘(ω1/2)][℘(ω) − ℘([ω1 +

ω2]/2)][℘(ω) − ℘(ω2/2)] ; in parti
ular, the invariants 
an be 
al
ulated in terms of thevalues of ℘ at the half-periods. But it is 
lear (and proved in Part 3.3 of [FIM99℄) thatsetting f(t) = d′(x4)/(t−x4)+d
′′(x4)/6, we have ℘(ω1/2) = f(x3), ℘([ω1 +ω2]/2) = f(x2)and ℘(ω2/2) = f(x1), so that Lemma A.13 follows from a dire
t 
al
ulation.Now that the uniformization (A.19) is 
ompletely and expli
itly de�ned, it is naturalto be interested in the re
ipro
al images through it of the important 
y
les that are thebran
h 
uts [x1, x2], [x3, x4], [y1, y2] and [y3, y4]. For this, we need to de�ne a new period,namely
ω3 =

∫ x1

−∞

dx
[d(x)]1/2

. (A.21)We will importantly use the fa
t that ω3 ∈]0, ω2[, whi
h is proved in Part 3.3 of [FIM99℄.Proposition A.14. We have x−1([x1, x2]) = [0, ω1[+ω2/2 and x−1([x3, x4]) = [0, ω1[,
y−1([y1, y2]) = [0, ω1[+[ω2 + ω3]/2 and y−1([y3, y4]) = [0, ω1[+ω3/2.Proposition A.14 follows from repeating the arguments of Part 5.5 of [FIM99℄, and isillustrated on Pi
ture A.4 below.Now we de�ne S(x, y) = 1/x + 1/(xy) + x + xy, the generating fun
tion of the jumpprobabilities of Gessel's walk, and we 
onsider the following two birational transformations

Ψ(x, y) =
(
x, 1/(x2y)

)
, Φ(x, y) =

(
1/(xy), y

)
.They are su
h that Ψ2 = Φ2 = id and S ◦ Ψ = S ◦ Φ = S. Then, as in [FIM99℄, we de�nethe group of the random walk W as the group generated by Ψ and Φ. This is well known,see e.g. [BMM09℄, that W is of order eight for the pro
ess 
onsidered here ; in other words,

inf{n > 0 : (Φ ◦ Ψ)n = id} = 4.If (x, y) ∈ C2 is su
h that K(x, y, z) = 0 and if Θ is any element of W , then obviously
K(Θ(x, y), z) = 0. This means that the group W 
an also be understood as a group ofautomorphisms of the algebrai
 
urve K .It is also shown in Part 3.1 of [FIM99℄ that these automorphisms Ψ and Φ de�ned on
K be
ome on C/Ω the automorphisms ψ and φ with the following expressions :

ψ(ω) = −ω, φ(ω) = −ω + ω3. (A.22)They are su
h that ψ2 = φ2 = id, x ◦ψ = x, y ◦ψ = 1/(x2y), x ◦φ = 1/(xy) and y ◦φ = y.A 
ru
ial fa
t is the following.Proposition A.15. For all z ∈]0, 1/4[, we have ω3 = 3ω2/4.
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e the group generated by Ψ and Φ is of order eight, so is the group generatedby ψ and φ (this fa
t will be 
ompletely shown and generalized in the proof of PropositionB.18), in other words, inf{n > 0 : (φ◦ψ)n = id} = 4. With (A.22), this immediately impliesthat 4ω3 is some point of the latti
e Ω, 
ontrary to ω3, 2ω3 and 3ω3. But we already knowthat ω3 ∈]0, ω2[, so that two possibilities remain : either ω3 = ω2/4 or ω3 = 3ω2/4.In addition, essentially be
ause the 
ovarian
e of Gessel's walk is positive, we 
an usethe same arguments as in Se
tion C.5 of Chapter C, and, in this way, we obtain that ω3 isne
essary larger than ω2/2, whi
h entails Proposition A.15.A.2.2 Impli
it expression and global properties of the CGFAs said in Se
tion A.1, the existen
e of CGF for the sets GX([y1, y2]) and GY ([x1, x2])follows from general results on 
onformal gluing, see e.g. [Lit00℄ ; a
tually �nding expli
itexpressions for CGF is more problemati
.But by using the same analysis as in Part 5.5 of [FIM99℄, we obtain expli
itly suitableCGF for these sets. Before writing the expression of these CGF, let us re
all that ℘, andtherefore also x, take ea
h value of C∪{∞} twi
e on [0, ω2[×[0, ω1/ı[, but are one-to-one on
[0, ω2/2[×[0, ω1/ı[. In parti
ular, on this half-parallelogram, x admits a re
ipro
al fun
tion,that we denote by x−1.Then, with [FIM99℄, we state :

w(t) = ℘1,3

(
x−1(t) − [ω1 + ω2]/2

)
, (A.23)

℘1,3 being the Weierstrass ellipti
 fun
tion with periods ω1, ω3 and x−1 the re
ipro
al fun
-tion of the �rst 
oordinate of the uniformization (A.19) ; the periods ω1, ω2, ω3 are de�nedin (A.18) and (A.21).In Se
tion C.5 of Chapter C, we will study some properties of the fun
tion de�ned by(A.23) ; among other things, we will show that if ω3 > ω2/2 (whi
h is a
tually the 
asehere, see Proposition A.15), then the fun
tion (A.23) is in fa
t meromorphi
 on C \ [x3, x4]with a unique pole, of order one and at x2.In order to �nd expli
itly a CGF for the set GY ([x1, x2]), we remark that
w̃(t) = w(X0(t)) (A.24)is suitable � this is a 
onsequen
e of the fa
ts that w is a CGF for GX([y1, y2]) and that

X0 : GY ([x1, x2]) \ [y1, y2] → GX([y1, y2]) \ [x1, x2] is 
onformal, as stated in Lemma A.16below.More globally, w̃ de�ned by (A.24) is meromorphi
 on C\[y3, y4] and has there a uniquepole, of order two and at Y (x2) = x3 � this is a 
onsequen
e of some properties of w alreadymentioned and of the fa
t that X0(C) ⊂ C \ [x3, x4], see also Lemma A.16 (for the proofof the latter, we refer to Part 5.3 of [FIM99℄).Lemma A.16. X0 : GY ([x1, x2]) \ [y1, y2] → GX([y1, y2]) \ [x1, x2] and Y0 : GX([y1, y2]) \
[x1, x2] → G Y ([x1, x2]) \ [y1, y2] are 
onformal and re
ipro
al the one from the other. Inaddition, X0(C) ⊂ C \ [x3, x4] and Y0(C) ⊂ C \ [y3, y4]Let us now 
omplete the proof of Theorem A.6, by showing the following.Proposition A.17. The integral representations of z[Q(x, 0, z) − Q(0, 0, z)] and z[(y +
1)Q(0, y, z) −Q(0, 0, z)] given in Theorem A.6 hold not only on the sets GX([y1, y2]) and
GY ([x1, x2]) but a
tually on C \ [x3, x4] and C \ [y3, y4].
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lear from their expli
it expression that these integral representations 
anbe 
ontinued from GX([y1, y2]) and GY ([x1, x2]) up to C \
(
[x3, x4] ∪ (w−1(w([x1, x2])) \

[x1, x2])
) and C \

(
[y3, y4] ∪ (w̃−1(w̃([y1, y2])) \ [y1, y2])

) respe
tively. In other words, inorder to prove Proposition A.17, it is enough to show that w−1(w([x1, x2])) \ [x1, x2] = ∅and that w̃−1(w̃([y1, y2])) \ [y1, y2] = ∅.To begin with, we explain why w−1(w([x1, x2])) \ [x1, x2] = ∅. By using the fa
t ℘ isone-to-one on [0, ω2/2[×[0, ω1/ı[, we easily obtain that x−1(C) = [0, ω2/2] × [0, ω1/ı[. Inparti
ular, with Proposition A.15, we have x−1(C) ⊂] − ω3 + ω2/2, ω2/2] × [0, ω1/ı[. But
℘1,3 takes ea
h value of C∪{∞} twi
e on the parallelogram ]−ω3 +ω2/2, ω2/2]× [0, ω1/ı[,and with the proof of Lemma A.13, ℘1,3([−ω1/2, 0]) = ℘1,3([0, ω1/2]) = w([x1, x2]), so thatwe get w−1(w([x1, x2])) \ [x1, x2] = ∅.By using the same kind of arguments as above, as well as with (A.24), we obtain that
w̃−1(w̃([y1, y2])) \ [y1, y2] = ∅.A.2.3 Proof of Theorem A.7Proof. We are going here to note ω4 = ω2/4, and ℘1,4 for the Weierstrass ellipti
 fun
tionwith periods ω1, ω4. Moreover, we re
all that ℘ and ℘1,3 denote the Weierstrass ellipti
fun
tions with respe
tive periods ω1, ω2 and ω1, ω3 = 3ω2/4.To begin with, let us mention the following fa
t. Let ℘̆ be the Weierstrass ellipti
fun
tion with periods noted ω̂, ω̌ and let n be some positive integer. Then the Weierstrassellipti
 fun
tion with periods ω̂, ω̌/n 
an be written in terms of ℘̆ as follows :

℘̆(ω) +
n−1∑

k=1

[
℘̆(ω + kω̌/n) − ℘̆(kω̌/n)

]
, (A.25)see http://fun
tions.wolfram.
om/Ellipti
Fun
tions/WeierstrassP/16/06/03/.Then, by using e.g. the addition theorem (A.26) for the Weierstrass ellipti
 fun
tion

℘̆ in (A.25) and next the identity (A.20), we obtain that the Weierstrass ellipti
 fun
tionwith periods ω̂, ω̌/n is a rational fun
tion of the Weierstrass ellipti
 fun
tion with periods
ω̂, ω̌.The proof of Theorem A.7 will then follow from applying this fa
t twi
e :(i) �rst, sin
e ω4 = ω2/4, we will express ℘1,4 as a rational fun
tion of ℘,(ii) then, thanks to the identity ω4 = ω3/3, we will formulate ℘1,4 as a rational fun
tionof ℘1,3.Before making expli
it the rational transformations that appear with the points (i) and(ii), we explain how to 
on
lude the proof of Theorem A.7.An immediate 
onsequen
e of (i) and (ii) is the possibility of writing ℘1,3 as an algebrai
fun
tion of ℘. In parti
ular, it is 
lear from that and from the addition theorem (A.26) for ℘that the formula w(t) = ℘1,3

(
℘−1(f(t))−[ω1+ω2]/2

), with f(t) = d′(x4)/(t−x4)+d
′′(x4)/6� whi
h is the CGF under 
onsideration, see (A.19) and (A.23) � de�nes an algebrai
fun
tion of t.Expli
it expression of the rational fun
tion for (i). With (A.25), we 
an write

℘1,4(ω) = ℘(ω)+℘(ω+ω2/2)+℘(ω+ω2/4)+℘(ω+3ω2/4)−℘(ω2/2)−℘(ω2/4)−℘(3ω2/4).



64 CHAPITRE A. GESSEL'S WALKThen, by using the addition theorem for ℘, namely the following formula, valid for all ω, ω̃� whi
h 
an be found e.g. in [Law89℄ �,
℘
(
ω + ω̃

)
= −℘

(
ω) − ℘

(
ω̃
)

+
1

4

[
℘′
(
ω
)
− ℘′

(
ω̃
)

℘
(
ω
)
− ℘

(
ω̃
)
]2

, (A.26)as well as the equalities ℘(ω2/4) = ℘(3ω2/4), ℘′(ω2/4) = −℘′(3ω2/4) and ℘′(ω2/2) = 0� obtained from the fa
ts that ℘(ω2/2+ω) and ℘′(ω2/2+ω) are respe
tively even and oddfun
tions of ω �, we get
℘1,4(ω) = −2℘(ω) +

℘′(ω)2 + ℘′(ω2/4)
2

2
[
℘(ω) − ℘(ω2/4)

]2 +
℘′(ω)2

4
[
℘(ω) − ℘(ω2/2)

]2 − ℘(ω2/2) − 2℘(ω2/4).(A.27)Now we re
all from the proof of Lemma A.13 that ℘(ω2/2) = f(x1). In other words, forthe right hand side of (A.27) to be 
ompletely expli
it, it remains to �nd the expressionsof ℘(ω2/4) and ℘′(ω2/4) in terms of z.But starting from the known value of ℘(ω2/2), it is easy to obtain the expression of
℘(ω2/4), by using e.g. the formula below (a proof of whi
h being given in [Law89℄) :

℘(ω2/4) = ℘(ω2/2) +
[
(℘(ω2/2) − ℘(ω1/2))(℘(ω2/2) − ℘([ω1 + ω2]/2))

]1/2
. (A.28)Then we use that ℘(ω1/2) = f(x3), ℘([ω1 +ω2]/2) = f(x2), ℘(ω2/2) = f(x1) and aftersimpli�
ation, we get ℘(ω2/4) = (1 + 4z2)/3. As a 
onsequen
e as well as with (A.20) andLemma A.13, we obtain ℘′(ω2/4)

2 = 64z4. Sin
e ℘ is de
reasing on ]0, ω2/2[, see [Law89℄,we have ℘′(ω2/4) < 0 and therefore ℘′(ω2/4) = −8z2. In 
on
lusion, the right hand sideof (A.27) is 
ompletely and expli
itly known.In parti
ular, evaluating (A.27) at ω = ℘−1(f(t)) − [ω1 + ω2]/2 and using again theaddition formula (A.26) for ℘, we obtain that the right hand side of (A.27) is a rationalfun
tion of t that 
an be expli
itly obtained in terms of t and z ; after a substantial butelementary 
al
ulation, we get ℘1,4

(
℘−1(f(t)) − [ω1 + ω2]/2

)
= F (t), F being de�ned in(A.10).Expli
it expression of the rational fun
tion for (ii). Using the same arguments that haveallowed us to obtain (A.27) from (A.25), we obtain that ℘1,4 is the following rational fun
-tion of ℘1,3 :

℘1,4(ω) = −℘1,3(ω) +
℘′

1,3(ω)2 + ℘′
1,3(ω3/3)

2

2
[
℘1,3(ω) − ℘1,3(ω3/3)

]2 − 4℘1,3(ω3/3). (A.29)By using then (A.29) and the equality ℘′
1,3(ω)2 = 4℘1,3(ω)3−g2,1,3℘1,3(ω)−g3,1,3, where

g2,1,3, g3,1,3 are the invariants asso
iated with ℘1,3, we get that ℘1,4 is a rational fun
tion of
℘1,3 ; moreover, with Lemma A.18 as well as with the equality ℘′

1,3(ω3/3)
2 = 4℘1,3(ω3/3)

3−
g2,1,3℘1,3(ω3/3)− g3,1,3 and Lemma A.19, the 
oe�
ients of this rational fun
tion in termsof z be
ome expli
itly known.Proof of (A.11). Now we remark that Lemmas A.18 and A.19 allow us to write (A.29) as

℘1,3(ω)3 − ℘1,3(ω)2
[
℘1,4(ω) + 2L

]
+ ℘1,3(ω)

[
2L℘1,4(ω) + L2/3 +G2/2

]

−
[
L2℘1,4(ω) + 19G2L/18 +G3 − 46L3/27

]
= 0.
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ular, evaluating this equality at ω = ℘−1(f(t))− [ω1+ω2]/2, using the fa
t alreadyproved that ℘1,4

(
℘−1(f(t))− [ω1 + ω2]/2

)
= F (t) as well as the de�nition (A.23) of w, weobtain (A.11).End of the proof of Theorem A.7. If F is in�nite at some point, then the equality (A.11)be
omes (w−L)2 = 0. In parti
ular, at a su
h point at least two roots of (A.11) take �nitevalues. In addition, by using the root-
oe�
ient relationships, it is 
lear that at a pointwhere F is in�nite, at least one root of (A.11) is in�nite.This proves that at any point where F is in�nite, there is one and only one root of (A.11)whi
h is in�nite.In parti
ular, sin
e F is in�nite at x2, see (A.10), and sin
e w has a pole at x2, seeSubse
tion A.2.2, w 
an be 
hara
terized as the only solution of (A.11) with a pole at x2.Likewise, we 
ould prove the 
orresponding fa
t for w̃. Theorem A.7 is proved.Let G2, G3, L be the quantities de�ned in Se
tion A.1 (just above the statement ofTheorem A.7). The two following results have been used in the proof of Theorem A.7.Lemma A.18. ℘1,3(ω3/3) = L.Lemma A.19. g2,1,3, g3,1,3, the invariants of ℘1,3, have the following expli
it expressions :

g2,1,3 = 40L2/3 −G2, g3,1,3 = −280L3/27 + 14LG2/9 +G3.Proof of Lemmas A.18 and A.19. Start by expanding ℘1,4 at 0 in two di�erent ways.Firstly, by using (A.27) and after simpli�
ation, we obtain
℘1,4(ω) =

1

ω2
+
[
9G2/20

]
ω2 −

[
27G3/28

]
ω4 +O(ω6). (A.30)Se
ondly, we 
an also use (A.29) in order to expand ℘1,4 at 0, and after some 
al
ulation,we get

℘1,4(ω) =
1

ω2
+
[
6L2−9g2,1,3/20

]
ω2+

[
10L3−3Lg2,1,3/2−27g3,1,3/28

]
ω4+O(ω6). (A.31)Lemma A.19 follows then immediately, by identifying the expansions (A.30) and (A.31).As for Lemma A.18, it is a
tually be a 
onsequen
e of Lemma A.19 and of the followingresult, proved e.g. in [Law89℄ : the quantity M = ℘1,3(ω3/3) is the only positive solutionof the equation M4 − g2,1,3M

2/2− g3,1,3M − g2
2,1,3/48 = 0. But thanks to Lemma A.19, we
an repla
e g2,1,3, g3,1,3 by their expression in terms of G2, G3,M ; in this way, we obtainthat M veri�es the equation M4 −G2M

2/2 −G3M −G2
2/48 = 0.A.3 Holomorphi
 
ontinuation of the generating fun
tionsIn this part, we are going to prove Theorem A.3, in other words, we are going to showthat zQ(x, 0) and z(y + 1)Q(0, y) 
an be holomorphi
ally 
ontinued from their unit dis
up to C \ [x3, x4] and C \ [y3, y4] respe
tively.In fa
t, we are going to show that Q(x, 0) and Q(0, y) 
an be holomorphi
ally 
ontinuedup to C \ [x3, x4] and C \ [y3, y4] respe
tively, whi
h is an equivalent assertion, as shown atthe end of the proof of Theorem A.20.For this, we are going to use the following pro
edure.



66 CHAPITRE A. GESSEL'S WALK(i) First of all, we will lift the fun
tions Q(x, 0) and Q(0, y) up to C/Ω by setting
qx(ω) = Q(x(ω), 0) and qy(ω) = Q(0, y(ω)). The fun
tions qx and qy are a prioriwell de�ned on x−1({|x| ≤ 1}) and y−1({|y| ≤ 1}) respe
tively.(ii) Then, we will prove the following.Theorem A.20. qx and qy, initially well de�ned on x−1({|x| ≤ 1}) and y−1({|y| ≤ 1})respe
tively, 
an be holomorphi
ally 
ontinued up to the whole parallelogram C/Ω 
ut along

[0, ω1[ and [0, ω1[+ω3/2 respe
tively. Moreover, these 
ontinuations verify
∀ω ∈ C/Ω \ [0, ω1[ : qx(ω) = qx(ψ(ω)), ∀ω ∈ C/Ω \

(
[0, ω1[+ω3/2

)
: qy(ω) = qy(φ(ω)),(A.32)and

∀ω ∈]3ω2/8, ω2[×[0, ω1/ı[ : zqx(ω) + z(y(ω) + 1)qy(ω)− zQ(0, 0)−x(ω)y(ω) = 0. (A.33)Remark A.21. Both (A.4) and (A.5) are immediate 
onsequen
es of (A.33).(iii) Finally, we will set Q(x, 0) = qx(ω) if x(ω) = x and Q(0, y) = qy(ω) if y(ω) = y.Thanks to (A.32) and Proposition A.14, these equalities de�ne Q(x, 0) and Q(0, y)on respe
tively C\ [x3, x4] and C\ [y3, y4] not ambiguously, as holomorphi
 fun
tions.Item (i) and (iii) are straightforward. For the proof of (ii), it is useful �rst to �nd thelo
ation of the 
y
les x−1({|x| = 1}) and y−1({|y| = 1}) on C/Ω, this is the subje
t of thefollowing result, illustrated on Pi
ture A.4 below.
2
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1Figure A.4 � Lo
ation of the important 
y
les on the surfa
e [0, ω2[×[0, ω1/ı[Proposition A.22. We have x−1({|x| = 1}) =
(
[0, ω1[+ω2/4

)
∪
(
[0, ω1[+3ω2/4

) and
y−1({|y| = 1}) =

(
[0, ω1[+ω2/8

)
∪
(
[0, ω1[+5ω2/8

).Proof. The details are of 
ourse essentially the same for x and y, so that we are going toprove only the assertion 
on
erning x. The proof is 
omposed of three steps.But �rst of all, let us note that be
ause of the equality x◦ψ = x, it is su�
ient to provethat x−1({|x| = 1}) ∩
(
[0, ω2/2[×[0, ω1/ı[

)
= [0, ω1[+ω2/4 � the advantage of this beingthat ℘, and therefore also x, are one-to-one in the half-parallelogram [0, ω2/2[×[0, ω1/ı[.Firstly, we prove that x(ω2/4+ω1/2) = 1. For this, we re
all that ℘(ω2/4) = (1+4z2)/3,

℘′(ω2/4) = −8z2, ℘(ω1/2) = f(x3) and ℘′(ω2/2) = 0, see the proofs of Theorem A.7 andLemma A.13. Then, with the addition theorem (A.26), we immediately obtain the expli
itvalue of ℘(ω2/4 + ω1/2). Finally, after a simple 
al
ulation and the use of (A.19), we getthat x(ω2/4 + ω1/2) = 1.
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ondly, we show that x−1({|x| = 1}) ∩
(
[0, ω2/2[×[0, ω1/ı[

)
⊂ [0, ω1[+ω2/4. For this,let θ ∈ [0, 2π[. With (A.19), we have x(ω) = exp(ıθ) if and only if ℘(ω) = f(exp(ıθ)). Sin
e

ω ∈ [0, ω2/2] × [0, ω1/ı[, we 
an use the well-known expli
it expression of the re
ipro
alfun
tion of ℘, and with the �rst step we obtain :
ω = ω2/4 + ω1/2 +

∫ f(exp(ıθ))

f(1)

dt
[4t3 − g2t− g3]1/2

= ω2/4 + ω1/2 +
1

2

∫ 1

exp(ıθ)

dx
[d(x)]1/2

,(A.34)
d being de�ned in Se
tion A.1 and g2, g3 in Lemma A.13. Note that the se
ond equalityabove is got with the same 
al
ulations as in Part 3.3 of [FIM99℄.Now we remark that d(x) = x4d(1/x). In parti
ular, the 
hange of variable x 7→ 1/x inthe integral ∫ 1

exp(ıθ) dx/[d(x)]1/2 yields
∫ 1

exp(ıθ)

dx
[d(x)]1/2

= −

∫ 1

exp(−ıθ)

dx
[d(x)]1/2

.As a 
onsequen
e, this integral belongs to ıR.In 
on
lusion, with (A.34), we have shown that a
tually x−1({|x| = 1}) ∩
(
[0, ω2/2[×

[0, ω1/ı[
)
⊂ [0, ω1[+ω2/4.Thirdly, we prove that the in
lusion above has to be an equality. Indeed, if it was notthe 
ase, the 
urve x−1({|x| = 1})∩

(
[0, ω2/2[×[0, ω1/ı[

) would be 
urve not 
losed, whi
his a manifest 
ontradi
tion with the fa
ts that {|x| = 1} is 
losed and that x is meromorphi
and one-to-one in the half-parallelogram [0, ω2/2[×[0, ω1/ı[.Proof of Theorem A.20. The proof is 
omposed of two steps. We are going �rst to de�nethe 
ontinuations of qx and qy on the whole parallelogram C/Ω appropriately 
ut, and then,we will verify that the fun
tions so-
onstru
ted a
tually verify the 
on
lusions of TheoremA.20.
∗ We de�ne qx(ω) on x−1({|x| ≤ 1}) by Q(x(ω), 0) and qy(ω) on y−1({|y| ≤ 1}) by
Q(0, y(ω)) � note that as a 
onsequen
e of Proposition A.22, we have x−1({|x| ≤
1}) = [ω2/4, 3ω2/4] × [0, ω1/ı[ and y−1({|y| ≤ 1}) = [5ω2/8, 9ω2/8] × [0, ω1/ı[.

∗ Motivated by Equation (A.1), on [3ω2/4, ω2[×[0, ω1/ı[⊂ y−1({|y| ≤ 1}), we set
qx(ω) = −(y(ω) + 1)qy(ω) +Q(0, 0) + x(ω)y(ω)/z and on ]3ω2/8, 5ω2/8]× [0, ω1/ı[⊂
x−1({|x| ≤ 1}), we set (y(ω) + 1)qy(ω) = −qx(ω) +Q(0, 0) + x(ω)y(ω)/z.

∗ On ]0, ω2/4] × [0, ω1/ı[, we de�ne qx(ω) by qx(φ(ω)) � note that with (A.22), wehave φ(]0, ω2/4] × [0, ω1/ı[) = [3ω2/4, ω2[×[0, ω1/ı[. On [ω2/8, 3ω2/8[×[0, ω1/ı[, wede�ne qy(ω) by qy(ψ(ω)) � by using (A.22), we have ψ([ω2/8, 3ω2/8[×[0, ω1/ı[) =
]3ω2/8, 5ω2/8] × [0, ω1/ı[.The fun
tions qx and qy are now well de�ned on the whole parallelogram C/Ω 
ut along

[0, ω1[ and [0, ω1[+ω3/2 respe
tively.Note that the de�nitions of qx and qy given in the �rst item above are quite natural.The one stated in the se
ond item is also natural sin
e on x−1({|x| ≤ 1})∩y−1({|y| ≤ 1}) =
[5ω2/8, 3ω2/4]× [0, ω1/ı[, the equality qx(ω) + (y(ω) + 1)qy(ω)−Q(0, 0)− x(ω)y(ω)/z = 0holds, see (A.1). The de�nition set in the third item is to ensure that (A.32) is valid.Let us now prove that the fun
tions qx and qy so-
ontinued verify the di�erent assertionsof Theorem A.20.Note �rst that (A.33) is immediately true, by 
onstru
tion of the 
ontinuations.



68 CHAPITRE A. GESSEL'S WALKWe are now going to verify (A.32) for qx.By using the �rst item above as well as the equality x ◦ ψ = x, (A.32) is obviouslyveri�ed on [ω2/4, 3ω2/4]× [0, ω1/ı[= ψ([ω2/4, 3ω2/4]× [0, ω1/ı[). Moreover, with the thirditem, (A.32) is veri�ed for qx on ]0, ω2/4] × [0, ω1/ı[, and sin
e ψ2 = id, (A.32) is also truefor qx on [3ω2/4, ω2[×[0, ω1/ı[, and �nally on the whole C/Ω \ [0, ω1[.Likewise, we verify easily that (A.32) is valid for qy on C/Ω \
(
[0, ω1[+3ω2/8

).It remains to prove that the 
ontinuations of qx and qy are holomorphi
 on C/Ω 
utalong [0, ω1[ and [0, ω1[+3ω2/8 respe
tively.We show �rst that they are meromorphi
 on their respe
tive 
ut parallelogram. For qx,the following 
y
les are a priori problemati
 : [0, ω1[, [0, ω1[+ω2/4 and [0, ω1[+3ω2/4.In an open neighborhood of [0, ω1[+3ω2/4, we have the identity qx(ω) = −(y(ω) + 1)
qy(ω) + Q(0, 0) + x(ω)y(ω)/z, so that qx is in fa
t meromorphi
 in the neighborhood ofthe 
y
le [0, ω1[+3ω2/4. Sin
e (A.32) holds, qx is also meromorphi
 near [0, ω1[+ω2/4 =
ψ([0, ω1[+3ω2/4), so that only [0, ω1[ a priori remains (and a
tually is) a singular 
y
le.Similarly, we 
ould show that qy is meromorphi
 on C/Ω \

(
[0, ω1[+3ω2/8

).Let us now prove that these 
ontinuations are even holomorphi
 on their respe
tive 
utparallelogram.
qx is obviously holomorphi
 on ]ω2/4, 3ω2/4]× [0, ω1/ı[, sin
e it is there de�ned throughthe power series Q(x, 0).On ]5ω2/8, ω2[×[0, ω1/ı[, we have qx(ω) = −(y(ω) + 1)qy(ω) + Q(0, 0) + x(ω)y(ω)/z,and all terms of the right hand side of this equality are holomorphi
 on this domain � at

7ω2/8, x has a pole of order one and y has a zero of order two, see Lemma A.23 below, sothat the produ
t xy is holomorphi
 near 7ω2/8.On ]0, 3ω2/8[×[0, ω1/ı[, we have qx = qx ◦ ψ, so that qx is holomorphi
 on this domainsin
e it is on ψ(]0, 3ω2/8[×[0, ω1/ı[) =]5ω2/8, ω2[×[0, ω1/ı[.Likewise, we 
ould show that (y + 1)qy is holomorphi
 on C/Ω \
(
[0, ω1[+ω3/2

). Thisimplies that qy is holomorphi
 on the same set ex
ept at the points where y + 1 = 0.There are two possibilities in order to show that qy is also holomorphi
 at the points where
y + 1 = 0, namely ω2/8 and 5ω2/8, in a

ordan
e with Lemma A.23.First, we 
an use the fa
t that the generating fun
tion Q(0, y) is bounded at −1, seeSe
tion A.1, so that qy(ω) = Q(0, y(ω)), being meromorphi
 and bounded near ω2/8 and
5ω2/8, is a
tually holomorphi
 at these points.We 
an also remark that with (A.33), (y(5ω2/8) + 1)qy(5ω2/8) = 0, sin
e with LemmaA.23, x(5ω2/8) = 0. Moreover, sin
e φ(5ω2/8) = ω2/8, (y(ω2/8)+1)qy(ω2/8) = 0. In otherwords, at ω = ω2/8 and ω = 5ω2/8, both holomorphi
 fun
tions (y+1)qy and (y+1) havea zero, the �rst one of order equal or larger than one, the se
ond one of order exa
tly one ;it follows immediately that qy is holomorphi
 at ω.The following result, whi
h has been used in the proof of Theorem A.20, follows easilyfrom Lemma A.1 and from the fa
t that the Weierstrass ellipti
 fun
tion ℘ takes on theparallelogram [0, ω2[×[0, ω1/ı[ ea
h value of C ∪ {∞} twi
e.Lemma A.23. The only poles of x are at ω2/8, 7ω2/8 and its only zeros are at 3ω2/8,
5ω2/8. The only pole of y (of order two) is at 3ω2/8 and its only zero (also of order two)is at 7ω2/8. The only zeros of y + 1 are at ω2/8, 5ω2/8.



Chapitre BCounting walks in a quarter plane,a uni�ed approa
h via boundaryvalue problems ∗The aim of this 
hapter is to introdu
e a uni�ed method for giving expli
it integralrepresentations of the trivariate generating fun
tion of the number of paths for walks withsmall steps 
on�ned in a quadrant. For a number of su
h walks, this yields for the �rsttime an expli
it expression of this 
ounting fun
tion. Moreover, the nature of the integrandof the integral formulations obtained here is shown to be very dire
tly dependent on the�niteness of a well-known and naturally atta
hed group of birational transformations.B.1 Introdu
tion and main resultsThe enumeration of planar latti
e walks is a 
lassi
al topi
 in 
ombinatori
s. For a givenset S of steps, it is a matter of 
ounting the number of paths with jumps in S, starting andending at some arbitrary points in a 
ertain time and eventually restri
ted to some regionsof the plane. A �rst natural question is then simply : how many su
h paths exist ? A se
ondquestion 
on
erns the nature of the asso
iated generating fun
tion : is it rational, algebrai
,holonomi
 (i.e. solution of a linear di�erential equation with polynomial 
oe�
ients) ornon-holonomi
 ?For instan
e, if no restri
tion on the paths is made, it is well-known and easy to makeexpli
it the 
ounting generating fun
tion whi
h is rational. As an other example, if thewalks are supposed to remain in a half-plane, then the generating fun
tion 
an also bemade expli
it and is algebrai
, see e.g. [BMP03℄.It is next natural to 
onsider the walks 
on�ned in the interse
tion of two half-planes,as the quadrant Z2
+. The situation seems then more multifarious : some walks admit analgebrai
 generating fun
tion, see e.g. [FH84℄ and [Ges86℄ for the walk with steps set

S = {(−1, 0), (1, 1), (0,−1)} and starting at (0, 0), while some others admit a 
ountingfun
tion that is even not holonomi
, see e.g. [BMP03℄ for the walk with steps set S =
{(−1, 2), (2,−1)} and starting at (1, 1). It appears therefore interesting to fo
us on thesewalks staying in Z2

+.This is how that very re
ently, M. Bousquet-Mélou and M. Mishna initiate in [BMM09℄
∗. The bulk of this work is taken from the preprint [Ras10a℄.69



70 CHAPITRE B. COUNTING WALKS IN A QUADRANT, A UNIFIED WAYthe systemati
 study of the walks 
on�ned in Z2
+, starting at the origin and having smallsteps, whi
h means that the set of admissible steps S is in
luded in {(i, j) : |i|, |j| ≤

1} \ {(0, 0)}.
Figure B.1 � Walks with small steps 
on�ned in the quadrant Z2

+There are obviously 28 su
h models. After eliminating the trivial models as well asthe ones intrinsi
 to the half-plane and taking a

ount of the fa
t that some models areobtained by symmetry starting from other ones, M. Bousquet-Mélou and M. Mishna showthat it remains 79 inherently di�erent problems to study � we will often refer to these 79walks and to their tables stated in [BMM09℄.A 
ommon starting point for the study of these 79 walks is the following : denoting by
q(i, j, k) the number of paths 
on�ned in Z2

+, starting at (0, 0) and ending at (i, j) in time
k, their generating fun
tion

Q(x, y, z) =
∑

i,j,k≥0

q(i, j, k)xiyjzk (B.1)veri�es the fun
tional equation (proved in [BMM09℄)
xyz



∑

(i,j)∈S

xiyj − 1/z


Q(x, y, z) = c(x, z)Q(x, 0, z)+ c̃(y, z)Q(0, y, z)− zδQ(0, 0, z)−xy,(B.2)where we have noted c(x, z) = zx

∑
(i,−1)∈S x

i, c̃(y, z) = zy
∑

(−1,j)∈S y
j and δ = 1 if

(−1,−1) ∈ S, δ = 0 otherwise. If n = |S| is the number of steps, then the equality (B.2)is valid at least on {|x| ≤ 1, |y| ≤ 1, |z| < 1/n}, sin
e obviously q(i, j, k) ≤ nk.In this way, for answering both questions stated at the very beginning of Chapter B,it is enough to solve (B.2) and to study the expression of (B.1) so-obtained.It turns out that a key idea for examining Equation (B.2) is to 
onsider some group,introdu
ed in a probabilisti
 
ontext in [FIM99℄ and 
alled there the group of the walk.This is a group of birational transformations leaving invariant the steps generating fun
tion∑
(i,j)∈S x

iyj, and more pre
isely this is the group W = 〈Ψ,Φ〉 generated by
Ψ(x, y) =

(
x,

∑
(i,−1)∈S x

i

∑
(i,+1)∈S x

i

1

y

)
, Φ(x, y) =

(∑
(−1,j)∈S y

j

∑
(+1,j)∈S y

j

1

x
, y

)
.Obviously Ψ ◦ Ψ = Φ ◦ Φ = id and W is a dihedral group � of order even and larger thanfour. In [BMM09℄ is 
al
ulated this order for ea
h of the 79 
ases : 23 walks admit a �nitegroup (and then of order four, six or eight) and the 56 others have an in�nite group.For the 23 walks with a �nite group, the answers to both questions (expli
it expressionand nature of the fun
tion (B.1)) in whi
h we are interested have been given very re
ently.Indeed, in the important paper [BMM09℄ are solved su

essfully 22 of the 23 models



B.1. INTRODUCTION AND MAIN RESULTS 71asso
iated with a �nite group : the series (B.1) is made expli
it and is shown to be eitheralgebrai
 or trans
endental but holonomi
. As for the 23th walk, known as Gessel's walk,A. Bostan and M. Kauers have given in [BK09℄ a 
omputer-aided proof of the fa
t that thefun
tion (B.1) is algebrai
. And even more, using a powerful 
omputer algebra system, theyhave made expli
it minimal polynomials. Thanks to these polynomials, M. van Hoeij hasthen managed to express the fun
tion (B.1) by radi
als, see the appendix of [BK09℄. Beforethe latter result was publi
, we have given in [KR09a℄ an expli
it integral representation ofthe generating fun
tion (B.1), without 
omputer help. Moreover, in the work in preparation[BCK+10℄, A. Bostan et al. obtain integral representations of the fun
tion (B.1) for the 23walks having a �nite group, by using a mathemati
al and algorithmi
 method, based on
reative teles
oping and on the resolution of di�erential equations of order two in terms ofhypergeometri
 fun
tions.On the other hand, only 2 
ases of the 56 walks having an in�nite group have beensolved : in [MR09℄ M. Mishna has 
onsidered the walks with steps sets S = {(−1, 1),
(1, 1), (1,−1)} and S = {(−1, 1), (0, 1), (1,−1)}, see on the left of Pi
ture B.2 below, hasmade expli
it the series (B.1) and has shown that in both 
ases it is non-holonomi
.The aim of Chapter B is to introdu
e a uni�ed approa
h giving an expli
it expressionof the generating fun
tion (B.1) for any of the 79 walks.For 54 of the 56 walks with an in�nite group, this result is new � up to our knowledge.Chapter B also gives rise, after Chapter A on Gessel's walk, to write integral representationsof the fun
tion (B.1) for the 22 other walks with a �nite group. By the way, we will showthat the �niteness of the group and the sign of the 
ovarian
e of S a
t very dire
tly on thenature (rational, algebrai
, holonomi
, non-holonomi
) of the fun
tions in these integralrepresentations.The approa
h that we are going to use here is not the same a

ording to the walksunder 
onsideration are, or not, singular � by singular we mean here that none of the steps
(0,−1), (−1,−1), (−1, 0) belongs to S.

Figure B.2 � The �ve singular walks in the 
lassi�
ation of [BMM09℄In order to a
hieve our aim for the non-singular walks � this 
on
erns the 23 walkshaving a �nite group and 51 of the 56 ones atta
hed to an in�nite group, see the tablesstated in [BMM09℄ �, we are going here to generalize up to three variables x, y, z theprofound analyti
 approa
h developed in [FIM99℄ by G. Fayolle, R. Iasnogorodski andV. Malyshev for two variables x, y, approa
h that we have presented Se
tion 1 of Part I.To summarize, starting from the fun
tional equation (B.2), we will show that
c(x, z)Q(x, 0, z) and c̃(y, z)Q(0, y, z) verify boundary value problems of Riemann-Carlemantype ; next, transforming them into boundary value problems of Riemann-Hilbert type byuse of 
onformal gluing fun
tions and solving these new problems, we will dedu
e theannoun
ed integral representation of (B.1).Moreover, we will here study in-depth these 
onformal gluing fun
tions, their analysis



72 CHAPITRE B. COUNTING WALKS IN A QUADRANT, A UNIFIED WAYbeing just sket
hed out in [FIM99℄. The study of these fun
tions, that will use a unifor-mization of the Riemann surfa
e {(x, y) ∈ C2 :
∑

(i,j)∈S x
iyj −1/z = 0

} given by the zerosof the kernel and �ne properties of the Weierstrass ellipti
 fun
tions, will imply that the�niteness of the group and the sign of the 
ovarian
e of S are de
isive quantities for thestudy of these walks.For the 5 singular walks, the 
urves asso
iated with the boundary value problems abovebe
ome degenerated into a point and the previous arguments will not work anymore. Butmore easily, and on
e again starting from (B.2), we will be able in this 
ase to make expli
ita series representation of the fun
tion (B.1) .We are now going to state the main results of Chapter B. But �rst of all, let us have a
lose look to the kernel xyz[∑(i,j)∈S x
iyj − 1/z

] that appears in the fun
tional equation(B.2), and let us take some notations.This kernel 
an be written as
xyz



∑

(i,j)∈S

xiyj − 1/z


 = ã(y, z)x2 + b̃(y, z)x+ c̃(y, z) = a(x, z)y2 + b(x, z)y + c(x, z)where

ã(y, z) = zy
∑

(+1,j)∈S y
j , b̃(y, z) = −1 + zy

∑
(0,j)∈S y

j, c̃(y, z) = zy
∑

(−1,j)∈S y
j,

a(x, z) = zx
∑

(i,+1)∈S x
i, b(x, z) = −1 + zx

∑
(i,0)∈S x

i, c(x, z) = zx
∑

(i,−1)∈S x
i.Let us also de�ne

d̃(y, z) = b̃(y, z)2 − 4ã(y, z)c̃(y, z), d(x, z) = b(x, z)2 − 4a(x, z)c(x, z).If the walk is non-singular, then for any z ∈]0, 1/n[, d̃ (resp. d) has three or four roots,that we 
all the yk(z) (resp. the xk(z)). They are su
h that |y1(z)| < y2(z) < 1 < y3(z) <
|y4(z)| (resp. |x1(z)| < x2(z) < 1 < x3(z) < |x4(z)|), as shown in Part 2.3 of [FIM99℄.If the walk is singular, the roots above be
ome y1(z) = y2(z) = 0 < 1 < y3(z) < |y4(z)|(resp. x1(z) = x2(z) = 0 < 1 < x3(z) < |x4(z)|), see Part 6.1 of [FIM99℄.The behavior of the bran
h points yk(z) and xk(z) is not so simple for z /∈]0, 1/n[ andfor this reason, we will suppose in the sequel that z is �xed in ]0, 1/n[.Now we remark that the kernel equals zero if and only if [b̃(y, z) + 2ã(y, z)x]2 = d̃(y, z)or [b(x, z)+2a(x, z)y]2 = d(x, z). In parti
ular, the algebrai
 fun
tions X(y, z) and Y (x, z)de�ned by ∑(i,j)∈S X(y, z)iyj − 1/z = 0 and ∑(i,j)∈S x

iY (x, z)j − 1/z = 0 have twobran
hes, meromorphi
 on the sets C\([y1(z), y2(z)]∪[y3(z), y4(z)]) and C\([x1(z), x2(z)]∪
[x3(z), x4(z)]) (resp. C \ [y3(z), y4(z)] and C \ [x3(z), x4(z)]) in the non-degenerate (resp.degenerate) 
ase.The following straightforward result (see Part 5.3 of [FIM99℄) gives some properties andsettles the notations for the two bran
hes of the algebrai
 fun
tions X(y, z) and Y (x, z).Lemma B.1. Call X0(y, z) = [−b̃(y, z) + d̃(y, z)1/2]/[2ã(y, z)] and X1(y, z) = [−b̃(y, z) −
d̃(y, z)1/2]/[2ã(y, z)] the bran
hes of X(y, z). For all y ∈ C we have |X0(y, z)| ≤ |X1(y, z)|.Now we 
all Y0(x, z) = [−b(x, z) + d(x, z)1/2]/[2a(x, z)] and Y1(x, z) = [−b(x, z) −
d(x, z)1/2]/[2a(x, z)] the bran
hes of Y (x, z). For all x ∈ C we have |Y0(x, z)| ≤ |Y1(x, z)|.With these notations, we 
an state the result 
on
erning the expli
it expression of thefun
tion (B.1) for the 5 singular walks � see Pi
ture B.2. Below, by f◦k we mean f ◦ · · · ◦ fwith k o

urren
es of f .



B.1. INTRODUCTION AND MAIN RESULTS 73Theorem B.2. Suppose that the walk is singular. Then the following series representationholds :
Q(x, 0, z) =

1

zx2

∑

k≥0

Y0 ◦ (X0 ◦ Y0)
◦k(x, z)

[
(X0 ◦ Y0)

◦k(x, z) − (X0 ◦ Y0)
◦(k+1)(x, z)

]
.

Q(0, y, z) is obtained from the equality above by repla
ing X0 (resp. Y0) by Y0 (resp.
X0). Moreover, Q(0, 0, z) = 0 and the fun
tion Q(x, y, z) is obtained with (B.2).Theorem B.2 is shown in [MR09℄ for both steps sets S = {(−1, 1), (1, 1), (1,−1)} and
S = {(−1, 1), (0, 1), (1,−1)} ; its proof for the three other singular walks is obtained in thesame way and we omit it.Let us now turn to the 74 non-singular walks. We are going to state that both fun
tions
c(x, z)Q(x, 0, z) and c̃(y, z)Q(0, y, z) verify a boundary value problem of Riemann-Carleman type, with boundary 
onditions on X([y1(z), y2(z)], z) and Y ([x1(z), x2(z)], z),and thus we begin by re
alling from Part 5.3 of [FIM99℄ some properties of these 
urves.Lemma B.3. Consider X([y1(z), y2(z)], z) and Y ([x1(z), x2(z)], z). (i) These two 
urvesare symmetri
al w.r.t. the real axis. (ii) They are 
onne
ted and 
losed in C∪{∞}. (iii) Theysplit the 
omplex plane into two 
onne
ted 
omponents ; we 
all GX([y1(z), y2(z)], z) and
GY ([x1(z), x2(z)], z) the 
onne
ted 
omponents of x1(z) and y1(z) respe
tively. They verify
GX([y1(z), y2(z)], z) ⊂ C \ [x3(z), x4(z)] and GY ([x1(z), x2(z)], z) ⊂ C \ [y3(z), y4(z)].Moreover, as illustrated by the example of Gessel's walk in Chapter A, these 
urves arepossibly not in
luded in the unit dis
 and, thus, the fun
tions c(x, z)Q(x, 0, z) and c̃(y, z)
Q(0, y, z) may a priori be not de�ned on them. For this reason, we need �rst to 
ontinuethe generating fun
tions up to these 
urves : this is exa
tly the obje
t of the followingresult, the proof of whi
h being the subje
t of Se
tion B.2.Theorem B.4. The fun
tions c(x, z)Q(x, 0, z) and c̃(y, z)Q(0, y, z) 
an be holomorphi
ally
ontinued from the open unit dis
 D to C \ [x3(z), x4(z)] and C \ [y3(z), y4(z)] respe
tively.Now, exa
tly as in Se
tion A.1 of Chapter A, we obtain that :
∀t ∈ X([y1(z), y2(z)], z) : c

(
t, z
)
Q
(
t, 0, z

)
−c
(
t, z
)
Q
(
t, 0, z

)
= tY0

(
t, z
)
−tY0

(
t, z
)
,

∀t ∈ Y ([x1(z), x2(z)], z) : c̃
(
t, z
)
Q
(
0, t, z

)
− c̃
(
t, z
)
Q
(
0, t, z

)
= X0

(
t, z
)
t−X0

(
t, z
)
t.(B.3)Therefore, using Theorem B.4, we get that c(x, z)Q(x, 0, z) and c̃(y, z)Q(0, y, z) 
an befound among the fun
tions holomorphi
 in GX([y1(z), y2(z)], z) and GY ([x1(z), x2(z)], z)and verifying the 
onditions (B.3) on the boundary of the latter sets.Su
h problems are known as boundary value problems of Riemann-Carleman type, seee.g. [FIM99℄. A standard way to solve them 
onsists in 
onverting them into boundaryvalue problems of Riemann-Hilbert type by use of 
onformal gluing fun
tions (CGF), inthe sense of De�nition 1 of Part I.It is worth re
alling that the existen
e (but no expli
it expression) of a CGF for ageneri
 set is ensured by general results on 
onformal gluing, see e.g. Chapter 2 of [Lit00℄.Transforming the boundary value problems of Riemann-Carleman type into boundaryvalue problems of Riemann-Hilbert type thanks to a CGF, solving these new problems andworking out the solutions, we get, as in Chapter A, the following.



74 CHAPITRE B. COUNTING WALKS IN A QUADRANT, A UNIFIED WAYTheorem B.5. Suppose that the walk is one of the 74 non-singular walks.The fun
tion c(x, z)Q(x, 0, z)−c(0, z)Q(0, 0, z) has the following expli
it expression for
z ∈]0, 1/n[ and x ∈ GX([y1(z), y2(z)], z) :
c(x, z)Q(x, 0, z) − c(0, z)Q(0, 0, z) =

xY0(x, z) +
1

π

∫ x2(z)

x1(z)

t
[
− d(t, z)

]1/2

2a(t, z)

[
∂tw(t, z)

w(t, z) −w(x, z)
−

∂tw(t, z)

w(t, z) − w(0, z)

]dt,
w being a CGF for GX([y1(z), y2(z)], z).The fun
tion c̃(y, z)Q(0, y, z)− c̃(0, z)Q(0, 0, z) has the following expli
it expression for
z ∈]0, 1/n[ and y ∈ G Y ([x1(z), x2(z)], z) :
c̃(y, z)Q(0, y, z) − c̃(0, z)Q(0, 0, z) =

X0(y, z)y +
1

π

∫ y2(z)

y1(z)

t
[
− d̃(t, z)

]1/2

2ã(t, z)

[
∂tw̃(t, z)

w̃(t, z) − w̃(y, z)
−

∂tw̃(t, z)

w̃(t, z) − w̃(0, z)

]dt,
w̃ being a CGF for GY ([x1(z), x2(z)], z).The expli
it expression of zQ(0, 0, z) depends on the value of c(0, z) = c̃(0, z) ∈ {0, z}.Suppose �rst that c(0, z) = c̃(0, z) = z. Then δ = 1 in (B.2) and with (B.2), we obtainthat for any x, y, z verifying ∑(i,j)∈S x

iyj − 1/z = 0 with |x| ≤ 1, |y| ≤ 1 and z ∈]0, 1/n[ :
zQ(0, 0, z) = xy−

[
c(x, z)Q(x, 0, z)−c(0, z)Q(0, 0, z)

]
−
[
c̃(y, z)Q(0, y, z)−c̃(0, z)Q(0, 0, z)

]
.Suppose now that c(0, z) = c̃(0, z) = 0, or equivalently that δ = 0 in (B.2). Then thefun
tion Q(0, 0, z) equals the limit at x goes to 0 of

1

c(x, z)

(
xY0(x, z) +

1

π

∫ x2(z)

x1(z)

t
[
− d(t, z)

]1/2

2a(t, z)

[
∂tw(t, z)

w(t, z) − w(x, z)
−

∂tw(t, z)

w(t, z) − w(0, z)

]dt).The fun
tion Q(x, y, z) has the expli
it expression obtained by putting in (B.2) theintegral representations of Q(x, 0, z), Q(0, y, z) and Q(0, 0, z) obtained just above.As a 
onsequen
e, for the generating fun
tions c(x, z)Q(x, 0, z) − c(0, z)Q(0, 0, z) and
c̃(y, z)Q(0, y, z) − c̃(0, z)Q(0, 0, z) to be 
ompletely expli
it, it remains to �nd expli
itlysuitable CGF w and w̃ for the sets GX([y1(z), y2(z)], z) and GY ([x1(z), x2(z)], z).In this perspe
tive, let us �rst state the following fa
t � whi
h unfortunately 
an beproperly and 
ompletely written only in Se
tion B.4.Theorem B.6. The fun
tions w and w̃ expli
itly de�ned in (B.11) of Se
tion B.4 areadequate CGF for the sets GX([y1(z), y2(z)], z) and GY ([x1(z), x2(z)], z) respe
tively.Having a CGF w for some set C , it is 
lear that any of its fra
tional linear transfor-mations [αw + β]/[γw + δ] with α, β, γ, δ ∈ C su
h that αγ 6= 0 is also a CGF for C , seeDe�nition 1 of Part I. They are a
tually the only ones � this 
an be dedu
ed from page 39in Chapter 2 of [Lit00℄.In parti
ular, on
e Theorem B.6 shown, we will have the expli
it expression of allpossible CGF, but the way in whi
h they depend on the steps set S is yet un
lear. In fa
t,we have the following link � intrinsi
, be
ause independent of the 
hoi
e of the CGF.



B.2. HOLOMORPHIC CONTINUATION OF THE GENERATING FUNCTIONS 75Theorem B.7. If the group of the walk is �nite (resp. in�nite), then any CGF for thesets GX([y1(z), y2(z)], z) or GY ([x1(z), x2(z)], z) is algebrai
 (resp. non-holonomi
, andthen, of 
ourse, non-algebrai
). Moreover, in the 
ase of a �nite group, if in addition the
ovarian
e (i.e. the quantity ∑(i,j)∈S ij) is negative or zero (resp. positive), then any CGFis rational (resp. algebrai
 non-rational).Furthermore, in the 
ase of a �nite group, we will in Se
tion B.4 
onsiderably simplifythe expli
it expression of the CGF. In Propositions B.26, B.27 and B.29, we will 
onsiderthe walks having a negative or zero 
ovarian
e and we will then give the rational expressionof the CGF ; next, in Proposition B.28, we will 
on
entrate on the walks having a positive
ovarian
e and we will then give minimal polynomials for the algebrai
 non-rational CGF.Let us now note that Remarks A.8, A.10 and A.11 of Chapter A 
an be extended with-out problem to the walks of this 
hapter.The rest of Chapter B is organized as follows.First, in Se
tion B.2, we prove Theorem B.4 and we 
omment on other 
ontinuationmethods.Next, Se
tion B.3 is a te
hni
al and introdu
tory part to Se
tion B.4. We study 
loselythe surfa
e {(x, y) ∈ C2 :
∑

(i,j)∈S x
iyj − 1/z = 0

} and parti
ularly we uniformize it.Finally, in Se
tion B.4, we are interested in 
onformal gluing. There, we prove TheoremsB.6-B.7 and Propositions B.26-B.29.B.2 Holomorphi
 
ontinuation of the generating fun
tionsNotation. For the sake of shortness, we drop, from now on, the dependen
e of the di�erentquantities on z ∈]0, 1/n[ ; it is implied that any statement in the sequel begins with �forany z ∈]0, 1/n[�.This part aims at proving Theorem B.4, in other words at showing that the generatingfun
tions c(x)Q(x, 0) and c̃(y)Q(0, y), already holomorphi
 in their open unit dis
 D , 
anbe holomorphi
ally 
ontinued up to C \ [x3, x4] and C \ [y3, y4] respe
tively.Before starting the proof of Theorem B.4, let us remark that the 
ontinuation given byTheorem B.8 below is su�
ient for obtaining the main results of Chapter B, see Se
tionB.1.Theorem B.8. The fun
tions c(x)Q(x, 0) and c̃(y)Q(0, y) 
an be holomorphi
ally 
on-tinued from the open unit dis
 D to GX([y1, y2]) ∪ D and GY ([x1, x2]) ∪ D respe
tively.Se
tion B.2 is then 
omposed of two parts.First, in Subse
tion B.2.1, we show Theorem B.8, whi
h is a version of Theorem B.4weaker but more elementary : weaker be
ause Theorem B.8 yields a 
ontinuation of thegenerating fun
tions up to GX([y1, y2])∪D and G Y ([x1, x2])∪D and not up to C\ [x3, x4]and C \ [y3, y4], as in Theorem B.4, but more elementary be
ause this 
ontinuation is donedire
tly on the 
omplex plane, rather than on the Riemann surfa
e given by a uniformiza-tion of {(x, y) ∈ C2 :
∑

(i,j)∈S x
iyj − 1/z = 0

}, as for Theorem B.4.Next, in Subse
tion B.2.2, we prove Theorem B.4.



76 CHAPITRE B. COUNTING WALKS IN A QUADRANT, A UNIFIED WAYB.2.1 Proof of Theorem B.8First of all, we note that the lo
ation of the sets GX([y1, y2]) and GY ([x1, x2]) dependsstrongly on the steps set S. In parti
ular, it may happen that they are in
luded in the unitdis
 � it is e.g. the 
ase for both walks represented on Pi
ture B.6, as it will be illustratedon Pi
ture ?? �, in that 
ase, Theorem B.8 is obvious. On the other hand, there exista
tually walks for whi
h these sets don't belong to the unit dis
 � it is e.g. the 
ase ofGessel's walk, see Chapter A.Proof of Theorem B.8. We are going to explain the pro
edure of 
ontinuation only for
c(x)Q(x, 0), we would 
ontinue c̃(y)Q(0, y) similarly.To begin with, let us note that evaluating (B.2) at any x, y in the unit dis
 D su
hthat ∑(i,j)∈S x

iyj − 1/z = 0 leads to c(x)Q(x, 0) + c̃(y)Q(0, y) − zδQ(0, 0) − xy = 0. As a
onsequen
e, if x ∈ {x ∈ C : |Y0(x)| < 1} ∩ D , we obtain
c(x)Q(x, 0) + c̃(Y0(x))Q(0, Y0(x)) − zδQ(0, 0) − xY0(x) = 0. (B.4)Sin
e x ∈ {x ∈ C : |Y0(x)| < 1} ∩ D is non-empty, see (i) of Lemma B.9 below,both fun
tions c(x)Q(x, 0) and c̃(Y0(x))Q(0, Y0(x)) as well as the identity (B.4) 
an beextended up to the 
onne
ted 
omponent of {x ∈ C : |Y0(x)| < 1} ∪ D 
ontaining

{x ∈ C : |Y0(x)| < 1} ∩ D , by analyti
 
ontinuation.Therefore, in order to prove Theorem B.8, it is enough to show that GX([y1, y2])∪D is
onne
ted and in
luded in {x ∈ C : |Y0(x)| < 1}∪D , sin
e GX([y1, y2])∪D has obviously anon-empty interse
tion with {x ∈ C : |Y0(x)| < 1}∩D . These fa
ts are exa
tly the obje
tsof (ii) and (iii) in Lemma B.9 below.It remains thus only to prove that this 
ontinuation of c(x)Q(x, 0) is holomorphi
 on
GX([y1, y2]) ∪ D .On D this is immediate, c(x)Q(x, 0) being there de�ned by its power series.On (GX([y1, y2]) ∪ D) \ D , it follows from (B.4) that the fun
tion c(x)Q(x, 0) mayhave eventually the same singularities as Y0, namely the bran
h 
uts [x1, x2], [x3, x4], andis holomorphi
 elsewhere. But these segments don't belong to (GX([y1, y2])∪D)\D : withSe
tion B.1, we have that [x1, x2] is in
luded in D and by Lemma B.3, we get that [x3, x4]is exterior to GX([y1, y2]).The 
ontinuation of c(x)Q(x, 0) is thus holomorphi
 on GX([y1, y2])∪D and TheoremB.8 is proved.Lemma B.9. (i) {x ∈ C : |Y0(x)| < 1}∩D is non-empty. (ii) GX([y1, y2])∪D is 
onne
ted.(iii) GX([y1, y2]) ∪ D is in
luded in {x ∈ C : |Y0(x)| < 1} ∪ D .Proof. Note �rst that (i) is a straightforward 
onsequen
e of Lemma B.10. (ii) is also
lear : both sets GX([y1, y2]) and D are 
onne
ted and the interse
tion GX([y1, y2]) ∩ Dis non-empty, e.g. be
ause x1 belongs to both sets, so that the union GX([y1, y2]) ∪ D is
onne
ted. And now we show (iii).Clearly, it is enough to prove that (GX([y1, y2]) ∪ D) \ D is in
luded in {x ∈ C :
|Y0(x)| < 1}. This will follow from an appli
ation of the maximum modulus prin
iple (seee.g [JS87℄ for its pre
ise statement) to the fun
tion Y0 on (GX([y1, y2]) ∪ D) \ D .First of all, let us note that Y0 is analyti
 on the latter domain, sin
e thanks toSe
tion B.1, it is in
luded in C \ ([x1, x2] ∪ [x3, x4]).Next, we prove that |Y0| < 1 on the boundary of the set (GX([y1, y2]) ∪ D) \ D , andfor this it is enough to show that |Y0| < 1 on {|x| = 1} ∪X([y1, y2]).



B.2. HOLOMORPHIC CONTINUATION OF THE GENERATING FUNCTIONS 77But by Lemma B.10, it is immediate that |Y0| < 1 on {|x| = 1}, and by extendingLemma A.16 of Chapter A up to all the non-singular walks 
onsidered here, we get that
Y0(X([y1, y2])) = [y1, y2], segment whi
h is known to belong to the unit dis
, thanks toSe
tion B.1.In this way, the maximum modulus prin
iple dire
tly entails that |Y0| < 1 on thedomain (GX([y1, y2]) ∪ D) \ D .Lemma B.10. Y0({|x| = 1}) ⊂ {|y| < 1}.Proof. To avoid any 
onfusion � in this proof, we are going to use di�erent values of z �,we reintrodu
e here the variable z. Let us �rst re
all that Y0 is one of the two solutions in
y of∑(i,j)∈S x

iyj −1/z = 0, and that if Y1 denotes the other one, then we have |Y0| ≤ |Y1|,see Lemma B.1.We are going to prove Lemma B.10 �rst for z = 1/n, and we will dedu
e from thisparti
ular 
ase the remaining 
ases z ∈]0, 1/n[.For z = 1/n, the equality∑(i,j)∈S x
iyj−1/z = 0 
an be written∑(i,j)∈S(1/n)xiyj = 1 ;sin
e∑(i,j)∈S(1/n) = 1, we 
an apply Lemma 2.3.4 of [FIM99℄ and in this way, we dire
tlyobtain that Y0({|x| = 1}, 1/n) ⊂ {|y| ≤ 1}.Suppose now that z ∈]0, 1/n[. In this 
ase, it is not possible to have∑(i,j)∈S x

iyj−1/z =
0 with |x| = |y| = 1 : indeed, for |x| = |y| = 1 we have

∣∣∣∣∣
∑

(i,j)∈S

xiyj

∣∣∣∣∣ ≤
∑

(i,j)∈S

1 = n <
1

z
.As a 
onsequen
e, Y0({|x| = 1}, z) ∩ {|y| = 1} = ∅. By 
onne
tedness, this implies thateither Y0({|x| = 1}, z) ⊂ {|y| < 1} or Y0({|x| = 1}, z) ⊂ {|y| > 1}.But on
e again with Lemma 2.3.4 of [FIM99℄, we get Y0({|x| = 1}, 1/n)∩{|y| < 1} 6= ∅,so that by 
ontinuity, we obtain that for z ∈]0, 1/n[, Y0({|x| = 1}, z) ⊂ {|y| < 1}.B.2.2 Proof of Theorem B.4First of all, let us prove the following result.Lemma B.11. Both x−1({|x| = 1}) and y−1({|y| = 1} have two non-interse
ting 
onne
-ted 
omponents homotopi
 to [0, ω1[.Proof. We re
all from Se
tion B.1 that the bran
h points xk and yk are su
h that [x1, x2] ⊂

{|x| < 1}, [x3, x4] ⊂ {|x| > 1}, [y1, y2] ⊂ {|y| < 1} and [y3, y4] ⊂ {|y| > 1}. In parti
ular,it is immediate that x−1({|x| = 1}) and y−1({|y| = 1} have two 
onne
ted 
omponents,respe
tively homotopi
 to x−1([x1, x2]) and y−1([y1, y2]) and therefore both homotopi
 to
[0, ω1[.Moreover, by the same kind of reasoning as in the proof of Lemma B.10, we 
ould provethat (for all z ∈]0, 1/n[) one 
onne
ted 
omponent of x−1({|x| = 1}) (resp. y−1({|y| = 1}))belongs to {|y| < 1} (resp. {|x| < 1}), we 
all it Γ0 (resp. Γ̃0), and the other to {|y| > 1}(resp. {|y| > 1}), we 
all it Γ1 (resp. Γ̃1).The rest of Subse
tion B.2.2 (that uses some notations of Se
tion B.3) aims at provingTheorem B.4, i.e. at showing that c(x) Q(x, 0) and c̃(y)Q(0, y), already holomorphi
 in theirunit dis
, 
an be holomorphi
ally 
ontinued up to C \ [x3, x4] and C \ [y3, y4] respe
tively.For this, we are going to use the following pro
edure, already introdu
ed in Chapter A.



78 CHAPITRE B. COUNTING WALKS IN A QUADRANT, A UNIFIED WAY(i) First, we will lift both fun
tions c(x)Q(x, 0) and c̃(y)Q(0, y) up to C/Ω by setting
rx(ω) = c(x(ω))Q(x(ω), 0) and ry(ω) = c̃(y(ω))Q(0, y(ω)). The fun
tions rx and ryare a priori well de�ned on {ω ∈ C/Ω : |x(ω)| ≤ 1} and {ω ∈ C/Ω : |y(ω)| ≤ 1}respe
tively � for the sake of briefness, we will note {|x| ≤ 1} and {|y| ≤ 1} the lattersets.(ii) Then, we will prove the following.Theorem B.12. The fun
tions rx and ry, initially well de�ned on respe
tively {|x| ≤ 1}and {|y| ≤ 1}, 
an be holomorphi
ally 
ontinued up to the whole parallelogram C/Ω 
utalong respe
tively [0, ω1[ and [0, ω1[+ω3/2. Moreover, these 
ontinuations verify

∀ω ∈ C/Ω \ [0, ω1[ : rx(ω) = rx(ψ(ω)), ∀ω ∈ C/Ω \ ([0, ω1[+ω3/2) : ry(ω) = ry(φ(ω)),(B.5)
ψ and φ being properly de�ned in (B.10) below.(iii) Finally, for x, y ∈ C, we will set c(x)Q(x, 0) = rx(ω) if x(ω) = x and c̃(y)Q(0, y) =

ry(ω) if y(ω) = y. Thanks to (B.5) and Proposition B.16, these equalities de�ne
c(x)Q(x, 0) on C\[x3, x4] and c̃(y)Q(0, y) on C\[y3, y4] not ambiguously, as holomor-phi
 fun
tions.Item (i) and (iii) above are straightforward, so that we are going to 
on
entrate ourattention on (ii).Proof of Theorem B.12. In what follows, we noteD1 =]0, ω3/2[×[0, ω1/ı[,D2 =]ω3/2, ω2[×

[0, ω1/ı[ and ∆ = {|x| ≤ 1} ∪ {|y| ≤ 1}. The pro
edure of 
ontinuation of the fun
tions rxand ry is 
omposed of the three following steps.1. First, we 
ontinue rx from {|x| ≤ 1} up to {|x| ≤ 1}∪ (∆∩D2) and ry from {|y| ≤ 1}up to {|y| ≤ 1} ∪ (∆ ∩D2).For this, we re
all that in respe
tively {|x| ≤ 1} and {|y| ≤ 1}, rx and ry are alreadywell de�ned, thanks to their power series. Moreover, in {|x| ≤ 1}∩{|y| ≤ 1}, we havethe equality rx + ry − zǫQ(0, 0) − xy = 0, as 
onsequen
e of (B.2).So, in ∆ ∩ D2 ∩ {|x| ≥ 1} ⊂ {|y| ≤ 1} we de�ne rx = xy + zǫQ(0, 0) − ry and in
∆ ∩D2 ∩ {|y| ≥ 1} ⊂ {|x| ≤ 1} we set ry = xy + zǫQ(0, 0) − rx.2. Next, we 
ontinue rx from {|x| ≤ 1} ∪ (∆ ∩D2) up to {|x| ≤ 1} ∪D2 and ry from
{|y| ≤ 1} ∪ (∆ ∩D2) up to {|y| ≤ 1} ∪D2.If ∆∩D2 = D2 � as it is e.g. the 
ase for Gessel's walk, see Chapter A �, then Step 2is already 
ompleted and we go dire
tly to Step 3.If ∆∩D2 6= D2, then the 
ontinuation will be a 
onsequen
e of the fa
t that at leastone of the two following assertions holds.2.1. There exists a non-empty strip Sx su
h that Sx ∪ δ(Sx) ⊂ {|x| ≤ 1} ∪ (∆ ∩D2)on whi
h rx ◦ δ = rx + xy ◦ δ − xy ◦ ψ.2.2. There exists a non-empty strip Sy su
h that Sy ∪ δ(Sy) ⊂ {|y| ≤ 1} ∪ (∆ ∩D2)on whi
h ry ◦ δ = ry + xy ◦ ψ − xy.We will show this in a few lines, but before we explain why this enables us to obtainthe wished 
ontinuation of the fun
tions rx and ry.If 2.1 (resp. 2.2) holds, then by analyti
 
ontinuation it allows us to 
ontinue rx (resp.
ry) on δk({|x| ≤ 1} ∪ (∆ ∩D2)) ∩D2 (resp. δk({|y| ≤ 1} ∪ (∆ ∩D2)) ∩D2), �rst for
k = ±1, then for k = ±2, et
. until the whole D2 is 
overed.



B.3. UNIFORMIZATION 79If 2.1 and 2.2 hold, then rx (resp. ry) is 
ontinued up to {|x| ≤ 1} ∪D2 (resp. {|y| ≤
1} ∪D2) and Step 2 is 
ompleted.If only 2.1 (resp. 2.2) holds, then we 
ontinue ry (resp. rx) by using (11), as in Step 1 :we set ry = xy + zǫQ(0, 0) − rx (resp. rx = xy + zǫQ(0, 0) − ry).3. Finally, in D1 ∩ {|x| ≥ 1} we set rx = rx ◦ψ and in D1 ∩ {|y| ≥ 1} we set ry = ry ◦ φ� note that with Steps 1 and 2, rx and ry are a
tually already de�ned on respe
tively
ψ(D1 ∩ {|x| ≥ 1}) and φ(D1 ∩ {|y| ≥ 1}).Theorem B.12 being a straightforward 
onsequen
e of Steps 1, 2 and 3, it remains toshow that at least one of 2.1 and 2.2 holds.Let us �rst prove that if the domain {|x ◦ φ| ≤ 1, |y| ≤ 1} ∩D2 ∩ φ(D2) is non-empty,then 2.1 is veri�ed.By using Step 1, we have for ω ∈ {|y| ≤ 1}∩D2 the equality rx(ω)+ry(ω)−zǫQ(0, 0)−

xy(ω) = 0. If moreover ω ∈ φ({|y| ≤ 1} ∩ D2), we have rx(φ(ω)) + ry(ω) − zǫQ(0, 0) −
xy(φ(ω)) = 0 � we re
all that if ω ∈ {|y| ≤ 1}, then ry(φ(ω)) = ry(ω). Suppose in additionthat φ(ω) ∈ {|x| ≤ 1} ; in that 
ase, rx(φ(ω)) = rx(ψ(φ(ω))) and sin
e ψ ◦ φ = δ−1 weobtain rx(δ−1(ω)) + ry(ω) − zǫQ(0, 0) − xy(φ(ω)) = 0. Therefore, by subtra
tion we get
rx(δ−1(ω)) = rx(ω) + xy(φ(ω))− xy(ω) on the domain {|x ◦ φ| ≤ 1, |y| ≤ 1} ∩D2 ∩ φ(D2).In parti
ular, 2.1 holds on δ−1({|x ◦ φ| ≤ 1, |y| ≤ 1} ∩D2 ∩ φ(D2)).Likewise, we 
ould prove that if the domain {|y ◦ ψ| ≤ 1, |x| ≤ 1} ∩ D2 ∩ ψ(D2) isnon-empty, then 2.2 holds.Now we give some su�
ient 
onditions for the domain {|x◦φ| ≤ 1, |y| ≤ 1}∩D2∩φ(D2)(resp. {|y ◦ ψ| ≤ 1, |x| ≤ 1} ∩ D2 ∩ ψ(D2)) to be non-empty. For this, we re
all that wesuppose ∆ ∩D2 6= D2, otherwise Step 2 is not ne
essary ; in parti
ular, it is not possiblethat ∆ 
ontains both [0, ω1[ and [0, ω1[+ω3/2.Suppose �rst that ∆ does not 
ontain [0, ω1[. Then obviously a part of the 
ontour Γ̃1belongs to {|x ◦ φ| ≤ 1, |y| ≤ 1} ∩D2 ∩ φ(D2).Suppose now that ∆ does not 
ontain [0, ω1[+ω3/2. Then a part of the 
ontour Γ1 ne-
essarily belongs to {|y ◦ ψ| ≤ 1, |x| ≤ 1} ∩D2 ∩ ψ(D2).B.3 UniformizationThis part is introdu
tory to Se
tion B.4 and 
onsists in studying 
losely the set of zerosof the kernel, namely K =

{
(x, y) ∈ C2 :

∑
(i,j)∈S x

iyj − 1/z = 0
}.Proposition B.13. For any non-singular walk, K is a Riemann surfa
e of genus one.Proof. From Se
tion B.1, ∑(i,j)∈S x

iyj − 1/z = 0 if and only if [b(x) + 2a(x)y]2 = d(x).But the Riemann surfa
e of the square root of a third or fourth degree polynomial withdistin
t roots has genus one, see e.g. [JS87℄, therefore the genus of K is also one.Remark B.14. Note �rst that Proposition B.13 
an't be extended to the singular walks.Indeed, it follows from Se
tion B.1 that, for the singular walks, the polynomial d has a dou-ble root at 0 and two simple roots at x3 6= x4, and it is well-known, see e.g. [JS87℄, thatthe Riemann surfa
e of the square root of su
h a polynomial has genus zero.Note also that Proposition B.13, impli
itly stated for z ∈]0, 1/n[, 
an't be extended to
z = 0 or z = 1/n in the general 
ase.Indeed, for z = 0 we have d(x) = x2 and the Riemann surfa
e of the square root of thispolynomial is a disjoint union of two spheres, see e.g. [JS87℄.



80 CHAPITRE B. COUNTING WALKS IN A QUADRANT, A UNIFIED WAYAs for z = 1/n, it may happen that the genus of K is still one as it may happen thatit be
omes zero. In fa
t, Parts 2.3 and 6.1 of [FIM99℄ entail that it equals one (resp. zero)if and only if not the two (resp. the two) equalities ∑(i,j)∈S i = 0 and ∑(i,j)∈S j = 0 hold.With Proposition B.13, it is immediate that K is isomorphi
 to some torus C/Ω. Asuitable latti
e Ω (in fa
t the only possible latti
e, up to a homotheti
 transformation) ismade expli
it in Parts 3.1 and 3.3 of [FIM99℄, namely Ω = ω1Z + ω2Z, where
ω1 = ı

∫ x2

x1

dx
[−d(x)]1/2

, ω2 =

∫ x3

x2

dx
[d(x)]1/2

. (B.6)By using the same arguments as in Part 3.3 of [FIM99℄, we immediately obtain thatwe have, in addition, the uniformization K = {(x(ω), y(ω)), ω ∈ C/Ω}, where
x(ω) = F (℘(ω), ℘′(ω)), y(ω) = G(℘(ω), ℘′(ω)), (B.7)with F (p, p′) = x4 + d′(x4)/(p − d′′(x4)/6), G(p, p′) = [−b(F (p, p′)) + d′(x4)p

′/(2(℘(ω) −
d′′(x4)/6)

2)]/[2a(F (p, p′))] if x4 6= ∞ and F (p, p′) = (6p − d′′(0))/d′′′(0), G(p, p′) =
[−b(F (p, p′))−3p′/d′′′(0)]/[2a(F (p, p′))] if x4 = ∞, ℘ being the Weierstrass ellipti
 fun
tionwith periods ω1, ω2.It is well-known, see e.g. [JS87℄, that ℘ satis�es the di�erential equation

℘′(ω)2 = 4[℘(ω) − ℘(ω1/2)][℘(ω) − ℘([ω1 + ω2]/2)][℘(ω) − ℘(ω2/2)]. (B.8)Moreover, it is proved in Part 3.3 of [FIM99℄ that ℘(ω1/2) = f(x3), ℘([ω1 +ω2]/2) = f(x2)and ℘(ω1/2) = f(x1).We are now going to be interested in the lo
ation on the parallelogram [0, ω2[×[0, ω1/ı[of the re
ipro
al images through the uniformization of the important 
y
les that are thebran
h 
uts [x1, x2], [x3, x4], [y1, y2] and [y3, y4]. For this, we need to de�ne a new period,namely
ω3 =

∫ x1

X(y1)

dx
[d(x)]1/2

. (B.9)In Part 3.3 of [FIM99℄ is shown the following.Lemma B.15. ω3 ∈]0, ω2[.By using then exa
tly the same analysis as in Part 5.5 of [FIM99℄, we get the followingvery ni
e result � one of the essential purposes of having introdu
ed the uniformization(B.7).Proposition B.16. x−1([x1, x2]) = [0, ω1[+ω2/2, x−1([x3, x4]) = [0, ω1[, y−1([y1, y2]) =
[0, ω1[+(ω2 + ω3)/2 and y−1([y3, y4]) = [0, ω1[+ω3/2.Now we would like to study more a

urately ω3. First, by use of the same arguments asthe ones we will use in Se
tion C.5 of Chapter C, we obtain the lo
ation of ω3 w.r.t. ω2/2.Proposition B.17. ω3 < ω2/2 (resp. ω3 = ω2/2, ω3 > ω2/2) if and only if the 
ovarian
e(i.e. the quantity ∑(i,j)∈S ij) of the walk is negative (resp. zero, positive).It 
ould appear surprising to introdu
e here the 
ovarian
e, in fa
t it will turn out thaton its sign depends interestingly a lot of quantities � in this perspe
tive, see Subse
tionB.4.4.If the groupW = 〈Ψ,Φ〉 de�ned in Se
tion B.1 is �nite, we 
an pre
ise Proposition B.17.



B.3. UNIFORMIZATION 81Proposition B.18. For any k ≥ 2, the group W = 〈Ψ,Φ〉 has order 2k if and only ifthere exists an integer q ∈ {1, . . . , k − 1}, independent of z and having no 
ommon divisorwith k, su
h that for all z ∈]0, 1/n[, ω3 = (q/k)ω2.In parti
ular, sin
e it is proved in [BMM09℄ that the group W takes only the orders 4,6, 8 and ∞, Propositions B.17-B.18 lead immediately to the following.Corollary B.19. The group W = 〈Ψ,Φ〉 has order 4 if and only if for all z ∈]0, 1/n[,
ω3 = ω2/2. For k ∈ {3, 4}, it has order 2k and a negative (resp. positive) 
ovarian
e if andonly if for all z ∈]0, 1/n[, ω3 = ω2/k (resp. ω3 = ω2 − ω2/k)).Before beginning the proof of Proposition B.18, we emphasize that the birational trans-formations Ψ and Φ 
an obviously be understood as automorphisms of K , and we re
allfrom Part 3.1 of [FIM99℄ that thanks to the uniformization (B.7), these automorphisms of
K be
ome on C/Ω the automorphisms ψ and φ with the following expressions :

ψ(ω) = −ω, φ(ω) = −ω + ω3. (B.10)They are su
h that ψ◦ψ = φ◦φ = id, x◦ψ = x, y◦ψ = [c(x)/a(x)]/y, x◦φ = [c̃(y)/ã(y)]/xand y ◦ φ = y.Proof of Proposition B.18. Let us begin by proving the 
onverse sense of Proposition B.18and for this let us, here again, reintrodu
e the variable z.Suppose �rst that for some value z ∈]0, 1/n[, ω3/ω2 = q/k, the integers q and khaving no 
ommon divisor. This means that 〈ψ, φ〉 is a �nite group of order 2k, see (B.10),whi
h is equivalent to the fa
t 〈Ψ,Φ〉 has order 2k on K � but a priori not on C2.This implies that for any x ∈ C, the equalities (Φ ◦ Ψ)◦k(x, Y0(x, z)) = (x, Y0(x, z)) and
(Φ ◦ Ψ)◦k(x, Y1(x, z)) = (x, Y1(x, z)) hold.Suppose now that for any value z ∈]0, 1/n[, ω3/ω2 is this same rational number q/k.In parti
ular, for any �xed x ∈ C and all z ∈]0, 1/n[, (Φ ◦Ψ)◦k(x, Y0(x, z)) = (x, Y0(x, z)).In other words, for any �xed x ∈ C and any y ∈ {Y0(x, z) : z ∈]0, 1/n[}, (Φ ◦ Ψ)◦k(x, y) =
(x, y). Sin
e the set {Y0(x, z) : z ∈]0, 1/n[} is not isolated, by analyti
 
ontinuation weobtain that for any x ∈ C and any y ∈ C, (Φ ◦ Ψ)◦k(x, y) = (x, y), in su
h a way that
〈Ψ,Φ〉 is �nite as a group of birational transformations, of order less than or equal to 2k.

〈Ψ,Φ〉 is of order exa
tly 2k be
ause 〈ψ, φ〉 has order 2k and thus we 
an �nd someelements (x, y) of order exa
tly 2k. This entails the 
onverse sense of Proposition B.18.Suppose now that W = 〈Ψ,Φ〉 has order 2k. The group 〈ψ, φ〉 generated by ψ and φ isa fortiori �nite, of order 2r(z) ≤ 2k, whi
h means that inf{p > 0 : (φ ◦ ψ)◦p = id} = r(z).With (B.10), this immediately implies that r(z)ω3 is some point of the latti
e ω1Z + ω2Z,
ontrary to pω3 for p ∈ {1, . . . , r(z) − 1}. But with Lemma B.15, we have ω3 ∈]0, ω2[, sothat we get r(z)ω3 = q(z)ω2, where q(z) ∈ {1, . . . , r(z) − 1} has no 
ommon divisor with
r(z).Moreover, from (B.6) and (B.9), we know that ω3/ω2 = q(z)/r(z) is a holomorphi
fun
tion of z ; taking rational values it has to be 
onstant, say ω3/ω2 = q/r. Finally, if
r was stri
tly smaller than k, then with the �rst part of the proof we would obtain that
W = 〈Ψ,Φ〉 has also order 2r, and not 2k as assumed, so that r = k and Proposition B.18is proved.



82 CHAPITRE B. COUNTING WALKS IN A QUADRANT, A UNIFIED WAYThe lo
ation of the re
ipro
al images through (B.7) of [x1, x2], [x3, x4], [y1, y2] and
[y3, y4] being known, let us give, in Pi
ture ??, some examples of the parallelogram
[0, ω2[×[0, ω1/ı[ � in addition of the one 
orresponding to Gessel's walk, that 
an be foundin Pi
ture A.4 of Chapter A.

1 y1x4

y2x2y3x3

y4 x

|x|<1{ }_

{ }|y|<1_

4

2x y2

y1x1y4

y3x3

xFigure B.3 � Examples of the parallelogram [0, ω2[×[0, ω1/ı[ with its important 
y
les,on the left for the �rst walk of Pi
ture B.5 and on the right for the se
ond walk of Pi
tureB.6Indeed, for the �rst walk of Pi
ture B.5, the group has order four, see [BMM09℄, andwith Corollary B.19, we get ω3 = ω2/2. In addition, it is quite rather to show thatin this 
ase, X([y1, y2]) = X([y3, y4]) = Y ([x1, x2]) = Y ([x3, x4]) is equal to the unit
ir
le. In parti
ular, we obtain that x−1({|x| = 1}) = ([0, ω1[+ω2/4)∪ ([0, ω1[+3ω2/4) and
y−1({|y| = 1}) = ([0, ω1[) ∪ ([0, ω1[+ω2/2).Also, for the se
ond walk of Pi
ture B.6, the group has order six and the 
ovarian
eis negative, hen
e with Corollary B.19, we get ω3 = ω2/3. Then, by using the samearguments as in the proof of Proposition A.22 of Chapter A, we obtain the lo
ation ofthe 
y
les x−1({|x| = 1}) and y−1({|y| = 1} for this walk, namely x−1({|x| = 1}) =
([0, ω1[+ω2/4)∪([0, ω1[+3ω2/4) and y−1({|y| = 1} = ([0, ω1[+5ω2/12)∪([0, ω1 [+11ω2/12).B.4 Conformal gluing fun
tionsThe main subje
t of Se
tion B.4 is to introdu
e and to study suitable CGF (seeDe�nition 1 of Part I) of the sets GX([y1, y2]) and GY ([x1, x2]) for the 74 non-degeneratewalks.For this, we are �rst going to �nd expli
itly, in Subse
tion B.4.1, all appropriate CGFfor both sets above (essentially thanks to the uniformization studied in Se
tion B.3) andin parti
ular, we will prove Theorem B.6. Then we will remark that the behavior of theseCGF is quite di�erent a

ording to the �niteness of the group W . This is why we willfo
us separately, in Subse
tions B.4.2 and B.4.3, on the walks having an in�nite and nexta �nite group, and we will prove Theorem B.7 as well as Propositions B.26-B.29. Finally,in Subse
tion B.4.4, we will 
ompare this 
lassi�
ation of the 79 walks a

ording to thenature of the CGF with the one a

ording to the nature of the series (B.1), obtained from[BMM09℄ and [BK09℄.B.4.1 Finding all suitable 
onformal gluing fun
tionsIn [FIM99℄ is found expli
itly one CGF and only for z = 1/n, see (B.11) below. Let usbegin here by generalizing this result and by �nding the expressions of all possible CGFfor the sets X([y1, y2]) and Y ([x1, x2]) for any value of z, and for this, let us quote page 126



B.4. CONFORMAL GLUING FUNCTIONS 83of [FIM99℄ : if we note ŵ = w◦x or ŵ = w◦y, with x, y de�ned in (B.7), then the problem of�nding a CGF w is equivalent to �nd a fun
tion ŵ meromorphi
 in [ω2/2, (ω2 +ω3)/2]×R,
ω1 periodi
, with only one simple pole in the domain [ω2/2, (ω2 +ω3)/2]× [0, ω1/ı] hat
hedon the left of Pi
ture B.4 below, and satisfying to the next two 
onditions :(i) for all ω ∈ [−ω1/2, ω1/2], ŵ([ω1 + ω2]/2 + ω) = ŵ([ω1 + ω2]/2 − ω),(ii) for all ω ∈ [−ω1/2, ω1/2], ŵ([ω1 + ω2 + ω3]/2 + ω) = ŵ([ω1 + ω2 + ω3]/2 − ω).
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Figure B.4 � Domains of de�nition of ŵ (on the left) and w̌ (on the right)Setting w̌(ω) = ŵ([ω1 + ω2]/2 + ω), the problem mentioned above obviously be
omesto �nd a fun
tion w̌ meromorphi
 in [0, ω3/2] × R, ω1 periodi
, with only one simple polein the domain [0, ω3/2] × [−ω1/(2ı), ω1/(2ı)], and su
h that :(i') for all ω ∈ [−ω1/2, ω1/2], w̌(ω) = w̌(−ω),(ii') for all ω ∈ [−ω1/2, ω1/2], w̌(ω3/2 + ω) = w̌(ω3/2 − ω).Now we remark that by analyti
 
ontinuation, (i') allows us to 
ontinue w̌ from
[0, ω3/2]×R up to [−ω3/2, ω3/2]×R, and next, also by analyti
 
ontinuation, (ii') enablesus to 
ontinue w̌ as a ω3 periodi
 fun
tion � sin
e evaluating (ii') at ω3/2+ω and using (i')leads to w̌(ω3 +ω) = w̌(ω). Therefore, the problem of �nding the CGF �nally be
omes : to�nd an even ellipti
 fun
tion w̌ with periods ω1, ω3 and having only two simple poles at ±p(or one double pole at p if p and −p are 
ongruent modulo the latti
e) in the parallelogram
[−ω3/2, ω3/2] × [−ω1/(2ı), ω1/(2ı)] drawn on the right of Pi
ture B.4 above.A 
ru
ial fa
t for us is then the following � below, ℘1,3 denotes the Weierstrass ellipti
fun
tion with periods ω1, ω3.Lemma B.20. Let p ∈ [−ω3/2, ω3/2] × [−ω1/(2ı), ω1/(2ı)].If p = 0, the only solutions of the problem above are the α+ β℘1,3(ω) for α, β ∈ C.If p 6= 0, the only solutions are the α+ β/[℘1,3(ω) − ℘1,3(p)] for α, β ∈ C.Proof. It is well-known, see e.g. Theorem 3.11.1 and Theorem 3.13.1 of [JS87℄, that aneven ellipti
 fun
tion with periods ω1, ω3 and having 2q poles in a period parallelogram isne
essarily a rational transformation of order q of ℘1,3. In our 
ase, w̌, whi
h has exa
tlytwo poles of order one or one pole of order two in [−ω3/2, ω3/2] × [−ω1/(2ı), ω1/(2ı)] isthus a fra
tional linear transformation (i.e., a rational transformation of order one) of ℘1,3.In parti
ular, it is immediate that p = 0 yields w̌(ω) = α+ β℘1,3(ω).If p 6= 0, then ℘1,3(p) 6= ∞ and we obtain w̌(ω) = [α℘1,3(ω)+γ]/[℘1,3(ω)−℘1,3(p)].Applying Lemma B.20 for p = 0, we get that

w(t) = ℘1,3

(
x−1(t) − [ω1 + ω2]/2

)
, w̃(t) = ℘1,3

(
y−1(t) − [ω1 + ω2]/2

) (B.11)



84 CHAPITRE B. COUNTING WALKS IN A QUADRANT, A UNIFIED WAYare suitable CGF for the sets GX([y1, y2]) and GY ([x1, x2]), x−1 and y−1 denoting, in(B.11), the re
ipro
al fun
tions of the 
oordinates of the uniformization (B.7). TheoremB.6 is thus proved.Applying now Lemma B.20 for any value of p yields that the fra
tional linear transfor-mations of (B.11) are the only possible CGF.Remark B.21. As said in Se
tion B.1, it 
an be dedu
ed from [Lit00℄ � by using generalresults on Fredholm integral equations � that two CGF for the same set are ne
essarilyfra
tional linear transformations the one from the other.It is worth noting that in our 
ase, we have re
overed this fa
t by using only theproperties of the Weierstrass ellipti
 fun
tions written in Lemma B.20.Remark B.22. The fun
tions w and w̃ of (B.11) are related together through w̃ = w(X0) :indeed, (B.7) entails that x(ω) = X0(y(ω)).Let us now 
on
entrate on w and w̃ de�ned by (B.11), and note �rst that in Se
tionC.5 of Chapter C, we will prove their following global properties.Proposition B.23. The fun
tion w (resp. w̃) de�ned by (B.11) is meromorphi
 on C \
[x3, x4] (resp. C \ [y3, y4]) and has there one simple pole, at x2 (resp. Y (x2)), and thelower integer part of ω2/(2ω3) double poles at some points of the segment ]x2, x3[∩(C \
GX([y1, y2])) (resp. ]y2, y3[∩(C \ GY ([x1, x2]))).Now we remark that with (B.7), it is immediate that w(t) = ℘1,3

(
℘−1(f(t)) − [ω1 +

ω2]/2
), with f(t) = d′′(x4)/6 + d′(x4)/(t− x4) if x4 6= ∞ and f(t) = d′′(0)/6 + d′′′(0)t/6 if

x4 = ∞.The CGF w is therefore equal to the Weierstrass ellipti
 fun
tion with periods ω1, ω3evaluated at a translation of the re
ipro
al of the Weierstrass ellipti
 fun
tion with periods
ω1, ω2. It turns out that the theory of transformation of ellipti
 fun
tions � the basi
 resultof whi
h being here re
alled in Equation (A.25) of Chapter A � entails that this expressionadmits a very ni
e simpli�
ation if ω3/ω2 is rational.But Proposition B.18 shows that the latter 
ondition is related to the groupW = 〈Ψ,Φ〉de�ned in Se
tion B.1, sin
e it states that ω3/ω2 is rational for all z ∈]0, 1/n[ if and only ifthe group W is �nite, so that we will 
onsider separately the study of w and w̃ a

ordingto the �niteness of this group.First, in Subse
tion B.4.2, we will 
on
entrate on the 
ase of an in�nite group of thewalk, and we will show that w and w̃ are then non-holonomi
, whi
h will prove the partof Theorem B.7 
on
erning the in�nite group.Then, in Subse
tion B.4.3, we will 
onsider the 
ase of a �nite group. We will see that
w and w̃ are then algebrai
, and we will 
omplete the proof of Theorem B.7. Moreover, wewill 
onsiderably simplify the expli
it expressions of w and w̃ given in (B.11) for all the23 walks having a �nite group : see Proposition B.26 (resp. B.27-B.28, B.29) for the walksasso
iated with a group of order four (resp. six, eight).It is worth noting that, even for z = 1/n, the forth
oming results of Subse
tions B.4.2-B.4.3 on an in-depth study of the CGF are new � up to the best of our knowledge.B.4.2 Case of an in�nite groupRemark B.24. If the walk admits an in�nite group, it may happen that ω3/ω2 is rationalfor some values of z, but ω3/ω2 has also to take non-rational values.



B.4. CONFORMAL GLUING FUNCTIONS 85Indeed, if ω3/ω2 was rational for all z ∈]0, 1/n[, then ω3/ω2 would be a rational 
ons-tant, sin
e with (B.6) and (B.9), ω3/ω2 is a holomorphi
 fun
tion of z, and PropositionB.18 would then entail that the group is �nite.Let us now prove the part of Theorem B.7 
on
erning the group in�nite, and morepre
isely, that for any z ∈]0, 1/n[ su
h that ω3/ω2 is non-rational, the CGF w and w̃de�ned in (B.11) are non-holonomi
.Proof. The 
lass of holonomi
 fun
tions being 
losed under algebrai
 substitution, see e.g.[FS09℄, it is enough to prove that v(t) = w(f−1(t)) = ℘1,3(℘
−1(t) − [ω1 + ω2]/2) is non-holonomi
, sin
e on the one hand, f is rational and on the other hand, w̃ = w(X0) with

X0 algebrai
.First, we are going to show that v is non-algebrai
, and next, we will prove that if v isholonomi
 then it has to be algebrai
, in su
h a way that v will be non-holonomi
.Suppose thus that v is algebrai
, in other words assume that there exist polynomials
a0, . . . , aq with aq 6= 0 su
h that ∑q

k=0 ak(t)v(t)
k = 0. By de�nition of v and sin
e theWeierstrass ellipti
 fun
tion is non-algebrai
, at least one of a0, . . . , aq is non-
onstant.Evaluating now the last equality at t = ℘(ω + [ω1 + ω2]/2) and using the de�nition of

v, we get ∑q
k=0 ak(℘(ω + [ω1 + ω2]/2))℘1,3(ω)k = 0. Sin
e ℘(ω + [ω1 + ω2]/2) is a rationaltransformation of ℘(ω), see e.g. the addition theorem (A.26) stated in Chapter A, theprevious equality reads P (℘(ω), ℘1,3(ω)) = 0, where P is a polynomial non-
onstant w.r.t.the two variables.Now we re
all from e.g. [JS87℄ that ℘ (resp. ℘1,3) has poles at every point of the latti
e

ω1Z + ω2Z (resp. ω1Z + ω3Z). Moreover, it is well-known that if ω3/ω2 is non-rational,then ω2Z + ω3Z is dense in R. In parti
ular, if ω3/ω2 is non-rational, then the poles of
P (℘(ω), ℘1,3(ω)) are non-isolated, whi
h is a 
ontradi
tion between the prin
iple of analyti

ontinuation and the fa
t that P (℘(ω), ℘1,3(ω)) is non-zero and meromorphi
.Suppose now that v is holonomi
, i.e. that there are polynomials a0, . . . , aq with aq 6= 0su
h that∑q

k=0 ak(t)v
(k)(t) = 0, v(k) denoting the kth derivative of v, and let us show thatin this 
ase

q∑

k=0

ak(t)v
(k)(t) = U(t, v(t)) + V (t, v(t))v′(t), (B.12)where the dependen
e of U and V w.r.t. the �rst (resp. se
ond) variable is rational (resp.polynomial), and where at least U or V is non-zero. Before showing these fa
ts, let usexplain how they entail the algebrai
ity of v.If V is identi
ally zero, then U has to be non-zero. Moreover, sin
e U is rational w.r.t.the �rst variable and sin
e with (B.12) we have U(t, v(t)) = 0, U has to be non-
onstantw.r.t. the se
ond variable and (B.12) immediately yields that v is then algebrai
.Suppose now that V is not identi
ally zero. From (B.12) and the supposed holonomyof v, it follows that U(t, v(t))2 − V (t, v(t))2v′(t)2 = 0. Also, noting g the derivative of

℘−1 (if g2 and g3 are the invariants of ℘ we have g(t) = [4t3 − g2t − g3]
−1/2), we obtain

v′(t)2 = g(t)2℘′
1,3(℘

−1(t)−[ω1+ω2]/2)
2. But if g2,1,3 and g3,1,3 are the invariants of ℘1,3, wehave ℘′2

1,3 = 4℘3
1,3−g2,1,3℘1,3−g3,1,3 and �nally we get U(t, v(t))2−V (t, v(t))2g(t)2[4v(t)3−

g2,1,3v(t)−g3,1,3] = 0. The latter quantity is rational in the �rst variable, sin
e a
tually g(t)2is rational, and an odd degree polynomial in the se
ond, in su
h a way that v is algebrai
.So it is enough to prove (B.12). For this we are going to show that for any k,
v(k)(t) = Uk(t, v(t)) + Vk(t, v(t))v

′(t), (B.13)



86 CHAPITRE B. COUNTING WALKS IN A QUADRANT, A UNIFIED WAYwhere the dependen
e of Uk (resp. Vk) is rational w.r.t. the �rst variable and polynomialof degree exa
tly ⌊k/2 + 1⌋ (resp. ⌊(k − 1)/2⌋) w.r.t. the se
ond variable, ⌊ · ⌋ denotingthe lower integer part. Equality (B.12) will be then an immediate 
onsequen
e of (B.13).Indeed, if q is even, then by using (B.13) in (B.12), we obtain that the degree of U in these
ond variable is exa
tly ⌊q/2+1⌋ and U is thus obviously non-zero. Likewise, if q is odd,we get that the degree of V in the se
ond variable is exa
tly ⌊(q−1)/2⌋ and is thus 
learlynon-zero if q ≥ 3. If q = 1, then straightforwardly we make expli
it V0 = 0 and V1, and weimmediately dedu
e that V is also non-zero.Let us now show (B.13). For k = 0, this is obvious. As for k ≥ 1, an easy 
al
ulationleads to
v(k)(t) =

k∑

p=1

bp(t)℘
(p)
1,3

(
℘−1(t) − [ω1 + ω2]/2

)
,with bk = g(t)k, bk−1(t) = [k(k − 1)/2]g′(t)g(t)k−2 and for p ∈ {2, . . . , k − 1}, bk−p is apolynomial in the variables g(t), g′(t), . . . , g(p)(t). Moreover, if p is even, then 
learly bp isrational whereas if p is odd, then bp/g is rational. Next, by a repeated use of Lemma B.25below and by using that ℘′

1,3

(
℘−1(t) − [ω1 + ω2]/2

)
= v′(t)/g(t), we obtain

v(k)(t) =
∑

p∈{1,...,k} even bp(t)pp/2(v(t)) + v′(t)
∑

p∈{1,...,k} odd[bp(t)/g(t)]p′(p−1)/2(v(t)).With the values of bk and bk−1 given above, this immediately yields (B.13), and there-fore also (B.12), and �nally the fa
t that v, w and w̃ are non-holonomi
.Let us re
all from [JS87℄ the following 
lassi
al fa
t, that we have used in the last proof.Lemma B.25. For any integer r ≥ 0 we have ℘(2r) = pr(℘), where pr(x) is a polynomialwith dominant 
oe�
ient equal to (2r + 1)!xr+1.B.4.3 Case of a �nite groupThanks to Proposition B.18, we obtain that for the 23 walks having a �nite group,
ω2/ω3 is rational. Moreover, with [BMM09℄ and Corollary B.19, it is enough to 
onsiderthe 
ases ω2/ω3 equal to 2, 3, 3/2, 4, 4/3. A

ording to the 
lassi�
ation of [BMM09℄, thereare respe
tively 16, 2, 3, 1, 1 su
h walks.Proposition B.26. If the walk has a group of order four (i.e. if S has a verti
al symmetry,see [BMM09℄), or equivalently if ω2/ω3 = 2, then w de�ned in (B.11) is an a�ne 
ombi-nation of [(t/x4−1)(t−x1)]/[(t−x2)(t−x3)

]. Moreover, suitable and expli
it CGF for theset GY ([x1, x2]) are w(X0(t)), or, more symmetri
ally, [(t/y4−1)(t−y1)]/[(t−y2)(t−y3)].
Figure B.5 � Two examples among the sixteen walks with a group of order four



B.4. CONFORMAL GLUING FUNCTIONS 87Proposition B.27. For both walks represented on Pi
ture B.6 � the only ones with agroup of order six and a negative 
ovarian
e, or equivalently verifying ω2/ω3 = 3 �, w and
w̃ de�ned in (B.11) are a�ne 
ombinations of respe
tively

u(t)

(t− x2)(t− 1/x2
1/2)2

,
ũ(t)

(t− y2)(t− 1/y2
1/2)2

,with u(t) = t2 and ũ(t) = t (resp. u(t) = ũ(t) = t(t+ 1)) for the walk on the left (resp. onthe right) of Pi
ture B.6.
Figure B.6 � The two walks with a group of order six and a negative 
ovarian
eProposition B.28. For the three walks represented on Pi
ture B.7 � the only ones with agroup of order six and a positive 
ovarian
e, or equivalently verifying ω2/ω3 = 3/2 �, thereexist α, β, δ, γ whi
h are algebrai
 w.r.t. z and made expli
it in the proof, su
h that w = w̃de�ned in (B.11) is the only solution with a pole at x2 of

w2 +

[
α+ β

u(t)

(t− x2)(t− 1/x2
1/2)2

]
w +

[
δ + γ

u(t)

(t− x2)(t− 1/x2
1/2)2

]
= 0,with u(t) = t2 (resp. u(t) = t, u(t) = t(t+ 1)) for the walk on the left (resp. in the middle,on the right) of Pi
ture B.7.

Figure B.7 � The three walks with a group of order six and a positive 
ovarian
eProposition B.29. For the walk represented on the left of Pi
ture B.8 � the only one witha group of order eight and a negative 
ovarian
e, or equivalently verifying ω2/ω3 = 4 �, wand w̃ de�ned in (B.11) are a�ne 
ombinations of respe
tively
t2

(t− x2)(t− 1)2(t− x3)
,

t(t+ 1)2

(t− x2)2(t− x3)2
.As for the walk on the right of Pi
ture B.8 below, known as Gessel's walk, the fun
tions

w and w̃ have been found expli
itly in Theorem A.7 of Chapter A.
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Figure B.8 � The two walks with a group of order eightFinite group of the walk and negative or zero 
ovarian
e As a �rst enlighteningexample, let us 
onsider the 
ase of a 
ovarian
e equal to zero � or equivalently the 
ase

ω2/ω3 = 2.Proof of Proposition B.26. It will follow from the equality (pe
uliar to the 
ase ω2/ω3 = 2)
℘1,3(ω− [ω1 +ω2]/2) = −2f(x1)+(f(x2)−f(x3))

2 ℘(ω) − f(x1)

(℘(ω) − f(x2))(℘(ω) − f(x3))
. (B.14)Indeed, if (B.14) holds, let us evaluate it at ω = ℘−1(f(t)) : with (B.11), we obtainthat there exist two 
onstants K1 and K2 su
h that w(t) = K1 +K2[f(t)− f(x1)]/[(f(t)−

f(x2))(f(t) − f(x3))]. But by using the expli
it expression of f , it is immediate that if
x4 6= ∞, then w(t) = K1 + K3[(t − x1)(t − x4)]/[(t − x2)(t − x3)] and if x4 = ∞, then
w(t) = K1 + K4[t − x1]/[(t − x2)(t − x3)], K3 and K4 being some non-zero 
onstants.Therefore, for proving Proposition B.26, it is enough to show (B.14).For this, start by applying Equation (A.25) for p = 2 : we get ℘1,3(ω − [ω1 + ω2]/2) =
℘(ω− [ω1 +ω2]/2)+℘(ω−ω1/2)−℘(ω2/2). Now, taking the usual notations e1 = ℘(ω1/2),
e1+2 = ℘([ω1 +ω2]/2) and e2 = ℘(ω2/2), we 
an state the two following parti
ular 
ases ofthe addition formula (A.26) : ℘(ω−[ω1+ω2]/2) = e1+2+[(e1+2−e1)(e1+2−e2)]/[℘(ω)−e1+2]and ℘(ω−ω1/2) = e1+[(e1−e2)(e1−e1+2)]/[℘(ω)−e1]. In this way and after simpli�
ation,we obtain ℘1,3(ω−[ω1+ω2]/2) = e1−e2+e1+2+(e1−e1+2)

2[℘(ω)−e2]/[(℘(ω)−e1)(℘(ω)−
e1+2)]. Finally, by using the equalities e1 = f(x3), e1+2 = f(x2) and e2 = f(x1), see below(B.8), as well as e1 + e1+2 + e2 = 0, we immediately obtain (B.14).Let us now 
onsider the 
ase of a negative 
ovarian
e � or equivalently the situationwhere ω2/ω3 is equal to 3 or 4 �, and begin with the 
ase ω2/ω3 = 3, whi
h 
on
erns thetwo walks of Pi
ture B.6.Proof of Proposition B.27. First of all, let us sket
h the proof. First, we are going to showthat there exist and we are going to make expli
it two third degree polynomials A and Bsu
h that ℘1,3(ω − [ω1 + ω2]/2) = A(℘(ω))/B(℘(ω)). In parti
ular, with (B.11), we willthen obtain that w(t) = A(f(t))/B(f(t)). Next we will 
onsider separately the two walksof Pi
ture B.6.(i) For the walk on the left of Pi
ture B.6 we have x4 = ∞, and then A(f(t)) and

B(f(t)) are also third degree polynomials, see the expression of f below (B.11). Wewill show that B(f(t)) = (t− x2)(t− 1/x2
1/2)2. In addition, if r(t) denotes the restof the eu
lidean division of A(f(t)) by B(f(t)), we will prove that r(t) = (r′′(0)/2)t2with r′′(0) 6= 0, in su
h a way that w(t) = B(f(∞))/A(f(∞)) + (r′′(0)/2)t2/[(t −

x2)(t− 1/x2
1/2)2].



B.4. CONFORMAL GLUING FUNCTIONS 89(ii) For the walk drawn on the right of Pi
ture B.6 we have x4 6= ∞, and then (t −
x4)

3A(f(t)) and (t − x4)
3B(f(t)) are third degree polynomials. We will show that

(t − x4)
3B(f(t)) = (t − x2)(t − 1/x2

1/2)2. If r(t) denotes the rest of the eu
lideandivision of (t − x4)
3A(f(t)) by (t − x4)

3B(f(t)), then we will prove that r(t) =
(r′′(0)/2)t(t + 1) with r′′(0) 6= 0 so that w(t) = B(f(∞))/A(f(∞)) + (r′′(0)/2)t(t +
1)/[(t − x2)(t− 1/x2

1/2)2].Finally, starting from the so-obtained expli
it formulation of w and by using that w̃ =
w(X0), an elementary 
al
ulation will lead, for ea
h walk, to the expression of w̃ stated inProposition B.27, this will 
on
lude the proof.So we begin by �nding expli
itly, for both walks of Pi
ture B.6, two polynomials A and
B of degree three su
h that ℘1,3(ω − [ω1 + ω2]/2) = A(℘(ω))/B(℘(ω)).Applying Equation (A.25) with p = 3, we get that ℘1,3(ω− [ω1 +ω2]/2) = ℘(ω− [ω1 +
ω2]/2) +℘(ω−ω1/2−ω2/6)−℘(ω2/3) +℘(ω−ω1/2 +ω2/6)−℘(2ω2/3). Then, using theaddition formula (A.26) for ℘ and noting K = e1+2−2℘(ω2/3)−2℘(ω1/2+ω2/6), we havethat ℘1,3(ω − [ω1 + ω2]/2) equals

(e1+2 − e1)(e1+2 − e2)

℘(ω) − e1+2
− 2℘(ω) +

1

2

℘′(ω)2 + ℘′(ω1/2 + ω2/6)
2

[℘(ω) − ℘(ω1/2 + ω2/6)]2
+K. (B.15)To obtain (B.15), we have used that ℘(ω1/2+ω2/6) = ℘(ω1/2−ω2/6) and ℘′(ω1/2+ω2/6) =

−℘′(ω1/2 − ω2/6), got from the fa
t that ℘(ω1/2 + ω) and ℘′(ω1/2 + ω) are respe
tivelyeven and odd fun
tions of ω.With both (B.8) and (B.15), it is now 
lear that ℘1,3(ω− [ω1 +ω2]/2) 
an be written as
A(℘(ω))/B(℘(ω)), moreover we 
an take B(℘(ω)) = (℘(ω)−e1+2)(℘(ω)−℘(ω1/2+ω2/6))

2.Now we prove that ℘(ω1/2 + ω2/6) = f(1/x2
1/2). For this, we are going to formulate

℘(ω1/2+ω2/6) w.r.t. z. Sin
e ℘(ω1/2+ω2/6) = e1 +[(e1−e2)(e1−e1+2)]/[℘(ω2/6)−e1], itis enough to express ℘(ω2/6) w.r.t. z. In order to do that, let us �rst �nd expli
itly ℘(ω2/3)and then use, for ω = ω2/3, the fa
t that ℘(ω/2) equals (see e.g. [JS87℄)
℘(ω)+[(℘(ω)−e1)(℘(ω)−e2)]

1/2+[(℘(ω)−e1)(℘(ω)−e1+2)]
1/2+[(℘(ω)−e2)(℘(ω)−e1+2)]

1/2.In other words, for all 
oe�
ients in (B.15) to be expli
it w.r.t. the variable z, it is enoughto �nd only ℘(ω2/3) in terms of z.And now we show that for both walks of Pi
ture B.6, ℘(ω2/3) = 1/3. For this, we use thefollowing fa
t, already re
alled in Chapter A : the quantity L = ℘(ω2/3) is the only positiveroot of L4 − g2L
2/2 − g3L − g2

2/48, g2 = −4[e1e2 + e1e1+2 + e2e1+2] and g3 = 4e1e2e1+2being the invariants of ℘. By using the expli
it expressions of g2 and g3 (we re
all that
e1, e2 and e1+2 are known expli
itly w.r.t. z, see the proof of Proposition B.26), we easilyshow that 1/3 is a root of the polynomial above, being positive, we get ℘(ω2/3) = 1/3.Then, an elementary 
al
ulation leads to ℘(ω1/2+ω2/6) = f(1/x2

1/2). Next, with (B.8),we also obtain ℘′(ω1/2 + ω2/6), and thus all 
oe�
ients in (B.15) are known in terms of
z. In parti
ular, this is also the 
ase for the polynomials A and B. After a tedious buteasy 
al
ulation, we obtain the fa
ts 
laimed in (i) and (ii) above, and, thus, PropositionB.27.Proposition B.29 � 
on
erning ω2/ω3 = 4 � 
ould be obtained by applying (A.25) for
p = 4, the details would be essentially the same as above, so that we omit to write them.
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ovarian
e The only su
h walks are the threeones of Pi
ture B.7 as well as the one on the right of Pi
ture B.8.The latter, known as Gessel's walk, has already been 
onsidered in Chapter A : there,we have shown that the CGF w and w̃ de�ned by (B.11) are algebrai
 (of degree three in
t) and we have made expli
it their minimal polynomials.By using the same key idea as in Chapter A � namely, a double appli
ation of (A.25) �,we are going now to prove Proposition B.28, i.e. to show, for the three walks of Pi
tureB.7, that w and w̃ are algebrai
 (of degree two in t) and to �nd their minimal polynomials.Proof of Proposition B.28. Let us, �rst of all, re
all that for the three walks 
onsideredhere, ω2/ω3 = 3/2, and de�ne the auxiliary period ω4 = ω2/3.First, with ω4 = ω2/3, thanks to Equation (A.25), we will be able to express ℘1,4 as arational fun
tion of ℘. Moreover, sin
e ω4 = ω3/2, on
e again with (A.25), we will write
℘1,4 as a rational fun
tion of ℘1,3. As an immediate 
onsequen
e, ℘1,3 will be an algebrai
fun
tion of ℘. Then, with (B.11) and the addition formula (A.26), we will obtain that theCGF w de�nes an algebrai
 fun
tion of t.Rational expression of ℘1,4 in terms of ℘. By using exa
tly the same arguments as in theproof of Proposition B.27, we obtain the three following fa
ts : �rstly, ℘1,4(ω− [ω1 +ω2]/2)is equal to (B.15) ; se
ondly, ℘(ω2/3) = 1/3 ; and thirdly, the expression of all 
oe�
ients in(B.15) w.r.t. z is expli
it. In this way, we obtain that there exist K1 and K2 whi
h dependonly on z and 
ould be made expli
it, su
h that

℘1,4

(
x−1(t) − [ω1 + ω2]/2

)
= K1 +

K2u(t)

(t− x2)(t− 1/x2
1/2)2

, (B.16)with u(t) as des
ribed in the statement of Proposition B.28.Rational expression of ℘1,4 in terms of ℘1,3. Applying, as in the proof of Proposition B.26,Equation (A.25) for p = 2, we obtain that ℘1,4(ω) = ℘1,3(ω)+℘1,3(ω+ω3/2)−℘1,3(ω3/2).Noting e1,1,3 = ℘1,3(ω1/2), e1+3,1,3 = ℘1,3([ω1 + ω3]/2) and e3,1,3 = ℘1,3(ω3/2), we have
℘1,3(ω + ω3/2) = e3,1,3 + [(e3,1,3 − e1,1,3)(e3,1,3 − e1+3,1,3)]/[℘1,3(ω) − e3,1,3]. In parti
ular,we immediately obtain that
℘1,3(ω)2 −

[
e3,1,3 + ℘1,4(ω)

]
℘1,3(ω) +

[
(e3,1,3 − e1,1,3)(e3,1,3 − e1+3,1,3) + e3,1,3℘1,4(ω)

]
= 0.(B.17)Therefore, on
e the expressions of e1,1,3, e1+3,1,3 and e3,1,3 will be known expli
itly, Equa-tions (B.11), (B.16) and (B.17) will immediately entail Proposition B.28.It remains thus to �nd expli
itly e1,1,3, e1+3,1,3 and e3,1,3. This will be a 
onsequen
eof the possibility of expanding ℘1,4 in two di�erent ways.First, we have seen just above that

℘1,4(ω) = ℘1,3(ω) +
(e3,1,3 − e1,1,3)(e3,1,3 − e1+3,1,3)

℘1,3(ω) − e3,1,3
,so that by using the expansion of ℘1,3 at 0, namely ℘1,3(ω) = 1/ω2 + g2,1,3ω

2/20 +
g3,1,3ω

4/28 + O(ω6), g2,1,3 and g3,1,3 being the invariants of ℘1,3, as well as the followingstraightforward equality (e3,1,3 − e1,1,3)(e3,1,3 − e1+3,1,3) = 3e3,1,3
2 − g2,1,3/4, we get

℘1,4(ω) =
1

ω2
+
[
3e3,1,3

2−g2,1,3/5
]
ω2 +

[
g3,1,3 +3e3,1,3

3−g2,1,3e3,1,3/4
]
ω4 +O(ω6). (B.18)
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ond, by applying Equation (A.25) for p = 3, we obtain ℘1,4(ω) = −℘(ω)+ [℘′(ω)2 +
℘′(ω2/3)

2]/[2(℘(ω)−℘(ω2/3))]−4℘(ω2/3). Using that ℘(ω2/3) = 1/3 as well as (B.8) yield
℘1,4(ω) =

1

ω2
+
[
2/3 − 9g2/20

]
ω2 +

[
10/27 − g2/2 − 27g3/28

]
ω4 +O(ω6). (B.19)By identifying the expansions (B.18) and (B.19), we obtain the expressions of g2,1,3 and

g3,1,3 in terms of g2, g3 and e3,1,3.In addition, e3,1,3 is obviously a solution of 4e3,1,3
3 − g2,1,3e3,1,3 − g3,1,3 = 0. If we usethe expressions of g2,1,3 and g3,1,3 obtained just above, we obtain that e3,1,3

3 + [9g2/16 −
5/6]e3,1,3 + [35/108− 27g3/32− 7g2/16] = 0. We 
an solve this equation (we re
all that g2and g3 are known expli
itly w.r.t. z) and in this way we get e3,1,3. Next, we obtain g2,1,3and g3,1,3, or, equivalently, e1,1,3 and e1+3,1,3. In parti
ular, the expansion (B.17) is now
ompletely known and Proposition B.28 is proved.B.4.4 Con
luding remarksSome of the 23 walks asso
iated with a �nite group have been and are still the obje
tof numerous studies, as illustrated by the re
ent and vivid interest in the famous Gessel'swalk, see [KKZ09℄, [BK09℄ and [KR09a℄. But other walks have also repeatedly 
aught theattention of the mathemati
al 
ommunity, as Kreweras' walk (represented here on the leftof Pi
ture B.7), see [BMM09℄ and the referen
es therein, as well as Gouyou-Beau
hamps'walk (drawn on the left of Pi
ture B.8), whi
h, among others, has strong 
onne
tions withthe enumeration of non-
rossing mat
hings, see [CDD+07℄.However, 
ertain questions 
on
erning these walks � as the one of explaining some 
losedform expressions for quantities asso
iated with them � are still open, see [BMM09℄. Wehope that Propositions B.26-B.29 and the results of Chapter A, whi
h give simple expli
itexpressions of the CGF w and w̃ for these 23 walks, and therefore, thanks to TheoremB.5, whi
h yield an expli
it expression of the trivariate generating fun
tion (B.1), with adi�erent formulation from the one obtained in [BMM09℄ and [BK09℄, will lead to makeprogress in this perspe
tive.Another thing is that, although it is yet un
lear how the nature of the CGF yields thenature of the generating fun
tion (B.1), we 
an make the following observation a posteriori.Subse
tions B.4.2-B.4.3 imply that we 
an split the 23 walks having a �nite group into twofamilies, a

ording to the nature of the CGF : for the 19 walks with negative or zero 
ova-rian
e, the CGF is rational, see Propositions B.26, B.27 and B.29, whereas for the 4 walkswith positive 
ovarian
e, the CGF is algebrai
 non-rational : see Proposition B.28 andChapter A.It is interesting to remark that this 
lassi�
ation � that 
learly implies that the sign ofthe 
ovarian
e is a notable and natural quantity, thanks to Proposition B.17 � is the same asthe 
lassi�
ation a

ording to the nature of the series (B.1) : if the walk has negative or zero
ovarian
e, then the generating fun
tion is holonomi
 non-algebrai
, see [BMM09℄, whereasif the walk has positive 
ovarian
e, then (B.1) is algebrai
, see [BMM09℄ and [BK09℄.
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Chapitre CRandom walks in Z2
+ with non-zerodrift absorbed at the axes ∗Random walks in the quarter plane Z2

+ with non-zero jump probabilities at distan
e atmost one, homogeneous and with non-zero drift in the interior of Z2
+ and absorbed whenrea
hing the axes are studied. Absorption probabilities generating fun
tions are expli
itlyobtained and the asymptoti
 of these probabilities along the axes is found. The asymptoti
of the Green fun
tions is 
omputed along all di�erent in�nite paths of states, in parti
ularalong the ones approa
hing the axes.C.1 Introdu
tionRandom walks in 
ones of Zd 
onditioned in the sense of Doob h-transform never torea
h the boundary nowadays arouse a lot of interest in the mathemati
al 
ommunity asthey appear in several distin
t domains.An important 
lass of su
h walks is 
onstituted by the so-
alled �non-
olliding randomwalks�. These walks are the pro
esses (Z1(k), . . . , Zd(k))k≥0 
omposed of d independentand identi
ally distributed random walks that never leave the Weyl 
hamber {z ∈ Rd :

z1 < · · · < zd}. The distan
es between these random walks (Z2(k) − Z1(k), . . . , Zd(k) −
Zd−1(k))k≥0 give a d − 1-dimensional random pro
ess whose 
omponents are positive.These pro
esses appear in the eigenvalues des
ription of important matrix-valued sto
hasti
pro
esses, see [Dys62℄ for an old well-known result on the eigenvalues of the pro
ess versionof the Gaussian Unitary Ensemble and e.g. [Bru91, HW96, Gra99, KO01, KT04℄. They arefound in the analysis of the 
orner-growth model, see [Joh00, Joh02℄. Moreover, interesting
onne
tions between non-
olliding random walks, random matri
es and queues in tandemare the subje
t of [O'C03
℄. Paper [EK08℄ reveals a rather general me
hanism of the 
ons-tru
tion of a suitable h-transform for su
h pro
esses.But pro
esses whose 
omponents are distan
es between independent random walks arenot the only 
lass of interest. In [KOR02℄, random walks with ex
hangeable in
rements and
onditioned never to exit the Weyl 
hamber are 
onsidered. In [OY02℄, the authors studyan other 
lass of random walks, namely (X1(k), . . . ,Xd(k))k≥0, where for p ∈ {1, . . . , d},
Xp(k) = |{0 ≤ m ≤ k : ξm = p}|, (ξm)m≥0 being a sequen
e of independent and identi
ally

∗. This work is a 
ollaboration with I. Kurkova and is to appear in the �Bulletin de la So
iété Mathéma-tique de Fran
e� as [KR09b℄. 95
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ommon distribution on {1, . . . , d}, and they identify inlaw their 
onditional version with a 
ertain path transformation. In both [O'C03a, O'C03b℄,N. O'Connell relates these obje
ts to the Robinson-S
hensted algorithm.Another important area where sto
hasti
 pro
esses in 
ones of Zd 
onditioned neverto rea
h the boundary appear is the domain of the �quantum random walks�. In [Bia92b℄,P. Biane 
onstru
ts a quantum Markov 
hain on the von Neumann algebra of SU(d) andinterprets the restri
tion of this quantum Markov 
hain to the algebra of a maximal torusof SU(d) as a random walk on the latti
e of integral forms on SU(d) with respe
t to thismaximal torus. He proves that the restri
tion of the quantum Markov 
hain to the 
enter ofthe von Neumann algebra is a Markov 
hain on the same latti
e obtained from the pre
edingby 
onditioning it in Doob's sense to exit a Weyl 
hamber at in�nity. In [Bia92
℄, P. Bianeextends these results to the 
ase of general semi-simple 
onne
ted and simply 
onne
ted
ompa
t Lie groups, the basi
 notion being that of the minus
ule weight. The 
orrespondingrandom walk on the weight latti
e in the interior of the Weyl 
hamber 
an be obtained asfollows : if 2n is the order of the asso
iated Weyl group, one draws the ve
tor 
orrespondingto the minus
ule weight and its n−1 
onjugates under the Weyl group, then one translatesthese ve
tors to ea
h point of the weight latti
e in the interior of the Weyl 
hamber andassigns to them equal probabilities of jumps, namely 1/n.For example, in the 
ase of SU(3), the Weyl 
hamber of the 
orresponding Lie algebra
sl3(C) is the planar 
one of angle π/3, that is to say the domain of R2

+ delimited onthe one hand by the horizontal axis and on the other by the axis making an angle equalto π/3 with the horizontal axis. One gets a spatially homogeneous random walk in theinterior of the weight latti
e, as in the left hand side of Pi
ture C.1, the arrows designingtransition probabilities equal to 1/3. In the 
ases of the Lie algebras sp4(C) or so5(C), theWeyl 
hamber is the planar 
one of angle π/4, see the se
ond �gure of Pi
ture C.1 for thetransition probabilities. Both of these random walks 
an be, of 
ourse, thought as walks inthe quarter plane Z2
+ with transition probabilities drawn in the third and fourth �gures ofPi
ture C.1.

Figure C.1 � The walks on weight latti
es of 
lassi
al algebras (above, sl3(C) and sp4(C))
an be viewed as random walks on Zd
+P. Biane shows that the suitable Doob h-transform h(i0, j0) for these random walks isthe dimension of the underlying representation with highest weight (i0−1, j0−1). In [Bia91℄,again thanks to algebrai
 methods, he 
omputes the asymptoti
 of the Green fun
tions forboth walks (absorbed at the boundary) on the right of Pi
ture C.1, as i, j → ∞ and

j/i → tan(γ), for γ lying in [ǫ, π/2 − ǫ] and ǫ > 0. The asymptoti
 of the Green fun
tionsas j/i → 0 or j/i → ∞ 
ould not be found by these te
hniques.In [Bia92
℄, P. Biane also studies some extensions to random walks with drift : these arespatially homogeneous random walks in the same Weyl 
hambers, with the same non-zerojump probabilities as previously, but now these transition probabilities are admitted not to
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tor may have non-zero 
oordinates. Due toChoquet-Deny theory, he �nds in [Bia92
℄ all minimal non-negative harmoni
 fun
tions forthese random walks. Nevertheless, this approa
h seems not allow him to �nd the Martin
ompa
ti�
ation of these random walks, nor to 
ompute the asymptoti
 of the Green fun
-tions along all di�erent paths.In [IR08℄, I. Ignatiouk-Robert obtains, under general assumptions and for all d ≥ 2, theMartin 
ompa
ti�
ation of some walks in the half-spa
e Zd−1×Z+ killed at the boundary. Inthis paper and in [IR09b℄, I. Ignatiouk-Robert proposes a new approa
h for the analysis ofthe Martin boundary, 
ombining large deviations methods with the ratio-limit theorem forMarkov-additive pro
esses. I. Ignatiouk-Robert and C. Loree develop this original approa
hin a re
ent paper [IRL09℄ and apply it with su

ess to the analysis of spatially homogeneousrandom walks in Z2
+ killed at the axes, under the hypotheses of an exponential de
ay of thejump probabilities and of a non-zero drift. In this way, they 
ompute the Martin 
ompa
-ti�
ation for these random walks and therefore also their full Martin boundary. However,these methods seem not to be powerful for a more detailed study, as for the 
omputation ofthe asymptoti
 of the Green fun
tions or for the 
al
ulation of the absorption probabilitiesat di�erent points on the axes. They also seem to be quite di�
ult to generalize to the 
aseof the random walks with zero drift.In Chapter C, we would like to study in detail the random walks (X(k), Y (k))k≥0 in thequadrant Z2

+ with the following properties � below, let us denote the transition probabilitiesby P[(X(k + 1), Y (k + 1)) = (i0 + i, j0 + j) | (X(k), Y (k)) = (i0, j0)] = p(i0,j0),(i0,j0)+(i,j).(H1) For all (i0, j0) su
h that i0, j0 > 0, p(i0,j0),(i0,j0)+(i,j) does not depend on (i0, j0)and 
an thus be denoted by pi,j.(H2) If |i| > 1 or |j| > 1, then pi,j = 0.(H3) The boundary {(0, 0)} ∪ {(i, 0) : i ≥ 1} ∪ {(0, j) : j ≥ 1} is absorbing.(H4) ∑i,j ipi,j > 0 and ∑i,j jpi,j > 0.(H5) In the list p1,1, p1,0, p1,−1, p0,−1, p−1,−1, p−1,0, p−1,1, p0,−1, there are no three 
onse-
utive zeros.The last hypothesis (H5) is purely te
hni
al and avoids studying degenerated walks.It is the book [FIM99℄ that gave us the main tool of analysis and has therefore inspiredChapter C. Let us re
all from Se
tion 1 of Part I that this book studies the random walksin Z2
+ under assumptions (H1)-(H2) but not (H3)-(H4) : the transition probabilities fromthe boundary to the interior of the quadrant are there non-zero and the horizontal axis,the verti
al axis and (0, 0) are three other domains of spatial homogeneity ; moreover, thejumps are supposed su
h that the Markov 
hain is ergodi
. The authors G. Fayolle, R. Iasno-gorodski and V. Malyshev elaborate a profound and ingenious analyti
 approa
h in orderto 
ompute the generating fun
tions of stationary probabilities of these random walks. Thisapproa
h serves as a starting point for our investigation and for this reason plays a 
ru
ialrole : preparatory Subse
tions C.2.1, C.2.2 and C.2.3 pro
eed along [FIM99℄ but developedto the situation of the random walks killed at the boundary.In Subse
tion C.2.4, using this analyti
 approa
h, we analyze the probability of absorb-tion

Pi0,j0 [(X,Y ) is absorbed] .
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tion C.3, the absorption probabilities
qi

i0,j0 = P(i0,j0) [(X,Y ) is absorbed at (i, 0)] ,

q̃j
i0,j0 = P(i0,j0) [(X,Y ) is absorbed at (0, j)] ,

qi0,j0
0,0 = P(i0,j0) [(X,Y ) is absorbed at (0, 0)] ,

(C.1)are 
omputed, through their generating fun
tions
qi0,j0(x) =

∑

i≥1

qi
i0,j0xi, q̃ i0,j0(y) =

∑

j≥1

q̃j
i0,j0yj , (C.2)initially de�ned for |x| ≤ 1 and |y| ≤ 1.When no ambiguity on the initial state 
an arise, we drop the index (i0, j0) and we writerather qi, q̃j, q0,0, q(x), q̃(y) respe
tively.Subse
tion C.3.1 gives �rst integral representations of both fun
tions q and q̃ on smooth
urves, whi
h are almost dire
tly dedu
ed from [FIM99℄.In Subse
tion C.3.2, we look 
loser at some 
onformal gluing fun
tions (in the senseof De�nition 1 of Part I) that appear in the analysis and we transform the integral repre-sentations into ones on real segments (see Theorem C.13), that suit better for further 
al-
ulations.In Se
tion C.4, we 
ompute the asymptoti
 of the Green fun
tions

Gi,j = E(i0,j0)



∑

k≥0

1{(X(k),Y (k))=(i,j)}


 , (C.3)as i+ j → ∞ and j/i → tan(γ), where γ ∈ [0, π/2].In the 
ase of γ ∈]0, π/2[, thanks to [KM98℄ and [Mal73℄, it is not a di�
ult task : thepro
edure used in [KM98℄ for the asymptoti
 of the Green fun
tions (and in fa
t deve-loped mu
h earlier for the asymptoti
 of the stationary probabilities in [Mal73℄) under thesimplifying hypothesis p−1,0 +p0,1 +p1,0 +p0,−1 = 1 in the interior and with some non-zerojump probabilities from the axes 
an be generalized to our random walks under (H2).To state the result, set φ(u, v) =

∑
i,j pi,j exp(iu) exp(jv), and let (u(γ), v(γ)) be theunique solution (see [Hen63℄) ofgrad(φ(u, v))/|grad(φ(u, v))| = (cos(γ), sin(γ))on the 
urve {(u, v) ∈ R2 : φ(u, v) = 1}. Let also sx(tan(γ)) = exp(u(γ)) and sy(tan(γ)) =

exp(v(γ)). With all these notations, Gi,j ∼ C
[
sx(tan(γ))i0sy(tan(γ))j0 − q(sx(tan(γ)))−

q̃(sy(tan(γ)))− q0,0

]/[
i1/2sx(j/i)

isy(j/i)
j
], where the 
onstant C > 0 is made expli
it, seeTheorem C.15.It is a more deli
ate task to study the asymptoti
 of the Green fun
tions Gi,j in thetwo 
ases of j/i → 0 and j/i → ∞, and this has not been 
ompleted in previous works.This is the subje
t of Subse
tion C.4.2. In Theorem C.18, we demonstrate that Gi,j ∼

C0j/i
[
j0sx(0)

i0sy(0)
j0−1 − ∂q̃(sy(0))

]/[
i1/2sx(j/i)

isy(j/i)
j
], where the 
onstant C0 > 0 ismade expli
it. The result for j/i→ ∞ follows after a proper 
hange of the parameters.The asymptoti
 of the Green fun
tions when j/i → tan(γ), γ ∈ [0, π/2] provide expli-
itly all harmoni
 fun
tions of the Martin 
ompa
ti�
ation. This leads in parti
ular to
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ently obtained in [IRL09℄, whi
h asserts that the Martin boundary ishomeomorphi
 to [0, π/2].Finally, in Se
tion C.6, using the results of Se
tion C.5 about 
onformal gluing, we �ndthe asymptoti
 behavior of the absorption probabilities qi and q̃j as i → ∞ and j → ∞.We show that qi ∼ g(i0, j0)/(i
3/2ρi), with some quantities g(i0, j0) > 0 and ρ > 1 madeexpli
it. Moreover, the fun
tion g(i0, j0) turns out to depend quite interestingly on the�group of Galois automorphisms� of the random walk (in the sense of De�nition C.3), seeTheorem C.24.In Chapter C, the analysis is led under (among others) the hypothesis (H4), for reasonsmotivated in Se
tion C.1. However, all the analyti
 details remain true under the moregeneral assumption(H4') ∑i,j ipi,j 6= 0 and ∑i,j jpi,j 6= 0.C.2 Analyti
 approa
hC.2.1 The fundamental fun
tional equationDe�ne
Q(x, y) =

∑

i,j≥1

Gi,jx
i−1yj−1,the generating fun
tion of the Green fun
tions (C.3). With the notations of Se
tion C.1,we 
an state the fun
tional equation

K(x, y)Q(x, y) = q(x) + q̃(y) + q0,0 − xi0yj0, (C.4)where K is the following polynomial, depending only on the walk's transition probabilities :
K(x, y) = xy



∑

i,j

pi,jx
iyj − 1


 . (C.5)Prima fa
ie, Equation (C.4) has a meaning in {(x, y) ∈ C2 : |x| < 1, |y| < 1}. Also, theproof of (C.4) 
omes from writing that for k,m, n ≥ 0,

P[(X(k + 1), Y (k + 1)) = (m,n)] =
∑

i,j≥1

P [(X(k), Y (k)) = (i, j)] pm−i,n−j +

+
∑

i≥1

P [(X(k), Y (k)) = (i, 0)] δi,0
m,n +

∑

j≥1

P [(X(k), Y (k)) = (0, j)] δ0,j
m,n +

+P [(X(k), Y (k)) = (0, 0)] δ0,0
m,n,where δi,j

m,n = 1 if i = m and j = n, otherwise 0. It remains to multiply by xmyn and thento sum w.r.t. k,m, n ≥ 0.C.2.2 The Riemann surfa
e {(x, y) ∈ (C ∪ {∞})2 : K(x, y) = 0}The polynomial (C.5) 
an be written alternatively
K (x, y) = a (x) y2 + b (x) y + c (x) = ã (y) x2 + b̃ (y)x+ c̃ (y) , (C.6)
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a(x) = p1,1x

2 + p0,1x+ p−1,1, ã(y) = p1,1y
2 + p1,0y + p1,−1,

b(x) = p1,0x
2 − x+ p−1,0, b̃(y) = p0,1y

2 − y + p0,−1,
c(x) = p1,−1x

2 + p0,−1x+ p−1,−1, c̃(y) = p−1,1y
2 + p−1,0y + p−1,−1.Let us also de�ne

d(x) = b(x)2 − 4a(x)c(x), d̃(y) = b̃(y)2 − 4ã(y)c̃(y).We are now going to build the algebrai
 fun
tion Y (x) de�ned by K(x, Y (x)) = 0. Note�rst that K(x, y) = 0 is equivalent to [b(x) + 2a(x)y]2 = d(x), so that the 
onstru
tion ofthe fun
tion Y (x) is equivalent to that of the square root of the polynomial d(x). For thisreason, we need the following pre
isions on the roots of d.Lemma C.1.
∗ d is a third or fourth degree polynomial, whose all roots are real and mutually distin
t.
∗ We 
all its roots the xk, k ∈ {1, . . . , 4}, with eventually x4 = ∞ if deg(d) = 3. Itturns out that there are two possibilities. Either the modulus of the roots are mutu-ally distin
t and in this 
ase, we enumerate the roots in su
h a way that |x1| < |x2| <

|x3| < |x4|, or there are two pairs of roots and inside of ea
h pair the roots are opposedone from the other and in this 
ase, we enumerate them 0 < x2 = −x1 < x3 = −x4.This last 
ase 
orresponds to the random walks having transition probabilities su
hthat p1,1 + p1,−1 + p−1,−1 + p−1,1 = 1.
∗ Moreover, |x1|, |x2| < 1 and |x3|, |x4| > 1.
∗ x2 and x3 are positive.
∗ x1 = 0 (resp. x4 = ∞) if and only if the jump probabilities are su
h that p−1,0

2 −
4p−1,1p−1,−1 = 0 (resp. p1,0

2 − 4p1,1p1,−1 = 0).
∗ If p−1,0

2−4p−1,1p−1,−1 6= 0 (resp. p1,0
2−4p1,1p1,−1 6= 0) then sign(x1) = sign(p−1,0

2−
4p−1,1p−1,−1) (resp. sign(x4) = sign(p1,0

2 − 4p1,1p1,−1)).Proof. All these properties are proved in [FIM99℄. Note simply here that it is thanks to thehypothesis (H5), made in Se
tion C.1, that the polynomial d is of degree three or four.There are two bran
hes of the square root of d. Ea
h determination leads to a wellde�ned (i.e. single-valued) and meromorphi
 fun
tion on the 
omplex plane C appropriately
ut, that is, in our 
ase, on C\ ([x1, x2]∪ [x3, x4]) � note that if x4 < 0, then [x3, x4] means
[x3,+∞[∪] −∞, x4]. We 
an write, besides, the analyti
 expression of these two bran
hes
Y0 and Y1 of Y , namely Y0(x) = Y+(x) and Y1(x) = Y−(x), where

Y±(x) =
−b(x) ± d(x)1/2

2a(x)
.We now extend the domain of determination of Y from C to its Riemann surfa
e S, sothat Y be
omes single-valued on S. Sin
e there are two determinations of the square rootof d (opposed one from the other), the Riemann surfa
e S is formed by S0 and S1, two
opies of the Riemann sphere C ∪ {∞} 
ut along [x1, x2] and [x3, x4], and joined a
rosslines lying above these 
uts. This gives a two-sheeted 
overing surfa
e of C∪{∞}, bran
hedover x1, . . . , x4. By opening out the 
uts in the two sheets, we see that the Riemann surfa
e



C.2. ANALYTIC APPROACH 101asso
iated with Y is homeomorphi
 to a sphere with one handle atta
hed, that is a Riemannsurfa
e of genus one, a torus. For more details about the 
onstru
tion of Riemann surfa
es,see for instan
e Book [SG69℄.In a similar way, the equation K(X(y), y) = 0 de�nes also an algebrai
 fun
tion X(y).All the results 
on
erningX(y) 
an be dedu
ed from the ones for Y (x) after a proper 
hangeof the parameters, namely pi,j 7→ pj,i.To 
on
lude Subse
tion C.2.2, let us re
all from [FIM99℄ some useful properties of thefun
tions Y and X.Lemma C.2. (i) Y0(1) = c(1)/a(1) and Y1(1) = 1. (ii) Y0({x ∈ C : |x| = 1}) ⊂ {y ∈
C : |y| < 1} and Y1({x ∈ C : |x| = 1} \ {1}) ⊂ {y ∈ C : |y| > 1}. (iii) For x ∈
C\([x1, x2]∪[x3, x4]), |Y0(x)| ≤ |Y1(x)|, with equality only on [x1, x2]∪[x3, x4]. (iv) Supposethat x4 > 0 and that the walk is non degenerated, see (H5). In that 
ase, if p1,−1 = 0, then
limx→∞ xY0(x) ∈] −∞, 0[ and if p1,−1 > 0, then limx→∞ Y0(x) ∈] −∞, 0[.C.2.3 Galois automorphisms and meromorphi
 
ontinuationThe Riemann surfa
e S asso
iated with the algebrai
 fun
tion Y is naturally endowedwith a 
overing map π : S → C∪{∞}, su
h that for all x ∈ C \ ([x1, x2]∪ [x3, x4]), π−1(x)is 
omposed of exa
tly two elements, say s0 and s1, su
h that for i ∈ {0, 1}, si ∈ Si and
{Y (s0), Y (s1)} = {Y0(x), Y1(x)}.In the same way, the Riemann surfa
e S̃ related to X is endowed with a map π̃ : S̃ →
C ∪ {∞}, su
h that for all y ∈ C \ ([y1, y2] ∪ [y3, y4]), π̃−1(y) is 
omposed of exa
tly twoelements, say s̃0 and s̃1, su
h that s̃i ∈ S̃i, i ∈ {0, 1} and {X(s̃0),X(s̃1)} = {X0(y),X1(y)}.The surfa
es S and S̃ having the same genus, we 
onsider, from now on, only onesurfa
e T , 
onformally equivalent to S and S̃, with two 
overings π and π̃. One 
an saythat ea
h s ∈ S has two (not independent) �
oordinates� (x(s), y(s)) su
h that x(s) = π(s)and y(s) = π̃(s) and su
h that, of 
ourse, K(x(s), y(s)) = 0 for all s ∈ T .We 
onstru
t on T the following 
overing automorphisms ξ and η de�ned, with theprevious notations, by ξ(s0) = s1 and η(s̃0) = s̃1. Thanks to (C.6), for any s = (x, y) ∈ T ,
ξ and η take the following expli
it expressions :

ξ (x, y) =

(
x,
c (x)

a (x)

1

y

)
, η (x, y) =

(
c̃ (y)

ã (y)

1

x
, y

)
. (C.7)

ξ and η are obviously of order two, i.e. ξ2 = id and η2 = id. In [Mal71℄ and [Mal72℄,for reasons explained there, they are also 
alled �Galois automorphisms�.De�nition C.3. The group of the random walk W is the group 〈ξ, η〉 generated by ξ and η.Being generated by a �nite number of elements of order two, W is a Coxeter group. Infa
t, W is simply a dihedral group, sin
e it is generated by two elements. De�ne δ = ηξ.The order of W is then equal to
|W | = 2 inf{p > 0 : δp = id},it 
an be eventually in�nite. The �niteness of this group, and in that event its order, willturn out to be de
isive in the sequel, notably in Subse
tion C.2.4 and Se
tion C.6.



102 CHAPITRE C. KILLED RANDOM WALKS WITH NON-ZERO DRIFTAs implied in [FIM99℄, it is quite di�
ult to 
hara
terize geometri
ally the walks havingan asso
iated group W of order 2n, ex
ept for little orders. This is how that in [FIM99℄,the authors prove that W is of order four if and only if
∆ =

∣∣∣∣∣∣

p1,1 p1,0 p1,−1

p0,1 −1 p0,−1

p−1,1 p−1,0 p−1,−1

∣∣∣∣∣∣
(C.8)is equal to zero. In parti
ular, this is the 
ase of the walks having transition probabilitiesverifying p−1,0 + p0,1 + p1,0 + p0,−1 = 1. It is also proved, in [FIM99℄, that the walks withjump probabilities su
h that p−1,1 + p1,0 + p0,−1 = 1 � in other words, the pro
esses that
an be interpreted as walks in the Weyl 
hamber of sl3(C), see Pi
tures C.1 and C.2 � havea group of order six, for any values of the parameters. As for the walks in the Weyl 
hamberof sp4(C), see Pi
ture C.1, they have, ex
ept for ex
eptional values of the parameters, agroup of order in�nite. We add here that the walks with p1,1 = p1,0, p−1,−1 = p−1,0 and

p1,1 + p−1,−1 = 1/2, drawn in Pi
ture C.2, have a group of order eight.
Figure C.2 � Random walks having a group W of order four, six and eight respe
tivelyWe are now going to 
ontinue the fun
tions q and q̃, initially de�ned on the unit dis
,up to C \ [x3, x4] and C \ [y3, y4], as holomorphi
 fun
tions.Continuing these fun
tions has a twofold interest. Indeed, �rstly, in Se
tion C.3, we willhave, in order to �nd expli
it expressions of q and q̃, to solve boundary value problems,with boundary 
onditions on 
losed 
urves that lie possibly in the exterior of the unit dis

D . Se
ondly, in Se
tion C.4, when we will 
al
ulate the asymptoti
 of the Green fun
tions,the quantity xi0yj0 − q(x)− q̃(y)− q0,0 will naturally appear, evaluated at some (x, y) � infa
t, the saddle-point � that is not in D2.In order to su

eed in 
ontinuing q and q̃, we are going to use a uniformization of the
urve K = {(x, y) ∈ (C∪{∞})2 : K(x, y) = 0}. Being a Riemann surfa
e of genus one, Kis homeomorphi
 to some quotient C/Γ, where Γ is a two-dimensional latti
e, that is to sayto a parallelogram whose the opposed edges are identi�ed. In [FIM99℄, su
h a latti
e Γ andeven a uniformization of C/Γ are made expli
it. Indeed, the authors �nd there ω1 ∈ ıR and
ω2 ∈ R as well as two fun
tions F (p, p′) and G(p, p′), su
h that K = {(x(ω), y(ω)), ω ∈
C/Γ}, where x(ω) = F (℘1,2(ω), ℘′

1,2(ω)), y(ω) = G(℘1,2(ω), ℘′
1,2(ω)), Γ = ω1Z ⊕ ω2Z andwhere ℘1,2 is the Weierstrass ellipti
 fun
tion asso
iated with the periods ω1 and ω2, thatare equal to :

ω1 = ı

∫ x2

x1

dx
[−d(x)]1/2

, ω2 =

∫ x3

x2

dx
[d(x)]1/2

, ω3 =

∫ x1

X(y1)

dx
[d(x)]1/2

, (C.9)
ω3 ∈]0, ω2[ being a period that will turn out to be quite important in the sequel. In addition,the fun
tions F and G are also made expli
it in [FIM99℄ : for instan
e, if x4 6= ∞, then
F (p, p′) = x4 + d′(x4)/[p − d′′(x4)/6] and if x4 = ∞, F (p, p′) = [6p− d′′(0)]/d′′′(0).
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/21ω
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0 /23Figure C.3 � Lo
ation of the 
uts on the 
overing C/ΓMoreover, on C/Γ, the automorphisms ξ and η take the following parti
ularly ni
e form
ξ (ω) = −ω, η (ω) = −ω + ω3, δ (ω) = ηξ (ω) = ω + ω3. (C.10)In parti
ular, the following result holds.Proposition C.4. The group W = 〈ξ, η〉 has a �nite order if and only if ω3/ω2 is rational.In this 
ase, the order of W is given by 2 inf{p > 0 : pω3/ω2 ∈ Z}.Any fun
tion h of the variable x (resp. y) de�ned on some domain D ⊂ C 
an be liftedon {ω ∈ C/Γ : x(ω) ∈ D} (resp. {ω ∈ C/Γ : y(ω) ∈ D}) by setting H(ω) = h(x(ω)) (resp.

H(ω) = h(y(ω))). In parti
ular, we 
an lift the generating fun
tions q and q̃ and we set
Q(ω) = q(x(ω)) and Q̃(ω) = q̃(y(ω)), they are well de�ned on {ω ∈ C/Γ : |x(ω)| ≤ 1} and
{ω ∈ C/Γ : |y(ω)| ≤ 1} respe
tively. Note that on {ω ∈ C/Γ : |x(ω)| ≤ 1, |y(ω)| ≤ 1},Equation (C.4) yields Q(ω) + Q̃(ω) + q0,0 − x(ω)i0y(ω)j0 = 0. Applying several times theGalois automorphisms ξ and η to any point of this domain and laying down the relationships
Q(ω) = Q(ξ(ω)) and Q̃(ω) = Q̃(η(ω)), the authors of [FIM99℄ prove the following funda-mental result.Proposition C.5. The fun
tions Q and Q̃ 
an be 
ontinued as holomorphi
 fun
tions on
(C/Γ) \ [0, ω1] and (C/Γ) \ [ω3/2, ω3/2 + ω1] respe
tively. Furthermore,

Q (ω) = Q (ξ (ω)) , Q̃ (ω) = Q̃ (η (ω)) , ∀ω ∈ C/Γ,

Q (ω) + Q̃ (ω) + q0,0 − x (ω)i0 y (ω)j0 = 0, ∀ω ∈ [ω3/2, ω2] × [0, ω1/ı] .Corollary C.6. The fun
tions q and q̃ admit holomorphi
 
ontinuations on C \ [x3, x4]and C \ [y3, y4] respe
tively.C.2.4 About the probability of absorptionIn the forth
oming Se
tion C.3, we will �nd expli
itly q(x), q̃(y) and q0,0, that willprovide of 
ourse the probability of absorption q(1) + q̃(1) + q0,0. However, this expressionwill be usable di�
ultly. In this Subse
tion C.2.4, we prove in Corollary C.9 that in aspe
ial 
ase of �nite groups of the random walk (see De�nition C.3), the probability ofabsorption takes a parti
ularly ni
e form. Furthermore, in the 
ase of the group of any order,Proposition C.10 gives the pre
ise exponential asymptoti
 of the absorption probability as
i0, j0 → ∞.First, we prove that for ω in [0, ω3/2] × [0, ω1/ı], the quantity Q(ω) + Q̃(ω) + q0,0 −
x(ω)i0y(ω)j0 
an be 
onsiderably simpli�ed in some 
ases, namely when the group is �nite(i.e. when ω2/ω3 ∈ Q) and when, in addition, ω2/ω3 ∈ Z.



104 CHAPITRE C. KILLED RANDOM WALKS WITH NON-ZERO DRIFTThis is for example the 
ase of the walks su
h that ∆ (de�ned in (C.8)) equals zero, forwhi
h ω2/ω3 = 2 � indeed, we have already seen that both assertions ∆ = 0 and ω2/ω3 = 2are equivalent to the fa
t that W is of order four.This is also the 
ase of the walk in the Weyl 
hamber of sl3(C), see Pi
ture C.2, sin
ein this 
ase the group is of order six, hen
e ω2/ω3 is equal to 3/2 or 3, and by a dire
t
al
ulation or by Corollary B.19 of Chapter B, we have that ω2/ω3 = 3.On the other hand, this is not the 
ase of the walk whose transition probabilities arerepresented on the right part of Pi
ture C.2, sin
e then ω3 = 3ω2/4, see Chapter B.Theorem C.7. Suppose that ω2/ω3 ∈ Z ; in parti
ular, this implies that W is of order
2ω2/ω3. Then, if ω ∈ [0, ω3/2] × [0, ω1/ı],
Q (ω) + Q̃ (ω) + q0,0 − x (ω)i0 y (ω)j0 = −

∑

w∈W

(−1)l(w) x (w (ω))i0 y (w (ω))j0 , (C.11)where l(w) is the length of the automorphism w, that is the smallest r for whi
h we 
anwrite w = s1 · · · sr, with si equal to ξ or η.Proof. The key point of the proof of Theorem C.7, that also explains why we have done thehypothesis ω2/ω3 ∈ Z, is that in this 
ase, and in this 
ase only, the fundamental domain
χ0 = [0, ω2/(2n)[×[0, ω1/ı[ and the domain [0, ω3/2[×[0, ω1/ı[ of Proposition C.5 
oin
ide(by �χ0 is a fundamental domain�, we mean that ea
h ω ∈ C/Γ is 
onjugate under W toone and only one point of χ0).Let us �rst give a proof in the 
ase of the groups of order four. Note that Q+Q̃+q0,0 =
Q(ξ)+Q̃(η)+q0,0, sin
e Q (resp. Q̃) is invariant w.r.t. ξ (resp. η), thanks to Proposition C.5.SoQ+Q̃+q0,0 = Q(ξ)+Q̃(ξ)+q0,0+Q(η)+Q̃(η)+q0,0−[Q(η)+Q̃(ξ)+q0,0]. Using on
e againthe invarian
e properties of Q and Q̃, we 
an write Q+Q̃+q0,0 = Q(ξ)+Q̃(ξ)+q0,0+Q(η)+
Q̃(η)+ q0,0− [Q(ξη)+ Q̃(ηξ)+ q0,0]. Sin
e the order of W is four, ξη = ηξ and the previousequation be
omesQ+Q̃+q0,0 = Q(ξ)+Q̃(ξ)+q0,0+Q(η)+Q̃(η)+q0,0−[Q(ξη)+Q̃(ξη)+q0,0].Now we remark that if ω ∈ χ0, then for all w ∈ W \ {id}, w(ω) ∈ (C/Γ) \ χ0. Indeed,we will prove in Lemma C.8 below that χ0 is a fundamental domain. In addition, thanks toProposition C.5, the fun
tional equation Q+ Q̃+ q0,0−x

i0yj0 = 0 is veri�ed in [ω3/2, ω2[×
[0, ω1/ı[, domain whi
h 
oin
ides with (C/Γ)\χ0. In other words, for any of three elements
w ∈ W \ {id}, we 
an repla
e Q(w) + Q̃(w) + q0,0 by x(w)i0y(w)j0 . Theorem C.7 is thusproved in the 
ase of a group W of order four.In the general 
ase ω2/ω3 = n, let us denote by w1,k and w2,k the two redu
ed words oflength k ∈ {1, . . . , n − 1}, i.e. the words s1 · · · sk and s2 · · · sks1, where for r ≥ 1, s2r = ξand s2r−1 = η ; denote also by wn the only word of length n. The fa
t that there is only oneword of length n follows from the equality inf{p > 0 : δp = id} = inf{p > 0 : s1s2 · · · sp =
s2 · · · sps1}. Then, e.g. by indu
tion, we prove that
Q (ω) + Q̃ (ω) =

n−1∑

k=1

(−1)k+1 [Q (w1,k (ω)) + Q̃ (w1,k (ω)) +Q (w2,k (ω)) + Q̃ (w2,k (ω))
]

− (−1)n [Q (wn (ω)) + Q̃ (wn (ω))
]
.Sin
e W = {id, w1,1, w2,1, . . . , w1,n−1, w2,n−1, wn} and sin
e [0, ω3/2[×[0, ω1/ı[ is a fun-damental domain, if ω ∈ [0, ω3/2[×[0, ω1/ı[= [0, ω2/(2n)[×[0, ω1/ı[, then thanks to Propo-sition C.5, for any w ∈W \{id}, Q(w(ω))+Q̃(w(ω))+q0,0 = x(w(ω))i0y(w(ω))j0 . Moreover,

l(wn) = n and for k ∈ {1, . . . , n−1} and i ∈ {1, 2}, l(wi,k) = k, so that (C.11) is proved.



C.2. ANALYTIC APPROACH 105Lemma C.8. Suppose that the group W is of order 2n. Then for any k ∈ {0, . . . , 2n− 1},the domain χk = [kω2/(2n), (k + 1)ω2/(2n)[×[0, ω1/ı[ is a fundamental domain, i.e. ea
h
ω ∈ [0, ω2[×[0, ω1/ı[ is 
onjugate under W to one and only one point of χk.Proof. Denote by Λµ = µ+ [0, ω1] the verti
al segment with abs
issa µ. Then with (C.10),we 
an des
ribe the a
tions of ξ and η on this segment. So, for any µ in [0, ω2], ξ(Λµ) =
Λω2−µ. Also, if µ ∈ [0, ω3], then η(Λµ) = Λω3−µ and if µ ∈]ω3, ω2] then η(Λµ) = Λω3+ω2−µ.Of 
ourse, we also know the a
tion of the elements of the group W on the domains χk =
[kω2/(2n), (k + 1)ω2/(2n)[×[0, ω1/ı[, sin
e we know how these automorphisms a
t on theboundaries of these sets.Suppose for a while that k is even. Then, ∪n−1

p=0δ
p(χk) = ∪n−1

q=0χ2q. In parti
ular, thereexistsm ∈ {0, . . . , n−1} su
h that δm(χk) = χ0. Thanks to (C.10), we have ξ(χ0) = χ2n−1,so that ξδm(χk) = χ2n−1. Also, ∪n−1
p=0δ

p(χ2n−1) = ∪n−1
q=0χ2q+1. Of 
ourse, (∪n−1

q=0χ2q+1) ∪

(∪n−1
q=0χ2q) = [0, ω2[×[0, ω1/ı[ and W = {id, δ, . . . , δn−1, ξδm, δξδm, . . . , δn−1ξδm}, for any

m ∈ {0, . . . , n − 1}. For example, in Pi
ture C.4 are represented the domain χ0 and itsimages under W , in the parti
ular 
ase ω3 = ω2/n.
ω

χ δ δ δ δ(χ) (χ) (χ)n−1 n−1

/(2n)

1ω

2ω

2(χ)η (χ)ηδ (χ)η

2Figure C.4 � χ0 = [0, ω2/(2n)[×[0, ω1/ı[ is a fundamental domainLemma C.8 is thus proved if k is even. The proof is quite similar in 
ase of odd k, sowe omit it.Corollary C.9. Suppose that ω2/ω3 ∈ Z. Then the probability of absorption is equal to
Pi0,j0 [(X,Y ) is absorbed] = Q (1) + Q̃ (1) + q0,0 = 1 −

∑

w∈W

(−1)l(w) xi0yj0 (w (1, 1)) .Proof. The proof is based on the fa
t that the point lying over (1, 1) belongs to [0, ω3/2]×
[0, ω1/ı], in su
h a way that Corollary C.9 is an immediate 
onsequen
e of Theorem C.7.We 
an therefore quite easily 
al
ulate the probability of being absorbed for the walksverifying ∆ = 0, sin
e in this 
ase the group is of order four and ω2/ω3 = 2. Corollary C.9also applies to the walk in the Weyl 
hamber of sl3(C), whose transition probabilities aredrawn in the middle of Pi
ture C.2, sin
e in this 
ase ω2/ω3 = 3.In the general 
ase, the probability of absorption Q(1)+Q̃(1)+q0,0 veri�es the followingdouble inequality.Proposition C.10. The probability of absorption is su
h that

A/2 ≤ Pi0,j0[(X,Y ) is absorbed] ≤ A,where we have set
A =

[
p1,−1 + p0,−1 + p−1,−1

p1,1 + p0,1 + p−1,1

]i0

+

[
p−1,1 + p−1,0 + p−1,−1

p1,1 + p1,0 + p1,−1

]j0

.



106 CHAPITRE C. KILLED RANDOM WALKS WITH NON-ZERO DRIFTProof. We begin by 
onsidering the equality
2
[
Q (ω) + Q̃ (ω) + q0,0

]
= Q (ξ (ω)) + Q̃ (ξ (ω)) + q0,0 +Q (η (ω)) + Q̃ (η (ω)) + q0,0

+ Q (ω) −Q (η (ω)) + Q̃ (ω) − Q̃ (ξ (ω)) ,got by using the invarian
e properties of Q and Q̃ asserted in Proposition C.5. In parti
ular,if ω ∈ [0, ω3/2] × [0, ω1/ı], then ξ(ω) and η(ω) belong to ω ∈ [ω3/2, ω2] × [0, ω1/ı], so thatby using on
e again Proposition C.5, we obtain that 2[Q(ω) + Q̃(ω) + q0,0] is equal to
x (ξ (ω))i0 y (ξ (ω))j0 +x (η (ω))i0 y (η (ω))j0 +Q (ω)−Q (η (ω))+Q̃ (ω)−Q̃ (ξ (ω)) . (C.12)Then, if we take the value of ω lying over (1, 1) � that belongs to [0, ω3/2]× [0, ω1/ı], asnoti
ed in the proof of Corollary C.9 �, and if we use that for this ω, x(η(ω)) = c(1)/a(1)and y(ξ(ω)) = c̃(1)/ã(1), we obtain

2
[
q (1) + q̃ (1) + q0,0

]
= A+

[
q (1) − q (c̃ (1) /ã (1))

]
+
[
q̃ (1) − q̃ (c (1) /a (1))

]
.Then, using that c(1)/a(1) > 0 and c̃(1)/ã(1) > 0 implies that q(c̃(1)/ã(1)) > 0 and

q̃(c(1)/a(1)) > 0 ; in turn, these inequalities allow us to get the lower bound.Using now that c(1)/a(1) < 1 and c̃(1)/ã(1) < 1 � what is equivalent to the positivityof the two drifts, in a

ordan
e with our assumption (H4) � as well as the fa
t that q and
q̃ are in
reasing allows us to get the upper bound.C.3 Expli
it expression of the absorption probabilities gene-rating fun
tionsC.3.1 Riemann boundary value problem with shiftUsing the notations of Subse
tion C.2.2, we de�ne the 
urves

X([y1, y2]), Y ([x1, x2]). (C.13)In [FIM99℄ is proved that these two 
urves X([y1, y2]) and Y ([x1, x2]) are quarti
s, sym-metri
al w.r.t. the horizontal axis, 
losed, simple and in
luded in C\([x1, x2]∪ [x3, x4]) and
C \ ([y1, y2] ∪ [y3, y4]) respe
tively.The reason of introdu
ing these 
urves appears now : the fun
tions q and q̃ de�ned in(C.2) verify the following boundary 
onditions on X([y1, y2]) and Y ([x1, x2]) :

∀t ∈ X([y1, y2]) : q
(
t
)
− q
(
t
)

= ti0Y0

(
t
)j0 − t

i0Y0

(
t
)j0, (C.14)

∀t ∈ Y ([x1, x2]) : q̃
(
t
)
− q̃
(
t
)

= X0

(
t
)i0tj0 −X0

(
t
)i0tj0.The way to obtain these boundary 
onditions is des
ribed in Se
tion A.1, so we refer toChapter A for the details.The fun
tion q, as a generating fun
tion of probabilities, is well de�ned on the 
losedunit dis
 and, with Corollary C.6, q is 
ontinuable into a holomorphi
 fun
tion on C\[x3, x4],domain that 
ontains the bounded domain delimited by X([y1, y2]), see Lemma A.2.Now we have the problem to �nd q holomorphi
 inside of X([y1, y2]), 
ontinuous up tothe boundary X([y1, y2]), and verifying the boundary 
ondition (C.14). Moreover, q(0) = 0.
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onditions like (C.14) are 
alled Riemann-Carleman boundaryvalue problems. A 
lassi
al way to study this kind of problems 
onsists in redu
ing them toRiemann-Hilbert problems (i.e. with boundary 
onditions on a segment), for whi
h thereexists a suitable and 
omplete theory, see e.g. [Gak66, Lu93, Lit00℄. The 
onversion betweenthese two families of problems is done thanks to the use of �
onformal gluing fun
tions�,notion de�ned in De�nition 1 of Part I.For the walks su
h that p−1,0 +p0,1 +p1,0 +p0,−1 = 1, we easily see that X([y1, y2]) and
Y ([x1, x2]) are simply the 
ir
les of 
enter 0 and radius [p−1,0/p1,0]

1/2 and [p0,−1/p0,1]
1/2respe
tively ; the fun
tions p1,0t+p−1,0/t and p0,1t+p0,−1/t are then 
learly proper CGF forthe sets GX([y1, y2]) and GY ([x1, x2]) � here and throughout the sequel, GX([y1, y2]) and

GY ([x1, x2]) denote the 
onne
ted 
omponents of C \X([y1, y2]) and C \Y ([x1, x2]) whi
h
ontain x1 and y1 respe
tively.In the general 
ase, it is very pleasant to noti
e that we still have the expli
it expressionof suitable CGF for the sets GX([y1, y2]) and GY ([x1, x2]). The following result is due to[FIM99℄. De�ne, for t ∈ C,
w(t) = ℘1,3

(
− [ω1 + ω2]/2 + x−1(t)

)
, (C.15)where the ωi, i ∈ {1, 2, 3} are de�ned in (C.9), ℘1,3 is the 
lassi
al Weierstrass fun
tion asso-
iated with the periods ω1 and ω3, x−1 is the re
ipro
al fun
tion of the uniformization builtin Subse
tion C.2.3 � we re
all that it was x(ω) = x4+d′(x4)/[℘1,2(ω)−d′′(x4)/6] if x4 6= ∞and x(ω) = [6℘1,2(ω) − d′′(0)]/d′′′(0) if x4 = ∞, ℘1,2 being the Weierstrass fun
tion withperiods ω1 and ω2.Then, w de�ned in (C.15) is single-valued and meromorphi
 on GX([y1, y2]), 
ontinuousup to its boundary and establishes a 
onformal mapping of the domain GX([y1, y2]) onto

C \ [w(X(y1)), w(X(y2))]. Moreover, on GX([y1, y2]), w has one pole of order one, at x2.Proposition C.11. The fun
tion w de�ned in (C.15) is a CGF for the set GX([y1, y2]).Proposition C.11 and the di�erent properties mentioned above it are proved in [FIM99℄.Then, following Subse
tion 5.4 of this book � though making a use of the index lightlydi�erent �, we obtain the following integral representation for the fun
tion q.Proposition C.12. Denote by X([y1, y2])
+ the interse
tion of the 
urve X([y1, y2]) withthe upper half-plane. Then the fun
tion q admits, in GX([y1, y2]), the following integralrepresentation, w being the fun
tion de�ned in (C.15) :

q (x) =
1

2πı

∫

X([y1,y2])+

[
ti0Y0

(
t
)j0 − t

i0Y0

(
t
)j0]

[
∂w (t)

w (t) − w (x)
−

∂w (t)

w (t) − w (0)

] dt.C.3.2 Study of the integral representations of the generating fun
tionsSubse
tion C.3.2 aims at simplifying the integral representation of q obtained in Propo-sition C.12. This simpli�
ation will be useful for several reasons : �rst, the formulation ofProposition C.12 does not highlight the singularities of q and hardly entails to obtain theasymptoti
 of the absorption probabilities ; furthermore, it makes appear q asymmetri
allyas an integral on X([y1, y2])
+.Before stating, in Theorem C.13, the �nal result, let us de�ne

µj0(t) =
1

[2a(t)]j0

(j0−1)/2∑

k=0

C2k+1
j0

d(t)k[−b(t)]j0−(2k+1). (C.16)



108 CHAPITRE C. KILLED RANDOM WALKS WITH NON-ZERO DRIFTThe fun
tion µj0 is su
h that for all t→ [x1, x2]
+ (resp. t→ [x1, x2]

−), Y0(t)
j0 − Y0(t)

j0 isequal to −2ı[−d(t)]1/2µj0(t) (resp. 2ı[−d(t)]1/2µj0(t)).Theorem C.13. The fun
tion q admits in GX([y1, y2]) the following integral representa-tion :
q(x) = xi0Y0(x)

j0 +
1

π

∫ x2

x1

ti0µj0 (t)

[
∂w (t)

w (t) − w (x)
−

∂w (t)

w (t) − w (0)

]
[−d(t)]1/2dt, (C.17)where the fun
tion w is de�ned in (C.15) and µj0 in (C.16).At the �rst sight, the fun
tion q appears in (C.17) as the sum of a fun
tion holomorphi
on C\ ([x1, x2]∪ [x3, x4]) and an other holomorphi
 on C\ (w−1(w([x1, x2]))∪ [x3, x4]). Wewill later split this expression into two terms (see (C.54) and (C.55)), where both of themwill be holomorphi
 near [x1, x2] (by Lemma C.25 for the �rst one, by (C.59) and (C.61)for the se
ond), so that this expression will give that q is holomorphi
 in the neighborhoodof [x1, x2] � what we already knew, sin
e Lemma C.1 implies that [x1, x2] ⊂ D .Proof of Theorem C.13. We start by expressing the integral obtained in Proposition C.12as an integral on a 
losed 
ontour, namely X([y1, y2]).Making the 
hange of variable t 7→ t and using that for t on X([y1, y2]), w(t) = w

(
t
),we obtain

q(x) =
1

2πı

∫

X([y1,y2])
ti0Y0(t)

j0

[
∂w (t)

w (t) − w (x)
−

∂w (t)

w (t) − w (0)

]dt. (C.18)Then, we transform (C.18) into an integral on the 
ut [x1, x2]. To do this, we start byremarking that the fun
tion of two variables (t, x) 7→ ∂w(t)/[w(t)−w(x)]− (x2 −x)/[(x2−
t)(t−x)] is 
ontinuable into a fun
tion holomorphi
 in GX([y1, y2])

2. This property 
omesfrom the fa
t that w is one-to-one in GX([y1, y2]) and has a pole of order one at x2. Inparti
ular, the fun
tion
Θ (t, x) =

∂w (t)

w (t) − w (x)
−

∂w (t)

w (t) − w (0)
−

x

t (t− x)
, (C.19)initially well de�ned on GX([y1, y2])

2 \ {(u, u) : u ∈ GX([y1, y2])}, is 
ontinuable into aholomorphi
 fun
tion on the whole GX([y1, y2])
2, again denoted by Θ.Consider now the 
ontour Tǫ = X([y1, y2])ǫ∪S 1

ǫ ∪S 2
ǫ ∪C 1

ǫ ∪C 2
ǫ ∪D1

ǫ ∪D2
ǫ , representedon Pi
ture C.5 below.A 
onsequen
e of the holomorphy of Θ in GX([y1, y2])

2 is that, for all x ∈ GX([y1, y2]),
∫

Tǫ

ti0Y0(t)
j0Θ(t, x)dt = 0.In parti
ular, letting ǫ→ 0 and using the de�nition of µj0 given in (C.16), we obtain

1

2πı

∫

X([y1,y2])
ti0Y0(t)

j0Θ(t, x)dt =
1

π

∫ x2

x1

ti0µj0(t)Θ(t, x)[−d(t)]1/2dt. (C.20)Furthermore, the residue theorem implies that for all x inside of the bounded domain deli-mited by Tǫ,
1

2πı

∫

Tǫ

ti0−1Y0(t)
j0

t− x
dt = xi0−1Y0(x)

j0 .



C.4. ASYMPTOTIC OF THE GREEN FUNCTIONS 109So, letting ǫ→ 0 and using the de�nition of µj0 yields
1

2πı

∫

X([y1,y2])

ti0−1Y0(t)
j0

t− x
dt = xi0−1Y0(x)

j0 +
1

π

∫ x2

x1

ti0−1µj0(t)

t− x
[−d(t)]1/2dt. (C.21)Note that in order to obtain (C.20) and (C.21), we have used that the integral on

S 1
ǫ ∪ S 2

ǫ of a fun
tion holomorphi
 in the neighborhood of S 1
ǫ ∪ S 2

ǫ goes to zero with ǫ,sin
e the two 
ontours S 1
ǫ and S 2

ǫ get 
loser of the same 
ontour but 
overed in the twoopposite dire
tions. For C 1
ǫ and C 2

ǫ , we have used the fa
t that the integral of a fun
tionintegrable goes to zero as the length of the 
ontour goes to zero.Finally, Theorem C.13 follows from (C.19), (C.20) and (C.21).

Figure C.5 � The 
ontour of integration Tǫ

X([y1, y2])ǫ

S
1
ǫ S

2
ǫ

C
1
ǫ D

1
ǫ D

1
ǫ C

2
ǫ

X(y1) x1 x2 X(y2)
D

2
ǫ

Of 
ourse, by a similar analysis, we 
an obtain integral representations for the fun
tion
q̃. Moreover, in order to get expli
itly the unknown quantity q0,0, it is enough to evaluateEquation (C.4) at any (x, y) su
h that |x|, |y| < 1 and K(x, y) = 0, for example (1 − ǫ,
Y0(1 − ǫ)) where ǫ is su�
iently small, see Lemma C.2.Remark C.14. In this Se
tion C.3, we were interested in the expli
it expression of thefun
tions q and q̃. Note that it 
ould also be possible to study their nature. In fa
t, as in[FR10℄, we 
ould show that if the group W is �nite, then the generating fun
tions q and q̃are holonomi
, and we 
ould �nd an e�e
tive 
riterion for q and q̃ to be even algebrai
.C.4 Asymptoti
 of the Green fun
tionsIn Se
tion C.4, we �nd the asymptoti
 of the Green fun
tions (C.3), as i+ j → ∞ and
j/i → tan(γ), γ lying in [0, π/2].
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ase : γ ∈]0, π/2[As it has been said in Se
tion C.1, in the 
ase γ ∈]0, π/2[, the pro
edure is essentiallythe same as in [Mal73℄ and [KM98℄ ; below, we just outline some important details.First of all, it follows from (C.4) and Cau
hy's formulas that for ǫ small enough,
Gi,j =

1

[2πı]2

∫

{|x|=1−ǫ}

q(x)

xi

[∫

{|y|=1−ǫ}

dy
K(x, y)yj

]dx (C.22)
+

1

[2πı]2

∫

{|y|=1−ǫ}

q̃(y) + q0,0

yj

[∫

{|x|=1−ǫ}

dx
K(x, y)xi

]dy (C.23)
−

1

[2πı]2

∫

{|y|=1−ǫ}

1

yj−j0

[∫

{|x|=1−ǫ}

dx
K(x, y)xi−i0

] dy. (C.24)Then we apply the residue theorem at in�nity to the three inner integrals above. Sin
e
K(x, y) = a(x)[y − Y0(x)][y − Y1(x)] = ã(y)[x − X0(y)][x −X1(y)], we have to know thepositions of Yi(x) and Xi(y), i ∈ {0, 1} w.r.t. the 
ir
le of 
enter 0 and radius 1 − ǫ when
|x| = |y| = 1− ǫ. For this, we are going to prove that for any x, y su
h that |x| = |y| = 1− ǫand any ǫ > 0 small enough,

|Y0 (x)| < 1 − ǫ, |Y1 (x)| > 1 − ǫ, |X0 (y)| < 1 − ǫ, |X1 (y)| > 1 − ǫ. (C.25)Thanks to a proper 
hange of the parameters (pi,j)i,j, it is of 
ourse su�
ient to provethe �rst two inequalities.We already know, from Lemma C.2, that Y1({x ∈ C : |x| = 1}\{1}) ⊂ {y ∈ C : |y| > 1}and Y0({x ∈ C : |x| = 1}) ⊂ {y ∈ C : |y| < 1}. In parti
ular, by 
ontinuity, this leadsimmediately to the �rst inequality in (C.25), for su�
iently small values of ǫ. This alsoentails that there exists θ0(ǫ), going to 0 as ǫ goes to 0, su
h that for all x = (1− ǫ) exp(ıθ)with θ ∈]θ0(ǫ), 2π − θ0(ǫ)[, |Y1(x)| > 1 − ǫ.To 
on
lude, it is enough to show that for all x = (1−ǫ) exp(ıθ) with θ ∈]−θ0(ǫ), θ0(ǫ)[,
|Y1(x)| > 1−ǫ. For this, let us prove that there exists a neighborhood of 1, independent of ǫ,where the 
urves Y1({x ∈ C : |x| = 1− ǫ}) and Y1({x ∈ C : |x| = 1}) don't interse
t ; then,we will also show that Y1(1 − ǫ) > Y1(1) = 1. In order to show that the two above 
urvesdon't interse
t, remark that if they do, this means that Y1(x) = Y1(x̂), with some x, x̂ su
hthat |x| = 1, |x̂| = 1 − ǫ. This last equality is equivalent to x̂x = c̃(Y1(x))/ã(Y1(x)). Sin
e
Y1(1) = 1 and c̃(1)/ã(1) ∈]0, 1[, the previous equality is not possible in a neighborhood of
1 for x and x̂. To prove then that Y1(1 − ǫ) > 1, we remark that an expli
it 
al
ulationshows that Y1(x) > 1 if and only if a(x)+b(x)+c(x) < 0. But the polynomial a+b+c goesto ∞ when x→ ±∞ and has two real roots, c̃(1)/ã(1) < 1 and 1, so that Y1(1 − ǫ) > 1.Hen
e the inner integral of (C.22) (resp. (C.23), (C.24)) is equal to the residue at Y1(x)(resp. X1(y)) with the 
onstant −2πı, the residue at in�nity being zero. Then, letting
ǫ→ 0, Gi,j is represented as the sum of the simple integrals

Gi,j = −
1

2πı

∫

{|x|=1}

q(x)
[
d(x)

]1/2
xiY1(x)j

dx−
1

2πı

∫

{|y|=1}

q̃(y) + q0,0 −X1(y)
i0yj0

[
d̃(y)

]1/2
X1(y)iyj

dy.(C.26)Both integrals above are typi
al to apply the saddle-point method, see [Fed86℄.



C.4. ASYMPTOTIC OF THE GREEN FUNCTIONS 111To �nd the suitable saddle-points for the fun
tion ln(xY1(x)
tan(γ)), or equivalently for

ln(X1(y)y
tan(γ)), let us �rst have, for γ ∈]0, π/2[, a 
loser look on the 
riti
al points of χγ,0and χγ,1, de�ned by

χγ,0 (x) = xY0(x)
tan(γ), χγ,1 (x) = xY1(x)

tan(γ). (C.27)The equations ∂χγ,0(x) = 0 and ∂χγ,1(x) = 0 are equivalent to
±
[
d(x)

]1/2[
a(x)c(x) − x(∂a(x)c(x) − a(x)∂c(x)) tan(γ)/2

] (C.28)
= x tan(γ)

[
a(x)c(x)∂b(x) − b(x)(∂a(x)c(x) + a(x)∂c(x))/2

]
.Taking the square of both sides above, we obtain that P (γ, x) = 0, where P (γ, x) is theeight degree polynomial

P (γ, x) = −
[
a(x)c(x) + x tan(γ)r(x)

]
d(x) + (x tan(γ))2Pl(x), (C.29)where we note

Pl(x) = r(x)2 − r1(x)r2(x) = lim
γ→π/2

P (γ, x)

(x tan((γ))2
(C.30)and

r = a∂c− c∂a, r1 = b∂a− a∂b, r2 = c∂b− b∂c. (C.31)For γ ∈]0, π/2[, the eight roots of the polynomial P (γ, x) are the four 
riti
al points of
χγ,0(x) and the four ones of χγ,1(x).It is immediate that in the limiting 
ase γ = 0, its roots are the roots of a and c aswell as the bran
h points xi, i ∈ {1, . . . , 4}.If γ = π/2, two of its roots are 0, two are equal to ∞ and four of them are the X(yi),
i ∈ {1, . . . , 4}, whi
h are, besides, the roots of Pl(x).Note that under the restri
tive hypothesis p−1,0 + p0,1 + p1,0 + p0,−1 = 1, the 
riti
alpoints 
an be expressed by radi
als. Indeed, in this 
ase, the polynomial (C.29) is equal to
(tan(γ)2 − 1)x2P1,4(γ, x)P2,3(γ, x), where P1,4(γ, x) and P2,3(γ, x) are polynomials of these
ond degree, namely
P1,4(γ, x) = p1,0x

2 −
1 + T (γ)

1 − tan(γ)2
x+ p−1,0, P2,3(γ, x) = p1,0x

2 −
1 − T (γ)

1 − tan(γ)2
x+ p−1,0,where

T (γ) =
[
1 −

(
1 − tan(γ)2

)(
1 − 4p0,−1p0,1 + 4p−1,0p1,0 tan(γ)2

)]1/2
.The saddle-point for the �rst integral in (C.26) is then the biggest root of P2,3(γ, x).This is the unique 
riti
al point of χγ,1(x) su
h that x > 0 and Y1(x) > 0. In [KM98℄, ithas been 
hara
terized as the solution of (C.32) below.Let us do it in the general 
ase, i.e. without assuming that p−1,0+p0,1+p1,0+p0,−1 = 1.We need to introdu
e the fun
tion

φ(u, v) =
∑

i,j

pi,j exp(iu) exp(jv).The equation K(x, y) = 0 with x, y > 0 is equivalent to φ(u, v) = 1 with u = ln(x) and
v = ln(y). If x > 0 is the 
riti
al point of χ0,γ(x) su
h that Y0(x) > 0 (resp. the one of
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χ1,γ(x) su
h that Y1(x) > 0), then after some algebrai
 manipulations with u = ln(x) and
v = ln(Y0(x)) (resp. v = ln(Y1(x))), we see that the equation (C.28) is equivalent to

∂uφ(u, v)

∂vφ(u, v)
= tan(γ). (C.32)Then, either grad(φ(u, v))

|grad(φ(u, v))|
= (cos(γ), sin(γ)) (C.33)or grad(φ(u, v))

|grad(φ(u, v))|
= (cos(γ + π), sin(γ + π)). (C.34)The mapping (u, v) 7→ grad(φ(u, v))/|grad(φ(u, v))| is a homeomorphism from D =

{(u, v) ∈ R2 : φ(u, v) = 1} onto the unit 
ir
le, see [Hen63℄. Hen
e, for any γ ∈ [0, π/2],there is one solution of (C.33) on D, that we 
all (u(γ), v(γ)), and one solution of (C.34)on D, that we denote by (u(γ + π), v(γ + π)).Thus, the positive 
riti
al point of χγ,0(x) su
h that Y0(x) > 0 and the one of χγ,1(x)with Y1(x) > 0 are among exp(u(γ)) and exp(u(γ+π)). In addition, for i ∈ {0, 1}, exp(u(γ))(resp. exp(u(γ+π))) is 
riti
al for χi,γ(x) if and only if exp(v(γ)) (resp. exp(v(γ+π))) equals
Yi(exp(u(γ))) (resp. Yi(exp(u(γ + π))). Then, we verify that exp(v(γ)) = Y1(exp(u(γ)))and exp(v(γ + π)) = Y0(exp(u(γ + π))), so that exp(u(γ)) is the 
riti
al point of χγ,1(x)and exp(u(γ + π)) is the one of χγ,0(x). Indeed, for i ∈ {0, 1},
∂vφ(u(γ), Yi(exp(u(γ)))) =

[
2Yi(exp(u(γ)))a(exp(u(γ))) + b(exp(u(γ)))

]
/Yi(exp(u(γ))).(C.35)Moreover, on [x2, x3], 2a(x)Y1(x) + b(x) = d(x)1/2 and 2a(x)Y0(x) + b(x) = −d(x)1/2,so that (C.35) is negative for i = 0 and positive for i = 1, what answers the problem.In what follows, we set sx(tan(γ)) = exp(u(γ)) and sy(tan(γ)) = Y1(exp(u(γ))).The mapping γ 7→ (sx(tan(γ)), sy(tan(γ))) is a homeomorphism between [0, π/2] and

{(x, y) ∈ C2 : x > 0, y > 0,K(x, y) = 0}. Moreover, sx(0) = x3, sy(0) = Y (x3), sx(∞) =
X(y3) and sy(∞) = y3. When γ runs [0, π/2], sx(tan(γ)) monotonously de
reases from x3to X(y3) and sy(tan(γ)) monotonously in
reases from Y (x3) to y3.Finally, note that the unique 
riti
al point of χ̃γ,1(y) = X1(y)y

tan(γ) with y > 0 and
X1(y) > 0 is obviously sy(tan(γ)) and that X1(sy(tan(γ)) = sx(tan(γ)).Theorem C.15.

∗ Suppose �rst that p1,1 + p1,−1 + p−1,−1 + p−1,1 < 1. Then the Green fun
tions (C.3)admit the following asymptoti
, as i+ j → ∞ and j/i → tan(γ), γ lying in ]0, π/2[ :
Gi,j ∼ C(γ)

sx(tan(γ))i0sy(tan(γ))j0 − q(sx(tan(γ))) − q̃(sy(tan(γ))) − q0,0

i1/2sx(j/i)isy(j/i)j
,where the 
onstant C(γ) > 0 is equal to

C(γ) =
sy(tan(γ))

[2π]1/2d̃(sy(tan(γ)))

[
− ∂2

y

(
X1(sy(tan(γ))y)

sx(tan(γ))
ytan(γ)

)∣∣∣∣
y=1

]−1/2

.
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∗ Suppose now that p1,1 + p1,−1 + p−1,−1 + p−1,1 = 1. If, in addition, i0 + j0 and i+ jdon't have the same parity, then Gi,j = 0 ; if they have the same parity, then theasymptoti
 of Gi,j is obtained by repla
ing C(γ) by 2C(γ) in the one above.Note that thanks to Se
tion C.3, all the quantities appearing in the asymptoti
 of theGreen fun
tions above are expli
it.Remark C.16. Thanks to Theorem C.7, if ω2/ω3 ∈ Z, then the quantity

sx(tan(γ))i0sy(tan(γ))j0 − q(sx(tan(γ))) − q̃(sy(tan(γ))) − q0,0whi
h appears in the asymptoti
 of the Green fun
tions given in Theorem C.15 above 
anbe 
onsiderably simpli�ed.For instan
e, if ω2/ω3 = 2, then the latter equals
[
sx (tan(γ))i0 −

(
[p−1,0/p1,0]/sx(tan(γ))

)i0] ·
[
sy (tan(γ))j0 −

(
[p0,−1/p0,1]/sy(tan(γ))

)j0],

sx(tan(γ)) being, in this 
ase, the biggest root of P2,3 and sy(tan(γ)) = Y1(sx(tan(γ))).Proof of Theorem C.15. We appropriately shift the 
ontour of integration {|x| = 1} (resp.
{|y| = 1}) in the �rst (resp. se
ond) integral of (C.26) to a 
ontour Γγ (resp. Γ̃γ) passingthrough sx(tan(γ)) (resp. sy(tan(γ))), whi
h is the saddle-point of order one.

Γγ is the 
ontour of steepest des
ent (i.e. the imaginary part of xY1(x)
tan(γ) is zero onit) in a neighborhood of sx(tan(γ)) and, outside this neighborhood, Γγ remains �higher�than sx(tan(γ)) in the sense of the level 
urves of the fun
tion χγ,1. The 
onstru
tion of

Γγ is done as in [Mal73℄ and [KM98℄, therefore we omit the details.Likewise, we 
onstru
t the 
ontour Γ̃γ .Then, by Cau
hy's theorem, the �rst (resp. se
ond) term in (C.26) equals the integralover Γγ (resp. Γ̃γ), the asymptoti
 of whi
h is 
omputed by the saddle-point method.C.4.2 Se
ond 
ase : γ = 0, π/2For that purpose, we �rst need to know the behavior of sx(j/i)−sx(0) and sy(j/i)−sy(0)when j/i is in a neighborhood of 0.Lemma C.17. Let Pl be the polynomial de�ned in (C.30). The following expansions holdas j/i → 0 :
sx(0) − sx(j/i) =

x2
3Pl(x3)

−a(x3)c(x3)∂d(x3)
(j/i)2 +O(j/i)3, (C.36)

sy(j/i) − sy(0) =
x3Pl(x3)

1/2

2a(x3)3/2c(x3)1/2
j/i +O(j/i)2. (C.37)Proof. Start by proving Equation (C.36). On the one hand, by using (C.29), we obtain that

P (arctan(j/i), x3) = sx(j/i)
2Pl(x3) ; on the other hand, by de�nition of P (arctan(j/i), x)and also with (C.29), we get that P (arctan(j/i), x3) = (x3 − sx(j/i))R(j/i), with R(0) =

−a(x3)c(x3)∂d(x3) 6= 0. Equation (C.36) follows immediately.Then, to prove (C.37), start by remarking that Y1(x) − Y1(x3) = b(x3)/[2a(x3)] −
b(x)/[2a(x)]+ d(x)1/2/[2a(x)], so that in the neighborhood of x3, Y1(x)−Y1(x3) = U(x)+
([−∂d(x3)]

1/2/[2a(x3)])[x3−x]
1/2(1+V (x)), with U, V holomorphi
 at x3, where they takethe value 0. Moreover, for all j/i ∈ [0,∞], sy(j/i) = Y1(sx(j/i)), see Subse
tion C.4.1.This yields sy(γ)− sy(0) = ([−∂d(x3)]

1/2/[2a(x3)])[x3 − sx(γ)]
1/2 +O(x3 − sx(γ)). Finally,using (C.36), we obtain (C.37).
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∗ Suppose �rst that p1,1 + p1,−1 + p−1,−1 + p−1,1 < 1. Then the Green fun
tions admitthe following asymptoti
, as i→ ∞, j > 0 and j/i→ 0 :

Gi,j ∼ C0
j

i

j0sx(0)
i0sy(0)

j0−1 − ∂q̃(sy(0))

i1/2sx(j/i)isy(j/i)j
,where the 
onstant C0 > 0 is equal to

C0 =

(
2

π

)1/2 sx(0)1/2∂sy(0)[
− d̃(sy(0))∂2X1(sy(0))

]1/2
,and where sx(0) = x3, sy(0) = Y1(x3), ∂sy(0) being obtained from Lemma C.17.An analogous result holds as j → ∞, i > 0 and i/j → 0, after a proper 
hange of theparameters (pi,j)i,j.

∗ Suppose now that p1,1+p1,−1+p−1,−1+p−1,1 = 1. If in addition i0+j0 and i+j don'thave the same parity, then Gi,j = 0 ; if they have the same parity, then the asymptoti
of Gi,j is obtained from the above by repla
ing C0 by 2C0.On
e again with Se
tion C.3, the di�erent quantities whi
h appear in the asymptoti
of the Green fun
tions above are 
ompletely expli
it.Corollary C.19. For the walks verifying the assumptions (H1), (H2), (H3), (H4) and(H5), the Martin 
ompa
ti�
ation of Z2
+ is homeomorphi
 to the 
losure of {(i, j)/(1 +

‖(i, j)‖) : (i, j) ∈ Z2
+} in R2.Proof of Theorem C.18. Let us �rst suppose that p1,1 + p1,−1 + p−1,−1 + p−1,1 < 1.In (C.26), Gi,j appears as the sum of two integrals, one on the 
ontour {|x| = 1} andthe other on {|y| = 1}. Using Cau
hy's Theorem, we are �rst going to move these 
ontoursup to new ones, that go through the saddle-points sx(j/i) and sy(j/i) respe
tively. In orderto de�ne these new 
ontours of integration, we need to introdu
e the following fun
tions,eventually multivalued :

κj/i(x) = ln(x)+
j

i
ln

(
Y1(sx(j/i)x)

sy(j/i)

)
, κ̃j/i(y) = ln

(
X1(sy(j/i)y)

sx(j/i)

)
+
j

i
ln(y). (C.38)A

ording to Subse
tion C.4.1, the fun
tion κj/i (resp. κ̃j/i) has, for any j/i > 0, a
riti
al point at 1, where it takes the value 0. Consider now the fun
tions xj/i(t) and yj/i(t),de�ned in neighborhoods Vx,j/i(0) and Vy,j/i(0) of 0 by

κj/i

(
xj/i (t)

)
= t2, κ̃j/i

(
yj/i (t)

)
= t2, (C.39)and sign(Im(xj/i(t))) = sign(Im(yj/i(t))) = sign(t) � where Im(u) denotes the imaginarypart of u. These last relationships are �xed in order to de�ne xj/i and yj/i not ambiguously.Inverting (C.39), we obtain the expli
it expression of xj/i and yj/i. Here, inverting 
anbe done by using the so-
alled Bürman-Lagrange formula, see e.g. [Cha90℄, that permit towrite the 
oe�
ients of the Taylor series of a re
ipro
al fun
tion as integrals in terms ofthe dire
t fun
tion.As j/i→ 0, then sy(j/i) → sy(0) ∈]y2, y3[. In parti
ular,

ρ̃ = inf
j/i∈[0,1]

inf {y3/sy (j/i) − 1, 1 − y2/sy (j/i)} ,
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h that and κ̃j/i is holomorphi
 in the dis
 1 + ρ̃D , for any j/i ∈ [0, 1].Using the Bürman-Lagrange formula, we see that the radius of Vy,j/i(0) does not vanishas j/i → 0 ; therefore, yj/i(t) is de�ned and holomorphi
 in the dis
 ρD , ρ being positiveand independent of j/i ∈ [0, 1].Moreover, the fun
tions xj/i(t) and yj/i(t) are joined together by :
xj/i (−t) =

X1

(
sy (j/i) yj/i(t)

)

sx (j/i)
, yj/i (−t) =

Y1

(
sx (j/i) xj/i(t)

)

sy (j/i)
. (C.40)The identity (C.40) is just a 
onsequen
e of the �automorphy relationships� proved in[FIM99℄ : for x (resp. y) exterior to some 
urve (what is the 
ase here), X1(Y1(x)) = x(resp. Y1(X1(y)) = y). For this reason and sin
e 1 is a 
riti
al point of order one of κj/i, weobtain that xj/i(t) ∈ {X1(sy(j/i)yj/i(−t))/sx(j/i),X1(sy(j/i)yj/i(t))/sx(j/i)}. It is thenenough to 
al
ulate the sign of the imaginary part in order to identify whi
h of the twopossibilities a
tually happens : we have xj/i(t) = X1(sy(j/i)yj/i(−t))/sx(j/i).The �rst equality of (C.40) shows that xj/i is holomorphi
 as well in Vx,j/i(0) = ρD ,for any j/i ∈ [0, 1].The fun
tions

x̂j/i(t) = sx(j/i)xj/i(t), ŷj/i(t) = sy(j/i)yj/i(t)determine, of 
ourse, the paths of steepest des
ent for the fun
tions ln(xY1(x)
j/i) and

ln(X1(y)y
j/i) respe
tively.Note that the limiting 
urve x̂0(t) runs the real line de
reasingly from x̂0(ρ) to x̂0(0) =

x3 and then in
reasingly from x3 to x̂0(ρ) when t runs [−ρ, ρ] : indeed, x0(t) = exp(t2). Asfor the fun
tion ŷ0(t) = Y1(x̂0(−t)), it runs the values of the 
urve Y ([x̂0(ρ), x3]).For any ρ small enough, we are now going to de�ne two 
losed 
ontours
Cρ,j/i,x = xj/i([−ρ, ρ]) ∪ Aρ,j/i,x, Cρ,j/i,y = yj/i([−ρ, ρ]) ∪ Aρ,j/i,y,where Aρ,j/i,x and Aρ,j/i,y verify the following three properties.(i) There exists a 
onstant c(ρ) > 0 su
h that |κj/i(x)|, |κ̃j/i(y)| > c(ρ) for any x ∈

Aρ,j/i,x, y ∈ Aρ,j/i,y and any j/i small enough.(ii) The �rst (resp. se
ond) integrand in (C.26) doesn't have any singularity in the domainbounded by {|x| = 1} (resp. {|y| = 1}) and sx(j/i)Cρ,j/i,x (resp. sy(j/i)Cρ,j/i,y).(iii) There exists a 
onstant L(ρ) su
h that for all j/i small enough, the lengths of both
ontours Cρ,j/i,x and Cρ,j/i,y are bounded by L(ρ).Let us 
onstru
t su
h a 
ontour Aρ,j/i,x.We may take, for Aρ,0,x, the 
ir
le of 
enter 0 and radius x0(ρ) > 1. Then, for any
x ∈ Aρ,0,x, |κ0(x)| = | ln(x)| = ln(x0(ρ)) > ln(x0(ρ))/2. Let us then set

Aρ,j/i,x =
{
|xj/i(ρ)| exp(ıθ) : θ ∈] arg(xj/i(ρ)), 2π − arg(xj/i(ρ))[

}
.Sin
e x̂j/i(ρ) → x̂0(ρ) = x3 exp(ρ2) as j/i → 0 and sin
e the only possible zeros of Y1 areat 0 and ∞, the property (i) remains valid for κj/i(x) with c(ρ) = ln(x0(ρ))/4, for any j/ismall enough.Furthermore, the singularities of the �rst integrand in (C.26) are the zeros of d, i.e. thebran
h points xi, i ∈ {1, . . . , 4}. But with Lemma C.1, x1 and x2 are inside of the unit dis
.



116 CHAPITRE C. KILLED RANDOM WALKS WITH NON-ZERO DRIFTAs for x3 and x4, they are outside of sx(j/i)Cρ,j/i,x : indeed, x3 is outside of this 
ontourby 
onstru
tion, and x4 also lies outside of sx(j/i)Cρ,j/i,x for ρ small enough, be
ause
|x4| > x3, sin
e we have supposed p1,1 + p1,−1 + p−1,−1 + p−1,1 < 1, see on
e again LemmaC.1. So (ii) is veri�ed and (iii) is also and obviously veri�ed.We 
an also 
onstru
t Aρ,j/i,y starting by Aρ,0,y. Sin
e sy(0) is a 
riti
al point of X1,the level line {y ∈ C : |X1(y)| = x3} has a double point at sy(0) and {y ∈ C : |X1(y)| =
x3} \ {sy(0)} has two 
onne
ted 
omponents. Moreover, thanks to Lemma C.20, the set
{y ∈ C : |y| = sy(0)} \ {sy(0)} lies in the domain {y ∈ C : |X1(y)| > x3}. For this reasonand sin
e −sy(0) ∈] − y3,−y2[⊂] − |y4|,−|y1|[, one 
an 
learly 
onstru
t a 
ontour Aρ,0,ythat veri�es (i), (ii) and (iii). Then, by 
ontinuity of the di�erent quantities w.r.t. j/i, one
an build 
ontours Aρ,j/i,y satisfying to (i), (ii) and (iii), for any j/i small enough.Let us go ba
k to (C.26). Before passing from double integrals in (C.22), (C.23) and(C.24) to the simple ones in (C.26), it is 
onvenient to subtra
t the 
onstant q(x3) from thenumerator of (C.22) and add it to the numerator of (C.23). Next, we move the 
ontours
{|x| = 1} and {|y| = 1} to sx(j/i)Cρ,j/i,x and sy(j/i)Cρ,j/i,y ; thanks Cau
hy's theoremand sin
e by 
onstru
tion the 
ontours avoid the singularities of the integrands, the valueof the integrals is not 
hanged.Then, after the 
hanges of variable x 7→ sx(j/i)x and y 7→ sy(j/i)y in (C.26), we obtainthat Gi,j = −Ki,j/[sx(j/i)isy(j/i)

j ], where Ki,j is de�ned by :
Ki,j =

sx(j/i)

2πı

∫

Cρ,j/i,x

q(sx(j/i)x) − q(x3)[
d(sx(j/i)x)

]1/2
exp

(
− iκj/i(x)

)dx+
sy(j/i)

2πı
× (C.41)

×

∫

Cρ,j/i,y

q̃(sy(j/i)y) + q0,0 + q(x3) −X1(sy(j/i)y)
i0(sy(j/i)y)

j0

[
d̃(sy(j/i)y)

]1/2
exp

(
− iκ̃j/i(y)

)dy.Let us now split Ki,j = Ki,j,1+Ki,j,2, where Ki,j,1 (resp. Ki,j,2) is obtained from Ki,j byintegrating only on the 
ontours xj/i([−ρ, ρ]) and yj/i([−ρ, ρ]) (resp. Aρ,j/i,x and Aρ,j/i,y).We are now going to prove that the asymptoti
 of Ki,j,1 leads to the result announ
edin Theorem C.18 and that Ki,j,2 is exponentially negligible � in the sense of (C.42).We start by studying Ki,j,2. First of all, we 
onsider the two quantities
S1,δ = sup

j/i∈[0,δ]
sup

x∈Cρ,j/i,x

∣∣∣∣∣
q(sx(j/i)x) − q(x3)[
d(sx(j/i)x)

]1/2

∣∣∣∣∣ ,

S2,δ = sup
j/i∈[0,δ]

sup
y∈Cρ,j/i,y

∣∣∣∣∣
q̃(sy(j/i)y) + q0,0 + q(x3) −X1(sy(j/i)y)

i0(sy(j/i)y)
j0

[
d̃(sy(j/i)y)

]1/2

∣∣∣∣∣ ,and we prove that, for δ su�
iently small, they are �nite.The fa
t that, for δ small enough, S1,δ is �nite 
omes from the three following properties.Firstly, we re
all (see Corollary C.6) that q is holomorphi
 on C \ [x3, x4], when
e inparti
ular on x3D . Moreover, it is 
ontinuable holomorphi
ally through every point of the
ir
le of 
enter 0 and radius x3, ex
ept x3. This is why q, and therefore also [q−q(x3)]/d
1/2,are bounded in a neighborhood of every point of the 
ir
le of 
enter 0 and radius x3, ex
epteventually at x3.Se
ondly, it 
an be easily dedu
ed from the proofs of the forth
oming Lemmas C.25 andC.26 that in the neighborhood of x3, q(x) = q(x3) +C[x3 − x]1/2 +O(x3 − x), where C issome non-zero 
onstant. So [q − q(x3)]/d

1/2 is also bounded in the neighborhood of x3.
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ontour sx(j/i)Cρ,j/i,x avoids, by 
onstru
tion, the bran
h points x1, x2and x4.The fa
t that the quantity S2,δ is �nite follows similarly : �rst, by 
onstru
tion, the 
on-tours sy(j/i)Cρ,j/i,y avoids the bran
h points yi, i ∈ {1, . . . , 4} ; also, the poles of X1 beingisolated, sy(j/i)Cρ,j/i,y 
an be 
hosen su
h that it remains away from them.Remembering the properties (i) and (iii) of Aρ,j/i,x and Aρ,j/i,y, we dedu
e that for any
i > 0 and any j/i small enough,

∣∣Ki,j,2

∣∣ ≤
[
L(ρ)/(2π)

][
x3S1,δ + y3S2,δ

]
exp

(
− ic(ρ)

)
. (C.42)Let us now turn to Ki,j,1. Making in (C.41) the two 
hanges of variable x = xj/i(t) and

y = yj/i(t), we represent Ki,j,1 as an integral on the segment [−ρ, ρ]. Moreover, using (C.26)as well as the following equality (that 
omes from (C.4) and (C.40))
sx(j/i)∂txj/i(−t)

[
d̃(sy(j/i)yj/i(−t))

]1/2
= −sy(j/i)∂tyj/i(t)

[
d(sx(j/i)xj/i(−t))

]1/2
,(C.43)we obtain that Ki,j,1 =

∫ ρ
−ρ fj/i(t) exp(−it2)dt, where fj/i(t) equals

[
q
(
X1(ŷj/i(t))

)
+ q̃
(
ŷj/i(t)

)
+ q0,0 −X1

(
ŷj/i(t)

)i0 ŷj/i(t)
j0
]
∂tŷj/i(t)

/[
d̃
(
ŷj/i(t)

)]1/2
,and ŷj/i(t) = sy(j/i)yj/i(t).We are now going to need the following 
onsequen
e of Proposition C.5 and CorollaryC.6 : for all x ∈ C \ [x3, x4],

q(x) = xi0Y0(x)
j0 − q̃(Y0(x)) − q0,0. (C.44)This yields that fj/i(t) is equal to :

[
q̃
(
ŷj/i(t)

)
− q̃

(
c
(
X1(ŷj/i(t))

)

a
(
X1(ŷj/i(t))

)
ŷj/i(t)

)
−X1

(
ŷj/i (t)

)i0 × (C.45)
×

(
ŷj/i(t)

j0 −

(
c
(
X1(ŷj/i(t))

)

a
(
X1(ŷj/i(t))

)
ŷj/i(t)

)j0 )]
∂tŷj/i(t)

/[
d̃
(
ŷj/i(t)

)]1/2
.In parti
ular, this expression (C.45) of fj/i, added to the holomorphy of yj/i in ρD forsome ρ > 0 independent of j/i ∈ [0, 1], implies that fj/i is holomorphi
 in a dis
 of 
enter

0 and of radius positive and independent of j/i, for j/i small enough.Therefore fj/i(t) 
an be written as
fj/i(t) = fj/i(0) + t∂fj/i(0) + t2∂2fj/i(0)/2 + t3∂3fj/i(0)/6 + t4gj/i(t),where gj/i is also holomorphi
 in some 
entered dis
 of radius positive and independent of

j/i, for j/i su�
iently small. Redu
ing eventually ρ and δ, we have that
G = sup

j/i∈[0,δ]
sup

t∈[−ρ,ρ]
|gj/i(t)|



118 CHAPITRE C. KILLED RANDOM WALKS WITH NON-ZERO DRIFTis �nite. Then, applying Lapla
e's method, we obtain the following upper bound, valid forany i, j > 0 and j/i ∈ [0, δ] :
∣∣∣∣∣Ki,j,1 −

1

2πı

[
π1/2fj/i(0)

i1/2
+
π1/2∂2fj/i(0)

4i3/2

]∣∣∣∣∣ ≤
3π1/2G

4i5/2
+ C exp

(
− iρ2

)
, (C.46)with some 
onstant C > 0.To 
on
lude the analysis of Ki,j,1, it remains to evaluate the asymptoti
 expansions of

fj/i(0) and ∂2fj/i(0) as j/i→ 0.Taking t = 0 in (C.45), we derive that fj/i(0) is equal to
[
q̃
(
sy(j/i)

)
− q̃

(
c
(
X1(sy(j/i))

)

a
(
X1(sy(j/i))

)
sy(j/i)

)
−X1 (sy(j/i))

i0 × (C.47)
×

(
sy(j/i)

j0 −

(
c
(
X1(sy(j/i))

)

a
(
X1(sy(j/i))

)
sy(j/i)

)j0 )]
sy(j/i)∂yj/i(0)

/[
d̃
(
sy(j/i)

)]1/2
.Remark now that sy(0)

2 = c(sx(0))/a(sx(0)) � indeed, sy(0) = Y1(sx(0)) and sx(0) =
x3 �, in su
h a way that for any (suitable) fun
tion F ,

F
(
sy(j/i)

)
− F

(
[c(sx(j/i))/a(sx(j/i))]/sy(j/i)

)
= 2∂F (sy(0))∂sy(0)j/i + o(j/i),

∂sy(0) being obtained from Lemma C.17.Using this fa
t su

essively for F (y) = q̃(y) and F (y) = yj0 , we expand the memberbetween square bra
kets in (C.47) as 2
[
∂q̃(sy(0)) − j0sx(0)

i0sy(0)
j0−1

]
∂sy(0)j/i + o(j/i).The fun
tions sx(j/i) and sy(j/i) being 
ontinuous on [0,∞], the Taylor 
oe�
ients of

yj/i(t) depend 
ontinuously on j/i, so that ∂yj/i(0) → ∂y0(0) as j/i → 0.Let us 
ompute the value of ∂y0(0). To get it, we di�erentiate twi
e (C.39) ; this yields
∂yj/i(0)

2∂2

(
X1

(
sy(j/i)y

)

sx(j/i)
yj/i

)∣∣∣∣∣
y=1

= 2. (C.48)In addition, an expli
it 
al
ulation gives
lim

j/i→0
∂2

(
X1

(
sy(j/i)y

)

sx(j/i)
yj/i

)∣∣∣∣∣
y=1

=
sy(0)

2

sx(0)
∂2X1

(
sy(0)

)
. (C.49)Equations (C.48) and (C.49) imply that ∂y0(0) = ı[−2sx(0)/∂2X1(sy(0))]

1/2/sy(0), the
omplex number ı 
oming from the fa
t that ∂2X1(sy(0)) is negative. Hen
e, we obtain that
fj/i(0) = l1j/i[1 + o(1)], where

l1 = −ı
23/2sx(0)1/2∂sy(0)

[
j0sx(0)i0sy(0)

j0−1 − ∂q̃(sy(0))
]

[
− d̃(sy(0))∂2X1(sy(0))

]1/2
. (C.50)The Taylor 
oe�
ients of yj/i depending 
ontinuously on j/i, so do the ones of fj/i. So

∂2fj/i(0) → ∂2f0(0) as j/i→ 0.But fj/i is an odd fun
tion on [−ρ, ρ]. To see this, we remark �rst that (C.6) yields
c(x̂0(t))/[a(x̂0(t))Y1(x̂0(t))] = Y0(x̂0(t)). Moreover, Y1(x̂0(−t)) = Y0(x̂0(t)), so that x̂0



C.4. ASYMPTOTIC OF THE GREEN FUNCTIONS 119being even (remember that x̂0(t) is equal to x3 exp(t2)), the fun
tion within the squarebra
kets in (C.45) is odd. In addition, using (C.43) we obtain that ∂ŷ0(t)/[d̃(ŷ0(t))]
1/2 =

−∂x̂0(−t)/[d(x̂0(−t))]
1/2. Being the produ
t of two odd fun
tions, ∂x̂0/[d(x̂0)]

1/2 is even,so that ∂ŷ0/[d̃(ŷ0)]
1/2 is also even. This implies that f0 is odd and, as an immediate 
onse-quen
e, ∂2f0(0) = 0 and ∂2fj/i(0) = o(1) as j/i → 0.Bringing together (C.42), (C.46) as well as the expansions fj/i(0) = l1j/i[1+ o(1)] and

∂2fj/i(0) = o(1) with l1 de�ned in (C.50), we obtain that as j/i → 0,
Gi,j = −

1

sx(j/i)isy(j/i)j

[
1

2πı

π1/2l1j/i[1 + o(1)]

i1/2
+ o
(
1/i3/2

)
]

+O
(
exp

(
− ic(ρ))

)
.(C.51)This 
on
ludes the proof of Theorem C.18 in the 
ase p1,1 + p1,−1 + p−1,−1 + p−1,1 < 1.We now brie�y explain the notable di�eren
es in the 
ase p1,1+p1,−1+p−1,−1+p−1,1 = 1.In this situation, all the fun
tions 
onsidered are odd or even : for instan
e, Yi and Xi,

i ∈ {0, 1} are odd (see Subse
tion C.2.2), d and d̃ are even (see Lemma C.20), q and q̃ havethe parity of i0 + j0 (see Equation (C.2)), Gi,j = 0 if i+ j and i0 + j0 don't have the sameparity (see (C.3) or (C.26)).If i + j and i0 + j0 have the same parity, then we 
an obtain the asymptoti
 of theGreen fun
tions Gi,j with essentially the same analysis as in the 
ase p1,1+p1,−1 +p−1,−1 +
p−1,1 < 1, the only signi�
ant 
hange being that we have now to take under a

ount the
ontribution of two 
riti
al points, namely the point (sx(j/i), sy(j/i)), as before, but nowalso (−sx(j/i),−sy(j/i)). In parti
ular, the 
ontour of integration Cρ,j/i,x (resp. Cρ,j/i,x)have to go at on
e through sx(j/i) and −sx(j/i) (resp. sy(j/i) and −sy(j/i)) � they 
anbe e.g. taken symmetri
al w.r.t. the verti
al axis.This fa
t implies that the asymptoti
 of the Gi,j is, in this 
ase, twi
e 
ompared to(C.51), in a

ordan
e with the 
on
lusions of Theorem C.18.The following result has been used in the proof of Theorem C.18.Lemma C.20. If p1,1 + p1,−1 + p−1,−1 + p−1,1 < 1, then for any y belonging to {y ∈ C :
|y| = sy(0)} \ {sy(0)}, we have |X1(y)| > x3.If p1,1 + p1,−1 + p−1,−1 + p−1,1 = 1, then for any y ∈ {y ∈ C : |y| = sy(0)} \ {±sy(0)},we have |X1(y)| > x3.Proof. As a dire
t 
onsequen
e of Lemma C.1, we obtain that X1 is meromorphi
 in theneighborhood of every point of ] − y3,−y2[, sin
e ] − y3,−y2[⊂] − |y4|,−|y1|[. Let us nowshow the two following fa
ts.(i) If p1,1 + p1,−1 + p−1,−1 + p−1,1 < 1, then for any y ∈ [y2, y3], |X1(−y)| > |X1(y)|.(ii) If p1,1 + p1,−1 + p−1,−1 + p−1,1 = 1, then for any y ∈ [y2, y3] = [−y1,−y4], X1(−y) =

−X1(y).Start by noting that X1(y) ≤ 0 (resp. X1(y) ≥ 0) on [y4, y1] (resp. [y2, y3]), as this isproved in [FIM99℄. Thus, the unique possibility on [y2, y3] to have |X1(−y)| = |X1(y)| isthat X1(y) = −X1(−y). After 
al
ulation, we obtain that this is equivalent to (p0,1y
2 +

p0,−1)
2(p1,1y

2 + p1,−1)(p−1,1y
2 + p−1,−1) + [(p−1,0p1,−1 − p1,0p−1,−1)

2 + p0,−1(p−1,0p1,−1 +
p1,0p−1,−1)]y

2 + [p−1,0p1,0(1 − 2(p1,−1p−1,1 + p−1,−1p1,1)) + p−1,0p1,−1(p0,1 + p−1,0p1,1) +
p−1,0p1,1(p0,−1+p−1,0p1,−1)+p1,0p−1,−1(p0,1+p1,0p−1,1)+p1,0p−1,1(p0,−1+p1,0p−1,−1)]y

4+
[(p1,0p−1,1 − p−1,0p1,1)

2 + p0,1(p1,0p−1,1 + p−1,0p1,1)]y
6 = 0.



120 CHAPITRE C. KILLED RANDOM WALKS WITH NON-ZERO DRIFTIf p1,1 + p1,−1 + p−1,−1 + p−1,1 < 1 (resp. p1,1 + p1,−1 + p−1,−1 + p−1,1 = 1), then theprevious equality holds for none (resp. any) y ∈ [y2, y3]. Therefore (ii) is proved. To show(i), we remark that an expli
it 
al
ulation leads to |X1(−1)| > 1 = X1(1), so that by
ontinuity, |X1(−y)| > |X1(y)| for all y ∈ [y2, y3].We prove now Lemma C.20 in the 
ase p1,1 + p−1,−1 + p1,−1 + p−1,1 < 1. In fa
t, weare going to show that {y ∈ C : |y| = sy(0)} ∩ {y ∈ C : |X1(y)| = x3} = {sy(0)}. This isenough sin
e
∗ on the one hand, this implies that either for all y ∈ {y ∈ C : |y| = sy(0)} \ {sy(0)},

|X1(y)| > x3, or for all y ∈ {y ∈ C : |y| = sy(0)} \ {sy(0)}, |X1(y)| < x3,
∗ on the other hand, thanks to (i), |X1(−sy(0))| > X1(sy(0)) = x3,so that by 
ontinuity, we will be able to 
on
lude.Let y∗ ∈ {y ∈ C : |y| = sy(0)} be su
h that |X1(y

∗)| = x3. Setting x̂ = X1(y
∗)/x3and ŷ = y∗/sy(0), and then using that K(x3, sy(0)) = 0 and K(X1(y

∗), y∗) = 0, we obtain
K̂(x̂, ŷ) = 0, wherê

K
(
x̂, ŷ
)

= x̂ŷ



∑

i,j

p̂i,jx̂
iŷj − 1


 , p̂i,j = pi,jx

i
3sy(0)

j .Clearly, for any i and j, p̂i,j ≥ 0 ; in addition, ∑i,j p̂i,j = 1, sin
e K(x3, sy(0)) = 0.From elementary 
onsiderations about sums of 
omplex numbers, it follows that havingsimultaneously ∑i,j p̂i,j = 1, ∑i,j p̂i,jx̂
iŷj = 1 and |x̂| = |ŷ| = 1 leads ne
essarily to x̂ =

ŷ = 1, so that y∗ = sy(0).We would do the proof in the 
ase p1,1 + p1,−1 + p−1,−1 + p−1,1 = 1 by using similararguments as above, as well as the fa
t that x4 = −x3.C.5 Fine properties of the 
onformal gluing fun
tionsThe aim of Se
tion C.5 is to study some �ne properties of the CGF w de�ned in (C.15).They will be parti
ularly useful in Se
tion C.6, where we will �nd the asymptoti
 of theabsorption probabilities (C.1).Firstly, by the same reasoning as for Theorem B.7 of Chapter B, we prove the followingresult � remember (see Proposition C.4) that the group W of De�nition C.3 is �nite if andonly if ω2/ω3 ∈ Q.Theorem C.21. If ω2/ω3 ∈ Q (resp. ω2/ω3 /∈ Q), then the CGF w de�ned in (C.15) isalgebrai
 (resp. non-holonomi
).Moreover, if ω2/ω3 ∈ Q, denoting by P (w, t) the minimal polynomial of w, then thedegree of P in w (resp. t) equals inf{k > 0 : kω2/ω3 ∈ Z} (resp. inf{k > 0 : kω3/ω2 ∈ Z}).In parti
ular, if ω2/ω3 ∈ Z, then w is rational.In addition, examples of CGF 
an be found in Theorem A.7 of Chapter A as well as inPropositions B.26, B.27, B.28, B.29 of Chapter B.As an other example, for the se
ond walk of Pi
ture C.2, whi
h has jump probabilitiessu
h that p−1,1 + p1,0 + p0,−1 = 1, the fun
tion
t

[
t− x2

][
t− [p−1,1p0,−1/(p2

1,0x2)]1/2
]2
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ondly, we are interested in the behavior of the CGF w near x3, and we show nowthe following result.Theorem C.22. The fun
tion w de�ned on GX([y1, y2]) by (C.15) 
an be 
ontinued upto C. This 
ontinuation of w is meromorphi
 on C \ [x3, x4], possibly even on C, if andonly if ω2/ω3 ∈ Z. Furthermore, w has a simple pole at x2 and ⌊ω2/(2ω3)⌋ double polesat points belonging to ]x2, x3[∩(C \ GX([y1, y2])). The behavior of w at x3 depends on thegroup W as follows.
∗ If ω2/ω3 ∈ 2Z, then w has a simple pole at x3.
∗ If ω2/ω3 ∈ 2Z + 1, then w is holomorphi
 at x3.
∗ If ω2/ω3 /∈ Z, then w 
an be written as w1(t)+w2(t)[x3 − t]

1/2, where w1 and w2 areholomorphi
 at x3 and w2(x3) 6= 0.Proof. The expli
it formulation (C.15) of w entails that we have to study the re
ipro
alfun
tion of the �rst 
oordinate of the uniformization (x, y). But with Subse
tion C.2.3,we get x(ω) = t if and only if ℘1,2(ω) = f(t), where f(t) = d′′(x4)/6 + d′(x4)/(t − x4) if
x4 6= ∞ and f(t) = d′′(0)/6 + d′′′(0)t/6 if x4 = ∞.In addition, by 
onstru
tion, in both 
ases, f(X(y1)) = ℘1,2([ω2 + ω3]/2), f(X(y2)) =
℘1,2([ω1 +ω2 +ω3]/2), f(x1) = ℘1,2(ω2/2), f(x2) = ℘1,2([ω1 +ω2]/2) and f(X([y1, y2])) =
℘1,2([[ω2 + ω3]/2, [ω2 + ω3]/2 + ω1]), see Pi
ture C.3. In parti
ular, f is one-to-one from
GX([y1, y2]) onto ℘1,2(]ω2/2, ω2/2 + ω3/2[×]0, ω1/ı[).We re
all now from [HC44℄ that on the parallelogram [0, ω2[×[0, ω1/ı[, ℘1,2 takes ea
hvalue twi
e. Moreover, in [0, ω2/2[×[0, ω1/ı[ or in [ω2/2, ω2[×[0, ω1/ı[, ℘1,2 is one-to-one.For these reasons and sin
e ω3 ∈]0, ω2[, see Subse
tion C.2.3, we obtain the existen
e ofa fun
tion ω de�ned on C, two-valued for t ∈ R \ [x2, x3] and one-valued everywhere else,that veri�es, for all t ∈ C, ℘1,2(ω(t)) = f(t) ; furthermore, ω(C) = [ω2/2, ω2] × [0, ω1/ı].We show now that though ω is two-valued on R\ [x2, x3], w de�ned by (C.15) is single-valued on C \ [x3, x4]. Let us do this by studying pre
isely the equation ℘1,2(ω) = f(t) atthe points t where it has more than one solution.

∗ For t ∈ [x4, x1], the two values of ω(t), say ω1(t) and ω2(t), are su
h that ω1(t) ∈
[ω2/2, ω2], ω2(t) ∈ [ω1 + ω2/2, ω1 + ω2] and ω2(t) − ω1(t) = ω1.

∗ For t ∈ [x1, x2], these two values of ω(t) verify ω1(t), ω2(t) ∈ [ω2/2, ω2/2 + ω1] and
ω1(t) − [ω1 + ω2]/2 = [ω1 + ω2]/2 − ω2(t).

∗ For t ∈ [x3, x4], the two values of ω(t) ful�ll ω1(t), ω2(t) ∈ [ω2, ω2 + ω1] and ω1(t) −
ω2/2 = ω2/2 − ω2(t).Using now the fa
ts that ℘1,2 is even and ω1 periodi
, we obtain that w is in fa
tsingle-valued on [x4, x1] and [x1, x2], hen
e on C \ [x3, x4], as announ
ed.In order to show that w has a simple pole at x2, we 
an for instan
e use an expli
itexpression of ω(t). For example, for all t ∈ [x2,X(y2)],

ω(t) =
ω1 + ω2

2
+

∫ f(t)

f(x2)

du
[
4(u− f(x1))(u − f(x2))(u− f(x3))

]1/2
.Using then in (C.15) that ℘1,3(ω) = 1/ω2 +O(ω2) and that ℘1,3 is even, we obtain that

w(t) =
[f(x1) − f(x2)][f(x2) − f(x3)]

∂f(x2)

1

x2 − t
+ ŵ(t),
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 at x2.We are now going to study the behavior of the fun
tion w in the neighborhood of x3,and for this, let us 
onsider separately the three 
ases ∆ = 0, ∆ < 0 and ∆ > 0, ∆ beingthe determinant de�ned in (C.8).First of all, we show that ∆ = 0 (resp. ∆ < 0, ∆ > 0) implies ω3 = ω2/2 (resp. ω3 >
ω2/2, ω3 < ω2/2). In Subse
tions C.2.3-C.2.4, we have proved that ∆ = 0 is equivalent to
ω2/ω3 = 2. As a 
onsequen
e, in order to prove that ∆ < 0 (resp. ∆ > 0) is equivalent to
ω3 > ω2/2 (resp. ω3 < ω2/2), it is su�
ient to prove that there exists one walk verifyingsimultaneously ∆ < 0 and ω3 > ω2/2 (resp. ∆ > 0 and ω3 < ω2/2). Indeed, using then the
ontinuity of ω2, ω3 and ∆ w.r.t. the parameters (pi,j)i,j (see (C.8)-(C.9)) as well as theintermediate value theorem, we will obtain the result for all walks.But it is proved in [FIM99℄ that the se
ond walk of Pi
ture C.2 (verifying p−1,1 +p1,0 +
p0,−1 = 1) is su
h that ω2/ω3 = 3 and ∆ = p−1,1p1,0p0,−1 > 0, and that the walk withjumps p−1,−1 + p1,0 + p0,1 = 1 veri�es ω2/ω3 = 3/2 and ∆ = −p−1,−1p1,0p0,1 < 0.De�ne now R = [0, ω3]× [−ω1/(2ı), ω1/(2ı)] and remember that ω(C)− [ω1 + ω2]/2 =
[0, ω2/2] × [−ω1/(2ı), ω1/(2ı)].

∗ Suppose that ∆ = 0. Then ω2/ω3 = 2 and R = ω(C) − [ω1 + ω2]/2, so that, by thesame analysis as the one done above for x2, we �nd that w has a pole of order oneat x3.
∗ Suppose now that ∆ < 0. Then ω3 > ω2/2 and ω(C)− [ω1 +ω2]/2 is stri
tly in
ludedin R, in su
h a way that w has, ex
ept at x2, no poles and is two-valued on [x3, x4].
∗ Suppose at last that ∆ > 0. This implies that ω3 < ω2/2, thus ω(C) − [ω1 + ω2]/2
ontains stri
tly R. Moreover, setting n = ⌊ω2/(2ω3)⌋, we have
ω(C) −

ω1 + ω2

2
=

n−1⋃

k=0

(kω3 +R)
⋃
R̂, R̂ = [nω3/2, ω2/2] × [−ω1/(2ı), ω1/(2ı)].This equality, added to the fa
t that ℘1,3 has, on the parallelogram [0, ω3[×[0, ω1/ı[,only one pole, at 0 and of order two, shows that w has n = ⌊ω2/(2ω3)⌋ double polesat points lying in ]x2, x3[∩(C \ GX([y1, y2])).

∗∗ Consider the parti
ular 
ase ω2/ω3 ∈ 2Z. Then the re
tangle R̂ is redu
ed to onepoint and ω([x3, x4]) − [ω1 + ω2]/2 is 
ongruent to [−ω1/(2ı), ω1/(2ı)], so that forthe same reasons as in the 
ase ∆ = 0, we get that w has a simple pole at x3.
∗∗ Consider next the other parti
ular 
ase ω2/ω3 ∈ 2Z + 1. Then ω([x3, x4])− [ω1 +
ω2]/2 is 
ongruent to ω3/2+[−ω1/(2ı), ω1/(2ı)], in the neighborhood of whi
h ℘1,3is holomorphi
, so that w has no pole at x3 in this 
ase.

∗∗ If ω2/ω3 /∈ Z, then ω([x3, x4]) − [ω1 + ω2]/2 is 
ongruent neither to ω3/2 +
[−ω1/(2ı), ω1/(2ı)] nor to [−ω1/(2ı), ω1/(2ı)], in parti
ular, w has no pole at x3.Consider now more global aspe
ts, and let us show that w is meromorphi
 on C if andonly if ω2/ω3 ∈ Z. For this, we re
all from the beginning of the proof that for t ∈ [x3, x4], thetwo values of ω(t) are su
h that ω1(t), ω2(t) ∈ [ω2, ω2+ω1] and ω1(t)−ω2/2 = ω2/2−ω2(t).

∗ Above, we have shown that if ω2/ω3 ∈ 2Z (resp. ω2/ω3 ∈ 2Z + 1), then ω([x3, x4])−
[ω1 + ω2]/2 is 
ongruent to [−ω1/(2ı), ω1/(2ı)] (resp. ω3/2 + [−ω1/(2ı), ω1/(2ı)]).But ℘1,3(ω) and ℘1,3(ω3/2 + ω) are even fun
tions of ω, so that in both 
ases, w issingle-valued and meromorphi
 in the neighborhood of [x3, x4].
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∗ Suppose now that ω2/ω3 /∈ Z. Sin
e ω(x3) = ω1/2+ω2, it is possible to write w(t) =
℘1,3(ω2/2 + [ω(t) − ω(x3)]). On the other hand, if ω is 
lose to zero, then
℘1,3(ω2/2 + ω) = ℘1,3(ω2/2) +

∞∑

k=1

∂2k℘1,3(ω2/2)

(2k)!
ω2k + ω

∞∑

k=0

∂2k+1℘1,3(ω2/2)

(2k + 1)!
ω2k.Also, by a similar 
al
ulation as the one done when we have studied the behavior of

w in the neighborhood of x2, we get
ω(t) − ω(x3) =

∫ f(x3)

f(t)

du
[
4(u− f(x1))(u− f(x2))(u− f(x3))

]1/2

= −

[
−∂f(x3)(x3 − t)

4(f(x3) − f(x2))(f(x3) − f(x1))

]1/2 [
1 + (t− x3)w̌(t)

]
,where w̌ is holomorphi
 at x3. Therefore, in a neighborhood of x3, we 
an write w(t)as the sum w(t) = w1(t) +w2(t)[x3 − t]1/2, where w1 and w2 are holomorphi
 at x3,

w1(x3) = ℘1,3(ω2/2) and
w2(x3) = −∂℘1,3(ω2/2)

[
−∂f(x3)

4(f(x3) − f(x2))(f(x3) − f(x1))

]1/2

. (C.52)This 
loses the proof of Theorem C.22. �C.6 Asymptoti
 of the absorption probabilitiesSe
tion C.6 aims at studying the asymptoti
 of the absorption probabilities (C.1). Firstof all, remark that they are related to the Green fun
tions via
P(i0,j0)[(X,Y ) is absorbed at (i, 0)] = p1,−1Gi−1,1 + p0,−1Gi,1 + p−1,−1Gi+1,1,

P(i0,j0)[(X,Y ) is absorbed at (0, j)] = p−1,1G1,j−1 + p−1,0G1,j + p−1,−1G1,j+1,(C.53)in su
h a way that their asymptoti
 as i and j go to in�nity 
an be obtained from the oneof the Green fun
tions in the limiting 
ases γ = 0 and γ = π/2. The following result isthus a 
onsequen
e of Theorem C.18 and of the identities (C.53).Corollary C.23.
∗ Suppose �rst that p1,1 + p1,−1 + p−1,−1 + p−1,1 < 1. Then the absorption probabilities(C.1) admit the following asymptoti
 as i→ ∞ :

P(i0,j0)[(X,Y ) is absorbed at (i, 0)] ∼ C1
j0sx(0)i0sy(0)

j0−1 − ∂y q̃(sy(0))

i3/2sx(1/i)i
,where C1 = [C0/sy(0)]·[p1,−1sx(0)+p0,−1+p−1,−1/sx(0)], C0 being the same 
onstantas in the statement of Theorem C.18.The asymptoti
 of the absorption probabilities P(i0,j0)[(X,Y ) is absorbed at (0, j)] as

j → ∞ 
an be obtained from the one above after a suitable 
hange of the parameters
(pi,j)i,j.
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∗ Suppose now that p1,1 + p1,−1 + p−1,−1 + p−1,1 = 1. If in addition i0 + j0 and i (resp.
j) don't have the same parity, then P(i0,j0)[(X,Y ) is absorbed at (i, 0)] = 0 (resp.
P(i0,j0)[(X,Y ) is absorbed at (0, j)] = 0) ; if they have the same parity, the asymptoti
of the absorption probabilities is obtained from the one above by multiplying by two.Thanks to Se
tions C.3 and C.4, the di�erent quantities appearing in the asymptoti
 ofthe absorption probabilities are totally expli
it. Nevertheless, the way in whi
h they dependon the parameters (pi,j)i,j � notably on the group W � is far from 
lear, and the rest ofSe
tion C.6 is devoted to the des
ription of this dependen
e.Theorem C.24. The 
onstant

C1

[
j0sx(0)

i0sy(0)
j0−1 − ∂y q̃(sy(0))

]appearing in the statement of Corollary C.23 
an be written as A1 + A2, with A1 and A2de�ned as follows.
∗ Suppose �rst that p1,1 + p1,−1 + p−1,−1 + p−1,1 < 1. Then

A1 =
j0sx(0)i0

4

[
−sx(0)∂xd(sx(0))

πa(sx(0))c(sx(0))

(
c(sx(0))

a(sx(0))

)j0
]1/2

,

A2 = C2

∫ x2

x1

∂tw(t)ti0µj0(t)[−d(t)]
1/2

[w(t) −w(sx(0))]2
dt,where a, c, d, x1, x2 are de�ned in Subse
tion C.2.2, w in Equation (C.15), µj0 in(C.16), sx(0) = x3 in Subse
tion C.4.1 ; as for the 
onstant C2, it is made expli
itjust below.

∗∗ In general, we have
C2 = ∂℘1,3(ω2/2)

[
−x3∂f(x3)

π(f(x3) − f(x2))(f(x3) − f(x1))

]1/2

,where f is de�ned in Se
tion C.5.
∗∗ If ω2/ω3 ∈ 2Z + 1, then C2 = A2 = 0.
∗∗ If ω2/ω3 ∈ 2Z, then

A2 = −
j0x

i0
2

4π1/2

[
−
x3∂xd(x2)

a(x2)c(x2)

res[w, x2]res[w, x3]

(
c(x2)

a(x2)

)j0
]1/2

,where for k ∈ {2, 3}, res[w, xk] denotes the residue of the fun
tion w at xk � wewill see, in the proof of Lemma C.26 below, that these residues are non-zero.
∗ Suppose now that p1,1 + p1,−1 + p−1,−1 + p−1,1 = 1. Then with the notations above,

C1

[
j0sx(0)i0sy(0)

j0−1 − ∂y q̃(sy(0))
]

= 2
[
A1 +A2

]
.The whole rest of Se
tion C.6 
onsists in proving Theorem C.24.By Theorem C.13 and thanks to (C.19), q 
an be split as q = q1 + q2, where

q1(x) = xi0Y0(x)
j0 +

x

π

∫ x2

x1

ti0−1µj0(t)

t− x
[−d(t)]1/2dt, (C.54)

q2(x) =
1

π

∫ x2

x1

ti0µj0(t)Θ(t, x)[−d(t)]1/2dt. (C.55)
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onsequen
e of Lemmas C.25 and C.26 below,that deal with the asymptoti
 behavior of the Taylor 
oe�
ients of q1 and q2 respe
tively.Lemma C.25. The fun
tion q1, initially de�ned in C\([x1, x2]∪[x3, x4]) by (C.54), admitsa holomorphi
 
ontinuation on C \ [x3, x4]. We still note q1 this 
ontinuation and we set
q1(x) =

∑∞
i=0 q1,ix

i.
∗ Suppose �rst that p1,1 + p1,−1 + p−1,−1 + p−1,1 < 1. Then as i→ ∞ :

q1,i ∼
j0sx(0)i0

4

[
−sx(0)∂xd(sx(0))

πa(sx(0))c(sx(0))

(
c(sx(0))

a(sx(0))

)j0
]1/2

1

i3/2xi
3

. (C.56)
∗ Suppose now that p1,1+p1,−1 +p−1,−1+p−1,1 = 1. Then the pro
ess 
an rea
h (i, 0) ifand only if i and i0 +j0 have the same parity. In parti
ular, if i and i0 +j0 don't havethe same parity, then q1,i = 0. If they have the same parity, then q1,i is equivalent totwo times the right member of (C.56).Lemma C.26. The fun
tion q2 de�ned by (C.55) is holomorphi
 in C \ (w−1([x1, x2]) \

[x1, x2]), and we set q2(x) =
∑∞

i=0 q2,ix
i.

∗ Suppose �rst that p1,1 + p1,−1 + p−1,−1 + p−1,1 < 1.
∗∗ If ω2/ω3 /∈ Z, then as i→ ∞ :

q2,i ∼ ∂℘1,3(ω2/2)

[
−x3∂f(x3)

π(f(x3) − f(x2))(f(x3) − f(x1))

]1/2

× (C.57)
×

∫ x2

x1

∂tw(t)ti0µj0(t)[−d(t)]
1/2

[w(t) − w(x3)]2
dt 1

i3/2xi
3

,where, if x4 6= ∞, then f(t) = d′′(x4)/6 + d′(x4)/(t − x4) and, if x4 = ∞, then
f(t) = d′′(0)/6 + d′′′(0)t/6.

∗∗ If ω2/ω3 ∈ 2Z + 1, then as i→ ∞ : q2,i = o(q1,i).
∗∗ If ω2/ω3 ∈ 2Z, then as i→ ∞ :

q2,i ∼ −
j0x

i0
2

4π1/2

[
−
x3∂xd(x2)

a(x2)c(x2)

res[w, x2]res[w, x3]

(
c(x2)

a(x2)

)j0
]1/2

1

i3/2xi
3

, (C.58)res(w, xk) denoting, for k ∈ {2, 3}, the residue of the fun
tion w at xk, where fromTheorem C.22, it has a pole of order one.
∗ Suppose now that p1,1 + p1,−1 + p−1,−1 + p−1,1 = 1. If i and i0 + j0 don't have thesame parity, then q2,i = 0. If they have the same parity and if ω2/ω3 /∈ Z (resp.
ω2/ω3 ∈ 2Z + 1, ω2/ω3 ∈ 2Z), then the asymptoti
 of q2,i is given by two times theright member of (C.57) (resp. is negligible w.r.t. (C.56), is given by two times theright member of (C.58)).Proof of Lemma C.25.

∗ Let us suppose �rst that x4 > 0.If Cǫ denotes the 
ontour represented on the let of Pi
ture C.6 below, applying the resi-due theorem at in�nity entails that, for all x inside of the in�nite domain delimited by Cǫ,
1

2πı

∫

Cǫ

ti0−1Y0(t)
j0

t− x
dt = xi0−1Y0(x)

j0 − P∞

[
xi0−1Y0(x)

j0
]
,
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j0 ] is the prin
ipal part at in�nity of xi0−1Y0(x)

j0 � whi
h is meromor-phi
 at in�nity, sin
e x4 > 0.Furthermore, by de�nition of µj0 , see (C.16),
lim
ǫ→0

1

2ı

∫

Cǫ

ti0−1Y0(t)
j0

t− x
dt =

∫ x4

x3

ti0−1µj0(t)

t− x
[−d(t)]1/2dt− ∫ x2

x1

ti0−1µj0(t)

t− x
[−d(t)]1/2dt.Therefore, the fun
tion q1 is just equal to :

q1(x) =
x

π

∫ x4

x3

ti0−1µj0(t)

t− x
[−d(t)]1/2dt+ xP∞

[
xi0−1Y0(x)

j0
]
. (C.59)Moreover, with Lemma C.2, we get that the degree of the polynomial xP∞[xi0−1Y0(x)

j0 ]is equal to i0 if p1,−1 6= 0, to −∞ if p1,−1 = 0 and i0 ≤ j0, and to i0 − j0 if p1,−1 = 0 and
i0 > j0.In all 
ases, if i is larger than this degree, then the following equality holds :

q1,i =
1

π

∫ x4

x3

µj0(t)

ti+1−i0
[−d(t)]1/2dt. (C.60)We 
an then easily obtain the asymptoti
 of this integral as i goes to in�nity, by usingLapla
e's method, see e.g. [Cha90℄.Pre
isely, we make an expansion of the numerator of the integrand of (C.60) in theneighborhood of x3, namely

µj0(t)[−d(t)]
1/2 = µj0(x3)[−∂d(x3)]

1/2[t− x3]
1/2 + [t− x3]

3/2F (t),where F is holomorphi
 at x3. But 
lassi
ally,
∫ x4

x3

[t− x3]
1/2

ti
dt =

π1/2

2

1

i3/2x
i−3/2
3

+O

(
1

i5/2xi
3

)
,

∫ x4

x3

[t− x3]
3/2

ti
dt = O

(
1

i5/2xi
3

)
,so that simplifying µj0(x3) � using for this (C.16) and the fa
t that d(x3) = 0 �, we get(C.56).

∗ Suppose now that x4 < 0 and assume, in addition, that p1,1+p1,−1+p−1,−1+p−1,1 < 1.In this 
ase, Y0 is no more meromorphi
 at in�nity and has thus no prin
ipal part atin�nity, the previous argument does not run anymore.However, we are going to show that the asymptoti
 (C.56) is still 
orre
t. To thatpurpose, �x R > −x4 and apply the 
lassi
al residue theorem to ti0−1Y0(t)
j0/(t − x) onthe 
ontour Cǫ,R des
ribed on the right side of Pi
ture C.6. After that ǫ has gone to zero,we obtain

xi0−1Y0(x)
j0 = −

1

π

∫ x2

x1

ti0−1µj0(t)

t− x
[−d(t)]1/2dt+

1

π

∫ R

x3

ti0−1µj0(t)

t− x
[−d(t)]1/2dt+ FR(x),(C.61)where FR is de�ned by

FR(x) =
1

2πı

∫

{u∈C:|u|=R}

ti0−1Y0(t)
j0

t− x
dt+

1

π

∫ x4

−R

ti0−1µj0(t)

t− x
[−d(t)]1/2dt.
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ular, with (C.54) and (C.61), we get
q1(x) =

1

π

∫ R

x3

ti0−1µj0(t)

t− x
[−d(t)]1/2dt+ FR(x).The �rst (resp. se
ond) Cau
hy-type integral in the sum de�ning FR is holomorphi
 inthe dis
 RD (resp. −x4D), so that FR is holomorphi
 in −x4D . Moreover, sin
e we havesupposed that p1,1 +p1,−1 +p−1,−1 +p−1,1 < 1, Lemma C.1 yields x3 < −x4. In parti
ular,this implies that as i goes to in�nity, the ith 
oe�
ient of the Taylor series at 0 of FR isequal to o(1/rk), for any x3 < r < −x4. These 
oe�
ients will be therefore negligible w.r.t.the ones of

1

π

∫ R

x3

ti0−1µj0(t)

t− x
[−d(t)]1/2dt.We 
al
ulate the asymptoti
 of the 
oe�
ients of the fun
tion just above using Lapla
e'smethod, exa
tly as in the 
ase x4 > 0 ; the asymptoti
 (C.56) is thus a
tually still valid.

Figure C.6 � Contours of integration in the 
ases x4 > 0 and x4 < 0 respe
tively

Cǫ,R

Cǫ

x1 x2 x3 x4 x4 x1 x2 x3

∗ If p1,1+p1,−1+p−1,−1+p−1,1 = 1 (whi
h implies, see Lemma C.1, that x4 = −x3 < 0),then the pro
ess 
an rea
h (i, 0) if and only if i and i0 + j0 have the same parity.In parti
ular, if i and i0 +j0 don't have the same parity, then P(i0,j0)[(X,Y ) is absorbedat (i, 0)] = 0 � besides, we 
ould show by a dire
t 
al
ulation that in this 
ase q1,i = 0,using that [x4, x1] = [−x3,−x2] as well as the fa
t that Y0, Y1 and w are odd fun
tions.If they have the same parity, then the asymptoti
 of the 
oe�
ients of FR is no morenegligible : indeed, with Lemma C.1, x4 = −x3. After having used the identity µj0(−t) =
(−1)j0−1µj0(t), see (C.16), we obtain that

1

π

∫ x4

−R

ti0−1µj0(t)

t− x
[−d(t)]1/2dt =

(−1)i0+j0

π

∫ R

x3

ti0−1µj0(t)

t+ x
[−d(t)]1/2dt. (C.62)For this reason and on
e again with Lapla
e's method, we get that if i and i0 + j0 havethe same parity, then the asymptoti
 of q1,i is given by two times (C.56).



128 CHAPITRE C. KILLED RANDOM WALKS WITH NON-ZERO DRIFTProof of Lemma C.26.
∗ To prove Lemma C.26 in the 
ase ω2/ω3 /∈ Z and p1,1 + p1,−1 + p−1,−1 + p−1,1 < 1,we will use the following reasoning.
∗∗ Firstly, we are going to show that q2 is, for ǫ > 0 su�
iently small, holomorphi
 in
x3

(
(1 + ǫ)D \ [1, 1 + ǫ[

), see Pi
ture C.7.
∗∗ Se
ondly, we will prove that in the neighborhood of x3,

q2(x) = U(x) + V (x)[x3 − x]1/2, (C.63)with U, V holomorphi
 at x3 and
V (x3) =

w2(x3)

π

∫ x2

x1

∂tw(t)ti0µj0(t)[−d(t)]
1/2

[w(t) − w(x3)]2
dt, (C.64)

w2(x3) being de�ned in (C.52).
Figure C.7 � The domain x3

(
(1 + ǫ)D \ [1, 1 + ǫ[

)

x3 (1 + ǫ)x3

To 
on
lude, it will be then enough to use the well-known prin
iple explained hereunder.If H(x) =
∑∞

i=0Hix
i is a fun
tion holomorphi
 in ρ((1 + ǫ)D \ [1, 1 + ǫ[

) and su
h thatnear ρ,
H(x) = h0(x) +

d∑

k=1

hk(x)[1 − x/ρ]θk ,where the hk are holomorphi
 near ρ, not vanishing at ρ for k ∈ {1, . . . , d}, the θ1 < · · · < θdare rational but not integer, then as i→ ∞, Hi ∼ h1(ρ)ρ
−i/[Γ(−θ1)i

θ1+1].First of all, q2 is 
learly holomorphi
 on x3

(
(1 + ǫ)D \ [1, 1 + ǫ[

), by Corollary C.6 andthanks to the assumption p1,1 + p1,−1 + p−1,−1 + p−1,1 < 1 � otherwise, q2 would have asingularity at x4 = −x3.Let us now show (C.63)-(C.64).In the proof of Theorem C.22, we have proved that near x3, w(t) = w1(t) +w2(t)[x3 −
t]1/2, with w1, w2 holomorphi
 at x3, where they take the values given by (C.52).In parti
ular, in the neighborhood of x3, we 
an write q2(x) = U(x) + V (x)[x3 − x]1/2,with U, V holomorphi
 at x3 ; moreover, with (C.55), V (x3) is equal to the announ
edvalue (C.64).Then, thanks to the prin
iple introdu
ed above, Lemma C.26 follows immediately inthe 
ase ω2/ω3 /∈ Z and p1,1 + p1,−1 + p−1,−1 + p−1,1 < 1.

∗ Suppose now that ω2/ω3 ∈ 2Z and p1,1 + p1,−1 + p−1,−1 + p−1,1 < 1. In this 
ase, theprevious argument does not work, sin
e w has no algebrai
 singularity but a pole at x3,see the proof of Theorem C.22.



C.6. ASYMPTOTIC OF THE ABSORPTION PROBABILITIES 129In fa
t we have, thanks to Theorem C.22,
lim

x→x+

2

w(x) = lim
x→x−

3

w(x) = −∞.More generally, from Theorem C.22 and its proof, we dedu
e the existen
e a holomor-phi
 fun
tion σ de�ned (at least) in a neighborhood of [x2, x3] and su
h that
σ2 = id, σ(x3) = x2, w(σ) = w.In addition, we have already seen that the fun
tion

∂w(t)

w(t) − w(x)
−

x2 − x

(x2 − t)(t− x)
(C.65)is holomorphi
 in GX([y1, y2])

2, when
e a fortiori near (x2, x2), and in fa
t in the neighbor-hood of {(u, u) : u ∈ GX([y1, y2])}.On the other hand, the fun
tion (C.65) is not holomorphi
 at (x2, x3), and in fa
t notholomorphi
 at every point of {(u, σ(u)) : u ∈ GX([y1, y2])}. Let us now introdu
e
∂w(t)

w(t) −w(x)
−

x2 − x

(x2 − t)(t− x)
−

∂σ(t)(x3 − x)

(x3 − σ(t))(σ(t) − x)
.It is holomorphi
 in the neighborhood of {(u, σ(u)) : u ∈ GX([y1, y2])}. This is why

Θ̂(t, x) = Θ(t, x) −
∂σ(t)x

σ(t)(σ(t) − x)
(C.66)is holomorphi
 in a neighborhood of [x1, x2] × RD , where R > x3. In parti
ular, for any

t ∈ [x1, x2], x 7→ Θ̂(t, x) is holomorphi
 on RD . Therefore, the ith 
oe�
ient of the Taylorseries at zero of the fun
tion
1

π

∫ x2

x1

ti0µj0(t)Θ̂(t, x)[−d(t)]1/2dtequals o(1/ri) with r > x3. As a 
onsequen
e, it is exponentially negligible w.r.t. to (C.56).Finally, it remains to evaluate the 
ontribution of the 
oe�
ients of q3(x), de�ned by
x

π

∫ x2

x1

∂σ(t)µj0(t)t
i0/σ(t)

σ(t) − x
[−d(t)]1/2dt = −

x

π

∫ σ(x1)

x3

σ(t)i0µj0(σ(t))/t

t− x
[−d(σ(t))]1/2dt,(C.67)where the se
ond equality above 
omes from the 
hange of variable t 7→ σ(t).In order to �nd the asymptoti
 of its 
oe�
ients, we apply Lapla
e's method. In fa
t,we will obtain (C.58) as soon as we will have proved that

∂σ(x3) =
res(w, x2)res(w, x3)

. (C.68)To do this, start by di�erentiating the equality w(t) = w(σ(t)) ; we obtain that ∂σ(x3) =
limx→x3

∂w(t)/∂w(σ(t)), what implies
∂σ(x3) = lim

x→x3

res(w, x3)res(w, x2)

[σ(t) − x2]
2

[t− x3]2
,



130 CHAPITRE C. KILLED RANDOM WALKS WITH NON-ZERO DRIFTSin
e ∂σ(x3) 6= 0, Equation (C.68) follows immediately.
∗ Suppose presently that ω2/ω3 ∈ 2Z + 1. In this 
ase, sin
e w has a pole at x2 butis holomorphi
 at x3 by Theorem C.22, the fun
tion Θ is holomorphi
 on [x1, x2] × RD ,where R > x3. In parti
ular, for any t ∈ [x1, x2], x 7→ Θ(t, x) is holomorphi
 on RD . Thisis why the ith 
oe�
ient of the Taylor series at 0 of q2 is in this 
ase equal to o(1/Ri),where R > x3. For this reason, q2,i = o(q1,i).An other way to prove this fa
t is the following. If ω2/ω3 ∈ 2Z + 1, then ω2/2 is 
on-gruent to ω3/2, and as an immediate 
onsequen
e ∂℘1,3(ω2/2) = 0, so that w2(x3) = 0, see(C.52), when
e the right member of (C.57) be
omes zero.
∗ Suppose now that p1,1 + p1,−1 + p−1,−1 + p−1,1 = 1 and note that for these walks, we
an equally have ω2/ω3 ∈ 2Z, ω2/ω3 ∈ 2Z + 1 or ω2/ω3 /∈ Z.In fa
t, as in the proof of Lemma C.25, we have, as well as the 
ontribution of the point

x3, to take under a

ount the one of the point x4, equal in this 
ase to −x3. So we do thesame analysis, but then we have in addition a term like (C.64) or (C.67), with x4 instead
x3. By doing then the 
hange of variable t 7→ −t as in (C.62), we obtain that if i and
i0 + j0 don't have the same parity, then the 
ontribution is zero, and if they have, thenthe asymptoti
 of q2,i is given by two times (C.57), using on
e again Lapla
e's methodand an adaptation of the prin
iple explained at the beginning of the proof for odd or evenfun
tions.



Chapitre DGreen fun
tions and Martin
ompa
ti�
ation for killed randomwalks related to SU(3) ∗In this 
hapter, we 
onsider the random walks killed at the boundary of the quarterplane Z2
+, with homogeneous non-zero jump probabilities to the eight nearest neighborsand drift zero in the interior, and whi
h admit a positive harmoni
 polynomial of degreethree. For these pro
esses, we �nd the asymptoti
 of the Green fun
tions along all in�nitepaths of states, and from this we dedu
e that the Martin 
ompa
ti�
ation is the one-point
ompa
ti�
ation.D.1 Introdu
tion and main resultsFirst introdu
ed for Brownian motion by R. Martin in 1941, the 
on
ept of Martin
ompa
ti�
ation has then been extended for 
ountable dis
rete time Markov 
hains byJ. Doob and G. Hunt at the end of the �fties. The purpose of this theory is to des
ribe theasymptoti
 behavior of the Markov 
hains and also to 
hara
terize all their non-negativesuperharmoni
 and harmoni
 fun
tions, see e.g. [Dyn69℄.For a transient Markov 
hain with state spa
e E, theMartin 
ompa
ti�
ation of E is thesmallest 
ompa
ti�
ation Ê of E for whi
h the Martin kernels z 7→ kz0

z = Gz0
z /G

z1
z extend
ontinuously � by Gz0

z we mean the Green fun
tions of the pro
ess, i.e. the mean numberof visits made by the pro
ess at z starting at z0, and we note z1 a referen
e state. Ê \ Eis usually 
alled the full Martin boundary. Clearly for α ∈ Ê, z0 7→ kz0
α is superharmoni
 ;then ∂mE = {α ∈ Ê \ E : z0 7→ kz0

α is minimal harmoni
} is 
alled the minimal Martinboundary � a harmoni
 fun
tion h is said minimal if 0 ≤ h̃ ≤ h with h̃ harmoni
 implies
h̃ = ch for some 
onstant c. Then, every superharmoni
 (resp. harmoni
) fun
tion h 
anbe written as h(z0) =

∫
Ê k

z0
z µ(dz) (resp. h(z0) =

∫
∂mE k

z0
z µ(dz)), where µ is some �nitemeasure, uniquely 
hara
terized in the se
ond 
ase above.The 
ase of the homogeneous random walks in Zd is now 
ompletely understood. First,their minimal Martin boundary is found in [DSW60℄, thanks to Choquet-Deny theory.Furthermore, in the 
ase of a non-zero drift, P. Ney and F. Spitzer �nd, in their well-known paper [NS66℄, the asymptoti
 of the Green fun
tions, by using exponential 
hanges

∗. The bulk of this work is appeared in the �Ele
troni
 Communi
ations in Probability� as [Ras10b℄.131



132 CHAPITRE D. KILLED RANDOM WALKS RELATED TO SU(3)of measure and the lo
al limit theorem ; this gives 
onsequently the 
on
rete realization ofthe Martin 
ompa
ti�
ation, in that 
ase the sphere. Additionally, in the 
ase of a driftzero, the asymptoti
 of the Green fun
tions is 
omputed in [Spi64℄ ; it follows that theMartin 
ompa
ti�
ation 
onsists in the one-point 
ompa
ti�
ation.Results on Martin boundary for non-homogeneous random walks are s
ar
er and morere
ent. We 
on
entrate here our analysis on important and re
ently extensively studiedexamples that are the random walks in Zd killed at the boundary of 
ones. They arerelated to many areas of probability, as e.g. to non-
olliding random walks or quantumpro
esses.On the one hand, the 
ase of the non-zero drift is now rather well studied.In [Bia92
℄, P. Biane 
onsiders quantum random walks on the dual of 
ompa
t Liegroups and, by restri
tion, arrives at 
lassi
al random walks with non-zero drift killed atthe boundary of the Weyl 
hamber of the dual. Solving an equation of Choquet-Deny type,he �nds the minimal Martin boundary of these pro
esses.When the 
ompa
t Lie group is SU(d) and the asso
iated random walk has non-zerodrift, the Martin 
ompa
ti�
ation is obtained in [Col04℄, by �nding the asymptoti
 of theGreen kernels.Re
ently, in [IR09a℄, I. Ignatiouk-Robert obtains the Martin 
ompa
ti�
ation of therandom walks in Zd
+ with non-zero drift and killed at the boundary. She uses there anoriginal approa
h based on large deviations theory in order to 
ompute the asymptoti
 ofthe Martin kernels. Unfortunately, her methods seem quite di�
ult to extend up to the
ase of the drift zero. Also, they do not provide the asymptoti
 of the Green fun
tions.This asymptoti
 in the 
ase of the dimension d = 2 is found in Chapter C.On the other hand, results on Martin boundary for killed random walks with driftzero are quite rare. The simplest example of the 
artesian produ
t is due to [PW92℄. Aninteresting 
ase 
omes again from quantum pro
esses : in [Bia92a℄, P. Biane shows that theminimal Martin boundary of the random walk with zero drift and killed at the boundaryof the Weyl 
hamber of the dual of SU(d) is redu
ed to one point.It is immediate from [Bia91℄ that this 
lassi
al random walk in the Weyl 
hamberof the dual of SU(d) is, for d = 3, the random walk spatially homogeneous on thelatti
e {i + j exp(ıπ/3), (i, j) ∈ Z2} with jump probabilities as represented on the leftof Pi
ture D.1.

1/3

1/3

1/3

1/3

1/3

1/3Figure D.1 � Random walk in the Weyl 
hamber of the dual of SU(3)Obviously, a suitable linear transformation maps the latti
e {i + j exp(ıπ/3) : (i, j) ∈
Z2} into Z2, see Pi
ture D.1 ; in this way, the Weyl 
hamber {i+ j exp(ıπ/3) : (i, j) ∈ Z2

+}be
omes Z2
+.



D.1. INTRODUCTION AND MAIN RESULTS 133For d = 3, the killed random walk 
onsidered by P. Biane in [Bia91℄ 
an therefore beviewed as an element of
P0 = {random walks in Z2

+ with non-zero jump probabilities (pi,j)−1≤i,j≤1to the eight nearest neighbors, with drift zero and killed at the boundary}with jump probabilities as drawn on the right of Pi
ture D.1 � above, �drift zero� meansthat p1,1+p1,0+p1,−1 = p−1,1+p−1,0+p−1,−1 and p1,1+p0,1+p−1,1 = p1,−1+p0,−1+p−1,−1.In this setting, P. Biane proves, in [Bia92a℄, that (i0, j0) 7→ i0j0(i0 + j0) is the only positiveharmoni
 fun
tion for this pro
ess.By the same methods, it 
an 
ertainly be shown that there is only one positiveharmoni
 fun
tion for the �dual� walk, namely for the random walk with jump probabilities
p−1,0 = p0,1 = p1,−1 = 1/3. In parti
ular, if we set Pp,SU(3) = {random walks of P0 su
hthat p0,−1 = p−1,1 = p1,0 = µ, p−1,0 = p0,1 = p1,−1 = ν, µ + ν = 1/3} � in other words,
Pp,SU(3) is the set of all 
artesian produ
ts of the random walk on the dual of SU(3) withits dual, see on the left of Pi
ture D.2 below �, it follows from [PW92℄ that any pro
ess of
Pp,SU(3) has also a minimal Martin boundary redu
ed to one point.In Chapter D, we introdu
e the set

P1,0 = {random walks of P
0 for whi
h (i0, j0) 7→ i0j0(i0 + j0) is harmoni
}.Note that we have Pp,SU(3) ⊂ P1,0, but we will see in Remark D.4 that the in
lusion isstri
t. More generally, we de�ne

Pα,β = {random walks of P
0 for whi
h (i0, j0) 7→ i0j0(i0 +αj0 +β) is harmoni
}. (D.1)Sin
e any harmoni
 fun
tion for a killed pro
ess takes the value zero on the boundary,

Pα,β is in fa
t exa
tly the set of all killed random walks in Z2
+ to the eight nearestneighbors admitting a harmoni
 polynomial of degree three.The des
ription of the set Pα,β in terms of the (pi,j)i,j is rather 
umbersome but notdi�
ult to obtain, it is postponed until Remark D.4. Let us just note here that if α > 2or α < 1/2, then for all β, Pα,β = ∅ ; if α = 1/2 or α = 2, then for all β 6= 0, Pα,β = ∅,and Pα,0 is redu
ed to one walk ; and if α ∈]1/2, 2[ and |β| is small enough, then Pα,β isa (non-empty) set with two free parameters, properly des
ribed in Remark D.4. We haverepresented on the right of Pi
ture D.2 an example of a pro
ess belonging to Pα,0, for any

α ∈ [1/2, 2].
µ

µ

µ

λ
λ

ν

νµ

ν

ν

ν

µ

Figure D.2 � On the left, a generi
 walk of Pp,SU(3) (µ + ν = 1/3) ; on the right, anexample of walk of Pα,0 (λ = α(α − 1/2)/[2 − α + 2α2], µ = (α/2)/[2 − α + 2α2] and
ν = (1 − α/2)/[2 − α+ 2α2])



134 CHAPITRE D. KILLED RANDOM WALKS RELATED TO SU(3)Moreover, note that 
onsidering in this thesis Pα,β is all the more natural as the set
Pp = {random walks of P0 for whi
h (i0, j0) 7→ i0j0 is harmoni
} is also studied here, seeSe
tion D.4 of this 
hapter.Our �rst result deals with the Green fun
tions � below, (X,Y ) denotes the 
oordinatesof the random walk and E(i0,j0) the 
onditional expe
tation given (X(0), Y (0)) = (i0, j0) �

Gi0,j0
i,j = E(i0,j0)

[
∑

k≥0

1{(X(k),Y (k))=(i,j)}

]
, (D.2)and, more pre
isely, with their asymptoti
 along all paths of states.Theorem D.1. Suppose that the pro
ess belongs to Pα,β. Then the Green fun
tions (D.2)admit the following asymptoti
 as i+ j → ∞ and j/i→ tan(γ), γ lying in [0, π/2] :

Gi0,j0
i,j ∼ Ci0j0 (i0 + αj0 + β)

ij(i + αj)
[
i2 + αij + α2j2

]3 , (D.3)where C > 0 depends only on the parameters (pi,j)i,j and is made expli
it in the proof.In the parti
ular 
ase of the random walk killed at the boundary of the Weyl 
hamber ofthe dual of SU(3), the asymptoti
 (D.3) is, for γ ∈]0, π/2[, proved in [Bia91℄. Theorem D.1a
tually 
ompletes this result for that very parti
ular random walk and gives in fa
t theasymptoti
 of the Green fun
tions for a mu
h larger 
lass of pro
esses.In addition, Theorem D.1 has the following 
onsequen
e.Corollary D.2. The Martin 
ompa
ti�
ation of any pro
ess belonging to Pα,β is the one-point 
ompa
ti�
ation.Furthermore, the asymptoti
 (D.3) of the Green fun
tions in the two limit 
ases γ = 0and γ = π/2 enables us to obtain the asymptoti
 of the absorption probabilities
qi

i0,j0 = P(i0,j0) [∃k ≥ 1 : (X(k), Y (k)) = (i, 0)] ,

q̃j
i0,j0 = P(i0,j0) [∃k ≥ 1 : (X(k), Y (k)) = (0, j)] .

(D.4)Indeed, the absorption probabilities (D.4) are related to the Green fun
tions (D.2) through(C.53), so that from Theorem D.1, we immediately obtain the following result.Corollary D.3. Suppose that the pro
ess belongs to Pα,β. Then the absorption probabilities(D.4) admit the following asymptoti
 as i→ ∞ :
qi

i0,j0 ∼ C(p1,−1 + p0,−1 + p−1,−1)i0j0 (i0 + αj0 + β)
1

i4
,where C > 0 is the same 
onstant as is the statement of Theorem D.1.The same asymptoti
 holds for q̃i0,j0

i , after having repla
ed (p1,−1+p0,−1+p−1,−1) aboveby (p−1,1 + p−1,0 + p−1,−1)/α
5.The asymptoti
 analysis of the absorption probabilities in the 
ase of a non-zero driftbeing obtained in Chapter C, Corollary D.3 thus gives an example of the behavior of theseprobabilities in the 
ase of a drift zero.



D.2. EXPLICIT EXPRESSION OF THE GREEN FUNCTIONS 135To prove Theorem D.1, we are going to develop methods initiated in [FIM99℄ and basedon 
omplex analysis, what will allow us to express expli
itly the Green fun
tions (D.2).Indeed, in [FIM99℄, the authors G. Fayolle, R. Iasnogorodski and V. Malyshev elaboratea profound and ingenious analyti
 approa
h for studying the stationary probabilities forrandom walks to the eight nearest neighbors in a quarter plane supposed ergodi
, i.e. su
hthat p1,1+p1,0+p1,−1 < p−1,1+p−1,0+p−1,−1 and p1,1+p0,1+p−1,1 < p1,−1+p0,−1+p−1,−1.We are going to see here that this analyti
al approa
h 
an be extended up to the 
aseof the random walks in the quarter plane Z2
+ with drift zero and killed at the boundary :Se
tion D.2 of this 
hapter �rst broadens the analysis begun in Part 6 of [FIM99℄ for thedrift zero, and then shows how this applies in the 
ase of the random walks of Pα,β .It is worth noting that this approa
h via 
omplex analysis is intrinsi
 to the 
omplexplane ; for this reason, it seems really a di�
ult task to generalize it in higher dimension.Let us 
on
lude this introdu
tory part by des
ribing the set Pα,β de�ned in (D.1) interms of the jump probabilities (pi,j)i,j.Remark D.4. The fa
t that the two drifts are equal to zero gives two equations and the fa
tthat the sum of the jump probabilities is one yields an other one. Moreover, the harmoni
ityof h(i0, j0) = i0j0(i0 + αj0 + β), whi
h reads h(i0, j0) =

∑
i,j pi,jh(i0 + i, j0 + j), leads toten equations, by identi�
ation of the 
oe�
ients of the third degree polynomials above.It turns out that some of these equations are trivial and that some other ones are linearlydependent, we �nally obtain six equations linearly independent. We 
an therefore expressall the eight jump probabilities (pi,j)i,j in terms of p1,1 and p1,0 only, and we get :

∗ p−1,0 = −[α(1 − 2α− β) + 8p1,1 + (4 − 3α+ 2α2 + αβ)p1,0]/[α(1 + 2α+ β)],
∗ p−1,1 = [α(1−α−β) + 2(4 + 3α+ 2α2 +αβ)p1,1 + 2(2 +α2 +αβ)p1,0]/[2α(1 + 2α+ β)],
∗ p0,1 = −[−(1 + α+ β) + 4(2 + 2α+ β)p1,1 + 2(2 + α+ β)p1,0]/[2(1 + 2α+ β)],
∗ p1,−1 = [α2 + (−1 + 2α− β)p1,1 − (1 + β + 2α2)p1,0]/[1 + 2α+ β],
∗ p0,−1 = −[(−1−3α−β+4α2)+4(−2+2α−β)p1,1+(−4+6α−2β−8α2)p1,0]/[2(1+2α+β)],
∗ p−1,−1 = [α(1−3α−β+2α2)+2(4−3α+2α2−αβ)p1,1+2(2−3α+3α2−2α3)p1,0]/[2α(1+
2α+ β)].The properties of Pα,β mentioned below (D.1) are immediately obtained by studyingthe sign of the jump probabilities above in terms of α, β, p1,1 and p1,0.D.2 Expli
it expression of the Green fun
tionsSe
tion D.2 aims at obtaining an expli
it expression of the Green fun
tions (D.2), whatwe will su

eed in doing in Theorem D.8 below. This forth
oming expression of the Greenfun
tions will be, in turn, the starting point of Se
tion D.3, where we will �nd their asymp-toti
.In order to prove Theorem D.8, we need to state two results, namely Equation (D.6) andProposition D.6. Pre
isely, Equation (D.6) is a fun
tional equation between the generatingfun
tion of the Green fun
tions (D.2) and the ones of the absorption probabilities (D.4),and Proposition D.6 establishes some quite important properties of the generating fun
tionsof the absorption probabilities.The proof of Proposition D.6 turns out to require 
onsidering the Riemann surfa
ede�ned by {(x, y) ∈ (C ∪ {∞})2 :

∑
i,j pi,jx

iyj = 1}, for this reason we begin Se
tion D.2by studying � and, in fa
t, by uniformizing � this surfa
e.



136 CHAPITRE D. KILLED RANDOM WALKS RELATED TO SU(3)It seems of interest to us to introdu
e this Riemann surfa
e in whole generality ; this iswhy, at the beginning of Se
tion D.2, we are going to suppose that the pro
ess belongs to
P0 � and not ne
essarily to Pα,β.To begin with, we de�ne the generating fun
tions of the Green fun
tions (D.2) and ofthe absorption probabilities (D.4) by
Qi0,j0(x, y) =

∑

i,j≥1

Gi0,j0
i,j xi−1yj−1, qi0,j0 (x) =

∑

i≥1

qi
i0,j0xi, q̃ i0,j0 (y) =

∑

j≥1

q̃j
i0,j0yj(D.5)and qi0,j0

0,0 = P(i0,j0)[∃k ≥ 1 : (X(k), Y (k)) = (0, 0)]. Of 
ourse, Qi0,j0 , qi0,j0 and q̃i0,j0 areholomorphi
 in their unit dis
. With these notations, we 
an state the following fun
tionalequation on {(x, y) ∈ C2 : |x| < 1, |y| < 1} :
K (x, y)Qi0,j0 (x, y) = qi0,j0 (x) + q̃ i0,j0 (y) + qi0,j0

0,0 − xi0yj0, (D.6)where K(x, y) = xy
[∑

i,j pi,jx
iyj −1

]. Equation (D.6) is obtained exa
tly as in Subse
tionC.2.1 of Chapter C.The polynomial K(x, y) de�ned above 
an obviously be written as
K(x, y) = a(x)y2 + b(x)y + c(x) = ã(y)x2 + b̃(y)x+ c̃(y),with

a(x) = p1,1x
2 + p0,1x+ p−1,1, b(x) = p1,0x

2 − x+ p−1,0, c(x) = p1,−1x
2 + p0,−1x+ p−1,−1,

ã(y) = p1,1y
2 + p1,0x+ p1,−1, b̃(y) = p0,1y

2 − y + p0,−1, c̃(y) = p−1,1y
2 + p−1,0y + p−1,−1.Let us also de�ne the polynomials

d(x) = b(x)2 − 4a(x)c(x), d̃(y) = b̃(y)2 − 4ã(y)c̃(y).It is proved in Part 2.3 of [FIM99℄ that for any random walk of P0, d (resp. d̃) has onesimple root in ] − 1, 1[, that we 
all x1 (resp. y1), a double root at 1, and a simple root in
R ∪ {∞} \ [−1, 1], that we note x4 (resp. y4).For example, in the 
ase of SU(3), i.e. for the random walk with transition probabilitiesas in Pi
ture D.1, we immediately obtain x1 = 0, y1 = 1/4, x4 = 4 and y4 = ∞.From a general point of view, it is shown in Part 2.3 of [FIM99℄ that the bran
h point
x1 (resp. y1) is positive, zero or negative depending on whether p−1,0

2−4p−1,1p−1,−1 (resp.
p0,−1

2−4p1,−1p−1,−1) is positive, zero or negative, and that x4 (resp. y4) is positive, in�niteor negative depending on whether p1,0
2 − 4p1,1p1,−1 (resp. p0,1

2 − 4p1,1p−1,1) is positive,zero or negative.Let us now have a look to the surfa
e de�ned by {(x, y) ∈ (C ∪ {∞})2 : K(x, y) = 0},that we note K for the sake of briefness. Note �rst that K(x, y) = 0 is equivalent to
[b(x)+2a(x)y]2 = d(x) or to [b̃(y)+2ã(y)x]2 = d̃(y). As a 
onsequen
e, it follows from theparti
ular form of d or of d̃ (two distin
t simple roots di�erent from 1 and one double rootat 1) that the surfa
e K has genus zero, and is thus homeomorphi
 to a sphere C ∪ {∞},see e.g. Parts 4.17 and 5.12 of [JS87℄. Therefore, this Riemann surfa
e 
an be rationallyuniformized, in the sense that it is possible to �nd two rational fun
tions x(z) and y(z),
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h that K = {(x(z), y(z)) : z ∈ C∪ {∞}} ; moreover, a standard uniformization (for ana

ount of the 
on
ept of uniformization, see Part 4.9 of [JS87℄) is :
x (z) =

(z − z1)(z − 1/z1)

(z − z0)(z − 1/z0)
, y (z) =

(z − Lz3)(z − L/z3)

(z − Lz2)(z − L/z2)
, (D.7)where

z0 =
[
2 − (x1 + x4) + 2[(1 − x1)(1 − x4)]

1/2
]/[

x4 − x1

]
,

z1 =
[
x1 + x4 − x1x4 + 2[x1x4(1 − x1)(1 − x4)]

1/2
]/[

x4 − x1

]
,

z2 =
[
2 − (y1 + y4) + 2[(1 − y1)(1 − y4)]

1/2
]/[

y4 − y1

]
,

z3 =
[
y1 + y4 − y1y4 + 2[y1y4(1 − y1)(1 − y4)]

1/2
]/[

y4 − y1

]
,and where L is a 
omplex number of modulus 1. Note that z0 and z1 (resp. z2 and z3) havea modulus equal to one or are real, a

ording to the signs of x1 and x4 (resp. y1 and y4).For example, in the 
ase of SU(3), it follows from a dire
t 
al
ulation that

z0 = exp(−2ıπ/3), z1 = 1, z2 = exp(−ıπ/3), z3 = exp(ıπ/3), L = exp(−ıπ/3).In the general 
ase, in order to �nd L, we need to introdu
e a group of automorphismsnaturally asso
iated with the surfa
e K . To begin with, let us remark that with theprevious notations, K(x, y) = 0 entails K(x, [c(x)/a(x)]/y) = 0 and K([c̃(y)/ã(y)]/x, y) =
0 ; it is therefore natural to 
onsider the group generated by the two bilinear transfor-mations ξ̂(x, y) = (x, [c(x)/a(x)]/y) and η̂(x, y) = ([c̃(y)/ã(y)]/x, y), whi
h is 
alled, in[FIM99℄, the group of the random walk.These automorphisms ξ̂ and η̂ de�ne two automorphisms ξ and η of the uniformizationspa
e C ∪ {∞}, 
hara
terized by :
ξ◦ξ = 1, x◦ξ = x, y◦ξ = [c(x)/a(x)]/y, η◦η = 1, y◦η = y, x◦η = [c̃(y)/ã(y)]/x. (D.8)With (D.7) and (D.8), we obtain that they are equal to :

ξ(z) = 1/z, η(z) = L2/z. (D.9)In parti
ular, it is immediate that the group W = 〈ξ, η〉 generated by ξ and η is isomorphi
to the dihedral group of order 2 inf{n > 0 : L2n = 1}. For example, in the 
ase of SU(3)for whi
h L = exp(−ıπ/3), W is of order six � this fa
t is (di�erently) proved in Part 4.1of [FIM99℄.A 
ru
ial fa
t is that this property is a
tually veri�ed by any random walk of Pα,β,sin
e we have the following.Proposition D.5. For any pro
ess of Pα,β, L = exp(−ıπ/3).Proof. With (D.7), we have y(L) = y1 ; in addition by (D.9), η(L) = L, so that with (D.8),we obtain x(L)2 = c̃(y1)/ã(y1). This implies that x(L) = −[c̃(y1)/ã(y1)]
1/2 � indeed, weeasily show that the roots of K(x, y1) have to be negative. By using again (D.7), we get

L+ 1/L =
[
ã(y1)

1/2(z1 + 1/z1) + c̃(y1)
1/2(z0 + 1/z0)

]/[
ã(y1)

1/2 + c̃(y1)
1/2
]. In parti
ular,

L + 1/L 
an be expressed expli
itly in terms of the jump probabilities (pi,j)i,j. By usingthen Remark D.4 and after simpli�
ation, we get L = exp(−ıπ/3).



138 CHAPITRE D. KILLED RANDOM WALKS RELATED TO SU(3)From now on, we suppose that the pro
ess belongs to Pα,β.For a better understanding of the surfa
e K as well as for a 
oming use, we are nowgoing to be interested in the transformations through the uniformization (x, y) of someimportant 
y
les, namely the bran
h 
uts [x1, x4], [y1, y4] and the unit 
ir
les {|x| = 1},
{|y| = 1}. First, by using (D.7) and Proposition D.5, we immediately obtain :

x−1([x1, x4]) = R ∪ {∞}, y−1([y1, y4]) = exp(−ıπ/3)R ∪ {∞}. (D.10)As for the 
y
les x−1({|x| = 1}) and y−1({|y| = 1}), their expli
it expression (
al
ulatedstarting from (D.7)) shows that they are real ellipti
 
urves, whi
h are lo
ated as in themiddle of Pi
ture D.3 below.
exp(−     /3)

ιπ

10−1

ιπ

exp(2     /3)

1

y
4

y
1

x
4

x
1

|y|=1

|x|=1

Fηξ(   )

Fη(   )

Fξη(   )

Fξ(   )FD =ξηξ(   )

FFigure D.3 � The uniformization spa
e C∪{∞}, with on the left some important elementsof it, in the middle the 
orresponding elements through the uniformization (x, y), and onthe right the images of the 
one F = {x exp(ıθ) : x ≥ 0,−π/3 ≤ θ ≤ 0} through the sixelements of the group W = 〈ξ, η〉Note also that with (D.9) and Proposition D.5, we immediately obtain ξ(exp(ıθ)R+) =
exp(−ıθ)R+ and η(exp(ıθ)R+) = exp(−ı(θ + 2π/3))R+. In parti
ular, if we denote by Fthe set {x exp(ıθ) : x ≥ 0,−π/3 ≤ θ ≤ 0}, we have � see also on the right of Pi
ture D.3 �

⋃

w∈W

w (F ) = C. (D.11)Thanks to the group W = 〈ξ, η〉 and to (D.11), we are now going to 
ontinue the liftedfun
tions Qi0,j0(z) = qi0,j0(x(z)) and Q̃i0,j0(z) = q̃i0,j0(y(z)) ; this fa
t will turn out to beof the highest importan
e in the proof of Theorem D.8 � the latter being 
ru
ial, sin
e itwill be the starting point of the forth
oming Se
tion D.3.Note that in the sequel, we are often going to write xi0yj0(z) instead of x(z)i0y(z)j0 .Proposition D.6. The fun
tions Qi0,j0(z) = qi0,j0(x(z)) and Q̃i0,j0(z) = q̃i0,j0(y(z)) 
an bemeromorphi
ally 
ontinued from respe
tively {z ∈ C : |x(z)| ≤ 1} and {z ∈ C : |y(z)| ≤ 1}up to respe
tively C \ exp(ıπ)[0,∞] and C \ exp(2ıπ/3)[0,∞]. These 
ontinuations verify
Qi0,j0 (z) = Qi0,j0 (ξ (z)) , Q̃i0,j0 (z) = Q̃i0,j0 (η (z)) (D.12)for all z ∈ C, and

Qi0,j0 (z)+Q̃i0,j0 (z)+qi0,j0
0,0 −xi0yj0 (z) =




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0 if z /∈ D (D.13a)

−
∑

w∈W

(−1)l(w) xi0yj0 (w(z)) if z ∈ D (D.13b)where we have set D = {x exp(ıθ) : x ≥ 0, 2π/3 ≤ θ ≤ π} and l(w) for the length of w, i.e.the smallest r for whi
h we 
an write w = w1 · · ·wr, with w1, . . . , wr equal to ξ or η.Remark D.7. In {z ∈ C : |x(z)| ≤ 1, |y(z)| ≤ 1} ⊂ C \ D, the identity (D.13a) followsdire
tly from (D.6).Proof of Proposition D.6. In order to prove Proposition D.6, we are going to use stronglythe de
omposition (D.11) : pre
isely, we are going to de�ne Qi0,j0 and Q̃i0,j0 pie
ewise, byde�ning them on ea
h of the six domains w(F ) that appear in the de
omposition (D.11), tobe equal to some fun
tions Qi0,j0
w and Q̃i0,j0

w . It will then be enough to show that the fun
-tions Qi0,j0 and Q̃i0,j0 so-de�ned verify the 
on
lusions of Proposition D.6.
∗ In F = {x exp(ıθ) : x ≥ 0,−π/3 ≤ θ ≤ 0} ⊂ {z ∈ C : |x(z)| ≤ 1, |y(z)| ≤ 1}, seePi
ture D.1, we are going to use the most natural way to de�ne Qi0,j0 and Q̃i0,j0 , i.e. theirpower series. So we set, for z ∈ F , Qi0,j0

1 (z) = qi0,j0(x(z)) and Q̃i0,j0
1 (z) = q̃i0,j0(y(z)) � thesubs
ript 1 standing for the identity element of the group W = 〈ξ, η〉.

∗ Next, we de�ne Qi0,j0
ξ , Q̃i0,j0

ξ on ξ(F ) and Qi0,j0
η , Q̃i0,j0

η on η(F ) by
∀z ∈ ξ (F ) : Qi0,j0

ξ

(
z
)

= Qi0,j0
1

(
ξ(z)

)
, Q̃i0,j0

ξ

(
z
)

= −Qi0,j0
ξ

(
z
)
− qi0,j0

0,0 + xi0yj0
(
z
)
,

∀z ∈ η (F ) : Q̃i0,j0
η

(
z
)

= Q̃i0,j0
1

(
η(z)

)
, Qi0,j0

η

(
z
)

= −Q̃i0,j0
η

(
z
)
− qi0,j0

0,0 + xi0yj0
(
z
)
.

∗ Then, we de�ne Qi0,j0
ξη , Q̃i0,j0

ξη on ξη(F ) and Qi0,j0
ηξ , Q̃i0,j0

ηξ on ηξ(F ) by
∀z ∈ ξη (F ) : Qi0,j0

ξη

(
z
)

= Qi0,j0
η

(
ξ(z)

)
, Q̃i0,j0

ξη

(
z
)

= −Qi0,j0
ξη

(
z
)
− qi0,j0

0,0 + xi0yj0
(
z
)
,

∀z ∈ ηξ (F ) : Q̃i0,j0
ηξ

(
z
)

= Q̃i0,j0
ξ

(
η(z)

)
, Qi0,j0

ηξ

(
z
)

= −Q̃i0,j0
ηξ

(
z
)
− qi0,j0

0,0 + xi0yj0
(
z
)
.

∗ At last, we de�ne Qi0,j0
ξηξ and Q̃i0,j0

ξηξ on ξηξ(F ) = ηξη(F ) by
∀z ∈ ξηξ (F ) : Qi0,j0

ξηξ

(
z
)

= Qi0,j0
ηξ

(
ξ(z)

)
, Q̃i0,j0

ξηξ

(
z
)

= Q̃i0,j0
ξη

(
η(z)

)
.Therefore we have, for ea
h of the six domains w(F ) of the de
omposition (D.11),de�ned two fun
tions Qi0,j0

w and Q̃i0,j0
w . Then, as said at the beginning of the proof, we set

Qi0,j0(z) = Qi0,j0
w (z) and Q̃i0,j0(z) = Q̃i0,j0

w (z) for all z ∈ w(F ) and all w ∈W .With this 
onstru
tion, (D.12) and (D.13a) are immediately obtained. To prove (D.13b),we 
an use the fa
t that it is possible to express all the fun
tions Qi0,j0
w , Q̃i0,j0

w in terms onlyof Qi0,j0
1 , Q̃i0,j0

1 , qi0,j0
0,0 , xi0yj0 : we give e.g. the expressions of Qi0,j0

ξηξ and Q̃i0,j0
ξηξ on ξηξ(F ) :

Qi0,j0
ξηξ

(
z
)

= Qi0,j0
1

(
ξηξ(z)

)
− xi0yi0

(
ηξ(z)

)
+ xi0yi0

(
ξ(z)

)
,

Q̃i0,j0
ξηξ

(
z
)

= Q̃i0,j0
1

(
ξηξ(z)

)
− xi0yi0

(
ξη(z)

)
+ xi0yi0

(
η(z)

)
.We therefore obtain (D.13b), sin
e with (D.13a) we get Qi0,j0

1

(
ξηξ(z)

)
+ Q̃i0,j0

1

(
ξηξ(z)

)
+

qi0,j0
0,0 = xi0yj0

(
ξηξ(z)

) for z ∈ ξηξ(F ), and sin
e W = {1, ξ, η, ηξ, ξη, ξηξ}.



140 CHAPITRE D. KILLED RANDOM WALKS RELATED TO SU(3)Theorem D.8. For any i, j, i0, j0 > 0,
Gi0,j0

i,j =
−[z0 − 1/z0]/Ωx

2πı[p1,0
2 − 4p1,1p1,−1]1/2

∫

exp(ıθ)[0,∞]

[
1

z

∑

w∈W

(−1)l(w) xi0yj0 (w (z))

] dz
x (z)i y (z)j

,(D.14)where θ ∈ [2π/3, π] and where we have set Ωx = z0 + 1/z0 − [z1 + 1/z1] = 4(x4 − 1)(x1 −
1)/(x4 − x1) < 0.Proof. We have already noti
ed that the generating fun
tion of the Green fun
tions (de�nedin (D.5)) is holomorphi
 in {(x, y) ∈ C2 : |x| < 1, |y| < 1}. As a 
onsequen
e and by using(D.6), Cau
hy's formulas allow us to write its 
oe�
ients Gi0,j0

i,j as the following doubleintegrals :
Gi0,j0

i,j =
1

[2πı]2

∫∫

{|x|=|y|=1}

qi0,j0 (x) + q̃ i0,j0 (y) + qi0,j0
0,0 − xi0yj0

K (x, y)xiyj
dxdy.Then, by using the uniformization (D.7), the lo
ation of the 
y
les {|x| = 1} and {|y| = 1},see Pi
ture D.3, the residue theorem at in�nity and Cau
hy's theorem, we obtain that :

Gi0,j0
i,j =

1

2πı

∫

exp(ıθ)[0,∞]

Qi0,j0 (z) + Q̃i0,j0 (z) + qi0,j0
0,0 − xi0yj0 (z)

[
∂yK(x(z), y(z))

]
x(z)iy(z)j

x′ (z) dz, (D.15)
θ being any angle lying in [2π/3, π] � [2π/3, π] be
ause on the one hand, it is not possibleto take θ > π, sin
e exp(ıπ)[0,∞] is a singular 
urve for Qi0,j0 , and on the other hand, itis not allowed to have θ < 2π/3, sin
e exp(2ıπ/3)[0,∞] is a singular 
urve for Q̃i0,j0 , seeProposition D.6.Then, from (D.7) and from the fa
t that ∂yK(x(z), y(z)) = d(x(z))1/2, we remark thatwe have

x′(z)/∂yK(x(z), y(z)) =
[z0 − 1/z0]/(z0 + 1/z0 − [z1 + 1/z1])

[p1,0
2 − 4p1,1p1,−1]1/2z

.In this way and by using (D.13b) in (D.15), we get (D.14).D.3 Asymptoti
 of the Green fun
tionsBeginning of the proof of Theorem D.1. For any θ ∈ [2π/3, π], the fun
tion
x(z)iy(z)j is larger than 1 in modulus on exp(ıθ)[0,∞], see Pi
ture D.3. Moreover, it goesto 1 when and only when z goes to 0 or to ∞. This is why it seems natural to de
omposethe 
ontour exp(ıθ)[0,∞] into a part near 0, an other near ∞ and the remaining part,and to think that the parts near 0 and ∞ will lead to the asymptoti
 of Gi0,j0

i,j and thatthe remaining part will lead to a negligible 
ontribution. In this way appears the questionof �nding the best possible 
ontour in order to a
hieve this idea ; in other words, it is amatter of �nding the value of θ for whi
h the 
al
ulation of the asymptoti
 of (D.14) on
exp(ıθ)[0,∞] will be the easiest, among all the possibilities θ ∈ [2π/3, π].For this, we are going to 
onsider with details the fun
tion x(z)iy(z)j , or equivalentlythe fun
tion χj/i(z) = ln(x(z)) + (j/i) ln(y(z)). In
identally, this is why, from now on, wesuppose that j/i ∈ [0,M ] for some M < ∞. Indeed, the fun
tion χj/i is manifestly notappropriate to the values j/i going to ∞, for su
h j/i, we will 
onsider later the fun
tion
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(i/j)χj/i(z) = (i/j) ln(x(z)) + ln(y(z)). Nevertheless, M 
an be so large as wished, and inwhat follows, we assume that some M > 0 is �xed.Now we set χj/i(z) =

∑
p≥0 νp(j/i)z

p, this fun
tion is a priori well de�ned for z in aneighborhood of 0. Moreover, with (D.7) we obtain that ν0(j/i) = 0 and that for all p ≥ 1,
pνp(j/i) =

(
zp
0 + 1/zp

0 − [zp
1 + 1/zp

1 ]
)

+ (j/i)
(
zp
2 + 1/zp

2 − [zp
3 + 1/zp

3 ]
)
/Lp. (D.16)Likewise we easily prove, by using (D.7), that for z near ∞, χj/i(z) =
∑

p≥0 νp(j/i)/z
p.Consider now the steepest des
ent path asso
iated with χj/i, that is the fun
tion zj/i(t)de�ned by χj/i(zj/i(t)) = t. By inverting the latter equality, we immediately obtain thatthe half-line (1/ν1(j/i))[0,∞] is tangent at 0 and at ∞ to the steepest des
ent path.Now we set, for the sake of briefness, ρj/i = 1/ν1(j/i). With this notation, let usnow answer the question asked above, that dealt with �nding the value of θ for whi
hthe asymptoti
 of Gi0,j0

i,j will be the most easily 
al
ulated : we are going to 
hoose θ =
arg(ρj/i) ∈ [2π/3, π], and the de
omposition of the 
ontour exp(ıθ)[0,∞] will be

exp(ıθ)[0,∞] =
(
ρj/i/|ρj/i|

)(
[0, ǫ]∪]ǫ, 1/ǫ[∪[1/ǫ,∞]

)
.By using this de
omposition in (D.14), we 
onsider now that the Green fun
tions arethe sum of three terms, and we are going to study su

essively the 
ontribution of ea
h ofthese terms.But �rst of all, we simplify the expression of ρj/i. Setting Ωy = z2 +1/z2− [z3 +1/z3] =

4(y4 − 1)(y1 − 1)/(y4 − y1) and using (D.16), we immediately obtain that ν1(j/i) = Ωx+
(j/i)Ωy/L. But it turns out that for all the walks of Pα,β, we have Ωy = αΩx � thisfollows from a dire
t 
al
ulation starting from the expli
it expression of the bran
h points
x1, x4, y1, y4 in terms of the jump probabilities (pi,j)i,j and by using Remark D.4. Thereforewe have :

ρj/i =
1

ν1 (j/i)
=

1

Ωx

1

1 + (j/i)α exp (ıπ/3)
. (D.17)Contribution of the neighborhood of 0. In order to evaluate the asymptoti
 of theintegral (D.14) on the 
ontour (ρj/i/|ρj/i|)[0, ǫ], we are going to use the expansion of thefun
tion (1/z)

∑
w∈W (−1)l(w)xi0yj0(w(z)) at 0 � expansion that we will obtain in Equation(D.21) below. This is why we begin by studying the asymptoti
 of the following integral,for any non-negative integer k :

∫

(ρj/i/|ρj/i|)[0,ǫ]

zk

x (z)i y (z)j dz. (D.18)By using the equality 1/[x(z)iy(z)j ] = exp(−iχj/i(z)) as well as the expansion (D.16)of χj/i at 0 and then making the 
hange of variable z = ρj/it, we obtain that (D.18) isequal to
ρk+1

j/i

∫ ǫ/|ρj/i|

0
tk exp (−it) exp

(
− iν2 (j/i) (ρj/it)

2
)

exp

(
− i
∑

p≥3

νp (j/i) (ρj/it)
p

)dt.(D.19)Now we set m = max{|z0|, 1/|z0|, |z1|, 1/|z1|, |z2|, 1/|z2|, |z3|, 1/|z3|}. Then with (D.16),we get |νp(j/i)| ≤ 4mp(1 +M). Thus, for all t ∈ [0, ǫ/|ρj/i|], | − i
∑

p≥3 νp(j/i)(ρj/it)
p| ≤

4(1 +M)i(mǫ)3/(1 −mǫ). This is why exp(−i
∑

p≥3 νp(j/i)(ρj/it)
p) = 1 + O(iǫ3), the O



142 CHAPITRE D. KILLED RANDOM WALKS RELATED TO SU(3)being independent of j/i ∈ [0,M ] and of t ∈ [0, ǫ/|ρj/i|]. The integral (D.19) 
an thus be
al
ulated as
(ρj/i/i)

k+1
[
1 +O(iǫ3)

] ∫ iǫ/|ρj/i|

0
tk exp (−t)

[
1 − ν2 (j/i) ρ2

j/it
2/i+O(t4/i2)

]dt.Let us now 
hoose ǫ su
h that iǫ/|ρj/i| → ∞ and O(iǫ3) = o(1/i), e.g. ǫ = 1/i3/4. Forthis 
hoi
e of ǫ, we obtain that the integral (D.18) is equal to
(ρj/i/i)

k+1
[
1 + o(1/i)

][
k! − ν2 (j/i) ρ2

j/i (k + 2)!/i+O(1/i2)
]
, (D.20)where the o and O above are independent of j/i ∈ [0,M ].We are presently ready to �nd the asymptoti
 of the integral (D.14) on the 
ontour

(ρj/i/|ρj/i|)[0, ǫ]. To begin with, we have the following expansion in the neighborhood of 0(dire
tly obtained from (D.7), (D.9) and Remark D.4) :
∑

w∈W

(−1)l(w) xi0yj0 (w(z)) = (ı33/2/2)αΩ3
xi0j0 (i0 + αj0 + β) z3 +O

(
z6
)
. (D.21)Equation (D.21) implies then that the integral (D.14) on the 
ontour (ρj/i/|ρj/i|)[0, ǫ]equals

−[z0 − 1/z0]/Ωx

2πı[p1,0
2 − 4p1,1p1,−1]1/2

∫

(ρj/i/|ρj/i|)[0,ǫ]

(ı33/2/2)αΩ3
xi0j0 (i0 + αj0 + β) z2 +O(z5)

x (z)i y (z)j
dz.So, with (D.18) and (D.20) applied for k = 2 and k = 5, we obtain that the integral(D.14) on the 
ontour (ρj/i/|ρj/i|)[0, ǫ] is equal to

−[z0 − 1/z0]3
3/2αΩ2

x

4π[p1,0
2 − 4p1,1p1,−1]1/2

i0j0 (i0 + αj0 + β) (ρj/i/i)
3
[
2−24ν2 (j/i) ρ2

j/i/i+o(1/i)
]
. (D.22)Contribution of the neighborhood of ∞. The part of the 
ontour 
lose to ∞, name-ly (ρj/i/|ρj/i|)[1/ǫ,∞], is related to the part (ρj/i/|ρj/i|)[0, ǫ] by the mapping z 7→ 1/z.Furthermore, it is 
lear from (D.7) that for f = x, f = y or f =

∑
w∈W (−1)l(w)xi0yj0(w),

f(1/z) = f(z). Therefore, the 
hange of variable z 7→ 1/z dire
tly entails that the 
ontri-bution of the integral (D.14) near ∞ is the 
omplex 
onjugate of its 
ontribution near 0.Contribution of the intermediate part. We �rst re
all from Proposition D.6 that Ddenotes {x exp(ıθ) : x ≥ 0, 2π/3 ≤ θ ≤ π} and we de�ne Aǫ = {z ∈ C : ǫ ≤ |z| ≤ 1/ǫ}.Clearly (see Pi
ture D.3), there exist ηx,ǫ > 0 and ηy,ǫ > 0 su
h that for all z ∈ D ∩ Aǫ,
|x(z)| ≥ 1 + ηx,ǫ and |y(z)| ≥ 1 + ηy,ǫ. In fa
t, sin
e x′(0) = Ωx 6= 0 and y′(0) = Ωy/L 6= 0,it is possible to take ηx,ǫ ≥ ηǫ and ηy,ǫ ≥ ηǫ for some η > 0 independent of ǫ small enough.Let us now 
onsider the fun
tion

s(z) =
1

xi0yj0(z)

[
∑

w∈W

(−1)l(w)xi0yj0(w(z))

]
,and let us show that supz∈D |s(z)| is �nite. For this, it is su�
ient to prove that s has nopole in the 
losed domain D ∪ {∞}.



D.3. ASYMPTOTIC OF THE GREEN FUNCTIONS 143By (D.7), the only zeros of the denominator of s are at z1, 1/z1, Lz3, L/z3 whi
h, as weeasily 
he
k, belong to −(D∪D). Also, by (D.7) and (D.9), the only poles of the numeratorof s are at L2kz0, L
2k/z0, L

2k+1z2, L
2k+1/z2 for k ∈ {0, 1, 2}. Next, we verify that both z0and Lz2 belong to D, so that among the twelve previous points, in fa
t only z0 and Lz2are in D. But in the de�nition of s, we took 
are of dividing by xi0yj0 , so that s is in fa
tholomorphi
 near these two points. Moreover, s is 
learly holomorphi
 at ∞. Finally, wehave proved that the meromorphi
 fun
tion s has no pole in the 
losed domain D ∪ {∞},hen
e s is bounded in D ∪ {∞}, in other words supz∈D |s(z)| is �nite.In parti
ular, the modulus of the 
ontribution of the integral (D.14) on the intermediatepart (ρj/i/|ρj/i|)]ǫ, 1/ǫ[⊂ D ∩Aǫ 
an be bounded from above by

|z0 − 1/z0|/|Ωx|

2π|p1,0
2 − 4p1,1p1,−1|1/2

1

ǫ2
supz∈D |s (z)|

(1 + ηǫ)i−i0(1 + ηǫ)j−j0
. (D.23)Note that the presen
e of the term 1/ǫ2 in (D.23) is due to the following : one 1/ǫ appearsas an upper bound of the length of the 
ontour, the other 1/ǫ 
omes from an upper boundof the modulus of the term 1/z present in the integrand of (D.14).Then, as before we take ǫ = 1/i3/4, and we use the following straightforward upperbound, valid for i large enough : 1/(1 + η/i3/4)i ≤ exp(−(η/2)i1/4). We �nally obtain thatfor i large enough, (D.23) is equal to O(i3/2 exp(−(η/2)i1/4)). We are going to see soonthat this 
ontribution is negligible w.r.t. the sum of the 
ontributions of the integral (D.14)in the neighborhoods of 0 and ∞.Con
lusion. We have shown that the 
ontribution of the integral (D.14) in the neighbo-rhood of 0 is given by (D.22), that the 
ontribution of (D.14) in the neighborhood of ∞ isequal to the 
omplex 
onjugate of (D.22), and that the 
ontribution of the remaining partequals O(i3/2 exp(−(η/2)i1/4)). Moreover, starting from (D.17), we immediately get that

(ρj/i/i)
3 − (ρj/i/i)

3 = −ı33/2αij(i + αj)/[Ωx(i2 + αij + α2j2)]3. In this way, we obtain
Gi0,j0

i,j =
−[z0 − 1/z0]3

3/2αΩ2
x

4π(p1,0
2 − 4p1,1p1,−1)1/2

i0j0(i0 + αj0 + β) × (D.24)
×

[
−2ı33/2αij(i + αj)

[Ωx(i2 + αij + α2j2)]3
− 24

ν2(j/i)ρj/i
5 − ν2(j/i)ρj/i

5

i4
+ o(1/i4)

]
.

∗ If γ ∈]0, π/2[ and j/i → tan(γ), then ij(i + αj)/(i2 + αij + α2j2)3 ∼ Cγ,α/i
3 with

Cγ,α > 0 : Theorem D.1 for γ ∈]0, π/2[ is thus an immediate 
onsequen
e of (D.24). Inthat 
ase, there was in fa
t no need to make an expansion with two terms in (D.22) and(D.24) above, one single term would have been a

urate enough.
∗ If j/i→ tan(0) = 0, then ij(i+αj)/(i2+αij+α2j2)3 ∼ (j/i)/i3. By using the expli
itexpressions of ν2(j/i) and ρj/i, see respe
tively (D.16) and (D.17), we easily obtain that

ν2(j/i)ρj/i
5−ν2(j/i)ρj/i

5 = O(j/i). This implies that the sum of the two last terms in thesquare bra
kets of (D.24) equals O((j/i)/i4) + o(1/i4), whi
h is obviously negligible w.r.t.
(j/i)/i3. Theorem D.1 is therefore also proved in the 
ase γ = 0.

∗ In order to prove Theorem D.1 in the 
ase γ = π/2, we would 
onsider (i/j)κj/irather than κj/i, and we would use then exa
tly the same analysis, we omit the details.Finally, to prove that the 
onstant C in the statement of Theorem D.1 is positive, it is
learly enough to show that ı[z0 − 1/z0]/[(p1,0
2 − 4p1,1p1,−1)

1/2Ωx] is positive.



144 CHAPITRE D. KILLED RANDOM WALKS RELATED TO SU(3)For this, note �rst that from its de�nition, it is immediate that Ωx < 0. Moreover,it follows from the beginning of Se
tion D.2 that if x4 > 0, then ı[z0 − 1/z0] < 0 and
(p1,0

2−4p1,1p1,−1)
1/2 > 0 ; if x4 < 0, then [z0−1/z0] > 0 and ı/(p1,0

2−4p1,1p1,−1)
1/2 < 0 ;and if x4 = ∞, by taking the limit in anyone of the two previous 
ases, we obtain that

ı[z0 − 1/z0]/[(p1,0
2 − 4p1,1p1,−1)

1/2] < 0.A few words about the analyti
al approa
h used here. The two key identities inthe proof of Theorem D.1 are �rst the expli
it expression of the Green fun
tions (D.15),and then the expansion (D.13b) of Qi0,j0+Q̃i0,j0+qi0,j0
0,0 −xi0yj0 at 0, whi
h is the numeratorof the integrand in (D.15).It is worth noting that for any walk of P0 ⊃ Pα,β, it is still possible to obtain (D.15)� without additional te
hni
al details, besides.On the other hand, obtaining expli
itly the expansion of Qi0,j0 + Q̃i0,j0 + qi0,j0

0,0 −xi0yj0at 0 in the general setting seems to us quite di�
ult � all the more so as this expansion hasto 
omprise several terms, sin
e a priori it 
ould happen that several terms lead to non-negligible 
ontributions in the asymptoti
 of the Green fun
tions.It is more imaginable (though te
hni
ally di�
ult) to obtain this expansion for thewalks for whi
h an equality like (D.13b) holds ; this will be the partial subje
t of Chapter E.Unfortunately, having su
h an equality is far for being systemati
, even for the pro
essesasso
iated with a �nite group W : for example, the random walk with jump probabilities
p1,1 = p0,−1 = p−1,0 = 1/3 has manifestly a group W of order six, but does not verify anidentity like (D.13b).D.4 InterludeChapter D on walks related to SU(3) is presently 
on
luded.Nevertheless, in this �nal Se
tion D.4, we would like to study brie�y the family

Pp = {random walks of P0 for whi
h (i0, j0) 7→ i0j0 is harmoni
},and more pre
isely, we wish to 
omment on Theorem 21 as well as on Corollaries 22-23 ofPart I, and to show two related results, namely Proposition D.9 and Corollary D.10 below.First of all, the proofs of Theorem 21 and Corollaries 22-23 of Part I are simpler thanthe ones of Theorem D.1 and Corollaries D.2-D.3 of this 
hapter, sin
e the group is thenof order 4 and not 6 as here, and so we omit the details.Let us now turn to a quite di�erent possibility to obtain asymptoti
 results for theGreen fun
tions, via the behavior of the absorption probabilities (D.4) and the fun
tionalequation (D.6).Proposition D.9. Suppose that p1,0 + p0,−1 + p−1,0 + p0,1 = 1, as well as p1,0 = p−1,0and p0,1 = p0,−1. Then the fun
tion qi0,j0 de�ned by (D.4) and (D.5) is holomorphi
 in
(1 + ǫ)D \ [1, 1 + ǫ[, for ǫ > 0 small enough, and in the neighborhood of 1 is equal to

qi0,j0(x) = qi0,j0(1) + i0(x− 1)
[
1 + (x− 1)f i0,j0(x)

]

−
2i0j0
π

[p1,0/p0,1]
1/2(x− 1)2 ln(1 − x)

[
1 + (x− 1)gi0,j0(x)

]
,where f i0,j0 and gi0,j0 are holomorphi
 at 1.



D.4. INTERLUDE 145In parti
ular, we immediately obtain that ∂qi0,j0(1) = i0 ; in this perspe
tive, see [CB83℄and [Coh92a℄, where more general results are proved.Before proving Proposition D.9, let us state the se
ond of the two announ
ed results.For a, k ∈ Z+, de�ne
Γa,k = {(i, j) ∈ Z2

+ : i− 1 + a(j − 1) = k},and note Gi0,j0
Γa,k

the Green fun
tions asso
iated with Γa,k, i.e. Gi0,j0
Γa,k

=
∑

(i,j)∈Γa,k
Gi0,j0

i,j .Corollary D.10. The following asymptoti
 holds as k → ∞ :
Gi0,j0

Γa,k
∼

2i0j0
π[p1,0p0,1]1/2

1

k
.Proof. Let Qi0,j0 be the generating fun
tion of the Green fun
tions, see (D.5). We start byremarking that for a ∈ Z+,

Qi0,j0(x, xa) =
∑

i,j≥1

Gi0,j0
i,j xi−1+a(j−1) =

∑

k≥0

xk
∑

(i,j)∈Γa,k

Gi0,j0
i,j =

∑

k≥0

xkGi0,j0
Γa,k

.In addition, (D.6) gives Qi0,j0(x, xa) = [qi0,j0(x) + q̃i0,j0(xa) − xi0+aj0 ]/K(x, xa). Also,applied to qi0,j0 and q̃i0,j0 , Proposition D.9 leads to
qi0,j0(x) + q̃ i0,j0(xa) − xi0+aj0 =

−2i0j0
π

(
[p1,0/p0,1]

1/2 + a2[p0,1/p1,0]
1/2
)
ln (1 − x)

[
1 + (x− 1) l1(x)

]
,where l1 is holomorphi
 at 1. Moreover, an easy 
al
ulation gives K(x, x) = (x− 1)2x/2 ;more generally, for any a > 0, K(x, xa) = (x− 1)2Pa(x), where

Pa (x) = p0,1x

[
a−1∑

k=1

k
(
xk−1 + x2a−1−k

)
+
(
a+ p1,0/p0,1

)
xa−1

]
,In parti
ular, Pa(1) = p0,1a

2 + p1,0. In this way, we obtain that Qi0,j0(x, xa) = −C ln(1 −
x)[1 + (x− 1)l2(x)], where l2 is holomorphi
 at 1 and

C =
2i0j0
πPa(1)

(
[p1,0/p0,1]

1/2 + a2[p0,1/p1,0]
1/2
)

=
2i0j0

π[p1,0p0,1]1/2
.Corollary D.10 follows then immediately � see the proof of Lemma C.26 of Chapter Cor the one of the forth
oming Proposition F.5 of Chapter F for the 
omplete details in a
ontext of the same spirit.Let us now underline two fa
ts around Corollary D.10.Firstly, it is surprising that the asymptoti
 of Gi0,j0

Γa,k
does not depend on a > 0.Se
ondly, this result is in fa
t also true for a = 0. In order to show this, we have toadapt a little the proof done just above, sin
e the expli
it expression of Pa(x) given above isno more valid ; to over
ome that, we simply have to use the equality K(x, 1) = p1,0(x−1)2,the proof would be then exa
tly the same as previously.



146 CHAPITRE D. KILLED RANDOM WALKS RELATED TO SU(3)Proof of Proposition D.9. The proof is lightly di�erent a

ording to i0 ≤ j0 or i0 > j0 :indeed, in the �rst 
ase, the polynomial xP∞[xi0−1Y0(x)
j0 ] is identi
ally zero whereas inthe se
ond one, it is non-zero (of degree i0 − j0).We 
hoose to do the proof in the �rst 
ase, knowing that in the other it is enough, inorder to show that Proposition D.9 is still valid, to make an indu
tion on i0 − j0.Under this assumption, with (C.16), (C.54), (C.55), (C.59) and the 
hange of variable

t 7→ 1/t, we get
qi0,j0(x) =

x

π

∫ x4

1

ti0 − 1/ti0

t(t− x)
µj0(t)[−d(t)]

1/2dt. (D.25)Using twi
e that 1/(t−x) = 1/(t− 1)+ (x− 1)/[(t−x)(t− 1)], we obtain qi0,j0(x)/x =
qi0,j0(1) + (x− 1)H i0,j0

1 + (x− 1)2H i0,j0
2 (x), where

H i0,j0
1 =

1

π

∫ x4

1

(
ti0 − 1/ti0

) µj0(t)

t(t− 1)2
[−d (t)]1/2dt,

H i0,j0
2 (x) =

1

π

∫ x4

1

(
ti0 − 1/ti0

) µj0(t)

t(t− 1)2(t− x)
[−d (t)]1/2dt.Now we noti
e that the fun
tion

li0,j0(t) =
(
ti0 − 1/ti0

) µj0(t)

t(t− 1)2
[−d(t)]1/2whi
h appears in both H i0,j0

1 and H i0,j0
2 (x) is 
ontinuable into a fun
tion holomorphi
 inthe neighborhood of 1. Indeed, we re
all from Se
tion D.2 that 1 is a double root of d.We still note li0,j0(t) this 
ontinuation and write li0,j0(t) =

∑
k≥0 l

i0,j0
k (t−1)k. The li0,j0

k
an of 
ourse be 
al
ulated, for instan
e,
li0,j0
0 = 2i0µj0(1)p1,0[(x4 − 1)(1 − x1)]

1/2 = 2i0i0[p1,0/p0,1]
1/2,where the se
ond equality above 
omes from noting that µj0(1) = j0/[2p0,1] and (x4−1)(1−

x1) = 4p0,1/p1,0.Let us now study H i0,j0
1 and H i0,j0

2 (x), and start with the latter.First, we split the integral H i0,j0
2 (x) as ∫ 1+ǫ

1 li0,j0(t)/(t− x)dt+ ∫ x4

1+ǫ l
i0,j0(t)/(t− x)dt,where ǫ ∈ [0, x4 − 1]. The fa
t that the se
ond term in the last sum is as a fun
tion of xholomorphi
 in (1 + ǫ)D is 
lear.In addition, it is easily shown that

∫ 1+ǫ

1

(t− 1)k

t− x
dt = Pk (x) + (x− 1)k ln

(
1 + ǫ− x

1 − x

)
, (D.26)where P0 is the zero polynomial, and, for k ≥ 1, Pk is a polynomial of degree k − 1.This leads to

∫ 1+ǫ

1

li0,j0 (t)

t− x
dt =

∑

k≥0

li0,j0
k Pk (x) + ln

(
1 + ǫ− x

1 − x

)
li0,j0 (x) . (D.27)This is here that having split H i0,j0

2 (x) in two terms turns out to be useful : if wehad left x4 as the upper bound of the integral, it would have been quite possible that the
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tion ∑k≥0 l
i0,j0
k Pk does not exist. Indeed, the radius of 
onvergen
e of li0,j0 is equal to

inf{1 − x1, x4 − 1} and for k ≥ 1,
Pk(1) = ǫk/k,as we see by taking x = 1 in (D.26). However, for su�
iently small values of ǫ, the fun
tion∑

k≥0 l
i0,j0
k Pk exists well and truly.We have thus shown that H i0,j0

2 (x) is holomorphi
 in (1 + ǫ)D \ [1, 1 + ǫ[ and has at 1the same singularity as the right member of (D.27).To 
omplete the proof of Proposition D.9, it remains to study the term H i0,j0
1 , and inparti
ular, to show that

H i0,j0
1 + qi0,j0(1) = i0.We re
all that we have supposed i0 ≤ j0, so that di�erentiating and taking x = 1 inthe equality (D.25) yields

∂xq
i0,j0(1) = H i0,j0

1 + qi0,j0(1) =
1

π

∫ x4

1

(
ti0 − 1/ti0

) µj0(t)

(t− 1)2
[−d (t)]1/2dt.In the rest of the proof, we adopt the notations of the forth
oming Subse
tion F.2.1.Now we make the 
hange of variable t = t2(u, 1), see (F.5), whi
h we note rather t2(u) ;after some simpli�
ations, we �nd

∂xq
i0,j0(1) =

p1,0

π

∫ 1

−1

t2(u)
i0 − t1(u)

i0

[
(1 − k1(u))(1 − k2(u))

]1/2
Uj0−1(−u)

[
1 − u

1 + u

]1/2 du,where k1(u) = −2p0,1u+2p1,0, k2(u) = −2p0,1u−2p1,0 and the Up are the Chebyshev poly-nomials of the se
ond kind, see [Sze75℄.Using the expli
it expressions of t2 and t1 = 1/t2 written in (F.5), we noti
e that
[t2(u)

i0 − t1(u)
i0 ]/[(1 − k1(u))(1 − k2(u))]

1/2 is in fa
t a polynomial in u of degree i0 − 1,that we denote by Pi0−1(u). Moreover, it turns out that Pi0−1(−1) = i0/p1,0.De�ne now Qi0−2(u), the polynomial of degree i0 − 2 de�ned by
Pi0−1(u) = Pi0−1(−1) + (u+ 1)Qi0−2(u).With these notations,

∂xq
i0,j0(1) =

i0
π

∫ 1

−1
Uj0−1(−u)

[
1 − u

1 + u

]1/2 du+
p1,0

π

∫ 1

−1
Qi0−2(u)Uj0−1(−u)[1 − u2]1/2du.The se
ond term in the sum above equals zero. Indeed, being the (j0 − 1)th orthogonalpolynomial for the weight 1]−1,1[(u)[1−u2]1/2, we have ∫ 1
−1 Uj0−1(u)P (u)[1−u2]1/2du = 0for any polynomial P having a degree less or equal than j0 − 2, that is a
tually the 
asefor Qi0−2, sin
e we have supposed that i0 ≤ j0.As for the �rst term in the sum above, using an indu
tion and the re
urren
e relation-ship veri�ed by the Chebyshev polynomials, namely

Uj0+1(u) = 2uUj0(u) − Uj0−1(u),see [Sze75℄, we obtain that for any j0 > 0, ∫ 1
−1 Uj0−1(−u)[(1−u)/(1+u)]1/2du = π. Propo-sition D.9 is proved.
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Chapitre EMartin boundary for killed randomwalks in the Weyl 
hamberof the dual of Sp(4) ∗In Chapter E, we 
onsider a family of random walks killed at the boundary of theWeyl 
hamber of the dual of Sp(4), whi
h veri�es the following additional property : forany n ≥ 3, there is in this family a walk asso
iated with a re�e
tion group of order 2n.Moreover, the 
ase n = 4 
orresponds to a well-known pro
ess that appears naturally bystudying quantum random walks on the dual of Sp(4). For all the walks in this family,we �nd the exa
t asymptoti
 of the Green fun
tions along all in�nite paths of states. Inparti
ular, we dedu
e that the Martin 
ompa
ti�
ation is the one-point 
ompa
ti�
ation.We also 
al
ulate the exa
t asymptoti
 of the absorption probabilities as the absorptionsite goes to in�nity.E.1 Introdu
tionRandom walks 
onditioned on staying in 
ones of Zd attra
t more and more attention inthe mathemati
al 
ommunity, as they appear in several distin
t domains. An histori
allyimportant example is 
onstituted by the so-
alled non-
olliding random walks, in otherwords by the pro
esses (Z1, . . . , Zd) 
omposed of d independent and identi
ally distributedrandom walks 
onditioned on never leaving the Weyl 
hamber {z ∈ Rd : z1 < · · · <
zd}. These pro
esses appeared in the eigenvalues des
ription of important matrix-valuedsto
hasti
 pro
esses, see [Dys62℄, and are re
ently again very mu
h studied, see e.g. [EK08℄and the referen
es therein. Another important area where random pro
esses 
onditionedon never leaving 
ones of Zd appear is the domain of the quantum random walks, non-
ommutative generalizations of the 
lassi
al random walks, see e.g. [Bia91℄ and [Bia92
℄.A usual way to 
ondition a pro
ess Z on staying in a 
one 
onsists in using a Doob
h-transform. Indeed, if h is harmoni
 for Z, positive inside of the 
one and equal to zeroon its boundary, then the Doob h-transform of Z will obviously never hit the boundary ofthe 
one. Moreover, su
h a fun
tion h is very naturally positive harmoni
 for the pro
ess
Z killed at the boundary of the 
one.It is therefore natural to be interested in �nding positive harmoni
 fun
tions asso
iated

∗. The bulk of this work is taken from the preprint [Ras09℄.149
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esses killed at the boundary of 
ones, and more generally to be interested inthe Martin 
ompa
ti�
ation of su
h pro
esses, that 
an be obtained e.g. from the exa
tasymptoti
 of the Green fun
tions.In this 
ontext, the 
ase of random walks in Zd with non-zero drift has held a greatand fruitful deal of attention from the mathemati
al 
ommunity, parti
ularly for d = 2.This is how that in [Bia92
℄, by studying quantum random walks in the Weyl 
hamberof the dual of Lie groups, P. Biane is naturally led to 
onsider the 
ase of SU(3) andSp(4), and in this way the 
lassi
al random walks with non-zero drift, having transitionprobabilities inside of the Weyl 
hamber as represented on Pi
ture E.1 below and killedat the boundary of the Weyl 
hamber � it is a
tually possible to obtain 
lassi
al randomwalks from quantum random walks by restri
ting the latter ones, initially de�ned on non-
ommutative von Neumann algebras, to 
ommutative subalgebras, see [Bia92
℄. Thanksto Choquet-Deny theory, P. Biane �nds then all minimal non-negative harmoni
 fun
tionsasso
iated with these walks. Nevertheless, this approa
h does not allow him to �nd theMartin 
ompa
ti�
ation of these pro
esses.In the more general 
ase of the eight nearest neighbors random walks with non-zero driftand killed at the boundary of a quarter plane, we give in Chapter C the exa
t asymptoti
of the Green fun
tions along all in�nite paths of states, as well as the asymptoti
 of theabsorption probabilities as the absorption site goes to in�nity. These results allow us toobtain the Martin 
ompa
ti�
ation of these pro
esses.In [IR08℄, I. Ignatiouk-Robert obtains, for all d ≥ 1, the Martin 
ompa
ti�
ation of therandom walks killed at the boundary of the half-spa
e Zd×Z+, with non-zero drift and withan exponential de
ay of the transition probabilities. I. Ignatiouk-Robert proposes there anew approa
h for the analysis of the Martin 
ompa
ti�
ation, based on large deviations.Then, I. Ignatiouk-Robert and C. Loree develop su

essfully these methods in [IRL09℄, andthey obtain the Martin 
ompa
ti�
ation of the random walks in Z2
+ killed at the boundary,having a non-zero drift and with an exponential de
ay of the transition probabilities. Undersimilar hypotheses and for all d ≥ 3, I. Ignatiouk-Robert �nds re
ently, in the work [IR09a℄,the Martin 
ompa
ti�
ation of the killed random walks in Zd

+.However, these methods seem not powerful for a more detailed study, as e.g. for the
omputation of the exa
t asymptoti
 of the Green fun
tions or for the 
al
ulation of theabsorption probabilities at di�erent sites of the boundary. In addition, having a non-zerodrift is an essential hypothesis for their appli
ation. Last but not least, the results of[IR09a℄ are 
onditioned by the fa
t of been able (page 5 of [IR09a℄) �to identify the positiveharmoni
 fun
tions of a random walk on Zd whi
h has zero mean and is killed at the �rstexit from Zd
+. Unfortunately, for d ≥ 2, there are no general results in this domain.�As may the existen
e of this open problem suggest, the results dealing with the Martin
ompa
ti�
ation or the asymptoti
 of Green fun
tions for random walks in Zd killed at theboundary and with drift zero are a
tually s
ar
e, even for d = 2.The simplest 
ase in dimension d = 2 is the one of the 
artesian produ
t of two one-dimensional simple random walks with zero mean. The fa
t that the Martin boundary ofthese random walks is redu
ed to one point and the expli
it expression of the underlyingunique harmoni
 fun
tion 
an be obtained from [PW92℄. In addition, we �nd in this thesisthe exa
t asymptoti
 of the Green fun
tions for these pro
esses, see Theorem 21 of Part I.From a Lie group theory point of view, the previous 
ase 
orresponds to the groupprodu
t SU(2)×SU(2), whi
h is asso
iated with a redu
ible rank-2 root system, see [Bou75℄.This is next natural to be interested in the 
lassi
al random walks that 
an be obtained
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onstru
tion made by P. Biane in [Bia92
℄ starting from Lie groups asso
iatedwith an irredu
ible rank-2 root system. It turns out that there are only two su
h Liegroups, namely SU(3) and Sp(4) : indeed, there are three Lie groups with an underlyingirredu
ible rank-2 root system, SU(3), Sp(4) and the ex
eptional Lie group G2, but G2 hasno minus
ule weight, see [Bou75℄, and for this reason the 
onstru
tion of P. Biane does notapply, see [Bia92
℄.In the 
ase of SU(3), the 
onstru
tion pro
eeded in [Bia92
℄ leads to 
onsider the walkwith transition probabilities equal to 1/3 as represented on the left of Pi
ture E.1 below.In [Bia91℄, P. Biane makes expli
it a suitable harmoni
 fun
tion h, su
h that the asso
iatedDoob h-transform of the previous pro
ess will never hit the boundary of the Weyl 
hamber� he expresses h as the dimension of some representation of SU(3). In addition, he 
omputesthe exa
t asymptoti
 of the Green fun
tions of the killed pro
ess along all in�nite paths ofstates, ex
ept the ones whi
h are tangent to the boundary of the Weyl 
hamber. However,the asymptoti
 of the Green fun
tions along the paths of states tangent to the boundary
ouldn't be obtained by using these methods. The obje
t of Chapter D was notably to �ndthis la
king result.
Figure E.1 � Random walks in the Weyl 
hamber of the dual of SU(3) and Sp(4)It is therefore natural to 
onsider now the 
ase of Sp(4), in order to 
omplete the 
aseof the Lie groups asso
iated with an irredu
ible rank-2 root system. Applying to Sp(4) theway des
ribed in [Bia92
℄ in order to get 
lassi
al pro
esses starting from quantum randomwalks on latti
es, we obtain naturally the random walk with transition probabilities equalto 1/4 as drawn on the right of Pi
ture E.1 above and killed at the boundary of the o
tant.Straightforwardly, by making some adequate linear transformation, this pro
ess be
omesthe random walk (X(k), Y (k))k≥0 spatially homogeneous inside of the quarter plane Z2

+and su
h that, if the pi,j = P[(X(k+1), Y (k+1)) = (i0 + i, j0 +j) | (X(k), Y (k)) = (i0, j0)]denote the transition probabilities, then(H1) p1,0 + p1,−1 + p−1,0 + p−1,1 = 1, p1,0 = p−1,0, p1,−1 = p−1,1,(H2) {(i, 0) : i ≥ 1} ∪ {(0, j) : j ≥ 1} is absorbing,(H3) p1,0 = p−1,0 = 1/4 and p1,−1 = p−1,1 = 1/4.As he does in [Bia91℄ for the walk in the Weyl 
hamber of the dual of SU(3), P. Bianemakes expli
it, for this pro
ess, a suitable harmoni
 fun
tion h su
h that the underlyingDoob h-transform will never hit the boundary, see [Bia92
℄. Note also that this randomwalk is partially the subje
t of [DO05℄, where the authors are interested in making expli
itthe exit time queues asso
iated with some pro
esses.



152 CHAPITRE E. KILLED RANDOM WALKS RELATED TO SP(4)Having said that, neither the Martin 
ompa
ti�
ation, nor the asymptoti
 of the Greenfun
tions, nor the asymptoti
 of the absorption probabilities have been yet 
al
ulated forthis pro
ess � up to our knowledge.In order to obtain expli
it formulas for the Green fun
tions as well as for the absorptionprobabilities asso
iated with the pro
ess satisfying to (H1), (H2) and (H3), we wish to use
omplex analysis methods partially inspired by [FIM99℄. As presented in Se
tion 1 of PartI, G. Fayolle, R. Iasnogorodski and V. Malyshev elaborate there a profound and ingeniousanalyti
 approa
h in order to obtain expli
it expressions for the generating fun
tion of thestationary probabilities for some ergodi
 random walks in a quarter plane.In Chapter C of this thesis, we have developed these methods to the 
ase of the gene-rating fun
tions of the Green fun
tions and of the absorption probabilities for some walksin a quarter plane killed at the boundary and having a positive drift.In Chapter D, we have begun to extend this approa
h to the 
ase of the killed randomwalks having a drift zero inside of the quadrant.We are going here to pursue its development ; by the way, Subse
tions E.2.1 and E.5.2of this Chapter E are strongly inspired by [FIM99℄.In [FIM99℄, the authors also highlight the importan
e and the in�uen
e of the groupof the random walk, notion that we have already en
ountered in the previous 
hapters.Let us 
onsider this group in details in the 
ase of the walks verifying the hypothesis(H1) above. For this, we introdu
e the polynomial K (whi
h is a
tually a simple transfor-mation of the transition probabilities generating fun
tion) de�ned by :
K(x, y) = xy

[
p1,0x+ p−1,0/x+ p1,−1x/y + p−1,1y/x− 1

]
. (E.1)If K(x, y) = 0, then with (E.1) it is immediate that K(ξ̂(x, y)) = 0 and K(η̂(x, y)) = 0,where

ξ̂(x, y) =

(
x,
x2

y

)
, η̂(x, y) =

(
p−1,1y + p−1,0

p1,0y + p1,−1

y

x
, y

)
.The group of the random walk is then W = 〈ξ̂, η̂〉, the group of automorphisms of thealgebrai
 
urve {(x, y) ∈ (C ∪ {∞})2 : K(x, y) = 0} generated by ξ̂ and η̂.It is already known, see e.g. [BMM09℄ or Chapter B, that under (H1) and (H3), W isof order eight.More generally, we will prove here (see Remark E.3) that in fa
t the group W is �niteif and only if there exists some rational number r su
h that p1,0 = p−1,0 = sin(rπ)2/2 and

p1,−1 = p−1,1 = cos(rπ)2/2.In Chapter E, we wish to study the pro
esses verifying (H1), (H2) and (H3'), where(H3') p1,0 = p−1,0 = sin(π/n)2/2 and p1,−1 = p−1,1 = cos(π/n)2/2.We will show that under these hypotheses, W is of order 2n, see Subse
tion E.2.2 andparti
ularly (E.11).Note that for n = 4, the assumptions (H3) and (H3') are the same.Remark also that for n = 3, the pro
ess satisfying to (H1), (H2) and (H3') is the sameas the one of Chapter D represented on the left of Pi
ture D.2 for α = 2.The family 
onstituted by the union, for n ≥ 3, of the walks verifying (H1) and (H3')is therefore in some sense representative of all the random walks having a �nite group W .Indeed, among the set of all the walks with an underlying group W of �nite order, there is



E.1. INTRODUCTION 153in this family a representative for the sub
lass of the walks having a group W of order 2n,for any n ≥ 3 � let us re
all that the 
ase of the pro
esses su
h that the group W has order
4 
orresponds essentially to the produ
t 
ase and has already been 
onsidered in this thesis,see Subse
tion D.4 of Chapter D. This representativeness property seemed to us quite im-portant, and for this reason, we have thought that it was interesting not only to deal withthe parti
ular 
ase n = 4, i.e. with the walk in the Weyl 
hamber of the dual of Sp(4), butrather with the 
ase of all these walks, for n ≥ 3.Chapter E is then hinged on two results.

∗ The �rst of these two results is related to the asymptoti
 of the Green fun
tions
Gi0,j0

i,j = E(i0,j0)



∑

k≥0

1{(X(k),Y (k))=(i,j)}


 , (E.2)

E(i0,j0) denoting the 
onditional expe
tation given (X(0), Y (0)) = (i0, j0).We prove in Theorem E.10 of Se
tion E.4 that as i + j → ∞ and j/i → tan(γ), γ ∈
[0, π/2],

Gi0,j0
i,j ∼ Anfn (i0, j0)

sin
(
n arctan

( j/i
1+j/i tan (π/n)

))

[
cos(π/n)2 (i2 + 2ij) + j2

]n/2
,where An is some positive 
onstant depending only on the transition probabilities and fna harmoni
 fun
tion for (X,Y ), de�ned and studied with details in Se
tion E.3.In parti
ular, from this result we obtain that the Martin 
ompa
ti�
ation of the pro
esssatisfying to (H1), (H2) and (H3') is, for any n ≥ 3, the one-point 
ompa
ti�
ation, seeCorollary E.12.Therefore, Chapter E gives a partial answer in the 
ase d = 2 to the open problem high-lighted by I. Ignatiouk-Robert in [IR09a℄, sin
e Corollary E.12 implies that there is, up tothe positive multipli
ative 
onstants, only one positive harmoni
 fun
tion for ea
h pro
essin the in�nite family of two-dimensional killed random walks that we 
onsider in Chapter E� family whi
h is, as already said, representative of the set of all the two-dimensional killedrandom walks having a �nite group.

∗ The se
ond of the two results is the subje
t of Se
tion E.5 and deals with the probabi-lities of absorption
qi

i0,j0 = P(i0,j0) [(X,Y ) is absorbed at (i, 0)] ,

q̃j
i0,j0 = P(i0,j0) [(X,Y ) is absorbed at (0, j)] ,

(E.3)
P(i0,j0) denoting the 
onditional probability given (X(0), Y (0)) = (i0, j0).Firstly, in Subse
tion E.5.1, we show that a 
onsequen
e of the asymptoti
 of the Greenfun
tions is that as the site i goes to in�nity,

qi
i0,j0 ∼ Bnfn (i0, j0)

1

in+1
,where Bn is some positive 
onstant depending only on the transition probabilities and fnthe same harmoni
 fun
tion as before. A similar result holds, of 
ourse, for the asymptoti
of the q̃i0,j0

j as the site j goes to in�nity.
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ondly, in Subse
tion E.5.2, we are interested in the exa
t distribution of the site ofabsorption, and we �nd integral representations for the generating fun
tions
q i0,j0 (x) =

∑

i≥1

qi
i0,j0xi, q̃ i0,j0 (y) =

∑

j≥1

q̃j
i0,j0yj , (E.4)using for this some arguments based on [FIM99℄ and on Chapter C.Thirdly, in Subse
tion E.5.3, by studying 
losely the fun
tion qi0,j0 � notably some 
on-formal gluing fun
tions that appear in the integrand of the integral representations of (E.4)obtained in Subse
tion E.5.2 �, we give an other proof of the asymptoti
 of the absorptionprobabilities (E.3).Subse
tion E.5.2 is also the opportunity to analyze �ne properties of these 
onformalgluing fun
tions in the 
ase of a drift zero � their study in the 
ase of a non-zero drift beingdone in Chapters A, B and C of this thesis.It is worth noting that from a te
hni
al point of view, the only moments where we makeuse of the �niteness and of the order of the group W are the following : �rstly, when wesimplify the quantity qi0,j0(x) + q̃i0,j0(y) − xi0yj0 , see Subse
tion E.2.2 and parti
ularlyProposition E.1 ; se
ondly, when we �nd the expli
it form of the 
onformal gluing fun
tions,see Subse
tion E.5.2.E.2 Analyti
 approa
hE.2.1 A fun
tional equationSubse
tion E.2.1 
onsists in preparatory results and is inspired by the book [FIM99℄.Denote by Qi0,j0(x, y) =

∑∞
i,j=1G

i0,j0
i,j xi−1yj−1 the generating fun
tion of the Greenfun
tions (E.2). With this notation and with (E.4), we 
an state the following fun
tionalequation :

K (x, y)Qi0,j0 (x, y) = q i0,j0 (x) + q̃ i0,j0 (y) − xi0yj0, (E.5)
K being de�ned in (E.1). A priori, Equation (E.5) has a meaning in {(x, y) ∈ C2 : |x| <
1, |y| < 1}. The proof of (E.5) is obtained exa
tly as in Subse
tion C.2.1 of Chapter C.When no ambiguity on the initial state 
an arise, we will drop the index i0, j0 and wewill write Gi,j , Q(x, y), qi, q(x), q̃j , q̃(y) for Gi0,j0

i,j , Qi0,j0(x, y), qi0,j0
i , qi0,j0(x), q̃i0,j0

j , q̃i0,j0(y).Let us now have a look to the algebrai
 
urve {(x, y) ∈ (C∪{∞})2 : K(x, y) = 0}, thatwe note K for the sake of briefness. Start by writing the polynomial (E.1) alternatively
K (x, y) = a (x) y2 + b (x) y + c (x) = ã (y) x2 + b̃ (y)x+ c̃ (y) , (E.6)where a(x) = p1,−1, b(x) = p1,0x

2−x+p1,0, c(x) = p1,−1x
2 and ã(y) = p1,0y+p1,−1, b̃(y) =

−y, c̃(y) = p1,−1y
2 +p1,0y. Set also d(x) = b(x)2 −4a(x)c(x) and d̃(y) = b̃(y)2 −4ã(y)c̃(y).We have

d (x) = p2
1,0

(
x− 1

)2(
x2 + 2x(1 − 1/p1,0) + 1

)
, d̃(y) = −4p1,0p1,−1y

(
y − 1

)2
. (E.7)The polynomial d has a double root at 1 and two simple roots at positive points, thatwe note x1 < 1 < x4. As for d̃, it has a double root at 1 and a simple root at 0. We alsonote y1 = 0 and y4 = ∞.



E.2. ANALYTIC APPROACH 155Then with (E.6), we remark that K(x, y) = 0 is equivalent to [b(x) + 2a(x)y]2 = d(x)or to [b̃(y)+ 2ã(y)x]2 = d̃(y). In parti
ular, it follows from the parti
ular form of d or of d̃,see (E.7), that the surfa
e K has genus zero and is thus (see [JS87℄) homeomorphi
 to asphere. As a 
onsequen
e, this Riemann surfa
e 
an be rationally uniformized, in the sensethat it is possible to �nd two rational fun
tions, say π and π̃, su
h that K = {(π(s), π̃(s)) :
s ∈ C ∪ {∞}}. Furthermore, as remarked in Chapter 6 of [FIM99℄, we 
an take π(s) =
[x4 +x1]/2+([x4−x1]/4)(s+1/s), x1 and x4 being de�ned below (E.7) ; it is then possibleto dedu
e a 
orre
t expression for π̃, sin
e by 
onstru
tion the equality K(π, π̃) = 0 has tohold.For more details about the 
onstru
tion of Riemann surfa
es, see for instan
e [JS87℄.E.2.2 Uniformization and meromorphi
 
ontinuationBut rather than the uniformization (π, π̃) proposed in [FIM99℄ and re
alled at the endof the previous subse
tion, we prefer using an other, that will turn out to be quite more
onvenient. This new uniformization, that we 
all (x, y), is just equal to (π◦L, π̃◦L), where

L (z) =
z0z − 1

z − z0
, z0 = − exp (−ıπ/n) .We note that z0 is su
h that π(z0) = π(z0) = π̃(z0) = π̃(z0) = 1 and that its expli
itexpression above is due to (H3'), for more details see Remark E.3. Then, starting from theformulations of (π, π̃) and of L, we easily show that the expression of the new uniformization
an be

x (z) =
(z + z0) (z + z0)

(z − z0) (z − z0)
, y (z) =

(z + z0)
2

(z − z0)2
. (E.8)Compared to (π, π̃), this uniformization (x, y) has the signi�
ant advantage of transfor-ming the important 
y
les (i.e. the bran
h 
uts [x1, x4] and [y1, y4], the unit 
ir
les {|x| = 1}and {|y| = 1}) into very simple 
y
les, sin
e the following equalities hold, see also Pi
tureE.2 :

x−1([x1, x4]) = R ∪ {∞}, x−1({|x| = 1}) = ıR ∪ {∞},
y−1([y1, y4]) = z0R ∪ {∞}, y−1({|y| = 1}) = z0ıR ∪ {∞}.

(E.9)
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Figure E.2 � The uniformization spa
e C∪{∞}, with on the left some important elementsof it, and on the right the 
orresponding elements through the fun
tions x and y



156 CHAPITRE E. KILLED RANDOM WALKS RELATED TO SP(4)To obtain (E.9), it is su�
ient to use the expli
it expressions of the bran
h points x1, x4,
y1, y4, see below (E.7), as well as the expli
it formulation of the uniformization, see (E.8).Let us go ba
k to ξ̂ and η̂, the automorphisms of the algebrai
 
urve K introdu
ed inSe
tion E.1. Thanks to the uniformization (E.8), they de�ne two automorphisms ξ and ηon C ∪ {∞}, whi
h are 
hara
terized by
ξ2 = 1, x◦ξ = x, y◦ξ =

x2

y
, η2 = 1, y◦η = y, x◦η =

p1,−1y
2 + p1,0y

p1,0y + p1,−1

1

x
. (E.10)Using the well-known 
hara
terization of the automorphisms of the Riemann sphere

C ∪ {∞}, (E.8) and (E.10), we obtain that ξ and η have the following expressions :
ξ(z) = 1/z, η(z) = exp(−2ıπ/n)/z. (E.11)The expression of η in terms of n, above, is due to the assumption (H3'), see Remark E.3for more details. Note also that leading to these parti
ularly ni
e analyti
 expressions of ξand η is an other very pleasant property of the uniformization (x, y).As in Se
tion E.1, we 
all the group generated by ξ and η

Wn = 〈ξ, η〉the group of the random walk. In the situation of Chapter E, Wn is isomorphi
 to the dihe-dral group of order 2n, i.e. to the group of symmetries of a regular polygon with n sides,
ξ and η playing the role of the two re�e
tions.We are now going to state and prove Proposition E.1, whi
h is a
tually the main resultof Subse
tion E.2.2, and that deals with the 
ontinuation of the generating fun
tions qand q̃ de�ned in (E.4). But for this, we need to des
ribe the a
tion of the elements of Wnon some 
ones of the plane, and to �nd some fundamental domains of the plane for thea
tion of Wn � we say that D is a fundamental domain of the plane for the a
tion of Wnif ∪w∈Wnw(D) = C and if in addition the union is disjoint.Let us take the following notation : for θ1 ≤ θ2,

Λ(θ1, θ2) =
{
t exp(ıθ) : 0 ≤ t ≤ ∞, θ1 ≤ θ ≤ θ2

}is the 
one with vertex at 0 and opening angles θ1, θ2. In parti
ular, Λ(θ, θ) = exp(ıθ)R+∪
{∞}. Thanks to (E.11), we obtain that the a
tion of ξ and η on these 
ones is simply givenby ξ(Λ(θ1, θ2)) = Λ(−θ2,−θ1) and η(Λ(θ1, θ2)) = Λ(−θ2 − 2π/n,−θ1 − 2π/n). These fa
tsare illustrated on the left of Pi
ture E.3.De�ne now, for k ∈ {0, . . . , n},

D+
k = Λ

(
k − 1

n
π,
k

n
π

)
, D−

k = Λ

(
−
k + 1

n
π,−

k

n
π

)
.Sometimes, we will write D0 instead of D+

0 = D−
0 and Dn instead of D+

n = D−
n . Clearly,

D0 ∪Dn ∪
n−1⋃

k=1

D+
k ∪

n−1⋃

k=1

D−
k = C ∪ {∞}. (E.12)The de�nitions of D+

k and D−
k , as well as (E.12), are illustrated on the right of Pi
ture E.3.
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Figure E.3 � Important 
ones of the uniformization spa
eIt is immediate that for any k ∈ {1, . . . , n}, we have D+
k = ξ(D−

k−1) and D−
k = η(D+

k−1).In parti
ular, for any 2k ∈ {1, . . . , n},
D+

2k =
(
(ξ ◦ η)k

)(
D0

)
, D−

2k =
(
(η ◦ ξ)k

)(
D0

)
.Likewise, for any 2k + 1 ∈ {1, . . . , n},

D+
2k+1 =

(
ξ ◦ (η ◦ ξ)k

)(
D0

)
, D−

2k =
(
η ◦ (ξ ◦ η)k

)(
D0

)
.With (E.12), these equalities prove that ∪w∈Wnw(D0) = C ∪ {∞}, in su
h a way that

D0 is a fundamental domain for the a
tion of Wn on C � this is not quite exa
t, sin
e ea
hhalf-line Λ(kπ/n, kπ/n), k ∈ {0, . . . , 2n − 1} appears twi
e in the union ∪w∈Wnw(D0).We are now able to state and prove Proposition E.1, after the weak re
all on the liftingof fun
tions that follows : any fun
tion h of the variable x (resp. y) de�ned on some domain
D ⊂ C 
an be lifted on {z ∈ C ∪ {∞} : x(z) ∈ D} (resp. {z ∈ C ∪ {∞} : y(z) ∈ D}) bysetting H(z) = h(x(z)) (resp. H(z) = h(y(z))).In parti
ular, we 
an lift the generating fun
tions q and q̃ de�ned in (E.4), and we set
Q(z) = q(x(z)) and Q̃(z) = q̃(y(z)), they are well de�ned on {z ∈ C ∪ {∞} : |x(z)| ≤ 1}and {z ∈ C∪{∞} : |y(z)| ≤ 1} respe
tively. As a 
onsequen
e, on {z ∈ C∪{∞} : |x(z)| ≤
1, |y(z)| ≤ 1} (whi
h is equal to Λ(−π/2, π/2 − π/n), see Pi
ture E.2), the fun
tionalequation (E.5) yields Q(z) + Q̃(z) − xi0yj0(z) = 0 � in the sequel, we will often write
xi0yj0(z) instead of x(z)i0y(z)j0 .Proposition E.1. The fun
tions Q(z) = q(x(z)) and Q̃(z) = q̃(y(z)) 
an be meromorphi-
ally 
ontinued from respe
tively Λ(−π/2, π/2) and Λ(−π/2 − π/n, π/2 − π/n) up torespe
tively C \Λ(π, π) and C \Λ(π− π/n, π− π/n). Moreover, these 
ontinuations verify

Q(z) = Q(ξ(z)), Q̃(z) = Q̃(η(z)), ∀z ∈ C, (E.13)and
Q(z) + Q̃(z) − xi0yj0(z) =





0 if z /∈ Λ(π − π/n, π) (E.14)
−
∑

w∈Wn

(−1)l(w) xi0yj0 (w(z)) if z ∈ Λ(π − π/n, π) (E.15)where l(w) is the length of w, that is the smallest r for whi
h we 
an write w = w1 · · ·wr,with w1, . . . , wr equal to ξ or η.



158 CHAPITRE E. KILLED RANDOM WALKS RELATED TO SP(4)Remark E.2. As a 
onsequen
e of Proposition E.1, the generating fun
tions q and q̃ 
anbe 
ontinued as meromorphi
 fun
tions from the unit dis
 up to C \ [1, x4] and C \ [1, y4]respe
tively. Indeed, the formulas q(x) = Q(z) if x(z) = x and q̃(y) = Q̃(z) if y(z) = yde�ne q and q̃ not ambiguously, thanks to (E.13). Moreover, sin
e x(Λ(π, π)) = [1, x4] and
y(Λ(π − π/n, π − π/n)) = [1, y4], see (E.9) and Pi
ture E.2, the previous formulas yieldmeromorphi
 
ontinuations on C \ [1, x4] and C \ [1, y4] respe
tively.Proof of Proposition E.1. In order to prove Proposition E.1, we are going to use stronglythe de
omposition (E.12), and pre
isely, we are going to de�ne Q and Q̃ pie
ewise, byde�ning them on ea
h of the 2n domains D that appear in the de
omposition (E.12) to beequal to some fun
tions QD and Q̃D, it will then su�
e to show that the fun
tions Q and
Q̃ so-de�ned verify the 
on
lusions of Proposition E.1.

∗ In D0 ⊂ {z ∈ C∪ {∞} : |x(z)| ≤ 1, |y(z)| ≤ 1}, we are going to use the most naturalway to de�ne QD0
and Q̃D0

, i.e. their power series, and for z ∈ D0 we set QD0
(z) = q(x(z))and Q̃D0

(z) = q̃(y(z)).
∗ Then, for k ∈ {1, . . . , n− 1}, we de�ne QD+

k
, Q̃D+

k
on D+

k and QD−

k
, Q̃D−

k
on D−

k by
∀z ∈ D+

k = ξ
(
D−

k−1

)
: QD+

k
(z) = QD−

k−1

(ξ (z)) , Q̃D+

k
(z) = −QD+

k
(z) + xi0yj0 (z) ,

∀z ∈ D−
k = η

(
D+

k−1

)
: Q̃D−

k
(z) = Q̃D+

k−1

(η (z)) , QD−

k
(z) = −Q̃D−

k
(z) + xi0yj0 (z) .

∗ At last, for z ∈ Dn, we set QDn(z) = QD−

n−1

(ξ(z)) and Q̃Dn(z) = Q̃D+

n−1

(η(z)).Therefore we have, for ea
h of the 2n domains D of the de
omposition (E.12), de�nedtwo fun
tionsQD and Q̃D. Then, as said at the beginning of the proof, we setQ(z) = QD(z)and Q̃(z) = Q̃D(z), for all z ∈ D and for all domains D that appear in (E.12).With this 
onstru
tion, (E.13) and (E.14) are immediately obtained. In order to prove(E.15), we 
an use the fa
t that it is possible to express all the fun
tions QD, Q̃D in termsof QD0
, Q̃D0

and xi0yj0 only ; we give, e.g., the expression of QD+

2k
, for any 2k ∈ {1, . . . , n} :

QD+

2k
(z) = −Q̃D0

(
(η ◦ ξ)k(z)

)
+

k−1∑

p=0

xi0yi0
(
ξ ◦ (η ◦ ξ)p(z)

)
−

k−1∑

p=1

xi0yi0
(
(η ◦ ξ)p(z)

)
, (E.16)as well as the one of Q̃D−

2k
, for any 2k ∈ {1, . . . , n} :

Q̃D−

2k
(z) = −QD0

(
(ξ ◦η)k(z)

)
+

k−1∑

p=0

xi0yi0
(
η ◦ (ξ ◦η)p(z)

)
−

k−1∑

p=1

xi0yi0
(
(ξ ◦η)p(z)

)
. (E.17)As a 
onsequen
e, we obtain (E.15) for even values of n. Indeed, for this it is a
tuallysu�
ient �rst to add QDn(z) and Q̃Dn(z), in other words the equalities (E.16) and (E.17)above for k = n/2, then to remark that if n is even, (ξ ◦η)n/2 = (η ◦ ξ)n/2, next to use thatfor z ∈ Dn, QD0

(
(ξ ◦η)n/2(z)

)
+ Q̃D0

(
(ξ ◦η)n/2(z)

)
= xi0yj0

(
(ξ ◦η)n/2(z)

), see (E.14), and�nally to remark that Wn equals
{
1, ηξ, . . . , (ηξ)n/2−1, ξη, . . . , (ξη)n/2−1, ξ, . . . , ξ(ηξ)n/2−1, η, . . . , η(ξη)n/2−1, (ξη)n/2

}
.Likewise, we 
ould write the expressions in terms of QD0

, Q̃D0
and xi0yj0 of

QD−

2k
, Q̃D+

2k
, QD+

2k+1

, Q̃D+

2k+1

, QD−

2k+1

, Q̃D−

2k+1

,and we would verify that (E.15) is still true for odd n. Proposition E.1 is proved.
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an now explain why the assumption (H3') 
on
erning the values of thetransition probabilities is both natural and ne
essary for our study.If we suppose (H1) but no more (H3'), then the uniformization (E.8) is the same, with
z0 = −[2p1,−1]

1/2 + ı[2p1,0]
1/2. The transformations (E.9) of the important 
y
les throughthe uniformization are also still valid, and the automorphism ξ is yet again equal to ξ(z) =

1/z. As for η, it takes the value η(z) = z2
0/z ; in parti
ular, the group of the random walk

W = 〈ξ, η〉 is �nite if and only if there exists an integer p su
h that z2p
0 = 1. In this 
ase,if n denotes the smallest of these positive integers p, then the group W is of order 2n.If a su
h n does not exist, then there is no hope to �nd a fundamental domain for thea
tion of the group W , neither to obtain any equality like (E.15).If a su
h n exists, then by using the fa
t that z2n

0 = 1, in other words the fa
t that
(−[2p1,−1]

1/2 + ı[2p1,0]
1/2)2n = 1, we immediately obtain that p1,0 = sin(qπ/n)2/2, forsome integer q having a greatest 
ommon divisor with n equal to 1.In this last 
ase, we have z0 = − exp(−ıqπ/n), and it is easily proved that the domainbounded by the 
y
les x−1([1, x4]) and y−1([1, y4]), namely Λ(arg(z0), π) = Λ(π− qπ/n, π),is a fundamental domain for the a
tion of W if and only if q = 1. In parti
ular, having anequality like (E.15) is possible if and only if q = 1, see the proof of Proposition E.1.But it turns out that having an equality like (E.15) is essential in what follows,parti
ularly in Se
tion E.4, where we have to know very pre
isely the behavior of Q(z) +

Q̃(z) − xi0yj0(z) near 0 and ∞.For all these reasons, we assume here that p1,0 = sin(π/n)2/2 for some integer n, inother words (H3').E.3 Harmoni
 fun
tionsSe
tion E.3 aims at introdu
ing and studying some harmoni
 fun
tion asso
iated withthe pro
ess, whi
h will be of the highest importan
e in the forth
oming Se
tions E.4 andE.5.It turns out that this harmoni
 fun
tion will be obtained from the expansion near 0 of∑
w∈Wn

(−1)l(w)xi0yj0(w(z)), quantity whi
h is appeared naturally in (E.15) ; this is whywe begin here by studying 
losely the behavior of this sum in the neighborhood of 0.Note �rst that thanks to the expression (E.11) of the automorphisms ξ and η, we have
∑

w∈Wn

(−1)l(w) xi0yj0 (w (z)) =

n−1∑

k=0

[
xi0yi0 (exp(−2ıkπ/n)z) − xi0yi0 (exp(−2ıkπ/n)/z)

]
.(E.18)Let us now take the following notations for the expansion at 0 of the fun
tion xi0yj0 :

xi0yi0 (z) =
∑

p≥0

κp (i0, j0) z
p, (E.19)and remark that with (E.8), we obtain that for z 
lose to 0,

xi0yi0 (1/z) =
∑

p≥0

κp (i0, j0) z
p. (E.20)In a general setting, if f is holomorphi
 in a neighborhood of 0 with expansion f(z) =∑

p≥0 fpz
p, then ∑n−1

k=0 f(exp(−2ıkπ/n)z) =
∑n−1

k=0 f(exp(2ıkπ/n)z) =
∑

p≥0 nfnpz
np.



160 CHAPITRE E. KILLED RANDOM WALKS RELATED TO SP(4)This is why, by using (E.19) and (E.20), we obtain that the sum (E.18) is equal to
∑

w∈Wn

(−1)l(w) xi0yj0 (w (z)) =
∑

p≥1

n [κnp (i0, j0) − κnp (i0, j0)] z
np. (E.21)We are now going to be interested in the term 
orresponding to p = 1 in the sum (E.21),and we set

fn (i0, j0) = n [κn (i0, j0) − κn (i0, j0)] / [(−1)n ı] . (E.22)Proposition E.4. The fun
tion fn de�ned in (E.22) veri�es the following assertions :(i) fn is a real polynomial in the variables i0, j0 of degree exa
tly n.(ii) fn is a harmoni
 fun
tion for the pro
ess (X,Y ).(iii) fn(i0, 0) = fn(0, j0) = 0 for all integers i0 and j0.(iv) If i0 > 0 and j0 > 0, then fn(i0, j0) > 0.Corollary E.5. The Doob fn-transform pro
ess of (X,Y ) will never hit the boundary.Remark E.6. Writing an expli
it formula for the fun
tion fn is quite possible. Indeed, byusing Cau
hy's produ
t, κn (and therefore also fn) 
an be written in terms of the 
oe�
ientsof the expansions of x and y at 0, and these 
oe�
ients are easily 
al
ulated, see Equation(E.24) below. As examples, we give the fa
torized form of f3, f4 and f6 :
f3(i0, j0) = 24 · 31/2 · i0j0(i0 + 2j0),

f4(i0, j0) = (256/3) · i0j0(i0 + 2j0)(i0 + j0),

f6(i0, j0) = (288/5)31/2 · i0j0(i0 + 2j0)(i0 + j0)
(
(i0 + 2j0/3)(i0 + 4j0/3) + 10/9

)
.We don't write the expli
it expression of fn for general values of n, sin
e it wouldn't reallybe usable, nor e�
ient a
tually.Remark E.7. The expli
it expression and the harmoni
ity of the fun
tion f4 have alreadybeen obtained by P. Biane in [Bia91℄.The quantity f4(i0, j0) also appears as a multipli
ative fa
tor in the asymptoti
 tail dis-tribution of the hitting time of the boundary of Z2

+ for the pro
ess (X,Y ) asso
iated with
n = 4 and starting from the initial state (i0, j0). Indeed, in Chapter F, denoting by τ =
inf{k ≥ 0 : X(k) = 0 or Y (k) = 0}, we will prove that P(i0,j0)[τ > k] ∼ Cf4(i0, j0)/k

2, seeProposition F.23.In parti
ular, we 
an spe
ify Corollary E.5 in the 
ase n = 4. Indeed, using the followingequality for l < k (obtained from the strong Markov property of the pro
ess (X,Y )) :
P(i0,j0) [(X (l) , Y (l)) = (i, j) |τ > k] = P(i0,j0) [(X (l) , Y (l)) = (i, j)]

P(i,j) [τ > k − l]

P(i0,j0) [τ > k]
,the asymptoti
 of Chapter F yields that the Doob f4-transform pro
ess is equal in distri-bution to the limit, as the time k goes to ∞, of the pro
ess 
onditioned on the event [τ > k].Remark E.8. Proposition E.4 shows that for any n ≥ 3, there exists at least one positiveharmoni
 fun
tion for the pro
ess (X,Y ) ; we will prove in Corollary E.12 of Se
tion E.4that for all n ≥ 3, fn is in fa
t the unique positive harmoni
 fun
tion for the pro
ess (X,Y ),up to the positive multipli
ative 
onstants.



E.3. HARMONIC FUNCTIONS 161Proof of Proposition E.4. The fa
t that fn takes real values is immediate from its de�ni-tion. For the rest of the proof of (i), we are going to use the following straightforward fa
t :for any f(z) = 1 +
∑

p≥1 fp,1z
p, note 1 +

∑
p≥1 fp,iz

p the expansion at 0 of f(z)i ; then fp,iis a polynomial of degree equal or less than p in i, with dominant term equal to f1,1
pip/p!.In parti
ular, fp,i is of degree exa
tly p if and only if f1,1 6= 0.In our 
ase, it is immediate from (E.8) that κ1(1, 0) = −4 cos(π/n) 6= 0 and κ1(0, 1) =

−4 exp(ıπ/n) 6= 0. This is why, for any non-negative integer p, κp(i, 0) is a polynomial ofdegree p in i and, likewise, κp(0, j) is a polynomial of degree p in j. In parti
ular, κn(i, j) =∑n
p=0 κp(0, j)κn−p(i, 0) is a polynomial in i, j of degree n, with dominant term equal to

n∑

p=0

κ1(0, 1)
p

p!
jp
κ1(1, 0)

n−p

(n− p)!
in−p.In this way, we obtain that fn is a polynomial in i, j of degree n, with dominant term equalto, after simpli�
ation,

22n+1

(n− 1)!

n−1∑

p=1

Cp
n sin(pπ/n) cos(π/n)n−pjpin−p. (E.23)Assertion (i) follows then immediately.To prove (ii), it is enough to show that κn is harmoni
. To show that, start by usingthe obvious equality xi−1yj−1(z)K(x(z), y(z)) = 0, whi
h reads xiyj(z) = p1,0x

i+1yj(z) +
p1,0x

i−1yj(z) + p1,−1x
i+1yj−1(z) + p1,−1x

i−1yj+1(z). Then, (E.19) yields that
∑

p≥0

[κp(i, j)−p1,0κp(i+1, j)−p1,0κp(i−1, j)−p1,−1κp(i+1, j−1)−p1,−1κp(i−1, j+1)] zpis identi
ally zero ; this means that all the κp, p ≥ 0 are harmoni
, hen
e in parti
ular κn.In order to prove (iii), we need to know expli
itly the expansions of x and y at 0. From(E.8), we immediately obtain these expansions :
x(z) = 1 +

4

tan(π/n)

∑

p≥1

(−1)p sin (pπ/n) zp, y(z) = 1 + 4
∑

p≥1

(−1)p p exp (ıpπ/n) zp.(E.24)We show now the �rst part of (iii), namely the fa
t that fn(i, 0) = 0 for all non-negativeinteger i. As it 
an be remarked from (E.24), the 
oe�
ients of x are real ; for this reason,for all integers i and p, κp(i, 0) is also real and thus fp(i, 0) = 0 ; in parti
ular, fn(i, 0) = 0.As for the se
ond part of (iii), namely the fa
t that for all j ∈ Z+, fn(0, j) = 0, weprove that κn(0, j) is real � however, it isn't true that for all j and p, κp(0, j) is real.In order to obtain κp(0, j) � that is, the pth 
oe�
ient of the Taylor series of y(z)j �,we add all the terms of the form κp1
(0, 1)κp2

(0, 1) · · · κpj(0, 1) with p1 + · · · + pj = p, thisis nothing else but the Cau
hy's produ
t of the j series y(z). In other words, using (E.24),we add terms of the form p1 · · · pj(−1)p1+···+pj exp(ı(p1 + · · ·+ pj)π/n). As a 
onsequen
e,
κp(0, j) 
an be written as ϕp(j)(−1)p exp(ıpπ/n), with ϕp(j) > 0 if j > 0.In the parti
ular 
ase p = n, we obtain κn(0, j) = −ϕn(j)(−1)n ; κn(0, j) is thereforereal and, immediately, fn(0, j) = 0.We prove now (iv). With (E.24), it is 
lear that the sequen
e κ0(1, 0), . . . , κn−1(1, 0) isalternating, in the sense that for all p ∈ {0, . . . , n − 1}, (−1)pκp(1, 0) > 0. In parti
ular,



162 CHAPITRE E. KILLED RANDOM WALKS RELATED TO SP(4)it follows from general results on power series that the sequen
e κ0(i, 0), . . . , κn−1(i, 0) isstill alternating, for any i > 0.In addition, by using the Cau
hy's produ
t of x(z)i and y(z)j , we obtain that κn(i, j) =
κn(i, 0) + κn(0, j) +

∑n−1
p=1 (−1)p exp(ıpπ/n)ϕp(j)κn−p(i, 0). Then, by de�nition of fn(i, j)and by using the fa
t that κn(i, 0) and κn(0, j) are real, we get

fn(i, j) = 2n (−1)n
n−1∑

p=1

(−1)p sin (pπ/n)ϕp(j)κn−p(i, 0).But we have already proved that ϕp(j) > 0 if j > 0 and that (−1)n−pκn−p(i, 0) > 0if i > 0 ; fn is thus written, above, as the sum of n − 1 positive terms, and is, therefore,positive.Remark E.9. The dominant term of fn is very dire
tly related to the réduite of the 
one
Λ(0, π/n) � whi
h is, by de�nition (see e.g. [Var99℄), the unique fun
tion harmoni
 for theBrownian motion, positive inside of the 
one Λ(0, π/n) and equal to zero on its boundary.In order to illustrate this fa
t, let

φ(x, y) =
(
(x+ y)/ sin(π/n), y/ cos(π/n)

)
.Then, noting (X,Y ) the random walk studied in this 
hapter, φ(X,Y ) is a pro
ess witha 
ovarian
e equal to the identity and with values in the 
one Λ(0, π/n).If now h(u, v) denotes the réduite of Λ(0, π/n) � that is, in polar 
oordinate, h(u, v) =

h(r cos(θ), r sin(θ)) = rn sin(nθ) �, then obviously
h(u, v) =

(n−1)/2∑

p=0

C2p+1
n (−1)pun−(2p+1)v2p+1,and we easily 
he
k that up to a multipli
ative 
onstant, h(φ(x, y)) equals the dominant termof fn(x, y), equal to (22n+1/(n − 1)!)

∑n−1
p=1 C

p
n sin(pπ/n) cos(π/n)n−pxpyn−p, see (E.23).However, fn is not, in the general 
ase, equal to its a dominant 
oe�
ient, sin
e fn isnot homogeneous,in general, see Remark E.6.E.4 Asymptoti
 of the Green fun
tions and Martin 
ompa
-ti�
ationE.4.1 Statement of the resultsTheorem E.10. The Green fun
tions (E.2) admit the following asymptoti
 as i+ j → ∞and j/i → tan(γ), γ ∈ [0, π/2] :

Gi0,j0
i,j ∼

2

π

(n− 1)!

4n sin (2π/n)
fn (i0, j0)

sin
(
n arctan

( j/i
1+j/i tan (π/n)

))

[
cos(π/n)2 (i2 + 2ij) + j2

]n/2
. (E.25)Remark E.11. Set Nn(j/i) = sin

(
n arctan((j/i)/(1 + j/i) tan(π/n)

) � this quantityappears in the asymptoti
 (E.25). Let γ be in [0, π/2] and suppose that j/i goes to tan(γ).If γ ∈]0, π/2[, then Nn(j/i) goes to Nn(tan(γ)), whi
h belongs to ]0,∞[.If γ = 0 or γ = π/2, then Nn(j/i) goes to 0. More pre
isely, Nn(j/i) = n tan(π/n)[j/i+
O(j/i)2] if γ = 0 and Nn(j/i) = (n tan(π/n)/(1 + tan(π/n)2))[i/j +O(i/j)2] if γ = π/2.Corollary E.12. The Martin 
ompa
ti�
ation is the one-point 
ompa
ti�
ation.



E.4. ASYMPTOTIC OF THE GREEN FUNCTIONS 163E.4.2 ProofsSket
h of the proof of Theorem E.10. We are going to begin by expressing Gi,j , in(E.26), as a double integral, using for this Cau
hy's formulas and Equation (E.5). Thenwe will make the 
hange of variable given by the uniformization (E.8) and we will applythe residue theorem ; in this way, we will obtain Gi,j as the sum Gi,j,1 +Gi,j,2 of two singleintegrals w.r.t. the uniformization variable but on two 
ontours a priori di�erent, see (E.27)and (E.28). Then we will show, using Cau
hy's theorem and Proposition E.1, that it is possi-ble to move these 
ontours of integration until having the same 
ontours for the integrals
Gi,j,1 and Gi,j,2. Finally, using (E.15), we will obtain (E.29), whi
h is the most importantexpli
it formulation of the Gi,j , starting from whi
h we will get their asymptoti
. In (E.29),
Gi,j will be written as an integral on exp(ıθ)R+ ∪ {∞}, for some θ ∈ [π − π/n, π].After having 
hosen an appropriate value of θ ∈ [π−π/n, π], see (E.31), we will see thatthis is quite natural to de
ompose the 
ontour into three parts, namely a neighborhood of
0, one of ∞ and an intermediate part. Indeed, the fun
tion x(z)iy(z)j that appears in theintegrand of (E.29) is on the 
ontour exp(ıθ)R+∪{∞} 
lose to 1 near 0,∞ and stri
tly largerthan 1 elsewhere. Next, we will study su

essively these 
ontributions in three paragraphs,using for this essentially the Lapla
e's method, what will 
on
lude the proof of TheoremE.10.Beginning of the proof of Theorem E.10. Equation (E.5) yields immediately thatthe generating fun
tion Q of the Green fun
tions is holomorphi
 in {(x, y) ∈ C2 : |x| <
1, |y| < 1}. As a 
onsequen
e and using again Equation (E.5), the Cau
hy's formulas allowus to write its 
oe�
ients Gi,j as the following double integrals :
Gi,j =

1

[2πı]2

∫∫

|x|=1
|y|=1

Q (x, y)

xiyj
dxdy =

1

[2πı]2

∫∫

|x|=1
|y|=1

q (x) + q̃ (y) − xi0yj0

xiyjK (x, y)
dxdy, (E.26)where the 
ir
les {|x| = 1} = {|y| = 1} = {exp(ıθ) : θ ∈ [0, 2π[} are orientated a

ording tothe in
reasing values of θ.With (E.26), we 
an thus write Gi,j as the sum Gi,j = Gi,j,1 +Gi,j,2, where

Gi,j,1 =
1

[2πı]2

∫

|x|=1

q (x)

xi

∫

|y|=1

dy
yjK (x, y)

dx,
Gi,j,2 =

1

[2πı]2

∫

|y|=1

q̃ (y)

yj

∫

|x|=1

dx
xiK (x, y)

dy +
1

[2πı]2

∫

|y|=1

1

yj−j0

∫

|x|=1

dx
xi−i0K (x, y)

dy.We are now going to make in Gi,j,1 the 
hange of variable x = x(z). For this we remarkthat if Λ(π/2, π/2) = {ıt : t ∈ [0,∞]} is orientated a

ording to the in
reasing values of
t, then the equality x(Λ(π/2, π/2)) = −{|x| = 1} between orientated 
ontours holds, see(E.9) and Pi
ture E.2. In this way and by using in addition the identity q(x(z)) = Q(z),we obtain

Gi,j,1 = −
1

[2πı]2

∫

Λ(π/2,π/2)

Q (z)

x(z)i

∫

|y|=1

dy
yjK (x(z), y)

x′(z)dz.But K(x(z), y) = 0 if and only if y ∈ {y(z), x(z)2/y(z)}, see (E.10). Moreover, if z belongsto Λ(π/2, π/2) \ {0,∞}, then |y(z)| > 1, see Pi
ture E.2. Therefore, the residue theoremat in�nity entails that for su
h z, ∫|y|=1 dy/[yjK(x(z), y)] = −2πı/[y(z)j∂yK(x(z), y(z))].



164 CHAPITRE E. KILLED RANDOM WALKS RELATED TO SP(4)Finally, we have proved that
Gi,j,1 =

1

2πı

∫

Λ(π/2,π/2)

Q (z)

x (z)i y (z)j

x′ (z)

∂yK(x(z), y(z))
dz. (E.27)A similar reasoning yields

Gi,j,2 = −
1

2πı

∫

Λ(−π/2−π/n,−π/2−π/n)

Q̃ (z) − x (z)i0 y (z)j0

x (z)i y (z)j

y′ (z)

∂xK(x(z), y(z))
dz. (E.28)We are now going to explain why it is possible to move the 
ontours of integration ofboth integrals (E.27) and (E.28) up to Λ(θ, θ), for any θ ∈ [π − π/n, π] � see Pi
ture E.4below.Start by 
onsidering Gi,j,1 in (E.27). Thanks to Cau
hy's theorem, it is su�
ient toshow that the integrand of Gi,j,1 is holomorphi
 inside of Λ(π/2, π), horizontally hat
hedon Pi
ture E.4, and this is what we are going to prove.On one hand, in this domain, with (E.1) and (E.8), we obtain x′(z)/∂yK(x(z), y(z)) =

−ı/(2[p1,0p1,−1]
1/2z), whi
h has manifestly no pole inside of Λ(π/2, π). On the other hand,it is possible to dedu
e from the proof of Proposition E.1 that the only poles of Q are at z0and z0. In parti
ular, using (E.8), we obtain that for i or j large enough, Q(z)/[x(z)iy(z)j ]has no pole in Λ(π/2, π). Therefore, for i or j large enough, the integrand of Gi,j,1 has nopole in Λ(π/2, π) and we 
an thus move the 
ontour from Λ(π/2, π/2) to Λ(θ, θ), for any

θ ∈ [π/2, π]. Note that it isn't possible to move the 
ontour beyond Λ(π, π), sin
e Λ(π, π) isa singular 
urve for Q � indeed, re
all that Λ(π, π) = x−1([1, x4]) and see Proposition E.1.By similar 
onsiderations, we obtain that it is possible to move the initial 
ontour ofintegration of Gi,j,2 up to Λ(θ, θ), for any θ ∈ [π − π/n, 3π/2 − π/n].In parti
ular, if we wish to have the same 
ontour of integration for Gi,j,1 and Gi,j,2,we 
an 
hoose Λ(θ, θ), for any θ ∈ [π − π/n, π] = [π/2, π] ∩ [π − π/n, 3π/2 − π/n].
Λ(π/2,π)

Λ(π−π/   ,π)n

n nΛ(π−π/   ,3π/2−π/   )

Λ(θ,θ)Figure E.4 � Change of the 
ontours of integration for both integrals (E.27) and (E.28)Then, using the equality x′(z)/∂yK(x(z), y(z)) = −y′(z)/∂xK(x(z), y(z)), that 
omesfrom di�erentiating K(x(z), y(z)) = 0, as well as (E.27), (E.28) and (E.15) � we 
an use(E.15) sin
e θ ∈ [π − π/n, π] and thus Λ(θ, θ) ⊂ Λ(π − π/n, π) �, we obtain the following



E.4. ASYMPTOTIC OF THE GREEN FUNCTIONS 165�nal formulation for Gi,j , θ being any angle in [π − π/n, π] :
Gi,j =

1

4π[p1,0p1,−1]1/2

∫

Λ(θ,θ)

[
1

z

∑

w∈Wn

(−1)l(w) xi0yj0 (w (z))

]
1

x (z)i y (z)j
dz. (E.29)The fun
tion x(z)iy(z)j is on the 
ontour Λ(θ, θ) ⊂ Λ(π−π/n, π) larger than 1 in modu-lus, see Pi
ture E.2. Moreover, it goes to 1 when and only when z goes to 0 or to ∞. This iswhy it seems natural to de
ompose the 
ontour Λ(θ, θ) into a part near 0, an other near ∞and the remaining part, and to think that the parts near 0,∞ will lead to the asymptoti
of Gi,j and that the remaining part will lead to a negligible 
ontribution. But how to �ndthe best 
ontour in order to a
hieve this idea ? In other words, how to �nd the value of

θ ∈ [π − π/n, π] for whi
h the 
al
ulation of the asymptoti
 of (E.29) will be the easiest ?For this, we are going to 
onsider with details the fun
tion x(z)iy(z)j , or equivalently
χj/i(z) = ln(x(z)) + (j/i) ln(y(z)).In
identally this is why, from now on, we suppose that j/i ∈ [0,M ], for some M <∞.Indeed, the fun
tion χj/i is manifestly not adapted to the values j/i going to ∞ ; for su
h

j/i, we will 
onsider, later, the fun
tion (i/j)χj/i(z) = (i/j) ln(x(z)) + ln(y(z)). Neverthe-less,M 
an be so large as wished and in what follows, we assume that someM > 0 is �xed.With (E.8), we easily obtain the expli
it expansion of χj/i at 0 :
χj/i (z) =

∑

p≥0

ν2p+1 (j/i) z2p+1, ν2p+1 (j/i) =
2

2p+ 1

[
z0

2p+1 + z0
2p+1 + 2 (j/i) z0

2p+1
]
.(E.30)Likewise, again with (E.8), we get that for z near ∞, χj/i(z) =

∑∞
p=0 ν2p+1(j/i)1/z

2p+1.Consider now the steepest des
ent path asso
iated with χj/i, in other words the fun
tion
zj/i(t) de�ned by χj/i(zj/i(t)) = t. By inverting the latter equality, we easily obtain thatthe half-line (1/ν1(j/i))R+ ∪ {∞} is tangent at 0 and at ∞ to this steepest des
ent path.Let us now set

ρj/i = 1/ν1 (j/i) = 1/ [2 (z0 + z0 + 2 (j/i) z0)] . (E.31)With this notation, we now answer the question asked above, that dealt with the fa
tof �nding the value of θ for whi
h the asymptoti
 of the Green fun
tions (E.29) will be themost easily 
al
ulated : we 
hoose θ = arg(ρj/i) � note that, from (E.31), we easily obtainthat arg(ρj/i) ∈ [π − π/n, π] �, and the de
omposition of the 
ontour Λ(θ, θ) is
Λ
(
arg(ρj/i), arg(ρj/i)

)
=
(
ρj/i/|ρj/i|

)
[0, ǫ] ∪

(
ρj/i/|ρj/i|

)
]ǫ, 1/ǫ[ ∪

(
ρj/i/|ρj/i|

)
[1/ǫ,∞] .A

ording to this de
omposition and to (E.29), we 
onsider now Gi,j as the sum of threeterms and we are going to study su

essively the 
ontribution of ea
h of these three terms.Contribution of the neighborhood of 0. In order to evaluate the asymptoti
 of theintegral (E.29) on the 
ontour (ρj/i/|ρj/i|)[0, ǫ], we are going to use the expansion at 0 ofthe fun
tion

1

z

∑

w∈Wn

(−1)l(w) xi0yj0 (w (z)) .



166 CHAPITRE E. KILLED RANDOM WALKS RELATED TO SP(4)This is why we begin here by studying the asymptoti
 of the following integral, k beingsome non-negative integer :
∫

(ρj/i/|ρj/i|)[0,ǫ]

zk

x (z)i y (z)j
dz. (E.32)Using the equality 1/[x(z)iy(z)j ] = exp(−iχj/i(z)) as well as the expansion (E.30) of

χj/i at 0 and then making the 
hange of variable z = ρj/it, we obtain that (E.32) is equalto
ρk+1

j/i

∫ ǫ/|ρj/i|

0
tk exp (−it) exp


−i

∑

p≥1

ν2p+1 (j/i)
(
ρj/it

)2p+1


 dt. (E.33)But with (E.30), |ν2p+1(j/i)| ≤ 4(M + 1) and therefore for all t ∈ [0, ǫ/|ρj/i|], we have

| − i
∑∞

p=1 ν2p+1(j/i)(ρj/it)
2p+1| ≤ iǫ34(M + 1)/(1 − ǫ2). This is why

exp


−i

∑

p≥1

ν2p+1 (j/i)
(
ρj/it

)2p+1


 = 1 +O

(
iǫ3
)
,the O being independent of j/i ∈ [0,M ] and of t ∈ [0, ǫ/|ρj/i|]. The integral (E.33) 
an thusbe 
al
ulated as

ρk+1
j/i

[
1+O

(
iǫ3
)] ∫ ǫ/|ρj/i|

0
tk exp(−it)dt= (ρj/i/i

)k+1 [
1+O

(
iǫ3
)] ∫ iǫ/|ρj/i|

0
tk exp (−t)dt.In the sequel, we 
hoose ǫ = 1/i3/4, so that iǫ/|ρj/i| → ∞ and O(iǫ3) = O(1/i5/4).We 
ould be surprised by this 
hoi
e of ǫ ; in fa
t, we will see in the forth
oming para-graph �Con
lusion� that in order to obtain the asymptoti
 of the Green fun
tions along thepaths of states (i, j) ∈ Z2

+ su
h that j/i → tan(γ) ∈]0,∞[, it would have been su�
ient tohave O(iǫ3) = o(1), but for the paths (i, j) ∈ Z2
+ su
h that j/i → 0, it is ne
essary to have

O(iǫ3) = o(1/i), what a�ords the 
hoi
e ǫ = 1/i3/4.Finally, we obtain that for this 
hoi
e of ǫ, the integral (E.32) is equal to
∫

(ρj/i/|ρj/i|)[0,ǫ]

zk

x (z)i y (z)j
dz =

(
ρj/i/i

)k+1
k!
[
1 +O

(
1/i5/4

)]
, (E.34)where O is independent of j/i ∈ [0,M ].Presently, we are ready to �nd the asymptoti
 of the integral (E.29) on the 
ontour

(ρj/i/|ρj/i|)[0, ǫ]. First, in a

ordan
e with (E.21), we have that this integral equals
1

4π[p1,0p1,−1]1/2

∑

p≥1

n [κnp (i0, j0) − κnp (i0, j0)]

∫

(ρj/i/|ρj/i|)[0,ǫ]

znp−1

x (z)i y (z)j dz.Thus 
learly, with (E.34), we obtain that all the terms 
orresponding to p ≥ 2 in thesum above will be negligible w.r.t. the term asso
iated to p = 1. In addition, by using thede�nition(E.22) of the harmoni
 fun
tion fn as well as (E.34) for k = pn − 1 and p ≥ 1,we get that the integral (E.29) on the 
ontour (ρj/i/|ρj/i|)[0, ǫ] is equal to
1

4π[p1,0p1,−1]1/2
(−1)n (n− 1)!fn (i0, j0) ı

(
ρj/i/i

)n [
1 +O

(
1/i5/4

)]
. (E.35)



E.4. ASYMPTOTIC OF THE GREEN FUNCTIONS 167Contribution of the neighborhood of ∞. The part of the 
ontour 
lose to ∞, namely
(ρj/i/|ρj/i|)[1/ǫ,∞], is related to the part (ρj/i/|ρj/i|)[0, ǫ] by the transformation z 7→ 1/z.Moreover, it is 
lear from (E.8) that for f = x, f = y, or f =

∑
w∈Wn

(−1)l(w)xi0yj0(w),
f (1/z) = f (z).Therefore, the 
hange of variable z 7→ 1/z immediately gives us that the 
ontribution ofthe integral (E.29) near ∞ is the 
omplex 
onjugate of its 
ontribution near 0.Contribution of the intermediate part. Let Aǫ be the annular domain {z ∈ C : ǫ ≤

|z| ≤ 1/ǫ}. A

ording to Pi
ture E.2, for all z ∈ Λ(π − π/n, π) ∩Aǫ, |x(z)| > 1 + ηx,ǫ and
|y(z)| > 1+ ηy,ǫ, where ηx,ǫ > 0 and ηy,ǫ > 0. In fa
t, sin
e x′(0) 6= 0 and y′(0) 6= 0, we 
antake ηx,ǫ > ηǫ and ηy,ǫ > ηǫ, for some η > 0 independent of ǫ small enough.Let us now 
onsider

L = sup
z∈Λ(π−π/n,π)

∣∣∣∣∣

[ ∑

w∈Wn

(−1)l(w) xi0yj0 (w (z))

]/[
xi0yj0 (z)

]∣∣∣∣∣ ,and let us show that L is �nite. For this, it is enough to prove that the fun
tion s, de�ned by
s(z) =

[∑
w∈Wn

(−1)l(w)xi0yj0(w(z))
]/[

xi0yj0(z)
], has no pole in Λ(π−π/n, π) � in
luding

∞. But by using (E.8) and (E.11), we see that the only poles of the numerator of s are the
z0 exp(2ıpπ/n), for p ∈ {0, . . . , n− 1}. Among these n points, only z0 is in Λ(π − π/n, π).But in s, we have taken 
are of dividing by xi0yj0(z), so that s is in fa
t holomorphi
 near
z0. Moreover, it is easily shown that s is holomorphi
 at ∞. Finally, we have proved that
s has no pole in Λ(π − π/n, π), hen
e s is bounded in Λ(π − π/n, π) ; in other words, L is�nite.The modulus of the 
ontribution of (E.29) on the intermediate part (ρj/i/|ρj/i|)]ǫ, 1/ǫ[⊂
Λ(π − π/n, π) ∩Aǫ 
an therefore be bounded from above by

1

4π[p1,0p1,−1]1/2

1

ǫ2
L

(1 + ηǫ)i−i0(1 + ηǫ)j−j0
. (E.36)Note that the presen
e of the term 1/ǫ2 in (E.36) is due to the following : one 1/ǫ appearsas an upper bound of the length of the 
ontour, the other 1/ǫ 
omes from an upper boundof the modulus of the term 1/z present in the integrand of (E.29).Then we take, as before, ǫ = 1/i3/4, and we use the following straightforward upperbound, valid for i large enough : 1/[1 + η/i3/4]i ≤ exp(−[η/2]i1/4). We �nally obtain thatfor i large enough, (E.36) is equal to O(i3/2 exp(−[η/2]i1/4)).Con
lusion. We have seen that the 
ontribution of the integral (E.29) in the neighbor-hood of 0 is given by (E.35), that the 
ontribution of (E.29) in the neighborhood of ∞ isequal to the 
omplex 
onjugate of (E.35) and that the 
ontribution of the remaining part
an be written as O(i3/2 exp(−[η/2]i1/4). Therefore, with (E.29) and (E.35), we obtain

Gi,j =
1

4π[p1,0p1,−1]1/2
(−1)n (n− 1)!fn (i0, j0) ı

[(
ρj/i/i

)n
−
(
ρj/i/i

)n]
+O

(
1/in+5/4

)
.(E.37)Moreover, starting from (E.31), we easily get

(
ρj/i/i

)n
−
(
ρj/i/i

)n
=

2ı (−1)n+1

4n

sin
(
n arctan

( j/i
1+j/i tan (π/n)

))

[
cos(π/n)2 (i2 + 2ij) + j2

]n/2
.



168 CHAPITRE E. KILLED RANDOM WALKS RELATED TO SP(4)The latter equality, (E.37) and Remark E.11 
on
lude the proof of Theorem E.10 in the
ase of γ ∈ [0, π/2[.
∗ Note that having o(1/in) instead of O(1/in+5/4) would have been su�
ient for γ ∈

]0, π/2[, sin
e in this 
ase, Remark E.11 implies that (ρj/i/i)
n − (ρj/i/i)

n ∼ Kγ/i
nwith Kγ 6= 0.

∗ On the other hand, if γ = 0 then (ρj/i/i)
n − (ρj/i/i)

n ∼ K0j/i
n+1 with K0 6= 0 andit is ne
essary to have something like o(1/in+1) in (E.37), as it is a
tually the 
asewith O(1/in+5/4).To prove Theorem E.10 in the 
ase γ = π/2, we would 
onsider (i/j)κj/i rather than

κj/i, and we would use then exa
tly the same analysis ; we omit the details.E.5 Absorption probabilitiesLet us now be interested in the absorption probabilities of the random walk, properlyde�ned in (E.3). Pre
isely, we are going to 
onsider two aspe
ts of these probabilities,namely their exa
t distribution and their asymptoti
 tail distribution.First of all, in Subse
tion E.5.1, we get the asymptoti
 of these absorption probabilities,as a dire
t 
onsequen
e of Theorem E.10.Then, in Subse
tion E.5.2, we �nd the exa
t distribution of the absorption site, by useof some analyti
 methods based on [FIM99℄ and Chapter C.Finally, in Subse
tion E.5.3, we show how the exa
t results of Subse
tion E.5.2 lead tothe asymptoti
 already obtained in Subse
tion E.5.1. It will be the opportunity to study�nely the properties of the 
onformal gluing fun
tions (see De�nition 1 of Part I) in the 
aseof a drift zero � the study of these fun
tions in the 
ase of a non-zero drift being done inChapters A, B and C of this thesis.The te
hni
al details being essentially the same for q and q̃, we are going to fo
us on qin Subse
tions E.5.1, E.5.2 and E.5.3 ; of 
ourse, similar results 
ould be obtained for q̃.E.5.1 Asymptoti
 of the absorption probabilities, a �rst methodProposition E.13. The probabilities of absorption (E.3) admit the following asymptoti
 asthe absorption site i goes to in�nity :
P(i0,j0)[(X,Y ) is absorbed at (i, 0)] ∼

1

2π

n!

[4 cos (π/n)]n
fn (i0, j0)

1

in+1
,

fn being the harmoni
 fun
tion de�ned in (E.22).Proof. Proposition E.13 follows immediately by using the asymptoti
 (E.25) of the Greenfun
tions obtained in Theorem E.10, as well as Remark E.11, in the obvious equality (seealso (C.53)) P(i0,j0)[(X,Y ) is absorbed at (i, 0)] = p1,−1Gi−1,1.E.5.2 Integral representation of the generating fun
tionsIn [FIM99℄ is explained how to obtain expli
itly the generating fun
tions of stationaryprobabilities in the 
ase of some ergodi
 walks in a quarter plane. In Se
tion C.3 of ChapterC, we have developed this analysis to the 
ase of the generating fun
tions of absorption pro-babilities for some pro
esses in a quarter plane that are killed at the boundary and thathave a positive drift.
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t, the methods of [FIM99℄ 
an be similarly generalized to the 
ase of the randomwalks in a quarter plane killed at the boundary and with zero drift. In other words, it ispossible, in our 
ase, to obtain expli
itly the generating fun
tions of absorption probabilities
q and q̃ de�ned by (E.4). Sin
e the ideas are essentially the same as in [FIM99℄ and ChapterC, we don't write the details and we refer to these two works for the te
hni
al aspe
ts of thisapproa
h.Before stating the result giving the expli
it expression of q, we need some de�nitions.First, let X(y) be the two-valued fun
tion su
h that K(X(y), y) = 0. Note that with(E.6), we immediately obtain X(y) = [−b̃(y) ± d̃(y)1/2]/[2ã(y)].Consider now the 
urve X([y1, 1]).For y ∈]y1, 1[, d̃(y) < 0, see (E.7), the two values of X(y) are thus distin
t and 
omplex
onjugate the one from the other. Sin
e d̃(y1) = d̃(1) = 0, the two values ofX(y1) and X(1)are the same (and are respe
tively equal to 0 and 1). In parti
ular, the 
urve X([y1, 1]) is
losed and symmetri
al w.r.t. to the real axis.We denote by GX([y1, 1]) the interior of the bounded domain delimited by X([y1, 1]).Moreover, a, b and d being 
onsidered in (E.6)-(E.7), let us now de�ne µj0 as in (C.16)of Chapter C.Then, the result giving the expli
it expression of q is the following � for the proof, see(C.16), (C.13), (C.54) and (C.59) in Se
tions C.3 and C.6 of Chapter C.Proposition E.14. The fun
tion q 
an be meromorphi
ally 
ontinued from the unit dis
up to C \ [1, y4], where it admits the following integral representation :
1

π

∫ x4

1
ti0µj0 (t)

[−d (t)]1/2

t− x
dt+ 1

π

∫ 1

x1

ti0µj0 (t)

[
∂u (t)

u (t) − u (x)
−

1

t− x

]
[−d (t)]1/2dt+ r (x) .Above, r is a polynomial and u is a 
onformal gluing fun
tion for GX([y1, 1]), see below.We re
all from De�nition 1 of Part I that by a 
onformal gluing fun
tion (CGF) u forthe set GX([y1, 1]) we mean a fun
tion (i) meromorphi
 in GX([y1, 1]), (ii) establishing a
onformal mapping of GX([y1, 1]) onto the whole 
omplex plane 
ut along some ar
, (iii)su
h that for all t in X([y1, 1]), u(t) = u

(
t
).The existen
e � but no expli
it expression � of u in our situation is obtained by makinguse of quite general results on 
onformal gluing, so to 
omplete Proposition E.14, it remainsto �nd expli
itly a CGF u ; this is pre
isely the subje
t of the end of Subse
tion E.5.2.Before beginning our study, it is worth noting that the situation is here 
ompletelydi�erent as the one en
ountered in Chapters A, B and C sin
e the drift is presently equalto zero.In order to obtain expli
itly a CGF u, we are going to use strongly the uniformization

(x, y). Indeed, it seems a priori di�
ult to �nd u be
ause the 
urve X([y1, 1]) is not espe-
ially ordinary ; on the other hand, X([y1, 1]) is the image through the uniformization of aquite ordinary 
urve, sin
e with (E.9) we have X([y1, 1]) = x(Λ(−π/n,−π/n)), see Pi
tureE.2. In parti
ular, we also have GX([y1, 1]) = x(Λ(−π/n, 0)).Moreover, let us remark that if z ∈ Λ(−π/n,−π/n), then x(z) = x(z2
0/z).The two last paragraphs entail that by setting v = u ◦ x, u being the CGF and x the�rst 
oordinate of the uniformization (E.8), the problem of �nding a CGF u is transformedinto the following : to make expli
it a fun
tion v (i) meromorphi
 in Λ(0,−π/n), (ii)establishing a 
onformal mapping of Λ(0,−π/n) onto the 
omplex plane 
ut along some
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, (iii) verifying, for all z in Λ(−π/n,−π/n), v(z2
0z) = v(z), (iv) su
h that, for all z in

C ∪ {∞}, v(z) = v(1/z) � this last 
ondition appears be
ause v = u ◦ x and be
ause forall z in C ∪ {∞}, x(z) = x(1/z), see (E.10).A solution of this new problem is easily found : we 
an take v(z) = zn + 1/zn. As a
onsequen
e, the fun
tion u(t) = x−1(t)n + 1/x−1(t)n is a CGF for the 
urve X([y1, 1]).The fun
tion x−1 has two bran
hes, x−1
+ and x−1

− , equal to x−1
± (t) = [− cos(π/n)(1 +

t)± (4t− sin(π/n)2(1+ t)2)1/2]/[t−1]. In parti
ular, sin
e x−1
+ (t)x−1

− (t) = 1, the CGF u(t)
an be written as x−1
+ (t)n + x−1

− (t)n ; therefore the 
hoi
e of the determination of x−1 inthe de�nition of the CGF u doesn't matter. Moreover, from the expli
it expressions of x−1
+and x−1

− , we easily dedu
e that u is a rational fun
tion of the form u(t) = P (t)/(t − 1)n,where P is a real polynomial of degree n and su
h that P (1) 6= 0.Now that we have obtained expli
itly a CGF u, Proposition E.14 is 
omplete. We wouldlike, however, to know the partial fra
tion expansion of ∂u(t)/[u(t)−u(x)] � we will use itimportantly in Subse
tion E.5.3. For this, we need the following remark about the auto-morphisms of the group Wn.Let us prove that the appli
ation w 7→ x ◦ w ◦ x−1 maps the Weyl group Wn onto
{x ◦ (η ◦ ξ)p ◦ x−1, 0 ≤ p ≤ n − 1}, whi
h is manifestly a group of order n. For this, weremark that ea
h automorphism w ∈ Wn de�nes naturally two automorphisms wx,+ and
wx,− by the formula wx,± = x ◦ w ◦ x−1

± . Sin
e x ◦ ξ = x, we have (ξ ◦ w)x,± = wx,± andsin
e x−1
+ x−1

− = 1, we get wx,+ = (w ◦ ξ)x,−. This is why {wx,±, w ∈ Wn} is in fa
t not oforder 2n but of order n, and is equal to {x ◦ (η ◦ ξ)p ◦ x−1, 0 ≤ p ≤ n − 1}. In the sequel,we note ∆p = x ◦ (η ◦ ξ)p ◦ x−1.With the last paragraphs, we 
an write the partial fra
tion expansion of ∂u(t)/[u(t) −
u(x)]. Indeed, using on the one hand that u has a pole at 1 of order n and on the other handthat u(t) = u(x) if and only if t = ∆p(x), for some p ∈ {0, . . . , n−1} � indeed, v(z) = v(y)if and only if z = w(y) for some w ∈Wn �, we get

∂u (t)

u (t) − u (x)
=

n−1∑

p=0

1

t− ∆p (x)
−

n

t− 1
.Then with Proposition E.14, we immediately obtain that there exists a polynomial ssu
h that

q (x) =
1

π

∫ x4

1

ti0µj0 (t)

t− x
[−d (t)]1/2 dt+

n−1∑

p=1

1

π

∫ 1

x1

ti0µj0 (t)

t− ∆p (x)
[−d (t)]1/2 dt+ s (x) . (E.38)E.5.3 Asymptoti
 of the absorption probabilities, a se
ond methodLet us now give an other proof of Proposition E.13. For this, we are going to study
losely the quantity q(x), equal to ∑i≥1 P(i0,j0)[(X,Y ) is absorbed at (i, 0)]xi, see (E.4).More pre
isely, we are going to show that q is holomorphi
 in (1 + ǫ)D \ [1, 1 + ǫ[ forsome ǫ > 0 and that near 1,

q (x) = −
1

2π

fn (i0, j0)

[4 cos(π/n)]n
(x− 1)n ln (1 − x) [1 + (x− 1)h1 (x)] + h2 (x) , (E.39)where h1 and h2 are holomorphi
 at 1. Then, Proposition E.13 will be a dire
t 
onsequen
eof (E.39) and of the well-known result below.
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∑

i≥0 lix
i be a fun
tion

∗ holomorphi
 in (1 + ǫ)D \ [1, 1 + ǫ[ for some ǫ > 0,
∗ su
h that in the neighborhood of 1, l(x) = m1(x)(x − 1)q ln(1 − x) + m2(x), where
m1,m2 are holomorphi
 at 1, m1(1) 6= 0 and q is a non-negative integer.Then, as i→ ∞, li ∼ −m1(1)q!/i

q+1.Let us now begin the proof of Proposition E.13. First, note that as a generating fun
tionof probabilities, it is 
lear that q is holomorphi
 in the open unit dis
 D . Moreover, withRemark E.2, we 
an get that q is holomorphi
 in (1 + ǫ)D \ [1, 1 + ǫ[ for some ǫ > 0. Itremains 
onsequently to prove (E.39). For this, we need the following result.Lemma E.16. Let k be a non-negative integer. There exist two fun
tions holomorphi
 at
1, fk and gk, su
h that, in the neighborhood of 1, we have
∫ x4

1

(t− 1)k

t− s
dt = − (s− 1)k ln (1 − s)+fk (s) ,

∫ 1

x1

(t− 1)k

t− s
dt = (s− 1)k ln (s− 1)+gk (s) .Note that the proof of Lemma E.16 is straightforward, sin
e the integrals that appearin its statement are easily 
al
ulated expli
itly.Take now the following notations (we re
all that d is de�ned in (E.7), µj0 in (C.16) andwe denote by ǫ some small positive number) :

∀t ∈ [1 − ǫ, 1] : ti0µj0 (t) [−d (t)]1/2 =
∑

k≥1

αk (i0, j0) (t− 1)k , (E.40)and note that, for t ∈ [1, 1 + ǫ], we have ti0µj0(t)[−d(t)]
1/2 = −

∑
k≥1 αk(i0, j0)(t− 1)k.With this notation, using (E.38) and Lemma E.16, we obtain that for x 
lose to 1,

q (x) =
1

π

∑

k≥1

αk (i0, j0)

[
(x− 1)k ln (1 − x) +

n−1∑

p=1

(
∆p (x) − 1

)k
ln
(
∆p (x) − 1

)
]

+ h0 (x) ,(E.41)where h0 
an be written in terms of the fk and gk of Lemma E.16. An important fa
t isthat h0 is symmetri
al in ∆1, . . . ,∆n−1 and is therefore holomorphi
 in the neighborhoodof 1.Moreover, sin
e ∆p(1) = 1 and ∆′
p(1) 6= 0, we have ln(∆p(x) − 1) = ln(1 − x) + lp(x),with ∑n−1

p=1 lp(x) holomorphi
 at 1. In this way, (E.41) be
omes
q (x) =

ln (1 − x)

π

∑

k≥1

αk (i0, j0)

n−1∑

p=0

(
∆p (x) − 1

)k
+ h2 (x) , (E.42)with h2 holomorphi
 in the neighborhood of 1.Consider now ∑n−1

p=0 (∆p(x) − 1)k that appears in (E.42) above, or rather
Ak(z) =

n−1∑

p=0

(
∆p(x(z)) − 1

)k
.By de�nition of ∆p, we have ∆p ◦x = x◦ (η ◦ξ)p, see Subse
tion E.5.2, and in addition,

(η ◦ ξ)p(z) = exp(−2ıpπ/n)z ; therefore,
Ak(z) =

n−1∑

p=0

(
x(exp(−2ıpπ/n)z) − 1

)k
.



172 CHAPITRE E. KILLED RANDOM WALKS RELATED TO SP(4)Evaluating now (E.42) at x = x(z), the quantity∑∞
k=1 αk(i0, j0)Ak(z) appears, and weare now going to prove that in the neighborhood of 0,

∑

k≥1

αk(i0, j0)Ak (z) =
(
(−1)n+1/2

)
fn(i0, j0)z

n +O
(
z2n
)
. (E.43)We �rst re
all a notation of Subse
tion E.5.2, namely x−1

± (t) = [− cos(π/n)(1+t)±(4t−

sin(π/n)2(1+ t)2)1/2]/[t−1], and now we show that for t near 1, the equality below holds :
−2ı

∑

k≥1

αk (i0, j0) (t− 1)k =
∑

q≥0

[κq (i0, j0) − κq (i0, j0)]x
−1
+ (t)q . (E.44)In order to prove the equality (E.44) for t in a neighborhood of 1, we are going to proveit �rst for t ∈ [1 − ǫ, 1].So, if t ∈ [1 − ǫ, 1], (E.40) yields −2ı

∑
k≥1 αk(i0, j0)(t − 1)k = −2ıti0µj0(t)[−d(t)]

1/2.But the latter quantity 
an be 
al
ulated as follows :
ti0
[(

− b(t) − ı[−d(t)]1/2
)/(

2a(t)
)]j0 − ti0

[(
− b(t) + ı[−d(t)]1/2

)/(
2a(t)

)]j0 .In addition, we easily 
he
k that for t ∈ [x1, 1], y(x−1
+ (t)) = (−b(t)− [−d(t)]1/2)/(2a(t))and y(1/x−1

+ (t)) = (−b(t) + ı[−d(t)]1/2)/(2a(t)). Therefore, for t ∈ [1 − ǫ, 1] we have
−2ı

∑

k≥1

αk (i0, j0) (t− 1)k = xi0yj0
(
x−1

+ (t)
)
− xi0yj0

(
1/x−1

+ (t)
)
.Then, it remains to use (E.19) and (E.20) in order to obtain (E.44) for all t ∈ [1− ǫ, 1].Next, by analyti
 
ontinuation, (E.44) holds in fa
t on any dis
 with 
enter at 1 and withradius small enough.In parti
ular, if we apply (E.44) to t = ∆p(x(z)) (whi
h is 
lose to 1 if z is 
lose to 0),if in addition we use the fa
t that x−1

+ (∆p(x(z))) = (η ◦ ξ)p(z) = exp(−2ıpπ/n)z and if�nally we add these equalities w.r.t. p ∈ {0, . . . , n− 1}, we obtain, by de�nition of the Ak,
−2ı

∑

k≥1

αk(i0, j0)Ak (z) =
∑

q≥0

[κq (i0, j0) − κq (i0, j0)] z
q

n−1∑

p=0

exp (−2ıpqπ/n) ,whi
h, by using the expli
it expression of fn, see (E.22), immediately entails (E.43).We are now going to 
on
lude the proof of Equation (E.39). For this, note that
∑

k≥1

αk (i0, j0)

n−1∑

p=0

(∆p (x) − 1)k =
∑

k≥1

αk (i0, j0)Ak

(
x−1

+ (x)
)

=
(
(−1)n+1/2

)
fn (i0, j0)x

−1
+ (x)n +O

(
x−1

+ (x)2n
)

=
−fn (i0, j0)

2 [4 cos (π/n)]n
(x− 1)n +O (x− 1)n+1 .Indeed, the �rst equality above is obtained by de�nition of the fun
tions Ak, the se
ondone is immediate from (E.43) and the third one is a 
onsequen
e of the expansion of x−1

+ at
1, namely x−1

+ (t) = −(t− 1)/[4 cos(π/n)] + · · · . Then, with (E.42), we obtain that
q (x) =

ln (1 − x)

π

−fn (i0, j0)

2 [4 cos (π/n)]n
(x− 1)n [1 + (x− 1)h1 (x)] + h2 (x) , (E.45)where h1 and h2 is holomorphi
 near 1. Finally, by using Lemma E.15 in Equation (E.45),we immediately obtain Proposition E.13.



Chapitre FHitting time of the boundaryF.1 Distribution of the hitting times of both axes and of theoriginIn Se
tion F.1, we 
onsider the random walks (X(k), Y (k))k≥0 in the quadrant Z2
+ withthe following properties � below, let us denote the jump probabilities by P[(X(k+1), Y (k+

1)) = (i0 + i, j0 + j) | (X(k), Y (k)) = (i0, j0)] = p(i0,j0),(i0,j0)+(i,j).
∗ For all (i0, j0) su
h that i0, j0 > 0, p(i0,j0),(i0,j0)+(i,j) does not depend on (i0, j0) and
an thus be denoted by pi,j.
∗ If |i| > 1 or |j| > 1, then pi,j = 0.
∗ The boundary {(0, 0)} ∪ {(i, 0) : i ≥ 1} ∪ {(0, j) : j ≥ 1} is absorbing.
∗ In the list p1,1, p1,0, p1,−1, p0,−1, p−1,−1, p−1,0, p−1,1, p0,−1, there are no three 
onse
u-tive zeros.However, no assumption on the drifts ∑i,j ipi,j and ∑i,j jpi,j is made.First of all, let us observe that the exa
t distributions of the hitting times of both axesand of the origin are expli
itly known, sin
e the generating fun
tions

qi0,j0(1, z) =
∑

k≥0

P(i0,j0)[(X,Y ) hits the horizontal axis at time k]zk,

q̃ i0,j0(1, z) =
∑

k≥0

P(i0,j0)[(X,Y ) hits the verti
al axis at time k]zk,

qi0,j0
0 (z) =

∑

k≥0

P(i0,j0)[(X,Y ) hits the origin at time k]zkare here made expli
it. Indeed, de�ning
qi0,j0(x, z) =

∑

k≥0,i≥1

P(i0,j0)[(X,Y ) hits (i, 0) at time k]xizk,

q̃ i0,j0(y, z) =
∑

k≥0,j≥1

P(i0,j0)[(X,Y ) hits (0, j) at time k]yjzk,

qi0,j0
0 (z) =

∑

k≥0

P(i0,j0)[(X,Y ) hits (0, 0) at time k]zk,the same analysis as the one whi
h led to Theorem B.5 of Part II yields the following result.173



174 CHAPITRE F. HITTING TIME OF THE BOUNDARYTheorem F.1. The fun
tions qi0,j0(x, z) and q̃i0,j0(y, z) above are equal to
qi0,j0(x, z) = xi0Y0(x, z)

j0 (F.1)
+

∫ x2(z)

x1(z)
ti0µj0(t, z)

[
∂tw(t, z)

w(t, z) − w(x, z)
−

∂tw(t, z)

w(t, z) − w(0, z)

] [
− d(t, z)

]1/2dt,
q̃ i0,j0(y, z) = X0(y, z)

i0yj0

+

∫ y2(z)

y1(z)
tj0µ̃i0(t, z)

[
∂tw̃(t, z)

w̃(t, z) − w̃(y, z)
−

∂tw̃(t, z)

w̃(t, z) − w̃(0, z)

] [
− d̃(t, z)

]1/2dt,where
µj0(t, z) =

1

[2a(t, z)]j0

(j0−1)/2∑

k=0

C2k+1
j0

d(t, z)k
[
− b(t, z)

]j0−(2k+1)
,

µ̃i0(t, z) =
1

[2ã(t, z)]i0

(i0−1)/2∑

k=0

C2k+1
i0

d̃(t, z)k
[
− b̃(t, z)

]i0−(2k+1)
,and where w and w̃ are 
onformal gluing fun
tions (CGF), see De�nition 1 of Part I, forthe sets GX([y1(z), y2(z)]) and GY ([x1(z), x2(z)]) respe
tively.In order to obtain qi0,j0

0 (z), it is then enough to evaluate the fun
tional equation (F.2)below (whi
h we prove exa
tly as in Chapter C) at any (x, y, z) su
h that K(x, y, z) = 0,
z ∈]0, 1[ and |x|, |y| < 1,

K(x, y, z)Qi0,j0(x, y, z) = qi0,j0(x, z) + q̃ i0,j0(y, z) + qi0,j0
0 (z) − xi0yj0, (F.2)where we have noted Qi0,j0(x, y, z) =

∑
i,j≥1,k≥0 P(i0,j0)[(X(k), Y (k)) = (i, j)]xi−1yj−1zk.*The rest of Chapter F is devoted to the study of the asymptoti
 tail distribution of thehitting times of both axes and of the origin.Important motivations for this analysis have been presented in Part I.Let us just re
all here that a pre
ise knowledge of the asymptoti
 tail distribution ofthe hitting time of the boundary τ enables us to express the limit as k → ∞ of the pro
ess
onditioned on [τ > k] as some Doob h-pro
ess.The typi
al reasoning we are going to use here is the following :

∗ we �rst show that qi0,j0(1, z) (resp. q̃i0,j0(1, z), qi0,j0
0 (z)) is holomorphi
 in ρ

(
(1 +

ǫ)D \ [1, 1+ ǫ[
), see Pi
ture F.1, and has at ρ a (logarithmi
 or algebrai
) singularity,

∗ next, we �nd the pre
ise behavior of qi0,j0(1, z) (resp. q̃i0,j0(1, z), qi0,j0
0 (z)) at ρ,

∗ we apply the results of [Jun31℄, [Pól74℄ or [FO90℄, that give then the exa
t asymptoti
of the 
oe�
ients of fun
tions verifying the two properties above.In the general 
ase, the se
ond item above seems to us a quite di�
ult task, notablysin
e the dependen
e of the CGF w and w̃ w.r.t. the variable z is very 
omplex ; this is whywe restri
t ourself, in the forth
oming Se
tions F.2, F.3 and F.4, to the parti
ular 
ases forwhi
h it appears to us possible to over
ome this analyti
al di�
ulty � and these 
ases turnout to 
orrespond with the walks having, for all z, a �nite group of automorphisms as wellas rational CGF w and w̃.
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Figure F.1 � The domain ρ((1 + ǫ)D \ [1, 1 + ǫ[

)

ρ (1 + ǫ)ρ

F.2 Case of a group of order 4 for all zThe bulk of Se
tion F.2 is devoted to the study of the walks verifying p−1,0 + p0,1 +
p1,0 + p0,−1 = 1, whi
h admit a group of order 4 for all z, in a

ordan
e with Chapter B.

Figure F.2 � Pro
esses 
onsidered in Subse
tions F.2.1, F.2.2, F.2.3 and F.2.4Only in the �nal Subse
tion F.2.5, we will explain how to generalize the di�erent resultsup to the 
ase of the walks having for all z a group of order 4 and two zero drifts.Let us remark that these walks admit a parti
ularly ni
e des
ription in terms of theparameters, sin
e we have the following.Lemma F.2. A pro
ess has for all z a group of order 4 and two zero drifts if and onlyif the set (pi,j)−1≤i,j≤1 has a horizontal or verti
al symmetry � i.e. either pi,j = pi,−j or
pi,j = p−i,j for all i and j.Proof. Adapting the arguments given in Part 4.1 of [FIM99℄, we get that the group has, forsome �xed value of z, order 4 if and only if ∆(z) = 0, ∆(z) being de�ned in Lemma F.13.As a 
onsequen
e, the group is of order 4 for all z if and only if ∆(1) = ∂∆(1) = 0.Consider now the system 
omposed of the equations (∗) p1,1 + p1,0 + p1,−1 = p−1,1 +
p−1,0 +p−1,−1, (∗) p1,1 +p0,1 +p−1,1 = p1,−1 +p0,−1 +p−1,−1, (∗) ∆(1) = 0, (∗) ∂∆(1) = 0,(∗) ∑−1≤i,j≤1 pi,j = 1, (∗) pi,j ≥ 0.After 
al
ulations, this implies that either p1,1 = p1,−1, p0,1 = p0,−1 and p−1,1 = p−1,−1,in other words a = c, or p1,1 = p−1,1, p1,0 = p−1,0 and p1,−1 = p−1,−1, i.e. ã = c̃.The starting point of Se
tion F.2 is the following re�nement of Theorem F.1, pe
uliarto the walks satisfying to p−1,0 + p0,1 + p1,0 + p0,−1 = 1.Proposition F.3. Suppose that p−1,0 + p0,1 + p1,0 + p0,−1 = 1. For x ∈ C \ [x3(z), x4(z)]and z ∈]0, 1/(2[p1,0p−1,0]

1/2 +2[p0,1p0,−1]
1/2)[, the fun
tion qi0,j0(x, z) admits the followingintegral representation :

x

π

∫ x4(z)

x3(z)

[
ti0 − ([p−1,0/p1,0]/t)

i0
]µj0(t, z)

[
− d(t, z)]1/2

t(t− x)
dt+ xP∞[xi0−1Y0(x, z)

j0 ].Proof. The proof is essentially the same as the one of Equation (D.25).
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hange of variable via the Chebyshev polynomialsSubse
tion F.2.1 aims at making a 
hange of variable in the integral representation of
qi0,j0 stated in Proposition F.3 ; in this way, we will obtain our �nal formulation of qi0,j0 ,starting from whi
h we will get all the results of Subse
tions F.2.2, F.2.3 and F.2.4.De�ne b̂(t, z) = b(t, z)/[4a(t, z)c(t, z)]1/2 ; then t 7→ b̂(t, z) is 
learly a di�eomorphismbetween ]x1(z), x2(z)[ (resp. ]x3(z), x4(z)[) and ]− 1, 1[. Moreover, µj0 expresses itself in aquite natural way in this new variable b̂, sin
e the following equality holds :

µj0(t, z)
[
− d(t, z)

]1/2
=

(
c(t, z)

a(t, z)

)j0/2

Uj0−1

(
− b̂(t, z)

)[
1 − b̂(t, z)2

]1/2
, (F.3)where the Up are the Chebyshev polynomials of the se
ond kind. We re
all (see [Sze75℄)that they are the orthogonal polynomials related to the weight u 7→ [1−u2]1/21]−1,1[(u) andthat their expli
it expression is

Up(u) =

(
u+ [u2 − 1]1/2

)p+1
−
(
u− [u2 − 1]1/2

)p+1

2[u2 − 1]1/2
=

p/2∑

k=0

C2k+1
p+1 (u2 − 1)kup−2k. (F.4)Let us now introdu
e two properties of the Chebyshev polynomials of the se
ond kindthat we will espe
ially use here (for a proof, see e.g. [Sze75℄) : �rstly, they have the parityof their order, i.e. Up(−u) = (−1)pUp(u) ; se
ondly, in the neighborhood of 1, they admitthe expansion Up(u) = (p + 1)[1 + p(p+ 2)(u− 1)/3 +O(u− 1)2].We are now ready to make the 
hange of variable t 7→ b̂(t, z) previously mentioned. Inthis aim, note that b̂(t, z) = u if and only if b(t, z) − 2u[p0,1p0,−1]

1/2zt = 0, in other wordsif and only if t = t−(u, z) or t = t+(u, z), where
t±(u, z) =

1 + 2[p0,1p0,−1]
1/2uz ±

[
(1 + 2[p0,1p0,−1]

1/2uz)2 − 4p1,0p−1,0z
2
]1/2

2p1,0z
. (F.5)Sin
e t+(−1, z) = x3(z) and t+(1, z) = x4(z), making the 
hange of variable t 7→ b̂(t, z)(and taking x = 1) in Proposition F.3 leads to the following.Proposition F.4. For z ∈]0, 1/(2[p1,0p−1,0]

1/2 + 2[p0,1p0,−1]
1/2)[, qi0,j0(1, z) equals

P i0,j0(z) +
1

π

(
p0,−1

p0,1

)j0/2 ∫ 1

−1

[
t+(u, z)i0 − t−(u, z)i0

] ∂ut+(u, z)Uj0−1(−u)

t+(u, z)(t+(u, z) − 1)
[1 − u2]1/2du,(F.6)where P i0,j0(z) is the polynomial xP∞[xi0−1Y0(x, z)

j0 ] evaluated at x = 1.To 
on
lude Subse
tion F.2.1, let us set k1(u) = −2[p0,1p0,−1]
1/2u + 2[p1,0p−1,0]

1/2 aswell as k2(u) = −2[p0,1p0,−1]
1/2u−2[p1,0p−1,0]

1/2. With these notations, we have t±(u, z) =
(1 + 2[p0,1p0,−1]

1/2uz ± [(1 − k1(u)z)(1 − k2(u)z)]
1/2)/(2p1,0z). Moreover, we easily showthe two following identities :

∂ut±(u, z) = ±t±(u, z)
2[p0,1p0,−1]

1/2z
[
(1 − k1(u)z)(1 − k2(u)z)

]1/2
,

1

t+(u, z) − 1
=

1

2

[
(1 − k1(u)z)(1 − k2(u)z)

]1/2
−
[
1 + (2[p0,1p0,−1]

1/2u− 2p1,0)z
]

1 + (2[p0,1p0,−1]1/2u− (p1,0 + p−1,0))z
.(F.7)



F.2. CASE OF A GROUP OF ORDER 4 FOR ALL Z 177F.2.2 The gambler ruinConsider the identity (F.6), in whi
h we use (F.7) and we do p1,0, p−1,0 → 0. In addition,we take i0 = 1 in order to lighten the te
hni
al details. The expression (F.6) then be
omes :
q1,j0(1, z) =

1

π

(
p0,−1

p0,1

)j0/2 ∫ 1

−1

2[p0,1p0,−1]
1/2z

1 + 2[p0,1p0,−1]1/2u
Uj0−1(−u)[1 − u2]1/2du. (F.8)Not unexpe
tedly, the latter equals [(1− [1− 4p0,1p0,−1z

2]1/2)/(2p0,1z)
]j0 , whi
h is, ina

ordan
e with [Fel57℄, the generating fun
tion of the ruin probabilities for the gamblerruin problem, i.e. ∑k≥0 Pj0[a gambler having an initial fortune j0 is ruined at time k]zk.Let us sket
h the proof of this fa
t.Start by showing that for p ∈ Z+ and t ∈ C \ [−1, 1],

1

π

∫ 1

−1

up

u− t
[1 − u2]1/2du = tp(t2 − 1)1/2 − P∞

[
tp(t2 − 1)1/2

]
, (F.9)where P∞[f ] denotes the prin
ipal part of f at in�nity.In order to obtain (F.9), integrate the fun
tion up[1−u2]1/2/(u− t) on a 
losed 
ontoursurrounding at a distan
e ǫ > 0 the segment [−1, 1], next, use the residue theorem at in�nityand at last, do ǫ going to zero.Now in (F.8) we expand Uj0−1 a

ording to the powers of u and we apply (F.9) to ea
hterm in the so-obtained sum. Using the linearity of the prin
ipal part, (F.8) then be
omes :

q1,j0(1, z) = −

(
p0,−1

p0,1

)j0/2 (
Uj0−1(u)(u

2 − 1)1/2 − P∞

[
Uj0−1(u)(u

2 − 1)1/2
])
, (F.10)where we have set u = 1/(2[p0,1p0,−1]

1/2z).Introdu
e now the Chebyshev polynomials Tp of the �rst kind. We re
all that they arethe orthogonal polynomials asso
iated with the weight u 7→ [1−u2]−1/21]−1,1[(u) and thattheir expli
it formulation is
Tp(u) =

(
u+ [u2 − 1]1/2

)p
+
(
u− [u2 − 1]1/2

)p

2
. (F.11)Moreover, in [Sze75℄ is shown that there exists the following link between the Chebyshevpolynomials of the �rst and se
ond kinds :

P∞

[
Up(u)(u

2 − 1)1/2
]

= Tp+1(u), P∞

[
Tp+1(u)(u

2 − 1)−1/2
]

= Up(u).The latter relationships allow us to simplify 
onsiderably (F.10) and we �nd :
q1,j0(1, z) = −

(
p0,−1

p0,1

)j0/2 (
Uj0−1(u)(u

2 − 1)1/2 − Tj0(u)
)
,where u = 1/(2[p0,1p0,−1]

1/2z).But with (F.4) and (F.11), Uj0−1(u)(u
2 − 1)1/2 −Tj0(u) = −[u− (u2 − 1)1/2]j0 , so thatthe proof is a
tually 
on
luded.



178 CHAPITRE F. HITTING TIME OF THE BOUNDARYF.2.3 Drift zeroProposition F.5. We suppose here again that p−1,0+p0,1+p1,0+p0,−1 = 1 and in additionthat p−1,0 = p1,0 as well as p0,−1 = p0,1. Then, as k → ∞, following asymptoti
 holds :
P(i0,j0)[(X,Y ) hits the horizontal axis at time k] ∼ i0j0

2π[p1,0p0,1]1/2

1

k2
. (F.12)The asymptoti
 of P(i0,j0)[(X,Y ) hits the verti
al axis at time k] is exa
tly the same.Denote by τ the hitting time of the boundary. Sin
e P(i0,j0)[τ = k] = P(i0,j0)[(X,Y ) hitsthe horizontal axis at time k] + P(i0,j0)[(X,Y ) hits the verti
al axis at time k], it followsdire
tly from Proposition F.5 that P(i0,j0)[τ > k] ∼ i0j0/(π[p1,0p0,1]

1/2k).Corollary F.6. Setting h(i0, j0) = i0j0, the Doob h-pro
ess of (X,Y ) 
oin
ides, in distri-bution, with the limit as k → ∞ of the pro
ess 
onditioned on [τ > k].Proof of Proposition F.5. We are going to prove that qi0,j0(1, z), whi
h is the generatingfun
tion qi0,j0(1, z) =
∑

k≥0 P(i0,j0)[(X,Y ) hits the horizontal axis at time k]zk, is holomor-phi
 in (1+ ǫ)D \ [1, 1+ ǫ[ for ǫ > 0 su�
iently small (let us re
all that D denotes the openunit dis
) and that in the neighborhood of 1,
qi0,j0(1, z) = hi0,j0(z) + gi0,j0(z)(z − 1) ln(1 − z), (F.13)where hi0,j0 and gi0,j0 are holomorphi
 at 1 and gi0,j0(1) = −i0j0/(2π[p1,0p0,1]

1/2).To 
on
lude, it will be then enough to use the famous prin
iple explained hereunder.If q(z) =
∑

k≥0 qkz
k is a fun
tion holomorphi
 in (1 + ǫ)D \ [1, 1 + ǫ[ and equal, near 1, to

q(z) = s(z) + r(z) ln(1 − z), s and r being holomorphi
 in the neighborhood of 1, then as
k → ∞, qk ∼ (−1)m∂mr(1)/km+1, where m = inf{p ∈ Z+ : ∂pr(1) 6= 0}.Setting p−1,0 = p1,0 and p0,−1 = p0,1 in (F.6), we get that up to the polynomial P i0,j0(z),
qi0,j0(1, z) is equal to
p0,1z

π

∫ 1

−1

t+(u, z)i0 − t−(u, z)i0
[
(1 − k1(u)z)(1 − k2(u)z)

]1/2
Uj0−1(−u)

([
1 − k2(u)z

1 − k1(u)z

]1/2

− 1

)
[1 − u2]1/2du.(F.14)In parti
ular, it be
omes 
lear from (F.14) that qi0,j0 is holomorhi
 in (1+ǫ)D \[1, 1+ǫ[,for ǫ > 0 small enough. It remains thus to prove (F.13).Using in (F.14) the expressions of t− and t+ given in (F.5), we immediately noti
e that

p0,1z

π

t+(u, z)i0 − t−(u, z)i0
[
(1 − k1(u)z)(1 − k2(u)z)

]1/2
Uj0−1(−u)is a polynomial in u and z. In parti
ular, we 
an write the latter fun
tion, say F i0,j0(u, z),as a �nite sum F i0,j0(u, z) =

∑
i,j≥0 F

i0,j0
i,j (u+ 1)i(z − 1)j , with F i0,j0

0,0 = i0j0p0,1/(πp1,0).Sin
e adding a polynomial will obviously not 
hange the asymptoti
 of the 
oe�
ientsof qi0,j0(1, z), we 
an fo
us in the sequel on
ri0,j0(z) =

∫ 1

−1
F i0,j0(u, z)

[
1 − k2(u)z

1 − k1(u)z

]1/2

[1 − u2]1/2du.



F.2. CASE OF A GROUP OF ORDER 4 FOR ALL Z 179Consider now Gi0,j0(u, z) = F i0,j0(u, z)[1−k2(u)z]
1/2. Sin
e k2(−1) = 2(p0,1−p1,0) < 1,the fun
tion of two variables Gi0,j0 is holomorphi
 in (1 + ǫ)D2, for ǫ > 0 small enough.In parti
ular, it follows that Gi0,j0 
an be expanded a

ording to the powers (u+1)i(z−

1)j , say Gi0,j0(u, z) =
∑

i,j≥0G
i0,j0
i,j (u+ 1)i(z − 1)j , where Gi0,j0

0,0 = 2i0j0p0,1/(π[p1,0]
1/2).With these notations,

ri0,j0(z) =
∑

i,j≥0

Gi0,j0
i,j (z − 1)j

∫ 1

−1
(1 − u)i

[1 − u2]1/2

[1 − k1(−u)z]1/2
du.Thanks to Lemma F.7 below, we get the existen
e of two fun
tions holomorphi
 at 1,namely f i0,j0(z) =

∑
i,j≥0G

i0,j0
i,j fi(z)(z − 1)j and gi0,j0(z) =

∑
i,j≥0G

i0,j0
i,j gi(z)(z − 1)i+j ,su
h that

ri0,j0(z) = f i0,j0(z) + gi0,j0(z)(z − 1) ln(1 − z).Moreover, on
e again with Lemma F.7, gi0,j0(1) = Gi0,j0
0,0 g0(1) = −i0j0/(2π[p0,1p1,0]

1/2).Equation (F.13) follows immediately.Lemma F.7. Let i ∈ Z+. The fun
tion Fi de�ned by
Fi(z) =

∫ 1

−1
(1 − u)i

[1 − u2]1/2

[1 − k1(−u)z]1/2
duis holomorphi
 in (1 + ǫ)D \ [1, 1 + ǫ[, for ǫ > 0 small enough. Moreover, there exist twofun
tions fi and gi holomorphi
 at 1 and verifying gi(1) 6= 0 su
h that near 1, Fi(z) =

fi(z) + gi(z)(z − 1)i+1 ln(1 − z). Furthermore, g0(1) = −1/(4[p0,1]
3/2).Proof. The fa
t that for small ǫ > 0, Fi is holomorphi
 in (1 + ǫ)D \ [1, 1 + ǫ[ is 
lear fromits expli
it expression. We are thus going to 
on
entrate the details on the behavior of Fiat 1.For lightening the te
hni
al details, we assume in the rest of the proof that p1,0 < p0,1.First, in the integral Fi, we repla
e the lower bound −1 by −p1,0/p0,1 > −1. This doesnot 
hange the behavior of Fi at 1, sin
e this repla
ement is simply equivalent to add to

Fi a fun
tion having a radius of 
onvergen
e stri
tly larger than 1.Then, the 
hange of variable v2 = k1(−u) = 2[p0,1u+ p1,0] yields
∫ 1

−p1,0/p0,1

(1−u)i
[1 − u2]1/2

[1 − k1(−u)z]1/2
du =

2

(2p0,1)2+i

∫ 1

0

[1 − v2]1/2+i

[1 − zv2]1/2
v(v2+2[p0,1−p1,0])

1/2dv.Next, using the expansion of v1/2 at 1, we develop v(v2+2[p0,1−p1,0])
1/2 a

ording to thepowers of 1−v2 and we get v(v2 +2[p0,1−p1,0])

1/2 =
∑

k≥0 ck(1−v
2)i, with c0 = 2[p0,1]

1/2,et
.In a few lines, we will demonstrate that there exist ψk and φk, holomorphi
 at 1 and veri-fying φk(1) 6= 0, su
h that
∫ 1

0

[1 − v2]1/2+k

[1 − zv2]1/2
dv = ψk(z) + φk(z)(z − 1)k+1 ln(1 − z). (F.15)But before showing Equation (F.15), we prove how this identity allows us to 
ompletethe proof of Lemma F.7. With the notations of (F.15), let us take the de�nitions f̃i(z) =

2/(2p0,1)
i+2
∑

k≥0 ckψk+i(z) and gi(z) = 2/(2p0,1)
i+2
∑

k≥0 ckφk+i(z)(z − 1)k. Then,
∫ 1

−p1,0/p0,1

(1 − u)i
[1 − u2]1/2

[1 − k1(−u)z]1/2
du = f̃i(z) + (z − 1)i+1 ln(1 − z)gi(z). (F.16)



180 CHAPITRE F. HITTING TIME OF THE BOUNDARYNext, we 
hange the lower bound −p1,0/p0,1 in −1, what repla
es f̃i by another fun
tionholomorphi
 at 1, that we 
all fi, but what does not 
hange the fun
tion gi, for the reasonsalready explained at the beginning of the proof.So it remains to prove (F.15). The proof 
onsists in expressing the integrals in the lefthand side member of (F.15) in terms of K and E, the two 
lassi
al Legendre 
ompleteellipti
 integrals of the �rst and se
ond kinds, de�ned by
K(z) =

∫ 1

0

dv
[
(1 − v2)(1 − zv2)

]1/2
, E(z) =

∫ 1

0

[1 − zv2]1/2

[1 − v2]1/2
dvand then in using well-known results 
on
erning these ellipti
 integrals (see e.g. in [SG69℄),notably the ones related to their behavior in the neighborhood of 1.Both K and E are manifestly holomorphi
 in (1 + ǫ)D \ [1, 1 + ǫ[ for any ǫ > 0, andfrom the so-
alled Abel's identity, see e.g. [SG69℄, it 
an be dedu
ed that near 1, K(z) =

ρK(z)+σK(z) ln(1−z) and E(z) = ρE(z)+σE(z)(z−1) ln(1−z), where the four fun
tions
ρK , σK , ρE , σE are holomorphi
 at 1, σK(1) = −1/2 and σE(1) = 1/4.In addition, for any k ∈ Z+, we 
an �nd two polynomials Pk and Qk, su
h that

∫ 1

0

[1 − v2]1/2+k

[1 − zv2]1/2
dv =

1

zk+1

[
Qk(z)K(z) + Pk(z)E(z)

]
.These polynomials 
an be expli
itly 
al
ulated ; for instan
e, Q0(z) = z−1 and P0(z) = 1.Therefore, setting ψk(z) = (Qk(z)ρK(z) + Pk(z)ρE(z))/zk+1 and φ̃k(z) = (Qk(z)σK(z) +

Pk(z)σE(z)(z − 1))/zk+1, we obtain that
∫ 1

0

[1 − v2]1/2+k

[1 − zv2]1/2
dv = ψk(z) + φ̃k(z) ln(1 − z).Then, to prove (F.15), it is enough to verify that we 
an write φ̃k(z) as (z−1)k+1φk(z),with φk holomorphi
 at 1.For example, for k = 0, thanks to the expli
it expression of Q0 and P0 given above, wehave φ̃0 = (z−1)(σK(z)+σE(z))/z, when
e the result by setting φ0(z) = (σK(z)+σE(z))/z.For general values of k ∈ Z+, we omit this veri�
ation, the 
al
ulations being indeedsomewhat tedious � essentially be
ause of the 
omplex expressions of Qk and Pk.To prove the last fa
t 
laimed in Lemma F.7, i.e. the equality g0(1) = −1/(4[p0,1]

3/2),we remark that g0(1) = 2c0(σK(1) + σE(1))/(2p0,1)
2 = −1/(4[p0,1]

3/2).F.2.4 Non-zero driftIn Subse
tion F.2.3, we were interested in the 
ase of two zero drifts, i.e. p−1,0 = p1,0 and
p0,−1 = p0,1 ; in this Subse
tion F.2.4, we are going to state analogous results as PropositionF.5 when two (
f. Proposition F.8) or one (
f. Proposition F.10) of the drifts are non-zero.Proposition F.8. We suppose here that p−1,0 +p0,1 +p1,0 +p0,−1 = 1 and in addition that
p−1,0 < p1,0 as well as p0,−1 < p0,1. Then, as k → ∞, P(i0,j0)[(X,Y ) hits the horizontalaxis at time k] admits the following asymptoti
 :

j0

2π1/2[p0,1p0,−1]1/4

(
p0,−1

p0,1

)j0/2 [
1 −

(
p−1,0

p1,0

)i0 ](p1,0 + p−1,0 + 2[p0,1p0,−1]
1/2
)k+1/2

k3/2
.(F.17)The asymptoti
 of P(i0,j0)[(X,Y ) hits the verti
al axis at time k] is then got thanks toan adequate 
hange of the parameters in (F.17).



F.2. CASE OF A GROUP OF ORDER 4 FOR ALL Z 181Proof. We are going to show that for ǫ > 0 su�
iently small, qi0,j0(1, z) is holomorphi
 in
ρ
(
(1 + ǫ)D \ [1, 1 + ǫ[

), where ρ = 1/
(
p1,0 + p−1,0 + 2[p0,1p0,−1]

1/2
), and that near ρ,

qi0,j0(1, z) = gi0,j0(z) + f i0,j0(z)[1 − z/ρ]1/2, (F.18)where gi0,j0 and f i0,j0 are holomorphi
 at ρ and
f i0,j0(ρ) = −

j0

[p0,1p0,−1]1/4

(
p0,−1

p0,1

)j0/2 [
1 −

(
p−1,0

p1,0

)i0 ](
p1,0 + p−1,0 + 2[p0,1p0,−1]

1/2
)1/2

.(F.19)To 
on
lude, it will be then enough to use the prin
iple explained below � and alreadyintrodu
ed in the proof of Lemma C.26 in Chapter C.If H(z) =
∑

k≥0Hkz
k is a fun
tion holomorphi
 in ρ

(
(1 + ǫ)D \ [1, 1 + ǫ[

) and su
hthat near ρ,
H(z) = h0(z) +

d∑

i=1

hi(z)[1 − z/ρ]θi ,where the hi are holomorphi
 near ρ, not vanishing at ρ for i ∈ {1, . . . , d}, the θ1 < · · · < θdare rational but not integer, then as k → ∞, Hk ∼ h1(ρ)ρ
−k/[Γ(−θ1)k

θ1+1].Proposition F.4 entails that up to the polynomial P i0,j0(z), qi0,j0(1, z) is equal to
1

π

(
p0,−1

p0,1

)j0/2 ∫ 1

−1

(
t+(u, z)i0 − t−(u, z)i0

) 2[p0,1p0,−1]
1/2z

[
(1 − k1(u)z)(1 − k2(u)z)

]1/2
× (F.20)

×
1

2

[
(1 − k1(u)z)(1 − k2(u)z)

]1/2
− (1 − k4(u)z)

1 − k3(u)z
Uj0−1(−u)[1 − u2]1/2du,where we have set k1(u) = −2[p0,1p0,−1]

1/2u+ 2[p1,0p−1,0]
1/2, k2(u) = −2[p0,1p0,−1]

1/2u−
2[p1,0p−1,0]

1/2, k3(u) = −2[p0,1p0,−1]
1/2u+p1,0+p−1,0 and k4(u) = −2[p0,1p0,−1]

1/2u+2p1,0.Let us also de�ne
ρ = 1/k3(−1) = 1/

(
2[p0,1p0,−1]

1/2 + p1,0 + p−1,0

)
.Due to the obvious inequalities 2[p1,0p−1,0]

1/2 < p1,0 +p−1,0 < 2p1,0, the integral (F.20)is manifestly holomorphi
 in ρ((1+ǫ)D \[1, 1+ǫ[
). Therefore, in order to prove PropositionF.8, it is enough to demonstrate (F.18) and (F.19).For this, we de�ne F i0,j0(u, z) = (t+(u, z)i0 − t−(u, z)i0)[p0,1p0,−1]

1/2zUj0−1(−u)([(1 −
k1(u)z)(1 − k2(u)z)]

1/2 − (1 − k4(u)z))/[(1 − k1(u)z)(1 − k2(u)z)]
1/2, in su
h a way thatthe integral (F.20) 
an be expressed as

1

π

(
p0,−1

p0,1

)j0/2 ∫ 1

−1

F i0,j0(u, z)

1 − k3(u)z
[1 − u2]1/2du. (F.21)

(u, z) 7→ F i0,j0(u, z) de�ned above is 
ertainly not holomorphi
 in the whole C2, but isholomorphi
 in (1 + ǫ)
(
D × ρD

), if ǫ > 0 is small enough. Indeed, sin
e 2[p1,0p−1,0]
1/2 <

p1,0 + p−1,0 < 2p1,0, we immediately noti
e that for i ∈ {1, 2, 4}, the fun
tions (u, z) 7→
(1 − ki(u)z)

1/2 are holomorphi
 in (1 + ǫ)
(
D × ρD

), for su�
iently small values of ǫ > 0.



182 CHAPITRE F. HITTING TIME OF THE BOUNDARYIn parti
ular, we 
an write the expansion of F i0,j0(u, z) in the neighborhood of (−1, ρ),say F i0,j0(u, z) =
∑

i,j≥0 F
i0,j0
i,j (1 +u)i(1− z/ρ)j , with 
oe�
ients F i0,j0

i,j that 
an be expli-
itly 
al
ulated ; for instan
e, using that
[k3(−1) − k1(−1)][k3(−1) − k2(−1)] = (p1,0 − p−1,0)

2, t+(−1, k3(−1)) = 1,we �nd F i0,j0
0,0 = 2j0[1 − (p−1,0/p1,0)

i0 ][p0,1p0,−1]
1/2/k3(−1).Now, with the notations of Lemma F.9 below, we set

g̃ i0,j0(z) =
1

π

(
p0,−1

p0,1

)j0/2 ∑

i,j≥0

F i0,j0
i,j gi(z)[1 − z/ρ]j ,

f i0,j0(z) =
1

π

(
p0,−1

p0,1

)j0/2 ∑

i,j≥0

F i0,j0
i,j fi(z)[1 − z/ρ]i+j .Then, the integral (F.21) is equal to g̃i0,j0(z)+f i0,j0(z)[1− z/ρ]1/2 , with f i0,j0(1) givenby (F.19), in su
h a way that Equations (F.18) and (F.19) are proved.Lemma F.9. Let i ∈ Z+ and k3(u) = −2[p0,1p0,−1]

1/2u+p1,0+p−1,0. Then the fun
tion Gide�ned by
Gi(z) =

∫ 1

−1
(1 − u)i

[1 − u2]1/2

1 − k3(−u)z
duis holomorphi
 in ρ((1+ǫ)D\[1, 1+ǫ[

), for ǫ > 0 small enough and ρ = 1/k3(−1). Moreover,there exist two fun
tions gi and fi holomorphi
 at ρ and verifying fi(ρ) 6= 0 su
h that near
ρ, Gi(z) = gi(z) + fi(z)[1 − z/ρ]i+1/2. In addition, f0(ρ) = −(π/2)/(ρ[p0,1p0,−1]

1/2)3/2.Proof. The proof of Lemma F.9 is based on the fa
t that Gi 
an be expli
itly 
al
ulated :
Gi(z) = −

π

2

1

z[p0,1p0,−1]1/2

(
(1 − Z)i(Z2 − 1)1/2 − P∞

[
(1 − Z)i(Z2 − 1)1/2

])
, (F.22)where P∞[f ] is the prin
ipal part at in�nity of f and where we have set Z = (1− z[p1,0 +

p−1,0])/(2[p0,1p0,−1]
1/2z).In order to prove (F.22), start by remarking that 1−k3(−u)z = −2z[p0,1p0,−1]

1/2(u−Z),where Z is as above. Then, integrate the fun
tion (1 − u)i[u2 − 1]1/2/(u − Z) on a 
losed
ontour surrounding at a distan
e ǫ > 0 the segment [−1, 1], next use the residue theoremat in�nity and at last, do ǫ going to zero. We get
∫ 1

−1
(1 − u)i

[1 − u2]1/2

u− Z
du = π

(
(1 − Z)i(Z2 − 1)1/2 − P∞

[
(1 − Z)i(Z2 − 1)1/2

])
,from whi
h (F.22) and thus also Lemma F.9 are immediate 
onsequen
es.Proposition F.10. We suppose here that p−1,0+p0,1+p1,0+p0,−1 = 1 and in addition that

p−1,0 = p1,0 as well as p0,−1 < p0,1. Then, as k → ∞,
P(i0,j0)[(X,Y ) hits the horizontal axis at time k] ∼

i0j0

2π[p1,0]1/2[p0,1p0,−1]1/4

(
p0,−1

p0,1

)j0/2
[
2(p1,0 + [p0,1p0,−1]

1/2)
]k

k2
, (F.23)

P(i0,j0)[(X,Y ) hits the verti
al axis at time k] ∼ i0
[πp1,0]1/2

[
1 −

(
p0−1

p01

)j0 ] 1

(2p0,1)j0
1

k3/2
.(F.24)



F.2. CASE OF A GROUP OF ORDER 4 FOR ALL Z 183Proof. The proof of (F.23) is quite similar to the one of (F.12), whereas the proof of (F.24)is essentially the same as the one of (F.17) ; we omit the details.Remark F.11. Note that (F.23) formally implies (F.12). Likewise, (F.24) formally followsfrom (F.17) � after a proper 
hange of the parameters. But remarkably, it is not possibleto obtain (F.23) starting from (F.17) and then making the drift go to zero.F.2.5 Generalization of Subse
tion F.2.3In this subse
tion, we are going to extend the range of the results of Subse
tion F.2.3.Pre
isely, we are going to 
onsider here the set of all the walks asso
iated for all z with agroup of order 4 and having in addition two zero drifts, i.e. p1,1 + p1,0 + p1,−1 = p−1,1+
p−1,0 +p−1,−1 and p1,1 +p0,1 +p−1,1 = p1,−1 +p0,−1 +p−1,−1 � this set of walks is des
ribedin terms of the parameters in Lemma F.2. For all these walks, we are going to prove thefollowing extension of Proposition F.5.Proposition F.12. We suppose here that the pro
ess has for all z a group of order 4 andthat the two drifts are zero. Then, as k → ∞, P(i0,j0)[(X,Y ) hits the horizontal axis attime k] admits the following asymptoti
 :

i0j0

2π
[
(p1,1 + p1,0 + p1,−1)(p1,1 + p0,1 + p−1,1)

]1/2

1

k2
.The asymptoti
 of P(i0,j0)[(X,Y ) hits the verti
al axis at time k] is exa
tly the same.Proof. We give here only a sket
h of the proof of Proposition F.12, sin
e the details aremainly the same as the ones for the proof of Proposition F.5.First of all, note that Lemma F.2 implies that under the assumptions of PropositionF.12, either ã = c̃ or a = c. In the sequel, let us suppose that ã = c̃, we would deal withthe symmetri
al 
ase a = c similarly.First, let us be interested in P(i0,j0)[(X,Y ) hits the horizontal axis at time k], or equi-valently, in their generating fun
tion qi0,j0(1, z).If ã = c̃, then the 
urve X([y1(z), y2(z)], z) is simply the unit 
ir
le � indeed, notethat for y ∈ [y1(z), y2(z)], |[−b̃(y, z) ± d̃(y, z)1/2]/[2ã(y, z)]| = |c̃(y, z)/ã(y, z)|1/2 = 1. Anadequate CGF is thus just w(t, z) = t + 1/t and after some 
al
ulations, Theorem F.1yields

qi0,j0(x, z) =
x

π

∫ x4(z)

x3(z)

[
ti0−1/ti0

]µj0(t, z)
[
− d(t, z)

]1/2

t(t− x)
dt+xP∞

[
xi0−1Y0(x, z)

j0
]
. (F.25)Then, we 
ould adapt the 
hange of variable t = t+(u, z) made in Subse
tion F.2.1, next,with some additional te
hni
al details, we 
ould follow the proof of Proposition F.5 and�nally, we would obtain the asymptoti
 of P(i0,j0)[(X,Y ) hits the horizontal axis at time k]
laimed in Proposition F.12.Let us now be interested in P(i0,j0)[(X,Y ) hits the verti
al axis at time k], or equiva-lently, in their generating fun
tion q̃i0,j0(1, z).By applying Lemma F.13 below, we obtain that the 
urve Y ([x1(z), x2(z)], z) is a 
ir
le(possibly degenerated into a straight line), say of 
enter γ(z) and radius ρ(z) � whi
h 
an,



184 CHAPITRE F. HITTING TIME OF THE BOUNDARYbesides, easily be made expli
it from the proof of Lemma F.13. In parti
ular, the fun
tion
w̃(t, z) = t+ ρ(z)2/(t− γ(z)) is 
learly a suitable CGF for the set GY ([x1(z), x2(z)], z).De�ne now the fun
tion σ(t, z) = γ(z) + ρ(z)2/(t − γ(z)). Among many noteworthyrelationships, it satis�es to w̃(σ(t, z), z) = w̃(t, z) and σ([y1(z), y2(z)], z) = [y3(z), y4(z)].Skipping over the details, Theorem F.1 be
omes
q̃ i0,j0(y, z) =

y

π

∫ y4(z)

y3(z)

[
tj0 − σ(t, z)j0

] µ̃i0(t, z)
[
− d̃(t, z)

]1/2

t(t− y)
dt+ yP∞

[
X0(y, z)

i0yj0−1
]
.Then we 
ould, one more time, adapt the 
hange of variable t = t+(u, z) proposed inSubse
tion F.2.1 and in this way, we would get the asymptoti
 of P(i0,j0)[(X,Y ) hits theverti
al axis at time k] announ
ed in the statement of Proposition F.12.Lemma F.13. Suppose that

∆ (z) =

∣∣∣∣∣∣

p1,1 p1,0 p1,−1

p0,1 −1/z p0,−1

p−1,1 p−1,0 p−1,−1

∣∣∣∣∣∣
= 0.Then the 
urves X([y1(z), y2(z)], z) and Y ([x1(z), x2(z)], z) are 
ir
les, eventually degene-rated into straight lines.Proof of Lemma F.13. The proof is based on the possibility of expressing both 
urves

X([y1(z), y2(z)], z) and Y ([x1(z), x2(z)], z) as quarti
s. The arguments given in this aim[FIM99℄ for the parti
ular 
ase z = 1 
an be a
tually adapted to any value of z and we get
Y ([x1(z), x2(z)], z) =

{
(u, v) ∈ R2 : q(u, v)2 − q1(u, v, z)q2(u, v, z) = 0

}
,where q(u, v), q1(u, v, z) and q2(u, v, z) are respe
tively equal to

∣∣∣∣∣∣

p1,1 p1,0 p1,−1

1 −2u u2 + v2

p−1,1 p−1,0 p−1,−1

∣∣∣∣∣∣
,

∣∣∣∣∣∣

1 −2u u2 + v2

p0,1 −1/z p0,−1

p−1,1 p−1,0 p−1,−1

∣∣∣∣∣∣
,

∣∣∣∣∣∣

p1,1 p1,0 p1,−1

p0,1 −1/z p0,−1

1 −2u u2 + v2

∣∣∣∣∣∣
.Note that this expression of Y ([x1(z), x2(z)], z) in terms of three determinants is new, 
om-pared to [FIM99℄. Of 
ourse, we 
ould write a similar expression for X([y1(z), y2(z)], z).We are now going to establish some relationships between the 
oe�
ients of the threepolynomials above, but before, take the notations qi(u, v, z) = αi(z)−2βiu+γi(z)(u

2+v2),for i ∈ {1, 2}.Then, by simple 
al
ulations, we verify the three following fa
ts : �rstly, α1(z)γ2(z) −
α2(z)γ1(z) = −∆(z)/z ; se
ondly, α1(z)β2 − α2(z)β1 = −p0,−1∆(z) ; thirdly, γ1(z)β2 −
γ2(z)β1 = p0,1∆(z).In parti
ular, if ∆(z) = 0, then the polynomials q1 and q2 are proportional. In additionto that, the Cramer's formulas entail that qz(u, v)/z = p1,0q1(u, v, z) + p−1,0q2(u, v, z) +
2u∆(z), so that if ∆(z) = 0, then q, q1 and q2 are multiple of the same polynomial. A priori,it may quite happen that one or even several of q, q1 and q2 are zero ; in fa
t, we 
ould showthat at most one of these three polynomials 
an be equal to zero, otherwise the walk wouldbe degenerated � we re
all that a walk is said to be degenerated if there are (at least) three
onse
utive zeros in p1,1, p1,0, p1,−1, p0,−1, p−1,−1, p−1,0, p−1,−1, p−1,0, p−1,1, p0,1 �, whi
hwould be 
ontrary to the assumptions done here, see the beginning of Chapter F.



F.3. CASE OF A GROUP OF ORDER 6 FOR ALL Z 185So in any non degenerated 
ase, we 
an write that Y ([x1(z), x2(z)], z) = {(u, v) ∈ R2 :
r(u, v, z) = 0}, where r stands for any non-zero polynomial among q, q1 and q2.But 
learly the 
urve {(u, v) ∈ R2 : r(u, v, z) = 0} is a 
ir
le (eventually degeneratedin a straight line), for whi
h we 
ould easily write the 
enter and the radius, the proof ofLemma F.13 is therefore 
ompleted.To be exhaustive, let us give here the single possibilities for Y ([x1(z), x2(z)], z) and
X([y1(z), y2(z)], z) to be straight lines.(i) Y ([x1(z), x2(z)], z) is a straight line if and only if p0,1 +p1,−1 +p0,−1 +p−1,−1 = 1 ; inthat 
ase, Y ([x1(z), x2(z)], z) = {(u, v) ∈ R2 : 2p0,1zu = 1} and X([y1(z), y2(z)], z)is the 
ir
le of 
enter 0 and radius [p−1,−1/p1,−1]

1/2.(ii) X([y1(z), y2(z)], z) is a straight line if and only if p1,0 +p−1,1 +p−1,0 +p−1,−1 = 1 ; inthat 
ase, X([y1(z), y2(z)], z) = {(u, v) ∈ R2 : 2p1,0zu = 1} and Y ([x1(z), x2(z)], z)is the 
ir
le of 
enter 0 and radius [p−1,−1/p−1,1]
1/2.The proof of both fa
ts (i) and (ii) 
onsists simply in a play with the parameters, sowe omit it.F.3 Case of a group of order 6 for all zResults of Se
tion F.3 deal with the two walks of Pi
ture F.3 below � more generally,we 
ould obtain similar results for all the walks having, for all z, a group of order 6.

Figure F.3 � Walks studied in Se
tion F.3 (the jump probabilities are equal to 1/3 on theleft and to 1/6 on the right) asso
iated, for all z, with a group of order 6Proposition F.14. For both pro
esses represented on Pi
ture F.3, the following asymptoti
holds as k → ∞ :
P(i0,j0)[(X,Y ) hits the horizontal axis at time k] ∼ 9

16

(
3

π

)1/2 i0j0(i0 + j0)

k5/2
.The asymptoti
 of P(i0,j0)[(X,Y ) hits the verti
al axis at time k] is exa
tly the same.With the same arguments that have allowed us to obtain Corollary F.6 from PropositionF.5, Proposition F.14 implies the following result.Corollary F.15. Setting h(i0, j0) = i0j0(i0+j0), the Doob h-pro
ess of (X,Y ) 
oin
ides indistribution with the limit as k → ∞ of the pro
ess 
onditioned on [τ > k], τ denoting thehitting time of the boundary.



186 CHAPITRE F. HITTING TIME OF THE BOUNDARYOf 
ourse, the proof of Proposition F.14 is essentially similar for the two pro
esses ofPi
ture F.3 and we 
hoose to present here the details only for the pro
ess on the right.Histori
ally, we were interested in this parti
ular random walk for reasons related to thevoter model, that we are now going to introdu
e, in Subse
tion F.3.1. Then, in Subse
tionF.3.2, we will obtain the exa
t distribution of the hitting times of ea
h of the axes. Finally,in Subse
tion F.3.3, we will be interested in the asymptoti
 tail distribution of these hittingtimes and we will prove Proposition F.14.F.3.1 The voter modelBy �the voter model�, we mean a 
ontinuous-time pro
ess on {0, 1}Z whi
h 
an be inter-preted as follows : initially, there is zero or one parti
le at ea
h site of Z, then a parti
leappears (resp. disappears) at an empty (resp. o

upied) site x a

ording to an exponentiallaw with a rate proportional to the number of nearest neighbors of x o

upied (resp. empty).Moreover, we assume that the initial state appertains to the set of 
on�gurations havinga �nite number of empty (resp. o

upied) sites on the left (resp. right) of the origin 0. Inparti
ular, this implies that at any time the pro
ess will belong to this set of 
on�gurations.As a 
onsequen
e there is, at any time, a �nite number of �01� (resp. �10�), i.e. a �nite num-ber of pairs of sites (x, x+1) with zero (resp. one) parti
le at x and one (resp. zero) parti
leat x+ 1.The underlying dis
rete-time voter model is the Markov 
hain with the following dyna-mi
 : denote by Cn the 
on�guration at time n (and remember that a

ording to the pre-vious paragraph, there is only a �nite number of �01� and �10� in Cn), next, in order to
onstru
t Cn+1, one �rst 
hooses with a uniform distribution one of these �01� and �10� in
Cn, then one repla
es it, with probability 1/2, by �00� or �11�.If the voter model starts from the Heaviside 
on�guration, i.e. the 
on�guration havingonly o

upied (resp. empty) sites on the left (resp. right) of the origin, then at any time, thepro
ess will be a translation of it. This fa
t suggests to 
onsider the following equivalen
erelation : two 
on�gurations are said to be equivalent if they are translations the one of theother.From now on, we are going to work on the underlying quotient spa
e, the equivalen
e
lasses of whi
h being identi�ed by �nite sets of positive integers (X1, Y1, . . . ,XN , YN ) :

. . . 111

X1︷︸︸︷
0000

Y1︷︸︸︷
111

X2︷ ︸︸ ︷
00000

Y2︷ ︸︸ ︷
11111 . . . . . .

XN︷︸︸︷
000

YN︷︸︸︷
1111 000 . . . , (F.26)

N being the number of �nite blo
ks of zeros (or ones) and Xi (resp. Yi), i ∈ {1, . . . , N}the size of the ith blo
k of zeros (resp. ones). The number N of �nite blo
ks of zeros isobviously a non-in
reasing fun
tion of the time ; also N = 0 
orresponds to the 
lass of theHeaviside 
on�guration.We refer to [Lig85℄ for additional details about the voter model and, more generally,for further information about intera
ting parti
le systems.*By an adequate use of some Lyapunov fun
tions, the authors of [BFMP01℄ prove in theirwork that if τ denotes the hitting time of the Heaviside 
on�guration, then E[τ3/2−ǫ] <∞for any ǫ > 0 and any initial 
on�guration of parti
les. Next, to prove that E[τ3/2+ǫ] = ∞for any ǫ > 0 and any initial state di�erent from the Heaviside 
on�guration, they remark



F.3. CASE OF A GROUP OF ORDER 6 FOR ALL Z 187that it su�
es to show it only for the initial states su
h that N = 1 in (F.26). So, withthe notations of (F.26), they 
onsider the pro
ess (X1, Y1) = (X1(k), Y1(k))k≥0, that werename here (X,Y ).
. . . 111

X(k)︷ ︸︸ ︷
000000

Y (k)︷ ︸︸ ︷
11111 000 . . . .

(X,Y ) is a Markov 
hain on Z2
+ whi
h is absorbed as it rea
hes the boundary, sin
ethe Heaviside 
on�guration is an absorbing state for the voter model. Moreover, usingthe dynami
 of the dis
rete-time voter model explained above, we obtain that (X,Y ) hashomogeneous transition probabilities in the interior of Z2

+ equal to (with obvious notations)
p1,0 = p1,−1 = p0,−1 = p−1,0 = p−1,1 = p0,1 = 1/6 and the others to 0, see on the right ofPi
ture F.3.Set now

τ = inf{k ≥ 0 : X(k) = 0 or Y (k) = 0}.Equivalently, from the point of view of the voter model, τ is the hitting time of the Heaviside
on�guration starting from an initial 
on�guration su
h that N = 1 in (F.26).Then, using the work [AIM96℄ (about passage time moments for re�e
ted random walksin Z2
+), the authors of [BFMP01℄ prove that E(i0,j0)[τ

3/2+ǫ] = ∞ for any ǫ > 0 and anyinitial state (i0, j0) inside of Z2
+. *Now we would like to emphasize some other approa
hes that lead to rather pre
iseresults 
on
erning the hitting time τ .Firstly, in [Var99℄, N. Varopoulos analyzes the hitting time of the boundary of 
ones for
entered and non-
orrelated d-dimensional random walks. He obtains, for large k, lower andupper bounds for the probability that the pro
ess doesn't have left the 
one at time k. Bylinear mappings, these results 
an be extended to 
orrelated random walks. Applying thesequite general �ndings to our situation, we obtain the existen
e of two positive quantities

C1(i0, j0) and C2(i0, j0) su
h that for k large enough,
C1(i0, j0)

k3/2
≤ P(i0,j0)[τ > k] ≤

C2(i0, j0)

k3/2
.Se
ondly, motivated by 
onstru
ting some pro
esses 
onditioned on staying in the sameorder at any time as Doob h-pro
esses, the authors of the arti
le [EK08℄ examine �orderedrandom walks� and study the time when for the �rst time these pro
esses be
ome notordered. In this way, they 
onsider d independent 
opies of the simple random walk on Z,say W1, . . . ,Wd, su
h that 0 < W1(0) < · · · < Wd(0) and they show that if τ̃ = inf{k ≥ 0 :

∃i,Wi(k) = Wi+1(k)}, then
P(W1(0),...,Wd(0))[τ̃ > k] ∼k→∞ Kd

∏

1≤i<j≤d

(Wj(0) −Wi(0))
1

kd(d−1)/4
,where Kd > 0 is some 
onstant. By using these results for d = 3, it is 
ertainly possible toobtain the asymptoti
 of P(i0,j0)[τ > k] in our situation.*



188 CHAPITRE F. HITTING TIME OF THE BOUNDARYIn this work we will start, in Subse
tion F.3.2, by �nding expli
itly the exa
t distribu-tion of the hitting times of both axes. In other words we will obtain, for any time k, anexpli
it formulation for the probability to hit at time k the Heaviside 
on�guration in thevoter model starting from an initial state su
h that N = 1 in (F.26) ; we will also obtainthe additional information of the size of the blo
ks at the absorption time.Then in Subse
tion F.3.3, we will prove Proposition F.14 on the asymptoti
 tail distribu-tion of the hitting times of both axes.F.3.2 Exa
t distribution of the hitting times of both axesProposition F.16. qi0,j0(1, z) = qi0,j0
1 (1, z) + qi0,j0

2 (1, z) + qi0,j0
3 (1, z), where :

qi0,j0
1 (1, z) = Y0(1, z)

j0 , qi0,j0
2 (1, z) =

1

π

∫ x2(z)

x1(z)

ti0−1

t− 1
µj0(t, z)

[
− d(t, z)

]1/2dt,
qi0,j0
3 (1, z) =

1

π

∫ x2(z)

x1(z)
ti0
[

1

t−X1(Y0(1, z), z)
+

+
1

t−X1(Y1(1, z), z)
−

1

t+ 1

]
µj0(t, z)

[
− d(t, z)

]1/2dt.Proof. We have already proved that qi0,j0(1, z) equals (F.1). Moreover, a suitable CGF wfor the 
urve X([y1(z), y1(z)], z) is found in Proposition B.27 of Chapter B. In order to
on
lude, it is enough to put in (F.1) the partial fra
tion expansion of ∂tw(t, z)/[w(t, z)−
w(1, z)]− ∂tw(t, z)/[w(t, z) −w(0, z)], namely x/[t(t− 1)] + 1/[t−X1(Y0(1, z), z)] + 1/[t−
X1(Y1(1, z), z)] − 1/[t+ 1].The end of Subse
tion F.3.2 aims at obtaining an expli
it expression of qi0,j0(1, z) whi
his e�
ient (in the sense of the 
al
ulation of the asymptoti
 of its 
oe�
ients). In order toa
hieve this, we are going to make the 
hange of variable b̂(t, z) = b(t, z)/[4a(t, z)c(t, z)]1/2in the integrals of Proposition F.16.

t 7→ b̂(t, z) is 
learly a di�eomorphism between ]x1(z), x2(z)[ and ] − 1, 1[ ; in addition,
b̂(t, z) = u implies b(t, z)2−4u2a(t, z)c(t, z) = 0, whi
h, as a polynomial in the variable t, isre
ipro
al, so that we 
an quite easily obtain and write the expli
it expression of its roots,
alled the ti(u, z), i ∈ {1, . . . , 4}. De�ning T (u, z) = 3/z + u2 − u[2 + u2 + 6/z]1/2, then
t2(u, z) = T (u, z)−[T (u, z)2−1]1/2, t3(u, z) = T (u, z)+[T (u, z)2−1]1/2, t1(u, z) = t2(−u, z)and t4(u, z) = t3(−u, z). Note that we have enumerated the ti(u, z) in su
h a way that for
i ∈ {1, . . . , 4}, ti(1, z) = xi(z).Moreover, it turns out that for all u ∈ [−1, 1], b̂(t2(u, z), z) = −u, so that the followingresult is an immediate 
onsequen
e of the 
hange of variable t = t2(u, z) in Proposition F.16as well as of the identity (F.3).



F.3. CASE OF A GROUP OF ORDER 6 FOR ALL Z 189Corollary F.17. For all z ∈]0, 1[, qi0,j0(1, z) = qi0,j0
1 (1, z)+qi0,j0

2 (1, z)+qi0,j0
3 (1, z), where :

qi0,j0
1 (1, z) =

[(
3 − z − 3[(1 − z)(1 + z/3)]1/2

)/(
2z
)]j0,

qi0,j0
2 (1, z) =

1

π

∫ 1

−1

Uj0−1(u)t2(u, z)
i0+j0/2−1

t2(u, z) − 1
∂ut2(u, z)[1 − u2]1/2du,

qi0,j0
3 (1, z) =

1

π

∫ 1

−1
Uj0−1(u)t2(u, z)

i0+j0/2

[
1

t2 (u, z) −X1(Y0(1, z), z)
+

+
1

t2(u, z) −X1(Y1(1, z), z)
−

1

t2(u, z) + 1

]
∂ut2(u, z)[1 − u2]1/2du.F.3.3 Asymptoti
 tail distribution of the hitting timesIn order to prove Proposition F.14, we are going to use the same approa
h as in Se
tionF.2 ; namely, we are going to prove that qi0,j0(1, z) is holomorphi
 in (1 + ǫ)D \ [1, 1 + ǫ[and that in the neighborhood of 1,

qi0,j0(1, z) = (3/4)31/2i0j0(i0 + j0)[1 − z]3/2
[
1 + o(1)

]
+ hi0,j0

0 (z), (F.27)where hi0,j0
0 is holomorphi
 at 1 ; it will then be enough to use the results of [FO90℄.For this, a

ording to Corollary F.17, we are going to 
onsider su

essively qi0,j0

1 (1, z),
qi0,j0
2 (1, z) and qi0,j0

3 (1, z) in respe
tively Propositions F.18, F.19 and F.20. Proposition F.14will be then an immediate 
onsequen
e of these three results.Proposition F.18. qi0,j0
1 (1, z) is holomorphi
 in (1+ǫ)D\[1, 1+ǫ[ and in the neighborhoodof 1 is equal to

qi0,j0
1 (1, z) = −j03

1/2[1 − z]1/2
[
1 + (3 + 4j0

2)(1 − z)/8 + f i0,j0
1,1 (z)(z − 1)2

]
+ f i0,j0

1,2 (z),where f i0,j0
1,1 and f i0,j0

1,2 are holomorphi
 at 1.Proposition F.19. qi0,j0
2 (1, z) is holomorphi
 in (1+ǫ)D\[1, 1+ǫ[ and in the neighborhoodof 1 is equal to

qi0,j0
2 (1, z) =

31/2j0
2

[1 − z]1/2
[
1 + (1/2)(3/4 + j0

2)(1 − z) + f i0,j0
2,1 (z)(1 − z)2

]

+
31/2j0

2π
(i0 + j0/2 − 1/2) ln (1 − z)

[
1 + (1 − z)f i0,j0

2,2 (z)
]
+ f i0,j0

2,3 (z),where f i0,j0
2,1 , f i0,j0

2,2 and f i0,j0
2,3 are holomorphi
 at 1.Proposition F.20. qi0,j0

3 (1, z) is holomorphi
 in (1+ǫ)D\[1, 1+ǫ[ and in the neighborhoodof 1 is equal to
qi0,j0
3 (1, z) =

31/2j0
16

(1 − z)1/2
[
8 + (3 + 4j0

2 + 12i0(i0 + j0))(1 − z) + f i0,j0
3,1 (z)(1 − z2)

]

−
31/2j0

4π
(2i0 + j0 − 1) ln(1 − z)

[
1 + (1 − z)f i0,j0

3,2 (z)
]
+ f i0,j0

3,3 (z),where f i0,j0
3,1 , f i0,j0

3,2 and f i0,j0
3,3 are holomorphi
 at 1.



190 CHAPITRE F. HITTING TIME OF THE BOUNDARYProof of Proposition F.18. It follows dire
tly from the expression of qi0,j0
1 (1, z) written inCorollary F.17.In order to prove Propositions F.19-F.20, we are going to need the two following results,that deal with the behavior of some integrals with parameters near their singularities.Lemma F.21. For any k ∈ Z+, let Pk be the prin
ipal part at in�nity of [Z2−1]1/2(1−Z)k,i.e. the only polynomial su
h that [Z2 − 1]1/2(1 − Z)k − Pk(Z) goes to zero as |Z| goes toin�nity. Then

∫ 1

−1

(1 − u)k[1 − u2]1/2

1 − z(1 + 2u)/3
du =

3π

2z

[
(1 + z/3)1/2

(
−3

2z

)k+1

(1 − z)k+1/2 + Pk

(
3

2z
−

1

2

)]
.Proof. For ǫ > 0, we 
onsider the 
losed 
ontour A +

ǫ ∪ A −
ǫ ∪ B+

ǫ ∪ B−
ǫ , where A ±

ǫ =
{±1∓ıǫ exp(ıt), t ∈ [0, π]} and B±

ǫ = {±ıǫ∓t, t ∈ [−1, 1]}. Then we apply on it the residuetheorem at in�nity to the fun
tion (1− u)k[1− u2]1/2/[1− z(1 + 2u)/3] and we let ǫ goingto zero.Lemma F.22. For any k ∈ Z+, the integrals written in the left hand side of (F.28) and(F.29) are holomorphi
 in (1 + ǫ)D \ [1, 1 + ǫ[ for ǫ > 0 small enough. In the neighborhoodof 1, they are equal to
∫ 1

−1

(1 − u)k[1 − u2]1/2

[1 − z(1 + 2u)/3]1/2
du = ln(1 − z)(1 − z)k+1αk(z) + βk(z), (F.28)

∫ 1

−1

(1 − u)k[1 − u2]1/2

[1 − z(1 + 2u)/3]3/2
du = ln(1 − z)(1 − z)kγk(z) + δk(z), (F.29)where αk, βk, γk, δk are holomorphi
 at 1, αk(1) 6= 0 and γk(1) 6= 0. Moreover, α0(1) =

33/2/4, γ0(1) = −33/2/2, γ′0(1) = −31/299/32 and γ1(1) = 31/227/8.Proof. The fa
t that the integrals written in the left hand side of (F.28) and (F.29) are,for ǫ > 0 small enough, holomorphi
 in (1 + ǫ)D \ [1, 1 + ǫ[ is 
lear from their expression.Let us now study their behavior near 1 and start by 
onsidering (F.28).Repla
e �rst the lower bound −1 by −1/2 in the integral (F.28). This is equivalent toadd a fun
tion holomorphi
 in some (1 + ǫ)D and this will eventually 
hange βk but not
αk in the right hand side member of (F.28). Then, the 
hange of variable v2 = (1 + 2u)/3gives
∫ 1

−1/2

(1 − u)k[1 − u2]1/2

[1 − z(1 + 2u)/3]1/2
du = 31/2

(
3

2

)k+1 ∫ 1

0

[1 − v2]k+1/2

[1 − zv2]1/2
[1 + 3v2]1/2vdv. (F.30)By using the expansion of v1/2 in the neighborhood of 1, we 
an develop the fun
tion

[1+3v2]1/2v a

ording to the powers of v2 − 1 : [1+3v2]1/2v = 2+(7/4)[v2 − 1]+ · · · . Butin Subse
tion F.2.3, we have proved, using the ellipti
 integrals theory, that for any k ∈ Z+there exist two fun
tions φk and ψk, holomorphi
 in the neighborhood of 1 and verifying
φk(1) 6= 0, su
h that

∫ 1

0

[1 − v2]1/2+k

[1 − zv2]1/2
dv = ln(1 − z)(z − 1)k+1φk(z) + ψk(z), (F.31)



F.3. CASE OF A GROUP OF ORDER 6 FOR ALL Z 191we have there also proved that φ0(1) = 1/4. The equality (F.28) is then an immediate 
onse-quen
e of (F.30), of the expansion of [1 + 3v2]1/2v a

ording to the powers of v2 − 1 andof the repeated use of the identity (F.31). The fa
t that α0(1) = 33/2/4 
omes from theequality φ0(1) = 1/4.Likewise, we 
ould prove the equality (F.29) and we 
ould obtain the announ
ed valuesof γ0(1), γ′0(1) and γ1(1).Proof of Proposition F.19. We re
all from Corollary F.17 that
qi0,j0
2 (1, z) =

1

π

∫ 1

−1

Uj0−1(u)t2(u, z)
i0+j0/2−1

t2(u, z) − 1
∂ut2(u, z)[1 − u2]1/2du, (F.32)where t2(u, z) = T (u, z) − [T (u, z)2 − 1]1/2 and T (u, z) = 3/z + u2 − u[2 + u2 + 6/z]1/2.In parti
ular, the fa
t that qi0,j0

2 (1, z) is holomorphi
 in (1 + ǫ)D \ [1, 1 + ǫ[ is 
lear, sin
emaking the 
hange of variable u 7→ −u in (F.32) allows us to write it as the integral on [0, 1]of some fun
tion holomorphi
 in D ×
(
(1+ ǫ)D \ [1, 1+ ǫ[

) � note that any fun
tion symme-tri
al in (T (u, z), T (−u, z)) is holomorphi
 w.r.t. z.Let us now study the behavior of qi0,j0
2 (1, z) in the neighborhood of 1. For this, we are�rst going to transform (F.32), until obtaining an expression that makes 
learly appearthe singularities of qi0,j0

2 (1, z).An easy 
al
ulation entails that ∂ut2 = ∂uT/(1 − t23). Moreover, by de�nition of the ti(see Subse
tion F.3.2), (z2/36)
∏4

i=1(t − ti(u, z)) is equal to b(t, z)2 − 4u2a(t, z)c(t, z). Inparti
ular, ∏4
i=1(1 − ti(u, z)) = (36/z2)(1 − z(1 + 2u)/3)(1 − z(1 − 2u)/3). So we have :

∂ut2(u, z)

t2(u, z) − 1
=

z2∂uT (u, z)(1 − t1(u, z))(1 − t4(u, z))(1 − t2(u, z))

18(1 − z(1 − 2u)/3)(t2(u, z) − t3(u, z))(1 − z(1 + 2u)/3)
. (F.33)Let us now expand the quantity (1 − t2(u, z))t2(u, z)

i0+j0/2−1 a

ording to the powersof [T (u, z)2 − 1]1/2, say (1 − t2(u, z))t2(u, z)
i0+j0/2−1 =

∑
k≥0 F

i0,j0
k (u, z)[T (u, z)2 − 1]k/2.With these notations, (F.32) and (F.33), we get

qi0,j0
2 (1, z) =

∑

k≥0

∫ 1

−1

z2∂uT (u, z)(1 − t1(u, z))(1 − t4(u, z))

18(1 − z(1 − 2u)/3)
F i0,j0

k (u, z) × (F.34)
×

[T (u, z)2 − 1]k/2

(t2(u, z) − t3(u, z))(1 − z(1 + 2u)/3)
Uj0−1(u)[1 − u2]1/2du.Below, we are going study the behavior near 1 of ea
h integral in the sum (F.34).*Let us start by the ones 
orresponding to k ∈ {0, 1, 2} in the sum (F.34). First, note that

F i0,j0
0 = T i0+j0/2−1(1 − T ), F i0,j0

1 = T i0+j0/2−2[T − (i0 + j0/2 − 1)(1 − T )],

F i0,j0
2 = T i0+j0/2−3(i0 + j0/2 − 1)[(1 − T )(i0 + j0/2 − 2)/2 − T ].Now we set F j0(u, z) = −z2∂uT (u, z)(1 − t1(u, z))(1 − t4(u, z))Uj0−1(u)/(36(1 − z(1 −

2u)/3)) and
Gi0,j0

0 (u, z) =
[
F j0(u, z)F i0,j0

0 (u, z)z2[T (−u, z)2 − 1]1/2
]/[

3(z + 3)(1 − z(1 − 2u)/3)1/2
]
,

Gi0,j0
1 (u, z) = F j0(u, z)F i0,j0

1 (u, z),

Gi0,j0
2 (u, z) =

[
F j0(u, z)F i0,j0

2 (u, z)3(z + 3)(1 − z(1 − 2u)/3)1/2
]/[

z2[T1(−u, z)
2 − 1]1/2

]
.



192 CHAPITRE F. HITTING TIME OF THE BOUNDARYSin
e t2(u, z) − t3(u, z) = −2[T (u, z)2 − 1]1/2 and sin
e (t2(u, z) − t3(u, z))(t1(u, z) −
t4(u, z)) = 12(z+3)2[(1− z(1+2u)/3)(1− z(1− 2u)/3)]1/2/z2, the sum of the three termsfor k ∈ {0, 1, 2} in (F.34) is equal to

2∑

k=0

∫ 1

−1

Gi0,j0
k (u, z)[1 − u2]1/2

[1 − z(1 + 2u)/3](3−k)/2
du. (F.35)Using now the expansion of the Chebyshev polynomials at 1 (see Subse
tion F.2.1), weobtain the expansionGi0,j0

0 (u, z) = −2j0(u−1)/9−j0(z−1)/3+
∑

k+l≥2G
i0,j0
0,k,l (u−1)k(z−1)l.Then, with a repeated use of (F.29) of Lemma F.22, we get

∫ 1

−1

Gi0,j0
0 (u, z)[1 − u2]1/2

[1 − z(1 + 2u)/3]3/2
du = j03

1/2 ln(1 − z)
[
(1 − z)/4 + (1 − z)2gi0,j0

0 (z)
]
+ f i0,j0

0 (z),

f i0,j0
0 and gi0,j0

0 being holomorphi
 at 1.In the same way, Gi0,j0
1 (u, z) =

∑
k+l≥2G

i0,j0
1,k,l (u−1)k(z−1)l−j0/3−j0(6j0

2+35−48i0−
24j0)(u− 1)/54 + j0(−53 + 48i0 + 24j0)(z− 1)/36. A repeated appli
ation of Lemma F.21gives then that

∫ 1

−1

Gi0,j0
1 (u, z)[1 − u2]1/2

1 − z(1 + 2u)/3
du = f i0,j0

1 (z) + j03
1/2[1 − z]1/2 ×

×
[
1/2 + (3/4 + j0

2)(1 − z)/4 + (1 − z)2g1(z)
]
,

f i0,j0
1 and gi0,j0

1 being holomorphi
 at 1.At last, we have Gi0,j0
2 (u, z) = 2j0(i0 + j0/2− 1)/3 +

∑
k+l≥1G

i0,j0
2,k,l (u− 1)k(z − 1)l. Sowith a repeated use of (F.28) of Lemma F.22, we get

∫ 1

−1

Gi0,j0
2 (u, z)[1 − u2]1/2

[1 − z(1 + 2u)/3]1/2
du = f i0,j0

2 (z) + j0(i0 + j0/2 − 1)31/2 ×

× ln(1 − z)
[
(1 − z)/2 + (1 − z)2gi0,j0

2 (z)
]
,

f i0,j0
2 and gi0,j0

2 being holomorphi
 at 1. *Let us now 
onsider the terms 
orresponding to k ≥ 3 in the sum (F.34).Note �rst that if k is odd and larger than 3, then the asso
iated fun
tion in (F.34) isin fa
t holomorphi
 in the neighborhood of 1 : indeed, for this it is enough to noti
e that
t2(u, z) − t3(u, z) = −2[T (u, z)2 − 1]1/2. For this reason, all the terms asso
iated in (F.34)with values of k odd and larger than 3 don't have any singularity at 1.On the other hand, if k is even and larger than 3, then the underlying term in the sum(F.34) 
an be written as

∫ 1

−1
[1 − z(1 + 2u)/3](k−3)/2H i0,j0

k (u, z)[1 − u2]1/2du,where H i0,j0
k (u, z) is some fun
tion holomorphi
 in the neighborhood of (1, 1). The lastintegral is obviously equal to
∫ 1

−1
[1 − z(1 + 2u)/3](k−2)/2H i0,j0

k (u, z)[1 − u2]1/2[1 − z(1 + 2u)/3]−1/2du.



F.4. CASE OF A GROUP OF ORDER 8 FOR ALL Z AND EXTENSIONS 193Then, expanding [1−z(1+2u)/3](k−2)/2H i0,j0
k (u, z) w.r.t. the powers of (u−1)k(z−1)land using (F.28) of Lemma F.22, we obtain that the integral above equals ln(1 − z)(z −

1)k−2gi0,j0
k (z) + f i0,j0

k (z), f i0,j0
k and gi0,j0

k being holomorphi
 at 1.Finally, the sum of all the terms 
orresponding in (F.34) to even k larger than 3 
anbe written, in the neighborhood of 1, as ln(1 − z)(1 − z)2gi0,j0(z) + f i0,j0(z), where f i0,j0and gi0,j0 are holomorphi
 at 1. *Putting the latter fa
t together with (F.35) 
on
ludes the proof of Proposition F.19.Proof of Proposition F.20. The proof of Proposition F.20 is 
ompletely similar to the oneof Proposition F.19, so we omit it.F.4 Case of a group of order 8 for all z and extensionsThe analysis of Se
tions F.2 and F.3 
an be formally extended up to the 
ase of anypro
ess having, for all z, a rational CGF. Indeed, if so we 
an make the partial fra
tionexpansion of
∂tw(t, z)

w(t, z) − w(1, z)
−

∂tw(t, z)

w(t, z) − w(0, z)in the identity (F.1) � whi
h is true for any walk � and then we 
an hope to 
on
lude bysimilar 
al
ulations as the ones realized in Se
tions F.2 and F.3.For instan
e, in the 
ase of the walk on Pi
ture F.4 below whi
h has, for all z, a groupof order 8 and a rational CGF, see Proposition B.29 in Chapter B, let us give without proof(the details are totally similar to the ones of Se
tions F.2 and F.3) the following result.
Figure F.4 � A walk with for all z a group of order 8 and a rational CGF (all the jumpprobabilities above are equal to 1/4)Proposition F.23. For the pro
ess represented on Pi
ture F.4, the following asymptoti
holds as k → ∞ :

P(i0,j0)[(X,Y ) hits the horizontal axis at time k] ∼ 1

3π

i0j0(i0 + j0)(i0 + 2j0)

k3
.If k and i0 don't have the same parity, then P(i0,j0)[(X,Y ) hits the verti
al axis at time

k] = 0. If they have the same parity, then the following asymptoti
 holds as k → ∞ :
P(i0,j0)[(X,Y ) hits the verti
al axis at time k] ∼ 8

3π

i0j0(i0 + j0)(i0 + 2j0)

k3
.



194 CHAPITRE F. HITTING TIME OF THE BOUNDARYCorollary F.24. Setting h(i0, j0) = i0j0(i0 + j0)(i0 + 2j0), the Doob h-pro
ess of (X,Y )
oin
ides in distribution with the limit as k → ∞ of the pro
ess 
onditioned on [τ > k], τdenoting the hitting time of the boundary.On the other hand, for n ≥ 5, no examples of walks having, for all z, a group of order
2n are known � at this time.Finding the asymptoti
 tail distribution of the hitting times for any walk 
onsidered inSe
tion F.1 seems to us a quite di�
ult task ; we hope keenly to develop this theme in thenext few years.
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