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Résumé et mots clés

Résumé : Les thémes abordés dans le cadre de la thése “Chemins confinés dans un qua-
drant” se concentrent autour des marches a petits sauts (c’est-a-dire aux huit plus proches
voisins) confinées dans un quart de plan.

Tout d’abord, nous considérons le probléme combinatoire consistant & compter les
chemins du plan qui, se déplacant selon un ensemble fixé de sauts, restent dans un quadrant.
Nous nous focalisons sur les questions suivantes :

— expliciter la série génératrice des nombres de chemins partant de l'origine et se

terminant en un certain point en un temps fixé;

— analyser la fagon dont cette fonction dépend de ’ensemble de sauts, et en particulier

étudier sa nature (rationnelle, algébrique, (non) holonome).

Ensuite, nous examinons le probléme probabiliste des marches aléatoires & valeurs dans
un quadrant, homogénes a l'intérieur et tuées au bord. Nous nous intéressons alors aux
questions suivantes :

— expliciter les probabilités d’absorption en un certain point du bord en un temps fixé,

et en particulier les probabilités d’absorption en un certain site du bord ;

— trouver I’asymptotique de ces probabilités;

— expliciter les probabilités que le processus se trouve en un certain point intérieur au

quadrant en un temps fixé, et les fonctions de Green;

— calculer "'asymptotique précise de ces fonctions de Green le long de toutes les trajec-

toires;

— obtenir toutes les fonctions harmoniques positives ou nulles ainsi que la compactifi-

cation de Martin ;

— analyser le temps d’absorption sur les axes, et notamment l’asymptotique de sa queue

de distribution.

Les méthodes que nous utilisons pour répondre aux questions ci-dessus font appel a
I’analyse complexe.

Mots clés : Marches aléatoires tuées; Fonctions de Green; Probabilités d’absorption;
Frontiére de Martin ; Enumération des marches du plan; Séries génératrices; Algébricité;
Holonomie; Problémes frontiére; Surfaces de Riemann ; Uniformisation ; Représentations
conformes



Abstract and keywords

Abstract : The PhD thesis “Paths confined to a quadrant” deals with two different aspects
of the walks with small steps (i.e. to the eight nearest neighbors) that are confined to a
quarter plane.

First, we study the combinatorics of counting the planar walks which, while moving
according to a given step set, remain in a quadrant. We then concentrate on the following
problems :

— to make explicit the generating function of the numbers of such trajectories;

— to analyse the fashion in which that series depends on the step set, and in particular

its nature (rational, algebraic, (non-)holonomic).

Second, we study the random walks with values in a quadrant, which are taken homo-
geneous inside and killed at the boundary. For these processes, we are interested in the
following probabilistic problems :

— to make explicit the absorption probabilities at a fixed time in a certain site of
the boundary, and in particular the absorption probabilities in some point of the
boundary ;

— to find the asymptotic behavior of these probabilities ;

— to make explicit the probabilities that the process, at a fixed time, is in a certain site
belonging to the interior of the quadrant, and in particular the Green functions;

— to compute the precise asymptotics of these Green functions along all trajectories;

— to obtain all non-negative harmonic functions, as well as the Martin compactification ;

— to analyse the hitting time of the axes, and in particular evaluating its asymptotic
tail distribution.

The methods that we use in order to solve these problems are partially based on complex
analysis.

Keywords : Killed random walks ; Green functions ; Absorption probabilities ; Martin boun-
dary ; Enumeration of the planar walks; Generating functions; Algebraicity ; Holonomy ;
Boundary value problems; Riemann surfaces; Uniformization ; Conformal mappings
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Les thémes que nous aborderons dans le cadre de cette thése se concentreront autour
des marches a petits sauts confinées dans un quart de plan. Nous étudierons deux aspects
de ces processus, en donnant, dans chacune des Parties II et III, un sens différent a la
notion de confinement.

Tout d’abord, dans la Partie II, nous considérerons les chemins du quadrant Z%r

* se déplagant selon le méme ensemble de sauts S en tout point intérieur au quadrant,

% suivant SN(Z x Z4) (resp. SN (Zy X Z), SN (Z4 x Z4)) sur le bord horizontal (resp.

sur le bord vertical, en I'origine) du quart de plan Z2

* A petits sauts, i.e. S C {—1,0,1}%\ {0,0}.

Il y a manifestement 28 modéles, mais quelques-uns sont triviaux, tandis que certains
s’obtiennent par symétrie a partir d’autres; M. Bousquet-Mélou et M. Mishna montrent
dans [BMMO09] qu’il existe en réalité 79 problémes intrinséquement différents a étudier.
Pour ces 79 ensembles de sauts S, nous nous focaliserons sur les questions suivantes :

(1) expliciter la fonction génératrice (de trois variables) du nombre de chemins partant
de l'origine et se terminant en un certain point de Zi en un temps fixé,

(2) analyser la fagon dont cette fonction génératrice dépend de S, et, en particulier,
étudier sa nature (rationnelle, algébrique, holonome, non holonome).

S

FiGURE 1 — Exemple de marches considérées dans la Partie II

Ensuite, dans la Partie III, particuliérement motivés par les travaux [Bia91l, Bia92a,
Bia92b, Bia92c| de P. Biane, [IR08, IRL09, IR09a, IR09b] de I. Ignatiouk-Robert et al. et
[EKO08, KS09| de W. Konig et al., nous analyserons les marches aléatoires (X (k),Y (k))rez.,
& valeurs dans le quart de plan Z%r

+* homogénes & l'intérieur du quadrant Zi, i.e. les probabilités de transition p;; =
P(X(k+1),Y(k+1) = (X(k),Y(k))+ (4,5) | X(k) #0,Y (k) # 0] ne dépendront
pas de (X (k),Y (k)),

* faisant des petits sauts a l'intérieur du quadrant, i.e. les p; ; ci-dessus seront nulles
des que |i| > 1 ou [j] > 1,

* tuées au bord de Z2, i.e. sur (Z% x {0}) U {(0,0)} U ({0} x Z%).

Pour ces processus, nous nous intéresserons aux problémes suivants :

(3) expliciter la fonction génératrice (de deux variables) des probabilités d’absorption en
un certain point du bord en un temps fixé, et, en particulier, celle (d’une variable)
des probabilités d’absorption en un certain site du bord,

(4) trouver la forme explicite et I’asymptotique des probabilités ci-dessus,

(5) expliciter la fonction genératrice (de trois variables) des probabilités que le processus
se trouve en un certain point de l'intérieur du quadrant en un temps fixé, et, en
particulier, la fonction génératrice (de deux variables) des fonctions de Green,
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(6) calculer 'asymptotique précise des fonctions de Green le long de toutes les trajec-
toires,

(7) obtenir toutes les fonctions harmoniques positives ou nulles, ainsi que la compactifi-
cation de Martin,

(8) analyser le temps d’atteinte des axes, et, en particulier, évaluer Pasymptotique de sa
queue de distribution.

(pij)-1<ij<1

FIGURE 2 — Marches aléatoires analysées dans la Partie I1I

Les thémes des deux branches de cette thése sont certes indépendants, mais leur analyse
s’avérera posséder un point commun essentiel : les fonctions génératrices des quantités qui
nous intéresseront, comme le nombre de chemins dans la Partie II, puis les probabilités
d’absorption et les fonctions de Green dans la Partie III, vérifient une certaine équation
fonctionnelle qui sera notre point de départ.

C’est cet aspect analytique que nous allons présenter en premier lieu, dans la Section 1
de cette introduction. Par la suite, nous motiverons et énoncerons de facon détaillée nos
contributions a I’analyse de I’énumération des chemins et & I’étude des marches tuées, dans
les Sections 2 et 3 respectivement.

1 Approche analytique

1.1 Principe de ’approche

L’approche pionniére pour résoudre des problémes liés aux marches dans un quadrant
via D'utilisation d’une équation fonctionnelle et de ’analyse complexe a été proposée par
V. Malyshev dans les années 1970, alors afin d’étudier les probabilités stationnaires pour
des marches aléatoires ergodiques, homogénes & l'intérieur du quadrant et réfléchies sur
le bord, voir [Mal72|. Dans cet article, V. Malyshev a obtenu leur fonction génératrice en
termes de séries et de produits infinis, définis sur le recouvrement universel d’une certaine
surface de Riemann naturellement associée a la marche aléatoire. Pour des questions
semblables, G. Fayolle et R. Tasnogorodski ont, peu de temps aprés, présenté dans [FI79] une
approche plus intrinséque au plan complexe, utilisant notamment des problémes frontiére.
Plus récemment, le livre [FIM99] des trois auteurs précédemment mentionnés a résumeé et
proposé de nouvelles voies pour le calcul de ces fonctions génératrices.

Malheureusement, ces méthodes ne donnent pas directement d’information sur le
comportement quantitatif des probabilités stationnaires. C’est pourquoi V. Malyshev a
suggeéré de fagon indépendante, dans [Mal73|, une approche pour calculer I’asymptotique de
ces probabilités. Cette derniére a été notamment développée par I. Kurkova et V. Malyshev
dans [KM98| pour le calcul de 'asymptotique des fonctions de Green et de la frontiére
de Martin de processus transients et réfléchis sur le bord du quadrant, puis adaptée par
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I. Kurkova et Y. Suhov dans [KS03] & ’étude de certaines marches aléatoires non homogeénes
a lintérieur du quadrant.

Avant de décrire précisément les deux aspects de cette approche, nous allons nous
intéresser a son analogue élémentaire de dimension un, a travers l’exemple de la ruine
du joueur. Notons donc (X (k))rez, la marche aléatoire aux plus proches voisins sur Z,
avec probabilités p; de croitre et p_1 = 1 — p; de décroitre, absorbée en 0 et partant
d’un certain état initial ig. Aussi, posons ¢;, pour la probabilité de ruine et Q;,(z) =
> o1 kst Pio[X (k) = d)2i~! pour la série génératrice des fonctions de Green. Il est trés
facile de montrer que ces derniéres vérifient I’équation

zlpre+paz~t —1]Qiy(x) = i — 2. (1)

Grace a (1), trouver explicitement les fonctions de Green est équivalent & obtenir g, .
Pour ce faire, remarquons qu’évaluer (1) en un point £ annulant le noyau z[p1z+p_12~ 1 —1]
et appartenant au domaine de définition de Q;, conduit & g;, = 2% — le seul # possible
étant ici [1 — (1 — 4p1p_1)"/?]/[2p1].

Pour obtenir alors asymptotique des fonctions de Green, il suffit de constater que (1)
conduit aisément a connaitre le comportement de @);, au voisinage de son unique singularité
— a savoir [1+ (1 —4p1p_1)"/?]/[2p1] — et permet donc de conclure.

Dans le cas de la dimension deux, I’équation fonctionnelle analysée dans [FIM99| peut
étre présentée de fagon générique comme

K(2,9)Q(z,y) = k(z,y)q(z) + k(z,1)d(y) + ko(z, y)qo, (2)

ot Q(x,y) = Zi,jzl Qi,jw’iilyjil: q(z) = 2221 Qi,Oxif% q(y) = Zj21 QO,jyjil et 9 =
Q0,0~ sont inconnues, tandi's que K(z,y) =xy [ Z” pmx"yjl— 1], k(z,y) =z [ Z” pgvj:c’y] -
1], k(z,y) = y[Zi,j pi ety — 1] et ko(z,y) = Y p?vszyj — 1 sont des polynémes connus.

‘ Di,j

A
1

Pij B

Y

0 - /
2% 2%

FIGURE 3 — Marches aléatoires étudiées dans [FIM99|

Ci-dessus, les p; j (resp. p; i1 p;’ i1 pg j) désignent donc les probabilités de transition des
marches aléatoires a l'intérieur (resp. sur I’axe horizontal, sur I’axe vertical, en l'origine) du
quadrant, et les Q; ; sont les probabilités stationnaires des processus — supposés ergodiques
dans [FIM99|. Par ailleurs, les marches sont supposées ne faire, a 'intérieur du quart de
plan, que des petits sauts : cela signifie que si [i| > 1 ou |j| > 1, alors p; ; = 0. Ceci entraine
en particulier que K est un polynéme du second degré au plus en chacune des variables z, y.
Enfin, il est important de noter que @, q, ¢ étant des fonctions génératrices de probabilités,
le domaine de validité de (2) est a priori égal & 22 = {(z,y) € C%: |z| < 1,|y| < 1}.

Si la série @ est cherchée explicitement, alors, grace a (2), il suffit de déterminer les
fonctions ¢, § et la constante go. A cet égard, 'idée issue de la dimension un et consistant a
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utiliser les zéros du noyau K est la bonne. En effet, cet ensemble des zéros du noyau, qui ne
contenait que deux points dans le cas de la dimension un, est maintenant, selon les valeurs
des parameétres p; ;, une surface de Riemann de genre 0 ou 1, autrement dit une sphére ou un
tore. Utilisant la richesse de cet ensemble ainsi que la dépendance ¢, ¢ en une seule des deux
variables x, y, les auteurs de [FIM99] montrent que ¢, ¢ vérifient des problémes frontiére de
type Riemann-Carleman, & partir desquels ils déduisent des expressions explicites de ces
deux séries, puis de gy par normalisation.

En ce qui concerne maintenant le comportement quantitatif des coefficients @); ; de @,
V. Malyshev avait noté que I'équation (2) permet de les représenter comme des intégrales
doubles de Cauchy, avec au dénominateur de l'intégrand la fonction K(z,y)x'y’. Les
exposants 7,7 allant tendre vers l'infini, il était par conséquent naturel, dans le but de
calculer I'asymptotique de @; ;, d’adapter & deux parameétres 7, j la méthode du col. C’est
précisément ce qu’a proposé V. Malyshev dans [Mal73], utilisant d’abord le théoréme des
résidus pour ramener les (); ; a des intégrales simples, puis le théoréme de Cauchy afin de
bouger le contour jusqu’au point du col.

Dans la premiére situation décrite ci-dessus, les courbes sur lesquelles ¢, ¢ vérifient les
problémes frontiére peuvent tout a fait étre extérieures & &, i.e. au domaine de définition
de ¢, q; dans la deuxiéme, le point du col peut également ne pas appartenir & Z. Pour
ces deux raisons, il convient de commencer par prolonger ¢, ¢ au-dela de &, jusqu’a ces
courbes et points. A cette fin, une procédure originale de prolongement est introduite dans
[FIM99] : basée sur I’équation (2), elle utilise de fagon cruciale le fait que ¢, ¢ ne dépendent
que d'une des deux variables x,y, ainsi que la surface donnée par les zéros du noyau
{(z,y) € C%: Y pi;jz'y’ — 1 = 0} et ses automorphismes associés dits “de Galois” (déja
considérés dans [Mal71])

{(z,y) = (w Ml) n(z,y) = (Ml y) (3)

TSPty > py1 Y @
]

et elle conduit & un prolongement des fonctions ¢,§ a tout le plan complexe. Une autre
conséquence de ce prolongement est que l'identité (2) elle-méme peut étre étendue a un
domaine contenant strictement 22

Nous reviendrons en détail sur ces transformations &, n laissant invariante la fonction
Zi’ j pi,jmiyj ainsi que sur le prolongement des fonctions g, g, & la fois dans les Sous-sections
1.2-1.3 et dans les Sections 2-3.

Les étapes principales de I'approche analytique introduite dans [FIM99] étant rappelées,
nous souhaitons maintenant mettre en évidence deux différences notables entre les équa-
tions fonctionnelles qui y sont considérées et celles que nous nous apprétons a rencontrer
et étudier dans cette thése.

D’une part, les processus auxquels nous allons nous intéresser ici seront tels que les
fonctions connues k, l;:, ko ne dépendront pas des deux variables z,y mais kg sera constant
et k (resp. l;:) dépendra uniquement de x (resp. y). Cela entrainera des simplifications tout
a fait profitables, notamment lors de la résolution explicite des problémes frontiére.

D’autre part, nous introduirons ici une nouvelle variable dans ’équation fonctionnelle
(2) puisqu’en plus de [FIM99], nous considérerons la variable “du temps” z. Cela nous
permettra en effet d’élargir le spectre de notre étude, et de répondre, par exemple, a des
questions liées au nombre d’étapes pour ’énumération des marches ou au temps d’atteinte
du bord pour les marches tuées. Cela sera, en revanche, une source constante de difficultés
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techniques supplémentaires : il s’agira notamment d’étendre la procédure de prolongement
des fonctions ¢, ¢ & toutes les valeurs de z, ou encore d’étudier la dépendance vis & vis de
z du groupe de Galois engendré par les automorphismes (3).

Grace a (2) et en accord avec les deux remarques faites ci-dessus, il est possible de
présenter ainsi les équations fonctionnelles que nous considérerons dans cette thése :

K(.%', Y, Z)Q(.%', Y, Z) = k(.%', Z)Q(x7 Z) + %(ya Z)&(yv 2) + kO(Z)QO(Z) + KV('% Y, Z)a (4)

Q,q,q,qo étant inconnues et K, k, k, ko, k connues — la présence de k ci-dessus est certes
une différence formelle avec (2) mais ne compliquera en rien l’analyse.

En nous appuyant sur les notations prises au tout début de cette introduction, nous
définissons a présent en détail ce que seront les fonctions inconnues et connues dans (4),
pour chacun des modeéles des Sections 2 et 3.

Dans la Section 2, si S désigne ’espace des sauts admissibles, posant

qz2 (1,7, k) = ‘{trajectoires se mouvant selon S, confinées dans Z2,

partant de (0,0) et se terminant en (4,j) au temps k exactementH,

les séries génératrices @, q, G, qo seront égales &

Q(z,y,2) = qz2 (i, j, k)a'y 2%,

+
1,5,k>0

q(z,z) = Q(x,0,2), ¢(y,2) = Q(0,y, ) et go(z) = Q(0,0, z). Quant aux fonctions connues,
elles vaudront

K(z,y,2) =ayz | Y a'y/ —1/z],

(i,9)eS

k(z,z) = K(2,0,2), k(y,z) = K(0,y,2), ko(z) = K(0,0,2) et s(z,y,2) = —zy. Nous
supposerons que S C {—1,0,1}2\ {0,0}, voir la Figure 1, ce qui en particulier entrainera
que K sera un polynéme du second degré au plus en chacune des variables x,y.

Dans la Section 3, notant (i, jo) la position initiale du processus (X (k),Y (k))rez,
Q(‘Tayv Z) = Z P(Zo,jo)[(X(k)aY(k)) = (iaj)]xiilyjilzk
§,j>1,k>0

sera la série génératrice des fonctions de Green & l'intérieur du quadrant, tandis que ¢, g, qo
seront celles des probabilités d’absorption, et plus précisément, posant, pour 7 ou/et j nul,

hZ?J’]k? = Piy,jo)[(X,Y) est tué au point (i,7) au temps k exactement],

les séries q, ¢, qo vaudront
10,J0 ,.i—1 k lo,Jo 1 k _ 10,J0 K
E hiGhe ; E hoin v qo(2) = E :hookz
i>1,k>0 §>1,k>0 k>0

Quant aux fonctions connues, elles seront égales &

K(‘Tayz Z) = TYz sz,_jxly] - 1/Z y k‘(fE,Z) = E(yaz) = kO(Z) = 1’ KJ(IE,y, Z) = _‘Tioyjoa

i3
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les p; ; ci-dessus désignant les probabilités de transition & l'intérieur du quadrant. Elles
seront supposées nulles si |i| > 1 ou |j| > 1, voir la Figure 2; le noyau K sera donc, ici
aussi, un polynéme du second degré au plus en chacune des deux variables x, y.

Nous allons maintenant, dans la Sous-section 1.2, montrer que les fonctions inconnues
q,q satisfaisant a I’équation fonctionnelle (4) vérifient des problémes frontiére, nous en
déduirons alors leurs expressions explicites. Nous nous pencherons ensuite, dans la Sous-
section 1.3, sur différentes méthodes pour calculer I'asymptotique des coefficients de ces
séries génératrices désormais explicites.

1.2 Problémes de Riemann-Carleman et collage conforme

Tout au long de la Sous-section 1.2 et des suivantes, nous supposons que K est un poly-
noéme du second degré exactement en chacune des variables z,y — cette hypothése sera
naturellement vérifiée dans les Parties II et III.

Réduction de I’analyse a un probléme frontiére Si Xy(y,z) et Xi(y,z) désignent
les deux solutions en z de K (x,y, z) = 0, alors pour i € {0, 1} et sous réserve que l'identité
(4) soit vérifiée en (X;(y, 2),y), 'égalite

0= k(Xl(ya Z)’ Z)q(XZ (ya Z)’ Z) + %(yv 2)5(9, Z) + ko(z)qo(z) + ’%(Xi (yv 2)7 Y, Z) (5)

a lieu. Faire ensuite la différence des deux équations (5) correspondant a ¢ € {0, 1} conduit
formellement &

k(Xo(y, 2), 2)a(Xo(y, 2), 2) — k(X1(y, 2), 2)a(X1(y, 2), 2) = (6)
K(Xo(y, Z)’ Y, Z) - K(Xl (y’ Z)a Y, Z)'

Avant de poursuivre, il convient de se pencher plus en détail sur les fonctions algé-
briques Xg, X1. Un calcul simple nous fait remarquer que leur expression analytique com-
porte la racine carrée d’'un polynome de degré trois ou quatre, & racines réelles et dis-
tinctes ; pour cette raison, Xy, X1 sont méromorphes sur un plan complexe coupé du type
C\ ([y1(2),y2(2)] U lys(2),y4(2)]), les y;(z) étant les racines du polyndme susmentionné.
X0, X1 ne sont bien sir pas définies sur les segments [y1(z),y2(2)] et [y3(2),ya(z)] mais
admettent, pour y tendant vers I’'un d’eux en restant dans un des demi-plans inférieur ou
supérieur, des limites complexes conjuguées 'une de l'autre.

Faisant tendre ainsi y vers [y1(2), y2(2)] ou [y3(2),ya(2)] et posant t = Xy(y, z), nous
trouvons que la fonction ¢ vérifie formellement la condition

k(t,2)q(t, z) — k(t,2)q(t, z) = /-c(t,Xo_l(t, 2),2) — k(t, Xo_l(t, 2), z) (7)

pour t € X([y1(z),y2(2)],2) out € X(y3(2),ya(2)], 2), courbes manifestement symétriques
par rapport a l’axe réel. (7) est appelée une condition au bord de type Riemann-Carleman.

Pour résumer, sous réserve que ’équation (4) soit vérifiée en (X;(y, 2),y) pour i € {0,1}
et y € [y1(2),y2(2)] ou/et y € [ys(z),y4(2)], nous obtenons une ou deux conditions au
bord (7).

Il sera montré dans les Sections 2-3 qu’un des segments ci-dessus, disons [y1(z),y2(z)],
appartient au disque unité 2, tandis que 'autre, [y3(2), y4(z)], y est extérieur.
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Avec cette notation, le prolongement holomorphe des fonctions ¢, § que nous construi-
rons sera tel que I'identité (4) pourra étre étendue & un domaine contenant {(X;(y, z),y),7 €
{0,1}} pour y € [y1(2), y2(2)], mais pas pour y € [y3(2), ya(z)].

Ainsi nous obtiendrons le probléme frontiére de Riemann-Carleman suivant : trouver
une fonction q holomorphe o l'intérieur du domaine borné par la courbe X ([y1(2),y2(2)], 2)

et vérifiant sur cette derniére la condition au bord (7).
Par symétrie, il existe bien siir un analogue de ce probléme pour la fonction q.

Réussir le prolongement des fonctions ¢, § est donc doublement crucial : il permet d’une
part d’étendre leur domaine de définition jusqu’aux courbes sur lesquelles elles vérifient la
condition au bord (7), et d’autre part également de déterminer la classe de fonctions dans
laquelle il convient de les chercher.

L’extension de cette étape de l'approche analytique & toutes les valeurs de z n’est
pas une conséquence directe du livre [FIM99|, et cette généralisation a laquelle nous
parviendrons dans les Sections 2-3 sera, & cet égard, une des contributions de cette thése.

Résolution du probléme frontiére Nous nous concentrons maintenant sur la facon
d’obtenir des expressions explicites de ¢, § & partir des problémes frontiére de Riemann-
Carleman décrits et obtenus ci-dessus.

Le raisonnement usuel, voir [Gak66], consiste & ramener ces problémes frontiére a
d’autres, pour lesquels la résolution explicite est particulierement agréable, & savoir les
problémes de type Riemann-Hilbert, 4.e. avec une condition au bord sur un segment.

Pour réaliser la transformation de I'un en 'autre, il s’agit donc de trouver une fonction
qui “colle” la partie supérieure de X ([y1(2), y2(2)], 2) & sa partie inférieure en un segment,
et plus précisément une “conformal gluing function” (CGF) pour I’ensemble délimité par
X ([y1(2),y2(2)], ), au sens suivant, voir [Gak66]| ou [Lit00].

Définition 1. Soit € C CU{occ} un ensemble ouvert, simplement connexe, symétrique par
rapport & laxe réel et différent de (), C et CU {oc}. w est dite une CGF pour [’ensemble
€ si w est une application méromorphe dans €, par ailleurs conforme de € vers le plan
complexe privé d’un segment, et si en outre pour tout t sur le bord de €, w(t) = w(t).

A

X([y1(2),y2(2)], 2) . |

ayQ(Z)]’ ;
—_— -

7

A

FIGURE 4 — Collage conforme de ’ensemble X ([y1(z),y2(2)], )

La théorie générale de ces fonctions prédit leur existence — mais en revanche aucune
expression explicite — pour tout ensemble ayant un bord suffisamment régulier, voir par
exemple [Gak66].
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Cela étant, grace & l'utilisation d’une CGF, le probléme frontiére avec condition au
bord (7) devient de type Riemann-Hilbert, et, par la méme, immédiatement résoluble en
termes d’intégrales de Cauchy, voir [Gak66].

Pour rendre 'expression de ¢, § ainsi déterminée complétement explicite, il reste donc
a trouver explicitement une CGF.

C’est un résultat auquel parviennent les auteurs de [FIM99| dans le cadre de I’équation
fonctionnelle (2), grace au raisonnement suivant : ils commencent par plonger la courbe
dont ils cherchent une CGF dans I'ensemble %] = {(x,y) € C? : Do pi vy’ —1 = 0};
ils uniformisent ensuite la surface %7, avec des fonctions rationnelles si son genre est 0
ou elliptiques de Weierstrass si le genre est 1; ils montrent alors que sur cette nouvelle
surface, la courbe est transformée en un ensemble particuliérement simple (typiquement
un segment), pour lequel il est facile de trouver explicitement une CGF ; ils projettent enfin
la CGF ainsi trouvée pour revenir au plan complexe et en obtiennent finalement une pour
la courbe initiale.

Le collage conforme est un aspect de ’approche analytique que nous développerons
tout particuliérement dans cette thése, et ce pour les deux raisons ci-apres.

Premiérement, parce que trouver des CGF pour les courbes rencontrées dans les pro-
blémes des Sections 2-3 permet, concrétement, de compléter ’explicitation des expressions
de ¢, ¢ obtenues grace aux problémes frontiére.

Deuxiémement, parce que le collage conforme est une notion intrinséque : les CGF ne
dépendent en effet que du noyau K et sont donc les mémes pour une classe d’équations
fonctionnelles (et donc de processus) bien plus large que (4) — par exemple, celle obtenue
de (4) en conservant le méme noyau K mais en autorisant les fonctions k, k, ko & dépendre
des trois variables x,y, z (ce qui, du point de vue des processus, correspond a permettre
des comportements beaucoup plus généraux sur les frontiéres).

Concernant les résultats existants, nous avons déja noté, plus haut, qu'un procédé
pour construire une CGF est présenté dans [FIM99]; en revanche, aucune propriété de
cette fonction — le fait qu’elle soit effectivement une CGF mis & part — n’y est démontrée.
C’est pourquoi nous prouverons ici les faits suivants.

Tout d’abord, nous étendrons la méthode de [FIM99| consistant & trouver explicitement
une CGF pour z = 1 & des valeurs de z générales, ce qui nécessitera de construire une
uniformisation de %, = {(x,y) € C?: K(x,y,z) = 0}, et non pas seulement de 3.

Ensuite, nous montrerons que la construction de [FIM99] est potentiellement compléte,
au sens suivant : leur méthode conduit a disposer d’une CGF arbitraire; pour les obtenir
toutes, il convient alors d’utiliser des résultats généraux sur le collage conforme ou sur les
opérateurs de Fredholm. Ici, nous prouverons que leur construction d’une CGF peut en
fait se généraliser, et nous trouverons ainsi, de maniére élémentaire et directement, toutes
les CGF.

Enfin, nous étudierons et caractériserons les propriétés globales de ces CGF. En fait, la
forme explicite des CGF obtenue abruptement aprés ’analyse met en jeu plusieurs fonctions
elliptiques de Weierstrass, associées & des périodes différentes, et ne fait en particulier pas
clairement transparaitre la dépendance aux parameétres (c’est-a-dire & S dans la Section 2
et aux p; ; dans la Section 3), question pourtant tout a fait naturelle. En utilisant la théorie
des transformations des fonctions elliptiques, voir par exemple [HC44|, nous montrerons
que les propriétés globales des CGF sont considérablement liées & la finitude du groupe
engendré par les automorphismes de Galois (3), et plus précisément, nous démontrerons le
résultat suivant : pour z fixé, si le groupe d’automorphismes est fini (resp. infini) alors toute
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CGF est algébrique (resp. non holonome) — rappelons qu’une fonction est dite holonome
si elle est solution d’une équation linéaire & coefficients polynomiaux, ce qui est le cas, par
exemple, des fonctions algébriques, voir [FS09]. Nous prouverons aussi que le signe de la
covariance peut s’avérer déterminant quant & la nature de ces fonctions.

Ces résultats seront précisés dans les Sections 2-3 : nous expliciterons, le cas échéant, le
degré d’algébricité des CGF, nous montrerons également que si le groupe engendré par (3)
est fini pour tout z, alors la CGF est algébrique en tant que fonction bivariée, enfin nous
donnerons de nombreux exemples explicites, ainsi que la méthode générale de simplification
des expressions abruptes.

En conclusion, les Sous-sections 1.1-1.2 conduisent & disposer de représentations inté-
grales complétement explicites pour les fonctions ¢, G, également pour gg en évaluant (4) en
tout point annulant le noyau et appartenant au domaine de validité de (4), et finalement
aussi pour ) en utilisant de nouveau (4).

1.3 Calcul des asymptotiques

Les résultats explicites précédents, trés satisfaisants par certains cotés, sont pourtant
loin de conduire directement & I’asymptotique des coefficients des séries @, q, ¢, qo-

Concernant la partie combinatoire de cette thése (Partie IT), nous expliquerons dans la
Section 2 qu’il sera naturel de se focaliser davantage sur 'obtention d’expressions explicites
plutot que sur le calcul d’asymptotiques. En revanche, nous montrerons dans la Section 3
qu’il sera tout & fait pertinent de s’intéresser a des comportements quantitatifs dans la
situation probabiliste des marches tuées (Partie III).

Nous allons donc ici présenter les méthodes asymptotiques et les développements que
nous en avons fait sur les deux exemples suivants, issus de la future Section 3 : avec les
notations du tout début de cette introduction, nous considérerons d’abord les fonctions
de Green G%7% = 37~ Py jo) (X (k), Y (K)) = (4, )], dont la série génératrice est égale &
Q(z,y,1), puis les probabilités d’atteinte des bords P, ;)[(X,Y) atteint ’axe horizontal
(resp. vertical) au temps k exactement], dont la série génératrice vaut ¢(1, z) (resp. ¢(1, 2)).

Asymptotique des fonctions de Green Dans ce paragraphe, la variable z sera égale
constamment & 1, et pour cette raison, nous I'omettrons dans les notations — par exemple,
nous écrirons k(x,y) a la place de k(x,y,1).

Il s’agit donc ici d’obtenir I'asymptotique, lorsque i + j — oo selon j/i — tan(y),
v € [0,7/2], des coefficients G;°"° de Q vérifiant (4). Pour cela, suivant [Mal73] et [KM98],
nous utilisons d’abord les formules de Cauchy dans (4), ce qui nous permet d’écrire ces
coefficients comme des intégrales doubles, puis nous appliquons le théoréme des résidus a
I’infini : nous obtenons alors que —QWZGZ?JJO est égal a

/ k(x)q(z) e +/ k()d(y) + kogo + £(X1(y),y) dy, (8)
{ {lyl=1-¢}

jol=1-¢} [0y K (2, Y1(2))]2 Y1 (2)7 [0: K (X1(y), y)| X1 (y)'y?

ou € > 0 est petit. Rappelons (voir la Sous-section 1.2) que Xy, X1 sont les racines en = de
K(x,y); de méme, Yp, Y7 ci-dessus désignent les racines en y du noyau. Elles sont définies
de maniére non ambigué grace a la remarque suivante : une application du principe du
maximum conduit & noter que nécessairement | Xy| < |X1| ou | X;] < |Xp|, et que de méme
[Yo| < |Y1] ou |Y7| < |Yo|, nous les fixons donc en choisissant |Xo| < | X1| et [Yo| < |Yi].
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Les exposants i,j étant destinés a tendre vers l'infini, il est par conséquent naturel,
afin d’obtenir I’asymptotique de (8), de souhaiter adapter la méthode du col — initialement
prévue pour un seul paramétre. Cette idée s’avérera étre fructueuse, mais sa réalisation
tout a fait différente selon que le drift est nul, ou non.

Supposons donc d’abord que le drift est non nul. Dans ce cas, le point du col s’avérera
dépendre de .

Pour v €]0,7/2[, nous généraliserons directement au cas des marches aux huit plus
proches voisins les travaux [Mal73] et [KM98] réalisés dans le cadre des marches simples
— c’est-a-dire ayant des sauts aux quatre plus proches voisins seulement.

Lorsque v = 0 et v = /2, le point du col coincidera avec une singularité algébrique de
X ou Y et analyse, nettement plus délicate, n’a pas été faite dans les travaux antérieurs;
pour la mener & bien, nous aurons recours a une méthode plus sophistiquée, utilisant
notamment les chemins de plus grande descente.

Faisons maintenant ’hypothése que le drift est nul. Dans ce cas, le point du col sera
égal a 1 pour tout v, et la situation parait a prior: favorable. En réalité, ce point 1 sera trés
problématique : d'un coté, parce que le dénominateur de chacun des intégrands de (8) aura
un pole en 1 (ce sera, en fait, une conséquence de la nullité du drift), d’un autre coté, car les
deux numérateurs auront également une singularité en 1, de type logarithmique (cela nous
sera réveélé par les expressions explicites de ¢, § que nous obtiendrons des Sous-sections 1.1-
1.2). Pour avoir I'espoir de conclure, il conviendra donc de chercher & considérer ensemble
les deux membres de (8) et d’étudier alors I’asympotique.

Pour réaliser cette idée, nous utiliserons une uniformisation de la surface %, c’est-a-dire
que nous trouverons deux fonctions z(s) et y(s) —en 'occurrence des fractions rationnelles —
telles que 1 = {(z(s),y(s)) : s € CU{oo}}. Partant de (8), nous obtiendrons alors que

oo _ L /k(m(s))q(m(s))+7é<y<s>>q~<y<s>>+koqo+n<x<s>,y<s>>8sx(8)dsy o)
r

W om [0y K (2(5), y(s))lw(s) y(s)!

ou I' est un certain contour — le fait d’avoir ce méme contour I' pour les deux termes de
(8) sera hautement non trivial et requerra, en plus de 'utilisation du théoréme de Cauchy,
une connaissance fine des propriétés analytiques des intégrands de (8).

Il s’agira alors d’étudier précisément le comportement de I'intégrand de (9) au voisinage
du contour I' et tout particuliérement prés du point du col, i.e. prés du point correspondant
a (z,y) = (1,1). Ce travail se révélera de nature trés technique, et nous apparaitra hors de
portée dans le cas général. Il y aura cependant une classe de processus pour laquelle nous
pourrons analyser cette quantité, & savoir les marches telles que le prolongement conduira
a une forme fermée et explicite de k(z)q(z) + k(y)q(y) + kogo + k(z,y) pour (x,y) € JA4,
ou de maniére équivalente du numérateur de (9). Dans la Section 3, nous décrirons en
détail la classe de marches couverte par I’hypothése ci-dessus et nous montrerons qu’elle
est agréablement importante, & la fois par le nombre et par le caractére des processus
qu’elle renferme (nous prouverons notamment que pour tout entier p > 2, elle contient au
moins un processus admettant un groupe engendré par (3) d’ordre exactement 2p).

Etendre I'analyse asymptotique de (9) a toutes les marches aléatoires aux huit plus
proches voisins a drift nul est un enjeu trés stimulant (qui conduirait par exemple &
répondre au probléme ouvert qu’est la description de la compactification de Martin de
ces processus) et est un point que nous souhaitons vivement développer dans les années
futures.
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Asymptotique de la queue de distribution du temps d’atteinte d’un des axes
Nous nous tournons maintenant vers la dépendance des séries @, q, g, go en la variable z,
que nous réintroduisons donc ici. Nous allons nous concentrer sur ’exemple de ¢(1, z), qui
sera, dans la Partie III, la série génératrice des probabilités d’atteindre le bord horizontal
en un certain temps pour les marches tuées, voir le tout début de la Sous-section 1.3.

En premier lieu, rappelons que les Sous-sections 1.1-1.2 conduisent & disposer d’une
expression explicite de ¢(1,z). Une fagon naturelle et usuelle d’aborder alors le calcul de
I'asymptotique des coefficients de cette fonction d’une variable est la recherche et I’étude
de ses singularités, dans 'esprit de [Jun31], [P6l74] ou [FO90] — et ici il suffira en fait de
se focaliser sur le point 1.

Le comportement de ¢(1, z) au voisinage du point 1 nous apparaitra d’une profonde
complexité, la variable z apparaissant en effet dans la courbe d’intégration ou encore dans
les périodes des différentes fonctions elliptiques de Weierstrass qui composent les CGF — &
titre de comparaison, la dépendance de g(zx, z) en x est nettement plus simple : c’est celle
d’une intégrale de Cauchy évaluée, certes, en une CGF.

Dans cette thése, nous nous focaliserons donc sur I'analyse de ¢(1, z) dans les quelques
cas particuliers pour lesquels il nous sera possible de surmonter ces difficultés, & savoir
certaines marches disposant d’un groupe engendré par (3) fini pour tout z.

Cette notion de groupe ne dépendant pas de z, qui peut a premiére vue paraitre une
nécessité calculatoire, s’avére en réalité étre tout & fait pertinente; elle a notamment été
considérée (en substance, voir Proposition 13 page 36) dans les travaux de combinatoire
[BMMO09].

A titre d’exemple, ’hypothése ci-dessus sera vérifice par les 19 marches qui, dans la
classification de [BMMO09], disposent d’un groupe fini et d'une covariance négative ou nulle;
comme cas particuliers, nous pouvons citer les marches aléatoires dans les chambres de
Weyl des duaux de SU(2) x SU(2), SU(3) et Sp(4), voir la Figure 12 page 39, ainsi que le
processus pouvant s’interpréter comme le passage de quatre & deux blocs dans le célébre
modéle du votant, voir la Figure 14 page 45.

Nous avons & présent terminé la description des différentes facettes de ’approche
analytique utilisée et développée dans cette thése, et nous souhaitons maintenant, dans
les Sections 2 et 3, présenter nos résultats combinatoires et probabilistes.

2 Enumération des chemins

Le premier théme abordé dans le cadre de cette thése sera I’énumération des marches se
déplacant sur un réseau plan, qui est un sujet a la fois classique et célébre en combinatoire.

Pour un ensemble borné de sauts S C Z? donné, il est question de compter le nombre
de chemins gy (i, j, k) se mouvant selon S, partant d’un point fixé et arrivant en un certain
point (7, ) en un temps donné k > 0, tout en étant éventuellement confinés dans une région
% C 72. 1l agit alors, d’'une part, de résoudre ce modéle, c’est-a-dire d’ezpliciter la série
génératrice Z(i,j)e@/,kzo qu (i, 4, k)x'yI 2* qui lui est associée, et d’autre part, de décrire la
nature (rationnelle, algébrique, holonome, non holonome) de cette fonction.

Ainsi, si aucune restriction sur les chemins n’est imposée (i.e. % = 7Z?), il est facile
d’expliciter la série génératrice ci-dessus qui s’avére étre une fraction rationnelle.

Autre exemple, si les trajectoires sont supposées rester dans un demi-plan %, alors la
série peut également étre explicitée et se révele algébrique, voir par exemple [BMPO03].
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Il est ensuite naturel de considérer les marches confinées dans une intersection de deux
demi-plans, comme le quart de plan % = Zi. La situation semble d’emblée plus riche et
plus diverse : certaines marches sont telles que leur série génératrice est algébrique, c’est le
cas de la marche associée & S = {(—1,0), (1,1),(0,—1)} et partant de (0,0), voir [FH84]| et
[Ges86], d’autres admettent une série génératrice qui n’est pas méme holonome, comme le
montre I'exemple de la marche attachée & S = {(—1,2),(2,—1)} et partant de (1, 1), voir
[BMPO03|. Cette pluralité fait qu’il parait trés intéressant de se concentrer sur ces marches
restant dans un quart de plan.

C’est ainsi que M. Bousquet-Mélou et M. Mishna ont récemment entrepris, dans
[BMMO09], 'étude systématique des marches confinées dans Z2 | partant de I'origine et ayant
des petits sauts. Rappelons-nous (voir le tout début de I'introduction) que cela signifie que
S est inclus dans ’ensemble & huit éléments {—1,0,1}2\ {(0,0)}, et souvenons-nous aussi
que sur le bord horizontal Z7% x {0} (resp. sur le bord vertical {0} x Z* , en l'origine (0, 0)),
les pas de la marche ont alors lieu selon SN (Z x Z..) (resp. SN(Zy X Z), SN (Z4 X Z4)).

S

FIGURE 5 — Exemple de marche & petits sauts confinée dans Zi

Il y a au total 2% tels modéles, mais, comme déja relevé, quelques-uns sont triviaux
et certains s’obtiennent par symétrie & partir d’autres : il existe en fait 79 problémes
intrinsequement différents a étudier, voir [BMMO09].

Un point de départ commun pour ’analyse de ces 79 marches est le suivant : désignant,
comme dans la Sous-section 1.1, le nombre de chemins confinés dans Z%r, partant de (0,0)
et se terminant en (7, 7) en temps k par qz2 (1,7, k), leur série génératrice

Qa.y,2) = Y ags (i), k)a'y/2* (10)

1,5,k>0

vérifie 'identité

ryz Z xly] - 1/Z Q(:Caya Z) = C(:Ca Z)Q(:Ca 0) Z) —f—g(y, Z)Q(ana Z) - Z(SQ(O)Oa Z) -y,
(4,9)€S
(11)

ol nous notons c(z, 2) = 2T 3} ; _1yes 2t &y, 2) = 2y > (—1.5)es yetd=1si(—1,-1) €S,
d = 0 sinon. L’équation fonctionnelle (11), qui est démontrée dans [BMMO09], est bien celle
présentée dans la Sous-section 1.1 : effectivement, si K (x,y, z) = zyz [ Z(i’j)es xhyl — 1/2] ,
alors c(z,z) = K(z,0,2), é(y,z) = K(0,y,2) et § = K(0,0,2). Par ailleurs, si n désigne
le cardinal de S, alors l'identité (11) est valide au moins sur {|z| < 1,|y| < 1,|z| < 1/n},
puisque, bien sir, qz2 (i,7,k) < n*.

Pour résoudre tous les modeéles, c’est-a-dire dans le but d’expliciter Q(z,y,z) pour
chacun des 79 problémes, il suffit donc de résoudre ’équation fonctionnelle (11).
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M. Bousquet-Mélou et M. Mishna ont alors remarqué qu’une idée-clé pour "analyse de
(11) est l'utilisation du groupe engendré par (3). Il convient tout de suite de noter que le
sens donné & ce groupe sera ici légérement différent que celui utilisé précédemment : en
effet, dans les Sections 1 et 3, de méme que dans [Mal71] et [FIM99], il est considéré comme
un groupe d’automorphismes de ’ensemble %] des zéros du noyau, tandis qu’ici, il sera
défini comme un groupe de transformations birationnelles de C(z,y)? — en particulier, la
propriété de finitude devient plus contraignante. Ces différentes appréhensions de la notion
du groupe seront d’ailleurs commentées autour de la Proposition 13 page 36.

Cela étant, ce groupe (au sens des transformations birationnelles, donc) est étudié en
détail dans [BMMO09]| pour chacune des 79 marches : il est fini dans 23 cas (et alors de
cardinal 4, 6 ou 8) et est infini dans les 56 autres.

En ce qui concerne les 23 marches ayant un groupe fini, les réponses aux deux questions
qui nous intéressent, & savoir 'obtention d’une expression explicite de la série génératrice
(10) et la description de sa nature, ont été trouvées trés récemment.

En effet, dans 'important article [BMMO09], 22 de ces 23 modéles sont résolus : la série
(10) est explicitée et s’avére étre holonome, méme algébrique dans 3 cas.

La 23éme modele, qui correspond aux sauts S = {(—1,—1),(—1,0),(1,1),(1,0)}, est
aujourd’hui communément appelée “marche de Gessel”, en raison de la conjecture que
[. Gessel énonga en 2001, & propos de la validité supposée de la formule ¢(0,0,2k) =
16%[(5/6)1(1/2)x]/1(2)x(5/3)x], ot (a)r = a(a+1)--- (a+k —1). La “conjecture de Gessel”
demeurant sans preuve, 'interét manifesté par la communauté combinatoricienne a son
égard — et plus globalement & ’attention de la marche de Gessel — n’a cessé de grandir
depuis 2001, jusqu’a devenir particuliérement aigu tout au long des années 2008-2010.

Ainsi, en 2009, M. Kauers, C. Koutschan et D. Zeilberger offrent enfin, dans [KKZ09],
une preuve (par ordinateur) de cette fameuse conjecture. Une kyriade d’autres approches de
la conjecture de Gessel et plus généralement de remarques autour de la marche homonyme
entoure ce résultat : voir, dans cette perspective, [PWO08], [Ayy09], [Pin09]. Enfin, A. Bostan
et M. Kauers donnent dans [BK09| une preuve assistée par ordinateur du fait que la série
(10) associée a la marche de Gessel est algébrique. De plus, ils en explicitent des polynomes
minimaux, utilisant pour cela un systéme de calcul formel puissant de PINRIA (Institut
National de Recherche en Informatique et Automatique).

En automne 2009, I. Kurkova et moi remarquons qu’en dépit de ce vif intérét, ce
modeéle n’est toujours pas résolu, c’est-a-dire que la série (10) n’est pas encore explicitée.
C’est pour cette raison que nous déposons sur arXiv, en décembre 2009, le preprint [KR09a|
donnant une expression explicite de la série (10) pour la marche de Gessel, utilisant pour
cela les méthodes analytiques (en particulier, sans aide d’ordinateur) décrites dans la
Section 1. Peu de temps apres, nous apprenons que de son coté, M. van Hoeij a également,
durant 'automne 2009, cherché et obtenu une expression par radicaux de la série (10)
(utilisant & cette fin les polynomes minimaux donnés dans [BK09] avec aide d’ordinateur,
voir 'appendice de [BK09]), mais, a cette époque, il n’a pas encore rendu public ce résultat.

Ainsi, avec [BMMO09] et [KR09a], les 23 modeéles associés a un groupe fini deviennent
résolus sans aide informatique. Par ailleurs, dans le travail en préparation [BCK™10],
A. Bostan et al. obtiennent des représentations intégrales de (10) pour ces mémes 23
marches, par une méthode partiellement algorithmique, basée sur le téléscopage créatif et
sur la résolution des équations différentielles du second ordre en termes de fonctions hyper-
géométriques.
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D’un autre coté, seulement 2 des 56 modéles ayant un groupe infini ont été résolus :
pour les marches associées & S = {(—1,1),(1,1),(1,—-1)} et S = {(—1,1),(0,1),(1,—-1)}
dessinées a gauche sur la Figure 6 ci-dessous, M. Mishna a, dans [MRO09], explicité la série
(10) et a montré qu’elle était, dans les deux cas, non holonome.

C’est dans ce contexte trés stimulant que s’inscrivent les contributions de cette thése a
I’énumération des chemins.

Notre premier article, résolvant la marche de Gessel [KR09a| et cité plus haut, est a
notre connaissance une des premiéres exportations & un autre domaine que les probabilités
de I’approche analytique de [FIM99]. Il pose ainsi les bases de 'utilisation de ces méthodes
dans le contexte d’énumération des marches & petits sauts confinées dans un quart de plan.

La difficulté des détails techniques s’est, quant & elle, essentiellement focalisée sur
le calcul de la CGF, que nous avons explicitée et dont nous avons montré qu’elle était
algébrique en tant que fonction bivariée.

A la fois pour contextualiser et pour élargir ce résultat, il était alors naturel de souhaiter
généraliser cette analyse a toutes les 79 marches. C’est ce que nous avons fait dans [Ras10al,
en introduisant une approche unifiée pour la résolution explicite de tous les 79 problémes.

La portée de ce dernier travail [Rasl0a| est double : d’une part, il conduit & disposer,
pour la premiére fois, d’une expression explicite de la série (10) pour 54 des 56 marches
associées & un groupe infini, et d’autre part, en fournissant une expression explicite du
méme type pour les 79 marches, il permet de faire ressortir clairement la fagon dont la série
(10) dépend des paramétres — nous serons davantage précis a ce propos dans le Théoréme 5.

Nous allons maintenant décrire précisément nos contributions. Dans ce qui suit, nous
adoptons les notations suivantes : xyz[z(i’j)es iyl —1/z] = a(y, z)x?+b(y, 2)z+(y, 2) =
a(z,2)y? + bz, 2)y + c(x, 2), oil &(y, z),c(w, 2) sont les polynomes définis au-dessous de
(11), a(y, 2) = 2y > (41, 5)es v, b(y,2) = -1+ ZyZ(O,j)GS y];, a(@,2) = 2T ; 11)es ztet
b(z,2) = =1+ 223 )es x'. Posons également d(y,z) = b(y, 2)? — 4a(y, 2)é(y, 2) ainsi
que d(z,z) = b(x,2)? — 4a(z, 2)c(x,z). En particulier, les racines du noyau considérées
dans la Section 1 prennent les expressions Xo(y,z) = [—b(y, 2) + d(y,2)"/?]/[2a(y, 2)],
Xi(y, 2) = [<bly, 2) — d(y, 2)'/*)/[2a(y, 2)], Yo(z,2) = [=b(z, 2) + d(z,2)"/*]/[2a(x, 2)] et
Yi(z,2) = [<b(x, 2) — d(z, 2)'/?]/[2a(z, 2)].

Pour les 5 processus de la Figure 6 ci-dessous, il s’avére que I’approche de la Section 1 ne
fonctionne pas, car les courbes associées aux problémes frontiére (7) deviennent dégénérées
en des points. Ces 5 marches disposent de la propriété commune qu’aucune des transitions
(0,-1),(—=1,-1),(—1,0) n’appartient & S, elles sont dites “singuliéres”.

FIGURE 6 — Les 5 marches singuliéres dans la classification de [BMMO09]

Deux de ces processus sont ceux qu’a étudiés M. Mishna dans [MR09]; nous générali-
serons son approche aux 5 marches singuliéres et nous obtiendrons le résultat ci-aprés — ou
f°F désigne fo---o f avec k occurrences de f.
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Théoréme 2. Pour les 5 marches singuliéres de la Figure 6,

Q(z,0,z) = % Z Yy o (X 0 Yp)(x, 2) [(Xo o0 Y0)%k (2, 2) — (X o Yp)°*+D) (2, z)].
k>0

Q(0,y, z) est obtenu de l’égalité ci-dessus en remplagant Xy (resp. Yp) par Yo (resp.
Xo). De plus, Q(0,0,2) =0 et Q(z,y,z) est alors explicitée grice a (11).

Ces résultats étant donnés, nous souhaitons maintenant nous intéresser a la situation
plus riche des marches non singuliéres. Elles sont telles que pour tout z €]0,1/n], d (resp.
d) a trois ou quatre racines, que nous appelons yx(z) (resp. xi(z)). Fixons-les en notant que
ly1(2)] < y2(2) < 1 < y3(2) < |ya(z)] (vesp. |x1(2)| < x2(2) <1 < x3(2) < |x4(2)]). Aussi,
posons 4Y ([x1(z), z2(2)], 2) (resp. X ([y1(2),y2(2)],2)) pour la composante connexe de
C\Y([z1(2),22(2)], 2) (resp. C\ X ([y1(2),y2(2)],2)) contenant y;(z) (resp. z1(z)).

Théoréme 3. Supposons que la marche soit non singuliére.

La fonction c(x, 2)Q(x,0, z) — ¢(0,2)Q(0,0, 2) admet, pour x € X ([y1(z),y2(2)], z) et
z €]0,1/n[, lexpression suivante :
c(x, 2)Q(,0,2) — ¢(0,2)Q(0,0,2) =

N O ) ) PR (0 M %),
fole 2t /xl(z> 2a(t, z) w(t,z) —w(z,z)  w(t,z) —w(0,z)

dt,

™

w étant une CGF (voir la Définition 1) pour ’ensemble 4 X ([y1(2),y2(2)], 2).

La fonction ¢(y, z)Q(0,y, z) — ¢(0, 2)Q(0,0, 2) admet, pour y € 9Y ([x1(z),z2(2)], 2) et
z €]0,1/n[, lexpression suivante :
Ay, 2)Q(0,y,2) = &(0,2)Q(0,0,2) =

1 v ¢ - at, 2)] 1/2 B,a(t, ) ~ O (t, 2)
Xo(y, z)y + p / 25(75, Z) ’lE(t, Z) _ {E(% z) @(t’ z) — w(O, z) dt,

y1(2)
w étant une CGF pour GY ([x1(z), x2(2)], 2).
La formulation de Q(0,0, z) dépend de la valeur de ¢(0, z) = ¢(0, z) € {0,z} comme suit.

Supposons tout d’abord que c(0,z) = ¢é(0,z) = z, ou de maniére équivalente que § = 1
dans (11). Grace a (11), nous obtenons que pour tout x,y, z vérifiant 3_; hes @'y’ —1/z =
0, || <1, |yl <1 etz€l0,1/n] :

2Q(0,0,z) = zy— [c(m, 2)Q(x,0,2)—c(0,2)Q(0,0, z)] — [E(y, 2)Q(0,y, z)—¢(0, 2)Q(0,0, z)] .

Supposons maintenant que c(0,z) = ¢(0,z) = 0, ou de maniére équivalente que 6 = 0
dans (11). Alors la fonction Q(0,0,2) est égale a la limite, lorsque x tend vers 0, de

L (L e[ d(t )] P ) duw(te)
c(x,z)( Yo(z,2) + W/zl(z) 2a(t, z) w(t,z) —w(z,2)  wit,z) — w0, z)] dt).

La fonction Q(x,y,z) a alors l'expression explicite obtenue en injectant dans (11) les
representations intégrales de Q(z,0,z), Q(0,y,z) et Q(0,0, z) trouvées juste ci-dessus.
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Ainsi, pour que les fonctions Q(z,0,z), Q(0,y,2), Q(0,0,z2) et Q(x,y, z) soient com-
plétement connues, il reste a expliciter des CGF pour les ensembles 4 X ([y1(2), y2(2)], 2)
et 9Y ([x1(z), z2(2)], 2).

Le résultat suivant répond précisément & cet objectif, en donnant, pour toutes les
74 marches non singuliéres, I’expression explicite d’'une CGF pour chacun des ensembles
GX([y1(2),y2(2)], z) et 9Y ([z1(2), x2(2)], 2) ; malheureusement, nous ne pourrons I’énon-
cer dans son intégralité que dans la Partie II.

Théoréme 4. Les fonctions w et w explicitement définies en (B.11) de la Partie II sont
des CGF pour les ensembles X ([y1(2),y2(2)], 2) et 9Y ([x1(z),x2(2)], 2) respectivement.

Dans la Partie II, nous verrons que la forme explicite des CGF w et w du Théoréme 4
associe plusieurs fonctions elliptiques de Weierstrass, liées a des périodes différentes, et
ne fait en particulier pas clairement transparaitre la dépendance a ’ensemble de sauts S.
C’est pourquoi nous prouverons le résultat ci-dessous.

Théoréme 5. Sile groupe de la marche engendré par (3) est fini (resp. infini) au sens des
transformations birationnelles, alors toute CGF pour les ensembles G X ([y1(2), y2(2)], z) et
GY ([x1(2), 22(2)], 2) est algébrique (resp. non holonome) en tant que fonction bivariée. De
plus, dans le cas d’un groupe fini, si la covariance Z(z‘,j)es ij est négative ou nulle (resp.
positive) alors toute CGF est rationnelle (resp. algébrique non rationnelle).

Nous explicitons maintenant, sous forme simplifiée, une CGF pour chacune des 23
marches disposant d’un groupe fini.

Proposition 6. Pour les 16 marches ayant un groupe d’ordre 4, les fonctions [(t/x4(z) —

D)t —a1(2))]/[(t = x2(2)) (t = 23(2))] et [(/ya(2) = 1) —41(2))]/[( —y2(2)) (t = y3(2))] sont
des CGF pour les ensembles 9 X ([y1(2),y2(2)], 2) et 9Y ([x1(z),x2(2)], 2) respectivement.

FIGURE 7 — 2 exemples parmi les 16 marches ayant un groupe d’ordre 4

Proposition 7. Pour les 2 marches de la Figure 8, les fonctions suivantes sont des CGF
pour les ensembles X ([y1(2),y2(2)], 2) et GY ([x1(2),22(2)], z) respectivement :
u(t) u(t)
(t = @2(2))(t — 1/w2(2)1/2)? (t = y2(2))(t — 1/y2(2)/2)?’

avec u(t) = t2 et a(t) =t (resp. u(t) = a(t) = t(t + 1)) pour la marche a gauche (resp. a
droite) sur la Figure 8.

Les deux marches de la Figure 8 ci-dessous, trés célébres, apparaitront de fagon naturelle
dans la Partie III : celle de gauche s’interprétera, en effet, comme (la duale d’) une marche
dans la chambre de Weyl du dual de SU(3), tandis que celle de droite interviendra dans
I’étude du modéle du votant, voir les Figures 12 et 14 pages 39 et 45 respectivement.



2. ENUMERATION DES CHEMINS 29

FIGURE 8 — Les 2 marches ayant un groupe d’ordre 6 et une covariance négative

Proposition 8. Pour les 3 marches de la Figure 9, il existe des fonctions algébriques
(explicitées dans le Chapitre B) a(z), 5(2),0(2),v(z) telles qu’une CGF pour [’ensemble
GX([y1(2),y2(2)],2) = GY([x1(2),22(2)],2) est donnée par l'unique fonction ayant un
pole en xo(z) et par ailleurs solution de

B(z)u(t)
(t = 2(2))(t = 1/w2(2)1/2)?

(2)u(t)
(t = 2(2))(t — 1/x2(2)!/?)?

w® + |a(z) +

}w+[5(2)+ =0,

avec u(t) = t2 (resp. u(t) = t, u(t) = t(t + 1)) pour la marche a gauche (resp. au milieu, a
droite) sur la Figure 9.

-
-

FIGURE 9 — Les 3 marches ayant un groupe d’ordre 6 et une covariance positive

Les marches de la Figure 9 revétent une importance historique particuliére : celle de
gauche, souvent nommeée “de Flatto” ou “de Kreweras”, voir [FH84] ou [Ges86], est en effet
la premiére des 79 pour laquelle il fut prouvé que la série génératrice trivariée est algébrique.

Proposition 9. Pour la marche & gauche sur la Figure 10, les fonctions suivantes sont
des CGF pour les ensembles 9 X ([y1(2),y2(2)], 2) et Y ([x1(2), x2(2)], z) respectivement :

t? t(t+1)>
(t — 22(2))(t = 1)*(t — a3(2))’ (t — z2(2))*(t — 23(2))?

Proposition 10. Considérons la marche a droite sur la Figure 10. Posons Ga(z) = (4/27)
(1 + 22422 4+ 2562%), G3(z) = (8/729)(1 + 1622)(1 — 24z + 1622)(1 + 24z + 162?), K(2)
pour l'unique solution positive de K* — Ga(2)K?/2 — G3(2)K — G2(2)?/48 = 0 — si nous
définissons r1,(2) = [Ga(2) — exp(2kir/3)(Ga(2)? — 27G3(2)%)Y?]/3, nous avons K(z) =
[—ro(2)/2 + 11(2) + ra(2)/2] 2 et

F(t,2) = 1-242 41622 4(1 —42)? 2
e - T mE - - aE)
Fit,z) = ‘z2et16  4l-42) tt+1)

3 z [(t = 22(2))(t — 23(2))]?
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Une CGF pour l’ensemble 9 X ([y1(z),y2(2)], z) est alors donnée par ['unique fonction ayant
un pole en xo(z) et par ailleurs solution de

w3 —w?[F(t,z) +2K(2)] + w[2K(2)F(t,2) + K(2)?/3 + G2(2)/2]
— [K(2)*F(t,z) + 19G2(2) K (2)/18 4+ G3(z) — 46K (2)3/27] = 0.
(12)
De méme, une CGF pour l'ensemble GY ([x1(2), x2(2)], 2) est donnée par l'unique fonction
ayant un pole en x3(z) et solution de l’équation obtenue de (12) en remplagant F par F.

FIGURE 10 — Les 2 marches ayant un groupe d’ordre 8

Nous avons déja commenté de facon approfondie le statut si particulier de la marche de
Gessel, & droite ci-dessus. Notons que la marche représentée a gauche sur la Figure 10
(souvent appelée “de Gouyou-Beauchamps”) est également fameuse : elle posseéde des
connexions avec de multiples objets combinatoires, comme avec, par exemple, les “non-
crossing matchings”, voir [CDD*07].

3 Marches tuées

L’enthousiasme de la communauté probabiliste & I’endroit des processus stochastiques
confinés dans des cones de Z¢ date au moins d’un demi-siécle et de l'article [Dys62]. C’est
en effet dans ce travail qu’en étudiant le fameux “gaussian unitary ensemble”, F. Dyson
observa que la famille des valeurs propres de ce processus matriciel est égale, en distribution,
a un ensemble de particules browniennes conditionnées a ne jamais avoir de collision les
unes avec les autres. Suivirent alors quelques décennies plus silencieuses, puis un net
regain d’intérét dans les années 1990. Depuis lors, d’importantes classes de processus
confinés dans des cones de Z? sont analysées, comme, par exemple, les “non-colliding
random walks”, également appelées “vicious walkers” ou encore “non-intersecting paths”.
Ce sont les processus Z = (Z1(k), ..., Zq(k))rez, composés de d marches aléatoires i.i.d.
et conditionnés, en outre, a ne jamais quitter la chambre de Weyl # = {z € R:z1 < <
2q}. Les processus (Za(k) — Z1(k), ..., Zq(k) — Z4—1(k))rez, formés des distances entre ces
marches aléatoires s’avérent décrire le comportement des valeurs propres d’intéressants
processus matriciels, dans cette perspective, voir [Bru9l, HW96, Gra99, KO01, KT04],
et apparaissent également dans ’analyse du “corner-growth model”, voir [Joh00, Joh02].
Par ailleurs, de multiples connexions entre ces processus, les matrices aléatoires et les files
d’attente en tandem sont mises en évidence dans [0’C03c|, tandis que [K&n05| propose une
vue d’ensemble de ce domaine, a travers le prisme des polynémes orthogonaux.

Une facon naturelle et usuelle de construire des processus conditionnés a rester dans une
chambre de Weyl consiste & utiliser une transformation de Doob. C’est précisément 1’objet
de l'article [EKO8| pour les processus Z décrits plus haut. P. Eichelsbacher et W. Konig y
trouvent une fonction h positive, harmonique et nulle au bord de la chambre de Weyl # ; il
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est alors clair que le h-processus de Z est bien confiné dans # — par h-processus de Z nous
entendons le processus Z" deéfini par P,[Z"(k) € dv] = P,[Z(k) € dv, 7y > k]h(v)/h(u),
oil Ty = inf{p > 0: Z(p) ¢ #}. En outre, les auteurs de [EK08] prouvent que Z" coincide,
en distribution, avec la limite, lorsque p — oo, du processus Z conditionné par [Ty > p),
ce qui est loin de prévaloir en général. Afin d’obtenir ce dernier résultat, ils démontrent
que I'asymptotique de la queue de distribution du temps d’atteinte 7 admet la forme
Py [Ty > p] ~p—oo Ch(u)/p®, pour certaines constantes C' et c. En effet, il leur suffit alors
d’utiliser cet équivalent dans l'identité suivante, obtenue grace & la propriété de Markov
de Z :

P, [TW >D— k]

P, [7—7/ > p]

Cela suggere, plus globalement, de s’intéresser a I’asymptotique de la queue de distri-
bution du temps de sortie de cones, pour des processus généraux de Z.

A ce propos, outre les résultats du travail [EK08], par ailleurs étendus dans [KS09] & des
chambres de Weyl d’autres types, citons les articles [DO05] et [DM09], ou des problémes
semblables sont étudiés dans le cadre des processus associés & des groupes de réflexion finis.

Mentionnons également les travaux trés généraux [Var99] et [Var00] de N. Varopoulos.
Ce dernier y considére des marches aléatoires de Z?¢ homogénes et non corrélées, et montre
alors que pour tout cone € (suffisamment régulier et contenant ’état initial de la marche),
il existe une constante «, universelle pour chaque cone €2, telle que la queue de distribution
Plrq > p|] du temps d’atteinte 7 du bord du cone Q est bornée, de part et d’autre, par
une quantité de la forme C/p®. Néanmoins, ces différentes constantes C' ne peuvent étre
précisées par cette approche.

Pu[Z (k) € dv|my > p] =Pu[Z(k) € dv, Ty > k]

Un tout autre domaine oil des processus confinés dans des cones de Z? apparaissent est
celui des marches quantiques — généralisations non commutatives des marches aléatoires
classiques, voir e.g. [Bia08|. D’une maniére remarquable, il s’avére possible d’obtenir des
processus classiques a partir des quantiques, par restriction de ces derniers & des espaces
commutatifs ; ce traitement ad hoc des processus classiques peut d’ailleurs se révéler tout a
fait fructueux. C’est ainsi que dans [Bia91|, en étudiant une marche quantique sur l’algébre
de von Neumann de SU(n), P. Biane obtient deux processus classiques, par restriction au
tore maximal puis au centre du dual de SU(n). P. Biane prouve alors que le premier
des deux processus n’est rien d’autre qu’'une marche aléatoire homogéne aux plus proches
voisins sur le tore maximal du dual de SU(n), tandis que le deuxiéme est le h-processus
du premier préalablement tué au bord de la chambre de Weyl, au moyen d’une certaine
fonction harmonique h positive & I'intérieur de la chambre de Weyl associée et nulle a son
bord. Par la suite, P. Biane généralise ces résultats, dans [Bia92c|, au cas des groupes de
Lie semi-simples et simplement connexes.

*

Dans les deux situations considérées ci-dessus, h est une fonction harmonique, positive
a l'intérieur de la chambre de Weyl et nulle & son bord. Est-elle unique ? Sinon, quelle est
la structure de ’ensemble de ces telles fonctions? Les réponses a ces questions trouvent
naturellement leur place dans la théorie de la frontieére de Martin (appliquée aux processus
sous-jacents tués au bord de la chambre de Weyl), dont nous esquissons ci-apreés les grandes
lignes.

D’abord introduit pour le mouvement brownien par R. Martin en 1941 dans [Mar41], le
concept de compactification de Martin a été ensuite étendu aux chaines de Markov discrétes



32

par J. Doob et G. Hunt a la fin des années 1950, dans [Doo59] et [Hun60]. L’objet de cette
théorie est a la fois de décrire le comportement asymptotique des chaines de Markov et de
caractériser toutes leurs fonctions (sur)harmoniques.

Pour une chaine de Markov transiente définie sur un espace d’état E, la compactification
de Martin est la plus petite compactification Ede E pour laquelle les noyaux de Martin
z — k2 = G? /GZ' se prolongent continiment — par GZ° nous désignons les fonctions de
Green du processus, c’est-a-dire les nombres moyen de visites faites par le processus en z
partant de zg, et par z; nous notons un état arbitraire de référence. E \ E est alors nommée
la frontiére de Martin. Aussi, il est clair que pour tout a € E , 20 +— k20 est surharmonique;
OmE ={a € E \E : 29 — kZ° est harmonique minimale} est alors communément appelée la
frontiére de Martin minimale — rappelons qu’une fonction harmonique h est dite minimale
si 'inégalité 0 < h < h avec h harmonique implique que h est proportionnelle & h. Avec ces
notations, la théorie (voir e.g. [Dyn69]) affirme que toute fonction h surharmonique (resp.
harmonique) peut s’écrire comme h(z0) = [ kZ°u(dz) (vesp. h(20) = [, pk°u(d2)), ou p
est une certaine mesure finie, caractérisée de maniére unique dans le second cas ci-dessus.

*

Dans ce contexte, le cas des marches aléatoires homogénes de Z% est, aujourd’hui,
complétement traité. Tout d’abord, la frontiére de Martin minimale est décrite dans
[DSW60], grace a la théorie de Choquet-Deny. De plus, si le drift est non nul, P. Ney et
F. Spitzer obtiennent, dans le célébre article [NS66|, I’asymptotique des fonctions de Green,
utilisant pour cela des changements exponentiels de mesure et le théoréme limite central
local ; cela donne, par conséquent, la réalisation concréte de la frontiére de Martin. Par
ailleurs, si le drift est nul, ’asymptotique des fonctions de Green est trouvée dans [Spi64];
il s’ensuit que la compactification de Martin est alors la compactification d’Alexandrov.

*

En revanche, les résultats relatifs a la frontiére de Martin pour les marches aléatoires non
homogénes de Z% sont rares et plus récents. Dans toute la suite, nous nous concentrerons
sur une sous-classe de ces processus non homogenes de Z¢, & savoir les marches aléatoires
tuées au bord de cones de Z?. En effet, d’une part, ce sont des processus trés étudiés (voir
ainsi [Bia91, Bia92a, Bia92b, Bia92c| et [IR08, IRL09, IR09a, IR09b]), et, d’autre part,
ils sont intimement liés aux processus Z décrits plus haut : les fonctions harmoniques des
processus Z tués étant, par essence, nulles au bord, elles fournissent autant de possibilités
pour conditionner les processus Z (tués ou non) a rester confinés a l'intérieur des cones.

D’un coté, le cas des processus de Z% tués au bord d’un coéne a lintérieur duquel ils
possédent un drift non nul est, & I’heure actuelle, plutét bien connu.

Ainsi, en étudiant des marches quantiques sur le dual des groupes de Lie compacts,
P. Biane vient a considérer, dans [Bia92c|, des marches aléatoires classiques ayant un drift
non nul a l'intérieur de la chambre de Weyl et tuées a son bord — grace au procédé de
restriction déja présenté. Résolvant alors une équation du type Choquet-Deny, il parvient
a trouver la frontiére de Martin minimale de ces processus.

Lorsque le groupe de Lie compact ci-dessus n’est autre que SU(n), la compactification de
Martin est décrite dans [Col04], grace a I'obtention de I'asymptotique des noyaux de Green.

Par ailleurs, la frontiére de Martin minimale des marches de Z¢ tuées au bord de Z‘fr
ayant une structure produit et un drift non nul & lintérieur de Z% est décrite dans [PW92].
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Enfin, d’importants travaux ayant trait & ces processus ont été réalisés récemment par
L. Ignatiouk-Robert. En effet, en 2006, elle propose une approche novatrice pour I'analyse
de la frontiére de Martin des marches aléatoires & drift non nul et réfléchies au bord
du demi-espace Z% ! x Z,, combinant pour cela des méthodes issues de la théorie des
grandes déviations & I'utilisation de résultats propres aux processus de Markov additifs, voir
[IRO9b]. Par la suite, cette approche est étendue avec succes, dans [IR08], a la description
de la frontiére de Martin des marches tuées au bord de Z4~! x Z, . I. Ignatiouk-Robert
et C. Loree la développent alors, dans [IRL09|, & I’é¢tude des marches tuées au bord du
quart de plan Zi, puis I. Ignatiouk-Robert la déploie enfin, dans [IR09al, a 'analyse des
processus tués au bord de Zi. Notons toutefois que les différents travaux décrits dans ce
paragraphe ne traitent pas de ’asymptotique des fonctions de Green, et que, par ailleurs,
I’hypothése faite sur la non nullité du drift y est absolument essentielle.

D’un autre coté, un trés petit nombre de résultats concernant les processus tués au
bord de cones de Z¢ a lintérieur desquels ils disposent d’un drift nul existe aujourd’hui.

Le cas des marches produit de Z% & drift nul et tuées au bord de Zi est considéré dans
[PW92] : la frontiére de Martin minimale se compose alors d’un unique point.

Des exemples intéressants apparaissent une nouvelle fois dans le contexte des marches
quantiques : ainsi, dans [Bia92c|, P. Biane considére certains processus tués obtenus par
restriction, et montre, grace a la considération d’une équation du type Choquet-Deny, que
s’ils possédent un drift nul & lintérieur de la chambre de Weyl, alors leur frontiére de
Martin minimale est réduite & un point.

C’est en particulier le cas de SU(n), pour lequel P. Biane parvient & trouver, dans
[Bia91], 'asymptotique des fonctions de Green le long de toutes les trajectoires, sauf celles
tangentes au bord de la chambre de Weyl.

Pour un usage futur, notons que le processus juste ci-dessus correspond, pour n = 3, &
celui dessiné au milieu de la Figure 12 (voir page 39), et que 'unique fonction harmonique
sous-jacente trouvée dans [Bia91] est alors (ig, jo) — %070 (70 + Jo)-

*

C’est dans ce contexte riche dépeint ci-dessus que s’inscrivent les contributions de cette
thése a I’étude des marches tuées. A propos, rappelons (voir le tout début de I'introduction)
qu’elles concerneront I’ensemble & des marches aléatoires (X (k),Y (k))rez, du quart de
plan Zi

+* homogénes & l'intérieur du quadrant Zi, i.e. les probabilités de transition p;; =
P(X(k+1),Y(k+1)) = (X(k),Y (k))+(i,7) | X(k) # 0,Y (k) # 0] ne dépendent pas
de (X (k),Y (k)),

(pij)-1<ij<1

F1GURE 11 — Marches aléatoires &2 analysées ci-aprés
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* faisant des petits sauts & I'intérieur du quadrant, é.e. les p; j ci-dessus sont nulles dés
que |7| > 1 ou [j] > 1,

* non singulieres, i.e. dans la liste p11,p1,0,P1,-1,P0,~1,P—1,-1,P—1,0,P—1,1,P0,1, il 0y
a pas trois zéros consécutifs (cette hypothése technique nous permet d’éviter 1’étude
des marches dégénérées),

* tuées au bord de Z2, i.e. sur (Z* x {0}) U {(0,0)} U ({0} x Z*).
Pour les processus de cet ensemble &2, nous nous intéresserons essentiellement & leurs

fonctions de Green et probabilités d’absorption h; °’j° = P(i,jo) [(X,Y) est tué au point (4, )
au temps k exactement]|, pour ¢ ou/et j nul, souvent a travers leurs fonctions génératrices

QI (z,y, 2) = Z Pio,jo) (X (k), Y (k) = (i, )]z Ty

i,j>1,k>0

et

io,jo 10,30 ,.i—1 k zo,jo 10,J0 ] 1 k: zo,]o 10,50 Lk
q Z h; 5k (y,2) E: h,], E:hOOkz
i>1,k>0 j>1,k>0 k>0

Rappelons (voir l'identité (4) de la Section 1) qu’elles vérifient I’équation fonctionnelle
K (2,4, 2)Q (., 2) = ¢*% (2, 2) + T (y,2) + ¢ (2) —ay®. (13)

Nous nous apprétons maintenant & décrire en détail nos contributions, en quatre temps.

Tout d’abord, dans la Sous-section 3.1, nous donnerons des expressions explicites des
fonctions génératrices Q070 gio-jo, Glojo, qm’]O ci-dessus, et, par la méme, des fonctions de
Green, des probabilités d’absorption et de la distribution du temps d’atteinte de chacun
des axes et de l'origine.

Ensuite, dans les Sous-sections 3.2-3.3, nous nous intéresserons a l’asymptotique des
fonctions de Green et des probabilités d’absorption, dans le cas d’un drift d’abord non nul,
puis nul. En particulier, nous formulerons alors nos conclusions concernant la frontiére de
Martin.

Enfin, dans la Sous-section 3.4, nous énoncerons et commenterons nos résultats asymp-
totiques relatifs au temps d’atteinte de chacun des axes et de I’origine.

*

Rappelons que K(z,y,z) = myz[zm pijz'y’ — 1/z] ; par ailleurs, dans la suite, nous
poserons

K(z,y,2) = al(y, z):c2 +g(y, 2)x + ¢y, z) = a(z, z)y2 + b(x, 2)y + c(z, 2),

ainsi que d(z, z) = b(z, 2)2 — da(z, 2)c(z, 2) et d(y, z) = b(y, 2)® —4a(y, 2)é(y, z). Pour tout
z €]0, 1], les polynomes d et d possédent chacun trois ou quatre racines, que nous appelons
les z1(2) et yr(z). Fixons-les en remarquant que |z1(2)| < x2(2) < 1 < x3(2) < |z4(2)]
et |y1(2)] < y2(2) < 1 < y3(2) < |ya(z)|. Finalement, les racines du noyau K considérées
dans la Section 1 possedent les expressions Xo(y,z) = [=b(y,2) + d(y,2)"/?]/[2a(y, 2)],
Xi1(5,2) = [y, 2) — d(y, 2))/2aly, 2)], Yo, 2) = [~b(w, 2) + d(z, 2)/)/Ra(z, 2)] et
Yi(z,2) = [=b(x, 2) — d(z, 2)Y/?]/[2a(z, 2)].
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3.1 Reésultats explicites

Du point de vue de ’approche analytique, la situation est semblable a celle de la Section
2 : grace a I'équation fonctionnelle (13) et aux méthodes exposées dans la Section 1, des
représentations intégrales explicites faisant intervenir des fonctions de conformal gluing
(CGF) peuvent étre obtenues pour les différentes séries génératrices recherchées. Notons,
cependant, que la richesse analytique sera ici indéniablement supérieure & celle de la Section
2, les paramétres p; ; étant tels que nous considérons & présent une infinité de marches, et
non pas seulement 79.

Théoréme 11. Les fonctions g0 (x, z) et §i090(y, z) de (13) admettent les représentations
intégrales obtenues de celles de c(x,z)Q(z,0,2) — ¢(0,2)Q(0,0,z2) et ¢(y,2)Q(0,y,z) —
¢(0,2)Q(0,0, z) données dans le Théoréeme 3, aprés avoir remplacé t/[2a(t, z)] et t/[2a(t, z)]
par t°u; (¢, z) et 0/, (L, 2), o

1 (Jo—1)/2

jo—(2k+1
pinlt?) = G 3 Ol =),
’ k=0

1 (i0—1)/2

~ 7 T i0—(2k+1
o (t,z) = DI Z C2EHL(t, 2)F [ - b(t, 2)] ™ (2k+1)
’ k=0

Pour obtenir qéo’jo(z), il suffit alors d’évaluer (13) en tout triplet (x,y, z) vérifiant 2| < 1
et (z,y) € . ; parvenir & une expression explicite de Q%+ (z,y, 2) est ensuite immédiat
a partir de (13). o
Ainsi, les fonctions génératrices Q070, gi0+jo  Glo-o, qéO’JO sont désormais connues explici-
tement. Leurs coefficients le deviennent donc également ; en particulier :
% les coefficients de Q70(z,y, 2), i.e. les probabilités de visite Pig.io) (X (k), Y (k) =
(4,7)], pour 4,5 > 1et k >0,

* les coefficients de Q+70(x,y, 1), en d’autres termes les fonctions de Green G
Zkzo P(io,jo)[(X(k)’Y(k)) = (Za])]v pour i,j > 1,

% les coefficients de ¢%070(x, 2), G090 (y, 2) et qéo’jo(z), c’est-a-dire les différentes proba-
bilités P, jo)[(X,Y) est tué au point (i, j) au temps k], pour i ou/et j nul et k > 0,

* les coefficients de ¢?7(z,1), g0 (y, 1) et qéo’jo(l), i.e. les probabilités d’absorption
en un certain site du bord, c’est-a-dire P(;, ;.)[Fk > 0: (X (k), Y (k)) = (i, 7)], pour i
ou/et j nul,

10,J0
2y

10,J0

% les coefficients de ¢?J0(1,2), GoJo(1,z2) et qéo’jo(z), donc la distribution du temps
d’atteinte de I’axe horizontal (resp. de I’axe vertical, de l'origine), i.e. les quantités
Pio,jo)[(X,Y) atteint 'axe horizontal (resp. I'axe vertical, I'origine) au temps k].

Les coefficients ci-dessus, obtenus, par exemple, grace aux formules de Cauchy, peuvent

parfois étre aussi écrits sous une forme particuliérement compacte; & titre d’illustration,
mentionnons le résultat ci-aprés.

Proposition 12. Pour les marches aléatoires telles que p_10 + po,1 + P10 + po,—1 = 1,
I’égalité suivante a lieu :

Py iy 13k > 02 (X (K), Y (k) = (5,0)] =

INVESS —i—1Ty4i i 1/2 i0,J
_/ £ — ([p—1,0/p1,0) /1) o (t, 1) [ — d(t, 1)] 7/ 7dt + 710,

T Jas(1)

i0,50)
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20,J0
)

la partie principale a Uinfini de f. Remarquons que pour i > [1V (ig — jo)|, 7

désigne le coefficient d’ordre i du polynome xPuo[z0~1Yy(x, 1)70], si Pyo[f] dénote
i0,J0 _ ()
; .

our

L’ingrédient principal de la preuve de la Proposition 12 est la rationalité d’ordre 2 de la
CGF sous-jacente (rationalité obtenue en adaptant, pour z = 1 seulement, le Théoréme 5).
Cette derniére propriété n’est cependant pas le monopole des marches vérifiant p_1 o+po,1+
p1,0 +po—1 = 1, mais s’avere étre partagée, plus généralement, par tous les processus
disposant, pour z = 1 seulement, d’'un groupe d’automorphismes de %, = {(z,y) € C? :
K(x,y,z) = 0} généré par (3) d’ordre 4.

La question de la description de la famille formée des marches possédant un groupe
d’automorphismes de %, d’ordre 4 se pose immeédiatement : coincide-t’elle avec celle, ren-
contrée dans la Section 2, des processus disposant d’un groupe d’ordre 4 au sens des trans-
formations birationnelles? Ou avec celle, évoquée dans la Sous-section 1.3, des processus
ayant, pour tout z €0, 1], un groupe d’automorphismes de .%, généré par (3) d’ordre 47

Proposition 13. Le groupe engendré par (3) est d’ordre 2p au sens des transformations bi-
rationnelles si et seulement si, pour tout z €]0,1[, il est d’ordre 2p au sens des automor-
phismes de #, = {(z,y) € C*: K(z,y,2) = 0}.

S’il n’y a donc pas de différence entre la notion du groupe engendré par (3) “au sens des
transformations birationnelles” et celle “au sens des automorphismes de J#, pour tout z”, il
y en aura en revanche bien une entre la notion du groupe “au sens des automorphismes de
J, pour tout 2”7 et celle “au sens des automorphismes de J£,” ; c’est 1 une grande richesse
analytique de cette Section 3 — dans la Section 2, la question n’avait pas lieu d’étre posée,
puisque la classification des marches y était réalisée, ipso facto, grace & la notion “au sens
des transformations birationnelles”.

Nous rencontrerons, dés la Sous-section 3.3, un nombre important d’exemples illustrant
cette diversité, comme les familles de processus (15), (17) et (18) : certains de leurs éléments
se révéleront posséder des groupes finis pour z = 1, mais infinis pour d’autres valeurs de z.

A propos des groupes finis pour z = 1, nous montrerons, dans la Partie ITI, le résultat
ci-dessous. Ce dernier est une conséquence du fait que, pour de tels processus, la procédure
de prolongement des fonctions ¢%70 et G070 prend la forme d’un algorithme fini, permettant
ainsi d’obtenir des formules fermées pour certaines quantités, comme, par exemple, pour
Pig o [(X,Y) est tué].

Proposition 14. Sous [’hypothése que le groupe d’automorphismes (£,m) est fini pour
z =1 et sous réserve que la condition we/ws € Z soit vérifiée (pour les définitions de wy et
ws, nous reportons a ['équation (C.9) de la Partie III), la probabilité que le processus soit
tué au bord vaut
Pig,jo[(X,Y) est tué] =1 — Z sign(p)p(1),
pE(&:m)

m

ou sign(p) désigne la signature de p, c’est-a-dire (—1)™, si p peut s’écrire comme la com-

posée de m automorphismes & et n.

Enfin, que le groupe soit fini ou infini, nous prouverons le résultat suivant, donnant la
vitesse, lorsque I’état initial (g, jo) s’éloigne du bord, a laquelle P;, ;,[(X,Y) est tué] tend
vers 0.
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Proposition 15. La probabilité que le processus soit tué au bord vérifie la double inégalité
AJ2 <Py o [(X,Y) est tué] < A, ot nous avons noté

A |PL-1t P01 +p—1,—1]i° n [p—u +p_10+p-1-1]"°
P11+ Ppo1+p-11 P11+ P10+ P1,-1

3.2 Asymptotique des fonctions de Green et des probabilités d’absorp-
tion dans le cas d’un drift non nul

Tout au long de la Sous-section 3.2, nous supposerons que le drift est positif, c’est-a-dire
que Z” 1pi; > 0 et Z” Jpij > 0.
Nos premiers résultats concernent ’asymptotique des fonctions de Green

GO0 =N Py i (X (R), Y (k) = (4,4)] = B o) | D Lix o),y (8) =)} |
k>0 k>0

d’abord pour v €]0,7/2[ (Théoréme 16), ensuite pour v = 0 et v = 7/2 (Théoréme 17).

Afin de les énoncer, soit (u(7),v(y)) 'unique solution de grad(¢(u, v))/|grad (¢(u, v))| =
(cos(7y),sin(y)) sur la courbe {(u,v) € R? : ¢(u,v) = > pijexp(iu) exp(jv) = 1}, voir
[Hen63]. Posons alors s, (tan(y)) = exp(u(y)) et sy(tan(7y)) = exp(v(y)).

Théoréme 16. Pour les marches de &2 possédant un drift positif, les fonctions de Green

Gz?];jo admettent ['asymptotique suivante, lorsque i+ j — oo et j/i — tan(vy), v €]0,7/2] :

(22100 08, (1 () — 0 s (10(7)). 1) — G055, 10(3)), 1) = 5" (1)
1725, (7)1 G/ ’

ot C(y) > 0 est une constante (explicitée dans la preuve).

Théoréme 17. Pour les marches de &2 possédant un drift positif, les fonctions de Green
admettent l'asymptotique suivante, lorsque i+ j — oo et j/i — tan(y), v =0 :

(0)05,(0)°~" — 9,G"7*(5,(0), 1)
iM252(5/1) 5y (5 /1) ’
ou Cy > 0 est une constante (explicitée dans la preuve).

L’asymptotique des fonctions de Green lorsque i + j — oo et j/i — tan(y), v = 7/2
s’obtient alors par un changement adéquat des parameétres.

0,  Jos
Gﬁ?f“ ~ Co% .

Faisons maintenant trois remarques autour des Théorémes 16-17.

Premiérement, ils complétent doublement le travail [IRL09|, ot 'asymptotique des
noyaux de Martin (c’est-a-dire des quotients de fonctions de Green G;%"/ Glljl) est obtenue.
D’abord, parce qu’ils donnent ’asymptotique des fonctions de Green elles-mémes ; ensuite,
car toutes les quantités apparaissant dans cette asymptotique sont ici obtenues explicite-
ment (& ce propos, voir la Sous-section 3.1, voir aussi le Théoréme 20 plus bas).

Deuxiémement, ils ont permis de donner une nouvelle preuve, seulement un mois apreés
(voir [KRO9b]) la parution sur arXiv de l’article [IRL09], du résultat ci-dessous.
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Corollaire 18. Pour les marches de & ayant un drift positif, la compactification de Martin
de Z% est homéomorphe a la fermeture de {(z,y)/(1 + ||(z,y)||) : (z,y) € Z2} dans R.

Troisiemement, le Théoréme 17 conduit & ’asymptotique des probabilités d’absorption
Pig.jo) 3k = 01 (X(k),Y (k) = (3,0)] et P jo)[3k > 0: (X(k),Y (k) = (0,7)]. En effet,
ces quantités étant, pour ig, jo > 0, reliées aux fonctions de Green wia

)[Elk > 0:(X(k),Y(k)) = (i,0)] = pl,flGéo_’Jlll?l +p0771G§?1’]:0 +p71771G§3_’{?1,
Pigjo)[3k > 0: (X (k),Y (k) = (0,7)] =p-11GY}% +p-10GY} +p-1,1GY},
(14)
leurs asymptotiques, lorsque 7 et j tendent vers l'infini, découlent de celle des fonctions de
Green dans les cas limite v = 0 et 7 = /2.

Corollaire 19. Pour les marches de &2 ayant un drift positif, les probabilités d’absorption

admettent [’asymptotique suivante, lorsque i — oo :

(O)iosy(o)]bfl — 6y(7i0’j0(5y(0)7 1)
i3/25,(1/i)t ’

Py iy 3k > 0 (X(B).Y(R) = (i,0)] ~ G122

o C1 = [Coy/5y(0)] - [p1,—152(0) + po,—1 + p—1,—1/52(0)], Co étant la méme constante que
dans l’énoncé du Théoréme 17.

L’asymptotique des probabilités d’absorption P, ;\[Fk > 0 : (X(k),Y (k) = (0,7)]
lorsque j — oo s’obtient alors par un changement adéquat des parameétres.

Grace au Théoréeme 11 de la Sous-section 3.1, les différentes quantités apparaissant
dans I'asymptotique des probabilités d’absorption sont explicites. Néanmoins, la facon dont
elles dépendent des paramétres, notamment du groupe d’automorphismes (£, 7), n’est pas
transparente, et le reste de la Sous-section 3.2 est justement destiné & la description de
cette dépendance.

Théoréme 20. La constante
Cl [josx(o)io Sy(o)j()il - 8y(7i07j0(5y(0)7 1)]

apparaissant dans le Corollaire 19 peut s’écrire comme Aio’jo + A;O’jo, avec Ailo’jo et Aéo’jo
définis comme suit.
* Supposons d’abord que p11 + p1,—1 +p—1,—1 +p—1,1 < 1. Alors

4 - 21/2
i d0sa(0) [ —5,(0)0,d(5,(0),1) ( e(5,(0), 1)\
AT =T Lm@d@ﬂk@ﬂwJ)(d%®%U> ] ’

o z2(1) Q0 . _ 1/2
A2207]0 — 02 / 6tw(t7 1)t Hijo (ta 1)[ d(tv 12)] dt,
z1(1) [w(t,1) — w(sz(0),1)]

ot a(x,z),c(x, z),d(z, 2), xr (2) sont définis dans Uintroduction de la Section 3, pj,
dans la Sous-section 3.1, w dans la Section 1 et ot Co est une constante explicitée
dans l’énoncé du Théoréme C.24 de la Partie I11.

Si en outre, avec les notations (C.9) de la Partie III,

sk wy/ws € 27 + 1, alors Aéo’jo =0,
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sk wo /w3 € 27, alors

1/2

o _ om0 [ ay(00,d(as(1).1) resf,p(1)] [ elrs(1). D)
2 471/2 a(za(1),1)c(z2(1),1) resfw, x3(1)] \ a(x2(1),1)

ou, pour k =2 et 3, res|w, x(1)] désigne le résidu de la fonction w au point xx(1)

— nous verrons dans le Lemme C.26 de la Partie I que ces résidus sont, dans ce

cas, non nuls.

* Supposons a présent que p11 + p1,—1 + p—1,—1 +p—1,1 = 1. Alors, avec les notations
ci-dessus,

C1 [osa(0)"0 5y (01~ = 0,7 (s,(0), 1)] = 2417 + 2437,

3.3 Asymptotique des fonctions de Green et des probabilités d’absorp-
tion dans le cas d’un drift nul

Dans toute la Sous-section 3.3, nous supposerons que le drift est nul, c’est-a-dire que
>y wig =0et 3 5 jpij = 0.

Cette sous-section est composée de trois paragraphes, consacrés successivement aux
énoncés des résultats concernant les familles de processus &), &, 3 et 2", voir (15), (17)
et (18), que nous introduisons maintenant.

Les processus représentés sur la Figure 12 ci-dessous étant, nolens, volens, particuliére-
ment importants (notamment car ils apparaissent dans le contexte des marches quantiques),
nous souhaitons définir, pour chacun des trois, une famille (infinie) le contenant et vérifiant
des propriétés du méme type.

FIGURE 12 — Marches aléatoires dans les chambres de Weyl des duaux de SU(2) x SU(2),
SU(3) et Sp(4)

* Premiérement, puisque la marche & gauche sur la Figure 12 posséde, pour tout z, un
groupe d’ordre 4, il semble naturel de la plonger dans
P, = {processus & drift nul de & : pour z =1, le groupe (3) est d’ordre 4}.  (15)

Dans la Partie III, nous verrons qu’a l'intérieur de &7, cohabitent des marches associées
& des groupes d’ordre 4 pour tout z et d’autres liées & des groupes ayant un ordre 4 pour
z = 1 seulement.

Par ailleurs, notons qu’il existe une toute autre description de &, a savoir

Py = {processus a drift nul de &2 : (ig, jo) — i0Jo est harmonique}. (16)
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Pour obtenir 1’égalité (16), il est possible d’utiliser le critére suivant, prouvé dans [FIM99] :
pour z = 1, une marche admet un groupe d’ordre 4 si et seulement si

P11 Pb1,0 P1,-1
po1 -1 po-1 |=0.
pP-11 P-10 P-1,-1

I1 suffit alors de remarquer que d’autre part, un élément de & a drift nul possede (i, jo) —
i0jo pour fonction harmonique si et seulement g’il vérifie I’égalité ci-dessus.

* Deuxiémement, remarquons que la marche au milieu de la Figure 12 dispose, pour
tout z, d’un groupe d’ordre 6. Définir un analogue strict de (15) parait toutefois difficile,
car la description de I’ensemble

{processus a drift nul de & : pour z = 1, le groupe engendré par (3) est d’ordre 6}

nous parait véritablement ardue. L’utilisation des fonctions harmoniques, comme en (16),
est en revanche davantage envisageable, et nous définissons

Pop = {processus a drift nul de &2 : (ig, jo) — i0jo(io+cjo+3) est harmonique}. (17)

Prendre a = 1 et 8 = 0 ci-dessus conduit immédiatement & noter que la marche dessinée au
milieu de la Figure 12 appartient, effectivement, a un &, g. Par ailleurs, nous constaterons
que tous les éléments de cet ensemble ont un groupe d’ordre 6 pour z = 1 — et, parfois
seulement, pour tout z.

+ Troisiémement, observant que seules des marches associées & des groupes d’ordre 4,
6 ou 8 étaient jusqu’alors connues, nous introduisons maintenant, pour n > 3,

PN = {processus de Z: p_io=pio= sin(m/n)?/2, P11 =p1,-1= cos(w/n)2/2}.
(18)
Nous prouverons que ces processus admettent, pour z = 1, un groupe d’ordre 2n. Pour
d’autres valeurs de z, nous verrons qu’il est toujours infini — & ’exception de n = 4, cas
correspondant précisément a la marche dessinée & droite sur la Figure 12.

Les processus 2, (voir (15))

Théoréme 21. Supposons que le processus appartienne a &y. Alors les fonctions de Green
admettent l'asymptotique suivante, lorsque i + j — oo et j/i — tan(y), v € [0,7/2] :

ij

G070 ~ Cigjo > gL
[(p1,1 4+ po,1t +p=1,1)% + (P11 + P10 + P1,-1)57]

3

ot C > 0 est une constante.

Ci-dessus, si le processus de &, est celui représenté & gauche sur la Figure 12, alors
I’asymptotique des fonctions de Green pour 7 €]0, 7/2[ peut certainement étre obtenue de
[Bia91]. Quel que soit le processus de &), le Théoréme 21 pour v € [0,7/2] est inédit — a
notre connaissance.

Mentionnons maintenant deux conséquences du Théoréme 21. La premiére concerne la
frontiére de Martin.
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Corollaire 22. La compactification de Martin des processus de Py est la compactification
d’Alexzandrov.

Dans le cas du processus dessiné & gauche sur la Figure 12, ce résultat peut étre
déduit de [Bia92a]. Plus généralement, ce corollaire est une conséquence de [PW92| dans
le cas particulier (strictement inclus dans &2)) des marches aléatoires produit, c’est-a-dire
des processus pP + ¢Q + (1 —p — q)P ® @, ou P et @ sont des marches aléatoires un-
dimensionnelles, ayant des sauts aux plus proches voisins, & drift nul et tuées en 'origine.

Une deuxiéme conséquence du Théoréme 21 est relative aux probabilités d’absorption
Pig.jo) [Tk = 02 (X(k),Y (k) = (3,0)] et Py jo)[3k > 0: (X(k),Y (k) = (0,7)]. En effet,
grace aux identités (14), nous obtenons le résultat ci-apres.

Corollaire 23. Supposons que le processus appartienne a &,. Alors les probabilités d’ab-
sorption admettent [’asymptotique suivante, lorsque i — oo :

Piojo)[3k = 02 (X(k),Y (k) = (,0)] ~ Cl(p1,-1 + po,-1 + p-1,-1)/po.1 Jiojo /i°,

ou C est la méme constante que dans ’énoncé du Théoréme 21.
Les probabilités P j)[3k > 0: (X(k),Y (k) = (0, )] possedent I’équivalent obtenu de
ci-dessus en remplagant (pl,fl + Po,—1 +p71,71)/p0712 par (pfl,l +Pp-1,0 +p71,—1)/p1,02-

Les processus #, 3 (voir (17)) Nous allons, & présent, énoncer des équivalents du
Théoreme 21 et des Corollaires 22-23 pour la famille &2, g; mais auparavant, nous souhai-
tons introduire &, g en détail.

Plus haut, nous avons noté que pour la marche tuée dessinée au milieu de la Figure
12, il est prouvé dans [Bia91] et [Bia92a| que (ig, jo) — i0jo(io + jo) est I'unique fonction
harmonique positive. Par des méthodes similaires, un résultat analogue pourrait certaine-
ment étre obtenu pour la marche “duale”, c’est-a-dire pour le processus admettant les sauts
de probabilités p_1 9 = po1 = p1,—1 = 1/3. En particulier, posant Zp,5U(3) pour

{processus de & : po_1 =p_11=p1o = P-10=DPo1 =P1,—1 =V, p+v=1/3},

i.e. pour I’ensemble formé des produits cartésiens d’'une marche aléatoire sur la chambre de
Weyl de SU(3) avec sa duale, voir a gauche sur la Figure 13 ci-dessous, il provient de [PW92]
que tout processus de &), syy(3) admet également une frontiére de Martin minimale réduite
a un point. L'unique fonction harmonique sous-jacente étant (ig,jo) — Zojo(io + Jo), il
semble alors naturel de considérer la famille &) ¢, voir (17) ; nous verrons dans le Chapitre
D de la Partie III que l'inclusion &7, sy(3) C 1 est stricte.

Afin de considérer I’ensemble des marches de &7 admettant un polynome de degré trois,
harmonique et positif dans Z?%, il est finalement naturel de définir 2, g, cf. (17).

Sa description précise en termes des parametres p; ; est plutot volumineuse, mais facile
A obtenir; elle est donnée dans le Chapitre D. A ce sujet, notons ici simplement que si
a > 2ou a < 1/2, alors pour tout 3, Pn 3 = 0;si @ = 1/2 ou a = 2, alors pour tout
B #0, Pop =0, tandis que P, est réduit & une marche; et si o €]1/2,2[ et |3] est
suffisamment petit, alors &, s est un ensemble (non vide) & deux paramétres. A droite sur
la, Figure 13 ci-dessous, nous représentons 1’exemple d’un processus appartenant & 2, ,
quel que soit o € [1/2,2].
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FIGURE 13 — A gauche, une marche typique de PpsuU(3), avec p+ v = 1/3. A droite,
'exemple d’une marche de 2, 0, avec A = a(a—1/2)/[2—a+2a?], p = (a/2)/[2— a+20?]
et v=(1-0a/2)/[2 - a+2a?]

Théoréme 24. Supposons que le processus appartienne a P, 3. Alors les fonctions de
Green admettent l’asymptotique suivante, lorsque i+7j — oo et j/i — tan(y), v € [0,7/2] :

ij(i + o)
[i2 + aij + a252]>

G ~ Cy giogolio + ajo + B)

ot Co. g > 0 est une constante (explicitée dans le Chapitre D).

Dans le cas particulier de la marche aléatoire du milieu de la Figure 12, I’'asymptotique
ci-dessus est obtenue dans [Bia91]|, lorsque v €]0, 7/2].
Donnons maintenant deux conséquences du Théoréme 24 ci-dessus.

Corollaire 25. La compactification de Martin des processus de P, g est la compactification
d’Alexandrov.

Corollaire 26. Supposons que le processus appartienne a &, g. Alors les probabilités d’ab-
sorption admettent [’asymptotique suivante, lorsque i — oo :

Pio.io) 3k = 0 (X(k),Y (k) = (i,0)] ~ Caplp1,—1 + po,—1 + p—1,-1i0jo(f0 + cjo + B)/i*,

ou Cy g est la méme constante que dans l’énoncé du Théoréme 24.
Les probabilités P jy[3k > 0: (X(k),Y (k) = (0, )] possedent I’équivalent obtenu de
ci-dessus en remplacant [p1,—1 + po,—1 + p—1,—1] par [p—11+p-10 +p_17_1]/a5.

Les processus &" (voir (18)) Rappelons que quel que soit n > 3, les processus de &"
admettent un groupe d’ordre 2n : la famille U,,>3%”" est donc représentative de I’ensemble
des processus de & a drift nul et associés & des groupes finis — et c’est, précisément, ce qui
motive sa définition.

Théoréme 27. Supposons que le processus appartienne a " . Alors les fonctions de Green
admettent l'asymptotique suivante, lorsque i + j — oo et j/i — tan(vy), v € [0,7/2] :

sin (n arctan (11/32/1 tan (7/n) ))

[cos(m/n)? (2 +2ig) + 72"

G27° ~ Cn f (i0, Jo)
ot
x Cp, > 0 est une constante (explicitée dans le Chapitre E),

x fn est un polynome de degré n, strictement positif (resp. nul) a lintérieur (resp. au
bord) de Z%r, harmonique pour les processus de P™ et explicité dans le Chapitre E.
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Ipso facto, la quantité f,(io,jo) ci-dessus apparait lors du calcul du développement
au voisinage de (z,y) = (1,1) de 3 ¢ sign(p)p(z?y70) — ce qui évoque, a juste titre
d’ailleurs, 1’énoncé de la Proposition 14. En particulier, I’expression explicite de f, (o, jo)
est complexe, dans le cas générique n > 3, c’est pourquoi nous ne la donnerons dans sa
généralité que dans le Chapitre E; a titre d’exemple, mentionnons simplement ici

faliosjo) = 243" -igjolio + 2jo),

fa(io, jo) = (256/3) - iojo(io + 2jo) (%0 + Jjo),

folio, jo) = (288/5)3Y% -igjo(io + 2jo) (0 + jo) ((i0 + 2jo/3) (G0 + 4jo/3) + 10/9).
Donnons maintenant deux conséquences du Théoréme 27 ci-dessus.

Corollaire 28. La compactification de Martin des processus de ™ est la compactification
d’Alezandrov.

Corollaire 29. Supposons que le processus appartienne a ZP™. Alors les probabilités d’ab-
sorption admettent [’asymptotique suivante, lorsque i — 0o :

Pigjoy [Fk = 02 (X (k), Y (k) = (i,0)] ~ Cy fulio, jo)n[tan(x/n)/(cos(m/n))"] /i" T,

ou C, est la méme constante que dans l’énoncé du Théoréeme 27.
Les probabilités P j)[3k > 0: (X(k),Y (k) = (0, )] possedent I’équivalent obtenu de
ci-dessus en remplagant tan(mw/n)/(cos(m/n))" par sin(27/n)/2.

3.4 Asymptotique de la queue de distribution du temps d’atteinte d’un
des axes

Dans cette sous-section, nous allons nous concentrer sur les asymptotiques des queues
de distribution des temps d’atteinte de 1’axe horizontal et de ’axe vertical. A cet effet,
rappelons que les lois exactes de ces temps d’atteinte sont connues, puisque

¢ (1, 2) = Z Z h;odjgzk ZP(ZO Jo)[(X,Y) atteint I'axe horizontal au temps k] 2*

k>0 i>1 k>0
g9 (1, 2) Z Z hzoﬁzk Z P (0.0 [(X,Y) atteint I'axe vertical au temps k]2"
k>0 j>1 k>0

ont été obtenues explicitement dans la Sous-section 3.1.

Notre premier résultat concerne les trois processus de la Figure 12 plus haut.

Théoréme 30. Supposons que le processus soit 'un des trois représentés sur la Figure 12.
Notons alors, pour les processus de gauche & droite sur cette méme figure, h(io, jo) = i0Jjo,
i0Jo0(i0+ Jo) et iojo(io+ jo)(io +240), fonctions harmoniques correspondant & l'unique point
de la frontiere de Martin (voir les Corollaires 22, 25 et 28). L’asymptotique suivante a liew
lorsque k — oo :

h(io, jo)

P ah I EmI /4

[(X,Y) atteint l'axze horizontal au temps k] ~ C' (19)

i0,J0)
Coan > 0 étant une constante dépendant du processus, par ailleurs explicitée dans le Chapitre
F, et |(€,n)| le cardinal du groupe engendré par (3).

Une asymptotique similaire a lieu pour P ;) [(X,Y) atteint l'aze vertical au temps kJ,
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x apres avoir remplacé Cyp par une autre constante Cgy > 0,

* en notant que pour le processus a droite sur la Figure 12, siig et k n’ont pas la méme
parité, alors P, ;) [(X,Y) atteint l'aze vertical au temps k] = 0.

Signalons que pour la marche a droite sur la Figure 12, "asymptotique de P;, ;) [(X,Y")
atteint le bord au temps k] = P, ;)[(X,Y) atteint I’axe horizontal au temps k| +
Pig,jo) [(X,Y) atteint I’axe vertical au temps k| peut vraisemblablement étre aussi obtenue
de [DOO05], ou la série génératrice de la distribution du temps d’atteinte du bord (pour le
processus & temps continu sous-jacent) est explicitée.

Corollaire 31. Posons, pour les processus de gauche a droite sur la Figure 12, h(io,jo) =
i0jo, 0jo(io + jo) et iojo(io + Jo)(io + 2jo). Alors, pour ces trois processus (X,Y), le
h-processus au sens de Doob de (X,Y) coincide, en distribution, avec la limite, lorsque
p — 00, du processus (X,Y') conditionné par [T > p|, T étant le temps d’atteinte du bord.

*

Outre les trois processus représentés sur la Figure 12, nous nous intéresserons tout parti-
culierement, dans le Chapitre F, & celui dont les sauts sont dessinés sur la Figure 14 plus
bas, et ce dans le but de compléter certains résultats de [BFMPO01] et [MMVWO08] relatifs
au modeéle du votant.

Par le modeéle du votant, nous désignons un processus a temps continu sur {0, 1}Z,
pouvant s’interpréter comme suit : initialement, en chaque site de Z, il y a zéro ou une
particule ; une particule apparait (resp. disparait) alors en un site libre (resp. occupé) selon
une loi exponentielle de taux proportionnel au nombre de sites voisins ou une particule est
présente (resp. absente). Par ailleurs, I’état initial est supposé appartenir a ’ensemble des
configurations ayant un nombre fini de sites libres (resp. occupés) a gauche (resp. a droite)
de l'origine. Cela entraine, en particulier, que le processus reste dans cet ensemble au cours
de son évolution. Ainsi, & chaque instant, il y a un nombre fini de “01” (resp. “107), i.e. de
paires de sites (z,x + 1) avec zéro (resp. une) particule en x et une (resp. zéro) en x + 1.

Quant au modéle & temps discret sous-jacent, la configuration 4,,+1 au temps n + 1
s’obtient de %, en deux temps : il y a d’abord le choix, selon une loi uniforme, d’un “01”
ou “10”, puis vient son remplacement, avec probabilité 1/2, par un “00” ou “11”.

Si D’état initial est la configuration d’Heaviside, c’est-a-dire la configuration formée
d’uniquement deux blocs infinis de 1 et de 0, alors le processus en sera, & chaque instant, une
translation. Cela suggére indubitablement de considérer la relation d’équivalence suivante :
deux configurations sont dites équivalentes si elles sont des translations 1'une de l'autre.
Dans la suite, nous travaillerons sur ’espace quotient latent, dont tout élément peut donc

étre caractérisé par un nombre fini d’entiers positifs (Xi,Y1,..., Xy, Yn) :
X1 i X2 Ya XN YN
AOSNAN AN AN AN
... 1110000 111 000 11111 ...... 000 1111 000..., (20)

N étant le nombre de blocs finis de zéros (ou uns) et n; (resp. m;), i € {1,... N} la taille du
iéme bloc de zéros (resp. uns). Nous référons a [Lig85] pour une présentation approfondie
du modéle du votant, et plus généralement pour une introduction aux “interacting particle
systems”.

En utilisant des fonctions de Lyapunov, les auteurs de [BFMPO01| démontrent que si
T est le temps d’atteinte de la configuration d’Heaviside, alors E[T3/ 2=¢] < oo, pour tout
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¢ > 0. Ensuite, dans le but de prouver que E[73/2¢] = 0o, pour tout € > 0 (et tout état
initial différent de la configuration d’Heaviside), ils remarquent qu’il suffit de le faire pour
tout état initial vérifiant N = 1 dans (20). Ainsi, avec les notations de (20), ils considérent
le processus (X1,Y1) = (X1(k), Y1(k))rez, -

X1(k)  Yi(k)
—
... 111000000 11111 000....

Le processus (X1, Y1) est une chaine de Markov sur Zi

* homogene a l'intérieur du quadrant, avec des probabilités de saut p1 g = p1,—1 =
P0,—1 = P—1,0 = P—1,1 = po,1 = 1/6 (c¢f. la dynamique du processus a temps discret
présentée plus haut),

* absorbée au bord (puisque la configuration d’Heaviside est absorbante pour le modéle
du votant).

FIGURE 14 — Marche aléatoire apparaissant dans 1’étude du passage de quatre a deux blocs
pour le modéle du votant

Utilisant alors les résultats de [AIM96], qui concernent les moments des temps de
passage pour des marches réfléechies au bord d'un quadrant, les auteurs de [BFMPO1]
prouvent que E(ioyjo)[T3/2+5] = 00, pour tout € > 0 et tout état initial (ig, jo) intérieur a
Z%r, T étant le temps d’atteinte du bord pour le processus (X1, Y7).

Néanmoins, la question de la finitude de E 73/ 2] n’obtint pas de réponse des deux
articles [BFMPO1] et [MMVWO08|.

i0,J0) [

Dans ce contexte, la contribution de cette thése est double. En effet, d’un co6té, grace a
la Sous-section 3.1, les fonctions ¢©7°(1, 2z) et ¢'°7°(1, z) sont explicitées; d'un autre coté,
nous prouverons le résultat asymptotique ci-apres.

Théoréme 32. Pour le processus de la Figure 14, lorsque k — oo :

9 (3" iojolio + jo)
Pi.jo) (X1, Y1) atteint l'aze horizontal au temps k| ~ 16 <—> 5
™

Ezactement la méme asymptotique que ci-dessus a lieu pour P
vertical au temps kJ.

y[(X1, Y1) atteint laze

10,J0

En particulier, il devient clair que E(iOJO)[T‘g/ ] = .
Par ailleurs, un analogue du Corollaire 31 pourrait clairement étre énoncé.

Dans le Chapitre F de la Partie 11, nous verrons que les Théorémes 30-32 et le Corollaire
31 admettent une généralisation au cas de toute marche qui, d’une part, dispose d’un groupe
fini pour tout z, et d’autre part, posséde une CGF rationnelle — c’est le cas, par exemple,
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de 19 des 23 marches associées a des groupes finis dans la classification de [BMMO09]. Pour
toutes ces marches, un résultat similaire au Théoréme 30 pourrait ainsi étre énoncé; en
outre, si le drift est nul, la fonction h de (19) correspond & I'unique élément de la frontiére
de Martin (alors réduite a un point), tandis que si le drift est non nul, h devient la fonction
harmonique apparaissant dans ’asymptotique des fonctions de Green lorsque j/i — tan(y),
pour v égal & I'angle du drift.

4 Correspondance des principaux résultats de 'introduction

Introduction Page || Corps de la thése Page
Théoréeme 2 27 Theorem B.2 73
Théoréme 3 27 Theorems A.6 & B.5 56 & 74
Théoréme 4 28 Subsection B.4.1 82
Théoréme 5 28 Theorem B.7 75
Proposition 6 | 28 Proposition B.26 86
Proposition 7 | 28 Proposition B.27 87
Proposition 8 | 29 Proposition B.28 87
Proposition 9 | 29 Proposition B.29 87
Proposition 10 | 29 Theorem A.7 57
Théoréme 11 35 Theorems C.13 & F.1 108 & 174
Proposition 12 | 35 Equations (D.25) & (F.25) 146 & 183
Proposition 13 | 36 Proposition B.18 81
Proposition 14 | 36 Corollary C.9 105
Proposition 15 | 37 Proposition C.10 105
Théoréme 16 37 Theorem C.15 112
Théoréme 17 37 Theorem C.18 114
Corollaire 18 38 Corollary C.19 114
Corollaire 19 38 Corollary C.23 123
Théoréme 20 38 Theorem C.24 124
Théoréme 21 40 Section D.4 144
Corollaire 22 41 Section D.4 144
Corollaire 23 41 Section D.4 144
Théoreme 24 42 Theorem D.1 134
Corollaire 25 42 Corollary D.2 134
Corollaire 26 42 Corollary D.3 134
Théoréme 27 42 Theorem E.10 162
Corollaire 28 43 Corollary E.12 162
Corollaire 29 43 Proposition E.13 168
Théoréme 30 43 Propositions F.5, F.14 & F.23 | 183, 185 & 193
Corollaire 31 44 Corollaries F.6, F.15 & F.24 178, 185 & 194
Théoréme 32 45 Proposition F.14 185
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5 Perspectives

Terminons cette introduction par I’évocation de quelques points précis que nous souhai-
tons vivement développer dans les mois et années futures.

*

En ce qui concerne 'approche analytique de la Section 1, il nous semble que deux possi-
bilités de généralisation émergent :
* d’abord, dans l'esprit de [CB83] et [Coh92a], il est tout & fait normal d’envisager des
sauts plus généraux que seuls ceux aux huit plus proches voisins;
* aussi, il est naturel de considérer le cas de la dimension supérieure.
Si le premier item ci-dessus parait un objectif attingible & moyen ou long terme, la
réalisation du deuxiéme nous semble encore plus ambitieuse.

*

Pour ce qui est de la Section 2, il nous parait absolument important de développer les
deux aspects suivants :

% dans un premier temps, nous souhaitons vivement trouver la nature de la série
génératrice trivariée pour toutes les 56 marches ayant un groupe infini, ce qui nous
permettrait de répondre & une conjecture de M. Bousquet-Mélou et M. Mishna, voir
[BMMO9] ;

* d’un tout autre point de vue, il parait naturel d’envisager des légéres modifications
du modele (comme l'introduction de chemins avec poids, ou la permission de compor-
tements plus généraux sur les frontiéres, etc.), et de répondre alors aux mémes
questions (voir celles numérotées (1) et (2), au tout début de I'introduction).

*

Enfin, citons également deux points de la Section 3 qu’il nous semble crucial d’étendre :

% premiérement, nous souhaitons trouver, pour toutes les marches a drift nul, la com-
pactification de Martin (est-elle, systématiquement, la compactification d’Alexan-
drov?);

* deuxiémement, nous désirons obtenir ’asyptotique de la queue de distribution des
temps d’atteinte pour toutes les marches & drift nul.

6 Notations

Ci-dessous, nous introduisons quelques notations que nous utiliserons dans cette thése.

* 1 désignera le nombre complexe usuel tel que 22 = —1.

+* Nous noterons z le nombre complexe conjugué de z.

x Pour la dérivée d’une fonction f, nous emploierons indifféremment 1’écriture “0f” ou
“f/”-

* In sera systématiquement la détermination principale du logarithme (voir [JS87]).

O}, représentera le coefficient binomial de p éléments parmi n.

*

*

|z] désignera la partie entiére du réel x.
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Deuxiéme partie

Enumeération des chemins
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Chapitre A

Explicit expression of the counting
generating function for
Gessel’s walk *

In this chapter, we consider the so-called Gessel’s walk, that is the planar random walk
that is confined to the first quadrant and that can move in unit steps to the West, North-
East, East and South-West. For this walk, we make explicit the generating function of the
number of paths starting at (0,0) and ending at (¢,7) in time k.

A.1 Introduction and main results

The enumeration of lattice walks is a classical problem in combinatorics. The one
of Gessel’s walk seems to puzzle the mathematical community already for several years
[Ges86, PW08, KKZ09, Ayy09, Pin09, BK09]. This is a planar random walk that is confined
to the first quadrant and that can move in the interior in unit steps to the West, North-East,
East and South-West, see Picture A.1.

FIGURE A.1 — Gessel’s walk

For (i,j) € Z% and k € Z., set
q(i,j, k) = |{walks confined in 72 starting at (0,0) and ending at (4, ) in time k}!

I. Gessel conjectures around 2001 that ¢(0,0,2k) = 16¥[(5/6)x(1/2)x] /[(2)(5/3)x],
where (a)y =ala+1)---(a+k—1). In 2009, M. Kauers, C. Koutschan and D. Zeilberger
yield a remarkable although heavily computer-aided proof of this conjecture, see [KKZ09].

*. This work is a collaboration with I. Kurkova and is taken from the preprint [KR09a].

o1
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The articles [Ayy09, Pin09] give connections between Gessel’s walk and other interesting
models. Precisely, S. Ping in [Pin09] establishes a probabilistic model for Gessel’s walk
concerned with vicious walkers, and A. Ayyer interprets in [Ayy09] such walks as Dick words
with two sets of letters and gives explicit formulas for a restricted class of these words.
Nevertheless, both approaches are yet in some way of providing a “human” proof of Gessel’s
conjecture, but may certainly help for a better understanding of Gessel’s walk.

M. Petkovsek and H. Wilf in [PWO08] state some similar conjectures for the number of
walks ending at other points — two of them have been proved, besides, by S. Ping in [Pin09].
In [PWO08|, M. Petkovsek and H. Wilf also obtain an infinite lower-triangular system of
linear equations satisfied by the values of ¢(7,0, k) and ¢(0, 7, k) + ¢(0,7 — 1, k), and they
manage to express these values as determinants of lower Hessenberg matrices with unit
superdiagonals whose non-zero entries are products of two binomial coefficients.

Finally, A. Bostan and M. Kauers in [BK09] show that the complete generating function
for Gessel’s walk

Q(.%‘, Y, Z) = Z Q(’i,j, k)xlyjzk

1,5,k>0

is algebraic and make explicit minimal polynomials for Q(z,0, z) and Q(0,y, z). The proof
of A. Bostan and M. Kauers given in [BK09] involves, among other tools, computer calcula-
tions using a powerful computer algebra system Magma, it requires immense computational
effort.

Curiously, in spite of this vivid interest to Gessel’s walk, the complete generating func-
tion Q(x,y, z), or even Q(0,y, z) or Q(z,0, z) have not yet been analyzed without computer
help —up to our knowledge.

Furthermore, M. Bousquet-Mélou and M. Mishna in [BMMO09] undertake recently the
systematic analysis of the enumeration of the walks confined to the quarter plane Zi
starting from the origin and making steps at any point of Zi from a given subset of
{~1,0,1}2\{(0,0)}. There are 2% such models. Moreover they show that, after eliminating
trivial models and those that are equivalent to models of walks confined to a half-plane
and solved by known methods, it remains 79 inherently different problems to study.
Following the idea of Book [FIM99], they associate with each model a group W of birational
transformations (for details on this group, see Subsection A.2.1 below). This group is finite
in 23 cases and infinite in the 56 other cases. Then, they are able to solve “mathematically”
(i.e. to make explicit the function Q(z,y, z) without computer help) 22 models associated
with a finite group. The only case with finite group that remains unsolved is the model of
Gessel’s walk.

The aim of Chapter A is to solve Gessel’s walk model, i.e. to represent in a closed form
the generating function Q(z,y, z) without computer help.

In addition of being not computer-aided, our method presents the advantage of being
generalizable up to the case of all 28 walks described above with unit steps in the quarter

plane Z%r and associated with a finite or infinite group — this extension will be the object
of Chapter B.

Let us observe that for any (i,7) € Z% and k € Zy, q(i, 4, k) < 4%, so that Q(z,y, 2) is
holomorphic in {|z| < 1,|y| < 1,|z] < 1/4} and continuous up to {|z| < 1,]y| < 1,|z| <
1/4}.

Our starting point is the functional equation already stated in [BMMO09] and exploited
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in [PWO08], valid a priori on {|z| < 1,|y| <1,|z| < 1/4} :
K(.%',y, Z)Q(.%',y, Z) = ZQ('%'7O’ Z) + Z(y + 1)Q(ana Z) - ZQ(Oa 07 Z) -1y, (Al)

where K(z,y,2) = zyz[1/z 4+ 1/(zy) + v + zy — 1/z].

Our method heavily relies on the profound analytic approach developed in [FIM99] by
G. Fayolle, R. lasnogorodski and V. Malyshev. Let us recall from Section 1 of Part I that in
this book, the authors compute the generating functions of stationary probabilities for some
ergodic random walks in a quarter plane. These random walks have four domains of spatial
homogeneity, namely the interior {(i,7) : ¢ > 0,5 > 0}, the horizontal axis {(¢,0) : i > 0},
the vertical axis {(0,7) : 7 > 0} and the origin {0,0} ; in the interior, the only possible non-
zero transition probabilities are the eight jumps at distance one. They reduce the problem
to the solution of the following functional equation on {|z| <1, |y| < 1},

K(z,9)Q(x,y) = k(z,y)q(z) + k(z,y)d(y) + ko(z, y)qo, (A.2)

with known polynomials K (z,y), k(z,y), k(x, y), ko(x,y) and with functions Q(z,y), ¢(x),
¢(y) unknown but holomorphic in unit discs, continuous up to the boundary.

First, they continue ¢(x) and ¢(y) meromorphically (with poles that can be identified)
to the whole complex plane cut along some segment. This ingenious continuation procedure
is the crucial step of Book [FIM99].

After that, they show that ¢(x) and ¢(y) verify a boundary value problem of Riemann-
Carleman type, and they solve the latter by converting it into a boundary value problem
of Riemann-Hilbert type.

Compared to (A.2), our equation (A.1) seems more difficult to analyze, as it involves a
complementary parameter z. From the other point of view, the coefficients k(x,y), l%(a:, Y)
and ko(x,y) in front of the unknowns zQ(z,0,z2), z(y + 1)Q(0,y, z) and zQ(0,0, z) are
absent. This will allow us to continue zQ(z,0, z) and z(y+1)Q(0,y, z) as holomorphic and

not only meromorphic functions and, consequently, to simplify substantially the solutions.
In the sequel, we will suppose, for technical reasons, that z is fized in ]0,1/4].

We are now going to state the main results of Chapter A. To begin with, let us have a
closer look to the kernel K (x,y,z) that appears in (A.1) and let us take some notations.

The polynomial K (z,y, z) can be written as K (z,y, z) = a(y, 2)x? +b(y, 2)x+é(y, z) =
a(z, 2)y? + bz, 2)y + c(x, 2), with a(y, z) = zy(y + 1), b(y,2) = —y, &(y,2) = 2(y + 1) and
a(z,z) = 222, b(z,2) = 20°—2+2, c(x, 2) = 2. Define also d(y, z) = b(y, z)®—4a(y, 2)é(y, 2)
and d(z,2) = b(z, 2)? — 4a(z, 2)c(x, 2).

For any z €]0,1/4], d has one root equal to zero as well as two real positive roots,
that we denote by yo(2) < 1 < y3(z). We have yo(2) = [1 — 822 — (1 — 1622)'/2]/[82?] and
y3(z) = [1 — 822 + (1 — 162%)1/2]/[82%] ; we also note y1(z) = 0 and y4(z) = oo.

Likewise, for all z €]0,1/4[, d has four real positive roots, that we denote by z1(z) <
29(2) < 1 < 23(2) < x4(2). Their explicit expression is z1(z) = [1 + 2z — (1 + 42)/2]/[22],
z9(2) = [1 — 22 — (1 — 42)1/2)/[22], x3(2) = [1 — 22 4+ (1 — 42)'/?]/[22] and x4(z) =

1422 + (1 +42)Y2]/[22].

With these notations, we have K (z,y, z) = 0if and only if [b(y, 2)+2a(y, z)z]> = d(y, 2)
or [b(x, z) +2a(z, 2)y]? = d(z, 2). In particular, the algebraic functions X (y, z) and Y (x, 2)
defined by K(X(y, 2),y,2) =0 and K(x,Y (z, z),z) = 0 have two branches, meromorphic
on respectively C\ ([y1 (), 32(2)] U [ya(2), s (2)]) and €\ (a1 (), 22(2)] U [za(2), 4 (2)]).
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The following straightforward results give some properties of the two branches of these
algebraic functions X (y, z) and Y (z, 2).

Lemma A.1. Call Xo(y,z) = [-b(y, z) + d(y, 2)'/?]/[2a(y, 2)] and X1(y,z) = [-b(y, z) —
d(y, 2)V/?]/[2a(y, z)] the branches of X (y,z). For ally € C, we have |Xo(y, z)| < |X1(y, 2)|.

On C\ ([y1(2), y2(2)] U [y3(2),y4(2)]), Xo has a simple zero at —1, no other zero and
no pole; X1 has a simple pole at —1, no other pole and no zero. Finally, both Xy and X1
become infinite at y1(z) = 0 and zero at ys(z) = oo.

Now we call Yo(x,2) = [=b(x,2) + d(z,2)?]/[2a(z, 2)] and Yi(z,z) = [~b(z,z) —
d(z,2)Y?]/[2a(x, 2)] the branches of Y (z,z). For all x € C, we have |Yy(z, 2)| < |Y1(z, 2)|.

On C\ ([z1(2), z2(2)] U [23(2),24(2)]), Yo has a double zero at oo, no other zero and
no pole; Y1 has a double pole at 0, no other pole and no zero.

Both X;(y, 2), i € {0,1} are not defined when y belongs to a branch cut, in other words
for y € [y1(2),y2(2)] U [y3(2), ya(2)]. However, the limits X:=(y, z) defined by X, (y,2) =
lim X;(9, z) as § — y from the upper side of the cut and X (y,2) = lim X;(9,2) as § — y
from the lower side of the cut are well defined. Since for y in a branch cut, cZ(y, z) <0,
these two quantities are complex conjugate the one from the other.

A similar remark holds for Y;(z,z2), i € {0,1} and z € [z1(2), z2(2)] U [x3(2), 24(2)].

In fact, for respectively y € [y1(2),y2(2)] and = € [x1(2), x2(2)], we have :
by, 2) F o[ - dly, 2)] "

2a(y, z) ’

—0o\T, 2z 1 — T,z 1/2
Vi (@, 2) = & )Za([x’;)l( A (s

X (y,2) =

Xi(y,2) = X (y,2) and Y{5(z, 2) = Y7 (x,2) — note that for Equation (A.3) to be true
for respectively y € [y3(2),ya(2)] and = € [z3(2), z4(2)], we have to exchange X (y, z) and
Y§E(x, 2) in X (y, 2) and Y, (z, 2) respectively.

Lemma A.2. Consider X ([y1(2),y2(2)],2) and Y ([x1(z),z2(2)],2). (i) These two curves
are symmetrical w.r.t. the real azis and not included in the unit disc. (i) X ([y1(z),y2(2)], 2)
contains oo and Y ([x1(z),x2(2)], 2) is closed. (iii) Both of them split the plane into two
connected components, we call 9 X ([y1(2),y2(2)], 2) and 9Y ([x1(z), x2(2)], 2) the connected
components of x1(z) and y1(2). They verify YX ([y1(2),y2(2)],2) C C\ [z3(2),z4(2)] and
GY ([21(2), 22(2)], 2) € C\ [3s(2), s (=)

Note that complete proofs, for z = 1/4, of Lemmas A.1 and A.2 can be found in Part 5.3
of [FIM99]. For other values of z, the details are essentially similar and thus we omit them.

These notations and properties of the kernel K (x,y, z) are enough in order to state our
results.

First of all, we would like to show that zQ(z,0, z) and z(y + 1)Q(0,y, z) verify some
boundary value problems of Riemann-Carleman type.

But it turns out that the associated boundary conditions verified by 2Q(z,0, z) and
z(y+1)Q(0, y, z) hold respectively on the curves X ([y1(2), y2(2)], z) and Y ([z1(2), z2(2)], 2),
which are not included in the unit disc, see Lemma A.2, and where therefore the functions
2Q(z,0,z) and z(y + 1)Q(0,y, z) are a priori not defined. For this reason, first we need
to continue the generating functions up to these curves. In fact, we are going to show the
following result — the proof of which being the central subject of Section A.3.
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A A

X(ly1(2),y2(2)1,2) Y([x;1(2),x2(2)],2)

| x2) xa(2) X3(2) X4(2) V12| y2(2) x3()] y3(2)

FIGURE A.2 — The curves X([y1(z),y2(2)], 2) and Y ([z1(z), x2(2)], 2)

Theorem A.3. The functions zQ(x,0,2) and z(y + 1)Q(0,y, z) can be holomorphically
continued from their unit disc up to C\ [z3(2),24(2)] and C\ [y3(2),ya(2)] respectively.
)Ju

Furthermore, for anyy € C\ ([y1(2),y2(2)] U ly3(2), ya(2)]),
2Q(Xo(y,2),0,2) + 2(y + 1)Q(0,y, 2) — 2Q(0,0,2) — Xo(y, )y =0, (A4)
and, for any x € C\ ([21(2), z2(2)] U [23(2), z4(2)]),
2Q(2,0,2) + 2(Yo(x, 2) + 1)Q(0, Yo(x, 2), 2) — 2Q(0,0, 2) — aYy(x, ) = 0. (A.5)

Remark A.4. For y € {|y| < 1} such that |Xo(y,2)| < 1, (A.4) follows immediately
from (A.1). Likewise, for x € {|z| < 1} such that |Yo(x, z)| <1, (A.5) is a straightforward
consequence of (A.1). The fact that equations (A.4) and (A.5) are verified not only for these

values of y and x but actually on C\ ([y1(2),y2(2)]U[ys(2),y4(2)]) and C\ ([y1(2),y2(z)]U
[x3(2), 24(2)]) respectively will be shown in Section A.3.

Remark A.5. In the proof of Theorem A.3, we will see that like z(y+1)Q(0,vy, 2), Q(0,y, 2)
can be holomorphically continued from the unit disc up to C\ [ys(2),ya(2)].

Now we explain how to obtain the above mentioned boundary conditions verified by
the functions zQ(z,0, z) and z(y + 1)Q(0, y, 2).

Let y € [y1(2),y2(2)], and let §* and §~ be close to y, such that g is in the upper
half-plane and 4~ in the lower half-plane. Then we have (A.4) for both §* and 4. If now
g — yand §~ — y, then we obtain Xo(§T,2) — X (y,2) and Xo(§7,2) — X, (y,2) =
X (y,2). So we have proved that for any y € [y1(2), y2(2)],

2Q(X{ (y,2),0,2) + 2(y + 1)Q(0,y, 2) — 2Q(0,0,2) — X (y,2)y =0, (A.6)
2Q(X{ (y,2),0,2) + 2(y + 1)Q(0,y,2) — 2Q(0,0,2) = X (y, 2)y = 0. (A7)
Subtracting (A.7) from (A.6), we obtain that for any y € [y1(2), y2(2)],

Then, using the fact that for i € {0,1}, y € [y1(2),y2(2)] and 2 €]0,1/4], Yo(XF (y, 2), 2) =
y — which can be proved by elementary considerations starting from Lemma A.1, or by the



o6 CHAPITRE A. GESSEL’S WALK

use of the forthcoming Lemma A.16 —, we get the first part of (A.9) below :

Ve X(EamEl): Q0.2 -QE0)] = mp(ts) (i),
Vit € Y([z1(2), 22(2)], 2) : z[(t + 1)@(0,75, z) — (t + 1)Q(0,t,z)] = Xo(t,z)t—Xo(t(,z t).
A9

Likewise, we could prove the second part of (A.9).
Note that as a consequence of (A.6) and (A.7), the equality (A.4) is, in some sense,
also verified for y € [y1(z),y2(2)] — the same is true for (A.5) and x € [z1(2),z2(2)].

With Lemma A.2, Theorem A.3 and Equation (A.9), we obtain that 2Q(z,0,z) and
z(y + 1)Q(0,y, 2) can be found among the functions holomorphic in 94X ([y1(z),y2(2)], 2)
and GY ([x1(2),x2(2)],2), continuous up to the boundary and verifying the boundary
conditions (A.9).

Such problems are known as boundary value problems of Riemann-Carleman type. A
standard way to solve them consists in converting them into boundary value problems
of Riemann-Hilbert type by use of conformal gluing functions (CGF), in the sense of
Definition 1 of Part I.

Let w(t, z) and w(t, z) be CGF for Y X ([y1(2),y2(2)], 2) and Y ([x1(2), z2(2)], 2) — the
existence (but no explicit expression) of w and w is ensured by general results on conformal
gluing. For a general account about boundary value problems and conformal gluing, we
refer to [Lit00].

Transforming the boundary value problems of Riemann-Carleman type into boundary
value problems of Riemann-Hilbert type thanks to w and w, solving them and working out
the solutions, we will prove the following.

Theorem A.6. The function Z[Q(SE, 0,2)—Q(0,0, z)] has the following explicit expression
for z €]0,1/4] and x € C\ [x3(2), x4(2)] :

2[Q(x,0,2) — Q(0,0,2)] =
1 /mz) [=dt, ]2 oot 2) dw(t, 2)

v 1 _
r 0(.%', Z) + ™ 1(2) QG(t, Z) 'U)(ta Z) - w(x, Z) w(t7 Z) - ’U)(O, Z) dt’

w being a CGF for the set X ([y1(2), y2(2)], 2).

The function z[(y + 1)Q(0,y,2) — Q(0,0,z)] has the following explicit expression for
z €]0,1/4[ and y € C\ [y3(2), ya(2)] -

[y +1)Q(0,y,2) — Q(0,0,2)] =

1@t =d)] T aatz)  ddlz)
Xoly 2y + 2 /yl(z) Yt 2) [{D(t, D —a(y.2)  Btz) -0, z)] dt,

W being a CGF for the set Y ([z1(2),x2(2)], 2).
The function Q(0,0, z) has the following explicit expression for z €]0,1/4] :

1 (v (= d(t, 2)] 1/2 Byilt, 2) o (t, 2)
Q(0,0,2) = __/ 2a(t, 2) [QE( ] 4

t,z) —w(—=1,z) w(t,z)—w(0,z2)

T Jyi(2)

W being a CGF for the set 9Y ([x1(2), x2(2)], 2).

The function Q(x,y,z) has the explicit expression obtained by using the ones of
Q(z,0,z2), Q(0,y,z) and Q(0,0,z) in (A.1).
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Above, all functions in the integrands are explicit, except for the CGF w and w. In
[FIM99], suitable CGF are computed implicitly by means of the reciprocal of some known
functions (see the formulas (A.23) and (A.24) below for the details). Starting from this
representation, we are able to make ezplicit these functions for Gessel’s walk.

In order to state the result, we need to define Ga(z) = (4/27)(1 + 22422 + 2562%),

G3(2) = (8/729)(1+1622)(1 —242+1622)(1+ 242+ 1622), L(2) as the only positive root of
—Go(2)L%/2—G3(2) L —Go(2)? /48 = 0 — noting r1,(2) = [G2(z) —exp(2kin/3) (G2 ()3 —
27G3(2)?)'/3]/3, we have L(z) = [—70(2)"2 + 1(2)/? + r2(2)'/?]/2 — and
o o2+ 162> 4(1—42)° t2
Fib.s) = 5 s w1 mE) ()
Fit,2) = 1—24z+ 162 N 4(1 — 4z) t(t+1)?
’ 3 z [(t — wa(2))(t — 23(2)))?

Theorem A.7. A suitable CGF for the set 9 X ([y1(2), y2(2)], 2) is the only function having
a pole at xo(z) and solution of

wd —w?[F(t,z) + 2L(2)] + w[2L(2)F(t, 2) + L(2)*/3 + Ga(2) /2]
— [L(2)*F(t, z) + 19G2(2)L(2)/18 4+ G3(z) — 46L(z)3/27] = 0.
(A.11)
Likewise, a suitable CGF for the set GY ([x1(2),x2(2)], 2) is the only function having a
pole at x3(z) and solution of the equation obtained from (A.11) by replacing F by F, see

(A.10).
Let us now outline some facts around Theorems A.3, A.6 and A.7.

Remark A.8. With Theorems A.6 and A.7, it is clear that the integral representations of
Q(z,0,z) and Q(0,vy, 2), initially given for z €]0,1/4] admit holomorphic continuations for
|z| < 1/4. In particular, Cauchy’s formulas yield explicit expressions for the numbers of
paths q(i, 7, k).

In fact, the initial hypothesis “z €]0,1/4]” is just technical, in the sense that it aims at
ensuring that both polynomials d and d have three or four distinct and real roots, which is
very convenient for a synthetic presentation of Sections A.2 and A.3.

Remark A.9. Since (A.1) is valid at least on {|x| < 1,|y| < 1,|z| < 1/4}, then for any
such (Z,9, z) with K(&,9,z) =0, the right hand side of (A.1) equals zero, so that

2[Q(Z,0,2) — Q(0,0,2)] +2[(T+ 1)Q(0,7, z) — Q(0,0,2)] +2Q(0,0,2) — Ty = 0. (A.12)
We deduce that

2Q(0,0,2) = —z[Q(Z,0,2) — Q(0,0,2)] — z[(T+ 1)Q(0,7,2) — Q(0,0,2)] + 7y, (A.13)

with the functions in the square brackets in right hand side given by the first two formulas
in Theorem A.6. For the explicit expression of zQ(0,0, z) given in Theorem A.6, we have
chosen to substitute (Z,y,z) = (0,—1,2) in (A.13), which is such that K(%,9,z) = 0, since
with Lemma A.1, we have Xo(—1,z) = 0 . Moreover, we show in Theorem A.3 that for any
z €]0,1/4], the equation (A.12) is valid not only on {(x,y) € C?: K(x,y,z) =0} N{|z| <
1, |y| < 1} but in a much larger domain of the algebraic curve {(x,y) € C*: K(z,y,2) = 0}.
Namely, if (Z,9,z) is such that z €]0,1/4[, T ¢ [x3(z),z4(2)] and y = Yo(Z,2), or § ¢
[y3(2),ya(2)] and & = Xo(y,2), then (A.12) is still valid. Substituting any (Z,y,z) from
this domain into (A.12) yields zQ(0,0,z2) as in (A.13).
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Remark A.10. With the analytical approach proposed here, it would be possible, without
additional difficulty, to obtain explicitly the gemerating function of the number of walks
beginning at an arbitrary initial state (ig, jo) and ending at (i,7) in time k. Indeed, the only
significant difference is that the product xy in (A.1) would be then replaced by x'o+1yio+l,

Remark A.11. In Theorem A.6, the functions z|Q(x,0,2z) — Q(0,0,2)] and z[(y + 1)
Q(0,y,2) — Q(0,0, 2)] are written as the sums of two functions which are not holomorphic
near [x1(2),x2(2)] and [y1(2),y2(2)] respectively. However, the sum of these two functions
18, of course, holomorphic near these segments, since they are included in the unit disc. By
an application of the residue theorem as in Section C.6 of Chapter C (see particularly (C.54)
and (C.59)), we could write both generating series as functions manifestly holomorphic
near these segments and having in fact their singularities near respectively [x3(z),x4(z)]

and [y3(2), ya(2)].

The rest of Chapter A is organized as follows.

In Section A.2, we prove Theorem A.7. There the implicit representation of the CGF
given in [FIM99] (and recalled here in Subsections A.2.1 and A.2.2) in a general setting is
developed in Subsection A.2.3 to the case of Gessel’s walk.

The proof of Theorem A.3 is postponed to the last Section A.3. The main idea of the
holomorphic continuation procedure is borrowed again from [FIM99]|, we show how it works
with the parameter z €]0,1/4].

Finally, we give now the proof of Theorem A.6.

Proof of Theorem A.6. The proof is composed of two steps : the first one, inspired by
[FIM99|, will allow us to obtain integral representations of the functions zQ(z,0,z) and
z2(y+1)Q(0,y, z) on the curves X ([y1(z),y2(2)], z) and Y ([x1(z), z2(2)], 2) ; the second one
will consist in transforming these formulations into the integrals on real segments written
in the statement of Theorem A.6, which are more convenient, notably from a calculations
point of view.

Let us begin by solving the boundary value problems of Riemann-Carleman type with
boundary conditions (A.9). The use of CGF allows us, as in [FIM99] or [Lit00], to transform
them into boundary value problems of Riemann-Hilbert type. Following again [FIM99]
or |Lit00], we solve them, and in this way, we obtain representations of the unknown
functions zQ(z,0, z) and z(y+1)Q(0, y, z) as integrals along the curves X ([y1(2),y2(2)], 2)
and Y ([z1(2),z2(2)], z). Precisely, for zQ(z,0, z), we get that up to some additive function

of z,
1
zQ(m,O,Z) = —/
270 J X (jy1 (2),y2(2)],2)

where w is the CGF of 9 X ([y1(2), y2(2)], ) we used for the transformation of the boundary
value problems. Similarly, we could write an integral representation of z(y + 1)Q(0, v, 2),
up to some additive function of z.

Ow(t, z)

w(t, z) —w(z, 2)

tYo(t, 2) dt, (A.14)

We are now going to transform the integral representation (A.14) of zQ(z,0, z). To
begin with, let C(e, z) be any contour such that

(i) C(e,z) is connected and contains oo,
(ii) Cle,2) € (FX([y1(2),92(2)], 2) U X ([1(2), 2(2)], 2)) \ [ (2), 22(2)],
(iii) limeoC(e,2) = X([y1(2),y2(2)],2) U S(2), where we have denoted by S(z) the real
segment [x1(z), X (y2(2), 2)] traversed from X (y2(z), z) to z1(z) along the lower edge
of the slit and then back to X (y2(2), z) along the upper edge,
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and let 9C'(e, z) be the connected component of 0 of C\ C(e, z).

A

X(ly;(),y22)1,2) C(e,2)

| x2) x202) X3(2) X4(2)

FIGURE A.3 — The curve X ([y1(2),y2(2)], 2) and the new contour of integration C'(e, z)

Now we apply the residue theorem to the integrand of (A.14) on the contour C'(e, z).
Thanks to Lemma A.1 and the property (ii) of the contour C'(¢, z), tYy(t, 2) is, as a function
of ¢, holomorphic in ¥C(e, z). Likewise, by using Definition 1 of Part I as well as the
property (ii) above, we get that dyw(t,z)/(w(t, z) — w(z, 2)) is meromorphic on ¥C (e, z),
with a unique pole at ¢ = x. Therefore, we have :

1 Jyw(t, z)

— Y
2m C(e,z)t O(t’z)w(t,z) —w(z, 2)

dt = zYp(z, 2). (A.15)

Making then e go to 0, using (A.14), (A.15) and the property (iii) of the contour, we
obtain that, up to an additive function of z,

dw(t, z)
z) —w(z, 2)

dt. (A.16)
T

2Q(x,0,z) = xYo(x, 2) — % /S( )tYo(t, z)w(

Since for any =z € 49X ([y1(2),y2(2)], z), the integrand in (A.16) is, as a function of ¢,
holomorphic at any point of |z2(z), X (y2(2), 2)[, we have

xo(z
J R e | P e 2) — v (1 2] =22 gy
S(z) ’U)(t, Z) _w(xaz) z1(2) w(tv Z) _w(xaz)
(A.17)
so that with (A.3), we immediately obtain the expression of z[Q(z, 0, z) — Q(0,0, z)] stated
in Theorem A.6, when z € Y X ([y1(2), y2(2)], 2).
Likewise, we could obtain, for y € ¥Y([x1(z),22(2)],2), the expression of z[(y +
1)Q(0,y, z) — Q(0,0, z)] written in Theorem A.6.
The formula for Q(0,0, z) has been already proved in Remark A.9.

In fact, the integral representations of z[Q(x,0,2z) —Q(0,0, z)] and z[(y+1)Q(0,y, z) —
Q(0,0, z)] hold not only on ¥X ([y1(2),y2(2)], z) and ¥Y ([x1(z), z2(2)], 2) but actually on
C\ [z3(2),z4(2)] and C\ [y3(2),y4(2)]; we will show this fact in Proposition A.17, since
the necessary tools will be naturally introduced in Subsections A.2.1 and A.2.2. O

Note. In December 2009, just after the first version of the paper [KR09a] (that has led to
the bulk of Chapter A) appeared on arXiv, we received an e-mail from M. van Hoeij, who



60 CHAPITRE A. GESSEL’S WALK

said us that he had, at the same time, found explicitly Q(z,y, z) by computing an explicit
solution to the minimal polynomials for Q(z,0, z) and Q(0,y, z) given in [BK09| and by
using (A.1) — this expression can be found in the appendix of [BK09]. As already said, the
results of A. Bostan and M. Kauers in [BK09], and consequently also the ones of M. van
Hoeij, require the use of a powerful computer algebra system. However, this computer-aided
approach leads to another closed form of Q(z,y,z) and gives a complementary interesting
insight into Gessel’s walk.

A.2 Study of the conformal gluing functions

Notation. For the sake of shortness, we drop, from now on, the dependence of the different
quantities w.r.t. z €]0,1/4].

The main subject of Section A.2 is to prove Theorem A.7. For this, we are going to
define two functions, namely w and w, which thanks to Part 5.5 of [FIM99] are known to
be suitable CGF for the sets 4 X ([y1,y2]) and ¥Y ([x1,x2]), and we will show that these
functions verify the conclusions of Theorem A.7.

The definitions of these CGF given in [FIM99] are recalled here in Subsection A.2.2, see
particularly (A.23) and (A.24). They require to define some functions on a uniformization
of the algebraic curve {(x,y) € C? : K(x,y,2z) = 0}, so that we begin Section A.2
by stu- dying an adequate uniformization of this curve — note that Subsection A.2.1 is
also necessary for Section A.3, where we will prove Theorem A.3.

A.2.1 Uniformization

In what follows, we note .# the algebraic curve {(z,y) € C?: K(z,y,2) = 0}, K being
defined in (A.1).

Proposition A.12. For any z €]0,1/4[, & is a Riemann surface of genus one.

Proof. We have shown in Section A.1 that K(z,y,z) = 0 if and only if [b(z) + 2a(z)y]? =
d(x). But the Riemann surface of the square root of a polynomial which has four distinct
roots of order one has genus one, see e.g. [JS87], therefore the genus of % is also one. O

With Proposition A.12, it is immediate that J# is isomorphic to some torus; in other
words, there exists a two-dimensional lattice € such that % is isomorphic to C/€. Such a
suitable lattice € (in fact the only possible lattice, up to a homothetic transformation) is
made explicit in Parts 3.1 and 3.3 of [FIM99], namely w;Z + wsZ, where

r2 dx 3 dx
w1 :z/x W, wQ:/x W (A.18)

1 2

We are now going to give a uniformization of the surface J#°, in other words, we are
going to make explicit two functions z(w), y(w) elliptic w.r.t. the lattice © such that ¢ =
{(z(w),y(w)),w € C} — and then also equal to {(z(w),y(w)),w € C/Q}. By using the same
arguments as in Part 3.3 of [FIM99], we immediately obtain that we can take

d'(z4) ¢’ (w)

(p(w) —d"(x4)/6)* ]
(A.19)

d/($4) 1
TR )= g )

z(w) = x4 +
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o being the Weierstrass elliptic function with periods wy, ws.

By convenience, we consider, from now on, that the coordinates of the uniformization
x and y are defined on C/Q rather than on C.

It is well-known that p is characterized by its invariants go, g3 through

¢ (@) = p(w)’ — g20(w) — gs. (A.20)
Lemma A.13. The invariants go, g3 of p are equal to :
g2 = (4/3)(1 — 162" + 162"), g3 = —(8/27)(1 — 82%) (1 — 162 — 82*).

Proof. Tt is well-known that 4p(w)® — gap(w) — g3 = 4[p(w) — p(w1/2)][pw) — p(jwi +
wa]/2)][p(w) — p(w2/2)]; in particular, the invariants can be calculated in terms of the
values of @ at the half-periods. But it is clear (and proved in Part 3.3 of [FIM99]) that

setting f(t) = d'(x4)/(t —24) +d"(24)/6, we have p(w1/2) = f(x3), p(lwi +w2]/2) = f(x2)
and p(wz/2) = f(x1), so that Lemma A.13 follows from a direct calculation. O

Now that the uniformization (A.19) is completely and explicitly defined, it is natural
to be interested in the reciprocal images through it of the important cycles that are the
branch cuts [z1, z2], [z3, 24|, [y1,y2] and [ys, y4]. For this, we need to define a new period,

namely
o dx
w3 = / —_— (A.21)
oo [d(@)]1/?2
We will importantly use the fact that ws €]0,ws|, which is proved in Part 3.3 of [FIM99].

Proposition A.14. We have x~([x1,22]) = [0,w1[+w2/2 and x7([x3,24]) = [0,w1],
y~ [y, v2]) = [0, wi[+ w2 +ws]/2 and y~ ([ys, ya]) = [0, w1[+w3/2.

Proposition A.14 follows from repeating the arguments of Part 5.5 of [FIM99], and is
illustrated on Picture A.4 below.

Now we define S(z,y) = 1/z + 1/(xy) + = + zy, the generating function of the jump
probabilities of Gessel’s walk, and we consider the following two birational transformations

U(z,y) = (z,1/(z%y)),  (z,y) = (1/(zy),y).

They are such that ¥? = 2 =id and So ¥ = So ® = S. Then, as in [FIM99], we define
the group of the random walk W as the group generated by ¥ and ®. This is well known,
see e.g. [BMMO09], that W is of order eight for the process considered here ; in other words,
inf{n >0:(PoW)" =id} = 4.

If (z,y) € C? is such that K(z,y,z) = 0 and if © is any element of W, then obviously
K(©(z,y),z) = 0. This means that the group W can also be understood as a group of
automorphisms of the algebraic curve JZ .

It is also shown in Part 3.1 of [FIM99] that these automorphisms ¥ and ® defined on
& become on C/ the automorphisms v and ¢ with the following expressions :

Y(w) =—w, o(w)=—-w+ ws. (A.22)

They are such that 92 = ¢? =id, xot) = x, yop = 1/(2%y), o = 1/(xy) and yop = y.
A crucial fact is the following.

Proposition A.15. For all z €]0,1/4], we have ws = 3wq /4.
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Proof. Since the group generated by W and @ is of order eight, so is the group generated
by ¢ and ¢ (this fact will be completely shown and generalized in the proof of Proposition
B.18), in other words, inf{n > 0 : (po))" = id} = 4. With (A.22), this immediately implies
that 4ws is some point of the lattice €, contrary to w3, 2ws and 3ws. But we already know
that w3 €]0,ws[, so that two possibilities remain : either wg = wo/4 or w3 = 3wy /4.

In addition, essentially because the covariance of Gessel’s walk is positive, we can use
the same arguments as in Section C.5 of Chapter C, and, in this way, we obtain that ws is
necessary larger than we/2, which entails Proposition A.15. O

A.2.2 Implicit expression and global properties of the CGF

As said in Section A.1, the existence of CGF for the sets 9 X ([y1, y2]) and 4Y ([x1, x2])
follows from general results on conformal gluing, see e.g. [Lit00]; actually finding explicit
expressions for CGF is more problematic.

But by using the same analysis as in Part 5.5 of [FIM99], we obtain explicitly suitable
CGF for these sets. Before writing the expression of these CGF, let us recall that g, and
therefore also x, take each value of CU{oo} twice on [0, w2[x[0, w1 /2[, but are one-to-one on
[0,ws/2[x[0,w1 /2[. In particular, on this half-parallelogram, = admits a reciprocal function,
that we denote by z 1.

Then, with [FIM99], we state :
w(t) = 01,3 (x_l(t) — [wl + u}2]/2), (A23)

01,3 being the Weierstrass elliptic function with periods wy, w3 and 2! the reciprocal func-
tion of the first coordinate of the uniformization (A.19); the periods wy,ws,ws are defined
in (A.18) and (A.21).

In Section C.5 of Chapter C, we will study some properties of the function defined by
(A.23); among other things, we will show that if ws > wo/2 (which is actually the case
here, see Proposition A.15), then the function (A.23) is in fact meromorphic on C\ [x3, 24]
with a unique pole, of order one and at xs.

In order to find explicitly a CGF for the set 9Y ([x1, z2]), we remark that

@(t) = w(Xo(t)) (A.24)

is suitable — this is a consequence of the facts that w is a CGF for ¢ X ([y1,y2]) and that
Xo: 9Y ([x1,22]) \ [y1,v2] = 94X ([y1,y2]) \ [x1, z2] is conformal, as stated in Lemma A.16
below.

More globally, @ defined by (A.24) is meromorphic on C\ [y3, y4] and has there a unique
pole, of order two and at Y (z2) = 3 — this is a consequence of some properties of w already
mentioned and of the fact that Xy(C) C C\ [z3,x4], see also Lemma A.16 (for the proof
of the latter, we refer to Part 5.3 of [FIM99]).

Lemma A.16. Xy : 9Y ([x1,22]) \ [y1,v2] = 94X ([y1,v2]) \ [z1, x2] and Y : X ([y1,v2]) \
[x1,22] — 9Y ([x1,22]) \ [y1,y2] are conformal and reciprocal the one from the other. In
addition, XO((C) - (C\ [.’L’g, .’IJ4] and Yb(@) - (C\ [y37 y4]

Let us now complete the proof of Theorem A.6, by showing the following.

Proposition A.17. The integral representations of z[Q(x,0,z) — Q(0,0,2)] and z[(y +
1)Q(0,y, z) — Q(0,0, 2)] given in Theorem A.6 hold not only on the sets 9 X ([y1,y2]) and
GY ([x1,22]) but actually on C\ [z3,24] and C\ [ys,y4].
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Proof. Tt is clear from their explicit expression that these integral representations can
be continued from ¥X ([y1,y2]) and Y ([z1, z2]) up to C\ ([z3, z4] U (w ! (w([z1, 22])) \
[z1,22])) and C\ ([y3,ya] U (@ (@ ([y1,y2])) \ [y1,92])) respectively. In other words, in
order to prove Proposition A.17, it is enough to show that w=!(w([x1,z2])) \ [x1, 2] = 0
and that @~ (@ ([y1, y2]) \ [y1, 2] = 0.

To begin with, we explain why w™(w([z1,z2])) \ [#1,22] = 0. By using the fact g is
one-to-one on [0,ws/2[x [0, w1 /2], we easily obtain that =1(C) = [0,w2/2] x [0,w;/2[. In
particular, with Proposition A.15, we have 27 1(C) C] — w3 + wa/2,w2/2] x [0,w; /2]. But
p1,3 takes each value of CU{oo} twice on the parallelogram | —ws 4+ wa/2, wa/2] X [0, w1 /2],
and with the proof of Lemma A.13, g1 3([—w1/2,0]) = 01,3([0,w1/2]) = w([x1, z2]), so that
we get wH(w([z1,22])) \ [21, 22] = 0.

By using the same kind of arguments as above, as well as with (A.24), we obtain that
@M@ ([y1, y2))) \ [y1. 2] = 0. O

A.2.3 Proof of Theorem A.7

Proof. We are going here to note wy = wy/4, and p; 4 for the Weierstrass elliptic function
with periods w1, ws. Moreover, we recall that © and ;3 denote the Weierstrass elliptic
functions with respective periods wy,ws and wy,ws = 3wy /4.

To begin with, let us mention the following fact. Let @ be the Weierstrass elliptic
function with periods noted @, and let n be some positive integer. Then the Weierstrass
elliptic function with periods @,@/n can be written in terms of ¢ as follows :

n—1

Gw)+ Y [Plw + ka/n) — (ka/n)], (A.25)
k=1

see http://functions.wolfram.com/EllipticFunctions/WeierstrassP/16/06/03/.
Then, by using e.g. the addition theorem (A.26) for the Weierstrass elliptic function
© in (A.25) and next the identity (A.20), we obtain that the Weierstrass elliptic function
with periods w,w/n is a rational function of the Weierstrass elliptic function with periods
w,w.
The proof of Theorem A.7 will then follow from applying this fact twice :

(i) first, since wg = wo/4, we will express g1 4 as a rational function of g,

(ii) then, thanks to the identity ws = w3/3, we will formulate g1 4 as a rational function
of @173.

Before making explicit the rational transformations that appear with the points (i) and
(ii), we explain how to conclude the proof of Theorem A.7.

An immediate consequence of (i) and (ii) is the possibility of writing 1 3 as an algebraic
function of . In particular, it is clear from that and from the addition theorem (A.26) for o
that the formula w(t) = p1,3(p ' (f(t))—[w1tws]/2), with f(t) = d'(z4)/(t—24)+d" (x4)/6
— which is the CGF under consideration, see (A.19) and (A.23) — defines an algebraic
function of ¢.

Ezplicit expression of the rational function for (i). With (A.25), we can write

P1a(W) = p(w)+p(wtws/2)+p(wtwa/4) +p(w+3wa/4) —p(w2/2) = p(wa/4) — p(3wa /4).
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Then, by using the addition theorem for g, namely the following formula, valid for all w, &
— which can be found e.g. in [Law89| -,

plw+d) =—pw) —p@) + M] , (A.26)

as well as the equalities p(wa/4) = p(3wa/4), @' (wa/4) = —'(3wa/4) and @' (w2/2) =0
— obtained from the facts that p(w2/2+w) and ' (we/2+w) are respectively even and odd
functions of w —, we get

P (W)? + ¢ (wa/4)? o' (w)?
2[p(w) — p(w2/2)]*  4[p(w) — p(w2/2)]?

— p(wa/2) = 2p(w2/4).

(A.27)
Now we recall from the proof of Lemma A.13 that p(ws2/2) = f(z1). In other words, for
the right hand side of (A.27) to be completely explicit, it remains to find the expressions
of p(we/4) and p'(wa/4) in terms of z.
But starting from the known value of p(w2/2), it is easy to obtain the expression of
p(wa/4), by using e.g. the formula below (a proof of which being given in [Law89]) :

pra(w) = —2p(w) +

plwa/4) = pwa/2) + [(p(wn/2) — p(w1/2))(p(w2/2) — p(lwr +w2l/2)]%. (A.28)

Then we use that p(w1/2) = f(x3), p([w1 +w2]/2) = f(z2), p(w2/2) = f(z1) and after
simplification, we get p(wa/4) = (1+422)/3. As a consequence as well as with (A.20) and
Lemma A.13, we obtain ¢/ (ws/4)? = 642%. Since p is decreasing on ]0,ws /2|, see [Law89],
we have ¢/(wy/4) < 0 and therefore (wo/4) = —822. In conclusion, the right hand side
of (A.27) is completely and explicitly known.

In particular, evaluating (A.27) at w = o '(f(t)) — [w1 + wa]/2 and using again the
addition formula (A.26) for p, we obtain that the right hand side of (A.27) is a rational
function of ¢ that can be explicitly obtained in terms of ¢ and z; after a substantial but
elementary calculation, we get p1.4(p ' (f(t)) — [w1 + w2]/2) = F(t), F being defined in
(A.10).

Ezplicit expression of the rational function for (ii). Using the same arguments that have
allowed us to obtain (A.27) from (A.25), we obtain that g 4 is the following rational func-
tion of p1 3 :

Pll,g(w)Q + @I1,3(w3/3)2
2[p1,3(w) — p1,3(ws/3)]

p1,4(w) = —pl,g(w) + 5 — 4@173@)3/3). (A.29)

By using then (A.29) and the equality p’173(w)2 = 401 3(w)3—g2.1,391,3(w)—g31,3, where
92.1,3, 93,1,3 are the invariants associated with g1 3, we get that @1 4 is a rational function of
©1,3 ; moreover, with Lemma A .18 as well as with the equality p’173(w3/3)2 = 491 3(w3/3)3—
92,1,391,3(w3/3) — g3,1,3 and Lemma A.19, the coefficients of this rational function in terms
of z become explicitly known.

Proof of (A.11). Now we remark that Lemmas A.18 and A.19 allow us to write (A.29) as

01,3(W)% — 13(W)? [Pra(W) + 2L] + p13(w)[2Lp14(w) + L?/3 + G2/2]
— [L*p14(w) + 19G2L/18 + G — 46L%/27] = 0.
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In particular, evaluating this equality at w = o~ 1(f(t)) — [w1 +w2]/2, using the fact already
proved that p1.4(p ' (f(t)) — [w1 +wa]/2) = F(t) as well as the definition (A.23) of w, we
obtain (A.11).

End of the proof of Theorem A.7. If F is infinite at some point, then the equality (A.11)
becomes (w — L)? = 0. In particular, at a such point at least two roots of (A.11) take finite
values. In addition, by using the root-coefficient relationships, it is clear that at a point
where F' is infinite, at least one root of (A.11) is infinite.

This proves that at any point where F' is infinite, there is one and only one root of (A.11)
which is infinite.

In particular, since F' is infinite at x2, see (A.10), and since w has a pole at zo, see
Subsection A.2.2, w can be characterized as the only solution of (A.11) with a pole at x5.

Likewise, we could prove the corresponding fact for @w. Theorem A.7 is proved. O

Let G9,G3, L be the quantities defined in Section A.1 (just above the statement of
Theorem A.7). The two following results have been used in the proof of Theorem A.7.

Lemma A.18. o; 3(w3/3) = L.
Lemma A.19. g213,031,3, the invariants of o1 3, have the following explicit expressions :

9213 =40L%/3 — G2,  g313 = —280L%/27 + 14LG2/9 + Gs.

Proof of Lemmas A.18 and A.19. Start by expanding (1 4 at 0 in two different ways.
Firstly, by using (A.27) and after simplification, we obtain

01.4() = = + [9C2/20]? — [2765 /28] " + O(0). (A.30)

Secondly, we can also use (A.29) in order to expand g1 4 at 0, and after some calculation,
we get

1
p1.4(w) = —+ [6L% —9g5,1,3/20]w?+ [L0L? —3Lga1,3/2—27g3,1,3/28]w* + O(w®). (A.31)

Lemma A.19 follows then immediately, by identifying the expansions (A.30) and (A.31).

As for Lemma A.18, it is actually be a consequence of Lemma, A.19 and of the following
result, proved e.g. in [Law89| : the quantity M = g1 3(w3/3) is the only positive solution
of the equation M* — go 1 3M?/2 — g313M — g§7173/48 = (. But thanks to Lemma A.19, we
can replace g213,93,1,3 by their expression in terms of Ga, G3, M ; in this way, we obtain
that M verifies the equation M* — GoM?/2 — GsM — G%/48 = 0. O

A.3 Holomorphic continuation of the generating functions

In this part, we are going to prove Theorem A.3, in other words, we are going to show
that zQ(z,0) and z(y + 1)Q(0,y) can be holomorphically continued from their unit disc
up to C\ [z3,x4] and C\ [y3, y4] respectively.

In fact, we are going to show that Q(z,0) and Q(0,y) can be holomorphically continued
up to C\ [z3,z4] and C )\ [ys, y4] respectively, which is an equivalent assertion, as shown at
the end of the proof of Theorem A.20.

For this, we are going to use the following procedure.
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(i) First of all, we will lift the functions Q(z,0) and Q(0,y) up to C/Q by setting
¢ (w) = Q(z(w),0) and ¢y(w) = Q(0,y(w)). The functions ¢, and g, are a priori
well defined on =1 ({|x] < 1}) and y~'({|y| < 1}) respectively.

(ii) Then, we will prove the following.

Theorem A.20. g, and q,, initially well defined on = ({|z| < 1}) and y~ ({ly| < 1})
respectively, can be holomorphically continued up to the whole parallelogram C/Q cut along
[0,w1| and [0, w1 [+w3/2 respectively. Moreover, these continuations verify

Yw € C/Q\ [0,w1] 1 g2(w) = (1)), Yw € C/Q\ ([0,w1[+ws/2) : gy(w) = qy(éfz(w)),
and

Vw €]3wa/8,wa[x[0,w1 /7] : 2¢z(w) + 2(y(w) +1)gy(w) — 2Q(0,0) — z(w)y(w) = 0. (A.33)
Remark A.21. Both (A.4) and (A.5) are immediate consequences of (A.33).

(iii) Finally, we will set Q(z,0) = ¢y(w) if 2(w) = z and Q(0,y) = ¢y(w) if y(w) = v.
Thanks to (A.32) and Proposition A.14, these equalities define Q(z,0) and Q(0,y)
on respectively C\ [z3, z4] and C\ [y3, y4] not ambiguously, as holomorphic functions.

Item (i) and (iii) are straightforward. For the proof of (ii), it is useful first to find the
location of the cycles 271 ({|z| = 1}) and y~*({|y| = 1}) on C/Q, this is the subject of the
following result, illustrated on Picture A.4 below.

i {lxl<1}

X3 Y3|||*X2 Y2

— {lyl<n}

X4 Y4||| X1 Y1

FIGURE A.4 — Location of the important cycles on the surface [0, ws[X [0, w1 /7]

Proposition A.22. We have z~'({|z] = 1}) = ([0,w:1[+w2/4) U ([0, w:[+3w2/4) and
v~ ({lyl = 1}) = ([0, w1[+w2/8) U ([0,w:[+5w2/8).

Proof. The details are of course essentially the same for  and y, so that we are going to
prove only the assertion concerning x. The proof is composed of three steps.

But first of all, let us note that because of the equality z oy = z, it is sufficient to prove
that =1 ({|z| = 1}) N ([0, w2/2[x[0, w1 /2[) = [0,w;[+w2/4 — the advantage of this being
that p, and therefore also x, are one-to-one in the half-parallelogram [0, ws/2[x [0, w1 /2.

Firstly, we prove that x(ws/4+w1 /2) = 1. For this, we recall that p(ws/4) = (1+422)/3,
@ (wa/4) = =822, p(w1/2) = f(x3) and '(w2/2) = 0, see the proofs of Theorem A.7 and
Lemma A.13. Then, with the addition theorem (A.26), we immediately obtain the explicit
value of p(wa/4 + w1/2). Finally, after a simple calculation and the use of (A.19), we get
that z(we/4 + w1/2) = 1.
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Secondly, we show that 1 ({|z| = 1}) N ([0,w2/2[x[0,w1 /2]) C [0, w:[+wa/4. For this,
let 6 € [0, 27[. With (A.19), we have z(w) = exp(20) if and only if p(w) = f(exp(:0)). Since
w € [0,wz/2] x [0,w1/2], we can use the well-known explicit expression of the reciprocal
function of g, and with the first step we obtain :

w=w2/4+w1/2+/

flexp(20)) dt 1 / 1 dx
£(1) [43 — got — g3]1/2 e

=wy/d+wi /24 - 75
2 xp(20) [d(x)]l/Q
(A.34)
d being defined in Section A.l and g9, g3 in Lemma A.13. Note that the second equality
above is got with the same calculations as in Part 3.3 of [FIM99].

Now we remark that d(z) = x*d(1/z). In particular, the change of variable z + 1/z in
the integral flx da/[d(z)]/? yields
p(20)

€

/1 de /1 dz
exp(20) [d(x)]l/Q exp(—10) [d(x)]l/z

As a consequence, this integral belongs to R.
In conclusion, with (A.34), we have shown that actually 2~ ({|z| = 1}) N ([0, w2/2[x
[0,w1/2]) C [0,w1[+wa/4.

Thirdly, we prove that the inclusion above has to be an equality. Indeed, if it was not
the case, the curve 7 ({|z| = 1}) N ([0,w2/2[x [0, w; /2[) would be curve not closed, which
is a manifest contradiction with the facts that {|z| = 1} is closed and that x is meromorphic
and one-to-one in the half-parallelogram [0, ws/2[x [0, wy /1]. O

Proof of Theorem A.20. The proof is composed of two steps. We are going first to define
the continuations of ¢, and ¢, on the whole parallelogram C/2 appropriately cut, and then,

we will verify that the functions so-constructed actually verify the conclusions of Theorem
A.20.

* We define ¢;(w) on 71 ({|z| < 1}) by Q(z(w),0) and g,(w) on y~*({|y| < 1}) by
Q(0,y(w)) — note that as a consequence of Proposition A.22, we have x~!({|z| <
1}) = [wa/4,3wa /4] x [0,w1 /1] and y~t({|y] < 1}) = [Fws/8, ws/8] x [0, w1 /1].

% Motivated by Equation (A.1), on [3ws/4,ws[x[0,w1/1[C vy~ ({ly] < 1}), we set
Gz(w) = —(y(w) +1)gy(w) + Q(0,0) + z(w)y(w)/z and on |3wy/8, 5wy /8] x [0, w1 /2[C
= ({lz] < 1}), we set (y(w) + 1)gy(w) = —ax(w) + Q(0,0) + z(w)y(w)/z.

% On ]0,wa/4] x [0,w; /2], we define g(w) by ¢z(¢(w)) — note that with (A.22), we
have ¢(]0,wo/4] X [0,w1/2]) = [Bwa/4,w2[x[0,w1 /2. On [wo/8,3ws/8[%[0,w; /2], we
define ¢y(w) by gy(¥»(w)) — by using (A.22), we have 1([w2/8,3w2/8[x[0,w1/1]) =
|13wa /8, 5wa /8] x [0, wy /1].

The functions g, and g, are now well defined on the whole parallelogram C/Q cut along

[0,w;[ and [0, w1 [+w3/2 respectively.

Note that the definitions of ¢, and g, given in the first stem above are quite natural.
The one stated in the second item is also natural since on z = ({|z| < 1})Ny~*({|y| < 1}) =
[5w2/8, 3wz /4] x [0, w1 /1], the equality g:(w) + (y(w) + 1)gy(w) = Q(0,0) — z(w)y(w)/z =0
holds, see (A.1). The definition set in the third item is to ensure that (A.32) is valid.

Let us now prove that the functions ¢, and ¢, so-continued verify the different assertions
of Theorem A.20.
Note first that (A.33) is immediately true, by construction of the continuations.
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We are now going to verify (A.32) for ¢.

By using the first item above as well as the equality x o ¢ = z, (A.32) is obviously
verified on [wa/4, 3wa/4] X [0, w1 /1[= ¥ ([wa/4, 3wa/4] X [0,w1/2[). Moreover, with the third
item, (A.32) is verified for g, on ]0,wa/4] x [0, w1 /2[, and since ¥? = id, (A.32) is also true
for q, on [3wa/4,wa[x[0, w1 /2[, and finally on the whole C/Q\ [0, w1[.

Likewise, we verify easily that (A.32) is valid for g, on C/Q\ ([0, w:[+3w2/8).

It remains to prove that the continuations of ¢, and g, are holomorphic on C/Q cut
along [0, w1 [ and [0, w;[+3wsy/8 respectively.

We show first that they are meromorphic on their respective cut parallelogram. For ¢,
the following cycles are a priori problematic : [0, w1 ], [0, w1 [+w2/4 and [0, w1 [+3w2/4.

In an open neighborhood of [0, w;[+3w2/4, we have the identity ¢(w) = —(y(w) + 1)
gy(w) + Q(0,0) + z(w)y(w)/z, so that ¢, is in fact meromorphic in the neighborhood of
the cycle [0, w;[+3w2/4. Since (A.32) holds, ¢, is also meromorphic near [0, w;[+w2/4 =
Y ([0, w1[+3w2/4), so that only [0,w1] a priori remains (and actually is) a singular cycle.

Similarly, we could show that g, is meromorphic on C/\ ([0, w;[+3w2/8).

Let us now prove that these continuations are even holomorphic on their respective cut
parallelogram.

gz is obviously holomorphic on |wa /4, 3wy /4] X [0, wq /2], since it is there defined through
the power series Q(z,0).

On J5un /8, ws [ [0,01 /1], we have q,(w) = —(y(w) + 1)ay(w) + Q(0,0) + w(w)y(w)/2,
and all terms of the right hand side of this equality are holomorphic on this domain — at
Twy /8, x has a pole of order one and y has a zero of order two, see Lemma A.23 below, so
that the product xy is holomorphic near 7wq /8.

On 0, 3wy /8[%[0,w; /1], we have ¢, = g, o 1, so that g, is holomorphic on this domain
since it is on (|0, 3wz /8[X [0, w1 /2]) =]5wa/8, wa[x [0, w1 /2.

Likewise, we could show that (y 4 1)gy is holomorphic on C/\ ([0, w1 [+ws/2). This
implies that g, is holomorphic on the same set except at the points where y + 1 = 0.
There are two possibilities in order to show that g, is also holomorphic at the points where
y+ 1 =0, namely wy/8 and 5wy /8, in accordance with Lemma A.23.

First, we can use the fact that the generating function Q(0,y) is bounded at —1, see
Section A.1, so that ¢,(w) = Q(0,y(w)), being meromorphic and bounded near w»/8 and
Swsy/8, is actually holomorphic at these points.

We can also remark that with (A.33), (y(5w2/8) + 1)gy(5w2/8) = 0, since with Lemma
A.23, z(5wy/8) = 0. Moreover, since ¢(5wa/8) = wa/8, (y(w2/8)+1)gy(w2/8) = 0. In other
words, at w = wy/8 and w = bwa /8, both holomorphic functions (y+1)g, and (y+1) have
a zero, the first one of order equal or larger than one, the second one of order exactly one;
it follows immediately that g, is holomorphic at w. [l

The following result, which has been used in the proof of Theorem A.20, follows easily
from Lemma A.1 and from the fact that the Weierstrass elliptic function p takes on the
parallelogram [0, wo[x[0,w /2] each value of C U {co} twice.

Lemma A.23. The only poles of x are at we/8,Twy/8 and its only zeros are at 3wy/8,
Swy/8. The only pole of y (of order two) is at 3ws/8 and its only zero (also of order two)
is at Twy /8. The only zeros of y + 1 are at wo/8, 5wy /8.



Chapitre B

Counting walks 1n a quarter plane,
a unified approach via boundary
value problems *

The aim of this chapter is to introduce a unified method for giving explicit integral
representations of the trivariate generating function of the number of paths for walks with
small steps confined in a quadrant. For a number of such walks, this yields for the first
time an explicit expression of this counting function. Moreover, the nature of the integrand
of the integral formulations obtained here is shown to be very directly dependent on the
finiteness of a well-known and naturally attached group of birational transformations.

B.1 Introduction and main results

The enumeration of planar lattice walks is a classical topic in combinatorics. For a given
set S of steps, it is a matter of counting the number of paths with jumps in S, starting and
ending at some arbitrary points in a certain time and eventually restricted to some regions
of the plane. A first natural question is then simply : how many such paths exist 7 A second
question concerns the nature of the associated generating function : is it rational, algebraic,
holonomic (i.e. solution of a linear differential equation with polynomial coefficients) or
non-holonomic ?

For instance, if no restriction on the paths is made, it is well-known and easy to make
explicit the counting generating function which is rational. As an other example, if the
walks are supposed to remain in a half-plane, then the generating function can also be
made explicit and is algebraic, see e.g. [BMPO03].

It is next natural to consider the walks confined in the intersection of two half-planes,
as the quadrant Z%r. The situation seems then more multifarious : some walks admit an
algebraic generating function, see e.g. [FH84| and [Ges86| for the walk with steps set
S ={(-1,0),(1,1),(0,—1)} and starting at (0,0), while some others admit a counting
function that is even not holonomic, see e.g. [BMPO03] for the walk with steps set S =
{(-1,2),(2,—1)} and starting at (1,1). It appears therefore interesting to focus on these
walks staying in Z%r.

This is how that very recently, M. Bousquet-Mélou and M. Mishna initiate in [BMMO09]

*. The bulk of this work is taken from the preprint [Ras10a].
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the systematic study of the walks confined in Z2 , starting at the origin and having small
steps, which means that the set of admissible steps S is included in {(7,7) : |i|,|j] <

1\ {(0,0)}.

FiGURE B.1 — Walks with small steps confined in the quadrant Zi

There are obviously 2® such models. After eliminating the trivial models as well as
the ones intrinsic to the half-plane and taking account of the fact that some models are
obtained by symmetry starting from other ones, M. Bousquet-Mélou and M. Mishna show
that it remains 79 inherently different problems to study — we will often refer to these 79
walks and to their tables stated in [BMMO09].

A common starting point for the study of these 79 walks is the following : denoting by
q(i,j, k) the number of paths confined in Z?2 , starting at (0,0) and ending at (i, ) in time
k, their generating function

Qa.y.) = 3 qlij kyaiyizh (B.1)

1,5,k>0

verifies the functional equation (proved in [BMMO09])

Tryz Z xiyj - 1/2 Q($, Y, Z) = C(.%‘, Z)Q(.%‘, 07 Z) + E(ya Z)Q(Oa Y, Z) - 25@(07 Oa Z) — XY,
(4,5)€S
(B.2)
where we have noted ¢(z,2) = 223, _j)es 2t &y, 2) = 2Y Do (1,j)es y/ and § = 1 if
(—=1,-1) € §, 6 = 0 otherwise. If n = |S| is the number of steps, then the equality (B.2)
is valid at least on {|z| < 1,|y| < 1,|z| < 1/n}, since obviously ¢(i, j, k) < n*.

In this way, for answering both questions stated at the very beginning of Chapter B,
it is enough to solve (B.2) and to study the expression of (B.1) so-obtained.

It turns out that a key idea for examining Equation (B.2) is to consider some group,
introduced in a probabilistic context in [FIM99] and called there the group of the walk.
This is a group of birational transformations leaving invariant the steps generating function
Z(i,j)eS x'y’, and more precisely this is the group W = (¥, ®) generated by

. 2zt . J
U(z,y) = (w LGyes® 1>, O(z,y) = (72(1’”68?} L y)

D (i+)es T Y P +1)es ¥ @

Obviously ¥ o U = ® o & = id and W is a dihedral group — of order even and larger than
four. In [BMMO09] is calculated this order for each of the 79 cases : 23 walks admit a finite
group (and then of order four, six or eight) and the 56 others have an infinite group.

For the 23 walks with a finite group, the answers to both questions (explicit expression
and nature of the function (B.1)) in which we are interested have been given very recently.
Indeed, in the important paper [BMMO09] are solved successfully 22 of the 23 models
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associated with a finite group : the series (B.1) is made explicit and is shown to be either
algebraic or transcendental but holonomic. As for the 23th walk, known as Gessel’s walk,
A. Bostan and M. Kauers have given in [BK09] a computer-aided proof of the fact that the
function (B.1) is algebraic. And even more, using a powerful computer algebra system, they
have made explicit minimal polynomials. Thanks to these polynomials, M. van Hoeij has
then managed to express the function (B.1) by radicals, see the appendix of [BK09]. Before
the latter result was public, we have given in [KR09a| an explicit integral representation of
the generating function (B.1), without computer help. Moreover, in the work in preparation
[BCK™10], A. Bostan et al. obtain integral representations of the function (B.1) for the 23
walks having a finite group, by using a mathematical and algorithmic method, based on
creative telescoping and on the resolution of differential equations of order two in terms of
hypergeometric functions.

On the other hand, only 2 cases of the 56 walks having an infinite group have been
solved : in [MR09] M. Mishna has considered the walks with steps sets S = {(—1,1),
(1,1),(1,-1)} and S = {(—1,1),(0,1),(1,—1)}, see on the left of Picture B.2 below, has
made explicit the series (B.1) and has shown that in both cases it is non-holonomic.

The aim of Chapter B is to introduce a unified approach giving an explicit expression
of the generating function (B.1) for any of the 79 walks.

For 54 of the 56 walks with an infinite group, this result is new — up to our knowledge.
Chapter B also gives rise, after Chapter A on Gessel’s walk, to write integral representations
of the function (B.1) for the 22 other walks with a finite group. By the way, we will show
that the finiteness of the group and the sign of the covariance of S act very directly on the
nature (rational, algebraic, holonomic, non-holonomic) of the functions in these integral
representations.

The approach that we are going to use here is not the same according to the walks
under consideration are, or not, singular — by singular we mean here that none of the steps
(0,-1),(—=1,-1),(—1,0) belongs to S.

FIGURE B.2 — The five singular walks in the classification of [BMMO09]

In order to achieve our aim for the non-singular walks — this concerns the 23 walks
having a finite group and 51 of the 56 ones attached to an infinite group, see the tables
stated in [BMMO09] —, we are going here to generalize up to three variables z,y,z the
profound analytic approach developed in [FIM99| by G. Fayolle, R. Iasnogorodski and
V. Malyshev for two variables x,y, approach that we have presented Section 1 of Part I.

To summarize, starting from the functional equation (B.2), we will show that
c(x,2)Q(x,0,2) and &(y, 2)Q(0,y, z) verify boundary value problems of Riemann-Carleman
type; next, transforming them into boundary value problems of Riemann-Hilbert type by
use of conformal gluing functions and solving these new problems, we will deduce the
announced integral representation of (B.1).

Moreover, we will here study in-depth these conformal gluing functions, their analysis



72 CHAPITRE B. COUNTING WALKS IN A QUADRANT, A UNIFIED WAY

being just sketched out in [FIM99]. The study of these functions, that will use a unifor-
mization of the Riemann surface {(z,y) € C?: Y oG.j)es a'y! —1/z = 0} given by the zeros
of the kernel and fine properties of the Weierstrass elliptic functions, will imply that the
finiteness of the group and the sign of the covariance of & are decisive quantities for the
study of these walks.

For the 5 singular walks, the curves associated with the boundary value problems above
become degenerated into a point and the previous arguments will not work anymore. But
more easily, and once again starting from (B.2), we will be able in this case to make explicit
a series representation of the function (B.1) .

We are now going to state the main results of Chapter B. But first of all, let us have a
close look to the kernel xyz[Z(i,j)eS 'yl — 1/2] that appears in the functional equation
(B.2), and let us take some notations.

This kernel can be written as

ryz | S @ty = 1/z| =ly, 2)a® + by, ) + &y, 2) = ala, 2)y? + bla, 2)y + el 2)

(1,5)€S
where
a(y,z) = ZyZ(Jrl,j)esy];’ bly,z) = _1+zy2(0,j)esy]"a cy,z) = ZyZ(ij)esyJ:a
a(@,2) = 2xY; 11)es s b(@,2) = 14283 ;052" (@,2) = 283, _1yes @

Let us also define

giv(y, z) = E(y, 2)% — 4a(y, 2)c(y, 2), d(z,2) = b(x, 2)? — da(x, 2)c(z, 2).

If the walk is non-singular, then for any z €]0,1/n[, d (resp. d) has three or four roots,
that we call the yi(z) (resp. the zx(z)). They are such that |y (2)| < y2(2) <1 < y3(2) <
lya(2)| (resp. |z1(2)| < z2(2) < 1 < x3(2) < |z4(2)|), as shown in Part 2.3 of [FIM99].

If the walk is singular, the roots above become y1(2) = y2(2) = 0 < 1 < y3(2) < |ya(2)|
(resp. z1(z) = z2(2) = 0 < 1 < x3(2) < |z4(2)|), see Part 6.1 of [FIM99].

The behavior of the branch points yx(z) and z(z) is not so simple for z ¢]0,1/n[ and
for this reason, we will suppose in the sequel that z is fized in ]0,1/n].

Now we remark that the kernel equals zero if and only if [b(y, z) + 2a(y, z)z]2 = d(y, 2)
or [b(z, 2) +2a(x, 2)y|> = d(z, ). In particular, the algebraic functions X (y, z) and Y (z, 2)
defined by > ; ies X(y,2)y —1/2 = 0 and 2 G.j)es 'Y (2,2)) — 1/2z = 0 have two
branches, meromorphic on the sets C\ ([y1(2), y2(2)]Uly3(2), ya(z)]) and C\ ([z1(2), z2(z)]U
[x3(2),24(2)]) (resp. C\ [ys(2),ya(2)] and C\ [x3(z), z4(2)]) in the non-degenerate (resp.
degenerate) case.

The following straightforward result (see Part 5.3 of [FIM99]) gives some properties and
settles the notations for the two branches of the algebraic functions X (y, z) and Y (z, 2).

Ijemma B.1. Call XO(y) Z) = [_B(y) Z) + J(y, 2)1/2]/[2a(y) Z)] and Xl (y’ Z) = [_B(y’ Z) -
d(y, 2)'/?]/[2a(y, z)] the branches of X (y, z). For ally € C we have | Xo(y, 2)| < |X1(y, 2)|.

Now we call Yo(x,2) = [=b(x,2) + d(z,2)Y?]/[2a(z, 2)] and Yi(z,z) = [—b(z,2) —
d(z,2)Y?]/[2a(x, 2)] the branches of Y (x,z). For all x € C we have |Yy(z, 2)| < |Y1(z, 2)|.

With these notations, we can state the result concerning the explicit expression of the
function (B.1) for the 5 singular walks — see Picture B.2. Below, by f°F we mean fo---of
with k& occurrences of f.
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Theorem B.2. Suppose that the walk is singular. Then the following series representation
holds :

Q(z,0,z) = % Z Yo 0 (Xo 0 Yp)*¥ (2, 2) [(Xo 0 Yo)** (2, 2) — (Xo 0 V) (2, z)].
k>0

Q(0,y,2) is obtained from the equality above by replacing Xy (resp. Yp) by Yy (resp.
Xo). Moreover, Q(0,0,z) =0 and the function Q(x,y, z) is obtained with (B.2).

Theorem B.2 is shown in [MR09] for both steps sets S = {(—1,1),(1,1),(1,—1)} and
S={(-1,1),(0,1),(1,—1)}; its proof for the three other singular walks is obtained in the
same way and we omit it.

Let us now turn to the 74 non-singular walks. We are going to state that both functions
c(z,2)Q(x,0,2) and é(y,z)Q(0,y,z) verify a boundary value problem of Riemann-
Carleman type, with boundary conditions on X ([y1(2),y2(2)], z) and Y ([x1(z2), z2(2)], 2),
and thus we begin by recalling from Part 5.3 of [FIM99] some properties of these curves.

Lemma B.3. Consider X ([y1(z),y2(2)],z) and Y ([x1(2),z2(2)],2). (i) These two curves
are symmetrical w.r.t. the real axis. (ii) They are connected and closed in CU{co}. (iii) They
split the complex plane into two connected components; we call X ([y1(2),y2(2)],2) and
GY ([x1(2), 22(2)], 2) the connected components of x1(z) and y1(z) respectively. They verify
GX([1(2),92(2)], 2) € C\ [w3(2), 24(2)] and GY ([21(2), 22(2)], 2) € C\ [yz(2), ya(2)].

Moreover, as illustrated by the example of Gessel’s walk in Chapter A, these curves are
possibly not included in the unit disc and, thus, the functions ¢(z, 2)Q(z,0, z) and ¢é(y, 2)
Q(0,y,z) may a priori be not defined on them. For this reason, we need first to continue
the generating functions up to these curves : this is exactly the object of the following
result, the proof of which being the subject of Section B.2.

Theorem B.4. The functions c(x, z)Q(x, 0, 2) and ¢(y, 2)Q(0,y, z) can be holomorphically
continued from the open unit disc P to C\ [x3(z2),x4(z)] and C\ [y3(2),ya(2)] respectively.

Now, exactly as in Section A.1 of Chapter A, we obtain that :

Vi € X([y1(2),y2(2)],2) c(t, z)Q(t, 0, z) —c@, z)Q(f, Q, z)
Vt € Y ([z1(2),22(2)],2) : €(t,2)Q(0,t,2) —¢(¢,2)Q(0,¢, 2)

tYp
Xo(

and verifying the conditions (B.3) on the boundary of the latter sets.

Such problems are known as boundary value problems of Riemann-Carleman type, see
e.g. [FIM99]. A standard way to solve them consists in converting them into boundary
value problems of Riemann-Hilbert type by use of conformal gluing functions (CGF), in
the sense of Definition 1 of Part I.

It is worth recalling that the existence (but no explicit expression) of a CGF for a
generic set is ensured by general results on conformal gluing, see e.g. Chapter 2 of [Lit00].

Transforming the boundary value problems of Riemann-Carleman type into boundary
value problems of Riemann-Hilbert type thanks to a CGF, solving these new problems and
working out the solutions, we get, as in Chapter A, the following.
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Theorem B.5. Suppose that the walk is one of the 74 non-singular walks.
The function c(x, 2)Q(x,0, z) —c(0,2)Q(0,0, 2) has the following explicit expression for
z €]0,1/n[ and v € Y X ([y1(2),y2(2)], 2) :
c(z,2)Q(x,0,2) — ¢(0,2)Q(0,0, 2) =
1/2

1 2202) ¢[ — d(t, z)] Ow(t, z) B Jw(t, z)
¥o(w,2) + /zl(z) 2a(t, z) w(t,z) —w(x,z)  w(t,z) —w(0,2) dt,

™

w being a CGF for YX ([y1(2),y2(2)], 2).
The function é(y, z)Q(0,y, z) — ¢(0,2)Q(0,0, z) has the following explicit expression for
2z €]0,1/n[ and y € GY ([x1(2), x2(2)], 2) -
&y, 2)Q(0, . 2) — 20, 2)Q(0,0,2) =
1 /w(z) t[—d(t,2)]"? By, 2) By(t, 2)
y

Xo(y, z)y + — ) 25(75, Z) ’lE(t, Z) _ {E(% z) N @(t’ z) — w(O, z) dta

W being a CGF for GY ([x1(z),z2(2)], 2).

The explicit expression of zQ(0,0, z) depends on the value of ¢(0,z) = ¢(0,2) € {0, z}.

Suppose first that ¢(0,z) = ¢(0,z) = z. Then § =1 in (B.2) and with (B.2), we obtain
that for any z,y, z verifying 3 ies vyl —1/2 =0 with |z| <1, |y| <1 and 2z €]0,1/n] :
ZQ(Ov 0, Z) = TY— [C(.%', Z)Q(.%', 0, Z)_C(Oa Z)Q(Oa 0, Z)] - [E(ya Z)Q(Ov Y, Z)_E(Oa Z)Q(Ov 0, Z)] :

Suppose now that ¢(0,z) = ¢(0,z) = 0, or equivalently that 6 = 0 in (B.2). Then the
function Q(0,0, z) equals the limit at x goes to 0 of

1/2

#(xm(gg,znl/jg@t[_d(t’z)] Srw(t,z) &gw(t,z)’z)]dt)

c(z, 2) T Jai(2) 2a(t, z) w(t,z) —w(z,z)  w(t,z) —w(0

The function Q(x,y,z) has the explicit expression obtained by putting in (B.2) the
integral representations of Q(x,0,z), Q(0,y,z) and Q(0,0,z) obtained just above.

As a consequence, for the generating functions c(x, z)Q(x,0,2) — ¢(0,2)Q(0,0, z) and
é(y,2)Q(0,y,2) — ¢(0,2)Q(0,0,z) to be completely explicit, it remains to find explicitly
suitable CGF w and @ for the sets ¥ X ([y1(2), y2(2)], 2) and 9Y ([z1(2), z2(2)], 2).

In this perspective, let us first state the following fact — which unfortunately can be
properly and completely written only in Section B.4.

Theorem B.6. The functions w and W explicitly defined in (B.11) of Section B.J are
adequate CGF for the sets 9X ([y1(2),y2(2)],2) and GY ([x1(2),x2(2)], 2) respectively.

Having a CGF w for some set %, it is clear that any of its fractional linear transfor-
mations [cw + £]/[yw + ¢] with o, 8,7,6 € C such that ary # 0 is also a CGF for &, see
Definition 1 of Part I. They are actually the only ones — this can be deduced from page 39
in Chapter 2 of [Lit00].

In particular, once Theorem B.6 shown, we will have the explicit expression of all
possible CGF, but the way in which they depend on the steps set S is yet unclear. In fact,
we have the following link — intrinsic, because independent of the choice of the CGF.
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Theorem B.7. If the group of the walk is finite (resp. infinite), then any CGF for the
sets X ([y1(2),y2(2)],2) or 9Y ([x1(2),x2(2)], z) is algebraic (resp. non-holonomic, and
then, of course, non-algebraic). Moreover, in the case of a finite group, if in addition the
covariance (i.e. the quantity Z(i,j)es ij) is negative or zero (resp. positive), then any CGF
is rational (resp. algebraic non-rational).

Furthermore, in the case of a finite group, we will in Section B.4 considerably simplify
the explicit expression of the CGF. In Propositions B.26, B.27 and B.29, we will consider
the walks having a negative or zero covariance and we will then give the rational expression
of the CGF ; next, in Proposition B.28, we will concentrate on the walks having a positive
covariance and we will then give minimal polynomials for the algebraic non-rational CGF.

Let us now note that Remarks A.8, A.10 and A.11 of Chapter A can be extended with-
out problem to the walks of this chapter.

The rest of Chapter B is organized as follows.

First, in Section B.2, we prove Theorem B.4 and we comment on other continuation
methods.

Next, Section B.3 is a technical and introductory part to Section B.4. We study closely
the surface {(z,y) € C%: 2 oG.)es 2'y) — 1/z = 0} and particularly we uniformize it.

Finally, in Section B.4, we are interested in conformal gluing. There, we prove Theorems
B.6-B.7 and Propositions B.26-B.29.

B.2 Holomorphic continuation of the generating functions

Notation. For the sake of shortness, we drop, from now on, the dependence of the different
quantities on z €]0,1/n[; it is implied that any statement in the sequel begins with “for
any z €]0,1/n[".

This part aims at proving Theorem B.4, in other words at showing that the generating
functions ¢(z)Q(x,0) and ¢(y)Q(0,y), already holomorphic in their open unit disc 2, can
be holomorphically continued up to C\ [z3,z4] and C\ [ys3, y4] respectively.

Before starting the proof of Theorem B.4, let us remark that the continuation given by
Theorem B.8 below is sufficient for obtaining the main results of Chapter B, see Section
B.1.

Theorem B.8. The functions c(x)Q(xz,0) and ¢(y)Q(0,y) can be holomorphically con-
tinued from the open unit disc 2 to X ([y1,y2]) UZ and GY ([x1,22]) U Z respectively.

Section B.2 is then composed of two parts.

First, in Subsection B.2.1, we show Theorem B.8, which is a version of Theorem B.4
weaker but more elementary : weaker because Theorem B.8 yields a continuation of the
generating functions up to ¢ X ([y1, y2]) UZ and GY ([z1, x2]) UZ and not up to C\ [z3, x4]
and C\ [y3,y4], as in Theorem B.4, but more elementary because this continuation is done
directly on the complex plane, rather than on the Riemann surface given by a uniformiza-
tion of {(z,y) € C*: > oG.j)es z'y) — 1/2 = 0}, as for Theorem B.4.

Next, in Subsection B.2.2, we prove Theorem B.4.
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B.2.1 Proof of Theorem B.8

First of all, we note that the location of the sets 4 X ([y1, y2]) and Y ([x1, z2]) depends
strongly on the steps set S. In particular, it may happen that they are included in the unit
disc — it is e.g. the case for both walks represented on Picture B.6, as it will be illustrated
on Picture ?? — in that case, Theorem B.8 is obvious. On the other hand, there exist
actually walks for which these sets don’t belong to the unit disc — it is e.g. the case of
Gessel’s walk, see Chapter A.

Proof of Theorem B.8. We are going to explain the procedure of continuation only for
c(x)Q(z,0), we would continue &(y)Q(0,y) similarly.

To begin with, let us note that evaluating (B.2) at any xz,y in the unit disc 2 such
that >; ves 7'yl —1/2 = 0 leads to c(x)Q(x,0) + &(y)Q(0,y) — 26Q(0,0) —xy = 0. As a
consequence, if z € {z € C: |Yy(z)| < 1} N 2, we obtain

c(2)Q(x,0) + ¢(Yo(2))Q(0, Yo(z)) — 26Q(0,0) — 2¥p(z) = 0. (B-4)

Since z € {x € C : |Yp(x)] < 1} N Z is non-empty, see (i) of Lemma B.9 below,
both functions ¢(x)Q(z,0) and é(Yp(z))Q(0,Yp(z)) as well as the identity (B.4) can be
extended up to the connected component of {x € C : |Yy(z)| < 1} U Z containing
{z € C: |Yp(z)| < 1} N 2, by analytic continuation.

Therefore, in order to prove Theorem B.8, it is enough to show that ¥ X ([y1,y2]) U Z is
connected and included in {z € C: |Yy(x)| < 1}UZ, since 4 X ([y1, y2]) UZ has obviously a
non-empty intersection with {x € C: |Yp(x)| < 1} N Z. These facts are exactly the objects
of (i) and (iii) in Lemma B.9 below.

It remains thus only to prove that this continuation of ¢(x)Q(z,0) is holomorphic on
GX(ly1, ) U 2.

On Z this is immediate, ¢(z)Q(x,0) being there defined by its power series.

On (9X([y1,y2]) U 2)\ 2, it follows from (B.4) that the function ¢(x)Q(z,0) may
have eventually the same singularities as Yj, namely the branch cuts [z1, z2], [x3, 24], and
is holomorphic elsewhere. But these segments don’t belong to (¢ X ([y1, y2])UZ)\ Z : with
Section B.1, we have that [z, z2] is included in & and by Lemma B.3, we get that [z3, z4]
is exterior to ¥ X ([y1,y2))-

The continuation of ¢(z)Q(x,0) is thus holomorphic on 4 X ([y1, y2]) U Z and Theorem
B.8 is proved. O

Lemma B.9. (i) {z € C: |Yy(2z)| < 1}NZ is non-empty. (ii) X ([y1, y2])UZ is connected.
(iii) Y X ([y1, y2]) U Z is included in {z € C: |Yp(z)| < 1} U Z.

Proof. Note first that (i) is a straightforward consequence of Lemma B.10. (ii) is also
clear : both sets ¥ X ([y1,y2]) and & are connected and the intersection ¥ X ([y1,y2]) N Z
is non-empty, e.g. because x1 belongs to both sets, so that the union ¥ X ([y1,y2]) U Z is
connected. And now we show (iii).

Clearly, it is enough to prove that (49X ([y1,y2]) U Z) \ Z is included in {x € C :
|Yo(x)| < 1}. This will follow from an application of the maximum modulus principle (see
e.g |JS87] for its precise statement) to the function Yy on (9 X ([y1,y2]) U Z) \ 2.

First of all, let us note that Yy is analytic on the latter domain, since thanks to
Section B.1, it is included in C\ ([z1,x2] U [x3, z4]).

Next, we prove that |Yy| < 1 on the boundary of the set (9X ([y1,y2]) U Z) \ Z, and
for this it is enough to show that |Yp| < 1 on {|z| = 1} U X ([y1, y2])-
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But by Lemma B.10, it is immediate that |Yy| < 1 on {|Jz| = 1}, and by extending
Lemma A.16 of Chapter A up to all the non-singular walks considered here, we get that
Yo(X ([y1,92])) = [y1, 2], segment which is known to belong to the unit disc, thanks to
Section B.1.

In this way, the maximum modulus principle directly entails that |Yp| < 1 on the
domain (9 X ([y1,y2]) U 2) \ 2. O

Lemma B.10. Yy({|z| = 1}) C {|ly|] < 1}.

Proof. To avoid any confusion — in this proof, we are going to use different values of z —,
we reintroduce here the variable z. Let us first recall that Yj is one of the two solutions in
yof X2 jes 2'y) —1/2z = 0, and that if Y7 denotes the other one, then we have |Yp| < |V1],
see Lemma B.1.

We are going to prove Lemma B.10 first for z = 1/n, and we will deduce from this
particular case the remaining cases z €]0,1/n][.

For z = 1/n, the equality > ; - cs 2'y/ —1/z = 0 can be written Z(iyj)es(l/n)xiyj =1;
since Z(m)es(l/n) = 1, we can apply Lemma 2.3.4 of [FIM99] and in this way, we directly
obtain that Yy({|z| = 1},1/n) C {|y| < 1}.

Suppose now that z €]0, 1/n][. In this case, it is not possible to have Z(m)es riyi—1/z =
0 with |z| = |y| =1 : indeed, for |z| = |y| = 1 we have

o 1
Z 'yl | < Z 1:n<;.

(4,5)eS (4,7)eS

As a consequence, Yy({|z| = 1},2) N {|y| = 1} = 0. By connectedness, this implies that
either Yo({|z] = 1},2) C {ly| < 1} or Yo({|] = 1},2) € {ly| > 1}

But once again with Lemma 2.3.4 of [FIM99], we get Yo ({|z| = 1}, 1/n)N{|y| < 1} # 0,
so that by continuity, we obtain that for z €]0,1/n[, Yo({|z| = 1},2) C {|y| < 1}. O

B.2.2 Proof of Theorem B.4

First of all, let us prove the following result.

Lemma B.11. Both = *({|z| = 1}) and vy~ ({|y| = 1} have two non-intersecting connec-
ted components homotopic to [0,w;].

Proof. We recall from Section B.1 that the branch points zj and yj, are such that [z1, z2] C
{lz] <1}, [z3,24] C {|z| > 1}, [y1,y2] C {|y| < 1} and [y3,y4] C {|y| > 1}. In particular,

it is immediate that z='({|z| = 1}) and 3~ '({Jy| = 1} have two connected components,
respectively homotopic to 271 ([z1, 22]) and y~1([y1,y2]) and therefore both homotopic to
[O, w1 [ O

Moreover, by the same kind of reasoning as in the proof of Lemma B.10, we could prove
that (for all z €]0,1/n[) one connected component of 271 ({|x| = 1}) (resp. y 1 ({|y| = 1}))
belongs to {|y| < 1} (resp. {|z| < 1}), we call it Ty (resp. T'y), and the other to {|y| > 1}
(resp. {|y| > 1}), we call it T'; (resp. I'y).

The rest of Subsection B.2.2 (that uses some notations of Section B.3) aims at proving
Theorem B.4, i.e. at showing that ¢(z) Q(z,0) and é(y)Q(0, y), already holomorphic in their
unit disc, can be holomorphically continued up to C\ [z3,x4] and C\ [y3,y4] respectively.
For this, we are going to use the following procedure, already introduced in Chapter A.
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(i) First, we will lift both functions ¢(z)Q(x,0) and é(y)Q(0,y) up to C/Q by setting
rz(w) = c(z(w))Q(z(w),0) and ry(w) = é(y(w))Q(0,y(w)). The functions 7, and ry
are a priori well defined on {w € C/Q : |z(w)| < 1} and {w € C/Q : |y(w)| < 1}
respectively — for the sake of briefness, we will note {|z| < 1} and {|y| < 1} the latter
sets.

(ii) Then, we will prove the following.

Theorem B.12. The functions r, and ry, initially well defined on respectively {|x| < 1}
and {|ly| < 1}, can be holomorphically continued up to the whole parallelogram C/Q cut
along respectively [0, w1 and [0,w1[+ws/2. Moreover, these continuations verify

Vw e C/Q\ [0,wi] @ rp(w) =re(¥(w)), Ywe C/QN\ ([0,wi[+ws/2) : ry(w) = ry(qb(EuB)),)
)
¥ and ¢ being properly defined in (B.10) below.

(iii) Finally, for z,y € C, we will set ¢(z)Q(z,0) = rp(w) if z(w) = z and é(y)Q(0,y) =
ry(w) if y(w) = y. Thanks to (B.5) and Proposition B.16, these equalities define
c(x)Q(z,0) on C\ [x3,z4] and ¢(y)Q(0,y) on C\ [y3, y4] not ambiguously, as holomor-
phic functions.

Item (i) and (iii) above are straightforward, so that we are going to concentrate our
attention on (ii).

Proof of Theorem B.12. In what follows, we note D1 =]0, w3 /2[x [0, w1 /1], Do =]ws /2, wa[X

[0,w; /2] and A = {|z| <1} U{|y| < 1}. The procedure of continuation of the functions r,

and ry is composed of the three following steps.

1. First, we continue r, from {|z| < 1} up to {|z| < 1}U(ANDy) and r, from {|y| < 1}
up to {|ly| <1} U (AN Dy).
For this, we recall that in respectively {|z| < 1} and {|y| < 1}, r, and ry are already
well defined, thanks to their power series. Moreover, in {|z| < 1}N{|y| < 1}, we have
the equality r, + r, — 2eQ(0,0) — 2y = 0, as consequence of (B.2).
So, in AN DyN{|z] > 1} C {|y| < 1} we define r, = 2y + 2eQ(0,0) — r, and in
ANDyn{lyl > 1} C {|z| < 1} we set ry = zy + 2eQ(0,0) — 7.
2. Next, we continue r, from {|z| < 1} U (A N Dy) up to {|z| < 1} U Dy and ry from
{lyl <1} U(ANDy) up to {|y[ <1} U Ds.
If ANDy = Dy —as it is e.g. the case for Gessel’s walk, see Chapter A —, then Step 2
is already completed and we go directly to Step 3.
If AN Dy # Dy, then the continuation will be a consequence of the fact that at least
one of the two following assertions holds.
2.1. There exists a non-empty strip S, such that S, Ud(S;) C {|z| <1} U (AN Dy)
on which r, 08 =r; +xyod — xy o 1.
2.2. There exists a non-empty strip Sy, such that S, Ud(Sy) C {|ly| <1} U (AN Dy)
on which ry0é =7, + 2y ot — xy.

We will show this in a few lines, but before we explain why this enables us to obtain
the wished continuation of the functions r, and r,.
If 2.1 (resp. 2.2) holds, then by analytic continuation it allows us to continue 7, (resp.
ry) on 0% ({|z| < 1} U (A N D)) N Dy (vesp. §*({|y| < 1} U (A N Dy)) N D), first for
k = %1, then for k = 2, etc. until the whole D5 is covered.
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If 2.1 and 2.2 hold, then r, (resp. r,) is continued up to {|z| < 1} U Dy (resp. {|y| <
1} U Dy) and Step 2 is completed.

If only 2.1 (resp. 2.2) holds, then we continue r, (resp. ;) by using (11), asin Step 1 :
we set ry = xy + 2€Q(0,0) — 15 (resp. rp = xy + 2€Q(0,0) — ry).

3. Finally, in Dy N {|z| > 1} we set 7, =17, 09 and in D1 N{|y| > 1} we set ry =ry,0¢
—note that with Steps 1 and 2, r, and r, are actually already defined on respectively
(D1 N {[z| = 1}) and (D1 N {[y[ = 1}).

Theorem B.12 being a straightforward consequence of Steps 1, 2 and 3, it remains to
show that at least one of 2.1 and 2.2 holds.

Let us first prove that if the domain {|z o ¢| < 1,|y| < 1} N Dy N ¢(D3) is non-empty,
then 2.1 is verified.

By using Step 1, we have for w € {|y| < 1}N D5 the equality 74 (w)+7ry,(w) —2eQ(0,0) —
xy(w) = 0. If moreover w € ¢({|y| < 1} N Dy), we have r,(p(w)) + ry(w) — 26Q(0,0) —
zy(p(w)) = 0 — we recall that if w € {|y| < 1}, then ry(¢(w)) = ry(w). Suppose in addition
that ¢(w) € {|z| < 1}; in that case, ry(¢(w)) = rz(¢Y(d(w))) and since 1y o ¢ = 5~ we
obtain r,(671(w)) + ry(w) — 2eQ(0,0) — zy(¢(w)) = 0. Therefore, by subtraction we get
72 (671 (w)) = rz(w) + 2y(¢p(w)) — zy(w) on the domain {|zo¢| < 1,|y| < 1} N Dy N@(Dy).
In particular, 2.1 holds on §~}({|z 0 ¢| < 1, |y| < 1} N Dy N ¢(D3)).

Likewise, we could prove that if the domain {|y o ¢0| < 1,|z| < 1} N Dy N p(Dy) is
non-empty, then 2.2 holds.

Now we give some sufficient conditions for the domain {|zxo¢| <1, |y| < 1}NDaN¢(D2)
(resp. {|ly o ¢| < 1,]z| < 1} N Dy Np(D2)) to be non-empty. For this, we recall that we
suppose A N Dy # Dy, otherwise Step 2 is not necessary ; in particular, it is not possible
that A contains both [0,w;[ and [0, w;[+ws/2.

Suppose first that A does not contain [0,w1[. Then obviously a part of the contour Iy
belongs to {|z 0 6| < 1, |y| < 1} 1 Dy 1 6(Dy).

Suppose now that A does not contain [0,w1[+ws/2. Then a part of the contour I'y ne-
cessarily belongs to {|lyov| < 1,|z| < 1} N Dy Np(D7). O

B.3 Uniformization

This part is introductory to Section B.4 and consists in studying closely the set of zeros
of the kernel, namely ¢ = {(z,y) € C*: DjesTY —1/z= 0}.

Proposition B.13. For any non-singular walk, £ is a Riemann surface of genus one.

Proof. From Section B.1, 37 e 2yl — 1/z = 0 if and only if [b(x) + 2a(z)y]?* = d(z).
But the Riemann surface of the square root of a third or fourth degree polynomial with
distinct roots has genus one, see e.g. [JS87], therefore the genus of ¢ is also one. O

Remark B.14. Note first that Proposition B.13 can’t be extended to the singular walks.
Indeed, it follows from Section B.1 that, for the singular walks, the polynomial d has a dou-
ble root at 0 and two simple roots at xs # x4, and it is well-known, see e.g. [JS87], that
the Riemann surface of the square root of such a polynomial has genus zero.

Note also that Proposition B.13, implicitly stated for z €]0,1/n[, can’t be extended to
z =0 or z=1/n in the general case.

Indeed, for z = 0 we have d(z) = 2% and the Riemann surface of the square root of this
polynomial is a disjoint union of two spheres, see e.g. [JS87].
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As for z = 1/n, it may happen that the genus of % is still one as it may happen that
it becomes zero. In fact, Parts 2.3 and 6.1 of [FIM99] entail that it equals one (resp. zero)
if and only if not the two (resp. the two) equalities Z(m)esi =0 and Z(m)esj =0 hold.

With Proposition B.13, it is immediate that ¢ is isomorphic to some torus C/Q. A
suitable lattice 2 (in fact the only possible lattice, up to a homothetic transformation) is
made explicit in Parts 3.1 and 3.3 of [FIM99], namely = w1Z + woZ, where

r2 dx 3 dx
o=, Fawre L, @ o

By using the same arguments as in Part 3.3 of [FIM99], we immediately obtain that
we have, in addition, the uniformization # = {(z(w),y(w)),w € C/Q}, where

z(w) = Fpw), ¢’ (),  yw)=Glpw),e W), (B.7)

with F(p, p') = x4 + d'(z4)/(p — d"(24)/6), G(p,p') = [-b(F(p,p)) + d'(x4)p'/ 2(p(w) —
d"(24)/6)*)]/[2a(F(p,p'))] if @4 # oo and F(p,p') = (6p — d"(0))/d"(0), G(p,p) =
[—b(F(p,p'))—3p"/d"(0)]/[2a(F (p,p'))] if z4 = 00, p being the Weierstrass elliptic function
with periods wq,ws.

It is well-known, see e.g. [JS87], that p satisfies the differential equation

o' (w)* = dlp(w) — p(w1/2)][p(w) — p(lwr +w2]/2)][p(w) — p(w2/2)].  (B.S)

Moreover, it is proved in Part 3.3 of [FIM99] that p(w1/2) = f(z3), p(Jw1 +w2]/2) = f(z2)
and p(w1/2) = f(21).

We are now going to be interested in the location on the parallelogram [0, we[x[0, w1 /2]

of the reciprocal images through the uniformization of the important cycles that are the
branch cuts [z1, z2], [z3, 24|, [y1,y2] and [ys, y4]. For this, we need to define a new period,

1 dx
w3 = /X(yl) W (B.Q)

In Part 3.3 of [FIM99] is shown the following.

namely

Lemma B.15. w3 €]0,ws].

By using then exactly the same analysis as in Part 5.5 of [FIM99], we get the following
very nice result — one of the essential purposes of having introduced the uniformization
(B.7).

Proposition B.16. 27! ([z1,z]) = [0,wi[+wa/2, 27 ([x3,24]) = [0,w1], ¥~ ([y1,92]) =
[0, w1 [+ (w2 + ws3)/2 and vy~ ([ys, y4]) = [0, w1 [+ws/2.

Now we would like to study more accurately ws. First, by use of the same arguments as
the ones we will use in Section C.5 of Chapter C, we obtain the location of ws w.r.t. we/2.

Proposition B.17. w3 < we/2 (resp. ws = wa/2, ws > wa/2) if and only if the covariance
(i.e. the quantity Z(ij)es ij) of the walk is negative (resp. zero, positive).

It could appear surprising to introduce here the covariance, in fact it will turn out that
on its sign depends interestingly a lot of quantities — in this perspective, see Subsection
B.4.4.

If the group W = (¥, ®@) defined in Section B.1 is finite, we can precise Proposition B.17.
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Proposition B.18. For any k > 2, the group W = (¥, ®) has order 2k if and only if
there exists an integer q € {1,...,k — 1}, independent of z and having no common divisor
with k, such that for all z €]0,1/n], ws = (¢/k)wa.

In particular, since it is proved in [BMMO09] that the group W takes only the orders 4,
6, 8 and oo, Propositions B.17-B.18 lead immediately to the following.

Corollary B.19. The group W = (¥, ®) has order 4 if and only if for all z €]0,1/n],
w3 = wa/2. For k € {3,4}, it has order 2k and a negative (resp. positive) covariance if and
only if for all z €]0,1/n[, w3 = wa/k (resp. w3 = w2 —wa/k)).

Before beginning the proof of Proposition B.18, we emphasize that the birational trans-
formations W and ® can obviously be understood as automorphisms of JZ°, and we recall
from Part 3.1 of [FIM99] that thanks to the uniformization (B.7), these automorphisms of
& become on C/ the automorphisms ¢ and ¢ with the following expressions :

Y(w) =—w, o(w)=—-w+ ws. (B.10)

They are such that 1oy = gpop =id, xoy) = z, yoyp = [e(x)/a(x)]/y, zod = [¢(y)/a(y)]/x
and yo ¢ =y.

Proof of Proposition B.18. Let us begin by proving the converse sense of Proposition B.18
and for this let us, here again, reintroduce the variable z.

Suppose first that for some value z €]0,1/n[, ws/we = q/k, the integers ¢ and k
having no common divisor. This means that (1, ¢) is a finite group of order 2k, see (B.10),
which is equivalent to the fact (¥, ®) has order 2k on .# — but a priori not on C2.
This implies that for any = € C, the equalities (® o ¥)°*(z, Yy(x, 2)) = (=, Yo(z,2)) and
(® o W) (z,Y1(x, 2)) = (x,Yi(z,2)) hold.

Suppose now that for any value z €]0,1/n[, ws/ws is this same rational number ¢/k.
In particular, for any fixed € C and all z €]0,1/n[, (® o ¥)°F(z, Yo(z, 2)) = (, Yo(x, 2)).
In other words, for any fixed z € C and any y € {Yy(z,2) : z €]0,1/n[}, (® o U)°k(z,y) =
(x,y). Since the set {Yy(x,z) : z €]0,1/n[} is not isolated, by analytic continuation we
obtain that for any z € C and any y € C, (® o ¥)°*(2,9) = (z,), in such a way that
(U, @) is finite as a group of birational transformations, of order less than or equal to 2k.

(U, @) is of order exactly 2k because (1, ¢) has order 2k and thus we can find some
elements (z,y) of order exactly 2k. This entails the converse sense of Proposition B.18.

Suppose now that W = (¥, ®) has order 2k. The group (¢, ¢) generated by ¥ and ¢ is
a fortiori finite, of order 2r(z) < 2k, which means that inf{p > 0: (¢ 0 ¥)? =id} = r(2).
With (B.10), this immediately implies that r(z)ws is some point of the lattice wiZ + woZ,
contrary to pws for p € {1,...,r(z) — 1}. But with Lemma B.15, we have w3 €]0,ws][, so
that we get r(z)ws = ¢(2)w2, where ¢(z) € {1,...,r(z) — 1} has no common divisor with
r(2).

Moreover, from (B.6) and (B.9), we know that ws/ws = ¢(z)/r(z) is a holomorphic
function of z; taking rational values it has to be constant, say ws/we = ¢/r. Finally, if
r was strictly smaller than k, then with the first part of the proof we would obtain that
W = (¥, ®) has also order 2r, and not 2k as assumed, so that » = k and Proposition B.18
is proved. [l
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The location of the reciprocal images through (B.7) of [z1,x2], [r3,24], [y1,y2] and
[ys, y4] being known, let us give, in Picture ??, some examples of the parallelogram
[0, wa[x[0, w1 /2] — in addition of the one corresponding to Gessel’s walk, that can be found
in Picture A.4 of Chapter A.

i {lx1<1}

X3 Y3 X2 Y2 JC3' y3 X2 0y 2

{Iyls]}

Xy Y4 X1 Y1 Xq Y4 X1 Y1

FIGURE B.3 — Examples of the parallelogram [0, w2[x[0,w;/2[ with its important cycles,
on the left for the first walk of Picture B.5 and on the right for the second walk of Picture
B.6

Indeed, for the first walk of Picture B.5, the group has order four, see [BMMO09|, and
with Corollary B.19, we get ws = wq/2. In addition, it is quite rather to show that
in this case, X([y1,y2]) = X(lys,va]) = Y([z1,22]) = Y([z3,24]) is equal to the unit
circle. In particular, we obtain that = ({|z| = 1}) = ([0, w1 [+w2/4) U ([0, w1 [+3w2/4) and
y ({y] = 1) = ([0,w1]) U ([0, wn [+w2/2).

Also, for the second walk of Picture B.6, the group has order six and the covariance
is negative, hence with Corollary B.19, we get w3 = ws/3. Then, by using the same
arguments as in the proof of Proposition A.22 of Chapter A, we obtain the location of
the cycles 27! ({|z| = 1}) and y~'({|y| = 1} for this walk, namely z~'({|z| = 1}) =
([0, w1 [+w2/4) U ([0, w1 [+3w2/4) and y~L({|y| = 1} = ([0, w1[+5w2/12) U ([0, w1 [+11wa/12).

B.4 Conformal gluing functions

The main subject of Section B.4 is to introduce and to study suitable CGF (see
Definition 1 of Part I) of the sets ¥ X ([y1,y2]) and 9Y ([z1,x2]) for the 74 non-degenerate
walks.

For this, we are first going to find explicitly, in Subsection B.4.1, all appropriate CGF
for both sets above (essentially thanks to the uniformization studied in Section B.3) and
in particular, we will prove Theorem B.6. Then we will remark that the behavior of these
CGF is quite different according to the finiteness of the group W. This is why we will
focus separately, in Subsections B.4.2 and B.4.3, on the walks having an infinite and next
a finite group, and we will prove Theorem B.7 as well as Propositions B.26-B.29. Finally,
in Subsection B.4.4, we will compare this classification of the 79 walks according to the
nature of the CGF with the one according to the nature of the series (B.1), obtained from
[BMMO09] and [BK09|.

B.4.1 Finding all suitable conformal gluing functions

In [FIM99] is found explicitly one CGF and only for z = 1/n, see (B.11) below. Let us
begin here by generalizing this result and by finding the expressions of all possible CGF
for the sets X ([y1,y2]) and Y ([z1,x2]) for any value of z, and for this, let us quote page 126
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of [FIM99] : if we note W = wox or w = woy, with x, y defined in (B.7), then the problem of
finding a CGF w is equivalent to find a function @ meromorphic in [wa/2, (w2 +w3)/2] X R,
w1 periodic, with only one simple pole in the domain [wa/2, (we + ws3)/2] X [0, w1 /2] hatched
on the left of Picture B.J below, and satisfying to the next two conditions :

(i) for all w € [—w1/2,w1/2], W([w1 + we]/2 + w) = W([w1 + we]/2 — w),

(ii) for all w € [—w1/2,w1/2], W([w1 + w2 + w3]/2 + w) = W([w1 + w2 + ws3]/2 —w).

w;/2
oP
X3 Y3 X2 Y2 w;/2 -Wg/2 0 W3/2
_pO
Xy Y4 X1 Y1
0 Wy/2 (W +03)/2 -0y /2

FIGURE B.4 — Domains of definition of @ (on the left) and w (on the right)

Setting w(w) = w(jw1 + w2]/2 + w), the problem mentioned above obviously becomes
to find a function W meromorphic in [0,ws/2] x R, wy periodic, with only one simple pole
in the domain [0,ws/2] X [—w1/(21),w1/(2¢)], and such that :

(") for all w € [—w1/2,w1/2], W(w) = W(—w),
(ii") for all w € [—w1/2,w1/2], W(w3/2 + w) = W(ws/2 — w).

Now we remark that by analytic continuation, (i’) allows us to continue w from
[0,ws3/2] x R up to [—w3/2,ws/2] x R, and next, also by analytic continuation, (ii’) enables
us to continue W as a ws periodic function — since evaluating (ii’) at ws/2+w and using (i’)
leads to w(ws +w) = w(w). Therefore, the problem of finding the CGF finally becomes : to
find an even elliptic function w with periods w1, ws and having only two simple poles at £p

(or one double pole at p if p and —p are congruent modulo the lattice) in the parallelogram
[—w3/2,w3/2] X [—w1/(21),w1/(2t)] drawn on the right of Picture B.4 above.

A crucial fact for us is then the following — below, ¢ 3 denotes the Weierstrass elliptic
function with periods wi, ws.

Lemma B.20. Let p € [—w3/2,ws3/2] X [—w1/(21),w1/(22)].
If p =0, the only solutions of the problem above are the o + Bpi 3(w) for a, 5 € C.
If p # 0, the only solutions are the o+ (/1 3(w) — p1,3(p)] for o, B € C.

Proof. 1t is well-known, see e.g. Theorem 3.11.1 and Theorem 3.13.1 of [JS87]|, that an
even elliptic function with periods wq,ws and having 2q poles in a period parallelogram is
necessarily a rational transformation of order g of p; 3. In our case, w, which has exactly
two poles of order one or one pole of order two in [—ws3/2,ws/2] X [—w1/(22),w1/(22)] is
thus a fractional linear transformation (i.e., a rational transformation of order one) of p; 3.
In particular, it is immediate that p = 0 yields w(w) = a + fp1 3(w).
If p # 0, then g1 3(p) # oo and we obtain w(w) = [ap1 3(w)+7]/[p13(w) —P1,3(p)]. O

Applying Lemma B.20 for p = 0, we get that

w(t) = pr3(z () — [wr +w2]/2),  @(t) = p13(y" (1) — w1 +w2]/2) (B.11)
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are suitable CGF for the sets 4 X ([y1,12]) and 9Y ([x1,22]), 2~ and y~! denoting, in
(B.11), the reciprocal functions of the coordinates of the uniformization (B.7). Theorem
B.6 is thus proved.

Applying now Lemma B.20 for any value of p yields that the fractional linear transfor-
mations of (B.11) are the only possible CGF.

Remark B.21. As said in Section B.1, it can be deduced from [Lit00] — by using general
results on Fredholm integral equations — that two CGF for the same set are necessarily
fractional linear transformations the one from the other.

It is worth noting that in our case, we have recovered this fact by using only the
properties of the Weierstrass elliptic functions written in Lemma B.20.

Remark B.22. The functions w and @ of (B.11) are related together through w = w(Xy) :
indeed, (B.7) entails that z(w) = Xo(y(w)).

Let us now concentrate on w and @ defined by (B.11), and note first that in Section
C.5 of Chapter C, we will prove their following global properties.

Proposition B.23. The function w (resp. w) defined by (B.11) is meromorphic on C\
[x3,24] (resp. C\ |y3,y4]) and has there one simple pole, at xo (resp. Y(x2)), and the
lower integer part of wa/(2ws) double poles at some points of the segment |xq,x3[N(C \

GX([y1,92])) (resp. Jy2,y3[N(C\ GY ([1, 22]))).

Now we remark that with (B.7), it is immediate that w(t) = p13(p '(f(t)) — [w1 +
wo]/2), with f(t) = d"(z4)/6 +d'(z4)/(t — z4) if 24 # 00 and f(t) = d”(0)/6 4+ d"'(0)t/6 if
rq4 = OQ.

The CGF w is therefore equal to the Weierstrass elliptic function with periods wy,ws
evaluated at a translation of the reciprocal of the Weierstrass elliptic function with periods
w1, ws. It turns out that the theory of transformation of elliptic functions — the basic result
of which being here recalled in Equation (A.25) of Chapter A — entails that this expression
admits a very nice simplification if ws/wy is rational.

But Proposition B.18 shows that the latter condition is related to the group W = (¥, @)
defined in Section B.1, since it states that ws/ws is rational for all z €]0,1/n[ if and only if
the group W is finite, so that we will consider separately the study of w and @ according
to the finiteness of this group.

First, in Subsection B.4.2, we will concentrate on the case of an infinite group of the
walk, and we will show that w and w are then non-holonomic, which will prove the part
of Theorem B.7 concerning the infinite group.

Then, in Subsection B.4.3, we will consider the case of a finite group. We will see that
w and w are then algebraic, and we will complete the proof of Theorem B.7. Moreover, we
will considerably simplify the explicit expressions of w and w given in (B.11) for all the
23 walks having a finite group : see Proposition B.26 (resp. B.27-B.28, B.29) for the walks
associated with a group of order four (resp. six, eight).

It is worth noting that, even for z = 1/n, the forthcoming results of Subsections B.4.2-
B.4.3 on an in-depth study of the CGF are new — up to the best of our knowledge.
B.4.2 Case of an infinite group

Remark B.24. If the walk admits an infinite group, it may happen that ws/ws is rational
for some values of z, but ws/wa has also to take non-rational values.
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Indeed, if ws/wa was rational for all z €]0,1/n[, then ws/wa would be a rational cons-
tant, since with (B.6) and (B.9), ws/wa is a holomorphic function of z, and Proposition
B.18 would then entail that the group is finite.

Let us now prove the part of Theorem B.7 concerning the group infinite, and more
precisely, that for any z €]0,1/n[ such that ws/we is non-rational, the CGF w and w
defined in (B.11) are non-holonomic.

Proof. The class of holonomic functions being closed under algebraic substitution, see e.g.
[FS09], it is enough to prove that v(t) = w(f~1(t)) = p13(p 1 (t) — [w1 + w2]/2) is non-
holonomic, since on the one hand, f is rational and on the other hand, w = w(Xy) with
Xo algebraic.

First, we are going to show that v is non-algebraic, and next, we will prove that if v is
holonomic then it has to be algebraic, in such a way that v will be non-holonomic.

Suppose thus that v is algebraic, in other words assume that there exist polynomials
ag, . ..,aq with ag # 0 such that >°7_ ax(t)v(t)¥ = 0. By definition of v and since the
Weierstrass elliptic function is non-algebraic, at least one of ao, ..., a, is non-constant.

Evaluating now the last equality at ¢ = p(w + [w1 + w2]/2) and using the definition of
v, we get > 1 ar(p(w + [wi 4+ wa]/2))p1,3(w)* = 0. Since p(w + w1 + wo]/2) is a rational
transformation of p(w), see e.g. the addition theorem (A.26) stated in Chapter A, the
previous equality reads P(p(w), p1,3(w)) = 0, where P is a polynomial non-constant w.r.t.
the two variables.

Now we recall from e.g. [JS87] that g (resp. p1.3) has poles at every point of the lattice
w1Z + woZ (resp. w1Z + wsZ). Moreover, it is well-known that if ws/ws is non-rational,
then wyZ + wsZ is dense in R. In particular, if ws/wo is non-rational, then the poles of
P(p(w), p1,3(w)) are non-isolated, which is a contradiction between the principle of analytic
continuation and the fact that P(p(w), p1,3(w)) is non-zero and meromorphic.

Suppose now that v is holonomic, 4.e. that there are polynomials ay, . .., a, with a; # 0
such that 3°7_, ay(t)v®) (¢) = 0, v*¥) denoting the kth derivative of v, and let us show that
in this case

> apt® () = Ut,v(t) + V(£ o) (1), (B.12)
k=0

where the dependence of U and V w.r.t. the first (resp. second) variable is rational (resp.
polynomial), and where at least U or V is non-zero. Before showing these facts, let us
explain how they entail the algebraicity of v.

If V is identically zero, then U has to be non-zero. Moreover, since U is rational w.r.t.
the first variable and since with (B.12) we have U(¢,v(¢)) = 0, U has to be non-constant
w.r.t. the second variable and (B.12) immediately yields that v is then algebraic.

Suppose now that V' is not identically zero. From (B.12) and the supposed holonomy
of v, it follows that U(t,v(t))? — V(t,v(t))?v'(t)*> = 0. Also, noting g the derivative of
o1 (if g» and g3 are the invariants of p we have g(t) = [4t3 — got — g3]~/?), we obtain
V'(t)? = g(t)2p’173(p_1(t) — w1 +w2]/2)2. But if g2 1 3 and g3 1 3 are the invariants of p; 3, we
have p’123 = 4@‘%73 —g2.1.301.3— 93,13 and finally we get U (¢, v(t))2 =V (t,v(t))?g(t)?[4v(t)® —
92.1,30(t)—g3.1,3] = 0. The latter quantity is rational in the first variable, since actually g(t)?
is rational, and an odd degree polynomial in the second, in such a way that v is algebraic.

So it is enough to prove (B.12). For this we are going to show that for any k,

o B () = Up(t, v(t)) 4 Vi(t, v(t)v' (¢), (B.13)
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where the dependence of Uy (resp. Vi) is rational w.r.t. the first variable and polynomial
of degree exactly |k/2 + 1| (resp. [(k — 1)/2]) w.r.t. the second variable, |- | denoting
the lower integer part. Equality (B.12) will be then an immediate consequence of (B.13).
Indeed, if ¢ is even, then by using (B.13) in (B.12), we obtain that the degree of U in the
second variable is exactly |g/2+ 1] and U is thus obviously non-zero. Likewise, if ¢ is odd,
we get that the degree of V' in the second variable is exactly |(¢—1)/2| and is thus clearly
non-zero if ¢ > 3. If ¢ = 1, then straightforwardly we make explicit V) = 0 and V7, and we
immediately deduce that V is also non-zero.

Let us now show (B.13). For k = 0, this is obvious. As for £ > 1, an easy calculation

leads to
k

o) = Y b3 (971 (1) — [wr +wal/2),
p=1
with by = g(t)*, by_1(t) = [k(k — 1)/2]¢'(t)g(t)*=2 and for p € {2,...,k — 1}, by, is a
polynomial in the variables g(t),d (t),...,g® (t). Moreover, if p is even, then clearly by is
rational whereas if p is odd, then b,/g is rational. Next, by a repeated use of Lemma B.25
below and by using that @} 5(p~'(t) — [w1 + wa]/2) = v/(t)/g(t), we obtain

Bty = Y b@ppp®) + ) Y bp() /gDl 2 (0(2).

pe{l,...,k} even pe{l,...,k} odd

With the values of by and bi_; given above, this immediately yields (B.13), and there-
fore also (B.12), and finally the fact that v, w and @ are non-holonomic. 0

Let us recall from [JS87| the following classical fact, that we have used in the last proof.

2r) _

Lemma B.25. For any integer r > 0 we have pf pr(9), where p.(x) is a polynomial

with dominant coefficient equal to (2r + 1)!z" 1.

B.4.3 Case of a finite group

Thanks to Proposition B.18, we obtain that for the 23 walks having a finite group,
wa /w3 is rational. Moreover, with [BMMO09| and Corollary B.19, it is enough to consider
the cases wy /w3 equal to 2,3,3/2,4,4/3. According to the classification of [BMMO09], there
are respectively 16,2, 3,1, 1 such walks.

Proposition B.26. If the walk has a group of order four (i.e. if S has a vertical symmetry,
see [BMMO09]), or equivalently if wy/ws = 2, then w defined in (B.11) is an affine combi-
nation of [(t/z4—1)(t —x1)]/[(t — x2)(t —x3)]. Moreover, suitable and explicit CGF for the
set GY ([x1,x2]) are w(Xo(t)), or, more symmetrically, [(t/ys—1)(t—y1)]/[(t—y2)(t—y3)].

FI1GURE B.5 — Two examples among the sixteen walks with a group of order four
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Proposition B.27. For both walks represented on Picture B.6 — the only ones with a
group of order siz and a negative covariance, or equivalently verifying ws/ws =3 —, w and
w defined in (B.11) are affine combinations of respectively

u(t) u(t)
(t = x2)(t — 1/251/2)2" (t = ya2)(t = 1/121/2)%

with u(t) = t2 and (t) =t (resp. u(t) = u(t) = t(t + 1)) for the walk on the left (resp. on
the right) of Picture B.6.

FIGURE B.6 — The two walks with a group of order six and a negative covariance

Proposition B.28. For the three walks represented on Picture B.7 — the only ones with a
group of order siz and a positive covariance, or equivalently verifying we/ws = 3/2 —, there
exist «, 3,9, which are algebraic w.r.t. z and made explicit in the proof, such that w = w
defined in (B.11) is the only solution with a pole at xo of

u(t)
(t — 1‘2)(75 — 1/1‘21/2

u(t)

2
w*+ |a+ (t —22)(t — 1/2o1/2)2

)2}w+[6+7 =0,

with u(t) = t2 (resp. u(t) = t, u(t) = t(t + 1)) for the walk on the left (resp. in the middle,
on the right) of Picture B.7.

- - -
- -+ -

FIGURE B.7 — The three walks with a group of order six and a positive covariance

Proposition B.29. For the walk represented on the left of Picture B.8 — the only one with
a group of order eight and a negative covariance, or equivalently verifying we/ws =4 —, w
and W defined in (B.11) are affine combinations of respectively

t2 t(t+1)?
(t —2)(t = 1)2(t — 23)’ (t — 2)?(t — 23)*

As for the walk on the right of Picture B.8 below, known as Gessel’s walk, the functions
w and w have been found explicitly in Theorem A.7 of Chapter A.
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F1GURE B.8 — The two walks with a group of order eight

Finite group of the walk and negative or zero covariance As a first enlightening
example, let us consider the case of a covariance equal to zero — or equivalently the case
wg/w;g = 2.

Proof of Proposition B.26. It will follow from the equality (peculiar to the case we /w3 = 2)

pw) — f(z1)
(p(w) = f(z2))(p(w) = f(3))

Indeed, if (B.14) holds, let us evaluate it at w = @~ '(f(¢)) : with (B.11), we obtain
that there exist two constants K7 and Ko such that w(t) = K; + Ko[f(t) — f(z1)]/[(f(t) —
f(x2))(f(t) — f(x3))]. But by using the explicit expression of f, it is immediate that if
x4 # o0, then w(t) = Ky + Ks[(t — z1)(t — z4)]/[(t — 22)(t — x3)] and if x4 = oo, then
w(t) = K1 + K4lt — x1]/[(t — x2)(t — x3)], K3 and K4 being some non-zero constants.
Therefore, for proving Proposition B.26, it is enough to show (B.14).

For this, start by applying Equation (A.25) for p =2 : we get o1 3(w — [w1 + w2]/2) =
p(w— w1 +ws]/2)+ p(w—w1/2) — p(w2/2). Now, taking the usual notations e; = p(w1/2),
e1+2 = p([w1 +we]/2) and es = p(w2/2), we can state the two following particular cases of
the addition formula (A.26) : p(w—[w1+w2]/2) = e14a+[(e1+2—e€1)(e142—€2)]/[p(w)—e142]
and p(w—w1/2) = e1+[(e1—e2)(e1—e142)]/[p(w)—e1]. In this way and after simplification,
we obtain p153(w—[w1+ws]/2) = e1 —ea+eryat(e1—e142)?[p(w) —e2]/[(p(w) —e1) (p(w) —
e1+2)]. Finally, by using the equalities ey = f(z3), e142 = f(z2) and e; = f(x1), see below
(B.8), as well as e; + e142 + e3 = 0, we immediately obtain (B.14). O

o1,3(w— w1 +w2]/2) = =2f (x1) + (f (z2) — f(23))” . (B.14)

Let us now consider the case of a negative covariance — or equivalently the situation
where w9 /w3 is equal to 3 or 4 —, and begin with the case ws/w3 = 3, which concerns the
two walks of Picture B.6.

Proof of Proposition B.27. First of all, let us sketch the proof. First, we are going to show
that there exist and we are going to make explicit two third degree polynomials A and B
such that p13(w — [w1 +w2]/2) = A(p(w))/B(p(w)). In particular, with (B.11), we will
then obtain that w(t) = A(f(t))/B(f(t)). Next we will consider separately the two walks
of Picture B.6.

(i) For the walk on the left of Picture B.6 we have x4 = oo, and then A(f(¢)) and
B(f(t)) are also third degree polynomials, see the expression of f below (B.11). We
will show that B(f(t)) = (t — z2)(t — 1/22"/?)2. In addition, if r(¢) denotes the rest
of the euclidean division of A(f(t)) by B(f(t)), we will prove that r(t) = (r”(0)/2)t>
with 7”(0) # 0, in such a way that w(t) = B(f(00))/A(f(00)) + (r"(0)/2)t?/[(t —
w2)(t = 1/x21/)?).
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(ii) For the walk drawn on the right of Picture B.6 we have x4 # oo, and then (¢t —

x4)3A(f(t)) and (t — 24)3B(f(t)) are third degree polynomials. We will show that

(t — 24)3B(f(t)) = (t — x2)(t — 1/22/?)2. If r(t) denotes the rest of the euclidean

division of (t — x4)3A(f(t)) by (t — 24)3>B(f(t)), then we will prove that r(t) =

(r"(0)/2)t(t + 1) with »”(0) # 0 so that w(t) = B(f(c0))/A(f(c0)) + (r"(0)/2)t(t +
D/[(t = w2)(t = 1/22'/2)%).

Finally, starting from the so-obtained explicit formulation of w and by using that @ =

w(Xp), an elementary calculation will lead, for each walk, to the expression of w stated in
Proposition B.27, this will conclude the proof.

So we begin by finding explicitly, for both walks of Picture B.6, two polynomials A and
B of degree three such that g1 3(w — [w1 + w2]/2) = A(p(w))/B(p(w)).

Applying Equation (A.25) with p = 3, we get that 1 3(w — [w1 +w2]/2) = p(w — [w1 +
w2]/2) + p(w — w1 /2 —wa/6) — p(wa/3) + p(w — w1 /2 4+ wa/6) — p(2w2/3). Then, using the
addition formula (A.26) for p and noting K = ej49 —2p(wa/3) — 2p(w1/2+w2/6), we have
that o1 3(w — [w1 + w2]/2) equals

(61+2 — 61)(€1+2 — 62) o (w) lp/(w)Q + @/(w1/2 + CU2/6)2
p(w) — €142 2 [p(w) — p(w1/2 + w2/6)]?

To obtain (B.15), we have used that p(w1/24+w2/6) = p(w1/2—w2/6) and g’ (w1 /2+ws/6) =
—¢'(w1/2 — wo/6), got from the fact that p(w1/2 + w) and @' (w1/2 + w) are respectively
even and odd functions of w.

With both (B.8) and (B.15), it is now clear that g; 3(w — [w1 +w2]/2) can be written as
A(p(w))/B(p(w)), moreover we can take B(p(w)) = (p(w)—e1+2)(p(w) —p(w1/2+w2/6))%.

Now we prove that p(w1/2 + ws/6) = f(1/z2'/2). For this, we are going to formulate
p(w1/2+ws/6) w.r.t. z. Since p(w1/2+ws/6) = e1+[(e1 —e2)(e1 —e142)]/[p(w2/6) —e1], it
is enough to express p(wz/6) w.r.t. z. In order to do that, let us first find explicitly p(w2/3)
and then use, for w = wy/3, the fact that p(w/2) equals (see e.g. [JS8T7])

+ K. (B.15)

p(w)+H(p(w)—e1)(p(w)—e2)] P+ [(p(w) —e1) (p(w)—er2)] P+ (p(w) —e2) (p(w) —er+2)] 2.

In other words, for all coefficients in (B.15) to be explicit w.r.t. the variable z, it is enough
to find only p(w2/3) in terms of z.

And now we show that for both walks of Picture B.6, p(w2/3) = 1/3. For this, we use the
following fact, already recalled in Chapter A : the quantity L = p(w2/3) is the only positive
root of L* — ggL2/2 —g3L — g%/48, g2 = —4[6162 + e1e142 + 6261+2] and g3 = 4ejezeqqo
being the invariants of p. By using the explicit expressions of g and g3 (we recall that
e1, ez and ey are known explicitly w.r.t. z, see the proof of Proposition B.26), we easily
show that 1/3 is a root of the polynomial above, being positive, we get p(w2/3) = 1/3.

Then, an elementary calculation leads to p(w; /24+w2/6) = f(1/29'/?). Next, with (B.8),
we also obtain ¢'(w1/2 + w2/6), and thus all coefficients in (B.15) are known in terms of
z. In particular, this is also the case for the polynomials A and B. After a tedious but
easy calculation, we obtain the facts claimed in (i) and (ii) above, and, thus, Proposition
B.27. [l

Proposition B.29 — concerning wo /w3 = 4 — could be obtained by applying (A.25) for
p = 4, the details would be essentially the same as above, so that we omit to write them.



90 CHAPITRE B. COUNTING WALKS IN A QUADRANT, A UNIFIED WAY

Finite group of the walk and positive covariance The only such walks are the three
ones of Picture B.7 as well as the one on the right of Picture B.8.

The latter, known as Gessel’s walk, has already been considered in Chapter A : there,
we have shown that the CGF w and @ defined by (B.11) are algebraic (of degree three in
t) and we have made explicit their minimal polynomials.

By using the same key idea as in Chapter A — namely, a double application of (A.25) —,
we are going now to prove Proposition B.28, i.e. to show, for the three walks of Picture
B.7, that w and w are algebraic (of degree two in t) and to find their minimal polynomials.

Proof of Proposition B.28. Let us, first of all, recall that for the three walks considered
here, wy/ws = 3/2, and define the auxiliary period wy = wy/3.

First, with wy = wy/3, thanks to Equation (A.25), we will be able to express g1 4 as a
rational function of p. Moreover, since wy = w3/2, once again with (A.25), we will write
©1.4 as a rational function of g1 3. As an immediate consequence, p; 3 will be an algebraic
function of p. Then, with (B.11) and the addition formula (A.26), we will obtain that the
CGF w defines an algebraic function of ¢.

Rational expression of ©1.4 in terms of p. By using exactly the same arguments as in the
proof of Proposition B.27, we obtain the three following facts : firstly, p1 4(w — [w1 +w2]/2)
is equal to (B.15) ; secondly, p(w2/3) = 1/3; and thirdly, the expression of all coefficients in
(B.15) w.r.t. z is explicit. In this way, we obtain that there exist K7 and K9 which depend
only on z and could be made explicit, such that

Kgu(t)
(t — .%'2)(75 — 1/.%'21/2)2’

pra(z7(t) — [w1 + wa] /2) = K1 + (B.16)

with u(t) as described in the statement of Proposition B.28.

Rational expression of ©1.4 in terms of p1 3. Applying, as in the proof of Proposition B.26,
Equation (A.25) for p = 2, we obtain that p; 4(w) = p13(w) + 91 3(W+w3/2) — p1,3(ws3/2).
Noting €1,1,3 = pl,g(w1/2), €1+3,1,3 = p173([w1 + wg]/Q) and €3,1,3 = pl,g(w3/2), we have
p13(w+ws/2) =es13+ [(e31,3 —e11,3)(€31,3 — €143,1,3)]/[01,3(w) — €3,1,3]. In particular,
we immediately obtain that

p13w)? — [es13 + p1a(W)]p13(w) + [(e3,1,3 — €1,1,3)(e3,1,3 — €143,1,3) + €31,3914(w)] = 0.

(B.17)
Therefore, once the expressions of €113, €143,1,3 and e3 1,3 will be known explicitly, Equa-
tions (B.11), (B.16) and (B.17) will immediately entail Proposition B.28.

It remains thus to find explicitly eq 1.3, e143,1,3 and e3 1 3. This will be a consequence
of the possibility of expanding @14 in two different ways.
First, we have seen just above that

(e31,3 —e1,1,3)(€3,1,3 — €143,1,3)
@1,3(00) —€3,1,3

p14(W) = P13(w) +

9

so that by using the expansion of ;3 at 0, namely p;3(w) = 1/w? + go13w?/20 +
93,1,3604/28 + O(w®), g2.1,3 and g31 3 being the invariants of p; 3, as well as the following
Straightforward equality (637173 - 617173)(637173 - 61+37173) = 36371732 - 927173/4, we get

1
pra(w) = el [3e3,1,3% — 92,1,3/5]w? + [93,1,3+3€3,1.,3° — g2.1.3€3,1,3/4]w* + O(W®). (B.18)
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Second, by applying Equation (A.25) for p = 3, we obtain p; 4(w) = —p(w) + [ (w)? +
o (w2/3)?]/[2(p(w) — p(w2/3))] —4p(ws/3). Using that p(ws/3) = 1/3 as well as (B.8) yield

p1a(w) = % + [2/3 = 9¢2/20]w® + [10/27 — g2 /2 — 27g5/28]w? + O(w®).  (B.19)

By identifying the expansions (B.18) and (B.19), we obtain the expressions of g3 1 3 and
93,13 in terms of g9, g3 and e313.

In addition, €3,1,3 is obviously a solution of 46371733 — 32,1,3€3,1,3 — g3,1,3 = 0. If we use
the expressions of g2 13 and g3,1,3 obtained just above, we obtain that 6371,33 + [9g2/16 —
5/6les 1.3+ [35/108 — 27¢3/32 — Tg2/16] = 0. We can solve this equation (we recall that go
and g3 are known explicitly w.r.t. z) and in this way we get ez 13. Next, we obtain go 13
and ¢33, or, equivalently, e; 13 and ejy31 3. In particular, the expansion (B.17) is now
completely known and Proposition B.28 is proved. [l

B.4.4 Concluding remarks

Some of the 23 walks associated with a finite group have been and are still the object
of numerous studies, as illustrated by the recent and vivid interest in the famous Gessel’s
walk, see [KKZ09|, [BK09| and [KR09a|. But other walks have also repeatedly caught the
attention of the mathematical community, as Kreweras’ walk (represented here on the left
of Picture B.7), see [BMMO09] and the references therein, as well as Gouyou-Beauchamps’
walk (drawn on the left of Picture B.8), which, among others, has strong connections with
the enumeration of non-crossing matchings, see [CDD107].

However, certain questions concerning these walks — as the one of explaining some closed
form expressions for quantities associated with them — are still open, see [BMM09]. We
hope that Propositions B.26-B.29 and the results of Chapter A, which give simple explicit
expressions of the CGF w and w for these 23 walks, and therefore, thanks to Theorem
B.5, which yield an explicit expression of the trivariate generating function (B.1), with a
different formulation from the one obtained in [BMMO09] and [BK09], will lead to make
progress in this perspective.

Another thing is that, although it is yet unclear how the nature of the CGF yields the
nature of the generating function (B.1), we can make the following observation a posteriori.
Subsections B.4.2-B.4.3 imply that we can split the 23 walks having a finite group into two
families, according to the nature of the CGF : for the 19 walks with negative or zero cova-
riance, the CGF is rational, see Propositions B.26, B.27 and B.29, whereas for the 4 walks
with positive covariance, the CGF is algebraic non-rational : see Proposition B.28 and
Chapter A.

It is interesting to remark that this classification — that clearly implies that the sign of
the covariance is a notable and natural quantity, thanks to Proposition B.17 —is the same as
the classification according to the nature of the series (B.1) : if the walk has negative or zero
covariance, then the generating function is holonomic non-algebraic, see [BMMO09], whereas
if the walk has positive covariance, then (B.1) is algebraic, see [BMMO09] and [BK09].
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Chapitre C

Random walks 1n Zi with non-zero
drift absorbed at the axes ™

Random walks in the quarter plane Zi with non-zero jump probabilities at distance at
most one, homogeneous and with non-zero drift in the interior of Zi and absorbed when
reaching the axes are studied. Absorption probabilities generating functions are explicitly
obtained and the asymptotic of these probabilities along the axes is found. The asymptotic
of the Green functions is computed along all different infinite paths of states, in particular
along the ones approaching the axes.

C.1 Introduction

Random walks in cones of Z¢ conditioned in the sense of Doob h-transform never to
reach the boundary nowadays arouse a lot of interest in the mathematical community as
they appear in several distinct domains.

An important class of such walks is constituted by the so-called “non-colliding random
walks”. These walks are the processes (Zi(k),...,Zq(k))r>0 composed of d independent
and identically distributed random walks that never leave the Weyl chamber {z € RY :
z1 < -+ < zq}. The distances between these random walks (Za2(k) — Z1(k), ..., Zq(k) —
Zg—1(k))k>0 give a d — 1-dimensional random process whose components are positive.
These processes appear in the eigenvalues description of important matrix-valued stochastic
processes, see [Dys62] for an old well-known result on the eigenvalues of the process version
of the Gaussian Unitary Ensemble and e.g. [Bru91, HW96, Gra99, KOO01, KT04|. They are
found in the analysis of the corner-growth model, see [Joh00, Joh02]. Moreover, interesting
connections between non-colliding random walks, random matrices and queues in tandem
are the subject of [0’C03c|. Paper [EKO08] reveals a rather general mechanism of the cons-
truction of a suitable h-transform for such processes.

But processes whose components are distances between independent random walks are
not the only class of interest. In [KOR02], random walks with exchangeable increments and
conditioned never to exit the Weyl chamber are considered. In [OY02], the authors study
an other class of random walks, namely (Xi(k),...,Xq(k))g>0, where for p € {1,...,d},
Xp(k) = {0 <m <k : &, = p}, (&m)m>0 being a sequence of independent and identically

x. This work is a collaboration with I. Kurkova and is to appear in the “Bulletin de la Société Mathéma-
tique de France” as [KR09b].
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distributed random variables with common distribution on {1,...,d}, and they identify in
law their conditional version with a certain path transformation. In both [0’C03a, O’C03b],
N. O’Connell relates these objects to the Robinson-Schensted algorithm.

Another important area where stochastic processes in cones of Z¢ conditioned never
to reach the boundary appear is the domain of the “quantum random walks”. In [Bia92b],
P. Biane constructs a quantum Markov chain on the von Neumann algebra of SU(d) and
interprets the restriction of this quantum Markov chain to the algebra of a maximal torus
of SU(d) as a random walk on the lattice of integral forms on SU(d) with respect to this
maximal torus. He proves that the restriction of the quantum Markov chain to the center of
the von Neumann algebra is a Markov chain on the same lattice obtained from the preceding
by conditioning it in Doob’s sense to exit a Weyl chamber at infinity. In [Bia92c|, P. Biane
extends these results to the case of general semi-simple connected and simply connected
compact Lie groups, the basic notion being that of the minuscule weight. The corresponding
random walk on the weight lattice in the interior of the Weyl chamber can be obtained as
follows : if 2n is the order of the associated Weyl group, one draws the vector corresponding
to the minuscule weight and its n — 1 conjugates under the Weyl group, then one translates
these vectors to each point of the weight lattice in the interior of the Weyl chamber and
assigns to them equal probabilities of jumps, namely 1/n.

For example, in the case of SU(3), the Weyl chamber of the corresponding Lie algebra
sl3(C) is the planar cone of angle m/3, that is to say the domain of R? delimited on
the one hand by the horizontal axis and on the other by the axis making an angle equal
to m/3 with the horizontal axis. One gets a spatially homogeneous random walk in the
interior of the weight lattice, as in the left hand side of Picture C.1, the arrows designing
transition probabilities equal to 1/3. In the cases of the Lie algebras sp,(C) or so5(C), the
Weyl chamber is the planar cone of angle 7/4, see the second figure of Picture C.1 for the
transition probabilities. Both of these random walks can be, of course, thought as walks in
the quarter plane Zi with transition probabilities drawn in the third and fourth figures of
Picture C.1.

A
y
Y
A
Y

FIGURE C.1 — The walks on weight lattices of classical algebras (above, s[3(C) and sp,(C))
can be viewed as random walks on Zi

P. Biane shows that the suitable Doob h-transform h(ig, jo) for these random walks is
the dimension of the underlying representation with highest weight (ip—1, jo—1). In [Bia91],
again thanks to algebraic methods, he computes the asymptotic of the Green functions for
both walks (absorbed at the boundary) on the right of Picture C.1, as i,7 — oo and
j/i — tan(y), for v lying in [e,7/2 — €] and € > 0. The asymptotic of the Green functions
as j/i — 0 or j/i — oo could not be found by these techniques.

In [Bia92c|, P. Biane also studies some extensions to random walks with drift : these are
spatially homogeneous random walks in the same Weyl chambers, with the same non-zero
jump probabilities as previously, but now these transition probabilities are admitted not to
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be all equal to 1/n, so that the mean drift vector may have non-zero coordinates. Due to
Choquet-Deny theory, he finds in [Bia92¢| all minimal non-negative harmonic functions for
these random walks. Nevertheless, this approach seems not allow him to find the Martin
compactification of these random walks, nor to compute the asymptotic of the Green func-
tions along all different paths.

In [IR08], I. Ignatiouk-Robert obtains, under general assumptions and for all d > 2, the
Martin compactification of some walks in the half-space Z?~1 xZ, killed at the boundary. In
this paper and in [IR09b], I. Ignatiouk-Robert proposes a new approach for the analysis of
the Martin boundary, combining large deviations methods with the ratio-limit theorem for
Markov-additive processes. I. Ignatiouk-Robert and C. Loree develop this original approach
in a recent paper [IRL09| and apply it with success to the analysis of spatially homogeneous
random walks in Zi killed at the axes, under the hypotheses of an exponential decay of the
jump probabilities and of a non-zero drift. In this way, they compute the Martin compac-
tification for these random walks and therefore also their full Martin boundary. However,
these methods seem not to be powerful for a more detailed study, as for the computation of
the asymptotic of the Green functions or for the calculation of the absorption probabilities
at different points on the axes. They also seem to be quite difficult to generalize to the case
of the random walks with zero drift.

In Chapter C, we would like to study in detail the random walks (X (k),Y (k))r>0 in the
quadrant Zi with the following properties — below, let us denote the transition probabilities

by P[(X(k+1),Y(k+1)) = (io + 14,70 + ) | (X(k),Y (k) = (0,J0)] = P(io,jo),(i0,jo)+(ij)-
(H1) For all (io,jo) such that ig,jo > 0, p
and can thus be denoted by p; ;.

(H2) If |i| > 1 or |j| > 1, then p; j = 0.

(H3) The boundary {(0,0)} U{(¢,0) : 4 > 1} U{(0,7) : j > 1} is absorbing.
(

(

i0,j0),(i0.jo)+ (i) does mot depend on (10, Jo)

H4) Zi,j Z'pl'J' > 0 and Zi,j jpi,j > 0.
H5) In the list p1,1,p1,0,P1,~1,P0,—1,P—1,-1, P—1,0, P—1,1, Po,—1, there are no three conse-
cutive zeros.

The last hypothesis (H5) is purely technical and avoids studying degenerated walks.

It is the book [FIM99] that gave us the main tool of analysis and has therefore inspired
Chapter C. Let us recall from Section 1 of Part I that this book studies the random walks
in Z2 under assumptions (H1)-(H2) but not (H3)-(H4) : the transition probabilities from
the boundary to the interior of the quadrant are there non-zero and the horizontal axis,
the vertical axis and (0,0) are three other domains of spatial homogeneity ; moreover, the
jumps are supposed such that the Markov chain is ergodic. The authors G. Fayolle, R. Tasno-
gorodski and V. Malyshev elaborate a profound and ingenious analytic approach in order
to compute the generating functions of stationary probabilities of these random walks. This
approach serves as a starting point for our investigation and for this reason plays a crucial
role : preparatory Subsections C.2.1, C.2.2 and C.2.3 proceed along [FIM99] but developed
to the situation of the random walks killed at the boundary.

In Subsection C.2.4, using this analytic approach, we analyze the probability of absorb-
tion

Pio.io [(X,Y) is absorbed] .

10,J0
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In Section C.3, the absorption probabilities

giio,jo _ P(io,jo) [(X,Y) .is absorbed at (i, 0)] ;
qj‘o,go = Pj0) [(X,Y) is absorbed at (0, )], (C.1)
q(lf(’)jo = Py, o) [(X,Y) is absorbed at (0,0)],

are computed, through their generating functions

¢ (z) = Z g; 10907, gl (y) = Z g0yl (C.2)

i>1 §>1

initially defined for |z| <1 and |y| < 1.

When no ambiguity on the initial state can arise, we drop the index (ig, jo) and we write
rather qi, q~]7 q0,0, Q(x)7 Q(y) respectively.

Subsection C.3.1 gives first integral representations of both functions ¢ and ¢ on smooth
curves, which are almost directly deduced from [FIM99].

In Subsection C.3.2, we look closer at some conformal gluing functions (in the sense
of Definition 1 of Part I) that appear in the analysis and we transform the integral repre-
sentations into ones on real segments (see Theorem C.13), that suit better for further cal-
culations.

In Section C.4, we compute the asymptotic of the Green functions

Gig = Elig o) | 2 LX)y (k)=(.)} | - (C.3)
k>0

as i +j — oo and j/i — tan(y), where v € [0, 7/2].

In the case of v €]0, 7/2[, thanks to [KM98] and [Mal73], it is not a difficult task : the
procedure used in [KM98|] for the asymptotic of the Green functions (and in fact deve-
loped much earlier for the asymptotic of the stationary probabilities in [Mal73|) under the
simplifying hypothesis p_1 ¢+ po,1 +p1,0 +Po,—1 = 1 in the interior and with some non-zero
jump probabilities from the axes can be generalized to our random walks under (H2).

To state the result, set ¢(u,v) = >, ; pijexp(iu) exp(jv), and let (u(v),v(v)) be the
unique solution (see [Hen63|) of

grad(¢(u, v))/|grad(¢(u, v))| = (cos(v), sin(7))

on the curve {(u,v) € R?: ¢(u,v) = 1}. Let also s,(tan(vy)) = exp(u(7y)) and s, (tan(y)) =
exp(v(7)). With all these notations, G;; ~ C[sz(tan(y))sy(tan(y))’ — g(sz(tan(y)))—
q(sy(tan(y))) —qo0] /[i*/?s4(j /i) sy(j /i)’ ], where the constant C' > 0 is made explicit, see
Theorem C.15.

It is a more delicate task to study the asymptotic of the Green functions Gj; ; in the
two cases of j/i — 0 and j/i — oo, and this has not been completed in previous works.
This is the subject of Subsection C.4.2. In Theorem C.18, we demonstrate that G;; ~
Coj/i]josa(0)0s,(0)0 — OQ(Sy(O))]/[z’lﬂsx(j/i)isy(]’/i)j], where the constant Cp > 0 is
made explicit. The result for j/i — oo follows after a proper change of the parameters.

The asymptotic of the Green functions when j/i — tan(y), v € [0, 7/2] provide expli-
citly all harmonic functions of the Martin compactification. This leads in particular to
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the result very recently obtained in [IRL09|, which asserts that the Martin boundary is
homeomorphic to [0, 7/2].

Finally, in Section C.6, using the results of Section C.5 about conformal gluing, we find
the asymptotic behavior of the absorption probabilities ¢; and ¢; as ¢ — oo and j — oo.
We show that ¢; ~ g(io,jo)/(i%?p"), with some quantities g(ig,jo) > 0 and p > 1 made
explicit. Moreover, the function g¢(ip,jo) turns out to depend quite interestingly on the
“group of Galois automorphisms” of the random walk (in the sense of Definition C.3), see
Theorem C.24.

In Chapter C, the analysis is led under (among others) the hypothesis (H4), for reasons
motivated in Section C.1. However, all the analytic details remain true under the more
general assumption

(He) 32, ipiy # 0 and Y, jpij # 0.

C.2 Analytic approach

C.2.1 The fundamental functional equation

T, y) = Z Gija' ',

ij>1

Define

the generating function of the Green functions (C.3). With the notations of Section C.1,
we can state the functional equation

K(z,y)Q(z,y) = q(=) +q(y) + qo0 — 2"y", (C4)

where K is the following polynomial, depending only on the walk’s transition probabilities :

K(z,y) =y | Y pija'y’ —1|. (C.5)
7:7‘7'

Prima facie, Equation (C.4) has a meaning in {(z,y) € C?: |z| < 1,|y| < 1}. Also, the
proof of (C.4) comes from writing that for k,m,n > 0,

P(X(k+1),Y(k+1)) = =) P[( (k) = (i, 7)) Pm—in—j +
ij>1
+ D PIX(R), Y (R) = (5,0 650, + Y PUX(K), Y (k) = (0,5)] 5%, +
i>1 j>1
+P[(X (k)Y (k) = (0,0)] 050

where (ﬂnj n = 1if i = m and j = n, otherwise 0. It remains to multiply by z"y" and then
to sum w.r.t. k,m,n > 0.

C.2.2 The Riemann surface {(z,y) € (CU {o0})?: K(x,y) = 0}

The polynomial (C.5) can be written alternatively

K(z,y)=a(@)y’ +b@)y+cl@)=ay)2>+by)z+c(y), (C.6)
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where
a(r) = p1,1$2 + po1x +p-1,1, @(y) p1,1y2 + p1oy +P1,-1,
b(r) = 191,0362 —x+p-_10, bly) = Py’ —y + Po,—1,
cz) = pro18®+po—1Z+p_1,-1, AYy) = p-11y>+DP-1,0y +DP-1,-1.

Let us also define

d(z) = b(x)* — da(z)e(z),  d(y) = bly)* — a(y)e(y).

We are now going to build the algebraic function Y (z) defined by K (x,Y (z)) = 0. Note
first that K (x,y) = 0 is equivalent to [b(z) + 2a(x)y]? = d(z), so that the construction of
the function Y'(z) is equivalent to that of the square root of the polynomial d(z). For this
reason, we need the following precisions on the roots of d.

Lemma C.1.
x d is a third or fourth degree polynomial, whose all roots are real and mutually distinct.

x We call its roots the xp, k € {1,...,4}, with eventually x4y = oo if deg(d) = 3. It
turns out that there are two possibilities. Either the modulus of the roots are mutu-
ally distinct and in this case, we enumerate the roots in such a way that |x1| < |x2| <
|x3| < |z4|, or there are two pairs of roots and inside of each pair the roots are opposed
one from the other and in this case, we enumerate them 0 < xo = —x1 < T3 = —x4.
This last case corresponds to the random walks having transition probabilities such
that p11 +p1,—1 +p-1,-1+p-11 =1

x Moreover, |z1],|x2| <1 and |z3],|x4] > 1.

* X9 and x3 are positive.

x x1 = 0 (resp. x4 = o0) if and only if the jump probabilities are such that p,LO2 —
Ap_1,1p—1,—1 =0 (resp. p1o* — 4p11p1,—1 = 0).

* Ifp_102—4p_11p—1,-1 # 0 (resp. p1,o>—4p11p1,—1 # 0) then sign(z1) = sign(p_1,0>—
Ap_11p-1,-1) (resp. sign(zs) = sign(p1,o® — 4p1,1p1,-1))-

Proof. All these properties are proved in [FIM99]. Note simply here that it is thanks to the
hypothesis (H5), made in Section C.1, that the polynomial d is of degree three or four. O

There are two branches of the square root of d. Each determination leads to a well
defined (i.e. single-valued) and meromorphic function on the complex plane C appropriately
cut, that is, in our case, on C\ ([x1, x2] U [z3, x4]) — note that if z4 < 0, then [z3,x4] means
[x3, +00[U] — 00, z4]. We can write, besides, the analytic expression of these two branches
Yy and Y7 of Y, namely Yy(x) = Yy (z) and Y;(z) = Y_(z), where

—b(z) £ d(z)"/?

Yi(2) = 2a(x)

We now extend the domain of determination of Y from C to its Riemann surface .S, so
that Y becomes single-valued on S. Since there are two determinations of the square root
of d (opposed one from the other), the Riemann surface S is formed by Sy and Si, two
copies of the Riemann sphere C U {co} cut along [z1,x2] and [z3,24], and joined across
lines lying above these cuts. This gives a two-sheeted covering surface of CU{o0}, branched
over r1,...,x4. By opening out the cuts in the two sheets, we see that the Riemann surface
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associated with Y is homeomorphic to a sphere with one handle attached, that is a Riemann
surface of genus one, a torus. For more details about the construction of Riemann surfaces,
see for instance Book [SG69].

In a similar way, the equation K (X (y),y) = 0 defines also an algebraic function X (y).
All the results concerning X (y) can be deduced from the ones for Y'(z) after a proper change
of the parameters, namely p; ; — p; ;.

To conclude Subsection C.2.2, let us recall from [FIM99] some useful properties of the
functions Y and X.

Lemma C.2. (i) Yy(1) = ¢(1)/a(1) and Y1(1) = 1. (ii) Yo({x € C : |z| = 1}) C {y €
C:lyl <1} and Yi({xz € C : |z| = 1} \ {1}) € {y € C : |y| > 1}. (iii) For = €
C\([z1, z2)U[x3, x4]), |Yo(z)| < |Yi(2z)|, with equality only on [z1,x2]U[zs, x4]. (iv) Suppose
that x4 > 0 and that the walk is non degenerated, see (H5). In that case, if p1,—1 = 0, then
lim, o0 2Yp(x) €] — 00,0 and if p1,—1 > 0, then lim, o Yo(z) €] — 00, 0]

C.2.3 Galois automorphisms and meromorphic continuation

The Riemann surface S associated with the algebraic function Y is naturally endowed
with a covering map 7 : S — CU {oo}, such that for all € C\ ([z1, 22] U [z3,24]), 71 (z)
is composed of exactly two elements, say so and s, such that for i € {0,1}, s; € S; and
[V (s0), Y (s1)} = {Yo(2), Vi (@)} ] )

In the same way, the Riemann surface S related to X is endowed with a map 7:.5 —
C U {oc}, such that for all y € C\ ([y1,¥2] U [y3,4]), 7 1(y) is composed of exactly two
elements, say 5o and 31, such that 3; € S;, i € {0,1} and {X (30), X (51)} = {Xo(y), X1(»)}.

The surfaces S and S having the same genus, we consider, from now on, only one
surface T, conformally equivalent to S and S, with two coverings m and 7. One can say
that each s € S has two (not independent) “coordinates” (x(s), y(s)) such that z(s) = 7 (s)
and y(s) = 7(s) and such that, of course, K (z(s),y(s)) =0 for all s € T

We construct on 7" the following covering automorphisms & and n defined, with the
previous notations, by £(sg) = s1 and 1(59) = §;. Thanks to (C.6), for any s = (z,y) € T,
¢ and 7 take the following explicit expressions :

§(z,y) = (x (o) 1>, n(z,y) = (E(y) ! ) (C.7)

a(r)y i)z’

¢ and 7 are obviously of order two, i.e. £€2 = id and 7? = id. In [Mal71| and [Mal72],
for reasons explained there, they are also called “Galois automorphisms”.

Definition C.3. The group of the random walk W is the group ({,n) generated by & and 7.

Being generated by a finite number of elements of order two, W is a Coxeter group. In
fact, W is simply a dihedral group, since it is generated by two elements. Define § = €.
The order of W is then equal to

|[W| =2inf{p > 0: " =id},

it can be eventually infinite. The finiteness of this group, and in that event its order, will
turn out to be decisive in the sequel, notably in Subsection C.2.4 and Section C.6.
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As implied in [FIM99], it is quite difficult to characterize geometrically the walks having
an associated group W of order 2n, except for little orders. This is how that in [FIM99],
the authors prove that W is of order four if and only if

b1 Pp1,0 P1,—-1
A=| py1 -1 po-1 (C.8)
pP-11 P-10 P-1,-1

is equal to zero. In particular, this is the case of the walks having transition probabilities
verifying p_1.0 + po1 + p1,0 + po,—1 = 1. It is also proved, in [FIM99|, that the walks with
jump probabilities such that p_1 1+ p1,0 + po,—1 = 1 — in other words, the processes that
can be interpreted as walks in the Weyl chamber of s(3(C), see Pictures C.1 and C.2 — have
a group of order six, for any values of the parameters. As for the walks in the Weyl chamber
of sp,(C), see Picture C.1, they have, except for exceptional values of the parameters, a
group of order infinite. We add here that the walks with p11 = p1o, p—1,-1 = p—1,0 and
P11+ p—1,—1 = 1/2, drawn in Picture C.2, have a group of order eight.

- R A

Ficurte C.2 — Random walks having a group W of order four, six and eight respectively

We are now going to continue the functions ¢ and ¢, initially defined on the unit disc,
up to C\ [z3,x4] and C\ [y3, y4], as holomorphic functions.

Continuing these functions has a twofold interest. Indeed, firstly, in Section C.3, we will
have, in order to find explicit expressions of ¢ and ¢, to solve boundary value problems,
with boundary conditions on closed curves that lie possibly in the exterior of the unit disc
2. Secondly, in Section C.4, when we will calculate the asymptotic of the Green functions,
the quantity 20y’ — g(z) — G(y) — go,0 will naturally appear, evaluated at some (z,y) — in
fact, the saddle-point — that is not in 2.

In order to succeed in continuing ¢ and ¢, we are going to use a uniformization of the
curve # = {(z,y) € (CU{x})? : K(z,y) = 0}. Being a Riemann surface of genus one, %
is homeomorphic to some quotient C/T", where T is a two-dimensional lattice, that is to say
to a parallelogram whose the opposed edges are identified. In [FIM99], such a lattice I" and
even a uniformization of C/I" are made explicit. Indeed, the authors find there w; € 1R and
wy € R as well as two functions F(p,p’) and G(p,p’), such that 7 = {(z(w),y(w)),w €
€/}, where ¢(w) = F(p12(w), 9 5(@)), y(@) = G(p12(@), 9 5@)), T = &1 Z & wsZZ and
where 1 o is the Weierstrass elliptic function associated with the periods wi and wo, that
are equal to :

vz dx B dx e dx
a=f, e L, w0 hg mae ©

ws €]0,ws[ being a period that will turn out to be quite important in the sequel. In addition,
the functions F' and G are also made explicit in [FIM99] : for instance, if 24 # oo, then

F(p,p') = 24 + d'(z4)/[p — d"(24) /6] and if z4 = o0, F(p,p') = [6p — d"(0)]/d" (0).
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X3 Y3 X2 Y2 wW;/2
X4 Y4 X1 Y1
0 W3/2 Wp/2 (W +03)/2

FIGURE C.3 — Location of the cuts on the covering C/T

Moreover, on C/T", the automorphisms £ and 7 take the following particularly nice form
§(w) = —w, (W) = —w+ws, 6 (w) =n¢ (w) =w+ws. (C.10)
In particular, the following result holds.

Proposition C.4. The group W = (£, n) has a finite order if and only if ws/we is rational.
In this case, the order of W is given by 2inf{p > 0 : pws/ws € Z}.

Any function h of the variable x (resp. y) defined on some domain D C C can be lifted
on {w € C/T : z(w) € D} (resp. {w € C/T : y(w) € D}) by setting H(w) = h(x(w)) (resp.
H(w) = h(y(w))). In particular, we can lift the generating functions ¢ and ¢ and we set
Q(w) = q(z(w)) and Q(w) = §(y(w)), they are well defined on {w € C/T : |z(w)| < 1} and
{w € C/T : |y(w)| < 1} respectively. Note that on {w € C/T : |z(w)|] < 1,|y(w)| < 1},
Equation (C.4) yields Q(w) + Q(w) + go0 — z(w)®y(w) = 0. Applying several times the
Galois automorphisms £ and n to any point of this domain and laying down the relationships
Q(w) = Q(¢(w)) and Q(w) = Q(n(w)), the authors of [FIM99] prove the following funda-

mental result.

Proposition C.5. The functions Q and Q can be continued as holomorphic functions on
(C/T)\ [0,w1] and (C/T') \ [w3/2,w3/2 4+ w1] respectively. Furthermore,

QW =QEW), QW=QnWw),  YweC/T,
QW)+ QW) + a0~z @ y@" =0, Ve [ws/2wa] x [0,w1/1].

Corollary C.6. The functions q and ¢ admit holomorphic continuations on C\ [z3, 4]
and C\ [ys,y4] respectively.

C.2.4 About the probability of absorption

In the forthcoming Section C.3, we will find explicitly ¢(x), ¢(y) and ¢op, that will
provide of course the probability of absorption ¢(1) + G(1) + go,0. However, this expression
will be usable difficultly. In this Subsection C.2.4, we prove in Corollary C.9 that in a
special case of finite groups of the random walk (see Definition C.3), the probability of
absorption takes a particularly nice form. Furthermore, in the case of the group of any order,
Proposition C.10 gives the precise exponential asymptotic of the absorption probability as
’io,jo — OQ.

First, we prove that for w in [0,ws/2] x [0,w; /7], the quantity Q(w) + Q(w) + o0 —
z(w)?y(w)’ can be considerably simplified in some cases, namely when the group is finite
(i.e. when we/ws € Q) and when, in addition, wy/w3 € Z.
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This is for example the case of the walks such that A (defined in (C.8)) equals zero, for
which wa /w3 = 2 — indeed, we have already seen that both assertions A = 0 and wy /w3 = 2
are equivalent to the fact that W is of order four.

This is also the case of the walk in the Weyl chamber of s(3(C), see Picture C.2, since
in this case the group is of order six, hence wq/ws is equal to 3/2 or 3, and by a direct
calculation or by Corollary B.19 of Chapter B, we have that wy/w3 = 3.

On the other hand, this is not the case of the walk whose transition probabilities are
represented on the right part of Picture C.2, since then ws = 3ws/4, see Chapter B.

Theorem C.7. Suppose that we/ws € Z; in particular, this implies that W is of order
2wy /ws. Then, if w € [0,ws/2] x [0, w1 /1],
QW)+ QW)+ a0~z (@) y " == (1) (ww) y@ww)”, (C.11)

wew

where [(w) is the length of the automorphism w, that is the smallest r for which we can
write w = s1 -+ - Sy, with s; equal to & or .

Proof. The key point of the proof of Theorem C.7, that also explains why we have done the
hypothesis wy /w3 € Z, is that in this case, and in this case only, the fundamental domain
X0 = [0,wa/(2n)[x[0,w; /7] and the domain [0,ws/2[x[0,w; /2] of Proposition C.5 coincide
(by “xo is a fundamental domain”, we mean that each w € C/T" is conjugate under W to
one and only one point of xo).

Let us first give a proof in the case of the groups of order four. Note that Q—i—@—i—qo,() =
Q(§)+Q(n)+q070, since @ (resp. Q) is invariant w.r.t. £ (resp. 1), thanks to Proposition C.5.
So Q+Q+qo0 = Q(§)+Q(§)+490,0+Q (M) +Q (1) +q0,0—[Q(1)+Q(§)+qo,0]- Using once again
the invariance properties of Q) and @, we can write Q+Q+qo,0 = Q(§)+Q (&) +q0,0+Q(n)+
Q(n) + 0,0 — [Q(&n) + Q(nf) +qo,0]. Since the order of W is four, £n = 7§ and the previous
equation becomes Q+Q-+goo = Q(€)+Q(€)+ 0,0+ Q) +Q(1)+do0— [Q(En)+O(En)+av ).

Now we remark that if w € xq, then for all w € W\ {id}, w(w) € (C/T') \ xo- Indeed,
we will prove in Lemma, C.8 below that g is a fundamental domain. In addition, thanks to
Proposition C.5, the functional equation Q + Q + o0 — x'0y70 = 0 is verified in [w3/2, wa[x
[0, w1 /2], domain which coincides with (C/I")\ xo. In other words, for any of three elements
w € W\ {id}, we can replace Q(w) 4+ Q(w) + qo,0 by z(w)®y(w)’. Theorem C.7 is thus
proved in the case of a group W of order four.

In the general case wp/w3 = n, let us denote by w; ; and ws ), the two reduced words of
length k € {1,...,n — 1}, i.e. the words s;--- s and sg--- sgs1, where for r > 1, s9, = £
and s9,_1 = 1 ; denote also by w,, the only word of length n. The fact that there is only one
word of length n follows from the equality inf{p > 0: 6? =id} =inf{p > 0: s152---5, =
sg---sps1}. Then, e.g. by induction, we prove that

n—1

QW) +QW) = Y (=DM [Q(wig (W) +Q (wr () + Q (way () + Q (wa ()]

k=1
= (=1)" [Q (wn () + Q (wn (W) ].

Since W = {id, w11, w21, ..., W1 n—1, W2 n—1, Wy} and since [0, ws/2[x[0, w1 /2[ is a fun-
damental domain, if w € [0,ws/2[x[0, w1 /2[= [0,w2/(2n)[x[0,w1 /2], then thanks to Propo-
sition C.5, for any w € W\{id}, Q(w(w))+Q(w(w))+qo.0 = z(w(w))®y(w(w))¥. Moreover,
l(wp) =nandfork € {1,...,n—1}and ¢ € {1,2}, l(w; ) = k, so that (C.11) is proved. O
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Lemma C.8. Suppose that the group W is of order 2n. Then for any k € {0,...,2n —1},
the domain xi = [kwa/(2n), (k + 1)ws/(2n)[x[0,w1 /1] is a fundamental domain, i.e. each
w € [0,wo[x[0,w1 /2] is conjugate under W to one and only one point of xj.

Proof. Denote by A, = p+ [0,w] the vertical segment with abscissa p. Then with (C.10),
we can describe the actions of £ and 7 on this segment. So, for any p in [0,ws], £(A,) =
Aoy Also, if p € [0, ws], then n(A,) = Ay,—, and if g €Jws, wo] then N(A,) = Awytrws—p-
Of course, we also know the action of the elements of the group W on the domains x; =
[kwa/(2n), (k + 1)wa/(2n)[x[0,w; /1], since we know how these automorphisms act on the
boundaries of these sets.

Suppose for a while that % is even. Then, UZ;(%(SP (xk) = ng_l)(gq. In particular, there
exists m € {0, ...,n—1} such that 6" (xx) = Xxo. Thanks to (C.10), we have £(x0) = x2n—1,
so that £6™(xx) = Xan—1. Also, UZ;(%(SP(X%—Q = Ug;(:}xgqﬂ. Of course, (Ug;&x2q+1) U
(UrZoX2q) = [0,wa[x[0,w1/2[ and W = {id,d,..., 6"}, &6™,666™, ..., 6" 1£6™), for any
m € {0,...,n — 1}. For example, in Picture C.4 are represented the domain o and its
images under W, in the particular case wg = wa/n.

Wy i T

X nw | 8 | s | 8w &I 18" )

Wy /(2n) We

FIGURE C.4 — xo = [0,w2/(2n)[x [0, w1 /2] is a fundamental domain

Lemma C.8 is thus proved if k is even. The proof is quite similar in case of odd k, so
we omit it. I

Corollary C.9. Suppose that we/ws € Z. Then the probability of absorption is equal to
Piy jo [(X,Y) is absorbed) = Q (1) + Q (1) + qoo=1— Y (=1)"™ a0y (w(1,1)).
weWw
Proof. The proof is based on the fact that the point lying over (1,1) belongs to [0, ws/2]x

[0, w1 /1], in such a way that Corollary C.9 is an immediate consequence of Theorem C.7. [

We can therefore quite easily calculate the probability of being absorbed for the walks
verifying A = 0, since in this case the group is of order four and wy/ws = 2. Corollary C.9
also applies to the walk in the Weyl chamber of sl3(C), whose transition probabilities are
drawn in the middle of Picture C.2, since in this case ws /w3 = 3.

In the general case, the probability of absorption Q(1) +Q(1) +qo,0 verifies the following
double inequality.

Proposition C.10. The probability of absorption is such that
A/2 <Py, 5, [(X,Y) is absorbed] < A,

where we have set

4 - |Pr-1t P +p1,1]20 L [Pm +p_10+p-1,-1]"°
P11+ Ppo1+p-11 P11+ P10+ P1,-1
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Proof. We begin by considering the equality

2[Q (W) + Q) + a00] = QEW) +QEW) +a00+Q (W) +Q((w)) + o0
+ QW) - QW)+ Q) —Q (),
got by using the invariance properties of () and Q asserted in Proposition C.5. In particular,

if w € [0,ws/2] x [0,w1 /1], then {(w) and n(w) belong to w € [w3/2, w] x [0,w1 /1], so that
by using once again Proposition C.5, we obtain that 2[Q(w) + Q(w) + qo 0] is equal to

(€)Y (€ W) +2 (@) y (n (W) +Q (W)= Q (n (W) +Q (w)~Q (£ (w)) . (C-12)

Then, if we take the value of w lying over (1,1) — that belongs to [0,ws3/2] x [0, w1 /1], as
noticed in the proof of Corollary C.9 —, and if we use that for this w, z(n(w)) = ¢(1)/a(1)
and y({(w)) = ¢(1)/a(1), we obtain

2[g(1) +q(1) + qo0] = A+ [q(1) —q (@) /am)] + [7(1) —q(c(1) fa(1))].

Then, using that ¢(1)/a(1) > 0 and é(1)/a(1) > 0 implies that ¢(¢(1)/a(1)) > 0 and
g(c(1)/a(1)) > 0; in turn, these inequalities allow us to get the lower bound.

Using now that ¢(1)/a(1) < 1 and é(1)/a(1) < 1 — what is equivalent to the positivity
of the two drifts, in accordance with our assumption (H4) — as well as the fact that ¢ and
G are increasing allows us to get the upper bound. O

C.3 Explicit expression of the absorption probabilities gene-
rating functions

C.3.1 Riemann boundary value problem with shift

Using the notations of Subsection C.2.2, we define the curves

X([y1,2)), Y ([21, x2))- (C.13)

In [FIM99] is proved that these two curves X ([y1, y2]) and Y ([z1, z2]) are quartics, sym-
metrical w.r.t. the horizontal axis, closed, simple and included in C\ ([x1, z2]U[z3, z4]) and
C\ ([y1,y2] U [y3, ya]) respectively.

The reason of introducing these curves appears now : the functions ¢ and ¢ defined in
(C.2) verify the following boundary conditions on X ([y1,y2]) and Y ([z1,x2]) :

vie X(ly,pal): q(t) —q(f) = t0Y(t)"° — Y, (7)”, (C.14)
VieY(zn,al):  q(t) —q(@) = Xo(t)° — Xo(7)°F.

The way to obtain these boundary conditions is described in Section A.1, so we refer to
Chapter A for the details.

The function g, as a generating function of probabilities, is well defined on the closed
unit disc and, with Corollary C.6, ¢ is continuable into a holomorphic function on C\ [x3, 4],
domain that contains the bounded domain delimited by X ([y1,y2]), see Lemma A.2.

Now we have the problem to find q holomorphic inside of X ([y1,y2]), continuous up to
the boundary X ([y1,y2]), and verifying the boundary condition (C.14). Moreover, q(0) = 0.
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Problems with boundary conditions like (C.14) are called Riemann-Carleman boundary
value problems. A classical way to study this kind of problems consists in reducing them to
Riemann-Hilbert problems (i.e. with boundary conditions on a segment), for which there
exists a suitable and complete theory, see e.g. [Gak66, Lu93, Lit00]. The conversion between
these two families of problems is done thanks to the use of “conformal gluing functions”,
notion defined in Definition 1 of Part I.

For the walks such that p_; 0+ po1+p1,0+po,—1 = 1, we easily see that X ([y1,y2]) and
Y ([1,z2]) are simply the circles of center 0 and radius [p_1,0/p10]"/? and [po,—1/po1]"/?
respectively ; the functions py gt+p—_1,0/t and pg 1t+po,—1/t are then clearly proper CGF for
the sets 9 X ([y1,y2]) and ¥Y ([x1, x2]) — here and throughout the sequel, 4 X ([y1, y2]) and
GY ([x1,22]) denote the connected components of C\ X ([y1,y2]) and C\ Y ([z1, z2]) which
contain x1 and y; respectively.

In the general case, it is very pleasant to notice that we still have the explicit expression
of suitable CGF for the sets 4 X ([y1,y2]) and 4Y ([x1,x2]). The following result is due to
[FIM99]. Define, for ¢ € C,

w(t) = pra( = w1 +wa]/2+27(1)), (C.15)

where the w;, i € {1, 2,3} are defined in (C.9), p; 3 is the classical Weierstrass function asso-
ciated with the periods wq and ws, 2! is the reciprocal function of the uniformization built
in Subsection C.2.3 — we recall that it was z(w) = z4+d'(x4)/[p1,2(w)—d"(24) /6] if 24 # 00
and z(w) = [6p12(w) — d"(0)]/d”(0) if z4 = oo, p12 being the Weierstrass function with
periods wy and ws.

Then, w defined in (C.15) is single-valued and meromorphic on 4 X ([y1, y2]), continuous
up to its boundary and establishes a conformal mapping of the domain 4 X ([y1, y2]) onto
C\ [w(X (y1)), w(X (y2))]. Moreover, on 4 X ([y1,y2]), w has one pole of order one, at zs.

Proposition C.11. The function w defined in (C.15) is a CGF for the set 9 X ([y1,y2]).

Proposition C.11 and the different properties mentioned above it are proved in [FIM99].
Then, following Subsection 5.4 of this book — though making a use of the index lightly
different —, we obtain the following integral representation for the function q.

Proposition C.12. Denote by X ([y1,y2])T the intersection of the curve X ([y1,yo]) with
the upper half-plane. Then the function q admits, in 9 X ([y1,y2]), the following integral
representation, w being the function defined in (C.15) :
1 : T ow (t) ow (t)
q(z) = — oYy ()" =Y, (¢)”° — dt.
(@) 270 X (fy1,yo])+ [ ( ) ( ) ] w(t) —w(x) w(t)—w(0)

C.3.2 Study of the integral representations of the generating functions

Subsection C.3.2 aims at simplifying the integral representation of ¢ obtained in Propo-
sition C.12. This simplification will be useful for several reasons : first, the formulation of
Proposition C.12 does not highlight the singularities of ¢ and hardly entails to obtain the
asymptotic of the absorption probabilities ; furthermore, it makes appear ¢ asymmetrically
as an integral on X ([y1,y2])™.

Before stating, in Theorem C.13, the final result, let us define

(Jo—1)/2 ‘
> CEFFA)F[—b(e)om PR, (C.16)
k=0

Hjo (t) = [2a(t)]j0
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The function pu;, is such that for all ¢t — [z1,z2] (resp. t — [21,22]7), Yo(t)7° — Yo ()’ is
equal to —2[—d(t)] 2, 1) (resp. 2[—d(O] 1o (1)).

Theorem C.13. The function q admits in X ([y1,y2]) the following integral representa-
tion :

ofe) = oYy + -

1

o () | - O e, can

where the function w is defined in (C.15) and i, in (C.16).

At the first sight, the function ¢ appears in (C.17) as the sum of a function holomorphic
on C\ ([z1,22]U[x3,z4]) and an other holomorphic on C\ (w™t(w([z1,z2])) U[z3, 24]). We
will later split this expression into two terms (see (C.54) and (C.55)), where both of them
will be holomorphic near [x1,z2] (by Lemma C.25 for the first one, by (C.59) and (C.61)
for the second), so that this expression will give that ¢ is holomorphic in the neighborhood
of [x1,z2] — what we already knew, since Lemma C.1 implies that [z, z2] C 2.

Proof of Theorem C.13. We start by expressing the integral obtained in Proposition C.12
as an integral on a closed contour, namely X ([y1, y2]).
Making the change of variable ¢ — ¢ and using that for ¢ on X ([y1,y2]), w(t) = w(%),
we obtain
1 ow (t) ow (t)

q(z) = o o] Yy (t)° OREY - 0 —w(0) dt. (C.18)

Then, we transform (C.18) into an integral on the cut [z1,x2]. To do this, we start by
remarking that the function of two variables (t,z) — Ow(t)/[w(t) —w(x)] — (xe —x)/[(x2 —
t)(t — )] is continuable into a function holomorphic in ¥ X ([y1, y2])?. This property comes
from the fact that w is one-to-one in ¥ X ([y1,y2]) and has a pole of order one at zo. In
particular, the function

ow (t) ow (t) x

Ot = e @ e —w) -2 (C-19)

initially well defined on 4 X ([y1,92])? \ {(w,u) : u € YX([y1,32])}, is continuable into a
holomorphic function on the whole ¥ X ([y1,y2])?, again denoted by ©.

Consider now the contour .7, = X ([y1,y2))e UL US2UCI UE2U DU D2, represented
on Picture C.5 below.

A consequence of the holomorphy of © in X ([y1,y2])? is that, for all z € 4X ([y1, y2]),

/ t0Yy(t)°O(t, z)dt = 0.

In particular, letting e — 0 and using the definition of y;, given in (C.16), we obtain

‘ , z2
= FOY, (100 (¢, )dt = / £9 10 (1Ot ) [—d(£)] /2Lt (C.20)
20 JX (fyn 2] T Jay

Furthermore, the residue theorem implies that for all z inside of the bounded domain deli-
mited by 7,
1 A . :
_ 70()dt — xlo—lyo(x)m_
2m ) 4, t—x
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So, letting € — 0 and using the definition of pj, yields

1 tho=Lyy(¢)d ‘ o1 gl (¢
— PV g, 20 (2)70 4 —/ w[—d(t)]lﬂdt. (C.21)
210 X ([y1,92)) t—x T Jay t—=x

Note that in order to obtain (C.20) and (C.21), we have used that the integral on
LU 2 of a function holomorphic in the neighborhood of .7} U.%2 goes to zero with ¢,
since the two contours .} and .#2 get closer of the same contour but covered in the two
opposite directions. For €} and €2, we have used the fact that the integral of a function
integrable goes to zero as the length of the contour goes to zero.

Finally, Theorem C.13 follows from (C.19), (C.20) and (C.21).

F1Gure C.5 — The contour of integration .7

Of course, by a similar analysis, we can obtain integral representations for the function
g- Moreover, in order to get explicitly the unknown quantity qo ¢, it is enough to evaluate
Equation (C.4) at any (x,y) such that |z|,|y| < 1 and K(z,y) = 0, for example (1 — e,
Yo(1 — €)) where € is sufficiently small, see Lemma C.2.

Remark C.14. In this Section C.3, we were interested in the explicit expression of the
functions q and §q. Note that it could also be possible to study their nature. In fact, as in
[FR10], we could show that if the group W is finite, then the generating functions q and §
are holonomic, and we could find an effective criterion for q and ¢ to be even algebraic.

C.4 Asymptotic of the Green functions

In Section C.4, we find the asymptotic of the Green functions (C.3), as i +j — oo and
j/i — tan(y), v lying in [0, 7/2].
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C.4.1 First case : v €)0,7/2|

As it has been said in Section C.1, in the case y €]0,7/2[, the procedure is essentially
the same as in [Mal73] and [KM98]; below, we just outline some important details.
First of all, it follows from (C.4) and Cauchy’s formulas that for € small enough,

1 q(x) / dy
’ 2m)? Jzm1g @ [{Iy=1e} K(z,y)y’ €22
1 q(y) + 90,0 / dx
+ —/ £9) 7 900 T |y C.23
2m]? Jjy=1—qg W [{|z|:16} K(x,y)x’ (C.23)

1 / 1 / dx
2m1? Jipy=1—a Y0 [ {lz|=1—¢} K(%’y)ﬂf”O] ( )

Then we apply the residue theorem at infinity to the three inner integrals above. Since
K(z,y) = a(x)ly — Yo(o)]ly — V1(2)] = a(y)lz — Xo(y)][z — X1(y)], we have to know the
positions of Y;(z) and X;(y), i € {0,1} w.r.t. the circle of center 0 and radius 1 — ¢ when
|z| = |y| = 1 —e. For this, we are going to prove that for any z,y such that |z| = |y| = 1—¢
and any € > 0 small enough,

Yo@l<l-e M@ >1-6¢ [Xo@)l<l-e [Xi@)l>1—c (C25)

Thanks to a proper change of the parameters (p; )i, it is of course sufficient to prove
the first two inequalities.

We already know, from Lemma C.2, that Y1({z € C: |z| = 1}\{1}) C {y € C: |y| > 1}
and Yo({z € C : |z| = 1}) € {y € C : |y| < 1}. In particular, by continuity, this leads
immediately to the first inequality in (C.25), for sufficiently small values of e. This also
entails that there exists 0y(¢€), going to 0 as € goes to 0, such that for all z = (1 —¢€) exp(:0)
with 6 €]6p(€),2m — Op(e)], [Yi(z)] > 1 —e.

To conclude, it is enough to show that for all x = (1—¢) exp(:0) with 6 €] —0y(¢),00(€)],
|Y1(z)| > 1—e. For this, let us prove that there exists a neighborhood of 1, independent of e,
where the curves Y1({x € C: [x| =1 —¢€}) and Yi({z € C: |z| = 1}) don’t intersect ; then,
we will also show that Y7(1 —¢€) > Y3(1) = 1. In order to show that the two above curves
don’t intersect, remark that if they do, this means that Y;(z) = Y1(&), with some x, & such
that |z| = 1, |2| = 1 — e. This last equality is equivalent to zx = é(Yi(x))/a(Yi(x)). Since
Yi(1) =1 and &(1)/a(1) €]0, 1[, the previous equality is not possible in a neighborhood of
1 for  and &. To prove then that Y7(1 —€) > 1, we remark that an explicit calculation
shows that Y7 (z) > 1if and only if a(x)+b(x)+c(z) < 0. But the polynomial a+b+c goes
to co when  — o0 and has two real roots, ¢(1)/a(1) < 1 and 1, so that Y7(1 —¢) > 1.

Hence the inner integral of (C.22) (resp. (C.23), (C.24)) is equal to the residue at Y;(x)
(resp. Xi(y)) with the constant —2ms, the residue at infinity being zero. Then, letting
€ — 0, G; j is represented as the sum of the simple integrals

o - 1 q(x) dp_ L / Q) + d00 = X1 W)y |
7 - . . -~ . .
21 Jjzi=1y [d(2)] 22 (2)) 2m Jyi=1y [d(y)] X ()i
(C.26)
Both integrals above are typical to apply the saddle-point method, see [Fed86].
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To find the suitable saddle-points for the function In(zY;(x)%*™)), or equivalently for
In( X, (y)y'22), let us first have, for v €]0, w/2[, a closer look on the critical points of X,0
and x,1, defined by

X0 (x) = 2Yp (@)™ x 1 (2) = 2V (2) ). (C.27)
The equations dx,0(z) = 0 and Jdx,,1(x) = 0 are equivalent to

+[d(x)] " [a(x)c(x) — 2(0a(x)c(x) — a(z)de(z)) tan(v)/2] (C.28)
= ztan(v)[a(z)c(x)0b(z) — b(z)(da(z)c(z) + a(z)dc(x))/2].

Taking the square of both sides above, we obtain that P(v,z) = 0, where P(v, z) is the
eight degree polynomial

P(,2) = — [a(@)e(z) + tan()r(0)] d(z) + (ztan(1)?R(z),  (C.29)
where we note P(y. )
— o X
Pi(z) =r(z)? — ri(z)ro(x) = 7221/2 (@ tan((1))2 (C.30)
and
r = adc — cOa, r1 = bda — adb, ro = cdb — bdc. (C.31)

For ~ €]0, /2], the eight roots of the polynomial P(v,z) are the four critical points of
X~,0(x) and the four ones of X, 1(z).

It is immediate that in the limiting case v = 0, its roots are the roots of a and c¢ as
well as the branch points z;, 7 € {1,...,4}.

If v = /2, two of its roots are 0, two are equal to oo and four of them are the X (y;),
i €{1,...,4}, which are, besides, the roots of P(z).

Note that under the restrictive hypothesis p_1 0 + po,1 + p1,0 + po,—1 = 1, the critical
points can be expressed by radicals. Indeed, in this case, the polynomial (C.29) is equal to
(tan(y)? — 1)z Py 4(vy, ) Py3(7y, z), where Py 4(7y,z) and P, 3(7,z) are polynomials of the
second degree, namely

1-T
Pry(y,x) = proz” — ) 5% + P-1,0

1+7(v)
5T+ P-1,0 P2,3(7a .’E) = p170$2 - m

1 — tan(vy)

where
T(y) = [1— (1 —tan(y)?) (1 — 4po,—1po,1 + 4p_1,0p1,0 tan(y)?)] 12
The saddle-point for the first integral in (C.26) is then the biggest root of P 3(7v, ).
This is the unique critical point of x,,1(x) such that x > 0 and Y;(z) > 0. In [KM9§|, it
has been characterized as the solution of (C.32) below.
Let us do it in the general case, i.e. without assuming that p_1 o+po,1 +p1,0+po,—1 = 1.
We need to introduce the function

$(u,v) = > pijexp(iu) exp(jv).
.3

The equation K(z,y) = 0 with =,y > 0 is equivalent to ¢(u,v) = 1 with v = In(z) and
v = In(y). If > 0 is the critical point of xo,(x) such that Yy(z) > 0 (resp. the one of
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X1,~(2) such that Y;(x) > 0), then after some algebraic manipulations with v = In(z) and
v =1In(Yy(x)) (resp. v =1In(Y1(z))), we see that the equation (C.28) is equivalent to

au¢(u’v) — tan
Buotu) ~ )
Then, either
w = (cos sin
grad(@(u o)) — (co5():sin() (C.33)
grad(¢(u, v)) = (cos(y + ), sin(y + 7)). (C.34)

|grad(¢(u, v))|

The mapping (u,v) — grad(¢(u,v))/|grad(p(u,v))| is a homeomorphism from D =
{(u,v) € R?: ¢(u,v) = 1} onto the unit circle, see [Hen63]. Hence, for any v € [0,7/2],
there is one solution of (C.33) on D, that we call (u(7y),v()), and one solution of (C.34)
on D, that we denote by (u(y + 7),v(y + 7)).

Thus, the positive critical point of x o(z) such that Yy(z) > 0 and the one of x, 1(x)
with Y1 (x) > 0 are among exp(u(7)) and exp(u(y+m)). In addition, for i € {0, 1}, exp(u(7))
(resp. exp(u(y+m))) is critical for x; ~(z) if and only if exp(v(7)) (resp. exp(v(y+m))) equals
Yi(exp(u(y))) (resp. Yi(exp(u(y + m))). Then, we verify that exp(v(y)) = Yi(exp(u(y)))
and exp(v(y + 7)) = Yo(exp(u(y + 7))), so that exp(u(vy)) is the critical point of x.,1(x)
and exp(u(y + m)) is the one of x4 o(z). Indeed, for i € {0,1},

Dup(u(), Yi(exp(u(v)))) = [2Yi(exp(u(v)))alexp(u(7))) + blexp(u(v)))]/Yi(exp(u(7))).

Moreover, on [z9, 23], 2a(x)Y:(x) + b(x) = d(x)"/? and 2a(z)Yy(z) + b(z) = —d(z)"/?,
so that (C.35) is negative for i = 0 and positive for ¢ = 1, what answers the problem.

In what follows, we set s;(tan(y)) = exp(u(y)) and sy(tan(y)) = Yi(exp(u(y))).

The mapping v — (sz(tan(y)), sy(tan(v))) is a homeomorphism between [0, 7/2] and
{(z,y) €C*: 2> 0,y > 0,K(z,y) = 0}. Moreover, s,(0) = 3, s,(0) = Y (z3), s5(c0) =
X(y3) and sy(00) = y3. When ~ runs [0, 7/2], s;(tan(y)) monotonously decreases from 3
to X(y3) and sy(tan(vy)) monotonously increases from Y (z3) to ys.

Finally, note that the unique critical point of X~1(y) = X3 ()y*?*) with y > 0 and
Xi(y) > 0is obviously s,(tan(vy)) and that X (sy(tan(y)) = sy(tan(y)).

Theorem C.15.
% Suppose first that p11 +p1,—1 +p-1,-1 +p-1,1 < 1. Then the Green functions (C.3)
admit the following asymptotic, as i+ j — oo and j/i — tan(y), v lying in |0, 7/2] :

sa(tan(y)) sy (tan(7))7° — g(s«(tan())) — sy (tan(v))) — goo
i'25:(3 /i) sy (/1) ’

where the constant C(y) > 0 is equal to
~1/2
yl] .

Gij~C(v)

_ sy(tan(y)) o ( Xa(sy(tan(v)Y) tan(y)
ct) [2#]1/25((9@,(‘5&11(7)))[ 8y< sz(tan(7y)) Y )
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* Suppose now that p11 +p1,—1 +p-1,-1 +p—1,1 = 1. If, in addition, ig + jo and i + j
don’t have the same parity, then G;; = 0; if they have the same parity, then the
asymptotic of G; j is obtained by replacing C(v) by 2C() in the one above.

Note that thanks to Section C.3, all the quantities appearing in the asymptotic of the
Green functions above are explicit.

Remark C.16. Thanks to Theorem C.7, if wo/ws € Z, then the quantity

sa(tan (7)) sy(tan (7)) — g(ss(tan(y))) — 4(sy(tan(7))) — o0

which appears in the asymptotic of the Green functions given in Theorem C.15 above can
be considerably simplified.
For instance, if wy/ws = 2, then the latter equals

(50 (tan(y))"™ — ([Pﬂ,o/Pl,o]/Sx(tan(’Y)))io} sy (tan(y))” — ([Po,—l/Po,l]/Sy(tan(W)))jO},
sz(tan(y)) being, in this case, the biggest root of Pa3 and sy(tan(y)) = Yi(s.(tan(y))).

Proof of Theorem C.15. We appropriately shift the contour of integration {|z| =1} (resp.
{Jy| = 1}) in the first (resp. second) integral of (C.26) to a contour T, (resp. ') passing
through s, (tan(y)) (resp. sy(tan(7y))), which is the saddle-point of order one.

T, is the contour of steepest descent (i.e. the imaginary part of Y3 (z)t*"(?) is zero on
it) in a neighborhood of s;(tan(v)) and, outside this neighborhood, I', remains “higher”
than s;(tan(y)) in the sense of the level curves of the function x. 1. The construction of
I'y is done as in [Mal73] and [KM98]|, therefore we omit the details.

Likewise, we construct the contour f‘w-

Then, by Cauchy’s theorem, the first (resp. second) term in (C.26) equals the integral
over I', (resp. fv), the asymptotic of which is computed by the saddle-point method. [

C.4.2 Second case : v =0,7/2

For that purpose, we first need to know the behavior of s;(j/i)—s;(0) and s, (j/i)—s,(0)
when j/i is in a neighborhood of 0.

Lemma C.17. Let P, be the polynomial defined in (C.30). The following expansions hold
as jJi — 0 :

i  BRG)
52(0) — s2(j/1) = —a(:cg)c(xg)ad(xg)(]/) +0(j/i)°, (C.36)
. a3P(x3)? .
50(0/0) = 3(0) = G ST i+ O (©37)

Proof. Start by proving Equation (C.36). On the one hand, by using (C.29), we obtain that
P(arctan(j/i),z3) = s.(j/i)2P)(z3) ; on the other hand, by definition of P(arctan(j/i),x)
and also with (C.29), we get that P(arctan(j/i),x3) = (z3 — s.(j/7))R(j /i), with R(0) =
—a(z3)c(x3)0d(x3) # 0. Equation (C.36) follows immediately.

Then, to prove (C.37), start by remarking that Yi(x) — Yi(x3) = b(z3)/[2a(z3)] —
b(x)/[2a(x)] + d(x)'/? /[2a(z)], so that in the neighborhood of x3, Y1 (z) — Y1 (x3) = U(z)+
([~0d(x3)]"/2/[2a(x3)]) [x3 — z]/?(1+ V (z)), with U, V holomorphic at x3, where they take
the value 0. Moreover, for all j/i € [0,00], s,(j/i) = Yi(s2(j/i)), see Subsection C.4.1.
This yields s,(v) — 5,(0) = ((~9d(z3)]"/? /[2a(zs)]) 2 — 52(1)]/2 + O(s — 52(7)). Finally,
using (C.36), we obtain (C.37). O



114 CHAPITRE C. KILLED RANDOM WALKS WITH NON-ZERO DRIFT

Theorem C.18.
* Suppose first that p1 1+ p1,—1 +p—1,—1 +p—1,1 < 1. Then the Green functions admit
the following asymptotic, as i — oo, j >0 and j/i — 0 :

o JJ08a(0)05y(0)0 " — 9G(s,(0))
Cig o~ OO 17, (3 /iYisy (/i)

where the constant Cy > 0 is equal to

2\V2 ,(0)/205,(0)
Co=|— = 1/2°
' <”> [~ d(s,(0)22X1(s5,(0))]

and where s;(0) = x3, s,4(0) = Y1(x3), 0s,(0) being obtained from Lemma C.17.
An analogous result holds as j — 00,1 >0 and i/j — 0, after a proper change of the
parameters (p; ;)i ;-

* Suppose now that py1+p1,—1+p-1,—1+p-1,1 = 1. If in addition io+ jo and i+j don’t
have the same parity, then G; ; = 0 ; if they have the same parity, then the asymptotic
of G; j is obtained from the above by replacing Co by 2Cy.

Once again with Section C.3, the different quantities which appear in the asymptotic
of the Green functions above are completely explicit.

Corollary C.19. For the walks verifying the assumptions (H1), (H2), (H3), (H}) and
(H5), the Martin compactification of Z% is homeomorphic to the closure of {(i,j)/(1 +

G = (i,5) € Z3} in R2.

Proof of Theorem C.18. Let us first suppose that pi1 +p1,—1 +p-_1,-1 +p-11 < L.

In (C.26), G; ; appears as the sum of two integrals, one on the contour {|z| = 1} and
the other on {|y| = 1}. Using Cauchy’s Theorem, we are first going to move these contours
up to new ones, that go through the saddle-points s,(j/7) and s,(j/7) respectively. In order
to define these new contours of integration, we need to introduce the following functions,
eventually multivalued :

i 5(x) = In(z) + % In (L (SS:((J?'//Z‘))@) . Fjuly) =n <7X1§?% ?y)) + % In(y). (C.38)

According to Subsection C.4.1, the function r;/; (resp. &;/;) has, for any j/i > 0, a
critical point at 1, where it takes the value 0. Consider now the functions z;/;(t) and y; /;(t),
defined in neighborhoods V, ;/;(0) and V, ;/;(0) of 0 by

Riji (5 (D) =12 Ky (y; (1) = 12, (C.39)

and sign(Im(x;/(t))) = sign(Im(y;/;(t))) = sign(t) — where Im(u) denotes the imaginary
part of u. These last relationships are fixed in order to define xz;/; and y; /; not ambiguously.
Inverting (C.39), we obtain the explicit expression of x; si and y; ;. Here, inverting can
be done by using the so-called Biirman-Lagrange formula, see e.g. [Cha90], that permit to
write the coefficients of the Taylor series of a reciprocal function as integrals in terms of
the direct function.
As j/i — 0, then s,(j/i) — 54(0) €]y, y3[. In particular,

p=nt inf {ys/sy (/i) =11~ /sy (/i)
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is positive and is such that and &;/; is holomorphic in the disc 1+ 52, for any j/i € [0, 1].
Using the Biirman-Lagrange formula, we see that the radius of V,, ;/;(0) does not vanish
as j/i — 0; therefore, y;/;(t) is defined and holomorphic in the disc p2, p being positive
and independent of j/i € [0,1].

Moreover, the functions z;/;(t) and y;/;(t) are joined together by :

X1 (sy (43/7) v/t Yi(se (J/7) (1
(1) = 2 58(3';%/())’ ()= Sfj)/i)/())'

(C.40)

The identity (C.40) is just a consequence of the “automorphy relationships” proved in
[FIM99] : for x (resp. y) exterior to some curve (what is the case here), X;(Yi(z)) = =
(resp. Y1(X1(y)) = y). For this reason and since 1 is a critical point of order one of r;/;, we
obtain that @;/i(t) € {X1(sy(3/Ds/i(=)/52(3/0), X (5,3 /35()) /52 (G /i)}. Tt s then
enough to calculate the sign of the imaginary part in order to identify which of the two
possibilities actually happens : we have x;/;(t) = X1(sy(j/1)y;i(—1))/s2(j/1)-

The first equality of (C.40) shows that x;; is holomorphic as well in V, ;/,(0) = pZ,
for any j/i € [0,1].

The functions

T/(t) = se(G/0)zj(t),  Ujt) = sy(3 /1)y, (1)

determine, of course, the paths of steepest descent for the functions In(zYi(z)//?) and
In(X (y)y?/?) respectively.

Note that the limiting curve Zo(t) runs the real line decreasingly from Zo(p) to Z(0) =
r3 and then increasingly from z3 to #(p) when ¢ runs [—p, p] : indeed, zo(t) = exp(t?). As
for the function go(t) = Y1(Zo(—t)), it runs the values of the curve Y ([Zo(p), z3]).

For any p small enough, we are now going to define two closed contours

Cpjliaw = Tji([=p,P)) UL, j/iws Cpjtiy = Yi)ill=p,P)) U L) /iy
and sz%p

(i) There exists a constant c(p) > 0 such that |s;/(z)],[7;/(y)| > c(p) for any z €
Ay iliar Y E A, and any j/i small enough.

where <7, verify the following three properties.

,j/’i,$ =j/iay
J/iy
(ii) The first (resp. second) integrand in (C.26) doesn’t have any singularity in the domain
bounded by {|z| = 1} (resp. {|y| = 1}) and sz(j/i)%p’j/i’gg (resp. Sy(j/i)%p’j/i’y).
(iii) There exists a constant L(p) such that for all j/i small enough, the lengths of both

contours €, ;/; . and €, /i, are bounded by L(p).
Let us construct such a contour @, ;/; ;-
We may take, for .7, ., the circle of center 0 and radius zo(p) > 1. Then, for any

x € yoq, |ko(x) = |In(z)| = In(zo(p)) > In(zo(p))/2. Let us then set

Ay jfie = {|7:(p)| exp(a0) : 0 €] arg(;/;(p)), 2m — arg(x;/:(p))[}-

Since &;/;(p) — #0(p) = 3 exp(p?) as j/i — 0 and since the only possible zeros of Y} are
at 0 and oo, the property (i) remains valid for ;/;(z) with c¢(p) = In(zo(p))/4, for any j/i
small enough.

Furthermore, the singularities of the first integrand in (C.26) are the zeros of d, i.e. the
branch points x;, i € {1,...,4}. But with Lemma C.1, 21 and x5 are inside of the unit disc.
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As for 3 and w4, they are outside of s,(j/i)%), ;i : indeed, z3 is outside of this contour
by construction, and x4 also lies outside of s;(j/i)%) /i, for p small enough, because
|z4| > x3, since we have supposed p; 1 + p1,—1 +p_1,-1+p-1,1 <1, see once again Lemma,
C.1. So (ii) is verified and (iii) is also and obviously verified.

We can also construct <7, ;/; ., starting by 7,¢,. Since s,(0) is a critical point of X,
the level line {y € C : |X;(y)| = x3} has a double point at s,(0) and {y € C: | X1(y)| =
23} \ {sy(0)} has two connected components. Moreover, thanks to Lemma C.20, the set
{y € C:|y| = 54(0)} \ {s4(0)} lies in the domain {y € C: |X;(y)| > z3}. For this reason
and since —s,(0) €] — y3, —y2[C] — |ya|, —|y1|[, one can clearly construct a contour .27,
that verifies (i), (ii) and (iii). Then, by continuity of the different quantities w.r.t. j/i, one
can build contours 7, ;/; ,, satisfying to (i), (ii) and (iii), for any j/i small enough.

Let us go back to (C.26). Before passing from double integrals in (C.22), (C.23) and
(C.24) to the simple ones in (C.26), it is convenient to subtract the constant g(x3) from the
numerator of (C.22) and add it to the numerator of (C.23). Next, we move the contours
{lz| = 1} and {|y| = 1} to $2(j/i)%, ;/i» and sy(j/i)6), /i, ; thanks Cauchy’s theorem
and since by construction the contours avoid the singularities of the integrands, the value
of the integrals is not changed.

Then, after the changes of variable z — s,(j/i)x and y — s,(j /i)y in (C.26), we obtain
that G, ; = —K; j/[s4(j/i)sy(4/i)?], where K; ; is defined by :

C_wl) [ el e o s |
v 2m fgp,j/i,x [d(sx(j/i)x)]l/z ( i/i(@)de + 271 (CAL)

) L (s, (G /0)y) + qo.0 + q~(x3) — X1(81%j/i)y)io(Sy(j/i)y)Jo exp (= if; ;(y))dy.

“p.j /iy [d(sy (]/Z)y)]
Let us now Split KL]' = Ki,j,l +Kl’7j72, where Ki,j,l (resp. KL]"Q) is obtained from KL]' by
integrating only on the contours x;/;([~p, p|) and y;/;([=p, p]) (resp. &, /i » and <, ;i ,)-
We are now going to prove that the asymptotic of Kj ;1 leads to the result announced
in Theorem C.18 and that Kj ;o is exponentially negligible — in the sense of (C.42).

We start by studying Kj ;2. First of all, we consider the two quantities

a(s2(j/i)x) — alxs)

[d(s2(j/i)a)] ?

d(sy(3/1)y) + qo.0 + alws) — X1 (s,(G/D)y)° (s, (/i)y)
sy (/D)) 2

and we prove that, for § sufficiently small, they are finite.

Sis = sup sup
3/i€[0,6] 2€%C, j/ia

)

Sas = sup sup
J/i€[0,8] YEL, /iy

9

The fact that, for 6 small enough, S s is finite comes from the three following properties.

Firstly, we recall (see Corollary C.6) that ¢ is holomorphic on C\ [z3,z4], whence in
particular on x3%. Moreover, it is continuable holomorphically through every point of the
circle of center 0 and radius x3, except x3. This is why ¢, and therefore also [q—q(x3)]/d"/?,
are bounded in a neighborhood of every point of the circle of center 0 and radius x3, except
eventually at 3.

Secondly, it can be easily deduced from the proofs of the forthcoming Lemmas C.25 and
C.26 that in the neighborhood of z3, ¢(x) = q(x3) + Clxz — 2]'/? + O(x3 — z), where C is
some non-zero constant. So [q — ¢(x3)]/d"/? is also bounded in the neighborhood of 3.
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Thirdly, the contour s,(j/i)%,
and 4.

,j/i,e avoids, by construction, the branch points 1, x2

The fact that the quantity Sy s is finite follows similarly : first, by construction, the con-
tours sy(j/i)%, /i, avoids the branch points y;, i € {1,...,4}; also, the poles of X; being
isolated, s,(j/i)%, /iy can be chosen such that it remains away from them.

we deduce that for any

Remembering the properties (i) and (iii) of @7, ;/; , and @, ;; .,
i > 0 and any j/i small enough,
|Ki7j72‘ < [L(p)/(27r)] [5635175 + ygsg’(g} exp ( — z'c(p)). (C.42)

Let us now turn to K; j1. Making in (C.41) the two changes of variable z = x;/;(t) and
y = y,;i(t), we represent K; j 1 as an integral on the segment [—p, p|. Moreover, using (C.26)
as well as the following equality (that comes from (C.4) and (C.40))

0 (3/)0h; (=) [y (/)3 s (D] = =8y /D)0y74(8) [0 () 3 (1) (/C |
43
we obtain that K; ;1 = ffp fj/i(t) exp(—it?)dt, where f;;(t) equals

[¢(X0(@35(0)) +@(@;(8) + q00 — X1 (@ 2(0)) °T; (1)) 0655 ) / [ (355(8)] 2,

and 7;;(t) = sy4(j/1)y; i (1)

We are now going to need the following consequence of Proposition C.5 and Corollary
C.6 : for all z € C\ [x3, 4],

g(z) = 2"Yo(2)" — q(Yo(2)) — ao,0. (C.44)

This yields that f;/;(t) is equal to :

CX1 A]lt Y i0
[5@” - (a(Xl( @fiéfﬁlw) ~ % GO )
Y T G 6 <tE777(0)) N W Y PR YS
(‘%”“) (a(Xﬂ@/i(t)))@ﬁ(t)) )]%““)/ )]

In particular, this expression (C.45) of f;/;, added to the holomorphy of y;/; in pZ for
some p > 0 independent of j/i € [0,1], implies that f;; is holomorphic in a disc of center
0 and of radius positive and independent of j/i, for j/i small enough.

Therefore f;/;(t) can be written as

Fisi) = £;3(0) + t0f;:(0) + £20 £;,3(0)/2 + t20° £;,3(0) /6 + tg; (1),

where g, /; is also holomorphic in some centered disc of radius positive and independent of
j/i, for j/i sufficiently small. Reducing eventually p and , we have that

G= sup sup ’gj/i(t)‘
3/i€[0,0] t€[—pp]
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is finite. Then, applying Laplace’s method, we obtain the following upper bound, valid for
any 4,7 >0 and j/i € [0,9] :

1 {7200 w202 f,(0) <37r1/2G
31/2 443/2 = 445/2

5 + Cexp (—ip?), (C.46)

‘Km',l -
with some constant C' > 0.
To conclude the analysis of Kj ; 1, it remains to evaluate the asymptotic expansions of
f3/i(0) and 9% f; ;(0) as j/i — 0.
Taking ¢t = 0 in (C.45), we derive that f;/;(0) is equal to

_ . _ c(X1(sy(j/1))) . \\do
[q(%(]/ 1))_‘1( CACRAENE m)‘xl I (4
, c(X1(sy(g/i 70 . ~ L7112
x (syw)ﬂo : (a(Xf(syfj i m) )] syl 09u30)/ [ /)]

Remark now that s,(0)% = c(s,(0))/a(sz(0)) — indeed, s,(0) = Y;(s,(0)) and s,(0) =
x3 —, in such a way that for any (suitable) function F,

F(sy (/1)) = F([e(s2(3/1))/a(s2(3/1)]/5y(5/1)) = 20F (5,(0))0sy(0)5 /i + 0(j /1),

0s4(0) being obtained from Lemma C.17.

Using this fact successively for F(y) = G(y) and F(y) = 4’°, we expand the member
between square brackets in (C.47) as 2[0G(sy(0)) — josz(0)"s,(0)70 ] 8s,(0)j /i + 0(j /7).
The functions s,(j/i) and s,(j/i) being continuous on [0, cc], the Taylor coefficients of
y;/i(t) depend continuously on j/i, so that dy;/;(0) — dyo(0) as j/i — 0.

Let us compute the value of dyy(0). To get it, we differentiate twice (C.39) ; this yields

X1 (Sy(J/Z)y) /i
8yj/i(0)282 <f@/]/z = 2. (C.48)
5:1:(.]/2) y=1
In addition, an explicit calculation gives
. Xi(sy(3/9)y) 1 sy4(0)
lim §? | m i/ = 292X (5,-(0 C.49
j/i—0 ( Sq;(]/'b) Yy - Sm(O) 1( ( )) ( )

Equations (C.48) and (C.49) imply that dyo(0) = 1[—25,(0)/0> X1 (s,(0))]'/2/s,(0), the
complex number 1 coming from the fact that 9% X (s, (0)) is negative. Hence, we obtain that

f3/i(0) = 117 /i[l + o(1)], where
29726,(0)205, (0 [nsa (05, (012" — s, (0))]
[~ d(s,(0))92X1 (s, (0))] 2

The Taylor coefficients of y;/; depending continuously on j/i, so do the ones of f;/;. So

02 f;/:(0) — 82 fo(0) as j/i — 0.
But f;/; is an odd function on [—p, p|. To see this, we remark first that (C.6) yields
c(20(t))/[a(zo(t))Y1(E0(t))] = Yo(Zo(t)). Moreover, Y;(io(—t)) = Yo(#o(t)), so that &

(C.50)

h=-—
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being even (remember that #(t) is equal to x3exp(t?)), the function within the square
brackets in (C.45) is odd. In addition, using (C.43) we obtain that dgo(t)/[d(90(t))]"/? =
—0zo(—t)/[d(Zo(—1))]'/?. Being the product of two odd functions, diq/[d(&g)]"/? is even,
so that 7o/ [d(70)]"/? is also even. This implies that fy is odd and, as an immediate conse-
quence, 9% fo(0) = 0 and 82 f;,;(0) = o(1) as j/i — 0.

Bringing together (C.42), (C.46) as well as the expansions f;/;(0) = l1j/i[1 4+ o(1)] and
9 f;/:(0) = o(1) with I; defined in (C.50), we obtain that as j/i — 0,

a o 1 1 w2l /ill 4 o(1)]
Y se(5/1)1sy (3 /i) | 2m i/

+ 0(1/1’3/2) + O(exp (—ic(p))).

(C.51)
This concludes the proof of Theorem C.18 in the case p1,1 +p1,—1 +p-1,—1+p-1,1 < L.

We now briefly explain the notable differences in the case p1 1+p1,—1+p—1,—1+p-1,1 = 1.
In this situation, all the functions considered are odd or even : for instance, Y; and Xj,
i € {0,1} are odd (see Subsection C.2.2), d and d are even (see Lemma C.20), ¢ and § have
the parity of ig + jo (see Equation (C.2)), G;; = 0if i + j and ig + jo don’t have the same
parity (see (C.3) or (C.26)).

If i + 7 and ig + jo have the same parity, then we can obtain the asymptotic of the
Green functions G ; with essentially the same analysis as in the case p11+p1,—1+p-1,-1+
p—11 < 1, the only significant change being that we have now to take under account the
contribution of two critical points, namely the point (s;(j/7),s,(j/i)), as before, but now
also (—s4(j/4), —sy(j/i)). In particular, the contour of integration ), ;/; . (vesp. €, ;/; )
have to go at once through s;(j/i) and —s;(j/i) (resp. sy(j/i) and —s,(j/i)) — they can
be e.g. taken symmetrical w.r.t. the vertical axis.

This fact implies that the asymptotic of the Gj; ; is, in this case, twice compared to
(C.51), in accordance with the conclusions of Theorem C.18. O

The following result has been used in the proof of Theorem C.18.

Lemma C.20. If p11+pi1,—1+p-1,-1+p-11 <1, then for any y belonging to {y € C :
lyl = 5y(0)} \ {sy4(0)}, we have | X:(y)| > z3.

Ifpra+pi—1+p-1,-1+p-11=1, then for any y € {y € C: [y[ = s4(0)} \ {£s,(0)},
we have | X1(y)| > z3.

Proof. As a direct consequence of Lemma C.1, we obtain that X7 is meromorphic in the
neighborhood of every point of | — y3, —ya|[, since | — y3, —y2[C] — |ya|, —|y1|[- Let us now
show the two following facts.

(i) I pi1+p1—1+p-1,-1+p-1,1 <1, then for any y € [y2, y3], | X1(—y)| > [X1(y)]-

(ii) If p1,1 +p1,—1 +p-1,—-1 +p-1,1 = 1, then for any y € [y2,y3] = [~y1, —y4], X1(~y) =
—X1(y).

Start by noting that X;(y) < 0 (resp. X1(y) > 0) on [ys4,y1] (resp. [y2,ys]), as this is
proved in [FIM99]. Thus, the unique possibility on [ye, y3] to have | X (—y)| = | X1(y)] is
that X1(y) = —X1(—y). After calculation, we obtain that this is equivalent to (po1y? +
p0.—1)2(P1.1Y* + p1,-1) P-11Y + p—1,-1) + [(P—1,0P1,-1 — P1,0P—1,-1)* + Po,—1(P—1,0P1,—1 +
prLoP—1,—0)]Y* + [p—1,0p1,0(1 = 2(p1,—1p—11 + P—1,-1P1,1)) + P—1,0P1,—1 (P01 + P—1,0P11) +
P—1,001,1(Po,—1 +P—1,0P1,—1) +P1,0P—1,—1(Po,1 +P1,0P—1,1) +P1,0P—1,1 (Po,—1 +P1,0P—1,—1)]y* +
[(p1,0P-1.1 — P—1,0p1.1)* + P01 (Prop—11 + P—1,0p1,1)]y® = 0.
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If pra+pi—1+p-_1-1+p-11<1(resp. p11+pi,—1+p-1,—1+p-1,1 = 1), then the
previous equality holds for none (resp. any) y € [y2,y3]. Therefore (ii) is proved. To show
(i), we remark that an explicit calculation leads to |X;(—1)] > 1 = X;(1), so that by
continuity, |X1(—y)| > [X1(y)| for all y € [ya, ys].

We prove now Lemma C.20 in the case p1,1 +p—1,—1 + p1,—1 +p-1,1 < 1. In fact, we
are going to show that {y € C: |y| = 5,(0)} N {y € C: | X:1(y)| = z3} = {s-(0)}. This is
enough since

* on the one hand, this implies that either for all y € {y € C: |y| = 5,(0)} \ {s4(0)},

[ X1(y)| > @3, or for all y € {y € C: [y = 5,(0)} \ {54 (0)}, [X1(y)| < 3,

* on the other hand, thanks to (i), |X1(—s4(0))| > X1(s4(0)) = 3,

so that by continuity, we will be able to conclude.

Let y* € {y € C: |y| = s4(0)} be such that |X;(y*)| = 3. Setting * = X1(y*)/x3
and g = y*/s,(0), and then using that K (z3,s,(0)) =0 and K(X;(y*),y*) = 0, we obtain
K(&,9) = 0, where

K(2.9) =27 |>_pi@% —1| . Pij=pijwhsy(0).
/[:7]'

Clearly, for any 4 and j, p;; > 0; in addition, Zz‘,jﬁi,j = 1, since K(x3,5,(0)) = 0.
From elementary considerations about sums of complex numbers, it follows that having
simultaneously Z” Dij = 1, Zi’jﬁi,ji“iyj =1 and |z| = |g] = 1 leads necessarily to & =
g =1, so that y* = s,(0).

We would do the proof in the case p11 + p1,—1 +p—1,—1 + p—1,1 = 1 by using similar
arguments as above, as well as the fact that x4 = —xs. O

C.5 Fine properties of the conformal gluing functions

The aim of Section C.5 is to study some fine properties of the CGF w defined in (C.15).
They will be particularly useful in Section C.6, where we will find the asymptotic of the
absorption probabilities (C.1).

Firstly, by the same reasoning as for Theorem B.7 of Chapter B, we prove the following
result — remember (see Proposition C.4) that the group W of Definition C.3 is finite if and
only if LUQ/wg € Q.

Theorem C.21. If wy/ws € Q (resp. wa/ws ¢ Q), then the CGF w defined in (C.15) is
algebraic (resp. non-holonomic).

Moreover, if wy/ws € Q, denoting by P(w,t) the minimal polynomial of w, then the
degree of P in w (resp. t) equals inf{k > 0 : kwa /w3 € Z} (resp. inf{k > 0 : kws/wy € Z}).
In particular, if we/ws € Z, then w is rational.

In addition, examples of CGF can be found in Theorem A.7 of Chapter A as well as in
Propositions B.26, B.27, B.28, B.29 of Chapter B.

As an other example, for the second walk of Picture C.2, which has jump probabilities
such that p_11 + p1,0 + po,—1 = 1, the function

t
[t — 2] [t — [P—l,lpo,fl/(p%,om)]l/z}2




C.5. FINE PROPERTIES OF THE CONFORMAL GLUING FUNCTIONS 121

is a suitable CGF for the set 9 X ([y1,y2]).

Secondly, we are interested in the behavior of the CGF w near x3, and we show now
the following result.

Theorem C.22. The function w defined on 4X([y1,y2]) by (C.15) can be continued up
to C. This continuation of w is meromorphic on C\ [x3,x4], possibly even on C, if and
only if wa/ws € Z. Furthermore, w has a simple pole at x5 and |we/(2ws)]| double poles
at points belonging to |xa, x3[N(C\ Y X ([y1,v2])). The behavior of w at x3 depends on the
group W as follows.

« If wo/ws € 27, then w has a simple pole at x3.

x If wo/ws € 2Z + 1, then w is holomorphic at xs.

s« If wy/ws ¢ Z, then w can be written as wy(t) +wo(t)[xs — t]1/2, where wi and wy are

holomorphic at x5 and wy(xs3) # 0.

Proof. The explicit formulation (C.15) of w entails that we have to study the reciprocal
function of the first coordinate of the uniformization (z,y). But with Subsection C.2.3,
we get z(w) = t if and only if p12(w) = f(t), where f(t) = d"(x4)/6 + d'(x4)/(t — x4) if
x4 # 0o and f(t) =d"(0)/6 + d"(0)t/6 if x4 = cc.

In addition, by construction, in both cases, f(X(y1)) = p12([ws + ws]/2), f(X(y2)) =
p12([wr + w2 +ws]/2), f(@1) = p1,2(w2/2), f(22) = P1,2([w1 +w2]/2) and f(X([y1,2])) =
p1.2([[w2 + ws]/2, [wa + w3]/2 + wi]), see Picture C.3. In particular, f is one-to-one from
gX([yl, yQ]) onto pLQ(]WQ/Q, w2/2 + W3/2[X]0, wl/z[).

We recall now from [HC44| that on the parallelogram [0, wz[Xx[0,w; /2], 1,2 takes each
value twice. Moreover, in [0,w2/2[x[0,w; /1] or in [wa/2,ws[x[0,w; /1], p12 is one-to-one.
For these reasons and since w3 €]0, ws[, see Subsection C.2.3, we obtain the existence of
a function w defined on C, two-valued for ¢ € R\ [z, z3] and one-valued everywhere else,
that verifies, for all t € C, p1 2(w(t)) = f(t); furthermore, w(C) = [wa/2, wa] X [0, w1 /1].

We show now that though w is two-valued on R\ [z2, 23], w defined by (C.15) is single-
valued on C\ [x3,z4]. Let us do this by studying precisely the equation pj2(w) = f(t) at
the points ¢ where it has more than one solution.

* For t € [x4, 1], the two values of w(t), say wi(t) and wa(t), are such that wy(t) €

[wa/2,wa], wa(t) € (w1 + wa/2,w1 + we| and wy(t) — wi(t) = wy.

« For t € [x1,x9], these two values of w(t) verify wq(t),wa(t) € [w2/2,w2/2 4+ wi] and

wl(t) - [w1 +w2]/2 = [w1 +w2]/2 — wQ(t).

* For t € [x3, 4], the two values of w(t) fulfill wy(t),ws(t) € [we,ws + wi] and wy(t) —

w2/2 = w2/2 — wQ(t).

Using now the facts that 12 is even and w; periodic, we obtain that w is in fact
single-valued on [x4,z1] and [z1, x2], hence on C )\ [z3,x4], as announced.

In order to show that w has a simple pole at xo, we can for instance use an explicit
expression of w(t). For example, for all ¢ € [x9, X (y2)],

_w1+w2+/f(t) du
20 s [ = flan)(w— )~ fs)]
Using then in (C.15) that p; 3(w) = 1/w? 4+ O(w?) and that g 3 is even, we obtain that

[f (1) = flxa)]lf (22) = fl3)] 1 -
. ;f(m) 2 s w7 T OO,

w(t)

w(t) =
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where w is holomorphic at xs.

We are now going to study the behavior of the function w in the neighborhood of x3,
and for this, let us consider separately the three cases A =0, A < 0 and A > 0, A being
the determinant defined in (C.8).

First of all, we show that A =0 (resp. A < 0, A > 0) implies w3 = ws/2 (resp. w3 >
wa/2, wg < wa/2). In Subsections C.2.3-C.2.4, we have proved that A = 0 is equivalent to
wo /w3 = 2. As a consequence, in order to prove that A < 0 (resp. A > 0) is equivalent to
w3 > wa/2 (resp. w3 < ws/2), it is sufficient to prove that there exists one walk verifying
simultaneously A < 0 and w3 > wa/2 (resp. A > 0 and w3 < wy/2). Indeed, using then the
continuity of wp,ws and A w.r.t. the parameters (p; ;)i ; (see (C.8)-(C.9)) as well as the
intermediate value theorem, we will obtain the result for all walks.

But it is proved in [FIM99] that the second walk of Picture C.2 (verifying p_11+p1,0+
Po,—1 = 1) is such that wo/w3 = 3 and A = P-1,1P1,0P0,—1 > 0, and that the walk with
jumps p_1 1+ p1,o + po,1 = 1 verifies wy /w3 = 3/2 and A = —p_1 _1p1,0po,1 < 0.

Define now R = [0,ws] X [—w1/(22),w1/(21)] and remember that w(C) — [wy + we]/2 =
0,w2/2] X [—wn/(22), 01/ (20)].

* Suppose that A = 0. Then wy/ws = 2 and R = w(C) — [w; + wa]/2, so that, by the

same analysis as the one done above for x5, we find that w has a pole of order one
at 3.

* Suppose now that A < 0. Then w3 > wy/2 and w(C) — [w; 4+ ws]/2 is strictly included

in R, in such a way that w has, except at x2, no poles and is two-valued on [x3, x4].

* Suppose at last that A > 0. This implies that wg < we/2, thus w(C) — [w1 + wo)/2
contains strictly R. Moreover, setting n = |wa2/(2ws3)], we have

n—1
w(C) — 2 *2‘“’2 = Jkws +R)JR, R = [nws/2,02/2] x [~w1/(20),w1/(20)]-
k=0

This equality, added to the fact that p; 3 has, on the parallelogram [0, w3[x[0,w1 /2],

only one pole, at 0 and of order two, shows that w has n = |ws/(2ws3)] double poles

at points lying in |za, 23[N(C\ ¥ X ([y1,y2]))-

s« Consider the particular case wa/ws € 27Z. Then the rectangle R is reduced to one
point and w([x3, z4]) — [w1 + w2]/2 is congruent to [—w1/(21), w1 /(2¢)], so that for
the same reasons as in the case A = 0, we get that w has a simple pole at z3.

s« Consider next the other particular case wy /w3 € 2Z + 1. Then w([z3, x4]) — [w1 +
ws]/2 is congruent to w3 /24 [—w;/(22),w1/(2¢)], in the neighborhood of which 5 3
is holomorphic, so that w has no pole at x3 in this case.

sk If wo/wg ¢ Z, then w([zs,z4]) — [w1 + we]/2 is congruent neither to ws/2 +
[—w1/(21),w1/(22)] nor to [—w1/(22),w1/(22)], in particular, w has no pole at z3.

Consider now more global aspects, and let us show that w is meromorphic on C if and
only if wy /w3 € Z. For this, we recall from the beginning of the proof that for ¢ € [x3, x4], the
two values of w(t) are such that wq (), ws(t) € [wa,ws+wi] and wy(t) —wa/2 = we /2 —ws(t).

* Above, we have shown that if wa/ws € 2Z (resp. wo /w3 € 2Z + 1), then w([x3, x4]) —

[w1 + w2]/2 is congruent to [—wi/(21),w1/(2¢)] (resp. w3/2 + [—wi/(21),w1/(21)]).

But 1 3(w) and g1 3(w3/2 + w) are even functions of w, so that in both cases, w is

single-valued and meromorphic in the neighborhood of [z3, x4].
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* Suppose now that wy/ws ¢ Z. Since w(x3) = w1/2+ we, it is possible to write w(t) =
p1,3(w2/2 + [w(t) — w(zs3)]). On the other hand, if w is close to zero, then

32k+1p1 3 w2/2) ok

(3 13w22
P1,3(w2/2 +w) = p13(w2/2) +Z p Bk s Z (2k +1)!

2k)!

Also, by a similar calculation as the one done when we have studied the behavior of
w in the neighborhood of za, we get

f(zs) du
w(t) —w(zs) =
) wls) /f(t) [4u— Fan)(u — f(z2) (0 — ()] 7

—0f(x3)(x3 — t) 1/2 o
[4(f( 5) — f(22)(f(w3) — (xl))] [1+ (t — a3)u(t)],

where w is holomorphic at z3. Therefore, in a neighborhood of z3, we can write w(t)
as the sum w(t) = wy (t) + wo(t)[x3 — t]'/2, where w; and wy are holomorphic at z3,
wi(x3) = p1,3(w2/2) and

—9f (3) ]” ?
4(f(xs) = F@a))(f(ws) = fm)))

This closes the proof of Theorem C.22. U

wz(fbg) = —8@173(@/2) |: (052)

C.6 Asymptotic of the absorption probabilities

Section C.6 aims at studying the asymptotic of the absorption probabilities (C.1). First
of all, remark that they are related to the Green functions via

P(io,jo)[(X7 Y) is absorbed at (i, 0)] = p17_1Gi_1,1 —i—po,_lGiJ +p_17_1Gi+1,1,
P(io,jo)[(X’Y) is absorbed at (0,])] :pflleLjfl +p7170G17j +p71771G17j+1,
(C.53)
in such a way that their asymptotic as ¢ and j go to infinity can be obtained from the one
of the Green functions in the limiting cases v = 0 and v = 7/2. The following result is
thus a consequence of Theorem C.18 and of the identities (C.53).

Corollary C.23.
* Suppose first that p11 +p1,—1 +p-1,-1 +p-1,1 < 1. Then the absorption probabilities
(C.1) admit the following asymptotic as i — oo :

o Jos2(0)s,(0)°~" — 8,4(s,(0))
! 3/25,(1/i) ’

Pio,jo) (X, Y) is absorbed at (i,0)] ~

where Cy = [Cy/5y4(0)]-[p1,~152(0)+po,—1+p-1,-1/52(0)], Co being the same constant
as in the statement of Theorem C.18.

The asymptotic of the absorption probabilities P, ;\[(X,Y) is absorbed at (0,7)] as
j — oo can be obtained from the one above after a suitable change of the parameters

(pi,j)i,j
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* Suppose now that p11 +p1,—1 +p—1,—1+p—1,1 = 1. If in addition i+ jo and i (resp.
j) don’t have the same parity, then P, ;\[(X,Y) is absorbed at (i,0)] = 0 (resp.
Pio.jo) (X, Y) is absorbed at (0,7)] = 0); if they have the same parity, the asymptotic
of the absorption probabilities is obtained from the one above by multiplying by two.

Thanks to Sections C.3 and C.4, the different quantities appearing in the asymptotic of
the absorption probabilities are totally explicit. Nevertheless, the way in which they depend
on the parameters (p; ;);; — notably on the group W — is far from clear, and the rest of
Section C.6 is devoted to the description of this dependence.

Theorem C.24. The constant
C1[052(0)" s, (0)° ™" — 9,G(s,(0))]
appearing in the statement of Corollary C.23 can be written as A1 + Ao, with Ay and As
defined as follows.
* Suppose first that p11 + p1,—1 +p—1,—1 +p—1,1 < 1. Then
. 10 jO 1/2
A — J052(0)" | —54(0)0xd(s2(0)) < c(ss (0))>
4 ma(sz(0))c(s2(0)) \ a(sz(0)) ’
)

2 )40 £)]1/2
h = o [ AL AO)
o (w(t) —w(sg(0))]
where a,c,d,x1,x2 are defined in Subsection C.2.2, w in Equation (C.15), pj;, in
(C.16), 5,(0) = x3 in Subsection C.4.1; as for the constant Co, it is made explicit
just below.

wx In general, we have

—x30f(x3) 12
2= sl | e )
where f is defined in Section C.5.
sk If wo/wsg € 2Z + 1, then Cy = A = 0.
wx If wo/ws € 27, then

Ay = —

: L 1/2
Jory [_ x30,d(x2) resw, z2] (c(:cg))”]

471/2 | a(zg)e(wy) res[w, x3]
where for k € {2,3}, resjw, x| denotes the residue of the function w at xp — we

will see, in the proof of Lemma C.26 below, that these residues are non-zero.
* Suppose now that p1 1+ p1,—1 +p—1,—1 +p—1,1 = 1. Then with the notations above,
C1 [Jo82(0)5,4(0)7°71 — 9,q(s,(0))] = 2[A1 + As].
The whole rest of Section C.6 consists in proving Theorem C.24.
By Theorem C.13 and thanks to (C.19), ¢ can be split as ¢ = ¢1 + g2, where
. . xr2 tio—l . t
n@) = amvpe+ 2 [ LR g (C.54)
T Jz t—x
1 [,
we) = T [ @00l (C.55)

xr1



C.6. ASYMPTOTIC OF THE ABSORPTION PROBABILITIES 125

Theorem C.24 will be then an immediate consequence of Lemmas C.25 and C.26 below,
that deal with the asymptotic behavior of the Taylor coefficients of ¢; and gy respectively.

Lemma C.25. The function q1, initially defined in C\ ([z1, x2]U[x3, 24]) by (C.54), admits
a holomorphic continuation on C\ [x3,x4]. We still note ¢ this continuation and we set

a1 (z) = 320 qua’.
* Suppose first that p1 1+ p1,—1 +p—1,—1 +p-1,1 < 1. Then as i — oo :

j L 21/2
J052(0)° | —5,(0)0,d(52(0)) [ c(s:(0))\”° 1
4 [”a(sm(o))c(sx(())) ( ) ] B2 (C.56)

qi,i ~

% Suppose now that p1 1+p1,—1+p—1,-1+p—11 = 1. Then the process can reach (i,0) if
and only if i and ig+ jo have the same parity. In particular, if i and ig+ jo don’t have
the same parity, then qi1; = 0. If they have the same parity, then q; is equivalent to
two times the right member of (C.56).

Lemma C.26. The function qo defined by (C.55) is holomorphic in C \ (w=([z1,z2]) \
[z1,22]), and we set ga(x) = 322 qo2".
* Suppose first that p11 +p1,—1+p-1,-1+p-11 <L
sk If wo/ws & 7, then as i — oo :

—x30f(r3) } Y2
m(f(x3) — f(x2))(f(z3) — f(z1))
2 Gpw (D)0 o (1) [—d(®)]V2 1
< T e
where, if x4 # oo, then f(t) = d"(x4)/6 + d'(z4)/(t — x4) and, if x4 = 00, then
f(t)=4d"(0)/6 +d"(0)t/6.
sk If wy/ws € 2Z 41, then as i — 00 : q2; = 0(q1,)-

X (C.57)

@2, ~ Op1,3(w2/2) [

sk If wo/ws € 27, then as i — oo :

, 1/2
Joxy x30,d(x2) resfw, xa] [ c(x2) /

jo 1
i ™ T [_ a(xg)c(xy) resfw, xs) (a(acg)) ] 3228 (C58)

res(w, x) denoting, for k € {2,3}, the residue of the function w at xy, where from
Theorem (C.22, it has a pole of order one.

* Suppose now that p11 + p1,—1 +p-1,—1 +p—11 = 1. If i and ig + jo don’t have the
same parity, then qz; = 0. If they have the same parity and if wa/ws ¢ Z (resp.
wo/ws € 2Z + 1, wa/ws € 27), then the asymptotic of qa; is given by two times the
right member of (C.57) (resp. is negligible w.r.t. (C.56), is given by two times the
right member of (C.58)).

Proof of Lemma C.25.

* Let us suppose first that x4 > 0.

If €. denotes the contour represented on the let of Picture C.6 below, applying the resi-
due theorem at infinity entails that, for all z inside of the infinite domain delimited by %,

1 [ tio=1Y(t)lo . } A .
2_7'('2 /,b(/ 71% _0‘5: ) dt = $20_1YO($)]0 — Poo [2720_1}/2)(56)]0],
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where Py [z~ 1Yy (2)70] is the principal part at infinity of 270 ~1Y{(x)7 — which is meromor-
phic at infinity, since x4 > 0.
Furthermore, by definition of j;,, see (C.16),

Lim i / Wdt — /14 w[—d(t)]lmdt _ /12 tiofl,ujo(t) [—d(t)]1/2dt.

%, t—x 3 t—x - t—x

Therefore, the function g is just equal to :

q(z) == / B w[—d(t)]lﬂdt + 2Py [ Yy (2)70]. (C.59)

T Jas t—x

Moreover, with Lemma C.2, we get that the degree of the polynomial o Py [20~ 1Y (x)7°]
is equal to io if P1,—-1 75 0, to —oo if pP1,-1 = 0 and ’io < jo, and to io —jo if pP1,-1 = 0 and
10 > Jo-

In all cases, if ¢ is larger than this degree, then the following equality holds :

1T () 1/2

We can then easily obtain the asymptotic of this integral as ¢ goes to infinity, by using
Laplace’s method, see e.g. [Cha90)].

Precisely, we make an expansion of the numerator of the integrand of (C.60) in the
neighborhood of z3, namely

150 (1) [=d(0)]/? = pjo (w3)[—0d(ws)] 2]t — w3) /2 + [t — 23] /2 F (1),

where F'is holomorphic at x3. But classically,

x4 t — 1/2 1/2 1 1 T4 t — 3/2 1
/ %dtzw—%gﬁO(m)a / %dtZO(m»
o5 t 2 /20 / /2% s tt /2%

so that simplifying pj,(x3) — using for this (C.16) and the fact that d(z3) = 0 —, we get
(C.56).

* Suppose now that x4 < 0 and assume, in addition, that py 1+p1, —1+p—1,—1+p—1,1 < L.

In this case, Yj is no more meromorphic at infinity and has thus no principal part at
infinity, the previous argument does not run anymore.

However, we are going to show that the asymptotic (C.56) is still correct. To that
purpose, fix R > —x4 and apply the classical residue theorem to #0~1Yy(t)7 /(t — x) on
the contour €. r described on the right side of Picture C.6. After that ¢ has gone to zero,
we obtain

- : 17 gLy (¢ R L TIN
201y (z)lo = - / — i‘f;;( )[—d(t)]1/2dt+; / %ﬂg()[—d(t)]wdwm(x),
X1 x3
(C.61)
where Fg is defined by

1 tio=1yy(t)do 17 io=ly, (¢
Fr(z) = — 70()& + _/ &U[_d@)]lﬁdt.
2m Jrueciu=gy t—X m)_p t—x
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In particular, with (C.54) and (C.61), we get

@ =1 [ SO O gypizar 4 Faa)

T Jas t—x

The first (resp. second) Cauchy-type integral in the sum defining Fg is holomorphic in
the disc RZ (resp. —x49), so that Fp is holomorphic in —z4%2. Moreover, since we have
supposed that pi 1 +p1,—1+p_1,—1+p_1,1 <1, Lemma C.1 yields x3 < —x4. In particular,
this implies that as ¢ goes to infinity, the ith coefficient of the Taylor series at 0 of Fg is
equal to o(1/r%), for any z3 < r < —x4. These coefficients will be therefore negligible w.r.t.

the ones of R
1 O (t
= / HJO( ) [—d(t)]1/2dt.
T Jas t—x

We calculate the asymptotic of the coefficients of the function just above using Laplace’s
method, exactly as in the case x4 > 0; the asymptotic (C.56) is thus actually still valid.

(ge,R
Ce
—(oe e o e — |
€1 Z2 T3 T4 T4 €1 x2 €3

F1GURE C.6 — Contours of integration in the cases x4 > 0 and x4 < 0 respectively

« If p11+p1,—1+p—1,—-1+p—1,1 = 1 (which implies, see Lemma C.1, that 4 = —x3 < 0),
then the process can reach (,0) if and only if ¢ and i + jo have the same parity.

In particular, if i and ig + jo don’t have the same parity, then P(;, ;,y[(X,Y") is absorbed
at (,0)] = 0 — besides, we could show by a direct calculation that in this case ¢1,; = 0,
using that [z4,z1] = [—23, —22] as well as the fact that Yy, Y7 and w are odd functions.

If they have the same parity, then the asymptotic of the coefficients of Fr is no more
negligible : indeed, with Lemma C.1, 24 = —x3. After having used the identity 1, (—t) =
(—1)7071 1, (t), see (C.16), we obtain that

1o oLy (1) joq, _ (FD)PH R @)y
- ey e - S [P Ot (o)

For this reason and once again with Laplace’s method, we get that if ¢ and ig + jo have
the same parity, then the asymptotic of g; ; is given by two times (C.56). O
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Proof of Lemma C.26.
* To prove Lemma C.26 in the case wp/w3 ¢ Z and p1 1+ p1,—1 +p-1,-1 +p-11 < 1,
we will use the following reasoning.

+* Firstly, we are going to show that gs is, for € > 0 sufficiently small, holomorphic in
z3((14+€) 2\ [1,1 + €]), see Picture C.7.

x* Secondly, we will prove that in the neighborhood of x3,
@(z) = U(z) + V(x)[zs — 2]2, (C.63)
with U,V holomorphic at z3 and

wazs) (% Duw(®)t i () =d(1)]!/2
7T /xl [w(t) — w(x3)]? dt, (C.64)

V(zs) =

wa(z3) being defined in (C.52).

73 + €)xs

FIGURE C.7 — The domain z3((1 +€)Z \ [1,1 + €[)

To conclude, it will be then enough to use the well-known principle explained hereunder.
If H(z) = Y 7% H;a" is a function holomorphic in p((1 +€)Z \ [1,1 + €[) and such that
near p,

d
H(z) = ho(x) + Y _ hi(x)[1 = z/p]%,
k=1

where the hy, are holomorphic near p, not vanishing at p for k € {1,...,d}, the6; < --- < by
are rational but not integer, then as i — oo, H; ~ hy(p)p~/[[(—61)i%*+1].

First of all, g2 is clearly holomorphic on :cg((l +e)2\[1,1+ e[), by Corollary C.6 and
thanks to the assumption p11 + p1,—1 +p-1,-1 + p—1,1 < 1 - otherwise, g2 would have a
singularity at x4 = —x3.

Let us now show (C.63)-(C.64).

In the proof of Theorem C.22, we have proved that near x3, w(t) = wi(t) + wa(t)[xs —
t]'/2, with wy, wy holomorphic at x3, where they take the values given by (C.52).

In particular, in the neighborhood of x3, we can write ¢a(z) = U(z) + V(x)[x3 — 2]
with U, V' holomorphic at x3; moreover, with (C.55), V(z3) is equal to the announced
value (C.64).

Then, thanks to the principle introduced above, Lemma C.26 follows immediately in
the case wo/ws ¢ Z and p11 +p1—1+p-1-1+p-11 < L.

1/2
)

* Suppose now that wy/ws € 2Z and p11+p1,—1 +p-1,-1 +p—1,1 < 1. In this case, the
previous argument does not work, since w has no algebraic singularity but a pole at xs,
see the proof of Theorem C.22.
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In fact we have, thanks to Theorem C.22,

lim w(z) = lim w(z) = —oc.

More generally, from Theorem C.22 and its proof, we deduce the existence a holomor-
phic function o defined (at least) in a neighborhood of [z, z3] and such that

o?=id, o(x3) =22, w(o)=w.

In addition, we have already seen that the function

ow(t) To— T
wlt) —w(@) (@D~ (C.65)

is holomorphic in 4 X ([y1, y2])?, whence a fortiori near (z2, x2), and in fact in the neighbor-
hood of {(u,u) : u € YX([y1,y2])}-
On the other hand, the function (C.65) is not holomorphic at (x2,x3), and in fact not
holomorphic at every point of {(u,o(w)) : u € 9X([y1,y2])}. Let us now introduce
ow(t) Ty — X Jo(t)(x3 — )

wt) —w(x)  (z2—t)(t—2) (23—0(t)(o(t) —z)
It is holomorphic in the neighborhood of {(u,o(w)) : u € 9 X ([y1,y2])}. This is why

O(t,z) = O(t,z) — %

is holomorphic in a neighborhood of [z1,z9] X RZ, where R > z3. In particular, for any
t € [x1,22],  — O(t, z) is holomorphic on RZ. Therefore, the ith coefficient of the Taylor
series at zero of the function

% / ) £ 15, (H)O(t, ) [—d(t)) /2 dt

1

(C.66)

equals o(1/r?) with r > 3. As a consequence, it is exponentially negligible w.r.t. to (C.56).
Finally, it remains to evaluate the contribution of the coefficients of g3(z), defined by

z /12 80—(t):u'j0 (t)tio/a(t) [—d(t)]1/2dt _ _ z /J(zl) U(t)ioujo(o—(t))/t [—d(J(t))]1/2dt,

T Sy o(t) —x P t—x
(C.67)

where the second equality above comes from the change of variable ¢ — o(t).
In order to find the asymptotic of its coefficients, we apply Laplace’s method. In fact,

we will obtain (C.58) as soon as we will have proved that

res(w, x2)

9o (z3) = (C.68)

res(w, x3)

To do this, start by differentiating the equality w(t) = w(o(t)) ; we obtain that do(x3) =
lim, ., Ow(t)/Ow(o(t)), what implies

res(w, x3) [o(t) — x2)?

= 1i
9o () s res(w,za) [t —x3)?
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Since do(x3) # 0, Equation (C.68) follows immediately.

* Suppose presently that wy/ws € 2Z + 1. In this case, since w has a pole at xo but
is holomorphic at x3 by Theorem C.22, the function © is holomorphic on [z1, 23] X RZ,
where R > z3. In particular, for any ¢ € [z1, 23], © — O(¢,x) is holomorphic on RZ. This
is why the ith coefficient of the Taylor series at 0 of ¢o is in this case equal to o(1/R?),
where R > x3. For this reason, ¢2; = 0(q1,).

An other way to prove this fact is the following. If wo /w3 € 2Z + 1, then w9/2 is con-
gruent to ws/2, and as an immediate consequence dgp1 3(w2/2) = 0, so that wa(x3) = 0, see
(C.52), whence the right member of (C.57) becomes zero.

* Suppose now that pi 1 +p1,—1 +p—1,—1 +p—1,1 = 1 and note that for these walks, we
can equally have wy /w3 € 2Z, wa/ws € 2Z + 1 or wa/w3 ¢ Z.

In fact, as in the proof of Lemma C.25, we have, as well as the contribution of the point
x3, to take under account the one of the point x4, equal in this case to —x3. So we do the
same analysis, but then we have in addition a term like (C.64) or (C.67), with =4 instead
3.

By doing then the change of variable ¢ — —t as in (C.62), we obtain that if i and
1o + jo don’t have the same parity, then the contribution is zero, and if they have, then
the asymptotic of ¢o; is given by two times (C.57), using once again Laplace’s method
and an adaptation of the principle explained at the beginning of the proof for odd or even
functions. O



Chapitre D

Green functions and Martin
compactification for killed random

walks related to SU(3) *

In this chapter, we consider the random walks killed at the boundary of the quarter
plane 72 4, with homogeneous non-zero jump probabilities to the eight nearest neighbors
and drift zero in the interior, and which admit a positive harmonic polynomial of degree
three. For these processes, we find the asymptotic of the Green functions along all infinite
paths of states, and from this we deduce that the Martin compactification is the one-point
compactification.

D.1 Introduction and main results

First introduced for Brownian motion by R. Martin in 1941, the concept of Martin
compactification has then been extended for countable discrete time Markov chains by
J. Doob and G. Hunt at the end of the fifties. The purpose of this theory is to describe the
asymptotic behavior of the Markov chains and also to characterize all their non-negative
superharmonic and harmonic functions, see e.g. [Dyn69].

For a transient Markov chain with state space F, the Martin compactification of E is the
smallest compactification E of E for which the Martin kernels z — k2 = G2 /G% extend
continuously — by GZ° we mean the Green functions of the process, i.e. the mean number
of visits made by the process at z starting at zg, and we note z; a reference state. E \ E
is usually called the full Martin boundary. Clearly for o € E, 2 — kZ0 is superharmonic;
then Op,F = {a € E\ E : 2y — k2 is minimal harmonic} is called the minimal Martin
boundary — a harmonic function A is said minimal if 0 < h < h with h harmonic implies
h = ch for some constant c. Then every superharmonic (resp harmonic) function h can
be written as h(zg) f pku (resp. h(zo) f o E dz)), where p is some finite
measure, uniquely characterlzed in the second case above

The case of the homogeneous random walks in Z% is now completely understood. First,
their minimal Martin boundary is found in [DSW60], thanks to Choquet-Deny theory.
Furthermore, in the case of a non-zero drift, P. Ney and F. Spitzer find, in their well-
known paper [NS66|, the asymptotic of the Green functions, by using exponential changes

*. The bulk of this work is appeared in the “Electronic Communications in Probability” as [Ras10b].
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of measure and the local limit theorem ; this gives consequently the concrete realization of
the Martin compactification, in that case the sphere. Additionally, in the case of a drift
zero, the asymptotic of the Green functions is computed in [Spi64]; it follows that the
Martin compactification consists in the one-point compactification.

Results on Martin boundary for non-homogeneous random walks are scarcer and more
recent. We concentrate here our analysis on important and recently extensively studied
examples that are the random walks in Z¢ killed at the boundary of cones. They are
related to many areas of probability, as e.g. to non-colliding random walks or quantum
processes.

On the one hand, the case of the non-zero drift is now rather well studied.

In [Bia92c|, P. Biane considers quantum random walks on the dual of compact Lie
groups and, by restriction, arrives at classical random walks with non-zero drift killed at
the boundary of the Weyl chamber of the dual. Solving an equation of Choquet-Deny type,
he finds the minimal Martin boundary of these processes.

When the compact Lie group is SU(d) and the associated random walk has non-zero
drift, the Martin compactification is obtained in [Col04], by finding the asymptotic of the
Green kernels.

Recently, in [IR09a], I. Ignatiouk-Robert obtains the Martin compactification of the
random walks in Zi with non-zero drift and killed at the boundary. She uses there an
original approach based on large deviations theory in order to compute the asymptotic of
the Martin kernels. Unfortunately, her methods seem quite difficult to extend up to the
case of the drift zero. Also, they do not provide the asymptotic of the Green functions.

This asymptotic in the case of the dimension d = 2 is found in Chapter C.

On the other hand, results on Martin boundary for killed random walks with drift
zero are quite rare. The simplest example of the cartesian product is due to [PW92|. An
interesting case comes again from quantum processes : in [Bia92a], P. Biane shows that the
minimal Martin boundary of the random walk with zero drift and killed at the boundary
of the Weyl chamber of the dual of SU(d) is reduced to one point.

It is immediate from [Bia91| that this classical random walk in the Weyl chamber
of the dual of SU(d) is, for d = 3, the random walk spatially homogeneous on the
lattice {i + jexp(u/3), (i,j) € Z?} with jump probabilities as represented on the left
of Picture D.1.

A 13 1/3

1/3 1/3

1/3 1/3

FI1GURE D.1 — Random walk in the Weyl chamber of the dual of SU(3)

Obviously, a suitable linear transformation maps the lattice {i + jexp(ur/3) : (i,5) €
Z*} into Z?, see Picture D.1; in this way, the Weyl chamber {i+ j exp(u7/3) : (i, j) € Z%}
becomes Z%r.
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For d = 3, the killed random walk considered by P. Biane in [Bia91] can therefore be
viewed as an element of

2° = {random walks in ZEL with non-zero jump probabilities (p; ;)—1<sj<1
to the eight nearest neighbors, with drift zero and killed at the boundary}

with jump probabilities as drawn on the right of Picture D.1 — above, “drift zero” means
that p11+p1o+p1,-1 =p-11+p-10+p-1,-1and p11+po1+p-11=Pp1,-1+po,—1+tP-1,-1-
In this setting, P. Biane proves, in [Bia92a|, that (ig, jo) — 40jo(io + jo) is the only positive
harmonic function for this process.

By the same methods, it can certainly be shown that there is only one positive
harmonic function for the “dual” walk, namely for the random walk with jump probabilities
P10 = Po,1 = P1,-1 = 1/3. In particular, if we set &, g3y = {random walks of 29 such
that po,—1 = p—1,1 = P1,0 = K, P-1,0 = Po1 = P1,-1 = V, p+ v = 1/3} — in other words,
P, su(3) is the set of all cartesian products of the random walk on the dual of SU(3) with
its dual, see on the left of Picture D.2 below —, it follows from [PW92| that any process of
Z),sU(3) has also a minimal Martin boundary reduced to one point.

In Chapter D, we introduce the set

2 o = {random walks of 2° for which (io, jo) — 40Jo(io + jo) is harmonic}.

Note that we have &2, sy(3) C P10, but we will see in Remark D.4 that the inclusion is
strict. More generally, we define

P 3 = {random walks of P for which (ig, jo) — i0jo(io + jo + () is harmonic}. (D.1)

Since any harmonic function for a killed process takes the value zero on the boundary,
Pap is in fact exactly the set of all killed random walks in Z%r to the eight nearest
neighbors admitting a harmonic polynomial of degree three.

The description of the set &, g in terms of the (p; ;); ; is rather cumbersome but not
difficult to obtain, it is postponed until Remark D.4. Let us just note here that if @ > 2
or o < 1/2, then for all 8, P, 3 =0;if a =1/2 or o = 2, then for all § # 0, P, 3 = 0,
and Z, is reduced to one walk; and if o €]1/2,2[ and || is small enough, then &, g is
a (non-empty) set with two free parameters, properly described in Remark D.4. We have
represented on the right of Picture D.2 an example of a process belonging to &, o, for any
a€[1/2,2].

FIGURE D.2 — On the left, a generic walk of &, sy(3) (1 + v = 1/3); on the right, an
example of walk of Z,0 (A = ala —1/2)/[2 — a +2a2], p = (0/2)/]2 — a + 2a?] and
v=>01-0a/2)/[2 - a+2a?])
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Moreover, note that considering in this thesis &, g is all the more natural as the set
2, = {random walks of 2° for which (i, jo) > i0jo is harmonic} is also studied here, see
Section D.4 of this chapter.

Our first result deals with the Green functions — below, (X,Y’) denotes the coordinates
of the random walk and E, ;,) the conditional expectation given (X (0),Y (0)) = (io, jo) —

G = Eig o) | D L{(x (k). (k)=(i.0)} | (D.2)
k>0

and, more precisely, with their asymptotic along all paths of states.

Theorem D.1. Suppose that the process belongs to P, g. Then the Green functions (D.2)

admit the following asymptotic as i + j — oo and j/i — tan(y), v lying in [0,7/2] :
ij(i + ay)

[i2 + aij + a252]*

G0 ~ Ciggo (io + ajo + ) (D.3)

where C > 0 depends only on the parameters (p; ;)i ; and is made explicit in the proof.

In the particular case of the random walk killed at the boundary of the Weyl chamber of
the dual of SU(3), the asymptotic (D.3) is, for v €]0, 7 /2], proved in [Bia91]. Theorem D.1
actually completes this result for that very particular random walk and gives in fact the
asymptotic of the Green functions for a much larger class of processes.

In addition, Theorem D.1 has the following consequence.

Corollary D.2. The Martin compactification of any process belonging to &, 3 is the one-
point compactification.

Furthermore, the asymptotic (D.3) of the Green functions in the two limit cases v =0
and v = 7/2 enables us to obtain the asymptotic of the absorption probabilities

qiio,jo = P(io,jo) [Fk > 1: (X(k), Y (k) = (i,0)],

i ) (D.4)

quOJO = P(io,jo) [Elk >1: (X(k),Y(k))) = (07])] :
Indeed, the absorption probabilities (D.4) are related to the Green functions (D.2) through
(C.53), so that from Theorem D.1, we immediately obtain the following result.

Corollary D.3. Suppose that the process belongs to &, g. Then the absorption probabilities
(D.4) admit the following asymptotic as i — oo :

o L. . 1
¢ ~ C(p1,—1 + po,—1 + P—1,—-1)i0Jo (i0 + cjo + ) e

where C > 0 is the same constant as is the statement of Theorem D.1.
~10,J0

The same asymptotic holds for ¢,°”°, after having replaced (p1,—1+po,—1+p—1,—1) above
by (p—11+p-1,0 +p—1,—1)/045-

The asymptotic analysis of the absorption probabilities in the case of a non-zero drift
being obtained in Chapter C, Corollary D.3 thus gives an example of the behavior of these
probabilities in the case of a drift zero.
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To prove Theorem D.1, we are going to develop methods initiated in [FIM99] and based
on complex analysis, what will allow us to express ezplicitly the Green functions (D.2).
Indeed, in [FIM99], the authors G. Fayolle, R. Tasnogorodski and V. Malyshev elaborate
a profound and ingenious analytic approach for studying the stationary probabilities for
random walks to the eight nearest neighbors in a quarter plane supposed ergodic, ¢.e. such
that p11+p1o+p1,—1 <p-11+pP-10+p-1,—1and p11+po1+p-11 < p1,-1+po—1+p-1,-1-

We are going to see here that this analytical approach can be extended up to the case
of the random walks in the quarter plane Z%r with drift zero and killed at the boundary :
Section D.2 of this chapter first broadens the analysis begun in Part 6 of [FIM99] for the
drift zero, and then shows how this applies in the case of the random walks of &, 3.

It is worth noting that this approach via complex analysis is intrinsic to the complex
plane; for this reason, it seems really a difficult task to generalize it in higher dimension.

Let us conclude this introductory part by describing the set &, g defined in (D.1) in
terms of the jump probabilities (p; ;)i ;.

Remark D.4. The fact that the two drifts are equal to zero gives two equations and the fact
that the sum of the jump probabilities is one yields an other one. Moreover, the harmonicity
of h(io, jo) = tojo(io + ejo + B), which reads h(io, jo) = >, ; pi,jh(io +i,j0 + j), leads to
ten equations, by identification of the coefficients of the third degree polynomials above.

It turns out that some of these equations are trivial and that some other ones are linearly
dependent, we finally obtain six equations linearly independent. We can therefore express
all the eight jump probabilities (p; j)i; in terms of p11 and p1o only, and we get :

¥ po10 = —[a(l =20 — B) +8p11 + (4 — 3a +20° + af)p1 o) /[a(l + 2a + B)],

*po11 = [a(l —a—F) +2(4+3a+20° + af)pi1 +2(2+a® + af)p1ol/[2a(1 + 20+ B)],
*po1 = —[—(L+a+8)+4(2+2a+B)p11 + 22+ a+ B)pio]/[2(1 + 2a + B)],

*p1,-1 = [0 + (=14 20— B)p11 — (1 + B+ 20%)p1o]/[1 + 2a + F],

* po,—1 = —[(—1—3a—pF+402)+4(—2+2a—)p1,1+(—4+6a—26—802)p1 o] /[2(1+2a+ )],
*p_1-1 = [a(l-3a—B+2a2)+2(4—3a+2a® —aB)p11+2(2—3a+3a? —2a)p; o] /[2a(1+
200+ 03)].

The properties of &, g mentioned below (D.1) are immediately obtained by studying
the sign of the jump probabilities above in terms of o, 3, p1.1 and p1 g.

D.2 Explicit expression of the Green functions

Section D.2 aims at obtaining an explicit expression of the Green functions (D.2), what
we will succeed in doing in Theorem D.8 below. This forthcoming expression of the Green
functions will be, in turn, the starting point of Section D.3, where we will find their asymp-
totic.

In order to prove Theorem D.8, we need to state two results, namely Equation (D.6) and
Proposition D.6. Precisely, Equation (D.6) is a functional equation between the generating
function of the Green functions (D.2) and the ones of the absorption probabilities (D.4),
and Proposition D.6 establishes some quite important properties of the generating functions
of the absorption probabilities.

The proof of Proposition D.6 turns out to require considering the Riemann surface
defined by {(z,y) € (CU {c0})?: Do pi o'y’ = 1}, for this reason we begin Section D.2
by studying — and, in fact, by uniformizing — this surface.
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It seems of interest to us to introduce this Riemann surface in whole generality ; this is
why, at the beginning of Section D.2, we are going to suppose that the process belongs to
29 — and not necessarily to P, g.

To begin with, we define the generating functions of the Green functions (D.2) and of
the absorption probabilities (D.4) by

QZOJO x y § GlOvJO i—1 ] 1 20]0 § :qm 130 Zo JO § :~zo ,Jo

7]>1 Z>1 ]>1
(D.5)

and ¢§° = P( joy[3k > 1: (X(k),Y (k)) = (0,0)]. Of course, Q0+, gioJo and G0 are
holomorphic in their unit disc. With these notations, we can state the following functional
equation on {(z,y) € C*: |z| < 1,]y| <1} :

K (z,y) QiOJO (z,y) = qio,jo (z) + (Yio’jo (y) + qé%jo _ xioyjo, (D.6)

where K (z,y) = zy [ > j pi iy’ — 1]. Equation (D.6) is obtained exactly as in Subsection
C.2.1 of Chapter C.
The polynomial K (z,y) defined above can obviously be written as

K(z,y) = a(z)y* + b(x)y + c(z) = a(y)a® + b(y)z + &(y),
with

a(r) = 101,1$2 +po1x+p_11, b(x) = 101,0$2 —x+p_19, c(z) = 101,71$2 + Po,—1T + P-1,-1,

aly) = 101,1y2 +proz+p1,-1, b(y) = p0,1y2 —y+po—1, cy) = 1071,12/2 +Dp-10Y +P-1,-1.

Let us also define the polynomials

d(x) = b(x)® — da(x)e(),  d(y) = bly)? — 4a(y)y).

It is proved in Part 2.3 of [FIM99] that for any random walk of 29, d (resp. d) has one
simple root in | — 1, 1[, that we call 1 (resp. y1), a double root at 1, and a simple root in
R U {00} \ [-1,1], that we note x4 (resp. ya).

For example, in the case of SU(3), i.e. for the random walk with transition probabilities
as in Picture D.1, we immediately obtain z1 =0, y; = 1/4, x4 = 4 and y4 = oc.

From a general point of view, it is shown in Part 2.3 of [FIM99] that the branch point
x1 (resp. y1) is positive, zero or negative depending on whether p_1 o> —4p_1 1p_1, 1 (resp.
po,—12—4p1 _1p—1,—1) is positive, zero or negative, and that x4 (resp. y4) is positive, infinite
or negative depending on whether p1 ¢? — 4p11p1,—1 (vesp. po1? — 4p11p—1.1) is positive,
Zero or negative.

Let us now have a look to the surface defined by {(z,y) € (CU {00})? : K(z,y) = 0},
that we note ¢ for the sake of briefness. Note first that K(z,y) = 0 is equivalent to
[b(z) +2a(z)y]? = d(x) or to [b(y) + 2a(y)z]2 = d(y). As a consequence, it follows from the
particular form of d or of d (two distinct simple roots different from 1 and one double root
at 1) that the surface £ has genus zero, and is thus homeomorphic to a sphere C U {00},
see e.g. Parts 4.17 and 5.12 of [JS87|. Therefore, this Riemann surface can be rationally
uniformized, in the sense that it is possible to find two rational functions x(z) and y(z),
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such that # = {(z(z),y(2)) : z € CU{oo}}; moreover, a standard uniformization (for an
account of the concept of uniformization, see Part 4.9 of [JS87]) is :

(z—21)(z—1/z1) (2= Lz3)(z — L/z3)

Ll e ey s S Al Sy Sy & (B-1)
where
20 = [2—(z1+3)+2[(1—21)(1 - x4)]1/2]/[x4 — 1],
21 [acl + x4 — 2124 + 2[124(1 — 1) (1 — x4)]1/2]/[x4 — xl],
2 = [2= (@ +ya) + 21 —y) (1 —y)]?]/ [ya — 0],
o= [y —yiya +20yiya(l — y) (1 —ya))?]/ [ya — ],

and where L is a complex number of modulus 1. Note that zg and 2 (resp. 22 and z3) have
a modulus equal to one or are real, according to the signs of z1 and x4 (resp. y; and yy).
For example, in the case of SU(3), it follows from a direct calculation that

2o = exp(—2wm/3), z1 =1, zo =exp(—wn/3), z3=exp(wn/3), L =exp(—wr/3).

In the general case, in order to find L, we need to introduce a group of automorphisms
naturally associated with the surface £. To begin with, let us remark that with the
previous notations, K (z,y) = 0 entails K(z, [c(z)/a(z)]/y) = 0 and K ([¢(y)/a(y)]/z,y) =
0; it is therefore natural to consider the group generated by the two bilinear transfor-
mations £(z,y) = (@, [c(x)/a(z)]/y) and H(z,y) = ([¢(y)/a(y)]/z,y), which is called, in
[FIM99], the group of the random walk.

These automorphisms f and 71 define two automorphisms & and 7 of the uniformization
space C U {oo}, characterized by :

§of =1, xof =z, yof = [c(x)/a(x)]/y, non =1, yon =y, won=[c(y)/a(y)]/z. (D.8)

With (D.7) and (D.8), we obtain that they are equal to :

£()=1/z,  n(z)=L%/ = (D.9)

In particular, it is immediate that the group W = (£, n) generated by £ and 7 is isomorphic
to the dihedral group of order 2inf{n > 0 : L?" = 1}. For example, in the case of SU(3)
for which L = exp(—wr/3), W is of order six — this fact is (differently) proved in Part 4.1
of [FTM99).

A crucial fact is that this property is actually verified by any random walk of &, g,
since we have the following.

Proposition D.5. For any process of P 5, L = exp(—m/3).

Proof. With (D.7), we have y(L) = y; ; in addition by (D.9), n(L) = L, so that with (D.8),
we obtain (L)% = é(y1)/a(y1). This implies that x(L) = —[é(y1)/a(y1)]*/? — indeed, we
easily show that the roots of K (x,y;) have to be negative. By using again (D.7), we get
L+1/L = [a(yn) (1 + 1/21) + &) Y2(z0 + 1/20)] / [aly) V2 + &(y1) /2] Tn particular,
L +1/L can be expressed explicitly in terms of the jump probabilities (p; ;); ;. By using
then Remark D.4 and after simplification, we get L = exp(—ur/3). O
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From now on, we suppose that the process belongs to &, 3.

For a better understanding of the surface J# as well as for a coming use, we are now
going to be interested in the transformations through the uniformization (x,y) of some
important cycles, namely the branch cuts [z1,z4], [y1,y4] and the unit circles {|z| = 1},
{ly| = 1}. First, by using (D.7) and Proposition D.5, we immediately obtain :

x_l([xl,x4]) =R U{o0}, y_l([yl,y4]) = exp(—w/3)R U {c0}. (D.10)

As for the cycles z 71 ({|z| = 1}) and y = ({|y| = 1}), their explicit expression (calculated
starting from (D.7)) shows that they are real elliptic curves, which are located as in the
middle of Picture D.3 below.

lxl=1
' ' Enr)

|y|=1

exp(21T1/3) ¥ D=¢né&(r) &(F)

-
|

-1 0 1 Xy Xy

Y

exp(-1T1/3) Y1 né&(r) F

n(r)

FIGURE D.3 — The uniformization space CU{oo}, with on the left some important elements
of it, in the middle the corresponding elements through the uniformization (z,y), and on
the right the images of the cone F' = {xexp(«f) : x > 0,—7/3 < 6 < 0} through the six
elements of the group W = (£, n)

Note also that with (D.9) and Proposition D.5, we immediately obtain &(exp(:0)R) =
exp(—0)Ry and n(exp(10)R;) = exp(—(f + 27/3))R. In particular, if we denote by F'
the set {zexp(10) : x > 0, —7/3 < 6 < 0}, we have — see also on the right of Picture D.3 -

U wim=c (D.11)

weWw

Thanks to the group W = (£, 1) and to (D.11), we are now going to continue the lifted
functions Q070 (z) = ¢4 (x(z)) and Q™70 (z) = ¢ (y(z)); this fact will turn out to be
of the highest importance in the proof of Theorem D.8 — the latter being crucial, since it
will be the starting point of the forthcoming Section D.3.

Note that in the sequel, we are often going to write z%0y70(2) instead of z(z)%y(z)%°.

Proposition D.6. The functions Q070 (z) = ¢'07°(z(2)) and Q90 (z) = §090(y(z)) can be
meromorphically continued from respectively {z € C: |x(2)| <1} and {z € C: |y(z)| < 1}
up to respectively C\ exp(um)[0, 00] and C\ exp(2:7/3)[0,00]. These continuations verify

QI (2) = QO (6(2)), QP (2) = Q0 (n(2)) (D.12)
for all z € C, and

QioJo (Z)+©io,jo (Z)+qé(j6j0_xioyj0 (2) =
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0 if z¢ D (D.13a)
B Z 1)X®) gioyio (w(2)) if z € D (D.13b)
weW

where we have set D = {xexp(10) : x > 0,27/3 < 0 < 7} and l(w) for the length of w, i.e.
the smallest r for which we can write w = wy - - - w,, with w1, ..., w, equal to & orn.

Remark D.7. In {z € C: |z(2)|] < 1,|y(2)] < 1} € C\ D, the identity (D.13a) follows
directly from (D.6).

Proof of Proposition D.6. In order to prove Proposition D.6, we are going to use strongly
the decomposition (D.11) : precisely, we are going to define Q%+ and Qio’jo piecewise, by
defining them on each of the six domains w(F") that appear in the decomposition (D.11), to
be equal to some functions Q970 and Q7. Tt will then be enough to show that the func-
tions Q70 and Q70 so-defined verify the conclusions of Proposition D.6.

#*In F = {zexp(l) : v > 0,—7/3 <0 <0} C {2z €C:|z(z)| <1y(z)| <1}, see
Picture D.1, we are going to use the most natural way to define QZO’]O and Q™70 j.e. their
power series. So we set, for z € F, Q17°(z) = ¢i090(2(z)) and Q°7°(z) = §¥(y(z)) — the
subscript 1 standing for the identity element of the group W = (¢, 7).

* Next, we define Qéo’jo, Qéo’jo on £(F) and Q"7 Qi*7° on n(F) by

ViEE(F) 1 QI (z) = QI (E(2)), Q0 (2) = —QUH (2) — qis + a0y (2),
= n(F) . Q;O,jo (Z) _ @ilovjo (n(z))’ Q%O,jo (z) _ _ézo,jo (Z) Z07]0 +x20y]0 (z)

* Then, we define QZO’]O, QZO’]O on &n(F) and QZO o QZO’]O on n&(F) by

Vz € € (F) , on,Jo( ) — Q%o,jo (f(z)), on,Jo( ) ondo (Z) zoJo +xzoy]o (z)
Vzent(F) - Q;Oé]o (Z) _ Qéo,jo (77(2))’ Q;()éJO (z) _ _Q;Oéjo (Z) qéoé]o + xzoy]o (z)

* At last, we define QZO’]O and Qg?go on En&(F) =nén(F) b

Vzens(F) Qe (2) = Q" (8(2)), Q2 (2) = Q2% (n(2)).

Therefore we have, for each of the six domains w(F') of the decomposition (D.11),
defined two functions 9290 and Qfg’jO.IThen, as said at the beginning of the proof, we set
Q090 (z) = Qi97°(z) and Q™70 (z) = Qi27°(z) for all z € w(F) and all w € W.

With this construction, (D.12) and (D.13a) are immediately obtained. To prove (D.13b),
we can use the fact that it is possible to express all the functions Q) o0 01970 in terms only

of QZO’]O QZO’]O, ZO’]O , 20990 : we give e.g. the expressions of Q5 70 and Qggo on &né(F) :

Qg;;gO( 2) = Q7 (€n&(2)) — 2y (n&(2) + 2y (€(2),

Qerd’ (2) = QPP (€n€(2)) = 2y (¢n(2)) + 2"y (n(2)).
We therefore obtain (D.13b), since with (D.13a) we get QZO’JO (5775 ) zo’]o (5775( ))
q° = 2y (€ng(2)) for z € Ené(F), and since W = {1,5777,7757677,5776}- O
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Theorem D.8. For any 1, 7,19, jo > 0,

1 I(w) g, j dz
— -1 20y (w (2)) | ————,

27”[]71,02 —4]71,1171,—1]1/2 exp(20)[0,00] [zwg/lf( ) ( ( )) ( ) y(Z)]
.1

n

Giosdo _ —[20 — 1/20]/Q%
(2%

(
where 0 € [2m/3, 7| and where we have set Qy = 29+ 1/z0 — [21 + 1/21] = 4(xg — 1) (21 —
1)/(1‘4 — .1‘1) < 0.

Proof. We have already noticed that the generating function of the Green functions (defined
n (D.5)) is holomorphic in {(z,y) € C*: |z| < 1, |y| < 1}. As a consequence and by using
(D.6), Cauchy’s formulas allow us to write its coefficients G:?J’JO as the following double

integrals :

207]0 ( ) + (72'0,]'0 ( ) + qu »Jo xioyjo
{e|=ly|=1} K (x,y)x'y’

z0 7]0 _

dzdy.

Then, by using the uniformization (D.7), the location of the cycles {|z| = 1} and {|y| = 1},
see Picture D.3, the residue theorem at infinity and Cauchy’s theorem, we obtain that :

10,30 () 4 10:00 () 4 P00 i0 4,90
Gioso = L QU () T QUG T aon — e ) L pas)
’ 2m exp(20)[0,00] [8yK(x(Z)a (Z))] x(z)ly(z)j

0 being any angle lying in [27/3, ] — [27/3, 7] because on the one hand, it is not possible
to take 6 > 7, since exp(um)[0, 00| is a singular curve for Q7°, and on the other hand, it
is not allowed to have § < 27/3, since exp(2:7/3)[0, 00] is a singular curve for Q770 see
Proposition D.6.

Then, from (D.7) and from the fact that 9, K (x(z),y(2)) = d(2(2))"/?, we remark that
we have

/ _ [0 = 1/20]/(20 +1/20 — [21 + L/21])
2'(2)/ 0y K (2(2),y(2)) = Pro® — dprpr )12

In this way and by using (D.13b) in (D.15), we get (D.14). O

D.3 Asymptotic of the Green functions

Beginning of the proof of Theorem D.1. For any 6 € [27/3,7], the function
2(2)'y(z)7 is larger than 1 in modulus on exp(20)[0, co], see Picture D.3. Moreover, it goes
to 1 when and only when z goes to 0 or to co. This is why it seems natural to decompose
the contour exp(:0)[0, 0] into a part near 0, an other near oo and the remaining part,
and to think that the parts near 0 and oo will lead to the asymptotic of GE?J?” and that
the remaining part will lead to a negligible contribution. In this way appears the question
of finding the best possible contour in order to achieve this idea; in other words, it is a
matter of finding the value of € for which the calculation of the asymptotic of (D.14) on
exp(20)[0, co] will be the easiest, among all the possibilities 6 € [27/3, 7].

For this, we are going to consider with details the function z(z)%y(z)’, or equivalently
the function x;/;(2) = In(x(2)) + (j/7) In(y(z)). Incidentally, this is why, from now on, we
suppose that j/i € [0, M] for some M < oo. Indeed, the function x;/; is manifestly not
appropriate to the values j/i going to oo, for such j/i, we will consider later the function
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(i/7)x;/i(2) = (i/j) In(x(2)) + In(y(z)). Nevertheless, M can be so large as wished, and in
what follows, we assume that some M > 0 is fixed.

Now we set X;/i(2) = >_,50Vp(j/1)z", this function is a priori well defined for z in a
neighborhood of 0. Moreover, with (D.7) we obtain that 1(j/7) = 0 and that for all p > 1,

pp(ifi) = (28 +1/28 — [ + 1/24)) + (5 /i) (25 + 1/25 — [ + 1/28]) /L. (D.16)

Likewise we easily prove, by using (D.7), that for z near oo, x;/;(2) = >_,50 V(i /1)/2-
Consider now the steepest descent path associated with x;;, that is the function z; ;(t)
defined by x;/i(2;:(t)) = t. By inverting the latter equality, we immediately obtain that
the half-line (1/1v1(j/7))[0, o] is tangent at 0 and at co to the steepest descent path.
Now we set, for the sake of briefness, p;;; = 1/v1(j/i). With this notation, let us
now answer the question asked above, that dealt with finding the value of 6 for which
0290 will be the most easily calculated : we are going to choose 0 =
arg(p;/i) € [2m/3, 7], and the decomposition of the contour exp(20)[0, co] will be

the asymptotic of GiJ
exp(10)[0, 5] = (p3,/10;i1) (10, lUle, 1/e[U[1 /e, o)) .

By using this decomposition in (D.14), we consider now that the Green functions are
the sum of three terms, and we are going to study successively the contribution of each of
these terms.

But first of all, we simplify the expression of p; ;. Setting €2, = 20+1/22 —[23+1/23] =
4(ys — 1)(y1 — 1)/(ya — y1) and using (D.16), we immediately obtain that v1(j/i) = Q.+
(7/1)Q% /L. But it turns out that for all the walks of &, g, we have Q, = af), — this
follows from a direct calculation starting from the explicit expression of the branch points
x1,%4,Y1,Ya in terms of the jump probabilities (p; j); ; and by using Remark D.4. Therefore

we have :
1 1 1
Pl = TG 1T Gl aexp @ /3)] (B-17)

Contribution of the neighborhood of 0. In order to evaluate the asymptotic of the
integral (D.14) on the contour (p;/;/|p;/)[0, €], we are going to use the expansion of the
function (1/%) Zwew(—1)1(“’)azioyjO (w(z)) at 0 — expansion that we will obtain in Equation
(D.21) below. This is why we begin by studying the asymptotic of the following integral,
for any non-negative integer k :

/( A (D.18)

pisillesio.e T (2)" y (2)!

By using the equality 1/[z(z)"y(2)’] = exp(—ix;/i(2)) as well as the expansion (D.16)
of x;/i at 0 and then making the change of variable z = p;/;t, we obtain that (D.18) is
equal to

p;‘f;l /(:Apj/i' tF exp (—it) exp ( — i (/1) (Pj/it)2> exp < - ZZ vp (7/1) (Pj/it)p) dt.

p=>3
(D.19)
Now we set m = max{|zo|, 1/|z0],|21], 1/|21], |22, 1/|22], |23], 1/|23|}. Then with (D.16),
we get [1(j/7)] < 4mP(1+ M). Thus, for all ¢ € [0,€/[p;/il], | — 22,55 vp(3/1)(pj/it)?| <

4(1 + M)i(me)® /(1 — me). This is why exp(—=i Y ~3v,(5/7)(p;/it)?) = 1+ O(i€®), the O
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being independent of j/i € [0, M] and of t € [0,¢/|p;j/;]]. The integral (D.19) can thus be
calculated as

ie/|pj/il
(pjsi/D)FH 1+ O(ie?)] /0 S exp (—t) [1 — w2 (j/) p5 /i + O(t* /i*)] dt.

Let us now choose € such that ie/|p;/;| — oo and O(i€®) = o(1/i), e.g. € = 1/i3/*. For
this choice of €, we obtain that the integral (D.18) is equal to

(0a/ D)L+ o(1/0)] [k = w2 (/1) 05 (K + 2)1/i + O(1/i%)], (D-20)
where the o and O above are independent of j/i € [0, M].

We are presently ready to find the asymptotic of the integral (D.14) on the contour
(pjsi/lpjsil)10, €]. To begin with, we have the following expansion in the neighborhood of 0
(directly obtained from (D.7), (D.9) and Remark D.4) :

> (=)™ 2oy (w(2)) = (13%2/2)aQ%i0jo (i0 + ajo + 3) 2° + O (2°) . (D.21)
weW

Equation (D.21) implies then that the integral (D.14) on the contour (p;/i/|p; /)0, €]
equals

—[20 — 1/20]/$2% / (13%/2 /2) o300 (io + oo + B8) 2% + O(2°)

27TZ[P1,02 - 4p171p17*1]1/2 (Pj/i/\ﬂj/i\)[ovf] z (Z)Z Yy (z)j

dz.

So, with (D.18) and (D.20) applied for £ = 2 and k£ = 5, we obtain that the integral
(D.14) on the contour (p;/i/|p;/il)[0, €] is equal to

—20 — 1/20)3%2a92 . . . . . .
47T[1[91002 —/41?1] 1p1,—1]/? iojo (io + ajo + ) (pJ'/i/Z)3 (22415 (/1) pi/l./z—i—o(l/z)]. (D.22)

Contribution of the neighborhood of co. The part of the contour close to oo, name-
ly (pjsi/lpjsil)[1/€, 00], is related to the part (p;/i/|p;/il)[0,€] by the mapping z — 1/Z.
Furthermore, it is clear from (D.7) that for f =z, f =y or f =3 (= 1)@ zioyio(w),
f(1/Z) = f(2). Therefore, the change of variable z — 1/Z directly entails that the contri-
bution of the integral (D.14) near oo is the complex conjugate of its contribution near 0.

Contribution of the intermediate part. We first recall from Proposition D.6 that D

denotes {zexp(1f) : x > 0,27/3 < 0 < 7w} and we define A, = {2z € C: e < |z] < 1/e}.

Clearly (see Picture D.3), there exist 1, > 0 and 7, > 0 such that for all z € DN A,

|z(2)] > 140z, and |y(z)| > 141, In fact, since 2/(0) = Q, # 0 and ¢/'(0) = Q, /L # 0,

it is possible to take 1, > ne and 7, > ne for some 7 > 0 independent of € small enough.
Let us now consider the function

1
zioyio(z)

s(2) = Yo (=D (w(z))|

weW

and let us show that sup,cp |s(2)| is finite. For this, it is sufficient to prove that s has no
pole in the closed domain D U {o0}.
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By (D.7), the only zeros of the denominator of s are at z1,1/z1, Lz3, L/z3 which, as we
easily check, belong to —(DUD). Also, by (D.7) and (D.9), the only poles of the numerator
of s are at L2y, L?% /2, L2129, L2k+1 /2, for k € {0,1,2}. Next, we verify that both zg
and Lzy belong to D, so that among the twelve previous points, in fact only 2y and Lz
are in D. But in the definition of s, we took care of dividing by %70, so that s is in fact
holomorphic near these two points. Moreover, s is clearly holomorphic at co. Finally, we
have proved that the meromorphic function s has no pole in the closed domain D U {oo},
hence s is bounded in D U {c0}, in other words sup,cp |s(z)| is finite.

In particular, the modulus of the contribution of the integral (D.14) on the intermediate
part (p;/i/1p;/il)le, 1/€[C DN Ac can be bounded from above by

|20 = 1/20[/[0] 1 sup,ep |s (2)]
27|p1,02 — 4p11p1,—1|Y2 €2 (1 + ne)i=io(1 + ne)i—io’

(D.23)

Note that the presence of the term 1/€2 in (D.23) is due to the following : one 1/e appears
as an upper bound of the length of the contour, the other 1/e comes from an upper bound
of the modulus of the term 1/z present in the integrand of (D.14).

Then, as before we take e = 1 /i3/ 4 and we use the following straightforward upper
bound, valid for i large enough : 1/(1 4 7/i%/*)" < exp(—(n/2)i*/*). We finally obtain that
for i large enough, (D.23) is equal to O(i%?2 exp(—(n/2)i'/*)). We are going to see soon
that this contribution is negligible w.r.t. the sum of the contributions of the integral (D.14)
in the neighborhoods of 0 and oo.

Conclusion. We have shown that the contribution of the integral (D.14) in the neighbo-
rhood of 0 is given by (D.22), that the contribution of (D.14) in the neighborhood of oo is
equal to the complex conjugate of (D.22), and that the contribution of the remaining part
equals O(i%/? exp(—(n/2)i*/*)). Moreover, starting from (D.17), we immediately get that
(,oj/i/i):3 - (W/Z/z)3 = —1332ij(i + o) /[Qe(i® + aij + a?5%))3. In this way, we obtain

io.d —2—1233/2(19% L. )
Gi?jjo _ [ 0 / 0] 173 7/0,]0(20 + ajo + ﬁ) X (D24)

4 (p1,0? — 4p11p1,-1)
“ oy . . . 5 _ . . —5
—0332qij(i + ) B 241/2(]/@),0]'/@' :1 v2(3/1)pj/i +o(1/ih)] .

[Q (% + aij + a?52))3 i

* If v €]0,7/2[ and j/i — tan(y), then ij(i + «j)/(i* + aij + a?5%)® ~ C o /i with
Cy,a > 0 : Theorem D.1 for v €]0,7/2[ is thus an immediate consequence of (D.24). In
that case, there was in fact no need to make an expansion with two terms in (D.22) and
(D.24) above, one single term would have been accurate enough.

#If j /i — tan(0) = 0, then ij(i+aj) /(2 +aij+a?5%)3 ~ (j/i)/i3. By using the explicit
expressions of 15(j/i) and p;/;, see respectively (D.16) and (D.17), we easily obtain that
Vo (j/z’)pj/f —V_Q(j/i)mf) = O(j/i). This implies that the sum of the two last terms in the
square brackets of (D.24) equals O((j/i)/i*) + o(1/i*), which is obviously negligible w.r.t.
(7/4)/i3. Theorem D.1 is therefore also proved in the case v = 0.

* In order to prove Theorem D.1 in the case v = 7/2, we would consider (i/j)x;/;
rather than x;/;, and we would use then exactly the same analysis, we omit the details.

Finally, to prove that the constant C'in the statement of Theorem D.1 is positive, it is
clearly enough to show that 2[z9 — 1/20]/[(p1,0® — 4p1,1p17_1)1/2ﬂm] is positive.
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For this, note first that from its definition, it is immediate that €, < 0. Moreover,
it follows from the beginning of Section D.2 that if x4 > 0, then 2]z — 1/29] < 0 and
(p1’02 —4p1’1p17_1)1/2 > 0; if Ty < O, then [ZO — 1/20] > 0 and Z/(p1702 —4p1,1p17_1)1/2 < 0;
and if x4 = oo, by taking the limit in anyone of the two previous cases, we obtain that
1lz0 = 1/20)/[(p1,0® — 4p1,1p1,-1)"/%] < 0.

A few words about the analytical approach used here. The two key identities in
the proof of Theorem D.1 are first the explicit expression of the Green functions (D.15),
and then the expansion (D.13b) of QiO’jO+C~2i°’j0+q6‘?(’)]°—:ci0yj0 at 0, which is the numerator
of the integrand in (D.15).

It is worth noting that for any walk of 229 > 2, g, it is still possible to obtain (D.15)
— without additional technical details, besides. o

On the other hand, obtaining explicitly the expansion of Q-0 4 Qi0:do 4 @05 — xiogdo
at 0 in the general setting seems to us quite difficult — all the more so as this expansion has
to comprise several terms, since a priori it could happen that several terms lead to non-
negligible contributions in the asymptotic of the Green functions.

It is more imaginable (though technically difficult) to obtain this expansion for the
walks for which an equality like (D.13b) holds; this will be the partial subject of Chapter E.
Unfortunately, having such an equality is far for being systematic, even for the processes
associated with a finite group W : for example, the random walk with jump probabilities
P11 = Po,—1 = p—1,0 = 1/3 has manifestly a group W of order six, but does not verify an
identity like (D.13b).

D.4 Interlude

Chapter D on walks related to SU(3) is presently concluded.
Nevertheless, in this final Section D.4, we would like to study briefly the family

2, = {random walks of #° for which (i, jo) — iojo is harmonic},

and more precisely, we wish to comment on Theorem 21 as well as on Corollaries 22-23 of
Part I, and to show two related results, namely Proposition D.9 and Corollary D.10 below.

First of all, the proofs of Theorem 21 and Corollaries 22-23 of Part I are simpler than
the ones of Theorem D.1 and Corollaries D.2-D.3 of this chapter, since the group is then
of order 4 and not 6 as here, and so we omit the details.

Let us now turn to a quite different possibility to obtain asymptotic results for the
Green functions, via the behavior of the absorption probabilities (D.4) and the functional
equation (D.6).

Proposition D.9. Suppose that p1o + po,—1 +p—1,0 +po1 = 1, as well as p1o = p_1,
and po1 = po.—1. Then the function ¢ defined by (D.4) and (D.5) is holomorphic in
(1+€)2\[1,1+¢€|, for e >0 small enough, and in the neighborhood of 1 is equal to

g (z) = ¢ (1) +ig(z — 1) [1+ (z — 1) 07 (z)]

2i7()rj0 [pro/poa]?(x — 1)%In(1 — x) [1+ (z —1)g" 7 (z)],

where 1090 gnd g0 are holomorphic at 1.
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In particular, we immediately obtain that g0 (1) = i ; in this perspective, see [CB83]
and [Coh92a|, where more general results are proved.

Before proving Proposition D.9, let us state the second of the two announced results.
For a,k € Z,, define

Tor={(i,j) €23 :i—1+a(j—1)=k},

10,J0 __

10,J0 : : : - 10,J0
and note GFM the Green functions associated with I'y 1, i.e. GFM = Z(i,j)EFa,k G,

7.7

Corollary D.10. The following asymptotic holds as k — oo :

Gzo,]o ~ 2/L'0j0 l
Lo wlp1opo,i]t/2 k

Proof. Let Q"+ be the generating function of the Green functions, see (D.5). We start by
remarking that for a € Z,

Qio,jo (x’xa) _ Z Gzo ,Jo z 1+a(j—1) _ Zx Z Géojjo Zkazo jO

ij>1 k>0 (i)€lq k>0

In addition, (D.6) gives Q0(z, x%) = [¢"00 (x) + 0o (z¢) — z'0T40]) /K (z,2). Also,
applied to ¢©J0 and G0, Proposition D.9 leads to

qio,jo(x) + q~io7jo (:Ca) _ plotajo —

_2;03'0 ([pl,o/P0,1]1/2 + a? [po,l/Pl,o]l/Q) In(1-x) [1 +(z-1) ll(m)]’

where I3 is holomorphic at 1. Moreover, an easy calculation gives K (x,z) = (z — 1)%z/2;
more generally, for any a > 0, K(z,2%) = (v — 1)2P,(z), where

a—1

P, (z) = po1x Z k(2" + 227 R 4 (a + pro/poq )t
k=1

In particular, P,(1) = po1a® + p1o. In this way, we obtain that Q%70 (z, %) = —C'In(1 —
x)[1 + (z — 1)la(x)], where Iy is holomorphic at 1 and
2i0jo

/2"

C = __Sojo___
7[p1,0p0.1]

2109
#{01)([191,0/170,1]1/2 + a2[p0,1/p1,0]1/2) =

Corollary D.10 follows then immediately — see the proof of Lemma C.26 of Chapter C
or the one of the forthcoming Proposition F.5 of Chapter F for the complete details in a
context of the same spirit. O

Let us now underline two facts around Corollary D.10.

Firstly, it is surprising that the asymptotic of GZO’JO does not depend on a > 0.

Secondly, this result is in fact also true for a = 0 In order to show this, we have to
adapt a little the proof done just above, since the explicit expression of P,(z) given above is
no more valid ; to overcome that, we simply have to use the equality K (z,1) = p1o(z—1)?,
the proof would be then exactly the same as previously.
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Proof of Proposition D.9. The proof is lightly different according to ig < jg or ig > jo :
indeed, in the first case, the polynomial xP.[z%~!Yy(x)/°] is identically zero whereas in
the second one, it is non-zero (of degree ig — jo).
We choose to do the proof in the first case, knowing that in the other it is enough, in
order to show that Proposition D.9 is still valid, to make an induction on ig — jg.
Under this assumption, with (C.16), (C.54), (C.55), (C.59) and the change of variable
t— 1/t, we get
o Ta yio _ | /¢io
i) = £ [ EE o) at (D.25)
Using twice that 1/(t —z) = 1/(t — 1)+ (z —1)/[(t — 2)(t — 1)], we obtain ¢ (x)/z =
q070 (1) + (x — 1) H®P° + (x — 1)2HL (2), where

HP7 = l/lu (#0 —1/t7) il )12,

™ t(t—1)
H;o,jo (z) = % /1354 (tz’o _ 1/ti0) i _Nlj)oz((t) e [—d (t)]l/zdt.

Now we notice that the function

[iodo () = (i — 1/75210)%[—61@)]1/2

which appears in both Hfo’jo and H;O’jo (x) is continuable into a function holomorphic in
the neighborhood of 1. Indeed, we recall from Section D.2 that 1 is a double root of d.

We still note /%07 (t) this continuation and write 11070 (t) = Y7, o o ;"7 (t—1)*. The [,/
can of course be calculated, for instance,

67 = 2iopjo(Lprol(ws = 1)(1 = 21)]'/* = 2ivio[pr,o/poa]'/,
where the second equality above comes from noting that j15,(1) = j0/[2po,1] and (x4 —1)(1—
z1) = 4po,1/p10-
Let us now study Hfo’jo and H;O’jo (x), and start with the latter.

First, we split the integral H*7°(z) as f11+6 [io:o(¢) /(t — x)dt + fl LTdo(t) /(¢ — x)dt,
where € € [0, x4 — 1]. The fact that the second term in the last sum is as a function of x
holomorphic in (1 + €)Z is clear.

In addition, it is easily shown that

/HG = P (@ 1) (1“7_““) , (D.26)
1

t—=x 1—z

where Py is the zero polynomial, and, for & > 1, P is a polynomial of degree k — 1.
This leads to

1+e llo,Jo 14+e—2x\ . .
llO’JOP )+ In <7> [*0-70 () . D.27
|5 Ra= ! (@) (D.27)

- X
k>0

This is here that having split H;O’jo (z) in two terms turns out to be useful : if we
had left x4 as the upper bound of the integral, it would have been quite possible that the
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function >, -, lz.o’jOPk does not exist. Indeed, the radius of convergence of 00 is equal to
inf{l — 21,24 — 1} and for k > 1,

Py(1) = € /k,

as we see by taking = 1 in (D.26). However, for sufficiently small values of €, the function
> k>0 Ly 70 Py exists well and truly.

We have thus shown that H.7°(z) is holomorphic in (1+€)2 \ [1,1 + ¢[ and has at 1
the same singularity as the right member of (D.27).

To complete the proof of Proposition D.9, it remains to study the term H io’jo, and in
particular, to show that o o
H"70 + ¢"00(1) = 4.
We recall that we have supposed ig < jp, so that differentiating and taking x = 1 in
the equality (D.25) yields

6xqio,jo(1) — Hi‘o,jo + qio,jo(l) — %/ (tio _ l/tio) (7/:]'0(32 [—d (t)]1/2dt.
1 —

In the rest of the proof, we adopt the notations of the forthcoming Subsection F.2.1.

Now we make the change of variable ¢ = t2(u, 1), see (F.5), which we note rather t2(u);
after some simplifications, we find

ooy _ P10 1 bt —n o Tee]
0:q"7° (1) = T /_1 [(l—kl(u))(l —k:g(u))] 1/2U]0*1( ) [1—1-’11,] du,

where k1 (u) = —2po 1u+2p1,0, k2(u) = —2po 1u—2p1 0 and the U, are the Chebyshev poly-
nomials of the second kind, see [Sze75|.

Using the explicit expressions of to and t; = 1/to written in (F.5), we notice that
[ta(u)© — t1(w)]/[(1 — k1(u))(1 — k2(uw))]*/? is in fact a polynomial in u of degree ig — 1,
that we denote by P;,—1(u). Moreover, it turns out that Pj,_1(—1) = i /p10-

Define now Q;,—2(u), the polynomial of degree ig — 2 defined by

Pig—1(u) = Piy—1(=1) + (u + 1)Qip—2(u).

With these notations,

oo io * 1—u]? pio [* 211/2
024" (1) = ; » Ujofl(—u) 1+ du + 7 B Qi072(u)Uj071(_u)[1 — U ] du.

The second term in the sum above equals zero. Indeed, being the (jo — 1)th orthogonal
polynomial for the weight 1j_y jj(u)[1 — u?]'/2, we have f_ll Ujo—1(w)P(u)[1 —u?]Y2du =0
for any polynomial P having a degree less or equal than jo — 2, that is actually the case
for ;,—2, since we have supposed that ¢y < jo.

As for the first term in the sum above, using an induction and the recurrence relation-
ship verified by the Chebyshev polynomials, namely

Ujo+1(u) - 2UUjo (u) - Ujo—l(u)a

see [SzeT5|, we obtain that for any jo > 0, fil Ujo—1(—u)[(1—u)/(14+u)]*/?du = 7. Propo-
sition D.9 is proved. O
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Chapitre E

Martin boundary for killed random

walks in the Weyl chamber
of the dual of Sp(4)*

In Chapter E, we consider a family of random walks killed at the boundary of the
Weyl chamber of the dual of Sp(4), which verifies the following additional property : for
any n > 3, there is in this family a walk associated with a reflection group of order 2n.
Moreover, the case n = 4 corresponds to a well-known process that appears naturally by
studying quantum random walks on the dual of Sp(4). For all the walks in this family,
we find the exact asymptotic of the Green functions along all infinite paths of states. In
particular, we deduce that the Martin compactification is the one-point compactification.
We also calculate the exact asymptotic of the absorption probabilities as the absorption
site goes to infinity.

E.1 Introduction

Random walks conditioned on staying in cones of Z¢ attract more and more attention in
the mathematical community, as they appear in several distinct domains. An historically
important example is constituted by the so-called non-colliding random walks, in other
words by the processes (Z1,. .., Z) composed of d independent and identically distributed
random walks conditioned on never leaving the Weyl chamber {z € R? : z; < -+ <
zq}. These processes appeared in the eigenvalues description of important matrix-valued
stochastic processes, see [Dys62], and are recently again very much studied, see e.g. [EK08]
and the references therein. Another important area where random processes conditioned
on never leaving cones of Z? appear is the domain of the quantum random walks, non-
commutative generalizations of the classical random walks, see e.g. [Bia91] and [Bia92c|.

A usual way to condition a process Z on staying in a cone consists in using a Doob
h-transform. Indeed, if A is harmonic for Z, positive inside of the cone and equal to zero
on its boundary, then the Doob h-transform of Z will obviously never hit the boundary of
the cone. Moreover, such a function h is very naturally positive harmonic for the process
Z killed at the boundary of the cone.

It is therefore natural to be interested in finding positive harmonic functions associated

*. The bulk of this work is taken from the preprint [Ras09].
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with processes killed at the boundary of cones, and more generally to be interested in
the Martin compactification of such processes, that can be obtained e.g. from the exact
asymptotic of the Green functions.

In this context, the case of random walks in Z¢ with non-zero drift has held a great
and fruitful deal of attention from the mathematical community, particularly for d = 2.

This is how that in [Bia92c|, by studying quantum random walks in the Weyl chamber
of the dual of Lie groups, P. Biane is naturally led to consider the case of SU(3) and
Sp(4), and in this way the classical random walks with non-zero drift, having transition
probabilities inside of the Weyl chamber as represented on Picture E.1 below and killed
at the boundary of the Weyl chamber — it is actually possible to obtain classical random
walks from quantum random walks by restricting the latter ones, initially defined on non-
commutative von Neumann algebras, to commutative subalgebras, see [Bia92c|. Thanks
to Choquet-Deny theory, P. Biane finds then all minimal non-negative harmonic functions
associated with these walks. Nevertheless, this approach does not allow him to find the
Martin compactification of these processes.

In the more general case of the eight nearest neighbors random walks with non-zero drift
and killed at the boundary of a quarter plane, we give in Chapter C the exact asymptotic
of the Green functions along all infinite paths of states, as well as the asymptotic of the
absorption probabilities as the absorption site goes to infinity. These results allow us to
obtain the Martin compactification of these processes.

In [IR08], I. Ignatiouk-Robert obtains, for all d > 1, the Martin compactification of the
random walks killed at the boundary of the half-space Z% x Z., with non-zero drift and with
an exponential decay of the transition probabilities. I. Ignatiouk-Robert proposes there a
new approach for the analysis of the Martin compactification, based on large deviations.
Then, I. Ignatiouk-Robert and C. Loree develop successfully these methods in [IRL09], and
they obtain the Martin compactification of the random walks in Zi killed at the boundary,
having a non-zero drift and with an exponential decay of the transition probabilities. Under
similar hypotheses and for all d > 3, I. Ignatiouk-Robert finds recently, in the work [IR09a],
the Martin compactification of the killed random walks in Zi.

However, these methods seem not powerful for a more detailed study, as e.g. for the
computation of the exact asymptotic of the Green functions or for the calculation of the
absorption probabilities at different sites of the boundary. In addition, having a non-zero
drift is an essential hypothesis for their application. Last but not least, the results of
[IR09a| are conditioned by the fact of been able (page 5 of [[R09a]) “to identify the positive
harmonic functions of a random walk on Z? which has zero mean and is killed at the first
exit from Zi. Unfortunately, for d > 2, there are no general results in this domain.”

As may the existence of this open problem suggest, the results dealing with the Martin
compactification or the asymptotic of Green functions for random walks in Z¢ killed at the
boundary and with drift zero are actually scarce, even for d = 2.

The simplest case in dimension d = 2 is the one of the cartesian product of two one-
dimensional simple random walks with zero mean. The fact that the Martin boundary of
these random walks is reduced to one point and the explicit expression of the underlying
unique harmonic function can be obtained from [PW92|. In addition, we find in this thesis
the exact asymptotic of the Green functions for these processes, see Theorem 21 of Part I.

From a Lie group theory point of view, the previous case corresponds to the group
product SU(2)xSU(2), which is associated with a reducible rank-2 root system, see [Bou75|.
This is next natural to be interested in the classical random walks that can be obtained
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from the construction made by P. Biane in [Bia92c| starting from Lie groups associated
with an irreducible rank-2 root system. It turns out that there are only two such Lie
groups, namely SU(3) and Sp(4) : indeed, there are three Lie groups with an underlying
irreducible rank-2 root system, SU(3), Sp(4) and the exceptional Lie group G, but Gg has
no minuscule weight, see [Bou75], and for this reason the construction of P. Biane does not
apply, see [Bia92c|.

In the case of SU(3), the construction proceeded in [Bia92c| leads to consider the walk
with transition probabilities equal to 1/3 as represented on the left of Picture E.1 below.
In [Bia91|, P. Biane makes explicit a suitable harmonic function h, such that the associated
Doob h-transform of the previous process will never hit the boundary of the Weyl chamber
— he expresses h as the dimension of some representation of SU(3). In addition, he computes
the exact asymptotic of the Green functions of the killed process along all infinite paths of
states, ezcept the ones which are tangent to the boundary of the Weyl chamber. However,
the asymptotic of the Green functions along the paths of states tangent to the boundary
couldn’t be obtained by using these methods. The object of Chapter D was notably to find
this lacking result.

/ pa

A

FIGURE E.1 - Random walks in the Weyl chamber of the dual of SU(3) and Sp(4)

It is therefore natural to consider now the case of Sp(4), in order to complete the case
of the Lie groups associated with an irreducible rank-2 root system. Applying to Sp(4) the
way described in [Bia92c| in order to get classical processes starting from quantum random
walks on lattices, we obtain naturally the random walk with transition probabilities equal
to 1/4 as drawn on the right of Picture E.1 above and killed at the boundary of the octant.
Straightforwardly, by making some adequate linear transformation, this process becomes
the random walk (X (k),Y (k))x>0 spatially homogeneous inside of the quarter plane Z%
and such that, if the p; j = P[(X(k+1),Y (k+1)) = (io+1%,jo+J) | (X (k),Y (k) = (i0,50)]
denote the transition probabilities, then .

(HL) pro+pi,—1+p-10+p-11=1, pro=p-1,0, P1,-1 =DP-1,1,

(H2) {(4,0): i >1}U{(0,5) : j > 1} is absorbing,

(H3) P1o=DP-10= 1/4 and Pl,-1=DpP-11= 1/4

As he does in [Bia91]| for the walk in the Weyl chamber of the dual of SU(3), P. Biane
makes explicit, for this process, a suitable harmonic function A such that the underlying
Doob h-transform will never hit the boundary, see [Bia92c|. Note also that this random
walk is partially the subject of [DO05]|, where the authors are interested in making explicit
the exit time queues associated with some processes.
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Having said that, neither the Martin compactification, nor the asymptotic of the Green
functions, nor the asymptotic of the absorption probabilities have been yet calculated for
this process — up to our knowledge.

In order to obtain explicit formulas for the Green functions as well as for the absorption
probabilities associated with the process satisfying to (H1), (H2) and (H3), we wish to use
complex analysis methods partially inspired by [FIM99|. As presented in Section 1 of Part
I, G. Fayolle, R. Iasnogorodski and V. Malyshev elaborate there a profound and ingenious
analytic approach in order to obtain explicit expressions for the generating function of the
stationary probabilities for some ergodic random walks in a quarter plane.

In Chapter C of this thesis, we have developed these methods to the case of the gene-
rating functions of the Green functions and of the absorption probabilities for some walks
in a quarter plane killed at the boundary and having a positive drift.

In Chapter D, we have begun to extend this approach to the case of the killed random
walks having a drift zero inside of the quadrant.

We are going here to pursue its development ; by the way, Subsections E.2.1 and E.5.2
of this Chapter E are strongly inspired by [FIM99].

In [FIM99], the authors also highlight the importance and the influence of the group
of the random walk, notion that we have already encountered in the previous chapters.

Let us consider this group in details in the case of the walks verifying the hypothesis
(H1) above. For this, we introduce the polynomial K (which is actually a simple transfor-
mation of the transition probabilities generating function) defined by :

K(z,y) = zy[p1roz + p-10/2 + p1,—13/y + p_1,1y/7 — 1]. (E.1)

If K(x,y) = 0, then with (E.1) it is immediate that K (£(z,y)) = 0 and K (j(x,y)) = 0,

where )
~ x ~ P-11Y +P-10Y
f.%',y :<.%', >7 mz,y :< : : _ay>'
(@y) Y (@y) P1,0Y +DP1,-1 ®

The group of the random walk is then W = (f ,7), the group of automorphisms of the
algebraic curve {(z,y) € (CU{oco})? : K(z,y) = 0} generated by & and 7.

It is already known, see e.g. [BMMO09| or Chapter B, that under (H1) and (H3), W is
of order eight.

More generally, we will prove here (see Remark E.3) that in fact the group W is finite
if and only if there exists some rational number r such that p o = p_1¢ = sin(rr)?/2 and
p1—1=Dp_11 = cos(rm)?/2.

In Chapter E, we wish to study the processes verifying (H1), (H2) and (H3’), where
(H3) p1,o = p-10 = sin(n/n)?/2 and p1—1 = p_1,1 = cos(m/n)*/2.

We will show that under these hypotheses, W is of order 2n, see Subsection E.2.2 and
particularly (E.11).

Note that for n = 4, the assumptions (H3) and (H3’) are the same.

Remark also that for n = 3, the process satisfying to (H1), (H2) and (H3’) is the same
as the one of Chapter D represented on the left of Picture D.2 for a = 2.

The family constituted by the union, for n > 3, of the walks verifying (H1) and (H3’)
is therefore in some sense representative of all the random walks having a finite group W.
Indeed, among the set of all the walks with an underlying group W of finite order, there is
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in this family a representative for the subclass of the walks having a group W of order 2n,
for any n > 3 — let us recall that the case of the processes such that the group W has order
4 corresponds essentially to the product case and has already been considered in this thesis,
see Subsection D.4 of Chapter D. This representativeness property seemed to us quite im-
portant, and for this reason, we have thought that it was interesting not only to deal with
the particular case n = 4, i.e. with the walk in the Weyl chamber of the dual of Sp(4), but
rather with the case of all these walks, for n > 3.

Chapter E is then hinged on two results.

* The first of these two results is related to the asymptotic of the Green functions

G = Eiig oy | D Lix (k)Y (6)=(ii)} | (E.2)
k>0

E(io,jo) denoting the conditional expectation given (X (0),Y (0)) = (40, jo)-
We prove in Theorem E.10 of Section E.4 that as i + j — oo and j/i — tan(y), v €
[0, 7/2],
) i
Giodo 4 fo Gio.d sin (n arctan (LJH.Z/l. tan (m/n) ))
iy "~ Anln Oa.]O) ] — 2
[cos(m/n)? (i? + 2ij) + j2]

where A,, is some positive constant depending only on the transition probabilities and f,
a harmonic function for (X,Y’), defined and studied with details in Section E.3.

In particular, from this result we obtain that the Martin compactification of the process
satisfying to (H1), (H2) and (H3’) is, for any n > 3, the one-point compactification, see
Corollary E.12.

Therefore, Chapter E gives a partial answer in the case d = 2 to the open problem high-
lighted by I. Ignatiouk-Robert in [IR09a|, since Corollary E.12 implies that there is, up to
the positive multiplicative constants, only one positive harmonic function for each process
in the infinite family of two-dimensional killed random walks that we consider in Chapter E
— family which is, as already said, representative of the set of all the two-dimensional killed
random walks having a finite group.

* The second of the two results is the subject of Section E.5 and deals with the probabi-
lities of absorption
@7 = P50 [(X,Y) is absorbed at (i,0)], (F.3)
37 = P, o) [(X,Y) is absorbed at (0, 5)], '
P,jo) denoting the conditional probability given (X (0),Y (0)) = (io, jo)-
Firstly, in Subsection E.5.1, we show that a consequence of the asymptotic of the Green
functions is that as the site ¢ goes to infinity,

. . Y y 1
q;"*7° ~ By, fn (i0, Jo) 1’

where B,, is some positive constant depending only on the transition probabilities and f,
the same harmonic function as before. A similar result holds, of course, for the asymptotic
of the ¢;*7° as the site j goes to infinity.
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Secondly, in Subsection E.5.2, we are interested in the exact distribution of the site of
absorption, and we find integral representations for the generating functions

20 JO Z ¢ 10, jox 107]0 Z g ZO,Jo (E4)

i>1 j>1

using for this some arguments based on [FIM99] and on Chapter C.

Thirdly, in Subsection E.5.3, by studying closely the function ¢’%° — notably some con-
formal gluing functions that appear in the integrand of the integral representations of (E.4)
obtained in Subsection E.5.2 —) we give an other proof of the asymptotic of the absorption
probabilities (E.3).

Subsection E.5.2 is also the opportunity to analyze fine properties of these conformal
gluing functions in the case of a drift zero — their study in the case of a non-zero drift being
done in Chapters A, B and C of this thesis.

It is worth noting that from a technical point of view, the only moments where we make
use of the finiteness and of the order of the group W are the following : firstly, when we
simplify the quantity ¢%7°(z) + G070 (y) — 20370, see Subsection E.2.2 and particularly
Proposition E.1; secondly, when we find the explicit form of the conformal gluing functions,
see Subsection E.5.2.

E.2 Analytic approach

E.2.1 A functional equation

Subsection E.2.1 consists in preparatory results and is inspired by the book [FIM99].
Denote by Q9 (z,y) = D=1 Gzojjoxi_lyj_l the generating function of the Green
functions (E.2). With this notation and with (E.4), we can state the following functional

equation :
K (z,y) Q190 (z,y) = ¢"% (z) 4 ¢ (y) — a0y, (E.5)

K being defined in (E.1). A priori, Equation (E.5) has a meaning in {(z,y) € C?: |z| <
1,|y| < 1}. The proof of (E.5) is obtained exactly as in Subsection C.2.1 of Chapter C.
When no ambiguity on the initial state can arise, we will drop the index i, jo and we

will write Gy j, Q(x, 1), ¢, 4(x), 4, 4(y) for G QZO’]O( Y), @, g0 (), G070, oo (y).

Let us now have a look to the algebraic curve {(z,y) € (CU{o0})? : K(z,y) = 0}, that
we note £ for the sake of briefness. Start by writing the polynomial (E.1) alternatively

K(zy)=a(@)y+b@)y+cl@)=ay)s®+by)z+c(y), (E.6)

where a(z) = p1 —1, b(x) = p1,0x2—x+p170, c(x) = p17,1:c2 and a(y ) = P10y +D1, ,1, b(y) =
—y, &(y) = p1,_1y> + p1oy- Set also d(x) = b(x)? —4a(z)c(z) and d(y) = b(y)? — 4a(y)é(y).
We have

d(z) =pio(z— 1)2(332 +2z(1 —1/p10) + 1), d(y) = —4p1op1,-1y(y — 1)2- (E.7)

The polynomial d has a double root at 1 and two simple roots at positive points, that
we note x1 < 1 < z4. As for d, it has a double root at 1 and a simple root at 0. We also
note y; = 0 and y4 = o0
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Then with (E.6), we remark that K (z,y) = 0 is equivalent to [b(z) + 2a(z)y]? = d(z)
or to [b(y) + 2a(y)z]2 = d(y). In particular, it follows from the particular form of d or of d,
see (E.7), that the surface % has genus zero and is thus (see [JS87]) homeomorphic to a
sphere. As a consequence, this Riemann surface can be rationally uniformized, in the sense
that it is possible to find two rational functions, say 7 and 7, such that & = {(n(s),7(s)) :
s € CU {oo}}. Furthermore, as remarked in Chapter 6 of [FIM99], we can take 7(s) =
[a+21]/2+ ([ra —x1]/4)(s+1/5s), 1 and z4 being defined below (E.7); it is then possible
to deduce a correct expression for 7, since by construction the equality K (7, 7) = 0 has to
hold.

For more details about the construction of Riemann surfaces, see for instance [JS87].

E.2.2 Uniformization and meromorphic continuation

But rather than the uniformization (7, 7) proposed in [FIM99| and recalled at the end
of the previous subsection, we prefer using an other, that will turn out to be quite more
convenient. This new uniformization, that we call (x,y), is just equal to (mo L, 7oL), where

-1
L(Z) _ 207

, = —exp(— .
p— 20 xp (—ur/n)
We note that zg is such that 7(z9) = m(Z0) = 7(20) = 7(Zg) = 1 and that its explicit
expression above is due to (H3’), for more details see Remark E.3. Then, starting from the
formulations of (7, 7) and of L, we easily show that the expression of the new uniformization

can be

B _(z+zo)2
.T,'(Z)— y(z)_(Z_ZO)Q'

Compared to (m, 7), this uniformization (x,y) has the significant advantage of transfor-
ming the important cycles (i.e. the branch cuts [x1, z4] and [y1, y4], the unit circles {|z| = 1}
and {|y| = 1}) into very simple cycles, since the following equalities hold, see also Picture
E2:

(2 + 20) (= +%0)
(2 —20) (= — Z0)”

(E.8)

Ylor,2a]) = RU{oo}, Mzl =1}) = RU{oo},

(E.9)

vy (yma)) = 2RU{oc}, y'({lyl=1}) = zRU{oo}.

F1GURE E.2 — The uniformization space CU{oo}, with on the left some important elements
of it, and on the right the corresponding elements through the functions z and y
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To obtain (E.9), it is sufficient to use the explicit expressions of the branch points x1, x4,
Y1, Y4, see below (E.7), as well as the explicit formulation of the uniformization, see (E.8).

Let us go back to ¢ and 7, the automorphisms of the algebraic curve £ introduced in
Section E.1. Thanks to the uniformization (E.8), they define two automorphisms £ and 7
on CU {oo}, which are characterized by

.’IJ2 2

2
= = - —1y° + 1
52_1, fL’Of—IE, yof_?’ n —1’ yon =1y, xon w_ (

. (E.10)
P1,0Y +P1,-1 T

Using the well-known characterization of the automorphisms of the Riemann sphere
CU {0}, (E.8) and (E.10), we obtain that £ and 1 have the following expressions :

&(z)=1/z, n(z) =exp(—2ir/n)/z. (E.11)

The expression of 7 in terms of n, above, is due to the assumption (H3’), see Remark E.3
for more details. Note also that leading to these particularly nice analytic expressions of £
and 7 is an other very pleasant property of the uniformization (x,y).

As in Section E.1, we call the group generated by & and 7

Wy = <§7 77>

the group of the random walk. In the situation of Chapter E, W), is isomorphic to the dihe-
dral group of order 2n, i.e. to the group of symmetries of a regular polygon with n sides,
¢ and 7 playing the role of the two reflections.

We are now going to state and prove Proposition E.1, which is actually the main result
of Subsection E.2.2, and that deals with the continuation of the generating functions ¢
and ¢ defined in (E.4). But for this, we need to describe the action of the elements of W),
on some cones of the plane, and to find some fundamental domains of the plane for the
action of W, — we say that D is a fundamental domain of the plane for the action of W,
if Uyew, w(D) = C and if in addition the union is disjoint.

Let us take the following notation : for 61 < 6,

A(61,62) = {texp(if) : 0 <t < 00,6, <O <0}

is the cone with vertex at 0 and opening angles 01, 6. In particular, A(6,6) = exp(:0)R; U
{o0}. Thanks to (E.11), we obtain that the action of £ and 7 on these cones is simply given
by £(A(91, 92)) = A(—«92, —91) and n(A(Gl, 92)) = A(—92 — 27T/’rl, —91 — 27T/n) These facts
are illustrated on the left of Picture E.3.

Define now, for k € {0,...,n},

—1 1
DZ:A<k W,ETF), Dk:A<—k+ W,—EW>.

n n

Sometimes, we will write Dy instead of Dj = Dy and D, instead of D;} = D, . Clearly,

n—1 n—1
DyuD,U | JDjfu Dy =CU{oc}. (E.12)
k=1 k=1

The definitions of D,:' and D, , as well as (E.12), are illustrated on the right of Picture E.3.
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O[AYCH ,99‘)_)“‘_“

=
R
coN
\ ~

g ~

E(/\(e_l.eZ) (‘:_/\(90 ,90\)\.
A8 ,-6)\

S

N
FIGURE E.3 — Important cones of the uniformization space

It is immediate that for any k € {1,...,n}, we have D} = ¢(D;_,) and D, = n(Dj}\_,).
In particular, for any 2k € {1,...,n},

Dy, = ((€om)*) (Do), Dy, = ((n°)*)(Do).
Likewise, for any 2k + 1 € {1,...,n},

Dy = (o (mo&)F) (Do), Dy, = (no(&om)®)(Dy).

With (E.12), these equalities prove that Uyew,w(Dg) = CU {oo}, in such a way that
Dy is a fundamental domain for the action of W,, on C — this is not quite exact, since each
half-line A(kn/n,kmr/n), k € {0,...,2n — 1} appears twice in the union Uy,ew, w(Dyp).

We are now able to state and prove Proposition E.1, after the weak recall on the lifting
of functions that follows : any function h of the variable z (resp. y) defined on some domain
D C C can be lifted on {z € CU {00} : 2(2) € D} (resp. {z € CU{o0} : y(z) € D}) by
setting H(z) = h(x(z)) (resp. H(z) = h(y(2))).

In particular, we can lift the generating functions ¢ and ¢ defined in (E.4), and we set
Q(2) = q(z(2)) and Q(z) = G(y(2)), they are well defined on {z € CU {oo} : |z(2)| < 1}
and {z € CU{oo} : |y(2)| < 1} respectively. As a consequence, on {z € CU{oo} : |z(2)| <
1,]y(z)] < 1} (which is equal to A(—7m/2,7/2 — w/n), see Picture E.2), the functional
equation (E.5) yields Q(z) + Q(z) — 0y (z) = 0 — in the sequel, we will often write
20970 (2) instead of x(z2)"0y(z)%.

Proposition E.1. The functions Q(z) = q(z(2)) and Q(z) = G(y(2)) can be meromorphi-
cally continued from respectively A(—m/2,7/2) and A(—7/2 — w/n,w/2 — w/n) up to
respectively C\ A(m, ) and C\ A(w — 7 /n, 7 —7/n). Moreover, these continuations verify

Q(z) = Q(E(2), Q(x)=Qn(2)), VzeC, (E.13)
and
B o 0 if z¢ AM(m—mn/n,m) (E.14)
Q2) +Q2) =2y (2) = = 37 (—1)!W gioydo (w(2)) if z € Am—n/n,7) (E.15)
weWn,

where [(w) is the length of w, that is the smallest v for which we can write w = wy - - - wy,
with w, ..., w, equal to € orn.
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Remark E.2. As a consequence of Proposition E.1, the generating functions q and § can
be continued as meromorphic functions from the unit disc up to C\ [1,z4] and C\ [1, y4]
respectively. Indeed, the formulas q(x) = Q(2) if z(z) = z and §(y) = Q(2) if y(z) =
define ¢ and § not ambiguously, thanks to (E.13). Moreover, since x(A(mw, 7)) = [1,z4] and
y(AMm — w/n,m —w/n)) = [1,y4], see (E.9) and Picture E.2, the previous formulas yield
meromorphic continuations on C\ [1,z4] and C\ [1,y4] respectively.

Proof of Proposition E.1. In order to prove Proposition E.1, we are going to use strongly
the decomposition (E.12), and precisely, we are going to define @ and Q piecewise, by
defining them on each of the 2n domains D that appear in the decomposition (E.12) to be
equal to some functions Qp and Qp, it will then suffice to show that the functions Q and
Q so-defined verify the conclusions of Proposition E.1.

*In Dy C {z € CU{oo} : [z(2)] < 1,y(2)| < 1}, we are going to use the most natural
way to define @Qp, and Q) p,, i.e. their power series, and for z € Dy we set Qp,(z) = q(x(2))

and Qpy(2) = 4(y(2)).
* Then, for k € {1,...,n — 1}, we define QD:, QD,C* on D} and QD;, QD; on D, by
VeeDf =€(Diy) ¢ Qpr (9=Qp. (€(). Tps (2) = ~Qpy (2) + oy (2).

—1

Vze D, =1 (D/:r—l) : éDk— (2) = QVDI:l (n(2)), QDk_ () = _épk— (2) + oy (2).

x At last, for z € D,,, we set @Qp, (z) = QD;I({(Z)) and Qp, (z) = QDLl(n(z)).

Therefore we have, for each of the 2n domains D of the decomposition (E.12), defined
two functions @p and Qp. Then, as said at the beginning of the proof, we set Q(z) = @p(z)
and Q(z) = Qp(z), for all z € D and for all domains D that appear in (E.12).

With this construction, (E.13) and (E.14) are immediately obtained. In order to prove
(E.15), we can use the fact that it is possible to express all the functions Qp, @p in terms
of Qp,, @p, and 20y7° only ; we give, e.g., the expression of QD+ ,forany 2k € {1,...,n}:

k—1

k—
Qpy, (2) = =Qpy (10€)*(2)) + Y2y (€0 (no)’ Z ((n0€)(2)), (E.16)

p=0
as well as the one of QDf , for any 2k € {1,...,n} :
2k

k-1

Qp- (2) = =Qp, ((€om)¥(2)) + > _ 2™y (no (£ on)” Zwmym (Eom)?(2)). (E.17)

2k
p=0

As a consequence, we obtain (E.15) for even values of n. Indeed, for this it is actually
sufficient first to add @p, (2) and @p, (2), in other words the equalities (E.16) and (E.17)
above for k = n/2, then to remark that if n is even, (£ on)"/2 = (nof)"/Q, next to use that

for 2 € Dy, Qp, ((€0n)™%(2)) +Qp, ((€0n)™?(2)) = aioyo ((Eon)™/?(z)), see (E.14), and
finally to remark that W,, equals

R N (19 L N (37) K SN (13 K NN (27) L () e

Likewise, we could write the expressions in terms of Qp,, @p, and %0y’ of

QD—a QD+’ QD+ QD'*' QD— QD—

)
2k 2k+1 2k+1 2k+1 2k+1

and we would verify that (E.15) is still true for odd n. Proposition E.1 is proved. O
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Remark E.3. We can now explain why the assumption (H3’) concerning the values of the
transition probabilities is both natural and necessary for our study.

If we suppose (H1) but no more (H3’), then the uniformization (E.8) is the same, with
zZo = —[2p17,1]1/2 + z[2p170]1/2. The transformations (E.9) of the important cycles through
the uniformization are also still valid, and the automorphism £ is yet again equal to £(z) =
1/z. As for n, it takes the value 1(z) = 2%/z ; in particular, the group of the random walk
W = (&,n) is finite if and only if there exists an integer p such that z2p = 1. In this case,
if n denotes the smallest of these positive integers p, then the group W 1s of order 2n.

If a such n does not exist, then there is no hope to find a fundamental domain for the
action of the group W, neither to obtain any equality like (E.15).

If a such n exists, then by using the fact that 23" = 1, in other words the fact that
(—[2p1,-1]"2 + 1[2p10]Y%)?" = 1, we immediately obtain that p1o = sin(qr/n)?/2, for
some integer q having a greatest common divisor with n equal to 1.

In this last case, we have zg = — exp(—wqm/n), and it is easily proved that the domain
bounded by the cycles x=1([1,24]) and y~1([1,44]), namely A(arg(z), 7) = A(7 — qm/n, ),
15 a fundamental domain for the action of W if and only if ¢ = 1. In particular, having an
equality like (E.15) is possible if and only if ¢ = 1, see the proof of Proposition E.1.

But it turns out that having an equality like (E.15) is essential in what follows,
particularly in Section E.4, where we have to know very precisely the behavior of Q(z) +
Q(2) — £0y?°(2) near 0 and co.

For all these reasons, we assume here that p1 o = sin(r/n)?/2 for some integer n, in
other words (H3).

E.3 Harmonic functions

Section E.3 aims at introducing and studying some harmonic function associated with
the process, which will be of the highest importance in the forthcoming Sections E.4 and
E.5.

It turns out that this harmonic function will be obtained from the expansion near 0 of
ZweWn(—l)l(w)xioyjo (w(z)), quantity which is appeared naturally in (E.15); this is why
we begin here by studying closely the behavior of this sum in the neighborhood of 0.

Note first that thanks to the expression (E.11) of the automorphisms £ and 7, we have

n—1
Z (—1)l(w) 20970 (w Z xzoylo (exp(—2tkm/n)z) — x'0y (exp(—2ikm/n)/2)] .
weWn, k=0

(E.18)

Let us now take the following notations for the expansion at 0 of the function z?0yJo :

= kp (io, jo) 27, (E.19)

p=>0

and remark that with (E.8), we obtain that for z close to 0,

oy (1/2) = Zfip i0,Jo) (E.20)

p>0

In a general setting, if f is holomorphic in a neighborhood of 0 with expansion f(z) =

0 foPs then 32170 f(exp(—2ekm/n)z) = 320 flexp(2ikm/n)z) = 3 ,n0 nfup2™
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This is why, by using (E.19) and (E.20), we obtain that the sum (E.18) is equal to

S (=) a0y (w(2)) =Y n [k (io, Jo) — Fap (o, Jo)] 2. (E-21)

weWn, p>1

We are now going to be interested in the term corresponding to p = 1 in the sum (E.21),
and we set

[ (0, o) = n[kn (i0, Jo) — Fn (0, Jo)] / [(=1)" 4] . (E.22)
Proposition E.4. The function f, defined in (E.22) verifies the following assertions :
(1) fn is a real polynomial in the variables ig, jo of degree exactly n.
(i)
(iii) fn(i0,0) = fn(0,70) = O for all integers iy and jo.
(iv) Ifip > 0 and jo > 0, then f,(ig,jo) > 0.

Corollary E.5. The Doob f,-transform process of (X,Y) will never hit the boundary.

fn 1s a harmonic function for the process (X,Y).

Remark E.6. Writing an explicit formula for the function f, is quite possible. Indeed, by
using Cauchy’s product, ky, (and therefore also f,) can be written in terms of the coefficients
of the expansions of x and y at 0, and these coefficients are easily calculated, see Equation
(E.24) below. As examples, we give the factorized form of fs, fa and fg :

f3(io, jo) = 24 - 312 - ig o (i + 24o),
fa(io, jo) = (256/3) - igjo(io + 2j0) (G0 + Jo),
folio,jo) = (288/5)3" -igjo(io + 2jo) (o + jo) ((io + 24o/3) (i0 + 4jo/3) + 10/9).

We don’t write the explicit expression of fr for general values of n, since it wouldn’t really
be usable, nor efficient actually.

Remark E.7. The explicit expression and the harmonicity of the function fi have already
been obtained by P. Biane in [Bia91].

The quantity f4(ig, jo) also appears as a multiplicative factor in the asymptotic tail dis-
tribution of the hitting time of the boundary of Zi for the process (X,Y) associated with
n = 4 and starting from the initial state (ig,jo). Indeed, in Chapter F, denoting by T =
inf{k > 0: X(k) =0 or Y (k) = 0}, we will prove that P(;, ;o\[T > k] ~ C fa(io, jo)/k?, see
Proposition F.23.

In particular, we can specify Corollary E.5 in the case n = 4. Indeed, using the following
equality for | < k (obtained from the strong Markov property of the process (X,Y)) :

IP>(i0,j0) [T > k]

IP’(iodo) [(X (l) Y (l)) = ('L?]) ’T > k] = IP}(iodo) [(X (l) Y (l)) = ('L?])]

9

the asymptotic of Chapter F yields that the Doob fyi-transform process is equal in distri-
bution to the limit, as the time k goes to oo, of the process conditioned on the event [T > kJ.

Remark E.8. Proposition E.4 shows that for any n > 3, there exists at least one positive
harmonic function for the process (X,Y) ; we will prove in Corollary E.12 of Section E.}
that for alln > 3, fy, is in fact the unique positive harmonic function for the process (X,Y),
up to the positive multiplicative constants.
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Proof of Proposition E.4. The fact that f,, takes real values is immediate from its defini-
tion. For the rest of the proof of (i), we are going to use the following straightforward fact :
for any f(2) =1+, fp12¥, note 1+3° -, fpi2? the expansion at 0 of f(2)"; then f,;
is a polynomial of degree equal or less than p in 4, with dominant term equal to f; ;¥ /p!.
In particular, f,; is of degree exactly p if and only if f1; # 0.

In our case, it is immediate from (E.8) that x1(1,0) = —4cos(w/n) # 0 and £;1(0,1) =
—4exp(im/n) # 0. This is why, for any non-negative integer p, £,(¢,0) is a polynomial of
degree p in i and, likewise, £, (0, j) is a polynomial of degree p in j. In particular, &, (i, j) =
ZZ:O kp(0,7)kn—p(i,0) is a polynomial in 7, j of degree n, with dominant term equal to

n
k1(0,1)P k1(1,0)"7P
Zl(')]pl( )'an.
= (n —p)!
In this way, we obtain that f, is a polynomial in 4, j of degree n, with dominant term equal
to, after simplification,

92n+1 N 1

ﬁ C’p sin(pm/n) cos(m/n)" P Pi" P, (E.23)
n J—
Assertion (i) follows then immediately.

To prove (ii), it is enough to show that k, is harmonic. To show that, start by using
the obvious equality 2~y ~1(2) K (z(z),y(2)) = 0, which reads z'y’(z) = p1 o™y (2) +
p1ox Y (2) 4+ p1—12 Yy T (2) + p112° 1y T1(2). Then, (E.19) yields that

Z [kp (i, 5) —p1okp(i+1, j) —p1okp(i—1, ) —p1,—1kp(i+1, j—1)—p1 —1kp(i—1, j+1)] 2P
p=0

is identically zero ; this means that all the ,, p > 0 are harmonic, hence in particular .
In order to prove (iii), we need to know explicitly the expansions of z and y at 0. From
(E.8), we immediately obtain these expansions :

4
tan(m/n)

x(z) =1+ Z (—1)Psin (pm/n) 2P, =1 +4Z Ppexp (wpr/n) 2P

p>1 p>1
(E.24)

We show now the first part of (iii), namely the fact that f,,(¢,0) = 0 for all non-negative
integer i. As it can be remarked from (E.24), the coefficients of  are real; for this reason,
for all integers i and p, kp(%,0) is also real and thus f,(i,0) = 0; in particular, f,(,0) = 0.

As for the second part of (iii), namely the fact that for all j € Z,, f,(0,5) = 0, we
prove that k,(0, j) is real — however, it isn’t true that for all j and p, £,(0, j) is real.

In order to obtain ,(0,) — that is, the pth coefficient of the Taylor series of y(2)7 —
we add all the terms of the form r,, (0,1)rp,(0,1)--- #p,(0,1) with py + --- +p; = p, this
is nothing else but the Cauchy’s product of the j series y(z) In other words, using (E.24),
we add terms of the form py - - p;(—=1)P1+ " TPi exp(u(py + - - - + pj)7/n). As a consequence,
kp(0,j) can be written as ¢, (j)(—1)P exp(epm/n), with ¢,(5) > 0 if j > 0.

In the particular case p = n, we obtain k,(0,7) = —@n(7)(—=1)"; k,(0,7) is therefore
real and, immediately, f,(0,7) = 0.

We prove now (iv). With (E.24), it is clear that the sequence xo(1,0),...,xp—1(1,0) is
alternating, in the sense that for all p € {0, .. — 1}, (—=1)Pkp(1,0) > 0 In particular,
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it follows from general results on power series that the sequence k¢ (i,0),...,ky—1(7,0) is
still alternating, for any ¢ > 0.

In addition, by using the Cauchy’s product of x(z)" and y(z)’, we obtain that x,(i,7) =
ki (1,0) + £ (0,5) + D02 H(=1)? exp(1pm /1)@y (§)kin—p(i,0). Then, by definition of f, (i, )
and by using the fact that kn(i,0) and Kk, (0, j) are real, we get

n—1

fuliy 3) = 2n( nz Psin (prr/n) op(j)kn—p(i, 0).

But we have already proved that ¢,(j) > 0 if j > 0 and that (—1)""Pk,_p(7,0) > 0
if ¢ > 0; f, is thus written, above, as the sum of n — 1 positive terms, and is, therefore,
positive. [l

Remark E.9. The dominant term of f, is very directly related to the réduite of the cone

A(0,7m/n) — which is, by definition (see e.g. [Var99]), the unique function harmonic for the

Brownian motion, positive inside of the cone A(0,7/n) and equal to zero on its boundary.
In order to illustrate this fact, let

¢(z,y) = ((z +y)/sin(r/n),y/ cos(r/n)).
Then, noting (X,Y") the random walk studied in this chapter, ¢p(X,Y") is a process with
a covariance equal to the identity and with values in the cone A(0,7/n).
If now h(u,v) denotes the réduite of A(0,7/n) — that is, in polar coordinate, h(u,v) =
h(rcos(0),rsin(0)) = r"sin(nd) —, then obviously
(n—1)/2
h(u,v) = Z Cgp+1(_1)pun—(2p+1)v2p+1’
p=0
and we easily check that up to a multiplicative constant, h(¢(x,y)) equals the dominant term
of fu(x,y), equal to (22"1/(n — 1)) Z;;ll Ch sin(pm/n) cos(m/n)"PaPy™ P, see (E.23).
However, f, is not, in the general case, equal to its a dominant coefficient, since f, is
not homogeneous,in general, see Remark E.6.

E.4 Asymptotic of the Green functions and Martin compac-
tification
E.4.1 Statement of the results

Theorem E.10. The Green functions (E.2) admit the following asymptotic as i+ j — oo
and j/i — tan(vy), v € [0,7/2] :

i 2 (n—1)! - _sin (n arctan (1-]/]/1 tan (m/n) ))
G0~ = f (i, . E.25
" ™ 4" sin (27 /n) (i o) [cos(m/n)? (i + 2ij) + jQ]”/2 (E-25)

Remark E.11. Set N,(j/i) = sin(narctan((j/i)/(1 + j/i)tan(rw/n)) — this quantity
appears in the asymptotic (E.25). Let v be in [0,7/2] and suppose that j/i goes to tan(y).
If v €]0,7/2[, then Ny(j/i) goes to Ny(tan(7)), which belongs to |0, ool
Ify=0o0r~y=m/2, then N,(j/i) goes to 0. More precisely, Ny (j/i) = ntan(ﬂ/n)[j/z—i—
O(/1)?] if 7 = 0 and Ny(j/i) = (n tan(m/n)/(1 + tan(x /m)?)[i/j + OG/7)?] if 7 = /2.

Corollary E.12. The Martin compactification is the one-point compactification.
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E.4.2 Proofs

Sketch of the proof of Theorem E.10. We are going to begin by expressing G; ;, in
(E.26), as a double integral, using for this Cauchy’s formulas and Equation (E.5). Then
we will make the change of variable given by the uniformization (E.8) and we will apply
the residue theorem ; in this way, we will obtain G; ; as the sum Gj ;1 + G; j2 of two single
integrals w.r.t. the uniformization variable but on two contours a priori different, see (E.27)
and (E.28). Then we will show, using Cauchy’s theorem and Proposition E.1, that it is possi-
ble to move these contours of integration until having the same contours for the integrals
Gij1 and G jo. Finally, using (E.15), we will obtain (E.29), which is the most important
explicit formulation of the G; ;, starting from which we will get their asymptotic. In (E.29),
G ; will be written as an integral on exp(:0)R U {oo}, for some 6 € [7 — 7/n, 7).

After having chosen an appropriate value of 6 € [r—m/n, 7], see (E.31), we will see that
this is quite natural to decompose the contour into three parts, namely a neighborhood of
0, one of oo and an intermediate part. Indeed, the function z(z)’y(z)’ that appears in the
integrand of (E.29) is on the contour exp(:0)RU{oo} close to 1 near 0, oo and strictly larger
than 1 elsewhere. Next, we will study successively these contributions in three paragraphs,
using for this essentially the Laplace’s method, what will conclude the proof of Theorem
E.10.

Beginning of the proof of Theorem E.10. Equation (E.5) yields immediately that
the generating function @ of the Green functions is holomorphic in {(z,y) € C? : |z| <
1,]y| < 1}. As a consequence and using again Equation (E.5), the Cauchy’s formulas allow
us to write its coefficients G; ; as the following double integrals :

1 Q(z,y) 1 // q () + G ly) — zioyio

c i = . E.2

%= gt Mps i g [ iy e
yl= yl=

where the circles {|z| = 1} = {|y| = 1} = {exp(:0) : 6 € [0, 27[} are orientated according to
the increasing values of 6.
With (E.26), we can thus write G; ; as the sum G; ; = G; j1 + G j2, where

1 d
Gisr = 2/ Q(f)/ dy
[27’(2] le|]=1 L ly|=1 YK (ac,y)

1 q(y) / dz 1 1 dz
P em)? Jy=r W =1 2K (2,y) 212 Jiy=1 ¥ 790 Jjgj=1 @TOK (2,y)

We are now going to make in G; ;1 the change of variable = z(z). For this we remark
that if A(m/2,7/2) = {at : t € [0,00]} is orientated according to the increasing values of
t, then the equality z(A(m/2,7/2)) = —{|z| = 1} between orientated contours holds, see
(E.9) and Picture E.2. In this way and by using in addition the identity ¢(z(z)) = Q(2),
we obtain

1 Q(2) dy /
Gii1=— _ 4 i dz.
2 [27m2)° /A(ﬂ/2,7r/2) z(2)" /|y|=1 WK ((2),9)" ()dz

But K (z(z),y) = 0 if and only if y € {y(2),2(2)?/y(2)}, see (E.10). Moreover, if z belongs
to A(m/2,7/2) \ {0,00}, then |y(z)| > 1, see Picture E.2. Therefore, the residue theorem
at infinity entails that for such z, f|y\=1 dy/[y K (z(2),y)] = —2m/[y(2)7 9, K (x(2), y(2))).
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Finally, we have proved that

1 Q(2) ' (2)

ST o Ar/2m/2) z(2) y (2)! Oy K (x(2),y(2))

dz. (E.27)

A similar reasoning yields

1 Q) —2("yE" ()
2m AN(—7/2—7/n,—7/2—7/n) x (Z)Z Yy (Z)J azK(fE(Z), y(Z))

Gijo=— dz. (E.28)

We are now going to explain why it is possible to move the contours of integration of
both integrals (E.27) and (E.28) up to A(6,6), for any 6 € [ — w/n, 7] — see Picture E.4
below.

Start by considering G ;1 in (E.27). Thanks to Cauchy’s theorem, it is sufficient to
show that the integrand of G ;1 is holomorphic inside of A(w/2,7), horizontally hatched
on Picture E.4, and this is what we are going to prove.

On one hand, in this domain, with (E.1) and (E.8), we obtain 2'(z)/0, K (z(2),y(z)) =
—1/(2[p1.0p1,-1]"/?2), which has manifestly no pole inside of A(r/2,7). On the other hand,
it is possible to deduce from the proof of Proposition E.1 that the only poles of ) are at zg
and Zg. In particular, using (E.8), we obtain that for i or j large enough, Q(z)/[z(2)'y(z)’]
has no pole in A(mw/2, 7). Therefore, for i or j large enough, the integrand of G; ;1 has no
pole in A(7/2,7) and we can thus move the contour from A(w/2,7/2) to A(6,0), for any
0 € [r/2,7]. Note that it isn’t possible to move the contour beyond A(mw, ), since A(m, 7) is
a singular curve for @ — indeed, recall that A(m,7) = 27([1, 24]) and see Proposition E.1.

By similar considerations, we obtain that it is possible to move the initial contour of
integration of G; j2 up to A(6,6), for any 0 € [1 —7/n,37/2 — 7/n].

In particular, if we wish to have the same contour of integration for Gj ;1 and Gj j o,
we can choose A(6,6), for any 6 € [x —7/n,n| = [r/2,7| N |[x —7/n,37/2 — 7 /n].

A(TT2,T)

T A(-TVn,3102-1Vn)

HH A(m-1n,mn)

-= A©80)

FIGURE E.4 — Change of the contours of integration for both integrals (E.27) and (E.28)

Then, using the equality z'(z)/0, K (z(2),y(2)) = —y'(2)/0. K (x(z),y(2)), that comes
from differentiating K (z(z),y(z)) = 0, as well as (E.27), (E.28) and (E.15) — we can use
(E.15) since 0 € |7 — w/n, 7] and thus A(#,0) C A(m — /n, ) —, we obtain the following
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final formulation for G, ;, 6 being any angle in [1 — 7 /n, 7] :

L= 1 l _ l(w)zcio 'sz 1 Py
Giy = /W)[ ST (1)) gy (0 (2)) | ————dz. (E29)

Ar[p1op1,—1]'/2 Z z(2)"y(2)

The function x(2)'y(z)’ is on the contour A(#,0) C A(r—n/n, ) larger than 1 in modu-
lus, see Picture E.2. Moreover, it goes to 1 when and only when z goes to 0 or to co. This is
why it seems natural to decompose the contour A(#, ) into a part near 0, an other near co
and the remaining part, and to think that the parts near 0, co will lead to the asymptotic
of G; ; and that the remaining part will lead to a negligible contribution. But how to find
the best contour in order to achieve this idea? In other words, how to find the value of
0 € [r — w/n,w| for which the calculation of the asymptotic of (E.29) will be the easiest ?

For this, we are going to consider with details the function x(z)*y(z)’, or equivalently

Xj/i(2) = In(z(2)) + (/i) n(y(2)).

Incidentally this is why, from now on, we suppose that j/i € [0, M], for some M < oc.
Indeed, the function x;/; is manifestly not adapted to the values j /i going to oo ; for such
J/i, we will consider, later, the function (i/j)x;/i(z) = (i/7) In(x(2)) + In(y(z)). Neverthe-
less, M can be so large as wished and in what follows, we assume that some M > 0 is fixed.

With (E.8), we easily obtain the explicit expansion of y;/; at 0 :

Xisi (2) = vapr1 (3/0) 2%, oy (/1) =
p=>0

1 [0 + 2%+ 2(j/i) "]
(E.30)
Likewise, again with (E.8), we get that for z near oo, x;,:(2) = > 2 Uapi1(j/1)1/22P L.
Consider now the steepest descent path associated with x;/;, in other words the function
zj;i(t) defined by x;/i(z;/i(t)) = t. By inverting the latter equality, we easily obtain that
the half-line (1/v1(j/i))Ry U{oo} is tangent at 0 and at oo to this steepest descent path.
Let us now set

pisi=1/v1 (/i) =1/12 (20 + 20+ 2(j/i) 20)] - (E.31)

With this notation, we now answer the question asked above, that dealt with the fact
of finding the value of 6 for which the asymptotic of the Green functions (E.29) will be the
most easily calculated : we choose 6 = arg(p;/;) — note that, from (E.31), we easily obtain
that arg(p;/;) € [x — 7/n, 7] —, and the decomposition of the contour A(6,0) is

A (arg(pj/i)aarg(pj/i)) = (Pj/i/’ﬂj/z‘\) [0, €] U (pj/i/‘pj/i‘) Je,1/e[U (pj/i/’pj/i’) [1/€,00] .

According to this decomposition and to (E.29), we consider now G; ; as the sum of three
terms and we are going to study successively the contribution of each of these three terms.

Contribution of the neighborhood of 0. In order to evaluate the asymptotic of the
integral (E.29) on the contour (p;/;/|p;j/i])[0, €], we are going to use the expansion at 0 of
the function )
; o
- D (DMt (w(z)).

wGWn
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This is why we begin here by studying the asymptotic of the following integral, k being
some non-negative integer :

k
/ ——d. (E.32)
(psyi/lpssil)0,e] T (2)" y (2)

Using the equality 1/[z(2)"y(2)?] = exp(—ix;/;(2)) as well as the expansion (E.30) of
Xj/i at 0 and then making the change of variable z = p; ;t, we obtain that (E.32) is equal
to

</lpsil : . . 2p+1
pj;fil / tF exp (—it) exp | —i Z vapt1 (/1) (pjit) P dt. (E.33)
0 p>1
But with (E.30), [v9,41(j/7)] < 4(M + 1) and therefore for all ¢ € [0,¢/|p;/;|], we have
| =i> 02 vap+1(3 /) (pjit) P+ < i€*4(M +1)/(1 — €?). This is why

exp | =i Y vape1 (5/1) (pyit) " | =140 (i€®)

p>1

the O being independent of j/i € [0, M] and of t € [0,¢/|p;/;|]. The integral (E.33) can thus
be calculated as

€/lpjyil ie/lpj i
A 140 (ic?)] /0 * exp(—it)dt = (p;5/i)F ! [140 (ie)] /0 £ exp (—t) dt.

In the sequel, we choose € = 1/i%/%, so that i€/|p;il — o0 and O(ie®) = O(1/i%/4).

We could be surprised by this choice of €; in fact, we will see in the forthcoming para-
graph “Conclusion” that in order to obtain the asymptotic of the Green functions along the
paths of states (i, ) € Z2 such that j/i — tan(y) €]0, ool, it would have been sufficient to
have O(ie®) = o(1), but for the paths (i, j) € Z2 such that j/i — 0, it is necessary to have
O(i€®) = o(1/i), what affords the choice € = 1/i%/%,

Finally, we obtain that for this choice of €, the integral (E.32) is equal to

Sk

/(p'/'/p-/-l)[o €] Wdz - (pj/i/i)kﬂ k! [1 + 0(1/25/4)], (E.34)

where O is independent of j/i € [0, M].
Presently, we are ready to find the asymptotic of the integral (E.29) on the contour
(pjsi/lp;/il)[0, €. First, in accordance with (E.21), we have that this integral equals

znpfl

1 172 Zn [Kinp (i0, o) — ’f—np(io,Jo)]/ ———dz.

47T[p170p17_1] p>1 (pj/i/|pj/i|)[0=5} Z (Z)Z y (Z)J

Thus clearly, with (E.34), we obtain that all the terms corresponding to p > 2 in the
sum above will be negligible w.r.t. the term associated to p = 1. In addition, by using the
definition(E.22) of the harmonic function f,, as well as (E.34) for k = pn — 1 and p > 1,
we get that the integral (E.29) on the contour (p;/;/|p;/i|)[0, €] is equal to

m (=)™ (n = D)l f (G0, jo) 2 (pye/i)" [L + O(1/i%)]. (E.35)
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Contribution of the neighborhood of co. The part of the contour close to oo, namely
(pjsi/lp;/il)[1/€, 00, is related to the part (p;/i/|p;/il)[0, €] by the transformation z +— 1/Z.
Moreover, it is clear from (E.8) that for f =z, f =y, or f = ZweWn(—l)l(w)xioyjo (w),

f(1/z) = f(2).
Therefore, the change of variable z — 1/Z immediately gives us that the contribution of
the integral (E.29) near oo is the complex conjugate of its contribution near 0.

Contribution of the intermediate part. Let A, be the annular domain {z € C: e <
|z| < 1/€}. According to Picture E.2, for all z € A(m — n/n,m) N A, |x(2)| > 1+ 1y and
ly(2)| > 1+ny.¢, where 1, . > 0 and 1, > 0. In fact, since 2/(0) # 0 and y'(0) # 0, we can
take 7, > ne and 1, > ne, for some 1 > 0 independent of € small enough.

Let us now consider

S 0ty )| e )

wGWn

L= sup
zeAN(m—7/n,m)

9

and let us show that L is finite. For this, it is enough to prove that the function s, defined by
s(z) = [ZweWn(—l)l(w)xioij (w(2))] /[z"y?(2)], has no pole in A(m—7/n, ) ~ including
oo. But by using (E.8) and (E.11), we see that the only poles of the numerator of s are the
2o exp(2upm/n), for p € {0,...,n — 1}. Among these n points, only zp is in A(m —7/n, 7).
But in s, we have taken care of dividing by 2%0y7(z), so that s is in fact holomorphic near
zp. Moreover, it is easily shown that s is holomorphic at co. Finally, we have proved that
s has no pole in A(m — 7/n,7), hence s is bounded in A(r — 7/n,7); in other words, L is
finite.

The modulus of the contribution of (E.29) on the intermediate part (p;/;/|p;/i|)]e, 1/€[C
A(m —m/n,m) N Ac can therefore be bounded from above by

1 1 L
4rp1,op1,—1]1/2 €2 (1 + ne)i=io (1 4 ne)i—jo

(E.36)

Note that the presence of the term 1/¢2 in (E.36) is due to the following : one 1/ appears
as an upper bound of the length of the contour, the other 1/e comes from an upper bound
of the modulus of the term 1/z present in the integrand of (E.29).

Then we take, as before, € = 1 /i3/ 4 and we use the following straightforward upper
bound, valid for i large enough : 1/[1 + n/i%/4]* < exp(—[n/2]i*/*). We finally obtain that
for i large enough, (E.36) is equal to O(i%/2 exp(—[n/2]i'/*)).

Conclusion. We have seen that the contribution of the integral (E.29) in the neighbor-
hood of 0 is given by (E.35), that the contribution of (E.29) in the neighborhood of oo is
equal to the complex conjugate of (E.35) and that the contribution of the remaining part
can be written as O(i%/2 exp(—[1/2]i'/*). Therefore, with (E.29) and (E.35), we obtain

G = m (=1)" (n = D) (o, Jo) ¢ [(pys/8)" = (P373/8)"] + O(1/i"+5/%).
(E.37)

Moreover, starting from (E.31), we easily get

m o _ 9 (—1)"* sin (narctan (11/32/1 tan (7/n) ))
(Pj/z/) (Pj/z/) 4n [cos(w/n)2 (i2+2ij)+j2]"/2 .
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The latter equality, (E.37) and Remark E.11 conclude the proof of Theorem E.10 in the
case of v € [0, 7/2].

* Note that having o(1/i") instead of O(1/i"+5/4) would have been sufficient for v €
]0,7/2], since in this case, Remark E.11 implies that (p;/;/i)" — (p;//i)" ~ K, /i"
with K, # 0.

* On the other hand, if v = 0 then (p;/;/i)" — (p;i/1)" ~ Koj/i"*t! with Ko # 0 and
it is necessary to have something like o(1/i"*1) in (E.37), as it is actually the case
with O(1/i"+5/4).

To prove Theorem E.10 in the case v = 7/2, we would consider (i/j)r;/; rather than

K;j/i, and we would use then exactly the same analysis; we omit the details.

E.5 Absorption probabilities

Let us now be interested in the absorption probabilities of the random walk, properly
defined in (E.3). Precisely, we are going to consider two aspects of these probabilities,
namely their exact distribution and their asymptotic tail distribution.

First of all, in Subsection E.5.1, we get the asymptotic of these absorption probabilities,
as a direct consequence of Theorem E.10.

Then, in Subsection E.5.2, we find the exact distribution of the absorption site, by use
of some analytic methods based on [FIM99] and Chapter C.

Finally, in Subsection E.5.3, we show how the exact results of Subsection E.5.2 lead to
the asymptotic already obtained in Subsection E.5.1. It will be the opportunity to study
finely the properties of the conformal gluing functions (see Definition 1 of Part I) in the case
of a drift zero — the study of these functions in the case of a non-zero drift being done in
Chapters A, B and C of this thesis.

The technical details being essentially the same for ¢ and ¢, we are going to focus on ¢
in Subsections E.5.1, E.5.2 and E.5.3; of course, similar results could be obtained for .

E.5.1 Asymptotic of the absorption probabilities, a first method

Proposition E.13. The probabilities of absorption (E.3) admit the following asymptotic as
the absorption site i goes to infinity :

. ) 1 n! o 1
P(Zo,]o)[(X’Y) 1S absorbed at (’L,O)] ~ %an (20,]0) Z,HT,

fn being the harmonic function defined in (E.22).

Proof. Proposition E.13 follows immediately by using the asymptotic (E.25) of the Green
functions obtained in Theorem E.10, as well as Remark E.11, in the obvious equality (see
also (C.53)) P;, o) [(X,Y) is absorbed at (i,0)] = p1,-1Gi-11. O

E.5.2 Integral representation of the generating functions

In [FIM99] is explained how to obtain explicitly the generating functions of stationary
probabilities in the case of some ergodic walks in a quarter plane. In Section C.3 of Chapter
C, we have developed this analysis to the case of the generating functions of absorption pro-
babilities for some processes in a quarter plane that are killed at the boundary and that
have a positive drift.
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In fact, the methods of [FIM99] can be similarly generalized to the case of the random
walks in a quarter plane killed at the boundary and with zero drift. In other words, it is
possible, in our case, to obtain explicitly the generating functions of absorption probabilities
q and ¢ defined by (E.4). Since the ideas are essentially the same as in [FIM99] and Chapter
C, we don’t write the details and we refer to these two works for the technical aspects of this
approach.

Before stating the result giving the explicit expression of ¢, we need some definitions.

First, let X (y) be the two-valued function such that K(X(y),y) = 0. Note that with
(E.6), we immediately obtain X (y) = [—b(y) % d(y)'/?]/[2a(y)].

Consider now the curve X ([y1,1]).

For y €]y1,1[, d(y) < 0, see (E.7), the two values of X (y) are thus distinct and complex
conjugate the one from the other. Since d(y;) = d(1) = 0, the two values of X (y;) and X (1)
are the same (and are respectively equal to 0 and 1). In particular, the curve X ([y1, 1]) is
closed and symmetrical w.r.t. to the real axis.

We denote by 4 X ([y1,1]) the interior of the bounded domain delimited by X ([y1,1]).

Moreover, a, b and d being considered in (E.6)-(E.7), let us now define pj, as in (C.16)
of Chapter C.

Then, the result giving the explicit expression of ¢ is the following — for the proof, see
(C.16), (C.13), (C.54) and (C.59) in Sections C.3 and C.6 of Chapter C.

Proposition E.14. The function q can be meromorphically continued from the unit disc
up to C\ [1,y4], where it admits the following integral representation :

T — 1/2 L U
= s 0 S a2 o )| 2 - | o),

T —u(x) t—u=x

Above, 1 is a polynomial and u is a conformal gluing function for ¢ X ([y1,1]), see below.

We recall from Definition 1 of Part I that by a conformal gluing function (CGF) u for
the set 4 X ([y1, 1]) we mean a function (i) meromorphic in ¥ X ([y1,1]), (ii) establishing a
conformal mapping of 4 X ([y1,1]) onto the whole complex plane cut along some arc, (iii)
such that for all ¢ in X ([y1,1]), u(t) = u(?).

The existence — but no explicit expression — of u in our situation is obtained by making
use of quite general results on conformal gluing, so to complete Proposition E.14, it remains
to find explicitly a CGF w ; this is precisely the subject of the end of Subsection E.5.2.

Before beginning our study, it is worth noting that the situation is here completely
different as the one encountered in Chapters A, B and C since the drift is presently equal
to zero.

In order to obtain explicitly a CGF u, we are going to use strongly the uniformization
(z,y). Indeed, it seems a priori difficult to find u because the curve X ([y1, 1]) is not espe-
cially ordinary ; on the other hand, X ([y1,1]) is the image through the uniformization of a
quite ordinary curve, since with (E.9) we have X ([y1,1]) = z(A(—n/n,—m/n)), see Picture
E.2. In particular, we also have ¥ X ([y1,1]) = z(A(—7/n,0)).

Moreover, let us remark that if z € A(—7/n, —7/n), then z(z) = x(23/%).

The two last paragraphs entail that by setting v = u o x, u being the CGF and x the
first coordinate of the uniformization (E.8), the problem of finding a CGF w is transformed
into the following : to make explicit a function v (i) meromorphic in A(0, —7/n), (ii)
establishing a conformal mapping of A(0,—m/n) onto the complex plane cut along some
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arc, (iii) verifying, for all z in A(—7/n, —7/n), v(232) = v(z), (iv) such that, for all z in
CU {0}, v(z) = v(1/z) — this last condition appears because v = u o z and because for
all zin CU {0}, z(z) = z(1/2), see (E.10).

A solution of this new problem is easily found : we can take v(z) = 2" + 1/2". As a
consequence, the function u(t) = z=1(t)" + 1/271(¢)" is a CGF for the curve X ([y1,1]).

The function x~! has two branches, z;" and x=', equal to 3" (t) = [~ cos(m/n)(1 +
t) £ (4t —sin(m/n)?(1+)2)1/2] /[t — 1]. In particular, since z7*(t)z="(t) = 1, the CGF u(t)
can be written as x7'(£)" + xZ'(t)" ; therefore the choice of the determination of z~! in
the definition of the CGF w doesn’t matter. Moreover, from the explicit expressions of xjrl
and z~!, we easily deduce that u is a rational function of the form u(t) = P(t)/(t — 1)",
where P is a real polynomial of degree n and such that P(1) # 0.

Now that we have obtained explicitly a CGF u, Proposition E.14 is complete. We would
like, however, to know the partial fraction expansion of du(t)/[u(t) — u(x)] — we will use it
importantly in Subsection E.5.3. For this, we need the following remark about the auto-
morphisms of the group W,,.

Let us prove that the application w — x o w o 2~ maps the Weyl group W,, onto
{xo(no&)Pox™!,0 <p <n— 1}, which is manifestly a group of order n. For this, we
remark that each automorphism w € W,, defines naturally two automorphisms w, ; and
Wy, — by the formula w, + = zowo x;l. Since z 0 £ = x, we have ({ ow); + = wy 4+ and
since xfx:l =1, we get wy 4+ = (wo &)y . This is why {w, +,w € W, } is in fact not of
order 2n but of order n, and is equal to {z o (o &)P ox™1,0 < p < n — 1}. In the sequel,
we note A, =z o (no&)Poxt.

With the last paragraphs, we can write the partial fraction expansion of du(t)/[u(t) —
u(z)]. Indeed, using on the one hand that u has a pole at 1 of order n and on the other hand
that u(t) = u(z) if and only if t = Ap(z), for some p € {0,...,n—1} —indeed, v(z) = v(y)
if and only if z = w(y) for some w € W,, —, we get

Ju (t) s 1 n
u(t) — u(z) :Zt—Ap(x) i1

Then with Proposition E.14, we immediately obtain that there exists a polynomial s
such that

q<x>=3/1uu[ 1/2dt+2 / t% t [~d(®)]'/?dt + s (z) . (E.38)

™ t—x

E.5.3 Asymptotic of the absorption probabilities, a second method

Let us now give an other proof of Proposition E.13. For this, we are going to study
closely the quantity q(z), equal to >, P j,)[(X,Y) is absorbed at (4, 0)]z%, see (E.4).

More precisely, we are going to show that ¢ is holomorphic in (14 €)Z \ [1,1 + €] for
some ¢ > 0 and that near 1,

1 fa (40, jo)
27 [4 cos(m/n)]|"

q(z)=— (z—1)"In(1 —2)[1+ (z — 1)hy (z)] + ho (2), (E.39)

where hy and hg are holomorphic at 1. Then, Proposition E.13 will be a direct consequence
of (E.39) and of the well-known result below.
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Lemma E.15. Let l(z) = Y~ liz" be a function
 holomorphic in (1 + e).@_\ (1,14 €[ for some € > 0,
« such that in the neighborhood of 1, l(x) = my(x)(x — 1)?In(1 — z) + ma(x), where
mi, mg are holomorphic at 1, m1(1) # 0 and q is a non-negative integer.
Then, as i — oo, l; ~ —mq(1)q!/i?+!.
Let us now begin the proof of Proposition E.13. First, note that as a generating function
of probabilities, it is clear that ¢ is holomorphic in the open unit disc . Moreover, with

Remark E.2, we can get that ¢ is holomorphic in (14 ¢)Z \ [1,1 + €[ for some € > 0. It
remains consequently to prove (E.39). For this, we need the following result.

Lemma E.16. Let k be a non-negative integer. There exist two functions holomorphic at
1, fr and gg, such that, in the neighborhood of 1, we have

N Lt —1)*
/1 ) dt:—(s—l)kln(l—S)-l-fk(S)’/ E= L%t = (5~ 1) In (s — 1) +98 (5).

t—s o t—s

Note that the proof of Lemma E.16 is straightforward, since the integrals that appear
in its statement are easily calculated explicitly.

Take now the following notations (we recall that d is defined in (E.7), p, in (C.16) and
we denote by € some small positive number) :

Veel—el] o, ) [—d 0] =" ak (io,jo) (t — 1), (E.40)
k>1

and note that, for ¢ € [1,1+ €], we have %0 p;, (t)[—d(t)]}/? = — > k>1 @k (io, Jo) (T — 1)
With this notation, using (E.38) and Lemma E.16, we obtain that for x close to 1,

n—1
1 .. k
==Y ax(iodo) | (=1 In(1—2) + Y (A, (2) —1)"In (A, (2) = 1) | +ho (2),
k>1 p=1
(E.41)
where hg can be written in terms of the f and gi of Lemma E.16. An important fact is
that hg is symmetrical in Aq, ..., A,_1 and is therefore holomorphic in the neighborhood
of 1.
Moreover, since Ap(1) = 1 and A7 (1) # 0, we have In(A,(z) — 1) = In(1 — z) + I,(z),
with >0~ ! 1,(z) holomorphic at 1. In this way, (E.41) becomes

n—1
0(0) = T S 0, do) S (8 ()~ 1)+ ha (), (E42)
k>1 p=0

with he holomorphic in the neighborhood of 1.
Consider now Z;;é(Ap(x) — 1)* that appears in (E.42) above, or rather

n—1

k
Ak(2) =3 (Ap(a(z) = 1)".
p=0
By definition of A, we have Aj,oz = zo(no&)P, see Subsection E.5.2, and in addition,
(no&)P(z) = exp(—2ipm/n)z ; therefore,

Z x(exp(—2wpm/n)z) — 1)k.
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Evaluating now (E.42) at © = z(z), the quantity Y .- ax (%0, jo) Ak (2) appears, and we
are now going to prove that in the neighborhood of 0,
> anlio, jo) Ak (2) = ((=1)"*1/2) fulio, do)2" + O (™) . (E.43)
k>1
We first recall a notation of Subsection E.5.2, namely 23! (t) = [~ cos(m/n)(1+t) % (4t—
sin(m/n)%(1+t)?)Y/2]/[t — 1], and now we show that for ¢ near 1, the equality below holds :
=20y ay (o, jo) (t = 1)" = [rg (G0, jo) — Fq (o, jo)] 5" ()7 (E.44)
k>1 a>0
In order to prove the equality (E.44) for ¢ in a neighborhood of 1, we are going to prove
it first for ¢t € [1 — ¢, 1].
So, if t € [1 —¢€,1], (E.40) yields —20 "1 o (io, jo) (t — 1)F = —=2at% puj, (£)[—d(t)] /2.
But the latter quantity can be calculated as follows :

£0[(— b(t) — a[—d(t)]V?) / (2a(t))]* — £ ( = b(t) + o[—d(t)]V/?) / (2a(t))]".
In addition, we easily check that for ¢ € [z1,1], y(z1'(t)) = (=b(t) — [=d(t)]/?)/(2a(t))
and y(1/z71(t)) = (=b(t) +2[—d(t)]/?)/(2a(t)). Therefore, for ¢ € [1 — ¢, 1] we have
~20S g Gios o) (£ — 1 = 2oy (a7 (1)) — oy (1/a7 (1)
k>1

Then, it remains to use (E.19) and (E.20) in order to obtain (E.44) for all t € [1 —¢, 1].
Next, by analytic continuation, (E.44) holds in fact on any disc with center at 1 and with
radius small enough.

In particular, if we apply (E.44) to t = A,(x(z)) (which is close to 1 if z is close to 0),
if in addition we use the fact that z;'(A,(z ( ))) (no&)P(z) = exp(—2wpm/n)z and if
finally we add these equalities w.r.t. p € {0,.. — 1}, we obtain, by definition of the A,

n—1
~2 " an(io, jo) Ak (2) = D _ [iiq (i0, Jo) — g (i0, jo)] 27 > _ exp (—2upgr/n) ,
p=0

E>1 a>0
which, by using the explicit expression of f,, see (E.22), immediately entails (E.43).
We are now going to conclude the proof of Equation (E.39). For this, note that

Y arliojo) Y (Ap(x) = 1)F = Y ar(io, jo) Ar (25" (2))

k>1 p=0 k>1
= ((=1)"*1/2) fu (o, jo) a3 (2)" + O (a3 (2)")

_fn (iOajO) Tz — n T — n+1
2[4 cos (W/n)]"( D'+ 0(z=D™

Indeed, the first equality above is obtained by definition of the functions Ay, the second
one is immediate from (E.43) and the third one is a consequence of the expansion of xjrl at
1, namely x7'(t) = —(t — 1)/[4cos(m/n)] + - - -. Then, with (E.42), we obtain that

q(SC): 11’1(1—56) _fn(ZO,JO)

7 2[4cos (m/n)]"
where hy and hs is holomorphic near 1. Finally, by using Lemma E.15 in Equation (E.45),
we immediately obtain Proposition E.13.

(x—=1)"[1+ (x — 1)hy (z)] + ha (z), (E.45)



Chapitre F

Hitting time of the boundary

F.1 Distribution of the hitting times of both axes and of the
origin
In Section F.1, we consider the random walks (X (k),Y (k))x>0 in the quadrant Z2 with
the following properties — below, let us denote the jump probabilities by P[(X (k+1),Y (k+
1)) = (io +14,j0 + J) | (X (k), Y (k) = (i0, Jo)] = P(io.jo),(i0.jo)+ (i)

* For all (ig, jo) such that dg,jo > 0, p )+(i,j) does not depend on (i, jo) and
can thus be denoted by p; ;.

* If |[i| > 1 or |j| > 1, then p; ; = 0.

* The boundary {(0,0)} U{(¢,0) : 4 > 1} U{(0,7) : j > 1} is absorbing.

* In the list p1 1,p1,0,P1,-1,P0,—1,P—1,—1,P—1,0, P—1,1, Po,—1, there are no three consecu-
tive zeros.

10,J0)(%0,J0

However, no assumption on the drifts Z” 1p;,; and Z” Jpi j is made.

First of all, let us observe that the exact distributions of the hitting times of both axes
and of the origin are explicitly known, since the generating functions

¢ (1, 2) = ZP(io,jo)[(X’ Y) hits the horizontal axis at time k]2,

k>0
o1, 2) = ZP(io,jo)[(X’ Y') hits the vertical axis at time k:]zk,
k>0
qéo’jo(z) — ZP@OJO)[(X, Y') hits the origin at time k]zk
k>0

are here made explicit. Indeed, defining

¢ (2,2) = Y Py io[(X,Y) hits (3,0) at time k]a’z",

k>0,i>1
aio,jo(yjz) = Z P(iovjo)[(va) hits (Ov-j) at time k]yjzk’
k>0,57>1
@) = Y Pligo[(X.Y) hits (0,0) at time K2,
k>0

the same analysis as the one which led to Theorem B.5 of Part II yields the following result.

173
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Theorem F.1. The functions ¢°9°(z, 2) and 7 (y, z) above are equal to

¢ (e,2) = aYo(z,2)” (F.1)
w2(2) [ Omw(t, 2) duw(t,z) ] 12
20, . ’ o , B
! /xl() Fttilh2) Lw(t,z) —w(z,2)  w(t,z) —w(0,2)] [—d(t,2)] "t
aio,jo(y’z) — Xo(y z) yJO
9 [ ai(t2) oatz) 1. -
Jo7y, hw(t, B L w(t, - 12
+ /yl(z) t Mzo(@ 2) _Qﬂ(t, Z) — 1’E(y, Z) {D(t, Z) _ ﬁ}’(o’z)_ [ d(t, Z)] dt,
where
1 R jo—(2k+1)
' = T i 2k+1 ky _ Jjo—
o (L5 2) 2a(t, ) ;;) G d(t, 2) [ —b(t,2)] ’
(io—1)/2 N '

2atz

and where w and W are conformal gluing functions (CGF), see Definition 1 of Part I, for
the sets X ([y1(2),y2(2)]) and Y ([x1(z), x2(2)]) respectively.

In order to obtain g 0:00(2), it is then enough to evaluate the functional equation (F.2)
below (which we prove exactly as in Chapter C) at any (x,y, z) such that K(z,y,2) =0,
2 €]0,1] and |z, |y| < 1,

K(z,y,2)Q0% (2,y,2) = ¢ (x, 2) + G (y, 2) + ¢ (2) — a0y, (F.2)

where we have noted Q09 (z,,2) = Y21 k20 Blann [(X (), ¥ (R)) = (2. 3))a 177125,

*

The rest of Chapter F is devoted to the study of the asymptotic tail distribution of the
hitting times of both axes and of the origin.

Important motivations for this analysis have been presented in Part I.

Let us just recall here that a precise knowledge of the asymptotic tail distribution of
the hitting time of the boundary 7 enables us to express the limit as £k — oo of the process
conditioned on [r > k] as some Doob h-process.

The typical reasoning we are going to use here is the following :

% we first show that ¢©70(1,z) (resp. ¢°7(1,z), ¢i*?°(z)) is holomorphic in p((1+
€)Z\[1,1+¢[), see Picture F.1, and has at p a (logarithmic or algebraic) singularity,

* next, we find the precise behavior of ¢%0J0(1, 2) (resp. G07°(1, 2), qéo’]o( )) at p,

* we apply the results of [Jun31], [P6174] or [FO90], that give then the exact asymptotic
of the coefficients of functions verifying the two properties above.

In the general case, the second item above seems to us a quite difficult task, notably
since the dependence of the CGF w and @ w.r.t. the variable z is very complex ; this is why
we restrict ourself, in the forthcoming Sections F.2, F.3 and F.4, to the particular cases for
which it appears to us possible to overcome this analytical difficulty — and these cases turn
out to correspond with the walks having, for all z, a finite group of automorphisms as well
as rational CGF w and .
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FIGURE F.1 — The domain p((1+€)Z \ [1,1 + €[)

F.2 Case of a group of order 4 for all 2

The bulk of Section F.2 is devoted to the study of the walks verifying p_10 + po,1 +
p1,0 +po,—1 = 1, which admit a group of order 4 for all z, in accordance with Chapter B.

FIGURE F.2 — Processes considered in Subsections F.2.1, F.2.2, F.2.3 and F.2.4

Only in the final Subsection F.2.5, we will explain how to generalize the different results
up to the case of the walks having for all z a group of order 4 and two zero drifts.

Let us remark that these walks admit a particularly nice description in terms of the
parameters, since we have the following.

Lemma F.2. A process has for all z a group of order 4 and two zero drifts if and only
if the set (p;j)—1<ij<1 has a horizontal or vertical symmetry — i.e. either p; ; = p; _; or
pij = P—ij for all i and j.

Proof. Adapting the arguments given in Part 4.1 of [FIM99], we get that the group has, for
some fixed value of z, order 4 if and only if A(z) =0, A(z) being defined in Lemma F.13.
As a consequence, the group is of order 4 for all z if and only if A(1) = 0A(1) = 0.

Consider now the system composed of the equations (x) p11 + pio + pi,—1 = p-1,1 +
p-10+P-1,-1, (¥) Pr,1+pPo1+P-11=p1,-1+po,—1+p-1,-1, (*) A1) =0, (%) 9A(1) =0,
() Zflgi,jgl pij =1, (*) pij = 0.

After calculations, this implies that either p11 = p1,—1, Po,1 = po,—1 and p_11 = p_1,—1,
in other words a = ¢, or p11 =p_11, p1,o =p-1,0 and p1,_1 =p_1,-1, l.e. a = C. [l

The starting point of Section F.2 is the following refinement of Theorem F.1, peculiar
to the walks satisfying to p_1,0 + po,1 + p1,0 +po,—1 = 1.

Proposition F.3. Suppose that p_1 0+ po,1 + p1,0 +po,—1 = 1. For x € C\ [z3(2), z4(2)]
and z €]0,1/(2[p1.op—1,0]"2 +2[po.1po.—1]"/?)[, the function 70 (z, 2) admits the following
integral representation :

o e (2] = d(t, 2]
- £ — ([p—10/p10)/t)"] =
T /1‘3(Z) [ ] t(t —IE)

Proof. The proof is essentially the same as the one of Equation (D.25). O

dt + 2Py [z 1Yy (z, 2)70].
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F.2.1 A change of variable via the Chebyshev polynomials

Subsection F.2.1 aims at making a change of variable in the integral representation of
¢"J° stated in Proposition F.3; in this way, we will obtain our final formulation of g%/,
starting from which we will get all the results of Subsections F.2.2, F.2.3 and F.2.4.

Define b(t, z) = b(t, z)/[4a(t, z)c(t, z)]Y/2 ; then ¢ — b(t,z) is clearly a diffeomorphism
between |z1(z),x2(2)[ (resp. |x3(2), z4(2)[) and | — 1, 1[. Moreover, pj, expresses itself in a
quite natural way in this new variable b, since the following equality holds :

c(t. )\ 70/2 N R 172
pio(t, 2) [ — d(t, 2)]/* = (aii Z;) Ujo_1( = b(t, 2))[1 = b(t, 2)?]"/*, (F.3)

where the U, are the Chebyshev polynomials of the second kind. We recall (see [Sze75])
that they are the orthogonal polynomials related to the weight u — [1 —u2]1/21]_1,1[(u) and
that their explicit expression is

(u + - 1]1/2)p+1 o (u —[u? - 1]1/2)p+1 p/2

Up(u) = 2[u? — 1]1/2 Z Cﬁjl - DruP? (F4)

Let us now introduce two properties of the Chebyshev polynomials of the second kind
that we will especially use here (for a proof, see e.g. [Sze75]|) : firstly, they have the parity
of their order, i.e. Up(—u) = (—1)PU,(u); secondly, in the neighborhood of 1, they admit
the expansion Upy(u) = (p+1)[1 +p(p + 2)(u —1)/3 + O(u — 1)2].

We are now ready to make the change of variable ¢ — l;(t, z) previously mentioned. In
this aim, note that b(t, z) = u if and only if b(t, ) — 2u[po.1po,_1]"/?2t = 0, in other words
if and only if t =¢_(u, z) or t = t4(u, z), where

1/2
1+ 2[po,1po,—1]Y?uz £ [(1 + 2[po,1po,—1]Y?uz)? — 4p1,9p—1,02?] /
2p102 '

ty(u,z) = (F.5)

Since t4(—1,z) = x3(2) and ¢, (1, z) = 24(2), making the change of variable t — b(t, z)
(and taking = = 1) in Proposition F.3 leads to the following.
Proposition F.4. For z €]0,1/(2[p1.0p—1.0]"? + 2[po1po.—1]*?)[, ¢°°7°(1, 2) equals

10,70 l M Jof2 1 10 _ 10 autJr(uaZ)UjO*l(_u) _211/2
Pon(e) 2 (Bt ) Ty -2y R (]_f@;’)

where P:30(2) is the polynomial xPs[z0 " Yy(x, 2)7°] evaluated at v = 1.

To conclude Subsection F.2.1, let us set ki(u) = —2[po1po,—1]"?u + 2[p1op_1.0]"/? as
well as ko(u) = —2[p0,1p0,_1]1/2u—2[p1,0p_1,0]1/2. With these notations, we have ¢t (u, z) =
(1 + 2[poapo. 1) ?uz £ [(1 — ki (u)2)(1 — ka2(u)2)]Y/?)/(2p1,02). Moreover, we easily show
the two following identities :

2[po.1p0.—1]"/?2

(1= ky (u)2) (1 — ka(u)2)]
1 1[(1 = ki (w)2) (1 — ka(w)2)]"* = [1 + @Ipoapo1]">u — 2p10)2]
ti(u,2) =1 2 1+ (2[poapo,—1]"2u — (p1,0 + p-1,0))z '

Outs(u,z) = +ty(u, 2)

(F.7)
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F.2.2 The gambler ruin

Consider the identity (F.6), in which we use (F.7) and we do p; 0, p—1,0 — 0. In addition,
we take 79 = 1 in order to lighten the technical details. The expression (F.6) then becomes :

' L (po-1)"" /1 2[po,1po,—1]"/%2
1,50 1,2) = — d ) Ui (—u)1 — u212du. F8
T(L2) 7T <p0,1 ) 1 1+ 2[poapo_1]2u % 1(—u)] ] (F.8)

Not unexpectedly, the latter equals [(1—[1— 4p071p0,_1z2]1/2)/(2p07lz)]jo, which is, in
accordance with [Fel57], the generating function of the ruin probabilities for the gambler
ruin problem, i.e. > k>0 Pjo [a gambler having an initial fortune jp is ruined at time k]z*.

Let us sketch the proof of this fact.
Start by showing that for p € Z; and t € C\ [-1,1],

L .p
%/1 u“_ (11— w?]Y2du = (1 — 1)Y? - P[P (12 — 1)1/?], (F.9)

where P, [f] denotes the principal part of f at infinity.

In order to obtain (F.9), integrate the function u?[1 —u?]'/2/(u—t) on a closed contour
surrounding at a distance € > 0 the segment [—1, 1], next, use the residue theorem at infinity
and at last, do € going to zero.

Now in (F.8) we expand Uj,—1 according to the powers of u and we apply (F.9) to each
term in the so-obtained sum. Using the linearity of the principal part, (F.8) then becomes :

Jo/
ql’jo(l,z) - _ (1;0(’)—’_11> i (Ujo—l(u)(u2 _ 1)1/2 — Py [Ujo—l(u)(u2 — 1)1/2])’ (F.10)

where we have set u = 1/(2[po.1po,—1]"/%2).

Introduce now the Chebyshev polynomials 7T}, of the first kind. We recall that they are
the orthogonal polynomials associated with the weight u +— [1 — u2]_1/21]_1,1[(u) and that
their explicit formulation is

T () = (u+ [u? —1)1/2)P ; (u— [u? - 1]1/2)1’. (F11)

Moreover, in [Sze75]| is shown that there exists the following link between the Chebyshev
polynomials of the first and second kinds :

Poo [Up(u) (u? = 1)) = Ty (w),  Poo [Ty (w)(® — 1)71/%] = U (u).

The latter relationships allow us to simplify considerably (F.10) and we find :

, Jo/2
(1,2) == (=) (U 1) - Ty ).
Po,1
where u = 1/(2[p071p07,1]1/22).
But with (F.4) and (F.11), Uj,—1(u)(u? — 1)'/2 = T, (u) = —[u — (u? — 1)}/2)0 50 that
the proof is actually concluded.
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F.2.3 Drift zero

Proposition F.5. We suppose here again that p_1 0+po1+p1,0+po,—1 = 1 and in addition
that p_10 = p1,o as well as po—1 = po,1. Then, as k — oo, following asymptotic holds :

1070 1

Pi,jo)[(X,Y) hits the horizontal azis at time k] ~ ——————7= .
(m,Jo)[( ) hits the horizontal azis at time K] 27T[p1,opo,1]1/2 k?

(F.12)

The asymptotic of P ;\[(X,Y') hits the vertical axis at time k] is exactly the same.

Denote by 7 the hitting time of the boundary. Since P, ;o) [T = k| = P, jo) [(X, Y) hits
the horizontal axis at time k] + P, ;) [(X,Y") hits the vertical axis at time k], it follows
directly from Proposition F.5 that P, j\[7 > k] ~ z'ojo/(w[pwpo,l]lﬂk).

Corollary F.6. Setting h(ig, jo) = iojo, the Doob h-process of (X,Y) coincides, in distri-
bution, with the limit as k — oo of the process conditioned on [T > k.

Proof of Proposition F.5. We are going to prove that ¢?J0(1,z), which is the generating
function g7 (1, 2) = 37450 P(ig,jo) (X, Y) hits the horizontal axis at time k]2, is holomor-
phic in (1+¢€)Z\[1,1+¢] for € > 0 sufficiently small (let us recall that & denotes the open
unit disc) and that in the neighborhood of 1,

GO (1,2) = WO () 4 9 () (z — 1) In(1 - 2), (F.13)

where h%0:70 and g%+ are holomorphic at 1 and g%7°(1) = —igzjo/(27[p1.0p0.1]*/?).

To conclude, it will be then enough to use the famous principle explained hereunder.
If g(2) = 3,0 qk2" is a function holomorphic in (1 +€)2 \ [1,1 + ¢[ and equal, near 1, to
q(z) = 5(2) +r(2)In(1 — 2), s and 7 being holomorphic in the neighborhood of 1, then as
k — oo, g ~ (—=1)™0™r(1)/k™*! where m = inf{p € Z, : 9Pr(1) # 0}.

Setting p_1,0 = p1,0 and po_1 = po 1 in (F.6), we get that up to the polynomial P70 (z),
q"°70(1, z) is equal to

: 4 1/2
po1z (! ty(u,z)0 —t_(u,z) . 1 —ka(u)z B 2124y
T /_1 (1= ke (@)2)(1 — ha(w)2)] 72 Ujo—1( )([71 — kl(u)z] 1) [1 —w]/ du.

(F.14)
In particular, it becomes clear from (F.14) that ¢ is holomorhic in (14€)Z\[1, 1+¢],

for € > 0 small enough. It remains thus to prove (F.13).
Using in (F.14) the expressions of ¢_ and ¢ given in (F.5), we immediately notice that

poiz b (w )0 —t (w2 o
T [(1—k1(u)z)(1_kz(u)z)]lp jo—1(—u)

is a polynomial in v and 2. In particular, we can write the latter function, say Fio:do(y, 2),
as a finite sum F070 (u, 2) = 37, oo F{%7° (u + 1)"(z — 1)/, with F3's"° = d0jopo,1/(7p1,0)-

Since adding a polynomial will obviously not change the asymptotic of the coefficients
of ¢'9°(1, z), we can focus in the sequel on

1/2
.. 1 . 1— k‘Q(u)Z
i0,J0 — i0,J0 - me\Re _ . 211/2
71070 (2) /1F (u,2) [1 ()2 [1—u]"“du.
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Consider now G090 (u, z) = F0:30 (u, 2)[1—ko(u)2]"/2. Since ka(—1) = 2(po1—p10) < 1,
the function of two variables G%+° is holomorphic in (1 + €)22, for € > 0 small enough.
In particular, it follows that G can be expanded according to the powers (u+1)"(z—
1)7, say G*7°(u, 2) = 32, 15 G (u + 1)"(2 — 1), where G(® = 2i0jopo./ (7[p1.0]/?).
With these notations,

o o ol ) _ 21172
ri0do () = Z G;?]?Jo(z—l)J/ 1 - ) 1 — u? du

1,j>0 -1 [1— ki (—u)z]t/2

Thanks to Lemma F.7 below, we get the existence of two functions holomorphic at 1,
namely f'07°(2) = 37, 50 G fi(2) (2 — 1)7 and g"90(2) = 32, 150 G0 0i(2) (2 — 1)"1,
such that o o o

r'00(z) = f1000(z) + ¢'70(2)(z — 1) In(1 — 2).

Moreover, once again with Lemma F.7, g?0-J0(1) = Gé(j(’)jogo(l) = —igjo/ (27 [po.1p1.0]"?).

Equation (F.13) follows immediately. O

Lemma F.7. Let ¢ € Zy. The function F; defined by

1 - u2]1/2
Fi(z) = /_1(1 B YEmEA

is holomorphic in (14 €)2 \ [1,1 + €|, for € > 0 small enough. Moreover, there exist two
functions f; and g; holomorphic at 1 and verifying g;(1) # 0 such that near 1, F;(z) =
fi(2) + 9i(2)(z — 1) In(1 — 2). Furthermore, go(1) = —1/(4[po1]*/?).

Proof. The fact that for small € > 0, F; is holomorphic in (1 +¢)Z \ [1,1 + €[ is clear from
its explicit expression. We are thus going to concentrate the details on the behavior of F;
at 1.

For lightening the technical details, we assume in the rest of the proof that p1o < po,1-

First, in the integral Fj, we replace the lower bound —1 by —p; o/po,1 > —1. This does
not change the behavior of F; at 1, since this replacement is simply equivalent to add to
F; a function having a radius of convergence strictly larger than 1.

Then, the change of variable v? = k1(—u) = 2[po1u + p1,0] yields

1 ] [1 _ u2]1/2 ) 1 [1 _ 02]1/2—1—1‘
1—u) du = : 24 2[poa— 124y,
/pl’o/po’l( u) [ — K (—u)z] /2 u (2p071)2+z/0 [1— 20?172 v(v*+2[po,1—p1,0)) “dv

1/2 1/2

Next, using the expansion of v/2 at 1, we develop v(v2+2[po,1—p1,0])/? according to the
powers of 1 —v? and we get v(v? +2[po.1 —p1.0])"/? = D0 ek (1—02)?, with co = 2[po1]"/2,
etc.

In a few lines, we will demonstrate that there exist ¢, and ¢, holomorphic at 1 and veri-
fying ¢ (1) # 0, such that

L[] — o2]t/2+k
/0 mdv = Pr(2) + dr(2)(z — 1) In(1 - 2). (F.15)

But before showing Equation (F.15), we prove how this identity allows us to complete
the proof of Lemma F.7. With the notations of (F.15), let us take the definitions f;(z) =

2/(2p0,1)"? Y k0 h¥rti(2) and gi(2) = 2/(2p0,1)" % Y450 ckPrri(2)(z — 1)F. Then,

1 ; [1 _ u2]1/2 _ .
/p1 o/p0 1(1 —u) = (—u)2]1 2 du = fi(2) + (z = 1) In(1 — 2)g;(2). (F.16)
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Next, we change the lower bound —p1 9/po 1 in —1, what replaces f, by another function
holomorphic at 1, that we call f;, but what does not change the function g;, for the reasons
already explained at the beginning of the proof.

So it remains to prove (F.15). The proof consists in expressing the integrals in the left
hand side member of (F.15) in terms of K and E, the two classical Legendre complete
elliptic integrals of the first and second kinds, defined by

1 1 211/2
K(z) = / dv 5 B) = / %dv
0 [(1—v2)(1 - 202)] o [1—-v?Y
and then in using well-known results concerning these elliptic integrals (see e.g. in [SG69]),
notably the ones related to their behavior in the neighborhood of 1.

Both K and E are manifestly holomorphic in (1 +€)Z \ [1,1 + €] for any € > 0, and
from the so-called Abel’s identity, see e.g. [SG69], it can be deduced that near 1, K(z) =
pr(2)+ok(z)In(1—2) and E(z) = pp(2)+og(2)(2—1)In(1—z2), where the four functions
PK,0K,PE,0E are holomorphic at 1, ox (1) = —1/2 and og(1) = 1/4.

In addition, for any k € Z, we can find two polynomials P and @y, such that

L] — p2]1/2+k
/0 [[11 — 21])2]172 dv = Zk;1+1 [Qr(2)K (2) + Pu(2)E(2)].

These polynomials can be explicitly calculated ; for instance, Qo(z) = z—1 and Py(z) = 1.

Therefore, setting 1y(2) = (Qr(2)px (2) + Pr(2)pr(2)) /2" and ¢i(2) = (Qr(2)ok (2) +
Py(2)op(2)(z —1))/2**1, we obtain that

1 [1 _ 02]1/2+k -
/0 mdv = ¥r(z) + ¢k(2) In(1 — 2).
Then, to prove (F.15), it is enough to verify that we can write ¢y (2) as (z— 1)1 gy(2),
with ¢; holomorphic at 1.
For example, for k£ = 0, thanks to the explicit expression of (o and P given above, we
have ¢g = (2—1)(0k (2)+0E(2))/z, whence the result by setting ¢o(z) = (o (2)+0E(2))/2.
For general values of k € Z,, we omit this verification, the calculations being indeed
somewhat tedious — essentially because of the complex expressions of Qi and Pk.
To prove the last fact claimed in Lemma F.7, i.e. the equality go(1) = —1/(4[po.1]*/?),
O

we remark that go(1) = 2¢o(0x (1) + ap(1))/(2p0,1)* = —1/(4[po.1]*/?).

F.2.4 Non-zero drift

In Subsection F.2.3, we were interested in the case of two zero drifts, i.e. p_1 9 = p1,0 and
Po,—1 = Po,1 ; in this Subsection F.2.4, we are going to state analogous results as Proposition
F.5 when two (c¢f. Proposition F.8) or one (¢f. Proposition F.10) of the drifts are non-zero.

Proposition F.8. We suppose here that p_1,0+po1+p1,0+po,—1 = 1 and in addition that
p-10 < p1o as well as po—1 < po1. Then, as k — oo, Py, )[(X,Y) hits the horizontal
azis at time k| admits the following asymptotic :

j ] ‘ k+1/2
Jo <p0,1)]0/2 |:1 B <p170)20 :| (pl,O + P_10 4 2[]70,1]70,—1]1/2) /
211/2[po 1po,—1)4 \ poa D10 13/2 :

(F.17)
The asymptotic of P, jo)[(X,Y) hits the vertical azis at time k| is then got thanks to
an adequate change of the parameters in (F.17).
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Proof. We are going to show that for € > 0 sufficiently small, ¢?70(1, 2) is holomorphic in
p((1+ )2\ [1,1 +€[), where p = 1/(p10 + p-1,0 + 2[po.1p0,-1]"/?), and that near p,

qioJo(l’Z) — gio,jo(z) + fiod'o(z)[l _ Z/p]l/Q’ (F.18)

where 00 and f%+J0 are holomorphic at p and

o . ~\ Jo/2 3 io
fore) == [po 1pﬁ0 ]/ (p;(; 11> [1 - (pmlf) ] (Protp-tot 2[p0,1p0,—1]1/2)1/2-
1o, ’ ’ (F.19)

To conclude, it will be then enough to use the principle explained below — and already
introduced in the proof of Lemma C.26 in Chapter C.

If H(z) = > ;>0 Hgz" is a function holomorphic in p((1 +€)2 \ [1,1 + €[) and such
that near p,

d

H(z) = ho(2) + Y hi(2)[1 = 2/p]",

=1

where the h; are holomorphic near p, not vanishing at p fori € {1,...,d}, the ; < --- <,
are rational but not integer, then as k — oo, Hy, ~ hi(p)p~*/[T'(=601)k0 1.

Proposition F.4 entails that up to the polynomial P0:70(z), ¢0:J0(1, 2) is equal to

l Po-1 jo/2 1 oy (Y0 2[p071p0,,1]1/2z .
i <po,1 > /1 (o 27 = (2 )[(1—k:1(U)2)(1—k2(u)Z)]1/2 (F.20)
)

1[(1 = kr(u)2) (1 — ka(w)2)]? = (1 = ka(u)2)
2 1 — ks(u)z

X

UjO*l (—U) [1 - U2]1/2du,

where we have set k:l(u) = —2[p071p07,1]1/2u + 2[p170p,170]1/2, kQ(u) = —2[p071p07,1]1/2u —
2[p1.00—1.0]"?, k3(u) = —2[po.1po,—1]"?utp1o+p-1.0 and ks(u) = —2[po.1po. 1] >u+2p1 0.
Let us also define

p=1/ks(—1) = 1/(2[po,1po,—1]"* + p1o + p-10)-

Due to the obvious inequalities 2[p1,0p,1,0]1/2 < p1,0+p-1,0 < 2p1,0, the integral (F.20)
is manifestly holomorphic in p((1+€)Z\[1, 1+¢[). Therefore, in order to prove Proposition
F.8, it is enough to demonstrate (F.18) and (F.19).

For this, we define F7070 (u, z) = (t4 (u, 2)" — t_(u, 2)")[po 1p0,-1]"/?2Ujy—1(—u)([(1 —
Fp(u)2)(1 — ko(u)2)]Y? — (1 — ka(u)2))/[(1 — k1 (u)2)(1 — ka(u)2)]Y/2, in such a way that
the integral (F.20) can be expressed as

Jo/2  p1 grig,j0
1 (po"l> 0w, 2) 1 — u?)2du. (F.21)

T\ Po,1 11— k3(u)z

(u, z) — F0:J0(u, 2) defined above is certainly not holomorphic in the whole C2, but is
holomorphic in (1 + €)(2 x p2), if € > 0 is small enough. Indeed, since 2[p; op—_1,0]*/? <
P10 + P-1,0 < 2p1,0, we immediately notice that for ¢ € {1,2,4}, the functions (u, z) —
(1 — k;(u)2)"/? are holomorphic in (1 + €)(2 x p2), for sufficiently small values of € > 0.
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In particular, we can write the expansion of F0:39(y, z) in the neighborhood of (—1, p),
say F'o00(u, 2) = 37, .5 FZO’]O(l +u)¥(1 — z/p)?, with coefficients FZE’JO that can be expli-
citly calculated ; for 1nstance using that

[k3(=1) = k1 (=D][ks(=1) = k2(=1)] = (pr0 — p-10)",  t+(~Lks(=1)) =1,

we find Fgs” = 2jo[L — (p-1,0/P10)]po.1po,—1]"* /hs(~1).
Now, with the notations of Lemma F.9 below, we set

Jo/2 . )
(po,_1> Z F57°gi(2)[1 = 2/pl,

Po,1 750

3| -

giovjo(z) —

—

- Doy \ 02 y
ponts) = 1 (B2)T ST SR A - 2/l
T\ Po1 i,j>0
J=
Then, the integral (F.21) is equal to §707°(2) + f090(2)[1 — z/p]'/?, with fi-70(1) given
by (F.19), in such a way that Equations (F.18) and (F.19) are proved. O

LemmaF.9. Leti € Z; and k3(u) = —2[p071p07,1]1/2u+p170+p,170. Then the function G;

defined by X e u2]1/2

is holomorphic in p((14+€)2\[1, 1+¢[), for € > 0 small enough and p = 1/ks(—1). Moreover,
there exist two functions g; and f; holomorphic at p and verifying f;(p) # 0 such that near
P Gi(2) = gi(2) + fi(2)[1 = 2/p[""/2. In addition, fo(p) = —(m/2)/(plpo,ipo,—1]"/?)*/.

Proof. The proof of Lemma F.9 is based on the fact that G; can be explicitly calculated :

T 1

Gi(z) = — e (1-2)/(Z2? - )V? - P [(1 - 2)"(2* - 1)"/?]), (F.22)

2 Z[Po,lpo,q

where P..[f] is the principal part at infinity of f and where we have set Z = (1 — z[p1 0 +

p-1,00)/(2[po,1po,—1]"/?2).

In order to prove (F.22), start by remarking that 1—ks(—u)z = —2z[po 1po, 1]/ (u—2),
where Z is as above. Then, integrate the function (1 — u)*[u? — 1]'/2/(u — Z) on a closed
contour surrounding at a distance € > 0 the segment [—1, 1], next use the residue theorem
at infinity and at last, do € going to zero. We get

1 ] [1 _ u2]1/2 ) )

/ (1—u)————du=n((1-2)(2* - 1)"? = P [(1 - 2)'(2* - 1)/?]),
—1 u —

from which (F.22) and thus also Lemma F.9 are immediate consequences. O

Proposition F.10. We suppose here that p_1,0+po,1+Dp1,0+Dpo,—1 = 1 and in addition that
P—1,0 = P10 as well as po 1 < po,1. Then, as k — oo,

Pig,jo) (X, Y) hits the horizontal azis at time k| ~

i0J0 po.—1 "% [2(p1,0 + [po1p0,—1]"/?)]
1/2 1/4 5 ) (F.23)
21 [p1,0]Y/2[po,1po,—1]/4 \ po,1 k

. Jo
. . . . () DPo—1 1 1
P - [(X,Y) hits th tical tt k| ~ 1-— - .
(’lo,jo)[( ,Y') hits the vertical azis at time k| [7Tp170]1/2 [ ( oo > ] 2por ) 1373
(F.24)
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Proof. The proof of (F.23) is quite similar to the one of (F.12), whereas the proof of (F.24)
is essentially the same as the one of (F.17); we omit the details. O

Remark F.11. Note that (F.23) formally implies (F.12). Likewise, (F.24) formally follows
from (F.17) — after a proper change of the parameters. But remarkably, it is not possible
to obtain (F.23) starting from (F.17) and then making the drift go to zero.

F.2.5 Generalization of Subsection F.2.3

In this subsection, we are going to extend the range of the results of Subsection F.2.3.
Precisely, we are going to consider here the set of all the walks associated for all z with a
group of order 4 and having in addition two zero drifts, i.e. p11 + p1,o +p1,—1 = p—1,1+
p-1,0+p-1,—1 and p11+po1+p-1,1 = P1,-1+Po,—1+p-1,—-1 — this set of walks is described
in terms of the parameters in Lemma F.2. For all these walks, we are going to prove the
following extension of Proposition F.5.

Proposition F.12. We suppose here that the process has for all z a group of order 4 and
that the two drifts are zero. Then, as k — oo, Py i)[(X,Y) hits the horizontal avis at
time k] admits the following asymptotic :

i0Jo 1
/212"
21 [(p1,1 + pro +p1,—1) (P11 + Po1 + p-1,1)] 2k

The asymptotic of P ;\[(X,Y') hits the vertical axis at time k] is exactly the same.

Proof. We give here only a sketch of the proof of Proposition F.12, since the details are
mainly the same as the ones for the proof of Proposition F.5.

First of all, note that Lemma F.2 implies that under the assumptions of Proposition
F.12, either a = ¢ or a = c. In the sequel, let us suppose that @ = ¢, we would deal with
the symmetrical case a = ¢ similarly.

First, let us be interested in ]P}(io,jo)A[(X’ Y') hits the horizontal axis at time k], or equi-
valently, in their generating function ¢*70(1, z).

If @ = ¢, then the curve X([y1(2),y2(2)],2) is simply the unit circle — indeed, note
that for y € [y1(2),2(2)], [[=b(y, 2) + d(y, 2)Y2)/2a(y, 2)]| = |&(y, 2)/aly, 2)|V2 = 1. An
adequate CGF is thus just w(t,z) = t + 1/t and after some calculations, Theorem F.1
yields

L za(z) ) . (¢ )[ _ d(t z)] 1/2
10,J0 — E ‘ 0 __ 20 M]O( x4 )
¢ (2, 2) = — /m(z) [tio—1/t"] )

dt+2Ps [z 1Yy (2, 2)°]. (F.25)

Then, we could adapt the change of variable t = ¢, (u, z) made in Subsection F.2.1, next,
with some additional technical details, we could follow the proof of Proposition F.5 and
finally, we would obtain the asymptotic of P(;, ;,y[(X,Y") hits the horizontal axis at time |
claimed in Proposition F.12.

Let us now be interested in P(;, ;y[(X,Y") hits the vertical axis at time k|, or equiva-
lently, in their generating function ¢*°70(1, z).

By applying Lemma F.13 below, we obtain that the curve Y ([z1(2), z2(2)], 2) is a circle
(possibly degenerated into a straight line), say of center v(z) and radius p(z) — which can,
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besides, easily be made explicit from the proof of Lemma F.13. In particular, the function
W(t,z) =t + p(2)?/(t —v(z)) is clearly a suitable CGF for the set 9Y ([z1(2), 72(2)], 2).

Define now the function o(t,z) = v(2) + p(2)?/(t — v(2)). Among many noteworthy
relationships, it satisfies to w(o(t, z),2) = w(t, 2) and o([y1(2),y2(2)],2) = [y3(2),y4(2)].
Skipping over the details, Theorem F.1 becomes

. ya(z) T (t2)[ — d(t, 2)] Y o
g (y,z) = %/ " [t — (2, 2)7] 2 ol ’Zi[ ()’Zﬂ dt + yPoo [Xo(y, 2)°y" 1]
y3(z

Then we could, one more time, adapt the change of variable t = ¢ (u, z) proposed in
Subsection F.2.1 and in this way, we would get the asymptotic of P(iO,jo)[(X,Y) hits the
vertical axis at time k] announced in the statement of Proposition F.12. 0

Lemma F.13. Suppose that

P11 P1o P11
A (Z) = pO,l —1/Z p07,1 = O
pP-11 P-10 P-1,-1

Then the curves X ([y1(z),y2(2)], 2) and Y ([x1(z),x2(2)], 2) are circles, eventually degene-
rated into straight lines.

Proof of Lemma F.13. The proof is based on the possibility of expressing both curves
X([y1(2),y2(2)],2) and Y ([z1(2),x2(2)],2) as quartics. The arguments given in this aim
[FIMO99| for the particular case z = 1 can be actually adapted to any value of z and we get

Y([x1(2),x2(2)],2) = {(u,v) eR?: q(u,v)2 — q1(u,v, 2)q2(u, v, 2) = O},

where q(u,v), q1(u,v, z) and g2(u,v, z) are respectively equal to

P11 P10 P11 1 —2u  u?+v? P11 PlLo Pl-1
1 —2u  u?+0? |, po1  —1/z2 po-1 |, poq —1/z  po-1
P-1,1 P-10 P-1,-1 P-11 P-1,0 P-1,-1 1 —2u u?+0?

Note that this expression of Y ([x1(z), z2(2)], z) in terms of three determinants is new, com-
pared to [FIM99]. Of course, we could write a similar expression for X ([y1(z), y2(2)], 2).

We are now going to establish some relationships between the coefficients of the three
polynomials above, but before, take the notations ¢;(u, v, z) = a;(2)—28;u+7;(2)(u?+v?),
for i € {1,2}.

Then, by simple calculations, we verify the three following facts : firstly, a1 (z)y2(z) —
az(2)1(z) = —A(2)/z; secondly, a1(2)B2 — aa(2)B1 = —po,—~1A(z); thirdly, v1(2)82 —
Y2(2)B1 = po,1A(2).

In particular, if A(z) = 0, then the polynomials ¢; and g2 are proportional. In addition
to that, the Cramer’s formulas entail that ¢.(u,v)/z = p1oqi(u, v, 2) + p—1,092(u, v, 2) +
2ul(z), so that if A(z) = 0, then ¢, ¢; and g2 are multiple of the same polynomial. A4 priori,
it may quite happen that one or even several of ¢, ¢; and g9 are zero; in fact, we could show
that at most one of these three polynomials can be equal to zero, otherwise the walk would
be degenerated — we recall that a walk is said to be degenerated if there are (at least) three
consecutive zeros in p1,1,p1,0,P1,—1,P0,~1,P—1,-1,P—1,0,P—1,—1,P—1,0, P—1,1,P0,1 — Which
would be contrary to the assumptions done here, see the beginning of Chapter F.



F.3. CASE OF A GROUP OF ORDER 6 FOR ALL Z 185

So in any non degenerated case, we can write that Y ([z1(2), 72(2)], 2) = {(u,v) € R?:
r(u,v,z) = 0}, where r stands for any non-zero polynomial among ¢, ¢; and g¢s.

But clearly the curve {(u,v) € R? : r(u,v,z) = 0} is a circle (eventually degenerated
in a straight line), for which we could easily write the center and the radius, the proof of
Lemma F.13 is therefore completed.

To be exhaustive, let us give here the single possibilities for Y ([x1(z),z2(2)],2) and
X([y1(2),y2(2)], 2) to be straight lines.

(i) Y([z1(2),z2(2)], 2) is a straight line if and only if po 1 +p1,—1 +po,—1+p-1,-1 =1;in
that case, Y ([x1(2),72(2)],2) = {(u,v) € R? : 2pg12zu = 1} and X ([y1(2), y2(2)], 2)
is the circle of center 0 and radius [p_l,_l/pl,_l]l/Q

(i) X([y1(2),y2(2)], 2) is a straight line if and only if p1 g +p—_11+p-10+p-1,-1=1;in
that case, X ([y1(2),y2(2)],2) = {(u,v) € R? : 2p; gzu = 1} and Y ([z1(2), 22(2)], 2)
is the circle of center 0 and radius [p,17,1/p,1,1]1/2.

The proof of both facts (i) and (ii) consists simply in a play with the parameters, so
we omit it. [l

F.3 Case of a group of order 6 for all 2

Results of Section F.3 deal with the two walks of Picture F.3 below — more generally,
we could obtain similar results for all the walks having, for all z, a group of order 6.

F1GuRE F.3 — Walks studied in Section F.3 (the jump probabilities are equal to 1/3 on the
left and to 1/6 on the right) associated, for all z, with a group of order 6

Proposition F.14. For both processes represented on Picture F.3, the following asymptotic
holds as k — oo :

[(X,Y) hits the horizontal axis at time k] ~ — <—> w.
k5/2

P
( 16 \ 7

i0,J0)
The asymptotic of P ;0\[(X,Y) hits the vertical axis at time k| is ezactly the same.

With the same arguments that have allowed us to obtain Corollary F.6 from Proposition
F.5, Proposition F.14 implies the following result.

Corollary F.15. Setting h(ig, jo) = i0jo(io+Jo), the Doob h-process of (X,Y") coincides in
distribution with the limit as k — oo of the process conditioned on [T > k|, 7 denoting the
hitting time of the boundary.
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Of course, the proof of Proposition F.14 is essentially similar for the two processes of
Picture F.3 and we choose to present here the details only for the process on the right.

Historically, we were interested in this particular random walk for reasons related to the
voter model, that we are now going to introduce, in Subsection F.3.1. Then, in Subsection
F.3.2, we will obtain the exact distribution of the hitting times of each of the axes. Finally,
in Subsection F.3.3, we will be interested in the asymptotic tail distribution of these hitting
times and we will prove Proposition F.14.

F.3.1 The voter model

By “the voter model”, we mean a continuous-time process on {0, 1}% which can be inter-
preted as follows : initially, there is zero or one particle at each site of Z, then a particle
appears (resp. disappears) at an empty (resp. occupied) site x according to an exponential
law with a rate proportional to the number of nearest neighbors of z occupied (resp. empty).
Moreover, we assume that the initial state appertains to the set of configurations having
a finite number of empty (resp. occupied) sites on the left (resp. right) of the origin 0. In
particular, this implies that at any time the process will belong to this set of configurations.
As a consequence there is, at any time, a finite number of “01” (resp. “10”), i.e. a finite num-
ber of pairs of sites (z,x+1) with zero (resp. one) particle at x and one (resp. zero) particle
at x + 1.

The underlying discrete-time voter model is the Markov chain with the following dyna-
mic : denote by %,, the configuration at time n (and remember that according to the pre-
vious paragraph, there is only a finite number of “01” and “10” in %,,), next, in order to
construct %11, one first chooses with a uniform distribution one of these “01” and “10” in
%n, then one replaces it, with probability 1/2, by “00” or “11”.

If the voter model starts from the Heaviside configuration, ¢.e. the configuration having
only occupied (resp. empty) sites on the left (resp. right) of the origin, then at any time, the
process will be a translation of it. This fact suggests to consider the following equivalence
relation : two configurations are said to be equivalent if they are translations the one of the
other.

From now on, we are going to work on the underlying quotient space, the equivalence
classes of which being identified by finite sets of positive integers (X1, Y1,..., Xn,YN) :

X1 N X2 Yo XN YN
A~ P
... 1110000 111 00000 11111 ...... 000 1111 000..., (F.26)

N being the number of finite blocks of zeros (or ones) and X; (resp. Y;), i € {1,...,N}
the size of the ith block of zeros (resp. ones). The number N of finite blocks of zeros is
obviously a non-increasing function of the time; also NV = 0 corresponds to the class of the
Heaviside configuration.

We refer to [Lig85]| for additional details about the voter model and, more generally,
for further information about interacting particle systems.

*

By an adequate use of some Lyapunov functions, the authors of [BFMPO01]| prove in their
work that if 7 denotes the hitting time of the Heaviside configuration, then E[r3/27¢] < oo
for any € > 0 and any initial configuration of particles. Next, to prove that E[r3/2t€] = oo
for any € > 0 and any initial state different from the Heaviside configuration, they remark
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that it suffices to show it only for the initial states such that N = 1 in (F.26). So, with
the notations of (F.26), they consider the process (Xi,Y1) = (Xi1(k),Y1(k))k>0, that we
rename here (X,Y).

X(k)  Y(K)

A~
...11100000011111000....

(X,Y) is a Markov chain on Z%r which is absorbed as it reaches the boundary, since
the Heaviside configuration is an absorbing state for the voter model. Moreover, using
the dynamic of the discrete-time voter model explained above, we obtain that (X,Y") has
homogeneous transition probabilities in the interior of Zi equal to (with obvious notations)
P1,0 = P1,—1 = Po,—1 = P—1,0 = P—1,1 = po1 = 1/6 and the others to 0, see on the right of
Picture F.3.

Set now

T=inf{k >0: X (k) =0or Y(k) =0}.

Equivalently, from the point of view of the voter model, 7 is the hitting time of the Heaviside
configuration starting from an initial configuration such that N =1 in (F.26).

Then, using the work [AIM96] (about passage time moments for reflected random walks
in Z2), the authors of [BFMPO01]| prove that E(io,jo)[73/2+e] = oo for any € > 0 and any
initial state (ig, jo) inside of Zi.

Now we would like to emphasize some other approaches that lead to rather precise
results concerning the hitting time 7.

Firstly, in [Var99], N. Varopoulos analyzes the hitting time of the boundary of cones for
centered and non-correlated d-dimensional random walks. He obtains, for large k, lower and
upper bounds for the probability that the process doesn’t have left the cone at time k. By
linear mappings, these results can be extended to correlated random walks. Applying these
quite general findings to our situation, we obtain the existence of two positive quantities
C4 (4o, jo) and Ca(ig, jo) such that for k large enough,

C1 (0, jo) <P

Ca(io, jo)
1:3/2 = (io,jo)[ T 13/2

T> k] < 13/

Secondly, motivated by constructing some processes conditioned on staying in the same
order at any time as Doob h-processes, the authors of the article [EK08]| examine “ordered
random walks” and study the time when for the first time these processes become not
ordered. In this way, they consider d independent copies of the simple random walk on Z,
say Wi, ..., Wy, such that 0 < W7(0) < --- < Wg4(0) and they show that if 7 = inf{k > 0:
i, Wi(k) = Wit1(k)}, then

- 1
P, (0),...wa0) [T > k] ~k—oo Ka H (W;(0) — Wi(o))Wa

1<i<j<d

where K4 > 0 is some constant. By using these results for d = 3, it is certainly possible to
obtain the asymptotic of P(;, jo)[7 > k] in our situation.

*
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In this work we will start, in Subsection F.3.2, by finding explicitly the exact distribu-
tion of the hitting times of both axes. In other words we will obtain, for any time k, an
explicit formulation for the probability to hit at time k the Heaviside configuration in the
voter model starting from an initial state such that N =1 in (F.26); we will also obtain
the additional information of the size of the blocks at the absorption time.

Then in Subsection F.3.3, we will prove Proposition F.14 on the asymptotic tail distribu-
tion of the hitting times of both axes.

F.3.2 Exact distribution of the hitting times of both axes

Proposition F.16. ¢070(1,z) = qio’jo(l, z) + qéo’jo(l, z) + qgo’jo(l, z), where :

i . i 1 [o2(2) pio—1 1/2
q10,J0(1’Z) = Yu(1,2)%, q207]0(1’z) — _/ —Hjo(t,z)[—d(t,z)] dt,
™ z1(2) t—1
o 1 [re(z) 1
10,J0 172 — _/ tlo |: +
W) = o) T e,
1

_l’_

t—X1(Y1(1,2), 2) i+ 1] 1o (t, z)[_ d(t, z)] 244

Proof. We have already proved that ¢*7°(1, z) equals (F.1). Moreover, a suitable CGF w
for the curve X ([y1(2),y1(2)], 2) is found in Proposition B.27 of Chapter B. In order to
conclude, it is enough to put in (F.1) the partial fraction expansion of dyw(t, z)/[w(t, z)—
w(l, 2)] — Qww(t, 2)/[w(t, z) —w(0, )], namely x/[t(t — 1)] + 1/[t — X1 (Yo (1, 2),2)] + 1/[t —
X1(Vi(1,2),2)] — 1/[t +1]. o

The end of Subsection F.3.2 aims at obtaining an explicit expression of ¢/ (1, z) which
is efficient (in the sense of the calculation of the asymptotic of its coefficients). In order to
achieve this, we are going to make the change of variable b(t, z) = b(t, z) /[4a(t, z)c(t, z)]'/?
in the integrals of Proposition F.16.

t— b(t, z) is clearly a diffeomorphism between ]z1(z), #2(2)[ and ] — 1, 1[; in addition,
l;(t, z) = u implies b(t, 2)2 —4u?a(t, z)c(t, z) = 0, which, as a polynomial in the variable ¢, is
reciprocal, so that we can quite easily obtain and write the explicit expression of its roots,
called the t;(u, 2), i € {1,...,4}. Defining T(u, 2) = 3/z 4+ u®> — u[2 + u® + 6/2]'/2, then
to(u, 2) = T(u, 2)—[T(u, 2)2 =1]Y2, t3(u, 2) = T(u, 2)+[T(u, 2)>=1)1/2, t1 (u, 2) = to(—u, 2)
and t4(u, z) = t3(—u, z). Note that we have enumerated the ¢;(u, z) in such a way that for
ie{l,...., 4}, ti(1, 2) = zi(2).

Moreover, it turns out that for all u € [—1,1], b(t2(u, 2), z) = —u, so that the following
result is an immediate consequence of the change of variable t = t(u, z) in Proposition F.16
as well as of the identity (F.3).

~
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Corollary F.17. For all z €]0,1[, ¢"J0(1,2) = qio 30(1,z)—i—qéo’jo(l,z)—i—qéo’jo(l,z), where :

g (1,2) = [(3—z—3[(1—-2)1+2/3)]"?)/(22)]",
W0z = / 11 Uj°_1(222(,2’> szlﬂoﬂlam(u, 21 - w2Y2du,
g (1,2) = %/11 Ujo—1(u)ta(u, z)"0 50/ [tQ TEE Xll(Yo(l, M
) - Xll(Yl(l, 00 B i) n 1] Outr(u 2)[1 = ']} du.

F.3.3 Asymptotic tail distribution of the hitting times

In order to prove Proposition F.14, we are going to use the same approach as in Section
F.2; namely, we are going to prove that ¢'°/°(1, z) is holomorphic in (1 +¢€)Z \ [1,1 + €]
and that in the neighborhood of 1,

¢ (1,2) = (3/4)3iojolio + jo)l1 — 21** [1+o(1)] + hg"(2),  (F.27)

where h{®7° is holomorphic at 1; it will then be enough to use the results of [FO90].

For this, according to Corollary F.17, we are going to consider successively qio’jo(l, z),
¢7°(1, z) and ¢2*7°(1, z) in respectively Propositions F.18, F.19 and F.20. Proposition F.14
will be then an immediate consequence of these three results.

Proposition F.18. qZO’JO( ,2) is holomorphic in (14+€)Z\[1, 1+€[ and in the neighborhood
of 1 is equal to

"7 (1,2) = —jo3'/2[1 — 22 [1+ (3 + 450?) (1 — 2)/8 + 1% (2)(2 — 1)°] + 1% (2),
where ff?l’jo and fli?z’jo are holomorphic at 1.

Proposition F.19. qéo’jo(l, z) is holomorphic in (1+€)Z\[1, 1+¢€[ and in the neighborhood
of 1 is equal to
i0,j0 3124, 1/2 9 i0,j0 2
6" (L,2) = —5=[1=2] 21+ (1/2)3/4 +jo" )1 = 2) + fo1"(2)(1 = 2)°]

31/2'

27T.]0 (io+7o/2—1/2)In (1 — 2) [1 + (1 — Z)f;OJO( )] + fzo,jo( ),

+

where fzol’]‘), 21?2,30 and f2 099 gre holomorphic at 1.

Proposition F.20. qZO’JO( ,2) is holomorphic in (1+€)Z\[1, 1+€[ and in the neighborhood
of 1 is equal to

i 31/2' . . . . i
g0(1,2) = Tjo(l — 2)Y2[8 4+ (3+ 450 + 12i0(io + jo)) (1 — 2) + £55°(2) (1 — 2%)]
3125

= (2o +jo— 1)In(1 - 2) [1+ (1= 2) fi%7 ()] + i (2),

where féol’]‘), §°2’J° and fg?éjo are holomorphic at 1.
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Proof of Proposition F.18. Tt follows directly from the expression of qio’jo(l, z) written in
Corollary F.17. O

In order to prove Propositions F.19-F.20, we are going to need the two following results,
that deal with the behavior of some integrals with parameters near their singularities.

Lemma F.21. For any k € Z, let Py be the principal part at infinity of [Z2—1]1/2(1—Z)k,
i.e. the only polynomial such that [Z% — 1)Y/2(1 — Z)* — Py(Z) goes to zero as |Z| goes to
infinity. Then

/11 (11—_1;)(k1[1+—2§)2};/2 du = ?2’—7; [(1 +2/3)'/? <§_j>k+l (1- 2124 p, <23—Z — %) ]

Proof. For ¢ > 0, we consider the closed contour @/ " U .22~ U %+ U %=, where &+ =
{+1Freexp(at),t € [0,7]} and BE = {£1eFt,t € [-1,1]}. Then we apply on it the residue
theorem at infinity to the function (1 —u)*[1 —u?]Y/2/[1 — 2(1 4 2u)/3] and we let € going

to zero. O

Lemma F.22. For any k € Z,, the integrals written in the left hand side of (F.28) and
(F.29) are holomorphic in (1+¢€)Z\ [1,1 + €[ for € > 0 small enough. In the neighborhood
of 1, they are equal to

1 — R — 211/2
/1 [(11— z(i —5—12u)/?1]1/2 du = ln(l — 2)(1 — Z)k+1ak(z) + 5k(z), (F.ZS)

1 — )R — 2112
/1 [51— z(i EQU)/Q],]:B/z du = In(1—2)(1 = 2)" () + 0(2), (F.29)

where ag, Bk, Yk, Ox are holomorphic at 1, ax(1) # 0 and (1) # 0. Moreover, ap(1) =
33/2 /4, 4o(1) = —=3%/2/2, 4h(1) = —3/299/32 and ~,(1) = 3'/227/8.

Proof. The fact that the integrals written in the left hand side of (F.28) and (F.29) are,
for € > 0 small enough, holomorphic in (1 +¢€)Z \ [1,1 + €[ is clear from their expression.

Let us now study their behavior near 1 and start by considering (F.28).

Replace first the lower bound —1 by —1/2 in the integral (F.28). This is equivalent to
add a function holomorphic in some (1 + €)2 and this will eventually change (5 but not
ay, in the right hand side member of (F.28). Then, the change of variable v? = (1 + 2u)/3
gives

1 _ o0k ,,211/2 k+1 p1p1 _ o 21k+1/2
(1 —w)"[1 — v’ / _al2 (3 / [1—v7] 211/2
/_1/2 1= 2(1 1 2u) 3] 2 du =3 5 g [14 3v°]“vdv.  (F.30)

By using the expansion of v'/? in the neighborhood of 1, we can develop the function

[1+ 30?2y according to the powers of v? —1 : [143v%]/2v = 24 (7/4)[v®> — 1] +---. But
in Subsection F.2.3, we have proved, using the elliptic integrals theory, that for any k € Z
there exist two functions ¢ and ), holomorphic in the neighborhood of 1 and verifying
¢r(1) # 0, such that

1 [1 _ v2]1/2+k
/0 mdv =In(1 - 2)(z = )" (2) + vi(2), (F.31)
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we have there also proved that ¢o(1) = 1/4. The equality (F.28) is then an immediate conse-
quence of (F.30), of the expansion of [1 4 3v%]'/?v according to the powers of v> — 1 and
of the repeated use of the identity (F.31). The fact that ag(1) = 3%2/4 comes from the

equality ¢o(1) = 1/4.
Likewise, we could prove the equality (F.29) and we could obtain the announced values

of 70(1), 79(1) and 1 (1). O

Proof of Proposition F.19. We recall from Corollary F.17 that

o 1 7. io+jo/2—1
R e e et RIS (B L N L
where ta(u, z) = T(u,2) — [T(u,2)? = 1]¥2 and T(u,2) = 3/z + u? — u[2 + u? + 6/2]1/2.
In particular, the fact that gy ”°(1,2) is holomorphic in (1 +€)Z \ [1,1 + €[ is clear, since
making the change of variable u — —u in (F.32) allows us to write it as the integral on [0, 1]
of some function holomorphic in 2 x ((1+¢€)2\[1,1+¢[) — note that any function symme-
trical in (1'(u, z), T'(—u, 2)) is holomorphic w.r.t. z.

Let us now study the behavior of g5’°(1, z) in the neighborhood of 1. For this, we are
first going to transform (F.32), until obtaining an expression that makes clearly appear
the singularities of ¢i*7°(1, z).

An easy calculation entails that d,t2 = 8,T/(1 — t3). Moreover, by definition of the ¢
(see Subsection F.3.2), (22/36) H?Zl(t —ti(u,2)) is equal to b(t,2)? — 4u?a(t, z)c(t, z). In
particular, [[i_; (1 — t;(u, 2)) = (36/22)(1 — 2(1 4 2u)/3)(1 — 2(1 — 2u)/3). So we have :

Outa(u, z) _ 220, T (u, 2)(1 — t1(u, 2))(1 — t4(u, 2))(1 — ta(u, 2))
to(u,z) =1 18(1 — 2(1 — 2u)/3)(t2(u, 2) — t3(u, 2))(1 — 2(1 + 2u)/3) "

(F.33)

Let us now expand the quantity (1 — t2(u, z))t2(u, 2)0+90/271 according to the powers
of [T(u, 2)? — 1112, say (1 — tg(u, 2))tz(u, z)i0+io/2-1 = k>0 ZO’Jo(u 2)[T(u, 2)* — 1]4/2.
With these notations, (F.32) and (F.33), we get

220,T (u, 2 U,z —t4(u, 2z i
C kzo/ e e oy (raa)

) [T 2 = 172
(ta(u,z) —t3(u, 2))(1 — 2(1 + 2u)/3)

Below, we are going study the behavior near 1 of each integral in the sum (F.34).

Ujo—1(w)[1 — w2 du.

*

Let us start by the ones corresponding to k € {0, 1,2} in the sum (F.34). First, note that
Féo,jo _ Ti0+jo/271(1 ~T), Flio,jo _ Tz‘o+jo/2—2[T — (ig + jo/2 = 1)(1 =T,
Fiodo = Tiot/23 o 1 jo /2~ D[(1 = T)(io +jo/2 — 2)/2 — T,

Now we set FJ0(u, 2) = —220, T (u, 2)(1 — t1(u, 2))(1 — ta(u, 2))Ujy—1(u)/(36(1 — 2(1 —

2u)/3)) and

G’”O(u, 2) = [F9(u, 2) Fo9(u, ) 2T (—u, 202 — 112] / [3(: + 3)(1 - (1 — 2u)/3)"2],
090 (4, 2) = F9(u, 2) {9 (u, 2),

G’O’]O(u, 2) = [FP(u,2) 7 (u, 2)3(2 + 3)(1 — 2(1 — 2u) /3)Y/?] / [2[T1 (~u, 2)* — 1]V/2].
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Since to(u, z) — t3(u, z) = —2[T(u,2)> — 1]/2 and since (to(u, 2) — t3(u, 2))(t1 (u, 2) —
ta(u, 2)) = 12(z +3)2[(1 — 2(1+ 2u) /3)(1 — 2(1 — 2u)/3)]*/? /22, the sum of the three terms
for k € {0,1,2} in (F.34) is equal to

z07]0 [1 —u ]1/2
F.
Z/ 1—z 1+2u)/3](3 w2 du- (F.35)

Using now the expansion of the Chebyshev polynomials at 1 (see Subsection F.2.1), we
obtain the expansion GZO’JO (u,2) = =2jo(u—1)/9=Jo(2—1) /34> 11152 Ggokj‘; (u—1)F(z—1)".
Then, with a repeated use of (F.29) of Lemma F.22, we get

1 iosdo _211/2 o o
[ = (1 = 2)[(1 = 2)/4 + (1= Pl )] + ),
féo’]o and gm’]O being holomorphic at 1.

In the same way, G (1, 2) = Y 159 G5 (u—1)F (2= 1) = jo /3= jo (60> +35 — 48ig—
2450)(u — 1) /54 + jo(—53 + 481y + 24j0)(z — 1)/36. A repeated application of Lemma F.21
gives then that

1 Gio.do 211/2
g ’ 1 _
/1 1—2(1+2u)/3 du 177(2) + Jo3 77| z]H% %

x [1/24+ (3/4+ jo”)(L = 2)/4 + (1 = 2)*q1(2)],

f1090 and ¢'°7° being holomorphic at 1.
At last, we have G57°(u, 2) = 2jo(io + jo/2 = 1)/3 + > p 1151 Gaiy (u— DF(z = 1) So
with a repeated use of (F.28) of Lemma F.22, we get

1 i0,jo w. )1 — u2]1/2
/—1 C[;f— i(i Jz[;u)/g]]m du = f327°(2) + joldo + jo/2 — 1)31/% x
x In(1 —2)[(1 = 2)/2 + (1 — 2)2g5>7(2)],

fi0d0 and ¢7° being holomorphic at 1.

*

Let us now consider the terms corresponding to k > 3 in the sum (F.34).

Note first that if k is odd and larger than 3, then the associated function in (F.34) is
in fact holomorphic in the neighborhood of 1 : indeed, for this it is enough to notice that
to(u, 2) — t3(u, z) = —2[T(u, z)> — 1]*/2. For this reason, all the terms associated in (F.34)
with values of k£ odd and larger than 3 don’t have any singularity at 1.

On the other hand, if k is even and larger than 3, then the underlying term in the sum
(F.34) can be written as

1 . .
/ [1— 2(1 + 2u) /3] E32 0P (u, 2)[1 — u?] 2 d,
-1

where H,io’jo (u, z) is some function holomorphic in the neighborhood of (1,1). The last
integral is obviously equal to

/11[1 — 2(1 + 2u) /3| D2 000 (u, 2)[1 — w?] 21— 2(1 + 2u) /3] 2du.
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Then, expanding [1 — z(1+2u)/3](k*2)/2H,i°’j° (u, z) w.r.t. the powers of (u—1)*(z—1)!
and using (F.28) of Lemma F.22, we obtain that the integral above equals In(1 — z)(z —
DFE2g070(2) + £27°(2), f°7° and ¢,°”° being holomorphic at 1.

Finally, the sum of all the terms corresponding in (F.34) to even k larger than 3 can
be written, in the neighborhood of 1, as In(1 — 2)(1 — 2)2g%70(2) + fi0:J0(z), where fi0:Jo
and ¢"J° are holomorphic at 1.

x
Putting the latter fact together with (F.35) concludes the proof of Proposition F.19. O

Proof of Proposition F.20. The proof of Proposition F.20 is completely similar to the one
of Proposition F.19, so we omit it. O

F.4 Case of a group of order 8 for all z and extensions

The analysis of Sections F.2 and F.3 can be formally extended up to the case of any
process having, for all z, a rational CGF. Indeed, if so we can make the partial fraction
expansion of

dw(t, z) dw(t, z)

w(t,z) —w(l,z) w(t,z) —w(0,z)

in the identity (F.1) — which is true for any walk — and then we can hope to conclude by
similar calculations as the ones realized in Sections F.2 and F.3.

For instance, in the case of the walk on Picture F.4 below which has, for all z, a group
of order 8 and a rational CGF, see Proposition B.29 in Chapter B, let us give without proof
(the details are totally similar to the ones of Sections F.2 and F.3) the following result.

FIGURE F.4 — A walk with for all z a group of order 8 and a rational CGF (all the jump
probabilities above are equal to 1/4)

Proposition F.23. For the process represented on Picture F./4, the following asymptotic
holds as k — oo :

L dojo(io + jo) (o + 2jo)

Pio,jo) (X, Y) hits the horizontal axis at time k] 3 13
T

If k and ig don’t have the same parity, then P, ;\[(X,Y') hits the vertical azis at time
k] = 0. If they have the same parity, then the following asymptotic holds as k — oo :

8 injo(io + jo) (0 + 2jo)

Pi,jo) (X, Y') hits the vertical avis at time k] 3 13
7r
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Corollary F.24. Setting h(ig, jo) = i0jo(io + jo)(io + 2jo), the Doob h-process of (X,Y)
coincides in distribution with the limit as k — oo of the process conditioned on [T > k], T
denoting the hitting time of the boundary.

On the other hand, for n > 5, no examples of walks having, for all z, a group of order
2n are known — at this time.

Finding the asymptotic tail distribution of the hitting times for any walk considered in
Section F.1 seems to us a quite difficult task ; we hope keenly to develop this theme in the
next few years.
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