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Le manuscrit est organisé de la maniére suivante :

Le premier chapitre est un résumé de I’ensemble des travaux effectués. Il propose une introduction aux
modéles physiques abordés pour le traitement de la turbulence et propose un modéle mathématique qui
sert de cadre a cette thése. Puis les discrétisations par les méthodes d’éléments finis non-conformes et de
volumes finis sont décrites ainsi que ’algorithme complet. Enfin trois sous-problémes d’analyse numérique
sont définis, permettant d’étudier les propriétés du schéma numérique proposé. Ce sont les trois axes d’étude
qui constituent les chapitres suivants.

Le deuxiéme chapitre est une version étendue d’un article publié¢ dans le cadre du symposium Finite
Volumes for Complex Applications V qui s’est tenu a Aussois en Juin 2008 et détaille la construction d’un
schéma pour la résolution des équations de bilans couplées des échelles turbulentes, préservant la positivité
de la solution.

Le troisiéme chapitre est un article soumis & CALCOLO, qui décrit la construction et ’analyse, a partir
notamment des résultats usuels de ’approximation des équations de Stokes par éléments finis non-conformes
et des résultats de convergence des schémas volumes finis avec second membre irrégulier, du schéma éléments
finis /volumes finis dans le cas de la résolution d’un modeéle de turbulence simplifié basé sur une viscosité
turbulente de type “longueur de mélange”.

Le dernier chapitre est un article soumis & Mathematics of Computation et décrit I’approximation par
une méthode de volumes finis d’une équation de transport caractéristique des modéles de turbulence RANS
au premier ordre. Le probléme envisagé est I’équation de convection—diffusion scalaire avec donnée L', dont
la régularité du second membre provient de ’expression de la production turbulente. Ce travail permet
d’effectuer un premier pas vers ’analyse du probléme complet instationnaire.

Enfin, deux annexes sont proposées : la premiére est un article soumis & International Journal for Finite
Volumes auquel j’ai pu apporter une petite contribution, qui aborde ’analyse d’un schéma de volumes finis
pour le modéle de diffusion radiative P; et le second est un article publié dans le cadre du symposium
Finite Volumes for Complex Applications V qui découle de mon travail de stage de Master concernant les
conditions aux limites “ouvertes” pour les équations de Navier—Stokes incompressibles.
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Chapitre 1

Synthése générale



CHAPITRE 1. SYNTHESE GENERALE

1.1 Introduction

L’Tnstitut de Radioprotection et de Streté Nucléaire (IRSN) réalise des expertises et méne des recherches
dans le cadre de la stireté nucléaire et la protection de ’homme contre les rayonnements ionisants, du controle
et de la protection des matiéres nucléaires. Dans le cadre de la problématique de siireté des installations
nucléaires, la Direction de Prévention contre les Accidents Majeurs (DPAM) méne un programme de re-
cherche & la fois expérimental et en simulation numérique, concernant les incendies dans les milieux confinés
et ventilés mécaniquement. C’est & cette fin qu’a été créé le code de calcul ISIS au sein du Laboratoire
d’étude de I'Incendie et de Méthodes pour la Simulation et les Incertitudes (LIMSI), basé sur la plate-forme
éléments finis C++ PELICANS également développée au sein du LIMSI. Les configurations d’écoulement
qu’il traite principalement sont de type convection naturelle turbulente et se développent dans des espaces
a I’échelle d’une ou plusieurs piéces d’une installation, tel que représenté sur la figure 1.1.

— _ >
Convective and air flow
radiative fluxes

< > I
Smoke layer

R——
RN N
Fire plume V’ﬂ:

virgin fuel virgin fuel

burning fuel

FI1GURE 1.1 — Configuration modéle d’un incendie dans une installation

Les écoulements générés par un incendie dans un local confiné présentent ainsi des structures dont la taille
couvre une gamme trés large : des tourbillons de taille trés petite (on parle de fluctuations turbulentes, qui
peuvent ne mesurer que quelques microns dans les cas extrémes) influent sur les mouvements d’ensemble
a Péchelle du systéme (quelques meétres pour un local typique d’une installation nucléaire). Par ailleurs,
ces écoulements sont essentiellement régis par les termes de flottabilité et peuvent présenter des zones de
stratification, de relaminarisation ainsi que des recirculations. L’outil de simulation ISIS doit s’appuyer
sur un modéle physique apte & en permettre une prédiction pertinente, tout en satisfaisant une contrainte
d’efficacité en terme de temps de calcul.

Les modéles physiques de turbulence étudiés au cours de cette thése sont dits “statistiques en un point”
parce que les grandeurs physiques décrivant la turbulence sont évaluées en chaque point en fonction des
corrélations des fluctuations temporelles des champs de vitesse et de pression. Ils ont été choisis car ils offrent
le compromis recherché entre précision et cott de résolution. C’est plus particuliérement le cas des modéles
en moyenne de Reynolds (RANS) de type k — € que nous avons choisi d’étudier. Ceux-ci se traduisent par
deux équations additionnelles non-linéaires couplées aux équations de Navier—Stokes, décrivant le transport,
pour I'une, de I’énergie cinétique turbulente et, pour ’autre, de son taux de dissipation. Ils résultent d’une
analyse purement phénoménologique des transferts d’énergie aux différentes échelles de 1’écoulement et
s’appuient sur des hypothéses fortes telles que I’homogénéité et I'isotropie de la turbulence. La variante dite
k —e RNG apporte une correction de la surestimation de 1’énergie cinétique turbulente liée & cette derniére
hypothése, et permet ainsi une meilleure prédiction des écoulements en recirculation par rapport au modéle
k —e standard. C’est le développement de schémas numériques pour ce dernier modéle qui a fait initialement
I’objet du travail présenté dans le premier chapitre.

Néanmoins, on pourra remarquer que les modéles de turbulence RANS au premier ordre partagent tous
la méme structure quelles que soient les échelles turbulentes considérées, et que celles-ci étant dimensionnel-
lement homogénes & une énergie, une fréquence de relaxation ou un taux de dissipation d’énergie, la méme
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contrainte de positivité existe pour toutes ces échelles : les techniques utilisées dans le cadre des modéles
présentés peuvent donc étre également étendues a d’autres modéles RANS. Le modele k — e — v2 — f, dé-
veloppé par Paul Durbin a partir d’arguments issus de la théorie des modéles de fermeture au second ordre
(RSM) a ainsi également été étudié. Cette extension des modeéles de type k — € adjoint une échelle turbu-
lente supplémentaire v2 et une fonction f dite “elliptique” permettant de prendre notamment en compte
Panisotropie en zone proche parois et palier & “l’anomalie aux points d’arrét” (stagnation point anomaly).

Du point de vue numérique, le systéme d’équations RANS complet est résolu par un schéma & pas
fractionnaire : les équations de Navier-Stokes discrétisées par une technique d’éléments finis non-conformes,
sont, résolues par une méthode de projection, tandis que les équations de bilan du modéle de turbulence
sont discrétisées par la méthode de volumes finis. Le travail effectué au cours de cette thése a donné lieu a
I’étude de trois problémes permettant d’aborder les caractéristiques du schéma numérique.

D’une part, les schémas numériques proposés doivent respecter certaines contraintes imposées par les
caractéristiques du modéle physique (notamment les bornes physiques des grandeurs turbulentes) et, par
ailleurs, il est souhaitable qu’ils assurent également une stabilité inconditionnelle vis-a-vis du pas de temps.
Dans le cas du systéme k — e dont les équations sont couplées, ces caractéristiques ne peuvent étre obtenues
que par la résolution par une méthode non-linéaire implicite. Une semi-discrétisation en temps adéquate de
I’opérateur de convection et des termes sources des équations turbulentes a donc été proposée dans le cas
des modéles de type k — ¢, permettant de garantir la positivité des grandeurs turbulentes k et €. Une bréve
étude sur 'établissement de loi de parois pour le modéle de turbulence v2 — f est également présentée :
celle-ci a abouti & la réévalutation, vis-a-vis de la littérature, des constantes et des profils des grandeurs
turbulentes adimensionées.

D’autre part, un résultat de convergence a été montré sur un probléme réduit constitué des équations
de Stokes incompressibles et d’une équation de convection-diffusion présentant un terme source de type
production turbulente. Des résultats d’existence d’une solution pour des problémes elliptiques couplés dans
le cas continu, ainsi que des résultats de convergence pour des schémas de volumes finis et d’éléments finis
de Lagrange, existent dans la littérature. Le résultat obtenu montre la convergence dans le cas d’un schéma
utilisant 1’élément fini de Crouzeix—Raviart pour I’approximation des équations de Stokes et la méthode de
volumes finis pour ’équation de convection—diffusion. Une réflexion a été également menée sur le cas oui les
viscosités sont non-bornées et a pas abouti & montrer la stabilité du schéma.

Enfin, le second membre des équations de la turbulence présente la particularité de ne pas appartenir a L2
comme cela est usuellement le cas dans les problémes liés & la mécanique des fluides mais uniquement dans
L. La convergence du schéma de volumes finis pour une équation de convection—diffusion instationnaire
modéle des équations de bilan de la turbulence, a donc été étudiée. Cette étude présente l'originalité d’étre
un pas vers ’analyse du probléme instationnaire et a nécessité 1’établissement d’un résultat de compacité
dans L! qui peut-étre vu comme un équivalent discret du Lemme d’Aubin-Simon.

Le travail de thése est synthétisé de la maniére suivante. Dans un premier temps, les équations des
modéles de turbulences qui ont fait I'objet d’une étude bibliographique sont décrites. Les modéle k — ¢
standard, la variante k — e RNG et extension k — ¢ — v2 — f sont ici envisagés : les motivations du choix
de ces modéles sont présentés ainsi que leurs caractéristiques du point de vue de la modélisation physique.

Dans une deuxiéme section, un probléme mathématique général est formulé et les espaces d’approxima-
tion éléments finis et volumes finis sont introduits. Enfin 'algorithme complet de résolution du probléme
couplant les équations de Navier—Stokes et les modéle de turbulence est décrit : le schéma semi-discret en
temps ainsi que le probléme discret en espace associé au probléme mathématique sont détaillés.

Enfin, les trois sous-problémes d’analyse numérique décrits précédemment sont présentés et les résultats
d’analyse obtenus pour chacun sont donnés ainsi que des éléments de preuve.

1.2 Equations des modéles physiques

Dans cette section, quelques éléments de modélisation de la turbulence en moyenne de Reynolds au
premier ordre, issus d’une étude bibliographique approfondie, sont introduits dans un premier temps en
prenant ’exemple du modéle k£ — € standard. Dans un deuxiéme temps, la variante RNG du modéle k —
€ qui permet une amélioration de la prédiction d’écoulement complexes, intéressante dans le cadres des
écoulements rencontrés dans la modélisation de I'incendie, est décrite. Enfin le modele v2 — f, qui constitue
une extension du modéle k — ¢ issue de la modélisation au second ordre (RSM), est présenté. Dans chacun
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des exposés, les difficultés de modélisation physique, ayant mené a ’étude de ces modéles, sont abordées
ainsi que les contraintes qui devront étre prises en compte pour le développement des schémas numériques.

1.2.1 Introduction aux modéles de turbulence au premier ordre

On suppose qu’en tout point (x,t) de I'espace et du temps, 1’écoulement est régi par les équations de
bilan de quantité de mouvement et de masse. Il s’agit des équations de Navier—Stokes dites “instantanées”,
qui s’écrivent pour un fluide Newtonien en équilibre isotherme :

d(pu) + (pu - V)u =V-(2uD(u)) — Vp (1.1a)

Op+ V-(pu) =0 (1.1b)

ou p = p(x,t) sera considéré ici comme une donnée (en pratique, et notamment dans le code ISIS, il est
évalué a partir de variables intensives gouvernées par des équations de bilan; par exemple,la température),
et D(u) est le tenseur des taux de cisaillement, défini par D(u) = 1/2(Vu + V'u).

Les champs de vitesse u et de pression p instantanés sont décomposés en la somme d’un champ moyen et
d’un champ fluctuant de moyenne nulle, étant donné un opérateur de moyenne “ = ” vérifiant une hypothése
de commutativité avec les opérateur de dérivée. La décomposition (1.2) appliquée a tout champ scalaire ou
toute composante d’un champ vectoriel est appelée “décomposition de Reynolds” et le systéme obtenu par
Papplication de opérateur de moyenne a chacun des termes des équations du systéme (1.1) est dénommé
“équations de Navier-Stokes en moyenne de Reynolds” (RANS) [6].

g=q+q,qd=0 (1.2)

Si les opérateurs de moyenne et de dérivation commutent pour les termes linéaires, le terme de convection
de I’équation de quantité de mouvement fait apparaitre pour le champ moyen un terme lié aux corrélations
de vitesses —V-(pu’ @ u’). Ce terme peut s’interpréter comme la divergence d’un tenseur modélisant les
contraintes additionnelles dues aux processus turbulents et qui est appelé tenseur de Reynolds.

Le probléme de “fermeture” consiste & modéliser le tenseur de Reynolds —pu’ ® w/ comme une fonction
des quantités moyennes. Dans le cadre des modéles k — ¢ linéaires, on suppose que l'action des contraintes
turbulentes se traduit par une diffusion additionnelle pour I’écoulement moyen. Cette hypothése appelée
“hypothése de Boussinesq” méne & la définition du déviateur, noté R, du tenseur des contraintes de Reynolds :

2
— 3Pk + uVu)l (1.3)

R = Dev(—pu’ @ v’ ) = 2u,D(u)
ott D(@) = 1/2(Va + V'a) est le tenseur de cisaillement moyen et j; est un coefficient de proportionnalité
strictement positif que 'on nomme viscosité turbulente. La prise en compte des effets turbulents conduit
donc & remplacer, dans I’équation de quantité de mouvement, la viscosité intrinséque du fluide pu,, dite
également viscosité laminaire, par une viscosité effective p telle que p = pp + pi. Le second terme 2/3pk1
représente la partie sphérique du tenseur de Reynolds et apparait dans 1’équation comme un terme de
pression supplémentaire, appelé “pression cinétique turbulente”, et usuellement non-explicité.

Dans le cas des modéles au premier ordre, la viscosité turbulente u; est déterminée grace a sune relation
algébrique faisant intervenir des échelles scalaires caractéristiques de la turbulence. Dans la relation suivante,
connue sous le nom de ’hypothése de Prandtl-Kolmogorov, interviennent 1’énergie cinétique turbulente k
et son taux de dissipation ¢ :

k2
e =pCy = (1.4)
ot k =1/2|v|?, e =2u/p|D(u')|? et C,, est un coefficient constant.

Les grandeurs turbulentes k et € sont évaluées grace aux deux équations de bilan scalaires établies a
partir des équations de Navier—Stokes pour les fluctuations :

3 (pk) + V-(pka) — V- ((M n 5—;)%) —R:Va—pe (1.52)
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€

8(pe) + V-(pet) — V- <(M + ﬂ)w) = (cdR V- pCes 5) (1.5b)
O¢

Ces deux équations sont couplées par les termes sources et les coefficients de diffusion, tous deux étant des

fonctions non-linéaires des inconnues. Les coefficients C.; et C.o sont généralement constants et évalués de

maniére empirique, ainsi que les nombres de Prandtl-Schmidt oy et 0. issus d’une hypothése de gradient

moyen.

Cy, Cgl 052 Ok O¢
009|144 |192|1.0 1| 1.3

TABLE 1.1 — Constantes du modéle £ — ¢ standard

1.2.2 Modéle k£ — ¢ RNG “Groupe de Renormalisation”

Le modéle k — ¢ standard étant peu performant dans des configurations d’écoulement présentant des
recirculations, il a semblé intéressant d’évaluer les performances d’une de ses variantes, le modéle k —e RNG
(ReNormalization Group). La premiére version du modéle RNG a été proposée par Yakhot et Orszag [30],
puis une série d’adaptations [19, 28, 20, 31] a abouti au modéle révisé [32]. Ces modéles résultent d’une
approche novatrice qui applique les techniques de renormalisation, développées a 1’origine pour la théorie
des champs en physique quantique et la théorie cinétique des gaz, & 1’établissement des équations de bilan
pour k et €.

L’emploi de ces méthodes mathématiques repose sur certaines hypothéses fortes mais permet de réévaluer
de maniére rigoureuse les constantes empiriques du modéle k£ — ¢ standard : les valeurs obtenues sont
regroupées dans la table 1.2.

C,u Csl ng O O¢
0.0837 | 1.42 | 1.68 | 0.7194 | 0.7194

TABLE 1.2 — Constantes du modéle £ — e RNG

Il apparait également un terme source Sgrng supplémentaire dans ’équation de bilan de la variable ¢,
qui permet une correction locale du taux de dissipation de ’énergie. Les équations du modéle, tel qu'utilisé
dans ISIS, sont données dans la table 1.3; elles font apparaitre un terme source supplémentaire, noté G,
qui résulte d’'une modélisation empirique des phénoménes de génération ou de destruction de la turbulence
induits par les forces de flottabilité, cruciaux dans les écoulements en convection naturelle.

L’expérience montre que l'utilisation du modéle £ — ¢ RNG permet de corriger la surestimation de
I’énergie cinétique turbulente par le modéle k — ¢ standard dans des zones de forte déformation plane,
phénomeéne désigné dans la littérature comme “I’anomalie aux points d’arrét” [9]. Des travaux ultérieurs ont
toutefois permis de montrer que le bon comportement du modeéle ne doit pas étre attribué a un établissement
plus rigoureux des équations, mais plutot a une compensation d’erreur entre les termes de production et de
dissipation turbulente. La surestimation de I’énergie cinétique aux points d’arrét est en effet une conséquence
de I’hypothese d’isotropie sur laquelle se basent tous les modéles de type k —<. Il n’en reste pas moins que le
modéle RNG est actuellement le modéle de référence utilisé le plus souvent dans les applications industrielles.
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Equations de bilan :

B, (pk) + V-(pka) — V- ((u + ﬂ)w) P+ G pe

Ok

O¢

Bu(pe) + V-(peir) — V- ((u + ﬂ)vs) - % <c€1 P + Ce1g0G + Corgn G+ — pChy €> + Skne

avec :
2
P = 2u:|D(a)|* — SPkV-u

2
e _
SrNG = pruCnn2—k + pC.3e V-

V-
P9 ol g désigne la gravité , G = max(0,G)

G:/Lt
ogp
C,=Mzum oy po—438, n=\2D@[* kfe, A=0012

1
Ces = 3 [71 +2Cq —3mi(ny — 1) + (*1)6\/60u0n77}
oim;=05,n =14, 6=1siVu<0, 6§=0siV-u>0

TABLE 1.3 — Equations du modéle & — & RNG



1.2. EQUATIONS DES MODELES PHYSIQUES

1.2.3 Modéle k —e — 02— f

Dans le cadre des modéles de type k —¢, les variables k et € permettent d’évaluer I'intensité turbulente et
le temps de relaxation caractéristique de la turbulence de maniére adéquate sous I’hypothése de turbulence
homogeéne isotrope. Néanmoins, ceux-ci présentent généralement des faiblesses dans le cas de configurations
d’écoulements complexes présentant des recirculations, notamment ’anomalie aux points d’arrét. Si, comme
on 'a vu, des corrections comme celle de k£ — ¢ RNG permettent d’améliorer la prédiction des écoulements,
cette amélioration ne peut contourner le défaut principal de cette classe de modéle : I'utilisation d’une
grandeur isotrope dans les zones proche parois ol ’anisotropie joue un role essentiel.

L’établissement du modele v2 — f est inspiré de la modélisation au second ordre et méne a I'ajout d’une
échelle de vitesse au modeéle k — ¢ standard afin d’améliorer le traitement de la turbulence en zone proche
paroi. Cette faiblesse du modéle standard est intrinséque car elle découle du choix d’une grandeur isotrope
telle que k en tant qu’échelle caractéristique de vitesse : en zone proche paroi, ce choix est inadéquat et
méne & une évaluation erronée de la viscosité turbulente. Les zones de paroi s’assimilant & des zones de
déformation plane, 'échelle de vitesse v2, mettant en jeu la fluctuation de vitesse normale aux lignes de
courant semble plus appropriée et permet ainsi la prise en compte de ’effet de blocage cinématique.

Ce choix permet d’assurer la décroissance de la viscosité turbulente sans avoir recours & une fonction
d’amortissement [29]. Il permet par ailleurs de s’affranchir de 1'utilisation d’une loi de paroi logarithmique
dont la validité n’est pas assurée & bas nombre de Reynolds. On introduit par ailleurs une fonction f de
répartition de 1’énergie cinétique turbulente, évaluée par une équation dite de relazation elliptique [10] qui
permet notamment de traduire I'effet non-local de la paroi, appelé écho de paroi, di a la diffusion turbulente
par les fluctuations de pression. Cette fonction est définie d’aprés des arguments de la modélisation de la
turbulence au second ordre, et s’interpréte comme la somme des tensions de dissipation et des corrélations
de pression.

La viscosité turbulente est ainsi évaluée grace a une relation algébrique similaire a (1.4) et faisant
intervenir v? : .
pe = pCLv?T (1.6)

ou T représente le temps de retournement & /e borné inférieurement par I’échelle temporelle de Kolmogorov.

Les équations du modele k — e — v2 — f sont regroupées dans la table 1.5 et les constantes du modéles
dans la table 1.4.

Les équations de bilan des variables k et ¢ sont similaires au modéle k — ¢ standard, a l’exception du
coefficient C¢1 qui est modélisé de maniére & prendre en compte I’anisotropie locale. Dans le modéle original
[8], la constante CZ est dépendante de d, la distance a la plus proche paroi :

0.25
=134+ —————
1+ (d/21)3
La valeur CZ = 1.3 évaluée expérimentalement correspond a un écoulement libre et est recouvrée par

I'expression choisie dans la limite d — oo, tandis que la valeur CZ = 1.55 évaluée également expérimentale-
ment est obtenue en proche paroi. Dans la pratique 1’évaluation de d pose probléme et d’autres expressions
algébriques de CZ, ont été envisagées [25, 22].

L’équation de bilan de v2 posséde une structure similaire a celle de k. Elle présente un terme de production
pkf qui prend en compte la répartition de I’énergie cinétique turbulente par dissipation et par leffet d’écho
de parois, et un terme de destruction piloté par le temps de retournement T ~ k/e. L’équation elliptique
pour f présente un second membre similaire a celui de ’équation de bilan de k & un facteur 1/pk prés par
homogénéité, et dont les termes de production et destruction sont pondérés par les constantes Cy et Cs.
L’échelle A ~ k3/e? controle la longueur caractéristique de diffusion de 1’énergie cinétique turbulente en
zone proche parois et est minorée par 1’échelle spatiale de Kolmogorov.

La reformulation du traitement des parois grace au systéme v2 — f implique la réévaluation des constantes
du modele k — ¢ ainsi que 'introduction de nouvelles constantes.
La constante C), voit sa valeur fortement réduite dans le modéle standard, ce qui est expliqué par le

—2
fait qu’elle se comporte comme le rapport d’anisotropie u/v’”/k?, ot v’ et v représentent respectivement
les composantes tangentielle et normale de la fluctuation de vitesse.
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Les valeurs des constantes introduites par le modeéle v2 — f ont été déterminées par des calculs de

simulation numérique directe.

Cea | oy Oc C, | Cy | CL | Cr Cn

Ch o1
[k

0.19 Cg1+max(1.55—051,0.045 :2) 19113101403 |03]|6.0]70.0
v

TABLE 1.4 — Constantes du modeéle k — e — v2 — f

Equations de bilan :

0y (pk) + V-(pka) — V-((W + Z—;)w) —P e

Du(pe) + V-(peit) — V- <(M + Z—:)Ve:) . %( = (0, k)P — pcgzs)

S| Sl

O (pv?) + V-(pv?a) — V- ((W - 5—;)Vv_2) = pkf —p

I 2/3 —v2/k
f=2A Affczpk (1 Cl)iT

tel que :
2
P = 2u|D(w)|* - SPkV-u

k
T = max(—, Cr TK>
€

/{33
A=Crl avec = max(€—27 Cﬁ (WK)Q)

Echelles spatiales et temporelles de Kolmogorov :
3

o\ b N
() )
9 9

TABLE 1.5 — Equations du modéle k — e — v2 — f




1.3. MODELE MATHEMATIQUE ET DISCRETISATIONS

1.3 Modéle mathématique et discrétisations

Dans cette section, aprés avoir décrit de maniére générale le probléme mathématique correspondant aux
modeéles physiques de turbulence au premier ordre, on introduit les discrétisations volumes finis et éléments
finis non-conformes qui sont utilisées dans les schémas numériques étudiés pour la résolution des modéles
de turbulence en moyenne de Reynolds. On présente ensuite, dans un premier temps, ’algorithme complet
semi-discrétisé en temps pour une itération, puis les équations discrétisées en espace correspondantes.

1.3.1 Probléme

On considére le probléme mathématique suivant, issu de la modélisation de la turbulence au premier
ordre & P équations, défini sur un domaine ouvert borné, connexe  de R%, d = 2, 3 et sur un intervalle de
temps fini (0,7") partitionné de maniére uniforme, avec un pas (constant) 6t = t"*1 —¢" 0 <n < N. Il est
constitué des équations de Navier—Stokes instationnaires pour un fluide Newtonien gouvernant I’évolution
des champs de vitesse et de pression moyens (qui seront désormais notés u et p par souci de concision dans
le cadre de I'analyse mathématique), ainsi que d’un ensemble d’équations de convection—diffusion de champs
scalaires {x;}1<i<p représentant les échelles turbulentes.

On cherche (u,p, {x;}) vérifiant V(zx,t) € Q x (0,7T) :

oulpw) + V-(pu @ w) - V-(u({x;}) Vu) + Vo = g (1.7a)
dip+ V-(pu) =0 (1.7b)

Or(pxi) + V-(oxiw) = V- (A (D) Vi ) = (D) (1.7¢)
Xi(,t) >0 (1.7d)

u(@) =0, xi(x) = xilon >0 Vo €9Q (1.7¢)

avec g un terme de forgage, p la masse volumique du fluide, p la viscosité effective et Ay, le coeflicient de
diffusion de I’équation de bilan de ;. On suppose par ailleurs qu’il existe un nombre réel py > 0 représentant
la viscosité intrinséque du fluide tel que p > pp. On admet également, sans perte de généralité, que A, ~ u,
ce qui correspond dans le modéle physique & nombre de Prandtl-Schmidt turbulent constant.

Conformément a I’hypothése de Boussinesq (1.3), on considére par ailleurs que le second membre des
équations de bilan turbulentes (1.7¢) peut s’écrire sous la forme générale suivante :

Fo (06} = aiD DA (a1 Vul? = xibi({xg}) , 1<ij <P (1.8)

tel que «; et f; sont deux fonctions continues pour y; € (0, 00), strictement positives et bornées, possiblement
non-linéaires vis-a-vis des variables ;.

Quelques remarques peuvent étre formulées concernant le probléme 1.7 :

1. L’expression du terme de second membre (1.8) est cohérente avec la structure de production turbulente
/ dissipation obtenue par ’établissement des équations de la turbulence par décomposition en moyenne
de Reynolds. Elle est non-linéaire vis-a-vis des variables x; et de plus, de nombreux termes correctifs
permettant d’améliorer les performances des modéles dans des configurations d’écoulement spécifiques
peuvent lui étre ajoutés. La condition (1.7d) de positivité n’étant donc a priori pas assurée, nous
supposons qu’elle est vérifiée par les modéles physiques utilisés : la construction d’un schéma numérique
garantissant la positivité pour un systéme de deux équations de la turbulence a donc été abordé
(Section 1.4).
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2. Par ailleurs, les équations (1.7a) et (1.7c) sont couplées par les coefficients et par le terme de production
turbulente Ay, ({x;})|Vu|? présent au second membre de (1.7c). Le couplage entre les équations de
Navier—Stokes et le modéle de turbulence joue un réle central dans la preuve d’existence d’une solution
au probléme continu et doit étre envisagé pour 1’analyse de convergence du schéma numérique. D’une
part, il s’agit de s’assurer que la discrétisation du terme de production turbulente est adéquate : on a
donc vérifié la convergence du schéma numérique choisi, sur le probléme modéle de Stokes stationnaire
muni d’une équation convection—diffusion scalaire (Section 1.5). D’autre part, les coefficients de diffu-
sion p1, Ay, sont généralement des fonctions non-bornées des variables {x;} : quelques réflexions ont
donc été menées pour tenter de montrer la convergence du schéma numérique sur le méme probléme
modéle dans le cas ot A est non-bornée.

3. Enfin, le second membre g est supposé appartenir & L2(Q x (0,7))¢, ce qui nous place dans le cadre
fonctionnel usuel de l'analyse des équations de Navier—Stokes. En supposant que les coefficients de
diffusion 1, {\;} sont bornés, les estimations d’énergie classiques impliquent que w € L2(0, T; H§(2)4)N
L>°(0,T; L2(2)?) : le second membre f,, défini par I'expression (1.8) appartient donc au mieux a
LY(0,T; L' (Q)). 11 est donc légitime de se poser la question de la convergence du schéma de volumes
finis pour une équation de convection—diffusion instationnaire & données L' telle que (1.7c) (Section
1.6).

1.3.2 Espaces discrets

Soit M une partition du domaine € en quadrilatéres (d = 2) ou en hexahédres convexes (d = 3) ou en
simplexes, tel que 2 = Uger K. Pour tout élément K € M, 0K = K \ K représente la frontiére de K.
La famille £ représente I'ensemble des ouverts bornés non-vides de R4~! contenus dans Q tels qu'il existe
un hyperplan E de R? vérifiant ¢ = 0K N E : dans le cas d = 2 il s’agit des arétes des éléments et dans
le cas d = 3, de leurs faces. Ainsi pour tout élément K € M, il existe un sous-ensemble noté E(K) C £ de
sorte que € = Uge mE(K). On note &g (resp. Eext) 'ensemble des arétes internes (resp. externes) défini
par Eny = {a o N
bound = {0}} (resp. Eext = {0 : 0NN # {0}}). Pour chaque face interne o = K|L du maillage, ny i
deésigne le vecteur normal & o, orienté de K vers L. On désignera de maniére indistincte par | - | la mesure
de Lebesgue en dimension d ou d — 1 (par exemple, | K| désigne la mesure d-dimensionnelle d’un élément,
et |0K| la mesure (d-1)-dimensionnelle de sa frontiére).

La partition M est supposée réguliére dans le sens usuel éléments finis, notamment elle vérifie les
propriétés suivantes :

Definition 1.3.1 (Maillage régulier).

1. Pour tout couple d’éléments (K, L) € M? alors K N L est soit réduit & {0}, & un point ou, dans le cas
d = 3, & un segment, soit K N L est aréte (ou face) commune & K et L notée o = K|L.

2. La régularité du maillage est caractérisée par le paramétre 6, > 0 tel que :

9Minf{i—K;K€M} (1.9)

K

ol i et hy, repésentent respectivement le diamétre du cercle inscrit dans K et le diamétre de K.

Dans l'algorithme considéré, la discrétisation spatiale des équations de Navier—Stokes repose sur une
technique d’éléments finis non-conformes de bas degré, tandis que les équations de convection—diffusion
pour les échelles turbulentes sont discrétisées par une méthode de volumes finis standard. L’élément fini de
Crouzeix—Raviart est utilisé dans le cas de maillages simplexes [7] et 1’élément fini de Rannacher—Turek [27]
dans le cas de maillages quadrilatéraux ou hexaédriques. Ainsi, dans les discrétisations mixtes choisies pour
I’approximation des équations de Navier—Stokes, les degrés de liberté de vitesse sont situés au centre des
faces et la pression au centre des volumes de controles. Ces discrétisations satisfont une condition de stabilité
de type Ladhyzenskaia—Babuska—Brezzi. Par ailleurs, elle sont particuliérement adaptées au couplage des
équations de Navier—Stokes avec des équations volumes finis de convection—diffusion scalaires, car elles
permettent de satisfaire I’équation de bilan de masse et ainsi d’assurer la monotonicité de 'opérateur de
convection volumes finis.

10
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L’élément de référence K pour l'élément de Crouzeix—Raviart est le d-simplexe unitaire et ’espace
discret est I'espace des fonctions affines P;(K)? = span{l, (zi)lgigd} , tandis que ’élément de référence
pour 1’élément de Rannacher—Turek est d—cube et ’espace discret est :

Q1(K)* = span{1, (z;)1<i<a, (27 — 27,1 )1<i<d }

La transport de I’élément de référence sur le maillage est la transformation affine pour 1’élément de Crouzeix—
Raviart et la transformation Q; pour ’élément de Rannacher—Turek. Les degrés de liberté sont déterminés
par les fonctionnelles suivantes :

Vo € E(K), Fo(v) = ﬁ / vdy (1.10)

ou 7 représente la mesure de Lebesgue (d — 1)-dimensionnelle.
L’espace discret de la vitesse noté V', est défini par :
VhZ{’UhELQ(Q)d : ’Uh|K€V(K)d,VKEM;

Ue,; continu & travers chaque face o0 € &, 1 <0 < d;
1)0-71':0, VO’EEeXt, 1§’L§d,}

Pour toute fonction v, € V7, 'ensemble des degrés de liberté correspondant est déterminé par la relation
(1.10) pour toute composante v; :

{Ua,i = Fa’(vi) : Vo e ginta 1 < 1 < d}

On définit v, = Y ;< Voi€i, €; étant le i-éme vecteur de la base canonique de R? et on note qbf,i) = ¢s€;
la fonction associée a v, ;, telle que la fonction de forme scalaire ¢, satisfait de maniére usuelle pour tout
couple de faces {,0 € £ :

1 sié=0

0 sinon

Ff(¢0) = {

On définit I'opérateur d’interpolation r;, suivant, conformément au cadre théorique décrit dans I'article
originel de Crouzeix—Raviart [7] dans le cas général des éléments finis mixtes non-conformes pour le probléme

de Stokes :
rn o HYQ) — W,

1.11)
v — vh:rhv:ng(bg:Z (%/v(m)dry)(ba (

oe& e

L’opérateur d’interpolation de H} ()% dans V', peut étre naturellement construit en appliquant rj, & chaque
composant des fonctions de H}(Q2)? et sera noté 7, dans la suite.

La pression est approchée par I’espace discret Ha des fonctions constantes par élément de M :
Hpe = {gn € L*(Q) : gn|x = constant, VK € M}

et ’ensemble des degrés de liberté pour la pression est défini par :

{pK:%/Kp(m)dm:VKEM}

L’opérateur 7, vérifie, pour toute fonction v € H(Q)¢, une propriété de conservation faible de la
divergence :

VK € M, /th-vdw:/ qnV-rpv de Vqn, € Hpg
K K

Etant donné que seule la continuité faible de la solution est assurée & travers les faces du maillage,
les vitesses peuvent étre discontinues aux faces : la discrétisation est ainsi non-conforme dans H(Q)%.
Pour toute fonction v, appartenant a l’espace discret V},, on peut définir un gradient discret Vj tel que

11
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Vinon = {Vh,ivpti<i<a o0 V}, ;o5 est une fonction constante par morceaux et appartenant a L2(Q)% qui est
égale a la dérivée de vy, presque partout. Cet opérateur discret peut étre étendu & toute fonction a valeur
vectorielle vy, € V', et I'opérateur de divergence discret correspondant sera noté Vy,-.

L’espace V}, est muni de la semi-norme de Sobolev H!-brisée :

1 1
2 2
Yo eV, HU”Lb = </Q |VhU|2 dm) = < Z ||VU||iZ(K)>

KeMm

qui est également une norme pour V}, étant donné que des conditions de Dirichlet homogénes sont appliquées
a la frontiére.

Afin de pouvoir construire une approximation volumes finis consistante du Laplacien on suppose qu’il
existe une famille de points P = (zx)xem telle que zx € K pour K € M et telle que pour tout face
interne o = K |L, la droite passant par xx et x, soit orthogonale a o. Pour tout volume de controle K et
toute face o € £(K), dk,» représente la distance euclidienne entre zx et o.

De plus, pour 'approximation du terme de convection on définit la quantité
VKo = / v(x) - Ny dy
o=K|L

et pour définir ’approximation upwind on note respectivement VI K €t v, ¢ les quantités v; x =max(0,vk,s)
et v, o= — min(0, vg ). Pour toute aréte ou face o, on note d, = di,» + dp», si 0 sépare les volumes de

controle K et L (auquel cas d, est la distance euclidienne entre zx et x1), sinon d, = dg,» si o est inclus
dans 0f2.

On note H(2) 'espace des fonctions constantes par morceaux sur chaque volume de controle de M.
L’opérateur d’interpolation naturel volumes finis est défini par :

v o LY Q) — Hm(Q)
v = UM = Z ’UKlK (112)
KeM

1
avec vg = K| / v(x) de, pour tout volume de controle K € M.
K

L’espace d’approximation Ha(£2) est muni du produit scalaire
[u,v], = Z %(UK—UL)(UK—UL)—i— Z %'UKUK
0€€inyo=K|L 0EEKtNE(K)
et on définit la forme bilinéaire
(u,v) = Z M(uK—uL)(vK—vL)
D d

o€€ino=K|L 7

correspondant respectivement aux discrétisations volumes finis de 'opérateur de Laplace muni de conditions
aux limites de Dirichlet homogénes et de Neumann homogénes. On définit les norme et semi-norme suivantes :

1
2

LM = [u,u]D and  [uf; 5 = <u’u>D

N

Vue Hm(2), |

De maniére similaire pour toute fonction u € Ha () on définit la norme de Sobolev W4(Q) discréte,
pour g € [1,00), par :
UK — Uy,

LaM = ( Z lo| do T}q + Z lo| do

UK }q ?
do
0€Eino=K|L 0€EtNE(K)

=

[l

12
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1.3.3 Algorithme de résolution du probléme

Nous décrivons maintenant I’algorithme de résolution du probléme modeéle (1.7) composé des équations
de Navier—Stokes et d’une ou plusieurs équations de bilan pour une variable scalaire positive caractéristique
de la turbulence.

1.3.3.1 Schéma semi-discret

Les équations de Navier—Stokes et du modéle de turbulence au premier ordre sont résolues grace a un
schéma, & pas fractionnaire décrit ici dans un formalisme semi-discret & tout instant "1, 1 <n < N :

1. Trouver {X?—‘rl}lgigp tel que :

n+l _ n-—1

P L0 v e) = V- (A (g ) V)

=i (0D = XA G (113)

avec 1 < j <P, «; et §; deux fonctions vérifiant a; > 0 et 8; > 0

2. Trouver (@"**, p"*t1) tel que :

n,anJrli n—1,n

u ~ N n n ~ N n n
L vprar ou) - v (u({g) vart) + vpr = g (1.142)

wnrtl — ,&nJrl

P V(T ) =0 (1.14b)

Conservation de la masse a Uinstant ¢! :

PP v (ptumt) =0 (1.14c)

La premiére étape de I'algorithme consiste en la résolution des équations du systéme turbulent de maniére
couplée. Ce choix est dicté par le couplage des termes sources des équations de la turbulence et leur nature
non-linéaire. Une stratégie de semi-discrétisation des termes sources, basée sur un argument algébrique de
M-matrice, est utilisée afin préserver la positivité de la solution {x)}1<i<p quel que soit le pas de temps
pourvu que l’équation (1.14c) soit vérifiée au pas de temps précédent. Le terme de diffusion est discrétisé
de maniére linéairement implicite, c’est-a-dire que les coeflicients de diffusion A, sont évalués en fonction
des champs x; calculés au pas de temps précédent.

La deuxiéme étape est la résolution des équations de Navier-Stokes (1.14) par une méthode de pro-
jection incrémentale. L’équation de bilan de quantité de mouvement (1.14a) est discrétisée de maniére
semi-implicite : la pression ainsi que les flux convectifs sont évalués au pas de temps précédent. Elle est tout
d’abord résolue afin de prédire un champ de vitesse "1 qui ne satisfait pas le bilan de masse (1.14c).

Enfin, le champ prédit est projeté grace a la résolution d’une équation de Darcy (1.14b) qui peut étre
reformulée en un probléme de Laplace pour la pression. La troisiéme étape est cruciale car elle permet de
satisfaire ’équation de conservation de la masse. La stabilité de ’algorithme complet repose en effet sur
un résultat de stabilité 'opérateur de convection volumes finis détaillé en (1.6.3). Ce résultat permet de
tirer parti de la monotonicité de 'opérateur d’advection au niveau discret pourvu que le bilan de masse soit
satisfait. La conservation de la masse étant assurée en fin d’itération en temps, les masses volumiques sont
ainsi décalées en temps dans le terme de convection. Par ailleurs, il est crucial que ’approximation des flux
convectifs (pu)™ dans ces deux équations soit identique a celle de (1.14c) : les éléments finis non-conformes de
bas degré utilisés, dont les inconnues de vitesse sont situées au barycentre des faces, sont ainsi parfaitement
adaptés au couplage avec une méthode de volumes finis.

13
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1.3.3.2 Probléme discret

Pour tout volume de contréle K € M, on note px une approximation de la masse volumique p sur K
et on suppose que la famille des nombres réels (px ) ke est strictement positive. Par souci de clarté, nous
utilisons une notation relative a un pas de temps : pour toute fonction scalaire ou vectorielle v les inconnues
a linstant t"*! ne sont pas indicées en temps, tandis que les champs évalués respectivement aux instants
t" et t"~! sont notés v* et v**. Le probléme discret associé¢ au probléme 1.7 avec une échelle turbulente y
s’écrit :

VK € M @(p*KXK — X))+ D ((Fr ) xr — (Fy )" xe)
’ St o, K o, K
o=K|L

+ %Aa({xi})(XK—XL)JF > d|0| Ao (0G1) G = xo)

0€Eint 0E€Eext 7
= IK1[a({x;}) = 81 Dxx] (1.150)

avec I 1 = |o|(pu); le flux massique évalué au pas de temps précédent, sortant de K a travers la face 0.

La discrétisation du bilan de quantité de mouvement est détaillée dans 1’Annexe B, et notamment la dis-
crétisation de 'opérateur de convection B.2.2.
De plus, on donne I’équation discréte de conservation de la masse qui sera utilisé dans les sections
suivantes :
K]

VK€M, = (px —pi) + > Fox=0 (1.16)
ce&(K)

1.4 Schéma numérique monotone pour les modéles de turbulence
a4 deux équations

Comme il I'a été introduit dans la section 1.3.1, il est crucial du point de vue de la physique que la
positivité des inconnues du modéle de turbulence soit assurée. La difficulté principale consiste & satisfaire
cette contrainte dans le cadre de la résolution d’un systéme d’équations de convection—diffusion couplées,
et ceci de préférence indépendamment du pas de temps choisi. Si la littérature sur les performances des
modéles k — ¢ est substantielle, la stabilité des schémas implicites pour les modéles de turbulence & deux
équations est une question peu abordée : on peut citer, par exemple, un schéma préservant la positivité de
la solution pour le modeéle k — e dans le cadre de la résolution par la méthode des caractéristiques [23], et un
schéma de différences finies appliqué & une variante du modéle k — w incompressible utilisant la propriété de
M-matrice [24]. Dans cette premiére étude, on envisage 'extension de cette derniére technique aux modeéles
de turbulence de type k — ¢ dans le cas & masse volumique variable. Le probléme est constitué de deux
équations de type k — € couplées, o I'on suppose le champ de vitesse u connu et suffisamment régulier :

9:(pk) + V- (pku) — V-(uk(k,a)Vk) — P pe
O¢(pe) + V-(peu) — V-(ug(k:, E)VE) = %(CglP - pcggs)

ou on rappelle que py et p. sont les viscosité effectives associées aux équations de k et £ définies telles que
Wy = poe + /0y avec piy, 0y > 0 pour x = {k,e}, P > 0 représente la production turbulente et C.1, Ceo
sont deux nombres réels strictement positifs dépendant du modéle physique considéré. De plus le probléme
est muni de conditions initiales strictement positives :

k(x,t =0) >0, e(x,t = 0) > 0 pour presque tout x € (1.17)
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1.4. SCHEMA MONOTONE POUR LES MODELES DE TURBULENCE A DEUX EQUATIONS

Soit {t"}o<n<n, N € N, une partition uniforme de l'intervalle [0, 7] sur lequel on cherche une solution,
le schéma numérique Euler implicite choisi s’écrit pour tout instant ¢, 0 <n < N :

K n n— n n n
VK € M, u(p}‘(kKH — i kR + > gkt
oc=K]|L

ag ag

E D N AR R Dl A W e SRS TR N
K,o
ae&m 0E€Eext ’

(1.18a)

K
VK € M, u(p}zg’;jl — P ER) + Y Frgert!
oc=K]|L

ag g
+ Z |d_|:u€(k , n) (ETII(Jrl Eerl) + Z d| | ,Ltg(kn, )GErIz(Jrl |K|Ssn+1(k}n+1,kn,EnJrl,En)
0€Eint 0€Eext

(1.18D)

ot k,, £, sont discrétisés de maniére décentrée amont, et tel que F! i = o] (p"u™), le flux massique sortant

de K & travers la face o et évalué au pas de temps précédent, p} et p?{l deux nombres réels positifs qui
sont supposés vérifier VK € M :

K _
%(P?{*P?{ 1)+ Z FO’,K:O (119)

o=K|L

La conservation de la positivité de la solution & tout pas de temps repose sur un résultat algébrique
utilisant la propriété de M-matrice suivante :

Lemme 1.4.1. Soit A une matrice de RM*M M € N telle que, pour tout 1 < i < M, les hypothéses
suivantes sont vérifiées :

1. Ai,i>0
2. Aij <0, V1I<j<M, j#i

Z A;ij>0
1<j<M

alors A est une matrice non-singuliére appelée M-matrice, et elle admet une matrice inverse A~% positive,
c’est-a-dire que A;jl >0, Vi, j.

Soient X" = (kntl gntl)t ot X = (k™,&™)! les vecteurs associés aux champs discrets inconnus k et &
aux instants "1 et t". Supposons que I'on puisse écrire le systéme 1.18 sous la forme A(X™, X"+1) X+l =
FIX™ XY ou A(X™, X"HL) et f(X™, X™FL) sont une matrice et un second membre respectivement,
dépendant éventuellement des inconnues (donc le systéme n’est pas nécessairement linéaire par rapport a
X"H1) mais dont on peut garantir les propriétés suivantes : A est une M-matrice et toutes les composantes
de f sont positives. Alors, pour tout 0 < n < N, toutes les composantes de X" t! sont positives, ce qui
implique la positivité de k et ¢.

Une discrétisation adéquate de chacun des termes des équations doit étre utilisée de sorte que la matrice
du systéme linéaire vérifie les hypothéses du Lemme 1.4.1 Le traitement de l'opérateur d’advection s +—>
0i(ps) + V-(pus) se base notamment sur un résultat de monotonicité de 'opérateur discret issu de [21] (qui
étudie le cas d’un écoulement compressible et avec une discrétisation volumes finis décentrée amont) ; on y
démontre que 'opérateur discret associé vérifie un principe du maximum sous la condition qu’il s’annule
lorsque 'inconnue est constante, ce qui, au vu de son expression, peut étre interprété comme le fait que le
bilan de masse 0 pp+Vp-(pu) discret est satisfait. Dans un algorithme a pas fractionnaire tel qu’implémenté
dans ISIS, cette condition peut étre satisfaite par un décalage en temps des masses volumiques de maniére
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CHAPITRE 1. SYNTHESE GENERALE

similaire & argument développé dans [18]. En effet, I’équation de bilan de masse (1.19) étant satisfaite
au pas de temps précédent par les inconnues discrétes, la somme des termes de 'opérateur de convection,
assemblés dans la matrice du systéme linéaire s’écrit :

PK Pk
K A ;= A = |K|— F, k= |K|—= 1.2
VK eM, > Axxk ) L= K|+ ) K =|K|5- >0 (1.20)
K'eM LeN(K) o=K|L

Sous réserve d’expliciter les coefficients de diffusion, la méme propriété est vérifiée par la discrétisation en
volumes finis usuelle de 'opérateur de diffusion.

Le traitement des termes sources est effectué de la maniére suivante. Considérons dans le cas général
un terme source de la forme f(k,¢). Deux cas se présentent : soit f(-) peut étre rendue positive par une
semi-discrétisation en temps ad hoc en utilisant le fait que k et € sont supposés positifs au pas de temps
précédent, soit f(-) est négative. Dans le premier cas, ce terme source est laissé au second membre. Entrent
dans cette catégorie les fonctions du type f(¢) = ¢ que Pon discrétisera comme " ou f(g) = &2, pour
laquelle on a le choix entre (¢"™1)? ou (¢")2. Dans le second cas, on écrit le terme source sous la forme
e"Tlf/e" et ce terme est inclus au membre de gauche, ce qui renforce la diagonale de la quantité positive
—f/e™. Par exemple, & tout instant ¢™ la discrétisation d’un terme S = G au second membre de I’équation
de bilan pour la variable k (1.18a) s’écrit :

kn+1
S"=G" siG">0 et S"=G"———— sinon
max(k", k*)
ou k* est un paramétre destiné a limiter le terme de production pour les trés faibles valeurs de k™.

On peut alors proposer par exemple la semi-discrétisation en temps des termes sources suivante dans le
cas du modele k — ¢ RNG incompressible :

S n+1__:Pn,_ 7w€n+1| kn+1
ko P max(k”, k*)
o ()2 () 21
s.m ) P™ — pn i + _ n ' -
€ Y (Ckl P (CL2 *’Cj gsgn(cér))rnax(k",k*) p G gSgn(CLT)rnax(k",k*)
pnflcvkn n
avec 7" = ——F— soit 4" ~ oL Cing = C,C%, Cep = Ceg + Cryg et k* fixé. De plus 2+ = |z| et
Ky "

x” =|—x|.
Du point de vue théorique, on montre que le schéma numérique satisfait le théoréme suivant :

Théoréme 1.4.1. Supposant que les valeurs initiales de k et € sont strictement positives, il existe une
unique solution au schéma numérique (1.18), et par ailleurs cette solution est strictement positive.

Positivité : La conservation de la positivité de la solution a tout pas de temps se base sur les arguments
développés ci-dessus.

Existence : La preuve d’existence se base sur un argument de degré topologique. En utilisant la stratégie
de discrétisation des termes sources précédemment décrite, les équations de volumes finis obtenues sont de
type convection—diffusion—réaction avec un coefficient de réaction et un second membre strictement positifs,
or celles-ci vérifient un principe du maximum. On peut donc montrer que, pour un pas de temps donné, la
solution vérifie une estimation L.°° dépendant des données et de la solution au pas de temps précédent.

On construit ensuite une fonction continue F(k,e,&) de telle sorte que les termes source non-linéaires
sont multipliés par un parameétre £ € [0, 1] et l'on considére 'équation F(k,e,&) =0 : pour £ = 1 I’équation
obtenue correspond au probléme (non-linéaire) considéré et pour £ = 0 ’équation dégénére en une équation
de convection—diffusion-réaction linéaire. Par ailleurs, on vérifie que I'estimation L°° de la solution, initia-
lement montrée, est indépendante de &; le lemme de degré topologique nécessitant une estimation de la
solution uniforme en &.

Le degré topologique de F' étant non-nul pour ¢ = 0 et invariant par homotopie, on déduit donc que le
probléme correspondant a F(k,e,1) = 0 admet une solution.
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1.5. SCHEMA ELEMENTS FINIS/VOLUMES FINIS POUR UN PROBLEME MODELE

Unicité : on suppose qu'il existe deux solutions X1 = (k1,e1)! et Xo = (ko,e2)t au probléme discret
(1.18), et en soustrayant terme & terme on se raméne & une équation sur X = X; — X5. En utilisant le
résultat de principe du maximum pour I’équation de bilan de de (qui est decouplée de celle de k), on montre
que de = 0, puis en utilisant €1 = &5 dans ’équation de bilan de dk on obtient 6k = 0, ce qui conclut la
preuve.

1.5 Analyse de convergence d’un schéma éléments finis/volumes
finis pour un probléme modéle

Dans l'algorithme de résolution décrit dans la section 1.3.3, on résout successivement les équations d’un
modéle de turbulence & deux équations tel que celui traité dans la section précédente et les équations de
Navier-Stokes. Alors que les équations de convection—diffusion de scalaires sont discrétisées par la méthode
de volumes finis usuelle, les équations de Navier-Stokes sont résolues grace & une technique d’éléments finis
non-conformes. Ces éléments finis permettent d’assurer une approximation consistante de la divergence du
champ de vitesse par maille : cette propriété permet, d’une part, d’assurer la monotonicité de 'opérateur
de convection volumes finis pour les équations de bilan des échelles turbulentes, et d’autre part, il permet
d’obtenir une discrétisation cohérente du terme de production turbulente avec celle du terme de diffusion de
I’équation de bilan de quantité de mouvement, ce qui a une importance cruciale pour assurer la convergence
du schéma numérique. Par ailleurs, afin de se conformer au modéle mathématique il semble intéressant
d’étudier la convergence de ’algorithme complet en affaiblissant ’hypothése sur la viscosité turbulente, et
de considérer a la fois les cas d’un probléme & viscosité turbulente bornée et non-bornée.

On se propose dans cette partie de montrer, sur un probléme modéle, la stabilité du schéma numeérique et
un résultat de convergence, dans le cas d’un viscosité bornée, au sens oil, considérant une suite (M(m))m N
de discrétisations telle que hag — 0 quand m — oo, la suite des solutions discrétes converge (éventuellement
4 une sous-suite prés) vers une solution du probléme continu (en un sens a définir). Dans le cas des viscosités
non-bornées, on ne peut malheureusement pas conclure a la convergence du schéma. On considére le probléme

modéle suivant sur un ouvert borné connexe Q de R, d = 2,3 :

~V-(Ak)Vu) + Vp=f

o — 0 (1.22a)
—V-(Ak)VE) + V- (ku) = Mk)|Vul? (1.22b)
u(x) =0, k(z)=0 Va € 0Q (1.22¢)

avec f € L2(Q)4.

Ce probléme modéle permet d’aborder certaines difficultés que présente ’analyse du systéme d’équations
proposé en 1.22. Les équations de Stokes et ’équation de bilan de k sont en effet couplées, a la fois, par
la viscosité turbulente dépendant de k, présente dans le terme de diffusion de (1.22a), et par le terme
de production turbulente A(k)|Vwu|? au second membre de 1'équation (1.22b). Ces termes possédent des
propriétés particuliéres qui imposent de se placer dans un cadre fonctionnel différent de celui rencontré
classiquement dans I’analyse des équations de la mécanique des fluides.

D’une part, si 'on considére la forme faible de ’équation (1.22a) :

/ Ak)Vu : Vo dmf/me de= [ f-vdx (1.23)
Q Q Q
en prenant v = w, il vient naturellement qu’il existe une constante C' > 0 dépendant de f et u telle que
I \/)\(k)VuHLQ(Q)dxd < C, sous 'hypothése que A est bornée inférieurement par un nombre réel strictement
positif. Le second membre de 1’équation (1.22b) n’est donc pas d’énergie finie mais seulement borné dans
L1().

L’analyse des équations elliptiques et paraboliques non-linéaires avec second membre irrégulier a été
largement traitée dans les travaux de Boccardo—Gallouét [2] et dans une série d’articles ultérieurs [17, 1, 3]
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CHAPITRE 1. SYNTHESE GENERALE

dans le cas continu. Dans ce cadre, I'existence et 'unicité de la solution d’une classe de probléme elliptiques
non-linéaires a été montrée pour d = 2, ainsi que dans le cas d = 3 sous certaines hypothéses de type
condition d’entropie. Les estimations a priori en normes discrétes correspondantes ont été montrées dans le
cas du Laplacien volumes finis par Gallouét et Herbin [13] ainsi que la convergence du schéma numérique.
Ces résultats ont été étendus au cas d’un probléme de dissipation par effet Joule, constitué de deux équations
elliptiques couplées avec viscosités bornées, par Bradji et Herbin [5] pour des discrétisations volumes finis
et éléments finis de Lagrange. L’existence d’une solution & un probléme constitué de deux équations de
diffusion couplées a été montrée par Gallouét, Lederer, Lewandowski et Tartar [15], dans le cas de viscosités
non-bornées.

Dans ce dernier cas, les hypothéses générale suivantes, (utilisées dans le [15, Théoréme 2.1], peuvent étre
envisagées :

Hypothéses 1.5.1 (Controle de la viscosité turbulente). On suppose A : Rt — RT est une fonction
non-bornée :

1. il existe un nombre réel positif p > 0 tel que pour tout k € R, A(k) > pu,

2. il existe trois nombres réels C; > 0, Co > 0, v > 1/2 tels que :

vk elo,1] N(k) < Ci
@) o
Vk e[l +o0) % < %

Par exemple, ces hypothéses sont satisfaites par une viscosité, de type viscosité de mélange), (k) =
v/ 2 + 02k, avec £ et p deux nombres réels respectivement positif et strictement positif; ainsi pour tout
ke Rt Ak)>p>0.

Pour l'analyse de convergence, nous serons amenés a supposer que la viscosité est bornée. Une telle
viscosité peut étre obtenue, par exemple, en tronquant la viscosité précédente :

(k) = max(y/p2 + 02k, \) (1.24)

pour tout k£ € R, avec A un réel positif.

Le probléme discret envisagé, constitué des équations de Stokes stationnaires incompressibles discrétisées
par une méthode d’éléments finis non-conformes de Crouzeix—Raviart et d’une équation de convection—
diffusion stationnaire approchée par la méthode volumes finis standard, s’écrit :

Vo € Emn, 1< <d, / ME)Vypu: Vil de — / pVi-¢L de = / f- ¢ de (1.25a)
Q Q Q
Vg € Hum gVpudx =0 (1.25b)
Q
o] lo|
VKeM, > K)o (e = k) + > AR (ki = ko)
o=K|L TEENE(K)

+ Y (VIKk:K—V;KkL):|K|[)\(I<:)|th|2}K (1.25¢)
oc=K|L

Sous les hypothéses décrites, on montre que le schéma numérique choisi vérifie la propriété suivante dans
le cas d’une viscosité bornée :

Théoréme 1.5.1 (Résultat de convergence). Soit (M(m))meN une suite de discrétisations du domaine
Q telle que h"™) — 0 quand m — oco. De plus, on suppose que toute discrétisation est admissible au sens ow

il existe un paramétre de régularité de maillage 6y > 0 tel que Hxln) > 6y, Vm € N avec Hxln) défini par la
relation (1.9).

18
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Pour tout m € N, on note respectivement V™ et HS\T), les espace discrets de la vitesse et de la pression

ou lénergie cinétique turbulente, associés a M™ | et par (u(m),p(m),kz(m)) S Vh(m) X H%) X Hxln) une

solution du probléme discret (1.25). Alors, sous Uhypothése de viscosité 1.24 et pour toute suite de fonctions
(f(m))meN telle que £™ — f dans L2(Q)4, les résultats suivants sont vérifiés :

: (u(m))mGN

1 converge fortement dans L2(Q)? vers u € H}(Q)4,
2. (p(m))meN converge faiblement dans L*(Q), for 1 < a <2 vers p € L¥(Q),
3

. (k(m))meN fortement dans L*(2), pour1 < s < ¢* versk € U1§q<d/(d,1)Wé’q(Q), avec ¢* = dq/(d—q).

et (w,p, k) est une solution de (1.22) au sens ou elle satisfait le probléme variationnel suivant :

Trowver (w,p, k) € HY(Q)? x L¥(Q) x W(Q)
tel que pour tout (v,q,v) € CX(Q)4 x L2(Q) x CX(Q) :

Ak)Vu : Vodx — Vwude = -vd
[ Fda [ p¥da [ oo -

/ qgV-ude =0
Q

/)\(k:)Vl«dea:f/ku~V1/)dm:/)\(k)|Vu|21/)dm
Q Q Q

Estimations a priori et existence : Dans un premier temps, on montre les estimations a priori du
lemme suivant puis on prouve ’existence d’une solution par un argument de point fixe.

Lemme 1.5.2. Soit M une discrétisation admissible du domaine Q et 8y > 0 un nombre réel tel que

95\7/7) > 6y, avec 95\7/7) défini par la relation (1.9). Alors, si Uhypothése 1.5.1 est satisfaite, il existe une solu-
tion (u,p, k) € Vi, x Hyg X Haq au probléeme discret 1.25 et les estimations suivantes sont vérifiées :

L lully , < CUO, fy 1)

2. ||\/thu||L2(Q)'i><'i < Co(2 fy )

3. Ikl o < Ca(Q F,1,6) pour 1 < g < df(d—1)
4 Klle ) < CalQ Fp1.6) pour 1 < s < d)(d —2)

5. Ipllpay < Cs( f,p) pour 1 < o < 2B/(B +2) si \/A(km) € LA(Q) avec B € [2,00) dans le cas

d’une viscosité non-bornée, et o« = 2 si elle est bornée.
)

Compacité : selon les résultat classiques (rappelés dans [14] par exemple), la famille de solutions
approchées {u(m)}m cn €st compacte dans L2(Q) et par ailleurs on montre que le gradient discret converge

faiblement dans L2(f2), il existe donc une fonction @ € H} () telle que u(™ — @ fortement dans L2(9).
La pression étant bornée dans L*(Q)) indépendamment de m, il existe p tel que p("™) — § faiblement dans
L*(2). Enfin grace au théoréme de Kolmogorov, en utilisant le résultat détaillée dans [5], on montre qu’il
existe k € W59(Q) tel que k™ — k fortement dans L5(Q), s < dg/(d — q).

Passage a la limite : on montre enfin que la limite (@, p, k) est solution du probléme en passant a la
limite dans chaque terme des équations. Le passage & la limite dans les équations de Stokes est classique.
On montre que \/A(k(™)V,u(™ converge fortement dans L?(f2) en prouvant la convergence faible

VAEM)V 4™ dans L2(Q) ainsi que la convergence de la norme de Sobolev brisée vers la norme
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WL2(); Q). Le premier point découle directement des résultats de compacité obtenus tandis que la preuve
de convergence des normes est remarquable car elle nécessite d’utiliser ’équation de quantité de mouvement.
Tout d’abord en combinant le passage dans les équations de Stokes et le résultat de densité, on montre que
u satisfait 1’égalité :

/)\|Vu|2dm:/f-udm+/pV~udm (1.27)
Q 0 0

Puis en remarquant que pour tout v € W(l)’Q()\; Q) :

//\(kg’j))vhu(m):vhrhv dm:/
Q

f(m) STRU dm+/p(m)Vh~rhv dx
Q

Q
on peut choisir v = u et passer a la limite dans le second membre de ’équation en utilisant les résultats de
compacité : ce qui montre la convergence du second membre de 1’équation volumes finis.

Le passage & la limite dans les autres termes de ’équation de k se base essentiellement, pour le terme de
diffusion, sur un lemme de convergence faible du gradient volumes finis discrétisé sur le maillage diamant
dans L*(Q), et, pour le terme de convection sur une preuve issue de [11] utilisé dans le cas de I’équation de
bilan de masse, ou les hypothéses de régularité sur p sont plus faible que celles de k.

Remarque 1.5.3 (Cas des viscosités non-bornées). Les résultats de stabilité présentés sont également
valables dans le cas d’une viscosité non-bornée.

La preuve de convergence pose plus de difficultés. Le passage a la limite dans le second membre de ’équa-
tion de bilan de k£ dans le cas des problémes elliptiques & viscosités non-bornées, peut étre effectué en utilisant
le Théoréme 3.6.1. Ce résultat de densité des fonctions C°(2) dans le Sobolev a poids W2(Q)), permet de
prendre u comme fonction test dans I’équation pour montrer la convergence forte de ()\(m))l/ 2vu(™ dans
L2(Q). Dans le cas du probléme de Stokes, cette preuve n’est pas valable car le passage a la limite dans le
terme de pression pose probléme. Cette derniére n’appartient pas a L2(€) dans le cas ot A est non-borné,
mais seulement & L*(f2), avec a € [1,4d/3d — 2).

Les éléments de preuves présentés sont & considérer comme un premier pas vers une preuve de conver-
gence, dans la mesure ot les mémes méthodes s’appliquent si ’on est en mesure de montrer un résultat de
densité similaire pour un espace de Sobolev & poids & divergence nulle (dans ce cas le terme de pression
s’annule).

1.6 Vers le probléme instationnaire : approximation volumes finis
de I’équation de convection—diffusion avec second membre L!

Dans la section précédente on a montré une résultat de convergence pour un probléme modéle constitué
des équations de Stokes stationnaires incompressibles et d’une équation de convection—diffusion stationnaire
présentant un second membre de type production turbulente. Gréace & l'estimation d’énergie de ’équation
de bilan de quantité de mouvement, on peut montrer que ce second membre appartient a L!(Q). Si la
convergence du schéma volumes finis usuel a été abordé pour le cas du Laplacien par Gallouét—Herbin [13]
et Herbin—Bradji [5], il semble que I’analyse du probléme instationnaire n’ait pas été abordé dans le cadre
discret. Le probléme envisagé pour poursuivre 1’étude théorique de I'algorithme utilisé dans cette thése est
donc 'analyse de convergence de I’équation de convection—diffusion volumes finis instationnaire avec un
second membre appartenant a L1(Q) :

u+V-(uv)—Au=f inQx(0,T),

u(z, 0) = up(x) a.e. in Q, (1.28)

u(x,t) =0 a.e. in 90 x (0,7,

avec ) un ouvert borné connexe de R? d = 2,3, f € L1(Q x (0,7)) et ug € L*(Q).
Le champ de vitesse v est supposé solénoidal, s’annule au bord du domaine 2 et suffisamment régulier :

v € CHQ x [0,T)),
Vu(x,t) =0, V(x,t) € Q2 x(0,T), (1.29)
v(x,t) =0, V(z,t) € 90 x (0,T).
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Le schéma numérique proposé s’écrit :

VK € M, for 0 <n < N,

|K| +1 n+1/2 +1 +1 +1
= Wi =i+ D0 i, g Z it — )
ot o=K|L o= K|L (130)
n+1
o] er 1
+ ) R =5 f(x,t) da dt
oEE(K)NEexi  © e K

tel que pour o € & et 0 < n < N, on note v’y Ko U2 approximation du champ de vitesse est défini par :

tn+1

VLR = / / (x,1) - ni.o dy(z) dt (1.31)

et la discrétisation de u sur les faces internes est la discrétisation décentrée amont.

L’analyse de convergence pour 'approximation volumes finis du Laplacien a été abordée par Gallouét—
Herbin [13] et Bradji-Herbin [5]. De maniére similaire au cas continu, on peut montrer que les solutions
approchées sont controlées en norme discréte W4(Q) pour ¢ < d/(d — 1) dans le cas stationnaire. La
compacité d'une famille de solutions {u(™},,en est obtenue de maniére usuelle par un théoréme de Kol-
mogorov discret, moyennant l’estimation uniforme (par rapport a m) des translatées en espace dans L%(0).
Neéanmoins dans le cas instationnaire plusieurs difficultés apparaissent.

Si des résultats de compacité dans L?(Q2) en espace et en temps peuvent étre obtenus par les mémes
techniques dans le cadre de lanalyse des équations de Navier—Stokes [12, 14], celles-ci ne sont pas trans-
posables aux problémes avec second membre irrégulier. En effet, la preuve de compacité par un théoréme
de Kolmogorov discret en temps requiert ’estimation des translatées en temps de la solution. La technique
détaillée dans ’annexe A.a consiste a développer les translatées en temps en la somme de sauts de solution :
cette décomposition fait apparaitre des termes de bord (en temps) ainsi qu'une somme de termes de la
forme |0y pmul| |lull”, ot |||, est la norme duale de [|-||*. Dans le cas L?, I'estimation des translatées en
temps est directe car la dérivée temporelle de u appartient & 'espace dual de u (L? étant 1’espace pivot) :
typiquement u appartient a L2(O,T; Hi(2)) et du/0t appartient L?(O,T; H~1(£2)). Mais dans le cas de
I'équation & donnée L', on montre que la solution est contrdlée en norme discréte L(O, T} W(l)’q(Q)), pour
1<q< (d+2)/(d+1) tandis que la dérivée en temps est controlée en norme discréte L1(O,T; W—14(Q)).
Si 'argument de dualité ne peut pas étre utilisé, I’estimation des translatées en temps peut étre obtenue en
montrant le lemme d’Aubin—Simon discret suivant :

Théoréme 1.6.1. Soit (u(m))meN une suite de fonctions discreétes, telle que m € N, u(™ est une fonction
appartenant a l’espace Hggf) associé au maillage M) et au pas de temps 5t'™) . On suppose que la suite
de maillages (M(m))meN est réguliere au sens ot il existe un mombre réel strictement positif & tel que
55\7,7) > &0, Ym € N avec Epq défini par :

dK,U dK o

VK € M, Yo € £(K), &pm < and Eum < 5%
K

(1.32)

(

et que h/\r/ln) et 5t tendent vers zéro quand m tend vers +o0o. On suppose qu’il existe trois réels C > 0,
q>1etr>1 tels que :

N (™) N (™)
vmeN, Y ot @™ <6 >t (@ (@) ™) | i < C
n=1 n=

Alors la suite (u"™)en converge a une sous-suite pres dans L' (Q2x (0, T)) vers une fonction u € L4(0, T; Wy'?).

On peut ainsi montrer la compacité d’une famille de solution discrétes {u(m)}meN quand u(™) est controlé
en norme discréte L' (O, T; W49(Q)) et sa dérivée en temps est estimée dans la norme L*(O, T; W—17(Q)),
tel que 7 n’est pas forcément égal a ¢’.
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On doit étre toutefois prudent sur le sens & donner a la notion de compacité LP en discret : une famille
de fonctions discrétes {u(m)}meN appartenant chacune a HS\T), est relativement compacte dans LP({2) au

sens du théoréme de Kolmogorov : c’est-a-dire que 1’on peut extraire une sous-suite notée (u(m))m en (qui

est la suite des solutions approchées avec h%) — 0 quand m — 0) telle que w™ = u, et il existe C' > 0,
tel que |ull, , s < C (ce qui est une conséquence de l'estimation des translatées).

Dans ce chapitre, on montre la convergence du schéma numérique au sens oii, considérant une suite de
solution discréte (u(m))m cny @vec un maillage admissible M(™) et un pas de temps 6¢t("), celle-ci converge
dans L}(Q x (0,7)) vers une solution du probléme continu au sens précisé par le théoréme suivant :

Théoréme 1.6.2. Soit (u(m))meN une suite de solutions discrétes, sur un maillage M™) et avec un pas
de temps 6tU™) . On suppose que la suite de maillages (M(m))meN est réguliére, au sens ou la famille du
paramétre de régularité (5/(\7:11))m€N satisfait 55\7/7) >& >0, Vm e N, et que hscll) et 6t tendent vers zéro
quand m tend vers +oc.

Alors, a une sous-suite pres, la suite (u(m))meN converge dans L*(Q x (0,T)) vers une fonction u €
L2(0, T; Wy (), pour tout g € [1,(d+2)/(d+1)), qui est une solution faible du probléme continu, au sens
ot :

U € Ur<q<(d42)/(d+1) L9(0,7; Wy(Q))

et, Vo € CX(Q x [0,T)) :

— / u(zx, t) Orp(x, t) de dt — / uv(z,t) - Vo(x,t) de dt
Qx(0,T) Qx(0,T)

+ Vu(x,t) - Vo(x,t) de dt = fodedt+ / ug(x) p(x,0) de.
Qx(0,T) Qx(0,T) Q

Estimations a priori : on montre que u est controlé en norme discréte L (O, T; LH(Q)) et LI(O, T; W 4(Q)),
pour ¢ € [1,(d + 2)/(d + 1)) uniformément par rapport au parameétre de régularité de maillage.

La premiére estimation tire parti du résultat de stabilité de 'opérateur de convection étendu proposé au
théoréme 1.6.4 dont la preuve détaillée se situe en annexe du chapitre 4. Supposons que le bilan de masse
discret est satisfait, au sens ou il existe deux familles de réels (px)rem et (pl)Kerm vérifiant :

VK eM, px>0, pie>0 et  |K| % + Y Fx=0 (1.33)
o=K|L

ol (Fo ik )kem, o=k|L €t une quantité conservative associée a la face o et au volume de controle K, i.e.
telle que Fy g = —Fy, 1, Yo = K|L, et qui constitue une approximation du flux massique a la face o.

Alors le résultat suivant, démontré dans l'article [16], est vérifié :

Théoréme 1.6.3 (Stabilité de opérateur de convection volumes finis). Soient (o} )kem, (Pr)Kem et
(Fo,k)KeM, o=K|1 trois familles de réels qui vérifient la condition (1.33). Soient (sk)xem et (Sk)Kem
deuz familles de réels. Pour toute face interne o = K|L, on définit s, soit par s, = %(SK + s1), soit par

s¢ = 2K St Fy ik > 0 et s, = 21, autrement. Le premier choix est nommé “centré”, le second “décentré amont”
ou “upwind”. Dans les deux cas, on a linégalité de stabilité suivante :

LY x 1 LY x k2
Y sk i (P SK = P si) + Y. Foxse 25 > 50 {PKS%(*PKSK}
KeM o=K|L Kem

On montre que ce résultat peut étre étendu au cas ou l'on teste l'opérateur de convection volumes
finis contre ¢(s), ot ¢ est une fonction a valeurs réelles concave. Le théoréme précédent correspond au cas

o(s) = s.

Théoréme 1.6.4. Soient (pf)kem, (Pr)xem et (Fo x)xem, o=r |1 trois familles de réels qui vérifient la
condition (1.33). Soient (s )kem et (Sx)kem deux familles de réels. Soit @ une fonction convexe positive
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monotone sur RY et ¢ sa dérivée. On suppose que pour toute face interne o = K|L, s, est l’approzimation
décentrée amont. Alors l'inégalité suivante est vérifiée :

K| - D(sk) — (sk)
5 o) | Bl s picsi B Fresa| 2 3 1K |one 2 200k
KeM o=K|L KeM
L’équation discréte est testée contre la fonction ¢ (u) définie par :
v y
wek  du)= [ popds ad o) = [ o) (1.34)
o 1+]s| 0

La fonction ¢ est positive et convexe, tandis que sa dérivée est négative sur R~ et positive sur R* et bornée.
Par argument de convexité, le terme de diffusion est positif tandis que le terme de convection est minoré
grace au lemme de stabilité, ce qui permet d’obtenir le controle de u par les données.

La seconde estimation s’inspire de la preuve dans le cas continu de Boccardo—Gallouét [2] et utilise
I'estimation dans le cas elliptique dans [5], qui montre que u est borné en norme discréte WL (Q), pour 1 <
p < 2. Elle repose essentiellement sur le fait que 'on peut faire apparaitre la norme discréte LI(0, T, L (Q)),
q* = dq/(d — q) par une inégalité de Holder généralisée et utiliser une inégalité de Sobolev discréte pour
controler celle-ci. L’exposant ¢ est donc déterminé par un argument d’exposant critique de l'injection de
Sobolev. De méme que dans le cas continu, on montre que ¢ < (d +2)/(d+ 1).

Enfin, on montre en utilisant ’équation et I’estimation précédente que la dérivée discréte est controlée
en norme L4(O, T; WH—4(0))

Compacité : Comme on ’a introduit, les estimations a priori étant plus faibles que L2, la compacité
de la famille de solutions approchées est obtenue dans L(Q x [0,7]) en montrant un équivalent discret du
lemme d’Aubin—Simon 1.6.1. Celui-ci peut étre vu comme une extension du théoréme de Kolmogorov, et
est montré de maniére similaire grace aux estimations uniformes des translatées en espace et en temps dans
LY(Q x [0,77).

La difficulté principale de la preuve de celui-ci réside dans l'estimation des translatées en temps. On
montre que I'on peut estimer les translatées en temps en norme L(2 x [0, T7]) si une inégalité de Lions est
vérifiée en discret. De maniére similaire au cas continu, on montre donc dans un premier temps un équivalent
discret du Lemme de Lions [4] pour les normes L7(£2), Wh4(Q) et W=7 (Q) discrétes, avec 1 < ¢, 7 < oc.
Alors, pour tout nombre réel § > 0, il existe une constante C(9) telle que I'inégalité suivante est vérifiée :

[0l a() < O11vlly 600 + CO) [0]l-1,r,01

En utilisant cette inégalité avec v = u(x,t + 7) — u(x,t) puis en intégrant temps, on peut alors borner
chacun des termes au second membre de cette inégalité en utilisant respectivement les estimations a priori
de u et sa dérivée en temps.

Passage a la limite : Le passage a la limite dans les termes de diffusion et de convection utilise les
techniques usuelles de 'analyse des schémas volumes finis, pour lesquelles on peut se référer a [26].
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CHAPITRE 2. A MONOTONE SCHEME FOR TWO-EQUATION TURBULENCE MODELS

A MONOTONE SCHEME FOR TWO-EQUATION TURBULENCE
MODELS

Abstract.In this paper which is an extended version of an article submitted to the Finite Volumes for
Complex Applications V conference, we design a finite-volume based numerical scheme for the solution of
the nonlinear balance equations of RNG variants of the well-known k — ¢ model and the v2 — f system
encountered in the k — e — v2 — f model which can be seen as an extension of first order turbulence models.
In this class of models, the description of the turbulence relies on two variables, the turbulent kinetic energy
k and its dissipation rate ¢, which, for physical reasons, must remain positive. When standard upwinding
techniques for the convection terms are used, the presented scheme is proved to preserve the positivity of
these two unknowns, and, through a topological degree argument, to admit at least a solution. Moreover,
the computation of the values of k and ¢ in the near-wall regions requires that the mesh is highly refined if no
treatment if enforced, since the characteristic scales of the solution decay towards the order of the length of
molecular dissipation as the distance to the wall tends to zero. We described here for the sake of completness
of the dissertation, the underlying ideas to design of wall-laws in the case of the k —e and k —e — v2 — f
models, which amounts to enforcing Dirichlet boundary conditions for the turbulent scales at walls, which
are solution to an asymptotic model. The study led to the reevaluation of some model constants, comparing
to the literature, in the case of the k — ¢ — v2 — f model. Finally, a numerical convergence study has been
performed to assess the properties of the scheme: a first order convergence rate in both time and space is
verified in the case of upwind fluxes and when using a MUSCL discretization for the approximation of the
convection terms, the scheme becomes of second order in space.

2.1 Introduction

The problem addressed in this paper is the numerical treatement of turbulence equations of the widely-
used k—e model, in a fractional step scheme for the solution of low Mach number forced or natural convection
flows, as addressed by the fire simulation code ISIS developed at IRSN. The flow is supposed to obey the
Favre-averaged Navier-Stokes equations, posed on an open bounded subset of R?, d = 2,3, and over a finite
time interval (0,T):

O(pu) + V-(pu @ u) = )
V(i + ) (Vu+ V'u = 2V-ul)) = Vp+pg (2.1)

9(p) + V-(pu) =0

where p stands for the fluid density, whose value is positive and bounded, u is the mean velocity field,
and p are two positive scalar fields called respectively the laminar and turbulent viscosity and g stands for
a forcing term. The density is supposed to vary with space and time, as a function of the fluid temperature
and composition, which are governed by additional balance equations which are not defined here.

The k — ¢ model relies on two positive scalar fields k and ¢, respectively the kinetic turbulent energy and
its dissipation rate, to describe the turbulent characteristics of the flow. These variables are the solution to
a system of two coupled nonlinear parabolic balance equations, which reads:

O (pk) + V-(pku) — V-((u + 5—;)Vk) =P+ G—pe

O¢(pe) + V-(peu) — V-((u + &)Vs) (2.2)

O¢

_ %(cﬂp +C,G — pcggs) + Sing
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This turbulence model involves a set of positive constants: the so-called turbulent Prandtl-Schmidt numbers
oy, and o., and the empirical constants Cy,, Cz1 and Cc3. The source terms include the turbulent production
P, a buoyancy term G which may become negative, and a correction to the standard k& — ¢ model denoted
by Sing. The turbulent production P is a function of the mean shear stress in the flow and reads in the
compressible case:
P = max %Mt [Vu + Viul? - g(pkz + ,utV-u)V-u, O]

The coupling between the k-equation and the e-equation arises, on the one hand, in the diffusion and
production terms, through the definition of the turbulent viscosity as a non-linear function of k and ¢,
and, on the other hand, from the sink term in the e-equation. Under the so-called “Prandtl-Kolmogorov
hypothesis”, the turbulent viscosity reads: ,

e = 00 (2.3)
where C}, is a positive constant.

The RNG-variants of the k — ¢ model differ from the standard model by a new set of constants and the
additional source term S;,g in the e-equation. Both are obtained from the application of renormalization
group techniques to the Navier-Stokes equations; the additional source term models a correction of the e—
destruction term, making it dependent on a positive parameter 7, which represents the ratio of the turbulent
relaxation time over a time-scale for the mean flow. We give here, as an example, its expression for the two
most common variants. For the first one [11], this additional source term reads:

p 1" £ n(l —n/mo)
= Srn = - P_v = 1 . a3
n [PC,LJ ) g pCn(n) A Cy(n) 1+ B

and, for the second one [7]:

1
n—ﬁ

The function of , Cy,(n), may be either positive or negative and the function C.3(n) is such that Ce3(n)V-u >
0. The constants involved in these expressions are gathered in Table 2.1.

In this paper, we build a finite volume scheme for the solution of system (2.2), which ensures the
positivity of both k and e (section 2.2). This yields a non-linear discrete problem which is proven to admit
at least one solution, by a topological degree argument (section 2.3). Finally, we investigate the convergence
properties of this scheme by numerical experiments (section 2.7). This scheme retains as unknown the
primitive variables k and &, although different choices (typically, products of the form k%1¢%2, with & and
& two given real numbers) have been investigated in the literature [5]. The present study applies, possibly
with minor modifications, to the standard k — ¢ model as well as the two RNG variants above described,
all these models being implemented in the ISIS code. However, for the sake of conciseness, the exposition
is restricted here to the first RNG variant.

k e?
IVu+Viu| = Swmg = —=pCCy(nn’ 3= + pCe3(n)eV-u

2.2 A numerical scheme for the k& — ¢ RNG model

The equations of system (2.2) are both solved by using a finite volume discretization on an admissible
mesh M (in the sense of [2], Chapter 3) of the computational domain 2. This mesh is composed of a family
M of control volumes, which are convex disjoint polygons (d = 2) or polyhedrons (d = 3) included in Q

and such that Q = (Jxcr K. For each neighbouring control volume L of K € M, ¢ = K|L denotes the

Ca Ceo C“ O Oc B Mo
first variant 1.42 | 1.68 | 0.0845 | 0.719 | 0.719 | 0.015 | 4.38
second variant | 1.42 | 1.68 | 0.0837 | 0.719 | 0.719 | 0.012 | 4.38

Table 2.1: Value of the constants for the considered RNG variants of the k — ¢ model.
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common edge of K and L. Finally, for the discretization of diffusion terms, we suppose that we are able to
build a family P = (2 )xeam of points of Q such that x5 € K for all K € M and, if 0 = K|L, zxx # 21,
and the straight line going through zx and zy is orthogonal to o [2, Chapter 3, Figure 3.2]. By |K| and
|o|, we denote hereafter the measure of the control volume K and of the edge or face o, respectively. For
any control volume K and edge or face o of K, we denote by dk , the Euclidean distance between xx and
o. For any edge or face o, we define d, = dx » + dro, if 0 separates the two control volumes K and L (in
which case d,, is the Euclidean distance between zx and z1) and d, = di o if o is included in the boundary.
For each control volume K, £(K) denotes the set of edges or faces of K, and ey is the set of edges or faces
lying on the boundary.

To prove the positivity of the fields k£ and e, we use hereafter an algebraic argument which we recall here:
if A is a strictly diagonally dominant matrix whose diagonal entries are positive and off-diagonal entries are
non-positive, then A is a non-singular M-matrix and thus the inverse matrix A~! is non-negative [10].

The discrete finite volume operators which are needed to describe the proposed scheme are defined by,

VK € M: )

[Vpralp = — Z lo| as -1y
K]
o=K|L
1 lo] lo]
—[Apa(8)] = m[ Z )\UE(SK_SL)‘F Z )\UESK
o=K|L c€E(K)NEext

where a and s are respectively a generic vector valued and scalar unknown field, Vp- a stands for the
approximation of V-a, supposing that the a vanishes on the boundary, and Ap »(s) stands for the ap-
proximation of V~()\Vs) with homogeneous Dirichlet boundary conditions, where A, stands for the value
at the centre of the edge, approximated, in the pratice, either by the arithmetic or harmonic mean of Ax
and Ar. Let (t") o<n<n be a uniform partition of the time-interval (0,T") and d¢ be the constant time step
dt=t"tl —¢" 0<n< N.

With these notations, the proposed Euler-implicit time-discretization of the k — & RNG system reads:

pnkn+1 - pnilkn nin n n
ot +VD.(p E )_ADv#JF(#t/Uk)(k +1)
+ +1 Kt
- pP" Gn —(IGg™~ n|.n v
FIGTE (G + 0 ) s
n _n+1 n—1_.n
pE —p € n_n n n
St +Vp-(p g +1’U, )—AD”LLJF(M/GE)(E +1) (24)
eh |€n+1|€n+1
= (CqP" C’G”Jr)i—”c _—
( 1P+ GG max (k*, k™) prive max (k*, k™)
€n+1 En
_ nPn C n\+ _ C ny\—
p [ n(n") max(k*, k™) n(n") max(k*, k")
where, for any real number s, st = max(s,0) and s~ = —min(s,0) so that s >0, s~ >0and s = sT — s~
and k* stands for a residual value (k* = 107!0 here, this value being never reached in the presented
applications). The quantities (p"¢"*'u"),, with ( = k or ( = ¢, appearing in the convection terms

are evaluated as (p"¢("*lu"), = (p"u"), (("*1),, where (("*1), stands for the upwind (with respect to
(p"u"),) approximation of ("*! on o, and the mass fluxes (p"u"), are supposed to satisfy the following

relation: )
pn o pnf

ot
which means that (p"u™), must be evaluated in the same way as in the mass balance at the previous time
step, whatever its discretization in this latter equation may be. The time semi-discretization of the source
terms is designed to ensure the positivity of k and ¢, following guidelines described in [6]: positive source
terms (as P™ or [G™]T) are left unchanged and negative source terms are absorbed in the diagonal of the
discrete operator by multiplying them by ¢"*!/¢". Terms as (("*1)? are recast as |[("T1|("*!, without
consequences for the consistency of the scheme since we prove in the following that ¢"*! > 0. Finally the
diffusion coefficient (which, since u; depends on k and e, varies with the time) is evaluated at the previous
time step without any significant influence on the stability of the scheme, at least in the numerical tests
performed up to now.

+ Vo (ptu™) =0 (2.5)
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2.3. EXISTENCE OF A SOLUTION

Proposition 2.2.1. Let us suppose that the initial condition (k° %) is positive. Then, for all 0 <n < N
and without restriction on the time-step 6t, any possible solution (k™1 e"t1) of discrete system (2.4) is
positive.

Proof. The technique used in this proof is to recast the scheme (2.4) under the form:

Ag i 0 Entl [ Sk
0  A..)\emtt) S,

where each block Apr or A.. of the matrix depends on the unknowns (k”“,a”“), but is an M-matrix
whatever their value may be (because it satisfies the assumptions given in section 2.2), and both blocks
Sy and S. of the right hand side are positive. One proceeds by induction, supposing that k™ and " are
positive. Since the proof for both blocks of the system are quite similar, we only deal here with the first
one.

Thanks to the definition of the discrete operators, the k-equation at time ¢"*! for a given control volume
K € M can be written as follows:

K| Pk g [G]™ + Pl +1
G' K n
[ + 2 (¢ + 30 ) K max(k*, k7, Wi
o=K|L (26)
n 1 n :
> (el >+5{k“ [P+ Gy + Zit
o=K|L

where a? stands for the diffusion. If this equation is considered as a linear system for k"1, in the corre-
sponding matrix Ay, the first term yields a positive diagonal entry, while, in the second one, each term
of the summation over the neighbouring control volumes yields a negative off-diagonal entry. Moreover the
summation of all matrix elements in a row reads:

|K| PK [G"]™ + plek
E s+ |K
! =K|L ol gl max(k*, k)

n+1

The last fraction is non-negative, while the positivity of the sum of the first two terms holds provided that
the mass balance is fulfilled; actually if the discrete divergence operator V- is built upon the same fluxes
approximation as the discrete counterpart of the second relation of (2.1), these terms read:

3 K| pf
K A
1 (5 4 (90 i ) = L= 50

This is essentially the argument developed in [4]. The matrix Ay j is thus an M-matrix. As the right hand
side of equation (2.6) is positive, k"1 > 0. O

2.3 Existence of a solution

n+1

Lemma 2.3.1. Let us suppose that v satisfies the following non-homogeneous reaction-convection-

diffusion equation:

n,n+1 nflvn

pru" Tt —p
ot

+ Vo (p"u™v" ) — Ap i (0" = g7 — a vt (2.7)

My

where p >0 and a > 0, and let v > max(v™) + max(g™T).

min(p" )
Then, assuming that the mass balance equation (2.5) is verified, v" 1 < v.

Proof. Let v be a positive real number. When applied to a constant function, the diffusion operator vanishes
and so does the advection term if mass balance (2.5) is verified. Thus:

Pt — o)

5t + Vo (p"u (0" = 0)) = Ap un (0" — 1)

P " — o)

n+l = —
+a (v ) 5

+ g7 —av
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CHAPITRE 2. A MONOTONE SCHEME FOR TWO-EQUATION TURBULENCE MODELS

We can prove, as for proposition (2.2.1), that the matrix associated with this linear system is an M-matrix.
Thus:

n—1l/n _ ~
P (gt v)+g+—o¢6<0 = (W -9)<0
— n 6t + . . . . +1 —
Let 7 > max(v") + ﬁ max(g™); the first inequality above is verified, consequently, v"*! < 7. O
min(p

Theorem 2.3.2 (Application of the topological degree (discrete case)). Let be V a finite dimensional
vector space defined over R, [ a continuous application from V in V and a topological degree application
d:C%Q,RY) x RYx R* — R. Let suppose that there exists a function F :[0,1] x V — V such that :

1. F(1,) = f()
2. V€ €10,1], if v is solution of F(v,€) =b thenv € W such that W = {v e W : ||v|| < R} where R is a
positive constant independent of & and || - || is a norm defined over W.

5. do = d(F(0,), W) £ 0
then there exists a solution v € W to the equation f(v) =b.

Theorem 2.3.3. Provided that the initial values for k and € are positive, there exists a solution to the
scheme (2.4). In addition, any possible solution is positive.

Proof. This result is proved by a topological degree argument. To this purpose, we identify the discrete
space to RY, where N is the number of control volumes, and we define the function F, from RY x RN x [0, 1]
to RV x RN by F = (Fy, F.) with:

pnknJrl _ pnflkn

Fk(kv & 5) = 5t + VD(pnkn+1un) - AD,HS (kn+1)
Pn Gn + Gn — n|_n+1 kn+1
—P" —[G"]T + ([G"]” +&p"fe |)m

This definition is obtained by multiplying the non-linear terms by the parameter ¢ € [0,1] in the first
equation of system (2.4). The function F; is obtained from the second equation of the same system in a
similar way. The function F is continuous over RY x RY x [0,1] and equation F(k,e,1) = 0 is exactly the
system (2.4).

On the one hand, lemma 2.3.1 yields a bound for any solution of F(&,k,&) = 0, let us say k < k and
£ < & where both k and & are independent of £. Moreover, the system F(0,k,&) = 0 is linear and has
a unique solution (its matrix is an M-matrix). Then, the topological degree of F(&,k,e) with respect to
O = (0,k)" x (0,&)" and 0 is non-zero. Using Theorem 2.3.2 with W = O (which is correct since k and &
do not depend on &) and b = 0, we have d(F(1,k, &), W,0) # 0 since the degree is invariant by homotopy,
which proves that the system of equation (2.4) admits a solution in @. On the other hand, since the proof
of Proposition 2.2.1 (performed in the case £ = 1) holds for any £ € [0, 1], we find that any solution is
positive. O

2.4 A uniqueness result

Theorem 2.4.1. The solution to discrete Problem (2.4) is unique.

Proof. Let (ki,e1) and (k2,e2) be two solutions to Problem (2.4) at the considered time step and (k°,e°)
the solution at the previous time step. According to (2.2.1) any of these solutions is positive. We denote by
8k and de respectively the quantities k1 — k2 and €1 — &2 and by (px)kem and (p%)kem, (Uo)oes,,, three
families of real numbers.

The pair (k1,e1) satisfies the following equations:
pky1 — p°k®

ot
pe1 — pel

ot

g
+ Vo (puki) — Ap (k1) = P* — P’ﬂ'k_é'

=+ VD~(pu€1) — AD#E (61) =C — CQE% — 0351
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2.5. THE k — & — v2 — f MODEL

where the source terms are written under a simplified expression, with C;, Cy and C5 three positive constants
depending only on p, kK and £°. Substracting term by term the equations written for (k1,e1) and (k2, €2),
we get for the second equation:
de
pé_t + V- (pude) — Ap . (6c) = —Ca(e] — £3) — Csde
then, this latter can be put under the form of the following convection—diffusion—reaction equation with a
positive reaction coefficient (since £; and €5 are positive by Proposition 2.2.1):
pde
W + VD~(pu55) — AD,,uE (55) + (02(51 + 62) + 03)55 =0
which yields g1 = e,.
Returning to the first equation we have:
pok P
5 T Vo (pudk) — Ap,p., (5k) = — 5 (kiler] = kalea])
Since €1 = €9, the right-hand side is in fact linear with respect to 6k and the resulting convection—
diffusion-reaction equation (with ple|/k° > 0 as reaction coefficient) satisfies a maximum principle. Thus,
k1 = ko, which proves the uniqueness of the solution. O

2.5 The k —e —v2 — f model

An extension of the two-equation k — ¢ turbulence model, which has been devised by Durbin [1] using
arguments from the Reynolds Stress Model theory, has been studied to overcome the difficulties introduced
by the stagnation point anomaly. The v2 — f model tries to enhance the near-wall prediction of turbulent
flows by introducing an additional length scale v2 which behaves in the near-wall region as the fraction of
turbulent kinetic energy due to the velocity fluctuations normal to the streamlines, as the stresses in the
near-wall region reduces to a plane deformation. The use of this characteristic length enables to enforce a
proper decay of turbulent viscosity in the equation, since the “normal component” of the turbulent kinetic
energy is thus controlled (“kinematic blocking effect”) and avoid the use of damping functions or high-
Reynolds wall-functions. Moreover a function f is introduced to take into account of redistribution of the
energy in the near-wall region by the pressure fluctuations (“pressure echo effect”), which is the solution of
the so-called elliptique relaxation equation.

Accordingly the turbulent viscosity p; is computed by an algebraic relation similar to the Prandtl-
Kolmogorov hypothesis (2.3) : o
pe = pCuv2T (2.8)

where T' = min(k/e, 7 ), with 7x the Kolmogorov time scale.

The length scale v2 is solution to a convection—diffusion balance equation similar to the balance equation
of k:
€

- (2.9)

di(pv?) + V-(pv2u) — V- <(M + &)V’U_Q) = pkf — pv?
Ok
The equation (2.9) presents a turbulent production source term pkf which models the redistribution
of the turbulent kinetic energy by both the tangential (w.r.t to the streamlines) component and by the
pressure echo effect. The destruction term of v2 is similar to the one of k as the dissipation is governed by
the relaxation time k/¢).

The energy redistribution is modelled by the elliptic equation:

2/3 —v2/k

- (2.10)

f—)\QAf:CQ%—(l—Cl)

where the constants C; et Cy are determined by DNS computations, and A, which is homogeneous to
k3 /€2, controls the characteristic diffusivity of the turbulent kinetic energy in the near-wall region. As

33



CHAPITRE 2. A MONOTONE SCHEME FOR TWO-EQUATION TURBULENCE MODELS

described in [3], using asymptotic analysis, one can prove that f behaves as —5pv2e/k? as the distance to
the wall tends to zero . A change of variable is usually performed so that the boundary condition enforced
at the wall becomes f = 0. The parameter S is introduced in the model such that the orginal formulation
holds when S = 1 and the new formulation when S = 6.

Solving v2 — f system is performed as a step of the algorithm right after the k — & system is solved. The

time-discrete v2 — f system reads:

— 1
2
5t

n —2n+1

+1 —n+1) — pnknJrlfnJrl . an

nil? —n
F V(T ) - A (2

T(kn-i—l’gn—i—l)
(€ —1) (S—cy) o2

—n+1 Pn 2
1 Pkt T 3T (kAL gntly T P (jntl gntl) fntl

n+1
fn+1 _ A,Duy_z (v2 )=0C

where v2 represents a fraction of the turbulent kinetic energy which verifies the balance equation:

pnknJrl _ pnflkn pnknJrl

F Vo (") A () =P -

ot (kn, €n+1)
If diffusion is neglected in the f—equation then:
2 C;—1 S—-C —n
pnkn-i-lfn-l-l — C2Pn 4+ Z ( 1 ) pnkn-l-l _ ( 1) n,UQ +1

3T(kn+17€n+1) T(knJrl,EnJrl)p

If the time discretization of the of the turn over time 7' is the same in both k- and v2—equation, then by
substracting balance equation of v2 to the two-thirds of the k—equation we get:

2 —n+1 p"01 2 —n+1 2
L kM -2 + [ kT 2 =(=-—-Cy | P" 2.11
<3 ! T(kn,ent1) \ 3 ! 3 2 (2.11)
where £ is the convection—diffusion operator and the chosen discretization of the turn-over time is 7'(k™, e"+1)
which ensures the positivity of solution (k"*!, "*1). The differential operator at the left-hand side verifies
the M—matrix property and the source term is positive if C; < 2/3. Consequently for every 1 < n < N,
02" s strictly bounded by 2/3k™.

2.6 Near wall treatment

One of the major difficulties of turbulence modeling to achieve computing efficiency with performance
of the flow prediction lies in the treatment of walls. The evaluation of turbulent scales in the near-wall
region is crucial to ensure a valid solution with regard to the physics since the turbulent shear stresses are
dominant in the vicinity of the wall.

In the case of the k — ¢ model, the boundary conditions for the turbulent scales enforced on walls by the
physics are, for any x € 9Q:

1. k(z) =0, Vk(xz) - n=0
2. e(x) >0, Ve(x) - n=0
where n denotes the unit vector outward to the wall. On the one hand, computing accurately the near-wall

solution while enforcing these boundary conditions would imply a meshing of the order of the turbulent
lentgh scale, which amount to the Kolmogorov scale as the distance to the wall tends to zero. On the other
hand the condition on € makes the problem ill-posed.

Turbulent boundary layers are usually modeled after the multilayer phenomenological approach depicted
in Figure 2.1 which allows to express turbulent scales as functions of the nondimensionalized velocity u™.
The obtained velocity profile is often called “universal profile” since its expression follows from dimensional
analysis in the infinit Reyonlds limit.

Wall-laws are usually obtained by projecting the balance equations in the plane normal to the wall and
resolving ordinary differential equations derived from asymptotic analysis as the distance to the wall tends
to zero. The turbulent scales are thus evaluated as functions of the friction velocity u, which takes into
account of the turbulent shear in the vicinity of the wall.
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2.6. NEAR WALL TREATMENT

1. viscous sublayer: in this zone corresponding to y* € [0, ;']
viscous effects are overwhelming, the profile of the nondi-
mensionalized velocity is linear.

i ~ 100 _

external zone

2. logarithmic sublayer: in this zone composed of two sub-
layers, the buffer sublayer (a) and the inertial sublayer (b)
turbulent effects are of the order of viscous effect and tur-
bulent production balances dissipation.

3. central zone: turbulent scales are governed by their respec-
tive balance equations.

internal zone

Figure 2.1: Turbulent boundary layer: multilayered approach and taxinomy.

2.6.1 Elements of dimensional analysis

We recall how wall functions are evaluated for the treatment of turbulence for wall-bounded flows,
which is described for instance in [8]. Governing equations are studied in a steady boundary layer in the
case of the flow in a plane duct with zero pressure gradient. In the near-wall region the strain stress reads
T = preVi-n—pu'v’, where n denotes the outward normal to the wall, v, stands for the kinematic viscosity,
e = pvy denotes the dynamic viscosity and u, v denote respectively the tangential and normal component
of the velocity. The friction velocity is defined as a function of the wall stress 7., by relation:

Tw = preVi -n = p(u,)?
since turbulence stresses are negligible. Then,

Tw
U = |2 2.12
P (2.12)

The nondimensionalized length scale and time scale are:

U U UVt
u+ —_ — y+ = y—T Vt+ = —
Ur 17 vy

In the developed region of the plane duct, the momentum equation reduces to the diffusion term since
transport vanishes with steadiness assumption and invariance w.r.t space variables  and z, then:

0 ou
e = 0
Dy (e + pe) oy

By integrating over a fictitious fluid volume:

8 8u o au . —
/V a_y(,ul + ,Ut)a_ydy = /m/(ﬂe + 'ut)ay -nds = |0v|T

with the definition of friction velocity ., equation of the y—component reads :

ou 9
(ke + p) 50 = plur)
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The nondimensionalized relation w.r.t ut and y* reads:

du™
(1+ Vt+)c1;y_+ =1

In the viscous sublayer turbulent viscosity is negligible, v, T << 1, then :

dut

_ + _ ,+
dy+—1:>u =y

and in the logarithmic layer, v, >> 1 :
L dyt

U, =
¢ dut

Using the Prandtl relation, we have :

e = pC#\/EE =yt =nry"

then N
Ly™ o+ +_ 1 + *
The near-wall profile of turbulent viscosity is given by relation:
+
pt = du”
dy*

As ut = yT in the viscous sublayer, then v, = 0 which is consistent with the assumption that the
turbulent viscosity can been neglected, and in the log-layer v;* is a linear function and proportional to the
Von Kérmén constant «. If the turbulent viscosity is evaluated by Prandtl-Kolmogorov relation v, = C,,k? /e
then the turbulent kinetic energy k* decreases as a quadratic function of y*. Similarily, the profiles of any
turbulent scales can be evaluated in the log-layer and viscous layer by solving an symptotic system obtained
by simplifying of the model equations with the “right” hypotheses.

Moreover, dimensional analysis can be performed to evaluate the pertinence of the model constant values
obtained from DNS experiments. For instance we can remark that the model constant C), is considerably
lower in the v2 — f model than in the k—e& models. This fact can be assessed using the following dimensional
analysis. The Boussinesq hypothesis is enforced so that the turbulent viscosity is defined thanks to a mean
gradient approximation:

S 1
—pu' @u' : Va = /Lt§(V’fL+ Via): Va

u'v’
Vua-n

since iy =
Finally, again with u’ = (u’,v’)! the fluctuating velocity field, @ the tangential component of the mean
velocity field and n is the outward normal to the wall, the balance equation for k reduces to:
—u'v'Vu-n=c¢
Using the Prandtl-Kolmogorov hypothesis (2.3), we get:

VA VTR ( TP

soit

The constant C,, can be interpreted as ratio accounting for the anisotropy in the boundary layer. An
optimal value of C), can be determined to ensure the proper decay of the turbulent viscosity in the near-wall
limit. Thus, the difference between the values of C), in the £ — ¢ and v2 — f models can be interpreted as a
consequence of the isotropy hypothesis made in the case of the standard k& — ¢ model.
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2.6. NEAR WALL TREATMENT

2.6.2 k — ¢ model

The evaluation of the turbulent scales in the case of the off-wall strategy implemented in ISIS, is achieved
using the following nondimensionalized scales:

2 3
ket — |ur| + _ |ur| '
€ 5 (2.13)

3

with § the turbulent boundary layer thickness and x the Karman constant. According to the previous
asymptotic analysis yields the following relations to compute the velocity scale in the different layers of the
near-wall region:

; y; ify” <yl (2.14)
u = .
—In(Ey™") if y© >yt
K

where the value of the Karman constant is x = 0.419 , and constant £ = 9.793 is solution to y" =
1/kIn(Ey;") for a given the nondimensionalized distance of the transition to the log-layer y;", which is
usually deduced from DNS computations.

2.6.3 k—¢c— 02— f model

Following the ideas from [3], we describe how wall-laws can be derived for the k — & — v2 — f model
from the asymptotic balance equations governing the evolution of the nondimensionalized turbulent scales
in the wall vicinity and using some arguments of dimensional analysis. We reevaluate the constants and the
functions from the original paper to ensure continuity of the profiles between the viscous sublayer and the
logarithmic layer.

In the steady boundary layer of a wall-bounded shear flow, since variables do not depend on time ¢ and
space variables x and z, the equations of the k — ¢ — v2 — f model reduce to:

0 ot ok
_Z ATV _p _
ay((””gk)ay) pe
0 Mt Oe - 1 >
a—y<<ﬂe+ 0_5)8_y> = T( 5P — pCeae)
0 e\ Ov? B — €
—a—y((ﬂé'i‘g—k)a—y) =pkf —Spv A

9 [ ,0f\ . P 2/3
f(?_y()\za_y) 702E+(01*1)T+(S*01)

_2/k
T

<

where y is the normal component to the wall.

For each turbulent variable x, the corresponding nondimensionalized turbulent scale is denoted by xT:

. 2
k"r — ﬁ 5+ B el ’U2+ = U— f+ B fl/é (215)

2 4 2
uz us U uz

2.6.3.1 Analytical solutions in the viscous sublayer

In the viscous sublayer, the turbulent stresses remain negligible with respect to viscous stresses; conse-
quently both turbulent diffusion and turbulent production are neglected:
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0] ok
*a—y W(’)_y = —pe
0 Oe 1
8_y<wa_y> = *?PCEQE
o ( o —¢
-—5§(ue?£7) = pkf—Spv?y
9 [ 20f\ 2/3 v2/k
Nondimensionalized turbulent scales are solution to the a system of ordinary differential equations:
_(k‘i‘)” + et = 0
et)?
R Ce
(2.16)
— b aate”
(w2 ) = ktft— Suv? e
2 2t
+ _ 2& +\/ — -1 % _ v /k
£ () e

where (x*)’ is the derivative of the nondimensionalized variable associated to x with respect to the nondi-
mensionalized length scale y*.

The k— and e—equations can be uncoupled thanks to the assumption that the turnover time scale T' = k/e
is equal to the Kolmogorov time scale 7 in the viscous sublayer. Then the e-equation reads:

() + 2 =0
Tk
where 71 = C;/ Vet is the nondimensionalized Kolmogorov time scale and the value C; = 6 is deduced
from DNS computations. This assumption is consistent with the fact that the characteristic length of eddies
is of the same order as the dissipation scale in regions where viscous effects are overwhelming. A trivial
solution to this differential equation is ™ ~ (y* + C)~* with C an integration constant to be determined
in the latter thanks to the boundary conditions. Let be A a constant such that:

A _
E+: 0—622(er+0) 4

then constant A satisfies A/C, — 2043/2 = 0.

Using the k—equation the expression of k™ can be devised by integrating et two times w.r.t y™: k* ~
Bi(y* + C)~2 + Boy™ + Bs. By homogeneity, constant Bj is equal to A/6C2, while constants By and Bs
are respectively determined by enforcing the boundary conditions (k7)’(0) = 0 and £*(0) = 0:

(") (y™)

Er(y™)

= 302 (y++C)_3+BQ < Bs :231/03
2

(yt+C) 2+ Boyt + By & By =—DB,/C?

" 6CE,
The profile 2~ (yT)* is enforced, while the expression of f* is obtained by solving the fourth

. . . 5t . .
equation of the system, assuming that last term can be neglected as y* — 0 (the ratio 2 /k vanishes while
T — TK).
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2.6.3.2 Analytical solutions in the log-layer

In the log-layer the turbulent production and the turbulent diffusion are supposed to be dominant w.r.t
the molecular diffusion, then the equations for the length scales read:

Lo,k
dy t@y K
[ o2 02

_8_y(yta—y) +k/’f — S?&'

Moreover the turbulent production and the dissipation are supposed to cancel with each other:

2

8u7€:0

ay

I
o

2
Ou™t

dy

Jr
Vy

—et =0 (2.17)

then the first equation reduces to:

o [, ok .
o () =0

then we conclude that v;" = ky* similarily to the k — ¢ case.
The nondimensionalized profiles for k™ and 22" in the log-layer are given by:

O
kt = Ck In(y*) + By and 02 =22 In(y") + Bz

K K v

if we suppose that similarly to k%, that the condition of balance between production and dissipation is
satisfied: —
ETft —Sv2 Jktet =0 (2.18)

and the values of the constants By, Bz, C and Cz are deduced from DNS computations.

Using the hypothesis 2.17, we deduce that:

1 1
+ = _— = —
c ut+ Kyt

since dut /Oyt = 1/v;" v;"Ou/y = u, in the log-layer.
The equation governing the profile of f* is deduced from (2.18):

S50zt
(k+)2

+

[~

3

and modified so that the profile vanishes as y™ — oo and to ensure the continuity of the function at y+ = ;"
by setting its value to:

—+
2t +
= Sv?, €

b (RD)? +exp(ef /E)

with a;” = a(y;"), the value computed at the transition.
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CHAPITRE 2. A MONOTONE SCHEME FOR TWO-EQUATION TURBULENCE MODELS

2.6.3.3 Profiles

The profiles of the turbulent scales are gathered here as well as the constants in the log-layer in Table
2.2.

ket —— : epsilomt ——

k+ dns

epsilont dns

"
epetlons

logtyr) loaty+)

Figure 2.2: Comparison of the wall-law profiles of k and e (red) with the profiles from a DNS of Spalart [9]
(green), as a function of yT
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Figure 2.3: Comparison of the wall-law profiles of v2 and f (red) with the profiles from a DNS of of Spalart
[9] (green), as a function of y*
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2.6. NEAR WALL TREATMENT

Viscous sublayer Log-layer
A 1 2yt 1 Ch
kr = —_— — = B = —Z1In(yt B
v 60E (<y+ +B7 " B 32) £ D B
o4 1 L
v 4L (yt+ B LRyt
—+ —+ O
v?, = KCs(y*)! v = —=In(y") + By
—+
C Sv2 et
+ — O (gt 4 B)OSHVD 4 o (yt 4 B)O-5—VD _ 3 +_ K
PGl B Gl B w7 + B W= e /)
Cs D K., K;
1 120 In(y,") fEwh)
B2(C BO'5+\/5+C Bo-5-vD g t v Yt
@ S I e e (5 B/ O (47 )" 7

Table 2.2: Analytical solutions for the nondimensionalized turbulent variables

A B Cl CQ Ck Bk Cﬁ Bﬁ
14400 | 11.516 | 5.05 x 10~* | 4.95 x 103 —0.416 | 8.366 | 0.193 | —0.940

Table 2.3: Model constants in the viscous sublayer with C; = 6 and in the log-layer

T
ISISs

Von Karman

[

. . . R Spalart—Almaras *
BR ool U8 L Durbin
k—w

r

Figure 2.4: Comparison of the turbulent viscosity v, profiles as a function of y™ at the vicinity of the wall:

implemented version (red), Von Karman law (green), Spalart—Almaras (blue), v2 — f Durbin [3] (magenta),
k —w (cyan)
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2.7 Numerical tests

In this section we perform a convergence analysis of the numerical scheme given by (2.4) by means of
the method of manufactured solutions. Given any smooth analytical field 5 = (k(t, z), £(t, )T defined on a
bounded domain © and over a time-interval [0, 7], let assume that § is solution of the continuous problem
A5 = b(3), where A is a given differential operator an b a real function. Then s is a discrete solution of the
system Ap s = b(s) + qp(§), where gp(5) = Pa[A(5) —b(8)] is a source term build by projecting A8 — b(s)
on the discrete space, for instance defined as follows:

for all z € Q such that z € K, Pap3(x) = 5(xk)

where K is a control volume of mesh M and x g its centre.

Both time-independent and -dependent cases are addressed. The computational domain is (0,1) x (0, 1)
and meshes used in this study are 20 x 20, 40 x 40, 80 x 80, 160 x 160 regular grids. In addition to the
implicit upwind approximation for the convection fluxes theoretically studied above, an explicit MUSCL
discretization is implemented. In both the steady and unsteady case, the behaviour of the upwind and the
MUSCL schemes is assessed. We choose u(z) = (1+2x927, —1 —2z123) for the (steady and divergence-free)
velocity field and the following analytical solution:

cos(mxy) + sin(ras)
4

cos(mxy) — sin(maa)

k(t,z) =1+ f(t) - :

e(t,z) =1+ g(t)

with f(t) = g(¢) = 1 in the steady case and f(t) = sin(wt), g(¢t) = sin(7t/2) in the unsteady case. The
finite-volume L? error norm used in the following is the usual discrete norm:

1/2

ap=| Y m(K)(sk - s(zk))?

Kem

Is — 3]

Non-linear system (2.4) is solved by means of a Newton method, and no evidence of possible multiple
solutions is observed.

Results are reported in Figure 2.5 for the steady case. They show the expected near first-order in space
behaviour for the upwind discretization. For the MUSCL algorithm, the convergence rate lies between 1.5
and 2, and tends to 2 when refining the meshing.

0.011 , -
é 0.001:*
S - . .
= - Figure 2.5: Steady case — Discrete
£ I L2 norm of the error for the upwind
o discretization and for the MUSCL
— discretization.
L
O'OO%:!'OOS 0.01 0.05

space step
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2.7. NUMERICAL TESTS

In the unsteady case and for the upwind scheme, first-order convergence with respect to the space and
time-step at constant CFL number is assessed in Figure 2.6. For the MUSCL discretization, the curves
of Figure 2.7 show a decrease with the time step for large values of this discretization parameter; then, a
plateau is reached, due to the residual error in space. The order of convergence with respect to time is still
one.

0.05 ;
001 -
g i L0 i Figure 2.6: Unsteady case — Dis-
= c¥ | crete L2 norm of the error as a func-
é’ tion of the space step with constant
N Courant number (CFL=1.0) for the
= L , upwind discretization.
|
0.0 :!-005 0.01 0.05
space step
01p e R
0.01 E
2 ]
S Figure 2.7: Unsteady case — Dis-
5 0.001E . crete L2 norm of the error as a func-
— — . .
3 B tion of the time step, for the MUSCL
) C ] discretization.
160 %160 E
| | L
0'008.]0001 0.001 0.01 0.1

time step

43



BIBLIOGRAPHY

Bibliography

1
2]

13l

4]
[5]
[6]
7]

18]
19]

[10]
[11]

P.A. Durbin. Near-wall turbulence closure modeling without “damping functions”. Theoretical Compu-
tational Fluid Dynamics, 3:1-13, 1991.

R. Eymard, T Gallouét, and R. Herbin. Finite volume methods. In P. Ciarlet and J.L. Lions, editors,
Handbook of Numerical Analysis, Volume VII, pages 713-1020. North Holland, 2000.

Georgi Kalitzin, Gorazd Medic, Gianluca Iaccarino, and Paul Durbin. Near-wall behavior of RANS
turbulence models and implications for wall functions. Journal of Computational Physics, 204:265—291,
2005.

B. Larrouturou. How to preserve the mass fractions positivity when computing compressible multi-
component flows. Journal of Computational Physics, 95:59-84, 1991.

Roger Lewandowski and Bijan Mohammadi. Existence and positivity results for the phi, teta and a
modified k, epsilon two-equation turbulence models. Technical Report 1395, INRIA, apr 1991.

Y. Moryossef and Y. Levy. Unconditionally positive implicit procedure for two-equation turbulence
models: application to k-w turbulence models. Journal of Computational Physics, 220:88-108, 2006.

G. C. Papageorgakis and D. N. Assanis. Comparison of linear and nonlinear RNG-based k-eps models for
incompressible turbulent flows. Numerical Heat Transfer, Part B, 35:1-22,1999. Part B : Fundamentals.

Stephen B. Pope. Turbulent flows. Cambridge University Press, 2001.

P. R. Spalart. Direct simulation of a turbulent boundary layer up to r9 = 1410. Journal of Fluid
Mechanics, 187:61-98, 1988.

R. S. Varga. Matriz Iterative Analysis. Prentice-Hall, Englewood Cliffs, NJ, 1962.

V. Yakhot, S. A. Orszag, S. Thangam, T. B. Gatski, and C. G. Speziale. Development of turbulence
models for shear flows by a double expansion technique. Physics of Fluids A, 4:1510-1520, 1992.

44



Chapitre 3

Convergence analysis of a finite
element /finite volume scheme for a
RANS turbulence model

45



CHAPITRE 3. FINITE ELEMENT/FINITE VOLUME SCHEME FOR A STEADY RANS MODEL

CONVERGENCE ANALYSIS OF A FINITE ELEMENT /FINITE VOLUME
SCHEME FOR A RANS TURBULENCE MODEL

Abstract.In this paper, we study the stability and convergence of a numerical approximation of a nonlin-
ear system of elliptic equations encountered in Reynolds Averaged Navier-Stokes turbulence models. The
addressed problem consists in the coupling of the steady Stokes equations discretized by a nonconforming
finite element technique with a convection-diffusion equation for a turbulent energy discretized with a finite
volume method. The right-hand side of the latter is the viscous dissipation associated to the Stokes equa-
tions, and thus couples the system and only lies in L'. We first prove (independent of the mesh step) a priori
estimates satisfied by any discrete solution. These estimates yield a compactness result for a sequence of
solutions obtained with meshes the step of which tends to zero. Up to the extraction of a subsequence, we
thus obtain the existence of a limit, which is shown to be the solution to a weak formulation of the problem.

3.1 Introduction

The addressed problem is the coupling of the steady incompressible Stokes equations with a convection—
diffusion equation for a turbulent scale denoted by k:

~V-(Ak)Vu) + Vp=f,

V=0, (3.1a)
—V-(A(k)VE) + V-(ku) = A(k)|Vul?, (3.1b)
u=0, k=0 on 092, (3.1c)

where u and p stand respectively for the velocity field and the pressure, and f is a forcing term. This
system of equations is posed over 2, an open bounded set of R?, d = 2, 3, supposed to be polygonal (d = 2)
or polyhedral (d = 3). For the sake of simplicity, only homogeneous Dirichlet boundary conditions are
considered on 0f2 for the velocity w and the turbulent scale k, and the forcing term f is supposed to be
bounded in L2(Q)4.

The coefficient A, called effective viscosity in the frame of eddy viscosity models, results from the com-
bination of the molecular viscosity p and an additional diffusivity wu; called turbulent viscosity which takes
into account the turbulent stresses. In this model problem, pu is supposed to remain constant and positive,
while y; depends on the turbulent scale k. The chosen algebraic relation is a law similar to the well-known
one-equation Prandtl model:

A(k) = min (Moo, (u*+ £%k)"/?] (3.2)

where Ay, is a positive real number satisfying Ao, > p, and ¢ is a non-negative real number.

Problem (3.1) can be considered as a reduced turbulence model which retains some of the main mathe-
matical difficulties posed by the analysis of Reynolds Averaged Navier—Stokes (RANS) turbulence models.
Indeed, as in usual physical models, the incompressible Stokes problem is coupled to the turbulent transport
equation (3.1b) in two ways: first by the nonlinear diffusion coefficient A(k) and, second, by the turbulent
production term at the right-hand side of (3.1b). For this latter, the classical energy estimates applied to
the Stokes equations (3.1a) yields that A(k)|Vu|? belongs to L'(Q), so the right-hand side of the scalar
convection—diffusion equation (3.1b) for k only belongs to L(2).
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3.2. DISCRETE FUNCTIONAL FRAMEWORK AND NUMERICAL SCHEME

Stokes equations 3.1a are discretized by a nonconforming finite element technique while the convection—
diffusion equation (3.1b) is approximated by a standard finite volume method. The choice of this hybrid
discretization is motivated by the fact that the built-in divergence conservation property of the Crouzeix—
Raviart element and an upwind discretization of the balance equation for the turbulence scale k yields a
scheme which ensures the positivity of k, which is coherent with the physics since this quantity is usually
homogeneous to an energy (more precisely speaking, k is often identified to the turbulent energy, i.e. the
kinetic energy associated to the fluctuating part of the velocity).

The aim of this paper is to prove the convergence of the proposed finite element/finite volume scheme
in the sense that any sequence of solutions (u(m), p(m), k(m))meN, obtained with a sequence of meshes the
step of which tends to zero, converges (up to a subsequence) to a function (u,p, k) which is solution to the
problem in the following weak sense:

(u,p, k) € HY(Q)? x LZ(Q) x WH*(Q), for any o € [1,d/(d — 1)) and,
for all (v,q,9) € HY(Q)? x L2(Q) x C2(Q) :

/)\(k) Vu:Vvda:f/meda:: f-vde,
Q

Q Q (3.3)
/ q V-udx =0,
Q

/)\(k:) Vk:-de:c—/k:u-de:c:/)\(kz) \Vaul? ¢ da.
Q Q Q

where L3(£2) stands for the space of functions of L?(Q2) with zero mean value.

The literature related to this work addresses the mathematical analysis, at the continuous level, and the
convergence of numerical schemes for two kind of problems of increasing complexity: first, single elliptic
or parabolic equations with L! (or measure) data; second, problems coupling two elliptic equations, the
right-hand side of the second one, as here, being the energy associated to the first one. The mathematical
analysis of a class of nonlinear elliptic and parabolic problems with irregular data has first been addressed
in [3], and further developments can be found in [2]. In this frame, existence of a weak solution belonging to
some Sobolev space Wé’a(ﬂ), where « satisfies a condition on the critical exponent of a Sobolev embedding
has been proven for the so-called p—Laplacian. The equivalent discrete a priori estimates, and then the
convergence of the numerical scheme, have been obtained in [11] in the case of a finite volume discretization
of the Laplace problem. Turning now to the study of systems of the aforementioned structure, the existence
results of [3] have been partly extended in [6], this work being motivated by the modelling of an induction
heating problem; the convergence of a Lagrange finite element discretization is then shown in the same
work. Then, finite volume et finite element techniques have been investigated in [4] for the discretization of
a similar physical model. Existence of a solution to System (3.3) may be found in [17], both for the (Navier-
Stokes) steady and (Stokes in 2D or 3D and Navier-Stokes in 2D) unsteady cases. To our knowledge, the
convergence result presented in the present paper is the first one for the discretization of (3.3).

The presentation is organized as follows: we first introduce in Section 3.2, the (finite element and finite
volume) discretization, together with some useful properties of the considered approximation spaces. Then
we describe the numerical scheme (Section 3.3) and establish a priori estimates (Section 3.4). Finally, we
show in Section 3.5 that these estimates yield the relative compactness of a family of approximate solutions
to the discrete problem, and that any limit solves the continuous problem.

3.2 Discrete functional framework and numerical scheme

3.2.1 The mesh

Let M be a partition of the domain €2 into disjoints simplices, supposed to be regular in the usual sense
of the finite element literature; in particular for any elements K,L € M, K N L is either reduced to (),
a vertex, (for d = 3) a segment, or a whole face. The set of the faces of the mesh is denoted by &, Eext
stands for the set of faces included in the boundary of Q while the set of internal faces € \ Eoxt is denoted
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by Eint. For every element K € M, E(K) represents the set of faces of K. The internal face o € Eint
separating the control volumes K and L is denoted by 0 = K|L. By |-| we denote either the d-dimensional
or (d — 1)~dimensional Lebesgue measure such that |K| and |o| represent respectively the measure of the
element K and the face o.

Moreover, for the discretization of a diffusion term by the finite volume method, we suppose that there
exists a family P such that zx € K for all K € M and, for any internal face 0 = K|L, xx # xy, and the
straight line going through zx and xy is orthogonal to . For any control volume K and face o of K, we
denote by dg , the Euclidean distance between zx and o and by ng , the unit vector normal to o outward
from K. For any edge or face o, we define d, = dgk,» + dr. », if 0 separates the two control volumes K and
L (in which case d, is the Euclidean distance between zx and zr) and d, = dgi , if o is included in the
boundary.

We measure the regularity of the mesh by the parameter 6, > 0 defined by:

Oog = inf {dg’”;oeﬁ(K)}U{dKi’”;aeg(K)} (3.4)

KeM | do diam(K)

The size of the mesh, ha,, is defined by:

hapm = sup diam(K).
KeM

Definition 3.2.1 (Regular sequence of discretizations).
A sequence (M(m))meN of € is said regular if:
1. hscll)ﬁ()asm%oo,

2. there exists §p > 0 such that 95\7) > g, Ym € N, with 95\7) defined by (3.4).

3.2.2 Nonconforming finite elements

For the (lowest order) Crouzeix—Raviart element, the discrete space for each component of the velocity
is included in the space of piecewise affine polynomials. The mean value of the jump across an internal edge
of any discrete function is required to vanish, which gives sense to the following set of functionals:

Fo,(v) = ﬁ / v(z)dy, Vo €&, (3.5)

where dvy denotes the (d — 1)-dimensional Lebesgue measure. As usual in the finite element framework,
the Dirichlet boundary conditions are enforced by the choice of the approximation space, so the functional
space for the discrete velocity is V;, = (V},)?, with:

Vi, = {vn € L*(Q) : VK € M, | affine; Vo € Einy, 0 = K|L, Fo(v|x) = Fo(v]1); Vo € Eexe, Fo(v) =0}
We denote by ¢, the shape function associated to o, i.e. the unique function of V}, satisfying for any

o ec&:
For(¢s) =1if o' =0, Fu(ps) =0 otherwise.

The pressure is approximated by the space Ha of piecewise constant functions over M:

Hm = {Qh € L?*(Q) : qu|x constant, VK € /\/1}

Since only the continuity of the integral over each face of the mesh is imposed, the functions of V}, are
discontinuous through each edge; the discretization is thus nonconforming in H'(£2)¢. We then define, for
1<i<dandv eV, dh;v as the function of L?(Q2) which is equal to the (piecewise constant) derivative
of v with respect to the i*” space variable almost everywhere. This notation allows to define the discrete
gradient, denoted by Vj,, for both scalar and vector valued discrete functions and the discrete divergence
of vector valued discrete functions, denoted by V4.
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The Crouzeix-Raviart pair of approximation spaces for the velocity and the pressure is inf-sup stable,
in the usual sense for piecewise H! discrete velocities, i.e. there exists ¢; > 0 independent of the mesh such

that:
Z /Kq Vvde /qV-hvdw
Q

KeM

Vq € Hy, sup = sup

>cillg— aml
VeV, |”|1,b veEV), |”|1,b 1 mLAa)

where ¢y, is the mean value of ¢ over 2 and |-|, , stands for the broken Sobolev H! semi-norm, which is
defined for any function v € Vj, or v € V', by:

i, = > / |Vv|2da::/ |V o|? da.
K Q

KeM

This broken Sobolev semi-norm is known to control the L2 norm by an extended Poincaré inequality [19,
proposition 4.13]:

Lemma 3.2.2. For any function v € Vj,, there exists a real number c,(2) > 0 only depending on the domain
Q such that:

||UHL2(Q) < () |U|1,b
We denote by rj the following interpolation operator:

Th : Hé(Q) — Vh

v ==Y F(0)¢e =Y |0 (/avdv) o (3.6)

o€l o€l

This operator naturally extends to vector-valued functions (i.e. to perform the interpolation from H(£2)?
to V'), and we keep the same notation rj, for both the scalar and vector case. The properties of ry, are
gathered in the following lemma. They are proven in [8].

Lemma 3.2.3. Let 8y > 0 and let M be a triangulation of the computational domain 2 such that O > 09,
where Orq is defined by (3.4). The interpolation operator ry enjoys the following properties:

1. Preservation of the divergence:
Vo € Hy(Q)4, Vg € Hag, / q V-p(rpv)de = / q V-vde. (3.7)
Q Q

2. Stability:
Vo € Hp(Q),  |ravlyy < ci(bo) [vl o). (3.8)

3. Approximation properties:

Yo € H2(Q) NHE(Q), VK € M,
(3.9)
o = ravllp2 iy + RV (0 = 700) L2 1) < €2(00) he 1[0]lg2 -

In the above inequalities, the notation ¢;(6y) means that the real number ¢; only depends on 6y, and, in
particular, not on the parameter ha characterizing the size of the cells.

The following compactness result of a family of discrete functions of Vj, in L?(£2) has been proven in [12].

Theorem 3.2.4 (Compactness of a sequence of discrete functions in L%(Q)).
Let (M(m))meN be a reqular sequence of discretizations of 2, in the sense of Definition 3.2.1. Let (v(’”))meN

be a sequence of functions such that Vn € N, v(™) ¢ Vh(m). If there exists a constant real number C > 0
such that:
YmeN, |, <C.

then the sequence (v(m))m converges (up to the extraction of a subsequence) in L?(Q) as m — oo to a

limit v € H{ ().

eN
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The following technical lemma can be found in [12, Lemma 2.4]

Lemma 3.2.5. Let 0y > 0 and let M be a triangulation of the computational domain 2 such that O > g,
where Opq is defined by (3.4); let (ay)ocs,,, be a family of real numbers such that Vo € &g, |as] < 1 and
let v be a function of the Crouzeiz-Raviart space Vi, associated to M. Then the following bound holds:

>

0€Eint

4o [ wdv‘ < c(B) 0]y |9l Voo € HA(Q),

o

where the real number c(0y) only depends on 6y and on the domain Q.

We are now in position to prove the following weak convergence result.

Lemma 3.2.6 (Weak convergence in L2(2)? of the discrete gradients).
Let (M(m))meN be a reqular sequence of discretizations of 2, in the sense of Definition 3.2.1. Let (v(m))

be a sequence of discrete functions (i.e. such that for any m € N, v™) belongs to Vh(m)) such that:

meN

Vm e N, ”le,b <C,

where C' is a positive real number. Let us suppose that the sequence (v(m))m converges in L2(2) to

€N
v € HY(Q). Then the sequence (th(m))meN of piecewise constant discrete gradients converges weakly in

L2(Q)¢ to V.
Proof. Let ¢ € C°(Q2). Let m € N and 1 < i < d. Then, integrating by parts, we get:
/ ¢ O;pv'™ da = Z / ¢ o™ da = — Z / o™ B da + Z / (nx)i v'™ pdv,
@ Kemom 7K Kemom 7K Kemm) 7K

where 0K stands for the boundary of K and (ng); for the i'» component of the outward normal to K.
Reordering the sums, the second term reads:

S ™ e = 3 [ e

KeMm O'Eg-(m) g

int

By Lemma 3.2.5, this term tends to zero when m tends to infinity. We thus get:

lim % 8i7hv(m) dx = — lim p(™) Oipdx = f/ v Ojpdax = / @ Ov dx.
The conclusion follows by density, since the sequence (ai,hu“”))m cn 18 bounded in L2(2). o

3.2.3 Finite volumes: discrete space and functional analysis

For a finite @ > 1, we define a discrete Wé’o‘fnorm on Hjq, the space of piecewise constant functions
over any element K € M, by:

VK — UL |¥ VK |¥
VweHum, lolfom= Y lolde T} + D lolde d—} :
0€&int, o=K|L 7 0€Euxt, 0EE(K) 7

As a consequence of the discrete Holder inequality, the following bound holds for any «, S € [1, +00) such
that a < :
Vo eHats vl an < @QDVOTYE 0]

18.M- (3.10)

The following discrete Sobolev inequalities are proven in [9, Lemma 9.5, p.790] and [7, 10].
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Lemma 3.2.7 (Discrete Sobolev inequality). Let 6y > 0 and let M be a triangulation of the computational
domain  such that Opg > 0y, where Opq is defined by (3.4). For any o € [1,d), there exists a real number
C(Q,00,a) > 0 such that:

, N do
Vv € Hpg, HU”La*(m < C(2,00,) [[v]ly 0 with o = T a
For o> d and any B € [1,400), there exists a real number C (2, 60y, ) > 0 such that:
Vv € Hum, ||UHLB(Q) < C(,00,8) HU”l,a,M'

In addition, the following bound is proven in [10, Lemma 5.4]

Lemma 3.2.8 (Space translates estimates). Let v € Hpy, and let © be its extension by 0 to RY. Then:

18+ %)~ 9Ol ey < VL [yl ol 4 pee 'y € R

The following result is a consequence of the Kolmogorov’s theorem and of this inequality.

Theorem 3.2.9. Let (M(m))meN be a reqular sequence of discretizations of ), in the sense of Definition
3.2.1. Let a € [1,4+00), and let (v(m))meN be a sequence of discrete functions (i.e. such that, Ym € N,

v € HS\T), where Hxln) s the discrete space associated to M(m)) satisfying:
vmeN, o™,y <C

where C is a given positive real number. Then, possibly up to the extraction of a subsequence, the sequence
(v(m))meN converges in LP(Q) to a function v € Wy*(Q), for any B € [1,a*), where o* = da/(d — a) if
a < d and a* = 400 otherwise.

Figure 3.1: Geometrical quantities associated to the mesh

Let us now define a discrete finite volume gradient. To this purpose, for K € M and o € E(K), we
define the volume D , as the cone of basis o and of opposite vertex . Then for the internal face o € Ejng,
o = K|L, we denote by D, the so-called “diamond cell” associated to ¢ and defined by D, = Dk, UDy ..
For an external face o € Eexy N E(K), we set D, = Dk . Finally, for any v € Hay, we define the discrete
gradient V(v as:

vy, — VK
dy

0 — VK
do

for any o € &, 0 = K|L, Vmu(x) =d NKo, V&€ D,,

for any o € Eexs N E(K), V() =d

NK.o, Ve € D,.
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Lemma 3.2.10 (Weak convergence of the finite volume gradient). Let (M(m))meN be a regular sequence of
discretizations of (1, in the sense of Definition 3.2.1. Let (U(m))mEN be a sequence of discrete functions (i.e.
such that, Ym € N, v(™) ¢ HECZ), where Hggf) is the discrete space associated to M(m)). Let us assume that
there exists a € [1,400) and C > 0 such that |[v(™ ||, < C, and that (v(m))meN converges in L1() to

v e Wy*(Q). Then (VMv(m)) converges to Vv weakly in L(Q)<.

meN

Proof. First, we remark that, by definition, the sequence (VMv(m))meN is bounded in L¥(Q)?. Then,

let o € C®(Q)4. Since the size h(™ of the sequence of meshes tends to zero, for m large enough, the
intersection of the support of ¢ and the diamond cells associated to the external faces of the meshes is
reduced to the empty set. For such an m, we have:

(m) _ (m)
VM’U(m)-QOdIB: Z du /D ¢dw,nK7U:Tfm)+T2(m)’

d
Q E€&int, 0=K|L 7

with:

=Y ) [y

E€&int, o=K|L

TQ( ) = Z lo| (U(L)v%))[|D|/D cpdmm/gad'y]~n1(,g.

E€&int, o=K|L

Reordering the equations, we get for 77:

Z/ ‘niedy=— Z/ (m)chda:*f/ VMV da.

T _ o)
M o=K|L KeM

Ke

By the weak convergence of (v(m))meN in L1(Q), we thus get:

lim T(m) v V-pdx.

n—-+oo Q

On the other hand, thanks to the regularity of ¢, we get:
R Rl RV A

and so, thanks to the control on |v(™) ll1.1,1¢ obtained from (3.10), the term tends to zero when m tends to
+00. The results follows by density of C>°(Q)¢ in LY(Q)<. O

3.3 The numerical scheme
The considered numerical scheme for the discretization of Problem (3.1) combines a standard finite

element discretization of the momentum balance equation and an upwind finite volume scheme for the
equation satisfied by the turbulent scale k:

Yo € Vy, / A(k) th:thdw—/pVh-vd:B: f-vdx, (3.11a)
Q Q Q
Vq € Hy, /qV~huda::0, (3.11b)
Q
vKeM, S Dom, G-k T A7 am), (k)
da’ K,o
o=K|L o €E(K)NEext ’
+ Y (hckx = voucks) = K] AK) [Vul?] . (3110)
o=K|L
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where vk , approximates the flux of w across the internal face ¢ = K|L outward the element K, and is
defined by:

Vio = / u(@) - . dy(@),
o=K|L

vl = max(vg,,,0) and Vo = —min(vVk s, 0) (so vik,e = VIK — Vv, ), the discretization of the source

term in (3.11c) reads:

Ak
[A|th|2}K: (K)/ IV ul? da.
K

|K|
and, for o € £, A\, stands for a reasonable approximation of the viscosity on o, supposed to satisfy:
Vo € Ent, 0 = K|L, min [)\(k:K), )\(kL)} < A(k)s < max [)\(kK),)\(k:L)], (3.12)
Vo € Exi NE(K) k) = AMEk). '

For instance, on 0 = K|L, A\, may be defined as the arithmetic or harmonic mean value of A\(kx) and \(kr).

Finally, in order to obtain a unique solution, we impose:

/ pdx = 0. (3.13)
Q

3.4 A priori estimates and existence of a solution to the scheme

We begin this section with recalling two technical lemmas. Both are obtained by algebraic manipulation
of discrete summations.

Lemma 3.4.1. Let us assume that:

VK e M, Z VKo = 0.

o=K|L

Let ¢ be a function defined over RY, and let (kx)kem be a positive function of Hag. Then the following
identity holds:

> eki)| Y (ke —voack)| = D0 vkl (i = kr) (ki) = o(hw)].

KeM o=K|L 0€Eint, 0=K|L

As a consequence, if the function ¢ is non-decreasing, this quantity is non-negative.

Let 1 be the real function defined over Rt by:

1
V R 5 -

7 & (3.14)

where 3 € (1,2). The function 1) is non-negative, increasing and bounded over R™ by a quantity depending
on (3 (and which tends to +o0o0 when § tends to 1). In addition, the following estimate is stated and proven
in [13, Lemma 5.2] (and was also used in [11], with a less detailed exposition).

Lemma 3.4.2. Let M be a discretization of the domain Q and let 0y > 0 be a real number such that
Opr > bp, with Opq defined in (3.4). Let k be a positive function of Haq and 1 be the real function defined
over RT by (3.14). Let Ty(k) be given by:

L= Y Wk [w) —vk)] Y Dk,
0€E&ins, 7 0€Eext, 7
o=K|L oc€&(K)

Then the following bound holds for 1 < a < 2:

[IK]

. a/2 o
Lo < [Ta(k)] / [Cl + s Hkaﬁﬁ@w)(Q)}’

where Cy and Cs only depend on o and 0.
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The solution of (3.11) satisfies the following a priori estimates.

Theorem 3.4.3. Let M be a discretization of the domain 0 and let 6y > 0 be a real number such that
Or > 0o, with Opq defined in (3.4). Then a solution (u,p,k) € Vi, x Hyg X Haq to the discrete Problem
(3.11) satisfies the following estimate:

lellyp + 1Rl + PlL20) < C
where « is any real number satisfying 1 < a < d/(d — 1) and C only depends on f, Q, u, 6y and «.

Proof. First of all, we remark that the right-hand side of (3.11c) is always (i.e. whatever the velocity u
may be) non-negative and, if we exclude the trivial case f = 0 (so u # 0), cannot vanish uniformly; as a
consequence, from the properties of the upwind finite volume scheme, we get:

kx >0, VK eM,

which ensures, in particular, that A(k) is correctly defined. Taking the solution w as test function in (3.11a)

yields:
/ k) |Vyul? de = / f-udx.
Q Q

Since, from its definition (3.2), A(k) > p, by the Poincaré inequality 3.2.2, there exists a constant C; > 0
depending on 2 and f such that:

pllully < [ AR [Vhuf do < €1 (3.15)
)
The right-hand side of Equation (3.11c) thus satisfies an L!(Q2)-estimate. We thus obtain a bound for k

using the arguments used in [11] for the Laplace equation with L! data. Let 3 € (1,2) and v be the function
defined by (3.14); testing Equation (3.11c) against function ¢ (k), we get Ty + To = T3 with:

ni= Y w0 [ X Taws ek b Y % am, ke,
KeM o=K|L ° oCE(K)NEexe 7

To= Y o) [ 3 (ke —vouchn)],
KeM o=K|L

L= Y IK|vlke) M) [Vul?]
KeM

Since 1 is an increasing function, Lemma 3.4.1 yields 75 > 0. The term T3 reads:
Ts :/z/z(kz) AME) |V hul? de,
Q

thus, combining the fact that 1 is bounded and Inequality (3.15), we get T5 < Co, where Cy depends on 3,
f and Q. Reordering the summation, we get:

g g
Ti= ) Aa%#«kx-—kL>thK>—1MkLﬂ-% > x,gikKuka»
0€Eint, 7 0€Eext, 7
o=K|L oc€&(K)

Since 1 is an increasing function, 7; is a sum of non-negative terms and, from the definition (3.12) of A,,

we get Th > u Ty(k), where Ty(k) is the quantity defined in Lemma 3.4.2. Gathering these estimates, we
obtain p T4(k) < Cs, and thus, by Lemma 3.4.2:

Ba/2

1411 0,0 < Co G5 IRIES oo

where « € [1,2) and C3, C4 and C5 only depend on f, u, Q, o and 6y. If we now choose « in such a way
that the [|-||; , o, controls the [|||; sa/2-a) ) norm, we obtain an inequality of the form:

2
1k sa oy @) < Ca+ C kI ama s

o4



3.5. CONVERGENCE ANALYSIS

which, since 8 < 2 and thus « > Sa/2, yields a control on HkHLﬁa/(z,a)(Q) and then, returning to the first
inequality, on ||k||; , v From the discrete Sobolev inequality of Lemma 3.2.7, o must satisfy:

do S ﬁa’
d—a ~ 2—«

which may be set under the form a < ag(8), with ag(8) = d (2—5)/(d— ). We observe that ag(8) decrases
with 8 and tends to d/(d — 1) when 8 tends to 1, which yields the desired estimate for k.

Finally, from the inf-sup stability of the Crouzeix-Raviart element, since, by (3.13), the pressure p is a
zero mean-valued function, there exists Cg only depending on 2 such that:

1
1Pz <C6 sup /PV'hv dx
veEV), ||U||1,b Q

1
=Cg sup —— [/ A(k) th:thdw—/f-v},
vl Lo 0

eV,

which, invoking the fact that A(k) < A, the estimate for u, the Cauchy-Schwarz and the Poincaré inequal-
ity, concludes the proof. O

Theorem 3.4.4. The discrete problem (3.11) admits at least one solution.

Proof. Let us consider the iteration consisting in solving the system (3.16a)-(3.16b) of equations below for
a pair (u’T! p*1) € V', x Hpq, where Hyy stands for the space of zero mean-valued functions of Hay, then
solving Equation (3.16¢) for £+ € H

Yv e Vi, / AKY) Viu!: Vivde — / Pl Vyvde = / f-vde, (3.16a)
Q Q Q

Vg € Hy, / q Voputtde =0, (3.16b)
Q

VK eM, Y 'C;i' Ao (BF =R+ > Job ey, (k™)
o—K|L CE(K)NEary 7

T (Vi v k) = K] A [Vu]
o=K|L

(3.16¢)

This iteration is performed for £ > 1 and initialized by k° = 0. Each subproblem (i.e. (3.16a)-(3.16b) on
one side and (3.16¢) on the other side) is linear, and, at each step, u‘*!, p*! and k‘*! satisfy, by the same
arguments, the estimates of Theorem 3.4.3. The Brouwer theorem thus applies, and the iteration admits a
fixed point, which is solution to the scheme. O

3.5 Convergence analysis

The aim of this section is to prove the convergence of a sequence of discrete solutions to a (weak)
solution to the continuous problem. We begin with proving that such a sequence indeed has a limit, thanks
to compactness arguments; next steps, performed in the following lemmas, consist in passing to the limit in
the scheme.

Lemma 3.5.1 (Compactness of discrete solutions). Let (M(m))meN be a regular sequence of discretizations

of 1, in the sense of Definition 3.2.1. Let (u(m),p(m), k(m))meN be the corresponding sequence of approximate
solutions (i.e. , for a given m, (u'™ p(™ k(™) is the solution to Problem (3.11) with the mesh M(™) ).
Then, up to the extraction of a subsequence:
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1. the sequence (u(m)) converges in L2(Q)?, to a limit uw € H}(Q)?, and the sequence of discrete
gradients (th(m))meN

2. (p(m))meN weakly converges in L2(Q2) to p € L2(Q);

3. (k(m))meN converges in L2 () to k € Wy *(Q), for any a € [1,d/(d —1)) and 5 € [1,d /(d —2)) and
the sequence of finite volume gradients (VMk(m))
a€l,d/(d-1)).

meN
weakly converges in L2(Q)4*? to Vu;

men Weakly converges to Vk in LY(Q)?, for any

Proof. These convergence properties are straightforward consequences of estimates of Theorem 3.4.3, com-
pactness Theorems 3.2.4 and 3.2.9 and Lemmas 3.2.6 and 3.2.10. O

Lemma 3.5.2 (Strong convergence of \(k(™)). Under the assumptions of Lemma 3.5.1, the sequence
A& en converges in L2 (Q) to A(k), for B € [1,400).

Proof. With the specific form of A\, we have, for any ¢ € (0,1):

2

13
Vi, s € (0,400),  A(s1) — A(s2)] = [A(s1) — Msa)] ™€ [A(s1) — Alsa)ff < AL [5?] 51— 5ol

Let 8 € [1,400) be given. For m € N, choosing £ = 1/ in the above inequality, we get:

1/8
AGKT™) = A(k e [E17 e _ g
[AGE™) = AE)lls ) < Ase o [ Lt @)

and the convergence follows from the (strong) convergence of (kz(m))m oy 1D LY(Q). O

Remark 3.5.3. The same convergence result may be obtained supposing only that the function X is
continuous and bounded. Indeed, since (kz(m))m converges to k in L!(2), we know that a subsequence,
still denoted (k™)

everywhere convergence holds for A(k(™),,cn, now to A(k), and the desired convergence in L?(Q) follows by
Lebesgue Dominated Convergence Theorem. Finally, since the limit is unique, the whole sequence converges.

€N
converges to k almost everywhere in Q. If X is continuous, the same almost

Lemma 3.5.4 (The limit satisfies the Stokes equations). Under the assumptions of Lemma 3.5.1, the limit
(u,p, k) satisfies the weak Stokes equations, i.e. the first two equations of the weak continuous problem
(3.3).

Proof. Let ¢ be a function of C(Q)? and (™) = rém)go its interpolate in ngm), with r,(zm) defined by
Relation (3.6). Taking <p§lm) as test function in Equation (3.11a), we get:

/A(W”) Viu™ : V™ dm—/p(m) V™ dm:/ f-™ da. (3.17)
Q Q Q

Tl T2

The diffusion term reads:

T, = / AET™) Vou™ Ve de +/ k™) W™ 0 V5, (0™ — ) de.
Q Q

Remarking that V¢ = V¢, thanks to the strong convergence in L?(Q) of A(k(™)) and the weak convergence
of Vu(™ in L2(Q)?*¢ we get for the first term:

lim [ Ak"™) Vyu™ :thodw:/)\(k) Vu: Vedz.
m——+0o0 Q Q

o6



3.5. CONVERGENCE ANALYSIS

Since the quantity A\(k(™)) V4™ is bounded in L?(€2)?*¢ independently of m, we get for the second term,
invoking first the Cauchy-Schwarz inequality and then the approximation properties of the interpolation
operator:

/Q)\(’f(m)) Viul™ V5 (0 — @) do < [IAET™) Vau™ || gpaxa [[Va (™ — @)l 2 (yaxa < Co i),

where C', does not depends on m. Consequently, this term tends to zero when m tends to +oo.
Let us now turn to 75. The weak conservation of the divergence satisfied by the interpolation operator Tém)
yields:

/p<m> Vo™ dar :/p<m> V.o dz,
Q Q

and thus, since p(™) weakly converges to p in L2(Q):

lim [ p™ V(™ dm:/p V-pde.
Q

m——+00 Q

Finally, thanks to the interpolation properties of r,(Lm):

lim /f-cp(m)dw:/f-cpd:v.
m—+0oo /o Q

Gathering all the terms, we thus obtain that the triplet (w,p, k) satisfies the weak form of the momentum
balance equation for any test function in C2°(£2)?, and this result may be extended to any function of Hj(£2)?
by density.

Let us now address the divergence constraint. Let ¢ € C°(Q), and let 7(™) ¢ be the function of chz)
obtained by taking over each cell of the mesh M (™) the mean value of ¢. Taking 7("™)¢ as test function in
the discrete divergence constraint, we have:

/lﬁ(m)tp Viu™ do = /( ¢ Viul™ dz + /I(W(m)@ — ) Viul™ dz = 0.
¢ ) ¢

Since ||7(™¢ — ¢ll12(q) tends to zero as h(™) when m tends to 400, Vj,-u(™ is bounded in L?(Q) and

weakly converges in L2(Q) to V-(u) (since V,u(™) weakly converges to V), we can pass to the limit in
this relation, which yields that u is divergence free. O

Lemma 3.5.5 (Strong convergence of the viscous dissipation). Under the assumptions of Lemma 3.5.1, the
sequence (A(KC™)Y/2 Vu™),c converges (strongly) in L3(Q)4%4 to A(k)/? Vu.

Proof. The sequence (A(k(™)1/2 W, u(™), cy is bounded in L2(2)?*¢ so, up to the extraction of a subse-

quence, converges to a limit, let us say A(k)1/2 Vu, which thus satisfies:

lim METNY2 7,0 o da = / ME)?2 Vu:pde, Ve e L2(Q)4,
m < Ja Q

But, since, as proven in Lemma 3.5.2, the sequence (A(k(™))),,en converges in L#(Q) for any 3 € [1, +00),

so does the sequence (A(k(™))1/2), y. By the weak convergence of (th(m))meN to Vu, we thus get:

lim A(K(m))1/2 th(m):cpda::/)\(k)l/Q Vu:pde, VYeecCX(Q)4
m=roe Jqo Q

which yields that:
AE)/2 Vu = A(k)Y? Vu,

Since the weak limit is unique, the whole sequence (A(k(™))'/2 V,u("™),,cn weakly converges.
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Let us now take 4™ as test function in the first equation of the scheme, to obtain:
/ AME™)Y Vpu™ : Vu™ de = / f-ul™ de.
Q Q

By the convergence of the sequence (u(m))m N in L2(Q)?, we thus get:

€

lim [ AE™) V™ V™ de = | f uda.
m=+oe Jo Q

But, by Lemma 3.5.4, we know that the triplet (u,p, k) satisfies the weak form of the continuous Stokes
problem, which, taking u as test function, yields:

/Qf-ud:B:/Q)\(k:) Vu: Vude.

The sequence (|[A(k(™)1/2 ¥ ja(m™) L2 (q)axa)men thus converges to the norm of the weak limit, which proves
the strong convergence. O

To make easier the passage to the limit in the turbulent energy balance equation, we begin with defining
a piecewise constant viscosity field over the diamond meshes. For m € N given, this viscosity field, denoted
by A(™) s the function of L>°(£2) given by:

Vo e £ Va € D,, A () = MK,
where A(k(™), is defined by (3.12). This viscosity field statisfies the following convergence result.

Lemma 3.5.6. Under the assumptions of Lemma 8.5.1, the sequence (S\(m))meN converges to \(k) in
LA(Q), for any B € [1,4+00).

Proof. Let B € [1,400). Since the sequence (A(k(™))en converges to A(k) in L%(Q), it is sufficient to
show that || A(k(™) — A(™) 1,52y tends to zero when m tends to +oc. By definition:

m 1 (m B m m B
INE™) = Ay = D Y Dkl AEEY) = G, |7,
KeMm) ce&(K)

and thus, by the definition of the viscosity at the faces (3.12):

m Y (m B m m B
IR = X[ < 37 Do [AKLY) = AT,

oceg&lm)
Since, for sy, s > 0:
. (2)8-1
A(s1) = Als2)l” < AZTH A(s1) = A(s2)] < o |s1 — s2l,
we thus get:
m NCONE 62)\&71 m m 62)\&71 m m
IMKT™) = A L) < =52 D7 1D [k — k] < =52 Ry g B,
B séemm K

which concludes the proof. o

Lemma 3.5.7 ((u, k) satisfies the turbulent energy balance). Under the assumptions of Lemma 3.5.1, the
pair (u, k) satisfies the weak form of the turbulent energy balance equation, i.e. the third relation of the
weak continuous problem (3.3).
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3.5. CONVERGENCE ANALYSIS

Proof. Let ¢ € C(9), and let 7™ ¢ be the function of Hggf) obtained by taking over each cell K of the
mesh M (™ the value of ¢ in @x. For m large enough, the intersection between the cells of the mesh
M (™) having an external face and the support of ¢ is empty. Taking 7(™ ¢ as test function in the discrete
turbulent energy balance (3.11c), we then have:

> elan) X e, (4 - 1)

(o2

KeM oc=K]|L
(m)
ta (3.18)
+ 3 plar) Y (MR = ()™ K = [ ) (9 7 da.
KeM o=K|L a2

T

Reordering the summations, we get:

V= Y D MR, d y =137 + 115,
0€Eint, o=K]|L i e
with:
=Y PYURA W KON v PR P
7eem 0 (m) _ .(m)
ki’ — k" re(xi) — (L) 1
T(m — d |D,| Ak, Zx "L [ - .- Vodo|.
d,2 Z | | ( ) do’ do' |Do'| D, nK, pdx

0€&nt, 0=K|L

Let us choose a € [1,d/(d — 1) and § € [1,+00) in such a way that 1/a+ 1/5 = 1. By the convergence of

(X(m))meN in L7(Q) and the weak convergence of (VMk(m))meN in L¥(Q)¢ we have:

lim TV = [ A(k) Vk-Vede.
i Taa / (k) v da
On the other hand, thanks to the regularity of ¢, we have:

TS < Cp Moo (1K) h(™)

)

1,1,M
where C, does not depend on the mesh, so this term tends to zero when m tends to +o0.

The proof that:
lim 7™ = —/ ku-Vodx
Q

m——+o0

can be found in [12, Step 3 of proof of Theorem 6.1]; in this latter paper, the authors make the same passage
to the limit for the term V-(pu), the discretization of which is the same as here, the sequence of approximate
velocities satisfy the same estimate as here and the control on the translates of the approximates of p being
weaker than the control on the sequence (kz(m))m en obtained here.

Finally, the fact that:

lim [ Ak"™) [ Vau™? 2™ de = / k) |Vaul? ¢ de
Q

m——+00 Q

is an easy consequence of the approximation properties of (™) (combined with the regularity of ) and the
strong convergence in L2(Q)4*? of the sequence (A(k(™)¥/2 ¥, u(™)),,cn proven in Lemma 3.5.5. O

Gathering all the results of this section, we obtain the following convergence theorem.
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Theorem 3.5.8 (Convergence of the scheme). Let (M(m))m N be a reqular sequence of discretizations of

Q, in the sense of Definition 3.2.1. Let (u(m),p(m), k(m))meN be the corresponding sequence of approzimate
solutions (i.e. , for a given m, (u'™ p(™ k(™) is the solution to Problem (3.11) with the mesh M(™) ).
Then, up to the extraction of a subsequence:

1. the sequence (u(m)) converges in L2(Q)?, to a limit w € H}(Q)?, and the sequence of discrete

gradients (th(m))

meN
men Weakly converges in L2(Q)%? to Vu,

2. (p(m))meN weakly converges in L2(Q) to p € L2(Q),
3. (k(m))mEN converges in L2 () to k € Wy*(Q), for any a € [1,d/(d—1)) and B € [1,d/(d —2)). and

the sequence of finite volume gradients (VMk(m))
Q€ [Ld/(d - 1))7

4. the sequence (A(k(™)Y2 V(™) ,.cn converges (strongly) in L2(Q)*4 to A\(k)Y/? Vu,

men Weakly converges to Vk in LY(Q)?, for any

and the triplet (u,p, k) is a solution to the weak continuous problem (3.3).

3.6 Towards the extension to a general (unbounded) viscosity

In this section, we prove a stability result for the scheme when the viscosity is unbounded, and we discuss
the difficulties posed by the extension to this case of the convergence proof.

To be specific, let us consider that the viscosity is now given, instead of (3.2), by:

k) = V12 + 2k (3.19)

To state the weak formulation of the problem, we need to introduce weighted Sobolev spaces, denoted
by WP (w; Q) and defined as follows:

Definition 3.6.1 (Weighted Sobolev spaces). Let w be a mesurable positive and increasing real function
w:RT = R}, and WHP(w; Q) be the functional space such that:

W (w; Q) = {v € LP(Q); w|Vv[’ € LY(Q)} (3.20)

equipped with the following seminorm

e = ([ 190@Pa@ ) 3.21)

and the natural norm,
ully pr = llullLe ) + 1wl i (3.22)
The definition extends to vector valued functions by the usual way.

By the Cauchy—Schwarz inequality, we remark that, for any regular function wu, v:
[ w@)Vul@) Vul@) de < [ul, . [o] o (3.23)
0 125 23

On the other hand, since the viscosity A(k) is not bounded, the diffusion term is guaranteed to be finite
only for a test function v lying in W ()4 for a > oy > 2, and so the Necas lemma allows to control
the pressure only in LA(f2), with 8 < By and 3y being defined by 1/ag + 1/80 = 1. Let us now compute
Bo. Since we search for k in W7 (Q) with v < d/(d — 1), the Sobolev embedding theorem implies that
Mk)Y? € LE(Q), with ¢ < 4d/(d — 2). As a consequence, since the velocity u is sought in V\/(l)’2 ()\;Q)d
(which means that A\(k)'/? Vu € L2(Q)?), we get 1/ap + 1/2 + (d — 2)/4d = 1, and so Sy = 4d/(3d — 2).

60
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Finally, the first two equations of the weak continuous problem may now be reformulated as:

Find (u,p) € Wi (X Q)% x LA(Q), with 8 < 4d/(3d — 2), such that,
for all (v,q) € W2 (A Q) x L2(Q):

/ AMk) Vu : Vodx — / pVode= [ f-vde (3.24)
Q Q

Q
/ q V-udx =0,
Q

so that every terms make sense.
Since the discrete functions are finite, the scheme is left unchanged.

To control the discrete pressure, we now need an inf-sup relation in WH%(Q), namely the fact that, for
the Crouzeix-Raviart element and any 8 € [1,+00), there exists ¢ > 0 independent of the mesh such that:

/q V- ,vde
Vg € H, sup = =
y /8
veEVy {/ |th|ﬁ dm}
Q

with 1/8+ 1/8" = 1. This is an easy consequence of the Necas lemma and the stability of the projection
operator 1, as stated in Lemma 3.b.1. As as consequence, following the same line as in Theorem 3.4.3, we
obtain the following stability result.

>clq- QmHLﬁ(Q)v

Theorem 3.6.2. Let M be a discretization of the domain 0 and let 6y > 0 be a real number such that
Op > 0o, with Opq defined in (3.4). Then a solution (u,p,k) € Vi x Hyg X Haq to the discrete Problem
(3.11) satisfies the following estimate:

[ullyp + %]

1,0, M + HpHLB(Q) <,

where « satisfies 1 < a < d/(d—1), § satisfies 1 < a < 4d/(3d —2) and C only depends on f, Q, p, Oy, «
and (3.

To prove the convergence of the scheme, all the arguments invoked in the bounded case also hold in the
unbounded one, except one difficulty, which we were not able to solve. The problem occurs when trying to
establish the strong convergence of the viscous dissipation term, which needs to use the continuous solution
u as test function in the weak continuous problem. Replacing the Stokes problem by an elliptic equation,
this is performed in [14], by showing that regular functions are dense in the weighted Sobolev space defined
by 3.6.1 (Lemma 3.a.2 of the appendix). Unfortunately, this is not sufficient here because of the presence
of the pressure term. A way to circumvent this difficulty may be to approach w by a sequence of regular
solenoidal functions, but such a result is, at the present time, unknown to us.

3.7 Concluding remarks

In this paper, we have proven the convergence of a numerical approximation of a model problem for
RANS modelling of turbulent flows. This model problem couples the Stokes problem with a balance equation
for a turbulent scale (often identified to the turbulent energy), the right-hand side of which is the viscous
dissipation. As a by-product, this convergence analysis yields an existence result for the solution of the
continuous problem (which may also be derived using other arguments [17]).

Several extensions of this work are possible. First, the adaptation of this study to the Rannacher-Turek
element, used for hexahedral meshes (together with the Crouzeix-Raviart element for simplices) in the
freeware computer code ISIS developped at IRSN [15] on the basis of the software platform PELICANS
[18], seems to require only minor modifications; note however that, in this case, the family (xx)xem is
readily built only for structured meshes (i.e. rectangles or cuboids), which need to be combined to simplices
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to deal with general domains. Second, the momentum balance equation may be made more realistic, by
adding a convection term (thus passing from Stokes and Navier-Stokes equations), and using the usual form
of the diffusion tensor in variable viscosity flows (i.e. 7T(u) = p (Vu + Vu!). For the first point, the
convection term should be designed in order to preserve the stability of the scheme, using for instance the
construction presented in [1]. For the second one, since the Crouzeix-Raviart element is known not to enjoy
a discrete Korn lemma, a stabilizing term should be added [16, 5]. Provided that these ingredients are used,
no additional difficulty seems to be anticipated.
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3.A. DENSITY OF C2° IN A WEIGHTED SOBOLEV SPACE

3.a Density of C in a weighted Sobolev space

Let Q be a open bounded set of R? (d > 1) with a Lipschitz continuous boundary and w a measurable
function from Q to R such that w > 0 a.e. in Q. Let H}(w; Q) = {u € H}(Q), wDu € L3(Q)?}, where
Du = (Dyu,...,Dgu)! and D;u denotes the (weak) derivative of u with respect to z; (the variable in R is
denoted by & whose components are x1,...,24).

The natural norm in the space H}(w; Q) is given by:

d

2 2 2
lal?, = lullPagqy + 3 lwDiulls o).
=1

Where |||y stands for the usual L?(€2)-norm.

We first remark that if there exists a > 0 such that w > «a a.e., then H}(w; Q) is an Hilbert space. This
is given in the following lemma.

Lemma 3.a.1. Let Q be a open bounded set of R? (d > 1) with a Lipschitz continuous boundary. Let oo > 0
and w be a measurable function from Q to R such that w > « a.e. in Q. Then, H)(w; Q) is an Hilbert space.

Proof. Let (un)nen be a Cauchy sequence in H{(w; ). Thanks to w > « a.e., it is also a Cauchy sequence
in Hj(2). Then there exists u € H}(Q2) such that u, — u in H}(Q) (as n — o). Furthermore, for any
i € {1,...,d} the sequence (wD;uy,)nen is a Cauchy sequence in L2(£2), then it converges to some function,
say Fy, in L2(Q). But, since D;u,, — D;u in L2(Q), we can assume, up to a subsequence, that D;u, — D;u
a.e., which gives that F; = wD;u. This proves that u € Hj(w; Q) and u, — v in H{(w; Q) as n — oo.

The next question is the embedding of C°() in H}(w; Q). Actually, even if d = 1 and Q = (0, 1), it is
possible to have C2°(Q) N H}(w; Q) = {0} with a measurable function w such that w > 1 a.e. in Q. But,
if w € LZ (), then one has C(2) C H{(w; Q) (since, for ¢ € C°(R), one has, for any i € {1,...,d},

D;p € L*°(2) and D;¢ has a compact support in  which give wD;p € L2(Q)).
Now assuming that w € L2 (Q) (in order to have C°(Q2) C H}(w; ?)) and that there exists some a > 0

loc
such that w > «a a.e. in Q (which gives that H{(w; Q) is an Hilbert space), do we have the density of C2°(£2)
in Hj(w;Q)? The answer is obviously “yes" if w € L>°(Q2) (since, in this case, H}(w; Q) = H{(Q) and the
norm in H}(w; () is equivalent to the usual norm in H{(£2)). We will prove in the next lemma that the
answer is also “yes" if w € H!(Q), a first proof of this result can be found in [14], we give it here for the sake

of completness. O

Lemma 3.a.2. Let Q be a open bounded set of R? (d > 1) with a Lipschitz continuous boundary. Let o > 0
and w € H(Q) such that w > a a.e. in Q. Then, C(Q) C Hy(w; Q) and C(Q) is dense Hi(w; Q).

Proof. We already remark (using the fact that w € L} (2)) that C(Q) C H}(w;€2). We now prove the
density of C2°(Q2) in Hj(w; Q) in 3 steps.

Step 1. We prove, in this step, that Hj(w; Q) NL>°(£) is dense in H}(w; Q). For this step, we only use
the fact that w € L2(Q2). For n € N, we define the function 7}, from R to R by T},(s) = max(min(s,n), —n).
Let u € Hj(w;Q) and, for n € N, u,, = T,,(u). The Dominated Convergence Theorem gives u, — u
in L?(Q), as n — oco. Furthermore, a classical Stampacchia result gives that u, € H}(Q2) and, for any
i € {1,...,d}, Di(un) = (Dju)ljy<n. With this equality one deduces that u € H{(w; Q) and, applying
once again the Dominated Convergence Theorem, one obtain the convergence of u, to u in H{(w;2). Since
u, € H(w; Q) NL>2(£), this concludes the first step.

Step 2. We prove, in this step, that H}(w; Q) N L°(Q) is dense in Hj(w;Q), where L°(Q) denotes the
elements of L°°(Q2 with compact support (that is to say that v € L°(Q) if v € L*°(Q) and there exists a
compact subset of 2, K, such that v = 0 a.e. in Q\ K). For this step, we use the fact that w € H!(Q).

Thanks to the regularity of the boundary of €2, it is possible to construct an increasing sequence (€2, )nen+
of open subset of Q and a sequence (¢, )nen+ C C2°(Q) such that, for all n € N*:

— ¢on=11n Qy, ¢, =01in Qap, |on] < 1in Q,

— dist(Q,, Q%) < 1/n,
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— |Dipn| < Cn, for alli € {1,...,d}, where C only depends on (.
Let u € Hj(w; Q) NL>®(Q). For n € N*, we set u,, = ugp,, so that u, € LX(Q) and u, — u in L2(Q), as
n — oo (thanks to the Dominated Convergence Theorem). We now have to prove that u € H}(w; ) and
up — u in HY(w;Q), as n — oo.

Let i € {1,...,d}. We have wDju,, = w(D;u)p, + wuD;p,. Since wD;u € L2(Q), w € L?(Q) and ¢,
Dipn, u € L™, one has u € Hj(w;Q). Furthermore, since wD;u € L?(Q2), the Dominated Convergence
Theorem gives w(D;u)e, — wD;u, as n — oo. In order to conclude that u,, — u in Hcl, (w; ), we only have
to prove that wuD;p, tends to 0 in L2(2) (as n — o). To prove this convergence, let us assume for a
moment that wu € H(2). Then, the Hardy Inequality gives that (wu)/d € L2(Q) (where §(z) is, for z € ,
the distance from z to the boundary of Q) from which one deduces:

2 2
kuDi(PnH§ < 02/ M

dr — 0, asn — oo
5(m)2 b b
A\

since the measure of Q\ Q,, tends to 0 as n — co. We have prove that wD;u,, — wD;u in L2(2), as n — oo
and this proves that u,, — u H{(w; ). This gives (using also Step 1) the desired density result, namely the
density of H} (w; ) NL°(Q) in H(w; Q).

To conclude this step, one has to prove that wu € H}(Q). This is consequence of w € H(Q) and
u € H}(2) NL>®(Q) as we now show. Since w € HY(Q) and u € H{(£), there exists two sequences
(Vn)nen C C®(R?) and (&,)nen C C(2) such that 1, — win HY(Q) and &, — w in H{(Q) asn — co. Then
we have wngn € CSO(Q)a wngn — wuin LI(Q) and7 for anyi € {1’ ce d}a Dz(wngn) = Dz(wn)gn"'wnl)zgn —
Di(w)u +wD;u in L'(Q) as n — co. This proves that wu € W' (Q) and D;(wu) = D;(w)u + wD;u a.e..

We now use the fact that u € L°°(Q) and u € H}(w; Q). It gives (thanks to w € L?(Q) and u € L>°(Q))
that wu € L?(Q) and (thanks to D;w € L?(Q) and u € H}(w; Q) NL>(Q)) that D;(wu) € L3(Q) for any
i €{1,...,d}. Then, one has wu € H'(2). Finally, since we already know wu € Wé’l(ﬂ), the trace of wu
on the boundary of Q is zero and this gives, as we claimed, that wu € H} ().

Step 3. In this last step we prove the density of C°(Q2) in H}(w;Q). Let (r,)nen be a sequence
of mollifiers, that is 7,(x) = nir(nz), for x € R? and n € N*, with r € CZ(R?), r > 0 in R? and
Jga T(®)dr = 1.

Let u € H}(w; Q) NL(Q), we set, for all n € N*, u,, = uxr, (we define u in the whole R? by taking
u = 0in Q°). For all n € N*, u,, € C®(R%) and the restriction of u,, to  belongs to C°(9) for n great
enough (since u has a compact support in Q, up to negligible set). For simplicity in the proof below, we
can assume (skipping if necessary the first terms of the sequence (up)nen) that (un)nen C CX ().

In order to conclude our proof of density, it will be sufficient to prove that u, — u in Hj(w; (), as
n — oco. However, this convergence seems not easy to prove (and, by the way, is perhaps not true). We will
prove below that v, — u in H{(w; ), as n — oo, where v,, is a (convenient) finite convex combination of
{uq, ¢ > n}. Since v, also belongs to C°(Q2) for all n € N*, the proof of Lemma 3.a.2 is then complete.

We first remark that, since u € L2(R%), one has u,, — u in L2(R?) (and therefore in L%(Q)), as n — oo.

Let i € {1,...,d}, it seems not easy to prove that wD;u, — wD;u in L2(£2), as n — co. We will only
prove that the sequence (wD;u,)nen+ is bounded in L?(€). For simplicity in the proof below, we will define
w in Q¢ in such a way that w € H'(R?), this is possible thanks to the regularity of the boundary of (.
(Indeed, the definition of w in Q¢ is unuseful since there exists a subset K of Q such that v = u, = 0 a.e.
in K¢, at least for n great enough.)

One has wD;u, = w(u* D;ry) = (Dij(wu)) * 1y + Ry, with R, = w(u x D;ry,) — (wu) * D;ry,. Since
wu € HY(R™) (as we show in Step 2), one has (D;(wu)) x 7, — D;(wu) in L2(R9), as n — oo, and therefore
the sequence ((D;(wu)) * 7 )nen+ is bounded in L2(R%). We are now seeking for a bound of the L2-norm of
R,,. One has, for all 2 € R¢,

Rn(x) = /Rd (w() —w(z —y))u(x —y)Dirn(y)dy = / (w(z) — w(z —y))u(z — y)nDir(ny)dy

_ /j (w(@) —w(@ = 2)ule — =)nDir(z)dz.

d
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3.B. LP STABILITY OF THE INTERPOLATION OPERATOR

Let a > 0 such that r = 0 in B where B, = {z € R?, |z| < a} and let M = |jul|__||D;r| .. We have, for

all z € RY,
z

R.(x)? < M2n2meas(Ba)/ (w(z) —w(x — 2))%dz,
B, n
where meas(B,) denotes the Lebesgue measure of B,. Integrating with respect to # (and using the Fubini-
Tonelli’s Theorem) leads to
z

IR laqay < Mnmeas(B) sup o)~ = 2],

But, it is well known that [|w(-) = w(- + h)ly < [|wl|g1(ga)|R| for all b € R? (see, for instance, Lemma B5 of
[12]). Then, we have || Rp|l, < Mameas(Bq)| w1 (ga)- This proves that the sequence (R;)nen- is bounded
in L2(RY).

Thanks to the bound on ||R,|,, The sequence (uy)nen+ is bounded in H(w;2). Since H{(w; ) is an
Hilbert space, there exists v € H}(w; Q) and there exists a subsequence, still denoted (uy,)nens, such that
un — v weakly in Hj(w; ), as n — oo. Now using the Mazur’s Lemma, there exists, for all n € N* v,,, finite
convex combination of {u,, ¢ > n}, such that v, — v (strongly) in Hj(w; Q), as n — co. In particular (since
Jwlly < [Jwl,,, for all w € Hy(w;)), one has v, — v in L*(Q), as n — oo. But, we already know that
un — u in L2(2), then it is easy to show that v, — u in L2(Q2) (since v, is a finite convex combination of
{ug, ¢ > n}). Therefore, one has u = v a.e., which gives that v, — v in H(l) (w; Q), as n — oo, and concludes
the proof of Lemma 3.a.2 (since v, € CZ(Q) for all n € N*). O

3.b LP? stability of the interpolation operator

We prove here an LP stability result of the projectors from Wé’p (Q) to the discrete space of Crouzeix-
Raviart functions on a classical discretization of  using triangles, if d = 2, or tetrahedra, if d = 3 (actually,
it is also possible to work with the Rannacher-Turek element). The projector is defined as follows. Let
p € [1,00), for u € WyP(Q), one defines II(u) as the unique function in the discrete space satisfying

[ @) = [ u@ie)

o

for all edge (if d = 2) or interface (if d = 3) on the mesh. (The variable in R¢ is denoted by x and 7 is the
(d — 1)-Lebesgue measure on o.) The norm in the discrete space is the usual Wy *-broken norm denoted in
Lemma 3.b.1 as [|-[|, -

Lemma 3.b.1 (Stability for the Crouzeix-Raviart element).
Let u € WyP(Q), then:

([TT(w)]

1,1
p SdvtE [ullwrq)- (3.25)

Proof. Lemma 3.b.1 We recall that ||u||€vé,p(m = Jo|VulP de and [[v||] , = > e rq [ [VulP dz, where M

denotes the set of the elements of the mesh.

Let u € C*°(R%) and K be an element of the mesh. We set v = I1(u). Since Ov/dx is a constant function

over K, one has
e [

Integrating by part, we have
( / v d:c) N,
o

where n, is the first component of the normal vector to K exterior to K and £(K) denotes the three edges,
if d = 2, or the fourth interfaces, if d = 3, of K.

p
= K[~

P

P ov
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Since ([ vdx) = ([ udx), we then have

ov ou
K£d:c— Z (/Uudw)nm— Z /aunzd:c—/K%d:c,

c€e&(K)
[
K al'

0
/ 2 da
K (9:0
We now use the Holder Inequality, it yields
P
’/ @dm < |K|p—1/ ‘@

/ pdm</‘@

Using a similar proof for the other derivatives, we obtain

/ |VolP de < d”%/ |Vul da.
K K

and therefore »

dx = |K|'"P

p

p
dx.

We then obtain
ov P »
de < [ |Vul" de.
€T K

Summing over all the elements of the mesh, we obtain Inequality 3.25 when u € C°(Q). By density of
C>°(R?) in W1P(Q), we obtain Inequality 3.25 for u € WyP(Q) (and even for u € C=°(R?) or u € W'?(Q),
but in this case the left and right hand sides of Inequality 3.25 are only semi-norms). O
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CHAPITRE 4. FINITE VOLUME SCHEME FOR CONVECTION—DIFFUSION EQUATION WITH L! paTA

CONVERGENCE OF A FINITE VOLUME SCHEME FOR THE
CONVECTION-DIFFUSION EQUATION WITH L' DATA

Abstract.In this paper, we prove the convergence of a finite-volume scheme for the time-dependent
convection—diffusion equation with an L' right-hand side. To this purpose, we first prove estimates for
the discrete solution and for its discrete time-derivative. Then we show the convergence of a sequence of
discrete solutions obtained with more and more refined discretizations, possibly up to the extraction of a
subsequence, to a function which mets the regularity requirements of the weak formolulation of the problem
; to this purpose, we prove a compactness result, which may be seen as a discrete analogue to Aubin-Simon’s
lemma. Finally, such a limit is shown be indeed a weak solution.

4.1 Introduction

We address in this paper the discretization by a finite volume method of the following problem:
Ou+ V-(uv) —Au=f inQx(0,7),
u(x,0) = up(x) a.e. in (4.1)
u(x,t) =0 a.e. in 002 x (0,7,

where (2 is an open, bounded, connected subset of R?, d = 2 or d = 3, which is supposed to be polygonal
(d = 2) or polyhedral (d = 3), and 99 stands for its boundary. The right-hand side, f, and the initial
condition, ug, are supposed to satisfy:

f el (Qx(0,T)), ug € L1(9Q). (4.2)

The vector-valued velocity field v is supposed to be divergence-free, to vanish on the boundary of the domain

and to be regular, let us say: ~
v e CHQ x [0,T7)),

V(z,t) =0, V(e t) € Q2 x(0,T), (4.3)
v(z,t) =0, V(z,t) € 9Q x (0,T).
Definition 4.1.1 (Weak solution). We define a weak solution u to problem (4.1)-(4.2) by:
U € Ur<ge(asa)/ a1y L0, T; Wg1(Q))

and, Vo € C(Q2 x [0,7)):

- / u(zx, t) Opp(x, t) de dt — / uv(z,t) - Vo(x,t) de dt
Qx(0,T)

Qx(0,T)
+/ Vu(zx,t) - Vo(x,t) de dt = / feodadt + / uo(x) p(x,0) de.
Qx(0,T) Qx(0,T) Q

The existence of such a weak solution (and to more general nonlinear elliptic and parabolic problems)
has been proven in [4]; further developments (in particular, concerning the uniqueness of solutions) can be
found in [1, 2, 3, 18, 10].
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4.2. DISCRETE SPACES AND FUNCTIONAL FRAMEWORK

The motivation of this study lies in the fact that Problem (4.1)-(4.3) is a model problem for a class
of convection-diffusion-reaction equations with L!-data encountered in the so-called Reynolds Averaged
Navier-Stokes (RANS) modeling of turbulent flows. In this class of models, the effects of turbulent stresses
are taken into account by an additional diffusion term in the momentum balance equation of the averaged
Navier—Stokes system governing the evolution of the mean velocity field © and pressure p. This system of
equations is given here for reference, in the case of incompressible flows, with p the laminar viscosity and g
a forcing-term:

atf:+V~(f:®f:)—V-((u+ut(~))Vf:) +Vp=g, 4
V-v=0.

The additional diffusivity u:, called "turbulent viscosity", needs to be modelled by an algebraic relation.
Usually, this relation involves a set of characteristic turbulent scales (x;)o<i<n; for instance the turbulent
kinetic energy k (m?/s?), its dissipation rate e (m?/s?) or the turbulent frequency scale w (s~!) are used in
two—equation models like the k£ — ¢ model of Launder—Spalding and the & — w model of Wilcox. Turbulent
scales themselves have to be computed by solving a set of scalar convection—diffusion equations, commonly
called "turbulent transport equations", which share the same structure:

Orxi + V-(xiv) — V'()‘({XP}0<PSH)VX1') = in({Xp}O<pSn)- (4.5)

In these equations, following from the Boussinesq hypothesis, every source term f,, is linear (with a bounded
coefficient) with respect to |Vo|? = Z?j:l(aj’ai)2ﬂ with #; the i~th component of ©. Since ¥ satisfies the
classical energy estimate of the Navier-Stokes analysis, which can be derived from System (4.4), Vv belongs
to L2(Q x (0,T)), and the right-hand side of Equation (4.5) lies in L1(€2 x (0,T)).

Let us mention that convection-diffusion equations with L! data are also encountered in electrodynamics
modeling [6] or heating by induction [7].

In this paper, we show that a sequence of approximate solutions obtained by a backward-in-time and
upwind finite volume method converges up to a subsequence towards a function @ which is a weak solution
of the problem, in the sense of Definition 4.1.1. To this purpose, we extend to the time-dependent case
techniques developed for steady problems with L! data, for a single elliptic equation in [14, 9] and for a
system of two coupled elliptic equations arising in heat dissipation by the Joule effect in [6].

The presentation is organized as follows. In Section 4.2, we define the approximation spaces and describe
the discrete functional analysis framework which is used in the subsequent developments. Then we prove an
abstract compactness result, which may be considered as a discrete analogue of the classical Aubin-Simon’s
lemma (Section 4.3). The scheme is then given (Section 4.4), then we derive estimates satisfied by the
discrete solution (Section 4.5), and conclude by the convergence analysis (Section 4.6).

4.2 Discrete spaces and functional framework

An admissible finite volume discretization of 2, denoted by D, is given by D = (M, £, P), where:

1. M is a finite family of non empty open polygonal (d = 2) or polyhedral (d = 3) convex disjoint
subsets of Q (the “control volumes”) such that Q = Uxesm K. For any K € M, let 0K = K \ K be
the boundary of K.

2. £ is a finite family of disjoint subsets of Q (the “faces” of the mesh), such that, for all o € &, there
exists a hyperplane E of R? and K € M with @ = 9K N E and o is a non empty open subset of E.
We assume that, for all K € M, there exists a subset £(K) of £ such that 0K = U,cg(x). It results
from the previous hypotheses that, for all o € &£, either o C 99 or there exists (K, L) € M? with
K # L such that K N L = &; we denote in the latter case ¢ = K|L. We denote by Ext the set of the
faces included in 90 and &y = €\ Eext the set of internal faces.

3. P is a family of points of 2 indexed by M, denoted by P = (k) kerm. The family P is supposed to
be such that, for all K € M, xx € K. Furthermore, for all o € £ such that there exists (K, L) € M?
with o = K|L, it is assumed that the straight line (xx,x) going through xx and xj, is orthogonal
to K|L.
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By |K| and |o|, we denote hereafter respectively the measure of the control volume K and of the face
o. For any control volume K and face o of K, we denote by dx , the Euclidean distance between zx and
o and by ng , the unit vector normal to o outward from K. For any face o, we define dy = dg o + dr 0, if
o separates the two control volumes K and L (in which case d,, is the Euclidean distance between xx and
xzr) and d, = dk,, if o is included in the boundary. For any control volume K € M, hg stands for the
diameter of K. We denote by haq the quantity hp = maxgen hic-

Let Haq C L°°(Q2) be the space of functions piecewise constant over any element K € M. For a finite
q > 1, we define a discrete Wé’qfnorm by:

U —ur, |4 K |4
llf = D lolde [FE YT Jold, |55
0EEims, 0=K|L 7 0E€Eens, 0€E(K) o
We also define:
ol = max {0 g o= KLY
o
U {|ZK|’ 0 € Eext, 0 €E(K)} U {|ukl, KeM}}
o

For ¢ > 1, we associate to this norm a dual norm with respect to the L? inner product, denoted by || -1,4/, M

with ¢’ given by 1/¢+ 1/¢' = 1 if ¢ is finite and ¢’ = 1 if ¢ = 400, and defined by:

1
lull—rgm=  sup 1 / wo dz.
vEHM(Q), v#0 ||’U|17q7/\/[ Q

As a consequence of the discrete Holder inequality, the following bound holds for any ¢, r € [1,+00) such
that ¢ < r:
VueHat,  lullygug < @IQDYY7 lully g (4.6)

and, consequently, for any ¢, r € [1,+00) such that g < r:

VaeHum,  ullorgm < @)YV ful - (4.7)

We denote by £4¢ > 0 a positive real number such that:

dK .o dr &
VK € M, Vo € E(K), Em < =%, and Eu < 550
o K

(4.8)

The greatest real number satisfying these inequalities may be considered as a measure of the regularity of
the mesh.

The following discrete Sobolev inequalities are proven in [11, Lemma 9.5, p.790] and [8, 12].

Lemma 4.2.1 (Discrete Sobolev inequality). For any q € [1,d), there exists a real number C(Q, &1, q) > 0
such that:

lullper @) < C(Q €, a) llully g o with ¢ = i-q
For q > d and any p € [1,400), there exists a real number C(2,&nm, p) > 0 such that:

HUHLP(Q) S C(Qag./\/l)p) ||u||17q7./\/l'

In addition, the following bound is proven in [12, Lemma 5.4]

Lemma 4.2.2 (Space translates estimates). Let v € Hay, and let © be its extension by 0 to R%. Then:

15 +4) = 00 lls ey < VA Iyl ol gn0 Yy €RY
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The following result is a consequence of the Kolmogorov’s theorem and of this inequality.

Theorem 4.2.3. Let M* be a sequence of meshes the step of which tends to zero, and regular in the sense
that any MF, k € N, satisfies the reqularity assumption (4.8) with a unique (i.e. independent of k) positive
real number &.

Let g € [1,4+0), and let (UI/C\A)/CEN be a sequence of discrete functions (i.e. such that, Vk € N, u* ¢ Hj“w
where H’j\/l is the discrete space associated to M¥) satisfying:

Vk € N, [u* ]l gaq < C

where C' is a given positive real number. Then, possibly up to the extraction of a subsequence, the sequence
(uk)ken converges in LP(Q) to a function uw € WE(S2), for any p € [1,q*), where ¢* =dq/(d—q) if ¢ < d
and ¢* = 400 otherwise.

Furthermore, we suppose given a uniform partition of the time-interval [0,T"), such that [0,7] =
Uo<n< N [t", "] (so t" = ndt, with 6t = T/N). Let Hp be the space of piecewise constant functions
over each K x I", for K € M and I" = (t", ¢t"*1), 0 <n < N. To each sequence (u"),—o n of functions
of Ha(2), we associate the function u € Hp defined by:

u(x,t) = u" T (x) forae xcQ, foranytc (t",t"T), 0<n < N. (4.9)
In addition, for any v € Hp and 1 < n < N, we define 0; p(u)™ € Hpq by:
n—l( ’U,?( o un—l

u™(x) —u
at

z)

O p(u)" () =

4.3 A compactness result

The aim of this section is to establish a compactness result for sequences of functions of Hp which are
controlled in the discrete L' (0, 7; W§'4(Q2)) norm, and the discrete time derivative of which is controlled in
the discrete L'(0,7; W=1"(Q)) norm, r not being necessarily equal to ¢’. A new difficulty (with respect
with previous analyses which can be found in [11, chapter IV] or [13]) lies in the fact that the space norms
for the function and its time-derivative are not dual with respect to the L2 inner product, which lead us
to derive a discrete equivalent of the Lions’ lemma 4.3.1 below. Then we prove a discrete analogue of the
Aubin-Simon compactness lemma, using the Kolmogorov theorem.

4.3.1 A discrete Lions lemma
Let us first recall the Lions’ lemma [17], [5, Lemma I1.5.15, p.97].

Lemma 4.3.1. Let By, B1, By be three Banach spaces such that By C By C Bs, with a compact imbedding
of By in By and a continuous imbedding of By in Bs. Then for all € > 0, there exists C(e) > 0 such that :

Vue By, |lullp, <ellullp, +CE)lulp,

Let us state a discrete version of this lemma suitable for our purpose, that is specifying the norms
associated to By, By and By as the ||-[|; , 14 norm, the L? norm and the |[-[|-1,- ;¢ norm respectively, acting
on a sequence of discrete spaces the step of which tends to zero.

Lemma 4.3.2 (Lions lemma — Discrete LP version). Let MF be a sequence of meshes the step of which
tends to zero, and regular in the sense that any M*, k € N, satisfies the reqularity assumption (4.8) with a
unique (i.e. independent of k) real number €.

Let q,r € [1,400). Then, for all e > 0, there exists C(e) > 0 only depending on €, q, r and & such that, for
any sequence of discrete functions (u )ren (i.e. such that, Vk € N, uF € HY | where HY; is the discrete
space associated to MF):

vk EN, [u¥llp, < elluflly g a0+ CE) -1 (4.11)
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Proof. Let us suppose that this result is wrong. Then there exists ¢ > 0 and a sequence of discrete functions
(u*)pen such that:

VEEN, [[u¥llaq) = e llublly g g+ Fllutll-1rm (4.12)
Let (v*)ren be given by:
1
VEEN, wvp=——— u",
T

so that, Vk € N, |[v*||;(q) = 1. By (4.12), we obtain that:

(@)
Vk €N, [[0llLaq) = € 01l g1 + E 0 1-1.00,

and hence: 1
k
VkeN, v ||1,q,/vl§g'

Thus, thanks to Theorem 4.2.3, possibly up to the extraction of a subsequence, (v*)en converges in LI(£2)
when & — 00 to a limit v € W;"%. On one side, this limit satisfies [v[lg.q() = 1. On the other side, we have,

for k € N, ||[v*||_1,,m < 1/k. Let ¢ € CZ(Q). For k € N, we denote by 7¥¢ the discrete function of H%,
defined by (%) = ¢(x k), VK € M*. By the definition of the [[Il1 7 g norm, we have:

1-1/r
170l pp < el gy (d1920) 7

We thus get, for k € N:

11
| [ oo dal < 1Mot 16l e < Il oy (@120 7,

k converges to v in L(Q) and 7¥¢ converges to ¢ in L>(9):

/mpd:c:O.

Since this latter relation is valid for any ¢ € C2°(€2), this is in contradiction with the fact that ||v]|;,q) =
1.

and, passing to the limit when & — oo, since v

Remark 4.3.3. At first glance, Lemma 4.3.2 may seem to be slightly more general that its continuous
counterpart, since it does not require an assumption on the values of ¢ and r which would ensure that LI(2)
is imbedded in W17 (2). We show in appendix 4.a that the situation is in fact the same at the continuous
level, i.e. that a continuous counterpart of Inequality (4.11) also holds in the continuous case, for any ¢
and 7 in [1,+00).

4.3.2 Estimation of time translates of discrete functions

Let us first introduce some notations. Let a time step 6t be given. For n € Z, we denote by t™ the time
t" = ndt. Let a mesh M of Q be given, and let Hp be the space of discrete functions defined over R? x R
by simply supposing:

(1) that the time discretization covers R, such that % € Hp reads 4 = (4" )nez,

(ii) and that, for n € Z, @™ results from the extension by zero to R? of a function of H, which we

denote by u".

For a positive real number 7, let x” : R — R be the function defined by x"(¢t) = 1ift < t" <t+ 71
and " (t) = 0 otherwise. Then, for a.e. € R? and a.e. t € R, the difference u(x,t + 7) — (x,t) can be
expanded as follows:

a(a, t+7) — (@, t) = Y xr(t) (uH (@) —u" (). (4.13)
nez

In addition, the function x” is the characteristic function of the interval (" — 7,¢™) and thus:

Vn € Z, / Xr(t)dt =T. (4.14)
R
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Lemma 4.3.4 (Estimate of the time translates of a function of Hp). Let & = (a")o<n<n be a function of
Hp, let ¢ € [1,400) and r € [1,400), and let us suppose that there exists a positive real number C' such

that:
Yoot [ty g C D6t [0p (W) -1 < C
nez nez

Let € > 0. Let § be given by:
€

A c
Let C(0) be such that for any v € Hpaq, an inequality of the form of lemma 4.8.2 holds:

0

[0llLagay < S l10llyg.00 + CO) I0ll-1,,0

and, finally, let 19 be given by:
€

T2V C®) C

70

Then:
VT < 10, a(t+7) = a( )l raxr) < €

Proof. Let o > 0 and C(«) be a positive real number such that, for any v € Hpy, an inequality of the form
of lemma 4.3.2 holds:
[ollLaq) < allvlly g a0+ Cl@) [Vl -1 a1-

Let 7 be a positive real number, and @ be a function of Hp, its restriction to € being denoted by u. We
have, for t € R:

a(t+7) = a0l gey = lult+7) = ul D)L g)
<M fus b+ 1) = s )Ly
< I [afule b+ 7) =l Ol g+ C() et +7) = )1 ]
This inequality yields:
/ a(t+7) —a(, 1)l gey dt < Q' [a Ty + C(a) T2:|a
teR
with:
m :/ Julrt 4+ 7) = u( Dlly g gt and T :/ eyt 4 7) — e 8)]| - rmng d.
teR teR
We have, for T7:
T < / et 7)1 0 dt+/ [, 1)y pq < 2C
teR teR

By Identity (4.13), we get for Tb:

o= / I @) (™ =) -1 pa dt
teR 7

D8t () Do (W) [ -1,aq dt.

I
teR nez

By the triangle inequality and Relation (4.14), we thus obtain:

7o [ 3700 1000 et = 7 378 k(0" |- = 7 C.
teR

ne”Z neZ

Gathering the estimates of T7 and T3 yields:
| a0 = ) sy de < €017 (204 7 Cla),
teR

and it is now easy to verify that the choice of o and 7 suggested by the statement of the lemma yields
the desired inequality. The case of negative 7 follows by remarking that, by a change of variable in the
integration over time, [|u(-,¢ + 7) — U(,t)|[ 11 gaxry = [U(1) = a0+ [T))lp1 Raxr)- O
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4.3.3 A discrete Aubin-Simon lemma

We are now in position to prove the following compactness result.

Theorem 4.3.5. Let (u¥)ren be a sequence of discrete functions, i.e. a sequence of functions such that,
for k € N, u* is a function of a space HY, associated to a mesh M* and a time step 5t*. We suppose that
the sequence of meshes (MF)en is regular, in the sense that the family of reqularity parameters (& )pen
satisfies Exe > € >0, Yk €N, and that both h . and §t* tends to zero when k tends to +o0o. We suppose
that there exists three real numbers C' >0, ¢ > 1 and r > 1 such that:

Nk
VEeN, > ot @)l am <C D6 (0 @)f) -1 mm < C.
n=2

n=1

Then, up to the extraction of a subsequence, the sequence (uF)en converges in L1 (2 x (0,T)) to a function
ue L0, T; Wy?).

Proof. First, we remark that, by Lemma 4.2.1, there exists a real number C; only depending on the domain
), on the parameter ¢ characterizing the regularity of the meshes and on ¢ such that, Vk € N, Vv € Hﬁ/l
(the discrete space associated to M¥), [Vl @) < C1 [[vlly 4 a- Consequently, we get:

Vk €N, ”ukHLl(Qx(O,T)) <G C.
Let ¢ be a continuously differentiable function from R to [0, 1], such that ¢ =1 on [0,T] and ¢ is equal to

zero on (—oo, —=T) U (2T, +00). For a given k € N, let us build a sequence ((@*)"),ez of functions of HX, as
follows:

for n < =N, (a*)" =0,

for —N<n<0, (@) =) ()7,

for 0<n <N, (@) = p(t") (k)" = (ub)", (4.15)
for N <n < 2N, (@F)" = (") (uk)2N-n,

for N > 2N, (aF) =0,

where we have deﬁned (uF)° (which does not appear in the statement of the theorem) as (u*)? = (u*)!.
Then we denote by @* the functlon of Hp (so defined over R? x R) obtained from the sequence ((@*)"),cz.
The function @* is equal to u*¥ on Q x (0, 7). Since the function || is bounded by 1, we easily get:

7% maxmy < 3 14" llti@x o,y < 3C1C, > 6t [[(WF) [l g < 3C
nez
In addition, we have, for 0 <n < N — 1:

p(t") (@)" — (") (@)
ot

at,'D('U/k)_n —

) B (0]

—_ 7<P(t7n71) atD( >n+1 (ﬁk)” 90( 5

Thus, for any 1 < s < r, denoting by s either s’ =1—1/sif s >1,or ¢ =+o0if s =1:

-n 1 —k\—n
180(@) | 100 = sup Oy p(@) v dz =Ty + T,

veH M ||UH1,5/,M Q

with:
1

T, = sup ————— /(p(f"il) atp(uk)"ﬂv dz,
vEH M ||UH1,5/,M Q

1 W) — (i)
@) -

T = sup v de.

veH M ||UH1,5',M
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We have for T7:

1
Ty =t ") sup ——— /8t7p(uk)”+1v da
vEH M HU”LS/,M Q

1
< sup 0, (u?)" o dar = 0 ()" s,

" wetin [Vl g Ja

which is controlled by [|0;p(u*)"*1||_1, r thanks to Inequality (4.7). The term Ty satisfies:

1

T < ¢ ey s o [ (@) ode,
veH M ”vHLs/,M Q

By Lemma 4.2.1, the L% (4=1) (Q)-norm is controlled by the |-|| 1.q. m-Dorm, and we can choose s small enough

so that the [|-[|; ,, \,-norm controls the Ld(Q)—norm, where d is defined by (1/d) + ((d —1)/d) = 1. We then
get, by Holder’s inequality:
Ty < Co |19/l (")

where Cs only depends on €2, £, s and g. Applying similar arguments for N < n < 2N yields:

1,q,M"

>t 1@ (@) | —1,5m < Cs,

nez
where C3 only depends on ¢, €2, £, s, ¢ and C.

We may now apply Lemmas 4.3.2 and 4.3.4 to obtain that, for any € > 0, there exists 7y only depending on
Q, £ C and € such that:

V7 such that |7] < 19, Vk € N, @ (-t + 1) — @k (, Ol raxr) < € (4.16)
In addition, from Lemma 4.2.2, we have:
Vk €N, Vn € Z, Yy € RY, [|@")"(- +y) — @) (liga < V Iyl 1@ 1 aqe
Multiplying by dt* and summing over the time steps yields:

Vk € N, Yy € R,

N+ 3) = @Ol ey < VA Tyl D28 @)1 (4.17)
nez

Since, Vk € N, @* vanishes outside 2 x (=T, 27, Hélder’s inequality (4.6) yields:

S0 @)y g < @DV S @) ]y aa

nez neZ

which shows that space translates also are uniformly controlled. Kolmogorov’s Theorem (e.g. [11, Theorem
14.1 p.833|) thus shows that the sequence (u”*)ey is relatively compact in L!(Q x (0,7)). The regularity of
the limit of subsequences is a consequence of the bound on the space translates, namely the fact that the
right hand side of (4.17) is linear with respect to |y| (see [12, Section 5.2.2]). O

Remark 4.3.6 (Regularity of the limit). When the functions of the sequence are more regular than in the
assumption of Theorem 4.3.5, so may be also the limit. For instance, if we suppose:

Nk
VEeN, > ot* (W), <C

— Y

n=1

then the limit u lies in the space L2(0, T; Wg'4(Q)) (see [12, Section 5.2.2]). This result will be used hereafter.
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4.4 The scheme

For o € &y and 0 <n < N, let v"—H/2 be defined by:

tn+1

VLR = / / (x,1) - nio dy(z) dt (4.18)

The backward first-order in time discretization of (4.1) reads:

VK e M, for 0 <n < N,

K n n n n a n n
%( +1 Z v +1/2 G+1+ Z |d| (UKH ULH)

o=K|L a:K|L 7 (4.19)
gttt
+ > o] i1 _ t) da dt
UK = & f x,t)dx
o tm
c€E(K)NEext
where the approximation of v on an internal edge is given by the usual upwind choice:
ut if vis >0,
Vo € &y, 0= K|L, ut!= f;l 7 (4.20)
uy otherwise.

The initial condition for the scheme is obtained by choosing, for the value of u° over a cell K € M, the
mean value of ug over K:

1
VK € M, ufe = & /Kuo(:c) de, (4.21)

4.5 Estimates

Let 0 € (1,2) and let us define the function ¢, from R to R by:

y
Vy € R, &' (y) /0 ﬁ ds, and  ¢(y / @' (s (4.22)

The function ¢ enjoys the following features:

1. the function ¢’ is positive over R™, negative over R™, and increasing over R; the function ¢ is positive
and convex over R.

2. the function |¢’| is bounded over R; precisely speaking, we have:

1 +001
vy € R, |¢>’(y)|§/ ds+/ Zds=1+
0 1

VyeR, oy) < (1+ %) |y (4.24)

‘ .

(4.23)

>

-1

3. Relation (4.23) yields:

In addition, if we denote by Cy the positive real number defined by Cy = min(4(1), ¢’'(1)), we get, by
convexity of ¢:

Vy such that [y| > 1,  ¢(y) > Cy |y| (4.25)

In addition, since, for s € [0,1] and 6 € (1,2), 1+ |s|? < 2, we easily get that Cy, > 1/4.

This function ¢ is used in the proof of the following stability result.
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Lemma 4.5.1. Let u € Hp be the solution to the scheme (4.19)-(4.21), and ¢ be the real function defined
over R by (4.22). Then the following bound holds for 1 < M < N:

M
0y + 300 S T ) [ i) - )
n=1 g

0€Eint,
o=K|L

M
o Y Wusu<c
n=1 TEEext, 7
c€e&(K)

where C only depends on Q, f, ug and 0. Since, for any 6 € (1,2), s¢'(s) > 0 for s € R and ¢ is an
increasing function over R, this inequality provides a bound independent of 6 for u in L°°(0,T;LY(Q)).

Proof. Let us take ¢/ (u™*!) as test-function in the scheme, i.e. multiply (4.19) by gb’(u’};rl) and sum over
the control volumes. We get T7+! + T+ = T/ with:

K n
T+ = Z ¢ (unh) {% (W — ) + Z VKT:/Q ug+1:|,

KeM o=K|L
mn n o n n g n

T 1 _ Z ¢I(UKH){ Z |d_| (UKH B ULH) i Z |d_| uK+1:|,
KeM o=K|L ° EE(K)NEexe
1 tn+1

T}’H == Z ¢'(u7;(+1)/ / f(z,t) de dt.
ot tn K

KeMm

Since the advection field v is divergence-free, by the definition (4.18), we get:

VK € M, S v =o.

o=K|L

Thanks to Proposition 4.b.1 applied with px = pj =1, VK € M, we thus obtain:

K
1> 3 B g - o).
KeM

Reordering the summation in T;‘H, we have:

T;J"l _ Z % (U}L{-‘,—l _ u7L1+1) [¢/(U?(+1) - ¢/(uz+1)}

o€Eint,
o=K|L
M n+1 7/, n+1
+ 0> ult ¢ (ui),
do
0€Eext,
ce&(K)

Finally, since ¢ is bounded over RT by Relation (4.23), we get:

tn+1

1 1
TPl < — (14 —— / /f:c,t de dt.
! 5t( 971) o Jo (,¢)
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Multiplying by 6t and summing from n = 0 to n = M — 1, we thus get:

> IK] 6uk) +26t > P o) - o)

KeM

o€Eint,
oc=K]|L
M
o] w im
X0 Y ki) < 3 IK] ouf)
n=1 0E€Eext, KeM
c€E(K)

1 -
+971/ /f:ctd:cdt

which concludes the proof thanks to the definition (4.21) of u%, Inequality (4.24) and Inequality (4.25). O

The following lemma is a central argument of estimates in the elliptic case. It may be found in [14], and
is recalled here, together with its proof, for the sake of completeness.

Lemma 4.5.2. Let v be a function of Hyq and ¢ be the real function defined over R by (4.22). Let Ty(v)
be given by:

L) = Y M —u) (o) —son)+ Y W son)
0€&int, 7 o€Eext, 7
o=K|L c€e&(K)

Then the following bounds holds for 1 < p < 2:

/2 0p/2
ol e < [Ta@)]™ [+ Ca 02l ey

where C and Cy only depends on p and on the regularity of the mesh, i.e. on the parameter g defined
by (4.8).
Proof. Let us first introduce some notations. For any face ¢ € £ and any function v € Hpy, we define:
“KdJ if 0 € Em, 0= K|L,
DoV = 7 (4.26)
v
d_K if 0 € Eary 0 € E(K),
and:
¢’ (vi) — ¢'(ve)
VK —Vr,
¢’ (vi)

VK

if o € &y, 0 =K|L,

iergeXt, o< g(K)

Note that, for o € &, the quantity a, is non-negative. With these notations, we have:

[0l poat = Z lo|do |Osv|P  and  Ty(v Z lo|dy ay (O5v)

ocef o€l
By Holder’s inequality, we get:
p/2 e 7(2-Pp)/2
oll? a0 < [Z o] dy ao (850) ] [Z|o|da az?/ P>] . (4.27)
o€l el

For o € &y, 0 = K|L, there exists 9, lying between vgx and vy, such that a, = ¢”(7,). From the expression
of ¢, we thus get:

1
Vo € &, 0= K|L, — <14 max(Jugl, |vp|)’
a

(o2
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By a similar argument, we also have:

1
Vo € oy 0 €E(K), — <1+ logc|®

o

Inequality (4.27) thus yields ||v|? < Ty(v)P/2 T* P72 with:
1,p,M l

2— 2—

Ti= > lolds (1+max(joxl, [o2))” "+ 3 olds (1+ |oxl?)” 7"
G'Ggint, Uegcxt1
o=K|L ce&(K)

Using the inequality (a + b)® < 2% (a® + b*) valid for any positive real numbers a, b and «, we get:

272/ T < N olde+ Y o] dy max (jux], |or])?/*7)

oeé 0€Eint,

o=K|L
+ Z |o| do |vg |07/ (3P)

0E€Euxt,
ce&(K)

Remarking that, for any K € M, the total weight of the term |vg|??/(>~P) in the last two sums (summing
all its occurrences) is at most equal to 3>, ¢ () [0 do and that this quantity is bounded by C' |K|, with C
only depending on the regularity of the mesh, we get:

20 T <d |0+ 0 3 K| o T = d jl+ Cllell i
KeM

and thus, finally:

||v|‘119’p’M < Td(v)p/2 [Qp/(%p)d 10| + op/(2=p) (¥ anizgi/ﬁ;z;))(m

}(2—13)/ 2
which easily yields the desired inequality. O

We are now in position to prove the following estimate, by a technique which is reminiscent of the
method used in [4] for the continuous case.

Proposition 4.5.3. Let u € Hp be the solution to the scheme (4.19)-(4.21). Then the following bound
holds for 1 <p < (d+2)/(d+1):

Z& ™ 1F <

where C' only depends on Q, T, f, ug, p and the reqularity of the mesh, i.e. on the parameter Enq defined
by (4.8).

Proof. In this proof, we denote by C; a positive real number only depending on 2, T', f, ug, p, € and the
the parameter £ characterizing the regularity of the mesh. Thanks to Lemma 4.5.2, we get, for 1 < p < 2:

. /2 n110p/2
Z& a2 5 a <Z5t I (SR T e ¢

Since p < 2, the discrete Holder’s inequality yields:

Zét 1 e < |

/2
5t Td(u")]p

Mz

Il
-

n

. 2/(2—p)] D)2
ot [01 +Ca lu ||L€£/<2—p>(sz)} ' }

GE

3
Il
-
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From Lemma 4.5.1, we know that:

Z(StTd ) < Cs.

Let us now apply the inequality (a + b)* < 2%(a® + b%), valid for a, b, a > 0, to obtain:

N
Zat la 0 < €52 [0 22/ @ er /)

n=1

3 2/(2—p) n|0p/2 2/(2—p)] (2—P)/2
+22 6t [02 ||’U, ||L9P/(2—p)(ﬂ)} i|

n=1

This last relation yields the existence of Cy and C5 such that:

(2-p)/2
n n0p/(2—
Z ot |lu™f ppg < Ca+Cs [Z ot ||lu ||L1;£§<zfi))(sz)}

n=1

The discrete Sobolev inequality [[v|| , v, > Cs [|v], which holds for any v € Haq with p* = dp/(d—p),

*(Q)’
yields:

N
(2—p)/2
n n nié 2—
Co Zst ™17 e ) < Zat 1} poan < CatCs [ 3t {20570 |
n=1

The idea to conclude the proof is now to modify the right-hand side of this relation to obtain an inequality
of the form:

N
B
cszat lun |7, m_zat Ja 2 ot < Cr+ Cs [ D26t w7, o

n=1

with an exponent 8 < 1, which will yield a control on anl 3t ||u and, consequently, on 25:1 St lu™ 1§ -

"L @
To this purpose, we first use an interpolation inequality, to bound Hu’(’H)Lep /2-p)(q) B @ function of (a power
of) [[u"|,p+ () and [[u”[| 1,1 (g, Which is uniformly bounded by Lemma 4.5.1; then an Hélder inequality allows
to change the exponent (to p) of this latter norm. Let us recall the interpolation inequality of interest, valid
for 1 <r<gq:

1-1/r

1-1/¢

Thanks to this inequality and the fact that, for 0 < n < N, ||u”||L1(Q) < Cy, we thus get, denoting

r=0p/(2—p):

Yo €LUQ)  lollpriay < IllEog) lvliigey,  with ¢ =

2-p)/2 (2—p)/2
[zatn " ] < o [t 11 ]

n=1

This inequality is valid if p* > r, which is equivalent to p < (2 — 0)d/(d — 0). We may now apply Holder’s
inequality to get:

(2—p)r¢/2p

n0 2 7p)/ n
[zat 12270 < Cs [Zét (g .

provided that {r < p, which reads:
1 r—1

- —F—-<1
p1-1/p*
Expliciting the values of p* and r as a function of § and p, it may be seen that this inequality is valid for:

(2 —60)d+2
d+1
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When this inequality is satisfied, since 1 < p < 2, we have (2 —p)/2 < 1 and (2 — p)r{/2p < 1, and we are
thus able to conclude the proof as announced. For d =1, d = 2 or d = 3, we have:
(2—0)d+2 < (2—0)d
d+1 d—190

for @ sufficiently close to one, let us say for 6 € (1,60y]. Let p € [1,(d+2)/(d + 1)), and 6(p) be given by
O(p) = min(fp, (1 +1)/2) where 61 € (1,2) is defined by:

_(2—61)d+2
 d+1
Then all the inequalities of this proof are valid for 8 = 6(p), which yields the desired bound. O

Proposition 4.5.4. Let u € Hp be the solution to the scheme (4.19)-(4.21). Then the following bound
holds:

Z5t||at73 "-1,m < C,

where C' only depends on Q, T, f, v, ug and the regularity of the mesh, i.e. on the parameter Exq defined
by (4.8).

Proof. Using the notation (4.26), the scheme reads:

VK e M, for 0 <n < N,

n n a n
Kootk —— 3 viiturt = ¥ Blg
o=K|L ccE(K) 7
tn+1
+ / Sz, t) de dt.

Let v € Hpq. Multiplying each equation of the scheme by vk and summing over the control volumes, we
get:

Orpu) vde = > |K| O p(u)k v =Ty + T3 4+ 13,
Q KeM

1 n+1/2 1 1 |‘7|
T1"+ E VK E Vi ng, T2"+ E VK E

KeM  o=K|L KeM GEE(K)
tn+1

T3+t = &/ f:ct v(x) de dt.

Reordering the sums and supposing, without loss of generality, that any face o is oriented in such a way

with:

1/2
that Vn+ /% < 0, we get for 77"
+1 _ n+1/2 n+1
TP =— Y ViU (v —on),
o€&int,
o=K|L

where, by assumption on the velocity field, |vn+1/ 2

| < [l (q) lol, Vo € Eint. By the discrete Cauchy-
Schwarz inequality, we thus get:

Tt <C HUHHHL?(Q) [vll1 2,04

where C only depends on v and the parameter &, governing the regularity of the mesh.
By a similar computation, we get for T

o}
151 = |30 2 0ot ] < Ju g ol e pe
oeg 9
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Finally, the term Tg“ satisfies:

n 1
T3 +1| < 5t ||UHLco(sz) Hf”ﬂx(tn,tnﬂ)'

Let p € (1,(d+2)/(d+ 1)) be such that the discrete WP () norm of u controls its L2(Q2) norm (which, by
Lemma 4.2.1) is indeed possible. Since the L° norm is controlled by the H~||1,OO’M norm, we get, for any
v € Haq:

ot | Opp(w)” vde < St(|TPHH + |[To | + Ty t)
Q

< C (1™ ot + 1 lpeen gy 1901,

which, summing over the time steps and using Proposition 4.5.3, concludes the proof. o

4.6 Convergence analysis

In this section, we prove the following result.

Theorem 4.6.1. Let (u*)ren be a sequence of discrete solutions, i.e. a sequence of solutions to the scheme
(4.19)-(4.21), with a mesh M* and a time step 6t*. We suppose that the sequence of meshes (MF)yen is
reqular, in the sense that the family of reqularity parameters (Er )ken satisfies Epe > € >0, Vk € N, and
that both h g and 0t* tends to zero when k tends to +oc.

Then, up to the extraction of a subsequence, the sequence (uF)nen converges in LY(Q x (0,T)) to a
Junction u € LP(0,T; WyP(Q)), for any p € [1,(d+2)/(d + 1)), which is a weak solution to the continuous
problem, in the sense of Definition 4.1.1.

Proof. Thanks to the estimates of Propositions 4.5.3 and 4.5.4, Theorem 4.3.5 applies, and the sequence
(uF)ren is known to converge in L'(€2 x (0,T)) to a function u € LP(0,T; Wy?(Q2)), for any p € [1,(d +
2)/(d+ 1)). We now show that this function is a weak solution to the continuous problem.

Let ¢ € C(Q x [0,7)). For a given discretization M* and §t*, we denote by ¢% the quantity:
VK € M* for 0 <n < N*,  o% = p(xk,t").

Let us now multiply by ¢% each equation of the scheme, multiply by d¢ and sum over the control volumes
and the time steps, to obtain:
TS +TF+T) =Ty

with, dropping for short the superscripts k& and using the notation (4.26):

Z D 0IK] Wit —uk) ¢,

n=0 KeM

N-1
. = Z(St Z Ok Z Vn+1/2 ntl

n=0 KeM o=K|L

no-Ya Y a y Mo

n=0 KeM ceE(K) do

N-1 gntl
Ty =D D vk f(@, ) de dt
n=0 KeM t K

For the first term, we get, reordering the sums:

N
Tor=—>_ > |K|uk (¢ —¢f ) = > K| ufe,

n=1KeM KeM
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which yields:

T
Ty = —/ / u(x,t) Orp(x,t) de dt + Ry — / uo(x) o(x,0) de + Ra,
t=0JQ Q

the terms R; and Ry being defined below. The first one reads:

N n n—1 "
_ n [P —¥rx 1
Ry = n} 1:& S K| uK[ - T /tnil/ch(a:,t) dmdt}

= KeM

so [Ri] < ¢ (h+6t) |ullprx (o)) Where ¢ = [[@llwi.e(xjo,r))- The term Ry reads:
Ro== Y [ wola) [ - ola0)] de,
K
50 [Ra| < ¢y b [|uollpr q)-
We now turn to the convection term, which we write T, = Tt 1 + T 2, with:

N-1
Teq = Z ot Z Ok u?jl Z vnKij,
n=0

= KeM o=K|L
N-1
n+1/2 1 1
Tc,2 = § ot E SDTIL( E VK,G'/ (UZJF 711‘7[?_ )
n=0 KeMm o=K|L

By the definition of VnK+01/27 the term T ; reads:

N-1
T == ok [
n=0 t

n

tn+1

/ u(x,t) Vou(x,t) de dt

T
= —/ / u(z,t) o(x,t) V-u(x,t) de dt + Rs,
o Jo

with:

tn+1

Ry = - 2_30 /tn /K“(wat) Vo(z,t) [¢k — p(x,t)] de dt,

s0 |Rs| < ¢ b ||[llwi.co (s 0,7 ULt x 0,7))-
We now decompose T, 2 = T¢ 3 + R4 where T 3 is chosen to be:

tn+1

e =Y Y Y [

n:j? KeM o=K|L "
= 7/ / u(z,t) V-[p(x,t) v(z,t)] dedt
0 Ja

and, by difference and reordering the sums, we obtain for Ry:

/ o(x, t)v(x,t) - ng dy(x) dt

N—-1 gntl
Ri==3 Y (it —ut) / / [o(@, 1) — 7] v(@, 1) - ng o dr(a) di
n=0 tr o
0E€Eint,
U:K\L

where, without loss of generality, we have chosen for the faces the orientation such that V}?—al /2 > 0. We
thus get:

N—-1 |un+1 7un+1|
[Ra| < o b |0l ax 0,1y Z ot Z o dy et d L
n=0 7
o€&int,
o=K|L
N
=cp h H”HLoo((zx(o,T)) Z(St H“nHl,l,M
n=1
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Let us now turn to the diffusion term. By a standard reordering of the summations, we get:

Z(St uptt Y Zﬂ@aw",

n=0 KeM ccE(K) ¢

which reads:
N 1 gt

T, = n+1/ /Agﬁ$td$dt+R5
n= OKEM

:/ /u(:c,t) Ap(x,t) de dt + Rs,
o Ja

with:

Z ot Z u"+1 Z lo| Ri,o»

= KeM ce&(K)
0y 1 ¢
Rk, = ] + o] &/ /V(pw t) - g dy(z) dt.
o tn

For any face o € &y, 0 = K|L, we have Rk, = —Ryp ; in addition, for any K € M and any o € £(K),
|Rk.o| < ¢y (h+ 6t). Hence, reordering once again the sums:

N-1
= Z 5t Z lo| Optin+1 Ri s

n=0 oe&(K)

and:
|a Un+1|

|Rs| < ¢, (h+6t) Z&Z|o|d

n=0 o€&

T
Ty :/ / f(:l:,t) dx dt + Rg,
0o Ja
Finally, gathering all the terms and remarking that —V-(pv) + ¢V-(v) = v - Vi, we get:

/t_TO /Qu(m,t) drp(x,t) da:dtf/ﬂm(a:) p(z,0) dz
/OT/Qu(m,t) v(x,t) - Vo(z,t) dmdt/OT/Qu(a:,t) Ap(z,t) de dt
:/OT/Qf(:n,t)d:cdt—i-R,

with |R| < C (h + 6t) where C' is controlled by the estimates satisfied by the solution, the regularity of v
and ¢ and independently of the mesh. Letting A and §t tend to zero in this equation thus concludes the
proof. O

o (h+6t) luntally g aqe

Finally, we have for the last term:

with |Rg| < ¢, (h+ 6t).
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4.A. A VERSION OF THE LIONS AND AUBIN-SIMON LEMMA

4.a A version of the Lions and Aubin-Simon lemma

4.a.1 Lions lemma

Lemma 4.a.1. Let X, B and Y be three Banach spaces satisfying the following hypotheses:
(i) X is compactly imbedded into B.
(i4) There exists a vectorial space F such that B and Y are imbedded into F and, for all sequence
(Un)neny of BNY, if up — uw in B and up, — v in'Y, then u=v.
Then, for all € > 0 there exists Ce € R such that ||u|lg < € |lully + Ce ||ully, for allue X NY.

Proof. We perform the proof by contradiction. We assume that there exists e > 0 and a sequence (up)nen
such that u, € X NY and 1 = [lu,|| 5 > €|lunllx + nlunlly, for all n € N. Then, (uy,)nen is bounded in X
and therefore relatively compact in B. Thus, we can assume that u,, — v in B and |Ju||z = 1. Furthermore
U, — 0in Y (since ||un|ly < 1/n). Then the second hypothesis of Lemma 4.a.1 gives u = 0, which is in
contradiction with ||ul| 5 = 1. O

Remark 4.a.2. In some practical case, the second hypothesis of Lemma 4.a.1 may be replaced by the
following assumption:

(i4)" There exists a topological vectorial space F such that B and Y are continuously imbedded into F.
Then:

1. Assumption (i7)" is stronger than Assumption (i),

2. Assumption (i¢)" implies the existence of a Banach space G such that B and Y are continuously
imbedded into G,

3. as a consequence, Lemma 4.a.1 may be proven using directly a classical lemma due to J.L. Lions.

We first prove the first assertion. Then, let (u,)nen be a sequence of BNY such that u, — u in B and
U, — v in Y. Thanks to the continuous imbedding from B and Y in F', one has u,, — v in F' and u,, — v
in F. Then, u = v, which is Assumption (7).

We now turn to the second point. We set G = B+ Y and for u € G, one sets ||ul|, = inf{[|u1]| 5 + [Juz]ly,
u = uj + uz, u; € B, uz € Y}. The only difficulty for proving that ||-||, is a norm on G is to prove that
|lullc =0 = u=0. Let u be such an element of G, i.e. be such that |lu||, = 0. There exists a sequence
(u1,n)nen in B and a sequence (uzn)nen in Y such that « = uy p + ug p, for all n € N and 4y, — 0 in B,
U2, — 0in Y, as n — +o00. Thus both sequences tend to zero in F', which proves that u = 0.

Since both B and Y are continuously imbedded in G (since ||u|| 5 < ||ul|, and |lully < ||ull;), which is a
Banach space, the proof is complete.

Let us now address the third issue. Lemma 4.a.1 is the Lions lemma if F' = Y. Otherwise, this latter
lemma may be applied with G instead of Y and gives that, for all ¢ > 0, there exists C. € R such that
llull g < €llull x + Cel|ull, for all u € B. Since ||-[|s < |||y, we obtain Lemma 4.a.1.

Remark 4.a.3. We give now an example where the hypotheses of Lemma 4.a.1 are satisfied. Let  is a
bounded open set of R¢ (d > 1) with a Lipschitz continuous boundary. Let 1 < p,r < 0o, X = WLP(Q),
B=1°P(Q) and Y = W= L7(Q) = (W(l)’rl)(Q)*, with 7/ = r/(r — 1), that is the (topological) dual space
of WO1 ! (Q). The first hypothesis of Lemma 4.a.1 is satisfied. For the second hypothesis, we distinguish
the cases r = 1 and r > 1. In the case > 1, it is possible to take F' = (C*(£))’, that is the set of
linear applications from C2°(Q2) to R (without any continuity requirement). In the case r = 1, the choice
F = (C(Q))" is not convenient since C2°() is not dense in W§'°°(€2) (and therefore two different elements
of W=11(Q) can have the same restriction on C3°(£2)). But, in order to apply Lemma 4.a.1, it is possible
to take F' = Y since in this case B is imbedded in Y (as usual, one identifies here v € B with the linear
form ¢ — [, up da, with ¢ € C°(Q) for the case r > 1 and ¢ € W™ (Q) in the case r = 1).

4.a.2 Aubin-Simon’s compactness result

Lemma 4.a.4. Let X, B and Y be three Banach spaces satisfying the following hypotheses:
1. X is compactly imbedded into B.
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2. There exists a vectorial space F such that B and Y are imbedded into F and, for all sequence (un)nen
of BNY, ifu, - u in B and u, — v inY, then u=wv.
Let T > 0, p € [1,00] and (un)nen be a bounded sequence of LP((0,T),X). Let q € [1,00] and assume that
the sequence (O¢tn)nen is bounded in LI((0,T),Y). Then, there exists u € L™((0,T), B) such that, up to a
subsequence, u, — u in L"((0,T), B), as n — +o00, with r = min{p, q}.

Proof. For short, we restrict the exposition to the case where (i7)’ holds, which allows a simple proof with
the classical Aubin-Simon’s compactness result. We take G = B+Y with the norm defined in Remark 4.a.2.
we obtain that the sequence (Oyun)nen is bounded in L?((0,T),G) and B is continuously imbedded in G.
Then the Aubin-Simon’s compactness lemma gives the desired result. O

Remark 4.a.5. We give here some precision on the sense of “0;u € LI((0,7),Y)". Let X and Y two
Banach spaces and p,q € [1,00]. Assuming that u € LP((0,7T), X), the weak derivative of v is defined by
its action on test functions, that is its action on ¢ for all ¢ € C2°((0,T)) (note that ¢ takes its values in
R). Actually, if ¢ € C°((0,T)), the function (9;p) u belongs to LP((0,7T'), X) and therefore to L1((0,T), X)
and the action of J;u on ¢ is defined as:

(Opu, @) / Orp(t)

In order to give a sense to “Oyu € L4((0,7T"),Y)", we assume (as in Lemma 4.a.1 and Lemma 4.a.4) that
X and Y are imbedded in the same vectorial space F'. Then dyu € L((0,7"),Y) means that there exists
v € L9((0,7),Y) (and then v is unique) such that:

Note that (O;u, @) € X.

_ /OT Drp(t) u(t) dt = /OT (1) v(t) dt for all € C=((0,T)),

this equality making sense since:

T
/8t<p t)ydte X CF and /(p(t)v(t)dteYCF.
0

4.b A stability result for a general class of convection operators

In a compressible flow, the mass balance reads:
Op+ V-(pv) = 0. (4.28)

Let ¢ be a regular real function, and let us suppose that p, z and v are regular scalar (for p and z) and
vector-valued (v) fields, and that v -n = 0 on 9. Then we have:

/ ¢'(2)[0e(pz) + V-(pzv)] da = / p¢'(2) Oz + p¢/ (2)Vz - v da
Q Q
— [ o) +pV[o()] -vdz = [ poro(:) - 6(2) V(o) do (4.29)
Q Q
=/Qp6t¢(2)+¢( )&epdw—i p¢( ) de

Taking for 2z one component of the velocity itself and ¢(s) = s?/2, this computation is the central argument
of the so-called kinetic energy conservation theorem. If z satisfies 9;(pz) + V-(pzv) — V-(AVz) =0, A >0,
choosing ¢(s) = min(0, s)? yields the fact that z remains non-negative, if its initial condition is non-negative
(which can also be seen by noting that, thanks to (4.28), we have d;(pz) + V-(pzv) = p[sz + v - Vz], and
this latter operator is known to satisfy a maximum principle).

The aim of this section is to prove a discrete analogue to (4.29). We thus generalize the proofs already
given for the specific choices for ¢ mentionned above, namely for ¢(s) = s%/2 in [15] and for ¢(s) = min(0, s)?
in [16].
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Proposition 4.b.1. Let (px)xem, (Pi)kem, (FK,o)KeM,oee(K)nEm: three families of real numbers such
that:

(i1) Vo € &n, 0 = K|L, Fgo =—Fp 0,
K| (4.30)
(1ii) VK e M, 5 (px — px) + Z Fg,=0.
oc=K]|L
Let ¢ be a real convex function defined over R, and let (zx)kem and (z5)kem be two families of real
numbers. For o € &y, 0 = K|L, we denote by z, the quantity defined by zo = zk if Fx,o > 0 and z, = 2z,
otherwise. Then:

> ¢ (zk) [% (px 2K — Pic i)+ D FKO.za]

KeM oc=K]|L
K
> 3 B ok otenc) = pic otei)]
Kem

Proof. Let us write:

Z &' (zK) [ Kl (pr 2K — Pk Zk) Z FK,aZai| =T +1;
KeM oc=K]|L

with:

Ti= ) % ¢ (zx) (px 26 — PR 2k), To= ) ¢/(ZK)[ > FK’“'Z"]

KeM KeM o=K|L

The first term may be split as T1 = 171 + 14 2 with:
K * K *
Tip= ) ] ¢ (2x) 2k (px = pi)s Tra= ) £ P ' (2x) (21 — 2kc)-
ot ot
KeM KeM

By convexity of ¢, we get:
K *
Tip> > |5t| P (B(zk) — (2K ))-

KeM
The second term reads Tp = T 1 + T 2 + T5 3 with:

Toq = Z (b/(ZK)ZK{ Z FK,U}, To o = Z é(zK) { Z FK,O'i|)

KeM o=K|L KeM o=K|L

Tos= 3 [ 3 Freoldler) +0'(zx) (0 — 210))|.

KeM o=K|L
By Relation (4i7) of (4.30), the terms T} ; and T% 1 cancel, and T3 5 may be written as:

To= 3 B i) (o - i)

KeMm

Reordering the sums in 75 3, we get:

T33 = > Froldler) + ¢ (2k) (20 — 2) — d(21) — ¢ (21) (26 — 21)]-

0€Eins, 0=K|L

Without loss of generality, let us suppose that we have chosen, in the last sum, the orientation of ¢ = K|L
in such a way that Fi , > 0. We thus get, since z, = 2k

0dle = d(2) + ¢’ (2K) (26 — 2K) — d(21) — ¢ (21) (26 — 21)
= ¢(zx) — [0(21) + ¢/ (21) (2 — 21)],
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which is non-negative by convexity of ¢. Finally, we thus get:

1z Y B o (6(e) — 6(zi0) + 60x) (oxe — i),
KeM
which concludes the proof. O

Remark 4.b.2 (Other choices for z,). In fact, Inequality of Proposition 4.b.1 holds for any choice such
that the quantity d¢|, defined in its proof is non-negative, which may be written as:

[0 (zx) — ¢'(21)] (26 — 2) = @(21) + ¢'(21) (2K — 2L) — ¢(2K).

Let us suppose that ¢ is twice continuously differentiable. There exists Z, and Z,, both lying between zx
and z;, and such that:

¢'(2x) = ¢'(21) + ¢" (%) (2x — 21)%,
d(zk) = d(zL) + &' (21) (25 — 20) + 30" (Z5) (2K — 21)%.

Let us now define 6 such that z, — zx = 0 (2x — z1). With this notations, we obtain that d¢|, > 0 is
equivalent to:

By convexity of ¢, the upwind choice (i.e. 6 = 0) always satisfies this relation, which is consistent with
Proposition 4.b.1. In addition, we see that, for ¢(s) = s2, the choice § = 1/2 is possible: in other words, as
proven in [15], the centered choice ensures the kinetic energy conservation.
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ANNEXE A. FRACTIONAL-STEP SCHEME FOR THE P; RADIATIVE DIFFUSION MODEL

ANALYSIS OF A FRACTIONAL-STEP SCHEME FOR THE P,
RADIATIVE DIFFUSION MODEL

T. GALLOUET?, R. HERBINT, A. LARCHER* AND J.-C. LATCHE*

Abstract.We address in this paper a nonlinear parabolic system, which is built to retain the main math-
ematical difficulties of the P1 radiative diffusion physical model. We propose a finite volume fractional-step
scheme for this problem enjoying the following properties. First, we show that each discrete solution satisfies
a priori L*-estimates, through a discrete maximum principle; by a topological degree argument, this yields
the existence of a solution, which is proven to be unique. Second, we establish uniform (with respect to
the size of the meshes and the time step) L2-bounds for the space and time translates; this proves, by the
Kolmogorov theorem, the relative compactness of any sequence of solutions obtained through a sequence
of discretizations the time and space steps of which tend to zero; the limits of converging subsequences are
then shown to be a solution to the continuous problem. Estimates of time translates of the discrete solutions
are obtained through the formalization of a generic argument, interesting for its own sake.

 Université de Provence, [gallouet,herbin]@cmi.univ-mrs.fr

* Institut de Radioprotection et de Sareté Nucléaire (IRSN), [aurelien.larcher, jean-claude.latche]@irsn.fr

Introduction

We address in this paper the following nonlinear parabolic system:

%—Au+u4—g@:0 for (x,t) € Q x (0,7T),

o—Ap—ut=0 for (z,t) € 2 x (0,7,

u(z,0) = up(x) for x € Q, (A1)
u(z,t) =0 for (z,t) € 002 x (0,T),

Veo-n=0 for (z,t) € 02 x (0,T),

where € is a connected bounded subset of R?, d = 2 or d = 3, which is supposed to be polygonal (d=2)or
polyhedral (d = 3), T' < oo is the final time, u and ¢ are two real-valued functions defined on 2 x [0,T") and
0N} stands for the boundary of Q of outward normal n. The initial value for u, denoted by ug, is supposed
to lie in L>°(Q) N HY(Q) and to satisfy ug(z) > 0 for almost every z € Q.

This system of partial differential equations is inspired from a simplified radiative transfer physical
model, the so-called P; model, sometimes used in computational fluid dynamics for the simulation of high
temperature optically thick flows, as encountered for instance in fire modelling (see e.g. [11] for an exposition
of the theory, [10, 2, 9, 12] for recent developments and applications or the documentation of the CFX or
FLUENT commercial codes for a synthetic description). In this context, the unknown w stands for the
temperature, ¢ for the radiative intensity and the first equation is the energy balance. System (A.1) has
been derived with the aim of retaining the main mathematical difficulties of the initial physical model; in
particular, adding a convection term in the first equation would only require minor changes in the theory
developed hereafter.

In this short paper, we give a finite volume scheme for the discretization of (A.1) and prove the existence
and uniqueness of the discrete solution and its convergence to a solution of (A.1), thus showing that this
problem indeed admits a solution, in a weak sense which will be defined.
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A.1. THE FINITE VOLUME SCHEME

A.1 The finite volume scheme

Even though the arguments developed in this paper are valid for any general admissible discretization in
the sense of Definition 9.1, p. 762 in [4], we choose, for the sake of simplicity, to restrict the presentation to
simplicial meshes. We thus suppose given a triangulation M of 2, that is a finite collection of d-simplicial
control volumes K, pairwise disjoint, and such that = UgeaK; the mesh is supposed to be conforming
in the sense that two neighbouring simplices share a whole face (i.e. there is no hanging node). In addition,
we assume that, for any K € M, the circumcenter xx of K lies in K; note that, for each neighbouring
control volumes K and L, the segment [z, x ] is orthogonal to the face K|L separating K from L.

For each simplex K, we denote by £(K) the set of the faces of K and by |K| the measure of K. The set
of faces of the mesh £ is split into the set &yt of internal ones (i.e. separating two control volumes) and
the set Eext of faces included in the domain boundary. For each internal face 0 = K|L, we denote by |o| the
(d-1)-dimensional measure of o and by d,, the distance d(xk,x); for an external face o of a control volume
K, d, stands for distance from xx to o. The regularity of the mesh is characterized by the parameter 64
defined by:

0 rm def min PK (A.2)
where px and hi stands for the diameter of the largest ball included in K and the diameter of K, respec-
tively.

We denote by Ha(92) € L2(Q) the space of functions which are piecewise constant over each control
volume K € M. For all u € Hy(Q2) and for all K € M, we denote by ug the constant value of v in K.
The space Hp(€2) is equipped with the following Euclidean structure. For (u,v) € (Ha())?, we define
the following inner product:

[u,v]M d:ef Z % (uL—uK)(vL—vK)—l— Z % UK VK. (Ag)
0€&in (0=K]|L) 0€Eext (0EE(K))
Thanks to the discrete Poincaré inequality (A.5) given below, this scalar product defines a norm on Hx(Q):
def 1/2
lallne =l ul i (A4)
The following discrete Poincaré inequality holds (see lemma 9.1, p. 765, in [4]):
lull 20 < diam(Q2) [|ull1,am Yu € Hayg(92). (A.5)
We also define the following semi-inner product and semi-norm:
< u,v >Md:ef Z M (ur, — uk)(vy — Vi), [u] 1, m def Uy U >%12 .
0€Em (0=K|L) ¢

These inner products can be seen as discrete analogues to the standard H'-inner product, with, in the first
one, an implicitly assumed zero boundary condition.
For any function u € Hp(Q), we also define the following discrete H~!-norm:

/ uvde
def Q

lull—1,.m = sup .
veHM(Q), v#£0 HU”LM
By inequality (A.5), the || - ||-1,a-norm is controlled by the L?(2)-norm.

The discrete Laplace operators associated with homogeneous Dirichlet and Neumann boundary condi-
tions, denoted by A p(-) and A n(+) respectively, are defined as follows:

Vip € Hap(9),
_ 1 |o|
(AmN@W))k = 4 a_zK:lL 0 (YL — k), (A.6)
Ban(@)k = Ban@x + o 5 T ),
0€EtNE(K)
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The links between these operators and the above defined inner products is clarified by the following identities:

Vb € Hp(9), S K| Yk (Apms@)x =< 1,9 >pm
KeM

and S7 K] ¢ (D) k = 1, 9]
KeM

Finally, we suppose given a partition of the interval (0,7"), which we assume regular for the sake and
simplicity, with t° =0,...,t" =nét,...tV =T.

A each time t,, an approximation of the solution (u™, ¢™) € Haq(2) x Haq(Q2) is given by the following
finite volume scheme:

VK € M,
. “?{H — Uk n+l n+1 n+1\3 n
() T A )i+ i (g - g =0, (A7)
(i) Ot = (Amn (")) k — (Wi =0.

In the first equation, the term u# is discretized as |u?gr1 (u?jl)g to ensure positivity (see proof of Proposition
A.2.1 and Remark A.2.2 below). The scheme is initialized as follows:

VK e M, u% = %/Kuo(x) dx (A.8)

and ¢ is given by (A.7)-(ii), where we set n + 1 = 0.

A.2 A priori L™ estimates, existence and uniqueness of the discrete
solution

We prove in this section the following result.

Proposition A.2.1.
1. The scheme (A.7) has a unique solution.

2. For 0 <n < N, the unknown " satisfies the following estimate:

4
VK e M, 0<¢h < nl
M soK_{gg;uL]

3. For 1 <n < N, the unknown u™ satisfies the following estimate:

VK e M, 0<uk< maxuzfl.
LeM

Proof. Step one: positivity of the unknowns.

We first observe that, from its definition (A.8) and thanks to the fact that ug is non-negative, u® is a

non-negative function. Let us suppose that this property still holds at time step n. We write the second

equation of the scheme (A.7) as:
4

ok — (Amx(¢™))k = (uk)™
This set of relations is a linear system for ¢™, the matrix of which is an M-matrix: indeed, from the definition
(A.6) of A n(+), it can be easily checked that its diagonal is strictly dominant and has only positive entries,

and all its off-diagonal entries are non-positive. Since the right-hand side of this equation is non-negative,
n

©™ is also non-negative. The first equation of the scheme (A.7) now can be recast as:
1 n+1 n+1\2 n+1 n+1 1 n n
5t lufe | (ue )| ug — (Amp "))k = S UK TPk (A9)

98
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This set of relations can be viewed as a matrix system for the unknown «™*! the matrix of which depends

on ™! but is also an M-matrix whatever u”*! may be. Since we know that ¢™ > 0, the right-hand side
of this equation is by assumption non-negative and so is u™*! too.

Step two: upper bounds.

Let @ be a constant function of Ha,(2). From the definition (A.6) of Ay n(-), we see that Ay n(@) =0
and the second relation of the scheme thus implies:

n+1 n+1

(" = @)k — (A (" = @)k = (W) — ¢k
n+1

Choosing for the constant value of @ the quantity (maxxem up )4 yields a non-positive right-hand side,
and so, from the above mentionned property of the matrix of this linear system, (¢"*! — @) <0, VK € M,
which equivalently reads:

ntl < nthd o yE . Al
Pk < (maxup)t, VK e M (A.10)
Let us now turn to the estimate of the first unknown u”t!. Let K{ be a control volume where v”*! reaches
its maximum value. From the definition (A.6) of Axqp(-), it appears that:
—(Amp (U)o > 0.

The first relation of the scheme reads:

1 n n n n n n

5 (uiht = ue,) = (Anap (™)) ko + [Juid ] (uidh)? — ¢, ] = 0. (A.11)

By the inequality (A.10), we see that supposing that u}‘(‘sl > maxgem ulf yields that the first and third

term of the preceding relation are positive, while the second one is non-negative, which is in contradiction
with the fact that their sum is zero.

Step three: existence of a solution.

Let us suppose that we have obtained a solution to the scheme up to time step n. Let the function F(-) be
defined as follows:

Reard(M) [0, 1] N Rcard(/\/l)’
(ur)Kem, @) —  (vk)kem such that:

1
VK e M, vk = 5 (ur —uk) = (Amp W)k + o [Jluk| (uk)® — %] -

The solution "1 of the first relation of the scheme is the solution to:
F((ui Y kem, 1) = 0. (A.12)

First, we observe that the function Fy, which maps R M) onto R M) and is defined by Fo((urx)xem) =
F((ur)rkem,0), is affine and one-to-one. Second, we see from their proofs that the estimates on u"*! proven
in step one and step two for & = 1 in fact holds uniformly for av > 0. The existence of a solution to (A.12)
then follows by a topological degree argument (see e.g. [3]).

Finally, the existence (and uniqueness) of the solution to the second equation of the scheme, which is a
linear system, follows from the above mentionned properties of the associated matrix.

Step four: uniqueness of the solution.

Let us suppose that the solution is unique up to step n and that there exist two solutions u™*! and v™*+!

to the first equation of the scheme. By the identity a* — b* = (a — b) (a® + a?b + ab?® + +b3), the difference
du = u™Tt — ™ T! satisfies the following system of equations:

1
VK € ./\/l, a 4 ((u’rll(-i-l)B 4 (u'rIL(+1)2v}z(+1 +u7}(+1(v%+1)2 + (,U;L(-H)B) 5UK

—(Amp(u))k = 0.
n+1 n+1

Since we know from the precedent analysis that both v} and v are non-negative, this set of relations
can be seen as a matrix system for du the matrix of which is an M-matrix; we thus get ju = 0, which proves
the uniqueness of the solution. O
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Remark A.2.2. We see from Relation (A.9) that the discretization of u? as a product of a positive quantity
(here |[u"*1|P) and (u"*t1)? (where p + q = 4) with ¢ odd (i.e. g = 3 or ¢ = 1) is essential to prove the
non-negativity of u”*!; note that we have indeed observed in practice some (non-physical) negative values
when this term is discretized as (u"*1)%.

A.3 Convergence to a solution of the continuous problem

Let Hp be the space of piecewise constant functions over each K x I, for K € M and I"™ = [t", t"*1), 0 <
n < N — 1. To each sequence (u™)p—o,n of functions of Ha((f2), we associate the function v € Hp defined
by u(z,t) = u(x) for " <t < t"*1 0 <n < N — 1. In addition, for any u € Hp, we define d; p(u) € Hp
by 0t p(u)(x,t) = Opp(u)(z) for " < t <"1 0 < n < N — 1 where the function ; p(u)" € Ham(9) is
defined by:
det w1 (2) — u"(x) gt — u

& (ie. Bup(u)l = K"K vy e pm).

0.p(u)" (2) -

For any function u € Hp, we define the following norms and semi-norms:

N

def
lalao oy, 08 S 2 ur
n=0

def .
e
H“Hi%o,T;HXj) = 0t Z ™21t
n=0
def al
€
[ulteo,rsmy,) = O > "R -
n=0

The norms || -[|2(0,7; 11,) and |- [2(0,7, 11,) can be seen as discrete equivalents of the L2(0,7; HY())-norm,

and | - [l o7, 1y} may be considered as a discrete L2(0,7; H~1(Q))-norm.

The following result provides estimates of the solution to the considered scheme.

Proposition A.3.1 (Estimates in energy norms). Let u and ¢ be the functions of Hp associated to
(u™)o<n<n € Hm(Q)N T and (9™)o<n<n € Hm(Q)NHL respectively, themselves being given by the scheme
(A.7) and the initial condition (A.8). Then the following estimate holds:

||U||L2(0,T;H1 y + Hat,D(u)Hm oruhy t H@HLZ((O,T)XQ)
M O3 HM) (A.13)

+|‘P|L2(O,T;H}M) + ||6t,D(90)||L2((0,T)xQ) < Ce,

where the real number ¢, only depends on ), the initial data uo(-) and (as a decreasing function) on the
parameter Opq characterizing the regularity of the mesh, defined by (A.2).

Proof. First, we recall that, by a standard reordering of the summations, we have, for any function u €

= > K[ uk (App@)x = [ullf ps = Y 1K uk (Anen ()i = [uff o
KeM KeM

Multiplying by 2t | K| u%t" Equation (A.7)-(i), using the equality 2a (a —b) = a® + (a — b)? — b?, summing
over each control volume of the mesh and using the first of the preceding identities yields, for 0 < n < N —1:

lu" M [ Z2 0y + lu™ ™ = w720y = 0”720y + 26t [0 q

+2 6t /(u”+1)5 de =26t / e"u" T dee.
Q Q
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By Proposition A.2.1, u"*! is non-negative and % < i3, VK € M, where i stands for maxpe g v and
is thus bounded by the L°°-norm of on the initial data ug(-). Therefore, we get:

™+ 2y — a2y + 26 [un 12 o < 2688 [ wH dz.

By Cauchy-Schwarz’ inequality, Young’s inequality and the discrete Poincaré inequality (A.5), we thus
obtain:
a2y = U™ 22y + 6t [lu T pq < 6t 192 diam(€2)* a@g.

Summing fromn =0ton =N — 1, we get:

N
Il Z 20y + D bt lulF pe < T 190 diam()? ag + [[ul|72 (o

n=1

Since, by assumption, ug € H§(€), the discrete H' norm of u, ||u®||1 o is bounded by ¢[lug||n1 () where
the real number ¢ only depends on  and, in a decreasing way, on the parameter 4 characterizing the
regularity of the mesh (see e.g. Lemma 3.3 in [7]). Together with the preceding relation, this provides the
control of the first term in (A.13).

We now turn to the estimate of [|0,p(u)|l2( 1, H): Let v be a function of Ha(Q2); multiplying by
|K| vk the first equation of the scheme (A.7)-(7) and summing over K € M, we get for 0 <n < N — 1:

Orp(u)" vde = —[u" T v)a — / [(u”+1)4 — "] vde.

Q Q

By the fact that, as both (u"*1)* and ¢™ are non-negative functions bounded by g, the difference is itself
bounded by g, using the Cauchy-Schwarz inequality and the discrete Poincaré inequality (A.5), we get:

[ dutuy vde < [l ae+ af 192 diamn(D)] 1ol v,
Q
and so:
190 (w)" | -1,p0 < ™ {100+ 5 1212 diam(€2),
which, by the bound of ||ully2(o.7;m1,), yields the control of the second term in (A.13).

As far as ¢ is concerned, the second equation of the scheme (A.7)-(4¢) and the initialization (A.8) yields
for 0 <n<N:

16 2y + 0" B < /Q i o da.

Thus, by Young’s inequality, we get:

1 1.

e By + "B < 5 101
Multiplying by 6t and summing over the time steps, this provides the estimates of |¢|[12(0,7yxq) and
lelL2 0,7 m1 ) we are searching for.

To obtain a control on d¢ p(¢), we need a sharper estimate on d; p(u). Our starting point is once again
Equation (A.7)-(i), which we multiply this time by |K| 9;,p(u)" before summing over K € M, to get for
0 <n < N — 1, once again by the identity a®> — > < a® + (a — b)?> — b?> = 2a(a — b) and invoking the
Cauchy-Schwarz inequality:

10e,(w)" |72 + (™13 = ™ l1F a) < 1912 a5 11000 ()" 220,

26t
so, by Young’s inequality:

10e,0(w)" 720y + 57 (™ FHT e = 115 a0) < 192 5.
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Multiplying by 6t and summing over the time steps yields:
1060122 (0,7 x) + W™ 1T 0 < QAT TG + 6”13 s (A.14)

which provides an estimate for [0, p(u)||£2((0,7)x0). Taking now the difference of the second equation of the
scheme (A.7)-(ii) at two consecutive time steps and using (A.8) for the first one, we obtain for 0 <n < N—1:

VK € M, I p(P)k — (ArmN(9p(9)")) K ot

— [(u’}z{-ﬁ-l)B + (un+1)2 n +u"+1 (UK)2 + (u}z()ﬂ atﬁp(u)}z(
Multiplying by |K| 0¢,p(¢)% over each control volume of the mesh and summing yields:

10:0(2)" 172 () + 1060()" [} 1 < 455 100.0(w)" [ L2() [100.0(9)" 220,

which, using Young’s inequality, multiplying by ¢ and summing over the time steps yields the desired
estimate for ||9¢,p ()|l £2((0,7)xq), thanks to (A.14). O

We are now in position to prove the following existence and convergence result.

Theorem A.3.2. Let (u("™)en and (9"™)men be a sequence of solutions to (A.7) with a sequence of
discretizations such that the space and time step, h(™) and §t'™) respectively, tends to zero. We suppose
that the parameters 0,,wny characterizing the regularity of the meshes of this sequence are bounded away
from zero, i.e. Opymy >0 >0, Vm € N. Then there exists a subsequence, still denoted by (u(m))meN and
(™) men and two functions @ and p such that:
1. u™ and ¢ tends to & and @ respectively in L2((0,T) x Q),
2. @ and ¢ are solution to the continuous problem (A.1) in the following weak sense:
@€ L((0,7) x 2) NL2(0,T; HY(Q)), & € L=((0,T) x ©) N L2(0, T; H!(2)
and:

/OT/ [_5_¢a+vu Vi + (@' —@)lﬂ] dwdt:/glﬂ(x,O)uo(x)dm,

(A.15)
Vi € C2([0,T) x ),

/ /Q (3 —@") Y+ V- V] dedi =0, Vip € C2([0,T) x Q).

Proof. The following estimates of the space translates can be found in [4], Lemma 9.3, p. 770 and Lemma
18.3, p. 851:

Vo € Hpyy, Vn € RY,
[0 +n) = 0|72 (may < N0l aq [0l [In] + ()R],
[0 +m) = 0C)T2gmey < [0l [I01T a1 (1] +2R) + 2109 [0l o)) -

where © stands for the extension by zero of v to R? and the real number ¢(Q2) only depends on the domain.

For m given, let (™) and ¢(™) be the functions of L> (R x R) obtained by extending u(™) and (™ by
0 from © x [0,T) to R? x R. The estimates of Proposition A.3.1 of [[u(™||y2(o 7. m 1) and o™ L2 0.7, 1 1)
together with the L>°-bound for ¢(™), thus allow to bound independently of m the space translates of u(m)
and $(™ in the L2((0,T) x Q)-norm. In addition, Theorem A.a.2 applied with || - ||. equal to || - |l1,m
for w(™ and with || - |[. equal to || - ||r2(q) for (™), together with the estimates of [lu(™ HL2(0T HL, )
”at’D(u)(m)HLQ(O,T; L) llell 20,10y and [|0: p(@)llL2((0,1)x) of Proposition A.3.1 allows to bound the
time translates of 4™ and $(™), still independently of m and in the L2((0,7) x Q)-norm. In addition, by
Proposition A.2.1, the sequences (4(™),,cn and ($(™),,en are uniformly bounded in L°((0,T) x £2), and
thus in L2((0,7) x Q). By Kolmogorov theorem (see e.g. [4], Theorem 14.1, p. 833), these sequences are
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relatively compact and strongly converge in L2((0,T) x Q) to, respectively, 4 and ¢. Moreover, the uniform
bounds of Hu(m)HLz(Qﬂ m1 ) and |<p(m)|L2(01T;Hh) prove, by Theorem 14.2 and Theorem 14.3, p. 833 and
p.834, in [4], that @ and ¢ lie respectively in L*(0,7; Hy(2)) and L?(0,T; H'(2)).

To prove that @ and ¢ are solution to the continuous problem, it remains to prove that (A.15) holds. This
proof is rather standard (see e.g. the proof of Theorem 18.1 pp. 858-862 in [4] for a similar, although more
complicated, problem) and we only give here the main arguments. Let ¢ be a function of C([0,T) x Q).
We define 9% by ¢ = (v, t"). Multiplying the first equation of (A.7) by &t |K| 7" and summing up
over the control volumes and the time steps, we get for any element of the sequence of discrete solutions:

Z 3 ot K| gyt [u " UK (A pp @)k + (@) — ol
n=0 KeM
=T +T,+ 15 =0,

where, for enhanced readability, the superscript (™) has been omitted and:

N—
— Z Z |K| ,L/Jn-',-l n+1 1}(],
n=0 KeM
N-1
T, = > =0t K[ it (A ™)k,
n=0 KeM
N-—1
Ts = Z D StIK] Rt [(uith)t = o]
n=0 KeM

Reordering the summations and using the fact that ¢(-,T) = 0, we get for T}:

I = Z K| T/JKUKJFZ Z K| upe [vk — ¢

KeM n=1 KeM
The first term of the right hand side reads:

TM:—/Q o(z) ¥(z,0) d +Z/ uo(z) — u%) 1(z,0) da

KeM

+ Z |K| ul% {|K|/ P(x,0) de — Y(zg,dt)| .

KeM

Ry

On one hand, u° converges to ug in L' and (-, 0) € C2°(2), so the second term of T; ; tends to zero with
h; on the other hand, since u% <@g, VK € M and, from the regularity of ¥, |Ry| < ¢y (6t + h), the third
term of 71 ; also tends to zero with d¢ and h. Let us now turn to the second term in the expression of 77:

Tufz SR ufe [ — vt = /&/ u(w, t) :ct)dmdt

n=1 KeM
+Z > 6K ul (Ry)k

n=1 KeM
withr: .
1" Plar, ") = Ylak, )
Ry)% t) de dt — ’ ’
(Bo)ic = 5t|K| Jin at (z,¢) da 5t ’

and thus |(Ry)%| < ¢y (6t + k). Since u} < g, VK € M and 0 <n < N, we get:

T1—>—/u0(x) (z,0) d:c—/ / (x,t) xt)d:cdt as m — oo.
Q
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Reordering the summations in 75 and using the fact that ¢ (-,T") = 0, we obtain:

N-2
Ty=3 3 —ot|K|uf (Aup ™)k

n=0 KeM

T N-2
:*/& /Qu(:c,t) Ap(x,t) de dt + Z Z —0t | K| ulit! Z lo| (Ry)™ ",

n=0 KeM ocE(K)

where the residual term (Ry)7"! is the difference of the mean value of V4 - n over o x (t"*1,¢"*2) and its
finite volume approximation. The fact that the second term in the right hand side of this relation tends
to zero is thus a classical consequence of the control of [|ul[12( 7, n1,) and the consistency of the diffusive

fluxes (Ry)2T! (see Theorem 9.1, pp. 772-776, in [4]) and yields, as @ is known to belong to H{(€2):

T
Ty — / Vi(z,t) - Vi(z,t) de dt as m — oo.
0o Jo

Finally, T3 reads:
T
T = / / W) [ulz, ) — oot — 6t)]
ot Q
N

SN YT St IR [l - o] (R

n=0 KeM

withr:
tn+2

1

R n+1:
(o )i SEIK] Jinia

[ vt dedt = o),

K

The second term tends to zero by the L>®-estimates for u and ¢ and the regularity of 1. Since u(™ tends
to @ in L2((0,T) x Q) and is bounded in L>((0,T) x ), u{™) converges to @ in L(0,T; LP(Q)), for any
p € [1,+00); in addition, from the time translates estimates, ¢(™)(-, - — §t) also converge to . We thus get:

T
T3 — / Y(z,t) [a(z,t)* — @(z,t)] dedt as m — oo.
0o Jo

Gathering the results for Th, T» and T3, we obtain the first relation of (A.15). The second relation is
obtained using the same arguments; the convergence of the diffusion term in case of Neumann boundary
conditions poses an additional difficulty which is solved in Theorem 10.3, pp. 810-815, in [4]. O

The uniqueness of the solution to the problem under consideration is left beyond the scope of the present
paper. Note however that such a result would imply, by a standard argument, the convergence of the whole
sequence to the solution.

A.4 Conclusion

We propose in this paper a finite volume scheme for a problem capturing the essential difficulties of a
simple radiative transfer model (the so-called P; model), which enjoys the following properties: the discrete
solution exists, is unique, and satisfies a discrete maximum principle; in addition, it converges (possibly up
to the extraction of a subsequence) to a solution of the continuous problem, which yields, as a by-product,
that such a solution indeed exists. For the proof of this latter result, we state and prove an abstract estimate
allowing to bound the time translates of a finite volume discrete function, as a function of (possibly discrete)
norms of the function itself and of its discrete time derivative; although this estimate is underlying in some
already available analysis (see chapter IV in [4], [5] or [6]), this formulation is new and should be useful
to tackle new problems. Variants of the presented numerical scheme are now successfully running for the
modelling of radiative transfer in the ISIS free software [8] developed at IRSN and devoted to the simulation
of fires in confined buildings (see [1]), as nuclear power plants.
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A.a Estimation of time translates

The objective of this appendix is to state and prove an abstract result allowing to bound the time
translates of a discrete solution. We begin by a technical lemma.

Lemma A.a.l. Let (t")o<n<n be such that t9 =0, t" =ndt, tN =T, 7 be a positive real number and

X¥: R — R be the function defined by x™(t) =1 if t <t™ <t+ 7 and x*(t) = 0 otherwise. Then, for any
family of real numbers (o, )n=1,§ and, respectively, for any real number t, we have the following identities:

o [Z T ] at = TZ%

N

(i4) /t o [Z ] ds < 7.

Proof. The function x”(t) is equal to one for ¢ € [t" — 7, t"), so we have:

/[z ] i = zan [

To obtain the inequality (i7), we remark that ¢t € [t" — 7, ¢™) is equivalent to t — t" € [—7, 0) and so
X2(t) =1 is equivalent to x2(¢t — ¢") = 1 (under the assumption t* = 0). We thus have:

N

/tt+6t lZIX?(S)] ds = Z/t o s)ds < /RXQ(S) ds — .

We now introduce some notations. Let Hp,(2) and Hp be the discrete functional spaces introduced in

section A.1 and A.3 respectively. We suppose given a norm || - ||. on Ha(Q2), over which we also define the
dual norm || - ||* with respect to the L2-inner product:
/ uvde
Yu € Ha (), [l def sup S
vEH M (), v#£0 ||UH*

These two spatial norms may be associated to a corresponding norm on Hp as follows:

Vu € Hp, u = (u")o<n<n, ”u”iz(O,T;H*) = Z& [[u"I2,
N—-1
2
and lullfziom ey = D 0t a2
n=0

We are now in position to state the following result.

Theorem A.a.2. Let u be a function of Hp and 7 a real number. We denote by @ the extension by zero of
u to R x R. Then we have:

la(-, - +7)—a(, )HL2(RdXR) T 2||u||iZ(O,T;H*)

JFE Hat,D(u)H%%o,T; p+) 12 HUH%OO(O,T; L2(Q))
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Proof. Let u be a function of Hp and ¢ € R. Let 7 be a real number that we suppose positive. The following
identity holds:

(et 1) =) = x3(8) u’ + Z_ X [u" = = () u

For s € R we define n(s) by: n(s) = —1if s < 0, n(s) is the index such that t**) < s < t"()+1 for
0<s<tV ns)=N+1fort>tV. Let ng(t) and nyi(t) be given by ng(t) = n(t), n1(t) = n(t + 7).
We adopt the convention u~! = v/ = 0. With this notation, we have for u(-,t +7) — u(-,t) the following
equivalent expression:

u(-t+7) —u(,t) = um® — gy

and thus:
/ [u(z,t +7) —u(x, ) de =
Q

N-—1
/ [u”l(t) _ u"‘)(t)} [x?(t) W) [ur —u ] = XY (1) N da
Q n=1

Developping, we get:
/ [u(z, t+7) —u(z,t)]? de = Ty () + Ta(t) + Ts(t)
Q

withr:

{u"l(t) — u”“(t)} u de,

Th(t) = NZ Xf(t)/Q [u”l(t) — u”“(t)} [u" — "] de,

Is(t) = 7XJTV(t)/ {u"l(t) — U”O(t)} uN-1de.
Q

We first estimate the integral of Ty (t) over R. Since x2(¢) is equal to 1 in the interval [—7,0) and 0 elsewhere,
and since u™(*) = 0 for any negative t, we get:

0
/T1(t) dt = / / w® 0 de dt < 7 HuHim(O,T;Lz(Q)).
R —7JQ

By the same arguments, we get the same bound for the integral of T5(t):

/RT3(t) dt <7 [[ullfe 0.7 120

From the definition of the || - |* norm, we get:
N1
To(t) <6t Y xr(t) [0p() 7 @ —wr @],
n=1
and thus, by Young’s inequality:
= 1 2
1) <80 3 00 |5 100" I 4 O+ a2
n=1

Integrating over the time, we get:

/ Ty(t) dt < Toy + Ton + T3,
R
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where the term T% 1 reads and, by Lemma A.a.1 (Relation (7)), satisfies:

N—
T =% / ZxT B 0 Y dt Z ot |19r,p(w)"

|0¢,p(u) ||L2(0,T; H*)

N3 l\DI‘]

<
Since u™®) = ™ for t™ < t < t™*1!, the term T» o reads and satisfies, once again by Lemma A.a.1 (Relation
gmH1l N—1 N-1
Tr0 = 5t [/ Z X7 (t dt] Ju™Z <7 Z ot lu™|? =7 HUHL2(0 T;H.)"

m=0

Finally, u™*®) = 4™ for t™ — 7 <t < t"*t! — 7, and thus, by the same argument:

tmtl_r N—1 N-1
Tp3 =0t Z l/ Z X7 (t dt] [u™F <7 Z 8t lu™12 =7 llullao.7:m.)-

m=0

This concludes the proof for positive 7. The case of negative 7 follows by symmetry. O
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A FINITE VOLUME STABILITY RESULT FOR THE CONVECTION
OPERATOR IN COMPRESSIBLE FLOWS
...AND SOME FINITE ELEMENT APPLICATIONS

G. ANSANAY-ALEX*, F. BABIK*, L. GASTALDO*, A. LARCHER*, C. LAPUERTA*,
J-C.LATCHE* AND D. VOLA*

Abstract.In this paper, we build a L2-stable discretization of the non-linear convection term in Navier-
Stokes equations for non-divergence-free flows, for non-conforming low order Stokes finite elements. This
discrete operator is obtained by a finite volume technique, and its stability relies on a result interesting
for its own sake: the L2-stability of the natural finite volume convection operator in compressible flows,
under some compatibility condition with the discrete mass balance. Then, this analysis is used to derive a
boundary condition to cope with physical situations where the velocity cannot be prescribed on inflow parts
of the boundary of the computational domain. We finally collect these ingredients in a pressure correction
scheme for low Mach number flows, and assess the capability of the resulting algorithm to compute a natural
convection flow with artificial (open) boundaries.

* Institut de Radioprotection et de Streté Nucléaire (IRSN), BP3 - 13115 Saint-Paul lez Durance Cedex, [guillaume.ansanay-alex,

fabrice.babik, laura.gastaldo, didier.vola, aurelien.larcher, celine.lapuerta, jean-claude.latche]@irsn.fr

Introduction

Let p and u be a scalar and a vector smooth function respectively, defined over a domain  of R, d = 2
or d = 3, and such that the following identity holds in 2:

% +V-(pu)=0 (B.1)

Let z be a smooth scalar function defined over €). Then the following stability identity is known to hold:
Opz 1d 5 1 9
—+V~pzu}z—— pz +—/ pZu-n B.2
/Q [ ot ( ) 2.dt Jq 2 Jon (B.2)

Where p stands for the density and w for the velocity, equation (B.1) is the usual mass balance in a variable
density flow. Choosing for z a component of the velocity, equation (B.2) yields the central argument of the
kinetic energy conservation theorem.

In this paper, we first derive a finite volume analogue of relation (B.2); the statement of this stability
estimate is the object of section B.1. Then, in section B.2, we show how this result may be used to
build a L2-stable convection operator for the Rannacher-Turek [8] or Crouzeix-Raviart [4] low order non-
conforming Stokes finite elements, switching for this term from the finite element discretization to a finite
volume approximation based on a dual mesh; note that a similar technique is implemented in [1, 6] for the
solution of convection-diffusion type equations (so with a known continuous velocity field), however for a
different purpose, namely to satisfy a discrete maximum principle. This discretization is applied to solve
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the balance equations of the asymptotic model for low Mach number flows, which reads:

E)(g)—t"Jrv (pu@u)+Vp—V-7(u)=f,
9 (B.3)
E+V (pu)=0

where p stands for the pressure, 7(u) is the shear stress tensor and f, is a forcing term. The density p is
supposed to depend on a state variable of the fluid (e.g. the temperature, the composition. ..but not the
pressure) which is solution to an additional balance equation. For this problem, we show in particular how
the necessity to control the terms which arise in the kinetic energy balance under the form of boundary
integrals, both from the second term at the right-hand side of (B.2) and from the integration by parts of
the divergence of the stress tensor, suggests a boundary condition for artificial boundaries. This latter has
been implemented in the ISIS code developed at IRSN, with the purpose to allow this open-source CFD tool
to cope with the simulation of fires in an open atmosphere; it is assessed in section B.4 against a natural
convection model problem.

B.1 A finite volume result

Let a finite volume admissible mesh M (in the sense of [5], Chapter 3) of the computational domain
Q) be given. This mesh is composed of a family M of control volumes, which are convex disjoint polygons
(d = 2) or polyhedrons (d = 3) included in © and such that Q = (J, 1, K. For each neighbouring control
volume L of K € M, o0 = K|L denotes the common edge or face of K and L. The sets Eing, Eoxt and E(K)
stand respectively for the internal edges or faces (i.e. separating two control volumes), the external ones
(i.e. included in the boundary) and the edges or faces of the control volume K. By |K| and |o|, we denote
hereafter the d— and (d — 1)— dimensional measures of K € M and o € &, respectively.

Let (p3)xem and (px)rxem be two families of positive real numbers satisfying the following set of
equations:
K|

VK€M, = (px = pi) + > Fox=0 (B.4)
c€e&(K)

where F,, i is a quantity associated to the edge o and to the control volume K; we suppose that, for any
internal edge 0 = K|L, F, gk = —Fy, . Equation (B.4) may be seen as the finite-volume counterpart of the
continuous mass balance (B.1).

Let (23 )kem and (zx)kem be two families of real numbers. For any internal edge or face o = K|L,
we define z, either by z, = %(ZK +z1), or by z, = zx if Fy x > 0 and z, = z1, otherwise. The first choice
is usually referred to as the "centered choice", the second one as "the upwind choice" with respect to the
quantity F, k. For an external edge or face, if F, x > 0, we suppose that z, = zx (i.e. that the upwind
choice is made, which seems to be the only natural possibility in this case), and if F,, x < 0, we suppose that
Z, is given by a relation which we do not need to precise for the moment. Then we can state the following
stability result.

Theorem B.1.1 (Stability of the convection operator). With the above definitions, the following stability
estimate holds, for both the centered or upwind choice for the quantities zy:

ZZ (PK 2K — PI 2K) Z Forxzo| 2
KeM o€E(K) (B.5)
12@[[,22 p *2]+1 S B 2
2 5t [PEAK TPKEK [T oK
KeM 0E€Eext
(o€ (K))

In the case of a velocity vanishing on the boundary of the computational domain, a proof of this result
can be found in [7].
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B.2 A convection operator for low-order non-conforming finite el-
ements

We now turn to the discretization of Navier-Stokes equations (B.3) by a low-order mixed finite element
method.

B.2.1 Discretization spaces

We now suppose that the control volumes are either convex quadrilaterals (d = 2), hexahedra (d = 3) or
simplices. In the first case, the spatial discretization relies on the so-called "rotated bilinear element" /Py
introduced by Rannacher and Turek [8] (RT in the following); for simplicial meshes, the Crouzeix-Raviart
clement [4] (CR in the following) is used. The reference element K for the RT element is the unit d-cube
(with edges parallel to the coordinate axes); the discrete functional space on K is Ql(lA( )4, where Ql(lA( ) is
defined as follows:

Qi(K) = span {1, (2;)i=1,..a, (&7 — 27 11)i=1,....d—1}

The reference element for the CR element is the unit d-simplex and the discrete functional space is the
space P; of affine polynomials. For both velocity elements used here, the degrees of freedom are determined
by the following set of nodal functionals on the discrete velocity space:

{¢o,i, 0 € E(K),i=1,....d}, @U,i(v):|a|_1/vid7

The mapping from the reference element to the actual one is, for the RT element, the standard (1 mapping
and, for the CR element, the standard affine mapping. Finally, in both cases, the continuity of the average
value of discrete velocities (i.e. , for a discrete velocity field v, ¢, ;(v), 1 < i < d) across each edge or face
of the mesh is required, and, as usual in finite elements methods, Dirichlet conditions are built-in in the
approximation space, thus the discrete space W, is defined as follows:

Wy = {v,eL?()?: vy|x € W(K), VK € M;
¥e,i(vp) continuous across each edge o € &g, 1 <1 < d;

os(vn) = |o|*1/uD,idw, Vo € Euup, 1<i<d)

where W (K) is the discrete functions space on K, Eext p is the set of the external edges included in the part
of the boundary where the velocity is prescribed and up is this prescribed velocity. From this definition,
each velocity degree of freedom can be associated to an element edge. Hence, the set of velocity degrees of
freedom may be written as {vy;, 0 € £\ Eext,n, 1 < i < d}. We define v, = Zle Vo, e where e is the
it" vector of the canonical basis of R,

For both RT and CR discretizations, the pressure is approximated by piecewise constant functions. The
same approximation is used for the density.

B.2.2 A convection operator

The natural finite element method for RT and CR elements cannot be L2-stable; indeed, the derivation
of a stability estimate of the form of (B.2) involves integrations by parts, which, because of the non-
conformity of the discretization, makes uncontrolled jumps across the edges (d = 2) or faces (d = 3) of the
elements appear. We thus approximate both the unsteady term (i.e. dpu/dt) and the convection term (i.e.
V- pu ® u) by a finite volume discretization, using for control volumes a dual mesh. From the definition of
the velocity degrees of freedom v, a control volume for each of these latter must be associated to an edge
or a face 0. For 0 € &y, 0 = K|L, this dual cell is defined as the union of the two cones of common basis o
and vertices xx and xj, respectively, where xx (resp. zr) is the mass center of K (resp. L), see figure B.1;
for 0 € Eext \ Eext,D, the cell is restricted to the cone included in the adjacent primal control volume. For
each considered o, the corresponding dual cell is denoted by D, and called in the following the "diamond
cell associated to o".
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For simplicial or parallelepipedic meshes, an important property is that |D,|, the measure of D,, is
also the integral over €2 of the shape function associated to o, which shows that the definition of this cell
is in some sense consistent with the results of a classical mass lumping of the unsteady term. This is the
discretization used here.

K

Do £e&(D,

Dr o
cee) vV

i o E(K)
Figure B.1: Diamond-cells for the Crouzeix-Raviart and Rannacher-Turek element.

Making use of a finite volume technique for the term V - pu ® w with the goal of applying theorem
B.1.1 raises the problem to approximate the fluxes on the edges of the diamond cells in such a way that the
discrete mass balance (B.4) holds. Indeed, as pressure discrete functions are piecewise constant over the
primal cells, the mixed finite element formulation yields a finite-volume-like discrete mass balance based on
the primal mesh, and not on the dual one. For the CR element, it may be seen that evaluating the mass
flux on the boundary of the diamond cell 0D, from the mass fluxes at the edges or faces of the primal mesh
through the finite element expansion makes the mass balance hold on D, also. The proof of this elementary
result relies on the fact that the divergence of a discrete velocity is constant over each primal cell. This
result is extended to RT elements on parallelepidedic meshes by designing a specific interpolation, such that
the divergence of the reconstructed mass flux field is also constant mesh-by-mesh [2].

B.3 A pressure correction scheme for low Mach number flows with
open boundaries

On the basis of the preceding developments, we now derive a pressure correction scheme for the solution
of system (B.3). The first equation, usually referred to as the velocity prediction step, consists in solving for
a (non-divergence free) tentative velocity the momentum balance equation with the explicit pressure (i.e.
the pressure at the previous time step); the convection term is linearized, by taking the explicit velocity
as advective field. In variational form, this discrete equation consists in searching @"™' € W, such that,
Vv e Wy:

1
a(pni’anrl o pn—lun, U)h + (V.hpn,&nJrl ® un7v)h

(B.6)
+a(@* ', v) +b(p", v) = (F* o)

In this relation, the bilinear forms a(-,-) and b(-,-) stand for the usual finite element discretizations of the
viscous dissipation and the pressure gradient term, respectively, and the right hand side f gathers the effects
of the forcing term and of the non-homogeneous Dirichlet boundary conditions. The notation (-, -); stands
for a discrete L? inner product defined by (v, w); = ZGGS\scxt,D |Dy| vo - wy, Yo € W), Yw € Wp,. The
discrete divergence operator is defined as described in the previous section:

n-n n 1 T, T ~Nn
(Veppa"™ @ u”), = Dyl > el (). (@t
7 eeg(Dy)
seg\Scxt,D

where |e| stands for the measure of a face or edge € of D,, and the centered choice is made for the

approximation of ﬁ?“ on internal bounds; the external edges or faces of the dual mesh are also the external
edges or faces of the primal one, and the approximation 112“ = ﬁZ“ is thus natural in this case. The

quantities (p"u"). are obtained, by the interpolation previously described, from the mass fluxes appearing
in the discrete mass balance at the previous time-step, because the mass balance at the current one is not
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solved at this stage of the algorithm: this is the reason of the time-shift of the density in this prediction
step (B.6).

The second step of the algorithm is a standard algebraic projection step, and is not detailed here.

We now turn to the derivation of an artificial boundary condition. The question that we address is
the following one: what could be a suitable condition for the inflow boundaries where the velocity is not
prescribed? A part of the answer may come from energy estimates: indeed, it seems reasonable to require
from this boundary condition not to lead to an unstable problem. A such energy estimate is obtained by
taking v = @™ in equation (B.6) (see [7] for this calculation), which yields, using the stability of the
discrete convection operator (theorem B.1.1):

% (prath et St TR ot T < % (p"tu, um)y + St T 4 ot Th!
The first terms in the left- and right-hand sides are the discrete kinetic energy at time ¢ = t"*! and ¢ = "
respectively. Combining this estimate with additional bounds derived from the projection step, the pressure
work term T&‘gsl would more or less cancel if the flow was incompressible and would provide a control of the
discrete time derivative of the elastic potential in the compressible case [7]. In the present case, this term
is unfortunately not controlled, because the low Mach number model does not appear to be energetically
consistent; we do not develop this point further here. The term TSH represents the contribution of the
forcing term and of the non-homogeneous Dirichlet conditions collected in "' and is obtained, as usual,
by absorbing the contribution of the test function @" 1! to the inner product (f™**, @"*'); in the viscous
dissipation term Tvnijcl. By theorem B.1.1, we get for the last term (recall that the boundary edges or faces
are the same for the primal and the dual cells):

1 -
Tiat< Y =3 lal (p"u")s (@), [
0E€Eext \Eext,D

+/ (@) n, —p"no] - w

The scheme thus will be stable if this term can be controlled by the boundary condition, which may be
obtained by replacing in the variational formulation (B.6), for the inflow edges or faces where the velocity
is not prescribed, the terms multiplying the test function v in the following expression:

1 i =~ n ~ N
5 1ol (" ue @) vt [ [r@ ) g - ] @

g

by a known quantity. This is consistent with the following continuous boundary condition:

f%pu~ngu+7(ﬁ)~ngfpng:f69 (B.7)
where the field f,, defined on 01, is a part of the data of the problem. For incompressible flows, a
theoretical study of the Navier-Stokes problem complemented with this condition can be found in [3, chapter
V]; the conclusion is that the problem is well-posed. Note that this operation may be realised very simply
in practice: for a concerned edge or face o, the integrals involving the stress tensor and the pressure are not
computed, the convection term is divided by 2 and the integral of f,q - v over o is added.

B.4 Numerical test: a natural convection flow with open bound-
aries

To assess the behaviour of the presented scheme, we address a natural convection flow with artificial
boundary conditions. For this test, system (B.3) is complemented by a standard energy balance, i.e. a
linear convection-diffusion equation for the temperature, which is solved by an usual finite volume method.

The geometry of the computational domain is sketched on figure B.2. The boundary conditions are the
following ones: on 09p, the velocity is set to zero and the temperature is fixed to 7" = 900° C; on 0f)g,
and 0fs,, the normal velocity is set to zero and a free slip is allowed, while the normal gradient of the
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Figure B.2: (a) computational domain, (b) streamlines and (c) isovalues of the temperature (7" = 400° C,
T =500°C, T =600°C, T ="700°C and T = 900° C)

temperature is set to zero; on the outflow part of GQI/O, a zero traction (T(u) ‘n—pn = 0) and a zero
normal temperature gradient are imposed; on the inflow part of 9Q;,0, the artificial boundary condition
(B.7) developed in the previous section is applied with f5q = 0 while the temperature is set to 7' = 300° C.
Note that the partition of 9€);/¢ in an inflow and outflow part is determined by the computation itself.

The fluid obeys the ideal gas law, with a constant equal to R = 287 and a constant pressure of 101325 Pa.
The viscosity is fixed at the value of 1.68107° Pa.s, the specific heat capacity under constant pressure is
given by ¢, = Rvy/(y — 1) with v = 1.4 and the Prandtl number is equal to 0.7. The width of the domain
is [ = 0.01 m and the height h is adjusted in such a way that the Rayleigh number, based on the height of
the heated part of the boundary, is equal to 10° (so h = 0.062m).

Results obtained with a 58 x 248 regular grid are sketched on figure B.2. The steady state is obtained
through a transient, starting from the initial condition w = 0 and T'= 300° C'. The flow enters the domain
on almost the whole part of 9,0, except in the left side of the top boundary.

In addition, computations with a Rayleigh number of 107 and 10% were performed. No instability was
seen during any of these runs. The essential effect observed when raising the Rayleigh number is a shrinking
of the velocity and temperature boundary layer near the left boundary. Finally, we conducted computations
with a larger domain; the obtained velocity and temperature profiles remain in remarkable agreement with
the initial results, which shows that this boundary condition does not perturb the flow in the zone of interest.
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Schémas numeériques pour les modéles de turbulence statistiques en un point

Résumeé : Les modéles de turbulence de type Navier—Stokes en moyenne de Reynolds (RANS) au premier
ordre sont étudiés dans cette thése. Ils sont constitués des équations de Navier—Stokes, auxquelles on adjoint un
systéme d’équations de bilan pour des échelles scalaires caractéristiques de la turbulence. L’évaluation de celles-
ci permet, grace a une relation algébrique, de calculer une viscosité additionnelle dite “turbulente”, modélisant la
contribution de 'agitation turbulente dans les équations de Navier—Stokes. Les problémes d’analyse numérique
abordés se placent dans le contexte d’un algorithme & pas fractionnaire constitué d’une approximation, sur
un maillage régulier, des équations de Navier—Stokes par éléments finis non-conformes de Crouzeix—Raviart,
ainsi que d’un ensemble d’équations de bilan de la turbulence de type convection—diffusion, discrétisées par la
méthode de volumes finis standard.

Un schéma numérique basé sur une discrétisation de volumes finis, permettant de préserver la positivité des
échelles turbulentes telles que ’énergie cinétique turbulente (k) et son taux de dissipation (&), est ainsi proposé
dans le cas des modeéles k — ¢ standard, k — e RNG et leur extension k — ¢ — v2 — f.

La convergence du schéma numérique proposé est ensuite étudiée sur un probléme modéle constitué des équa-
tions de Stokes incompressibles et d’une équation de convection—diffusion stationnaires, couplées par les vis-
cosités et le terme de production turbulente. Il permet d’aborder la difficulté principale de ’analyse d’un tel
probléme : I’expression du terme de production turbulente améne & considérer, pour les équations de bilan de
la turbulence, un probléme de convection—diffusion avec second membre appartenant a L.

Enfin, afin d’aborder le probléme instationnaire, on montre la convergence du schéma de volumes finis pour une
équation de convection—diffusion modéle avec second membre appartenant & L!. Les estimations a priori de la
solution et de sa dérivée en temps sont obtenues dans des normes discrétes dont les espaces correspondants ne
sont pas duaux. Un résultat de compacité plus général que le théoréme de Kolmogorov usuel, qui se pose comme
un équivalent discret du Lemme d’Aubin—Simon, est alors proposé et permet de conclure & la convergence dans
L' d’une suite de solutions discrétes.

Numerical schemes for one-point closure turbulence models

Summary: First-order Reynolds Averaged Navier—Stokes (RANS) turbulence models are studied in this the-
sis. These latter consist of the Navier—Stokes equations, supplemented with a system of balance equations
describing the evolution of characteristic scalar quantities called “turbulent scales”. In so doing, the contribu-
tion of the turbulent agitation to the momentum can be determined by adding a diffusive coefficient (called
“turbulent viscosity”) in the Navier-Stokes equations, such that it is defined as a function of the turbulent
scales. The numerical analysis problems, which are studied in this dissertation, are treated in the frame of a
fractional step algorithm, consisting of an approximation on regular meshes of the Navier—Stokes equations by
the nonconforming Crouzeix—Raviart finite elements, and a set of scalar convection—diffusion balance equations
discretized by the standard finite volume method.

A monotone numerical scheme based on the standard finite volume method is proposed so as to ensure that
the turbulent scales, like the turbulent kinetic energy (k) and its dissipation rate (£), remain positive in the
case of the standard k — £ model, as well as the k — e RNG and the extended k — ¢ — 9% — f models.

The convergence of the proposed numerical scheme is then studied on a system composed of the incompressible
Stokes equations and a steady convection—diffusion equation, which are both coupled by the viscosities and
the turbulent production term. This reduced model allows to deal with the main difficulty encountered in
the analysis of such problems: the definition of the turbulent production term leads to consider a class of
convection—diffusion problems with an irregular right-hand side belonging to L*.

Finally, to step towards the unsteady problem, the convergence of the finite volume scheme for a model
convection—diffusion equation with L! data is proved. The a priori estimates on the solution and on is time
derivative are obtained in discrete norms, for which corresponding continuous spaces are not dual. Conse-
quently a more general compactness result than the Kolmogorov theorem is proved, which can be seen as a
discrete counterpart of the Aubin-Simon lemma. This result allows to conclude to the convergence in L of a
sequence of discrete functions to a solution of the continuous problem.

Mots-clefs : Modeéles de turbulence, éléments finis de Crouzeix—Raviart, schémas volumes finis, probléme a
données L.
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