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Résumé

Dans une premiére partie, notre étude porte sur les milieux faiblement continus avec
une approche basée sur la géométrie non riemannienne. Nous considérons un corps solide
déformable modélisé par une variété riemannienne munie d’une connexion affine. Un tel
modéle est une extension d’un autre qui considére une connexion euclidienne, laquelle dé-
rive du tenseur métrique imposé par I’espace ambiant. L.a masse par unité de volume peut
étre supposée non constante et le corps peut contenir des défauts décrits par des champs
de discontinuité de champs scalaires ou de champs vectoriels définis sur la variété. Dans
ce cas, en plus du tenseur métrique, nous utilisons nécessairement la torsion introduite
par Cartan ou la courbure, deux tenseurs associés & la connexion affine. Nous disposons
ainsi d’'un modeéle de milieu continu du second gradient. Les investigations prennent en
compte les effets de ces champs tensoriels dans 'analyse de la déformation du corps.
Comme application, nous décrivons l'atténuation spatiale d’une onde propagée dans un
milieu non homogéne. Dans une seconde partie, notre étude porte sur une modélisation
de I'indentation Vickers du verre. Nous considérons un modéle qui utilise le schéma d’in-
clusion d’Eshelby dans une matrice semi-infinie, pour analyser les champs de contrainte
et de déplacement durant le processus de charge. L’objectif est de déterminer la densifi-
cation du verre sous I'indenteur. Les résultats semi-analytiques obtenus sont confrontés
de maniére positive avec des données expérimentales fournies par le LARMAUR.
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Abstract

In a first part, we deal with the weakly continuous media according to non Riemannian
geometry. We consider a solid body modelled by a Riemannian manifold endowed with
an affine connection. This model is an extension of the one which considers an Euclidean
connection, which derives from the metric tensor induced by the ambiant space. The
mass per volume unit may be assumed non constant and some defects, described by
discontinuity fields of scalar fields or vectorial fields defined on the manifold, may appear
in the body. In a such case, in addition of the metric, we necessary use the torsion
introduced by Cartan or the curvature, both tensors associated with the affine connection.
This corresponds to a second gradient continuum model. The investigations take into
account the effects of these tensor fields on the analysis of the deformation of the body. As
application, we describe the attenuation of wave propagation within a non homogeneous
body. In a second part, we deal with the modelling of the Vickers indentation of glass.
We consider a model which uses the schema of inclusion of Eshelby into a semi-infinite
matrix, to analyse the stress and displacement fields during the loading process. The
objective is to determine the densification of the glass beneath the indenter. The semi-
analytical results are positively compared with experimental data which are issue from
LARMAUR.
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Préface

Le concept de milieu continu occupe une place essentielle dans la mécanique des so-
lides déformables. En effet, sa simplicité (continuité des fonctions définies sur le milieu)
est un point de départ pour modéliser la déformation des solides mais ce type de mo-
délisation est souvent artificiel. Par exemple on observe dans les matériaux, a 1’échelle
microscopique, des micro-fissures qui accentuent la déformation, souvent irréversible,
de ces matériaux. Les micro-fissures générent une discontinuité dans l'organisation des
structures géométriques, observée en particulier dans les cristaux. On parle de disloca-
tions lorsque ces discontinuités sont repérables dans le circuit de Burgers. A ce sujet, la
description par les milieux simples de Noll, en 1958, est ainsi limitée par des phénomeénes
de discontinuité dans le matériau. La problématique suivante est de pouvoir modéliser
les discontinuités en généralisant les milieux simples de Noll.

A travers les siécles, le développement des concepts mathématiques, notamment en
géométrie différentielle, a fortement été stimulé pour les besoins de la mécanique. 11 est
courant de modéliser un corps solide par une variété différentielle et les imperfections du
milieu peuvent étre décrites au moyen des outils tels que le tenseur métrique (mesures
des angles et distances) et ses dérivées, et la connexion affine (outil approprié pour le
transport des champs tensoriels). La connexion n’est pas un tenseur mais elle définit
deux tenseurs fondamentaux : la torsion et la courbure. Notre attention portera sur les
travaux en géométrie différentielle de B. Riemann (1826-1866) et E. Cartan (1869-1951).
Généralement dans la géométrie de Riemann, la connexion affine utilisée est celle de
Levi-Civita, introduite dans le théoréme fondamental de Riemann. Celle-ci dérive du
tenseur métrique et la torsion associée est nulle. Un espace de Riemann est analogue
a un corps (solide) décrit par un milieu continu : les outils (métrique et connexion)
suffisent & décrire un point du corps et ses distances relatives par rapport & un autre
point. L’analogue du tenseur de déformation en élasticité est le tenseur métrique, et le
tenseur (symeétrique) de contrainte est alors la réponse a une variation de la métrique.
Les travaux de Cartan ont permis d’enrichir la géométrie de Riemann avec l'introduction
d’une torsion non nulle. Un espace de Cartan peut étre rebaptisé espace de Riemann-
Cartan. Il faut cependant distinguer deux types d’approches pour étudier et modéliser les
matériaux dits hétérogénes, par exemple avec des micro-fissures : 'approche riemannienne
et ’approche non-riemannienne. La différence se situe dans le choix d’une torsion non
nulle ou pas. Historiquement, on peut attribuer a Riemann la notion de courbure et &
Cartan la notion de torsion, définies & partir de la connexion affine.
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Une approche puissante de modélisation des milieux hétérogénes est le modéle des
milieux de Cosserat, publié en 1909 par les fréres Eugéne (1866-1931) et Frangois (1852-
1914) Cosserat. Le principe de cette approche est celui de considérer un corps déformable
comme un ensemble de granules (milieu continu) en mouvement les uns par rapport aux
autres. Au cours du vingtiéme siécle, cela constitua une vision originale, une source d’ins-
piration pour plusieurs avancées scientifiques en mécanique des milieux continus et en
science physique-mathématique des matériaux. Notamment cela fut le cas pour Cartan
dans le développement de la géométrie. Un espace de Riemann-Cartan peut étre réalisé
par un milieu généralisé de Cosserat. Une combinaison des points de vue de Cartan et
des fréres Cosserat a mené & de nombreuses investigations sur les milieux hétérogeénes,
dont une théorie dite du gradient. Dans cette théorie, la notion de gradient est associée
au tenseur de déformation (tenseur d’ordre 2). Il est courant de trouver dans la littéra-
ture la théorie du second gradient pour laquelle le gradient est associé au déplacement
(tenseur d’ordre 1). Cette approche est utilisée pour décrire les imperfections du maté-
riaux. Par exemple, en partant du circuit de Cartan, une classe de milieux faiblement
continus a été introduite par Rakotomanana (1997). Le corps solide est modélisé par une
variété riemannienne munie d’une métrique et d’une connexion affine compatible avec la
meétrique. Les discontinuités des champs scalaires et vectoriels sont définies en termes de
tenseurs de torsion et de courbure associés & la connexion affine. Une telle approche, non
riemannienne, nous conduit & un modéle de type second gradient. Une interaction avec
les milieux de Cosserat est également établie.

Dans ce travail de thése nous démontrons, au moyen des outils en géométrie différen-
tielle et en analyse tensorielle, des propriétés qui concernent un modéle de type second
gradient dans le cadre d’une approche non-riemannienne. Nous utilisons ensuite une ver-
sion adaptée de ce type de modéle pour étudier la propagation d’ondes élastiques dans un
milieu hétérogéne. Pour terminer, nous nous focalisons sur I’expérience d’indentation du
verre en présentant un modéle analytique qui utilise en particulier le schéma d’inclusion
d’Eshelby. Ces trois contributions seront détaillées & la fin du chapitre suivant.



Notations

Chapitres 1

B : continuum = differential manifold / variété différentielle
Ty B : tangent space of B at M / espace tangent & B en M
g : metric / tenseur métrique

— [, ] : Lie-Jacobi bracket / crochet de Lie-Jacobie

V : affine connection / connexion affine

V : connection of Levi-Civita / connexion de Levi-Civita
N : torsion / tenseur de torsion

R : curvature / tenseur de courbure

W : strain energy function / fonction d’énergie potentielle
E : strain tensor / tenseur de déformation

N : 1-form of Cartan / vecteur covariant de Cartan

- Ngaﬁ : constants of structure of Cartan / constantes de structure de Cartan

Chapitres 2

W : strain energy density / densité d’énergie potentielle

L : Lagrangean density / densité lagrangienne

E,p : Green-Lagrange strain components / composantes du tenseur de déformation
(Green-Lagrange)

Jgap : Cauchy-Green components / composantes du tenseur métrique (Cauchy-
Green)

Flﬁ : components of affine connection / composantes de la connexion affine

fgﬁ : components of connection of Levi-Civita / composantes de la connexion de
Levi-Civita

V2 =V oV : biconnection / biconnexion

FZ@ s Fgﬁfz ., - components of biconnection / composantes de la biconnexion
N 5 components of torsion / composantes du tenseur de torsion

%Zéﬁ)\ : components of curvature / composantes du tenseur de courbure

xiii



Xiv

Chapitre 3

p : mass density / masse volumique

Y : strain energy / énergie potentielle

Ao, o : Lamé constants / constantes de Lameé

3 : longitudinal velocity / vitesse longitudinale

c% : transversal velocity / vitesse transversale

¢ : velocity ratio / rapport de vitesses

o : stress tensor / tenseur de contrainte

€ : strain tensor in small deformations / tenseur de déformation en petites défor-
mations

u : displacement vector / vecteur déplacement

0 : angular rotation (example of Timoshenko beam) / vecteur rotation (exemple
de la poutre de Timoshenko)

No / No : 1-form of Cartan / vecteur de Cartan

N; / Ny : 1-form of Cartan (example of Timoshenko beam) / vecteur de Cartan
(exemple de la poutre de Timoshenko)

w : stop-pass frequency / fréquence de coupure

wy, : n eigenfrequency / n-iéme fréquence propre

M : Kummer function of first kind / fonction de Kummer de premiére espéce

U : Kummer function of second kind / fonction de Kummer de seconde espéce

Jn : n-order Bessel function of first kind / fonction de Bessel d’ordre n de premiére
espéce

Yr : n-order Bessel function of second kind / fonction de Bessel d’ordre n de seconde
espece

[\

Chapitre 4

B : characteristic of the plasticity-densification / parameétre caractéristique de la
plasto-densification

R : radius on the interface inclusion-matrix / rayon a l'interface inclusion-matrice
p : vertical uniform pressure / pression vertical uniforme

q : lateral uniform pressure / pression latérale uniforme

P : load of the indenter / charge de I'indenteur

0B : stress field of Boussinesq / champs de contrainte de Boussinesq

ub? : displacement field of Boussinesq / champs de déplacement de Boussinesq
o® : blister stress field / champs d’ampoule (contrainte)

u® : blister displacement field / champs d’ampoule (déplacement)

h : displacement of the indenter in loading configuration / déplacement de 'inden-
teur en configuration de chargement

AV : variation of the volume (densification) / volume densifié
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Chapitre 1

Introduction générale

Dans ce chapitre nous présentons une synthése sur l’étude des milieux continus gé-
néralisés par une approche géométrique. Nous rappelons quelques définitions basées sur
la théorie des variétés a connexion affine de E. Cartan (1923). Nous introduisons les
limitations des milieux simples de Noll (1958) avant de présenter la notion de milieux
faiblement continus introduite initialement par Rakotomanana (1997). Nous faisons le
lien entre le modéle des milieux de Cosserat (1909) et des exemples de lois constitu-
tives basées sur la théorie du second gradient. Nous terminons par indiquer dans quels
contextes se situe notre travail de thése et quels en sont les objectifs.

In this chapter we remind a synthesis of the generalized continuous media by a geometric
approach. We recall some definitons of the theory on manifold endowed with an affine
connection according to E. Cartan (1923). We introduce the limits of simple media ac-
cording to Noll (1958) before presenting the so-called weakly continuous media introduced
by Rakotomanana (1997). We deal with the link between the model of Cosserat (1909)
and the elastic constitutive laws based on the strain gradient theory. Finally the context
and the objectives of the thesis are mentioned.
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1.1 Géométrie et mécanique

Dans cette partie nous rappelons quelques outils en géométrie différentielle, le concept
de mécanique des milieux continus puis les milieux dits faiblement continus.

1.1.1 Rappels en géométrie différentielle

Considérons un espace vectoriel E de dimension quelconque et une variété différen-
tielle B plongée dans F. On désigne par Ty/B I'espace tangent en M € B et un champ
est une fonction (par exemple tensorielle) qui est définie localement en un point M € B.
Puis nous introduisons deux outils essentiels : un tenseur métrique g et une connexion
affine V. Nous rappelons qu’une métrique est un tenseur deux fois covariant symétrique
et inversible, c’est un outil qui permet de mesurer les distances et les angles. Nous rap-
pelons que E muni de g, (E,g), est un espace euclidien et que B muni de g, (B,g), est
une variété riemanienne. Nous définissons maintenant la connexion affine :

Définition 1.1.1 (Connezxion affine) Une connezion affine notée V est définie pour deux
champs de vecteurs quelconques :

V: (u, ’l)) eTyBxTyB — V,ve TMB, (1.1.1)

qui admet les propriétés suivantes (X et pu sont des scalaires, ¢ est un champ scalaire et
u(@) est la dérivée directionnelle de ¢ dans la direction du vecteur w)

AV v+ (Vv

Vui4pup U
Vau(Avy + pve) = AVyvr + puVyvo
Voutd = ¢Vyuv

Vy(pv) = oVuv+u(d)v

Le champ de vecteur Vv permet de calculer la valeur de v en un point M € B transporté
en un autre point M’ € B par le champ vectoriel u, [18] :

(1.1.2)

v(M') =v(M) + Vuav(M), (1.1.3)

Une connexion affine induit une dérivée covariante qui généralise la notion de dérivée
directionnelle dans une variété : Vv est la dérivée covariante de v selon u par rapport a
V. Plus généralement une connexion affine peut étre utilisée pour décrire la variation d’un
champ de tenseur sur une variété. Nous définissons maintenant le crochet de Lie-Jacobi :

Définition 1.1.2 (Crochet de Lie-Jacobi) Le crochet de Lie-Jacobi de deuz champs de
vecteurs (u,v) € Ty B X Ty B est un champ de vecteurs noté [u, v| et défini par (¢ est
un champ scalaire) :

[u, v](¢) = uo(¢) — vu(¢), (1.1.4)

uw est la dérivée de Lie de u par rapport o v, et vu est la dérivée de Lie de v par rapport
a u.
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Le crochet de Lie-Jacobi est un vecteur (tenseur d’ordre 1) mais la connexion affine n’est
pas un tenseur. On désigne par (ThyB)* le dual de Ty B et on définit deux tenseurs
associés a la connexion affine : la torsion et la courbure.

Définition 1.1.3 (Torsion) La torsion notée N est un tenseur d’ordre 3 défini pour
(u, v,w) € TyB x TyB x (TA{B)* :

R(u, v,w) = w (Vyv — Vyu — [u, v]) (1.1.5)

Définition 1.1.4 (Courbure) La courbure notée R est un tenseur d’ordre 4 défini pour
(u, v, w,w) € TyyB x TpyB x Ty B x (T B)* -

R(u, v, w,w) =w (VUV,,'w = VoVuw — Vi 'w) (1.1.6)

La Figure (1.1.1) qui suit, adaptée de [40], donne un interprétation géométrique de la
dérivée covariante (au sens de la connexion affine), du crochet de Lie-Jacobi et de la
torsion. Une interprétation en mécanique des milieux continus de la torsion et de la

Fia. 1.1.1 — Interprétation géométrique de la torsion : Deux champs de vecteurs u et v.
De tout point P, le transport paralléle de u et v le long de v ou u donne respectivement

ul et V. (a) = Vou, (b) = Vv, (c) = [u,v] et (d) = R(u,v). Cf [40].

courbure sera donnée plus loin.
La métrique g est imposée par I'espace ambiant F mais il y a une infinité de choix
pour la connexion affine V.

Définition 1.1.5 (Connexion compatible) Une connezion affine est compatible avec la
métrique si Vi [g(u, v)] = 0 pour tout champ de vecteurs u, v, w. On note Vg = 0.
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Nous rappelons le théoréme suivant :

Théoréme 1.1.1 (Théoréme fondamental en géométrie riemanienne) Dans tout variété
riemanienne (B,g), il existe une unique connexion affine compatible avec la métrique et
a torsion nulle. Cette connerion est appelée la connexion de Levi-Civita et notée V :

Vg=0, 8c =0. [18]

Définition 1.1.6 Soit une variété riemanienne B muni d’une connexion affine compa-
tible, [74] :
~g=cst (Vg=10), X =0, R =0 :B est un espace euclidien (equivalence affine
avec E).
~-Vg=0,"=0,R=00uR#O0 : B est un espace de Riemann (connexion de
Levi-Civita).
- Vg=0,N#£0,R=00uRF0 : B est un espace de Cartan.

Par abus de langage, une variété riemanienne, c’est & dire muni d’une métrique, et muni
d’une connexion affine mais qui n’est pas compatible avec la métrique est appelée un
espace non-riemanien. Dans la suite, nous aurons & distinguer le "cas riemanien"” du "cas
non-riemanien" dans les différentes approches de modélisation des milieux continus. Ce
qui distingue ces deux cas est le fait de considérer ou pas une torsion nulle.

1.1.2 Milieu continu et limitations

En mécanique des solides, un corps B est un ensemble de particules ou points maté-
riels. On identifie chaque point matériel M € B avec la position X du point de I'espace
qu’il occupe a un instant ty € R. Ceci revient & identifier le corps solide avec la région
de I’espace qu’il occupe. Cette région est appelée configuration : la configuration initiale
est notée By. Cependant par abus de langage, on parlera de point matériel appartenant
au corps : X € B.

La position actuelle x, a I'instant ¢, de chaque point matériel est définie par la fonction
vectorielle

o: (X, ) eR¥xR — x=¢ (X,t) € R3. (1.1.7)

Cette fonction, en général non linéaire, est appelée le mouvement du corps B. Le mou-
vement correspond a la transformation par ¢ d’un point du corps. Un milieu continu est
un modéle de domaine materiel (solides, fluides,...) dans lequel les propriétés physiques
sont supposées varier d’'une maniére continue d’un point & un autre. En particulier, la
distribution de la masse est supposée varier d’'une maniére continue. Les deux hypothéses
de continuité du mouvement (unité du corps) ¢ € C% et ¢! € CY sont & l'origine du
concept du milieu continu. [.’étude d’une transformation quelconque ¢, non linéaire dans
la plupart des cas, d'un milieu continu, est fondée sur l'analyse locale du mouvement
relatif de deux points voisins X et X + dX. La continuité du mouvement impose que ces
deux points matériels voisins (X 4 dX appartient & une boule de centre X et d'un certain
rayon T) restent voisins tout au long du mouvement de B. A I'inverse, deux particules voi-
sines dans la configuration actuelle étaient nécessairement voisines dans la configuration
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initiale. Dans ce cas, on peut écrire la dérivée directionnelle
¢ (X +dX.1) = ¢ (X,1) + Ve (X, 0)[dX] + O(]|dX]), (1.18)

dans laquelle en posant dx := ¢ (X +dX,t) — ¢ (X, t), on peut définir le gradient de la
transformation F := V(X t) (transformation linéaire tangente) :

F: (dX,t) e R®* x R — dx = F(dX,t) € R3. (1.1.9)

On dit qu’une fibre matérielle dX dans la configuration initiale est transformée, par F,
en la fibre dx dans la configuration actuelle. Un milieu fortement continu répond a la
définition F € C% et F~1 € C° c’est a dire ¢ € C' et p~! € C! (unité et réegularitée du
corps). Tout cela est schématisé par la Figure (1.1.2).

B, B,

F1G. 1.1.2 — Transformation d’un point M par ¢ et d’une fibre OM par V. Cf [75]

Cette description est relative aux milieux simples de Noll (1958). Un milieu (corps
matériel dans une configuration de référence) est dit uniforme au sens de Noll-Truesdell
si pour toute paire de points matériels il existe un isomorphisme matériel entre ces points
(voisinages). Le milieu est dit homogéne au sens de Noll-Truesdell §’il existe une configu-
ration pour laquelle tous les isomorphismes matériels sont égaux & 'identité. L’intérét de
ces définitions, que l'on peut trouver dans [23], est de pouvoir considérer les lois consti-
tutives localement autour d’un seul point matériel. Par conséquent, on peut par exemple
dire que pour un milieu uniforme la densité de masse est continue dans la configuration
de référence, et que pour un milieu homogene il existe une configuration dans laquelle la
densité de masse est la méme en tout point. La notion d’uniformité se base sur une confi-
guration donnée du milieu, tandis que celle d’homogénéité décrit la capacité du corps a
se retrouver dans un état particulier. Pour la suite (chapitre 3) nous utiliserons les termes
d’uniformité et d’homogénéité sans faire référence & ceux introduits par Noll-Truesdell.

Cependant, on est confronté rapidement a I'insuffisance du milieu simple : les micro-
fissurations. La motivation est & la fois physique et mathématique. En effet du point



6 CHAPITRE 1. INTRODUCTION GENERALE

de vue mathématique, si la transformation ¢ € C' et o= € C! presque partout, nous
sommes en présence de milieux dits faiblement continus, dont nous allons étendre la défi-
nition. A titre d’exemple un solide purement élastique sans fissures est considéré comme
un milieu fortement continu, tandis qu’un solide plastique emdommagé représente un
milieu faiblement continu. Des informations sur ¢ nous parviennent aprés confrontation
des configurations initiale et actuelle du milieu. A 'échelle macroscopique, une méme
transformation peut induire deux formes différentes @1 # 2, comme on peut le consta-
ter dans la Figure (1.1.3). Nous distinguons ainsi une transformation holonome a celle
non holonome.

P1

/+

—

Fig. 1.1.3 — Déformations d’un solide : transformation holonome 1, transformation
non-holonome . Cf [74]

Le milieu continu est modélisé de maniére naturelle par une variété riemannienne
B munie d’'une métrique g et d’une connexion affine V déduite du tenseur métrique
(connexion euclidienne). Une généralisation possible de ces milieux continus consiste a
considérer les connexions qui ne dérivent pas du tenseur métrique (induit par ’espace
ambiant), dont le tenseur de torsion et le tenseur de courbure associés ne sont pas né-
cessairement nuls. Dans notre travail, nous aurons & considérer une connexion non eucli-
dienne mais compatible avec la métrique (rappel : Vg = 0). Le milieu continu généralisé
est appelé un "continuum" e.g. [61].

Les deux tenseurs de torsion et de coubure modélisent les champs de dislocations et
de disclinations de Volterra. Au début du vingtiéme siécle, les travaux du mathématicien
Volterra sur la structure cristalline a fait naitre la notion de dislocation. La construction
dite "de Volterra" permet de créer formellement une dislocation, laquelle est un défaut
linéaire correspondant & une discontinuité dans I'organisation de la structure cristalline.
Une dislocation angulaire est plus communément appelée une disclination. Une disloca-
tion peut étre vue simplement comme un "quantum" de déformation élémentaire au sein
d’un cristal possédant un champ de contrainte & longue distance. Elle est caractérisée
par la direction de sa ligne et par un vecteur appelé "vecteur de Burgers" dont la norme
représente I’amplitude de la déformation qu’elle engendre. Le vecteur de Burgers se dé-
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finit comme étant le vecteur nécessaire pour boucler un circuit initialement fermé dans
le cristal parfait et qui se trouve ouvert lorsqu’il enlace la ligne de dislocation (Figure
(1.1.4)). Ce vecteur n’est pas quelconque dans un cristal mais représente une translation
du réseau et physiquement, le vecteur de Burgers représente ’amplitude de la déforma-
tion transportée par une dislocation. Les dislocations de Volterra sont résumeées sur la

L]
l
3| \
| E
ME%IL; Mz 3 (4

FYREIEA N
]
|2
FiG. 1.1.4 — Circuit de Burgers dans un cristal. Cf |74]

6
5
4

: il
|
s[| |||

Figure (1.1.5). A titre d’application, les dislocations peuvent aussi étre engendrées a la
suite d’un processus expérimental connu sous le nom d’indentation, pour lequel nous
avons consacré un chapitre.

FiG. 1.1.5 - Dislocations de Volterra : (a) Translations relatives de deux surfaces (lévres
du cylindre). (b) Rotations relatives de deux surfaces (disclinations). Cf [74]

1.1.3 Introduction des milieux faiblement continus

Dans un milieu faiblement continu, la répartition de la matiére est supposée continue
mais des discontinuités des champs scalaires et vectoriels peuvent apparaitre. Cette répar-
tition de discontinuités dans la matiére est continue et en nombre suffisament grand pour
en admettre une répartition volumique. Parmi les champs scalaires on peut rescenser la
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densité de masse et la température, parmi les champs vectoriels on recense entre autres
la vitesse. On observe, & une certaine échelle, des discontinuités dans 'organisation des
structures matérielles (micro-fissures, décohésions intragranulaires,...). Ces phénoménes
de discontinuités ont été modélisés, via la géométrie différentielle, en généralisant les
milieux simples de Noll. L’outil géométrique est basé dans ce cas sur les travaux de
Riemann.

Il y a ’approche non-riemannienne. La modélisation des matériaux a discontinuités
avec la géomeétrie non riemanienne se situe dans les travaux de Bilby [8] (1955), Kondo
[48] (1955) et Kroner [49], [50] (1963, 1981). Sur le concept de connexion matérielle, la
méme année 1967, Noll introduit la notion de corps matériel uniforme simple et Wang
les champs en mécanique des milieux continus. En se basant sur la structure cristalline
et les matériaux simples, Noll [69] (1967) et Wang [85] (1967) ont défini les inhomogé-
néités d’un milieu (densité de discontinuités) au moyen des tenseurs de courbure et de
torsion des connexions matérielles. Puis Edelen et Lagoudas [20] (1988) et Maugin [61]
(1993) ont associé la géométrie des discontinuités et les équations de structure de Cartan
[14], pour modéliser les dislocations dans les solides. Plus récemment dans ’étude de la
structure cristalline, Le et Stumpf [55], [56] (1996) ont développé le concept de cristal
de réeférence ("crystal reference') basés sur le tenseur métrique pour la modélisation des
déformations élastiques et basés sur la connexion ("the crystal connection") pour la cap-
ture des dislocations. Ils ont montré que 'intégrabilité des lois consitutives requiert la
nullité de la courbure associée a la connexion ("the crystal connection").

Dans la méme voie que [20] et [61], Rakotomanana [73] (1997) a introduit une classe
de milieux faiblement continus dont les champs de discontinuités scalaires et vectoriels
sont définis & partir de torsion et de courbure non nulles. Lorsque la transformation est
faiblement continue (rappel : ¢ € C! et p~! € C! presque partout), I'existence de surfaces
de glissement ou dislocations est possible. Pour quantifier cette continuité faible, nous
adoptons un schéma classique di a Cartan [14] en suivant un champ scalaire 6 (puis un
champ vectoriel w) suivant deux chemins sur le milieu continu issus d’'un méme point
M € B et se rejoignant a un autre point dont les directions sont données par deux séries
de courbes intégrales de deux champs de vecteurs u; et uy (Figure (1.1.6)).

g7u7(M+eyu)

eoux(M+£;u )

F1a. 1.1.6 — Circuit de Cartan. Cf [73]
Le principe de base est de calculer la variation de 6 en posant

0 =o(M') —0(M), 0" =0(M")—0(M) (1.1.10)
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Nous établissons :
9// _ 0/
lim = 0[N(uy, uz)] (1.1.11)

e1,e2—0  £1€&9

Si la valeur prise par un champ scalaire 0 défini sur B dépend du chemin choisi alors le
champ du tenseur de torsion dans B est non nul et caractérise le saut subi par ce champ
scalaire selon (1.1.11).

Puis, pour calculer la variation de w, on pose

w =w(M)-w(M), w =wM")—-w(M) (1.1.12)
Pour un champ scalaire arbitraire w, nous établissons :
w(w”) —w(w')

lim

£1,62—0 £1€9 = m(lll,llg,w,w) - W[VN(UI,U2)W] (1113)

Si la valeur prise par un champ vectoriel w défini sur B dépend du chemin choisi alors
le champ du tenseur de torsion ou de courbure dans B sont non nuls et caractérisent le
saut subi par ce champ vectoriel selon (1.1.13).

Les démonstrations sont dans [73]|. Ces théorémes établissent une interprétation de la
torsion et de la courbure, en termes de discontinuités scalaires et vectorielles dans le
continuum B. La torsion X(x,t) mesure seule le champ de discontinuités d’un scalaire,
dont les dislocations. La courbure R(x,t) et la torsion mesurent le champ de discontinui-
tés d’un vecteur, dont les disclinations. Le continuum B a connexion affine est affinement
équivalent a I’espace ambiant euclidien E (corps de référence dépourvu de discontinuité)
si et seulement si les champs de torsion et de courbure associés a la connexion sont iden-
tiquement nuls en tout point. Les discontinuités sont donc modélisées en introduisant
la connexion affine comme variable indépendante en plus du tenseur métrique et sont
entiérement capturées par la torsion et la courbure associées & cette connexion affine.

Il y a aussi I’approche riemannienne, qui consiste & utiliser les variétés riemaniennes
relatives aux espace de Riemann (voir définition 1.1.6), comme supports géométriques des
milieux et introduire des lois constitutives complexes, par exemple [56]. Cependant 'utili-
sation d’une telle variété riemannienne, a fortiori euclidienne (sans torsion et courbure),
peut dés lors exclure la possibilité de modéliser les champs de discontinuités scalaires
et vectoriels, compte tenu de 'approche non-riemannienne qui vient d’étre présentée ci-
dessus. Par exemple, la connexion de Levi-Civita (sans torsion) n’est ainsi pas adaptée
pour modéliser les discontinuités des champs scalaires d’un milieu faiblement continu.

1.2 Champs d’application

Nous commencerons par présenter le modéle des milieux de Cosserat, introduit a
Porigine au début du vingtiéme siécle par les fréres Cosserat. Puis nous présenterons
quelques exemples de lois contitutives basées sur la théorie dite du second gradient, leurs
champs d’application et le lien avec le modéle Cosserat.
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1.2.1 Milieux de Cosserat : présentation

Les milieux dits de Cosserat tirent leur nom des fréres Cosserat (Eugéne et Frangois),
suite & la parution & Paris en 1909 du livre intitulé "Théorie des corps déformables" [19].
Au cours du vingtiéme siécle, et surtout & partir de la deuxiéme moitié, la vision origi-
nale des deux fréres Cosserat a inspiré plusieurs avancées scientifiques en mécanique des
milieux continus et en science physique-mathématique des milieux matériels. Ils introdui-
sirent un modéle de continuum avec un champ de rotation comme variable indépendante,
en plus du champ de déplacement.

Considérons un référentiel galiléen X et un autre ¥’ en mouvement a vitesse constante
v( par rapport a . Le groupe fondamental de Galilée relatif & ¥ et ¥’ est un ensemble
de transformations incluant les rotations Q et la vitesse vg. Les deux référentiels 3 et
Y peuvent étre associés & deux voisinages de points x et x + dx de 'espace. On appelle
microcosme ’ensemble d’un point et de son groupe de Galilée local : {x,Q,vo}. Le
nom "microcosme" est du & Gonseth [34]. L’ensemble des microcosmes est un milieu de
Cosserat. Physiquement un milieu de Cosserat est un ensemble de microstructures en
mouvement les unes par rapport aux autres : rotation rigide (9 parameétres) et vitesse
constante (3 parametres). Chaque microcosme constitue un milieu continu avec sa propre
métrique.

Nous rappelons qu’en mécanique des solides les variables fondamentales qui inter-
viennent dans les lois consitutives sont le vecteur déplacement noté u, le tenseur de
contrainte (stress tensor) noté o et le tenseur de déformation (strain tensor) noté E ou €
en petites déformations. Nous nous référons maintenant a [40]. Dans la théorie de 1’élas-
ticité classique, le vecteur déplacement u permet seul de définir la déformation. Dans
un milieu de Cosserat, le mouvement de rotation des microstructures doit étre pris en
compte. On introduit alors deux tenseurs de déformation généralisée. Un tenseur d’ordre
2 noté ( que 'on appelle "distortion" (distorsion)

B=Vu—-w (1.2.1)
et un tenseur d’ordre 3 noté x que I'on appelle "contortion" (contorsion)
k= Vw (1.2.2)

ou V est la connexion affine, u est le vecteur déplacement et w est le bivecteur rota-
tion associés au mouvement d’une microstructure. Si H représente ’énergie potentielle
élastique, alors la contrainte de force noté ¥ est définie par

S = 61/6 (1.2.3)

qui est un tenseur d’ordre 2. En petites déformations, nous identifions le tenseur de
déformation élastique € comme la partie symétrique! de 3 et le tenseur de contrainte o
comme la partie symétrique de X :

g = ﬁ(s), g = 2(5) (1.2.4)

!La symétrie concerne ici la permutation des deux indices covariant (ou contravariant) du tenseur
d’ordre 2.
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Le mouvement de rotation dans un milieu de Cosserat, induit une nouvelle variable que
lon appelle (en anglais) "the spin moment stress" défini par

T=0H/kK (1.2.5)

qui est un tenseur d’ordre 3. Finalement les variables (X, 7) caractérisent un milieu
de Cosserat ("Cosserat continuum"). Les équations d’équilibre corespondantes sont les
suivantes :

VE+£=0, VT—E(A)—i-m:O (1.2.6)

ot f et m représentent respectivement forces et moments de volume et 3 4y est la partie
antisymeétrique de Y. En élasticité classique 7 = 0 et m = 0 : d’une part H ne dépend pas
de k et d’autre part, via la deuxiéme équation, la contrainte est symétrique et notée tout
simplement o. Par conséquent, en petites déformations, la distorsion est aussi symétrique
et notée €. Il s’agit alors d’un modéle avec une loi constitutive qui dépend uniquement
d’une déformation définie & partir du déplacement.

1.2.2 Théorie du gradient : exemples de lois constitutives

Pour établir les lois constitutives, le choix d'une fonction d’énergie potentielle, associée
4 un matériau élastique, élasto-plastique ou plastique, doit étre fait. En élasticité, la loi
de Hooke fait intervenir la fonction d’énergie potentielle YW = W(E) (ou densité d’énergie
potentielle) qui dépend uniquement du tenseur de déformation E. Au début des années
60, Toupin [81] et Mindlin [63] ont proposé une théorie adaptée pour les matériaux
élastiques et connue sous le nom universel "strain gradient theory" (théorie du gradient
de déformation), qui, de maniére générale, introduit le gradient du tenseur de déformation
comme variable supplémentaire dans la forme de 1’énergie. Puis en 1965, Mindlin [65]
introduit la notion de "second strain gradient theory" en élasticité linéaire, dans laquelle
I’énergie est aussi fonction du second gradient de déformation. S’appuyant notamment
sur les travaux de Toupin [81] et Mindlin [64], Germain [32]| présente en 1973 une théorie
du second gradient (premier gradient de déformation) a travers des investigations sur la
méthode des puissances virtuelles en mécanique des milieux continus. Fin des années 90 et
début des années 2000, la théorie du gradient se retrouve dans les travaux de Hutchinson
et Fleck [28], [29], ceux de Nix, Gao et al. [30], [38], et ceux de Cermelli et Gurtin [15].
Ces investigations traitent essentiellement du comportement d’un matériau non purement
élastique. La plupart des fonctions d’énergie introduites (voir [86]) dérivent du potentiel
originel proposé par Mindlin [63]. Le gradient est généralement associé a la dérivation
partielle par rapport aux coordonnées rectilignes, mais on trouve une description en
coordonnées curvilignes dans [87], pour lequel on utilise la dérivée covariante au sens de
Levi-Civita. L’introduction du gradient des variables dans les fonctions d’énergie prend
en compte la présence de défauts dans le milieu continu ambiant, telles les dislocations et
disclinations précédemment mentionnées. Les théories des milieux élastiques ou élasto-
plastiques ont été développées en prenant en compte les dislocations et disclinations soit
dans le cadre du "strain gradient theory" e.g. Gutkin et Aifantis [36], Le et Stumpf [56] ou
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dans le cadre des connexions affines avec torsion e.g. Lazar [51], Noll [69], Rakotomanana
[73], Wang [85].

Dans la suite, un milieu hétérogéne sera défini comme un milieu faiblement continu
(avec une répartition continu de défauts). Pendant plusieurs années, les milieux de Cos-
serat ont été utilisés pour modéliser des matériaux hétérogénes e.g. [27]. En utilisant
des méthodes d’homogénéisation et d’analyse asymptotique, le modéle Cosserat a per-
mis d’obtenir des propriétés effectives sur les matériaux hétérogénes. Une des extensions
du modele inclut la micro-inertie de chaque point matériel et a été rebaptisée milieu
micropolaire ("micropolar continuum") par Eringen [22]. Dans un milieu micropolaire,
la déformation est décrite au moyen du vecteur déplacement et d’'un vecteur indépen-
dant pour la rotation. Cette propriété rapproche les milieux micropolaires au modéle des
milieux de Cosserat. Une extension des milieux micropolaires méne aux milieux micro-
morphes ("micromorphic continuum"), pour lesquels la déformation inclut une déforma-
tion macroscopique et un changement microscopique de la structure interne. Les modéles
micropolaires élastiques a gradient ont ainsi été utilisés pour étudier les dislocations et
disclinations et constituent de récents exemples de milieux micromorphes. Des exemples
de milieux micropolaires sont donnés & la suite. Ils existent des approches en élasticité
avec dislocations qui utilisent une densité d’énergie potentielle dépendant uniquement
du tenseur de déformation et de son gradient e.g. [53]|. Et ils existent des travaux qui
exploitent la théorie des micro-couples en élasticité, e.g. [58] pour lequel ’énergie dépend
également du gradient de déformation exprimé au moyen de gradient de rotation. Dans
les travaux de Lazar, Maugin et Aifantis [54] on définit le tenseur de déformation comme
la partie symétrique de la distorsion initialement introduite pour les milieux de Cosserat
et la fonction d’énergie dépend en plus du gradient et du second gradient de la défor-
mation. Dans les travaux de Lazar et Maugin [52], on définit un tenseur supplémentaire
"wryness", définit comme la contorsion de Cosserat mais avec le vecteur rotation, ce qui
en fait un tenseur d’ordre 2. Les deux variables (distorsion et "wryness") et leurs dérivées
premiéres sont les arguments de la fonction d’énergie : nous avons une dépendance de
gradient (au plus d’ordre 1) des arguments. Des études sur la dépendance par rapport aux
gradients (d’ordre supérieur) des arguments de I’énergie seront faites dans le prochain
chapitre.

1.2.3 Géométrie de Cartan et modéle de Cosserat

Le livre des fréres Cosserat fut une source d’inspiration pour E. Cartan |[13]| pour
la conception d’un modéle incluant le tenseur métrique qui mesure les changements de
forme du continuum et la connexion affine pour pouvoir dériver les champs de tenseurs
définis sur le continuum. Un concept qui utilise la connexion affine V, fut imaginé par
Cartan pour pouvoir joindre deux microcosmes dans un milieu de Cosserat. Pour un
champ de vecteurs

vo(x + dx) = vo(x) + Vaxvo(x), (1.2.7)

et pour un champ de tenseurs

Q(x + dx) = Q(x) + Vax Q(x). (1.2.8)
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Une déformation dite non-holonome a lieu lorsque la variété, qui modélise le corps
matériel, n’est plus affinement équivalente a I'’espace ambiant euclidien. Les approches
théoriques en géométrie s’ensuivent e.g. [61], [69], [85]. Le circuit de Cartan est utilisé par
Kondo, Bilby et al. [9] et ceux de Kréner [72] dans 'objectif d’approfondir la modélisation
d’une distribution continue de dislocations et disclinations. Une autre approche introduit
des tenseurs relatifs aux dislocations ("geometrically necessary dislocations") e.g. [56].
Puis I'introduction d’une classe de milieux hétérogénes a été proposée par Rakotomanana
[73] qui, on le rappelle, utilise torsion et courbure pour décrire les discontinuités des
champs. L’introduction de la torsion comme variable cinématique supplémentaire pour
le modéle peut étre considérée comme une extension d’un modéle de Cosserat et plus
généralement en physique et mécanique relativiste e.g. [40].

On rappelle qu'un continuum B est un ensemble de points matériels M modélisé par
une variété. L'espace tangent (en M) est noté Ty B. La déformation de B est une fonction
¢ qui transforme la configuration initiale By en la configuration actuelle (déformée) B.
Le point M € B est localisé par OM = ¢p(OM)y) et la différentielle F = dy transforme
un vecteur de l'espace tangent f = dp(fy). Si nous considérons une base tangente locale
(for, fo2, fo3) € T, Bo, alors la déformée est (f1, £, f3) € T B

(for, foz, fo3) — (f1,f2,3) (1.2.9)

telle que £, = dp(fo, ). Pour une transformation holonome (Figure (1.1.3)), la déformation
de B est définie a partir d’une connexion euclidienne notée V qui dérive du tenseur
métrique g?. Et avec le vecteur déplacement u on définit le gradient de déformation
F =1+ Vu. Le tenseur métrique de I’espace ambiant est calculé par, e.g. [75],

g=1+Vu+V u+V uvu (1.2.10)
Le tenseur de déformation noté E est défini par
E=(1/2)(Vu+V u+V uVu). (1.2.11)

Le tenseur métrique g = I + 2E est couramment appelé le tenseur de déformation de
Cauchy-Green. Nous pouvons ainsi assimiler la métrique avec le tenseur de déformation
utilisé en mécanique. Pour des petites déformations, le tenseur de Cauchy noté € est lié
a la partie linéaire de la métrique (ou du tenseur de déformation) :

e=(1/2)(Vu+V u). (1.2.12)

En présence d’une transformation non holonome (Figure (1.1.3)), il n’est plus possible
de décrire la déformation du continuum uniquement avec la métrique (ou le tenseur de
déformation). Le continuum n’est plus affinement équivalent a 1’espace ambiant. Ainsi le
tenseur de déformation ¢ est plus difficile & déterminer, puisque la connexion affine, qui
est I'outil géométrique de dérivation, prend la forme suivante :

V=V+Vvnh (1.2.13)

2La métrique est imposée par I’espace ambiant. La connexion euclidienne qui en dérive fut celle utilisée
en mécanique pendant plus de deux siécles.
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oit V™ ("inh" pour inhomogénéités) n’est pas symétrique par rapport aux indices co-
variant3, [40], [68] (la torsion définie avec V n’est donc pas nulle). La cinématique d’un
milieu hétérogene (transformation non holonome) est décrite par les composantes du ten-
seur de déformation et les coefficients de structure de Cartan relatifs a la base (f1, fa, f3).
Les coefficients de structure de Cartan notés N§,, [14], sont définis & partir du crochet
de Lie-Jacobi :

(2, ] = NG, fe (1.2.14)

D’apreés le théoréeme de Frobenius [68], (f1, f2, f3) est une base locale holonome si elle est
associée a un systéme de coordonnées curvilignes et NG, = 0. Elle est non holonome
dans le cas contraire et 8§, # 0. On pourra constater que les composantes de torsion et
de courbure sont simplifiées si ces tenseurs sont projetés dans une base holonome (voir
chapitre suivant). Le milieu hétérogéne est ainsi décrit comme un ensemble de petits
granules euclidiens, qui peuvent se déformer, se translater, subir des rotations les uns
par rapport aux autres (microcosmes). Lors d’'une transformation non holonome, étant
donné que le crochet de Lie-Jacobi est antisymétrique [18], nous avons N§ , = —RE, et
il y a donc 9 coefficients de structures indépendants. Un nouvel outil, du & Cartan [14],
est alors introduit, un vecteur covariant (une 1-forme) :

No = N3, . (1.2.15)

Pour définir le vecteur covariant de Cartan R, il est nécessaire de connaitre 6 coefficients
de structure, soit le méme nombre de composantes d’un tenseur métrique (symétrique).
Le lien avec les milieux de Cosserat est ainsi établi. Nous rappelons que, historiquement,
un milieu de Cosserat est décrit par un champ de déplacement u et un champ de rotation,
lequel peut étre remplacé par un vecteur angulaire € pour de petites rotations. Dans le
modéle qui vient d’étre exposé [73], [74], nous introduisons le vecteur de Cartan Xy comme
variable additionnelle. Finalement, en général, le mouvement de B, est entiérement décrit
dans le temps par le déplacement u(M,t) et la torsion R(M,t) associée a la connexion
affine. Pour les milieux hétérogénes, 'opérateur de divergence doit étre reformulé. Par
exemple dans [50], [74], la divergence est dédoublée comme somme d’une divergence
classique et d'une contribution des champs d’inhomogénéités (discontinuité des champs),
lesquels sont source de contraintes internes. On définit donc la divergence généralisée
dans un milieu hétérogéne par

div(o) = div(e) + a(Rp). (1.2.16)

La divergence classique est notée div(c) et le terme supplémentaire o(Xg) capture la
contribution d’effort des hétérogénéités et est attribué aux forces dites de configuration
e.g. [37], [62], [72]. D’une maniére générale, il peut étre montré que la dépendance de
Pénergie W(e, Ng) par rapport a la variable additionnelle Xy donne la loi de comportement
e.g. |75]. Cette dépendance refléte la théorie du second gradient. Nous pouvons par la

3Les indices du bas sont covariants, ceux du haut sont contravariants. Plus de détails concernant les
composantes des champs de tenseurs dans le chapitre suivant.
*Indices répétés : convention de sommation d’Einstein.
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suite formuler les équations d’équilibre ou du mouvement dans un milieu hétérogéne. Par
exemple en petites déformations et pour faire simple avec une fonction d’énergie qui ne
dépend pas de terme en gradient W(e), la divergence généralisée prend la forme suivante
(1.2.16), X et u étant les constantes de Lamé :

div(o) = (A + p) V(divu) + p Au + [)\ divu I+ p (Vu+ ﬁTu) Ng (1.2.17)

ou la barre signifie qu’il s’agit des opérateurs différentiels classiques (gradient, divergence,
laplacien) par rapport & un systéme de coordonnées donné. En annulant le nouveau terme
Ny = 0, on retrouve 'opérateur divergence qui apparait dans ’équation de Navier, bien
connu.

1.3 Contribution du travail de thése

Le travail de thése comporte trois parties : la premiére porte sur l'invariance des
champs dans un espace de Riemann munie d’une connection affine, la deuxiéme partie
porte sur la propagation d’ondes élastiques dans un milieu hétérogeéne puis la troisieme
partie porte sur une modélisation de I'indentation du verre.

1.3.1 Invariance des champs

Dans cette premiére partie, nous poursuivons les investigations concernant l'utilisa-
tion de la géométrie de Cartan pour modéliser les milieux faiblement continus [73], [74].
La fonction d’énergie potentielle est traitée au moyen d’un champ scalaire défini dans un
systéme de coordonnées curviligne associé & une base tangente locale. De plus, le travail
se base sur le calcul tensoriel et les propriétés d’invariance des champs en physique. Le
tenseur métrique est préféré au tenseur de déformation, pour le raisonnement et les cal-
culs. Par exemple la métrique est inversible, ce qui n’est nécessairement pas le cas pour
le tenseur de déformation fréquemment utilisé en mécanique. On peut faire le lien [75].

Dans un premier temps, 1’objectif est d’étudier un résultat concernant la dépendance
des champs scalaires, définis sur une variété riemannienne, par rapport aux dérivées
du tenseur métrique. Ce résultat (théoréme) a été publié par Lovelock et Rund [57]
(1975) avec des hypothéses de symétrie concernant les variables introduites. Notre travail
consiste & reprendre cette investigation dans un cadre plus général, sans hypothése de
symeétrie, pour reformuler ce théoréme puis de faire le lien avec les variables utilisées en
mécanique. En identifiant le tenseur métrique au tenseur de déformation et les champs
scalaires aux fonctions d’énergie, le modeéle, construit selon [57], contredit les modéles
issus de la théorie du gradient en élasticité ("first strain gradient elasticity" introduit a
l'origine par Mindlin [64]) qui ne prennent pas en compte la dépendance par rapport au
second gradient du tenseur de déformation.

Dans un second temps, nous introduisons en plus la connexion affine comme outil
de calcul, suggérée par Cartan, mais qui n’est pas un tenseur. Nous nous intéressons
toujours aux champs scalaires définis sur une variété riemannienne mais cette fois-ci avec
une connexion affine compatible avec la métrique. Notre attention porte sur le principe
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d’invariance des champs lors d’'un changement de systéme de coordonnées curvilignes et
sur les propriétés qui en découlent. Nous étudierons successivement un champ scalaire
qui dépend de la métrique (toujours) et de la connexion compatible, de la biconnexion
(dérivée seconde par rapport a la connexion) et des deux. Le travail démontre que la
dépendence d'un champ scalaire par rapport aux tenseurs torsion et/ou courbure est une
condition équivalente (nécessaire et suffisante) pour l'invariance du champ scalaire qui
dépend, au départ, de la connexion affine associée. Ces propriétés sont citées dans [76]
et elles seront démontrées dans cette thése. Dans cette approche non-riemannienne des
milieux faiblement continus, nous pouvons justifier I'utilisation systématique de la torsion
et de la courbure comme arguments principaux de la fonction d’énergie, en plus de la
métrique (ou du tenseur de déformation). La particularité d’un tel modéle se situe dans
P'utilisation d’arguments tensoriels (torsion et/ou courbure) contrairement a d’autres
modéles déja existants, proposés initialement dans [65], dont les variables dérivées ne
sont pas nécessairement des tenseurs.

Finalement, nous nous intéressons aux fonctions scalaires définies sur une variété
riemannienne & connexion affine. Nous nous focalisons sur les arguments, et leurs dé-
rivées, de ces fonctions en faisant le lien avec les variables introduites en mécanique
et mécanique-géométrie. La premiére partie est ainsi intégrée dans I’étude des milieux
faiblement continus avec une approche géométrique et dans la théorie du second gradient.

Ce travail constitue I’élaboration de |4] qui a récemment fait I’objet d’une contribution
pour un congres.

1.3.2 Propagation d’onde

La deuxiéme partie, plus appliquée, se situe dans le méme cadre que la précédente, &
savoir principalement les milieux faiblement continus. Il s’agit de développer un modéle de
milieu hétérogeéne similaire aux milieux faiblement continus [73] et adapté pour I’étude de
la propagation d’onde élastique dans un milieu hétérogéne. Les motivations pour étudier
la propagation des ondes dans un milieu hétérogéne sont avant tout physiques, puisque
une atténuation spatiale de I'onde est constatée expérimentalement e.g. [35], [41].

Le milieu hétérogene est décrit, de maniére naturelle, & partir d’une densité de masse
variable p = p(x). Nous choisissons une densité de masse qui évolue de maniére exponen-
tielle, pour sa simplicité mathématique. Le terme qui définira le sens et 'amplitude de
la variation est un vecteur noté Ng. Ce dernier est un paramétre du modéle et apparait
dans la définition de la densité de masse du milieu. Pour faire simple, nous utilisons une
densité d’énergie potentielle élastique W(e), sans terme & gradient. L’équation du mou-
vement obtenue est celle obtenue pour les milieux hétérogénes & partir d’'un opérateur
divergence reformulé, e.g. [74] :

div(o) + o (Rg) = p up (1.3.1)
Sans pour U'instant faire le lien entre Xy et le vecteur covariant de Cartan [14], I'équation
du mouvement est résolue pour deux exemples de milieu hétérogéne : un cylindre infini
& paroi épaisse et un modéle de poutre de Timoshenko. Les résultats analytiques obte-
nus permettent d’'une part de mettre en évidence, par le calcul, 'atténuation de 'onde
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propagée dans ce milieu hétérogéne et d’autre part de relever la notion de fréquence de
coupure pour l'onde. Ces caractéristiques sont bien évidemment liées au parameétre Ny
2 ou Wn

introduit, et plus précisemment & un discriminant sous la forme A = N3 — w2,

désigne la n-iéme fréquence propre.

Nous pouvons ensuite faire le lien avec les milieux hétérogénes introduits dans le cadre
des modeles de Cosserat revisités par Cartan. Les équations obtenues dans les deux cas
coincident parfaitement. Le choix de la poutre de Timoshenko n’est pas aléatoire, car
celle-ci peut étre considérée comme un modeéle de milieu de Cosserat e.g. [75].

Ce travail a fait I’objet d’une communication pour une conférence internationale® et
d’un article en soumission [5].

1.3.3 Indentation du verre

La troisiéme et derniére partie se consacre & une étude pragmatique sur 'indenta-
tion du verre & faible charge. Plus particuliérement il s’agit de 'indentation de Vickers
dont lindenteur est un poincon de forme pyramidale. Ce travail est une collaboration
avec le laboratoire LARMAUR de I’Université de Rennes 1. En effet, les membres de ce
laboratoire ont souhaité I’exploitation du travail de Yoffe [83] pour obtenir des résultats
analytiques en particulier concernant 'influence du coefficient de Poisson. Nous avons
alors vu le lien avec la mécanique d’Eshelby, dans la catégorie concernant les inclusions
et les inhomogénéités [24], et l'exploitation du calcul formel [10]. L'empreinte a la sur-
face du verre, suite & la charge puis décharge de 'indenteur, est ainsi modélisée avec un
modéle analytique développé par Yoffe associé donc a une inclusion émergente de type
Eshelby. Notre approche se veut empirique dans la mesure oli nous disposons au départ
des données expérimentales (fournies par le LARMAUR). Les expressions analytiques
des champs de contrainte et de déplacement proviennent du modéle de Yoffe. Cependant
la résolution des équations n’est pas purement analytique : notre objectif est de propo-
ser des formes d’ampoules qui décrivent le comportement du verre, localement déformé,
en réponse a la pression de l'indenteur. Ces formes ont également été observées expéri-
mentalement. L’étude décrit un phénoméne de densification du verre et se focalise sur
Iinfluence du coefficient de Poisson sur les zones affectées. Les résultats semi-analytiques
sont confrontés de maniére positive avec les données expérimentales [43]. La poursuite
de la collaboration avec le laboratoire LARMAUR, se traduit par la publication [12]
présentée a un colloque® national puis une extension [3] présentée & une conférence’
internationale.

Compte tenu de certaines approches e.g. [30], [39], la théorie du gradient de défor-
mation ("strain gradient theory") est appliquée a l'indentation. Cela laisse envisager un
lien potentiel entre la troisiéme partie et les deux précédentes parties. Cependant nous

5Models of continua with scalar discontinuity distribution : theory and ezamples présentée pour la
Conférence internationale Euromech : Mechanics of Generalized Continua : a hundred years after the
Cosserats, Paris, France, 13-16 mai.

5Colloque national sur I'indentation, Rennes, France, 7-8 nov.

"Conférence internationale sur la rupture (ICF12 : 12" International Conference on Fracture) 2009,
Ottawa, Canada.



18 CHAPITRE 1. INTRODUCTION GENERALE

n’avons pas, dans ce mémoire, développé ce lien (voir perspectives).



Chapitre 2

Invariance des champs dans un
espace de Riemann

Dans ce chapitre nos investigations portent sur les champs scalaires définis sur une
variété riemannienne munie d’une connexion affine. Dans la premiére partie nous nous
inspirons des travaux de Lovelock et Rund (1975) sur la dépendance du Lagrangien par
rapport au tenseur métrique et ses dérivées. La seconde partie s’intéresse & la dépen-
dance par rapport & la connexion affine, compatible avec la métrique. Nous prouvons
la dépendance nécessaire par rapport aux tenseurs torsion et/ou courbure, associés a
la connexion. La preuve est basée sur le principe d’invariance. Ce travail constitue la
référence [4] : le lecteur est donc invité a substituer éventuellement ’expression "in this
paper" par "in this chapter".

In this chapter we deal with the scalar fields defined on Riemannian manifold endowed
with an affine connection. On the one hand we investigate the dependence with respect to
the metric and its derivatives according to Lovelock and Rund (1975). And on the other
hand we investigate the dependence with respect to the compatible connection. We prove
the necessary dependence withe respect to the torsion and/or to the curvature asscialed
with the connection. The proof is based on the principle of invariance of fields. This work
is associated with the reference [4] : the reader can thus replace the expression "in this
paper” by "in this chapter”.

19
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2.1 Introduction

For analyzing the deformation of the elastic continuous media, the strain tensor and
the stress are related by the constitutive laws. It is then convenient to introduce a poten-
tial energy function here denoted W and also called the strain energy function because of
its dependence with respect to the strain. For extended model including couple-stress, the
same kinematics as classical elasticity is used but the strain energy density is assumed to
be a function of both the strain and the curl of strain e.g. [81]. Another extension of the
model was the elastic continuum with micro-structure e.g. [63] where the strain energy
density is function of the strain, the first gradient of the strain and the second gradient
of the strain.

2.1.1 Lagrangian function

In continuum mechanics, the deformation is classically defined by means of the field of
displacement vector u (x,t) € R? defined on a manifold, where x € R? and t € R, defines
a material point position within the space and the time respectively e.g. [60]. In theory of
elasticity, one uses the strain energy function YW = W(E) which depends only on strain
tensor E (Green-Lagrange strain tensor). The strain tensor E = (1/2)(Vu + VTu +
VTuVu) is formulated by means of covariant derivatives of displacement field u. The
symbol V represents more generally an affine connection introduced for the derivation
of tensor fields defined on a Riemannian manifold e.g. [60]. The (material) metric tensor
g = I+ 2E is related to strain, and consequently to derivatives of displacement. In
elasticity, the Lagrangian scalar density L(us, Vu) = (p/2)|ws]|> — W(Vu) is used in
dynamic problems to obtain the equations of motion [60]. The first term is the kinetic
energy and the second term one the strain energy density (per volume unit). For the sake
of simplicity in this paper, we do not consider kinetic energy in the Lagrangian density.
Consequently we limit ourself to the strain energy density £ = W, a third grade model
accounting for the inertial terms may be found in e.g. [1] where they applied Noether’s
theorem for establishing conservation and balance laws. From another point of view,
it may be observed that the introduction of the method of path-integration, or Cartan
circuit method, allowed to point out the influence of the torsion tensor in the formulation
of linear momentum conservation for discrete points e.g. [46] or continuous medium e.g.
[50], [73].

In early 1960s, Toupin developed elastic continuum models with couple-stress [81]
and observed that some components of the gradient of strain were not accounted for.
Later he pointed out the correspondance of strain gradient elastic models and discrete
lattice models of solids with nevertheless some flaws when considering centro-symmetric
materials. To overcome this problem, Mindlin [63] have proposed a strain gradient theory,
adapted for elastic material, in which the strain energy function is assumed to depend
on both the strain, strain gradient, and second gradient of the strain. More recently,
the correspondance of the second gradient strain continuum with fluid like material with
heterogeneous density including capillarity effects was analyzed by Forest et al. [27]. It
should be also noticed that the theory of second gradient of strain may find its roots in
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the domain of solids with Volterra’s dislocations where torsion and curvature tensors are
involved e.g. [74]. More precisely, last 1999s and early 2000s, the strain gradient theory
have been used notably in the works of Hutchinson and Fleck [28], [29], Nix, Gao and al.
[30], [38], Cermelli and Gurtin [15]. The theories of elastic or elastic plastic continuous
media were developed by accounting for the presence of dislocations and disclinations
within the material (heterogeneous body), either with a strain gradient density e.g. [54],
[56], or in the context of affinely connected manifold with torsion e.g. [51], [69], [74], [85].
Constitutive laws of heterogeneous solids are obtained by choosing free energy functions
depending on higher order of displacement and rotation gradient e.g. [58], or on density
dislocation tensor e.g. [72]. Most of them were derived from original potential proposed
by Mindlin e.g. [63].

All of these previous results suggested us to consider, in the present work, higher gra-
dient continuum elastic properties which are often resumed by a potential energy func-
tion W(Eij, Eyj k., Eij,kl) depending on higher derivatives of the components of the strain
tensor E. In this work, we slightly modify the dependence and thus consider a strain gra-
dient elastic continuum defined by a Lagrangian function of the type £(gag, 9agir 9asiau)
where the (material) metric tensor gog := dag + Vaug + Vgua + Vou'Vgu, is formula-
ted by means of derivatives of displacement field u (gop is usually called Cauchy-Green
strain tensor). We notice that quantities g, are the components of the metric tensor
onto a material base which deforms with the continuum. A generic function of the type
L(Vaug, VaVaug, V,ViVaug) can be considered for elastic material of grade three e.g.
[1]. Such a model is included in the class of materials we are studying in the present
paper. The symbol | denotes the covariant derivative with respect to an affine connection
V. It is reminded that the affine connection is not a tensor. Such a Lagrangian function
defines second / third grade continuum models e.g. [63]. As we previously mention, we
do not consider kinetic energy in the Lagrangian function.

2.1.2 Invariance principles

Our investigations are focused on the invariance properties of the Lagrangian function,
defined on a Riemannian manifold with an affine connection. It is necessary to define the
notion of invariance of such function. We introduce three following notions of invariance :
Euclidean-Frame-Indifference (EFI), Form-Invariance (FI) and Rigid-Motion-Indifference
(RMI). These notions are more precisely defined in e.g. [79] :

— Euclidean-Frame-Indifference (EFI) : Invariance with respect to Euclidean obser-

Vers.

— Form-Invariance (FI) : The Lagrangian function has the same mathematical shape

in any coordinate system.

— Rigid-Motion-Indifference (RMI) : Invariance with respect to superimposed rigid

body motions.
The term "invariance" is related to a mathematical function, it is then used for FI.
Whereas the term "indifference" is related to the visions of Euclidean observers (see
[79]), it is then used for EFI and RMI. In the present paper, a method is given to select
the invariant variables under the action of the homeomorphism, upon which this model



22 CHAPITRE 2. INVARIANCE DES CHAMPS DANS UN ESPACE DE RIEMANN

must depend. Actually it will be the action of the diffeomorphism, since we work with
a differential manifold and we will introduce some higher gradient variables. In physics,
form-invariance is also known as diffeomorphism-invariance meaning that the expression
of physical quantities (for instance the energy) have the same form under the arbitrary
coordinate transformation. It is merely a kind of change of variable with a diffeomor-
phism. The term "Form-invariance" is used instead of "diffeomorphism-invariance", but
both of them may be used hereafter. Since we are dealing with continuum evolving in an
Euclidean ambient space, the condition EFT is required for any constitutive laws. And
it is also proved in [79] that any two of previous notions automatically imply the third.
Consequently, the additionnal condition of FI allows to ensure the indifference of the
constitutive laws with respect to the surperimposed rigid body motion (RMI). In the
following, central focus is the FI (under the action of the homeomorphisms, and more
exactly of the diffeomorphisms in such a case) that appears like a mathematical condition
for ensuring the principle of objectivity of constitutive laws of continuous medium. Prin-
ciple based on homeomorphisms is unambiguously developed in lieu of the usual material
frame-indifference.

2.1.3 Objectives

Many strain gradient models use an Euclidean connection which derives from the
metric, e.g. [87] for which the connection is that of Levi-Civita. Any affine connection
defines the tensor of torsion N and the tensor of curvature R and according to the Fun-
damental theorem in Riemannian geometry, the torsion associated with the connection
of Levi-Civita is null e.g. [18]. There exist some approaches based on Cartan geometry
[14] with a connection which does not derive from the metric and for which the asso-
ciated torsion and curvature do not necessarily vanish e.g [74]. The functions defined
on Riemannian manifold should be tensors, which are used to represent physical fields.
We aim to extend the form of the strain density £, more precisely by analyzing the ar-
guments of £. For more generality we will consider a scalar field, also noted L, rather
than a density field. To obtain the corresponding density field, it is sufficient to multiply
the scalar field by the volume-form, uniform and constant e.g. [76]. We will shed light
on the invariance principle of the scalar field, or more precisely the Form-Invariance of
the Lagrangian function. In a first part we consider a strain gradient elastic continuum
defined by a Lagrangian function of the type £(g, Vg, V2g) which may be formulated
as L(gaps JaBlys JaBly|r)> 0 an arbitrary coordinate system (z“). The symbol | denotes
the covariant derivative with respect to an affine connection V (we call bi-connection
the operator second covariant derivative V2 = V o V). Lovelock and Rund have shown
that if one assumes a dependence as £(gag, gag,y) (comma denotes a partial derivative),
then by applying the form-invariance requirement, the scalar function takes necessarily
the form of £(gap). The first part of the present work was inspired in part of results
in Lovelock and Rund, [57] (1975). In their work, Lovelock and Rund have implicitly
used the Levi-Civita affine connection. By applying the Lemma of Ricci, the covariant
derivative of the metric tensor with respect to this connection is equal to zero e.g. [18].
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Remark 2.1.1 It should be stressed that our purpose in this paper is not to consider a
particular form of constitutive laws satisfying the Fuclidean Frame-Indifference and / or
the Indifference with respect to Superimposed Rigid Body Motions. The term invariance
is taken in the sense of Form-Invariance [79]. It is not limited to the so-called Euclidean
objectivity. Indeed, by assuming that the potential energy density admits the metric ten-
sor components as arguments, the Fuclidean-Frame Indifference is a priori satisfied. We
would like to go one step further for strain gradient continuum as in e.g. [80].

In a second part we consider both independent arguments metric and affine connection
which is compatible with the metric (meaning that Vg = 0). To obviate the problem of
metric compatibility, we slightly extend the dependence of the Lagrangian function by
proposing the form of £(g, V,V?). Applying the form-invariance principle, it is shown
that the arguments of the function £ are necessarily the torsion X and/or the curvature R
associated with the connection, in addition to the metric. Finally the strain energy density
of a continuous medium depend on tensorial arguments, which is expected to describe
some physical phenomenons. To start with, we recall some mathematical preliminaries
in differential geometry, necessary for our work.

2.2 Mathematical preliminaries and framework

2.2.1 Coordinate systems

We fixe once and for all the n-dimensional vector space E (referential rigid body). An
n-dimensional manifold X, embedded onto E, is a point set which is covered completely
by a countable set of neighborhoods Uy, Us, ..., such that each point P € X belongs to
at least one of these neighborhoods. A coordinate system is defined on each Uy such
that one may assign in a unique manner n real numbers z!, ..., 2" to each point P € Uj,.
As P ranges over Uy, the corresponding numbers !, ..., 2" range over an open domain
Dy, of E. Thus it exist a one-to-one mapping of each Uy onto Dy, this mapping will
be assumed continuous. The numbers !, ..., 2" are called the coordinates of P. In the
case where Uy N Uy # ) there are two sets of coordinates associated to a same point
P € U NU,. Let (y') (Latin indezes) and () (Greek indexes) corresponding coordinate
systems respectively in U; and Us, Latin indexes and Greek indexes will be used to
distinguish two different coordinate systems. The transformation between coordinates
(v*) and (%) is diffeomorphic :

yi = yi(xo‘)7 ¢ = {L'O‘(yi) (2.2.1)
a a 2.0 0J< 3 o
g9 g 0N 0" e Oy O (2.2.2)
oyt T Oyl Oytoy J oyk  Oyioyi Oy

We also have that for any coordinate system (y*), and for any permutation o € &,

87L B an
oyt..oym Ay gy

(2.2.3)
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Einstein convention When a lowercase index such as j, k, [,... appears twice in a
term then summation over that index is implied. The range of summation is 1,..., n, the
letter n is exceptionally excluded from the summation. We have

0x® Oy
oyt OB

ay ox®
ozr® 83/3

= JM A = 55, =ALJY =0 (2.2.4)

with respectively summation (Einstein) over ¢ and « from 1 to n.

2.2.2 Components of tensor

We notice TpX the tangent space of X at point P and TpX™ its dual space. Let
{e1,...,e,} abase of TpX (contravariant vectors with the lower index) and the reciprocal
base {f!,....,f"} in TpX* (covariant vectors with upper index) such that (f’,e;) = (5;-
(symbol of Kronecker).

Definition 2.2.1 (Tensor) Let {ui,...,u,} € TpX and {v',..,vP} € TpX* some ar-
bitrary vectors. A p-contravariant and q-covariant tensor field T on X is a multilinear
form defined at each point P € X by

T: (vl .., vP uy, oug) € (TpX*)P x (TpX)?T — T (v, vl g €R
The sum (p+ q) is called the rank of the tensor field. The couple (p,q) is called its type.

Definition 2.2.2 (Components of tensor) If T is a tensor field of type (p,q) then the
scalars 7;{1[;" are the components of T with respect to the base formed by {ej, ...,e;,}
and {1 ..., £}, defined by

l1 lp . l
T, =T, £l L€y ey €,

In the present study, a tensor will be assimilated to its components, as soon as the vector

bases are defined.

Definition 2.2.3 If Thl »f constitute the components of a tensor type (r, s) then, under
the transformation (2. 2 1)

r j i /8 5s Qe
’]ﬁl lj =AY AL I ’T;Ilbf: (2.2.5)
and the corresponding inverse formulation

TG = J LAl LA T (2.2.6)
Properties 2.2.1 According to the previous results :
— A scalar 1) is a tensor type (0,0) which has the same form in any coordinate system :
bin (y'), ¥ in (2%) and ¢ = .
— If all the components of a tensor vanish in an arbitrary coordinate system then they
vanish in any other coordinate system.
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Definition 2.2.4 (Metric) A metric tensor, noted g, is a tensor type (0,2), symmetric
and inversible. In base {e1,...,e,}, the components of g are g;j, the components of the
inverse of g are g¥ and g”fgkj = 0;.

Definition 2.2.5 (Riemannian manifold) A differential manifold X endowed with a me-
tric (X, g) is a Riemannian manifold.

In the present paper, the choice of a metric tensor components g,g may be explained
as follows. Locally, at any point P € X of the Riemannian manifold, it should be mentio-
ned that in any coordinate basis, the tangent space TpX is spanned by {ej1,--- ,e,}, and
the dual space TpX* by {f!,--.  f*}. There is an alternative choice by taking the base
defined as &, := F~! (e,), where detF > 0, and in such a way that g (&, &) := dap. The
quantity F is related to the so-called gradient of transformation in continuum mechanics
e.g. [60], or also "vielbeins" in differential geometry e.g. [68]. In the present paper, F is
not necessarily a gradient of a mapping. In continuum mechanics, it is thus possible to
define the Green-Lagrange strain tensor E as follows :

Eop = (1/2) [g (eq, eﬁ) — g (€a; éﬁ)]

Conceptually, it is not necessary to introduce the tensor E as a basic strain variable, g
being sufficient. We just remind that the arguments of any scalar field £ may be chosen
as the components of the metric gog onto a "deformed base" {e1,--- ,e,}, according to
a linear tangent transformation F, instead of Eg.

Remark 2.2.1 The definition of strain E do not require a priori the explicit introduction
of displacement field and its gradient. It merely expresses the difference of shape between
two configurations of a continuum. This aspect will be detailed in the following.

2.2.3 Affine connection

A connection is an extra structure which specifies how vectors and more generally
tensors are transported along a curve on the manifold. An infinite number of connec-
tions exist on a manifold X, such as affine connection, geodesic connection and crystal
connection. A local tangent base is associated to a coordinate system : the contravariant
base {e,} is associated to the system {y®}.

Definition 2.2.6 (Affine connection) An affine connection V on X is a map defined by
V: (u,v) eTp (X) XTP(X) —>VuV€Tp(X) (2.2.7)

wich satifies the following conditions (A and u are scalars, ¢ is scalar field)
= Vau+pweV = AV, v+ uVy,v
- Vu ()\Vl + NVZ) = AVuvi + uVyave
- V¢uV = gbvuv
- Vu(6V) = 0Vav + u(g)v
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The coefficients of the affine connection are I';, such that Ve, e, :=I';;e.. The quan-
tity Vy represents a derivative along the direction u. It is usual to define the covariant
derivative, which generalizes the derivative of tensor fields defined on manifold, in the
sense of the affine connection V. The covariant derivative of a tensor type (p,q) is a ten-
sor type (p,q + 1). For example, the covariant derivative of a scalar field ¢ and a vector
field w along the vector ey (one of the vectors of the base) may be expressed in terms of
their components on the local base {e,} associated to the coordinate system (y®)

fole} ow®

= W, Vekw = <8yk + cmwc> €q.

a(..)

For tensor components, we adopt the notations D () and Ve, () = (k-
Y

Vek¢

Torsion and curvature We now consider a manifold endowed with an affine connec-
tion V.

Definition 2.2.7 (Torsion) The torsion tensor X is a tensor type (1,2)

N (fk,ei, ej) = fk (Veiej - Vejei)
. . L (2.2.8)
Wiy = T =15
Definition 2.2.8 (Curvature) The curvature tensor R is a tensor type (1,3)
{ R (fk7ei7ej, el) = fk (Veivejel — Vejveiel) (2 5 9)
Ry = (Ch +TRTE,) — (T +TRT,)

Remark 2.2.2 First, the definition of the torsion and the curvature tensors do not re-
quire the existence of a metric tensor on the manifold. Second, there exist general defini-
tions of the torsion and the curvature, which used the Lie-Jacobi bracket e.g. [18]. The
theorem of Frobenius, e.g. [68], allows to simplify the expression of the torsion and the
curvature projected onto the vector base associated to a coordinate system.

Levi-Civita connection The Levi-Civita connection is an example of Euclidean connec-
tion (derived from the metric) and introduced by the following fundamental theorem, see
proof in e.g. [68] :

Theorem 2.2.1 (Fundamental theorem of Riemannian geometry) On any Riemannian
manifold (X,g), there exists a unique connection compatible with the metric and free-
torsion (X = 0). This connection is called the Levi-Civita connection and usually denoted

V.

_ 0 —=c .
The coefficients of V reduce to the symbols of Christoffel 8—;2 = I'},ec, calculated in

terms of the metric g e.g. [68]

Top = (1/2)°(gadp + 9aba — Gab.d) (2.2.10)
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For example, if h is a tensor type (0,2) then the covariant derivative (in the sense of
Levi-Civita) with respect to ey (a vector of the base) is a tensor type (0,24 1) for which
the coordinates are noticed

Verhij = hije = (hijk — Tiphaj — Dighia) (2.2.11)

and then with respect to e; (vector of the base), the second covariant derivative (in the
sense of Levi-Civita) is Ve, [Vek hij] = hijjkp with

hiiee = higkt — Uiihags — Tiehiag — T thag — Ty thia — Thhugn
+ TY(Tfphe; + Likhee) — F?zhz’b,k + F?Z(kahcb + Ihhic)
T2hijs + Th(The + Tyhic) (2.2.12)

where we have noticed I = T for the sake of the simplicity.

Properties 2.2.2 Let X a Riemannian manifold and P € X any point. In orthonormal
base (associated to a normal coordinate system) centered on P, the symbols of Christoffel

vanish : fZ-(P) =0 fori,j,k=1,...n.

Remark 2.2.3 A normal coordinate system on a Riemannian manifold centered at P
may be also defined by local relations :

9ap(P) = 0ag,  Top(6) £€%¢° =0

where (€1,---  €™) are local coordinates of points P' := P + & about the center P. Rie-
mannian normal coordinates are a standard tool of various differential geometry theorems,
their choice to derive equations allow to simplify most problems.

No confusion will be done between the differentiation of any tensor field with respect to y/*
(in the sense of Levi-Civita) and the differentiation with respect to the affine connection
Ve,-

2.2.4 Holonomic and nonholonomic transformations

Consider a Riemannian manifold (X, g) embedded in a n-dimensional Euclidean space
E. Let X € X a point of the manifold, and let consider a mapping ¢ which associates X
to a point of the Euclidean space x € E. We denote the mapping x(X) for simplifying.
For the sake of the simplicity, we assume that the coordinates X = (X1!,-.- X™) are
Cartesian.

Holonomic mapping Let consider a smooth and single valued mapping (it is a ho-
meomorphism and we call it holonomic mapping e.g. [74]). It is usual to define the de-
formation gradient also called basis triads (rigorously it is not a gradient) in components
form, together with its reciprocal basis triads :

(X) = 2 (X),  F(x) = ()
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The triads satisfy the orthogonality and the completeness relationships :

F,

X) Y x(X)] =00, F(X) Ff[x(X)] =4

We may write the vector transformation and the components of the metric tensor, where
€; is a vector rigidly attached to the Euclidean space E :

€y = ng €, GapB = g(eoueﬂ)

On the one hand, since the transformation x(X) is smooth and single valued, it is inte-
grable, i.e. its derivative commute, by using the classic Schwarz’s integrability conditions :

OF! aFé B 02’ 0%z _0
0XP  0X~  9XPoX* OX*9XP
On the other hand, we can differentiate the vector base, :
deq .  _OF, . OF., 4 _ OFL
W—Faﬁ efy—aXIB el_aXﬁ Fi e'Y — Fa/@_aXﬂ _F‘Z

Then it is straightforward to check that the torsion tensor is equal to zero during an
holonomic transformation :
; i
) CE ) Cl

Nonholonomic mapping and torsion Let consider mapping that are not smooth
and/or not single valued. In such a case, the basis triads are not integrable. However,
it is possible to map the points surrounding X defined by the tangent vector dX to the
vector dx via an infinitesimal transformation defined by the triads :

eo=F &, di'=F dx“
in which the coefficients functions F (X) are not integrable in the sense of
oF.  OF 02z 02a 0
9X7 ~ 9Xe _ OXP0X"  OX°0XP

In such a case, the mapping is called nonholonomic. It is necessary to modify slightly the
previous development to give (the base {€1,---,&,} is assumed rigidly attached to the
Euclidean space) :

; i

Oeo  Oeg _ (OF, OFj Fle, £0
X8  9X X8  9Xo )t

showing that the torsion tensor Ng ., €y is not equal to zero for such a nonholonomic

mapping. It does not lead to a single valued mapping x(X). Such a transformation may

capture the translational dislocations of Volterra e.g. [61].
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Nonholonomic transformation and curvature As third example, consider a trans-
formation for which x(X) may be or not itself integrable, while the first derivatives of
the vectors {e,--- ,e,}, where e, := F &;, are not integrable. Such non integrability is
captured by the non commutativity of the second-order derivatives :

9 (der) 0 aeA_a(FH )_a(m )
oxe \ox8 ) ax8 \oxa ) = gxe %) T 5x5 Faals

From this relation, we easily deduce that the Cartan curvature is not equal to zero :

Rapr = (Ffmx + Ffﬁxrgé) - (Ffu,ﬁ + Tl ff&) 70

We can also calculate the non-commutativity by directly introducing the basis triads to

give
aQFZ' aQFZ
K _ Ik A _ A
an = £ (aXaaXB axﬁam) 70

Such a transformation may be related to the process of rotational dislocations e.g. [61],
or some plastic deformation. This short section permits us to highlight the role of torsion
and curvature tensors on the classification of continuum transformations. More general
proof may be found in a previous work, devoted to the class of "weakly continuous
medium" [73].

Remark 2.2.4 Torsion tensor is associated to tramslational dislocations or also to the
local discontinuity of any scalar field on the continuum, while curvature tensor is asso-
crated to the rotational dislocations or also to the local discontinuity of vector field on the
continuum [13] .

2.3 Quotient law

Now we remind some technical theorems in tensorial analysis [57].

Lemma 2.3.1 Locally at point P, let the both (nxn) quantities S and 27 then the both

(nxnxn) quantities S9* and DORS (the comma "," doesn’t represent partial derivative).
If, for any symmetric tensor type (0,2) h,

SUhij + S = S hiy + 7 by (2.3.1)

then - -
(X4 + 27 = (ZV + 57 (2.3.2)
(Sik y siihy = (59F R (2.3.3)

fori, 5, k=1..n
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Proof. The equality (2.3.1) being valid for any symmetric tensor h, it is thus valid for
a non null constant tensor (locally). The covariant derivative vanishes and from (2.3.1)
we have the following equality (X¥)h;; = (X7)h;;. The term h;; cannot simplify because
of the summation in ¢ and j. For ¢ and j fixed, we choose h;; = hj; = 1 and the other
components null. For i and j range over {1,...,n}, we obtain

il _ gl
$i2 Ly w12 n 2

TR (2.3.4)
yB4ydl = ¥4+ %

thus we obtain (2.3.2). In the same way, locally at point P, a null tensor h with a non null
constant covariant derivative can be chosen too. In this case from (2.3.1) (Z”’k)hmk =

(Eij’k)hmk. The term h;j;, cannot simplified because of the summation in 7, j and k. For
i, j and k fixed, we choose h;jjx = hj;x = 1 and the other components null. For 7, j and
k range over {1,...,n}, we obtain

21171 _ ill,l
21172 — 211,2
ni2l 4 y2ll - 212,1+i21,1
ni22 4 y212 . 7122 322 (2.3.5)
213,1 € 231,1 _ 213,1 +§3171
213,2 + 231,2 _ 231,2 i i3172

thus we obtain (2.3.3).

We have also the version with the partial derivative :

Lemma 2.3.2 Locally at point P, let the both (nxn) quantities S and 57 then the both

(nxnxn) quantities 9F and POk (the comma "," doesn’t represent partial derivative).
If, for any symmetric tensor type (0,2) h,

SR + SR b = S his + 57 s (2.3.6)
then - B L
(X9 2 = (Y + 57 (2.3.7)
and 3 ) e
(Ezj,k + E]Z>k) — (im’ +§]l’ ) (238)

fori, 5, k=1,...,n

Now the following quotient theorem holds e.g. [57]
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Theorem 2.3.1 (Quotient law) Locally at point P, if the (n x n) quantities ¥¥ and
the (n x n x n) quantities X9k (the comma "," doesn’t represent the partial derivative)
are such that the quantities Eijhij + Eij’khmk represent a scalar field for any symmetric
tensor type (0,2) h, then the quantities (X9 +%7%) and (SUF 45708 represent respectively
the components of a tensor type (2,0) and the components of a tensor type (3,0).

Proof. Let define the scalar ¢ = X% h;; + Eij’khmk and ¢ = Zaﬁhag + Eaﬁ”haﬁh in the
system (v*) and (z%) respectively for any symmetric tensor type (0,2) h. The equality
1) = 1 becomes

j j oy' Oy’ oy Oy’ oy
. ik —yas I | By s ZI I
Z”hw + XY h’L]Ik =3° 2% OuP hzj + 3¢ ’Yama 928 D ijlk (239)
According to the lemma 2.3.1
Y 4 ¥t = peb op 2.3.10
* dx® Oxb * dx® Oxb ( )
and , - ook
g g oyt Oyl By dyl Ayt Oy
Rk 4 stk — sy 2 29 29 yaby T 9 27 2.3.11
+ 02 9P 07 T Oz OxP dxY ( )
then a permutation between ¢ and j gives
Y43t = (peh g yphey 2L 2
+ ( + )axa b
o (2.3.12)
. . ayl ayj 8yk
Nk 4otk —  (naby 4 e Zd I I
* ( + )(%L'O‘ OxP oz

Therefore (X% +X7%) and (X¥* 4 %75k) are respectively components of tensor type (2,0)
and (3,0) according to the definitions (2.2.5) and (2.2.6).

O

2.4 Dependence with respect to the metric

In this section, we consider a scalar field £ depending on the metric tensor and its
partial derivatives £ = L(gij, Gijk, Gij ki) and £ = L(gas, Gasy» Japyr) reSpectively in
system (y') and (). The corresponding partial derivatives are noticed

oL oL oL

dgij’ 09ij 09ij ki ( )

According to the symmetry of g, we have the major properties of symmetry
A’L] — Aﬂ, Aij,k — Aji,k, Aij,kl — Aji,kl — Aij,lk. (242)
Minor symmetry property AY* = AFLiJ i also satisfied but they are not necessary

here. The form-invariance of the Lagrangian function £ (which could be considered as a
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necessary part of the Indifference of the constitutive laws with respect to Superimposed
Rigid Body Motions e.g. [7]) takes the form of

L(9as, 9aB s Jasn) = L(Gijs Gij ks Gijki)- (2.4.3)

Remark 2.4.1 For recall, because no observer is distinguished, laws in physics have to be
observer-invariant. For our particular case about the Lagrangian function formulation,
this means that the functions L should have the same shape for arbitrary coordinate
systems : they are called form-invariant.

2.4.1 Metric tensor

According to the definitions (2.2.5) and (2.2.6), the components of the metric and its
derivatives satisfy the following transformations

)
gii = JOT gap
g = (JGI) + JET0 )V gap + TR T
gZ]7k lk J (A ]k ga/@ (A J kgaﬁ7’y
g = (T 5+ JﬁgJﬁ + Jngk T Jgjfkl)gaﬁ (2.4.4)

+ (JZ.O,;JfJI7 + Jgjkaﬁ + ;;Jf,],j + JfJﬁJ,Z + JngJ,j,)gam
+ (SIS TLIN gap

According to the symmetry Jh, = Ji, (the transformation is assumed of class C2), one

can write Jhg = (1/2)(Jpg + Jip), that induces ' (J55/D.Jpg) = (1/2)07 (6707 + 8747,

(8J%k/8Jﬁq) =0 and (8J%/0J}q) = 0. Now, introducing the expressions (2.4.4) into the
equality (2.4.3), and differentiating with respect to Jj, give

0 = ATK|GR(6807 + 810)T7 + 5 (610% + 6967 J¢ | g
NI\ T 785 (5107 + 078F) + P T (5067 + 670%) | g
NI LT3 T 65 (907 + 6707) + T2 T 635307 + 10%) | gus
NIRLI07 605167 + 5167)] g

Akl _J]@k(;g((sg(sf + 6/67) + Jfl“&ff(é?éi + 5;%55)} 9asB

+ o+ o+ o+ o+

XL T30 (586Y + 0167) + T80 (5267 + 6707 )} Jop

1If one does not consider the symmetric part then there is a loss of some terms in the derivation.
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The previous equation is valid for an arbitrary coordinate transformation, in particular
for the identity transformation : 2% = y', Ji* = 67, J;7 = 0. In such a case, we simplify

0 — Ak {53(52557 + 6767)67 + 613 (5767 + 5?51;:)5?} 9ap
+ AUH 52678 (5107 + 340%) + 5L 51010107 + 617) | g
L ATk [(%@5]:53(5555’ + 610F) + 676) 51 (0708 + 5;355)} Jaby

- AR [5057 05 (507 + 5167)| g
Further simplifications and symmetry of A induce 2

2Aq/@m)gu/677 + ZAPBVWQMBW + Aaﬂmqgaﬁ# + Apﬂﬂzgu/6 + Aqﬂ’pgug —0. (2.4.5)

In the particular case of a normal coordinate system, these reduce to AP#? + AP =,
According to the symmetry of A¥*_ for arbitrary indexes i, j, k, we have

Aji,k +Ak’z,j —

J A (N (=

J N | (R — )
then

Ak — _ARGT — ARG _Aji,k’
and finally

AR = AR — 0, (2.4.6)

Nevertheless equations (2.4.6) are only valid in normal coordinate system.

2.4.2 Introduction of tensors

Introducing the expressions (2.4.4) into (2.4.3) and differentiating respectively with
respect t0 gag A, Gas,y> Gas, allows to write

A ig,kl B A
AN = AR e g0 g g
poBey = pidkt O9iak | pij Oik 2.47)
090y 09 s, -
poB — puk 0%k pin 0%k i 00is
agaﬁ agaﬁ agaﬂ

The first equation shows that AY* are components of a tensor type (4,0). Conversely
the two others equations show that A”* and AY are not components of tensor. Thus

2The Latin indices and Greek indices mix since the transformation is the identity.
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we should introduce two tensorial quantities instead of AY* and A% respectively. Let h
an arbitrary symmetric tensor type (0,2) (i.e. h follows the same rule of transformation
(2.4.4) as g), and T1Y and II¥* (the comma "," doesn’t represent partial derivative) two
unknown quantities that verify the following equation

ATM s+ NP hg g+ ARy = N9R gy + TR R+ T Ry (2.4.8)

The formulations of the covariant derivative (2.2.11) and (2.2.12) are introduced into
(2.4.8), that reduces to an equality without covariant derivative terms. It depends on
(T35, U550} {higs hijie, hagaa}, {AY, A9F ) ADHY and {T1, TI%F}. Then, the lemma 2.3.2
is applied to the equation (2.4.8) in order to identify the coefficients of h;; and h;;
(the coefficients of h;jj; are the same in both hand sides of equation). Some adequate
permutations between the indices are necessary. For the sake of the clarity, details of
calculus are reported in annex. Let us recall that AY | A%* and A% have properties of
symmetry but it is not necessary the case for IIY and II¥*_ Thus we obtain the following

equations

H?Sf — AWk 4 2F21Aaj,kl + QriZAm,kl + FlglAij,bl
M = AT, AR 4 T, Aok

- ngFékAaj’kl - FZlF ZkAic’kl
FerikAbc’kl - FilrikAbc’kl
- FZlFibch’kl - FZzebACi’kl

+ (1/2)T0 (T8 4 TUF) 4 (1/2)T), (IT@F + T100F)

(2.4.9)

where IT{gy = (1/2)(11 Bk 4 T170F) and I,

= (1/2)(ITY + TII7Y).
Lemma 2.4.1 F := Aij7klhij’kl + Aij’khijvk + Aijhij s a scalar field.

Proof. Let us notice F' = Aij’klhmkl + Aij’khij7k + Aijhij and F = Aaﬁ”’\ha/g,w\ +
AP hyg . 4+ A% hyg Tespectively in system (y¢) and (z). According to (2.4.7),

AOBA hapon = _ AH g Jjﬁ ! Jl)\} hagan
[ ik 09kl ik 09ijk
Aaﬁ,'yh — Az],kl %9, —i—AU’k 7, h
aﬂ:’Y agaﬁ"}/ agaﬁ"}/ aﬁ,’Y
Aaﬁhaﬁ — AWK 0gij ki 4 ANk 0gij + AU agijl has
89045 agaﬁ agaﬁ
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By factorization of the coefficients of AY* AU* and AY we obtain F = (a) + (b) + (c)
with

” 09ij ki 09ij ki 0ij ki
a — Al],kl|: 17, ha \+ 17, ha %9, ha
(a) Bgagn BT Do 1B T g b
ik | 09k 0Gij
b _ Azg,k|: J> ha + J> ha
( ) agaﬁ,'y By 59aﬁ g
[ 0g;;
C = Al] |: Y ha :|
(c) Dgas "

According to the relations (2.4.4), the quantities in square brackets are simplified, (a)
= AR [hij ], (b) = A9F [hij 4], (¢) = A9 [hy;) and thus F = F.

]
Lemma 2.4.2 (F - Aij’klhmku) is a scalar.
Proof. Let us notice G := Aijvklhmk‘l and G := AO‘*@’”\haﬁhp\. By (2.4.7) we have
AT gn = NPT T T b (2.4.10)

h being a tensor type (0,2), the second covariant derivative hogj,|» form the components
of a tensor type (0,4). Consequently JfJfJngAhamyM = hyjjkp1, thus G = @. By previous
lemma, we have F — G = F — G.

0

Remark 2.4.2 A direct and simple proof may be obtained by observing that AV is in
fact a tensor type (4,0) and hyj s a tensor type (0,4). Their contraction is a scalar.

Consequently, Hij’khij\k + HijAhz‘j is a sgglar for an arbitrary tensor type (0,2) h. Using
the quotient theorem 2.3.1, Hz({ggc and HZ(]S) are components of tensor type (3,0) and (2,0)
respectively, these tensors are also symmetric.

2.4.3 Theorem

The expressions of HEJSI; in (2.4.9) holds in an arbitrary coordinate system. In normal
coordinate system, the Christoffel symbols vanish, e.g. [68] and we have, from (2.4.9),
H?S’; = AU* However, from (2.4.6) A¥* = 0 in normal coordinate system, thus HZ(JSI; =0
in normal coordinate system and too for any other coordinate system, because HEJS? are
components of tensor. The first equation in (2.4.9) is simplified in any coordinate system

0 = Ak ot Nkl 4 o) Ntekl |k AiGL (2.4.11)

We can etablish the following theorem :
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Theorem 2.4.1 Let a scalar field L = L(gij, gij k- 9ij 1) defined on a Riemannian ma-

nifold. If oL =0 then oL =0.

0Gijiki 09ijik

Proof. V 4,7, k, 1, the condition AY* = 0 is introduced into (2.4.11).
[l

oL iy
Consequently, from the second equality of (2.4.9), we deduce Eroie HEJS). An equivalent
Gij

formulation of theorem 2.4.1 may be found in [Lovelock and Rund, [57]].

Theorem 2.4.2 On a Riemannian manifold, there does not exist a scalar density as
L = L(gij, 9ij k) that only depends on the metric g;; and their first partial derivatives

9ij k-

2.4.4 Discussion

In any coordinate system, we have the following decomposition

{ Mo = (1/2)(I19 + 1) 4 (1/2)(T1% — T17°) (2.4.12)

T = (1/2)(I9 4 I0%) + (1/2) (15 — 1)

In [57], the quantities TIY and IT¥* are assumed to be symmetric with respect to the
indices 4 and j : II¥ = II7%, II%F = TI9%% and it is proven that the quantities ITF
are always null. In the present study it has been proven that only the symmetric part
Hzg; is null : the quantities II%* are skew-symmetric II¥"* = —II7%* The present study
is slightly more general than the result presented in [57]. The metric is a tensor and
consequently the Lagrangian £(g) depends on a tensor. To extend the arguments of L,
defined on Riemannian manifold endowed with an affine connection V, the new form
is then L(g, Vg, V2g) where all the arguments are tensors. The corresponding form
in the coordinate system (%) is L£(gag; 9asys Jasiyr)- If the connection is Euclidean
(derived from the metric) then we have g,y = gag,y since Flﬂ ~ GaBn~- In [57], the used
connection is implicitly that of Levi-Civita, this is the reason why we studied the form
with partial derivatives £(gag, 9aB,v> 9aB2)- Another motivation is that, according to
the Lemma of Ricci e.g. [18], the covariant derivative of the metric tensor g, in the sense
of Levi-Civita connection, is identically equal to zero.

2.5 Invariance with respect to the connection

The metric is imposed by the ambient space (Euclidean space) and there exist many
possibilities for the affine connection. It is possible to impose restrictions on the possible
form of connections. We demand that the metric be covariantly constant : Vg = 0.
In such a case the connection is said compatible with the metric. The choice of the
connection is arbitrary but it is worth to use a connection compatible with the metric.
This implies that Vg cannot be an explicit argument of the Lagrangian £. This is the
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reason why we consider V as argument rather than Vg. We labeled the biconnection
V2 = VoV. In order to extend the list of arguments of £, we consider the following forms :
L(g, V), L(g,V?) and L(g, V, V?). However it should be stressed that the connection is
not tensor conversely to the metric, thus we aim to obtain tensorial arguments instead
of the connection and/or the bi-connection.

2.5.1 Preliminary

We define the invariance of any scalar field (more precisely the form-invariance) :
L(X,Y) = L(X'"Y') with both formal arguments X and Y defined in any two coordinate
systems (with and without ’).

Lemma 2.5.1 Let us consider arbitrary constants K1, Ko, C1, Cs, C3 and the variables
x, 2, y, v, p, P, q ¢ which follow the transformations

= K x4+ Ky

Ky

Cip+Csy (x+y)+Cs
= Ciq

(2.5.1)

x/
yl
p/
ql

Now let us consider a scalar function L which satisfies the equations (form-invariance)
1. L(z,y) = L(2y)
2. L(p,q) = L, q)
3. L(z,y,p,q) = L&'y, P, q).

If (0K1/0K3) =0, (0K1/0C3) =0, (0K3/0C3) =0, (0C1/0C3) = 0 then, from equation
(1.) we have L(y) = L(Y'), from equation (2.) we have L(q) = L(q'), from equation (3.)
we have L(y,q) = Ly, q').

Proof.

Equation 1 According to (2.5.1) we have L(z,y) = L(K; = + K2, K7 y). We differen-
tiate this equation with respect to K, to find

oL ox' oL oy

0= vor, "oy o,
0 = JENOK, 4] 2LOK
T 97 | 0K, dy 0Ky ¥

which involves that 0£/0z" = 0 if 0K;1/0Ks = 0. Then, according to (0L/0z) =
(0L/02")(02' |0x), we prove that OL/dx = 0.
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Equation 2 According to (2.5.1) we have L(p,q) = L(C1 p+ C2 (xz +y) + C3,C q).
We differentiate this equation with respect to Cs, to find

oL dy  OL dq

" T oo T agac,
oL [0, 9C, L aC
p— — — —_— 1 S —
0= Grlac P ac C YT Y agag, ¢

which involves that 9L/dp’ = 0 if 9C1/0C5 = 0, the term in square brackets not va-
nishing. Then, according to (0L/dp) = (OL/0p")(0p’/Ip), we prove that 9L/Op = 0.
Finally we obtain £(q) = L(¢').

Equation 3 According to (2.5.1) we have L(z,y,p,q) = L(K1 =+ K2, K1 y,C1 p+
Cy (x +y) + C3,C q). We differentiate this equation with respect to Cs, to find

L 9z 9L Oy AL Y AL A

0 = Bvac, Tayacs "oy acs T aq acs
0 = M[%H%]Jraﬁ%waﬁ %p+%(ﬂz+y)+l
8:13/ 8C3 603 8y’ 303 ap/ 603 (903
AL HC,
T agacy

which involves that dL/9p" = 0 if 0K1/0C5 = 0, K5/0C5 = 0, 9C1/0C3 = 0. Then
we have too dL/dp = 0. According to (0L/0x) = (OL/Ip')(0p'/dx), we prove that
OL/0x = 0. To finish, according to (0L/0xz) = (0L/0x")(0x'/0x) = (OL/0x") K1, we
prove that 9L/9x" = 0. Finally we obtain L(y,q) = L(v',¢').

0

Remark 2.5.1 The previous proof is based on the principle of fields invariance introdu-
ced by Lovelock and Rund [57]. It is equivalent to the form-invariance, a term borrowed
from [79].

In an arbitrary coordinate system (y’), the components of the metric, the connection

and the bi-connection are respectively g;;, Ffj and Ffﬂ + F’;}Ffm. The forms L(g, V),

L(g,V?) and L(g, V, V?) are then explicitly written as £(g;;, Ffj), L <gij, Fi?j’l + F?}Ffm)
and ﬁ (gija FZ, F?j,l
assume the form-invariance of the scalar field £ (three cases) :

+ F?}Ffm), respectively. Let (z%) an other coordinate system, let us

LTY) = L(I,)

LTy, +THTE,) = LI, +Th00,) (2.5.2)
L0y, T3, +TpTE) = L0050, +ThsTR )
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where the components of the metric will be omitted for the sake of simplicity. For further
applications, let us introduce the following components

k. _

TE = (1/2) (T - %)

st = (1/2) (Th +T%) -
B, = (1/2)( + Tk, —TF —rmrk> (25:3)
lij sl g3 lj=—im

af; = (/2) (T8, + Tk, +Th, - TETE,)

According to (2.5.3), a permutation between i and j allows the decomposition I’k = Sk

.. A permutation between ¢ and [ allows the decomposition Fk l—i—Fka Aﬁ it h]

A ﬁrst permutation between ¢ and j then an other successive permutatlon between iand [

allow simultaneous decompositions Fk = Sk —i—Tk and Fzy I —i—FZ-Tf = Aﬁ] h] Details

of calculus are given in annex. Thanks to these deCOHlpOSItIOHS, the form-invariance of £
(2.5.2) becomes

k k _
‘C(SzjaT) - E(Slﬁ¢’]r7ﬁ)

E(Afzy? lz]) = E(Azaﬁa )\aﬁ) (254)
E(SZ7T’Z’AZ‘]7 llj) - E(SO&B’TQ67A)\aﬁ’ )\aﬁ)

2.5.2 Application

Let us consider the following identification of variables x, ', v, v/, p, ', ¢, ¢ :

T = SZ? T”Z‘j? p Alz]? q - Bl@]? (255)
x’:SZw, y’:']l‘aﬁ, p’:Amﬁ, IB%Y\QB (2.5.6)

The transformation laws between the above variables take the form of (2.5.1) with (see
annex)

K, = J& JJ'A7

_ J v
Ky = Jl A
¢y = JLJLA] (2.5.7)

Cy = JLZJAL + JLT AL + JiJh, A

C3 = J;JAJ;ﬁAzA“+J’AJ] A“A’Y

We have 8K1/8K2 = 0, 8[(1/86’3 = 0, 8K2/603 = 0, 801/803 = 0. ACCOI‘ding to
lemma 2.5.1, the invariance of £ (2.5.4) means

L(Tf) = L(T),)

L(B;) = L(B},p) (2.5.8)
L(TSBy;) = L(T)5B,)
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We now identify the components of torsion tensor by ij = 2T§“j and the components of

curvature tensor by %Zj = 2BF . From (2.5.8) we have

lij
L) = LNp)
LIRE;) = L(R,) (2.5.9)

lij
L(ijv 9‘%;‘;]) = ﬁ(NZzﬁv m’)y\aﬂ)

2.5.3 Synthesis

For the sake of the simplicity we have previously omitted the argument g;;. Adding
this argument does not change the proof. The overall result then includes the metric, the
connection, and the bi-connection as arguments of the Lagrangian function £. We also
have the following Form-Invariance :

L(9iRE) = L(gap, N05)
L(gijsR5) = L(gap, Rup) (2.5.10)

L(gijs R R = L(Gags Nigs Rhs)

All the arguments of £ are components of tensors, they are invariant under the action of
the diffeomorphism (in the sense that they transform covariantly according to usual tensor
transformations depending of their type). Therefore, the Lagrangian function is form-
invariant. The components of torsion are explicitly defined according to the coefficients
of connection and the components of curvature are explicitly defined according to the
coefficients of biconnection. From (2.5.10) we have

L(9ij; 1) = L(gap:Top)
L(gi: T +T0TE) = L(gap: Tgp +ThsD,) (2.5.11)
L(gij, T8, TE +T0TE ) = L(gap, T T g, + 05T,

The results are summarized in the following theorem :

Theorem 2.5.1 Let a Riemannian manifold (X,g) embedded into an Fuclidean space
and endowed with an affine connection NV compatible with the metric (Vg = 0). To the
connection are associated the torsion tensor X and the curvature tensor K. For any scalar
field L defined on X, the form-invariance induces

L(g,V)=L(g,N), L(g V) =L(gR), L(gV,V°)=L(gNR) (2.5.12)

The equations (2.5.12) can be read in the two directions :
- L= L(g,V) is form-invariant if and only if L = L(g,N)
- L = L(g,V?) is form-invariant if and only if L = L(g,R)
- L =L(g,V,V?) is form-invariant if and only if L = L(g, R, R)

Under the same hypothesis as for the theorem 2.5.1, we have the corollary :
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Corollary 2.5.2 On Riemannian manifold, there does not exist a scalar field L (form-
invariant) which depends on the metric g and the Levi-Civita connection V.

Proof. According to the theorem 2.2.1 and theorem 2.5.1 : L(g,V) = L(g,X = 0) =
L(g)-
O

Remark 2.5.2 The corollary 2.5.2 can be proven by using the components formulation.
Indeed, the coefficients of the Levi-Civita connection are the Christoffel symbols labeled

I';; (2.2.10) which depend on the components of tliekmetmc and its first partial derivatives
e.g. [68]. According to the theorem 2.4.2 : L(gi5,1;;) = L(Gij» 9ijk) = L£(9ij)-

Remark 2.5.3 The extension consists in using an affine connection which does not de-
rive from a metric although compatible with the metric, and thus to introduce the torsion
and/or the curvature to describe the dislocations and the disclinations field e.g. [61], [74].
However the connection of Levi-Civita is compatible, is derived from the metric and es-
pecially the associated torsion necessary vanishes (theorem 2.2.1). Although essential and
used for models of continuous medium, the use of Levi-Civita connection seems limited
and is not adapted in this framework.

2.6 Strain gradient continuum

2.6.1 Interpretation

According to the form of the strain energy potential (part of the Lagrangian func-
tion), the potential energy of a system depends on the strain tensor E and possibly
on other arguments. In Riemannian geometry, the metric g and the affine connection
V are fundamental tools to describe the tensor fields and their derivatives defined on
manifold. The torsion N and the curvature R are tensors which are associated to the
affine connection. This geometrical approach is applied in the study of defects through
continuous media e.g. |50], [61], [74], [85] and more generally in physics, e.g. [18], [46].
For continuum mechanics, the metric tensor g is related with the strain tensor E, by the
following relation [75] :

g =1+ 2E, Gij = 51‘]‘ + 2FE;; (2.6.1)

where I is the identity tensor type (0, 2). It should be also stressed that the relation (2.6.1)
implicitly assumes that material coordinates within the continuum are used for describing
the continuum transformation (i.e. we use Lagrangian description with convected vector
base e.g. [74]). Consequently the first type of the scalar field (Lagrangian) £ we would
like to analyze, takes the form of (by abuse of notation)

L(Gij» Gij k> 9ij k1) = L(Eijs Eij gy Bij k) (2.6.2)

In the framework of strain gradient continuum, the forms of Lagrangian functions are
L(Eij, Eyjy,) for fivst or L(Eij, Ejjii, Eyjjrpi) for second strain gradient model. Many strain
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gradient models use an affine connection which derives from the metric. Consequently,
the Lagrangian is respectively reformulated by L£(E;j, Eyj ) and L(E;ij, Eijk, Eij ). Ac-
cording to the theorem 2.4.2 [57], the form L(E;;, E;j; 1) does not exist. Consequently the
possible forms are e.g. [1] :

— L(FE;;) which is used in classical elasticity theory.

~ L(Eij, Bij ) and L(Eij, Eijk, Eijm) which are used in strain gradient theory.
In the case where the affine connection is Euclidean®, among the Lagrangian arguments
we find necessarily the second order of the derivative of the strain. Thus the strain
gradient theory is more rigorously named the second strain gradient theory, also called
continuum of grade three e.g. [1]. But the partial derivatives of tensor components are
not necessary the components of tensor, therefore the quantities Ej;j and Ejjx may
not represent physical quantities, in general. Indeed, according to the equation between
the strain and the metric (2.6.1), we observe that the components 9ijk and g;jp are
not components of tensor by (2.4.4). We choice then a non Euclidean connection but
compatible with the metric. The affine connection is not a tensor however, the studied
forms L£(g, V), L(g, V?) and L(g, V, V?) are respectively equivalent to £(g,R), L(g,R)
and L(g,N,R). All the arguments are tensors and can represent physical quantities. The
proof is based on the invariance principle, essential criterium in study of fields in physics.

Let us consider a continuous medium (continuum) modelled by a Riemannian mani-
fold endowed with an affine connection (compatible with the metric). The choice of the
continuum comes owing to the fact that torsion is null (Riemannian approach) or not
(Cartan approach). By the way, the introduction of torsion and curvature was done in
previous works as tensorial measures of Volterra dislocations and disclinations e.g. [61],
[74].

- L(g,X=0,9% = 0) corresponds to an elastic energy strain function.

- L(g,N) is associated to an elastic continuum with dislocation.

~ L(g,N,9R) is associated to an elastic continuum with dislocation and disclination.
The elasticity of the continuum refers to the metric as argument of the Lagrangian
whereas the dislocations and disclinations are described by the torsion and the curvature
tensors associated to the affine connection V e.g. [61], [73].

Remark 2.6.1 For establishing the form-invariance requirement we are searching for
constitutive laws of higher gradient continuum mechanics. We do not take all applicable
arbitrary coordinate systems. We limit to coordinate systems x and y' that are all diffeo-
morphically equivalent to each other. This i1s obviously a larger class than the orthogonal
transformations (rotation and translation of coordinates) and even much larger than the
class of coordinate systems related by linear transformations, but it should be again re-
minded that still just a small fraction of all possible coordinate systems e.g. [74]. Further
studies in this direction still hold as great challenge, by considering the concept of path-
dependent integration method e.g. [46].

3The Euclidean connection derived from the metric tensor of a referential body was mostly the
connection used in mechanics for over two centuries, e.g. [74].
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2.6.2 Comparison

In this subsection we aim to compare the model previously introduced (with metric,
torsion and curvature as arguments of £) and the model of second strain gradient elasti-
city initially introduced by Mindlin in [65]. The main difference concerns the arguments
of the Lagrangean function or elastic potential energy.

What order gradient for the elastic continuum ? According to [65] the potential
energy-density W, that we can also label £, takes the form of L(e, Ve, VVe) where the
symbol V is the gradient operator and € := (1/2)(Vu + VTu) with u the displacement.
For sake of simplicity we label VVe := V2e. We notice that
— € corresponds to first gradient of displacement
— Ve corresponds to first strain gradient, or second gradient of displacement
— V2e corresponds to second gradient of strain, or third gradient of displacement.
Thus the terminology adopted for the models £(g, Ve) (see [66]) and L(g, Ve, V2e) (see
[65]) is associated with the order of derivation in space of the argument strain e. For
the general form L(g, N, R), we adopt the terminology borrowed in [65] according to the
dimension* of variables Ve and V2e. The ranks (see definition 2.2.1) of the different
arguments of £ are : the metric g is a second-order tensor, the torsion X is a third-order
tensor and the curvature R is a four-order tensor. Associating the dimensions of Ve and
V2¢ with the ranks of X and R, we may define :
~ L(g,N) is a contribution in the so-called first strain gradient elasticity, or second
gradient of displacement
~ L(g,R) is a contribution in the so-called second strain gradient elasticity, or third
gradient of displacement
- L(g,N,R) is also a contribution in the so-called second strain gradient elasticity,
or third gradient of displacement
It is important to know if the gradient concerns the strain or the displacement. In all the
cases the term "second gradient" appears. This chapter may then be relabelled : "On the
Form-Invariance of Lagrangian Function for Second Gradient Continuum" [4].

How can we interpret the arguments of the energy ? The main different between
this present model with the one of Mindlin [65] is that all the arguments g, X and R are
tensors, while, in general, Ve and V2e are not tensors. In the form L(e, Ve, V2¢), all the
arguments are defined in terms of the displacement u and the gradient operator V. In
the form L(g,N,R), all the arguments are defined in terms of the metric g (similar to
the strain €) or an affine connection, also labelled V, which is compatible with the metric
(Vg = 0). The notion of derivation in the model £(g, R, R) is more general than in the
model L(g, Ve, V2¢), due to the presence of the covariant derivative induced by the affine
connection. In the study of fields in physics, the tensors are adapted to describe the phy-
sical phenomena. According to e.g. [61], [44], the physical interpretation of the torsion
and the curvature is given in terms of dislocations and disclinations of Volterra. More

e : dimension 2; Ve : dimension 3; VZ¢ : dimension 4.
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precisely in [73] and also [74], the arguments N and R are given in terms of discontinuity
fields : the torsion is used to describe the discontinuity fields of scalar fields like dislo-
cations, and the curvature is used to describe the discontinuity fields of vectorial fields
like disclinations. Consequently, if we study an elastic continuum with dislocations we
will use the form of £(g, N). If we study an elastic continumm with disclinations without
dislocation we use the form of £(g,R), and if we study an elastic continuum with dis-
clinations and dislocations we use the form of £(g, X, R). These three forms then permit
to capture the dislocations and/or the disclinations in an elastic material, and in parti-
cular the torsion and the curvature are considered like independent variables : we have
successively introduce forms with either only N, either only R, or N and R, in addition to
the metric. Our model permits then to distinghuish the Riemannian geometry (without
torsion) to the non-Riemannian geometry, e.g. [44]. The model initially introduced by
Mindlin [65] is a more completed form of the potential energy-density which includes the
form in [66]. This is a generalization of linear elasticity which includes higher-order terms
to account for micro-structures or couple stress effects in materials. But many works have
also emphasized the link with the disclocations and disclinations e.g. [54]. In addition
to Cauchy-like stress tensors, hyperstresses (double stresses and triple stresses) occur in
such a framework. But in this chapter we have not introduced this type of variable. In-
deed we have not derived the Lagrangean function with respect to its arguments (torsion
and curvature) in order to write the corresponding constitutive equations. The present
comparison is not been finished yet, the investigations on our model must continue (see
perspectives).

2.7 Concluding remarks

Most of the materials may be regarded as Noll’s simple materials [69]. Reduced form
of their constitutive laws are therefore determined through both the Euclidean-Frame
Indifference and the Form-Indifference that ensure the Indifference with respect to Su-
perimposed Rigid Body Motions (rigid translation and rigid rotation) [79]. Elastic simple
material is therefore well defined by a strain energy density function depending on the
metric tensor components as arguments. Strain Gradient continuum does not belong
to the Noll’s simple materials class, strain energy density also depend on higher space
derivatives of the metric tensor. The goal of the present paper was to analyze the form-
invariance of second strain gradient, or also named third grade continuum. The ratio
supporting the interest of such a third grade continuum may be found initially in [64]
and recently in e.g. [27], [54]. In a previous work, we were also leaded to third grade
models however from a differential geometry point of view, when accounting for discon-
tinuity of scalar and vector fields within the continuum [73]. We do not pay attention to
the inertial terms in the present paper, reducing the Lagrangian function to the strain
energy density function.

According to a method borrowed from [57], the present investigations have shown, on
the one hand, the necessary dependence of the Lagrangian function on the second order
derivative of the metric, or the strain (main argument). On the other hand, the form-
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invariance method applied to a Lagrangian function that depends on both the metric and
the (compatible) connection involves the necessary dependence of the Lagrangian with
respect to the torsion and/or the curvature associated to the connection. It is observed
that the introduction of the affine connection as arguments of any physical quantity,
such as the Lagrangian function, has its roots in basic physics of spacetime. Connection
was already introduced in the earlier works of Einstein, Weyl, and Cartan to describe
the concept of gravity e.g. [21], in which the both metric and connection are considered
as two of the fundamentals tools for mechanics and physics. The Lagrangian function
is reduced to an elastic potential energy function and the dimension of its arguments
inform on the character of higher order of gradient. The form £(g,N) is associated to a
second strain gradient elastic continuum with the argument torsion, whereas the form
L(g,N,R) is associated to an elastic continuum of third grade with the curvature also as
additional argument.
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Chapitre 3

Propagation d’onde dans un corps
hétérogeéne

Ce chapitre sera consacré a ’étude des propagations d’ondes élastiques dans un mi-
lieu qualifié d’hétérogéne, ou la distribution de la matiére est supposée continue mais des
discontinuités de champs scalaires et vectoriels (hétérogénéités) peuvent apparaitre. Nous
considérons une densité de masse variable suivant une loi exponentielle qui nous permet
d’obtenir les équations du mouvement perturbées. Le parameétre perturbateur intervient
dans la forme originale de I’équation de Navier. Puis nous traitons des exemples d’appli-
cation en résolvant analytiquement les équations du mouvement. L’analyse modale des
solutions met en évidence une atténuation en espace de 'onde et le phénomeéne de fré-
quence de coupure pour 'onde. Ce travail constitue la référence [5] : le lecteur est donc
invité & substituer éventuellement 'expression "in this paper" par "in this chapter".

In this chapter we deal with the elastic wave propagation through a heterogeneous medium,
where the matter is assumed continuous with some discontinuity fields of scalar fields or
vector fields (heterogeneities). We introduce an exponential variation of mass density
which implies a disturbed wave propagation equation. We give with two examples : a mo-
dal analysis highlights the space attenuation of the wave and the stop pass frequency for
the wave. This work is associated to the reference [5] : the reader can thus replace the
expression "in this paper” by "in this chapter”.

47
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3.1 Introduction

During the last decades, measurement of the velocity and attenuation of waves has
been the basis of quantitative non-destructive evaluation of engineering material proper-
ties e.g. [41], [70]. Non destructive evaluation of materials combines wave propagation
theory and technology as ultrasonic, x-ray diffraction and other methods of investiga-
tions. The basic theory behind the more and more sophisticated technology remains the
wave propagation within heterogeneous media. Strain gradient models e.g. [28]| have been
used to describe heterogeneity in continua and the wave dispersion which is experimen-
tally observed e.g. [35], [41]. Particularly, gradient-enriched elasticity models have been
used to investigate the attenuation of high-frequency waves. They involve not only first
gradient of the displacement (strain) but also account for the gradient of strain e.g. [86].
The dispersive character of waves experimentally observed can be analyzed with a hi-
gher accuracy but often empirically. It is usual to a fortiori multiply the wave results
of homogeneous continuum by an attenuation of the exponential type to fit theory with
experiments. Additionally, the experimental eigenfrequencies of heterogeneous medium
are in general slightly higher than for homogeneous medium e.g. [41]. Then, developing
heterogeneous continuum models is not only motivated by theoretical point of view. Ex-
perimental analysis of wave characteristics with fractured solid, geophysical material,
defected material also constitutes an active research field in the domain of non destruc-
tive testing and needs support of rigorous underlying concept. Namely the existence of
stop-pass band behavior waves which propagate through some heterogeneous material is
an important help in monitoring the in situ degradation of material e.g. [67]. The present
paper can be related to the modelling of "weakly continuous medium" (WCM), previously
developed in [73]|. This work aims to develop a particular non homogeneous continuum
model similar to WCM, for analyzing the propagation of wave within an heterogeneous
medium.

3.2 Wave propagation equation

This section focuses on the Hamilton’s formulation of a particular class of non homo-
geneous continuum. We consider in the present paper a finite (bounded) continuum B, a
closure of a open set of R? with its piecewise smooth boundary 0B. We assume a linea-
rized theory of elastic continuum. The transformation of such a continuum is defined by
its displacement field u (x,t) where x is the position of any point of the continuum and ¢
the instant. The non homogeneity of the elastic continuum is defined by variable density
p = p(x) depending on space (vector x). In this framework, we remind the Cauchy small
strain € = (1/2) (Vu + VTu). We limit ourself to elastic material and one can thus write
a phenomenological expression of the Lagrangian density function of the continuum. For
an elastic material, the density of Lagrangian function per unit volume takes the form of
(the explicit dependence on ¢ and x is omitted for the sake of simplicity) e.g. [60]

1
L(u, V) := 5 p [wl* = p v (Vu)



3.2. WAVE PROPAGATION EQUATION 49

The first term is the kinetic energy and the second one the potential energy (strain energy
density). From now and hereafter, u; denotes the partial derivative of the displacement
with respect to time ¢, and Vu the space gradient of the displacement field.

Remark 3.2.1 Conforming the classical mechanics, it should be stressed that x is not
a generalized coordinate. It serves as a continuous label for each material point of the
continuum e.g. [33]. The variation § applies only on the displacement field u and ilts
derivatives.

To derive the local equation of the wave propagation from the Lagrangian £, consider
the Hamiltonian functional action given by

S [uy, V] = /: {/B,c (w, V) dv} dt.

In order to apply the Principle of Least Action S = 0, the directional derivative of the
Hamiltonian action holds

58 = / {/ [E)ut 5(ut)+;v£u:5(v11)]dv}dt

For convenience, we define the generalized momenta

)
bt = Buy’ Vu ‘= ovu

Consider the two relationships

odu 0 0
pt-0(u) = p¢- <8t> (%(pt 5u)—a(pt) du

Pyy:0(Vu) = Pyy:V(6u)=div(Py,u) — du- divPyy

Introducing these two relations in the expression of directional derivative allows to write

58 = /t;f{/[gt( ou) — gt(t)-éu]dv}dt

t
+ / ' {/ [div (Pguéu) — du - divPyy] dv} dt
t; B

Factorization, arrangement and Stokes’ theorem may be used to rewrite this equation in
the following form

iy
S= — / {/ [8 (pt)+d1vPvU} -du dv}dt
t ot
tf tf
+ [/pt-(sudv] +/ {/ PVu(n)‘éuda}dt
B t; ti oB
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where we respectively point out two terms for the boundary and for the initial and final
instants. Natural limit assumption as

du(x,t;) =du(x,ty) =0 (3.2.1)

allows to eliminate the second term e.g. [60]. This conforms to classical Hamiltonian
mechanics. On the other hand, the conditions at the continuum boundary 9B allow to
eliminate the third term. For the sake of the simplicity, only Dirichlet and / or Neumann
boundary conditions are considered in the present paper, without loss of the genera-
lity. The arbitrary nature of the variation du (kinematically admissible) means that the
stationarity of the action S is satisfied only when the term in square brackets of the
first integral vanishes. Then the Principle of Least Action gives us the linear momentum
equation e.g. [33], [60]

0
o (py) + divPyy =0 (3.2.2)

We are interested in the present work in the case of variable density field obtained with the
so-called conformal transformations e.g. [46]. From now and hereafter, we then consider
a particular non homogeneous (bounded) continuum with variable density as

D= po exp(&o - X) (3.2.3)

where Ro denotes an uniform and constant 1-form field on B (isomorph with a vector in
an Euclidean ambient space). For the material under investigation, the following relations

hold
ou ~

Pt=po 5 exp(Np - x), Pvu = —po

0 ~
exp(Np - x

Fog PRo-x)

Remark 3.2.2 The strain energy density p ¥ should be invariant under a rigid transla-

tion and rigid rotation of the continuum. For linearized elasticity without initial stress,

the (scalar) energy takes the form of

Y (Vu) = (1/2)e : E¢]
where E;j1; are the components of the elasticity tensor of the material.

For the sake of the simplicity, we only consider an isotropic non homogeneous continuum
with
po Eijri = Ao 0450k + po (6051 + didji) (3.2.4)

Introducing the expression of the energy density into the linear momentum equation
(3.2.2) leads to the local wave propagation equation :

(Mo + p0) V (divu) 4 o Au+ AgTre I(Rg) + 2u0 £(Ro) = po uy (3.2.5)

The precisions and details of calculus are in annex.
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Remark 3.2.3 The wave propagation equation is disturbed by the introduction of the
parameter No. For Ry = 0, we obtain classical Navier’s equation. We aim to define the
role played by Ng in the resolution of equation. The obtained local equation (3.2.5) is
ezactly the same as the wave equalion for weakly continuous medium developed in [74]
where No is defined by means of the constants of structure of Cartan e.g. [14]. Presence
of the torsion tensor in the Euler-Lagrange equations is also observed for classical and
quantum particle mechanics [46]. The torsion tensor X is introduced by means of the space
connection whenever nonholonomic path is followed by particles in the configurational
space.

3.3 Classification of waves in this non homogeneous conti-
nuum

First of all, plane wave solutions of the linear momentum conservation equation may
be written as follows u = ugexp [i (k - x + wt)] with i> = —1. Introducing this solution
into the motion equation gives :

[(pow? = p10k?) T — (Ao + pio) K* n @ n] ug
+ kN [(Amen+pgne@m)+un-mluy=0

where we have defined the wave vector and the nonhomogeneity vector parameter as
k:=knand R := Ry m respectively. m and n are unit vectors, where m is associated
to matter whereas n to the wave propagation direction. For the plane wave analysis, it
suffices to consider two situations.

3.3.1 Wave orthogonal to non homogeneity

The wave direction n is orthogonal to the material vector m, say n-m = 0. Let (m, n)
be an orthonormal base in the plane generated by these two vectors. The eigenvalues
problem takes the form of

p0w2 — ,uo/'ﬁ2 iAo k No :| Uom . ( 0 >
ipo k No p0w2 — (Ao + 2u0) k2 Uon 0
From this equation, we can clearly observe the classical longitudinal wave and the shearing
wave if the scalar Xg = 0. Otherwise, the frequency equation holds :

(pow? — pok?) [pow® — (Ao + 2u0) k2] + Ao pio k* N§ =0

The non homogeneity, characterized by the scalar X, obviously couples the longitudinal
and shearing waves. In other words, some part of volumic energy is transformed into
shearing energy and vice versa for nonhomogeneous continuum by means of this non
homogeneity parameter. Let define three wave numbers and the celerities ratio as follows :

2 2
9 W 2, W 2. o > 2. CT
kT - 2 ) k’é - 27 k.N - A 2 NO, c - 2

T Cp 0+ 210 c

[\
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where cr and ¢, are respectively the celerity of volumic and shear wave within the ho-
mogeneous continuum with uniform density pg. The dispersion equation reduces to

kY — (kF + k] — k) K* + k3 kj =0
The discriminant of this second-degree can be rewritten as follows :
A= (kp — Ky — k) (kr — ke + kx) (k7 + kg — kx) (kr 4 ke + ky)

Owing that ky < k7, the sign of the discriminant is the same as the sign of

W oow w o w
A" (w) = (——kn) <+—k‘N>
oroo e,
For convenience, we introduce the following quantities expressed in terms of waves cele-

rity © Ao + 2u0 == po c%, o = po c%, and ky = V1 — 2¢2 Ny. Then, we can analyze the
sign of A depending on the frequency w.

Case 1(Low frequency)

w < cer V1=2¢28g = A>0

¢y +cr

The expression of the square of the wave number is given by

k2:% (k%+k3—k§)i\/(k%+kg—k§)2—4k§, k2

and owing that k2.4 k7 — k% < 0. This ensures that k% < 0 in any case. The wave number
is therefore a pure imaginary number k£ € ¢ R. In principle, for such a case, there is only
an attenuated exponential solution in space. It is similar to a stop-pass frequency w,
phenomenon empeaching the wave to propagate e.g. [67] :

wei= LT\ ST222N,

¢y +cr

Case 2 (Intermediate frequency)

AT T 2Ry <w< LT 1228 — A<O

Ccy + cT cy — CT

The expression of the square of the wave number is given by

= 5 | K R 010 8 0 R)°

In this case, the solutions are complex k = kr + ¢ kj € C assessing that solutions have
space attenuated wave forms provided that kj; > 0.
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Case 3 (High frequency)

cer V-2 <w = A>0

Ce —Cr

The expression of the square of the wave number is given by

k2:% (k%+k§—k§)i\/(k%+kg—k§)2—4k% k2

and owing that k% + k:l? — k§ > 0. Conversely to low frequency, we observe that k2 > 0.
This means a non attenuated wave solution since k € R.

Remark 3.3.1 [t is observed that the values of the corresponding phase velocity for very
large values of the wave number k — oo remain bounded, meaning that the model is
physically acceptable at least concerning this aspect e.g. [71].

3.3.2 Wave parallel to non homogeneity

The wave direction n is parallel with the material vector m. We use the vector m
and its direct orthogonal counterpart m* to form a base in the (m, mJ-) plane. The
eigenvalues problem takes the form of

,00002 — ()\0 + 2#0) (]€2 — ik No) 0 UOm,
0 pow? — 1o (k:2 —i k No)

“(0)

The existence of two distinct waves is straightforward in this formulation. We remind
here below the concept of stop-pass frequency by analyzing this longitudinal parallel
wave. All the examples we deal with belong to this class of "parallel" wave. Extension
to the "orthogonal" wave does not present conceptual difficulties. A short discussion on
this topic will be given at the end of the thick-walled tube example.

UOmL

Adimensionalisation. In this paper, the variable ¢ represents the time (dimensioned),
the variables x and r represent the space (dimensioned) and the heterogeneity of the
media is represented by Yo (dimensioned). Let us introduce the time ¢ = T' ¢ and the
space variables

t=LT=Ng=280 L', r=R7=R =28 R} (3.3.1)

where L and R represent length and radius in the next examples. The scales being T', L
and R, the symbols with an over-line are non-dimensioned variables. But for convenience
we will choose to write without over-line :

t—1t, r—r, &0 — Ng (332)
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etc from now and hereafter. Ay and o are the constants of Lame and pg is the mass
density then we respectively notice the longitudinal velocity and the transversal velocity

L - ;

Ao + 2 2
2 =201 + MO, A= Ho ? = C—zT <1 (3.3.3)
Po PO Cr,

where c% represents the longitudinal velocity and c% represents the transversal velocity.
Depending on the examples, we choose the time scales

T==, T== (3.3.4)

Stop-pass frequency. For waves parallel to the non homogeneity. It is easier to define
the concept of stop-pass frequency. Stop-pass frequency originates from 1-D wave pro-
pagation through a medium with micro-fracture distribution, perpendicular to the wave
direction, that presents a sound basis for determining the micro-fracture characteristics
as geophysics and mining engineering e.g. [67]. For further simplification, let us consider
a fixed-fixed beam of length ¢. The kinematics is assumed to be described by a displa-
cement vector u := u(z,t) e; and an uniform field Ng := Ng e; which is similar to the
distribution of "scalar discontinuity" (heterogeneity of material) developed in e.g. [74].
Without going into details (choice L = ¢) the non dimensionnal 1-D wave propagation
equation takes the form of

O, o Pu_
0z? O or oz

The dynamic equation includes then an additional term which represents the influence
of non homogeneity. The equation (3.3.5) can be solved by applying the integral Fourier
transform over the dimensionless time t. Assuming u(z,.) € HY(R) Vx € [0,1] and
multiplying equation (3.3.5) by e (w being an arbitrary parameter) and integrating
it by [ dt, we obtain

0. (3.3.5)

U'(z) 428 U'(z) + w? U(z) = 0 (3.3.6)

where U(z) := [; u(z,t) e”™* dt is the Fourier transform of u(z,.). Searching for
solutions of the type U = e**, with k € C (eigenvalues problem), equation (3.3.6) leads

to the dispersion equation
k% 4+ 2%k +w? =0 (3.3.7)

Three types of solution k are possible according to the sign of the discriminant A :=
N3 —w?. In each case the solution depends on parameters w and Ry. Given w = w,, € R,
n = 0,...,00 (discret spectrum), we have a discret family of solutions k,. Consequently
the solution of (3.3.6) takes the form of U,(x) = " which finally depends on the
parameter Rg. The general solution u(z,t) of wave propagation equation (3.3.5) is the
decomposition in Fourier series

u(z,t) = Z Upn(z) e™nt (3.3.8)

neN
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We henceforth seek solutions of the type u(z,t) = U(z) €™ in the next examples. We
call stop-pass frequency (or cut-off frequency) the frequency w which is defined by A =0
e.g. [67], wn € Ry represents the n' eigenfrequency of the wave, k,, represents the wave
number and U, is the wave function. Let us consider a preliminary example treated in [74]
with exactly the same equation as equation (3.3.5) : a fixed-fixed beam of length L with an
homogeneous distribution of "scalar discontinuity" and the boundary conditions are then
U(0) = U(1) = 0. We should assume w > g since no non trivial solutions are possible
when A > 0. Indeed when the frequency reaches w < Rg, the boundary conditions induce
U; = Uy = 0, meaning that no waves are allowed to propagate through the heterogeneous
beam. Finally the stop-pass frequency is equal to Ry e.g. [67]. To comply with Einstein’s
causality, a partial differential equation that governs dynamic behaviour of a 1-D model
must be of the same order with respect to the spatial coordinate and with respect to
time. This necessary condition of causality has been proven for the second-order partial
differential equations. The modal (3.3.5) is causal and the resolution allows to describe
some space attenuation of elastic wave, [74].

3.4 Thick-walled cylinder

3.4.1 Kinematics and equation of motion

Let us consider a thick-walled cylinder of infinite length, with inner radius p and outer
radius ¢ (0 < p < ¢) in an axisymmetric problem (Jy = 0). The displacement is assumed
radial : u = u (r,t) e,. From the strain energy density, we remind the components of the

FiG. 3.4.1 — Thick-walled cylinder with inner radius p and outer radius q.
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stress
( ou U
= (Ao +2ug) — + Xg —
o (Ao + uo)arJr 0
— e 224 0+ 200) 3.4.1
000 = A0 Ho 0+ 2to) (3.4.1)
ou u
zz A . -
“ 0[8r+r]

With Ry = g e,, the equation of motion (3.2.5) reduces to

, 82u+c%[ 1] (27:_1_ [(c%—2c2T)No c%] :82u.

i — No + — - =
L o2 0Ty r r2
Then the corresponding non dimensional equation holds

o (3.4.2)

AL P e
8r2+ 0+7‘ r 2 ot2?

d%u [ 1} ou N [2 (1 — 262) Ng 1 ] 9%u

Solutions of (3.4.2) take the form of u (r,t) = U (r) e*!, w € Ry for r € [p/R;q/R] and
t € [0; 400]. Introducing such a solution into (3.4.2) gives

U (r) + <A0 + lff) U (r) + <A1 + % 4 f;) U(r) = 0 (3.4.3)

where Ag = 2%, By = 1, 41 = w?, B; =2 (1 — 202) Ng, C1 = —1. Equation (3.4.3)
is particular case of confluent hypergeometric equation e.g. [2|. The general solution of
(3.4.3) takes the form of

U(r)=r*e " [Ky M(a,b;h(r)) + K2 U (a,b; f(r))] (3.4.4)
where M (..,..;..) and U (..,..;..) are respectively the Kummer’s functions of first and
second kind, where f(r) = air, h(r) = agr and aj,as € C and A,a,b € C. In this

section, we henceforth consider the discriminant

A=NE 2 (3.4.5)

Note. Depending on the sign of the discriminant A there are four possible systems
according to the values of A, b, a1, az and a. Each system corresponds to one base of the
solutions (see the details in annex).
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3.4.2 Resolution for A # 0

For negative discriminant A < 0, one solution (3.4.4) may be constructed with

A = -1
b = 3
a = — [2 (1 — 262) No —al — CLQ] /CLQ (346)

ay = N0+’i\/—A
ay = Qi\/—A

For positive discriminant A > 0, one solution (3.4.4) may be constructed with

A = -1

b = 3

a = —[2(1-2¢%) Ry — a1 —az] /az (3.4.7)
ar = No+VA
as = 2\/Z

The solution takes the form of

U(r)=r e " [K1M(a,3;a9r) + Kold(a, 3; asr)] (3.4.8)
It is formulated with the help of the parameters w, ¢ and Ng.
Discussion about Ng. For Xy € R, the previous solution has spatial exponential

attenuation according to the factor e 80" If Ry = 0 into (3.4.3) then we have the classical
wave propagation equation

r2 U"(r) +r U'(r) + (r’w® = 1)U(r) =0 (3.4.9)

One solution of base is the Bessel function Ji(wr) of first kind e.g. [2]. If Ry = 0 is
introduced directly in the confluent hypergeometric solution of first kind from (3.4.4),
then, for A < 0 and according to (3.4.6), we obtain

U(r) =7 e ™" M(3/2,3,2iwr)
And according to the relation between Bessel and Kummer’s functions e.g. [2], we have
U(r) = 2/w) Ji(wr)

For w > 2, the solution disturbed by Ny is attenuated, compared to classical one. Finally
the solution we obtain is slightly different since the introduction of parameter Ry as
uniform variable involves confluent hypergeometric functions, which are more general
than the Bessel functions.
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Choice of parameters. For both cases negative and positive discriminant A, the
general form of the solutions of (3.4.3) is formulated with the help of the Kummer’s
functions (3.4.4). If R(b) > M(a) > 0 then the integral representations of Kummer’s
functions are convergent (see annex) e.g. [2]. The choice of the value of parameter b
(b = 3) is then justified. For the value of parameter a, we have (a) = 3/2 in the case
A < 0, thus the convergence is ensured. But in the case A > 0, we have a € R and
the condition a > 0 depends on the values of w, ¢ and Rg. Then the convergence is not
ensured at first sight. Consequently in this paper our investigation deals with only the
case A < 0 (and later with the case A = 0).

Application for A < 0. As illustration, let us consider the breathing wave of fixed-
fixed cylinder : for an imposed displacement at the two radii » = p/R and r = ¢/R, we
have two boundary conditions

U(p/R) =0, U(g/R)=0 (3.4.10)
The dimensional radii of the thick-walled cylinder are
R =p=50[um|, ¢ = 100[um] (3.4.11)

For the convenience of physical interpretation of the singularities in the cylinder, we
define the characteristic defect length, e.g. [74]

dy = 2/Rg (3.4.12)

We choose dy = 1[um], consequently the dimensional norm Xg = 2[(um)~1]. The chosen
material is aluminium, e.g. [74] :

cr, = 3040[ms™],  cp = 6420 [ms™!] (3.4.13)
The non dimensional parameters then become
Ng =50, ¢=152/321, p/R=1, ¢q/R=2 (3.4.14)
and for negative discriminant (Rg < w)

ar = 50+ ive? — 2500
as = 2ivw? — 2500
a = (3/2)+i (265625 /(103041v/w7 — 2500))

Since the terms e~ and e~2% may be factorized, the constants K; and K» in (3.4.4)

are solutions of
Ky M (a,3;a2) + Ko U (a,3;a2) = 0

(3.4.15)
Ky M (a,3;2a2) + Ko U (a,3;2a2) = 0
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Non trivial solutions exist if and only if the determinant is equal to zero. The necessary
and sufficient condition reduces to the dispersion equation

M (a,3;a2) U(a,3;2a2) — M (a,3;2a2) U (a,3;a2) =0 (3.4.16)

which relates the non dimensional frequency w, the material properties ¢, the dimensions
of cylinder (ratio ¢/R) of the problem and the non dimensional constant Rg.

Eigenfrequencies. Again, a stop-pass frequency (cut-off frequency) is reached whene-
ver the discriminant A := N% — w? is equal to zero, i.e. w = 50. The non dimensional
eigenfrequencies are noted w, and represent the values of w for which both the ima-
ginary and real parts of the determinant (3.4.16) are equal to zero. In such a case,
eigenfrequencies wy, are such that w, > Ng = 50. The figure 3.4.2 permits to capture the
eigenfrequencies (n = 1, ..., 5) where the module of the determinant is equal to zero.

|det|
0.0008 -

0.0006

0.0004 -

0.0002 -

50

F1a. 3.4.2 — Norm of the determinant |det(w, ¢, r1)| vs. real frequency w of the inhomo-
geneous aluminium cylinder.

Attenuation of the wave. We aim to determine a radius from which the wave can be
neglected (within heterogenous cylinder with dy = 1). According to the eigenfrequencies
wp, n=1,...,5, the wave displacement is

u(r,t) =Y Un(r)e™ (3.4.17)

n=1

Let us consider arbitrary € = 10724, For r > 1.1 we have

5
u(r, )] < |Un(r)| <€ (3.4.18)
n=1
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Finally the amplitude of the wave is approximately equal to zero within the cylinder for
r > 55[um] (corresponding dimensional radius). This short analysis shows that beyond
the radius r = 1 4+ 10% the wave is strongly attenuated. Therefore the analysis of wave
for unbounded continuum is not necessary for such a model.

3.4.3 Resolution for A =0
The equation of the motion (3.4.3) is

U (r) + <2No - i) U'(r)+ (2(1_362)% - %2 + N%) U(r) =0 (3-4.19)

Let us seek solution in the form of U (r) = e X"« (r). We obtain

!’

’
7“206

(r)+ra (r)+ (1 —4c®)Ror — 1) a(r) =0 (3.4.20)

The variable change * = 24/(1 — 4¢?) Xgr is introduced into (3.4.20). We obtain (see
details in annex)
22 a () + 2 a(z)+ (2% — d)a(r) =0 (3.4.21)

which is a Bessel type equation of second order e.g. [2]. The general solution of (3.4.20)
takes the form of

a(r) = K1 Jo(2v/(1 — 4¢2) Ror) + Ko Ya(24/(1 — 4¢2) Ror)

Finally, the general solution of (3.4.19) is

U(r) = e [Ky J2(2y/(T = 42)or) + K Ya(2/(1 = 4)Ror) |

Remark 3.4.1 For the case A = 0 the Kummer’s series are defined through the Bes-
sel functions which are more classical. And if g > 0 then we have spatial exponential
attenuation of the wave.

3.4.4 Discussion on the direction of wave

We assume that the displacement u and the parameter Ng are one-dimensional (with
respect to e, or ep). We assume that N is uniform and u only depends on . We notice
either u, = u(r,t) or upg = u(r,t). We now investigate the four following cases

— Case 1 : {u=u(r)e,,Ryg = Nope, }
— Case 2 : {u = u(r)eg, Ry = Rpeg}
— Case 3 : {u = u(r)e,, Ry = Rpeg}

— Case 4 : {u = u(r)eg, Ry = Npe, }
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Case 1. The case 1 has been previously developed in details. For the other possible
axisymmetric cases, let us remind the non homogeneous wave propagation equation with

No 7é 0:
()\0 + ,uo) AV (divu) + Lo Au + \gTre H(&O) + 29 E(&o) = po Uyt.-

The seeking solutions take the form of u(r,t) = U(r) ¢!, w € R,.

Case 2. From (3.2.5), the non-dimensional wave propagation equation within the thick

tube is o2 5 N 52
u 1| Ou 289 1 _9 O%u
— 2N ==+ =|u= — 4.22
Or? + [ 0+r] or [ r +r2]u ¢ ot? (3 )
which leads to
" 1 ) w2y 1
2N - - — = = =0 -
U(r)—|—< O+r> U(r)+<62 " r2> Ur)=0 (3.4.23)

Again, the solutions of this equation take the form of linear combination of confluent
hypergeometric functions, previously developed in the case 1. We remark the same form
of equation as for the breathing wave within the cylinder. Indeed, such a situation is a
particular case of the section on the general aspect of wave classification.

Case 3. From (3.2.5), the non-dimensional wave propagation equation is

0%u L+ 10u wu 0u

oz ror 2 o

or ror r 0 (3.4.24)

ou QNO
21 -2y —+—u = 0
( c”)No ar + u
leading to
rR2U (r)+rU @) — (W2 —=1)U®r) = 0

(3.4.25)

, 2%
2(1 — 23R U'(r) + 70 U(r) = 0

The first-order Bessel functions (first and second kind) are solutions of the first equation
of (3.4.25) : U(r) = Ko Ji(wr) + KoY (wr). However these Bessel functions do not neces-
sarily satisfy the second equation of (3.4.25). Therefore, there may not exist non trival
solution.

Case 4. From (3.2.5), the non-dimensional wave propagation equation holds

262Xy (Z;‘—Z) =0

2 (Ou 10w _w) _ Ou
¢ or2  ror r2 - Ot2

(3.4.26)
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Introduction of the first equation into the second one leads to a classical wave equation

Pu 1 0%

In such a case, we have a shearing wave that is not space attenuated. This confirms again
the results predicted by the previous wave classification section.

Summary. Without accounting for the boundary conditions, the following table sum-
marizes the general spatial solution of the wave propagation equation (3.2.5), according
to the wave u is parallel (case 1 and case 2) or orthogonal (case 3 and case 4) to non
homogeneity represented by the scalar No.

u /Ry | e ey
e, Case 1 : Confluent Case 3 : Bessel first-order
Hypergeometric functions + compatibility condition
ey Case 4 : base of solutions : Case 2 : Confluent
{expli(w/c)? 7], exp[—i(w/c)? r]} | Hypergeometric functions

3.5 Bending of beams

3.5.1 Kinematics and equation of motion

We investigate a Timoshenko beam, which may be considered as a Cosserat model
e.g. |75], with a variable density. We will not take into account the slip v = 0 and we will
note the displacement u = y (Figure 3.5.1). The deformation includes thus a transversal
displacement u and an angular rotation 6 of a section. Let M a geometric point on the
section of the beam and A the centre of the section. The displacement vector in M is
(e-g. [75]) =

u(M):=u(4)+ Q x AM (3.5.1)

Projection onto the base {e1, e, e3} associated with the coordinates system (z1,x2, x3),
we have

u(A) = (0,u2,0), O =(0,0,0), AM = (0,22, 23) (3.5.2)

We obtain then
U(M) = (—ZL'QG,’U,Q,O) (353)

We assume that 0 = 0(x1) and ug = ug(z1). Next we will note ug = u and z1 = x. Let
us introduce the uniform vector N for capturing the non homogeneity of the material :

N=N; e; +Nye9 (354)
The beam kinematics involves three local fields (u, 0, R) at each point x. Let us note

(Ve = 02(.)/0t%, (e :=0(.))0x,  (.)ew = 0*(..)/02> (3.5.5)
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glissement déplacement

B(x+dx.1)
o e .

0(x,t) = y'(x,t) + y(x,1)

-

flexion

Fia. 3.5.1 — Deformation of an element of Timoshenko beam : the figure is extracted of

[75].

For beam undergoing small strain, the equation of the motion (3.2.5) projected onto
{e1, ez, e3} takes the form of

C%l‘Q egmc + C%ZL’QNl 996 + C%NQ 60— C%NQ Uy — T2 9tt =0
— [c% — A+ ()\o/pg)ngg] Op — ARy 0+ 2 Upy + ANy up —uy = 0 (3.5.6)
0 =0

We note S the area of the beam cross-section (surface of equation 1 = 0) and we define
a scalar product

1
(u,v) := 3 /u v dzodxs (3.5.7)

consequently

(Lzg) =0, (1,1)=1,  (z9,20) =1/S (3.5.8)

where I is the quadratic moment in respect with x3. We integrate the system (3.5.6) to
obtain (1/S) [ dxedzs and (1/S) [ x2 dxedzs. Since the angle 6 and the displacement u
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depend on neither x2 nor x3, according to (3.5.8) we get
C%NQ 0 — C%NQ u, = 0

C%H Hm + CZLHNl 91 —1I Gtt =0

(3.5.9)
- (C% - c%) Op — ARy 0+ Ugy + ANy up —uy = 0
(Ao/po)Rol 6 = 0
The corresponding non dimensional system holds
( 22 6 — 2¢2Ry uy, = 0
9:{::{: + 28 9:(: - ett = 0
(3.5.10)

— (1 - 02) O, — 26281 0+ Upy + 262N Uup —uy = 0

2(1 -2 0, = 0

There are four possible cases :
1. {X; = 0,8y =0}
2. {N; =0,R9 # 0}

3. {R1 # 0,8y # 0}
4. (R £ 0,8 = 0}

Case (1) corresponds to a homogeneous beam e.g. |75]. Cases (2) and (3) are mentionned
in annex. Here we deal with the case (4) : Ny # 0 and Ry = 0. In such a case system
(3.5.10) reduces to

Hmm + 2N191 - Htt =0
(3.5.11)
— (1 — 02) Op + 26201 (ug — 0) + ¢ Upy —uyy = 0

in which the first equation is uncoupled from w. The other cases will be discussed later
since they do not present any particular difficulty. The chosen example is a particular
case in which the vector parameter X = Ry eq, [14]. In fact, this a particular case of
Cosserat continuum model, as for micropolar continuum, rotation € may occur alone
without displacement (as illustration, a set of aligned dominos falling - with the same
motion - on a horizontal table, they relatively slip each other, but the line of mass center
remains horizontal) e.g. [63]. In this particular case, the coupling in the first equation
disappears. This is not the case when the 1-form has a component along es in which
coupling terms appear for the two equations constituting the system. It is interesting
that this second case, with N = Xy ez resembles more to the classical Timoshenko beam
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e.g. [75]. In such a situation, the transverse shear is strongly coupled with the bending
as for classical Timoshenko beam. For the analytical solutions, we again introduce into
(3.5.11) the type of function

6 (z,t) =0 (z)e,  wu(x,t)=U(x)e™" (3.5.12)

and we obtain

O"(x) +28; O'(z) +w? B(z) = 0

(3.5.13)
U'(x) + 28 U'(z) + (w?/2) U(xr) = (c2-1)O0'(x)+28; O(x)
We henceforth consider the both discriminants
Ag =N —w? Ay =R —(w?/?) (3.5.14)

Since 0 < ¢? < 1, we have Ay < Ag.
3.5.2 Resolution for Ag <0
For Ag < 0, the general solution of (3.5.13) for angle is
O(z) = |C) Ve N | Cs emiVW?Niz] Nz, (3.5.15)
Consequently Ay < 0, the general solution of (3.5.13) for transversal displacement is

U (x) — Uhom (:C) 4 Upart (I)
Uhom (.T) — e—le [Kl 6i\/mx + K2 e_i\/mw} (3516)
Urart (z) = [(1 — 62) O + 2¢2%y @} / [— (1 — 02) wz]

where the angle © refers to (3.5.15), U™ represents the general solution of homogeneous
equation associated with

U"(x) + 28 U'(z) + (W?/P) U(z) = (72 — 1) ©/(x) 4+ 28; O(z) (3.5.17)

and UP% is a particular solution of it (see annex). The angle and transversal displacement
depend on the non dimensional parameters w, ¢ and Ry. If 8y € Ry, solution (angle and
transversal) has spatial exponential attenuation, according to the factor e ™%,

Application. We consider bending and transversal wave within a clamped-clamped
beam. The boundary conditions are then

00)=0(1)=0, U0)=U1)=0 (3.5.18)
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According to (3.5.15), the constants C and Cy are solutions of

Ci1+Cy = 0

Clei\/WQ—N%_i_Cze—i\/wQ—N% = 0

(3.5.19)

Non trivial solutions exist if and only if the determinant of system (3.5.19) is equal to
zero i.e. sin(y/w? — \?) = 0. The eigenfrequencies are then, e.g. [74]

wyp =4/n2m2+ N2 n=1,.,00 (3.5.20)

The angle is then noticed © = 0,,. Without going into details of calculus, according to
(3.5.16), the constants K; and Ky are

Ky — _erl

2
Wn

Ky = s [cos(/ @270 —R) + (~1)7+1]

wp sin(y/ (w7 /c?) = RY)

(3.5.21)

and the displacement is noticed U = U,,. We noticed L the beam length and dy represents
the characteristic non homogeneity length of the beam e.g. [74]. For numerical application
we choose

n=1, Cy =1, L=100{um|, dyx=1[um)] (3.5.22)

and the material is aluminium
cr = 3040[ms™ Y], ¢ = 6420[ms™"] (3.5.23)

The corresponding non dimensional parameters are then

c=152/321, w =101 472, R, =100 (3.5.24)

They lead to the results represented on the figures in the next subsection. The wave
consists in a low frequency wave which supports a higher frequency wave. For convenience,
curves display only the oscillating aspects of the wave.

Attenuation of wave. We aim to determine a length of beam from which the wave can
be neglected (within heterogeneous beam with dx = 1). According to the eigenfrequencies
wp, n=1,...,5, the wave angle is

O(z,t) =Y Op(z)en! (3.5.25)

3
—_

and the transversal wave is

5
u(a,t) = Up(z)e™r! (3.5.26)
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Let us consider arbitrary € = 1072, For x > 0.06 we have

5 5
|0(x,t)| < Z |0, (x)] <, lu(z,t)| < Z |Un(x)| < € (3.5.27)
n=1 n=1

Finally the amplitude of the total wave (angle and transversal) is approximately equal
to zero within the beam for x > 6[um] (corresponding dimensional length). Here again,
we find that it is not necessary to consider unbounded (infinite length) continuum B
since beyond some characteristic lentgh, the wave is strongly space attenuated. For this
example, the wave amplitude is reduced to 10% of its initial amplitude at a length of
x = 6%.

3.5.3 Figures

We present the oscillating aspects of the wave (angle © and displacement U) through
the beam. On the one hand we plot the non-attenuated form ©,(x)/e 1% and on the
other hand the attenuated form ©,(x). Then we compare the non-attenuated forms
Upn(z)/exp (—Ryz) with the attenuated forms U, (x) of the transversal displacement,
according to the values of dy = 0.1, 1, 10.

Remark 3.5.1 The angular solution (3.5.15) takes the form of
On(z) = e M7 sin(nr x)

We note that the non-attenuated form ©,(x)/e ™% does not depend on Ry and conse-
quently the oscillating aspects of the wave (angle) are the same for any value of dy. But
the forms ©,(x), attenuated by e % are different according to the value of dy.

3.6 Discussion

For the examples mentioned in this paper, the wave amplitude decays with respect to
the space location and there exists a stop-pass frequency. Attenuation of waves depends
on the amount of heterogeneity assuming that this heterogeneity can be represented by
an uniform field Xg. The present work aims to calculate the eigenfrequencies w, of non
homogeneous continuum. We find that the discriminant A := RZ — w? represents a key-
parameter to distinct the different cases. According to [73], when Ry > w that corresponds
to high density of singularity distribution, it is equivalent to the situation where the
excitation frequency is greater than the defect circular frequency. And when Ng < w that
corresponds to low density of singularity and this is the more interesting case (for the
other case see summary in annex). Indeed the stop-pass frequency is reached for g = w
and for any eigenfrequencies smaller than Ng no wave can propagate. The possibility
of determining the Ng field becomes a keystone to assess the pertinence of the present
model. When the characteristic length of a sample to be tested are of the same order
as Ny, its effects are no longer negligeable. In 3D, Rg has three components which could
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F1a. 3.5.2 — Three first modal angle ©,,/ exp (—X;z) for heterogeneous beam with dx =
0.1, 1, or 10 (plain thick O1, plain thin O2, dotted Osz).
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F1a. 3.5.3 — Three first modal angle ©,, (attenuated) for heterogeneous beam with dy =
0.1 (plain thick ©1, plain thin ©2, dotted O3).
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FiG. 3.5.4 — Three first modal angle ©,, (attenuated) for heterogeneous beam with dy =
1 (plain thick ©1, plain thin 9, dotted O3).
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F1a. 3.5.5 — Three first modal angle ©,, (attenuated) for heterogeneous beam with dy =
10 (plain thick ©1, plain thin O3, dotted O3).
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Fia. 3.5.6 — Three first modal displacement U,/ exp (—R;z) for heterogeneous beam with
dy = 0.1 (plain thick Uy, plan thin Uy, dotted Us).
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F1a. 3.5.7 — Three first modal attenuated displacement U, (attenuated) for heterogeneous
beam with dy = 0.1 (plain thick Uy, plan thin Us, dotted Us).
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F1a. 3.5.8 — Three first modal displacement U,/ exp (—R;z) for heterogeneous beam with
dy = 1 (plain thick Uy, plan thin Us, dotted Us).
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Fia. 3.5.9 — Three first modal displacement U,, (attenuated) for heterogeneous beam
with dy = 1 (plain thick Uy, plan thin Us, dotted Us).
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F1a. 3.5.10 — Three first modal displacement U, /exp (—R;zx) for heterogeneous beam
with dx = 10 (plain thick Uy, plan thin Us, dotted Us).
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F1G. 3.5.11 — Three first modal displacement U,/ (attenuated) for heterogeneous beam
with dx = 10 (plain thick Uy, plan thin Uz, dotted Us).
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be associated to three values of length scales [74]. The model could find its applications
in the measuring of ultrasonic signal loss due to propagation through a heterogeneous
material sample. It is observed that the heterogeneity may also come from the presence
of defects in the material, for which a geometrical approach is attempted e.g. [50], when
comparing wave propagation equation obtained in [73]. This provides new motivations
for investigating the material inhomogeneities from a theoretical point of view, e.g. [61],
[69], |85]. But this concerns a more general approach in manifold framework.

3.7 Concluding remarks

The present paper deals with the wave propagation within non homogeneous conti-
nuum. Non homogeneity is here described by a density field depending on the space loca-
tion. An exponential variation of density with a parameter R is chosen. It was shown that
this particular density distribution induces a special form of linear momentum equation,
that is strikingly similar to the motion equation of continuum with singularity previously
developed in mechanics e.g. [69], [73], or more generally in classical and quantum physics
[46]. In fact, both of them are connected by the concept of nonholonomic path in the
configurational space. Examples are analytically solved for highlighting the attenuation
of wave with respect to space, and the occuring of at least two scales for the waves, a
higher frequency wave superimposed on a lower frequency wave one. There still remain a
number of open questions in connection with the modeling of inhomogeneities in conti-
nua, the use of nonlocal continuum theories and the strain gradient elastic formulations
which require resolution e.g. [17], [71]. Among these numerous questions, a central focus
is the issues of whether a higher order formulation is always necessary, and the problem
of the most effective way to combine strain and strain gradients in the phenomenologi-
cal macroscopic theory. In this paper, the applications are chosen deliberately simple in
order to obtain a series of explicit analytical solutions. Further extension of the model
should include the moment stress dual of the torsion and derive the balance of equations
for moment of momentum.
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Chapitre 4

Une étude analytique de
I’'indentation du verre

Dans ce chapitre nous inroduisons une modélisation du processus de charge d’un
indenteur de forme conique sur le matériau verre. L’empreinte sur le verre crée par
I'indenteur est modélisée a partir d’'un modeéle analytique de Yoffe (1982) et fait appel a
la notion d’inclusion de Eshelby. Les calculs sont semi-analytiques, comparés aux données
expérimentales et nous nous focalisons sur 'influence du coefficient de Poisson comme
paramétre du modeéle. Ce travail compose les références [11], [12], [3] : le lecteur est donc
invité a substituer éventuellement ’expression "in this paper" par "in this chapter".

In this chapter we introduce the indentation of glass with a conical shape. The print
beneath the indenter is calculated according to an analytical model of Yoffe (1982) and
we introduce the notion of the inclusion of Eshelby. Calculus are semi-analytic, compared
to experimental data and we focus on the influence of Poisson’ ratio. This work contains
the references [11], [12], [3] : the reader can thus replace the expression "in this paper”
by "in this chapter’.

75
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4.1 Présentation

4.1.1 Indentation du verre

Le verre est un matériau de plus en plus répandu dans la vie courante. Connu depuis
I'antiquité, il est utilisé dans de nombreuses applications récentes de hautes technolo-
gies : optique, éclairage, architecture, pare-brise, vitres blindées, stockage des déchets
nucléaires. Ces usages demandent des progrés constants dans 'amélioration des proprié-
tés chimiques et mécaniques. Les études actuelles nécessitent une meilleure connaissance
du comportement mécanique complexe du matériau verre et s’inscrivent dans une conver-
gence d’approches expérimentales et théoriques. Le verre est un matériau au comporte-
ment élastique macroscopique non résistant aux chocs & température ambiante. L’essai
d’indentation est ainsi mis en oeuvre pour étudier le comportement réhologique du verre.
L’indentation est un procédé expérimental qui consiste & enfoncer dans un matériau, en
ce qui nous concerne il s’agit du verre, un élément, applé indenteur, qui a une forme géo-
métrique précise (pyramide, cone, sphére). L’origine de cet essai, vers 1900, est attribuée
a l'ingénieur suédois Johan August Brinell (1849-1925). Aprés un processus de charge
puis de décharge, I'indenteur laisse une empreinte visible sur la surface du verre : ’ana-
lyse expérimentale, par observation en microscope a force atomique (AFM) et numérique
de cette empreinte peut fournir des caractéristiques sur le type de verre indenté, notam-
ment en ce qui concerne sa dureté. La mise en forme par abrasion et 'usinage du verre
mettent en jeu des problémes de contacts mécaniques et de tribologie qui nécessitent la
compréhension des endommagements de surface du verre, [77], [84]. Dans ce contexte,
I’étude de la réponse de la surface d’un verre & une indentation constitue un moyen trés
efficace pour approfondir le comportement du matériau : c’est un parameétre clé pour
comprendre la stabilité de la structure du verre, dépendante de la fiabilité de la surface.
Nous parlerons dans ce chapitre de I'indentation avec un indenteur conique (voir figure
C.0.1 en annexe).

4.1.2 Inclusion de type Eshelby

Nous considérons un milieu infini homogéne élastique et isotrope, que I'on appelle
"matrice”. Nous considérons ensuite une région incluse dans cette matrice, que ’on ap-
pelle tout simplement "inclusion". Cette inclusion subit des changements de forme et
de taille qui induirait en elle un champ de déformation homogéne, dans le cas ou la
matrice n’interagit pas avec 'inclusion : Iinteraction inclusion-matrice crée un champ
de contrainte dans l'inclusion et aussi en dehors de celle-ci. Dans [24], les investigations
portent alors sur I’état élastique du systéme, en effet ils mettent en evidence les champs
de contrainte élastique et les champs de déplacements associés, dans I'inclusion et dans
la matrice. La problématique est résolue par un processus imaginaire de sectionnement,
d’extraction, de déformation et de réinsertion (schéma de pensée "cutting and welding"
selon Eshelby [24]) :

1. Sectionnement (fin) au niveau de l'interface située entre l'inclusion et la matrice

2. Extraction de l'inclusion
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3. Modification de forme et de taille de I'inclusion, via la présence de la transformation
sans contrainte

4. Application de forces nécessaires sur la surface de I'inclusion afin de reconstituer la
forme inclusion en état d’insertion

5. Réinsertion de I'inclusion dans la matrice au niveau de I’espace libéré précédemment

6. L’inclusion est réinsérée et la transformation sans contrainte génére les contraintes
internes

La partie qui suit présente un projet mené avec Manuel Buisson (IRMAR) et Jean-
Christophe Sangleboeuf (LARMAUR) : [11] puis [12] puis [3].

4.2 Densification of glass beneath an indenter

The Vickers indentation test, developped for metals, can measure the apparent hard-
ness of glass. This hardness is qualified as apparent, indeed it does not shed light on the
mechanism of irreversible deformation of glass under sharp contact loading. There are
mainly two modes of mechanism of irreversible deformation [84], [42] :

— The shear flow within the mean of the irreversible isovolumic deformation also met

for polycrystalline metals, called plasticity.

— The densification within the mean of the transformation by contracted volume.
Thus, two glasses may have the same apparent hardness but with different behaviours
during rupture tests, damage, machining or scratching according to the respective eigen-
modes of starting of plasticity or densification. To classify the problems and to avoid some
unexpected craks which can cause the rupture of the glass, low indentation of glass is
practiced with loads < 100[m.N]. These experiments focus only on the co-existence of the
plastic deformation and the densification localized beneath the indenter [42]. The study
presented in this paper is "pragmatic" : the objective is to give some analytical results
by making a simple model but which must be physically pertinent. Indeed, on the one
hand, the physical mechanisms at the origin of the transformations are complex and thus
the analytical behaviour law of glass is hard to develop. On the other hand, the shape of
the indenter, for example a pyramid for the Vickers test, must be carefully modeled with
the 3D finite element method for the contact conditions between the indenter and the
material [25], [45]. Let a flat surface of a semi-infinite space, this represents the material
(in fact glass). The indentation test, which consists in the one hand to apply a load onto
the material, can be represented by a force locally distributed onto the flat surface of the
semi-infinite space. The area of the force action is a disc with a center noted O and a
fixed radius. Finally the applied load is a pressure disc, this force produces beneath this
surface a stress field which creates deformations in two zones :

— The first zone called zepd (elastic-plastic-densification zone) is near the active zones

of the indenter. It is where plasticity, densification [84], [42], and elasticity coexist.

— The second, far from the indenter, surrounds the first zone and only elastic defor-

mation takes place in.
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The stress fields used in this case are those of Yoffe [83], the zepd is like a blister shape
inclusion [25]. The analytical calculus presented here [10], [11], are inspired by the me-
chanics of Eshelby [59], also called the mechanics of the defects. The zepd is considered as
a semi-inclusion embedded into an elastic semi-infinite matrix. We have the same moti-
vation as [82] in considering an inhomogeneity at the free surface of an elastic half-space
and we aim also deduce analytical results.

4.3 Models of Yoffe and mechanics of Eshelby

Let us consider a flat surface of a semi-infinite space. A pressure disc of center O is
applied and the spherical coordinate {r, 6, ¢} is associated to the base {O, e,, eg,es}.

4.3.1 Preliminaries

The problem is assumed axisymmetric with respect to ¢. Equations depend with
variables {r,0}. The parameters are labeled p, ¢, B, P, a and v. The Poisson ratio v is
the only parameter which is associated with the material (glass) and we will introduce
also the Young modulus E and the shear modulus G. The indenter is described by a
uniform pressure disc : the vertical load is P and the radius of the disc is a. The other
parameters p, ¢ (uniform pressures) and B (will be defined later) are exclusively related
to the present model. The fixed parameters of the model are the force P, the radius a
and the Poisson ratio v (the Young modulus E or the shear modulus G). The unknown
parameters are the constant B and the uniform pressures p, ¢. The unknown parameters
{B,p,q} depend on the fixed parameters {P, a,v, E}. The units are :

P — [mN]

@ = el (4.3.1)
B — [mN]um

p,q — [mN]/[pm?]

The Poisson ratio will be the key-parameter of the studied model.

4.3.2 Definition of defect

When the indenter is applied to the glass, it generates a sufficiently high stress induce
elastic, plastic and/or densification. The plastic deformation and the densification are
related to small-distances stress, near to the indenter action zone. The elastic deformation
is related to more long distance. The stress field into the zepd is built with its elastic
equivalent by using the elastic stress models of Yoffe, the elastic equivalent is valid as long
as the unload does not take place. The following pragmatic construction uses a schematic
presented in [83], where the elastic part is represented by the stress field of Boussinesq
and the set plasticity-densification by the blister stress field. The whole is integrated into
the semi-inclusion schematic of Eshelby type.
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4.3.3 Elasticity

The indenter applies a total force P distributed on the pressing faces of the pyramid.
According to the Saint Venant’s principle, it is showed in [25] that far from the indenter
the elastic stress merges with a stress induced by a force-point. The stress field related
to this point force is the so-called stress field of Boussinesq. The latter stress field is
used to describe the elasticity and it is notable that it is function of 7~2. Thus near the
indenter, it is assumed that the difference between the stress field of Boussinesq and the
elastic stress field created by the pyramid shape of the indenter strongly decreases, due to
the local accommodating plasticity and densification. This adaptation is not negligible,
indeed the level of the stress generated by a only elastic stress field of Boussinesq near
the origine O would cause the rupture of the material [12]. The rupture would take place
even with a low load but it is not observed in experiments [84], [42]. Then one must
note the importance of the accommoding plasticity /densification : the plastic adaptation
is well known for metals and, more specifically for glasses, the densification manifests
itself by a local irreversible contraction. According to its vitreous nature, the glass is less
dense than crystallin structure and so the glass energy configuration can decrease by this
densification.

4.3.4 Plasticity and densification

In [83] plasticity and densification are taken into account by mentioning a plasticity
within the mean of a irreversible but non isovolumic deformation. This model of pseudo-
plasticity, so-called blister field does not separate plasticity and densification ; the both
latter are immediately combined near the indenter and it is then a function of »—2 which
is used to describe this local stress related to plasticity-densification [25].

4.3.5 Bilan of defect

The zepd is a defect (a semi-inclusion) at the surface of the glass. Its elastic equivalent
is due to the superposition of the stress field of Boussinesq and a blister field described
in [83]. It is notable that the blister field is function of r 3, so it is near the indenter and
consequently the stress related to plasticity-densification acts locally. The stress field of
Boussinesq related to elasticity is function of »~2 and then it acts in a more large volume.

4.3.6 Definition of the matrix

In |25] one speaks about the Saint Venant’s principle and the finite element results. In
[83] one speaks about the accommodating pseudo-plasticity. According to the arguments
of [25] and [83] one can substitute, to simplify, the load P of the indenter by a vertical
pressure p uniformly distributed onto a disc of center O and radius a such that P = pra?.
This disc is called disc of average pressure with a and p specified thereafter. The material
would sink and also spread laterally under the action of the pressure : a system of stresses
based on the uniform pressures p (sinking) and ¢ (spreading) is introduced. How does the
pressure p onto the disc spread into the material 7 The schematic reported to hereafter
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and the model in [83] give some elements of response. It is notable that the pressure
p is represented by vertical arrow out of the semi-infinite space and into this one the
composition of the previous pressures, respectively p for sinking and ¢ for spreading, is
represented by the divergent distribution of the arrows. The orange zone symbolizes the
semi-inclusion zepd, which is included into the elastic semi-infinite matrix, represented
by the yellow zone (Figure 4.3.1, [12]). The matrix is thus defined as the surrounded
elastic semi-infinite space. This matrix and the embedded inclusion confront each other
and is the support of the two pressures (—p, —q) previously mentionned, reacting thus
to the indentation process. According to the schematic of Eshelby, one can put out the
orange inclusion by cutting without some supplementary stresses but by simultaneous
distributing of the pressure system (p,q) onto the cutting zone. This substitution will
not affect mechanically the matrix because the inclusion is replaced by a stress system
which it exerts onto this same matrix. The cutted zone is not necessary a half-sphere :
an hemispherical contour with a center which does not coincide with O but placed on

i
S

s

FiG. 4.3.1 — Semi-inclusion embedded to the semi-infinite matrix, pressure p in vertical
arrow, pressure ¢ the other. Cf [12].

With the models of Yoffe and the schematic of Eshelby some analytical results for
the stress under the action of a micro-indenter can be obtained.

4.4 Analytical results

The equations are derived in spherical coordinates {r,0, ¢} : 0 is the angle between
the axe of revolution and the vector OM, M being the calculus point of the force. Some
components of Cauchy stress respectively for Boussinesq and blister fields, and uniform
pressures (p, q) will be reported below, [83].
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4.4.1 Stress field

With the symmetry of the load and the assumed homogeneity of the material, the
equations given by the models of Yoffe use a vertical axisymmetry passing by O : the
displacement vector u includes one component u, and one component ug, the component
ug being null by axisymmetry.

— Boussinesq (Bo) : The displacement components are

P
Bo _ _ _ —
U = e [4(1 — v)cosf — (1 — 2v)]
P | 9\ sing (4.4.1)
ufe = (1=2v)sinf (3 —4v)sinb

47 Gr 1+ cosf

the elastic stress field of Boussinesq is derived from the displacement (4.4.1)

P

op, = 53 [1—2v—2(2—v)cosb|
500 _ P (1—2v)cos?6
Bo 2r2 1+ cosf (4.42)
6 P(1—2v) c0s 0 1 -
Opy = —a—5— i
Bo 2772 1+ cos®
o0 P(1—2v) sinfcosf
Bo 212 (14 cosf)

— Blister (bl) : The constant B measures the magnitude of the stress field induced
by the plasticity and the densification. The components of the displacement are

bl B

_ 2
u) = @[2(1 —v) — (b — 4v) cos® 0]
. (4.4.3)
ufl = @2(1 — 2v)sin 6 cos 0
The corresponding elastic stress field is
” B
o = r—34[(5 —v)cos?f — (2 —v)]
—-B
o = TTQ(I —2v) cos? 0
. (4.4.4)
azbl‘b = 52(1 —20)(2 — 3cos? )
B
ol = r—34(1 + v)sinf cos 6
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— Uniform pressures (U) : The uniform and anisotropic pressures p and ¢ are used
to introduce the third stress

oy = —p cos? 6 — ¢sin? 0
06 i 02 2
oy = —psin®f —qgcos”0
b0 (4.4.5)
oy = —q
o = (p—gq)sinfcosf

According to Yoffe [83], the three previous stress fields are sufficient to describe many of
the observed features of elasto-plastic indentation of glass.

4.4.2 Inclusion-matrix interface

The elastic equivalent of stress field into the semi-inclusion (zepd) is the sum of the
Boussinesq field and the blister field op, + op. According to the schema of Eshelby,
the semi-inclusion will be perfectly included into the matrix if one can write on the
opened inclusion/matrix interface that the total elastic equivalent coincides with the
stress system defined by the uniform op. The substitution zone is conditionned with the
continuity of the field at inclusion-matrix interface, the continuity is valid for the stress
components rr and r6

Oy = 0Bo+t 0y

oy = og,toy (4.4.6)
re ro ro

oy = 0Byt Oy

The continuity of the other stress components is not necessary for a first investigation.
The left hand side of (4.4.6) concerns what must happen inside zepd and the right
hand side concerns what must happen outside zepd. Now the equality (4.4.6) will be
used to estimate the radius of the affected zone by the elasticity-plasticity-densification
phenomen, this radius will be noted R.

4.4.3 Fourier’s series method

The equality (4.4.6) is approximed with an identification technics using the Fourier’s
series [10], [11], [12]. Details of the calculus is found in annex. According to Yoffe the in-
dentification has been done with the radial component o,, and tangential o,9, assuming
perfect bonding along the interface [83], also the extended calculus [82]. The form of the
semi-inclusion is truncated spherical : the center does not necessary take place on the
surface of the glass.

Results : We obtain the radius, labeled R, which is related to the interface inclu-
sion/matrix. The non-dimensionnal radius depends only on the Poisson ratio [10], [11],
[12] :

V8 + m(3 — 6v) + 20v
=a

R 61

(4.4.7)
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the coefficient B, characteristic of the plasticity-densification described by the blister
field

(16 — 20v + m(—3 + 6v))/8 + (3 — 6v) + 20v

B = Pa Py o (4.4.8)
the horizontal pressure ¢
—88 + 124v — 4002 + 37 (7 — 16v + 412
g = (PJq2) (Z88F 124y = 4007 + 3m(7 = 160 + 4v7)) (4.4.9)

3m(—8 — 3w — 20v + 67v)

If the truncated shape for the semi-inclusion is left free, the perfect bending conditions of
stresses onto inclusion /matrix interface led us to propose polar equations of this interface.
The radius r[f], divided by the length scale a, is non dimensional. Details of the calculus
is found in annex :

3(—=1+v)[1 +v+2(1+v)cosh — 3(—1+ v) cos 20] sec?[0/2]

rilf) = 8(—1+ v2 + (=3 + 6v) cos 20) (4.4.10)

where secd = 1/cosf. And the second form

r2[f] = — (4.4.11)

Sl=

with the numerator

N = /84 7(3—6v)+20v(—8 — 31 — 20v + 67v/)
X (16 —20v + (=3 +6v))(1 + v + 2(1 + v) cos 0 — 3(—1 + v) cos 20)

and the denominator

D = 6V6r3(—40 4 127 + 88v — 217w + 200% — 6712
+ (6m(5 — 11v + 20%) — 8(8 — 231 + 51%)) cos 6
+ (=32 + 157 + 92v — 337w — 2002 + 671/%))

These results express the intensity of B and estimate the blister shape by an explicit
function of Poisson’s ratio v of the glass, [11].

4.5 Comparison with the experimental
With different types of glass, AFM observations of micro-indentation print and so-

phisticated technics of annealing, it is showed in [84] and [42] that a decreasing function
describes the relation between the capacity of densification and the Poisson’s ratio.
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4.5.1 Densification capacity

This experimental result is confirmed by the developped model in this paper. Indeed
u! being the radial displacement related to the blister field, the following integral calculus
used in [83]

/2
/ omr?ubl[r, 0] sin 6 d (4.5.1)
0

gives the variation of the volume AV = [2B7(1 — 2v)]/3G of the hemisphere with a
radius r and one plasticity-densification increment. By substitution of B by its expression
depending of the Poisson’s ratio and the shear modulus by the Young’s modulus F =
2G(1 + v), the following non-dimensional number

EAV _ (1—2v)(1+v)(16 — 20v + 7(—3 + 6v))/8 4+ (3 — 6v) + 20v
Pa 27V 613

characterizes the non elastic volume affected to the load P and the disc of average pressure
p and radius a. This expression is well a decreasing function with respect to the Poisson’s
ratio v, [11], [12].

(4.5.2)

4.5.2 Densification volume according to the load

To quantify the volume AV in function of the load P, let us consider the adapted
relation for a Vickers test [43], [26] : ma? = 24.5 h? where ma? is the area of the disc of
average pressure surface and h is the displacement of the indenter in loading configura-
tion. This h is approximed as the elastic equivalent total displacement calculated onto
the vertical axe : h = uP°[R, 0] + u®[R, 0]. One can deduce the expression of the uniform
average pressure (see annex for the details) [12]

2(_Q _ _
p:E¢ 2772(—8 — 31 — 200 + 67v) 453

49[(8 +3m(—2+v) — 10v)(3 + v — 202)]2

and the plot of the densification volume with respect to the load for different types of
glass (Figure 4.5.1). The experimental data come from [43| tableau 11.7.

In the table 4.5.2, the function f(E, v) appears in the expressions of AV = f(E,v) P3/2.
The power (3/2) is a consequence of the auto-similar characteristic of the indenter!. The
results in [12] are comparable and coherent with the Ji’s study [43]. To go further, let
us give analytical expressions of the divergence? of the associated displacement fields
respectively for Boussinesq Bo and blister bl fields below, div(u??) and div(u®) :

diV(uBo) =
3a’m(14v)(—1+2v) 247 (9 — 18v) + 60v
r2 \/[(8 (24 0) — 1) (B v — 222 cos 6 (4.5.4)

nformation suggested by reviewer for publication in journal "Matériaux et Techniques" (2008).
2The divergence in spherical coordinate system is div(u) = Orur + (2/7)ur + (1/7)0puo + (1/rtand)ue,
with 8, = 0.
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Silice Yitre
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F1a. 4.5.1 - Densification volume [pm] with respect to the load [mN] for 4 types of glass.

According to [12].

Type of glass | E [GPa] | v | f(E,v)x10* [(um)? (mN)=3/?]
Silice 74.5 0.17 0.92
Vitre 74.4 0.22 0.81
GeSed 14.8 0.29 7.2
ZrCuAINi 81.6 0.38 0.33

F1G. 4.5.2 — Data for 4 types of glass. According to [43] and [12].
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div(u®) =
a?(—8 — m(3 — 6v) — 20v)(—1 + v + 2v2)(16 — 20v + 7(—3 + 6v))(1 + 3 cos 26)
42¢/27r3(8 + 3w (=2 + v) — 10v)(3 + v — 212)

Let us recall that the divergence of the displacement field corresponds to the relative
variation (dv/v) of the local volume v. These two formula give us access to the respective
contributions of Boussinesq and blister fields related to the densification process. These
results depend on the actual radius of the average pressure disc and the Poisson’s ratio,
the results are local values in terms of r and 6. As an example, we calculate the mean
value of the total divergence for r = R. Let

(4.5.5)

w/2
(2/7) / div(u?’ +u®) do =
0

—V/ 372 (=1 + v+ 20%)(—20(1 4 v) + 7(=3 + 6v))
VA9(8 + 37 + 20v — 6mv) (8 +37(=2+v) +10v)(3 + v — 2v?)

with the associated plot (Figure (4.5.3))

(4.5.6)

—divergence

0.15

0.05 -

L 1 L L L L 1 L L L L 1 L L L L 1 L L L L v
0.1 0.2 0.3 0.4 0.5

F1a. 4.5.3 — Global densification -(4.5.6) with respect to the Poisson’s ratio v.

4.5.3 Development of the blister shape

For the silica glass the polar form 72[6] gives for example the schematic for the blister
shape represented in Figure 4.5.4 [11], [12]. The diameter of the disc of average pressure
is a = 2.5[um] for a total load P = pma? of value 500[mN]. The zepd spreads on 2[um)],
results also comparable with [43]. Let us note two symmetric localisations which are more
noticeable if the discretisation is more precise. A study to better detail this phenomenon
of localization is in hand. To have more details one can plot the director angular 6 of
the localization, possible precursor of the fracture, in function of the Poisson’s ratio. For
sake of simplicity, the figure 4.5.5 has been plotted with the first polar form of the radius
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F1G. 4.5.4 — Blister shape for the silica glass with a beginning of defect. Cf [11], [12].

r1[0] : we solve the equation Den(r1[6]) = 0 (denominator), to determine 6 with respect
to v.

6Localisation — degree
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Fia. 4.5.5 — The angular localization with respect to the Poisson’s ratio.

4.6 Conclusion

The analytical models of Yoffe associated with a semi-inclusion schema of Eshelby
provide some quantitative and qualitative results about the densification of glasses du-
ring the micro-indentation. For a loading configuration and a given Young’s modulus,
the densification decreases in respect to the Poisson’s ratio. This is coherent with experi-
mental studies. The first observations of the densification zones are similar with the first
trials to analyse the geometric blister shape. However the present study is simplified due
to the choice of the models. Some developments are necessary in particular about the
presence of localizations leading often to cracks in glass. The calculus technics of stress
and strain field for the semi-inclusion problem and for the local surface forces.
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Conclusion générale

Le chapitre 2 établit une contribution & la théorie du gradient en elasticité, en intro-
duisant les tenseurs de torsion et de courbure en plus du tenseur métrique. Si (avec la
métrique) nous utilisons seulement la torsion, nous sommes dans le cadre de "first strain
gradient elasticity". De méme si nous utilisons la courbure (avec ou sans torsion), nous
sommes dans le cadre de "second strain gradient elasticity". Dans les deux cas le présent
modéle n’est pas remis en cause par la propriété fondamentale démontrée par Lovelock
et Rund (1975) [57], contrairement a celui proposé initialement dans [66]. D’une maniére
générale, le modele proposé dans ce mémoire s’insére dans la théorie de "second strain
gradient elasticity" de Mindlin (1965) [65] plutot que dans celle de "first strain gradient
elasticity" de Mindlin et Eshel (1968) [66]. Cependant, si nous voulons utiliser une termi-
nologie en fonction du vecteur déplacement, nous présentons alors le modéle avec torsion
comme un modele de second gradient (de déplacement) et celui avec courbure (avec ou
sans torsion) comme un modeéle de troisiéme gradient (de déplacement). Le lecteur pourra
a sa guise interpréter le terme "second gradient" qui est mentionné dans le titre de ce
mémoire.

Le chapitre 3 est consacré a la propagation d’onde dans un milieu faiblement continu,
rebaptisé ici milieu hétérogéne avec une densité de masse variable. I.’analyse modale pour
deux exemples choisis permet de mettre en évidence une atténuation de I’onde en espace,
4 priori observée de maniére empirique, et une fréquence de coupure. Nous confirmons la
pertinence du modeéle mathématique introduit par Rakotomanana (1997) [73].

Le chapitre 2 et le chapitre 3 s’intéressent a la modélisation des milieux faiblement
continus par une approche géométrique non-riemannienne qui fait intervenir les tenseurs
de torsion et de courbure. Dans le chapitre 2 nous avons manipulé la torsion N et la
courbure R, et dans le chapitre 3 nous avons uniquement manipulé le vecteur covariant
de Cartan R qui est plus directement lié & la torsion. En effet, la torsion projetée dans
une base non holonome donne N, + NG, = I'c, — I'; .. Dans le chapitre 2, les tenseurs
sont projetés dans une base tangente locale associée a un systéme de coordonnées (base
holonome). En citant le Théoréme de Frobenius, nous ne faisons pas intervenir le vec-
teur covariant de Cartan Ng. Dans le chapitre 3, le milieu hétérogéne est décrit par un
vecteur uniforme noté Ny inséré dans la densité de masse variable. La forme particuliére
de I’équation du mouvement obtenue nous permet de faire l’analogie avec le vecteur co-
variant de Cartan, qui s’exprime en terme des coefficients de structure de Cartan Rf_,.
L’énergie potentielle ¢ = 1(g) a été choisie sans terme & gradient de déformation pour

89



90 CHAPITRE 4. CONCLUSION GENERALE

décrire un comportement purement élastique (sans dislocation) des microcosmes. Nous
avons finalement étudié un cas simple et original de la propagation d’ondes élastiques
dans un milieu défectueux (voir perspectives). Le chapitre 3 est une application dans
un cadre particulier d’'un modele adapté pour les milieux faiblement continus. Il n’est
pas une application directe de la théorie énoncée dans le chapitre 2, qui nécessite un
approfondissement (voir perspectives). Nous pouvons cependant citer 1'utilisation de la
torsion dans ces deux chapitres sous différentes formes.

Le chapitre 4 se consacre & une modélisation analytique du processus de charge de
I'indentation du verre. Nous avons justifié un développement en séries trigonométriques
de Fourier pour les équations reliant les contraintes a l'interface. Pour le calcul des para-
meétres du modeéle analytique précédemment introduit par Yoffe (1982), nous n’avons pris
en compte que les coefficients de Fourier d’ordre au plus 1. Par conséquent 1’étude est res-
treinte & une approche semi-analytique. Les résultats semi-analytiques concordent avec
des données expérimentales qui mettent en valeur l'influence du coefficient de Poisson.
Cela constituait d’une part notre principal objectif, et les figures soulignent d’autre part
I'amorce de localisations dans le verre qui constitue une source de motivation supplémen-
taire pour une étude fine via un cadre second gradient. Dans ce mémoire, le chapitre 4
est éloigné des préoccupations scientifiques des chapitres 2 et 3. En effet, la modélisation
ne fait pas appel & la notion de second gradient. Elle ne fait pas non plus appel a la
mécanique d’Eshelby au sens large, riche et variée dont les contributions figurent dans
le recueil [24]. D’aprés D. M. Barnett, auteur d’avant-propos dans [24], le schéma de
pensée "cutting and welding" selon Eshelby est un argument pertinent pour aborder la
solution des problémes aux bords, d’ou les équations & l'interface que nous avons écrites.
Nos calculs portent sur le modéle pragmatique de Yoffe et la notion de tenseur d’Eshelby
(souvent assimilé directement a la mécanique d’Eshelby) n’intervient pas. Le lien avec la
mécanique d’Eshelby se situe dans le schéma de pensée bien connu d’inclusion d’Eshelby
qui idéalise le dispositif d’essai réel de 'indentation.



Perspectives

Modéle de second gradient. (chapitre 2)

Les variables primales qui sont utilisées pour décrire la déformation généralisée du
continuum sont le déplacement u et la connexion affine V. Dans notre approche non-
riemannienne, nous avons introduit les variables suivantes : la métrique g, la torsion N
et la courbure R formulées & partir de V. Ces tenseurs sont nécessaires pour définir la
forme d’énergie potentielle W (g, X, R). Il s’agit maintenant de définir les variables duales
correspondantes. Nous pouvons indentifier le tenseur de contrainte d’ordre 2, couramment
noté o

o:=2 —— (4.6.1)

Il sera nécessaire de notifier et nommer respectivement le tenseur d’ordre 3 et le tenseur

d’ordre 4
ow ow

ON OR
puis écrire les équations du mouvement. Nos investigation se porteront sur une loi de com-
portement élastique avec dislocations et/ou disclinations, du a la présence des tenseurs
de torsion et de courbure. Par exemple nous avons les formes d’énergie suivantes :

(4.6.2)

W(g,R), W(gR), W(gNR) (4.6.3)

dont les formes respectives projetées dans un systéme de coordonnées holonome se ma-
nipulent plus aisément :
k k k k
Wi(gij, Ni5):  Wilgij, Ryj)s  Wiaij, N5, Ryg) (4.6.4)
Les premiére et derniére formes font intervenir la torsion, critére clé d’'une approche par la
géométrie de Cartan ou non-riemannienne. Le premier objectif sera ainsi de bien détailler
cette contribution a la théorie du second gradient et son utilisation pour étudier les
milieux faiblement continus. Nous pourrons dans cette démarche introduire les invariants
associés aux tenseurs de torsion et de courbure. On rappelle que les démonstrations sont
basées sur une projection des tenseurs dans une base holonome. Dans une base non
holonome les définitions de la torsion et de la courbure sont plus générales : N, =
& C C C — C C mic mic m C 3
Loy = Tha = Roap €t Ry = Tapa = Vape + Laplam — Tiplam — RogeL'yp Dans ce cas il
sera nécessaire de prendre en compte le vecteur covariant de Cartan Ry en étudiant les
constantes de structure de Cartan Nf,, # 0.
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Propagation d’onde. (chapitre 3) 3
Nous pouvons envisager une fonction d’énergie potentielle de la forme : W (e, Rg). Un
premier exemple considére une énergie potentielle de la forme :
W(E N No) =
a a a
51 Tr?(e) + 52 Tr(e2) + ag Tr(Me)Tr(e) + ay Tr(Me?) + 55 Tr?(Me)
ol a;,t = 1,...,5 sont les constantes élastiques. Dans le chapitre 3, nous avons considéré
ap = Ao, a2 = 249 (constantes de Lamé) et a3 = a4 = a5 = 0. Et M := m ® m est le
tenseur de structure (ordre 2) avec m := Rg/||No]|. )

Nous pouvons dans un premier temps supposer que Xg est uniforme (comme c’est
le cas dans le chapitre 3) puis dans un second temps considérer Xg = Ro(x). Dans ce
cas, si nous partons avec la méme densité de masse variable p := py exp[Ro(x) - x|, nous
obtenons une équation du mouvement :

oY o = TS
div| ——— |+ == : (Ng+ V' Ng:x)=u 4.6.5
<8Vu> oVu (Ro 0:%) " ( )
Il serait aussi intéressant de comparer notre description de milieu hétérogeéne (densité de
masse variable suivant une loi exponentielle) avec d’autres approches décrivant les ondes
élastiques propagées dans ce type de milieu.

Remarque 4.6.1 Les travauz effectués (chapitre 2 et 3) tiennent compte de leffet de
densité de masse non uniforme et des champs de discontinuité de champs scalaires ou
vectoriels sur l'analyse de contrainte et de déformation dans les milieuz faiblement conti-
nus. Nous n’avons pas pris en compte l’évolution (dépendance par rapport au temps) de
ces champs, en examinant 0[N (t)] et O¢[R(¢)].

Indentation du verre. (chapitre 4)

Une perspective immeédiate consiste a faire un lien avec la théorie du second gradient.
Le verre est un matériau fragile et fréquemment utilisé dans la vie courante. Des fissures
sont observables suite au processus d’indentation, qui définissent la présence d’un champ
de discontinuité dans la structure du verre. Ces fissures ou prémices de fissures ont
pu étre tracées a partir du modéle analytique de Yoffe dans le chapitre 4. L’idée est
de confronter ce présent modéle avec celui du second gradient et ainsi considérer le
verre indenté comme un milieu faiblement continu. Une ébauche sous forme de poster a
été proposée par Manuel Buisson pour la conférence Matériaur 2010, Nantes 18-22 oct.
Compte tenu de U'interprétation physique des tenseurs qui interviennent (torsion, vecteur
covariant de Cartan) et des conditions limites (charge de I'indenteur), l'intérét d’une telle
approche est la possibilité d’estimer I'historique de la déformation irréversible du verre
et peut-étre prévoir le bris du verre.

Nous pouvons aussi poursuivre nos investigations sur le modéle de Yoffe. Méme si cela
ne parait pas aisé, nous pouvons tenter une résolution directe des équations & l'interface
pour avoir des résultats totalement analytiques ou aussi prendre en compte le processus
de décharge de 'indenteur dans la modélisation.
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Annexe A

Calcul 1indiciel

A.1 Connection and tensors

Let (y') and (2%) two coordinate systems respectively associated to the tangent base
{e;} and {e,}. Let the affine connection V and its coefficients

Ve, € = Ffjek, Ve.€3 = Fgﬁeﬁ, (A.1.1)
The coordinate transformation of V is
Ilsey = Ve.es
= Vijie (Jéej>
= J :vez. (Jg) e + ngeiej]

= J(i vAf‘ea (Jé) e; + ng—‘?jek}

= JL[ A9 T s+ TiThe]
say
12,) = [(arsay) o] + g2 ,4 (A.1.2)
Let the biconnection V? = VoV
Ver [Veaes] = Ve, [[gey]

veA [Fgﬁ} e+ Pgﬁ [VEA eu]
= Topaen +T0sT%,8
= [P+ Tl e
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Without going into details, the coordinate transformation of V? is
i 7d 7l k d pk
[Flm + Pﬁﬁr?\u} = [JéJéJ/\AZ (Fij,l + Fijrldﬂ
+ (TadGAY + BT AL + TLTAY) T
Lo o
+ JLJAJiﬁA}AZ + JZL/\JC]@A?A]

(A.1.3)

The equalities (A.1.2) and (A.1.3) show that the connection V and the biconnection

V2 are not tensors, according to (2.2.6). But in the both equalities, if the terms out of

the brackets vanish then the components are components of tensor. These quantities are

symmetric with respect to «, 8 for (A.1.2) and with respect to a, A for (A.1.3). Then the

torsion (2.2.7) and the curvature (2.2.8) are defined, with respect to the affine connection

V., on the base {e,} associated to coordinate system (y®).

A.2 Indentification of coefficients

Let us apply the Lemma 2.3.2 to the equation
AR s+ NP hg 4+ ARy = N9R Dy + TR R+ TRy,
for the identification of the coefficients of h;; 5 and h;;. Let us recall that
Aij’klhmku = ANy — T8 he — Sehiag — Uiy thaj — Tagr ihia
— Thhyg + To(Tihes + T hoe) — Thhin
+ T8 (C5hes + Thphic) — Dhyhage + Dy (T hes + Tphic)]

Hlj’khij‘k = l_IZJ’k[hijJg — F?khaj - F?khia].

The equation of the coefficients of h;j . is
AT hijg = AP Dhaji + Tihio + Dihoin + ik + Thhgp] + 0 hij .

The following permutations are necessary to refind the common factor h;;; in all the
terms in right hand side (above) :
— a<«—1and [ +— k for Aij’klfgkhajvl

—a<«— jandl «— k for Aij’klfgkhia7l

— b+«— i then b — a for Aij7kll“§?lhbj’k
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— b+— j then b — a for A"j’kll“g’-lhiwC

— k«——bfor Aij’kllehijyb.
Then, according to symmetry of A and h, the equation of the coefficients of h;; 1

(1/2)(I1VF 4 T0F) = A0k ori AeOk! 4 o) ATkl 4 T AT
In the same way, the equation of the coefficients of h;; is
A9hij = NPT has — D%, hia + T (Tiphes + Tphee) + T3 (T hey + Thyhic)
+ T (TGhey + T hic)] — T9FTS hojy — TR, by + T By

The following permutations are necessary to refind the common factor h;; in all the terms
in right hand side (above) :
— a «— i for AUMTY kg, and II9FTE hy;

a — j for ATMTY  hig and TI9FTY, hig
. ij,klb e 7, . i5,klTb TC 7
— ¢ i for AVMTITT hej and AV TG e
. i3, klb ) ij,klb .

— c«—tand b+— j for Aij’klfflfgkhbc and Aij’klI’?lkath.
Then, according to symmetry of A and h, the equation of the coeflicients of h;; is

(1/2)(I19 +I%) = AV 4 Th A% 4 19 Alokt

b i Aajkl b1d Adckl
— IylpA —TolyA

i abekl i i Abekl
L A = Ty T A

b i acikl b 1 Acikl
— IRl AP™ —Tp T A

+ (I/Q)Fitk(Haj’k—i—l_[ja’k)+(1/2)Fik(1—[m’k+ﬂaivk)_

A.3 Components of biconnection

Let us consider
k k
T S
In the previous expression, the decompositions with respect to the permutation ¢ «— j
(for I'7} and Ffjl) and [ «— m (for I'} ) give :

k k k k k k k k
U0+ VgL = Sijp + Tiju + SiiSim + Sif T + Ti3 Sy, + T35 Tiry,
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We apply the permutation between ¢ and [ on the previous expression. We obtain the
following decomposition :

St + T + S5Sim + S5 T + T3St + T Tir,
= (1/2) [f, + SISk, + SPTE, + Sfy; + SYSk, + ST, |

+(1/2) |8k, + SISk, + SETS, — Sk — SISk, — ST, |

+(1/2) | T + TETE, + TSk, + Thy + T)TE, + T3Sk, |

1j¥im
+(1/2) [Ty + T Thy, + TSk, — Tfy ; — TRTh, — TSk, |
Then we develop the expression in the right hand side. On the one hand we have :
St — Sty + Ty — Thys = Ty — Tl
and

k k k k  _ 1k k
Sija+ Sz +Tijy + Tigs = iy + 105,

And on the other hand we have in first part :

SpSh, — Sk, = (1/4) (TTh, — TTE, ) + (1/4) (T5Th, - TS,

+ (1/4) (T5rh, — TTE, ) + (1/4) (TRTh, — T3S,

SIS, —SiTh, = (1/4) (TTh, — TiTh, ) = (1/4) (T3Th, — TiTh,)

+ (1/4) (Tyrh, — 05T, ) = (1/4) (T3Th, - THTS,)

T — Ty T, = (1/4) (T5T, = TiTE, ) = (1/4) (T3, - THTE,)

— (1/4) (Tyrh, — TpT,) + (1/4) (TTh, - THTE,)
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TSk, ~ TSk, = (1/4) (T5Th, — TETh,) + (1/4) (TTh, - TpTh,)

(1/4) (T5iTh, — TTh, ) = (1/4) (k- T3,

The sum of the four right hand sides of the four previous equations is equal to F;?Ffm —

F?Ffm. And we have in second part :

m lj+ ms

+ (1/4) (Trh, + DT, ) + (1/4) (T3Th, + T3TE, )

1Sk, + SISk, = (1/4) (T3T, + T3TE, ) + (1/4) (T3, + THTE,)

SITh, +SITh, = (1/4) (TiTh, +T3Th, ) — (1/4) (TTh, + TRTE,)

ij - m lj+ mi

+ (1/4) (T5rh, + DT, ) = (1/4) (T3Th, + T3TE,)

BT+ T T = (1/4) (T5T, + T3TE, ) — (1/4) (T5Th, + THTE,)

— (1/4) (Tyrh, + TpT, ) + (1/4) (T3Th, + T3TE,)

lj+ mi

— (1/4) (Tyrh, + TpT,) = (1/4) (T5Th, + TRTE, )

TSt + TSk, = (1/4) (TTh, + TETS, ) + (1/4) (TS, + TiTh, )

The sum of the four right hand sides of the four previous equations is equal to F?;?Ffm +
Tk
lj = im-
Consequently,
= (1/2) (Tl + DT, — T = TRrh, ) + (1/2) (T8, + 15T, + T + T3Tk,)

= By + Ay



100 ANNEXE A. CALCUL INDICIEL



Annexe B

Equation des ondes

B.1 Wave propagation equation

B.1.1 Units

— Lagrangean density £ : N/m?

~ mass density (per volume unit) p : kg/m3

— constants of Lamé Mg, ug : N/m?

— scalar strain energy ¢ : (m/s)?

— elasticity tensor of the material E : (m/s)?

— displacement vector u : m

— vector &0 cm~1
We recall the time (unit s) derivation u; := (Ou/0t). And the operators gradient V and
divergence div refer to the derivation with respect to x = (x1,z2, z3) (unit m).

B.1.2 Equation
The Lagrangean density function takes the form of
L(ug, Vu) := (p/2)uel® — p (V)
On the one hand, we consider a mass density
p:=po exp(Ro - x) (B.1.1)

where pg is constant and non null. For linearized elasticity without initial stress, the
(scalar) energy takes the form® of

¥ (Vu) = (1/2)e : E[¢] (B.1.2)

where E is the elasticity tensor of the material (4-order tensor), its components are labeled
E;jri. For the sake of the simplicity, we only consider an isotropic non homogeneous
continuum with

po Eijrr = Ao 0550k + pro (didj1 + 6idjn)

'Recall : € = (1/2) (Vu+ VTu) is non-dimensionnal.
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where A\g and o are constants of Lamé. Without going into details, we have

(1/2)e : E[e] = (\o/2p0) Tr2(e) + (10/p0) Tr(e?) (B.L3)
According to (B.1.2) and (B.1.3) we deduce
8—@Z}—()\/ ) Tr(e) T4 2(po/po) € (B.1.4)
ava 0/P0 Ko/ pPo -1
and o0
aiv (e ) = [0h/m) + (/)] ¥ (@) + (o) Au - (BL5)
On the other hand, the linear momentum equation is
0 .
e (pt) + divPyy, =0 (B.1.6)
with
_ oL _ b 0L
Pt = ouy = p Uy, Vu = oVu P ovu
Applying Leibniz’s rules for the divergence leads to

0 0
divPyy = — [p div <8V¢u> + 67% (Vp)]

which, according to (B.1.1), takes the form of

9 o
divPyy = — [p div <8V¢u> +p aku(No)]

Finally the linear momentum equation (B.1.6) takes the form of (the common factor

p # 0 is dropped)
e oY &\
div <8Vu) + ovu (No) = Uy

According to (B.1.4) and (B.1.5), we obtain the wave propagation equation :

(Ao + 0) V (divu) + po Au+ XoTre I(Ro) + 2410 £(Ro) = po up

B.2 Confluent hypergeometric equation

The Kummer’s function of the first kind is noticed M (a,b;r) and second kind
U (a,b;T), a, b, r € C. We assume the convergence conditions : R(b) > R(a) > 0 e.g. [2].
The integral representations of these functions are then

I'(b—a)l'(a)

1
M (a,b;r) = / A1 — )Pt gt

L(a) U (a,byr) = / e_Ztta_l(l + t)b_“_l dt
0
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Let us recall the general confluent hypergeometric differential equation

y 24 . bR W' bW, W'\ (A,
e e - (R -R) (F)
A (A - 1) 2Af/ " n2 a@ (h,)z
- Tt + [+ () - ]y

where the unknown is y = y(r), and f = f(r) and h = h(r) are C?-functions with
h # 0. The parameters are a,b, A € C. If we consider f (r) = a1r and h (r) = aor with
ay,az € Ce.g. [16], then

24+b]
Yy

y" = — [(2a1 —ag) + ;

ar (24 +b) — as (A + a) +A(A+b—1)} ,

r r2

- @@ -+
Once constants a, b, A, a1 and as are known, functions
{T*Ae*“”’/\/l (a,b;apr), =4 TOU (a,b; a2r)} (B.2.1)

form a base of solutions of the confluent hypergeometric equation (above).

B.3 Cylinder

If we identify the equation of the motion (3.4.3) with the above confluent hypergeo-
metric equation, the parameters a, b, a1, az and A are solutions of the following system

2a1 —ay = QNO
2A+b = 1
ai(a; —az) = w? (B.3.1)
a1 (244b) —az(A+a) = 2(1-22)Rg
A(A+b-1) = -1
which may be separated to
2A+b = 1
(B.3.2)
A(A+b-1) = -1

and

2&1—&2 = 2N0 (B33)
ay(ag —ag) = w o
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and
a1 (2A4b) —az (A+a)=2(1— 202) No (B.3.4)
The system (B.3.2) gives the solutions sets
{A=-1,b=3}, {A=1,b=-1} (B.3.5)

From the system (B.3.3), we have
a? — 2%pa; +w? =0 (B.3.6)

The solutions a; and ae depend on the sign of the discriminant (N% — w2).
— If (N2 — w?) > 0 then we have either

{al =Ro + /N8 — w2, ay :2\/N%—w2}
{al =Ry — /R — w2, ap = —24/N2 — w?

- If (Ng — w2) < 0 then we have either

{al = Ng +iy/w? — V% ay = 24y /w? — N3
{al =Rg — iy/w? — N2 a9 = —2i4/w? —Ng}

— If (Ng — w2) = 0 then we have {a; = Ry, a2 = 0}
From the system (B.3.4) we have

or

or

2(1=2c2) Ry —aj + asA
oo 20220 Koot an (B.3.7)

a2

and according to the values of a1 and a9, we have respectively
- If (N% — w2) > 0 then we have

[(48—1) Ro +3 w2_Ng] / [2\/°TN3]
o= [(1—402) Ro + 3 wQ—Ng] / [2\/“TN3]

— If (N3 — w?) < 0 then we have

0= [(402 — 1) Rg + 3iyfw? — Ng] / [22\/@}

a= [(1—402) No + 3¢ wz—Ng] / [22’ wQ—Ng}

a

or

or

I

— If (N — w?) = 0 then a is not defined.
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Variable change (case N2 —w? = 0). Let 2 = 2/{r and o = a(r)

0o _0ads _da (s 0gr) _oa (%
or Oz or 0x \o&r or ) Oz \ x

and
P _ 0 (0
o2 or \or
9 (a0 oe
9z \9dxor) or
0 (00 0x 06\ 0x 05
Oz \ Oz 0&r Or ) Ofr Or
_ P (9006?00 0 (0208 Ou Ok
022 \ 9¢r Or Ox Ox \ O&r Or ) O&r Or
022 \ 22 Or \ z3
Thus we have
2
r—1)a = [Zl}a
ga _ zda
r@r 20z
Do _ a0 a0n
T@TQ 4 9022 40z
B.4 Beam

For Ag := N2 — w? > 0 the general angle solution of (3.5.13) is

O (z,t) = [C’l eVRI=w™ L 0y eV Nf_“’%} e e

for Ag := N2 —w? < 0 that is

and for Ag 1= 8} — w? = 0 that is

O (z,t) = [C) + Cy 2] e ™12,
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2
w
For Ay = N — — > 0, the general displacement solution, associated with homogeneous

second equation of (3.5.13), is
U(z) = [Kl eV Ni—ze +Koe V N%c?x} e iz

w?

for Ay := N2 — — <0, that is
c
U (z) = [K1 ei,/%—zﬁx e e_i‘/ﬁ_N%J:] oz
W2
for Ay =N — — =0, that is
c

U (x) = K + Ko x] e M7,

Now, we aim to search for a particular solution of the second equation of (3.5.13). Let us
note ¢(z) := (1 — ) © + 2¢2X; O. The second equation of (3.5.13) is reformulated by

U" 4+ 28 U + (W) U = é(z) ¢ 2 (B.4.1)
Lemma B.4.1 For Ag # 0, a particular solution of equation (B.4.1) is
Urrt(z) = [(1 - c?) ©'(z) + 262y O(x)] / [(1 - %) w?]. (B.4.2)

Proof. Let us remark that ¢ depends on the angle ©, and consequently on the sign of
the discriminant Ag. Then let us consider the following numbers, with respect to Ag

and Nl
fi = X +VAe
f2 = N —VAe

1 = N +iv—Ag
2 = =R —iv/-Ag
Bo = —Ng

and the two functions
fi (k’) = [(1 — 02) Cl] k+ 2N10201
fo (k’) = [(1 — 02) CQ] k+ 2N102CQ

If Ag > 0 then

¢ () = f1(B1) € + fo (B2) €7, (B.4.3)
a particular solution of (B.4.1) takes the form of
_ J1(By) eh® f2 (Ba) P2% 5
U(x) = [ﬁ% NN T YA - EES T Y E c (B.4.4)
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If Ag < 0 then

¢ (@) = fr(n) e + fa(y2) €™, (B.4.5)
a particular solution of (B.4.1) takes the form of
fr(n) em? fa (ha) e* 2

U p—
() V4 2%191 + (w/e)? 43+ 2172 + (w/c)?

In both previous cases the particular solution depends on the sign of Ag but does not
depend on the value of Ay. After simplification the particular solution takes the common
form of

(B.4.6)

v = et gy = L2) ?1 g )c;)_ ijl@ & (B.47)

with the corresponding ©(z) according to the sign of Ag.

O
If Ag =0 then
¢ () = (¢1 + pox) €™ (B.4.8)
with
g1 = —(1—c %) (02— R101) + 28,6,
¢ = (1—c?)N02+ 2810,
In such a case, the solution of (B.4.1) takes the form of
U(x) = (U + Usx)elo®
Uy = —(Cy4ACy+ C1Ry = 3¢2C1Ny) / (2R3 — w?) (B.4.9)
Uy = (Cop—32Ca%) (A2 — u?)
Different cases. Since 0 < ¢? < 1 then Ay < Ag, the possible cases are
A >0= Ay >0 (B.4.10)
Ag>0= Ay =0 (B.4.11)
Ag>0= Ay <0 (B.4.12)
Ag=0= Ay <0 (B.4.13)
A <0= Ay <0 (B.4.14)
In the general case, the solutions of
0"(x) + 28, O'(z)+w? O =0 (B.4.15)
are determined according to the sign of Ag. The solutions of
U (z) + 2% U'(2) + (w/c)* U = ¢(x) ¢ 2 (B.4.16)

are determined according to the sign of Ay (homogeneous solution) and Ag (particular
solution). The general solution of (3.5.13) is given in respect with the non dimensionnal
parameters w, ¢ and Nj.
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Application. For illustration, we consider the bending and transversal wave within a
clamped-clamped beam are studied : the boundary conditions are ©(0) = ©(1) = 0 and
U0) =U(1) = 0. In the case {Ry = 0,8; # 0}, according to the boundary condition,
for (B.4.10) and (B.4.11) the solutions of (3.5.13) are trivial © (z) = 0 and U (x) = 0.
For (B.4.12) and (B.4.13), the angle is null © (x) = 0 and consequently the transversal
displacement is the solution of homogeneous equation U” 4+ 281 U’ + (w?/c?) U =0 :

T o2
U(x) = |Uj €' 77N%I+U2 e~WE M| N (B.4.17)

And U; and Us are solutions of
Uy+U; = 0

c w2 g2 i w2 N2
U16Z 2 N1—i—U2€L e - 0

Non trivial solutions exist if and only if sin { (w/c)? — Nﬂ = 0. The eigenfrequencies

are then, e.g. [74]
wp =4/ (n?12+X}), n=1,.,0 (B.4.18)

The most interesting case (B.4.14) has been studied in details in a previous section.

Remark B.4.1 If {Ry # 0,8; = 0} and {Ng # 0,8y # 0} are introduced into equation
(8.5.10), then according to the previous boundary conditions we show directly that the
solutions are trivial (C; = Co = 0 and K1 = Ko = 0). This is the reason why we have
detailed the case {Ng = 0,8y # 0} in this paper.
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Fiag. C.0.1 — Indentation de Vickers avec un indenteur conique. Cette figure est extraite
de [6].
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C.1 Identification of parameters

C.1.1 Fourier series : recalls

Let be a T-periodic function f : D C R — C and the following coefficients for
n=1..00

ap = (1/T) fTﬁQ
an = (2/T) [11], F(t) cos(252t)dt (C.1.1)
b, = (2/7) (- Tﬁz (t) sin( 2 )dt

The Fourier series FS(f) associated with the function f is the trigonometric series for
which the general term is defined according to the coefficients (C.1.1) :

[FS()](t) = ap + Z [a,, cos(nt) + by, sin(nt)] (C.1.2)

neN*

where the series is defined V¢t € D :

N
Z [an, cos(nt) + by, sin(nt)] = li_n)loo Z[an cos(nt) + by, sin(nt)] (C.1.3)
neN* n=1

According to (C.1.1), if f is even then b, = 0 pour n =1, ...,00 and if f is odd then
ap = 0 and a, = 0 pour n = 1,...,00. We have the following definitions and theorems
e.g. [78] :

Definition C.1.1 A function f : [a,b] C R — R is a function of bounded variation if
for any subdivision T of [a,b] : T = [to = a, ..., ti—1,t;, tit1, ..., t; = b], we have

sup Z|f 1) — f(t)] < 00 (C.1.4)

Theorem C.1.1 If f is a function of bounded variation in the period interval, then the
Fourier series of f is semi-convergent at each point t € R to the arithmetic mean of the
left-hand limit' f(t —0) and the right-hand limit> f(t +0) :

N
Nli;noo{ao + Z[an cos(nt) + by, sin(nt)]} = %[f(t —0)+ f(t+0)] (C.1.5)

n=1

or

FS(I) = 57— 0) + (2 +0)] (©16)

Lf(t—0) = lim, o f(t)
2f(t+0) =lim, o+ f(t)
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Theorem C.1.2 (Theorem of unicity of Cantor) If the Fourier series converges to the
null function, i.e.

N
VteR, lim {ag+ Z_:l[an cos(nt) + by sin(nt)]} = 0 (C.1.7)

then all the coefficients are null : ag =0, ap, =0 and b, =0 forn=1,...,00.

Let us also recall the following theorem :
Theorem C.1.3 (Inequality of finite increases) Let f : [a,b] C R — R a function
continuous for a < x < b, differentiable for a < x < b and it exists a constant k > 0 such
that | f'(x)] < k for a < x <b. Then

[f(a) = f(b)] < kla —b] (C.1.8)

Let us recall the definition of a Lipschitzian function :

Definition C.1.2 A function f : I C R — R is k-Lipschitzian if it exists a constant
k>0 such thatV z,y € I : |f(z) — f(y)| < klz — y].

Properties C.1.1 Any Lipschitzian function is a function of bounded variation, e.g [78].

C.1.2 Approximation in Fourier series

Let the following functions f; et fy defined for 6 € [—7/2;7/2] et r € R4 :

Pl —-2v+2(—24v)cosB AB(—2+ v — (=5 + 1) cos? 6
hno) = PUZ2r22evjens) | 45 (5 v)cos )

+ pcos?0 + gsin?0

8B(1 +v) P—2Py

1
f) = —=cosf|—2p+2 i
L 0) = eS| Z 20t T e o)

where P, B, q and p are scalar parameters. Next we will fix the variable r and only 0 is
variable. Both functions f; and fy are defined for 6 € [—m/2;7/2] and we prolong these
by periodicity of period T' = 7. The Fourier series of fi is labeled FS(f1) and the Fourier
series of fo is labeled FS(f2). The function f; is even with respect to 6 and the function
f2 is odd with respect to . Consequently we have

FS(f1) =ao+ Y ancos(nb),  FS(f2) = Y bysin(n) (C.1.9)

neN* neN*
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with the coefficients

) /2
ayg = / f1(9)d9
™Jo
4 w/2
an, = / f1(0) cos(2n0)db
™ Jo

4 /2
by = o / F2(0) sin(2n0)do
™ Jo

According to the theorem C.1.3 and definition C.1.2, the functions cos#, cos? 6, sin® 6,
cosfsinf and (cos@sinf)/(1 + cosf) are Lipschitzian for 6 € [—m/2;7/2]. Indeed, all
the derivatives of these functions are bounded for 0 € [—7/2;7/2]. ¥V 01,605 € [—7/2;7/2]
and 61 < 0 < 6y :

|cosfy —cosby] < |sinf||0; — 02| < |01 — b2
|cos? ) — cos?fy] < | —2sinfcosh||f; — O] < 2|6 — 6o
|sin?0; —sin?6y| < [2sin@cosf||f; — O] < 2|61 — b5
| cos @1 sin @) — cosfysinfy| < | —sin®@ + cos? 0]|60; — 02| < 2|61 — 6o
cosf1sinfy  cosfssinfy —sin? 60 + cos? 0 cos O sin® 0

| 1+ cosf; - 1+ cos by |

< 3|6, -0
(1+ cosb) +(1+cos9)2|_ 01 = 62|
Consequently, the functions f; and fo are Lipschitzian and, according to the property
C.1.1, these are functions of bounded variation in the period interval [—7/2;7/2]. Ac-
cording to the theorem C.1.1, the Fourier series FS(f1) and FS(f2) are respectively
convergent to f1 and f for 0 € [—7/2;7/2]

[FS(fOIO) = f1(0),  [FS(f2)](0) = f2(0)

since f1 and f2 are also continuous for § € [—m/2;7/2]. If the functions fi and f2 are null
then, according to the theorem C.1.2, all the coefficients of FS(f1) and FS(f2) are null.
In particular, from (C.1.9), ap = 0, a; = 0 and b; = 0. However the equation f1(6) = 0
corresponds to the equation o7/ = o5, + o} and the equation f2(f) = 0 corresponds to
the equation o? = o0 + o9 for 6 € [—m/2;7/2]. We find

4B (1 +v) +r(r2(p+ q)r? + P(—=8 + 7 + 4v — 27v))

@ = 27273

I r(3m%(p — q)r? + 8P(—2 +v)) — 12B7*(=5 + v)
b 6723

b 12B7%(1 +v) +r(37%(—p + q)r? — 2P(—8 + 3m)(—1 + 2v))
1 =

6723
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The calculus have been done by using Mathematica. Let us begin with the equation
b1 = 0 to estimate the parameter B :

B— r(16P — 6 P + 3pn?r? — 312qr? — 32Pv + 12P7v) (C.1.10)
1272(1 + v)
Then, let us introduce B into the equation ag = 0 to estimate the parameter p :
P(—8 — 37 — 20v + 67v)

= — C.1.11
b 6272 ( )

Then, let us introduce p into the equation a; = 0 to estimate the parameter q :
.=  P(—88 + 21w + 124v — 487w — 400° 4 1271°) (C.112)

1872r2

Finally, according to the equation P = p wa?, we have the radius r related to the interface
inclusion/matrix, labeled R :

8+ 7(3—6v)+20
ReaV +W(\/§”)+ Y (C.1.13)

which only depends on parameters which characterize the material (Poisson ratio v) and
the indenter (radius a of the pressure disc). The value r = R is respectively introduced
into (C.1.12) and (C.1.10). We obtain :

aP(16 — 20v + 7(=3 + 6v))/8 + 7(3 — 6v) + 20v

B =
36V 675
P(—88 + 124v — 4012 + 37 (7 — 16v + 4v?))
g =

3a?m(—8 — 3w — 20v + 67v)

Remark C.1.1 The parameters B, q and p are the unknown factors of a linear system
of three equations : ag = 0, a; = 0, by = 0. Thus we have chosen an arbitrary order to
have the expressions of B, p, q : B according to by = 0, then p according to ag = 0, then
q according to ap = 0. These also depend on the radius v (fized), and also on the Poisson
ratio v and on the force P or on the radius a. We gauge r according to the equation
P = pra® with the previous expression of p (P is simplified). Finally we introduce that
into the expression of q and B, which consequently depend on v, a and P.

Remark C.1.2 The values of R, q and B are approrimations because we have used only
three null coefficients from the Fourier series (ag =0, a; =0, by = 0). Let us recall that
all the coefficients are null in such a case.
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C.2 Polar equations

The equations at the interface inclusion/matrix are rewritten : a system of two equa-
tions with one unknown R = r a (adimensionnal)

[
a—l-?—i-ﬁ =0
(C.2.1)
i T
with
(o = pcos?6+ gsin?6
P(1—-2v+2(—2+v)cosh)
= 5,2
a’m
4B(=2+v — (=5 + v) cos? 0)
7= 3
a
(C.2.2)
A= —2p+2q
8B(1 +v)
e
_ P-2Py
’ ma?(1 + cos6)

According to [83], the stress fields on the inclusion (Boussinesq and blister) are distin-
guished according to their dependence on the radius : the Boussinesq field depends on
the adimensionnal radius R~2 and the blister field depends on R~3. We consider then
both formal unknown factors : X = R™2 and Y = R~3. Thus the system (C.2.1) takes
the form of

a+B8X+7Y = 0
(C.2.3)
A+puX+7Y = 0

which is a linear system of two equations with two unknown X and Y. The method of
substitution allows to propose the following solutions :

My —Ta Y_ﬂ)\—au

X = , =
0 =y =BT

(C.2.4)
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Since the scalars {«, 3,7, A, i, 7} depend on the parameters B, ¢ and p, the variables X
and Y depend on these. We introduce into X and Y the parameters previously evaluated

aP(16 — 20v + 7(—3 + 6v))/8 + (3 — 6v) + 20v

B =
36V 670
_ P(—88+124v — 400 + 37(7 — 16v + 40?))
1 3a2m(—8 — 31 — 200 + 6v)
P
P = a2

The factor (P?/a*) appears into numerator and denominator of ratios (C.2.4). Conse-
quently, X and Y depend only on the variable 0, and also on the Poisson ratio v. Accor-
ding to X, the form R? takes the form of

_3(-1+v)[1+v+2(1+v)cosd — 3(—1+ v) cos 26] sec?[0 /2]
Rlo) = 8(—1+ v2 + (=3 + 6v) cos 20) (€.2.5)

where secf = 1/ cosf. And according to Y, the second form R? takes the form of
R0 = ——= (C.2.6)

with the numerator

N = /8+7(3—6v)+200(—8— 31 — 20v + 67v)
x (16 =200 4+ m(=3+6v))(1+v+2(1+v)cosf —3(—1+ v)cos20)

and the denominator

D = 6V6r3(—40 + 127 + 88v — 217w + 200% — 671/
4+ (6m(5 — 11v + 20%) — 8(8 — 23v + 51%)) cos 6
+ (=32 + 157 + 92v — 337w — 2002 + 671/%))

Then we note R? = r; and R3 = rs.

Remark C.2.1 The resolution of the system (C.2.1) is not a mathematical resolution,
which would consist to solve the first equation then the second equation and finally to
intersect both sets of solutions. We have introduced two variables which describe the action
of both stress field in the inclusion, namely the Boussinesq field and the blister field. We
have conserved the assumptions of loading since we have used the values of B, q, p
previously evaluated. Qur objective is to propose forms of polar functions R = R(6), to
draw the form of the inclusion (deformed).
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C.3 Auto-similarity

The uniform pressure p is solution of the equation P = pma® and it is calculated
according to the parameters R, B and ¢, which are previously identified. We have used
the adapted equation for a Vickers test [43], [26] :

ra® = (49/2)h?

7ra2 =

)
(49/2)(u! (R, 0) + u (R, 0))

ra® = (49/2)P%*(...)?

ma® = (49/2)p*n?a’(...)?

where the term in brackets (...) depends on G = E/(2 4 2v) and v. The expression of p
thus depends on E (Young modulus) and v (Poisson ratio) :

2(_Q _ _
. ¢ 2772(—8 — 31 — 200 + 67v) 1)

49[(8 4 3n(=2+v) — 10v) (3 + v — 202)]2

We etablish the relation between the densification volume AV and the load P. We have
P = p a? 7 which involves that the radius a = \/P/p~.

EAV  (1-2v)(1+v)(16 — 20v + 7(—3 + 6v))/8 4+ (3 — 6v) + 20v
Pa 27V 673

Pa

AV = ov) &

3/2

AV = ¢(v) P

E./pw
and, according to (C.3.1) p = p(E,v), we have
AV = f(E,v) P32 (C.3.2)

The exposant (3/2) of the load P is a consequence of the auto-similar characteristic of the
indenter, and this information has been suggested by reviewer for publication in journal
"Matériaux et Techniques" (2008).

C.4 Equations in cylindrical system

Onto the orthonormal basis (e,,eg,e.), the equilibrium equation (without external
force) is in cylindrical coordinates (with dg = 0) :

o™ o™ rr _ 00
AR A
or 0z r

80_27‘ aO.ZZ O.ZT’
or + 0z + r

(C.4.1)

+o"Ry = 0
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Let us define the longitudinal velocity CQL and the transversal velocity cQT,

( 9o A+2u
c; = 5
A+ 2
2 = LAF (C.4.2)
p
A
2 —22 = =
L T P

and with the relations between the stress and the displacement, the equations (C.4.1)
become

0%u c? ou 0%u 2 2 -2
2 L 2 2 L L T
oz T Aty TG T (T T R
0? ow
+ 6%87“3 + (C% - 2C%«)N0$ = 0
) ) ) (C.4.3)
0w 2c ow 0°w
2 T 2 2
2 g T PRty
0%u c? ou
2 L 2
= 4+ 2c5Ny)— = 0
\ +CL628?”+(?” +2er 0>6z
Let us introduce the following scales
(t = Tt, time
r = Lr, radius
z = Lz, depth
v C.4.4)
N (
Ny = fo, defect
w = Ru, radial displacement
\ w = Rw, wertical displacement

where the letters with the "tilde" have no dimension. Next the non-dimensional variables
will be noticed without the "tilde". The following choice of the time variable

T=— 4.
= (C45)
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induces that (C.4.3) becomes non-dimensional

T+ GG e
- g:g}z +(1 - CQ)NO?;:

202?;7:20 + (2;2 + 2c2No)zl: + ?;j;}

aizgr +( +262N0)%

(C.4.6)
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Modéle de second gradient adapté aux milieux faiblement continus et
mécanique d’Eshelby appliquée a I'indentation du verre

Dans une premiére partie, notre étude porte sur les milieux faiblement continus avec
une approche basée sur la géométrie non riemannienne. Nous considérons un corps solide
déformable modélisé par une variété riemannienne munie d’une connexion affine. Un tel
modele est une extension d’un autre qui considére une connexion euclidienne, laquelle dé-
rive du tenseur métrique imposé par I’espace ambiant. La masse par unité de volume peut
étre supposée non constante et le corps peut contenir des défauts décrits par des champs
de discontinuité de champs scalaires ou de champs vectoriels définis sur la variété. Dans
ce cas, en plus du tenseur métrique, nous utilisons nécessairement la torsion introduite
par Cartan ou la courbure, deux tenseurs associés a la connexion affine. Nous disposons
ainsi d’'un modéle de milieu continu du second gradient. Les investigations prennent en
compte les effets de ces champs tensoriels dans ’analyse de la déformation du corps.
Comme application, nous décrivons l'atténuation spatiale d’une onde propagée dans un
milieu non homogéne. Dans une seconde partie, notre étude porte sur une modélisation
de I'indentation Vickers du verre. Nous considérons un modéle qui utilise le schéma d’in-
clusion d’Eshelby dans une matrice semi-infinie, pour analyser les champs de contrainte
et de déplacement durant le processus de charge. L’objectif est de déterminer la densifi-
cation du verre sous I'indenteur. Les résultats semi-analytiques obtenus sont confrontés
de maniére positive avec des données expérimentales fournies par le LARMAUR.

Second gradient model for weakly continuous media and mechanics of
Eshelby applied to indentation of glass

In a first part, we deal with the weakly continuous media according to non Riemannian
geometry. We consider a solid body modelled by a Riemannian manifold endowed with
an affine connection. This model is an extension of the one which considers an Fuclidean
connection, which derives from the metric tensor induced by the ambiant space. The
mags per volume unit may be assumed non constant and some defects, described by
discontinuity fields of scalar fields or vectorial fields defined on the manifold, may appear
in the body. In a such case, in addition of the metric, we necessary use the torsion
introduced by Cartan or the curvature, both tensors associated with the affine connection.
This corresponds to a second gradient continuum model. The investigations take into
account the effects of these tensor fields on the analysis of the deformation of the body. As
application, we describe the attenuation of wave propagation within a non homogeneous
body. In a second part, we deal with the modelling of the Vickers indentation of glass.
We consider a model which uses the schema of inclusion of Eshelby into a semi-infinite
matrix, to analyse the stress and displacement fields during the loading process. The
objective is to determine the densification of the glass beneath the indenter. The semi-
analytical results are positively compared with experimental data which are issue from
LARMAUR.



