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Chapitre 1

Description synthétique des motivations,
des résultats et des perspectives

Nous présentons dans cette introduction les motivations et les principaux résultats obtenus
dans cette these ainsi que quelques perspectives de recherche. Les détails seront énoncés dans
chacune des deux principales parties qui constituent ce manuscrit. Celles-ci pourront étre lues de
maniere indépendante.

Cette these a pour principal objectif d’étudier le comportement asymptotique de certaines
familles de processus stochastiques dont la dynamique dépend, non seulement de la position,
mais aussi du temps.

Bien qu’il semble vain de chercher a donner des criteres généraux sur le comportement en
temps long de tels processus, nous pouvons cependant nous intéresser a ceux dont le terme de
diffusion et le potentiel possédent certaines conditions d’invariance d’échelle.

Nous cherchons a obtenir des conditions sur les indices d’auto-similarité pour lesquels ces
processus sont récurrents ou transients et, plus particulierement, a déterminer les bonnes norma-
lisations de ces processus pour lesquelles il y a convergence (convergence en loi, presque siire,
loi du type logarithme itéré, etc...).

Donnons pour fixer les idées 1’exemple fondamental du mouvement brownien standard uni-
dimensionnel. C’est un processus de diffusion {B; : ¢ > 0} (ainsi qu’une martingale) récurrent et
auto-similaire d’indice 1/2. Nous avons en effet, pour tout A > 0, ’égalité en loi des processus

{BM:QO}%{AI/ZBI:QO}, (1.0.1)

ainsi que les convergences en loi et presque siire suivantes :

B B
lim - Z (0,1) et limsup !

——F—=1 ps. 1.0.2
t—teo \ /1 i—+o +/2tloglogt p:3 ( )



2 CHAPITRE 1. MOTIVATIONS, RESULTATS ET PERSPECTIVES

Principe heuristique

La ligne directrice qui sous-tend les différents résultats présentés dans ce manuscrit est la
mise en évidence, ou I'infirmation le cas échéant, du principe suivant.

1. Le modeéle. Soit Z un processus de diffusion auto-similaire d’indice /4 et V (¢,x) un milieu (ou
potentiel) auto-similaire, en temps et en espace, d’indices respectifs /; et hy. Considérons alors
le processus Z plongé dans le potentiel V. Il satisfait, formellement, 1’équation

1

2. La droite critique. Nous définissons la droite critique associée a X en fonction des différents
indices d’auto-similarité par I’équation

ha(hy—2)+h +1=0. (1.0.4)

3. Comportements attendus. Nous attendons alors les comportements suivants, en fonction de
la position des différents indices d’auto-similarité par rapport a cette droite critique.

ha(hy—2)+h+1<0 Le milieu V disparait et X se comporte
asymptotiquement comme
le terme de diffusion Z

ha(hy—2)+h+1=0 X et Z ont le méme comportement
diffusif mais 1’éventuelle loi limite
dépend du milieu V
hg(hy—2)+h+1>0 X a un comportement dépendant

fortement du milieu V

FIGURE 1.1 — Comportements heuristiques
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1.1 Exemples issus des marches aléatoires

1.1.1 Le modele de Menshikov et Volkov

Notre premiere motivation est de généraliser au cas continu les résultats de Menshikov et
Volkov obtenus dans [1]. Dans cet article, ils étudient une marche aléatoire {X,, : n € N*} sur R™

satisfaisant o

X
n

Notons que le terme de dérive d(n,x) satisfait, pour tout ,A > 0, n € N* et x € RT, les
conditions d’invariance d’échelle (déterministes)

d(un,Ax) = u PAr%d(n,x), (1.1.2)

Pour une classe particuliere de paramétres p, o et f, notamment pour p > 0 et § > 0, et sous
des hypotheses supplémentaires sur le terme de diffusion, les auteurs établissent la récurrence ou
la transience d’un tel processus et obtiennent le diagramme de transition de phase 1.2.

*ﬁ
1 Q o1
o AP
Recurrence | JPad
e one Interdite
-~
,--" Transience
o"' :
® :
—1 1 (04

1
Recurrence pour p < 5

® eee® (uestion ouverte

: 1
Transience pour p > »

FIGURE 1.2 — Transition de phase : Menshikov et Volkov

Remarquons que la droite critique d’équation 23 = o + 1 coincide bien avec celle présentée
dans (1.0.4) avec
hg=1/2, h=-B et h=o0o+1. (1.1.3)

De plus, cette droite différencie deux régimes (transience et récurrence) en accord avec ceux
présentés dans le principe heuristique 1.1.
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1.1.2 Le modele d’urne de Friedman

Le cas o = 8 = 1 est une des principales motivations de Menshikov et Volkov. Cette situation
est liée au modele d’urne de Friedman (1949) qui a été particulierement étudié. Présentons le
modele et les principaux résultats obtenus dans [2].

Le modele d’urne. Une urne contient au temps n > 0 un nombre B, de boules blanches et un
nombre N, de boules noires. On choisit au hasard et avec remise une boule dans cette urne et
[’on rajoute un nombre m > 0 de boules de la méme couleur et un nombre d > 0 de boules de la
couleur différente. On itére ensuite le procédé de maniére indépendante.

Notons que pour d = 0 on retrouve le modele d’urne de Polya (1931). Le cas m = d étant
trivial, nous supposons dans la suite que m # d et nous notons, pour tout entier n > 0,

_ B,—N,

m—d
X, = =

et =— 1.1.4

m—d Pt (114

Par ailleurs, Freedman ne suppose pas que m et d soient nécessairement des entiers, mais plus
généralement des réels positifs ou nuls.

Theorem 1.1.1 (Freedman (65)).

1. Si p > 1/2 alors il existe une variable aléatoire Z non dégénérée telle que

. Xy
nglfwn?_z p.s. (1.1.5)

2. Si p =1/2 alors, pour tout € > 0,

lim = 4(0,1) et lim =0 p.s. (1.1.6)
n—-+teo \/nlogn (0.1) n—+e \ /nlogn(logn)¢ P
3. Si0< p < 1/2alors, pour tout € > 0,
X 1 X
1m-i§ﬂ(a——0 o lim —l o L (1.1.7)
n—+oo /1 1-2p n—+eo /2n(logn)€

4. Sip <0alors

. Xn & 1 . |Xn|
lim —= 40, ——— t 1 ————<|m—d .S. 1.1.8
nms-feo NG ( ’ 1—2p> ¢ ﬂiﬂp V2nloglogn — m=d] p-s ( )

Il est naturel de se demander ce qu’il en est pour des généralisations continues du modele
de Menshikov et Volkov (1.1.1) et du modele d’urne de Friedman et c’est ce qui fait en grande
partie 1’objet de cette these.

Nous verrons que nous obtenons des comportement asymptotiques similaires, et souvent plus
précis, a ceux de [1,2] dans le cadre des processus de diffusions en milieu déterministe ou en
milieu aléatoire.



1.2. EXTENSION A UNE DIFFUSION EN MILIEU DETERMINISTE 5

1.2 Extension a une diffusion en milieu déterministe

Nous généralisons dans la premiere partie de cette these les résultats de Menshikov et Volkov
[1] & un processus de diffusion unidimensionnel dirigé par un mouvement brownien standard.

Ce travail, en collaboration avec Mihai Gradinaru, a fait I’objet d’un article [3] accepté pour
publication aux Annales de I’Institut Henri Poincaré (B) Probabilités et Statistiques.

1.2.1 Présentation du modele

1. Le modéele. Nous considérons un processus a valeurs dans R, solution de 1’équation différen-
tielle stochastique

1
dX[ = dB[ — Eapr’mﬁ (t,Xt)dt, XIO =Xp € R, to > 0. (121)

Le terme de diffusion B est un mouvement brownien standard sur la droite réelle et le potentiel
(éventuellement singulier) V), 4 5 associé a cette diffusion dépend du temps et est défini par

— Bl sia £ -1,
Vo ap(tx) = (1.2.2)
—2pt Ploglx|, sia=-—1.

Nous supposons que 7y > 0 car lorsque S < 0 il y a une singularité en t = 0. Cependant,
lorsque B < 1, la singularité est intégrable et cette difficulté peut étre évacuée en utilisant un
simple changement de temps. Le probleme est plus délicat quand B > 1 et I’existence du proces-
sus peut étre relié, via un retournement du temps bien choisi, a I’existence d’un certain pont. On
pourra consulter a ce propos [4, Exercices 2.17 et 2.12, pp. 384-387] pour plus de détails.

Remarquons de plus que lorsque o # —1 le milieu satisfait, pour tout t,A > 0,7 > 0etx € R,
les conditions d’invariance d’échelle

Vi ap(tit, Ax) = p P21V, o 5(1,). (12.3)

L’équation (1.2.1) est donc un analogue du modele discret de Menshikov et Volkov (1.1.1). Par
ailleurs, cette famille de diffusions est assez riche. Elle contient, notamment, les processus de
Bessel de dimension quelconque (voir, par exemple, [4, Chap. XI]) ayant pour équation

dX, = dB, + 5 dr, (12.4)

1

ainsi que les processus d’Ornstein-Uhlenbeck ayant pour équation

dX; = dB; + pX; dt. (1.2.5)
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Nous étudions de maniére exhaustive, en terme des parametres p, o, B, xo et 7y > 0, 1’exis-
tence, 1’unicité et I’explosion des solutions de (1.2.1). De plus, nous décrivons enticrement le
comportement asymptotique de ces processus. En particulier, nous déterminons les bonnes li-
mites d’échelle et nous donnons des lois du type logarithme itéré.

De maniere générale, quelques cas particuliers de ces processus sont assez bien compris.
Décrivons succinctement quelques exemples avant de présenter une partie des résultats obtenus.

2. Cas linéaire. Lorsque a = 1 I’équation (1.2.1) peut s’écrire

X,
—dt, X, =x0€R, 1>0. (1.2.6)

dXt :dBt+Ptﬁ

Il est bien connu que 1’unique processus de diffusion solution est gaussien et admet une repré-
sentation explicite en terme d’intégrale de Wiener. Plus précisément, il est facile de montrer
(voir [4, Proposition 2.3, p. 378]) que

. 4B r(t) =P, sif=1,
Zo—xo+ | ==, t>1, avec (1.2.7)

(1) w0 r(s)’ r(t) :=exp (p%) , sif#1L.

Nous en déduisons, via le théoreme de représentation des martingales [4, Théoremes 1.7 et 1.6,
pp- 181-182] et les propriétés asymptotiques du mouvement brownien (1.0.2), les deux théoremes
suivants :

Théoreme 1.2.1 (Cas du type urne de Friedman). Considérons (1.2.6) et supposons que 3 = 1.
1. Sip > 1/2 alors X est transient et

X 1
IETOOI_; =G ps. avec G~ N (xo, ﬁ) . (1.2.8)
2. Sip =1/2alors X est récurrent,
. X . Xi
1 =/ (0,1 t 1 =1 p.s. 1.2.9
i Vtlogt (0.1) e l,rgfip V/2tlogtlogloglogt b3 ( )
3. Sip < 1/2alors X est récurrent,
X X 1
limsup = Z 4(0,1) et limsup J .. (1.2.10)

it /T 1o \/2tloglogt  /T—2p
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Théoreme 1.2.2 (Cas linéaire général). Considérons (1.2.6) et supposons que p # 0 et B # 1.
1. Si B > 1 alors X est récurrent et

X; 1
tll)I_{lmt—p—G p.s. avec GNJV(xo,Zp_1>. (1.2.11)

2. Sip<0et0< B <1alors X est récurrent,

X Z 1 . Xi _ B—1 112

3. Sip>0etP <1alorsX est transient,

X
lim ————=G ps. avec G~ N (m,c?) (1.2.13)

t—>+oo pt~ B)
exp (02

Foo 2psi—B
m = xpexp (ﬁ) _/ ex p( s — )d. (12.14)

4. Sip <O0et B <0alors X converge presque siirement vers 0,

X,z 1 X, B—1\'?
tgrfmm JV(QTm) et htrilj-ljo tﬁ/z(logt)l/z ( 0 ) p.s. (1.2.15)

ou

Remarquons que le théoreme 1.2.1 est un analogue en temps continu du théoreme 1.1.1 ob-
tenu par Freedman. Nous sommes par ailleurs plus précis en ce qui concerne les convergences
presque siires et en loi.

Notons aussi que lorsque le processus est transient, nous pouvons déterminer explicitement la
probabilité de diverger en +oo, probabilité qu’il sera a nouveau possible d’obtenir explicitement
dans dans le cas homogene.

3. Cas homogene. Lorsque 3 = 0 I’équation (1.2.1) peut s’écrire
dXt dB; -|‘p Sgn(X,)|Xt| dt Xt() =Xg € R, to > 0. (1216)

Les diffusions browniennes unidimensionnelles admettent une fonction d’échelle (voir, par exemple,
[5, Chap. 5.5] pour une définition précise) et de nombreuses propriétés sur leur comportement
peuvent étre déduites en étudiant cette fonction.

Citons, par exemple, les criteres d’existence, d’unicité et d’explosion dans Cherny et En-
gelbert [6], le théoreme ergodique présenté dans [7] et le théoreme de Motoo [8]. Enongons ce
dernier théoreme :
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Théoreme 1.2.3 (Motoo). Soit X un processus fortement markovien et régulier, a valeurs dans
(a,+o0), avec a € [—oo,+00), homogéne en temps et ergodique. Soit S sa fonction d’échelle. Alors
pour toute fonction positive et croissante h,

T dt

S(h(1))

X,
IP(limsup—t > 1) =0 ou =1 selonque

< H4o0 ou = -+too,
m——0)

(1.2.17)

Considérons, a titre d’exemple, le cas ou la fonction d’échelle S de la diffusion (1.2.16) est
définie sur R, c’est-a-dire dans le cas ou & > —1. Celle-ci est donnée par

[ 20 e
S(x) ._/O exp( Pl ) (1.2.18)

La fonction d’échelle est, par définition, une fonction harmonique du processus de Markov.
Plus précisément, {X; : t > 1y} est solution de (1.2.16) si et seulement si {M; := S(X;) : 1t > 1y}
est une martingale. Il existe alors un mouvement brownien standard B tel que

dM, = §' oS~ (M;)dB;. (1.2.19)

Grace a la construction de Ito-McKean [9] des diffusions homogenes en temps unidimension-
nels, on peut exprimer la diffusion comme un brownien changé en temps (aléatoire) et en espace.
Nous le ferons plus en détail dans la cas de la diffusion de Brox. Il est possible de déterminer si
la diffusion est récurrente positive (existence d’une mesure invariante et stationnaire) et ceci est
équivalent dans le cas que nous sommes en train de considérer a

m(R) < oo <= p <0, (1.2.20)
avec & )
o _ P\ o+ 1.2.21
m(dx) : S0 exp (OH— | |x| ) dx. (1.2.21)

La mesure m est appelée mesure de vitesse du processus de Markov et nous obtenons ensuite, via
les criteres d’existence, d’unicité et d’explosion de Cherny et Engelbert, le théoréme ergodique
et le théoreme de Motoo, le résultat suivant :

Théoreme 1.2.4. Si p < 0 et & > —1 alors il existe une unique (en loi) diffusion X, solution
faible de (1.2.16). De plus, cette diffusion est récurrente positive,
2 m(dx) X, <oc—|— 1) I/(a+1)

Iim X, = ——- et limsu
e T m@®) Y e (logn) /@)~ \ 2p]

(1.2.22)

Cependant, lorsque la diffusion n’est plus ergodique, la fonction d’échelle n’est pas toujours
d’une grande aide pour I’obtention d’un comportement asymptotique plus fin. On peut cependant
citer le résultat suivant, présenté dans [10].
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Théoreme 1.2.5 (Skorohod). Si p > 0 et —1 < o < 1 alors il existe une unique diffusion X,
solution faible de (1.2.16). De plus cette diffusion est transiente et
im Xl _ (p(1—a) /=% ps (1.2.23)
: 8. 2.

I—H—WIW

1.2.2 Notations.

Avant de présenter les résultats généraux, il est nécessaire de faire quelques remarques et
d’introduire quelques notations. Tout d’abord, par symétrie de I’équation (1.2.1) et par invariance
d’échelle du mouvement brownien et du potentiel V,, o g, nous pouvons supposer, sans perte de
généralité, que

x>0 et fp=1. (1.2.24)

Ensuite, afin d’alléger les notations, posons

R, si o> 1,
E(a):= (1.2.25)
0,00[, si a<1.
et 2 .
— 2 Ot st £ 1,
Vo.a(x) = (1.2.26)
—2plog|x|, si a=-—1.

Puis introduisons, quand elles sont bien définies, les mesures de probabilit€ Yy, lp o €t Tp o Sur
E(a) dont les densités sont proportionnelles a

S

w2
Yo(d¥) ~ e T, phy o(dx) ~ o Hal] Ty o (dx) ~ VP ), (1.2.27)
Remarquons que lorsque o > —1 la mesure Y, n’est rien d’autre que la mesure gaussienne
standard et lorsque @ < —1 c’est la distribution de la valeur absolue d’une variable aléatoire de
loi normale centrée réduite.
De plus, la mesure U, o peut €tre vue, dans un certain sens, comme un mélange des lois Yy
et T, . Nous définissons enfin le bon domaine de parametres (p, ¢, B) par

P = ((—o0,0] x (—1,400) x R)U ([0, 4+o0) x R x R) C R (1.2.28)
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1.2.3 Existence, unicité et explosion

Présentons les résultats généraux d’existence et d’unicité des solutions de 1’équation (1.2.1)
ainsi que la description précise du temps d’explosion en fonction des parametres (p, a,f) € Z2.
Nous rappelons que nous supposons (1.2.24) dans toute la suite.

Théoreme 1.2.6 (Existence et unicité). Pour tout (p,a,f) € 2, il existe un unique processus
de diffusion X, solution forte de (1.2.1), tel que

X € R sio a>—1
X € [0,4o sioa=-—1
X € 0,409 sioa<—1

Remarque 1.2.7. Nous montrons (voir, pour plus de détails, la seconde partie du présent ma-
nuscrit) que lorsque o0 < —1 il peut exister une infinité de solutions, non nécessairement mako-
viennes. Cependant, une fois imposé le signe de la diffusion, [’existence et [’unicité d’un proces-
sus de diffusion solution de (1.2.1) est assurée.

Théoreme 1.2.8. Le temps d’existence 7, de la diffusion X ainsi construite vérifie

P(t, = 4o0) = 1 si p<0ou <1
P(t,=+4e) = 0 sio p>0, a>1, 2B<a+1
P(t,=+e) € ]0,1] sio p>0, oo>1, 2B>a+1

Remarque 1.2.9. Pour tout (p, ., B) € R3\ P, on peut montrer que les solutions de I’équation
(1.2.1) sont définies jusqu’au temps d’atteinte de 0, qui est presque siirement fini, et ne peuvent
pas étre prolongées apres ce temps en général.

Nous supposerons donc, dans toute la suite, que (p, @, ) € & et (1.2.24). Dans la présenta-
tion, nous distinguons les deux régimes p > 0 (répulsif) et p < 0 (attractif).



1.2. EXTENSION A UNE DIFFUSION EN MILIEU DETERMINISTE 11

1.2.4 Cas répulsif

Nous supposons dans cette section que p > 0. La famille de diffusions (1.2.1) admet alors
une phase récurrente et une phase transiente (voir la figure 1.3) séparées par la frontiere formée
de la réunions des deux demi-droites | et ¥, d’équations

21 ={B=0,00<—1} et 92:{3:“7“,052—1}. (1.2.29)

Nous obtenons des résultats similaires a [1] et a [2] (voir la figure 1.2 et le théoreme 1.1.1).
De plus, il est intéressant de constater que c’est la droite critique B = (@ + 1)/2 et non les deux
demi-droites Z; et 2, qui distingue véritablement le comportement diffusif de la diffusion.

Recurren
1 i

Y

-1 3
TI"&D?I 1Ce

FIGURE 1.3 — Transition de phase : cas répulsif

1. Au-dessus de la droite critique. Nous montrons que si B > (a + 1)/2 alors, conditionnelle-
ment a I’ensemble de survie, elle se comporte asymptotiquement comme un mouvement brow-
nien, pour @ > —1, et comme un mouvement brownien réfléchi, pour o < —1.

En quelques sortes, le terme de dérive est asymptotiquement négligeable par rapport au terme
de diffusion. A contrario, conditionnellement a 1’explosion de la diffusion en temps fini, elle se
comporte au voisinage du temps d’explosion comme le systeme dynamique déterministe

1
dx, = _Eaxvp’a’a%l(t,x,)dt. (1.2.30)

Plus précisément, nous démontrons le théoreme suivant :
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Théoréme 1.2.10. Conditionnellement a {7, = +oo},

et limsu s. (1.2.31)

X X
————=1 p
t—rtoo \/f Yo ,_>+oop V/2tloglogt P

X, ~ . (1.2.32)

Temps de survie et 6-pont brownien. Considérons b, ’'unique solution forte de I’équation dif-
férentielle stochastique

b
db, =dB;— & Ti dt, 0<t<T, by=nx, (1.2.33)
avece 1 ZB
Y
T:=——, 0:= t =— 1.2.34
—1U 2r—1) & T (1.2.34)

Ce processus, introduit par Mansuy (2004) dans [11] et nommé d-pont brownien, vérifie

limb; =0 p.s. (1.2.35)
t—T

Notons que lorsque 6 = 1 ce processus n’est rien d’autre qu’un pont brownien classique.
Nous pouvons représenter la probabilité de survie de la diffusion en terme d’espérance d’une
fonctionnelle de ce d-pont brownien.

Théoréme 1.2.11. Si @ € (1,+) alors
" ” p2lb,f
P(t, = +o0) = [exp (/ psgn(bu)|bu|“dBu—/ Tdu)} 0,1l (1.2.36)
0 0

Remarquons que la situation IP(7, = 4-o0) €]0, 1] ne peut pas apparaitre dans le cas homogene
(par trivialité de la tribu asymptotique) et c’est donc une particularité de 1’inhomogénéité en
temps de I’équation (1.2.1). En fait, nous montrons que le processus

! tpzlbu|2a
S} = exp (/ psgn(by,)|b,|*dB, —/ Tdu) , 0<r<T, (1.2.37)
0 0

est une martingale locale exponentielle qui n’est pas une martingale. Un des points importants
pour démontrer le théoréme précédent est de vérifier la continuité en norme L!, au temps 7', de
cette martingale locale.

De plus, I’équation (1.2.36) permet d’estimer le temps de survie de la diffusion par une
méthode de Monte-Carlo (voir la section 1.2.5).
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2. Sur la droite critique. Supposons ici que B = (a + 1)/2. Nous montrons que lorsque a < 1,
le comportement asymptotique de la diffusion est encore diffusif (normalisation en +/f) mais la
loi limite n’est plus gaussienne. Cependant, la loi du logarithme itéré est encore satisfaite. Les
termes de dérive et de diffusion sont donc, d’une certaine maniere, du méme ordre.

Ensuite, lorsque o > 1, la diffusion se comporte encore comme le systeme dynamique déter-
ministe (1.2.30) mais elle explose, cette fois-ci, en temps fini presque sirement. Nous montrons
le théoreme suivant :

Théoreme 1.2.12. Si — < o < 1 alors

. Xl Z . Xz
lim —= t 1 ———==1 p.s. 1.2.38
i Vi Hp.a € lfﬂi‘ip V2tToglogt p3 ( )
Si 1 <o < Hooalors 1
L
1X;| ~ ¢ —  D.s. (1.2.39)

=% (pla—1) (e —1))7

3. En-dessous de la droite critique. Considérons, pour terminer, la situation ot f < (ot +1)/2.
La diffusion se comporte comme le systeme dynamique déterministe sous-jacent

1
Ay = 5 0V (t.) dr. (1.2.40)

Nous obtenons le théoréeme suivant, qui généralise le théoreme 1.2.5.

Théoréme 1.2.13. Si — < o < 1 alors

1
l—a)\™* 1-8
x|~ (pifﬁ)) 15 pos. (1.2.41)
Si 1l <o < 4o alors ;
7!
X ~ D.S. (1.2.42)

T (pla—1)(re— 1)

1.2.5 Estimations numériques de la probabilité de survie

Nous donnons, dans cette section, quelques estimations numériques sur la probabilité de sur-
vie P(7, = o) de la diffusion (1.2.1). A cette fin, nous calculons 1’espérance donnée en (1.2.36)
par une méthode de Monte-Carlo, couplée a un schéma d’Euler pour approcher le §-pont brow-
nien b et une méthode de Riemann pour estimer I’intégrale stochastique correspondante.

Nous représentons, dans la figure 1.4, les lignes de niveau de cette probabilité de survie, non
pas en fonction de « et §, mais en fonction de « et 7y, défini en (1.2.34).

Enfin, dans la figure 1.5, nous représentons les coupes a & et Y fixés de ces lignes de niveau.
Nous supposons de plus que p = 1.
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FIGURE 1.4 — Temps de survie : lignes de niveau
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1.2.6 Cas attractif

Nous supposons dans cette section que p < 0. Notons que cette situation n’a pas été traité
dans [1]. La famille de diffusion (1.2.1) (voir la figure 1.6) admet une phase récurrente et une
phase pour laquelle il y a converge presque sire vers 0, séparées par la droite d’équation § = 0.

Cependant, c’est une nouvelle fois la droite critique = (ot +1)/2 qui permet de vraiment
distinguer les différents types de comportements diffusifs.

By

I — Recurrence:

1 I o
< Convergence toward (

FIGURE 1.6 — Transition de phase : cas attractif

1. Au-dessus de la droite critique. Ce cas est identique au cas répulsif présenté dans le théoreme
1.2.10 a ceci pres que le temps d’existence est infini presque sirement quelque soit o0 > —1.

Théoreme 1.2.14.
. Xi & . X;
lim 2 Z 4(0,1) er | 2 1 ps
il Vit (0.1) e ltriliip V2t loglogt P

2. Sur la droite critique. Cette situation est encore identique au cas répulsif du théoréeme 1.2.12
lorsque o < 1. Cependant, pour & > 1, la loi du logarithme itéré n’est plus satisfaite.

(1.2.43)

Théoreme 1.2.15. Si o < 1 alors

X
lim — =, et limsup (1.2.44)

Xi
———=1 p.s
t—rtoo /1 -+ +/2tloglogt ps

Sil < o< +ooalors

) X & . X; a+1 1/(o+1)
Iim —= et limsu = .S. 1.2.45
t—-+eo /1 Ho.a zﬁwptl/z(loglogt)l/(““) ( 2|p| > p ( )
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3. En-dessous de la droite critique. C’est I’unique situation ou le comportement de la diffusion
est sous-diffusif. Le terme de dérive est dans ce cas prépondérant devant le terme de diffusion.

Théoreme 1.2.16.
X; A

AT ey o (1240
°t 1/(a+1)
, X; (a+1-2B\
st g T = (2] ) e 124D

Equation de recuit simulé. Ainsi, lorsque < 0, le processus est piégé en 0, minimum du
potentiel, et converge vers celui-ci avec une vitesse polynomiale. Cela ne peut une nouvelle fois
pas apparaitre dans le cas homogene.

L’équation (1.2.1) est naturellement reliée a une équation de recuit simulé, similaire a celles
présenté dans [12]. En effet, nous pouvons remarquer en utilisant la formule d’Ito qu’il existe un
mouvement brownien standard B tel que

dY; = o(1)dB, + p sgn(¥,)|%,| % dr, (1.2.48)
ou 1
Y =Xy, avec y(t):=((1-P)t)-F, (1.2.49)
et 5
lim | o(t) =0, avec o(r):=((1—B))20-F. (1.2.50)

f—>—+oo

Des résultats similaires a ceux de [13], et souvent plus précis, sont obtenus sous des hypo-
theses différentes. Donnons pour en terminer avec le cas déterministe quelques idées de preuve.

1.2.7 Schéma des preuves

Les principales difficultés dans 1’étude de cette diffusion proviennent de son caractere inho-
mogene en temps. Dans le cas singulier @ < 0, par exemple, 1’existence en temps long d’une
telle diffusion n’est pas claire et 1’estimation du temps d’explosion pour & > 1 n’est plus aussi
facile que dans le cas homogene.

En ce qui concerne les diffusions homogenes en dimension 1, il existe en effet de nombreux
criteres, utilisant principalement la fonction d’échelle associée a un tel processus, qui permettent
de répondre a ces questions, et cela n’est plus le cas en dimension supérieure ou pour des diffu-
sions inhomogenes.
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1. Transformations d’échelle. L’idée pour étudier un tel processus est donc de se ramener a
I’étude d’une diffusion homogene que nous saurons mieux comprendre. Pour cela, nous utili-
sons de maniere essentielle les propriétés d’auto-similarité de la diffusion B et les propriétés
d’invariance d’échelle du potentiel Vo.ap données respectivement en (1.0.1) et en (1.2.3).

Ensuite, nous étudions, en fonctions des parametres p, @ et 3, une bonne transformation
d’échelle X? de notre processus, tirant pleinement parti de ces invariances, et qui sera proche
d’une diffusion homogene en temps. Les deux transformations d’échelle utilisées, apparaissant
naturellement, sont données par

t>0, (1.2.51)

avec

(pé(t):(pe(t), (Pe(0>:17 t >0,

@ vérifiant ou . (1.2.52)

QL) =@y (1), @y(0)=1, t>0, pour o # —1.

Les principaux outils utilisés pour passer de 1’étude d’une diffusion inhomogene a I’étude
d’une diffusion homogene sont la transformation de Girsanov, les théorémes de comparaison et
le lemme fondamental suivant :

Lemme 1.2.17. Soient Z et H deux diffusions, uniques solutions faibles de
dZ; = o(s,Zs)dB,; +d(s,Zs)ds et dH; = Ow(H;)dBg+ dw(Hy)ds, (1.2.53)

avec B un mouvement brownien standard et 0, 0w,d et ds des fonctions continues. Supposons
que (Z,H) soit asymptotiquement homogeéne et I1-ergodique, dans le sens o

lim 0(s,z) = Ow(z) et lim d(s,z) = dw(z), (1.2.54)

§—>—+oo §—>—+oo

uniformément sur les compacts et
lim H, Z L. (1.2.55)

f—o0

Supposons de plus que Z est borné en probabilité, c’est-a-dire que pour tout € > 0, il existe r >0
tel que

supP(|Zs| > r) < e. (1.2.56)
s>0
Alors P
lim Z, =11 (1.2.57)
t—>+o0

Donnons ensuite quelques idées de preuves pour I’étude de I’existence, de 1’unicité et de
I’explosion des solutions ainsi que pour les différents types de convergence en fonction de la
position des parameétres (@, ) vis-a-vis de la droite critique f = (ot + 1) /2.



1.2. EXTENSION A UNE DIFFUSION EN MILIEU DETERMINISTE 19

2. Existence, unicité et explosion. En utilisant la transformation d’échelle associée au change-
ment de temps @y dans (1.2.52) nous étudions I’existence, 1’unicité et I’explosion des solutions
de I’équation (1.2.1). Plus précisément, via la transformation de Girsanov, nous montrons qu’il
est équivalent d’étudier I’équation

Nous utilisons ensuite les résultats de [6] pour étudier la diffusion équivalente. Cela a un
intérét particulier dans le cas singulier & < 0 que nous ne savons a priori pas étudier dans le cas
inhomogene.

De plus, I’étude du temps d’explosion se fait a I’aide de bonnes fonctions de Lyapunov, par
théoreme de comparaison et par 1’étude de la transformation d’échelle précédente.

3. Au-dessus de la droite critique. En utilisant le changement de temps exponentiel ¢, dans
(1.2.52) nous montrons, a ’aide d’un théoreme de comparaison, que la transformation d’échelle
associée se comporte asymptotiquement comme un processus d’Ornstein-Uhlenbeck :

X (ot 1
(@) _ p avec dU; = dB, - U, d. (1.2.59)

06 (1) f—>+oo

4. Sur la droite critique. La transformation d’échelle associée au changement de temps expo-
nentiel donne dans ce cas une diffusion homogene. C’est le cas le plus simple dans notre étude
qui pourtant était laissé ouvert dans [1].

X (@t 1
X(9.(1)) =2, avec dZ, =dB —57 dt +psgn(Z;)|Z,|* dt. (1.2.60)

Pe(1)

S. En-dessous de la droite critique. Lorsque p < 0, nous utilisons la transformation d’échelle
associ€e au changement de temps @y et nous montrons que ce processus se comporte asymptoti-
quement comme la diffusion homogene H définie en (1.2.58) :

X (@y(1))
B
oy (1)

Par ailleurs, 1’étude de la diffusion sous la droite critique et dans le cas répulsif p > 0 se fait
par d’autres techniques, notamment en étudiant d’une maniere précise certaines sous-martingales
associées a notre processus.

e H;. (1.2.61)
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1.3 Motivations en milieu aléatoire

1.3.1 Introduction générale

Les marches aléatoires en milieu aléatoire, et leurs analogues en temps continu, les diffusions
en milieu aléatoire, ont été€ introduites dans les années 70 et ont été étudiées dans un large un pan
de la littérature, sous des formes tres variées.

En ce qui concerne les débuts de cette théorie, nous ferons notamment allusion a [14-18],
dans le cas discret, et a [19-25], dans le cas continu. Dans cette derniere situation on citera par
ailleurs de plus récents développements dans [26—33]. Pour un état de I’art de ce domaine on
pourra aussi se référer a [34-36].

Les marches aléatoires en milieu aléatoire dépendant du temps ont été intensivement étudiées
ces dernieres années sous des nombreuses hypotheses. Initialement, des environnements spatio-
temporels indépendants et identiquement distribués ont été introduits et considérés dans [37-
40]. Des difficultés supplémentaires apparaissent quand les fluctuations de I’environnement sont
indépendantes et identiquement distribuées en espace et markoviennes en temps (cas traité dans
[41,42]). Des difficultés encore plus grandes surviennent quand on considere des hypotheses plus
générales de mélange (cas récemment étudié dans [43—45]).

Cependant, les diffusions en milieu aléatoire dépendant du temps ont tres peu été étudiées.
Nous pouvons quand méme mentionner les travaux [46—48] allant dans cette direction.

Dans cette these, nous étudions dans la seconde partie des diffusions unidimensionnelles
ayant quelques traits communs avec celles étudiées dans [3, 20]. Nous mettons notamment en
lumiere un phénomene de transition de phase similaire a celui présenté dans [1, 3] et en accord
avec le principe heuristique 1.1.

1.3.2 Le modele de Brox

Présentons tout d’abord un modele fondamental : le modele de Brox. Celui-ci considere
dans [20] un processus de diffusion a valeurs dans R, solution de

1
dX, = dX, — 76'(X)dr,  Xo=0. (1.3.1)

Le terme de diffusion B est un mouvement brownien standard indépendant du potentiel brow-
nien standard {6 (x) : x € R}. Ce processus est un analogue continu des marches aléatoires en
milieu aléatoire, amplement étudiées, et qui permettent, par exemple, de modéliser 1’évolution
de particules dans des milieux irréguliers.

Rigoureusement, une solution est un processus qui, conditionnellement a I’environnement
brownien 0, est une diffusion ayant pour générateur infinitésimal (dans sa forme canonique de

Feller)
1 d d 1gud( gud
_ta 4 Tewd 04y 132

0= DdmgdSy  2° dx(e dx (1.3.2)

La fonction d’échelle Sg et la mesure de vitesse mg(dx) associées sont données sur R par

So (%) ::/0 AV dy et mo(dx) ::S,ﬂ(x):e—‘*(x)dx. (13.3)
0
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Via la construction d’Ito-McKean des diffusions homogenes en dimension 1 présentée dans [9],
I’existence faible, I’unicité en loi et la non-explosion d’une telle diffusion ne posent aucun souci.

En effet, on peut représenter la diffusion de Brox (1.3.1) comme un mouvement brownien
changé d’échelle et de temps. Plus précisément, soit {W, : > 0} un mouvement brownien stan-
dard indépendant de 0 et Ty le changement de temps défini par

1 _
To(7) ::/ e 2008 W) qy, 1> 0. (1.3.4)
0

L’unique solution faible de (1.3.1) est donnée par
X(t) =8, (W(T, (1)), t>0. (1.3.5)

Notons IP(0) la loi de X plongée dans I’environnement 6 (loi trempée) et (I’espérance étant prise
sous la mesure de Wiener) R
P:=E,[P(0)] (loi recuite). (1.3.6)

En utilisant la notion de vallée associée a 1’environnement 6, le temps local du mouvement
brownien et leur propriété d’auto-similarité donnée, pour tout A > 0, par

(Bt >0} Z{AV2B,:1 >0} et {0(Ax):xeR}Z{AV20(x):xeR},  (1.3.7)

Brox démontre un phénomene de localisation de la diffusion {X; : # > 0} dans une vallée typique
du potentiel ainsi qu’un comportement sous-diffusif de 1’ordre de (log?)?.

Les propriétés d’invariance d’échelle du potentiel 0 et du terme de diffusion B sont fon-
damentales pour obtenir ces résultats. Il est a noter que de nombreuses généralisations ont été
obtenues pour des potentiels auto-similaires généraux dans [32,49-52] par exemple.

Plus précisément, soit 4 un réel strictement positif. On appelle ~-maximum de 6 un réel x
tel qu’il existe a < x < b vérifiant 6(a) vV 0(b) < 0(x) — h et, pour tout y € [a,b], 6(y) < 0(x).
On dit qu’un réel x est un A-minimum de 6 si x est un ~-maximum de —6. De plus, si 6 est un
mouvement brownien, presque sirement, les #-maxima et les A-minima alternent, I’ensemble E,
des h-extrema n’admet pas de point d’accumulation et O n’est pas un extremum local.

Ainsi, pour presque tout environnement brownien 6 (voir la figure 1.7) il existe un unique tri-
plet (pn(0),b,(0),q,(0)) de h-extrema successifs tel que p,(0) et g;(0) soient des A-maximum,
by, (6) soit un A-minimum et p,(6) < 0 < ¢;,(0). Posons, pour tout milieu 6, L > 0 et x € R,

$,0(x) = A720(Ax). (1.3.8)

Par des simples considérations géométriques, nous pouvons remarquer que

b, (0)

)LZ
Notons par la suite v, la loi de la vallée standard b; sous la mesure de Wiener. Brox montre
alors que la diffusion {X; : 7 > 0} est localisée au temps ¢ dans la vallée standard de hauteur logz.

= b1(5,26). (1.3.9)
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FIGURE 1.7 — Vallées du potentiel brownien 6

Théoreme 1.3.1 (Brox (86)). Pour presque tout environnement brownien 0, on a la convergence
en probabilité sous la loi trempée P(6),

X; _blogt(e) _ X;
log?(1) log?(1)

) 29, 0. (1.3.10)

log’t?) e

—bi(S

Par ailleurs, sous la loi recuite P,

LN

I X
im
t—+e (logt)?2

V. (1.3.11)

Notons que (1.3.11) est une simple conséquence de (1.3.10) ainsi que de I’invariance d’échelle
du mouvement brownien. De plus, la mesure v a été explicité dans [17,18].

Théoreme 1.3.2 (Golosov, Kesten).

o [ 1V 2.2
v(dx) = (%]E%exp (—%m)) dx. (13.12)

1.3.3 Illustrations numériques du phénomene de localisation

Nous illustrons, dans la figure 1.8 suivante, le phénomene de localisation de la diffusion de
Brox (1.3.1) dans les vallées du potentiel (voir le théoreme 1.3.1). Nous simulons le potentiel
ainsi que la trajectoire par un schéma d’Euler.
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1.4 Diffusions dont le milieu aléatoire dépend du temps

Dans la seconde partie de ce manuscrit, nous généralisons les résultats obtenus en milieu
déterministe a un potentiel aléatoire brownien qui, heuristiquement, peut étre vu comme une
version randomisée du cas oo = —1/2 dans (1.2.2).

Ce travail a été soumis pour publication et nous en présentons succinctement les principales
idées dans cette introduction.

1.4.1 Le modele de Brox inhomogene

Nous généralisons, en environnement aléatoire, la diffusion en milieu déterministe (1.2.1)
ainsi que la diffusion de Brox (1.3.1), dans le cas inhomogene en temps.

1. Le modele. Nous considérons un processus a valeurs dans R, solution formelle de I’équation

10'(X,)
aX, = B — 5=

de, X;=x€cR, t>s5>0. (1.4.1)

Le terme de diffusion B est encore un mouvement brownien standard indépendant du mouvement
brownien standard {0 (x) : x € R}. Le potentiel ou milieu Uy est aléatoire et dépend cette fois-ci
du temps. Il est donné, pour tout # > 0 et x € R par
0(x
Ug(t,x) := Q (1.4.2)
B
Rigoureusement, une solution est un processus qui, conditionnellement a 1I’environnement
brownien 0, a pour générateur infinitésimal

L teew 9 (L uet 9 L 9
Lo = 5e 95\ ¢ P —f—at. (1.4.3)

Notons que, contrairement au cas homogene (voir (1.2.18) et (1.3.3) pour plus de détails),
I’existence d’une telle diffusion (du moins en temps long) n’est pas une chose aisée a montrer
car il n’existe plus de fonction d’échelle.

De plus, remarquons que cette équation est une extension en environnement aléatoire de
I’équation (1.2.1), dans le sens ou le potentiel satisfait des conditions d’auto-similarité analogues
a (1.2.3) avec o« = —1/2. En effet, pour tout A, > 0, presque tout milieu brownien 6 et pour
toutt >0, x € R,

Ug(ut,x) = 1 PUy(1,x) (1.4.4)

et
(U1, Ax) ;xeR}i{AWu(t,x) :xER}. (1.4.5)

L’unique différence est donc que I’invariance d’échelle en espace est déterministe dans (1.2.3) et
aléatoire (le temps étant gelé) dans (1.4.5).
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2. Analogue déterministe. [.’équation (1.4.1) est donc similaire a I’équation (1.2.1) dans le cas

ol & = —1/2 et, par exemple, p = —1/4. Son pendant déterministe s’écrit
1 W/(X,
dX, =dB, — t(ﬁ t)dt, X,=xeR, t>s5>0, (1.4.6)
avec
W (x) = |x|'/2. (1.4.7)

Rappelons les résultats obtenus pour 1’équation (1.4.6) et les méthodes employées. Dans la
premiere partie de ce manuscrit, nous montrons les convergences suivantes :

N (0,1), sif>1/4,

lim —’t £ i (1.4.8)
—> 10 X
e T g g 1/a,
et ¥
lim ﬂ_;% L e WWdy, siB<1/4, (1.4.9)

k¢ et k, étant deux constantes de normalisation strictement positives.

Cela illustre, dans le cas ot @ = —1/2, un phénomeéne de transition de phase plus générale
(voir la figure 1.6 pour une vue générale). L’idée est d’étudier une bonne transformation d’échelle
de notre processus. Plus précisément, pour démontrer les convergences dans (1.4.8), nous étu-
dions la transformation d’échelle associée au changement de temps exponentiel (voir (1.2.59) et
(1.2.60)). 11 suffit alors d’étudier 1’équation différentielle stochastique

1
dZ, = dB, — 3 (Zi+e "W (Z)] dt, Zop=z€R, 1>0, (1.4.10)
avec .
_X() : 1
Z; = etT, t>0 et I”ZB—Z (1411)

Il faut s’ attendre a obtenir des résultats similaires a ceux présentés dans (1.4.8) en remplacant
W par une trajectoire brownienne 6 dans (1.4.6). En appliquant la méme méthode, il suffirait donc
d’étudier une équation auxiliaire qui sera le pendant de 1’équation (1.4.10) en environnement
aléatoire. Il est alors naturel de se demander si, de méme que pour la diffusion (1.4.6), le point
B = 1/4 est encore un point critique du comportement en loi du processus. En particulier, nous
répondrons aux questions suivantes :

1. A-t-on un comportement diffusif lorsque f > 1/4?

2. Le milieu aléatoire disparait-il asymptotiquement et a-t-on convergence vers une loi nor-
male centrée réduite lorsque 3 > 1/47?

3. A-t-on une convergence vers une mesure non gaussienne, dépendant de 1’environnement,
lorsque B =1/47?
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1.4.2 Fluctuations du potentiel d’Ornstein-Uhlenbeck

Présentons tout d’abord 1’analogue en environnement aléatoire de I’équation (1.4.10). Notons
que contrairement a (1.4.10) celle-ci n’est plus homogene en temps, mais hérite cependant de
bonnes propriétés, le potentiel étant, en quelques sortes, homogene en loi.

1. Equation auxiliaire. De la méme maniere que dans (1.2.59) et (1.2.60), nous préférons étudier
la transformation d’échelle de la diffusion (1.4.6) associée au changement de temps exponentiel.
Nous pouvons montrer par de simples calcules que

1
Az, = dB, — S0,Vo(1.Z:)dt, Zg=z€R, 120, (1.4.12)
avec
x? 1
Vo (t,x) ::5—1—6_”7}9()6), r=p- (1.4.13)
T,0(%) :=S,,0(x) = e "/*0(e/%%) (1.4.14)
et X( t)
e
Zi==5 120, (1.4.15)

La diffusion B est un mouvement brownien standard indépendant du mouvement brownien stan-
dard {0(x) : x € R} et le potentiel Vj (voir la figure 1.9) est aléatoire et dépend du temps.

Notons qu’ici le temps et la position ne sont plus découplés, contrairement a la diffusion de
Brox inhomogene (1.4.1).

Y

FIGURE 1.9 — Fluctuations du potentiel Vg (7, *)

Rigoureusement, une solution de (1.4.12) est un processus Z qui, conditionnellement a I’en-
vironnement brownien 6, a pour générateur infinitésimal

_l Ve(fvx)i —Ve(fvx)i 2
Lo = 5e P e P + 35 (1.4.16)
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Remarquons que tout ne se passe pas aussi bien que pour 1’équation en milieu déterministe
(1.4.10) car méme dans le cas critique r = 0, I’équation (1.4.12) n’est plus homogene en temps.
En effet, I’égalité dans (1.4.5) est en loi alors qu’elle était effective dans (1.2.3). Cependant,
I’équation (1.4.12) n’est rien d’autre que 1’équation (1.4.10) pour 8 = W.

De plus, pour tout x € R, {7;0(x) : r € R} est, sous la mesure de Wiener, un processus
d’Ornstein-Uhlenbeck stationnaire de mesure invariante .#"(0,x), solution de

AU, (x) = W, (x) — %Ut(x) dr, Up(x)=0(x), reR, (1.4.17)

avec {W;(x) : t,x € R} est un champs gaussien centré dont la fonction de covariance est donnée,
pour tout s,¢,x,y € R, par

SAX)(sAL), sixy>0,
Ey [Ws(n)W: (x)] =
0, sinon.

Par ailleurs, nous pouvons remarquer (par invariance d’échelle du mouvement brownien) que,
pour tout ¢ € R,

(L,0(x):x €R} Z {0(x) : x € R}. (1.4.18)

Nous montrons de plus dans la deuxieéme partie du présent manuscrit (cette propriété étant
cruciale) que la famille {7, : ¢+ € R} induit une structure de systtme dynamique ergodique sur
I’espace de Wiener.

Notons que les fluctuations du potentiel, le temps ¢ étant figé, sont browniennes et de loi
N (0,e~?"x). Cependant, elles ne sont pas bornées en temps long lorsque r = 0 et x # 0, et
elles tendent vers 0 asymptotiquemnt lorsque r > 0. En effet, pour presque tout environnement

brownien 6 et tout x # 0,

msupM: 1. (1.4.19)

li
] +e0 \/2]x[ logr]
Intuitivement, on peut voir Z comme un processus d’Ornstein-Uhlenbeck dont le potentiel

est perturbé par le systeme dynamique

{e"T;0:1 > 0}. (1.4.20)

2. Existence, unicité et non-explosion. Nous montrons qu’il existe un unique processus de Fel-
ler, solution de (1.4.12), admettant des densités de transition mesurables par rapport a I’environ-
nement et satisfaisant localement la minoration gaussienne d’ Aronson.



28 CHAPITRE 1. MOTIVATIONS, RESULTATS ET PERSPECTIVES

Théoreme 1.4.1. Pour tout r,z € R et presque toute trajectoire brownienne 0, il existe un unique
(en loi) processus de Feller inhomogene Z, défini pour tout t > 0, solution de (1.4.12). De plus,
ce processus de Markov admet des densités de transition pg(s,z,t,x) mesurable par rapport a
(0,s,t,2,x) €O x {t > s >0} x R? et satisfaisant localement, pour presque tout 0, la minoration
gaussienne d’Aronson : pour presque tout 0, pour tout T > 0 et tout compact C C R, il existe
M > 0 tel que, pour tout 0 < s <t <T et z,x €C,

1 .12
exp (—M|x d ) (1.421)

§,2,[,X) > ————
p@( ) \/m f—s

3. Disparition du milieu. Dans le cas ou r > 0, le milieu aléatoire disparait asymptotiquement et
la diffusion (1.4.12) se comporte asymptotiquement comme le processus d’Ornstein-Uhlenbeck
sous-jacent d’équation

1
dU; = dB; — U, dr. (1.4.22)

Théoreme 1.4.2. Pour tout z € R et presque tout environnement brownien 6,

lim Z Z .#(0,1). (1.4.23)

t—>+foo

4. Mesure aléatoire quasi-invariante. Dans la situation ou r = 0 le potentiel de la diffusion
(1.4.12) n’est plus asymptotiquement celui du processus d’Ornstein-Uhlenbeck (1.4.22). Afin de
présenter les résultats obtenus, nous devons d’abord introduire quelques définitions et notations.

Définitions et notations. Nous dirons que u est une mesure de probabilité aléatoire sur R, définie
sur I’espace de Wiener si, pour presque toute trajectoire brownienne 0, g est une mesure de
probabilité sur R et si 6 — g (A) est mesurable pour tout borélien A.

Nous poserons dans ce cas (I’espérance étant prise sous la mesure de Wiener)

=T, [ue). (1.4.24)

Définissons de plus, pour tout 0 < @ < 1 etx € R,
2

Uq(x) :=exp (a%) et Vy(x):=exp(]x|%), (1.4.25)

et introduisons alors les normes (Ug-variation totale et V-variation totale) sur ’espace .# des
mesures signées vV sur R définies par

IVllug := sup [v(f)] et [V, := sup |[v(f)], (1.4.26)
f1<Ua f1<Va

le supremum étant pris sur toutes les fonctions mesurables bornées.
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Soit . I’ensemble des mesures de probabilité sur R et posons
My, ={veM:|v|y, <}, My,:={ve:|V|v,<e}. (1.4.27)

et
M\ vy = MO Myy, My, = AN My, (1.4.28)

Notons enfin {P;;(0) : t > s > 0} le semi-groupe inhomogene en temps associé a la diffusion
(1.4.12) et posons

~

B, :=E,[P,(6)]. (1.4.29)

Nous montrons le théoréeme suivant :

Théoreme 1.4.3. I/ existe une unique (a un ensemble de mesure nulle prés) mesure de proba-
bilité aléatoire sur R définie sur I’espace de Wiener telle que, pour tout t > 0 et presque tout
environnement brownien 0,

HoPo(0) = Ure. (1.4.30)

De plus, pour tout o € (0,1), la mesure quasi-invariante | satisfait, pour presque tout environ-
nement brownien 0,

,LLQG//LUO‘ et ﬂG%LVa. (1.4.31)

Par ailleurs, il existe A > 0 tel que, pour tout v € M\ y,, V € M)y, et presque tout environne-
ment brownien 0,

1 Py.(0) —
limsup og(|[VPy,:(0) — uzellu,)

f—ro0 1

< -1 (1.4.32)

et
lim || 9Py, — fi||v, = O. (1.4.33)
f—>oo

Notons que I’équation (1.4.31) fournit des informations sur la queue de la mesure aléatoire
W ainsi que sur celle de son équivalent recuit fI : pour tout 0 < @ < 1 et pour presque tout
environnement 6, ils existent deux constantes positives C(6) et C > 0 telles que, pour tout R > 0,

2 o~
o (R,e)) < C(6) exp (—a%) et [((R.e)) < Cexp(—R%). (1.434)

Remarquons de plus que la vitesse de convergence sous une loi trempée est exponentielle et
ne dépend pas de I’environnement. Cependant, I’obtention de la vitesse de convergence sous la
loi recuite semble plus délicat a obtenir.
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1.4.3 Approximations numériques des distributions stationnaires

Nous illustrons les théoremes 1.4.2 et 1.4.3 en approchant numériquement les densités de
transition de la diffusion (1.4.12). Nous utilisons une méthode de Monte-Carlo en simulant 1’en-
vironnement ainsi que les trajectoires par un schéma d’Euler.

1. Cas sur-critique. Lorsque r > 0 nous mettons en évidence la convergence en loi, I’environ-
nement étant fixé, vers une loi normale centrée réduite. Nous représentons dans la figure 1.10 la
densité au temps T = 7 de la diffusion avec Zy = 0 et r = 1, que nous comparons avec la densité
de la loi normale centrée réduite, en pointillés.

04

0.3
|

0.1

0.0
|

FIGURE 1.10 — Convergence vers une loi normale centrée réduite
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2. Cas critique. Nous illustrons ensuite, lorsque r = 0, la convergence en loi, I’environnement 0
étant fixé, vers une mesure aléatoire u, dépendant fortement du milieu 0 et du temps.

Nous représentons, respectivement dans les figures 1.11 et 1.13, le potentiel Vy(z,%) entre
les temps 77 = 6 et T, = 7 ainsi que I’évolution correspondante des densités de transition de la
diffusion avec respectivement Zy ~ .4(0,1) et Zy = 0 (en gras au temps 7») que nous comparons
a la densité de la loi normale centrée réduite. Les densités de transitions au temps 77 et 7, sont
également représentés, pour plus de clarté, respectivement dans les figures 1.12 et 1.14.

Nous remarquons que les mesures de probabilité 79 sont concentrées au voisinage de 1’ori-
gine et tres irrégulieres. De nombreux pics de concentration apparaissent a I’extérieur et se dé-
placent au cours du temps vers 1’origine.

L’interprétation est que la diffusion est localisée dans certaines vallées du potentiel qui, par
I’action des transformations d’échelle 7;, se déplacent aussi vers 1’origine. La diffusion est alors
emportée avec ces puits.

De maniere imagée, on peut imaginer un nageur ivre, navigant au hasard et de fagon rectiligne
dans une mer agitée par des vagues et dans un courant constant le ramenant vers I’origine.
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FIGURE 1.11 — Evolution de la mesure invariante Ure (1)
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FIGURE 1.12 — Mesures invariantes (1)
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FIGURE 1.13 — Evolution de la mesure invariante Ure (2)
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FIGURE 1.14 — Mesures invariantes (2)
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1.4.4 Observation d’un déphasage avec le cas homogene dans le cas critique

Considérons 1’équation (1.4.12) dans laquelle le temps est gelé dans le potentiel et dans le
cas critique r = 0. Par invariance d’échelle du mouvement brownien 68, cette équation homogene
peut s’écrire

4 = dB,— S(L+0'(L)dr, H=zER, 120 (14.35)

En utilisant la construction de Ito-McKean des diffusions homogenes unidimensionnelles et
le théoreme ergodique il est facile de montrer que pour presque tout environnement brownien 6
le processus de diffusion {; : t > 0} est ergodique et de distribution invariante aléatoire vg de
densité donnée sur R par
2
20w
(1.4.36)

86 (X) = 2 :

ks 5] d

Notons par fg la densité de probabilité de la distribution quasi-invariante Ly de la diffusion

(1.4.12) données dans le théoreme 1.4.3. Il est facile de remarquer qu’il existe une fonction
mesurable .7 0 (x), telle que .7 0(0) = 0 et, pour tout x € R,

~[5+700)]
folx) = — (1.437)
0 = 5 4.
fRe—[%+99(z)} d

Remarquons de plus que, pour presque toute trajectoire brownienne 6 et pour toutz > 0, x € R,

2

1,6 (x) = log(g7,6(0)) ~ log(g76(x)) — (1438)

et

x2

7 (1:0)(x) = log(f1,6(0)) — log(fre(x)) — = (1.4.39)

Dans les figures 1.15 et 1.16 suivantes nous représentons, 1’environnement brownien 6 étant
fixé, une trajectoire (en pointillés) du processus d’Ornstein-Uhlenbeck (voir I’équation (1.4.17))
défini par {T;0(x) : t > 0} et la trajectoire (en gras) correspondante du processus indéterminé
{Z(1;0)(x) : t > 0}, jusqu’au temps T = 10 et pour x = 0.5; 1; 1.5; 2.

Nous simulons par un schéma d’Euler le milieu 8 ainsi que la diffusion associée (1.4.12)
dans le cas critique avec Zg ~ .4(0,1).

Nous observons un phénomonene de déphasage temporel entre la distribution quasi-invariante
Uz e de la diffusion (1.4.12) et la distribution invariante vz de la diffusion homogene (1.4.35)
ayant pour milieu (figé dans le temps) 7;0, la premiere étant en retard par rapport a la seconde.
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FIGURE 1.15 — Phénomene de déphasage (1)
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FIGURE 1.16 — Phénomene de déphasage (2)
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1.4.5 Retour au modéle de Brox inhomogene

En utilisant le changement de temps exponentiel et la transformation d’échelle associée, nous
en déduisons les résultats suivants pour la diffusion (1.4.1), analogues aux théoremes 1.4.1, 1.4.2
et 1.4.3. Notons que nous obtenons des résultats similaires aux convergences en loi dans (1.4.8).

Une conséquence immédiate du théoreme 1.4.1 est I’existence d’un unique processus de
Feller solution de (1.4.1).

Corollaire 1.4.4. Pour tout B,x € R, s > 0 et presque tout environnement brownien 0, il existe
un unique processus de Feller X, solution de (1.4.1).

Tout d’abord, lorsque B > 1/4, le milieu aléatoire disparait asymptotiquement et la diffu-
sion se comporte comme un mouvement brownien standard. Nous obtenons un théoréme central
limite (TCL) sous la loi trempée, analogue a la premiere convergence en loi dans (1.4.8).

Corollaire 1.4.5. Pour tout x € R, s > 0 et presque tout environnement brownien 0,

lim L Z _y(0,1). (1.4.40)

=400/t

Ensuite, pour B = 0, nous en déduisons un TCL différent sous les lois trempées et recuites,
faisant intervenir la mesure aléatoire (. Nous obtenons un résultat analogue a la seconde conver-
gence en loi dans (1.4.8) ainsi qu’un résultat similaire a ceux obtenus par Brox dans (1.3.10) et
(1.3.11). En effet, notons {R,,(0) :t > s > 0} le semi-groupe de Markov inhomogene associé au

processus de Markov normalisé
X
{—t:t>()}. (1.4.41)

Vi
Notons en outre (I’espérance étant prise sous la mesure de Wiener)

~

Ry;:=E,[R,,(6)]. (1.4.42)

Corollaire 1.4.6. Pour tout 0 < ot < 1 et s > 0, il existe A > 0 tel que, pour tout v € M\ y,,
V € 4y, et presque tout environnement brownien 6,

log(||VRy(0) — s ollus) _

limsup —A (1.4.43)

500 logt

et
lim || VR, — |y, = 0. (1.4.44)
[—o0 ’

Il est utile de souligner que nous prouvons des convergences plus fortes qu’en distribution,
contrairement a (1.4.8), et que nous obtenons les vitesses de convergence sous les lois trempées
(polynomiales ici), contrairement a (1.3.10).
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1.4.6 Illustrations numériques des différents TCLs

Nous illustrons ici les TCLs décrits dans les corollaires 1.4.5 et 1.4.6 par quelques simulations
numériques. On utilise une nouvelle fois la méthode de Monte-Carlo et un schéma d’Euler, mais
cette fois pour I’équation (1.4.1).

1. Cas sur-critique. Nous commengons par le cas ou 8 > 1/4 et nous mettons en évidence,
I’environnement étant fixé, le comportement diffusif de la diffusion (1.4.1) et le TCL standard.

Nous représentons dans la figure (1.17) la densité au temps 7" = 3000 du processus normalisé
(1.4.41) avec X; = 0 et B = 1.25 que nous comparons a la densité de la loi normale centrée
réduite, en pointillés.

0.4

0.1

0.0
|

—4 -2 0 2 4

FIGURE 1.17 — TCL : cas sur-critique

2. Cas critique. Nous illustrons ici, lorsque B = 1/4, le comportement diffusif de la diffusion
(1.4.1) et la convergence en loi, I’environnement étant fixé, vers une mesure aléatoire dépendant
fortement de I’environnement et du temps, bien que nous ne remarquons pas visuellement de
phénomene de localisation comme dans le cas homogene de Brox.

Nous représentons dans la figure (1.18) une trajectoire typique de la diffusion de Brox in-
homogene dans le cas critique ainsi que 1’environnement correspondant puis, nous représentons
dans la figure (1.19), la densité au temps 7 = 3000 du processus normalisé€ (1.4.41) avec X; =0
que nous comparons a celle de la loi normale centrée réduite.
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FIGURE 1.18 — Diffusion de Brox inhomogene : cas critique
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FIGURE 1.19 — TCL : cas critique
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1.4.7 Schéma des preuves

Encore une fois le caractere inhomogene des diffusions considérées ne facilite pas la dé-
marche. En effet, il n’existe plus de fonction d’échelle associée a un tel processus et nous ne
pouvons plus reproduire la construction de Brox.

1. Pseudo-fonction d’échelle. Nous pouvons considérer en revanche la pseudo-fonction d’échelle
(on gele le temps) du processus de diffusion (1.4.12) définie sur [0,o0) x R par

X
So(r,x) == / Vo) dy, (1.4.45)
0
Nous montrons que {Z; : t > 0} est une solution de (1.4.12) si, et seulement si,

{3::=S¢(t,Z;) :t >0} (1.4.46)

satisfait I’équation différentielle stochastique dirigée par un mouvement brownien standard B,

d3; = og(t,3:)dB; +dg(t, 3;)dt, (1.4.47)
avec, pour tout# > Oetx € R,
Og(t,x) := 0Se(t,Hp(t,x)), do(t,x):=0:Se(t,Hp(t,x)) (1.4.48)
et
So(Hy(t,x)) = x. (1.4.49)

cependant, tout ne se passe pas aussi bien que dans le cas de Brox. En effet 3 n’est pas
une martingale et on n’a plus de criteres simples pour montrer que la diffusion ainsi construite
n’explose pas en temps fini.

L’idée est de trouver de bonnes fonctions de Lyapunov, mais cela est plus difficile qu’a 1’ac-
coutumé, le domaine du générateur infinitésimal du processus de diffusion (1.4.12) dépendant
du milieu.

2. Diffusions asymptotiquement homogene et ergodique. Lorsque » = 0 nous utilisons des
résultats similaires a ceux employés dans la premicere partie et dans [3], en particulier le Lemme
1.2.17. Nous remarquons a cet effet que

lim op(t,x) =S 08 '(x) et lim dg(t,x) =0, (1.4.50)

t——+too t—>+o0

uniformément sur les compacts, avec S la fonction d’échelle d’un processus de Ornstein-Uhlenbeck
définie par

S(x) = /Oxey22 dy. (1.4.51)



44 CHAPITRE 1. MOTIVATIONS, RESULTATS ET PERSPECTIVES

Ainsi 3 est asymptotiquement homogene et S, I™-ergodique, avec I' = .47(0,1) et S.I" 1a me-
sure image de I" par S. Il suffit alors (point le plus délicat) de montrer que le processus 3 est
borné en probabilité. Ce dernier point s’obtient en construisant encore de bonnes fonctions de
Lyapunov et plus précisément, en donnant des conditions de dérive de Foster-Lyapunov.

3. Systeme dynamique aléatoire sous-jacent. Dans le cas ou r = 0, la méthode est sensiblement
différente car la diffusion (1.4.12) n’est plus asymptotiquement homogene.

Cependant, nous récupérons une structure tres forte de systeme dynamique aléatoire sur le
semi-groupe inhomogene {P;;(0) : ¢t > s > 0} associé a (1.4.12). Celui-ci agit naturellement
linéairement a gauche sur 1’espace des mesures signées .# sur R et le syst¢tme dynamique sous-
jacent (ergodique dans notre cas) agit sur I’espace de Wiener et est donné par

{T; .t e R}. (1.4.52)

Nous montrons la relation fondamentale, dite de cocycle, suivante (voir [53] pour une pré-
sentation plus générale des systemes dynamiques aléatoires et des propriétés qui en découlent) :
pour tout ¢, s > 0 et presque tout environnement brownien 6,

P.1+(8) = P(6)P(T;6), (1.4.53)

Les systemes dynamiques aléatoires linéaires ont largement été étudiés. Leur dynamique (en
particulier les exposants de Lyapunov) dans le cas ou les systemes dynamiques aléatoires agissent
sur un espace de dimension finie (les produits infinis de matrices aléatoires par exemple) sont bien
compris depuis longtemps (voir [54,55] par exemple), tandis que la situation ol ceux-ci agissent
sur un espace de Banach séparable ont (voir [56]) récemment été étudiés.

Nous obtenons dans le théoreme 1.4.3 une mesure de probabilité aléatoire quasi-invariante
pour les opérateurs markoviens aléatoires Py,(6) et nous donnons des convergences dans les
espaces de Banach .Zy,, et Ay, .

Nous avons besoin d’un théoreme de Perron-Frobenius aléatoire. Ce type de théoréme a
été obtenus dans [57] par exemple, pour des produits infinis de matrices aléatoires positives, et
plus récemment dans [58], pour des produit infinis d’opérateurs markoviens stationnaires sur un
espace compact.

Cependant, les opérateurs de Markov que nous considérons agissent sur I’espace vectoriel de
dimension infinie des mesures réelles signée et sont définis sur R. Pour lever cette difficulté, nous
avons encore besoin de construire de bonnes fonctions de Lyapunov afin d’utiliser une méthode
de couplage présenté dans [59] nous donnant la convergence du systeme dynamique aléatoire.
La clef est I’ergodicité du systeme dynamique (1.4.52).
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1.5 Perspectives de recherche

Présentons quelques généralisations possibles pouvant ouvrir la voie a des travaux de re-
cherche ultérieurs. Nous distinguons encore une fois deux grands axes, les environnements dé-
terministes ou aléatoires.

1.5.1 En milieu déterministe

Le premier axe de recherche présenté ci-dessous consiste essentiellement a généraliser les
résultats obtenus pour la diffusion (1.2.1) a des termes de diffusion et de dérive plus généraux.

1. Bruit multiplicatif. Une premicre idée est changer le terme de diffusion additif dB; par le
terme de diffusion multiplicatif o(¢,X;)dB, avec ¢ vérifiant une des deux conditions suivantes :

1. o bornée et uniformément elliptique : il existe M > 0 tel que, pour tout > 0 et x € R,
M~ <o(r,x) <M. (1.5.54)

2. o indépendant du temps et auto-similaire : il existe 0 < < 1 tel que, pour tout x € R,
o(x) = |x[°. (1.5.55)

Nous nous attendons dans le premier cas a obtenir des résultats similaires a I’équation (1.2.1),
c’est-d-dire une frontiere d’équation § = (a + 1)/2 et des comportements diffusifs en /¢ au
dessus de cette droite.

Dans le second cas, en raison du principe heuristique 1.1, on conjecture une frontiere diffé-
rente et des comportements super-diffusifs en y(z) au dessus de la droite d’équation

B = %__12)5, avec y(t) := t2<11*5). (1.5.56)

2. Généralisation du terme de dérive. Nous pouvons aussi généraliser le terme de dérive et
considérer, par exemple, un terme d vérifiant

dtx) ~ —re()V'(x), (1.5.57)

tlx|—eo 2
avec g une fonction monotone tendant vers 0 ou 4o et V un potentiel satisfaisant

Vx) ~ pylx]*, V(x) ~ p_|x|* (1.5.58)

X—r+too X—r—00

et
V(x) ~ pot+lx|%t, V(x) ~ po-|x|%. (1.5.59)
x—0t x—0~
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3. Bruit stable. Une autre idée est de généraliser la diffusion (1.2.1) tout en gardant les propriétés
d’auto-similarité du terme de diffusion B. Il existe deux généralisations naturelles qu’il serait
intéressant d’étudier :

1. Les processus de Lévy stables.
2. Les mouvements browniens fractionnaires.

Notons que le cas du mouvement brownien fractionnaire semble plus difficile a traiter car
dans ce cas on perd le caractere markovien des solutions. De plus, le terme de diffusion n’est
méme plus une martingale. Evoquons seulement le premier cas.

Considérons {L, : t > 0} un processus de Lévy stable de parametre s € (0,2] : pour tout A > 0,

{LM:QO}%{WSL, :zzo}. (1.5.60)
L’idée est de considérer 1’équation différentielle stochastique,
1
dXt :st—Eapr7aﬁ(t,Xt>dt (1561)

Les équations différentielles stochastiques dirigées par un processus de Lévy ont été étudiés
notamment dans [60—62] (existence, unicité) et dans [63—-65] (ergodicité).

Par ailleurs, lorsque 8 < 0, I’équation (1.5.61) est équivalente, en utilisant un changement de
temps, a une équation de recuit simulé analogue a (1.2.48) et a celle étudiée dans [66]. Heuristi-
quement (voir 1.1) la droite d’équation

oa—1+s
p=——— (1.5.62)
s
a encore toutes les chances de jouer le role de droite critique pour le comportement en loi de la
diffusion. La question est de savoir si on peut généraliser les résultats de convergence obtenus
précédemment. Notamment, a-t-on

X Ly, audessus de la droite critique ?
. t £
e u# L (L), surladroite critique ?

Ceci fait I’objet d’un travail en préparation avec Mihai Gradinaru et Ilya Pavlyukevich.
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4. Processus a mémoire. Un autre axe de recherche consiste a tenter de généraliser les résultats
précédemment cités a des processus a mémoire renforcée ou avec délai.

Avec renforcement. Nous pouvons considérer un processus renforcé satisfaisant
1 t
ax, = dB, — 3 (/0 AV (1, X, —Xs)ds> dr,

avec B un mouvement brownien standard dans R?, d > 1 et V un potentiel déterministe satisfai-
sant des conditions d’invariance d’échelle.

Les marches aléatoires renforcées en temps discret ont été étudiés par exemple dans [67, 68]
et leurs généralisations en temps continu dans [69-73].

De plus, des modeles avec un potentiel dépendant du temps ont déja été considérés dans
[74-77] (méthodes de recuit simulé).

L’idée serait de généraliser ces résultats et de voir si on peut mettre en exergue une droite
critique pour le comportement asymptotique de ces processus.

Avec délai. Des questions similaires peuvent &tre posées pour un processus solution de I’équation
différentielle stochastique avec délai de la forme

1 t
dX[ = dBt — 5 ( axV(t,Xg)dS) dt,

—7

avec T > 0, B un mouvement brownien standard dans R?, d > 1 et V un potentiel déterministe
satisfaisant des conditions d’invariance d’échelle (voir [78] pour une introduction a ce type de
processus).

5. En dimension supérieure. Nous pouvons également nous intéresser a une équation similaire
a (1.2.1) en dimension d > 2. Par exemple,

X, o
dX; = dB;+p 1% dr,
B
avec B un mouvement brownien standard dans R¢ et || - || la norme euclidienne. Il n’existe plus

alors de fonction d’échelle dans le cas homogene, ce qui rend la tache bien plus ardue.
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1.5.2 En milieu aléatoire

Un second axe de recherche consiste a approfondir les résultats obtenus pour la diffusion
(1.4.1) ainsi qu’a les généraliser a une classe plus grande d’environnements aléatoires.

1. La diffusion de Brox inhomogéne.

Cas sous-critique. Il manque 1’étude du cas < 1/4 pour 1’équation (1.4.1). En effet, les outils
mis en place dans le cas B > 1/4 ne semblent pas fonctionner dans cette situation.

Cependant, nous pouvons formuler les conjectures suivantes, qui généralisent a la fois le
résultat de Brox 1.3.1 et la convergence (1.4.9) dans le cas déterministe.

Conjecture 1.5.1. Supposons 0 < B < 1/4. Pour presque tout environnement brownien 6, on a
la convergence en probabilité sous la loi trempée P(6),

Xi =Dy 10g(t)9 X; P
2B(logr)> 2P (logr)? —b1(S28 10g128) 72 0- (1.5.64)

Autrement dit, la diffusion est localisée au temps t dans la vallée de hauteur tP (logt)?.

Conjecture 1.5.2. Supposons B < 0. Pour presque tout environnement brownien 0, on a la
convergence presque siire,
X, —— my p.s., (1.5.65)

t—o0

ot mg est une variable aléatoire de support I’ensemble des minima locaux de 0. Autrement
dit, la diffusion est piégée dans un minimum local du potentiel. Notons que cette situation est
naturellement liée a une équation de type recuit simulé en environnement aléatoire.

Je suis en contact avec Roland Diel qui a étudier d’une facon précise dans [79,80] le temps lo-
cal de diffusions du type (3.1.2). Cela pourrait permettre de mieux comprendre le comportement
de la diffusion (1.4.1) et nous avons commencé a travailler dans cette direction.

1.2. Loi du type logarithme itéré. Comme dans I’étude de la diffusion (1.2.1) en milieu détermi-
niste, il pourrait également étre intéressant de donner une description trajectorielle plus précise
de la diffusion (1.4.1) en cherchant des lois du type logarithme itéré.

1.3. Etude du temps local. Comme pour la diffusion de Brox (cas § = 0 dans 1.4.1), il reste a
donner le comportement du temps local de ces diffusions en toute généralité.
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2. Environnement auto-similaire généraux. Il existe déja de nombreuses généralisations de la
diffusion de Brox (3.1.2) a des milieux aléatoires auto-similaires.

On pourra a ce titre consulter [27,32,50,51,81] par exemple. Notre idée est de faire un travail
analogue dans le cas inhomogene (1.4.1) et d’étudier 1I’équation
16,(X)

dX, = dB, — -
t t 2 [ﬁ

dr. (1.5.66)

Avec {6;,(x) : x € R} un processus auto-similaire d’indice /4, indépendant du brownien B.
Intuitivement, la droite B = //2 est une droite critique et nous cherchons a généraliser les
résultats obtenus précédemment.

3. En dimension supérieure. Nous pouvons également nous intéresser a I’équation (1.4.1) en
dimension supérieure. Le milieu 8 est alors un champs aléatoire a définir.

Ceci généralise le cas homogene étudié dans [26, 82] et nécessite d’utiliser des formes de
Dirichlet inhomogenes en temps (voir par exemple [83,84]), ce qui complique considérablement
la situation.

1.5.3 Illustrations numériques des conjectures

Nous illustrons la conjecture 1.5.1 dans les figures 1.20 et 1.21 ainsi que la conjecture 1.5.2
dans les figures 1.22 et 1.23.

Tout d’abord, la figure 1.20 représente une trajectoire, a environnement fixé, de la diffusion
(1.4.1) avec X; = 0. Nous remarquons un phénomene de localisation plus faible que dans le cas
homogene de Brox (voir la figure 1.8) mais présent, contrairement au cas ot § > 1/4. Ce phéno-
meéne de localisation semble bien étre de I’ordre de 2P (logr)? et non diffusif comme I’atteste la
figure 1.21. Nous avons représenté, au temps 7 = 20000 avec B = 0.1, les densités respectives
des processus normalisés

X X

comparées a la densité de la loi normale centrée réduite, en pointillés.

Pour terminer, nous illustrons la conjecture 1.5.2. Pour cela nous simulons des trajectoires de
la diffusion (1.4.1) avec X; = 0 et environnement fixé, dans la figure 1.22 avec f = —0.05, et
dans la figure 1.23 avec B = —0.3. Nous remarquons comme annoncé un phénomeéne extréme de
localisation dans les puits du potentiel, d’autant plus fort que 8 est négatif.
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FIGURE 1.20 — Diffusion de Brox inhomogene : cas sous-critique (faible)
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FIGURE 1.21 — Comparaison entre la conjecture 1.5.1 et le TCL classique
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FIGURE 1.22 — Diffusion de Brox inhomogene : cas sous-critique (fort) (1)
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FIGURE 1.23 — Diffusion de Brox inhomogene : cas sous-critique (fort) (2)
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Chapter 2

Existence and asymptotic behaviour of
some time-inhomogeneous diffusions

Abstract: Let us consider a solution of a one-dimensional stochastic differential equation driven by a
standard Brownian motion with time-inhomogeneous drift coefficient d(z,x) = p sgn(x)|x|* /¢F. This pro-
cess can be viewed as a Brownian motion evolving in a potential, possibly singular, depending on time.
We prove results on the existence and uniqueness of solution, study its asymptotic behaviour and made
a precise description, in terms of parameters p, ¢ and f3, of the recurrence, transience and convergence.
More precisely, asymptotic distributions, iterated logarithm type laws and rates of transience and explo-
sion are proved for such processes.

Key words: time-inhomogeneous diffusions; time dependent potential; singular stochastic differential
equations; explosion times; scaling transformations and change of time; recurrence and transience; iter-

ated logarithm type laws; asymptotic distributions.
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2.1 Introduction

Let X be a one-dimensional process describing a Brownian motion dynamics in a moving,
possibly singular, potential V,, 4 5

1
dX; = dB; — Eaprmﬁ (t,Xy)dt, X, = xo, (2.1.1)
with,
o 2p et
Vp,a,ﬁ<t7x) Fatl B if a#—1 and
—2p log|x )
Vpﬂﬁ(tax) = t—ﬁ‘, if a=-1, (2.1.2)

where B denotes a standard linear Brownian motion, #y > 0 and xq, p, o, B are some real con-
stants. In this paper we shall study the asymptotic behaviour of such process. More precisely,
our main goal is to give conditions which characterise the recurrence, transience and convergence
in terms of parameters p,« and 3. Here are the natural questions one can ask: does there exist
pathwise unique strong solution X for equation (2.1.1)? is this solution X recurrent or transient
? does there exist a well chosen normalisation of X to ensure that the normalised process con-
verges in distribution or almost surely? is it possible to obtain pathwise largest deviations of X,
for instance iterated logarithm type law?

Questions as the last two ones are treated in [10, 13, 85] for different equations having some
common features with (2.1.1). For instance, Gihman and Skorohod in [10], Chap. 4, §17,
consider the following equation

dY; = dB; +d(Y;)dt, with d(y) | |~ ply*, p>0and —1<a<l. (2.1.3)
| e

Under additional assumptions, one proves that ¥; is transient and asymptotically behaves as a

solution of the deterministic underlying dynamical system, that is

Y, ~ b as., with h =d(h).
f—yo0

Equation (2.1.3) is also considered by Appleby and Wu [85] with particular o = —1. Its study
is related to the Bessel process and the situation is more difficult. One proves that Y; satisfies the
iterated logarithm law and recurrence or transience depends on the position of p with respect to
1/2. Appleby and Mackey [13] study the following damped stochastic differential equation

dY, = o(t)dB,; +d(Y,)dt, with d(y) Nopsgn(y)|y]“, p<0and a> 1. (2.1.4)
y—
Here the diffusion coefficient ¢ € L? is such that (¢) | 0, as t — oo, It is proved that ¥; converges

almost surely to O with polynomial rate. We will see that equation (2.1.4) is connected to equation
(2.1.1) by performing a suitable change of time.



2.1. INTRODUCTION 59

For time-homogeneous stochastic differential equations driven by a one-dimensional Brow-
nian motion, there exist precise criteria for recurrence or transience (see, for instance, Kallen-
berg [7], Chap. 23), or explosion (see, for instance, Ikeda and Watanabe [86], Chap. VI, §3),
using the scale function. Some of these criteria are extended to the time-inhomogeneous situation
for dimension greater or equal than two in Bhattacharya and Ramasubramanian [87]. Unfortu-
nately, the results in [87] do not apply to equation (2.1.1), even it is stated that the method can
be adapted to the one-dimensional case. Recall also that there exist some general results on re-
currence or transience (see, for instance, Has’minskii [88], Chap. III), and explosion (see for
instance Narita [89] or Stroock and Varadhan [90], Chap. 10), based on the construction of
some convenient Lyapunov functions. However, for equation (2.1.1), the construction of such
functions seems to be more delicate.

Equation (2.1.1) can be also viewed as a continuous counterpart of a discrete time model
considered recently by Menshikov and Volkov [1]. Indeed, the discrete time process studied
in [1] is a random walk on the real positive half line such that
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]E<Xt+l _Xt | Xt == .Xf) t:oo pt_ﬁ
The authors establish when the process is recurrent or transient for certain values of parameters
p,a, B, give the answer to a open question concerning the Friedman’s urn model (see Freedman
[2]), and present some open problems. Their approach is based on a precise study of some
submartingales and supermartingales.

Contrary to the discrete time model one firstly needs to study the existence, uniqueness and
explosion of solutions for (2.1.1). In the present paper different situations are distinguished,
following the values of p and «, and existence and uniqueness are proved. We point out that,
when o < 0, the existence of a solution is not obvious, since the drift has a singularity. For
the time-homogeneous case, a solution to this problem is given by Cherny and Engelbert in [6],
by using the scale function. These ideas do not apply to one-dimensional time-inhomogeneous
stochastic differential equations, and this is the main difficulty of this part of our paper. Our
idea is to use an appropriate change of time, taking full advantage of the scaling property of
the Brownian motion, of the Girsanov transformation, but also of the classification of isolated
singular points in [6]. These different tools, adapted to continuous time models, also allow to
answer the question of explosion of the solution when o > 1. As an example, we point out that,
when 28 > o + 1, the solution explodes in finite time with a positive probability, but not almost
surely.

Another goal of the present paper is to describe, for all values of parameters p, o, 3, the
recurrent or the transient feature of the solution, but also its convergence. We present in Figure
2.1 the diagram of phase transition that we obtain in the attractive case p < 0.

Note that & < —1 is not allowed, since in that case, any solution is only defined up to the time
of first reaching O (which is finite almost surely), and cannot be continued after it has reached
this point. The critical line separating the two phases (recurrence and convergence toward 0) is
B = 0 and on this line the process is recurrent. The line 23 = o + 1 could be called subcritical,
in the sense that, the rate of the asymptotic behaviour is different on both sides. As for the proof
of the existence, we use a suitable scaling transformation to obtain the asymptotic distribution of
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Figure 2.1: Phase transition in the attractive case

X and its pathwise largest deviations, under a convenient normalisation. In fact, we show that
the asymptotic behaviour of the process is strongly connected to the paths, and to the stationary
distribution, of an ergodic diffusion. For example, when 23 < o+ 1, if ¢ is the positive solution

of ¢'(t) = (1)@ , then

t
d0) "behaves as" H, =B, +/ p sgn(Hy)|H,|%ds.
0

We obtain the convergence in distribution of X; /a1 to the stationary distribution of H, and
also its pathwise largest deviation. In particular, when 8 < 0, we get the so-called polynomial
1

stability of X. Furthermore, note that, if we set ¥; := X (¢;), with ¢, :=11-F, then Y¥; satisfies the
damped stochastic differential equation (2.1.4). We prove similar results as in [13] under slightly
different hypothesis, and we obtain sharp rates of convergence.

We present in Figure 2.2 the diagram of phase transition that we obtain in the repulsive case
p >0. When a > 1 and 28 < o+ 1 the explosion time is almost surely finite. The critical curve
is composed from two half-lines, § =0, when o < —1, and 28 = o + 1, when a > —1, and the
process is either recurrent or transient. We prove similar results as in [1], and again we obtain
sharp rates of convergence. On the critical curve one needs to distinguish two particular points
(—1,0) and (1, 1), because these are the only cases where recurrence and transience depend on
the position of p with respect to 1/2. (a,) = (—1,0) corresponds to the well known Bessel
process, whereas (¢, B) = (1,1) is a continuous time counterpart of the Friedman’s urn model. In
the latter case, we obtain similar results as in [2] and [1], concerning recurrence and transience,
but also regarding the asymptotic distribution and the pathwise largest deviations. For the other
points of the critical curve, the process is recurrent. We point out that this is an open problem
in [1]. The lines @ = —1 and o = 1 could be called subcritical, in the sense that, the behaviour
of the process is slightly different to the right or left. In particular, the domain of recurrence
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Figure 2.2: Phase transition in the repulsive case
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depends on . The proof of recurrence is based on the same ideas as for the attractive case: by
an appropriate scaling transformation of X we associate an ergodic diffusion, whose asymptotic
behaviour is easier to obtain. For instance, when 23 > o+ 1 and —1 < a < 1, we show that

X, ty
—fl "behaves as" U =B — | =ds.
ez 0o 2

We get that X behaves as a standard Brownian motion: it satisfies the iterated logarithm law and
X; /+/t converges in distribution to a standard Gaussian random variable. Roughly speaking, this
means that the drift is asymptotically negligible compared to the noise. Concerning the proof of
the transient case, when & < 1, the tools are similar to those used in [1]. We obtain similar results
as in [10], for equation (2.1.3), and we show that X behaves as a solution of the deterministic
underlying dynamical system, that is

[0
X | o \h| as., with &= psgn(h,)’ht’—ﬁ‘.

Some results in the present paper could be obtained, with similar arguments, for a gen-
eral potential V, under convenient assumptions, for instance, when 9,V (t,x) = —2f(¢)g(x) with
F(t) ~i—e t B and |g(x)] ~Ix|—se P|X|*. These results will be presented elsewhere. The case
of a multiplicative noise seems more difficult. Another interesting situation is obtained when
one replaces the Brownian motion by a (stable) Lévy process, and it is object of some works in
progress. Some methods in the present paper can be used in the study of a time-inhomogeneous
diffusion in random environment of the form V (¢,x) =t P W (x), with W a self-similar process
(for instance, a Brownian motion). This situation it is also object of some works in progress.

The paper is organised as follows: in the next section we introduce the scaling transforma-
tions and list the associated equations associated to some particular transformations. In Section
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3 we perform the complete study of the existence, uniqueness and explosion of the solutions for
equation (2.1.1). Section 4 is devoted to a systematic study of the asymptotic behaviour of the
solutions. Three cases are considered: on the critical line 23 = o+ 1, above and under this line.
Proofs of some technical results are given in the Appendix.
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2.2 Scaling transformation and associated equations

We shall study equation (2.1.1) in its equivalent form:

| X |

dX[ dB[ + P Sgn(X;) B

——dt, X, = Xo, (2.2.1)
B being a standard Brownian motion defined on a filtered probability space (Q,. %, (.%;);>0, P).
By symmetry of the equation and by the usual scaling transformation, we can assume without
loss of generality that xyp > 0 and 79 = 1. We will keep these assumptions all along the paper.

We begin by defining a transformation of equation (2.2.1) which takes full advantage of
the scaling property of the Brownian motion B and the homogeneous properties of the drift
d(t,x) := psgn(x)|x|* /B, that is for any A,y > 0,

(t+By)Z (t —A2B,) and d(ur,Ax) =A% Pd(t,x).

This transformation will provide some important equations related to our problem and it will
be useful later to study the existence, the uniqueness and the asymptotic behaviour of solutions
of equation (2.2.1).

2.2.1 Scaling transformation

For any T € (0,0}, let C([0,T)) be the set of functions @ : [0,7) — RU{A} such that there
exists a time 7,(w) € (0, T] (called the killing time of @) such that ® is continuous on [0, 7. (®))
and @ = o on [7,(®),T). We set Q := C([1,0)) and Q* := C([0,7,)), with ¢; € (0, 0]. For every
C2-diffeomorphism (change of time) ¢ : [0,¢;) — [1,0) we introduce the scaling transformation
Dy Q — QF given by

Dy (0)(s) := T with s€10,11), 0 € Q. (2.2.2)

Proposition 2.2.1. The scaling transformation ®¢ induces a bijection between weak solutions
(possibly explosive) of equation (2.2.1) and weak solutions (possibly explosive) of equation

(p//<s) Xs((p)
¢'(s) 2
Here {W; :s € [0,11)} denotes a standard Brownian motion. More precisely,

i) if (X,B) is a solution of equation (2.2.1) then (X'9),W) is a solution of equation (2.2.3)
where

X0

Vo' (0)

dx\? = aw, + p 2 sen(x?) x| % ds — ds, X\? = (2.2.3)

t
X9 =dy(X) and W, := / 4B(¢ (2.2.4)
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ii) if(X(‘P),W) is a solution of equation (2.2.3) then (X,B) is a solution of equation (2.2.1)

where
X=a,' (X)) and B, B, ::/l,/(<p/o<p—l)(s)dW(go1(s)). (2.2.5)
1

It follows that uniqueness in law, pathwise uniqueness or strong existence holds for equation
(2.2.1) if, and only if, it holds for equation (2.2.3).

Proof. Let (X,B) be a solution of equation (2.2.1). By using P. Lévy’s characterisation theo-
rem of Brownian motion, we can see that W defined in (2.2.4) is a standard Brownian motion.
Moreover, by performing the change of variable ¢ := ¢(s) in (2.2.1), we get

s s [ Xop@)!*
. _ ’
Xp(s) = Xo(0) = /0 V@' (w)dWu+p /0 g Xow) =8

By the integration by parts formula written in its differential form we obtain
X "
o) o) P"(s)

X '(5) 5 X
d ﬂ) _aw 4 p 2B T n( 9(s) ) 5 .
( o) TP P N\ Vo) Ve | C Vo) 206)

We conclude that equation (2.2.3) is satisfied by (X(?), W). The proof of (2.2.5) is similar by
noting that @, is a bijection and its inverse function is given by

D, (0)(s) =1/ @ 0o (s) (@~ (s)), with s€[l,0), 0€Q"

The final remark is a simple application of parts 1) and ii). U

o' (u)du.

a

X,

2.2.2 Two particular transformations

We give here two scaling transformations which produce at least one time-homogeneous
coefficient among the two terms of the drift in (2.2.3).

We also introduce some equations related to (2.2.1) which will be useful later in our study.
For simplicity, we will keep the notation W for a standard Brownian motion which can be differ-
ent from the process employed in Proposition 2.2.1.

1. Exponential scaling transformation

The transformation (2.2.2) associated to the exponential change of time @.(t) := €', and
denoted by P, is given by
o(e’)

q)e(a))(S) = T, with s € [0,00), wE Q.
e
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The process X (e) .= d, (X) satisfies equation (2.2.3) which can be written

(e) wil

ax® = aw, 2 ds - p el PV sgn(x() x5, X\ = (22.6)

On the one hand, if we leave out the third term in the right hand side of equation (2.2.6), we
obtain the classical equation of the Ornstein-Ulhenbeck process:

U.
dUy = dW — Esds, Uy = xp. (2.2.7)

Note that equation (2.2.7) is a particular case of equation (2.2.1) with parameters p = —1/2,
o = 1 and B = 0. On the other hand, when o = —1, by Ito’s formula we can see that Y := X2
satisfies

2
dY, = 2%, dW, + (t—g +1)dr, Yo=x3, ¥>0. (2.2.8)

This process can be viewed as a square Bessel process whose dimension depends on time.
Clearly, when 3 = 0, this process is the classical square Bessel process R of dimension 2p + 1
and it satisfies

dR; =2v/R;dW; + (2p+1)dt, Ro=x3, R>0. (2.2.9)
Furthermore, the process R(®) := &, (R) satisfies
(© _ . /pl® R (e)
dR;” =2/ R” W, + (Zp +1-— f7> dr, R =x3, R®>o0. (2.2.10)

2. Power scaling transformation

Assume that @ # —1 and consider the Cauchy problem:

2B

. 2.2.11
oa+1 ( )

OL(s) = y(s)?, @ 0)=1, with y:=

There exists a unique maximal solution @y € C2([0,1);[1,)) and we can see that

oy(s)=(1+(1—7p)s)T™7, when y#1 and ¢,(s)=¢’, when y=1,
with ] = e, when ¥ € (—oo, 1], and t; = 1/(y— 1), when y € (1,0). The transformation (2.2.2)
associated to this change of time will be denoted ®,, and is given by
@
by (@)(s) = 2P i s 0,n), 0 e .
Py (s)?

The process X (V) := ®d, (X) satisfies equation (2.2.3) which can be written

XY —aw 0y ) g XY
s =dWs+psgn(Xy')|Xs V% ds—yey (S)Tds, with X;"" =xp, s€[0,t1). (2.2.12)
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i) If y € (—oo, 1), equation (2.2.12) takes the form:

YXS(‘Y)

2(1+(1=7)s)

dxY) = W+ p sen(x") x| * ds — ds, with X\Y) =xo, s €[0,00). (22.13)

ii) If y € (1,0), equation (2.2.12) takes the form:

(v)
dx = aw, + psgn(x) x| %ds — 5 X ds, with X =xo, s€[0,11),  (2.2.14)

H—s
and 1
Y
th=—— and §:= .
r—1 2(y—1)
iii) If y =1, equation (2.2.12) takes the form:
o Zs
dZ, = dW, + (p sen(Z,)|Zs|* — ?>ds, Zo=xo, € |0,00). 2.2.15)

Note that the transformations ®, and &, coincide when y = 1. Finally, let us introduce
another two stochastic differential equations related to (2.2.12). First, we leave out the third term
on the right hand side of (2.2.12) and we get

dH; = dW; + p sgn(H;)|Hy|*ds, Hy=xp, s€[0,1). (2.2.16)

Note that the latter equation is nothing but (2.2.1) with f = 0. Second, we leave out the second
term in the right hand side of (2.2.14) and we obtain

b
*ds, byp=x9, sc|0,). (2.2.17)

dbg = dW; — 0
fHH—s

The process b is the so-called 6-Brownian bridge (see also [11]) and it is the classical Brownian
bridge when 6 = 1.
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2.3 Preliminary study of solutions

In this section we study existence, uniqueness and explosion of solutions for equation (2.2.1).
For parameters (p, o, ) € ((—o0,0] x (—1,00) x R) U ([0,00) x R x R) and x( € [0,°c) we prove
the existence of a time-inhomogeneous diffusion X solution of equation (2.2.1), defined up to
the explosion time, and taking its values in R, provided o € (—1,0), in (0,00), provided a €
(—o0,—1) and in [0, ), provided oo = —1. We show that this diffusion can explode in finite time
with positive probability when (p, @, ) € (0,00) x (1,00) x R.

2.3.1 Existence and uniqueness

Existence and uniqueness for equation (2.2.1) are not obvious since the drift could be singular
in 0 and/or not time-homogeneous.

However, with the help of transformation (2.2.2), the Girsanov transformation and the results
on power equations in [6], chap. 5, we reduce to the study of equation (2.2.16) when o # —1.
The following remark is stated only for later reference.

Remark 2.3.1. Assume that a € R\ {—1}. The Girsanov transformation induces a linear bijec-
tion between weak solutions (respectively nonnegative solutions or positive solutions) defined up
to the explosion time of equation (2.2.12) and weak solutions (respectively nonnegative solutions
or positive solutions) defined up to the explosion time of equation (2.2.16).

1. Locally integrable singularity : o > —1

In this case x — |x|% is locally integrable. As for equation (2.2.16), we show that there exists
a pathwise unique strong solution X to equation (2.2.1) defined up to the explosion time.

Proposition 2.3.2. If o € (—1,00), B,p € R, there exists a pathwise unique strong solution X to
equation (2.2.1) defined up to the explosion time.

Proof. By using Proposition 2.2 in [6], p. 28, there exists a unique weak solution H to the
time-homogeneous equation (2.2.16) defined up to the explosion time. Therefore, by using Re-
mark 2.3.1, there exists a unique weak solution X (Y) to equation (2.2.12) and, by using Proposi-
tion 2.2.1, there exists a unique weak solution X to equation (2.2.1). Moreover, since pathwise
uniqueness holds for equation (2.2.1) by using Proposition 3.2 and Corollary 3.4, Chap. IX in [4],
pp- 389-390, we get the conclusion. Note that for the nonsingular case o > 0, the coefficients
of equation (2.2.1) are continuous, hence the present proposition can be obtained by usual tech-
niques (localisation, Girsanov and Novikov theorems). OJ

Let us denote by £ (+X) the distribution of the process £X. We shall say that a probability
distribution u is a mixture of distributions of X and —X, if there exists A € [0, 1] such that u =
AZ(X)+ (1 —1)Z(—X). Equivalently, there exists a discrete random variable U € {—1,+1},
independent of X, such that u = Z(UX).
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2. Nonlocally integrable singularity : « < —land p >0

Again, it suffices to study equation (2.2.16). We shall see that there exists a pathwise unique
nonnegative solution X to equation (2.2.1) and there are several strong Markov weak solutions
when the process start at the singularity xo = 0.

Proposition 2.3.3. If a € (—e,—1), B € R and p € (0,00), there exists a pathwise unique non-
negative strong solution X to equation (2.2.1). Moreover,

i) if xo € (0,00), X is the pathwise unique strong solution and it is positive;

ii) if xo=0, forall t > 1, X; > 0 a.s. and the set of all weak solutions is the set of all
distributions which are mixture of distributions of X and —X.

Proof. By using Theorem 3.5 in [6], p. 66, there exists a unique nonnegative weak solution H
to equation (2.2.16) defined up to the explosion time. We deduce, following the same lines as
in the proof of the previous proposition, that there exists a pathwise unique nonnegative strong
solution to equation (2.2.1). We point out that there is no uniqueness in law for equation (2.2.1)
when xp = 0 and we cannot apply directly Proposition 3.2, Chap. IX in [4], p. 389, to prove the
the pathwise uniqueness. However, we can check that a similar result to the cited proposition,
whose the proof can be imitated, holds for nonnegative solutions.

Moreover, if xg € (0,00), any weak solution of equation (2.2.16) is positive and we deduce
that there exists a pathwise unique strong solution to equation (2.2.1) and this solution is positive.

Finally, if xo = 0, the set of all weak solutions of equation (2.2.16) is (by symmetry of the
equation) the set of all distributions which are mixture of the distributions of H and —H. We
deduce the point ii) and the proof is done. U

3. Bessel type case: ¢ = —1and p >0

In this case, Remark 2.3.1 does not hold and we perform a direct study of (2.2.1). We show
that there exists a pathwise unique nonnegative strong solution X to equation (2.2.1), which can
be viewed as a Bessel process whose the dimension 2pfﬁ + 1 depends on time. Note that it is
possible that there exists different weak solutions (not necessary Markovian).

Proposition 2.3.4. If a = —1, p € (0,00) and B € R, there exists a pathwise unique nonnegative
strong solution X to equation (2.2.1). Moreover,
i) if p €[1/2,00), B € (—0,0] and xy € (0,00), X is the pathwise unique strong solution and
it is positive;
i) if p € [1/2,00), B € (—o0,0] and xo = 0, the set of all weak solutions is the set of all
distributions which are mixture of distributions of X and —X and ¥t > 0, X; > 0 a.s.;
iii) if B € (0,00) orif (p,B) € (0,1/2) x (—e0,0], we can construct different weak solutions to
equation (2.2.1) and in the first case the set {t > 1 : X, = 0} is unbounded a.s.
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Proof. To begin with, it is not difficult to see that there exists a pathwise unique nonnegative
strong solution Y to equation (2.2.8). This process can be viewed as the squared Bessel process
having a time-dependent dimension 2pt_[3 + 1. We shall prove that X := /Y is a nonnegative
weak solution of equation (2.2.1). By applying Ito’s formula, for allz > 1 and € > 0,

t X2 1 t t
(Xt2+g)%:(x3+e)i+/ (2 >2dWs+/ pds 1+/ gs 3
LA re LsP(X2+e)r 1 2(X2+e)t

We let € — 0in (2.3.1). Firstly, it is clear that

t( st

1

2

dWy =W, — W, i bability.
XS2+8> g A 1, in probability

lim
e—0.J1
Secondly, by monotone convergence theorem, the third term in the right hand side of (2.3.1)
converges a.s. We show that the limit is finite a.s. and that the fourth term converges toward
0 in probability by comparison with a squared Bessel process. To this end, let us consider the
pathwise unique nonnegative strong solution of

Qs:xo—i—Ws—WlJr/ Plauw, s>1, with pl:zinf{ﬂ:se[l,r]}>o. (2.32)
1 Ou SB

Q is a classical Bessel process of dimension 2p; + 1. By using a comparison theorem (see
Theorem 1.1, Chap. VI in [11], p. 437) and Ito’s formula, we can see that for all s € [1,7],
X2 > Q? and

Y DTN S LV /S t pids t eds
(Q7 +€)2 = (x5+¢€) +/] <Q§+e> dWS+/] (Q%+£>%+/l 2(Q§+e)%'

Since Q is a solution of (2.3.2) we obtain, by letting € — 0 in the latter equality,

t 1

pds P2 ) {p }

< - oo = - oo
| PX. | sds < a.s. with p;:=sup 5 1 €[1,t] p < oo,

and also
eds . eds
< lim

t t
lim / = < / ——=" __—0, inprobability.
e0J1 (X2 +e)2 e20/1 (QF+e)?

We get that X is a nonnegative weak solution of (2.2.1). Pathwise uniqueness is obtained by
using the same arguments as in the proof of Propositions 2.3.2 and 2.3.3 and we deduce that there
exists a pathwise unique nonnegative strong solution X to equation (2.2.1). We proceed with the
proof of points i)-iii) in the statement of the proposition.

Firstly, if p € [1/2,0), B € (—o,0] and xo € (0,0), the inequality 2 < 2p#~# 4-1 holds for
all # > 1 and we deduce that X is positive by comparison with a Bessel process of dimension 2.

Secondly, if p € [1/2,00), B € (—o0,0] and x¢ = 0, the same comparison can be used to see
that every solution X of (2.2.1) satisfies X2 # 0, for all # > 1 a.s. Let us introduce

OF={weQ:Vt>1,4X, >0} and PT:=P(.|QF).
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Foralle >0,QF ={®wcQ:Vl <t <1+e +X, >0} € % and then QF € .F . Therefore,
the standard Brownian motion {B; — B },;> under P is again a standard Brownian motion under
probabilities P*. By uniqueness of the nonnegative weak solution and also, by symmetry, of the
nonpositive solution of (2.2.1), the distribution of X under P* equals to the distribution of +X.
The point ii) is then a simple consequence.

Finally, if B € (0,0), for ¢ large enough we have 2pt 8 +1 < §, with § € (0,1). By com-
parison with a Bessel process of dimension 8, we get that the reaching time of 0 is finite a.s. and
the set {# > 1 : X; = 0} is unbounded a.s. Besides, if X is a solution starting from xo = 0, —X
is also a solution. We deduce that different solutions could be constructed by gluing the paths
of X and —X each time when the process returns in 0. If p € (0,1/2) and B € (—e,0), for all
se[1,(2p)/B)andr e [1,s],2pr P +1 < 2ps~P + 1. We deduce by comparison with a Bessel
process of dimension 2ps~—P 41 € (1,2) that the reaching time of 0 belongs to [1,(2p)"#) with
a positive probability. Indeed, the reaching time of O for a Bessel process of this dimension has
a positive density with respect to the Lebesgue measure (with an explicit expression given, for
instance, in [91], p. 537). As in the preceding case, different solutions can be constructed.  [J

Remark 2.3.5. By using similar methods as in Propositions 2.3.2, 2.3.3 and 2.3.4, when o < —1
and p < 0, it can be proved that weak solutions of equation (2.2.1) are only defined up to the
reaching time of 0, which is finite a.s. and cannot be continued after this time. This case will be
not considered since is out of range for the study of the asymptotic behaviour.

2.3.2 Explosion of solutions

We show that X explodes in finite time with positive probability if and only if a € (1,%0).
More precisely, the explosion time 7, of X is finite a.s., provided 23 < a + 1, and satisfies
P(t, =e0) € (0,1), provided 23 > o + 1.

Proposition 2.3.6. The explosion time T, of X is infinite a.s. if p € (—0,0) or o0 € (—oo,1]. It is
finite a.s. if p € (0,00), o0 € (1,00) and 23 € (—oo, 00 + 1].

Proof. Assume first that p € (—e0,0) or o € (—eo, 1]. Let F be a twice continuous differentiable
nonnegative function such that F(x) :== 1 +x? for all |x| > 1, F(x) = 1 for all x € [1/2,1/2] and
F > 1. For all T > 1, we denote ¢ the supremum of LF on [1,T] x [—1,1], where L is the
infinitesimal generator of X given by
92 |x|* 9 0
L:=-— ——+ . 233
2022 TPSEN) o (233

It is a simple calculation to see that for all 7 € [1,7] and x € R,

LF(t,x) < cr + ArF(t,x) < (cr + Ar)F(t,x), with A7 := sup (1+|p|rP).
1<i<T



2.3. PRELIMINARY STUDY OF SOLUTIONS 71

By using Theorem 10.2.1 in [90], p. 254, we deduce that the explosion time 7, is finite a.s.

Finally, assume that p € (0,00), & € (1,00) and 23 € (—oo, 0t 4 1]. By using Proposition 2.2.1
it suffices to show that the solution XY) of equation (2.2.12) explodes in finite time a.s. Let us
introduce Q; and C;, the pathwise unique strong solutions of

o+l
2

40, =2y/0;aW,+(2p 07 — |70 +1)ds. Qo =23,

and
a+l

dCy = 2+/CydW; + (2p C? —yel ()Gt 1) ds, Co=x2.

By using Ito’s formula, we can see that the square of X (v) satisfies the latter equation and
by weak uniqueness, we get that C and (X (”))2 have the same distribution. Moreover, since

y=2B/(a+1) <1, we can see that 0 < ga?,/_] < 1. By comparison theorem, we get that
0 < Qs < Cy a.s. Besides, by using Theorem 5.7 in [6], p. 97, the explosion time of the time-
homogeneous diffusion Q is finite a.s. We deduce that the explosion time of C, and consequently
that of X(Y), is finite a.s. O

Proposition 2.3.7. If p € (0,00), o € (1,00) and 23 € (ot + 1,00),

P(7, = )—E[ex< " b bul®aW, — = [ p2bul2%d 0,1 2.3.4
e = )= p Opsgn(u)‘ul uzop‘u’ u e(a)a (2.3.4)

where b denotes the weak solution of equation (2.2.17) and 7, the explosion time of X.

Proof. Let X() be the pathwise unique strong solution of equation (2.2.14) and b be the pathwise
unique strong solution of equation (2.2.17). Recall that y=2B/(a+1) >l andt; = 1/(y—1).
Denote by 7, the explosion time of X (v) and note that

Ne € [0,11]]U{e0} and {n.>t}={1. =00} as.

We need to show that IP(7, > 1) is equal to the right hand side of (2.3.4) and belongs to (0, 1).
First of all, b is a continuous process on [0,#;], with b, = 0 a.s., it is the so-called 8-Brownian
bridge (see Definition 1 in [11], p. 1022). By using the Girsanov transformation between b and
X)), we can write for every integern > 1, s € [0,#1] and A € .Z;,

E |:]1A (X'()\?’ln) ]l{nn>S}:| =K |:]1A (b./\cn) & (S A\ Gn) ]1{0',,>s}:| ,
where
M :=inf{s € [0,11) : [X| > n}, o, :=inf{s € [0,11) : |bs| > n},

and
A 1 S
£(s) = exp / p sgn(by)|b|“dW, — / p* b ).
0 2 Jo
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Letting n — oo, we obtain
E 11A<X<V))]l{ng>s}} - E[ﬂA(b)@@(s)] (2.3.5)

In particular, we have proved that for all s € [0,#], P(n, > s) = E[&(s)]. Furthermore it is
clear that P(7, =o0) =P(n, > 1) > E[&(f1)] > 0. At this level we state a technical result which
proof is postponed to the Appendix.

Lemma 2.3.8. Assume that p € (0,), o € (1,0) and 23 € (&t + 1,00), and denote by 1, €
[0,71] U {0} the explosion time of X) (the weak solution of (2.2.14)). Then P(n.=1)=0.

We deduce from this lemma that P(7, = ) = P(n, > ;) =P(n, > ;) = E(& (1)) and the
equality in (2.3.4) is proved. It remains to show that IP(7, = o) < 1. Recall that o € (1,0) and
let a € (1,c). Set g(x) := 1 A x| and note that, for any 7 > 1, we can choose k > 1, such
that a(a—1)"! = [°g(y)dy < k(T — 1). Moreover, we can see that there exists a continuous
differentiable odd function f, defined on R, vanishing only at x = 0, such that | f| < g, and

fx):=kx, x€[-1/2k,1/2k], lim [x|*|f(x)]=c and lim f'(x)=0.
|x|%oo |x|~>oo
For p > 0 we introduce the bounded twice continuous differentiable function
X
Fy(x) :==exp (u /0 f (y)dy), xcR.
We shall apply Theorem 10.2.1 in [90], p. 254, to the diffusion X, solution of (2.2.1), with the

function F; for some p > 0. It will implies that (7, < 7') > 0 for any 7 > 1. We need to verify
that there exists A > 0 and u > 0 such that forall € [1,T] and x € R,

LE,(t,x) > AFy(x) and In (W) < AT —1). (2.3.6)
u\A0

Here L is given in (2.3.3). In order to prove (2.3.6), note that for all ¢ € [1,7T] and x € R,
_ u 1
LF(1,2) = nFu () (pr Pl () + 5720 + 5 ).
The assumptions on f imply that there exists » > 1 such that, for all u > 0,
k
LFy, > E,LLFu on [1,T]x ([=1/2k,1/2k]U[—r,r]).

Besides, since f? is bounded away from zero, while |f’| is bounded on [—1/2k, —r] U [1/2k, 7],
we deduce that there exists tiyg > O such that

LF“OZ]%,LLOFHO on [1.7]x ([—1/2k —r] U[1/2k, ).
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Hence, forallr € [1,T] and x € R, LF,(t,x) > §N0Fuo (x) and we can see that

i (2Tl

- = k
Fyo (x0) = Ho fy)dy < I»lo/0 g(y)dy < EHO(T —1).

[xo

Therefore Theorem 10.2.1 in [90] applies with A := % Mo and Fy,, and X explodes in finite time
with positive probability. This ends the proof of the proposition, excepted for Lemma 2.3.8. [J
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2.4 Asymptotic behaviour of solutions

We present here the systematic study of the recurrence, transience or convergence of the
time-inhomogeneous one-dimensional diffusion X (a regular strong Markov process solution of
(2.2.1)) for parameters (p,a,B) € & := Z_U A, , where

P_:=(—00,0) x (—1,00) x R (attractive case) and Z, := (0,00) x R x R (repulsive case).

Set Eq :=R, when a € (—1,00), Ey := (0,00), when & € (—oo, —1], and introduce the probability
distributions A, o and I, o on Ey defined by

Apaldx) :=c e Pe@e /24y and T, o(dx) =k e Vol dx. (2.4.1)
Here we denote c, k the normalization constants and

2 )
_og_fllx|a+17 if (X?él,

242
—2ploglx|, if a=1, ( )

VP-,OC(X> = p7a7ﬁ<1vx) = Vp7a70(t7x) = {
where V, 4 g (t,x) is the time-dependent potential given in (2.1.2). Besides, let us introduce the
following three rate functions,

1
L(t):= (2t1nlnt)%, Lpa(t) = 1 (cpaInlng) =T and L, o 5(1) :=(cpap P lnt)#l,
(2.4.3)

where

o+1 o+1-2
Cpa S L Coaf -l 1=2p] (2.4.4)

2lp| 2lp|
We shall say that the process X is recurrent in E C R if, for all x € E, the set {r > 1: X; = x}
is unbounded a.s. and we shall say that it is transient if lim,_,, |X;| = oo a.s.

2.4.1 Behaviour on the critical line: 23 = o + 1

The scaling transformation (2.2.2) associated with the exponential change of time provides
a time-homogeneous equation (2.2.15). With the help of Motoo’s theorem (see Theorem 2.4.4
below) and of the ergodic theorem (see, for instance, Theorem 23.15 in [7], p. 465) we obtain
the asymptotic behaviour of solutions to (2.2.1).

Theorem 2.4.1 (Attractive case). If (p, o, ) € Z_ and 23 = oo+ 1, X is recurrent in R and

. Xt 7
}Lngo % =Apa (2.4.5)
Moreover,
i) ifa € (—1,1), it satisfies
X
limsup—= =1 a.s.; (2.4.6)
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ii) if a € (1,0), it satisfies

limsu =1 a.s.; 2.4.7)
e’ Lp (1)
iii) if @ = 1, it satisfies
X 1
limsup —~ = a.s. (2.4.8)

e L) V/T=2p

In the repulsive case similar ideas will apply. However, we need to distinguish two particular
cases, when o@ = —1 (Bessel case) or when oo = 1 (the continuous time analogue of the Fried-
man’s urn model in [2] and [1]). We note that in these cases the recurrent or transient features
depend on the position of p with respect to 1/2.

Theorem 2.4.2 (Repulsive case). Assume that (p,a,p) € P4+ and 23 = o+ 1.
i) Ifa € (—1,1), X is recurrent in R and it satisfies (2.4.5) and (2.4.6).
ii) If o € (—oo,—1), X is transient, it satisfies (2.4.5), (2.4.6) and

X
liminf —"— =1 a.s.. (2.4.9)
i Lp aft)
iii) If a € (1,00), the explosion time T, of X is finite a.s. and

o+l
Tez(ocfl)

2 (pla—1) (T —1)@ T
iv) If « = —1, X is the classical Bessel process of dimension 2p + 1. It satisfies (2.4.5) and

(2.4.6) and, it is recurrent in [0,o), when p € (0,1/2), recurrent in (0,00), when p =1/2
and transient, when p € (1/2,00). Moreover,

a.s. (2.4.10)

o)
liminf 705 =~ @ when p € (1/2,00). (2.4.11)

v) If @ = 1, X is a Gaussian process, recurrent in R, when p € (0,1/2], and transient, when
p € (1/2,00). Moreover,

a) if p € (0,1/2), it satisfies

. th 1 . Xt 2
lim 22 Z (0, —— d 1 =/ 5
= < ’2p—1) ad AT T\ 1-2p *°

b) if p = 1/2, it satisfies
Xi

X
lim ——Z _#(0,1) and limsup =1 as;
1= +/tInt t—eo  V/2tIntInlnlnt
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c) if p € (1/2,00), it satisfies

X ' 1
lim = =Gpyy @s., with Gpy~ N (xo, 2p— 1) '

Remark 2.4.3. The results contained in the latter theorem are in keeping with some results
obtained for discrete time models in [2] and [1]. More precisely, for the case (a,B) = (1,1)
(point v) of Theorem 2.4.2) one finds similar results as Theorems 3.1, 4.1 and 5.1 in [2] and
Corollary 1 in [1] concerning Friedman’s urn model. For the case (a,) = (—1,0) (point iv) of
Theorem 2.4.2) one gets similar result as in Theorem 5 in [1]. We also point out that the part i)
of Theorem 2.4.2 gives the asymptotic behaviour on a the domain where the question is stated as
an open problem in [1], p. 958.

Proof of Theorem 2.4.1. Let Z = ®.(X) = Py (X) be the solution of the time-homogeneous
equation (2.2.15). The scale function and the speed measure of Z (see Chap. VI in [86], pp.
446-449) are respectively given by

2

X \,2 X
s(x) ::/ Vo dy and m(dx):= e Va7 gy,
0

Remark that m is a finite measure on R and m(dx)/m(R) = Ap o(dx). By using the ergodic
theorem (see, for instance, Theorem 23.15 in [7], p. 465), we obtain

. X .
lim =L = lim Zint Z Ap .
t—voo \ [t 1—veo ’

To complete the proof we shall apply Motoo’s theorem (see [8]). We recall this result since
it will be used several times.

Theorem 2.4.4 (Motoo). Let X be a regular continuous strong Markov process in (a,>), a €
[—o0,00), wWhich is homogeneous in time, with scale function s and finite speed measure m. For
every real positive increasing function h,

X < dt
]P(limsup—t > 1) =0 or 1 according to whether / ———— <o ogr =o0
PP o) s(h(1))

Recall that Vj, o is given by (2.4.2). By using L’Hopital’s rule, we can see that

(x) ~ x_le_VPv“(x)e_xz/z, if aec(—1,1),
x| (2p[x®) e VeeWe 2 i e (1,00).

If o € (—1,1), by a simple application of the Motoo’s theorem we see that, for all € > 0,

. Zt . Zt
]P(hmsu > 1+€) =0 and ]P(hmsu
t—>oop v2Int t—><>op v2Int

21—e>:1.
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We deduce
limsupi = limsup Znt =1 as
{—o0 L(t) [—oo V 21Ill
If o € (1,00), we deduce, again by Motoo’s theorem,
Z
lim sup = limsup I =1 as.

t—e Lpa(f) = (cp qlnlnt)est

Finally, assume that o = 1 (the linear case). Equality (2.4.8) can be proved by using similar
methods as previously or by using standard results on linear stochastic differential equations.

Furthermore, by symmetry of equation (2.2.1), we can replace X by —X in relations (2.4.6)-
(2.4.8) to deduce that limsup,_,., X; = o and liminf; ;.. X; = —o0 a.s. and conclude that X is
recurrent in R. U

Proof of Theorem 2.4.2. To begin with, we point out that the proof of the point i), when o €
(—1,1), is the same as in the proof of Theorem 2.4.1.

When o € (—eo, —1), this last statement is also true when proving (2.4.5) and (2.4.6). We
need to prove (2.4.9) and the transient feature. To this end, consider again Z = ®(X) = ®, (X).
By Ito’s formula, we can see that Z is the weak solution of

L~ ~ ~ Z - 1 |
dZ, =7 dW,+ (72 —pZ? %+ ) dt, Zy=—, with Z:=—.
2 X0 VA

Again, by applying Motoo’s theorem to Z, we deduce that

5 —1

Z

:(limsup—tl> =1 as.
t—boo (Cp,alnt>\a+l\

liminf
1= Lp o(t)

Note that this relation insure the transient feature, since lim; o Lp (t) = oo, if o0 < —1.

Assume that o € (1,0). We have already showed that the explosion time 7, of Z is finite a.s.
(see Proposition 2.3.6). Moreover, we can see that the process z; := Z; — W, satisfies the random
ordinary differential equation

dz 7+ W
d—;:Psgn(z;+W)|Zz+V"z\“— t2 L
We deduce that
1706 ne d 1
Z zZ
2] :/ s _ o~ p(Me—t) and |Z| ~ : as.
art e N (pla— 1) (1, 1)@

Remark also that the explosion time 7, of X satisfies 7, = e" a.s. Therefore

a+1

\/T_e Tez(a—l)

1X,| = V1| Zns| ~ — — as.
T (p(o—1)(Int, —Inz))eT 7 (p(a = 1)(T, — 1))@ T
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Assume that & = —1 and let R(®) be the pathwise unique strong solution of equation (2.2.10).
By applying Lemma 2.2 in [85], p. 916 and the ergodic theorem to R(®), we obtain (2.4.5) and
(2.4.6) by change of time. Equality (2.4.11) is a consequence of Lemma 4.1 in [85], p. 926. The
recurrent or the transient features are proved in Chap. IX in [4].

Finally, if ov = 1 we are studying the classical case of a linear stochastic differential equation.
By standard arguments (see, for instance, [4] Proposition 2.3, Chap. IX, p. 378, and Theorem
1.7, Chap. V, p. 182) there exists a Brownian motion W such that

X / "B, : LS i p#1)2
—=x0+ | — =x0+Wy(, with t) = 1-2p
o 0T ) e T 0T o0) { Int if p=1/2.

By using the well known properties of the Brownian motion, we deduce the convergence in
distribution and the pathwise largest deviations of the Gaussian process X. Furthermore, the
recurrent or transient features are simple consequences. U

2.4.2 Behaviour above the critical line: 23 > o + 1

The scaling transformation (2.2.2) associated with the exponential change of time does not
provides a time-homogeneous equation.

However, we shall prove that the asymptotic behaviour of equation (2.2.6) is related to the
asymptotic behaviour of the Ornstein-Ulhenbeck process (2.2.7), with the help of the Motoo
theorem, the ergodic theorem, the comparison theorem (see, for instance, Theorem 1.1, Chap.
VI in [86], p. 437) and of the following result, whose proof is postponed to the Appendix.

Lemma 2.4.5. Let Z and H be regular strong Markov processes which are, respectively, weak
solutions of the stochastic differential equations with continuous coefficients:

dZs =0 (s,Zs)dB; +d(s,Zs)ds and dHg = 0(Hs)dBg+ dw(Hs)ds.
Assume (Z,H) is asymptotically time-homogeneous and I1-ergodic, in the sense that

li_>m 0(s,z) = 0w(z) and li_>m d(s,2) = dw(z), uniformly on compact subsets of R,

S§—200 S§—yo0

and H converges in distribution to I1. Furthermore, assume that Z is bounded in probability, that
is, for all € > 0 there exists r > 0 such that sup;-oP(|Zs| > r) < €. Then Z converges also in
distribution to IL
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Theorem 2.4.6 (Attractive case). If (p,a,B) € Z_ and 23 € (ot + 1,00), X is recurrent in R

and

X X
lim —- £ A (0,1) and limsup—— =1 a.s. (2.4.12)

1—o0 4/t t—eo L(1)

One more time, for the repulsive case we will follow similar ideas as for the attractive case,
by modifying some computations when technical difficulties appear.

Besides, when « € (1,00) the process explodes with positive probability (see Proposition
2.3.7). Hence we need to adapt Lemma 2.4.5 to show that, under the conditional probability
of nonexplosion, the solution of equation (2.2.6) behaves as the Ornstein-Uhlenbeck process
(2.2.7).

Theorem 2.4.7 (Repulsive case). Assume that (p,a,B) € P, and 2P € (a+1,).
i) Ifa € (—1,1], X is recurrent in R and it satisfies (2.4.12).

ii) If a € (—oo,—1], X is recurrent in [0,00), when o = —1, in (0,0), when o € (—oo,—1) and
B € [0,0) and it is transient, when o € (—eo,—1) and B € (—o0,0). Moreover,
X X
lim~-Z |G| and limsup—~ =1 as, with G~.#(0,1),  (2.4.13)

1=/t 1—eo L(1)

and

X,
liminf ———— >1 a.s. when o€ (—oo,—1). (2.4.14)
1= Lp op(7)

iii) If a € (1,00), conditionally to {t, = =}, X is recurrent in R and it satisfies (2.4.12), and
conditionally to {T, < e}, it satisfies (2.4.10).

Remark 2.4.8. The preceding statement concerning the recurrent asymptotic behaviour is a
similar result as Theorem 4.2 ii) in [1], p. 955.

Proof of Theorem 2.4.6. The equalities in the statement will be consequences of Lemma 2.4.5
and Motoo’s theorem. Let us consider X(®) = &, (X) the unique weak solution of (2.2.6) and U
the Ornstein-Ulhenbeck process solution of (2.2.7). Equalities in (2.4.12) are equivalent to

X(e)

imX®ZG and limsup-——— =1 as., with G~ .4(0,1). 2415
1o ! o’ \/2Int 1 ( )

Equalities (2.4.15) are satisfied by U and roughly speaking X () behaves as the Ornstein-Uhlenbeck
process U. The proof of (2.4.15) is split in three steps.
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Step a). Lemma 2.4.5 does not apply to (X (e),U ) since the coefficients of equation (2.2.6) are
discontinuous when o < 0. To remove the singularity, we consider C := (X (e))3 and Q 1= U>.
Ito’s formula allows to see that C and Q are solutions of

2 1 C o o
dC, = 3C} dW, +3 (c; - +pel“s —B) sgn(c,)|cty%2) dt, Co=x3, (2.4.16)
and, respectively,
2 1
dQ, =30; dW,—|—3<Qt3 —%) dt, Qo :xg. 2.4.17)

Since 28 > o+ 1, we deduce that (C,Q) is asymptotically time-homogeneous and .Z(G>)-
ergodic.

Step b). In order to apply Lemma 2.4.5 to (C,Q) we need to show that C is bounded in prob-
ability. We prove this result by comparison with time-homogeneous ergodic diffusions. To this
end, consider the pathwise unique strong solution C of equation (2.4.16) and denote by C* the
pathwise unique strong solutions of equations

2
3

L CE a2
ac =3 (G5 aw +3((6)F = T FpICH 1 pgpagy )t G =13,
By using a comparison theorem (see Theorem 1.1, Chap. VI in [86], p. 437) we get, for all
t>0,C <G < C,Jr , a.s. Moreover, by computation of the speed measure as in the proof
of Theorem 2.4.1, we can see that C* are ergodic diffusions and therefore they are bounded in
probability. By comparison, it is the same for C, and this fact implies the first equality in (2.4.15).

Step ¢). We get the pathwise largest deviations of C by comparison with the time-homogeneous
ergodic diffusion. By applying Motoo’s theorem to C (as in Theorem 2.4.1), we obtain

C
limsup - <limsup—— =1 as. (2.4.18)
t—e (2Int)2 t—e (2Int)2

To deduce the second equality in (2.4.15), we need to prove the opposite inequality in
(2.4.18). We can see that the equality (2.4.18) holds for —C;, by symmetry of (2.4.16), and
it implies that

o+l

lim p (T F) sgn(C,)|C,|T =0 a.s. (2.4.19)

t—ro0

Let u > 0 be and let us introduce the pathwise unique strong solution of equation

G
dC, (1) = 3C; ()} dW, +3(c,(u)% - ’é”) - 1) dt, Cu(u) =C,.
We shall prove that for all # > u,
C(u)<C; as.on Q,:= {suppe(o%l_ﬁ)’ ]C,|mT+2 < 1}. (2.4.20)

t>u
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Indeed, we introduce the stopping time 7, defined by
Tu .—1nf{t >u: pe( B o1 ERPS 1}

Using again the comparison theorem in [86], p.437, and a classical argument of localisation, we
obtain C,r7, (1) < C,p¢, a.s. Since {7, =~} = Q, we deduce (2.4.20). By applying Motoo’s
theorem to C(u) and by using (2.4.19), we get

G

C
1 = limsup ,(u)3 < limsup + as.on Q, and P(U,>0Q) =1.
t—e (2Int)2 t—e (2Int)2

The opposite inequality in (2.4.18) is obtained and the proof of (2.4.15) is finished.
Finally, to conclude that X is recurrent in IR, it suffices to replace X by —X in the second
equality in (2.4.12). This is possible by symmetry of equation (2.2.1). U

Proof of Theorem 2.4.7. Let us note that, for o € (—1, 1], the proof is exactly the same as the
proof of Theorem 2.4.6, while the proof for & € (—eo, —1] follows some similar steps.

Let us only bring out the differences for a € (—e,—1]. We consider again the couple
(x©) U ) and we perform the Step a) in the proof of Theorem 2.4.6 with ((X(®))3,U?3) replaced
by (|X(©[lel+1 |y |lel+1) = (C, Q) (to avoid the singularity) . It follows that (C, Q) is asymptot-
ically time-homogeneous and . (|G|/®*1)-ergodic. Here Q and C are weak solutions of

la| +1 a1
2

|o]
d0: = (ja| +1) Q""" aW; + (Il — 0 )dr, o=,

and

o |a|+a
a

As in Step b) in the proof of Theorem 2.4.6 we can show that C; is bounded in probability, by
comparing C; with the ergodic nonnegative diffusion satisfying

loj+a

—CF+2p (CF) T ) dt, CF = x)*.

dc, (]oc|+1)(C+)oc|+1dW+’OC|2Jr <| |(C+)

Lemma 2.4.5 applies and we get the first equality in (2.4.13). Finally, as in Step c) of the cited
proof, by applying Motoo’s theorem to Q; and C,” and by comparison theorem we can obtain

C+
1 = limsup T S limsup IMH < limsupﬁ =1 as.
t=e (2lnt) 2 t=e (2lnt) 2 t=e (2lnt) 2

We deduce the second equality in (2.4.13).
fa<—1,letXY):=1 /X Y) be the pathwise unique nonnegative strong solution of

V) _ g2 (VN3 e(Y)y2—a o(v)._ 1
axV = (X, )dW,+((X, )y —p X)) +2(1_(1_y)t>>dt, X, e
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Recall that X(Y) is the pathwise unique nonnegative strong solution of (2.2.12). Consider also
the pathwise unique nonnegative strong solution ¥ of

L o1
dy; = YdW,+(Yt3—th2°‘ rY, )dt Ypi=—
X0

By comparison between X (Y) and ¥, and by applying Motoo’s theorem to ¥, we deduce

~1 —1
(v) &
X, X. Y,
liminf —— = [ limsup——"—— | > [limsup—"—— | =1 as.
f=vee vaavﬁ(t> §—00 (Cp7alns)m S—poo (Cp7a1ns)m

In previous relation the first equality was obtained by using the change of time s = ¢, (1)
defined in (2.2.11). Moreover, if o = —1, the point 0 is recurrent for X. By (2.4.13), we get
the recurrent feature in [0,00). Besides, we obtain from (2.4.14) that X is transient, when f8 €
(—o0,0). Furthermore, if B = 0, X is an homogeneous diffusion and by standard criteria, using
the scale function, we can see that X is recurrent in (0,00). If B € [0, ), by comparison theorem
with the process obtained for f = 0, we get that X is recurrent in (0,c0). The proof of ii) is
complete.

If a € (1,00), consider X(Y) = @, (X) and b the respective solutions of equations (2.2.14)
and (2.2.17). Denote by 1, the explosion time of X (v) and recall that {Ne > 11} = {1, = o},
P(n. =1t1) =0 (Lemma 2.3.8) and lim;_,;, b; = 0 a.s. By using (2.3.5),

POmX”—Qn&nQzEﬁtngﬂyﬁm)zﬂmeZMWZH)
1

t—t

By change of time, we get

X
hm—t—th() 0 as. on {7, =00} (2.4.21)

1o g 1oh

Therefore

tim g fl o s =tim e [l |
We deduce that X satisfies the iterated logarithm law in (2.4.12) under the conditional proba-

bility of nonexplosion. Hence it is recurrent in R. We shall prove the convergence in distribution
(2.4.12) under the conditional probability of nonexplosion. For this end, it suffices to show that

2
(e) 00) =
Sh_{gIP(X >x|0,=00)= \/ﬁ/ exp < ) dy. (2.4.22)

Here o, denotes the explosion time of X (e) = ®,(X), the solution of (2.2.6). Note that Lemma
2.4.5 does not apply directly to (X (.U ), since o, could be finite with positive probability. By
using (2.4.21), we remark that

B
s atlds=0 as. on {T,=oco}.

sa+1

o

1__B_
lim p e(“2 —B)s| x| —limpt<2 #1)| X | Zo s on {0, =o}.  (24.23)

§—ro0 f—>o0




2.4. ASYMPTOTIC BEHAVIOUR OF SOLUTIONS 83
Let € > 0,v > 0 be and denote U(*¢) the pathwise unique strong solutions of equations

. U(if) i
dUs( s)deS_ s2 ds €ds, U\g 8):Xv(e)]l{cypv}-

It is classical that U*%) is Feller and ergodic. Furthermore, the strong mixing property holds
(see [7], Theorem 20.20, p. 408), hence we obtain

oo 2
lim P(US) > x| QF) = Feg(x) 1= \/% / exp (— b 28) ) dy, (2.4.24)
T Jx

§—ro0

with it
Qf = {sup pe(T_ﬁ)S]Xs(e)W < 8}.
s>V
Similarly as for (2.4.20), we can show, by using comparison theorem and a classical argument

of localisation, that, for all s > v, Us(fg) < Xs(e) < USHE) a.s. on Q. We deduce, from (2.4.24),

Fie(x) <liminfP(X(® > x| Q) < limsupP(X,® > x | QF) < F_¢(x). (2.4.25)

§—ro0 §—>00

Thanks to (2.4.23) the set of nonexplosion is {0, = e} = U,>0QE. Letting v — oo, and then
€ —01in (2.4.25), we deduce (2.4.22).

To finish the proof, we need to study the process X conditionally to {7, < o} and prove that
it satisfies (2.4.10). The method is the same as in the proof of Theorem 2.4.2: we show that

1
X' ~ — as.on {n, <o},
T (pla=1)(Me—1))@T
and we conclude by change of time. U

2.4.3 Behaviour under the critical line: 23 < o+ 1

In the attractive case, by using similar techniques as in the proofs of theorems 2.4.6 and 2.4.7
we shall prove that the asymptotic behaviour of equation (2.2.13) is related to the asymptotic
behaviour of the time-homogeneous equation (2.2.16). By change of time, we shall obtain the
asymptotic behaviour for (2.2.1).

Theorem 2.4.9 (Attractive case). If (p, o, ) € Z_ and 2P € (—oo, a0+ 1), X is recurrent in R,
if B € [0,0), and X converges a.s. towards 0, if B € (—o0,0). Moreover,
X X
lim -~ %£T,, and limsup———— =1 a.s. (2.4.26)

=% g 10 Lp o p(t)
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Theorem 2.4.10 (Repulsive case). If (p,a,B) € P+ and 2 € (—e,a + 1), X is transient.
Moreover;

i) if @ € (—oo, 1), it satisfies

X 1—a)\ s
lim ‘lj; - (p( a)>‘ as.: (2.4.27)
1= 1 a 1— ﬁ
ii) if o € (1,00), it satisfies
B
,.L.eotfl
1X,| ~ a.s. (2.4.28)

iii) if @ = 1, it satisfies
lim —— =G a.s, (2.4.29)

where G ~ N (m,c?), with m := xg exp(%) and 62 := [{° exp(z%s_l;ﬁ )ds.

Remark 2.4.11. Again, one finds a similar result as in Theorem 1 ii) from [1], p. 951, concerning
the transient feature of the process.

Proof of Theorem 2.4.9. Let X(Y) = &, (X) and H be the solutions respectively of (2.2.13) and
(2.2.16). Equalities in (2.4.26) are equivalent to

(v)
X,
imXY £S5 and limsup— = =1 as., with S~TI,,. (2.4.30)
t—roo0 t—o0 (Cpﬁﬂﬂ[)m
Note that H satisfies these equalities. To prove (2.4.30) we can follow similar Steps a)-c) as in
the proof of Theorem 2.4.6, by considering C := (X (V))3 and Q := H>, which are the pathwise

unique strong solutions of

3 a2 | o3 3
d0: =30; dW,+3(psen(Q)IQ:| T +07 )dr, Qo =13,

and
% LESH. YG 3
dC, = 3C? dw, 3( c)lc|S C3——)dt Co = 2.
1 f i +3(psgn(C)|C| 3 +C 20— (1— 7)) ) 0 =Xp

As in Step a) we get that (C,Q) is asymptotically homogeneous and .#(S?)-ergodic. The
arguments of the corresponding Step b) are going on as follows. Since p is negative, it is not
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difficult to prove that th < W,z, t > 0, where W, is a Brownian motion. We obtain by using the
change of time s = @, L(¢) and the iterated logarithm law that

X3
lim sup — = limsup : S <(1—-7)? as. (2.4.31)
t—e (2tInlnt)2 s—¥e0 2 Inlns)>
ms nins

Let 6 € (1/3,(¢+2)/3) be. Thanks to (2.4.31), we deduce

. 1 14
lim .
== GO 1T+ (1—7p)t

=0 a.s. (2.4.32)

Let v > 0 be and introduce C* the pathwise unique strong solution of
dCE =3(GH)3dW,+3(psen(GH)ICH S +(GH)S £1GH° )ar, CF =G
As for the proof of comparison (2.4.20) we can prove that for all s > v,

- 1 14"
C <C<C' as.on Q ::{su : <1}.
p =t =t U G Ty

(2.4.33)

By (2.4.32), for any € > 0, we can choose v > 0 such that P(Q,) > 1 — €. Moreover, there
exists r > 0 such that for all > v, ]P(|C,i| > r) < & since C* is an ergodic diffusion (by com-
putation of the speed measure). Combining the latter inequality with (2.4.33) which holds on
Q,, we obtain that P(|C;| > r) < 2, for all # > v and therefore we conclude that C is bounded
in probability. Finally, Step c) is a consequence of Motoo’s theorem applied to C* and to the
preceding comparison,

C G C'
1 =limsup ! -— < limsup ! — < limsup —’3 =1 as.
f—oo (Cp7a ll’ll‘)o‘i"rl f—oo0 (Cpﬂxhlt)ai"'l [—e0 (ijalnt)m

This ends the proof of (2.4.30). To get the recurrence feature or the convergence toward 0 we
use the second equality in (2.4.26) with X and —X. O

Proof of Theorem 2.4.10. Assume that & € (—oo, 1). To simplify the computations, let us denote
the limit and the exponent of 7 in (2.4.27), respectively by

g.: (p(l_a)>lla and v:l_ﬁ
=75 y = —
If we set S; := X?/t?", it suffices to verify that lim, .. S; = ¢? a.s., that is, for all € > 0,

limsup S; < /> +3e and liminf $; > > -3¢ as. (2.4.34)
—yo0

t—3o0

We shall prove only the first inequality in (2.4.34), the second one being obtained in a similar
way. We split the proof of this inequality in four steps.
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Step a). We begin by proving that, for all € > 0,
{r>1:5< 2+ €} isunbounded a.s. (2.4.35)

For this end, set 1), :=inf{v > u: S, < >+ ¢}, u > 1. Then, it suffices to prove that for all u > 1
large enough, 1, < o a.s. By using Ito’s formula, we can see that

tANy ATy
Stnm, = Su+ / LG(s,X,)ds+ / 0G5, X,)dBy = Su-+M; + Ay, (2.4.36)
u u

where G(t,x) := x?/t?V and where L is given by (2.3.3). Moreover, we can see that there exist
so > 1 and ¢ > 0 such that, for all s > s and x € R, for which G(s,x) > ¢*> + € and

2 a 1
LG(S,X) = _p (G(s’x)T] _ga_l> G(S,x) + TV S —_ = S 0. (24.37)
N S S

9

This implies that the local martingale part S, + M of the non-negative semimartingale in (2.4.36),
together with Se 5, itself, are nonnegative supermartingales for all u > s.

Therefore, the bounded variation part A will be a convergent process as the difference of two
convergent supermartingales. Thanks to (2.4.37), this is possible if and only if 1, < o0 a.s.

Step b). We introduce an increasing sequence of stopping times as follows:
T =inf{r >s50: 8, = (> +2€}, o) := inf{r>1:5; € {€2+8,€2+38}}
and for every integer n > 2,

T, :=inf{t > 0, :S; = +2¢}, o, =inf{t >1,:5 € {€2+8,€2+38}}.

St1

A
P43 .
62122 A/ v\ / Ao

! N
pre W VA
p Ll MNT AL A

Figure 2.3: The increasing sequence of stopping times



2.4. ASYMPTOTIC BEHAVIOUR OF SOLUTIONS 87
Set F := M,>1{T, < e}. Thanks to (2.4.35), we obtain that limsup, ... S; < ¢> +2¢ a.s. on F¢.
To prove the first inequality in (2.4.34), we need to show that

limsup S; < /*43¢ as.onF, or, equivalently, 1 Z Lis, —r43e) <o as.
t—roo n>1 "

By using a conditional version of the Borel-Cantelli lemma (see, for instance, Corollary 7.20
in [7], p. 131), it is equivalent to prove that

Y P (S, =0*+3e,7y <o | Fy) <o as. (2.4.38)
n=1

Step ¢). We show that there exist positive constants A and A, such that for all n > 1,

1
P (Sg, = (?+3€,7, < oo Fz,) <M r,fz V) exp (—lzr,%v_l) as.on {1, <oo}. (2.4.39)

To this end, let us denote by PP , the distribution of the weak solution of (2.2.1) such that Xy = x.
The strong Markov property applies and this yields

P (Sg, = > +3€,T, < oo | Fy,) = Pe, x., (So, = ?+3¢) as.on {7, <o}

As in (2.4.36), we can write under the conditional probability ¢, x, , the canonical decomposi-
tion Sipg, = Sz, +M[' + A}, sum of a local martingale and a bounded variation process. Besides,
we can show that v, := (M"), satisfies

Op oo 2 2 2
vn:/ ﬁdug/ 4(¢ +38)d A7+ 3¢) < 4(0° +3¢)
T T

0.
I/t2

u =
.U v-D5" ' T v-1)sg"!

n

Then, by the Dambis-Dubins-Schwarz theorem, there exists a standard Brownian motion W"
(under the conditional probability P¢, x, ) such that M" = W{;\/ln) and since A" is strictly negative,
we can see that

{ sup W' < 8} C {supM,” < 8} C{Ss, =0 +¢}.

0<r<wy 12>1,

It is classical that sup{W/ : 0 <t < wv,} Z |Gyl, with G, Z y (0,vy), under the conditional

probability P, x, and therefore we obtain

P, x,, (So, = F+3e)=1- Pe, x., (So, = Pte)< Pe, x., (1Gn| > €/+/Vn).

By the usual estimate of tails for the standard Gaussian random variables, we get (2.4.39).

Step d). To insure the convergence of the series in (2.4.38) we show that the sequence (7,)
increases to infinity sufficiently fast. More precisely, we show that there exists A > 1 such that
T, > A" 11 a.s. on F. This inequality will be a consequence of a sharper form of the Borel-
Cantelli lemma (see, for example, Theorem 1 in [92], p. 800) once we show that there exist some
constants ¢ > 1 and p > 0 such that for all n > 1,

P(Tii1>qT | F5,) > Prx, (00 >qT) >p as on {7, <oof. (2.4.40)



88 CHAPTER 2. TIME-INHOMOGENEOUS BROWNIAN DIFFUSIONS

In opposite to (2.4.37), we can see that there exists a constant k > 0 such that for all # > 1 and
x € R, for which G(¢,x) < 2+ 3¢, LG(t,x) > —k/t. We deduce that for all ¢ € [1,,q7T,),

£ T
) <kln <7n) <A'<0, with ¢:= e7 > 1.
By using this inequality, we can write

€ €
{O'nzqrn}D{ sup |M[’|<§}D{ sup |Wt”|<§}

T, <t<qT, 0<t<vg

Therefore, inequality (2.4.40) is satisfied with the deterministic positive constant

E E
pi= IPT,“XM< sup |W/'| < 5) = IP( sup |B:| < —).

OSI‘SVO OSISV() 2

Here B denotes a standard Brownian motion. The sharper form of the Borel-Cantelli lemma
applies and we obtain that 7, > A" 71 a.s. on F. We deduce (2.4.38) and (2.4.27) holds.

Assume that o € (1,00). The proof of (2.4.28) follows the same lines as the proof of (2.4.10)
in Theorem 2.4.2. We show that X(¥) = &, (X) satisfies

x| ol 1 T
(p(a—1)(Te—s))oT

and we conclude by applying the change of time t = ¢, I(s).

Finally, assume that o« = 1. The same ideas as for the proof of the point v) of Theorem
(2.4.2) are employed. By Ito’s formula and the Dambis-Dubins-Schwartz theorem there exists a
standard Brownian motion W such that

as., when « € (1,0),

X; - , td 1-p
o) = % + By, with ¢(t) ::/1 Tss)2ds and v(t) :=exp (p lt—B)
Since
t if B € (1,)
o(1) ~ o’ if p € (0,00) and B € (—eo,1)

oo

20p|tPv(t) if p € (—o0,0) and B € (—eo, 1),

by using the usual properties of the Brownian motion we can get the convergence in distribution
and the pathwise largest deviations. The recurrent or transient features are then deduced. U
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2.5 Appendix

2.5.1 Proof of Lemma 2.3.8

To begin with, let us recall that p € (0,0), @ € (1,%), 2 € (a+ 1,00), that y=2B/(a+ 1),
h=1/(y—1),8 =7v/2(y—1), and that XS(Y) is the pathwise unique strong solution of equation
(2.2.14), which explosion time is 1, € [0,¢;] U{eo}. The goal is to prove that 1, # t; a.s. By Ito’s
formula, we can see that

dx"") = (1 = s)@TdW, +d(s, X" )ds,  with X = (1 —s)@1x!,

and
X (|x|a71 _f(xfl)

fHH—s

1+6(a

_ — 1)\
d(S,X) =p W) S (0,00)

Roughly speaking, since x-d(s,x) > 0 (respectively < 0), according as
0, —c0 and oo are “attractive” levels, whereas —/¢ and ¢ are “repulsive” levels for the process
X1) | The strategy of the proof is as follows: firstly, we show that

lim x| €{0,0,00} as.on F:={n,=n). (2.5.1)
s—1

and /(:= <

Secondly, we shall prove that the following three events are of probability zero:
Fo:=Fn { lim (x| = 0}, Fri=Fn { lim (x| = e} and,
s—1 s—1

F.. :_Fm{ lim x| = oo}. (25.2)

s—1

We stress that the following reasoning will be performed by taking place on the event F. For
simplicity, this condition will be understood and will dropped along the following five steps.

Step a). We verify (2.5.1). Introduce
E:={®w€EF: hmme(Y W < hmsupX(y’ )}

S—1

Fix @ € E and suppose that limsup;_,,, Xs(y’t‘)(a)) > ¢. We can pick two sequences of real
numbers (which depends on w), (s,) and (u,), such that 0 < u, <s, < f; for all integers n,
limy, o0 Uy, = 11, and

X (@) X0 (@) = 5 (limsupx (@) ~ ) > 0.

S—1
Moreover, this choice could be done such that for any s € [u,,s,], x{r) (w) > {. Denote by M
the martingale part of X (v:11) Since the drift d(s,x) is nonnegative for all x > ¢, we deduce
M, (@) M (@)] = X0 (@) = X2 (@) + [ d(s. 0 (0))ds
1
—<hmsupX( )( o) —E) > 0.

2 S—1
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A similar argument works when 0 < limsup;_,,, Xs(y’tl) (w) < ¢, but also for the two symmetric

situations liminfy_, XS(Y’”)((D) < —fand —¢ < limsup,_,, Xs(y’l‘)(a)) < 0. This means that

lirginf|Msn(a))—Mun(w)|>0, as. on E.
n—oo

Since M is a.s. uniformly continuous on [0,7;], necessarily P(E) = 0. We obtain equality (2.5.1)
by noting that

lim |d(s,Xs(y"tl))| =o as.on FN { 113{1 |Xs(%tl)| ¢ {075}}-
s—t

S—1

Step b). Note that & := Xs(y) — W is the solution of the ordinary differential equation

hs + W,

We re-write the latter equation

h;:—sl(Xs(y’t‘))-M, with g (x) ::1—%|x|“—‘, (2.5.3)
-

and

)
n, = 82(Xs(y’tl)) -psgn(hg + W) hs + W%, with  &(x):=1— E|x|1_°‘.

(2.5.4)
Step c). Recall that 7, is the explosion time of X V). If we prove that X v) is bounded on
[0,71], a.s. on Fy, necessarily P(Fp) = 0. Since W is a.s. continuous on the compact [0,7;], it
suffices to prove that / is bounded on [0,#1], a.s. on Fy. Set K := supcjo,,1|Ws[. We note that

lim,_,;, & (XS(W‘)) = 1 a.s. on Fy. Therefore, for any ® € F, there exists u € [0,1) such that, for

all s € [u,11), hy(@) (@)L ()|} < 0, by using (2.5.3). This implies that h2 () is bounded
on [0,#] and we are done.

Step d). If we prove that lim;_,, |Xs(y’t1)| = (p(a— 1))ﬁ a.s. on F, then, necessarily P(F.) =

0. Clearly, limy_;, 82(Xs(y’t1)) =1 as. on F.. Then, by using (2.5.4) and the fact that W is
bounded on [0, 1],

g% h,, d F.
B son(h )k | ~ t - . . 00
a—1 /s sgn(hy )| hu|* "o p(t1—s), as.on
To conclude, it suffices to recall that X\ = (1) — )@ (hy + W),

Step e). Similarly, if we prove that lim,_,;, |Xs(y’t1)| = oo a.s. on Fy, then, necessarily IP(Fy) = 0.
First, we show that

lim (X" — )2 =co, as.on F,F i=FN { lim X" = e}. (2.5.5)

S—1 S—1
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Denote K; := (Xs(y’tl) —¢)?. By Ito’s formula, we can write

K 1
dK, =2(1 )@ 1 VK, dB, + (261(Xs(%t1))t1—_ss + E(tl —S)%>ds7
where
s |x|oc71 E(xfl
Byi= [ sen(K)aW, and q(x)i=px l
0 r_

Introduce, for v € [0,11), Cy(v) the pathwise unique strong solution of

dCs(v) =2(t) —s)@T1+/Cs(v) dBg +< ( ) ;(t —s)o-T l>ds Co(v) = K0,

where g.. := lim,_,sq(x) = p(a—1)£*~1. By comparison and localisation (see also the proof of
(2.4.20)), we can show that for all s € [v, 1),

K; > Cs(v) as.on Q,:= fﬂ{ inf ]2q( (vir) = qm}
vel0,t)
By Ito’s formula, the law of the process C(v) equals to the law of the square of the unique weak
solution Q(v) of the equation

— g0 Os(v)
dQs(v) = (t; — s) = 1dBs +7t1—s

ds, Oy(v)=+Cy(v).

Since Q(v) is the solution of a linear equation, it is not difficult to see that lim,_,;, |Qs(v)| = oo
a.s. and then we deduce that lim,_,;, Cs(v) = oo a.s. Hence, for any v € [0,7;), lim,_,;, Ky = oo
(%tl))

a.s. on Q,. Since lim,_,;, 2¢(X; > (o A.S. ON FZ’ we obtain that limy_,,, Ky = o a.s. on
Uefoa) @ = F;7, which is (2.5.5). We conclude that P(F; 1 {limg_,, X" = ¢}) = 0. Clearly

by similar arguments, we can prove that P(F; N {lim,_;, XS(WI) = —(}) = 0. Hence P(F;) =0.
The proof of the lemma is now complete. U

2.5.2 Proof of Lemma 2.4.5

Denote by P, . the distribution of the diffusion Z with Z, =z and {T, s : 0 < u < s} the asso-
ciated time-inhomogeneous semi-group. Similarly, denote by IP, the distribution of the diffusion
H starting from z at initial time and {T; : s > 0} the associated semi-group. Clearly, the diffusion
coefficient (s,z) — a(u+s,z) and the drift (s,z) — d(u+s,7) of the diffusion s — Z,; satisfy
the hypothesis of Theorem 11.1.4 in [90], p. 264. We deduce that, for every f € C,([0,);R)
and s € [0, ),

1Lm Tuu+tsf(z) =Tsf(z) uniformly in z on compact subsets of R. (2.5.6)
U—>o0

Moreover,
lim Tsf(z) =TI(f) uniformly in z on compact subsets of R. (2.5.7)
s§—>o0
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Indeed, assume that z belongs to the compact set [b, c|. By using the strong Markov property, we
can prove that for all s € [0,00) and v € R,

Py(Hs >v) <P,(Hy >v) < P.(Hs > V).

By using the ergodic theorem and these last inequalities we get the uniform convergence on
compact subsets of R in (2.5.7). Besides, by the Markov property, for all s,u € [0,o0),

TO,u-i—Sf(ZO) - H(f) = TO,u [Tu.,u+sf - Tsf] (ZO) + TO,u [va - H(f)] (ZO)

and clearly, for arbitrary r, s, u nonnegative real numbers,

Toutsf(z0) =T < sup {|Tuursf (2) = Tof ()| + [Tof (&) =TI} + 4 flleo Py (12| = 7).

z€[—nr]

Thanks to (2.5.6) and (2.5.7), for all r,€ > 0 there exists sq, 1y € [0,o0) such that for all u > uy,
I To,ut50f (20) —TI(f)[ < & +4HfHoo81>ll(€)>]P(\Zs\ >r).
5>
Since Z is bounded in probability we deduce that lim,, . To ., f (z0) = II(f). O
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Chapter 3

Invariant distributions and scaling limits
for some diffusions in time-varying random
environments

Abstract: We consider a family of one-dimensional diffusions in a dynamical Wiener medium, which
are random perturbations of the Ornstein-Uhlenbeck diffusion process. We prove quenched and annealed
convergences in distribution and under weighted total variation norms. We find two stationary probability
measures which are either the standard normal distribution or a quasi-invariant measure, depending on
the environment, and which is naturally connected to a random dynamical system. Then we apply these
results to the study of a model of time-inhomogeneous Brox’s diffusions, which generalizes the diffusion
studied by Brox (1986) and those investigated by Gradinaru and Offret (2011). We point out two distinct
diffusive behaviours and we give the speed of convergences in the quenched situations.
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3.1 Introduction

Random walks (RWs) in random environments (REs) and their continuous-time counterparts,
the diffusions in random environment, pave the way for the study of a multitude of interesting
cases, which have been tackled since the 70’s in a large section of the literature.

Concerning the genesis of the theory, we allude to [14, 15], as regards the discrete-time sit-
uation, and to [19-21], as regards the continuous-time one. For more recent refinements and
generalizations, we refer to [26-33,93] and for a general review of the topic, we refer to [34].

Here we investigate one-dimensional diffusions evolving in dynamical Wiener mediums,
which has some common features with those studied in [3,20]. We give, under weighted total
variation norms, quenched and annealed diffusive scaling limits, may depend on the environment,
and thus which are not always normal distributions. We also give the speeds of convergence un-
der the quenched distributions. In addition, we bring out a phase transition phenomenon, which
is the analogue in RE, to a particular situation considered in [3].

RWs in dynamical REs has been widely and intensively considered in the past few years
under several assumptions. Initially, space-time i.i.d. REs has been introduced and studied
in [37-39]. Further difficulties arise when the fluctuations of the REs are i.i.d. in space and
Markovian in time, case addressed in [41,42], and major one arise when we consider space-
time mixing REs, case recently studied in [43-45]. However, continuous-time diffusions in
time-varying random environment has been sparsely investigate. Nevertheless, we can mention
[46,47] concerning the homogenization of diffusions in time-dependent random flows.

To recall some results in [20] and [3], introduce some notations. Consider the space

®:= {9 'R — R continuous, 6(0) =0 and lim x~26(x) = 0} (3.1.1)

|x|—eo
endowed by the standard o-field # generated by the Borel cylinder sets. It is classical that there
exists a unique probability measure # on (®,%) such that {6(£x): 0 € ®,x > 0} are two
independent standard Brownian motions. The probability distribution % is called the Wiener
measure. The space ©® is naturally endowed with a structure of separable Banach space by

setting ||0||@ := sup,cg |6(x)|/(1+x?) such that Z coincide with the Borel o-field Zg. Brox
make sense in [20] to solution of the informal diffusion equation

1
dX, = B, — 56/ (X,) dr, (3.1.2)

where 6 € O and B is a standard one-dimensional Brownian motion independent of (®, %, %).
Denoting by Py the quenched distribution of such solution and by {S; : A > 0} the scaling
transformations on ® defined by S5 6(*) := A 10 (Ax), the author shows that there exits a family
of measurable functions {b;, : h > 0} on (®,%) such that, for # -almost surely 6 € ©, the
following convergence holds in probability

X; X —byo t(e) Py
i B (S e) - d
(logt)2 ' \7(logr)? (logt)? 1o

> 0. (3.1.3)
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The Wiener measure being invariant under the scaling transformations, if we denote by by the
distribution of b; under %, and by IP the annealed distribution (the expectation of IPg under %),
the following convergence holds in distribution

X (d)

—Dby. 1.4
(log?)? == by (3.1.4)

The key to prove these results is a to take full advantage of the representation of X in terms
of a one-dimensional Brownian motion changed in scale and time, and of the invariance of the
Brownian motions B and 6 under the scaling transformations S;. The author prove that the
diffusion is localized in the valleys of the potential 8, which are themselves characterized by b.

Then set W (x) := |x|'/? and consider, for any B € R, the particular time-inhomogeneous
singular stochastic differential equation studied in [3] and which is given by

1 W/(Y,
dY,:dBt—z té’)

dr. (3.1.5)

The authors show the existence of a pathwise unique strong solution and prove diffusive and
subdiffusive scaling limits in distribution, depending on the position of  with respect to 1/4.
More precisely,

x2
(27)"2e~ T dx, when > 1/4,
Y, @
—

N , (3.1.6)
k;le_[%JrW(x)} dx, whenf =1/4,
and i @ 1w
S5 ook e Wk, when < 1/4, 3.1.7)

k. and k, being two normalization positive constants. In order to prove the results in (3.1.6),
they study the diffusion equation

1
dZ; = dB, — 5 Z+e"W'(Z,)] dr. (3.1.8)

This process is naturally related to equation (3.1.5), by setting r := 8 — 1/4, via a well chosen
scaling transformation taking full advantage of the scaling property of the Brownian motion B
and of the deterministic scaling property of the potential W. For more details we refer to [3]. We
can expect to get similar results by replacing W in (3.1.5) by a typical Brownian path 6 € ®, and
this is one of the objects of this article.

The paper is organized as follows: in Section 3.2, we first introduce a diffusion equation in
moving Wiener potential, which generalizes equation (3.1.8). Then we state our main results and
we give the general strategy of the proofs. In Section 3.3, we apply these results to a model of
time-inhomogeneous Brox’s diffusions. This is a generalization of equation (3.1.5) and (3.1.2)
and we obtain similar asymptotic behaviours as in (3.1.6). Thereafter, in Section 3.4, we prove
existence, uniqueness and nonexplosion for the diffusion in time-dependent random environment
that we consider (Theorem 3.2.2). In Section 3.5, we prove that this process is a strongly Feller
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diffusion, which satisfies the lower local Aronson estimate and a kind of cocycle property (Theo-
rem 3.2.3). In Section 3.6, we prove some convergence results in order to prove Theorems 3.2.4
and 3.2.5 in Sections 3.7 and 3.8. Finally, we give the proofs of some technical Lemmas in the
Appendix 3.9.
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3.2 Model and statement of results

3.2.1 Fluctuating Ornstein-Uhlenbeck potential

In the present paper, we study Brownian motions dynamics, in time-dependent Wiener medi-
ums, given by the underlying dynamical random environment

{Y}G(x) = S8,20(x) =e*0(e?x): 0 €O, 1,x ¢ R}. (3.2.1)

The family {7; : t € R} is a one-parameter group of transformations leaving invariant % and
such that under this probability measure, {7;0(x) : t € R} is a stationary Ornstein-Uhlenbeck
process having .4"(0,x) as stationary distribution. Moreover, it can be proved that the dynamical
system (@, B, # ,(T;):cr) is ergodic (see Proposition 3.6.7).

We consider, for any r € R, the diffusion process Z, solution of the informal stochastic dif-
ferential equation driven by a standard Brownian motion B, independent of (®, %2, %),

1
dZ, = B, — 50:Ve(1,Z)d1, Z;=z€R,12520,0€0. (3.2.2)

with
2

Vo(t,x) == % Fe T T0(x). (3.2.3)

Figure 3.1: Realization of the random potential freezed at time ¢
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Note that when 0 (x) := W (x) defined in (3.1.5), 7;0 in (3.2.3) is simply equal to 6 and equa-
tion (3.2.2) is nothing but equation (3.1.8). The diffusion process Z can be seen as a Brownian
motion immersed in the random time-varying potential {Vy(¢,-) : # € R}, as well as an Ornstein-
Uhlenbeck diffusion process, whose potential is perturbed by the dynamical Wiener medium
{e7"T;6 :t € R}.

Moreover, by taking the terminology in [46], one can see Z as a distorted Brownian mo-
tion, whose drift is a Gaussian field {I'(¢,x) : f,x € R} having mean function mr and covariance
function Crt (here a Dirac measure) given by

lr—s|

1 o) o
mr(t,x) = —g and Cr(t,x;s,2) = 7€ [ )+ ] §(e'*x— e/%7).

We need to give a correct sense to solution of equation (3.2.2). Formally, we can see Z as the
diffusion process, whose conditional infinitesimal generator, given the environment 6 € @, is

. d 1 v 9 [ —ve) @ J
LG .—LQJ‘FE = |:§€ a e g +E (324)

The domain and the so-called generalized domain of Lg are defined by

D(Lg):={FeC':e™aFC'} and DiLg):={F e Wi :e maF e W7} (32.5)
where C' and Wllof denote the space of real continuous functions F(¢,x) on [s,o0) x R such
that the partial derivatives d;F and dyF (in the sense of distributions) exist and are respectively
continuous functions and locally bounded functions.

This kind of diffusion operators, with distributional drift, has been already study in [94, 95]
in the case where the coefficients of the stochastic differential equation do not depend on time.
Rigorously speaking, a weak solution to equation (3.2.2) is a solution to the martingale problem
related to (Lg,D(Lg)).

Definition 3.2.1. A continuous stochastic process {Z, :t > s} defined on a given filtered prob-
ability space is said to be a weak solution to equation (3.2.2) if Zs = z and if there exists an
increasing sequence of stopping time {7, : n > 0} such that, for alln > 0 and F € D(Lg),

AT,
F(t ATy, Zinz,) —/ LoF(u,Z,)du, t>s, isalocal martingale,
S

with
T, :=supinf{t > s:|Z/| > n} = sup1,.
n>0 n>0

A weak solution is global when the explosion time satisfies T, = oo a.s. and we said that the weak
solution is unique if all weak solutions have the same distribution.

We are now able to state our first result.
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Theorem 3.2.2. Forallr € R, 6 € ©, s > 0and z € R, there exists a unique global weak solution
Z to equation (3.2.2). Moreover, there exists a standard Brownian motion B such that, for all
F e l_)(Lg),

t t
F(t,2) = F(s,2) + / LoF (u,Z) du+ / OF (1,2)dBu, 1> s. (3.2.6)
S S

Since the one-dimensional equation (3.2.2) is not time-homogeneous, there are not simple
conditions which characterized the nonexplosion as in [20,94,95]. Therefore, the main difficulty
is to construct Lyapunov functions, in order to prove the nonfiniteness of the explosion time (see
Proposition 3.4.2).

Existence and uniqueness are obtained by considering the equivalent one-dimensional stochas-
tic differential equation with random continuous coefficients (3.4.3) (see Proposition 3.4.1),
which is naturally connected to equation (3.2.2), via the pseudo-scale function Sg defined in
(3.4.1). This method is a generalization in the time-inhomogeneous setting of that employed
in [20, 94, 95] and which uses the scale function.

3.2.2 Cocycle property and Aronson estimate

In the following, we denote by PPy .(0) the distribution of the weak solution of equation
(3.2.2), called the quenched distribution, which existence is stated in Theorem 3.2.2. We intro-
duce the canonical process {X; : t > 0} on the space of continuous functions from [0, ) to R,
endowed with its natural Borel o-field .%, and we denote by Py (s,z;t,dx) and P;;(0), the proba-
bility transition kernel and the associated Markov kernel defined, for all measurable nonnegative
function F on R by

PAO)F ()= Buc(O)[F(X)] = [ F(x)Po(s.1,d).

Theorem 3.2.3. Forallr € Rand 6 € ©, {P.(0):5> 0, z € R} is a strongly Feller continuous
family. Moreover, the time-inhomogeneous semigroups {Ps;(0) :t > s >0, 0 € O} satisfies

Poss(8) =PRos(e " T,0) and Poyss(8) = Poy(0)Ros(e " T;0). (3.2.7)

Besides, Py(s,z;t,dx) admits a density pg(s,z;t,x), which is measurable with respect to (0,s,t,z,x)
on O x {t > s > 0} x R?, and which satisfies the lower local Aronson estimate: for all € ®,
T > 0 and compact set C C R, there exists M > 0 such that, for all 0 < s <t < T and z,x € C,

12
! exp(—M|Z i ) (3.2.8)

S, 31, X) 2 ———
p@( ) \/m PR

The idea is to study the equivalent stochastic differential equation (3.4.3) and to prove a
similar theorem (see Theorem 3.5.1) by using standard technics.




102 CHAPTER 3. DIFFUSIONS IN TIME-VARYING RANDOM ENVIRONMENTS

Besides, the transition density being measurable with respect to 6, we can define the annealed
distribution P s,z and the associated Markov kernel Ps, as

~

By, =, [P,,] = /@ P, (@)% (do) and B, :=E,[P,]:= /@ Py (0) ¥ (dw).

We point out that {I/D;, :t > s >0} is no longer a semigroup and that the canonical process is

not a Markov process under the annealed distribution IPs ;. Moreover, in the light of (3.2.7), we
can assume without loss of generality that s = 0 in (3.2.2) and we set

IPZ(G) ::IPO,Z(B)a Pg(Z;l,dX):Pg(O,Z;Z,dX), PG(Zﬁax):PG(O,Z;tyx)

and R R
B(G) ::P07t(9), B::P()’t.

Furthermore, the case where r = 0 is of particular interest since relation (3.2.7) can be written
Pi5+1(0) = B(T;0) and Psi4(0) = P(0)P(T0). (3.2.9)

Roughly speaking, the diffusion equation (3.2.2) is time-homogeneous in distribution in this
situation. The relation (3.2.9) is called the cocycle property and it induces (see [53] for a defini-
tion) a random dynamical system (RDS) over (©, %, # ,(T;)) on the set .# of signed measures
on R, by setting, forall v € .,

VR(0)(dx) = [ Polzir,dv) v(dz) = ( /| p9<z;r,x>v<dz>) d.
Note that the set of probability measure on R, denoted by .7, is invariant under this RDS.

3.2.3 Quasi-invariant and stationary probability measures

To state our next important results, we need to introduce some additional notations and def-
initions. We said that u is a random probability measure on R, over (@, %4, %), if ug € 4,
for # -almost surely 0, and if 6 — pg(A) is measurable for all Borel set A. For such random
probability measure , we introduce the probability measure [I defined by

f:=1,[u]:= /@uww(dw)-

Let Uy and Vy, be the functions on R defined by

2
Uqg(x) := exp (a%) and Vg (x) :=exp(|x|%). (3.2.10)

The Ug-total variation norm and the Vi -total variation norm of v € . are defined as in [59] by

IVllvg := sup [v(f)| and [[vlly, := sup |v(f)],
|f1<Uq |f1<Va
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the supremum being taken on the set of bounded measurable functions f on R. Note that if
v € . then ||V||y, and ||V||y, are nothing but v(Uy) and v(Vy). In addition, we set

My, ={veM:||V|u, <o}, My, :={veH:|V|y, <o}

and
///LU(X = Q%Ua, %17va = ﬁ///va.

Theorem 3.2.4. Assume that r = 0. There exists a random probability measure L on R over
(®, B, W), unique up to a ¥ -null set, such that, for all t > 0,

UeP(0) = Ure W -a.s. (3.2.11)
Moreover, for all a € (0, 1), the quasi-invariant measure satisfies
Mo € My, W-as. and [ € .M y,. (3.2.12)
Furthermore, there exists A > 0 such that, for all v € #\ y, and V € M, y,,

1 P, —
limsup og(||vPh(0) — uzellu,)

f—yoo t

<-A W-as. (3.2.13)

and R
lim |97, — v, = 0. (3.2.14)

Linear RDSs has been studied in an extensive body of the literature. The dynamics (in par-
ticular the Lyapunov exponents) in the case where the discrete-time linear RDS acts on a finite
dimensional space (the case of infinite products of random matrices) has been well understood
for a long time, for instance in [54,55], whereas the situation where the general linear RDS acts
on a separable Banach space has been newly studied in [56].

Our goal in Theorem 3.2.4 is to obtain a quasi-invariant probability measure for the random
Markov kernels F;(0) and to give convergence results in the separable Banach space .#, (ex-
ponential convergence) and .#y,. We need a kind of random Perron-Frobenius theorem, which
has been, for example, obtained in [57] for infinite products of nonnegative matrices, and more
recently in [58] for infinite products of stationary Markov kernels over a compact set.

However, the Markov operators that we consider act on the infinite dimensional space .#
and are defined over the noncompact set R. To overcome this problem, we need to see that
Uy and V, are Foster-Lyapunov functions (see Propositions 3.6.4 and 3.6.5). More precisely,
we show that Lyapunov exponents can be chosen independently of the environment 6, while
keeping a control on the expectation of the Uy-norm and the Vy-norm. The classical method
to construct Foster-Lyapunov functions for Markov kernels is to construct Lyapunov functions
for the infinitesimal generators (see Lemma 3.6.2 and 3.6.3). Nonetheless, we stress that neither
Uq nor Vy belong to the generalized domain D(Lg) and we need to approximate uniformly
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these functions by functions of this domain, while keeping a control on the expectation under
the Wiener measure. This is possible by using the Holder continuity of Brownian paths (see
Proposition 3.6.1). Then, we use the explicit bound on convergence of time-inhomogeneous
Markov chains (see Proposition 3.6.6), obtained from [59], via coupling constructions, Foster-
Lyapunov conditions and the cocycle property, together with the ergodicity of the underlying
dynamical system. We point out that the Aronson estimate (3.2.8) is necessary to the coupling
constructions.

Furthermore, let us denote by {U; : ¢ > 0} the canonical process on the space E of continuous
functions from [0, ) to ®, endowed with its natural o-field ¢, and introduce the Markov kernels
I, on (2 xQ,9 ®.%), and the probability measure [ on (® x R, Z ® %(R)), respectively
defined by the product and disintegration formula

Mg = 870,420y @P;(6) and [(dw,dx) :=# (dw)ue(dx). (3.2.15)

Then we can see that {(U;,X;) : t > 0} is a time-homogeneous Markov process under ITg . such
that ( is an invariant initial distribution. This process is called the skew-product Markov pro-
cess (see [96,97] for the discrete-time situation). By applying standard results on general time-
homogeneous Markov processes (see for instance [98]) we deduce that for all F € L1(® x R, 1),
z€Rand # -a.s. 6 € 0O,

1 t
lim= [ F(Us,X:)dt = / F(o,x)E(do,dx), T, -as. (3.2.16)
1= 1 )0 OxR
Moreover, we note that equation (3.2.12) provides some information on the tails of g and
fi. Especially, one can see that for all o € (0, 1), there exists a random variable C : @ — (0, o)
and C > 0 such that, for all r > 0,

2
ue<<r,oo>>sceexp(—a%) Weas. and f((re) <Cexp(—r%).  (217)

Theorem 3.2.5. Assume that r > 0. For all z € R and for W -almost surely 6 € ©, the following
convergence holds under P,(0),

imX < (0,1). (3.2.18)

f—oo

Here the space-time mixing environment is, contrary to Theorem 3.2.11, asymptotically neg-
ligible and the diffusion behaves, in long time, has the underlying Ornstein-Uhlenbeck process.
Since the cocycle property (3.2.9) is no longer satisfied, we loss the structure of linear RDS. To
prove this result, we use once-again Proposition 3.6.6 but we also need to apply [3, Lemma 4.5]
to the equivalent stochastic differential equation with random continuous coefficients (3.4.3).

Following the terminology used in [3], it is not difficult to see that this equation is asymptot-
ically time-homogeneous and S.I-ergodic, with § the scale function of the Ornstein-Uhlenbeck
diffusion process having I ~ .47(0, 1) as stationary distribution and S,I" the pushforward distri-
bution of I" by S. As they mention in [3], the difficulty to apply this lemma is usually to show the
boundedness in probability. To this end we need to use Foster-Lyapunov functions.
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3.3 Application to time-inhomogeneous Brox’s diffusions

We turn now to our main application, the study of the so-called time-inhomogeneous Brox’s
diffusion. We consider, for any 8 € R, the informal stochastic differential equation driven by a
standard Brownian motion B, independent of the environment (®, %, #'),

10'(Y,
dt: :dBt_E fﬁt)

de, Y,=yeR, t>u>0,0¢c0. 3.3.1)

A solution to equation (3.3.1) is, in the same manner as in definition 3.2.1, the diffusion
whose conditional generator, given 6 € O, is

1 @ 9 _8) ¢ d
= — [ﬁ — ;ﬁ J— J—
Lo : {2e Ep (e )} + 3 (3.3.2)

with domain
(x)
D( %) = {F(t,x) € C([u,00) x R;R) : e‘ezTaxF(z,x) e C!([u,00) x R;R)} . (3.3.3)

As for equation (3.2.2), where we can assume without loss of generality that s = 0, we can
assume that u = 1 in equation (3.3.1). Moreover, as in (3.1.8), we assume that f = r— 1/4 and
we define, for all continuous functions @ on [1,e0) and all measurable function G on [1,00) X R,
@, (0)(7) := w(e') /e/? and EG(t,x) := G(',¢'/%x).

It is a simple calculation to see that & : D(.%p) —> D(Lg) is a bijection and that Ly =
& o Lyo& . In the same way as in [3, Proposition 2.1 and Section 2.2.1] we deduce that
{Y; : 1t > 1} is a weak solution to equation (3.3.1) if and only if {Z; := ®(Y;) : t > 0} is a weak
solution to equation (3.2.2).

Then a direct application of Theorems 3.2.2, 3.2.3, 3.2.4 and 3.2.5 gives that for all 6 € O,
there exists a unique irreducible strongly Feller diffusion process solution to equation (3.3.1).
Let Q,(0) be its quenched distribution and denote by {R;(6) : ¢ > 1}, the time-inhomogeneous
semigroup associated to {X;/+/7 : 1 > 1} under Q,(6), and by Qy and {R; : > 1} there annealed
counterparts. We recall that § is the classical scaling transformation defined above (3.1.3). The
following two corollaries are the analogous of Theorems 3.2.4 and 3.2.5.

Corollary 3.3.1. Assume that B = 1/4. For all o € (0,1) there exists A > 0 such that, for all
v e .y, and Ve M Yy

- log([[VRi(6) - ps ;ellu.)
lim sup

<—A W-as. (3.3.4)
PRI logt

and R
lim || VR, — fi]]y, = 0. (3.3.5)
t—o0
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Corollary 3.3.2. Assume that B > 1/4. For all y € R and for # -almost surely 6 € ©, the
following convergence holds under Q,(0),
@

X @
Jim = A (0,1). (3.3.6)

The scaling limits (3.3.4), (3.3.5) and (3.3.6) are to be compared with the two convergences
presented in (3.1.6) (the deterministic situation studied in [3]) and convergences (3.1.3) and
(3.1.4) (the random time-homogeneous situation considered in [20]).

These results have some commons features with those presented in [3] and [20] and also with
those presented in [30, 31, 38,39,46,47] concerning the quenched central limit theorem (3.3.6).
There is still a phase transition phenomenon for f = 1/4 and we obtain distinct quenched and
annealed scaling limits for the critical point. Moreover, we are more accurate concerning the
speed of convergence, which is polynomial here, and exponential in Theorem 3.2.4.

Nevertheless, the case where B < 1/4 seems to be out of range of the present technics. In fact,
we wait a stronger localization phenomenon and a subdiffusive behaviour of order 2P logz(t)
when 8 > 0 and an almost sure convergence when 3 < O (which can seen as a generalization and
mixture of results presented in (3.1.3), (3.1.4) and (3.1.7)). Note that in the case where f < 0
equation (3.3.1) is (via a simple change of time) a damped stochastic differential equation in
random environment.

Furthermore, some methods elaborated in this paper can be used to study a similar interesting
situation where we replace the Brownian environment 0 in (3.3.1) by an another self-similar
process. These situations are object of some works in progress. The case of a multiplicative
noise or similar equations in higher dimension seems to be more difficult.
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3.4 Proof of Theorem 3.2.2

Theorem 3.2.2 will be a direct consequence of Propositions 3.4.1 and 3.4.2.

3.4.1 Equivalent SDE and martingale problem

We introduce an auxiliary stochastic differential equation, which is naturally connected to
equation (3.2.2). Let S and H be the functions on ® x R? defined by

e2x |z _ 7(%“)9
e{ 2 @ dz and

Se(,%) ::/O eVe@vy)dy:e—é/

0
So(t,Ho(t,x)) =x. (3.4.1)

Recall that the random potential Vy is defined in (3.2.3) and note that Hg is well defined since
the so-called pseudo-scale function x — Sg(#,x) is an increasing bijection of R. Moreover, by
using the second representation of Sy, obtained by the change of time z := ¢’ /2y, we can see that
Se(t,x) and Hg(t,x) are continuously differentiable and we can set

Go(t,x) := (3:S0)(t,Ho(1,x)) and dg(t,x) = (3,S¢)(r, Ho(t,x)). (3.4.2)

We can consider, for any 8 € ©, the stochastic differential equation with continuous coeffi-
cients and driven by a standard Brownian motion B, independent of (®, %4, %),

dZ, = Go(t,7,)dB, + dg(t,Z:)dt, Zs=z€R, 1>5>0. (3.4.3)
We can see that, for all (8,s,7,x) € ® x R,

Se(s+1,x) = Senyg(t,x) Op(s+1,x) = Opnrg(t,x)
; d ; . (344
{Hg(s—H,x) = Hyvgeltr) 2™ \dels+1,0) = dynpelt,x) (4.9

Let C!2 be the space of continuous functions F(z,x) on [s,o0) x R such that &;F, d,F and
02,F exist and are continuous functions and denote by Ly the generator of (3.4.3) given by

- o [o(t,x) & 1 9
Lg .—LQ,‘{‘E.— |: 2 w+d9(l,x)a:|+5t.

We can see that Sg and Hg induce two bijections from the space of measurable functions on
[s,0) x R into itself, inverse to each other, by setting

FoF (t,x):=F(t,S¢(t,x)) and JF(t,x):=F(t,Hg(t,x)).
By restriction, we get that . and 7% induce bijections

S :CY2 — D(Lg), 4 :D(Lg) — C'?
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and
1,2,00
loc

Fo W2 —D(Lg), Ho:D(Lg) — W

loc

where Wllo’z’w denote the Sobolev space of continuous functions F (¢, x) on [s,o0) x R, such that the
partial derivatives 9, F, d,F, d;(d,F) and d2.F exist and are locally bounded functions. Moreover,

the infinitesimal generators Lg and Lg are equivalent. More precisely, they satisfy

o VoLgo. Sy =Lg. (3.4.5)

Proposition 3.4.1. Forallr € R, 6 € O, s > 0 and z,z € R, such that 7 := Sy (s,z), the process
{Z; :t > s} is a weak solution to equation (3.2.2) if and only if {Z; := Sg(t,Z;) : t > s} is a weak
solution (up to the explosion time 7,) to the stochastic differential equation (3.4.3). Furthermore,

there exists a unique weak solution (Z,B) and, for all G € Wll(;c’w,

1 t
G(t,Z,) = Gls,2) + / LoG(u, Z,) du + / 0G(1,Z,) Op(1,Za)dBuy s <1< Tp.  (34.6)
S S

Proof. Assume that Z be a weak solution to equation (3.4.3). By using the Ito formula, Z solves
the martingale problem related to (Lg,C!?). Therefore, Z; = z and there exists an increasing
sequence of stopping time {7, : n > 0} such that, foralln > 0 and G € cl2?,

AT
G(t Ny, Zing,) —/ LoF(u,Z,)du, t>s, isalocal martingale,
S

with
T, :=supinf{t > s :|Z;| > n} = sup1,.
n>0 n>0
We deduce from relation (3.4.5) that {Z; := Hg(t,Z;) : t > s} is a weak solution to (3.2.2)
since Z; =z, foralln > 0 and F € D(Lg), G := JF € C!2, and

ATy AT,
F(t AT, Zine,) — / LoF (1, Z) du = G(t A Ty, Zone,) — / LoG(u,Z)du, 1>,
N s

is a local martingale. A similar reasoning allow us to show that if Z is a weak solution to (3.2.2)
then {Z, := S¢(t,Z;) : t > s} is a weak solution to (3.4.3).

Moreover, equation (3.4.3) has continuous coefficients 0y and dg and is strictly elliptic (that
is og > 0) and we deduce, by using classical arguments of localization (see, for instance, [90, p.
250-251]), that there exists a unique weak solution (Z, B). Furthermore, by using the classical
Ito-Krylov formula (see, for instance, [99, Chapter 10] or [100, p. 134]), we obtain (3.4.6) since,
forall n >0 and G € W, >,

tAT, tAT,
Gt ATy, Zing ) = Gls,2) + / LoG(u,Z,) du + / .G (1, Z4) O (1, Za) dBuy 1> s,
S S

with
T, :=inf{t > s:|Z;| > n}.
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3.4.2 Chain rule and nonexplosion

1,00 . -
We define, for all & € ® and ¢ € W, 7, the function ] € D(Lg) by

loc °

X J—
F{(0.5) = [ exp[e " T60:)] 9(t.)dv € DiL).
By standard computations, we can get the following chain rules
1 —7
Lo Fg(t,x) = 5 €XP [e " T,0(x)] (d:p(t,x) —x0(t,x)), (3.4.7)
and

8,Fép(t,x) = %exp [e_”T,O(xﬂ o(t,x)— %Fép(t,x)—k

[ exple 001 (a00.0) - Ja0) - (347) [ TO0] 00 ) 85 G48)

Proposition 3.4.2. Forallr € R, 60 € ©, s > 0 and z € R, the explosion time of any weak solution
Z to equation (3.2.2) is infinite a.s.

Proof. Let Uy, with o € (0,1/2), the function defined in (3.2.10) and set

Up(t,x) := 1+ /OXGXP [e7"T;6(y)] Uy (y) dy € D(Le).

We shall prove that Uy is a Lyapunov function, in the sense that, for all 7 > 0, there exists
A > 0 such that, forall 0 <¢ < T and x € R,

LgUg(l,x) < QLUQ(Z‘,X) and lim inf Ug(l‘,x) = oo, (3.4.9)

x| o0 0<I<T

The second relation in (3.4.9) is clear since 6 is continuous and lim,|_,.. 6 (x) /x* = 0. Then
by using (3.4.7) and (3.4.8), we can see that

1
Lo, Up(t,x) = —a(1 — ) (1 - m) x*exp [e " T,0(x)| Uq(x) (3.4.10)
and

AUp(t,x) = —/Ox (aTyz + (i +r> [e™" Tte(y)}) exp [e " T,0(y)] Uj(y)dy

+ %xzexp [ T,0(x)] Ua(x) — (Ug(t,x) —1). (3.4.11)
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Moreover, we can see that for x sufficiently large

1 o

Therefore, we get from (3.4.12) and (3.4.10) that there exist L; > 0 and a compact set C such
that, forall 0 <¢ < T and x € R,

Lo Up(1,x) + %xz exp [ T,0(x)] Ua(x) < Ly Le(x) < Ly Ug (t,). (3.4.13)

Besides, can see that there exists L, > 0 such that, for all 0 <7 < T and x € R,

A (%yz i Gx * ) 7716 W) exp [ T,0(y)] Ug(y) dy >

X a _r
/0 (Zyz —Lz) exp [e " T;0(y)| UL (y)dy > —LyUp(t,x). (3.4.14)
We deduce from (3.4.14), (3.4.13) and (3.4.11) that (3.4.9) is satisfied with A := L + L, and

by using a classical argument (see for instance [90, Theorem 10.2.1]), we can complete the proof.
i
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3.5 Proof of Theorem 3.2.3

We shall prove that it suffices to prove the analogous theorem (see Theorem 3.5.1 below) for
the diffusion equation (3.4.3).

To this end, let P ;(6) be the distribution of the solution to (3.4.3) and denote by Pg(s,z;¢,dx)
and by PSJ(G), the transition kernel and the Markov kernel defined, for all measurable nonnega-
tive function F by

Pyy(8)F (2) i= Ey [F(X,)] := /R F(x)Pg(s, 21, dx).

Assume that {P, ;(0) : s > 0, z € R} is strongly Feller continuous. One get by using Propo-
sition 3.4.1 that, for all bounded measurable function F on [0,00) X R, > s> 0and z € R,

Es,z(e)[F(taXt)] :Es7Sg(s,z)(9)[F(t7H9(t7Xl))]'

Since Sp is continuous on R?, we deduce that {P;,(0) : s > 0, z € R} is also strongly Feller
continuous.

Assume that {P,,(0) : t > s > 0} satisfies relations (3.5.1). Then we get from (3.4.4) and
again Proposition 3.4.1 that, for all nonnegative function F on R, s, > 0 and z € R,

PS,S—H(9>F(Z) = Ps,s—‘—t(e) [F(HO(S—'_t?*))] (SG (S7Z))
=P (e "T;0) [F(Hyrs7,6(t,%))] (Se-r57,6(0,2)) = Pos (e " T,0)F (2).

By using the Markov property, we obtain relations (3.2.9).

Finally, assume that Pg(s,z;¢,dx) admits a measurable density pg(s,z;t,x) which satisfies
the lower local Aronson estimate (3.5.2). Once again, Proposition 3.4.1 applies and gives that
Py(s,z;t,dx) admits a density p such that

pe(s7Z;t7-x) - pg(S,Se (S,Z);t7Se(t’x))eve(tvx)_

Since Sy is a locally Lipschitz function, we deduce that pg(s,z;z,dx) is also measurable and
satisfies (3.2.8). This completes the proof, excepted for Theorem 3.5.1.

Theorem 3.5.1. Forallr e Rand 6 € ©, {P,,(0):5> 0, z € R} is a strongly Feller continuous
family. Moreover, the time-inhomogeneous semigroups {Ps;(0) :t > s >0, 0 € O} satisfies

Pyy11(8) =Py, (e "T,0) and Poyy,(0):=Pos(0)Po,(e "*T;0). (3.5.1)

Besides, Py (s,z;t,dx) admits a density pg(s,z;t,x), which is measurable with respect to (0,s,t,z,x)
on @ x {t>s>0}x R2, and which satisfies the lower local Aronson estimate: for all 6 € O,
T > 0 and compact set C C R, there exists M > 0 such that, for all 0 <s <t <T and z,x € C,

1 !Z-X!z)
s, z;t,x) > ————exp | —M . (3.5.2)
palsi.0) > ot p( —
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Proof of Theorem 3.5.1. Since equation (3.4.3) is strictly elliptic (g > 0) and has continuous
coefficients, it is classical (see for instance [90, Corollary 10.1.4]) that its unique weak solution is
a strongly Feller continuous diffusion, which admits transition densities pg(s,z;t,x) measurable
with respect to (s,t,z,x) € {t > s > 0} x R? for each 6 € ©.

Moreover, we can see that relations (3.5.1) are direct consequences of the Markov property
and the right hand side of (3.4.4) and we need to prove the measurability of p on ® x {t > s >
0} x R? and the lower local Aronson estimate (3.5.2). Set, for all 6 >0,

Ps.o(s,2:1,dx) := Py .(8) (X, € dx, 75(s) > 1) = P2 (8) (X, € dx, 75 > 1)

with
T5(s) :=inf{r > 5:|X;| > S} AT.

Here Pgi) (6) denotes the distribution of the truncated diffusion process, whose coefficients are

given on [0,) x R by
d (t,x) ;= dg(t AT, (xAS)V—n) and o3 (t,x) := Gp(t AT, (xAS)V —8).
It is not difficult to see that the fundamental solution pgS) of the associated partial differential
equation (PDE) satisfies the global Aronson estimates.
Indeed, even if the associated partial differential operator is not of divergence form, we can

see that it is equivalent to a uniformly elliptic divergence type operator, with bounded coeffi-
cients, employing the change of scale defined on [0,) x R by

@ o [ L v dy)(t3)
100 := | TS (2/0 O dz) a

0

Hence the results in [101] apply and we deduce that the associated fundamental solution pgs)

satisfies the global lower local Aronson estimate since kgs) is locally Lipschitz. Therefore, there

exists K > 0 such that, for all 0 < s <t and x,z € R,

1 Kl|x—z[? (8) K [ —2|?
— )< t,x) < — . 353
K\/t—seXp< r—s ) Spe (5,2,00) < s P K(t—s) (3.5.3)

Following exactly the same lines as the proof of [102, Theorem II.1.3] in the time-homogeneous
situation, we can prove that Ps g(s,z;¢,dx) admits a density ps o(s,z,7,x) which satisfies the
lower local Aronson estimate (3.5.2). Since p > ps we deduce that p satisfies also (3.5.2).

It remains to prove the measurability of p. Since (6,¢,x) — 0g(f,x) and (0,7,x) —> dg(t,x)
are uniformly continuous on bounded sets of ® x R?, we can apply [90, Theorem 11.1.4] and we
deduce that, for all bounded measurable function G on Q, (0,s,z) — E;;(0)[G] is measurable
on @ x [0,00) x R. It is then not difficult to see that p is measurable on ® x {r > s > 0} x R2,
The proof is done. U
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3.6 Preliminaries of Theorems 3.2.4 and 3.2.5

We need to prove some auxiliary results.

3.6.1 Uniform affine approximations of the environment

In the following, set, for all y € (0,1/2),

0 ||lyn+16"
Hy(6) :=sup 167y 1] HY’", ®y := {0 < Hy < o}, (3.6.1)
n>0 L(”)

with, forall n > 0 and x € R,

6% and L(x):=+/1+log(1 + |x|). (3.6.2)

0(+y) —0(+x
e ap 190G
n<x<y<n+l |y —)C|

In addition, we denote for all € > 0 by Ay ¢(0) (see figure 3.2 below) the piecewise linear
approximation of 6 associated to the subdivision Sy ¢ := {xmk ne”Z,0<k< m,,} defined by

1
my = h;l = [L?(n)e_l} + 1L, xpp:=n+khyand x_,, j := —x, 1.

—] 6 Mw%[\n ; [\“\
Aye(0) TN 1
hn hn-l—l M
Xr;,o‘ - Xnk 00 Xnm,
An+1,0 " Xnt1k " Xntlm,,
n n+1 n+2

Figure 3.2: Affine approximation of a typical Brownian path 6

Then we introduce the random affine approximation Wy . defined, for all 6 € ©, by

) € iz
ny’g(e) .—A%nng(g)(e), Wlth n}/‘g(e) .= (Hy<9)> , (3.6.3)
and we set

_ [ Wre(0) ()]
Aye(0)(x) :==0(x) —Wye(0)(x) and Dy¢(0):=sup ————.

; (3.6.4)
xeR L7 (x)
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Proposition 3.6.1. Forall y € (0,1/2), ®y is (T;)-invariant and there exists ot > 0 such that

Ey [exp (OCH}%)} = / exp(aH%(Q))W(dQ) < oo, (3.6.5)
(C)
Moreover, for all € > 0 and 6 € ©y,
1
sup|Aye(0)(x)| <& and Dye(0)<e <1 + (e7'Hy(0)) V) . (3.6.6)
xeR

Proof. Clearly Hy, : ® — [0, 0| is a seminorm and to get inequality (3.6.5) it suffices to apply the
Fernique theorem presented in [103]. We need to check that H, < oo % -a.s.

By using the Holder continuity of the Brownian motion on compact sets, the seminorm de-
fined on ® by N(0) := ||67 |1 + |0 ||y,1 is finite a.s.

Moreover, by using the Fernique theorem and the Markov inequality, we deduce that there
exists ¢, B > 0 such that, for r sufficiently large,

F(r):=#({N>r}) <E,[exp(BN?)]e P < ce P,

Besides, the random variables (6 — [|07 ||y, + [0 |/yn), n > 0, being i.i.d. by using the
Markov property, we get that

lim 7/ ({Hy < h}) = ]}ig)lon]j)(l —F (hL(n))) > lim wo (1 — #) =1.

h—yo0 - -
n—=

Fernique’s theorem applies and we deduce (3.6.5). The fact that ®y is (7;)-invariant is obtained
by noting that, for all 6 € ® and ¢ € R,

Hy(T;6) < 2exp <(y— %) %) (exp (%) + 1) igl()) ‘ ((n —;2;2 i 1> Hy(0).

Furthermore, let € >0, n > 0 and x,y € R be such thatn <x,y <n+1 and |y — x| < h,, where
hy, denotes the step of the subdivision Sy ¢ defined in Figure 3.2. We can see that

[65(v) — 6% (x)| < L(n)Hy(6) hl; < Hy(6) €7

and when |y — x| = h,, we get
6% (y) — 6~ ()]

|y — x|
Therefore, we obtain that

< L(n)Hy(0)|y—x|""' < H,()e"h," < H,(8) " (g*IL%(n) + 1) .

sup [6(x) —Aye(0)(x)| < Hy(0)e" and sup T

O] < Hy(0)e"'(1+¢).
x€R x€R LY(x)

Replacing in the two last inequalities € by 1y.¢(6), defined in (3.6.3), we deduce the proposition.
i
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3.6.2 Random Foster-Lyapunov drift conditions

Let ¢ be a twice continuously differentiable function from [1,0) into itself such that, ¢(v) =
L on[1,2], (v) =von [3,) and ¢(v) < von [0,). Weset, forall r € R, 8 € ®y, a € (0,1),
Y€ (0,1/2),e >0andt,x € R,

Gg(x) := (Vg (x)), Gg’g(t,x) = 1+/Oxexp (e_”T,A%g(O)(y)) G, (y)dy € D(Lg) (3.6.7)

and
Fye(t,x) =1+ /O exp (7" TiAye(0)(y)) Ug(y) dy € D(Lg). (3.6.8)

We need the following two results, whose proofs are postponed to the Appendix.

Lemma 3.6.2. Forallr € R, o € (0,1), Y€ (0,1/2), T > 0 and A > 0, there exists € > 0 such
that, for all 0 < € <€, there exist a random variable B : ® — [1,00) and p,k,c > 0 such that,
forall €©,, 0<t<Tandx R,

LoF)*(t,x) < —AF)(t,x) + By, withBg <kexp (cH}(0)). (3.6.9)

Lemma 3.6.3. Forallr e R, a € (0,1), ye (a/2,1/2), T >0, € >0 and A > 0, there exist a
random variable B : ® —; [1,%0), k,c > 0 and 0 < p < 2 such that, for all 6 € ®y, 0 <t <T
and x € R,

LoGh*(t,x) < —AGY:(t,x)+Bg, withBg < kexp(cH}(9)). (3.6.10)

These results allow us to prove the following two propositions.

Proposition 3.6.4. Forallr € R, oc € (0,1), y€ (0,1/2) and n,t,T > 0, there exists a random
variable B : @ — [1,00) and k,c,p > 0 such that, for all x >0, 0 € 0, 0<s<t<Tand
xeR
Py (0)Ua(x) < (N + K+ Li<i<si1) Ua(x) + BoLicqy, <18, (3.6.11)
with
By < kexp (cH}(9)).

Proposition 3.6.5. Forallr e R, oo € (0,1), y€ (0t/2,1/2) and 1,7, T > 0, there exist a random
variable B: ® — [1,00), k,c > 0 and 0 < p < 2 such that, for all k >0, 0 € 0,0<s<r<T
and x € R,
Py (0)Va(x) < (M + K+ Li<i<sit) Va(x) + Bolycqy, <ic18,) (3.6.12)
with
By < kexp (cH}(9)).
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Proof of Proposition 3.6.4. Set g:=1Ve T andlet A > e and 0 < £ < € be such that e A2 <
n and e?9¢ < 1 + 1. Note that Ito’s formula (3.2.6) implies that there exists a Brownian motion
W such that, under P ,,

! t
HMFIE(1,X,) = M F) (s,%) + /S M (LoF) S+ AF) ) (u,X,) du+ /S A FYE (u, X, ) AW,

Besides, by using inequalities (3.6.6), we can see that for all 0 <t < 7 and x € R,
e Uq(x) < FJ*(1,%) < e¥Uq(x).

By using Lemma 3.6.2 there exist a random variable B : @ — [1,), k,c, p > 0 such that, for
all0 €0y, 0<s<t<TandxeR,

LoFg®(t,x) < —AFJ(t,x)+Bg, with By <kexp (cH}(6)).

Then it is not difficult to see by taking the expectation that, for all 6 € ©y, 0 <s <7 < T and
xR,

Py (0)Uq (x) < e 791248 (x) + A" By < (N + Ly<y<s4c)Ual(x) + Be.
Therefore, it follows that for all k¥ > 0,
Psi(0)Ua(x) < (N + K+ Li<r<sre)Ua(x) + Bol ey, <18y}

and this ends the proof, excepted for Lemma 3.6.2. U

Proof of Proposition 3.6.5. The proof follows the same lines as the proof of Proposition 3.6.4
and we only give the main ideas.

Once again, by using Ito’s formula and Lemma 3.6.3, we can prove that there exist a random
variable B : ® — [0,00), k,c >0 and 0 < p < 2 such that, forall 6 € ®,, 0 < s <t < T and
xR,

P1(0)Ga(x) < (N + Ly<i<s+7)Ga(x) + By, with Bg < kexp (cH}(0)).
Moreover, since Go < V and
By () [Va(X) Ly, x)>31] = Esx(0) [Ga(X) Ly, (x)231] < (N4 Li<i<oi1)Galx) + Bo,
we obtain that
Pt (0)Va(x) < (M + Li<r<sir) < (N + Ls<r<sro)Va(x) + (Bo +3).

This is enough to complete the proof, excepted for Lemma 3.6.3. U
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In order to simplify our claims, in the sequel we set
Py ::Pl(e)a Pg(Z;dX) ::PQ(O,Z;I,dX), pe(Z,X) ::pg(O,Z;l,X), To = T197
Ua(x) +Uqa(y)
2 Y
and, for all random function F : ® — (0,%),n € Nand j € {0,--- ,n},

C:=CxC, Ug(x,y):=

J

+ - — Iy
F.(8): 0<n1<@3§j<nlkl:llF(e T"6) and
J
= - —r(n—ny) p—ny >: + —n
F,(6): 1@1?%,9,13117(6 T0) =F}, (T™"0).  (3.6.13)

3.6.3 Coupling method

In this section, we employ the results and terminology presented in [59] , adapted to our
situation. We said that C is a random (1, €)-coupling set associated to the random probability
measure v over (0, %4, % ) on R, if € : ® — (0, 1/2] is a measurable map, Cy is a compact set
of R for # -almost surely 0 € ® and

inf Pg(z;%x) > €gVo(x) W -as. (3.6.14)
z€Cy

Given a random (1,¢€)-coupling set C associated to the random probability measure v over
(©,%, %) on R, we construct a random Markov kernel P* on R? as follows. Let R and P be two
random Markov kernels on R> satisfying, for all 6 € @, x,y € Cy and A,B € AB(R),

— Py (X;A) — &g Vy (A)

Pg(x;A) —egvy(A
Ro(x.yi xR) 1= 00— (d) = & Vo(d)

1—¢

) F@(X,}CRXA) =

and
1_39 (x,y;A X B) = (1 — Sg)Re(x,y;A X B) +89V9(A ﬂB). (3.6.15)

We can assume that P is a random coupling Markov kernel over P, in the sense that, for all
0 €0, x,ycRand A € Z(R),

Po(x,y;AXR)=Py(x;A) and Pg(x,y;R xA) = Py(y;A). (3.6.16)
Then define, for all 8 € ©, x,y € R and B € %(R?) by

ke . . Re(xay;B>7 if (X,y) 6697
Py(x,y;B) = { Po(r.y:B). if (x.y) & Co. (3.6.17)
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Proposition 3.6.6. Forallr € R, a € (0,1), y€ (0,1/2) and p € (0,0), there exist B: ® —
[1,00), with log(B) € LY(®, %, %), and a random (1,¢)-coupling set C over (©,2, %) on R
such that, for all 6 € Oy and x,y € R,

pBg
_89 :

PiUq(x,y) < pUqlx,y) +Bol, and  sup RgUgy(x,y) < 0 (3.6.18)

x,y)€Cq a
(x,y)€Co

Moreover, foralln €N, j € {l,--- ,n+ 1} and vi, v, € M),

[[Vi£a(8) = viFa(0)]]u, <20 | (1 —S)In(9)+3]tl,n(9)] [Villve |[v2llu,

n—1
+2(1-€)h,(0) Y p*B (e—’<"—’<—1) T"_k_19> . (3.6.19)
k=0

Proof. Let 1 and K be two positive constants such that p = 1 +2k. By using Proposition 3.6.4
we can see that there exists B: @ — [1,0) and k, ¢, p > 0 such that, for all 6 € O,

Similar arguments as in the proof of [59, Proposition 11, p. 1660] applies and it is not difficult
to see that, for all random coupling Markov kernel Pover Pand 6 € 0y,

PoUq < pUq+Bylg,, withCo:={Uqy < Kk !By}

We can see by using (3.6.5) that log(B) € L!(®©, %, %) and we deduce that inequalities (3.6.18)
are satisfied by setting Bg := ((p k 'Bg +B9)p*1) V Bg.
Moreover, for all 6 € ©,, Cg is a compact set and we deduce from the lower local Aron-

son estimate (3.2.8) that C is a random (1, €)-coupling set associated to the random probability
measure Vv defined, for all 6 € ®, and A € #(R) by

. 1 Jainfrec, po(z,x) dx
£g 1= inf pg(z,x)dx ) A= >0 and Vvy(A):= 2 é .
0 (/RZGCG PG( ) ) 2 9( ) leanECe Pe (z,x)dx

Furthermore, since relations (3.2.9) allow us to write for all 6 € ® and all integer n > 0,
P,(6) =P(6)---P(e "D 1),

a direct application of [59, Theorem 8, p. 1656] gives (3.6.19) and this completes the proof. [
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3.6.4 Ergodicity and key lemma

Proposition 3.6.7. The dynamical system (®, B, ,(T;):cr) is ergodic.

Proof. Let us introduce three measurable maps U™ : ® — ® and S; : ® — © defined by
U*(0):= (s — e_s/49(:|:es/2)> and  S;(0):= (s+— O(s+1)).

It is classical that the distribution of U* under the Wiener measure %, denoted by T, is
the distribution of the stationary Ornstein-Uhlenbeck process having the standard normal distri-
bution as stationary distribution. This process is ergodic and as a consequence the dynamical
system (®, A,T", (S;);er) is ergodic (see for instance [7, Theorem 20.10]). Besides, it is a simple
calculation to see that the following diagram is commutative,

+
(©,8,%) v (©,%,T)
L |17} SIS
(©,8,%) — (©,%,T)

Let A € 4 be such that 7,1 (A) = A, with r # 0. By using the commutativity of the previous
diagram and the ergodicity of the dynamical system (®, 2,1, (S;);cr), it follows that

ST (U*A) =U* (1,7 1(A)) =UF(A) and T(U(A))=0 or =1.
Moreover, we can see that
vt(a)=(U*) " Ut@) and (U)TUTA)N 7)) (U (A) =4
We conclude that #(A) = 0 or = 1 and the proof is finished. O

By using Proposition 3.6.6 and Proposition 3.6.7 we can state the following lemma, whose
proof is postponed to Appendix.
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Lemma 3.6.8. Assume that r = 0. For all a € (0, 1) there exists A > 0 such that, for all families
{vi= 1t > 0} of random probability measure over (®, 2, %) on R satisfying

log(||v/®
lim M =0 W -as.,

f—oo

the following forward and backward discrete-time convergences hold:

1.
log (||v,"(0)P,1(68)— Vv, ()P, (6
fim sup g(H 7 (0) [z}( ) . (0) [t]( >HUa) <A W-as: (3.6.20)
f—$o0 t
2.
log (|[v;"(8)R, (T—W)) —v(0)P (T—[fle)‘

limsup e <A WH-as. (3.621)

f—yo0 t
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3.7 Proof of Theorem 3.2.4

Theorem 3.2.4 will be a consequence of Propositions 3.7.1 and 3.7.2.

3.7.1 Exponential weak ergodicity and quasi-invariant measure

Proposition 3.7.1. For all o € (0, 1) there exists A > 0 such that, for all vi,v, € 4 y,,

1 P, — WP
i sup PEIVIA(8) ~ V2P(6) u,)

f—ro0 t

<—-A W-as. (3.7.22)

Furthermore, there exists a unique (up to a # -null set) random probability measure |l over
(©,%,% ) on R such that, for all a € (0,1), there exists A > 0 such that, for all v € 4 y,,,

log (|[VP(T-0) — tolluy)

limsup < —-A W-as. (3.7.23)
f—so0 t
Besides, for allt > 0,
Mo € A1y, and PP (0)=ure W -as. (3.7.24)

Proof. The cocycle property (3.2.9) allows us to write, forall 0 € ® and t > 0,

V£ (0) = vaFi(0)]|u, < (()iugl ||Pu(T[’}0)I|Ua> 1V1£(8) = V2P (6) [l -
Moreover, by using Proposition 3.6.4, inequality (3.6.5) and the ergodic theorem, we get that

=0 W -as.

n—oo n

log (su P,(T"0
log<sup \|Pu|lua>eL1(®,%,W) and  tim 18 0Pozust IR(T"0)lu,)
0<u<l

Besides, a direct application of (3.6.20) in Lemma 3.6.8 gives that there exists A > 0, inde-
pendent of v| and Vv, such that

1 P, — WP
fimsap 22 (VP2 (6) = VaPa(©) )

n—yoo n

<—A W-as.

Therefore we deduce inequality (3.7.22). Furthermore, one can see by using (3.6.21) in
Lemma 3.6.8 and similar arguments that

Y VBt (T7"70) = vP(T7"0) ||y, <o ¥ -as.
n=0
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We obtain that, for % -almost 6 € ®, {vP,(T~"6) : n > 0} is a Cauchy sequence in the sepa-
rable Banach space ., and by using again (3.6.21) there exist A > 0 and a random probability
measure Ug € .#y,, which both do not depend on Vv, such that

Lo 10 (IVPA(T"0) — o)
imsup

n—soo n

< —-A W -as.
Then we get (3.7.23) in the same way as (3.7.22). Finally,

My . My . Mg
LoP(0) =% lim vP(T_,0)P,(0) = lim VP (T (1) T;6) = uge W -as.

§—>

and this completes the proof, excepted for Lemma 3.6.8. U
3.7.2 Annealed convergences

Proposition 3.7.2. Forall o € (0,1) and V € 4, v,

pey, and lim VP — fily, = 0. (3.7.25)

Proof. Let p € (0,1) be and set L := p + 1. By applying Proposition 3.6.5 we can see that there
exists B € L1(®,2, %) such that, forall 0 < u < 1,

P60y <LVy+Bg and PyVy<pVe+Bg W -as. (3.7.26)

We get from the latter inequality that t7g(Vy) < plg(Ve) + Bg and by taking the expectation we
obtain the left hand side of (3.7.25). Since the Wiener measure is (7;)-invariant, we can write,
denoting by {z} the fractional part of 7,

198~ Bllv, < B [I9R(T7110) ~ i v
Then by using (3.7.23) in Proposition 3.7.1 and the cocycle property, we can see that
tim [9,(7116) — piz, v, < lim ( sup ||Pu<e>||va> 19Py(7710) — pllv, =0 #-as.
—ro0 t—>o0 Ogugl
Besides, by using again (3.7.26) and the cocycle property (3.2.9), it is not difficult to see that
lve(r="e)|,, <t (PHVHva +k§)pkB(Tk9)> +Bo and |lurolly, < Liluell+Bs.

Noting that the two previous bounds belong to L! (®,%,%) and are independent of r > 0,
the dominate convergence theorem applies and we deduce the right hand side of (3.7.25). This
ends the proof. U
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3.8 Proof of Theorem 3.2.5

Proof. Recall that under IP,(6) (see Proposition 3.4.1), {Sg(¢,X;) : t > 0} is a solution of the
SDE (3.4.3). Moreover, since r > 0 and by using (3.4.4), we can see that

X 2 X 2
lim Sg(7,%) = S(x) ;:/ ¢Tdy, limHg(r.x) =5 () :=/ e dy (3.8.27)
0 ° 0

f—o0

and
. o —1 . _
tlgg og(t,x) =808 '(x) and tlggdg (t,x) =0, (3.8.28)

uniformly on compact sets of R. Following [3, Lemma 4.5] and denoting by I" the standard
normal distribution, it is not difficult to see that {Sg(¢,X;) : r > 0} is asymptotically time-
homogeneous and S.I-ergodic.

According to the cited Lemma, if in addition {S¢(¢,X;) : # > 0} is bounded in probability, we
can deduce the convergence in distribution towards S,I". That is

(‘v’e >0, 3R >0, sggIPZ(G)(|Sg(t,X,)| >R) < 8) == }LH;SG(I,XO @ S (3.8.29)
t
Then it is an easy matter to deduce Theorem 3.2.5. In fact, we shall prove that {X; : t > 0} is
bounded in probability for # -a.s. 8 € ©, which shall imply the boundedness in probability of
{Se(t,X;) :t > 0} for # -a.s. 6 € ©.
To this end, by using Proposition 3.6.4, we can find p € (0,1), L >0, B: ® — [1,00) and
k,c,p > 0 such that, forall 0 <u <1,

P(0)Uq < LUy +Bg, PoUy <pUg+Be and By <kexp[cH)(0)] # -as. (3.8.30)

Then relations (3.2.7) and the ergodic theorem allow us to write that, for all > 0,

|Po(,x,dy)||u, §L( x)+k Z pl] "exp [ce rpmH”(T’”G}) + By
k rpmyypP m
L| pUq(x)+ - exp | sup (ce "P"HY(T™0))| | +Bg <o # -as.
m>0

The Markov inequality implies that

su Py(t,x,d ’
supP,(0)(|X;| > R) < Pi>0 | Po (1, %, dy)|lu
£20 Uq(R)

and hence we obtain the fact that {X; : > 0} is bounded in probability for # -a.s. 6 € ©.
Moreover, since

W -a.s.

lim infSg(f,x) =
Ix|eo 120 o(1,%)

we deduce the boundedness in probability of {Sg(#,X;) : # > 0} for # -a.s. 6 € ®. This completes
the proof by applying [3, Lemma 4.5]. U
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3.9 Appendix

3.9.1 Proof of Lemma 3.6.2

Step 1. We shall prove that, for all 0 < 6 < 1 and R > 1, there exists € > 0 such that, for
all0 < & < & and 0 < £ < 1, there exist Ry : ® — [R, ) and ¢; > 0 such that, for all 6 € ©,,
0<t<Tand|x| >Ri(0),

1
Lo F)*(t,x) < —8a(l — a)x*F)*(t,x), withR|(8) <c; (H;“‘) (0) + 1) . (3.9.31)
By using chain rule (3.4.7) we obtain that

Lo FIE(1,x) = [— a(l— a)? — axe " (TWye(0)) (x) + a}
x exp [e 7" T Aye(0)(x)] xX*Uq (x),

which can be written

Lo FYS(tx) = —a(l - ) [1_ ! e”(TzWy,ew»'(x)]

(1—a)x? (1—o)x
x exp [e " TiAye(0)(x)] X*Uq(x).

Moreover, one can see by using (3.6.6) that, forall 6 € ©y,7 > 0 and x € R,
(T Wye(0)) ()] < @y(6)Dye(O)LT(x),  with @y(r) := (1+1/2)1/27 /",

Let us introduce ¢ := 1V e™'T and W(¢) := exp[qe] and note that we can choose & > 0 and
D > R such that
1 q )
1— - Y (g) >0
( (1—a)D?> (1 —oc)D) (&1) 2
We deduce the left hand side of (3.9.31) by setting, for all 0 < € < € and 6 € ©,,

1 1
R1(0) := (@y(T)Dy,e(0)cye Vv 1)WDﬁ, with ¢y ¢ 1= sup — = < . (3.9.32)

We get the right hand side by using the left hand side of (3.6.6) and by choosing ¢ sufficiently
large.

Step 2. We shall prove that, for all 0 < 0 < 1 and R > 1, there exists & > 0 such that, for all
0 < & < &, there exists a constant R, > R such that, forall € ®,, 0 <t < T and |x| > R,

O () < (1) SF (1), (3933



3.9. APPENDIX 125
By using chain rule (3.4.8) we obtain
HFLE(1,x) = %ﬁ exp [ " TAy¢(0)(x)| U (x) — (FL(t,x) — 1)
() [ e mageO) 0 exp e g6 Ui )y

* ayZ —rt /
- (5 X <exp e T,A%g(e)(x)}Ua(y)) dy.
Then by integration by parts we get
8,F9y’8(t,x) = %xz exp [ " TiAy¢(0)(x)| Ug(x) — (Fg’g(mx) —1)

= (5) [l Tave(0)0)] exp e e (000U )

o

X
zszg’e(t,x) +/0 FY(t,y)aydy.

We can see that, forall 6 € ©,,0 <7 <T and x € R,

|l Tare(@)0)] exp [ Tidye() (0] Uly) dy\ < qe W () FJ"(1.)
and
'/Ong’s(t,y)Ocydy’ < ‘Pz(s)Fg’g(t,x).
Therefore, by setting k := |r| + (1/4), we get
AFY (12 < ([%(e) 1] %xz +[1+xqe] W2(e) ) F“(1,).
We deduce (3.9.33) by taking & > 0 and R > R such that, for all x > R»,

[¥2(e,) — 1] %x2+ 1+ gxe,| P2 (e2) < (1— 5)%&

Step 3. Lemma 3.6.2 is a direct consequence of inequalities (3.9.33) and (3.9.31). Indeed, choose
0< 6 < 1andR > 1 such that

o o\
— — — — — — — — >
<5a(1 o) —(1 5)2>>0 and (505(1 o) —(1 6)2>R > A.
Set€:=¢€ A& and, forall 6 € ®yand 0 < € <E,

Bg := sup LoFJ(t,x).
x| <Ry (8)VRs,0<1<T

It is clear that the left hand side of (3.6.9) is satisfied, whereas the right hand side is obtained by
taking p :=2/(y(1 —¥¢)) and k, c sufficiently large. O
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3.9.2 Proof of Lemma 3.6.3

This proof uses similar ideas as the proof of Lemma 3.6.2 and we only give the main lines.

Step 1. We prove that, forall0 < § < 1,R>1and 0 < ¢ < 1, there exist R : @ — [R,o0)and
c1 > 0 such that, forall 6 € ©,0 <7 <T and |x| > R(0),

1

Lg,GV¥(t,x) < —at(1—8)|x|*GEe(t,x), withR;(0) < c; (H;“’(G)Jrl). (3.9.34)

By using chain rule (3.4.7) we can see that for all x € {Vy > 3},

Lg szeas(l X)=—o {1 + e " (TiWye(6) () * 1= a}

X ke X

We can choose D > 1 such that {V,, <3} C [-D,D] and

(1-4- S5 ) e e = (1-9).

Then we define R; as in (3.9.32) and we deduce (3.9.34).

Step 2. We prove that, for all 6 > 0 and R > 1, there exists a constants R, > R such that, for all
0 €0,y,0<t<Tand x| >Ry,

HGTE(t,x) < (% + 5) x| %G (1,x). (3.9.35)
By using chain rule (3.4.8) we can see that for all x € {Vy > 3},

AGE(1,x) = 5 1x|*exp [e™" TiAye(6) (6)] Valx) — (Gl (1.2) ~ 1)

~(34r) [T mae @0 exp [ Te (0)0)]Gal)

1 [ _
=3/, exp (e " TiAye(0)(y) ]y Gy () dy.

It is then not difficult to deduce (3.9.35) by using similar methods as in the proof of Lemma 3.6.2.

Step 3. We deduce Lemma 3.6.3 from (3.9.35) and (3.9.34). The only variation is that we need
to choose 0 < ¢ < 1 such that p:= o/ (y(1—1¢)) < 2. O
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3.9.3 Proof of Lemma 3.6.8

We need the following result which is a simple consequence of the ergodicity of the underly-
ing dynamical system (3.6.7).

Lemma 3.9.1. Assume that r =0 and let F as in (3.6.13) such that (log(F)Vv0) € L'(©,28,%).
1. If W(F < 1)=1then, for all L > 1, there exists A > 0 such that
limsup e*” Fj,f] n(G) =0 W -as.
Ll

nseo [

2. If W (F > 1) > 0 then, for all n > 0, there exists L > 0 such that

limsupe " FE. (0) =0 ¥ -as.
[2]n

n—oo

We only prove (3.6.20) in Lemma (3.6.8) since the proof of (3.6.21) follows the same lines,
replacing 7 by 7~!. By using Proposition 3.6.6 we can write, for all 6 € Oy t>0and j €

{07"'7[t]+1}’

Vi Py (1716) — v Ry (T710) |, <2010 [(1 =) ,1(0) + BT, 1y (O)] 11V e lIVi I

[]—1

+2(1-€)7,(6) ), p*B(T" " 18).
k=0

Moreover, the ergodic theorem allows us to see that, for all n > 0,

—k+1 n—1
lOg [B(T 6):| —0 and limsup e—nn (Z pkB(T—k+16)> =0 W_a.s.
k

and by using Lemma 3.9.1, we can see that there exist L > 1 and ¢ > 0 such that

. —nNn p— — . n o —
,}l_rﬂoe B[%]yn(e) 0 and nlﬂ;goe (1 8)[%“(

0)=0.
Therefore we deduce (3.6.20) and this ends the proof.

Proof of Lemma 3.9.1. We prove the lemma only for F*, since the proof for F~ is exactly the
same, replacing 7' by T-!. We set, forall 6 € O, ¢ >0and k> 1,

log [ (8)] :=log [F(T* " (0))] L ppi-1g)np and F = F7.
Assume that 7 (F < 1) = 1. We can see that there exist 0 < ¢ < 1 and ¢ > 0 such that

Ey [1psc] <L™' and E,[log (F(C))} < 4.
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By applying the ergodic theorem to the dynamical system (®, %, # ,T) we obtain that, for % -
almost surely 8 € O and all integer n sufficiently large,

Y n + T 1(0) —tn
k;ln{F(T“e)zc}gm and F[Z]7n(9)§ICI:IIFk (9) < e n.

We deduce the first point of the lemma by taking 0 < A < ¢. Furthermore, assume that
W (F > 1) > 0. Note that if F is bounded # -a.s. the second point of the lemma is obvious.
Moreover, when F' is unbounded with positive probability, it is not difficult to see that there exist
0<kx<mn,c>1andL > 1 such that

]Ew[log (F(C))} <Kk and E,[lr>] >L L

Once again, the ergodic theorem allow us to obtain the second point of the lemma since, for
W -almost surely 0 € ® and all integer n sufficiently large,

Y n + 1 (©) n
];11{F<Tkle)>c}2[L] and Fm,n(G)SkI;I]Fk (8) < .
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RESUME

Nous étudions le comportement en temps long de certains processus stochastiques dont la
dynamique dépend non seulement de la position, mais aussi du temps, et dont le terme de dif-
fusion et le potentiel satisfont des conditions d’invariance d’échelle. Nous mettons en lumiere
un phénomene de transition de phase générale, entierement déterminé par les différents indices
d’auto-similarité en jeu. La principale idée mise en exergue est de considérer une transformation
d’échelle adéquate, tirant pleinement parti des nombreuses invariances de notre probleme.

Dans une premiere partie, nous €tudions une famille de processus de diffusion unidimension-
nels, dirigés par un mouvement brownien, dont la dérive est polynomiale en temps et en espace.
Ces diffusions généralisent les marches aléatoires, en lien avec le modele d’urne de Friedman,
étudiées par Menshikov et Volkov (2008). Nous donnons, de maniere exhaustive, les lois du type
logarithme itéré, les limites d’échelle ainsi que les temps de survie de ces processus.

La seconde partie est, quant a elle, consacrée a I’étude d’une famille de processus de dif-
fusion en environnement aléatoire, dirigés par un mouvement brownien unidimensionnel, dont
le potentiel est brownien en espace et polynomial en temps. Ces diffusions sont une extension
du modele amplement étudié¢ de Brox (86) et, en un sens randomisé, du modele précédent. La
différence notable avec le modele déterministe est que nous obtenons, dans le cas critique, une
mesure aléatoire quasi-invariante et quasi-stationnaire pour le semi-groupe, déduite de 1’étude
d’un systeme dynamique aléatoire sous-jacent.

ABSTRACT

We study the asymptotic behaviour of some stochastic processes whose dynamics depends
not only on position, but also time, and such that the diffusion term and the potential satisfy some
scaling properties. We point out a general phase transition phenomenon, entirely determined by
the self-similar parameters. The main idea is to consider an appropriate scaling transformation,
taking full advantage of the scaling properties.

In the first part, we investigate a family of one-dimensional diffusion processes, driven by a
Brownian motion, whose drift is polynomial in time and space. These diffusions are continuous
counterparts of the random walks studied by Menshikov and Volkov (2008) and related to the
Friedman’s urn model. We give, in terms of all scaling parameters, the iterated logarithm type
laws, the scaling limits and the explosion times of these processes.

The second part dealt with a family of diffusion processes in random environment, directed
by a one dimensional Brownian motion, whose potential is Brownian in space and polynomial
in time. This situation is a generalization of the time-homogeneous Brox’s diffusion (86) studied
in an extensive body of the literature. We obtain in the critical case a quasi-invariant and quasi-
stationary random measure for the time-inhomogeneous semi-group, deduced from the study of
a underlying random dynamical system.
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