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+, -.-/0 -, 12324, 56,7829:- ;488- -, 3/<=<412324, 4: -, =-;7>7?- 5@287?-30 >- ;A42B 5-3

C=282/21-3 2,2/27>-3 -3/ ;=:;27> D >- 84:1-8-,/ 4: >- =-;7>7?- ,- C-:1-,/ E/=- 5</-=82,<3

9:@-, ;48C7=7,/ >-3 287?-3 5@:,- 3<9:-,;-! (- 8E8-0 >@</7C- 5@7CC7=2-8-,/ 3/<=<43;4C29:-

3- F73- 3:= >7 ;48C7=7234, 5-3 287?-3 233:-3 5- 5-:B ;78<=730 G4:=,2337,/ ;A7;:,- :, C42,/

5- 1:- 52.<=-,/ 5@:,- 8E8- 3;H,-! *-//- ;48C7=7234, 542/0 5- ;- G72/0 3@7CC:6-= 3:= 5-3

5-3;=2C/-:=3 7334;2<3 I 5-3 C=282/21-3 2,17=27,/-3 57,3 >- /-8C3 -/ >@-3C7;- JC42,/ 5- 1:-K!

L4:= =<C4,5=- I ;-//- C=<4;;:C7/24,0 :,- 8:>/2/:5- 5- C=282/21-3 71-; >-:=3 5-3;=2C/-:=3

4,/ </< C=4C43<-3 57,3 >7 >2//<=7/:=-! L7=82 5@7:/=-30 ;2/4,3 D >- 5</-;/-:= 8:>/2M<;A->>>-

5@N7==23 OPQR S0 2,17=27,/ C7= =7CC4=/ I >7 =4/7/24,0 9:2 8-/ -, <125-,;- >-3 T;42,3T0

87B287 >4;7:B 5@:,- G4,;/24, 5@2,/<=E/ ;7>;:><- I C7=/2= 5- >7 87/=2;- 5@7:/4M;4==<>7/24,0

-3/28<- I 52.<=-,/-3 <;A->>-3 U >-3 C42,/3 Q#V% OW4XR S 9:2 34,/ 5-3  !"# $% >4;7:B 3C7/27:B

-/ 8:>/2M<;A->>- 5- Y>/=-3 (4Z0 2>3 ;4==-3C4,5-,/ I 5-3 C2;3 -/ 17>><-3 >4=3 5: C=4;-33:3 5-

>2337?- 5- >@287?-0 ;A79:- C42,/ -B/=72/ -3/ 7>4=3 7334;2< I :,- <;A->>- -/ :,- 4=2-,/7/24, U

>- 5</-;/-:= 8:>/2M<;A->>- Q)&V O[+%ZR\S0 C>:3 =7C25-0 9:2 :/2>23- :,- ;4>>-;/24, 5- Y>/=-3

5- N77= 7Y, 5@7CC=4B28-= >-3 5<=21<-3 3-;4,5-3 I C>:32-:=3 <;A->>-30 >-3 C42,/3 Q)&V 34,/

5<Y,23 ;488- </7,/ >-3 87B287 >4;7:B 5: 5</-=82,7,/ 5- >7 87/=2;- N-332-,,- 4: -,Y,

>- 5</-;/-:= PQ+& OP*)LR]S 9:2 :/2>23- :,- 3-?8-,/7/24, 7Y, 5- 3<>-;/24,,-= >-3 3:C-=

C2B->3 D =<C4,57,/ I :,- ;-=/72,- C=4C=2</< 5@2,17=27,;- -/ 5- 3/7F2>2/<0 2>3 ;4==-3C4,5-,/ I

5-3 -B/=-87 =<?24,7:B 5- /72>>- 54,,<- 3/7F>-3 123MIM123 5-3 /=7,3G4=87/24,3 C-=3C-;/21-3!

$4/=- ;A42B C4:= >-3 >2?,-3 5- ,21-7:B ,@7 C73 </< =-823 -, ;7:3- 87>?=< >@7CC7=2/24, -/ >-

=-?72, 5@2,/<=E/ C4:= ;-3 T,4:1->>-3T C=282/21-3! +, -.-/0 4, ;4,3/7/-=7 9:- >-3 ;=2/H=-3 9:2

,4:3 4,/ 78-,<3 I G72=- ;- ;A42B ,- 34,/ C73 7:/487/29:-8-,/ 1<=2Y<3 C4:= ;-3 5-=,2H=-3!

+, C7=/2;:>2-= D >7 ,4, 5<C-,57,;- 52=-;/- 7:B ,21-7:B 5- ?=23 J8723 >7 C=23- -, ;48C/-

C>:/^/ 5-3 =->7/24,3 5@4=5=- -,/=- >-3 ,21-7:BK U >7 523/2,;/24, -BC>2;2/- C7= >- C=4;-33:3

5@-B/=7;/24, -,/=- >@2,G4=87/24, T;4,/=73/-T -/ >@2,G4=87/24, T?<48</=2-T 4: T3/=:;/:=-T

57,3 >@287?- U >7 ,4, :/2>237/24, 5- 3-:2>3 5@-B/=7;/24, 52_;2>-3 I 7`:3/-= -/ 5<C-,57,/3 5-

>@287?-! +, -.-/0 ,4:3 714,3 C=23 >- C7=/2 5- F7,,2= >-3 3-:2>3 >4=3 5- >@-B/=7;/24, 5-3 >2?,-3

5- ,21-7:B! (- ;- G72/0 /4:/-3 >-3 >2?,-3 5- ,21-7:B 34,/ 5</-;/<-3 7Y, 5- ,- C-=5=- 7:;:,-
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 ! 1. #'%/&'/%!  ! 1. #&62! &,2<,%'.D1! &.% D(!2 ".('%(#5! 1,%#;/! 1!# &."5%.# #,2' &,%%!&E

'!"!2' &.1(D%5!#7 F,'%! $,(2'  ! )/! %!G,(2' 1!# !9,%'# ;/( &,""!2&!2' + 5"!%A!%  .2#

&!  ,".(2! &,2&!%2.2' 14/'(1(#.'(,2  ! 1. )(#(,2 ",2,&/1.(%!7 82 !9!': .G,/'5 ./ <.(' ;/!

1!# '!&*2(;/!# !0(#'.2'!# $!(2!2' + H'%! (2 /#'%(.1(#5!# !2 %.(#,2  / &,I' !2A!2 %5 $.% 1.

"/1'($1(&('5  !# &.$'!/%#: (1 !#' 5)( !2' ;/! &!# .$$%,&*!# 2! $,/%%.(!2' ;/! '(%!% $%,-'

 ! 14!0$1,('.'(,2  !# (2<,%".'(,2# $%,)!2.2'  !# #5;/!2&!# ",2,&/1.(%!7 J,/% 2!  ,22!%

;/4/2 !0!"$1! K 1. #'5%5,)(#(,2 #!/1! 2! $!%"!' !2 ./&/2 &.#  4!#'("!% 1! ",/)!"!2'  !#

,D#'.&1!# >#4.$$%,&*!2'E(1# ,/ $.#  / )5*(&/1! LB7 82 %!).2&*!: 14.2.1=#!  !# #5;/!2&! ",E

2,&/1.(%!#: !2 $1/#  ! $,/),(% !#'("!% &! ",/)!"!2' !#' ',/' + <.(' + "H"!  ! <,/%2(%  !#

(2<,%".'(,2# #/% 1. #'%/&'/%!  ! 1. #&62!7 M4!#'  .2# &!' !#$%(' ;/! 2,# !9,%'#  ! %!&*!%&*!

#! #,2' &,2&!2'%5# !' #,2' &,2<,%'5# $.% /2! '!2 .2&! A525%.1! $.%"( 1!# &*!%&*!/%#  /

 ,".(2!7 J,/% &!1.: 2,/# .),2# ",2'%5 ;/! #( 14,2 &,2'%.(A2.(' 1. 2.'/%!  / ",/)!"!2'

&."5%. >!07 '%.2#1.'(,2B !' 1!# ,DG!'# >.$$%,0(".'(,2 $1.2.(%!B: (1 !#' $,##(D1!  4( !2'(-!%

1!#  !/0 #("/1'.25"!2'7 @!# $%!"(!%# '%.)./0 !2'%!$%(#  .2# &! #!2# 2,/# ,/)%!2'  !# $!%#E

$!&'()!# '%6# $%,"!''!/#!#7 M!11!#E&( #! <,&.1(#!%,2# .1,%# #/% '%,(# .#$!&'# $%(2&($./0 K

• @. A525%.1(#.'(,2  ! 14.$$%,&*!  !"#$% &'# ;/! 2,/# .),2# $%,$,#5! +  4./'%!# '=$!#

 ! ",/)!"!2'  / &.$'!/%7 82 !9!': D(!2 ;/! 1!  5$1.&!"!2'  / )5*(&/1! #,(' ".G,E

%('.(%!"!2' 1,2A('/ (2.1:  !# '%.2#1.'(,2# 2,2 25A1(A!.D1!# $!/)!2' H'%! %!1!)5!# !2
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1!# %,'.'(,2#  /!# ./0 )(%.A!# !/0 "H"!#: 1!# 515).'(,2# $%, /('!# $.% 1!# ).%(.'(,2#

 ! 1. $!2'!  ! 1. %,/'! !' 1! '.2A.A! (25)('.D1! #/% 1!# )(%.A!#: 2,/# ,D1(A!2' + (2E

'%, /(%! &!# '%.2#<,%".'(,2#  .2# 1! ", 61!  / ",/)!"!2' $%,$%!  / &.$'!/%7 N!

1. "H"! ".2(6%!: 14*=$,'*6#! ;/! 1. #&62! $!/' H'%! .$$%,0("5! $.% /2 !2#!"D1!

 ! $1.2# >1. %,/'!: 1!# D3'("!2'# !2 !2)(%,22!"!2' /%D.(2: 1!# $(5',2#B . #!# 1("('!#7
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#,- ./01,- 2, -/21 3424.56,7,21 85- 8652,- ,1 ,29/., 7/:2- 6,- /;-1596,- <, 1=8,

>8:41/2>? "/0- <,@/2- 56/.- 3424.56:-,. 2/1., 588./9A, 8/0. B0C,66, 1:,22, 9/781,

<, -0.D59,- 85.5741.4,- 2/2 249,--5:.,7,21 86525:.,-? E52- 6,- <,0F 95-G 6,- @:1,--,-

HE 80:- IE /;1,20,- 85. 8./J,91:/2 <52- 6C:753, <,- -0.D59,- 85.5741.4,- </:@,21

K1., ,F8.:74,- ,2 D/291:/2 <,- L <,3.4- <, 6:;,.14 9/2<0:-521 5:2-: M <, 2/0@,66,-

9/0.;,- <C:-/N@:1,--, <52- 6C:753,- ,1 M <, 2/0@,50F ,-859,- <, @/1,- 8./;5;6,7,21

02:N<:7,2-:/22,6- 75:- ,2 95-95<,? #,- 5-8,91- :78647,2151:/2 ,O959, <, 9,- ,-N

859,- <, @/1, ,2 95-95<, -,./21 410<:4- 8.49:-47,21?

• #5 7:-, ,2 /,0@., <C02, .4,66, >9//84.51:/2> ,21., 6,- <:@,.- ,-859,- <, @/1, 9/2-1.0:1-?
'2 ,P,1G 6C02, <,- /.:3:256:14- <, 2/1., 588./9A, ,-1 <, -C5P.529A:. <, 6C,-1:751:/2

8.49:-, <,- /.:,2151:/2- <,- -0.D59,- 86525:.,- ,2 <:-9.41:-521 6C,-859, <,- /.:,2151:/2-

8/--:;6,- ,1 ,2 6C:2-1529:521 85. <,- ,-859,- <, @/1, <4<:4-?  ,65 5 9,8,2<521 <,0F

:29/2@42:,21- 75J,0.- -: 6C/2 2, 8/0--, 85- 860- 6/:2 6C5256=-, Q <C5;/.<G 6, 9A/:F <, 65

<:-9.41:-51:/2 9/2<:1:/22, 65 8.49:-:/2 -0. 65 7,-0., <, 6C/.:,2151:/2? )5. 5:66,0.-G 6,-

8:F,6- B0,66, B0, -/:1 6C/.:,2151:/2 <0 8652 50B0,6 :6- 5885.1:,22,21 @/1,21 <52- 1/0-

6,- ,-859,- 7K7, 9,0F 2, 9/..,-8/2<521 85- M 6,0. 7/<R6, <C/.:,2151:/2G 9/2<0:-521

5:2-: M 8,.10.;,. 6,- -1.0910.,- <,@521 47,.3,.?  /29,.2521 6, 8.,7:,. 8/:21G 2/0-

,2@:-53,/2- <C01:6:-,. 02, <:-9.41:-51:/2 :14.51:@, 8./3.,--:@, :2-8:.4, <,- 588./9A,-

7061:N.4-/601:/2? "/0- 85--,./2- <C02 <49/0853, 3./--:,. <, 6C,-859, <,- /.:,2151:/2-

M 02 <49/0853, 860- S2 <, 752:R., :14.51:@, ,2 D/291:/2 <,- -1.0910.,- B0: 47,.3,21

8./@:-/:.,7,21 <52- 6,- ,-859,- <, @/1,?  /29,.2521 6, <,0F:R7, 8/:21G 2/0- 9/78N

1/2- 2/0- :2-8:.,. <, 1,9A2:B0,- <, -,37,2151:/2 <C:753,- 7061:N95250F ;5-4- -0.

6CA:-1/3.577, T!)*UVW?  ,11, -,37,2151:/2 :14.51:@, 8,.7,1 <, 6/956:-,. 6,- 8:9-

<52- 02 ,-859, <, @/1, M 02, :14.51:/2 </224, 1/01 ,2 -088.:7521 65 9/21.:;01:/2

<,- 8:F,6- 5=521 ,23,2<.4 9, 8:9 M 6C:14.51:/2 -0:@521,? X886:B04, 50F >A:-1/3.577,>

<, 1=8,  !"#$% &'(G ,66, 8,.7,11.5:1 <, 1,2:. 9/781, <,- 9/21.:;01:/2- 50 @/1, <, 860N

-:,0.- 7/<R6,- <C/;J,1- M 65 D/:-G 1/01 ,2 35.521:--521 B0, 9A5902 <C,0F 80:--, 47,.3,.

<52- 6C,-859, <, @/1, B0: 60: ,-1 <4<:4?

• #C410<, 8.49:-, <,- <:P4.,21,- -/0.9,- <C,..,0. 8/0@521 ,2159A,. 6, 8./9,--0- <, <4N
9:-:/2 ;5-4 -0. 65  !"#$% &'(? "/0- ,2 5@/2- <42/7;.4 50 7/:2- Y Q 6,- ,..,0.- -0. 6,

7/<R6, <C/;J,1 Z/.:,2151:/2- -088/-4,- <,- -0.D59,-[G -0. 6, 7/<R6, <, 7/0@,7,21 -:

9,60:N9: ,-1 -:786:S4G -0. 65 6/956:-51:/2 <0 \/=,. <C,F852-:/2 Z/.:3:2, <0 .,8R., IE

:753, 8,.7,11521 6, 956906 <,- :-/N9/0.;,-[G 85. 65 9/2157:251:/2 :21,.N7/<R6,- <52-

6,- <:P4.,21- ,-859,- <, @/1, B0, 2/0- 5@/2- 8.4-,214- 9:N<,--0- ,1 -0. 6C,-1:751:/2

<,- @,91,0.- @:1,--,?  /29,.2521 9, <,.2:,. 8/:21G 2/0- 5@/2- <C/.,- ,1 <4JM ,21.,N

8.:- 02, 410<, <, 65 8.49:-:/2 <,- <:P4.,21,- 1,9A2:B0,- <C,-1:751:/2 <0 ]/1 /81:B0,

Z1AR-, <, ^? ":,[G :2960521 50--: ;:,2 6,- 1,9A2:B0,- <,2-,- B0, 6,- 1,9A2:B0,- 85.

7:-, ,2 9/..,-8/2<529, <, 8.:7:1:@,- 485.-,-?

 ! "!#$%&'! ()*!+ 5 8/0. 57;:1:/2 <, -C:214.,--,. M 6C599070651:/2 <C4@:<,29, 2/2 860-

50 -,:2 <C02 -,06 8./9,--0- @:-0,6 75:- ,2 D5:-521 9//84.,. 860-:,0.- 7/<56:14- <:-1:291,- <,

65 @:-:/2? "/1., 8/:21 <, @0, .,J/:21 9,60: <,- 9A,.9A,0.- 1.5@5:66521 -0. 6,- 1AR7,- 6:4,- M 65

D0-:/2 <, </224,- 7061:N9581,0.- /0 50F -=-1R7,- 9//84.51:D-? '2 ,P,1G 6,- .,9A,.9A,- <52-

__`
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,- ./0123- 4/35 -3 67-23- -861342/3 -5 0/529:-4 61; 67<42-<;4 =1,5-<;4 > .?1@/;. ,A1,<3

.-4 ,165-<;4 =/<;325 .-4 0-4<;-4 6/<9135 B5;- -351,A:-4 .?-;;-<;C -34<25- 7-<; .:=127713,-

6/3,5<-77- 6-<5 ,/3.<2;- D .-4 ./33:-4 013E<135-4C -3F3 71 .246/32@2725: .-4 ./33:-4

D <3 2345135 t 6-<5 91;2-; .?<3 ,165-<; D 7?1<5;-G #?2.:- 71 67<4 200:.215- -45 ./3, .-
=12;- ,//6:;-; 67<42-<;4 ,165-<;4 1F3 .- ;-3=/;,-; 7-4 .:,242/34G "/<4 6;/6/4/34 .- ;-45-;

.134 ,-5 -46;25 .- ;-3=/;,-0-35 H./3, .?1,,<0<7152/3I 0124 1< 4-23 .?<3 0B0- ,165-<;

J,10:;1JG '3 -K-5C 3/<4 4/00-4 6-;4<1.:- E<- 5/<5-4 7-4 6/442@2725:4 .- 71 9242/3 3-

4/35 614 -3,/;- -867/25:-4 67-23-0-35G #1 ,//6:;152/3 0/<9-0-35L45:;:/9242/3 -3 -45 <3

-8-067-G $3 /@451,7- 4-;1 02-<8 .:5-,5: ,/3M/235-0-35 61; 45:;:/9242/3 5N6-  !"#$%&'#() -5

61; .:671,-0-35 5N6- *! +,-*#()G "/<4 6/<9/34 12342 .:F32; 67<42-<;4 5N6-4 .- J,165-<;4

7/O2E<-4J /P ,A1,<3 .?-<8 4- ,A1;O-;125 .?<3 6;/,-44<4 .- 9242/3 6;:,24G

 ! "#$%&%'(! )$*!" ,/3,-;3- 7?/652024152/3 -5 71 61;177:724152/3 .-4 17O/;25A0-4 6;/6/Q

4:4G &74 6/4-35 -3 -K-5 .134 7-<; -34-0@7- .-4 6;/@7R0-4 235:;-441354 E<135 D 7?1.:E<152/3

17O/;25A0-L1;,A25-,5<;-G #1 =/;01724152/3 3:,-4412;- D <3- 2067135152/3 4N45:0152E<- .-Q

9;125 @:3:F,2-; .?<3- .:F3252/3 =/3,52/33-77- .-4 3/<9-1<8 /6:;15-<;4 6;/6/4:4G !3 3/5-;1

E<- .134 3/5;- ;-,A-;,A-C =/;0-77-0-35C .< 67<4 @14 1< 67<4 A1<5 329-1< 4:01352E<- /3

6144- .- 71 ;-,A-;,A- .- .:671,-0-35 .?-34-0@7-4 .- 329-1< ,/345135 D 71 ;-,A-;,A- .?-3Q

4-0@7-4 .- .:671,-0-354 ,/3451354 .-4 329-1<8C 1< 6;28 .?<3- ,/35;1235- 1M/<5:- 4<; 71

=/;0- .- ,-4 .-;32-;4 > ,- 0B0- 9/,1@<712;- .134 <3 /;.;- .2K:;-35 3?-86;20- ;2-3 .?1<5;-

E<- 7- 012352-3 .-4 0B0-4 /6:;15-<;4 ,/35;S7:4 .2K:;-00-35C 0232017240- -3,/;- 02-<8

5;1.<25 61; 7?-86;-442/3 =/3,52/33-77- >

∂t (1n=cste) ∼= cste vs. 1∂t(n)=cste
∼= cste

)1; 1277-<;4C 27 -45 ,712; E<- 71 ,/067-825: -3O-3.;:- 61; 71 O:3:;1724152/3 .- 3/4 166;/,A-4

*! ),-*#() .-9;1 B5;- :5<.2:- 6;:,24:0-35G #1 O-452/3 .-4 -461,-4 .- 9/5- ,;-<8 -5 -3 ,14,1.-

-3 -45 <3 -8-067- 235:;-44135G

 !"#$%& '$ !$()$!()$

T-4 6-;46-,529-4 .- ;-,A-;,A- 4-;/35 024-4 -3 /-<9;- 4<; .-4 4N45R0-4 -5 9172.:-4 .134

7- ,1.;- .- 5;/24 6;/M-54 /< ,/771@/;152/34 D 7?A/;2U/3 .-4 ,23E 133:-4 D 9-32;G  -4 6;/M-54

4/35 .:,;254 ,2Q.-44/<4G

+,"!-"%$. /0$1&"2-*!& 3 42#"%# /! -2(,#2& ($1%*!&

#- 6;-02-; 6;/M-5 4?234,;25 .134 7- ,1.;- .?<3- ,/77/@/;152/3 19-, 7- #&+& 1N135 6/<;

5AR0- 6;23,2617 71 9172.152/3 -5 7?-86:;20-35152/3 -3 ,/3.252/34 ;:-77-4 .-4 166;/,A-4 @1Q

4:-4 4<; 71 ,//6:;152/3 0/<9-0-35L45:;:/9242/3 6/<; 71 .:5-,52/3 .?/@451,7-4G #?166;/,A-

024- -3 /-<9;- 1 :5: 6-34:- .- 5-77- 0132R;- E<- ,A1E<- :7:0-35 .- 71 ,A1V3- 6<244- 4?16Q

6<N-; 4<; 7-4 5;191<8 4,2-352FE<-4 1,5<-74 .< ./0123- .- 71 9242/3 61; /;.2315-<; 7-4 67<4

6-;=/;01354 -5 7-4 67<4 1.165:4 D ,- 5N6- .?16672,152/34G )/<; ,-71C 3/<4 19/34 @:3:F,2:

1<442 @2-3 .- 7?-86-;524- .< #&+& .134 ,- ./0123- E<- .- 7?-86:;2-3,- -5 .-4 5;191<8 .-

;-,A-;,A- 0-3:4 M<4E<- 7D D 7?&'WG #?<52724152/3 ,/3M/235- .-4 23=/;0152/34 6;/9-3135 .<

XXY
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,-./0,012 02 30 45 62787-/969-1 1-.6 5 :08,96 3;-<20198 306 876.42526 28=6 :8-,0220.86>

1-25,,012 3516 306 692.529-16 ?45669@.0,012 39A?9406 B 2859208 C ,-./0,0126 40126> -??.4D

2529-16 :582904406 306 -<E026F #06 876.42526 -<201.6 :58 4;.29496529-1 0G?4.69/0 30 ?5:20.86 30

/969-1 6-12 ?-,:585<406 B> /-980 ,09440.86 @.0> <05.?-.: 3;5::8-?H06 17?06692512 306 ?5:D

20.86 6.::47,01259806 I?01285406 91082904406JF K ?0 E-.8> 1-280 -<E0?29L 062 45 ,960 01 -0./80

0M0?29/0 30 4;5::8-?H0 :8-:-670 6.8 306 /7H9?.406 7@.9:76 5N1 30 87549608 .10 7/54.529-1

89O-.80.60 30 4;5::8-?H0F P0 :-.8859 <717N?908 :-.8 ?045 306 91L85628.?2.806 3. #&+& 

 !

5N1 30 ,0108 ?-1/015<40,012 ?0 :8-E02F  06 ,-Q016 ,96 B ,5 396:-6929-1 ,0 608-12 91D

396:0165<406 :-.8 ,0108 B <901 .10 7/54.529-1 -R 406 /5895<406 0G:789,0125406 I/5895<94927

306 ?-13929-16 3;5?@.96929-1 C 39M7801206 91625126 30 45 E-.8170> 6-.6 39/08606 ?-13929-16 ?49D

,529@.06> 5/0? 39/086 19/05.G 30 /969<94927 02 3;7?45980,012J 6-12 30 :80,9=80 9,:-8251?0

01 285920,012 306 9,5O06> 01 :5829?.4908 :-.8 306 5::49?529-16 49706 5.G 59306 B 45 ?-13.920

-R 45 67?.8927 3. ?-13.?20.8 062 01 E0.F

 !"#$%&&  !"#$%&"$'("$'%) * +"((, -'$,((, .'($)**#&#+/

#06 54O-892H,06 ?--:78529-1 ,-./0,012S62787-/969-1 ,96 01 -0./80 :-.8859012 :08D

,02280 3;5,749-808 406 6?715899 3;5.2-,5296529-1 B <5660 /920660 2859276 5. #&+& F '1 :5829D

?.4908> 1-.6 5/-16 ?9<47 .10 1-./0440 20?H19@.0 <5:29670  !"#$$%&%' I-. ?-1/-9 30 /7H9?.406J

:08,022512 5.G /-92.806 30 8-.408 :4.6 :8=6 406 .106 306 5.2806 5N1 30 873.980 406 7,9669-16

30 39-GQ30 30 ?58<-10 02 3;7?-1-,9608 30 4;06601?0F #5 875496529-1 3.  !"#$$%&%' 17?066920

40 6.9/9 3;.10 285E0?2-980 30 87L7801?0 5::8960> -. <901 40 6.9/9 30 45 285E0?2-980 3. T405308T

3. ?-1/-9 I/7H9?.40 692.7 01 2U20 3. ?-1/-9JF '440 17?066920 3;0629,08 40 ,-./0,012 :8-:80

30 ?H5@.0 /7H9?.40 59169 @.0 406 396251?06 91208D/7H9?.406F )-.8 ?06 28-96 <89@.06 30 <5606 C

6.9/9> 0O-D,-./0,012 02 91208D396251?06> 1-6 285/5.G 8062012 B U280 /549376 02 5::49@.76 5.

?56 :5829?.4908 3.  !"#$$%&%'F

0' 1%2(#3-,'44")5, * 6"3$'3  !#) -17'5#4,  , 5%)$384, &%+'4,

#0 :8-E02 '.8-:701 %)V

 "

I%.8/094451?0 9,)8-/03 6V620,J 5 :-.8 <.2 30 87549608 30

1-./05.G 6Q62=,06 3;56696251?0 02 30 6.8/094451?0> 9120449O0126 02 5.2-,529676> 535:276 :-.8

45 ,-<94927 306 .29496520.86 N15.G 6.8 40 2088591F #06 .29496520.86 :-201290440,012 9127806676

6-12 406 L-8?06 30 67?.8927 I:-49?9086J> 406 :-,:9086 -. 406 5.2-89276 4-?5406F  0 :8-E02 6;916D

?892 :58,9 406 1-./04406 O7178529-16 30 :8-E026 4976 B 45 /937-D6.8/094451?0F '1 0M02> 54-86

@.0 :013512 30 1-,<80.606 511706> 40 /937-D6.8/094451?0 60 <56592 0G?4.69/0,012 6.8 306

?5,7856 NG06 3516 306 W-106 :8-27O706 <901 37N1906> 0440 20120 30 6;7201380 5?2.0440,012

B 306 ?56 :4.6 O71785.G -R 406 01/98-110,012 6-12 ?-,:40G06> L-820,012 3Q15,9@.06 02

1-1 17?0665980,012 ?-11.6 02 -R 406 ?5:20.86 6-12 0,<58@.76 6.8 306 /7H9?.406 ,-<9406 56D

6.8512 45 6.8/094451?0F  0220 5::49?529-1 :-60 306 :8-<4=,06 69,9459806 01 208,0 3;5154Q60

 !" #$ %&%'( )% *+,+- %.' )% )/012/'132% 42/$5/3. 6% 27472%$8% 6/$. )% 619/3$% 6%. .:.';9%. 6</36% = )/

81$6>3'% ? 3) 63.@1.% 6<>$ 27.%/> 6% AB9 6% @3.'%. 6<%../3.( 6<>$% C1''% 6% D E7F38>)%. 3$.'2>9%$'7.( 6% @)>.

6% GHH 9;'2%. 8/227. 6</'%)3%2. %' )/012/'132%. @1>2 )% 67E%)1@@%9%$' 6%. @21'1':@%.( 6% 0/$8. 6% '%.' %'

6<7'/)1$$/I%( 6% 91:%$. 6% 9%.>2% %' 6% 2%8>%3) 6% 61$$7%. %' 6<>$% ./))% 6% .39>)/'31$"
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Abstract This paper deals with plane detection from a mo-

nocular image sequence without camera calibration or a pri-

ori knowledge about the egomotion. Within a framework

of driver assistance applications, it is assumed that the 3D

scene is a set of 3D planes. In this paper, the vision process

considers obstacles, roads and buildings as planar structures.

These planes are detected by exploiting iso-velocity curves

after optical flow estimation. A Hough Transform-like frame

called c-velocity was designed. This paper explains how this

c-velocity, defined by analogy to the v-disparity in stereovi-

sion, can represent planes, regardless of their orientation and

how this representation facilitates plane extraction. Under a

translational camera motion, planar surfaces are transformed

into specific parabolas of the c-velocity space. The error and

robustness analysis of the proposed technique confirms that

this cumulative approach is very efficient for making the de-

tection more robust and coping with optical flow impreci-

sion. Moreover, the results suggest that the concept could be

generalized to the detection of other parameterized surfaces

than planes.

Keywords Image motion analysis · Pattern recognition ·
Image scene analysis · Egomotion · Optical flow

1 Introduction

This work deals with 3D scene reconstruction from an on-

board moving camera in the context of automatic driver as-

sistance systems. Besides basic navigation and localization
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aspects, most proposed algorithms focus on obstacle detec-

tion. The obstacle is assumed to be a frontal plane, and real-

time implemented approaches are generally based on stereo

vision, especially when the acquisition system is well cali-

brated. Motion information is only exploited afterwards for

detected objects. To take motion into account as informa-

tion straight from image sequences, the egomotion of the

camera is exploited to distinguish between various (moving)

objects. Recent years have seen a profusion of work on 3D

motion, egomotion or structure from motion estimation us-

ing a moving camera. One classification that is commonly

accepted groups existing techniques into three main cate-

gories: discrete, continuous and direct approaches.

• Discrete approaches are based on matching and track-
ing primitives (point, contour lines, corners, etc.) ex-

tracted from images in sequence (Hartley 1995; Luong

and Faugeras 1997; Bay et al. 2008). They are usually

very effective. However, they suffer from a lack of truly

reliable and stable features, e.g., time and viewpoint in-

variance. Moreover, in applications where the camera is

mounted on a moving vehicle, homogeneous zones or lin-

ear marking on the ground hamper the extraction of reli-

able primitives.

• Continuous approaches exploit optical flow (Hildreth

1992; MacLean et al. 1994; Roberts et al. 2009). The re-

lationship between the computed optical flow and real

theoretical 3D motion allows, through optimization tech-

niques, to estimate the motion parameters and depth at

each point. Results are dependent on the quality of the

computed optical flow.

• In direct approaches (Irani et al. 1997; Stein et al. 2000),
motion is determined directly from the brightness invari-

ance constraint without having to calculate explicitly an

optical flow. Motion parameters are then deduced by con-

ventional optimization approaches.
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Independent of the classification above, a large group of

approaches—indifferently discrete, continuous or direct—

exploit the parallax generated by motion (motion parallax,

affine motion parallax, plane+parallax). These methods are
based on the fact that depth discontinuities make it possi-

ble to separate camera rotation from translation (Irani et al.

1997; Hanes et al. 2008). For instance, in “plane + paral-

lax” approaches, knowing the 2D motion of an image region

where variations in depth are not significant can eliminate

the camera rotation. Using the obtained residual motion par-

allax, translation can be exhibited easily.

Two particular studies drew our attention. In the first

study (Fermuller and Aloimonos 1995), motion vectors of

certain lengths and directions are constrained to lie on the

image at particular loci whose location and form depend

solely on the 3D motion parameters. If optical flow fields

or stereo disparity fields are considered, then equal vec-

tors are shown to lie on conic sections. By studying vari-

ous properties of these curves and regions and their rela-

tionships, a characterization of the structure of rigid mo-

tion fields could be made. In the second study (Labayrade et

al. 2002), the authors propose a very efficient stereo vision

technique based on the v-disparity concept that consists of

dealing with the relation between disparity and image lines,

in the particular case where images are rectified. The new

projection space—v-disparity space—where the relation ap-

pears, builds on the set of line disparity histograms. These

two studies can be paralleled in a very interesting way: both

exploit iso-value curves—velocity or disparity. Our opinion

is that such a process, mixing iso-value curves and statis-

tics, is generalizable. This paper shows how to transpose the

concepts to motion and how practically to implement this

theory.

For a practical illustration, parametrized surfaces were

detected without camera calibration or a priori knowledge

about the vehicle egomotion. To circumvent the problem

of depth estimation, in this study, it is assumed that the

3D scene is a set of 3D planes. They will thus be detected

by exploiting iso-velocity curves that make velocity struc-

tures emerge out of an optical flow estimation. Experiments

have already been performed, and it is commonly agreed in

physics that cumulative approaches (here, voting scheme)

are very efficient (Bouchafa and Zavidovique 2006) in mak-

ing a detection more robust and dealing with major (here,

optical flow) imprecision. Therefore, it is shown how to

extend the v-disparity technique to detect planes along an

image sequence shot from a moving vehicle. The appar-

ent velocity from the scale change occurring to image data

takes the place of the disparity, leading to the so-called c-

velocity frame (Bouchafa and Zavidovique 2008). In this pa-

per, a complete plane detection process is detailed, and the

various sources of uncertainty are evaluated.

The paper is organized as follows: the next section is

devoted to the computation of constant velocity curves in

the image plane and the cumulative process is explained.

The third section explains how the focus of expansion is

found from the optical flow. The fourth section details the

parabolas—3D planes—extraction in the c-velocity space

using a Hough transform enriched by a k-means technique.

Section 5 is devoted to the results. Then, in Sect. 6, all con-

straints are specified, and the issues relating to our proposed

method are analyzed.

2 A New Concept: c-Velocity

In Labayrade et al. (2002), the authors exploit the intuition

and prove that, along a line of a stereo pair of rectified im-

ages, the disparity is constant and varies linearly over a hori-

zontal plane as a function of the depth. Then, by considering

the mode of the 2D histogram of disparity value vs. line in-

dex, i.e., the so called v-disparity frame, the features of the

straight line of modes indicates the road plane, for instance.

The computation is then generalized to the other image co-

ordinate and to vertical planes in using the u-disparity, by

several teams, including ours on our autonomous car. In this

paper, the latter concept is transposed to motion. These com-

putations build on the fact that any change in position of a

camera results in an apparent shift of pixels between im-

ages: that is, a disparity for a stereo pair and velocity for

an image sequence. The v-disparity space draws its justifi-

cation, after image rectification that preserves horizontal—

iso-disparity—lines, from inverse-proportional relations be-

tween the first image horizontal-line positions vs. depth and

second depth vs. disparity. How to derive the same type of

relation in the egomotion case is shown here.

2.1 The Case of a Moving Point

In this paper, a translational rigid straight move of the cam-

era in the Z direction is assumed. It does not restrict the

generality of computations. Then, as a result of using Ap-

pendix A, (14) with ÄX = ÄY = ÄZ = TX = TY = 0, the

2D velocity (u, v) becomes:

{
u = TZ

Z
x

v = TZ

Z
y

(1)

Equations (1) describe a 2Dmotion field that could be ap-

proximated by the optical flow. To tackle the imprecision of

optical flow velocity vectors, a Hough Transform-like pro-

jection space is defined, which—thanks to its cumulative

nature—can perform a robust plane detection.

From (1), the relation between the velocity ‖w‖ (≅ dis-

parity) and the iso-velocity function index c (≅ line index v)

becomes

‖w‖ =
√

u2 + v2 =
∣∣∣∣
TZ

Z

∣∣∣∣
√

x2 + y2 = K · C(x, y) (2)
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‖w‖
K

= C(x, y) = c (3)

The translation TZ is that of the camera, and it is identi-

cal for all static points. Then, if the depth Z is constant, K ,

defined as |TZ

Z
| in (2) is constant, and the iso-velocity curves

C(x, y) are circles. Moreover, the radius c varies linearly

with the velocity norm ‖w‖ as underlined by (3). Beyond
the “punctual” general case, Z can be eliminated by consid-

ering linear relations with (X,Y ), i.e., plane surfaces fitting

the driving application well.

2.2 The Case of a Moving Plane

Four cases of moving planes were studied:

(a) Horizontal (road)

(b) Lateral (buildings)

(c) Frontal1 (fleeing/approaching obstacle)

(d) Frontal2 (crossing obstacle)

Table 1 lists, for each case, the unit normal vector n, the

3D translation vector T and the distance plane-to-origin d .

The camera is assumed to have a translational motion T =
(0,0, TZ). In this case, in (15) Appendix B, TX, TY ,ÄX,ÄY

and ÄZ are set to zero (except for an obstacle with its own

motion (0,0, T o
Z) or (T o

X,0,0) that adds to T giving T′).
The corresponding motion fields are then obtained by in-

jecting the respective T (or T′) and n into ai for i = 1, . . . ,8.
Eventually, (15) outputs u and v, as listed in Table 2 for each

case. Let ‖wo‖,‖wr‖, and ‖wb‖ be respectively the module
of the apparent velocity of an obstacle point, a road point

Table 1 Plane parameters of four relevant cases of moving planes

n 3D motion Dist. to origin

(a) (0,1,0) T = (0,0, TZ) dr

(b) (1,0,0) T = (0,0, TZ) db

(c) (0,0,1) T′ = (0,0, T o
Z + TZ) do

(d) (0,0,1) T′ = (T o
X,0, TZ) do

Table 2 Motion velocity vectors of four relevant cases of moving

planes

(a) u = TZ

f dr
xy ‖wr‖ = K

√
y4 + x2y2

v = TZ

f dr
y2

(b) u = TZ

f db
x2 ‖wb‖ = K

√
x4 + x2y2

v = TZ

f db
xy

(c) u = TZ+T o
Z

do
x ‖wo‖ = K

√
x2 + y2

v = TZ+T o
Z

f do
y

(d) u = TZ

do
x − T o

Xf

do
‖wo‖ =





K if T o
X ≫ TZ

K
√

x2 + y2else

v = TZ

do
y

and a building point. All extrinsic and intrinsic parameters

are grouped into an unknown constant factor K . The only

interest of K at that stage is to be constant to reveal a plane.

2.3 Exhibiting the Proportionality c/‖w‖

Each type of ‖w‖ leads to the corresponding expression of c
and the related iso-velocity curve, from (a) to (d) in Table 2.

For instance, in case (b) of a building plane,

c =
‖w‖
K

=
√

x4 + x2y2 (4)

Figure 1a displays the iso-velocity curve for a given value

c0 of c, in the horizontal plane case: case (a) of Table 2.

It is the set of pixels where the velocity norm is constant,

w = Kc0, if they belong to the image of a horizontal plane.

Indeed, the formula (4) above proves that c, constant along

iso-velocity curves by definition, is proportional to ‖w‖. Ac-
tually, an horizontal plane in the image intersects the fam-

ily of such curves obtained when c varies, as displayed in

Fig. 1b incrementing here c values by 10.

Fig. 1 (a) A couple of curves for a given c value in the case of a road

model, on both sides of the origin. The accumulation is done along

these curves, which theoretically do not intersect. (b) A set of curves

for step 10
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2.4 Displaying Proportionality Towards Plane Extraction

The model above, as built in Sects. 2.2 and 2.3, shows that

2D velocities, should be constant along c curves correspond-

ing to the adequate plane model, whatever the process to find

them. Given the uncertainty and imprecision in image acqui-

sition and 2D motion estimation, ‖w‖ is likely not constant
and the most represented ‖w‖ value along a given c curve

is chosen as the winner. In collecting all winners for ev-

ery c value, proportionality should pop out within a Hough

Transform-like process. Thus, as explained in the introduc-

tion, the c-velocity space will be a cumulative space framed

in coordinates (c,‖w‖). It is constructed by assigning to
each pixel (x, y) the corresponding c value through the cho-

sen plane model—(a), (b), (c) or (d) in Table 2—and in in-

crementing the (c,‖w‖) cell value, where w is the velocity

found in (x, y). In the current experiments, the latter w was

computed with a classical optical flow method (Lucas and

Kanade 1981).

2.5 Numerical Technicalities

A study of the function c(x, y) that corresponds to each

plane model—in particular for the road and the building

model—leads to the following conclusions: first, each pre-

vious curve intersects the x axis (road model) or y axis

(building model) in the image plane within: x = ±
√

c or

y = ±
√

c, respectively. Second, for a standard image size,

the range of variation of c is very large, actually 128000

(road model) and 96000 (building model) for an image size

320× 240, respectively. As a consequence, for implementa-
tion (computing accuracy) and homogeneity (c ≈ length2),
these two models are translated into the relations between

‖w‖ and
√

c. A plane is then represented in the c-velocity

space by a parabola instead of a line.

Remark The choice is not insignificant considering
√

c in

the discrete space of the image where pixel matter amounts

to merge all c + δ curves such that l ≤
√

c + δ ≤ l + 1. Be-
cause ‖w‖ is roughly sampled both in accordance with the
method’s philosophy and due to the optical flow smoothing

process, it limits the precision on velocities (see Sect. 6.1

and Fig. 11).

2.6 Cumulative Curves Rectification

For each point p = (x, y) in the image, there is an associ-

ated c value depending on the chosen plane model (see right

column of Fig. 2). It is computed once and off-line because

it depends only on (x, y). In addition, it is possible for im-

plementation facilities and by analogy to image rectification

(that makes all epipolar lines parallel) to compute the trans-

formation that makes all the c-curves parallel to the image

Fig. 2 (a) Original image. (b) Left: images that are constructed using

the geometric transformation that makes all c-curves parallel straight

lines. Right: the c-map, each image point gets the c-value for, respec-

tively, the road, building and obstacle models

line, that is the intensity function I (c, y) for the road and

obstacle models and I (x, c) for the building model (see Ap-

pendix C).

3 FOE Extraction

Out of convention, the intersection of the focal plane and the

motion direction, i.e., the Focus Of Expansion, is the origin

of the 2D image frame. Its location is thus a key parameter

of the visual process studied here. In the case of a transla-
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Fig. 3 (Color online) Voting space for FOE determination. In red:

point that cumulates maximum votes. The intersection of the two white

lines is the FOE. For each pixel location, its voting rate is associated

with a color fromDark (no vote) to red (maximum votes). Intermediate

colors are (in order) blue, cyan and yellow

tional motion, each velocity vector points toward the FOE

as, from (1),

u

v
=

x

y
(5)

Assume now that (x0, y0) are the FOE coordinates in the

image. Moreover, the origin of the image coordinates system

is placed on the top left corner of the image, and then the

egomotion (u, v) becomes

{
u = TZ

Z
(y0 − y)

v = TZ

Z
(x − x0)

(6)

and

θ = tan−1
(

v

u

)
= tan−1

(
x − x0

y0 − y

)
(7)

The above relation means that one can extract the FOE by

estimating the intersection of all velocity vector lines. Sev-

eral other methods exist (Sazbon et al. 2004; Negahdaripour

and Horn 1989). For the sake of further real on board imple-

mentation, a method that is coherent with the present com-

putations is favored (Bouchafa and Zavidovique 2006). All

pixels are asked to vote for a global intersection point of

apparent velocity vectors within a regular Hough space. In

practice, each velocity vector votes for all the points belong-

ing to its support line. The FOE corresponds then to the point

with maximum votes (see Fig. 3).

The location of the FOE can confirm or not whether the

main hypothesis is valid (translational motion). When the

FOE is not located at the image center, images need to be

rectified to compensate for a possible pan or tilt of the cam-

era (see Sect. 6.3). Note also that (5) could also serve as

additional constraint on voters of the c-velocity frame.

4 Extracting Parabolas Using a 1D Hough Transform

Planes are represented in the c-velocity space by parabolas.

They can be extracted with a Hough transform again. The

distance p between each parabola and its focus or its direc-

trix is then cumulated in a one-dimensional Hough trans-

form (Duda and PE 1972).

(x, y,‖w‖) → (c,‖w‖,P (c,‖w‖)) → P(p)

where P is the probability, and p is the parabola’s param-

eter. The classes of the histogram split through a k-means

clustering (MacKay 2003). Of course, other clustering ap-

proaches would suffice.

‖w‖ = K(
√

c)2 ⇒ p =
1

4K
=

(
√

c)2

4‖w‖
(8)

Each 3D plane corresponds to a parabola (a given p pa-

rameter). Of course, different kinds of perturbations like er-

rors on plane orientations or on the camera pose are inherent

to the process. The hypothesis of a translational motion or

the estimations of the velocities (FOE shift) may be wrong.

Finally, the inter-model perturbation cannot be avoided (see

Sect. 6.5). All perturbations concur to transform a pick in the

histogram into a wider distribution. This is the main reason

why the 1D histogram needs clustering. With k-means, the

number of clusters is set a priori. It is not a real difficulty

in targeted applications because that number is usually lim-

ited through the scene structure and the due precision. For

instance, urban motion leads to the detection of only one

“road” but 4 “buildings” (left/right true buildings + parked

car sides). Obviously, such a prediction may turn out to be

wrong. In that case, three considerations hold:

• Assume the number of planes is actually greater. Some
clusters close in orientation will merge, and the question

becomes whether it lowers the car driving accuracy (e.g.,

would a car run out of the road based on an averaged dis-

tance to the walls?). This question is among the reasons

for studying perturbations (see Sect. 6).

• Whether the preset number of planes is lower or greater,
can it be corrected? With elementary supervised cluster-

ing as k-means, one can always loop on this number and

control from the very likelihood of results. For instance,

in the image of Fig. 5, predicting one class more will sep-

arate the street light from the right car sides. For a more

quantitative flavor, one can refer to Fig. 7 where a marked

line on the road first appears and a second can be further

clustered from the second obstacle (motorcycle).

• This problem is a classical dilemma to trade off between
unsupervised likely complicated clustering and a more el-

ementary one but with a priori knowledge. In this prelim-

inary study, to remain more focused on the principle of

this method, the second choice was favored.
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Fig. 4 (a) Velocity vector field of a moving scene with a building,

a road and an obstacle plane. Vectors figure the optical flow. For clearer

display, they are sub-sampled in the image space and their amplitude is

trimmed. Note that the same display process is used for all optical flow

images in the paper, whether synthetic or real. (b) and (c) Associated

c-velocity spaces (left: building, right: road)

Remark “Frontal obstacle planes” result into a vertical seg-

ment of the (
√

c,‖w‖) cumulative space, regardless of the
model being considered (see Fig. 4), because the velocity

is constant. It is still true from experiments because of the

sub-sampling of ‖w‖ (optical flow) and the likely small size
of obstacles when they are fleeing or the egomotion can be

neglected.

5 Results of Plane Detection

5.1 Synthetic Images

In the following toy example (Fig. 4a), a synthetic veloc-

ity vectors field of a moving 3D scene is generated with 3

planes: a vertical one (on the left of the image), a horizontal

one (on the bottom of the image) and a frontal plane with its

own motion parameters (a crossing obstacle).

The results confirm that this simulated egomotion trans-

forms a road plane and a building plane into a parabola

in the corresponding c-velocity space. In Fig. 4b, the par-

tial parabola indicates the expected moving plane together

with its limited width and asymmetrical position. Indeed,

the extension of the piece of the parabola is proportional to

the latter width. Note the moiré effect around the origin in

the building: the inter-model signature is predominant there,

also due to the respective voting amplitudes. In Fig. 4c, the

full parabola indicates the expected moving plane. The gap

near the origin corresponds to the weak velocity amplitude

near the FOE still amplified by the discretization. Note that

the moiré effect is still there but less pronounced than in

Fig. 4b due to the lower number of voting pixels from the

building model. Eventually, the constant segment figures the

obstacle, which appears in all c-velocity spaces because of

its constant velocity w (cf. Remark above).

5.2 Real Images

5.2.1 Data and Parameters

All image sequences considered for the experiments stem

from the French project LOVe (Logiciel d’Observation des

VulnérablEs). Various sequences of real car driving in ur-

ban scenes, provided by the car making companies involved

in the project, with different kinds of vehicle motions are

stored in this database. The process needs an optical flow es-

timation, and the classical Lucas and Kanade (1981) method

was chosen with a 9× 9 window size. The latter choice is
not critical because the aim of this study is a robust detec-

tion despite velocity field uncertainties. Result examples put

a major stress on the building c-velocity space in this paper

in relation to the urban nature of the sequences.

Two more parameters are involved. The first one refers to

the normalization with respect to the total number of points

in a c-curve: indeed, due to the digitization, curves have var-

ious numbers of elements (see Sect. 6 and concluding re-

marks in Sect. 2.5). The second one is the minimum voting

rate in the 1D Hough transform cell for parabola extraction:

for a conic, one must trivially have at least three c-velocity

cells to assume the possible existence of a curve passing

through. Then, for a quantitative evaluation of the approach,

two kinds of confidence factors are used. The first one is

related to the translational motion hypothesis: it is the dif-

ference 1f oe between the coordinates of the image center

and the position of the focus of expansion. If 1f oe is large,

it means that the vehicle does not follow a straight trajectory.

In this situation, it should be difficult to detect any parabola

in the c-velocity space. The second one is related to possible

contamination. The standard deviation σ of each k-means

cluster is chosen. Points far from the mean may for instance

belong to another plane model. A small σ together with a

big amplitude in the c-velocity space is a guarantee that a

plane really exists in the image. Indeed, the total number of

voters is the surface of the plane.
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Fig. 5 Some typical results. Image (1) corresponds to the case where

the camera moves straight. Image (2) corresponds to the case where a

motorcycle crosses the road. In image (3), the vehicle stops. For each

case, images (b) give the result of the FOE determination, images (c)

the c-velocity building space, images (d): the c-velocity space after

k-means clustering and images (e) the final results with 3D lateral

plane detection
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Fig. 6 Image (3): a case where the vehicle stops. (3.a) gives the optical flow, (3.b) the result of the FOE determination, and (3.c) the c-velocity

building space

Fig. 7 Results below show how to make use of the c-velocity concept to detect obstacles

5.2.2 Results

The examples of Fig. 5, 6, 8 and 9 display the optical flow

(images labeled “a”) subsampled for sake of readability, the

FOE position (images b) and the building c-velocity spaces

from various image sequences (images c). Results of the

parabola extraction are given (images d) with the corre-

sponding planes in the image (images e) if they exist. Some

particular situations are shown as well, where the camera ro-

tates or stalls. The examples show how the approach could

be used for obstacle detection even though it is not the main

goal of this study.

5.2.3 Interpretation

In all the sequences considered, the circle in black is the

center of the image. 1f oe is its distance from the FOE. In

images 1 and 2, one can see 6 moving planes: 2 planes corre-

sponding to buildings, 2 planes corresponding to cars parked

on the sides, a frontal moving obstacle (a motorcycle cross-

ing the road) and the road plane. In this sequence, velocity

vectors are in the majority on vertical planes. In the building

c-velocity space in (d.1) and (d.2), as expected, four parabo-

las corresponding to the four main vertical planes in the se-

quence are obtained. Planes in (e.1) and (e.2) have a label

according to a 4 class k-means clustering. The same colors

are used for parabola display and the corresponding plane

display in the image. The discarded points are displayed in

white they most likely belong to another plane model. Im-

age 3 gives an example in the case where the camera does

not move. Pedestrians are crossing the road, and the corre-

sponding c-velocity space (c.3) gives a line (constant veloc-

ity).
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Fig. 8 More results in some cases where the number of planes varies (images 4, 5, 6) and the camera rotates (image 7)
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In the example of Fig. 7, it is shown how image (2) below

could be used for obstacle detection. If discarded points in

the corresponding c-velocity space (points in cyan in d.2.a)

are selected, considering only those points between the two

parabolas on both sides of the FOE and which points voted

for them in the image, then vectors in white in the im-

age (e.2.a) are obtained. Of course, all connected points that

have constant velocity are highlighted (the mark on the road

gives a constant velocity and is detected also with the cross-

ing motorcycle). If only points that have a given direction of

motion (crossing) in (d.2.b) are selected—points in cyan—

then only the motorcycle is extracted from image (e.2.b).

Using images 4, 5 and 6 (see Fig. 8), as expected, re-

spectively 3, 4 and 2 parabolas are obtained in the c-velocity

spaces d.4, d.5 and d.6. They correspond respectively to 3,

4 and 2 vertical planes in the images (see, e.4, e.5 and e.6)

according to the information from the optical flow. In im-

age 7, the camera rotates around the Y axis, and no parabola

appears in the c-velocity space d.7.

In the sequence of Fig. 9, a truck is crossing the road

in image 8. Thus, only the building on the right is detected

(see e.8), corresponding to only one parabola in (d.8). In im-

age 9, instead of a building, a car is detected on the right that

runs with the same motion as the camera-equipped vehicle.

It is then considered as a vertical plane with the same rela-

tive motion (see e.9).

For each image displayed above, Table 3 gives some rele-

vant information to show the quality of the results for 1f oe ,

σi where i is the parabola number and

κi = 1−
number of connected components of the region

number of pixels within the region
,

which corresponds to a connexity factor. Indeed, each de-

tected parabola is associated with a connectivity value, giv-

ing connectivity information about the corresponding pixels

in the image. A plane in the image is assumed to be a con-

nected compound of pixels. Then, a parabola with a con-

nectivity number close to 1 translates a plane region in the

image that is strongly connected.

Let us consider now the sequence of 2300 images, from

which images 1 and 2 were extracted. The 500 images that

correspond to the phase where the camera moves glob-

ally straight and the scene is composed of 4 main planes

are extracted. Figure 10 plots, for each image, the couple

(1f oe, σi). The higher1f oe , the higher σi , which confirms

the role of the FOE position. Note that the apparent trans-

lation and the FOE position are linked by the observation:

a wrong translational motion causes the parabola to spread

into a cluster. Along this sequence, the parabola detection

rate is equal to 87%: the 4 planes are detected. The remain-

ing 13% are the cases where at least one plane is missing.

Fig. 9 Peculiar cases: a single obstacle (image 8) and a vehicle with

the same relative motion (image 9)
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Table 3 Indicators for

appreciation of the results

quality

1f oe σ1 σ2 σ3 σ4 κ1 κ2 κ3 κ4

1 31 2 11 11 12 0.76 0.98 0.82 0.96

2 44 4 25 13 20 0.83 0.93 0.85 0.97

3 162 – – – – – – – –

4 28 8 – 14 22 0.75 – 0.81 0.91

5 22 2 11 2 26 0.92 0.76 0.9 0.74

6 52 12 – – 15 0.81 – – 0.84

7 158 – – – – – – – –

8 56 – – – 22 – – – 0.87

9 42 – – – 10 – – – 0.78

Fig. 10 For each image of a

sequence, the couple

(1f oe, σi ,i=1,2,3,4) is plotted

6 Robustness analysis

Let us consider 5 sources of ambiguity or imprecision in the

plane finding process described in the paper:

1. Numerical approximations.

2. Noisy optical flow.

3. Disalignment of the camera wrt. the translation (e.g.

camera with pan to ground).

4. Wrong estimation of the FOE.

5. Inter model contamination.

Sources 1 and 2 are less bound to the extraction technique

studied here. Digital image analysis involves integer calcu-

lus, and mobile detection involves velocity. They are treated

first and independently. For sources 3 to 5, before complet-

ing any error calculus, it must be stressed upon the cascade

of 2 spaces, the second figuring a measure (i.e., probability)

on the first, where all errors arise.

• The four error sources work in the (x, y) image space,

causing a pixel considered not to be at the position or

not to have the exact size it is expected to have. Ulti-

mately, the error ends affects the theoretical iso-velocity

lines c(x, y).

• However, the plane estimation is actually performed in
the (c,‖w‖) space, where proportionality is looked for
through some consensus of couples (c,‖w‖). The con-

sensus is measured as the proportion of pixels along the c

line that show a ‖w‖ velocity.

In other words, if some perturbation of the theoretical iso-

velocity line c occurs, then constant ‖w‖ are sought on the
theoretical c-curves while ‖w‖ is actually constant on the
perturbed curves. Depending on the type of perturbation,

three main consequences need further attention.

Result 1 Any error from source 3 or 4 results in some shift

of the theoretical iso-velocity line c. Then, sub populations

that would support the proportionality will actually be at the

intersection of the theoretical and actual lines, as illustrated

Fig. 14. As a consequence, not do histogram amplitudes

drop but also the contribution of a given ‖w‖ depends on
the c line density, to know how many potential voters could

be in its favor.

Result 2 In cases 3 and 4, the shift involves two limit

curves in the (
√

c,‖w‖) frame for intersections to exist in
the (x, y) frame (Fig. 14). It can be proven that these limit

curves maintain a parabolic form. Additionally, one should

not forget the actual limits of the planar objects under con-

sideration and the image bounds.

Result 3 Whatever the error type 3, 4 or 5, from c = xρ

or yρ it is obvious that δc is decreasing relatively with the
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distance—ρ(=
√

x2 + y2)—to the FOE, and then any er-

ror causes more perturbation close to it. For larger ρ values,

the curve length likely increases, thus potentially decreas-

ing the relative importance of a given ‖w‖ because of the
scene structure (compact planes). In same conditions, be-

cause curves flatten asymptotically, the increased intersec-

tion increases the set of voters in favor of the related ‖w‖,
right or wrong. A converging consequence is that the fuzz or

moiré effects due to errors occurs mostly close to the FOE,

as shown in the simple cases in Fig. 4 and Fig. 16.

6.1 Numerical Approximations

The equation of c-velocity curves involve a fourth polyno-

mial degree of which consequences were already drawn

in the closing Remark of 4. The more precise effect is

illustrated by Fig. 11 where contiguous curves
√

c =
4
√

y4 + x2y2 are displayed in alternating black, gray and

white for the sake of understanding. Three phenomena im-

pact the voting population:

• The increasing curve length function of y (small around

the FOE and then truncated to the image dimensions).

• The pseudo-periodical thickness variation with y.

• The pseudo-periodical dotted line effect (fortunately van-
ishing with y increasing due to the bounded image dimen-

sion).

Fig. 11 Contiguous (
√

c →
√

c + 1) curves
√

c = 4
√

y4 + x2y2 are

displayed in alternating black, gray and white to illustrate their paral-

lelism in the image. This figure is a discrete real version of continuous

Fig. 1

Moreover, the effects depend on the real to integer conver-

sion process and could be optimized if useful.

6.2 Optical Flow Imprecision

All other functions involved in the process (parallax equa-

tions, FOE location, c-velocity curves, etc.) can be consid-

ered to be deterministic. Then, a stochastic additive noise

would transfer straight onto these functions. For instance,

let us introduce a Gaussian noise on the optical flow vectors

of a building. The parabolas in the voting spaces are now

thicker, and their thicknesses depends trivially on the noise

variance (see Fig. 12; the law of probability of
√

c is the law

of
√

‖w‖).

6.3 Error on Plane Orientation

If the camera translation direction is not exactly parallel

to the optical axis, images are in need of rectification, or

the incline angles have to be considered in computing the

c-values.

Let us consider the effect of an error in the rectification

process. A similar but somewhat simpler phenomenon holds

when the planes considered are not exactly parallel or or-

thogonal to one of the axis of the coordinate system. Again,

a false association (̃c) between a c-value and ‖w‖ is made.
Table 4 lists the effects of every rotation (about X, Y or Z)

on the c-values of each model (a: road, b: building, c: obsta-

cle). In this table, c̃-values are obtained from the new expres-

sion of velocities after rotation (see Appendix D, Tables 5,

6 and 7) when considering that the error introduced by the

misalignment is residual and θ is small.

To give an idea of the phenomena, the case “rotation/X

of plane model (b)” or symmetrically “rotation/Y of plane

model (a)” is examined in more details. Indeed, perturba-

tions give similar effects for all planes and rotations, but this

case leads to the simplest computations. It is illustrated by

Fig. 14(a) in the theoretical image plane (a 3° rotation), by

Fig. 12 Optical flow imprecision. (a) Original flow image. (b) The corresponding c-velocity space. (c) A stochastic noise is added to velocities.

(d) Noisy c-velocity space. The parabola is now thicker according to noise variance
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Table 4 Error on c-values in

the case of rotations Rotation /X Rotation /Y Rotation /Z

(a) c̃2 = (y + f θ)4 + x2(y + f θ)2 c̃2 = y2(x + f θ)2 + y4 c̃2 = x2(y − xθ)2 + y2(y − xθ)2

(b) c̃2 = x2(y + f θ)2 + x4 c̃2 = (x + f θ)4 + y2(x + f θ)2 c̃2 = x2(x + yθ)2 + y2(x + yθ)2

Fig. 13 Simulated building

flow under increasing camera

rotation about X, by 0°(1), 0.5°

(2), 1.5° (3), 3° (4), 6° (5) and

−6° (6). Corresponding
(
√

c,‖w‖) frames, images (a).
Line profiles in the (

√
c,‖w‖)

frame at
√

c = 70 (∼third of the
image height), images (b)
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Fig. 14 (Color online) Given a c̃ curve in red, extracted from a shifted

version of the c-curve family, theoretical limits in green of crossing

c-curves

Fig. 13(1) to (5) in the simulated image velocity field (ro-

tations 0.5° to 6°), and by Fig. 13(1.a) to (5.a) in the result-

ing (
√

c,‖w‖) decision space. One can prove that (Bouchafa
and Zavidovique 2010), whatever the translation, a = f θ :

• First, the number of intersections between a translated
curve c̃—where ‖w‖ is actually constant—and the fam-
ily of c-curves with axis y = 0—where ‖w‖ is practically
searched for—is bounded, which is obvious from Fig. 14.

• Second, knowing that intersections vanish beyond bounds,
it is clear that the corresponding limit c-curves are tangent

to c̃. This fact can be used to show the relation between c̃

(i.e., ‖w‖) and
√

c in this limit situation.

However, the corresponding effect is not predominant,

mainly due to quantization. Indeed the number of voters

in the contact zone between c and c̃ ranges from two to a

dozen, while the merging of the asymptotic parts of curves,

as displayed Fig. 14, leads to a number of voters that ranges

in the few dozens, possibly up to the dimension of the cor-

responding plane. It is shown in Bouchafa and Zavidovique

(2010) how the 3 curves
√

c,
√

c̃ and
√

c+
√

a are mixed up

for x ≥
√

c
a
. Eventually, one can check from Fig. 13 that:

• The number of voters spreads increasingly with a, i.e., the

distance between limit curves for constant ‖w‖ or con-
stant

√
c grows accordingly with a (i.e., with the rota-

tion θ ).

• A maximum number of voters belongs to the limit curves
and the phenomenon is symmetric for positive and neg-

ative a corresponding to the simulated flow of a vertical

plane lying over the whole image.

6.4 FOE Shift

A shift of the FOE results primarily in a relative shift of

the c-curves and thus in perturbations that are analogous to

the ones above. It is all the more true as it is assumed here

again that the FOE position is served (Fig. 3) with respect

to its theoretical setting at the picture center, and thus dis-

crepancies are low. For that type of error, one can compute

the uncertainty. Knowing that the uncertainty to be evalu-

ated is on K where K = ‖w‖
c
and separating the uncertainty

on ‖w‖ that is independent because it is bound to the optical
flow estimation, it is clear that

1K

K
=

1c

c
(9)

Because

c =





ρ

ρx

ρy

where ρ =
√

x2 + y2

depending on the chosen model, and the relative uncertainty

can be estimated through log calculation, then for each case:

1c

c
=





1ρ
ρ

= | 1
x2+y2

|(1x + 1y)

1x
x

+ 1ρ
ρ

= | 1
x

+ 1
x2+y2

|(1x + 1y)

1y
y

+ 1ρ
ρ

= | 1
y

+ 1
x2+y2

|(1x + 1y)

The largest values of uncertainty are obtained for small x

and y values (near the center of the image).

6.5 Inter-model Perturbation

Each point in the image gives its contribution through the

cumulative process on each voting space, regardless of

the model (obstacle, building, road) to which it belongs.

Through that bias, the process introduces some inter-model

perturbation. Of course, each contribution to other models is

expected to be negligible; however, the inter model pertur-

bation rate has to be computed more precisely. Let us dis-

tinguish between curve parameters cb , cr and co for, respec-

tively, the building, the road and the obstacle voting spaces

(in fact, we deal with ςb = √
cb, ςr = √

cr and co). Let us

consider now a building that verifies ‖wb‖ = Kb(
√

cb)
2 =

Kbς
2
b . Representing this building in the road voting space

means that a false association is made between ‖wb‖ (de-
rived from the optical flow) and ςr . The relation between cb

and cr is easily determined by (
cr

cb
= | y

x
|), which means that

the building is represented in the road voting space by a fam-

ily of parabolas with the parameter Kbα, for α = | x
y
| vary-

ing inside the aperture angle of the building plane (Bouchafa

and Zavidovique 2008). A similar phenomenon holds for the

other models. The equations below sum up the relations in

every couple of models (only the fleeing/approaching obsta-

cle model is considered here):

cr

cb

=
∣∣∣∣
y

x

∣∣∣∣,
cr

cof

= |y|,
cb

cof

= |x|
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Fig. 15 (a) The number of increments in the cell (ςr ,‖wb‖) is the
number of intersection points between the 3 displayed curves. (b) The

number of increments in the cell (co,‖wb‖) is the number of intersec-
tion points between the 3 displayed curves

For the sake of illustration, three cases are further out-

lined below, assuming there is one building in the image.

What is the projection of this building in the road and ob-

stacle spaces or the projection of the obstacle in the building

space, and what is the maximum cumulative value to be ex-

pected?

6.5.1 A Building Plane Is Projected on the Road c-velocity

Space

Given a parabola extracted from the family of parabolas ex-

plained above, corresponding to the fixed α = | x
y
| value, the

theoretical number of increments in the cell (ςr ,‖wb‖) is
the number of intersection points between the 3 curves:

• cb =
√

x4 + x2y2, where points with velocity wb are lo-

cated.

• cr =
√

y4 + x2y2, where points with velocity wb are

searched.

• | x
y
| = α, where the Kbα proportionality holds.

Four intersection points are shown in Fig. 15(a), two inter-

section points on both sides of the center of the image. It

means that the local contribution of a building to the road

space is very low, as shown in Fig. 16. Nevertheless, it

should be remembered that

• The thickness of the curve is likely more than one
(Fig. 11) and variable, thus increasing the cell content.

• All intersections along the | x
y
| = α lines contribute in the

1D-Hough space to put the Kbα parabola forward. The

count of the corresponding cell is then at least equal to

the plane dimension.

6.5.2 A Building Plane is Projected on the Fleeing

Obstacle c-Velocity Space

The building verifies ‖wb‖ = Kbcb = Kbς
2
b . Likewise, it

is represented in the obstacle voting space by a family of

parabolas with parameter Kb|x| (i.e. ‖wb‖ = Kb|x|co). The

number of increments in the cell (co,‖wb‖) is the number
of intersection points between the 3 curves:





cb =
√

x4 + x2y2

co =
√

x2 + y2

α = |x|

Unlike in the former case where curve families are or-

thogonal, the circle, the parabola and the line can be tangent

(see Fig. 15b). In this case, depending on the discretization

process, the number of cell increments grows significantly.

6.5.3 An Obstacle is Projected on the Building Space

The obstacle verifies ‖wo‖ = Koco. Because
cb

co
= |x|, the

building is represented in the obstacle voting space by a fam-

ily of lines with parameterKo
1
|x| . The number of increments

in the cell (co,‖wb‖) is as in the previous case, the number
of intersection points between the 3 curves:





cb =
√

x4 + x2y2

co =
√

x2 + y2

α = 1
|x|

Remark Figure 15 stresses again the final remark of Sect. 4

concerning both Sect. 6.5.2 and Sect. 6.5.3. Indeed, the cir-

cle where ‖w‖ is constant is tangent to the external cb-curve

and intersects some others before, which generates between

a few dozen to a few voters in favor of the samemodifiedKo.

Now, considering that frontal obstacles, fleeing or crossing,

are relatively small (e.g., car, cyclist or pedestrian in front,

or side-wall upper part of a building) and respective to the

9-pixels window size of the optical flow, very few ‖w‖ val-
ues are generated as a few contiguous straight segments.
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Fig. 16 Various synthetic flows

and corresponding c-velocity

spaces. (B): Building,

(O): Obstacle and (R): Road

voting spaces

6.5.4 Sum Up and Examples

In Fig. 16, a synthetic 2D motion field for each case was

generated: building, obstacle and road. For each image, the

corresponding c-velocity spaces are shown: building (B),

obstacle (O) then road (R) voting space. The interpreta-

tion is straight forward in light of the explanations above.

Let us still insist on the order of values. Given c, a build-

ing or road in the obstacle frame gets the maximum count

for the maximum w and a null count beyond. It fits per-

fectly with Fig. 15, where, after the circle c is tangent to a

given cb-curve (resp. cr -curve) in the family, no other cb-

curve (resp. cr -curve) intersects, and before that, the de-

creasing cb (resp. cr ) and then ‖w‖ leads to smaller and
smaller counts. Likewise, the interference of road/building

leads to even more clear spread because the respective curve

families are orthogonal. Note that the dissymmetry r/b vs.

b/r comes from the different horizontal and vertical image

dimensions. This effect can be noticed again in the obstacle

frame where the c extension is larger in x (building) than in

y (road). Eventually, in this same frame, it is interesting to

underline again that, symmetric to the cases “obstacle into

road or building frames”, the maximum counts are obtained

for minimum ‖w‖, with the circle tangent to the curve, and
the count is null before and decreases beyond with intersec-

tions.

7 Conclusion

This article shows results of a vision process to analyze a 3D

scene from one moving camera. The 3D environment is as-

similated into a set of planes, both vertical ones (orthogonal

or parallel to motion) and horizontal ones. The approxima-

tion is efficient enough to support navigation in a urban envi-

ronment: it can eliminate the depth variable, thus exhibiting

a theoretical proportionality between the perceived veloc-

ity, ‖w‖, and the so-called c-velocity, c, i.e., curves along

which a plane velocity is constant. Reciprocally, the latter

linear relation characterizes planes under study. Despite its
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fundamental simplicity—a Hough transform in the (c,‖w‖)
space—and approximations made to it, the novel process

proves surprisingly robust over the dozen sequences, each

of several thousand images, that were used in the experi-

ments. It detects more than 80% correct planes on average

with no misses on frontal planes along sequence parts with

straight moves. The good results require further analysis of

the main perturbations bound to the method. An explanation

was offered for why the spread of theoretical parabolas into

“paraboloidal” clusters of (
√

c,‖w‖) cells does not jeopar-
dize the detection. It was shown how:

• The parabolas expand within parabolic bounds due to
camera or plane misalignment.

• The inter-model contamination distributes the same curves
over a bounded family of parabolas due to projections

along rays in the image space.

• The moiré effect due to curve displacements impacts only

the vicinity of the FOE where the velocity is weak any-

way, which contributes to the stability as well.

• The sub-sampling imposed by very large integer num-
bers involved—in the order of the image dimension to the

power four—ends contributing positively despite the vari-

able curve increment it produces, in increasing the num-

ber of voting cells per parabola in the Hough space.

Considering the simplicity of its real-time implementation,

the process could support generalization to limited rotation

towards more realistic motion control-wise. Along the same

line, should applications require it, the generalization to 3D

patterns as cones or cylinders seems sensible, subject how-

ever to the computing and acquisition accuracy.
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Appendix A: Two-dimensional velocity (u,v) from

three-dimensional motion T, Ä

Consider a coordinate system OXYZ at the optical center

of a pinhole camera, such that the axis OZ coincides with

the optical axis (see Fig. 17).

In the case of rigid motion, when a camera moves with a

translational instantaneous velocity T = (TX, TY , TZ) and a

rotational instantaneous velocity Ä = (ÄX,ÄY ,ÄZ), each

static scene point P = (X,Y,Z) moves relative to the cam-

era with a velocity V given by

V =
dP

dt
=




Ẋ

Ẏ

Ż


 = −T − Ä × P (10)

Fig. 17 The coordinate system considered assuming a pinhole moving

camera model

⇐⇒





Ẋ = −TX − ÄY Z + ÄZY

Ẏ = −TY − ÄZX + ÄXZ

Ż = −TZ − ÄXY + ÄY X

(11)

The projection of the point P = (X,Y,Z) in the image

plane is

p =
(

x

y

)
= f

(
X
Z

Y
Z

)
(12)

The derivation of the previous expression gives the 2D

velocity v = (ẋ, ẏ) of each image point p = (x, y):

ẋ =
ẊZ − ŻX

Z2

ẏ =
ẎZ − ŻY

Z2

(13)

Substituting (11) and (12), the 2D velocity vector for

each image point is





ẋ =
(

−f
TX

Z
− ÄY + yÄZ

)

− x

(
−

TZ

Z
− y

ÄX

f
+ x

ÄY

f

)

ẏ =
(

−f
TY

Z
− xÄZ + ÄX

)

− y

(
−

TZ

Z
− y

ÄX

f
+ x

ÄY

f

)
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Rearranging the terms to group rotations and translations

gives (u = ẋ, v = ẏ):





u =
xy

f
ÄX −

(
x2

f
+ 1

)
ÄY + yÄZ −

f TX + xTZ

Z

v = −
xy

f
ÄY −

(
y2

f
+ 1

)
ÄX − xÄZ −

f TY + yTZ

Z

(14)

Appendix B: Two-Dimensional Velocity of a Moving

Plane

Suppose now that the camera is observing a planar surface

of equation nT P = d , with n = (nX, nY , nZ) the unit vector

normal to the plane, d the distance “plane to origin” and

P the generic point (X,Y,Z). After (Longuet-Higgins and

Prazdny 1980; Verri and Poggio 1989) or from (14) and Z =
1

nZ
(d − nXX − nY Y), the 2D velocity can be written as





u =
1

f d
(a1x

2 + a2xy + a3f x + a4fy + a5f
2)

v =
1

f d
(a1xy + a2y

2 + a6fy + a7f x + a8f
2)

(15)

a1 = −dÄY + TZnX

a2 = dÄX + TZnY

a3 = TZnZ − TXnX

a4 = dÄZ − TXnY

a5 = −dÄY − TXnZ

a6 = TZnZ − TY nY

a7 = −dÄZ − TY nX

a8 = dÄX − TY nZ

Appendix C: Cumulative Curve Rectification

Case 1: road model, computing c with respect to y In this

case, c2 = y2(x2+ y2). A relation between c and y requires

the solution of y4 + y2x2 − c2 = 0. Hence,

y = ∓

√
−x2 +

√
x4 + 4c2
2

(16)

Case 2: building model, computing c with respect to x In

this case, c2 = x2(x2 + y2). A relation between c and x re-

quires the solution of x4 + y2x2 − c2 = 0. Hence,

x = ∓

√
−y2 +

√
y4 + 4c2
2

(17)

Case 3: fleeing/approaching obstacle, computing c with re-

spect to y In this case, c2 = x2+ y2. The relation between

c and y is trivially

y = ∓
√

c2 − x2 (18)

Appendix D: Errors on Velocity Vectors in the Case of

Camera Rotation

Table 5 Error on the velocity vectors in the case of a rotation/X

n Rotation/X

T′ = (0,− sin θ, cos θ)TZ

(a) (0,1,0) n′ = (0, cos θ, sin θ)



u = K[x cos θ(y cos θ + f sin θ)]

v = K(y cos θ + f sin θ)2

(b) (1,0,0) n′ = (1,0,0)



u = Kx2 cos θ

v = K[x(y cos θ + f sin θ)]
(c) (0,0,1) n′ = (0,− sin θ, cos θ)




u = K[x cos θ(f cos θ − y sin θ)]

v = K[(y cos θ + f sin θ)(f cos θ − y sin θ)]

Table 6 Error on the velocity vectors in the case of a rotation/Y

Rotation/Y

T′ = (− sin θ,0, cos θ)TZ

(a) n′ = (0,1,0){
u = Ky(x cos θ + f sin θ)

v = Ky2 cos θ

(b) n′ = (cos θ,0, sin θ){
u = K(x cos θ + f sin θ)2

v = K[y cos θ(x cos θ + f sin θ)]
(c) n′ = (− sin θ,0, cos θ){

u = K(f cos θ − x sin θ)(x cos θ + f sin θ)

v = Ky cos θ(f cos θ − x sin θ)

Table 7 Error on the velocity vectors in the case of a rotation/Z

Rotation/Z

T′ = T

(a) n′ = (− sin θ, cos θ,0){
u = K[x(−x sin θ + y cos θ)]
v = K[y(−x sin θ + y cos θ)]

(b) n′ = (cos θ, sin θ,0){
u = K[x(x cos θ + y sin θ)]
v = K[y(x cos θ + y sin θ)]

(c) n′ = (0,0,1){
u = Kf x

v = Kfy
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Abstract— Vision-based autonomous vehicles must face nu-
merous challenges in order to be effective in practical areas.
Among these lies the detection and localization of independent-
moving objects, so as to track or avoid them. In this paper
a method that address this particular issue is presented.
Information from stereo and motion is used to extract the ego-
motion of the vehicle. Known defects of this estimation are
exploited to detect independent-moving obstacles. This method
allows an early and reliable detection, even for objects partially
occluded. Besides, it highlights the errors in the disparity map,
which can be used, in future works, to correct depth-estimation,
through motion-estimation.

I. INTRODUCTION

In order to develop an independent, mobile robot, one

must first take a glance at the obstacle detection. The work

described in this paper addresses such an issue. To that end,

only visual information is to be used. Modern cars can be

equipped with a variety of sensors (like GPS, proprioceptive

sensors, collision detectors, etc.) but those sensors are.On the

contrary, vision provides a much richer data and can serve

several purposes, such as (but not limited to) localization,

recognition and pathfinding. Anthropological and psycho-

cognitive evidence [1] shows us the importance of visual

information in human motivity and development. As such,

computer vision, applied to intelligent vehicles is a highly

active research topic, one can refer to [2] for a more extensive

overview of the topic.

One can basically distinguish between monocular and

binocular approaches. Monocular approaches, such as [3], [4]

rely on image motion estimation, through the computation

of optical flow [5]. Some authors, such as [6], estimate the

motion directly from the image, but they still have to rely

on the brightness constraint equation. However, the ill-posed

nature of the optical flow computation problem makes the

use of regularization or heavy smoothing constraints [7],

[8] necessary. Such constraints can deteriorate the useful

information in image region such as occlusion regions, or

depth-discontinuities. Besides, monocular methods lack the

exact knowledge of objects depth and can only determine

the exact position of a given object up to a scale factor.

On the other hand stereovision based methods provide,

through calibration, an absolute measurement of a 3D space.

Disparity information can be used in order to detect, without

any other input, potential obstacles [9], [10].

The information provided by both cues is complementary,

thus a current trend is to make those collaborate, in order

to exploit motion analysis and scene structure. For instance,

the past decade has seen many attempts to achieve a useful

collaboration in the domain of obstacle detection [11], [12]

or in the field of ego-motion recovery (odometry) and

pathfinding [13]–[15].

Some authors, such as [16] have tried to estimate the ego-

motion of a stereo-rig and then compute a 3D-displacement

field due to this ego-motion, in order to identify dynamic

objects. However their method differs from the one described

here on several points. First, they use the predicted displace-

ment field only to discriminate between static and dynamic

objects, stereo-vision is then used to extract the different

targets. This could lead to detection errors, for instance, two

distinct objects with different motions but with the same

disparity would be merged. Moreover, their method relies on

a thresholding, whereas the proposed algorithm stems from

a much more robust error analysis of the most important part

of such an algorithm : the ego-motion extraction. Finally, the

proposed method relies on robust feature points, which are

insensitive to the aperture problem and allow for greater dis-

placement than the correlation-based optical flow proposed

in [16].

The method presented here stems from [13] work on

d-motion estimation. According to the error model devel-

oped in section IV, the consistency of every point with

the extracted ego-motion is checked through the use of a

robust correlation technique. The proposed method does not

only perform a static/dynamic detection, it allows a fine

segmentation with respect to the obstacle’s own ego-motion.

As shown in section V, an early detection can be achieved

even in hard cases (occlusion for instance).

In the first section, the motion model and the hypothesis

will be described. In the second section, an ego-motion

extraction algorithm will be described and tested. In section

IV, a method to detect independent motion in a sequence

of image pair is presented. The results of this method and

their discussion is to be found in section V. Finally, section

VI concludes and presents some improvement that can be

brought to the current method.
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Fig. 1. Coordinate system to be used, at time (t + ∂t)

II. MODEL AND HYPOTHESIS

A mobile vehicle (e.g. a car), moving in a world consti-

tuted of either static or dynamic objects, is considered. The

world is described by a set of two frames of reference. The

first one, labelled Ra is absolute while the second one Rr

is bound to the vehicle, with its origin located at the optical

center of the right-hand-side vision sensor.

This vehicle is equipped with a rectified stereo rig, looking

forward. The two image sensors are modeled by the pinhole

camera model. Both focal lengths are identical and are noted

f , the stereo rig’s baseline is bs, pixels are considered to

be squared, with their dimension equal to tp. Disparity is

measured with respect to the right-hand-side coordinates.

The choice of the algorithm used to recover sparse or dense

disparity maps is left to the reader’s discretion. One can refer

to [17] for an extensive study of existing algorithms. The

method that will be used is fully described in [10].

According to the standard pinhole model, a static world

point M =

∣

∣

∣

∣

∣

∣

XM (t)
YM (t)
ZM (t)

∣

∣

∣

∣

∣

∣

Ra

is imaged by our system as :

m =

∣

∣

∣

∣

∣

∣

∣

xM (t) = f
XM (t)−bs/2

ZM (t)

yM (t) = f
YM (t)
ZM (t)

δM (t) = f bs

ZM (t)

∣

∣

∣

∣

∣

∣

∣

(1)

Where δ is the disparity between right and left images, and

m belongs to the disparity space. One can easily show that

the disparity space is a projective space as there exists a pro-

jective transformation between the homogeneous coordinates

of a point in the 3D euclidean space and the homogeneous

coordinates of its image by the stereo rig. This work will

be conducted in the disparity space, because of the isotropic

nature of the associated discretization noise as shown in [13].

Static objects are assumed to be dominant in the images.

This assumption will later allow to extract the vehicle ego-

motion. Without any loss of generality and unless explicit

notice, only two different times, labelled t and t + ∂t are

considered. At t, the two coordinates systems are coincident.

The motion between Ra and Rr, that occurs between t

and t + ∂t is decomposed in its translational and rotational

components.

−→
T (t) =

∣

∣

∣

∣

∣

∣

TX(t)
TY (t)
TZ(t)

∣

∣

∣

∣

∣

∣

Ra

−→
Ω(t) =

∣

∣

∣

∣

∣

∣

ωX(t)
ωY (t)
ωZ(t)

∣

∣

∣

∣

∣

∣

Ra

The angles ωX(t), ωY (t) and ωZ(t) are considered to be

small enough to linearize trigonometric lines. This assump-

tion is valid in standard driving conditions. After the motion
{−→

T ,
−→
Ω
}

, the static world point M can be expressed as:

M =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

XM (t)
YM (t)
ZM (t)

∣

∣

∣

∣

∣

∣

+
−→
Ω(t) ∧

∣

∣

∣

∣

∣

∣

XM (t)
YM (t)
ZM (t)

∣

∣

∣

∣

∣

∣

−
−→
T (t)

∣

∣

∣

∣

∣

∣

Rr

M =

∣

∣

∣

∣

∣

∣

XM (t)− ωY (t).ZM (t) + ωZ(t).YM (t)− TX(t)
YM (t) + ωX(t).ZM (t)− ωZ(t).XM (t)− TY (t)
ZM (t) + ωY (t).XM (t)− ωX(t).YM (t)− TZ(t)

∣

∣

∣

∣

∣

∣

Rr

In order to model motion in the disparity space, the

so-called d-motion formalism is used. Assuming that

m(t)

∣

∣

∣

∣

∣

∣

x(t)
y(t)
δ(t)

∣

∣

∣

∣

∣

∣

is the image of a static world point, it will

be mapped as m(t + ∂t). As of now, variable(t) will

simply be noted variable, and variable(t+∂t) will be noted

variable′. The coordinates of m′ can be expressed through

the projections of the motion components equations:

m′ =

∣

∣

∣

∣

∣

∣

x′

y′

δ′

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x+ωZ .y−
TX .δ

bs
.f−f.ωY

ωY
f

.x−
ωX

f
.y−

TZ .δ

bs
+1

y−ωZ .x−
TY .δ

bs
.f+f.ωX

ωY
f

.x−
ωX

f
.y−

TZ
f.bs

+1
δ

ωY
f

.x−
ωX

f
.y−

TZ
f.bs

+1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(2)

In the following the following will be used :

m′ = P“−→
Ω ,
−→
T
” (m)

III. EGO-MOTION EXTRACTION

A. Method

In order to identify moving obstacles, one must first

evaluate its own ego-motion. For that we consider a set of N

point correspondences {mi, i ∈ [1, N ]} → {m′
i ∈ [1, N ]}.

Those correspondence can be provide by an optical flow

method, but we’d rather rely on more robust, feature points

extraction methods, such as Harris corner detector [18], the

SURF detector [19], or level-lines junction [20]. Because of

its trade-off between robustness and computational cost, a

SURF detector will be used later on.

Equation (2) provides a linear system in (
−→
Ω ,
−→
T ) :
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Fig. 2. Ego-motion estimation relative error Vs. correspondences noise.
Used data consists of 500 points, 20% of which were outliers. The estimator
used to evaluate relative error is the median of 10 000 realizations.
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The purpose is to find a couple

(

−̃→
Ω ,
−̃→
T

)

1 that minimizes

the following :

ǫ =
i=N
∑

i=1

dist

(

m′
i, P

„

−̃→
Ω ,
−̃→
T

« (mi)

)

where dist (a, b) can be any of the usual topological dis-

tances, extended to the disparity space. All experiments were

conducted with the euclidean distance. That minimization is

performed, using a RANSAC [21] approach in order to reject

outliers, along with singular value decomposition to solve

the linear system at every step of the process. RANSAC

parameters are set assuming a minimal proportion of inliers

of one third of the extracted feature points and to ensure a

5% probability of false rejections [22].

B. Results

In order to evaluate the precision of the ego-motion

extraction, we proceed by different means, first synthetic

data is used. Such data is constituted by a set of static

points and animated by an arbitrary motion, with perfect

correspondences (or with a perfectly known noise) feeding

the ego-motion extraction algorithm. Those results can be

found in Fig. 2.

The Sivic simulator [23] was also used. This presents the

advantage of providing pseudo-realistic image-sequences and

a perfect knowledge of the vehicle ego-motion. Fig. 3 shows

an example of such pseudo-realistic images. Fig. 4 presents

results for a test sequence from Sivic. This sequence presents

urban landscape, with moderate traffic. After 600 frames, and

about 250 meters, the positioning error is 2.5 meters. The

average instantaneous error is less than 2%.

Errors in the ego-motion estimation stems from various

sources:

• First, one can note the fact that RANSAC process isn’t

always optimal. For practical applications, we are bound

to set a maximum number of iterations, and we do not

have the certainty that the final result is the best we can

obtain, depending on our input data.

• Second, there is the discretization of the disparity space,

and more generally, the positioning of the feature points

used to inverse the motion model.

From these two error sources, only the later can be

quantified. However, through the use of the Sivic simulator,

an upper bound to the relative error was estimated around

15%.

IV. DETECTION

A. Ego-Motion Error Propagation

The objective of this section is to detect image points that
don’t validate the motion model found in section III. For
that, from (2), one can write :

8

>

>

>

>

<

>

>

>

>

:

µ =
xy

f
ωX −

“

f +
x2

f

”

ωY + yωZ − δf TX

bs
+

xδTZ

bs

ν =

“

f +
y2

f

”

ωX −
xy

f
ωY − xωZ − δf TY

bs
+

yδTZ

bs

ξ = δ
yωX−xωY +

TZ
bs

xωY −yωX−
TZ
bs

+1

(3)

Where µ = x′ − x, ν = y′ − y and ξ = δ′ − δ. The

following notation will be used :
∣

∣

∣

∣

∣

∣

µ

ν

ξ

∣

∣

∣

∣

∣

∣

= Π“−→
Ω ,
−→
T
”





x

y

δ





and Π“−→
Ω ,
−→
T
” can be called displacement field.

For every point m in the disparity-space at the time t,
the coordinates of the point m′ = m + Π„−̃→

Ω ,
−̃→
T

« (m) are

computed. If the point m is the image of a static world point,

1the tilda symbol denotes an estimate

Fig. 3. Image extracted from a test sequence generated with the Sivic
simulator
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Fig. 4. Extracted and Ground Truth paths for a sequence of 600 stereo
pairs.

m′ should be its correspondent at the time t+∂t, on the other
hand, if m is the image of a world point, belonging to a
dynamic object, m′ shouldn’t. However, as seen previously,
the estimation of the ego-motion, isn’t perfectly accurate.

Through the propagation of uncertainty with respect to
−→
Ω

and
−→
T , and with (3) :

8

>

>

>

<

>

>

>

:

∂µ = xy
f

∂ωX +
“

f + x2

f

”

∂ωY + y∂ωZ −
fδ
bs

∂TX + xδ
bs

∂TZ

∂ν =
“

f + y2

f

”

∂ωX −
xy
f

∂ωY − x∂ωZ −
fδ
bs

∂TY + yδ
bs

∂TZ

∂ξ = δ
(1−a)2

.
“

y∂ωX − x∂ωY + 1
bs

∂TZ

”

(4)

where a = yωX − xωY + TZ

bs

By replacing in (4) every motion-related variable by an
estimate of its upper bound, the following can be defined:
8

>

>

>

>

>

<

>

>

>

>

>

:

∆µ =
xy
f

∆ωX +

„

f + x2

f

«

∆ωY + y∆ωZ −
fδ
bs

∆TX + xδ
bs

∆TZ = P1 (x, y, δ)

∆ν =

„

f +
y2

f

«

∆ωX −
xy
f

∆ωY − x∆ωZ −
fδ
bs

∆TY +
yδ
bs

∆TZ = P2 (x, y, δ)

∆ξ = δ
(1−a)2

.
“

y∆ωX − x∆ωY + 1
bs

∆TZ

”

= P3 (x, y, δ)

where P1, P2 and P3 are polynomials. For every point, given

its position in the disparity space and the current estimate of

the ego-motion, the upper bounds ∆µ,∆ν and ∆ξ of the

uncertainty of the displacement field can now be estimated.

With this result, for each point m of the disparity space,

a 3D interval, at the time t + ∂t, can be defined by:

Wm
„

−̃→
Ω ,
−̃→
T

« = [x + µ−∆µ;x + µ + ∆µ]

× [y + ν −∆ν; y + ν + ∆ν]
× [δ + ξ −∆ξ; δ + ξ + ∆ξ]

where ”×” stands for the cartesian products.

So, for every point m in the disparity space that is the

image of a static world point, it is known that :

∃ m′ ∈ Wm
„

−̃→
Ω ,
−̃→
T

« such as

m′ = m + Π“−→
Ω ,
−→
T
” (m)

By searching Wm
„

−̃→
Ω ,
−̃→
T

« for the correspondent of m, it

can be determined whether m is a static point (i.e. there is

actually a correspondent to m in Wm
„

−̃→
Ω ,
−̃→
T

«), or if m moves

independently (i.e. no correspondent can be found within the

boundaries of Wm
„

−̃→
Ω ,
−̃→
T

«). The only significant limitation at

this point is the case of a dynamic point d, whose motion
(−→
Ωd,

−→
Td

)

satisfies the following :

−→
Ωd ∈

[

−̃→
Ω − ∂

−→
Ω ,

−̃→
Ω + ∂

−→
Ω

]

−→
Td ∈

[

−̃→
T − ∂

−→
T ,

−̃→
T + ∂

−→
T

]

such a point would have its correspondent within the

boundaries of Wd
„

−̃→
Ω ,
−̃→
T

«, because of the definition of

Wd
„

−̃→
Ω ,
−̃→
T

«. In other words, a static point and a dynamic

one can not be discriminated if the motion of the later

differs from the ego-motion of a quantity smaller than the

extraction noise.

Yet, the presence or absence of a correspondent to m

in Wm
„

−̃→
Ω ,
−̃→
T

«, only allows to distinguish between static and

dynamic points.

B. Independent Motion Detection

In order to refine a subsequent image segmentation, the

3D interval of the disparity space, at t + ∂t is defined :

Rm
„

−̃→
Ω ,
−̃→
T

« = [x + µ− κ∆µ;x + µ + κ∆µ]

× [y + ν − κ∆ν; y + ν + κ∆ν]
× [δ + ξ − κ∆ξ; δ + ξ + κ∆ξ]

The correspondent of m will be searched in Rm
„

−̃→
Ω ,
−̃→
T

«.

That way, one will be able to differentiate between static

and dynamic objects, but also between two different dynamic

objects.

This correspondence search is performed by calculating

the Zero-mean Sum of Absolute Differences (ZSAD) over a

small neighborhood, between m and c ∀ c ∈ Rm
“−→

Ω ,
−→
T
”.

However if a basic correlation is well adapted to stereo

pairing problems (due to the epipolar constraint), in a more

general case, periodic (or continuous ones) objects can

provide a single point with multiple good correspondence

candidates. In order to avoid possible ambiguities, a standard

Winner Takes All (WTA) approach is not used. Instead, every

candidate c that has a ZSAD score satisfying the following

conditions is considered:











ZSADc < Tr

ZSADc−min

 

ZSADc′ |c
′∈Rm

(−→Ω ,
−→
T )

!

ZSADc
< α

Where Tr is a set threshold, usually set around 5 × Nb,

where Nb is the number of pixels in the neighborhood used

to calculate the ZSAD score, and α is an arbitrary tolerance

threshold, usually set around 0.1 to 0.3.
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The candidate m′
b that is the closest to m+Π„−̃→

Ω ,
−̃→
T

« (m)

among the valid ones is retained. If there is no candidate

satisfying the previously mentioned conditions, the point m

is flagged with a special value as such a situation can mean

several things:

• m lies within an occlusion region

• m is the image of a world point that presents a motion

larger than the one imaged by Rm
„

−̃→
Ω ,
−̃→
T

«

• the disparity at point m is false.

Through this correlation process, every point m in the

disparity space is associated with a vector:

−→
A = m′

b −m−Π„−̃→
Ω ,
−̃→
T

« (m) =







µA

νA

ξA

Representations of this vector field can be found as Fig. 7

and Fig. 9 (see section V for a description of the used color

encoding).

C. Mobile Objects Segmentation

Due to the semi-dense nature of the used disparity maps,

one target will often be split into several blobs. A hierarchical

clustering process [24] is used to group different parts of an

object together. The distance used in order to complete such a

process is based on motion and disparity. It can be expressed

as :

Distclustering (a, b) =
∣

∣

∣
arg
(−→

A (a)
)

− arg
(−→

A (b)
)∣

∣

∣

+W1

√

∣

∣

∣

∣

∣

∣

−→
A (a)

∣

∣

∣

∣

∣

∣

2

−
∣

∣

∣

∣

∣

∣

−→
A (b)

∣

∣

∣

∣

∣

∣

2

+W2 |δ (a)− δ (b)|
+W3DistImage(a, b)

Where W1 ,W2 and W3 are empirically determined rel-

ative weights between the different components of the dis-

tance, arg is the angle between the vector and the horizontal

axis and DistImage(a, b) is the Euclidean distance, in the

image space.

Both these pieces of information are needed, to lift some

uncertainties. For instance, if a rigid object is independently

moving in a given direction, some part of this object can

present a low or zero local contrast (e.g. some part of the

body of a car), so those parts will appear with no independent

motion. Disparity information must be used to associate

those parts with a wider, independently moving, set.

V. RESULTS & DISCUSSION

For representation purposes, the projection of the
−→
A

vector field upon the image space (i.e. without its disparity

component, which is, anyway, the smallest one) will be

displayed, using the color encoding illustrated in Fig. 5.

Tests were conduced with 7 stereo sequences from the

french LoVE (Logiciel d’Observations des Vulnerables)

project. The stereo sensor was composed by two identical

640x480 CCD-cameras, equipped with 6 mm lenses, the

Fig. 5. Color representation used. Hue and Saturation are determined by the
length and angle of the vector. Value is 0 if m′

b
∈ Wm

(Ω,T )
, 0.6 otherwise.

baseline of this sensor was 58 cm. All those sequences were

shot in urban areas and present low to medium traffic.

Fig. 8 shows the results of the presented algorithm for the

image sequence illustrated in Fig. 6 & 7. The two targets are

well defined. Even if the pedestrian on the right hand side

is partially occluded, she is well detected, as every visible

part of her body is labelled with the same tone. On the other

hand, some body parts of the moving car are identified as

static. This is due to its constant and untextured nature, and

a way to circumvent this has already been exposed.

It is important to note the road post on the right side

of the road. One can see in Fig. 7, that its upper part

was attributed a wrong disparity value2. This disparity error

yields to a motion prediction error. One can also notice some

smaller errors, due to false correspondences in the correlation

process.

Fig. 9 shows the result of our extraction process. Both

targets are accurately located. Besides the road post, some

false positives are presents. These are due to false corre-

lation. At this time, there is no filtering process going on

in order to eliminate such false positives. Figs. 10 & 11

illustrate the independent motion representation and target

extraction for another part of the same sequence. In this part

of the sequence, both targets (foreground and background

pedestrians) are also well extracted. Figs. 12, 13, 14 & 15

present the extraction results, as well as independent motion

representation for two other different sequences. Figs. 12 &

13 present a sequence in which the rotational component of

the ego-motion is dominant with respect to the translational

one. Figs. 14 & 15 present a much more complex scene. The

images contain six different targets, with different motions.

VI. CONCLUSIONS & FUTURE WORKS

A. Conclusions

A stereo-motion based algorithm that works on two con-

secutive disparity maps3 and a set of feature correspondences

2this is due to the periodic nature of the post pattern.
3The frequency of acquisition of those disparity map can range from 2

Hz to 25 Hz, in other ways, some detection can still be achieved with highly
time-separated events.
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Fig. 6. Image extracted from a real test sequence. The vehicle within the
red bounding box is driving forward and initiating a left bend. Within the
green box lies the head of a partially occluded pedestrian walking from the
right hand side of the field, toward the left-hand side.

Fig. 7. Disparity Map computed with the method described in [10], from
the image pair illustrated by Fig. 6. If one takes a close look, one will notice
that a post on the right side of the road presents a disparity error. This is
due to the periodic nature of the post pattern, i.e., the upper part of the post
is matched with the wrong post in the left image.

is presented here. First the ego-motion of the stereo-rig is

estimated, in order to synthesize the corresponding displace-

ment field in the disparity-space (i.e. optical flow extended to

disparity variations). The precision of this displacement field

evaluation for every point in the disparity space is estimated

through error propagation. Through a robust correlation

method, the points that don’t fit in the displacement field

can be detected. The work presented here uses this detection

in order to achieve localization of independently moving

objects. Though, it’s worth noting that those points can also

belong to disparity map errors.

B. Future Works

As seen previously, the presented method allows the de-

tection of image-based regions that don’t validate a majority

motion model. These regions can be either an independent

moving object, or a disparity error. Thus, this can be used to

obtain a correction of the disparity map. Instead of the WTA

approach used, several stereo-candidates can be stored for

every point. That way, if a point does not comply with the

motion estimation for a certain disparity value, but complies

with it for another likely disparity-value, disparity can be re-

estimated, assuming that the point is static. Errors like the

one illustrated in Fig. 7 could be avoided. Such an algorithm

is currently being studied.

Besides, the first drawback of this method is its compu-

tational cost. As a matter of example, on a standard lap-

top, a non-optimized C++ implementation runs at 5 frames

(640x480) per second. However, all the involved processes

present high data parallelism. So, besides using algorithmic

means (e.g. pyramidal approach), the use of SIMD-optimized

coding, or massively parallel computer architectures like

GPGPU, or the CELL processor are considered. All those

possibilities are currently studied.

Moreover, the method presented here relies only upon the

analysis of two consecutive frames. Using some integration

over time could improve the elimination of false detections

and the identification of small motions. It could be realized

by tracking all supposed obstacles through time and disparity

space, for instance with a Kalman filter or a mean-shift

approach. Such a tracking could also allow to circumvent

the dominant motion hypothesis. For instance, if a large

moving vehicle occupies a major part of the camera field,

its motion will be interpreted as the ego-motion. Tracking

this object would allow to label certain parts of the image

as dynamic, feature points from within these parts would no

longer be used for the ego-motion extraction. Moreover, ego-

motion estimation can also be improved through the use of

time integration. For instance, a Kalman filter can be used to

predict ego-motion, in order to avoid potential aberrations.

Such an aberration could be due to the sudden arrival of

a dominant moving object in the camera field or to a low-

contrast landscape, which can lead to a reduced number of

extracted feature points.

Fig. 8. The car and the pedestrian’s head are well defined. Please note
that a median blur is applied to the resulting image, in order to eliminate
some noise points.
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Fig. 9. Final Segmentation Realized. One can note the extraction of the
road post, as well as two small false positives. Those false positives are due
to false correlations. The targets, however are well defined.

Fig. 10. Image extracted from the same sequence as Fig. 6. The two
pedestrians are well extracted, even the one in the background.

Fig. 11. Independent motion representation. One can note the pedestrian
in the background.
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Abstract

A new level-line registration technique is proposed for image transform estimation. This approach is robust towards contrast changes, does not

require any estimate of the unknown transformation between images and tackles very challenging situations that usually lead to pairing

ambiguities, like repetitive patterns in the images. The registration by itself is performed through efficient level-line cumulative matching based on

a multi-stage primitive election procedure. Each stage provides a coarse estimate of the transformation that the next stage gets to refine. Even if we

deal in this paper with similarity transform (rotation, scale and translation), our approach can be adapted to more general transformations.

q 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Registration methods are used to match two or more images

taken from different viewpoints, from different sensors or at

different times. These last years, various applications including

stereovision, 2D/3D motion analysis, pattern recognition or

image/video mosaicing, need to register images at some stage.

The increased number of approaches motivates many good

quality surveys, taking several criteria into account [4,17].

Among other classification criteria, one can quote:

† The nature of the work domain: frequencial or spatial.

Frequency approaches are based oil phase correlation and

exploit basic properties of the Fourier (or wavelet)

transform [24]. Spatial approaches are based on spatial

primitive extraction.

† The nature of image transformation (euclidian, similarity,

affine, projective or elastic) that implies given types of

invariants (length, angle, length ratio, incidence, cross ratio,

etc.).

† The chosen primitives. Most frequently used ones are

particular points [14,20], edges [21], contours [18], surfaces

[23], regions [10], lines [27], or Fourier descriptors [15].

† The similarity measure that depends again on the selected

primitives since it measures some similarity between them.

Examples of basic similarity measures are: cross-corre-

lation [25], sum of absolute differences [3], or Leven-stein’s

distance [12].

† The search space and the matching strategy that relate to

computation savings. In short, strategies are based on

explicit primitive match (e.g. exhaustive search, dynamic

programming (12), relaxation labeling [26], Hough trans-

form [2]), or implicit one (e.g. quadratic error minimization

[28], linear programming [1]).

Our study stems from three basic observations: first, images

to register were seldom shot in even lighting conditions. Yet,

commonly used features remain sensitive to contrast changes.

Either they depend on gray-level values (points, regions), or

they suffer a lack of contrast-independent extraction methods

(edges, contours) [6]. Second, quite common ambiguities, for

instance in robotics pattern periodicities, are seldom tackled

explicitly by matching strategies, although they ultimately

hamper a matching process. Third, system’s robustness is likely

to benefit fromprogressive decision, so that a guess on transform

parameters be available quickly for control, then to be refined if

conditions allow. Our approach does specifically address such

problems.We select an adapted feature, that is level-line. Level-

lines extracted from images are robust to contrast changes

[6,19]. Other variables could do: Li et al. [16] for example

exploit chromaticity, i.e. independent from intensity. But, we

used level-lines successfully in the past for motion analysis

[5,11], in particular for outdoor scenes where the luminosity

invariance assumption is no longer true. Moreover, they are

particularly adapted to a pairing strategy based on voting. Their
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significant number per image involves strong local redundan-

cies and makes it possible to consider a cumulative mapping

process, where each couple of primitives votes in turn according

to some reliability. To down-size the voting space, we exploit a

decision technique adapted to bipartite graphs known as “stable

marriages” [13]. Each primitive creates a preference list of

primitives in the other image, sorted from more to less similar

according to adapted metrics. These preferences balance the

decision-making process that proceeds by several steps: most

reliable couples vote first, others are requested then to

progressively confirm or contradict the initial vote. The selected

transformation collects themaximumvotes. Thatway, in case of

ambiguity, i.e. several comparable local maxima in the voting

space, a small detail can take it all.

Our paper is organized as follows: first, the level-line

extraction process is described. It provides a set of lines with

features. Second, level-lines are sorted according to their

reliability and paired to form a primitive. Then, the preference-

list construction is explained. Eventually, the image transform

estimation, thanks to a multi-pass voting process, is outlined in

more details (see Fig. 1).

2. Level-lines extraction

Let I(p) denote the intensity of the image at the pixel

location p(x, y). The level set l of I is the set of pixels p with

an intensity greater than l.

a
I
lZ fp=IðpÞRlg

The level-line associated to the level set aIl is its border. One

could extract all level sets from the image by using a series of

thresholds. Our approach is less time-consuming and more

effective: we extract groups of level-lines belonging to the same

range of level sets. In fact, we exploit an elementary property of

level sets: they are included one in another. That is:

clOmaIl3a
I
m. Thus, level-lines could be locally juxtaposed

but they never could cross. Therefore, we propose a simple

recursive extraction process that tracks groups of level-lines (the

superimposed ones) until they separate. Along the search,

subparts are isolated where lines are shown to be straight. This

process never considers absolute gray-level values but only the

relative order between them. It starts at each point po(x, y),

determines which ones among its four neighbours po(x, yC1),

po (xK1, y), po (x, yK1) or po (xC1, y) are successors, initiating

at most four possible paths (see Fig. 2). Each selected successor

becomes the current point pk and the process repeats until

stopping criteria get false.

pkiZ1;4 is a successor of pk, at step k if all following

conditions are met:

Condition 1 At least one level-line passes between q and r.

That is: jI(rk)’I(qk)jRthreshold.

Fig. 1. General overview of our approach.

Fig. 2. The four possible paths starting from a point p, at step k of the recursion, and its four possible successors associated with each path. q and r represent

respective pixels on both sides of the chosen path.
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In order to take quantification effects into account, the

threshold is set equal to 2 (quantification stepC1). It means

that we extract all level-lines without any selection at this

stage. Let us underline that our primitive extraction process

could need no threshold.

Condition 2 The tracked level-line associated to the chosen

path belongs to the same group of level-lines being tracked

from the beginning: (Fig. 3)

½minðIðqkK1Þ; IðrkK1ÞÞ;maxðIðqkK1Þ; IðrkK1ÞÞ�

h ½minðIðqkÞ; IðrkÞÞ;maxðIðqkÞ; IðrkÞÞ�s:

Condition 3 The interior (vs. exterior) of the corresponding

level sets—associated to the tracked level-lines— is kept on

the same side.

That is: I(rk) is always greater or always smaller than I(qk)

for the same group of tracked level-lines.

Condition 4 The tracked level-lines are still straight.

This condition is checked in computing the maximum

distance from already traversed points to the cord [initial point,

current one]. This distance should not exceed a threshold. Of

course, the already traversed points are not stored. Only the

crack1 code corresponding to the path is saved at each step, the

reference system origin being set to the initial point po in order

to calculate the line equation. (Fig. 4)

This iterative process stops when one of the above

conditions is not verified any more. Then it is possible to

associate to the starting point po(Fig. 5):

(1) the mid-point pZ ðpoCpk=2Þ

(2) the approximate orientation of the straight tracked group of

level-lines q
popk
��!

(3) the mean contrast across the tracked level-lines: cZ
P

jIðrkÞKIðqkÞj=k
ÿ �

(4) the length of the tracked level-lines: lZ jjpopk
��!jj

Using this information, it is easy to group all points

belonging to the same lines. Results are reorganized no longer

in terms of starting points but in terms of lines and their

characteristics.

Definition 5. A “line” is a group of superimposed straight

level-lines obtained from the tracking process.

Indeed, the level-line extraction procedure exhibited all

level-lines, but actually they came out as groups of straight

segments belonging to the same range of level sets (see

condition 2). The end result of the level-line extraction process

is then the set of all straight pieces of level-lines fLiIgiZ1;h

belonging to image I with associated features:

L
i
I

!

Z ½pqlc�T

3. Lines sorting

Level-lines do not have all the same visual importance and do

not always coincide with perceptual contours. Some of them

separate very close level sets in term of gray values. This is

analog to very low edge slopes when the contrast between

regions is light. These level-lines have stronger probability to

disappear under natural contrast changes. Moreover, other

level-lines are very short, meaning that they are associated to

very small level sets likely to be noise generated. There are

several ways of selecting lines, which correspond the best to

perceived contours. Among them, let us quote the work by

J. Froment [8,9] or N. Paragios & R. Deriche [22]. We choose

here to take advantage from the perceptual differences between

extracted lines. We then define reliability from line length and

contrast. Less reliable lines are not completely discarded from

the decision process: they contribute with a weaker credit. Lines

are classified according to mean and standard deviation of

lengths and contrasts over the image, �l,sl and �c,sc, respectively.

We classify lines into three categories. Most important level-

lines correspond to those with higher contrast and length than
�lCsl and �c,sc, respectively. The second category is assigned to

Fig. 4. In order to determine if the tracked level-lines fit a line, we just compute

the distance djZ jaxjCbyjCgj between each traversed point pj (xj, yj) and the

line popk
��! of equation axCbyCgZ0 where a2Cb

2
Z1.

Fig. 5. Original image.

Fig. 3. One has to assert tracking the same group of lines, corresponding to the

same range of level sets.

1 The crack code corresponds here to the 4-connexity freeman code.
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those having large enough length too but lower contrast ðlO
�lCsl and �c!c! �cCscÞ and the last one gathers the shortest

yet with high enough contrast ð�l! l! �lCsl and cO �cCscÞ.

The remaining level-lines are rejected (see Fig. 10). Of course

thresholds can be adapted to applications (Figs. 6–10).

4. Lines grouping onto primitives

Lines grouping depends on the nature of the transform we

would like to estimate (parameters number). Indeed, each line

will be abstracted into just one point, the mid-point (thus: two

coordinates). Then, to deal with four parameters transform (dx,

dy, a, j)—dx and dy are the translations along x and y,

respectively, j the uniform scale and a the planar rotation

around z axis—we decide to consider a couple of lines as one

primitive for matching. Line’s length and orientation are no

longer invariant under similarity transform. Therefore, we have

to define invariant features under the considered transformation

as primitive. We pick “ratio of lengths” and “difference of

orientation” between any two lines.

Definition 6. A primitive is a set of p lines.

Definition 7. An “angle” is a set of pZ2 lines.

Definition 8. A “couple” of primitives u and v is composed of

two primitives extracted from two images.

Let us consider two given lines L
i
I

!

and L
j
I

!

with their

associated characteristics:

L
i
I

!

Z ½piqilici�
T and L

j
I

!

Z ½pjqjljcj�
T

Then, the couple formed by these lines is:

C
i;j
I

�!

Z ½pipjDq[cicj�
T with DqZ qiKqj; [?Z

li

lj

This couple is a valid one if and only if two conditions are

verified:

(1) Considered lines are likely enough not-collinear: 2qO

2qmin, (2qmin to be set in conformity with the maximum

curvature in the extraction process)

(2) Considered lines are close enough in terms of distance:

jjpipj
��!jj!distmax The choice of 2qmin and distmax depends

on the considered transformation in order to avoid

matching lines that could disappear.

Couples are formed by considering first the top of the line

list (most reliable), so that the created list of couples will be

also sorted by decreasing line reliability. Since planar rotations

are dealt with here, the algorithm to sort couples is made

systematic (see the example below). For more complex

transforms or more ambiguous and noisy scenes, parameters

as h or (piqij, pjqij) (see Fig. 11) or the continuity, from lines i to

j, between mean gray levels on the right (mir/mjr) and the left

side (mil,/mjl) of the line, etc. should be considered to make

main voters a priori even more dependable (Fig. 11).

Example 9 Suppose we have a list of 6 lines sorted

by reliability. The first couple is (0,1), then (0,2), (0,3), (1,2),

(0,4), (1,3), (0,5), (1,4), (2,3), see Fig. 12.

5. Primitive matching

The primitive sorting led to consider a multi-stage matching

process where each phase involves a new category of

primitives to vote according to its reliability (position in the

sorted list of primitives). That aims to improve the decision

dynamics in shortening greedy procedures as voting. Indeed,

the initial cross-selection of primitives between images is a

simplified, yet quite combinatorial “stable marriage process”

[29]. Prior to any election, each primitive is asked to construct

a kmax-nearest primitive preference list. The voting process

then consists of selecting a potential match according to

candidate positions in this list. Let us further detail this

procedure.

Fig. 6. In black: all points where at least one level-line passes through.

Fig. 7. Primitive classification according to lengths and mean contrast with

respect to distributions.

Fig. 8. Example of line length repartition for the above image.
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5.1. Construction of variable length preference lists

Each primitive u2f Ck
I

�!

gkZ1;N in the first image I builds a

preference list of primitives sorted among those in image J,

from most to least similar one, using a distance measure based

on ratio of lengths, orientation differences, and the mean

contrast on both sides of the lines. The distance dist between u

and any v2fCm
J

�!

gmZ1;M is simply defined as:

distðu; vÞZ k1jDquKDqvjCk2j[uK[vjCk3ðjciuKcivjC jcju

KcjvjÞ:

k1, k2, and k3 allow to adjust the relative importance of each

characteristic.

Note that
P

kiZ1 and k3!kiZ1.2 because contrast is not an

invariant characteristic that much, yet to be considered with a

smaller weight. Of course, each absolute difference is

normalized by its maximum possible value in order to get a

final distance between 0 and 1 (from more similar to less

similar). Each primitive constructs its k-nearest (k!kmax)

primitive list using the above distance. It is important to note

that the size of the preference list varies from one primitive to

the other. New candidates are inserted into the preference list

of a given primitive until the computed distance becomes much

higher than those of previously selected items. In fact, the

choice of variable-length (but limited to kmax) preference lists

is necessary to avoid arbitrary elimination of a primitive

candidate because of a priori fixed list size (Fig. 13).

5.2. Voting process

We propose to use a matching strategy based on a multi-

stage voting process where categories of primitive express their

opinion to be accounted for according to their reliability. This

strategy proves two main advantages. First, each stage provides

a coarse estimate of the transform that could be—even it is still

rough—used in real-time applications while the next stage is

running to refine the estimate. Second, at a given stage,

repetitive patterns present in images can lead to pairing

ambiguities: the process which consists of inviting less reliable

primitives—in a greater number and lesser trust—to vote, gives

Fig. 9. Example of level-line orientation (between 0 and 3598) repartition for

the above image.

Fig. 10. Results of level-line extraction and sorting. Eight colors are used. For display purpose, each color corresponds to a particular line orientation using a

discretization step p/4. Lines are displayed merely using starting point, ending point and obtained direction. The total number of linesZh; (a) first h/4 lines, which

corresponds to more reliable; (b) next h/4; next (h/4); (d) last (h/4): less reliable lines.
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another chance to make the exact solution emerge. The

refinement procedure, however, provides an estimate in all

cases that focuses the complete decision.

Primitives are classified intoWmax categories, whereWmax is

the chosen number of voting stages. Let us add another

characteristic to each couple, its reliability weight w:

C
k
I

�!

Z ½pipjDq[cicjw�
T
:

First, at stage Wmax, all primitives with high priority weight

(wZWmax) vote. If a single peak
2 appears in the voting space (a

transform obtains absolute majority), then the voting process

stops. Else a second stage could begin involving an additional

population of voters: the primitives with less priority weight

(wZWmaxK1). S peaks in the voting space are selected

according to the configuration of the space (interdistances,

heights, extension, .). Peaks are Cumulative values of

selected maxima, will be enhanced for the next stage by a

multiplicative factor K in order to privilege reliable primitive

decisions. The voting process stops when no more primitive is

available or when just one peak does appear collecting absolute

majority (one transform collects the maximum votes) (Fig. 14).

The voting space V is a set of three cumulative spaces (T for

translation, R for rotation and S for scale). In the translation

cumulative space, coordinates (dx, dy) represent shift values

and the content T (dx, dy) is the global vote in favor of

translation (dx, dy) (between [Kdxmax, dxmax] and [Kdymax,

dymax] respectively). The origin that is identity (translationZ

(0, 0)) is placed in the middle of the space. In the rotation space,

coordinate a represents the rotation angle (between [amin,

amax]Z[08, 3608]). Finally, in the scale cumulative space,

coordinate j represents the scale factor between [jmin, jmax].

Each primitive u votes for a deduced transformation in

association with each candidate v in its preference list. The

transformation, that is four unknowns dx, dy, a, and j, is

estimated locally to that couple by simply solving the system of

four equations. Each point provides two equations, one for each

coordinate x and y:

pku
j 0

0 j

" #

cosðaÞ KsinðaÞ

sinðaÞ cosðaÞ

" #

pkv C
dx

dy

" #

; kZ i or j

In other terms, given:

UZj cosðaÞ

V Zj sinðaÞ

ZZ dx

T Z dy

8

>
>
>
>
<

>
>
>
>
:

The previous system rewrites as:

xpiv
ypiv
xpjv
ypjv

2

6
6
6
4

3

7
7
7
5
Z

xpiu ypiu 1 0

ypiu xpiu 0 1

xpju Kypju 1 0

ypju xpju 1 1

2

6
6
6
6
4

3

7
7
7
7
5

U

V

Z

T

2

6
6
6
6
4

3

7
7
7
7
5

ZM

U

V

Z

T

2

6
6
6
6
4

3

7
7
7
7
5

then ½UVZT�TZMK1½xpivypivxpjvypjv �
T where x and y are

midpoints coordinates. Hence:

dxZ Z

dyZ T

aZ arctg
V

U

� �

Fig. 11. A couple C
i;j
I

�!

formed by two lines LiI
!

and L
j
I

!

.

Fig. 12. Primitive list construction from the level-line list. Example with 6

level-lines on the whole. The combinatorics algorithm groups level-lines

preserving their reliability order.

Fig. 13. Example of mutual preference.2 Peaks are found by determining local maxima in the voting space.
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jZ
U

cosðaÞ
Z

V

sinðaÞ

Algorithm:

Initialization

{selected maxima} {dxs, dys as, js}

dxsZ{Kdxmax, dxmax},

dysZ{Kdymax, dymax},

a
s
Z{amin, amax},

j
s
Z{jmin, jmax}.

FOR tZWmax, DOWNTO 1 DO

c(dx, dy, a, j) Vt [dx, dy, a, j]Z0

SZt

FOR each primitive u2½ Ck
I

�!

�kZ1;N the image I with uw!t

DO

FOR posZ1, k DO

Let vposZ(u[pos]

(dx, dy, a, j)Zsystem solve for (piu, pju, piv, pjv)

Vt [dx, dy, a, j]ZVt [dx, dy, a, j]CDv

END

END

{dxs, dys, as, js}ZSKmax(Vt[dx, dy, a, j])

Vt[{dx
s, dys, as, js}]ZVt[{dx

s, dys, as, j}]!K

VtClZVt

Stop if just one peak appear in the voting space.

END

The contribution significance Dv of the vote for a given

transform (dx, dy, a, j) between primitives u and v is

computed taking into account the following considerations. Let

D1Za1!a2!a3!a4, where parameters a1, a2, a3, a4 are

adjusted as follows

(1) A potential correspondent vpos will have a higher

contribution if it lays in the beginning of the preference

list. a1 is thus inversely proportional to the position pos

of the primitive vpos. Let choose:

a1Z
1

pos
; a1Z

1

k
;.; 1

� �

; pos2½1; k�k!kmax

(2) At a given stage of the voting process, primitives with

category less or t (t!Wmax is the current iteration of the

voting process) are mate with primitives in the second

image. For example, in the first pass tZ3 and voters must

have priority 3; for the second pass tZ2 and voters must

have priority 2 or 3, etc. However, primitives with higher

priority still vote in higher consideration. a2 is then

proportional to the primitive weight. That is:

Fig. 14. (a) and (b) Two partial profiles of an aluminum ring. (c) and (d) The voting space represented by an image or a 3D mesh and its maxima which correspond to

the different possible shifts. Here, only one pass is used because one significant enough peak appears in the voting cumulative space. (e) The result of our alignment

method: shift of (K2,72) which corresponds to the shift peak.

Fig. 15. (a) and (b) Partial profiles of a micro gyrometer electrostatic copper

comb. (c)–(e) The voting spaces corresponding to the three vote-iterations. (f)

Image warping using the resulting correct transform (shift ofK98, 3) in spite of

the repetitive patterns. (g) Result obtained by a classical approach.
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a2Z
1

wu

; a2Z
1

Wmax

;.; 1

� �

(3) Most similar primitives (low distance) must vote with a

higher value. Hence the factor:

a3Z ð1Kdistðu; vÞÞ; a32½0.1�

(4) Finally, because all ai where iZ1, 3 belong to the range [0,

1], we can use a zoom factor a4 in order to get integer

increments.

6. Results

We have applied our method to register micro-mechanical

devices images obtained by an interferometric profilometry

technique. This microscopy technique allows to measure the

3D profile of a surface. Resolution is sub-micronic horizontally

and nanometric along the vertical axis, likely to further involve

sub-pixel refinements. The technique is used for the charac-

terization of m-mechanical-device behaviors in order to size

them up and predict their reliability as electromechanical m-

systems. To extend the field of measurement—limited to a few

hundred microns—it becomes necessary to move mechanically

the m-device in front of the lighting and optical system. Then,

several partially superimposed 3D profiles are acquired,

needing realignment. Due to their 3D nature, the profiles can

be represented as pictures and paired thanks to image

registration techniques. Aligning profiles then involves a

matching process. However, the specificity of our application,

due in particular to various imperfections—dust, spots, stains

on lenses—of the measurement system, and varied lighting

along with the physical shift, makes it difficult to solve using

Fig. 16. (a) Image 1. (b) Image 2. (c) Result of the registration process: the gray scale of image 1 is reduced for transparency. The resulting transformation is: dxZ5,

dyZ3, tetaZ9, scaleZ1, 0096. Registration is satisfactory for control purpose in such applications.
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traditional registration techniques: images do not keep contrast,

fixed artifacts do appear and repetitive structures common in

such MEMS generate ambiguities against mapping. In addition

to this, the implemented method should be fully automated for

fundamental-physics users not requiring any arbitrary

threshold or a priori knowledge (e.g. minimal overlapping,

magnitude or direction of deformation).

We have compared our technique with two classical

approaches: phase correlation (using an FFT transform) and

intensity distance minimization (using the well-known Leven-

berg–Marquardt optimization method). None of them give

expected results. We have also used a very interesting on-line

web demo [7]. Due to the repetitive patterns present in the

images, the obtained transform is not correct as can be seen in

Fig. 15(g). Following figures give first results of our method in

a very challenging situation due to the repetitive patterns, and

low contrast (Fig. 16).

7. Conclusion

We have proposed an image registration approach robust to

contrast changes that does not require any prior estimate of the

unknown shift between images and that takes into account

specific problems due to our image acquisition system or to the

application, like lighting movements and repetitive patterns.

We chose specific primitives with a very suitable property:

their contrast change invariance. We then propose a recursive

extraction process that never uses directly gray level values but

only the relative order between them. The transform extraction

and then registration are performed through an efficient

matching procedure based on multi-pass voting. It consists of

constructing a list of potential candidates for each primitive,

the most similar ones according to an adapted metric and based

on specific measurements. The winning transformation

cumulates the maximum votes. The multi-pass voting is

introduced in order to tackle the problem of local maxima—

corresponding for instance to the repetitive pattern responses—

that could be found in the voting space. Primitives are then

invited to vote according to their importance at each pass of the

election. Results we got are very encouraging and give

expected results in spite of the very challenging situations we

have considered.

8. Future work

Our next step is to study the influence of a specific

parameter: the length of preference lists. Moreover we would

like to draw advantage from the stable marriage technique in

order to improve the matching process. Finally, we would like

to address other transformations between images. Considering

more general transformations leads to group lines by two, three

or more depending on the number of transform parameters. The

matching process by itself will not change (Fig. 17).
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Marrying Level Lines for Stereo or Motion
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Abstract. Efficient matching methods are crucial in Image Processing.
In the present paper we outline a novel algorithm of ”stable marriages”
that is also fair and globally satisfactory for both populations to be
paired. Our applicative examples here being stereo or motion we match
primitives based on level lines segments, known for their robustness to
contrast changes. They are separately extracted from images, and we
draft the corresponding process too. Then for marriages to be organised
each primitive needs to be given a preference list sorting potential mates
in the antagonist image: parameters of the resemblance founding prefer-
ences are explained. Eventually all operators above are embedded within
a recursive least squares method and results are shown and compared
with a successful Hough based matching that we had used so far.

1 Introduction

Efficient matching methods are needed in all areas of Image Processing, rang-
ing from Segmentation - e.g. motion detection or 3D reconstruction from stereo
- to actual Pattern Recognition - e.g. model fitting or classification. Efficiency
then gets multiple meanings and can address properties as different as easy data
extraction and coding format, model simplicity, limited prior assumptions, ro-
bustness against ambiguities, conflict freeness etc. not to forget computability.
Within that frame, general enough methods are still to be produced. We tested
several, from Dynamic Warping on edge or region chain codes [1] for instance
to more recently Hough Transform on level lines [2]. In the latter we showed
how using n-tuples of carefully coded level line segments, sorted into several
sub populations according to the confidence in them, leads to an efficient multi-
pass voting process. Efficiency here is in the sense of ”fighting ambiguities (e.g.
repetitive patterns) thanks to a reinforcement of stronger by weaker features at
a limited enough computing expense”. In a wider approach to segmentation that
aimed at exhibiting nD image features in gathering (n-1)D ones [3] − edges from
points of interest, regions from edges etc − an interesting paradigm of optimisa-
tion on bi-partite graphs was tested against Bayesian techniques and shown to
sustain comparison well with them. It is called the ”stable marriage problem”,
of which the main interest is to guarantee no logical contradiction in the pairing
process provided two different sets of items are genuinely distinguished to be
cross-matched one-to-one and each item sorts every member of the antagonist
set in a so-called ”preference list”. Efficiency in that case stresses disambiguation
again and we thought to try the method to limit or skip multipass voting in the

M. Kamel and A. Campilho (Eds.): ICIAR 2005, LNCS 3656, pp. 391–398, 2005.
c© Springer-Verlag Berlin Heidelberg 2005
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preceding scheme. The present paper is devoted to preliminary experimentations
in that direction for 3D Reconstruction and Motion finding.

It is organized as follows: first, we describe the level-lines’ junction extraction
resulting into primitives. Second, the preference list construction is explained.
Then, the stable marriages algorithm we designed for such matching is outlined.
After explaining how outliers are eliminated, we describe shortly the image trans-
formation estimation. Eventually, some results are displayed for comments.

2 Image Features

The feature type plays a significant role in the choice of a matching strategy. Less
reliable features may lead to very complex matching processes. The level-line is
chosen here for being a robust/reliable feature, its invariance property towards
contrast changes is known [4][5]. Ip being the image intensity at pixel p, the
level set Nλ of image I is made of the pixels which intensities are equal or larger
than λ, Nλ = {p�I(p) ≥ λ}. Borders of such level sets are called level lines

Lλ. One important property of level lines is that they can overlay but cannot
cross. Let Fλ be a set of overlaying level lines, called level line flow, defined
by Fλ =

{

LI

λ
�λ ∈ [u, v]

}

. (v − u) is called the flow extension E . The method
proposed in [6][7] extracts the level lines by tracking such flows . In an image,
the point where two level line flows merge or split is called a flow junction.

The extraction process, under the form of a recursive automaton, performs
in 3 steps. First step consists of finding the level line flows at the left-top of
each pixel. The following flows are calculated for four directions: top down, right
left, bottom up, and left right. Then, flow extension is checked. If there are at
least two flows with extensions greater than a threshold, go for the second step,
if not pass to the next pixel. The second step consists in validating the flow
according to its length despite variations in the flow extension that may make
it a subset of the original flow found at first step. So the integral subset flow is
looked for continuation in every direction as respecting the following conditions:
(1) the predecessor flow must be subset of the successor flow (2) the integral flow
does not turn back towards its starting point (3) the integral flow must remain
a straight line. Then, we validate flows longer than a threshold. Each validated
flow is approximated by a line segment S characterized by the following 4-vector:
starting point p, length l, orientation θ and contrast (cl, cr) (average grey level

on the left/on the right),
−→
S = [p θ l (cl, cr)]. Its reliability is defined as the

product E × l of the extension by the length. The last step consists in validating
the junction. A junction combines separate flows at a given point −at least two
validated flows ( line segments)− . As a primary variable P , the junction is
characterized by five or seven parameters: ∆θ being the angle between any two

line segments,
−→
P =

[

p
−→
S 1

−→
S 2

−→
S 3 ∆θ1 ∆θ2 ∆θ3

]

.

3 Matching Candidate

When the primitives have been extracted separately from each image, following
the method introduced above, candidates have to be prepared for matching.
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Each primitive will create a preference list containing its potential mates (the
primitives of the other image to be possibly paired). Matching candidates are
searched for inside a bounded window the size of which results from a trade
off between computation cost and application constraints. The compatibility
between primitives is first tested following three constraints on the junction
properties : (1) there is at least one common level line between two junctions (2)
they must have the same order of area’s intensities (3) angles between any two
level line flows cannot change by more than 180 degrees. Note that preference
lists are thus incomplete (not all primitives in the other image belong to the list)
and likely have different number of matching candidates for different primitives.
The preferences are set then based on the junction similarity. Two categories are
distinguished according to the transformation range in the targetted application.

(1) if the images to match show an important displacement between them,
we rather use the junction properties for its similarity S: it is a weighted sum of
three separate terms: (1) junction reliability F , (2) region characteristics around
the junction R, and (3) geometric invariance G.

S = αF + γR + δG

F =
∑

N

i
Fi

N
with Fi the segment reliability,

N the segment number

R =

∑

N

i=0

∥

∥

∥
I(Ri)−I(R

′

i
)
∥

∥

∥

2

N
with I(Ri) the contrast (cl, cr)

G =
∑N

i=0 | li

li+1
−

l
′

i

l′
i+1

| +
∑N

i=0 |∆θi − ∆θ′i+1|

(1)
(2) if the displacement is small (like in limited motion analysis) a classic

similarity can be used , as the correlation or the sum of differences.

4 Stables Marriages Matching

After preselecting matching candidates by creating the preference list for each
primitive, an algorithm of stables marriages suitably designed for such problems
(see algo.1) will be used for actual matching. Let us first explain the stable
marriages paradigm ([8], [9]). In this problem, two finite sub-sets M and W of
two respective populations, say men and women, have to match. Assume n is
the number of elements, M = {m1, m2, ..., mn} and W = {w1, w2, ..., wn}. Each
element x creates its preference list l(x) i.e. it sorts all members of the opposite
sex from most to less preferred. A matching M is a one to one correspondence
between men and women. If (m, w) is a matched pair in M , we note M(m) = w

and M(w) = m and ρm is the rank of m in the list of w (resp. ρw the rank of w

in the list of m) . Man m and woman w form a blocking pair if (m, w) is not in
M but m prefers w to M(m) and w prefers m to M(w). If there is no blocking
pair, then the matching M is stable.

A reliable algorithm of stable marriages in stereo or motion that is global
fitting from local attraction, should fulfill three criteria: stability (i.e. no local
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questionning of more global associations), sex equality (i.e. local/global balance
of the resemblance to matching) and global satisfaction (i.e. limited amount of
local counter run).

Classic stable marriage algorithms (see [8]) of complexity O(n
2
) guarantee

the stability only. The solution can be such that every primitive has a weak fit.
The proposed algorithm Blocked Zigzag (BZ ) (algo.1) meets the three criteria
thanks to a novel representation, called marriage table, that translates and sup-
plements the preference lists. The marriage table is a table with (n + 1) lines
and (n + 1) columns. Lines (resp. columns) frame the preference orders of men,
{1 · · ·p · · ·N ∞} (resp. women, {1 · · · q · · ·N ∞}). The cell (p, q) contains pairs
(m, w) such that w is the pth choice of m, and m is the qth choice of w. Cells can
thus contain more than one pair or none. The cell (p, ∞) (resp. (∞, q)) contains
the pairs where the woman is the pth choice of the man (resp the qth choice of
the woman) but the man does not exist in her preference list (resp. the woman
is not in his preference list). A key feature of this table in the ”complete list”
case is that each line contains all men once and each column contains all women
once (see figure 1(a)).

Stable matchings are looked for by scanning this latter array and suitable
properties of the solution are associated to the type of scan. Indeed, one advan-
tage of the marriage table is that satisfaction, equality of sex and stability show
concurrently in the same representation. A solution with maximum global satis-
faction would display matched pairs as close around the origin (table bottom-left)
as mutual exclusion allows. More generally the table representation is indicative
of a result global satisfaction through the lay out of the selected couples. Intu-
itively the closer to the diagonal the more balanced treatment. Elements of a
pair in a cell close to the diagonal are equally satisfied or unsatisfied, depend-
ing on the distance to the origin. Stability gets a graphic translation too in the
marriage table.
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1 2 3 4

2
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4

q

(a) (b) (c)

Fig. 1. (a) Marriage table : the pair (x,y), y is the 3th choice of x and x is the 4th

choice of y. (b) Blocking situation in marriage table. (c) BZ algorithm.

The BZ algorithm scans anti-diagonals of the table forward from maximum
to minimum global satisfaction but each one is read in swinging from center
to sides meaning maximum to minimum sex equality (see figure 1(c)). In each
cell, all pairs are accepted for marriage if their components are free. After all
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cells have been considered, the table is then revisited up to complete removal of
blocking situations as follows: potential blocking pairs are matched upon detec-
tion (test according to figure 1(b)) while both blocked couples are broken and
complementary elements are freed. To overcome cycles in the assignment the
number of rescanning is limited to the population size. Scan directions together
with questioning all previous marriages on demand guarantees the better at end.
However, BZ shows an increase in complexity to O(n

3
) due to systematic test

added.

Algorithm 1. Blocked zigzag algorithm
begin

while there is a bloking pair and rescan number < population size do

foreach anti-diagonal, maximum to miminum global satisfaction do

foreach diagonal, maximum to miminum sex equality back and forth

do

foreach pair (m, w) do

if m and w are free then

Marry m with w

foreach anti-diagonal, maximum to miminum global satisfaction do

foreach diagonal, maximum to miminum sex equality back and forth

do

foreach pair (m, w) do

if (m, w) is blocking pair then

Free m and w and their spouse
Marry m with w

end

5 Eliminating Outliers

BZ organizes the best correspondence possible for each primitive. Still, when
corresponding primitives do not exist in either image, the matching couple can-
not be else than a mismatch or a missing match, called outlier. We draft here the
simple method for eliminating outliers. Considering each couple as an ”optical
flow” and assuming there are only small displacements locally in images, such
optical flow gets same length and direction in average. Whence the algo.2:

6 Global Image Transformation

After matching and outliers elimination, couples can be assumed reliable enough
to estimating the global transformation between images. We outline here the
estimation process in the case of perspective transformation model that requires
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Algorithm 2. Outliers elimination algorithm
begin

foreach optical flow in small window do

foreach x ∈ {angle, length} do

Find neighbors-optical flows-
Order neighbors by x

Compute x between any two close flows
Order x from min to max
Find optimal threshold (x histogram)
Compute x in order (current flow, neighbors)
if x > optimal threshold then

Delete the current optical flow

end

to estimate 8 parameters. Model is of the form y = Xh, where h is the parameters
column: it follows 2.
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And using the least square recursive method in [10], the transformation pa-
rameters are given by h = (XHX)−1XHy, h = X#y, hence hn = QnXHyn,
Qn = (XH

n
Xn)−1

7 Experimental Results

In the sequel two series of test results are shown. First one compares the multi pass
Hough transform on extracted level-line-segment based primitives, with the stable
marriage algorithm run on the same. The difference between original and trans-
formedback images aredisplayed to thatpurpose. It is obvious to thenakedeye that
results are quite comparable, although theBZMarriages seemto spreaderrorsmore
all over the picture an in a lesser amount .Eachmethod gets areaswhere it performs
comparativelybetter − strong primitives orthogonal to the average displacement
for Hough and aligned with it for Marriages− . The same phenomenon occurs on
all similar images of the type that algorihms were tried on, as long as the transfor-
mation to be exhibited is not too complex (limited number of parameters). The
present example is extracted from the vision of a car getting out of a parking and
involves translations and planar rotations merely. Therefore in a second series of
experiments, results of primitive marriages are shown on stereo images extracted
from the data base “http://www.gravitram.com/stereoscopic photography.htm” of
monuments. The algorithm again performs qualitatively well despite projections
involved. Good news is that large structures are well distinguished, relatively
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(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

Fig. 2. (a)(b) Original images to match, (c) Affine transformation by Hough: α = −9.0,
ψ = 1.0096, Tx = 5 and Ty = 3, (d) The difference between (b) and (c), (e) The vote
space after Hough 1st round, (f) 2sd round, (g) 3rd round, (h) Matching result by BZ,
(i) Affine transformation by BZ: α = −9.95, ψ = 0.9977, Tx = 4.10 and Ty = 6.73, (j)
The difference between (b) and (i)

(a) (b) (c)

(d) (e) (f)

Fig. 3. (a)(b) The stereo images, (c) Matching results by BZ, (d) Result after elim-
ination of outliers, (e) Perspective transformation: h0 = 1.018769, h1 = −0.010705,
h2 = 20.975390, h3 = 0.013266, h4 = 0.986765, h5 = 2.239246, h6 = 0.000062,
h7 = −0.000035 and h8 = 1.000000, (f) The difference between (b) and (e)

bad news is that it seems to be to the detriment of more tiny details. That
would ask further study of the minimization precision vs. the size of considered
primitives, and more generally the impact of the features of selected segments
(length, contrast, orientation etc.).
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8 Conclusion

Stable marriages run comparatively well on image couples or sequences seg-
mented into level line based primitives. Our main applications being car driving
and experimental physics (electron microscopy, MRI etc.), they involve images
with potential high rate of ambiguities. We thus need to compare results with
our Hough technique satisfactorily used so far in a more quantitative way and
find explanations why one performs better that the other in which cases. That
is our next step in the study, as the whole matching process currently under
investigation and drafted in the present paper stands, better than many, the
growth of the transform parameter number.
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Abstract

This paper presents two robust algorithms with respect to global contrast changes: one detects changes; and the other detects

stationary people or objects in image sequences obtained via a fixed camera. The first one is based on a level set representation of

images and exploits their suitable properties under image contrast variation. The second makes use of the first, at different time

scales, to allow discriminating between the scene background, the moving parts and stationarities. This latter algorithm is justified

by and tested in real-life situations; the detection of abnormal stationarities in public transit settings, e.g. subway corridors, will be

presented herein with assessments carried out on a large number of real-life situations.

r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

This paper presents a device developed as part of

the European CROwd MAnagement with Telematic

Imaging and Communication Assistance (CROMATICA)

and Pro-active Integrated systems for Security Manage-

ment by Technological, Institutional and Communica-

tion Assistance (PRISMATICA) projects. Their aim is

to assist, through the use of computer imaging tools,

public transit operators in their daily tasks, such as

incident and anomaly detection. This kind of detection

is useful for reacting quickly to events capable of

disturbing network management (e.g. entry into for-

bidden areas, illegal track crossing, counter-flow move-

ments), decreasing user safety (e.g. dizziness, fighting,

vandalism, drug deals, unattended objects, overcrowded

platforms, person requiring assistance) or decreasing the

system’s attractiveness (presence of vagrants, beggars,

illicit vendors, graffitists).

In this paper, we concentrate on the detection of

abnormal stationarities in subway corridors using an

image processing device. By abnormal stationarity, we

are implying excessive periods of immobility in places

such as corridors, where long stays are generally

uncommon. Prolonged stationarity may indicate the

presence of: a person suffering from illness, a person

fallen and unable to rise, a thief waiting for a potential

victim, a drug dealer, an illicit vendor, a beggar, a vagrant,

an abandoned object or graffiti being painted on a wall.

This paper is organized as follows. We first present

our application and its constraints. We emphasize the

importance of defining a method that is effective under

low contrast and stable under contrast change. In

Section 3, we describe a ‘‘change-detector’’ algorithm

based on specific primitives: the level lines of the image.

As shown in [1–3], this representation is, to a certain

extent, contrast-independent, a feature which allows us

to design a detection based on image ‘‘geometry’’ rather

than on image ‘‘contrast’’. We show that the intersections

or the disappearance of level lines between images and a

specially built ‘‘reference’’ are indications of changes in

the images (novel/moving objects). We then derive a

real-time algorithm from these items. This algorithm

does not require any arbitrary threshold especially in the

primitive extraction process. The only necessary para-

meters are: the historical time T, and the occurrence

threshold To that need to be fixed from the application

constraints. In short, these parameters allow us to state:

‘‘This event has been present in the images for less than

To units of time within the last T units of time; a change

has therefore transpired.’’
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In Section 4, we demonstrate how to use the same

change detector algorithm to detect stationary objects

by just adjusting these two parameters. More precisely,

we observe that a comparison of the results obtained by

applying the change detector algorithm twice with both

a long and a short historical time yields a satisfactory

instantaneous indication of the stationary objects. A

summation of stationarities over time enables us to

estimate, at each pixel, a stop duration which is then

used to trigger an alarm once a threshold has been

reached. In our application, we have considered a 2-min

duration as it has been established by monitoring

operators. We also point out that the algorithm’s

structure naturally remedies the possible occlusions of

such objects by a moving crowd.

Lastly, we present some experimental work and

display the level of performance obtained by applying

the system in real-life situations.

2. The aim of this application

In order to detect an incident or abnormality, various

means are currently being used by transit network

officials. The most common in detecting or at least

confirming that an incident has occurred is based on

closed-circuit television (CCTV) cameras. However,

with this equipment, operators are only able to visualize

a few cameras on the site at any given time. Moreover,

continuously watching screens is rather ineffectual,

fastidious and boring. For all of these reasons, it is

useful to build a system able to detect events from all the

cameras simultaneously. In this case, only some of the

pertinent images are sent on to the operators. As a

consequence, operator workload gets reduced and the

number of detected incidents rises. By increasing the

speed of detection, the actions undertaken are more

effective, as is the level of safety.

2.1. Previous vision-related approaches

Various applications require the detection of statio-

narities (e.g. the detection of people waiting for a green

light at intersections, the detection of motionless crowds

indicating an overcrowded situation).

The general approach consists of constructing a

reference image that represents the normal gray-level

(or any other measurement for that matter) state of the

background scene. The difference with the current image

then shows the non-permanent objects, such as pedes-

trians (see [4,5]). An analysis of the motion of these

objects and even sometimes their shape [5,6] can serve

to indicate which ones are stationary. However, motion

estimation—as well as shape analysis—is not very

straightforward within the context of our application.

In [7], the authors propose to discriminate stationarities

by considering points that belong neither to the back-

ground nor to the estimated instantaneous parts in

motion. While not explicitly stated, we can remark

from their study the implicit use of two time scales

for discriminating changes. Motion detection can be

considered as a quick change (small time scale) and

stationarities as a change occurring over a given time

period (intermediate time scale). Our algorithm will

make explicit use of this property, by implementing a

time-scale adaptable change detector.

Another original approach [8,9] proceeds in a very

different fashion by focusing on vertical head (or

body oscillations) during the movement of crowds.

The authors propose to capture these oscillations (over

time) within the frequency domain. A stationary crowd

can thereby be detected by the absence of any such

frequency patterns. Unfortunately, this method only

detects the global stationarity of the scene and has not

been designed to detect isolated stationary objects.

Lastly, these systems exhibit a strict set of hypotheses

regarding crowd density, camera location and orienta-

tion, in order to avoid occlusions, detect vertical

oscillations and, in some cases, make assumptions of a

sketchy pedestrian model.

2.2. Problems arising with this type of application

2.2.1. Lighting conditions

The quality of the camera used, the lighting environ-

ment, dust and the transmission links all suggest that a

system for this type of application must be able to

accommodate poor-quality images. Due to a generally

low level of light, images tend to display noise and the

contrast between a person and the background is often

minor. Conversely, some cameras may be positioned

close to lights, with the resulting images likely to be

partially saturated. Other signal disruptions are gener-

ated along the transmission links (e.g. oversized cables,

switches, electromagnetic sources). In addition, the

system may be subjected to illumination variations

(e.g. contrast adjustment of the camera itself, modifica-

tion to the lighting environment, outdoor scenes).

2.2.2. Frequent occlusions

A corridor ceiling is generally too low to obtain a

camera view angle that limits occlusion. Thus, when a

stationary person is partially or completely occluded by

other people or a crowd, the detection process may

encounter difficulty in detecting this person and

measuring the corresponding stop duration.

2.2.3. Movements of ‘‘stationary’’ people

Furthermore, a stationary person is rarely completely

motionless. In fact, even a person standing still makes

motion with his legs, arms, etc., thereby adding

complexity to the detection process.
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3. Change detector algorithm

This section focuses on the ‘‘change detector’’, which

constitutes a key generic piece of the overall algorithm

proposed for detecting stationary objects. We assume

herein that the video device is observing a fixed scene,

with the presence of objects moving/disappearing/

appearing. In the following discussion, the term ‘‘back-

ground’’ will denote the fixed components of the scene,

whereas the other components will be referred to as

‘‘novelties’’. The purpose of a ‘‘change detector’’ is, for a

given observation, to decide whether each pixel belongs

to the background or to the novelties. The change

detector is to be distinguished from the motion detection

device in the following manner: the change detector is

designed to detect new objects/events present in the

scene for less than a fixed period of time, whereas the

motion detector will only detect moving objects. While

all motion implies change, the converse statement is not

always true.

As a consequence, methods based on motion detec-

tion (see [10–13]) or on motion estimation [14] cannot be

applied directly. The use of such methods to switch from

motion detection to change detection would at least

entail tracking over time those objects [15] that had

experienced motion in the past. This step clearly

involves complex operations, in particular in crowded

and partially occluded environments.

It should also be pointed out that those methods

involving multiple camera set-ups (see e.g. [16]) are, for

the time being, not being given consideration by

network managers for cost reasons. In the future,

however, they could provide an appropriate problem-

solving approach.

In response to the change detection problem, the

classical method would be to build a reference image

representing the background state [7]. When the

illumination is constant or known, this reference can

be built by averaging (not necessarily in a linear fashion)

over time the gray-level values at each pixel

[4,9,13,17,18]. The average time interval depends on a

duration threshold that distinguishes between new and

permanent events. Similarly, depending on the situation,

gray level values of the image may be replaced by other

measurements, such as spatial gradients, wavelet coeffi-

cients, edge maps, etc. The essential point herein is to

use a measurement technique that yields constant values

over time in the background part for the given images.

Intensity-based measurements are now contrast-de-

pendent, a feature which makes this method sensitive to

light changes, especially when measurements are accu-

mulated over time (e.g. several minutes). Suggested

approaches (e.g. the use of logarithm differences

between two successive images [4], reference images

based on gradient amplitude [5]) have been experimen-

ted in order to overcome light changes, but so far have

met with little success. As pointed out in [7], the natural

change in gray-level distributions (or in any measure-

ments based on these distributions) does not enable

selecting any universal thresholds for discriminating

between background and novelties.

Moreover, constructing the permanent (‘‘reference’’)

situation from quantitative measurements is not an easy

task: a simple averaging over time may yield values that

are affected by both the moving objects (especially in a

crowded scene) and contrast changes. Instead, it is

preferable to use the qualitative information at each

pixel. For this purpose, we will establish a limited list of

characteristics at each pixel and measure their occur-

rence over time, as an alternative to averaging their

values.

The use of edge maps, such as the zero-crossings of

the Laplacian or of a Canny-Deriche edge detector,

constitutes a major step towards withstanding contrast

changes [11,17]. Since ‘‘edges’’ (roughly) correspond to

large intensity variations, the presence of an edge at a

pixel is more stable than the gray-level value itself.

Unfortunately, as usually computed, the selection of

such edges is in fact made on the basis of intensity (and

derivative) criteria. This selection is contrast-dependent;

therefore, either it is sensitive to contrast change or it

discards the low contrast zone (or both). This is not an

intrinsic drawback of Gradient or Laplacian but a

problem due to the way they are calculated in the

computer vision community.

Indeed, two masks Mx and My are generally used to

estimate the horizontal and vertical gradient compo-

nents. Quite often, they integrate a smoothing term to

filter noise (Prewitt, Sobel, Kirsch masks, for instance).

It is the first drawback of the method since this filtering

depends strongly on the contrast and alters edges

location. Gradient G is, thus, computed by convolving

the image with each of the masks:

GðpÞ ¼
GxðpÞ

GyðpÞ

 !

¼
IðpÞ#Mx

IðpÞ#My

 !

:

The orientation is then:

yGðpÞ ¼ Arctg
GyðpÞ

GxðpÞ

� �

:

Let us consider, for instance, the following image,
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and the following Prewitt masks:

Mx ¼

ÿ1 ÿ1 ÿ1

0 0 0

1 1 1

2

6

4

3

7

5
and My ¼

ÿ1 0 1

ÿ1 0 1

ÿ1 0 1

2

6

4

3

7

5
:

Around the considered vertex, pixel values are

a b b

a c c

a c c

2

6

4

3

7

5
:

Thus, the gradient is

GðpÞ ¼
ÿ2bþ 2c

ÿ3aþ bþ 2c

 !

¼ 2ðcÿ bÞ �
1

0

 !

þ ðbÿ aÞ �
0

1

 !

þ 2ðcÿ aÞ �
0

1

 !

:

The terms ðcÿ bÞ; ðbÿ aÞ and ðcÿ aÞ correspond to

the number of level lines between, respectively, c and b, b

and a, c and a. Thus, the computed gradient orientation

encompasses geometric information (the vectors) and

contrast (the number of level lines). It is the second

drawback of the classical method. We can illustrate this

result by changing the contrast (variation in a, b, c

values) in the example above.

Even if the geometry is the same, gradient orientation

estimated in a traditional way leads to two different

results (a difference of 0.37 which roughly corresponds

to p/8) depending on the contrast.

To conclude, we believe that it is first necessary to

separate contrast information from geometrical infor-

mation. Due to the variation over time of the former,

the uncertainty is raised as to whether the information

available on the latter allows deriving a reliable change

detector. This issue is addressed below in a section

split into two parts: we first describe the level lines

representation of the images that enables separating

between contrast (the levels) and geometry (the lines).

From this representation, we then derive a simple

measurement based on geometry. Secondly, we describe

how to combine these measurements in constructing a

‘‘change-detector’’.

3.1. Local and not contrast-based image measurements

In this subsection, we set out to define a simple image

measurement that remains stable under contrast

change. Such a measurement allows us to discriminate

between changes due to object motion and those due to

illumination effects.

3.1.1. Observations

Let us begin by assuming a total of N observations

Ii of a background-only scene Sc (i.e. the scene without

any novelty). These images are obtained by a succession

of operations that transforms Sc into a discrete and

sampled set of data Ii: Among these operations:

illumination conditions, lens smoothing, sampling,

contrast adjustment, quantization. Due to this series of

operations, the images Ii differ from one another.

As seen in [19–21], we can approximate all these

operations by means of sampling followed by a global

contrast change. This approximation procedure is of

course very rough and is only acceptable for video

devices in which the smoothing due to the lens requires a

small spatial support. Nowadays, as experimentally

proven, this procedure may be considered adequate for

certain special applications.

Let us denote the sampled version of Sc; from the

same sampling as the image, by Sd ; the previous

approximation then reveals that all observations Ii can

be deduced from Sd through a global contrast change

(except for new shadows and spotlighting). The term

‘‘global’’ connotes an intensity value change within

the entire image that preserves the relative levels of

illumination. In other words, for each i, a non-

decreasing function gi (which models the contrast

change) exists such that

Ii ¼ giðSd Þ: ð1Þ

Since all gi can differ, a gray-level comparison would

not produce any tangible result. Let us introduce at this

point the level-lines representation of the image.

3.1.2. The level-lines representation [1–3,22]

Let Iði; jÞ denote the intensity of image I at pixel

location ði; jÞ: Xl is the level set of pixels with intensity
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greater than or equal to l; i.e.:

XlI ¼ fP ¼ ði; jÞ; such that IðPÞXlg: ð2Þ

We shall refer to the boundary of this set as the

‘‘l level line’’ (see Fig. 1 for an example of level lines).

A level line is composed (in the case of discrete images)

of a finite number of Jordan curves. As a result of (2),

the level sets of an image are included in others, i.e.

if lXm; then XlICXmI : Level lines therefore do not

intersect.

3.1.3. Level lines and contrast changes

What is the relationship between the scene Sd and its

observation (image Ii)?

If I ¼ gðSd Þ with g being a contrast change, then:

fXlIglAf0;y;255gCfXlSdglAIR: ð3Þ

This would suggest that all level sets of the observed

image are indeed level sets of the scene. The operation

that switches from the scene to the image can be

considered as the simple removal of some level sets and

a possible change in their levels. The converse inclusion

in relation (3) might not hold true, wherever the

contrast change exhibits a flat part, where flat indicates

beyond the quantification level. In the worst case,

gðiÞ ¼ 08i; which makes I completely black and there-

fore only one level set is remaining (that of the entire

picture).

What does the intersection of level lines represent?

Relation (3) yields the following:

fXlI1glAf0;y;255gCfXlSdglAIR

and

fXlI2glAf0;y;255gCfXlSdglAIR:

Since the level sets of Sd are included in others, a

contrast change in the scene can create or remove some

of the level lines, yet cannot create a piece of level line in

one image that intersects a piece of level line in another.

Thus, an intersection of level lines is an indicator that

something other than a contrast change has occurred

between images I1 and I2 and, as such, proves to be a

useful indicator for a change detection algorithm.

3.1.4. Disturbance effect on level lines

Various types of disturbances may affect the level

lines. It is necessary to identify them and to determine

the corresponding consequences on level lines in order

to adapt our measurement techniques.

The smoothing effect, due to the lens, has already

been studied [20]. The impact on the level lines is a

displacement of 2 pixels at the maximum with a

standard quality lens. Our experiments have shown that

such an impact is indeed very low.

Quantification affects the pixel gray level for 71

quantization level and thus influences the number of

level lines passing through the pixel. This disturbance is

mainly visible in homogeneous areas where the level

lines fluctuate.

The noise within the image may have two conse-

quences. The holes or peaks in the intensity dimension

of the image corresponding to the noise will generate

small, isolated level sets. Noise may also locally disturb

the direction of the level lines.

Appearing shadows generate additional level lines.

While in many video surveillance applications shadows

may disturb the detection process, in the present

application they can serve to signal the presence of a

key object. In some of our experiments for example, the

system was able to detect a stationary person behind a

pillar due solely to the shadow being cast. When a light

bulb burns out, another light suddenly gets turned on

or when the illumination changes within the scene due

to atmospheric conditions, certain shadows and high-

lights may appear. In our outdoor applications (i.e. road

traffic measurement, Automatic Incident Detection,

estimation of vehicle queue length at road junctions),

shadows and backlighting are generally discarded due to

both their nature [23] and to the fact that such a result

appears suddenly at a given location without any

previous tracking [24].
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Fig. 1. (left) An image from a London underground sequence and (right) the level lines associated with the image (only 16 level lines displayed).
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3.1.5. Local measurements based on level lines

Working with curves (level lines) is not very con-

venient in practice, especially for real-time applications.

We propose herein to construct at each pixel an

‘‘abstract’’ of the geometry of neighboring level lines.

Such a measurement must be local in order to avoid

mixing up the background part and the changing part.

Since any local measurement based on the level-lines

geometry is admissible, we choose to compute the

direction of the half-tangent of each level-line passing

through each pixel. Consequently, several orientations

may be presented for any given pixel; these orientations

are then quantized for easier storage and use (see Fig. 2

for an example of such a measurement) and for added

resistance to direction change due to noise.

Naturally, we can consider the level-line tangent

computation as a different way to estimate gradient

orientation. However, it is done in a more suitable way

since the geometry of the level line is not affected by

global contrast change.

3.2. An algorithm based on reference data

Comparing two observations is more restrictive than

comparing an observation directly with the scene Sd : If
one observation (piece of level line) is present in one

image and not in the other, this may be due to a contrast

change. In contrast, if we compare an observation

directly with the background of the scene Sd (which

contains all the level sets), a new piece of level line would

thus be created by means of motion or noise. To

enhance change detection, we have decided to build a

reference data set that approximates the background of

the scene, modulo the contrast. We would like to

consider this reference therefore as a kind of union of all

the level lines of the observed images. In the absence of

any motion and noise, this union will become an

approximation of all the level lines of the background

part of the scene Sd :

3.2.1. Building and updating the reference data

The reference is to reflect the states of the measure-

ments corresponding to the background. Let us first

introduce some of the notation:

* y0; :::; yZÿ1: Z possible quantized directions (e.g.

every p/8).
* ftðP; ykÞ: a value in {0,1} indicating whenever the

direction yk exists at the pixel P at time t.
* FtpT ðP; ykÞ=

PT
t¼1 ftðP; ykÞ: the number of times

the direction yk exists for P during period T (time

‘‘history’’).

One very simple way to determine if a local

orientation of the level lines passing by each pixel is

permanent enough to be introduced into the reference

involves calculating its occurrence on a given temporal-

sliding window. The update consists of re-computing, at

every moment t, the number of occurrences of each

direction associated with point P:

FiptðP; ykÞ ¼
X

t

i¼1

fiðP; ykÞ ¼ Fiptÿ1ðP; ykÞ

þ ftðP; ykÞ or m� Fiptÿ1ðP; ykÞ

þ ð1ÿmÞ � ftðP; ykÞ with m ¼
t

tþ 1
:

A direction with a large number (threshold T0) of

occurrences will thus be considered as belonging to the

ARTICLE IN PRESS

Fig. 2. (left) The original image and (middle and right) display of all pixels on which a level line with the quantized orientation (every p/8) passes, as

indicated by the arrow inside the circle.
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background R: (See Fig. 3 for an example of the

reference data obtained.)

If FtpT ðP; ykÞ > T0 then RðP; ykÞ ¼ 1;

otherwise RðP; ykÞ ¼ 0:

�

�

�

�

�

3.2.2. Minimal relevance occurrence threshold

Threshold To has to be carefully set in order to avoid

considering certain moving objects as part of the

background. It is generally set on the basis of

experience, depending on the behavior of the moving

objects (average speed, image rate, etc.). Nonetheless, a

natural minimal bound of To is provided as a result of

the following consideration:

Let us suppose we are looking at a fixed background

scene (i.e. no moving objects) plus some random

phenomena (such as noise), what then is the minimal

threshold To such that no randomly created direction

will get considered as background? Let us call Pr the

probability that a random phenomenon generates a

given direction at a given point. The probability that a

random phenomenon creates this direction at least s

times over T images is then given by the following

expression:

pðs;TÞ ¼
X

T

k¼s

Ck
TPr

kð1ÿ PrÞTÿk:

Unfortunately, Pr is not directly computable since

we have no a priori knowledge of the cause of the

directions observed (noise, moving object, background,

etc.). However, what can be directly measured is the

probability (Pobserved ) that a direction appears on a pixel

through a sequence of n images from the visualized

scene:

Pi;k
observed ¼

occurrence of yk within the image i

number of pixels in i
:

Since Pobserved overestimates Pr (Pobserved is, by

construction, greater than Pr), we can consider that

Pobserved ¼ minðmin ¼ Pi;k
observed Þi¼f0ynÿ1gÞk¼f0yZÿ1g:

Considering that we have Z possible directions per

pixel and Np pixels per image, the expectation of such

an event occurring becomes:

E ¼ ZNppobserved ðs;TÞ:

Such an expectation must be less than 1; thus, we

choose To larger than Tomin; where Tomin satisfies the

following:

Z Np pobserved ðTomin;TÞo1:

Similarly, we cannot choose To to be too large,

because background elements disturbed by noise would

not get incorporated into the reference. This yields a

similar upper bound for the occurrence threshold. To is

to be chosen smaller than Tomax ¼ T ÿ Tomin: We

conclude that To has to be chosen within the range

[Tomin, TÿTomin]. In order to be effective, this range

must be non-empty, a condition which is always satisfied

with a minimal number of images. A high value of To

produces a reduction in the events (presence of an

orientation) stored in the reference. As a consequence,

the comparison with a new image will increase the

detection rate, while also increasing the number of false

alarms. Conversely, a low value will allow for orienta-

tions with small occurrences to entering into the

reference, causing therefore the detection rates to

decrease as well as the number of false alarms. For

applications, it is necessary to choose an empirical

tradeoff between detection rate and false alarm rate.

In quantitative terms, for an amount of T ¼

200ð256� 256Þ typical images, and with Z ¼ 32; the

minimal number of occurrences over time to be

considered as background is: Tomin ¼ 20; which is 10%

of the total number of images. With the same number of

pixels and directions, and in setting Tomin=T ¼ 3%; we
would then require a minimal number of approximately

1000 images. This parameter T is often set by the

number of the available images provided from the

last few minutes, last few hours, last few days, etc. The

best initial approach would be to choose this time frame

as wide as possible. In any case, it must be wide enough

to ensure that the occurrence threshold range is not

empty.

3.2.3. Detection

While for building and updating the reference data,

we consider all level lines to ensure obtaining as

complete a reference as possible, to avoid the ‘‘quanti-

fication’’ disturbance during the detection process, only
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Fig. 3. Example of a reference image: (left) an image extracted from

a 200-image sequence and (right) the reference image deduced from

the reference data, by means of displaying in black those pixels with

at least one orientation that exceeds the occurrence threshold (T0 ¼

50 images).
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level lines with at least 2 levels (quantization error+1)

are taken into account. For an observed piece of such

level line, two possibilities can arise:

1. The level line exists in the reference, meaning it is not

a detection. In fact, it is necessary to take into

account the immediate vicinity of the level lines when

comparing them to the reference to tolerate a small

displacement on the level lines location due to the

‘‘smoothing effect’’.

2. If it does not exist, then a detection is possible. If the

piece intersects a level line stored in the reference,

then detection is certain. Unfortunately, a detection

based solely on the location of a level-line intersection

is often, in practice, ineffective. Whenever the back-

ground is uniform in intensity up to a certain noise

level, such detection is not possible: this is the case,

for instance, with roads or corridors. For the other

observations, there are two possible causes:

3. either the reference is sufficiently complete, meaning

therefore it is a detection, or

4. the reference is incomplete and uncertainty remains

as to whether it is a detection or an effect of contrast

change.

Given a direction y at pixel P, we check if this

direction occurs in the reference up to both its level of

precision and the quantization of the directions stored in

the reference (i.e. if RðP; yÞ ¼ 1 or not). If such is not the

case, then the point is said to be detected (see Fig. 4),

which means that either the point is not part of the

background or the point is part of the background

but the reference is incomplete. Let us also note that a

point may exhibit simultaneously several detections,

corresponding to several directions that are not in the

reference.

3.2.4. Optional filtering process

If necessary, noise can be removed from the detection

(see Fig. 4). Morphological filters or median filters can

be used for this purpose. If the localization of the

detection is to be preserved, we prefer discarding the

small isolated detection areas [22] that can be attributed

with high probability to noise. We used an empirical

setting of 10 pixels, for 256� 256 images.

3.2.5. Diagram of the algorithm

See Fig. 5.

3.2.6. Some good properties

In order to demonstrate the robustness of our

detection on outdoor scenes and to highlight the benefit

of using level-lines measurements, we have conducted

the following set of experiments.

The aim of the first experiment is to test the change

detection capability of our system on outdoor scene. To

ensure that the system is tested under different

illumination conditions, we used two image sequences

recorded 6 months apart. As shown in Fig. 6, our

method yields good results. Of course, in addition to the

vehicles, we got shadows and changes in vegetation.

The aim of the second experiment is to demonstrate

the capability of encompassing various states of the

scene all within the same reference. We built a reference

data set from three different image sequences of the
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Fig. 5. Diagram of the change detector.

Fig. 4. (left) An image; (middle) the corresponding detection, without filtering, obtained with reference data built from 200 images and T0 ¼ 100 and

(right) the same detection for (white and black) areas larger than 10 pixels.

D. Aubert et al. / Real-Time Imaging 10 (2004) 9–2216



same intersection. Two sequences were recorded during

a windy day at two different times, while the third one

was recorded about 6 months later on a sunny day. As

seen in Fig. 7, all of the vehicles and pedestrians

indicated by arrows have been well detected. The other

detections are due to leaves moving on trees. Thus, the

reference data automatically takes into account the

various lighting configurations, which confers great

stability on the detection with respect to illumination

changes. Our algorithm is used herein to control the

traffic light at this intersection.

3.2.7. Conclusion

Let us conclude this section by summarizing the main

features of the change detector algorithm.

The level-lines representation can be compared with

an ‘‘edge map’’ representation, yet with the following

distinctions:

* The level-lines representation is a complete represen-

tation (in that it serves to reconstruct the image, up

to a given contrast change). This particular feature

allows the algorithm to work even under low contrast

once the moving object can be distinguished from the

background by a single gray-quantification level.
* Its extraction involves no threshold or parameters.
* Its response to a global change of contrast can be

described, whereas such tends not to be possible with

other ‘‘edge map’’ representations (e.g. zero-crossings

of the Laplacian).

The local configuration of the level lines around each

point provides a qualitative description (which again is

obtained without introducing any parameters). This

feature enables ‘‘counting’’ the occurrences of each

configuration over time in order to create an occurrence-

based reference as opposed to an average value-based

reference. The pertinence of a configuration is measured

herein by its occurrence in time rather than by its

ability to surpass a spatial or energy amplitude scale

threshold (as is the case with a classical edge map

extraction).

In sum, the entire algorithm displays in all just two

parameters that we believe are naturally ‘‘built in’’ into
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Fig. 6. (top left) Sequence of images used to build the references; (top middle) sequence of images used to test the detection (shot 6 months before the

top left sequence) and (top right) detection obtained using our method.

Fig. 7. A single reference data set has been constructed by combining the three sequences from the same intersection. The left and middle sequences

were recorded on the same windy day but at different times. The right sequence was taken about 6 months later on a sunny day. In the bottom row,

we display (in black) those pixels with level-line directions not contained in the reference data.

D. Aubert et al. / Real-Time Imaging 10 (2004) 9–22 17



a change detector: the historical time T and an

occurrence threshold T0: At the end of the process, it is

possible to eliminate small areas detected so as to

remove noise; this step then adds another optional

parameter: the area threshold.

4. An abnormal stationary detection system

The extracted level lines could be classified onto one

of the following categories: those that belong to the

scene background, those that corresponds to moving

objects, or to stationary objects.

We propose using the ‘‘presence duration’’ as a mean

for discriminating between these three categories. The

background is naturally assumed to remain unchanged

for a very long period of time. Conversely, the moving

objects (a moving crowd) will not yield stable config-

urations even over short periods of time. In between

these two extremes, stationarity is characterized by

objects that remain at approximately the same place

over an intermediate period of time. This set-up then

involves the use of a change algorithm with two time

periods: a short one to detect moving objects, and an

intermediate one to detect moving objects and stationa-

rities. From this information, we can construct an

image containing ‘‘stationarity areas’’. Summing the

occurrences of the stationary state at each pixel over

time enables estimating the ‘‘stop duration’’. It should

be obvious that a stop measurement is possible

regardless of the changes in the person/object position

inside this entire area or at least part of it. Above a given

threshold over this duration, an alarm signal is sent to

an operator.

Our system may be summarized by the following

diagram (Fig. 8).

Let us now present the algorithm in greater detail:

4.1. Detection of stationary areas

4.1.1. Short-term change detection (‘‘moving parts’’)

By applying the change detector with a short-term

reference Rshort (computed by taking a sliding temporal

window of T ¼ 0:5 s and T0 ¼ 0:1 s), areas in the image

containing moving objects (representing either a person

or an object present at the same place in the scene for

less than 0.5 s) are detected.

The result is a binary image representing the short-

term changes (Mt):

If ( yk=ftðP; ykÞ ¼ 1 and RshortðP; ykÞ ¼ 0

then MtðPÞ ¼ 1;

otherwise MtðPÞ ¼ 0:

According to the previous discussion about the

occurrence threshold, the number of images considered

to create the reference is not high enough to ensure that

noise will not disturb the observation.

4.1.2. Long-term change detection (‘‘novelties’’)

Once again, we could have used the change detector

as is, with a higher T and T0 in order to detect the

novelties corresponding to a person or an object present

at the same place in the scene for less than 5min. But

instead, we elected to use the previously computed

short-term detection in the following way: the long-term

reference is only updated at pixels where no motion

occurs. At peak hours, the scene is admittedly very

crowded (over 90% of the time). By updating references

at only the non-moving pixels, we strengthen the quality

of the reference data.

Under slight changes, we apply the change detector

with a long-term reference Rlong (computed by taking a

sliding temporal window of T ¼ 10min and T0 ¼ 5min)

to detect novelties. The result is the binary long-term

change image (Nt):

If ( yk=ftðP; ykÞ ¼ 1 and RlongðP; ykÞ ¼ 0 then NtðPÞ ¼ 1;

otherwise NtðPÞ ¼ 0:

The lower bound for T and T0 has been influenced

by the objective of sending an alarm within 3min of

detection. A stationary object thus has to be detected

(point 1 in the St map) for at least 5min (2min to detect

and 3min to send the alarm).

4.1.3. Detection of the stationary areas

By removing the motion areas from the novelties,

only the people and objects remaining stationary for at

least 0.5 s are left. This step is performed by simply

subtracting Mt from Nt:

StðPÞ ¼ NtðPÞ ÿMtðPÞ:
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Fig. 8. Diagram of the ‘‘abnormal stationarity’’ detection system

devised herein.
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4.2. Measurement of the stop duration

This functional attribute integrates stationarities over

time in order to both compute the stop duration and

locate stationary areas.

4.2.1. Estimation of the stationary duration

The estimation of the stationary duration and its

update are carried out by an exponential average, in

accordance with the following formula:

For a pixel P motionless for the last t images, it can

thus be easily verified that

index of durationðPÞt ¼ 1ÿ ð1ÿ aÞt

0pindex of durationp1;

where t is the number of previously observed images and

a the value controlling the evolution speed of the

‘‘index of duration’’ (an index whereby ‘‘0’’ means

‘‘nothing present’’ and ‘‘1’’ means ‘‘always present’’).

a is determined such that ‘‘index of duration’’ is equal

to a threshold Td when the target maximal stop duration

of stationarity (2min) has been reached. For instance,

a ¼ 1ÿ ð1ÿ 0:7Þ1=ð10�2�60Þ ¼ 0:001003; when consider-

ing a target stop duration of 2min, a Td of 70% and a

10 image/s computational rate. Td is chosen such that

any detection is stable (the ‘‘index of duration’’ may

oscillate between Td and 1.0 without any loss of

detection) and such that a detection disappears as

quickly as possible when a stationary person/object

leaves the scene (the detection ends when the ‘‘in-

dex of duration’’ drops below Td again).

By computing the stop duration in this manner, we

may lose a real detection each time a target area is

occluded by a moving crowd. As a consequence,

oscillations (detection/no detection) in the detection

may be obtained. To overcome this problem, we

propose freezing all measurements in the target area as

long as the crowd is causing occlusion. In this way, we

are able to preserve the estimated duration until the area

becomes visible again, at which time the duration

increases or decreases depending on the presence or

absence of stationarity at the considered location. This

procedure adds robustness to the system and stability

to the measurements, even when subjected to frequent

occlusions.

In the system, the occlusion is characterized by the

motion map (Mt). In general, occlusions are caused by a

person or a crowd passing in front of the stationary

object. This definition includes not only occlusions but

also the movements of stationary people, which tend to

affect different parts of the body over time:

toccultðP; tÞ ¼ ð1ÿ bÞ � toccultðP; tÿ 1Þ þ ðbÞ �MtðPÞ:

4.2.2. Correction of the duration estimation

By updating the stop duration only when the target is

visible, we are able to stabilize the detection and hold the

target even when masked by a crowd. In doing so,

unfortunately, the estimated stop duration value is lower

than the real one in the presence of occlusion. It then

becomes necessary to correct the stop duration esti-

mated in order to avoid introducing detection delays. In

most instances, this bias can be reduced and even

removed: it is simply necessary to increase the evolution

speed of the ‘‘duration’’ a according to the number of

images for which the computation had not been

conducted (toccult). Thus, a is no longer a constant and

is to be evaluated for each new image and for each pixel

P by means of the following formulation:

aðPÞt ¼ 1ÿ ð1ÿ TdÞ
1=t0

and

t0 ¼ tÿminðtoccultðP; tÞ; 50% tÞ;

where t0pt corresponds to the new number of times an

area must be observed motionless before triggering the

alarm. However, if we merely note that t0 ¼ tÿ toccult
when toccult is close to t, the decision to trigger the alarm

will be taken even though the area is seen motionless

very infrequently, a situation which may lead to false

alarms. To avoid this situation from arising, we have

arbitrarily stipulated that a stationary area must be

observed for at least 50% t before taking any action.

The result is ‘‘zero’’ delay (or actually 710 s from our

vantage point) when the occlusion rate is less than 50%,

but the delay rises for higher occlusion rates.

4.3. Detection of abnormal stationarities

The last functional attribute serves to identify both

the potentially abnormal stationarities, based on the

stop duration previously measured, and the localization

of stop areas. An alarm is then triggered in the event of

abnormality.

Each pixel whose stationarity duration exceeds 2min

is labeled as abnormal. Currently, the detection of just

one pixel is sufficient to trigger the alarm (in practice, the

accumulation over time yields very reliable information

at each single pixel). The alarm consists of a sound to

alert the operator as well as on-screen information to

localize the abnormal stationarity on the monitor. This
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index of durationðPÞt ¼ ð1ÿ aÞ � index of duration Pð Þtÿ1þa if StðPÞ ¼ 1;

index of durationðPÞt ¼ ð1ÿ aÞ � index of duration Pð Þtÿ1 otherwise:
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visual information is conveyed by a red rectangle

surrounding the area of stationarity considered to be

abnormal.

5. Assessment and results

Our system has been tested on several real-life

situations. It is running at more than 10 image/s rate

on a Pentium 166MHz-based PC equipped with a

numerization board. During the PRISMATICA project

our application (plus three others: intrusion detection,

occupancy rate estimation and queue length measure-

ment) was integrated in a small industrial PC (a Celeron

500MHz) that can simultaneously deal with up to four

video sources at a rate of 5Hz.

Several such devices may be linked, via an Ethernet

network, to a supervising system generally located in the

control room, which supports the centralized HMI of

the system, sends the configuration data and commands.

In order to generate a wide variety of situations

(station design, crowd density, location of stationary

people/objects, positioning and orientation of the

camera), we chose to videotape scenes at the Paris

Metro (RATP) station ‘‘Havre-Caumartin’’. In fact, this

subway station includes a large number of different

corridor configurations (straight and curve, long and

short, wide and narrow, light and dark background) and

different crowd patterns, due to its proximity to large

department stores. In order to increase the variability of

the processed scenes even further and demonstrate the

transposability of the system to other networks,

videotapes supplied by other operators were also used.

This approach resulted in more than 224 h of videotape

footage and over 400 real-life stationarity situations,

some of which been quite difficult to deal with.

In order to assess our system, we began by manually

recording (time code of the events, approximate location

of the stationarity in the image, and duration of the

stationarity) all stationarity events of greater than 2min.

Results obtained by the system were then compared

with the recorded data. The differences observed give:

the non-detection rate (real-life situations not detected

by the system), the number of erroneous detections

(detected areas without any real-life justification), and

the detection delay. Lastly, the number of stationarities

detected versus the total number of real-life stationa-

rities yields the detection rate of the system.

Table 1 summarizes the results obtained from this

comparison.

As observed in these results, the system is able to

handle the problems affecting this type of application.

The results obtained have fulfilled the requirements

(>90% of detection and less than 5 false alarms per

day) and demonstrated the ability to cope with some

very complex situations (see Fig. 9), which to our

knowledge have not been handled by competing

systems.

The non-detections obtained can be explained not

only by a low contrast, but also in many instances by a

short stationarity duration (around 21
2
min) and a very

high occlusion rate (>90%). In all cases, except for

one, the system detected the stop, but the measured

stationarity duration did not reach the threshold above

which the alarm is triggered.

The remaining problem then is the delay in detection

for occlusion rates above 50%. When this situation

arises, a delay in detection can occur and, in the worst

case we encountered, may reach approx. 6min. (This

case occurred for a person in the back of the scene

completely occluded more than 90% of the time.) In

such a situation however, even for an operator to see the

person proves to be difficult.

6. Conclusion

The purpose of the automated abnormal stationarity

detection system presented herein is to improve the

quality of service and crowd management in public

transit networks. The levels of performance obtained,

even for very complex scenes (very dense crowds,

movement of stationary people, low contrast, or subjects

positioned in distant locations) surpass the requirements

imposed upon operators.

To obtain such performance, we developed the

specifications of a new ‘‘change’’ detector based on the

representation of images by their level lines. This

approach has enabled: producing stable results under

illumination changes, detecting objects even under low

contrast, and generating a most effective reference data

set. This algorithm remains quite generic and has been

successfully introduced into some of our other applica-

tions, such as traffic monitoring at intersections [24], the

detection of counter-flow people motion [25] and queue

length measurements. A number of these systems are

now available on the market.

Given that operators seem to be showing increasing

interest in the system, it is only natural to assume that

one day it will be installed in some networks. Such an

installation, however, will require a reorganization of

the networks’ operating mode in order to incorporate
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Table 1

Performance of the abnormal stationarity detection system

Number of

stationary

situations

Number

of

detections

Non-

detections

Erroneous

detections

Detection

delay (when

occlusion

o50%)

436 427 (98%) 9 (2%) 0 710 s
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the alarm mechanism; among other features, a fast,

reliable and effective means of intervention must be

implemented.
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