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Résumé

Cette these traite de quelques questions de dynamique différentiable. Elle se compose de deux
parties relativement indépendantes, comprenant chacune deux chapitres. La premiere partie établit des
estimées de la conjugaison a des rotations de difféomorphismes du cercle, et en obtient des applications.
La seconde partie porte sur la méthode de construction par conjugaisons successives et le probleme de
réalisation différentiable.

Le premier chapitre part d’un théoreme célebre de Herman et Yoccoz, qui affirme que si un dif-
féomorphisme C* du cercle f a un nombre de rotation a qui satisfait a une condition diophantienne,
alors f est C*-conjugué a une rotation. Nous établissons des relations explicites entre les normes C*
de cette conjugaison et la condition diophantienne sur @. Pour obtenir ces estimées, nous modifions
convenablement la preuve de Yoccoz.

Dans le deuxiéme chapitre, nous utilisons certaines de ces estimées pour montrer deux résultats.
Le premier porte sur le probleme de quasi-réductibilité : pour un ensemble Baire-dense de nombres «,
pour tout difféomorphisme f de nombre de rotation «, il est possible d’accumuler R, avec une suite
hnfh,', h, étant un difféomorphisme. Le second résultat de ce chapitre est : pour un ensemble Baire-
dense de nombres «, étant donnés deux difféomorphismes f and g qui commutent, tels que f a a pour
nombre de rotation, il est possible d’approcher chacun d’eux par des difféomorphismes f, et g, qui
commutent, et qui sont conjugués de maniere différentiable a des rotations.

Le troisieme chapitre traite du probleme de réalisation lisse non-standard de translations du tore.
Sur certaines variétés admettant une action du cercle, nous construisons des difféomorphismes préser-
vant le volume, et métriquement isomorphes a des translations ergodiques du tore, tels qu’une coordon-
née de la translation soit un nombre de Liouville arbitraire. Pour obtenir ce résultat, nous déterminons
des conditions suffisantes sur des vecteurs de translation du tore qui permettent de construire expli-
citement la suite de conjugaisons successives dans la méthode d’Anosov-Katok, avec des estimées
convenables de leur norme.

Dans le quatriéme chapitre, sur les mémes variétés que précédemment, et pour certains angles
de Liouville @, nous montrons que I’adhérence lisse de la classe de conjugaison lisse et préservant le
volume de la rotation S, contient un difféomorphisme lisse et préservant le volume 7 qui est métrique-
ment isomorphe a une rotation irrationnelle du cercle Rg, avec @ # +f, et avec a et 8 choisis rationnel-
lement dépendants ou rationnellement indépendants. En particulier, I’anneau fermé [0, 1] x T' admet
une pseudo-rotation lisse ergodique 7" d’angle « qui est métriquement isomorphe a une rotation Rg.

Mots-clefs : systemes dynamiques, théorie ergodique, difféomorphismes du cercle, nombre de rotation,
méthode d’ Anosov-Katok, probléme de réalisation lisse.



ESTIMATES OF THE CONJUGACY TO ROTATIONS OF CIRCLE DIFFEOMORPHISMS. SUCCESSIVES CONJUGACIES
AND SMOOTH REALIZATIONS

Abstract

This thesis deals with some questions on differentiable dynamical systems. It comprises two rela-
tively independent parts, with two chapters each. The first part deals with estimates of the conjugacy
to rotations of circle diffeomorphisms and their applications. The second part deals with successive
conjugacies and the smooth realization problem.

The first chapter is based on a celebrated theorem by Herman and Yoccoz, which asserts that
if the rotation number a of a C*-diffeomorphism of the circle f satisfies a Diophantine condition,
then f is C*-conjugated to a rotation. We establish explicit relationships between the C¥ norms of
this conjugacy and the Diophantine condition on a. To obtain these estimates, we follow a suitably
modified version of Yoccoz’s proof.

In the second chapter, we use some of these estimates to show two related results. The first is
on quasi-reducibility: for a Baire-dense set of «, for any diffeomorphism f of rotation number «, it is
possible to accumulate R, with a sequence &, fh;, ", h, being a diffeomorphism. The second result of
this chapter is: for a Baire-dense set of @, given two commuting diffeomorphisms f and g, such that f
has « for rotation number, it is possible to approach each of them by commuting diffeomorphisms f;
and g, that are differentiably conjugated to rotations.

The third chapter deals with the problem of non-standard smooth realization of translations of the
torus. On some manifolds admitting a circle action, we construct volume-preserving diffeomorphisms
that are metrically isomorphic to ergodic translations on the torus, where one given coordinate of the
translation is an arbitrary Liouville number. To obtain this result, we determine sufficient conditions on
translation vectors of the torus that allow to explicitly construct the sequence of successive conjugacies
in Anosov-Katok’s method, with suitable estimates of their norm.

In the fourth chapter, on the same manifolds as previously, we show that the smooth closure of
the smooth volume-preserving conjugation class of some Liouville rotations S, of angle @ contains
a smooth volume-preserving diffeomorphism 7 that is metrically isomorphic to an irrational rotation
Rp on the circle, with @ # +8, and with @ and g chosen either rationally dependent or rationally
independent. In particular, the closed annulus [0, 1] x T' admits a smooth ergodic pseudo-rotation T
of angle « that is metrically isomorphic to the rotation Rg.

Keywords : dynamical systems, ergodic theory, circle diffeomorphisms, rotation number, Anosov-
Katok method, smooth realization problem.
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Introduction

Cette these se compose de deux parties relativement indépendantes. Une premiere partie
(chapitres I et II) porte sur les difféomorphismes du cercle. Une seconde partie (chapitres
III et IV) porte sur I’étude, par la méthode de construction par conjugaisons successives, de
deux problemes de réalisation lisse non-standard. Chaque chapitre correspond a un article
autonome, et peut €tre lue de maniere indépendante. De plus, dans la premiere partie, les
rappels préliminaires du chapitre I sont repris dans ceux du chapitre II. Dans la seconde partie,
certains résultats du chapitre III sont utilisés et rappelés dans le chapitre I'V.

1 Estimées de la linéarisation de difféomorphismes du
cercle et applications

1.1 Estimées de la linéarisation de difféomorphismes du cercle

Le cercle R/Z est noté T'. Nous travaillons souvent dans le revétement universel D’(T")
du groupe des difféomorphismes du cercle de classe C" qui préservent 1’orientation. D"(T")
est le groupe des difféomorphismes f de classe C" de la droite réelle tels que f — Id est
Z-périodique. Un exemple simple de difféomorphisme du cercle est la rotation R, d’angle
a € T'. Si @ = p/q, p et g premiers entre eux, alors toutes les orbites de R,, sont périodiques
d’ordre g. Si « est irrationnel, toutes les orbites sont denses.

Le nombre de rotation p(f) € T! d’'un homéomorphisme du cercle f préservant 1’orien-
tation est donné par la classe modulo Z de la limite « de la suite ( f”(x) — Xx)/n, ou f est un
relevé quelconque de f dans D°(T"') (a est aussi appelé le nombre de rotation de f). La limite
de cette suite est indépendante du choix de x. Si p(f) est rationnel, alors f admet au moins
une orbite périodique. Si p(f) = a est irrationnel, il existe une unique application /4, continue,
surjective et préservant 1’orientation, telle que #(0) = O et ho f = R, o h. De plus, si h est un
homéomorphisme, alors toutes les orbites de f sont denses. Sinon, aucune orbite de f n’est
dense, et toutes les orbites s’accumulent sur un ensemble de Cantor invariant. Cependant, si
f est de classe C2, alors h est toujours un homéomorphisme : ¢’est le contenu du théoréme de
Denjoy.

Dans le cas ou p(f) = « est irrationnel, il est important de noter que la régularité de la
conjugaison & ne dépend pas seulement de la régularité de f. Par exemple, considérons la
famille d’Amold : f,,(x) = x + asin(2rx) + bou 0 < |a| < 1/2n, b € T!. 1l existe des
valeurs du parametre b telles que la conjugaison 4 de f,, a une rotation n’est pas absolument
continue, bien que f,; soit analytique [Arn65]. Pour obtenir des résultats de régularité sur A,

in

il est nécessaire de supposer que a est "mal approché" par les rationnels (i.e. diophantien).

Un nombre « irrationnel est dit diophantien s’il existe 8 > 0, C; > 0 tels que pour tous
entiers p, g premiers entre eux :

le — p/ql > Calq**

Si de plus 8 = 0, alors « est dit de type constant. Si « irrationnel n’est pas diophantien, il
est dit Liouville.
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Arnold, dans le cas analytique, et Moser, dans le cas lisse, ont montré que si « est dio-
phantien et si f est proche de R,, alors & est analytique si f I’est, et & est lisse si f Iest. Ils
obtiennent ces résultats avec la méthode dite de KAM (Kolmogorov-Arnold-Moser).

Herman [Her79] permet de s’affranchir de I’hypothese de proximité a une rotation, et ob-
tient un résultat global : il existe un ensemble de mesure de Lebesgue pleine tel que si le
nombre de rotation d’un difféomorphisme lisse f appartient a cet ensemble, alors f est conju-
gué a une rotation par un difféomorphisme lisse. En utilisant les méthodes d’Herman, Yoccoz
compléta ce résultat pour inclure tous les nombres diophantiens, ce résultat étant optimal en
classe C*. Depuis, d’autres résultats ont enrichi ce domaine [KO89b, Yoc02, FK(09a, KT09].
Pour notre part, en s’appuyant sur une version modifiée de la démonstration de Yoccoz, nous
obtenons des estimées de la norme de la conjugaison 4 en fonction des normes de f, de son
degré de différentiabilité, et des constantes diophantiennes de @. Ce résultat permet de pro-
longer la théorie perturbative, ou les théoremes KAM fournissent habituellement une borne
sur la norme de la conjugaison qui dépend de la norme de la perturbation et des constantes
diophantiennes du nombre @ [Mos66, DIL99]. En effet, dans le chapitre I, nous établissons le
résultat suivant :

Theorem 1.1. Soit k > 3 un entier et f € D*(T"). Soit a € CD(Cy, ) le nombre de rotation
de f. Si k > 2B + 1, alors pour tout n > 0, il existe un difféomorphisme h de classe C*='=P7
qui conjugue f a R,, et une fonction numérique C, qui vérifient I’estimation :

1lli-1-p-y < CLk, B, 1, Ca [ID fllos W), IS flli—s]

ou S f désigne la dérivée schwartzienne de f et W(f) désigne la variation totale de log Df.

Notre preuve s’appuie sur [Yoc84]. Dans une premiére étape, nous estimons la norme C!
de la conjugaison. Dans une seconde étape, nous estimons les normes de degré supérieur, en
nous appuyant sur les estimées de la norme C'.

La preuve de I’estimation de la norme C! de la conjugaison s’appuie sur une estimation
de M, /m,, ou

M, = max,cy | f?(x) — x| et m,, = min i |f9"(x) — x|. Pour cette estimation, nous procé-
dons en deux étapes : d’abord, nous estimons M,,;/M, en fonction de M,, @,./a, et d’une
constante C; qui dépend de k, |S fli—3 et de W(f), et que nous calculons explicitement.

Dans la deuxieme étape, 1’idée principale est d’établir une alternative entre deux situations
possibles pour les suites M, et «, : la situation "favorable" (R,) et la situation "défavorable"
(R)). La situation "défavorable" se produit seulement un nombre fini de fois, en raison de la
condition diophantienne sur @. Ces situations sont décrites par la proposition suivante, qui est
une version modifiée de [Yoc84, p. 346] :

Proposition 1.2. Soit 1 > n, > 0 une suite telle que a, = a;'{”. 1l existe un parametre 6 > 0,
et il existe un entier n; tel que pour tout n > ny, on peut définir des suites a, et p, < 1 telles
que M,, = a,a’)". La suite a, est définie par :

Si

a 1+ M
(R)) CYMEV < M~ alors ay, = ay————
a, 1-CM!
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et si

_ Ap+1
(R)) CM%DR0 5 A " Glors ay, = ay,
al’l

De plus, si (R,) se produit, alors p,.1 > p, + 1,(1 — pn);

et si (R)) se produit, alors p,1 > ((k+1)/2 = 6)(1 — n,)pn. En particulier, la suite (0,)nsn,
est croissante.

Dans la situation "favorable" (R,), nous pouvons estimer M, /a,, en fonction de M, /«,
et de méme, nous pouvons estimer «@,.1/m,,; en fonction de a,/m,. Lorsque p, franchit un
certain seuil p, la situation "favorable" (R,) se produit toujours. Par conséquent, au-dela d’un
certain rang n,, la situation "favorable" (R,) se produit toujours, et nous pouvons estimer
M, /m, en fonction de M, /m,,. Nous relions M,,, /m,, a a,,, et nous calculons un minorant de
a,,. La preuve de Yoccoz a besoin d’étre modifiée parce que dans sa version originale, elle ne
permet pas de calculer un minorant de @, .

En particulier, notre méthode montre que ||Dh||, est majoré par une fonction qui ne dépend
que de k, B, Cy, IDflo, W(f), IS fllx—3. Au contraire, a priori, la preuve de Yoccoz (y compris
si on y ajoute le calcul explicite des constantes) n’exclut pas le fait que I’ensemble :

Ex = {IDhlo /3f € Dif(TY), f = h™'Ryh, @ € CD(B, Cg), max (k, B, Cas IDfllo, WA, IIS fllks) < A

ne soit pas borné, pour tout A > 0 fixé.

Nous pouvons préciser 1’estimée dans un cas particulier. Lorsque k > 35+9/2, on obtient :

IDAllg < € A (Cz[,B]Cs[Cd]C4[IIDf||o, W, ”Sf”O]CS[||Sfllf3ﬂ+3/2]]) (1

Dans cette estimée, trois itérations de la fonction exponentielle apparaissent : une premiere

exponentielle vient de I’estimation |D f™|, < C|Df |0/a *. Une seconde exponentielle vient de

ny—1 1
s T2, (=
Iécriture @, = o) "™ (=7)

. Nous majorons chaque ﬁ grace a la condition diophantienne, et

une troisicme exponentielle vient de I’estimation [],cx, (#) < C™™M, ou E; est I’ensemble
n
et n3 — ny est le nombre de cas "défavorables".

Pour les estimées des normes d’ordre supérieur, la preuve se décompose en quatre étapes.
Soient des nombres réels 0 < vy < y; < g(yp) (g est une fonction vérifiant certaines condi-
tions) et un entier N. Dans les trois premiéres étapes, nous calculons || log D f¥ Il,, en fonction
de sup,. [Ilog Df”||,,. Dans la premitre étape, en utilisant des inégalités de convexité et une
conséquence de la formule de Faa-d-Bruno, nous établissons une estimation de |[logD f% ||,
pour0 <y <k-1.

Dans la deuxieme étape, nous obtenons une estimation de [[logDf"*||,, 0 < n < gs1/qs,
0 <y <k—1.Nous y modifions tres Iégerement la preuve d’une proposition : en suivant stric-
tement la preuve de Yoccoz, nous aurions obtenu une estimée qui diverge lorsque f devient
proche d’une rotation.
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Dans une troisieme étape, nous écrivons N = Zf:o bsqs, avec by des entiers vérifiant
0 < by < gy1/9s, €t nous obtenons ainsi une estimation de ||log DfY Il,, en fonction de

SUp,.o [l 1og DIl

Dans la quatrieme étape, nous itérons ce raisonnement : nous disposons d’une estimée de
h € DY(T") tel que f = hoR, oh~!. Nous supposons & € D'*°(T") pour un certain y,, et nous
itérons I’estimée de supy., |[log D N Il,, en fonction de SUp,,»0 Illog D f"l|,, (le nombre y; de
la n'e étape devient le y, de la (n + 1) étape). Finalement, en utilisant nos estimées C',
nous obtenons une estimation de ||A|[x—1-g—,-

Dans cette partie sur les estimées d’ordre supérieur, il y a quelques nouveautés par rapport
au travail initial de Yoccoz : le calcul explicite des constantes, et d’infimes modifications dans
la preuve.

1.2 Application a la quasi-réductibilité et aux difféomorphismes qui
commutent

Outre leur intérét intrinseque, ces estimées possedent des applications a I’étude des dif-
féomorphismes de nombre de rotation Liouville. Ces applications font I’objet du chapitre II.

En effet, ces estimées s’ appliquent au probleme de quasi-réductibilité : existe-t-il une suite
de difféomorphismes (4,,),> telle que h;l fh, — R, dans lanorme C* ? Cette question remonte
4 Herman [Her79, pp.93-99], qui a montré que pour tout f € D*(T') de nombre de rotation
irrationnel a, il est possible d’accumuler R,, dans la norme C'*" par une suite h;l fh,, h, étant
un difféomorphisme C2. Cette question est distincte de celle résolue par Yoccoz [Yoc95] : ce
dernier a montré 1’existence d’une suite de difféomorphismes (4,),so telle que hnRah;1 - f.
Sur ce probleme de quasi-réductibilité, nous obtenons le résultat suivant, qui vient compléter
les résultats de Herman [Her79] et Yoccoz [Yoc84] dans le cas diophantien :

Theorem 1.3. I] existe un ensemble dense au sens de Baire A C R tel que si f € D*(T")

a pour nombre de rotation a € A, alors f est C*-quasi-réductible : il existe une suite h, €
D>(T") telle que h," fh, — R, pour la norme C*.

La quasi-réductibilité a des applications a I’étude de I’espace des actions différentiables
de Z? dans T'. Cette espace est assez complexe, comme Iillustre 1’étude de Yoccoz [Yoc95]
des centralisateurs différentiables de difféomorphismes du cercle, étude ou il fournit notam-
ment un exemple de difféomorphisme lisse dont le centralisateur dans le groupe des difféo-
morphismes du cercle de classe C? qui préservent I’orientation, est réduit a I’ensemble de ses
itérés. La structure de cet espace d’actions différentiables de Z> dans T' demeure mal connue.
Par exemple, on ne sait pas encore s’il est localement connexe par arcs : ¢’est une question an-
cienne posée par Rosenberg. Une question de Mather, qui lui est proche, est de savoir si, étant
donnés deux difféomorphismes f, g qui commutent, ces derniers peuvent €tre accumulés par
des suites de difféomorphismes réductibles (i.e. différentiablement conjugués a des rotations)
et qui commutent. Sur cette question, nous obtenons le résultat suivant :

Theorem 1.4. I existe un ensemble dense au sens de Baire A C R tel que si f € D*(T!) a
pour nombre de rotation a € A, et si g € D*(T") tel que fg = gf, alors il existe deux suites
de difféomorphismes C* f, et g, qui sont C*-conjugués a des rotations, tels que f,g, = gnfn
et tels que f, et g, convergent respectivement vers f et g dans la norme C*.
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Donnons ici I’idée de la preuve du résultat sur la quasi-réductibilité. On note (g, ),>o 1a suite
des dénominateurs des réduites de «, et (a,),>| 1a suite d’entiers telle que g,+1 = dpr1gn + Gn1.
On observe d’abord que pour toute suite ¢(n) tendant vers +oo, I’ensemble des nombres « tels
que pour une infinité de n, sup,_, ax < ¢(n), est Baire-dense.

La suite tronquée o, = [ap,...,an, 1,...] est une suite de nombres de type constant, qui
converge vers « a une vitesse contrdlée : |a — «,| < 4/2".

Suivant une idée de Herman [Her77], on perturbe f en un difféomorphisme R, f de
nombre de rotation «,, qui est linéarisable par une conjugaison #,. En écrivant

I fhy — Ry = b, fhy, — h'Ry fh, + Ry, — R,

et en utilisant la formule de Faa-di-Bruno, on obtient un contr6le de la norme de &, Yfh, —
R, en fonction de celle de A, et en fonction de |@ — «,|. De plus, on dispose d’une estimée de
la norme de 4, en fonction de sup,_,, ax.

Ainsi, si I’on choisit la vitesse de croissance de la suite sup,_, a; suffisamment petite par
rapport a la vitesse de convergence de a, vers a, alors k! fh, converge vers R,, et f est
quasi-réductible.

Pour la preuve du résultat sur les difféomorphismes qui commutent, notons f/ = h;' fh,
et g/ = h 'gh,, ou h, est la conjugaison construite dans la preuve du résultat sur la quasi-
réductibilité. f, = h,lRah,;1 converge vers f et commute avec g, = h,,Rg;l(o)hgl. Pour obtenir la
convergence de g, vers g, il suffit de montrer que la norme de g, — R, () tend vers O suffisam-
ment vite.

Pour cela, I'idée de base est la suivante : on approche les points x du cercle par p(x)a
mod 1, ou p(x) < g, est un entier, et ou I’entier r sera fixé ultérieurement. On dispose d’un
contrdle de |x — p(x)a| en fonction de ¢g,. Ensuite, en utilisant I’hypothese de commutation
gn f,;p = f,;p g., on peut écrire (on peut confondre x € T' avec son relevé dans R) :

8,(0)=Ry 0)(x) = g.(X)—g.(pa)+g.(pa)—g. f.P(0)+ .7 §/(0) =R 0 (g, (0)+ Ry 0)(pa)— Ry 0)(X)

On utilise la proximité de f,;p a R,,, proximité qui dépend de g, et de la norme de f,; -R,.
Cette derniere a été estimée dans la preuve du résultat de quasi-réductibilité. On utilise aussi
des analogues C*, k > 2, de ’inégalité des accroissements finis, qui sont obtenus avec la
formule de Faa-di-Bruno.

L’entier ¢, doit étre choisi suffisamment grand par rapport a la conjugaison £, afin que
|x— pa| soit suffisamment petit. Mais cet entier g, ne doit pas €tre trop grand, afin de maintenir
[| f,;p — R, || assez petit. Cet entier g, est controlé a 1’aide de sup,_, ax, qui contrdle lui-méme
la norme de A,. Ainsi, on choisit bien I’entier r en fonction de n afin d’obtenir la convergence
de g, vers g.

2 Conjugaisons successives et réalisations lisses

La théorie ergodique s’intéresse aux propriétés de transformations ou de flots qui pré-
servent la mesure d’un espace mesuré standard (typiquement, un espace de Lebesgue). La
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classification de ces actions ne serait pas envisageable [Kat77a] [Kat03, p.1], car les comporte-
ments les plus variés sont possibles. Ainsi, la théorie ergodique classique contient peu de résul-
tats généraux, mais beaucoup d’exemples et de contre-exemples. C’est pourquoi les méthodes
de construction d’exemples y occupent une place privilégiée. Parmi ces méthodes, se trouve
les méthodes d’approximation périodique et de construction par conjugaison successives (mé-
thode dite d’ Anosov-Katok, [AK70], cf. aussi [KT97, GKO00, Kat03, FK04, KT06, KLL09]),
qui jouent un role central dans les constructions différentiables. L’idée est de construire, par
conjugaisons successives, une suite de difféomorphismes périodiques qui approche le difféo-
morphisme ayant la propriété souhaitée. Nous appliquons ces méthodes a des problemes de
réalisation lisse.

2.1 Le probleme de réalisation lisse : translations du tore et couples non-
standards d’angles

Un isomorphisme de tribus K : (8, u) — (B’, ') est une bijection préservant la mesure et
d’inverse mesurable. Soient 7 : (B,u) = (B,p)etT’ : (B, 1) — (B, ') deux applications
préservant la mesure. Les systemes mesurés (X, B,u, T) et (X', B, ', T") sont métriquement
isomorphes s’il existe un isomorphisme de tribus K : (B, u) — (8, /) tel que KT~ =T 'K
(ot T~' et T"~! sont vues comme des applications de tribus). de plus, si T et T’ sont bijectives,
alors cette derniere condition est équivalente a KT = T’K. Si de plus, X', u/, T’ sont lisses,
alors (X, B, u, T) admet une réalisation lisse. Si X et X’ ne sont pas difféomorphes, alors cette
réalisation lisse est non-standard.

Anosov et Katok [AK70] ont construit des exemples de réalisations lisses non-standards de
translations ergodiques (par rapport a la tribu borélienne et la mesure de Lebesgue) du cercle
et du tore de dimension /2 > 2. Cependant, ils ne disposent pas d’un contrdle sur les ensembles
de translations qui peuvent étre réalisés. Par ailleurs, Fayad, Saprikyna et Windsor [FSWO07]
ont obtenu une condition suffisante pour qu’une rotation du cercle admette une réalisation
lisse non-standard. Ils ont montré qu’il suffisait que I’angle de la rotation soit un nombre de
Liouville.

Dans le chapitre III, nous avons déterminé un ensemble de vecteurs du tore T", h > 2, qui
admettent une réalisation lisse non-standard. Nous obtenons le résultat suivant :

Theorem 2.1. Soit § € T un nombre de Liouville, et soit h > 2 un entier. Soit M une va-
riété compacte connexe lisse de dimension d > 2, admettant une action du cercle S, lisse,
effective, et préservant une mesure positive et lisse y. Alors il existe h — 1 ensembles denses
E\B,d), ..., E,—1(B,d) C T de nombres de Liouville, tels que pour tout 3, € E{(B,d), ...,Bn-1 €
E,_1(B,d), il existe un difféeomorphisme lisse T € Diff*(M, u) préservant u et métriquement
isomorphe a la translation ergodique de vecteur (By, ..., Bn-1, ).

Le second probleme de réalisation lisse non-standard qui nous intéresse est introduit de la
facon suivante. Soit M une variété lisse compacte connexe de dimension d, sur laquelle existe
une action S, lisse et effective du cercle, préservant une mesure lisse positive u. Soit A, la
classe de conjugaison lisse de la rotation S, et A, son adhérence dans la topologie lisse. Si
M = T! et si « est diophantien, alors A, = A, par le théoréme d’Herman-Yoccoz [Yoc84]
(en effet, par continuité, le nombre de rotation d’un difféomorphisme T € A, est a). D autre
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part, quand « est Liouville, A, # A,. Supposons maintenant que M est de dimension d > 2.
Si A, contient une réalisation lisse non-standard de la rotation du cercle R, alors (a, ) est
appelé un couple non-standard d’angles.

Anosov and Katok [AK70] ont montré I’existence d’un angle « tel que (@, @) est un couple
non-standard. Fayad, Saprikyna et Windsor [FSWO07] ont montré que pour tout @ Liouville,
(@, @) est un couple non-standard d’angles. La question qui nous intéresse est la suivante :
existe-t-il un couple non-standard d’angles («, ) avec a # +f3?

En effet, il est utile de rappeler que deux rotations ergodiques du cercle R, et Rg sont mé-
triquement isomorphes si et seulement si § = +a. Si § = @, I'isomorphisme est donné par
I’identité, et si § = —a, I’isomorphisme est donné par une symétrie d’axe quelconque passant
par le centre du cercle. Par conséquent, en appliquant le résultat de Fayad, Saprikyna et Wind-
sor [FSWO07], il devient trivial de trouver un couple non-standard d’angles (@, —a). Si, au lieu
de considérer des automorphismes métriques du cercle, on considere des isomorphismes mé-
triques entre M de dimension d > 2 et le cercle, la situation devient plus riche : en effet, nous
montrons 1’existence de couples non-standards (@, 3), @ # 8, avec a et 8 rationnellement
dépendants ou rationnellement indépendants. Nous montrons I’énoncé suivant :

Theorem 2.2. Soit M une variété lisse compacte connexe de dimension d > 2, sur laquelle
existe une action lisse effective du cercle (S,);cti, qui préserve une mesure positive lisse [.
Pour tous u,v € T, pour tout € > 0, il existe (a,f) € T! x T' dans un €-voisinage de
(u,v), il existe T € Diff*(M, w), tel que T € A, et tel que la rotation Ry d’angle B sur T" est
métriquement isomorphe a T. De plus, « et B peuvent étre choisis rationnellement dépendants
ou rationnellement indépendants.

Lorsque M = A = [0,1] X T! est I’anneau fermé, notre résultat contribue a 1’étude des
pseudo-rotations. Introduisons d’abord la notion de pseudo-rotation. Soit 7 un homéomor-
phisme de A isotope a I’identité. L’ ensemble de rotation de T mesure les vitesses de rotation
asymptotiques des orbites de 7 autour de I’anneau. C’est une généralisation de la notion
de nombre de rotation d’'un homéomorphisme du cercle, introduite par Poincaré. T est une
pseudo-rotation irrationnelle si son ensemble de rotation est réduit a un seul nombre irration-
nel a, appelé I'angle de T. Une question est posée par Béguin, Crovisier, Le Roux et Patou
[BCLRPO4] : dans quelle mesure la dynamique d’une pseudo-rotation irrationnelle 7 d’angle
a ressemble-t-elle a la dynamique de la rotation rigide S, d’angle a ?

D’un point de vue topologique, une ressemblance entre S, et T a été montrée par Béguin
et al. [BCLRPO4] : la rotation S, est dans 1’adhérence de la classe de conjugaison de 7.
Leur résultat est analogue a un théoreme de Kwapisz [Kwa03] sur le tore T? (dans ce cas,
I’angle de la pseudo-rotation est un élément de T?). Jiger [Jig09] et Wang [Wan11] ont aussi
exploré cette question. Cependant, des différences entre S, et T sont également possibles.
D’un point de vue métrique, Anosov et Katok [AK70] ont en effet construit une pseudo-
rotation irrationnelle lisse de A qui est métriquement isomorphe a une translation ergodique
de T2. Béguin, Crovisier et Le Roux [BCLRO7] ont construit sur T? une pseudo-rotation
irrationnelle qui est minimale, uniquement ergodique, mais d’entropie positive. Pour notre
part, notre résultat implique le corollaire suivant :

Corollary 2.3. Soit M = [0, 1] X T, u la mesure de Lebesgue. Pour t € T', soit S, : M — M
défini par S (x, s) = (x, s + t). Pour tout u,v € T', pour tout € > 0, il existe (,5) € T! x T!
dans un e-voisinage de (u,v), T € Diff*(M, i) une pseudo-rotation irrationnelle d’angle «,
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tels que la rotation Rg de T' d’angle B est métriquement isomorphe a T. De plus, « et B
peuvent étre choisis rationnellement dépendants ou rationnellement indépendants.

Dans ce théoreme, « est Liouville. Notons qu’il est impossible d’obtenir un résultat ana-
logue avec a diophantien. En effet, un résultat de Herman (avec une preuve publiée par Fayad
et Krikorian [FK09b]) implique que si une quasi-rotation lisse 7" de I’anneau fermé admet un
angle diophantien, alors T ne peut pas étre ergodique. A fortiori, 7' ne peut pas €tre métri-
quement isomorphe a une rotation ergodique. Cependant, la situation ou « est Liouville et 8
diophantien, qui n’est pas envisagée dans ce travail, n’est pas encore exclue. Or, I’existence
d’une telle situation permettrait de répondre positivement a la question ouverte sur 1’ existence
d’une réalisation lisse non-standard d’une rotation du cercle diophantienne [FK04].

2.2 Schémas des preuves : vecteurs limites et méthode de construction
par conjugaisons successives

Les résultats d’Anosov-Katok, Fayad et al., ainsi que les ndtres, s’obtiennent par la
méthode de construction par conjugaison successives. Ils s’appuient sur le lemme suivant
[AK70] :

Lemma 2.4 ([AK70]). Soient M, et M, des espaces de Lebesgue, et soient f,(,i) (i=12)
des suites de partitions mesurables finies, monotones et génératrices de M;. Soient TY des

automorphismes de M; tels que T,Ei)‘ffli) =& et TV = TO dans la topologie faible. Supposons

aussi qu’il existe des isomorphismes métriques L, : M, /55,1) - M, /fflz) tels que

LT,V1&" = T,7167Ly

et

1 2
Lnﬂfﬁz )= §1(1 :

alors (M, T,) et (M,, T,) sont métriquement isomorphes.

Autrement dit, s’il existe des suites de partitions génératrices f,(f) (i = 1,2) et des suites
d’automorphismes TY convergeant faiblement vers T, et si, pour tout entier n, le diagramme
suivant commute :

7 Cg}(ql) Ln 522) DT’?)

b

1) Lo L2
élrl+1 n+1

alors (M, T,) et (M, T») sont métriqguement isomorphes.

Pour établir les résultats d’ Anosov, Katok ainsi que de Fayad, Windsor et Saprikyna sur
la réalisation lisse non-standard de rotations du cercle, ce lemme est appliqué de la fagcon
suivante : on prend M, = T', M, = A. fﬁl]) =, = {li/qn, (i+1)/q.l,i =0, ...,qn—l},ff,z) =&, =
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B;ln,, oun, ={[0, 11x[i/g,, (i+1)/q.[,i =0,..., g, — 1}, et ou B, est un difféomorphisme de A
construit tel que &, = B; ', soit génératrice. On prend aussi T, = Ro, T =T, =B,'SuB,,

qn
etL, = B,'K,, ou K, : B(£,) — B(,) esttel que K, ([i/q,, (i+1)/g,[) = [0, 11X[i/ gy, (i+1)/l
(figure 1). g, est une suite d’entiers telle que g, divise g,1, et qui croit suffisamment vite pour
que T, converge dans la topologie C* vers un difféomorphisme lisse 7.

T T
Ka
I A
Qn an
1 . r+
qau Kn*'l QH-H
—————— [
0 1

FiGure 1 — Les isomorphismes métriques K, (traits pleins) et K, (pointillés) entre T! et A.
Ici, g, =3 etqg,,; =6.

La preuve du théoreme 2.1 se décompose en trois parties. Dans la premiere partie, nous
effectuons des modifications successives a partir d’une partition simple £, en parallélépipedes,
. . L. . Lny(n) N (n) (n) (n) .
qui est stable par une translation périodique T« ” , ou (" = (¥}, ...,%,, )nz0 €St une suite
de vecteurs a coordonnées entieres vérifiant des hypotheses convenables. Ces modifications

conduisent a une partition £;°, qui est monotone et génératrice.

Dans la deuxieme partie, nous déterminons des conditions suffisantes sur B, €
Diff*(M, p), telles que si T, = B,;lS %Bn converge faiblement vers un automorphisme 7,

alors il existe un isomorphisme métrique entre (T", Rg, Leb) et (M, T, 11). Pour cela, nous ap-
pliquons le lemme 2.4 : nous construisons une suite monotone et génératrice de partitions &,°
de M, et une suite d’isomorphismes K= : B(>) — B(ED), telles que I?,‘;"T%Y(n) = T, K> et
I_(;j-HB( ) = K. K est construit par modifications successives d’un isomorphisme simple K,
entre B((,), la tribu complétée engendrée par la partition simple ¢, sur T”, et B(1,), la tribu
complétée engendrée par une partition simple 77, sur M.

De plus, les éléments de &,° ne sont pas les plus élémentaires, car ils doivent étre choisis
de maniére a assurer la monotonie de la suite K. Cette condition de monotonie introduit
des contraintes combinatoires sur les éléments de la partition &,;°. Ce n’est pas le cas dans
la construction de Fayad, Saprikyna et Windsor [FSWO07], ou il suffit de considérer une suite
d’isomorphismes simples K, entre des tribus complétées engendrées par des partitions simples
du cercle et de M.

Dans la troisieéme partie, nous construisons des difféomorphismes 7, = B, 1S mB, sur M,
qn

tels que chaque T, préserve la partition &,°. Nous construisons B, successivement, 1.€. nous
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écrivons B,.; = A,+1B,. A chaque étape, T, est métriquement isomorphe a la translation

L. . Py ) N .. . . L.
périodique du tore T«” . Par passage a la limite, nous obtenons 1’isomorphisme métrique
K= et le difféomorphisme 7" recherchés.

Afin d’obtenir la convergence de la suite 7, dans la topologie C*°, nous montrons que cette
suite est de Cauchy pour la norme C¥, norme dont la distance associée est notée d. En ajoutant
I’hypothese S mA,+1 = A,41S =, nous obtenons :

qn qn

d(Tys1,T,) = d(B,},S 1e1 By, B,'S 1 B,)
In+1 qn

n+l1

Pn+1 _ &

n+l n+l
dn+1 dn

d(Tyi1,Ty) = (B, S 1t Buer, By S 2 Brit) < 1Bl

Si pu+1/qns1 est choisi suffisamment proche de p,/q,, alors la suite 7}, est de Cauchy. C’est
ainsi que proceédent Anosov et Katok [AK70].

Dans notre cas, nous effectuons une construction explicite de la suite de conjugaisons.
C’est une différence importante avec la construction de Anosov-Katok. Notre construction
combine les méthodes de Fayad et al. [FS05, FSWO07] avec une version modifiée de la
construction de Anosov-Katok [AK70]. Il est crucial de disposer d’un controle polynomial
en ¢, de la norme de B,,;, afin d’obtenir la réalisation d’une translation du tore ayant un
nombre de Liouville quelconque sur une coordonnée.

Une deuxieme différence avec la construction de Anosov-Katok est que 1’on ne suppose
pas que les nombres p, et g, sont premiers entre eux. Cette hypothese de primalité n’était pas
nécessaire pour leur construction. Ainsi, contrairement a la construction d’ Anosov-Katok, les

P

éléments de la partition ¢,° et &, ne sont pas des domaines fondamentaux de Ta?" et T,, res-
pectivement. Les domaines fondamentaux de ces transformations sont plutot obtenues comme
réunions d’éléments de ces partitions. Cette généralisation est la méme que dans [FSWO7],
sauf que ces auteurs ne la présentent pas de cette facon.

La preuve du théoreme 2.2 suit partiellement le méme schéma que les deux dernieres
parties de la preuve du théoreme 2.1. Certaines parties des deux preuves pourraient méme
étre formulées dans un cadre général. Cependant, nous n’avons pas fait ce choix. En effet, un
cadre général a déja été proposé par Anosov-Katok [AK70]. Le lecteur pourra bénéficier ici
d’un autre point de vue, plus "concret", une construction abstraite n’étant pas toujours facile
a comprendre, ni a ré-employer, ni a modifier.

Nous expliquons maintenant les principales différences entre les deux preuves. Nous
construisons un isomorphisme K : B(£,) — B(£Y), mais ici, {, est une partition simple
sur le cercle. De plus, K est construit par modifications successives d’un isomorphisme K,
entre (R b B(Ly)) et (S b, B(n,)), ou i, est une partition simple sur M, et ou b, est un entier

premier avec g,, et vérifiant d’autres hypotheses. K,, découle de I’observation élémentaire que
deux permutations cycliques de méme ordre sont conjuguées.

Un autre point qui est absent de la preuve du théoreme 2.1 est le suivant : afin de construire
I_(,‘f’, nous utilisons K, g,). Or, a priori, chaque élément de K,.;({,) comportent g,.1/qx,
"tranches" de largeur 1/¢,.,. Cependant, ce fait ne garantit pas la convergence de T, car il
implique seulement I’estimation ||B,,||; < (gn+1)R® pour une certaine suite fixée R(n). Mais,
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pour montrer la convergence de T, dans la topologie C* avec le raisonnement précédent,
une meilleure estimée est nécessaire. Heureusement, le phénomene qui se produit est que les
"tranches" de chaque ¢élément de K,,,({,), qui sont de largeur 1/g,., s’empilent les unes sur
les autres. Cela donne b,,; composantes connexes a chaque élément de K,.(({,), chacune
ayant une largeur de I’ordre de 1/(q,b,+1). Cela permet une estimation de la forme ||B,.[|; <

(qnbns1)X™. Si de plus, b, est controlé indépendamment de g,,,, cette estimation garantit la
convergence de 7.

Une derniere différence avec la preuve du théoreme 2.1 est pour I’obtention de la géné-
ration de la suite de partitions &,°. En général, nous ne disposons pas d’une minoration de
la croissance de la suite b, (en revanche, dans la construction du théoréme 2.1, la croissance
de y;") est minorée. Dans une certaine mesure, )/2") joue un role analogue a b,). En particu-
lier, dans le cas (a,8) rationnellement li€s, la suite b, est constante. De plus, en raison des
contraintes arithmétiques qui lient b, et g,,, nous devons procéder plus finement.

Mentionnons que dans le théoreme 2.1, nous ne pouvons choisir un nombre de Liouville
quelconque que sur une seule coordonnée. Une fois ce nombre choisi, la construction autorise
peu de liberté dans le choix des autres coordonnées.

En effet, I’isomorphisme métrique entre I’application périodique 7, sur M et la translation
périodique 7" sur le tore introduit des contraintes combinatoires entre les coefficients de
™, contraintes qui se propagent a la limite. Ces contraintes viennent du fait que sur M, il
n’existe qu'un seul "degré de liberté" (le long de I’action du cercle sur M), alors que sur le
tore T", il en existe a priori plusieurs (autant que la dimension h).

De méme, en raison de contraintes arithmétiques analogues, nous ne pouvons pas montrer
le théoreme 2.2 pour un @ Liouville quelconque. Ces contraintes portent ici sur les dénomina-
teurs des convergents de .

Remarque sur les conventions de ponctuation dans les formules : conformément a un usage
émergent [Hat], nous n’avons pas ponctué les formules en "display mode", car cela n’ajoute-
rait ni a leur clarté, ni a leur esthétique.
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A celebrated theorem by Herman and Yoccoz asserts that if the rotation number « of a
C>-diffeomorphism of the circle f satisfies a Diophantine condition, then f is C*-conjugated
to a rotation. In this chapter, we establish explicit relationships between the C* norms of this
conjugacy and the Diophantine condition on @. To obtain these estimates, we follow a suitably
modified version of Yoccoz’s proof.

3 Introduction

In his seminal work, M. Herman [Her79] shows the existence of a set A of Diophan-
tine numbers of full Lebesgue measure such that for any rotation number @ € A of a cir-
cle diffeomorphism f of class C“ (resp. C%), there is a C“-diffeomorphism (resp. C*-
diffeomorphism) 4 such that Afh™' = R,. In the C* case, J. C. Yoccoz [Yoc84] ex-
tended this result to all Diophantine rotation numbers. Results in analytic class and in
finite differentiability class subsequently enriched the global theory of circle diffeomor-
phisms [KS87, KO89a, KO89b, SK89, KH96, Yoc02, FK(09a, KT09]. In the perturbative
theory, KAM theorems usually provide a bound on the norm of the conjugacy that in-
volves the norm of the perturbation and the Diophantine constants of the number @ (see
[Her79, Mos66, DIL99] for example). We place ourselves in the global setting, we com-
pute a bound on the norms of this conjugacy % in function of k, |Df|y, W(f), IS fli_3, B and
Cy.

To obtain these estimates, we follow a suitably modified version of Yoccoz’s proof. In-
deed, Yoccoz’s proof needs to be modified because a priori, it does not exclude the fact that
the set:

Ex = {IDhly /3f € Dift\(T"), f = h™'Ryh, @ € DC(B, Cy), max (k, B, Ca, IDflo, W), IS fli-3) < X}
could be unbounded for any fixed X > 0.

These estimates have natural applications to the global study of circle diffeomorphisms
with Liouville rotation number: in the next part, they allow to show the following results: 1)
Given a diffeomorphism f of rotation number «, for a Baire-dense set of «, it is possible to
accumulate R, with a sequence h, fh;', h, being a diffeomorphism. 2) Given two commuting
diffeomorphisms f and g, with the rotation number @ of f belonging to a specified Baire-
dense set, it is possible to approach each of them by commuting diffeomorphisms f, and g,
that are differentiably conjugated to rotations.

3.1 Notations

We follow the notations of [ Yoc84].

— The circle is noted T'. The group of orientation-preserving circle diffeomorphisms of
class C" is denoted Diff’, (T!). The group of Z-periodic diffeomorphisms of class C” of
the real line is noted C"(T"'). We often work in the universal cover D"(T"), which is the
group of diffeomorphisms f of class C” of the real line such that f — Id € C"(T"). Note
thatif f € D’(T") and r > 1, then Df € C"~'(T").
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The derivative of f € D'(T")is noted Df. The Schwartzian derivative S f of f € D3(T")
is defined by:

1
Sf=DlogDf - 5(Dlogz)f)2
The total variation of the logarithm of the first derivative of f is:

n

W(f)= sup > llog Df(as)—log Df(a

ap<...<ay i—0

For any continuous and Z-periodic function ¢, let:

l¢lo = lIgllo = sup [¢(x)|
x€eR
Let0 <y < 1. ¢ € CO%T") is Holder of order " if:

ol = sup POZION
X#y |X -y |y

Let y > 1 be a real number. In all the paper, we write y = r + 9" with r € IN and

0<y <1.

A function ¢ € C"(T") is said to be of class C” if D"¢ € C”(T"). The space of these

functions is noted C*(T") and is given the norm:

ll#ll, = max (max 1D ¢llo, 1D ¢l
O<j<r

If y =0orvy > 1, the C”-norm of ¢ is indifferently denoted ||¢||, or |¢|,. Thus, when
possible, we favor the simpler notation |¢|,.

For @ € R (respectively, « € T'), we denote R, € D>(T') (respectively, R, €
Diff?(T!)). the map x — x + a.

An irrational number @ € DC(Cy,B) satisfies a Diophantine condition of order 5 > 0
and constant C,; > 0 if for any rational number p/q, we have:

a— E‘ = Ca
q q2+,6'
Moreover, if § = 0, then « is of constant type C,.
Leta_, = @, @_; = 1. For n > 0, we define a real number «, (the Gauss sequence of a)

and an integer a, by the relations 0 < @, < @,_; and

Ap-2 = App-1 + @y

In the following statements, C;[a, b, ...] denotes a positive numerical function of real
variables a, b, ..., with an explicit formula that we compute.

Cla,b, ...] denotes a numerical function of a, b, ..., with an explicit formula that we do
not compute.

We use the notations a A b = a’, e™ A x the n™- iterate of x — exp x, | x| for the largest
integer such that | x] < x, and [x] for the smallest integer such that [x] > x.

We recall Yoccoz’s theorem [Yoc84]:

Theorem 3.1. Let k > 3 an integer and f € DX(T'). We suppose that the rotation number
a of f is Diophantine of order B. If k > 28 + 1, there exists a diffeomorphism h € D'(T")
conjugating f to R,. Moreover, for any n > 0, h is of class C*-1751,
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3.2 Statement of the results
3.2.1 (! estimations

Theorem 3.2. Let f € D3(T') of rotation number «, such that « is of constant type C,. There
exists a diffeomorphism h € D'(T") conjugating f to R,, which satisfies the estimation:

\Dhly < ¢ A (CI[W(f), ISflo])
Cy

The expression of C, is given page 33.

More generally, for a Diophantine rotation number @ € DC(Cy, ), we have:

Theorem 3.3. Let k > 3 be an integer and f € D*(T'). Let « € DC(Cy, ) be the rotation
number of f. If k > 2 + 1, there exists a diffeomorphism h € D'(T") conjugating f to R,,
which satisfies the estimation:

|Dhly < Colk, B, Ca, ID flo, W(f), IS fli-3] (2)

The expression of C, is given page 47.

Moreover, if k > 38 +9/2, we have:

|Dhly < e A (C3 [BIC4[CJCs[IDflo, W(f), |Sf|o]C6[|Sf|r3ﬁ+3/21]) 3)
The expressions of C3, Cy4,Cs, Ce are given page 53.

Let =k —2B—-1. When 6 — 0, we have:
3 (1 Cl[s]
|Dhly < e A §C7[k, Ca, IDflo, W(f), 1S flo] + 7C[k’ Ca, IDflos W(f), 1S flos IS fli-31
4)
where C[6] —s_0 0. The expression of C; is given page 55.

Remark 3.4. Katznelson and Ornstein [KO89b] showed that the assumption £ > 28 + 1 in
Yoccoz’s theorem is not optimal (instead it is k > 8 + 2). Therefore, the divergence of the
bound given by estimation (4) is because we compute the bound of the conjugacy by following
the Herman-Yoccoz method.

Remark 3.5. Let a, be the Gauss sequence associated with @. Yoccoz’s proof already gives
the following result: if K > 38 4+ 9/2 and if, for any n > 0,

a;“ > Csln, k, W), IS fles] )

n

then:
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DRIy < exp (Colk, W(f), IS flis]1“"¥) ID£I5

The expressions of Cg, Co, Cj( are given page 56.

3.2.2 (" estimations

Theorem 3.6. Let k > 3 an integer, n > 0 and f € D*(T"). Let a € DC(Cy, ) be the rotation
number of f. If k > 23 + 1, there exists a diffeomorphism h € D*'"1(T") conjugating f to
R, which satisfies the estimation:

4

IDhlgpy < eO8E=2-PII 02BN A ([, k, B, Cay IDflo, W(F), IS flisl)  (6)
The expression of C, is given page 77.
Moreover, if k > 38 +9/2, we have:

IDhI_s__1 < e A (Cialkle® A 2+ C5IBICLICACSIDflo. W(F). IS floICelIS flisD)  (7)

2B+ "2

The expression of C, is given page 75.

If a is of constant type, for any k > 3, we have:

4
DAl Cl[W(f),ISflo]] ]

<eA (C13[k] [CM[W(f), IS fle—3] + C
d

®)

k_1
172

The expressions of C13 and C14 are given page 76.

Preliminaries

Let f € D°(T') be a homeomorphism and x € R. When n tends towards infinity, (f"(x) —

x)/n admits a limit independent of x, noted p(f). We call it the translation number of f.
Two lifts of f € Diff°(T") only differ by a constant integer, so this is also the case for their
translation numbers. We call the class of p(f) mod Z the rotation number of f. We still
denote it p(f). It is invariant by conjugacy. Let f € D*(T!). When a = p(f) is irrational,
Denjoy showed that f is topologically conjugated to R,. However, this conjugacy is not
always differentiable (see [Arn65, Her79, KH96, Yoc02]). The regularity of this conjugacy
depends on the Diophantine properties of the rotation number @ (see Yoccoz’s theorem 3.1).

Let a be an irrational number. Let the distance of « to the closest integer be:

llell = inf o — pl
PEZ
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Forn>1,a, > 1. Leta = ay + 1/(a; + 1/(a, + ...)) be the development of « in continued

fraction. We denote it @ = [ag, a1,az,...]. Let p., =q_1 =0, p_1 =g, =1. Forn >0, let p,
and g, be:

Pn = QupPn-1 + Pn—2

qn = Anqn-1 + gn-—2

We have ¢p = 1, g, > 1 for n > 1. The rationals p, /g, are called the convergents of a.
They satisfy the following properties:

1. a, = (_1)n(QHa’ - pn)
2. a, =|lguall, forn > 1
3. 1/(qn+1 + Qn) <ap < 1/qn+1 forn > 0.

1
4. @p2 < 3, Guiz 2 2q,, forn > -1

We recall that DC(Cy, ) denotes the set of Diophantine numbers of constants 8 and C,.
One of the following relations characterizes DC(Cy, ):

1. l@ = pu/qul > Ca/qa™ forany n > 0

2. Ay < Cidﬁ forany n > 0
3. Gui1 < Cqu}1+ﬁ forany n > 0

4. ape > Cda/,rﬁ foranyn > 0

In all the paper, we denote C), = 1/Cy.

— Letm,(x) = f"(x) —x,n > 1, x € T', let M,, = sup 1 |f%(x) — x| and
my, = inf e | f9(x) — x].

— For any ¢,y € C7(T"), we have:

lewly < ligllolly + LIl )

llpwlly < ligllolrly + Nl o (10)

— For any real numbers a and b, a V b denotes max(a, b).

In the rest of the paper, for any integer i, le denotes a constant depending only on W(f)
and |S flo (i.e. le is a numerical function of these variables). le * denotes a constant depending
only on k, W(f), |S flo and |S fli—3. C; denotes a constant that might depend on k, W(f), |S flo,
IS flk—3 and also 8 and C,.
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5 C! estimations: constant type

5.1 A 2-parameters family of homographies. A lower bound on the C'
estimate

In this subsection, we show the existence of a lower bound on the norm of the conjugacy
in function of C, in the particular case of a 2-parameters family of homographies. We also
establish an upper bound on the C! norm of the conjugacy for this family. These bounds are
similar to what is given by the local KAM theory. However, these bounds are very specific to
this setting. Our general bounds given in theorems 3.2 and 3.3 are much larger. This study
has been suggested by J.C. Yoccoz.

Proposition 5.1. Let f : {z € C/|lzl = 1} — {z € C/|z| = 1} defined by f(z) = h™'Ryh(z), with
Ry(2) = €%z and h is a homography defined by:

Z—a

h(z) =
az—1
Let 1 > a > 1/2, let C; such that C;ll > 6 is a positive integer; and 0 < 0 = 2nCy < /3,
(therefore, 8]/(2m) = [0, C;l, 1] is of constant type Cy). Let f : T! — T! the circle diffeomor-
phism induced by f and h the conjugacy induced by h. We have the following estimation:

3 ~ ~ ~ ~ N
Te. C 5P O, ID f(0)))/Cy < IDhly < C15(IDF(O)],1D*f(0))/Cy

Proof. For any ¢ € R/Z, we can write h(e'?) = ¢® . By differentiating this expression, we
have:

- s Dh(e'?)
— Llif
Di) = 52
and
_(a=Da+1)
Dh(z) = —(az 12
Therefore
2 _
D) = e — !

(ae'® — 1)(e'* — a)
|Dl~1(¢)| reaches its maximum for ¢ = 0, and |Dh|y = %

Moreover, we have:

DJ@ _ ;621 s DIE)
Df(¢) Df(e) f(e?)

Since 2/@ ¢ R and Df(¢) € R, we have:
Df(¢) ’ )
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2 1/2
) +(Df<0)—1)2] = C15(DFO)L ID2FO))

D*f(1) _[(02f<0>
Df(y | \\ DF(O)

Therefore, in order to get the proposition, it suffices to show:

1673er ?)2;((11)) = 1Pl = Cid %
Let us write
R e e B
We have
Df(z) = %
and
Do = 2200
Moreover, i
Df(1) = %
and '
D*f(1) = =2Df () = ;(9 1_+lc)zefe>
We have:
P2 r(h)| o| < le” - 1)
DF(| “l+ae’l 1-a

Since |e" — 1| > sin 6 > 26 (because 0 < 6 < 7/2), then:

D*f(1) >4_l a 0
Df(l)| nl+al-a

Therefore,

DY()| 4 a

DF(D) |~ n(1 +a) IDhlo6

1.e.
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D’ f(1)
Df(1)

2
6

> |Dhl

Hence the first part of the inequality.

On the other hand, since 6 < /3, then |1 + ae| > 1 +acosf>1+a/2 > %(a +1).

Furthermore, |¢?— 1> = 2—2 cos § = 2—2(cos? 8/2—sin’> 6/2) = 4 sin’> 6/2 < 6*. Therefore,

D*f(1) .0 4a _ 49 _46Dh
Df()| " l—aa+1 " 1-a a+1

1.e.

3|2 )
8 |6DF(1)

< |Dhl

Hence the second part of the inequality.

5.2 Proof of the C' estimate in the case of constant type

The proof of theorem 3.2 is divided in three steps. The first step is based on the improved
Denjoy inequality, which estimates the C°-norm of log Df%. In the second step, we extend
this estimation to log Df" for any integer N. To do this, following Denjoy and Herman, we
write N = Zf:o bsq,, with by integers satisfying 0 < b, < ¢,.1/g, and we apply the chain rule.
In the third step, we derive a C’-estimation of the derivative Dh of the conjugacy h.

The first step is based on the Denjoy inequality:

Proposition 5.2. Let f € Diff (T") and x € T'. We have:

[log Df*(x)] < W(f)

Proposition 5.2 is used to obtain an improved version of Denjoy inequality [ Yoc84, p.342]:

Lemma 5.3. Let f € Diff (T"). We have:

[ oagl/2
|10g qu'|0 < C16M1

foagl/2
IDf" — 1}y < C/.M]

Moreover, we can take:
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Cl, = 2V22e"D + 1)e" (S fl)'

and

Cl, = 6V2eMV|s £))/2

In the second step, we estimate D log Df" independently of N. This step is based on the
following lemma:

Lemma 54. Let f € Dijﬁ(Tl) and M; = sup, . | f(x) — x|. We have:

> i

20 v C{8 - C{s

with
1
Cly= (11)
V1 + e Cio
and:

Cly =6 V22D (IS 17 v 1) (12)

Proof. To obtain this lemma, we need the claim:

Claim 5.5. Let f € DifF(T") of rotation number a, and let p,/q, be the convergents of a.
Then for all x € T', we have:

[x, f242(x)] C [x, f9(x)]

Proof. By topological conjugation, it suffices to examine the case of a rotation of angle «. It
is also sufficient to take x = 0.

By absurd, if the lemma was false, then we would have the following cyclic order on T':
—q12@ < (g2 — g < 0 < (g1 — qi2)a < qripa. In particular, (g4, — g;)a would be closer to
0 than g;,,, which would contradict the fact that

llgi+2all = inf{llgall/0 < g < g2}

O

For any interval [ of the circle, if |/| denotes the length of /, lemma 5.3 implies the estima-
tion:

=)
1]

f a2
> e_C19M1+2
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Let x € T! such that M;,, = f%2(x) — x and let I = [x, f%+(x)]. The former estimation
implies

£242(x) = [ (x)] 2 € CoMin My, (13)
By applying claim 5.5, and since M,, < 1, we obtain:

_cf A a2
M,,+e ClgMn+2 <My +e CIQM"+2Mn+2 <M,

Therefore, for any [ > 0,

M, < (Cl)! (14)
with

1

fo_
Cig =
Estimation (14) above gives:

M, <

Z 1 1 < 1
> , f1_ / f B f _f
20 C18 1 C18 C18 C18

Hence lemma 5.4.
m|

Remark 5.6. To get estimation (13), we applied the improved Denjoy inequality. However,
applying Denjoy’s inequality would give a better estimate, because we need an estimate of the
first terms. The improvement of the "improved" Denjoy inequality is only asymptotic. This
will be done in the corrected version of the thesis.

Now, let N be an integer. Following Denjoy, since « is of constant type, we can write
N = Y, o big;, with b; integers satistying 0 < b; < gp41/q < C;l. By the chain rule and by
lemma 5.3, since for all y € T!, DfN(y) > 0, then :

|10g D(fN)(.Y)l = |10g D(f27:0bqu)(y)| — | ZIS:O Zf;o lOg qu[ o fiq’(y)|
< SUPgae, b Do 1102 ID(f)ol < C7'Cly S M,

By taking the upper bound on y € T! and N > 0, we obtain an estimation of
SUpPyso | 1og D(fM)|.

We turn to the third step: we relate the norms of Dh and Df". By [Yoc84], h is C! and
conjugates f to a rotation. Therefore, we have:

log Dh —logDho f =logDf
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hence, for all n integer:

log Dh —log Dh o f" =log D(f")

Since there is a point z in the circle such that Dh(z) = 1, we then have:

[log Dh o f"(2)| = |log D(f")(2)| < sup|log D(f")ly

i>0

Moreover, since (f"(z)),s0 1s dense in the circle, and since Dh is continuous, then we
obtain:
|1og Dhly < sup |log D(f"lo

i>0

We conclude:

|Dhly < exp (c;lc{9 \/eC{g max(My” M) 41 (M + \/Ml)) (15)

Finally, since max(M, 1/ 2, M:/ 2) < 1, we obtain:

DAl < exp (C]/Ca)

where C{ = ZC{9 VeCls + 1. We recall that:

Cly = 6V2 D (15 f1)7 v 1)

Hence the theorem.

1
minp; Dh

Corollary 5.7. Since < exp (sup,-ZO |log D( fi)lo), the proof above also provides an

1

estimation on m N

m < exXp (C{/Cd)

6 C! estimations: non-constant type

We have max,so |Df"|y < max,so M,,/m,, by [Yoc84, p.348]. Therefore, in order to prove
theorem 3.3, we can estimate M,,/m,,. To that end, we proceed in two steps: first, we establish
some preliminary results. The most important result is corollary 6.6, which gives an estima-
tion of M,,,/M,, in function of M,, «,, /@, and a constant Cg’sk. This estimation is already
given in [Yoc84, p. 345], but we still recall the steps to reach it, because we need to estimate
the constant Cg’sk in function of k, W(f), |S flo and |S fli—3.

In the second step, we establish an estimation of the C'-conjugacy, based on a modification
of the proof given in [ Yoc84]. The main idea is to establish an alternative between two possible
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situations for the sequences M, and «,: the "favorable" situation (R,) and the "unfavorable"
situation (R),) (proposition 6.10). The "unfavorable" situation only occurs a finite number of
times, due to the Diophantine condition on @ (propositions 6.12 and 6.14).

In the "favorable" situation (R,), we can estimate M,/a,+; in function of M,/a, (see
estimation (28)) and likewise, we can estimate «,,,;/m,,; in function of a,/m,. Therefore, we
can estimate M, /m, in function of M,, /m,,, where n, is the integer such that for any n > ny,

2

the favorable case occurs (see proposition 6.19). We relate M,,/m,, to |Df IST“ (proposition
6.17), and we compute a bound on @, (proposition 6.15). Yoccoz’s proof needs to be modified
because in its original version, it does not allow to compute a bound on «,, .

6.1 Preliminary results

First, we recall the following lemmas, which are in [ Yoc84] (lemmas 3,4 and 5):

Lemma 6.1. Forl > 1 and x € T', we have:

qn+l_1 -1
n

N M
iZ:O: (Df’(x)) < Cgomn(x)l

with Cly(l) = ™.
Remark 6.2. This lemma is obtained by applying Denjoy inequality.

Lemma 6.3. Let f € Diff*(T"), k > 3. Forany x € T!, anyn € N, any 0 < p < g1, we

have:
M
f n
|Sfp|0 < C21 m,zl
M
14 < 7 n
/7001 < Oyt
agl2
IDlog Df?|y < CL,—~
my
M2
Dlog D P < Cf n
|Dlog Df?(x)| < B )
with:

- €}, =18 flo"
~ CJ, = V2IS floe"”
— CL, = 9/2IS flpe*" D

Lemma 6.4. For 1 <r<k-1,n>0,0 < p < gu.1, x € T!, we have:
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_ M2
|DrlongP(x)|scg4(r)[ i } (16)

m,,(x)

with

cl(1) = CL, CL,2) = 82S floe®™)
and, forr > 3:

r!

CL,() = [822r (1 VIS fl,2)%e )]
In particular,

- (k=1)!
ngtk = C§4(k ~ 1< [100(2k — 221y |Sf|k_3)2e(k+7)vv(f)]

Proof of lemma 6.4. The proof follows the line of [Yoc84], lemma 5: see appendix 8.1.

The important preliminary result, corollary 6.6, is obtained from the following proposition.
It is obtained by computing the constants in proposition 2 of [Yoc84]:

Proposition 6.5. Let

CE = (ke + 38 S D max(1, 1S fl3) (17)

For any x € T, we have:

Apt1 _
M1 (X) =~ ()] < CLE [ MEDPm, (x) + MY ()] (18)
Corollary 6.6.
U+ ik q gk=1)/2
T,,l + 5 M,
Mrl+1 S Mn fik 1/2 (19)
1-CiM,
At ka (k_l)/2
a/_,,l - Czs M,
My 2 My,

1+ Clim,?
The proof of proposition 6.5 combines the following three lemmas [ Yoc84, pp. 343-344]
(lemmas 6, 7 and 8):

Lemma 6.7. For any x € T', there exists y € [x, f7(x)],z € [f?*'(x), x] such that

Ayl

Myl ()’) =

m,(2)

n
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Lemma 6.8. Suppose that m,. is monotonous on an interval I, = (z, f4(z)), z € T'. Then, for
any x € T', for any y € I, (I, = (x, f9(x))), we have:

-1

’ M1 (Y)

My (X)

fikar1)2
< CxyM,
with

C;,6k — 29(k + 2)€(ll+k/2)W(f)(C{7)2C§3

Lemma 6.9. If m,., is not monotonous on any interval of the form I, = (z, f4(z)), z € T!, then
forany x € T', y € I, we have:

1 (3) = M1 (O] < CLEMED 2, (x)

with

. _ k/2H W) _ 1 \F
C£7 — (Cé;(k _ 1))6W(f) (e(k/2+2)W(f)(1 + eW(f))2—)

eV — 1
Proof of proposition 6.5. Let us recall the proof of proposition 6.5 from these three lemmas.

(see [Yoc84, p.344]). Let x € T! and y € I, z € [f4+(x), x] the points given by lemma 6.7.
By combining lemmas 6.8 and 6.9, we obtain:

1) = My ()] < (max (CJg', C1)) (M P (0) + M, ()
Moreover, by lemma 5.3, we have:

m,(2) — my(x)| < CHMY )z — x| < CL M Py, (x)

By applying lemma 6.7, and since @, /@, < 1, we get:

a, a, a,
M1 () = =L, (O] < [Pe1 (6) = =L, (2)| + —2 1, (2) — ()|
ay
M1 (X) = L, (O] < 11 (9) = M1 (O] + 11,(2) = 12, ()|
Therefore, we have:
ay _
Mt (%) = =, (0| < Chy' (M2 () + MY, (x))

with € = max(CLF, ¢l + ¢,
Finally, let us estimate C{ék. Since k > 3, then:

[4(k/2 + 1)(200k)]* < (k + 3)*+)+Dk 12 and therefore,

22(k—1)(k/2 + 1)k—1(200k)2(k+1)(k—1)! < (k + 3)(k+3)!/2
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Therefore, we have:

Ch +Cly < (k+3)* 2V (max(1, S fl-3)"
Since k > 3, we also have:
CLE 4+ CL < (ke + 3)*+' B DWW (max(1, [S fli_s))

Therefore, CJy < CLF = (k + 3)%'e®W(D(max(1, |S fl;_3))"". Hence proposition 6.5.

O
6.2 Estimation of the C'-conjugacy: general case
We choose an integer n; such that for any n > n;, we have:
clim!? < clkcly= <12 (20)

We take:

—log (2C§’5" /(Cl'?)
n =
log ((C1p)'2)

We choose a parameter 6 such that (k+ 1)/2 —6 > (1 + 8+ 6)(1 + ) (for the interpretation
of this parameter 6, see the remark after proposition 6.10). We take:

. 3+8 2k - 28 -1\"?
Hzmln(l/Z,(T)(—l+(l +W) J) (21)

(in the proof of estimation (3), we take 6 = 1/2 instead).

We recall that for x > 0,1 + x < e*and for0 < x < 1/2,log(1/(1 — x)) < x/(1 — x) < 2x.
We apply estimation (20), we use the definition of n; and the fact that 6 < 1/2. We get:

+00 +oo 1
l_[ (1 + Mz) < exp [Z MZ] < exp[chk(1 < )9))

n=nj n=nj

+00
1 Ik 1/2] 1
exp 20 5M, | < exp| —————
[1{=ee) < =[ AT

n=nj n=ni

Therefore,

|+ | [—1 g ] < (—2 ) = ( (22)
exp 29
fikarp1/2 f
_\1-C:'M 1 - (Clg)g
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Let:
C3 = max ((4C§’5k)m, C29)
For any
—log (2(C3)?)
nz——————+1=03
log Ciq
we have:

M, <y < —
W=,

We use this estimation in the second step of the proof, to which we come now:

Let

i, = max(ny, i1y)

where n, is the integer defined by

4 4
C31 + @log(l/cd)+1 < 1712 < C31 + @log(l/Cd)+2

(23)

(24)

(25)

(26)

27)

Having defined the integer n,, we can present the alternative between the "favorable" case

(R,) and the "unfavorable" case (R),).

Proposition 6.10. Let a,, = 1/ ((C30)?). Let 1 > 1, > 0 be a sequence such that a, = a

1_77)1
n+l °

For any n > n,, we can define a sequence a,, 1/((C3)?) < a, < 1/Csy and a sequence p, < 1

such that M, = a,a’,". The sequence a, is defined by:

if
o 1+ M
(R)) CLME < M, then a0y = a,———"—
@y 1- C25 M,

and if

- (078
(Ry) CLIMEDR > M= then ay = a,
n

Moreover, if (R,) holds, then p,+1 > p, + n,(1 — py);

and if (R))) holds, then p,,; > ((k+1)/2 = 0)(1 —n,)p,. In particular, the sequence (0,)nzn,

is increasing.
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The threshold between the alternatives (R,) and (R)) is controlled with a parameter 6,
which could be freely chosen such that 6 > O and (k+ 1)/2 -6 > (1 + 8+ 6)(1 + 6). When
0 increases, the number n3 of occurrences of (R)) increases. When ns increases, all other
quantities being equal, the bound on the norm of the conjugacy increases. Moreover, if 6 gets
too large, we can no longer show that n; is finite (see proposition 6.14), and therefore, we can
no longer estimate the norm of the conjugacy.

On the other hand, when 6 is smaller, C,y increases. It increases the number n, above
which we consider the alternatives (R,) and (R)). Cs, increases too (see proposition 6.19).
When Cy9 and Cs; increase, all other quantities being equal, the bound on the norm of the
conjugacy increases. Moreover, when 6 — 0, C,9 — +co, which makes this bound on the
conjugacy diverge.

Thus, the variation of 6 has contradictory influences on the bound of the norm of the
conjugacy, and there is a choice of 6 that optimizes this bound. However, in this paper, we do
not seek this optimal 6, since it would complicate further the expression of the final estimate.
Instead, in estimation (3), we fix 6 = 1/2, which allows simplifying the expression of the
estimate. In estimation (4), we take § — 0, which also allows simplifying the estimate.

Proof of proposition 6.10: For any n > n,, since n, > ny,

1 = 1+ M° 1
anzzTSanSanZH—nsﬁs_
C30

and since

then p, < 1.

Second, if (R,) holds, then by applying corollary 6.6, we have:

1+ M° a
n n+1
1 -G M, o
Therefore,
_ . a1 _ (1=7,)(ou=1)
My = Qpn @) < Qpii @it @) = Qi Qi @,
and then:

Purt =1 2 (1 =1,)(0, = 1)

hence the estimation:

Pr+1 > Pn + nn(l _pn)
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If (R;) holds, since Cg’SkM,]z/ % < 1/2, then by applying corollary 6.6, we obtain:

M, < 4C§’5kM§lk+1)/2_0

Moreover, since a, < 1/Cso < 1, then:

(k+1)/2-0 (1+5+6)(1+6) _ (1+5+6)(1+6)—1 an an
a <a =aya < — <
n n n Cgl)+ﬂ+6))(1+é)) 1 4C§5k

Therefore, by combining these two estimations, we obtain:

Gt aﬁr:rll =M, < 4C§’5k M;k+1)/2—e < 4C§;k a2k+1)/2—9 a,;é,,((k+1)/2—0) <a, aﬁn((k+1)/2—9)
Moreover, since a,,; = a,, then

(on((k+1)/2=0))(1=111)—pp+1
1 < a/n+1

hence the estimation:

Pt Z (Pa((k +1)/2 = 0)(1 = 1,)

The reader can notice that until now, we have not used the Diophantine condition on « yet.
Now, we introduce this condition in order to estimate p,, from below (proposition 6.11), and
in order to determine a bound p above which (R,) always occurs (proposition 6.12).

Proposition 6.11. If 3 > 0, we have the estimation:

log 2
((1+py=* = Dlog(1/Ca)/B

Pny 2
If B = 0, we have the estimation:

S log?2
"7 (na + 1)1og(1/Cy)

o

Proof. Since « is Diophantine, we have: @, > Cda,l,+ﬁ . Therefore, for g > 0,

log( 1 ) N log(;/Cd)

2 <149 oz /o) + EHI2)
n+1

B

and since a_; = 1, then by iteration, for any n > 0,



6.2 - Estimation of the C'-conjugacy: general case 41

log(1/Cy)

log (1/e,) < ((1 +8)"" = 1) 5

If g = 0, we have:

log (1/a,) < (n+ 1)log(1/Cy)

Moreover, since p,, = —log(M,,/a,,)/log(1/a,,) and M,,/a,, < 1/2, then we get propo-
sition 6.11.

cos _ 21og(1/Ca)
Proposition 6.12. Let 5, = + -Dlog2" If

B

&=n/z=0 " =

=

then (R,) occurs.

Remark 6.13. Note that p < 1, because (k+ 1)/2-60> (1 +B+6)(1+60)andB; < B+ 1/2.
Proof. Since a, < (1/2)"7, then

< log Cy < —logCy

0 - 1
loga, — - log2

(30)

1
. m 1
Furthermore, since @,,; = ™" > Cya,**, then

7 loga, >1logC,+ (1 +p)loga,
— nn

and since log @, < 1 for n > 0, then by (30),

log C log(1/C
_l<p4 oGl +Og1(/d)
1-n, log @, = log2

Therefore, if estimation (29) holds, then

and therefore,

Hence
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Qpyi @y (&L -0)p, Hl_g 1-(&l-g) bl_g k&l g1 Yl (1+4+6)(1+6)-1
M, L anaﬁ"a— > a,a, =M, a, >M,” Cy >M,> Cy,
n n
Therefore,
Ayt 1 Fiko o550
M, > C M,
n

O

Proposition 6.14. The alternative (R)) occurs less than ns times, with

n3 — n, < max [O, (31)

log(o/pn,) ]
(k+1)/2-0
log( +1+,5’1 )

Proof. 1f p,, > p, then (R)) does not occur for any n > n,. We suppose p,, < p. For any
n > n,, since

k+1)/2-6
(k+1D/2-6)1-n,) = By
then
S (k+1)/2-6\""
pn = 1 +ﬁ1 pnz
Moreover,
k+1)/2-6\"" S
when
log(p/pn,)
nzn+ log (4D/2-0
Og( 1+B1 )

O

The next proposition gives a lower bound on «,,,, which allows computing a bound on the
C'-conjugacy.

Proposition 6.15. Let ny > 0 be the smallest integer such that for any n > n4, (R,) occurs. We
have:

U, > CZXP(('I3+ L+p/(1=p))(1+f1))
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Proof. First, we suppose ny > n, + 1 We need the lemma:

Lemma 6.16. Let ns > n, be the smallest integer such that

ns
D imzns=m+p/(1-p)

n=ny

ns exists. Moreover, we have p,.,1 > p. In particular, for this integer ns, we have that for any
n > ns+ 1, (R,) occurs.

Proof. First, let us show the existence of ns. By absurd, suppose that

+00
D nn<ns—m+p/(1 - p)

n=np

Forany 1 > x > 0,

o 1 P
S1=x) 1=«

Therefore, for any integer p > n, + 1,

ﬁ(l —117) : eXp(pi linnn)

n=ny n=ny

Moreover, ﬁ <1+ p, forany n > 1. Therefore,

p—1
TIn

1 — T

n=ny

< (n3—np +p/(1=p))(1 + )

Since 1, < 1, then 222:61 N, < ny. Therefore,

-1

<

1 f"n < (n3 +p/(1 = p))(1 + 1)

=
I
(=]

Moreover, since @y = a@ > C, then for any p > n, + 1:

-1
a, = a?ﬁ:o(ﬁ) > 11PN

However, since @, > 2a,.», then @, — 0 when p — +co. Hence the contradiction and the
existence of ns. Note that ns + 1 > ny.

Second, let us show that p, .1 > p. If there is ng < ns such that p,, > p, then p,..1 > p
because the sequence p,, is increasing. Otherwise, for any n < ns, we have: p, < p.

Let Ey = {ns >n >n, /(R,) occurs} and E, = {ns > n > n, / (R),) occurs}.
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We have:
ns
P
n3—n2+1 SZUnZZUn+Z77nSZUrz+”3—”2
- p n=np nek nek; nek
Therefore,

2,z p/(1=p)

nek,

Since p, is increasing and p, < p, we get:

ns
Prs+1 = Pny + an+1 ~ Pn

n=ny

Prs+1 = Py, + me = Pn 2 Py t Z(l = P)1n = P, + (1 = p) Z T 2 p

nek nek nek

Now, let us show proposition 6.15. Since 1,, < 1 for any n, then we have:

ns

P P
- +1+—>E n = N3 — Ny + ——
n3; —np 1 n n3 —np T—p

n=ny

Since

ns ng—1
P
I’l3—l’l2+—1_p+1 Zn:annnZn:anT]n

then by proceeding in the same way as in the first part of the proof of lemma 6.16, we
obtain:

@y, > CZXP((n3+1+P/(1—P))(1+ﬁ1)) (32)

Finally, if n4 < n,, then as in the proof of lemma 6.16,

M2 (2
= a0 (m) 5 o)

Therefore, the estimation given in proposition 6.15 still holds.

O

Having bounded «,, from below, we show how this bound is related to M,,/m,, (and there-
fore, how this is related to the conjugacy).
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Proposition 6.17. Let n > 1, M,, = maX, ey m,(x), m, = minp m,(x). For any j < n,

M; z
— =< 3|Df|0n
m;
Proof. We need the following lemma, which is in [ Yoc84, p. 339]:
Lemma 6.18. For any x € T!, let J, = [f~9(x), f®(x)]. The intervals f'(J,),0 < i < Gu1

recover T,

First, note that since f(x + 1) — f(x) = 1 (in the universal cover), then |Df]|, > 1. Let
x,y € T! such that M,, = m,(x) and m,, = m,(y). Let 0 < i < g, such that x € f"(Jy). Since
we have the cyclic order =% (y) < x < f™* (y) then we also have: fi(y) < f%(x) < f*2(y).
Therefore, [x, f4(x)] C [f=(y), f*+*(y)]. This implies:

M, < fP0() = @) + 1) = 1O+ F0) = )

M, < (IDf*"lo + IDf'ly + D ™"1o) (f(¥) = y)

and therefore,

M, i i i
—= < (IDF* 1o + 1Dl + D)
my,
Therefore,
Mn
— < 3|Df|gn+qn+l
my,
Likewise, for any j < n, we have:
M

e < 3|Df|(q)n+qn+1

Since g, + ¢ui1 < 2qn1 < a%, we obtain proposition 6.17.

O
Proposition 6.19. Foranyn > 1,
M, M,
< Cyp— (33)
n mn4
with:
2 2cl 6 _ 1 Cf (ny—1)0 Cf (np—1)/2
Cy = exp GGy~ 1(Gy) + 3c§;"( 1y (34)

(2C§O)9 -1 1= (C{S)H 1— (C{'g)l/z
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Proof. Since for any n > ny4, (R,) occurs, then by corollary 6.6, we have:

6
M,H.] < I+ Mn (07788

M, ~1-clim” o

6
mn+l > 1 _M an+1

n

my, B 1+ C‘éc’SkM,ll/2 ay,

Therefore,

Mn+l/mn+l < I+ Mz 1+ CgékMrlz/z
My/m,  — =M}y - clim,”?

Therefore, for any n > ny,

o0 0 fikarl/2
M, 3 M, 3 1+M;1+C5M,

J=n4

= l—[ Y fikasl/2
M M, 1 M/I_CZSMJ'

As in the computation page 37, and since ny > n,, we have:

J=n4 J=n2

J=na J=n2

+00 1 +00 1/2
f.k J
| | —— = <exp [C‘ E —_—
Sk 3 g1/2 25 fkagl/2
1-C5; Mj 1 -C5 Mj

J=n4 J=n2

and since, for j > ny, M; < 1/(2C3,), we get:

+00 1

f> MB 1 S\

J —(Cip)
<e <exp| ————
HI—M‘? Xp[zl—M?) PITT

J=n4 J

Therefore,

] 1+ M%) <exp ¥ M| < exp
[ [(1+a5) <exp| ) 01
ﬁ (1 + ngijl./z) < exp {Cg’sk i MJI./Z] < exp [Cg’sk 18

f
1 —(Cip'?

] < exp [ZCQ"

My M (2@0%0)9—1(0{9“2-“9

m, ~ my, Q2C3)° =1 1-(Cly

Hence proposition 6.19.

(C{S)(ng—l)e]
1-(Cly)e

f(n2—1)/2

f -1o
(€l

c2)"

f -2
f,k(Cls)(n2 )/

(C{g)(nz—l)/Z
f
1- (Clg)l/2

|

(35)

] (36)

(37)
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Proof of estimation (2). By combining propositions 6.17 and 6.19, and since by [Yoc84, p.
348],

|Dhly < sup,5o M,/m,, we get:

2

\Dhly < CxIDf)"™ (38)

with:

C33 =3C3,

We estimate Cs,: since 2x—1)/(x—1) =2+ 1/(x - 1), since

(C{g)("z_l)g < 1/(2(C30)*)? and since 6 < 1/2, then:

1 , 1
c Y h - 3¢tk
3 < exXp (( + (2(C30)2)9 -1 " 2 (2(C30)2)9(1 - (C{S)e)]

Since C{s > 1, we get:

2

IDhly < Cy4|DfI™ (39)
with:
Cy =3e A (2+ ! +3cf*k) !
= Je _—
* 2C30)" =177 ] 2(Cx)(1 - (Cly)?)

We estimate C34 using expressions of 8 (see (21)), of C{S (see lemma 5.4) and of Cj3 (see
(6.2) and proposition 6.5).

We estimate @, using propositions 6.15, 6.14, 6.12, 6.11, and the expressions of n, (see
(26)) and estimates of 6, C{S and C3,. We get:

|Dhly < Cy(k, B, Cyq, IDflo, W(), 1S fli-3)

where C, is the combination of the following functions:

1. C{S = (1 +eA (—6 \/EeZW(f)(lsfl(l)/z v 1)))—1/2

(since |S flo < |S flx—3, We can estimate leg in function of W(f), |S flk_3).

2. Cpf = G+ 39k IV (max(1, IS flg5)) 4

3. 6= min(l /2,(2£) (—1 + i+ _2<k(—3<+2ﬂﬁ;1>>))

2
_cl o [/ —
1-(C /> -
4, C30 = max (e (Cg) ’(4('25 )(1+/3+0)(1+0) 1)
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_ log(2C2) | 2log(1/C,) @cr
5. ny = [max ( log €/, t ez T22+ log((C1)172) !

6 ,81 :ﬁ"' 2log(1/Cq)

(n2—1)log?2

7omy=[—h g((km/z g (ma(1 + log(1 + B)) + log (el /Co));
0 1+6]
— B
8. = -0

9. a, :Cd/\(e/\((n3+1+ )(1 +ﬂl)))

_ 1k 1
10. Cs; = 3¢ A ((2 + e 430K s <c{8>f’>)

11. |Dhly < C34|Df|§"“

Note that we have a bound @, < @,,, but we do not know the value of a,,.

6.3 The case k > 35+9/2

In order to obtain relatively simple estimates, we can take the parameter 6 (defined in (21))
either vanishingly close to O (estimation (4)), or fixed independently of the other parameters
(estimation (3)).

In the latter case, we need to assume that k — 23 — 1 is sufficiently large, in order to keep
(k+1)/2 -0 > (1+B+6)1+ 0). To illustrate this case, we take 6 = 1/2, which requires
k > 3B+9/2 (for any fixed 6, we cannot obtain an assumption of the form k > 28 + u for some
number u: we necessarily have k > A8 + u with 4 > 2).

To simplify the function C,, we successively estimate Cs», a;, and n,.

Lemma 6.20. Let Cs, and Cs defined in proposition 6.19 and page 38 respectively. We have:
3p+1
Cs < exp (sz )
Proof. For any x > 2,

Cx-1D/x-1)=2+1/(x-1)<3

Since C3p > Cy9 > € > 2, then

20C30) -1 12l fk 12 (Clr”?
exp((zcm),/z L1/cl) I(C,)m +3CH 1 /Cly

< exp (3(1 +chayc )UZM)

1-(Cl112
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“1o 2 S
On the other hand, since n, > % and C{ ¢ < 1, then:
0gCg
n Y
eF 12l < (2(Ca/Cly)
Therefore,
c/ ynn2 "2 log €,
(I/C{S 12 ( 18)f_ =(1/C 18)1/2 e 7 -
- (Cly” -l
-1/2
(2c0r/cly) I

S(I/Cf 1/2 —
' 1- (/) V2Cs(1 = (CL172)

Moreover, since Cg > 1/(V2-1)then (1 + C V2 < C . Therefore,

" (Cl” 3Cy
exp|3(1 + CLH(1/Cl 1/2—f1/2) Sexp[ o ]
- (Clg) C30(1 - (Clg) )

Since C3, 30/24)-1 > 4C’F . then

25
Sk
€35 1 CcitiP
C30 - 4 30
We also have:
7 1 1
Ciy > e W' > = 7
12
41-(CclY
We obtain:
v

3¢t e 3 u—— .
exp[ 25f )S [64 30 1(c{8>1/2] < eXp(C;gzl)
(/130(1 - (Clg)l/z)

Lemma 6.21. Let a;, defined page 48 and n; defined in (26). We have:

1

(éd) AeA ((ﬁ +3/2) (2 + (3/2) (2 + log(1 +B) + log log(l/Cd))))
Proof. Since By < B+ 1/2,and 6 = 1/2, then

((k+ 1)/2-6
log| ——

145, ) > log(3/2)

Therefore,
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ny < +log(1 + ) + log ((m2 + 1)10g(1/Cd)))

ny 1
log(3/2) n, log?2

We have log(n, + 1)/n, < 1 and nplog2 > 1.

Moreover, p < 2/3, and so p/(1 — p) < 2. Hence the lemma.

Lemma 6.22. Let n, defined in (26). We have:

ny < C3s(W(f), 1S flo)(k + 4)!(1 + log(max(L, |S fle-3)))(1 + log(1/Cy))

with:
Cis(W(f), 1S flo) = ¢ A BW(f) + 2log(max(1, IS flo)) + 4)

Proof. In order to estimate n,, we need to estimate Csy (see page 47). We distinguish the

_ FkN et _ /K
cases C3p = (4C50) #0001 and C3p = Cyy .
1

First, we suppose Csy = (4C§’5k)<l+ﬁ+6>(1+9>71. We have: Czg < 4C§’5k. Therefore,

log (2(4C1)?)

n <2+ y +
—log(Cly)  log

> log(1/Cy)
Moreover (see page 48),

10g(CJ) < (k + 3)! [log(k + 3) + W(f) + max(1,|S fli_3)]

And for any x > —1, log(1 + x) > x/(1 + x). Therefore,
1 1

< — <2+ 2¢C1
—log(Clg)  1log(l +e“n)

Therefore,

m<2+2 (1 ; ec{9) [5(10g 2) + 20k + 3)! (W(f) + log(k + 3) + log(max(1, S fli_s))]

4
——log(1/C
+10g2 og(1/Cy)

Moreover,

4¢Ch < exp (exp (2W(f) + log(6 V2(max(1,1S flo))'?) + 1)) = €

Moreover, (k +4)!/3 > 2 + 5log?2 and 2(k + 4)/3 > 2log(k + 3). Therefore,

(k+4)!>2+5log2+2(k+3)!log(k + 3)
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Moreover, 2 (1 + eclf9) < 4¢C. We get:
f 4
ny < (k+HIC(W(f) + 1 + log(max(l,[S fli—3)) + @ log(1/Cy)

By using that log(6 V2) + 1 < 4 and 4/ log2 < (k +4)!, we obtain the estimation of lemma
6.22.

If C3p = Cy9, we need the following lemma:

Lemma 6.23. Let Csy and Cs; given page 38. If C3g = Cyo, then

C31 < 40620
Proof. We have:
—log (2(C30)*/CYy) 1 log 2 4
= =1+

C31 = 1 f - 1 - + -/ —1/4y1 -c,
0gCiq slog(l+e ) (1 —=(1+e1)"1*)5log(l +e 1)

Since for any x > —1, log(1 + x) > x/(1 + x), then:

—1 — < ec‘lfé(l + e_c{9)
log(1 + e~C1)

On the other hand,

of

e 19 _Cf
f 1 1 e -
1—(1+e o —1/4=f - dt > .
( ) 0 4 (1 + l‘)5/4 4(1 + e—C*{9)5/4

Therefore,

1 log2

- —+ - +4
8(1 + e C10)eCls  4¢C0

S f
Ca1 < 8(1 + ¢ Cio)?/4¢2% [

Since C{9 > 62, then:

eCh <2.07x 107 (40)
Therefore,

1 log?2

- - + -
y y y
8(1 + e C10)e* 1o 4eCo

+4<4.1

Therefore,
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S
C3 < 40¢*C1

@l
log((Cl)172)
proof and we still obtain the estimate of lemma 6.22.

Assuming that C3y = Cy9, if n, = |2 + | then we can follow the first part of the

log(2C?
If ny = |— 280G | 21080/C) 4 5| then:

logC]f8 6log2
—log (2(C30)?/C’.
B (2CwCy) _ C31 <2062 < 2(CL)? <
log C{S

Therefore,

_log(2C§0) . 21og(1/Cy)

410g(1/C)
log C{8 610g2

log2

+2<Cl+ 1

ny <

The estimation of lemma 6.22 still holds. This completes the proof of lemma 6.22.

O

Now, we show estimation (3). We denote log”(x) = loglogx. By applying estimation
(38) and lemma 6.21, we have:

|Dhly < A

ny
log(3/2)

log®(Cx5) + 1og®(IDfly) + log 2 + 10g®(1/C;) + (B + 3/2) (2 ' (2+p+102701/ C"))))

By lemma 6.20, we have:

@ @ n
log"”(C33) < log”’(3C3,) < log(log3 + Cy;

Moreover, since Cso > e, 3ﬁ2+1 > 1/2 and e(e'/? — 1) > log 3, then

3p+1 By

log3+C,; <Cyf

Therefore,

38+1
log?(Cx3) < ( ﬁz + 1)C3o
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Moreover, by estimation (40), e=Clo < 2.07 x 107#, and therefore, — log(C{S) < 2/3. By
applying the definition of n, (page 38), we get:

B+1) B+1

log?(C33) <3 log C3 <

np
Moreover,

B+3/2
log(3/2)

ﬁ+1n2+('8+3/2 B+3)(ny+2)

> log(3/2)) B+2n +2(B+3/2) <

Therefore,

IDhly < e A (B +3/2)(B + 3)(ny + 2)(1 + 1og®(IDflo))(1 + log@’(l/cd)))

(log(S/ 2)

We have: n; + 2 < 2n,. By lemma 6.22, and since 4/ log(3/2) < 10, we get:

DAy < ¢ A((B+3/2)(B + 3)(k +4)IC5(1 + log(1/Ca))X(1 + log(max(1, IS fli-3)))) (41)

with Cs = 10(1 + 1log®(IDflo))e® A BW(f) + 2log(max(1, |S flo))) + 2).

This estimation of |Dh|, is increasing with k. Therefore, to obtain a bound as low as we
can, we take k = [35 + 9/2]. We obtain:

|Dhly < e A (C3 [BIC4[C41Cs[IDflo, W(), |Sf|O]C6[|Sf|[3ﬂ+3/21])

with:

L. G5[B] = (138 + 21/2D)!

2. C4lCql = (1 +1log(1/Cy))?

3. Cs[IDflo, W(/), IS flol = 10(1 +1og®(IDflp))e® A BW(f) + 2log(max(1, IS flo))) +4)
4. CsllS flr3ps3jor] = 1 + log(max(1, 1S flr3gs3/21))

6.4 Thecasek—-26-1—-0

Letd =k—-28-1and g > 0. We make a Taylor expansion with 6 — 0 (since k > 3, this
implies automatically g > 0). To estimate |Dhl|y, we successively estimate n,, n3, p/(1 — p)
and /.

n4

We have:

5
iG1p o9
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2
Since 8 > 0, then for ¢ sufficiently small, C;3y = el
and |S fl—3 disappear. Moreover,

. This makes the dependence on k

Cyx=eA [ 2 ]
6log(1/Cly) + 0(6)

( 4 210g(1/Cd)J 1 (1)
ny = 7 + —+o0|—=
(log Cy)? log2 )6

_ 4 _ 2log(1/Cy)
We denote C37 = Toe 7 and Czg = gz

Since c
Bi=B+—2+o0(9)
)

then

— 1400 = + 0(6)

oo 220 50 §/2 =6~ Css/my
& 1+ﬁ1 1+ﬁ1

Therefore,

n3=n2(1+10g(1+,8))( L+5i )+0(1)

§/2—60— Csg/na 0
n? 1
<(1+pB) 2 +o|=
= ( ﬁ) (51’12/2 - 91’12 - C3g 0(02)

Moreover, On, = Csg + C37 + o(1) and on, = 4(3 + B)(Csg + C37) + o(1). Therefore,

(1+B)*(Cs5 + C37) 1
BE T earp (?) 2
Moreover,
_ :81 _ ’8 + Czscjscne +0(6) _ 0 Css
p—]%l_e— B+0/2-0 _1_5(2(3+ﬂ)_1_—C38+C37)+0(6)

Therefore, p/(1 — p) = 0(1/6%) (we recall that 1/8 = o(1/52)).
Let

(k+ 52k + 1) 2log2
C7[k’ Cd’ |Df|07 W(f)’ |Sf|0] = 2%k 10g2 [ f )2 + log(l/cd))

Since k = 26 + 1 + 9, and by applying estimation (42), we have:
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, Cy 1
@,, > Cq A (e A (§ +0(§)))

Therefore,
|Dhly < C34lDflo A ((1/Cd) A (e A (%G + 0(1/62))))
|Dhly < C34|Dflo A (e A (e A (log log(1/Cy) + %07 +o(1 /52))))
Since log”(1/Cy) = o(1/6%), then

\Dhly < CsalDflo A (e A (e A (éa + 0(1/52))))

Likewise, since | loglog |Dflo| < ¢°1/%") and |log Cs| < e A e A (0(1/6%)). We conclude:

IDhly < € A (%Cﬂk, Ca, W(), IS flo] + 0(1/52))

with:
k+5%k+1)3( 2 log 2
k = : log(1
Cilk, Ca, W(), 1S flol 2log2 (log C{s)z +log(1/Cy)
We recall that:

Cly=(1+en(-6v2" s " v b))

In estimations (3) and (4), three iterations of the exponential appear. This calls for ex-
planation. A first exponential comes from the estimation |Df"|, < C|Df |O/a *, where ny 1s

the rank above which the "favorable" case always occurs. A second exponential comes from

-1/
" 4, (2
writing @,, = a,"" (=)

. We bound each # using the Diophantine condition, and a third

exponential comes from the estimation [],cg, (ﬁ) < C™™™_ where Ej is the set and n3 — n,
is the number of "unfavorable" cases.

This number is bounded logarithmically, by Clog C3y. However, C; is bounded by an
exponential of the parameters. Indeed, when ¢ is small, C5y ~ e%, which gives estimation (4).
Otherwise, C3g ~ Cg’sk. In this case, Cg’sk ~ C*. Indeed, in lemma 16, we need k — 1 iterations
to estimate |D*"! log Df?(x)|o (p < gn+1), an estimation that, in turn, gives an estimate of Cg’sk.
This gives estimation (3). Thus, we have explained the occurence of three exponentials in the
estimates.
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Since the number of "unfavorable" cases drives the dominant term of these estimates, they
can be substantially improved when the "favorable" case always occurs. In remark 3.5, we
make this assumption, together with the assumption k > 38+ 9/2. Thus, we can take § = 1/2,
and a sufficient condition for the occurrence of the "favorable" case is:

Apy1

> CLHC)™DE = Cy(n k, B, W(F), 1S flis)

n
which decreases geometrically with n.

We recall that: -1)2
Cly = (1+en (=6 ¥2e20(S f1/ v 1))
CLE = (k + 3)* DbV (max(1, 1S fl;_a)) """

We obtain the following estimation:

|Dhly < exp (Colk, W(f), IS fls1“°?) IDS1;
with:

2

Colk, W(f), IS flis] = max (e G 4655")

38+ 1
2

Colpl =

Finally, note that numbers of constant type do not always satisfy (5) for any n (they only
satisfy it above some rank). Moreover, there are numbers satisfying (5) that are not of constant

type.

7 C* estimations

In this section, we compute estimates of higher order derivatives of the conjugacy 4 in
function of bounds on the first derivative of 4. We compute the values of some of the constants
appearing in Yoccoz’s proof [Yoc84] (we do not compute the dependency in k). However, in
order to obtain our result, we need to slightly modify the proof of one proposition (proposition
7.10). If we strictly followed Yoccoz’s proof, we would find an estimate that depends on the
C'-norm of h, and on k, B, Cy4, W(f),|S fli—3, |D*"' log D f|o, but this estimate would diverge as
f gets closer to a rotation. Moreover, we need to elaborate on the end of his proof.

The proof has four steps. We let real numbers 0 < yy < y; < g(yp), with

gyo) = +B)yo+k—-2+pP))/ 2 +p), and we let an integer N. In the first three steps,
we compute || log DfV Il,, in function of sup 20 lllog Df”]|,, (estimation (43)). In the first step,
using convexity estimations (proposition 7.7) and a consequence of the Faa-di-Bruno formula
(lemma 7.6), we establish an estimation of ||log D ||, for 0 <y < k — 1 (lemma 7.8).
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In the second step, we obtain an estimation of |[log D f"%||,,0 < n < g,.1/g,forO <y <y,
(estimation (56)).

In the third step, we write N = Zf:o bqy, with b integers satisfying 0 < by < g,4+1/¢s, In
order to get an estimation of ||log Df" Il,, in function of SUp 50 Illog Df?||,,. Thus, in these
three steps, the aim is to establish the following proposition:

(1+B)yo+k—(2+4p) We have:

Proposition 7.1. Let 0 <y <y, < g(yo) = i

4
llog DI, < e A (C6g(k, B) (c{g‘ + 4k 1og(C;;") + 24k(k + 1) sup || log D f”llm) ) (43)

p=0
The expressions of Cg9 and C‘7f(’)k are given page 74.

In the fourth step, we iterate this reasoning: the inductive step is given by proposi-
tion 7.1: if we have an estimate of supy.|/log D N Il,,, then we can get an estimate of
SUPyso l110g DfM|ly,., for y; < yir1 < g(y:). We can initiate the induction with y, = 0, be-
cause we have C' estimates. We take y;,; = %(g(yi) + v,) and we have:

lim;,, ¥i = kK — 2 — . Thus, we can obtain an estimation of ||Dhl|,—,—s—,.
In all the rest of the paper, we denote:

M’ = exp (sup |log D(fi)lo)

20
M = exp (sup lllog D(fi)Hy())
20

Note that M > M’ > 1.

7.1 Estimation of || log Df%|,,0 <y <k -1

The following lemma is a converse of the implication used in [Yoc84, p. 348], according
to which if M, /m,, is bounded, then the conjugacy of f to a rotation is C':

Lemma 7.2. Let M,, = sup i |f?(x) — x|, m,, = inf e | f9"(x) — x| and

M’ = exp (supl.ZO |log D(f" )|0). Then we have the following estimation:

n

my,

<M

Proof. Let e > 0, x,y such that M,, = |f?(x) — x| and m,, = |f?(y) — Y.

Since f?(y),=0 is dense in T!, then there is a positive integer [ such
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that |f/(y) — x| < min(; 6).

|Dfnlo?

Then we obtain:

|7 () —=x < )= ONH LSOOI+ )= < IDFol £ ()—yl+2€ < M'm,+2e€

for all € > 0. Hence the lemma.

O

The C”-norms, when 7y varies in R", are related with each other by convexity inequalities
(also called interpolation inequalities):

Proposition 7.3. Let y,,y; € R* with 0 <y, < y3 and y; > 0. For any ¢ € C*(T"'), we have:

3772 r2

llly, < Cao(ya) lIglly ™ liglly;

with Csg(y;) = 201,
Proof. See appendix. O

Using these convexity inequalities, we establish various relations, among which is the
important corollary 7.5, which relate the norms of log Df" and those of D f" — 1.

ForO0 <y, <y, <k-1,y, #0, and n € Z, proposition 7.3 gives:

llog Df"ll,, < Cuolllog D127 (44)

IDf" = 1ll,, < CallDf" = 1P (45)

with Cig(y1,72) = Cao(y2)log M') 17 and Cas(y1,y2) = Cao(y2)(M’ + 1)1,

Forn > 0, j € Z, we have:

IDF"Ylly < MV (46)

and, for 0 <y’ < 1, since |[Df" — 1|,, = |[Df"|,:

(DYl < |JIM DS = 11, (47)

Therefore, for0 <y’ <1, ¢ € CY(T"), we get, by the relations (9) and (10):

DY Il < Calllglly + I1DF" — 1l ligllo) (48)

with Cio(j) = (11 + DMV



7.1 - Estimation of ||log Df%||,, 0 <y <k-1 59

LetA = X{‘...lel be a monomial of / variables, such that [ = Zi,:l pjp=>1.Let0<y <1,
n € Z. We estimate ||All, when X; = D'log Df" or when X; = D™'f", supposing that
l+y <k-1.

The relations (9) and (10) allow estimating ||A|],» by a sum of less than 2! terms of the form
IX,ll, 1A/ Xpllo, 1 < p <1, j, # 0. By relation (44), we have:

ID? log Df"|l, < Caslllog Df"||(P+7/E)

IA

I+y’
D £y < CagllDf™ = 1YY
A(Dlog Df", ..., D'log Df") )y
DrlogDfn" 0 4
AD*f", ..., D" ) n =Py
” Drii g < CaliDf" =10

with C43(p,L,y') = Cao(p + ¥V, 1 +7); Caa(p, 1Y) = Cai(p + ¥, L +V');
Css(p, 1Y) = (Cao(1, 1+ y);
Cas(ps 1Y) = (Cyy(1, 1+ )

Scheme of the proof. The first two estimates are straightforward. For the third estimate, we
write

A(Dlog Df™, ...,D'log Df")
Drlog Df"

_ (Dlog Dfn)jl (Dp log Dfn).ip—l (Dl log Dfn)jz

we apply estimation (44) to each D' log Df" and we use that 3 j; < L

The proof of the fourth estimate is analogous, by noting that D'(Df" — 1) = D*! f*, for
i>1.

O
Therefore, when X; = D' log Df", we get:
Al < Cylllog Df"llisy (49)
and when X; = D! f",
Al < CslIDF" = iy (50)

with C7(1) = 2/ max; <, SUPy<, <1 Ca3(p, 1, ¥ )Cas(p, 1,y") and
Cus(]) = 2' max;<pg SUPo<, <) Caa(p + 7, 1+ Y)Cas(p + 7Y, 1 +7).

Using appendix 8.4, this allows obtaining the following lemma:
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Lemma 7.4. Let P be one of the polynomials of appendix 8.4. P is a polynomial of | variables
X1, ..., X;, homogeneous of weight | if X; has a weight of i. Foralln € Z, all0 <y < 1, we
have:

IP(Dlog Df",... D'log DI, < Cuslllog Df"lliy
DZ n Dl+1 n
(55

A

IA

s e CsollDf" = 1|y
PIET sollDf" = Uiy

,yr

with Cao(l) = (4(1 + 1D)Y**DCyy(1) and
Cso(D) = (4 + D) DC(=DCas() 1 + Cor L1+ ¥ )Car (¥, 1+ 7))

Scheme of the proof. The first estimate comes from the preceding discussion. For the second
estimate, we write a monomial of P as:

(Dan)jl (len

Ji
— 2 enyji ! ey i Y\~ 2 Jk
B Dfn) = (DX D fY Dy

We apply estimate (48), (50), and estimate (45) twice.

Corollary 7.5. Forne Z, 0 <y <k-1,y=|y]+v, 0<vy < 1. we have:

C5HDS" = 1ll, < lllog Df"ll, < CsiIDF" ~ 1,

with Cs51(y) = M if 0 <y < 1 and
Cs1(y) = [Cao(LyDCa(1)(A + MCiso(Ly . Y)Ca0(y', YD1V Cso(LyD if y = 1.

Scheme of the proof. For 0 <y < 1, we prove the estimates directly, using that logx < x — 1.

When y > 1, for the right-hand side of the estimation, we use formula (78) in appendix
8.4 and the second estimate of lemma 7.4.

For the left-hand side, we apply formula (77) in appendix 8.4, the first estimate of lemma
7.4, relation (48) with ¢ = DY*!1f"/Df" and j = 1, the left-hand side of this estimate of
corollary 7.5 with y < 1, and relation (44) twice.

Using mainly the Faa-d-Bruno formula, we have the lemma [Yoc84, p. 350]:

Lemma 7.6. Let yo > y > 0, ¢ € D™ (T, ¢ € CY(T'). We have:

¢ o ¥lly < Csalldlly

with Csy(y, ) = Wlly for 0 <y < 1, and Csy(y, ) = (Ly)DADYI fory = 1.

y—1
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When ¢ = f" for some integer n, or when ¢ = h™!, where h is the conjugacy of f to a
rotation, we note:

Cs:(y,¥) = Csy(y) = M7 if 0 <y < 1, and
Cs2(y,¥) = Cs2(y) = (QLyD)* MY ify > 1.

Proof. See appendix 8.3.
O

We have: f" = hR,,h~!. We apply lemma 7.6 with y = h™! and ¢ = hR,, — h — na. To
estimate ||hR,, — h — nall,, we use the C”-norm of Dh. We get:

Proposition 7.7. Forn e Z, 0 <y < yy, we have:

Ilf" = id — nall, < Css|lnal|

with Cs3(y) = 2MCsy(y).

Let @, = (=1)"(g,@ — p,) and let A; = ||[D*"'log Df%||y + a, (the role of this additional
a, is explained at the end of the proof of lemma 7.12). We could also have taken A, =
ID*"1og Df% ||y V @,). By applying lemma 6.4, and since M,_; < M'a,_y, 1/m;_y < M’ |a,_;,
and a;_; < 1/g4, then we have:

A, < (nglkM'%(k—l) + 1)gk-nr2 51)

Using corollary 7.5, convexity inequalities (proposition 7.3), proposition 7.7, and corollary
7.5 again, we obtain the following lemma:

Lemma 7.8. Lety € [0,k — 1] and s > 0. We have:

+1—
max(0, 5—20 k—ygo )
s)

llog D%l < Csa(y,¥0)q5), (gsi1 A

+1770)

Y+l y
with Csi(y,70) = Cao(k)Cs1 (1) ™ 550 Csa () ™™ 50

We make a remark on the method and notation: in this lemma 7.8, we estimate the C”-
norm for 0 <y < k-1, instead of only estimating the C”'-norm, because of two reasons: first,
this lemma is used to obtain lemma 7.9, in which we need an estimation of all the norms of
ordery < k—1. Second, in the proof of proposition 7.10, we need an estimate of || log D f9*||,—;.

7.2 Estimation of || log Df"%||,, 0 <n < g1/9,0 <y <k-1

We use lemma 7.8 to estimate ||log Df"%||,, 0 <y < k — 1 (lemma 7.9) and second, we
bootstrap this estimate (lemma 7.12). This bootstrapping allows getting a higher degree of
differentiability y; at the end (see estimation (57)).
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The Diophantine condition on @ implies g, < C[jlqiﬂg . Therefore, by applying estima-
tion (51), we get:

(Asqsi) ;" < Css(0)g € (52)

With € =

. 1/k
% _ 1;/3[3 > 0 and Css(0) = [(Cng%(k_l) + 1)C;1]

The preceding estimates give the lemma:

Lemma 7.9. Lety € [0,k —1]. For s >0, 0 <n < q,,1/q, we have:

llog Df"*ll, < Cse(y, 0)g; " (gss14) 7D

where, if 0 <y < 1, Cs¢(y,0) = Cs4(y,0), and if y > 1, Cs6(y, 0) is defined inductively by:

Cs6(y,0) = Cse(y — 1,0)y*Css(0)Cao(Ly) = DCsa(y, )M [2 + Cao(¥', ¥)Cao(L¥), )]
Scheme of the proof. This lemma is shown by induction on r = [y]|. If r = 0, we write
log Df" = 3" ) log Df% o f' and we apply lemma 7.8.

Suppose the lemma holds for r — 1 +9’, with 0 <y’ < 1. We have, using the expression

(80) in appendix 8.4, and using estimations (9) and (10):

r—1 n-1

D" log Df"*lly < 3" (Ais+ By + Ci1) (53)

=0 i=0

with:

Ay = ID" M log D" o f4 L IIDf ) lolIE]llo
Bi; = D' log Df® o f|lol(Df ")l IEflo
Ciz = ID" " Tog Df® o f oD ) ol E7ll,

E] = E[(Dlog Df*, ..., D'log Df*")

We estimate E] with lemma 7.4 (with the polynomial P = E7), with (44) (for B;;) and with
the induction assumption. We estimate [|[D"~' log Df% o f||;, ¥ = 0 or y’, by applying lemma
7.6 with ¢ = D" log Df% and ¢ = f, and by applying lemma 7.8. We estimate |(Df%*)"|
with (46). For |(Df4:)"! l,, we apply (47), corollary 7.5, (44) and the induction assumption.
We get:

r=l+y’+1 | [+1

Ais < Cse(L,0)Cag(DCss(y’ + r = LOMY gl g7 (Asgee) % T F
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reltl | Y+

Bi; < Csy(r—1,0)Cao(D)(r=D)M" ' Cao(L, 1+y)Cao(y', I+¥)Cs6(1+Y, 0)q ) g7 (Asqorr) & T %

r=l+1 |y +1

Cit < M Cao()Cs4(r — L,0)Cs6(L + ¥, 0)q; )1 q7 (Assar) F 7

Thus, we have:

+1
Aiy+ Big+ Ciy < Csi(L,y, 07 7 (Mg T 1K

with:

Cs(1,y',0) = Cso(I+y', 0)Cag(DCsa(r—=I+y', OOM™™ [M? + (r = DCao(y', 1 + ¥ )Cao(L 1+ ¥') + 1

We conclude using estimation (52), and using the fact that the sum (53) has

rn < |ylqs+1/qs terms.

By applying this lemma 7.9, together with estimate (52), lemma 7.8 and lemma 7.4, we
get the proposition [Yoc84, p.355]:

Proposition 7.10. The sequence (Ag/q;)ss0 is bounded by Csg.

Cssg 1s defined by the following:

Cs9 (k = 2)M* ' Cyg(k — 2)Cs6(k — 2,0)Cs5(0)Cs4(k — 1,0);

= 5C
Csg 2C£ka’l rl (1 + q:g)
s=0 s

Proof. We slightly modify Yoccoz’s proof. Let A’ | = 0 and, for s > 0:

A, = sup{|D*'log Df " o f"(Df") 0,0 < 1 < 5,m > 0}

For s > 0, we have: A; < A’ + @, (This implies A; < CA, when f is not a rotation, but

contrary to Yoccoz’s proof, we do not use this estimate, because the constant C is of the form
k—1 . . .

C /: 1+ ID"*%W’ which diverges as f gets closer to a rotation). We compute a bound on
(As + a’s)/Qs»

Let s > O (this is another difference with Yoccoz’s proof, which only considers s > 1). We
have: g1 = as.195 + q5-1 (we recall that g_; = 0). Using formula (79) in appendix 8.4 with
g = f?¥"and h = f%+'% we can write:
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(D" 'log Df¥ o f"YDf™ ! =X +Y +Z

with:
X = (Dk_] log Df‘h—l o fas+lq.r+m)(Dfas+l% o fm)k—l(Dfm)k—l
Y/ — Dk—l lOg Dfaﬁlqs Ofm(Dfm)k—l
k=2
Z/ — Z(Dk—]—l log qus_| o fasﬂqs+m)(l)fas+1q_Y o fm)k—l—l(Dfm)k—]
=1
Gy {(Dlog Df“+1% o f™, ..., D' log Df*+% o f™)

We have:

IX'lo <A,

Using formula (80) in appendix 8.4 with g = f9, we have:

k-2 ag1-1
Y = Z Z (Dk—l—l lOg quxOfnqs+m)(Dfnqs+m)k—l—lEgc—l(D lOg Dfnqs, - Dl IOg Dfnqs)ofm(Dfm)l
=0 n=0
k-2
= Y/
=0

(with the convention E’é‘l = 1). We have: |Y{|o < az 1A},

For [ > 1, we estimate Ef"'(Dlog Df™,...,D'log Df"¥") o f™(Df™)" using lemma 7.6
(with ¢ = f™ and y = 0), lemma 7.4 (with P = E}™"), lemma 7.9 (with y = [) and estimation
(52). We get:

|E}"'(Dlog Df™, ...,D'log Df"*) o f™(Df™)lo < M'Ca9(I)Cs6(l, 0)Cs5(0)(Asqsr1)"*q;¢

By applying lemma 7.8 (with y = k — 1 — [ and yy = 0), and using that A; < A + a;, we
get:

1Y/lo < agei (A, + ag)M* ' Csu(k — 1 = 1,0)Ca9()Cs6(1, 0)Cs5(0)q

Therefore,

|Y,|O < as+1A; + as+1(A; + CYS)C5961§6
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Likewise, we can show that, for s > 1:

’ —-€_— Lo
|Z |0 < C59qs qs] (quS—l) k (qs+1As)l/k

(Yoccoz concludes the estimation of |Z’|y here, using the fact that qi_l/ k< qH/ k
s+1

the fact that A, < CAj,t = s — 1, s. We don’t use these facts.)

and using

Since A, < Al + @, t =5— 1,5, we get:

Ik
1Z')y < Csoq ;€ (q;“) (A + o) A+ )

N

— 1-l/k
s A: + qs+1

Since A} > 0, and since a1 < gg41/qs < 2a541 and @) < 2a,, @4, We get:

1Z'lg < 4Csoq“as.1 (A} + ay)

If s =0, Z’ = 0. This estimate still holds.

Therefore, for s > 0,

g1 + (D og D1 o f™YD™ o < @ser + Afy + ayi A + a1 (A + @,)5C504, (54)

@gr1 + (D log D1 o fMY(DF"V o < @ger = s + Ay + a1 (A + @) (1 4+ 5Cs9;°)

Moreover, we have: a,_1 = a,. @, + @4,1. Therefore, for s > 1, since @41 < %as_l, then

Agp) — Qo1 = 205 — @) <0 < g

Therefore,

a, + A e
d I(Qs—l + as+1Qs) (1 + 5C59C]s )

g1 + (D og Df? o fMYDF™ o < max
t=s—1,s

t

Since g1 + 51195 = Gs41, WE et

o] + D 11ogo D fs+ my( D £myk-1 + A
gy +|( og Df%+t o f")(Df™) o < max &N (1+ 5C5047)
qs+1 t=s—1,s q:

If s = 0, we have:
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ar + AL ap+ A
LT 07701 4 5Cy,)

qi 490

@

+A’ . . .
Let 6, = maxg<< ” L. The preceding estimates give:
- t

Hs+l < HS (1 + 5C59qs_e)

Moreover,

(Ag + g

) <1+ M\ D""1og Df|,
q0

Therefore, for any s > 0,

AS B B +00 .
2= (1+M"|D* ‘1ong|0)]_[(1 +5Cs0q )
§ s=0

To conclude, we apply the claim:

Claim 7.11. Let CJ defined in lemma 6.4. For any k > 3, we have:

ID¥"log Dfly < Caak, IS fliz) < CLF

Proof. First, we recall the observation (see e.g. [ Yoc84]) that if x; is a point where (D log Df)?
1s maximal, then we have:

1
IS flo > IS f(x0)| = |D* log Df(x0) — 5(Dlog Df(x))

1
= |30 t0g Drx)

1
= |30t0g 7
2 0

To prove the claim, we proceed by induction on k, using the fact that

|Dlog Dfly < +/2IS flo and by applying formula (71) in appendix 8.1.
If k =3,
1
\D?log Dflo < IS flo + El(D log Df)*lo < 2IS flo

Suppose the estimate holds for all » < k. By formula (71), we have:

Dflog Df = DS f — Gi(Dlog Df, ..., D' log Df)

As in the proof of lemma 6.4 (see appendix 8.1), we have:

2k - 1)

T (Cautk IS fles))

|Gi(D1og Df, ..., D' log Df)| <

We conclude as in the proof of lemma 6.4.
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Let us make a remark: by using lemma 7.4, we can improve this estimate. However,
lemma 7.4 cannot be used to improve the estimate of lemma 6.4, because it is a pointwise
estimate: an estimate of |[D*~!log D% (x)| in function of M,ll/ 2 /m,(x). If we only needed an
estimate of |D*~! log Df%|, in function of M,l/ 2/ m,, this improvement would be possible.

With proposition 7.10, and by using the Diophantine condition gy, < C;lqiw , We can

generalize estimation (52) and lemma 7.9, for y, > 0. The generalization of estimation (52)
is:

B2

(Ayqsi)V 770g7" < Css(yo)gs (55)

1 -1

with Css(yo) = CL°C)™.

The generalization of lemma 7.9 is:

Lemma 7.12. Lety € [0,k —1]. For s >0, 0 < n < gs1/q5, we have:

v+l-y9
llog Df"|l, < Cs6(y> Y0)q: (@si1Ag) o0 V°

where, if0 <7y <1, Cse(y,v0) = max (Cs1(y)Cs3(y + 1), Csa(y, y0)), and if y 2 1, Cs6(y, 0)
is defined inductively by:

Css(v,70) = Css(y — 1, ¥0)Ly1Cs5(y0)Cao(Lyl — 1)

Cso(r.70) = 2"V 0" Css(y—L, 7o)y Css(70) Can(Ly J=1))Cs4(ys y)M? [2 + Cao(¥'s Y)Cao(L¥ ) )]

Remark 7.13. When y > 1, the definitions of Cse(y, y() are analogous to those of Css(y, 0)

+1—
given in lemma 7.9, by replacing 0 with y,, by a factor 2' %" gl

Scheme of the proof. We give the scheme of the proof in order to explain the additional «; in
the definition of A (this additional a; makes necessary our modification of Yoccoz’s proof of
proposition 7.10).

Ifyo—1 <7y <1, weproceed as inlemma 7.9. If y <yy—1 and y < 1, we apply corollary
7.5 and proposition 7.7. The induction step is analogous to the proof of lemma 7.9, except the
end: indeed, by proceeding as in lemma 7.9, we have:

rfl+y/+lfyo L0V I+1-yg

Ais < Cso(1,y0)Cao(DCss(y + 1 = Ly M gt g7 (Aygee))” ™ 0
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r=Il+1-yq /+7/+I—yo

Biy < Csy(r=1,0)Cao()(r=D)M" ™' Cao(L, I+y )Cao(y . 147 ) Cs6(I+Y . 0)g; L g7 (Asgse)” 0 *0 50

r=l+1- 1+y +1—
Cis < M/ Cao(DCsu(r — L,O)Css(1 + ', 01105 (Aygu)™ T O 0
We have:
—/+1- [+y +1- —l+y +1- I+1-
(OVM+O\/M)V(Ovr 4 7°+0v—70)
k=0 k=0 k=0 k=0
+1- 1
<0v Y o +

k=10 k=0

Moreover, since 2¢g,. 1Ay > 2g,a > 1, then
ovZin

AL,+0VZit19 -1 -1 +L
Aiy+ B+ Ciy <2007 50 Cs1(LY', ¥0)q 0195 (Asgse1) 0 "F0

with:

Cs1(1,7'70) = Cso(1+Y, ¥0) Cao(DCsa(r=1+y , y)M'™ [ MY + (r = DCas(y', 1+ ¥ )Cuao(l, L +7') + 1]

(this is why we define A, = |D*"!log D f4|y + a,. If we defined A, = |D*"! log D f4|, and
if |ID*~"log D f%|, was too small, we could not do this estimate). o

By using estimation (55) and lemma 7.12, we obtain, for 0 < n < (g,:+1)/¢s, and 0 < y <y
[Yoc84, p.357]:

llog D"l < Ceoly, yo)g"""” (56)
with
_2+pOViy+1-=v))
Py, v0) = Z -1
— %o
and

y+l-y9

Ceo(¥,7Y0) = Cs6(¥,70) (CJICSS) o

Notice that for any

1 k-2
yi < g = PN ; @+h) (57)
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we have p(y1,v0) < 0 (we will take y; = 3(g(¥0) + 70)).

This implies Y50 g5 < +co, which will allow estimating || log Df"]},,, as we will see
in the next subsection.

A remark on the method and notation: we establish estimate (56) for any 0 < y < vy (and
not just for ;) because we need it for the estimate of the quantity Z defined below.

7.3 Estimation of ||log Df"||,,

Proposition 7.14. Let N be an integer and let us write y; = r+ 7y}, with0 < y| < land r
integer. We have:

Ces (58)

(1 N Ce1(71,70) + Ce3(¥1,%0) _

—o(y1,Y0)

log Dfly, < Cooyivo) [ |
qs

s=1

with:

Ce1(y1,70) = C42(r)C52(7;)C60(71»70)C51(7;)

Ce3(y1,70) = (r = D)Ce1(y1,¥0)Cag(r — 1) (2 + Cao(y1, ¥1)Cao(r,¥1))
Scheme of the proof. We write N = Zf:o byqs with 0 < by < q;’—f‘ and b, integer. Let N =

Y=o big; for 0 < s < S. Moreover, let us write y; = r + ], with 0 < ] < I and r integer. By
formula (79) in appendix 8.4, we can write D" log Df™s = X + Y + Z with:

X = (D"logDf"® o f)(DfY);
Y = D'logDf";
r—1
z = ) (D logDf" o fNO(DfN G

=1
Gi = Gj(DlogDf",...D'logDf"")

We successively estimate X and Z. For X, we use estimate (48), corollary 7.5 and lemma
7.6 with ¢ = D"logDf*% and ¢ = f™-'. We also use estimate (56), and the fact that
qp(m'o) < qp(w,yo). We get:

IXlly, < Cig?” (L +|[log Df¥1]l,0)

with

Co1(v1,Y0) = C2(r)Cs2(¥1)Coe0(¥1, Y0)C51(¥})
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We estimate Z. By applying estimation (10), we have:

r—1
121l < 31D Tog D0 £ (D) |Gl +I(D" Tog D0 £ )(D Sy Iy Gilo
=1

As with X, we have:

1D tog Df*% 0 )D€ Ceagt (1 + | log Df™ ;)

with:

Cor(v1, 70, 1) = Cax(r = DCs2(y))Co0(¥ + 1 = L, y0)Cs1(¥}) < Ce1(¥1,%0)

Moreover, by estimate (56), we also have:

(D" 1og Df"% o fN1)DfM 1y g < M Ceo(r = L, yo)gl" ™ < Ce17

For G/, we use lemma 7.4 with the polynomial P = Gj (see appendix 8.4). We estimate
lIZIl,; by applying estimation (44) twice. We get:

IZll,, < Co3¢""7|| log DFY|l,,
with:

Co3(y1,70) = (r = D)Ce1(y1,70)Cao(r — 1) (2 + Cao(y1, ¥1)Cao(r, 1))

Therefore, since ||Y||7/1 = ||D" log D fNs-1 ”71’ we get, for s > 1:

Ce1(¥1,70) + Ce3(¥1,%0)

[|ID" log DfNS”V’l < llog Df™ |, < {1+ g

ID" log D'l

Moreover, by estimate (56), since Ny = by, we also have:

ID" log Df™|l,, < Ceo(y1.70)

We conclude that:

log DM, < Coolyn o) | |

s=1

—p(r1,70)

(1 + Ce1(y1,70) + C63(71")’0)) = Cy,
qs
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7.3.1 Computation of the estimate of || log D fV Il,, in function of sup 20 Illog Df?l,,

The quantity Ces depends on sup . || log Df”l|,,. We estimate Ce4. First, we estimate Css.
Since 5Cs9 < (Css(k — 1,0))?, we estimate Csq(y,0) for 0 < y < k — 1. By combining the
constants appearing in lemma 7.9, we get:

k-1
Cs6(7,0) < Cse(y', 0) | (k = 1)2C55(0)Csalk = 1,0)Cas(k — )M (log MCs9(k))*]
Moreover,

Caolk — 1) < (4k)* 251 (C3o(k) log M)
Csolk = 1) < (4™ kM 121 (C3o(k)(M + 1) (1 + (M + 1)C30(k))?)

Csok — 1) < (4k)* k2% M (C9(k))™!
Note that for any [ > 2, Cs;(l) = Cso(l). Since

Csq(k — 1,0) < [Csy(k — 1)]*2MC3o(k)
We get:

Csa(k = 1,0) < (40)*K22%43(C39 (k)P M*! = Csy(k - 1,0) (59)

We have:

/ ~ 27k F!
Cs6(7.0) < Cse(y',0) | Css(0)(Csalh — 1,00 M|

Since Cs5(0) < @M% DL CTHYE, we get, for 0 <y < k — 1:

Cs6(7,0) < C7'CLf2M* 347D [ Cy(k — 1,0)]2" = Cse (60)

We get:

IA

C-'Cee < C-'CT* g1 ﬁ (1 (656)2)
a Css=C,; 0y +

: (61)
520 qs

ﬁ (1 N 20,1 CLI M (Cso)?
a5

s=0

We estimate Cg (1, ¥o) and Ce3(y1, o).
We have: Ce(y1,70) < 2(r + DM Ceo(y1, ¥0)Cs2(¥})-

Therefore,
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KL ’ T
Cory170) < (max Cso(y. Y0)(C;'Con) 0 Cx7)2(r + DM

We estimate Cg3(y1,7v0). We have:

Ces(y1,70) < (r = 1)(2 + ((log M)C39(k)))*Ce1 (1, Y0)Cag(r — 1) (62)

To complete the estimations of Cg;(y1, vo) and Cgs(y1,Y0), we need to estimate Csq(y, o).
By writing v = |y] + 7/, and by proceeding as for the estimation of Cs4(y,0), we have:

k=1 2 _
Cs6(7,%0) < Css(¥', ¥0)(C;;' Cs3)*0 Csy(k — 1,y0)* M* 224D

Moreover,

Csa(k —1,70) < Csak —1,0)Csp(k — 1)

We can also check that:

Css(¥',70) = 2C39(k)M> 1 v 2MY "' Cs,(y/ + 1) < Csy(k — 1,0)Csp(k — 1)

Therefore,
2k=D) /s o 2k+1
Co1(y1,70) < (C7'Cs) ™0 (Csalk = 1,0))" (Csalk = 1))+ 2+ (63)
Now, let
() o
B+2+n
let Cos = (k + 2)*00 p24keD(CLE*(C;1)* . Let also
e = min (e, ——— " (65)
2B+2+1n)

2k=1)
k=yo *

Note that C39(k) only depends on k, and that Css(k — 1,0) and Cs,(k — 1) only depend on k
and M.

We have: €; < min(e, —p(y1,Y0)) and for any yy < k —2 — 5 —n, we have 7, >

By combining estimations (59), (60), (61), (63) and (62), we can check that we have:

T1
o0 C65 H;io (1 + C65)

€1
qs
Cos < | | 1+ =

s=0 s

Since ¢, > (V2)*!, we get:
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T]
V2Ces [0 (1 + %)

f
2°2

Ces < l_[ 1+ m
5s>0 22

In order to obtain the final estimation, we need the claim:

Claim 7.15. Let C > 10. For any 2 > u > 1, we have:

[ee)
ut)

n=0
Proof.
Dllog(l+Cluy =Y log(l+C/u+ Y log(l+C/lu")
n>0 <logC71 n>logC71
— logu logu
logC
< log(l +C C/u"
< Togn 021+ O+ Z; Ju
n> ]ziu—l
1 C 2/3
< 22T (log(1 + C) + 1) < =——(log C)?
logu logu
for C > 10.
O
By applying this proposition twice, we get the claim:
Claim 7.16. Let C > 10,2>u> 1, 7 > 1. We have:
CITo(1+ 9)] ( 1872
1+ ———— | <eA (log C)4)
l,;)[ [ u (log u)?
Let Cg = \/§C65. We apply claim 7.16 with C = Cgg, u = 2%1, T = 7. We obtain:
Cos < e A [ (log Coo* (66)
=M (T log2y R
Moreover, let
co- 1873
77 (Llog2y

2 .
and let Cgg = ﬁjg;z)xf a numerical constant. We have:
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(k-1)°

€

1

k—-(1+28)

By using the definitions of € (see (65)) and 7, (see (64)), since € = —;

k —2 — 3, we have:

and since n <

) 5
k 3 < 8Ces— u 3
(min (k—(2,8+1) 7 )) (min(k — 2B + 1),k — (B +2)))

2k 2(B+2+1)

Cer < C6_8

= Ceo(k,8)

Therefore, we get:

4
llog DM}, < e A (C69(k, B) (C{g‘ + 4k 10g(C;;") + 24k(k + 1) sup || log D f”llyo) ) (67)

p=>0
with:

Co = log (V2(k + 2)* (C5H%)

Hence proposition 7.1.

7.3.2 Thecasek>38+9/2

By corollary 7.5, we have:

1D gy < Csik = D( +I1log DIy _p)
Moreover, we recall that:
Csi(k — 1) < (4" k2% M** (Co(h))*!
We have: Cs;(k — 1) < C7;(k)M* with Co(k) = (dk)*20k+D*+3k+2

Moreover, ||Dh||2(ﬁk 53 < SUPysg DN« _1. We get:
L >

2B+ 2

DI« - < e/\(cﬁg(k, B)(Cly +4k* log ' +24k(k + 1) log M')4 +1og(Cy (k) + 2k log M’)

Since 2klog M’ < k(k + 1)log M’, we get:

IDAIl &1 < e A (C69(k, B)(Chy +4k*log C;' +25k(k + 1) log M’ + log(C71(k)))4) (63)
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We show estimation (7). We suppose k > 38 + 9/2. Let:

C12(B, Ca, IDflo, W(), IS flo. IS fli=3) = €2 A (C3(B)C4(CCs(IDflo, W(f), IS flo)Co(IS fle=3))
i.e. we consider the bound given by estimation (3), except that we replace |S f|35+3/21 With
1S fli-3-
Cgf depends on k, |S fl;—3 and W(f). We have:

4klog Caa(k, IS fle-3, W(f)) < 4k(k + 4)!log C24(3B + 9/2,|S fli-3, W(f)) < 4(k + 5)!log C7,

Moreover, since M’ < Cy, and k > 5,

4k* log C,' + 25k(k + 1) log M’ + log(C7,(k)) + 400k* log( V2(k +2)) < Cr(k) log C7,

with C73 = 4k? + 25k(k + 1) + log(C7,(k)) + 400k* log( \/i(k +2)) < (k+5)!. Therefore,
DAl s 1 < e A (Coo(k, B) (5K + 5)! log Crn)')

We also have:

kS
Ceo(k,B) < 8C=, < CkK
ook ) < % (min(k — (28 + 1),k — (8 + 2)))° = Ces

Since Cook®(5(k + 5)1)* < C.5*((k + T)!1)*, and since 2 > 2log 2, we conclude:

DAl sy < e A (Cia®)e® A 2+ CBYCHCHCDlo, W), IS Flo)Co(lS fli-)))

with:
18 x5°% 8

(log 27 ((k+ 7)1

Cia(k) =

7.3.3 The case a of constant type

If B8 = 0, we can use the C' estimate. We have: log M’ < C,/C, and therefore,

4> 1og(C;') + 25k(k + 1)log M’ < (k + 5)!C,/C,

Moreover,
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C¥ +10g(C71(K)) < 4(k + 5)! (log(1 V IS fli—3) + W(f) + 1)

then by using estimation (68), we obtain:

Ci\[W(H),IS 4
||Dh||§_5Se/\(C13(k)[C14[W(f),|5f|k_3]+ O, flo]]]

with:
Ci3(k) = Cia2(k)

CulW(H, IS flk=3] = 1log(1 VIS flk—3) + W(f) + 1

7.4 Iteration of the reasoning: the general case k > 25 + 1

To obtain an estimation of the C¥~!”#~"-norm of the conjugacy, we iterate estimation (43).
We take yo = y; and y1 = yi1 = 5(8(yi) + 7:). Thus, i1 < g(y;) and
lim; . y; = k — 2 — 8. We need to estimate the rank above whichy; > k-2 -8 —n:

Claim 7.17. Let Cy = 522, Cr5 = 522 If

o) el
n>log|———|/log|—|=C
g(ﬂ(l = Cy4) g Cr4 70

we have y, > k-2 - —n.

Proof. We have: v,,1 = Cy4y, + C75. Therefore,

Yo = Crstcit. Therefore, Iy, — (k =2 - B)| = ‘cﬁ fc‘ <nifn> C.

Claim 7.18. Let F(x) = ¢““*** Forany x,¢ > 1, a,b > 4, and integer n > 1, we have:

F'(x) < €™ A ((3 +n)c(a + bx)4)

Proof. We show this estimate by induction. If n = 1, this estimate holds. Suppose this
estimate holds at rank n. We have:

Fn+1(x) = F" (ec(u+bx)4) < e(n) A ((3 + n)c(a + bec(u+bx)4)4)

For any x > 4, ¢* > x%. Since c(a + bx)* > 4 and 4n > 3 + n, then:

gnearbo’ 5 (nc(a + bx)4)2 > (3 +n)c(a+b)*
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4 4 4
e(4+n)c(a+bx) > (3 + n)C(a + b)4e4c(a+bx) > (3 + n)C(a + bec(a+bx) )4

Hence the estimate at rank n + 1.

We apply proposition 7.1. In claim 7.18, we take x = log M’,
a = Clf + 4k log(C;"), b = 24k(k + 1), ¢ = Ceo(k, B). Let

_[logtk—2-pym)
77 |log (1 + 1/(28 + 3))
We have: C76 + 1 > n7 > C76. We get:

llog DfNli-2-p_y < € A ((3 +17)Ceo(k, B)(CL + 4k 1og(C;") + 24k(k + 1) log M’)4)

Moreover, by corollary 7.5, we have:

IDfMle—2-p—n < Cs1(1 +[1og D™l 2-p-y)

Since ||Dhlli-a—p—y < IDf¥lle=2—p—y, We get:

IDhljrpy < € A ((4 + 17)Coolk B[ CE + 42 10g(C;") + 25k(k + 1) log M’]4)

Since M’ < C,, we let:

. 4
Cuiln. k.3, Ca IDFlo, W, IS flios] = (4+17)Coo(k, B) [ Cly + 4K% 1og(C") + 25k(k + 1) log C |

We recall that:
_[log—2-p)n)
" llog(1 + 1/28 + 3))
18 x 5% x 82 i
Ceo(k, B) =
OB = og2r  (mint— 2B+ Dok - B+ 2)
CI¥ < (k+ ! (1 + W(f) +log(1 VIS fli3))
We have:

IDA|li—2-p—y < o(Tog(k=2-B)/m)/ log(1+1/(2B+3N1) (Cuiln, k,B,Ca, IDflo, W(f), IS fli-sD)  (69)
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8 Appendix: Omitted Proofs

8.1 Proof of lemma 6.4

We follow [Yoc84] but we give more details. Let p < ¢,,;. The case r = 1 stems from
lemma 6.3. For the case r = 2, we also use lemma 6.3:

M,
1, (x)?

1 1
ID*log DfP(x)| < IS fP(x)| + 5D log D PP < (c{1 + E(C{3 2)
In particular, we can take

CL,(2) = 82IS flpet"

For r > 2, we prove lemma 6.4 by induction. Suppose the lemma is proved up to r > 2.
Since for any C3-diffeomorphisms g and £,

S(goh)=(Sgoh)Dh?+Sh

then for p > 1,

p-1
Sf7= DS fo fYDFY
i=0
and by differentiating this last equality, we get, forr > 0, n > 1,

r p-1

D'S fr = Z Z(DHS fo fYDFYFI(Dlog Df', ..., D'log Df) (70)

=0 i=0

where F is a polynomial in [ variables X, ..., X;, homogenous of weight / if X; is given
the weight i. Moreover, since S f = D*log Df — %(D log Df)? , then for r > 2,

DS f =D"logDf + G,(Dlog Df, ...,D" ' log Df) (71)

where G, is a polynomial in r — 1 variables Xj, ..., X,_;, homogeneous of weight r if X;
is given the weight i. Therefore, in order to estimate |D"log Dfy, it suffices to estimate
F/(Dlog Df', ..., D'log Df) and G,(Dlog Df, ...,D""'log Df). These estimations are given
by lemmas 8.1 and 8.2. They are used in [Yoc84] but we recall them here in order to compute

the constants C; (r) in lemma 8.1 and ng(r) in lemma 8.2.

7

Lemma 8.1. Under the induction assumption, for 0 <[l <rand 0 < p < q,41, we have:

[

M1/2
|F;(D10g Dfp(X), .“,Dl log Dfp(x))l < C”/C7(r) [m ’Ex)]
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with:
@n! r
() = (N5 (Ca()
Proof. We follow [Yoc84]. By derivating equation (70), we get:
n-1 r
Dr+lsfp — Z Z(Dr+l—lsf o fi)(Dfi)r+1—l+2Flr(D 10g Dfi, ...,D[ lOg th) +
i=0 =0
(DS f o fYDFY 2 (r =1+ 2)Dlog Df
!
: . OF7 , o , :
F/(Dlog Df',...,D'log Df") + Z axl (Dlog Df',...,D'log Df)D’* ' log Df{(D £y 2
- J
p-1 r
Dr+lsfp — Z Z(Dr+l—le o fi)(Dfi)r+1—l+2Flr(D10gDfi’ ...,Dl log Dfl) +
i=0 1=0
r+1
Z(D’“"S fo DY ™™ (r—1+3)Dlog Df'F}_(Dlog Df, ..., D" log Df*) +
I=1
r+l 1
Z i 1(1)10ng . D" log DD/ log Dfi(Dfiy -1+
=1 j=2
Therefore, for 1 <[ < r,
!
oF]_,
Fi*' = Fl +(r— 1+ 3)X,F]_, +ZXJ (72)

0X;_

forl =0,

Flr+1 — Flr

and forl/=r+1,

oF]_,

)
r+1 _
Fitl = (r l+3)X1F11+Z ’8le

Now, let us write

Fi= > alin..i)X].X]

i1+2i2+...+1i1=l

We have q;,(i, ..., i) > 0. Let
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a,, = max - a iy, ., i)
11+212+...+1L1=l

and

—maxa]r
0<j<r

Consider iy, ..., i; such that a;,(i\, ..., i) = a;,. By applying equation (72), we have, for
1<i<r
a1 < ap+ (r+ 3-— l)al_l, + (l — 1)(max ij)a,_l,, <(r+ 3—-1+ 12 - Z)C_l[’r <(r+ 1)2&1,,

For [ = 0 or r + 1, this estimate still holds. Therefore, @,.; < (r + 1)?a, and by iteration,
we obtain:

a, < (!’
Moreover, since
FI(Dlog Df',...,D'log Df") = Z a, iy, ..., i)(Dlog Df)'...(D'log Df")!
i1+2i2+...+li1:[

and since #{(i1, ... i) /i1 + 20 + oo + liy = I}y S #{(iy, ooy i) /i1 + ip + o+ iy = 1) = 27 (this

classical equality can be shown by induction) then by applying the induction assumption,

[

IF{(D1og DS (). .. D'log DF o)l < (P {1 max (L)' (C (l))l"[]‘f’iﬂ)]
and since the C ,(i) are increasing with i, we obtain:
; Ml/2 :
F{(Dlog Df'(x), .., D'log Df'(x))| < CJ, ()[ e )]
O

Likewise, the estimation of G.(Dlog Df?, ..., D""'log Df") is given by the lemma:

Lemma 8.2. Forany x € T, 0 < p < gus1, ¥ > 2,

1/2 7"
G /(Dlog Df?(x), .., D' log Df*(x))] < C}, (r)[ ()]

with:
Clg(r + 1) = 3025,(CL,()y™!

2(r+1)
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Proof. The polynomial G, satisfies the following identity:

a oG,
Gri= ) Xjot
jZZZ: an—l
We denote
G, = > by(it oor b )X X0
i|+2i2+...+(r—1)i,_|:r

(we have, for example, G, = —%Xlz)

Let

b, = max b, (i1, .er i)

i1+2i+...+(r=1)i,_1=r

. —1)12
For r > 2, we have b, < r(max<j<,—1i))b, < r?b, and therefore, b, < %

Therefore,

rl (@2r)!

Gr1(Dlog D7(x), ..., D'log D (x)| £ - ———=  max +1(C§4(1))i‘...(C§4(r))i’[—

I(r + 1)! ii+2ip+..trip=r
Since the constants C§4(r) are increasing with r, we can take:

2r)!

Crr+ D =507

(CL,(r)y*!

We can now show estimation (16). By applying equation (71), we have, for r > 2:

D 'logDf? = D"'S f¥ — G,.1(Dlog Df”, ..., D" log Df")

Therefore, by equation (70) and lemma 6.1,

12 r+1
D" log Df? (x)| < (rC, (IS f|,_1e<’+‘>W<f>+c{8(r+1))( d )

Ny (X)
1 f (2r)! 1 f " "
D™ log DfF ()] < (Coy () —— (1S S0 + €, () (m (x))

We can show by induction on r that we can take, for r > 3,

CLy(r) = [CL@@r (max(L, S fl,-2)e™ ]

1/2
n

my(x)

]H—l
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8.2 Proof of proposition 7.3

This estimation is well-known (see e.g. the appendix in [Hor76]). We recall the proof in
order to determine the constant. We write y, = r, + ¥}, y3 = r3 + y; with 0 <y/,¥} < 1, and
we estimate \D" ¢y, in function of |D’3¢|y§ and |¢|o. We use [Her79, p. 110]:

Proposition 8.3. Let 0 < 8 < 1 and ¢ € C'(T"). We have:

15 < 2gl, 1Dl
Proposition 8.4. Let 0 < 5 < 1 and ¢ € CP(T"). If ' < B, we have:

-5 5
|¢|ﬁ” < 2|¢|0 |¢|ﬁ

Proposition 8.5. Let 0 < 8 < 1 and ¢ € C'(T") such that D¢ € CP(T"). We have:

[98)

A T
IDgly < 5277 (I¢l5|Dgls) ™

\O)

Moreover, for ¢ € C*(T"), we have:

Dl < (28ID%¢l)

First, we suppose y;, = y; = 0. We already know that for any j < [, there exists C79(j, 1)
such that:

R . 1_1 J
ID/ly < Co(j, DIgl, 'ID'PI,

We want to estimate a possible C79(j, /) in function of /. First, we show that Cy9(1,1)
Cp(l-1,]) = (\/E)"‘. We proceed inductively on /. For [ = 2, by proposition 8.5, C79(1,1) =
Cu(l-1,]) = V2. For [ > 3, we have:

=2 1
IDgly < Cro(1,1— DIg|TT|D' ' p|] (73)

-2 g 21 -1 4 FF
ID™ ¢l < Cro(I = 2,1 = D¢l ID™ &l (74)

By applying (74) to D¢, we also have:

e =2
D¢l < Cro(1 = 2,1 = DIDYIST ID'¢5
By combining this estimate with (73), we get:

-2

1-—1 1 —~ =2
D' gl, < Cro(l = 2,1 = 1)(Cao(1,1 = 1)FT|g|S | D)

Therefore,
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l1
Cro(l = 1,1) = (Cro(l = 2,1 = 1)(Cro(1,1 = 1))77) "7
Likewise, we can show that
11
1 1-—1 _
Cro(1,1) = (Cro(1, 1 = 1)(Cro(l = 2,1 = 1)71) @7
Let u; = log Cyo(1,1), v; = log Co(I = 1,1), a; = 1_+ We have:
(-1)2
u = a(u—y + l_—1V1—1)
1
vi=a(vi + l__lul—l)
Let w; = u; + v;. We have: w; = ﬁ:—éwl_l and therefore, w; = (I — 1)w,. Moreover, let
x; = u; —v;. We have: x; = ﬁxl_l. Since x, = 0, then x; = O for any [ > 3. Therefore,

w, = v; = (I - 1)log V2. Therefore, C1o(1,1) = Cyo(l - 1,1) = (V2)"'.

To show that C79(j, 1) < (V2)F forl—2 > J = 2, we proceed inductively on /. We know
that Cr9(1,2) = V2 and we suppose that Cro(j,/ — 1) < (V2)©"V for j = 2,..,1— 2. We

observe that:

. . 1--L i
D' ply < Cro(j, L = DIDgl, 7TID'B|}

Therefore,

C79(j + 17 l) < C79(j, [ - 1)(C79(1, l))% = C79(j, [ - 1)( \/E)l_j_l

By applying the induction assumption, we get:

Cr(j+1,D) < (\/§)<l—1)2+l—1 < (\/E)lz

Hence the proposition for y», y3 integers.

Now, we suppose that y, and y; are not integers.

If r, < r3, we have:

1=y, 145
ID”¢ly, <2ID"¢l, 2D ¢l

Moreover, by the interpolation inequality in the integer case, we have:

_r2+1 r+l

ID*ply < Cro(r3)lgly, " ID7 "




84

APPENDIX: OMITTED PROOFS

r

n
D" ¢lo < C79(’”3)|¢|0 n D¢l
Therefore, by proposition 8.3

Q+l

A ID”¢|

, rp+l

( 72)r3 72 3

(1=y)(-3 )+7§(1
D"y, < 2C79(r3)Id,

On the other hand, by proposition 8.5,

73

|D%b<ﬂD”%MWU%|

l+73

and we also have:

r3—1

1
ID" ' plo < Cro(r3)I¢l D" ¢,

Therefore,
|U%Q“”W<3wmnwimywﬂnw“*
Therefore,
, (B o
ID"¢lo <3 y3”(C79(r3)) "3”|¢IO ID3¢| (75)
Therefore,

-2 72
ID”¢ly, < Cro(ya)lgl, ™ ID%IQ
with Cr9(y3) < 32Cao(r3) < 203*D" if r3 > 2 and Cro(y3) < 203*D 1 jf py = 1.

Finally, if r, = r3 = r and y} < j, then

72 72

ID"¢ly, < 2ID"¢, E IDr¢|yg
By applying estimation (75), we still have:

Y2

IU%@<CMmeWD%W

with Cr9(y3) < 203D if r3 > 2 and Cro(y;) < 203+ if py = 1.

This completes the proof of proposition 7.3.
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8.3 Proof of lemma 7.6.

If y < 1, we prove the lemma directly. We prove lemma 7.6 for y > 1. This is necessary
to compute the constant. We write y = r + 7y’ with r integer and 0 < y" < 1. We need the
Faa-di-Bruno formula. We first recall this formula and a related property (lemma 8.6). After
that, we prove the lemma.

The Faa-di-Bruno formula states that for any integer # > 1 and functions f and g of class
c,

u

D*[f(g(x)] = > Df(g(x)B,.;(Dg(x), Dg(x), ... D“*Vg())

/=0

where B, ; are the Bell polynomials, given by:

u! X I le Xuji1 ly-j+1
B j(X1, X2, eoey Xy j1) = Zm(r) (2,) (m

The sum extends over all sequences [y, I», 5, ..., [, j.1 of non-negative integers such that:/; +

lhb+..=jand [} + 2l + 315 + ... = u. The cardinal of this set of sequences is less than

#(i1, oo i) /iy + i + .+ iy = [} = T30 (see page 80).

We obtain the estimation, for any x, and u > 1:

; 2
By (Dg0. DPg(0)..... Do) < =Rl (76)

We also need the lemma:

numbers, let a > max{layl; 1 <k <wu—j+ 1}, x >max{|lx] V1, 1 <k<u-j+1}. Suppose
x+a>1. Let B, j be a Bell polynomial. We have :

Lemma 8.6. Let u > 1 and u > j > 0 be integers. Let ay, ..., Qy_j+1, X1, ..., Xy—js1 be real

a(x + a)"

Cu)!
2

2
[B,,j(x1 + @i, .oy Xymj1 + Quji1) — By j(x1, oo Xy je) S 1t

Proof. Letu+1>p >1andl,...,I[, be integers. We have:

P
I Lol li i !
(x1+ap)h.. ()cp+ap)"—x1 Xy = E xll...xi’_{(x,-+ai) (xp+ap) —xl X (Xipr+aie) ™ (xptap)”

i=1

P

/ l ; L, I; I;

(x1 +ap)t..(x, + ap)l’ - x1 xp = E )c1 (i + Ay (X, +ap)t [(xl- +a;)’ — xi’]
i=1

o
(with the conventions x1 0 =1 and x” ! Xy =1).
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Since |(x; + @) — x| < Llal(x] + lai) ™" < La(x + @)™, [; < wand x + a > 1, we obtain:

|B,,j(x1 + @i, ..oy Xumju1 + Qu—j1) — By j(x1, oo, Xy jr)l L a(u — j+ DuB, j(x + a, ..., x + a)

The formula giving the Bell polynomials implies:

Buj(x+d,.sx+a) < (2;)! (x + )"
O
Forany 1 <u <r,
IDGW) < o+ DIDS Z Dyl

We estimate |D"(¢ o ¥)|,,. The Faa-di-Bruno formula applied to ¢ o ¢ gives:

D" [pp )] = D[] < D IDIg(w ()
j=0
1B,.; (D (x), ..., D" Vy(x)) = B (Dy(y), ..., D" Dy(y)) 1+

DI p((x)) = DIGWOIIB,j (DY ()., D" Dy(y)) |

Moreover, for 1 < j < r, |D/¢((x))| < ||D¢||,—1, and

IDIg((x)) = DI < 1D/l () =y < 1Dy 1Dyl 1x = 1

Estimation (76) gives:

, 2r!
B, (Dv), D, ... D" )| < S puir

We apply lemma 8.6: let x; = D'y(x) and a; = D'Y(y) — D'y(x). Let x = ||Dy||,_; and
a = Maxi<i<,—jv1 [D'Y(x) — D'Y(y)l. We have:

1B,; (Dy(x), ..., D" Vy(x)) = B (DY), ..., D" y(y)) |

(2r!)

<P @IDYI- | max | IDYC) = DY)

. . 2r! p
1B,y (DU, .. D5 y) = By (Dut, .. D)1 < P2 E Dyl v
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Therefore, we get:

20! , :
D (¢ 0 )l < DGl DY 1%@ + )72 + 1) < 1Dl IDYIL (2r)1)

8.4 [Estimates on some polynomials

Lemma 7.4 is used for some specific polynomials. There exist A;, B;, G, E], polynomials
of [ variables Xi, ..., X; homogeneous of weight [ if X; has weight i, such that, for / > 1, and
for any diffeomorphisms g and 4 sufficiently differentiable, we have [Yoc84, p. 337-338]:

Dlg = A, (D log Dg, ..., D' log Dg) Dg (77)
D2 Dl+l

D'log Dg = B, (—g, g) (78)
Dg Dg

For r > 0,

r—1

D" log D(goh) = (D" log Dgoh)(Dh) +D" log Dh+z D" log Dgoh(Dh)'G;(D1og Dh, ..., D' log Dh)
=1
(79)
Forr>0andn > 1,

r—1 n—-1

D’ log Dg" = Z Z(D’-l log Dg o ¢)(Dg)'E](Dlog Dg', ..., D'log Dg') ~ (80)
1=0 i=0

Lemma 7.4 uses the following estimate:

.....

Z |aji ..... j1| <@+ 1))4(l+1)

St kir=l

Proof. For example, if P = B, we have

D2 Dl+2 DZ Dl+1
B, (—g g) = DBI(—g g)
Dg Dg g

Since

D(Dug)_ Du+1g DugDZg

then
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!
0B,
B = ) (Xin — XiX1)) 7+

Let b = max|a;,__;|. We have: b, < 2I°b;. Thus b; < 2/((I — 1)!)*. Moreover, the sum

.....

ZZL. kjeel la;...;| has less than % terms. Hence the claim for P = B;. The computations
are analogous for the other polynomials (and analogous to the proof of lemma 6.4 in appendix

8.1).

O

To obtain lemma 7.4, we apply estimations (49) and (50) to each monomial of P, and we
apply this claim.
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Résumé

In this article, we show two related results on circle diffeomorphisms. The first result is on quasi-
reducibility : for a Baire-dense set of «, for any diffeomorphism f of rotation number e, it is possible to
accumulate R, with a sequence h,, fh', h, being a diffeomorphism. The second result is : for a Baire-
dense set of @, given two commuting diffeomorphisms f and g, such that f has « for rotation number,
it is possible to approach each of them by commuting diffeomorphisms f;, and g, that are differentiably
conjugated to rotations.

In particular, it implies that if @ is in this Baire-dense set, and if § is an irrational number such
that (@, 5) are not simultaneously Diophantine, then the set of commuting diffeomorphisms (f, g) with
singular conjugacy, and with rotation numbers (@, ) respectively, is C*-dense in the set of commuting
diffeomorphisms with rotation numbers (a, ).

Mots-clefs : systemes dynamiques, théorie ergodique, difféomorphismes du cercle, nombre de rotation,
méthode d’ Anosov-Katok, probleme de réalisation lisse.

9 Introduction

It is well-known that there are circle diffeomorphisms with Liouville rotation numbers
(i.e. non-Diophantine) that are not smoothly conjugated to rotations [Arn65, Her79, KH96,
Kat77b]. A natural question arises, namely, the problem of smooth quasi-reducibility: given
a smooth diffeomorphism f of rotation number «, is it possible to accumulate R, in the C*-
norm, with a sequence ;' fh,, h, being a smooth diffeomorphism? In this case, we say that
f is smoothly quasi-reducible to R,. Quasi-reducibility is a question that has been studied
by Herman [Her79, pp.93-99], who showed that for any C?-diffeomorphism f of irrational
rotation number , it is possible to accumulate R, in the C'**"-norm, with a sequence ;' fh,,
h, being a C>-diffeomorphism (i.e. &;'fh, — R, in the C'-norm, and the total variation of
D(h;' fh,—R,) converges towards zero). Quasi-reducibility is also related to a problem solved
by Yoccoz [Yoc95], who showed that it is possible to accumulate a smooth diffeomorphism f
in the C*-norm with a sequence h,R,h; ", h, being a smooth diffeomorphism. However, these
two problems are not the same, and the method used by Yoccoz does not directly yield our
result. In our case, we determine a Baire-dense set of rotation numbers @ such that for any
smooth diffeomorphism f of rotation number @, f is smoothly quasi-reducible.

Connected to the problem of quasi-reducibility is the following question, raised by Mather:
given two commuting C*-diffeomorphisms f and g, is it possible to approach each of them
in the C*-norm by commuting smooth diffeomorphisms that are smoothly conjugated to ro-
tations? In this paper, we determine a Baire-dense set of rotation numbers « such that if f
and g are commuting C*-diffeomorphisms, with f of rotation number «, then f and g are
accumulated in the C* norm by commuting C*-diffeomorphisms that are C*-conjugated to
a rotation. This result is related to a theorem of Fayad and Khanin [FK09a]. They showed
that if (@, @’) are simultaneously Diophantine (i.e. there is C; > 0, 8 > 0 such that for any
p,p €7Z,any g > 1, max(la—p/ql, |’ —p’/ql) > C4/q*™P. This set includes some pairs (@, )
with @ and o Liouvillean), and if f and g are commuting C*-diffeomorphisms, with f and g
of rotation numbers @ and o’ respectively, then f and g are smoothly linearizable. Fayad and
Khanin’s result implies our result of quasi-reducibility in the particular case when the rotation
numbers of f and g are simultaneously Diophantine. However, in general, our result is not
implied by theirs. Indeed, our result holds for a set (@, a’) that is Baire-dense in R? (because
a belongs to a Baire-dense set of R and @’ is arbitrary), whereas the set of simultaneously
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Diophantine numbers is not Baire-dense. !

Moreover, for Diophantine rotation numbers, which are of full Lebesgue measure, the
question of quasi-reducibility and Mather’s problem are trivial, because in this case, the dif-
feomorphism f is smoothly conjugated to a rotation. Therefore, these two questions remain
open for a meagre set of rotation numbers of zero Lebesgue measure.

In order to derive our results, we use estimates of the conjugacy to rotations of diffeomor-
phisms having rotation numbers of Diophantine constant type. These estimates were obtained
in the previous chapter.

The circle is denoted T!. For r € R, U{+o0}, we work in the universal cover D’'(T"), which
is the group of diffeomorphisms f of class C” of the real line such that f — Id is Z-periodic.
For « € R, we denote R, € D*(T") the map x — x + a.

Let f € D°(T') be a homeomorphism and x € R. The sequence ((f"(x) — x)/n),>; admits
a limit independent of x, denoted p(f). This limit is called the rotation number of f. This is a
real number invariant by conjugacy.

Theorem 9.1. There is a Baire-dense set A} C R such that for any f € D®(T") of rotation
number a € Ay, there is a sequence h, € D*(T") such that h,‘,1 fh, = R, in the C*-topology.

Theorem 9.2. There is a Baire-dense set A, C R such that for any f € D*(T") of rotation
number a € A, and any g of class C* with fg = gf, f and g are accumulated in the C*-
topology by commuting C*-diffeomorphisms that are C*-conjugated to rotations. Moreover,
if B is the rotation number of g, R, and Rg are accumulated in the C*-topology by commuting
C>-diffeomorphisms that are C*-conjugated to f and g.

Remark 9.3. The proof of theorem 9.1 also gives that h,R,h,' — f in the C*-topology if
a € A;. However, a stronger result was already proved by Yoccoz [ Yoc95].

Remark 9.4. The rotation number of g, can be kept equal to 3, by replacing g/ (0) with

g,(x,) — x, = B, for a suitable x,, in the definition of g,. On the other hand, the rotation
number of f, cannot be kept constant in general.

Remark 9.5. Combined with [FK09a, p. 965], theorem 9.2 implies that if @ € A,, and (a, 8)
are not simultaneously Diophantine, then S , g, the set of couples (f, g) of smooth commuting
circle diffeomorphisms with singular conjugacies to R, and Rj respectively, is C*-dense in
F,p, the set of couples (f,g) of smooth commuting circle diffeomorphisms with rotation
numbers « and S respectively.

1. The complementary in R? of simultaneously Diophantine numbers (noted S D¢) is Baire-dense. Indeed,
we have:

SD = MNieN* NpeN- Uan(Aq,k X Aq,k)

<1}
ql ¢’

Agk = {a € R /there is an integerp € Z, 'a _P

with:

A,k is open (and so is A, x X A, ), and for any integer n, Uy s, (A x X Ay x) is dense, because it contains all
pairs of rational numbers (if @ = pi/q1 and @’ = p2/q, then (a,@’) € (Ajg gk X Ajgigok) fOr any j k € IN).
Therefore, S D¢ is Baire-dense.
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Indeed, our result shows that O, g, the set of couples (f, g) of smooth commuting circle
diffeomorphisms with smooth conjugacies to R, and R respectively, is C*-dense in F,g.
Moreover, in [FK09a, p.965], for (@, 8) not simultaneously Diophantine, Fayad and Khanin
described the construction of a couple (f, g) of smooth commuting circle diffeomorphisms
with singular conjugacies to R, and Rg respectively. This construction relies on the method of
successive conjugacies, which can be made C*-dense in O, g [FK04].

Moreover, by slightly modifying [Her79, p.160, p.167], this implies that (O} p)°> the set
of couples (f,g) of smooth commuting circle diffeomorphisms with non-C' conjugacies to
rotations R, and Rg, is C*-generic in F, g. See appendix 13 for a short proof.

10 Preliminaries

10.1 Basic properties

When the rotation number « of f is irrational, and if f is of class C2, Denjoy showed that
f 1is topologically conjugated to R,. However, this conjugacy is not always differentiable. It
depends on the Diophantine properties of the rotation number «.

Leta =ap+ 1/(a; + 1/(a; + ...)) be the development of @ € R in continued fraction (see
[DKO02)). It is denoted a = [ay, ay,az,...). Let p , = g1 =0, p_1 =g, = 1. Forn > 0, we
define integers p, and g, by:

Pn = QuPu-1 + Pn-2

dn = Qnqn-1 + Gn-2.

We have ¢y = 1, g, > 1 for n > 1. The rationals p, /g, are called the convergents of a.
Remember that g,., > 2¢,, forn > —1.

For any real number 8 > 0, @« € R — Q is Diophantine of order 8 and constant C, (a set
denoted DC(C,4, B)) if there is a constant C; > 0 such that for any p/q € Q, we have:

2> G
q q2+ﬁ

Each of the following relations characterizes DC(Cy, ) (see e.g. [Yocl1, pp.50-51]):
1. @ = pu/qul > Ca/qr* for any n > 0

2. pyy < Cldqﬁ forany n > 0

3. Gn1 < Cldq,l,w foranyn > 0
4,

1
@ns1 > Caap™ for any n > 0.

DC(C4,0) is the set of irrational numbers of constant type C,;. The first derivative of
f € DY(T") is denoted Df.
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10.2 Some useful lemmas

For any n integer, let «,, = [ay, ...,an, 1, ...].

Let V, : N — R defined by: V,(n) = maxy<<, a;. Observe that o, € DC(1/V,(n),0). We
will need the lemma:

Lemma 10.1. Let a be an irrational number, g, its convergents and o, = |ay, ...,a,, 1, ...]. We

have:
| |< =< —4
a, —a| < < —.
q 2"

Proof. Let @, = lay,...,a,,0,...]. By induction, we can show that &, = p,/q,. Moreover,
@, is also the n™ convergent of «,. Therefore, by the best rational approximation theorem,
le = pu/qnl < 1/q% and |, — pp/qn| < 1/q>. Moreover, since g,.2 > gy, then g, > (V2)".

We need the lemma:

Lemma 10.2. Let ¢ : N — R, be such that p(n) —,_ 1 +00. Let
A ={a € R/V,(n) < ¢(n) for an infinity of n}.

Then A is Baire-dense.

Proof. First, we show that for any positive integers n and i,

A;, = {asuch thata; < ¢(n)} is open. Let u(x) = [x], v(x) = i and w(x) = v(x) — u(v(x)).
We have: a;.; = v(wk(x)) — w**1(x). Since v is continuous and u is upper semi-continuous
and non-negative, then w is lower semi-continuous. Moreover, w is non-negative. Therefore,

wk and w*! are also lower semi-continuous and non-negative. Since v is decreasing, then

v o wk — wk*! is upper semi-continuous. We conclude that A;,, is open.

Moreover, for any p > 0,
Uan miSl’l Ai,n

is dense. Indeed, since ¢(n) — +oo, then it contains all numbers of constant type, which are
dense. This set is also open and therefore,

A= msz Uan miSnAi,n

is Baire-dense.

10.3 Notations

— For any real numbers a and b, a V b denotes max(a, b).
— For ¢ a real Z-periodic C" function, 0 < r < 400, we define:

lI#ll, = max max |D’¢(x).
0O<j<r xeR
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Note that for f,g € D'(T'), f — g is Z-periodic, and for 1 < j < r, D/ f is Z-periodic.
For f € D'(T"), we also define:

IfIl, = max ||| f — idllo, max [|D’ flly] .
I<j<r

Note that the notation ||f||, is not a norm when f € D'(T"), since D’(T") is not a vector
space.

— In all the paper, C denotes a constant depending on u. W(f) denotes the total variation
of log Df, and S f denotes the Schwartzian derivative of f.

10.4 Estimates of the conjugacy

The following theorem gives an estimate of the linearization of a diffeomorphism having
a rotation numbers of Diophantine constant type. This estimate, obtained in the previous
chapter, is necessary to derive our results.

Theorem 10.3. Let [ > 3 be an integer and n > 0. Let f € D'(T') be of rotation number «,
such that a is of constant type C,. There exists a diffeomorphism h € D'='"1(T") conjugating
f to R,, and a function B of Cy, 1,1, W(f), ||S fll;—3, which satisfy the estimate:

1
max (m, ”h”l—l—n) < B(Cy, L, W), IS flli-3)- 1)

In particular, we remark that if f, is a sequence of diffeomorphisms of rotation number @,
if the sequences W(f,) and ||S f,|l;—3 are bounded (this will hold in our case, because we will
take f, = A, + f for a properly chosen A, € R), if V,(n) — +o0 and if 4, is the conjugacy to a
rotation associated with f;, then there is a real function E(V,(n)) such that, for n sufficiently
large, we have:

1
max (mm Dhn,”hn”l—l—n) < E(Vo(n)).
11 Quasi-Reducibility

Theorem 11.1. Let [ > 3 be an integer, f € D(T") be of rotation number o € T'. Letn > 0
be a real number. There exists a numerical sequence F(n), going to +co as n — +oo, such

that, if

Vo(n)
F(n)

lim inf
then there is a sequence h, of class C™\™" such that h;,' fh, — R, in the C""*-topology.

By applying lemma 10.2, we obtain the corollary:
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Corollary 11.2. There is a Baire-dense set A, C R such that if | > 3 is an integer, f € D'(T")
of rotation number o € A, and > 0, then f is C>"-quasi-reducible: there is a sequence
h, € D™71(TY) such that h' fh, — R, in the C'=>-topology.

The idea of the proof of theorem 11.1 is the following. We observe that for any sequence
¢(n) — +oo, the set of numbers « such that for an infinity of n,
SUp.., Ak < ¢(n), is Baire-dense (lemma 10.2).

The truncated sequence of constant type numbers «,, = [ay, ..., a,, 1, ...] converges towards
a at a controlled speed: |@ — @,| < 4/2" (lemma 10.1).

Following an idea of Herman [Her79], we perturbate f to R, f = f+4, of rotation number
a,, which is linearizable by a conjugacy 4, (lemma 11.3). By writing:

I fh, — Ry = b, fhy, —h.'Ry fh, + R, — R,

and by applying the Faa-di-Bruno formula, we obtain a control of the norm of 4" fh, — R,
in function of the norm of 4, and in function of |& — @,| (lemma 11.4). Moreover, we have an
estimate of the norm of 4, in function of sup,_, ay.

Thus, if we choose the speed of growth of the sequence sup,_, a; sufficiently small with
respect to the speed of convergence of a, towards a, then ;! fh, converges towards R,, and
f 1s quasi-reducible.

Proof of theorem 9.1. We let n = [/3 in corollary 11.2. Since f is smooth, then there is a
sequence ()0 € D™(T!) such that, for any integer [ > 3 fixed,

”h;}fhnl - Rfl”Z(é—l) 5400 0.

In particular, there is n(/) such that:

_ 1
”hn(ll),lfhn(l),l - Ra”z(é_l) < 7

Let by = h,q,. Let € > 0, and let kK > 0 be an integer. There is [, > O such that for any
[> 1y, wehave: e > 1/, k < 2(% - 1) and:

<e

~| —

Wi £y = Rlle < Wi £y = Rallogs 1y <

Therefore, ii;' fh) =1 R, in the C*-topology, for any k, and therefore, this convergence
holds in the C*-topology.

O

11.1 The one-parameter family R, f

To prove theorem 11.1, we need to consider the one-parameter family R,f = f + A (see
[Her79, p.31]). We have the lemma:
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Lemma 11.3. Let [ > 3 be an integer, f € D(T'), 0 < n <1-3, @ = p(f). Let & be an
irrational number of constant type. There exists Ay € R and a C'='""-diffeomorphism h such
that h‘lR,lofh = R;. Moreover,

A
Wl 15—z ol
min Dh [|1DAlo

Proof. Let u(1) = p(R,f). u is continuous, non-decreasing and u(R) = R (see [Her79, p.
31]). Therefore, there exists Ay € R such that & = p(R,,f). Since @ is of constant type, there
exists a C'~!""-diffeomorphism A such that 7~'R,, fh = R; and that satisfies estimate (81) of
theorem 10.3. By the mean value theorem, for any x, there is c¢(x) such that:

@+ x —h™ fh(x) = Ra(x) = h™' fh(x) = h™ Ry, fh(x) = b~ fh(x) = D(h™")(c(x)) o

By integrating this equation on an invariant measure of h~! fh, we get lemma 11.3. Note
that since h € D'(T"), then Dh(x) > 0 for any x, and min Dh > 0.

11.2 The speed of approximation of R,

The proof of theorem 11.1 is also based on the lemma:

Lemma 11.4. Let [ > 3 be an integer, f € D/(T'), 0 < n < 1-3, @ = p(f). Let & be an
irrational number of constant type, and let 1y € R and h the C"='""-diffeomorphism be given
by lemma 11.3. Recall that C denotes a constant that only depends onu, 0 <u <[1-2—-n.
We have the estimate:

1
' fh =R, < CIAICIANC, , ————|@ — a.
=" f I I 1T ll““(minDh)C'a a|

Before proving lemma 11.4, we show how theorem 11.1 is derived from it.

Proof of theorem 11.1. If « is of constant type, then f is reducible and there is nothing to
prove. Therefore, we can suppose that V,(n) —,_,. +0o. By applying theorem 10.3, there
exists a real function F strictly increasing with V,(n), such that for «,, and for its associated
diffeomorphism /4, given by lemma 11.3, we have, for n sufficiently large:

7" fhy = Ralli-a—y < exp (F (Va(n))) ey — .

Let F(n) = F~'(n'/?). By extracting, we can suppose that lim‘;i'(—;")) = 0. Therefore,
V.(n) < F (n) for n sufficiently large and therefore,

F (V,(n)) < n'/?

We get, for n sufficiently large,
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nlog?2

1 _
W, fhy — Rollico—y < €% =40 0.

Hence theorem 11.1.

Now, we show lemma 11.4:

Proof of lemma 11.4. We need the Faa-di-Bruno formula (see e.g. [Cra05]):

Lemma 11.5. For every integer u > 0 and functions ¢ and  of class C*, we have:
D [¢px)] = Y DIg(x)B.,; (Du(x), Dy(x), ..., D“*Dy(x)).
=0

The B, ; are the Bell polynomials, defined by B,y = 1 and, for j > 1:

B I/l! 'xl L xz b xu—j+l lu—j+1
B”’j(xl’xz""’x”_j”)_Z11!12!~- I v(ﬂ) (5) “Nw—j+n)

“lu—j+1-

The sum extends over all sequences 1y, 1,1, ..., l,_ .1 of non-negative integers such that:l; +
12+... :jandh +212+3l3+... = Uu.

Therefore, for any x, we have the estimate:

Bu (DY), D), ..., D" Vy(w)| < C(1 v wl]) (82)

Combining this estimate with lemma 11.5, we obtain the corollary:

Corollary 11.6. For every integer u > 0 and functions ¢ and  of class C*, we have:

I o yll. < Cmax 106 o yllo (1 v [luly) -

We apply this corollary to estimate ||A~!||,. We let ¢(x) = 1/x and y = Dho h!. We

observe that D(h™!) = Dh:h‘l = ¢ o . Since there is x( such that Dh(xy) = 1, then ||Dhl|y > 1

(and we also have 1 > min Dh > 0). Therefore, we get:

1
ID(Rl, < € max — Do k'S
0<jsu || (Dh o h=Y* |l

By corollary 11.6, we also have:

\Dh o k™|, < C||\DA| IR~ YE.

By combining these two estimates, we get:
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DM, < C IDAISIAE.

(min Dh)¢

We iterate this estimate to estimate ||h~'||,, for u > 1. We get:

1
1A sy < lelhllf+lllh_]llf : (83)

Now, we estimate the C*-distance of 4~! fh to R,. Let &, Ao be as in lemma 11.3. We have:

W'fh—Ry,=h"'fh—h'Ry fh+Rs —R,.

Therefore,

IR~ fl = Rollu < 1A~ fh = h™' Ry, fhll, + 1@ — . (84)

On the other hand, by the Faa-di-Bruno formula, we have:

D*|h™' fh— bRy, fh] (x) = Z B..j(D(fh)(x), ... D" (fh)(x))

Jj=0

| D) = DIET(FR(x) + o)

Since |D/(h~")(fh(x)) — D/(h™")(fh(x) + Ap)| < D1 (h~1)]lol |, then by applying estimate
(82), we get:

1K™ fh =B~ Ry, fhll, < CILf o Al IR st Aol

By applying corollary 11.6, we get:

Ih~! fh= 'Ry fhll, < CUAI IR IR lisi ] o).

By applying (83), we obtain:

1
-1 -1 C C C -1C 5,
1" fh = h™ Ry fhll. < ClFN AL Wllhllmllh IIy1& — alllDAllo

_ _ & — af
W' fh— 'Ry, £h|l, < CIFICIAIC, | ———.
A= f 1Al < CIAI AL, (oin DIC
By estimate (84), we obtain:
1 .
1A~ fh = Ryll, < CIFICIAIC,, Wla - al. (85)

Hence lemma 11 .4.
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12 Application to commuting diffeomorphisms

Theorem 12.1. There exists a numerical sequence G(n), going to +o0 as n — +oo, such that,
for any | > 3 an integer, f € D'(T") of rotation number « € R, n > 0 and g of class C' such

that fg = gf, if

Va(n)

lim inf =
G(n)

then there exists two sequences of diffeomorphisms f, and g, that are C'='""-conjugated
to rotations, such that f,g, = g.f,, and with f,, and g, converging respectively towards f and
g in the C'"™*-norm. Moreover, if B is the rotation number of g, R, and Ry are accumulated
in the C'=>""-norm by commuting diffeomorphisms f., g, that are C'~'"-conjugated to f and
g respectively.

Corollary 12.2. There is a Baire-dense set A, C R such that if | > 3 is an integer;, f € D'(T")
has a rotation number « € A,, g is of class C! such that fg = gf and n € R,, then there exists
two sequences of diffeomorphisms f, and g, that are C"=~'""-conjugated to rotations, such that
fu8n = gnf, and with f, and g, converging respectively towards f and g in the C'=>"-norm.
Moreover; if B is the rotation number of g, R, and Rg are accumulated in the C'~>""-norm by
commuting diffeomorphisms f, g, that are C"~'-conjugated to f and g respectively.

We derive theorem 9.2 from corollary 12.2 by following the same argument as in the proof
of theorem 9.1.

12.1 The speed of approximation of g by a linearizable and commuting
diffeomorphism

To prove theorem 12.1, we consider (4,),>0, the sequence of conjugating diffeomorphisms
constructed in the proof of theorem 11.1, (4,),s0 the associated sequence of real numbers
such that f, = Ry, f = h,R,,h,'. We also consider g, = h,'gh, and g, = h,Ryh,'. The
diffeomorphisms f, and g, commute, and f, — f in the C"~>""-norm. To prove theorem 12.1,
it suffices to show that g, — g and g, — Rj in the C'~>"7-norm. These convergences are based

on the lemma (there is an analogous lemma for showing g, — Rp):

Lemma 12.3. Let | > 3 be an integer, f € D'(T") of rotation number « € R, 7 > 0, 0 < u <
-2 -n, and g € D(T") be such that fg = gf. Let (q,)0 be the sequence of denominators
of the convergents of @, and let r > 0 be an integer. Let & be an irrational number of constant
type, Ay € R the associated number and h the associated C'='™" diffeomorphism given by
lemma 11.3. Let f’ = h™' fhand g = h™'gh. We have the estimate:

- L
llg = hRgoyh™" Nl < Clihll, 1111 g, (q— +la - al(

r

(CllAN 1 Il A1)
(min Dh)€ '

To show this lemma, the basic idea is the following: we approach modulo 1 points x € R
by p(x)a mod 1, where p(x) < g, is an integer, and where the integer r will be fixed later.
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We have a control of |x — p(x)a| mod 1 in function of g,. Then, by using the assumption of
commutation g’ f? = fPg’, we can write:

g ()=Ry0)(x) = §(x)—g (pa)+& (pa)—g f () + £ 78" (0) = R pa(8'(0)) + Ry (0)(P@) — Ry 0y ().

We use the distance of f7 to R, which depends on ¢, and the norm of f —R,. This
distance has been estimated in the proof of the result of quasi-reductibility. We also use C*
analogues, k > 2, of the mean value theorem, obtained with the Faa-di-Bruno formula. This
allows to estimate the norm of g — hRyyh~" in function of the norm of g’ — Ry(g).

To obtain theorem 12.1 from lemma 12.3, we take & = «,,, and we consider the associated
sequences fy, &u. f,,» &, hn. The integer g, must be chosen sufficiently large with respect to the
conjugacy h,, so that |x — pa| mod 1 is sufficiently small. However, this integer ¢, must not be
too large, to keep the norm of f,;” — R, sufficiently small. This integer g, is controlled with
Sup,., ax, which itself controls the norm of 4,. Thus, it suffices to properly choose the integer
r in function of n, in order to obtain the convergence of g, towards g.

Proof of theorem 12.1. Assuming lemma 12.3, we show theorem 12.1.

Let @ = a, and h,, be the associated diffeomorphism given by lemma 11.3. Since V,(n) —
+00, by applying the estimate for the conjugacy #,, there exists G(x) strictly increasing with
x such that, for n sufficiently large:

1 C6Walna,

-1 CG(Vy
g — huRg oty 12—y < eSOV — 4 .
qr 2

Moreover, since g, = a,g,-1 + ¢n—2, and g,_» < g,_1, then

n
(V2 < g < | J@+ D). (86)
k=1
Therefore, we get:
~ 1 ~ ~ r
g = MRyl Nliaoy < eCOVAMI=30=DI0g2 | (COVAMI+COVam)Va(r)+1Y -nlog2 (g7

Let G(n) = G~ '((logn)'/?). By extracting in the sequence V,(n)/G(n), we can suppose
that:

Vo)
G

Therefore, for n sufficiently large, we have:

G(V,(n)) < (logn)'/?.

Moreover, for n sufficiently large, we can take an integer r,, such that:
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(logn)** < r, < (logn)"’8.

We get:

15/16
(Va/(rn) + l)rn — ern log(var(rn)"'l) S e(logn)

The first term in estimate (87) tends towards 0. Moreover, since,for n sufficiently large,
s n
(log n)!2eloem™ < 7 log2

then the second term also tends towards 0. Hence the first part of theorem 12.1.

In order to obtain the second part of theorem 12.1, by estimation (94) it suffices to show
that g, — Rg. We already have that g, — R, o) — 0, so it suffices to show that Rz — R, o) — O,
i.e. that g/(0) — .

Let € > 0. Since g, — Ry o) — 0, there exists ng such that for any n > ng, for any x € R,
lgn(x) — x — g,(0)] < €
Letxg e R, x; = g;f(xo) and p € N. We have:
p-1
D lgi(x) = xi = g,(0)] < pe
i=0

gnp(-x()) — X0

| -g,(0)<e

By taking p — +o0, and since the rotation number of g/, is 8, we obtain:

IB-g,(0)<e

Therefore, g,,(0) — B.

12.2 Higher-order analogous of the mean value theorem

Proof of lemma 12.3. We need two higher-order analogous of the mean value theorem. The
first one is a direct application of corollary 11.6:

Lemma 124. Letu > 0, 5, € D'(T"). Let 6 € R. We have:

llst = Rstllu < Clls — Rllullell;,-
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Proof. We apply corollary 11.6 with ® = s — R; and ¢ = ¢. Moreover, since t € D"(T), then
t(x + 1) = t(x) + 1, and there is x, such that Dt(x,) = 1, which implies |||} > 1 (with the
convention ||t||8 = 1 if t(x) = x for any x). We get lemma 12.4.

The second higher-order analogous of the mean value theorem is:

Lemma 12.5. Letu > 0, s € D**'(T"), t € DY(T"), § € R. We have:

lIst = sRsllu < Cllsllisll2llgl1 = Rl

Observe the presence of the term ||¢]|,, which is absent in the mean value formula. This
presence is because of an estimate on the Bell polynomial, in the Faa-di-Bruno formula. How-
ever, this estimate is not optimal.

Proof. If u = 0, the estimate holds, by the mean value formula. We suppose u > 1. We use
the following lemma:

Lemma 12.6. Let u > 1, j < u be integers and ay, ..., Qy—ji1, X1, ..o, Xy—jr1 = 0. Let x >

max{lx| V1; 1 <k<u-j+1}andleta > max{lail; 1 <k <u- j+1}. Let B, j be a Bell
polynomial. We have:

1By j(X1 + @1y oy Xumji1 + Qu—ji1) — By j(X1, o0y Xy ji)| < Calx + a)".

Proof. Let p > 1and [y, ..., 1, be integers. Then we have:

P
e I noo I !
(x1+a))".. (xp+ap)”—x1 xp = Z ~x (xitay) ...(xp+ap)P—xll X (X tai) ™ (xptap)”
i=1
l P
I I , 1, lis I i
(v1 + @) + @) = Xy = ) XX Gt + @) + @) O+ ) - K]
i=1
. . I
(with the conventions xll‘ =1 and x[f;'l Xy =1).

Since x+a > 1 (because x > 1), and since (x; +a)" = x! < llai(x| +la;)'" < La(x+a)",
1 <I; < u, we obtain, by taking p = u — j + 1:

|By,j(x1 + @y, ooy Xy ji1 + Qu—jir) — By j(x1, ooy Xy je)l <L au — j+ DuB, j(x + a, ..., x + a).

By the formula giving the Bell polynomials, we have:

B,j(x+a,..,x+a) <C(x+a).
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To show lemma 12.5, For any 0 < v < u, we write:

D' (st)(x)—D"(sRs)(x) = Z DIs(t(x) | B..; (DHx), ... D"7*'1(x)) = B, ; (DRs(x), .... D" Ry(x)) | +
j=0

| Ds(t(x)) — D/ s(Rs(x))| By, (DRs(x). ..., D"/ Rs(x))..

We apply lemma 12.6 with a = ||t — Rs||, and x = ||R;]|, = 1 (because DRs = 1).

By (DHY), ., D*11()) = By (DRy(), s D' Ry()| < Cllt = Rollu(1 + It = Roll)*

Since t € D*(T"), then #(x + 1) — #(x) = 1, and there exists x, such that Dt(x;) = 1, and
l|l#]] > 1 (with the convention ||t||8 = 1l if t(x) = x for any x). We get:

By (D), s D 12)) = By (DRy(x), ..o D' Ry ()| < Cllt=Ryllu@+t)" < Clie=RolL I

O

12.3 Successive estimates

To prove lemma 12.3, we also need these successive estimates:

Lemma 12.7. Let | > 3 be an integer, f € D'(T") of rotation number « € R, 7> 0, 0 < u <
-2 —-n, and g € D(T") be such that fg = gf. Let (q,)0 be the sequence of denominators
of the convergents of a. Let & be an irrational number of constant type, Ay € R the associated
number and h the associated C'~'" diffeomorphism given by lemma 11.3. Let f' = h™' fh and
g’ = h™'gh. We have the estimates:

1
Ay =107 < ClA|IS ———— 88
1 = 17| lIAll, (min Dh)C (88)
Ass = 11l < CALAICIAIC (89)
Az, (m) = |If"l, < C"ASS (90)
Asy =" = Rallu < ClIAIE, I IIC;F— | oD
4u — f allu = u+l f u (mmDh)C a—a

Asu(m) = [If™ = Ruall. < mCA4,AS, max As .1 (k) 92)
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Asu = 118"l < CALgIIS 1Al 93)

and for any integer r > 0, we have:

, Agur1 +1 c c
Az =1l = Reoll < =—— + max (As,1AS, (m)As.(m) + AG, As.(m))  (94)

qr m=<2qy
AS,u = ”g,h_l - Rah_lllu < CA7,I4A€M (95)
Ao, = lhg'h™" = ARy oy Il < CliglIS As wAS JIAllis1- (96)

The crucial estimate is (94), which is obtained by approaching modulo 1 each x € R by
a m(x)a, with m(x) < g,. If g, increases, x — m(x)a is smaller modulo 1, but the bound on
Az, (m(x)) and As ,(m(x)) increases. In the proof of theorem 12.1, we make a proper choice of
r (and g,).

Estimate (91) corresponds to estimate (85) of the proof of the result of quasi-reducibility.

The other estimates, namely, estimates (88),(89),(90), (92),(93), (95) and (96) are derived
from applications of the Faa-di-Bruno formula: either corollary 11.6, lemma 12.4 or lemma
12.5.

Proof of lemma 12.7. For A, ,, by estimate (83), we have:

h ! u S C h .

For A,,, by applying corollary 11.6 twice, we have,

1l < CALIANCIAIC .

Hence estimate (89).

For A;,, by applying corollary 11.6 again, we have, for any m,

1 C
I M < CUF™ LI

and therefore, by iteration, we get:

C
e < C™ILF R

Hence (90).
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Estimate (91) is a direct application of estimate (85).

For estimate (92), we observe that forany 0 < v < u:

m—1

DVf/m _ Dva(z — Dv Z f’m_kRk(z _ f’m_k_lR(kH)a
k=0

m—1
va,m _D'R,, = Z D’ (f/m—k—lf/) Ry — D’ (f/m—k—lRa) R
k=0

By applying lemma 12.5, and by noting that for any k&, ||/ !|,+1 < maxo<t<mot If " |lus1
we get:

C k
™ = Rualle < mClUf Ny max [1fluerllf” = Relle

<k<m-—1

Hence (92).

For Ag,, estimate (93) is the same as (89):

g’k < CllA~ LIl A -

Hence (93).

For A7,,letm > 0and u > v > 1. For any x, D"R,(x) = fol DYg’'(y) dy. Therefore,

ID"8"(x) = D'Ro(x)| =

1
D'g'(x) - f D'g'(y) a’y‘ =
0

1
fo (D"g'(x) = D'g'(y)) dy

< max [D'g'(x) ~ D'g' ().
x,y€[0,1]

On the other hand, we have:

D’g'(x) = D'g'(y) = D'g'(x) = D"g'(y + ma) + D¢ (R,,o(y)) — D'(g' f™(y)) +
D'(f"g'(y)) = D"g'(y).
Moreover, we have:
ID"g'(x) — D"g’(y + ma)| < [D**'g’|olx — y — mal.

By lemma 12.5, we also have:
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|Dvg’(Rmoz(y)) - Dv(g,f,m(y))l < C”g,”u+l||f,m”5||f,m - Rm(z”u-

Finally, by lemma 12.4, we have:

ID"(f"8' () = D' (Ruag 0| < CIF™ = Rallulg’ll; -

Since R,,,g'(y) = g'(y) + ma, and v > 1, then D"(R,,,&’(y)) = D"g’(y). Therefore, we also
have:

ID"(f"g' () = D'g M) < ClIf"™ = Ryallullg'Il; -

By combining these estimates, we obtain:

ID"g'(x) = D"g' )| < 118 llus11x =y = ma] + Clig'llueallf ™SI = Runellu +
C”f,m - Rma”u”g,llg

Moreover, for any r > 0, any x,y € R, there is an integer m(x,y) < 2g,, there are real
numbers x’,y" such that x’ — x € Z, y' — y € Z and such that |x" —y" — m(x, y)a| < 1/g,. Since
v > 1, then |D'g'(x) — D"g’(y)| = |[Dg'(x") — D'g’(y")|. We apply the former estimate with x’
and y” and we get:

A6,u+1 + 1

max ||D"g’" — DVRgI(O)”O <

1<v<u

+ Max (Ag,1AS, (MAs(m) + A As.(m)).
m<2q, ’ ’

r

If v = 0, we note that for any » > 0, any x € R, there is an integer m(x) < g, and a real
number x" € R such that x’ — x € Z, and such that |x" — m(x)a| < 1/q,. Moreover, we have:

8 (x) = Ry0)(x) = g'(x") = Ry 0)(x’), and

g (X)-Ry)(x') = g (X)—g (ma)+g (ma)—g £ " (0)+ £ "' (0)—Ria (g’ (0))+Ry0)(ma)— R 0)(X').
Hence estimate (94).

For Ag,, estimate (95) follows immediately from lemma 12.4.

For Ay, let x € R. Let 0 < v < u. By the Faa-di-Bruno formula:
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D’ (hg'h_l) (x) - D" (hRg'w)h_l) (x) =

> DIk (x)B,; (D (gh7) (), ... D (07 () =

J=0

DIh(g'h™ (x))B,.; (D (Re0h™") (x), ... D" (Ryo)h ™' ()

= > DIhgh™ ()

Jj=0
B (D(g'h") (®),... D" (g7 (%)) = B (D (Reh ™) (1), oo D! (Ryh™ ()| -
|D'hRyoh™ (%)) = DIh(g'h™ (x))| B..; (D (g(o)h N, D" (Ryh ™ (1))

Since |||, > 1, then lemma 12.6 gives,

B,;(D(¢h™") (%), . D" (¢'h7' (%)) = By (D (Ryh™) (), ... D" (Rgf(o)h_l(x)))‘ <
Clig'h "I Ig'h™" = Ryoh™ Il

Since g'h™' = h™'g and [l "gll, < ClIA™"[lllglly, we get,

D' (hg' ™) (x) = D" (R ™) (0] <
CligliS AL IS R = Ryoyh™ 1l + CliAllusillg’h™ = Ryoyh™ ullA IS

Hence estimate (96). This completes the proof of lemma 12.7.

O
By combining these estimates, we obtain:
1
Ao < CAS, IRIIC,, liglIS, ( + max (A§u<m>A5,u(m>))
q, m=<2q,
| (Cl1Allr 1 f 1)
Ao, < C|IH|I¢ el [— + |a - .
9, {2 b A o Y 7 la — af (min Dh)C
Hence lemma 12.3. Notice the loss of one derivative for A.
O

13 Appendix: proof of the C*-genericity of (Oéﬁ)c in Fop

To show that (O(Lﬁ)c is C*-generic in F, g, we slightly modify [Her79, p.160, p.167]. Let
H: F,z — R, U{+oo} be defined by H(f, g) = sup,..,([Df"llo, IDg"|lo)-
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The map H is lower semi-continuous, because it is an upper bound of a family of contin-
uous maps. Therefore, {(f, g) € F,4lH(f,g) > n}is open, and

H™'(+00) = Ns1{(f,8) € Fo,plH(f,g) > n}is a Gs-set (i.e. a countable intersection of
open sets).

By [Her79, p.52], (Oé’ﬁ)" = H !(+00) (f and g are not C'-conjugated to a rotation if and
only if H(f, g) = +c0). By the first part of remark 9.5, S, 5 C (O}, ,) is C*-dense. Since C'-
open sets are C*-open (if ¢,, does not converge to ¢ in the C! norm, then ¢, does not converge
to ¢ in the C* norm), we conclude that (OLﬁ)" is C*-generic in F,g.
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Let M be a smooth compact connected manifold of dimension greater than two, on which
there exists an effective smooth circle action preserving a positive smooth volume. For ex-
ample, in dimension 2, M can be the annulus [0, 1] X T, the torus T2, the sphere $2, the real
projective plane RP? or the Klein bottle K2. In this chapter, we construct volume-preserving
diffeomorphisms on M that are metrically isomorphic to ergodic translations on the torus,
where one given coordinate of the translation is an arbitrary Liouville number. To obtain
this result, we determine sufficient conditions on translation vectors of the torus that allow to
explicitly construct the sequence of successive conjugacies in Anosov-Katok’s method, with
suitable estimates of their norm. To visualize the construction, we include numerous graphics.

14 Introduction

In this paper, we construct non-standard smooth realizations of some ergodic translations
on the torus, translations with one arbitrary Liouville coordinate. A smooth realization of an
abstract system (X, T,v) is a triplet (M, f, ), where M is a smooth compact manifold, u a
smooth measure on M and f a smooth u-preserving diffeomorphism of M, such that (M, f, u)
is metrically isomorphic to (X, 7, v). Moreover, a smooth realization is non-standard if M and
X are not diffeomorphic.

In their 1969 seminal paper, Anosov and Katok [AK70] constructed ergodic rotations on
the circle that admit non-standard smooth realizations. Fayad et al. [FSWO07] showed that
all Liouvillean rotations of the circle admit non-standard smooth realizations. [FS05] also
enriched the original work of [AK70]. In their paper [AK70], Anosov and Katok also con-
structed ergodic translations on the torus T”, & > 2, that admit non-standard smooth realiza-
tions. In this paper, we show the following result: for any Liouville number S, the ergodic
translation on the torus T” of vector (B, ..., By,_1,8) admits a non-standard smooth realization,
where the §;,i = 1,...,h — 1 are chosen in a dense set of T"1. More precisely, we show the
following theorem:

Theorem 14.1. Let B € T be a Liouville number, h > 2 a positive integer. Let M be a
smooth compact connected manifold of dimension d > 2, on which there exists an effective
smooth circle action S, preserving a positive smooth measure u. There exists a dense set
EB,d) c T" " such that for any (Bi, .., n-1) € E(B,d), there is T € Diff*(M, ;1) metrically
isomorphic to the ergodic translation of vector (B, ..., Bn-1,5).

To obtain this result, we explicitly construct the sequence of successive conjugacies in
Anosov-Katok’s periodic approximation method, with suitable estimates of their norm. More-
over, to obtain this result, we need to suitably relax one of Anosov-Katok’s original assump-
tions.

14.1 Definitions

An irrational number S is Liouville if, for any k > 0, there is a sequence of integers
gn — +co such that g% inf,ez|g,8 — p| — 0. Liouville numbers are the complementary
of Diophantine numbers in the set of irrational numbers. Let T" = R"/Z" denote the h-
dimensional torus and u;, the Haar measure on T". Let Diff*(M, u) be the class of smooth
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diffeomorphisms of M preserving a smooth measure u. For B € Dift™(M,u) and j € Z7, let
D'B be the j” derivative of B if j > 0, and the —j™ derivative of B~! if j < 0. For x € M, let
|D’B(x)| be the norm of D’B(x) at x. We denote ||B|; = maxo«j<x maxyepy | D’ B(x)|.

A finite measurable partition & of a measured manifold (N, v) is the equivalence class of a
finite set & of disjoint measurable subsets of N whose union is N, modulo sets of y-measure
zero. In most of this paper, we do not distinguish a partition & with its equivalent class &
modulo sets of v-measure zero. In these cases, both are denoted £&. Moreover, all partitions
considered in this paper are representatives of a finite measurable partition.

Let & = {cy,....cq} and & = {c], ..., Cl'f’l} be finite measurable partitions of the same size.
Their distance is defined by: ‘

5]
d¢&)= inf > v(ciAdy)

cePermqe) 4

where Perm(|£[) denotes the group of permutations of {1, ..., |£]}.

A partition &’ is subordinate to a partition £ if any element of £ is a union of elements of &',
modulo sets of v-measure zero. In this case, if B(£) denotes the completed algebra generated
by &, then B(¢) C B(£'). The inclusion map i : B(¢) — B(£') will be denoted &€ — &’. This
notation also means that &’ is subordinate to £. A sequence of partitions &, is monotonic if
for any n, &, — &,.1. These definitions and properties are independent of the choice of the
representatives & and &’ of the equivalence classes £ and &'.

A measure-preserving bijective bimeasurable map T : (M, u1,81) — (M), 1, B,) in-
duces an isomorphism of measure algebras, still denoted T : (u;, By) — (U2, B»). If £1,&
are partitions, and if 8; = B(£)) and B, = B(&), we denote T @ & — &, this induced
isomorphism of measure algebras. If M; = M,, u; = u, and B, = B,, then T is a measure-
preserving transformation. Its induced isomorphism is an automorphism (see [Hal56, p.43]
and [Wei72)).

A metric isomorphism of measure preserving transformations 7; : (My,u;,81) —
(My,11,81), Ty : (M, uz,B,) — (Ms, 1, B>) is a measure-preserving bijective bimeasur-
able map L : (My,uy,81) — (M>, us, B,) such that LT, = T,L a.e. For convenience, when
the measure is the Lebesgue measure and the algebra is the Borelian algebra, we omit to men-
tion the measures and algebras, and we simply say that L : (M,,T;) — (M, T,) is a metric
isomorphism.

Let & be a measurable partition and & a representative of this equivalent class modulo sets
of y-measure zero. For x € M, we denote £(x) the element of the partition & such that x € &(x).
A sequences of partitions &, of measurable sets generates if there is a set of full measure F
such that for any x € F,

(= F( )&

n>1

This property of generation is independent of the choice of the representatives &, of the
equivalent class &, and therefore, we will say that the sequence of measurable partitions &,
generates. Let M/& denote the equivalent class of the algebra generated by &, modulo sets of u-
measure zero. M/€ is independent of the choice of the representative £ of the equivalent class
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E If T : M; — M, is a measure preserving map such that 7(&) = & u-almost everywhere,
we can define a quotient map: T/&, : M/& — M/é&,.

An effective action of a group G on M is an action such that there is a set of full measure
F C M such that for any x € F, there is g € G such that gx # x. When M = [0,1]¢"!' x T', we
consider the periodic flow S, defined by:

S0, 117" xT = 1[0,1]%!' xT'
(x,8) > (xrt+s modl)
For a,b € T', let [a, b[ be the positively oriented circular sector between a and b, with a

included and b excluded.

The diameter diam(I') of a domainI" C M is defined by: diam(I') = max,,er d(x,y), where
d(x,y) is the distance between x and y.

Leth>2andy = (yi,...,y,) € Z", with y;,i = 1,..., h relatively prime. Let {T"} a
periodic flow on T”. This flow has a fundamental domain I' ¢ T"~! x {0}. The boundary of I
is of dimension s — 2.

For example, when & = 2, there is a fundamental domain of the flow {77}, that is a
segment line of length 1/, (this can be seen using the Bezout identity for (y;,7v,)). Remark
that the O0-volume of its boundary is equal to 2 (the 0-volume of a set of points is its cardinal).

Finally, a sequence T, of u-preserving maps weakly converges to T if, for any measurable
set E, u(T,EATE) — 0, where AAB = (A — B)U (B - A).

14.2 Basic steps of the proof

The metric isomorphism of theorem 14.1 is obtained as the limit of isomorphisms of finite
algebras: indeed, we use the lemma [AK70, p.18]:

Lemma 14.2. Let M, and M, be Lebesgue spaces and let &Y (i = 1,2) be monotonic and
generating sequences of finite measurable partitions of M,. Let T be automorphisms of
M; such that T,(,i)gf,i) =& and T - TY in the weak topology. Suppose there are metric
isomorphisms L, : M, /5,2” - M, /f,(f) such that

LnT(l)/ér(l) — T(Z)/é:(z)Ln
and

1 2
L&Y =&Y

then (M, Ty) and (M,, T,) are metrically isomorphic.

Said otherwise, if we have generating sequences of partitions and sequences of automor-
phisms T weakly converging towards T, and if. for any integer n, the following diagram
commutes:
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T ( f(l) 5(2) N o
- J

1

5(1) L .2

n+l1 n+l

then (M, T,) and (M,, T,) are metrically isomorphic.

The proof of theorem 14.1 is in two steps. In the first step (lemma 14.3), we determine

. " Pn () . . .
sufficient conditions on a sequence (TZ,,V )nso Of periodic translations of T” such that there
exists sequences of finite partitions and automorphisms satisfying the assumptions of lemma
pn . (n)

14.2 with M; = T", M, = M and T(l) T T(z) T,, where T, is also a smooth diffeo-
morphism, and such that the limit 7" in the smooth topology of the sequence T, is smooth.

. bn (n) .
In the second step (lemma 14.5), we construct a sequence of translations (Tfmy )nz0 Satis-
fying those conditions, such that it converges towards the translation of vector (B, ..., Bi-1,B)-

Lemma 14.3. There exist explicit sequences of increasing integers R>(n), R3(n), such that, if
there exist sequences of integers p, g, and y™ = (y(") B 7 "y e Z" such that, for any integer
n,

(primality) ged ()", ... 7,") = 1

(vertical monotonicity, generation on M) (y,
(n+l)

(n+1) g,)®" divides g,

(horizontal monotonicity) 7(") divides y

(isomorphism, horizontal monotonicity for h > 3) g, divides y(ln th y(ln), . yZHI) - y;l").

SR BN~

(convergence of the diffeomorphism)

1

Pn+1 _ pn
(y(n+1) )Rz(n)

qn+1 qn

6. (horizontal convergence of the partition, generation on T") There exists T™ c T"! x{0}
a fundamental domain of the flow { "}, such that if d, is the diameter of T™, and o,
is the (h — 2)-dimensional volume of the boundary of T'”, then

1
dpi1 < o
2y, oy
7. (vertical convergence of the partition)
(,y(n))zo_ (n+1) )’(n)
q (n+1) | ST
=0 n Vh Yh

then all these assumptions imply that there is a € T" such that

Pn
Gn

7(") S a

and there is a smooth ergodic measure preserving diffeomorphism T of M such that
(T", T, uy,) is metrically isomorphic to (M, T, p).
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Remark 14.4. Assumption 3 is automatically derived from assumptions 2 and 4. However, the
construction is easier to follow if assumption 3 is sorted out.

In assumption 2, we only use that y(") and g, divide g,, except page 141, where the full
assumption is used to get generation.

Lemma 14.5. Let 8 Liouville. There exists a dense set E(B,d) ¢ T'!, such that for any
By, ... Bn-1) € E(B,d), there exist sequences of integers p,,q, and v = ()/(”) S ) )y ¢ 7k
satisfying the assumptions of lemma 14.3, such that

Pn )
Cln

—m4 By, .., Bro1, B)

We divide the proof of lemma 14.3 in three parts. In the first part of the proof, we construct
a monotonic and generating partition on the A-dimensional torus T, called £;;°, which stabilizes

the translation T#”" . To that end, we use assumptions 2, 3, 4, 6 and 7 (for & = 2, assumption
3 is not used and assumption 6 can be relaxed).

In the second part of the proof, we construct an isomorphism K% between /> on T" and
a partition &,;° on the manifold M. In the construction of this isomorphism, assumption 4
is important. Moreover, we will see that the elements of &, are not the most elementary,
because they must be chosen in a way that ensures the monotonicity of the sequence K. This
condition of monotonicity induces combinatorial constraints on the elements of the partition
&n-

In the third part of the proof, we construct diffeomorphisms 7, = B,'S o B, on M stabi-
lizing &7, obtained by successive conjugations from the rotation S e.. The conjugacy B, is
constructed explicitly. This is a major difference with Anosov-Katok’s original construction
[AK70]. Ours rather elaborates upon the work of [FSWO07]. Our construction provides suit-
able estimates of the norm of the conjugacy ||B,||, (an estimate that is a polynomial function of
q,,_ly;l”)). Combined with condition 5, these estimates ensure the convergence of the sequence
of diffeomorphisms 7.

A second substantive difference with Anosov-Katok’s original work is condition 5: con-
trary to [AK70], we do not require the numbers p, and g, to be relatively prime. Thus, we ob-
tain a larger limit set of numbers. This assumption of relative primality was not really needed
in Anosov-Katok’s original construction. > In order to obtain the convergence of the sequence
of diffeomorphisms 7,, and the ergodicity of its limit 7', it suffices to require that p,,/¢,+1 and
Pn/q, are close enough. To obtain ergodicity, we slightly modify Anosov-Katok’s argument
(they kept p, and g, relatively prime to get ergodicity).

Thus, contrary to Anosov-Katok’s construction, elements of the partitions ¢° and &, are
not fundamental domains of T«”" and T,, respectively. Instead, fundamental domains of
these transformations are obtained as unions of elements of those partitions. In other words,
we "de-maximize" partitions to the extent permitted by condition 5. This generalization is the
same as in [FSWO07], except that these authors do not present it in this way.

First, we prove lemma 14.5.

2. On the other hand, though the assumption gcd(y(") o ¥y My = 1 is not necessary, relaxing this assump-

tion does not lead to something interesting. Indeed, condition 6 requires a control of the speed of growth of
gcd(y(") vy yz")). Moreover, the explicit construction of the limit translation keeps constant this gcd. Therefore,

"de-maximizing" in the yﬁ") does not seem to improve the result.
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14.3 Constructions of the limit translations: proof of lemma 14.5

First, we show the existence of one translation with 3 at the A" coordinate. Second, we
show the density for the & — 1” first coordinates. This will prove lemma 14.5. Moreover, to
show the existence of one translation, we first tackle the case of &7 = 2, simpler to write and
read. Then, we consider the general case h > 2.

14.3.1 Proof of the existence of one translation for 7 = 2

We divide the proof of the case & = 2 in three steps. Let g be a Liouville number. First,
let P(n) = 5Ry(n) + 4R,(n)R3(n). Since S is Liouville, we can find a sequence p;,, g, such that
=0,q,=1,suchthatforn>1,q, > g +2R(=1) and such that:

n—1

qn

The second step is based on the following claim:

1

247"

O7)

Claim 14.6. There exists sequences 7(1"), 7;"), qn such that for any n:

(i) ¢, >y (”) and q', > ¢

(ii) G = q(gu-1ys")®

(n)

(iii) y(") andy,’ are relatively prime

Proof. We proceed by induction. Let gy = y(lo) = yéo) = 1 and suppose that 7;”),% are

D et by the Bezout theorem, since y(ln) and y(")

prime, there are m, ,, m,, such that m, ny - my nyﬁ") = 1. Moreover, we can take 0 < m,, <

()/("))2 (for this upper bound, any (y ))1’ with p > 1 a fixed function of n would work).

constructed. Let us define y, are relatively

Let YV = 9\ + m, ,q, and y"*" = 7’(2") + my,q,. Then y|"" and y;"" satisfy a Bezout

equation and therefore, they are relatively prime. Moreover, since R3(n — 1) < R3(n),

(n+1) (n+1)

"14+2R
qn+] >q 2R >q

and

(n+1) (n) (n) "34+2R "4+42R
Yo <y + 0V qn < g, + g, < g < g

We have thus completed the construction at rank n + 1.

]
By claim 14.6, conditions 1, 2, 3 of lemma 14.3 hold. Moreover, by construction, )/("“)
and 7(” b satisfy condition 4 of lemma 14.3. Moreover, conditions 6 and 7 of lemma 14.3

automatically hold: indeed, by property (ii), and since m,, > 0, then y("H) > 2"y (") and
therefore,
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1 1
(n+1) < (n)
7> 2y,

hence condition 6 (indeed, when gcd(y,y,) = 1, the diameter of the fundamental domain
of the translation of vector (yy,y,) is 1/y»).

To obtain 7, note that since

(n+1) (n)
71 Yio_ qn

y(2n+l) ,y;n) (y(zn))Z(l + Mg/ 7(2'2))

and since, by (ii), g, /yé") > 2" then

(n+1 (n)
Y Y

nrh)

2 2

dn
< —— (98)
(yy"y22n

hence condition 7.

It remains to obtain condition 5. We define p, recursively by: py = 0 and:

qn+1 p; p1,1 qn+1
Pn+1 = (n:l)( ,H - —,) + 12 DPn (99)
’)’2 qn+1 qn qn
(n+1)

Given the definitions of g,,; and y; ", p,s1 is an integer. Let us check condition 5. By
estimate (97), we have:

Pn+1 _ & < 2

Gue1 Gnl ™ ;ZP(n),ygn+l )

Moreover, by (ii) of claim 14.6,

1 R '54+4R R ' P
(,yg” )qn) 2(n) <(q: + 3(’!)) 2(n) <q (n)

Therefore,

(n+1)

' P 1 R
g POy > (g, e

Hence condition 5.

Moreover, by condition 4 (a condition that holds, as shown above), we have, modulo 1:

pn+1y(n+1) _ &y(n) _mod] (Pn+1 _ &) (nt+1) _ p;z+l _ p_1,1

qn+1 2 qn 2 dn+1 qn 2 CI;H_I CI;Z

By summing this equality, since py = p; = 0, we obtain that
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Pn ,ygl) _ymodl B
qdn

Likewise,

n+l) o, ,
Pril_n+1)  Pn_m) _modt [Prtl Pn\ sy _ V1 " T
— " -7 = — " - T\ T
dn+1 qn dn+1 qn ’}/2 qn+1 qn

Moreover, by estimation (98),

(n+1)
1
(n+1)
2

"1+2R3(n) 1

qn <
2n 2n

n
< C[_ < -
2” Pyiy _ p_;z
Qe 4

(n+1) , )
Y 14
Therefore, 3,50 2= (—” - p—) converges, and
2 D1 an

(n+1) ’ ’
Pn_ ) _ymodl 4! Phi _ P
Y n+1) | 7 ’
qn n>0 /2 qn+1 qn

Hence the existence of one translation for 4 = 2.

Remark 14.7. The proof above also gives that:

& _>m0d1 Z 1 p;1+l _ p_;l
q D) | o7 q
n n>0 72 n+l n

14.3.2 Proof of the existence of one translation for 2 > 2

For h > 2, the proof of the theorem is a little more intricate, though the main scheme is
the same: we still need estimation (97) (with another function 7' (n)) and equation (99).

To the vector space R”, we give the norm ||(x1, ..., X)|| = max, << |x;| and we consider its
induced norm on T".

We seek Y+ in the form:

YD = gy + (cqn + 1y™

with v; € Z" and ¢ € N.

b_ yﬁ") forany i =0,...,h— 1, and condition 4 of lemma 14.3

always obtains. Likewise, since 7,(1”) divides g,, then )/2”) divides y;l"”) and condition 3 also

obtains.

Thus, g, always divides y\"*

To get condition 1 of relative primality, we add assumptions on v;: we consider it of the
form v, = Av,, with v,;, = 0, and with the v,;, i = 0,...,h — 1 relatively prime (v, is the "
coordinate of v,). Moreover, A € SL(h, Z) is such that its last column is ™.
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Indeed, such matrix A exists by corollary 14.9 below, and these assumptions on v, im-
ply condition 1, because SL(h,7Z) stabilizes the set of integer vectors with relatively prime
coordinates. Let y be a vector. A quantity Q(y) is polynomially controlled in 7y if there is a
polynomial funciton P such that |Q(y)| < P(ly|). Corollary 14.9 is well-known, but we recall
it to highlight the polynomial control in y. To prove corollary 14.9, we need the following
lemma:

Lemma 14.8. Let yy, ...,y € Z such that gcd(yy, ...,y,) = d > 0. Then there exists a matrix
T € SL(h,Z.) polynomially controlled in the norm of y = (y1, ..., yn) such that T(yy, ..., yn) =
(d,0,...,0). More precisely we have:

ITIl < A"yl
Proof. We proceed by induction on A. For h = 1, the lemma is obvious. Suppose it true for

h—1. Letd" = gcd(yy,...,¥s-1). By the induction assumption, there is 7’ € SL(h — 1,7Z)
polynomially controlled in y such that 77 (yy, ..., y»-1) = (d’, 0, ..., 0). Let

~ T 0
(1)
Then T(?’l, e Y1) = (d',0,...,0,v)

Let —y? —d? < my,my < y? + d* such that md’ + myy;, = d. Let

m 0 --- 0 my
0 1 0 --- 0
Thi=| @ o
o --- 0 1 0
yp/d O --- 0 =d/d

We have that 7}, € SL(h,Z) and T),(d’,0,...,0,v,) = (d,0,...,0). If welet T = T,T then
we obtain the property at rank /.

O

Corollary 14.9. If gcd(y, ..., vu) = 1, then there exists A € SL(h,Z.) polynomially controlled
in y such that Ae, = (Y1, ..., Yn)-

Proof. Modulo a permutation of coordinates (which is an application of a permutation matrix,
1.e. an isometry), it suffices to show that there is a matrix A € SL(A, Z) polynomially controlled
in y such that Ae; = (yy, ..., ¥,). By lemma 14.8, there is a matrix B € SL(h, Z) polynomially
controlled in y such that e; = B(y,...,y,). Let A = B™!. Then A = +'com(B), where
‘com(B) is the transposition of the comatrix of B. By the Cramer formula, ||A|| is polynomially
controlled by ||B||. Hence corollary 14.9.

O
We obtain conditions 6 and 7 of lemma 14.3 with a suitable choice of v, and ¢, and to

obtain 5, it suffices to show that v, and ¢ are bounded by a fixed polynomial of g,, y;"). We
first choose v,, then we choose c.
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Condition 7 is the most easy to obtain. Indeed, we have:

YUY g+ et Dy Y ey = g™ (100)
y;lnn) yzn) Guvin + (Cqn + l)y(n) y;ln) )(qnvlh + (cq, + 1)7(;1))

The parameter o, is a fixed polynomial in y™. Therefore, there exists an integer-valued
function R4(n) such that if ¢ > (yﬁl")qn)&(”), then condition 7 obtains.

It remains to obtain 5 and 6. Let E ¢ F c T".The set E is a 6-net of F if there is ' c T”
such that diamI” < § and
F c U e+

eckE

To obtain 5 and 6, it suffices to show that, for any integer p > 1, we can find a vector
vy € 7" x 0 and a parameter ¢ € IN such that ||v,|| and ¢ are polynomially controlled by p
and, such that the orbit of 0 by the periodic flow 77" is a 1/p-net of T".

To show this fact, we first show the proposition:

Proposition 14.10. We can choose v, € 7' polynomially controlled by p such that T">
intersects any square of sidelength 1/ p.

Proof. Let (xy, ..., x,_1) € T"~!'. There are integers [, ...[,_; such that

h—1 h-1
€= H[Zp 2 2p [x”x'

i= i=1

It suffices to show that we can find t € R and v, polynomially controlled by p such that
tvy, € C. Let s = 4(h — 2)p and v, = (s"72,s"3, ..., 1). v, is polynomially controlled by p. Let
k,' = (h - 2)(21, + 1), and

1 Kk

t= ﬂ(_ + k2 + ...+ kh_lsh_3)
A

Letu = (ki/s,....,k,—1/s). Then ||tv, — u|| < 1/(4p) and

h-1

2 +1 1 21+1 1
MEI—[ + —|=C
L 4p 4p  4p

Therefore, tv, € C.

O

Let v = g,v2 + (cq, + 1)e,. For a given choice of ¢ sufficiently large, but still polynomially
controlled by p, (tv3);s0 intersects T"~! x {0} in a 1/p-net (see figure 1).

Let by, ..., b,_; such that the hyperplan A~'(R"~! x {0}) has an equation of the form x; =
f:ll bix;. Let b = max(1, by, ...,b,_1). b is polynomially controlled by ||A~!|| (which is itself
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o
o]
tv,
2valva g —r—
Valvan
Y
=N
o] 1/p
s
-
1/p

Figure 2: The small circles represent the intersections of #v; with T"~! x {0}

e, & \
:
1
tvs |
1
1
1
1
1
I
1 A— 1Th-1
I
I
I
I
I
I
I
&
2b/p
T —
=]
1ip

Figure 3: The flow #v; in the plan (e;,e;), 1 <i<h-1
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polynomially controlled by ||y™||, see corollary 14.9). Then the orbit of 0 by T™* intersects
AT x {0}) in a 54-net with 64 < 2b/p (see figure 3).

Finally, by applying the matrix A, we get that the orbit of 0 by 7" = 77" intersects
T"! x {0} in a 2b||A||/ p-net. This completes the proof of the existence of one translation with
B being the h"* coordinate of this translation.

The limit translations are of the form (8, ..., 8,-1,8) with forany i = 0, ..., h — 1:

,y(n+1) p/ p/
_ i ntl  Fn
iyl )

n>0 /h

Moreover, the rotation number S, € Ey(5) of the diffeomorphism 7 on M is of the form:

1 p;z+1 p;z
Bo = Z D) ( -

’ ’
n>0 /h Dn+1 In

14.3.3 Proof of the density of the limit translations for /# > 2

We directly tackle the case & > 2. We follow and slightly modify the previous proof. Let
€ > 0and ay,...,a,_; €T.

In relation (97), we can take a fixed function P(n) such that we will have, forn > 1,

%_p_z
q,

This fixes p| and ¢} (but it does not fix the other p;,, g,, n > 1, because g, depends on 7’2”))-
Moreover, we can take p; > 0.

€
<

ga2"

Fori=1,....h—1,let yl@ and yglo) such that

0)
A

eq_ll
0 ’
7;1) Py

P

In relation (100), for n = 0, let ¢ be sufficiently large such that

1 0 ’
7 P
R NG
Therefore,
r D
P ol <2e (101)
4, Vi

For each n > 1, we also take ¢ sufficiently large so that
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(n+1) 0) , ,
] ] 1 1
Sqn+ﬁ <qu+e— +a,— <4q,

h 1 1

Vi
(n+1)
h

Therefore,

(n+1) ’ ’
yi er—l pn) €
-— < = 8¢
Z (n+1) (qz’1+1 q;l Z =2

n>l /h n>1

By combining this estimation with (101), we finally obtain:

(n+1)
Zyi (p;m B P_;)_a.
1 1
O\ G

n>0 /h

< 10e

Hence the density of the limit translations.

Let us make two remarks. First, with our method, we cannot obtain substantially more
translations, because the isomorphism condition 4 is constraining. Indeed, this condition
introduces arithmetical constraints on the sequences yﬁ”), which limit the set of possible trans-
lations. We can interpret this limitation heuristically. On the manifold M, we only have one
degree of freedom for the associated diffeomorphism 7': the angle of the conjugating rotation.
The isomorphism condition transfers this one-dimensional constraint to the multi-dimensional
setting of the torus: although translations have 4 > 2 dimensions, they only have one single
"effective" degree of freedom.

Second, the set Ey(5) of possible rotation numbers S, for the diffeomorphism 7 on M is
infinite, and accumulates 0. We can note the following phenomenon: with our method, the
closer we want to approximate a given irrational number ; on the i"" coordinate, i = 0, ..., h—1,
the smaller 5y becomes, because 721) has to be taken large.

The rest of the paper is dedicated to the proof of lemma 14.3.

15 Partitions of the torus T”

The aim of this section is to show the following proposition:

Proposition 15.1. If assumptions 1, 2, 3, 4, 6 and 7 of lemma 14.3 hold, there exists measur-
able partitions ({™)ns0n<m of T, such that {™ is stable by the translation T%V(m, and such that

at m fixed, forn <m, {' — " |.

Moreover, at n fixed, ' converges as m — +oco towards a partition {;°, stable by the

(n)
. paid .
translation T « . Moreover, the sequence ({;”)n>0 is monotonous and generates.

Proposition 15.1 is given by the combination of lemma 15.2 and 15.4. In all the paper, we

denote r, = g, /yg‘), k, = y;l"“) /751”)- They are integers by assumption.
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r‘I.n l_I-'Ln.

Yliﬂhj,rqn
1—D.n r3.n rEn.n

Figure 4: The natural partition ¢,

A natural partition stabilizing the translation Ta"" is given by (see figure 4):

NG
=Tk = T#""T,0< k< g, — 1)

where

re = | ) "

1
0<t< an

and '™ ¢ T~ is a fundamental domain of the flow 7" .

Remember that in order to apply lemma 14.2, we need a monotonous sequence of parti-
tions. Moreover, in our theorem, we need the limit translation to be ergodic. However, note
that if we take y"*" and ™ not parallel, then the sequence of £, cannot be monotonous. On
the contrary, if we take y"*! parallel to v, then the limit translation cannot be ergodic: any
band of the form

"B

>0

where B ¢ T"!, and 0 < diamB < diamI'™, is invariant by the flow 7", and thus
invariant by any translation included in this flow.

Therefore, we must take another partition. We obtain it by "monotonizing" ,. We begin
with an informal description of the construction. This "monotonization" is performed in three

. .. . Pn,(n)
steps: in the first step, we construct a partition {"*! stable by the translation T«”" and such
that "' < ¢, (figure 5).

In the second step, we iterate this procedure, so as to obtain a partition ', such that
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Tmu”rﬂ"’”(now

V" Gy

Figure 5: The modified partition £"*!

&y < L. Thus, the element I, of £ is a "pixelisation” of I'y,, with a resolution m. At m
fixed, for n < m, g — " ,. These two steps are performed by lemma 15.2

In the third step, we take the limit m — +oo0, which exists because of conditions 6 and 7.
This gives a partition £;° endowed with the required properties: monotonicity, generation and

stability by the translation T

Lemma 15.2. If assumptions 2, 3 and 4 of lemma 14.3 hold, there exist measurable partitions
(L™ ns0.m<m Of T", such that {™ is stable by the translation T%W), and such that at m fixed, for

m m
n<m ' —{" .

Proof. We denote:

el
= {r;w =T W T, k=0,..,9" - 1}

5

Notice that 77" can be seen as a translation of T, and ¢ ' as a partition of T/, Let

(n+1)

,y(n+1)
K =10 <k <" such that k*— e T
h

Note that |K| = k,. We define (see figure 6):

(n,n+1) _ /
D = | 1.,

keK

‘We have the lemma:
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Lemma 15.3. Under the assumptions 2, 3 and 4 of lemma 14.3, TV is a fundamental
NG

. ROJ . _
domain of T"r , seen as a translation of T"!.

|
o
|
I
|
|
|
|
=
|
|
|
I

Figure 6: Partitions £, (solid lines) and ¢/, (dashed lines) on T"™! for h = 3, y™ = (2,1,4)
and y("“) = (2,1,8). This example does not satisfy condition 6 of lemma 14.3, but it was
chosen for illustrative purposes. To satisfy condition 6, we can take instead y"*D = (2,9, 72)
and n = 0. Indeed, in this case, d; = 1/8 and oy = 2.

5 S+

Proof. Let V® = T . By assumptions 2 and 4 of lemma 14.3, V® = T 7" . By assumptions
3 and 4, (VD& = v For y = 0, ...,y;") -1, let

K, ={,0<l<y"—1,(v"*)0)eT,,)

Note that K, = K and that {K,,u = 0, ..., ;l") — 1} is a partition of {0, ..., ,(1”“) — 1}. Note
also that / € K, if and only if / — k,u € K. We denote A | | B the disjoint union of A and B. We
have:

) _q

Y 7= 7-1

h
T = I_I (V(n+1))ll—~(n+1) — |_| I_I(V(n+1))lr(n+1) — |_| |_|(V(n+1))t+k,,ul—~(n+l)
=0 u=0 [eK, u=0 rek
,y;'n)_l y;ln)_]
T ! = u (V(n+1))k,,ur(n,n+l) _ I_I (V(n))ur(n,n+l)
u=0 u=0
5

. . §O)
Therefore, ™"V is a fundamental domain of 77 .

We define (see figure 5):

(nn+1) _ 1y "D ~(n,n+1)
rgev = | ] "'
1

1
7 nYLrH- )

0<t<
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Since r,,y,(;’“) = k,q, divides g, 1, then FE,’:”“) is composed of elements of ¢, ;. Moreover,
1"(;’"“) has the same height as Iy, by condition 2. Therefore, by lemma 15.3, Fg:"“) is also a

(n)
fundamental domain of TYTn. Let

P
ot =g =TT k=0, g, - 1)

We have (! < £, Let

n+1 _ 1n+l
Qn Fk,” - I_‘k,n

0! is a measure-preserving bijection between partitions. For m > n, let

1
Q) =050

The map Q) is measure-preserving and injective as a composition of measure-preserving
and injective maps. Let ' be the partition defined by:

{:ln = {FZTH = Q?:Fk,na k = 0’"'9 qn — 1}

. . . Py (n)
Notice that forn <m — 1, {;' < " ,. Moreover, £} is stable by the translation T,

O

In order to obtain a full sequence of monotonic partitions stable by this translation, we
need to take m — +co.

Indeed, by adding conditions 6 (horizontal convergence) and 7 (vertical convergence), we
obtain the lemma:

Lemma 15.4. If assumptions 2, 3, 4, 6 and 7 of lemma 14.3 hold, then for any fixed n, the

partition {)' converges to a partition {,° when m — +oo. Moreover, the sequence (£, )n>0 IS
(n)

. Y-
monotonous, generating and stable by T .

Proof. We show that £ is a Cauchy sequence for the metric on measurable partitions. We
recall that this metric is defined by:

d.€)=inf ) p(eAc)

ce&c’'eé’

To show this fact, we need the lemma:

Lemma 15.5. The numerical series ), tn (I“o,nAQZ”Fo’n) is convergent.

Proof. We first examine the horizontal difference between I'y, and QZ“FO,,,. The element
b is composed of all the I, that intersect '™, except some, that still intersect the
boundary of I'™. Therefore, the set '™ \ ™D is included in a neighborhood of width d,,,,
of the boundary of '™ (figure 6).
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Therefore,

M1 (F(n) \ F(n,n+l)) < O-ndn+l

Likewise, the elements I}, of [**! that are not included in I'™ always intersect the
boundary of I'™. Therefore,

Mh-1 (r(n,n+1) \ F(n)) < O-ndn+l

and therefore, by the condition 6 of horizontal convergence,

Z 'y;ln)/lh—l (F(n,n+l)AF(n)) < +00

n>0
Now, let
fé’:nﬂ) = U Tt)’<")r(n,n+l)
O<t<-L
qn
We have:
~ 1
m (FO,HAF((IZ’HH)) = —Up_1 (F(”)AF(”’””))
rl’l
Therefore,

nMh FonAf(n’n+l) < +00
2t (ToatTG*")

n>0

In order to obtain the lemma, it suffices to show that

S gt (T DA < oo

n=0

i.e. that we have vertical convergence.

Let0 <1< 1. We have:

(n+1)
[ At (n) oD "
(n+1) r—
Wt | T ™ TODAT G D f < 26, . (1) .
Wy, Gn
Therefore,
(n+1) ()
(nn+1) A fmn+1) In|Y -
Mn (Fqn ALy, ) <2 r ()
n rnyh qn

Moreover,



128 PARTITIONS OF THE TORUS T”

o | YD 7(n+1) o (7(’0)2 (n+1) 7,(n)
r, i’n)’;,ml) Gn qn yznﬂ) 7;;1)
(P2 ) )
Since 3,5 Z (7’ ) y<'”1> - 7(,1) < +00 by condition 7, then also
h

Z Gl (rgz,nu) Af—g:,nn)) < 400

n>0

Hence lemma 15.5.

Now, we can prove the convergence of ({"),,>,: for any fixed n, n < m, we have:

q;z_l

Ay oy = 0 m (T A TE) = > (QUTe,AQN QT
k=0

I
k n Eé"

By volume conservation of the map Q7', Q"'T'; , consists of sets Iy, while Q'”Jrl Q’"F
consists of the sets Q/+*'T7" with the same indices L.

Therefore, by lemma 15.5,

SN (a0, = Z—’”qnuh (TomAQ Ty ) < +o0

m20 T} el m>0 17

This completes the proof of the convergence of £ towards a partition £;;°. Now, we show
that £,° is monotonous. Let n > 0 and € > 0. Let m > n such that d({', ;") < €/2 and
A, {5,) < €/2. Let TP, € £, and T, € £7" such that oy, (T, ALY ) < €/2.

n+1’

Since ! — we can write:

+l’

U 1—‘ln+l

leL

Since d({" 1,3 ,) < €/2, we have:

M (U I UrlnH] < Z:Uh (rTnHAFZZH) <¢€/2

leL leL leL

n+1°

Therefore,

o (r;:nA g rz‘;H) < (T3, AT, ) + [rzan g rz;ﬂ) + th [U oAl rz;l]

leL leL leL leL

3. We do not find the same condition as in Anosov-Katok [AK70, p.29]: there is a mistake in their paper.
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M (FZ’HAUFEHJ <€/2+0+€/2=¢€

leL

Since this estimate holds for any € > 0, we conclude that:

[ o
leL

Therefore, {;° < ¢ ,. The proof that Tu"" stabilizes £ 1s analogous.

Finally, let us show that ({;°),>0 generates. Let G be a Lebesgue measurable set and let
€ > 0. Since ¢, generates, there exists ny > 0 such that for any n > ny, there is a {,-measurable
set G, such that u, (GAG,) < €. Let I, the (finite) set of indices such that

Gu =T

inel,

Let Q;° : {, — ¢, be the limit isomorphism of the sequence Q7 (it exists by the first point
of this lemma). Let

076, =] O,

iyel,

Since £ is a Cauchy sequence for the metric on partitions, we can fix an integer

my > ng such that for any m > m; and n < m:

S (e ergyc) < e

m’'>m c€fy

Let n > m,. Since for any ¢ € {,, Q),c = c, then

i (07 GAG,) = (O3 GuAQLG,) < D i (Q1F'G,AQLG,)

m>n

= Z Z/Jh (QTHFI‘,,,nAQZTin,n) < Z Zﬂh (QZMCAQ?C) <€

m>n ip€l, m>n c€{y

Hence the generation of ;°.

O

Let us make one remark about the assumptions of lemma 14.3. If 4 = 2, there is a natural
choice of sequence of fundamental domains I of the flow (T")»o such that [+ = T®:
we can choose '™ = [0, 1/ (7;”))[. This choice allows to relax assumption 6, an assumption
that is no longer useful for the convergence of £'. This relaxed assumption 6 remains use-

ful to obtain the generation of the sequence of partitions (,),>o: this relaxed assumption is:
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=1/ (y(")) —,5+00 0. However, this relaxation does not change the final statement of the
theorem.

Moreover, if 4 = 2, assumption 4 is no longer used for the construction of g“,’l’“. However,
assumption 4 remains important for the construction of the metric isomorphism, see next
section.

On the other hand, for 4 > 3, there is no natural choice of the sequence (I'™),s, that
ensures that T = ™ _ [t is simpler to consider an arbitrary fundamental domain I'™ of
the flow (T"),5o.

16 The metric isomorphism between T" and M = [0, 1]¢7! x
'][*1

In this section, our aim is to elaborate sufficient conditions on B,, € Diff*(M, u) so that
if T, = B;'S m B, weakly converges towards an automorphism 7', then there exists a metric
qn

isomorphism between (T", T®, u;,) and (M, T, u), where M = [0, 1] x T'.

To that end, we use lemma 14.2: with suitable assumptions, we construct a suitable se-
quence of partitions £ of M and a sequence of isomorphisms K& : T"/® — M/E so that

KT " T,K?. In this construction, condition 4 is critical.Let
d-1 5 i+
nn:{ iqn — [0 1] ) ,i=0, -~7qn_1}
qdn Yqn
Let
l—‘i,n = Ai,q,,

We recall from section 15 that there exists an isomorphism Q"' : £, — "1, with " —
()

41 and with Q”“T o =T Q"*!. We have the lemma:

Lemma 16.1. There exists a partition 1'*' < 1,1 of M stable by S 1, and there exists a

qn

metric isomorphism K*' : £, — g™ such that K!*' = K1, and such that K!*'T o =
S K™, There exists also a metric isomorphism C"' : 5, — "' such that C""'S«w =
qn

S o C”+1 and K" = C"K,. Said otherwise, we have the following commutative diagram:

G ———=Th

Qn+] i \Lcnﬂ

0 7 en+l n+l 2\ S |
é nn qn

T qn 4qn
K1 \[\

Sl —— T+
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Moreover, there are integers a,(i) such that:

kn—1

R"™ = U Ao, il+ikng,
i=0

is a fundamental domain of S 1.
qn

Proof. Let

and

Note that /! < Z,.

Let 7, = {Aik,g-i =0, ..., k,g, — 1} and K, defined by:

kn: Zn - ﬁn
Iii,n = Ai,knqn

We have (figure 7):

Indeed, on the one hand,

S Knri,n =S Ai,k,,qn = Ai+kn,knqn

1 1
qn qn

y(’H' 1)

N
On the other hand, by condition 4 of lemma 14.3, T @ = T . Therefore,

- 7/(n) - - y(n+l) - - kny(rHl) - kn“-y(nJrl)

KanTFi,n = KnT an Fi,n = KnT Kngn Fi,n = [ZnT kndn fE]}Z) = knfi+kn,n = Ai+k,,,k,,q,,

Now, let K}*! = K, 1. It implies: K+ = K, e

Since T « stabilizes {,’;”, then we have:

()
K:lH—lquT — SqinK:lH—l
Let us denote R™ = K/*'I't*!. There are integers a,(i) such that:
k1

R"™ = U A i
i=0
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1.’im‘“‘fqnﬂ

T g,

Stignn

Figure 7: The isomorphism K,. We took k, = 3. The number i = 1,...,6 denotes IN“,',,, in the

torus and A, , in the disk M. Moreover, R = Ay, , UAsz; . UAsy

nqn nqn nqn nqn
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Denote also Ri*! = § « R,k =0, ...,q, — 1. R” is a fundamental domain of § . and we
B 4qn

4qn
have:

n+lyn+l _ (n) _ pn+l
KT = S LR™ = Ry,

Let
n2+1 = CZ+177" = {Rr~1+l l = 0’ cees g — 1}

in

Let us also denote C"*! the map defined by:

n+l . n+1
Cn M
n+1
A = Ri,n

I\qn

C"! is bijective. "' = C™*1y, is a partition of M stable by S ., and since k,q, divides
qn

n

Gni1, then gl — .

O

By iterating lemma 16.1, we get a corollary that is important for the construction of the
isomorphism:

Corollary 16.2. For any m > n, there are partitions i, < 1., of M such that n,' is stable

by S 1 and there exists an isomorphism K)' : (" — 1 such that KT «++ = S 1K' and
qn qn
m __ m
Ky = Ky

Said otherwise, we have the following commutative diagram:

Km
Yy T em n r]m D S
n

Tthbn
|

m n+l m

n+1 nn+1

Proof. The left hand side of the diagram comes from section 15. Since "' < 1,,,, we can

n

define C?* = C"_..C"2C"*!. Let g = C™n,. We have i < n™ . Since C?"S 1 = S 1 C»,
4qn

n+1 qn

then 1 is stable by S 1 .

n
qn
Moreover, Q7 : ¢, — (' is bijective. Therefore, we can define
(n) (n) (n)

Ky = CK,(Qy)™". Since QpTw = T'w Qi and Cp'S 1 = S 1 Cpt, we have: Kj'T ' =

S1K).
qn

Letus check that K’ = K7, .. Let ¢ € ¢,. Since C"*!is bijective, (C"*1)~! is well-defined,

and we have:

K:’::li'l (QZC) = ;T+1K"+1(Qnm+1)_1QTC = CrT(CZH)_lKnHQZHC
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Since Q"¢ € ™, then K, (Q"'c) = K'1(Q"* o).
Since (C"*)"'K™1Q™! = K,,, we get:

KITH (Qnmc) = IT+1Kn+1(Qnm+1)_lQnmC = CZIK,ZC

On the other hand,

K" (Q"c) = C"K, (Q™)"' Q"c = C"K,c
Therefore, K" = K| .
n nil

O

The sequence 7 must converge when m — +co, in order to obtain a full sequence of
monotonic partitions. Moreover, the possible limit sequence (i.e. a possible 7’) must gener-
ate. Indeed, these assumptions are required to apply lemma 14.2. However, we can check that
none of these assumptions are satisfied. Therefore, to obtain these assumptions, we pull back
the partition 7 by a suitable smooth measure-preserving diffeomorphism B,,. The following
lemma gives the conditions that B,, must satisfy:

Lemma 16.3. Let B, € Diff(M, u). Let A,y = B,.1 B}

I fAuiS 1 =8 1 Apsr and if

qm

Z it (Ao,quA;lLlR(m)) < 400

m>0

then for any fixed n, when m — +oo, the sequence of partitions &" = B,'nf™ converges.

m

We denote £ the limit. The sequence £ is monotonous and T, = B,'S m B, stabilizes
qn
each &;.

2. If, moreover; the sequence &, = B,'n, generates, then so does .

Proof. The proof of the first point share similarities with the proof of lemma 15.5. Let
P" = B,'C"B,. By the Cauchy criterion for sequences of partitions, in order to show the
convergence of B;'n™, it suffices to show that for any fixed n,

Z Z,u (PZ"CAPn”’”c) < +oo0

m>0 ce&,

We have:

Z,u (PZ’CAPTIC) = Z u (B,_nICZ’BncAB;lLICZ”C;”Bnc) = Z u (B;nlc’AB&LIC,’Z“C')

c€y ceB;' ceny

Since B,, is measure-preserving,
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> u(ByldAB,L Crt ) = > u(c'AB,B,L Cpt ')

cent cenl

The partition 77 consists of g,,/g, sets ¢’ of the form A, , and Cji*'¢’ is a set R} with
the same indices u. Since A,,4+1S 1 = S Am+1, we get:

qm

Z Z u (c'ABmB;nLCQHC') < Z Z—’:,u (Ao,quAmHRg%l) <t

m>0 c’enp} m=0

by assumption. Hence the convergence of &. We let P,’ : &, — &° be the limit isomor-
phism of the sequence P;'. The proof that the sequence &, is monotonous is the same as the
proof that £;° is monotonous. See section 15.

To show that T, stabilizes &, let T" = B,'S %Bm. Since S o stabilizes 7', then T

stabilizes &'. Since A,1S 1+ =S 1A, then T = T,. As in the proof that Ta"" stabilizes
qn qn
", we obtain that T, stabilizes &;".

Likewise, the proof of the second point, i.e. that the sequence &,° generates, is the same as
the proof that £;° generates. See section 15.

O

By adding to lemma 16.3 the convergence of the sequence T,, we obtain the required
isomorphism:
Corollary 16.4. If both conditions 1. and 2. of lemma 16.3 hold, and if T, = B,'S o B, weakly
converges towards an automorphism T, then (T", T®) and (M, T) are metrically isomorphic.
Proof. By corollary 16.2, K" T n =8 L K. By iteration, K'T <2:p" =S %K;l“ Therefore, the
following diagram commutes:

/_‘ K" m B—l
D, m n m mn m
Tihrll ) g nn é‘:n D T

Tl

m n+1 m m m
n+1 n+1 n+l

We apply lemma 16.3, which gives a sequence of monotonous and generating partitions
*, stable by T,. Let K* : > — £ defined by K* = PYB,'K,(Q)!. We can show that

K“TZZ’(M T,K> and that K= .. = K by using that KmanV() = T,K™ and that KZ’HIZ’" =

n+115°
K™, where K™ = P"B.'K,(Q™!, i.e. we proceed as in the proof of the monotonicity of £, i
lemma 15.4 of section 15. This allows to apply lemma 14.2, which gives the required metric

isomorphism.

O

The next section is dedicated to the construction of the sequence of diffeomorphisms B,
satisfying the conditions of lemma 16.3.
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17 The sequence of conjugacies

In this section, we construct a sequence of diffeomorphisms B, on M satisfying the con-
ditions of lemma 16.3 and such that ||B,,||, < (gn-1k,—1)*5"~D for some Rs(n).

Proposition 17.1. There exists a sequence of diffeomorphisms B, € Diff*(M, u) such that B,
and A1 = B,;1B;" satisfy the following conditions:

1. (convergence of the partition &, to &)

Z gl (Ao,quA;llJrlR(’”)) < 400

m>0

2. (generation) There is a set E,,; C M such that 3,0 u(E¢, ) < +o0 and such that

o 1
diam (An-il-l (AO’%' ﬂ E’”l)) = 27| B,lly

3. (equivariance)
An+IS 1 = SiAn+1
4qn

qn

4. (polynomial estimation) There is a fixed sequence Rs(n) € N such that
||An+1||n+1 < (ann)RS(n>

5. (identity on a neighborhood of the boundary) B, = Id on a neighborhood of OM.

Remark 17.2. Specification 2 above implies that &, generates (and so &,°, by lemma 16.3), see
proposition 17.9.

We construct B, recursively. We suppose that B, exists and satisfies these specifications,
and we construct A,,, 1.

The diffeomorphism A, is constructed in two steps when d = 2 (three steps when d > 3),
each step gives a smooth, measure-preserving, equivariant and polynomially controlled map.
In the first step, lemma 17.3, we construct a smooth map A}l ., that "quasi-cuts" Ay, in k,
equal vertical slices, and then rotates each slice I'; by an angle a,(i)/g, along the periodic flow
S, (remember that the parameters 0 < a,(i) < g, — 1 are defined by R® = Ufﬁal Ag,(ivkntideng,)
(see figure 8).

In the second step, we construct a second map Afl ., that "quasi-sends" each vertical slice

A}l .1(I') into the horizontal slice A, i, +ikq, (s€€ figures 9 and 10). These two steps ensure

that A,.; = A2, |A! | "quasi-sends" Ay, to R™. It ensures that &, converges. Moreover, when

d =2, this also gives the generation of &, (and so of ).

For d > 3 we need a third step. Inside each A; 4., we quasi-rotate the slices A, , ¢ with
A3, so that the diameter of A} !, (A,,.,) is small, where A,,; = A3 A2 Al (see figures 11,

n+1° n+1""n+1""n
12, 13, 14). This guarantees that &, generates (and so &;°), which completes the construction.

First, we write the construction in the case M = [0, 1] X T, and then we extend it to
M=10,11""xT.
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17.1 Construction in dimension 2

The first step is based on the lemma (see figure 8):

Lemma 17.3. Let kl >e >0andforO<i<k,—1,letT; = [kL;,’ ’Z—l —€]x]0, (;—n]. There is a
smooth measure-preserving diffemorphism Arll v - [0, 11X T — [0, 1] X T such that:

1.

A;11+ISqin = SanA}H]
2.

Ay (T) = S ol
3.

1
1
A, < =1l
€

where ¢ is a fixed smooth diffeomorphism independent of n and €.

1k,

1/q,

-«

£

ftx-’__—'/r’__—/r’__id[

Figure 8: The image of the partition 7, after step 1.

Proof. Let ¢ : R — R be a smooth increasing function that equals 0 for x < —1 and 1 for
x > 0. Let¢™ : [0, 1] — [0, 1] defined by:

(0 (1) —a,(0 1 2k, — 1) —a,(k, —2 k,—1
g - @O, a) a<>¢(1_ )+___+a< ) - a( )¢(£_ )
qn qn €] kn €] 4n €] kn €]
For0 <i <k, — 1, we have: ¢|’E’fl o = “;(i), with the estimation:
T T "

1
llg™ Ml < = lIll:
S
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Finally, for x € M, let A}1 11 (%) = 8 gne (9(x). It satisfies all the specifications of the lemma.

O

We take €, = —- and we let

T2
kn=lp . .
I i i+1
E.= U O
i=0 L7 n

x T

We have: {
:u(Erlzi—l) = kye = 5

In the second step, we shrink I'; horizontally by a factor ¢g,, we expand it vertically by the
same factor, and we rotate it by a /2 angle (except in a neighborhood of the border of Ag ).
Thus, T'; is quasi-sent to A, ... Note that with this operation, we automatically obtain the right
combinatorics of R™.

Our method is slightly different than in Anosov-Katok’s original paper, but this difference
is critical: in Anosov-Katok’s original method, the fibered rotation in the first step does not
depend on a,(i), and it does not make k,, cuts. This does not allow to get directly the right com-
binatorics of R™ by just using conjugacies of quasi-rotations (having an explicit construction
is what allows us to get a quantitative control of the norm of B,,).

We have the lemma (see figures 9 and 10):

Lemma 17.4. Let T} = [£, 2] x[0, qi]. There exists a map A2, equivariant by S 1 and there

E, E qn
exists a measurable set Eﬁ 41 Such that u(Ei o) = 1=4/2"% such that Ei .1 Is globally invariant
by S 1 and A3+1’ and such that

an
Ar21+1 (F: ﬂ Er21+1) = Ai7anI1 ﬂ E721+1

In particular,

. _ 1 1
diam ((A,zm) IA,,knqn N Eﬁﬂ) < max (a, k_n)

Moreover, there is an explicit function R,(j), depending only on j, such that

1A%, 11l < (@)™l

Combined with lemma 17.3, this lemma gives the convergence of the partition &, to &,°:

Corollary 17.5. We have the estimation:

(80,,) AR™) < =

a (Az A A

n+1“ n+1

Proof of lemma 17.4. We need to recall the definition of a "quasi-rotation" by /2 [FSWO07]:
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A

1
1
1
1
|
1
g, 1
1
1
1
1
1
1
1

1/2" 1/k,

Figure 9: The partition A ,11 . N[0, 1]X [qL ’;r—l] before step 2 (¢; has been taken infinitesimally
small in the illustration).

wknqnl

1k,

Figure 10: The partition A} 1, N[0, 11X [qL, ’;—1] after step 2 (¢, has been taken infinitesimally
small in the illustration).

Proposition 17.6. For any n > 1, there is a smooth measure preserving map ¢, : [0,1]> —
[0, 11? (called "quasi-rotation") such that ¢, = Ry on 5,1 — %1* and ¢, = Id on [0,11* -
[zn%’ 1 - 2;11+1 ]2'

Let p > 2 and
C,: [0,1]x[O0, %] — [0,1] x[0,1]
(x,y) = (X, py)

Let ¢, = C;1¢,,C ». The map ¢, , is measure preserving. By the Faa-di-Bruno formula,
there exists a fixed function Rg(j) such that

R
16npll; < PPl

Let A2

n+1

= ¢nq, on [0, 1] X [0, i], extended to [0, 1] X T by 1/g, periodicity. We have:

AL 1l < gRe DI,
Forr=0,..,q,— 1, let

r 1 r+1 1
_ + s p—
dn  @2" qa qn2"
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and
ql‘l

n+l - U En+l r

The set E2, | is invariant by S 1 and AZ_,. Moreover,
4qn
’ 2
n+1 F ﬂ En+1 n+l ﬂ En+1 0 l',kn% ﬂ En+1
O

Proof of corollary 17.5. By lemma 17.4 (using in particular that E2 | is S . -invariant, and

an
that A2 5.1 18 S 1 -equivariant),

an
n+1 (U S 20 ; I ﬂ En+1] U An+l ( 20 ; I ﬂ En+1)

ky—1

= U S “LU)ALkn‘]n ﬂ E +1 R(”) ﬂ En+1
qn
i=0

On the other hand, by lemma 17.3,

n+1 AO Gn ﬂ En+1 U S "Z:)r/ ﬂ En+l

Therefore, if we let A/, = A2, Al

n+1° " n+1°

n+1 Aan ﬂ En+1 ﬂ(A +1) n+1 = R" ﬂA +1(E +1) ﬂ En+1

we obtain:

Thus,

( :z+lA061nAR(n)) < #(An+lAOQn n+l Aoqn ﬂ En+1 ﬂ(A +l) n+l )) +

n+l Aan ﬂ n+1 ﬂ(A +1) ’”’1 R(”))))

But on the one hand, since A’ ,, is measure preserving,

/’t(AnHAan n+1 AOq ﬂE"H m(A +l) n+l )) -
(800, (o, NELL AL ) (E ,,+1))) =1 (B0 N(EL VAL (E2)))
< :u(Erlzf—IO) F‘(Eﬁﬁrlo) = 2"2qn + 2"2qn - 2';44,,

. . . . . . —1
And likewise, by using S 1 -invariance, since R" = U:'Zo S a0 Ai g
qn

qn
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R (VAL Ep ) () ERa) = #(Bog, [ A2 Er) [ ) EL) <

O

Moreover, we automatically obtain generation of &, (and so &;°). Indeed, by applying the
induction assumption, ||B,||; < (k,—1g,-1)®"~Y for some R;(n). If, in assumption 2 of lemma
14.3, we choose R3(n) such that g, > 2”()/(") _1)R=D (remember that we took &, = 72")), and

since yh > qn, then lemma 17.4 gives:

1
di A2 VA, NEX ) <
iam (( i) Dikg, ”“) 2B,y

We obtain the conditions of proposition 17.9, which imply generation:

Proposition 17.7. Let A,.; = A2, Al, and E,., = E2_ N A, (E! ). We have (E,.1) >
1 — 8/2", and there exists an explicit sequence of integers Rs;(n) depending only on n, such

that, for any qui = (""" g™, 0 <1< gt — 1, we have:

1

diam ((An+l)_1 (Al,qrm N E"+l)) < m

17.2 Construction in higher dimensions

First, we consider the case M = [0, 1]%' x T. Then, in subsection 17.4, we extend the
construction to more general manifolds. The first step is the same as in dimension 2: We
letT; = [k , ﬂ —¢] x[0,1]4% x [0, ql] and for x = (xi, ..., x;) € M, we consider the map

Al (x) = S(/ﬁw1 (X)) = (X1, ooy Xao1, Xg + P (X1)).

The second step is also the same as in dimension 2: we quasi-rotate in the (x, x;) plan
(the plan in which we sliced the I';). We write ¢, (x,y) = (¢4,.1(X,¥), Png,2(x,y)). We let
Ar (X1 s Xa) = (D 1 (X1, X0), X2, ooy X1 P, 2(X1, X2)) 0n [0, 1] X [0, -], and we extend it
to [0, 1] X T by 1/g, periodicity along the x, coordinate.

The third step is different than in dimension two: to obtain generation, we have to combine
all dimensions. We proceed as in [FSWO07, pp.1808-1809]. We have the proposition:

Proposition 17.8. There exists a smooth measure-preserving and S 1 -equivariant diffeo-

nlln

morphism A3 ., and there is an explicit function Rg(j), depending only on j and d, such that

n+l’

145111 < (eug) Pl

and there is a set E, | satisfying the assumptions of proposition 17.9 such that if A, =
A3 A2 Al then for any choice of gui1 = ¢, (kaqn)™, with Ry(n) multiple of d, we have:

n+1°"n+1" "n+1’

1
diam ((An+l)_1 (Al,qn+1 N E"“)) < 21|B, ||,
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PrOOf: For i = 07 cees d— 1, let ¢f¢,k"qn(~xl’ cees Xd) = (Xl’ ces Xi—1» (bn,knqn(xia xi+l)a Xit2s eues -xd)a €X-
tended by 1/k,q,-periodicity along the x; coordinate. We let (see figures 11, 12, 13, 14):

3 d-1 1
Ay (X1 e Xa) = Gy e By g (X1 s Xa)

Letalso A,.; = A}, A2 Al

n+1*"n+1°

: 1 1 r 1 r+1 1 .
E.,=[0,11"x|—,1-—|x + , — x [0, 1]4-U+D
g [ ] [ 2n 211 ] [kﬂq" k,,qn2" knqn knqnzn [ ]

Forj=1,..,d-1,r=0,..,k,q, — 1, let also

(in the notations, we omit dependencies in n) and

Note that E; is ¢f; ., -invariant. We let
Kndn

By =E =0 ED[ o[ ) hsar- b Ear)

and

En+1 E%

n+l

ﬂA3+1( +1)0A3 A2+1(E +1)

n+1

We obtain, for [ = 0, ..., (k,q,)? — 1:

diam ((A3,) ™ Ay

agn) 1 En+1)

Therefore, by lemma 17.4,

diam ((A2+1) ((A;1+1 - (Al,(k qn)? N En+1)) N Ei‘*l) = l

and therefore, we also have:

diam ((A 1) ((A 1) ((An+] 1(Al,(knqn)" N En+])) N Eﬁﬂ) N E}'lH-l) ki 2nI|IBn”1

Finally, for any choice of g1 = ¢/, ,(k.g,)®", with R3(n) multiple of d, we obtain the
wanted estimation:

| ) 1
diam ((An+1) : (Al,qn+| N E”“)) < m

Thus, we get generation.
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.
X3
i
1
wr §
o7
G #
KnGn ' g
¥ -
- - "
1
: . - ati 3yl —
Figure 1]1. An ?lement Aj kg for d = 3, before the application of (A;, )™ =
(6lh0) (22h,) - Ttssizeis 1 X 1 1/(kuga)’.
i
T knQn
X3 -
o
e
~
1
Kqgn % oo
~
7
p
~
~
P
- /

- Xz

Figure 12: The element (¢2 )_1 (A,’(knqn)d) N E?, . Itssize is less than 1X1/(k,g,)*X1/(kuqy)-

n.knqn

Xz

[
1
(Kngn)
A
P o K T ‘/ k1q
nun
- - X4

4
Figure 13: The element ((/)2 ) (A,’(knqn)d) N E?, |, in the plan (x;, x).

n.knqn
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X2 1

- - X1

1

Figure 14: The element (gb}l,knqn)_l (¢Z,knqn)_1 (Al’(knqn)d) N E?,,, in the plan (x;,xp). Its size is
less than 1/(k.g,) X 1/(kugn) X 1/(kugy).

17.3 Generation of ¢, convergence of the sequence of diffeomorphisms
and ergodicity of the limit

By combining lemma 16.3, corollary 16.4, and proposition 17.1, in order to complete the
proof of lemma 14.3, it remains to show that &, generates, that 7, = B,'S o B, converges in
the smooth topology, and that the limit 7" of T, is ergodic.

17.3.1 Generation of &,

Proposition 17.9. If there is a set E,;; C M such that 3. u(E; ) < +o0 and such that for

any 0 <1< guer — 1, 1
diam (A;il (Az,q,,+1 ﬂ E””)) = 21| Byl

then &, generates.

Proof. By the Borel-Cantelli lemma,

p(liminf E,) = 1

Let E = liminf E, and let x € E. By extracting, we can suppose that x € E,, for any n. Let
cn(x) € &, such that x € ¢,(x). We have: {x} C (),s0 Ex N cu(x). Moreover, since

| i 1
diam (Anil (Az,q,,+1 ﬂ E””)) < 2M|B,|l;

then {
diam (B;il (Az,qn+1 ﬂ En+1)) <o
(note that this intersection may be empty for some /), and therefore,
diam(E, N ¢, (X)) =p5400 0. S0 (50 En N c,(x) 18 at most a singleton, and &, generates.

O
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17.3.2 Convergence

To complete the proof of lemma 14.3 for M = [0, 119! x T, we need to show the conver-
gence of T, = B,'S m B,. By the Cauchy criterion, it suffices to show that },.o d.(Tys1, T)
converges. We combine the fact that A, +1 commutes with S 1, the estimation of B,,; and the

assumption of closeness between p,.1/¢,+1 and p,/q, of leglma 14.3. We recall the lemma
[FSWO07, p.1812]:

Lemma 17.10. Let k € N. There is a constant C(k, d) such that, for any h € Dif(M), a,a, €
R, we have:

di(hS o, ™" S 0, h ") < Clk, IR ey —

Since T, = B;'S nB, = B 'S m B,y (because A, commutes with S 1 ), and since, for
n

n =2, ||ullsr < qffg(”) for a sequence Ry(n) independent of g, (because g, > 2 for n > 2), we
obtain, for a fixed sequence R;y(n) (that depends on n and on the dimension d):

d(To1, To) = du(B, 1S rast By, B,y S 12 By)
In+1 n

n+1
n n n Rio(m) | Pn "
< Cll dByllf} |22 — 22 < (g, ) | Pt L2
1 Gn dn+1 qn

For some choice of the sequence R,(n) in lemma 14.3, this last estimate guarantees the
convergence of T, in the smooth topology.

17.3.3 Ergodicity

Ergodicity is a property preserved by metric isomorphism. Therefore, to show that 7T is
ergodic, it is sufficient to show that the limit translation 7% on the torus T" is ergodic. We
apply a theorem by Katok and Stepin [KS67]:

Theorem 17.11 (Katok-Stepin [KS67]). Let U be an automorphism of a Lebesgue space
(N,v), let (U,),>1 be a sequence of measure-preserving transformations, and let (x,),>1 be a
sequence of finite measurable partitions of N. Suppose that:

— U, permutes the elements of x, cyclically.
— (Yn)ns1 generates.

= Yeey, VWU (OAU(c)) = o(1/|xnl) (Where |x,| is the cardinal of x,).

then U is ergodic.

Note that the sequence of partitions (x,),>1 does not need to be monotonic. For our pur-
pose, we cannot apply theorem 17.11 with y,, = ¢, or £;°. Indeed, since p, and g, are not
relatively prime in general (contrary to Anosov-Katok’s original construction), then T is
not a cyclic permutation on ¢, nor ¢,°, in general. Let g, = gcd(p,, q,) and
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We have the lemma:

Lemma 17.12. Let £, be the partition defined by:

N R o™ ;
¢, = {r,.,n = T T i=0,..., 20— 1}
n

Pn

) . . 5 5
T« is a cyclic permutation on (,, and (, generates.

pbn(n) . . 2 . ..
Proof. T«”" is a cyclic permutation on ¢, because g, = gcd(p,, g,). Since g, divides g1,
there is an integer e,,; such that:

Pn+1 _ Pn _ €ntl

dn+1 qn qn+1

Since
Pnsi DPn 1
qn+1 qn B (’y;lnﬂ)qn)Rz(n)
Then:
Qn+1
< -
lenal < (D g o)

Moreover, since qft divides g,+1, then gcd(pu+1> @us1/9n) = gcd(Pus1> Gus1) = &ui1. More-
over,

qn+1
DPn+1l — ——Pn = €n+1-
qn
Since g, divides p,., and ¢,.1/4,, then g, divides e,,;. In particular, g,,; < |e,+1|. By
condition 7 of lemma 14.3, we get:

qn+1 < dn+1
(')/I(,ln+l)q;1)R2(n) - 2n+1 ||y(n+l)|l

8n+1 <

Moreover, since:

Iyl

n

diam(I'p ,) < max (dn, ) 400 0

(d, = diam(T™), where T™ ¢ T"! x{0} is a fundamental domain of the flow {T""}) then:

R (n) 1
diam(l'y,,) < max (dn, &ully ”) < max (dn, 5) e 0

n

It shows that /, generates. O

. . Pn . (n)
It remains to estimate )’ .c;, fx (T“cAT;ny c). We have the lemma:
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Lemma 17.13. There is a choice of Ry(n) in condition 4 of lemma 14.3 such that:

> (T7eAT 5" ) = 0(g/4,)

ced,

Proof. We have:
(n) Pk+1 . (k+1) (k) Pk+1 . (k+1) _ pk (k)
Z,uh T“cATfm Z E i (T‘/my cA aw ) Zz,uh( T ant” K7 cAc)
cely kzn cely kzn cef,

Let 7, be the (& — 1)-volume of the border of an element of Zn. We have:

Pk+1 7(k+1) pk (k)

Phal (k1) /’k *)
HMh (qu+17 a” CAC) < T
qi+1

pk+1 ) (k+1)
Qk+1

Moreover, there is a fixed function f(k) that only depends on 4 such that:

® g Iy™ll

Y (n)
Vol(I'") f(h)
210 gn /

Vol(T™) f(h) <

Tn < &n

n

Moreover, Vol(I'™) < 1. Therefore, there is a choice of R,(n) such that:

Zﬂh (TQCAT%VWC) = 0(gn/qn)

C&n

O

By combining lemmas 17.12 and 17.13, and by applying theorem 17.11, we obtain that
there is a choice of R,(n) such that 7 is ergodic.

17.4 Extension to more general manifolds

To extend the construction from M = [0,1]"! x T to a general d-dimensional smooth
compact connected manifold, admitting an effective volume-preserving circle action, we pro-
ceed as in [FSWO7, p. 1805], but we give more details. Let S be this effective circle action
on M, S be the circle action on [0, 1] x T. For ¢ > 1, let F, be the set of fixed points of
Sy 1q- Let B = OM |5, F, be the set of exceptional points. We recall the proposition, stated
in [FSWO07], and which is a consequence of the proof of proposition 2.3 in [AK70, p.9]:

Proposition 17.14 (([FSWO07]). Let M be a d-dimensional smooth compact connected mani-
fold, with an effective circle action S, preserving a smooth volume . Let S, denote the circle
action on [0, 114! x T. There exists a continuous surjective map T : [0,1]*! x T — M such
that:

1. the restriction of T to 10, 1[¢"'XT is a smooth diffeomorphic embedding.
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2. pu@@(0, 11" xT))) =0
3. Bc (0, 11" x T))

4. T'.(Leb) = u

5. 8T =TS

Proof of lemma 14.3 for a general M. We apply this proposition at each step in lemma 14.2:
we have that I :]0, 1[“"'XT — E = I'(J0, 1[*"!xT) is a diffeomorphism. Let I'""! its inverse.
We need the claim:

Claim 17.15. Let T, : M — M defined by T,(x) = TB;'S B, (x) if x € E and T.(x) =
S %(x) otherwise. (T)ns0 is a sequence of smooth diffeomorphisms converging towards a

smooth diffeomorphism T in the smooth topology.

Proof. T, is bijective, Tn|E and T,,| ge are smooth diffeomorphisms. Moreover, let E, =
[1/22,1-1/2"21%'xTand G, = ([0, 1]* " =[1/2"*2,1-1/2"?]*"")x T . of ([0, 114! xT)
inside [0, 1]7! x T, and stable by the flow S;, B, = B, = Id. Therefore, for x € I'(G,) C E,

T.x) =TB,'S %BnF_l(x) =TS %F_l(x) =S %nrr-l(x) =S s (x)

Therefore, T, is a smooth diffeomorphism. Finally, the sequence 7', smoothly converges
towards a smooth diffeomorphism 7. Indeed, we follow the same argument as in the proof
of the convergence of T,, (for M = [0, 1]“"! x T), and we add that supg [Illlne1 < qff”(") for a
sequence R;;(n) independent of ¢, (because g, > 2 for n > 2). We obtain, for a fixed sequence
R,(n) (that depends on n and on the dimension d):

dy(Tys1, T,) = max (dn(Tn+1|F(E,,)a Toire,)» dun(Tosirc,)» Tnu"(c,,)))

DPn+1 DPn (n+1)  \Re®
n+l qdn

DPn+1 _ &
dn+1 adn

n n+l

< C(k,d) sup [Ty 1By [l
E,

O

For some choice of the sequence R, () in lemma 14.3 (greater than in the case of [0, 1197 x
T), this last estimate guarantees the convergence of T, in the smooth topology.

Let é;:’ =T'¢"°. Since I'is a diffeomorphism except on a set of zero Lebesgue measure, then
the equivalent class of $;° is a measurable partition. Moreover, since I" is independent of n,
then the sequence £ generates. Moreover, T, is u-measure preserving, stabilizes £ (because
T, = I'B'S %Bnl“‘1 u-almost everywhere) and by claim 17.15, T, weakly converges towards

an automorphism of M T. Let K = TK. We have KT %" = T,K> and K~ = K.
This allows to apply lemma 14.2, and combined with claim 17.15, we obtain lemma 14.3 for
a general M.
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Let M be a smooth compact connected manifold, on which there exists an effective smooth
circle action S, preserving a positive smooth volume. In this chapter, we show that on M, the
smooth closure of the smooth volume-preserving conjugation class of some Liouville rota-
tions S, of angle @ contains a smooth volume-preserving diffeomorphism 7' that is metrically
isomorphic to an irrational rotation Rz on the circle, with @ # +8, and with « and 8 chosen
either rationally dependent or rationally independent. In particular, if M is the closed annu-
lus [0,1] x T!, M admits a smooth ergodic pseudo-rotation T of angle « that is metrically
isomorphic to the rotation Rz. Moreover, T is smoothly tangent to S, on the boundary of M.

18 Introduction

Let A = [0,1] x T! be the closed annulus and T be a homeomorphism isotopic to the
identity. The rotation set of T measures the asymptotic speeds of rotation of the orbits of 7'
around the annulus. It generalizes the notion of rotation number of a circle homeomorphism,
introduced by Poincaré. T is an irrational pseudo-rotation if its rotation set is reduced to a
single irrational number «, called the angle of T. A broad question is raised by Béguin et al.
[BCLRPO4]: what are the similarities between the dynamics of the rigid rotation S, of angle
a and the dynamics of an irrational pseudo-rotation 7 of angle a?

From a topological viewpoint, a similarity between S, and T (but with T only C°) has
been shown by Béguin et al. [BCLRP04]: the rotation S, is in the C’-closure of the conju-
gacy class of 7. Their result is analogous to a theorem by Kwapisz [Kwa03] on the torus T?
(in this case, the angle of a pseudo-rotation is an element of T?). Jdger [Jig09] and Wang
[Wan11] also investigated this broad question. However, there are also possible differences
between S, and T. From a metric viewpoint, Anosov and Katok [AK70] constructed a smooth
pseudo-rotation of A that is metrically isomorphic to an ergodic translation of T2. Béguin et
al. [BCLRO7] constructed on T? a pseudo-rotation that is minimal, uniquely ergodic, but
with positive entropy. In this paper, we construct a smooth pseudo-rotation of angle « that
is metrically isomorphic to an irrational rotation Rz with @ # +8. This is a construction of a
non-standard smooth realization, based on the method of approximation by successive conju-
gations (see [FKO04] for a presentation), a method that is often fruitful in smooth realization
problems.

We recall that a smooth realization of an abstract system (X, f,v) is a triplet (M, T, ),
where M is a smooth compact manifold, ¢ a smooth measure on M and 7 a smooth u-
preserving diffeomorphism of M, such that (M, T, u) is metrically isomorphic to (X, f,v)
(when (M, ) and (X, v) are implied, we just say that 7" is metrically isomorphic to f). More-
over, a smooth realization is non-standard if M and X are not diffeomorphic.

Suppose there exists an ergodic pseudo-rotation 7" of angle « that is a non-standard smooth
realization of a rotation R on the circle. Then the couple (e, B) is called a non-standard couple
of angles. In this paper, we show that there exists non-standard couple of angles (a, ), such
that @ # £, with @ and 8 chosen either rationally dependent or rationally independent.

Anosov and Katok [AK70] showed the existence of an angle « such that (@, @) is a non-
standard couple of angles. Fayad et al. [FSWO07] showed that for any a Liouville, (@, @) is
a non-standard couple of angles. The question arises about the existence of a non-standard
couple of angles (a, 8) with a # .
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It is worthy to recall that two ergodic rotations R, and Rz on the circle are metrically
isomorphic if and only if § = +a. If § = «, the isomorphism is the identity, and if 8 = —, an
isomorphism is given by a symmetry of axis going through the center of the circle. Therefore,
by applying the result of Fayad et al. [FSWO07], it becomes trivial to find a non-standard couple
of angles (@, —a). Our result shows that if, instead of considering metric automorphisms of
the circle, we consider metric isomorphisms between the circle and the annulus, the situation
becomes richer: we can have @ # +f, with @ and  either rationally dependent or rationally
independent. However, « needs to be Liouville. Indeed, a result by Herman (with a proof
published by Fayad and Krikorian [FK09b]) implies that if a smooth quasi-rotation 7" of the
closed annulus has Diophantine angle (i.e. non-Liouville), then 7" cannot be ergodic (and a
fortiori, 7' cannot be metrically isomorphic to an ergodic rotation). However, the situation
where « is Liouville and $ is Diophantine, though not addressed in this paper, is not excluded
yet. The existence of this situation would reply positively to the open question about the
existence of a non-standard smooth realization of a Diophantine circle rotation [FK04].

More generally, let M be a smooth compact connected manifold of dimension d, on which
there exists an effective smooth circle action S, preserving a positive smooth measure . Let
A, be the smooth conjugation class of the rotation S,, and A, its closure in the smooth
topology. If M = T! and if « is Diophantine, then A, = A, by Herman-Yoccoz theorem
[Yoc84] (indeed, by continuity, the rotation number of a diffeomorphism T € A, is a). On
the other hand, when « is Liouville, A, # A,. In this paper, if M has a dimension d > 2, then
for some Liouville @, we show that A, contains non-standard smooth realizations of circle
rotations Rg, with @ # £, and with « and 8 chosen either rationally dependent or rationally
independent. In this case, (a, B) is still called a non-standard couple of angles. More precisely,
we show the following theorem:

Theorem 18.1. Let M be a smooth compact connected manifold of dimension d > 2, on which
there exists an effective smooth circle action (S,);c1 preserving a positive smooth measure
u. For any u,v € T, for any € > 0, there exist (a,8) € T' x T' in a e-neighborhood of
(u,v), T € Diff*(M, ), such that T € A, and such that the rotation Rs of angle 3 on T'
is metrically isomorphic to T. Moreover, B can be chosen either rationally dependent or
rationally independent of .

Theorem 18.1 generalizes the particular case M = [0, 117! x T*:

Theorem 18.2. Letd > 2, M = [0,1]%! x T', u the Lebesgue measure. Fort € T', let
S, : M — M defined by S,(x,s) = (x,s +1). For any u,v € T, for any € > 0, there exist
(a,B) € T! x T! in a e-neighborhood of (u,v), T € Diff*(M, i), such that for any j € N,
(D'T)om = (D’S o)om and such that the rotation Rg of angle B on T' is metrically isomorphic
to T. Moreover, B can be chosen either rationally dependent or rationally independent of a.

In the case of the closed annulus M = [0, 1] x T', we obtain:

Corollary 18.3. Let M = [0, 1] X T!, u the Lebesgue measure. Fort € T!, letS,: M — M
defined by S (x, s) = (x, s +t). For any u,v € T, for any € > 0, there exist (a,8) € T! x T!
in a e-neighborhood of (u,v), T € Diff*(M, i) a pseudo-rotation of angle «, such that the
rotation Rg of angle 3 on T' is metrically isomorphic to T. Moreover, B can be chosen either
rationally dependent or rationally independent of a.

To show these results, we suitably modify one of Anosov and Katok’s constructions.
In [AK70], they constructed ergodic translations on the torus T, h > 2, of coordinates
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(B1, ..., Bn), translations that admit non-standard smooth realizations on [0, 11" x T, d > 2,
such that T}5y is a rotation of angle @. Moreover, in his construction, & # 5;, i = 1,...,h.
In the previous chapter, we show that one §; can be an arbitrarily chosen Liouville number.
However, this construction does not apply directly to the one-dimensional case. This is why,
to obtain our result, though we essentially follow the previous chapter, we still need some
substantial modifications.

18.1 Definitions

Let Diff*(M, u) be the class of smooth diffeomorphisms of M preserving the Lebesgue
measure u. For B € Diff*(M, i) and j € N*, let D’B be the j derivative of B if j > 0, and the
—j™ derivative of B~ if j < 0. For x € M, let |D’/B(x)| be the norm of D’B(x) at x. We denote
l|Bllx = maXo«ji<x Maxyep |D/B(x)|.

A finite measurable partition & of a measured manifold (N, v) is the equivalence class of a
finite set & of disjoint measurable subsets of N whose union is N, modulo sets of v-measure
zero. In most of this paper, we do not distinguish a partition & with its equivalent class &
modulo sets of v-measure zero. In these cases, both are denoted £&. Moreover, all partitions
considered in this paper are representatives of a finite measurable partition.

A partition &’ is subordinate to a partition £ if any element of £ is a union of elements of &',
modulo sets of v-measure zero. In this case, if 8(£) denotes the completed algebra generated
by &, then B(¢) C B(&'). The inclusion map i : B(£) — B(&') will be denoted & — &’. This
notation also means that &’ is subordinate to €. A sequence of partitions &, is monotonic if
for any n, &, < &,.1. These definitions and properties are independent of the choice of the
representatives & and & of the equivalence classes & and &'.

A measure-preserving bijective bimeasurable map 7 : (My,u;, B81) — (Ma, 1o, B,) in-
duces an isomorphism of measure algebras, still denoted 7' : (u;, By) — (U2, B). If £1,&
are partitions, and if 8; = B(£;) and B, = B(&), we denote T @ & — & this induced
isomorphism of measure algebras. If M, = M,, uy = yp, and B, = B,, then T is a measure-
preserving transformation. Its induced isomorphism is an automorphism (see [Hal56, p.43]
and [Wei72)).

A metric isomorphism L of measure-preserving transformations 77 : (My,u;, By) —
(M, 1, 8By), Ty : (My,pp,8,) — (M, 1y, B,) is a measure-preserving bijective bimeasur-
able map L : (My,u1,81) = (M, 1, B,) such that LT, = T,L a.e. For convenience, when
the measure is the Lebesgue measure and the algebra is the Borelian algebra, we omit to men-
tion the measures and algebras, and we simply say that L : (M,,T,) — (M, T5) is a metric
isomorphism.

Let & be a measurable partition and & a representative of this equivalent class modulo sets
of u-measure zero. For x € M, we denote £(x) the element of the partition & such that x € £(x).
A sequences of partitions &, of measurable sets generates if there is a set of full measure F
such that for any x € F,

(= F )&

n>1

This property of generation is independent of the choice of the representatives &, of the
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equivalent class &, and therefore, we will say that the sequence of measurable partitions &,
generates. Let M/& denote the equivalent class of the algebra generated by &, modulo sets of u-
measure zero. M/¢ is independent of the choice of the representative £ of the equivalent class
EIfT : M| — M, is a measure-preserving map such that T(&,) = & u-almost everywhere,
we can define a quotient map: T/&, : M/& — M/é&,.

An effective action of a group G on M is an action such that there is a set of full measure
F c M such that for any x € F, there is g € G such that gx # x. A smooth effective
circle action (S,),er1 on M can be seen as a 1-periodic smooth flow (S,),»9, we denote A, =
{B~'S B, B € Diff*(M, u)}. When M = [0, 1]9"'xT", we consider the periodic flow S, defined
by:

S, (0,11 'xT!  —[0,1]' xT!
(x,8) > (x,t+s mod]l)

For a,b € T!, let [a, b[ be the positively oriented circular sector between a and b, with a
included and b excluded.

A sequence T, of u-preserving maps weakly converges to T if, for any measurable set E,
w(T,EAE) — 0, where AAB = (A — B) U (B — A).

For y € R, we denote: |y| nmoq 1 = mingez [k + |

Forte T!'orR,and A c I x T', we denote

t+A={(x,t+s mod1),(x,s) €A}

Suppose M = [0,1] x T! is the closed annulus. Let M = [0,1] x R be the universal
covering of M. Let T be a homeomorphism of M isotopic to the identity and 7T its lift to M.
The rotation set rot(T) of T is defined by:

rot(T) = ﬂ U {Tﬂ(ii?/fc € ]\7[}

k>0 n>k

We let the rotation set of 7', rot(T), be the equivalent class modulo 1 of rot(7T). If rot(T)
is a singleton, and if 7 is isotopic to the identity, then T is a pseudo-rotation. Note that, if
Tom = S opom, then T 1s isotopic to the identity. Indeed,

t€[0,1] —» S, is a continuous path between the identity map and S ,, and by Alexander’s
trick, any homeomorphism equal to the identity on the boundary is isotopic to the identity. In
this paper, all the diffeomorphisms that we construct are equal to a rotation on the boundary
and therefore, they are all isotopic to the identity.

18.2 Basic steps of the proof

The metric isomorphism of theorem 18.2 is obtained as the limit of isomorphisms of finite
algebras: indeed, we use the lemma [AK70, p.18]:
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Lemma 18.4. Let M, and M, be Lebesgue spaces and let ffli) (i = 1,2) be monotonic and

generating sequences of finite measurable partitions of M;. Let T be automorphisms of
M; such that T,(,')ff,’) = fff) and T — TD in the weak topology. Suppose there are metric
isomorphisms L, : M, /g—‘,ﬁ‘) - M, /f,(f) such that

LT /ED =T EPL,

and

1 2
Ling) = &7

then (M, Ty) and (M,, T,) are metrically isomorphic.

Said otherwise, if we have generating sequences of partitions and sequences of automor-
phisms TS weakly converging towards T?, and if. for any integer n, the following diagram
commutes:

7 Cé:’gl) Ln N é:’(ZZ) DT’(’Z)

!

§<1> Lov1_ w(2)

—
n+1 n+1

then (M, Ty) and (M,, T,) are metrically isomorphic.

The proof of theorem 18.2 is in two steps. In the first step (lemma 18.5), we determine
sufficient conditions on a sequence (R%: b, n=0 Of periodic rotations of T! such that there exists
sequences of finite partitions and automorphisms satisfying the assumptions of lemma 18.4
with M, = T!, M, = M, T,(,l) = R%bn, T,(,z) = T,, where T, is also smooth diffeomorphism,
and such that the limit 7 in the smooth topology of the sequence T, is smooth, and T € A,
for = lim p,,/q,.

In the second step (lemma 18.6), we construct sequences of integers satisfying the con-
ditions of the first step, such that p,/q, — «, b,p,./q, — B, with (a, ) that can be chosen
arbitrarily close to any (u,v) € T' x T! , and with (a, ) either rationally dependent or ratio-
nally independent.

Lemma 18.5. There exists an explicit sequence of integers Ri3(n) > n, such that, if there exist
increasing sequences of integers p,, qn, a,, b, € N*, and a sequence s, € 7. such that, for any
integer n,

1. (primality) a,b, — s,q, = 1.
2. (monotonicity) q, divides g, and q, < qn+1.
3. (isomorphism) g, divides a,,, — a,.

4. (convergence of the diffeomorphism, generation)

Pn+1 _ &
qn+1 qdn

1
<

0< < ——
(bn+IQn)Rl3(n)
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then all these assumptions imply that there are «, 3 € T' such that

p p
rn_ modl a, _ﬂbn _>m0dlﬁ
qn Gn

and there is a smooth ergodic measure-preserving diffeomorphism T of M such that for
any j € N, (D'T)py = (D'S,)om and such that (T],Rﬁ, Leb) is metrically isomorphic to
(M, T, p).

Lemma 18.6. Forany u,v € T, for any € > 0, there exist (o, ) € T'XT! in a e-neighborhood
of (u,v), such that there exist sequences of integers p,, qn,an, b, € N*, s, € Z.* satisfying the
assumptions of lemma 18.5, such that

4 P
rn _)modl a, _"bn _ymodl ﬁ
qn qn

Moreover, B can be chosen either rationally dependent of « or rationally independent of

We divide the proof of lemma 18.5 in two main parts. In the first part of the proof, we
elaborate sufficient conditions on B, € Diff*(M, u), where M = [0,1]¢! x T', so that if
T, = B,'S ZiBn weakly converges towards an automorphism 7', then there exists a metric

isomorphism between (T', Rg, Leb) and (M, T,p). To that end, we apply lemma 18.4: we
construct a monotonous and generating sequence of partitions &° of M and a sequence of
isomorphisms I_(,‘;" : T, — M/&?, where &, = {[i/q,, @+ 1)/q.l,i = 0,...,g, — 1}, such
that I_(,‘;"R% = T,K; and K%, = K;°. In the construction of this isomorphism, assumption
3 is important. Moreover, we will see that the elements of &,° are not the most elementary,
because they must be chosen in a way that ensures the monotonicity of the sequence K°. This
condition of monotonicity induces combinatorial constraints on the elements of the partition
£, Though it follows a similar scheme, the construction of the sequence K°° differs from the

construction done in the previous chapter, especially because the assumption 1 is new.

In the second part of the proof, we construct diffeomorphisms 7, = B,'S» B, on M
stabilizing &,°, obtained by successive conjugations from the rotation S .. Theqnconjugacy
B, is constructed explicitly. In this second part, we essentially follow the previous chapter
(which elaborated on [FSW07]), except for the obtention of the generation of the sequence of

partitions (£,°),>1, for which we need to slightly modify the construction.

Another change with respect to the previous chapter is in the construction of the limit
angles « and g, i.e. in the proof of lemma 18.6.

18.3 Construction of the limit angles « and S3: proof of lemma 18.6
18.3.1 The case 8 = pa

We show:

Lemma 18.7. For any u,v € T, for any € > 0, there exist (o, ) € T'XT! in a e-neighborhood
of (u,v), such that there exist sequences of integers p,, qn,an, b, € N*, s, € Z* satisfying the
assumptions of lemma 18.5, such that

- [0

qn qn

Pn mod| Pn mod|1
b , B2p, ot g
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Moreover, B can be chosen rationally dependent of a.

Proof. Let u,v € T' and € > 0. Let py, qo, by be positive integers such that ged(by, qo) = 1,
and such that:

Po
——u
90

IA

€
2

mod 1 mod 1
By the Bezout theorem, there are integers ay, sy, with ap > 0, such that apby — sogo = 1.

Suppose we have defined py, gx, ax, by, sk, satisfying the assumptions of lemma 18.5, up to
the rank £ = n, and let us define p,.1, @ui1> Ani1s Pus1s Sne1- (we will have s, = 1 forn > 1).
Let bn+1 = bn

Let ¢, be an integer sufficiently large so that ¢, > (b,19,)%" and ¢, > b,,,12""" /e (b, = by
is constant here, but this more general definition is used for the case (@, §) rationally indepen-
dent). Let

Apyl = Qp + SpCuqy

Therefore, assumption 3 holds. Let also

Gns1 = qnSu(1 + c,by,)

Therefore, assumption 2 holds. Moreover, we have:

an+lbn+1 —qn+1 = 1

Therefore, assumption 1 holds, with s,,; = 1. Moreover, let p,,; = pnq;—” + 1. Since
Gns1 = (b1, we have:

Pn+1 _ & _ 1 < 1
dn+1 qn qn+1 B (bn+1qn)R13(n)

0<

Therefore, assumption 4 holds. Moreover,

n—

1
& n = @bo + Z
qn q0 =0

n—1 n—1
b
(pk+1bk+1 - &bk) = mod 1 @bo + (pkH - &) bys1 = @bo +Z -
qk+1 qk

Since 1/gu41 < €/(2"'b,1), we get:

Puy _ Do,
qn 9o

Therefore,

_n_)ﬁ

n
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with |8 —u| <€

Likewise,

Pn

— > a

4n

with |@ — v| < €. Moreover, we have 8 = bya.

18.3.2 The case (e, ) rationally independent

We show:

Lemma 18.8. Forany u,v € T, for any € > 0, there exist (o, ) € T'xT" in a e-neighborhood
of (u,v), such that there exist sequences of integers p,, qn,an, b, € N*, s, € Z* satisfying the

assumptions of lemma 18.5, such that

Dn Pn
rn_ modl @, 22b, _>m0dlﬁ

qn qn

Moreover, B can be chosen rationally independent of a.

Proof. The beginning of the construction is the same as in the case 8 = pa, except that we

take:

bn+1 = bn + qn

qn+1 = SnQn(1 + cnbn + Cugn + an)

This ensures that b,, — +o0 as n — +oo, and that

an+lbn+l —Yqn+1 = 1

It only remains to show that the limit angles (a,f) are rationally independent. To that
aim, it suffices to show that the translation of vector (a,) on the torus T? is ergodic. We
follow the proof of the ergodicity of the limit translation in the previous chapter, with a slight

modification. We recall a theorem by Katok and Stepin [KS67]:

Theorem 18.9 (Katok-Stepin [KS67]). Let U be an automorphism of a Lebesgue space (N, v),
let (U,),s1 be a sequence of measure-preserving transformations, and let (x,),>1 be a sequence

of finite partitions of N with measurable elements. Suppose that:

— U, permutes the elements of x, cyclically.

— (Ynnz1 generates.
— Yecey, VWU(OAU(c)) = o(1/|x,l) (Where |x,| is the cardinal of x,).

then U is ergodic.
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Let v = (1,b,), g, = gcd(pn,g,). Let I™ c T? a fundamental domain of the flow
(T™")150 on T2, where T is the translation of vector ry™. Note that the diameter of '™ is
less than 1/b,,. Let

o, = | ) 77"1®

O<t<fn
qn

We have the lemma:

Lemma 18.10. Let £, be the partition defined by:

A -8n (n) n
¢ = {r,-,n = T T i=0,..., 20— }
&

pn () . . s e
an')/ sa CyCllC permutatl()n on gn, and é/n genel’ates.

Proof. Ta"" isa cyclic permutation on Zn because g, = gcd(p,, gn)-

To the vector space R?, we give the norm ||(x;, x»)|| = max, << |x;| and we consider its
induced norm on T?.

Since

qn+1

n

Pn+1 — Pn = 1

then p,,; and % are relatively prime. Since g,,; divides p,,; and g,,;, then g, divides
qn. In particular, g, < g, (this is the slight difference with the proof in the previous chapter,

in which we do not have: gcd(p,.+1, q;”) = 1. But on the other hand, in the previous chapter,
”’;;‘) = gcd(pus1, gni1). The important point is that in both cases, g, is

we have: gcd(p,41,
small enough).

Moreover, by assumption 4 of lemma 18.5,

bn+lQn < 1

n—to0 0
qn+1 B (bn+IQH)Rl3(n)_l o
Therefore,
1 guly™ 1 g,..b,
diam(Iy,) < max|—, gully "l < max|—, n-1 — i 0
’ by qn by Gn
It shows that /, generates. O

. . Pn . (n) .
It remains to estimate . .c;, (o (T"cATfmy c), where 1, is the Lebesgue measure on T2,
We have the lemma:

Lemma 18.11. We have:

D (T PeAT 5" ) = o(gn/gn) = o1/

c€ly
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Proof. We have:

5 Pkl k+1) l’k y& Pkl kH)_& (k)
D (et e) = 3 Fops 1 ear )= 3L 3T e

cel, kzn cef; kzn cegy

Let 7, be the (h — 1)-volume of the border of an element of Zk. We have:

-2
qk+1 qk

TkSZ(l gkbk) 2(1 Qk—lbk)s4
by qk by dk

’ Pk+1y(k+1) _ &y(k)
qr+1 qk

Pl . (k+1) _ Pk (k) bk+1
o (quﬂy 4 cAc) <7 =T —

qk+1

Moreover,

Therefore, by applying assumption 4,

Z H2 (T(Q’B)CAT%YWC) = O(gn/Qn)

c€l

O

By combining lemmas 18.10 and 18.11, and by applying theorem 18.9, we obtain that the
translation of vector («, 8) is ergodic with respect to the Lebesgue measure.

This completes the proof of lemma 18.6. O

18.3.3 Why not a construction for all @ Liouville?

Let us make one remark. We were not able to show our theorem for any @ Liouville,
because conditions 1-3 of lemma 18.5 introduce arithmetical constraints on the denominators
of the convergents of a. These conditions are analogous to those, in the previous chapter,
which limit the set of possible translations of the A-dimensional torus, 4 > 2, that admit a
non-standard smooth realization.

A sufficient condition for a Liouville to belong to a non-standard couple of angles («, 5)
with @ # %8, is the following: if, for the sequence p;, g, of convergents of a, there exist
positive integers ¢, d,, with d, < (") for a fixed sequence R(n), such that we can write:

Gy = 1+ by +dya, + c,dug,

then there is 8 # *a such that (@, ) is a non-standard couple of angles. (in this construc-
tion, we take b, = b, + d,q,, with d, € IN)
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18.4 Convergence modulo 1 of % and %bn towards a and 8.

The rest of the paper is dedicated to the proof of lemma 18.5. Part of lemma 18.5 is
straightforward, namely, the convergence modulo 1 of Z— and Z—:bn towards a and S respec-
tively:

Fartial proof of lemma 18.5. By assumption 2, for n > 2, g, > 2. By assumption 3, and since
Ry3(n) > n, p,/q, is Cauchy, and converges.

To show the convergence modulo 1 of %bn, we note that assumptions 1 at ranks n and n+1,
and assumption 3 at rank »n imply that g, divides b,., — b,. Indeed, let us write b,,; = b, +k,
with k integer, and let us show that g, divides k. By the assumption 3 atrank n, a,,; = a,+c,qy,
with ¢, integer. Therefore,

I+ Sn+1qn+1 = an+1bn+l = (an + qun)(bn + k) = anbn + ank + qn(cnbn + an)

Therefore,
qn (&le — Sy — Cnbn - cnk) = ank

Thus, g, divides a,k. Since g, is relatively prime with a,, then g, divides k. Therefore,
b,/q, = by+1/g, mod 1. Therefore,

pn+lbn+1 _ pnbn
qn+1 dn

Pn+1 _ &
dn+1 qn

:modl

|b

< - - 0
= B

Pnbn

Since forn > 1, g, > 2 and Ri3(n) — 1 > n — 1, then the sequence (q—n

Cauchy, and converges.

mod l)n>1 is
O

To show lemma 18.5, it remains to show that there is a smooth ergodic measure-preserving
diffeomorphism T of M such that T € A, and such that (T", Rg, Leb) is metrically isomorphic
to (M, T, ).

19 The metric isomorphism

In this section, our aim is to elaborate sufficient conditions on B, € Diff*(M, u), where
M = [0,1]1%! x T, so that if T,, = B,'S m B, weakly converges towards an automorphism 7,
qn

then there exists a metric isomorphism between (T!, Rg, Leb) and (M, T, ).

To that end, we use lemma 18.4: we construct a monotonous and generating sequence
of partitions £° of M and a sequence of isomorphisms K : T!/Z, — M/£Y, where ¢, =
{li/qn, (i + 1)/q,[,i =0, ...,q, — 1}, such that I_(,‘;"R%n =T,K” and K=, =K.

n+1|Z,
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Z, is a partition of T! that is monotonic (because g, divides g,,;) and that generates (be-
cause g, — +o0). Letn, = {IX[j/q., G+ 1)/q.l,j=0,...,q, — 1}. 7, is a monotonic partition
of M.

The following lemma is straightforward, but important:

Lemma 19.1. Let a, and g, two relatively prime integers, and let

n — M
il ity i+
[qn’ fInI: ~ IX[‘IV:’ dn [
K, is a metric isomorphism such that K,R1 = S %"K"' In other words, the following
qn n
diagram commutes:
C § H 7712 /\ S an

This lemma is related with two basic observations: the first is that both R1 and S a are

qn
isomorphic to cyclic permutations of {0, ..., g, — 1} (this set is given the counting measure
i.e. u(A) = #A); the second observation is that two cyclic permutations of the same order are

always conjugated.

The following lemma combines lemma 19.1 with the facts that £, — ¢,,; and
Mn — Mn+1:

Lemma 19.2. Let a,, a,+1,qn, gnr1 € N such that ged(a,, q,) = ged(ani1, gni1) = 1, such that
qn divides q,.1 and such that g, divides a,., — a,. There exists a partition 17"” — Npy1 Of M

stable by S a, and there exists a metric isomorphism K'*' : ¢, — q*! such that K = K11y,

and such that K,’Z”R =S @ K™, There exists also a metric isomorphism C™*! : n, — !

such that C"'S w =S @ C”” and K"™' = C"'K,. Said otherwise, we have the following
qn
commutative diagram:

Proof. Since gcd(a,.1,qn1) = 1, then by lemma 19.1, K, is an isomorphism. Moreover,
since g, divides ¢, then &, < ¢,.;. Therefore, we can define the isomorphism K"*! =
Kui,- Let it = K™'(Z,). We have ! < 17,41

It remains to show that K"*'R 1L =S K™! (it automatically implies that n"*! is stable by

S w, and that there is C;*' : 77, — nﬁ” such that CitlSu =SuCt). Let0 <i<g,—1. We
have:
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dn+l _

i+ 1 1" i j k +1
K:lH—]RL (|:L7 : [) = n+lR 1 U [ l
" \L9n  4n =0 qn Qn+1 Qn dn+1

dn+1 -1 dn+1 _

i i+ 1 k i+1 k+1 [
! + ! + = U K,,+1(
k=0

qn qn+1 qn dn+1
qn - . .
—Ix U [an+1 + ap4l + an+lk ap1 n ap4l + an+lk n 1 [

Gn  Gue1 Gn Gunl

1+i kK 1+i k+1D
+ +

T
=)

b

qdn qn qn+1 qn qn qn+1 qn+1

Since a,1/q, = a,/g, mod 1, we get:

In+1 -1

qn . .
Ay Quell  uak Gy Gul Apak 1
=1X — + + ,— + + +
k=0 qn qn 4n+1 qn qn qn+1 dn+1

Kn+1Rl (|:L l+1
ow\|lgn g

Therefore,

dn+1 -1

T Auitl Ak Qperi apirk 1
): U San(IX[ +1 i +1 ’ +1 i +1 4
k=0 " qn qn+1 qn dn+1 dn+1

K}’H—IRI (|:L l+1
"o\l gn

qn

In+1 -1

=S| Ix U [a"+1i+a"”k ol | Gnntk | 1 [ =Su K"+l([i =
" k=0 n Gn+1 , qn An+1 qn+1 n Qn’ qn

|

Let us denote R™ = K"*! ([O, qi[)

We also denote R>' = Sw,R™,i = 0,...,q, — 1. R® is a fundamental domain of § w.

qn
Moreover, we have:

Cn+1 N — nn+l
ia, ia, +1 .
|:q_7 q R:l:l, = Oa ceos Qny1 — 1

Note also that C’“rl S w =5 @ C”Jrl Moreover, by assumption 1 of lemma 18.5, a,b,/q, =
1/g, mod 1. Therefore, we get

CZ_HSL — CZ+lSM — SMC’};HI — SLCZ_H
qn qn

4qn qn
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By iterating lemma 19.2, we get a corollary that is important for the construction of the
isomorphism:

Corollary 19.3. For any m > n, there are partitions 1;) < 1", of M such that 1))} is stable

n

by S 1 and there exists an isomorphism K)' : , — 1 such that K]'R1 = S« K" and K]} =

qn an q)
K"
I

n+1ny”

Said otherwise, the following diagram commutes:

n+l m
§n+1 nn+1

Proof. The proof is similar to the one found in the previous chapter. O

For any n fixed, the sequence of partitions (77"),,, must converge when m — +oo, in order
to obtain a full sequence of monotonic partitions. Moreover, the possible limit sequence (i.e.
a possible 7’) must generate. Indeed, these assumptions are required to apply lemma 18.4.
However, we can check that none of these assumptions are satisfied, in general. Therefore,
to obtain these assumptions, we pull back the partition 7’ by a suitable smooth measure-
preserving diffeomorphism B,,. The following lemma, already proved in the previous chapter,
gives the conditions that B,, must satisfy:

Lemma 19.4. Let B,, € Diff*(M, u). Let A,.;; = B.1B;.

1. IfAm+1S¢ = SLA,,H_] Cll’ldlf
am qm

D it (X 10, guDAA,L R™) < +00

m>0

then for any fixed n, when m — +oo, the sequence of partitions &" = B,'n™ converges.

We denote £ the limit. The sequence £ is monotonous and T, = B,'S m B, stabilizes
qn

each &

2. If, moreover, the sequence &, = B, 'n, generates, then so does £.

C,’Z” is not continuous in general, and A,,;; is its differentiable approximation. Lemma
19.4 is the reason why we need for M a manifold of dimension d > 2. Indeed, if we took
M = T', we could not find a diffeomorphism B,, satisfying the assumptions of this lemma,
except for a, = 1 or a, = g, — 1. The choice a, = 1 gives that the rotation R, on the circle is
isomorphic to itself. The choice a, = g, — 1 gives that R, is isomorphic to R_,. The existence
of these two isomorphisms are consistent with the fact, mentioned in the introduction, that R,
and Ry are isomorphic, with « irrational, if and only if @ = +8.

By adding to lemma 19.4 the convergence of the sequence 7,, we obtain the required
isomorphism:
Corollary 19.5. If both conditions 1. and 2. of lemma 19.4 hold, and if T, = B,'S ZiBn

weakly converges towards an automorphism T, then (T', Rg, Leb) and (M, T, ut) are metrically
isomorphic.
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Proof. By corollary 19.3, K'R1 =S %KZ’. By iteration,
qn n

K},’;annPn = S anbnpn K,T
qn qn

Since a,b,/q, = 1/g, mod 1, then

K'Rowpw = Sm K
qn qn
Therefore, the following diagram commutes:

N Pn
lln

B!

R, K m By m T\
Zf;n C T nf\ 'ff V/ Ty
n+l m m m
{n+1 Mt n+l1

Let K° : £, — & be defined by K® = PYB;'K,, where PY : & — £ is the limit
isomorphism of the sequence P" = B,!C"B,, defined in the same way as in the previous
chapter.

As in the proof of corollary 3.4 in the previous chapter, we can show that I_(,‘;"Rbn% =T,K>

and that K;‘jr” 6 = = K. This allows to apply lemma 18.4, which gives the required metric
isomorphism.
O

Let us make one remark. We consider the isomorphism between R, and

4qn

T, = B,'S B, instead of the isomorphism between R and T, = B;'S s B, (which
seems to be a more "natural" choice), because in the latter Case we are not able to show the
convergence of T, towards a smooth diffeomorphism 7. Indeed, we have:

Pn+1Qn+1 Pnln

dn+1 dn

Pn+1 _ &
qn+1 qdn

(102)

dk(TrHl ’ Tn) < ||Bn+] ”k

= || Bpsill@nsi
mod 1

In the next section, we show that ||B,.1|lc < (bns1g,)%3" for some fixed sequence R 3(n)
(and we are not able to improve this estimate). Estimate (102) becomes:

Pn+1 _ &

qn+1 qn

dk(Tn+1’ Tn) < an+l(bn+IQ}1)Rl3(n)

Pntl _ Pn| 5 1
qn+ dn 4+l ’

estimate (102) does not allow to show that T, is Cauchy. On the other hand, applying this
reasoning to show the convergence of 7, will be successful.

Moreover, by assumption 1 of lemma 18.5, a,+1b,41 > @n41. Since
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In order to construct the diffeomorphism A, with suitable estimates of its norm, we need
to control the width of the connected components of R™. A priori, R™ consists of ¢,.1/qx
"slices" of width 1/¢,,;. However, this fact does not ensure the convergence of 7, because
it only implies that ||B,.l|; < (gns1)R® for some fixed sequence of integers R(n). In order
to apply the reasoning above successfully, we need a better estimate. The following lemma
shows that "slices" of R™ of width 1/g,,, stack on each other, which gives b,,; connected
components to R™, each having a width of order 1/(g,b,,,). This will allow an estimate of

the form [|B,,1||; < (Gnbns )™, which will ensure the convergence of T, by taking b, small.

Lemma 19.6. Let

q qn+1 _
n+l qn

m, = -1- bn 1

qn " [ bn+l ‘

and for0 <1< b, — 1, let

k(D) = {lanﬂ An |

n+1

rall) = lapey — 2Lk (D)

n

We have:

with, if 0 < 1 < my,:

k(D) N ra(D) +lo.
qn dn+1 qn+1

R =1x

andifm,+1<1<b, —1:

el g
qn
k(1 (L { bns J
R™! =[x ()+r()+ 0, :
qn qn+1 qn+1

Proof. We have:

an+1i an+1i 1
, +
dn+1  dn+1 qn+1

R™ =[x U

Gn+1/qn—1 [
i=0

Fori=0,...,9,+1/9, — 1, we make the Euclidean division of i by b,.;. We get:

I = kibn+1 + r;
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IXT1 { Jr | | ]r If { 'If' I

R(I‘IZI.Z
R( nj1
8n+1
Qn+1
R(I‘IZI.CI
1 1 1
A3
Gt Gn

Figure 15: The set R = K™!(I x [0,1/q,[) for ¢, = 2, qus1 = 20, apey = 7, by = 3.
R™ = RMWO y RMW-1 y R™W-2 has b,,,; = 3 connected components. The oblique lines represent
the graph of the map x — a,, x from T!' to itself. In this illustration, k,(0) = k,(1) = 0,
ki(2) = 1,1,(0) =0, 1, (1) =7, r,(2) = 4

In+1

-1 .
‘ZTJ Since a,+1b,41/Gne1 = 1/gne1 mod 1, we get:

withOSriSan—landOSkiS{

R™ =1Ix

Jan—1
e [an+1ri+ki an+1ri+ki+ 1 [

b
i=0 qn+1 qn+1 qn+1

Moreover, we have:

(0, s Gust /@ = 1) = {0, sy byt = ] (Bt +40, o b = 1D | -

"y (bn+1 (K"ZIZ‘ - 1) /bn+1| - 1) +10, o Bt — 1}) v (b,,+1 (Kq;:‘ - 1) /bn+1|) +1{0, m})

Therefore,

| (L —1) /byt |=1 4, 4

R™ — I x U U [an+1ri+ki,an+1ri+k,‘+ 1 [U

=0 qn+1 qn+1 dn+1

, +

=0 4n+1 4n+1 qn+1

@[aﬁlrﬁl(q;—;l—l)/bmj Qpari + (2 = D/bu| [

. l | (2L~ 1) /by |
(n) —Ix U n+1

ki ki 1
U s anl|U
=0 Qn+1 k=0 qn+1 4n+i qn+1



18.4 - Convergence modulo 1 of ’q’—" and ?bn towards a and B. 167

bn+l_1

g

I=m,+1

| (2L~ 1) /by -1
an+ll

" ki ki 1
dn+1 k=0 dn+1 qn+l qn+1

bn+ _1 q"’_"' —
U an+1l + O, L( qnl 1)/bn+lJ
I=m, +1 qn+1 qn+1

Finally, the Euclidean division of la, 1 by g,+1/q, gives:

R(n) —Ix @ (anﬂl [ L(t];_zl - 1)/bn+1J +1

qn+1 dn+1

lan+l = an)‘]rHl/Qn + rn(l)

with
k(D) = {lanﬂﬂ|
n+l
ra(D) = lay, — Al {lann I |
n 4n+1
We get:
\‘ ‘1n+1 IJ 1 \‘ q’Hl—lJ
mp + bue1—1 qn
RO — [ U kn(l) rn(l) 0 bust = (1) r.(D) .o =

1=0 Gn Qn+1 qn+1 I=m,+1 qn qn+1 dn+1

The next section is dedicated to the construction of the sequence of diffeomorphisms B,
satisfying the conditions of lemma 19.4.

20 The sequence of conjugacies

In this section, we construct a sequence of diffeomorphisms B, on M satisfying the con-
ditions of lemma 19.4, such that ||B,,||, < (g,-1b,)*'"" for some R;(n), and such that B, = Id
on a neighborhood of dM, in order to ensure that (D’ T)om = (D’S o)om for any j € IN.

Proposition 20.1. There exists a sequence of diffeomorphisms B, € Diff*(M, u) such that B,
and A,+1 = B,+ IB;1 satisfy the following conditions:

1. (convergence of the partition & to &)

D anit (B0, AL R™) < oo

m>0
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2. (generation) There is a set E,,; C M such that 3,0 u(E¢, ) < +o0 and such that

| i 1
diam (Anil (AO,qn“ ﬂ E”“)) = 2"| Byl

3. (equivariance)
An+ISL = SiAn+l
4qn

qn

4. (polynomial estimation) There is a fixed sequence R (n) € N such that

R
||An+1||n+1 < (Qan+1) 1)

5. (identity on a neighborhood of the boundary) B,, = Id on a neighborhood of OM.

Remark 20.2. Specification 2 above implies that &, generates (and so &7, by lemma 19.4), see
the previous chapter and [FSWO7].

We construct B, recursively. We suppose that B, exists and satisfies these specifications,
and we construct A,,,.

The diffeomorphism A,,; is constructed in three steps, each step giving a smooth,
measure-preserving, equivariant and polynomially controlled map. In the first step, lemma
20.3, we construct a smooth map Arll ., that "quasi-cuts" I X [0, 1/g,[ into b, vertical slices,
and then rotates each slice I'; by an angle k,(/)/g, along the periodic flow S,.

In the second step, we construct a second map Aﬁ ., that "quasi-sends" each vertical slice
Arll ;I into a suitable connected component of R™ (see lemma 19.6 for the decomposition of
R™ into connected components). These two steps ensure that A, "quasi-sends" I x [0, 1/q,[
to R™. It ensures that &, converges.

In the third step, we obtain the generation of &,. We use A> | to quasi-rotate slices inside
each connected component of R™. These slices are chosen sufficiently thin to ensure that the
diameter of A;il (I X [1/qns1, (L + 1)/qu41D) 1s small, but these slices are not too thin to ensure
that [|A,41llwe1 < (bur1g,)%™, which enables the convergence of T,. This last step completes

the construction.

Letly, ..., Iy,,,-1 integers such that 0 = r,,(lp) < ... < r,(lp,.,-1) < Gn1/qn—1. Letly,, , = by
and rn(lan) = Qn+1/Qn~

20.1 Construction in dimension 2

We suppose M = [0, 1] x T!. The first step is based on the following lemma, which
analogous is found in the previous chapter:

Lemma 20.3. Let 7= > & > 0, and T; = [r,(1)-2=, ry(li1)) 2= — & | x [0, L[ for 0 < i <
b,.1 — 1. There is a smooth measure-preserving diffeomorphism Arll .1 of [0, 11 X T' such that:

1.
Arlz+1Si = SqinArlwl

qn
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At @) = S T
qn

1
||An+1||] < _j”¢||j
S

where ¢ is a fixed smooth diffeomorphism, independent of n and €.

We take ¢ = ﬁ and we let:
er—l_l q q
E,i = [”(li)—n,”(li 1)—n — €| X T'
o ZL:'J n+l ’ 4n+1
We have:

((E +1) ) bpi1€1 = %

In the second step, we shrink A} (I';) horizontally by a factor g,, we expand it vertically
by the same factor, and we rotate it by a r/2 angle (except in a neighborhood of the border of
Ix1[0,1/g,[). Thus, A! (T;) is quasi-sent to a connected component of R™.

n+1

We have the lemma (see the previous chapter):

Lemma 204. For 0 < i < b,y — 1, let T, = [rn(l) i r,,(l,+1) el ] x [0, qi]. There exists

a smooth measure-preserving diffeomorphism A% | of | O 1] x Tl equivariant by S1 and a
qn

n+1

measurable set E2 | that is globally invariant by S . and A2 .1 Such that:

qn
rn(li) rn(li+l)]
(T () EL,) =1 % , E?
n+l m n+1 [C]nﬂ Gt ﬂ +1

Moreover; there is an explicit function R,(j), depending only on j, such that:

1A% < (g™

n+1 ”J
and such that if I ¢ M with diam(T') < x, then:

dzam (A +l) ﬂEnH

Combined with lemma 20.3, lemma 20.4 gives the following corollary, which implies the
convergence of the partition &, to & (see the previous chapter):

Corollary 20.5. We have the estimation:

n+l1

1 (A2 AL, (1% [0.1/g,)) AR™) <
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In the third step, it remains to obtain the generation of the sequence of partitions &,°,
without affecting the properties obtained in the first two steps. In particular, we cannot exactly
proceed as in the previous chapter, because b,,; can be a bounded sequence (while in the
previous chapter, the sequence k,, analogous to b,., is larger than g,). We need to refine
the approach of the previous chapter. This third step is based on the following lemma and its
corollary:

Lemma 20.6. For any integer w > 1, there is a smooth, measure-preserving, and S 1 -
qn

equivariant diffeomorphism A3 ., and an explicit sequence of integers R»(n), such that:

n+1’

R>(n)
A2 [l < ("”“)
w

and there exists a S 1 -invariant and A3 |-invariant set Efl .1 Such that
qn

y(E ¢)) < 4/2", and such that for any i = 0, ..., 11 — 1, we have:

1 2
diam ((An+1) ([0, 11 X [i/Gns1, G + 1)/ qua[) N E,,+1) < max(w qwl)

We obtain the corollary:

Corollary 20.7. There exists an explicit sequence of integers R3(n) depending only on n, there
is a smooth, measure-preserving, and S 1 -equivariant diffeomorphism A, , such that:
qn

R
||An+1||n+1 < (bn+1qn) 30

and there exists a S 1 -invariant and A,.,-invariant set E,,| such that u(E; ) < 4/2", and
qn

such that for any i = 0, ..., g1 — 1, we have:

1
— 27Bulh

diam ((Ane))™ ([0, 11X [i/guer, (i + 1/ guir]) O Eni) <

Proof of lemma 20.6. We define A>_, on R™, and since R® is a fundamental domain of S . ,

qn

we can extend it to all M by S . -periodicity. To that aim, we define A> | on each connected

qn n+1
component of R™ (see figure 16).

dn+1

‘in+l_ —
Letf,,(l)—{ J+11f0<l<mnandf,,(l)—{q" lJlfmn+1<l<bn+1—1(fn(l)/qn+1

is the width of a connected component of R®, see lemma 19.6). We perform the Euclidean
division of f,(l) by w:

Ju(D) = hy(Dw + 1,()
with0 < t,() <w-1.
We also need to recall the definition of a "quasi-rotation" by /2 [FSWO07]:
Proposition 20.8. For any n > 1, there is a smooth measure-preserving map

¢ 2 10,11 — [0,1]? (called "quasi-rotation”) such that ¢, = Rz on [3,1 — 51* and

¢, = Id on a neighborhood of the boundary of [0, 1]?

2/19
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A
wH(1) s
Cn+1 E’n2
Y
S
W
3
Gor1 E'wio

Figure 16: Illustration of the third step (generation): a connected component of R™ with
h,(l) = 3.

Let p > 2 a real number and

Cp: [0,11x]0,1] - [0,11%[0,1]
(x,y) = (X, py)

Let ¢,, = C;1¢,,C ». The map ¢, , is smooth and measure-preserving. By the Faa-di-
Bruno formula, there exists a fixed function R4(j) such that

R
lnpll; < PPNl

Since ¢, is fixed, by choosing a larger R4(n), we have:

R
”¢n,p”n+l <p 4t

For 0 <[ < b,,1,0n [0, 1] X (M 4oy [0, L]) weletA  =¢,,. and

qn Gn+1 dn+1
Efmo:[l,l— 1]X(kn(l)+rn(l)+[ w ’w W ])
oozt 2t Gn Gner [ 2t Grer 2 G
We extend Afl . o [0, 1] % (% + ;’:l—ill) + [O, U’g)%]) by S ﬁ—equivariance.
Likewise, for x = 1, ..., h,(]) — 2, we define: E2+1,x =+ E2+1,0'

On [0, 1] x (B2 4 50 4 [G0-De o0} e Jog 43| =

qn+1 qn+1 ? dn+1
construction of Az ., on R"™. By S 1 -equivariance, we get the definition of Afl .1 on the whole

manifold M. Moreover, since 0 < ;:,(l) < w — 1, there exists R,(n) such that:

w1 . This completes the

ot ()
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1A st < max ([16, s s, max (16, o [ler ] < (222 -
n+1lln+l = n, 2t lln+1> s lint 1 | = W

<I<bp+1—

Let:

Lo ]X(kna)+rn<l>+<hn<l>—1>w+ ) 1
Qn+12n+ qn+1 (]n+12"+

E3 — —
n+1,h,(D-1 — n+l ’ on+l qn qn+1 dn+1

Wt wrtd)  w+ tn(l)])

Welet E) = U0 E3, | and E2 PR N

n+1 n+1,x° ntl = y=0 g, n+l°
3 . 3c n
of E° . Moreover, we have: u(E>¢,) < 4/2".

This completes the construction

Moreover, since #,(I) < w, then for any i = 0, ..., g,+; — 1, we have:

1 + 1.l 12
diam((A3+1)-‘([i/qn+1,(i+1)/qn+1[x[0,1])mE3+1)Smax(—, max W—())Smax(—, W)
W 0i<bi-1  Gpy W Gnit
O

Proof of corollary 20.7. By the recurrence assumption on B,, there exists Rs(n) such that
1B,lli < (ann—l)RS(n_l). Let

_ qn+1
w = 2n+lq}%(bnqn_])R5(Vl—l)

This choice of w determines A? | in lemma 20.6. Let A, = A}, A2 (Al  and E,,, =
E} NA} (E} )NA A2 (E! )).Bylemma20.6, we have:

n n+1°"n

< (bn+1 Qn)Ré(n)

qﬁ (bnqn,l)RS (n—1)\Ra(m)
gn+1 )

2n+2
||A,31+1||n+1 < (Qn+1)R2(n)(

for a fixed sequence R;(n). This ensures the existence of R3(n) such that:

R
||An+l||n+l < (bn-HQn) 30

Moreover, we have:

w < dn+1
~ 271 gB,lL

Since g, divides g,.1, and by the left-hand side of assumption 3 of lemma 18.5, we have:

1
dn+1

Pn+1 Dn
dn+1 qn

Therefore, by the right-hand side of assumption 3, g,..1 > (b, 1g,)*3®.
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We will choose an explicit sequence Ry3(n) such that:

Bri g5 = (291 G2 (bagu-) )

This choice implies:
Grer 2 (27163 2(bugy )Y

Therefore,

1(2n+1 3/2(b G )R5(rz—1))2

qn+1 n
= 22l D 123 241 G2 (bpgu-)fs D 2Bl
Therefore, by lemma 20.6, for any i = 0, ..., g1 — 1, we have:
1
d Al [0,1] x wil, (T+ 1)/ an NE _—
iam (4707 (1011 [i/guen (4 D/@uaD) N Ep) < Zomers

Therefore, by lemma 20.4,

diam (437" (43007 (U011 11001, + D/ gua D 0 B3 )) 0 ER) < g

and therefore, we also have:

diam ((A1+1) ((A2+1) ((A3+1) (([O, 11 X [i/qns1, G+ 1)/ quir]) N En+l)) N E,ZHI) N E,Lrl) B

O

20.2 Construction in higher dimensions

The construction in higher dimensions is slightly different of the previous chapter. The
first two steps are the same as in dimension 2 (we make the construction in the plan (xi, x,),
see the previous chapter), and for the third step (generation), we combine all d —1 dimensions.
The following lemma generalizes lemma 20.6:

Lemma 20.9. For any integers wy, ...,wq_1 = 1 such that 2 ]_[, | Wi £ @u+1, there is a smooth,

measure-preserving, and S 1 -equivariant diffeomorphism An » and an explicit sequence of
n

integers R;(n), such that:

R7(n)
nﬁﬂmﬂ<(%“)
wi

and there exists a S 1 -invariant and A3 L.p-invariant set E 3 el such that
qn
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y(Eifrl) < 4/2", and such that for any i = 0, ..., ¢,+1 — 1, we have:

diam ((A3 ) ([0 117 % [i/ P+ 3 1 1 2% wwe
n+1 > qn+1’ (l + )/Qn+] [) m En+1) S max 5 sonsy .
wi Wa-1 qn+1

. . . _ 3 2 1
As in dimension 2, we let A, = A°, A7 A, and

Eni=E,  NA (E

n+1

) N A2+1Ai+1(Erlz+1)

+1

We obtain the corollary:
Corollary 20.10. There exists an explicit sequence of integers Rg(n) depending only on n,

there is a smooth, measure-preserving, and S 1 -equivariant diffeomorphism A, 1, such that:
qn

R
||An+l||n+1 < (bn+1qn) 300

and there exists a S 1 -invariant and A, -invariant set E,.1 such that
4qn

M(Er . ) < 4/2", and such that for any i = 0, ..., g, — 1, we have:

diam ((Ane)™ (10, 117 X [/ Guer, (i + D)/ guaa]) O Eni) <

27|Bylly
Proof of lemma 20.9. We denote:
A [0,1IXT' - [0,1]xT"
(x,y) B (AL, A ()

the map Az ., of the 2-dimensional case, given by lemma 20.6, associated with the integer
w.Fori=1,...,d— 1, we denote:

3,i _ 3 3
An_:_l’w(xl’ ceey xd) - (X], ceey Xj—] 7An+1,1’w(xi’ xd)a Xi+2s '-"An+1,2yw('xl’7 xd))

We let: A3 =A> A2 A (see figures 17, 18, 19). We define E? | by

n+l,wi” “n+lwiwy* n+l,wi..wy_q n+l
analogy with lemma 20.6.

Proof of corollary 20.10. The proof is analogous to the proof of corollary 20.7. We let:

— qn+l
(271G, (bpgp-r)Rs=D )d

Wi

and for i = 2’ ’d - 1a w; = ZHQn(ann—l)RS(n_l).

As in lemma 20.6, there exists Rg(n) such that:
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R
||An+1||n+l < (bn+1qn) 8()

Fori=2,...,d — 1, we have:

i < : < :
Wi znqn(ann—l)RS(n_l) 2nQIz”Bnlll

Moreover, we have:

zd_lW1W2...Wd_1 1
dn+1 B 2n+IQn”Bn”1

We will choose an explicit sequence R;3(n) such that:

d+1
(bn+1Qn)R13(n) > (ann(bnqn—l)RS(n_l)) :

This choice implies:

_y\d+1
qn+1 > (ann(ann—l)RS(n 1))

Therefore,

d-1
1 (2'qu(buga-)® V) 1
— < <
Wi Gn+1 27q,||Bully

By combining lemma 20.9 and lemma 20.4, we obtain the corollary.

X3

=
Tr+1
=
Wy 5 “ % 1
Qns1

X2

A
 J

1

Figure 17: An element [0, 11> X [i/gy+1, (i + 1)/qns1[ (We take d = 3), before the application
8~ () () T 112 i

n+1l,wiwy n+1,w;
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Xa

A

- X2

1

Figure 18: The element (A3’1

) (1001 X [/, G+ 1)/ quil) N E2,,. Tts size is less than
I X 1/wi Xwi/qper.

X3

WiW2 A
Qn+1

Wy
Qn+1

i
/ W
X4

-
-

Xa ~

1

Figure 19: (Aflfl’wl)_l (10, 172 X [i/ue1. (i + 1)/t [) (V E3, . in the plan (x;, x3).

Xz

/ 1
A W
X

1

Xz

4

. . (A32 Lyl 20 s . P
Figure 20: (A27 ) (A%)1,,) (10,172 X [i/quer. i + 1)/quei[) N E3, . in the plan (x;, x3).
Its size is less than 1/w, X 1/wy X wiwy/qpe1-

20.3 Convergence of the sequence of diffeomorphisms and ergodicity of
the limit 7. Proof that T is a pseudo-rotation in dimension 2

By combining lemma 19.4, corollary 19.5, and proposition 20.1, and since &, generates,
then in order to complete the proof of lemma 18.5, it remains to show that T, = B, 'S %Bn
converges in the smooth topology, and that the limit 7" of 7, is ergodic.

To show the convergence of T, = B;lS o B,, by the Cauchy criterion, it suffices to show
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that 50 du(Ths1, T,) converges. We combine the estimation of B,,; and the assumption 3
of lemma 18.5 of closeness between p,./¢q.+1 and p,/q,. We recall the lemma [FSWO07,
p.1812]:

Lemma 20.11. Let k € N. There is a constant C(k, d) such that, for any h € DifiM), a,a, €
R, we have:

di(hS o, ™" BS 0, h7") < Clk, IR ey - @l

Since T, = B, s o B, = B S pn .+1, We obtain, for a fixed sequence Ro(n) (that depends
on n and on the d1mens10n d):

n n pn
daahT)—deﬁm»mwaﬁm Buit) < Clk, d)|| B[ [ 2L — P
Qn+1 Qn

< (Bps 1) (Bl _ Pn

Qn+l qn

For some choice of the sequence Rj3(n) in lemma 18.5, this last estimate guarantees the
convergence of 7, in the smooth topology. Moreover, the limit 7 is ergodic, because it is
metrically isomorphic to an irrational rotation of the circle, which is ergodic.

To show corollary 18.3, let us show that 7 is a pseudo-rotation when d = 2.
Proposition 20.12. When d = 2, the limit T of T, is a pseudo-rotation of angle .
Proof. Since Ty = S oj9m, then T is isotopic to the identity, and (0, @) € rot(T"), where rot(T)
is the set of rotation vectors of T'.

To show the proposition, it suffices to show that in any point of M, the rotation vector
exists and is independent of the choice of the point. Let 7 : [0,1] x R — [0, 1] X R a lift of
T,e>0and x € [0,1] x Rand y € ([0, 1] x R). For any integer n > 0, we have:

"o -x T'M-y_ T'@-T"0)
n no n

Let m such that:

pp+1 &
qp

}ﬁ&ml

pzm

<e

We have:

a(T", Tp) < > di(Tp,,, T)) = di(By}1S e Byor, B4y S o By) < e

q
p=m Pl

Moreover,

T"(x) = T"(y) = T"(x) - To(x) + To(x) — Too) + Tho) — T ()
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< 2d\(T",T,,) + |T5(x) = T < 2ne +|T(x) = T, ()|

Moreover,
1T (x) = To) < IT2lhIx =yl < 1Bullflx =yl

Therefore, for any n sufficiently large,

T"(x) = T"(y)

1
< 2e+ —||B,llilx - y| < 3e
n n

Therefore, the translation vector of x exists and is equal to the translation vector of y,
which is (0, &), where @ is a lift of a.

We conclude that rot(T') = {(0, a)}.

20.4 Extension to more general manifolds

To extend the construction from [0, 1]%°! x T to a general d-dimensional smooth compact
connected manifold M, admitting an effective volume-preserving circle action S ,, we proceed
as in [FSWO07, p. 1805] and the previous chapter. We keep denoting S, the circle action on
[0, 11! X T. For ¢ > 1, let F, be the set of fixed points of $1/,. Let B = M |J,, F, be the
set of exceptional points. We recall the proposition:

Proposition 20.13 ([FSWO07]). Let M be a d-dimensional smooth compact connected mani-
fold, with an effective circle action S ,, preserving a smooth volume . Let S, denote the circle
action on [0, 117! x T. There exists a continuous surjective map T : [0,1]1%! x T — M such
that:

the restriction of T to 10, 1{"'XT is a smooth diffeomorphic embedding.
- p(T@A(0, 11" xT))) = 0

. Bc (0, 1] x T))

. Tu(Leb) = u

. ST =TS,

L AL~

We use this proposition at each step to apply lemma 18.4. We let T, : M — M defined by
T,(x) =TB,'S uB,I""(x) if x € [(J0, 1[*"'XT) and 7,(x) = § n(x) otherwise. To show that
T, is a smooth diffeomorphism (which implies that its limit is also smooth), we use the facts
that I'jj j¢-1r 1S @ smooth diffeomorphism, than B, = Id on a neighborhood of d([0, 1'% T
and that ST = T'S. To construct the metric isomorphism K = I'K*, we use the fact that the
restriction of I' to a set of full measure is a metric isomorphism. Details are in the previous
chapter.

Finally, to show that T € A,, where T is the limit of 7, in the smooth topology, we let
H, : M — M defined by H,(x) = 'B,I'"'(x) if x € ['(]0, 1[*"'xT) and H,(x) = x otherwise.
We write

A A A

T-8'S,H,=T-T,+T,-H,'S,H,
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We know that 7 — 7, — 0 in the smooth topology. We show that T, - I-AI; 1IS,H, — 0in
the smooth topology by proceeding as in the proof of the convergence of T, on [0, 1]"! x T
in subsection 20.3.
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