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Inférence non-paramétrique pour des interactions poissoniennes

Résumé : L'objet de cette thése est d’étudier divers problémes de statistique non-paramétrique
dans le cadre d’un modéle d’interactions poissoniennes. De tels modéles sont, par exemple, utili-
sés en neurosciences pour analyser les interactions entre deux neurones au travers leur émission
de potentiels d’action au cours de I'enregistrement de ’activité cérébrale ou encore en génomique
pour étudier les distances favorisées ou évitées entre deux motifs le long du génome. Dans ce
cadre, nous introduisons une fonction dite de reproduction qui permet de quantifier les positions
préférentielles des motifs et qui peut étre modélisée par l'intensité d’un processus de Poisson.
Dans un premier temps, nous nous intéressons a ’estimation de cette fonction que ’on suppose
trés localisée. Nous proposons une procédure d’estimation adaptative par seuillage de coefficients
d’ondelettes qui est optimale des points de vue oracle et minimax. Des simulations et une ap-
plication en génomique sur des données réelles provenant de la bactérie E. coli nous permettent
de montrer le bon comportement pratique de notre procédure. Puis, nous traitons les problémes
de test associés qui consistent & tester la nullité de la fonction de reproduction. Pour cela, nous
construisons une procédure de test optimale du point de vue minimax sur des espaces de Besov
faibles, qui a également montré ses performances du point de vue pratique. Enfin, nous prolon-
geons ces travaux par l’étude d’une version discréte en grande dimension du modéle précédent
en proposant une procédure adaptative de type Lasso.

Mots-clés : Processus de Poisson, estimation et tests adaptatifs, seuillage de coefficients d’on-
b b
delettes, inégalités oracle, U-statistiques, vitesse de séparation uniforme, modéle d’interactions
) ) ) ) )
processus de Hawkes, espaces de Besov, Lasso.

Adaptive nonparametric inference for Poissonian interactions

Abstract: The subject of this thesis is the study of some adaptive nonparametric statistical
problems in the framework of a Poisson interactions model. Such models are used, for instance,
in neurosciences to analyze interactions between two neurons through their spikes emission during
the recording of the brain activity or in genomics to study favored or avoided distances between
two motifs along a genome. In this setting, we naturally introduce a so-called reproduction
function that allows to quantify the favored positions of the motifs and which is considered as
the intensity of a Poisson process. Our first interest is the estimation of this function assumed
to be well localized. We propose a data-driven wavelet thresholding estimation procedure that is
optimal from oracle and minimax points of view. Simulations and an application to genomic data
from the bacterium FE. coli allow us to show the good practical behavior of our procedure. Then,
we deal with associated problems on tests which consist in testing the nullity of the reproduction
function. For this purpose, we build a minimax optimal testing procedure on weak Besov spaces
and we provide some simulations showing good practical performances of our procedure. Finally,
we extend this work with the study of a high-dimensional discrete setting of our previous model
by proposing an adaptive Lasso-type procedure.

Keywords: Poisson process, adaptive estimation and tests, wavelet thresholding rules, oracle
inequalities, U-statistics, uniform separation rate, interactions model, Hawkes processes, Besov
spaces, Lasso.
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Chapitre 1

Introduction

Ce chapitre est une introduction au domaine statistique dans lequel s’ins-
crit cette thése et une exposition de ses principaux résultats. Aprés avoir
présenté briévement le cadre, qui est celui des processus de Poisson, nous
introduisons notre modéle, qui peut étre vu comme une alternative aux
processus de Hawkes. Puis nous résumons les contributions principales
des Chapitres 3 & 5 et concluons en présentant les perspectives de re-
cherche faisant suite aux travaux de cette thése.

Sommaire
1.1 Inférence non-paramétrique pour un processus de Poisson. . . ... ... ... 11
1.1.1 Processus de Poisson . . . . . . . . . . L e 11
1.1.2 Estimation de I'intensité d’un processus de Poisson . . . . . . . . . ... ... ... 12
1.1.3 Test d’hypothéses sur I'intensité d’un processus de Poisson . . . . ... ... ... 13
1.2 Biologie et interactions . . . . . . . . . . . o L e e e e e e e e e 14
1.2.1 Contexte de la génomique . . . . . . . .. ..o L 14
1.2.2  Contexte des neurosciences . . . . . . . . . ..o e 16
1.3 Interactions poissoniennes et processus de Hawkes . ... ... ......... 17
1.3.1 Processus de Hawkes bivarié. . . . . . . . . . . . . ... ... .. ... .. 17
1.3.2 Notre modéle d’interactions poissoniennes . . . . . . . . . . .. ... ... ... 20
1.4 Vue d’ensemble denosrésultats . . ... ... .. ... ... ... 0. 22
1.4.1 Procédure de test adaptatif . . . . .. ... .. oL 23
1.4.2  Procédure d’estimation adaptative . . . . .. . .. ..o 27
1.4.3 Estimation Lasso et interactions poissoniennes sur le cercle . . . . ... ... . .. 31
1.5 Perspectives. . . . . o v v i i i e e e e e e e e e e e e e e e e e e 34
1.1 Inférence non-paramétrique pour un processus de Poisson

1.1.1

Processus de Poisson

Le processus de Poisson est ’exemple le plus simple des processus ponctuels. Il constitue la

brique essentielle pour batir des processus plus complexes. On rappelle qu'un processus ponctuel

N est un ensemble aléatoire au plus dénombrable de points d’un espace mesurable X. On note

dN la mesure ponctuelle associée a N définie par dN = .y dx, ot x est la mesure de Dirac

au point X.

11



12 CHAPITRE 1. Introduction

Définition 1.1. Soit (X, X') un espace mesurable. Soit N un processus ponctuel. On dit que N
est un processus de Poisson sur (X, X) si
e pour tout A € X, le nombre de points de N se trouvant dans ’ensemble A est une variable
aléatoire, notée N4, qui suit une loi de Poisson de paramétre u(A), ot p: X — R4 est une
mesure sans atome, appelée mesure moyenne de N, et
e pour toute famille finie d’ensembles disjoints Ai,..., A, de X, les variables aléatoires
Ny,,..., Ny, sont indépendantes.

Dans le cas ott X = R? et p absolument continue par rapport a la mesure de Lebesgue sur
R?, on peut écrire du(x) = h(z)dx et h est appelée I'intensité du processus de Poisson N
(h est une fonction déterministe). Si h est constante, on dit que N est un processus de Poisson
homogéne, c’est donc un processus stationnaire. Sinon, on dit qu’il s’agit d’un processus de
Poisson inhomogeéne.

L’étude des processus de Poisson a fait 'objet d’une littérature considérable. Les livres de
Kingman [67] et de Daley et Vere-Jones [29] en donnent une bonne vue d’ensemble. Les processus
de Poisson peuvent modéliser un grand nombre de situations. En effet, ils permettent de modéliser
mathématiquement et simplement des phénoménes caractérisés par des événements aléatoires trés
localisés qui peuvent donc étre vus comme des points. A titre d’exemple, on peut considérer les
phénoménes temporels suivants : ’émission de particules radioactives, les appels dans un central
téléphonique, les arrivées de clients devant un guichet, ou bien les buts marqués lors d’un match
de football. La version spatiale des processus de Poisson peut quant & elle modéliser par exemple
la répartition d’arbres dans une forét tropicale, les épicentres de tremblements de terre, ou bien
les positions d’étoiles d'une nébuleuse. L’intensité qui gouverne chacune de ces modélisations
poissoniennes, dans le temps ou ’espace, peut tout a fait étre une fonction discontinue, irréguliére
et présenter des pics trés localisés.

1.1.2 Estimation de l’intensité d’un processus de Poisson

Il est naturel de chercher & estimer l'intensité h & partir de n réalisations indépendantes du
processus de Poisson N. On mesure la qualité d'un estimateur h de h, construit & partir de ces
n réalisations, & travers son risque quadratique E(||h — h|3). En effet, on espére que le risque de
h décroisse lorsque le nombre de réalisations n augmente (plus on dispose d’information, mieux
on estime la fonction). Plus précisément, étant donné F un ensemble de fonctions possibles pour
h, on dit que l'estimateur h atteint la vitesse de convergence v, s’il existe une constante C
strictement positive telle que

sup E(||h — h|2) < Cun,.
heF

On cherche alors & construire un estimateur h de h optimal du point de vue minimax sur une
classe de fonctions F, c’est-a-dire ayant une vitesse de convergence sur JF qui coincide, & une
perte logarithmique preés, avec les vitesses minimax sur F :

R(F) = inf sup E(|[h — hl[3),
h heF

ol l'infimum est pris sur tous les estimateurs possibles de h. Ce risque représente le risque du
meilleur estimateur possible pour la pire fonction & estimer dans F. Dans cette thése, les classes
fonctionnelles considérées sont des boules de I'espace de Besov Bg’oo avec 6 > 0 (voir Triebel [107]
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ou encore DeVore et Lorentz [34]) et leurs versions faibles W, avec p > 0 (voir Cohen et al. [24]
ou encore Rivoirard [94]). Une succincte description de ces espaces est proposée a la Section 2.1.4
du Chapitre 2.

L’estimation non-paramétrique adaptative a pour but d’estimer A en faisant le moins possible
d’hypothéses sur h, en particulier sur sa régularité qui apparait dans les vitesses de convergence
classiques. Pour cela, de nouvelles procédures dites adaptatives se sont développées dans les an-
nées 90 permettant de trouver un estimateur de h construit uniquement a partir des données
(« data-driven » en anglais), c’est-a-dire ne nécessitant aucune connaissance au préalable de la
régularité de h. Ces procédures ont I'avantage de s’adapter a cette régularité inconnue, tout en
étant aussi performantes que les méthodes connaissant précisément la régularité de h, en attei-
gnant les mémes vitesses minimax mais parfois a une perte logarithmique prés. Les trois grandes
familles de procédures adaptatives sont les procédures par pénalisation (voir Tibshirani[105],
Candeés et Tao [19] pour des méthodes pénalisées ¢, Birgé et Massart [11], Barron et al. [7], Mas-
sart [77] pour des méthodes par sélection de modéles (pénalisation ¢y) ou encore Tsybakov [108]),
les estimateurs a noyau avec sélection de fenétre (voir Lepski|70, 71, 72] ou encore Goldensh-
luger et Lepski[49]) et les procédures par seuillage de coefficients d’ondelettes (voir Donoho et
Johnstone [37, 38|, Donoho et al. [41] ou encore Hérdle et al. [57]). Ce sont ces derniéres qui sont
au coeur de cette thése comme on le verra a la Section 1.4.2. On peut alors considérer un autre
critére théorique d’optimalité d’estimation, souvent mis en avant dans la littérature tout comme
le point de vue minimax, qui est 'optimalité du point de vue oracle. Cela consiste a établir
une inégalité de type oracle qui prouve que I'estimateur a un risque aussi bon que celui de 'oracle
(& quelques pertes éventuelles prés), ou loracle représente le meilleur « estimateur » parmi une
famille de procédures, si I'on connait la fonction h a estimer.

En remarquant simplement que conditionnellement a I’événement « Nrs = n » les points du
processus N ont la méme loi qu'un n-échantillon de densité f = h/ fR 4 h(z)dz, estimer l'inten-
sité d'un processus de Poisson ou estimer une densité est un travail similaire. C’est pourquoi
de nombreuses procédures d’estimation non-paramétrique d’une densité f ont été transcrites
dans le contexte poissonien. Citons par exemple les travaux de Rudemo [100], Donoho [35], Ko-
laczyk |68, Cavalier et Koo [22], Reynaud-Bouret [90], Willett et Nowak [114], Zhang et al. [116]
et Reynaud-Bouret et Rivoirard [91]. Reynaud-Bouret et Rivoirard [91] ont proposé une procé-
dure par seuillage qui est « data-driven », optimale des points de vue oracle et minimax et qui,
contrairement aux autres, ne nécessite pas de supposer que le support de h est connu ou méme
borné.

1.1.3 Test d’hypothéses sur ’intensité d’un processus de Poisson

On cherche a tester des hypothéses sur 'intensité h, & partir de 'observation du processus de
Poisson V. Un test de I’hypothése nulle Hy : « h € Fy » contre alternative Hy : « h & Fy » est
une régle de décision ®, qui dépend de l'observation N, a valeurs dans {0, 1}. Par convention,
on accepte ’hypothése nulle Hg lorsque ® = 0, sinon on rejette Ho. Etant donné o €]0; 1] fixé,
on dit que le test ® est de niveau « si supyez, Pr(® = 1) < a, ot P, est la loi du processus de
Poisson N d’intensité h (le niveau de test peut étre vu comme le risque maximal que 'on accepte
de prendre en rejetant I'hypothése nulle Hy a tort). Ensuite, on mesure la qualité du test ¢ a
travers sa fonction puissance h & Fy +— Py (® = 1), c’est-a-dire la capacité du test & détecter les
alternatives. Plus précisément, étant donnés § €]0; 1] fixé (petit de préférence) et une classe de
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fonctions Fi, on définit la vitesse de séparation du test ® sur F; (voir Baraud [4]) :

&, F,8) =infl{p>0: inf Py(@=1)>1-3},
p(®, F1,B) =in {p R n( ) B}

ol d est une distance sur les classes de fonctions de ILy. Comme pour I'estimation, on cherche donc
& construire un test ® de niveau a qui a une vitesse de séparation sur une classe fonctionnelle
F1 (typiquement des espaces de Besov classiques ou faibles) du méme ordre (& un possible terme
de perte prés) que la vitesse minimax de test sur F; définie par

B(flv()[?ﬁ) = in)lfp((I)OmFlaB)a

ou l'infimum est pris sur tous les tests ®, de niveau «. Finalement, les critéres d’optimalité de
test d’hypothéses sont les analogues de ceux adoptés pour 'estimation, avec la notion de vitesse
de séparation de test présentée ci-dessus.

A la suite du développement des procédures adaptatives d’estimation, se sont naturellement
déployées des procédures adaptatives de test qui ont pour but de tester une hypothése sur I'in-
tensité h en faisant le moins possible d’hypothéses sur les alternatives, en particulier sur leur
régularité qui apparait dans les vitesses minimax de test classiques, tout en restant performantes.
Pour construire ces tests, les mémes méthodes que celles utilisées en estimation et les problémes
associés entrent en jeu.

Donnons a présent quelques exemples de tests d’hypothéses sur l'intensité h d’un processus
de Poisson. Dans un premier temps, on peut s’intéresser a tester I’homogénéité du processus. Un
large éventail d’articles, a la fois d’un point de vue théorique et d’un point de vue pratique, traite
de ce probléme (voir Bain et al. [3], Cohen et Sackrowitz [25] ou encore Bhattacherjee et al. [10] ou
les alternatives sont des fonctions monotones). Pour ce méme probléme, Fromont et al. [45] ont
proposé un test adaptatif au sens minimax, basé sur des méthodes de sélection de modéles et de
seuillage. Un autre probléme est celui de tester I’hypothése nulle simple suivante « un processus
ponctuel est un processus de Poisson avec une intensité donnée ». Dans le cadre paramétrique
(ou semi-paramétrique), on peut citer les travaux de Fazli et Kutoyants[44] ou P'alternative est
aussi un processus de Poisson avec une intensité donnée et de Dachian et Kutoyants [28] ou
les alternatives sont des processus ponctuels auto-excitants. Dans le cadre non-paramétrique,
Ingster et Kutoyants [63], qui considérent des alternatives qui sont également des processus de
Poisson avec des intensités non-paramétriques dans des classes fonctionnelles de type boule de
Besov ou boule de Sobolev, ont prouvé que leur procédure était adaptative au sens minimax sur
ces classes d’alternatives. On peut également s’intéresser & tester I'égalité des intensités de deux
processus de Poisson indépendants. Ce probléme classique a par exemple été étudié par Fromont
et al. [46] en proposant des procédures adaptatives de tests multiples au sens minimax sur des
classes d’alternatives basées, en particulier, sur les espaces de Besov classiques et faibles.

1.2 Biologie et interactions

1.2.1 Contexte de la génomique

Le génome est ’ensemble du matériel génétique d’un individu ou d’une espéce codé dans son
ADN (& l'exception de certains virus dont le génome est porté par des molécules d’ARN). Le
génome est souvent comparé a une encyclopédie dont les différents volumes seraient les chromo-
somes. Les génes seraient les phrases contenues dans ces volumes et ces phrases seraient écrites
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dans l'alphabet A = {a,c,g,t} ou les lettres correspondent aux quatre bases (ou nucléotides) :
adénine, cytosine, guanine et thymine. La taille du génome se mesure en nombre de bases. La
plupart du temps, on parle de paire de bases, puisque la majorité des génomes est constituée de
doubles brins d’ADN (ou bien d’ARN) se faisant face et formant une double hélice (avec une com-
plémentarité des nucléotides : en face d’une adénine, il y a toujours une thymine et inversement ;
en face d’une cytosine, il y a toujours une guanine et inversement), ce qui confére la structure
3D de ’ADN. Les génomes sont constitués de régions codantes qui correspondent aux génes et
de régions non-codantes qui sont constituées des segments entre les génes mais aussi de portions
de géne. Le séquencage de 'ADN (qui date des années 70) permet d’établir I’enchainement des
nucléotides des brins d’ADN, afin de cartographier le génome.

FIGURE 1.1 — Structure de la molécule d’ADN.

Grace aux progrés de la biologie moléculaire mais aussi de la (bio)informatique ces derniéres
décennies, les laboratoires scientifiques ont & présent un acceés facilité & une multitude de sé-
quences d’ADN;, provenant de divers espéces ou individus (par exemple, le génome humain a été
complétement séquencé il y a une dizaine d’années). Le (bio)statisticien joue un réle primordial
dans ’analyse de ces séquences et par conséquent, dans I’évolution de la biologie moléculaire.

Les travaux de Schbath et ses coauteurs (par exemple, [89, 96, 103|) concernent, entre autres,
la distribution des motifs le long des séquences d’ADN. Un motif est défini par une courte
suite de lettres (généralement pas plus d’une quinzaine) dans I’alphabet A et on s’intéresse plus
particuliérement aux motifs dits fonctionnels (appelés simplement motifs par la suite), c’est-a-
dire un motif dont les occurrences sur le génome seront reconnues par une protéine qui se fixera
alors sur 'ADN pour entrer en action. Les occurrences d’un motif d’intérét sont en général soit
trés fréquentes, soit des événements rares, le long des séquences d’ADN. On s’intéresse ici en
particulier & ces motifs dits rares. Ainsi, et comme les génomes sont de longueur 1 million de
bases environ, les occurrences de ce motif le long du génome peuvent étre modélisées par un
processus de Poisson homogéne.

Dans cette thése, on s’intéresse en particulier & ’action ou a l'influence réciproque entre
deux motifs donnés le long du génome. Le but est alors de modéliser cette dépendance entre les
motifs en vue d’identifier des distances favorisées ou évitées entre eux, suggérant de possibles
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interactions a un niveau moléculaire, comme des interactions entre PADN et les protéines qui
sont a l'origine de processus biologiques tels que la transcription de géne ou la recombinaison, la
réparation ou la réplication d’ADN, etc. Gusto et Schbath [54] et Reynaud-Bouret et Schbath [93]
ont étudié ce probléme en utilisant un processus de Hawkes (défini & la Section 1.3.1.1). Le
modéle d’interactions poissoniennes décrit a la Section 1.3.2.1 permet de modéliser les éventuelles
interactions entre deux motifs, ot I'un des motifs serait la indépendamment de 'autre (via un
processus de Poisson homogéne par exemple) et 'autre ne serait que le résultat de la présence
du premier (via un processus de Poisson dont l'intensité dépend des positions du premier motif).

Mentionnons qu’une application sur des données réelles provenant de la bactérie Escherichia
coli est donnée a la Section 1.4.2.4 (ou a la Section 3.4 du Chapitre 3 pour une étude détaillée).
Cette application a pour but d’analyser l'influence entre les génes et les sites promoteurs (plus
précisément, le motif « tataat ») le long du génome d’E. coli.

Le lecteur intéressé par un apercu succinct des enjeux des statistiques appliquées a la géno-
mique pourra se reporter au n° 130 de la Gazette des Mathématiciens [86].

1.2.2 Contexte des neurosciences

Un neurone est une cellule excitable constituant 'unité fonctionnelle de base du systéme ner-
veux. Les neurones assurent la transmission d’un signal bioélectrique appelé potentiel d’action
(« spike » en anglais). Les neurones ont deux propriétés physiologiques : I'excitabilité, ¢’est-a-dire
la capacité de répondre aux stimulations et de convertir celles-ci en impulsions nerveuses, et la
conductivité, c’est-a-dire la capacité de transmettre les impulsions. Le potentiel d’action corres-
pond a une dépolarisation transitoire, locale, bréve et stéréotypée de la membrane plasmique des
neurones. La genése du potentiel d’action a lieu au niveau du céne d’émergence, a la base du
corps cellulaire du neurone qui fait la sommation des potentiels gradués provenant des synapses
situées le long des dendrites et sur le corps cellulaire. Si cette somme dépasse un certain seuil
d’excitabilité du neurone, un potentiel d’action est créé et se propage, sans perte d’amplitude,
le long de I'axone. Ainsi, les neurones (au nombre estimé de 86 & 100 milliards dans le cerveau
humain) peuvent communiquer entre eux a travers I’émission des potentiels d’action et Pactivité
neuronale peut donc étre réduite aux différents potentiels d’action émis par chacun des neurones.
Cette activité peut se résumer par la collection des temps de potentiels d’action, appelée « train
de spikes », qui est alors assimilée & un processus ponctuel temporel.

Les travaux de Grammont et Riehle [50] et de Griin et al. [53| portant sur I’étude d’une paire de
neurones en particulier ont mis en évidence un phénomeéne appelé la synchronisation : la présence
d’un spike sur le train de spikes d’un neurone peut participer & l'apparition d’un spike, avec un
délai, sur le train de spikes du second neurone. En effet, pour atteindre le seuil d’excitabilité
qui permettra I’émission d’'un spike, deux phénomeénes sont possibles : soit la fréquence des
spikes regus augmente, soit les potentiels d’action arrivent en nombre moindre, mais au méme
moment, ce qui est moins cotiteux en énergie. Les neurobiologistes s’intéressent donc a la détection
de ce phénoméne de synchronisation ; autrement dit, ils souhaitent savoir si les deux neurones
considérés dans I’étude évoluent indépendamment ou non. Le modéle d’interactions poissoniennes
décrit a la Section 1.3.2.1 permet de modéliser les éventuelles interactions entre deux neurones.
A noter que Krumin et al. [69] et Pernice et al. [84, 85] ont récemment étudié ce type de probléme
en utilisant un modéle de Hawkes.
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FIGURE 1.2 — Schéma d’un neurone.

1.3 Interactions poissoniennes et processus de Hawkes

1.3.1 Processus de Hawkes bivarié
1.3.1.1 Définition et remarques

Le processus de Hawkes, introduit par Hawkes [59] en 1971, est trés utilisé en pratique pour
modéliser des phénomeénes issus de la sismologie ou de I’épidémiologie, ou plus récemment, des
phénoménes issus de la génomique ou des neurosciences comme on ’a évoqué précédemment. Un
processus de Hawkes bivarié est défini par deux processus ponctuels (Ny)icr et (IV])ier d’intensité
respective conditionnellement au passé

A(t) :u+/t_ gt —u) dNqu/t_ h(t —u)dN), (1.1)
et - -
Nt)=v + / g (t —u)dN], + / B (t — u) ANy, (1.2)

ou v et v/ sont des constantes positives et g, h et g’, h’ sont des fonctions positives a support dans
0+°° g(u) du O+o° h(u) du
+ +

o Ch(u)du [ ¢ (u) du

plus grande valeur propre de A en valeur absolue) est strictement inférieur a 1. Cette condition

R, . On suppose que le rayon spectral de A = ( (c’est-a-dire la

permet d’assurer ’existence d’une version stationnaire du processus de Hawkes défini ci-dessus
(voir Brémaud et Massoulié [13]).

Pour décrire simplement le processus de Hawkes ainsi défini, considérons le contexte de la
génomique présenté a la Section 1.2.1, & savoir ’étude de I'influence entre deux motifs donnés :
motif 1 et motif 2, le long du génome. Interprétons en détails I'intensité A(¢) du processus N
définie par (1.1). La droite réelle tient lieu de génome et N, N’ et leurs points représentent
respectivement le motif 1, le motif 2 et leurs occurrences (ou de maniére analogue, dans le contexte
des neurosciences, le neurone 1, le neurone 2 et leurs spikes, au cours de ’enregistrement de
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l'activité neuronale). L’intensité A\(¢) représente la probabilité d’avoir une occurrence du motif
1 & la position ¢ le long du génome connaissant tout le passé, le passé étant les occurrences
antérieures a la position ¢ des motifs 1 et 2 :

[P (occurrence du processus N € [t;t + dt] conditionnellement au passé avant ¢) = \(t) dt.

Autrement dit, une occurrence du motif 1 peut apparaitre a la position ¢ le long du génome :
e de maniére spontanée, sans cause extérieure (via v dans (1.1)),
e par une influence des occurrences passées du motif 1 (via g dans (1.1)) traduisant un
phénomeéne d’auto-excitation du motif 1 sur lui-méme, ou
e par une influence des occurrences passées du motif 2 (via h dans (1.1)) traduisant un
phénomeéne d’interaction du motif 2 sur le motif 1.
Puisque les fonctions g et h sont ici des fonctions positives, les influences sur 'apparition d’une
occurrence du motif 1 sont positives et se quantifient selon 'ampleur de g et h, ce qui permet de
définir la notion de distance favorisée. On pourrait considérer des fonctions g et h qui peuvent
prendre des valeurs négatives (et on prendrait par conséquent la partie positive de (1.1) pour
définir I'intensité). Ainsi lorsque g est négative, les influences sur 'apparition d’une occurrence du
motif 1 sont négatives (on parle alors d’auto-inhibition au lieu d’auto-excitation) et se quantifient
selon 'ampleur de |g|, ce qui permet de définir la notion de distance évitée.
A Taide de la définition de la mesure ponctuelle associée au processus, on peut réécrire
I'intensité (1.1) du processus de Hawkes comme suit :

Ay =v+ Y. gt-X)+ > ht-X).

XeN, X<t X'eN'  X'<t

Cela permet de mieux apprécier la contribution de chaque occurrence passée des motifs 1 et 2
a l'incrémentation de l'intensité. Ainsi, si on se donne une position ¢ sur le génome, la distance
d=1t— X, ot les X sont les occurrences passées du motif 1, est d’autant plus favorisée que g(d)
est grande.

Pour plus de détails, on se référera par exemple au livre de Daley et Vere-Jones [29] et aux
travaux de Brémaud et Massoulié [13, 14] pour 'aspect théorique des processus de Hawkes, aux
travaux de Vere-Jones et Ozaki [113] pour une application en sismologie, de Mitchell et Cates [79]
pour une application sur les interactions sociales, de Bacry et al.|2] pour une application en
finance et aux travaux de Gusto et Schbath [54| et Carstensen et al. [21] pour 'aspect génomique.
Le dernier article cité utilise le processus de Hawkes multivarié qui est une généralisation naturelle
du processus de Hawkes bivarié.

A noter que l'estimation des fonctions g et h fait 'objet d’une littérature fournie dans le
cadre paramétrique (voir par exemple Ozaki [83], Ogata et Akaike [82] ou encore Daley et Vere-
Jones [29]).

Dans la suite, on décrit trois approches non-paramétriques :

e la méthode FADO, une méthode pénalisée de type AIC dans un modéle de Hawkes bivarié,

proposée par Gusto et Schbath [54],

e une méthode d’estimation adaptative par sélection de modéles pour des processus de
Hawkes univariés (i.e.h = 0 dans (1.1)) proposée par Reynaud-Bouret et Schbath [93],
et

e une procédure adaptative de type Lasso pour des processus de Hawkes multivariés proposée
par Hansen et al. [56].
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Précisons que les travaux de Gusto et Schbath [54]| et de Reynaud-Bouret et Schbath [93] s’ins-
crivent dans le contexte de la génomique et s’intéressent plus particuliérement au probléme de
détection de distances favorisées ou évitées le long d’une séquence d’ADN et que les travaux de
Hansen et al. |56] (article actuellement soumis) sont postérieurs a la majeure partie des résultats
de cette these.

1.3.1.2 Inférence non-paramétrique pour un processus de Hawkes

Gusto et Schbath [54] considérent le processus de Hawkes bivarié (défini par (1.1)). Leur pro-
cédure d’estimation des fonctions d’interaction g et A, par maximum de vraisemblance, s’effectue
dans une base de splines a noeuds réguliérement espacés et sélectionne le nombre de noeuds par
un critére de type AIC validé asymptotiquement.

La méthode FADO produit des estimateurs lisses et obtient de bons résultats. Cependant,
elle présente quelques inconvénients. La méthode se comporte extrémement mal pour des familles
complexes de modéles, ce qui vient probablement du choix de la pénalité par un critére de type
AIC. De plus, elle présente des problémes de parcimonie (« sparsity » en anglais). En effet, dans
le contexte de la génomique, s’il y a une interaction, disons a une distance de d bases, la fonction
g ou h doit prendre de grandes valeurs aux alentours de d et, s’il n’y a pas de raison biologique
pour qu’il y ait une autre interaction, cette fonction doit étre nulle partout ailleurs. Ainsi, méme
si les oscillations de 'estimation par splines de cette fonction sont petites sur ces plages, I'estimée
de la fonction n’est jamais vraiment nulle et cela pourrait entrainer des erreurs d’interprétation
biologique.

Afin de résoudre les problémes soulevés, Reynaud-Bouret et Schbath [93] ont proposé, dans
le cadre des processus de Hawkes univariés, une méthode basée sur de la sélection de modéles
pénalisée mais dans sa version non-asymptotique, afin d’obtenir un estimateur optimal du point
de vue oracle et adaptatif au sens minimax sur certaines classes fonctionnelles. Ainsi, leur méthode
solutionne le probléme de parcimonie de la méthode FADO et permet de discuter pour la premiére
fois les aspects minimax des processus de Hawkes. Cependant, en considérant un processus de
Hawkes univarié, on ne prend pas en compte l'interaction avec un autre processus extérieur, bien
que ce soit le but recherché a terme. De plus, la procédure pratique est trés cotliteuse en temps
de calculs et engendre des problémes de taille mémoire.

Ces deux procédures, avec leurs avantages et leurs inconvénients, sont a 'origine du modéle
simple introduit & la section suivante, directement lié au probléme de détection de distances
favorisées ou évitées entre deux motifs le long d’une séquence d’ADN.

Se limiter aux interactions entre deux processus peut étre restrictif pour la compréhension
globale de certains phénoménes. Par exemple, en génomique on peut vouloir trouver les distances
favorisées ou évitées entre plusieurs éléments régulateurs de la transcription (voir les données trai-
tées par Carstensen et al. [21]) et en neurosciences il n’est pas rare d’enregistrer simultanément
plus d’une centaine de neurones. Néanmoins, dans ce cadre multivarié, on espére qu’il y ait peu
de fonctions d’interaction estimées comme non nulles et que de plus ces fonctions soient parcimo-
nieuses (ce qui motive entre autres la construction de tests statistiques). Les deux méthodes citées
ci-dessus ne sont donc pas envisageables dans ce contexte pour des problémes soit de parcimonie,
soit algorithmique. C’est pourquoi, dans le cadre des processus de Hawkes multivariés, Hansen
et al.[56] ont récemment élaboré une procédure de type Lasso (voir Tibshirani|[105] ou encore
Section 1.4.3 et Chapitre 5) avec des poids adaptatifs dans la pénalité ¢ (par exemple, voir Ber-
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tin et al. [9]), calibrés par des inégalités de type Bernstein pour les martingales. En plus d’établir
des inégalités oracles pour leur estimateur Lasso (sous certaines conditions), Hansen et al. [56] ont
proposé des simulations (sur des données de type neuronal) qui mettent en avant les bonnes per-
formances et la robustesse (par rapport a la durée de l’enregistrement) de la procédure pratique
associée.

Mentionnons un dernier inconvénient du processus de Hawkes. Ce dernier impose que les
fonctions g et h soient a support dans R’ . Autrement dit, les occurrences d’un motif a une
position sur le génome ne dépendent que des occurrences passées des deux motifs. La notion de
passé, présent et futur est primordiale dans le cadre des processus de Hawkes, mais cet ordre
temporel semble artificiel quand on parle de données génomiques méme si le sens de lecture de
I’ADN en impose un plus faible.

1.3.2 Notre modéle d’interactions poissoniennes

Cette section présente le modéle d’interactions poissoniennes sur lequel porte ’essentiel des
travaux de cette thése.

1.3.2.1 Description du modéle

On se donne un réel T strictement positif, qui peut représenter la longueur du génome ou le
temps d’enregistrement de ’activité neuronale et un entier naturel » non nul, qui peut représenter
le nombre d’occurrences du premier motif d’intérét dans le cadre génomique ou le nombre de
spikes sur le premier neurone d’intérét dans le cadre des neurosciences. On s’intéresse a deux
événements modélisés par des processus ponctuels, pour lesquels on présuppose une interaction
entre eux (voir Section 1.2) et on privilégie un sens d’interaction : un premier processus est 1a
indépendamment du second et on explique la présence de ce second processus par le premier.

Le premier processus représente les « parents » et est modélisé par un n-échantillon Uy, ..., U,
de variables aléatoires uniformes sur [0; 7']. Ensuite, chaque parent U; donne naissance indépen-
damment les uns des autres a des « enfants » selon un processus de Poisson N? dont I'intensité
est une fonction inconnue h recentrée sur le parent U;. A cela s’ajoute un processus de Poisson
homogéne N° d’intensité constante v représentant des enfants dits « orphelins ». On observe
alors le processus de Poisson agrégé des enfants, qui représente le second processus :

n n
N = Z N® dont I'intensité est donnée par la fonction ¢~ v + Z h(t —U;). (1.3)
i=0 i=1

Ainsi, si on peut distinguer les points qui sont des parents des points qui sont des enfants, on ne
peut pas déterminer le parent de chaque enfant, ni savoir si un enfant est orphelin. La fonction
h est naturellement appelée fonction de reproduction et notre but est alors d’estimer h ou de
tester des hypothéses sur cette fonction, a partir de I'observation des parents Uy, ..., U, et de la
réalisation du processus des enfants V.

On peut voir ce modéle comme un cas trés particulier du modéle de Hawkes bivarié défini
a la Section 1.3.1.1. En effet, avec ¢ = b’ = 0 dans (1.2), le processus N’ est un processus de
Poisson homogéne et, conditionnellement au nombre n de points de N’ sur [0; 7], cela revient
& se donner un n-échantillon de variables uniformes qui correspond alors aux parents de notre
modele. Puis, le processus associé aux enfants est alors défini par (1.1) avec g = 0 et h & support
dans RY .
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Contrairement aux processus de Hawkes, le support de la fonction d’interaction h dans notre
modéle est tout R et cela permet une dépendance entre les processus selon leurs événements
passés mais aussi leurs événements présents et futurs.

1.3.2.2 Lien avec le contexte de la génomique et remarques

Dans le contexte de la génomique, on s’intéresse a l'influence du motif 2 sur le motif 1. On
observe les occurrences de ces deux motifs le long du génome. Ainsi, n représente le nombre
d’occurrences du motif 2 et 7' la longueur normalisée du génome considéré (le génome étant lu
dans les deux sens de transcription, la longueur normalisée du génome est typiquement deux fois
la longueur du génome).

Le choix de la modélisation des occurrences du motif 2 par des variables uniformes indépen-
dantes n’est pas anodine et résulte de la constatation suivante. Les motifs d’intérét le long du
génome sont typiquement des événements rares et peuvent donc étre modélisés par un processus

de Poisson homogeéne N’ sur [0; 7] d’intensité constante v/ (voir Section 1.2.1). Ainsi, condi-
!/

[0;T
ou encore les parents) ont la méme loi qu'un n-échantillon de variables aléatoires uniformes sur

tionnellement & I’événement « N | =N, les points du processus N’ (c’est-a-dire le motif 2
[0; T']. De plus, comme IE(N[/O;T]) = 1/'T et que I'on s’est fixé le nombre n de parents en amont de
I’étude, on a qu’avec grande probabilité, n et T sont du méme ordre de grandeur. Le cas o n et
T sont proportionnels semble étre alors le cas générique.

Ensuite, on cherche & expliquer les occurrences du motif 1, les enfants, a partir des occurrences
du motif 2, les parents, c’est-a-dire & 'aide d’un phénomeéne d’interaction des parents sur les
enfants et également a 'aide d’un phénomeéne d’apparition spontanée. En effet, contrairement au
modele de Hawkes bivarié complet (voir (1.1)), dans notre modeéle, chaque enfant provient soit
d’un parent, soit est orphelin : il n’y a pas d’enfant qui peut également étre un parent, c’est-a-dire
on ne considére pas le phénomeéne d’auto-excitation des enfants sur eux-mémes.

Quels sont les avantages et les inconvénients d’une telle modélisation ?

L’inconvénient majeur est surtout du point de vue biologique car notre modéle d’interactions
poissoniennes est moins réaliste, en ne prenant pas en compte le phénomeéne d’auto-excitation et
en ne reliant pas la présence des parents a celles des enfants (via (1.2) par exemple). Cela engendre
une dissymétrie quant aux réles des parents et des enfants. Il est donc important de bien définir
quel motif sera le parent (ici le motif 2) et quel motif sera 'enfant (ici le motif 1). En outre, si on
souhaite s’intéresser a I'influence du motif 1 sur le motif 2, on inversera les roles parents/enfants
dans le modéle et 'interaction du motif 1 sur le motif 2 sera mesurée grace & une autre fonction
de reproduction. Cependant, la procédure d’estimation de la fonction de reproduction h proposée
au Chapitre 3 a permis de révéler les distances favorisées ou évitées entre les génes et les sites
promoteurs le long du génome de la bactérie F. coli auxquelles le biologiste pouvait s’attendre
(voir Section 1.4.2.4 ou Section 3.4 du Chapitre 3). De plus, 'intensité h est & support dans tout
R, ou plus exactement dans [—A; A], ou A représente la mémoire maximale des occurrences le
long des séquences d’ADN et peut étre prise égale & 10000 bases (au-dela, la structure 3D de
I’ADN viendrait interférer et les distances réelles physiques pourraient étre plus courtes que les
distances lues « en ligne » sur la séquence d’ADN). Dans le contexte des neurosciences, cette
borne A représenterait le temps limite de synchronisation durant ’accomplissement d’une tache,
selon les neurobiologistes. Autrement dit, les occurrences futures du motif 2 peuvent influencer
ce qui se passe dans le présent pour le motif 1. Cela permet donc de regarder en méme temps
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les deux directions : le passé et le futur (et ainsi de s’affranchir de I'hypothése artificielle d’ordre
temporel le long des séquences d’ADN).

D’autres avantages majeurs sont surtout liés & la parcimonie et & la mise en oeuvre algo-
rithmique. En effet, on a développé au Chapitre 3 une procédure par seuillage de coefficients
d’ondelettes, optimale et complétement « data-driven », pour le probléme de l’estimation de
cette fonction de reproduction h (voir Section 1.4.2). Ainsi, le seuillage permet de pallier les
problémes de parcimonie rencontrés par la méthode FADO de Gusto et Schbath [54] et 1’algo-
rithme qui découle de cette procédure (a savoir un algorithme de descente, voir Mallat [74]) est
peu coiiteux en temps de calculs, contrairement & celui de Reynaud-Bouret et Schbath [93].

Hors du contexte génomique, le découplage des paramétres n (le nombre de parents) et T' (la
longueur normalisée du génome étudié) provoque alors une double asymptotique qui n’est pas
commune et engendrera des vitesses inhabituelles.

1.3.2.3 Lien avec le processus de Cox

Le processus de Cox (ou le double processus de Poisson stochastique), introduit pour la
premiére fois par Cox[27] et trés utilisé dans le domaine des mathématiques financiéres, de
I’actuariat et de la médecine, est obtenu par randomisation de la mesure moyenne d’un processus
de Poisson. Plus précisément, si on se donne (X, X') un espace mesurable et 1 une mesure aléatoire
sur X, alors on dit qu'un processus ponctuel N est un processus de Cox gouverné par p lorsque,
conditionnellement & u, les réalisations de N sont celles d'un processus de Poisson N (-|u) sur X
de mesure moyenne y (voir [29]).

Dans le modeéle d’interactions poissoniennes défini par (1.3), la fonction ¢ — v+> 1" | h(t—U;)
est aléatoire (car dépend des parents Uy, ..., U,) et peut étre vue comme I'intensité d’un processus
de Cox ot les covariables seraient les parents Uy, ..., U,.

De nombreux travaux sur I'estimation de la mesure p d’un processus de Cox ont été effectués
dans le cadre paramétrique (voir par exemple Andersen et al. [1] ou encore Mgller et al. [80]). Dans
le cadre non-paramétrique, citons par exemple Comte et al. [26] qui ont proposé un estimateur
original de l'intensité conditionnelle d’un processus de Cox, construit a partir des méthodes de
sélection de modéle, qui est optimal des points de vue oracle et minimax. Malheureusement, ces
procédures engendrent de sérieuses difficultés pour I'implémentation algorithmique, comme on a
pu déja le souligner pour les travaux de Reynaud-Bouret et Schbath [93].

1.4 Vue d’ensemble de nos résultats

Nos travaux sont essentiellement centrés sur l'estimation de la fonction de reproduction h
et la détection de dépendance dans le modéle d’interactions poissoniennes (1.3). Les procédures
adaptatives d’estimation et de test par seuillage de coefficients d’ondelettes et les U-statistiques
sont au coeur de cette thése. C’est pourquoi le Chapitre 2 propose des rappels sur les bases
d’ondelettes et donne une petite introduction aux U-statistiques, un outil abondamment utilisé
dans les preuves des résultats de cette thése. Les contributions principales des Chapitres 3, 4 et
5 sont détaillées ci-aprés. Quelques précisions :

e le Chapitre 3 fait I'objet d’un article qui a été accepté pour publication : SANSONNET,

L. Wavelet thresholding estimation in a Poissonian interactions model with application to
genomic data. Accepté pour publication au Scandinavian Journal of Statistics, 2012,
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e le Chapitre 4 fait 'objet d’un article qui est actuellement soumis : SANSONNET, L. ET
TULEAU-MALOT, C. A model of Poissonian interactions and detection of dependence.
Soumis, 2013, et

e le Chapitre 5 est un travail en cours en collaboration avec Patricia Reynaud-Bouret, Vincent
Rivoirard et Rebecca Willett.

Une Annexe présentant les programmes codés en Scilab des principaux algorithmes mis en place
dans cette thése termine ce manuscrit.

1.4.1 Procédure de test adaptatif

Les résultats présentés dans cette section sont issus du Chapitre 4 et ont été obtenus en
collaboration avec Christine Tuleau-Malot (Université Nice Sophia-Antipolis). Avant d’élaborer
une procédure d’estimation de h du modeéle (1.3), il semble pertinent de valider ce modéle et
de savoir si l'introduction de cette fonction de reproduction h est justifiée et donc s’il y a une
dépendance entre les deux événements considérés.

1.4.1.1 Cadre et méthodologie

Dans le but de déceler de la dépendance ou non entre les deux événements considérés, on
propose de tester la nullité de h dans le modéle (1.3).

Dans la suite, on suppose que h est a support compact connu (hypothése justifiée dans les
cadres de la génomique et des neurosciences) et sans perte de généralité, on suppose ici que le
support de h est strictement inclus dans [—1;1] et que I'on observe les U; (les parents) sur [0; 7]
et une réalisation du processus N (les enfants) sur [—1;7 + 1].

On décompose alors la fonction h de La(R) dans la base de Haar (voir Section 2.1.2 du
Chapitre 2) :

h = Zﬁ)\cm avec [y = / h(z)pr(x) de,
AEA R
ou

A={\=(k):j>-1keL.

Comme on veut détecter un signal et non le reconstruire, la base de Haar convient tout a fait.

On veut tester 'hypothése nulle Hp : « h = 0 » (le phénoméne d’apparition des enfants ne
dépend pas de celui des parents) contre lalternative H; : « h # 0 ». Par traduction de ces
hypothéses en terme de coefficients d’ondelettes, on effectue d’abord des tests simples de Hy :
« h =0 » contre ’Hi\ :« By #0», pour A € I', ou I est le sous-ensemble de A suivant :

F={A=(,k)eAN:j>0,-2 <k<2 —1}.

Cet ensemble I" contient les indices A\ = (4, k) avec j > 0, de sorte que f_ll ©a(t) dt = 0 pour tout
A € I'. Remarquons que si un coefficient 5y est non nul pour A ¢ I'; alors au moins un coefficient
B est non nul pour A € I' (voir Section 4.2 du Chapitre 4 pour plus de détails).

Pour tout A € T', le test simple associé se construit de la maniére suivante :

1. On définit la statistique de test par Ty = | é \|, avec

n—1

By = g(w)’ avec  G(py) = /R; [m(t—Ui) -

: Er(pa(t=U))| dNi, (14
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ou 7 désigne la loi uniforme sur [0; 7]. Le premier terme de G(¢)) est un estimateur naturel
de ng) (sous la condition f_ll oa(t)dt = 0) et le second terme permet de le rendre sans
biais (voir Proposition 4.1 du Chapitre 4).

2. Sous Ho, conditionnellement aux Uy,...,Un et & N_y;p1q) = m, les points du proces-
sus N suivent une loi uniforme sur [—1;7 + 1] et ainsi, la loi de T\ ne dépend que de
quantités observables. On introduit alors le (1 — «)-quantile q[Ul’ WUnim }( ) de T sous Hg
conditionnellement aux Uy, ..., Uy, et & N_y,74q) = m vérifiant

Po (TA > Q[Ul’ Wl )|y, U, Niyreg = m) <o

Notons que ce quantile est complétement implémentable.

U bAd 7Un,N
3. Par conséquent, on rejette Ho lorsque Ty > E\ ' = T“]](a).

1.4.1.2 Reésultats théoriques

Par construction, les test simples définis ci-dessus sont de niveau «. De plus, le Théoréme
4.1 du Chapitre 4 donne un seuil pour |8)| & partir duquel le test simple associé est capable de
détecter un signal en ayant la puissance requise.

Pour tester & présent Hgp : « h = 0 » contre Hy : « h # 0 », on propose une procédure de
test multiple basée sur I'agrégation de tests simples en les pondérant griace a une collection de

w

nombres positifs {wy, A € I'} telle que D, .pe™™* < 1. On considére alors le test qui rejette Ho

lorsqu’il existe au moins un indice A dans I' tel que

Ut UniNi_ 1. Uty UniNi_ 1. _
T>\ > q [ 1 [ 1,T+1]](u[al [ 1,T+1]]e )

)

ol
Ui,...,Un;Nj_q.
u,[l ! -ur] = sup {u >0:

[U1,Un;N_1.741]]

P (I%ngc (TQ’NFLTH] —q, o (ug_w/\)) >0 ‘ Ui,...,Upy; N[—I;T—i-l}) < a}.

La fonction de test correspondante est définie par

o, =1 UpreosUnN Up,....UniN
HlaX)\GF<T)\ qg\ 1o:Un; [71;T+1]](u£11, Un; [71;T+11]e*“ﬂ))

On introduit les nombres réels positifs R; et Ro tels que ||h|l1 < Ry et ||h]lco < Roo-

Théoréme 1.1 (cf. Théoréme 4.2). Soient «, B des niveaux fixés dans |0; 1]. Alors, le test multiple
D, est de niveau o. De plus, s’il existe au moins un sous-ensemble L de I' tel que

||hL||§>C{DL+ZwA)[ +:|+(DL+Zw)\+Zw§\) HngﬂLng +n2T2”,

A€L AEL AEL

(1.5)

ot hy, est la projection orthogonale de h sur l’espace engendré par {px,\ € L}, Dy, le cardinal
de L, j;, =max{j > 0: (j,k) € L avec k € K;} et C une constante positive dépendant de «, 3,
v, Ry et Ry, alors

Pp(®, =0) < 5. (1.6)
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Le Théoréme 1.1, avec la présence de la double asymptotique n et T', présente une vitesse
inhabituelle [% + %] qui sera plus discutée & la Section 1.4.2.

L’équation (1.6) signifie que l'erreur de seconde espéce est controlée, ce qui montre que le
test est puissant si la Condition (1.5) est vérifiée.

On se place dans le cas oit n et T sont proportionnels, qui est le cas générique permettant
par exemple de faire le lien avec le contexte génomique (voir Section 1.3.2.2.). De plus, cela
permet d’interpréter aisément ce résultat. Avec de bonnes hypothéses sur jr et sur {wy, A € I'}
(pour que ces quantités ne soient pas trop grandes), la vitesse de séparation du test ®, entre
I’hypothése nulle et 'alternative est de 'ordre de Dy, /n, ce qui est typique des procédures de test
basées sur une approche par seuillage (voir Fromont et al.[45, 46| par exemple). Ce théoréme
va permettre d’aboutir & un résultat d’adaptation au sens minimax sur des espaces de Besov
classiques et faibles qui permettent de mesurer la parcimonie d’un signal décomposé dans une
base d’ondelettes, avec une faible régularité. En effet, le choix d’une procédure par seuillage de
coefficients d’ondelettes permet de détecter des fonctions parcimonieuses et ce sont ces fonctions
que 'on s’attend a retrouver en génomique et en neurosciences. Le théoréme suivant établit les

vitesses de séparation uniformes du test ®, sur B __(R)NW*, (R'). On trouvera une définition
’ THoy
de ces espaces a la Section 2.1.4 du Chapitre 2. L’indice § mesure la régularité et I'indice v la

parcimonie.

Théoréme 1.2 (cf. Théoréeme 4.3). Soient o, B des niveaux firés dans ]0;1[. On suppose que
n et T sont proportionnels. En considérant un bon choix de poids wy et la fonction de test P,
associée, alors, pour 6 >0,y >0, R>0, R’ >0, si 20 >~v/(1+27)

_
o @0, B (R) VW* 2 (R),8) < C (1") -

142y n
ot C est une constante positive qui dépend de §,v,R,R',a,B,v,Ry et Roo

Ce résultat illustre 'optimalité de notre procédure de test multiple du point de vue minimax,
puisque les vitesses de séparation du test ®,, correspondent aux vitesses minimax de test obtenues
par Fromont et al.,[45, 46, dans le cas ou 26 > v/(1427) et aussi 0 < /2 et v > 1/2. Notons que
cette vitesse de test correspond a la vitesse minimax d’estimation par seuillage (voir [66, 91, 95]
par exemple), ce qui signifie qu’il est aussi difficile de tester que d’estimer sur de telles classes de
fonctions, ce qui n’est pas usuel.

1.4.1.3 Résultats pratiques

Le Chapitre 4, dont sont issus les résultats précédemment énoncés, présente également des
simulations, avec une comparaison au test de Kolmogorov-Smirnov (voir Darling [30]), noté dans
la suite KS et & une méthode paramétrique de détection de dépendance en neurosciences, notée
dans la suite GAUE, proposée par Tuleau-Malot et al. [109], qui utilise la technique des « Unitary
Events » introduite par Griin [51].

Nous travaillons sur des jeux de données simulées qui reflétent une certaine réalité neurobio-
logique. Les parents sont simulés selon le modeéle (1.2) avec v/ =50 et ¢’ = h' = 0 et les enfants
selon le modele (1.1) avec v =20, g =0et h = 01(¢,0.01), pour différents parametres 6 et . Alors
que le paramétre 0 représente I'influence des parents sur les enfants, le paramétre £ introduit un
éventuel délai a la synchronisation. On considére les 9 jeux de données suivants : Datag, Dataqg,
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Jeu de donnée | notre procédure | KS GAUE
Datayg 0.0486 0.051 | 0.0446/0.0510/0.0548

TABLE 1.1 — Niveaux de test empiriques, avec un niveau théorique o = 0.05, pour notre procédure,
KS et GAUE (minimum/médiane/maximum calculés sur la grille de 6).

Jeu de donnée | notre procédure | KS GAUE
Datayg 0.095 0.040 | 0.068/0.1085/0.168
Datasg 0.478 0.051 | 0.154/0.3795/0.707
Datasg 0.864 0.087 | 0.278/0.6645/0.953
Datagp 0.993 0.113 | 0.451/0.9160/0.998
Dataypy 0.073 0.054 | 0.047/0.0575/0.077
Datasoy 0.282 0.059 | 0.050/0.1415/0.277
Datasg, 0.664 0.053 | 0.053/0.2825/0.589
Datag, 0.968 0.073 | 0.048,/0.4900/0.879

TABLE 1.2 — Puissances empiriques évaluées pour différentes interactions, avec un niveau théo-
rique a = 0.05, pour notre procédure, KS et GAUE (minimum/médiane/maximum calculés sur

la grille de ¢).

Dataso, Datasg, Datagy, Dataio,, Datasg,, Dataso, et Datasgo,, ot Vk € {0, 10,30, 50,80}, Datay,
est simulé avec 6 = k et £ = 0 et Datag, est simulé avec 8 = k et & = 0.005. Le premier jeu
de données permet d’évaluer le niveau de test empirique (en effectuant 5000 réalisations indé-
pendantes) alors que les autres permettent d’évaluer la puissance empirique (en effectuant 1000
réalisations indépendantes de chaque jeu).

La méthode GAUE, méthode couramment utilisée en neurosciences, est basée sur le comptage
des coincidences avec un délai 0 sur [0; 7], c’est-a-dire le nombre de paires parent/enfant dont la
distance entre eux est inférieure & 0, ou 1" est la durée simulée de I'enregistrement de activité
neuronale (7" = 2(secondes)). Cela introduit un paramétre ¢ & choisir au préalable, que 'on fait
varier sur une grille réguliére [0.001;0.04] de pas 0.001 pour nos simulations (voir Section 4.4.3
du Chapitre 4 ou Tuleau-Malot et al. [109] pour plus de précisions sur cette méthode).

Pour l'application de notre procédure de test, nous effectuons une remise & I’échelle sur
[0; 100] des données pour des raisons algorithmiques. On choisit également un niveau de résolution
maximal jo = 3 pour limiter le nombre de tests simples a effectuer. Les Tableaux 1.1 et 1.2
résument les résultats de nos simulations.

Les 3 méthodes semblent avoir un niveau de test empirique correct. Le test KS présente
des puissances empiriques petites (typiquement proches de «), ce qui signifie que le test KS ne
parvient pas & détecter clairement la dépendance. Notre procédure et la méthode GAUE, quant
a elles, offrent des puissances empiriques nettement meilleures. Plus 6 est grand, plus le test est
puissant, ce qui s’explique par une meilleure séparation des hypothéses Hg et H1. Les 2 méthodes
semblent comparables lorsque £ = 0 (i.e.la synchronisation peut étre immédiate). Par contre,
lorsque & # 0 notre méthode semble meilleure avec de plus grandes puissances empiriques.

Ces simulations montrent ainsi le bon comportement pratique de notre procédure.
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1.4.2 Procédure d’estimation adaptative

Les résultats présentés dans cette section sont issus du Chapitre 3. Nous proposons une
procédure par seuillage qui est « data-driven » et optimale des points de vue oracle et minimax
pour 'estimation de la fonction de reproduction h du modéle d’interactions poissoniennes défini
par (1.3) avec v = 0.

1.4.2.1 Cadre et méthodologie

On suppose que h est & support compact dans [—A; A], avec A > 0. On décompose h dans
une base d’ondelettes {¢x, A € A} gouvernée par le systéme d’ondelettes pére/mére (1(o,),7)

h225)\<ﬂ>\ avec ﬁ,\—/Rh(:r)tpA(x)dx,

AEA

ol

A={\=(k):j>-1keZ.

Pour les aspects théoriques de cette thése, on a considéré une base d’ondelettes biorthogonales
qui a avantage de présenter des fonctions d’analyse qui sont constantes par morceaux facilitant
I'implémentation algorithmique, différentes des fonctions de reconstruction qui elles sont régu-
liéres permettant des reconstructions lisses. On trouvera & la Section 2.1.2 du Chapitre 2 une
description détaillée de cette base d’ondelettes biorthogonales spécifique due & Cohen et al. [23].
Ici, on fait ’amalgame entre les fonctions d’analyse et de reconstruction afin de simplifier les
notations (ce qui est licite pour la base de Haar puisque le systéme d’ondelettes pére/meére qui
la géneére est le méme pour les fonctions d’analyse que pour les fonctions de reconstruction).
Pour tout A € A, on estime le coefficient d’ondelettes By par

By = G@)‘), avec G(py) = /Ri [90,\(25— U;) —
i=1

n—1

- Ex(pa(t =U))| dN;. (1.7)

Il s’agit d’'un estimateur sans biais de 3 (voir Proposition 3.1 du Chapitre 3) pour les mémes
raisons évoquées pour montrer le caractére sans biais de 'estimateur défini par (1.4). De plus, la
variance de ) est bornée :

Var(By) < 0{7};}2} (1.8)
ou C est une constante dépendant de Rj, R, |[¢|l1 et [[1]]2. Cette majoration présente un
comportement peu habituel de la variance et cela est dii & l'intervention de deux paramétres
de I'asymptotique : n le nombre de parents et 1" la longueur normalisée du génome. Toutefois,
lorsque 'on est dans le cas ot n et T' sont proportionnels, la variance est bornée par 1/7" a une
constante prés, comme pour les processus de Hawkes (voir Reynaud-Bouret et Schbath [93]).

La procédure de seuillage s’effectue de la maniére suivante :

1. On introduit un sous-ensemble déterministe I' de A qui permet de définir un niveau de
résolution maximale : I' = {\ = (j,k) € A: =1 < j < jo, k € K;}.

2. On définit le seuil qui dépend d’un paramétre v > 0 :

m = 1/2vjoV (ﬂ) L op (ﬂ) + A%,
n 3 n n
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ol A est définie par (3.8) et B(py) et V(¢y) (un estimateur de la variance de nfy), définies
respectivement par (3.9) et (3.10), sont des quantités qui ne dépendent que des observations.
Ce seuil, défini certes de maniére compliqué, peut étre mis en relation avec le seuil universel
introduit par Donoho et Johnstone [37] dans un cadre de régression gaussienne (voir Section
2.1.3 du Chapitre 2 pour plus de détails).

3. Finalement, on définit Uestimateur seuillé de By : 8y = BA1| BA|>77A1 AT, et par conséquent,

estimateur de h : h = Y oA B 2@x- Cet estimateur dépend uniquement du choix de 7 et
de jo.

1.4.2.2 Résultats théoriques

Deux types de résultats sont établis : une inégalité de type oracle, de laquelle sont déduites
des vitesses de convergence.

Théoréme 1.3 (cf. Théoréme 3.1). On suppose que n > 2, jo € N* tel que 270 < n < 200+ ¢t
v > 2log2. Alors estimateur h satisfait a

E (HE - h\\%) < G inf { )%;nﬁ?\ T

n

+ 7|5 (19)

1
(logn)?* x - + (logn)? x ;2] |m} + Cg

ot |m| est le cardinal de ’ensemble m, Cy est une constante positive dépendant de 7y, Ri, Roo,
1), [|1Y]l2 et ||¥|leo et Co est une constante positive dépendant de A, Ry, Reo, ||¥|l1, [|?]2,
V|| €t du support compact de ).

Comme le terme entre crochets dans (1.9) est du méme ordre de grandeur que la majoratlon
de Var(B3y) (voir (1.8)) a un terme logarithmique prés, ce résultat montre que l'estimateur h
satisfait a une inégalité oracle classique.

En particulier, si on considére le cas ot n et T sont proportionnels, I'inégalité (1.9) du
Théoréme 1.3 devient

- (1 C
E(|Ih - hl3) < unf{zm OgT 2 m r}+;.

Cette inégalité de type oracle est similaire a celle obtenue par Reynaud-Bouret et Schbath [93]
pour un processus de Hawkes et aussi aux inégalités oracles classiques obtenues en sélection de
modeles, & un terme logarithmique prés (voir par exemple Massart [77]).

Théoréme 1.4 (cf. Corollaire 3.2). Soient R > 0 et 6 € R tel que 0 < § < r+1 (our
est le parametre de régularité des ondelettes de reconstruction de la base biorthogonale, voir
Section 2.1.2 du Chapitre 2). On suppose que h € Bg’oo(R), n et T sont proportionnels et que les
hypothéses du Théoréme 1.3 sont vérifiées. Alors l’estimateur h satisfait a

20
~ (logn)*\ 20+1
B (- 113) < ¢ (& ,

ou C3 est une constante positive dépendant de v, A, R1, Reo, ||¥|1, 1?2, |¥]loc, R €t du support
compact de .
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Ce résultat illustre Poptimalité de notre estimateur i du point de vue minimax, puisque la
vitesse de convergence ainsi exhibée correspond a la vitesse minimax d’estimation, a un terme
logarithmique prés, obtenue par exemple par Reynaud-Bouret [90] pour 'estimation de l'intensité
A support compact d'un processus de Poisson ou pour ’estimation de densité & support compact
a partir de l'observation d’un n-échantillon par Donoho et al. [41].

1.4.2.3 Résultats pratiques

L’implémentation de la procédure, avec en particulier le calcul du seuil, nécessite 'usage d’'un
algorithme de descente (voir Mallat [74]) qui a été programmé pour la base de Haar et une base
de Spline (voir Figure 3.1 du Chapitre 3). D’une part des simulations ont permis de calibrer les
paramétres qui apparaissent dans la définition du seuil du point de vue pratique. Une fois les
paramétres « optimaux » pratiques choisis, nous proposons d’autres simulations afin de montrer
la robustesse et le bon comportement pratique de notre procédure d’estimation. Les Figures 1.3
et 1.4 en donnent un exemple avec les reconstructions respectives des signaux :

‘Signall” : 4 x 1g,;) et ’SignalN’: 4 x \/%6—7”2/2_

Pour ces reconstructions, on a pris 7" = 10000, A = 10 (on rappelle que [—A; A] est le support de
h) et le niveau de résolution maximal jo = 5. Les parents ont été simulés selon un processus de
Poisson d’intensité 0.1 sur [0;77] et les enfants selon le modéle (1.3) avec v = 0 et h la fonction
"Signall’ ou ’SignalN’.

FIGURE 1.3 — Reconstruction de ’Signall’ (vraie : en pointillé, estimée : trait plein) : a gauche : dans la

base de Haar; a droite dans la base de Spline.

Les reconstructions sont satisfaisantes. Le caractére intrinséque des deux bases considé-
rées ainsi que des deux signaux & reconstruire donne une meilleure reconstruction de ’Signall’
(resp. ’SignalN’) par la décomposition dans la base de Haar (resp.la base de Spline). Néanmoins,
dans tous les cas, on retrouve l'allure générale de la fonction a estimer. La Section 3.3 du Chapitre
3 propose d’autres simulations et établit ainsi la robustesse et le bon comportement pratique de
notre procédure, avec en particulier une capacité a gérer quelques enfants orphelins (via une
apparition spontanée) et a retrouver des fonctions négatives si 'on introduit un phénoméne
d’inhibition (voir Section 3.3.5 pour plus de détails).



30 CHAPITRE 1. Introduction

FIGURE 1.4 — Reconstruction de ’SignalN’ (vraie : en pointillé, estimée : trait plein) : & gauche : dans

la base de Haar; a droite dans la base de Spline.

1.4.2.4 Application & des données génomiques

Comme mentionné a la Section 1.2.1, nous appliquons notre procédure a ’étude de la bactérie
E. coli afin d’analyser 'influence entre les génes et les sites promoteurs, plus précisément, le motif
« tataat ». La plupart des génes sont précédés a trés courte distance de ce motif. Afin de valider
notre procédure, on souhaite détecter ces distances. On dispose pour cela de la position de 4290
génes (représentée par la premiére base codant la séquence) et de 1036 occurrences du motif
tataat, le long du génome de longueur normalisée T° = 9288442 (en prenant A = 10000 la
mémoire maximale le long de la séquence d’ADN). La Figure 1.5 donne 'allure de I’estimateur
h dans le modeéle ou les parents sont les tataat d’une part et les génes d’autre part.

FIGURE 1.5 — Estimateur h pour les données E. coli a I’échelle 1 : 1000, avec a gauche : parents=tataat

et enfants=geénes et a droite : parents=génes et enfants=tataat.

La figure de gauche, qui explique I'influence des tataat sur les génes, signifie que
e l'estimateur étant nul avant 0 base et au-dela de 500 bases, les génes ne semblent pas étre
influencés par les tataat sur ces intervalles, et
e l'estimateur étant positif entre 0 et 500 bases, les courtes distances sont favorisées et plus
la distance est petite, plus grande est la préférence.
La figure de droite, qui explique l'influence des génes par les tataat, nous permet de tirer
les mémes conclusions avec en plus un phénomeéne intéressant. En effet, entre 0 et 1000 bases,
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I'estimateur est négatif, ce qui signifie que les occurrences de tataat sont évitées sur de telles
distances. Cela peut s’expliquer du point de vue pratique par le fait que les génes, de longueur
environ 1000 bases, ne se chevauchent pas. Autrement dit, le long du génome, ’apparition du
motif tataat est évitée lors du codage d'un géne. A noter que le cas h négatif n’a pas été étudié
d’un point de vue théorique.

En conclusion, cette application sur des données réelles a permis de détecter les distances
favorisées ou évitées entre les génes et les sites promoteurs le long du génome de la bactérie
E. coli attendues et donc de valider notre procédure.

1.4.3 Estimation Lasso et interactions poissoniennes sur le cercle

Les résultats présentés dans cette section sont issus du Chapitre 5 et ont été obtenus en col-
laboration avec Patricia Reynaud-Bouret (Université Nice Sophia-Antipolis), Vincent Rivoirard
(Université Paris Dauphine) et Rebecca Willett (Duke University). Ces travaux se situent a la
frontiére entre statistique et traitement du signal dans le champ du « compressed sensing » (voir
Donoho [36]) et constituent un probléme inverse poissonien.

1.4.3.1 Cadre et méthodologie

La procédure par seuillage proposée a la Section 1.4.2 pour estimer la fonction de reproduction
h dans un modéle d’interactions poissoniennes, a montré ses performances d’un point de vue
théorique mais également d’un point de vue pratique, en offrant une meilleure précision et une
plus grande rapidité de calcul que celle proposée par Reynaud-Bouret et Schbath [93]. Cependant,
elle nécessite la connaissance en amont d’une borne A sur la portée d’interaction, tout comme
pour le processus de Hawkes (voir[56, 93| par exemple). On souhaite alors s’affranchir de la
connaissance de cette borne A dans un modéle discret en grande dimension, qui peut étre vu
comme une version discréte du modele (1.3) avec v = 0.

Soient Uy, ...,U, n variables aléatoires uniformes i.i.d.sur {0,..., M — 1}, représentant des
points sur un cercle (on travaille modulo M). Considérer un modeéle circulaire permet d’éviter les
effets de bord mais permet également de refléter une réalité biologique puisque certains génomes,
comme ceux des bactéries, sont circulaires. Chaque parent U; donne indépendamment naissance
a des enfants en nombre poissonien, la position des enfants dépendant de I’écart aux parents.
Plus précisément, si h* = (h,...,h%; ;)T est un vecteur de ]RJ\JF/[ , alors le nombre d’enfants du
parent U; & distance 7, N(i]i +;» suit une loi de Poisson P(h}). Le but est alors d’estimer h* & partir
de l'observation des parents U; et du nombre total d’enfants a chaque site k € {0,..., M — 1} :

Y, = Z N{, dont la loi conditionnellement aux U; est P (Z hlt—m) .
i=1 =1

On peut reformuler le probléme comme suit :
Y = (Yo,..., Yar1)T ~ P(GH")

et ainsi, estimer h* est équivalent & un probléme inverse ol 'opérateur G est aléatoire et dépend
uniquement des U; (il est donc observable). On s’oriente vers une estimation de type Lasso
(introduite par Tibshirani[105] en régression linéaire) afin de capter la parcimonie de h*. En
particulier, notre estimateur Lasso nécessitera une propriété de type RIP (Restricted Isometry
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Property, introduite par Candés et Tao [19]) sur la matrice aléatoire G avec grande probabilité et
I'introduction de poids aléatoires « data-driven » dans sa définition (par exemple, voir Zou [117],
Huang et al.[62], Bertin et al. [9] ou encore Hansen et al. [56]).

1.4.3.2 Résultats théoriques

On établit au préalable une propriété de type RIP sur G, avec une approche similaire & celle
de Rudelson et Vershynin [99].

Théoréme 1.5 (cf. Théoréme 5.2). Soit § €]0; 1] et soit K € N tel que K < M. On suppose que

-2 K31 2 2
c:= K “max UZ K*[log(M) +log(n)]* < 1, (1.10)

ou K est une constante positive absolue. Alors avec probabilité plus grande que 1 — &, pour tout
vecteur x K-parcimonieux (i.e. avec au plus K coordonnées non nulles),
3 == (1 = e)nllz|3 < |G|} < (1 + e)nllz]3 =: R||=[|3 (1.11)
r|lz|5 : conllz|l; < ||Gzll; < c)n||lz||z =: R||x||5, .

ot ||Gz||? = ||Gz|]3 — (n® — n) (13)2. En particulier, si K = O(M®) et K = O(n”) quand
min(M,n) — 400 avec a < 2/11 et § < 1/2, alors pour toute constante absolue c¢ €]0;1], il
existe 6(n, M) qui tend vers 0 a une vitesse polynomiale tel que l'inégalité (1.11) soit vraie avec

avec probabilité plus grande que 1 — §(n, M).

Cette propriété va nous permettre d’obtenir des inégalités de type oracle pour notre estimateur
de type Lasso. Pour I'instant, on définit un estimateur modifié de type Lasso que 'on force a
étre parcimonieux : pour Ky € N*,

M—-1
hy = hp(Ko) = argmin {\Y — Ghl|7, + (2+mn) dk\hk\} : (1.12)
heRM Ky —parcimonleux k=0
pour 7 > 0 et des poids aléatoires dj a calibrer. Cette approche avec des poids aléatoires a
déja été utilisée par exemple par Bertin et al. |9] et Hansen et al. [56]. D’une certaine maniére, ces
poids jouent le méme roéle que le seuil aléatoire des procédures d’estimation par seuillage (voir par
exemple notre procédure d’estimation adaptative a la Section 1.4.2 ou encore Reynaud-Bouret et
Rivoirard [91]). Précisons que l'estimateur hr n'est pas implémentable pour de grandes valeurs

de M en un temps de calculs raisonnable.

Le choix des poids aléatoires dj est donc crucial. Il faut qu’ils ne dépendent que de quan-
tités observables (pour pouvoir les calculer en pratique), qu’ils vérifient avec grande probabilité
|GH(Y — Gh*)|; < dy (via une inégalité de type Bernstein) afin d’obtenir des inégalités oracles
avec grande probabilité (voir Théoréme 1.8) et qu'ils soient petits (voir I'inégalité (1.15)). Un
choix est donné par le théoréme suivant.

Théoréme 1.6 (cf. Théoréme 5.3). Soit 6 > 0 (tel que 6 < 3). On définit pour tout k dans

l’ensemble {0,..., M — 1},
/ ~ 1
dip =1/21In (3/5)Vk + g In (3/5)Bk, (1.13)

Vi = Vi +1/21n(3/8)Vi, B2 + 31n (3/0) B2,

avec
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Z ly,=v;Yk+v;, e Brp=  sup Z 1y, +k=t,
1<i,j<n t€Co,.. . M1} =1
ot Cyo,.. -1y désigne le cercle discret associé a l’ensemble {0,..., M —1}. Alors, avec probabilité
plus grande que 1 — 0,
Vk € {0,...,M — 1}, IGH(Y — Gh*)|p < dp. (1.14)

Le théoréme suivant donne un ordre de grandeur des poids aléatoires dj.

Théoréme 1.7 (cf. Théoréme 5.4). Pour tout 6 €]0;1],

sat) < ¢ Lo 3/0) (n+ 70 ) + g 310 (103 ) 1.

ou C est une constante positive dépendant de hy et |[h*||, .

On s’intéresse aux propriétés théoriques de I'estimateur Lasso hy du point de vue oracle. Le
théoréme suivant propose une inégalité oracle pour la perte £s.

Théoréme 1.8 (cf. Théoréme 5.5). Soit Q un événement sur lequel la borne inférieure de (1.11)
est vraie avec K > 2K et ¢ < 1/2 et tel que (1.14) soit vérifiée. Cela signifie que sur Q, pour
tout vecteur x au moins 2Ky-parcimonieux dans cM

IG5 > Gzl > (1 = c)nfzlF,

et
IGH(Y — Gh*)|x < d), Yk

Sur Q (i.e. avec probabilité au moins 1 —20), sin > 0 et si h* est Ko-parcimonieuz,

7 * 2 +77
lhr, — B*[I7, < 0o S, (1.15)
keS(h*)

ot S(h) est le support de h.

Par le Théoréme 1.7, 'espérance du membre de droite de (1.15) est de l'ordre % + 4z, a un
terme logarithmique prés. Notons que cette vitesse a déja été exhibée aux Sections 1.4.1 et 1.4.2.
Si I’'on suppose que n = O(M), le Théoréme 1.5 montre que si K = O(M®) et K = O(n®)
quand min(M,n) — +oo avec o < 2/11 et § < 1/2, alors on peut choisir § = M ™7 avec v > 0
tel que (1.11) avec probabilité plus grande que 1 — M ~7. Avec ce choix de ¢, le Théoréme 1.7
montre alors que les dj, sont de l'ordre log M\/n si n = O(M). Le membre de droite de (1.15)
étant ainsi de I'ordre (log M)?/n, I'inégalité (1.15) est une inégalité de type oracle classique, &
un terme logarithmique prés, pour notre estimateur Lasso (voir par exemple [9, 16, 17, 110]).
Des perspectives immédiates & ce travail inachevé sont les suivantes (voir Section 5.5 pour
plus de détails) :
e On souhaite mener une étude pratique sur des données simulées. L’estimateur de type Lasso
hr, nétant pas implémentable pour de grandes valeurs de M en un temps raisonnable, on
devra effectuer des simulations pour I'estimateur Lasso classique

M-1
hp = argmln{HY Gh|7, +2 Z dk|hk]}
k=0
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e On souhaite également établir avec grande probabilité que l'estimateur Lasso classique
hy, satisfait a la propriété de Ko-parcimonie si h* est Ko-parcimonieux afin d’établir des
inégalités de type oracle pour cet estimateur.

e On souhaite également étudier I'estimateur Dantzig associé défini par

hp = argmin {||hll, : Vk€{0,....,M -1}, [G"(Y —Gh*)|, < dy}.
heRM

En effet, les propriétés de type RIP permettent d’établir des inégalités oracles avec grande
probabilité pour la perte ¢5 pour 'estimateur Dantzig (voir Candés et Tao[20]). Malheu-
reusement le Théoréme 1.5 ne présente pour l'instant un tel résultat que pour la norme

|- [lr, au liew de | - [l2.

1.5 Perspectives

Outre les perspectives immédiates du Chapitre 5 que nous venons de proposer, des axes de

recherche faisant suite & ces travaux sont envisageables.

e Tout au long de ces travaux, nous nous sommes restreints au cas de la dimension 1. Il
serait donc intéressant d’étudier, toujours dans le cadre de la statistique non-paramétrique
adaptative, des processus similaires & notre modéle d’interactions poissoniennes (1.3) dans
le cadre spatial et de les relier, par exemple, au processus de Neymann-Scott. Ce processus
est de type « Poisson cluster process ». Il s’agit d’un mécanisme en deux étapes :

1. On génére un processus de Poisson homogéne qui donne la premiére génération :
X, Xn.

2. Autour de chaque Xj;, on génére un processus ponctuel Nx, de méme loi qu'un pro-
cessus Ny et de maniére indépendante des autres points.

Le processus de Neyman-Scott est le résultat du second tirage (c’est donc I’équivalent
des enfants dans notre modéle). Ce processus a été essentiellement étudié dans le cadre
paramétrique (voir Tanaka et al. [104] par exemple) et est utilisé pour modéliser des données
en astronomie et des structures forestiéres. Voir Section 6.3 de Daley et Vere-Jones [29] pour
plus de détails.

e Le modéle (1.3) postule que la fonction h est la méme sur tout l'intervalle [0;77] (et v
constante), ce qui n’est pas trés réaliste des points de vue génomique et neurobiologique. En
effet, en neurosciences, ol 1" représente le temps d’enregistrement de 1’activité neuronale, les
neurones peuvent avoir des comportements trés différents et du coup des influences inégales
selon que le sujet soit dans une phase d’attente, de repos ou de travail, par exemple. Par
contre, cette hypothése de stationnarité peut se faire sur des intervalles de temps plus
courts (méme s'ils ne sont pas facilement identifiables). On pourrait donc coupler notre
procédure de test adaptatif proposée a la Section 1.4.1 avec une approche semblable a
celle de Benjamini et Hochberg[8]. Cela consisterait & se donner une collection W de K
fenétres de [0; 7] (qui peuvent se chevaucher) et d’effectuer sur chaque fenétre W de W un
test ®Y (construit avec une méthode similaire & celle de la Section 1.4.1) pour détecter la
dépendance sur cette fenétre ou non. La procédure de Benjamini et Hochberg [8] permettrait
alors de controler le FDR (False Discovery Rate).

e La procédure d’estimation adaptative proposée a la Section 1.4.2 est optimale du point de
vue oracle. Mais, on a montré son optimalité du point de vue minimax uniquement lorsque
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n et T sont proportionnels (voir Théoréme 1.4). Plus généralement, ce résultat est valide
lorsque n = O(T), c’est-a-dire lorsque les parents sont suffisamment espacés pour rendre
leurs interactions insignifiantes pour I’analyse statistique. Par contre le régime n > T n’est
pour instant pas étudié. Ce régime signifie qu’il y a beaucoup de parents sur 'intervalle
d’observation [0; T, ce qui rend trés difficile la détermination du parent de chaque enfant.
Cela revient alors & un probléme particulier de déconvolution statistique (la convolution se
faisant avec des lois uniformes) qui est dans ce cas un probléme inverse mal-posé. De plus,
lorsque n > T, le terme principal de I'inégalité oracle (1.9) du Théoréme 1.3 est en n/T?
(& un terme logarithmique prés) et il faudrait donc étudier la borne inférieure du risque
minimax associé¢ afin de déterminer si la vitesse n/7? est optimale ou non.

e Du point de vue de la génomique, il serait intéressant d’étudier un modéle prenant en
compte la vraie structure 3D de ’ADN. Pour l'instant, on a seulement eu accés a des
données génomiques lues « en ligne » et donc on a introduit une mémoire maximale de 10000
bases (établie par les biologistes) afin d’éviter que la structure 3D de ’ADN vienne interférer
et que les distances réelles physiques soient éventuellement plus courtes que les distances
lues « en ligne ». Cependant, il se pourrait que le type d’analyse mené au Chapitre 5 puisse
se généraliser a des graphes plus complexes que le cercle, qui représenteraient la structure
réelle de PADN. Avec les données adéquates, cela permettrait alors de comprendre plus
finement les relations en terme de distance physique réelle entre, par exemple, différents
éléments régulateurs de la transcription. D’ailleurs, de récentes technologies permettent
d’étudier la conformation des chromosomes en 3D (voir [101]).
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Chapitre 2

Mathematical tools

This chapter succinctly presents the main mathematical tools used in this
manuscript. In the first section, we recall the basics of wavelet bases and
in particular biorthogonal wavelet bases and we briefly describe wavelet
thresholding procedures and Besov spaces. The second section provides
an overview of the U-statistics theory. Part of the following material is
based on the book of Hérdle et al.[57] for the first section and on the
book of de la Penia and Giné [32] for the second section.
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2.2.2  Some exponential and moment inequalities for U-statistics . . . . . . . . ... ... 42

2.1 Wayvelet thresholding on classical and weak Besov spaces

In this section, we give the basics of the wavelet bases construction. Then, we present a
specific biorthogonal wavelets basis, due to Cohen et al. 23], used in this manuscript. Finally, we
describe wavelet thresholding rules and the functional spaces considered in this work. For more
details, see for instance Daubechies [31|, Meyer [78] and Mallat [75].

2.1.1 Multiresolution analysis

The definition of wavelet bases is linked to the fundamental concept of multiresolution anal-
ysis.

Definition 2.1. A multiresolution analysis of Ly(RR) is a nested sequence of spaces {V},j € Z}
that satisfies the following properties:

e (V= {0},

JET
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U Vj is dense in Lo(R),

JEZ

Vfela(R), Vi€ Z, Vz eR, f(z)eV; e f(22) € Vjtq,

Vfelay(R), Vk€eZ, Vx e R, f(x) e Vo< f(x—k) € Vy, and

there exists a function ¢ € Vj, named father wavelet, such that {¢(- — k),k € Z} is an
orthonormal basis of Vj.

Consequently, at each resolution level j, the space V; of a multiresolution analysis {V}, j € Z}
is generated by an orthonormal basis obtained by dilatations and translations of the father wavelet
¢: {ojr(x) = 212¢(21x — k), k € Z}. For any j € Z, we define the space W; such that

Vi =V, e W,

namely W; is the orthogonal complement of V; in V;; 1. We can build a function +, named
mother wavelet, such that {1; () = 2//2¢(272 — k), k € Z} is an orthonormal basis of ;. By
definition of the multiresolution analysis {V},j € Z} and the W;’s, for any jo € Z, one obtains

Lo(R) = Vi, & D W

Jj=Jjo

This means that any f € La(R) can be represented as a series: for any jg € Z,

F=jrbior+ > Bisthik: (2.1)

keZ Jj=jo kEZ

where the wavelet coefficients are
Qjo b = /Rf(m)%o,k(%) dr and Bji = /Rf@:)wj,k(x) dx.
Without loss of generality, we can choose jo = 0 and we denote Vk € Z, Vx € R,

Yo1k(z) = gox(r) and B_1j = agk.

This multiresolution analysis yields orthonormal bases whose elements are localized both
in frequency and time domain and obtained by dyadic dilatations and translations of a "fa-
ther /mother wavelets" system (¢, ).

2.1.2 The Haar basis and a specific biorthogonal wavelet basis

The Haar basis wavelet system, defined by

¢ =1 and ¢ =11 =11,

has the properties of the multiresolution analysis described above with

V; = Span{¢; i, k € Z}.

The functions associated with the Haar basis are discontinuous and irregular with few fluctua-
tions. This is why the Haar system is not very convenient for approximation of smooth functions.
But here, in the biological context, the reproduction function to estimate (see Section 1.3.2 of
Chapter 1) can be very irregular, for instance it can have some localized spikes. So the choice of
the Haar basis may be suitable here.
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If we are interested in the approximation of smooth functions, we can consider a specific
biorthogonal wavelet basis, built by Cohen et al. [23|, that we can describe as follows. We set
¢ = 1p,1) the analysis father wavelet. For any 7 > 0, there exist three functions 1, <;~5 and 1; with
the following properties:

° & and 1; are compactly supported,

e ¢ and ¢ belong to C"t1, where C"*! denotes the Holder space of order r + 1,

e 1) is compactly supported and is a piecewise constant function,

e 1) is orthogonal to polynomials of degree no larger than r,

° {(Qbkij,k)j}OJcEZa (ggk,i)j,k)po’kez} is a biorthogonal family: for any 7,7 > 0, for any

kK €7,

/Gﬁk(x)lﬁj',k'(ﬂf) dx = / b k(@) dp (x) dz = 0,
R R

/Rd)k($)§5k’($) dr = 1ip—pry, /R@bj,k(fn)i)j’,k’(m) dr =1 p—prys

where for any z € R,

Sr(x) = d(x — k), Pn(x) = 2P — k)

and
Or(x) =z — k), jn(x) =222 — k).
This implies the following wavelet decomposition of f € Lo(R):

F=Y e+ Bintix,

keZ j>0 k€Z

where for any j > 0 and any k € Z,
o= [ Faon@)ds, fiu= [ fahisula) da.

The Haar basis can be viewed as a particular biorthogonal wavelet basis, by setting é = ¢
and 1; = = 1]%;1] — 1[0;%], with 7 = 0 (even if the second property is not satisfied with such
a choice). The Haar basis is an orthonormal basis, which is not true for general biorthogonal
wavelet bases. Another example of biorthogonal wavelet basis is given at Section 3.3.1 of Chapter
3.

The interest of biorthogonal wavelet bases lies in the fact that they can have the following
property: analysis wavelets ¢, and );; are piecewise constant functions and reconstruction
wavelets ¢y, and 1[;]'7],3 are typically smooth functions. This nice property allows us both to
implement low computational complexity algorithms, as cascade algorithm (see Mallat [74]) which
has been implemented in our context (see Section 3.3.2 of Chapter 3) and to provide smooth
reconstructions.

2.1.3 Wavelet thresholding estimation

Thresholding estimation procedures have been introduced by Donoho and Johnstone [37] in
1994. Since we expect that only very few wavelet coefficients contribute to the main part of
the signal, we consider thresholding rules that retain only observed data that exceed a certain
threshold. More precisely, Donoho and Johnstone [37] display two thresholding estimators:
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e an estimator by hard thresholding: dff(z) = 21},/5;, and

e an estimator by soft thresholding: df (x) = sign(z)(|z| — t)4,
with the threshold ¢. Therefore, the choice of the threshold ¢ is crucial and has been the sub-
ject of numerous studies: Donoho et Johnstone [37, 38|, Nason [81] for instance or more recently,
Juditsky and Lambert-Lacroix [65], Reynaud-Bouret and Rivoirard [91] (concerning in particular
the estimation of the intensity of one Poisson process) and Reynaud-Bouret et al. [92]. Further-
more, Donoho and Johnstone [37] defined the universal threshold ¢t = y/202 logn in the Gaussian
regression framework, where o2 (assumed to be known) is the variance of each noisy wavelet
coefficient. With the universal threshold, Donoho and Johnstone [37| show that their estimation
procedure constructed by hard or soft thresholding is near optimal from the minimax point of
view on Besov balls. Consequently, the wavelet thresholding estimation procedures are very
effective from a theoretical point of view as evidenced by the work of Donoho and collabora-
tors [37, 38, 40, 41, 42].

2.1.4 Classical and weak Besov bodies

Besov spaces, denoted Bg7q7 are classically defined using modulus of continuity (see [57] for
instance). Here, we just recall the sequential characterization of Besov spaces by using a wavelet
basis.

Let 1 <p,g<ocand 0 < § < r+1, where r > 0 denotes the wavelet smoothness parameter.

The Bqu— norm of the wavelet decomposed function f given in (2.1) is equivalent to the norm

(6411 /g
1Bt k)klle, + [ Em0 2T 27PN Bia)elll | i g < o0,

j(o+1-1 .
1(B-10)klle, +5upj=0 22 27218, 1), if ¢ = oo.

HfHE,p,q =

In this manuscript, we restrain our attention to the Besov space Bgm. Indeed, this space includes
Sobolev spaces 5’3 , Besov spaces Bqu for ¢ > 1 and Besov spaces BZ‘;OO for p > 2 for which the
functions are compactly supported (see Triebel [107] or DeVore and Lorentz[34]). The class of
Besov spaces provides a useful tool to classify wavelet decomposed signals with respect to their
regularity and sparsity properties (see Hérdle et al. [57]).

We also consider a weaker version of the Besov spaces defined for p > 0 by

W,=1[= Z Zﬁ(j,kﬂ/}j,k € La(R) : (Bgjm)ik € wlp ¢,

j==1 k

where
wly = {9 = (0¢)¢ : sup s¥ E Lig,|>s < oo} .
s>0 )

Whereas the spaces Bgvoo constitute an ideal class to measure the regularity of a wavelet decom-
posed signal f, the spaces W, constitute an ideal class to measure the sparsity of the function
f. Indeed, we can rewrite

wly = {9 = (6¢)¢ : sup Kl/p\9|(g) < oo} ,
LeEN*

where the sequence (|0(y)), is the non-increasing rearrangement of 6: [0[) > |0]) = ... >
|9|(g) > .... This condition gives a polynomial control of the decreasing rate of the sequence
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(I8](¢y)e- Thus, a function belonging to ngoo N W, is more regular when 4 increases and is
sparser when p decreases. We mention that pioneering works about the role of weak Besov
spaces in statistics are due to Donoho [35], Johnstone [64] and Donoho and Johnstone [39]. There
exists an embedding between Besov and weak Besov spaces:

_0
B CW N B;iZ.
1+26

See Kerkyacharian and Picard [66] and Rivoirard [94, 95] for more details and for extensions in a
more general setting.

In this manuscript, we actually consider Besov balls and weak Besov bodies, defined as follows.
For any R > 0, Besov balls with radius R are defined by

B oo(R) = {f € La(R) : || f

and for R’ > 0, weak Besov bodies with radius R’ are defined by

4,2,00 < R}

W;(R/) =1/ €L(R): Sglg s¥ Z 1|/3(j,k>|>s <RP
B (5.k)

2.2 An introduction to the theory of U-statistics

U-statistics are a useful tool. The basic theory of U-statistics was developed by Hoeffding [60],
one of the pioneers of nonparametric statistics, in connection with unbiased statistics. Detailed

expositions of the general topic may be found in the books of van der Vaart [112] and de la Pena
and Giné [32].

2.2.1 Definition and elementary examples

Definition 2.2. Given a sequence of independent and identically distributed (i.i.d.) random
variables (X;);>1 with values in a measurable space (X, X') and a measurable fonction h : X™ — R,
the U-statistics of order m and kernel h based on the sequence (X;);>1 are

Upn(h) = (”;‘””' > Xy, Xi), m<on, (2.2)
(91,50 im)EI
where I = {(il,...,im) ti; € N1 < iy <my iy # iy if j # k}
In particular, if m = 1, then .
Un(h) = 71%21 B(X) (2.3)
is a sum of i.i.d. random variables. Therefore, the U-statistics defined by (2.2) can be regarded

as functional algebraic generalizations of an ordinary mean value of the form (2.3).
If the kernel h is symmetric in its arguments, Uy, (h) has the equivalent form

Un(h):<n)1' Y X Xi,), m<on,

m

where SIT" = {(i1,...,1m) 1 i; € N, 1 < iy <dp < ... <ip < n}.
We can cite some elementary examples of U-statistics.
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Example 2.1. If m = 1, U,(h) is a simple sum of i.i.d. variables. For instance, if h(x) = z* for
k=1,2,..., we find the empirical mean and the empirical moments of order k for k > 2:

N e 1 &
Xn:—E X; and f§ Xk k=23,
n n
i=1 =1

Example 2.2. For estimating p™, where p = E(X), for m € N*| we use the symmetric kernel
h(z1,...,%m) =21 ... T, and we obtain the following U-statistic, unbiased for p™:

—1
n
() x
(il,A..,im)ESI;{L

Example 2.3. Since the variance 02 = Var(X;) can be written 0 = JE[(X; — X3)?], the
U-statistic defined by

-1
() 5 e

1<i<j<n i=1

is an unbiased estimator for o2, based on the symmetric kernel h(z1,22) = (z1 — 22)%/2.

From the very beginning, the extensive studies concerning U-statistics have lead to a manifold
of results, including limit theorems, tail inequalities and also statistical applications, influenced by
the classical theory of independent random variables. We propose, in the sequel, some exponential
and moment inequalities for U-statistics and specifically for degenerate U-statistics. The U-
statistic U, (h) (or its kernel function h) is called degenerate if for all 1 < i < m,

E(h(X1,. .., Xp)| X1, -, Xic1, Xig1, -, Xm) = 0.

More precisely, in this case, we say that the U-statistic U, (h) is canonical or completely degen-
erate. Indeed, we can also define nondegenerate U-statistics and degenerate U-statistics with an
order of degeneracy r such that 2 < r < m (for instance, see [32, 112]).

2.2.2 Some exponential and moment inequalities for U-statistics
2.2.2.1 U-statistics of order one

Since a U-statistic of order one is quite simply a sum of i.i.d. variables, classical concentration
inequalities are available (see[77] for a review). In this manuscript, we have for instance opted
for exponential Bernstein’s inequality (for instance, see Proposition 2.9 of|77]) to control in
probability a U-statistic of order one and for classical Rosenthal’s inequality (for instance, see
Proposition 10.2 of [57]) to control the moments of a U-statistic of order one. The following
result is a particular case of Rosenthal’s inequality, with a well known moment bound for sums
of centered independent random variables.

Theorem 2.1 (Lemma 8.1.4 of [32]). Let (X;)i>1 be a sequence of i.i.d. real random variables
such that E(|X;P) < oo for some p > 2 and E(X;) = 0. Then,

E [ max
1<k<n

for a positive universal constant C, depending only on p.

k

>

p
) < O PE(1 X0 ),
=1
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We precise that Bernstein and Rosenthal inequalities have been extended to degenerate U-
statistics of any order by Giné et al. [48]. Most of exponential and moment inequalities are first
obtained for U-statistics of order two and are generalized to higher orders while this is possible.

2.2.2.2 U-statistics of order two

For degenerate U-statistics of order two, we propose an exponential inequality obtained by
Houdré and Reynaud-Bouret [61]. Let T1,...,7T, be independent real random variables. We

consider for all integer n > 2,
n 1—1

Un=> > 93T, Ty),

i=2 j=1
where the g; ; : R x R — R are Borel measurable functions satisfying
E(9i3(Ti, Tj)|Ti) = 0 and  E(gi; (T3, T)|T;) = 0,

namely U, is a degenerate U-statistic of order two. We introduce the following quantities A, B,
C and D:

o A =max;;||gi;l

o
i—1 n
o B> =maxqsup | Y E(gi;(t,T)°Ty) | sup | D E(gij(Tit)*|T5) | ¢,
b\ j=1 b3 \i=j+1
n 1—1
o C% = Z ZE(gm(Ti, T])Q) (that represents the true variance of U, ), and
i=2 j=1
n i—1 n n—1
e D =sup {E(ZZgivj(Ti,Tj)ai(Ti)bj(Tj)) :E(Zai(Ti)Q) < I,E(ij(Tj)2> < 1}.
i=2 j=1 i=2 j=1

The following result is a sharp exponential inequality, with precise constants.

Theorem 2.2 (Theorem 3.4 of [61]). For all e,u > 0,
P(U, = 2(1 + ¢)*2C/u+ n(e) Du + B(e) Bu®? + v(e) Au?) < 2.77e 7%,
where n, 5 and v are positive functions of € (exactly defined in [61]).

There exists also a Poisson version of this theorem (see Theorem 4.2 of [61]).

2.2.2.3 U-statistics of upper order

We can extend the moment inequality established in Theorem 2.1 to degenerate U-statistics.

Theorem 2.3 (Theorem 8.1.6 of [32]). Let (X;)i>1 be a sequence of i.i.d. random variables with
values in a measurable space (X, X). Let p > 2 and let h : X¥ — R be a measurable function of
k variables for some k > 2 such that

E(‘h(Xl, Ce ,Xk)’p) < 0 cmd E(h(Xl, ce ,Xk)‘Xl, e 7Xj—17Xj+17 .. ,Xk) = 07

forall1 < j < k. Then,
P

k
E kgzxm Z h(Xh?"'?Xik) < Ck,‘,pm p/QE(|h(X1,...,Xk,)|p),
(@1,0nsip ) ETE

for all m = k and for some positive universal constant Cy,,, depending only on k and p.
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2.2.2.4 Decoupling for U-statistics

In probability and statistics, decoupling is a reduction of a sample statistic to an average
of the statistic evaluated on several independent sequences of the random variable. This sum,
conditioned on all but one of the independent sequences becomes a sum of independent random
variables. Consequently, a decoupling inequality permits the transfer of some results for sums of
independent random variables, n(z}:)ned also decoupled U-statistics, to the case of U-statistics.

By considering sequences (X

. )iz1, k=1,...,m that are independent copies of the original

sequence (X;);>1, a decoupling inequality consists in the establishment of an inequality between
the quantities

Ele Zh(XZU;sz) and E | ® Zh(XZ(11)’ X(m)) ’
m

) im
m
I n

up to a constant that depends only on m, where ® is a nonnegative function. Usually, we
consider the convex function ®(z) = |z|P for p > 1 to control the moments of a U-statistic, or
O(x) = 1i4>¢ to control in probability a U-statistic.

For instance, the following moment inequality proposed by Giné et al. 48] is stated for de-
coupled U-statistics.

Theorem 2.4 (Theorem 3.3 of [48]). There exists a universal constant K < oo such that, if g; ;

are bounded degenerated kernels of two variables for the independent random variables sequences
(Xi(l))i>1 and (Xj@))];l and if A, B, C and D are as defined in Section 2.2.2.2, then

P
B Y s (X XP)| | < K7 [p2C0 + D7 4 7B 4 prar),

1<i,j<n
for allp > 2.

Theorem 3.3 of [48] also provided an equivalent exponential inequality (obtained easily by
integration of tail probabilities). We precise that Theorem 2.2 recovers the exponential bound
established by Giné et al. [48], with estimates on the constants.

De la Pena and Montgomery-Smith [33] got the following decoupling inequality (see Theo-
rem 1 of 33| for U-statistics of upper order): for all n > 2, t > 0, there exists a numerical
constant Cy such that

P Zggi,j (Xi(l),X](,l)) >t <CoP | Cy 229@3‘ (Xi(l)’X]@)) >t
I I

n

and reverse bound holds under a symmetry condition.

Consequently, by combining the results of Giné et al. [48] and de la Pefia and Montgomery-
Smith [33]|, we obtain a similar upper bound as the one established in Theorem 2.4, up to a
constant for real non-decoupled U-statistics:

p
E(l Y g <XZ.(1), X](.l)> < OHKP [pp/QCp + pPDP + pP2BP 4 2 AP |

1<i,g<n

with Cy an absolute constant.



Chapitre 3

Adaptive estimation in a Poissonian
interactions model

This chapter deals with the study of dependencies between two given
events modeled by point processes. In particular, we focus on the con-
text of DNA to detect favored or avoided distances between two given
motifs along a genome suggesting possible interactions at a molecular
level. For this, we naturally introduce a so-called reproduction function
h that allows to quantify the favored positions of the motifs and which is
considered as the intensity of a Poisson process. Our first interest is the
estimation of this function h assumed to be well localized. The estima-
tor h based on random thresholds achieves an oracle inequality. Then,
minimax properties of 4 on Besov balls B3 . (R) are established. Some
simulations are provided, allowing the calibration of tuning parameters
from a numerical point of view and proving the good practical behavior
of our procedure. Finally, our method is applied to the analysis of the
influence between gene occurrences along the FE. coli genome and occur-
rences of a motif known to be part of the major promoter sites for this
bacterium.

This chapter is the full version (with detailed proofs) of the paper Wavelet
thresholding estimation in a Poissonian interactions model with applica-
tion to genomic data. Accepted for publication in the Scandinavian Jour-
nal of Statistics, 2012.

Contents
3.1 Imtroduction . . . . . . . . @ i i i i i i i e e e e e e e e e e 46
3.2 Estimation procedure . . . . . . . . . . Lt e e e e e e e e e e e e 49
3.2.1 Methodology . . . . . . . . e 49
3.2.2  Results: oracle inequality and minimax rate . . . . . . ... .. ... ... 51
3.2.3 Comments on the estimator of 8y, on the threshold 1) and on the results . . . . . 52
3.3 Implementation . . . . . . ... . @ i i i ittt e e e e e 53
3.3.1 Practical procedure. . . . . . . .. 54
3.3.2 Cascade algorithm . . . . . . . ... L 55
3.3.3 Choice of the parameters . . . . . . . . . . . . . .. ... e 56



46 CHAPITRE 3. Adaptive estimation

3.3.4 Simulation (with the robustness study) . . .. .. ... ... ... ... ... 57
3.3.5  Some extensions of our model . . . . . .. .. oL Lo 59
3.4 Application togenomicdata . . . . .. ... ... 0 e e e oo e e 60
3.5 Conclusion . . . . . . . i i i i e e e e e e e e e e e e e e e e e 63
3.6 Proofs . .. . . . e e e e e e e e e e e e e e 65
3.6.1 Proof of Proposition 3.1 . . . . . . . . ... 65
3.6.2 Proof of Theorem 3.1 . . . . . . . . . . .. 70
3.A Supplement: Proof of Theorem 3.2 . . . . . . .. ... .. 71
3.A.1 A technical lemma . . . . . . . . . ... 72
3.A.2 Proof of Assumption (Al) of Theorem 3.3 . . . . . ... ... ... ... ...... 73
3.A.3 Proof of Assumption (A2) of Theorem 3.3 . . . . . .. ... ... ... .. ..... 78
3.A.4 Proof of Assumption (A3) of Theorem 3.3 . . . . . .. ... ... ... ....... 93
3.A.5 Completion of the proof of Theorem 3.2 . . . . . . . . ... ... ... ....... 93

3.1 Introduction

The goal of the present chapter is to study the dependence between two given events modeled
by point processes. We propose a general statistical approach to analyze any type of interaction,
for instance, interactions between neurons in neurosciences or the comprehension of bankruptcies
by contagion in economics. In particular, we focus on a model to study favored or avoided
distances between patterns on a strand of DNA, which is an important task in genomics.

We are first interested in the modeling of the influence between two given motifs, a motif
being defined as a sequence of letters in the alphabet {a,c,g,t}. This alphabet represents the
four nucleotides bases of DNA: adenine, cytosine, guanine and thymine. Our aim is to model
the dependence between motifs in order to identify favored or avoided distances between them,
suggesting possible interactions at a molecular level. Because genomes are long (some 1 million
bases) and motifs of interest are short (3 up to 20 bases), motif occurrences can be viewed
as points along genomes. For convenience, we work in a continuous framework and then, the
occurrences of a motif along a genome are modeled by a point process lying in the interval [0; T,
where T is the normalized length of the studied genome and will drive the asymptotic. We add
that our model focuses on only one direction of interactions, that is to say we investigate the
way a first given motif influences a second one. To study the influence of the second motif on
the first one, we just invert their roles in the model.

We observe the occurrences of both given motifs (we presuppose interactions between them)
and we assume that their distributions are as follows. The locations of the first motif are modeled
by a n-sample of uniform random variables on [0; 7], denoted Uy, ..., U, and named parents. As
the parameter 7', the number n of parents will also drive the asymptotic. Then, each U; gives
birth independently to a Poisson process N? with intensity the function ¢t — h(t — U;) with
respect to the Lebesgue measure on R (for instance, see [67]), which models the locations of the
second motif. We consequently observe the aggregated process

n n
N = Z N with intensity the function ¢+~ Z h(t —U;) (3.1)

i=1 =1
and the points of the process N are named children. But in this model, for any child we do
not observe which parent gives birth to him. The unknown function A is so-called reproduction
function. Our goal is then to estimate h with the observations of the U;’s and realizations of V.
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Such a modeling of locations of the first motif is linked to the work on the distribution of
words in DNA sequences of Schbath and coauthors (for instance, see [88, 97, 102|). Indeed, the
first motif of interest is a rare word and is modeled by a homogeneous Poisson process N on
[0; T']. Thus, conditionally to the event "the number of points falling into [0; 7] is n", the points
of the process N (i.e. the parents) obey the same law as a n-sample of uniform random variables
on [0;T]. Moreover, with very high probability, n is proportional to T" and this constitutes the
asymptotic considered in genomics, to which we will refer as the "DNA case". With our model
(considering a uniform law on the parents), we can also take into consideration the cases n < T'
(parents are far away with respect to each other and one can almost identify which points are
the children of a given parent) and n > T (parents are too close to each other, which leads to
hard statistical problems).

If n = 1, the purpose is to estimate the intensity of only one Poisson process. Many
adaptive methods have been proposed to deal with Poisson intensity estimation. For instance,
Rudemo [100] studied data-driven histogram and kernel estimates based on the cross-validation
method. Donoho [35] fitted the universal thresholding procedure proposed by Donoho and John-
stone [37] by using the Anscombe’s transform. Kolaczyk [68] refined this idea by investigating
the tails of the distribution of the noisy wavelet coefficients of the intensity. By using model
selection, other optimal estimators have been proposed by Reynaud-Bouret [90] or Willett and
Nowak [114]. Reynaud-Bouret and Rivoirard [91] proposed a data-driven thresholding procedure
that is near optimal under oracle and minimax points of view, with as few support assumptions as
possible (the support of the intensity & may be unknown or not finite), unlike previous methods
that need to assume that the intensity has a known bounded support.

We notice that the reproduction function h can be also viewed as the intensity of a Cox
process (for instance, see [29]) where the covariates are the parents Uy, ..., U,. Comte et al.|26]
proposed an original estimator of the conditional intensity of a Cox process (more generally,
a marker-dependent counting process). Using model selection methods, they prove that their
estimator satisfies an oracle inequality and has minimax properties. Note that we consider here
point processes on the real line. Some aspects of similar spatial processes are studied in a
parametric way [87], for instance.

Some work has been done to study the statistical dependence between motif occurrences, by
using a Hawkes” model (see [59]). The Hawkes’ process (Ny)ier is defined by its intensity, which
satisfies

Aty = [+ gt—-T)+ > nt-U)| | (3.2)

0
TeN UeN n

where ¢ is a positive parameter, (N?)icr is a second point process and g and h are functions
allowed to take negative values, which can model (self-)inhibition (see paragraph 3.3.5.2), with
support on Ry and [ ¢ < 1 (for instance, see [54] for more details). We have taken the positive
part to ensure that the intensity remains positive. The first part of (3.2) describes the phe-
nomenon of spontaneous apparition (a child can be an orphan), the second part the phenomenon
of self-excitation (a child can give birth to another child) and the third part the interactions
with another type of event (the parents here). In Gusto and Schbath’s article [54], the framework
consists in modeling the occurrences of two motifs by a Hawkes process: our framework can be
viewed when the support of h is in R4 as a very particular case of theirs. Their method, called
FADO, uses maximum likelihood estimates of the coefficients of h on a Spline basis coupled
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with an AIC criterion. However, even if the FADO procedure is quite effective and can manage
interactions between two types of events, spontaneous apparition and self-excitation, there are
several drawbacks. Indeed this procedure is actually a parametric estimation method coupled
with a classical AIC criterion which behaves poorly for complex families of models. Moreover,
FADO involves sparsity issues. Indeed, our feeling is that if interaction exists, say around the
distance d bases, the function h to estimate should take large values around d and if there is
no biological reason for any other interaction, then h should be null anywhere else. However, if
the FADO estimate takes small values in this last situation, it does not vanish, which can result
in misleading biological interpretations (see [93|). Finally, in this model, the occurrences of the
first motif only depend on the past occurrences of first and second motifs. Reynaud-Bouret and
Schbath [93] have proposed an alternative based on model selection principle for Hawkes processes
that solves the sparsity problem. Their estimate satisfies an oracle inequality and has adaptive
minimax properties with respect to certain classes of functions. But it manages only one motif
whereas it is necessary to treat interaction with another type of events and the method has a
high computational cost even for a small number of models. Note that Hawkes processes have a
long story of parametric inference (see [29, 82, 83]). In particular, for genomic data, Carstensen
et al.[21] recently deal with multivariate Hawkes process models in order to model the joint
occurrences of multiple transcriptional regulatory elements (TREs) along the genome that are
capable of providing new insights into dependencies among elements involved in transcriptional
regulation.

In this chapter, the proposed model is simple. Each child comes from one parent (no orphan
and no child who is a parent), that is to say we do not take into account the phenomenons of
spontaneous apparition and self-excitation, contrary to Hawkes process models. But it brings
novelties. To estimate the reproduction function h, we propose a nonparametric method, using a
wavelet thresholding rule that will compensate sparsity issues of the FADO method. Furthermore,
our model treats interaction between two types of events, with a possible influence of the past
occurrences but also future occurrences. Then, there is the presence of a double asymptotic: the
normalized length of the studied genome T and the number n of parents, which is not usual. In
the biological context, it is not acceptable assuming to know each child’s parent. Our model, via
the reproduction function h, allows to quantify the favored locations of children in relation to
their parent, even if one cannot attribute a child to a parent before the statistical inference. First
we provide in this chapter theoretical results and we derive oracle inequalities and minimax rates
showing that our method achieves good theoretical performances. The proofs of these results are
essentially based on concentration inequalities and on exponential and moment inequalities for
U-statistics (see [32, 48, 61]). Secondly some simulations are carried out to validate our procedure
and an application on real data (Escherichia coli genome) is proposed. The procedure provides
satisfying reconstructions, overcomes the problems raised by the FADO method and agrees with
the knowledge of the considered biological mechanism. For these numerical aspects, we have
used a low computational complexity cascade algorithm.

In Section 3.2, we describe the method based on wavelet thresholding procedures. Then
we give the results and discuss the properties of our procedure for the oracle and minimax
approaches. Section 3.3 is devoted to the implementation of our method and provides simulations.
The cascade algorithm is presented in Subsection 3.3.2. Section 3.4 presents the application on
the complete Escherichia coli genome. Proofs of the main results can be found in Section 3.6.
An appendix is also provided for more detailed proofs (see Section 3.A).
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3.2 Estimation procedure

3.2.1 Methodology

To estimate the reproduction function, we assume that h belongs to L;(R) and Ly (R).
Consequently, we can consider the decomposition of h on a particular biorthogonal wavelet basis,
built by Cohen et al.[23], that we can describe as follows. We set ¢ = 1j ) the analysis father
wavelet and there exist three functions v, ¢ and v with the following properties:

° ¢~> and 1[) are compactly supported,

e 1) is compactly supported and is a piecewise constant function,

° {(@c,wj,k)po,kez, (&k»i’j,k)j;(),kez} is a biorthogonal family where for any j > 0, for any

k € Z and for any x € R,

or(@) = p(z — k), Pjp(a) =27 2p(Px — k)
and
op(x) = p(z — k), Pjp(a) =272z — k).

The Haar basis, used in practice, can be viewed as a particular biorthogonal wavelet basis, by
setting ¢ = ¢ and ¢ = ¢ = 1]%;1] — 1[0;%]. The interest of biorthogonal wavelet bases lies in
the fact that they can have the following property: analysis wavelets ¢ and ;; are piecewise
constant functions and reconstruction wavelets ¢y, and @Lj,k are typically smooth functions. The
wavelet decomposition of h € La(R) has the following form:

h=> arbr+Y Y Biktik, (3-3)

kEZ j=0 keZ

where for any 5 > 0 and any k € Z,

ak—/Rh(:c)@g(w) dx, 5]',1@_/Rh(33)¢j,k($) dx.

This kind of decomposition has already been used in thresholding methods by Juditsky and
Lambert-Lacroix [65], Reynaud-Bouret and Rivoirard [91], and Reynaud-Bouret et al.[92].
To shorten mathematical expressions, we set

A={\=0U,k):j=>-1keZ},
and for any A € A,

e ifA=(-1,k) ] e ifA=(-1,k)
T g fA=(GR) withi >0 ° P27 i i A=(j,k) with j >0

and similarly

B . (693 if)\:(—l,k‘)
YT Bk A= (k) withj >0

Then (3.3) can be rewritten as

h=3Fd with B = /R h(@)ox () dz (3.4)

A€A
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and now, we have to estimate these wavelet coefficients.
For this purpose we define for any X in A, 8y the estimate of 8 as follows

By = G(;fx)’ with  G(py) = /}RZ [@(t -U;) — n ; 1E7r(<m(t —U))| dNy, (3.5)
=1

where 7 is the uniform distribution on [0;7] and Er(px(t — U)) denotes the expectation of
ox(t = U) where U ~ 7 (an independent copy of U, ..., U,).

If n = 1, we obtain the natural estimators of the [3)’s in the case of only one Poisson process
on the real line (see[91]). These estimates are unbiased and their variance can be controlled (see
Subsection 3.2.3 for a more detailed discussion):

Proposition 3.1. For all A = (j,k) in A,
B(G(en) = n [ pr(@)hla) da.
R
i.e. BAA is an unbiased estimator for By. Furthermore, its variance is upper bounded as follows:

A 1 1 279
Var(BA)<C{n++ n}

T T2
and
A ! n
Sup Var(6y) < €3~ + 73 (3.6)

where C and C" depend on ||h||1, |hlleo, ||¥0]l1 and ||¢]]2.

From now on, we assume that h is compactly supported in [—A; A], with A a positive real
number, not depending on n and 7. This quantity A can denote the maximal memory along
DNA sequences (this is chosen by the biologists (see [54]), depending on the underlying biological
process they have in mind). Furthermore, the properties of the biorthogonal wavelet bases
introduced previously allow us to assume that we know a positive real number M such that the
support of 1 is contained in [—M; M].

First, we introduce the following deterministic subset I' of A

D ={\=(j,k) €A:—1<j<jokek,,

where jo a positive integer that will be fixed later and at each resolution level j, we denote K;
the set of integers such that the intersection of the supports of ¢y, and h is not empty, with
A = (j, k). More precisely,

Koi={keZ:-A+1< k< A}

and for any j > 0,
Kj={keZ:—(PA+M)<k<2A+ M}.

Straightforward computations lead to a cardinal of T' of order 27°.
Then, given some parameter v > 0, we define for any A € I', the threshold

Y70 <§0/\) Nr
n
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where A is a positive quantity and Np is the number of points of the aggregated process N lying
in R. For theoretical results,

n +ﬁ+T

where d is a constant depending on 7, ||?¥]|1, ||¢||2 and ||¥||cc (We can find the exact value of d
in (3.34) in Section 3.A). In (3.7), we set

i29j0/2 1 /3
A :d{JO J0 JO”}, (3.8)

B(2) = B0 =y |5 [m- — ) = Bl U))] (3.9)
=1 o
and
v (fj) = %Ww) = % (V(w) + \/271'017(%)32(%) + 3vjoBQ(90>\)> (3.10)
where

n

2
Vien = [ (Z R R N U>>]) N, (3.11)

=1

Since they only depend on the observations, the numerical values of B(¢y), V() and so V (py)
defined respectively by (3.9), (3.11) and (3.10) can be exactly computed.
We denote 3 the estimator of 8 = (Bx)xen associated with the previous thresholding rule:

6 = <6)\1‘B>\‘277/\1)\€F>)\€A (3'12)
and finally, we set
h=">_ & (3.13)
AEA

an estimator of h that only depends on the choice of v and jg fixed later. We now give theoretical
results of our procedure. They are discussed in Subsection 3.2.3.

3.2.2 Results: oracle inequality and minimax rate

Our main result is an oracle one. Given a collection of procedures (for example, penalization,
projection or thresholding), the oracle represents the ideal "estimator" among the collection. In
our setting the oracle gives, for our thresholding rule, the coefficients that have to be kept. In
our framework (see [37] and [91]), the "oracle estimator" is

h=Y Bgr, with = Bxl\;ar(gxkﬁi-
el
This "estimator" is not a true estimator, of course, since it depends on h. The approach of
optimal adaptation is to derive true estimators which achieve the same performance as the
"oracle estimator". Our goal is now to compare the risk of h defined in Subsection 3.2.1 to the
oracle risk:

E (|h—hl3) = ZE[(BQVM(BAK@ — B8]+ 8% = min(Var(By), 83) + > _ B3

Aer gD Aer gD
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Theorem 3.1. We assume that n > 2, jo € N* such that 270 < n < 20011~ > 2log 2. Then the
estimator h defined in Subsection 3.2.1 satisfies

E (JIh - hl3) < 1mf{§j@+
Agm

where |m| is the cardinal of the set m, Cy is a positive constant depending on 7y, ||h||1, |||lcc,

n
T2

1 n
4,1 2
(logm)* x - + (logn)® x T2

‘m|} +C2

1)1, |Ull2 and ||¢||eo and Cy is a positive constant depending on A, ||h||1, ||h|lco, the compact
support of ¥, 9|11, [[¥ll2 and |||

The following corollary establishes an oracle type inequality in the "DNA case".

Corollary 3.1. Assume that n is proportional to T, under the assumptions of Theorem 3.1.
Then the estimator h defined in Subsection 3.2.1 satisfies

~ ) log T) Cy
—_hl2) < =
E@h’%>\aﬁg{§:@ \|}+T,

where Cy is a positive constant depending on v, ||hll1, [|Pllec, [|¥]1, []l2 and ||¢]|ee and Cy is a
positive constant depending on A, ||h|1, ||h||co, the compact support of 1, ||¢||1, ||]l2 and ||¥||ec-

Then, we establish a minimax result on Besov balls still with n is proportional to 1. For
any R > 0 and s € R such that 0 < s < r+ 1 (where r > 0 denotes the wavelet smoothness
parameter introduced in the description of the biorthogonal wavelet bases at the beginning of

the current section), we consider the following Besov ball of radius R:

B o(R) = fE€La(R): f =) BapaVi=—1, Y By < B2

AEA kek;

Now, let us state the upper bound of the risk of 4 when k belongs to B5 o (R).

Corollary 3.2. Let R > 0 and s € R such that 0 < s <r + 1. Assume that h € B3 (R) and
n is proportional to T, under the assumptions of Theorem 3.1. Then the estimator h defined in

Subsection 3.2.1 satisfies
2s
- log T4\ 2s+1
B (- nig) < o (CE)

where C' is a positive constant depending on 7y, A, ||h||1, ||h]|cc, the compact support of ¥, ||¢]|1,
]2, IWlleo and R.

3.2.3 Comments on the estimator of ), on the threshold 7, and on the results

Proposition 3.1 shows that the estimator BA of B defined by (3.5) is unbiased. Furthermore,
the behavior of its variance is not usual, because two parameters n and T are involved. Nev-
ertheless, when n is proportional to T' ("DNA case" as explained in Introduction), the variance
is bounded by 1/T up to a constant, as for the Hawkes process (see[93]). When n < T, the
variance is bounded by 1/n up to a constant, which means that the apparition’s distance between
two parents is large enough to make their interactions insignificant for the statistical analysis. So
in this case, our framework can be viewed as the observation of a n-sample of a Poisson process
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with common intensity h (see[91]). Finally, when n > T, the variance deteriorates and is only
bounded by n/T? up to a constant, and in this case, the small apparition’s distance between two
parents leads to rough statistical issues hard to overcome.

Our method is based on thresholding procedures that have been introduced by Donoho and
Johnstone [37]. They derive from the sufficiency to keep a small amount of the coefficients to have
a good estimation of the function h. The threshold 7y seems to be defined in a rather complicated

manner but the first term: 2’ij‘~/ (%) looks like the universal threshold proposed by [37] in
the Gaussian regression framework, by choosing v close to 1 and jg of order logn. The universal
threshold of [37] is defined by 7, = /202 logn, where o2 (assumed to be known) is the variance
of each noisy wavelet coefficient. In our setting, Var(8y) depends on h, so it is (over)estimated
by V (c%) The other terms of the threshold (3.7) are unavoidable remaining terms which allow
to obtain sharp concentration inequalities.

Then we have established Theorem 3.1, an oracle type inequality. As the expression between
brackets is of the same order as the upper bound of Var(B \) established in Proposition 3.1 (up
to a logarithmic term), this theorem proves that the estimator h achieves satisfying theoretical
properties.

In particular with n proportional to T' ("DNA case"), the oracle type inequality obtained in
Corollary 3.1 is similar to the one obtained by Theorem 1 of [93] where the Hawkes process is
considered. Since n is proportional to T, this inequality is typical of classical oracle inequalities
obtained in model selection (for example, see Theorem 2.1 of [91] where only one Poisson process
on the real line is considered or more generally, see [77] for density estimation). Corollary 3.2
illustrates one more time the optimality of the procedure i but in the minimax setting. Indeed,
still with n is proportional to T, the rate of the risk of i corresponds to the minimax rate, up
to the logarithmic term, for estimation of a compactly supported intensity of a Poisson process
(see [90]) or for a compactly supported density when we have n i.i.d.observations (see [41]).

Actually Corollaries 3.1 and 3.2 remain true if n = O(T') because the analysis of (3.6) shows

that the upper bound of the variance is of order 1/n when n = O(T). In this case we recover
1

classical rates. This is not the case when n > T since in this case ;; + 7 is equivalent to n/ T2

Therefore, this chapter reveals two regimes:

o the case n = O(T') where classical rates are obtained which shows that our procedure is
optimal;

e the case n >> T where the main term in the oracle inequality of Theorem 3.1 is n/T? (up
to logarithmic terms). In this case, the nature of the statistical problem is very different
due to the overlaps of the different shifted versions of h in the observed intensity, which
leads to an ill-posed inverse problem. Whether the rate n/T? is optimal remains an open

question. This challenging problem will not be investigated in this thesis.

3.3 Implementation

From now on we consider the context of DNA, i.e.n is proportional to T'. As mentioned in
Introduction, we can assume that the parents are the points of a homogeneous Poisson process
NP on [0; T] with constant intensity p which allows to write n ~ uT.

In this section, we specify a procedure for the computation of the family of random thresholds
(Mx)xer to reconstruct the reproduction function h. We also provide some simulations in order to
calibrate parameters from a numerical point of view and to show the robustness of our procedure.
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The programs have been coded in Scilab 5.2 and are available in Section A.1 of Appendix
A.

3.3.1 Practical procedure

The wavelet set-up associated with biorthogonal wavelet bases is considered. More precisely,

we focus on the Haar basis where
d=d=1py and =9 =1, 15y

and on a special case of spline systems given in Figure 3.1.

1.0 1.0

0.5] 0.5]

Figure 3.1: The Spline basis: top: ¢ and ; bottom: é and .

The latter is called hereafter the Spline basis. We recall that A is assumed to be compactly
supported in [—A; A], with A a positive integer in practice.
We consider the thresholding rule h defined in Subsection 3.2.1 with

D={\=(j,k) €A:—1<j<jokek,,

m=/2700V (2) + %jOB (2)+ \/(ST]:R (3.14)

Observe that 7, slightly differs from the threshold defined in (3.7). Indeed, by using equation
(3.8) defining A, with n proportional to T, we have replaced the quantity A with §/v/T. The

and
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choice of the parameters v and § from a practical point of view is discussed in Subsection 3.3.3.
Moreover, V(i) is now replaced with V(y). There is no major difference in our simulations
and this allows us to obtain computational simplifications. From a theoretical point of view, the
ideal choice of the maximal resolution level jg is given by Theorem 3.1, namely jq is the positive
integer such that 270 < n < 20+ We will fix jo = 5 in the sequel even if the large values of jg
give practically the same reconstruction, in particular to limit computation time.

Finally similarly to Subsection 3.2.1, we define h as (3.13) the estimator of h with the previous
thresholding rule.

3.3.2 Cascade algorithm

A key point of the algorithm is the computation of the quantity

n

S =3 {m U -

i=1

n—1

Er(px(t—=U))|, forallteR (3.15)

that appears in B)\, B (<p,\) and V(go)\). We decompose it into two parts: a random "piecewise

constant" part Sy (¢x) Z ©x(-—U;) and a deterministic (piecewise affine) part (n—1)E, (o (t—

U)). Note that the determlnlstlc part can easily be implemented with a low computational cost.
This is not the case of the random "piecewise constant" part for which we have constructed a
cascade algorithm, inspired by the pioneering work of Mallat [74]. We describe this algorithm in
few words for the Haar basis. We use the following notations: for any j > 0, for any k € Z, for
any x € R,

bik(@) =226 — k), ) = 2Pp(e k),

where ¢ are father wavelets and 1);; mother wavelets. We have the following relationships
between wavelets at level j and wavelets at level (5 4 1):

V2 V2
Yk = 7(¢j+1,2k+1 — Gjt126) and @y = 7(¢j+1,2k + @j41,2k+1)- (3.16)

We notice that only mother wavelets and the father wavelet of level 7 = 0 (that corresponds to
o) with A = (—1,k)) are used to reconstruct the signal. The cascade algorithm is implemented
as follows.

1. Compute Sy(¢j,,0). Since Sy(¢j,.0) is a piecewise constant function, this computation gives
a partition and the values of S,(¢;,,0) on the intervals of the partition.

2. Shift by +2770k the intervals of the previous partition by keeping the same values on the
partition to obtain S, (¢, x) for any integer k in [—2704;270 4 —1].

3. For any resolution level j going from (jo — 1) to 0, in a decreasing way, compute S, (¢; 1)
and S, (¢; ) with expressions (3.16). The quantities S, (¢;) allow the reconstruction of
the signal and the quantities S,(¢; ) are transitional and will be used for the computations
of the lower resolution level (j — 1).

4. Also keep S, (¢o k) because it is used for the reconstruction of the signal.

A similar algorithm has been implemented for the general Spline basis, using the filter-coefficients
associated with the basis that can be found in [31].
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3.3.3 Choice of the parameters

In this subsection, we deal with the tuning of the parameters v and § in our procedure from
a practical point of view. The question is: how to choose the optimal parameters? In order to
calibrate the precise values of the parameters in the practical procedure, we consider the Haar
wavelets basis and we work with two testing functions denoted ’'Signall’ and ’Signal2’ whose

definitions are given in the following table:

"Signall’ "Signal2’

v X Loq | v x5 (Los0625 + Lj1;1.25)

with v, the children’s intensity, set to 4. We fix willfully A = 10. Such a choice of A (remember
that [—A; A] is the support of h) assumes that we do not know the support of functions. We
recall that jo = 5.

Given T', p the parents’ intensity and a testing function, we denote R(7y,d) the quadratic
risk of our procedure h (depending on (v,d)) defined in Subsection 3.3.1. Of course, we aim
at finding values of (v,0) such that this quadratic risk is minimal. The average over 100
simulations of R(7,d) is computed providing an estimation of E(R(y,d)). This average risk,
denoted R(v,6) and viewed as a function of the parameters (v,d), is plotted for (T,u) €
{(10000,0.1), (2000,0.1), (2000,0.5)} and for the two signals considered previously: ’Signall’
and ’Signal2’.

Figure 3.2: The function (v,6) — R(v,8) for 'Signall’ and "Signal2’ for different values of T and p:
'Signall’ in B and ’Signal2’ in W with (T,u) = (10000,0.1); ’Signall’ in W and ’Signal2’ in B with
(T, 1) = (2000,0.1); *Signall’ in M and ’Signal2’ in = with (T, ;) = (2000, 0.5).

Figure 3.2 displays R for ’Signall’ and ’Signal2’ decomposed on the Haar basis. This figure
allows to draw the following conclusion: for any (7, u) € {(10000,0.1), (2000,0.1), (2000, 0.5)}
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and for 'Signall’ or ’Signal2’,
R(v,6) ~ 0

for many values of (,d). So, we observe a kind of "plateau phenomenon" and we choose (v, d) =
(0.18,2.4), a common value of several plateaus.

3.3.4 Simulation (with the robustness study)
3.3.4.1 Some reconstructions

Reconstructions of the intensities of ’Signall’ and ’Signal2’; in the Haar basis, are respectively
given in Figure 3.3 and Figure 3.4 with the choice (v, d) = (0.18,2.4). Note the good performance
of our thresholding rule, in particular for 7" = 10000 and p = 0.1 (we have pT" = 1000 parents
and puvT = 4000 children in average), which corresponds to the real case treated in Section
3.4. Thus, we propose to take systematically (7,8) = (0.18,2.4) in our procedure h defined in
Subsection 3.3.1.

4 4. 4
4.0 — — — =] 4.0 - - 4.0 - -
3.5 3.5 3.5
3.0 3.0 3.0
2.5 2.5 2.5
2.0 2.0 2.0
1.5] 1.5] 1.5
1.0 1.0 1.0
0. 5] 0. 5] 0.5
0.0 0.0 0.0
—-0. -0 -0

T T T T T . T T T T T . T T T T T
1.0-0.50.0 0.5 1.0 1.5 2.0 1.0-0.50.0 0.5 1.0 1.5 2.0 1.0-0.50.0 0.5 1.0 1.5 2.0

Figure 3.3: Reconstructions of 'Signall’ in the Haar basis (true: dotted line, estimate: solid line): left:
(T, 1) = (10000, 0.1); middle: (T, p) = (2000,0.1); right: (T, 1) = (2000,0.5).

Reconstructions of the intensities of 'Signall’ and ’Signal2’, in the Spline basis, are given in
Figure 3.5 with the choice (vy,0) = (0.18,2.4).

Figure 3.6 displays reconstructions of 'SignalN’ whose definition is given in the following
table:

"SignalN’

1 —2?/2
VX —=
\/271'6

with v, the children’s intensity, set to 4, in the two bases.
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Figure 3.4: Reconstructions of 'Signal2’ in the Haar basis (true: dotted line, estimate: solid line): left:
(T, ) = (10000, 0.1); middle: (T, ) = (2000,0.1); right: (T, u) = (2000, 0.5).

3.3.4.2 About the support of h

We are interested in the robustness of our procedure with respect to the support issue from
a numerical point of view. What happens if we are wrong about the support of the function
that we want to estimate? For instance, we consider the testing function denoted ’Signal3’ whose
definition is given in the following table:

"Signal3’

vx i (11—0.75—0.5] + Lja.25:5])

with v, the children’s intensity, set to 4.

Figure 3.7 displays reconstructions of 'Signal3’ in the Haar basis with different supports of
h: [—A; A], with A € {1,5,10}. This figure shows that when we take a not large enough support
(A =1 or5), we do not make large errors of approximation on [—A; A]. So, the procedure seems
to take into account what happens beyond the chosen support. And for A = 10, we have a good
complete reconstruction of 'Signal3’.

Finally, even if the support of the reproduction function is unknown, our method estimates
correctly the signal on the chosen support, which explains the robustness of our procedure with
respect to the support issue.
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Figure 3.5: Reconstructions of 'Signall’ (left) and ’Signal2’ (right) in the Spline basis (true: dotted line,
estimate: solid line) with (T, 1) = (10000, 0.1).

3.3.5 Some extensions of our model
3.3.5.1 The case of spontaneous apparition

Here, we investigate the case of spontaneous apparition. Even if our model does not take
into account the spontaneous apparition (i.e. children can not be orphans), we are interested by
the performance of our procedure if there is a presence of orphans. On the one hand, let us give
two processes: a process of intensity ’Signall’ with v = 3, T = 10000 and p = 0.1, to which is
added a homogeneous Poisson process on [0; T + 1] with intensity p(4 — v) = 0.1 (the orphans
are viewed as a Poissonian noise). Thus, we have in average 1000 parents, 3000 children having
a parent and 1000 children being orphans. On the other hand, let us give two other processes:
a process of intensity ’Signall’ with v = 1 this time, 7' = 10000 and p = 0.1, to which is added
a homogeneous Poisson process on [0;7" + 1] with intensity (4 — v) = 0.3. Thus, we have in
average 1000 parents, 1000 children having a parent and 3000 children being orphans.

Reconstructions of 'Signall’ with ¥ = 3 and v = 1 in the Haar basis are given in Figure 3.8.

When there is a small proportion of children being orphans, the reconstruction is still ac-
ceptable; the procedure can manage few orphans. But, when there are too many orphans, our
procedure makes approximation errors, which are due to the fact that our model consists in
associating any child with a parent.

We mention that the case of spontaneous apparition is only numerical. For a more precise
study of this phenomenon, we should extend our model by adding a positive constant to the
intensity function ¢ — Y " | h(t — U;), that would represent the orphans. This is outside the
scope of this thesis.
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Figure 3.6: Reconstructions of 'SignalN’ (true: dotted line, estimate: solid line): left: in the Haar basis;
right: in the Spline basis.

3.3.5.2 The case of inhibition

This case explained in Introduction is not studied in this thesis from a theoretical point of
view. Figure 3.9 shows a reconstruction for the testing function denoted ’Signal4’ whose definition
is given in the following table:

"Signal4’

(=105 +4 % Lo52)

Because the intensity of the process is (3_;_; h(t — U;)) , with h equals to "Signald’, this figure
shows a good reconstruction of the positive part of h and a well detection of the negative part of
h even if the level is underestimated (as for the study of the possibly negative function fo in[93|,
with Figure 8 of this article).

3.4 Application to genomic data

As application, we are interested in the FEscherichia coli genome. FE.coli is an intestinal
bacterium in mammals and very common in humans which is widely studied and used in genetics.
More precisely, we are interested in the study of the dependence between promoter sites and genes
along the complete genome of the bacterium. In particular, promoters are usually structured
motifs located before the genes and not too far from them. Here, we have considered the major
promoter of the bacterium E. coli and more precisely the word tataat. Most of the genes of
E. coli should be preceded by this word at a very short distance apart. In order to validate our
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Figure 3.7: Reconstructions of 'Signal3’ in the Haar basis (true: dotled line, estimate: solid line) with
different supports: top: A =1; middle: A =5; bottom: A = 10.

thresholding estimation procedure (proposed at Section 3.3), we hope to detect short favored
distances between genes and previous occurrences of tataat.

For this, as in [54] we have analyzed the sequence composed of both strands of E. coli genome
(4639221 bases); each strand being separated by 10000 artificial bases to avoid artificial de-
pendencies between occurrences on one strand and occurrences on the other strand; we took
10000 bases for the maximal memory. It then represents a sequence of length 9288442; there are
4290 genes (we took the positions of the first base of coding sequences) and 1036 occurrences of
tataat. For convenience, we set 7' = 9289 and so A = 10 (we work on a scale of 1 : 1000). We
recall that we have fixed jo = 5 and taken (vy,0) = (0.18,2.4).

First, we investigate the way the DNA motif tataat influences genes and so, in our model, the
parents are the occurrences of tataat and children are the occurrences of genes. To give general
insight on h, Figure 3.10 gives the estimator & defined in Subsection 3.3.1 without thresholding,
i.e. we have kept all the estimated coefficients. We observe a peak around 0 which corresponds
to what we thought about the fact that most of the genes of E. coli should be preceded by the
word tataat at a very short distance apart. We also observe other peaks, for instance around
1200 bases. The biological significance of these peaks remains an open question.

We apply the complete procedure proposed in Subsection 3.3.1 (with thresholding) and we
obtain Figure 3.11. The shape of this estimator explains how occurrences of genes are influenced
by occurrences of tataat. We can draw following conclusions, that coincide with the ones we
could expect:

e The estimator h(t) = 0 if t < 0 and ¢ > 500. It means that for such #’s, gene occurrences

seem to be uncorrelated of tataat occurrences.

e Conversely, if t € [0;500], h(t) > 0, meaning that short distances are favored; smaller the

distance, higher is the influence.



62 CHAPITRE 3. Adaptive estimation

107

Figure 3.8: Reconstructions of ’Signall’ in the Haar basis (true: dotted line, estimate: solid line) with
different values of v: left: v =3; right: v = 1.

Then, we investigate the way genes influences the DNA motif tataat and so, in our model,
the parents are the occurrences of genes and children are the occurrences of tataat. Figure 3.12
gives the estimator h defined in Subsection 3.3.1 (with (v,8) = (0.72,2.4)). The shape of this
estimator explains how occurrences of tataat are influenced by occurrences of genes. We can
draw following conclusions, that is completely coherent with biological observations:

e When t < —500 and ¢ > 1000, h(t) = 0. It means that for such t’s, tataat occurrences

seem to be uncorrelated of gene occurrences.

e When t € [—-500;0], h(t) > 0, meaning that there is a preference having a word tataat
just before the occurrence of a gene. It corresponds to the same conclusions drawn from
Figure 3.11 (second point). The motif tataat is part of the most common promoter sites
of E. coli meaning that it should occur in front of the majority of the genes.

e When ¢ € [0;1000], 2(t) < 0; occurrences of tataat are avoided for such distances t. Genes
on the same strand do not usually overlap and they are about 1000 bases long in average:
this fact can explain this conclusion.

Finally, Figure 3.13 presents the results of the FADO procedure [54] and Figure 3.14 presents
the results of the Islands procedure of[93]. For the FADO procedure, we have forced the es-
timators to be piecewise constant to make the comparison easier. Our results agree with the
ones obtained by FADO and Islands. But our method has advantage to point out that nothing
significant happens after a certain distance (contrary to the FADO procedure), has advantage
to treat interaction with another type of events (contrary to the Islands procedure) and has ad-
vantage to deal with the dependence on the past occurrences but also on the future occurrences
(the function h is supported in Ry for the two other procedures). For algorithmic reason, a
practical limitation of our method is that we only consider piecewise constant estimators (as for
the Islands procedure), but it is enough to get a general trend on favored or avoided distances

within a point process.
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Figure 3.9: Reconstructions of ’Signalj’ in the Haar basis (true: dotted line, estimate: solid line).

3.5 Conclusion

In this chapter, we have investigated the dependencies between two given motifs. A random
thresholding procedure has been proposed in Subsection 3.2.1. The general results of Section 3.2.2
have revealed the optimality of the procedure in the oracle and minimax setting. Our theoretical
results have been strengthened by simulations illustrating the robustness of our procedure, despite
a calibration of parameters from a practical point of view that differs from the theoretical choice.
Section 3.4 has validated the procedure with a good detection of favored or avoided distances
between occurrences of tataat and genes along the F. coli genome.

Further extensions of our model could be investigated. First, we could consider a more
sophisticated model that takes into account the phenomenons of spontaneous apparition and
self-excitation (as for the complete Hawkes model). But this model raises serious difficulties
from the theoretical point of view. This is an exciting challenge to overcome them. Secondly, we
could extend our cascade algorithm to general wavelet bases and not only to Haar bases or the
Spline basis. Finally, it is also relevant to study similar processes in the spatial framework and
to connect them, for instance, to the Neymann-Scott process (see Section 6.3 of [29]), which is a
stimulating topic we wish to consider.
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Figure 3.10: FEstimator, no thresholding, for E. coli data at the scale 1: 1000 (i.e. I corresponds to 1000

bases), with parents=tataat and children=genes.

estimator

Figure 3.11: Estimator h defined in Subsection 8.3.1 for E. coli data at the scale 1 : 1000, with par-

ents=tataat and children=genes.

estimator

0.05

Figure 3.12: Estimator h defined in Subsection 3.3.1 for E. coli data at the scale 1 : 1000, with par-

ents=genes and children=tataat.
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Figure 3.14: Islands estimators for both E. coli datasets: left: tataat; right: genes.

3.6 Proofs

3.6.1 Proof of Proposition 3.1
3.6.1.1 Computation of E(5))

Let A € A be fixed. G(py), defined by (3.5), is a measurable function of the observations and
by considering the aggregated process (3.1), we can write

G(er) = /RZ {‘Pk(t —Ui) - n; L, (palt - U))] dNy
i=1
= /R;%\(t —U;)dNy — (n— 1) /RIEW(@,\(t —U))dN;

. /}R%@_Ui)dwg— 3 /Eﬂma—U))sz‘

1<i,j<n 1<ij<n

n

=3 | [eat=tpani + 3 [ [ealt = U) — Enloa(t — U))] an?

i=1 i
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We have

E(G(e)|U1, ..., Un)

- ; {/}R ox(t — U)h(t — U;) dt + ;/R [oa(t — U;) — Ex(pa(t — U))]h(t — U;) dt

Write x = t — Uj; in the first integral. Therefore,

E(Glox) [T, Un) = n /R ox(@)h(x) dz + W (p3), (3.17)
where
Wien) = > | [oalt = U2) = Exlpat = U)]h(t = Uy dt (3.18)
1<i#j<n
Moreover,
E(W(¢r)) = E( [oa(t — U) — Ex(oa(t — U)|h(t — U;) ) dt
P K;@ /R <[w P ] )
= > | Elealt = U2) = Exloalt = U)]E(h(t ~ Up)) dt
1<i#j<n
=0.
Finally,

B(G(en) = n [ pr(@)hla) da.
R
ie. B,\ is an unbiased estimator for Sy:

B — 5 (“20) = [ oo as -,

that proves the first part of Proposition 3.1.

3.6.1.2 Control of Var(5))

Remember that By = ¥ We have the following decomposition of Var(G(¢y)) into two

n
terms:

Var(G(¢y)) = E(Var(G(ox)|Ui, ..., Uy)) + Var(E(G(¢) Ui, - .., Up)). (3.19)
We denote V(py) = Var(G(¢))|Ui,...,Uy) and by using (3.17) and (3.18),

Var(E(G(ox)|Ut, - .., Un)) = E(W(p)?), (3.20)

We start by dealing with the first term of (3.19) by using techniques for Poisson processes.
We have
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2
/RZ (s@x (t=U)+ ) [ert-U Eﬂ(sOA(tU))}) h(t = Uj) dt

i#£]
_Zn:/<p§t— h(t — Uj) dt
R
+2Z/ S [t = Us) = Ex(pat — U))]oa(t — Uyt — Us) dt
i#j
+ Z/ D> lealt— Ex(oa(t = U))] [oa(t = Ur) = Ex(oa(t = U))]h(t — Uj) dt.
i#j k#j

In the first integral, write z =t — Uj. So,

V(px) Zn/ dﬂUJrQZ/ > [ealt = Ui) = Ex(oa(t — U))]oa(t — Uj)h(t — Uy) dt

i#£]

+ Z/ >N lealt = U) = Er(pa(t = U))] [oalt — Up) — Ex(a(t — U))]h(t — U;) dt.
i#£] k#j
(3.21)

Each term can be computed by taking the expectation conditionally to U; (in each sum) and we
obtain

E(V(py)) = n z) dz + E( [oa(t — Us) — Ex(pa(t — U))] )E(A(t — Uy)) dt
[ s 3 [57(] L

_ n/ A (2)h(x) dz + n(n — 1) / Vars (o (t — U)Ex(h(t — U)) dt
R R

gn/Rgoi(x)h(x) dx—l—n(nT_ 1)/Rg0§\(x) dx/Rh(x) dx, (3.22)

by using the two following lemmas.

Lemma 3.1. For any function f in Lo(R) and for all t € R,

Var,(f(t—U /f2

where Varg(f(t —U)) denotes the variance of f(t —U) where U ~ 7.

Proof. Let f € La(R) and ¢t € R. Then,

Vars (F(t — U)) < Bx(f2(t — U /f2t—udu</f2

Lemma 3.2. For any function f in Li(R) and for all t € R,

Bttt -at = [ pia)da
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Proof. Let f € L1(R) and ¢t € R. Then,

/RE,r(f(t—U))dt:E,r </Rf(t—U)dt> :]E</Rf(x)dx> :/Rf(:n)d:n.

O]

Now, we deal with the second term of (3.19) expressed in (3.20) by using the U-statistics
techniques. Note that W (p,) is a U-statistics of order 2 but it is not degenerate. So we write

W(pa) = Wilea) + Wa(pa),

with
Wilen) = Y [oa(t = Ui) = Ex(pa(t — U))|Ex(h(t — U)) dt
1<i#j<n
— =13 [ [ealt = U) = Ealoalt - U)]Enlhle — U) e
i=1 /R
and
Walpx) = > g(Us,Uy),
1<i#j<n

where

g9(U;, Uj) = /]R [ox(t = Ui) — Ex(oa(t = U))][h(t — U;j) — Ex(h(t — U))] dt.
Wa(y) is a degenerate U-statistics. It is easy to verify that
E(W(p2)?) = E(Wi(px)?) + E(Wa(pr)?).
First we compute E(W;(¢y)?).
E(W1(p2)?) = Var(Wi(ex))

=l = 1)2Var ( [ oalt = U3) = Bxlionlt = U)JES 0~ 0))at
2

< nfn—1)E [( [ onte = vlE< (e - v at)

cnln 21 (f |mx>dx>2 ([ da:)Q, (3.23)

by applying the following lemma.

Lemma 3.3. For any nonnegative function f in Li(R) and for allt € R,

E-(f(t-U)) < ;/Rf(:c)dx.

Proof. Let f € Li(R) such that f > 0 and ¢t € R. Then,

T
EA(f(t - U) = /0 fe-wdu< g [ fla)d,



3.6 Proofs 69

It remains to compute E(W2(py)?). It is easy to see that

E(Wa(ex)?)
= > E[gU,U)Ui,Uj) + gUs, U] <2 Y E[g(Us, Uj)*]
1<i£j<n 1<ij<n
2
<2n(n—1)E (/R [oa(t — U1) — Ex(pa(t — U))] [1(t — Uz) — Ex(h(t — U))] dt) ] :

We denote E (7 y)~rar(9(U, V) the expectation of g(U,V) where U ~ 7 and V' ~ 7 are inde-
pendent and fX(t) = f(t — X). Hence,

E(Wa(¢r)?)

2
< 20(n — DE@y)ren [( /R 0¥ (1) — En (0¥ ()] [V (1) — Ex (B (1))] dt) ]
< 20(n — DE@y)onen [( /R S (OB (1) dt — By ( /R S DY (1) dt)
2
CEyn ( [ Ao dt) T Ewyyren ( [ Ao dt) ]

< onfn - 1>{E<U,VM®F [( JEC0E0 dtﬂ ~Eper |(Bver ([ HOW (01 01) ]
(EUw </R o5 ()R (t) dt>>2 + (E(U,V)Nw@)
+ (Buwyemse ([ KO @ ar) ) }

- EvNﬂ'

< 2n(n — 1){E(U,V)~7r®7r [(/R o5 (t)hY (1) dt>2

But,

E (v )mon [( [ onar) ] < Bwyeres [ GPO e [ 17 (0)at)
~Byeror ( [(APONOat) [ 1(a)as
<7 /R () da ( /R h(x) dw)2

and

E@w,v)~ren ( /R oY (hY (1) dt)‘ -

by using Lemma 3.2 and Lemma 3.3. So,

E(Wa(0x)?) <2n(n—1){;/R<p§\(fc)daj </Rh(x)dx>2+T12 </R|cp,\(x)|dm)2 </Rh(:n)dm)2}.

(3.24)

[ e OB )| < 1 [ sl ds [ bioa,

R
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Finally, by combining inequalities (3.19), (3.22), (3.23) and (3.24), we obtain the following
control of the variance of the estimator fSy:

Var(fy) = Var (G(W)>

n

» [A@h@dnt 1 [ s [ he)do
+ 7 </ lox (2 |dx> (/h d:z:> +;/¢§(x)dw </Rh(:n)d:n>2

< - /%( )h(z )dx+—|!soxllz\|h||1+Tgllwll IRlI% + IIsOAllglth?-

n

N

By using the properties of the biorthogonal wavelet bases considered in this chapter, for any
A= (j,k) in A, we haver [[palli < 2772 max(v2/2, [¢1) and [[@allz < max(L, [[¢]2), which
allows us to get the upper bound of Proposition 3.1.

3.6.2 Proof of Theorem 3.1

Theorem 3.1 is a consequence of the following result. The detailed proof of Theorem 3.2 is
available in the next section.

Theorem 3.2. Let n > 1, jo € N* and v > 0. Then the estimator 3 defined by (5.12) in
Subsection 3.2.1 satisfies

E (13- 817,) < C1 inf { 3" 83+ Fjo,n, T)\my} T CoR (e /2 | g=ranlllh /2) o,
Agm

where Cy is a positive constant depending on v, ||h|l1, |[Plloo, |ll1, [z and |||, C2 is a
positive constant depending on A and the compact support of 1,

F(jo,n,T) = 30

1 200/2  9i/2 g
R:CR{HTLza/ﬁnmez ,

with Cr a positive constant depending on ||h||1, ||h||, the compact support of 1, ||¢||1, ||¥]l2 and
|V|loo and k1 and ko are absolute constants in |0; 1].

To obtain Theorem 3.1, we consider n > 2, we take jo the positive integer such that 270 <
n < 20t and v > 2log 2 in Theorem 3.2. Therefore, we note that

3 2]0
F(jo,n,T) = —l—

+?+ﬁ+nm

<K {(logn)4 n (log n) n}7

n T2

by comparing all the terms of the right-hand side between them (for this, we distinguish the
cases n < T and n > T'), with K an absolute positive constant (that changes from line to line)

1 n
gk’ -+ —
R CR{TL TQ},

and
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with K’ an absolute positive constant. Moreover, e #1507/22J0 is bounded thanks to the choice
of .
Finally, since
7 2 2 2
I = hl[z < Koll8 = BlIz,

with Ky a positive constant depending only on the functions that generate the biorthogonal
wavelet basis, we establish Theorem 3.1.

3.A Supplement: Proof of Theorem 3.2

In this supplement, we will consider: n > 1, T' > 1 and jo = O(n) and we will use following
notations: M1 = max(||h||1,1), Mpeo = max(||hllec, 1), My1 = max(||v||1,v2/2), Mys =
max(|[¢]|2,1) and My oo = max(]|1]|c, v2) (so that, for any A\ = (j,k) € A, we have: ||p,]1 <
2712My 1, loall2 < Myo and ||pallco < 27/2My o). We recall that A and M are positive real
numbers such that h and 1) are compactly supported in [—A; A] and in [—M; M| respectively.

We first give a general result stated and proved in [91].

Theorem 3.3 (Theorem 2.2 of[91]). To estimate a countable family = (Bx)xen, such that
1B8]le, < o0, we assume that a family of coefficient estimators (B)xer, where I' is a known
deterministic subset of A, and a family of possibly random thresholds (nx)xer are available and
we consider the thresholding rule

p= (’3/\1\5,\\277A1)‘€F),\€A'

Let € > 0 be fized. Assume that there exist a deterministic family (Hy)xer and three constants
k€ [0;1], w € [0;1] and ¢ > 0 (that may depend on e but not on \) with the following properties:
(A1) For all X in T,

P <|BA — Bl > m]x) < w.

(A2) There exist 1 < p,q < 0o with % —i—% =1 and a constant R > 0 such that for all A in T,
A 1 L
[E (\m - mﬁpﬂ ’ < Rmax {HA,H)’\’gq} .
(A8) There exists a constant 6 such that for all X in I' such that Hy < fe,

P (’/3)\ — Bl > w, |Ba] > m) < H)(.

Then the estimator 3 satisfies

E (15 - 813,

1— k2

1+ k2
<E[ inf 1+E2262+i2(3 B+ > Mmoo | +LDY H
XX A K}2 A A 5N A

cr ] 1 — k2
" Agm rem Aem Ael

with LD = ,TP;((l + 9—1/‘1)wl/q +(1+ gl/q)sl/qgl/q)‘

In order to prove Theorem 3.2, we apply this previous theorem and for this purpose we
have to verify Assumptions: (Al), (A2) and (A3). In the sequel, the values of the constants
K,K' Ky, K1, Ko, K3, ... may change from line to line. For the sake of clarity, the proof is fully
detailed in this supplement.
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3.A.1 A technical lemma

Before proving Theorem 3.2, we establish a lemma which we will use throughout the proof.
This result is a Rosenthal type inequality for any Poisson process, that extends Lemma 6.2 of [91].

Lemma 3.4. Let p > 1. Consider a Poisson process N on (X, X) a measurable space, with a

finite mean measure v : X — Ry and a function ¢ : X — R which belongs to Lay(v). We denote

B = / x)dNy a natural estimator of f = / o(x) dv(x) that satisfies B(B) = B. Then, there
X

exists a positive constant C(p) only depending on p such that

(3 - ) < ) ([ I avto) + (Var(3))?).

where Var(f3) = /Xg02(x) dv(z).

Proof. Let p > 1. Suppose ||¢||cc < 400 first. As a Poisson process is infinitely divisible, we can
write: for any positive integer k,

k
dN = dN',
i=1
where the N%’s are mutually independent Poisson processes on X with mean measure v/k. Hence,

k

B-p= 2/ ) (ANE — k(@) = S Y,

i=1
where for any 1,

;= T kv (2).
Vi [ ola) (aVi = (o)

So the Y;’s are i.i.d. centered variables, each of them has moments of order 2p and 2. We apply the
classical Rosenthal’s inequality (for instance, see Proposition 10.2 of [57]): there exists a positive
constant C(p) only depending on p such that

k%P k k p
=[50 ) <om (Xmme+ (3m00) ).
i=1 i=1 i=1
k
Now, we give an upper bound of the limit of E (Z \Y#) for £ € {2p,2} when k — co. Let us
i=1

introduce

Q= {Vie{l,....,k}, Ng < 1},

where N;ig is the number of points of N’ lying in X. Then,

P(QS) =P(Fi e {1,...,k}, N& > 2)

;T‘
/—\
/—\
\_/
~
=y
—
Il
;?‘
T
—
PR
N
[\o}
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On Q, if N& =0 (so / o(x) dNL = 0),
X

Yil* = On(k™)

and if N& =1 (so / ©(x) dNL = (T, where T is the point of the process N*?),
X

Y;|* = [o(T)[* + Ok(k ™ o(T)[“1).

Consequently,

E (Z: W)

1o, (kok 9+ 3 (eI + Oxlk *wmw“ﬂ)

TeN

<E

e, x| (S

(3.25)

But we have

alNZ

>t <213 || f o

=1

s [ |¢<x>|du<x>)1
<2 (fjn@nﬁ (V) +k< el vt ))

=1

<ot (umﬁwf@w (7 [ et avo)) ) .

Thus, when k — oo, the last term in (3.25) converges to 0 since a Poisson variable has moments
of every order and

“ELi‘ipE<k1 |Y|f> B ( [Llot@an) = [ o) avte)

which concludes the proof in the bounded case.
But for any function ¢ such that [y [¢(x)[* dv(x) < +o0, the desired upper bound is finite and
we get it by approximating ¢ by, for instance, piecewise constant functions. O

3.A.2 Proof of Assumption (A1) of Theorem 3.3

Let A € T be fixed. Remember that conditionally to the U;’s, the expression given in (3.1)
is a Poisson process. We apply Lemma 6.1 of [91]: for any o > 0, with probability larger than
1 — 2e™%, conditionally to the U;’s, we have

Glon) = [ o@hte)do = W(en)| < VERVTp] + § Bl

where W () is defined by (6.5), V(py) = Var(G(px)|Ui,...,U,) and

n

> [or - 0 = "2 Enln - 1)

=1

B(py) =

e}
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Unlike B(g)), V(g)) is non-observable (it depends on the unknown function h). This is the
reason why, by fixing a > 0, we estimate V(p,) by

V() = Vpr) + 20V (02) B2(02) + 3aB%(2)

where
n

V(px) = /R (Z [%\(t —Ui) - n; 1E7r(90A(t - U))D2 dN.

=1

Moreover, by Lemma 6.1 of [91], we have also: P(V (py) = V(¢y)) < e~ ®. So, with probability

larger than 1 — 3e™%,
~ o
SV 2eV(ea) + 5 B(ex) + [W(en)l. (3.26)

We provide a control in probability of Wi (p)).

\Gw o [ eatohta) e

Wiler) = (0= 1Y [ [ealt = U) = Enloalt = U)JEc(hlt ~ U) .
=1

This is a sum of i.i.d.random variables. We apply Bernstein’s inequality (for instance, see
Proposition 2.9 of [77]) to get that with probability larger than 1 — 2e™¢,

[0
W1 (ea)| < V2av(py) + gb(%),

v(pa) = Var(Wi(en)) < n(nT—21)2 (/R oa ()| d1'>2 </}R h(z) dx>2

(see inequality (6.6)) and

with

b(er) = (n—1) sup
u€[0;T]

R
<22 [io@lds [ b de

using Lemma 3.2 and Lemma 3.3. Then, with probability larger than 1 — 2e™¢,

V2an(n —1) 2a(n — 1)
Wite| < = [ jes@lde [ nia)do+ 2G5 [ jos@lde [ ba)de. 327

[ st — ) ~ Extintt — U)]E(hie ~ )t

Now it remains to control Wa(py), with

Wa(er) = > g(UsUy),

I<i#j<n

where

o(ULU,) = / [or(t — Us) — En(ipa(t — U] [ht — Uj) — En((t — U))] dt.

This is a degenerate U-statistics of order 2, we can rewrite it as

Wa(pa) = Z Gg(Ui, Uj),

1<j<isn
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where

g(Uu Uj) = g(Ul7 Uj) + g(UJ7 U’L)

We apply Theorem 3.4 of [61] to W and —Ws (keeping the same notations of [61]): for all £g > 0
(€0 = 1 for instance), with probability larger than 1 —2 x 2.77¢™¢,

[Wa(ox)| < 2(1 + £0)*2Cv/a + n(eo) D + Blen) Ba®/? + ~(g0) Ac?, (3.28)

where
A = ||G||s and by applying Lemma 3.2 with f = h, we easily have

A<&Wﬂm/h®M% (3.20)
R

o C? = E(Wa(py)?) and with (6.7), we have

02<2n(n—1){1/ (/h d:c>+ (/m |dﬂc> (/h dx>(2},

3.30)
e D =sup {E <Zj<i G(Us, Uj)ai(Ui)bj(Uj)> LE (37, ai(U)?) B (Z?ﬂl b;(Uj) ) S 1}’

n i—1 n
_sup{E (ZZQ Us, Uj)a;(Us) —1—2 Z 9(Uj, Us)ai( Z)b](Uj)):

=2 j=1 j=li=j+1

n n—1
E <§; ai(Ui)2> <1LE (Zl bj(Uj)2) < 1}.
1= Jj=

But, with the conditions on the a;’s and the b;’s, we have:

n 1—1
E (Z > 9(Ui, Uj)ai(Ui)bj(Uj))

i=2 j=1
< /RE (; |o(t = Ui) — Ex(pa(t — U))“ai(Ui)|>

n—1
xE (Z |h(t — Uj) — Ex(h(t — U))}bj(Uj)) dt
=1

/\/n—l Wars(oa(t = U (Zh (t—U;) - (h(tU))bj(Uj)) dt
n—1 —
g\/ n /Rgoi(x)de (Z;/R{h(t(]j)ﬂﬂﬂ(h U))|1b;(U dt)
\/ /% de(ZZb -)/Rh(x)dx>
2(n—1)1/11ﬂ/R<p§\(x)dx/Rh(:U)dx
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using Lemma 3.1 and Lemma 3.2. Inverting the a;’s and the b;’s, the same computations
apply to the second term and we obtain

<4n—1) ;/ﬂ{goa(x) dm/Rh(x) da, (3.31)

i—1
e B? = max {sup (Z E(G(u, Uj) ) sup ( Z E(G ) } and since G is symmet-

U, j=1 i=j+1
ric, we have:

u,t

i—1
B? = sup (Z E(G(u, Uj)2))

<2[E[ [oa(t —u) — cp,\(tU))]th(tUj)IE,r(h(tU))‘dt]/Rh(x)dx

T/ ot — 1) — Ex(px(t — U))] 2 dt </Rh(x)d:z>2
<y [ <>dx</Rh<>dx)2

and in the same way
E(9(Uj,u)?)

2
—E </R [ox(t = Uj) — Ex(oa(t — U))] [A(t — u) — Ex(h(t — U))] dt) ]

< E[/ [oa(t = Uj) — Ex(pa(t — U))]?|h(t — u) — Ex(h(t — U))] dt
R

« /R [h(t — )~ Ex(h(t — )] dl]

<2E [ /R [oalt = Uy) = En(ga(t = U)]?|h(t — u) — B4 (h(t - U))| dt] /R h(z) da
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< ;/R\h(t—u)—Eﬁ(h(t—U))\dt/ﬂgtpi(x)dx/ﬂ{h(x)dx
< ;{/Rap?\(x)dx </Rh(:1:)d:r>27

by using Lemma 3.1, Lemma 3.2 and Lemma 3.3. Hence,

B%* < 40(”T1)/R¢§(az) dx </R h(z) dx>2. (3.32)

Finally, by inequalities (3.26), (3.27) and (3.28) combined with (3.29), (3.32), (3.30) and
(3.31), we obtain: for any eg > 0, with probability larger than 1 — (5 +2 x 2.77)e™?,

= Bl <4207 (2 )+3B(n)
N

— 3/2 1 2 1 2
e lall +201 + o) wza\/TusoAnﬁ —lleall?

1 40 8
+4n(€o)a\/fH<ﬁAH§ +5(€o)a?’/2\/ﬁHwH§ + nW(EO)QQH%\oo}HhHl
2av(n>+3B(n)

Vv an « «
+ {2M¢,1T +2V2My 1 o + 2V2(1 + €0) My 2y [ + A(1 + 20) 2 My

va
T

a as/? 270/2,2
4+ 4n(eg) My o—= + V408 (g9) M, + 8v(eg) M, hl1,
n(eo) N B(eo) 2 Y(€0) My o= ¢l

because 277/2 <V2if -1 < 7 < jo- We denote b the quantity between braces above.

This upper bound depends on h (via ||h||1) and this potential threshold could not be used for
applications because h is unknown. So we overestimate ||h||; by % and we have a threshold
that does not depend on h. So, for any value of x €]0; 1], by fixing a = x2joy with v > 0, we
define for all A in T,

(7, A) = /2507 V ( ) + 17 p ( ) + Af

3
where
Vjoyn JoY 3/9 Joy
A=(1 2M, 2V/2M, 2v/2(1 12M ,/ 4 M
( +€o){ b V2 w1y t V2(1 + &) w2\ Tt n(g0) My2== =
€ AL ERNEY € € —_— 3.
0 P,1 T 0)Mop2—F7—— \/ﬁ Y E0) M 0o n

Thus, for all A in I,
P(|8x — Bal > rna(7, A))

P<\BA—B,\|> 2aV(n>+ %p

’
n

( ) +b(1 +e0)Nr (1 +¢e0)Nr N ||h||1)
3 n n
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+ 2 (1= ) > 207 (2) + 5 (2) 4 plE0 L2k gy )

n n

B
<P (\5} — B>\ [2aV (2) + 2B(2) + b||h||1> +P (“*:’)NR < ||h|yl>

1 N
(542 % 27T 4 B (”OW < thll) ,

n

with

1+ ¢e9)V conl|lh
p<(0)R< !hH1> —P<NR—H\\h\I1<— o ”1>
n 1+ ¢p

< exp (—g(eo)nllhll1),

using Proposition 7 of [90] with g(eo) = ﬁ (log 1J:EO - 1) + 1

Therefore, Assumption (A1) is true if we take w = (542 x 2.77)e %97 4+ exp (—g(c0)n||h|[1),
with v > 0 and g9 > 0. Furthermore, the threshold (3.7) that lies at the heart of the chapter is
achieved by rewriting A by grouping the constants into one:

j3200/2 gy \/jon}
n

s

JT T

A =d(, |9l 192, [[#]le) { (3.33)

with
d(v, [l 1912, [[¥]loo)

22
= (1 + 60){2\/’7]\41/,71 + \?)/»’}/Mwyl + 2\/5(1 + 50)3/2\/’7Mw72 + 4(1 + 60)3/QWM¢,1

+ 4n(e0)yMy2 + VA0B(c0)v> 2 My 5 + 87(60)72M¢,oo},

(3.34)
where (o), (o) and n(ep) are defined in [61] with g9 = 1.
3.A.3 Proof of Assumption (A2) of Theorem 3.3
Let A € I' be fixed. For any p > 1,
5 2 o
E(|Bx — Br|*?) =E <’G (—) - / ox(z)h(z) dx >
n R
= (|G(e0) ~ EG@n)IU1, -, U) + W) [*
n<p
22p—1
< 2o [B(G(o) ~ EG@IUr... U)) + E(W () )] (3.35)

Now, let us give an upper bound of each term of the right-hand side of the previous inequality.
We first study the first term of (3.35). We have:

E(IG(px) = E(G(oA)|UL, - .., Un)[?P) = E[E(|G(r) — E(G(@x)|U, - ., Un)|*) | UL, . .., Uyp)]
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and conditionally to the U;’s, N is a Poisson process. We apply Lemma 3.4: for any p > 1, there
exists a positive constant C'(p) only depending on p such that
E(|G(px) = E(G(pA)|UL, -, Un) ) | U, .., Uy)
» n (3.36)

n

> [‘PA(t -Ui) -

i=1

n —

Zh (t —Uj)dt + V(pa)? )

1E (At =U ]

<C(p) (/R

On the one hand, we provide a control in expectation of the first term of (3.36). We have

n 2p pn
n—1
E(/R;[%(tUi) Er(pr(t=U } th— )
2p
E(/Z oAt =TU;) + > [oalt — Ui) = Ex(oa(t — U))] h(tUj)dt>
i#]

< 2%t [E (/R i [oa(t = Up)[*Ph(t — U;) dt)
=1
J .
h(t — Uj)dt) ]

=1 |i#
with
E(/R;WU) =0 )n [ i@ e < n [ R dellerl 2?0l
and
n 2p
E(/Z > [oalt = U) = Ex(ea(t — U))] h(tUﬁdt)
Rj=1|i#j

2p
At = Ui) = Ex(pa(t = U))] )E(h(tUj))dt

1%
i#]

—Z /]R (
n—1
> [oa(t = Ui) = Er(oa(t — U))]
i=1

nAE('

By applying Rosenthal’s inequality, there exists a positive constant C'(p) only depending on p

2p
) E,(h(t — U)) dt.

such that

< C) ((n = DE (|palt = U1) = Expalt = D)) + (n = 1) [Vare(oa(t = U))]")

But,
E (‘%\(t —Ur) = Ex(oa(t — U))‘2p>
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<K (Ex(lpa(t = U)IP) + [Ex(pa(t = U))|*)

1 (T 1 (T 2p
<K (T/o |<p>\(t—u)|2pdu—|—'T/0 oAt —u)du )

1 1 2
<K = [ @i@)d 2 / d
(T/Rmx) sl g ([ loa@la) ).

with K a positive constant only depending on p and usinglemma 3.1,

Var(gat — 1)) < 7 /R 2 (z) da.

Thus,
2p
(/Z [oa(t = Ui) = Ex(palt = U))]| h(t—1Uj)dt
Jj=1 l#]
n— n—1)P
<n K (2 leBlelz 2 + S Lol (Tp>||m||§p) [ Eete—v)ya

n 2 2p-2 |
<& (SloalBloalz? + llonl? +

2) i,

Therefore, we have the following control of the first term of (3.36)
2p o
E ( / Z h(t —U )
R

— n —
<K [anOAH%H@AHié’ *hllo + (TWAH%H%H@%’ ? +

using Lemma 3.2.

n

Z[%(t—Ui)—nglE (et =U ]

=1

ol +

2) uhull,

(3.37)

Now let us provide a control in expectation of the second term of (3.36), i.e V(py)P. First, we
recall that V' (¢y) = Var(G(¢))|Ui,...,Uy,) and we remark that E(V (p))P) < []]*E(V(g0>\)2p)]1/2
(using the Cauchy-Schwarz inequality).

So, we focus on the moments of V(p,) of any order
m > 2.

Let m > 2. According to the expression (6.2) of V' (p,), we have:

V(ea)
:n/ 3( da:+22/z ox(t = U;) = Ex(pa(t — U)ot — Uj)h(t — Uj) dt
R i#£]
+Z/R§§ oa(t = U;) — Ex(oa(t — U))] [oa(t — Ur) — Ex(pa(t — U))|h(t — U;) dt
1F] J
= /R 2( dw+2z / ; At = Us) — Ex(oa(t — U))|En(oa(t — U)h(t — U))) dt
i#j

n

+ 22/ ; oAt = U;) — Ex(pa(t — U)] [oa(t = Uj)h(t — Uj) — Ex(pa(t — U)h(t — U))] dt
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+Z/ZZ pA(t = Ui) = Ex(pa(t = U))] [oa(t = Uk) = Ex(pa(t = U))]Ex(h(t - U)) dt
i#] k#j

+z [ 33 a0~ Exlgatt = )] [pa(t = ) ~ Exlate - )
i#] k#j

x [h(t = U;) — Ex(h(t — U))] dt.

This formula provides a decomposition of V' (p,) in a sum of degenerate U-statistics of order 0,
1, 2 and 3. Indeed
V(ex) = Wolea) + Wilea) + Walea) + Wa(en),

with W;(p,) is a degenerate U-statistic of order i defined as follows:

W3(90>\) = Z / [@A(t - Uz) - Eﬂ(@)\(t - U))} [SO)\(t — Uk;) — Eﬂ(QO)\(t — U))]

1<ijtk<n ’ R
x [h(t = Uj) — Ex(h(t — U))] dt,

Wa(pn)

=2 > / PA(t — Ex(ox(t = U))] [oa(t = Uj)h(t — Uj) — Ex(oa(t = U)h(t = U))] dt
1<i#j<n
(-2 / oAt — Up) = Ea(pa(t — U)] [oa(t = Uy) — Bnlia(t — U))]En(h(t — U)) dt

i#£k

+ Z/ [ ot — —Ex(pa(t — U))]2 — Var;(pa(t — U))] [h(t —U;) —Ex(h(t — U))] dt,
i#]

Wi(pa) =2(n—1) Z/R [oa(t = Us) = Ex(oa(t — U)|Ex(oa(t — U)h(t — U)) dt
+(n—1) Z/ [[%(t —U;) — Ex(oa(t — U))]2 — Var, (ox(t — U))]Eﬂ(h(t —U))dt
(n—1) /Varﬂ oa(t = U))[h(t — Uj) — Ex(h(t — U))] dt

and

Wolgx) = n /R 2 (@)h(z) de + n(n — 1) / Vary(a(t — U)Eq(h(t — U)) dt

B n(n—1)
BV <n [ Gt do+ W [ Geyds [ e @39

by using (6.3) and (6.4).
First, we are interested in the moments of Wi (p,) that we write:

Wi(oa) = Wii(ea) + Wia(ea) + Wis(en),

with:
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n

e Wii(pa) =2(n—1) Z/ [ox(t = Ui) = Ex(oa(t — U))|Ex(oa(t — U)h(t — U)) dt.

i=1 7R
We have:
E(Wi1(ex)™)
(n—1)"E ( 3 / At = Us) = En(ioa(t — U))|En(pa(t — U)h(t — U)) dt )

< 2™(n —1)™ x C(m) <nIE < /R [oa(t = U1) — Ex(pa(t — U))|Ex(pa(t — U)h(t — U)) dt‘m>

+ n™/2 [Var (/R [a(t = U1) = Ex(pat — U))]Ex(pa(t = U)h(t = U)) dt)]m/2 )

using Rosenthal’s inequality, where C'(m) is a positive constant only depending on m. But,
applying Lemma 3.1, Lemma 3.2 and Lemma 3.3,

E ( [ [t = U1) = Ex (a6~ U)[Exa(t ~ V)t - ) dt\m)

< 2 ([rowia)” ([ iosint ar)”

and
Var (| ot = 00) = Balialt — U)|Exliate ~ Ot - 0) )
—Var< oa(t — UDE <p,\(t—U)h(t—U))dt>
<E|( [ loate- e, |w<t—U>|h<t—U>>dt)2]
<3 ([ 1t rdx) e |h<>da:)2.
So,

E(Wia(e2)™) < 27(n — 1™ ( *([1es@las)” ([ les@iar)
il e ([1owie)" ([ \mmﬂh(m)dm)m)
<x, o ([1erte \da:) ([ ior@tar)”

3m/2 2m
< Ky (/ (@ \dx) T (3.39)

with K11 a positive constant only depending on m.

» Wialen) = (1= 3 [ | [ealt=00~Enlionlt~U))]*~Vere(pat-0) [Exhie-0) ar
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We hayve:

E(IW12(ex)™)

=(n—-1"E (

> [ |leate = 1)~ Exleate = U] = Vars(galt — ) | Exthle — )
i=1 /R

)

< n™C(m) (ma ( /R {[%(t —Uy) — Ex(or(t — U))]* = Varg (x(t — U))]Ew(h(t ~U)) dt’ )

+nm/? [Var (/R {[‘PA(t —U1) = Ex(pa(t — U)))* = Varg(pa(t — U))}Ew(h(t -U)) dtﬂmm)’

using Rosenthal’s inequality, where C'(m) is a positive constant only depending on m. But,
applying Lemma 3.1, Lemma 3.2 and Lemma 3.3,

B (| [ [loate = 00) = Bxlion(t = 0))]° = Varo(ioate — 0) [Exthte - 1) dt]m)

iz ([Awac) ([ nwar)

with K12 a positive constant only depending on m and
Var ([ |loalt = 00) = Exlioa(t = O)]" =~ Vara(ia(t = )| Ex(i(e - ) )
= Var </IR{ [@A(t - Ul) - Eﬂ(@)\(t o U))}gEﬂ(h(t - U)) dt)

<E

2
</R [oA(t = Ut) — Ex(oa(t — U))]*Ex(h(t — U)) dt) ]

</]R [oa(t — U1) — Ex (ot — U))]” dt) 2] (/R o) d:):>2
<Fia g (/R PA) d$>2 ( /R hx) dx>2
So,

E(W12(ex)™)

< Kypn™ (;m (/R 22 () dm)m (/R h() dx)m + ”;: </R 22 () dx)m </R h() dm>m>
< Kig ”;T:Z < /R ©2(z) dx)m ( /R h(z) dx)m. (3.40)

« Wislen) =(n—-1) Y /R Varz (px(t — U)) [A(t — U) — Bx(h(t — U))] dt.
j=1

We have:

<LE

E(W13(ex)|™)

— (n—1)"E (

3 / Vars((t — U)) [h(t = Uy) — Ex(h(t — U))] dt
j=1"R
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<(n—1)"x C(m) (nE <

+ nm/? [Var (/R Var, (px(t — U))[A(t — Ur) — Ex(h(t — U))] dt)]m/z )

[ Varatonte Ut~ v - Botne - 0] i)

using Rosenthal’s inequality, where C'(m) is a positive constant only depending on m. But,
applying Lemma 3.1, Lemma 3.2 and Lemma 3.3,

“(

[ Varstorte =t - 00~ Bntne -] | ) < Zfent® ([ niwya)

and
ar [ Vare(iae = 0) e - 0) ~ Exhle ~ U)] )
~ Var </ Vars (o (t — U)A(t — Uy) dt>
( Vary (px(t — U))h(t — Ul)dt> 2]
< ([ ) 2 |( o) ]
< (] < dm) < [ #ta dm) |
So,

B(Wia(en)l™) < (n = 1) x C(m) (QT”Z’ ([war)” ([rwar)”
+ n;f < /R W2 (2) daf)

n3m/2 ) m m
< K13~ (/ o5 () dZL‘> </ h(x) dl‘) , (3.41)
T R R
with K 3 a positive constant only depending on m.
Next we deal with the moments of Wa(p,) that we write:
Wa(pr) = Wai(pa) + Waa(pa) + Was(or),
with:
e Wai(py) =2 Z / oa(t — Ui) — Ex(pat — U))][oa(t — Uj)h(t — U;) — Ex(pa(t —

1<i#j<n
U)h(t — U))] dt.
We want to use Theorem 8.1.6 of [32] (a moment inequality for U-statistics using decoupling) so
we write:

Wailen) =2 Y f(Ui,Uy),

1<i#j<n
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where

(U, U;) = /]R [a(t = Ui) — Ex(pa(t = U))] [oa(t = Uph(t — Uj) — Ex(pa(t — U)h(t - U))] dt.
There exists a positive constant C3 ,, depending on m only such that

< Co ™ E(|f (U1, U2)[™)

< o™ | [ 6 = U2) = Balioatt = DD [or1le — U) ~ En((oab)e ~ V)] dt\m)

Z f(Uiv Uj)

1<i#j<n

m/2
< Comn™E [(/R [oA(t — U1) — Exlpa(t — U))]? dt)

x E

m/2
(/R [oa(t — Us)h(t — Us) — En(ipr(t — U)h(t — U))]? dt> ]

m/2 m/2
< Kog 0™ ( [ &A@ dx) ( [ A dx)
R R
< Ky n ( [ & dm) s
R

by applying Lemma 3.1, Lemma 3.2 and Lemma 3.3 and setting K21 a positive constant only
depending on m. So,

E((Wan(£)™) < Koy 0™ ( [ & dx) s (3.42)

e We may write: Waa(py) = (n —2) Z f(U;,Uy), where
1<i#k<n

fU,U) = /R (oAt —Us) = Ex(oa(t — U))] [or(t = Ug) — Ex(oa(t = U))|Ex(h(t — U)) dt.

We use Theorem 8.1.6 of [32]: there exists a positive constant Cj ,,, depending on m only such

that

< Oy mnmE |f UlvUQ)’m)

< Copn™E (' [ Lor(t = U1) = Baionlt = 0] [ontt — U) ~ Exlion(t ~ U)]Ex (bt — 1) dt’m>

gKQ,QTm{ [ [oa(t — U1) — IE<‘J77F(<;>A(1t—(/'))]2(1t>m/2]}2(/}Rh(g{;)d@m
(L) ([arar)”

> fULU)

1<i#k<n

3
3

3

< Koo

?\3
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by applying Lemma 3.1, Lemma 3.2 and Lemma 3.3 and setting K22 a positive constant only
depending on m. So,

B(WeaN") < Koo o ([ R@ae) ([ niwras) (3.43

o We may write: Wa3(py) = Z f(U;,Uj), where

1<i#j<n

f(U,Uj) :/R [[@A(t_Ui)_Eﬂ(‘P)\(t_U))]Q_Varﬂ(QOA(t_U)):| [h(t—U;)—Ex(h(t—U))] dt.

We use Theorem 8.1.6 of [32]: there exists a positive constant Cs,, depending on m only such
that

m

E Z f(UivUj)

1<i#j<n

< Comn™E(|f (U1, U2)|™)

) 02’mnmE<) /R“W — U1) — Enla(t — U))J2 = Vare(ioa(t — U))]
x [h(t — Us) — En(h(t — U))] dt‘m>

< Kaa "B | [ [[oalt = 00 =~ Belonlt - 0))° ~ Vars(iate — 0| at) | iz

< Fog n™ ( [ &A@ dx> Ih,
R

by applying Lemma 3.1, Lemma 3.2 and Lemma 3.3 and setting K33 a positive constant only
depending on m. So,

m
E([Waa(px)[") < K3 0™ </ 3 () dfﬂ) 12115 (3.44)
R
And finally, we focus on the moments of Ws(¢)) that we write:

Ws(en) = Y. f(U,U;,Up),

Ii#j#k<n
where
f(Us, U, Uy)
= /R [oa(t = Ui) = Ex(oa(t = U))] [oa(t — Uk) — Ex(oa(t = U))] [A(t — Uj) — Ex(h(t = U))] dt.
We use Theorem 8.1.6 of [32]: there exists a positive constant Cj ,,, depending on m only such

that

m

1<i#j#k<n



3.A Supplement: Proof of Theorem 3.2 87

< O3, PE(| f (UL, Ua, Us)|™)

[ [oalt = 02) = Enlionlt - U)] [t ~ Us) ~ Balipa(t ~ V)]

x [h(t — Us) — Ex(h(t — U))] dt

< Ky 097 | ([ [loatt = 00) ~ Exlinte - 0D [ea(e - Ua) ~ Baliate ~ U] )| Iz,

by applying Lemma 3.1, Lemma 3.2 and Lemma 3.3 and setting K3 a positive constant only
depending on m. Furthermore, using the support properties of the biorthogonal wavelet bases
considered in this chapter, we have

[(/ ‘ pa(t = U1) = Ex(pa(t = U)] [pa(t = U2) — Ex(pa(t = U))] ‘ dt>m]

=K

(/R‘%\(t—Ul)%(t—Uz)—SOA(t—Ul)Ew(SOA(t—U)) oAt = U2)Er(pa(t = U

+ [Balpa(t = U 2‘dt>m]
(/;W_Ul (ort-U ;dt)]

([T

12 /OTdul/ du2</R‘gpA(t—ul)wA(t—uQ)}dt)m
oot

< # (/Rsﬁ z x) :

E (/ oAt —Ur)E ¢At—U))’dt>m]

( ‘m (t — Uy) /OTgoA(t—u)du> (dt)m]

(/0 du/R}go,\(t—Ul)gpA(t—u)’dt>m]

< TT,IZH/OTdm(/OTdU/R|@A(t—U1)¢A(t—U)\dt>m

o [ o)

< K3 {E +E

( [ |extt=vnere - wn) dt)m

+E

with:

(/ ’w (t — Ur)ox(t — Us) dt)

1
< =—E
Som
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<O ([Awa)

and
) 1 T T
[ Ertort =00t = [t [ dugatt=u) [ avent—v)
R R Jo 0
1 T T
:2/ du/ dv/goA(t—u)@,\(t—v)dt
° Jo 0 R
1 (T ut+2M ,
< = du/ dv/go x)dx
T2/0 u—2M R A()
4M/ )
< — | oi(z)de.
4@
So,

E(Wh(o0)[") < K n2 [} ([dwa) + 0 ([ 4w d)m] T FANEYE)

with K% a positive constant only depending on m and the compact support of 1. Note that if
we had used the same method as for the control of the moments of W5 2(¢y), we would not get
the correct rate of convergence. We obtain a better rate of convergence thanks to the properties
of the biorthogonal wavelet bases used here.

Thus, combining inequalities (3.38), (3.39), (3.40), (3.41), (3.42), (3.43), (3.44) and (3.45)
yields

E(V(ex)™)

<K {nm ([ Awas) im0 ([ Awae)” ([ )"

w2 (i \d:c)zmrhug%”;T( [Aw@ar) ([ a)”
3m/( @) ([rwas)” + ([ Rwa) iz
([ Bwan) ([rwde) v ([ Swde) bz
H([Awa) + ([ 4w dw>m] ||h||zz}

3m/2 )
lall™ [1A5e ¢+

+ n3m/2

n
n™ 4

n3m/2 ) n2m )
m m m m
<K 3 oAl IR + T a3+ .

with K a positive constant only depending on m and the compact support of 1. So, we obtain

n3p/2

E(V(pa)) < K { -

3p/2

n 2
T ]I!mIQ”HhH&}, (3.46)

nP +

2p
2 n 2
loall IRl + 5 lleall" 1Al +

with K a positive constant only depending on p and the compact support of .
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To conclude for the first term of (3.35), using inequalities (3.37) and (3.46) in (3.36), we have

E(IG(2) = E(G(p)|U1s ... Un)[*P)

SK Lj”%\ﬁpﬂh\ll + e loall5? 1111+ njllwll%\lw!\iﬁ‘2llhlll +nlleal3lleall 212l
T2p TP T
3p/2 7l2p

2 2
oAl I1RIE, + o lloall3” (1211 +
TP

n
-I-Tp

3p/2
n 2
n’ + — ]Hw\zpllhlﬁo}

(3.47)

Now, we have to focus on the second term of (3.35). Recall the definition (6.5) of W (py)

W(pn) = Wi(ea) + Wa(pa),

with
Wi(er) = (n—1) Z/R [oA(t = Ui) = Ex(pa(t = U))]|Ex(h(t — U)) dt,
=1
and
Waler) = > 9(U,U)),
1<i#j<n
where
9(Ui, Uj) = /}R [oa(t = Us) — Ex(oa(t = U))] [a(t = Uj) — En(h(t — U))] dt.

So,

E([W (o)) < 2771 [E(IWi(02)]P) + E(Wa(er)[P)].

On the one hand, we have to control E(|Wi(¢y)|*?). We use Rosenthal’s inequality: there

:

/R [oa(t = U1) = Ex(pa(t — U))|Ex(h(t — U)) dt

exists a positive constant C(p) only depending on p such that

E(IWi(ex)[*)

= (n— 1)¥E (

Z/ [oa(t = Ui) = Ex(oa(t = U))|Ex(h(t = U)) dt
i=1 R
<(n-1)*xC(p) ("E (

)

P [Var </R ot — U1) — Ex(oa(t — U))]|Ex(h(t — U)) dt)]p> .

N
p) ( /R h(z) dx) ’

But, applying Lemma 3.1, Lemma 3.2 and Lemma 3.3,

“

< %E (‘/R [oa(t = Ur) — Ex(oa(t —U))] dt

<2 ([roswae) " ([ neras)”

/R [oA(t = Ur) = Ex(oa(t = U))|Ex(h(t — U)) dt
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and
Var </R oa(t — U1) — Ex(oa(t — U))]|Ex(h(t — U)) dt)
~ Var (/R or(t — U Ex(h(t — U)) dt)
( i ¢A(t—U1)!Ew(h(t—U))dt>2]
(/ |¢A<t—m>|dt)2] (/ h(x)dx>2
<% (/R|maz>rdx>2 e dx>2
So,

E([Wi(oa) ) < K1 n®

o (fmens)” s 35 (mns)"] ([ 1)

(3.48)

with K a positive constant only depending on p.

And on the other hand, we have to control E(|Wa(¢y)|??). We have:

Waler) = > 9(Us,U)).

I<i#j<n

We use Theorem 3.3 of [48] associated with Theorem 1 of [33] (we keep the same notations of [48]).

0 ifi— i

We set h;; = BT and we consider (Ui(l),z' =1...n) and (Ui(z),i =1...n) two
’ g otherwise

independent copies of (U;,i = 1...n). With Theorem 3.3 of [48], there exists an universal

constant K such that

1<i,5<n

2p
E( > hig(U Uy )<KQP[<2p>pc2p+<2p>2pD2p+<2p>3pBQP+<2p>4pA2p],

where
o A =max|hjl|o = ||g]|cc- But, for all (z,y) € R2,
17]

9(z,y)| = ‘/R [oa(t = 2) = Ex(pa(t — U))][A(t —y) — Ex(h(t = U))] dt

4 /R ox(@)] ]|,

using Lemma 3.2 with f = ¢,. So,

A<4 / (@) dal|h, (3.49)
:ZE(h?J( @ = "E(¢*(U;, U;)). But, for all i # j,
. i#j

E(¢*(U;, Uj))
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/RIE ([m(t— Ui) — En(pa(t — U))}Q) dt </Rh(3:) da:)2

4
T
< ;/R@i(x)da: </Rh(x)dx>2,

using Lemma 3.1, Lemma 3.2 and Lemma 3.3. So,

2 < 4"(’,}_1) /R 2 () dar ( /R hz) dx)Q, (3.50)

ZEl i,J Uzay H ) ZEQ(hZQJ(‘raUJ))H ],With

2 if i # j 2
E\(h2,(Us, y) = {E”(g Gy iz A /R 22 (2) do < /R h(w)dx>

0 otherwise

<

and

9 E,(¢?(x,U)) ifi#j 16 ) 2
Ei(hi;(x,Uj)) = { ., ST Rg@(w)d:v </Rh(:c)d:c> ,

0 otherwise

using established inequalities to get equation (3.32) in the proof of the assumption (Al).

So,
1 2
B? < 767 3 (2) dx </ h(zx dm) , (3.51)

o D = sup {E(;, iy 0, UP)aiU )y (UP)) : B(S,a2(U), B(S, 02(05)) < 1}

By using established inequalities to get equation (3.31) in the proof of the assumption

(A1), we obtain
1
D <2n /(pi(:v) dx/h(ac) dx. (3.52)
T Jr R

Moreover, we use the equivalence of Theorem 3.3 of [48] and the decoupling inequality pro-
vided in Theorem 1 of [33] to obtain the following upper bound of E(|Wa(py)|?):

ij </R o2 (@) d:c)p </Rh(:c) dm)2p
2 ([ Awar) ([ ) dm)2p+ (f \mxﬂdm)% ung’],

(3.53)

E([Wa(ex)[P) < K>
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with K5 a positive constant only depending on p.
Finally, by using inequalities (3.47), (3.48) and (3.53) in (3.35), we obtain:
(8 — Bal*)

1 2 1 2 1 _
<K {Wummhul ol IRl + s lleal3llelZ 1Al

1 _ 1 2 1 2
+ WH%H%H%H@@ Al + WH@thHhH& + ﬁHsz‘DHhH}f
1 2 1 2 n 2 2 n? 2 2
+ﬁH@AngHhH&ﬂLWTTH@A\prhHgo + ﬁ||90x||1p||h||1p+ﬁ”%\hpﬂh!hp

1
nPTP

1 2 2 2 2 1 2
+ ﬁH@AHQPHh\hp + loall2”IRIRP + @lethhHZﬁ

and so,
e (- )]

1 2, 1/p . 207112 1 2 1 21512
<K {annluml + 5l + o lloa 3 Ilos + 5 a3 112

1
+ nl—l/pT

1 1 2 _
+ [n22/pT1/p + n21/p:| ||90>\||2/p||90>\||go 2/p||h||(1>ép},

1

2 1/p 1 2 1 2 2 1 2
leal Al +THsDAHththTH%Hth!th[n+nl/2T1/p a1l

with K a positive constant only depending on p and the compact support of .
Recall that for any A = (j, k) € A, we have:

loalln 2792Mp1,  llealla < Myo and  [[@alleo < 27/ My o

We consider 1 < p < oo and we fix 1 < ¢ < oo such that%—l—%: 1, so that

1
nl/aT

A 1 n 1 1 1 1
[E (15 - 87| < K {w”h”f + 50l + g IR + Skl + 813

1 1 1 1 .
L - jo/a||p||L/P
! {n i n1/2T1/P] IFlloe [nz/qu/p - n1+1/q] 2 hllee }
with K a positive constant depending on p, ||[¢||1, ||¢||2, ||| and the compact support of .
Finally, choosing p = 2, Assumption (A2) is fulfilled with

1 200/2  9i0/2 g
R”R{Hw*w*w ’

where Cr is a positive constant depending on [|h]1, ||h|lec, |21, [|#]]2, |¥|lcc and the compact
support of ¥,
Hy = Iyer

and € = 1.
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3.A.4 Proof of Assumption (A3) of Theorem 3.3

To shorten mathematical expressions, we denote 7y = (7, A) in the sequel. The following
inequality:

P (|B/\ — Bx| > K, [Br] > 77/\> < H)(

. . . o . } . . 1+
is obvious with { = w, which proves Assumption (A3) choosing 6 = ~1=.

3.A.5 Completion of the proof of Theorem 3.2

Therefore we can apply [91]: the estimator B = (BA1|B/\|>77>\1>\EF> en satisfies

1-
e (15— a12,)
R i SY T oIl NN S 1 R 2) 9
Agm rem rem el
< int 1EE S g L S (- )+ S EGR) { + LD A
Agm AEmM AEm el

with
o forall A= (j,k) in T,

E((Bx — B))?) = Var(By) < K {711 + % + 2;”} :

where K is a positive constant depending on ||h||1, ||h||co, [|?]|1 and ||1]]2 (see Proposition
1);
o forall A= (j,k) inT,

méK( joV( )+ B( )+A )

where K depends on €, &, v, ||¢¥||1, ||¢]2 and ||¢||cc and

B .22]'0/2 . g
A= Jo + Jo_ i \/Jon;
VI T

o LD = Rﬂ;((l + 9*1/2)w1/2 +(1+ 01/2)61/2C1/2) <K R(e*"‘2j07/2 + exp (—g(eo)thHl/Q)),
where K is a positive constant depending only on ¢ and x,
° Z H) = |T'|, where |I'| is the cardinal of the set I". So, we can upper bound this quantity

el
by K 270, where K is a positive constant depending only on the compact support of h and

the compact support of 1.
Recall that e = 1, k €]0; 1] will be fixed in the sequel and v > 0, according Assumption (Al).

It remains to compute E(n?). Let A € I'. We have:

E(n3) < K (joE(f/(f;)) +j§IE(BQ(%)) n {10” L6 2% }E(Nﬁ)> ’
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with K depending on &, &, 7, [ll1, [llz and ] and E(N2) = nl|hll +n2[[hlJ} < 2n2MZ,.

We control ‘N/(%) in expectation and we recall that o = k2joy.

n n

B(V(2)) < B(V(2)) + | 2B (2)BEA2) +3aBE(2), @5
with using inequality (6.7),

B(V(2) =B(V(2)) < & { bl + Al |

where K is a positive constant depending only on |[t|2.
Now, we focus on E(B?(£*)) where

B(%> = % > [80,\(' ~U) -~ ; 1E7r(<ﬂ,\(' - U))]
i=1 e
— Lo |3 [m U - P B (ot - U>>] ‘
N ter |75 n

5 PN 1
< B(?) + ﬁ”%\”la

~ 1
with B(ﬂ) = —sup
n N teR

> lealt = Ui) — Ex(en(t = U))]|.
=1
Then, we have to control E(B(%*)). Since it is a decomposition biorthogonal wavelet, ¢y is a

) ‘

piecewise constant function and we can write:

N
pr =217 Z cilig2-3;p,2-3]s
=1

where N € N* and for any [ € {1,..., N}, a;,b;,¢; € R, a; < by and ¢; an absolute constant. It
is easy to see that

N N
B(2) < 29/ > Blaljya-ipa-/n) =22 el B jy2-i2-1)/7).
=1 =1

n

It remains to compute E(B (L{a2-552-4)/n)) for some interval [a; b].

> Maa-so-1)(t = Ui) = Ex(Ljaa-i 491t — U))]

i=1

~ 1
B(l[az—j;w—ﬂ'}/n) = —sup

n
N teR

n

> [15,(U:) ~ Ex(15,(0))]

=1

1
<= sup
n By, teR

)

where for any t € R, By = [t — b277;t — a277]. We set B = {By,t € R} and for every integer n,

mn(B) = sup |[{ANB;,teR}. Itis easy to see that
ACR,|A|=n

n(n+1)

mp(B) <1+ 5
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and so, the VC-dimension V of B defined by sup{n > 0,m,(B) = 2"} is bounded by 2 (see
Definition 6.2 of [77]). Let us define 02 = max {c?277,£2V(1 + |log (c277/2)|)/n} with 2 = b—a
and ¢ the absolute constant given by Lemma 6.4 of [77]. The quantity o? satisfies in particular
the two following assertions:

VB e B,P,[U € Bl]<o®> and o >£&/V(1+1log(c—1V1))/n.

Indeed, on the one hand, if 02 = ¢?277, in particular we have: £2V(1 + log(c~ 'V 1))/n <
V(1 + |log (¢277/2)|)/n < 02, and on the other hand, if o2 = £2V(1 + |log (277/:2)|) /n, we
have:

2 —1 2 —j/2 _ 2

EV(1+log(c7" V1) /n<EV(A+ |log(c277/9)])/n=o0”.

By applying Lemma 6.4 of [77], we obtain:

\/HE(BE(l[agfj;bgfj}/n))
< ga V(1 + |logal)

< gcw‘/?\/m +log (c2-972))

+ ey UL+ Hog (2-/2)) /m V(1 + o (64 V(1 + Hog (2572

<K 9-3/2. /i J
{ ﬁ*ﬁ}’

with K an absolute positive constant. Consequently, for any A in T,

E(Bpr/n) < K {f% n zj/?j} .

n

But, we want an upper bound of E(B2?(py/n)). For this, we use Theorem 11 of [12]:

[E(B(or/m))] " < K {E(Bm/n)) n (IE[M2])1/2},

where

1
M = 0 max sup[pa(t = U) ~ Ex(a(t ~U))].

Hence,

4 K .
E[M?] < ﬁH‘PAHgo < e} 27,

with K a constant only depending on ||9||~. Finally,

E(B*(¢a/n)) < K {E(B2(<P,\/”)) + n22_T]g}

<K {[E(B(SO,\/”))]Q + 3]2 t Tj}

n27?

2 27
<K{J+2ﬂj + 55 +n2T2}, (3.55)

with K a constant only depending on ||?||; and ||¢||ec-
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Then combining (3.54) and (3.55) yields

Jo , Jo | Jo owJo , Jo2 Jo Jon | Jo , 2°Jp
Em)< K (& +2 + 20 420020 4
(n3) <n+T+n+ w2 2 +n2T2+T2+T+n2>
Jo Jo ]02 Jo Jon
<K (L2450 Jon
<n+T+ n? +712T2—|—T2)

where K is a constant depending on v, ||k||1, ||/, |21, [|#]|2 and ||%]|c0, Which concludes the
proof of Theorem 3.2 by setting

.3 '42j0 ) in )
ﬂmmﬂ:%+ﬁ2+@+&ﬁ—h




Chapitre 4

Detection of dependence in a
Poissonian interactions model

This chapter proposes a model of interactions between two point pro-
cesses, ruled by a reproduction function h, which is considered as the
intensity of a Poisson process. In particular, we focus on the context
of neurosciences to detect possible interactions in the cerebral activity
associated with two neurons. To provide a mathematical answer to this
specific problem of neurobiologists, we address so the question of testing
the nullity of the intensity h. We construct a multiple testing procedure
obtained by the aggregation of single tests based on a wavelet thresh-
olding method. This test has good theoretical properties: it is possible
to guarantee the level but also the power under some assumptions and
its uniform separation rate over weak Besov bodies is adaptive minimax.
Then, some simulations are provided showing the good practical behavior
of our testing procedure.

This chapter is the fruit of a collaboration with Christine Tuleau-Malot
(Université Nice Sophia-Antipolis) and constitutes the paper A model of
Poissonian interactions and detection of dependence. Submitted, 2013.
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4.1 Introduction

4.1.1 Context of neurosciences

In neurosciences, an important issue lies in a better understanding of the dynamics of cerebral
activity in the cortex. In practice it is possible to measure, in vivo and for a specific task, the
cerebral activity through the emission of action potentials by several neurons, and the specific
interest of the neurobiologists is to understand how these action potentials appear. During a
task, the recording of all arrival times of these action potentials (or spikes) on a neuron forms a
spike train. From this point of view, the spike train can be modeled by a point process.

Several years ago it was thought that activities of different neurons during a task were in-
dependent (for example, see Barlow [6]); this explains why in the studies, the spike trains were
usually modeled by independent Poisson processes. Today, thanks to technological advances in
terms of recording brain activity, various studies show that this belief is false (for instance, see
Gerstein [47] and Lestienne [73]). Thus the recent studies consider neuronal assemblies instead
of the separate neuronal activities. For example activities of pairs of neurons, that have been
recorded simultaneously, show that there exists a phenomenon called synchronization (for ex-
ample, see Grammont and Riehle [50] and Griin et al. [52]): the presence of a spike on one of
the two spike trains can affect the apparition of a spike, with a delay, on the second spike train.
From a biological point of view, such a phenomenon reflects a reality. Indeed, an action potential
appears if the neuron is sufficiently excited. However, to obtain a sufficient excitation, two strate-
gies exist: either the frequency of spikes received by a single neuron increases, or the receiving
neuron receives less spikes but at the same time from different neurons. This second strategy is
precisely the synchronization. From a biological point of view, it is less energy consuming and the
reaction is faster. Therefore, the neurobiologists are interested in detecting the synchronization
phenomenon. More generally, they want to detect whether or not neurons evolve independently
of each other, a dependence being a hint of a functional connection during a task.

4.1.2 Description of our model

To mathematically answer this question, we need a model taking into account the possible
interactions between two neurons. In neurosciences, a possible model is the Hawkes process (for
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instance, see [59] for theoretical aspects and [13, 69, 84, 85] for its introduction in neurosciences).
However, the Hawkes process is, theoretically speaking, a very complicated model, thus we
consider a simpler version of Hawkes process which is realistic for the possible applications (in

neurosciences, or in genomics, ...) and for which it is possible to carry out computations. Our
model is the following one. Let N, and N, be two point processes with respective conditional
intensity
t
Apit—p, and A :t>—>uc+/ h(t — u) dNp(u), (4.1)
—00

where (1, and p. are positive parameters describing the spontaneous part (in the context of neu-
rosciences, the spontaneous apparition of spikes) and h is a function which reflects the influence
of N, on N.. In this model, we have to assume that supp(h) C R%, where supp(h) is the support
of the function h. Moreover, N, is a homogeneous Poisson process (for example, see [67]) and N,
is a special case of Hawkes process. The biological problem which consists in knowing whether
N, influences N, is equivalent to test the null hypothesis Ho: "h = 0" against the alternative
Hq: "h £ 0".

The above formulation of . is an integral form. However it is possible conditionally on
the points of IV, to have a vision in terms of descendants and no more in terms of intensity
conditionally on the only past observations. Indeed, given T a positive real number representing
the time of record of the neuronal activity and given n an integer, conditionally on the event "the
number of points of N, lying in [0;77] is n", the points of the process N, obey the same law as a
n-sample of uniform random variables on [0; 7], denoted Uy, ..., U, and named parents. Thus,
conditionally on Uy, ..., U,, we can write A.(t) = pie + S, h(t — U;). This new expression of
A can be interpreted as follows. Each U; gives birth independently to a Poisson process N! with
intensity the function ¢ — h(t — U;) with respect to the Lebesgue measure on R, to which is
added a homogeneous Poisson process N? with constant intensity f., representing the orphans.
We consequently consider the aggregated process

n n
N, = Z N! whose intensity is given by the function #+— p,. + Z h(t — U;) (4.2)

i=0 i=1
and the points of the process N, are named children. With this interpretation, the goal of the
present chapter is to test the "influence or not" of the parents on the children, via the reproduction
function h. This second writing contains many benefits. First, the assumption supp(h) C R is
not mandatory. With respect to the first formulation, this may appear like a minor difference,
but in practice the impact is considerable. Indeed, if we refer to the context of neurosciences,
assuming that the support of h is in Ry means that one favors a sense of interactions, namely N,
affects N.. However in practice, we do not have this information a priori. Therefore, when the
test does not reject Ho, it means that IV, does not seem to influence IV, but this may be because
in reality this is N, that affects N,. We must be careful that the initially proposed model is not
symmetric in terms of neurons and that a support in R, does not really allow to answer the
question of dependence. The causality is indeed represented by the fact that a child appears after
its parent and therefore i has to be supported in R . Heuristically, a consequence is the following
interpretation: if a parent has a child before its own birth, it may represent that the child is the
parent and the parent the real child. Looking at both sides of the support makes the procedure
in some sense adaptive to the causality of parent/child roles. Another advantage of this second
writing is that it allows applications to other disciplines such as genomics where one studies for
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instance the favored or avoided distances between patterns on a strand of DNA and where it is
not always possible to know which pattern rules the other. More details about this application
to genomics can be find in Chapter 3, where the author proposes an estimation procedure of the
function h, assumed to be well localized, based on wavelet thesholding methods, in a very similar
model to the one studied here. The interested reader will find other estimation procedures of
the function h in this DNA context, by using a Hawkes’ model in Gusto and Schbath [54] and
Reynaud-Bouret and Schbath [93]. In this chapter, we consider the model defined by (4.2). For
the simulation study, parents process (U;); is simulated according to a homogenous Poisson
process of intensity jip.

4.1.3 Detection of dependence and tests in the Poisson setting

Since the null hypothesis Hp: "h = 0" means that conditionally on the total number of
points of N, the points of the process N, are i.i.d.(independent and identically distributed)
with uniform distribution, a first rather naive approach is to perform a Kolmogorov-Smirnov
test (for example, see [30]). But this test is not powerful, as illustrated in the section devoted to
simulations. The aim of this chapter is then to build a more powerful and nonparametric test
®,, with values in {0,1} of Ho: "h = 0" against the alternative Hi: "h # 0", rejecting Ho when
®, = 1, with prescribed probabilities of first and second kind errors. The performance of the
test @, is measured by its uniform separation rate (for instance, see [4]).

In neurosciences, parametric methods exist to detect such dependence. For instance, the
Unitary Event (UE) (see[52]) and the Multiple Tests based on a Gaussian Approximation of the
UE (MTGAUE) (see|109]) methods answer partially the problem by considering coincidences
(see Section 4.4 for more details). In the one-sample Poisson process model (that is to say n = 1
and p. = 0 in our model), many papers deal with different problems of testing the simple hy-
pothesis that an observed point process is a Poisson process with a known intensity. We can
cite for example the papers of Fazli and Kutoyants [44] where the alternative is also a Pois-
son process with a known intensity, Fazli [43] where the alternatives are Poisson processes with
one-sided parametric intensities or Dachian and Kutoyants [28] where the alternatives are self-
exciting point processes (namely, Hawkes processes). In the nonparametric framework, Ingster
and Kutoyants [63] propose a goodness-of-fit test where the alternatives are Poisson processes
with nonparametric intensities in a Sobolev SJ(R) or a Besov ball Bg’q(R) with 1 < ¢ < oo and
known smoothness parameter §. They establish its uniform separation rate over a Sobolev or a
Besov ball and show the adaptivity of their testing procedure in a minimax sense.

In some practical cases like the study of the expression of neuronal interactions or the study
of favored or avoided distances between patterns on a strand of DNA, such smooth alternatives
(Sobolev or Besov balls) cannot be considered. Indeed, the intensity of the Poisson process N,
in these cases may burst at a particular position of special interest for the neuroscientist or the
biologist. So we have to develop a testing procedure able to distinguish a constant function (or
here a null function) from a function that has some small localized spikes. These features are
not well captured by using classical Besov spaces. Hence we focus in particular on alternatives
based on sparsity rather than on alternatives based on smoothness. For this, we are interested in
the computation of uniform separation rates over weak versions of Besov balls. Such alternatives
have already been considered. For instance, Fromont et al.[45] propose non-asymptotic and
nonparametric tests of the homogeneity of a Poisson process that are adaptive over various Besov
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bodies simultaneously and in particular over weak Besov bodies. Another example is Fromont
et al.|46] which construct non-asymptotic and nonparametric multiple tests of the equality of
the intensities of two independent Poisson processes, that are adaptive in the minimax sense over
a large variety of classes of alternatives based on classical and weak Besov bodies in particular.

4.1.4 The general results

The test ®, proposed in this chapter consists in a multiple testing procedure obtained by
aggregating several single tests based on a wavelet thresholding method as in Fromont et al. [45,
46] (they also consider model selection and kernel estimation methods). First, Proposition 4.2
proves that the multiple test is an a-level test and Theorem 4.2 gives a condition on the alternative
to ensure that our multiple test has a prescribed second kind error. This result reveals two
regimes as in Chapter 3. Indeed our model presents a double asymptotic through the number n
of parents and the recording time 7' (namely, the length of the observations interval), which is
not usual. Since N, is a homogeneous Poisson process with constant intensity s, the number n
of points of N,, falling into [0; 7] is the realization of a Poisson random variable with parameter
ppT'. As a consequence with very high probability, T" is proportional to n and in this case,
the uniform separation rates of the multiple test over weak Besov bodies are established by
Theorem 4.3. Thus, our testing procedure is near adaptive in the minimax sense over a class of
such alternatives. The proofs of these results are essentially based on concentration inequalities
(see[77]) and on exponential inequalities for U-statistics (see[61]). Secondly, some simulations
are carried out to validate our procedure, which is compared with the classical Kolmogrov-
Smirnov test and a testing procedure proposed by Tuleau-Malot et al. [109], which formalized a
well-known procedure in neurosciences, namely the UE method (see Griin et al. [52]).

4.1.5 Overview of the chapter and notations

The chapter is organized as follows. Section 4.2 deals with the description of our testing
procedure. Section 4.3 is devoted to the general results of the chapter. The control of the
probability of second kind error is ensured by Theorem 4.1 for the single testing procedures and
by Theorem 4.2 for the multiple test. The uniform separation rates of the multiple test over
weak Besov bodies are provided in Theorem 4.3. Section 4.4 presents the simulation study. The
proofs of our main theoretical results are finally postponed in Section 4.6.

To end this section we introduce some notations that will be used along the chapter. We
denote by dN, and dN,. the point measures associated with IV, and NN respectively. We denote
by Py the distribution of the aggregated process N. under Hg, P, the distribution of N, whose
intensity conditionally on Uy, ..., U, is given by the function ¢ — p. + > h(t — U;) for any
alternative h and by Ej the corresponding expectation. The uniform distribution on [0;77] is
named 7 and E.(f(U)) denotes the expectation of f(U) where U ~ 7 (an independent copy
of Ui, ...,Uy,) for any measurable function f. For an orthonormal basis {¢x, A € L} of a finite
dimensional subspace Sy, of Ly(R), we denote by Dy the dimension of Sy, (namely the cardinal
of L) and by hy, the orthogonal projection of h onto Sy.
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4.2 Description of our testing procedure

In the sequel, we assume that h is compactly supported (there is a maximal time of synchro-
nization during a task according to the neuroscientists). Without loss of generality, we suppose
now that the support of h is strictly included in [—1; 1] and that we observe the U;’s (the parents)
on [0; T'] and realizations of the process N, (the children) on [—1; T+ 1]. Consequently, h belongs
to L1(R), La(R) and Lo (R). Then, we can consider the decomposition of h on the Haar basis
denoted by {px, A € A}:

h=Ytuer with 5= [ hw)er(o)do

AEA

where

A:{)\:(j,k)j>—1,]€€Z}

and for any A € A and any = € R,

pa(T) = { 20/2p(2x — k) if X = (j, k) with j >0 ’

with
¢=1py and § =1y =l

The functions ¢ and 1 are respectively the father and the mother wavelets. Since the goal is to
detect a signal and not to reconstruct it, the Haar basis is suitable in our context. Furthermore
from a practical point of view, the use of the Haar basis yields fast algorithms, easy to implement.
Nevertheless the theoretical results of the present chapter can be generalized to a biorthogonal
wavelet basis (see [23] for a definition of this particular basis) as in Chapter 3 and in |91, 92]. We
precise that we can easily extend our results to a function h compactly supported in [—A; A] for
any A > 0 by scaling the data by [A] + 1.

By considering this wavelet decomposition of h, the null hypothesis Hg: "h = 0" means that
all the coefficients 8y are null and the alternative hypothesis Hi: "h # 0" means that there exists
at least one non-zero coefficient. Since h is strictly supported in [—1; 1], if one coefficient B=1,k)
is non-zero, then there exists at least one coefficient f(; ;) with j > 0 which is also non-zero.
Therefore, we focus only on the coefficients 5(; ) with j > 0 and we introduce the following
subset ' of A

'={A=(,k)eA:j>0keK,}

with K; = {k € Z: =27 < k <27 — 1} (K; is the set of integers k such that the intersection of
the support of ¢y and [—1;1] is not empty, with A = (4, k)).
For every A in I', the coefficient (3 is estimated by

By = g(jj”, with  G(py) = / > [m(w —U) = 2B (pa(a — U)) | dV.(a).
R=1

n

These estimates, inspired by those proposed in Chapter 3 for a simpler model, namely with
te = 0, are unbiased:

Proposition 4.1. For all A = (j,k) in T, By is an unbiased estimator of fy.
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The proof of Proposition 4.1 uses the fact that for all A in T, f_ll oa(t)dt = 0, avoiding
boundary effects (see Section 4.6.1).

In order to test the null hypothesis Hg: "h = 0" against Hi: "h # 0", namely "I\ € I', By #
0", we first propose to test for all A € I', the null hypothesis Hy against the alternative H{‘:
"By # 0". For each A € I, the associated simple test actually consists in testing "5, = 0"
against "By # 0" or more precisely, in testing the absence of variation of the function h on a
small interval. Then in a second time, we will aggregate these simple tests to test the nullity of
h on its complete support.

4.2.1 The single testing procedures

Let us fix some a €]0;1[ and A € I'. We want to construct an a-level test of the null
hypothesis Hop: "h = 0" against ’Hi\: "By # 0", from the observation of the parents U,...,U,
and the realization of the Poisson process N.. We notice first that the null hypothesis entails in
particular that g, = 0.

We introduce the testing statistic T )\ defined by

Ty = |-

Our single test consists in rejecting the null hypothesis when Ty is too large and more precisely,

when

~ Ut,...,Un;Ne,to
T>\>QE\1 tt}(a)a

where N¢ o is the (random) number of points of the process N, falling into [—1; T + 1] and for

any m € N*, q&UI’""U";m](a) is the (1 — a)-quantile conditionally on Uy, ..., U, of
70 LI~y 0 n—1 0
7y, = - ZZ ox(V = U;) — - Er(ox(V)=U)) ||, (4.3)
k=1 i=1
with (V?,..., V%) a m-sample with uniform distribution on [~1;T + 1] (namely a m-sample of
the process N. under Hp). We can easily prove that conditionally on Uy, ...,U, and Nt = m,

Ty and Tf\) . have exactly the same distribution under Hg. Thus, the corresponding test function
is defined by
(4.4)

P =1, Uy,...,Un;N, .
Ao T/\>qE\ 15-Un; c,tot](a)

4.2.2 The multiple testing procedure

Previously, testing procedures have been built based on each single empirical coefficient B )
We propose in this subsection to consider a collection of empirical coefficients instead of a single
one, and to define a multiple testing procedure by aggregating the corresponding single tests.

Let {wx,A € I'} be a collection of positive numbers such that » y.pe™> < 1. This set
allows us to put weights to empirical coefficients according to their index A = (j,k) € I'. Given
a €]0; 1[, we consider the test which rejects Hop when there exists at least one A in I" such that

2~ Ui,...,Un; N, Ui,...,Un;N, _
T)\ > qg\ 1 n c,tot] (u[a 1 n c,tot]e wk)’



104 CHAPITRE 4. Detection of dependence

where
u([XUl,...,Un§Nc,tot]

= sup {u >0:P <r/r\1é113( <T)(\),Nc,tot — qE\Ul""’U";NC’m](ue*wk)> >0 ‘ Ui, ..., Uy; Nc,tot> < a} .
(4.5)

The corresponding test function is defined by

D, =1 (4.6)

maxaer (TA_Q;Ul ----- Un;Nc,tot](u[aUl ,,,,, Un;Nc,tot]e,wA)> >0‘
We mention that, since the set I' is infinite countable, the number of tests to be performed
is infinite and this is not a problem from a theoretical point of view. But in practice, we have to
perform a finite number of single tests and so, we will fix a maximal resolution level jo and we
will carry out the single tests ®y o for A = (j,k) in I' with j < jo.
In the next section, we study the properties of the single tests ®) , defined by (4.4) and the
multiple test ®, defined by (4.6), through their probabilities of first and second kind errors.

4.3 Main theoretical results

4.3.1 Probability of first kind error

We constructed our single and multiple tests in such a way that the first kind error, which
measures the probability that the test wrongly rejects the null hypothesis, is less than a.

Proposition 4.2. Let a be a fived level in |0;1[. Then the single test ® o defined by (4.4) for
any A € T’ and the multiple test ®,, defined by (4.6) are of level a. Furthermore, lU1UniNetot]

defined by (4.5) satisfies u,[lUl""’U";NC’M] > a.

This result shows that the tests are exactly of level «, which is required for a test from a
non-asymptotic point of view (namely n and T are not required to tend to infinity).

4.3.2 Probability of second kind error

The second kind error, which measures the probability that the test does not wrongly reject
the null hypothesis is not fixed by the testing procedure, unlike the first kind error. We have to
control the probability of second kind error in such a way that it is close to 0, in order to obtain
powerful tests. The following theorem brings out a condition which guarantees that the single
tests have a prescribed second kind error.

Since h belongs to L;(R) and Lo (R), we introduce R; and R two positive real numbers
such that ||h||1 < Ry and ||h|lcc < Roo-

Theorem 4.1. Let o, B be fized levels in |0;1[. Let ¢ and k be positive constants depending on
B, te, R1 and Ry. For all X € T, let @y, be the test function defined by (4.4). Assume that

2 1 1 27
18y > \/é <n+T+ T;n>

oo (G G ) e (24 55 57))

(4.7)




4.3 Main theoretical results 105

for A= (4, k). Then,
Ph(q))\,a = O) < B

Note that the quantity % + % + 2;2” that appears under the square root of the first term
of the right hand side of (4.7) is of the same order as the upper bound of the variance of the
estimates [y (see Proposition 3.1 of Chapter 3). Consequently, the right hand side of (4.7) can
be viewed as a standard deviation term, since the other terms are not asymptotically larger than
the first term if we assume that 2/ < n?/(Inn)?, where asymptotic means min(n, T') — +oo.

Theorem 4.1 means that if the coefficient 5y is far enough from 0, then the probability of
second kind error is controlled. This result gives a threshold for 8 from which our associated
single testing procedure is able to detect a signal and shows that its power is larger than 1 — 5.
Furthermore, if we consider the regime "T proportional to n" in order to compare our result
with known asymptotic rates of testing, Condition (4.7) can be easily obtained for instance if
B3 > C/n by assuming that 2/ < n?/(Inn)?, with C' a positive constant.

Now we are interested in the power of the multiple testing procedure and the following theorem
gives a condition on the alternative in order to ensure that our multiple test has a prescribed
second kind error.

Theorem 4.2. Let o, 8 be fized levels in |0;1[. Let ®, be the test function defined by (4.6).
Assume that there exists at least one finite subset L of I' such that

1 n
HhLHg > (ClDL + Co ZwA) |:n + T2:|
AeL

. .2 jL
JL JL2 1
5Dy + C C 2) JL 1,
+( sDp + 4§w,\+ 5%11),\ [n2+ 3 +n2T2

(4.8)

where j;, = max{j > 0 : (j,k) € L with k € K;} and C1, Cy, C3, Cy and Cs are positive
constants depending on o, B, pe, R and Rs. Then,

This theorem means that if there exists one subspace Sy, of La(R) such that hz, (the orthogonal
projection of h onto Sp) lies outside a small ball around 0, then the probability of second kind
error is controlled. This result gives a threshold for the energy of hy from which our multiple
testing procedure is able to detect a signal and shows that its power is larger than 1 — .
Furthermore, if we consider the regime "T' proportional to n" in order to compare our result
with known asymptotic rates of testing, Condition (4.8) can be easily obtained for instance if
|hel3 > C x (Dp+ Y scr wr+ Y rer wi) /n by assuming that 272 < n?/(Inn)*, with C a
positive constant. Then, the separation rate between the null and the alternative hypotheses
is of order Dy, /n, and this is typical for testing procedures based on a thresholding approach
(see |45, 46] for instance). Usually, nested tests (namely based on model selection) achieve a faster
rate of separation of order /Dy, /n (see[4, 5] for instance). But these latter tests are not adaptive
over weak Besov bodies. Consequently, the separation rate established by Theorem 4.2 leads to
sharp upper bounds for the uniform separation rates over such particular classes of alternatives
and so, our multiple testing procedure will be proved to be adaptive over particular classes of
alternatives, based on weak Besov bodies.
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4.3.3 Uniform separation rates

Given some «, 3 €]0; 1], we have previously built an a-level test @, defined by (4.6), with a
probability of second kind error at most equals to 5 if Condition (4.8) is satisfied. Then, given
a class Sy of alternatives h, it is natural to measure the performance of the test via its uniform
separation rate p(®q, Ss, 8) over Ss (see [4]) defined by

p(Py,Ss,B) =inf ¢ p>0: sup  Pp(®,=0)< 5.
heSs,||hll2>p
In order to compare our result with known asymptotic rates of testing, we consider the regime
"T" proportional to n" in this subsection.
We introduce for § > 0, R > 0 the Besov body

By (R) =4 feLaR): f= Bpn, Vji=0, > 3%, <R?27°
AEA kEICj

We also consider a weaker version of the above Besov bodies defined for p > 0, R’ > 0 by

W, (R) = {f ELy(R): f=) Brpxn, sups” Y iz ss < R’P} :
AEA $>0 Ner

Whereas the spaces Bg’oo(R) constitute an ideal class to measure the regularity of the possible
alternatives h, the spaces W;(R’ ) constitute an ideal class to measure the sparsity of a wavelet
decomposed signal h. Indeed, if f = Y ycy Bapn € Wi (R'), then the associated sequence
B = (Bx)rer satisfies supycy- El/p|5|(g) < o0, where the sequence (|3|()¢ is the non-increasing
rearrangement of 8: |31y = |B|@) = ... = |Bly) = .. .. This condition gives a polynomial control
of the decreasing rate of the sequence (|3](¢))¢ and smaller p, sparser the signal. There exists an
embedding between Besov and weak Besov balls:

B o(R) C W, (1),

1426

where the radius r of the weak Besov ball depends on § and R (more precisely, r = 4°R/+/225 —1).
See |66, 94, 95| for more details and for extensions in a more general setting. So, we consider in
this paper such alternatives based on the intersection of Besov and weak Besov bodies, namely
sparse functions with a small regularity, see below.
To evaluate the uniform separation rates, we choose the following collection of weights
{wx, A € '} defined by
w>\:2(ln(j—|-1)+ln(7r/\/6))—|—ln|/Cj|, (4.9)
for any A = (j, k) € I', where |K,| is the cardinal of K; which is of order 27. With this choice,
the collection of weights satisfies the condition ), pe™** < 1. The following theorem gives
the uniform separation rates over Bg’oo(R) NW*, (R'), where the parameter 0 measures the

1+2
regularity and the parameter v the sparsity. i

Theorem 4.3. Let a, 8 be fized levels in |0;1[. Assume that T is proportional to n. Let ®, be
the test function defined by (4.6) with the weights wy’s defined by (4.9). Then, for any § > 0,

v>0, R>0, R >0, if 20 >~/(1+27)

]
-
) (%,BS,OO<R> AW, (Rm) <c <“”) e

142~ n
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with C' a positive constant depending on 8, v, R, R, a, 8, pe, R1 and Ry.

If § > ~, then the set Bgm(R) NW*, (R’) is reduced to Bg,oo (R) (given the above embedding
142+

between Besov and weak Besov balls) that only measures the regularity. Since we are interested
in sparse functions (with a small regularity), this is not the purpose here. Then we restrain our
interpretation to the case v > §. Note that Theorem 4.3 holds for instance with 6 = 1/4 and
for all v > 0. In this case, § = 1/4 corresponds to the small regularity mentioned previously.
Consequently, the main index =y, the sparsity index, governs the rates of convergence.

Theorem 4.3 illustrates the optimality of our testing procedure in the minimax setting. In-
deed, considering the regime "T proportional to n", uniform separation rates of the test ®,
match the minimax separation rates obtained by Fromont et al. [45, 46], if 26 > /(1 + 27) and
also § < /2 and v > 1/2 (see Theorem 1 of [45]). Furthermore, the upper bound of uniform
separation rates of our test ®, over Bg,oo(R) NW?*, (R') has been already obtained, up to a

142~
logarithmic term, for a wavelet thresholding estimation method proposed in Chapter 3 in a very

similar context and more precisely, this is equal to the minimax estimation rates of the maxisets
of the thresholding estimation procedure (see |66, 91, 95| for more details). This means that it is
at least as difficult to test as to estimate over such classes of alternatives. Note that on Sobolev
or Besov spaces, testing rates are usually faster than estimation rates.

4.4 Simulation study

In this section, we study our testing procedure from a practical point of view and we compare
it to the conditional Kolmogorov-Smirnov (KS) test and a Gaussian Approximation of the Unitary
Events (GAUE) method developed by Tuleau-Malot et al.[109].

4.4.1 Description of the data

We create different data sets that are to a certain extent a reflection of a neurobiological
reality. We consider the spike trains of two neurons NN, and N, which are modeled by two point
processes with respective conditional intensity Xp and \. defined by (4.1).

For real spike trains it is not reasonable to postulate the stationarity of IV, and N, i.e. u1,
and p. are constant and considering the same function h on the entire recording period [0; 7]
(see Griin et al.[52]). But this assumption is quite feasible on smaller time ranges (see Griin [51]
and Grammont and Riehle [50]). However, to date, we have no algorithmic and statistical tool
to clearly identify the stationarity ranges. Several methods (UE and MTGAUE, see[109] for
instance) propose to perform many tests on different small windows of time and to use multiple
testing procedure (see Benjamini and Hochberg (8] for instance) to combine them. Hence those
methods can solve, at least in practice, this stationarity problem. The aim of this simulation study
is not to show how our testing procedure can be incorporated in a Benjamini and Hochberg’s
approach, which lies outside the scope of the present thesis, but to discuss the advantage of our
method on one small window of time. This explains the use of the simulated data described
below.

We need therefore to simulate dependence between N, and N. on [0;7] and to take into
account the major part of the neurobiological reality. So, we simulate processes N, and N,
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whose intensities are respectively given by

t
Ap =50 and A.=20+ / h(t — u) dNy(u), with h = 01,001
—00

In order to evaluate the performance of different procedures, several parameters 6 and v are
tested. The parameter 6 represents the influence strength of N, on N,: larger the parameter ¢
and more important the influence of N, on N.. The parameter v introduces a possible minimal
delay in the synchronization, i.e. the synchronization of the neuronal activity occurs with a delay
0 uniform on [r;0.01]. We consider nine different data sets denoted Datay, Dataig, Datasp,
Dataso, Datagy, Dataygy, Dataso,, Dataso, and Datagy,. For k € {0,10,30,50,80}, Datay, is
simulated with 8 = k and v = 0 while Datay, is simulated with § = k and v = 0.005.

4.4.2 The Kolmogorov-Smirnov test

First, we look at the performance of the Kolmogorov-Smirnov test (see Darling[30]) to con-
vince us that this commonly used test is not reliable in this context. Indeed, even if the KS
test is not a test of independence, the KS test may provide an answer to the problem. Since as
said before, under Ho and conditionally on Uy, ...,U, and N.;,x = m, the observations of N,
are 1.i.d. with common law the uniform distribution on [—1;7 + 1], looking for the adequation
of N, with this law could be an idea to detect the rejection of Hg. So, the use of the KS test is
relevant.

First, we focus on the empirical rate of the type I error which is an approximation of the level
of the test. Thus, we simulate 5000 independent realizations of Datag, simulations on which we
perform the KS test with level o = 0.05. The empirical rate of the type I error evaluated on
those data is 0.051, which is as desired.

What about the number of wrong rejections of H1? We consider the power of the tests
which is the proportion of correct rejections of Hg. We simulate 1000 independent realizations
of Datayg, Datasy, Datasy, Datagg, Datayg,, Datasgy., Datasg, and Datagg,, data on which we
perform the KS test with level o = 0.05 and we evaluate the empirical power of the test. Table
4.1 summarizes the obtained results. The KS test power is extremely close to the expected level.
Hence the KS test is not able to clearly detect the dependence.

Data set | Power for KS
Dataqg 0.040
Datasg 0.051
Data50 0.087
Data80 0.113
Dat(ll()r 0.054
Datasg, 0.059
Datasg, 0.053
Datagg, 0.073

Table 4.1: Power of the KS test with level a = 0.05, evaluated for various interactions.
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4.4.3 The GAUE method adapted to our context

Before comparing both methods, we briefly return to the principle of the GAUE method.
The aim of the GAUE method is to detect the dependence on a single window [0;77]. This
method is based on the coincidences with delay. More precisely for the couple of processes
(Np, N¢), we compute the number of coincidences with delay ¢ on [0;77], i.e. the variable X7 =
f[O;T]Q 1j;—y|<s ANp(z) dNc(y), that represents the number of pairs (z,y) in N, x N such that
|z — y| < 0. Let us define A\, = N,([0;T])/T and A\, = N.([0;T])/T where N,([0;T]) and
N(]0;T]) denote respectively the number of spikes of N, and N, among [0;7]. The quantities
5\p and ). are estimators of Ap and ..

We reject the null hypothesis Ho: "h = 0" when X7 > 1mg+06u;_q /2, where 19 = 5\p5\6(2T5—
62), 62 = MAe(2T6 — 62) + Aphe (5\p + 5\0) (263 — £6%) and Ui_q 2 is the (1 —a/2)-quantile of a
standard normal. This threshold comes from the theory developed in [109] and is adapted to our
context. The quantity 1y is a plug-in estimator of the expectation of X7 under H, and 42 is an
estimator of the variance. It can be shown that under the assumptions "N, and N, are Poisson
processes" and "N, and N, are stationary", this test is asymptotically of level o. Further details
about the meaning of those different estimators are given in [109].

The GAUE method was developed jointly with a neurophysiologist and it fits in line the UE
method developed by Griin and coauthors (for instance, see [51] and [52]), which is a commonly
used method in neurosciences. One of its main disadvantage is that ¢ has to be chosen beforehand.
Part of the aim of this work is to propose a more adaptive method.

4.4.4 Our procedure in practice

From a theoretical point of view, considering all the resolution levels is not a problem. How-
ever, in practice, we have a maximal resolution level, denoted jg in the sequel. We choose jg quite
small for time computational reasons (jp = 3). Thus, it is better to have the support [—A; A] of
h with A close to 1. Nevertheless, if in addition to a global detection, we are interested in a more
local detection, i.e.the coefficients A € I' for which ®,, ) is rejected, jo should not be too small.
For instance, if h = 1jg.4) and if the order of magnitude of A is 2=/ or 1 —277, with J > jo+1,
our procedure does not allow to detect locally the jump of h at A. Consequently, taking A close
to 1/2 may appear reasonable. Hence, the data are multiplied by 50 before being treated.

Let us recall that our test rejects Ho when there exists at least one A = (4, k) in I with j < jo
such that

7 > qg\Ul,..‘,Un;Nc,mt](u[aUl,..‘,Un;Nc,tot]efw)\)’

where jo > 1 denotes the maximal resolution level, ulUtUniNeot] 4 qofined by (4.5) and the

wy’s are given by (4.9). Hence, for each observation of the process N, whose number of points

is denoted by N, i+ = m, given the points of NN, denoted Uq,...,U,, we estimate uLYUl""’U”;m]
and the quantiles qE\Ul""’U";m] by classical Monte Carlo methods based on the simulations of
B independent sequences {V® 1 < b < B}, where V® = (V,..., V%) is a m-sample of uniform

variables on [—1; T'+1] (i.e. the law of N, under Hy, conditionally on Uy, ..., U, and N¢ ot = m).

We fix B = 20000 in the sequel since for larger values of B, the gain in precision for the estimates

of wUrUniml anq qLUl’“"U”;m] becomes negligible. We define for any A = (4, k) in T with j < jo,
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for 1 <b< B:

ZZ [%\(ka - Ui) - & ; IEW(QD)\(ka - U))] ‘ .

We compute these ’f’/(\) ’gl’s with a cascade algorithm (see Mallat [74]).
Half of the m-samples is used to estimate the quantiles by putting in ascending order the

Tg ’fn’s for any A. The other half is used to approximate the conditional probabilities occurring in

(4.5). Then, ugj 1 Uniml i obtained by dichotomy, such that the estimated conditional probabil-

ity occurring in (4.5) is less than «, but as close as possible to . Choosing jy = 3, our procedure
considers 15 single tests ®) , involving wavelets whose support length is respectively 0.125, 0.25,
0.5 and 1. This allows us to make detections at the positions m x 273 (m in {0,...,7}) with a
range of 273, Due to the scaling of the data in our procedure, we need to divide the positions
and the range of the possible detections by 50. Consequently, in the real time, the positions and
the range become m x 0.0025 (m in {0,...,7}) and 0.0025.

The associated programs are available in Section A.2 of Appendix A.

4.4.5 Results

We compare our testing procedure and the GAUE method on the different data sets. As for
the KS test, we look first at the level of both tests. We simulate 5000 independent realizations of
Datayg, simulations on which we perform the present method and the GAUE ones with « = 0.05.
For the GAUE, the tuning parameter ¢ varies on a regular grid of [0.001; 0.04] with a step 0.001.
The order of magnitude of § is similar to the range of the possible detections done with our
method. On those data, we evaluate the empirical rate of type I error. Those results, for both
methods, are summarized in Table 4.2: both testing methods seem to have a correct level in
practice. This means that the number of wrong rejections of Hg is well controlled.

Data set | our procedure GAUE
Datayg 0.0486 0.0446,/0.0510/0.0548

Table 4.2: Empirical rate of type I error associated to our procedure and the GAUE method. The
theoretical level is a = 0.05. Since the GAUFE method depends on the tuning parameter §, the given value

is the minimum/median/mazimum of the empirical rate over all the §.

Now we want to see if the number of wrong rejections of H; is also controlled. To evaluate
the power of both tests, we simulate 1000 independent realizations of Datayg, Datasg, Dataso,
Datagy, Dataygr, Datasyy, Dataso, and Datagg, as for the KS test (see Section 4.4.2). The
results of the empirical power are given by Table 4.3: both methods are comparable in terms of
power when v = 0 (i.e. for the Datay). However when v # 0, our method seems to have better
performance since the power is higher.

Moreover, if both methods are comparable in terms of performance, it remains that the
testing procedure proposed in this chapter has an advantage over the GAUE method. In fact,
our method is statistically adaptive. Indeed, the parameter § which appears in the GAUE
method is not calibrated in practice. In our method, we aggregate the single tests over (j,k). So
on one hand, we do not need to specify this parameter but just an upper bound jg, the maximal
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Data set | our procedure GAUE

Dataqg 0.095 0.068/0.1085/0.168
Datasg 0.478 0.154/0.3795/0.707
Datasg 0.864 0.278/0.6645/0.953
Datagg 0.993 0.451,/0.9160/0.998
Datayo, 0.073 0.047/0.0575/0.077
Dataso, 0.282 0.050/0.1415/0.277
Dataso, 0.664 0.053/0.2825/0.589
Datasgo, 0.968 0.048,/0.4900/0.879

Table 4.3: Powers associated with our procedure and the GAUE method, evaluated for various interac-
tions. The theoretical level is a = 0.05. Since the GAUFE method depends on the tuning parameter §, the

given value is the minimum/median/maximum of the empirical rate over all the 6.

resolution level: the method through weights (4.9), adapts to this unspecified parameter (7, k).
But on the other hand, by looking at the single tests ®) , that have supported the rejection, we
are able to partially recover an important information for the practitioner: the position (k277)
and the range (277) of the influence. In fact, by looking only at this single testing procedure, we
get an upper value for 0.01 and a lower value for v on the range of delay ¢ of synchronization.
To obtain more precise estimations of the support of i, we can consider an estimate of h, for
instance the one proposed in Chapter 3. The capacity to our method to get an information on
v is due to the fact that for a resolution level j we consider different positions k. This is not
possible with the GAUE method. This explains why the results on Datag,, Datasg,, Datasg,
and Datagg, are better with our method.

4.5 Conclusion

In our chapter, we have investigated the influence of a point process on another one. We have
built a multiple testing procedure based on wavelet thresholding. The main results of the chapter
have revealed the optimality of the procedure. Furthermore, our test is adaptive in the minimax
sense over classes of alternatives essentially based on weak Besov bodies. Then, from a practical
point of view, our method answers several practical questions. However, a number of challenges
remain before applying our method on real data. To overcome the problem of stationarity, we
could use a Benjamini and Hochberg’s approach as for the GAUE method. Finally, we could
consider a more sophisticated model that takes into account the phenomenon of self-excitation
(as for the complete Hawkes model). But this model raises serious difficulties from the theoretical
point of view. This is an exciting challenge.

4.6 Proofs

All along the proofs, we introduce some positive constants denoted by C'(¢,...) meaning that
they may depend on &, .... They do not depend on j, n and T (which drive the asymptotic).
Furthermore, the values of these constants may vary from line to line.
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We recall that {py, A € A} is the Haar basis and consequently, we have:
loall =272, flealz =1 and [lpallo = 27/,

In the case of a biorthogonal wavelet basis, ||oall1, [[¢all2 and [|@allcc are of the same order as
above, up to a positive constant respectively depending on |91, ||¢||2 and [|?] o, Where 1) is
the mother wavelet associated to the considered biorthogonal wavelet basis. Consequently, the
same proofs potentially lead to the results on a biorthogonal wavelet basis as well as in Chapter
3 for the wavelet thresholding estimation.

4.6.1 Proof of Proposition 4.1

We first notice that for any A in I', for any u € [0; T,
T+1
/ oA(t —u)dt =0. (4.10)
—1

Let A\ € T be fixed. By considering the aggregated process (4.2), we can write

G(ox) = G%px) + Glen), (4.11)

with

n

o = [ 3 [erte =) =" Bt~ U] i)

and

G(@A):/Ri[SO)\@T_Ui)—n;:lE ox(x —U } ZdNJ

On the one hand, we notice that G(p,) is the same quantity as the one defined by equation (3.5)
of Chapter 3. Thus, by applying the first part of Proposition 3.1 of Chapter 3, we obtain

E(C(g2)) = n /R o(@)h(z) de.

On the other hand, we have
G(o2) = /R ox(z — ) dNO(2) + 3 /R oa(z — U3) — En(pa(z — U))] dNO(2).
1=2

Thus,

T+1 T+1

E(G%(eN)|U1; -, Un) —/ pa(z —Uh) Mcd$+2/ [ox(z = Ui) = Ex(pa(z = U))] pedx

-1

and by using (4.10), we obtain

no T4
E(G°(¢r)) = Z / 1 E[pa(z — U;) — Ex(pa(z — U))] pe dz = 0.
=2~
Finally,
’ Ay [ 9(en)
5 =5 (£2)) = [ r@ne) e = s

which proves Proposition 4.1.
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4.6.2 Proof of Proposition 4.2

Let a be a fixed level in |0; 1. Let A € T" be fixed. First, the probability that the single test
defined by (4.4) wrongly detects a signal is

7 U- 7---7U7L§Nc o
PO((I))\704 = 1) =Py (T)\ > qg\ ! ot t}(a)) .

Since conditionally on Uy, ..., U, and N, T)\ and Tf\) N vor have exactly the same distribution
under H, qg\Ul""’U";Nc’tOt} () is also the (1 — a))-quantile of TA‘Ul, .oy Un; Netor under Hg. Thus,

PO((I))\,CV = 1) Ny

and the level of the single test is a.
Then, the probability that the multiple test defined by (4.6) wrongly detects a signal is

[F’O((I)a = 1) =P, (Taﬁc (T)\ . qg\Ul,-..,Un§Nc,tot](u([lUly...,Un;Nc,tot]efw)\)) > 0> )
S

By definition (4.5) of ull " UrifVetord

P, (Iilag (T)\ . qE\Ul,...,UnQNc,tot](ULUly...,UnQNc,tot]e—wA)) > O‘Ul, o Un; Nc,tot) < a,
€
because conditionally on Uy, ..., U, and N¢ i, TA and T)(\) N vor have exactly the same distribution

under Hy. By taking the expectation over Uy, ...,U, and N, ., we obtain that

and the level of the multiple test is a.
Furthermore, by Bonferroni’s inequality we have

P (Iggg (T)(\)N - q[AU““’U“;Nc"‘”](ae’w*)) > O\Uh o Uy Nc,tot>
7 U :-'wUn;Nc, o —
< Z]P’ (Tngc’tot - qg\ ! ‘ t](ae WA > O‘Ul, e Un;chtot)
Ael
€Yo
el
<«
and consequently Ut Unileor] 5 by definition (4.5) of u,[)Ul"“’U";NC’“’t], which concludes the

proof of Proposition 4.2.

4.6.3 Proof of Theorem 4.1
Let A € I be fixed. Here we want to find a condition which will guarantee that
Pr(®yrqa =0) < B,

given (3 €]0;1[.
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Let us introduce q'_5 5 the (1 — B/2)-quantile of the conditional quantile q[Ul’ +UnilNe o] ().
Then for any h,
Pr(®ra =0) =Py (T,\ [Ul’ Amileer () Q&Ul’m’Un;Ncm}(a) < Q?fg/z)

+P, (T < q&Ul,...,Un;Nwot}(a) ’ q&Ul,...,Un;Nc’tot}(a) S q?—6/2>
<Pp(Th < qf g/2) +6/2

and a condition which guarantees IP’h(Tk <S¢l g /2) < B/2 will be enough to ensure that

Pp(®ra =0) < 6.
The following lemma gives such a condition.

Lemma 4.1. Let o, 8 be fized levels in |0;1]. For any A = (j,k) € T, if

B (D)) > /QCQﬁj’”’T + a0 (4.12)

for a particular  which is a positive constant depending on p., R1 and R, where

1 1 27n
Qj,n,T = o + T + T2
then
Pu(Tr < ¢f_g/2) < B/2,
so that

Pp(Pra =0) < B.
The proof of this lemma is postponed in Section 4.6.6.1.
In order to have an idea of the order of the right hand side of (4.12), we are now interested

[U17 7Un7Nc tot}( )

in the control of ¢{' 82 the (1 — 3/2)-quantile of ¢ . A sharp upper bound for

q 8/2 is given by the following lemma.

Lemma 4.2. Let «, 8 be fized levels in |0;1[. For any A\ = (j, k) € I, there exists some positive
constant k depending on 3, p. and Ry such that

il i gl
gy < ﬁ;{\/ln(Q/a) <\1F+\1F 2 Tf> +1n(2/a) (fﬂfg/? v >}

The proof of this lemma is postponed in Section 4.6.6.2.

Now, observe that if Condition (4.7) of Theorem 4.1 is satisfied, namely

2CQ —j/2 - 07 /2 _i/2
1Bl > Wﬁ-H{W(\}H—F;T+W)+ln(2/a)(f+j§3/2 +2nT )}7

then by Lemma 4.2,
[2CQjn,T
18] > # + Q?—B/?

We notice by Jensen’s inequality that |3x] = [En(8))| < En(|8r]) = Exn(Ty). Thus, Condition
(4.12) of Lemma 4.1 is satisfied and by Lemma 4.1,

Pr(®rq =0) < B,

which concludes the proof of Theorem 4.1.
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4.6.4 Proof of Theorem 4.2

[Uh 7Un7Nc tot]

Since ug > « (see Proposition 4.2) and by setting ) = ae™*, we have

<P, (V/\ cTl T)\ [Ul, Un;Ne, wt]( ,\)>
< e ln Ph <T>\ [U17 Un;Nc,tot](aA))
< minPp(®y o, =0)

Ael

B,

N

as soon as there exists A in I" such that Py (@, = 0) < 3.
First, let us give the precise values of the constants that appear in Condition (4.8) of Theo-
rem 4.2:

01:8(2+3mﬁncya»,02=2@¥, C3 = 12k%1n* (2/a), Cy = 24k*In (2/a) and Cs = 122,

where ¢ and k are the Constants defined respectively by Lemma 4.1 and Lemma 4.2. We recall
that Qjnr = + + TQ" and we denote Rj, 1 = 2 + ]ng + 7122732
Let us assume that there exists one finite subset L of I" such that Condition (4.8) of Theo-

rem 4.2 is satisfied. Thus,

\Wd@>8(<é+3¥hMWaODL+&¥§:wJ[;+;;

AEL

29iL 1
+ (12/{ In? (2/a)Dy, + 247 In(2/a) ZU))\ + 12“22 ) [nz + IL + n2T2] )

3
n
AEL AEL

Since In (2/a)) + wy = 1In (2/ay),

2y3>§:{( +3mm@ﬁ10[1+TJ4szm(WM)H§+€§L+n$4}

AeL AEL

and it implies that there exists one coefficient A = (j, k) in I" such that

ﬁ§>>8<é-+352hd2/axi>[l +] +]2m2h9(2/aA)[;;4-

§227 1
T2

n3 + n27T?

JQJ

Seeing that Q7 < 2 [% + %] and Rj, 1 < [nQ + + nQTQ}, we have:

53 > 4£Qj,n,T + 1262 1In (Q/QA)Qjmj + 122 In? (Q/QA)ij’T.

B

Since (va + Vb4 /c)? < 3(a + b+ ¢) for all a,b, ¢ nonnegative real numbers,

| ) L1 20RRN f LR 27
Qjnr+4K ln(2/a,\)<\f+f+ T +4k%1In” (2/ay) n3/2 + T

2o 4%
B)\>4l3
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and then,

2 11 279 272 272\
B3 > Q/%—i—m{ 1n(2/oz>\)<n+T+T\/ﬁ)—i‘ln@/o&)(\nf ]n:a/Q+ nT )}) :

Finally, it is equivalent to

279/2/n - i9i/2 9-i/?

which is exactly Condition (4.7) of Theorem 4.1 and we conclude the proof of Theorem 4.2 by

applying Theorem 4.1.

4.6.5 Proof of Theorem 4.3

With T proportional to n, Condition (4.8) of Theorem 4.2 is satisfied if there exists one finite
subset L of I' such that

18I > h—hel3+C (e 8. e, Re, R {(DHZW) (DAY e X ) (24422 }},

A€L AEL

with j, =max{j > 0: (j,k) € L}, > ycpwr < Cx (jr+1)Dpand >, ., w3 < Cx (jr+1)*Dy.
Consequently, Condition (4.8) is satisfied if there exists one finite subset L of I" such that

IR[I3 > 17 — hill3 + C (e, B, pe, Ri, Reo

)(jL;r Yp,. (4.13)

with the maximal resolution level j; such that 272 < n?/(Inn)%.
Let J > 1 that will be chosen later. We consider the following finite subset I'j of T’

FJ:{)\:(j,k:)6F:0<j<J,k:6/Cj}.

We introduce for all integer D < |I'j| the subset L of I'; such that {5y, A € L} is the set of the
D largest coefficients among {8, A € I';}. We can notice that

Ih =Rl = llh = hr, |13 + llbr, — el

On the one hand, since h belongs to ngoo(R),
Ih=he,l3 =2 > Bl < C@OR?27.
j>J keK;

On the other hand, using equivalent definitions of weak Besov balls given by Lemma 2.2 of [66]
and using for instance page 211 of [45], we obtain:

lhr, = hell3 < C(y) R D™,

since h belongs to W*, (R’), with R” an absolute positive constant depending eventually on ~y
142~
and R’
Taking
7 = [logy (1)) + 1
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for some 0 < & < 2, we obtain that the right hand side of (4.13) is upper bounded by

Dl
C(5,77R7 R/7avﬁvﬂcaRlaRoo) (n_266 —I—D_2,y + : nn) .

n

Taking D = [(n/Inn)/0+2)] and ¢ > 7/(6(1 + 2v)), we obtain that the right hand side of
(4.13) is upper bounded by

—2y

0(5»%}37}3,,&,5,%,}31,}3@)( o )m

Inn

when 2§ > /(1 + 27v) and so,

it
p<(I)a7Bg,oo(R) nw* 2 (R/)aﬁ) < C(&’Ya R; R/7@767M07R1;Roo> (L> o )

T Inn

which concludes the proof of Theorem 4.3.

4.6.6 Proof of lemmas
4.6.6.1 Proof of Lemma 4.1

Let A € I be fixed. From Markov’s inequality, we have that for any x > 0,

P, (‘T,\ _ Eh(T,\)’ > x) < Va;(zm. (4.14)

Let us control Var(Ty) = Eh(Tf) — E3(Ty). We easily obtain by Jensen’s inequality and by
considering the decomposition (4.11) of G(py):

Var(Th) < Var(By)

< %Var(GO(apA) + G(pn))

< % [Var(GO(go,\)) + Var(G(pn))],

with

n? 27ip3
Var(G(py)) < C(R1, Rx) {n + T + TZ} 7

by applying the second part of Proposition 3.1 of Chapter 3. It remains to compute Var(G%(¢y)).
For this purpose, we apply the same methodology developed in Section 3.6.1.2 of Chapter 3. We
have the following decomposition of Var(G%(y,)) into two terms:

Var(G%(py)) = E(Var(G°(¢x)|U, . .., Un)) 4+ Var(E(G® (o)) |Ud, ..., Uy)). (4.15)
We start by dealing with the first term of (4.15). We have

Var(G%(o\)|U1, ..., Up)
T+1 n n—1 2
= / (Z [@A(UC —Ui) = ——Ex(palz — U))D fic dzx
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n

T+1 T+1
~ e / Sl — Uy de + 20, / ox(@—U)S oa(e — Ui) — En(pa(a — U))] da
—1 —1 i=2

n

T+1 N1
+ ﬂc/ ' > leala = Ui) = Ex(oa(e = U))] [pa(z — Ux) — Exlpa(z — U))] da.
- 1=2 k=2

In the first integral, write y = x — Uy. So,

Var(GO(go)\)|U1,...,Un)

n

T+1
— pelloal3 + 20 / el =T Y lea@ — V) = Exln(o — U)] do

T+1 N N =
e [ 303 oale — U) ~ Enlala = U))] [eae = U3) = Enlion(o — 0)] da,
- 1=2 k=2
Thus,
T4+1 N
E(Var(G*(gx)|U1, -, Un)) = Mcllwllfruc/ ZE [oa(z = Ui) = Ex(pa(e - U))}Q) dz
T+1

= pelloald + (n — Dpe / - Var(aa = U) da

loall3
< piellpall3 + (n = Dpe(T +2) =772

< Cpe)n, (4.16)

by using (4.10) and Lemma 3.1 of Chapter 3.
Now, we deal with the second term of (4.15). We have

T+1 T+1
E(G(pA)|UL, -, Up) 2/1 ex(z —Uy) Mcdl’+2/ [oa(@ = Ui) = Ex(pa(z — U))] pe da

nooaT4l
S /  oale = U) = Exloalo — U) do
=2 Y

by using (4.10). Therefore,
T+1
Var(E(G%(ox)|Un, ..., Uy 2 Var Z/ [ox(z — Ui) — Ex(ox(z = U))] dzx

—itn = 1)var | T loa(e — U) — En(oa(e — ) i)

-1

(f este - U1>rdx)2]

pz(n— 1Al
C(1e)2 7 n. (4.17)

< pe(n —1)E

<
<

Finally, by combining inequalities (4.15), (4.16) and (4.17), we obtain:

Var(G° (1)) < C(pe)n.



4.6 Proofs 119

Thus,

. C(pe, R1, Reo) n? 27ip3
Var(T)\)éT n"f'?‘i‘T <(CQjn,Ts

with ,
1 1 279n
Qj,n,T:ﬁﬂ‘T‘f'?
and ( a positive constant depending on ., R; and R
Taking = 1/2(Q;n 1/ in (4.14) and using the previous inequality leads to

Ph(‘T)\_Eh(T)\)‘ \/QCQ],TLT/> 6

Therefore, if Ej, T,\ V2QjnT/B+ a7 g2 then

P (T ql*,@/Q) P (T)\ - Eh(T)\) < q?—ﬁ/z — Eh(T)\))

<Py <‘T)\—Eh(T)\)‘ \/2€Qjnr/B )
< B/2

and so
]P)h((I))\,Oz = O) g Bv

which concludes the proof of Lemma 4.1.

4.6.6.2 Proof of Lemma 4.2

We focus first on the control of the conditional quantile q[U1 U";Nc’“’t}(oz). For all m € N*,

[[Jl7 ,Un,m]( )

the (1 — a)-quantile g, is the smallest real number such that

- Us,..., Up;
P <T§,m > g )

Ur,...,Un; Nc,tot = m) < a,
where 7Y is defined by (4.3). Let m € N* be fixed. We write

Z () Vk
k=1

where (V,..., V%) is a m-sample with uniform distribution on [~1;T + 1] and for any v €

- 1
0
m=

n

swmmzijww—W—

i=1

n—1

Ex(pa(o — )]

Since E(p\(V —U)|U) = 0 for independent random variables U and V uniformly distributed on
[0; 7] and [—1;T + 1] respectively, the S())(V,?)’s are centered and independent conditionally
on Uy, ...,U,. Then we apply Bernstein’s inequality (for instance, see Proposition 2.9 of [77]) to
get that for all w > 0, with probability larger than 1 — 2¢™%

> Sl (Vi)
k=1

Y

w
< \/2mVar(S(e) (VU ... U + = sup  [S(pa)w)]-
ve[—1;T+1]
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Thus, with probability larger than 1 — «,

T)(\{m g f(U17 s ‘7Un;m)7

with
f(Ul,...,Un;m):i{ 2mln(2/a)Vg—|—hl(23/a)Bs}, (4.18)

where

Vs = Var(S(p2) (VO)[U1,....Un) and Bs=  sup  [S(pa)(v)].
ve[-1;T+1]

Therefore we have q[U1 """ Unim] (o) < f(Un,...,Up;m) by definition of the quantile q[Ul’ Unim] ().

Let us now provide a control in probability of f(Uy,...,U,;m). We control first V.

Vg = Var <i oA(VP = Ui) — (n— D)E (A (VY = 1)) ‘Ul, ey Un>

i=1
0 2
(ZSOA - —(n = DEz(ex(Vy —U))) ‘Ul,...,Un
1 T+1 [/ n 2
< —U;) = (n—1)E, -
= N PR R ) I
2 T+1
<5 ox(v = U)oa(v — Uy) + (n — 1)*Ex (pr(v — U)) | dv
TH2 o= 1<i,k<n
9 T+1 N T+1
ST, Tr2 / ZSO?\ (v="U, dv—i—/ Z ox(v —Ui)pr(v — Uy) dv
—li=1 =—Ll1<itk<n
_1)2 [T+ T 2
—i-(nTQ) /u=1 (/0 \goﬂ(v—u)du) dv
Spytales [0S eato — Uy o+ " 4 9y 2
STao 2P N Palv k) av T2 Pall1
1<i#k<n
C T+1 2—in2
< pp — Uy - y 4.1
71"t Z /v:_lw,\(v Ui)er(v —Uyg) dv + T (4.19)

1<i#k<n

with C' an absolute positive constant. We have a decomposition of the second term in a sum of
degenerate U-statistics of order 0, 1 and 2. Indeed

T+1
/ ox(v = Up)pa(v —Ug) dv = Wy + Wy 1 + Wy + Wa,

1<izk<n /v="1

with

T+1
= ¥ [ o= U= Eaerlo = D)liaw ~ V) = Bxalo = D) o

1<i#k<n

T
W= 3 [ e o - v)a

1<i#k<n
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Wig= Y /T+1 (a(v = U))pa(v — Uk) dv

1<i#k<n
and
T+1
Z / E2 (px(v — U)) do.
1<ik<n ¥ V=
First we control Wy:
n(n —1)(T +2)
Wol < "= o 2
27 In?

<C , 4.20

- (1:20)

with C' an absolute positive constant. Next we deal with the control of W7 1 and W; 2. We notice

that
no o aT41

Wii=Wia=(n-1) Z/ ox(v = U)Er(pr(v —U)) dv
=1 Jv="1

and consequently we have by using Lemma 3.3 of Chapter 3

e el
Wial = Wizl < n-D>" [ fonl(w = U ol 22
i=1 Jv="1
27In?
<C T”’ (4.21)

with C an absolute positive constant.
Now it remains to control W, with

where

T+1
9(U;, Uy,) = 2/ [or(v = Ui) — Ex(pa(v — U))][pa(v — Ug) — Ex(pa(v — U))] dv.

v=-—1
One can apply Theorem 3.4 of [61] to Wo and —W5. It implies that there exist absolute positive
constants c1, co, c3 and ¢4 such that with probability larger than 1 — 2 x 2.77e™%,

|W2‘ 61C\F + coDw + Cng3/2 + C4Aw

for all w > 0, where

= lglloc < 8lleallilloallc < 8;
e C? =E(W2) and we have

C’= Y E(@UsUy)

1<i<k<n

T+1 2
< dnfn — 1E [( | lerto = 00) = Ealion(v = UDlla(w ~ V) ~ Enlioalv — 0) dv) ] |

v=—1
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We denote E /) wrer(f(U,U’)) the expectation of f(U,U’) where U ~ m and U’ ~ 7 are
independent and fY(v) = f(v — U). Hence,

) T+1 ) , 2
¢ < tnln— VEwomrs | ([ 600~ Bal D] [ (0) - Bolef ()] av)
2 e U U’ i U U’
< B unen || [ A0E O 0= Eoes ([ 06 0)t0)
v=— V=—
T+ u T+ o 2
~Even ([ K OK @ 00) 4 Bponnsn ([ K006 0)0)
) T+ i 2
< Cn° S Ewuy~ron </_ X lox (V) |ex \(v)dv)
T+1 . - 2
+ [Bwwnser ([ 1100 1000 )] 1,
with C an absolute positive constant. But,
T+1 U o 2
Baseryren |( [ 165100168 0) o)
T+ o T+
<Ewormrer ([ PO 100 [ 110 a0)
™ U’
~Borsr ([ PO 10)d0) sl
2
< 2 lleallt
N
and
e / / (T +2)[eall?
Brynsn ([ 110110 00) = Bl 10)BA 10 do « 220,
by using Lemma 3.3 of Chapter 3. So,
277 27
2 cn2) 20
C<Cn { T + T2 },
with C an absolute positive constant;
n n—1
e D =sup {E( Z g(UZ,Uk)aZ(UZ)bk(Uk)) : E(ZGI(UZF) < 17E(Zbk<Uk>2) < 1}.
1<k<i<n i=2 k=1
But, with the conditions on the a;’s and the b;’s, we have:
E{ Y g(Ui,Uk)ai(U)bp(U)
1<k<i<n
n 1—1
= 2E( /[@A(v —Ui) = Ex(pa(v = U))][oa(v = Ur) = Ex(pa(v — U))] dva; (U;) bk (Uy,))
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n n—1
<2 [E(3 foato — U) ~ ExlH @D |la@INECY for(v -~ Ui) ~ En(e ) 101 do
1=2 k=1
T+1 n—1
<2 Vi DVt U>>E<Z loa(w — Ux) — En (oY <v>>|bk<Uk>r> o
=T k=1

T+1
<2y/(n— lele (Z/ " ‘cpA(v—Uk)—Eﬁ(go)\(v—U))ku(Uk)\dv)
\/ H%HzE <2”80>\||12‘bk Uk) >

HSO,\HzHSOAHn/m
n—1
<4
VT
by using Lemma 3.1 of Chapter 3. Then,
—j/2
D < o2 "
VT

with C' an absolute positive constant;

e BZ=sup (ZE (u, Ug) ),With

E(g2 (ua Uk))

T+1 2
—E ( | Torto =) = Exlrto = 0))lipato = U) = Exlpalo = ) dv) ]

v=—1

T+1 2 U T+1 I
< | [ o) - Bl O )~ Bt ] o [ o) ~ Bl o] o]

T+1
< 8E /:_1 [oA(v — 1) = Ex(oa(v — U)]*|oa(v = Uy) = Ex(pa(v — U))| dv} loalls

16 T+1

<7 | v —u) ~Ex(oro - U] delleal?

v=-—1
64 9 9
g = I
7 lleallilloall2
by using Lemma 3.3 of Chapter 3. Hence,

27In
T M

B2<C

with C an absolute positive constant.
Finally, we obtain for all w > 0, with probability larger than 1 — 2 x 2.77e™%

)

VT vT VT

with C an absolute positive constant.

9—i/2p, 9—j 2-3/2 2-3/2
Wa| < { Do+ ”@+ Dot \/ﬁw3/2+w2}, (4.22)
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Thus, by inequalities (4.19), (4.20), (4.21) and (4.22), for all w > 0, with probability larger

than 1 —2 x 2.77e™%,
2=in2  9-3/2
ngc(w){n+ no n} (4.23)

T VT

Then it remains to compute Bg. We recall that

n

Bs= sup Z |:(,0)\(7) - U;) —

vel[-1L;T+1] |72

lsoall.
T

n—1

Br(o(0 ~ U)] ‘

< Bg + 2=

n

with Bg =  sup Z [ox(v—=U;) —Ex(pa(v —U))]|. Since the Haar basis is considered
ve[-1T+1] |, 54

here, we can write for any x € R:

/2
pa(x) = 27/ (1(2k+1)2—<a‘+1><m<(k+1)2—f - 1k2—-7<x<(2k+1)2—(j+1)) )

with A = (j, k). Thus,
Bs <2 (BY+ BY).

where
n
1
Bg = sup [Lho-ico—tic@rrnz-G+0 — Br(Lpa-ico_pe(arinyz-+n)]
vel-17+1] |
and
n
-
Bg = sup Z [1(2k+1)2*(j+1)<U—Ui<(/€+1)2*j - ETF(1(2k+1)2*<j+1)<v—U§(k+1)2*j)] :
vel-1TH1] |

We observe that

< sup
By, veER

)

Z 15,(U;) — Ex (15, (U))]

=1

where for any v € R, B, = [v — (2k+1)2-U+D: ¢y — k277]. We set B = {B,,v € R} and for every

integer n, mp(B) = sup |[{ANB,,v € R} It is easy to see that
ACR,|A|=n
1

and so, the VC-dimension V of B defined by sup{n > 0,m,(B) = 2"} is bounded by 2 (see
Definition 6.2 of [77]). Let us define o2 = max{ -G+ KQV(l—i- %an)/n} with K the

absolute constant given by Lemma 6.4 of [77]. The quantity o satisfies in particular the two
following assertions:

VB e B,P;[U € Bl]<o? and o> K\ V(1+In(c-1V1))/n.

Indeed, if 6% = 27041, we have K2V(1 +1In(c~' v 1))/n < K2V(1 4 In (2U+D/2)) /n < 02, or
else if 02 = KQV( + ]—H In 2)/n we have o1 < 20+1D/2 and so,

K2V +In(c7tv1)/n < K2V +1In (20+D/2)) /p = o2,
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By applying Lemma 6.4 of [77], we obtain:
- K
E(BL) < Em/V(l + |Ino|)
< §2—<j+1>/2\/v <1 + %1 2) + gKV ( + %1 2) /v

< 2—j/2 ; L
C{ ﬂ*ﬁ}’

with C a positive absolute constant. So, with a similar argument for Bg, we obtain for any A in

r
secf 5]

{ j23/2 9—3/2 }
Vit :
T
with C' an absolute positive constant and from Markov’s inequality, we have that for all w > 0
i9J/2  9-3j/2
P(Bg>0(w){\/;+J\/ﬁ + T }) <e ™. (4.24)

Thus, by combining inequalities (4.18), (4.23) and (4.24), we obtain for all w > 0, with
probability larger than 1 — (142 x 2.77)e™

Consequently,

fUi,...,Up;m)

C(w) n  2-in2  2-3/2p ]23/2 9—3/2
gn{\/mln(Q/a)(T—i— T2 + o +1n(2/) [ 3+ T .

Furthermore, Ni_y,74.1) ~ P((T' + 2)pc + n[/h[]1). Hence,

E(N-1,711)) < Cpe, Ba)(n+T).
From Markov’s inequality, we have that for all w > 0
P (N[fl;T+1} > C(w7 He, Rl)(n + T)) < e .

Then, we choose w such that this quantity (2 x 2.77 + 2)e™ is equal to $/2. So, with
probability larger than 1 — 5/2,

f(Ui,...,Up;m)

n —in —i/2p 2/ I
<W{m\/(n+T)(T+2T22+2T3/Qz )+ln(2/a)(\[j+]\2/]ﬁ +2Tj )}

(57,“’67]% ]23/2 2*j/2
1 {m\/ <f+ . )}
—il2 s i oif2
cw,ﬂc,Rl){ ) <1+ 1 +W>+ln(g/a) (o2

vn T T nT
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Therefore by definition of ¢f'_ /2

—j/2 e i
B_gj2 < C(ﬂv#cle){\/M(\/lﬁ + \/1:7 + QT\/ﬁ) +1In (2/a)<\7/j + ]33/2 + 2nT )}

which concludes the proof of Lemma 4.2.



Chapitre 5

Lasso estimation for Poissonian
interactions on the circle

This chapter proposes an extension of the Poissonian interactions model,
introduced in Chapter 3, in a high-dimensional discrete setting. In this
context, an adaptive Lasso-type procedure is proposed and we aim at
obtaining oracle inequalities with large probability. For this purpose,
Restricted Isometry Properties are provided and the Lasso procedure is
calibrated by namely obtaining the convenient shape of the ¢1-penalty
weights. Finally, some immediate perspectives are given hoping to com-
plete this work in progress.

This chapter is a work in progress and is the fruit of a collaboration
with Patricia Reynaud-Bouret (Université Nice Sophia-Antipolis), Vin-
cent Rivoirard (Université Paris Dauphine) and Rebecca Willett (Duke

University).
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5.1 Introduction

In Chapter 3, we proposed a wavelet thresholding method to estimate interactions in a Pois-
sonian interactions model, that is particularly suitable for the treatment of genomic data (see
Section 3.4 of Chapter 3) with a fast and low computational algorithm (see Section 3.3 of Chap-
ter 3). However, this method needs the knowledge of an a priori bound A on the support of
interaction fonctions (see also [56, 93] for instance).

In this chapter, we aim at overcoming knowledge of A in a high-dimensional discrete setting,
that can be viewed as a discrete version of the Poissonian interactions model that is in the
heart of Chapter 3. The model is described as follows. Let Uj,...,U, be a collection of n
i.i.d.realizations of a uniform random variable on the set {0,...,M — 1}; these have to be
thought of as points equally distributed on a circle. Considering a circular model allows us to
avoid boundary effects. Furthermore, from a biological point of view, some genomes turn out
to be circular (more precisely, contained in a circular DNA molecule), as prokaryote (typically
bacteria and single-celled microorganisms). See[55, 106] for instance. Then, each U; will give
birth to some Poisson variables. If h* = (hg,..., h?‘wfl)T is a vector in Rﬂ\r/f , then let us define
N ('LJZ +; to be a Poisson variable with distribution P(h;) independent of anything else. The variable
N{;, 4 ; represents the number of children that a certain individual U; has at distance j. Here we
understand U; 4 j in a cyclic way, i.e. this is actually U; + j modulus M.

This model can be reformulated with the introduction of a random matrix G depending on
the U;’s as we will see at Section 5.2. The aim is to recover h*, with the observations of the U;’s
and the number of children at each position on the circle {0,1..., M —1}. More precisely, we are
focussing on the problem of recovering an input vector h* € Ry from corrupted measurements,
which can be viewed as an inverse problem, potentially ill-posed (see Section 5.2 for more details).
Finding sparse solutions to this problem is our aim. For this, we propose a nonparametric
estimation method based on the Lasso, introduced by Tibshirani [105] (or a Dantzig selector [20])
that achieves sparsity of an estimated parameter vector via ¢;-penalization. More precisely, our
Lasso-type estimator requires the establishment of a type condition RIP (Restricted Isometry
Property, introduced by Candés and Tao [20]) on the random matrix G with high probability
(see Section 5.3 for more details), with non-constant data-driven weights (for instance, Zou [117]
and Huang et al. |62] used these weights to obtain consistent and efficient Lasso estimators and
Bertin et al.[9] and Hansen et al. [56] to control coefficient fluctuations).

The chapter is organized as follows. Section 5.2 describes the problem with the introduction
of the sensing matrix G and Section 5.3 discusses the isometry properties and the RIP. Then,
Section 5.4 presents the Lasso-type estimators with a convenient calibration of the weights,
needed to obtain an oracle inequality with large probability. Finally, Section 5.5 gives immediate
perspectives for this not achieved work and Section 5.6 is devoted to the proofs.
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5.2 Formulation of the problem

5.2.1 Detailed description of the model

We observe at each position k between 0 and M — 1 the total number of children regardless
of who their parent might be. So, we set

Y, = Zn: N}
=1

and the problem can be translated as follows: we observe the U;’s and the Y’s whose distribution
conditioned on the U;’s is given by

=1

So, we may write Y = (Yo, ..., Yy _1)T and we consider G = G(U) the following M x M circulant
matrix:

n
A
G = ZG“ where GZ = |: ey, eu;+1 eu+2 tt eu(M-—1) |
i=1

where the subscripts are understood to be modulus M and e; denotes the i*™® column of an M x M
identity matrix. Using this notation, we may write

Y ~ P(GhY).

Estimating h* is equivalent to an inverse problem where the operator is random and depends on
the U;’s. In particular, the sensing matrix G corresponds to a random convolution.
We consider the discrete Fourier transform and we introduce the matrix

6—27ri€m/M
F — ? .
M £,m=0,...,M—1

. <627ri€m/M>
F' = ———
M £,m=0,....M—1

and so we have: FIF = FFH = I,;. Since the G;’s and G are circulant matrices, we can

Its Hermitian adjoint is

diagonalize these matrices as follows:

G; = FEX(U))F,

where
S(U;) = diag(1,..., e 2MUM | em2m(M=LU/M)
and
G = FY"SF,
where

n
I Z Y= diag(ao, ERR) O-Mfl)a
i=1
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with

n

op = Z o~ 2mikUs /M

i=1
Note that oy = n and for k # 0[M],
M-1 _
B (e~ 2mkUi/M ) — 1 Z o2mikuy _ 1 1—¢ 2k M /M i
M M 1 — e—2nik/M ’

u=0

Therefore, we obtain:

) n if k=0[M]
E(U’“)_{ 0 if k # O[M]

Hence, since most of the eigenvalues are zero-mean, our problem is potentially ill-posed, which
justifies the use of nonparametric procedures, such as Lasso, even if M is not large with respect
to n.

5.2.2 Related work

Other authors have studied similar sensing matrices (albeit without considering Poisson
noise), but those analyses do not extend to the problem considered here. For example, Candés
and Plan [18| consider random convolutions in which they observe a random subset of elements
of the product Ah*, for a certain matrix A that needs to be an isometry. As we will see, here
the matrix G is not an isometry and actually when n grows, G is closer and closer to a non
invertible matrix. On the other hand, we do not observe just a random subset but the whole
set of elements, in a noisy Poissonian way. In particular, the ratio of M (the total number of
measurements) to n (the number of uniformly distributed trigger events) will play a crucial role
in our analysis but is not explored in the existing literature. Other analyses of random convolu-
tion include [58, 76, 98], but these works consider specific generative models for the convolution
kernel which are not compatible with the current setting.

5.3 Isometry properties

Ideally, G would satisfy an "isometry property" of the following form: with high probability,
2 2 2 M
rllzlly < IGzlly < Rllzlly, Vo e CY, (5.1)
for some positive positive constants r and R satisfying r ~ R. Unfortunately, we cannot achieve

(5.1), as proved by the following heuristic argument. First, note that

M—-1
|1Gz|[3 = 2" FASHSFr = Y |ow*|(Fa)il”.
k=0

Furthermore, |og|? = n? and for k # 0[M],
o> = D UM =y N 2IUSUIM =y 9 N cos(2nk(U; — Uy) /M)
1<i,j<n 1<i£j<n 1<i<j<n

and we obtain:

o | n? ifk=0[M]
E”G’“H_{ n o if k # 0[M]
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Note also that

S

-1
|(Fa)g* = [l]3.
0

£
I

Hence we introduce

~ A{\/ﬁ if & = 0[M]
Ok = .
o), otherwise
and
M—1
IG2? = > ol |(Fa)xl*
k=0
Consequently,
1T 2
Gl = (0?2 4 G2

Hence, we are now interested in proving the analog of (5.1) with ||Gz||? instead of ||Gz||3 and
with r =& R =~ n. The upper bound can be easily derived.

Theorem 5.1. For all § €]0; 1], with probability at least 1 — &, for all x € CM,

s
Gz} <n (1 +ta+ ) (log(3(M —1)) ~ log(6))? |13,
where o and 8 are absolute positive constants.

Unfortunately, a similar lower bound does not hold with high probability for all z € CM. This
is the reason why we will also derive a Restricted Isometry Property (RIP in the sequel) stating
that there exist positive constants r and R such that with high probability, for any K-sparse
vector z (i.e. with at the most K non-zero coordinates)

rllz )3 < Gzl < Rlll3,

with R as close to r as possible and of the order of n. More precisely, we have the following
result.

Theorem 5.2. Let 0 €]0;1[ and let K be an integer strictly smaller than M. Assume that

1 K3/4
¢ 2 ki 2 max {

R VEVE } K?(log(M) +log(n))? < 1, (5.2)

for k some absolute positive constant. Then with probability larger than 1 — 4, for any K-sparse
vector x,
(1= ol < [IGz)7 < (1 +e)nzl3- (5.3)

In particular, if K = O(M®) and K = O(n®) when min(M,n) — +oc with a < 2/11 and
B < 1/2, then for any absolute constant ¢ €]0;1[, there exists §(n, M) that tends to 0 at a
polynomial rate such that (5.3) holds with probability larger than 1 — §(n, M).

This property will enable us to derive oracle inequalities for our Lasso-type estimate. Before
presenting our procedure and its theoretical results, let us say some words about the proof of
the lower bound of Theorem 5.2. Our approach is similar to Rudelson and Vershynin’s one [99]
but controls on Rademacher processes are replaced with controls on suprema of U-statistics. See
Section 5.6.2 for more details.
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5.4 Lasso-type procedure

We first introduce the following Lasso estimate

M—1
h = argmin{HY — Gh|7, +2 Z dk\hk]} ,
heRM k=0
which is based on random weights d;. The weighted Lasso has already been used for instance
by van de Geer et al. [111] with deterministic non-negative weights. Our approach where weights
are random is similar to[9, 56, 62, 117|. In some sense, the weights play the same role as the
thresholds in the estimation procedure proposed in Chapter 3 and also in [37, 65, 91, 92|. In the
next subsection, we tune the di’s and give their order of magnitude.
For the moment, we are not able to prove oracle inequalities for h L, 0, for Ky a given positive
integer, we introduce the following modified version of our Lasso estimate:

M-1
hy = hy(Ko) :=  argmin IV =GRz, + 2+n) > dilhl 7,
heRM Ky,—sSparse k=0

for some 1 > 0, which forces sparsity of the estimate. The integer Ky, that may depend on n
and M, can be viewed as the a priori maximal length of the vector A* known by the practitioner.
Unfortunately hy, cannot be implemented for large values of M in a low computational time.
However it is likely that in practice hi, = hy with high probability but for the moment we are
not able to prove such result.

5.4.1 Choice of the d.’s

The dj’s are chosen so that they satisfy the following properties.
1. To be used in practice, they only depend on observable quantities.

2. They are as small as possible, which can be justified by practical considerations or by
theoretical ones by using the shape of the oracle inequalities in Theorem 5.5.

3. The dj’s need to control the deviations of centered quantities. More precisely, we need to
control, with high probability, the event
IGH(Y —Gh*)|p <dp, Vke€{0,...,M —1}.

See the proofs for more justifications. Consequently, under these three constraints, the di’s are
non-constant data-driven weights in the Lasso-type procedure and the following result specifies
a convenient choice for the di’s needed to obtain oracle inequalities with large probability.

Theorem 5.3. Let 0 €]0; 1] and define for all k € {0,...,M — 1},
~ 1
dr, = 1\/2log (3/0)Vi + 3 log (3/9) B, (5.4)

Vi = Vi + /2 log (3/6)V, B2 + 3log (3/6) BL, (5.5)

with

Vk’ = Z 1U7;=U]-Yk+Ui and Bk; = sup Z ]-Ui—‘,—k:t’

1<i,j<n

where Cyo,.. a1y 48 the discrete circle on {0, ..., M —1}. Then, with probability larger than 19,
Ve {0,...,M -1}, |GH(Y —Gh")|; < dy. (5.6)
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The order of magnitude of the di’s is given by the following result. More precisely, Theo-
rem 5.4 provides a control of the moment of order 2 of the d’s.

Theorem 5.4. For any ¢ €]0;1],

3

() < € flog 3/9) (n-+ 107 ) + g (3/6)7 (n+ 107 ) .

where C'is a positive constant depending on hy, and ||h*||¢, .

The next subsection, where we establish oracle inequalities, shows, that if M is at least equal
to n this order of magnitude leads to suitable theoretical results. Note that, to obtain this result,
assumptions on K (and then on Kj) are very mild.

5.4.2 The performance of the Lasso estimate

We establish the theoretical properties of hr :=h 1(Kp) by using the classical oracle approach.
More precisely, we establish a bound on the risk of h; under some conditions.

Theorem 5.5. Let Q2 be the event such that the lower bound of (5.3) is true with K > 2K, and
c < 1/2 and such that (5.6) holds. It means that on §, for all x at least 2K sparse in CM

IG5 > Gzl > (1 = c)nfll?, = rll=llZ,

and
IGH(Y — Gh*)|p < dj, V.
We have the following inequalities on the event Q (i.e. with probability at least 1 — 26).
1. For the prediction-loss, for n = 0 and for any 0 < o < 1, the estimate satisfies:

(14 )
m
h:|S(h)|<Ko | (1 —a)

|Gh — Gh*|)2, < |Gh* — Gh]2, + ( Z a2y, (5.7)

keS

where S(h) denotes the support of h. In particular, if h* is Ko-sparse,

. i} 8(2 +
1Ghy, — Gh* |12, < 82+n)° 3, (5.8)
keS(h*)

2. For the £1-loss, if n > 0 and if h* is Kg-sparse,

(4 + 20)% [S(h*)| SUPges(he) di

hy — h*|e, < :
[hr e, . o d, (5.9)
3. For the ly-loss, if n > 0 and if h* is Kg-sparse,
7 * 2 + 77
lhe = h*|1Z, < > di (5.10)

keS(h*)
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By using Theorem 5.4, if r is of the order n, then the expectation of the right hand side of
(5.10) is of order % + 777> up to logarithmic terms. We observe that this rate is the same as the
rate % + 7% exhibited in Chapter 3 with a wavelet thresholding estimation procedure since the
asymptotic parameters M and T play the same role.

Here, we draw attention in the last inequality (5.10). Assume that M is at least equal to n.
Theorem 5.2 shows that if K = O(M®) and K = O(n”) when min(M,n) — +oco with a < 2/11
and 8 < 1/2, then we can take 6 = M ™7 with v > 0 such that (5.3) holds with probability
larger than 1 — M ~7 and so that r is of the order n. Theorem 5.4 shows that the di’s are of the
order log M+/n if n = O(M). So the inequality (5.10) presents the classical right hand side of
oracle inequalities, up to a logarithmic term, for Lasso estimates (see for instance [9, 16, 17, 110]).
Indeed, the right hand side of (5.10) is of the order (log M)?/n. We mention that, in the case of
n = O(M) and also n > (log M)?, we can obtain a small improvement of the order of magnitude
of the d;’s, namely they are upper bounded by v/nlog M + (log M)?.

5.5 Perspectives

Of course, the paper associated to this chapter cannot be submitted in this shape. Before

submission, we aim to deal with the following problems and extensions.

e We wish to lead a simulation study. Of course, for large values of M, hy, cannot be
performed in a low computational time. So, we shall only carry out simulations for hy, and
shall check that hy is sparse.

e We wish to establish that with high probability, the true Lasso estimate hy, satisfies the
K sparsity property if h* is Ky sparse. For this purpose, we wish to mimick Bunea’s proof
(see[15]). If this result is valid, then k7, will also satisfy oracular properties.

e In general context, Restricted Isometry Properties provide oracle properties with high
probability for Dantzig estimate (see|20]) defined by

hp = argmin {||hlls, : VE€{0,....M —1}, |GH(Y -~ Gh*)|; < di} .
heRM

But for the moment, Theorem 5.2 gives such a result with || - ||, instead of || - [|2. We have
to overcome this problem.

e From a genomic point of view, even if some organisms have circular genomes, the real 3D
structure of the genome is not circular and consequently, the 3D distances are more influ-
ential. However, it could be that this kind of analysis can be generalized to more complex
graphs than the circle, that would represent the real 3D structure of DNA. Furthermore,
recent technological progresses could allow us to obtain such data for the study of genomes

in three dimensions (see [101]).

5.6 Proofs

5.6.1 Proof of Theorem 5.1

To prove Theorem 5.1, it is sufficient to have an inequality for the deviation of |o%|? around
its mean for k # 0[M].
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Lemma 5.1. There exists some absolute positive constants o and B such that if k # 0[M]
P (log|* = n(1 + az + Bz/n)) < 3¢ 7,
for any z > 1.

Proof. 1t is sufficient to prove that there exist constants o and [ such that

W =Y cos(2mk(Us — U;) /M)

i<j
satisfies
P (W, > n/2(az+ fz/n)) < 3e °.
But
1 N R
E(cos(2mk(U; — Uj)/M)|U;) = E| 5 [627r1k(U¢—Uj)/M _1_627r1k(U]-—Ui)/M] |Uj>

[E ( 627rikU¢/M) e—2mkU; /M | 2mikU; /Mg ( o—2mikU; /M)}

O

Hence W, is a completely degenerate U-statistics. Hence one can apply [61] (Theorem 3.4). It
implies that there exists absolute constants cy, co, c3, ¢4 such that

P(W,, > c1CvVz + oDz + csBz3/? + cyAZ?) < 377,

with A = 1 an upper bound on the infinite norm of cos, C? = dici E(cos®(2mk(U; — U;)/M)) <
n(n —1)/2 and D and B defined as follows.

Dzsup{ (ZCOS 21k(U;=U;) /M )a;(Us) )/]E Zaz i)°) <1, E(ij(Uj)Q)gl}.

1<J

But

N

3 cos(2mk(U; — Uj) /M)ai(U)b; (U;) > lai(Ui)|b;(U;))|

1<J 1<j

< B [ (I )

< () 2 (S mwe

< E((Z!ai(Uz‘)\Q))E (D16 U)P)
i J

Hence D < n. Finally

B? = supZE(cos2(27rk(u —-U;)/M)<n
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Hence we obtain that with probability larger than 1 — 3e™*
L 3 L,
Wp<n|laivz+caz+c3—2"° +c4—2
Vvn n
But for z > 1, /z < z and we also have
2Lz3/2 <z42%/n
\/ﬁ ~ ?
which gives the result. O

Now, we prove Theorem 5.1. From Lemma 5.1 and the union bound, we have that

P(3ke{l,...,M -1} : |ox[* > n(1l + az + Bz*/n))

M-1

< Z P (|og|* > n(1l + az + B2?/n))
k=1

< 3(M —1)e >

In other words, with probability at least 1 — ¢,
6r? <R VEk
where
R=n(1+a+ B/n)(log(3(M — 1)) —log(s))>.
Note that a, 3 > 0 and M — 1 > §, which implies R > n.

5.6.2 Proof of Theorem 5.2

The proof is quite long and needs to be divided in 4 steps.

Step 1. Reduction of the problem to the control of a supremum of U-statistics.
The idea is to mimic Rudelson and Vershynin’s proof [99] directly on the matrix we are interested
in. We focus on |Gz|? when x is sparse with support S (S-sparse for short).

Generally, to any vector v of CM | we associate v° the vector of C° whose coordinates are
given by the coordinates of v with indices in S. In particular if x is S sparse, |z|cv = |2 /s
The spaces C? or R¥ are put in indices in the norm and in the hermitian/scalar products when
necessary to avoid confusion

We take in the sequel x S sparse. Then, we have that

M—1
|G[? = Y |ox|(Fa)e ]
k=0
But denoting by Aj; the jth column of a matrix A

M—-1 N
(Fo)e = > a;FM
§=0

= (FD"

= <FI£{,ZL‘ >coM
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Let us denote by 2z = F kH and by z;j its reduced form to S. Then

(Fz), =< z,f,;rs >cls| -
Let us finally denote by z,f ® z;j the tensor product ie the matrix of CI5! equal to z,f(z;j)H
Then

|Gz} = (%) Bga®
with

M—1
BS = Z ’5]{’22’}3 02y ZE
k=0

an hermitian matrix of C! with positive eigenvalues.
Note that for all S € {0,..., M — 1}

M—-1
Z ZkS ® Z]”g = Id(c\sh
k=0

2ri(i—j)k

since the (,7) term of this matrix is (1/M) > e M
Therefore for all S C {0,..., M — 1}, E(Bg) = nldgs.
Now let us introduce the following supremum of operateur norms, which controls the fluctu-
ation of Bg around its mean
M-1

1 1 i
X = sup |ldgs = —Bslop= sup |Idgisi — — Y [6k*2 © 2 lop (5.11)
S/ISI<K n S/1SI<K (Bt

Since the matrices Idgs| — %BS are hermitian, their operator norm corresponds to their
largest eigenvalue in absolute value (all their eigenvalues are real).

Next if we are able to control X, we will have on the event {X < ¢} with ¢ < 1 a fixed
positive constant, that for all S, for all v € CI°l,

1
[vf? <Id(cs - nt) v < ewo.

Consequently

1
(1+c¢)cflo > =vfBgv > (1 — ¢)vllv.
n

It remains to apply this to v = z° to get
|Gz[? = (2°)" Bsa® = n(1 = )& |35 = n(1 = ¢)||Zu,

and
n(l+o)|z|gn = |Gz|?.

So we will have the desired RIP with » = n(1 — ¢) and R = n(1 + ¢) on the event {X < c¢}.
So to prove that this holds with probability larger than 1 — §, it remains to prove that
P(X > c¢) is smaller than J.
But since |69|?> = n and |54|? =n + > iy cos(2nk(U; — U;) /M)
M-1

1
X = sup sup — Z Zcos(27rk:(Uz~ —Uj)/ M) 28 @ 200

S/ISISK veClS| /o] ys1=1 | k21 iz
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From now on we will consider vector with real coordinates and not complex anymore.

So let h(u,u) be vectors of RM such that h(u,u')o = 0 and h(u,u' ), = cos(27k(u — u') /M)
for k =1,..., M — 1, for any u,’ in {0,..., M —1}. For v € CII let W, s be also a vector of RM
defined by

(U5 =020 @ 200 = | < 28,0 > |? for k=0,..., M — 1. (5.12)
Then

1
X = sup sup — E < WU, Uj) ¥y 5 > .
S/|SI<K veCl8 /o] sy =1 | ™ iZ;

More generally we will study for any ¥ € RM

1
Zy =~ Z < WU;, Uj)|¥ >gar,
i#]
which is a completely degenerate U-statistics in the U;’s and a linear form in ¥, and

ZF = sup |Zy|.
ver

Step 2. Study of one U-statistics.

We will need upper bounds on the moment of Zg. By Theorem 3.1.1 of Giné and de la Pena [32]
(which decouples the U-statistics) and Theorem 3.3 of Giné, Latala and Zinn [48] (which gives
the upper bound for decoupled U-statistics), we have that for any real number p > 2,

E(|Zy|P) < OP[pP/2CE + pP Db, + p*/2 B + p* AR ], (5.13)

where [ is an absolute positive constant and Ay, By, Cy and Dy are defined by
o Ay = sup, 0 |L < h(u, )| > |
2
« O3 =i, B[ (2 < hU, Up)w >)?].
e Dy is the supremum of

ZE { < h(U;, U;)|¥ > aZ(Ul)bJ(Uj):|
i#£]

for any choice of a;, b; such that ZiE(ai(Ui)Q) < 1 and Zj E(bj(Uj)2) <1
° B?I, is the supremum of

ZE

for any choice of u in {0 WM —1}.
Since < h(u,u)|¥ >= Zk 1 Cos(27rk(u —)/M)¥y, Ay < 1|¥|y, where |¥|; is the ¢! norm
of ¥ in RM. Next

2
( < h(Uj,u)|¥ >>

< [ h(Uy, Us) | >2]

Z E [cos(2mk(U1 — Ua) /M) cos(2xl(Uy — Uy) /M)] ¥, T,
k=1
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By linearizing the product of cosinus, one sees that its expectation is 0 except when k = [ or

| = M — k. Therefore
M—1

TSR [ Warl] < 2003,
k=1

where |¥|s is the £2 norm of ¥ in RM. For Dy, note that

2
Dy < \|E|D> aU)?| |E|D> Z b;( <h(UZ,U)|\I'>
\ ( % 7=1,57#1
< D0 Z Z IE[ < h(U;,Up)| W >2}
i j=1,jF#1 =107
But
M—1
E [< h(U;, Up)|® >2 E [cos(2mk(U; — Uy) /M) cos(2wl(U; — Up) /M) U U,y
k=1
M—1
1 27ri(k+l)(U —Uyp) 271(1— k)(U —Uyp) 27i(k— l)(U —Uyp) —27ri(k+l)(U —Uyp)
-3 2 E[ te te +e | ww,
k=1

Since the expectation is null except if k =1 or | = M — k, even if j = £ (since j # i), one has
that
E [< h(U;, Up) [T >2 |U;] < 2| T3 (5.14)

and therefore

Dy < | Z !‘PH%E > (U] < V2P

i (= 1@;&1 j=1,j#i

Finally, (5.14) also shows that

1 V3
B} < —E(< h(Us,u)|¥ >?%) < 2Hn”2.

3

Hence (5.13) implies: for all p > 2
P D 12D %] b
E(|Zel") < OPp* max (| ¥]2, (5.15)

where [ is a positive absolute constant which can change from line to line. We can therefore
upper bound the Laplace transform of \/|Zg|. Indeed for all A > 0,

o0 k
E [esp(\1Za])] = 3 2 E(Zu7).
k=0

But for k < 4
k/2
E(|Zo[?) < E(|Zs )M < (D max (uwu ”‘P”l))
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and for larger k one can apply directly (5.15) with p = k/2. Consequently (5.15) holds for all
p = k/2 and all integer k > 0. Hence

E [exp(hv/[Zu))|

.w\>'

k)2
U002 max <||\1v||2, ”q’”l)

k
v
D/\\/max (pru | nnl)

But by Stirling’s formula k! > e *k* and therefore for any A such that

v
D/\\/max <||\1/|| | n”1> <1,

1

1 D)\\/max (||x11|| "q"'l)

We will denote by | U] = max (||\I/||2 "\IIHI) which is a norm on R,

Step 3. Maximal inequalities for the Zy’s.
This section mimics the results of Chapter 6 of [77] and [115] on Rademacher processes. Let us
start first with A a finite set of RM of cardinality N. We want to upper bound

M T

<

w‘?gr

>
Il

0

one has that

B o7 <

E {sup |Zq,|] .
veA
ED\, /rq{lgj‘( ”\I’”mm <1,

exp <)\E [sgp |Z@|D < E[exp (Awm}]
< DB [exp(\/[Z])]

veA

By Jensen, for all A such that

one has that

1
N
1— D)\\/maX\peA 1 | mia

< N . 1
< ex I
Pz OAv/maxyes [¥[mix

since 1 + 2 < exp(). Let w = Oy/maxye4 [P [miz. Hence

log(N) w
N T

B |sup V7] <
veA
It remains to optimize this in A\. If N = 1, one can choose A — 0 and

E [Sup |Z\p} < w.
veA
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If N > 2, the best choice for A is

which leads to

log(N) 1
’ [Eﬁﬁ |Z\P|] < wliog(N) = 1] (log(N) — /log(N) " V1og(N) — 1) '

But the last term is smaller than an absolute constant and therefore, for all N we have

E [sup ‘Z\p:| < O, /max |V miz[log(N) + 1]. (5.16)
TeA reA

Now for any set F and any 7 > 0, let us define a net of size n of F, denoted F,,, as a set of
points of F such that for any ¥ in F there exists a ¥, of F,, such that |[¥ — W, [,,;z < 7. Let us
denote by Hpix(n, F) = infr, log(|F,|), which is decreasing in 7, since any net of size 7 is also a

net of size ' > 1.
Assume that there exists

and assume temporarily that F is finite.

Let us set for all integer j > 0, & = £277. For j > 1, let Fg; be a net of size §; of F with
minimal cardinality (this exists since F is finite). Let II; be the application which associate to
all U € F its closest point in F¢,. Let also IIp be the application which associate 0 to any W.
We have for all ¥ € F that |¥ — IL; U |, < &, for all 7 > 0. We also have that for all j > 1,
log (T (F)]) = Hynia (€, F) and log([o(F)]) = 0.

Next since F is finite, and Zy is linear in ¥, there exists a maximal level J such that for all

TeF,
J J

Zw = 7w — D) = Y 21y (w) -1 ()
j=0 j=0

Therefore

J
E | sup /[ Zo]| < Esu\/Z. _.].
Leg | wl} ]2; Leg | Z11,, 1 (w)-11;(w)]

But we have at the most exp(2H iz (&j+1,F)) points that are II; (V) — IL;(¥) and (5.16)
tells us that

E [i‘ég \/Ian (¥)— nj(m!] < O2Hmiz (&1, F) + 1]\/glg;< ITLj41. () — IL; (P) | mia-

But |.|miz is a norm. Hence

[‘ilelf})_ \/|ZH]+1(\II) 1I; (\If)|] < DHmzm(§j+1a~7:)\/gl§]}_§ L1 () = Wiz + [T (V) — Wiz
< Df2 J/ mzx £]+1a]:)

Hence

J o0
E [;ul; |Zx11|] <SOVEDY 279 Hpin(§41, F) <OVEY 2772 Hppin (€541, F).
S

j=0 7=0
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But since the Hypirp(€j4+1,F) increase when F increase, this also holds for any countable set F .
Finally, by density, the following inequality also holds for any subset F of RM  for all ¢ satisfying
(5.17),

E [Sup yz\p|] <OVEDY 279 Hpin(27UTDE, F) (5.18)
veF -
7=0

Step 4. Application to the variable X.

To compute a bound on E(v/X) it remains to compute an upper bound of the entropy Hz (1, F)
where

‘F:{\PU,S / ’UG(CISI,H’U||C|S|:1,’S|gK}:US/WKK]:S,

with F9 = {‘IIU,S / vecCl lvlcis) = 1}. To have an upper bound it is sufficient to find a net

of size 1 for each F* and their union will be a net of size n for F. But for v, w in CI5I,

1
1905 = Warslnir = mx (10,5 = Vol 110~ Tush )

But we have

M-1
o5 = Tush = Y [[<zf0>cal = |< 2w >cal|

o

ST

N

‘< z,f,v—w >C|5|‘ H< Z,f,v >@3\’ + |< z,‘?,w >(C\S|H

B
Il
o

But since
M-1 )
Z |< 20,0 >asi| = lvlds =1,
k=0

one has for all k,

< z,‘f,v >(C\S|| < 1. Hence

”\IlU,S - \ij,S

M-—1
b e 2SS, <ovar Y -

k=0 |jes jes
< 2V MS|lv = wlgisi
< 2VMK[v —wlgs

We also have with similar computations

M-1

2
Wys — Vysl3 = Z [\< 2o,V >cls) \2 — < 22, w >gis \2]
k=0
M—1 ) )
< Z ‘< zl‘j,v —w >(C\S\‘ H< sz,v ><C|5\‘ + ‘< zf,w >(C\S|H
k=0
M—1
< 4 ‘<z;§,v—w>c|5\‘2
k=0

= Alo—wlfs.
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Therefore

2vVMK
”‘IJU,S - \Ij’w,S”mix < max (27 n ) ”U - w||(C|S\

-1
If we want a net of size 1) for (Fg, |- |miz), it is sufficient to have a net of size e = n max (2, LV[K)
of a sphere in (C!3!, || - ||s,) which is of size less than e~I5!.

So roughly speaking the entropy H,iz(n, F) is upper bounded by

()5

K
VMK
<log | K (%) max (2, ) n K
n

< OK[log(M) — log(n)]

Next one needs to find £ > maxyeg |V miz-
But for any unitary v € CI51,

M-—1
[Tosli= > 1 <20 >as P =1
k=0
and
M-1
[Psl3 = Z | < 28,0 >qsi *
k=0
4
M-—1 {}
H
= Z(zk] )" v
k=0 |j€S
_ 27ki(—a+tb—cHtd)
- M Z (Z e M ) vavacvf.
a,b,c,deS
But

M-1
2wki(—a+b—c+d)
<Z e M ) =0
k=0

as soon as —a+b—c+d#0[M],and if —a+b—c+ d = 0[M]

—2mki(—a+b—c+d)
(Z e M ) = M.

But for a, b, ¢ fixed less than M there is at the most 3 possible d such that —a+b—c+d = 0[M],
and |vg| < ”’U||(2c|5\ = 1. Therefore we obtain

g

[Posly <

> lvallvgllvel

a,b,ceS

(;w)

E\D
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O 3
VIS els

K3/2
< O
M
Therefore one can take
K3/* 1
= O max = |
‘ ( Vi )

and (5.18) tells us that

3/8 o
E(vVX) < Omax (1\[21/4”11/2> S 272K [log(M) — log(€) + (j + 1) log(2)]
j=0
K3/8 1
< Omax VA i Klog(M) + log(n)]. (5.19)

Let v/ be the absolute constant [J in the previous equation. This defines the absolute constant
k of Theorem 5.2.
Therefore, with the choice of ¢ in Theorem 5.2

P(X >¢) < E(VX)

< 6,

S

WV

and since ¢ < 1 by (5.2), we have on the event X > ¢ that

(1= )nlz]3 < [Galf < (1 + )nlal3,

which concludes the proof of Theorem 5.2.

5.6.3 Proof of Theorem 5.3

Our problem, consisting in counting the total number of children at each position k between
0 and M —1, can be translated in another way by introducing the continuous circle Cjg, ) and by
considering the associated Poisson process. Indeed, Uy, ..., U, are n i.i.d. realizations of a uniform
random variable on the set {0,..., M —1}. Then, since we work modulus M, each U; gives birth
independently to a Poisson process whose intensity is given by the function ¢ — h(t—Uj;), where
for any t € Cjo,p1,

M-1
Z P oo (
k=0

We precise that the function & is defined modulus M. We denote 1% = 1j;k41) modulo M in
n

the sequel. We observe the aggregated process N with intensity the function ¢t — Z h(t—U;).
i=1
Consequently, for any k € {0,..., M — 1},

Yie = Nigspa ~ P (Z hZ—m)
i=1

and we can write

k+1
m_/ dM_/ 1%(t) dNV;
k Clo;my
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and in particular V}, can be rewritten as follows:

Vi = Z lv,=v,; Yi+v, = Z 1Uin/ 1%t — U;) dN,

1<i,j<n 1<i,j<n Clo;m]

S / U)1*(t — Uj) dN,

1<i,j<n Clo:m)

:/ (Zl (t—Ui)> dN,
Co:m) \i=1

n

k .
B, = sup ZIU““ —; = sup Zl (t —Ui).
t€Clo,...,M—~1} j—1 teClo; M j—1

and By, as follows:

Since G = FEXF, the following matrix products are involved in the computation of GHY
and GH Gh*:
o2kt /M

o FHRH isa M x M matrix with (FTxH),; = W@ for any k,1 € {0,..., M — 1},

2kl /M
° 1s a M x M matrix wit klzewﬂz orany k,L € 0,...,M—1j,
FHSHY isa M x M ix with (FAXHY ¢ ke {0,...,M—1
M-1 G—QWiﬂm/M
° 1S a X 1 matrix wit 1= ——F— Yy torany t €0,..., M — 1}, an
FYisa M x1 ix with (FY —— Y, f l 0 M-—-1 d
m=0 M
—1 p—2nitm/M
e Fh*isa M x 1 matrix with (Fh*), = ————h,, forany [ € {0,..., M —1}.
m=0 M
Thus, for any k € {0,..., M — 1},
1 M—-1
(GHY)k _ (FHEHFY)k M Z 27ri(k—é)m/M5_mY'£
£,m=0
and
M-1
1
(GHah), = (FESHFFESFRY), = (FESHSFRY), Z 2mik=tm/M 5 12p%
Z,m=0

since F'is a unitary matrix.
Therefore, for any k € {0,..., M — 1}, we have:

H 1 = St (h—ym/M N 2mimUs /M
(G7Y)y, = i e Z e Y
£,m=0 =1
1 n M-1 M-1
M Z Y, e2mi(k—L+U;)m/M
i=1 (=0 m=0
1 &\ M ifk—0+U;=0
TP IP IR I ifk—£+Ul¢0
i=1 ¢=0 v
n M-—1
= Yolo—kyu,

@
I
I
i\
o
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n

= Z Yitu,

=1

n
=Y [t
i=1 Y Clo;m
n

:/ S 1k (- Uy) N,
Clo; M

i=1
and
1 M—-1 n
(GHGh*)k _ M eQm(k—é)m/M Z e27r1m(U¢—Uj)/Mhz
Z,sz 17]:1

| ol M1 M
_ * 2ri(k—0+U;—Uj)m/M
TR DI /

ij=1 =0  m=0

1 z”:M‘lh* . { M ifk—(+U;—U;=0
= : .

]\4[@,7]:162O 0 iftk—0+U-U; #0

n M-1

= Z hzlf=k+U¢*Uj

ij=1 £=0
= Z hz+Ui*U]’

ij=1
=> / 15H0=Yi () n(t) dt

ij=1" Clo;m)
-y / VU (0 R(t — U) dt

i,j=1"Clo;m]
_ / Stk - U) S h(t - Uy dt.

Clo:m) j=1 j=1
We notice that
E(GHEY)|UY,. .., Up) = / S 1be—1i)) h(t - Uj)dt = (GHGh ).
Cloimy =1 j=1

Let k € {0,...,M — 1} be fixed. We apply Lemma 6.1 of [91]: for any = > 0, conditionally
on the U;’s, we have

B
P (|GH(Y - Gh)|) = 22V + x3’“> <277,

with
Vi = Var((GEY )i |U1, ..., Uy).

Moreover, by fixing z > 0 and defining

Vi = Vi +1\/22Vi B + 32 B2,
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we have also

P(Vi > Vi) <
Finally, with Vj, defined by (5.5) and with probability larger than 1 — 4,

~ 1
(GHY = Gh*)|i < \/21og (3/0)Vi + 3 log (3/6) B, = di,

that concludes the proof.

5.6.4 Proof of Theorem 5.4

In this section, we keep the same notations introduced in Section 5.6.3.
Let k € {0,..., M — 1}. By definition (5.4) of dj, we have:

() < 2 (2108 (3/6)B(TL) + 510w (3/0)E(B2) ).

with

E(Vi) < E(Vi) + \/2 log (3/0)E(Vi)E(B}) + 3log (3/8)E(B}).

It remains to control E(V}) and E(B3).
On the one hand,

E(Vi) = E(Vi),
where Vi, = E(Vi|U1, ..., Un) (= Var((GHY)i| U1, ...,U,)). We have

n 2 n
sz/ M=) | Y h(t—Uy)dt
Clo;m) j=1

i=1
. 2
:/ (t—U;) + > 1%t - Ui) | h(t —Uj)dt
Closm) j=1 i#j
_Z/ 1%(t — U;)h(t — dt+22/ —U)1*(t — Uj)n(t — U;) dt
j=1 Clo;m) Clo;n) 1 i#j
+Z/ SN 1kt - U)1R(E - Up)h(t — Uy) dt
j=17C0M) istj i £
—abi+23 [ 1t Ut U -0 dt+Z/ Uah(t — Uy) dt
i£] Clo; i#£j Co;n)
+ ) / 15(t — U)1*(t — Up)h(t — U;) dt.
izl o)
We observe, with U a uniform random variable on the set {0,..., M — 1}, that
M—-1
1 1
o B[1%(t—U)] = Vi UZ% lpci—u<kt1 = E
| ML M—1M—-1 M—-1
o« Elh(t—U)] =57 > hit—u) = Z Z hiloct—ucist = M Z hj, and
M—-1 M1 .
e E1*(t —U)h(t—U)] = Z Lp<t—u<kt1h(t —u) hi Z lpct—u<k1 = a
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Consequently, by denoting ||h*||,, = Zé‘ial h,

E(Vi) = E(Vi) = nhj + 2n(n — 1)/ E(1%(t — U))EQQ*(t — U)h(t — Uy)) dt

C[O;JVI]

+nn— 1)/C E(1%(t — Uy))E(h(t — Uy)) dt
[0; M]

+n(n—1)(n— 2)/ E(1%(t — U)E(1%(t — U7))E(h(t — Uy)) dt

Clo; M
X hi 12~ ][ 15[l
=nhj, +2n(n — 1)M +n(n—1)—=>+n(n—1)(n—2) Ve !
S Ut L VA (L
<D{nhk+ VY -+ Mgl}
<ot 1wle) {n+ 3} (5.20

with C'(hg, ||h*]|¢,) a positive constant depending on hy and ||h*||,.
On the other hand,

B = sup En: 1%t — U;)

tGC[o;M] i=1
> (1k( - vy ~ it - vy)))
=1

+n sup ’E[lk(t —U1)]
t€Croi)

< sup
tEC[O;]W]

~ n
<B EVal
k+M

with

By = sup
t€C0;0)

(15— 00) — B[t - 01)) ‘
=1

> (L () - E[lft(UD])‘ ,

i=1

= sup
It,tEC[O;]W]

where for any t € Cjo.pg), It =]t —k — 15t — k]. We set B = {I;,t € Cjp;ps} and for every integer
n, mp(B) = sup HANI;,t € Cpan}l It is easy to see that
ACCio; 5| Al=n
n(n+1)
2

and so, the VC-dimension V of B defined by sup{n > 0,m,(B) = 2"} is bounded by 2 (see
Definition 6.2 of [77]). By applying Lemma 6.4 of [77] (we fix 02 = 1 in the use of this property),

mn(B) <1+

we obtain:
- K+/2
E(By) < ;f n,

where K is an absolute positive constant. But, we want an upper bound of E(Bg) For this, we
use Theorem 11 of [12]:

[E(B,%)] 12 < D{E(Bk) + (E[MZ])l/Q},
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where

M = max sup ‘lk t—U;) — Bkt - U1))| and so EM?] < 4.

1<i<n tEC[O M

Consequently,
2
2 n
E(Bj) <O {n + M2} (5.21)

Finally, by combining (5.20) and (5.21), we obtain:

E(di) <O (109; (3/8)E(V) +log (3/5)\/10g (3/8)E(Vi)E(BY) + (log (3/5))211‘3(3;3))

Cthi 1) (108 3/6) {m+ 224+ o 3/ {m+ 2 1)

that concludes the proof of Theorem 5.4.

5.6.5 Proof of Theorem 5.5
For short, we denote h = hy. We first establish the following lemma.
Lemma 5.2. For any h, if S(h) = {k: hy # 0} satisfies |S(h)| < Ko, we have:

n Y dlhy — e < |Gh— GR|7, + (4+m) Y dilhy — hal, (5.22)
k¢3(h keS(h)
|Gh — GR*|[7, < |Gh — GR*[|7, + (4+2n) Y dilhy — hyl. (5.23)
kes(h)

Proof. We have for any h Ky-sparse,

M—1 M—1
1Y = GhIZ, +@+m) S dilhul < [V = GhlZ + 2 +m) S delal.
k=0 k=0
And using standard computations, we obtain:
R M-1 M—1 R
|Gh— G2, +0 Y il — bl < 1IGh =GR, + 2+ 1) 3 dillhul - i)
k=0 k=0
M-1 )
+n Y dilhy — hi| +2 < GH(Y = Gh*),h— b >
k=0
M-1 ) R
< IGh = GR|3, + 2+ 1) Y dr(lhel — [kl + | — hil)
k=0
< |IGh—Gh*|I7, + (4+2n) > dilhx — hal,
keS(h)
which leads to (5.22) and (5.23). O

Still by using the constant r corresponding to a sparsity degree K = 2K, we have for any h
such that |S(h)| < Ko:

1/2

> Jhw = hi? < b= hlle,
keS(h)
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Therefore, using (5.23),

IGh — Gh* |7,

r2||Gh — Ghl|s,

<
< T V2(|IGh = GR|lg, + |Gh — G ||ey).

1/2 1/2
< ||Gh = GR*[IZ, + (4 + 21) (Z d2) (Z hkhﬁ)

keS(h keS(h)

keS(h

1/2
<||Gh — GR* |7, + (4+ 2n)r '/ (Z d2> (IGh = Gh*||e, + |Gh — Gh*|ls,)

< ||Gh — Gh*\@ + aHGh — Gh*||}, + a||Gh — Gh*||,

+2a7 12+ n)?

I

keS(h)

(1+a) . 2+n
< |IGh* — Gh|}, + Z a2,

T (1-a)

" kesin)

This leads to (5.7). Now, assume that h* is Ko-sparse. Then, by using (5.22) with h = h*,

M-1

inf dy > b —hil <
k=0
<
<
<
But, by using (5.23) with h =

r j{: |y — b

keS(h*)

and

(z
keS(h*

Y dlhi—hil+ Y dilhy - hj

kg S(h*) keS(h*)

(4+ 21)
@2 S dilhy, — )
N keS(h*)

442 .
d+2m) sup dp Y |y — B

1/2
M( sup dk> s<h*>( S i - k) |
)

n keS(h*) keS(h
h*,

rllh = |7,

N

|Gh — GR*||7,

(4+2n) > dilhg — byl
keS(h*)

1/2 1/2
@+2n) | > d > = hil
k€S(h*) keS(h*)

NN

N

1/2 1/2
) A2
|y, — B2 2 S|
) keS(h*)
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We finally obtain:

1/2

M-1

. " . 4+ 2n)?

n]%fdkz yhk—h,€|<M Sk Y d ( sup dk>,
k=0 " ke S(h) keS(h*)

This leads to (5.9). Finally, (5.10) is obtained by using (5.8) with h = h*.
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Chapitre A
Programs coded in Scilab

This appendix presents the programs coded in Scilab 5.2 that allowed us
to provide the simulation study of Chapters 3 and 4.

Contents
A.1 Implementation of the estimation procedure of Chapter 3. . . ... ... ... 153
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A.1 Implementation of the estimation procedure of Chapter 3

The goal of this section is the computation of the quantity

n

SenH) =Y {w _uy-

=1

n—1

Er(px(t—=U))|, forallteR

defined by (3.15), via a cascade algorithm, in order to implement the wavelet coefficient estimates

N 1
By = Z ;S (p2) (V) and the following quantities that appear in the wavelet thresholding pro-

VEN
cedure:

* B(pa) = Sup S(ea)(t), and

A 1 o
o Vipy) = Z E(S(QO)\)(V))Q, an estimator of the variance of nfy.
VeN

n
We recall that S(¢)) is the sum of a random "piecewise constant" part S.(¢x) = Z ox(-—Ui)
i=1

and a deterministic (piecewise affine) part (n — 1)E;(ox(- — U)).

153
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A.1.1 Preliminary functions

The function sumpwc corresponds to the sum of two piecewise constant functions defined by
their partitions and the values on its respective partition and the function evalpwc evaluates a
piecewise constant function in a given point.

function y=sumpwc(ml,valmi,m2,valm2)

// ml, m2 are partitions
// valml, valm2 are the values on the partitions ml and m2 respectively

ni=size(mi,’*’);

// Initialization of the partition
[m,k]=gsort([ml m2],’g?,’1i%);

// Initialization of the values on the partition
valm=zeros(m) ;

// Computation of the first coefficient
if k(1)<=nl then
valm(1)=valml(1); valmlcurrent=valml(1l); valm2current=0;
else valm(1)=valm2(k(1)-n1); valmlcurrent=0; valm2current=valm2(k(1)-n1);
end
// the variables valmlcurrent and valm2current are created
// in order to remember where we are

// Computation of the other coefficients
i=2; n=size(m,’*’);

while i<n
if m(i)==m(i-1) then
m(i)={}; valm(i)={}; n=n-1;
if k(i)>nl then
valm(i-1)=valmlcurrent+valm2(k(i)-nl1); valm2current=valm2(k(i)-n1);
else valm(i-1)=valm2current+valml(k(i)); valmlcurrent=valmil (k(i));
end
k(1)={};
else if k(i)>ni1 then
valm(i)=valmlcurrent+valm2(k(i)-nl1); valm2current=valm2(k(i)-nl);
else valm(i)=valm2current+valml(k(i)); valmlcurrent=valmi(k(i));
end
i=i+1;
end
end

if m(n)==m(n-1) then
m(n-1)={}; valm(n-1)={};
end

y=[m;valm];
endfunction
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function y=evalpwc(t,m,valm,cont)

// m is a partition and valm is the values on the partition m
// cont=’right’ if we want a right continuous function

// (with intervals of the form [a;bl[)

// cont=’left’ if we want a left continuous function

// (with intervals of the form Ja;b]l)

y=zeros(t);
n=length(m);

if cont==’right’ then
for i=1:(n-1)
ki=find ((t>=m(i))&(t<m(i+1)));
y(ki)=valm(i);
end
elseif cont==’left’ then
for i=1:(n-1)
ki=find ((t>m(i))&(t<=m(i+1)));
y(ki)=valm(i);
end
end
endfunction

A.1.2 Computation of S(¢,) and B(p,)

First we propose the computation of S(f) for f = 1jp,2-4); for j = 0 via the computation of
Sy(f) and the associated deterministic part.

// the random "piecewise constant" part : S_r(f)
function x=Srandom(U, j)

// U is a vector whose coordinates are in [0;T] (typically the parents)
// j>=0

par=[0]; valpar=[0];

for p=1:length(U)
parnew=[U(p) U(p)+2~(-j)]; valparnew=[1 0]; // increment of the sum
s=sumpwc (par,valpar,parnew,valparnew) ;
par=s(1,:); valpar=s(2,:);

end

x=[par;valpar];

endfunction

// the deterministic (piecewise affine) part
function y=Sdeterm(t,j,T)

// t is a vector whose coordinates are in [0;T+2~(-j)] (typically the children)
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// j>=0 and T>0

y=zeros(1,length(t));

y(£find(0<t & t<=2~(-3)))=t(find (0<t & t<=2"(-3j)));
y(£find (2~ (-j)<t & t<=T))=2"(-j);

y(£ind (T<t & t<=T+2"(-3)))=-t(£ind(T<t & t<=T+2~(-j)))+T+2"(-3);
y=[t;y];

// Warning! To obtain the complete deterministic part,
// we have to multiply by (n-1)/T, with n the number of parents
endfunction

This implementation allows the computation of S(f) for f = Lo—iks2—i(k+1))> for j = 0 and
k € Z. This computation only consists in a shift by +277k of the partition.

function S=Srd(mn,x,t,j,k,T)
// typically n=length(U); x=Srandom(U,j);

y=Sdeterm(t-2~(-j)*k,j,T);

S=[t;evalpwc(t,x(1,:)+2~(-j)*k,x(2,:),’left’)-(n-1)/T*xy(2,:)];

// that gives S(f) evaluated at the coordinates of t
endfunction

The following functions Bfather and Bmother correspond to the computation of B(f) for
f =125 (with j > 0) and for f = 15-7,9-5) — 1jg,0-s) (With j > 0 and J = j + 1) respectively.
We precise that for all k € Z, we have

B(1ja-ig2-i 1)) = B(Lj0,2-4))

and
B(1p-s@2kt1)2-3 (k1)) — L-iks2—7 @2k+1)) = B(L2-v2-57 — Ljo;2-9)),

that is to say the quantity B(f) does not depend on k.
function B=Bfather(n,x,j,T)
// typically n=length(U); x=Srandom(U,j);

// We are interested in larger differences between the random "pwc" part S_r
// and the deterministic part on intervals
b=[1;

// 0n [0;27(-37)]

nl=length(find(x(1,:)<=2"(-3)));

// = "number of jumps of the function S_r before 2~(-j)" - 1
// (0 being the first element of the partition by default)

for i=2:n1l
bl=x(2,i-1)-(n-1)/T*x(1,i); // comparison at the left
br=x(2,1)-(n-1)/T*x(1,i); // comparison at the right
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b=[b max(abs(bl),abs(br))];
end

// On [27(-3);T]
n2=length(find(x(1,:)<=T)); // = "number of jumps of the function S_r before T" - 1
for i=nl:n2
b=[b abs(x(2,i)-(n-1)/T*2~(-j))]1;
end

// On [T;T+2"(-3)]

L=length(x(1,:));

for i=n2+1:L // this is the case where there are jumps of the function S_r

// between T-2"(-j) and T

bl=x(2,i-1)-(n-1) /T*(-x(1,1)+T+2~(-3));
br=x(2,1)-(n-1)/T*(-x(1,1)+T+2°(-j));
b=[b max(abs(bl),abs(br))];

end

B=max(Db) ;
endfunction

function B=Bmother(n,x,j,T)
// typically n=length(U); x=Srandom(U,j);
J=j+1;

// 10 = [0;27(-0)] and I1 = ]2~(-J);2~(-j)]
x0=[x(1,:);-x(2,:)];
x1=[x(1,:)+2"(-7);x(2,:)]1;

x=sumpwc (x0(1,:),x0(2,:),x1(1,:),x(2,:));

// We are interested in larger differences between the random "pwc" part S_r
// and the deterministic part on intervals
b=[1;

// On [0;2°(-J)]

nil=length(find(x(1,:)<=2"(-J)));

// = "number of jumps of the function S_r before 2~ (-J)" - 1

for i=2:nl
bl=x(2,i-1)-(n-1)/T*(-x(1,i)); // comparison at the left
br=x(2,1)-(n-1)/T*(-x(1,1)); // comparison at the right
b=[b max(abs(bl),abs(br))];

end

b=[b max(abs(evalpwc(2~(-J),x(1,:),x(2,:),’left’)+(n-1)/T*2~(-J)),
abs(evalpwc(2~(-J),x(1,:),x(2,:),’right’)+(n-1)/T*2~(-J)))];

// 0n [27(-3);27(-7)]
n2=length(find(x(1,:)<=2"(-3j)));
// = "number of jumps of the function S_r before 2-(-j)" - 1
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for i=nl+1:n2
bl=x(2,i-1)-(n-1) /T*(x(1,i)-2"(-j));
br=x(2,1)-(n-1) /T*(x(1,1)-2"(-j));
b=[b max(abs(bl),abs(br))];

end

// On [2~(-3);T]
n3=length(find(x(1,:)<=T)); // = "number of jumps of the function S_r before T" - 1
for i=n2:n3
b=[b abs(x(2,i))]1;
end

// On [T;T+2~(-J0)]
n4=length(find(x(1,:)<=T+2"(-J)));
// = "number of jumps of the function S_r before T+2~(-J)" - 1
for i=n3+1:n4
bl=x(2,i-1)-(n-1)/T*(x(1,1)-T);
br=x(2,i)-(n-1)/T*(x(1,1)-T);
b=[b max(abs(bl),abs(br))];
end
b=[b max(abs(evalpwc(T+2~(-J),x(1,:),x(2,:),’1left’)-(n-1)/T*2~(-1)),
abs (evalpwc(T+2~(-J) ,x(1,:),x(2,:), ’right’)-(n-1) /T*2~ (-1 ))]1;

// On [T+2~(-J);T+2~(-j)]

L=length(x(1,:));

for i=n4+1:L
bl=x(2,i-1)-(n-1) /T*(-x(1,1)+T+2~(-3));
br=x(2,1)-(n-1) /T*(-x(1,1)+T+2~(-j));
b=[b max(abs(bl),abs(br))];

end

B=max(b) ;
endfunction

A.1.3 Cascade algorithm for the Haar basis

We propose the implementation of the cascade algorithm described in Section 3.3.2 of Chapter
3. We precise that a cascade algorithm has been also performed for the particular Spline basis
studied at Section 3 of Chapter 3 (see Figure 3.1).

// jO = maximal resolution level (=5 in practice)

// T = normalized length of the studied genome (=10000 in practice)
// A = maximal memory (=10 in practice)

// We notice that we choose A an integer in the algorithm

function y=cascade(U,t,jO,T,A)

// typically U=Npar; t=Nchi; (respectively the parents and the children)

n=length(U);
y=1listQ;
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for

j=1:j0+1

y(3)=1istO; // y(j) will be the list devoted to the resolution level jO-j

end

// Level jO

x=Srandom(U,jO); // the only S_r which is calculated
1=1ist();

for k=-2"jO*A:2°jO*A-1

1($+1)=[x(1,:)+2~(-jO)*k;x(2,:)]; // the list 1 corresponds to the [par;valpar]

// of S_r for k = -27jO*A, ..., 27jO*A-1;

// namely 1(i) gives the [par;valpar] of S_r for k=-2"jO*A-1+i

end

// Levels jO-1 to O via a cascade algorithm

for

J=

j=jo0-1:-1:0
it

y(j0-3) (1)=3; y(jO-j) (2)="mother"; Y=[1; lnew=list();

B=

2~ (j/2)*Bmother (n,1(2~J*A+1),j,T);

for k=-2"j*A:27j*A-1

// The corresponding mother wavelet is: 2-(j/2) * (I1 - IO0)
// with I0 = I_[2~(-0)2k;2"(-J)(2k+1)] and I1 = I_]12"(-J)(2k+1);2~(-J) (2k+2)]
// Computations of S(I0) and S(I1)
k0=2%k; i0=2"J*A+1+k0; // this is the corresponding index k
// of the father wavelets of the previous level
Sd0=Sdeterm(t-2~(-J)*k0,J,T);
SO=evalpwc(t,1(i0)(1,:),1(i0) (2,:),’left’)-(n-1)/T*Sd0(2,:);
k1=2xk+1; i1=2"J*A+1+k1l;
Sdi1=Sdeterm(t-2-(-J)*k1,J,T);
Si=evalpwc(t,1(i1)(1,:),1(i1)(2,:),’left’)-(n-1)/T*Sd1(2,:);
// Computation of S
S=2~(3/2) *(S1-80) ;
// Computation of G
G=sum(S) ;
//Computation of hatV
hatV=sum(S~2) ;
// Increment of Y
Y=[Y [k;G;B;hatV]];
// We notice that the difference between two father wavelets of the previous
// level allows to obtain the mother wavelet of the corresponding level j
// Now, we do the sum of the two father wavelets
// in order to obtain the father wavelet of the corresponding level j
// (for the computations of the mother wavelet of the next level)
s=sumpwc (1(10) (1,:),1(i0) (2,:),1(i1)(1,:),1(11)(2,:));
Inew($+1)=[s(1,:);s(2,:)];

end

y(j0-3) (3)=Y; l=lnew;

end

// Level -1 (corresponding at the father wavelet of level O
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// which is used for the reconstruction of the signal)
v(jO+1) (1)=-1; y(jO+1) (2)="father"; Y=[1;
B=Bfather(n,1(A+1),0,T);
for k=-A:A-1
i=A+1+k;
Sd=Sdeterm(t-k,0,T);
S=evalpwc(t,1(i) (1,:),1(1)(2,:),’1left’)-(n-1)/T*Sd(2,:);
// Computation of G
G=sum(S) ;
// Computation of hatV
hatV=sum(S~2);
// Increment of Y
Y=[Y [k;G;B;hatV]];
end

y(jOo+1) (3)=Y;
endfunction

Consequently the function cascade gives the quantities of interest: Sy = G(px)/n, B(py)
and V(go A) for the index A = (j, k) for j < jo (the maximal resolution level) and so, the threshold
ny defined by (3.14) can be exactly computed with a fixed couple of parameters (v, d).

A.2 TImplementation of the testing procedure of Chapter 4

This section gives some algorithmic elements of our practical testing procedure of Chapter 4
(see Section 4.4.4). We present here the script related on the evaluation of the empirical rate of
type I error, namely the level of our test.

A.2.1 Simulation of the data

We simulate 5000 independent realizations of Datag with T = 2 (time of record in seconds):
we simulate processes N, (the parents) and N, (the children) whose respective intensities are
5\;,, =50 and A, = 50. As explained in Section 4.4.4, the data are multiplied by 50 before being
treated, namely in the sequel T' = 100.

A.2.2 Cascade algorithm and functions

The function cascadetest consists in the computation of the testing statistics 1) = |B,\|,

where

=t X 3 [ - 0) - BV - W),

n
UEN, VEN,

for A = (4, k) with j < jo (= 3 in practice), with respect to a given couple of processes N, and
Ne.

function y=cascadetest(U,V,n,m,B,T,A,jO)

// U=parents: matrix 1 x n
// V=children: matrix m x B
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y=1list();
for j=1:j0
y(G)=0; // y(j) will be the matrix for the level jO-j
// and its corresponding indices k
end
// We don’t keep the level -1 corresponding to the father wavelets.

// Initialization: computation of the (non-renormalized) father wavelets at level jO
MatU=U.*.ones(m,1);

c=[-A:2"(-jO):A]; 1=length(c);

Matc=c(1:1-1) .*.ones(m,1);

S=zeros(1-1,B);
for b=1:B
[ind,occ,info]=dsearch(V(:,b) .*.ones(1,n)-MatU,c);
X=V(:,b).*.ones(1,1-1)-Matc;
S(:,b)=( occ - (@-1)/T * sum(X.* (X>0 & X<2~(-j0)) + 2~(-jO).* (X>=2"(-j0) & X<=T)
+ (T-X+27(-j0)) .* (X>T & X<=T+2~(-j0)),1) )’;
end

Sm=[]; Snew=[]; lnew=(1-1)/2;
for j=jO0-1:-1:0
Wf=eye(lnew,lnew) .*.sysdiag([1 1]);
Wm=eye (1new,lnew) .*.sysdiag([-1 1]);
Sm=2"(j/2)*Wm*S; y(jO-j)=abs(Sm);
Snew=Wf*S; S=Snew;
lnew=lnew/2; // Remark: 1-1 = A*2~(jO+1)
end
// Warning! The coefficients are not divided by n here
endfunction
The function QuantileT consists in the computation of u[aUl""’U";m} defined by (4.5), obtained
by dichotomie. This function needs the following preliminary function testprobathresh.

function [Diff,quant] = testprobathresh(ualpha,yBquantsort,yBu,alpha,Nbessai)
// uaplha in [0;1]
// yBquantsort is a list of size jO where the j-th list is a matrix
// of size A*2~(jO-j+1) x B/2 which contains the quantiles
// putting in ascending order (by row)
// yBu is a list of size jO where the j-th list is a matrix
// of size A*2~(jO-j+1) x B/2 which contains the testing statistics
// estimated under the hypothesis HO (to estimate ualpha later)
// alpha is the level test: typically alpha = 0.05

// Nbessai=B/2 typically

quant=list();
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Bilanniveau=zeros(jO,Nbessai) ;

for j=1:j0 // weights depending on the level j: 1/(jO*A*2~(jO-j+1))
ntemp = max(min(floor (Nbessai*(l-ualpha/(jO*A*2~(jO-j+1))))+1, Nbessai), 1);
// the functions ’max’ and ’min’ force ualpha to be in [0;1]

quant (j)=yBquantsort(j) (: ,ntemp) ;

Bilanniveau(j, :)=sum((yBu(j)>=quant (j)*ones(1,Nbessai)),1);
// this is the number of simple tests which havec rejected HO for each simulation
end

Diff=mean(1*(sum(Bilanniveau,1)>0))-alpha;
// the fist term is an estimator of ualpha

// Remark: we want Diff < O
// i.e. an estimator of the level test < alpha but as close as possible
endfunction

Now, we define the function QuantileT.
function [quant,ualphamin,D]=QuantileT(yBquantsort,yBu,alpha,Nbessai)

// yBquantsort is a list of size jO where the j-th list is a matrix
// of size A*2~(jO-j+1) x B/2 which contains the quantiles
// putting in ascending order (by row)

// yBu is a list of size jO where the j-th list is a matrix
// of size A*2~(jO-j+1) x B/2 which contains the testing statistics
// estimated under the hypothesis HO (to estimate ualpha later)

// alpha is the level test: typically alpha = 0.05
// Nbessai=B/2 typically

// Initialization

ualphamin=0; ualphamax=1;

[Diffmin,quantmin] = testprobathresh(ualphamin,yBquantsort,yBu,alpha,Nbessai);
D=Diffmin;

[Diffmax,quantmax] = testprobathresh(ualphamax,yBquantsort,yBu,alpha,Nbessai);

// Dichotomie

while Diffmax<O0

ualphamax=ualphamax*2;

[Diffmax,quantmax] = testprobathresh(ualphamax,yBquantsort,yBu,alpha,Nbessai);
end
// This step allows us to obtain ualphamax large enough

if Diffmin<0 then
while ualphamax-ualphamin>1/Nbessai
ualphatemp=(ualphamin+ualphamax)/2;
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[Difftemp,quanttemp]= testprobathresh(ualphatemp,yBquantsort,yBu,alpha,Nbessai);
if Difftemp>0 then ualphamax=ualphatemp;
else ualphamin=ualphatemp; quantmin=quanttemp;
end
end
end
quant=quantmin;
endfunction

A.2.3 Computation of the empirical rate of type I error

This section gives the steps to evaluate the empirical rate of type I error. We consider a test
of level a = 0.05.

alpha=0.05;
// Step 1: Simulation of the real data

T=100; A=2; jO=3;

Nsimul=5000;

Z=zeros (Nsimul, 3) ;

for nsimul=1:Nsimul

Npar=N_p(nsimul,:); Nchi=N_c(nsimul,:); // the nsimul-th simulation of DataO
n=length(Npar) ; m=length(Nchi);

// Step 2: Computation of the testing statistic

yvrai=cascadetest (Npar,Nchi,n,m,1,T,A,jO);

// Step 3: B simulations (to estimate ualpha and the quantiles by Monte Carlo methods)

B=20000;

U=Npar; // the sequel is conditionally on the parents

V=grand(m,B,’unf’,-A,T+A); // distribution of the children under the hypothesis HO
// the sequel is conditionally on the number of children

yB=cascadetest(U,V,n,m,B,T,A,jO);

// Step 4: Creation of two samples

yBquant=1ist(); yBu=list();
for j=1:j0
yBquant (j)=yB(j) (:,1:B/2); // yBquant(j) will be the matrix devoted to the
// level jO-j with the first half of the sample
// allowing the estimation of the quantiles
yBu(j)=yB(j) (:,B/2+1:B); // yBu(j) will be the matrix devoted to the level jO-j
// with the second half of the sample
// allowing the estimation of ualpha
end
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// Step 5: Computation of the quantiles (yBquant)

yBquantsort=1list() ;

for j=1:j0
yBquantsort (j)=gsort (yBquant(j),’c’,’i’);

end

// Each row is put in ascending order

// Step 6: Computation of ualpha by dichotomie (yBquant)

Nbessai=B/2;
[quant,ualphamin,D]=QuantileT (yBquantsort,yBu,alpha,Nbessai);

// Step7: We "test" the testing statistic yvrai:
// if there exists one lambda=(j,k) s.t. yvrai > associated estimated quantile,
// then we reject HO

test=1list(); testagg=0;
for j=1:j0
test (j)=(yvrai(j)>quant(j))*1;
testagg=testagg+sum(test(j));
end
if testagg<>0 then decision=1;
else decision=0;
end

Z(nsimul, :)=[ualphamin D testagg];
end
// Evaluation of the empirical rate of type I error

length(find(Z(:,3)<>0)) /5000 // the number of simulations rejecting HO
// divided by the number of simulations 5000

We precise that similar scripts with the other data sets (Dataqg, ...) provide the empirical
powers of our tests.
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