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Résumé

Résumé

Cette these présente quelques résultats de la théorie des probabilités non commutatives,
et traite en particulier des inégalités de martingales dans des algebres de von Neumann
et de leurs espaces de Hardy associés. La premieére partie démontre un analogue non com-
mutatif de la décomposition de Davis faisant intervenir la fonction carrée. Les arguments
classiques de temps d’arrét ne sont plus valides dans ce cadre, et la preuve se base sur
une approche duale. Le deuxieme résultat important de cette partie détermine ainsi le
dual de I'espace de Hardy conditionnel hj(M). Ces résultats sont ensuite étendus au cas
1 < p < 2. La deuxiéme partie transfere une décomposition atomique pour les espaces de
Hardy hy (M) et H; (M) aux martingales non commutatives. Des résultats d’interpolation
entre les espaces h,(M) et bmo(M) sont également établis, relativement aux méthodes
complexe et réelle d’interpolation. Les deux premiéres parties concernent des filtrations
discreétes. Dans la troisiéme partie, on introduit des espaces de Hardy de martingales non
commutatives relativement & une filtration continue. Les analogues des inégalités de Bur-
kholder/Gundy et de Burkholder/Rosenthal sont obtenues dans ce cadre. La dualité de
Fefferman-Stein ainsi que la décomposition de Davis sont également transférées avec succes
a cette situation. Les preuves se basent sur des techniques d’ultraproduit et de L,-modules.
Une discussion sur une décomposition impliquant des atomes algébriques permet d’obtenir
les résultats d’interpolation attendus.

Mots-clefs

Algebres de von Neumann, espaces L, non commutatifs, martingales non commuta-
tives, espaces de Hardy, fonctions carrées, interpolation.




Non commutative martingale inequalities and applications

Abstract

This thesis presents some results of the theory of noncommutative probability. It deals
in particular with martingale inequalities in von Neumann algebras, and their associated
Hardy spaces. The first part proves a noncommutative analogue of the Davis decompo-
sition, involving the square function. The usual arguments using stopping times in the
commutative case are no longer valid in this setting, and the proof is based on a dual ap-
proach. The second main result of this part determines the dual of the conditioned Hardy
space hy(M). These results are then extended to the case 1 < p < 2. The second part
proves that an atomic decomposition for the Hardy spaces hy(M) and H;(M) is valid
for noncommutative martingales. Interpolation results between the spaces h,(M) and
bmo(M) are also established, with respect to both complex and real interpolations. The
two first parts concern discrete filtrations. In the third part, we introduce Hardy spaces
of noncommutative martingales with respect to a continuous filtration. The analogues of
the Burkholder/Gundy and Burkholder/Rosenthal inequalities are obtained in this setting
The Fefferman-Stein duality and the Davis decomposition are also successfully transferred
to this situation. The proofs are based on ultraproduct techniques and L,-modules. A dis-
cussion about a decomposition involving algebraic atoms gives the expected interpolation
results.

Keywords

Von Neumann algebras, noncommutative L,-spaces, noncommutative martingales, Hardy
spaces, square functions, interpolation.
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Introduction

Cette these s’inscrit dans la théorie des probabilités et de l'intégration non commu-
tative, qui trouve son inspiration dans la physique quantique. L’idée fondamentale sur
laquelle se base cette théorie est de remplacer les fonctions par des opérateurs sur un
espace de Hilbert et les mesures par des traces. Les inégalités de martingales non com-
mutatives et leurs espaces de Hardy associés en particulier sont au coeur de ce travail de
these. En théorie des probabilités, les interactions entre les inégalités de martingales et
I’analyse harmonique sont nombreuses. Burkholder, Davis, Gundy, Doob, Meyer, Neveu
et beaucoup d’autres ont développé dans ce cadre de puissants outils tels que les trans-
formées de martingales, les fonctions maximales et les temps d’arrét, qui jouent un role
important dans la théorie des processus stochastiques. Des outils supplémentaires d’ana-
lyse fonctionnelle et combinatoire sont cependant nécessaires pour étendre les inégalités de
martingales classiques au cadre non commutatif. Par exemple, la plupart des arguments de
temps d’arrét ne sont plus valides dans ce cadre, et la notion de fonction maximale ne peut
s’étendre directement a des opérateurs dans la mesure ou, en général, parler du supremum
d’une suite d’opérateurs n’a aucun sens. La théorie des martingales non commutatives a
connu un développement spectaculaire depuis l'article déterminant [35], et aujourd’hui de
nombreuses inégalités de martingales ont été transférées avec succes au cas non commuta-
tif. Les techniques développées dans ce domaine permettent parfois d’obtenir de nouveaux
résultats dans la théorie classique, comme illustré dans [24]. Ces investigations permettent
également d’enrichir les connaissances sur les C*-algebres ou les algebres de von Neumann
qui constituent le cadre de la théorie non commutative.

Dans cette introduction, je rappellerai dans un premier temps quelques résultats bien
connus de la théorie classique des martingales a temps discret. Je m’intéresserai ensuite a
leurs analogues non commutatifs, en citant les inégalités de martingales non commutatives
dues a Pisier, Xu, Junge, Parcet, Randrianantoanina, Musat et d’autres. Les résultats ob-
tenus avec mes co-auteurs Bekjan, Chen, Yin et Junge et présentés dans cette theése seront
également détaillés. Ces travaux concernent essentiellement les espaces de Hardy condi-
tionnels de martingales non commutatives. Dans la derniére partie de cette introduction,
j'aborderai I'extension de toute cette théorie aux martingales non commutatives a temps
continu, effectuée en collaboration avec Junge.

0.1 Théorie classique des martingales a temps discret

Les principaux objets étudiés dans ce travail sont les inégalités de martingales et leurs
espaces de Hardy associés. En théorie des probabilités classiques, les espaces de Hardy de
martingales sont étroitement liés aux espaces de Hardy de fonctions introduits en analyse
harmonique. Nous rappelons ci-dessous quelques unes de leurs nombreuses caractérisations,
qui donneront la trame de 1’étude noncommutative. On se réféere au livre de Garsia [10]
pour la théorie des inégalités de martingales. Considérons un espace probabilisé (€2, F, u)
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muni d’une filtration croissante (F,),>0 de sous-c-algeébres de F telle que F = (U, F,).
Soit (Ep,)n>0 la suite des espérances conditionnelles associées. Une martingale relativement
a la filtration (F,)n>0 est une suite de variables aléatoires (fy)n>0 dans L1(2) telle que

E.(fn+1) = fn pour tout n > 0. (0.1.1)

Pour 1 < p < 00, on dit que la martingale f est bornée dans L,(2) si || f||, = sup,, || fallp <
00. A une martingale f = (f,)n>0 bornée dans L;(2) on peut associer sa fonction carrée

st = (Slarp)"”.

ou df, = fn — fn—1, et sa fonction maximale
M(f) = sup|fnl.
n

Pour 1 < p < oo, l'espace de Hardy de martingales H,(f2) est défini comme ’ensemble
des martingales f bornées dans L, (1) telles que S(f) € L,(£2). On munit cet espace de la
norme

11z, 00) = 1SCHlp-

On introduit également I'espace

BMO(Q) = {f € Lo() : sup|Enlf = fu-1]lo0 < o0}

muni de la norme
1 fllBro@) = sup [Enlf — fa1l?[12%

Cette terminologie est justifiée par le fait que pour un choix approprié de (2, F,u) et
(Fn)n>0, l'espace H,(Q2) peut s’identifier aux espaces de Hardy classiques de la théorie des
fonctions et BMO(S) a la classe des fonctions a oscillation moyenne bornée introduite par
John et Nirenberg. Fefferman et Stein ont établi la dualité suivante entre ces deux espaces

Hi(Q)* = BMO(Q). (0.1.2)

Ce résultat de dualité va jouer un réle fondamental dans les travaux présentés dans cette
these. L’espace de Hardy Hp,(£2) peut aussi se caractériser a 'aide de la fonction maximale
de la fagon suivante. Soit f une martingale bornée dans L,(€2), on dit que f € H**(Q)
si M(f) € Lp(2). A T'aide des inégalités de Burkholder-Davis-Gundy, qui établissent que
pour p > 1 et une martingale f bornée dans L,({2) on a

ISCHIp = [IM ()l (0.1.3)

on déduit que Hy(2) = H'**(Q) avec des normes équivalents pour 1 < p < co. La célebre
inégalité maximale de Doob établit que

IM(f)llp < Spll fll, pour 1T <p < oo, (0.1.4)
et les inégalités de Burkholder-Gundy démontrent que

Ifllp =, IS(f)llp pour 1 < p < oo. (0.1.5)

Ces inégalités signifient que pour 1 < p < oo, les espaces Hy,(2) et H,'**({2) coincident en
fait avec Ly(€2).
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Les transformées de martingales constituent un outil puissant en probabilité et dans
d’autres domaines de lanalyse. Par exemple, Burkholder a démontré dans [3] que les
transformées de martingales sont de type (1,1) faible, ce qui permet de démontrer d’autres
inégalités.

Dans les travaux de Burkholder et Gundy, un certain nombre de résultats concernant
la fonction carrée S(f) ont aussi été obtenus pour la fonction carrée conditionnelle

s(h) = (S Ealdrl?) .

En effet, les inégalités de Burkholder ([4, 5]) établissent le résultat suivant
»\ /P
17l = (S draliz)” + sl powr 2 < p < oo. (0.1.6)
n

La fonction carrée conditionnelle s(f) joue un réle important dans la preuve de Davis des
inégalités (0.1.3) dans le cas p = 1 ([7]), dans laquelle apparait la caractérisation suivante
de H™*(Q)

M(f) € Li(Q) <& f se décompose en une somme de deux martingales
f = g+ h satisfaisant s(g) € L1(Q) et Z |dhy| € L1(9Q). (0.1.7)

Cette décomposition est connue sous le nom de décomposition de Davis. Si on note hi ()
lespace des martingales dans L (£2) qui admettent une telle décomposition, les résultats
précédents entrainent

Hi(Q) = hy(Q) = HM(Q). (0.1.8)

Rappelons que le dual de Pespace hi(2) est bien connu, et décrit comme ’espace appelé
petit bmo (voir par exemple [37]).

D’autres décompositions jouent un réle important dans la théorie des martingales. La
décomposition de Gundy ([12]) permet par exemple d’établir des résultats de bornitude
(1,1) faible pour les fonctions carrées et maximales, qui permettent a leur tour de retrouver
certaines inégalités citées précédemment.

La décomposition atomique constitue un outil puissant pour démontrer des résultats
de dualité, d’interpolation et certaines inégalités fondamentales a la fois en théorie des
martingales et en analyse harmonique. Elle a été introduite par Coifman [6] en analyse
harmonique et par Herz [17] en théorie des martingales. Les atomes pour les martingales
sont traditionnellement définis a l'aide de temps d’arrét. Dans 'optique d’étendre cette
décomposition au cadre non commutatif, nous mentionnons une approche différente dans
laquelle la définition d’atome ne fait pas intervenir la notion de temps d’arrét. En effet,
comme évoqué précédemment, le concept de temps d’arrét n’est pour 'instant pas claire-
ment défini dans le cas non commutatif. On dit qu'une fonction F-mesurable a € La()
est un atome g’il existe n € N et A € F, tels que

(i) En(a) = 0;

(if) {a # 0} C 4;

(iii) [lafl2 < p(A)~2.
Cette notion a été introduite par Weisz dans [50] sous le nom d’atomes simples, puis
étudiée dans [49, 50]. Sous une forme déguisée dans la preuve du Théoréme Ao, de [17],

Herz décompose en atomes 'espace des martingales prévisibles P;(€2). On rappelle qu'une
martingale f = (f,)n>0 est dite prévisible dans L; s’il existe une suite adaptée (A, )n>—1 de
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fonctions croissantes et positives telle que |f,,| < \,—1 pour tout n > 0 et sup,, A, € L1(2).
L’espace P;(2) coincidant avec ’espace de Hardy H;(2) pour les martingales régulieres,
cela donne une décomposition atomique de H;(§2) dans le cas régulier. Cette décomposition
a été étendue au cas général par Weisz dans [49] pour les martingales f dans L1 (Q) telles
que la fonction carrée conditionnelle s(f) € L1(€2) (au lieu de la fonction carrée S(f)).

0.2 Théorie non commutative des martingales a temps dis-
cret

Nous examinons maintenant la théorie évoquée précédemment dans un cadre non com-
mutatif, c’est-a-dire lorsqu’on remplace les fonctions par des opérateurs sur un espace de
Hilbert. Apres avoir décrit la construction des espaces de Hardy dans ce cadre et cité
certains résultats majeurs de la théorie des martingales non commutatives, je détaillerai
les trois points étudiés en particulier dans cette theése dans le cas d’une filtration discrete,
qui enrichissent la connaissance de ces espaces de Hardy en étudiant plus particulierement
leurs versions conditionnelles. Il s’agit de la décomposition de Davis, de la décomposition
atomique et de I'interpolation des espaces de Hardy de martingales non commutatives.

Le cadre de la théorie des martingales non commutatives est donné par une algebre
de von Neumann M, c’est-a-dire une sous-algebre involutive unitale préfaiblement fermée
dans 'espace B(H) de opérateurs bornés sur un espace de Hilbert H. Par souci de simpli-
cité on supposera que M est finie, c’est-a-dire qu’il existe une trace 7 normale, fidele et
normalisée. Ainsi (M, 7) joue le role de l'espace probabilisé (2, F, ). Le role des espaces
L,(£2) est alors tenu par les espaces L, non commutatifs L,(M,7) (voir [36]), dont la
norme pour 1 < p < 0o est simplement définie par

lally = (7(l2) """ pour & € Ly(M),
ot |z| = (z*z)'/? désigne le module de z. Pour p = 00, Loo(M) désigne M muni de sa
norme en tant qu’algebre de von Neumann. On considére également une filtration crois-
sante (M, )n>0 de sous-algebres de M, et la suite (&,)n>0 des espérances conditionnelles
associées. Armés de ce dictionnaire, on peut facilement définir une martingale non com-
mutative en traduisant simplement la condition (0.1.1) dans ce cadre. Ainsi on dira qu'une
suite (zp)n>0 d’opérateurs dans L1(M) est une martingale non commutative relativement
a (My)n>0 si

En(xpy1) = x, pour tout n > 0.

Comme évoqué ci-dessus, les notions de fonction maximale et de supremum d’une suite
d’opérateurs n’ont pas de sens dans ce cadre. Nous nous intéressons donc essentiellement
a lespace de Hardy quadratique défini a partir de la fonction carrée.

Il existe plusieurs manieres de considérer le carré d’'un opérateur x, par exemple le
carré de son module |z|?> = x*z, et le carré du module de son adjoint |z*|*> = za*. Pisier
et Xu ont ainsi naturellement introduit dans [35] deux fonctions carrées, colonne et ligne
respectivement, qui définissent deux versions colonne et ligne de ’espace de Hardy de
martingales non commutatives

lelbgnn = | (S ldzal?) et elhging = | (Slaezl)

n n

)

ou dz,, = x, — ,_1 désigne la suite des différences de la martingale x = (z,,),. La version
non commutative des inégalités de Burkholder-Gundy (0.1.5) démontrée dans [35] s’énonce
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alors de la maniere suivante

s (| (5 ) [(Slasi) ) 2 <p
it (|(Shael®) 7+ [(Shasi) ) i< <

zllp ~e, . (0.2.1)

ou l'infimum est pris sur toutes les décompositions dx, = dy, + dz, de dz, en somme
de deux suites de différences de martingales associées a la méme filtration. Cela retraduit
le phénomene, découvert par Lust-Piquard et Pisier ([29, 30]) en établissant la version
non commutative des inégalités de Khintchine, que les inégalités de martingales sont de
natures différentes suivant que p est supérieur ou inférieur & 2. L’espace de Hardy H,(M)
est alors défini de la maniere suivante

) Hp M) +H (M) sil<p<2
Hp(M) = { HEM) N HL(M)  5i2 < p< oo

Ainsi (0.2.1) signifie que
Hp(M) = Lp(M) avec des normes équivalentes pour 1 < p < oo. (0.2.2)

La bornitude (1,1) faible des transformées de martingales a également été établie dans
le cadre non commutatif par Randrianantoanina dans [39], et permet en particulier de
redémontrer (0.2.1) avec une meilleure constante.

En appendice de [35], Pisier et Xu ont décrit le dual de 'espace H;(M) comme un
espace de type BMO, et ont ainsi établi la version non commutative de la dualité de
Fefferman-Stein (0.1.2)

Hi(M)* = BMO(M). (0.2.3)

Junge et Xu ont ensuite étendu cette dualité au cas 1 < p < 2 dans [24]. On trouve d’autres
caractérisations de I'espace BMO(M) dans la version non commutative du Théoréeme de
John-Nirenberg démontrée dans [22].

Concernant la fonction maximale, en s’inspirant des espaces L, non commutatifs a
valeurs vectorielles introduits par Pisier ([34]), Junge a traduit la notion de norme L, de
la fonction maximale, et a obtenu la version non commutative de I'inégalité maximale de
Doob (0.1.4)

Isup™|€n()lllp < dpllll, Ppour 1 <p < oo.
n

Il est important de noter qu'ici, ||sup, ™ |E, ()|, n’est qu’une notation, car sup,, |E,(z)]
n’a pas de sens dans le cadre non commutatif. On peut ainsi définir a I’aide de cette norme
I’analogue non commutatif de I’espace de Hardy maximal, noté H;,nax(./\/l). Cependant, il a
été démontré dans [25] que les espaces Hi (M) et H* (M) ne coincident pas en général.
Plus précisément, Hi(M) ¢ H™(M). La validité de l'inclusion inverse constitue a ce
jour encore une question ouverte.

Dans 'article [24], Junge et Xu ont étendu (0.2.1) au cas non tracial, et ont démontré
d’autres inégalités de martingales non commutatives, en particulier I’analogue des inéga-
lités de Burkholder (0.1.6) pour 2 < p < oo

felly = (S Hdoal}) ™" + | (S ashdzal?) |+ (S bnmalaai?) ) . 024



14 INTRODUCTION

Dans le méme esprit que (0.2.1), ces inégalités s’étendent au cas 1 < p < 2 de la maniére
suivante

Jelly = inf (3 Naalg) " + (S €umslaas?) ™| + (S enmaliaary?) ] ).
(0.2.5)

ott infimum est pris sur toutes les décompositions dz,, = dz? + da + dz’ de dx, en
somme de trois suites de différences de martingales associées a la méme filtration. Junge
et Xu démontrent ainsi un nouveau résultat dans la théorie classique, et une version (1, 1)
faible de ce nouveau résultat en probabilités commutatives a été obtenu par Parcet dans
[32]. En introduisant les fonctions carrées conditionnelles colonne et ligne, les espaces de
Hardy conditionnels

s ) = H(Zgn—”d:‘"’Q)l/QHp + le g = | ( Zgn—lldx:\2)1/2Hp

et I'espace de Hardy diagonal

1/
leliarn = (3 dzalip) ™

les inégalités (0.2.4) et (0.2.5) se reformulent
hp(M) = L,(M) avec des normes équivalentes pour 1 < p < oo. (0.2.6)

Ici on définit I'espace de Hardy conditionnel h,(M) de la méme maniere que l’espace de
Hardy H,(M), en différenciant les cas p < 2 et p > 2:

) = M) M) (M) s < p <2
hp (M) M h; (M) N h (M) si2<p< oo

Dans [40, 41], Randrianantoanina établit les versions (1, 1) faibles des inégalités (0.2.1)
et (0.2.4), (0.2.5), en construisant des décompositions explicites de martingales. Dans le
cas classique, ces décompositions sont basées sur des temps d’arrét, et Randrianantoanina
s’appuie sur les projections de Cuculescu pour décomposer des martingales non commuta-
tives. Ces projections constituent un outil présentant certaines propriétés communes avec
les temps d’arrét qui sont suffisantes pour obtenir des estimations (1,1) faible. Par des
techniques d’interpolation réelle, Randrianantoanina en déduit certains ordres maximaux
des meilleures constantes dans les inégalités (0.2.1) et (0.2.4), (0.2.5). En exploitant des
techniques de décomposition similaires, Parcet et Randrianantoanina ont construit une
décomposition de Gundy non commutative dans [33], qui, comme dans le cas classique,
permet de redémontrer des inégalités de martingales non commutatives.

0.2.1 La décomposition de Davis

En combinant (0.2.2) avec (0.2.6), on obtient que H,(M) = h,(M) pour 1 < p < 0.
Le résultat principal du chapitre 1 montre que cette égalité est encore vraie dans le cas
p = 1, c’est-a-dire que la premiére égalité de (0.1.8) se transfére avec succes au cas non
commutatif. Dans les résultats rappelés précédemment, seules des inégalités (1, 1) faible
sont obtenues ([40, 41]), et les techniques d’interpolation ne permettent pas d’en déduire
des résultats pour p = 1, mais uniquement pour 1 < p < oo. Le chapitre 1 répond
positivement & une question posée dans [41], et peut étre considéré comme un analogue
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non commutatif de la décomposition de Davis (0.1.7) faisant intervenir la fonction carrée
au lieu de la fonction maximale. Cependant, la décomposition présentée dans le chapitre
1 n’est pas explicite mais démontrée par une approche duale. L’espace dual de H;(M)
est connu et donné par la dualité de Fefferman-Stein (0.2.3), le chainon manquant était
la description de ’espace dual de h;(M) comme un espace de type BMO, analogue de
I’espace petit bmo. On introduit dans le chapitre 1 les espaces bmo non commutatifs
suivants : I’espace bmo colonne

bmo“(M) = {x € Lay(M) : sup||&nlz — xnIQHOO < oo}
muni de la norme
I lmor (a4) = max (10 (@) o+ sup a2 = al2[£2),
I’espace bmo ligne
bmo" (M) = {x € La(M) : z* € bmo®(M)}
muni de la norme

|’bemor(M) = ||x*Hbmoc(M)7

et I’espace bmo diagonal
bmo?(M) = {différences de martingales dans foo(Loo(M))}

muni de la norme
”bemod(M) = Slép Hd:EnHOO

Dans l'esprit de la dualité classique présentée dans [37], on démontre le résultat crucial
suivant.

Théoréme 0.2.1. On a hi(M)* = bmo(M) avec des normes équivalentes, ot
bmo(M) = bmo®(M) N bmo®(M) N bmo" (M).

L’établissement de cet analogue conditionnel de la dualité de Fefferman-Stein enri-
chit notre connaissance de ’espace h; (M), et permet désormais d’adopter une approche
duale dans certaines questions. En particulier, en observant que les espaces BMO(M) et
bmo(M) coincident, on démontre alors le résultat principal du chapitre 1.

Théoréme 0.2.2. On a H1(M) = h1(M) avec des normes équivalentes.

Dans le méme chapitre, ces résultats sont étendus au cas 1 < p < 2. Par une méthode
similaire, on décrit le dual de I'espace h,(M) comme l'espace L,ymo(M) pour % + 1% =1,
défini de la méme maniere que bmo. Plus précisément, pour 2 < g < oo on introduit les

espaces
Lgmo(./\/l) ={z € Ly(M) : |lsupT& |z — m,JQHq/Q < oo}
n
muni de la norme

1/2
Il zgmoaey = max ([€a(@)lq - llsup* Enle = zal*3).

Lymo(M) = {x € La(M) : x* € Lgmo(M)} et

q

Lgmo(M) = hd(M) N LEmo(M) N Limo(M).
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La comparaison des espaces duaux nous permet alors d’améliorer les estimations d’une
constante dans I’équivalence des normes H,(M) et h,(M) pour 1 < p < 2 données dans
[41]. Plus précisément, Randrianantoanina a obtenu l'estimation x, = O((p—1)~1!) lorsque
p — 1, ott [z, a1y < Kpll@|ln, (M), et notre approche montre que la constante x, reste
bornée quand p — 1. Cette approche duale permet également d’affiner les inégalités (0.2.6),
en séparant les espaces ligne et colonne de la maniére suivante

Ho(M) = :Z,l(/\/l) + hg,(/\/l) pour 1<p<2 02.7)
5(M) N hg (M) pour 2<p< oo

Ces inégalités décrivent plus précisément les relations entre les espaces de Hardy colonne.
De maniére indépendante et au méme moment, Junge et Mei ont obtenu les mémes ré-
sultats, en décrivant le dual des espaces h,(M) pour 1 < p < 2 & 'aide d’une technique
différente. Cependant la preuve présentée ici aboutit a une meilleure constante.

La décomposition de Davis joue un role fondamental dans I'étude des inégalités de
Burkholder dans le chapitre 3, qui traite de la théorie des espaces de Hardy de martingales
non commutatives & temps continu. Deux autres approches de la décomposition (0.2.7)
pour 1 < p < 2 sont aussi introduites dans le chapitre 3, dans le but de les transférer au
cas d’une filtration continue. D’une part, en examinant de plus pres les espaces duaux, une
version plus forte de cette décomposition est démontrée, en remplacant I’espace diagonal
hg(/\/l) par un espace plus petit appelé h:,l)C(./\/l). On obtient ainsi une décomposition plus
proche de la décomposition de Davis classique (0.1.7). D’autre part, en se basant sur une
adaptation d’une décomposition de Randrianantoanina ([41]), nous discutons une autre
variante de cette décomposition dans le cas 1 < p < 2.

0.2.2 La décomposition atomique

La description du dual de hy(M) établie dans le chapitre 1 joue un roéle fondamental
dans la version non commutative de la décomposition atomique présentée dans le chapitre
2, en permettant d’aborder cette question par une approche duale. Une notion d’atome
non commutatif est d’abord introduite. Plus précisément, dans 'esprit de la théorie des
martingales non commutatives nous définissons deux types d’atomes, une version colonne
et une version ligne. Ces notions sont une traduction directe de la définition d’atome
simple rappelée dans la Section 0.1, en considérant respectivement les supports a droite
et & gauche d’un opérateur. On dira qu'un opérateur a € La(M) est un (1,2).-atome s’il
existe n € N et une projection e dans M,, tels que

(i) &nla) = 0;

(i) r(a) < ¢

(iii) [lallz < ()2
Le résultat principal de la premiere partie du chapitre 2 établit que ’on peut décompo-
ser I'espace de Hardy conditionnel a ’aide de ces atomes. Plus précisément, si on note
h{™ (M) (respectivement h™(M)) D’espace atomique dont la boule unité est constituée

de I’enveloppe absolument convexe de By, (a4, et des (1,2).-atomes (resp. (1,2),-atomes),
on démontre le résultat suivant.

Théoréme 0.2.3. On a hy(M) = hi*(M) avec des normes équivalentes, ot

hit (M) = h{(M) + h{™ (M) + h]*(M).
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Comme pour la décomposition de Davis évoquée précédemment, le Théoreme 0.2.3 est
également démontré par une approche duale, similaire a celle développée dans le chapitre
1 pour démontrer le Théoreme 0.2.2. L’idée est de décrire le dual de 'espace atomique
hat(M) comme un espace de Lipschitz non commutatif, puis de le comparer au dual de
Iespace hi(M) que nous connaissons désormais comme l’espace bmo(M). Cette méthode
ne donne pas de décomposition explicite, mais en démontre 1’existence. La décomposition
de Davis obtenue dans le Théoréme 0.2.2 permet d’en déduire une décomposition atomique
de lespace Hi(M).

Dans le chapitre 3, nous discutons un autre type d’atomes, appelés atomes algébriques.
Cette décomposition concerne cette fois le cas 1 < p < 2. On dit qu’un opérateur x €
La(M) est un hy(M)-atome algébrique si z se décompose sous la forme

€T = § bnan,
n

avec
(i) &n(bn) = 0 pour tout n > 0;
(ii) an € La(M,,) pour tout n > 0;

(i) S Il <1t (3 yanP)qu <tloul=l+l
n n

Ces atomes, moins “élémentaires” que les précédents, présentent cependant la particula-
rité de constituer un ensemble absolument convexe, et sont normants pour 1’espace L;,mo
lorsque p’ est I'indice conjugué de p. Par dualité, on démontre ainsi dans le chapitre 3
que l’espace dont la boule unité est constituée de I’enveloppe absolument convexe des
h5(M)-atomes algébriques constitue un sous-espace dense de h;(M). Plus généralement,
par la méme approche on décompose des espaces plus grands, appelés espaces L,, colonnes
conditionnels, & ’aide d’atomes agébriques de ce type. Ces nouvelles décompositions nous
fournissent des outils supplémentaires pour étudier les espaces de Hardy, et sont immédia-
tement appliquées dans le chapitre 3 pour obtenir des résultats d’interpolation.

0.2.3 L’interpolation des espaces de Hardy

Les premiers résultats d’'interpolation des espaces de Hardy H, (M) sont apparus dans
Particle de Musat [31], dans lequel elle démontre pour la méthode complexe d’interpolation

(BMO(M), H1(M))1/p = Hp(M) pour 1 < p < oo. (0.2.8)

Nous étendons ce résultat au cas des espaces de Hardy conditionnels hy, (M) dans le chapitre
2. La méthode utilisée est plus simple et élémentaire que les arguments développés par
Musat, et permet également de retrouver (0.2.8). Il semble que, méme dans le cas classique,
cette méthode soit plus simple que les approches connues de I'interpolation des espaces de
Hardy de martingales. L’idée principale est inspirée par une quasi norme équivalente pour
hp(£2), 0 < p < 2, introduite par Herz [18] dans le cas classique. En adaptant cette quasi
norme au cadre non commutatif, nous obtenons une nouvelle caractérisation de ’espace
h,(M) qui s’avere utile pour l'interpolation.

Théoréme 0.2.4. Soit 1 < p < oo. Alors

(bmo(M), h1(M))y/p, = hp(M) avec des normes équivalentes.
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La caractérisation de h,(M) a 'aide de la quasi norme de Herz permet de retrouver
la dualité de Fefferman-Stein obtenue dans le chapitre 1 avec de meilleures constantes
dans I'équivalence des normes h,(M)* et L,ymo(M) pour 1 < p < 2 et % + :t% = 1. Pour
0 < p < 1, cela ouvre une discussion sur I’espace dual de h,(M).

Dans le chapitre 3, nous développons une autre approche de 'interpolation des espaces
de Hardy. L’idée est de complémenter les espaces de Hardy dans des espaces plus grands
qui forment une échelle d’interpolation. Il est bien connu que gréce a la projection de Stein
on peut complémenter les espaces de Hardy dans les espaces L, colonnes pour 1 < p < 00,
mais cela n’inclut pas le cas p = 1. On introduit alors des espaces intermédiaires, les
espaces L, colonnes conditionnels, dans lesquels les espaces de Hardy sont complémentés
pour 1 < p < oo. La preuve de cette complémentation se base sur une décomposition
des espaces L, colonnes conditionnels semblable a la décomposition de Davis discutée
dans le chapitre 1, et démontrée toujours par une approche duale. En s’appuyant sur la
décomposition de ces espaces en atomes algébriques, on démontre qu’ils s’interpolent.

0.3 Théorie non commutative des martingales a temps continu

Dans le troisieme et dernier chapitre de cette thése, nous considérons une filtration
continue et étudions certains résultats cités précédemment dans ce cadre. En théorie com-
mutative, les théories des martingales a temps continu et des intégrales stochastiques sont
bien développées et connaissent de nombreuses applications. Dans le cas non commutatif, il
existe une théorie du calcul stochastique quantique, qui est jusqu’a aujourd’hui seulement
au niveau algébrique. Dans la ligne des investigations des martingales non commutatives
détaillées ci-dessus, le chapitre 3 se propose d’étudier les martingales non commutatives a
temps continu dans les cadre des algebres de von Neumann finies. L’extension des résultats
du cas discret au cas continu présente de nombreuses difficultés, et la théorie développée
dans le chapitre 3 nécessite de puissants outils d’analyse fonctionnelle tels que les ultra-
produits ou les L,-modules pour les contourner. Le but a long terme de ce projet mené
en collaboration avec Junge est de développer une théorie satisfaisante pour les semi mar-
tingales, incluant ’étude de la convergence des intégrales stochastiques. Dans une algebre
de von Neumann, la notion de trajectoire d’un processus d’opérateurs n’a pas de sens, et
il est donc impossible de construire les intégrales stochastiques trajectoire par trajectoire,
comme Dellacherie et Meyer le font dans [8]. Il est cependant bien connu que la conver-
gence des intégrales stochastiques est étroitement liée a I’existence du crochet de variation
quadratique [+, ] via la formule

t t
fige = / fodgs + / go-dfs + If gl

Le crochet de variation quadratique peut étre vu comme la limite en probabilité de la
fonction carrée dyadique suivante

[fa g]t = fogo + nh_{glo Z (ft% - ft%)(gt% - gt%)'
0<k<2m

C’est pourquoi notre approche consiste a étudier dans un premier temps ce crochet de
variation quadratique, et de traiter ensuite les intégrales stochastiques dans un prochain
travail qui se basera sur la théorie développée dans le chapitre 3. En probabilités classiques,
I’espace de Hardy de martingales a temps continu est défini par la norme

1 £, = £ A5
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Le chapitre 3 étudie ’analogue non commutatif de cet espace Hp(€2) associé a une filtration
continue.

On se place maintenant dans le méme cadre que dans la Section 0.2, c’est-a-dire que
lon considére un algebre de von Neumann finie (M, 7), munie cette fois d’une filtration
continue (M¢)¢>o de sous-algebres de M. Pour simplifier nous supposerons que 1’ensemble
continu des parametres est donné par Uintervalle [0,1]. Dans 'esprit de la théorie des
martingales non commutatives, on aimerait définir le crochet [z, x] pour une martingale
x, et poser

lellg, = kw2l et llallg, = Il 2"l
et démontrer I’analogue de (0.2.2) pour cette définition. Le candidat pour ce crochet non
commutatif est défini par une approche d’analyse non standard. Pour une partition finie
o={0=1t) <t1 <---<t, =1} de lintervalle [0,1] et z € M, on considére le crochet

fini
2
[2,2]e =) |df ()],
teo
oud(x) =&(x)—&-(x)etpourt =t; (j=1,---,n), t~ =t;_; désigne son prédécesseur
dans la partition o. Par convention on pose df(z) = &y(x). Alors pour p > 2, (0.2.2) donne

I'estimation |||z, x|, 1/2 < ¢pl|x||p- Sion considére un ultrafiltre I/ raffinant ’ensemble des
p/2 14 P

partitions finies de [0, 1], on peut alors définir
[z, 2]y = w-lim[z, z],,
oU

ot la limite faible est prise dans I'espace réflexif L, /»(M). En analyse non standard, la
limite faible correspond a la partie standard, et il est connu que cette approche coincide
avec la définition classique du crochet pour des martingales commutatives. Cependant,
la norme est seulement semi-continue par rapport a la topologie faible, et on ne peut
pas obtenir les inégalités de Burkholder-Gundy pour une filtration continue comme une
simple conséquence de la théorie discrete des espaces de Hardy. Néanmoins, en se basant
sur l'observation cruciale que les normes L, /; des crochets discrets [z, ], sont monotones
en o a une constante pres, on peut démontrer le résultat suivant.

Théoréme 0.3.1. Soient 1 < p < oo et x € M. Alors

Sup, H[x7x]0Hp/2 pour 1<p<2

Il 2oz ~ I;Ig{l ll: 2Jollp/2 = { infy ||[2, 7)o /2 pour 2 <p< oo

En particulier, cela implique que la norme L/, du crochet [z, z]yy ne dépend pas du
choix de l'ultrafiltre U, & norme équivalente pres. L’indépendance du crochet [z, x|y lui-
méme de 'ultrafiltre I sera discutée dans un prochain travail. Ainsi pour 1 < p < oo et
x € M on définit les normes

. 1/2 s /2 ..
ol = Iz, 2l et Nl =l [l 2ol = lim flll g o)-

On note Hj, et H;, respectivement les complétions correspondantes. En fait ces deux pro-
cédures définissent le méme espace :

~

H, =H,, avec des normes équivalentes pour 1 <p < oo.

La preuve de ce résultat est basée sur le Théoreme 0.3.1, et suit deux approches différentes
suivant les valeurs de p. Pour 2 < p < oo, on utilise des arguments de complémentation et le
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cas 1 < p < 2 est obtenu par dualité, en injectant ﬁlc, dans un gros espace ultraproduit afin
d’étudier son espace dual. Nous obtenons de cette maniére un bon candidat pour I'espace
de Hardy de martingales non commutatives relativement a la filtration continue (M;)o<i<1.
Nous désirons maintenant établir pour cet espace ’analogue de certains résultats présentés
dans la Section 0.2 précédente. Pour cela, on travaille de préférence avec la définition de
H,, qui s’avere plus maniable. En particulier, il est possible de considérer ‘Hj, comme un
sous-espace d'un certain espace ultraproduit qui a une structure de L,-module. On peut
alors décrire naturellement l'espace dual de H;, pour 1 < p < oo comme un espace quotient

d’un espace ultraproduit, noté ﬁ;,, pour %#—Z% = 1. En établissant qu’en réalité, les espaces
H; et ﬁg coincident on démontre le résultat de dualité suivant.

Théoreéme 0.3.2. Soient 1 < p < oo et % + 1% = 1. Alors

HO) =HS,  avec des normes équivalentes.
(H, p q
Pour p = 1, nous étudions le dual de l'espace H{ par une méthode similaire. La

définition de I'espace BMO° dans ce cas doit étre abordée avec prudence. Un candidat
naif pour la norme BMOF€ est donné par

|zllsrmoe = lim |2l Brroe(@)s o0 [l Brroc(o) = supl|€(Jz — - [*)][37.
o teo

Cependant, dans notre approche, le fait de ne considérer que les partitions finies (alors
que dans le cas classique, toutes les partitions aléatoires sont considérées) est restrictif. En
effet, si I'une des normes ||z gpasoc(s) est finie, alors z est déja dans M, et il est clair que
nous désirons définir un espace BMQO° plus grand que M. C’est pourquoi on dira qu’un
opérateur x € La(M) est dans la boule unité de BMO€ si on peut 'approcher en norme
Lo par des éléments de la forme

w-limz, dans Ly(M) avec 1iIg{1H3:UHBMOc(U)§1.

[ep

Cette définition, cohérente avec les espaces ﬁg évoqués précédemment, permet d’établir
Panalogue de la dualité de Fefferman-Stein (0.2.3) dans ce cadre :

(H{)* = BMQO°  avec des normes équivalentes.

Comme conséquence du Théoreme 0.3.2, on obtient que Hj s’injecte dans Ly(M) pour
1 <p<2etdans L,(M) pour 2 < p < co. Cela reste vrai pour p = 1, grace a la propriété
de monotonie. On peut ainsi définir I’espace de Hardy H,, par le méme processus que dans
le cas discret, en considérant la somme des espaces de Hardy colonne Hj et ligne H;, dans
Ly(M) pour 1 < p < 2, et leur intersection dans L,(M) pour 2 < p < co. C’est par une
approche d’analyse non standard que ’on obtient finalement 1’analogue continu de (0.2.2),
dans le sens ot 'on démontre dans un premier temps les inégalités de Burkholder-Gundy
au niveau des ultraproduits, avant de considérer la limite faible (qui correspond a la partie
standard).

Théoréme 0.3.3. Soit 1 < p < oo. Alors

L,(M)="H, avec des normes équivalentes.



0.3. THEORIE NON COMMUTATIVE DES MARTINGALES A TEMPS CONTINU 21

Nous examinons également les espaces de Hardy conditionnels h,. Dans ce cas, on
peut encore démontrer une propriété cruciale de monotonie. En considérant le crochet

conditionnel
(m,2)0 =Y &-|d] (x)]?

tco

pour une partition finie o, on définit les espaces de Hardy conditionnels HC et hy de martin-
gales non commutatives relativement a la filtration (/\/lt)0<t<1 On peut alors adapter la
théorie développée pour les espaces HC et H;, aux espaces hc et hy pour obtenir de maniere
similaire

e _ e L.

h, = h;, avec des normes équivalentes pour 1 < p < oo.

L’analogue conditionnel du Théoreme 0.3.2 est également obtenu. Concernant la dualité
de Fefferman-Stein, notons que dans ce cas ’espace bmo® est plus facile a décrire. En effet,
il suffit de considérer les opérateurs = € Ly(M) tels que

sup ||Elx — E(z)|* ||l < 00.
0<t<1

Afin d’obtenir I’analogue continu des décompositions (0.2.6) et (0.2.7) pour 1 < p <
2 et 1 < p < 2 respectivement, comme annoncé précédemment nous introduisons une
décomposition de Davis plus forte faisant intervenir un autre espace diagonal hllf - hg.
L’intérét de cet espace h}oc est qu’il présente une certaine propriété de régularité qui permet
d’adapter 'approche d’analyse non standard développée dans la preuve du Théoreme 0.3.3.
Le cas 2 < p < oo est ensuite démontré par une approche duale. Malheureusement, il
est tres difficile de décrire directement I’espace dual de notre analogue continu de ’espace
diagonal hg (ou de hzlf). C’est pourquoi on introduit une autre variante de la décomposition
de Davis dans le cas 1 < p < 2, qui se base sur une décomposition de Randrianantoanina.
Le but de cette approche est de pouvoir remplacer I’espace hg dans la somme par un espace
plus grand Kg, dont on sait décrire le dual Jg,. Les analogues continus de (0.2.6) et (0.2.7)
sont finalement obtenus en posant

po_Jhphg b pour 1<p<2
P Jgﬂhgﬂh; pour 2<p< oo
Théoréme 0.3.4. Soit 1 < p < oo. Alors

hd + h¢ pour 1<p<?2
0 age _ » T hp <
(9 Hy { Jgﬂhg pour 2 <p< 00

(ii) Pour 1 < p < oo,

avec des normes équivalentes.

Ly(M) =h, avec des normes équivalentes.

Par approximation, on en déduit une nouvelle caractérisation de 1’espace BMO°.

A la fin du chapitre 3, en se basant sur les approches introduites dans le cas discret
évoquée précédemment, nous discutons la décomposition des espaces de Hardy a l’aide
d’atomes algébriques, et appliquons cette décomposition pour obtenir ’analogue continu
du résultat d’interpolation (0.2.8).

Théoréme 0.3.5. Soit 1 < p < co. Alors

avec des normes équivalentes.

H, = [BMO, H,]

1
p
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Cette these est constituée de trois chapitres, rédigés en anglais. Le premier chapitre de
la theése présente un article intitulé “A noncommutative Davis’ decomposition for martin-
gales" effectué au début de ma these, qui a été publié dans Journal of London Mathematical
Society en 2009. Le second chapitre est un travail en collaboration avec Bekjan, Chen et
Yin intitulé “Atomic decomposition and interpolation for Hardy spaces of noncommutative
martingales", qui a été publié dans Journal of Functional Analysis en 2010. La théorie des
espaces de Hardy de martingales non commutatives relativement a une filtration continue
fait 'objet du dernier (et plus conséquent) chapitre, qui est le fruit d’une collaboration
avec Junge et s’intitule “Theory of H,-spaces for continuous filtrations in von Neumann
algebras'.




Introduction

This PhD thesis is part of the theory of noncommutative probability and noncommutative
integration. This field is motivated by quantum physic. The main idea of this theory is
to replace functions with operators on a Hilbert space and measures by traces. This work
deals with noncommutative martingales, and in particular with their associated Hardy
spaces. In the probability theory, there are many interactions between martingale inequal-
ities and harmonic analysis. In classical probability, Burkholder, Davis, Gundy, Doob,
Meyer, Neveu and many others developed powerful tools like martingale transforms, max-
imal functions and stopping times, which play an important role in the theory of stochastic
processes. However, additional functional analysis and combinatorial tools are needed to
extend the classical martingale inequalities to the noncommutative setting. For instance,
most of the stopping time arguments are no longer valid in this setting. Moreover, the
notion of maximal function cannot be directly extended to operators, since in general
we cannot define the supremum of a sequence of operators. The theory of noncommu-
tative martingales has been rapidly developing after Pisier/Xu’s seminal paper [35], and
nowadays many martingale inequalities have been successfully transferred to the noncom-
mutative setting. The techniques developed in that field may yield new results even in the
classical theory, as illustrated in [24]. These investigations also contribute to enrich the
knowledge on C*-algebras and von Neumann algebras, which constitute the setting of the
noncommutative theory.

In this introduction, I will first recall some well-known results of the classical theory
of discrete time martingales. Then I will consider their noncommutative analogues by
recalling the noncommutative martingale inequalities due to Pisier, Xu, Junge, Parcet,
Randrianantoanina, Musat and many others. The results obtained with my coauthors
Bekjan, Chen, Yin and Junge and presented in this thesis will be detailed in particular.
This work essentially concerns the conditioned Hardy spaces of noncommutative martin-
gales. The last part of this introduction deals with the extension of this theory to the
noncommutative continuous time martingales, which is a joint work with Marius Junge.

0.1 Classical theory of discrete time martingales

This thesis mainly studies the martingale inequalities and their associated Hardy spaces.
In classical probability, the Hardy spaces of martingales are closely related to the Hardy
spaces of functions introduced in harmonic analysis. We recall some of their numerous
characterizations, which will give the framework of the noncommutative study. We refer
to Garsia’s book for the theory of martingale inequalities. Let us consider a probability
space (2, F, ) equipped with an increasing filtration (F,),>0 of o-subalgebras of F such
that F = O'( Un ]:n). Let (Ey)n>0 be the associated sequence of conditional expectations.
A martingale with respect to the filtration (F,),>0 is a sequence of random variables
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(fr)n>0 in L1(£2) such that
En(fn—i—l) = fn for all n > 0. (011)

For 1 < p < oo, we say that a martingale f is a bounded L,(2)-martingale if ||f]|, =
sup,, || fnllp < co. For a given bounded L (£2)-martingale f = (fy,)n>0, we may consider its
square function

s(h) = (L),

where df,, = f, — fn—1, and its maximal function
M(f) = sup|ful-

For 1 < p < oo, the Hardy space of martingales Hy(£2) is defined as the set of bounded
L,(2)-martingale f such that S(f) € L,(£2). We equip this space with the norm

1l 2z = 1S () lp-

Let us also introduce the space

BMO(Q) = {f € Lo() 5 sup[[Ealf ~ fu-1f o < o}

equipped with the norm

17 mrr0(@) = sup [Enlf = fuca I3

This terminology is justified by the fact that for an appropriated choice of (2, F, u) and
(Fn)n>0, the space H,(€2) may be identified with the classical Hardy space from function
theory and BMO(Q2) with the class of bounded mean oscillation functions introduced by
John and Nirenberg. Fefferman and Stein established the following duality between these

two spaces
Hy(Q)* = BMO(). (0.1.2)

This duality result will play a fundamental role in the work presented in this thesis. The
Hardy space Hp(2) can also be characterized with the maximal function as follows. Let f
be a bounded L,(2)-martingale. We say that f € H,"**(Q) if M(f) € L,(Q2). Using the
Burkholder-Davis-Gundy inequalities, which state that for p > 1 and a bounded L,(2)-
martingale f we have

ISCH My = 1M ()l (0.1.3)

we deduce that H,(Q) = H,"**(Q2) with equivalent norms for 1 < p < co. The famous
Doob maximal inequality shows that

IM(f)llp < opllfllp for 1 <p < oo, (0.1.4)
and by the Burkholder-Gundy inequalities we have
1Fllp =, IS(Hlp  for 1 <p < oo (0.1.5)

These inequalities mean that for 1 < p < oo, the spaces H,(2) and H***(Q) actually
coincide with L,(12).
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Martingale transforms are a powerful tool not only in probability but also in several
parts of analysis. For instance, Burkholder proved in [3] that martingale transforms are
of weak type (1,1), and as application we may deduce other inequalities.

In Burkholder and Gundy’s work, some results for the square function S(f) have also
been obtained for the conditioned square function

1/2
s(F) = (X Enaldfal®)
Indeed, the Burkholder inequalities ([4, 5]) establish that
1/p
1712 (S Naall) " + 15l for 2 p < oo. (0.L.6)

The conditioned square function s(f) plays an important role in Davis’ proof of the in-
equalities (0.1.3) for p =1 ([7]), where the following characterization of H{***(£2) appears

M(f) € Li(Q) < f decomposes as a sum of two martingales
f = g+ h satisfying s(g) € L1(Q) and Z |dhy,| € L1(9). (0.1.7)

This decomposition is known as Davis’ decomposition. If we denote by h1(£2) the space of
Lqi-martingales that admit such a decomposition, then it turns out that

Hi(Q) = hi(Q) = HM™(Q). (0.1.8)

Recall that the dual space of hi(€) is well-known, and described as the so-called small
bmo (see [37]).

Other decompositions play an important role in the martingale theory. The Gundy de-
composition ([12]) implies for instance the weak type (1,1) boundedness of the square and
maximal functions, from which we may deduce some of the inequalities cited previously.

The atomic decomposition is a powerful tool for dealing with duality results, interpo-
lation results and some fundamental inequalities both in martingale theory and harmonic
analysis. Atomic decomposition was first introduced in harmonic analysis by Coifman
[6]. It is Herz [17] who initiated atomic decomposition for martingale theory. Atoms for
martingales are usually defined in terms of stopping times. In order to extend this de-
composition to the noncommutative setting, let us mention another approach where the
definition of atoms does not involve the notion of stopping times. Indeed, as mentioned
previously, the concept of stopping time is, up to now, not well-defined in the generic
noncommutative setting. An F-measurable function a € Ly(2) is said to be an atom if
there exist n € N and A € F,, such that

(i) En(a) =0;
(ii) {a # 0} C 4;
(iii) flafl2 < p(A4)1/2.

Such atoms are called simple atoms by Weisz [50] and are extensively studied by him (see
[49] and [50]). In a disguised form in the proof of Theorem Ao, in [17], Herz establishes an
atomic description of the space of predictables martingales P (). Recall that a martingale
f = (fn)n>o is said to be predictable in L, if there exists an adapted sequence (A, )n>—1 of
non-decreasing, non-negative functions such that |f,| < A\,—1 for all n > 0 and sup,, A\,, €
L1(92). Since P1(Q2) = H1(Q) for regular martingales, this gives an atomic decomposition
of H1(f2) in the regular case. Such a decomposition is still valid in the general case but
for the Li-martingales f such that the conditioned square function s(f) € L1(€Q) (instead
of the square function S(f)), as shown by Weisz [49].
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0.2 Noncommutative theory of discrete time martingales

We now look at the previous theory in a noncommutative setting, i.e., when we replace
functions with operators on a Hilbert space. After describing the construction of the Hardy
spaces in this setting and recalling some major results of the theory of noncommutative
martingales, I will detail the three points studied in this thesis for a discrete filtration.
This work enriches the knowledge of these Hardy spaces, by studying in particular their
conditioned versions. It deals with the Davis decomposition, the atomic decomposition
and the interpolation of Hardy spaces of noncommutative martingales.

The setting of the theory of noncommutative martingales is given by a von Neumann
algebra M, i.e., a unital weak*-closed *-algebra of bounded operators on a Hilbert space
‘H. For the sake of simplicity we assume that M is finite, which means that there exists
a normal, faithful and normalized trace 7. Hence (M, 7) plays the role of the probability
space (Q,F, ). The role of the spaces L,(2) is then played by the noncommutative
Ly-spaces L,(M,T) (see [36]), whose norm is simply given for 1 < p < oo by

Iz, = (r(|zP)""  for z € Ly(M),
where |z| = (2*z)Y/? is the usual modulus of z. For p = 00, Lso(M) is just M itself
with the operator norm. We also consider an increasing filtration (My,),>0 of von Neu-
mann subalgebras of M, and the associated sequence of conditional expectations (&;)n>0-
Armed with this dictionary, we may easily define a noncommutative martingale by simply
translating the condition (0.1.1) in this setting. We will say that a sequence (z,)p>0 in
Li(M) is a noncommutative martingale with respect to (My,),>0 if

En(Tnt1) =z, foralln > 0.

As said previously, the notions of maximal function and supremum do not take any sense
in this setting. Hence, we mainly consider the quadratic Hardy space defined from the
square function.

There are many ways of considering the square of an operator x. For instance we may
look at the square of the modulus |z|?> = z*z and at the square of the modulus of its adjoint
|z*|? = xa*. Therefore Pisier and Xu naturally introduced in [35] two square functions,
namely the column and row square functions, which define two versions (column and row)
of the Hardy space of noncommutative martingales

lellgnn = | (S hdeal?) ) and Jollgin = || (S haez?) |

p?
where dx, = z, — x,—1 denotes the martingale difference sequence of the martingale

x = (n)n. The noncommutative version of the Burkholder-Gundy inequalities proved in
[35] is then stated as follows.

mas (| (S haeal?) ) (Slaai?) ) itz p<oo
inf (|| (22 ldanQ)l/QHp +|(X ldzii!?)WHp) if1<p<2

1z ]lp ~c, . (0.2.1)

where the infimum runs over all decompositions dx, = dy, + dz, of dz, as a sum of
two martingale difference sequences adapted to the same filtration. This confirms the
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phenomenon, discovered by Lust-Piquard and Pisier ([29, 30]) when studying the noncom-
mutative Khintchine inequalities, that the martingale inequalities are of different nature
according to p < 2 or p > 2. The Hardy space H,(M) is then defined by

(M) = Hy(M) +Hy (M)  for 1 <p<2
P | HSM)NHp (M) for2<p<oo

Hence (0.2.1) means that
Hp(M) = L,(M) with equivalent norms for 1 < p < oo. (0.2.2)

The weak type (1,1) boundedness of martingale transforms was also established in the
noncommutative setting by Randrianantoanina in [39]. In particular, this gives a new
proof of (0.2.1) which yields a better constant.

In the Appendix of [35], Pisier and Xu described the dual of the space Hji(M) as a
BMO space, which establishes the noncommutative version of the Fefferman-Stein duality
(0.1.2).

Hi(M)* = BMO(M). (0.2.3)

Junge and Xu then extended this duality to the case 1 < p < 2 in [24]. Other charac-
terizations of the space BMO(M) can be found in the noncommutative version of the
John-Nirenberg Theorem proved in [22].

Concerning the maximal function, inspired by the noncommutative vector-valued L,-
spaces introduced by Pisier ([34]), Junge translated the notion of the norm of the maximal
function to the noncommutative setting and obtained the noncommutative version of the
Doob maximal inequality (0.1.4)

Isup™|En()lllp < dpllzll, for 1 <p < oo
n

It is important to note that here ||sup, *|E,(z)|||, is just a notation since sup,, |E, ()]
does not take any sense in the noncommutative setting. With this norm, we may hence
define the noncommutative analogue of the maximal Hardy space, denoted by H;"**(M).
However, it was proved in [25] that the spaces H;(M) and H"**(M) do not coincide in
general. More precisely Hi(M) ¢ HP**(M). But at the time of this writing we do not
know if the reverse inclusion holds in the noncommutative setting.

Junge and Xu extended in [24] the inequalities (0.2.1) to the non tracial case, and
proved other noncommutative martingale inequalities. In particular they established the
analogue of the Burkholder inequalities (0.1.6) for 2 < p < oo

fellp = (S denlp) " + | (3 €u-tldzal?) | + (S enalaai?) | . 02

In the same spirit as (0.2.1), these inequalities extend to the case 1 < p < 2 as follows

: d 1/p 021/2 7'*21/2
el = inf (3 lldefly) +M;&nwu)h+wganmmw l,)
(0.2.5)
where the infimum is taken over all decompositions dx,, = dz? +dz¢ +dx", of dx,, as a sum
of three martingale difference sequences adapted to the same filtration. Junge and Xu then
obtained a new result in the classical theory, and a weak type (1,1) version of this new
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result in commutative probability was obtained by Parcet in [32]. We may introduce the
conditioned column and row square functions, then define the conditioned Hardy spaces

behsiso = | (S gamatdan’) "], o lietiginn = (S enalani®) ],

and the diagonal Hardy space

1/
lellnarg = (3 lldzaliz) ™"

Hence the inequalities (0.2.4) and (0.2.5) can be written as follows
hp(M) = L,(M) with equivalent norms for 1 < p < oo. (0.2.6)

Here the conditioned Hardy space h,(M) is defined as the Hardy space H,(M), by con-
sidering separately the cases p < 2 and p > 2:

h (M) = hd(M) 4+ he(M) + hi (M) for 1 <p <2
P T hE M) NhEM) N R (M) for 2 < p < oo

Randrianantoanina establishes in [40, 41] the weak type (1,1) versions of the inequalities
(0.2.1) and (0.2.4), (0.2.5), by constructing explicit decompositions of martingales. In the
classical case, these decompositions are based on stopping times, and Randrianantoanina
uses the Cuculescu projections to decompose noncommutative martingales. These pro-
jections constitute a useful tool sharing some properties with stopping times, which are
sufficient to obtain weak type (1,1) estimates. Using real interpolation techniques, Ran-
drianantoanina deduce some maximal order of the best constants in the inequalities (0.2.1)
and (0.2.4), (0.2.5). By similar techniques of decomposition, Parcet and Randrianantoan-
ina constructed a noncommutative Gundy decomposition in [33]. As in the classical case,
this decomposition implies new proofs of some noncommutative martingale inequalities.

0.2.1 The Davis decomposition

Combining (0.2.2) with (0.2.6), we obtain that H,(M) = h,(M) for 1 < p < co. The main
result of chapter 1 is that this equality still holds true for p = 1, which means that the first
equality of (0.1.8) can be successfully transferred to the noncommutative setting. Note that
only weak type (1, 1) inequalities was obtained ([40, 41]) in the results recalled previously,
and interpolation techniques only imply results for 1 < p < oo. Chapter 1 answers
positively a question asked in [41]. This can be also considered as a noncommutative
analogue of the Davis decomposition with the square function in place of the maximal
function. However, the decomposition presented in chapter 1 is not explicit but proved by
a dual approach. The dual space of H;(M) is well-known, and given by the Fefferman-
Stein duality (0.2.3). The missing link was the description of the dual space of h;(M) as
a BMO space, analogue of the small bmo space. We introduce in chapter 1 the following
noncommutative bmo spaces:

the column bmo space

bmo®(M) = {x € Lo(M) : sup ||Eplz — 20]?|lee < 00}
equipped with the norm

1 llbmoe(rt) = max ([€0(2) oo , sup [|€nfe - za?]13%),
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the row bmo space
bmo" (M) = {z € Ly(M) : 2" € bmo®(M)}
equipped with the norm

||x||bmor(/\/l) = ||$*||bmoc(M)7

and the diagonal bmo space
bmo?(M) = {sequences of martingale differences in foo(Loo(M))}

equipped with the norm
Hm”bmod(M) = Sl;p denHoo

In the spirit of the classical duality presented in [37], we show the following crucial result.

Theorem 0.2.1. We have hi(M)* = bmo(M) with equivalent norms, where
bmo(M) = bmo?(M) N bmo®(M) N bmo” (M).

This conditioned analogue of the Fefferman-Stein duality enlarges the knowledge of the
space h1(M). This now allows us to use dual approaches in some problems. In particular,
observing that the spaces BMO(M) and bmo(M) coincide, we then prove the main result
of chapter 1.

Theorem 0.2.2. We have Hi(M) = hi(M) with equivalent norms.

These results are then extended to the case 1 < p < 2 in the same chapter. Using
similar arguments, we describe the dual space of h, (M) as the space L,y mo(M) for %—i—z% =
1, defined similarly to bmo. More precisely, for 2 < ¢ < co we introduce the spaces

Lgmo(M) = {zx € Ly(M) : H8171Lp+5n\x — mnleq/Q < oo}

equipped with the norm

1/2
el zgmoan) = max (I1€0()lq » sup* Enle = PIL2),

Lymo(M) = {x € Lay(M) : z* € Lgmo(M)} and
Lymo(M) = hg(/\/l) N Lgmo(M) N Lymo(M).

The comparison of the dual spaces then improves the estimate of a constant in the equiv-
alence of the norms H,(M) and hy(M) for 1 < p < 2 given in [41]. More precisely,
Randrianantoanina obtained k, = O((p — 1)71) as p — 1, where ]I, (M) < Eplll 3, (a5
and our approach gives that k, remains bounded as p — 1. This dual approach also
improves the inequalities (0.2.6), by separating the column and row spaces as follows

hd(M) +he(M)  for 1<p<2

Hy(M) = { hIM) AR (M) for 2<p < oo 0.2.7)

These inequalities give a more precise description of the relation between the column Hardy
spaces. Independently and essentially at the same time, Junge and Mei obtained the same
results. They also describe the dual of the spaces h,(M) for 1 < p < 2 by using a different
method. However, the arguments presented here yield a better constant.
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The Davis decomposition plays a fundamental role in the study of the Burkholder in-
equalities in chapter 3, which deals with the theory of the Hardy spaces of noncommutative
martingales with respect to a continuous filtration. Two other approaches of the decom-
position (0.2.7) for 1 < p < 2 are also introduced in chapter 3, in order to transfer them
to the continuous case. On the one hand, a close look to the dual spaces yields a stronger
version of this decomposition. Here the diagonal Hardy space hg(./\/l) is replaced with a
smaller diagonal space called h}f (M). We then obtain a decomposition which is closer to
the classical Davis decomposition (0.1.7). On the other hand, we discuss another variant
of this decomposition in the case 1 < p < 2, based on a deep result of Randrianantoanina

([41)).

0.2.2 The atomic decomposition

The description of the dual space of h; (M) established in chapter 1 plays a crucial role in
the noncommutative version of the atomic decomposition presented in chapter 2. Indeed,
this allows us to adopt a dual approach. We first introduce a notion of noncommutative
atom. More precisely, in the spirit of the theory of noncommutative martingales, we
define two types of atoms, a column version and a row version. These notions are a
direct translation of the definition of simple atom recalled in Section 0.1, by considering
respectively the right and left supports of an operator. We say that an operator a € Lo(M)
is a (1,2).-atom if there exist n € N and a projection e in M,, such that

(i) Enla) = 0;
(ii) r(a) < e;
(i) [lall> < (e) V2

The main result of the first part of chapter 2 proves that we may decompose the conditioned
Hardy space by using these atoms. More precisely, if we denote by hi’at (M) (respectively
h;’at(/\/l)) the atomic space whose unit ball is given by the absolute convex hull of By, (4

and (1,2).-atoms (resp. (1,2),-atoms), we show the following result.

Theorem 0.2.3. We have h1(M) = h3'(M) with equivalent norms, where
i (M) = h{(M) + hD* (M) + hp™ (M),

As the Davis decomposition discussed previously, Theorem 0.2.3 is also proved by a
dual approach, similar to that developed in chapter 1 to prove Theorem 0.2.2. The idea
is to first describe the dual of the atomic space hi*(M) as a noncommutative Lipschitz
space. Then we compare it to the dual of the space hy(M), which is now known to be
the space bmo(M). This method does not give an explicit decomposition, but shows that
it exists. The Davis decomposition obtained in Theorem 0.2.2 then implies an atomic
decomposition of the space Hi(M).

In chapter 3, we discuss another type of atoms, called algebraic atoms. This decom-
position concerns the case 1 < p < 2. We say that an operator x € La(M) is an algebraic
ho(M)-atom if we can write

T = Z bna’m
n

with

(i) En(bn) =0 for all n > 0;
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(i) an € La(M,,) for all n > 0;
(i) Y )3 < 1 and [[(Xfanl?) | <1 where 1 =141,
n n q

These atoms, less “elementary” than the previous ones, already form an absolutely convex
set and are norming for the space Lg,mo when p’ is the conjugate index of p. By duality, we
then show in chapter 3 that the space whose unit ball is given by the absolute convex hull
of the algebraic hf(M)-atoms is dense in h;(M). More generally, the same approach yields
a decomposition of larger spaces, called conditioned column L,-spaces, by using algebraic
atoms of the same kind. These new decompositions give additional tools to study the
Hardy spaces. They are immediately applied in chapter 3 to obtain interpolation results.

0.2.3 Interpolation of Hardy spaces

Interpolation results for the Hardy spaces H, (M) first appear in Musat’s paper [31], where
she proves for the complex method of interpolation

(BMO(M), Hi(M))1/p = Hp(M) for 1 < p < oo. (0.2.8)

We extend this result to the conditioned Hardy spaces h,(M) in chapter 2. Note that our
method is much simpler and more elementary than Musat’s arguments, and also gives a
new proof of (0.2.8). It seems that even in the commutative case, our method is simpler
than all existing approaches to the interpolation of Hardy spaces of martingales. The
main idea is inspired by an equivalent quasinorm for h,(£2),0 < p < 2 introduced by
Herz [18] in the commutative case. We translate this quasinorm to the noncommutative
setting to obtain a new characterization of h,(M), 0 < p < 2, which is more convenient
for interpolation.

Theorem 0.2.4. Let 1 < p < co. Then
(bmo(M),h1(M))1/, = hyp(M)  with equivalent norms.

The characterization of h,(M) involving the Herz quasinorm gives a new proof of the
Fefferman-Stein duality obtained in chapter 1. This approach improves the constants in
the equivalence between the norms h,(M)* and L, mo(M) for 1 < p < 2 and % + z% =1.
For 0 < p < 1, we discuss the description of the dual space of h,(M).

In chapter 3, we develop another approach of the interpolation of Hardy spaces. The
idea is to complement Hardy spaces in larger spaces which form an interpolation scale.
It is well-known that we may complement the Hardy spaces in the column L,-spaces for
1 < p < 00, by using the Stein projection. However, this does not include the case p = 1.
We then introduce intermediate spaces, the so-called conditioned column L,-spaces, in
which the Hardy spaces are complemented for 1 < p < oo. This complementation result
is based on a decomposition of the conditioned column L,-spaces similar to the Davis
decomposition discussed in chapter 1, still proved by a dual approach. Using the algebraic
atomic decomposition of these spaces, we may show that they form an interpolation scale.

0.3 Noncommutative theory of continuous time martingales

In the third and last chapter, we consider a continuous filtration and study some results
cited previously in this setting. In the classical case, the theory of stochastic integrals
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and martingales with continuous time is a well-known theory with many applications. In
the noncommutative setting, there exists a theory of quantum stochastic calculus, which
is nowadays only at the algebraic level. In the line of the investigations of the noncom-
mutative martingales detailed previously, chapter 3 studies noncommutative martingales
with respect to a continuous filtration in a finite von Neumann algebra. We encounter
many difficulties when extending the results from the discrete case to the continuous one.
Hence, the theory developed here needs powerful tools of functional analysis like ultra-
products or Ly-modules. The long term goal of this project, in collaboration with Junge,
is to develop a satisfactory theory for semimartingales, including the convergence of the
stochastic integrals. In the noncommutative setting, we cannot construct the stochastic
integrals pathwise as in [8]. It is indeed unimaginable to consider the path of a process of
operators in a von Neumann algebra. However, it is well-known that the convergence of
the stochastic integrals is closely related to the existence of the quadratic variation bracket
[, -] via the formula

t t
figr = / fodgs + / gs-dfs + [f: gls-

Here the quadratic variation bracket can be characterized as the limit in probability of the
following dyadic square functions

[f, 9l = fogo + lim_ Og;zn(ft@,;l — i )Gy = 9, )-
Hence we will first study this quadratic variation bracket in the setting of von Neumann
algebras, and then deal with stochastic integrals in a forthcoming work based on the theory
developed in chapter 3. More precisely, we will focus on the L, /5-norm of this bracket by
considering the Hardy spaces Hy({2) defined in the classical case by the norm

1l = I 1105

Chapter 3 study the noncommutative analogue of this space Hp(2) associated to a con-
tinuous filtration.

We now consider the same setting as in Section 0.2, i.e., we take a finite von Neumann
algebra (M, 7), equipped in this case with a continuous filtration (M;):>o of subalgebras
of M. For simplicity, we assume that the continuous parameter set is given by the interval
[0,1]. In the spirit of the theory of noncommutative martingales, we should expect to
define the bracket [z, ] for a martingale x and then set

1/2 1/2
lellg, = llle.all,); and llzlg, = Il 2]l

Armed with the definition we may attempt to prove the analogue of (0.2.2). We define
a candidate for the noncommutative bracket following a nonstandard analysis approach.

For a finite partition o = {0 = tg < t; < --- < t,, = 1} of the interval [0,1] and x € M,
we consider the finite bracket
[z, 2] = D |d7 (2) ],

teo
where df (x) = &(x) — &-(x) and for t =¢; (j =1,--- ,n), t~ = tj_1 denotes its prede-
cessor in the partition o. By convention we set df(z) = &(z). Then for p > 2, (0.2.2)
gives an a-priori bound |||z, :E]U]H;g < ¢pllz||p. Hence, for a fixed ultrafilter U refining the
general net of finite partitions of [0, 1], we may simply define

[z, ]y = w-lim[z, x],,
oUu
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where the weak-limit is taken in the reflexive space L,/5(M). In fact, in nonstandard
analysis, the weak-limit corresponds to the standard part and is known to coincide with
the classical definition of the bracket for commutative martingales. However, the norm is
only lower semi-continuous with respect to the weak topology and we should not expect
Burkholder/Gundy inequalities for continuous filtrations to be a simple consequence of
the discrete theory of the Hardy spaces. Yet, using the crucial observation that the L, /-
norms of the discrete brackets [z, z], are monotonous up to a constant, we may show the
following result.

Theorem 0.3.1. Let 1 < p < oo and x € M. Then

Ny |} sup, [z, 7o llp/0 for 1<p<2
H[%,JI]L{Hp/Q - 101715} H[«T,CC]UHP/2 — { inf, ||[-T,33]0Hp/2 for 2<p<oo

In particular, this implies that the L, ,-norm of the bracket [r,z]y does not depend
on the choice of the ultrafilter i, up to equivalent norm. The independence of the bracket
[z, x]y itself from the choice of U will be discussed in a forthcoming work. Hence for
1 <p<ooandx e M we define the norms

1/2 . 1/2 .
lellgg, = N, alulyys and izl = limm |2, 2lo 5 = lim ] g o)

We denote by 7?[109 and H, respectively the corresponding completions. These two processes
actually define the same space:

~

H, =H,, with equivalent norms for 1 <p < oo.

The proof is based on Theorem 0.3.1 and follows two different approaches according to
the value of p. For 2 < p < 0o, we use complementation arguments. The case 1 < p < 2
is obtained by duality. We embed ﬁg in a larger ultraproduct space in order to study its
dual space. Hence this defines a good candidate for the Hardy space of noncommutative
martingales with respect to the continuous filtration (My)o<t<1. We now want to establish
for this space the analogues of many results cited in Section 0.2. For doing this, we will use
the definition of the space H}, which will be more practical to work with. In particular,
we may consider H; as a subspace of some ultraproduct space, which has an L,-module
structure. Hence we may describe in a natural way the dual space of H for 1 < p < oo as

a quotient space of an ultraproduct space, denoted by 7‘72,, for Il) + 1% = 1. Proving that

the spaces H;, and ﬁ; actually coincide, we show the following duality result.
Theorem 0.3.2. Let 1 <p < oo and 3 + oy = 1. Then

(Hy)* = Hy  with equivalent norms.

For p =1, we study the dual space of H{ by a similar method. We have to be careful
when defining the space BMO°. A naive candidate for the BMO€ norm is given by

lzllsmor =l ||zl sasoe(),  where |zl paroe(e) = supl|&(|e = z- )L
) g

However, here our restriction to finite partitions (instead of random partitions in the
classical case) is restrictive. Indeed, if one of the [|z||garoc(s)’s is finite, then z is already
in M. Definitively, we expect BMQO€° to be larger than M. We will therefore say that
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an element z € Lo(M) belongs to the unit ball of BMOF€ if it can be approximated in
Lo-norm by elements of the form
w-limz, in Le(M) with lirg{l |70 | BArOe (o) < 1.

This definition, consistent with the spaces ﬁg introduced previously, yields the analogue
of the Fefferman-Stein duality (0.2.3) in this setting:

(H)* = BMO®  with equivalent norms.

As a consequence of Theorem 0.3.2, H embeds into La(M) for 1 < p < 2 and into
L,(M) for 2 < p < oo. In fact, this still holds true for p = 1 by the monotonicity property.
Hence we may define the Hardy space H,, as in the discrete setting by considering the sum
of the column and row Hardy spaces in La(M) for 1 < p < 2, and their intersection
in L,(M) for 2 < p < oo. The continuous analogue of (0.2.2) is then obtained by a
nonstandard analysis approach, i.e., we first prove the Burkolder-Gundy inequalities at
the ultraproduct level, and then take the weak limit (i.e., the standard part).

Theorem 0.3.3. Let 1 < p < o0o. Then
Ly(M) ="H, with equivalent norms.

We are also interested in the conditioned Hardy spaces h,. In this case, we still have
a crucial monotonicity property, and considering the conditioned bracket

(@, 2)0 =) &-1d] (z)|?

teo

for a finite partition o, we define the conditioned Hardy spaces Rf, and hj of noncommuta-
tive martingales with respect to the filtration (Mt)/pgtgl. Then we may adapt the theory
developed for the spaces H;; and H; to the spaces h and hj and obtain similarly that

~

h;, = h;,  with equivalent norms for 1 <p < oc.

Moreover, we can prove the conditioned analogue of Theorem 0.3.2. Concerning the
Fefferman-Stein duality, note that in this case the space bmo® is easier to describe. It
is defined as the set of operators z € La(M) such that

sup [|&lz — 4]0 < 0.
<t<1

To obtain the continuous analogue of the decompositions (0.2.6) and (0.2.7) for 1 < p < 2
and 1 < p < 2 respectively, as announced previously we need to introduce a stronger
Davis decomposition involving another diagonal space hll,c C hg. This space hzl,c presents
the advantage that it satisfies a certain regularity property, which is useful to adapt the
nonstandard analysis approach developed in the proof of Theorem 0.3.3. The case 2 <
p < oo is then obtained by a dual approach. Unfortunately, we cannot directly describe
the dual spaces of our continuous analogues of the diagonal spaces hg and h;f. This is why
we introduce a variant of the Davis decomposition for 1 < p < 2, based on a deep result of
Randrianantoanina. This new decomposition will allow us to replace hg in the sum with
a larger space Kg. We may now describe the dual space of Kg, and denote it by Jg,. The
continuous analogues of (0.2.6) and (0.2.7) finally follow by setting

b gy by for 1<p<2
Pl Jinhgnhy o for 2<p<oo
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Theorem 0.3.4. Let 1 < p < oco. Then

hd 4 he for 1<p<2
; c _ D p = , ,
(i) H; { JZ e for 2<p< with equivalent norms.
(ii) For 1 <p < oo,
L,(M) =h, with equivalent norms.

By approximation, we deduce a new characterization of BMO°.

At the end of chapter 3, based on the approaches introduced in Section 0.2 in the
discrete case, we discuss the decomposition of the Hardy spaces into algebraic atoms, and
we use this decomposition to obtain the continuous analogue of the interpolation result
(0.2.8).

Theorem 0.3.5. Let 1 < p < oo. Then

H, = [BMO, H]

1 with equivalent norms.
p

This thesis is decomposed into three chapters, written in english. The first chapter
presents a paper entitled “A noncommutative Davis’ decomposition for martingales” done
at the beginning of my thesis. It was published in Journal of London Mathematical Society
in 2009. The second chapter is a joint work with Bekjan, Chen and Yin entitled “Atomic
decomposition and interpolation for Hardy spaces of noncommutative martingales”. It was
published in Journal of Functional Analysis in 2010. The theory of the Hardy spaces of
noncommutative martingales with respect to a continuous filtration is the subject of the
last (and more substantial) chapter, which is a collaboration with Junge and is entitled
“Theory of Hp-spaces for continuous filtrations in von Neumann algebras”.






Chapter 1

A noncommutative Davis’
decomposition for martingales

Introduction

The theory of noncommutative martingale inequalities has been rapidly developed since
the establishment of the noncommutative Burkholder-Gundy inequalities in [35]. Many
of the classical martingale inequalities has been transferred to the noncommutative setting.
These include, in particular, the Doob maximal inequality in [20], the Burkholder/Rosenthal
inequality in [24], [27], several weak type (1,1) inequalities in [39, 40, 41] and the Gundy
decomposition in [33]. We would point out that the noncommutative Gundy’s decom-
position in this last work is remarkable and powerful in the sense that it implies several
previous inequalities. For instance, it yields quite easily Randrianantoanina’s weak type
(1,1) inequality on martingale transforms (see [33]). It is, however, an open problem
weather there exist a noncommutative analogue of the classical Davis’ decomposition for
martingales (see [41] and [32]). This is the main concern of our paper.

We now recall the classical Davis’ decomposition for commutative martingales. Given
a probability space (2, A, ), let Ay, Ag,--- be an increasing filtration of o-subalgebras
of A and let E{,Eo, --- denote the corresponding family of conditional expectations. Let
f = (fu)n>1 be a martingale adapted to this filtration and bounded in L;(€2). Then
M(f) = sup|fn] € L1(Q) iff we can decompose f as a sum f = g + h of two martingales
adapted to the same filtration and satisfaying

0 1/2 0
s(9) = (Y Enaldgal?) " € Li(Q)  and Y |dha| € Ly(9).
n=1 n=1

We refer to [10] and [7] for more information.

We denote by h; the space of martingales f with respect to (A,)p>1 which admit
such a decomposition and by H{"®* the space of martingales such that M(f) € L1(f).
This decomposition appeared for the first time in [7] where Davis applied it to prove his
famous theorem on the equivalence in Li-norm between the martingale square function
and Doob’s maximal function:

M)l ~= 1S

A 1/2 '
where S(f) = (Z |df ] ) . If we denote by H; the space of all Li-martingales f such
n>1
that
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S(f) € L1(Q), then it turns out that the Hardy space H; coincides with the other two
Hardy spaces:
Hy = hy = HP™.

The main result of this paper is that the equality H; = h; holds in the noncommutative
case. This answers positively a question asked in [41]. This can be also considered as a
noncommutative analogue of Davis’ decomposition with the square function in place of
the maximal function. Our approach to this result is via duality. We describe the dual
space of hy as a BMOQO type space. This is the second main result of the paper. Recall
that this latter result is well known in the commutative case, the resulting dual of h; is
then the so-called small bmo (see [37]). Combining this duality with that between H; and
BMO established in [35], we otain the announced equality H; = h; in the noncommutative
setting.

Concerning H™, it is shown in [25], Corollary 14, that H; and H}"** do not coincide
in general. More precisely Hi ¢ H"*. But at the time of this writing we do not know if
the reverse inclusion holds in the noncommutative setting.

The paper is organized as follows: in Section 1 we give some preliminaries on non-
commutative martingales and the noncommutative Hardy spaces. Section 2 is devoted to
the determination of the dual of hy, which allows us to show the equality H; = hy. This
duality is extended to the case 1 < p < 2 in Section 3. There we describe the dual of h),
and use it to improve the estimation of an equivalence constant in the equivalence of the
norms h, and H,, given in [41].

After completing this paper, we learnt that Junge and Mei obtained the main result
essentially at the same time (see Lemma 1.1 of [21]). Note, however, that our proof of one
direction in the duality theorem is different from theirs and yields a better constant (see
Remark 1.3.2).

1.1 Preliminaries

We use standard notation in operator algebras. We refer to [28] and [46] for background
on von Neumann algebra theory. Throughout the paper all von Neumann algebras are
assumed to be finite. Let M be a finite von Neumann algebra with a normal faithful
normalized trace 7. For 1 < p < oo, we denote by L,(M,7) or simply L,(M) the
noncommutative Ly-space associated with (M, 7). Note that if p = oo, L,(M) is just M
itself with the operator norm; also recall that the norm in L,(M) (1 < p < 00) is defined
as
lally = (r(alP)Y?, @ € Ly(M)

where
2] = (a"2)"/?

is the usual modulus of z. We refer to the survey [36] for more information on noncom-
mutative L,-spaces.

We now turn to the definition of noncommutative martingales. Let (My,),>1 be an
increasing sequence of von Neumann subalgebras of M such that the union of M,’s is
weak*-dense in M. (My)p>1 is called a filtration of M. The restriction of 7 to M,, is
still denoted by 7. Let &, = £(-|M,,) be the trace preserving conditional expectation of
M with respect to M,,. &, defines a norm 1 projection from L,(M) onto L,(M,,) for all
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P , and &,(x) > 0 whenever x > 0. A noncommutative martingale with respect
to (My)n>1 is a sequence x = (zp)p>1 in L1 (M) such that

A
8

En(Tpy1) =xp, Vn > 1.

If additionally, € L,(M) for some 1 < p < oo, then x is called an Ly-martingale. In this
case, we set

[#[p = sup [|zn |-
n>1

If ||z||, < oo, then z is called a bounded L,-martingale. The difference sequence dz =
(dxy)n>1 of a martingale x = (xy,)p>1 is defined by

dx, = Tp — Tp_1
with the usual convention that xg = 0.

We now describe Hardy spaces of noncommutative martingales. Following [35], for
1 < p < oo and any finite sequence a = (ap)np>1 in L,(M), we set

lallz, (rses) = H(g1 yan|2)1/2 ‘p, lallz, ey = [|(3 |a;;|2)1/2Hp.

n>1

Then || [z, (mie5) (vesp. || ||z, (mie;)) defines a norm on the family of finite sequences of
L,(M). The corresponding completion is a Banach space, denoted by L,(M;5) (resp.
L,(M;15)). For p = oo, we define Loo(M;¥5) (respectively Loo(M;¥5)) as the Banach

space of the sequences in Lo, (M) such that Z x, Ty (respectively Z xnx,) converge for
n>1 n>1
the weak operator topology. We recall the two square functions introduced in [35]. Let
x = (zn)n>1 be an Ly-martingale. We define
n 1/2 n 1/2
Sen(@) = (Y ldzx) " and  Spa(w) = (Y |dai?)

k=1 k=1

If de € L,(M;€5) (resp. dx € L,(M; 1)), we set

sy = (X lan) " (ren s = (S i) "),

k>1 k>1

Then S.(x) and S,(x) are elements in L,(M). Note that dz € L,(M;¥5) if and only if
the sequence (Sc(x))n>1 is bounded in L,(M). In this case

Se(x) = Jim Sen(z)  (relative to the weak™-topology for p = o).
The same remark applies to the row square function.

Let 1 < p < co. Define Hj(M) (resp. H;(M)) to be the space of all L,-martingales
with respect to (M,,)n>1 such that dz € L,(M;(5) (resp. dx € Ly(M;05)), and set

2ll3g ) = ldzl| L, (reg)  and N2l ) = lldll L, (miep)-

Equipped respectively with the previous norms, H;j(./\/l) and 'H;(./\/l) are Banach spaces.
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Then we define the Hardy space of noncommutative martingales as follows:
if1<p<2,
Hp(M) = H(M) + H, (M)

equipped with the sum norm

127, (A1) = IEL Yl vy + 2l Hp 1) 2 2 =y + 2,9 € Hp(M), 2 € Hy(M)};
if 2 <p< oo,
Hyp(M) = HEM) N HE(M)

equipped with the intersection norm

iy oty = max (2l v » 12l a)-

We now consider the conditioned versions of square functions and Hardy spaces de-
veloped in [24]. Let 1 < p < co. For a finite Loo-martingale z = (2,)n>1, define (with
& =&1)

lelhsorn = || (3 gn_lqun,z))lmup
n=1

and

lellng (vt = H ( i 5n1(|dle‘2)>1/2Hp.
n=1

Let hg(M) and hj(M) be the corresponding completions. Then hy(M) and hy(M) are
Banach spaces. We define the column and row conditioned square functions as follows.
For any finite martingale = (xy,)p>1 in La(M), set

1/2 . 1/2
se(@) = (Y Eaa(ldwa?)) ™ and  sp(@) = (D Eaa(lday )
n>1 n>1

Then
12 llhgrve) = llse(@)llp - and [zl oy = llsr (@)l

We also need £,(L,(M)), the space of all sequences a = (ay)n>1 in Ly(M) such that

1/
lallyzy ) = (3 llanlls) ™ < oo.

n>1

Set

sate) = (3 ldalg) "

n>1
We note that
Isa(@)llp = lldzlle, L, r))-
Let h%(M) be the subspace of £,(L,(M)) consisting of all martingale difference sequences.
Following [24], we define the conditioned version of martingale Hardy spaces as follows:
if1<p<2,
hp(M) = h¥(M) + hS(M) + h7 (M)

equipped with the norm

1 lIn, agy = inf {2 lIng oy + 12 lng ey + 12" g an



1.2. NONCOMMUTATIVE DAVIS’ DECOMPOSITION AND THE DUAL OF h; 41

where the infimum is taken over all decompositions z = 2+ ¢+ 2" with 2* € h’;(./\/l), ke

{d,e,r};
if 2 <p< oo,
hp(M) = h¥(M) NhS(M) N h (M)

equipped with the norm
201, (A1) = max ([2]lngatys (12l ()5 121hg )

Throughout the rest of the paper letters like ,,7, -+ will denote positive constants,
which depend only on p and may change from line to line. We will write a, ~ b, as p — po
to abbreviate the statement that there are two absolute positive constants K7 and K5 such
that

a
K < b—p < Ky for p close to py.
p

1.2 Noncommutative Davis’ decomposition and the dual of
hy
Now we can state the main result of this section announced previously in introduction.
Theorem 1.2.1. We have
Hi(M) =hi (M) with equivalent norms.

More precisely, if x € Hi(M),
1
Szl < Nzl < V6] ||, -

The inclusion hj(M) C Hi(M) directly comes from the dual form of the reverse
noncommutative Doob inequality in the case 0 < p < 1 proved in [24], which is stated as
follows. For all finite sequences a = (ay)n>1 of positive elements in L, (M),

| 3 anll, <27 X Eaatanl]
n>1 P n>1 p
Indeed, applying to p = 1/2 and a,, = |dz,|?, we obtain for any martingale z in L,

(5 eutim)" ], = | Senestans)].

/2
= 1/2
1 1/2

43 ]

= l(Z )",

n>1

v

I

s0 [|Se(@) |l < 4|sc(z)|l1. Similarly ||.Sy(x)|1 < 4||sr(z)]]1. On the other hand, we have

1/2

an>:1 ’dw"|2H1/2

. 1/2
> llldzn P15
n>1

> lldznlls = [[sa(@) |1

n>1

[1Se(@)1

IN
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Thus if x € hy(M), there exists (29, 2¢ 2") € h{(M) x h§(M) x hi(M) such that x =
2?4+ 2¢ 4+ 2" and from above z¢, z% € H{(M) and 2" € H} (M), so x € Hi(M). Hence we
deduce

[ll2, < Allln, -

For the reverse inclusion, we will show the dual version. The dual approach gives also
another proof for the direct inclusion, with a constant /6 instead of 4. Recall that the dual
space of Hj(M) is the space BMO(M) defined as follows (we refer to [35] for details).
Set

BMO*(M) = {a € Ly(M) : sup [[n(ja — En—1(a)*)[lo < o0}
n>

where, as usual, &(a) = 0. BMO(M) is equipped with the norm
1/2
lallsmosay = (5up [€alla — Ear(@)lle)
n>1

Then (BMO(M), || - [[Bmoe(ay) is a Banach space. Similarly, we define
BMO" (M) ={a € Ly(M) : a* € BMO (M)}

equipped with the norm
lallsamor(my = lla*] Bmoe(m)-

Finally, we set

BMO(M) = BMO(M) N BMO" (M)

equipped with the intersection norm

lallprmomy = max ([lallpatos(mys lallBrmor (my)-

Note that if a,, = &,(a), then

Enlla = En1(a)?) = & (D Idax]?).

k>n

To describe the dual space of hi(M), we introduce similar spaces bmo®(M) and
bmo”(M). Let

bmo“(M) = {a € Ly(M) : sup 1€n(la — Ena))|loe < 00}
and equip bmo“(M) with the norm

1/2
mo¢ = & 00 gn - gn 2 00 .
lalomer vty = masx (J1€1(a) oo + (3P En(la = Enla) P o) )
This is a Banach space. Similarly, we define
bmo” (M) = {a € La(M) : a* € bmo°(M)}

equipped with the norm
HaHbmoT(M) = Ha*Hbmoc(M)-
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For any sequence a = (a,)n,>1 in M, we set

alloo (Lo = sup||a .
ety = SR

Let bmo?(M) be the subspace of £o(Loo(M)) consisting of all martingale difference se-
quences.
Finally, we set

bmo(M) = bmo®(M) N bmo" (M) N bmo®(M)
equipped with the intersection norm
Ha||bmo(/vt) = max (Ha”bmoC(M)v ”aHbmo’“(M)v H@Hbmod(M))~
Note that bmo®(M), bmo" (M) and bmo(M) C La(M). As before, we have
Enlla = En@)?) = &n( Y |daxf?).

k>n

For convenience we denote H§ (M), BMO(M), h§(M),bmo®(M) - - -, respectively, by Hf, BMO, h{, bmo
The relation between the spaces BMQO and bmo can be stated as follows.

Proposition 1.2.2. We have

BMO¢ = bmo®Nbmo?,
BMO"™ = bmo" Nbmo?,
BMO = bmo.

More precisely, for any a € La(M),

||aHbmoCﬂbmod S ||aHBMOC S \@Hanbmocﬂbmod
and similar inequalities hold for the two other spaces.

Proof. Let a € BMO€. Then

e (2t} <& X )]
k>n k>n

and

ldan|| = [[Enldan]?||oc < HSn( > \dak|2)H

k>n o0

Since da; = &1(a), taking the supremum over all n > 1 we find

Ha”bmocﬁbmod < HG’HBMOC-

Conversely, let a € bmo® N bmo?, then
[én( 3 tdail?)
k>n

Taking the supremum over all n > 1 we obtain

Hoo

< Hsn(gdam?)um + [[dan .

lallEroe < lallzmos + l1allf e < 20l ocmpmot-
Hence
||a”BMOC < \/iua”bmocﬂbmod'

Passing to adjoints yields
HaHbmoTﬂbmod S ||GHBM(’)T S \/§Ha"|bmorﬂbmod‘

These estimations show that the spaces BMO and bmo coincide. O
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We have the following duality:
Theorem 1.2.3. We have (h{)* = bmo® with equivalent norms. More precisely,

(i) Every a € bmo® defines a continuous linear functional on h{ by

do(x) = 7(a*x), V€ Lay(M). (1.2.1)

(ii) Conversely, any ¢ € (h§)* is given as above by some a € bmo°.
Moreover
lallbmos < lIgall(h)+ < V2llallbmos.

Similarly, (h})* = bmo" and (h1)* = bmo.

Remark 1.2.4. In the duality (1.2.1) we have identified an element x € Lo(M) with the
martingale (€,(z))n>1. This martingale is in h{ and [|z|ne < [[z[]2. Indeed, by the Holder
inequality, we have

[2llng = llsc(@)lln < llsc(@)ll2 = llz[l2,

where the last equality comes from the trace preserving property of conditional expecta-
tions and from the orthogonality in Ly(M) of martingale difference sequences. As finite
Lo-martingales are dense in h{ and in Ly(M), we deduce that La(M) is dense in hy.

Proof. Step 1: We first show bmo® C (h{)*. This proof is similar to the corresponding
one of the duality between H; and BMO in [35]. Let a € bmo®. Define ¢, by (1.2.1). We
must show that ¢, induces a continuous linear functional on h{.

Let  be a finite Lo-martingale. Then (recalling our identification between a martingale
and its limit value if the latter exists)

Go(z) = Z T(daydzy).

n>1
Recall that

n 1/2 0 1/2
Sen () = (kZ::lSklldxkF) and  s.(x) = (kz::lé’klldmkP) .

By approximation we may assume that the s.,(x)’s are invertible elements in M for any
n > 1.
Then by the Cauchy-Schwarz inequality and the tracial property of 7 we have

ba(@)] = | 3 7(sen(@)/2 da, iy se () 7/2)|

n>1

_T( Z SC,n(l‘)l/Q|dan|258’n(m)l/2)}

n>1

:T< > Sc,n(x)*l/Q’dmn‘%c,n(l’),lﬁ)} 1/2

n>1

= [T sen@ldanl?)] [ (X seml@)doal?)]

n>1 n>1
= :I-II

1/2

IN

1/2
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To estimate I we set 01 = sq1(x) and 6, = scn(x) — Sepn—1(z) for n > 1. Then 6, €
n
Li(Mp—1) and s¢p(x) = Z 0r. Using the Abel summation and the modular property of

k=1
conditional expectations, we find

2 = ZT(Scn )|dan|?) ZZZT O |dan|?)
1

n>1 n2lk=

_ 27(9’“ Z \dan| ) Z (Hké’k 1( |dan!2>)
k>1 n>k n>k

< Soron||Ea (D ‘dan’ )Hoo
E>1 n>k

< ol el
To deal with I7 first note that
T[(Sc,n(x)2 - Scm—l(m)z)scm(l’)il} = T[(Scm(x) — Sen—1(2)) (1 + Scm—l(x)scm(x)il)]'

On the other hand, since scyn,l(ﬂn)2 < scm(:v)z, we find

Isen—1(z)sen(2)7HE = llsen(@) " sen—1(2)sem(z) oo
< lsen(@) ™ sen(@)sen (@) " loo = 1.

As En1(|dzn|?) = sen(®)? = Sen—1(x)? (With s.o(x) = 0) we have

~—

1?2 = S 7€ 1(ldzn]?)sen(z) "]

3
vV
—

7 [(Sen(®) = Sen—1())(1 + SC,nfl(x)SC,n(x)_l)]

I
™

3
Vv
—

[Sc n(T) — Scmj*l(x)] 1+ SC,nfl(x)SC,n(x)_lnoo
Z SC,nfl(:E))
el

)) = 2[%[ng

Combining the preceding estimates on I and II, we obtain, for any finite Ls-martingale
xz,

I
3 ;\'XM'

[6a ()] < V2/2lng [lallbmor-

Therefore ¢, extends to an element of (h$)* of norm < v/2||allpmoc-

Step 2: Let ¢ € (h{)" such that [|¢[/(he)- < 1. As Ly(M) C h{, ¢ induces a continuous

functional ¢ on Ly(M). By the duality (Ly(M))* = La(M), there exists a € Ly(M) such
that
¢(z) = 7(a*z), Va € Ly(M).

By the density of Ly(M) in h{ (see Remark 1.2.4) we have

18]l (ng)+ = sup |7(a"z)] < 1. (1.2.2)
2€La(M),||elye <1

We will show that a € bmo®. We want to estimate

lallfmor = maxx (JI€2(a)]Z . sup [€xla — Enalloo)-
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Let z € L1(M;j),]|z]1 <1 be such that ||€1(a)]|e = |7(a*z)|. Then by (1.2.2) we have
1€1(a)]loo < [|lllng = [lzfln < 1.

On the other hand note that

Enla—Enal? = &,( D Idax?) = Eu( Y Exrldar]?).

k>n k>n

Fixn > 1. Let

2= 5.(a) = sep(a)? = Z Ep_1|day|?.
k>n

We note that z € L1(M) for a € La(M) and the orthogonality of martingale difference
sequences in Lo(M) gives

Izl = 7(2) = 7( 3 ldax?) < 7( Y Idaxl?) = 7(|af?) = [|a]3

k>n k>1

Let z € LT (M,,), ||z|l1 < 1. Let y be the martingale defined as follows

[0 k<
Yk = darx ifk>n -~

By (1.2.2) we have
T(ay) < [[yllns-
Since z € L (M,,), we have

T(a*y) = 7'( Z da,’;dyk) = 7‘( Z |dak|2x)

k>1 k>n

= (D & allday)

k>n

= T( Z Sk_1(|dak|2)x) = 7(zx).

k>n

On the other hand, by the definition of y and the fact that = € L (M,,), we find

se)? = > Ealdyel’ = Ex—1ldagz|?

k>1 k>n
= Z Er_1(x|dag|*z) = Z 2E_1(|day)®)x = z2z.
k>n k>n

Thus
lyllng = 7((@22)'/2).

Combining the preceding inequalities, we deduce
7(2x) < 7((xz2)1/?).
Since z is positive, using the Holder inequality, we find
12 _— H 1/2(,.1/2 1/2) 1/2”
T((ﬂ;zaz) ) (z'/%zx 12

1/2
(let/2l etz /2] 1/2],) " = (o) /2r (a2

IN
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It then follows that
T(zzx) < 7(2),

whence

T(En(2)x) = 7(22) < 7(2) = ||2||1- (1.2.3)

Taking the supremum over all x € L{(M,) with |lz|]; < 1, we deduce ||E,(2)]c < 1.
Therefore a € bmo® and ||a||pmec < 1. This ends the proof of the duality (h{)* = bmo®.
Passing to adjoints yields the duality (h])* = bmo".

Step 3: Since finite martingales are dense in each h§,h} and h¢, the density property
needed to apply the fact that the dual of a sum is the intersection of the duals holds.
Thus it remains to determine the dual of h{. Since h{ is a subspace of ¢;(L;(M), the
Hahn-Banach theorem gives

o (LiM))" _ Loo(Loo(M))

(hc1l) (hzli)J_ = (h(li)J_
Let
. KOO(LOO) B bmod
P { (an)nZI — (Sn(an) — 5n_1(an))n21

We claim that ker P = (h¢)*. Indeed, for a € ker P and z € h¢ we have

(dx,a) = Z T(dz)a,) = Z {T(x;an) — T(x:fhlan)}

n>1 n>1

= Y [r@ién(an) — 7(2h1Eaa(an))
n>1

= Y r(deiEai(an))  for En(an) = Eni(an)
n>1

= 0.

Conversely, if a € (h$)* we fix n > 1 and define the martingale = by dz, = &,(as) —
En—1(ay) and dz,, = 0 if m # n. Since a,, € Loo(M) and 7 is finite,

> lldzmlls = [ldznall < 2flanll < 2]lanllw < oo,
m>1

so x € h{. Hence

0 = (dz,a) =7[(En(an) — En-1(an))"an]
= 7(&nlan)*En(an)) — T(En—1(an)*En—1(an))

= 7—|€nan_ n—lan|2;

whence &, (a,) = E,—1(ay). Thus we deduce that a € ker P. Therefore, our claim is proved.
It then follows that (h¢)* = bmo?. Hence, the proof of the theorem is complete. O

We can now prove the reverse inclusion of Theorem 1.2.1.
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Proof of Theorem 1.2.1. By the discussion following Theorem 1.2.1, we already know h; C
H1. To prove the reverse inclusion, we use duality. It then suffices to show (hy)* C (H1)*.
To this end, by Theorem 1.2.3 and the duality theorem of [35], we must show bmo C BMO.
This result is stated in Proposition 1.2.2 , with the equivalence constant /2. Combining
the estimation of Theorem 1.2.3 and Proposition 1.2.2 with the appendix of [35], we obtain
for any a € (hy)*

lall sy < VEllallsmo < 2lallome < 2lallpy-

and
lallihyy < V2[|allbmo < V2llallBamo < V6|lal| (3, )+

Remark 1.2.5. Combining Proposition 1.2.2 and the duality results, we also obtain

HE =hé +h?  and  HY =h} +hd,

1.3 A description of the dual of h, for 1 < p <2

In this section we extend the duality theorem in the previous section to the case 1 < p < 2.
Namely, we will describe the dual of h, for 1 < p < 2. The arguments are similar to
those for p = 1. The situation becomes, however, a little more complicated since the
noncommutative Doob maximal inequality is now involved. On the other hand, the proof
of the duality theorem for 1 < p < 2 is also slightly harder than that in the case p = 1.
This partly explains why we have decided to first consider the case p = 1.

Let us recall the definition of the spaces L,(M;/lx),1 < p < oco. A sequence (T )n>1
in L,(M) belongs to L,(M;ls) if (zn)n>1 admits a factorization z,, = ay,b with a,b €
Lop(M) and (Yn)n>1 € loo(Loo(M)). The norm of (z,),>1 is then defined as

[(@n)n=1llL, (M) = Inf  lall2p sup [[yn]oo [b]]2p-
Tn=aynb n>1

n

One can check that (Lp(M;foo), || L, (Mies)) 18 @ Banach space. It is proved in [20] and
[26] that if (2,,),>1 is a positive sequence in L, (M;l), then

@zl 2yt = 500 { 30 7ngn) <y € Ly(M) and [ Yogn]| <1} (13.0)
n>1

n>1

The norm of L,(M;{) will be denoted by || sup;l |, We should warn the reader that
|| sup,t ||, is just a notation since sup,, z, does not take any sense in the noncommutative
setting.

Now let 2 < g < co. We define the space

Lgmo(./\/l) ={a € Ly(M): ||31§1)+8n(|a — Sn(a)|2)\|q/2 < oo}
equipped with the norm

1/2
2
lalzgmoca = masx (€@l (lsup* €nla = Enla) P)lyy2) ).
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Then (Lgmo(M), || - | Lemo(m)) is a Banach space. Similarly, we set
Lymo(M) = {a: a” € Lymo(M)}

equipped with the norm
lallzrmor) = lla® |l Lemor)-
Note that if ¢ = oo, then L mo = bmo® and L._mo = bmo". For convenience we denote
Lgmo(M), Lymo(M) respectively by Lgmo, Lymo.
The following duality holds:

Theorem 1.3.1. Let 1 < p < 2 and q be the index conjugate to p. Then (h})* = Lgmo
with equivalent norms.
More precisely,

(i) Every a € Lgmo defines a continuous linear functional on hy by

do(x) = T(a*x), V€ La(M). (1.3.2)

(ii) Conversely, any ¢ € (h;)* is given as above by some a € Lgmo.
Moreover
A Pl zemo < lldallng)s < V2 Il zgmo (1.3.3)

where A\, > 0 is a constant depending only on p and A\, = O(1) asp — 1, A\, <
C(2—-p)2asp—2.

Similarly, we have (hy)* = Lymo, and (hy)* = Lgmo N Lymo N hg.

Proof. We show only the duality equality (h;)* = Lgmo. To this end, we will adapt the
proof of the corresponding duality result for H in [24] for the first step. The second one
is adapted from the proof of Theorem 1.2.3.

Step 1: Let a € Limo and z be a finite Ly-martingale such that [z[ln; < 1. Let s
be the index conjugate to 4. We consider

)P/25

B n _ 0 /2s
Sen(z) = (kzlé'kﬂdmk]Q and  S.(x) = (kzlgklldxkﬁ)p .

Then S.n(x) € Ls(M,) and by approximation we may assume that the s.,(x)’s are
invertible. By the arguments in the proof of the duality between h§ and bmo® in Theorem
1.2.3 we have

0 = [ 02)] (o) 24 P27
= I-II.

1/2

To estimate I we set again

{ 91 = §C71(1‘)

On = 5en(z) — Sep—1(x), Vn>2.

Then 6, € Ly(Mj—1), 0, > 0 and 5. () = Z 0. Thus
k=1

oo
|32 66], = ot = hetiy <1
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By (1.3.1), we have

2= 3 (0> |danl?)

k>1 n>k

= Y (0 (D Idanl?))

k>1 n>k

= Z T(0kEk—1(]a — ax—1]?))

k>1
Isup™Ex(la — ax[*)llg/2 = llallFemo-
k>1

Y%

[\

IN

To estimate the second term, let « = 2/p € (1,2] and notice that
2 2 1
l-a=1-"=1-24+2=—-".
p q S

For fixed n, we define y = 5. ,—1(x)® and z = 5., (z)®. Since p/2 < 1, we have
n—1 n
p/2 p/2
y— (Z Sk_1|d:ck]2> < (Z Ek_lldxk|2) =2
k=1 k=1
Note that

Applying Lemma 4.1 of [20], we find

T(§C,n($)_1/25n_1|da:n]2§c7n(:c)_1/2) T(z72 (2% —y)z"2)

IHIA
DO
\]

Therefore
Iz < 2 Z T[Sen(2)® — Sen—1(2)°]
n>1
P

= 27[( D Enaldan?) ]
n>1

— 2l <2
p

Combining the precedent estimations we deduce that for any finite Lo-martingale x
|ba(@)] < V2|l Lemoll g
Thus ¢, extends to an element of (h¢)* with norm < /2 llal| Lemo-

Step 2: Let ¢ € (hj)" such that [¢[le)- < 1. As Ly(M) C hy, ¢ induces a continu-
ous functional ¢ on Ly(M). Thus there exists a € Ly(M) such that

o(z) = 7(a*z), Vo€ Ly(M).
By the density of La(M) in hg we have

&l (ne)- = sup IT(a"z)| < 1. (1.3.4)
@€L2(M),||z]lng <1
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We want to estimate

lalZsmo = max ([I€1(a)]2

sup*Ea( 3 ldail’)] )

k>n
Let z € L,(My),||z]|, <1 be such that ||£1(a)||q = |7(a*z)|. Then by (1.3.4) we have
[€1(a)llq < llzllng = [lz]lp < 1.
On the other hand for each n > 1 we set

Zn = Sc(a)2 - Sc,n(a)Q = Z gk—1|dak’2'
k>n

Then by (1.3.1) and the dual form of Junge’s noncommutative Doob maximal inequality,
we find (recalling that s is the conjugate index of ¢/2)

||51;Ii+gn(zn)”q/2
nz

= sup{ Z T(En(2n)bn) : by € LT (M) and H Z byl < 1}
n>1 n>1 °
< Aosup { D 7(Enlza)bn) < bn € LE(My) and H 3 an <1},
n>1 n>1 s

Note that A = O(1) as s close to 1, so Ag remains bounded as ¢ — oo, i.e, as p — 1. On
the other hand, A\ ~ s as s — 00, i.e, as p — 2.

Let (b, )n>1 be a sequence in L} (M,,) such that H Z bn
n>1

< 1. Let y be the martingale
S

defined as follows

dy = dak( 3 bn), VE > 1.
k>n

By (1.3.4) we have
7(a"y) < [[Yllng-
Since b, € LT (M,,) for any n > 1, we have

T(a*y) = T( Z da;gdyk> = T( Z \dak]2( Z bn>)
k>1 k>n

k>1

= 33 r(ldai?ba) = 33 7(Ex 1 |dag?b,)

n>1k>n n>1k>n

= Z T(2nbn)

n>1
T(En(zn)bn).

I
(]

n>1

On the other hand, by the definition of y and the fact that b, € LT (M,,), we find

se)’ = D Enldyl = gk—l‘d“’f( > b")r
k>1 k>n

k>1

= Y aa[( X o)ldaP (X 0)] =X Y bubei(ldar?bn
k>1 k>n k>n

= k>1nm<k
= Z bnzmax(n,m) bim.-

n,m>1
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We consider the tensor product N'= M®B(¥2), equipped with the trace 7 ® tr, where tr
denote the usual trace on B(¢3). Note that

N S a /% 0
0 0 | [n ) b/? 0

n Zmax(n,m)0m nm>1

Z bnzmax(n,m) bm 0

n,m>1
= 0

is positive. Indeed, we suppose
n,m>1

that M acts on the Hilbert space H and we denote by (-, -) the associated scalar product.
For £ = (§n)n>1 € l2(H), we have

<Z§7§>€2(H) = Z <(bi/2zmax(n,m)b7lq{2)§my§n>

n,m>1

= Z <Zmax(n,m) (b}r{2§m)a bi/zgn%

n,m>1

We claim that the matrix Z = [bn/ 2zmax(n m)bm L2 }

where the last equality comes from the positivity of the b,’s. Then the definition of z,
gives

(Z8 )y = Z(( > & 1|dak\2)(b%2§m),by2§n>

n,m>1  k>max(n,m)

> (Epi|day? (Z b2em ), (D0 b))
n<k

k>1

The positivity of the conditional expectation implies that each term of the latter sum is
non-negative. Thus, we obtain

<Z€v§>22(H) >0, Ve ZZ(H%
which proves our claim. Hence
1 2]y = 7@ t0(2) = 3 7 (b 2200/ ?).
n>1

Since 2 = 28 + 1+ 2 , by the Holder inequality we have

nmz;lb”’z“la"(”’m)bme/z - H(nmz>1bnzmax(n,m)bm) BeL L5 (N)
b2 B2 . N
< 0 0 |5 2mamamtt®] |80
Los(N) n,m>111L1(N) ) Las(N)
IE
(S gel
Thus L2 12
Hy”hg < {ZT(gn(zn)bn)} H an N

n>1 n>1
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Combining the preceding inequalities, we deduce

> 7(Ealza)ba) < || bn
n>1

n>1

<1

s

Therefore a € Lgmo and |lafzemo < v/As. This ends the proof of the duality (hp)* =
L¢mo. O
q

Remark 1.3.2. Junge and Mei obtain in [21] the following inequality
A Hlal zemo < lldallng) < V2 lallzgmo

where )\, is the constant in (1.3.3). Note that our lower estimate is the square root of
theirs, and yields a better estimation as p — 2.

The dual space of H,, for 1 < p < 2 is described in [24] as the space LyMO (where ¢
is the index conjugate of p) defined as follows. Let 2 < ¢ < oo, we set

LaMO(M) = {a € Ly(M) : Hsg}fﬁn(m - 5n_1(a)\2)|]q/2 < 00},
equipped with the norm
1/2
lallzg o = (Isup* Enlla = Ent @F)ll2)
Similarly, we define
LyMOM) ={a:a* € LLMO(M)},
equipped with the norm

_ *
lallz mowy = lla™ [l e mom)-

Finally, we set

LyMO(M) = LEMO(M) N LEMO(M),

equipped with the intersection norm

z[| L, Moy = max (2]l emommy » 112l s mowy)-

Note that if ¢ = oo, these spaces coincide with the BMQO spaces. For convenience we
denote LEMO(M), Ly MO(M), LgMO(M) respectively by LgMO, Ly MO, LeMO.
Theorem 4.1 of [24] establishes the duality (H;)* = LgMO. Moreover, for any a € LgMO,

A Hlalleao < lldallagy < V2 llallzemo
where ), is the constant in (1.3.3).

Remark 1.3.3. The method used in the second step of the previous proof can be adapted
to the duality between H;, and Ly MO, for 1 < p < 2. This yields a better estimate of
the constant )\, given in [24]. More precisely, we obtain by this way a constant of order
(2 —p)~! as p — 2 instead of (2 — p)~2.

Indeed, let ¢ € (H})" such that [|¢[|(3) < 1. There exists a € Ly(M) such that

o(x) =7(a*x), Vr e Lay(M).
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By the density of La(M) in Hg we have

[l (i)~ = sup |T(a*z)| < 1.
reLa(M) 2llg <1

In this case, we want to estimate

lolE gaio = Isup*Enla = Enms(@ P, = [sup*en( 3 ldanf)|
n> nz k>n

The triangular inequality in L /o(M; /) allows us to separate the estimation into two
parts as follows

lalffgaio ~ [sup* én kz dal?) |, + lsup*ldanl*l p = T+ 11

We adapt the second step of the preceding proof by setting z, = Z |dak|2 for each n > 1.

k>n
It yields the following estimation of the first term

I <)

where s is the index conjugate to 2.
To estimate the diagonal term I, let (b,),>1 be a sequence in L} (M,,) such that

|30
n>1

< 1. Let y be the martingale defined as follows
S

dyk = dakbk - Ek,l(dakbk), vk > 1.

We have
T(a"y) < |lyllng.

Since (day)n>1 is a martingale difference sequence, we have

T(a*y) = Y 7(|dan|?by) - 7(dayEn-1(danbn))

n>1

= Z 7(|dan|*bn) — 7(En—1(day;)danby)

n>1

= Z 7(|dan|?by).

n>1

On the other hand, the triangular inequality in L,(M;¢$) yields

”?/HH; = H(d?/n)n21||Lp(M;£g) < H(danbn)@lHLp(M;g;) + ||(gnfl(danbn))nzlHLP(M;%)

The noncommutative Stein inequality implies
H(5n—1(danbn))n21HLP(M;ZS) < 7p|‘(da”bn>n21||LP(M;eg)
with 7, < C’ppfi (see [24]). Then

||?JHH; <1+ Vp)”(danbn)nz1||L,,(M;eg)'
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As before, by the Hélder inequality, we find
1)y = | 2 bdon P,
|52 o[ 7 (o) o
n>1 0 Ta>1 n>1
= [ rtidan o] Xt
n>1

n>1

IA

Hence

1/2 1/2
Iyl < (143) | 3 bal| (3 7(Idanla))
n>1 n>1
Combining the preceding inequalities, we deduce

S rlldan[?ba) < Clp— 1) 3 b

n>1 n>1

s

Then
1] = Hsupﬂdan\QHq/z <C(p—1)2).
n>1

Finally, we obtain
lallzeamo < A2 (1+C(p —1)72)2,

Since A\s &~ s? as s — 00, i.e, as p — 2, we have the announced estimation )\;/2(1 +C(p—

D)2~ ©2-p)lasp— 2

For 1 < p < oo, the noncommutative Burkholder-Gundy inequalities of [35] and the
noncommutative Burkholder inequalities of [24] state respectively that H,(M) = L,(M)
and h,(M) = L,(M) (with equivalent norms). Combining these results we obtain the
equivalence of the norms H,, and h,,. This is stated in Proposition 6.2 of [41]. Here Theorem
1.3.1 allows us to compare the dual spaces of H, and h,, for 1 < p < 2. This dual approach
gives another way to compare the spaces H, and h, for 1 < p < 2, which improve the
estimation of the constant s, below for 1 < p < 2. Indeed, Randrianantoananina obtained
kp = O((p—1)71) as p — 1 and the following statement gives that r, remains bounded
as p — 1. For completeness, we also include Randrianantoanina’s estimates.

Theorem 1.3.4. Let 1 < p < co. There exist two constants k, > 0 and v, > 0 (depending
only on p) such that for any finite L,-martingale x,

kil < llzllw, < vplllh,-
Moreover
(i) kp~=1lasp—1;
(ii) kp < Cp for2 <p < oo;
(ili) vy, =1l asp —1;
)

(iv) vp < C\/p for2 < p < oo.
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Proof. Randrianantoanina stated the estimations (i), (ii7), (¢v) in [41] without giving the
proof. For the sake of completness we give the proof of these three estimations.

(i) Here we adopt a dual approch. Let 1 < p < 2 and ¢ the index conjugate to p. Let
a € (hp)*. Then the triangular inequality in L/ (M; /) gives

al|7e su Qg
I HLqMO nZIi n kEZn:’ | a2
< Hsu tE day|? H + |lsup™ &, |day|?
sup n(gnr )], Isupt Enldan o2
<

< lalZeme + 1(Enldan*)nllL, p(m.0)
But for 1 < p < oo we have the following contractive inclusion

lp(Lp(M)) C Lp(M; loo).

Therefore ) )
[(Enldan] )nHLq/Q(M;Zoo) < |[(Enldan| )n‘|€(72(Lq/2)
2/q
< (Y lldanllg)” = llals.
n>1
Then
2712l al| 34, lallz,mo

v2max(||al| Lgmo, lall Lymo. llallng)
V2 llalln,)-

with A, = O(1) as p — 1, hence s, =~ 1 as p — 1.
(ii) The dual version of the noncommutative Doob inequality in [20] gives that for
1 < p < oo and for all finite sequences (a,) of positive elements in L,(M) :

| 3= en-stan)] < X anf
n>1 p n>1 P

ININIA

with ¢, ~ p? as p — +oo. Applying this to a, = |dz,|* and p/2 we get

”33||h2 = H(%é’n1|dxn|2)1/2Hp:“;8n1dxn|2H;jz

N P e

IN

Passing to adjoints we have ||z n; < /67 [|z(/3; with /G2 ~ p as p — <.
On the other hand, we have for 2 < p < oo and for any finite sequence (ay,) in L,(M)

(1) < (S o)

p

Indeed, this is trivially true for p = 2 and p = co. Then complex interpolation yields the
intermediate case 2 < p < oo.
It thus follows that ||dz|ls,(z,) < [|z/#s-
Thus k, < Cp for 2 < p < co.

(iii) Adapting the discussion following Theorem 1.2.1 to the case 0 < p < 1, we obtain
this estimate.
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(iv) Suppose 2 < p < oo and |[|z||p, < 1. We write
dan | = En_1|dan|* + (|dzn|* — En_1|dzn|?) =: En_1|dz,|? + dyp.
The noncommutative Burkholder inequality implies
dy = |yllp/2
IS, = i

< (S lannlzf2) ™ + (3 Eaatdn?) |
n>1 n>1

N

p/J =: np/Q(I—i-II)

with 7,9 < Cp as p — oo from the proof of Theorem 4.1 of [41]. In order to estimate I we
use the triangular inequality in £, /5(L,/2) and contractivity of the conditional expectations:

2 2/p 2/p
1= |dyll, oz, < 2( D Mdeal?123)" = 2( X ldzallp) ™ < 2.
n>1 n>1

As for the second term I we note that
gn—l‘dyn|2 = n—l‘dxn|4 - (gn—1|dl'n‘2)2 < gn—1|d$n’4-

Then Lemma 5.2 of [24] gives the following estimation

s (S ewaknt) ], = | S et
n>1 n>1
< (H Z g”_1’d$"|2H(p_4)/(p_2)(Z Hd$n||§)2/(p_2)>l/2
n>1 p/2 n>1
< 1.

Combining the preceding inequalities we obtain

HwH%{; <14 3n,2 <Cpasp— oo.

Remark 1.3.5. At the time of this writing, we do not know if the orders of growth of x,
and v, for 2 < p < oo are optimal.






Chapter 2

Atomic decomposition and
interpolation for Hardy spaces of
noncommutative martingales

Introduction

Atomic decomposition plays a fundamental role in the classical martingale theory and
harmonic analysis. For instance, atomic decomposition is a powerful tool for dealing
with duality theorems, interpolation theorems and some fundamental inequalities both in
martingale theory and harmonic analysis. Atoms for martingales are usually defined in
terms of stopping times. Unfortunately, the concept of stopping times is, up to now, not
well-defined in the generic noncommutative setting (there are some works on this topic,
see [1] and references therein). We note, however, that atoms can be defined without help
of stopping times. Let us recall this in classical martingale theory. Given a probability
space (Q,F,u), let (F,)n>1 be an increasing filtration of o-subalgebras of F such that
F =o0(U,Fy,) and let (E,,),>1 denote the corresponding family of conditional expectations.
An F-measurable function a € Lo is said to be an atom if there exist n € N and A € F,
such that

(i) En(a) =0;

(i) {a # 0} C 4;

(iii) flafl2 < p(A)~H2.
Such atoms are called simple atoms by Weisz [50] and are extensively studied by him
(see [49] and [50]). Let us point out that atomic decomposition was first introduced in

harmonic analysis by Coifman [6]. It is Herz [17] who initiated atomic decomposition for
martingale theory. Recall that we denote by H1(£2) the space of martingales f with respect

to (Fn)n>1 such that the quadratic variation S(f) = (En \dfnP) i belongs to L1(12),
and by hy(2) the space of martingales f such that the conditioned quadratic variation
s(f) = (Zn En_lldfn|2)1/2 belongs to L;(2). We say that a martingale f = (fn)n>1
is predictable in L; if there exists an adapted sequence (Ay)n>0 of non-decreasing, non-
negative functions such that |f,| < A\,—1 for all n > 1 and such that sup, A\, € L1(£2).

We denote by P;1(2) the space of all predictable martingales. In a disguised form in the
proof of Theorem A, in [17], Herz establishes an atomic description of P;(£2). Since
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P1(2) = H1(Q) for regular martingales, this gives an atomic decomposition of H;(2) in
the regular case. Such a decomposition is still valid in the general case but for h;()
instead of H;(Q2), as shown by Weisz [49].

In this paper, we will present the noncommutative version of atoms and prove that
atomic decomposition for the Hardy spaces of noncommutative martingales is valid for
these atoms. Since there are two kinds of Hardy spaces, i.e., the column and row Hardy
spaces in the noncommutative setting, we need to define the corresponding two type atoms.
This is a main difference from the commutative case, but can be done by considering the
right and left supports of martingales as being operators on Hilbert spaces. Roughly speak-
ing, replacing the supports of atoms in the above (ii) by the right (resp. left) supports
we obtain the concept of noncommutative right (resp. left) atoms, which are proved to be
suitable for the column (resp. row) Hardy spaces. On the other hand, due to the noncom-
mutativity some basic constructions based on stopping times for classical martingales are
not valid in the noncommutative setting, our approach to the atomic decomposition for
the conditioned Hardy spaces of noncommutative martingales is via the h; — bmo duality.
Recall that the duality equality (h;)* = bmo was established independently in [21] and in
Chapter 1. However, this method does not give an explicit atomic decomposition.

The other main result of this paper concerns the interpolation of the conditioned Hardy
spaces h,. Such kind of interpolation results involving Hardy spaces of noncommutative
martingales first appear in Musat’s paper [31] for the spaces H,. We will present an
extension of these results to the conditioned case. Note that our method is much simpler
and more elementary than Musat’s arguments. It seems that even in the commutative case,
our method is simpler than all existing approaches to the interpolation of Hardy spaces
of martingales. The main idea is inspired by an equivalent quasinorm for h,,0 < p < 2
introduced by Herz [18] in the commutative case. We translate this quasinorm to the
noncommutative setting to obtain a new characterization of h,, 0 < p < 2, which is
more convenient for interpolation. By this way we show that (bmo, h1);/, = h, for any
1 <p<oo.

The study of the Hardy spaces of noncommutative martingales H, and h,, in the discrete
case is the starting point for the development of an H,-theory for continuous time. In a
forthcoming paper by Marius Junge and the third named author, it appears that the
spaces h;, are much easier to be handled than #,. It seems that their use is unavoidable
for problems on the spaces H,, at the continuous time.

The remainder of this paper is divided into four sections. In Section 1 we present some
preliminaries and notation on the noncommutative L,-spaces and various Hardy spaces
of noncommutative martingales. The atomic decomposition of the conditioned Hardy
space hy(M) is presented in Section 2, from which we deduce the atomic decomposition
of the Hardy space Hji(M) by Davis’ decomposition. In Section 3 we define an equiv-
alent quasinorm for h,(M),0 < p < 2, and discuss the description of the dual space of
h,(M),0 < p < 1. Finally, using the results of Section 3, the interpolation results between
bmo and hy are proved in Section 4.

Any notation and terminology not otherwise explained, are as used in [46] for theory
of von Neumann algebras, and in [36] for noncommutative L,-spaces. Also, we refer
to a recent book by Xu [53] for an up-to-date exposition of theory of noncommutative
martingales.
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2.1 Preliminaries and notations

Throughout this paper, M will always denote a von Neumann algebra with a normal
faithful normalized trace 7. For each 0 < p < oo, let L,(M, 1) or simply L,(M) be the
associated noncommutative L,-spaces. We refer to [36] for more details and historical
references on these spaces.

For z € L,(M) we denote by r(z) and [(x) the right and left supports of z, respectively.
Recall that if x = u|x| is the polar decomposition of x, then r(z) = u*u and I(x) = uu*.
r(x) (resp. Il(x)) is also the least projection e such that ze = x (resp. ex = z). If x is
selfadjoint, r(z) = I(x).

Let us now recall the general setup for noncommutative martingales. In the sequel,
we always denote by (Mj,)p>1 an increasing sequence of von Neumann subalgebras of M
such that the union of M,,’s is w*-dense in M and &, the conditional expectation of M
with respect to M,,.

A sequence = = (z,,) in Li(M) is called a noncommutative martingale with respect to
(Mp)n>1 if En(Tnt1) = xy for every n > 1.

If in addition, all z,,’s are in L,(M) for some 1 < p < oo, z is called an Ly-martingale.
In this case we set

”pr = sup Hanp
n>1

If ||z]|, < oo, then z is called a bounded Lj,-martingale.

Let = (z5,) be a noncommutative martingale with respect to (My,),>1. Define dz,, =
Xy — Tp—1 for n > 1 with the usual convention that z¢p = 0. The sequence dx = (dx,) is
called the martingale difference sequence of x. x is called a finite martingale if there exists
N such that dx,, = 0 for all n > N. In the sequel, for any operator z € Li(M) we denote
Ty = Ep(x) for n > 1.

Let us now recall the definitions of the square functions and Hardy spaces for noncom-
mutative martingales. Following [35], we introduce the column and row versions of square
functions relative to a (finite) martingale z = (x,,):

Sen@) = (L ldel) ", Suw) = (3 laml?) "
k=1 k=1

and . -
Seal) = (X lai) ", S@) = (3 laat?) "
k=1 k=1

Let 1 < p < oco. Define Hy(M) (resp. Hj(M)) as the completion of all finite L-
martingales under the norm [|z([3s = [|Sc(z)[lp (vesp. |z[ls = [[Sr(z)]|p). The Hardy
space of noncommutative martingales is defined as follows: if 1 < p < 2,

Hp(M) = Hy(M) + H (M)
equipped with the norm

[zl = inf {{lyllzg + [12]l7 },

where the infimum is taken over all y € Hg(M) and z € Hj,(M) such that z =y + 2. For
2 <p <o,
Hyp(M) = Hy(M) N H (M)

equipped with the norm
[l = max {[[z]l, |z[l7 }-
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The reason that H,(M) is defined differently according to 1 < p <2 or 2 < p < oo is
presented in [35]. In that paper Pisier and Xu prove the noncommutative Burkholder-
Gundy inequalities which imply that H,(M) = L,(M) with equivalent norms for 1 < p <
00.

We now consider the conditioned version of H, developed in [24]. Let = (x5, )n>1 be
a finite martingale in Lo(M). We set

n 1/2 i 1/2
sc,n(x>=(l;sk1|dxk\2) : sc<x)=(l;5k1dxk|2) :

and

n 1/2 © 1/2
sr,n(x):(l;gk_1|dm2\2) , sr(x):(’;gk_lux;y?) .

These will be called the column and row conditioned square functions, respectively. Let
0 < p < co. Define hj(M) (resp. hy(M)) as the completion of all finite L-martingales
under the (quasi)norm |[z|lhe = [|sc(z)|lp (resp. |lz[lny = [[s(2)]]p). For p = oo, we define
hS, (M) (resp. hl (M)) as the Banach space of the Lo (M)-martingales x such that
ko1 Ek—1ldzi|? (respectively > i~q Ex—1]|dx}|?) converge for the weak operator topology.

We also need £,(L,(M)), the space of all sequences a = (a,),>1 in L,(M) such that

1/p ]
lalle, iz, M) = (Z Hanllg) <o if0<p< oo,
n>1

and
lalle. (oo M) = sUP [Jan oo if p = o0.
n

Let hg(./\/l) be the subspace of £,(L,(M)) consisting of all martingale difference sequences.
We define the conditioned version of martingale Hardy spaces as follows: If 0 < p < 2,

hy(M) = hi (M) + he (M) + hy (M)
equipped with the (quasi)norm
2]l = inf {lwllna + [1yllng + l|2[ln; }

where the infimum is taken over all w € h%(M),y € h&(M) and z € h’(M) such that
r=w+y+ =z For 2 <p < oo,

hy(M) = hi(M) N he (M) N by (M)
equipped with the norm
llh, = max {[|z{lng, [z ]lng. [/ }-
The noncommutative Burkholder inequalities proved in [24] state that
hp(M) = L,(M) (2.1.1)

with equivalent norms for all 1 < p < oc.
In the sequel, (My,),>1 will be a filtration of von Neumann subalgebras of M. All
martingales will be with respect to this filtration.
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2.2 Atomic decompositions
Let us now introduce the concept of noncommutative atoms.

Definition 2.2.1. a € Ly(M) is said to be a (1,2).-atom with respect to (My)n>1, if
there exist n > 1 and a projection e € M, such that

(iii) [lallz < ()12
Replacing (ii) by (ii) l(a) < e, we get the notion of a (1,2),-atom.

Here, (1,2).-atoms and (1, 2),-atoms are noncommutative analogues of (1, 2)-atoms for
classical martingales. In a later remark we will discuss the noncommutative analogue of
(p, 2)-atoms. These atoms satisfy the following useful estimates.

Proposition 2.2.2. Ifa is a (1,2).-atom then
lall#: <1 and |lafhe < 1.
The similar inequalities hold for (1,2),-atoms.

Proof. Let e be a projection associated with a satisfying (i) — (iii) of Definition 2.2.1. Let
ar = &k(a). Observe that a; = 0 for k < n, so day = 0 for k < n. For k > n+ 1 we have

eldag|*> = [Ex(ea*) — Er_1(ea®)]dar = |day|?
= daj[€k(ae) — Ex—_1(ae)] = |dag|%e.

This gives
eldag|? = |day|* = |day|?e

for any k£ > 1. Hence, we obtain

Consequently, the noncommutative Holder inequality implies
lallzg = 7[eSc(a)] < [1Sc(a)ll2llell2 = [lall2flell2 < 1.
Since e € M,,, for £k > n + 1 we have

e€r1(|dar]®) = Erileldar?) = Er_1(|dar]?)
= &-1(ldapfe) = Ep1(|dag|?)e.

Thus, we deduce
allne < 1.

Now, atomic Hardy spaces are defined as follows.
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Definition 2.2.3. We define h$™ (M) as the Banach space of all z € Ly(M) which admit
a decomposition
T = Z LG
k

with for each k, ar a (1,2).-atom or an element in Li(My) of norm < 1, and A\, € C
satisfying > i | \k| < 0o. We equip this space with the norm

o flpene = inf D" [ el
k

where the infimum is taken over all decompositions of x described above.
Similarly, we define hy™ (M) and || - ||, r.at.
1

It is easy to see that hf’at(/\/l) is a Banach space. By Proposition 2.2.2 we have the
contractive inclusion h{® (M) C h$(M). The following theorem shows that these two
spaces coincide. That establishes the atomic decomposition of the conditioned Hardy
space h{(M). This is the main result of this section.

Theorem 2.2.4. We have
h§(M) = h§™ (M) with equivalent norms.

More precisely, if x € h§{(M)
—1 < <
\/5”56”}1?3t = ||33th > ||:C”h§’at'

Similarly, W (M) = h7* (M) with the same equivalence constants.

We will show the remaining inclusion h§(M) C h{™ (M) by duality. Recall that the
dual space of h{(M) is the space bmo®(M) defined as follows (we refer to [21] and Chapter
1 for details). Let

bmo®(M) = {x € Lay(M) : sup ||Enlx — 20 |?||0e < 00}
n>1
and equip bmo“(M) with the norm
|#llomor = max ([1€1(2)lloo » sup [Enl2 — za[227).
n>1

This is a Banach space. Similarly, we define the row version bmo”(M). Since z,, = &,(x),

we have
Enlt — zp|? = Enlz)? — |20)? < Enlz]?

Thus the contractivity of the conditional expectation yields
[[2]lbmos < [|2[|oo- (2.2.1)

We will describe the dual space of hi’at(/\/l) as a noncommutative Lipschitz space
defined as follows. We set

AC(M) = {l’ S LQ(M) : ||£L‘HAc < OO}
with

_ 1/2
|z||Ac = max (H&(w)”oo , sup sup T7(e) 1/27'(6]36 — xn|2) / ),
n>1eePy,
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where P, denotes the lattice of projections of M,,. Similarly, we define
A" (M) = {z € L* (M) : 2* € A“(M)}
equipped with the norm
[#][ar = [[2%]| e

The relation between Lipschitz space and bmo space can be stated as follows.
Proposition 2.2.5. We have bmo®(M) = A°(M) and bmo" (M) = A" (M) isometrically.

Proof. Let x € bmo®(M). It is obvious that by the noncommutative Hélder inequality we
have, for all n > 1,

_ 1/2
sup 7(e) V27 (el — ) 2 < |Enla — a2 2.
eE n

To prove the reverse inclusion, by duality we can write

H‘S‘n‘x - $n|2”00 = sup |7—(y|$ - xn|2)|
llylli <1, yeLf (M)
— sup () (el — o),
eepn

where the last equality comes from the density of linear combinations of mutually disjoint
projections in Lq(M,,). Thus ||z||pc = ||Z||bmoc, and the same holds for the row spaces. [J

We now turn to the duality between the conditioned atomic space hi’at(/\/l) and the
Lipschitz space A¢(M).

Theorem 2.2.6. We have h{™ (M)* = A(M) isometrically. More precisely,

(i) Every x € A°(M) defines a continuous linear functional on h{™ (M) by
pa(y) = 7(2%y), Vy € La(M). (2.2.2)

(ii) Conversely, each o € h{™(M)* is given as (2.2.2) by some x € A°(M).
Similarly, hy™ (M)* = A"(M) isometrically.

Remark 2.2.7. Remark that we have defined the duality bracket (2.2.2) for operators in
Lo(M). This is sufficient for Ly(M) is dense in h{™(M). The latter density easily follows
from the decomposition Lo(M) = LI(M) & La(M;), where LY(M) = {z € Lo(M) :
& (z) = 0}.

Proof of Theorem 2.2.6. We first show A°(M) C h$™(M)*. In fact we will not need this

inclusion for the proof of Theorem 2.2.4, however we include the proof for the sake of

completeness. Let x € A°(M). For any (1,2).-atom a associated with a projection e

satisfying (i) — (iii) of Definition 2.2.1, by the noncommutative Holder inequality we have
|7 (2"a)| |7((z = zn)*ae)]

le(z = 2n)"|2llall2

7(e) V2 [r(ela — zaf?)]

2] ae-

IAIA A
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On the other hand, for any a € L1(M;) with ||a]; < 1 we have
[7(x%a)| = |7(&1(z)"a)| < [|E1(2)]|ollallt < (]| e
Thus, we deduce that
(@ y)] < [l2llae Yo

for all y € Lo(M). Hence, ¢, extends to a continuous functional on h$*" (M) of norm less
than or equal to [|z||zc.

Conversely, let ¢ € h{™ (M)*. As explained in the previous remark, Lo(M) C h$* (M)
so by the Riesz representation theorem there exists x € La(M) such that

e(y) =7(z%y), Vy€ Lay(M).
Fix n > 1 and let e € P,,. We set

(x —xp)e
T — zp)e|27(e)/2

T

It is clear that y. is a (1,2).-atom with the associated projection e. Then
« 1 1/2
lell = [e(e)| = I7(( = 2n)"ye)| = W[T(elx —za )"

On the other hand, let y € L1(Mi),]|ly|l1 < 1 be such that ||€1(x)|lc = |7(z*y)|. Then
I€1(2)]|oo < |l¢]|]- Combining these estimates we obtain ||z||yc < ||¢||. This ends the proof
of the duality (h{®(M))* = A°(M). Passing to adjoints yields the duality (h}*"(M))* =
A" (M). O

We can now prove the reverse inclusion of Theorem 2.2.4.

Proof of Theorem 2.2.4. By Proposition 2.2.2 we already know that

h{* (M) c h§(M). Combining Proposition 2.2.5 and Theorem 2.2.6 we obtain that
(h$*(M))* = bmo®(M) with equal norms. The duality between h§(M) and bmo®(M)
proved in [21] and Chapter 1 then yields that (h{*(M))* = (h§(M))* with the following

equivalence constants

1
Tlleeloye < el = Il < sl

This ends the proof of Theorem 2.2.4. O

We can generalize this decomposition to the whole space hy(M). To this end we need
the following definition.

Definition 2.2.8. We set

hit (M) = h{(M) +hi™ (M) + h* (M),
equipped with the sum norm

[2llnge = inf {{lwllpg + Nylles + 12l

where the infimum is taken over all w € h{(M),y € h$*™ (M), and z € h7* (M) such that
r=w+y+=z.



2.3. AN EQUIVALENT QUASINORM FOR h,,0 <p <2 67

Thus Theorem 2.2.4 clearly implies the following.
Theorem 2.2.9. We have

hi(M) = h3"(M)  with equivalent norms.

More precisely, if x € hy(M)

1
ﬁHxHhT <zl < llzllper-

The noncommutative Davis’ decomposition presented in Chapter 1 states that Hq (M) =
h1(M). Thus Theorem 2.2.9 yields that H;(M) = hi*(M), which means that we can de-
compose any martingale in H;(M) in an atomic part and a diagonal part. This is the
atomic decomposition for the Hardy space of noncommutative martingales.

2.3 An equivalent quasinorm for h,,0 <p <2

In the commutative case Herz described in [18] an equivalent quasinorm for h,,0 < p <
2. This section is devoted to determining a noncommutative analogue of this. This
characterization of h, will be useful in the sequel. Indeed, this will imply an interpolation
result in the next section. To define equivalent quasinorms of ||-||ne and |- |[ar for 0 <p < 2

we introduce the index class W which consists of sequences {w, },en such that {wg/ L l}neN

is nondecreasing with each w,, € L] (M,,) invertible with bounded inverse and |jw,||; < 1.
For an Lo-martingale x we set

Nc mf [ (Zw /p’dxn+1|2)}l/2

n>0

and

Ny (z) mf{ <;0w1 2P| dat | )}1/2.

We need the following well-known lemma, and include a proof for the convenience of
the reader (see Lemma 1 of [47] for the case f(t) = tP).

Lemma 2.3.1. Let f be a function in C*(R") and z,y € M*. Then

(St y)— f) = 7( [ £+ ).

Proof. Note that considering f — f(0), we may assume that f(0) = 0. We set ¢¢(t) =
7(f(x + ty)), for t € [0,1]. Then

p(t) =7(f'(x +ty)y), Vtel0,1]. (2.3.1)

Indeed, the tracial property of 7 implies this equality for ¢ = 0 and f(¢) = t",n € N,
and we can extend this result for all f polynomials by linearity. A translation argument
gives (2.3.1) for all f polynomials. Finally, we generalize for all f by approximation.
Indeed, we can approximate f’ by a sequence (p,)n,>1 of polynomials, uniformly on the
compact set K = [0,]|z|lcc + [|ylloo]- Then the sequence of polynomials (g,,) defined by
qn(s) = [ pn(t)dt for each n > 1 converges uniformly to f on K. Since (¢}, ) converges
to ¢ uniformly on [0,1] (by the derivation theorem), we get (2.3.1) by the finiteness of
the trace.

Now writing ¢¢(1) — ¢f(0) = fol @' (t)dt we obtain the desired result. O
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Proposition 2.3.2. For 0 < p <2 and x € Ly(M) we have

(2)"*N5(@) < g < N5 252

A similar statement holds for hy(M) and Ny .
Proof. Note that

Ny(z) = ilglvf [T( Z w,lfz/pé’n\dxn_s_lﬁ)}lm

n>0

= mf { (Z w,, Sc,n+1($)2 - Sc,n(33)2))}

n>0

1/2

Let 2 € Ly(M) with |[2|hs < 1. By approximation we can assume that z € Le(M) and
Sem () is invertible with bounded inverse for every n > 1. Then {s.n+1(z)P} € W; so

) < [7(3 sens1 (@) X (sen1(2)? = sen(2)?)]

n>0

1/2

Applying Lemma 2.3.1 with f(t) = t/2,x + y = scnr1(2)? and & = s.,(2)? we obtain

T(Scml-f—l(x)p — Sen(2)P) =

’7‘(/ g[sc,n(ﬂf)Q + t(Sc,n+1(x)2 B SC?”(x)Q)]

0
T(Sc,n+1 (l’)p_Q(SC,nJrl (x)z — Se,n (x)z))’

D
2

" semp1(2)? — Sc,n(x)Q]dt>
>

(S

where we have used the fact that the operator function a — azlis nonincreasing for
—1 < £ —1<0. Taking the sum over n leads to

°(x)? 27'8 :Bp:z
Np(l‘)ﬁp(c()) .

We turn to the other estimate. Given {wy,} € W put

w?P~1 = lim w2/p ! —supr/p !
n—-+o0o

It follows that {w}fQ/ P decreases to w!'~%/? and

7'( Z w,ll_Q/p|d:vn+1|2) > T(wl_Q/p Z Sn]dxn+1|2>

n>0 n>0

= T(wl_Q/psc(x)2>.

Since * 2 + 22 the Holder inequality gives

p
||36(x)Hp le/p_l/le/z_l/IJSC(x)Hp

[P ) [0} /27 P () |2
7_(,w)1/17—1/27_(11)1—2/;780(L,C)Z)1/2'

IVANI

Now 7(w) < 1; so we have

[se(@)lp < [T< Z w%_2/P|dazn+1|2>} v

n>0

for all {w,} € W. O
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Thus the quasinorm Ny is equivalent to [|-[|ns on La(M). So hi(M) can also be defined
as the completion of all finite Lo-martingales with respect to Ny for 0 < p < 2. This new
characterization of h;(./\/l) yields the following description of its dual space.

Theorem 2.3.3. Let 0 < p <2 and q be determined by % =1 Then the dual space of

_1
. o . . ) ern g 1-2/q o112
he (M) coincide with the La-martingales x for which Mg (z) = S‘I/[l/p [T( Z w,, 9 dzp41] )}
n>0
0. More precisely,

(i) Every La-martingale x such that Mg(x) < oo defines a continuous linear functional
on hg(M) by
¢a(y) = T(yz") fory € La(M).

(ii) Conwversely, any continuous linear functional ¢ on hg(./\/l) s given as above by some
x such that Mg(z) < oo.

Similarly, the dual space of hj(M) coincide with the La-martingales x for which My (z) =
Mg (z*) < oo.

Proof. Let x be such that M{(z) < co. Then x defines a continuous linear functional on
he (M) by ¢.(y) = 7(yx*) for y € La(M). To see this fix {w,} € W. The Cauchy-Schwarz
inequality gives

r(ya*) = 3 7((dynsrwl> V) (sl 21

n>0
1/2 1/2
< (X i Pldye ) (X T(wh M dwa )
n>0 n>0
1/2
< (Sl rldyna ) M (@),
n>0

Taking the infimum over W we obtain 7(yz*) < Ny(y) Mg (z).

Conversely, let ¢ be a continuous linear functional on h (M) of norm < 1. As La(M) C
h5 (M), ¢ induces a continuous linear functional on La(M). Thus there exists z € La(M)
such that ¢(y) = 7(yz*) for y € La(M). By the density of La(M) in h7 (M) we have

I¢llngy)- = sup  r(ya”)| < 1.
yEL (M), [yllg <1

Thus by Proposition 2.3.2 we obtain

sup |T(yz™)| < 1. (2.3.3)
yE€L2(M),N§(y)<1
We want to show that Mg (x) < oo. Fix {w,} € W. Let y be the martingale defined by
dynt1 = d:EnHw}z_Q/q,Vn € N. By (2.3.3) we have

rye®) = (D wi M de, ) < Ny(y)
n>0

< 7'( > w}L_Q/q]danP)lm.
n>0
Thus

T( Z w,lfz/q\dxnﬂﬁ) <1, Yw,}eWw.
n>0
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Taking the supremum over W we obtain Mg(z) < 1.
Passing to adjoints yields the description of the continuous linear functionals on hy(M).
Ul
Remark that for —oo < 1/¢ <1/2, M7 and My define two norms. Let X¢ (resp. X7)
be the Banach space consisting of the Lo-martingales x for which Mg (z) (resp. Mg (z))
is finite. Theorem 2.3.3 shows that (hy(M))* = X7 and (hj(M))* = X7 for 0 < p < 2,
1 1
1o1-1
q P
For —oo < 1/q < 1/2, note that Mg (x) can be rewritten in the following form. Given

{wp}n>0 € W we put
gn = (w?/s — wi@l)l/Q, Vn >1

where % =z — %. It is clear that

{nbozt € G = {{hadurihn € LMo 7 (( 3 a2)7) < 1),

n>1

Then ”
My (z) = SlGl’p {T( Z |\gn|2Enlz — xn\Q)} .

n>1

It is now easy to see that the dual form of Junge’s noncommutative Doob maximal inequal-
ity ([20]) implies that for ¢ > 2, X¢ = Lgmo(M) with equivalent norms, where Lgmo(M)
is defined in Chapter 1.

Similarly, we have X = Lymo(M) with equivalent norms.

Thus for 1 < p < 2, Theorem 2.3.3 gives another proof of the duality obtained in
Chapter 1 between h, (M) and Lymo(M) for % —1—5 = 1. Note that this new proof is much

simpler and yields a better constant for the upper estimate, that is \/p/2 instead of V2.

For 0 < p < 1, Theorem 2.3.3 leads to a first description of the dual space of h,(M).
However, this description is not satisfactory. Following the classical case, we would like to
describe this dual space as the Lipschitz space AS (M) defined in the previous section as
the dual space of h$**(M). Thus the description of the dual space of h,(M) for 0 < p < 1
is closely related to the atomic decomposition of h,(M).

2.4 Interpolation of h, spaces

It is a rather easy matter to identify interpolation spaces between commutative or noncom-
mutative Ly-spaces by real or complex method. However, we need more efforts to establish
interpolation results between Hardy spaces of martingales (see [19], and also [52]). Musat
([31]) extended Janson and Jones’ interpolation theorem for Hardy spaces of martingales
to the noncommutative setting. She proved in particular that for 1 < g < gg < o0

(BMOC(M),HS(M))% = Hg,(M). (2.4.1)

See also [22] for a different proof with better constants. This section is devoted to show-

ing the analogue of (2.4.1) in the conditioned case. Our approach is simpler and more
elementary than Musat’s and also valid for her situation.

We refer to [2] for details on interpolation. Recall that the noncommutative L,-spaces

associated with a semifinite von Neumann algebra form interpolation scales with respect to
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the complex method and the real method. More precisely, for 0 < 0 < 1,1 < py < p1 < 00
and 1 < g, q1,q < 0o we have

Ly(M) = (Lp,(M), Lp,(M))g  (with equal norms) (2.4.2)
and
Ly (M) = (Lpy.go(M), Lp, .q1(M))oq  (with equivalent norms) (2.4.3)
where 1 = 1}7;00 + p%, and where L, ;(M) denotes the noncommutative Lorentz space on
(M, 7).

We can now state the main result of this section which deals with complex interpolation
between the column spaces bmo®(M) and h{(M).

Theorem 2.4.1. Let 1 < p < co. Then, the following holds with equivalent norms

(bmo®(M), h§(M))1 = hS(M). (2.4.4)

1
P
Remark 2.4.2. All spaces considered here are compatible in the sense that they can be
embedded in the *-algebra of measurable operators with respect to (M®B(£2(N?)), 7@ Tr).
Indeed, for each 1 < p < oo, h7 (M) can be identified with a subspace of L,(MEB(l2(N?))).
Recall that hj(M) is also defined as the closure in LEnd(M; £5) of all finite martingale
differences in M. Here L™ (M;(5) is the subspace of L,(M,#5(N?)) introduced by
Junge [20] consisting of all double indexed sequences (xy) such that ,; € L,(M,,) for all
k € N. We refer to [35] for details on the column and row spaces L, (M, £5) and L,(M, £3).
Furthermore, by the Holder inequality and duality, recalling that the trace is finite, we
have, for 1 < p < ¢ < 00, the continuous inclusions

Leo(M) C bmo“(M) C hy(M) C hi(M).

The first inclusion is proved by (2.2.1). The second one comes from the third one by duality.
Indeed, it is proved in [24] that for 1 < p < oo and }D—I—ﬁ = 1, we have (hj(M))* = h7, (M),
and, as already mentioned above, we have (h§(M))* = bmo(M) (see Chapter 1). Note
that Loo(M) is dense in all spaces above, except bmo®(M). This implies that bmo®(M)
and hg(M) are dense in hg(M) for 1 < p < ¢ < c0.

We will need Wolff’s interpolation theorem (see [51]). This result states that given
Banach spaces E; (i = 1,2,3,4) such that Fy N Ey is dense in both Fy and Fs3, and

E2 == (El, Eg)g and E3 == (EQ, E4)¢
for some 0 < 0,¢ < 1, then
EQ = (El, E‘4)g and E3 = (El, E4)§, (2.4.5)

where ¢ = 1_27?;% and & = %. The main step of the proof of Theorem 2.4.1 is the
following lemma which is based on the equivalent quasinorm Ny of || - ||h§ described in the
previous section.

Lemma 2.4.3. Let 1 <p < oo and 0 < 6 < 1. Then, the following holds with equivalent
norms

(h$(M), hp(M))e = hg(M), (2.4.6)

q

1-6 , 6 _ 1
whereT—i—E— .
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Proof. Step 1: We first prove (2.4.6) in the case 1 < ¢ < p < 2. As explained in Remark
2.4.2, hg (M) can be identified with a subspace of
L,(M®B(£2(N?))). Thus the interpolation between noncommutative L,-spaces in (2.4.2)
gives the inclusion (h(M),h5(M))s C hg(M).

The reverse inclusion needs more efforts. This can be shown using the equivalent
quasinorm Ny of || - [|ne defined previously. Let z be an Lp-finite martingale such that
[2[lhe < 1. By (2.3.2) we have

Ny(z) = i%/f [T(Zwi_Q/q|d$n+1‘2):|1/2 < (3)1/2.

Let {wy,} € W be such that
2
(Y w2 dwa ) < . (2.4.7)

For ¢ > 0 and z € S we define

1_1 1=z
f2) = ep(e(z = 0) Y dunawn wal

s 1-(1-1)z—1
= exp(e(z®—46 ))Zdwnﬂwn P

D=

2
P

Then f. is continuous on S, analytic on Sy and f.(f) = x. The term exp(g(z% —6?)) ensure
that f.(it) and f-(1+it) tend to 0 as t goes to infinity. A direct computation gives for all
teR

(3w A1 (i8)]?) = exp(=2e(2 + 0%)7 (D2 wh ¥ dwnya]?).

By (2.4.7) and (2.3.2) we obtain

| fe (it)[Ine < exp(a)(z)l/z.

Similarly,
. 2\ 1/2
£+ i)l < exple) ()

Thus z = f.(6) € (h{(M),h5(M))y and

P

?

2.1/2
12| (hg (M) g (M) < eXP(*S)(g) ;

whence
2\1/2
l#llos oo, < () Tl

Step 2: To obtain the general case, we use Wolff’s interpolation theorem mentioned
above. Let us first recall that for 1 < v,s,q¢ < oo and 0 < 1 < 1 such that % = 1_7” + 1
we have with equivalent norms

(hy (M), hg(M)y = hg(M). (2.4.8)

Indeed, by Lemma 6.4 of [24], h5(M) is one-complemented in L&(M:;(5), for 1 <
p < o0o. On the other hand, for 1 < p < oo the space L;,Oﬂd(/\/t,eg) is complemented
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in L,(M, ¢5(N?)) via Stein’s projection (Theorem 2.13 of [20]), and the column space
L,(M; £5(N?)) is a one-complemented subspace of L,(M®B({2(N?))). Thus, we conclude
from (2.4.2) that, by complementation, (2.4.8) holds.

We turn to the proof of (2.4.6). Step 1 shows that (2.4.6) holds in the case 1 < p < 2.
Thus it remains to deal with the case 2 < p < co. We divide the proof in two cases.
Case 1: 1 < g<2<p< . Let g <s <2 Notethat 1 < g < s < p, so there exist

O<0<1and0<q§<1suchthat1%9+§:%and%+%:%. By (2.4.8) we have

hs(M) = (hg(M), hy, (M)
Furthermore, recall that 1 < ¢ < s < 2, so Step 1 yields

hg (M) = (h§ (M), h5(M))o.
By Wolff’s interpolation theorem (2.4.5), it follows that

hg (M) = (h§ (M), hj (M),

where ¢ = %. A simple computation shows that 1—? + % = %.
Case 2: 2 < q < p < co. By a similar argument, we easily deduce this case from the
previous one and (2.4.8) using Wolff’s theorem.

Note that in both cases, the density assumption of Wolff’s theorem is ensured by
Remark 2.4.2. O

Lemma 2.4.4. Let 1 < g <p < oo. Then, the following holds with equivalent norms

(bmo® (M), he(M))a = hS(M). (2.4.9)

q (&
P p
Proof. Applying the duality theorem 4.5.1 of [2] to (2.4.6) we obtain (2.4.9) in the case
1 <qg<p<oowith = %. Here we used the description of the dual space of hj,(M) for

1 < p < 0o mentioned in Remark 2.4.2. O

Proof of Theorem 2.4.1. We want to extend (2.4.9) to the case ¢ = 1. To this aim we
again use Wolff’s interpolation theorem combined with the two previous lemmas. Let
1 < g < p < oo. Then there exists 0 < ¢ < 1 such that #—i—% = %. We set 0 = %. Thus
by Lemma 2.4.4 we have

hy (M) = (bmo®(M), hg(M))s.
Moreover we deduce from Lemma 2.4.3 that
hg(M) = (hT (M), h7(M))s.
So Wolft’s result yields

)

(M) = (bmo®(M), hi(M))s,

where ¢ = %. An easy computation gives ¢ = }%, and this ends the proof of (2.4.4) O

The previous results concern the conditioned column Hardy space. We now consider
the whole conditioned Hardy space, and get the analogue result.

Theorem 2.4.5. Let 1 < p < co. Then, the following holds with equivalent norms

(bmo(M), hi(M))1 = hy(M).

1
P
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The proof of Theorem 2.4.5 is similar to that of Theorem 2.4.1. Indeed, we need the
analogue of Lemma 2.4.3 for h,(M), and the result will follow from the same arguments.
By Wolff’s result, it thus remains to show that (hy(M), h,(M))g = hy(M) for 1 < p <2,
where 1710 —i—% = %. Recall that for 1 < p < 2 the space h,(M) is defined as a sum of three
components

hp(M) = hi(M) + hS(M) + h7(M).

We will consider each component, and then will sum the interpolation results. The fol-
lowing lemma describe the behaviour of complex interpolation with addition.

Lemma 2.4.6. Let (Ap, A1) and (By, B1) be two compatible couples of Banach spaces.
Then for 0 < 6 < 1 we have

(Ao, A1)g + (Bo, B1)s C (Ao + Bo, A1 + Bi)e-
This result comes directly from the definition of complex interpolation.

Lemma 2.4.7. Let 1 < py < p1 < 00,0 <8 < 1. Then, the following holds with equivalent
norms

(hgy (M), h, (M) = hi(M)

7P

where % = 117;09 + p%.
Proof. Recall that h%(M) consists of martingale difference sequences in £,(L,(M)). So
hg(./\/l) is 2-complemented in ¢,(L,(M)) for 1 < p < oo via the projection

P { lo(Lpy(M)) — (M)

(an)nZI — <8n(an) - gn—l(an))nZI

The fact that £,(L,(M)) form an interpolation scale with respect to the complex interpo-
lation yields the required result. O

Proof of Theorem 2.4.5. The row version of Lemma 2.4.3 holds true, as well, by consid-
ering the equivalent quasinorm Ny of || - [|n;. The diagonal version is ensured by Lemma
2.4.7. Thus Lemma 2.4.6 yields the nontrivial inclusion hy(M) C (hi(M), h,(M))y for
1 < p < 2. On the other hand, by (2.1.1) we have hy(M) = L,(M) for 1 < p < oo
and (2.2.1) yields by duality the inclusion h;(M) C Li(M). Hence (2.4.2) gives the re-
verse inclusion (hy(M), h,(M))s C hg(M) for 1 < p < co. That establishs the analogue of
Lemma 2.4.3 for h,(M), and Theorem 2.4.5 follows using duality and Wolff’s interpolation
theorem. O

We now consider the real method of interpolation. We show that the main result of
this section remains true for this method. For 1 < p < oo and 1 < r < oo, similarly to
the construction of the space Llc)ond(./\/l; 45) in Remark 2.4.2 we define the column and row
subspaces of Ly, (M®B(f2(N?))), denoted by L;‘;f‘d(/\/l; ¢5) and L;?,?d(/\/l; 05), respectively.
Let h¢ (M) be the space of martingales x such that dx € L& (M; £5).

Theorem 2.4.8. Let 1 < p < o0 and 1 < r < oco. Then, the following holds with
equivalent norms

(bmo® (M), h (M) 1

r
p

— he (M), (2.4.10)

This result is a corollary of Theorem 2.4.1.
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Proof. By a discussion similar to that at the beginning of Step 2 in the proof of Lemma
2.4.3, using (2.4.3) we can show that for 1 < v,s,¢ < 00,1 <7 < oo and 0 < n < 1 such
that % = 1;—” + 1, we have with equivalent norms

(hy, (M), h5 (M), = b (M), (2.4.11)

We deduce (2.4.10) from (2.4.4) using the reiteration theorem on real and complex inter-
polations. Let 1 < p < oo. Consider 1 < pg < p < p1 < 0o. There exists 0 < n < 1 such

that 1 )
_l-m
b bo b1

By Theorem 4.7.2 of [2] we obtain

(bmo®(M), h(M)) 1

"

= ((bmo®(M), h§(M)) 1, (bmo®(M), h{(M)) 1 )p.r-

PO p1

Then (2.4.4) yields

(bmo®(M), hi(M))1 . = (hp, (M), by, (M)

1
P’ 7Pl

An application of (2.4.11) gives

(bmo®(M), hi(M))1 . = hp . (M).

1
p?
This ends the proof of (2.4.10). O

Remark 2.4.9. Musat’s result is a corollary of Theorem 2.4.1. By Davis’ decomposition

proved in Chapter 1 we have H5(M) = hS(M) + hd(M) for 1 < p < 2. So we can show

the analogue of (2.4.6) for 1 < p < 2 as follows, for 0 < § < 1 and % + % = %

HG(M)
= M+ M
(W (M), b5 (M) + (hE(M)

Z(M))g by Lemmas 2.4.3 and 2.4.7
(M))g by Lemma 2.4.6

Nl

0 ) h
(1 (M) + hd (M), h p(M) +hg
(Hi(M), Hp(M))o.

On the other hand, recall that for 1 < p < oo, Hj(M) can be identified with the space
of all Ly-martingales z such that dz € L,(M;/5). Thus we can consider Hgj(M) as a
subspace of L,(M®B({z)) and the reverse inclusion follows. Then the same arguments,

using duality and Wolff’s theorem, yield Theorem 3.1 of [31]. Alternately, we can find
Musat’s result by defining an equivalent quasinorm for || - HHICJ( M), 0 < p < 2 similar to N,

as follows
Ny(@) = ipf [r( X v ldeal VY % olls ag

Then all the previous proofs can be adapted to obtain the analogue results for Hg(M).

Appendix

In Section 2 we established the existence of an atomic decomposition for h;(M). The
problem of explicitly constructing this decomposition remains open. One encounters some
substantial difficulties in trying to adapt the classical atomic construction, which used



CHAPTER 2. ATOMIC DECOMPOSITION AND INTERPOLATION FOR HARDY SPACES OF
76 NONCOMMUTATIVE MARTINGALES

stopping times, to the noncommutative setting. Note that explicit decompositions of mar-
tingales have already been constructed to establish weak-type inequalities ([40, 41]) and
a noncommutative analogue of the Gundy’s decomposition ([33]). In these works, Cu-
culescu’s projections played an important role and provide a good substitute for stopping
times, which are a key tool for all these decompositions in the classical case. However,
these projections do not seem to be powerful enough for the noncommutative atomic de-
composition and for the noncommutative Davis’ decomposition (see Chapter 1).

Problem 2.4.10. Find a constructive proof of Theorem 2.2.4 or Theorem 2.2.9.

Problem 2.4.11. Construct an explicit Davis’ decomposition

Hi(M) = h§(M) + hf (M) + h§(M).

It is also interesting to discuss the case of h, for 0 < p < 1. We define the noncommu-
tative analogue of (p, 2)-atoms as follows.

Definition 2.4.12. Let 0 <p < 1. a € La(M) is said to be a (p,2).-atom with respect to
(Mp)n>1, if there exist n > 1 and a projection e € M,, such that

(i) &n(a) =0;
(ii) r(a) < e
(i) Jlalla < ()2 177,
Replacing (ii) by (ii) I(a) < e, we get the notion of a (p,2),-atom.

We define h5** (M) and hj*(M) as in Definition 2.2.3. As for p = 1, we have
h&* (M) C h5(M) contractively.
On the other hand, we can describe the dual space of hg’at(/\/l) as a Lipschitz space.
For a > 0, we set
AS(M) = {@ € La(M) ¢ Jalas < o0)
with
Jellag, = sup sup 7(e)~1/2 7 (ela — a[2) /2.
n>1ecP,

(z—zn)e )

l(@—an)ellar(e)t/P=1/2
we can show that (hi*'(M))* = AS(M) for 0 <p <1, witha =1/p—1.

At the time of this writing we do not know if h&* (M) coincides with h$(M). The
problem of the atomic decomposition of h,(M) for 0 < p < 1 is entirely open, and is
related to Problem 2.4.10.

By a slight modification of the proof of Theorem 2.2.6 (by setting y. =

Problem 2.4.13. Does one have hi(M) = hG* (M) for 0 <p <17

Problem 2.4.14. Can we describe the dual space of hy(M) as a Lipschitz space for
O<p<1¥

Another perspective of research concerns the interpolation results obtained in Section
4. Recall that we define h (M) (resp. hl (M)) as the Banach space of the Lo (M)-
martingales x such that 3~ Ex_1|dzy|? (respectively 3~ Ex—1|dz}|?) converge for the
weak operator topology. We set hoo(M) = hS (M) N hL (M) Nhd (M). At the time of
this writing we do not know if the interpolation result (2.4.4) remains true if we replace

bmo(M) by hoo(M).

Problem 2.4.15. Does one have (hg, (M), h{(M))1 = hi(M) for 1 <p<oo ?
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Chapter 3

Theory of H)-spaces for
continuous filtrations in von
Neumann algebras

Introduction

The theory of stochastic integrals and martingales with continuous time is a well-known
theory with many applications. Quantum stochastic calculus is also well developed with
applications reaching into fields such as quantum optics. In the setting of von Neumann
algebras, many classical martingale inequalities have been reformulated for noncommuta-
tive martingales with respect to discrete filtrations, see e.g. [35, 24, 20, 27]. The aim of
this paper is to study martingales with respect to continuous filtrations in von Neumann
algebras. Our long term goal is to develop a satisfactory theory for semimartingales, in-
cluding the convergence of the stochastic integrals. In the noncommutative setting, we
cannot construct the stochastic integrals pathwise as in [8]. It is unimaginable to consider
the path of a process of operators in a von Neumann algebra. However, it is well-known
that in the classical case, the convergence of the stochastic integrals is closely related to
the existence of the quadratic variation bracket |-, -] via the formula

t t
Xm:/ XsdeSJr/ Y, dX, + [X,Y]..

Here the quadratic variation bracket can be characterized as the limit in probability of the
following dyadic square functions

[X, Y] = XoYo + lim > (X — X6 ) (Ve — Yyu ).
0<k<2n

Hence we will first study this quadratic variation bracket in the setting of von Neumann
algebras, and then deal with stochastic integrals in a forthcoming paper based on the
theory developed here. More precisely, we will focus on the L, 5-norm of this bracket by
considering the Hardy spaces H), defined in the classical case by the norm

1/2
lzll 2, = ll[z, ]IL/5-

This paper develops a theory of the Hardy spaces of noncommutative martingales with
respect to a continuous filtration. One fundamental application is an interpolation theory
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for these noncommutative function spaces which has already found applications in theory
of semigroups (see e.g. [21]).

Let us consider a von Neumann algebra M. For simplicity, we assume that M is
finite and equipped with a normal faithful normalized trace 7. Fortunately, the theory
of noncommutative Hp-spaces is now very well understood in the discrete setting, i.e.,
when dealing with an increasing sequence (M,,),>0 of von Neumann subalgebras of M,
whose union is weak*-dense in M. We consider the associated conditional expectations
En: M — M. In the noncommutative setting it is well-known that we always encounter
two different objects, the row and column versions of the Hardy spaces:

Jell = (S lan@?) | and ol = (S lant)P)

where d, () = En(z) — E_1(z). Here ||z|, = (7(|z[?))*/P refers to the norm in the
noncommutative L,-space. The noncommutative Burkholder-Gundy inequalities from [35]
say that

i

1/2
I

L,(M) = H, with equivalent norms for 1 < p < oo, (3.0.1)

where the H),-space is defined by

o - H;+ H, for 1<p<?2
P H;NHy for 2<p<

Following the commutative theory, we should expect to define the bracket [z,z] for a
martingale x and then define

1/2 1/2
lellg, = llle.all,); and llzlg, = Il 2l

Armed with the definition we may then attempt to prove (3.0.1) for a continuous filtration
(My)i>0. For simplicity, we assume that the continuous parameter set is given by the
interval [0, 1]. We define a candidate for the noncommutative bracket following a nonstan-
dard analysis approach. For a finite partition o0 = {0 = tg < t; < --- < t, = 1} of the
interval [0, 1] and = € M, we consider the finite bracket

[a:, x]U = Z ‘d?(x)|27

teo

where df (z) = &(x) — &- (). Then for p > 2, (3.0.1) gives an a-priori bound
H[x,x](,]]];g < ayp||z||p. Hence, for a fixed ultrafilter I refining the general net of finite
partitions of [0, 1], we may simply define

[, x|y = w- le[x, z]s,

where the weak-limit is taken in the reflexive space L,/»(M). In fact, in nonstandard
analysis, the weak-limit corresponds to the standard part and is known to coincide with
the classical definition of the bracket for commutative martingales. However, the norm is
only lower semi-continuous with respect to the weak topology and we should not expect
Burkholder/Gundy inequalities for continuous filtrations to be a simple consequence of
the discrete theory of H)-spaces. Yet, using the crucial observation that the L, ,-norms of
the discrete brackets [z, x], are monotonous up to a constant, we may show the following
result.
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Theorem 3.0.1. Let 1 <p < oo and x € M. Then

: sup, [|[2, @] llpe for 1<p<2
~ 1] ~¢e 0 P
H[CU, 513]71”?/2 ;’1151 H[«T7x]UHp/2 { inf, ”[1’737]0“17/2 fO’I" 2<p<oo
In particular, this implies that the L, 5-norm of the bracket [, x]yy does not depend on
the choice of the ultrafilter U, up to equivalent norm. We will discuss the independence of
the bracket [z, x]y itself from the choice of U in a forthcoming paper. Hence for 1 < p < oo
and r € M we define the norms

B 1/2 o /2 ..
Il = lesalully)s and il = lm o, /3 = lis ol

We denote by ﬁ; and H; respectively the corresponding completions. Theorem 3.0.1
shows that actually

~

'Hf, = Hg with equivalent norms for 1 < p < co.

Hence this defines a good candidate for the Hardy space of noncommutative martingales
with respect to the continuous filtration (My)o<i<1. We now want to establish for this
space the analogues of many well-known results in the discrete setting. For doing this,
we will use the definition of the space Hj, which will be more practical to work with.
In particular, we may consider H; as a subspace of some ultraproduct space, which has
an Ly-module structure. Then, using ultraproduct techniques, we can show the following
duality result.

Theorem 3.0.2. Let 1 < p < oo and % + ﬁ =1. Then

(H)" =H, with equivalent norms.

Note that throughout this paper, following [35] we will consider the anti-linear duality,
given by the duality bracket (z|y) = 7(z*y). Since no confusion is possible, we will denote
it by (H;)*. With this convention, the dual space of a column space is still a column
space. To prove Theorem 3.0.2, we will need to characterize the space H; as a quotient
space ﬁ; of some ultraproduct space. For p = 1, we also establish the analogue of the
Fefferman-Stein duality in this setting:

(H{)* = BMO® with equivalent norms.

We have to be careful when defining the space BMO€. A naive candidate for the BMO*
norm is given by

lzllsmoe =l ||zl sasoe(e),  where |zl paroe(e) = supll€(|e = z- )L
b e

However, here our restriction to finite partitions (instead of random partitions in the
classical case) is restrictive. Indeed, if one of the [|z||gproe(s)’s is finite, then z is already
in M. Definitively, we expect BMO® to be larger than M. We will therefore say that
an element x € La(M) belongs to the unit ball of BMO€ if it can be approximated in
Lo-norm by elements of the form

w-limz, in Ly(M) with liILI}HxUHBMOc(J)Sl.
0—7

o



CHAPTER 3. THEORY OF H,-SPACES FOR CONTINUOUS FILTRATIONS IN VON
82 NEUMANN ALGEBRAS

As a consequence of Theorem 3.0.2, H; embeds into La(M) for 1 < p < 2 and into
Ly,(M) for 2 < p < oo. In fact, this still holds true for p = 1 by the monotonicity property.
Hence we may define the Hardy space H,, as in the discrete setting by considering the sum
of the column and row Hardy spaces in La(M) for 1 < p < 2, and their intersection
in L(M) for 2 < p < oo. The continuous analogue of (3.0.1) is then obtained by a
nonstandard analysis approach, i.e., we first prove the Burkolder-Gundy inequalities at
the ultraproduct level, and then take the weak-limit (i.e., the standard part).

Theorem 3.0.3. Let 1 < p < o0o. Then
Ly(M) ="H, with equivalent norms.

We are also interested in the conditioned Hardy spaces h,, defined in the discrete
setting by the norms

]lng = H(Z gn71|dn($)|2>1/2’ p

Then the noncommutative Burkholder inequalities proved in [24] state that

. 1/p
o el = le*lng and Jzllpg = (3 ldal@)[5)

n

L,(M) = h, with equivalent norms for 1 < p < oo, (3.0.2)

where the hy-space is defined by

" _{ he+hS+h,  for 1<p<2
p = d
hy N hy N Ay for 2<p<
A column version of these inequalities, which also holds true for p = 1, have been discovered
independently in [21] and Chapter 1:

d c <
Hc_{ hi+he  for 1<p<?2 (3.03)

p hgﬂhg for 2<p< o0

In the commutative theory the decomposition for 1 < p < 2 corresponds to a version of the
Davis decomposition into jump part and conditioned square function. In the conditioned
case, we still have a crucial monotonicity property, and considering the conditioned bracket

(@,2)g =Y _&-1d] ()]

teo

for a finite partition o, we define the conditioned Hardy spaces ﬂg and h? of noncommuta-
tive martingales with respect to the filtration (M¢)o<¢<1. Then we may adapt the theory
developed for the H;-spaces to hy and hy and obtain that

h, = h;  with equivalent norms for 1 <p < oo.

Moreover, we can prove the conditioned analogue of Theorem 3.0.2. Note that in this case
the space bmo® is easier to describe. It is defined as the set of operators z € La(M) such
that

sup [|&lz — z4]? |0 < 0.

0<t<1

To obtain the continuous analogue of the decompositions (3.0.2) and (3.0.3) for 1 < p < 2
and 1 < p < 2 respectively, we need to introduce another diagonal space hllf - hg,
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which yields a stronger Davis decomposition, closer to the classical one. Then we deduce
the continuous analogues of (3.0.2) and (3.0.3) for 2 < p < oo by a dual approach.
Unfortunately, we cannot directly describe the dual space of our continuous analogue of
the diagonal space hg. We introduce a variant of the Davis decomposition for 1 < p < 2,
based on a deep result of Randrianantoanina. This new decomposition will allow us to
replace hg in the sum by a larger space Kg. We may now describe the dual space of Kg,
and denote it by JZ,. Finally, defining the conditioned Hardy space by

Lo hphg o for 1<p<?2
P Jgﬁhgﬂh; for 2<p<oo ’

we obtain the continuous analogue of (3.0.3) and (3.0.2):
Theorem 3.0.4. Let 1 < p < oo. Then

hd + he for 1<p<2

o g _ »Thy < . .

(i) H, { Jﬁ e for 2<p< oo with equivalent norms.
(ii) For 1 <p < oo,

L,(M) =h, with equivalent norms.

By approximation, we deduce a new characterization of BMO°.

At the end of the paper, we discuss the decomposition of the Hardy spaces introduced
previously into algebraic atoms, and we use this decomposition to obtain the following
interpolation result.

Theorem 3.0.5. Let 1 < p < oco. Then

H, = [BMO, H4]

1 with equivalent norms.
P

The paper is organized as follows. In Section 3.1 we recall some necessary preliminaries
on ultraproduct of Banach spaces in general, and on ultraproduct of von Neumann algebras
in particular. We also discuss the finite case, and give some background on L,-modules.
The main part of this paper is developed in Section 3.2, where we define the Hardy space
H,, of noncommutative martingales with respect to a continuous filtration and transfer
duality results and Burkholder-Gundy inequalities from the discrete setting to this case.
Section 3.3 is devoted to the study of the conditioned Hardy spaces hj. It contains different
characterizations of this space and some duality results. The Davis decomposition of the
space H,, is presented in Section 3.4, where we introduce the diagonal spaces hg and h;f for
1 < p < 2. In order to pass to the duals in this decomposition, we discuss in Section 3.5 a
variant way of considering the sum of two Banach spaces. In our setting this corresponds
in some sense to focus on the decomposition at the level of Ly(M), and with the help
of Randrianantoanina’s results we extend our continuous Davis decomposition to this
stronger sum. At the end of Section 3.5 we obtain the complete Burkholder inequalities.
We end this paper with a discussion on some algebraic atoms in Section 3.6, which we use
immediately in Section 3.7 to establish the expected interpolation resuls. At the beginning
of each section, we recall the discrete results that we want to reformulate in the continuous
setting, and add some details on the discrete proofs.

Throughout this paper, the notation a, ~ b, means that there exist two positive
constants ¢ and C such that

c< <
=3, =
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3.1 Preliminaries

3.1.1 Noncommutative L,-spaces and martingales with respect to con-
tinuous filtrations

We use standard notation in operator algebras. We refer to [28, 46] for background on
von Neumann algebra theory, to the survey [36] for details on noncommutative L,-spaces,
and to [13, 48] in particular for the Haagerup noncommutative Ly-spaces. In the sequel,
even if we will define some L,-spaces in the type III case, we will mainly work with
noncommutative L,-spaces associated to semifinite von Neumann algebras. Let us briefly
recall this construction. Let M be a semifinite von Neumann algebra equipped with
a normal faithful semifinite trace 7. For 0 < p < oo, we denote by L,(M,7) or simply
L,(M) the noncommutative Ly-space associated with (M, 7). Note that if p = oo, L,(M)
is just M itself with the operator norm; also recall that for 0 < p < co the (quasi) norm
on Ly(M) is defined by

lzllp = (r(j2P)V?,  x € Ly(M)

1/2

where |z| = (z*z)"/* is the usual modulus of x.

Following [35], for 1 < p < co and a finite sequence a = (ap)n>0 in Ly(M) we set

1/2
lally e = | (S laal) [ and llall, e = 0"y
n>0 P
Then || - ||z, (i) (vesp. || - ||z, () defines a norm on the family of finite sequences of
L,(M). The corresponding completion is a Banach space, denoted by L,(M;5) (resp.
L,(M; ). For p = oo, we define Loo(M;€5) (respectively Loo(M;05)) as the Banach
space of the sequences in Lo, (M) such that >, o zhx, (respectively >, ~¢Znx)) con-
verges for the weak-operator topology. These spaces will be denoted by LP(M; ¢5(I)) and
L,(M;¢5(I)) when the considered sequences are indexed by I.

Let (M¢)s>0 be an increasing family of von Neumann subalgebras of M whose union
is weak*-dense in M. Moreover, we assume that for all ¢ > 0 there exist normal faithful
conditional expectations & : M — M;. Throughout this paper, we assume that the
filtration (M;);>¢ is right continuous, i.e., My = N, M, for all ¢ > 0. A family z =
(x¢)e>0 in L1(M) is called a noncommutative martingale with respect to (M) if

Es(wy) =5, VO<s<t

If in addition all ;’s are in L,(M) for some 1 < p < oo, then x is called an L,-martingale.
In this case we set

[2llp = sup [ |-
t>0

If |z, < oo, we say that x is a bounded L,-martingale.

Let z = (z¢)i>0 be a noncommutative martingale with respect to (M;);>9. We say
that x is a finite martingale if there exists a finite time 7" > 0 such that x; = zp for all
t > T. In this paper, we will only consider finite martingales on [0,1], i.e., T = 1. In
this case, for a finite partition o = {0 =ty < t; <ty < --- <t, = 1} of [0,1] we denote

tT =41 the successor of t = t; and t~ = t;_1 its predecessor, and for ¢ > 0 we define
) x - xy fort >0
di(x) = { x0 fort =0

In the sequel, for any operator x € Li(M) we denote x; = &(x) for all ¢t > 0.
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3.1.2 Ultraproduct techniques
Ultraproduct of Banach spaces

Our approach will be mainly based on ultraproduct constructions. Let us first recall the
definition and some well-known results on the ultraproducts of Banach spaces. Let U be
an ultrafilter on a directed set Z. They are fixed throughout all this subsection. Recall
that U is a collection of subsets of Z such that

(i) O ¢u;

(ii) If A, B C Z such that A C B and A € U, then B € U;
(iii) If A,B € U then ANB €U,

(iv) If A C Z, then either Ac U or T\ A € U.

Let X be a normed vector space. For a family (x;);c7 indexed by Z in X, we say that
x = lim; gy x; is the limit of the x;’s along the ultrafilter U/ if

{i €T : ||z —m| <e}eld forall €>0.

Recall that this limit always exists whenever the family (x;);c7 is in a compact space. If X
is a dual space, then its unit ball is weak*-compact, and any bounded family in X admits
a weak™-limit along the ultrafilter ¢. If X is reflexive, since the weak-topology coincide
with the weak*-topology, we deduce that any bounded family in X admits a weak-limit
along the ultrafilter U.

We now turn to the ultraproduct construction. Let us start with the ultraproduct of
a family (X;);ez of Banach spaces. Let (o ({X; : @ € Z}) be the space of bounded families
(xi)ier € [I; Xi equipped with the supremum norm. We define the ultraproduct [];, X,
also denoted by []; X;/U, as the quotient space o ({X; : i € T})/NY, where N¥ denotes
the (closed) subspace of U-vanishing families, i.e.,

N = {(wi)ier € oo({Xi i € T}) ¢ lim [l x, = O}

We will denote by (x;)® the element of [[;, X; represented by the family (z;);ez. Recall
that the quotient norm is simply given by
)"l = tig .

If X; = X for all 4, then we denote by ¢+ (Z; X) the space of bounded X-valued families
and by [[,; X the quotient space £ (Z; X)/NY, called ultrapower in this case. We refer
to [15, 45] for basic facts about ultraproducts of Banach spaces. If (X;);ez, (Yi)iez are
two families of Banach spaces and T; : X; — Y; are linear operators uniformly bounded in
i € T, we can define canonically the ultraproduct map Ty, = (7;)°® as

I Xe — TIyYi
Tu.{ (l’ul). — (TZL;L‘Z).

In the sequel we will often use the following useful fact without any further reference.

Lemma 3.1.1. Let (X;)iez be a family of Banach spaces and let v = (x;)® € [[;; Xi be such

that ||a:HH v, = limy||zil|x;, < 1. Then there exists a family (T;)icz € loo({Xi 17 € I})
u 2

such that
T = (fz). and ”'EEZHX1 < 1, Viel.
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Proof. Setting

)

¢ 0 otherwise

we get a family verifying ||Z;||x, < 1 for all ¢ € Z. Moreover, by the definition of the
limit along the ultrafilter U, we have lim; ||z; — Zi||x, = 0. Indeed, if we denote ¢ =
lim; ¢ ||z4||x, < 1, then for any § > 0 we have

As={ieT : ‘E—”.%HXZI <0} el.

Observe that for § = 15X > 0, each i € Aj satisfies ||z x, < £+ 6 = £ < 1. Hence for
all € > 0, the condition (ii) in the definition of an ultrafilter implies

AuC{iEI: HxiHX,-<1}C{i€IZ Hxi—%ini<€}€L{.
2
This shows that (z;)® = (Z;)® and ends the proof. O

We will need to study the dual space of an ultraproduct. For a family of Banach spaces
(Xi)iez, there is a canonical isometric embedding J of [];; X" into (Hu Xi) defined by

(J3"|2) = lim(a o)

for x* = (z7)* € [1y 3(1* and x = (x;)* € [];; Xi- Hence we may identify [[;, X with a

subspace of (Hu XZ-> . These two spaces coincide in the following case.

Lemma 3.1.2 ([16]). Let (X;);ez be a family of Banach spaces. Then (Hu Xi)* = [Ty X;
if and only if [[,; Xi is reflexive.

*
Even in the non reflexive case, the subspace [[;; X} is “big” in (Hu Xi) in the sense

of the following Lemma. This is also a well-known fact of the theory of ultraproducts (see
[45], Section 11), we include a proof for the convenience of the reader.

Lemma 3.1.3. Let (X;)iez be a family of Banach spaces. Then the unit ball of [];, X is
weak™-dense in the unit ball of (Hu Xi> .

Proof. We first prove that for two normed vector spaces X and Y such that Y is a norming
subspace of X*, the unit ball of Y is weak*-dense in the unit ball of X*. Suppose that
By is not weak*-dense in Bx+, then by the Hahn-Banach Theorem there exist z* € Bx«
and z € X such that |(z*|x)| = 1 and for all y € By, |(y|z)] < 9,0 < < 1. Since Y is a
norming subspace of X* we have

[z]lx = sup [(y|lz)| < 0.
yEBy

Then
L= |(z"|z)| < ||z x+

.THX < 5,

which contradicts 6 < 1. It remains to apply this general result to X = [[;; X; and
*

Y = I, X;. It suffices to see that [[,; X;" is a norming subspace of (Hu Xi> . Let

z = (z;)* € [[yy Xi. For each i € I, there exists 2] € Bx: such that |z[|x, = [(2]|z:)]-
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Multiplying by a complex number of modulus 1, we can assume that ||z|x, = (2f|x;).

Thus
ol x, =l i, = Lsn(ef o)

< sup [ lim (y;|i)| = sup [(y*|)].
y*=(y;) GBHZ/{ X y*e 11, x;

Ultraproduct of von Neumann algebras : the general case

We now consider the ultraproduct construction for von Neumann algebras. For conve-
nience we will simply consider ultrapowers, but all the following discussion remains valid
for ultraproducts. It is well-known that if A is a C*-algebra, then [];, A is still a C*-algebra.
On the other hand, the class of von Neumann algebras is not closed under ultrapowers.
However, according to Groh’s work [11], we know that the class of the preduals of von
Neumann algebras is closed under ultrapowers. Let M be a von Neumann algebra. Then
[I;; M. is the predual of a von Neumann algebra denoted by

My = (HuM*)*

Moreover, [[;; M identifies naturally to a weak*-dense subalgebra of ﬂu. As detailed in
[42], we can also see My, as the von Neumann algebra generated by [[,, M in B(I[, H),
where we have a standard =-representation of M over the Hilbert space H. Following
Raynaud’s work [42], for all p > 0 we can construct an isometric isomorphism

Ap [T, Lo(M) — Ly(Mu),
which preserves the following structures

e conjugation: A,((x])®) = Ap((x;)®)*,

(2

o absolute values: A((|z:])*) = [Ap((2:)*)],
o [I M-bimodule structure: A,((a;)® - (z5)* - (b:)*) = (a;)* - Ap((z:)*) - (b:)*,
o external product: A ((2:)* - (51)*) = Ap((:)*) - Ag((y)*) for L =141,

for all (2;)* € [Ty Lp(M), (1i)* € [Ty Lg(M) and (a;)®, (b;)* € [T, M. In the sequel we

will identify the spaces [[;; Lp(M) and L,(My) without any further reference.

Ultraproduct of von Neumann algebras : the finite case

We now discuss the finite situation. Let M be a finite von Neumann algebra equipped
with a normal faithful normalized trace 7. In this case the usual von Neumann algebra
ultrapower is My = £oo(Z; X)/IY, where
T = {(21)iez € loo(T; X) lim 7 (72;) = 0}
According to Sakai ([44]), My is a finite von Neumann algebra when equipped with the
ultrapower map of the trace 7, denoted by 774 and defined by
T((27)®) = im 7(z;).

iU
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Note that this definition is compatible with Z;;, and defines a normal faithful normalized
trace on M. We may identify My, as a dense subspace of Lj(My) via the map x €
My — myu(z - ) € Li(My). Then for x = (z;)® € My, we have ||z|; = lim;yy ||z;]1.
Observe that this does not depend on the representing family (z;) of z. Let us define the
map

- { My —  Li(My)

(z:)* — (7(wi-))®
We see that this map is well-defined, and it is clear that ||¢((x;)®)||1 = lim; g/ ||2;|1. Hence
by density we can extend ¢ to an isometry from Lj(My) into Lq(My). Since Li(My) is

stable under My, actions, Theorem III.2.7 of [46] gives a central projection e in My such
that Li(My) = L1(My)ey. We can see that ey is the support projection of the trace 7.
In the sequel we will identify My, as a subalgebra of My, by considering My, = Myey.
More generally we have

Ly(My) = Ly(My)ey for all 0 < p < co. (3.1.1)

The subspace L,(My) can be characterized by using the notion of p-equiintegrability as
follows. Let us recall the definition of a p-equiintegrable subset of a noncommutative
Ly-space introduced in [46] for p = 1 and by Randrianantoanina in [38] for any p.

Definition 3.1.4. Let 0 < p < co. A bounded subset K of L,(M) is called p-equiintegrable
if

lim sup ||epzen|p, =0
or every decreasing sequences (e,)n of projections of M which weak*-converges to 0.
Y g seq proj q

If p =1, we say that K is uniformly integrable.

Recall that finite subsets of L,(M) are p-equiintegrable. We will use the following
characterization coming from Corollary 2.7 of [14].

Lemma 3.1.5. Let 1 < p < 0o and (x;)icz be a bounded family in L,(M). Then the
following assertions are equivalent.

(i) (zi)ieT is p-equiintegrable;
(7) lim supdisty, (z;, TBa) = 0;
T—oo
(i) Jim ti i1 (fai] > T, =0,
where for a > 0, 1(a > T) denotes the spectral projection of a corresponding to the interval
(T, 00).
Observe that (3.1.1) implies that for 0 < p < oo and z € Lp(/{/lvu)
T € Lp(Mu) & x = xey.

Moreover, in the finite case, ;4 corresponds to the projection denoted by s, in [43]. Hence
Theorem 4.6 of [43] yields the following characterization of L,(Mjy).

Theorem 3.1.6. Let 0 < p < 00 and x € Lp(ﬂu). Then the following assertions are
equivalent.

(1) v € Lp(My);
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(i) x admits a p-equiintegrable representing family (x;)icz.

For 0 < p < p < oo, since M is finite we have a contractive inclusion L;(M) C Ly(M).
Let us denote by I : [Ty Lz(M) — Il Lp(M) the contractive ultraproduct map of the
componentwise inclusion maps. Note that although the componentwise inclusion maps are
injective, the ultraproduct map Iﬁp is not. However, its restriction to Lg(./\/lu) is injective.
Indeed, using the weak*-density of [[;, M in ﬂu, we see that I is bimodular under the
action of M. Hence, if z € L];(./{/lvu) Satisﬁes r = wey, then I; (z) = I; (wey) =
I (x)ey € Ly(My). This shows that I Ls(My) — Lp(My). Moreover, since My is
ﬁmte the map I coincides on L~(/\/lu) w1th the natural inclusion Ly(My) C Ly(My).
We deduce from Theorem 3.1.6 the following description of the space L »(Muy), viewed as
a subspace of Ly(My).

Lemma 3.1.7. Let 0 < p < co. Then

= U T, (LMu)) 5.
p>p
Proof. Let us first show that Igp(Lg(/K/lvu)) C Ly(My) forp > p. Let & = (x;)°® € Lg(//\/lvz,{).
By Theorem 3.1.6, it suffices to prove that the family (x;);c7 is p-equiintegrable. For T' > 0
and each 7 € 7 we have

> P
1_7 P
|z (jzi] > T)lp < Il > T 5|, < T H%‘Hﬁ-

Taking the limit along the ultrafilter & we obtain

D
i i1 > D)l < T el

Since 1 —g < 0, this tends to 0 as T goes to co. We conclude that (z;);e7 is p-equiintegrable
by using Lemma 3.1.5. Conversely, let z € Ly(My). Since My is finite, L;(My) is
dense in Ly(My) for all p > p. Hence for all € > 0 there exists y € Ly(My) such

that |lz — ylz, ) < & Since L,(My) is isometrically embedded into Ly(My) and
y=1I5,(y) € Igp(Lg(ﬂu)), this ends the proof. O
For p = 1, we can translate the notion of uniform integrability in terms of compactness

as follows.

Theorem 3.1.8 ([46]). Let K be a bounded subset of the predual M, of M. Then the
following assertions are equivalent.

(i) K is uniformly integrable;
(ii) K is weakly relatively compact.

Let us consider
iu:{ (M,7) — (M, 1)

x — (z)*

Since 4y is trace preserving, this yields an isometric embedding of L;(M) into Lj(My).
Hence we get natural inclusions

Li(M) C Li(My) C Li(My),



CHAPTER 3. THEORY OF H,-SPACES FOR CONTINUOUS FILTRATIONS IN VON
90 NEUMANN ALGEBRAS

where L;(My) represents the bounded families in Li(M), Li(My) corresponds to the
weakly converging families along Y and L; (M) consists of the collection of the constants
families.

We end this subsection with the introduction of a conditional expectation. We set

Eu = (iu)" : My — M.

Then & is a normal faithful conditional expectation on My,. Since &y is trace preserving,
for all 1 < p < oo we can extend &, to a contraction from L,(My) onto L,(M), still
denoted by &. Moreover, for 1 < p < oo and = = (z;)® € L,(My) we have

Eu(z) = w*-lim x;,
2,

where the weak*-limit is taken in L,(M). Indeed, for y € L,/(M) and ;1) + 1% =1 we can
write

r(Eule)"y) = ma"iu(y) = limr(a7y). (3.1.2)
Note that since in this case L,(M) is a dual space, the weak*-limit of the z;’s exists for
any bounded family (z;). Hence we may extend & to Ly(My) for 1 < p < co. However
this extension, still denoted by &, in the sequel, is no longer faithful. For 1 < p < oo, since
L,(M) is reflexive, the weak*-limit corresponds to the weak-limit. Recall that by Theorem

3.1.8, L1(My) corresponds to the weakly converging families. Thus (3.1.2) implies that
for 1 <p < oo and x = (;)* € Ly,(My) we have

Su(z) = w-lim ;.

3.1.3 L, M-modules

We will use the theory of L,-modules introduced in [23]. This structure will help us to prove
duality and interpolation results for different H,-spaces. We may say that L,-modules are
L,-versions of Hilbert W*-modules. Let M be a von Neumann algebra.

Definition 3.1.9. Let 1 < p < oo. A right M-module X is called a right L, M-module if
it has an Ly, o(M)-valued inner product, i.e. there is a sesquilinear map (-,-) : X x X —
Ly,/2(M), conjugate linear in the first variable, such that for all x,y € X and all a € M

(i) (x,x) >0, and (z,x) =0 =0,
(ii) (z,y)" = (y,z),
(iit) (z,ya) = (z,y)a,
and X is complete in the inherited (quasi)norm

lzll = [1{, 2) 13-

We call X a right Loc M-module if it has an Lo (M)-valued inner product and is complete
with respect to the strong operator topology, i.e. the topology arising from the seminorms

lzllp = (p((z, @))%, € ML
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The basic example of such a right L, M-module is given by the column L,-space
Ly(M;£5). Here for a € M and © = 37,50 €0 @ Tn, ¥ = D50 €n0 @ Yn € Lyp(M;L5) we
define the right M-module action by

Toa=) eno® (zha)
n>0

Then we define the following L, /o(M)-valued inner product
(@, 9) LyMseg) = D Tntn € Lyja(M).
n>0

Let us mention another important example of L,-module. Let £ : M — N be a normal
conditional expectation, where A is a von Neumann subalgebra of M. Then for z,y €
L,(M) we may consider the bracket

(T, ) L, (mse) = E(@"Y) € Lyja(N),

where £ denotes the extension of £ to L, 5(M) (see [24] for details on conditional expec-
tations). It is clear that this defines an L, o (N)-valued inner product, and the associated
L, N-module is denoted by L,(M;E). Actually, it is proved in Proposition 2.8 of [20] that
this latter example is similar to the former one. More precisely, this Proposition shows
that L,(M; &) is isometrically isomorphic, as a module, to a complemented subspace of
L,(N;45). This result have been extended in [23] for any L, M-module. By Theorem 3.6
of [23], a right M-module X is a right L, M-module if and only if X is a "column sum of
L,-spaces" in the following sense.

Theorem 3.1.10 ([23]). Let X be a right L, M-module. Then X is isometrically iso-
morphic, as an Ly-module, to a principal Ly-module, i.e., there exists a set (qa)acr of
projections in M such that

X = {(fa)ael t &a € gaLp(M), Zféfa € Lp/Q(M)}'

This latter set is denoted by @rgaL,(M) and endowed with the norm ||({n)a| =

1/2
H Yoo £;£aH . In the finite case, if we have a projective system of L, M-modules in the
D

sense of the following Corollary with some density property, then we may represent this
family by using the same set of projections.

Corollary 3.1.11. Let M be a finite von Neumann algebra. Let (Xp)i<p<oo be a family
of right M-modules such that

(i) X, is an L, M-module for all 1 < p < oco.

(ii) There exists a family of modular maps I,y : Xq — X, for p < q satisfying I, = idx,
and Igpol.q=1., forp<q<r.

(7ii) The inner products are compatible with the maps I, ,, i.e.,
(@, y)x, = Ugp(®), Lgp(v)) x,
forp<qandz,yc X,

() Ino p(Xoo) is dense in X, for all 1 < p < oco.
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Then there exists a set (qa)acr of projections in M such that for all 1 < p < oo, X, is
isometrically isomorphic, as an Ly-module, to ®rqaLy(M).

Proof. Observe that (iii) implies that the maps I, , are contractive and injective. Indeed,
for p < ¢ and x € X, since M is finite we have

1 4p (@)%, = [Tap(@), Top(@)) x, 1,5

— H<x,x>xq|y;§§ < ||<x,x>xq||§f§

= ||lzllx,-
For the injectivity, if I, ,(z) = 0 then (I, ,(7), Iyp(2))x, = 0 in Ly(M). By (iii), this
implies that (z,x)x, = 0in L;/(M), hence z = 0 in X, by (i) of Definition 3.1.9. We now
turn to the proof of the Corollary. We first apply Theorem 3.1.10 to the L., M-module
X and obtain a set (go)aer of projections in M and an isometric isomorphism of L,-
modules ¢oo : Xoo — B1¢aLoc(M). We may extend this isomorphism to X, by density as
follows. For 1 <p < oo and & = I ,(y) € Ioop(Xoo) we set

bp() = doo(y) € Br1qaLlioc(M).
Since M is finite, we have a contractive inclusion ®q¢qLoc(M) C @gaLp(M) and ¢,
preserves the L,,/5(M)-valued inner product. Indeed, for x1 = I p(y1), 72 = Iop(y2) €
I p(X o), the modularity of ¢, implies
(Dp(71); Dp(22)) g0 £, (M) = (Poo(Y1)s Poo (¥2)) @1 g0 Loo (M) = (U1, Y2) Xoo
= <Ioo7p(yl)vloo7p(y2)>Xp by (iii)
= (z1,72)x,-

Hence by the density assumption (iv) we can extend ¢, to an isometric homomorphism of
Ly-modules on X, to ®¢qLy(M). Since ®gqLoo(M) is dense in @gaLy(M), by the same
way we can construct ¢, L. Thus we obtain an isometric isomorphism of L,-modules ¢,
which makes the following diagram commuting

O
In this situation, we may deduce the following results from some well-known facts on
the column L,-spaces @qqLy(M).

Corollary 3.1.12. Let M be a finite von Neumann algebra. Let (Xp)i<p<oo be a family
of right M-modules as in Corollary 3.1.11.

(i) Let 1 < p < oo and % + [% =1. Then (Xp)* = Xy isometrically.
(ii) Let 1 <py <p<ps<oocand0<6f<1 besuchthat%zlp;le—kp%. Then
Xp = [Xp1, Xpolo-
Throughout all this paper, we consider a finite von Neumann algebra M equipped with

a normal faithful normalized trace 7 and we restrict ourselves to finite martingales on the
interval [0, 1].
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3.2 The H,-spaces

In this section we study the Hardy space H, associated to the continuous filtration
(My)o<t<i. We start by defining the column Hardy spaces 'I'Alg and Hy. Viewing these
spaces as subspaces of some ultraproduct spaces, which have an L,-module structure, the
crucial monotonicity property will imply that these two candidates for the Hardy spaces
in the continuous setting are in fact equivalent. Then, introducing a third technical char-
acterization 7—7; of this space, we will obtain the expected duality results. We will also
describe the associated BMO spaces and establish the analogue of the Fefferman-Stein
duality in this setting. We will end this section with the study of the Hardy space H, and
the analogue of the Burkholder-Gundy inequalities.

3.2.1 The discrete case

Let us first recall the definitions of the Hardy spaces of noncommutative martingales in
the discrete case and some well-known results. Let (M,,),>0 be a discrete filtration of M.
Following [35], we introduce the column and row versions of square functions relative to a
(finite) martingale = = (5 )n>0:

Se(e) = (3 la(@)2) " and 5.0) = (3 ldalw)' )"
n=0 n=0

where

I R T | forn>1
dn (@) = { Z0 forn=0

denotes the martingale difference sequence. For 1 < p < oo we define Hy (resp. H))
as the completion of all finite L)-martingales under the norm |z||ge = [|Sc(z)|, (resp.
|||y = [|Sr(x)|p). The Hardy space of noncommutative martingales is defined by

I o— Hy+ H) for 1<p<2
P HiNH) for 2<p<

We now recall some known facts on the column Hardy spaces. For 1 < p < oo, Hy
embeds isometrically into L,(M; () via the map

r Z en,0 ® dn ()
n>0

| {H;; — LMi)
.

Moreover, the Stein inequality (see [35]) implies that the map

LMt —  HS
D Z €n,0 ®an, +H— Z dn(an)

n>0 n>0

is bounded for 1 < p < co. Here we denote d,(a,) = Ep(an) — En—1(ay) for n > 1, and
do(ao) = Eo(ao)-

Proposition 3.2.1. Let 1 < p < oo. Then Hy is ﬂyp—complemented in Lp(M; £5), where
Vp denotes the constant of the noncommutative Stein inequality.
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Remark 3.2.2. Recall that
vp ~ max(p,p’) as p — 1 or p — oo,
where p’ denotes the conjugate index of p.

Since (Ly(M;45))* = Ly (M; £5) isometrically for % + % = 1, we deduce the following
duality result.

Corollary 3.2.3. Let 1 <p < oo and ; + ; = 1. Then

(Hp)" = H, with equivalent norms.

Moreover,
(V) Mzl < lall gy < el

In the sequel, we will always denote the conjugate of p by p'.

Remark 3.2.4. Observe that under the above identification, for 1 < p < oo we have
D =i*. Indeed, for y € Hy and
a=3,eno®an € Ly(M;{5) we can write, by the orthogonality of martingale differences

a)ly) = ((Zd an) (X duty ) = > 7ldn(an)"dn (1)
= 3" rahda(y)) = (ali(y)).

n

For the case p = 1, in [35] Pisier and Xu described the dual space of Hf as a BMO®-
space. This analogue of the Fefferman-Stein duality has been extended by the first author
and Xu in [24] to the case 1 < p < 2 as follows. Recall that for 1 < p < oo, we say
that a sequence (xy,),>0 in L,(M) belongs to L,(M; lx) if (zy,)n>0 admits a factorization
Ty = aynpb with a,b € Lop(M) and (yn)n>0 € loo(Loo(M)). The norm of (xy,)n>0 is then
defined as

n=

l@n)nzollL, ity = | Ha||2pbup 19 ]]oo 10]]2p-

It was proved in [20, 26] that if (xy,),>0 is a positive sequence in L,(M; ), then

@m0l o) = 50D { 3 7(atn) 2y € Ly(M) and | 3w <1},
n>0 n>0

The norm of L,(M;ls) will be denoted by || sup; x|, We should warn the reader that
|| sup;’ ||, is just a notation since sup,, ,, does not take any sense in the noncommutative
setting. For 2 < p < oo we define

LIC)MO = {ZL‘ S LQ(M) : HxHLZC,MO < OO},

where
1/2
lellzgaio = sup*Enle — wnoa /5

Here we use the convention z_; = 0. For p = co we denote this space by BMO°.
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Theorem 3.2.5 ([35, 24]). Let 1 < p < 2. Then
(H,)" = Ly MO with equivalent norms.

Moreover,
Mzl ze vo < Nl eme < V2|2 Le,m0,
P P p

where A, remains bounded as p — 1.
Combining the two previous results we obtain

Proposition 3.2.6. Let 2 < p < co. Then

H, = L,MO with equivalent norms.

We end this collection of results with the analogue of the noncommutative Burkholder-
Gundy inequalities proved in [35].

Theorem 3.2.7. Let 1 < p < 0o. Then
L,(M)=H, with equivalent norms.

Moreover,
o, el < llzlly < Bpllellm, -

Remark 3.2.8. According to [25] and [40] we know that

apz(p—l)*laspﬁl , QpRDpasp— oo

Bprlasp—1 , B,~pasp— 0.
In particular, for p = 1 we have a bounded inclusion Hy C L1(M). Throughout this paper
we will always denote by v,, Ay, o, and 3, the constants introduced previously. We will

also frequently use the noncommutative Doob inequality

[supTEnla)ll, < pllall, for 1 <p<oo,a€ Ly,(M),a>0,

and its dual form

>t <5

for any finite sequence (ay, ), of positive elements in L,(M). These inequalities were proved
in [20], and we will always denote by d, and J;, respectively the constants involved there.
Recall that 5]’) = 0y for 1 < p < oo. Moreover, we have

ZanH for 1 <p < o0,
- P

p~(p-1)2 asp—1 , =1 as p— oo

3.2.2 Definitions of 7/'[;3,, H, and basic properties

We fix an ultrafilter U over the set of all finite partitions of the interval [0, 1], denoted by
Pen ([0, 1]), such that for each finite partition o of [0, 1] the set

Uy, = {0’ € Pan([0,1]) : 0 C 0’} € U.
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Let us point out that in what follows, all considered partitions will be finite. We start
by introducing a candidate for the bracket [-, -] in the noncommutative setting. For o €
Prn([0,1]) fixed and = € M, we define the finite bracket

[z, 2] = D 1d7 (2)]*.

teo

Observe that H[x,x}gH;g = ||zl g (o), Where Hj(o) denotes the noncommutative Hardy

space with respect to the discrete filtration (My)ieo. Hence the Burkholder-Gundy in-
equalities recalled in Theorem 3.2.7 and the Holder inequality imply for each finite parti-
tion o and x € M

1/2

Gllaly < llealelys < ol for1<p<> o)
22 . 2
lels < ey < ool for2<p<oo

We deduce that for 1 < p < oo, ([z,7]5)® € Lp/2(My). Indeed, we see that the family
([z,#]s)o is uniformly bounded in L,/5(M) and in L;4(M) for any p > max(p,2) (by
asl|z|5 < agllz|e). Hence by Lemma 3.1.7 this means that the associated element in
the ultraproduct is in the regularized part. In particular for x € M and 1 < p < oo, we
have ([z,2]5)* € Lj/,(My) for any p > max(p,2). Thus we can apply the conditional
expectation &, to this element and set

[z, 2w = &u(([z, 2]5)*).

Since this bracket is in L, (M) for any p > max(p, 2), it is also in L;,5(M) and we may
define
_ 1/2
lzll e = Nz, 2ledll, o
Note that for any p > max(p,2), this coincides with the weak-limit in L17/2(M)’ and we

can write
. 1/2
lell, = llw-limfe, alo 5

This definition depends a priori on the choice of the ultrafilter U, and we should write
| - [|zeu. However, we will show in the sequel that in fact this quantity does not depend
on U pup to equivalent norm. Hence for the sake of simplicity we will omit the power U
and simply denote || - || 7. .

We also introduce thg following natural candidate for the norm of the Hardy space in
the continuous setting. For x € M and 1 < p < co we define

T /2 _ .
22 = Tim [, 2lo [l = 1ima [l g

The family ( H[:):,x]gH;ﬁ)o is uniformly bounded by (3.2.1), hence the limit with respect

to the ultrafilter U exists. Taking the limit in (3.2.1) we get for z € M

G ilaly < lalg <l fori<p<2 .
el < llzllng < apllzll,  for2<p<oo
This shows that || - [l defines a norm on M. As for |- ||5., the norm || - [l3c depends a
D

priori on the choice of the ultrafilter ¢, but we will show that it does not (up to a constant)
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and hence simply denote || - H’Hg. Moreover, the properties of the conditional expectation
&y imply the following estimates for x € M
Bt lzlly, < llzllng < lellg, =< llzl for 1 <p<2 (3.2.3)
el < llellg, < lolwg < aplel,  for2<p<oo” >

Here for 2 < p < oo we used the contractivity of & for the L, 5-norm, and for 1 <p < 2
we need the following well-known result due to Hansen.

Lemma 3.2.9. Let A be a semifinite von Neumann algebra and T : A — A be a trace
preserving, completely positive linear contraction. Let 0 < p < 1. Then

T(a?) < (T(x))” and |zl < [T(z)]p
for each positive element x € A.

Then (3.2.3) shows that [ - |, defines a quasinorm on M.
P

Definition 3.2.10. Let 1 < p < oco. We define the spaces ﬁf, and H;, as the completion

of M with respect to the (quasi)norm || - ||5. and || - [l respectively.
P

We may check that for z € M and 1 < p < o0, (z,2)5. = [z,z]y extends to an

H;
Ly, /2(M)-valued inner product on H, which endows H;, with an L, M-module structure.
Hence Theorem 3.1.10 implies that || - |[5. is a norm for 1 < p < oo.

D
Remark 3.2.11. Note that thanks to (3.2.3), it suffices to consider the completion of
Lo(M) (resp. Lp(M)) for 1 < p < 2 (resp. 2 < p < 00). Hence we get

Lg(/\/l)”.”Hg for1<p<2

~ LQ(M)H'”;‘\?’ for1<p<2
Lp(/\/l)”.HHg for 2 <p< oo

H, = AN and HS =
P Il P
L,(M) ™ for2<p<oo
Moreover, for 1 < p < 2, Ly(M) is dense in ﬁg and H;, for any ¢ > 2.

The crucial observation for the study of the spaces ﬁ; and Hj, is that the Hy(o)-norms
verify some monotonicity properties.

Lemma 3.2.12. Let 1 < p < 0o and o € Pgn([0,1]).

(i) Let 1 <p <2 z € Ly(M) and o' D o. Then

12| 115 (o) < Bpllll mrg(or)-

Hence
2llHg < sup %] rre(o) < Bplla]|ng-
(i) Let 2 < p < co. Let ot,--- oM be partitions contained in o, let (m)1<m<nr be a
sequence of positive numbers such that Y., oy = 1, and let ', 2™ € Ly(M).

Then for x =3, apx™ we have

1/2

M
m=1 p/2
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In particular for x € L,(M) and o C o' we have

2] e (o) < apllz|| mg(o)-

Hence
a Mallng < inf [zl g (o) < Il

Proof. Let 1 <p <2 x € Ly(M) and o C ¢’. Applying the noncommutative Burkholder-
Gundy inequalities to

Y= Zet,o ® df (x)

teo
in L,(B(f2(0))®M) for the finite partition o', we get
1912, (Bea)ymmy < BollYll s (o) (B (12 (o)) M)

Here we consider the discrete filtration of B({2(0))®M given by (B({2(0))®M¢)ico. Note
that

Lp(B(t2(0")®@B(L2(0))@M)

19150 Besenmr0 = | 20 D €s0 ® en0 @ d7 (d7 ()

s€o’ teo

An easy computation gives that for s € o/, t €0

oy dT ()i T <sT <s<t
ds (7 (x)) = { 0 otherwise ’

Hence for s € ¢’ fixed, only one term does not vanish in the sum over ¢t € ¢ and we get

191l 1501 (B2 (o)) BM) = H D eso® dgl(w)‘ = ||zl g (or)-

s€a’

Lp(B(t2(0")@M)

The result follows from the fact that ||yl (s, o)Erm) = 2l Hs(0)-

We now consider 2 < p < oo. Let us first assume that the partitions ¢ are disjoint.
Denote ¢’ the union of o', --- ,0™. As above, we apply the noncommutative Burkholder-
Gundy inequalities to

M
y=3" 3 ero® am df" (@™)

m=1teco™
in L,(B(f2(c’))®@M) for the finite partition 0. We get
1Yl g (0) (B0 )yBM) < WYL, (B (01 EM):-

On the one hand, since the partitions ¢” are disjoint we have

‘1/2

p/2

M N 1/2 M
91z, ez = | X 3 amld?” @M P| = | 3 a2 on

m=1tco™

On the other hand,

Lp(B(£2(0))®B(l2(0”))@M)

M
192501 BEaeyman = || 22 D D eso@ero@yam dI(d" @)

seom=1teoc™
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Again, for s € o and m € {1,--- , M} fixed, since 0" C o, only one term does not vanish
in the sum over ¢ € 6™, and it is equal to dJ(z™). Hence

M o (. mY|2 1/2
||y”H§(U)(B(K2(UJ))®M) - H Z Z am|d8 (35 )| HP/Q'

scom=1

By the operator convexity of | - |? we obtain

M 2,1/2
12| e (o) = H SEZ;T‘ 2:21 amd‘s’(xm)‘ Hp/2 < apllyll g o) (Bes (01 EM)

which yields the required inequality. In the general case, when the partitions are not
disjoint, the result still holds by approximation, thanks to the fact that the filtration is
right continuous. Indeed, if there exists a common point ¢ which is both in ¢” and o™ (for
n # m), then we can replace t by t 4+ ¢ in ¢" (for € small enough), which does not change
the considered norms when passing to the limit as ¢ — 0. O

This monotonicity property immediately implies the following crucial result.

Theorem 3.2.13. For 1 < p < oo the space H}, is independent of the choice of the
ultrafilter U, up to equivalent norm.

By definition, we deduce from the discrete case the following
Lemma 3.2.14. Let 1 < p < oo. Then Hj is reflexive.

Proof. It suffices to observe that the Hj-norm satisfies the Clarkson inequalities. Then we
will deduce that H,, is uniformly convex, so reflexive. Note that for each o, the Hg(a)—
norm satisfies the Clarkson inequalities with relevant constants depending only on p. This
comes from the fact that the noncommutative L,-spaces do (see [36]), and recall that for
x € M we have

2l () = H tedetro ® dtg(x)HLp(B(eg(a)@M)'

Taking the limit over o yields the desired Clarkson inequalities for the Hj-norm. O

3.2.3 Ultraproduct spaces and L,-modules

In this subsection we introduce some ultraproduct spaces and their regularized versions,
into which we will isometrically embed the Hardy spaces introduced in the previous sub-
section. We will equip these ultraproduct spaces with some L,-module structure. One
of the aim of the regularization process is to get L,-module with respect to finite von
Neumann algebras, which will allow us to deduce density results.

We first define the ultraproduct of the column L,-spaces.

Definition 3.2.15. Let 1 < p < co. We define
Ky) = [, Lo(M; £5(0))  and  KjU) = KU) - ew,

where - denotes the right modular action of My on .,f(;f(U)
For p = o0 we set

Ko ) = [, Lo M:t5(0)) and K U) = K (U) - eu,

o0
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where the strong operator topology is taken in the von Neumann algebra generated by
[Iyy B(£2(0))®@M, and coincides with the topology arising from the seminorms

' 1/2 . — +
lelly = limr(no Y16 () " forn = (n0)* € Mu)d = (], Lu(M))
’ teo
The right My-module structure of f(/g(l/{) is given for x = (z,)* € [[y M and & =
(&0)* € Kp(U) by
§x= (5 70)"
It is easy to see that this does not depend on the chosen representing families. Moreover,

by Proposition 5.2 of [23], this module action extends naturally from [[,, M to My.
Similarly, for £ = (§,)®, 1 = (7,)* € K,(U) we consider the componentwise bracket

(€M g0 = (Eorod o)’ = (& ® (1) € [T LyyaM) = Lyyo(Mu),
u

t€o
where { = Yo €00 @ (L), Mo = Dteq€t0 @ Ne(t) € Lp(M;L€5(0)). This defines an
Ly, j2(My)-valued inner product which generates the norm of K;(U) and is compatible

with the module action. Hence f(/f,(U) is a right L, My-module for 1 < p < co. The
regularized spaces will play a crucial role in the sequel. We may equip Kg(l/l ) with an L,-
module structure over the finite von Neumann My, thanks to the following observation.

Lemma 3.2.16. Let 1 < p < co. Let £ € f(;c,(U) Then the following assertions are
equivalent.
(i) £ € Ky(U);
(1) {& &) ey € Lo2(Mu);
Proof. By (3.1.1), it suffices to show that for £ € Kg(u ) we have
§=8eus &z = (& kU

This comes from Definition 3.1.9 and the fact that ey is a central projection. Indeed, we
can write

=8 eue-(1—ey)=0
5'(1—6u),€'(1—6u)>;(§(u):0

&
& (1= eu) (€ E) ey (L —eu) =0
< <§7£>§5(u)(1 —ey)=0

!

§, f)f{c(u) = <€7 §>f<§(u)€u-

Lemma 3.2.16 implies that K (i) is an L, My-module. Moreover, the family
(Ky(U))1<p<co forms a projective system of L, My-modules. Indeed, for 1 < p < ¢ <
oo we may consider the contractive ultraproduct of the componentwise inclusion maps
Iyp - ff/g(U) — :f(;‘j(Z/I) By modularity, this map preserves the regularized spaces, i.e.,
Iyp: Kg(U) — Kj(U). Then we observe that the assumptions (i)-(iii) of Corollary 3.1.11
are satisfied. In particular, we deduce that the map I, is injective on K, g(u ). Hence for
1 < p < g < oo we may identify K¢(U) with a subspace of Kj(U). We can prove the
density assumption (iv) of Corollary 3.1.11 by using the p-equiintegrability as follows.
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Lemma 3.2.17. Let 1 <p < oc. Then K5 (U) is dense in K (U).

Proof. Let § € KS(U), then Lemma 3.2.16 yields that (¢, §>K;(u) € L,/2(My). Combining
Theorem 3.1.6 with Lemma 3.1.5 we deduce that

Jim (166 € rpen L& € g > TlL, jp(m) = 0- (3.2.4)
We set 17 = € - 1((¢, ) ksqq) < T). Then
() sy = (6 O reen L& O ke < T) € My,
and nr € K< (U). Moreover, by (3.2.4) we have
1€ = nrllks@y = 11€- LUE ) ey > Tl kewy
= (6 (& O sy > 7)€ LUE O sy > T s 13

= ”<§a§>Kg(u)]l(<§,f>K5(u) > T)||117g T=0e .

This ends the proof of the Lemma. O

Since My, is finite, we deduce duality and interpolation results from Corollary 3.1.12.
Corollary 3.2.18. Let 1 < p < oco. Then
(i) (Kp(U))* = K;(U) isometrically.
(ii) Let 1 <py <p<ps<ooand <6 <1 besuchthat%zlp;le—l-p%. Then
K,(U) = [K, (U), K,,(U)|g isometrically.

(i) KSU) = Us, I (?5(11))”'”?5%.

pP>p " p,p

Proof. The assertions (i) and (ii) follow directly from Corollary 3.1.12. For (iv), let p > p
and £ € Iﬁp(ng(U)). There exists 1 € Kg(U) such that { = I (n). Then by Lemma 3.1.7
we have

<§’§>I~(§(U) = Iﬁp(<"7777>[~(g(u)) € I;';V,p(LINJ/2(MVM)) - Lp/2(MU)7

and Lemma 3.2.16 yields £ € K (U). Conversely, let { € K;(U). Then by Lemma 3.2.17
we can approximate § in Kj(U)-norm by an element n € K (U), which is in I};p(?ﬁ(u )
for all p > p. This concludes the proof of the Corollary. 0

The characterization of the regularized space Ky (i) given by the assertion (iii) in the
previous Lemma will be the canonical way of defining regularized spaces throughout all
this paper. Moreover, the finiteness of My, implies

Lemma 3.2.19. Let 1 <p < oo and £ € K(U). Then

1€l ey = lim €0 ree @ay-

Proof. For £ € K;(U), we have <§a£>K§(L{) € L,/5(My) by Lemma 3.2.16. Since My, is
finite we may write

l€llicgen = 146 & rsenllr am = 0 166 O ks, = lim €l s eo-
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Let us now introduce the subspaces of these ultraproduct spaces consisting of martin-
gales.

Definition 3.2.20. Let 1 < p < co. We define

Hy) =1, Hylo) and HU) = |J Igp(ﬁg(m)”'”%‘”%

p>p

where I ﬁ%(l/l) — ﬁg(ll) denotes the contractive ultraproduct of the componentwise
inclusion maps.

Remark 3.2.21. 1. Observe that for 1 < p < oo, H;, embeds isometrically into H(U).
Indeed, the map 4y : ¥ € M+ (z)* € H(U) is isometric with respect to the norms
|- Iz and [ - [[35@)- By the density of M in Hj we can extend iy to an isometric
embedding of Hy into H(U).

2. Another crucial observation is that thanks to this regularization process, we may
define &, on Hy(U) for 1 < p < oo as follows. Let us consider

[Ly Lp(M) = Ly(My)  for1<p<?2

Ty HpU) = { Iy La(M) = Ly(My)  for2<p< oo

the ultraproduct map of the componentwise inclusions. Then Jj is bounded of norm
less than §, for 1 < p < 2 by the noncommutative Burkholder-Gundy inequalities,
and contractive for 2 < p < oo. Then by the characterization of L,(M;y) given by
Lemma 3.1.7, JS sends the regularized space Hj,(U) to L,(My) for 1 < p <2, and
to La(My) for 2 < p < co. We can now apply & to L,(My) for 1 < p < 2, and to
La(My) for 2 < p < oo. Moreover, we know that the conditional expectation & is
contractive on L,(My) for all 1 < p < co. Hence we get a bounded map

L,(My) for1<p<2

SUOJPZHP(U)H{ Ly(Muy) for 2 <p< oo

For convenience, this map will be denoted again by &, in the sequel, with &, :
Hy(U) — Ly(My) for 1 < p < 2 and & : Hy(U) — La(My) for 2 < p < o0.
Observe that & is faithful on L,(My), but not necessarily on H(U).

For 1 < p < oo, let us consider i = (i,)®, the ultraproduct map of the isometric

inclusions
[ H0) —  L(Mif5(0))
(2 x — Z ero ® df ()

teo

and D = (D,)®, the ultraproduct map of the Stein projections

Ly(M;t5(0)) —  Hj(o)
Do:d Neooa — Yy, di(ar)

teo
Then i : ﬁg(u ) — f{“;;(u ) is still isometric, and note that

x=D(i(z)) for x € HLU).
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Corollary 3.2.18 (iii) yields that ¢ and D preserve the regularized spaces, i.e.,
it Hy(U) — K (U) and D: Kj(U) — HyU).

According to the noncommutative Stein inequality, D is a bounded projection for 1 < p <
oo. Hence we can state the following complementation result.

Lemma 3.2.22. Let 1 < p < oo. Then H5(U) is \/2v,-complemented in K5(U).
We deduce from Corollary 3.2.18 (i) the analoguous duality result for H(U).
Corollary 3.2.23. Let 1 < p < co. Then
(HL(U))* =H, (U)  with equivalent norms.
Moreover,
(\/§7p)_1’|$||H;,(u) < 2zl g @y < ||$||H;,(u)-

Recall that for 1 < p < oo and each partition o, we have D, = i}. We deduce that for
1 < p < o0, we have D = i*. The following density result, based on Lemma 3.2.17, will be
crucial for proving duality results in subsection 3.2.5.

Lemma 3.2.24. Let 1 <p < 2. Then Ly(My) is dense in H(U).

Proof. Let x € Hy(U). It suffices to consider z = I5 (y) where y € 7?{1%((/{) for some p > p.

Let p < p1 < p, then we can write x = Iy, p o I, (y) := I, p(2) where z € Hp (U) with

p1 > 1. Hence it suffices to prove the result for 1 < p < 2. Indeed, if for all € > 0 we can
find a € Ly(My) such that ||z — af . w <& then
pP1

|z — aHﬁ;(u) = HIp17p(Z - a)”ﬁ;(u) <|z- a’”'ﬁ;l(u) <ée.

Now let 1 < p < 2,2 € Hi(U) and € > 0. Then § = i(x) € Kj(U). By Lemma 3.2.17, for
e > 0 there exists n € K5 (U) such that [|§ — 77Hf<c(u) < e. Hence n € K (U) C K5(U)
P

and a = D(n) € La(My) satisfies
I~ all gy = D) ~ Dl ) < VERNE Mgy < Ve
O

To sum up, for 1 < p < oo, Hj, embeds isometrically into the L, My-module KS(U)
via the map

i oy HE 5 HOU) — KE(U).
Hence Lemma 3.2.19 still holds true for the Hj-norm.
Lemma 3.2.25. Let 1 <p < oo and x € M. Then
Il = lim .

Proof. For x € M, ioiy(z) € Kj(U) and by Lemma 3.2.19 we can write

H‘I'HH;C, = HZ © iu(w)H]};(u) = ;E% HZ ° Z.Z/{(x)Hf(g(u) = %I_I)I}) HxHHg
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Similarly, we can embed isometrically the space ﬁ; into some L,-module. Since we
can consider M as a subspace of My (via the constant families), K (i) is in particular a
right M-module for 1 < p < oo. Let §,n € K;(U). Lemma 3.2.16 implies that the bracket
(€, 77)}?;(1,{) is in Ly/2(My). Hence we may consider

(& m) Re) — 5u(<f,77>f<5(u)) € Lp/Q(M)a

where & denotes the extension of the conditional expectation & to L,/s(My). This
bracket defines an L,,/5(M)-valued inner product on K (U). Let us denote by

161 2500 = 146:€) 00 13

the corresponding norm. Then we define the associated right L, M-module as follows.

Definition 3.2.26. Let 1 < p < co. We define

———ll
= KSU) 5™ for1<p<2
Kp(u) = { £||.||A f

KesU) o for2 <p< oo

The map i o iy defined for x € M by

ioiy(z) = (Zet,o ® df(a:)).

tco

extends to an isometric map ﬁg — f(\zf(L{) Since the L, M-module f;(lxl) is super-
reflexive, we deduce

Lemma 3.2.27. Let 1 < p < oco. Then ﬁ; is reflexive.

3.24 HS=H;

In this subsection we show that the two candidates ﬁ; and H; introduced previously for
the Hardy space of noncommutative martingales with respect to the continuous filtra-
tion (My)o<i<1 actually coincide. In particular we will deduce that, up to an equivalent
constant, these spaces do not depend on the choice of the ultrafilter /.

Theorem 3.2.28. Let 1 < p < oco. Then
HIC, = ﬁg with equivalent norms.
Theorem 3.2.13 yields immediately

Corollary 3.2.29. For 1 < p < oo the space ﬁg is independent of the choice of the
ultrafilter U, up to equivalent norm.

For the proof of Theorem 3.2.28, we first consider the range 2 < p < 0o, and we show
the following complementation result.

Lemma 3.2.30. Let 2 < p < co. Then the map Ey oD : ff\z‘;’(U) — Hy is bounded.
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Proof. First note that since K;(U) is dense in j(\;j(l/{ ), it suffices to consider

= (X eo®&®) € Ko@) such that ¢z = 1€ zo00 /s < 1

teo
Then &y o D(&) is well-defined, and x = &, 0 D(&) = &y ((z5)®), where
(w0)* = D(€) = (3 d7 (&t ) e HEWU).
teo

On the one hand, the monotonicity Lemma 3.2.12 yields for each o
Hwaqu < OépHxUHH;;(a) < C(p),

where C(p) depends on [|€|[ks ). We see that (z4)o is uniformly bounded in Hj, which is
reflexive by Lemma 3.2.14. Thus the weak-limit in H{ exists and coincides with &,((z5)*).
Then we may approximate &((z,)®) by convex combinations of the z,’s in Hj-norm.

On the other hand, since (¢, £>KC w € L, j2(My) for 2 < p < oo, we see that (£, §>KC w =

Eul((g, §>K6(u)) coincides with the weak-limit of the elements (£, &) 1, (AM:05( Zteo' & ()7

in L,/2(M). Then, by considering the weak-limit of the elements (z, Zteg |§U( )|?) in the

space Hy® Ly /2(M), for e > 0 we can find positive numbers (m)M_, such that 3, o = 1

and partitions o!,--- , o™ satisfying

o= 3" ], <= om0 3 an 3 lemOF] <o (25)
m=1 HT%

teo™
Applying Lemma 3.2.12 to z,m and o = J,,, 0" we get

M
| 3 amaon|
(&
m=1 HP

The noncommutative Stein inequality implies

|5 anteonszarin], = | 32 o 3 1" eom )]

teo™

= 2(” Z m Z \gt(ggm(t))FH " H Z am ) |& (o ))‘QHp/Z)
teo™
<trf] 3w 3 lemiol],

tea™

‘1/2

p/2

0> %H > amlEgm, Tgm]om
U J—

Hence by (3.2.5) we obtain

M M
el < e+ | Py amxgmHHc <et oy 3 ann

Hi(o)

<&+ 27,02 HZamZ\sam |H < e+ 203 + 61, )"
teo™

Sending ¢ to 0 ends the proof. O
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Proof of Theorem 3.2.28 for 2 < p < co. This is a direct consequence of Lemma 3.2.30.

Indeed, it suffices to show that the Hj-norm and the Hj-norm are equivalent on L;,(M).

Let x € Ly(M), by (3.2.3) we have |[z[ 5. < [[z[/3g. To prove the reverse inequality, we
P

write z = & 0D oioijy(x) and Lemma 3.2.30 yields
|llmg = [1€u © D(i 0 iyg(2))|l1g < 2vppli 0 W@ gepy = 2%%29”55”7;;-

O

For 1 < p < 2, we will use a dual approach. The trick is to embed 7—7; into a larger
ultraproduct space defined as follows. Let us fix ¢ > 2 and in the sequel we will consider
H;, as the completion of Ly(M). We define the set

1= Pﬁn(Lq(M)) X Pan(]0,1]) x Rj_,

where Pgn(Lg(M)) denotes the set of all finite families in Ly(M). Then 7 is a partially
ordered set by the natural order. We define an ultrafilter V on Z as follows. For G €
Phin(Lg(M)) we define

S = {F € Pan(Lg(M)) : GC F}

and consider the filter base on Ppp(Ly(M))
T ={S¢ : G € Pan(Ly(M))}.
On R* we consider the filter base given by
W=1{]0,6] : > 0}.

Then the product V' =7 x U x W is a filter base on Z, and we consider }V an ultrafilter
on 7 refining V'. Let us now fix an element i = (F,0;,e) € Z. For each z € F, the
Burkholder-Gundy inequalities applied to each o for ¢ > 2 yields that the family ([z, 2], )
is uniformly bounded in Lg/o(M). Since L,/5(M) is reflexive, the weak-limit exists and

u(([z,7]5)*) = w-lim[z, 2], in Lg/(M).

T,y

The same holds for the finite family F', i.e., the family ([z, ]y ), is uniformly bounded in
Lgj2(M) @ -+ @ Lgja(M). By reflexivity, the weak-limit exists and can be approximated
by convex combinations in L, ,-norm. Hence we can find a sequence of positive numbers

(am(z))%i% such that 3, o, = 1 and finite partitions o}, - ,JZM @ satisfying for all
reF
M(i)
‘ w-lim[z, z], — am(1)[x, x]om <e. (3.2.6)
o oo v llg/2

We may assume in addition that o; is contained in o} for all m. We consider the Hilbert

space ‘H; = lo( U m{t}) equipped with the norm
m,tco

M3 1/2
[€mremertiieor = (32 am(@) D lemdl?)
m=1

teo™
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For 1 < p < oo and i € Z we consider the column space L,(M;HS). Recall that for any
sequence (&m,t)1<m<M (i) teorm i Lp(M) we have

M(i

)
13 5 cnnoean ]y = (2 am

m=1teo" m=1 tea

A",

Then for 1 < p < co we have
(Lp(M;HS))" = Ly (M;HY)  isometrically,
via the duality bracket
M ()

Elm Ly meme),L mmey = D D (D)7 (E i)

m=1tco™
Lemma 3.2.31. Let 1 < p < 2. Then ﬁf, embeds isometrically into [Ty L,(M;HS).

Proof. By the density of Ly(M) in ﬁ;, it suffices to consider an element x € Lg(M).
We associate  with £ = (2(7))® € [[y Lp(M;HS) defined as follows. For each index
i = (F,04,¢) € T such that z € F we set

M (i) m
i)=Y emo®eo®@d; (v),

m=1teo"

and Z(i) = 0 otherwise. Then we claim that
I, Lo virg) = U IZ @), (i) = - limz, 2o /s = Il 7 - (3.2.7)

Indeed, for 6 > 0, we observe that for i = (F,0;,¢) such that x € F' and eP/2 < § we have
by the triangle inequality applied to the norm || - ||p /2 and (3.2.6)

/2
o gt o2~ 0 | = ot s - | 3 o ) 3 @
E m
p/2
= |||lw- hmxaz HZam )z, z]» /2‘
(Z 10/2
< ’w hma: x)s
m=1 p/2
M (4)
< ’w—lim[m,x]a— am (1) [z, x]5m o
m=1 * lla/2
<ePl?2 <

This means that

Sty X Pan((0,1)X10,6%7)  {i € T+ [Jjw-limle, 21, 12/3 = 1), (rper

< d}.
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Since by construction, the set Sy;y x Pan([0, 1])¥]O0, 62/P] € T x U x W is in the ultrafilter
V, we deduce that the set in the right hand side is also in V for all § > 0. Thus by the
definition of the limit with respect to an ultrafilter we get

. ~/. . 2
i IFO)I, ey = - Tyt ol

This concludes the proof of (3.2.7) and shows that the map z € Ly(M) — 7 extends to
an isometric embedding of H; into [y, L,(M;HS). O

This embedding will be useful to describe the dual space of 7-7;

Lemma 3.2.32. Let 1 <p < 2. Then
(HIC,)* C (Hg)*.

Proof. Let ¢ € (7—7;,)* be a functional of norm less than one. By Lemma 3.2.31 and the
Hahn-Banach Theorem we can extend ¢ to a linear functional on [],, L,(M; HS) of norm
less than one, also denoted by ¢. Lemma 3.1.3 implies that ¢ is the weak*-limit of elements
& in the unit ball of [Ty, (L,(M;HS))* = [y, Ly (M;HS). For each A, we will prove that
there exists z) € La(M) such that

(&x7) = 1(23x), Vo € Ly(M) and ||z,\||(H;)* < kp,

where Z denotes the element in [y, L,(M; HS) corresponding to z via the embedding given
by Lemma 3.2.31. Then we will set z = w-lim} z), where the weak-limit is taken in Ly(M)
and we will get an element z € La(M) such that

o(x) = liin(§,\|55) = liinT(zS“\:p) =7("z), Vo € Lg(M) and |z]/(pe)+ < kp.

Finally we will conclude the proof using the density of Ly(M) in 'I'A(;
We now consider an element £ = (£(4))® € []y Ly (M; HS) of norm less than one, with

M (3)
f(l) = Z Z €m,0 ® €t,0 X fmﬂg(i).

m=1tco”

Fix i = (F,04,¢) € Z and 1 < m < M(3). Then &, (i) := > jcom €m0 @ €10 @ Em (i) €
Ly (M;t5(ai")). We set
Zm(z) = Dazn (fm(z))

Note that since the partition o}" is finite, we have z,(i) € L,y (M). Then we consider
z(i) = Zam(i)zm(i) € Ly(M).
m

M (7)

1

We first show that [|2()| e, ooty < kp for o} = o . Let s € o}. Then for m
/2 K
fixed, we denote by t,,(s) the unique element in o} satisfying ¢, (s)” < s7 < s < ti(s).
The operator convexity of the square function | - | yields
. . 2 2
Eol2(6) — E- (@D =&, |

Z Qm (Z)(Zm (Z) — & (Zm(l)))

m 3.2.8
< Zam(i)&‘zm(i) — & (zm(D) . ( )
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On the other hand we can write

Exlom(i) — £~ (2m (i)
—&( X 1 )P+ ) (D) — Ea- (D))

t>tm(s),t€0]

= 55( S 1A Ema)P + 1€ () Emtm() (D) — Es- Enntn(s) (73))!2>

t>tm(s) teal

< 455( Z ‘gm,t(z)‘Q) + 2gs|£m,tm(s) (Z)|2 + 285* ’&m,tm(s) (z)|2

t>tm (s) teal™

<4 (D 6me@P) +26- (3 lemai)F).

teo™ teo™

Then (3.2.8) gives

Elz(i) ~ £ (NP <46( Y an@lemi@P) 426 (X am@)lemi(D)-

m,t€o” myit€o™

By the noncommutative Doob inequality we obtain

12D 17, mo(n = lsup™ Esl2(i) = Ec (2(D) Pl /2
p ( z /

sco;

_ . . 12 o . -\ |2
<4 sup gs<ngm i (8) €t (1)) s t? s £ (m;m (1) Em,e (1)) /2
<6y X om@lens @], = 6,21, criny
myt€o™
Hence
12122, moter) < 3 IED 1, v < 303 (3:29)

In particular, we see that the family (z(7)); is uniformly bounded in Ls(M). We set
z = w-lim;y 2(i) in La(M). By the density of Ly(M) in H; we have

12l (rg) = sup I7(z"y)l-
2€La(M), 2]l <1

Then for x € Ly(M), [|z[lng < 1, Lemma 3.2.12 and (3.2.9) imply

[7(z"2)| < lim[r(2(7)"2)| < \/ﬁlim\l (@)l e, oIl g (o07)

< 3v20)/7 Byllwlaeg < 3\f51/2

Hence we get | z[|(3) < kp with k, = 3v25%/ /225:0. Finally, it remains to check that for all
x € Ly(M), z satisfies
EDT, L, Mmert) T, LpMire) = T T)- (3.2.10)

We first verify that for each i = (F,0y,¢) € Z such that x € F we have

(E@IZ(D) L,y (M), Ly (M) = T(2(0) ).
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For each m, Remark 3.2.4 implies

m

T(z2m()*7) = 7(Dopr (€m (i) ") = T(6n (i) “iop () = D 7(Eme(i)d7" (2)).

teo"

Then

(@) M (3)

M
(2(0)w) = Y am(@)r(an () w) = 3 Y a7 (Emii)d] (2) = (£6)[F(0)).

=1 m=1teo"

3

By the construction of the ultrafilter V this is sufficient to show that the limits along V
coincide, and (3.2.10) follows. This concludes the proof of the Lemma. O

Proof of Theorem 3.2.28 for 1 < p < 2. By density, it suffices to prove the equivalence of
the norms on Ly(M). This follows from (3.2.3), and we prove the reverse inequality by
duality by using Lemma 3.2.32. OJ

In the sequel, we will use the definition of H to transfer the results from the discrete
case to the continuous setting. Indeed, this construction seems more natural for taking
the limit in the classical results. However, the duality results and the noncommutative
Burkholder-Gundy inequalities do not follow immediately from the definition. In particu-
lar, it is not clear a priori that the Hardy spaces introduced previously embed into some
L,-space.

3.2.5 Duality results

The aim of this subsection is to obtain the analoguous result of Theorem 3.2.3 in the
continuous setting. In particular, thanks to the definition of Hj, this will imply that Hj
embeds into L,(M) for 1 < p < 2 and into La(M) for 2 < p < co. In fact, this also holds
true for p = 1. In fact, for 1 < p < 2 this is a direct consequence of the Lemma 3.2.12.

Proposition 3.2.33. Let 1 < p <2 and X, = {z € Ly(M) : [[z|ng < co}. We equip
Xy with the norm || - |[xs. Then

(1) X, is complete.
(i) 'H;, embeds into Ly(M).
(iti) For1<p<2, X,=(H,)" with equivalent norms.

Proof. The argument we will use to prove the completeness of the space X, relies on the
fact that the discrete Hj(o)-norms are increasing in o (up to a constant) for 1 < p < 2,
and on the completeness of the discrete spaces Hg(o). Let (zn)n>1 C X, be a Cauchy
sequence with respect to || - [[#g. Recall that for x € X, we have ||z, < Bpl|z[g. Then
we deduce that (z,,),>1 is also a Cauchy sequence in L,(M). Hence (zy)n>1 converges
in L,(M) to an element = € L,(M). Since for a finite partition o, the norms || - ||, and
[ Hg(o) are equivalent, the convergence is in Hj(o) for each o. It remains to prove
that the convergence is also with respect to the H;-norm, and then we will conclude that
r € Xj. Fix e > 0. By the Cauchy property with respect to the Hj-norm, there exists
ng € N such that for all n > ny,

li

im |z — zn|lng <e.
m—0o0
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For a fixed partition o, since z,, —  in Hg(o) we have
|z — anHf,(o) = T&E)noo [[@m — xn”H;,(a) < By n}gnoo [@m — anH{; <e.

Note that here ng does not depend on the partition o, hence taking the limit in o we
obtain the required convergence in Hj-norm.

The embedding of H;, into Ly(M) follows directly from the previous point. Indeed, we
can now isometrically embed Hj into X, which is a subspace of L,(M).

We turn to assertion (iii). Let 1 < p < 2 and z € X,,. For y € Ly(M) and a fixed
partition o, the Holder inequality implies

)
p

(@ y)| = | (g @) df )| < || (3 17 (@) (> Id?(y)IQ)I/Q}
teo teo tco

o = Izl vl @)

Passing to the limit yields
(@ )| < [l llyllze, -

Since Ly (M) is dense in H,, this shows that z € (H},)* and
Il - < .

Conversely, let ¢ € (H;,)* be of norm less than one. Since Ly (M) is dense in H,, ¢ is
represented by an element x € L,(M) such that ¢(y) = 7(z*y) for all y € Ly(M). It
remains to show that [z[jyg < oo. For a fixed partition o, by Corollary 3.2.3 and the
density of Ly (M) in Hf (o), we get

|2l r15(0) < V2l (11, 0y = V2% sup |7 (z"y)|-
» YLy (M)l e, () <1

For y € Ly (M) with [|y|| ge (o) < 1 we have
D

(@) = leW)l < llyllne, < apllyllae, @) < apr-
P p
Hence we get
[zl#g < \/i'Ypap’”xH(H;/)*’

and deduce that z € X,. O

Since we may consider Hj, as a subspace of Hj (), another natural way of describing
the dual space of Hj is to introduce the following quotient space.

Definition 3.2.34. Let 1 < p < oco. We define the space 7'72 as the quotient space of
HZC,(U) by the kernel of the map &y. The norm in ﬁg is given by the usual quotient norm

T = inf Zo)® || 2ye 1) = inf lim |25 || ge(o) -
lollgy = _ont o) o = _nt 1 ool

Recall that by the discussion following the definition of the spaces ﬁ;;(u ) (see Remark
3.2.21), for 1 < p < oo we may define the map &, on the Banach space H;(U). Since this
map is bounded from H(U) to Ly(M) for 1 < p <2, and to La(M) for 2 < p < oo, it is
clear that (7-7;,, Il - ||ﬁ;) is a Banach space.
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Remark 3.2.35. 1. Recall that for 1 < p < oo, the conditional expectation &, on
L,(My) coincides with the weak-limit in L,(M). Hence we have

Hy = {w- l;lg{lxg : (20)* € HH(U) Y,
where the weak-limit is taken in L,(M) if 1 <p < 2 and in Ly(M) if 2 < p < o0.

2. By definition, ﬁg embeds into L,(M) for 1 < p < 2 and into Ly(M) for 2 < p < oo.

Hence ?:if, is a subspace of L,(M) for 1 < p < 2 and of Ly(M) for 2 < p < oo via
the identification

HE = HE(U) / ker Ey = Ey(HEU)).

Since for 1 < p < 2 we may consider L,(M) as a subspace of Hj,(U) via the map iy,
and similarly for 2 < p < co we can see Ly(M) as a subspace of H,(U), the previous

identification allows us to consider ﬁ; as a complemented subspace of H{(U) for
1<p<oo.

This space will be a crucial tool for proving our main result. Indeed, it describes
naturally the dual space of H,.

Proposition 3.2.36. Let 1 < p < oco. Then
()" = 7:(5/ with equivalent norms.
Proof. Let x € ’/C[;, be such that ||lz[|7. < 1. Then there exists (z5)® € Hj(U) such that
p/

1(@o)® g @y = imoy 2] g (o) < 1 and @ = &((25)®) = w-limgy x5, Where the weak-
limit is in Ly(M) if 1 < p < 2 and in La(M) if 2 < p < co. Hence for y € M we have
T(x*y) = limyy 7(z}y). Recall that for a fixed partition o the Holder inequality implies

7(@5y)] < l[@all e, o) |9l g 0) -
Taking the limit we get
(@)l < Mol | e, (o) 115 (o) = (il g, (o) (00 (19l 125 o)) < Mlyllaeg.-
Since M is dense in Hj, this shows that z € (H;)* and
Il gy < Nzl -
P

Conversely, let ¢ € (H;)* be a functional of norm less than one. Since H; embeds iso-
metrically into Hg(l/{) via the map iy, by the Hahn-Banach Theorem we can extend ¢
to a functional on Hj(U) of norm less than one. Then by Corollary 3.2.23 there exists

z = (20)* € Hy,(U) of norm < V27, such that
o(y) = (2liu(y), YVyeH,
Applying this to y € M we get

ply) = (2l(y)*) =lim7(z5y) = 7(2"y),

where x = &y(z) is in ﬁg/. By the density of M in H; this proves that ¢ is represented
by x and

-~ < (< < 2 C)* .
l2ll e, < N=lireg, @ < V2l )
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The space ﬁg actually coincides with the Hardy spaces defined previously.
Proposition 3.2.37. Let 1 < p < oo. Then
H, = ﬁ; with equivalent norms.
We need the boundedness of the conditional expectation &, for 1 < p < 2.
Proposition 3.2.38. Let 1 < p < 2. Then & : H,(U) — Hy, is a bounded projection.

Proof. By Lemma 3.2.24 it suffices to consider = (25)® € La(My) such that ||z (/3w <
1. We can assume that for all o, ”QJ‘OHH;(U) < 1. Then in this case &y (x) is the weak-limit
of the z,’s in Lo. Fix a partition ¢’. By Lemma 3.2.12, for ¢/ C o we have

ol < Bplloll o) < Bp-

We see that (z,),5 is uniformly bounded in Hy(o'). Moreover, for all z € Hy (o) C
La(M), we have 7(2*&y(x)) = limyyy T(2* ;). Since (Hy (o))" = HJ(0'), this means that
&y(x) is the weak-limit of the z,’s for 0 D ¢’ in Hy(0'). We deduce that

ng(x)HH;(U’) < lo'l,rlfll ||.Tg||ch7(U/) < ﬁp-
Since this holds true for every partition o', taking the limit we obtain

1€ ()11 < Bpll#ll7g @e)-

O

Proof of Proposition 3.2.537. We first consider the case 1 < p < 2. Lemma 3.2.24 directly

implies that Ly(M) is dense in Hj. Hence it suffices to show that the norms || - ||l and

|+l are equivalent on La(M). For z € Lo(M) we obviously have x = & (iy(x)) =
P

Eu((z)®), and

Tl e = inf Lo ¢ c < x)* c = ||T c.
lellzg = _ 1) o < 1) gan = el

Conversely, suppose that [[z|~. < 1. Then there exists (z,)* € Hj(U) such that z =
P
&u((74)*) and [[(zo)®|l3g @) < 1. Proposition 3.2.38 implies that

(g = [1€u((xo)*)llrg < Bpll(z)* rg @y < Bp-

We now turn to the case 2 < p < co. Let us first show that the norms || - ||H§ and || - ||ﬁc

P
are equivalent on Ly(M). Let € L,(M). As previously, we can write z = &, ((x)®) and
obtain

Il < el

Conversely, if [|z[| 7. <1 there exists (z5)® € Hp(U) such that z = &((z5)*) = w-limey zo
P

and [|(25)*[#g@) < 1. We may assume that for all o, ||z |[#¢() < 1. The monotonicity
Lemma 3.2.12 yields for each o

1zl < apllzell o) < op.
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We see that (7,), is uniformly bounded in Hj, which is reflexive by Lemma 3.2.14. Thus

the weak-limit in 7, exists and is denoted by y. Since La(M) is dense in ﬁ;,, Proposition
3.2.36 implies that H; embeds into La(M). Then y € Hy C La(M) and z € Ly(M) C
Ly(M) satisfy 7(z*y) = 7(z*z) for all z € Ly(M). This means that y = z. We deduce
that

el < lim 2ol < .

It remains to see that L,(M) is dense in 7—?; Since for 1 < p’ < 2, H;, embeds into
L, (M) by Proposition 3.2.33 (ii), Proposition 3.2.36 implies that for 2 < p < oo, L,(M)
is weak”-dense in (H,)* = My, so dense in Hj. This ends the proof. O

Finally, combining Proposition 3.2.36 with Proposition 3.2.37 we obtain the expected
duality result.
Theorem 3.2.39. Let 1 < p < oo. Then
() =

w with equivalent norms.

Moreover,
by el < llalligg)e < Nl
where k, = \/ifypoap/ forl<p<2andk,= \/ifypﬁpr for2 <p < .
Then Proposition 3.2.33 (iii) implies
Corollary 3.2.40. Let 1 <p < 2. Then Hy = {z € L,(M) : |[z|ng < oo}.

Remark 3.2.41. At the time of this writing we do not know if this result holds true for
p=1.

Note that Lemma 3.2.22 combined with Remark 3.2.35 (2) shows that ﬁg is comple-
mented in Kj(U) for 1 < p < oo. Hence another consequence of Theorem 3.2.39 is

Corollary 3.2.42. Let 1 <p < oco. Then Hj, is complemented in K;(U).
We can deduce from Corollary 3.2.18 (ii) the following interpolation result.
Corollary 3.2.43. Let 1 < p1,p2 < o0 and 0 < 6 <1 be such that }D = 1p;16 + p%. Then

H, = [H,

o1 Holo with equivalent norms.

We will show later, in section 3.7, that this result still holds true for p; = 1.

3.2.6 Fefferman-Stein duality

In this subsection we establish the analogue of the Fefferman-Stein duality in the continu-
ous setting. Our approach will be similar to that used in the previous subsection. Let us
first introduce the ultraproduct space for 2 < p < oo

LgMOW) =11, LyMO(o

For p = oo we denote this space by BMOC(U ). Then as in Remark 3.2.21 we can define

the ultraproduct map of the componentwise inclusions J', : LE/\\/I/O(Z/I) — Ly(My) and
compose by &y, by taking the weak-limit in L. Then we get a bounded map

&y o J/; : LgM@(U) — La(M),
still denoted by &y.
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Definition 3.2.44. (i) Let 2 < p < oco. We define the space LyMO as the quotient of

Lg/\\/l/(’)(U) by the kernel of the map &. The norm in Ly MO is given by the usual
quotient norm

lollizgmo = _ mf N@e)*ll Zhrow) = o2, i llellgmoe):

—w-limy 2o r=w-limy, o o, U

(ii) We define the space BMO€ as the space whose closed unit ball is given by the absolute
convex set

Bamoe = {x = w-limz, in Ly : hm 2ol BArOC (o) < 1}|| I
g

Then the norm in BMQO€ is given by
||-73HBMOC = inf{C >0:ze CBBMOC}-

For 2 < p < oo, the boundedness of &; on Lm(l/{) immediately implies the com-
pleteness of the space Ly MO. For p = oo, note that we defined the BMO“space in a
slightly different way than for 2 < p < co. We need the following general fact to prove
that this defines a Banach space.

Lemma 3.2.45. Let X be a Banach space and B be an absolutely convex subset of X
satisfying

(i) B is continuously embedded into the unit ball of X, i.e., there exists D > 0 such that

B C DBy;

(ii) B is closed with respect to the norm || - || x
Then the space Y whose unit ball is B, equipped with the norm
lz|ly =inf{C >0 : z € CB}
is a Banach space.

Proof. Tt is a well-known fact that || - ||y defines a norm. Let > n ZTn>1 be an absolutely
converging series in (Y, [|-||y'). We may assume that [[z,|y < 57 for alln > 1. We want to
show that this series converges in Y. We first remark that the series ), =y, is absolutely
converging, and hence converging, in X. Then there exists x € X such that x =, =y,

where the convergence is with respect to || - || x. Thus
N N
an 2 in X and ZmnEB.
= n=1

Indeed, we have
N N N4
>z, <> anlly <3 22 <1
Y 2m
n=1 n=1 n=1
Using (ii), this shows that € B. It remains to see that the convergence also holds for the

norm ||-|ly. Let € > 0. Let Ny be such that 2V0 > =1, We claim that for all M > N > Ny

N

yN,M—*(Zﬂin*an) € B.

n=1
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Indeed, we have

fowarly = 1| 3 H<1§4:|||<1§4;1<1<1<1
YNMIY = Tn|l > = lznlly <= P Py A
€Nt € =N+ €l 2t €2 €270
Moreover, for N > Ny fixed we have
M 1 N
— 00
YNM — g(ﬂf - an)
n=1
N
Hence (ii) yields that %(m - Z a:n> € B, ie,
n=1
N
_ < >
Hm nga:nHY <e forall N> Ny.
This proves that the series converges with respect to || - ||y and ends the proof. O

We can now prove that the space BMO°¢ defined previously is a Banach space. We
apply Lemma 3.2.45 to X = Ly(M) and B = Bppee. Then by the definition of Bpyoe,
it is clear that the condition (ii) of the previous Lemma is satisfied. Moreover, since for
z € Ly(M) and each o we have ||z[2 < v2||z|| garoe (o), the condition (i) holds for D = v/2.
Hence the construction of the space BMQO€¢ defines a Banach space.

Theorem 3.2.46. Let 1 < p < 2. Then
(Hy)* = Ly MO with equivalent norms.

Moreover,
X Iz lze mo < Nlzllg)s < V2lzlre mo-

Proof. For 1 < p < 2, the proof is similar to that of Proposition 3.2.36. In this case we
use the isometric embedding iy : Hy, — Hj,(U), and by reflexivity of Hj(U) we have

* _ (Hu Hg(a)) = [, (H (o) =TI, Ly MO(o) = L MOW),
where the constants in the equivalence of the norms come from the discrete case, i.e.,

fllwll

-1

17, MOW) < Mol e @y <
For p = 1, the inclusion BMO° C (H{)* follows easily from the discrete case and the
density of Lo(M) in H. For the reverse inclusion we need Lemma 3.1.3. More precisely,
let p € (Hf)* be a functional of norm less than one. Since H{ embeds isometrically into
H{(U) via the map iy, by the Hahn-Banach Theorem we can extend ¢ to a functional of
norm less than one on H{(U/). By Lemma 3.1.3 we see that the unit ball of [],(H{(0))* =
[T, BMO¢(0) is weak*-dense in the unit ball of ([T, Hf(0))* = (H{U))*. Then there
—~—C
exists a sequence (z)y, where z* = (2)* € BMO (U) is of norm less than /3 for all A,
such that

o(y) = li;"ﬂ(zkliu(y)), Yy € HS.
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Applying this to y € La(M) we get

ply) = lim("|()") = limlim 7((22)"y) = lin (%)),

T,y

where 2% = &(2*) = w-lim,y 2 is in BMO® of norm less than /3. Since for all A we
have ||z’\HHM LoM) S \/§||z/\||HM BMO (o) < /6, the sequence (z), is uniformly bounded

in Ly(M). Setting x = w-limy 2z* in Ly we obtain ¢(y) = 7(x*y) for all y € La(M).
We can approximate the weak-limit = by convex combinations of the z*’s in the Lo-norm.
Since z* € v/3Bgae- for all A, the convexity of the unit ball of BMO¢ implies that any
convex combination ", ama™ is still in v/3Bgamee. Thus by the definition of By,
we obtain that x € v3Bgamoe. By the density of La(M) in HS this proves that ¢ is
represented by x and

|zl Bamoe < V31l e)+-

This duality implies the following result.

Corollary 3.2.47. Let 2 < p < oo. Let (x\)x be a sequence in La(M) such that
HHCAHL;;MO <1 for all A and v = w-limyxy in Ly. Then x € LyMO with HUUHL;MO <

N

Proof. Using Theorem 3.2.46 and the density of Ly(M) in Hj,, we can write

[zl Lsmo < Ap sup IT(z"y)].
yGLQ(M),HyHH;,Sl

Note that for all y € La(M), ||ly||#e, < 1 we have
p
IT(z"y)| < lim sup 7(z3y)| < \@limsl)l\P lzallgmollyllne, < V2.

Thus z € LyMO with [z om0 < V2. O
Combining Theorem 3.2.46 and Theorem 3.2.39 we immediately get the
Corollary 3.2.48. Let 2 < p < oco. Then
LyMO =H,,  with equivalent norms.
Remark 3.2.49. In particular, we deduce the following properties for Ly MO, 2 < p < oco:
(i) Ly MO is independent of the choice of the ultrafilter ¢/, up to equivalent norm.
(ii) Lp(M) is norm dense in LyMO.
(iii) For x € Ly(M),
l2llzgr0 = lim [z gm0 =~ lim |lfl g aro (o)

for every ultrafilter ¢{. In particular, up to equivalent norms, Ly MO is the comple-
tion of Ly(M) with respect to the norm limgy || - || ¢ a0(0)-

(iv) The || - || ¢ mo(o)-norm is decreasing in o (up to a constant).
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Note that for (iii), if z € L,(M) the fact that |[z| Lcrmo = [|[lxg combined with Lemma
3.2.25 ensures that limg ., [|z|[Le mo exists. Since for ¢ < p < r we have [|z|zemo <
HHCHL;;MO < ||#||zemo, sending ¢ and r to p we obtain that the limit is in fact equal to

2| e mo-

Concerning the case p = oo, we can also deduce some nice properties for BMO® from
Theorem 3.2.46.

Corollary 3.2.50. (i) BMO° is independent of the choice of the ultrafilter U, up to
equivalent norm.

(i) M is weak*-dense in BMO®.

(iii) For x € M,

[zllBmoe = sup  [|z][Lgmo < lim 2] Brroe (o)
2<p<oo ou

for every ultrafilter U.

(iv) The || - || Brproc(o)-nOTm is decreasing in o (up to a constant).
More precisely, for x € M and o C o' we have

]l Brroe(ory < 2M|2l Brroe(o)-

Proof. (i) and (ii) follow directly from Theorem 3.2.46 and Theorem 3.2.13, Proposition
3.2.33 respectively. For x € M and 2 < p < oo, it is trivial that |z[/Lemo < ||lz[lBMmoe-
Conversely, by the density of M in H{ we have

lzllsmor < V3llzlgey = V3 swp |r(a*y)l.
YEM, lyllres <1

Let € > 0. By Lemma 3.2.25, for each y € M, ||y[|3c < 1 there exists p(y) > 1 such that

HyHH;(y) <1+ ¢e. Applying Theorem 3.2.46 to J%y) + L

O 1 we get

(" y)| < V2|l

p(y)’

sollyllwe,, < V2(1+e) sup |lz]zgmo.
2<p<oo

Sending ¢ to 0, we obtain
sup [|z|[zsmo < |zllBros < V6 sup  [|z][Ls mo-
P 2<p<oo
Then by Remark 3.2.49 we deduce
c ™~ c ~ 1 c < 1 c .
|z llsrmo Sup [ s mo S L %] g rro(0) < Jlg}HmHBMO (@)

Finally, (iv) comes from the reversed monotonicity result for the H{(o)-norms by duality.
But this approach yields a constant v/12, which can be improved by a direct proof that
we include below. Let # € M and o C ¢’/. Fix u € ¢/, there exists a unique element
s(u) € o, satisfying s(u)” < u~ < u < s(u). Observe that for b € B(l2(0))®M we have
by contractivity of the conditional expectation

1€ulb = Eu-O)Plloe < 2(1€ulb |0 + [I€ul - (0)*lloo < AN Eu(Esguny B loo < 4l1Es(un) b1 [1oc-

Applying this to
b= Z eso @ dJ(z) € B(la(o))@M

s€o,s>s(u)
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we get

1€ulb = Eu-O) Pl 506s (015 = ‘gu( > ’df(b)‘Q)HB(gQ(g))@M

vEa v>u
Ew( D @R

s€o,5>s(u)

< A€ 16 5ta (0 )yEM = 4’

[e.9]

Recall that /
dg (x) if sm<vT<wv<s

dy (d3(2)) = { 0 otherwise

Note that for v € ¢/, v > u fixed there exists a unique element s(v) € o satisfying s(v)~ <
v™ < v < s(v). Moreover, s(-) is monotonous, i.e., v > u implies s(v) > s(u). Hence

(b)) = Y eso®d] (d(x)) = ey 0 @ dJ (z),

s€o,s>s(u)

and

At the end we showed that for each u € ¢/,

g > @)

vEo w>u

su(v > u|dz’<b>12)HB(w))®M = |

o0
O./

W

[Eulz — €, () 2|22 < 2|zl Baroc(o)s

which yields the required result by taking the supremum over u € o. O

Remark 3.2.51. At the time of this writing, we do not know if for z € M we have
2] BMmoe EILI} 1zl BrOe (o) -

We end this subsection with the following characterization of the Ly MO-spaces. Ob-
serve that this characterization also holds true for p = oo, hence this allows us to consider
the spaces Ly MO and BMO® in a similar way.

Proposition 3.2.52. Let 2 < p < oo. Then the unit ball of Ly MO is equivalent to

Bp = {J} S LQ(M) L= Lg-lim.’L’,\, lime)\HLCMO(J) S 1, \ )\}
A oU p

Proof. For p = oo, it is obvious that By, C Bpymee. For 2 < p < oo, Corollary 3.2.47
implies that B, C \/ﬁ)\pBch) mo. Conversely, let x € Bremo. 1t suffices to consider
& = w-limyy To in Ly with [|24 | e p0(0) < 1. For a fixed partition o', since the L MO(0)-
norms are decreasing we have

102129 %6/ || s pr0(0) < Epll@or | Lemo(or) < Kp-

Moreover, the family (2, ), is uniformly bounded in Ly(M). Then x is the limit in Ly-norm
of convex combinations of the z,’s. Let y = )", aupzsm be such a convex combination,
then

lim 1yl Leno() < %:am limn [zom | Lemo(o) < Fp-

Hence x € kpB,,. O
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3.2.7 The Hardy space H,

The whole theory developed previously for the column spaces still holds true for the row
spaces. Indeed, by considering the adjoint we get the analoguous results for ;. In this
subsection we discuss the combination of the column and row Hardy spaces. We start
with the analogue of Theorem 3.2.7 in our setting. Then we discuss briefly the space Hi,
and give another characterization for this space.

Burkholder-Gundy inequalities

Our aim is to establish the analogue of the noncommutative Burkholder-Gundy inequalities
in the continuous setting. The approach we will use is philosophically close to arguments
from nonstandard analysis. Indeed, we will derive the result for continuous filtrations
as transfer from finite partitions. More precisely, we will first prove the inequalities for
the ultraproduct spaces and then will transfer it to continuous filtrations by applying the
conditional expectation &y, which coincides with the weak-limit (this corresponds to the
standard part operation in nonstandard analysis). Let us first give the natural definition
for the Hardy space H,,.

Definition 3.2.53. Let 1 < p < co. We define

24— Hf,—i—'H; for 1<p<?2
P Hy N'H, for 2<p<oo ’

where the sum is taken in L,(M) and the intersection in Ly(M).

Observe that for 2 < p < 0o, by applying the noncommutative Burkholder-Gundy in-
equalities in the discrete case for each partition ¢ and taking the limit in ¢ we immediately
obtain

[ z]lp >~ max (|||, [[<]l+;) for z € Ly(M).

This means that
Ly(M) = (M) 1676 for 2 < p < .

However this result is too weak, we would like to prove that L,(M) = Hj N H, for
2 < p < co. To obtain this stronger result, we use a dual approach and first consider the
case 1 < p < 2. The Burkholder-Gundy Theorem 3.2.7 for 1 < p < 2 in the discrete case
applied to each partition ¢ immediately implies the analoguous result for the ultraproduct
spaces introduced in subsection 3.2.3. Recall that for 1 < p < 2 we defined Jy : ﬁ;;(u ) —
Lp(Mvu), the (non necessarily injective) ultraproduct map of the componentwise inclusions.
We can similarly consider Jj, : ﬁ; (U) — Ly(My). For the sake of simplicity we will denote
these two maps by the same notation J, in the sequel.

Proposition 3.2.54. Let 1 <p < 2. Then
Lp(ﬂu) = Jp(ﬁg(U)) + Jp(ﬁl’;(l/{)) with equivalent norms.

Moreover,
—1 _ _ _ _
ap ||x||H§(U))+H;(M) S ||Jp(x)”p S ﬁpHxHH;(L{))—&—H;(u)
By the characterization of L,(My) given in Lemma 3.1.7, we see that the map J,

preserves the regularized spaces by mapping H;(U ) and H;(U ) to L,(My). We can now
state the analoguous result for the regularized spaces.
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Proposition 3.2.55. Let 1 <p < 2. Then
Lp(My) = Jp(Hy(U)) + Jp(H,(U))  with equivalent norms.

Proof. The inclusion Jp,(H;(U)) + Jp(H,(U)) C Ly(My) is trivial. Conversely, let z €
L,(My) be such that ||z||, < 1. Then by Lemma 3.1.7 we can find a sequence (z,)p>1
such that for each n, there exists p, > p satisfying

(i) =, € Lpn(ﬂu) and || Ip,, p(7n)llp < %?

(i) = ZnZl Iy, p(Ts) in Lp(/ﬁu)-
We may assume in addition that
(ili) for all n > 1, ||z lp, < 5.

Indeed, since I, ,(x,) € Ly(My) and My, is finite, we have

1
HIpnp(xn)”p = hm 1 Pn, q(xn)Hq < o
=p

Thus there exists g, > p such that || I, 4, (%n)|lg. < - If Pn < g then we get the required
estimate, otherwise we replace p,, by ¢, and x,, by I, 4.(zy) to obtain the assumption.
We can also suppose that p,, is not too large, say p < p, < 2p. We now apply Proposition
3.2.54 to each z,, and p,. For all n > 1, there exist z{, € ﬁgn (U) and z, € ﬁ;n (U) such
that

Tn = Jp, (27,) + Jp, (27,)
and

fobuﬁgn(u) + szuﬁgn(u) < aananPn < O‘Pn277
where the last inequality comes from assumption (iii). Then |1, (7). w < apn%n
P

and the series >_, > I, »(77,) converges in HC(U ). We have the similar convergence for z},
and we set

x€ —lemp GHC(L{) and 2" —len,p )GHT(U)

n>1 n>1
On the one hand we have
N —~—
Z pnp(Zn) N=%0p in L,(My).
n=1

On the other hand, since I, , o J,, = J, 0 I, ;, and by the continuity of J,, we can write
for N >1

N N N
Z pnp(Tn) Z Iy, p( n)) + Z Iy, p(Jp, (77,))
n=1 n=1 n=1

N
= Jp( Z s ) + Jp( Z Im,p@%))

%0 Jp(29) + Jp(27) in Ly(My).
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Finally, by the uniqueness of the limit we obtain
x = Jp(z°) + Jp(z")
with

HfECHH;,(u) + HZL‘THHg(z,{) sup ay.
p<q<2p

O

We can now establish the noncommutative Burkholder-Gundy inequalities in the con-
tinuous setting.

Theorem 3.2.56. Let 1 < p < oco. Then
Ly(M) ="H, with equivalent norms.

Proof. For 1 < p < 2, we apply &, to Proposition 3.2.55. Since &, is bounded on Hg(Z/{)
by Proposition 3.2.38, it suffices to observe that the following diagram is commuting

L Lp(Muy) .
i [«
H, Ly(M)

This diagram is obviously commuting on Lo, hence everywhere by the density of Ls in the
considered spaces.

The case 2 < p’ < oo follows by duality. Indeed, by the density of Ly(M) in both
spaces H;, and H,, for 1 < p < 2, the intersection H;; N 'H;, is dense in H and H;,. Then
the dual space of the sum is the intersection of the dual spaces, and Theorem 3.2.39 implies
that

(Hy +Hy)" = (Hp)" N (Hy)" =Hy NH,y

with equivalent norms. Finally, the duality (L,(M))* = L,/(M) and the first part of the

proof yield the Burkholder-Gundy inequalities for 2 < p’ < oo. Since the case p = 2 is
trivial, this concludes the proof. O

Fefferman-Stein duality for H,
Let us describe the dual space of H,, for 1 < p < 2 as follows.
Definition 3.2.57. Let 2 < p < co. We define

LyMO = LMO N LyMO,

where the intersection is taken in La(M) and the norm is given by the usual intersection
norm

2]l 2, mo = max ([[z]lgrmo 5 2]l Lpmo)-
For p = oo we use BMO instead of LoocMO.

Remark 3.2.58. Observe that by Remark 3.2.49 (iii) we have for z € L,(M)

I12llz,mo = lim [lz|z,mo = 10115} |2llz, o) for 2 <p < oo.
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Since L2(M) is dense in Hy and H; for 1 < p < 2, we see that the intersection
H, N'H,, is also dense in ‘H; and in H;,. Hence by definition of H;, and Theorem 3.2.46 we
immediately get the following duality.

Theorem 3.2.59. Let 1 < p < 2. Then

(Hp)" = Ly MO  with equivalent norms.

Another characterization of H;

We end this subsection with a discussion on the space H;. For x € Ly(M) we consider

e, = 1im el
Then the inequalities
Azl < e

ensure that this defines a norm on Ly(M). Since the H,-norm is decreasing in p, the limit
is in fact an infimum, which exists for |z|y, is then a decreasing sequence bounded by
below.

< Ml

Definition 3.2.60. We define the space H1 as the completion of La(M) with respect to
the norm || -

7'21'

It is clear that ||z, < [[z|y, for z € Ly(M). We show that these two norms are

actually equivalent by using a dual approach. We fix an ultrafilter V on [1, 00) containing
the filter base {]1,14+ 1] : n > 1}. Note that if (a,)p>1 is convergent as p — 1, then
lim;, .1 a, = lim,y a,. We will need the following fact, which is a direct consequence of
Lemma 3.2.25.

Lemma 3.2.61. Let (z,),>1 be a uniformly bounded family in La(M) and set v =
w-limyy ), in La. Then

Izl ey < L[|l -
Proof. By the density of La(M) in H{ we can write
“y)l

2l ¢72)- = sup I (z"y)| = sup |l 7 ().
YEL2(M),lyllyes <1 yEL2(M).[lyllps <1 PV

For e > 0 and y € La(M), [ly|[xe < 1, by Lemma 3.2.25 there exists p(y) > 1 such that
HyHH;(U) < 1+4e. Then for 1 < p < p(y), Theorem 3.2.39 implies

r@i)| < gl -l < Iyl (1+2)

p(y) —

Sending € — 0 and taking the limit in p over V we get the result. O

We can now prove that this new Hardy space H1 coincides with H;.
Theorem 3.2.62. We have

Hi=Hy isometrically.
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Proof. We will prove that (H1)* C (H1)* contractively. Then we will get the inequality
[2ll3, < [lzll3,. Since the reverse inequality is trivial on La(M), we will obtain that
71, = llZ|lny for z € Lo(M). By the density of Ly(M) in Hy and Hy, we will get the
required result. Let ¢ € (Hi)* be a functional of norm less than one. Observe that we
have an isometric embedding

[Ez

defined by iy (z) = (x)® for x € La(M). Since by Lemma 3.1.3, the unit ball of [],,(H,)* is

weak*-dense in the unit ball of (HV Hp) , there exists a sequence z* = (2)* € [[y(H,)*
such that

lpiqf}IIZ?H(Hp)* <1 forall A and @(y) = lim(zYiv(y), Vye€Hi.

Applying this to y € La(M) we get

— T 1 AEoN T Ay
#(y) = limlim 7((2)"y) = lim (7)),
where z* = w-lim,, ) z};\ in Ly(M). Note that this weak-limit exists for the family (z;,\)p is

uniformly bounded in Ly. Finally, since the family (z}), is also uniformly bounded in Lo,
we set z = w-limy 2* in Ly(M). Then

o(y) =1(2"y), Yy€& Ly(M).

Since Lo(M) is dense in H;, ¢ is represented by z and it remains to show that z € (H)* =
(H§ + HY)* = (H)* N (HY)*. By the density of Ly(M) in HS, it suffices to show that
2 € (H$)* with relevant constant independent of . The row estimate is similar. Lemma
3.2.61 yields
A ; A
¥ e < i 122 gy < 1,

and this ends the proof. O

An immediate consequence of Theorem 3.2.62 is that the space H, embeds into Li(M).
This characterization will be useful for some approximation arguments in the sequel.

3.3 The hj-spaces

In this section we consider the conditioned version of Hardy spaces, and study their con-
tinuous analogue. We will follow the same approach as for the Hj-spaces in the previous
section. Since the theory of h7-spaces is similar to that of Hj-spaces, we will not detail all
proofs and will emphasize on the main differences.

3.3.1 The discrete case

As in section 3.2, we start by recalling the definitions of the conditioned Hardy spaces
of noncommutative martingales in the discrete case and some well-known results. Let
(My)n>0 be a discrete filtration. Following [24], we introduce the column and row condi-
tioned square functions relative to a (finite) martingale = (2 )n>0 in Loo(M):

se@) = ( 5 Eatlda(@))” and s(a) = ( 3 Eutldale) )",
n=0 n=0
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where by convention we set &1 = &. For 1 < p < oo we define hy (resp. h;) as
the completion of all finite Loo-martingales under the norm |[|z|ns = |[|sc(z)lp (resp.

[2|lny = |lsr(z)]lp). Let us also introduce the diagonal space hg, defined as the subspace
of £,(L,(M)) consisting of all martingale difference sequences. Recall that ¢,(L,(M)) is
the space of all sequences a = (an)n>0 in L,(M) such that

o0

1/p
lalleyzpomy = (3 lanllz) ™ < oo,
n=0

with the usual modification for p = co. The conditioned Hardy space of noncommutative
martingales is defined by

p

[ Mg for 1<p<?
P hgﬂhf,ﬂh; for 2<p<oo

It was proved in [20] that for each n and 0 < p < oo, there exists an isometric right
My-module map uyp : Ly(M; Ey) — Lp(My; €5) with complemented range such that

Un,p () tnq(y) = En(a™y), (3.3.1)

for all z € L,(M;&,) and y € Ly(M;E,). More precisely, for 0 < p < oo there exists a
contractive projection Q,,,, defined from L, (M,;¢5) onto the image of w,,, such that for

all € € Ly(Mo: £5)
Qnp(§)" Qnp(§) < 7€ (3.3.2)

For 1 < p < 0o we know that
Q;’p == Qn,p’- (333)

In the sequel for the sake of simplicity we will drop the subscript p in u,, and @y . This
proves that hg isometrically embeds into Ly,(M; (5 (N?)) via the map

T — Z €n,0 ® Up—1(dp(x))
n>0

{ hp — Lp(M; 65(N?))

Furthermore, Ay is a complemented subspace of L, (M; £5 (N2)) for 1 < p < co. Indeed, we
can define a projection

P Ly(M; t5(N?)) — hy,

as follows. For &€ = 3, en0 ® & € Ly(M;L5(N?)), for all n > 0 we have &,1(&,) €
L,(Mp—1;¢5(N)). We may apply the projection Q,,—; and obtain for each n an element
Yn € Lp(M) satisfying

anl(gnfl(én)) = unf1(yn)- (3.3.4)

Then we set

n>0

It is clear that P ou = idpg, i.e., that P is a projection from L,(M; £5(N?)) onto hy.
Moreover, we can show that this projection is bounded for 1 < p < oc.

Lemma 3.3.1. Let 1 < p < oo. Then h is y,-complemented in L,(M; (5(N?)).
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Proof. Let £ =3, €n0 ® &, € Ly(M; €5(N?)). First observe that for all n > 0 we have
Enaldn(yn)l® < Enlynl” (3.3.5)
Indeed, for n = 0, since by convention £_; = & and dy(yo) = Eo(yo), we have
&oldo(y0)” = |€0(yo)|* < Eolyol*.

For n > 1, we can write

‘S’n—lldn(?/n”2 = gn—l(|5n(yn)|2 - |5n—1(yn)|2)
< En-1(1E(yn)*) < En1(Enlynl®) = En-1lyal*.
Moreover by (3.3.4) and (3.3.2), we have for all n > 0

gn—1|yn‘2 = |un—l(yn)|2 = |Qn—1(gn—1(§n))‘2 < |gn—l('5n)|2- (336)
Combining (3.3.5) with (3.3.6) we obtain
En-1]dn(P(E))* = Enildn(yn)|? < |En1(&)P, Y > 0. (3.3.7)

The noncommutative Stein inequality implies

1Pl = (X Ealdatwn)P) Dl = | enatenr)
n>0 n>0

<l (S 16?) ]| = ol otz

n>0

O

Since (L,y(M; 65(N?)))* = L,y (M; €5(N?)) isometrically for 1 < p < oo, we deduce from
Lemma 3.3.1 the following duahty result.

Corollary 3.3.2. Let 1 < p < oco. Then
(hp)" = hyy  with equivalent norms.

Moreover,
Yo lzllne, < el < lllne, -

Remark 3.3.3. Observe that for 1 < p < oo we have P = u*. Indeed, for z € hj, and
€ € Ly (M;t5(N?)) we may write

(POIx) = 3 (dn(yn)"du(@)) = 2 701 (@)
—z En1(y5dn())) '
:ZT Un—1(Yn)*Un_1(dn(z))) by (3.3.1)
= iT<Qn_1<en_1<§n>>*un_1<dn<x>>> by (3.3.4)
—z En1(€)" Qo1 (un1(dn(2)))) by (33.3)
—Z En1(6n) tn-1(dn())) = Y T(&run—1(dn(x)))
 (€fua)). :
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The analogue of the Fefferman-Stein duality for the conditioned case was established
independently in [21] and Chapter 1. For 2 < p < co we introduce

Lymo = {z € La(M) : [z Lgmo < o0},

where

1/2
el gm0 = max (|€0(a), » llsup*Enla — znlll)5).

For p = co we denote this space by bmo°.

Theorem 3.3.4. Let 1 < p < 2. Then

(hy)" = Lymo  with equivalent norms.

Moreover,
vpllzllze,mo < lzllngy < V22l Le,mos

where v, remains bounded as p — 1.
Combining these two latter results we obtain

Proposition 3.3.5. Let 2 < p < oo. Then
h, = Lymo  with equivalent norms.

Observe that we can extend Lemma 3.3.1 to the case p = oo in the following sense.
Lemma 3.3.6. Let 2 < p < co. Then P : L,(M;(5(N?)) — Lmo is bounded.

Proof. Let £ =%, eno ® & € Lp(M; 65(N?)) and z = P(£). On the one hand, by (3.3.7)
for n = 0 we have

1/2
[€0(2)llp < 1€0(E)ly < Weollp = (160l")*llp < [[( 30 1&nl®) " = lellz,canesimy

n>0

On the other hand, note that by (3.3.7), for each n > 0 we have

Enla —wal? = Ea( Y Eraldi(@)?) < Ea( X €1 (&0)?)
k>n k>n
< sn( kz Erl&l?) = sn(gl &x[?) (3.3.8)
k>0

Since 1 < § < 00, the noncommutative Doob inequality gives

[sup* €l = [0 < |[sup*€n (Z\m )| /zuzwm I, > = 8o/ llZ, crnaseeyy
Thus we get
IP©)llzgmo = 2]l gmo = max (|€o(@)lly , Isup™*Enle—eal’l})5) < max(L, 8,72 €], vesre)-

O]
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We end this subsection with the noncommutative Burkholder inequalities proved in
[24].

Theorem 3.3.7. Let 1 < p < oo. Then
Ly(M) = h, with equivalent norms.

Moreover,
-1
b 1l < llzllp < mpllzln,-
Remark 3.3.8. It is important to note that 7, remains bounded as p — 1, i.e., for p =1
we have a bounded inclusion hy C L1(M).

3.3.2 Definitions of Hg, h? and basic properties

As in the previous section, we fix an ultrafilter . For o € Pg,([0,1]) and z € M, we
define the finite conditioned bracket

(x,2)0 = &-|d7 (x)?

teo

(recalling our convention that &- = &). Observe that ||<a:,:r>a|\;g = [|#|[ng (o), where
hy(c) denotes the noncommutative conditioned Hardy space with respect to the discrete
filtration (M;)ieo. Hence the noncommutative Burkholder inequalities recalled in Theo-
rem 3.3.7 and the Holder inequality imply for each finite partition o and z € M

_ 1/2

el < e a)ll)s < alle for1<p<2 539
1/2 . ..

lele < Mool < mpllzll,  for2<p<oo

Then, adapting the discussion detailed in subsection 3.2.2, for x € M and 1 < p < oo we
may define

° 1/2 .
(o, 2)u = &u(((z,2)0)*) lzllg, = ||<$,$>u\|p§2 and  ||z([ne = lirn 1% g (o)

The properties of the conditional expectation & imply the analogue of (3.2.3)

ozl < Dzl < 2l <0l for1<p<2
b . (3.3.10)
Izl < llolly, < llzllng < mpllel,  for2<p<oo
Hence || - [l and || - [[ng define two (quasi)norms on M. As for ﬁ;’; and Hj, these
p

(quasi)norms a priori depend on the choice of the ultrafilter . We will show that they
actually do not, up to equivalent norm, and simply denote || - [ and || - [|ne.
p

Definition 3.3.9. Let 1 < p < co. We define the spaces /H; and hy as the completion of

M with respect to the (quasi)norms || - ||, and || - [|ns respectively.
p
As for ﬁ;, we may equip Hg with an L, M-module structure and show that || - ||, is
p

a norm for 1 < p < co.

Remark 3.3.10. In this case we also have

R T llne
{ Lo(M) " for1<p<2 and h;:{ Lo(M)"™  for1<p<2

he = A La(M)
8 Lp(,/\/lf)H “ﬁg for 2 < p < o0 Lp(/\/l)” I for 2 <p< o
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In the conditioned case we still have some monotonicity properties of the discrete
norms, but the monotonicity is inversed. That is an important difference with the H7-
case.

Lemma 3.3.11. Let 1 < p < 0o and o € Pgy([0,1]).

(i) Let 1 < p < 2. Let ol,--- oM be partitions contained in o, let (am)1<m<m be a
sequence of positive numbers such that Y, oy = 1, and let z*,--- ,2M € Loy(M).
Then for x =3, aymx™ we have

1/2

M
[ )<2/pHZam " m>(,me/2.

In particular for x € Lo(M) and o C o’ we have

|2llng o) < 2P llllng o) -

Hence
. 1/p -
inf [|z]lpe (o) < [lz]lng <2 /”Hgf 1] e (o)
(i) Let 2 < p < oco. Let o', 0™ be partitions containing o, let (m)i<m<m be a
sequence of positive numbers such that Y., am = 1, and let z,--- 2™ € L,(M).

Then for x =3, apmx™ we have

M
lllng (@) < 0305 z_lamw

In particular for x € Ly(M) and o C o' we have

1/2
me/g'

%] (o) < 5/p/2|\x||hc Y
Hence )
—1/2
5/p/2 sup 1% hg (o) < llzllng < Sup 1% g (o)

Proof. We first consider 1 < p < 2. On the one hand, the operator convexity of |- |? yields

el = | S <[ ¥ antetazemr],

On the other hand, for 1 <m < M and t € ¢™ fixed we denote by I; the collection of s € ¢
such that t~ < s~ < s < t. Then for m fixed, U,c,m It = 0. Note that for 1 <m < M
and t € 0™, we can split up the interval [t7,¢] in the subintervals [s~, s] with s € I; and
by the martingale property (and ¢t~ < s7) we have

E-|do™ ( =& | Y I \ =& (X &ldg@m™)). (3.3.11)

scly sel;

dO’

"1,

Then (3.3.11) implies

Zam<xm,xm>0m = Zam Z & (Z 587|d§(:cm)\2)

teo™ sel;

= > & (o) (@mE1dI (z™)]7),

m,s€o
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where t,,(s) denotes the unique t € 0™ which satisfies t~ < s~ < s < t. We can rearrange

the set {1,---, M} x o so that (th(s)—) : becomes an increasing sequence of von
m,s

Neumann algebras. Thus we can apply the dual form of the reverse noncommutative
Doob inequality for 0 < & < 1 (Theorem 7.1 of [24]), and obtain

lols o) < | 2 emEolds @™l [
<22/pHm§8205t ()~ (&= |dT (&™) )Hp/2

= 22/17H Z am (™, ™) gm Hp/Q.

We now turn to assertion (ii). In this case, since o C ¢™, for t € o and m fixed we denote
by I the collection of s € o™ such that t~ < s < s <t. Then for m fixed, ;c, It = 0™
We observe that

&-|di (= Z aman€i-(df (2")*d (a")).

m,l=1

By Cauchy-Schwarz, we deduce that

I2llgio) = | 2o 8- (a7 P,
teo
o 1/2
| £ ot (e T T awané (@],
- teza;mamgt(’df(fcmHQ)Hp/Q'

Note that in the first term the summation over [ disappears by using ) ;a; = 1, and in
the second one the summation over m disappears similarly. For ¢ € ¢ and m as (3.3.11)

we can write
E-(|df (= =Y &-(dg" (@™)).
SEI’”

By the dual version of the noncommutative Doob inequality for 1 < L < oo, we deduce
that

| 3 ané-tdzmP)| S ang (4 @)

teo,m p/2 teo,m,sel]”

p/2
-[Ee (% “mgs‘('dgm($m>‘2>)”p/z
AT E e

M
— m m
= Hmzﬂozm(x , T )Ume/Z.

This ends the proof. O

The independence (up to a constant) of hy on U follows immediately.
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Theorem 3.3.12. For1 < p < oo the space hy, is independent of the choice of the ultrafilter
U, up to equivalent norm.

Like for H, in Lemma 3.2.14, we have the

Lemma 3.3.13. Let 1 < p < oo. Then hy is reflexive.

3.3.3 Ultraproduct spaces and L,-modules

As in subsection 3.2.3, we introduce the conditioned ultraproduct spaces and their regular-
ized versions, into which we will isometrically embed the conditioned Hardy spaces defined
in the previous subsection. We first define the ultraproduct of the column L,-spaces with
double indices.

Definition 3.3.14. Let 1 < p < oco. We define

ke(U) = I, LM t5(0 x N)) - and ki (U) = KeU) - eu,

where the point denotes the right modular action of ./qu on E;,(Z/{)

For p = oo, the definitions of kS (U) and kS, (U) are similar to that of K< (U) and K& (U).
Then E;(M) is an Ly My-module, ko(U) is an L, My-module and all the results we

proved for fg(u ), K5(U) in subsection 3.2.3 still hold for Eg(u ), ko (U). Let us now define

the subspaces of these ultraproduct spaces consisting of martingales.

Definition 3.3.15. Let 1 < p < co. We define
M-Ik~

)

heU) = [L,75(0) and o) = U Iﬁp(ﬁg(u))

where I H%(L{) — Eg(Z/{) denotes the contractive ultraproduct of the componentwise
inclusion maps.

Remark 3.3.16. 1. Observe that for 1 < p < 0o, the map 4y extends to an isometric
embedding from hg into hg ().

2. Adapting the discussion of Remark 3.2.21 (2), we see that the map & is well-defined
and bounded from h$ (i) to L,(M) (resp. La(M)) for 1 <p < 2 (resp. 2 < p < 00),
but not necessarily faithful.

Let us now detail the isometric embedding of ﬁg(Z/l) into E;(Z/l) For 1 < p < o0, we
consider U = (u,)®, the ultraproduct map of the isometric inclusions

hy(o) —  Lp(M;£5(0 x N))
Ug : x — Z et0 ® u- (df (z))

tco

and P = (P,)®, the ultraproduct map of the projections

b [ LMt x V) — (o)
7 § — Py ()

defined in subsection 3.3.1. Note that

z=P(U(z)) forzehiU).
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Then U : ﬁ;(U) — E;(Z/l ) is still isometric and P is bounded for 1 < p < oo. Moreover U
and P preserve the regularized spaces, i.e.,

U:heU) — koU) and P kSU) — hSWU).

Hence we get the complementation and duality results analoguous to Lemma 3.2.22 and
Corollary 3.2.23 for the conditioned spaces. Observe that we have P = U* for 1 < p < oc.
We still have the following crucial density result for hf(U/).

Lemma 3.3.17. Let 1 <p < 2. Then La(My) is dense in ho(U).

Proof. The proof is similar to that of Lemma 3.2.24. By the same regularization process

it suffices to consider 1 < p < 2. Let x € hj({) and € > 0. Then § = U(z) € kj(U). Then

for £ > 0 there exists n € kS (U) such that [|£ — 77||FC(L{) < e. Hence n € kS, (U) C k§(U)
P

and a = P(n) € Lay(My) satisfies
I~ alf g = I1P©) ~ Py < Wl ~lle g < -

O

To sum up, for 1 < p < oo, hy embeds isometrically into the L; My-module k;(u ) via
the map
Uoiy :hS 4 he ) -5 k).
Similarly, we can embed isometrically the space HIC) into the L, M-module E‘j defined as
follows. For 1 < p < oo and &, € kj(U), we consider the L,,/5(M)-valued inner product

<§7 77>/k\§(2/l) = glxl((éa 77>]Z§(u)) € Lp/2(M)7

and the associated norm
R o R 1/2
||£||k§(1/{) - || <£7 £>k;(1/{) ||p/2'

Definition 3.3.18. Let 1 < p < co. We define

. KT 59 for1<p<2
DU = D
ke(U) for2<p< oo

The map U o iy defined for x € M by

Uoiu@) = (X evo ® u- (@ ()’

t€o

extends to an isometric embedding of EIC, into EC,(Z/{) By super-reflexivity of the L, M-
module E;(U ), we deduce

Lemma 3.3.19. Let 1 <p < oco. Then Hfo is reflexive.
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3.3.4 ho=he

In this subsection we show that in the conditioned case the two spaces Hf, and hy also
coincide. In particular we will deduce that, up to an equivalent constant, these spaces do
not depend on the choice of the ultrafilter .

Theorem 3.3.20. Let 1 < p < oco. Then
with equivalent norms.

Theorem 3.3.12 immediately yields

Corollary 3.3.21. For 1 < p < oo the space Hg is independent of the choice of the
ultrafilter U, up to equivalent norm.

We follow the same approach as in the proof of Theorem 3.2.28. We first consider the
case 2 < p < oo and prove the following complementation result.

Lemma 3.3.22. Let 2 < p < oo. Then the map &y o P : EIC,(Z/{) — hy is bounded.

Proof. First note that since ki (i) is dense in /IZ;(Z/{ ), it suffices to consider

§= (Zet,o ®§o(t))' € ki (U) such that H§||Ec]( = |I(¢, €>kf(u H;g <

teo

where &, (t) € Ly(M;€5). Then &y o P(§) is well-defined, and z = & o P(£) = &u((z4)®),

where
10)" = (St (o (1)))” € hiua).

tco

Recall that for o and t € o fixed, y,(t) is defined by

U (Yo (1)) = Q- (&~ (& (1)))-
Fix a partition og. On the one hand, Lemma 3.3.11 yields for each o D o

1/2
|0 lIng () < 01/ sll%allng (o) < C0),

where C(p) depends on [|{[lks@s). We see that (z4), is uniformly bounded in the reflexive
space hg(ag). Thus the weak-limit in hy (o) exists and coincides with &,((2)*). Then we

may approximate &((z,)*®) by convex combinations of the z,’s in hj(og)-norm.
On the other hand, since (¢, f) ) € Ly, j2(Muy), (&, f)ﬁc = &u((& (u)) coincides with
P

the weak-limit of the elements <§g,§g>Lp Mits (o xN)) Ztea &5 (8)|? in L,/2(M). Then,
by considering the weak-limit of the elements (xg,ztea £5(t)|?) in the space hf(oo) @
Ly/2(M), for e > 0 we can find positive numbers (a,)3_; such that 3, o = 1 and

partitions o, - -+, oM satisfying
M
= - Z AT gm <e and {6850~ 2 am Y (O H <e (33.12)
m=1 hc(oo) m=1 teo™
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We first note that by the operator convexity of |- |? and (3.3.11) we have

S M - 21/2
H’mz:lamxgm h}c)(o.o) = tgo;ogt—‘ Z Oémdt (Qfom) Hp/2
<[ 35 i i
tGUom 1
=2 Z amé- (3 65_|d§m(xc,m)|2>Hl/2
t€Eog m=1 Se_[gn p/2
J 1/2
= |3 ané (X Eld” (o (s )H
t€op m=1 selm

where for m and t € g, I]* denotes the collection of s € ¢™ such that ¢t~ < s~ < s <t
Applying the dual Doob inequality we get

I 1/2 1/2
Hmzzzlamxgm 5’p/2” Z:Omz:lam ezl;né’s 1dS" (yom (5))|? H
A Z i 3 &7 (0o () e

Moreover, for m and s € o™, by (3.3.7) we have

Ex1d" (yor (5))* < |E,-(Eom (5))]%.

Then the noncommutative Stein inequality implies

M
|35 oo
m=1

Hence by (3.3.12) we obtain

o <O S 3 et

sEom

M
[ lng o) < &+ | 3 am

‘h}i(ao) < e+ 8 Z Om Z S (s H
,1/2 *

<e+d + €1, )2
s ¢ /27]?(5 ||£” g(u))

Sending ¢ to 0 ends the proof. O

Proof of Theorem 3.3.20. For 2 < p < oo, the proof is similar to that of Theorem 3.2.28
by replacing ¢ and D by U and P respectively. Indeed, we use the fact in this case that
for € M we have x = & o PoU oiy(z) and |z|, = ||Uo il/l(x)ch(u)- For 1 <p <2,
we will use the same trick as in the proof of Lemma 3.2.32. Let us f;dapt this argument
for Hf, We fix ¢ > 2 and in the sequel we will consider Hf, as the completion of L,(M).
We consider the same index set

T = Prn(Lo(M)) x Prn([0, 1]) x R,
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and construct similarly the ultrafilter V on Z. As in subsection 3.2.4, for each i =

(F,04,¢) € T we can find a sequence of positive numbers (a,(1)),,~ (z) such that >, amy =1
1 M(2)

and finite partitions oj,--- ,0; containing o; and satisfying for all xeF
M(7)
w-lim{x, x), — am(i)(x, T <e.
-t - R w011,

In this case we consider the Hilbert space H; = Eg(Umiegm{t} X N) equipped with the
norm

M{(i 1/2
I€meircmentyieom jenllm = (D am@ Y 1émaP?) "
m=1

teo™ jEN

Then ﬁg embeds isometrically into []y, L,(M; HS) via the map x € Lg(M) — = = (Z(7))*,
where

M (4)
(i) = Z Z em.0 ® o @ uy— (dy* (a:)) if i = (F,04,¢) such that x € F
- m=1teol :
0 otherwise
We will show that R
(h]‘;)* C (h;)*. (3.3.13)

Let ¢ € (ﬁg)* be a functional of norm less than one. We may assume that ¢ is given by
an element § = (£(7))® € [Iy Ly (M;HS) of norm less than one, with

M)
= Z Z em,0 X ero® gm,t(i)7
m=1teo]"
where &, (i) € Ly (M;05(N)). Fix i = (F,04,¢) € Z and 1 < m < M (i). We set
Zm (i) = Pcr{”(fm(i)) € Ly (M),

where &, (1) := Dteom €m0 ® €10 ® Em(i) € Ly (M;€5(0]" x N)). Then we consider

Zam 1)2m (i) € Ly (M).

We claim that z(i) is a martingale in Lj,mo(c;). The crucial point here is that by Lemma
3.3.6 the map Py : Ly (M;£5(o7" x N)) — Lg,mo(o7") is bounded for 2 < p’ < co. More
precisely, on the one hand, (3.3.7) for n =0 1mphes

[€0(zm (D) < |€0(Em,0(0))I” < Eolémo (D). (3.3.14)

On the other hand, by (3.3.8) we have for all s € ¢} (and in particular for all s € o; C o))

Exlem (i) = Ex(am(D)* < & 3 eme(i)?). (3:3.15)

team

The operator convexity of the square function | - | yields

‘50 ‘Zam 80 Zm Z ‘ < Zam ‘50 zm ))‘2a
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and for each s € o; we get

Eslz(1) —

i) (2m () — ES(Zm(i)))‘Q < Zam(i)‘gs,'zm(i) - SS(Zm(i))F-

(3.3.16)
Then using (3.3.14) we obtain

Eo(=(0))* < 50(Zam [€m o)),
and the contractivity of the conditional expectation & on L, /5 implies

< Hzam |5m0

= 1€ Iz, (M-

1€0(2(D)l < H€0<Zam )emo(i) )12
<| X antleniir?

m,teo"

p’2

Moreover (3.3.15) gives

El=(D) = £GP < &( Y am(i)léma@)?).

mteo]”

By the noncommutative Doob inequality we obtain

Isup*&,l2(5) = £ (@) /2 < s Eo( 3 am@lmi()I)

s€0; mitEo”

<oyl D am@)émii)

m,t€o”

p'/2

p'/2
= 8y 2ll€C)1Z L (MHE)-

Hence
2@ e, moton) < max(L, 8,/ ) IEWL,, vie)-

In particular, we see that the family (z(7)); is uniformly bounded in La(M). We set
z = w-lim;y 2(i) in Ly(M). We claim that z € (h5)* with

12l ng)= < \/imax(l,éi//é)ng”nv L (MHe)- (3.3.17)

By the density of La(M) in hy it suffices to estimate |7(2*z)| for all x € La(M) with
”33||h;, < 1. Note that
[2[lhe = 111151 HJUHh;(ai)- (3.3.18)

Indeed, for all 6 > 0 and = € La(M), by definition of the h-norm we have
— {0 € Panl(0,1]) ¢ [[2lng — llnso)] < 5} € U.
Hence the set Pgy(Lg(M)) x As x R} € T xU x W C V, and since

Prin(Lg(M)) x A5 x RL C{i €T = [|[z]lng = [|#[lng(on] < 0}
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we deduce that the set in the right hand side is also in V for all §, which proves (3.3.18).
We conclude that for z € Ly(M) with [|z|hs < 1 we have

[7(z"2)| < lim[r(2(7)"2)| < ﬂl}gl(l!Z(i)HL;,mo(gi)||$||h;(ai))

)

. . . 1/2
= VB 120 mofer) U2 [y < VEmax(L 5 2DIENT, 1, caares I
1/2
< V2max(1, 8,/ )N, 1, ey
This proves (3.3.17). Finally, it remains to check that for all x € Ly(M), z satisfies

(£|$)Hv Lp/(M’Hf)J_Iv LP(M,H;) = T(Z :Ij) (3319)
We first verify that for each ¢ = (F,04,¢) € Z such that =z € F' we have
(€T L,y (Mmre), Ly Mgy = T(2(0) ).
For all 1 <m < M (i), Remark 3.3.3 gives
T(z2m (i) x) = (Pop (€ () |2) = (Em(Duop () = D 7(Eme(i) u-(d" (2))).
teo™

Then

M(5) M (3)

(2(0)'2) = 3 (@ Cem() ) = 3 D ami)7 (Gna i) u- (47 (2))) = (66)|7(0)).
m=1

m=1teco"

As in the proof of (3.2.10), this is sufficient to show (3.3.19). The end of the proof of
Theorem 3.3.20 is similar to that of Theorem 3.2.28. O

In the sequel, we will work with the space h?.

3.3.5 Duality results

The aim of this subsection is to obtain the analoguous result of Corollary 3.3.2 in the
continuous setting. In particular, thanks to the definition of hy, this will imply that hj
embeds into L,(M) for 1 < p < 2 and into La(M) for 2 < p < co. We will prove that this
also holds true for p = 1. In fact, since the monotonicity for hy is inverse to that of Hy,
the injectivity for 2 < p < 0o is a direct consequence of Lemma 3.3.11.

Proposition 3.3.23. Let 2 < p < co. Then
(i) {zx € La(M) : ||lz[lng < oo} is complete with respect to the norm || - |[ns .
(i) hg embeds into La(M).

(i) {x € La(M) : [|z][ng < 0o} = (hy,)* with equivalent norms.

Proof. Recall that in the conditioned case, by Lemma 3.3.11 the norms || - || he(o) are
increasing in o (up to a constant) for 2 < p < co. Then the completeness of each discrete
hy,(o)-space yields the first assertion, and (ii) and (iii) follow as in the proof of Proposition
3.2.33. O

We introduce the following Banach space for technical reasons.
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Definition 3.3.24. Let 1 < p < co. We define the space ﬁ; as the quotient space of hg(L{)

by the kernel of the map &y. The norm in ﬁ; is given by the usual quotient norm

x|~ = inf T ) |he iy = inf lim ||2o||he (o) -
lolly = _inf o) g = _ it 1l o

Remark 3.3.25. By construction, ﬁ; embeds into Ly(M) for 1 < p < 2 and in Ly(M)
for 2 < p < .

Since the definitions of hg,ﬁg are similar to that of Hg,ﬁ;, the duality between the

spaces hy and Fg, still holds true in the conditioned case.

Proposition 3.3.26. Let 1 < p < oo. Then

(hy)" = H;/ with equivalent norms.

Using this duality, we may show that in the conditioned case the spaces hy and Hg also
coincide.

Proposition 3.3.27. Let 1 <p < oco. Then

hy = ﬁ; with equivalent norms.

In particular, this proves that h{ embeds into L;(M). As for the proof of Proposition
3.2.37, we need the following boundedness of the conditional expectation &, for 1 < p < 2.

Proposition 3.3.28. Let 1 <p < 2. Then & : hj(U) — hy is a bounded projection.

Since in this case the monotonicity is reversed, the proof is slightly different from that
of Proposition 3.2.38, where we used the increasingness of || - [|prg(s) for 1 <p < 2.

Proof. We first consider z = (24)® € L2(My) such that |[2he @) = limoy |2o|[ng ) < 1-
We may assume that [|z4|/se(r) < 1 for all o. Hence & (x) coincides with the weak-limit

of the z,’s in Ly. Thus for ¢ > 0 we may find positive numbers (a,,)¥_, such that
> @ = 1 and partitions o, ..., oM such that

| Eu(x) — ZamwamHg <e.
m
Then we deduce by Lemma 3.3.11 that
1Eu@)ling < [|&u@) = X amaam |+ || 3 amaom
m m

<e+ ) amllzom|ng
m

hs

<e 42PN amllwom ||ng(om) < € + 217
m

Sending e — 0 we obtain that for all x € La(My),
1/
1€u(@)Ing < 277 (|2 Ing @)-

We conclude the proof by using the density of La(My) in h (i) given by Lemma 3.3.17.  [J
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Proof of Proposition 3.3.27. The proof for 1 < p < 2 is similar to that of Proposition
3.2.37, by using Lemma 3.3.17 and Lemma 3.3.28. The case 2 < p < oo follows by
the duality result established in Proposition 3.3.26 and the reflexivity of hy. Indeed, for

2 < p < oo we have _ N
hy, = (hy)" = (hy,)" = hj
with equivalent norms. O

Combining Proposition 3.3.26 with Proposition 3.3.27 we obtain the expected duality
result.

Theorem 3.3.29. Let 1 < p < oco. Then

(h3)* = h%  with equivalent norms.

Proposition 3.2.33 then implies the
Corollary 3.3.30. Let 2 < p < oo. Then hy = {x € Lay(M) : [[z[lns < co}.

In particular, this shows that for 2 < p < oo, L,(M) is dense in the space {z €
Ly(M) : ||z|lhg < oo} with respect to the norm || - [|nc. We also obtain the complemen-
tation of the hj-spaces in the ultraproduct spaces kg(u ), and deduce that the conditioned
Hardy spaces hj, form an interpolation scale for 1 < p < oo.

Corollary 3.3.31. Let 1 <p < co. Then h is complemented in ki,(U).
Corollary 3.3.32. Let 1 < p1,p2 < 00 and 0 < 6 <1 be such that ]13 = 1p;10 + p%. Then

hy = [hy,,h,]e with equivalent norms.

We will see later, in Section 3.7, that this result still holds true for p; = 1.

3.3.6 Fefferman-Stein duality

This subsection deals with the analogue of the Fefferman-Stein duality for the conditioned
Hardy spaces. First observe that in the discrete case, the space Lymo is simpler than the
space L, MO for 2 < p < co. Indeed, recall that for a finite partition o and z € La(M)
we have

1/2 1/2
2] Lervro(e) = Hstg};*é’t]x—xpr% and  ||z(| e mo(oy = max (||€o(2)]|p , Hilengrgt\ﬂ?—xtF”p;z)-

The crucial point is that the index “¢~", which depends on the partition o, does not appear
in the definition of Lymo(c). Hence it is natural to introduce the following definition of
L;mo in the continuous setting.

Definition 3.3.33. Let 2 < p < oco. We define

Lymo = {x € Ly(M) : ||zl Lgmo < o0}

where

2
Jollgmo = max (1E0()ly - | sup *&ife — a1 l}f2):

For p = 0o we denote this space by bmo°.
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Recall that for a family (z¢)o<¢<1 in Lg(M), 1 < g < oo, we define

I sup Faillg = [[(@r)o<e<illz, (it (o,17)) = Inf [lall2g 5up (|5t ool[bll2g,
0<t<1 t

where the infimum runs over all factorizations z; = ay:b with a,b € Lag(M) and (y;) €
loo(Loo([0,1])). The space Lmo obviously does not depend on U. Note that by Proposition
2.1 of [26] we have

+ 2)1/2 + 2)1/2
sup ||sup™ &z — x = | sup T&|r —x
wp lsup €l — Pl = | sup ek — Pl
thus we obtain

Il Lgmo = sup [/l g mo(o)-
Since by definition | - HLng(U) is increasing in o, for 2 < p < 0o we get

||:UHLf,mo = I;g} H‘T:HLgmo(a)

for every ultrafilter &. This ensures that we really define a complete space.
We deduce from Proposition 3.3.5 that for 2 < p < oo,

Lymo = {z € Ly(M) : [[z[lng < oo} with equivalent norms.
Proposition 3.3.23 implies
Theorem 3.3.34. Let 1 < p < 2. Then
(h3)" = Lymo  with equivalent norms.

Moreover,
vy ] 25 mo < 12l gy < V2l 2t mor (3:3.20)

Proof. This follows easily from the discrete duality recalled in Theorem 3.3.4 and Lemma

3.3.11, by using an argument similar to that developed in the proof of Proposition 3.2.33

(iii). O
Moreover, Theorem 3.3.29 yields

Corollary 3.3.35. Let 2 < p < oco. Then
Lymo = hy with equivalent norms.

As a consequence we have the following result, which characterizes the space L7mo
similarly to the definition of Ly MO.

Lemma 3.3.36. Let 2 < p < 0. Then

(i) The unit ball of Lymo is equivalent to

B, ={z = w-lilg{l$g in Ly : §%1||$U||Lgmo(0) <1}

More precisely, we have

BL]‘jmo C Bp C \/il/pBLgmo.
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(i) Let (zx)x be a sequence in La(M) such that [|zx||Lgmo < 1 for all A and z =

w-limy xy in L. Then x € Lymo with ”iL‘HLgmo < ﬂyp.

Proof. 1t is clear that BLgmo C B. Conversely, let = w-lim,y x5 in Lo be such that
limg 34 ||xg||L§mo(U) < 1. By Theorem 3.3.34 and the density of Lo(M) in h7, we can write

|2 Lgmo < v sup |7 (2"y)l.
yELa (M), yllye, <1

Note that for all y € La(M), [lylne, < 1 we have
p

r(@y)| <l I7(59)] < V2l (126 | rgmoto 19, )

= 2(1i o cmo(o li (o S 2.
V(1 70 | Lgomote) (1 s ) < V2

Thus x € \/éVpBL;mo, and this proves (i). The proof of (ii) is similar to that of Corollary
3.2.47. -

3.4 The Davis decomposition and Burkholder inequalities
for 1 <p<2

We continue our investigation of the Hardy spaces of noncommutative martingales in the
continuous setting by studying some decompositions of H; and H,, involving the condi-
tioned Hardy space hy,.

3.4.1 The discrete case

We first recall the analogue of the Davis decomposition for noncommutative martingales
in the discrete case, and we discuss a variant of this decomposition. Let (My,)n>0 be a
discrete filtration.

Observe that by combining the Burkholder-Gundy Theorem 3.2.7 with the Burkholder
Theorem 3.3.7 we get

H, = h, with equivalent norms for 1 <p < oo.

By a dual approach, it was proved in [21] and Chapter 1 that this equality still holds true
for p = 1. Moreover, we can show a column version of this equality.

Theorem 3.4.1. Let 1 < p < o0o. Then

p

HS =
hgﬂhg for 2<p< o

p

hd + he 1<p<2
{ pt for SP< with equivalent norms.

Let us recall briefly the proof for 1 < p < 2 (then we will deduce the case 2 < p < o0
by duality). The inclusion hg + h, C Hy is easy, and the reverse inclusion is proved by
duality. More precisely, we can show that

(ht + hg)* = hdh N LEmo C LE MO = (HS)* .
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A close look at the dual spaces yields a stronger decomposition. Observe that for 2 < p’ <
oo and = € La(M), by the triangle inequality in L, /5(M; ) we can write

Higg+5n(§ ae@P)|,, = Isup*lda(@)Pllys + Hg;m(g di()P)

p/2

Hence we get
1]l e, a0 ~ max (| (dn(@))n L, (ries.) > 12]]2e,mo)- (3.4.1)

Recall that for 2 < p’ < oo, Ly(M;£5,) is defined in [20, 31] as the space of all sequences
x = (Tn)n>0 in Ly (M) such that

1/2 1/2
mnzollz, st = Izl nzoll} any = I500% [2n /7, < 0.

Note that a sequence = (zp)n>0 in Ly (M) belongs to L, (M;(S) if and only if there
exist a € Ly (M) and y = (yn)n>0 C Loo(M) such that x,, = y,a for all n > 0. Moreover,

ol vtz = (s ool )

where the infimum runs over all factorizations as above.

Inspired by the duality between L,(M;¢1) and L,y (M; ) proved in [20], we define its

predual space L,(M;£{) as follows. Let 1 < p < 2 and % =1+ %. A sequence z = (zp,)n>0

is in L, (M; (5) if there exist by, € La(M) and ay,, € Ly(M) such that

Tn =Y b nlkn (3.4.2)
k>0

for all n and

Do lbrnl? € LiM), D7 lagal® € Lyjp(M).

k,n>0 k,n>0

We equip Ly(M;€§) with the norm

2] £, (Mtsc) :inf{< Z kumH%)mH( Z |ak’n|2>1/2Hq}’
k,n>0

k,n>0

where the infimum is taken over all factorizations (3.4.2). In fact this space can be de-
scribed in an easier way.

Lemma 3.4.2. Let 1 <p <2 and % = %+ Then the unit ball of L,(M;{5) is the set

of all sequences (bpan)n>0 such that

(3 i) QH(;ZOW)” | < (3.43)

n>0

1
7

Proof. It is clear that a sequence (by,ay,)n>0 satisfying (3.4.3) is in the unit ball of L, (M; £9).
Conversely, let = (zn)n>0 be such that x, = 375 b, ,,akn, with

1/2
(3 1okaly) (X2 Jam
k,n>0 k,n>0

1/2
)", <1
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We first set a), = (Zkzo |ak,n|2> . By approximation, we may assume that the a,’s are

invertible. Then considering

—1 / *
Vpp = Qg pa, and b, = E bkmvk,n,
k>0

we can write x,, = b/,al, for all n > 0. Moreover,

(S 1) ], = I S towal)
n>0 n,k>0

1/2H

q

and since Y p~q |vpn|* = 1 we get

S = 3|3 el

n>0 n>0 k>0

* /22 . 1/2)2
< T;)H(];)bk,nbk,n)l H2H<k§>:0vk’nvk’n) HOO
= > lbkali: }
k,n>0
Hence (a),) and (b)) satisfy (3.4.3). .

Remark 3.4.3. This implies that we have a bounded map

(bnan)nZO L Z €n,0 ® bpan,
n>0

{Lp(/\/l;ﬁf) —  Ly(M;L3)

Indeed, we can write
Z €n,0 & bnan = (Z €n,n & bn) (Z €n,0 & an)
n n n

and the Holder inequality gives for ;17 = % + %

|3 eno @ buan] < | el | Seno @], = (S ) | (S hn?)

We can now state the following duality. Its proof is similar to the duality between
Ly(M; ) and Ly (M; ) in Proposition 3.6 of [20]. The main ingredient is a standard
application of the Grothendieck-Pietsch version of the Hahn-Banach Theorem.

1/2
|

q

Proposition 3.4.4. Let 1 <p < 2. Then
(Lp(M;£9))" = Ly (M;Ls,)  isometrically.

Let hzlf (resp. h,;°) be the subspace of L,(M;{f) (resp. Ly (M;(5)) consisting of all
martingale difference sequences.

Lemma 3.4.5. Let 1 < p < o0.

(i) For1l<p<2, h}f is a complemented subspace of Ly(M;L]).
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(i) For 2 < p < o0, hp® is a complemented subspace of L,(M;LS,).
Proof. We first show that the Stein projection
D((mn)nEO) = (dn(mn))nZO

is bounded on L,(M; ) for 1 < p < 2. Let (x,), be in the unit ball of L,(M;¢{) and
let x,, = bpa, be the decomposition of x, given by Lemma 3.4.2. Then for each n we can
write

En(xn) = un (b)) un(ay) Zun by ) (k) un(an)(k),

where u, (b)) (k) € Lay(M) and up(an)(k) € Lq(./\/l). On the one hand, the trace preserving
property of the conditional expectation gives

Z un (b3)(R)[13 = 7(Ea(bhbn)) = [1ball3-

On the other hand, since we have 2 < ¢ < oo for 1 < p < 2, the dual form of the Doob
inequality yields

|2 e ], = Xenlanl], < b Xlen]

Hence (€, (n))n € Lp(M; £5) with [|(En(2n))nllL, (rtse) < 5';@, where &, & q2 as g — oo,

p — 2. This shows that hye is 26’ ?2—complemented in Ly(M;£9) for 1 <p < 2.

For the second assertlon the noncommutative Doob inequality and the fact that
En(n)|? < Enlan|? immediately imply that hooe is 26 ;2 complemented in L,(M; 05 ). O

Combining Proposition 3.4.4 with Lemma 3.4.5 we get the duality between hzl,c and
OOc
hye.
Corollary 3.4.6. Let 1 <p < 2. Then
(h;f)* = hyc  with equivalent norms.
Then (3.4.1) means that for 1 < p < 2, we have by Corollary 3.4.6
(Hy)* = Ly MO = h3* N Lyymo = (hye + he)*.
This yields the following stronger Davis decomposition.
Theorem 3.4.7. Let 1 < p < 2. Then
Hy = hzl,c + hy,  with equivalent norms.

Remark 3.4.8. 1. Observe that by interpolation between the cases p = 1 and p = 2
we have a contractive inclusion L,(M;¢{) C £,(L,(M)) for 1 < p < 2. Thus,
considering the martingale difference sequences, we get

h;f C hg contractively for 1 < p < 2.

Hence the decomposition of Theorem 3.4.7 is stronger than the usual decomposition
stated in Theorem 3.4.1.

2. The advantage of working with the spaces h;f is that, since M is finite, they satisfy
the following regularity property

e h}f contractively for 1 <p <p < 2,

whereas the hg spaces do not. However we loose the reflexivity property.
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3.4.2 Definition of diagonal spaces for 1 < p < 2 and basic properties

We fix an ultrafilter . For x € M and 1 < p < 2, whenever the limits exist, we define

Il = Ltn 2]y and izl = lim o]

Observe that by interpolation between the cases p = 1 and p = 2 and Remark 3.4.8 we
have

1
Slzlle < llzllng < llllze-

Hence || - th and || - [|,1. define two norms for 1 <p < 2.
p
The discrete diagonal norms also satisfy some monotonicity properties.

Lemma 3.4.9. Let1<p <2,z € M and o C o'. Then
(Z) Hthg(a) < ZHJ?th(U/). Hence

2l < sup 12llngio) < 2l

(1) ||$”h11,c(g) < ||$||h117¢(0,)- Hence
Il = 50 g

Proof. Let 0 C ¢'. By interpolation between the cases p = 1 and p = 2 we have for
1<p<2andteo

1
a7 @)l = || 3 df' @) < 2( X 147 @)1) "
sely sel
where I; denotes the collection of s € o/ such that t~ < s~ < s <t. Thus
12 /lhd() < 2l2lng(on
For (ii), we show that for o C ¢’ we have a contractive map

Ly(M;t5(0")) — Ly(M; £5(0))
DI (xS)SEU/ [ — (xt)tea = ( Z ms)

Since for z € M we have 2((d? (z))seo) = (d7(z))teo, this will yield the required result
for hle. Let = ()50 be in the unit ball of Ly(M;#(c’)), then by Lemma 3.4.2 we
may write x, = bsas for all s € o/ with

(3 1008) (X has) ) <

seo’! seo’!
Where s=5 + . Then ¥(x ( Z b as) e is of the form (3.4.2) with
sel g
(3 1) N 1al) ) = (X 1) () <1
teo,s€l; teo,sely q s€o’ s€o’

Hence ¥(z) is in the unit ball of L,(M; (5(0)). O
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Corollary 3.4.10. Let 1 < p < 2. Then the norms || - th and || - ||,1c do not depend on
p
the choice of the ultrafilter U, up to a constant.

Definition 3.4.11. Let 1 < p < 2. We define
hg ={zxeL,(M) : ||33th < oo} and h}gc ={zxeL,(M) : ||x|]h11)p < 00}

Adapting the proof of Proposition 3.2.33 we can show that these define two Banach
spaces. By Remark 3.4.8 (1) we have

Ellf C Hg contractively for 1 < p < 2.

For technical reasons these spaces are too large. Hence we need to introduce their regular-
ized versions as follows. Note that by the regularity property of the hzl)c (o)-spaces stated

in Remark 3.4.8 and the fact that E})C is a subspace of L,(M), we have
1, T, . -
hI7 C h,¢  contractively for 1 <p <p < 2.

Definition 3.4.12. Let 1 <p < 2. We define

=—|Ill,1
1o _ 1,1 lnle
and hp = hg .

Npd
Illpg

e
hp = Lo (./\/l) N hg

p>p
Remark 3.4.13. 1. At this point it is not obvious that the set Lo(M) N Eg is non

trivial. We will show later that this definition of hg actually makes sense.

2. Note that for 1 < p < 2 we have bounded inclusions
hi C h C Ly(M) and hl C hle C Ly(M).

Since by Proposition 3.2.33 we have an injective map H;, — L,(M), this implies
that the natural bounded maps

d c 1. c
h, = H, and h, —H,

are injectives. Similarly, since Theorem 3.3.29 implies that the natural map h; —
Ly(M) is injective, we deduce that the map

h, — H,

is injective. Hence in what follows we will consider the spaces hg, hzl)c and hy as
subspaces of Hj,.

3.4.3 The Davis decomposition for ultraproduct spaces

We use the same approach as in subsection 3.2.7. We will first prove the Davis decom-
position for the ultraproduct spaces, then for their regularized version. Let us introduce
the ultraproduct spaces and their regularized versions associated to the diagonal spaces.
Since the spaces h)e(o) are regular in the sense of Remark 3.4.8 (2), we may define the
regularized spaces in the same way as we defined the spaces Hj(U) and hi(U). However,
the diagonal spaces hg(a) are not regular. Hence we will introduce a different definition
for the regularized space associated to hg.
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Definition 3.4.14. Let 1 < p < 2. We define

(i) Kb @) = T Ly(M:65(0)) amd K@) = U T, (K@) 5,

1.

where I : 5 Uu) — f;C(U) denotes the contractive ultraproduct of the componen-
twise inclusion maps.

) T = I e
(i) R @) = Ty (o) and e @) = J I, (RE @) 5,
N N p>p
where Is hzlf (U) — hle(U) denotes the contractive ultraproduct of the component-
wise inclusion maps.

~ _ Il
(iii) hU) =TTy (o) and h4U) = La(My) Nha@d) .
Remark 3.4.15. 1. Note that for all 1 < p < 2 we have an isometric embedding
iy Ell,c — Ezlf )

defined by iy (z) = (x)*® for x € L,(M). Hence by the definition of the regularized
spaces this map sends

i h}ac — hzl,c (U) isometrically.

2. The same holds true for hg, ie., E;l; embeds isometrically into EZ(Z/{ ) and hg into hg(u )
via the map iy.

3. Adapting the discussion of Remark 3.2.21 we see that &, is well-defined on hzl,c U)
and on h(U) for 1 <p < 2.

Since the definition of hll,c (U) is more consistent with the other regularized spaces
defined previously than the definition of hg(L{), we will establish the analogue for the
ultraproduct spaces of the Davis decomposition involving the space h}f.

For 1 < p < 2, let us consider i = (i,)® the ultraproduct map of the isometric inclusions

%{@%)—>MM%@)
Tl = @ @hes

and D = (D,)*® the ultraproduct map of the Stein projections

Ly(M;ti(0)) —  Iye(o)
Ds (Tt)teo — Y df (z)
teo
Then i : E}f Uu) — f('}ﬂ(l/l) is still isometric, and for x € Ellf (U) we have = = D(i(z)). By
definition we see that ¢ and D preserve the regularized spaces, i.e.,

y . 1c 1c . 1c lc
ithle@U) — KlU) and D:KkU) — hl@).

According to Lemma 3.4.5 (i), D is a bounded projection for 1 < p < 2.
The Davis decomposition of Theorem 3.4.7 for 1 < p < 2 in the discrete case applied
to each partition o immediately implies the analoguous result for the ultraproduct spaces.
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Proposition 3.4.16. Let 1 <p < 2. Then
1/C c(hle c (ke . .
H,(U) = ¢, (hye(U)) + ¢ (hp(U))  with equivalent norms,

where ¢ : H}DC Uu) — ﬁg(bl) and @5, : ﬁ;(bl) — ﬁg(l/{) denote the (non necessarily injective)
ultraproduct maps of the componentwise inclusions.

By definition, the maps gzﬁ;f and ¢, preserve the regularized spaces. Hence we can state
the Davis decomposition for the regularized spaces.

Proposition 3.4.17. Let 1 <p < 2. Then

Hy(U) = (b;f(h]loc U)) + ¢p(hy(U))  with equivalent norms.
Proof. The proof is similar to that of Proposition 3.2.55. Here we need the fact that for
r € Ho(U),

Hﬁ”ﬁg(u) = hin “§||ﬁg(u)'
qa—p

This follows directly from Lemma 3.2.19 and the isometry i : Hj(U) — Kj(U). O

3.4.4 The Davis decomposition for H;

It now remains to apply the conditional expectation &, to each side of Proposition 3.4.17
to deduce the decomposition of the space H;. Indeed, as for the H and the hi-spaces we
have the following boundedness of &;.

Proposition 3.4.18. Let 1 <p < 2. Then &y : hzl)c Uu) — hzl)c is a contractive projection.

Proof. Let « = (z5)* € hl(U) be such that HxHh;C(u) < 1. We may assume that for all o,
Ha:||h1176(0) < 1. By density, it suffices to consider z = I (y) for y = (y,)® € H%C (U) and
some p > p. For the sake of simplicity in this proof we will forget the notation 157 » and we
simply assume that z € Eéf (U). Note that &(x) is the weak-limit of the z,’s in L;(M),
and can be approximated by convex combinations in Lg—norm. For a fixed partition oy

and € > 0, we can find a sequence of positive numbers (ay,)M_; such that 3, a,, = 1,
1 oM containing o such that

and partitions o, ...,
Hc‘:u(a:) — Z A Tgm HN <e
ooy p

and
||x(,mHh;1;c(am) <(1+ 5)][90\\%6(“) forallm=1,---, M.

Then we deduce that

(@) 2e (o < €)= 3 amagm
p m

1 + H Z AmTom
h=£(o0) m
P

hi¢ (o)
p
< 2¢|og| + ZamHazgmHhic(UO).
m P
The last inequality comes from the fact that for 1 < p < 2,z € L,(M) and op a finite

partition we have
Hth}f(ao) < 2loo[|2|lp- (3.4.4)
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Indeed, by the triangle inequality in hje(0o) we have HthéC(UO) < Dieo, 17° (Z)Hh;f(ao)'

We can write (d5:d7°(2))sco, = (bsas)SeUO with

by = 8s0:|d70(2)[P/2 and  ay = 0s4]d70(2)[P/9,

where dj°(z) = v|d]°(z)]| is the polar decomposition of d7°(z) and % =3+ %. Then we
obtain

I1d7°(2) ) < lloeld?® () P21 l1dg ()17 lg < 1147 (2) ]l < 2121,

I hy (o0

and (3.4.4) follows. We get by Lemma 3.4.9

1€ (2) 16 gy < 2lovle + D amllzam e (my < 2lo0le + (1 + )|zl -
P

m p P

Sending ¢ to 0 implies that &(z) € H%C. Hence &(x) € h}e and the same argument gives

O]

The same result holds true for the space hg(lxl ). Since we will need it later in section
3.5, let us state and prove this result here.

Lemma 3.4.19. Let 1 < p < 2. Then & : hi(U) — hi is a bounded projection.

Proof. By density, it suffices to consider x = (z,)® € LQ(Mu)ﬂﬁg(L{) such that HﬁUth(u) <
1. We may assume that for all o, HxUth(a) < 1. Then we have &(z) = w-limyy z, in

Ls. Let us fix a partition ¢ and € > 0. We can find positive numbers (a,,)¥_; such that

> & = 1 and partitions o', - - - ,oM containing ¢ such that

ng(.fv) — Zamx(,mH2 < e.

Note that since o is a finite partition, by the Holder inequality for ¢,(o; L,(M)) we have
for y € Ly(M)
19llng o) = 107 @))eeolley L, < loMylla,

where % = % + %. Hence by Lemma 3.4.9 we get

l&u(@)llng(o) < |[Eu(@) = amzom iy ™ |3 amgm
m P m

< elof"1+ 3 amllzonlluga) < <lo[4+2 3" amllaom lgom
m m

hi (o)

< el +2.
Sending ¢ to 0, we obtain that HSu(ac)th(U) < 2 for all o, thus
€(@)llng < 2ol
O

Finally, combining Proposition 3.4.17 with Propositions 3.2.38, 3.3.28 and 3.4.18 we
get
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Theorem 3.4.20. Let 1 < p < 2. Then
1. . .
Hg =h,+ h}‘; with equivalent norms.

Proof. We apply &, to Proposition 3.4.17. It suffices to observe that the following diagrams
are commuting

1c . . ¢c .
hie(U) —=H;U) and hoU) —"=HoU) .
lgu lgu igu igu
7 G

O

We end this section with the analogue of the usual Davis decomposition stated in
Theorem 3.4.1. We first establish a density result for the regularized space hllf U).

Lemma 3.4.21. Let 1 <p < 2. Then Lo(My) Nhye(U) is dense in hje(U).
~ _ [ ] Nlc ~ ~.
Proof. Let p > p and = = (z,)°® € hj; (U) be such that ||x|]h11f(u) < 1 and ||:c||h1~c(u) <C.

p
We assume that for all o, HxUHh1c(U) < 1 and HxaHh1c(J) < C. Let ¢ > ¢ be such that
5 L

p
i=1 + = an d =1+ %. Then by Lemma 3.4.2 for each ¢ we can decompose df (z,) =

b (Hag(t) with

(S e018) “(Slaot?) ) <1 and (Si) (S last?) | < c:

teo teo teo teo

We set .
a= (Y ewoalt) € KLU).

teo
By Corollary 3.2.18 (iii) we see that « is in the L, My-module K¢ (U). Hence Lemma
3.2.17 implies that for ¢ > 0 we can find an element & € K (U) such that o — all; < e.

Moreover, we may assume that o = (Zteg eo ® 6U(t)>. € Iy Loo(M; 45(0)). Indeed,
by Lemma 3.1.3, the unit ball of [];; Loo(M;¢5(0)) is weak*-dense in the unit ball of
(Hu Ll(./\/l;ﬁg(a))yk = (K¢(U))*. Hence a € K& (U) = (K{(U))* and we can find an
uniformly bounded sequence (&) in [];; Loo (M £5(0)) which weak*-converges to &. Then
we easily see that || — @yl — 0. For 2 < ¢ < co we write

~ ~ ~ ~ 2 ~ 1-2
& — anll ke < llo— aAH;?&u)Ha g /ff)

Since the sequence (&), is uniformly bounded in KS (U), this shows that @y — & in
K{(U). Now we set

T=(T,)* with Z, = (by(t)as(t))ieo-
Then Z € Kp¢(U), hence y = D(Z) € hl(U) and by the Holder inequality we have
y € La(My). Moreover, Lemma 3.4.5 (i) implies

2 = tllae gy = IPG@) = D@ ey < 20502 102) = Fl 1

<2<5’1/2h (Z”b >1/2H(Z\%(t)—’da(t)!2)1/2H <25/1§§
teo
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Combining this with Proposition 3.4.18 we get
Corollary 3.4.22. Let 1 <p < 2. Then Ly(M) Nhye is dense in hle.

We can now define by density a contractive map from hlljc to hg, which is injective for
hje and hg are subspaces of L,(M).

Corollary 3.4.23. Let 1 < p < 2. Then we have a contractive inclusion
1c d
h,® C hy.

We deduce from Theorem 3.4.20 and Remark 3.4.13 (2) the desired Davis decomposi-
tion.

Theorem 3.4.24. Let 1 < p < 2. Then

'H; = hg =+ h; with equivalent norms.

3.4.5 The Burkholder inequalities for 1 < p < 2

Combining Theorem 3.4.24 with Theorem 3.2.56 we deduce the analogue of the noncom-
mutative Burkholder inequalities for 1 < p < 2.

Definition 3.4.25. Let 1 <p < 2. We define
hy = hi +he +h7,
where the sum is taken in L,(M).
Theorem 3.4.26. Let 1 < p < 2. Then
L,(M) =h, with equivalent norms.

The Burkholder inequalities for 2 < p < oo will be discussed in the next section.

3.5 Stronger decompositions for 1 < p < 2 and the Burkolder
inequalities for 2 < p < o0

The aim of this section is to establish the Burkolder inequalities and the analogue of
Theorem 3.4.1 for 2 < p < co. In particular we will define and study the diagonal space
hg in this case, more precisely we will discuss its intersection with the conditioned Hardy
spaces h; and hy. We will follow a dual approach, and start by considering decompositions
for 1 < p < 2. We introduce another construction for the sum of Banach spaces, which
is stronger in some sense than the usual sum. After showing that the decompositions we
consider also hold true for this construction, we will study their dual versions and obtain
new results for 2 < p < co. We end the section with a discussion on the case p = 1, and
establish a stronger Fefferman-Stein duality for H{.
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3.5.1 Sums of Banach spaces

There are plenty opportunities to consider sums of Banach spaces and we will consider
two competing constructions. Let X and Y be two Banach spaces both embedded into
a Banach space Ajp, i.e., the inclusion maps X C A; and Y C A; are continuous and
injective. In interpolation theory one considers the sum

X+Y={2€A,:3z€ X,y€Y such that z =z +y}

equipped with the norm
lzllx+y = inf llzlx +lyly.
=z+y

Note that X + Y is complete and isomorphic to the quotient space X @&, Y/L, where
L=kerg={(z,—z)e X&1Y : 2€XNY}

and
¢ XY — Aq
| @y — oty

The second method we will consider depends on a fourth space Ag, which is also
injectively embedded into A;. We assume that

Ap N X is dense in X and ApNY is dense in Y. (3.5.1)

We will define the Ag sum
XHaY

as the completion of the quotient
((Ao N X) @1 (Ao NY)) /Lo,
where
Lo = ker(é)(agnx)@: (40ny)) = LN((AoNX)@1(AoNY)) = {(z, —x) € X&1Y : x € A)NXNY}.

In our context we will always consider Ay = Ly(M), and simply denote X Y.
Let us state the following basic fact.

Lemma 3.5.1. Let Ay, X,Y, A1 be four Banach spaces as above. Then there exists a
surjective quotient map q: X HY — X +Y.

Proof. Since Ly C L, we have a contractive map

) (AN X) @1 (4oNY))/Lo — X+Y
' (z,y) + Lo —  (z,y)+ L

Since X + Y is a Banach space, we deduce that g uniquely extends to the completion
X BY, still denoted by q. Let us show that ¢ is a quotient map. Let z € X + Y be of
norm < 1. We can find x € X and y € Y such that z = z +y and ||z|]|x = A\, |lylly = p
with A4+ o < 1. Since AgN X is dense in X, we can find a sequence (x,), in AgN X such
that the series is absolutely converging and

1—(A+u) .
zn:Hf’«"nHXS/\‘Ff , :U:zn:xnmX.
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Similarly, there exists a sequence (y), in Ag N'Y such that the series is absolutely con-
verging and

I1—(A+p .
ZHZ/nHYSM-F% , y:Zyan.
n n
Then z, = (zn,yn) + Lo € X BY for all n, and
1+ X+
> leallxemy <3 lleallx + lyally < —5—F < 1.
n n

Hence the series (zy), is absolutely converging in X BY and we have

q(%zn) = z.

This ends the proof. O

Remark 3.5.2. In the situations considered later, we will always have Ag C Y. In this
case, X Y is isometrically isomorphic to the completion of Ay with respect to the norm

= inf .
lelxey =, dof o el +lvlly

Indeed, in this case the restriction ¢g of the map ¢ to (AgNX)P®1(AgNY) = (AgNX) D1 Ao
$o: (Ao N X) @1 Ag — Ao

is surjective. This comes from the fact that for a € Ag, we may write a = ¢(0,a). Hence
the quotient space ((Ag N X) @1 (AgNY))/Lo is isomorphic to Ag. It remains to see that
the norms || - || xmy and || - || xmy coincide on Ag. This follows directly from the fact that
for a € Ay,

{(:c,y) € (AoﬂX)EBlAO : (:L‘,y)—l—Lo = (0,(1)—|—L0} = {(SE,y) S (AoﬂX)XAO a= ;E—i—y}

Observe that by using this characterization, it is easy to show that for a Banach space
Ay C Z C A; such that Ag is dense in Z, we have the associativity relation

(XBEZ2)BY =XH((ZAY).
The two sums coincide in the following cases.

Lemma 3.5.3. Let Ay, X,Y, Ay be four Banach spaces as above. Then the following
assertions are equivalent.

(i) X +Y = XBY isometrically;
(ii) X BY embeds injectively into A;
(iii) AoN X NY is densein X NY.

Proof. By Lemma 3.5.1, we see that the two sums coincide isometrically if and only if the
quotient map ¢ is injective. Let us consider the following commuting diagram

XBY Y= X4VY.

Uk

Ay
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It is clear that ¢ is injective if and only if f is injective. This proves (i)<(ii). For the
equivalence (i)« (iii), it suffices to observe that the density assumption (3.5.1) yields

XHY = ((AoﬂX) b1 (AOQY))/L():X@1Y/TO
Hence
X+Y=XHBY e L=Lye Lyisdensein L < AyN X NY is dense in X NY.
O

We will be also concerned with the corresponding dual spaces. In interpolation theory
it is well-known that the dual of a sum is an intersection. However, it is usually assumed
that the intersection is dense in each space, a condition which might no longer be satisfied
in our applications.

Lemma 3.5.4. Let Ag, X,Y, A1 be four Banach spaces as above.
(i) The dual space of X +Y consists of pairs (x*,y*) € X* @oo Y* such that
| xny =y xny. (3.5.2)
We equip the dual space (X +Y)* with the norm
10l] = max{[|z”|[x+, [y*lly~} where ¢((x,y) + L) =" (x) +y* ().
This space is usually denoted by X* NY™.
(i) The dual space of X BY consists of pairs (x*,y*) € X* @ Y* such that
T a0nxny = Y anxny - (3.5.3)
We equip the dual space (X BY)* with the norm
[l = max{||z"||x~, ly*[ly-} where ¢((x,y) + Lo) = 2™ (x) + y*(y).
This space will be denoted by X* MY™.

Proof. The proofs of (i) and (ii) are similar. Let ¢ be a functional on X +Y. Since X +Y
is a quotient space of X @1 Y, ¢ is given by

o((z,y) + L) = 2™ (z) +y"(y) for (z,y) e XY
where (z*,y*) € (X €1 Y)* = X* B Y™ satisfies
¥ (z) +y*(y) =0 forall (z,y) € L.

This is equivalent to the condition (3.5.2). For (ii), by density a functional ¢ on X BY is
determined by a functional on the quotient space ((Ag N X) @1 (A9 NY))/Lo. Hence ¢ is
given by

¢((z,y) + Lo) = 2™ (x) +y"(y) for (z,y) € (Ao N X) &1 (4o NY)
where (2%, y*) € X* @ Y™ satisfies
¥ (x) +y*(y) =0 forall (z,y) € Lo.

This is equivalent to the condition (3.5.3). O
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3.5.2 The Burkholder-Gundy/Burkholder/Davis decompositions for 1 <
p < 2 in the discrete case

Let (My)n>0 be a discrete filtration. In this subsection we recall Randrianantoanina’s
results on Burkholder-Gundy and Burkholder decompositions at the Lo-level. We could
translate these results by using the notations introduced in the previous subsection. We
see that he actually proved the Burkholder-Gundy and Burkholder decompositions for the
sum H.

Let us first recall the stronger Burkholder-Gundy and Burkholder inequalities for 1 <
p < 2 proved in [40] and [41] respectively.

Theorem 3.5.5. Let 1 < p <2 and x € Lay(M). Then
1. There exist a,b € Lay(M) such that

(i) x=a+Db,
(i) llallag + [|bllay < C@)]z|lp
(i) max{[lallz, [|bll2} < f(p, [|Zlp, [|2]]2)-

2. There exist a,b,c € Lay(M) such that

(i) z=a+b+c,
(i) Nlallpg + 1bllng + llcllny < Cp)llzllp,
(i) max{l|all2, [[bll2, llcll2} < f(@, [l2]lp, I2]]2)-
Here C(p) <C(p—1)"tasp— 1.

Proof. The proofs of (1) and (2) are similar. Let us recall Randrianantoanina’s arguments
for the Burkholder decomposition (2). We will derive the estimate of the Lo-norms (iii)
from his construction. The main tool is the real interpolation, more precisely the J-method,
to deduce this decomposition from a weak type (1, 1)-inequality. We refer to [2] for details
on interpolation. Let x € Lo(M) and 1 < p < 2. Let 0 < § < 1 be such that % =1-0+%.
We know that L,(M) = [Li(M), La(M)]g,p:, hence we may write

=Y u (3.5.4)

where

(S max{flus 1,2 21)7) " < el (3.5.5)

VEZ
We claim that we may in addition suppose that

> lluwllz < £, llp, 2]l2)- (3.5.6)

VEZL

For each v € Z we set
ey = L(par (z) <[z < pgr-1(2)),

where for t > 0, u:(x) denote the generalized singular numbers of x. We refer to [9] for
details on these generalized numbers. Since () — ||z|| as ¢ — 0 and i (x) — 0 as
t — oo, we see that Y .z e, = s(|z|), where s(|z|) denotes the support projection of x.

Hence we can write
=) ze,. (3.5.7)
VEZ
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. . 16 1/p
Let us first show that the sequence u, = xe, satisfy (3.5.5) with C(p) = (§> . Note
that by the definition of p;(x) we have for all v

T(ey) < 7(L(par (z) < |2])) < 4% (3.5.8)

On the other hand, since () is decreasing we have

qv— 1
qup—/ ()Pt = Z/ 2)Pdt

VEZL

>Z4V1 4”2/,L4V1 p_2341/ 2/,1/411 1( )p.
VEZL VEZL

By (3.5.8) we have

lzevlly = 7(Jel(par () < |2] < pgp—1(2))) < pav=r(2)7(€r) < pgp—1(2)4".
Using p(2 — 6) = 2 we get
16
S @ e 1) < 30 27 s (0 = 3 s (@ <

vEZL VEZ vEZ

We also have

lzello = 7 (221 (par () < |2] < gy (2))) " < g (@)7(e0) 2 < prgor ()27,

hence
1

v(l— vple— 6
S a2 < 3027 s ) < ol

VEZL VEZ
Let us now consider vy € Z. Then, to obtain (3.5.6), we replace decomposition (3.5.7) by
T = Z Te,,
V>

where €, = e, for v > 1p and €,, = 3, <, € = 1(pav0 (z) < |x]). For a good choice of 1y,

1/p
we can show that this decomposition still satisfy (3.5.5) with C(p) = (139> . Note that
2772y [l = 277 |2 (aro (2) <l 1 < 27 |llom (Lparo (2) < J2]))'/? < 2007

and
2000128, [|o < 270079 || z5.

We can find vy = vo(p, |z]|p, ||z]|2) such that

17 — _ 1 X
21Dl < el < w0 < (1 -0 1n (5) n (1210),

We then obtain

_ ~ - 1/p 19\ 1/p
(X @ max{llez, 12 [ae]2})") " < (5) el
v>1r
The inequality (3.5.6) follows from the Holder inequality

S el < (3 @0 0az o) (3 27700 < i, il lal).

V> v>1 v>1
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where
9—vo(1-0)

/p
£l 2l) = =5y () ol

Now we apply Randrianantoanina’s decomposition to the sequence (u, ), satisfying (3.5.4),
(3.5.5) and (3.5.6). For each v € Z, by Theorem 3.1 of [41], we may find an absolute
constant K > 0 and three adapted sequences a®), ) and ¢*) such that

d(u,) = a”) + b + V) v >0

n

and
1|y atitg) + 16 o rtitg) + 1P | ortitg) < Kl 2,
v 1/2 D) 1/2
[ cuncad ], n IS EtF) (S ety ?) ], <

Recall that ||z||1,00 = supysgtue(z). Then we set
an:Za,(f), bn:Zb,(f) and cn:Zcff),
VEZ VEZL VEZ

and obtain three adapted sequences a = (ap)n,b = (bn)n and ¢ = (¢,)n. Using the
following interpolation result of noncommutative L,-spaces associated to a semifinite von
Neumann algebra N

Ly(N) = [L1,00(N), L2(N)}9,p;Ja
and (3.5.5) we can show that

(S Haall)” +]| (X Eacalbal?)”| + (S acilezl?)| < o -1l
n>0 n>0 p n>0 p

Applying the Stein projection D to the sequences a,b and ¢ we obtain three martingales.
We set
a =D(a), b =DOb) and ¢ =D(c).

Then we have
dn(z) = dp(a") + dp(b') +dp(d) Vn>0.

Moreover, since any conditional expectation £ is a contractive projection in L,(M) and
satisfies £(y)*E(y) < E(y*y), we get

10" llng + 10 llng + 1€ llng < C'(p = 1)~ |-
It remains to prove the La-estimate (iii). This comes from (3.5.6) as follows

la'l2 = [D(a)ll2 < 2flalls <23 |0 | Lyieg) < 2K uwlla < 2K f(p, |||y, [[]]2)-
VEZL VEZ

The estimates for b’ and ¢’ are similar. O

We can derive a column version of Theorem 3.5.5 (2). This is the following version of
the Davis decomposition at the Lo-level.

Corollary 3.5.6. Let (M) be a finite filtration of M. Let 1 < p < 2 and x € La(M).
Then there ezist a,b € La(M) such that
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(i) x =a+Db,
(ii) Nlallng + l[bllng < C(p)l||ag,
(iit) max{|lallz, [|bll2} < f(p, llz]lag, [lx]l2),
where C(p) < C(p—1)"t asp — 1.
Proof. We apply Theorem 3.5.5 (2) to the element
Y= i}en,o ® dp ().

Here we consider the finite von Neumann algebra N = B(@g”“)@./\/l equipped with the
filtration A, = B({5"™&M,,. We have to be careful with the trace we consider on N.
The natural trace on A is tryr = tr @ 7, where tr denotes the usual trace on B(£5"+).
This trace is finite, but not normalized. Since Theorem 3.1 of [41] have been proved for
a normalized trace, we will also need to consider the normalized trace 7n = mtfrl R T.
Observe that

1Yl Lo eenry = zlle and (Y[l L, en) = ll2]lmg-

As in the proof of Theorem 3.5.5, we can find a sequence (u,), such that y = Y, c7u,
with

—v v l/p
(@™ max{|lullz, (e 2w lzavien) ) < CONYIL, ity = C@) 2]

VEZ
(3.5.9)
and
D Ml o) < F@ YL er) 10l Lo ten)) = (00 ez, l2]l2). (3.5.10)
VEZ

Applying Theorem 3.1 of [41] in (N, 7xr) for each v € Z, we may find an absolute constant
K > 0 and three adapted sequences o), b®) and ¢*) such that

dn(uy) = a) + M) 4+ M) v >0

and
[0 o mvitg) + 1D N armaits) + 1 I aivnnsty) < Klluwloinyy,  (3:5.11)
y y 1/2
[Semmedd], (S eab)”]
>0 1,00 (B(£2) QN t1Q7Ar) >0 L1,00(N,7A7)

(3.5.12)

(T gty )|

n>0

< K .
LiwNry) = Hu’/”Ll(N,T/\/’)

We would like to obtain the same estimates with respect to the trace trys to use the
interpolation argument and (3.5.9). Note that for z € Li(N'), we have

Izlvien) = (m+ Dzl o T2l ey = m+ Dzl oo

and for z € La(N) we have

HZHLZ(N7tI'N) =vm+ ]‘HZHLQ(N,TN)'
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Hence multiplying (3.5.11) and (3.5.12) by v/m + 1 and (m + 1) respectively, we get the

same estimates with respect to the trace trys. Thus we may control the J-functionals for

a™ b and ) in (L oo (N, trar), La(N, trpr)) by the J-functional of u, in (L1 (N, trar), La (N, trar)),
which is bounded by C(p)||z|lmg by (3.5.9). Then applying the Stein projection we get

three elements a,b, ¢ in La(N) such that

y=a+b+c

and

lallngarenry + 10llag vty + l€llnpneny < CR) 2l mg,

max{||all L, trx)s 10l Lo irne)s el Laviiean b < F o) (|2 g, [12]]2)-

Now we deduce a decomposition of x satisfying (ii) and (iii) as follows. We consider the
following projections in A/

e= Zen,n(@l and f=epo® 1.
n>0

Since y has a column structure we have y = ey f, hence y = eaf + ebf + ecf. Writing

a = Z €k,n ® Akn b= Z €k.n & bk,n and c= Z €k.n & Ckn»

k,n>0 k,n>0 k,n>0

we have

caf =Y eng®ano , ebf =D eno®@bog and ecf =Y eno® cng.

n>0 n>0 n>0
Since dy,(y) = en,0 ® dy(x) we get
dn(z) = dp(an0) + dn(bno) + dn(cno) Vn>0.

Finally we set

a=Y du(ano) . B= dulbno) . 7= dnlcno),

n>0 n>0 n>0

and obtain three elements in La(M) such that © = o+ § + . It is clear that «, § and ~v
verify the Lo-estimate (iii). Note that here we want a decomposition of x in two elements.
We will show that a € hg, B € hy, and that the third element 7 is in the diagonal space
hg. Let us first observe that since e, f € Ny = B (Eg”“)@./\/lo, we deduce from the module
property that

leaf g ien) + €0 ng vy + llech npoviny < C@llmg- (3.5.13)

Indeed, the estimate of the first term comes from the fact that e and f are projections,
and for the second term we write

5n—1|dn(€bf)’2 = gn—1|€dn(b)f‘2 = En-1(fdn(b)"ed, (D) f)
= [ 1(dn(b) edn (b)) f < fEu1]dn(b)|*f.
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Then [lebf|lns v trn) < [bllag (A trp)- The third term is similar. For the term a we have

lallg = (3 ldn(ano)l2) " = (3 ldn(ano)®212)"
(IS o) )" = (S Seasodiawol, ., )"

1/p
= (X ldn(eahly wey) = lleaflugoninn-

/p

We proceed similarly for the term g

181lng = (Zgn—lfdn(bn,oﬂz)lﬂ”p < H(ZS”—I‘dn(bk,o)P)l/QHp
" n,k

= (S| Sesaw antnalf)
n k
= (S &uslinternr) |

Lp(N stryr)

= [lebf lng W txn)-

Lp(N trar)

Finally for the term v we write

lag = (X ln(eaal) " = | S enn @ dutens)],

= HDiag( Z ekn ® dn(ck,O))
k.n

Lp(N,trN)’

where Diag denotes the diagonal projection in /. Since the diagonal projection is bounded
on Ly(N,try), it remains to estimate

H > epa® dn(ck,o)H

ST
—~ k,n

Lyp(N jtrar LB THRN tr@trar)
P 2

= eo,n @ dy(ec
H % 0,n n( f)HLP(B(@nH)@/\/',tr@trN)
= llecs llnp v tn) -

Then, using (3.5.13), we deduce (ii) and the Theorem follows for the decomposition

r=(a+7y)+ 06

These results can be translated using the H-sum as follows.
Corollary 3.5.7. Let 1 <p < 2. Then
(i) Ly(M) = H, B H},
(it) HE = hi B hs,

with equivalent norms.
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Proof. The proofs are similar. Let us detail the proof of (i). In this application we
consider Ag = L(M),X = Hy,Y = Hy and Ay = L,(M). The density assumption
(3.5.1) is satisfied, and we are under the condition of Remark 3.5.2. By the density of
Ly(M), it suffices to see that the norm || - ||, is equivalent to the norm || - || ey defined
for x € Ly(M) by

lell g = i llllg + bl

Theorem 3.5.5 (1) immediately implies for x € La(M)

Izl < Nzl emm; < C(p)lzlp,

which ends the proof of (i). For the proof of (ii) we use the same argument and Theorem
3.5.5 (2). O

3.5.3 The H-Burkholder-Gundy inequalities for 1 < p < 2

The aim of this subsection is to establish the analogue of Corollary 3.5.7 (i) in the setting
of a continuous filtration. In this application we consider

Ap=Lo(M), X =HS, Y =H} and A; = L(M).

The definitions of H;, and H), ensure that the density assumption (3.5.1) is satisfied, and
by Proposition 3.2.33 the injectivity conditions hold true, i.e., H; and H; embed into
L,(M). A direct application of Theorem 3.5.5 gives the following result.

Theorem 3.5.8. Let 1 < p < 2. Then
Ly(M) =H, B'H,,  with equivalent norms.

Proof. By the density of La(M), it suffices to show that the norm || - ||, is equivalent to
the norm || - [l3smn; defined for z € Lo(M) by

c r = i f c b T
Ielhegemrg =, inf e + bl

Let x € Lay(M). Then (3.2.2) immediately implies the inequality

12llp < Bolllrgesry-

Conversely, let us suppose ||z|, < 1. Applying Theorem 3.5.5 to each partition o, we
obtain elements a(c),b(c) € La(M) verifying

(i) @ = a(o) + b(o),
(i) Na(@)lleo) + 1) (o) < Co),
(ii1) max{[la(0) 2, [b(0)ll2} < F(p. |zl [2]l2).

Note that the bound of the Lo-norms does not depend on the partition o. Hence the
families (a(0)), and (b(0)), are uniformly bounded in Ly(M), and we can consider the
weak-limits in Lo

a=w-lima(c) and b= w-limb(o).
o U o
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Then we may write
z = Ey(iu(x)) = &ul(a(0))*) + &u((b())®) = a +D,
where a,b € Ly(M) satisfy by Proposition 3.2.38
lallzg + 0l < Bp(I(al0))®lrs @y + [1(0(0)* 7 2))
= fplim (la(o) (o) + 10(0) || 15(0))
< BpC(p)-

Thus
lzlHgmry < BpC(p) |2l

Theorem 3.2.56 implies
Corollary 3.5.9. Let 1 < p < 2. Then
Hp =H, BH, isometrically.
Proof. Combining Theorem 3.5.8 with Theorem 3.2.56 we immediately obtain that
Hp =H, +H, =H, BH,.

But the constant depends on C(p). However, this equality implies that the quotient
map ¢ : H, B'H, — H, +H, is injective. Then we obtain that the two sums coincide
isometrically. O

By approximation, we deduce the same result for p = 1.
Theorem 3.5.10. We have
Hy =H{BH] isometrically .

Proof. By the density of Ly(M), it suffices to show that the norm || - ||, is equivalent to
the norm || - [l3smpr defined for z € Ly(M) by

Izl = ) llallrg + ([0l

inf
r=a+b,a,bE Loy
Let z € La(M). We clearly have the inequality
[zl = lla(@) g +27 < N2l 2semme-
Conversely, let us suppose ||z||3, < 1. Then by Theorem 3.2.62 we have

Iz, = lim ol < 1.

Hence there exits 1 < p < 2 such that [|z[|3, < 1. By Corollary 3.5.9 this means that
Izl 3z < 1. Thus we get

Izl < lzlrgmng < 1.

This ends the proof. O

Hence Lemma 3.5.3 yields the following density result.
Corollary 3.5.11. Let 1 <p < 2. Then La(M) is dense in the intersection Hj N H.
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3.5.4 The BH-Davis decomposition for 1 < p < 2

This subsection deals with the continuous analogue of Corollary 3.5.7 (ii). Let us consider
1 <p<2and
Ay =Ly(M), X =h?, Y =hS and Ay = Ly(M).

The definitions of hg and hy ensure that the density assumption (3.5.1) is satisfied, and by
Remark 3.4.13 (2) and Theorem 3.3.29, the injectivity conditions hold true, i.e., hg and hy
embed into L,(M).

Theorem 3.5.12. Let 1 < p < 2. Then
_ hd _ hd . .
H, =h, B hy =h;+hy  with equivalent norms.
Moreover, the constant remains bounded as p — 1.

Proof. We can adapt the argument detailed in the proof of Theorem 3.5.8 by using the
decomposition given by Corollary 3.5.6. This shows that H; = hg B hy, but the constant
C(p) does not remain bounded as p — 1. However, by Theorem 3.4.24 we know that

H, = hg + h3, and since this still holds true for p = 1, the constant remains bounded

as p — 1. Thus the two sums coincide, and the quotient map ¢q : hg Hhy — hg + hy
is injective. We obtain that hg Hhy = hg + hj, isometrically, and the constant in the
equivalence Hj = hg H h7 is the same than the constant in Theorem 3.4.24, hence remains
bounded as p — 1. O

3.5.5 The Burkholder inequalities for 2 < p < oo
Let us first introduce the following seminorm. For 2 < p < oo and x € L,(M) we define
Iy = lis el
By interpolation between the cases p = 2 and p = oo, we have
g < 2l
In this case we also have some monotonicity properties.

Lemma 3.5.13. Let 2 <p < oo, & € L,(M) and o C o’. Then

2lhg(ory < 202 hg(o)-

Hence
1 :
Sl < inf 2l < Nl
Proof. The proof is similar to that of Lemma 3.4.9, hence we omit the details. O
As a direct consequence, we see that || - ||« does not depend, up to a constant, on the

choice of the ultrafilter /. The goal of this subsection is to state the missing Burkholder
inequalities for 2 < p < oco. We will first establish an analogue of Theorem 3.4.1 for
2 < p < oo by a dual approach. More precisely, we would like to consider the dual version
of Theorem 3.5.12. The delicate point here is to describe the dual space of the diagonal
space hg for 1 < p < 2. Since we are only interested in the dual of the sum hg B hy, the
key trick is to replace hg in this sum by a nicer space, without changing the B-sum. We

first observe that since Ly(M) is dense in h5, we have
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Lemma 3.5.14. Let 1 < p < 2. Then
hy, = La(M) By, dsometrically.
Proof. We consider
Ao = LQ(M), X = LQ(M), Y = h; and Al = Lp<M)

By the density of Ly(M) in hy it suffices to see that [lz|lhe = [lz]|z,rnmng for all z €
Lay(M). Let @ € Ly(M). It is clear that ||z, rmng < [lz[lng. Conversely, we assume
%l Lo Anmng < 1. Then there exist a,b € Lo(M) such that

r=a+b and |all2+ [|bllng <1.
By the Hoélder inequality we get
[z/lhg < llallng + 1bllng < [lall2 +[[bllag < 1.
O

The idea is to add the space Lo(M) to hg to obtain a new larger diagonal space,
in which Ly(M) will be dense, and which will preserve the H-sum with hy. Hence we
introduce the following space, which will play the role of hg in the sequel.

Definition 3.5.15. Let 1 < p < 2. We define
K¢ = hi 8 Ly(M),
i.e., Kg is the completion of Lao(M) with respect to the norm

T = inf allpa + [|b]|2.
1| xza%’amw)mgybehw)H [Iha + 1[b]]2

Note that in this application we consider

Ao =Ly(M), X =h? YV = Ly(M) and Ay = Ly(M).

By the definition of hg, these spaces satisfy (3.5.1) and the injectivity assumtion is also
verified. We need to work a little bit to show that this space embeds into L,(M). The
discrete analogue of Kg is the space Kg (o) = hg(a) B La(M), defined as the completion
of La(M) with respect to the norm

fry i f b .
lellicso) = o opaer by peraqan 1 Inse) + 1012
Observe that since we consider finite partitions, the norm || - || hi(o) 1S equivalent to the

norm || - [, for 1 < p < 2. Hence K¥(0) is L,(M) equipped with the norm || - HKg(J).
Lemma 3.5.16. Let 1 <p <2 and x € Ly(M). Then

1 .

el < T el o) < el

Moreover we have a contractive injective map

e Kg — Hu Kg(a).
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Proof. Let x € Lay(M). It is obvious that
tm 2 g0) < -
Conversely, we assume limg ||xHKg(U) < 1. We may suppose that Ha:HKg(U) < 1 for all 0.
Then for each o there exist a(o),b(c) € La(M) such that
z=a(0) +blo) and |a(o)|pg) + [b(0)]l2 < 1.

Note that
la(o)llz = [lz — b(o)|l2 < [|z|2 + 1.

Hence the families (a(0)), and (b(0)), are uniformly bounded in Lo(M), and we can
consider the weak-limits in Lo

a=w-lima(c) and b= w-limb(o).
o U o U

Then we may write
z = Eu(iy(r)) = &u((a(0))®) + Eu((b(0))®) = a+b,
where a € Ly(M) Nhe,b € Ly(M) satisfy by Lemma 3.4.19
lallng + 11bll2 < 2Lim ([la(o)lng(o) + 1b(0)]2) < 2.
We obtain
oy < 2lim g

Finally, since the norms are equivalent, it is clear that the map 4y, defined on Ly(M) by
iy(z) = ()®, extends to an injective map on Kg. O

Note that by Lemma 3.4.9 we have
2l ka(o) < 202l g (o)
for o C ¢’ and © € La(M). Hence

Lim [l () < sup 2] k(o) < 2lim ]| (o) -

)

Thus adapting the proof of Proposition 3.2.33 and using Lemma 3.5.16 we can show that
Lemma 3.5.17. Let 1 <p < 2. Then

(i) {x € Ly(M) : H$||Kg < oo} is complete.

(ii) Kg embeds injectively into L,(M).

Observe that by Lemma 3.5.3, we deduce that in fact Kg = hg + Ly(M) isometrically.
We can now consider

Ag=Lay(M), X =K, YV =h% and Ay = Ly(M).

Indeed, Lemma 3.5.17 ensures that X embeds into A1, and we are in the situation described
in subsection 3.5.1. Then, setting Z = La(M), the associative relation given in Remark
3.5.2 combined with Lemma 3.5.14 yields that Kg preserves the H-sum with hy in the
following sense.
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Lemma 3.5.18. Let 1 < p < 2. Then
d _ 1rd . .
hy B hy, = K5 B hy  isometrically.

Let us now consider the dual situation. Let 2 < p < oo and o be a finite partition. Let
Jg’(a) be the space L,(M) equipped with the norm

1]l7a(0) = max([|#] pg (o), ll2]]2)-
By Lemma 3.5.13, it is clear that for 2 < p < oo,z € L,(M) and o C o’ we have
1]l 7a(ory < 2]l 5a(o)-
For 1 < p < 2, the discrete duality hg(a)-hg,(a) implies
(Kg(a))* = J;l/ (¢) with equivalent norms.

Moreover,
1
glellse @) < lellgon- < 2l o)-

In order to describe the dual space of Kg, we introduce the following definition, in the

same spirit as the definition of the spaces Ly MO. Since for each o we have a contractive
inclusion Jg(a) C La(M), by considering the ultraproduct map we get a contractive map
from [[;, Jg(a) to Lo(My,). Hence taking the weak-limit in Ly we may define the bounded
map &y : [y Jg(a) — La(M).

Definition 3.5.19. (i) Let 2 < p < co. We define the space Jg as the quotient space of
[ 1, Jg(a) by the kernel of the map &y. The norm in JZ is given by the usual quotient
norm

lollag = _ ik dim | a0
(ii) We define the space J”olo as the space whose closed unit ball is given by the absolute
convex set

- . - (R
Byi ={z= w-limzy in Ly : 1;15{1 %5l ya () < e,

Then the norm in J% is given by
H.%‘HJgO :inf{C >0:ze€ CBJgO}

It is clear that for 2 < p < oo, the space Jg is complete. For p = oo, Jgo is a Banach
space by Lemma 3.2.45. We may characterize the space Jg in a simpler way.

Proposition 3.5.20. Let 2 < p < oo. Then the unit ball of Jg is equivalent to

By ={w € Loy(M) : @ = Ly-limay, [[zallng < 1, [lealla < 1, ¥ A}

Proof. Since the discrete Jg(a)—norms are decreasing in o (up to a constant 2), we may
adapt the proof of Proposition 3.2.52 and obtain that the unit ball of Jg is equivalent to

{z € Lo(M) : @ = Ly- lim 2, lim [2xll g0y < 1. ¥ A}
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Moreover, it is clear that for z € L,(M)
i [ 2]l g o) ~2 max(f[llng, flll2)-

Hence we get

1
§BJ§1 (- Bp C 2BJ§

This construction describes the dual space of KZ.

Lemma 3.5.21. Let 1 < p < 2. Then
(Kg)* = Jg, with equivalent norms.

Moreover,
1
sl < allocgye < ol

Proof. The proof is similar to that of Theorem 3.2.46. Indeed the construction of the space
Jg, is similar to that of the space L7, MO. The contractive inclusion JZ, - (Kg)* follows
easily from the discrete duality (Kg(o))* = J]‘:, (o) and the density of La(M) in Kg. For
the reverse inclusion, recall that by Lemma 3.5.16 the space Kg embeds into [];, Kg(o'),
and Ha;HKg < 2limgyy ||| Kd(s)- Hence by the Hahn-Banach Theorem we may extend a

linear functional on KZ of norm less than one to a linear functional on [];, Kg(a) of norm
less than two. Then we use the same argument as in the proof of Theorem 3.2.46. The
crucial point here is that

Ly(M) is dense in KZ and ||z|2 < HmHJg(U). (3.5.14)
O

Remark 3.5.22. The same argument doesn’t work if the observation (3.5.14) is not
verified. This explains why we cannot easily describe similarly the dual space of hg for
1 < p < 2, and justifies the introduction of the spaces Kg.

We can now establish the dual version of Theorem 3.5.12.

Theorem 3.5.23. Let 2 < p < oo. Then
c _ 1d c . .
H,, = J, Nhy  with equivalent norms.
Moreover, the constant remains bounded as p — o0.

Proof. Combining Theorem 3.5.12 with Lemma 3.5.18 and Theorem 3.2.39 we get for
2<p< o0

HE = (H5)* = (hd B hS)* = (K BhS)*.
Then, using the description of the dual space of the sum H given in Lemma 3.5.4, Lemma
3.5.21 and Theorem 3.3.29 yield

_ d \* * __ 1d
HE = (K%)* m (hS)* = J¢ @ he.

Note that here the intersection is taken over La(M) N Kg, Nh?, = La(M). Moreover, Jd
and hy are subspaces of Lo (M). Hence in this situation, M is simply the usual intersection
of subspaces in La(M), and we can denote it by N. This concludes the proof. O
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We turn to the missing Burkholder inequalities for 2 < p < oco. We introduce the
conditioned Hardy space h,, in this case as follows.

Definition 3.5.24. Let 2 < p < co. We define
_ 1d
hy = J, N hy Nhy,

equipped with the intersection norm

[2lln, = max ([[z]l5a , [lzllng , [l]n)-
Theorem 3.5.25. Let 2 < p < oo. Then

L,(M) =h, with equivalent norms.
Proof. Combining Theorem 3.2.56 with Theorem 3.5.23 we get for 2 < p < 00

Ly(M) =HENH, = (JEnhe) N (JEnhy) = hy.

3.5.6 Another characterization of BM QO and the H-Davis decomposition
for p=1

We end this section with the case p = 1. The aim is to extend Theorem 3.5.12 to the
case p = 1. Observe that in this case, since the diagonal spaces hg(a) are not regular,
we can not prove the case p = 1 by approximation, as we did in Theorem 3.5.10. Hence
we will use a dual approach and will first extend Theorem 3.5.23 to the case p’ = oo.
More precisely, by approximation we can establish an analogue of the discrete fact that

BMO¢(c) = hd, (o) N bmo®(o) as follows.
Theorem 3.5.26. We have

(HS)* = BMO® = J¢ Nnbmo®  with equivalent norms.
Proof. We will prove the following inclusions

c ) d c ) C\*

BMO® C J5, Nnbmo® C (HY)*.
Then we will conclude by using Theorem 3.2.46. For each ¢ and x € M we have
Hxtho(a) < |zl Brmoe(oy and |72 < \/§||:c||BMOc(U). Hence Bpioe C ﬁBJgo. Moreover,
2 [lbmoc (o) < |1zl BrArOc(0)- Then Lemma 3.3.36 yields a bounded inclusion BMO® C bmo®.
This shows (1). We prove (2) by approximation. Let € J& N bmo® be of norm less than
one and y € La(M). Then x € Ly(M) satisfies max(||z[/ja_, [|7[lbmoe) < 1. Hence z is in
the unit ball of J¢, and by Lemma 3.5.20 there exists a sequence (z))y in M such that
z = Lo-limy z and ||lzx[he. < 2,[|zall2 < 2. On the other hand, by Lemma 3.2.25 we have

Iyles = L 1yl

Hence for € > 0, there exists 1 < p < 2 such that [[y[[xs < [[yl[#s + . Observe that for
2 < p/ < oo the conjugate index of p we have for each o

1-2 / 2 / / 1—-2 /
[2allus, ) < 2wl o l2a ) < 227 Al G-
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Taking the limit in o we get

1-2/p'
lallpa < 2727 |yl 27 < 4.
P oo

Hence x € Jg,. Since bmo® C L7, mo, we get
z € J4 N Lymo = (KEAhS)* = (W B hS)* = (HS)™.

It is crucial here to note that the constant remains bounded as p — 1, thanks to Theorem
3.5.12. Thus

I7(z"y)| < C)yllng < Clllyllng +2),

where C' = sup; .j,<4/3 C(p) is bounded. Sending € to 0 we obtain that x € (H{)*, and (2)
is proved. ]

This duality allows us to decompose the space HS as follows.
Corollary 3.5.27. We have
HE = KSBh{  with equivalent norms.

Proof. This follows directly by duality. Indeed, by the same arguments as in the proof of
Theorem 3.5.23, we have

(K48 h$)* = (K9)* mbmo® = JL @ bmo®.

Since in this case the intersection M corresponds to the usual intersection of subspaces of
Lo(M), we get by Theorem 3.5.26

(K48 h$)* = JL Nbmo® = BMO°.

We conclude the proof by using Theorem 3.2.46. 0

Combining Corollary 3.5.27 with Lemma 3.5.18, we obtain the H-Davis decomposition
forp=1.

Theorem 3.5.28. We have

Hi = hcll B h{ with equivalent norms.

3.6 Atomic decomposition

In this section we introduce the notion of algebraic atoms, and use it to decompose the
Hardy spaces defined previously. Actually our sets of algebraic atoms will be already
absolutely convex, and we will characterize the unit balls of H; and hy as the closure (in
H,, and hy respectively) of such algebraic atoms. We will use this decomposition in the
next section on interpolation.
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3.6.1 The discrete case

Let (My)n>0 be a discrete filtration. In this part we establish a decomposition of the
Hardy spaces for 1 < p < 2 involving “algebraic atoms”. This decomposition yields an
explicit Davis decomposition at the level of algebraic atoms for 1 < p < 2. In Chapter
2, an atomic decomposition for h{ was established by a dual approach, and we will follow
this procedure to give an algebraic atomic description of H,, and hj; in the range 1 < p < 2.
More precisely, we will first decompose in algebraic atoms the conditioned columns L,-
spaces in which the Hardy spaces are complemented.

Let us consider the conditioned column spaces Lgond (M; £5) introduced in [20]. Recall
that for 1 < p < oo and any finite sequence a = (an)n>0 in Loo(M), we set

lall Leona(atzeg) = H ( g]gnm”'?)lﬂup'

Then | - || Leond(Myeg) defines a norm on the family of finite sequences of Loo(M). We

denote by Lgond(./\/l; £5) the corresponding completion. Note that this space is isometrically
isomorphic to the space of double indexed columns which are conditioned in one variable
considered in [20], by using the map

{L;f“dw;eg) — LM 5N
(O

Z €n,0 Kap Z €n,0 X un(an)
n>0 n>0

with complemented range in

Lgd(M;ﬁg(I\ﬁ)) = {26”70 ®eko® ank : ank € Lp(My,) for all n, k > 0}.
n,k

It is clear that for 1 < p < oo, the Hardy space H, embeds isometrically into
Lgond(/\/l; ¢5) via the map

R — Z en0 @ dp ()
n>0

. {H;; —  Led(M;65)
i

Moreover, using the Stein projection D, we can show that
Lemma 3.6.1. Let 1 <p < oo. Then H,, is complemented in Lgond(/\/l;eg).

Proof. The Stein inequality directly implies that ||D : Lf,ond (M;£5) — HE|l < V2(1 + ).
Indeed, for 1 < p < oo and a finite sequence a = (a,)n in Loo (M) we have

PG = | (3 Ienen) — Enatan)®) |
< Va(|(Z @) ], + (S Enater) )
=Va(| (S tenten?) | + (S Eanton) )

< VB4 ) (2 leatan)?)

<V2(1 +7) llall Leona (p;eg)-
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Recall that 4, ~ (p — 1)7! as p — 1, hence this direct proof does not hold for p = 1.
However, by using the spirit of the decomposition introduced in section 3.4, we will show
that in fact D is also bounded on Lgond(/\/l; 05) for p = 1.

Let us introduce Lgond_(/\/l; ¢5) defined similarly as Lf,ond(/\/l; 45) by setting

1/2
lalsgoni-ua gy = | (32 En-alanl®) |
n>0

We now turn to the description of the dual spaces of these two conditioned L,-spaces.
Following [21] we introduce for 2 < p < 0o

Lg’condMO ={z = (zn)n>0 C Lp(M) : < 0o},

HI‘HLz,condMO

where

1/2
Il gemerso = [spten( Xl

k>n

Similarly, we define
Lg,condfMO — {37 — («Tn)nZO C Lp(./\/l) : Hx”L;’CODd_MO < OO};

where

1/2
HmHLCCOHd7M0 Hsup 8 (Z ‘xk‘2)H .
k>n p/2

We also define the space Lgond(./\/l;ﬁﬁ) as follows. Let 1 < p < 2 and ]l) =1+ %. A
sequence = (Tp)p>0 is in L;"nd(/\/l;éﬁ) if there are by, € La(M) and a, € Ly(My)
such that

Tn =Y by nkn (3.6.1)
k>0

for all n and

2 S Ll(M>, Z ]akm]Q S Lq/2<M).

k,n>0 k,n>0

We equip L,(M;£5) with the norm

HxHLW(A4¢§)::inf‘{( j{: th”H§)1/2H( jiz |akﬂA2)1/QHq}7
k,n>0

k,n>0

where the infimum is taken over all factorizations (3.6.1). Observe that we may adapt
Lemma 3.4.2 to this conditioned space, i.e., the unit ball of Lf,ond(/\/l; £9) is the set of all
sequences (b,ap)p>0 with b, € Ly(M) and a,, € Ly(M,,) such that

(ZH%H%)W (Z\an\2)1/2 <L (3.6.2)
n>0 n>0 q

For 2 < p < oo we consider
Ly (M £5) = {x = (2n)n>0 C Lp(M) = [|2]| poona(rpies,) < o0},

where

1/2
X con .pc — Hsu +g X 2H
H HLP d(M;Le) nZ% n‘ n‘ /2
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Proposition 3.6.2. Let 1 < p < 2. Then
(i) (Lgmd(M; 65))" = Ly MO,
(i1) (L= (M £5))° = Ly " MO,
(i) (L (M )" = L™ (ML),
with equivalent norms.

Proof. (i) and (ii) was proved in [21], by considering L (M; £3) as a subspace of Ly (M; £5(N?)).
The proof of (iii) is similar to that of Proposition 3.6 of [20], and is based on a standard
application of the Grothendieck-Pietsch version of the Hahn-Banach Theorem. O

It is clear that for a sequence (x,),>0 in L,(M) and 2 < p < 0o we have
> p
HxHszcondMo & max (HwHL;vcond*Mo ) HxHLg"“d(M%g@))'
Hence by duality we get
Proposition 3.6.3. Let 1 < p < 2. Then
Lgond(./\/l; 05) = L;ond(./\/l; 09) + Lgond*(./\/l; 05)  with equivalent norms,
where the sum is taken in Ly(M;(3).

We now turn back to the discussion on complementation results. Note that for 1 <
p < 2, the spaces h; and h;,c embed isometrically into L;‘md_(M;Eg) and Lgond(/\/l;ﬁ‘{)
respectively. Indeed, a martingale xz € hzlf can be written as z = D(ba) = >, dn(bpay),
with ba € L,(M;(5). Then

dp (bnan) = En(bpan)—En—1(bpan) = Z “n(b;)(k)*un(an)(k)_z Un—1(by,) (k) tn—1(an) (k)
k k

is in LY (M; £5) for up(an)(k), un—1(an)(k) € Lg(Ms,). Moreover we have the following
complementation result.

Proposition 3.6.4. Let 1 < p < 2. Then
(i) The space hy, is complemented in Lg‘md_ (M; 65).

(ii) The space hye is complemented in Lgond(/\/l;ff).

Moreover, the projection is given in both cases by D : Z en,0 @ ap — Z dp(ay).
n n

Proof. For (i), we simply use the fact that

En—1lEn(an) — 5n—1(an)’2 = gn—1|5n(an)’2 - |gn—l(an)|2
< gn—l"‘:n(an)’2 < gn—l(gn’anP) - gn—llan’%

This shows that hj, is 1-complemented in Llc,ond* (M; £5). The second assertion was proved
in Lemma 3.4.5 O

Remark 3.6.5. Observe that assertion (i) also holds true for 2 < p < oo.
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We can now extend Lemma 3.6.1 to the case p = 1.
Proposition 3.6.6. Let 1 < p < co. Then the space Hy is complemented in Lgond(/\/l; 05).

Proof. Tt suffices to consider 1 < p < 2. This result follows directly from Propositions
3.6.3 and 3.6.4. Indeed, let a = (an), € Lgond(M;ﬁg) be of norm < 1. By Proposition
3.6.3 there exist b € L& (M; £5), ¢ € L4 (M; £5) such that a = b+ ¢ and

bl g ats) + el somt- ugs) < C@).
Then D(a) = D(b) + D(c) and Proposition 3.6.4 implies

1@l < [D®)]l15 + D115 < C"GYIDB) e + [D(€) )
< ") (bl sgmaanes) + el pgoni- uee)) < CIC"(0).

Since all the constants involved here remain bounded as p — 1, this ends the proof. ]

Let us now describe a decomposition involving algebraic atoms. We first decompose
the conditioned columns L,-spaces for 1 < p < 2 by using a dual approach, then by the
complementation results established above we will deduce an analogous decomposition
for the Hardy spaces. Before defining the algebraic atoms for the conditioned column L,-
spaces, let us introduce de(M; £5), the closed subspace of L,(M;(5) consisting of adapted
columns for 1 < p < 0, i.e.,

LM 5) = { Y eno@an © an € Ly(Mn)} € Ly(M;£5).

n>0

We define the algebraic atoms associated to Lz‘;ond(/\/l; /5) and L;’;O“d_(/\/l; 05) respectively
as follows.

Definition 3.6.7. Let 1 <p <2 and | = 3+ ¢.

1. x € Ly(M;£5) is said to be an algebraic L;;C(’“d-atom if we can write x = ba where

(i) b= Z €kn @ bin is a lower triangular matriz in La(B({2)@OM)

n<k
1/2
with [bllz = (Y- Ibeall3) < 1;
n<k
1/2
(i) @ =3 eno @ an € L (M £5) with [lallg = | (X lanl®) | < 1.
n>0 n>0

2. x € L,(M;15) is said to be an algebraic LZ’Cond_—atom if we can write x = ba where

(i) b= Z ekn @ b s a strictly lower triangular matriz in La(B(l2)@M)
n<k

1/2
with bl = (D [bknl3) "~ <15

n<k

(i) a= 3" eno @ an € LEAM; £5) with [lafl, = (X ]an]2>1/2Hq <1

n>0 n>0
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We denote by Lg’cond’algat (resp. Lg’cond*’algat) the completion in Lgond(./\/l; 05) (resp.
Lg‘md* (M;£5)) of the space whose unit ball is the absolute convex hull of algebraic L;’Cond—

. c,cond—
c Ly

atoms (resp. algebrai -atoms).

Actually the sets of algebraic L;’Cond-atoms and algebraic -atoms are already

absolutely convex.

Lemma 3.6.8. Let 1 < p < 2 and (Ay)i<m<m C C be such that Y-, |Am| < 1. For
1<m< M, letz™ € L,(M;15) be an algebraic Lgcond-atom (resp. an algebraic Lg’cond_-
atom).

Then x =3, Amx™ is an algebraic Lg’cond—atom (resp. algebraic Lg’cond_—atom).

c,cond—
Lp

Proof. We prove that the set of algebraic Lgvcond—atoms is absolutely convex, the proof for
the algebraic Lg’cond_—atoms is similar. For each m we set

2" =0"ad" = Zek()@(z knn)

k>0 n<k
with 1/2
(S lalg) ™ <1 and (X ware) " <
<k n>0

Then we can write
M
T = Z Amb™a™ =b'd
m=1

where
= Z Chn @ b;m and d = Z en0 @ aj,

n<k n>0
are defined as follows. We first set

M
— (3 Pllazp)”?
m=1

By approximation, we may assume that the a},’s are invertible. Then we consider

A _
m __ m m 1—1 /
vy = aya,” and by, = \/ m|Ok o Un -
|Am]
m’2:1

It remains to see that b’ and o’ verify the required estimates. For b', since >, |v)
for all n, we have by the Holder inequality

LIRSS Hzf G

n<k

<ZH(ZW|‘) ) LIS e
= 3 Pl X I < 1

n<k

The estimate for a’ follows directly from the triangle inequality in Lg/o(M)
1/22
lal; = [ (323 Panllar?) ™|
n m
=[Sl Xl < ST Al < 1.
m n Q/Q m
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Remark 3.6.9. As a consequence, we see that the unit ball of the algebraic atomic
space L;’Cond’alg“ (resp. Lg’cond_’algat) is simply the completion in Lgond(M;eg) (resp.
Lgond_ (M; £5)) of the algebraic L;’Cond—atoms (resp. algebraic Lg’cond_—atoms).

We can now state the algebraic atomic decomposition for the conditioned column L,-
spaces as follows.

Theorem 3.6.10. Let 1 < p < 2. Then
(@) Lcond (M Eg) — Lc,cond,algat
p ’ p ’
(”) Lzondf (M,ZS) — Lg,condf,algat’
with equivalent norms.

Proof. We detail the proof of the first part, the second one being similar by a shift. Let

x=ba = Z 0 ® ( Z bk,nan)

k>0 n<k

be an algebraic L;’Cond—atom. We want to estimate
o\ 1/2
Il cgoms agiy = || (32 Eelanl®) | = @)Ly ansemy
k>0

where v : LE(M; 5) — Ly(N; £5(N?)) is the isometry given by

= ero@ug(ar) = Y ero®ejo @ up(zi)(j)-
k>0 k.70

Since uy, is a right Mg-module map and a,, € Ly(M,,) C Ly(My) for all n < k, we have

:Ek —uk(Zbknan) —uk(Zbkn)an—ZeN@Zuk bk:n

n<k n<k

Hence we can write

x) = Z e ®ejo® Z g (bk,n) () an

k,j>0 n<k
:( > enn ®ej0 @ up(bpn)(j )(Zen0®600®an)
n<kj>0 >0

By the Holder inequality this implies

@l < || 3 exn®eio@ubin@],| X eno®eop@an|
n>0

n<k,j>0
for = 2 + . The estimation of the b-term gives
H > ern@ug(br n)H = (Z T(|Uk(bk,n)|2))1/2 = ( > 7(Exlbkn? ) (Z bk, I3 )
n<k n<k n<k n<k

Thus we obtain

a2l pgomqanzsy = @l < (3 Ibeald)” H(Zw) H

n<k
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We use duality to prove the converse. Since the atomic space is defined as the com-
pletion in Lgond(/vl;ég), it suffices to show that the algebraic Lg’cond—atoms are norming

for L;’,COHdM O. Indeed, if we show that the convex, bounded set D of algebraic L;’Cond-
atoms is C-norming for the dual of Lgond(/\/l;zg), we will deduce that BL;ond( Mmieg) C

D o) Leg o — (@) € LG MO. Then

”xHL;}condMO sup{(%jT( = ‘xk‘2)cn))1/2 tep € L?;J,/Q),(./\/l), an(p//2)/ < 1}
(Z |2k (En 1/2113)1/2 Cn € Ly 19/ (M), ’Z ‘ <

n<k o (/2

1}
ol <1 Il <1}
i SLZku,nHQSl},

n<k

n<k

sup {
sup{ > 70wk (En (e))V?) :en € L?}my(/\/‘)’
{

= sup? (x|ba) : anL /2)/

where b = Z ekn @ by is a lower triangular matrix in Ly and a = Z eno ® ((S'n(cn))l/2
n<k n>0

is in Lad(./\/l 45) of norm < ¢’ (/,/2), =9 ,//2 (recall that the Doob constant 5p//2 remains
bounded as p’ tends to oo, i.e. as p tends to 1). Hence

<ol sup |(]y)]-

||$’HLc,condMO 2
v v/ y algebraic L&°™-atom

O

It now suffices to use the Stein projection D to deduce the corresponding algebraic
atomic decomposition of Hg and hj,.

Definition 3.6.11. Let 1 < p < 2. Then z € Ly(M) is said to be an algebraic Hg-atom
(resp. algebraic hy-atom) if x is of the form x = D(y) where y is an algebraic Lgvcond—atom
(resp. algebraic Lg’cond_—atom).

We denote by Hg’algat (resp. hf;algat) the completion in HS (resp. hy) of the space whose
unit ball is the absolute convex hull of algebraic Hy-atoms (resp. algebraic hg-atoms).

Remark 3.6.12. 1. Note that x is an algebraic hij-atom if and only if we can write
T = Z bna, where
n>0

(i) (bn)nz0 € 2(La(M)) with &,(bn) =0 for all n > 0 and > _ |[ba]|3 < 1
n>0

(i) a =Y eno®an € L2(M;65) with H(Z yan|2)1/2Hq <1.

n>0 n>0

Indeed, if = is an algebraic hj-atom, then there exists an algebraic Lg’cond_—atom
y = ba such that

= 3 (X bnan) = 3 di( D bin)n,

k>0 n<k k>0 n<k
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for a, € Ly(M,) C Ly(Mj_1) for all n < k. Hence we can write z = Y, b, a, where

by, = > kon Ak (brn) and al, = a,, satisfy the conditions (i) and (ii) above. Conversely,
let x =5 bl al be as above. Then

n-n-n

du(tal ) — dp(En(bal)) = di(En(b)al,) =0 if k<n
RO ) = dy ()l if k>n

Thus

x =Y di(b,)a;, = D(ba),
k>n

where b = 32,y ern ® di(by,) and a = 3=, 5 en0 @ a;, satisfy the conditions of an
algebraic Lg’cond*—atom.

2. Observe that by Lemma 3.6.8, the sets of algebraic Hy and hy-atoms are also abso-
lutely convex.

Then combining Propositions 3.6.4, 3.6.6 with Theorem 3.6.10 we get the following
decomposition for the Hardy spaces.

Theorem 3.6.13. Let 1 < p < 2. Then
(’L) Hz(): — H]():,algat’
(i) hy, = hg’algat,

with equivalent norms.

Proof. We only detail the proof of (i), the second assertion being similar. It is clear that
an algebraic Hyp-atom is in Hy. Conversely, if z € Hy with |z[|gg < 1, then i(z) is in
the unit ball of Lgond(./\/l;ﬁg). By Theorem 3.6.10, for ¢ > 0 there exists an algebraic
Lg’cond-atom y such that |i(z) — y”L;ond(M;gg) < e. Hence D(y) is an algebraic Hg-atom,

and since x = D(i(z)) we get by Proposition 3.6.6
lz = DW)llug = ID(i(2) = y)llEg < CP)i(2) = yllLgonaaaieg) < CD)e

We conclude that z is in Hg’algat. O

Remark 3.6.14. We can prove directly this Theorem by using the same argument as in
Theorem 3.6.10. By this way we may obtain a better decomposition, in the sense that in
the definition of algebraic atoms we can suppose that the by ,,’s are in Lo(My,).

Remark 3.6.15. Observe that the space h}f is already defined using algebraic atoms
similar to the algebraic HY and hj-atoms. Moreover, by Proposition 3.6.4 (ii) we see that
the elements in hle are of the form z = D(y) with y € Lgond(M;E'{). We will say that
x € Ly(M) is an algebraic hyc-atom if x is of the form x = D(y) where y is in the unit
ball of Lgond(/\/i; £9), i.e., y = ba with

(i) b= Z enn ® by, is a diagonal matrix in Lo(M®B({2))

1/2
with b2 = (3 [bal3) " < 1;

n>0
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(i) @ =" eno® an € LA(M; £5) with flafly = ||( D yanP)WHq <1

n>0 n>0

This describes naturally the space h}oc in the same way as the atomic spaces Hg’algat
and hg’algat. Moreover, we could suppose in addition that b is an adapted diagonal, i.e.,
by, € La(M,,) for all n in the definition of an algebraic hlc—atom.

Our definitions of algebraic atoms for Hy, h; and hlc give an explicit Davis decompo-

sition at the level of atoms for 1 < p < 2. Observe that we can explicitly decompose an

algebraic Hpj-atom as follows. Let z = D(y) be such that y is an algebraic Lg’cond—atom.

Then y = ba where b = > -} €rn ® by, is a lower triangular matrix of norm less than one

in Ly(M®B(¢3)) and a = Z en,0 ® an € Lgd(/\/l; 45) is of norm less than one. Writing
n>0

b= Z €kn & bk,n + Z enn @ bn,n = b + bl/v
n<k n>0

we get
=D(ba) = D('a) + Db a) =: 2’ + 2",

where 2/ is an algebraic hf-atom and 2" an algebraic hjc-atom.

3.6.2 Decomposition into algebraic atoms of the ultraproducts of the
conditioned column L, -spaces

In the spirit of this paper, we start by considering the decomposition for the ultraproduct
spaces. We will follow the approach detailed in subsection 3.6.1, by first looking at the
conditioned column L,-spaces.

Definition 3.6.16. Let 1 < p < 2. We define

| ~
\‘ ” c,cond )

%;,cond H Lcond M EC( )) and K;,cond U I p ccond u)) K, :
p>p

where I : /I‘(;C)v’cond(Z/l) — ngnd(u) denotes the contractive ultraproduct of the compo-

nentwise inclusion maps. We define similarly the spaces
k’;,cond—(u)’ K;,cond— (U) and ?;c,cond(u% K;C,cond(u)'

Observe that 7‘~(§ U, ﬁg (U) and Ell,c (U) embed isometrically into gl‘;”“‘md Uu), IN(;’COHd* U)

and K;C’Cond(b{) respectively via the map i. Since i preserves the regularized spaces,
1e . . . ,cond ,cond—

H(U), hi(U) and h.c(U) are also isometrically embedded into Kjm(U), K (U)

and K;C’Cond(L{) respectively. Moreover, by Propositions 3.6.4 and 3.6.6 the map D is

bounded for 1 < p < 2 on ?g’cond Uu), f(;ﬁ’cond* (U) and f(gc’cond (U), and it also preserves
the regularized spaces. Hence we have

Proposition 3.6.17. Let 1 <p < 2. Then
(i) The space HS(U) is complemented in KS"(U).
(ii) The space hS(U) is complemented in K5~ (U).

(iii) The space hle(U) is complemented in K} (Uf).
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Moreover, the projection is given in all cases by D = (Dy)®.

Before defining the algebraic atoms for the ultraproducts of the conditioned column
L,-spaces, let us introduce

\‘ ”Nc,ad
Ky

Kp @) =], L' (M: 5(0))  and Kp*'(U) = | I, (K2 U))
p>p

Definition 3.6.18. Let 1 < p < 2 and % = % + %.
1. €€ %g(l/{) is said to be an algebraic %;j’cond(L{)—atom if we can write £ = Ba where

(i) B=(Bs)® €1y L2(B(l2(0))@M), Bs = Z est ® Bo(s,t) is a lower trian-
t<s,s,tc€c
gular matriz in Lo(B(l2(0))@M) with

1/2
1812 =1tim (3= [I8e(s,0)]13) <1

’ t<s,s,t€o

(ii) o= (ay)® € %g’ad(U), 0 = Z et 0@, (t) is an adapted column in Ly(M;5(0))
teo

Jolly =ty | (X leo () ] <1

teo

with

2. €€ ff/g(U) is said to be an algebraic f(/;’cond_ (U)-atom if we can write & = Ba as
before, where in this case By is a strictly lower triangular matriz.
We denote by f(/g’cond’algat (U) (resp. E;’Cond_’algat (U)) the completion in ff/g’cond(U) (resp.
f(;f’cond_ (U)) of the space whose unit ball is the absolute convex hull of algebraic ./f(/gcond U)-
atoms (resp. algebraic f(/;’cond_(Z/{)—atoms).
Remark 3.6.19. In this definition we omitted to write some maps, in order to simplify the
statement. Actually, in (i) for instance, we should write pf; cond(¢) ¢ | »(U), where pf cond

denotes the ultraproduct map of the componentwise bounded maps pf; cond . K c.cond(74)
Ks(U).

Remark 3.6.20. Note that £ = (&,)® € fg(bl) is an algebraic fg’cond(bl)—atom if and
only if for each o, &, = f,a, is an algebraic Lgcond(a)-atom. Hence Lemma 3.6.8 yields
that the set of algebraic Egcond (U)-atoms is already absolutely convex. The same holds

true for the algebraic Kg’cond* (U)-atoms. Moreover, we can see that
Nc,cond,algat c,cond algat
K, =11,z ().

Indeed, let ¢ be in the unit ball of ?g’cond’algat (U) and fix € > 0. Then there exists an
algebraic Eg’c‘md (U)-atom fa = (Braq)® such that

I8 = Bellggem ey = 3518 = Brtolgmaomia <

Since we may assume ||&, — ﬁgaaHLgond(M;gg(U)) < ¢ for all o, and (,a, is an algebraic

Lgeond(g)-atom we deduce that & is in the unit ball of L&¢n4:2188% (¢) hence £ is in the unit
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ball of [];, Lg’cond’algat(a). Conversely, let £ = (&,)® be in the unit ball of [];, Lg’cond’algat (o).
We may assume that &, is in the unit ball of L;’Cond’algat (o) for all 0. Hence for each o,
there exists an algebraic Lg’cond(a)—atom Beas such that

160 = Boto || peona (amieg (o)) < €
Then fa = (B,a,)® is an algebraic %;’Cond (U)-atom and

€~ ﬁO‘Hf(vaOﬂd(u) = LHZEI [ ﬁaacrHLgO"d(M;Zg(o)) <Ee.

b

Thus Theorem 3.6.10 yields directly the following decomposition of the ultraproduct
of conditioned column L,-spaces in the algebraic atoms defined above.

Proposition 3.6.21. Let 1 < p < 2. Then
(i) f{jg,cond(u) _ f{/g,cond,algat(u)’
(ii) }‘(“g,cond— U) = [N(g,cond—,algat ),
with equivalent norms.
We define the regularized atoms as follows.

Definition 3.6.22. Let 1 < p < 2. We say that £ is an algebraic Kg’cond(?/{)—atom (resp.
algebraic K5~ (U)-atom) if & = I5 (1) for some p > p and n an algebraic %}?wnd(u)—
atom (resp. algebraic Kgcond_ (U)-atom).

We denote by Kg’cond’algat (U) (resp. Kg’cond*’algat (U)) the completion in %If’cond(U) (resp.
fg’cond_ (U)) of the space whose unit ball is the (absolute convex hull of) algebraic Kg’cond(L{)—
atoms (resp. algebraic K&~ (U)-atoms).

Remark 3.6.23. This definition of the regularized algebraic atoms simply means that in
Definition 3.6.18, we replace o € K&*(U) by o € K&*(U).

Then we get the regularized version of Proposition 3.6.21.
Proposition 3.6.24. Let 1 <p < 2. Then
(i) Kg,cond(u) _ Kg,cond,algat(u)’
(ii) K;,cond— U) = K;,cond—,algat(u)’
with equivalent norms.

Proof. As before, we only detail (i). It is clear by the definition of the regularized space
Kgeond(Yf) that an algebraic K& (U)-atom is in K5e(Uf). Conversely, we use our
standard argument. Let £ € Kg’cond (U) be of norm < 1, then by density we may assume

that £ = I (n) where n € Egcond(U) for some p > p. Then viewing Egvcond(U) as a
subspace of [];; Ly(B(l2(c x N))®@M) we can write

€]l zewcona = lm_[[I5 (0)] zewcona p, < 1.
Kp @) q—pp<q<p 1 Ky @)
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Hence, we may assume in addition that ||| zc.cona,,,, < 1. Then by Proposition 3.6.21, for

©)

P
(U)-atom Ba such that [|n — Ba zeconay,y < €. Thus

T-c,cond
K )

P
: : c,cond
I5 ,(Be) is an algebraic K" (U)-atom and

€ > 0 there exists an algebraic

P

1€ - Iﬁp(ﬁa)ufgngnd(u) = ||I;,p(77) - Iﬁp(ﬁa)nﬁgvcond(u) <|n— ﬁaHf}gcond(u) <Eé.

P

This ends the proof. O

We end this subsection by introducing the following terminology for the diagonal atoms,
consistent with the previous definitions of algebraic atoms for Kgcond (U) and Kgcond_ U).

Let 1 < p < 2. We will say that £ € %;(Z/{) is an algebraic Kgc’cond(b{)—atom if £ is in the

unit ball of f{}vcond(u), i.e., we can write £ = Sa where

(i) B = (Bs)® € [Iy la(o; La(M)), Bs = Z e t®@ 0, (t) is a diagonal matrix in Lo (B(¢2(0)) QM)

teo

1/2
18]l = lim (D 18-(1)113) < 1;

’ teo

with

(ii) a = (ay)® € %g’ad(lxl), oy = Zew ® ag(t) is an adapted column in L,(M; ¢5(0))
teo

lellg = tim | (3 leo (1) ?)

teo q

with
7

We say that £ is an algebraic K;C’Cond(Z/I)—atom if £ = I;,(n) for some p > p and n an
algebraic ”f?;}cv“’“d (U)-atom.
3.6.3 Decomposition into algebraic atoms of the Hardy spaces

We now turn to the decomposition of the Hardy spaces, by applying the Stein projection
D = (D,)* to the conditioned algebraic L,-atoms. We start with the decomposition of the
regularized ultraproduct of Hardy spaces.

Definition 3.6.25. Let 1 < p < 2. We say that x € L,(My) is an algebraic H(U)-atom
(resp. algebraic hé(U)-atom, algebraic hle(U)-atom) if x is of the form x = D() where &
is an algebraic Kg’c‘md(b{)—atom (resp. algebraic Kg’cond_ (U)-atom, algebraic K;C’Cond(U)—
atom).

We denote by HGM8 4 (U) (resp. hG™et (1), hle?€3t(1f)) the completion in ﬁg(ll) (resp.
ﬁ;(U), ﬁil)c (U)) of the space whose unit ball is the (absolute convex hull of) algebraic Hy(U)-
atoms (resp. algebraic h(U)-atoms, algebraic hye(U)-atoms).

Remark 3.6.26. 1. As in the definition of the algebraic f(/;(l/{)—atoms, we omitted to
write some maps to simplify the statement. For instance, for an algebraic ’H;(U)—
atom we should consider J;(z) € L,(My), where Jg : Ho(U) — Lp(My).

2. The set of algebraic HS(U)-atoms (resp. algebraic hS(U)-atoms , algebraic hle(U)-
atoms) is already absolutely convex.

Combining Proposition 3.6.24 with Proposition 3.6.17, we get
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Proposition 3.6.27. Let 1 <p < 2. Then
(i) M) = e ),
(i) W (W) = h = @0),
(i) bl W) = 1= @),
with equivalent norms.
We now define the algebraic atoms for the Hardy spaces.
Definition 3.6.28. Let 1 <p < 2.

1. © € Ly(M) is said to be an algebraic Hy-atom if, for some partition oo, T is an
algebraic Hy(o)-atom for all partitions o O oy.

2. x € La(M) is said to be an algebraic hj-atom if x is an algebraic hy(o)-atom for
some partition o.

3. x € Ly(M) is said to be an algebraic hle-atom if x is an algebraic hye(o)-atom for
all partitions o.

We denote by Hg’algat (resp. hg’algat, h},“algat) the completion in Hy (resp. h, h;,c) of the
space whose unit ball is the absolute convex hull of algebraic Hj-atoms (resp. algebraic
hy-atoms, algebraic h};—atoms).

In fact our set of algebraic hj-atoms is already absolutely convex.

Lemma 3.6.29. Let 1 < p < 2. Let o',--- , 0™ be partitions contained in some partition
o, let (Am)i<m<m be a sequence of complex numbers such that >, [Am| < 1 and let
xt, - 2™ € Ly(M) be such that z™ is an algebraic hg(0™)-atom for each 1 < m < M.
Then

M
x = Z Amx™ is an h(o)-atom.
m=1

In particular, if o C o' then every h(o)-atom is an h(o')-atom. Hence x € La(M) is an
algebraic hy-atom if and only if for some partition oo, x is an algebraic hy(o)-atom for all
o D 0p.

Proof. Since x™ is an algebraic hy(0™)-atom, there exists an algebraic Lgcond_(a)—atom
b"™a™ such that " = Dym (b™a"™). We can write for all s € ™

" @) =dl" (> Waer) = Y A ey

t<s,jtco™ t<s,tco™

For each s € o we denote by sp,(s) the unique element in ¢™ such that s,,(s)” < s~ <
s < $m(8). Then for s € o we obtain

d7(x) =" Y An dI o ar

m t<sm(s),t€o™
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Indeed, we have

:ZAmd?( Z A7, () (b (5).4) t)

m t<sm(s),t€c™

=3 A D> AL )l

m t<sm(s),t€c™

Then we can write

Z dg (bs,t)at,

t<s,tco

where b, ; and a; are defined as follows. We first set for t € o

a = (0 it € o)ap?) "

By approximation, we may assume that the a;’s are invertible. Then we consider

Am my m _— m m
vt = B ’]I(t co™ala;t and by = Z]l(t < sm($)\/ [ Amlbgr ()01

Note that a; and v;* are adapted, hence

bs) = DLt < sm($)\/ | AmldZ (B, () )01

It remains to see that b=}y, ¢ iep€st ® bst and a = 3¢, €10 @ ag verify the required
estimates, then since x € La(M) we will deduce that z is an algebraic hj(o)-atom. For b,
since 3, [vi'|? = 1 for all t € o, we have by the Holder inequality

3= 3 ealB= |20 < sm(DAG € ™)AL .

t<s,s,tco t<s,s,tco  m
< (St omente el ws) (S
t<s€o,s,tco

=D Pl D B B =D a6 < 1.

t<sm(s),tec™

The estimate for a follows directly from the triangle inequality in L,/ (M)

a2 = H(ZZp\m\]l (t € o™)|a] )1/2H2
~| ; IAmItEZU;n a7 Hm < ; Pl ™2 < 1.

Applying the conditional expectation &, to Proposition 3.6.27 we get
Theorem 3.6.30. Let 1 < p < 2. Then

(@) h}f — h]ljc,algat;
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i c __ he,algat
(i) hg = hgasat,
c _ qyqcalgat __ | 1.,algat c,algat
(iii) H, = H;, = hye + hgeat,
with equivalent norms.

Proof. Assertion (i) follows from Lemma 3.4.9 and Remark 3.6.15.
For (ii), we first show that the conditional expectation &, is bounded from hg’algat )
to hg’algat. Then by Proposition 3.3.28 and Proposition 3.6.27 we will deduce that

hy = Eu(hy(U)) = Eu(hG B (U)) = hiet

with equivalent norms. Let z = (z,)® be in the unit ball of hlc;algat(Z/{). By density
it suffices to consider that x is an algebraic hf(U/)-atom, i.e., z = D(§) where { is an

algebraic K5~ (1f)-atom. Hence there exist p > p and an algebraic /Izg’condf (U)-atom

Ba such that z = D(I; (Ba)). Note that a € /f‘(/qs’ad(u) for %: 3+ %a thus for ¢ < g < ¢
we have o = Iz ~(a) € Kg’ad(U) and I; (@) = I> (/). Then we can write for %: 3+ %

2= D(I;(Ba)) = D(BL;, () = DAL (o)) = DI, (Ba’)),

with o € Kg’ad(u). In particular we have o' € Kg(L{), and for ¢ > 0 fixed, by Lemma
3.2.17 there exists o € K (U) such that [|o’ — o[> < e. We have seen in the proof of
Lemma 3.4.21 that we may assume o € [[;; Loo (M;€5(0)). We set

a=£(") and {=I; (Ba),

where £ = (€,)°® denotes the ultraproduct map of the discrete Stein projections

E (P ero®ao(t)) =3 ero ® Exlag ().

tco teo

Let us show that &;(D(€)) € ho2lsat . For each o, T, = Dy (fB,00) is an algebraic h%(a)—
atom (up to a constant which does not depend on o). Indeed, @, is an adapted column
and

16l ritg o) = HEU(O‘Z)HL;(M;EQ(J)) < 1€+ Ly(M; £5(a)) — LM £5(0) [l eIz < vallad oo
Moreover, Dy (f,04) € Lo, with a bad constant depending on o. Indeed

||Da(ﬂaa0)”2 < \/iulgaaUHZ < ﬁ”ﬂa”?”aauoo < 00,

for
o |% = 1€ (@)% = | X &l )P
t€o &
< |o|sup [|€:(ag () lloo < lo]sup ag(t)I5 < lolllagls.
teo teo
In particular Z, is an algebraic hj-atom. Hence we have Eu(D(E)) = w- limg 4 2 in

L5(M) and for all o, 7, € h%(a) C hz%' Indeed, by the density of La(M) in h%(a), for
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e > 0 there exists a; € La(M) such that [T, — asllpe(r) < €. By Lemma 3.3.11 we get
p

|Zo — aq||lhe. < 2'/P¢, hence T, € h%. Furthermore we have
p

1Zo Ine. < 277 ||2 lne(o) < 2771180 ll2ll 0|l < 2177,
p P

and the family (Z,), is uniformly bounded in hf)\ Since p > 1, the space h% is reflexive
and the weak-limit of the x,’s exists in hg\ Then taking convex combinations of the Z,’s,

Lemma 3.6.29 ensures that we still have algebraic hy-atoms and we obtain that & (D(&)) is
in the closure in h%—norm of algebraic hj-atoms, and hence also in the closure in hy-norm.

This shows that &;(D(€)) € hg’algat. It remains to show that

1€ () = Eu(D(E))Ing < Ce,

then we will deduce that &, (x) € hg’algat. By Proposition 3.3.28 we have

1€2(x) = Eu(D(E)Ing < 27||z — D(E)lIng we
= 27| D(1; (Ba)) — D(I;,,(5))llns @)
= 2'7||I; (D(B(a’ — @)))llng )
< 21/”\\7? (B’ — @) Hh“ ) < 2Y2V25|Bllzl” — all;

1/p n - NI — ol/p = N/

< 2PVl — E(a )Ilq = 2Y/PV2E(a’ — o)
1/p Aol — oll~< 21/p

< 2PV 20 — || < 2PV 25se.

This concludes the proof of (ii). We need the Davis decomposition proved in Theorem
3.4.20 to deduce (iii). Indeed, we can show that

1) )

4
CH;(i @

c,algat 1. c @ 1.,algat c,algat c,algat
He hie 4 he &= plealeat 4 poalgat ( pyealeat,

The inclusion (1) is obvious since an algebraic Hj-atom is in La(M). The equality (2)
comes from Theorem 3.4.20, and (3) follows from the first part of this proof. Finally, it is
clear that an algebraic h},C—atom is also an algebraic Hj-atom, and by Lemma 3.6.29 this
also holds true for an algebraic hj-atom. O

3.7 Interpolation

In this section we establish the expected interpolation results for the Hardy spaces associ-
ated to a continuous filtration. We will deal with the complex method of interpolation, and
we refer to [2] for informations on interpolation. The interpolation results have already
been used in the literature and are particularly important in abstract semigroup theory.
The conditioned column L,-spaces and the algebraic atomic decomposition introduced in
the previous section will play a crucial role in the proof of these interpolation results.
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3.7.1 The discrete case

Let us first describe the approach we will use to deal with interpolation of noncommutative
Hardy spaces in the discrete setting. Let (My,)n>0 be a discrete filtration. We are dealing
with the interpolation result

HE = [BMO®, H{], for1<p < oo, (3.7.1)

B =

proved in [31]. See also [22] for a different proof with better constants. However, we will
not use the same approach to extend this result to the continuous setting. Our method is
based on the crucial observation stated in Proposition 3.6.6. The first step is to show that
the conditioned column L,-spaces L;‘md(M; ¢5) form an interpolation scale for 1 < p < co.
We will use the algebraic atoms introduced in subsection 3.6.1. Then by complementation
we will deduce that the Hardy spaces H also form an interpolation scale for 1 < p < oco.
Finally, we will use the standard duality argument to obtain the interpolation of the spaces
LS MO for 2 < p’ < oo. Since L, MO = Hy, for 2 < p' < oo, an application of the Wolff
Theorem (see [51]) will yield the desired interpolation result (3.7.1).

Proposition 3.7.1. Let 1 <p; <p2 <00, 0< <1 and % = lp;l@ + p%. Then
L (M 05) = [LE (M 65), LS (M 45)]g  with equivalent norms.

Proof. Note that since M is finite, Lff;nd(/\/l; %) C L;fl’nd (M; £5) and the couple

(Lg‘;nd (M; 65), L;,gnd (M; £5)) is compatible. Recall that we can see Lf,ond (M; £5) as a com-
plemented subspace of L,(M;¢5(N?)) for 1 < p < co. Indeed, Lgond(/\/l; £5) is isometrically
isomorphic to L24(M; ¢5(N?)) via the map v, which is complemented in Ly(M; ¢5(N?)) for
1 < p < oo via the Stein projection

Ly(M; 15(N?)) — Lad(M; 05(N?))
€ Z en0 @ ero @ anp Z eno ® ero @ Enlani)
n,k>0 n,k>0
Since
Ly(M; £5(N?)) = [Lyp, (M; £5(N?)), Ly, (M; £5(N?))]g (3.7.2)

holds isometrically for 1 < p; < ps < 0o, we get
LM (M5 65) = (L™ (M5 65), L (M; 65)]g

with equivalent norms for 1 < p; < p2 < co. Now we want to allow p; = 1, and we may
assume 1 < p; < p < py < 2. Indeed, an application of the Wolff Theorem will yield
the general case 1 < p; < ps < 0co. Let 0 < € < 1 be such that ;17 = 1p;10 + p%. Recall
that by Theorem 3.6.10 we have Lz‘;ond(/\/l;ﬁg) = L;’Cond’algat. We consider an algebraic

Lg’cond—atom x = ba, with

b=> etn®bpn , a=) eno®an € Li'(M;65) and [bll2 <1, [lalg <1,
n<k n>0

Where%:%—ké. We set 2 < ¢1 < ¢ < g9 < oo such that p%-:%"‘q%- (j =1,2). We know
that L39(M;(5) is complemented in Lg(M;£5) for 1 < q < oo via the Stein projection.
Hence, since 6 satisfies % = 1q;10 + %, the interpolation of the column L,-spaces yields

LA(M; 05) = [L2Y(M; £5), L2Y(M; 65)]g
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with equivalent norms. Thus there exists f € f(LZ?(M; ), LZS(M; ¢5)) such that f(0) =
a. Recall that f € f(LZf(M; 05), LZ‘S(/\/{; £5)) if f is continuous on the strip S = {z € C:
0 <Rz < 1}, analyticon S ={z € C: 0 < Rz < 1} and satisfy

10k + i0) o) < oo Tim £05+it) | ga aagy =0 for k= 1,2

Then by setting
g(z) =bf(z) for z€ S

we obtain an analytic function g € 7-"(Lgcl’nd(/\/l; ), L;‘Q’“d(/\/l; £5)) such that ¢g(f) = z. By
density, this proves the inclusion

LEm (M £5) © (L™ (M £5), L™ (M; 65)]s.

The reverse inclusion is trivial by complementation. Indeed, Lgond(./\/l; ¢5) is isomorphic to
a subspace of L,(M;¢5(N?)) for 1 < p < oo, which is complemented for 1 < p < co. [

The complementation result proved in Proposition 3.6.6 then implies the

Corollary 3.7.2. Let 1 <p; <pa <00, 0<6 <1 and % = 1p7—10 + p%. Then

H, =1[H; ,Hpyle with equivalent norms.

Using standard arguments we deduce
Theorem 3.7.3 ([31]). Let 1 < p < co. Then
H, =[BMO*, Hf]

with equivalent norms.

B =

Note that this approach also works for the conditioned Hardy spaces h;, by considering
Lgond_ (M; £5). Hence we recover the following result from Chapter 2

Theorem 3.7.4. Let 1 < p < oo. Then

hy, = [bmo®, hi]1  with equivalent norms.

3 =

Recall that in Chapter, the proof of Theorem 3.7.4 relies on the following characteri-
zation of hy for 1 <p <2

[2|lne =~ Ny(x) for @ € Ly(M). (3.7.3)

Here we set
1/2

Ny(@) =inf |7( 3wy ldu(2))]

n>—1

where W denotes the set of sequences {wy, },,>—1 such that {w?q,/ P 71}n2_1 is nondecreasing

with each w, € Lj(M,) invertible with bounded inverse and ||wy|1 < 1. This charac-
terization was originally introduced by Herz in [18] in the classical case. Moreover, we
can deduce Theorem 3.7.3 from Theorem 3.7.4 by using the Davis decomposition and the
interpolation of the diagonal Hardy spaces hg. Since in our approach of the Davis decom-
position in the continuous setting in Section 3.4 we used the spaces h;f for the diagonal
part, it may be interesting to have an interpolation result involving these spaces.

Proposition 3.7.5. Let 0 < 0 < 1.
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(i) Let1§p1<p<p2<2besuchthatlzlp—_le—i-p%. Then

Ly(M;09) = [Lp, (M; £9), Lp, (M; £9)]g  isometrically.
(i) Let 2 < p; <p < ps < oo be suchthat%zlp—ja—kp%. Then
Lp(M;L5) = [Lp, (M5 LS,), Ly, (M3 8 )]g  isometrically.
Proof. Assertion (ii) was proved in Proposition 3.7 of [31]. For (i), the inclusion
Lyp(M;£5) C [Lp, (M5 £7), Ly (M; £5)]o

can be proved by using the same argument as in the first part of the proof of Proposition
3.7.1. For the reverse inclusion we will show the dual version

Ly (M £55) = (Lp(M; £7))" C ([Lpy (M £7), Lpy (M5 £7)]9)" (3.7.4)

Let x € Ly(M;£5,) be of norm < 1 and y € [Ly, (M;£49), Lp,(M;£5)]p. Fix e > 0. Then
there exists an analytic function f € F(Ly, (M;€5), Lp,(M; £9)) of norm

1R (L, (M), Ly (Mieey) = max (sup || £ (i) ||, (Mseey » sup [[f (1431, (miee)) < llyllo+e
t t

such that f(f#) = y. On the other hand, by (ii) there exists an analytic function
g€ ‘7:(Lp’1 (M;Ego),Lpé(M;ego)) of norm

lgll 7z, (Mstse) 1, (Msts,)) = max (Slip lg(t)llz,, (iee,) - sup flg(d +it)llr,, (s <1
such that g(6) = x. Setting
h(z)=7(9(z)* f(z)) for z€ S

we get a continuous function on the strip .S, analytic on the interior of S, satisfying the
following estimates for t € R and k = 1,2

|h(k +it)| < [lg(k + it)”Lp;C(M;Ego)Hf(k +it)| 1, (Mmse5) < Nlyllo + e
Thus the three-lines Theorem implies that
[7(z*y)| = [h(O)] < llyllo + e

Sending ¢ to 0 gives © € ([Lyp, (M;€5), Ly, (M;£)]p)*. This shows (3.7.4) and ends the
proof of (i). O

Lemma 3.4.5 implies by complementation the similar result for the spaces hllf and hyo.
Theorem 3.7.6. Let 0 < 0 < 1.

(i) Let 1 <py <p<ps <2 besuchthatlzlp—_le—i-p%. Then

hlc = [hi})j, h}?;] with equivalent norms.

(i) Let2§p1<p<p2<oobesuchthatlzlp—z@ﬂ—p%. Then

hpoe = [hp, hpotle  with equivalent norms.

Since Theorem 3.7.3 also holds true for the row spaces, by using the Burkholder-Gundy
inequalities and Fefferman Stein duality we obtain the following interpolation result for
the Hardy space H,,.

Theorem 3.7.7 ([31]). Let 1 < p < co. Then

H,=[BMO, H]1 with equivalent norms.

1
I3
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3.7.2 Interpolation of the ultraproduct of the conditioned column L,-
spaces

We follow the approach detailed in the previous subsection and start by proving the
following interpolation result for the spaces K& (U). Note that (K5 (U), K5eomd(U))
is a compatible couple. Indeed, we can show that for any 1 < p < oo the map I, :
Kgeomd(yf) — K econd(74) is injective. Let us consider V = (v,)®, the ultraproduct map of
the isometric inclusions
L (M b5(o)) — Lyt (M;65(0 x N))
Vg : Z 6,57() & Q¢ — Z €t70 X Ut (at)
teo teo

Then V sends isometrically f(/g’cond (U) into ’Rg(u ), and it preserves the regularized spaces.
Thus we have an isometric embedding

. c,cond c
Vo Koo (g) o ke U),

Since k&(U) C k§(U) injectively, we deduce that the inclusion K5(Uf) C K1) is
also injective.

Proposition 3.7.8. Let 1 <p; <pa<o0,0<0<1 and % = 1]0;19 + p%. Then
Kg’cond(L{) = [K;’lcond(l/[), K;’;Ond(u)]e with equivalent norms.

Proof of Proposition 3.7.8. Let us first observe that Kg’cond (U) can be seen as a comple-
mented subspace of kg(l/{ ) for 1 < p < oo. Indeed, we define the spaces

I8
Mgy

1c,a a c c,a Tc,ad
ke2d(U) = Hu LA (M;l5(0 x N)) and k& (U) = ~U L, (k2 U))
p>p
Then V : Kg’cond(l/{ ) — kg’ad (U) is an isometric isomorphism. Moreover, the space kg’ad(l/l )

is complemented in ki (i) for 1 < p < oo via the Stein projection. Since we may adapt
Corollary 3.2.18 to kj(U), we have

ke(U) = [KS, (W), kS, (U)]g

’ P2

holds isometrically for 1 < p; < ps < oo. This proves the Proposition for 1 < p; <
p2 < 0o. Now we want to allow p; — 1 and as in the proof of Proposition 3.7.2 we may
assume py < 2. By Theorem 3.6.24, we also have an algebraic atomic characterization
K ;’Cond U)=K ;’Cond’algat (U). Then we can adapt the first part of the proof of Proposition
3.7.2 to this case and obtain the inclusion

K;,cond(u) c [Kg,lconda/{),K;,Qcond(u)]a.
Here we need the following result
Eg™U) = [KgU), Kg (U)o,

for 2 < q1 < ¢ < g2 < co such that 1 = %f—i—%. This comes from the fact that Kg’ad(U) is
complemented in K, g(Z/{) via the Stein projection and Corollary 3.2.18 (ii). For the reverse
inclusion we will show the dual version

(K;,Cond(u»* c ([K;,lcond(u)’K;,zcond(u)]g)*' (375)
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Let ¢ € (Kg’cond(L{))* be a functional of norm < 1 and £ € [Kg’f"nd(b{), Kgécond(U)]g. Fix
. . . _ . ,cond ,cond

e > 0. Then there exists an analytic function f = (f5)® € F(K; " (U), K" (U)) of

norm

HfH}‘(K;vlcond(z,{)7K;*2C0"d(Z,{)) = max (Slzp Hf(it>HK;f°nd(u) ) Slip Hf(l"i_it)HK;;O“d(u)) < ||€llo+e

such that f(¢) =& On the other hand, recall that K5 () C Egﬂond(u ) isometrically,
and since p > 1 by reflexivity of ?gcond (U) we have

(Egm @)y = ([, L M: 65(0)) = T, (Em (M 65(0)))"

Thus by the Hahn-Banach Theorem there exists n = (15)® € [ (L5 (M; €5(0)))* such
that

e(&) =limT(nié,), forall &= (&)* € K;’Cond(U).

o U
Proposition 3.7.2 gives
(L (M £5(0))* = ([Lg?™ (M £5(0)), Loa™ (M; £5(9))]g)"
Note that since L (M; £5()) is reflexive, by [2, Corollary 4.5.2] we have
([Le (M £5(a)), L™ (M; £5(0))]g) " = (L (M £5(0)*, (La™ (M £5())) o-

Hence for each o, there exists an analytic function g, € f((Lg‘f“d(./\/l; 5(0)))%, (L;‘;nd(/\/l; 5(0)))%)
of norm

196 | 7 ((Lgona (g (o)) (Lsgnd Mg 01))) < C@N0 | (Lgona (rses (o))
such that ¢g,(6) = n,. Setting

h(z) = lirg{w(gg(z)*fg(z)) for z€ S

g,

we get a continuous function on the strip S, analytic on the interior of 5, satisfying the
following estimates for £ € R and k = 1,2

[h(k + it)] < 1im [lgo (K + it)ll zgond (atseg (o))~ 1 1 for (B + it)HL;Z“d(M;ég(a))

).

< C(P)||77||HM(L;ond(M;£;(g)))*(
Thus the three-lines Theorem implies that

o)1 = [n(O)] < C"(p)(IIE]lo + ©).

Sending € to 0 we obtain that ¢ € ([Kgfond(u),K;’;O“d(l/{)}g)*. This proves (3.7.5) and
ends the proof. O
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3.7.3 Interpolation of Hardy spaces
Note that combining Proposition 3.6.17 with Proposition 3.2.38 we get
Proposition 3.7.9. Let 1 < p <2. Then H, is complemented in Kg’c‘md(b{).
Hence we deduce from Proposition 3.7.8 the analoguous interpolation result for the
Hardy spaces H.

Corollary 3.7.10. Let 1 <p; <pa < o0, 0< 0 <1 and 1% =104 p%. Then

1

HS = [HS

p1’ng]9 with equivalent norms.

Proof. The case 1 < p1 < p2 < 2 is a direct consequence of Proposition 3.7.8 by comple-
mentation. We get the general case by using Corollary 3.2.43, by a standard application
of the Wolff interpolation Theorem (see [51]). O

Standard duality arguments yield
Theorem 3.7.11. Let 1 <p < oco. Then

HE = [BMO®, HS]

with equivalent norms.

3=

Proof. Applying the duality Theorem 4.5.1 of [2] to HS = [H§, HE]g where 17¢ —|— 2 p we
get Hy, = [BMO®,'Hi ]g. Here we used Theorem 3.2.39 and Theorem 3.2. 46 We conclude
by an application of the Wolff interpolation Theorem, by using Corollary 3.7.10. ]

This approach also works for the conditioned Hardy spaces hy, by using ngnd—(u ).
Hence we have

Theorem 3.7.12. Let 1 < p < oco. Then

he = [bmo®, h{]

o with equivalent norms.

=

Remark 3.7.13. Note that for the interpolation of the conditioned Hardy spaces hj we
may also use the same approach as in Chapter 2, recalled in subsection 3.7.1. Indeed we
may extend the interpolation result of Corollary 3.3.32 to the case p = 1 by using the
continuous version of the Herz quasi-norm. Taking the limit in o in (3.7.3), by Lemma
3.3.11 we can write the hj-norm as an infimum as follows

1/2
|2/ =~ ingI‘jJ( T) = 1nf1nf[ (Zwt 2/p\dt+( ) )} for x € La(M).
teo

Then, following the same steps as in Chapter 2 we obtain a different proof of Theorem
3.7.12.

Adapting the proof of Proposition 3.7.8 by using algebraic h}f—atoms and Theorem
3.7.6, we obtain the following interpolation result for the diagonal spaces hll,C.

Theorem 3.7.14. Let 1 <p; <ps<2,0<60 <1 and ; = 17—19 + p%. Then

hlc = [hlj, hzl,g] with equivalent norms.
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Remark 3.7.15. Observe that the Davis decomposition proved in Theorem 3.4.20 yields
a different proof of the inclusion Hj, C [ ‘f,H;]g for0<f<1,1<qg<2and 1;19-1-% = %.
Indeed, using Theorem 3.7.12 and Theorem 3.7.14 we obtain

e = b= (0
C [hy® 4 hi, hge + helg = [HS, Helo.

We end this section with the interpolation result for the Hardy space H,,.

Theorem 3.7.16. Let 1 < p < oco. Then

M, = [BMO, Hi]

1 with equivalent norms.
P

Proof. We first show that

1-6 1 1
Hy = [H1, Hglo for1<p<q<2andT+§:§.

The direct inclusion comes from Corollary 3.7.10 by writing

Hp = Hy, +H,y, = [Hi, Holo + [Hi, Hlo
C [H + M1, Hy + Helo = [Hi, Hylo-

For the reverse inclusion we use Theorem 3.2.56 and the fact that H; embeds injectively
into L; (M) by definition. Hence we get

[Hi, Halo C [La(M), Lg(M)]p = Lp(M) = H,.

Moreover, by Theorem 3.2.56 it is clear that for 1 < p; < p2 < 00, 0 < € < 1 and
1 1-6 0
=04 Y

we have
p p1 D2

Hy = [HPI7HP2]9‘
We complete the proof by using the standard argument and Theorem 3.2.59. Ul
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