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Introduction

Let K be a number field and let p be a prime number. It is by now a
very classical result that the growth of the p-part of the class number along
any Zp-extension K. /K is controlled by an asymptotical formula. More
precisely, we have the following

Theorem 1 (Iwasawa, [Iwa73]). Let Koo/K be a Zy-extension and p* be
the order of the p-Sylow subgroup of the class group of K, the subfield of
degree p™. Then there exist three integers u, A\, v such that

en =pup" +In+v for allm > 0.

In their celebrated work [FW79] Bruce Ferrero and Lawrence Washington
proved that 4 = 0 if K /K is the cyclotomic Z,-extension of an abelian
base field. In 1976 Ralph Greenberg studied in his thesis [Gre76] some cri-
terion for A to be 0 when the ground field is totally real and the extension
is the cyclotomic one. Since then, the condition A = 0 has become a conjec-
ture, known as “Greenberg’s Conjecture” although Greenberg himself never
stated it as such. The conjecture has been verified computationally in many
cases using different techniques: see, for instance, [FT95], [1S97], [KS95],
[Nis06], [OT97], [Tay00] and the references there.

Greenberg’s conjecture may be seen as a generalization of a long-standing
conjecture by Vandiver, predicting that for every prime number p, the class
number of Q(¢,)T, the totally real subfield of the p-th cyclotomic field, is
never divisible by p. Indeed, we have the following well-known result:

Theorem 2 ([Was97], Proposition 13.36). Let K be a number field in which
there is a unique prime above the prime number p and let Koo /K be a totally
ramified Z,-extension of K. Then

p1|Clg| < pt|Clk,| foralln>0.
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Since Q((pe)"/Q((p)" satisfies the hypothesis of the theorem, Vandiver’s
conjecture would clearly imply A = 0 for this extension. On the other
hand, it is still unknown whether A = 0 for the extension would imply
that p { |Clg(c,)+|- Observe that Vandiver’s conjecture has been checked
numerically for all p < 12 x 10% in [BCE*01] but for the moment the best
theoretical result on the conjecture is the following

Theorem 3 (Soulé, [Sou99]). Let i be odd and assume p > 224" Then the
eigenspace of Clgc,) ® Zp on which Gal(Q(¢)/Q) acts as WP~ s trivial,
where w is the Teichmaller character.

We remark that in Washington’s book [Was97] a heuristic argument is pre-
sented (see Chapter 8, §3), according to which Vandiver’s Conjecture should
be false. The argument is based on the idea that the probability that an
eigenspace is non-trivial is equally distributed in the interval 1 < ¢ < p (for
odd 4’s): it might thus need some refinement in view of Soulé’s result above.

On the other side, there are some theoretical argument that might sug-
gest the validity of Greenberg’s Conjecture. In 1995, James Kraft and René
Schoof proposed in [KS95] a procedure to check Greenberg’s Conjecture -
the paper only deals with the case of a real quadratic number field in which
p does not split, but this plays a minor role in their argument - and their
work gives strong theoretical evidence for the conjecture. The idea is to
work with cyclotomic units rather then with ideal classes: indeed, a cele-
brated theorem by Warren Sinnott (see [Sin81]) shows that for all n > 0
the class number of K, (assuming that the degree [K : Q] is prime to p)
coincides up to factors prime to p with the index of the submodule of “cy-
clotomic units” inside the full group of units OIXQL. One can therefore check
if the class numbers stabilize by checking the stabilization of the index of
these cyclotomic units. Call B,, the quotient of le(n by the cyclotomic units
at level n: by a very elegant, but elementary, commutative algebra argu-
ment over the ring R, := Z/p""'Z[G,] (where G,, = Gal(K,/K)), Kraft
and Schoof can describe concretely the structure of Hom(B,,, Qp/Z,) - it-
self again of the same order as B, and Clk, (up to p-units). They show
it is cyclic over R,, and the ideal of relations is generated by Frobenius el-
ements of primes /1, -- ,f that split completely in K,((yn+1). If one can
prove that at least two of these Frobenius elements are prime to each other,
then the ideal of relations is the whole ring, the module is trivial and the
conjecture is verified. This is not always the case, but the same strategy
shows that if for every n there exists two Frobenius elements that generate
an ideal in R, whose index is independent of n, then the conjecture holds
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true. Looking at the computations gathered in the paper, as n grows and
£ runs through many totally split primes, the elements of R, corresponding
to Froby look “random”, and one can therefore expect the conjecture to hold.

Another reason to believe Greenberg’s Conjecture may come from the
so-called “Main Conjecture” (now a theorem, proven by Barry Mazur and
Andrew Wiles, [MW84]). Let K be a totally real number field, that we
also assume to be abelian, and let F' = K((,): F' is then a CM field and
we denote by F* its maximal real subfield. Consider the cyclotomic Z,-
extension F../F (and analogously F.f/F*) and set I' = Gal(F/F) =
Gal(FLf/F*), A = Gal(F/K) and AT = Gal(Ft/K). We also put G =
Gal(Fy/K) 2TxA and GT = Gal(F,/K) 2 I'x AT and accordingly define
their Iwasawa algebras A(G) and A(G™) where, for any profinite group II,
we set

A(TT) = lim Z, {11/ H]

for H running through all open, normal subgroups of II. We therefore get a
diagram of fields
Foo

/

Ft r

o0

|

coor
)

F+ A///
A/

K

Denoting by L,, the p-Hilbert class field of F,,, the extension Lo,/ Fx is the
maximal everywhere unramified abelian p-extension of F,, where we have
set Loo = UL,. The Galois group X := Gal(Le/Fx) is a finitely generated

Zp-module (see [FWT9]) and it carries a natural action of G coming from
the Artin isomorphism

G+

X = lim(Clp, ©Z,)

the projective limit being taken with respect to norm maps: it is therefore
a A(G)-module.
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The unique element ¢ of order 2 in A acts semisimply on every A(G)-
module M and decomposes it canonically as

M>M"e M~ (1)

where ¢ acts trivially on M+ and as —1 on M ~. We can apply this both to
A(G) itself, finding that A(G)T =2 A(GT) (see [CS06], Lemma 4.2.1) and to
X: it is then a standard fact that X* = Gal(L1 /F}) as A(GT)-modules,
where LY, C Lo, is the maximal everywhere unramified abelian p-extension
of Ff. By the classical theory of Iwasawa algebras (see the Appendix of
[CS06]) there exists characteristic ideals, say I C A(G) and I C A(GT)
such that A(G)/I ~ X and A(GT)/It ~ X where ~ denotes pseudo-
isomorphism; moreover, the Iwasawa algebras A(G) and A(GT) are each
isomorphic, as A(T')-modules, to respectively |A| and |A]/2 = |A™| copies
of Z,[[T7], itself isomorphic to Z,[[I']] by sending a topological generator -y of
I' to 1+ 7. Through these isomorphisms the ideals I and I become gener-
ated by suitable collections of polynomials, say I = (fi,..., fja) and [ T =
( ffr ey f\+A| /2>. One checks easily that these polynomials are related to the
Iwasawa invariants by A(X) = " deg(f;) and A(X ) = > deg(f;"). There-
fore Greenberg’s conjecture says that all polynomials ff(T) are constant
or, equivalently (the equivalence follows from [FW79]), that I™ = A(GT).
Before passing to the analytic side of the Main Conjecture, we remark that
our notation I is consistent with (1), because the characteristic ideal of
X+ and the +-part of the characteristic ideal of X, seen as a A(G)-module,
coincide.

On the analytic side, Iwasawa together with Kubota and Leopoldt proved
the existence of a p-adic pseudo-measure (see [Ser78]) (x,, such that!

/ XrkpdCrp = E(p)Ck (1 —n) for all integers n > 1 (2)
G

where (g (s) is the usual complex Dedekind zeta-function of K, xgp is
the p-adic cyclotomic character of Gal(K/K) and E(p) is an Euler factor
that is never 0 (mod p). By a classical theorem in p-adic analysis due to
Kurt Mahler (see [Mah58]), there exists a correspondence M - called the
“Mahler transform” - between the p-adic measures on G (resp. on GT)
and the Iwasawa algebra A(G) (resp. A(G)). Let ©(G) and ©(G™) be the

We recall that a p-adic measure p on G is a continuous functional u : C(G,C,) — C,
subject to the condition p(f) € Z, when f(G) C Z,. A pseudo-measure ¢ is an element of
the total quotient ring of the Zy-algebra of p-adic measures such that (1 —g) is a measure
for all g € G.
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augmentation ideals in A(G) and A(G™), respectively: since (x , is a pseudo-
measure we have M((k )O(G) C A(G). Moreover, since the Dedekind
zeta function (x vanishes for all even negative integers, (2) shows that all
odd powers of the cyclotomic character have trivial integral against (x p;
carefully pinning down the A-action one sees that this forces (, to be in
the +-part and we have M((x,)O(GT) C A(G"). We need a final remark:
an old theorem of Iwasawa (see [Iwa73]) shows that there exists a finitely
generated, torsion A(G)-module 2 such that 2t ~ X~. We do not discuss
this module, and simply use this result to find an action of A(G*) on I~.
Then the Main Conjecture states that

I~ = M(Ci)O(G) (3)

as ideals of A(G™T).

We want now to show that on one hand Greenberg’s Conjecture implies
Mazur and Wiles’ result, and on the other hand that the conjecture would
follow from a “more general” Main Conjecture, namely

I=M(Ck)O(G): (4)

as A(G)-ideals. To do this, we recall the following fundamental theorem of
Iwasawa:

Theorem 4 (Iwasawa, [Iwab64]). Assume that for every n there is only one
prime p,, above p in F,,. Let UL be the local units ofFﬁfpn that are 1 (mod py,)
and let C} be the p-adic completion of the image of cyclotomic units in UL.
Let UL, and CL, be the projective limits with respect to norms: then the
characteristic ideal of UL, /CL as A(GT)-module is M(Cr )O(G™).

The assumption that there is a unique prime in F,, above p is clearly
not necessary, but it simplifies drastically our exposition. Class field theory
gives an exact sequence

0—EL/CL —ul /ol -2t - Xt =0,

where EL is the projective limit of global units of F, that are 1 (mod py,).
Since the characteristic ideal of the second module is described by Theorem
4 and that of the third module is I~ by Iwasawa’s result quoted above,
X+ =0 implies a divisibility I~ | M(Ck,,)O(GT): then the classical Class
Number Formula turns this divisibility into an equality, giving (3). On the
other hand, assume (4): writing X = X* @& X~ we get I = "1~ and

I = (M(Ckp)O(G)) " @ (M(Ckp)O(G))
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as A(G)-modules. But since (xp € A(G)T, we find that (M(Ck,)O(G)) =
0 and hence

1™ = (M(Ckp)O(G)) " = M(Ckp)O(GT)

as A(G*)-modules: combining this with (3) we get I™ = A(G™), which is
precisely Greenberg’s Conjecture.

The first two chapters of my thesis deal with Greenberg’s conjecture.
The first reproduces the work [CN08a| - written with Luca Caputo - and
presents a condition for A = 0 for some abelian field. This condition is
far from being necessary. The second chapter is the paper [Nuc09] and it
investigates a consequence of the conjecture for abelian number fields in
which the rational prime p splits completely: namely, it shows that the
equality of orders |B,| = |Clk, ® Zp| coming from Sinnott’s work hinted
at above, does not imply that a certain natural map between these groups
is an isomorphism, and explicitely computes the kernel and the cokernel of
the map. The interest of this analysis comes again from [KS95], where it
was shown that if p does not split in K, then Greenberg’s conjecture implies
that the above natural map is indeed an isomorphism.

The third chapter is the work [CNO8b], again written with Luca Ca-
puto, and deals with a non-Galois extension in Iwasawa Theory. This is the
definition that we propose:

Definition 1. Let p be a prime number, let K be a number field and let
Ko /K be anon-Galois extension. Suppose that there exists a Galois exten-
sion L/ K disjoint from Ko /K such that LK« is a Galois closure of Koo/ K.
If LK /L is a Zy-extension, then Ko /K is called a fake Z,-extension.

We then prove that the same Iwasawa formula as in Theorem 1 above holds
also for the fake Z,-extension where K = Q, L is imaginary quadratic and
Lo = LK is the anti-cyclotomic Zjp-extension of L, so that K, is the
subextension of L., fixed by any subgroup of order 2 inside the pro-dihedral
group Gal(Lo/Q). In the last section of the paper we also investigate the
algebraic structure of the projective limit of the class groups along this fake
Z,-extension.

References

[BCE101] Joe Buhler, Richard Crandall, Reijo Ernvall, Tauno Metsénkyla,
and M. Amin Shokrollahi, Irreqular primes and cyclotomic in-
variants to 12 million, J. Symbolic Comput. 31 (2001), no. 1-2,

14



[CNO0Sa]

[CNOSb]

[CS06]

[FT95]

[FW79]

[GreT76]

[1S97]

[Iwa64]

[IwaT73]

[KS95)

[Mah58]

[MW84]

89-96, Computational algebra and number theory (Milwaukee,
WI, 1996).

Luca Caputo and Filippo Alberto Edoardo Nuccio, A criterion
for Greenberg’s conjecture, Proc. Amer. Math. Soc. 136 (2008),
no. 8, 2741-2744.

, On fake Zp-extensions of number fields, submitted,
arXiv: 0807:1135.

J. Coates and R. Sujatha, Cyclotomic fields and zeta values,
Springer Monographs in Mathematics, Springer-Verlag, Berlin,
2006.

Takashi Fukuda and Hisao Taya, The Iwasawa \-invariants of
Z,-extensions of real quadratic fields, Acta Arith. 69 (1995),
no. 3, 277-292.

Bruce Ferrero and Lawrence C. Washington, The Iwasawa in-
variant p, vanishes for abelian number fields, Ann. of Math. (2)
109 (1979), no. 2, 377-395.

Ralph Greenberg, On the Iwasawa invariants of totally real num-
ber fields, Amer. J. Math. 98 (1976), no. 1, 263-284.

Humio Ichimura and Hiroki Sumida, On the Iwasawa invariants
of certain real abelian fields, Tohoku Math. J. (2) 49 (1997), no. 2,
203-215.

Kenkichi Iwasawa, On some modules in the theory of cyclotomic
fields, J. Math. Soc. Japan 16 (1964), 42-82.

, On Zj-extensions of algebraic number fields, Ann. of
Math. (2) 98 (1973), 246-326.

James S. Kraft and René Schoof, Computing Iwasawa modules of
real quadratic number fields, Compositio Math. 97 (1995), no. 1-
2, 135-155, Special issue in honour of Frans Oort.

K. Mahler, An interpolation series for continuous functions of a
p-adic variable, J. Reine Angew. Math. 199 (1958), 23-34.

B. Mazur and A. Wiles, Class fields of abelian extensions of Q,
Invent. Math. 76 (1984), no. 2, 179-330.

15



[Nis06]

[Nuc09]

[0T97]

[Ser78|

[Sing1]

[Sou99)

[Tay00]

[Was97]

Yoshinori Nishino, On the Iwasawa invariants of the cyclotomic
Zs-extensions of certain real quadratic fields, Tokyo J. Math. 29
(2006), no. 1, 239-245.

Filippo Alberto Edoardo Nuccio, Cyclotomic units and class
groups in Zp-extensions of real abelian fields, Math. Proc. Cam-
bridge Philos. Soc. (2009), to appear, arXiv: 0821:0784.

Manabu Ozaki and Hisao Taya, On the Iwasawa A2-invariants
of certain families of real quadratic fields, Manuscripta Math. 94
(1997), no. 4, 437-444.

Jean-Pierre Serre, Sur le résidu de la fonction zéta p-adique d’un
corps de nombres, C. R. Acad. Sci. Paris Sér. A-B 287 (1978),
no. 4, A183-A188.

W. Sinnott, On the Stickelberger ideal and the circular units of
an abelian field, Invent. Math. 62 (1980/81), no. 2, 181-234.

C. Soulé, Perfect forms and the Vandiver conjecture, J. Reine
Angew. Math. 517 (1999), 209-221.

Hisao Taya, Iwasawa invariants and class numbers of quadratic
fields for the prime 3, Proc. Amer. Math. Soc. 128 (2000), no. 5,
1285-1292.

Lawrence C. Washington, Introduction to cyclotomic fields, sec-
ond ed., Graduate Texts in Mathematics, vol. 83, Springer-
Verlag, New York, 1997.

16



A Criterion for Greenberg’s Conjecture

Luca Caputo and Filippo Alberto Edoardo Nuccio

June 8", 2007

Abstract

We give a criterion for the vanishing of the Iwasawa A invariants
of totally real number fields K based on the class number of K((,) by
evaluating the p-adic L functions at s = —1.

2000 Mathematical Subject Classification: Primary 11R23; Secondary
11R70

1 Introduction

Let K be a real abelian number field and let p be an odd prime. Set F' =
K(¢p) where (, is a primitive p-th rooth of unity and H = Gal(F/K). Set,
moreover, G = Gal(F/Q) and w = Gal(Q((y)/Q). So the diagram of our

extensions is as follows:

Let : H — Z,; and w : w — Z; be the Teichmiiller characters of K and
Q, respectively. We give (Theorem 2.3) a criterion under which a set of odd
Iwasawa invariants associated to F' vanish: by means of a Spiegelungssatz,
these odd invariants make their even mirrors vanish too. In the case p = 3
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(Corollary 2.5) or p = 5 and [K : Q] = 2 (Theorem 2.7) this allows us to
verify a conjecture of Greenberg for the fields satisfying our criterion.

2 Main result

Proposition 2.1. The following equality holds
rky (K2(OK)) = rky ((Clp)u-1) + 9]

where Ko(Ok) is the tame kernel of K-theory, ClY is the class group of the
ring Or[1/p] (and we take its &~ -component for the action of H) and S is
the set of p-adic primes of K which split completely in F.

Proof. This result dates back to Tate: for an explicit reference see [Gra]
Theorem 7.7.3.1. O

Proposition 2.2. Suppose that Q((p,) is linearly disjoint from K over Q.
Then the following equalities holds

vp (K2 (Ok)|) = vp(Cx(—1)) ifp>5

v3([K2(Ok)|) = v3(Cr(~1)) +1

where v, denotes the standard p-adic valuation and Cx s the Dedekind zeta
function for K.

Proof. The Birch-Tate conjecture which has been proved by Mazur, Wiles
and by Greither (since it is a consequence of the Main Conjecture in Iwasawa
theory) tells that

[ K2(Ok)|

w2

= (x(=1)
where
wy = max{n € N|the exponent of Gal(K({,)/K) is 2}

By our hypothesis, Q((,) is linearly disjoint from K over Q. Hence F/K
is Galois with cyclic Galois group of order p — 1. If p = 3, then for the
same argument 3|wg but 9 we since K ({y)/K has degree 6. Taking p-adic
valuation we get the claim. O

Theorem 2.3. Let p > 5. Suppose that the following holds

o K and Q((p) are linearly disjoint over Q;

18



e the set S of Proposition (2.2) is empty;
e the Main Conjecture of Iwasawa theory holds for F.

Then, if p does not divide the order of Clp(@™1), A\ 2(F) =0 for all char-
acters x of A.

Proof. First of all, we should just prove the theorem for non-trivial charac-
ters of A, since A2 = 0 as it corresponds to the w?-part of the cyclotomic
extension of Q((p), which is always trivial: indeed, B/, = —1/2, and then
Herbrand’s theorem and Leopoldt’s Spiegelungssatz ([Was|, theorems 6.7
and 10.9) give \,2 = 0.

By hypothesis, the set S of Proposition (2.1) is empty. Therefore rk,(K2(Ok)) =
0 and Proposition (2.2) (that we can apply because K verifies its hypothesis)
together with p > 5 tells us that v,(Cx(—1)) = 0. Since we can factor

CK(S) = H L(‘SvX) = C@(S) H L(S7X)

(xeA) x#1

we find that
vp(Cx(=1)) = vp(L(~1,x)) =0 (2.1)
x#1
The interpolation formula for the p-adic L-function (see [Was|, chapter 5)
tells us that
Ly(—1,x) = (1 — Xw_z(p)p)L(—l,Xw_Q); (2.2)
now we invoke the Main Conjecture as stated in ([Gre|, page 452) to relate
these L functions with the characteristic polynomials of some sub-modules
of the Iwasawa module X (F). Observe that the hypothesis of linear dis-
jointness tells us that G~ A x & so we can split

X (F) = D @ Xoo (F) ()

XEA i=1

where G acts on Xoo(F)(xw') as g -z = (xw')(g)x for all ¢ € G and
z € X. Then the Main Conjecture for F allows us to write Ly(—1, yw') =
f(=p/(1 +p),x tw!™?) for all even 2 < i < p — 1, where f(T,x 'w!'™) €
Z,[T) is the characteristic polynomial of X0 (F)(x tw!™): thus Ly(—1, yw')
is Zy,-integral. Applying this for ¢ = 2 and plugging it in (2.2) we find
vp(L(—1,x)) > 0for all x, and thanks to (2.1) we indeed find v, (L(—1, x)) =
0 for all x € A, so

vp(Lp(—1, xw?)) =0 VyeA.

19



If we now apply again the Main Conjecture we find that this corresponds to

Up(f(lip—l,x_lw_l)) :vp<f(%,x_lw_l)> =0 VXeA.

Since f(T,x 'w™!) € Z,[T), is distinguished (see [Was], chapter 7) this is
possible if and only if degy(f(T,x 'w™')) = 0; but this is precisely the
Iwasawa invariant A, -1,,-1, so we have

)\X—1w—1:0 VXEA.

Since the inequality A,-1,-1 > A2 is classical and well-known (see, for
instance, [BN] section 4), we achieve the proof. O

Remark 2.4. We should ask that the Main Conjecture holds for K to apply
it in the form of [Gre]. For this, it is enough that there exists a field E that
is unramified at p and such that F' = E((p), as it is often the case in the
applications. Moreover, we remark that the hypotheses of the theorem are

trivially fulfilled if p is unramified in K/Q.

Corollary 2.5. Assume p = 3. If 3 does not divide the order of Clp(&~1)
and it is unramified in K, then \(K) = A\(F') = 0.

Proof. First of all, the Theorem applies for p = 3 also, since we still have
(2.1) thanks to ¢(—1) = —1/12: moreover, K is clearly disjoint from Q(v/—3)
Q(¢3), as it is unramified, and F/K is ramified, so S = (). But in this case we
have w? = 1, so the statement of the Theorem is that all Iwasawa invariants
Ay vanish for x € A and their sum is precisely A(K). Concerning A(F),
in the proof of the Theorem we first prove that all ., vanish, and deduce
from it the vanishing of their “mirror” parts. O

Remark 2.6. In the case K = Q(v/d) is real quadratic, this is a classical
result of Scholtz (although it is expressed in term of Iwasawa invariants),
see [Was] Theorem 10.10.

Theorem 2.7. Let K be a real quadratic field and suppose that 5 1 |Clp|.
Then A(K) = 0.

Proof. Write K = Q(v/d) and let x be its non-trivial character: the result
being well-known if d = 5 we assume throughout that d # 5. Then we
should consider two cases, namely 5 | d and 5 1 d. We have the following

20



diagram of fields (we don’t draw the whole of it):

F=K(G)=K*(()

Suppose first of all that 5 | d or that 5 is inert in K/Q. Since 51 [F : K],
our hypothesis implies that 5 1 |Clk| (see [Was] Lemma 16.15). But then we
would trivially have A\(K) = 0 as an easy application of Nakayama’s Lemma
(see [Was| Proposition 13.22). We can thus suppose that 5 splits in K/Q.
We then apply Theorem 2.3 to K* instead of K: since Q(v/5) C Q((s),
our field is linearly disjoint over Q from Q(¢5) and S = ) thanks to degree
computations. Moreover the Main conjecture holds for F since F = K ((5)
and K is totally real and unramified at 5. We find that A 2,- = 0 where x*
is the non-trivial character of K*. But clearly x* = yw? so A\, = 0. Since
the Iwasawa invariant associated to the trivial character is A(Q) = 0 we have
AMEK) =XMQ) + A =0. O
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Cyclotomic Units and Class Groups in
Z,-extensions of Real Abelian Felds

Filippo Alberto Edoardo Nuccio

December 3™, 2008

Abstract

For a real abelian number field F' and for a prime p we study
the relation between the p-parts of the class groups and of the quo-
tients of global units modulo cyclotomic units along the cyclotomic
Zy-extension of F'. Assuming Greenberg’s conjecture about the van-
ishing of the A-invariant of the extension, a map between these groups
has been constructed by several authors, and shown to be an isomor-
phism if p does not split in F'. We focus in the split case, showing that
there are, in general, non-trivial kernels and cokernels.

2000 Mathematical Subject Classification: 11R23, 11R29

1 Introduction

Let F/Q be a real abelian field of conductor f and let Clp be its ideal class
group. A beautiful formula for the order of this class group comes from the
group of cyclotomic units: this is a subgroup of the global units O whose
index is linked to the order of Clr. To be precise, we give the following
definition ([Sin81], section 4):

Definition 1.1. For integers n > 1 and a not divisible by n, let ¢, be a

primitive n-th root of unity. Then Normgg%)(cn)(l — (%) € F and we define

the cyclotomic numbers D to be the subgroup of F'* generated by —1 and

Norm%ﬁf&cn)(l — (%) for all n > 1 and all a not divisible by n. Then we

define the cyclotomic units of F' to be

Cycp == Dp N O
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Sinnott proved in [Sin81], Theorem 4.1 together with Proposition 5.1,
the following theorem:

Theorem (Sinnott). There exists an explicit constant kp divisible only by
2 and by primes dividing [F : Q] such that

[O; . C’ycF] = I€F|CZF| .

Let now p be an odd prime that does not divide [F' : Q]: by tensoring
Ox, Cycp and Clp with Z, we get an equality

OF ® Zy : Cycr Q@ Zp) = |Clp @ Zy|

and it is natural to ask for an algebraic interpretation of this. Moreover,
observe that our assumption p t [F' : Q] makes the Galois group A :=
Gal(F/Q) act on the modules appearing above through one-dimensional
characters, and we can decompose them accordingly: in the sequel we write
M(x) for every Z[A]-module M to mean the submodule of M ® Z, of M
on which A acts as x, where y € A (see the beginning of Section 3 for a
precise discussion). Then an even more optimistic question is to hope for a
character-by-character version of Sinnott’s theorem, namely

0% @ Zp(X) : Cyer © Zy(x)] = |Clp © Zy(x))| (1.1)

and then ask for an algebraic interpretation of this. Although it is easy to
see that these A-modules are in general not isomorphic (see the example on
page 143 of [KS95]), it can be shown that they sit in an exact sequence for
a wide class of fields arising in classical Iwasawa theory. More precisely, let
F/F be the cyclotomic Z,-extension of F' and let I' = Gal(Fi /F) = Zy:
then
Fy = UFnD...DFnDFn_lD...DFozF
n>0

where F,,/F is a cyclic extension of degree p" whose Galois group is isomor-
phic to T'/T?". In a celebrated work (see [Iwa73]) Iwasawa gives a formula
for the growth of the order of Clg, ® Z,: he proves that there are three
integers u, A and v, and an index ng > 0, such that

|Clp, ® Zy| = p""" A" for every n > ng .

Moreover, Ferrero and Washington proved in [FW79] that the invariant
p vanishes. A long-standing conjecture by Greenberg (see [Gre76], where
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conditions for this vanishing are studied) predicts that A = 0: according
to the conjecture the p-part of the class groups should stay bounded in the
tower.

Although a proof of this conjecture has never been provided, many com-
putational checks have been performed verifying the conjecture in many
cases (see, for instance, [KS95]). Under the assumptions A = 0 and x(p) # 1,
i. e. p does not split in F', some authors (see [BNQDO1], [KS95], [Kuz96]
and [0za97]) were able to construct an explicit isomorphism

a: (Clp, ©Zy)(x) = (0F, /Cycr, @ Zp)(x) (1.2)

if n is big enough. Although the construction of the above morphism works
also in the case x(p) = 1, as detailed in the beginning of Section 5, the
split case seems to have never been addressed. We focus then on this case,
and study the map in this contest, still calling it a. Our main result is the
following (see Corollary 5.2)

Theorem. With notations as above, assume that x is a character of A such
that x(p) = 1 and that A = 0. Then, for sufficiently big n, there is an exact
sequence

0— K — (Clp, ®Z,)(x) > (0}, /Cycr, @ Zy)(x) = C —0 :

both the kernel K and the cokernel C of a are cyclic groups with trivial
C-action of order |Ly(1,x)|,! where Ly(s,x) is the Kubota-Leopoldt p-adic
L-function.

Acknowledgments This work is part of my PhD thesis, written under the
supervision of René Schoof. I would like to take this opportunity to thank
him not only for proposing me to work on this subject and for the help he
gave me in writing this paper, but especially for all the time and patience he
put in following me through my PhD and for the viewpoint on Mathematics
he suggested me.

2 Some Tate Cohomology

In this section we briefly recall some well-known facts that are useful in
the sequel. Throughout, L/K is a cyclic extension of number fields, whose
Galois group we denote by G. In our application, K and L will usually be
layers Fy, and F), of the cyclotomic Z,-extension for some n > m, but we
prefer here not to restrict to this special case.
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We need to introduce some notation. Let

Uk = [Jox. x [] B

vfoo v]oo

be the idele units, 7. e. ideles having valuation 0 at all finite place v (we
refer the reader to sections 14 — 19 of Cassels’ paper in [CF86] for basic
properties of ideles and ideles class group) and let ¥ be the set of places
of K that ramify in L/K. It is known (see section 1.4 of Serre’s paper in
[CF86]) that the Tate cohomology of local units in an unramified extension
of local fields is trivial: therefore Shapiro’s Lemma (see Proposition 7.2 of
Tate’s paper in [CF86], ) gives

HY(G,Up) = HY(G, H H 0F ) = H HY(Gy, 05 ),

veEX wlv vEX

where we fix a choice of a place w of L above v for every v € ¥ and we
denote by G, its decomposition group in G; we will make this identification
throughout. We denote the product of local units at places v € 3 appearing
above by Us. Consider the following commutative diagram of G-modules:

0 0 0 (2.1)
0 of L* Prp 0
0—> Uy —= A 1d; 0
0 Qr CrL Cly, 0

0 0 0

Here Id; and Pr; denote the group of all fractional ideals of L and of
principal ideals, respectively; while Cp is the group of ideéle classes and
Qr=UL/0F.
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Lemma 2.1. Consider the following diagram induced by (2.1):

I:I_l(Ga UL)

|s

HYG,Cl)) —= HY(G,Qy) .

Then Im(B) = 7(%6) where Y are the primes in L above X fived by G and
NG is their image in HO(G, Cly).

Proof. First of all, the above decomposition

a6 us) = [ a6 ][5

veED wlv

allows to write 8 = [[ B, where (3, is the restriction of 3 to the v-th factor
H=YG,T]10%); we therefore fix a place v € ¥ and we show that Im(3,) =
7T(Puwy - - - Pw,) Where the p,,,’s are the primes of L above v. This follows from

the fact that H—'(G,[]0X) is a product of g (the number of places w | v)
cyclic groups, each of order e,, the ramification index of v in L/K. Now fix
a uniformizer m,, € O, for all w; | v and chose a generator o, of G,: we
have

ﬂv(ﬂ-llvzaua cee 77T11U;UU) = Tr(p’LUI to pwg) ,

as can immediately be seen from the commutativity of

HO(G,1d) — H (G, T, 0)

ll_g |o

HY(G,Clp) —— H Y(G, Q)

where o is a generator of G (inducing o, through G, — G). O

Proposition 2.2 (See [Iwa73]). Let j: Clxg — Cly be the map induced by
extending fractional ideals of O to Op. Then

Ker(y) = Ker(ﬁl(G,OZ) — HYG, UE)) .
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Proof. We simply apply Snake Lemma twice. First of all, apply it to

0 QK Ck Clg 0
! |
0—Qf —Cf —CIf —H'(G, Q1) :
it shows Ker(3) 2 Q%/Qk. Then apply it to
0 0% Uk QK 0

|

0—=(07)¢ — (U)¢ — QFf — H(G,07),

finding Q% /Qx = Ker(ﬁl(G, 05) — HY(G, Ug)). O

Remark. The above proof does not use the hypothesis that G be cyclic. In
fact, we will in the sequel we apply the proposition assuming this cyclicity,
finding Ker(y) = Ker(ﬁ[‘l(G, 07) — HYG, Ug)) . We remark that in his
thesis [Gre76] Greenberg gives the following criterion: A = 0 if and only if
the map 7 relative to the cyclic extension F,,/F, restricted to p-Sylow sub-
groups, becomes 0 for sufficiently large n. This will be the starting point for
our proof of Theorem 5.1.

Finally, we state a Lemma about the cohomology of the direct product
of two groups. The main source for this is [Sch90]. Suppose that F' is
a Galois subfield of K such that L/F is Galois with Gal(L/F) = A x G
where A = Gal(K/F) is abelian and the isomorphism above is induced by
restriction. Then every “arithmetic” module attached to L comes equipped
with a natural action of A x G and we want to compare this action with the
natural one on the Tate cohomology of G. We have the following

Lemma 2.3. [[Sch90], Section /] Suppose that G is a p-group and that
p1|Al. Let M be a Z[A x G| — module: then, for every q € Z, the natural
map

HYG, M ® Z,)> — H1 (G, (M ZP)A> .

is an isomorphism (of abelian groups with trivial A x G-action).
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3 Cyclotomic Units

Fix from now on a non-trivial character x # 1 of A and an odd prime
p 1 [F : Q] such that x(p) = 1. We set R = Zp[Im(x)] and we let § € A
act on R by x — x(d)x. In this way, R becomes a Zy[Al-algebra. For every
Z]A]-module M we denote by M (x) the x-eigenspace of M ®Z,, for the action
of A: there is an isomorphism of R-modules M (x ') = (M ® Z;) ®z, R)A
(our notation is consistent with that of [Rub00], Section 1.6, where all this
is properly spelled out: we denote by R what Rubin calls O). In particular,
with notations and assumption as in Lemma 2.3,

HY(G,M(x)) = HI(G,M)(x) VqeZ. (3.1)

It is easy to see that Clp(x) is isomorphic via the norm to the p-part of the
class group of FXe'X a field in which p splits completely (see [Sch90] for more
details). Analogously, O5/Cycr(x) is isomorphic to (O e /Cycpren) @
Zy: replacing if necessary I’ by FXerX we can therefore assume that p splits
completely in F', and we assume this throughout.

We now go back to the situation described in the introduction: let then
F/F be the Z,-extension of F' and denote by I' its Galois group. For every
n and for every prime ideal p C Op, dividing p, we let O?’n,p denote the local
units at p. Then we set

Un = (J]OF, )0
plp

and analogously
0, :=0g (x) and Cyc, := Cycr, (x) -

Observe that since in a Z,-extension only primes above p ramify, the set
¥ of Section 2 relative to F,/F is ¥ = {p C Op, p|p} for all n and our
notation is consistent with the one introduced there. We finally set

B, :=0,/Cyc,, B, :=U,/Cyc, and A, :=Clg, (x).

By Sinnot’s theorem above, together with Theorem 5.3 in [Sin81] that guar-
antees p { kp, for all n, the groups Clp, ® Z, and (O;ﬂ/C’yan) ® Zyp have
the same order. The character-by-character version of this result is much
deeper: it is known as Gras’ Conjecture, and is a consequence of the (now
proven) Main Conjecture of Iwasawa Theory, as detailed in [Gre77] or in
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[BNQDO1]. It follows that |A,| = |B,,| for all n > 0.

Remark. The semi-local units considered by Gillard in his paper [Gil79b]
are products over all p above p of local units that are 1 (mod p). In our
situation, all completions F}, at primes p | p are isomorphic to Qp, so the
two definitions coincide and U, is a free Z,-module of rank 1.

Moreover, since p splits completely in F'/Q, all primes above p totally ramify
in F,,/F and the subgroup of fractional ideals in F,, having support above
p is isomorphic to Z[A]. After tensoring with R, we can consider the x-
eigenspace, that is still cyclic (as an R-module, now) and so is its projection
to A,. Thus, it makes sense to speak of the subgroup of A, of primes above
p, a cyclic group that we denote by II,. Since it is contained in AS“, we
can use (3.1) to restate Lemma 2.1 saying that (with the same notation
introduced there) B(H " (Gp.m,Up)) = n(I,) for all n > m.

We now investigate in some detail the structure of Cyc,. First of all,
letting f be the conductor of F', we define the unit

D osea x(671)6
) € Cycy .
It is a unit since p t f because p splits completely in F, it is cyclotomic
by definition and we projected it in the y-component: morever, Sinnott’s
description of cyclotomic units shows that Cyc, = noZ, x 1,Zp[Gy] (see,
for instance, section 3 of [Gil79a] for details). In particular, we have an
isomorphism of G,-modules Cyc,, = Zj, x I, where I, is the augmentation
ideal in Z,[Gy], and we find a split exact sequence

0 — () — Cycn — (o) — 0 (3.2)

where we denote, here and in what follows, by (1) and (n,) the Z,[G,]-
modules generated by 19 and 7, respectively: by the above isomorphisms,
(3.2) corresponds to the sequence

0 —Ig, — Ig, X Zp — Zp, — 0. (3.3)

Lemma 3.1. We have H (G, (mn)) = 0 and ﬁfl(AGmm, (no)) = 0. Thus,
the natural map HY(Gpm, Cycyn) = HI(Gpm, (m0)) X HY(Gpnom, (1n)) induced
by 3.2 gives isomorphisms of A-modules

ﬁO(Gn,ma Cycn) = ﬁO(Gn,my (770>)
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and X R
H_I(Gn,m, Cycn) = H_I(Gn,mv <77n>) .

Both are cyclic groups of order p™ .

Proof. The exact sequence
0 — Ig, — Zp|Gy| — Zp — 0

immediately shows, since H(Gy, m, Zy[Gy]) = 0 for all ¢, that H (G, I,
~ H Y(Gpm,Zp) = 0. The Z,|Gy)-isomorphisms (n,) = I, and (o) = 7Z,
give the result. O

Suppose now that A = 0. The estension F,,/F is totally ramified since
p splits in F' and the norm maps N : A,, — A,, are surjective by class field
theory for all n > m; assuming A = 0 and chosing m big enough, the orders
of A, and A,, coincide, and these norm maps are actually isomorphisms.
Therefore the projective limit X = lim A, with respect to norms stabilizes
to a finite group and A, = X for all n > 0 (we introduce here the notation
a > b, equivalent to b < a, to mean that there exists a by > b such that
what we are stating holds for all @ > bp). In particular, the action of I' on X
must factor through a certain quotient G,, = I'/ I'?". Therefore Gnm acts
trivially on A, for all n > m and the G, y,-norm Ng,, , = ZTGG“ T acts on
A, as multiplication by p"~™. Choosing n big enough so that p’i_mAn =0,
we find Ng,, ,, An = 0 and

HO(Gn,rmAn) :Agn’m/NGn,mAn - An

) (3.4)

where Ig, ,, is the augmentation ideal of Z,[Gy m]. Hence we find A, =
I—AI_l(Gn,m, Ap) = ﬁO(Gmm, Ap), whenever A =0 and n > m > 0. A simi-

~

lar argument leads to the equivalent of (3.4) for B,,, namely H9(G\,m, By) =
B, for all ¢ € Z.

Lemma 3.2. If A =0 and m > 0, the natural map
Hl (Gn,ma Cycn) — Hl(Gnm% OX)

n

is ingective for all n > m.
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Proof. Taking G, ,,-cohomology in the exact sequence defining B, gives

0 — H(Gnm, Cycn) — HY (G, OX) — HY(Gpm, Bn) —

n

— HYGpm, Cycn) — HY(Gpm, 0X) . (3.5)

n

Since Gy, m-invariants of Cyc, and O, are Cyc,, and O, respectively, we find
Ker (Hl(Gn,m, Cycn) — Hl(Gmm, OX)) = Bg"’m/Bm. Assuming that m

n
is big enough and A = 0 implies that the orders of B,, and B,, coincide,
and the same holds, a fortiori, for BS ™™ and B,,. Thus, the above kernel

is trivial. O

4 Semi-local Units modulo Cyclotomic Units

We now state a very useful result about semi-local units in our setting; it can
already be found in a paper by Iwasawa [Iwa60]. We keep the same notation
introduced in the previous section and we make from now on constant use
of Lemma 2.3 above, especially in the form of the isomorphism in (3.1).

Definition 4.1. We define U} to be the kernel U} = Ker(N§ : U, — Up)
and we set BL = U} /(n,).

Proposition 4.2. The natural map U} x Uy — U, induced by injections is
an isomorphism of Gp-modules. It induces a decomposition B, = BL x By.

Proof. Consider the exact sequence induced by the norm map N}
0— Ul — U, — N}U,) CUy — 0.

Since the extension F}, ,, /Fo p, is cyclic and totally ramified, local class field
theory shows that HO(G,,U,) = Uy/Ng(Uy,) is a cyclic group of order p™.
As Uy = 7Z,, this shows N (Uy,) = Ug " and since Uy contains no roots of unity
of p-power order we can identify this group with Uy simply by extracting
p"-th roots. We find

p" n

0—U—U, X" Uy—0. (4.1)

Since the natural embedding Uy — U, is a Gj-linear section of (4.1), it
splits the sequence and therefore gives an isomorphism Ué x Uy 2 U,.
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The fact that this splitting induces an isomorphism B,, & B x By simply
follows from the commutativity of the following diagram:

p" /N

0 (M) Cyen —— (10) 0
j P /Nn £
0 Ul U, >~ Uy 0.

O
More useful than the splitting itself is the following easy consequence:

Corollary 4.3. For everyn > m > 0 and for every q € Z the natural maps
f{q(Gn,ma Un) - ﬁq(Gn,Tna UrlL) X ﬁq(Gn,ma UO)

and

HY (G, Br) — HY G, BL) x HY(Goyms Bo) -

induced by Proposition 4.2 are isomorphisms of abelian groups. Thus there
are identifications H Y (Gpm,Upn) = H Y (Gpm,UL) and HY(Gpm,Uy) =
HY(Gpm, Up).

Proof. The splitting of the cohomology groups follows immediately from
the Proposition. Concerning the cohomology of U,, we observe that, since
Gn,m acts trivially on the torsion-free module Uy, the group fIO(Gmm, Uo)
is cyclic of order p"~™ while H “1(Gym, Up) = 0. This already implies that
HY(GCpmsUp) = H Y (G, UL). Tt also shows that H(Gym, UL) must be
trivial because H O(Gpm, Up) is itself cyclic of order p™~™ by local class field
theory. O

Lemma 4.4. For every m > 0 and for every n > m there are isomorphisms
HY(Gpm,BL) = Z,/Ly(1,%x) and HY(Gpm,Bo) = Zp/Ly(1,X) holding for
every q € Z.

Proof. Let A := Z,[[T]] and fix an isomorphism w : A = Z,[[I']]. This
isomorphism fixes a choice of a topological generator w(1 + T') =: 79 of T’
and we denote by k € Z; the element e.yc(y0) where

Eeye : Gal(F/F) — 7
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is the cyclotomic character of F'. The main tool of the proof will be Theorem
2 of [Gil79b], that gives isomorphisms of Z,[[I']]-modules

Bo=Z,/Ly(Ly) and B, =A/(f(D),wa(D)/T)  (42)

where w,,(T) = (1 4+ T)?" —1 and f(T) € A is the power series verifying
f(k® —1) = Ly(1 — s,x) for all s € Z,. We make I' act on the modules
appearing in (4.2) by v - x = w(y9)z = (1 + T)x for all z € By (resp. all
x € By,): this induces the action of Gy, ,,, we need to compute the cohomology
with respect to.

Starting with By, observe that the action of I'; and thus of its subquotient
Gn,m, is trivial on the finite group Bo: as in (3.4) we get

HY(Gpm,Bo) =By foralln>m>0.

and we apply (4.2) to get our claim.

Now we compute H ' (Gyy.m, BL): by its very definition, H= (G}, m, BL) =
BrING, ) /16 B Applying @ we find Ig, ,, = wp(T)(A/w,(T)) and
W(NG,.m) = Vnm(T) where vy 1 (T) := wi(T') /wm(T). Hence

G g1y I A9 () € G0/}
e Sl = (), 0n(T)/T, (1))

As observed in [Gil79b], Lemma 5, f(T) and w,(7)/T have no common
zeroes. Therefore a relation

wn(T)
wm (T

wn (T
T

9(T) = a(T)f(T) +b(T)

~—

implies vy, (T) | a(T) and we find g(T') = ¢(T)f(T) + b(T)wm(T)/T for
some ¢(T) € A: thus,

(f(T), w(T)/T)
(L), wn(T)/T o (T))
L (em(@)T)

(L), wn(T)/T o (1))

The evaluation map g(T")wm(T)/T — g(0) gives an isomorphism

(W (T)/T)
(W (T))

H Y G, BL) =

n

12

Ly
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and we find

(win(T)/T)
(f(T),wn(T)/T, wm(T))

Since this last module is Z,/f(0) as soon as n is big enough and, by defi-
nition, f(0) = L,(1,x), we get our claim for ¢ = —1. Using now that B
is finite and therefore has a trivial Herbrand quotient, we know that the
order of HO(G pm, BL) is again |L,(1, X)|;1: the fact that it is a cyclic group
comes from the exact sequence

= Zp/(£(0),wn(0)) -

0 — H(Grm, BL) = HY(Gryo, UL —H (G, (1)) —
— HY(Gpm, BL) — 0

since H O(Gpm, UL) is itself cyclic, as discussed in Corollary 4.3.

Finally, the fact that G, ,, is cyclic gives isomorphisms in Tate cohomol-
ogy H?4(Gpyn, M) = HO(Gpm, M) for all modules M (and analogously
H* Gy M) = H7Y(Gy i, M), so0 the claim for all ¢’s follows from our
computation in the cases ¢ = 0, —1. O

Proposition 4.5. Recall that X = lim A, then, | XL L L,(1,x), where by

p _
a=b we mean ab 16Z;.

Proof. Let Ly be the maximal pro-p abelian extension of Fy,, everywhere
unramified and let My be the maximal pro-p abelian extension of F,, un-
ramified outside p. We claim that Ly = My. This follows from the fact that
for every p C O dividing p, the local field F}, is Qp, since p splits completely,
and it therefore admits only two independent Z,-extensions by local class
field theory. In particular, every pro-p extension of Fi , that is abelian over
F, must be unramified, so My = Ly. Now let Y := Gal(Loo/Fx) where
L is the maximal pro-p abelian extension of Fi, everywhere unramified:
then the Artin reciprocity map gives an isomorphism X 2 Y (x); also, let
Mo be the maximal pro-p abelian extension of Fi, unramified outside p and
% = Gal(Mu/Fs). A classical argument (see [Was97], chapter 13) shows
that Yr = Gal(Lo/Fx) and % = Gal(My/Fx): our claim above implies
that Yr = #4. Since the actions of A and I' commute with each other, this
also shows Xr = #(x)r. Combine this with the following exact sequence
induced by multiplication by vy — 1 where 7 is a topological generator of I'

0— X" — X(0) 5 X(x) — X(x)r — 0 :
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it gives | X''| = | X1| = |% (x)r|. The Main Conjecture of Iwasawa Theory, as
proved by Rubin in the appendix of [Lan90], shows that the characteristic
polynomial of #(x) is F(T) where F(T) is the distinguished polynomial
determined by L,(1 — s,x) = F((1+p)®—1) for all s € Z,. Since ¥
contains no non-zero finite I'-submodules (see [NSW00]), we find #' = 0
and the order of % (x)r is F(0) £ L,(1,x). O

Corollary 4.6. If A =0, then IL, is a cyclic group of order |Lp(1,)<)|;1 for
every n > 0.

Proof. Indeed, Theorem 2 in [Gre76] shows that A = 0 if and only if X =
IT,,. The result now follows from the proposition and from the remark of
section 3. ]

5 Main result

We are now in position of proving our main result. We stick to the notation
introduced in Section 3. Let n > 0 and let @, := (Ug,)(x)/0; = QF,(x)
as in Section 2: consider the exact sequence

0— 0 —Up(x) —Qn—0.
Since Cycy, C O, it induces an exact sequence
0— B, — UFH(X)/Cnd — Qn — 0,

and the Tate cohomology of Up, (x)/Cyc, coincides with that of B,, as
discussed in Section 2. For every m < n the cyclicity of Tate cohomology
for cyclic groups induces an exact square

®0,1]

ﬁO(Gn,m’Qn) HH_I(Gn,maBn) (51)
HO(Gm, B) H (G, Bn)

] |

HO(Gn,mu Bn) <o I—AI_I(Gn,mv Qn) .

A[1,0]
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Pick now ¢ € Z and consider the exact sequence

0—Qn—Cpr,(x) — A4, — 0 : (5.2)

~

as the actions of G, ,, and of A commute, we have fIq(Gn,m,Cn(X)) &
I:Iq(Gn,m, Ch)(x); global class field theory (see section 11.3 of Tate’s paper
n [CF86]) shows that HY(Gypm, Cn)(x) = HIY2(Gpm, Z(x)) = 0 because
we assumed x # 1. Therefore the long exact cohomology sequence of (5.2)
induces isomorphisms

l@'q(Gmn7 Ap) & lfl'qul(Gwn7 Qn) foreveryqeZ. (5.3)

Remark. Observe that our discussion never uses the assumption x(p) =
1. Indeed, the maps a ) and af o are defined whenever x # 1 and are
indeed the same maps appearing in Proposition 2.6 of [KS95], where the
case x(p) # 1 is treated. As discussed in the introduction, in that case they
turned out to be isomorphism if A = 0 (see also [BNQDO1], [Kuz96] and
[0za97]). We are going to see this is not the case if x(p) = 1.

Theorem 5.1. Assume A =0 andn > m > 0. Then the kernels Ker(ag 1)),
Ker(aq o)) and the cokernels Coker(ajq q1), Coker(aq o)) are cyclic groups of
order |Ly(1, x)|; "

Proof. We start by determining Ker(qag ). Choose m big enough so that
| Ay k| = |Ap| for all k > 0 and n > m big enough so that H9(Gym, Ap) =
Ap,. Asin the remark of Section 2, Proposition 2 of [Gre76] shows that A = 0
implies A, = Ker(jm,»,) if n is sufficiently large. Combining Proposition 2.2
with (5.3), this gives an injection

H* (G Qn) = H ™ (G, 05) - (5.4)

Consider now the following commutative diagram, whose row and column
are exact and where the injectivity of the vertical arrow in the middle follows
from Lemma 3.2:

H (s Bu) (5.5)

]

HO (G, Qu) > H Y (Grm, OF) —>
j /

Gn s Cycn

7’1 my Un)
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An easy diagram chase shows that Ker(ajo ;) = Ker(¢)). In order to study
Ker(1)), observe that 1 appears in the sequence

0 — H(Gym, BL) — ﬁ—1<Gnm, i) S B G, UL, (5.6)

because H~ ( nm, Cycn) = ( nms (nn>) by Lemma 3.1, while Corol-
lary 77 gives H (G, o ) Y(Gpm, UL). Morever, again by Corollary
4.3, HO(Gp.m, Un) =0 and (5. ) is exact, thus giving

Ker(aj ) & HY(Gpm, B = 7,/L,(1, %) , (5.7)

the last isomorphisms being Lemma 4.4.
Having determined Ker(a 1)), the exactness of (5.1) together with Corollary
4.3 (and Lemma 4.4) show immediately that

Coker(ay; g]) = H(Gpmy Bo) = Zy/Ly(1,X) . (5.8)

Since the orders of 54” and By, coincide for n > 0, and since these groups
are isomorphic to HY(Gpm,Qn) and HY(Gy, m, By) respectively (see (3.4)
and (5.3)), the equalities of orders

|Ker(ayo,1))| = |Coker(ajg1))| and [Ker(ap,g)| = [Coker(ap o))

hold. By (5.7) and (5.8), the four groups have the same order, equal to
‘Lp(lu X) ’;1

We are left with the structure of Ker(ay o) and Coker(a)). The map
aqy,0] is the composition

A~

Hﬁl(Gn,van) L>E’O(Gn,mvO;;) HﬁO(Gn,maBn> (59)

\/

A[1,0]

and Ker(a o)) 2 Ker(3) = II,, the last identification coming from Lemma
2.1. Combining Corollary 4.6 with the computation of the order of Ker(ay q))
performed above, the inclusion cannot be strict, and Ker(ay q)) is cyclic of
the prescribed order. Looking at Ker(ay o) and at Coker(ay)) as sub-
groups of H=Y(G.m, By) as in (5.1), and knowing the structure of this last
module by Lemma 4.3, shows that Coker(a[()’l]) is cyclic, too. O

Now we can single out from the proof a precise description of the kernels
of the maps a|; o] and «ajg ;) when seen as maps
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by combining (3.4) and (5.3). Before stating the next result, observe that,
by Lemma (3.1), H=Y(Gp.m, Cycn) = H (G, (1)), while (3.2) and (3.3)
show that B~ (Gpm, (1)) = H Y (G, Ic,,) = HY(Gpm, Z,). Tt is clear
that these isomorphisms are not only Gy, ,,-linear, but also G,-linear: there-
fore H “(Gym, Cycy) has trivial Gy-action.

Corollary 5.2. With the same hypothesis as in the theorem,

Ker(a[o’l]) = Ker(a[l,o]) = Hn .

Proof. While proving the theorem we found Ker(aq; g) = I, and we now
focus on Ker(ajg ). We already know it is cyclic: looking again at (5.5)

we find Ker(e,1)) € Im(ﬁfl(Gn,m, Cycn)) C Iilfl(Gmm, ©0X)%n: since the
isomorphisms FIO(Gn,m, Qn) = A, are G-linear, we get Ker(a[m]) C Ag".
As in the proof of Corollary (4.6), the assumption A = 0 is equivalent to
I, = X' and XT = AG» if n is big enough; putting all together, we have
Ker(a[o,l]) C II,. Since they have the same order thanks to Corollary 4.6
together with Theorem 5.1, the inclusion turns into an equality. 0

Remark. As the above Corollary shows, there are indeed two maps «ajg j
and ay g sitting in an exact sequence

OHHn%AniBn—VBO/HO—)()y

where a can be either of them. This is the same as in the non-split case,
where both a1 and oy o) give an isomorphism A,, = B, for n.>> 0if A = 0
(see [KS95]).
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Abstract

For an odd prime number p, let L, be the Z,-anticyclotomic ex-
tension of an imaginary quadratic field L. We focus on the non-normal
subextension K, of Lo, fixed by a subgroup of order 2 in Gal(L/Q).
After providing a general result for dihedral extensions, we study the
growth of the p-part of the class group of the subfields of K.,/Q,
providing a formula of Iwasawa type. Furthermore, we describe the
structure of the projective limit of these class groups.

2000 Mathematical Subject Classification: Primary 11R23 Secondary
11R20

1 Introduction

The aim of the present paper is to study the growth of class numbers along a
tower of extensions which is not Galois over the ground field. More precisely,
let p be an odd prime, let L be a CM field and let Lo, /L be a Z,-extension
such that L.,/L™T is pro-p-dihedral (meaning that Gal(L.,/F ") is a projec-
tive limit of dihedral groups of order 2p™,n > 1). We set K = LT. Hence
the situation is as follows:

L

0o
|
|
|

Ln KOO = UnEN Kn

L =1L K,

T

Lt=K

n

p

p

Such an extension always exists and, under Leopoldt conjecture for L with
respect to the prime p, there are precisely n/2 of them if n = [L : Q).
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Note that Gal(Ls/K) is the semidirect product of Gal(Ls/L) x A where
A = Gal(L/K). For every m > 1, denote by K,, the subfield of L, which
is fixed by Gal(Lso/Lym) X A. Note that Gal(L,,/K) is a dihedral group
(isomorphic to Dpm).

Setting Ko = UK, the extension K, /K shares some similarities with
Zy-extensions, still behaving in a different way. In particular it can be seen
as a particular case of what may be called a fake Zp-extension. Here is the
definition that we propose

Definition. Let p be a prime number, let K be a number field and let Koo/ K
be a non Galois extension. Suppose that there exists a Galois extension
L/K disjoint from Ko /K such that LK is a Galois closure of Koo /K. If
LK /L is a Zy-extension, then Ko /K is called a fake Z,-extension.

Our strategy to study the growth is to use a class number formula at
finite levels and then to pass to the limit. This formula is not new (see
for example [HK], [Jal], [Le]...): anyway, we shall give a proof of it which
seems to be different from others that can be found in the literature. For a
number field M, let hjs denote its class number, Ry, its regulator and Ejy
the group of units of M modulo torsion. In Section 2 we prove by analytic
means (essentially Brauer formula for Artin L-functions) the following result:

Theorem. Let g be an odd natural number and let F/K be a Galois exten-
sion whose Galois group is isomorphic to the dihedral group with 2q elements
Dg. Let L (resp. k) be the field fized by the cyclic subgroup of order q (resp.
by one of the subgroups of order 2) of Gal(F/K). Then

B ER
n: R:Rp’

hr =hr

In order to pass to the limit we need to give an algebraic interpretation
to the ratio of regulators which appears in the theorem. This is done in
Section 3, essentially by an elementary but rather technical linear algebra
computation. The result is as follows:

Proposition. With notations as above, let k' = p(k) where p is a generator
of the cyclic subgroup of order q in Gal(F/K). Then the following equality
holds: S

qR;2"

Er:E Ep Bl = —2—.
[EF : EyEy Ep] ORpRx
where n = [K : Q).

Putting togheter the preceding theorem and the last proposition, we get
a formula in Theorem 3.4 relating the class numbers of L, F, K and k
involving only algebraic objects.
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In Section 4, we take K = Q. L is therefore an imaginary quadratic
field and there is only one Z,-extension of L which is pro-p-dihedral over
K, the so-called anticyclotomic Zy-extension of L, which we denote by L.
The main result of the section is then (notation as in the diagram at the
beginning)

Theorem. Let p*" be the order of the p-Sylow class group of K,,. Then
there exist integers pug, A\i, Vi such that

2em = P + Agm + vk for m>0.

The main ingredients of the proof are the p-part of the formula proved in
Section 2 and Section 3, Iwasawa’s formula for L, /L and the interpretation
of a quotient of units as a cohomology group (see Proposition 4.4). The
more “Iwasawa Theory” approach of passing to the limit on this quotient
and then descending fails here as the characteristic power series involved is
T, as discusses after Proposition 4.4. We also give an intepretation of the
invariants px and Ag in terms of the invariants py, and Ag, relative to Lo /L
(in fact we also get a proof of the parity of Ax). In particular we find

HL = UK and )\K:/\L+/\‘B

where A is the Iwasawa A-invariant relative to the A-module (A = Z,[T7)
which is the projective limit of the cyclic subgroups of Clr, generated by
the classes of the products of all prime ideals of L,, which lie over p. It is
worth mentioning that R. Gillard proved in [Gi] that

Ar=pr (mod2) and pup <1,

the latter inequality becoming an equality if and only if p splits in L.
Section 5 is devoted to the study of the exact sequence

0 — Ker(tm) —>AKm€BAK;n L—m>ALm —>ALm/AKmAK;n —0. (1)

Here we denote by Ajs the p-Sylow of the class group of any number field M.
If M /M is a Zj-extension or a fake Zpy-extension, let X, _/ns (or Xy if
the (fake) Z,-extension is clear) be the projective limit of Ay, with respect
to the norm map. Moreover

tn (1], ') = II'OL,,]

if I (vresp. I') is an ideal of K,, (resp. K],). Here we are identifying
Ak, and Ag: with their isomorphic images in Ap,, (the extension maps
Ak, — Ar,, and A — Ag,, are injections since Ly, /Ky, and L, /K], are
of degree 2 # p). Passing to projective limit with respect to norms we get

0 — Ker(too) — X ® Xgr = X1, — X1 /X Xg — 0. (2)

Then the main result of Section 5 is
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Theorem. The following holds

1. Ker(to) is a Zp-module of rank 1 if p splits in L and it is finite other-
wise;

2. X1/ Xk Xk is finite and its order divides h(Lp)/p"O.

where ng is the smallest natural number such that Lo,/ Ly, is totally ramified

at every prime above p and hg) denotes the order of the p-Sylow subgroup

of the class group of L. In particular, Xy, is finitely generated as Z,-module
if and only if X is finitely generated as Zy-module and its rank is twice the
rank of Xk if p does not split and 2rkz, X + 1 if p splits.

The tecniques involved in the proof give also an algebraic proof (only for
odd parts) of the formula proved in Section 2 and Section 3.

Aknowledgements We would like to thank Ralph Greenberg for suggest-
ing us to work on this topic and for many useful comments. Moreover, we
thank Jean-Francois Jaulent for informing us that most of the results of this
paper were proved with different techniques in [Ja2].

2 Class numbers formula for dihedral extensions.

Let ¢ be an odd natural number. Let K be a number field and let F/K be
a Galois extension whose Galois group is isomorphic to the dihedral group
D, (we shall identify from now on Gal(F/K) with D,). Recall that D is
the group generated by p and o with relations
pl=02=1, opo=pt.
In particular D, contains the cyclic group C, of order ¢ generated by p.
Let L be the subextension of F/K fixed by C,. Similarly, let k£ be the
subextension of F'/K fixed by the subgroup generated by o.
Let M be a subextension of F//K: for a complex representation of Gal(F/M)
with character x, we consider the attached Artin L-function that we denote
by L(s, x, F//M) where s € C has real part bigger than 1. We denote by
X! the trivial character of Gal(F/M): note that

L(s, xi's F/M) = Cu(s)

where (ps is the Dedekind zeta function of M. We use here the notation
Cis(s) for the special value of (3 at s € C ~ {1}: by definition, (},(s) is
the first nontrivial coefficient in the Taylor expansion of (3; around s. By
Dirichlet’s theorem, we have

h
Cir(0) = —ﬁRM : (3)
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where wys is the number of roots of unity contained in M (this formula
comes from the formula for the residue at 1 of {3y and the functional equa-
tion, see [Na|, chapter 7). This notation will be used throughout of the

paper.

We briefly recall how the irreducible characters of D, are defined (for
everything concerning representation theory in the following see [Sel], I,
§5.3). There are two representations of degree 1, namely

Xo(p®o?) =1 foreach 0<a<q—1, 0<b<1,
x1(p?e®) = (=1)® foreach0<a<qg—1,0<b<1.

Observe that X’S = xo. Furthermore there are ¢ —1 representations of degree
2, namely v1, ..., ¥(4_1)/2 which are defined by

o (G0 . 0 ¢t

wh(p): 0 —ha ) ¢h(pa): ha 0 Vogagq_l-
Cq q

for every 0 < h < g — 1, where (, is a primitive ¢g-th root of unity.

Proposition 2.1. Let r = (¢ — 1)/2. Then the representations
X0, X1, ¢17 1/)27 ERE ¢r

are the irreducible representations of D.

Proof. See [Sel], 1, §5.3. O

In the following we shall denote by (" the character of 1/;,. Furthermore,
if H is a subgroup of D, and x is a character of H whose corresponding

representations is ¢, we denote by Indg‘l x the character of the representation
of D, induced by 1. Then we have

(Indﬁ‘ﬁg) (u) = Z x(rtur) (4)
reR
r~lurcH

where R is any system of representatives for D,/H. The next lemma de-
scribes the characters of some induced representations in terms of the irre-
ducible characters.

Lemma 2.2. The following holds

D T
Ind4xg = xo+x1+2Y x", (5)
h=1
D T
Ind<gq>xé( = X0+ Z X", (6)
h=1
Indg!x§ = xo + X1 - (7)
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Proof. Equality in (5) follows from the fact that both terms equal the char-
acter of the regular representation of D,,.
In order to prove (6) we use (4) with H = (0): choose R = C,;. Then clearly

() o= { § i3 <0
(Ind<q> )(pa) 1

for every 0 < a < ¢ — 1 (since p~“p®op® € (o) if and only if a = 2¢ (mod q)
and the latter has only one solution). On the other hand, the right-hand

side of (6) verifies
(Xo + Zx(h)> (1) =
h=1
and, if 0 <a<qg—1,

(xwiﬂ“)(ﬁ):ui( +cqh“) —1+Z§h“=1—1—0
h=1

h=1

and

Furthermore, if 0 < a < g —1,

(Xo-l—ZX )pa )=14+0=1

which completes the proof of (6); (7) can be proven similarly. O

From now on, we let (M) denote the group of roots on unity of a
number field M.

Lemma 2.3. The following holds

Proof. Let ¢ € p(F) \ u(K) be a root of unity of F' which does not lie
in K, and set M = K(¢). Then M/K is a nontrivial abelian extension
of K contained in F. In particular Gal(F/M) contains the commutator
subgroup of D, which is equal to C,;. Therefore, M/K being nontrivial,
Gal(F/M) = Cy and M = L. This shows at once that (L) = p(F') and
(k) = p(K) (since F Nk = K). O
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Theorem 2.4. The following equality holds

Ci(s)?
(K (s)?

Cr(s) = CL(s)

for each s € C~ {1}. In particular

and RiRL/R%(RF 1s a rational number.

Proof. In the following we use various known properties of Artin L-functions:
for their proofs see [He|, §3. First of all note that, for every s € C such that

Res > 1,
Cr(s) =L(s, xi, F/F) =
L(s, ndZ4d, F/K) = L(s, xo+x1 +2 hgzj X, FJK) =
— L5, xor F/E)L(s, xa, F/E) [ Lo x®, F/KY
by Lemma 2.2. -

Now we consider (i: we have

Ci(s) = L(s, x5, F/k) =

L(s, Ind, 5 x(, F/K) = L(s, X0+ZX , F/E)

= L(S7 X0; F/K) H L(sux(h)7 F/K)
h=1

by Lemma 2.2. Lastly, we consider (r: we have
CL(S) = L(S7 ng F/L) =
= L(s, nd2'x¢, F/K) = L(s, xo + x1, F/K) =

= L(s, x0, F/K)L(s,x1, F/K)

again by Lemma 2.2. Hence
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for s € C with Res > 1 because
Cr(s) = L(s, xo, F/K) .

We deduce that (8) holds for every s € C \ {1}. In particular the left and
the right terms have the same special value at 0. We then deduce from (3)
that

he = hy hi ‘ RzRL w%wp

9)

h%( R%(RF w,%wL

and the formula in our statement then comes from Lemma 2.3. O

3 Algebraic interpretation of regulators

We shall now prove an algebraic interpretation of the term (RZRy,)/(R% Rr)
appearing in Theorem 2.4. An algebraic proof of the formula resulting from
(9) can also be found in [HK], [Jal], [Le] (see also the last section). The
notation is the same as in Section 2, but we fix the following convention for
the rest of this section:

K is totally real of degree n over Q while F' is totally imaginary
(thus of degree 2qn). Therefore L is a CM-field and LT = K.

As usual, 71 (M) and ro(M) denote the number of real and imaginary places,
respectively, of a number field M, and we recall the notation r = (¢ — 1)/2
introduced in Proposition 2.1: we have

Lemma 3.1. With the above convention, ri(k) = n and r2(k) = n(q —
1)/2 =nr.

Proof. Since F is totally imaginary every infinite prime ¢, : F' — C of F' has
a decomposition subgroup of order 2 inside D,. On the other hand, the num-
ber of real embeddings of k coincides with the number of infinite primes of k
that ramify in F'/k, therefore such that Z(9;) C Gal(F/k) where Z(¢J}) is the
decomposition group of ¥;: this is equivalent to Z(¥;) = Gal(F/k). Inside F
there are exactly ¢ fields of index 2, and they are all isomorphic to k: there-
fore the number of infinite primes of F such that Z(¥},) = Gal(F/k) must
coincide with the number of infinite primes such that Z(J}) = Gal(F'/k')
for every k' conjugate to k. Since there are exactly ng infinite primes in F,
Dirichlet’s Box Principle tells us that exactly n decomposition subgroups
coincide with Gal(F/k), as stated. O

Let now 1 # p € Dy be an automorphism of F' fixing K of order ¢
and set k' = p(k). Since o and p generate D, and k is fixed by o, if
p(k) = k then k would be a normal extension of K: therefore k' # k. We
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set Ep = O /torzOf and similarly for k, k', L and K. Note that there are
canonical embeddings Ey — Er, Ey — Er and F;, — Ep. Moreover, it is
not hard to see that

EkEk/ = O]:f ka,/torz(O,: O,j,)
(both groups are subgroups of Er).

Lemma 3.2. OOy is of finite index in O and EyEy is of finite index
m Ep.

Proof. Clearly it is enough to prove the first assertion, since we have an
exact sequence

0— torZ(’);/torZ((’),j O;,) — O;/O; Ol:’ — EF/EkEk/ — 0.

Thanks to Lemma 3.1, rkz O = ng—1 while rky O} = rkz O}, = n(r+1)—1.
Therefore all we need to prove is that O N O}, C Ok: indeed, this would
imply that O; N0}, = O, and so rkz (O Oy)) = rkz O +1kz O}, —1kz O =
ng — 1 which is precisely rkzOj.

But the inclusion O NO;;, C O is immediate once we know that kNk’ = K;
and this is clear, for Gal(F/kNk’) contains both o and po, and thus both o
and p. Hence Gal(F/kNk') = D, = Gal(F'/K), from which kNk' = K. O

Remark. The above proof shows, in particular, that O, OO (resp. EyEwEy)
is of finite index in O} (resp. E).

As in the proof of Lemma 3.2, the units of k have Z-rank equal to
n(r + 1) — 1, while those of K and of L have Z-rank equal to n — 1; finally,
then, rkz(Op) = ng — 1. By the elementary divisors theorem and Lemma

2.3, we can choose subsets {n); }n(rﬂ) C Op and {a;}7_; € N such that

n(r+1) n
O =torgOf & @ UJZ and O = torzOx @ EBn?jZ (10)
Jj=1 j=

(recall that torzOp = torzO}, by Lemma 2.3). Then

n(r+1)
O = torzOx & @ p(ni)”.
j=1
Moreover we also have
n(r+1) n(r+1)
0 0) = torz (0 0F) @ @ e @ pny)”. (11)

j=n+1
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This can be seen as follows: first of all we show that

n(r+1) n(r+1)
@ 0 @ py)* = {1}.
j=n+1

Suppose that we have

n(r+1) n(r+1)

Hn] I et =

j=n+1
Then
n(r+1) n
1 rtny)* € 0F MO} = 0F = torz05 & @™
j=n+1 B

Now note that p(n;) = 1;¢; Where ¢ € torgOf is an a;- -th root of unity
(this follows from p(na ) = n] 7 which holds because 773 € K). This means

that
n(r+1) n(r+1)

n
[T et =¢ I n7 =¢[[n7™
j=1

j=n+1 j=n+1

for some & € torzOj and ¢ =[] C;j . This equation can actually be seen in
OF and gives ( = ¢ and ¢; =0 for any n+ 1 < j < n(r+1) and d; = 0 for
any 1 < 7 < n since

(torzOf NtorzOx) & @ 77 = {1}.

J=1

But then we also have b; = 0 for any 1 < j < n(r + 1). Therefore (11) is
proved and we have

n(r+1) n(r+1)
Rrp|ELE})] = Rp ED @ @
j=n+1

where, for a subgroup A C Er, Rp[A] denotes its regulator.

Remark. Before we prove the main result of this section we observe that
n
[T a) = ltorz(0; /05| (12)
j=1

(which is clear from (10)) and there is an isomorphism

torz (O OF) /torz O = torz (O /OF). (13)
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To see this, consider the map
torz (01 0%) -2 07 JO%

defined by ¢(zz') = [z], where z € O}, @’ € O and zz’ € torz(O; O).
First of all, this definition makes sense, since if za’ = yy’ with y € O
and y € O, then zy™' = (2/)7'y € O, N O = Ok (and therefore
o(yy') = [y] = [z]). Now clearly torz((’) ) = ker¢ (once more because
0 N O = Ok) and of course Im¢ C torz(O; /Of). On the other hand,
suppose that € O and there exists n € N such that 2™ € Og. Then
(zp(z~1))" = 1 (recall that p(k) = k') which means that zp~t(z7!) €
torz (0 0F) and ¢(xzp(z~')) = [z]. This proves Im¢ = torz(O0; /Ox) and
therefore ¢ gives an isomorphism as in (13). In particular using (12) and
(13), we get

H = (torz(O0; OF) : torzOF). (14)

Proposition 3.3. The following equality holds:

qRIR,
R2 Ry

(Of - O O[0]) = (OFO05NOf :0F) .
Proof. Note that

(Op:0;05)
(0LO0505 : 070N

(0} - OF 0;0F) =

_ (EF : ExEp)(torzOp : torz (O Oy))
N (05050 - 005 '
This follows from the fact that the natural map

OO [torz (0 OF) — ERE;, = OF O} torz(OF) [torz(OF)
is an isomorphism. Now

(Ep: EkEk/)(tOI“Zo; : torZ((’),j O;,))
(0F050F - 0F0%) a

_ (EF : ExEp)(torzOp : torz (O OF))
N (OF : O%)

Hence we need to prove that

(0r05N0F : 0F).

(EF : EkEk/)(tOI“Zo; : torZ(OkXOkX,)) B qRiRL
(0F : 0%) R%Rp’
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We first prove that

q2n—1 Rk 2

RL[EkEk/] = RE()(tOrz(O; O’:,) : tOI‘ZoIX(). (16)
Thanks to Lemma 3.1 we define 7] : &k — R for 0 < I < n—1 to be
the real embeddings of k and Ti/ ik — Cfor1l < i< nrto be the non-
equivalent imaginary embeddings! of k. Analogously, let v, . F — C for
0 < ¢ < ng — 1 be the non-equivalent (imaginary) embeddings of F. We
order them so that ﬁ;q extends ] for 0 <1 < n — 1; while 19;(1 and ﬁ;qﬂw
extend Tl/,r w for 0 <l <n—1andfor 1 <7< r. Without loss of generality
(changing p if necessary in another element of order ¢) we can also assume
that p(ﬁgqﬁ) = 192(1+Z»+1 for0<i<r—1and 0 <! < n-—1. The relation

po = op~ ! together with 0(Vg4i) = then gives

/

lg+itr

0<i<r—1,0<<l<n-1
¢ 0<lig<n—-1

=1 0<li<n—-1

= rj1 2<j<n0<i<n—1.

(17)
( lq+r+1
( lg+r+j7

By definition, setting ¥; = 2log|d}|, 7 = 2log|7]| and v = log|y;|, the
regulators take the form

Yi(nj)o<i<ng—2
1<j<n—1

9i(1;)  0<i<ng—2
det n<j<n(r+1)—1

9i(p(n;))  o<i<ng—2
n<j<n(r+1)—1

Re[(m; - p(hnrs1y-1))] =

and?

R, =
k 1<j<n(r+1)-1 1<j<n(r+1)-1

det( (™) oi<n—1 ‘ 7i(nj)  1<i<nr—1 ) ‘ _

Before rewriting 9;(n;) in terms of the 7;’s, two remarks are in order. First of
all, the lowest part of the matrix defining the first regulator can be rewritten
in terms of the ¥;(n;) only, thanks to (17). Secondly, in the definition of a
regulator in F' (resp. in k), only ng—1 (resp. n(r+1) — 1) embeddings play
a role, since the units lie in the subspace defined by

ng—2 nr—1

Ung—1 = — 219 resp.Tm: Z'yl Z 7). (18)

=1

!The reason for the primes will appear shortly.

2In the next and in the last formula we use a somehow non- standard notation to write
matrices. It should though be clear from the contest what we mean: in the last formula the
matrix naturally splits vertically in three submatrices, each of one we describe explicitely.
In the following, the splitting is horizontal.
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In the sequel this relations will be used: moreover, unlike (18) that holds
for all units in F', there is also the relation

ﬁ(n l)qn] Zﬁlqn] Vi<j<n-1

since 773 € Fx for 1 < j < n—1. But then of course

D (n—1)q(15) Zﬁzq n)  Y1<j<n-—L (19)

Observe now that our ordering ensures us that for all 1 < j <n(r+1)—1
we have U141(nj) = Tip+i(n;) if 0 <1 <n—1and 1 <4< r; that we have
Digritr(Mj) = Tirgi(n;) if 0 < T <n—1and 1 <4 < rjand Y4(n5) = 29(n;)
for 0 < I < n — 1. Putting all together, (16) has been reduced (use (17),
(18), (10) and (14)) to the equation

aldet (D)2 L 0 gl det(W)[?2!

[det(@)] T 149 T T Tdet(@)

| det(2)] =

(torz (O} OF) : torz O )

(20)
for the three matrices appearing below in (21), and whose determinants give
the regulators we are computing: we should thus introduce some notation
in order to define them.

A Al € M, 1)X(,.+1)( ) is the matrix A[l};; = TZT_H(’I’]]) for 0 <1 <
n—1,1<i<randl <j<n-—1; and Alllp; = 271(77]) for
0<lI<n-1land1l<j<n-—1. Firstof all, usmg (18), we have

-1 nr—1 n— 1 n—1r—1
Y )= X nl) = - X 0 -3 Y All-
i=0 i=1 1=0 1=0 i=1
n—1
ZA[Z — 1], for all 1 < j < n—1. Thanks to (19) we also have
=1
n—2
Aln —1p; = 2271 nj) = ZA[Z]O,]' for every 1 < j < n —1,
=0
n—1r—1 n—1
finally finding Ajn — 1], ; = _ZZA[”M - ZA[Z — 1], ; for all
1=0 i=1 =1
1<j<n—1

B For 0 <1 <n-—2 B[l] € Mp_1x-(R) is the matrix B[l];; =
Tirti(nj) = All];j for 1 < j<n—1and 1 <i<r, while Bjn—1] €
Mn-1)x(r—1)(R) is the matrix Bln—1];; = 7(,—1),44(nj) = A[n—1]; ;
for1<j<n-—1and 1<i<r—1 (this modification of the last B[]
comes from the fact that the (ng — 1)-st embedding 9,41 does not
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show up in the regulator, thanks to (18): the same phenomenon will
appear below in D and in D).

C We now define C[l] € Myyx+1)(R) to be the matrix C[l];; =
Trri(nj) for 0 <l <n—1,n<j<nr+1)—1,1<i<rand
Clllo,j = 2v(n;) for 0 <1< n—1,n < j < n(r+1)—1. Here again, by

n 1

-1 C[Z]O,j n—1r—1 n—
(18), we find Cln— 1] ; = — Y | =5 SN Cllliy-> Cli—1r;
=0 =1
1.

1=0 i=1
foralln <j<n(r+1)—

D For 0 < I < n—2 we define D[] € M, )x,(R) to be the matrix
D[ll;j = Tir+i(n;) = Clkl;j forn < j<n(r+1)—1land 1 <i<r
while, as before, D[n —1] € M ;)< (r—1)(R) is the matrix D[n—1}; ; =
Tn—1yr+i(M;) =Cln—1]jjforn <j<n(r+1)-land 1 <i<r—1

Finally, we let p act on these last two sets of matrices: but we use (17) to
write their elements as other embeddings of the same units.

C We set CJl] € M nryx (r+1)(C) to be the matrix Clllij = Tiryiv1(ny) =
Q[l]z‘+1,j forOgl§nN—l,néjén(r%—l)—l,ogiér—land
Cllly; = T(Z_H),,(nj) =Clllp—1jfor0<I<n—1,n<j<n(r+1)-1.

n—1 ;.
Applying (18) we find C[n —1],; = Cln — 1],_1; = —Z 0[22]0"7 —
=0

|
—

1 n—1
Clli;—Y Cll—1].; foralln <j<n(r+1)—1.
=1 =1

n T

l

Il
o
.
Il

D For 0 < I < n — 2, we define D[] € M ()% () (C) to be the matrix
Dll];j = Tiri—1(n;) = Cllli-1jforn < j<n(r+1)—land 2<i<r
and D[l]1; = 2vi(n;) = CllJoj for n < j <n(r+1) -1 for il =n—1,
D[n_l] € M(nr)x(’r—l) ((C) is the matrix D[’I’L 1] 4,5 = T(n—1)r+i— 1(77])
Cln—1Jj—1j forn < j <n(r+1)—1and 2 < i < r— 1 while
Dln—1]1,; = 2Ym—1y(nj) = Cn —1Jpj forn <j<n(r+1) - 1.

Observe that our indexing of elements in the various submatrices might be
confusing: indeed, the row index always starts from 1, as well as the column
index for B and for D, D while the column index for A and for C, C starts
with 0: this is consistent with our indexing for the embeddings. We agree
to denote with M* the i-th column of a matrix M and with M, its i-th row
and, finally, we introduce the notation ,M to denote the matrix such that
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MO = (1/2)M° and ,M* = M for i > 1. Having set all this up, we put

A[0] | Blo] | A[1] | B | -+ | Ajn—1] | B[n — 1]
== | clo]| D[] | C[1] | D[] Cn—1]|Dn—1] |, (21)
Clo]| Dlo] |C[1] | D[1] | --- | C[n—1] | D[n — 1]
AW | AL || (AR Al -1 Al - 1))
U= (21)
B[ LB ... | (B Bln—1]L,..., Bln— 1]72)
and
o = %(A[O]O,A[l]o, o Aln— 2]0) . (21)

To check (20) is a straightforward but pretty cumbersome row-and-columns
operation. We give all the details in the case n = 1 in the Appendix (the
general case being a similar but much lengthier and heavier computation).
Hence (16) holds and in particular (see [Wa], Lemma 4.15)

RF[EkEk/] _ 2n—1qu

(EF : EkEk’) = Rr = RicRr (’EOI‘Z(O];< Ol?’) : tOI‘Zo;(). (22)

Now note that, using Lemma 2.3, we get

(torzOp : torz(O; OF)) (torz O : torzOF)
(O : 0F)  (torz (07 0F)  torg O ) (B : B )(torzO5F : torzOF)
1
(torz (O 0OF) : torzO%)Q
where Q = (O] : torz (0] )0k ) = (EL : Ex) is equal to 1 or 2 (see Theorem
4.12 of [Wa]). Now by (22) we have

2" LqR2(OF 1 OF)

Er: E Ep) =
(Er : BrE) QRk Rp(torzOp : torz (O O)))

which is exactly (15), thanks to Proposition 4.16 of [Wa). O

Theorem 3.4. [See [HK] Satz 5, [Jal] Proposition 12, [Le] Theorem 2.2]
Let g be an odd number and let K be a totally real number field. For every
totally imaginary dihedral extension F/K of degree 2q the equality

(0F : OFO;OF)  hihd

h p—
P00 nor 0% ahk
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holds, where k C F is a subfield of index 2, k' = p(k) for some element of
order q in Gal(F/K) and L C F is the subfield of index q.
Proof. Just apply Theorem 2.4 together with Proposition 3.3. O
Remark. Note that, when K = Q, then

(OFOLNOf - 0F) =1

This can be seen as follows: suppose x € O, 2’ € O, and z2’ € O] . Then
(xz")1? = 1, since
Of = torz(O;)

because L is imaginary quadratic. This implies that
e O NOY =0f = {+1}.

In particular = € torzO} and, since p(k) = u(Q), we must have = 1 or
x = —1 (see also [HK], Satz 5).

4 Iwasawa type class number formula.

In this section we consider the behaviour of the class number in a tower of
dihedral fields. First of all, recall the following classical definition:

Definition 4.1. Let K be a number field and let p be a prime number.
A Galois extension Koo/K such that Gal(Ks/K) = Zy, is called a 7Z,-
extension. In this case,

UKn:KOOD...DKnDKn,lD...KlDKOZK,
neN

where Ky, /K is a Galois extension such that Gal(K,/K) = Z/p"Z.

The behaviour of the class number in this tower is controlled by a cele-
brated theorem of Kenkichi Iwasawa, namely

Theorem (K. Iwasawa, [Iw], Theorem 4.2). Let K /K be a Zy-extension
and let p® be the exact power of p dividing the class number of K,. Then
there exist three integers pu, A and v such that

en=pup" +An+v forn > 0.

We want now to investigate if the same holds in a more general setting,
namely dropping the Galois condition. We start with the following
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Definition 4.2. Let p be a prime number, let K be a number field and
let Koo/K be a non Galois extension. Suppose that there exists a Galois
extension L/K disjoint from Ko /K such that LKy is a Galois closure
of Koo/K. If LKoo /L is a Zy-extension, then Ko /K is called a fake Z,-
extension.

Remark. If Ko /K is a fake Zy-extension as in Definiton 4.2, then
Gal(LK«/K) = Gal(LKs /L) ¥ Gal(LK o/ Ko).

Indeed, one can also formulate the definition of fake Z,-extensions in terms
of structures of Galois groups. Moreover K, is then the union

K. = U K,
neN

where K, is the extension of K fixed by Gal(LK/L)?" x Gal(LKy/Koo),
of degree p™. Note, moreover, that K, /K is the only subextension of K, /K
of degree p" and every subextension of K,/K is one of the K, a property
which is also enjoyed by Z,-extension. It would be interesting to know
whether or not this property characterize (fake)-Z,-extensions. We thank
Gabriele Dalla Torre for many fruitful discussions on this subject.

As an example of a fake Zj,-extension, let L be an imaginary quadratic
field and let p be an odd prime: it is known (see, for instance, [Wal, chapter
13) that the compositum of its Z,-extensions has Galois group isomorphic
to Zg. Since Gal(L/Q) acts semisimply on this Galois group, it decomposes
ZI% accordingly to its characters, giving two independent Z,-extensions, both
Galois over Q: the cyclotomic Z,-extension L. and the anticyclotomic one
L. The first one is cyclic over Q, the second one is pro-dihedral, namely,

Gal(Leye/Q) 2 Um Z/p"Z x Z/2Z while Gal(Loo/Q) = lim Dy .

Let Dp be the pro-dihedral group isomorphic to Gal(Ls/Q): it admits
two topological generators, which we consider fixed from now on, ¢ and peo
such that

o’ =1 OPoo = pgola ) (23)
If L, is the n-th layer of the anticyclotomic extension of L, then L, = Lé‘;& )
(where (ph) denotes the closed subgroup of Dy~ generated by ph): we

define, accordingly, K,, = Lég& ) c L, (where (ph o) denotes the closed
subgroup of D, generated by p{.’Z and o). Then K, is a (non normal)
extension of K = Q of degree p™ and we set K, = Lé‘? to find a diagram
of fields as in the introduction. Therefore K /Q is a fake Z,-extension.
Another example may be the following: let K = Q((,) where p is a pri-

mitive p-th root of unity and let a € K*, a ¢ pp. Then K(*%/a)/K is a
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fake Zy-extension, as it can easily be seen by taking L = F((pe): this case
would fit in a much more general setting, as the one introduced in [VV], and
we hope to investigate it in a future work.

In the sequel we study the pro-dihedral case over Y, with notations
introduced in the above example. The main result of this section is then
Theorem 4.7 below. The strategy for the study of the growth of the class
number in this setting is given by Theorem 3.4. In the following, we shall
always make the following

[H] Hypothesis: If p = 3, then L # Q(v/—3)

This is not a real restriction, since in that case the class groups of K,,, L,
and L have trivial 3-Sylow subgroups and any of the stated result trivially
holds. For n > 1, we define

Py=0F 0%, ©Zy, Up=0p,@ZLy, Ry=U,/P,

where the inclusion P, — U, is induced by the injection O Oy, — Ef,:
therefore |R,| is the p-part of the quotient of units appearing in Theorem
3.4 (note that Ey, is trivial thanks to assumption [H]). Morever, we can also
write

P, = EKnEKﬁ X Zp and U, = ELn ®Zp

because torzOp and torzOf are always of order coprime to p, again by
[H]. Note that P,, U, and R, are Dp.-modules (see for example [HK],
Lemma 1). We let T' = Gal(Ls,/L) and we write G,, = I'/T?" = Gal(L,,/L)
(or, more generally, Gy, ,, = Gal(L,,/Ly) for m > n > 0), while we hence-
forth call A the group Gal(L/Q) and we fix a subgroup of Gal(L«/Q), also
called A, mapping isomorphically onto Gal(L/Q) via restriction. Finally,
A = Z,[[I']] will be the completed group algebra of I', isomorphic to Z,[[T]]
by the choice of a topological generator ~g of T'.

What we want to do is to compare the action of G, with that of Dpn,
by comparing their cohomology. We start with the following cohomological
result which is certainly well-know but difficult to find in print. As a matter
of notation, recall that if H is a group and B an H-module, then B¥ denotes
invariants, By coinvariants, Ng = >,y h € Z[H] the norm, B[Ng] the
kernel of multiplication by the norm and Iy the augmentation ideal.

Proposition 4.3. Let A be a 2-divisible abelian Dyn-module: then, for every
i > 0, there are canonical isomorphisms induced by restriction (or corestric-
tion)



Moreover, R R
HY(Dyn, A) = HY(G, AR

and

H™ (D, A) = HH (G, A)a = HH(Gy A

Finally, the Tate isomophism ﬁ[i(Gn, A) = ﬁli+2(Gn, A) is A-antiequivariant,
so that (as Dpn-modules with trivial action)

H ™ (Dpn, A) = H H(G,, A)® = HY (G, A)JH (D, A)
and

HY(Dyn, A) = H (G, A = H Gy, A)JH ™ (Dyn, A)

Proof. The first isomorphism is an immediate application of the Hochschild-
Serre Spectral Sequence (see, for instance, [We], 6.8). We now consider Tate
cohomology: taking A-invariants in the tautological sequence

0 — Ng, A — H°(G,,A) — .FAIO(Gn,A) —0
we find (Ause, as before, that Ng, A is 2-divisible, thus its A-cohomology is
trivial) H(G,, A)® = H(G,, A)*/(Ng, A)®. Since, as observed, Ng, A
has trivial A-cohomology and A is a cyclic group,

H°(A, Ng, A) = H*(A, Ng, A) =0

so that (Ng, A)® = NaNg, A = Np,. A and finally (using the first isomor-
phism in our statement)

HO(Gr, A)® = HY(Gy )/ (Na, A)® = HY(Dyn, A)/Np,, A = HO(Dyr, A)

as claimed. In degree —1, take A-coinvariants of the tautological exact
sequence defining the Tate group to get the sequence

0 — H Y(Gp, A)a — Ho(Gn,A)a — (AJA[Ng,])a — 0.  (24)

where, as before, we have (A/A[Ng,])a = Aa/A[Ng,]a. Take now A-
coninvariants in the exact sequence

0 — A[Ng,] = A — Ng,A— 0 (25)
to identify the quotient An/A[Ng,]a with (Ng, A)a. We claim that
N,
A/A[Np,.] =3 (Ng, A)a = Ne, A/Ia(Ng, A) (26)

is an isomorphism: first of all, the map is well defined, since for every
x € A[Np,.], we have Ng,(z) € Ng,(A)[Na] = (Ia)Ng,(A) because
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HY(A,Ng,) = HY(A,Ng,) = 0. The same argument shows injectivity,
since for every a € A such that Na(Ng,(a)) = 0, we have Np ,(a) = 0,
while surjectivity is obvious. Plugging now the isomorphism of (26) in (24)
through the identification induced by (25) we find

0— H Y (Gn, A)a — Ho(Dyn, A) — AJA[Np ] — 0.

showing our claim. The fact now that H (G, A)® = H (G, A)a comes
from splitting any 2-divisible A-module M as M = M+ @& M~ canonically,
writing m = (m+dm)/2+(m—3dm)/2: here we denote by M the eigenspace
on which A acts trivially and by M~ the eigenspace on which it acts as —1.
Then M2 = M+ = M/M~ = M.

Finally, we discuss the A-antiequivariance of Tate isomorphisms. Recall
that the isomorphism is given by the cup product with a fixed generator y
of H*(G,,,Z):

H{(Gn,A) — H™2(Gp, A)
T — rUx

The action of § € A on H(G,,A) is 8, in the notation of [NSW], L5
and this action is —1 on H?(G,,Z) as can immediately be seen through
the isomorphism H?(G,,Z) = Hom(Gp,Q/Z) (see [We], example 6.7.10).
Then, by Proposition 1.5.3 of [NSW], 0.(z U x) = —(d«x) U x which gives
the result. O

The key tool for studying the growth of the p-part of hg, along the fake
Zy-extension is to interpret the quotient R, as a cohomology group. We
have the following

Proposition 4.4. With notations as above, for every n > 0 there is an
isomorphisms of abelian groups

R, = HY(G,,U,)” = HY(Dpn, Uy,) -

Proof. Along the proof, set V,, = Er, ® Zyp, V,, = Exr ® Zy. Uy /g, Uy is
a 2-divisible A-module. Hence

Un/Ic,Un = (Un/1c,Un)" ® (Un/1c,Un)” ,
as in the proof of Proposition 4.3. Moreover, we claim that
(Un/16,Un)" = (Un/I6,Un)® = VaVy /16, Un (27)
this is quite clear by definition of the action of A since

Vil Un/1c,Up = (Un/ I, Un)') = (Un/ 16, Un)®
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but also
. (p%0) A
VnIGnUn/IGnUn = (Un/IGnUn) = (Un/IGnUn) .
We deduce that
ViViig, Un/la, Uy = (Un/Ic, Un)™

and since

I, U, CV,V,
(see for example [Le|, Lemma 3.3) we get (27). Then

Ry = Un/16,Un [ VaVis /T, Un = (Un /16, Un) ™
as A-modules. Since U, /I, U, = ﬁfl(Gn, U,) we find, by Proposition 4.3,

that
R, = H Y (G,,U,)/H (G, Up)™ = H (Dpn, Uy,) . (28)

O]

Corollary 4.5. R, is a Gp-module with trivial action and the injection
in : Uy — Up41 tnduces an injective map

in: Ry — Rpy1 .

Proof. By the first equality in (28), the action of G,, on R,, is trivial since R,
is a quotient of a trivial G,-module. Now the induced map i, : R,, — Ry11
corresponds to the restriction on minus parts of

in:Un/1G,Un — Uny1/1a,  Unt1 -

The commutativity of the diagram

ﬁfl(Gn, Uyn) +> ﬁfl(GnH, Un+1)

>~ | Ux =~ | Ux

ﬁl (Gn7 Un) ot ﬁl (GnJrl, UnJrl)

is immediate to check and proves our statement. ]
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Remark. For m > n > 0, let Ny, © Ly, — Ly be the usual “arithmetic”
norm. With the same notation we will also indicate the induced maps on
Ep ., oron E, , as well as on P, and U,. One can check that this induces
a well-defined map Ny, , : R, — R,, so that we can form the projective
limits of the tautological exact sequence

0—PFP,—U,— R,—0
to get an exact sequence
0 — lm P, := P — lim U, 1= Uso — liIm Ry, 1= R — 0 (29)

that is exact on the right since @1 P, = 0 as all the P,’s are compact mod-
ules (see, for instance, [We], Proposition 3.5.7): in particular, R = Uso/Pno
as A-modules. In Iwasawa theory, one classically tries to get information at
finite levels from the study of some A-module, via the so-called co-descent
maps: indeed, if Z7 = lim Z,, is a A-module one has a co-descent map
kn : (Z)r,, — Zp. Since the size of (Z)r, is well-behaved with respect
to n, if one can bound the orders of ker(k,) and of coker(k,,) indipendently
of n, then one can also control the growth of Z,. Unfortunately, we cannot
apply this strategy to study the order of R,,, since Corollary 4.5 shows, by
passing to the limit, that the A-module R, has a trivial action of I and this
is precisely the obstruction for the boundness of ker(k,) and of coker(ky,).
Before stating our main result, we need a general lemma. In the follow-
ing, for a number field M, denote by Ajps the p-Sylow subgroup of the class
group of M (isomorphic to the maximal p-quotient of the class group).

Lemma 4.6. Let Mo, /M be a Zj,-extension in which all primes above p are
ramified. For every sufficiently large n (i. e. large enough that all primes
above p are totally ramified in Moo /My) let P14, ..., Psn be the primes in
M, above p and let Py, = [[;_ pin be their product. Then there exist two
integers A, vsg independent of n such that the order of the the projection of
the class of Py, in Ay, is nAp + vgp.

Proof. For every n € N, let H,, be the cyclic subgroup of Aj;, generated
by the projection of 3,,. Clearly, the H,’s form a projective system and
we set ¥ = lim H,. Setting X = lim Ay, , then Y C X is a A-module and
X/Y is a noetherian A-module (it corresponds to the maximal unramified
extension of My, in which the product of all Frobenius automorphisms of
primes above p is trivial): let u, A\, v be the Iwasawa invariants of X. Then
X/Y also admits three Iwasawa invariants A, i, 7: moreover, Y is clearly
finitely generated over Zj, so fi = u. Setting A = X — X and vp=v—Uwe
establish the Lemma. O

Remark. Observe that the proof itself shows that Y is procyclic, so it is
either finite or free of rank 1 over Z, and, accordingly, Ap < 1. We will
come later on this. Now we go back to our anticyclotomic setting.
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Theorem 4.7. Let p* be the order of the p-Sylow class group of K,,. Then
there exist integers pug, A\i, Vi such that

26, = prp" + Axn + vi for n>>0.

Proof. As it is well-known (see, for instance, [Wal, Lemma 13.3) only primes
above p may ramify in Lo, /L and at least one of those must eventually
ramify, while the fact that L, /Q is Galois for every n shows that, if one is
ramified in L, so is the other (if it exists) and with the same ramification
index. Let thus ng be the smallest integer such that they are totally ramified
in Lo/ Ly, and assume n > max{ng, n} where 7 is the smallest integer such
that the formula in Iwasawa’s theorem (see the beginning of this section)
for Lo, /L applies. Then by Theorem 3.4 applied with k = K,, and F = L,,
we have

2ep=¢€n—Tn+n—f=pp" + A +1)n+v —r,, (30)

where |R,| = p™, |AL| = p/, v = vp — f and pr, A\, v are the Iwasawa
invariants of Lo/L. We thus want to control the growth of r, along the
tower. To do this, we apply Proposition 4.4 studying explicitly H(Dyn, U,),
since

r = 0| H Dy, U - (31)

To analyze H'(Dyn,U,), set B® := B ®z Z, for any abelian group B: this
is an exact functor so we have the exact sequence

0—U,— (L;)®— Pri —0

where Pr, is the group of principal ideals of L,,. Taking D,»-cohomology
we get, by Hilbert 90, an isomorphism?

(Pri)Pr /(Q*)° 2 HY (D, Un) - (32)
On the other hand, the exact sequence

0— Pr; — Id;, — A, — 0 (33)

3We use, here and in what follows, that for every G-module A, there is an isomorphism
HY(G,A)®7Z, = HY (G, A® Zy) holding for every ¢ > 0. This is an easy exercise about
the Grothendieck spectral sequence for the functors (=) ® Z, and (—)¢. To verify that
tensoring with Z, sends injective G-modules to G-acyclic, use the explicit description in
[Se2], chapitre VII. For the equivalent result in Tate cohomology apply Proposition 4.3
together with the above remark. René Schoof pointed out to us that one can also prove
directly the isomorphism H%(G, A)®%Z, = HY(G, A®Z,) by tensoring the complex giving
raise to Tate cohomology with Z,.
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defining the class group (so Id,, is the group of fractional ideals of L)
induces an inclusion

(Pry) P [(Q)° = (Idy) P /(Q¥)° .

This last quotient is fairly explicit: indeed, an ideal I = [[q;" is fixed by
D, if and only if every prime appears with the same exponent with all its
Dyn-conjugates: for a prime [ call the product of all this conjugates Orb(l).
Then clearly (recall that all modules here are Zy-modules, so primes ramified
only in L/Q generate the same module as the rational prime below them)

(% where [ | £ € Q if [tp
Orb(1)%r =
Z n—n .
B! = (Hpn\p L, pn)%  where 5 ‘=peQ ifl | p

The fact that these are the only possibilities for ramification follows from
the definition of ng: moding now out by (Q*)® we find

(Id2)Prm J(Q*)® = P [pr = Z,/p" T,

and accordingly

(Pro)Pm /(@) = B0 "% p = 2/ (p =0z

where p» is the order of the class of 3, in Az, . Applying Lemma 4.6 we
find h,, = Apn + vy and this, together with (32), shows that

H'(Dyn, Uy) = Z/pt A0 =m0-v0 7,

We now achieve the proof of the theorem plugging this information in (31)
in order to find the existence of suitable invariants A, and v, such that
Tn = A1+ Uy, so that equation (30) becomes our statement. O

Remark. Following explicitly the proof, one finds that A\, = 1 — Aq, which
is at most 1 by the above remark, and v, = —ng — vg. Accordingly,

UK = UL , )\KZ)\L-f—l—)\r:)\L-i-)\sp, VK:VL—f-f-no—l-l/qg:

in particular, Ax is either Ay or A\p, + 1 and it is even: to see this, just use
our formula to write explicitly 2(e,,+1 —&5,). Analogously one can prove that
ur = vk (mod 2).

Definition 4.8. Denote by p" the order of the class of B, in Ar, where
P, is the product of all primes above p in L,. Moreover, let nyg be the
smallest integer such that Lo, /Ly, is totally ramified.
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For later use, we extract the following result from the proof of the theo-
rem.

Proposition 4.9. There is a short exact sequence
0 — HY (Dpn,Uy,) — Z/p" ™7 — H°(Dyn, Ar,) — 0
and isomorphisms

HY(Dpn, Up) 2 Z/p" ™07, HY(Dpn, A, 2 Z/p"Z .

Proof. In the long exact D,n-cohomology sequence of
0—-U,— (L) — Pri —0

one has HY(Dpn, (LX)°) = 0 by Hilbert 90 together with H2(Dpn,U,) =
H?(Gp,Upy)® = HYGn,U,)~ = 0 as Uy = 0; thus HY(Dpn, Prg) = 0.
Taking D,n-cohomology in (33) one finds

0 — H°(Dyn, Pri) — H°(Dyn, I1d3) — H°(Dyn, Apr,) — 0
and, moding out by (Q*)°,
HO(Dyr, Pry)/(Q*)® < H Dy, 1d;) /(Q*)° — HO(Dpr, Ap,) 5 (34)
Since in the proof of Theorem 4.7 we found isomorphisms

HO(Dyn, Pri)/(Q)° = H' Dy, Up) 2 Z/p" "0,

H®(Dyr, 1d;) /(Q*)° = Z/p" ™™,

the exact sequence (34) becomes that of our statement. O

Corollary 4.10. R, is a cyclic group of order p" ™" and Ry is pro-
cyclic.

Proof. Combine Proposition 4.4 with Proposition 4.9. O

We stress on the fact that the preceding result gives also a way to com-
pute R,, directly (i. e. without Theorem 3.4).

Applying the Snake Lemma to multiplication-by-(vy,, — 1) (where 7, is a
topological generator of I';,) to the sequence in (29) gives the fundamental
exact sequence

Ucl:o" — Roo — (Poo)r,, — (Uso)r,, — Rso — 0. (35)

n

where (Roo)™ = Roo = (Roo)r, since Ry has trivial T' action by Corollary
4.5. The next proposition shows that actually (Us)'™ = 0; it crucially

depends on a result of Jean-Robert Belliard (see [Be]).
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Proposition 4.11. Py, and Uy, are free A-modules of rank 1.

Proof. By [Gre|, Proposition 1, we know that the projective limit U’ of
the p-units along the anticyclotomic extension is A-free of rank 1. Now,
Proposition 1.3 of [Be] gives a sufficient condition for a projective limit
to be free. Namely, suppose that a projective system of Zy[Gy]-modules
(Zn)nen, equipped with norm maps Ny, ., © Z,, — Z, and extension maps
inm : Zn — Zm (both for m > n > 0) verifying the obvious relations,
satisfies the following conditions:

1. There exists another projective system W,, O Z, with norm and in-
jection maps inducing the above maps on Z,, by restriction such that
Weo = @Wn is A-free;

. . Gm,n .. .
2. Extension maps ipm : Wy — Wp,™" are injective for m > n > 0;

3. Zomn = inm(Zn) (at least for m > n > 0),
then Zo, = liLnZn is also A-free.

First of all we apply this result to Us, C UL, finding that it is A-free,
and of A-rank equal to 1 thanks to the exact sequence

0—>Uoo—>UéOIM>Zp[SOO]—>O

where Sy is the (finite) set of p-places in Lo, (the right arrow is the product
of all p-valuations for p | p): in particular, Ugon = (0. Then we apply the
proposition again with Z, = P, and W, = U,: in fact, only the third
condition needs to be checked and that comes from the Snake Lemma applied
to the diagram

O— P, — U, — R, ——0

’in,mJ/ 7;n,rnl in,ml

Gn,m

0 N Pn N Un n,m rGT’Ln,m

noting that the vertical arrow in the middle is an isomorphism and the
right-hand vertical arrow is injective by Corollary 4.5. Thus we get that
P, is A-free: its A-rank is equal to the A-rank of Uy by Lemme 1.1 of [Be]
together with (35), since we have already proved that UL» = 0. O

This Proposition already shows that either R, = 0 or Ry is free of
rank 1 over Z,: indeed, (29) shows that R, injects in (Px)r, for all n, as
(Roo)T,, = Roo. On the other hand, Py being free, the Z,-rank of (Px)r
coincides with the A-rank of P,, which is 1 by the above Proposition. As
Z,, does not admit any finite non-trivial submodules, the only possibilities
for Ry are 0 or Z,.
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Otherwise we can argue as follows: by Corollary 4.5 we know that R, =
Z,/p1 = 8)n=c7, for some constant c. If Ap = 0then R £ Zp. If Ap=1
then the R,’s have bounded orders: since transition maps are induced by
norms (as R,, — Ry,41 by Corollary 4.5, we need not to distinguish between
algebraic and arithmetic norm) and Proposition 4.4 shows that G, acts
trivially on R,,, R~ is the projective limit of cyclic groups of bounded order
with respect to multiplication by p, so it is 0. We have thus proved

Corollary 4.12. With notations as in Theorem 4.7, if Ay = 1 then Roo = 0
and if Ay = 0 then Ry is free of rank 1 over Z,.

Remark. In the proof of Theorem 5.9 below we will show that Ap =1if p
splits in I and A = 0 if p does not.

5 Structure of Xy

We now want to connect the study of X and Xg: we recall that
X = liLHALn and Xk := thAKnv

projective limits being taken with respect to norms. If L. /L were the
cyclotomic Z,-extension of L, then X; would be known to be Zp-finitely
generated by a celebrated result of B. Ferrero and L. Washington (see [FW]),
but for the anticyclotomic extension this is no more the case (see [Gi] and
[Ja2]). We are interested in giving conditions for X to be finitely generated
as Zp-module. Our strategy is to study the quotient X /XgXg/. The
following exact sequence is then useful

0 — Ker(t,) — Ak, © A, L Ap — Ap, [Ak, Ag: — 0 (36)

where
w (), 1)) = (17701,

if I C Ok, and I' C Ok are ideals. Passing to projective limit we get

0 — Ker(too) — Xg & Xgr = X1 — Xp/ XX — 0 (37)

and
Ker(too) = lim Ker(¢,) .

We will describe Ker(iy,) and Ap, /Ag, Ak in terms of cohomology groups.
The following diagram will be useful:
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0 U, (LX) —— Pre —— 0
0 us; Jo —— Id;, —— 0 (38)
0 Qn ¢, —— AL, —— 0

0 0 0

Here 7, is the ideles group, C,, is the ideles class group, U,, is the group
of ideles units, Id, is the group of ideals and Pr, is the group of principal
ideals of L,. Remember that for an abelian group B we set B := B ® Z,.

Proposition 5.1. We have
Ker(1n) & HY(Dpn, Ap,) = HY (Dpn, Q)

and R R
H_I(Dp”aALn) = HO(Dp"aQn) .

Proof. Let ¢ be the map
¢ : Ker(t,) — HO(DPn,ALn)

defined by ¢([I],[I'])) = tk,([I]). Since ik, ([I']) = g ([I])~!, both o
and po fix i, ([I]), so the map takes indeed value in H%(Dpn, Ar,). We
claim that ¢ is an isomorphism. It is clearly injective: to check surjectivity,
just observe that A<Lan> = 1k, (Ak,) (and analogously for op), so that, for
every [J] € HY(Dyn, Ag,), we can write [J] = g, ([I]) = tx; ([I']) and
[J] = ¢([I],[I']) and the claim is established.

Now consider the exact sequence

0—Q,—C— AL, —0

as in diagram (38). We take D,»-Tate cohomology, making constant use of
Proposition 4.3, and we get

0— ﬁ_l(DP"7ALn) - ﬁO(Dpann) - ﬁO(Dp”acfz)

. . (39)
— H (Dp”vALn) —H (Dp”>Qn) —0,
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since by class field theory H'(G,,,C3) = 0if i = 1 (mod 2) and
[H'(Dyn, C)| = | H' (G, C7) 2 -

However, also the middle term in the exact sequence (39) is trivial, since
class field theory gives a A-modules isomorphism

H°(G,,C%) = Gal(Lyn/L)
and the latter has no A-invariants (since Gal(L,,/Q) is dihedral). Note that
ﬁO(Dpn’ ALn) = HO (Dp” ? ALn)

since A, [Np,.| = AL, because Ag = 0. O

Lemma 5.2. Let g denote the number of primes above p in L (hence g €
{1, 2}) and let ng be as in Definition 4.8. Then H°(Dpn,UY) is a cyclic group

n—ng

of order pla=1(n="10) gnd ﬁl(Dpn,Z/{;;) is a cyclic group of order p

Proof. We start by studying G,,-cohomology. Local class field theory gives
A-equivariant identifications

HY(Gn,US) 2 1(py) x I(py) resp. HO(Gp,US) = I(p,)

where I(p;) is the inertia subgroup inside G,, of the prime p; of L above p,
accordingly as p splits or not in L (here and in the rest of the proof, we let
i = 1,2 if p splits, while ¢ = 1 if p does not split). Analogously,

HY (G, US) = HY (G, O ) % HY (G, O )
resp. HY (G, U) = ﬁl(Gn,Orfml)

where (92’% are the local units at the prime B; of L,, above p, accordingly
again as p splits or not in L.

Concerning ﬁo, it is clear how A acts on the cohomology group, since
if there is only one inertia group it acts on it as —1; and if there are
two of them it acts on —1 on each subgroup, and permutes them. Since
the inertia subgroups are cyclic of order p" ™ we get our claim, using
that ﬁO(Dpn,Z/{;z) = H%(G,,U2)™. Passing now to H', we observe that
H _I(Gn,(’)rf’%) is generated by pm/m for some chosen uniformizer 7 of
a fixed completion Ly, of L, at ;. The action of A is §(pr/7) =
(p~tém)/om = p~im/7 (mod 16,0, ) starting from

p’m/pr = pr/m (mod 16,0, 3,))

one finds p?m/m = (pr/7)? (mod IGnO;%)) and, inductively, p~ln/m =
(pr/m)~! (mod Ig, O s,)) so that A acts as —1 on HY(Gn, C’);%). Again,
the fact that this group is cyclic of order p"~" by local class field theory,
together with H(Dpn,U2) = HY(G,,UZ)~ shows our result. O

71



Proposition 5.3. There is an exact sequence
0— ﬁO(Dp"auri) - ﬁO(Dpna Qn) 2 R, % ﬁl(Dpn,Uf;) — Ker(t,) — 0.

Hence we get R R
HY (Do, US) = H(Dyr, Qn)
and the short exact sequence

0— R, — ﬁl(Dpn, Uuy) — Ker(ey,) — 0.

In particular,
Ker(1,) = Z/p" 7

where hy is as in Definition 4.8.

Proof. The exact sequence is (a short piece of) the long exact sequence of
D,n-Tate cohomology of the righthand column of diagram (38): here R,
and Ker(t,,) appear thanks to Proposition 4.4 and Proposition 5.1. Now
note that

HY (D, Uy) = Z/p" "

by Lemma 5.2. Moreover,
Ker(t,,) = HO(Dpn, Ar)

by Proposition 5.1 and
R, = H'(Dyn,U,)
by Proposition 4.4. Hence, using Proposition 4.9, we deduce that « is nec-

essarily injective, so the third map is necessarily 0. O

Lemma 5.4. The following inclusions hold

I, AL, €k, (Ak, )ik (Akr) € A, [Na,]-

Proof. For the inclusion Ig,Ar, € tk,(Axk, )tk (Ak:) see for example
Lemma 3.3 of [Le], using that (1 + o)Az, =1k, (Ag,) and (14 p?0)Ar, =
tir (Ak:). Then note that the norm element Np , € Z,[Dpn] is the zero
map on Ay, since Z is principal, hence

Ng, (tk,(Ak,)) = Ng, (1 +0)AL,) = Np,, (AL,) =0

and the analogous result holds for Ak, thereby proving the claimed inclu-
sion. O
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Lemma 5.5. For every n > 0 there is an isomorphism

Ap,[Ne,|/Ak, Ak, = H' (Dpn, AL,) -

Proof. The proof goes exactly in the same way as in Proposition 4.4, except
for the fact that here we cannot replace Ar, [Ng, ] with Az (but we can
use Lemma 5.4 above). O

Collecting together these results we can give an algebraic proof of a
version of the formula in Theorem 3.4. We need to recall a well known result.
If My/M, is any finite Galois extension, we shall denote by Ram(M; /M)
the product of the ramification indexes in M;/Mj of the (finite) primes of
M. Then we have the following formula, coming from a computation with
Herbrand quotients:

Fact 5.6 (Ambiguous Class Number Formula). Let M; /My be a finite Galois
extension of odd degree and set G = Gal(My/My). Then

\CZMO\Ram(Ml/MO)

cl$, | = .
O = g Ao Bty = Bty 1 Vo, jara (V)

Proof. See [Gral, IT 6.2.3. O

Proposition 5.7. The following formula holds (compare with Theorem 3.4)

()20 P)|R,|
p" '

Ky

Proof. From the exact sequence (36) we deduce that

W AL, Ak, Ak

Py = T Rer()]

Note that
AL, /A, Ak, | = |AL, NG, [Ak, Ak, ||AL, /AL, [N, ]| =
= |H'(Dpn, Ar,)l|Na, (AL,
using Lemma 5.5. Moreover, by the Ambiguous Class Number Formula,

AS" Y Ram(L,/L)

Ne, (Ap,)| = — =
e A= (0G0 TH G, Ar,)
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(we use the fact that |[H(Gp, A, )| = |H (Gn, AL.)|). Now observe that

|H'(Dypr, AL, 1 1

=~

[HY(Gn, ALl | H (D, AL,)| [HO(Dpn, Q)|
by Proposition 5.1 and Proposition 4.3. Furthermore

1 1
[HO(Dprs Qu)| - [HO(Dypn, US)|

by Proposition 5.3. Hence we get

n\") Ram(L,/L)
p"[HO(Dyr, Us)]

|AL, /AKk, A | =

Now b, = n — ng. Then
Ram(L,/L) = p*
(where g is the same as in Lemma 5.2) and
[H (D U] = plo= D0
by Lemma 5.2. Therefore,

h(g’)pgbn B h(Lp)

‘ALn/AKnAKﬁ’ - p(g—l)bn+n - pno (40)
and ®) 2, ?)
B _ (hfgn)Zth P
b pr[Ker (i)
Using once more Proposition 5.3 we deduce that
| Ro|[Ker(5)] = p""
which gives the formula of the proposition. O

Remark. We want to stress here that our proof works as well in a more
general setting. Indeed, we assumed that L, /L is part of the anticyclotomic
extension because this is the context for our further application. But since
both Proposition 5.3, 5.1 and Lemma 5.2 continue to hold true, mutatis
mutandis, for any dihedral extension, the above proposition can be proven
in the same way for any such a dihedral extension. Moreover, as pointed
out for example by Lemmermeyer in [Le|, Theorem 2.2, the formula above
is trivially true for any odd prime number ¢ # p: summarizing, our proof
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can be generalized to show (algebraically) that for any dihedral extension
F/Q of degree p™, the relation

_ 12hi[OF - OF 05 0F]
pn

F

holds, up to powers of 2.

Now we make some remarks about the structure of Xy . First we need
a lemma:

Lemma 5.8. Suppose that p splits in L: then for any prime p over p in L,
the union (LeyeLoo)p of all completions at p of the finite layers of LeyeLoo/L
is a Zyp-extension over (Leyc)p.

Proof. Let p1 and ps be the two primes of F' above p. Let H be the maximal
subextension of F,.Fi/F such that p; is totally split in H/F. By global
class field theory, explicitely writing down the normic subgroups correspond-
ing to H and to F,y.Fi, one sees that H/F must be finite. The lemma now
follows since the decomposition group of p; (and therefore also that of p2)
in Gal(FeycFoo/F) is of Zy-rank 2. O

Theorem 5.9. Ker(i) s a Z,-module of rank 1 if p splits in L and it
is finite otherwise. Moreover, X1 /XXy is finite and its order divides

h%@)/p"o. In particular Xy, is finitely generated as Zy,-module if and only if
XK 18.

Proof. Before starting the proof, observe that Ker(io) is a Z,-module of
rank at most 1 (use the fact that each Ker(s,,) is cyclic, see Proposition 5.3).

Suppose now that p splits in L, say pOr = pip2. Let Pi1,..., Pis
be the prime ideals of Lo, which lie above p; (clearly s = p® for some
a € N) for i = 1, 2. Let, as before, ng be the smallest natural number such
that Loo/Ly, is totally ramified. Set L' = Lcy.Lo and note that L'/Lo, is
unramified everywhere: indeed, L'/Ly, is clearly unramified at every prime
which does not lie above p. On the other hand, L:ﬁi,j /Loo sp,; must be
unramified because Q, = Lj, admits only two independent Z,-extension,
one being the unramified one. Let now My, be the maximal unramified
abelian pro-p-extension of Lo, (hence L' C M,,). For each i = 1, 2 and
j=1,..., s, consider the Frobenius Frob(*B; j, Moo/ Loo) of P j in Moo/ Lo
which is an element of infinite order since its restriction Frob(; j, L'/ L)
to L' is of infinite order by Lemma 5.8. Furthermore Gal(Lo,/Q) acts by
conjugation on the set {Frob(B; ;, Moo/Loo) }iz1,2; j=1,....s: in other words if
7 € Gal(Lso/Q) we have

7 Frob(Pij, Moo/ Loo) = TFrob(Pi j, Moo /Lo )7~ " = Frob(F(Bi ;) -
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where T is an extension of 7 to My,. On the other hand we must have
TFrob(Pi j, L'/ Loo)T + = Frob(Pi;, L'/ Loo)
because L'/Q is a Galois extension whose Galois group is isomorphic to
Gal(L'/Lso) x Gal(Lso/Q) .

In particular we deduce that

2 s
TTT] Frob(Bis. L'/ Loo) = Frob(P11, L'/ Loo)**.

i=1j=1

Hence this product is an element of infinite order in Gal(L'/Ls ) and the
same holds for the products of Frob(*B; j, Moo/ Loo). It corresponds by class
field theory to

lim(§,] € X,

where ‘3, is the product of all primes above p in L,. Now note that
Ker(n) = HO(Dp"v Ar,) = ([Bn]) = Z/phnZ-

In fact, clearly
H®(Dyn, Ar,) 2 ([Bal)

and both groups have order p/» (use Proposition 4.9). Hence Ker(ts) is
infinite since it contains an element of infinite order and it has Z,-rank 1).

Now suppose that p does not split in L and let again My, /Lo be the
maximal pro-p abelian extension of L., everywhere unramified, so that we
have an isomorphism Gal(My /L) = X1. Let My/ Lo be the fixed field by
TXy C Xy, viewing X, as a A-module: then Mj is the maximal unramified
extension of L, which is pro-p abelian over L (see [Wal, chapter 13) and
we let 4 = Gal(Mp/L). Since ¢ is abelian, we can speak of the inertia
subgroup .# < 9 of p (the unique prime in L above p): then M7 /L is
an abelian extension everywhere unramified, thus finite. This shows that
p is finitely split and has finite inertia degree in My/L. Therefore My/ L«
is finite, being unramified everywhere, and then its Galois group (which is
isomorphic to X1, /T X1) is finite. The exact sequence

0 — Ker(-T) — X1 —5 Xp, — X1/TX, — 0

shows that Ker(-T') = Ker(yo—1) = X7 is finite (recall that the isomorphism
Zp|[I']] = Ais induced by y9—1 — T', where 7 is a fixed topological generator
of T'). Since P, is clearly fixed by I', we see that their projective limit Y
is in X E and is therefore finite. In particular, their order p» is bounded,
and since Ker(t,,) has order p™» by Proposition 5.3, we immediately see that
Ker(too) is finite (actually Y = Ker(to))-

The second assertion of the theorem is exactly (40) and then the last one
easily follows from (37). O
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Remark. Suppose that p; = 0: therefore Xg is a finitely generated Z,-
module and Ay, is its rank. From (37) we deduce that

Ak = 2\xy

thanks to the remark after Theorem 4.7.

Ezxamples. Suppose that the p-Hilbert class field of L is cyclic and that it
is contained in the compositum of the Z,)-extensions of L. Then it must be
in Lo, (AP is trivial since Ag = 0). With this in mind we give the following
examples:

e Take L = Q(v/—191). Then the 13-Hilbert class field is cyclic of order
13 and is contained in the compositum of the Zj3-extensions of L (see
[Gra], Examples 2.6.3). Then ng = 1 and we have h(Lls) = 13" =13
and this gives X;, = Xxg Xk by Theorem 5.9.

e Take L = Q(1/—383). Then the 17-Hilbert class field is cyclic of order
17 but linearly disjoint from the compositum of the Z;7-extensions of
L (see [Gra], Examples 2.6.3). In particular ng = 0 and X1/ Xk X
is cyclic of order dividing 17 by Theorem 5.9. Actually X1/ XxXg
is of order 17: for, Lo, /L is totally ramified and this implies that the
arithmetic norms Ay, — Ar, are surjective for every m > n > 0.
Then it is easy to see that the arithmetic norms Ap, /Af, Ax: —
Ap,/Ak, Ak are surjective too, for every m > n > 0. Since each
Ap,/Ak, A is of order 17 by (40) we are done.

Appendix

In this appendix we perform the computations needed in Proposition 3.3.
Lemma. With notations introduced in section 3, |det(M)| = q| det(A)?,

where

A o1 | Bl ogi . |
M = ( CZ 0<igr—1 ‘ Di 0<igr—1 > , A= ((1/2)A0,A . ,AT_ )
0<i<r—1 0<i<r—1

are the matrices appearing in Proposition 3.3. Therefore they are defined as
follows:

2v(m)
: fori =0
, 2y(nr)
Al = ,
7i(m)
: forl1<ig<r—-1
Ti(nr)
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( r—1
=> " 7i(m) = y(m)
j=1
fori=0
r—1
B = => " 7i(me) = () ,
j=1
7i(m)
: = At forl1<ig<r—-1
7 (1)
Tit1(m)
' : = A" foro0<i<r—2
¢ = Tit1(nr)
BO fori=r—-1
and
Di_ B fort =0
T A7 for1<i<r—1

Proof. In what follows we will transform M in another matrix N (appear-
ing below) with trivial upper-right and lower-left blocks, and we do this by
elementary operations that don’t change the (absolute value of the) deter-
minant.

Writing M* for the i-th column (1
tution M* +— M*— M7 for r+2 <
M then becomes

< 2r) of M, let’s perform the substi-

<i
i<g—land M™ — M"Y MY

i i
M/ — < A 0<i<r—1 ‘ E 0<ir—1 )
7 I
¢ oi<r—1 ‘l? 0<ig<r—1

where A® and O are as above, while B9 = AY/2, E' =0 for 1 <i<r—1,
FO=D 4+ CPand Fi = D' —C' fori >0, i. e.

r—1 r—1
BO+Y Ci=2B"+) A for i = 0

Fi = j=0 j=1
A1 A+l forl<i<r—2
A2 _ o fori=r—1

Before going further, let’s kill the first column in the upper right block: it
is enough to subtract from this column (it is the r + 1-th) a half of the first
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one, namely M1 — M1 — (1/2)M', thus finding

M// — ( Ai oi<r—1 ‘ 0 )

i 7
o 0<i<r—1 ‘ G 0<i<r—1

where
BY — (1/2)A° — (1/2)A! fori=0
G ={ A1 Al forl<i<r—2
A2 B0 fori=r—1

We can now use all the G%’s freely without changing the other blocks.
In particular, we will in the sequel operate in the submatrix formed by the
G"’s. Observe, first of all, that

r—2
Y G =A A AT A
i=1

Using this, let’s substitute GO — GY+ (1/2) " G?, finding B® — (1/2)A"2 —
(1/2)A™=1 := X in the first column. Another step is now to change this in
X X +(1/2)G" ' = (1/2)B° — (1/2)A"~! : M has now been reduced to

i
M/// _ ( A{ 0<ig<r—1 ‘ ) 0 )
7 7
¢ 0<i<r—1 ‘ H 0<i<r—1

where
' (1/2)B% — (1/2)A71 fori =10
H' ={ Al gitl for1<i<r—2
A™2_ RBo fori=r—1

Now we should transform H™ ™!+ H™! +2H0 = A7=2 — A7~1 .= "1,
Keeping on setting H* — H* — H'"+1 for 1 <i < r — 2 we inductively build
a matrix N whose determinant satisfies det(N) = (1/2) det(M), namely

i
N = A 0<i<r—1 ‘ 0
RN | H"
0<i<r—1 0<i<r—1

where
i { BF) - Arf1 fori=0
AL — AT for1<ig<r—1
Now we can finally perform our last transformations: the idea is to reduce
the right bottom block of N to a matrix having gA' as second column. First
of all, we substitute H'' — H'' 4 2H"® := T}: clearly every other column is
unchanged, while this second column becomes

r—2
—371(m) — Z 27i(m1) — 47r—1(m)
=2

AV — Al 4 2B0 24T T =

r—2
—-3n (777“) - Z 27’2'(7%) - 47—r—1(777")
=2
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Now we can repeatedly subtract to this column suitable multiples of the
H'"s in order to be left only with —gA': in fact, we define inductively
the matrix (as before, we perform these substitution only in the submatrix
formed by the H'"’s)

= | H°Tj_y —2j - H™ 9 qH? . H™ '], 2<j<r—1.

T

The definition of the H'"’s implies that Tj = Tj_; — 2j A" 9 + 2jA™177 so0
that T} verifies

r—1—j
—371(m) Z 27(m) —2(5 + 1)1r—5(m)
1=2

r—1—j
_37'1 77r Z 27—1 777’ - 2 ] + 1)Tr ](777")
=2

and, for the remaining cases (as degenerate versions of the same formula),

—=37m1(m) — (g — 3)72(m) —q71(m)
Tr—2 = y Tr—l = = _qu .
=3m1(nr) — (¢ — 3)72(nr) —q71(nr)
Recalling now the definition of NV and that the performed transformations
do not change the left hand blocks of it, we find
1
[det(M)] = det(N)] =

i 41
_ Q’ det ( A ocicr1 |0 > (1)
2 Y

3 7
¢ 0<i<r—1 ‘ Hr—l

where I/ _; is as II,_; but with the second column divided by —¢. Looking
now at the definition of H’%’s shows that we can still transform

I _, — (B° A" A%, .. A7),

since A2 = Al — H"? A3 = A2 — H” and so on. For exactly the same reason,
the first column B® may safely be substituted by (1/2)A° so that finally

My ((1/2)4°, A%, 47

and (41) shows that

q A ocicr ‘ 0 > ‘
det(M)| = =|det 7 5 .
| ( )| 4‘ ( C 0<i<r—1 ‘ A 0<i<r—1
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At last, one can use the bottom right block to kill the bottom left one
without changing the upper left block, simply by the definition of the C?’s:
thus

At 0
| det(M)| = g‘ det ( osir1 | - > ’ = g|det(A)|?,
4 0 ‘ A" ocicr—1
as we wanted. O
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