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Résumé

Résumé

Cette these porte sur la théorie de Galois différentielle. Elle est divisée en deux par-
ties. La premiere concerne la théorie de Galois différentielle paramétrée, et la seconde, les
équations aux g¢-différences.

Dans le chapitre 2, nous exposons une généralisation de 1’algorithme de Kovacic qui
permet de calculer le groupe de Galois paramétré de certaines équations différentielles
paramétrées d’ordre 2.

Dans le chapitre 3, nous présentons une généralisation du théoréme de densité de Ramis
qui donne un ensemble de générateurs topologiques du groupe de Galois pour les équa-
tions différentielles linéaires paramétrées a coefficients dans un anneau convenable. Nous
obtenons une contribution au probléme inverse dans cette théorie de Galois, donnons un
critere d’isomonodromie, et répondons partiellement a une question posée par Sibuya.

Dans le chapitre 4, il est question de confluence et d’équations aux ¢-différences. Nous
prouvons comment la transformée de Borel-Laplace d’une série formelle divergente solu-
tion d’une équation différentielle linéaire & coefficients dans C(z) peut étre uniformément
approchée par un g-analogue de la transformée de Borel-Laplace appliqué a une série for-
melle solution d’une famille d’équations aux ¢-différences linéaires qui discrétise I’équation
différentielle. Nous faisons directement les calculs dans le cas des séries hypergéométriques
basiques, et nous prouvons sous des hypothéses raisonnables, qu’une matrice fondamentale
d’une équation différentielle linéaire a coefficients dans C(z) peut étre uniformément ap-
prochée par une matrice fondamentale d’'une famille d’équations aux ¢-différences linéaires
correspondante.

Mots-clefs

Théorie de Galois différentielle. Equations différentielles linéaires. Théorie de Galois
différenticlle & paramétre. Equations différentielles linéaires paramétrées. Phénomeéne de
Stokes. Transformées de Borel-Laplace. Algorithme de Kovacic. Systémes intégrables. Iso-
monodromie. Théoréme de densité. Groupes différentiels. Probléme inverse. Equations aux
g-différences. Confluence. Séries hypergéométriques basiques. Séries hypergéométriques.




Stokes phenomenoms and (zaloisian approach to confluence
problems

Abstract

This thesis deal with the differential Galois theory and more particularly the Borel-
Laplace summation of the divergent power series. There are two parts. The first one
(Chapters 2 and 3), is about parameterized differential Galois theory while the second one
(Chapter 4), involves ¢-difference equations.

In Chapter 2, we present a generalization of Kovacic’s algorithm that allow us to
compute the parameterized Galois group of some parameterized differential equations of
order two.

In Chapter 3, we prove a generalization of the density theorem of Ramis that gives a
set of topological generator for the Galois group of parameterized differential equations
having coefficients on a convenient ring. We obtain a contribution to the inverse problem
in this Galois theory, give a criterion of isomonodromy, and provide a partial answer to a
question of Sibuya.

Chapter 4 deal with confluence and ¢-difference equations. We show how the Borel-
Laplace transformation of a divergent formal power series solution of a linear differential
equation in coefficients in C(z) could be uniformly approximated by a g-analogue of the
Borel-Laplace summation applied to a formal power series solution of a family of lin-
ear g-difference equations that discretize the differential equation. We make explicitly the
computations for the basic hypergeometric series and prove under convenient assumptions,
that a fundamental solution of a linear differential equation may be uniformly approxi-
mated by a fundamental solution of a corresponding family of linear ¢-difference equations.

Keywords

Differential Galois theory. Linear differential equations. Parameterized differential
Galois theory. Parameterized linear differential equations. Stokes phenomenon. Borel-
Laplace transformations. Kovacic’s algorithm. Completely integrable system. Isomon-
odromy. Density theorem. Differential groups. Inverse problem. ¢-difference equations.
Confluence. Basic hypergeometric series. Confluent hypergeometric series.
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CHAPITRE 1. INTRODUCTION

Cette these compile trois articles qui correspondent respectivement aux chapitres 2
a 4. Ces derniers peuvent donc étre lus indépendamment les uns des autres.

— [OxeT], Computing the Galois group of some parameterized linear differential equa-
tion of order two, est & paraitre dans Proceedings of the American Mathematical
Society. 1l traite de la généralisation de I'algorithme de Kovacic dans le cadre de la
théorie de Galois différentielle & parametres.

— [DxeT3], A density theorem for parameterized differential Galois theory, est a paraitre
dans Pacific Journal of Mathematics. Le résultat principal est la généralisation pour
la théorie de Galois différentielle paramétrée du théoréme de densité de Ramis.

— [OxeTd], Confluence of meromorphic solutions of g-difference equations, est un pre-
print. Nous prouvons comment la sommation de Borel-Laplace d’une série diver-
gente solution d’une équation différentielle peut étre approchée par une fonction
méromorphe, qui est solution d’une famille d’équations aux g-différences.

%k 3k

Le sujet principal de cette these est la théorie de Galois différentielle et son lien avec
les problemes de ressommation de séries divergentes. Nous allons commencer par un bref
survol historique de ces questions et ne prétendons absolument pas a ’exhaustivité. En
particulier, nous nous restreindrons a la théorie linéaire. Nous renvoyons a [Ram33, Balld|,
pour plus de détails sur ce qui suit, et aux récents travaux de Malgrange [Malld?|, pour la
théorie non linéaire.

La veille de sa mort, en 1832, Galois mentionne dans une lettre & son ami Chevalier,
une théorie de 'ambiguité qui pourrait faire penser aux prémices de la théorie de Galois
différentielle. Ce n’est qu'une décennie plus tard, en 1846, que Liouville publie les manus-
crits de Galois qui rencontrent un succes important. Il travaille ensuite sur la résolubilité
par quadratures des équations différentielles. Cela menera entre autres aux extensions
Liouvilliennes et aux systemes Hamiltoniens Liouville intégrables, qui sont aujourd’hui
un domaine de recherche actif. En 1883, Picard s’intéresse aux équations différentielles
linéaires a coefficients dans C(z). Il définit deux groupes, que 'on appelle aujourd’hui
groupe de Galois différentiel et groupe de monodromie. Il remarque que le groupe de Ga-
lois différentiel est en réalité un groupe algébrique mais ne développe aucune théorie. On
attribue classiquement a Schlesinger le fait que pour les équations différentielles linéaires
singulieres régulieres, le groupe de monodromie est dense pour la topologie de Zariski
dans le groupe de Galois différentiel. Vessiot étend ensuite les travaux de Picard pour des
systemes a coefficients plus généraux. Il prouve aussi qu’une équation différentielle linéaire
est résoluble par quadrature si et seulement si son groupe de Galois différentiel est réso-
luble. Il est & noter que c’est Kolchin, quelques décennies plus tard, qui énonce ce résultat
sous la forme que nous connaissons aujourd’hui. Il en profite pour formaliser la théorie
sous sa forme actuelle, en considérant des équations différentielles linéaires a coefficients
dans un corps différentiel dont le corps des constantes est algébriquement clos et de carac-
téristique nulle. Il introduit la notion d’extension de Picard-Vessiot, prouve que le groupe
de Galois est un groupe algébrique et démontre le théoréme de correspondance galoisienne.

Le phénomeéne de Stokes va tenir un réle important dans la théorie de Galois diffé-
rentielle. Etant donnée une série formelle divergente solution d’une équation différentielle
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linéaire a coefficients méromorphes, on peut lui associer des fonctions analytiques au voi-
sinage de 0 dans des secteurs, qui sont asymptotiques a la série formelle et solutions de la
méme équation. Le fait que deux solutions définies sur deux secteurs différents ne se re-
collent pas en une unique solution est appelé phénomeéne de Stokes. Ce physicien anglais a
découvert, ce phénomene dans les années 1850 en travaillant sur I’équation d’Airy, qui pro-
vient d’un probléme d’optique, mais ne fit pas de théorie générale. Au début du XXe siécle,
Birkhoff prouve sous des hypotheses restrictives que ce phénomeéne engendre des objets qui
font partie d’'un ensemble qui caractérise les classes d’équivalences méromorphes des sys-
temes différentiels. Voir §C pour plus de détails. Wasow démontre bien plus tard que pour
toute série formelle solution d’un systéme différentiel linéaire a coefficients méromorphes,
pour tout secteur d’angle suffisamment petit, on peut trouver une solution du systéme
analytique au voisinage de 0 sur le secteur et qui a pour développement asymptotique
la série formelle initiale. Cependant, ce théoréme ne garantit pas l'unicité de la solution
asymptotique. Il faut attendre la fin des années 1970, pour que Ramis introduise la notion
de séries k-sommables et obtienne un résultat de ce type. Ecalle rend ensuite le calcul de
« la » solution asymptotique effectif, grace a l'accélératrice d’Ecalle : il prouve qu’a une
série formelle, solution d’une équation différentielle linéaire a coefficients méromorphes, on
peut appliquer successivement un nombre fini de transformations de Borel et Laplace pour
obtenir une solution méromorphe au voisinage de 0 sur un secteur donné. Il faut noter que
grace a Balser, on sait qu’une série multisommable peut s’écrire comme une somme finie de
séries sommables sur un seul niveau. Si I’on est capable d’exhiber la décomposition, ce qui
n’est pas toujours faisable, cela peut faciliter le calcul de la sommation de Borel-Laplace.
C’est Ramis qui remarquera le caractere « galoisien » du phénomene de Stokes, c¢’est-a-dire
que les relations algébriques et différentielles entre des séries formelles solutions d’équa-
tions différentielles sont préservées par la sommation de Borel-Laplace. Ceci ménera au
théoréeme de densité de Ramis qui a été démontré dans les années 1980 : étant donnée une
équation différentielle linéaire a coeflicients germes de fonctions méromorphes, le groupe
engendré par la monodromie, le tore exponentiel, et les matrices de Stokes, est dense pour
la topologie de Zariski dans le groupe de Galois différentiel de 1’équation. Voir §I pour
une définition précise de ces objets.

* % %

Les domaines tels que 'étude de déformations isomonodromiques ou les équations
de Painlevé ont justifié l'introduction par Cassidy et Singer notamment, voir [CSO4],
d’une théorie de Galois pour les systeémes différentiels linéaires dépendant de parametres.
Le groupe de Galois mesure ici les relations algébriques et différentielles, par rapport
aux parametres, entre les solutions. Ce dernier n’est plus un groupe algébrique mais
un groupe différentiel, c’est-a-dire qu’il annule un nombre fini d’équations différentielles
polynomiales & coefficients dans un corps.

Dans le chapitre 2, nous généralisons l'algorithme de Kovacic pour cette théorie, ce
qui permettra de calculer les groupes des Galois différentiels paramétrés de certaines
équations différentielles paramétrées d’ordre 2. De plus, dans le cas ou il n’y a pas de
solution Liouvillienne, nous donnons une condition nécessaire et suffisante pour que
I’équation considérée puisse étre complétée en un systéme intégrable.

Dans le chapitre 3, nous prouvons un analogue du théoréme de densité pour la théorie
de Galois différentielle paramétrée. En particulier, nous sommes amenés a étudier comment
s’insere le phénomene de Stokes dans la théorie de Galois différentielle a parametres. Nous
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CHAPITRE 1. INTRODUCTION

prouvons que si les coefficients de I’équation sont analytiques par rapport aux parametres,
alors les matrices de Stokes paramétrées ont des entrées analytiques en les parameétres
sur un ouvert a priori plus petit. Comme applications de notre théoreme de densité nous
obtenons : une contribution au probléme inverse dans la théorie de Galois différentielle
paramétrée ; un critere d’isomonodromie; ainsi qu’'une réponse partielle & une question
posée par Sibuya.

* % %

Lorsque ¢ tend vers 1, 'opérateur aux ¢-différences d, := f — %, « tend » vers

I'opérateur de dérivation classique. Par conséquent, toute équation différentielle linéaire
peut étre discrétisée en une famille d’équations aux g-différences linéaires. Considérons
une série formelle solution d’'une équation différentielle linéaire. Dans le chapitre 4, nous
prouvons que la sommation de Borel-Laplace de la série formelle peut étre approchée
par une fonction méromorphe, qui est solution d’une famille d’équations aux ¢-différences
correspondante. Cette solution méromorphe s’obtient en appliquant successivement des g-
analogues des transformées de Borel et Laplace a une série formelle qui est solution d’une
famille d’équations aux g-différences correspondante. Nous explicitons les calculs dans le
cas des séries hypergéométriques basiques, et nous prouvons sous des hypotheéses raison-
nables, qu'une matrice fondamentale d’une équation différentielle linéaire a coefficients
dans C(z) peut étre uniformément approchée par une matrice fondamentale d’une famille
d’équations aux g-différences linéaires correspondante. Ces résultats sont analogues a ceux
prouvés par Sauloy dans [Sanl], mais peuvent s’appliquer a des systémes non fuchsiens.

) 3k ok

La présente introduction est divisée en trois sections. La premiére traite de la théorie
de Galois différentielle classique. La deuxiéme porte sur la théorie de Galois différentielle
paramétrée. Nous en profitons pour présenter nos résultats de la partie 1. Enfin, la der-
niere section a pour sujet les équations aux g-différences. Nous y détaillons les principales
contributions contenues dans la partie 2.

12



1.1. THEORIE DE GALOIS DIFFERENTIELLE

1.1 Théorie de Galois différentielle

Le but de cette section est de faire un survol rapide de la théorie de Galois pour
les systemes différentiels linéaires. Nous commencerons par rappeler succinctement les
bases de cette théorie. Nous nous intéresserons ensuite aux systémes différentiels fuchsiens.
Nous en profiterons pour parler du probléeme de Riemann-Hilbert et du probléme inverse.
Nous traiterons les cas local et global dans toutes leurs généralités. Nous finirons par
exposer brievement 1’algorithme de Kovacic. Nous référons a 'ouvrage [EdPSO3] pour plus
de détails.

1.1.1 Premiéres définitions, premieres propriétés

Dans tout ce qui suit, les corps seront supposés commutatifs et de caractéristique
nulle. Soit (K,0) un corps différentiel, c’est-a-dire un corps muni d’une dérivation 0.
Pour alléger les notations, nous écrirons K plutét que (K, 0) lorsqu’il n’y aura pas de
confusions possibles. Notons par C' le corps des constantes de K, a savoir le sous-corps
de K des éléments de dérivées nulles. Nous ferons I’hypothese que C' est algébriquement
clos.

Considérons un systéme différentiel linéaire de la forme 0Y = AY, ou A € M,,(K),
c’est-a-dire une matrice carrée de taille m a coefficients dans K. Il existe une extension
de Picard-Vessiot L|K associée a ce systéme, a savoir que L|K est une extension de corps
différentiel dont le corps des constantes est C, et qui est engendrée par K et les entrées
d’une matrice fondamentale, a savoir une matrice inversible de solutions. De plus, deux
extensions de Picard-Vessiot de 0Y = AY sont isomorphes en tant que corps différentiel.

Fixons L|K, extension de Picard-Vessiot de 0Y = AY, et F matrice fondamentale
a coefficients dans L. Le groupe de Galois différentiel Galg (L‘K ) est le groupe des au-

tomorphismes de corps de L, commutant avec la dérivation O et laissant K invariant.
L’application suivante est un morphisme de groupe injectif

pr: Galg (L]K) % GLn(0)
o = Flo(F),

ou GL,,(C) désigne les matrices inversibles a coefficients dans C. L’image de 1’application
dépend de la matrice fondamentale & coefficients dans L. Un autre choix donnera lieu & un
morphisme injectif conjugué au premier. Un fait trés important est que pg (Gala (L’K ))
est un sous-groupe algébrique de GL,,(C). Nous identifierons désormais le groupe
de Galois différentiel avec un sous-groupe algébrique de GL,,(C), pour une matrice
fondamentale fixée. Le groupe de Galois différentiel mesure les relations algébriques entre
les entrées de la matrice fondamentale. Grosso modo, plus celui ci est gros, moins il y
aura de relations entre les solutions.

Il existe un équivalent de la correspondance galoisienne pour la théorie de Galois dif-
férentielle. Soit Y = AY un systeme différentiel linéaire a coefficients dans K, soit L|K

I’extension de Picard-Vessiot et soit Galg (L‘K) le groupe de Galois différentiel. Défi-

nissons S, comme ’ensemble des sous-groupes algébriques de Galy (L‘K ), et T" comme
I’ensemble des sous-corps différentiels de L qui contiennent K. Les deux applications sui-

13



CHAPITRE 1. INTRODUCTION

vantes sont inverses I’'une de 'autre :

s: S — T
G LY :={l € L|Vo € G,a(l) =1},
t: T —» S

M +—  Galy (L‘M) = {0 € Galp (L‘K) ‘Vm € M,o(m) = m}.

En particulier, pour prouver qu’un sous-groupe G est dense pour la topologie de Zariski
dans Galy (L‘K ), il suffit de prouver que L¢ = K. Ce sera l'ingrédient de base de la
preuve des théoremes de densité, cf. les théorémes I3 et T4

Les systemes différentiels linéaires Y = AY et 0Y = BY, avec A, B € M,,, (K ), sont

dit équivalents sur K, s’il existe une matrice inversible H € GL,,(K), telle que
A=HI[B],:=HB(H) ' +d(H)H"
Un calcul rapide montre que :
0Y = BY <= 0 (HY) = AHY.

Notons C{z} I'anneau des germes de fonctions holomorphes en 0, et C({z}) son corps
des fractions, c’est-a-dire le corps des germes de fonctions méromorphes en 0. Son corps
des constantes est C, qui est algébriquement clos et de caractéristique nulle, et la théorie
de Picard-Vessiot peut s’appliquer pour les systemes différentiels linéaires a coefficients
dans C({z}), que nous munirons de la dérivation & := z-L. Soit C[[2]] I'anneau des sé-
ries formelles et soit C((z)) son corps des fractions. Lorsque deux systémes différentiels
linéaires & coefficients dans C({z}) seront équivalents sur C({z}) (resp. sur C((z))), nous
dirons qu’ils sont méromorphiquement équivalents (resp. formellement équivalents). Les
classes d’équivalences méromorphes (resp. formelles) des systemes différentiels linéaires a
coefficients dans C({z}), sont I’ensemble des systémes différentiels linéaires a coefficients
dans C({z}), quotienté par la relation d’équivalence

« 0Y = AY et §Y = BY sont méromorphiquement (resp. formellement) équivalents » .

Classifier méromorphiquement et formellement les systemes différentiels linéaires & co-
efficients dans C({z}), signifie chercher des objets qui caractérisent les classes d’équi-
valences méromorphes (resp. formelles) des systémes différentiels linéaires a coefficients

dans C({z}).

1.1.2 Systémes différentiels linéaires fuchsiens

Nous allons maintenant considérer le systeme différentiel linéaire dY = AY, ou la
matrice A appartient a M,, (C{z}) Un tel systeme est dit localement fuchsien. Comme

les coefficients sont définis localement, on appellera le groupe de Galois différentiel associé a
une matrice fondamentale, le groupe de Galois différentiel local. Fixons une détermination
du logarithme que nous noterons log(z), et soit C la surface de Riemann du logarithme.
L’algorithme de Frobenius, cf. [EdPSO3], §3.1.1, pour un énoncé équivalent a ce qui suit,
nous donne une matrice fondamentale de la forme

I:I(Z)GLIOg(z),

14



1.1. THEORIE DE GALOIS DIFFERENTIELLE

o L € M,,(C) et H(z) € GL,, (C({z})) Les entrées de la matrice fondamentale sont

des germes de fonctions analytiques sur C. Le prolongement analytique de H (z)ek log(2)
le long d’un simple lacet v orienté positivement autour de 0, transforme celle ci
en H (z)elloe(2)e2iml  Ta matrice de monodromie M := ™. ne dépend pas de 7.
Par construction, cette derniere caractérise les classes d’équivalences méromorphes des
systemes localement fuchsiens. Grace aux propriétés du prolongement analytique, on
trouve qu’elle appartient au groupe de Galois différentiel du systéme. Le théoreme de
Schlesinger nous dit que le groupe engendré par M est dense pour la topologie de Zariski
dans le groupe de Galois différentiel local, vu comme sous-groupe algébrique de GL,,(C).

Nous nous intéressons désormais au cas global. Considérons le systeme différentiel li-
néaire %Y = AY avec A € M,, ((C(z)) On appellera le groupe de Galois différentiel

associé a une matrice fondamentale, le groupe de Galois différentiel global. Si le systeme
différentiel n’admet pas de singularité, alors le groupe de Galois différentiel global est
I'identité. Supposons donc que ce ne soit pas le cas. Soit S := {aq,...,ax4+1} C P1(C)
I’ensemble des singularités de %Y = AY. Quitte a faire un changement de variable de
la forme z + (z — a)~!, nous pouvons nous ramener au cas oll a1 = 00. Nous suppo-
serons que le systeme est fuchsien, ce qui signifie que pour chacun des changements de
variable z +— z — a;, pour i < k et z — 2z~ !, nous obtenons un systéme localement fuchsien
en 0.

Fixons z € P;(C)\ S. Nous pouvons construire une matrice fondamentale F
de d%Y = AY ayant des entrées analytiques en x. Le groupe fondamental de

T (]P’l(C) \ S; $),

est engendré par k générateurs 71, ..., qui correspondent aux lacets homotopes au lacet
faisant un cercle orienté positivement de rayon suffisamment petit autour de la singula-
rité a;. Le prolongement analytique de F' suivant un lacet homotope & +; transforme F
en FM; avec M; € GL,,(C), que nous appellerons matrice de monodromie de la singula-
rité a;. Nous construisons la matrice de monodromie de la singularité oo, My1 € GL,,(C),
comme étant la matrice vérifiant [T} M; = Id. Notons que comme P;(C)\ S est connexe,
les matrices de monodromie ne dépendent pas du point x € P1(C) \ S choisi, mais unique-
ment de la matrice fondamentale choisie.

Les matrices de monodromie appartiennent au groupe de Galois différentiel global.
Le théoréme de Schlesinger nous dit que le groupe engendré par les M; est dense pour la
topologie de Zariski dans le groupe de Galois différentiel global, vu comme sous-groupe
algébrique de GL,,(C).

Intéressons-nous maintenant & la version faible du probleme de Riemann-Hilbert.
Soit S :={ai,...,ak+1}, un ensemble fini de P1(C), et soit z € P1(C) \ S. Etant don-
née une représentation

p: 7T1(IP>1((C) \ S;az) — GL,,,(C),

du groupe fondamental 71 (]P’l (C)\S; x), peut-on trouver un systéme différentiel fuchsien,

ayant toutes ses singularités dans S, tel que pour une matrice fondamentale analytique
en x, le groupe engendré par les matrices de monodromie, par rapport a cette matrice
fondamentale, soit I'image de p? La réponse est oui, cf. [ABY, Beadd] et [&dPSO3], §5.3.
De ce résultat et du théoreme de Schlesinger découle la résolution du probléme inverse en

15



CHAPITRE 1. INTRODUCTION

théorie de Galois différentielle, qui a été originellement prouvée dans [I7Y]. Voir aussi

[MSUGa, MSIGH).

Théoréme 1.1.1 (Carol et Marvin Tretkoff). Pour tout sous-groupe algébrique G
de GL,,(C), il existe A € My, (C(z)), et F' une matrice fondamentale de d%Y = AY,
telles que l'on a un isomorphisme de groupe

pr: Gala (L‘(C(z)) — G

dz

o = Flo(F),

ot L désigne l’extension de Picard-Vessiot associée a la matrice F.

1.1.3 Systemes différentiels linéaires : cas général

Considérons maintenant le systeme différentiel linéaire §Y = AY, ou A appartient a
M,, (C({z})) La situation est plus compliquée que le cas localement fuchsien, puisque des

séries formelles divergentes peuvent étre solutions, et nous sommes obligés de raisonner
dans un premier temps par classes d’équivalences formelles. Comme nous pouvons le voir

dans [BILCRD, CRO], il existe
— 0 e M, (C[[2])),

- LeM, (C),
q1y---yQm € z_l/"C[z_l/”], avec v € N¥,
tels que

A= H|L + Diag(ég;)| (1.1.1)

5
Autrement dit, le systéme 0Y = AY est formellement équivalent a 0Y = (L + d¢;) Y.
Grosso modo ce théoreme nous dit qu’il existe une matrice fondamentale de la
forme H (z)el108(2) Diag (eql'(z)) Cependant, cette derniére formulation est imprécise, car
les différentes matrices ne peuvent a priori pas étre multipliées entre elles. Notons que le
premier résultat de ce type a été démontré conjointement par Hukuhara et Turrittin, cf.
[dPSO3|, Théoreme 3.1, pour une formulation équivalente. Ils ont prouvé que §Y = AY
est équivalent sur C((z/%)) & un systéme de la forme 6Y = (M + Diag(dq;)) Y, ot les ¢;
sont les mémes que précédemment, et M € M, (C) vérifie M Diag (¢;) = Diag (q;) M.

Les coefficients de H sont & priori divergents, mais nous verrons plus loin qu’il existe
des couples de réels (a,b) avec a < b, tels que nous pouvons construire des solutions
de () dans A(a, b), le corps des germes en 0 de fonctions méromorphes sur le secteur

S(a,b) = {z € ((NZ‘ arg(z) G]a,b[},

en ressommant les séries formelles. Nous introduisons maintenant les transformées de Borel
et Laplace qui vont nous permettre de faire cela.

Définition 1.1.2. (1) Soit k € Qs¢. La transformée de Borel formelle d’ordre k, Bk, est
I’application qui transforme la série formelle Y a, 2™ en la série formelle

R a
’“<Za”z ) ZF(1+%)C ’
ou I' désigne la fonction Gamma.
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(2) Soient d € R, k € Qg, € > 0 et soit f analytique sur le secteur S(d — ¢,d + ¢). Nous
supposerons que f est a croissance exponentielle d’ordre k a I'infini dans la direction d, ce
qui signifie qu’il existe des constantes A, B > 0 telles que pour ¢ € C avec arg(() = d,

Q)] < AePISF,

Alors, l'intégrale suivante définit un élément de A (d — ¢, d + g7), cf. [Balld], Page 13
pour la preuve, et est appelée transformée de Laplace d’ordre k£ de direction d de f :

£ (9)'d <<§>k> .

Comme nous le voyons dans §8I3, les entrées de la matrice H (z) sont multisom-
mables, ce qui signifie qu’il existe > C R, fini modulo 27, appelé ensemble des directions
singulieéres, 0 < 1 < -+ < u, des rationnels positifs, € > 0, tels que si d n’est pas une di-
rection singuliére, pour j = 0, (resp. j = 1,...,7 =7 — 1), HI(() := Bm o ol’;’m (ﬁ(z))
(resp. HJ”»l(C) Lyy;.d (H;l_l(())) admet un prolongement analytique sur S(d — ¢,d + ¢),

lequel est exponentiel d’ordre pjq & l'infini, et que nous noterons toujours H ]‘-i(C ). No-

ooetd

Lralh() = [

tons 59 (I:I ) = Ly (H,‘f,ﬂ()). Les entrées de cette derniére matrice appartiennent
a A(d- 55,
Voir §8T3 pour la définition de Gevrey asymptoticité. De plus, d’apres [Baldd], §6.4,

d+ 5= 20 ) et sont Gevrey asymptotiques de niveau p, a celles de H (2).

Théoréme 2, I’application qui a H associe S¢ (ﬁ ) induit un isomorphisme de corps dif-
férentiel du sous—corps différentiel de C((z)) engendré par C({z}), et les entrées de H(z),

2u yd+ 50— o ) En particulier, si d n’est pas une direction singuliére,

vers le corps A (d
Sé (ﬁ) eLlOg(Z)Diag (eqi(z))

est une matrice fondamentale de I’équation Y = AY, dont les entrées appartiennent
a A(d =5,

de S¢ (H ) Llog(Z)Dlag (eqi(z)). Puisque nous avons affaire a des fonctions méromorphes,

d+ 2 ) Soit Lg le corps différentiel engendré par C({z}) et les entrées

il est clair que le corps des constantes de Ly est C. Par conséquent, pour toute direction
non singuliere d, Ly|C({z}) est une extension de Picard-Vessiot.

Fixons une direction non singuliere d. Contrairement au cas localement fuchsien, nous
ne pouvons pas prolonger analytiquement Sd (]3[ ) el 1Og(Z)Diag (eqi(z)) le long d’un simple
lacet orienté positivement autour de 0. Cependant, nous allons « mimer » ’action de la
monodromie. Définissons par 7, le morphisme de corps différentiel de L, qui envoie e®108(2)
pour a € C* sur e2™@e®108(2) ¢ gur ™) log(z) sur log(z) + 2im, et laisse C((2))
invariant. Cf. [EdPSO3], page 79, pour la justification que r est bien un morphisme de
corps différentiel. Nous définissons la matrice de monodromie formelle, comme étant la
matrice inversible M € GL,,(C) égale

54 (ﬁ) el 18 Diag (e‘“(z)) M =1 (gd (ﬁ) el 18 Diag (eqi(z))) .

Par construction, cette matrice appartient au groupe de Galois différentiel local, vu comme
sous-groupe de GL,,(C). Nous définissons le tore exponentiel, comme étant le sous-groupe
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du groupe de Galois différentiel local des éléments qui laissent invariants C((z)), log(z)

et les (eabg(z)> o Nous identifierons le tore exponentiel avec son image dans GL,,(C).
a

La monodromie Eformelle et le tore exponentiel caractérisent les classes d’équivalences
formelles des systeémes différentiels linéaires & coefficients dans C({z}). Cf. [kdPSO3],
Chapitre 3, Section 1. Ils demeurent en revanche insuffisants pour caractériser les classes
d’équivalences méromorphes. Il faudra rajouter les matrices de Stokes que nous définissons
maintenant.

Soit d € R, et soient d* tels que

™ m

<d <d<d"<d+ ,
Hr 2y

d—
2

et tels qu’il n’y ait pas de directions singuli¢res dans [d~, d[ | ]d, d"]. Nous définissons la
matrice de Stokes de direction d comme étant la matrice inversible Sty € GL,,(C) telle
que

gt (f[) el 1o8(*) Diag (eqi(z)) =5 (ﬁ[) el 1o8(*) Diag (eqi(z)) Stq.

Gréce au principe du prolongement analytique, nous déduisons que les matrices Sty sont
indépendantes des choix de d~ et d*. Comme ’extension de Picard-Vessiot est unique a
isomorphisme différentiel pres, les corps différentiels L et L9 sont isomorphes en tant
que corps différentiel. En particulier, les matrices St; appartiennent au groupe de Galois
différentiel local. Elles sont I'identité si d n’est pas une direction singuliere. De plus, la
monodromie formelle, le tore exponentiel et les matrices de Stokes caractérisent les classes
d’équivalences méromorphes des systémes différentiels linéaires a coefficients dans C({z}).
Cf. [zdPSm3], Chapitre 9.

Nous pouvons enfin énoncer le théoréme de densité de Jean-Pierre Ramis, cf. [EdPSO3],
Chapitre 8, dont la généralisation au cas paramétré est 'objet principal du chapitre 3.

Théoréme 1.1.3 (Jean-Pierre Ramis). Le groupe engendré par le monodromie, le tore
exponentiel et les matrices de Stokes est dense pour la topologie de Zariski dans le groupe
de Galois différentiel local, vu comme sous-groupe algébrique de GL,,(C).

Considérons maintenant %Y = AY avec A a coefficients dans C(z) quelconque.
Nous exposons ici le théoreme de densité dans sa version globale. Il est di a
Jean-Pierre Ramis et une preuve peut étre trouvée dans [Mifdd], Proposition 1.3.
Soit S :={ai,...,ar+1} C Pi(C) 'ensemble des singularités de d%Y = AY et supposons
que agiq = 00. Par des transformations de type z — z — a et z — 1/z, nous pouvons dé-
finir les directions singuliéres pour chaque singularité de Y = AY. Soient di,...dg 1 des
réels, tels que d; n’est pas une direction singuliére pour la singularité «;. Soit x € P1(C)\ S,
et soit F' une matrice fondamentale analytique en x. Par prolongement analytique, nous
pouvons étendre cette solution en une solution, qui pour chaque singularité a;, est définie
sur un voisinage sectoriel de direction d;. Ainsi, nous pouvons définir la monodromie, le
tore exponentiel, les matrices de Stokes pour chaque singularité de Y = AY. Ils appar-
tiennent au groupe de Galois différentiel global.

Théoréme 1.1.4 (Théoréme de densité global). Le groupe engendré par la monodromie, le
tore exponentiel, les matrices de Stokes pour chaque singularité est dense pour la topologie

de Zariski, dans le groupe de Galois différentiel global, vu comme sous-groupe algébrique
de GL,,(C).
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1.1.4 Algorithme de Kovacic

Le théoréme de densité global nous donne une liste de générateurs topologiques du
groupe de Galois différentiel global. Cependant, on ne sait pas toujours les calculer, sauf
dans certains cas particuliers, cf. par exemple [MIifdd]. En revanche, lorsque 'ordre du
systeme est 2, cf. [Kau8d], ou 3, cf. [SI93a, BIIU3H|, nous disposons d’algorithmes pour
déterminer le groupe de Galois différentiel global. Il est & noter que deux algorithmes a
priori jamais implémentés, cf. [HmO?, EdHOE|, permettent en théorie de calculer n’importe
quel groupe de Galois différentiel global. Intéressons-nous a 'ordre 2. Grace au vecteur
cyclique, nous pouvons nous placer dans le cas ou le systeéme différentiel linéaire est une
équation différentielle linéaire :

d(v\ (o1\(Y
dzd%Y_rsd%Y’

avec r, s € C(z). Par le changement de variable W := Ye? J ", nous pouvons nous ramener
au cas ou s = 0. Notons H le groupe de Galois différentiel global. Dans ce cas précis, H
est un sous-groupe algébrique de SLs(C), cf. [KoxZg|, §1.3. L’algorithme de Kovacic repose
sur la classification des groupes algébriques de SLo(C). En particulier, cf. [Kau88] pour
plus de détails, nous avons le théoreme suivant

Théoreme 1.1.5. Il y a quatre possibilités.

1. Le groupe H est conjugué a un sous-groupe de

B:{(a fl>,ouaecc*,be<c}
0 a

et il existe une solution de la forme eo f(u)d“, avec f € C(z).

2. Le premier cas ne se produit pas, et H est conjugué d un sous-groupe de

a 0 0 bt \ .
Doo—{<0 a1>U<—b 0>,oua,b€(C}

et il existe une solution de la forme efo f(“)d“, ot f est algébrique sur C(z) de
degré 2.

3. Les deux premier cas me se produisent pas et H est fini. Dans ce cas toutes les
solutions sont algébriques sur C(z).

4. Si aucun des trois précédents cas ne se produit, alors H = SLg(C).

Kovacic a développé un algorithme permettant de déterminer lequel des quatre cas se
produit, et lorsque le cas (4) ne se produit pas, de calculer une matrice fondamentale ainsi
que le groupe de Galois différentiel global. Plus généralement, cet algorithme fonctionne
toujours lorsque C est remplacé par un corps algébriquement clos et de caractéristique
nulle. Ce sera le point de départ pour généraliser cet algorithme dans le cas des équations
différentielles linéaires paramétrées. Cf. SC2ZA et le chapitre 2.
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1.2 Théorie de Galois différentielle paramétrée

Dans cette section, il est question de théorie de Galois des systémes différentiels li-
néaires dépendant de parametres. Nous en profiterons pour présenter nos résultats de la
partie 1. Nous commengons par rappeler les bases de la théorie de Galois des systémes
différentiels linéaires paramétrés. Nous renvoyons aux chapitres 2 et 3 pour les exemples.
Nous parlons ensuite d’isomonodromie, et plus généralement de systémes complétement
intégrables, ainsi que du lien de ces deux notions avec la théorie de Galois différentielle pa-
ramétrée. Nous énoncons un résultat de descente du groupe de Galois. Ce résultat va nous
servir pour les deux théoremes de densité, local et global, du chapitre 3. Nous donnons
ensuite trois applications du théoreme de densité, a savoir :

— une contribution au probléme inverse dans cette théorie de Galois;

— un critere d’isomonodromie ;

— une réponse partielle & une question posée par Sibuya.

Nous terminons par présenter brievement la généralisation de I'algorithme de Kovacic qui
est 'objet central du chapitre 2.

1.2.1 Préliminaires

Nous allons maintenant décrire brievement la théorie de Galois des systemes dif-
férentiels linéaires paramétrés, dont les bases ont été posées dans [CSOA|. Voir aussi
[Can08, Robhd, MmedBH| et §B727M.

Soit (K, dy,...,0n) (nous le noterons simplement K lorsqu’il n’y aura aucune ambi-
guité) un corps de caractéristique nulle, muni de n 4+ 1 dérivations qui commutent. Consi-
dérons C := {c € K|dyc = 0}, le corps des constantes par rapport a la dérivation dy. Le
fait que les dérivations commutent entraine que (C,0i,...,0,) est un corps muni de n
dérivations 01, ..., 0,. Nous considérons le systeme différentiel linéaire paramétré

Y = AY, (1.2.1)

ou A € My, (K). Les dérivations 01, ...,0, peuvent étre vues comme des dérivées par
rapport aux parametres.

Dans la théorie de Galois différentielle classique, nous faisions I’hypothese que C' est
algébriquement clos. Dans le cas paramétré, nous avons besoin de la notion de corps
différentiellement clos.

Définition 1.2.1 ([CS7], Définition 3.2). Nous dirons que (C,0i,...,0,) est diffé-
rentiellement clos s’il a la propriété suivante : pour tout entiers k,I € N et pour
tout Pi,..., P, € C{Xy,... 7Xl}61,...,6n7 polyndémes différentiels & [ variables et a coef-
ficients dans C, le systeme

Pl(al,...,al) =0

Py1(a1,...,a7) = 0
Pk-(Oél,...,Oél) 7& 07

a une solution dans C' si et seulement si, il en a une dans un corps (01, ..., 0, )-différentiel
contenant C'.
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Un corps différentiellement clos contient beaucoup d’éléments. Par exemple, C(t), la
cloture algébrique de C(t), n’est pas différentiellement clos puisque e! ¢ @, alors qu’il
est solution de 3y’ = y. Cf. [BIn7a, Kal74, Mar(d, McGO, BRabhd|, pour plus de détails sur
la définition I21. Citons quelques résultats qui peuvent étre retrouvés dans les références
ci-dessus.

— Etant donné un corps différentiel, il existe un corps différentiellement clos le conte-

nant.

— Etant donné un corps différentiellement clos ko, il existe un corps différentiellement

clos k1 D kg, tel que pour tout corps différentiellement clos K D kg, il existe un

isomorphisme de corps différentiels de k1 dans K.

Une extension de Picard-Vessiot paramétrée pour (ICZ) est une extension de corps
(0o, - . . , Op)-différentielle K ’K qui satisfait les propriétés suivantes :
~ il existe une matrice fondamentale de dyY = AY a coefficients dans K. , ¢’est-a-dire
une matrice inversible F' = (F; ;) a coefficients dans K , telle que OgF = AF';
— le corps (O, . . ., Op)-différentiel K est engendré par K est les Fij;
— le corps des constantes de K par rapport & la dérivation 9y est C.
Un fait important est que si C' est différentiellement clos, alors une extension de

Picard-Vessiot paramétrée de (IZ2Z) existe et est unique, & isomorphisme de corps
(0o, - - . , Op)-différentiel pres.

Nous ferons désormais I’hypothese qu’il existe une extension de Picard-Vessiot paramé-
trée de (ICX), que nous noterons K ‘K . Nous définissons Galgé""’a" (K ‘K ), comme étant

le groupe des automorphismes de corps de K , commutant avec les dérivations 0Oy, ..., d,
et laissant K invariant.
Soit F' € GL,, (K ) une matrice fondamentale pour (ICZ) et considérons le morphisme

de groupes injectif

PF - Galgé""’a” (E’K) —  GL,(CO)
o —  Flo(F).

Contrairement au cas non paramétré, I'image de pr n’est pas un sous-groupe algébrique
de GL,,,(C). Si C est différentiellement clos, alors I'image de pp est un sous-groupe diffé-
rentiel de GL,,(C), cf. définition ci-dessous. Nous renvoyons a [KaI73, [KaIZd], pour plus
de détails sur les groupes différentiels.

Définition 1.2.2. On dira que le sous-groupe G de GL,,(C) est un sous-groupe dif-
férentiel s’il existe Py,..., Py, des polynomes (91, ..., d,)-différentiels algébriques & m?
variables, tels que pour A = (a;;) € GLn,(C),

Ae G Pl(ai,j) =... = Pk(ai,j) =0.

Désormais, nous identifierons Galg;""’an (K ‘K), avec un sous-groupe différentiel

de GL,,(C), pour une matrice fondamentale fixée. Le changement de matrice fondamentale
donnera un groupe conjugué au premier.

Le groupe de Galois différentiel paramétré mesure les relations algébriques et diffé-
rentielles (par rapports aux parametres) entre les différentes solutions. Grosso modo, plus
le groupe de Galois différentiel paramétré est gros, moins il y a de relations entre les
solutions. Cf. [HSOJ|, Page 374 pour une formulation exacte de ce fait.
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Supposons que C' est différentiellement clos. Il est en particulier algébriquement
clos. Nous pouvons donc définir le groupe de Galois différentiel paramétré (resp. non
paramétré) et pour une matrice fondamentale donnée, le voir comme un sous-groupe
différentiel (resp. algébrique) de GL,,,(C). Par construction, le groupe de Galois différentiel
non paramétré contient le groupe de Galois différentiel paramétré. La proposition 6.21
de [HSOY], nous indique que le groupe de Galois différentiel paramétré, est dense pour la
topologie de Zariski dans le groupe de Galois différentiel non paramétré.

Nous allons maintenant énoncer le théoreme de correspondance pour cette théorie de
Galois. Munissons GL,,(C) de la topologie pour laquelle les fermés sont les lieux d’an-
nulation des polynémes (0, ..., 0, )-différentiels algébriques a m? variables. Cette topo-
logie sera appelée topologie de Kolchin. Considérons (IC2) et supposons que C' est dif-

férentiellement clos. Soit K | K T'extension de Picard-Vessiot et soit Galgé""’a" (? ’K ) le
groupe de Galois différentiel paramétré, que nous verrons comme un sous-groupe diffé-
rentiel de GL,,(C). Soient S l’ensemble des sous-groupes de Galg;""’a" (K ’K ) fermés
pour la topologie de Kolchin, et 7' ’ensemble des sous-corps (dp, . . . , 9, )-différentiels de K

qui contiennent K. D’apres [CSO4|, Proposition 3.5, les deux applications suivantes sont
inverses I'une de l'autre :

s: S — T
G K¢ = {k € K|Vo € G,o(k) = k},
t: T — S

M —  Gal % (K\M) = {se Gad o (K|K VYm € M,o(m)=m¢.
a " (K| = {o € Gatgy (KK }

En particulier, pour prouver qu’un sous-groupe G est dense pour la topologie de Kolchin
dans Galgé""’a" (K‘K), il suffit de prouver que K¢ = K.

1.2.2 Autour des équations isomonodromiques

L’étude des systemes différentiels linéaires dépendant de parameétres peut &étre
motivée par 1'étude des équations isomonodromiques. Soit D un ouvert connexe
de P1(C). Pour simplifier, nous supposerons que D C C. Soient a := (ay,...,a,) € C",
ri=(r1,...,rn) € (Rso)", et définissons le polydisque D(a,r):=[];<, D(a;, 1),
ou D(a;,r;) C C représente le disque ouvert de centre a; et de rayon r;. Considé-

rons un systeme différentiel linéaire dépendant du parametre t := (t1,...,t,) € D(a,r) :
d
d—Y(z,t) = A(z,t)Y (2, 1), (1.2.2)
z

ou A€M, (A(D x D(a, r))) et A(D x D(a,r)) désigne 'anneau des fonctions analytiques
pour (z,t) € D x D(a,r). Nous supposerons en outre que a t € D(a,r) fixé, z — A(z,t)
est a coefficients dans C(z) et que chaque composante connexe de P;(C) \ D contient
exactement une singularité de (I"22). Il y a beaucoup de définitions de I'isomonodromie
présentes dans la littérature. Nous en donnons une.

Définition 1.2.3 ([CSO7|, Définition 5.1). Une matrice fondamentale de solutions
de (ITZ3) est une famille de couples (D(xi, s;), Fi(z,t))._, tels que :
— les D(x;,s;) recouvrent D;

i€l’
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— pour tout ¢ € I, la matrice inversible Fj(z,t) € GLy, (A(D(JJZ‘,SZ') X D(a,r))) est
solution de (Z272).
Définissons C;;(t) = F;(z,t) ' F;(z,t) lorsque D(x;,s;) N D(zj,s;) # @. On dira
que (Z232) est isomonodromique sur D x D(a,r), s’il existe une matrice fondamen-
tale (D(zi,s;), Fi(2,1)),, de (22), telle que les C; ;(t) soient indépendants de ¢.

Si (C2Z32) est isomonodromique, alors par définition ses matrices de monodromie ne
dépendent pas du parametre t. La réciproque est vraie dans le cas ou pour chaque valeur
du parametre fixé le systéeme différentiel est fuchsien. Malheureusement, nous allons voir
que la situation est plus compliquée dans le cas non fuchsien, cf. S233.

La définition d’isomonodromie n’est pas trés commode d’utilisation. Nous verrons plus
loin que (Z232) est isomonodromique si et seulement si, il peut étre complété en un systéme
completement intégrable. Nous en donnons la définition maintenant.

Définition 1.2.4 ([EdPSO3|, Définition D.7). Soit K un corps muni de n + 1 dériva-
tions (0, ...,0n) qui commutent. Soient Ay,..., A, € M,, (K). Nous dirons que le sys-
teme

WY = AY
[S] :
0,Y = AY,

est completement intégrable, si et seulement si pour tout 0 <i,5 <n :
0;A; — 0 A; = AjA; — A Aj.

Puisque les dérivations commutent, ceci est une condition nécessaire pour avoir 1’exis-
tence d’une matrice fondamentale pour [S], c’est-a-dire une matrice inversible F', telle
que

OF = ApF

oFF = A,F.

En réalité, la théorie de Galois différentiel classique, entraine que c’est aussi une condition
suffisante, & partir du moment o le corps des constantes par rapport aux n+ 1 dérivations
est algébriquement clos. Cf. [ZdPSO3], Annexe D.

Revenons a ce qui précede. Notons 0,,0y,,...,0,, les différentes dérivations par rap-
port aux variables z, 1, ..., t,. Le résultat suivant est attribué a Schlesinger et une preuve
peut en étre trouvée dans [SIhd|, Théoreme A.5.2.3.

Proposition 1.2.5. L’équation (C233) est isomonodromique sur D x D(a,r), si et seule-
ment si, il existe n matrices A;(z,t) € My, (A(D X D(a,r))), telles que le systéme

8ZY(Z,t) z
atIY(Z7 t) = Al(zv t)Y(Za t)

I
N
—

n
~
~
h<
—~
\;ﬂ-
N—

o, Y (z,t) = An(z,t)Y(z,t),
soit complétement intégrable.
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Etant donné que la définition de compléte intégrabilité est plus simple & manipuler que
la définition d’isomonodromie, cette proposition s’avere tres utile. Cf. la proposition 214,
pour une autre condition nécessaire et suffisante pour que (C2Z2) soit isomonodromique.

Nous terminons cette sous-section en étudiant le lien entre la théorie de Galois diffé-
rentielle paramétrée et les systéemes qui peuvent étre complétés en systeme complétement
intégrables. Considérons (IZ2Z1) et supposons que C, le corps des constantes par rapport
a la dérivation Oy, soit différentiellement clos. Soit Cj le corps des constantes par rapport
aux n + 1 dérivations. Soit Galgé’“"a" (]Af(/ ‘K ), le groupe de Galois de (IZZ), que nous

voyons comme un sous-groupe différentiel de GL,,(C'). Nous avons les résultats suivants :

Proposition 1.2.6 ([CS0O4|, Proposition 3.9). Il existe une matrice P € GL,,(C) telle que
PGalg(l)""’a” (E‘K) P~1 € GL,,(Cy), si et seulement si OgY = AgY peut étre complété en

un systeme complétement intégrable.

Proposition 1.2.7 ([GOIY], Théoreme 6.3). Le systéeme (CZA) peut étre complété en un
systéme complétement intégrable, si et seulement si pour tout i < n, il existe A; € My, (K),
telles que

od; — A = AA; — AA.

Cette derniere proposition a d’abord été démontrée dans le chapitre 2, pour le
cas m = 2, en utilisant un argument présent dans la preuve de [SIEZH|, Théoréme 1.2,
Chapitre 2, avant d’étre généralisée pour m quelconque par les auteurs de [GOI2].

Lorsque le nombre de parametres devient important, cette proposition permet de vé-
rifier plus facilement si un systeme peut étre complété en un systeme completement inté-
grable : au lieu de vérifier (3) relations, de type

0;A;i — 0 A; = AjA; — AiA;,

ou Ag := A, il suffit d’en vérifier n. En particulier, nous utiliserons cette proposition dans
le chapitre 2 pour généraliser ’algorithme de Kovacic dans le cas paramétré. Cf. le cas (4)
du théoreme ZTIR.

Démonstration de la proposition IZZA. Par définition, si dgY = AY peut étre complété
en un systéme complétement intégrable, alors pour tout i < n, il existe 4; € M,,,(K), telle
que

QA — 0;A = AA; — AjA.

Réciproquement, supposons que pour tout i < n, il existe A; € M,,,(K), telle que

0oAi — 0;Ag = ApA; — A Ap.

Fixons 4 < n. Par la proposition X3, Galgé""’an (f(/ ’K ), vu comme sous-groupe différen-

tiel de GL,,(C), est conjugué a un sous-groupe du groupe de matrices de dérivées nulles

par rapport a 0;. Comme le corps des constantes par rapport a Jy et 0; est algébrique-
ment clos, et que deux matrices semblables ont les mémes valeurs propres, les éléments
de Galg;""’a" (K ’K ) ont des valeurs propres qui appartiennent au corps des constantes par
rapport aux dérivations Jy et 9;. Le méme raisonnement avec les autres valeurs possibles de

1 entraine que les valeurs propres des éléments de Galg(l)""’a” (% ‘K ) appartiennent a Cy.

Si Galg;""’a” (?‘K) n’était pas conjugué a un sous-groupe de GL,,(Cy), il contiendrait
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un élément ayant des valeurs propres qui n’appartiennent pas a Cy. D’apres ce qui précede
on obtient que Galg(l)""’an (K‘K) est conjugué a un sous-groupe de GL,,(Cp). En vertu

de la proposition IZA, le systéme (ICZ) peut étre complété en un systéme complétement
intégrable. O

1.2.3 Théoremes de densité pour les systémes différentiels linéaires pa-
ramétrés (Chapitre 3)

Le but de cette sous-section est de résumer les résultats du chapitre 3. Considérons
un systeme différentiel linéaire paramétré a coeflicients dans un anneau de fonctions holo-
morphes, que nous définirons plus loin. Dans un premier temps, nous expliquons que ’'on
peut construire un groupe de Galois pour ce systéme, qui est de plus un groupe différen-
tiel défini sur un corps de fonctions méromorphes sur un certain ouvert. Nous exposons
deux théorémes de densité, un local et un global, puis nous finissons par présenter des
applications du théoréeme de densité global.

1.2.3.1 Descente du groupe de Galois différentiel paramétré

La plupart des résultats de [[CSOD| requierent I’hypotheése que le corps des constantes
soit différentiellement clos. Malheureusement, c’est une hypothese qui peut se révéler
contraignante lorsque 1'on veut appliquer la théorie, puisque un corps différentiellement
clos est un corps contenant beaucoup d’éléments, et que 'interprétation de ces éléments
comme fonctions n’est pas aisée. Plusieurs résultats d’existence d’extensions de Picard-
Vessiot paramétrées sans ’hypothese que le corps des constantes est différentiellement
clos peuvent étre trouvés dans [GGOI3, BVILTA|. Lorsque les coefficients du systéme
sont rationnels par rapport a la variable de dérivation, un résultat de Seidenberg
nous permet de nous ramener dans le cas ou le corps des constantes est un corps de
fonctions méromorphes sur un ouvert. On utilisera cette stratégie dans le chapitre 2,
pour généraliser I'algorithme de Kovacic dans le cas paramétré. Dans le chapitre 3, pour
prouver 'analogue paramétré du théoréme de densité de Ramis, cf. le théoreme B=220,
nous utilisons une autre approche pour contourner I’hypothése que le corps des constantes
soit différentiellement clos. Nous la détaillons maintenant.

Soit K un corps différentiel équipé de n + 1 dérivations qui commutent entre
elles : 0y, ..., 0. Soit C, le corps des constantes par rapport a dy, qui n’est pas supposé
étre différentiellement clos. Considérons 9pY = AY, avec A € M,,(K), et faisons 'hypo-

these qu’il existe K ‘K , une extension de Picard-Vessiot paramétrée pour 0dyY = AY.

Soit F' = (Fj;) € GLy, (ff) une matrice fondamentale et notons Galg;"“’a" (K)K), le
groupe de Galois différentiel paramétré.

Proposition 1.2.8 (Proposition B2Z9). (1) Considérons le morphisme de groupe injectif :
pr: Gald " (K|K) —  GLw(C)
% — Flo(F).

Alors,
Im pp = {F_lgo(F), @€ Galg(l)""’an (:F\(/‘K)}

est un sous-groupe différentiel de GL,,(C).
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(2) Soit G un sous-groupe de Galgé""’a" (E‘K) Si K¢ = K, alors G est dense pour la to-
pologie de Kolchin dans Galg;"”’an (K‘K), vu comme sous-groupe différentiel de GL,,(C).

La correspondance galoisienne n’est plus vraie si C' n’est pas différentiellement clos.
Grosso modo, ceci est dii au fait que 'on n’a pas assez d’éléments dans C. En parti-

culier, un élément dans %\K peut étre fixé par Galgé""’a" (%‘K), cf. [CSO4], Exemple 3.1.

Nous introduisons maintenant certaines notations du chapitre 3. Soit U un polydisque
non vide de C™. On notera par My le corps des fonctions méromorphes sur U. Les va-
riables des éléments de My seront notées ¢t := (t1,...,t,). Le corps My est muni de n
dérivations 0y, , ..., 0, qui commutent. Nous noterons A; := {0, ..., 0, }. Définissons le
corps Ky := My((2)) et 'anneau

Ou({2)) i={£(2.) = L £ € Kulvt € Uz Y £i(0)2" € C({=)} -

Soit f(z,t) € Oy({z}). Comme nous pouvons le voir dans la remarque BZ11, le rayon de
convergence R(t) de z — f(z,t) est localement minoré.

Nous considérons maintenant le systeme différentiel linéaire paramétré

0.Y (z,t) = A(z,t)Y (z,t), (1.2.3)

avec A(z,t) € GLy, ((’)U({z})) Le corps des constantes de Oy ({z}) par rapport & 9, = d%
est My, qui n’est pas différentiellement clos. Le but principal du chapitre 3 est de prouver
que (C233) possede un groupe de Galois différentiel paramétré, qui peut étre vu comme
sous-groupe différentiel de GL,,(My), et d’en exhiber un sous-groupe qui est dense pour
la topologie de Kolchin. Cf. le théoréeme B2220. Nous allons d’abord démontrer 'existence
d’une extension de Picard-Vessiot paramétrée de (I"2Z3), que nous allons obtenir grace a
la version paramétrée du théoréme de Hukuhara-Turrittin que nous exposons ci-dessous.

Etant donné que Panneau Oy ({z}) est integre, nous pouvons définir Ky comme étant
son corps des fractions. De la proposition B3, nous tirons la proposition suivante :

Proposition 1.2.9 (Analogue paramétré du théoréme de Hukuhara-Turrittin). Considé-
rons (CZ23). 11 existe un polydisque non vide U' C U, ainsi que

- ﬁ(z,t) € GL,, (KU/ {zl/l’} ), pour un certain v € N*, dont toutes les entrées ont
des z-coefficients analytiques sur U’ ;
- L(t) € Mpn(Myr) ;
e gm € 2 Y My {2_1/1‘}, et Diag (¢;) L(t) = L(t)Diag (¢;) ;
tels que, cf. ST pour la notation,
Az, t) = H(z,t) [L(t) + Diag (9.¢;) } 5.

Cf. [Schddl], pour d’autres résultats de ce type, que nous comparons avec le nétre dans
la remarque BT®. Dans 'appendice du chapitre 3, nous prouvons un résultat légerement
différent, cf. le théoreme A

Revenons maintenant a la proposition IZ9. Grosso modo, cette proposition nous dit
qu’il existe une matrice fondamentale de (I"23), de la forme

fl(27 t)eL(t) log(z)Diag (eqi(z,t)) ’
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cette expression n’ayant pas plus de sens que dans le cas non paramétré, cf. §II3.
Pour pouvoir écrire une matrice fondamentale formelle, il faut introduire des symboles
formels satisfaisant des relations algébriques et différentielles entre eux, qui jouerons

le role de log(z), (ealog(3)> U (eq)qEZ‘l/”MU,[z—l/V}‘ Cf. §8ID. Notons F(z,t)

N*

aEMU/ ’
14
la matrice fondamentale formelle obtenue. Quitte a restreindre le polydisque U, nous
pouvons supposer que U = U’. Nous prouvons ensuite dans §823, que le corps (9,, A¢)-
différentiel Ky engendré par Ky et les entrées de F'(z,t), a un corps des constantes par

rapport a d, égal & My. Par conséquent, f{/U’KU, est une extension de Picard-Vessiot
paramétrée de (I23). En vertu de la proposition IZR, le groupe de Galois différentiel
paramétré Galg; (IA((;‘K U), peut étre vu comme un sous-groupe différentiel de GL,,(My).

Soit C un corps différentiellement clos qui contient M. Munissons C[[2]][z}] d’une
structure de corps (0;, A¢)-différentiel : 2z est une (A;)-constante avec 0,z = 1, C est
le corps des constantes par rapport a d,, et 9, commute avec toutes les dérivations. On
munit 'anneau Ky @y, C de la structure d’anneau (0, Ay)-différentiel donnée par :

Va € Ky,Ve € C,V0 € {0, A}, 0(a®@pm, ¢) = 0a@pm, ¢+ a @, Oc.

Cet anneau différentiel s’injecte dans C[[z]][z}], ce qui implique qu’il est integre. Par
conséquent, nous pouvons définir son corps des fractions K¢ 17, que nous identifions comme
un sous-corps de C[[z]][z7}].

Proposition 1.2.10 (Proposition BEZ12). Soit IE;;;, le corps (0., Ay)-différentiel en-
gendré par Ko et les entrées de F(z,t). Alors, extension de corps IQZ‘ICQU est une

extension de Picard-Vessiot paramétrée de (T233). De plus, il existe P, ..., Py, polynomes
différentiels a coefficients dans My, tels que

{ﬁPl@ (F) NGNS Galé’f (’E_CT,E‘ICC,U)}
A= (ai;) € GLm(C)‘Pl(ai,j) == Pplai;) = 0}

ES]S

{
:{A

1.2.3.2 Enoncés des théorémes de densité

a;

o (F) ¢ € Galy (Ku|Ky) )
= (aij) € GLm(MU)’PI(ai,j) == Pyla;j) = O} :

,

Nous conserverons les notations de §I2X31. Nous sommes maintenant préts pour
énoncer le résultat principal du chapitre 3 : 'analogue paramétré du théoreme de den-
sité de Ramis. Cf. le théoréme BZ20. Considérons (ICZ3). Soient U’ C U, v € N* et

f[(z, t) € GL,, (KU/ [zl/”]) donnés par la proposition [2Z9.

Comme nous lavons vu dans §II3, pour toute valeur du parametre ¢ e U’
fixé, il existe ¥, C R fini modulo 27, 0<pi(t) <--- <y (t) des ration-
nels positifs dépendants de t, e(t) >0, tels que si d(t) ¢ X, pour j = 0,

. ) : d(t 5 5 A
(resp. j = 1,...,5 = r(t) — 1), la matrice Hj( )(z,t) =By 0By 1) (H(z,t))
(7resp. H;-i(t) (2,t) = Ly, 0),d() (Hﬂ?(z,t))) admet un prolongement analytique sur
S(d—e(t),d+e(t)) exponentiel d’ordre pjiq1(t) & linfini, que nous noterons tou-
. d s A d
jours H; (t)(z,t). Notons enfin S4®) (H) (z,t) :== Lty (0),d(t) (Hr((;)),l(%t))
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Nous prouvons dans §8I4 que, quitte & restreindre U, nous pouvons supposer que :
1. U=U;

2. il existe (d;(t));en continues en ¢, telles que pour tout ¢t € U, U d;(t) = 3¢, et pour
€N
tout ¢ € N, dz(t> < di+1<t);

3. ni r(t), ni les u;(t) ne dépendent de ¢. Il existe une constante ¢ > 0, telle que pour
tout t € U, e < &(t).

Nous pouvons maintenant déterminer la dépendance des matrices asymptotiques en fonc-
tion des parameétres. Nous donnons une version affaiblie de la proposition BT 3.

Proposition 1.2.11. Considérons U > t — d(t) € R, continue en t, telle que pour
tout t € U, d(t) ¢ 3. Alors, il existe une constante positive dépendante de t, €1(t) > 0,
sur laquelle on ne fait pas d’hypothése sur la maniére dont elle dépend de t, telle
que S (f]) (z,t) est méromorphe pour :

™

(z,t) € {z es <d(t) - Q—W,d(t) + 2;) |0 < |z| < sl(t)} x U.

Conservons les mémes notations que dans la proposition. Nous obtenons, cf. le
lemme BIIA, que lapplication qui & H (z,t) associe S(t) (fI ) (z,t) induit un morphisme
de corps (0,, A)-différentiel du sous-corps différentiel de Ky engendré par K et les en-
trées de H(z,t), dans le corps des fonctions f(z,t) qui pour tout ty € U fixé, sont des
germes de fonctions méromorphes sur le secteur S (d(to) — 5 d(to) + 2%7«) Autrement
dit, nous obtenons, cf. la proposition 29 pour les notations, une matrice fondamentale
de (I23) de la forme :

§0 () (2,)eP O Diag (e

De plus, le corps (0, Ay)-différentiel engendré par Ky et les entrées de la matrice
fondamentale ci-dessus est isomorphe, en tant que corps (0, A;)-différentiel, au corps

IA((; que nous avons défini dans §ZZ 1. Nous rappelons que IA([;‘KU est une extension
de Picard-Vessiot paramétrée de (C2Z3) et que le groupe de Galois différentiel paramétré
Gal?z’5 (I/(TJ‘KU) est un sous-groupe différentiel de GL,,(My). Nous pouvons maintenant

définir les générateurs topologiques de groupe de Galois différentiel paramétré. Cf. 824
pour les justifications.

On définit la matrice de monodromie formelle paramétrée comme étant la matrice qui,
pour tout tg € U, est égale a la matrice de monodromie formelle du systeme différentiel
non paramétré spécialisé en tg :

aZY(Z, to) = A(Z, t[))Y(Z, to).

D’apreés 'hypothese 2 ci-dessus, il existe U 3 t — d(t) € R continue en t, telle que
pour tout t € U, d(t) est une direction singuliére paramétrée, c’est-a-dire une fonction
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continue telle que pour tout t € U, d(t) € ¥;. On définit la matrice de Stokes paramétrée
de direction d(t) comme étant la matrice qui, pour tout tyg € U, est égale a la matrice de
Stokes de direction d(tp) du systéme différentiel non paramétré spécialisé en t :

aZY(Z, to) = A(Z, t[))Y(Z, to).

Ces matrices appartiennent a GalaA; (IA([;‘KU>, vu comme sous-groupe différentiel
de GL,,(Myp).

On définit le tore exponentiel paramétré comme étant le sous-groupe
de Galé’5 <IA(B‘KU) des éléments laissant fixes les entrées de S (f[) (z,t)elos(z) L),
Si nous voyons le tore exponentiel paramétré comme sous-groupe de GL,,(My), alors
ses éléments appartiennent en réalité a GL,,(C). En particulier, pour ty fixé, le tore
exponentiel paramétré évalué en ¢y n’est pas nécessairement égal au tore exponentiel du
systeme différentiel non paramétré spécialisé en ty. Cf. I'exemple B2Z14.

Nous appellerons ces éléments monodromie formelle, tore exponentiel et matrice de
Stokes de direction d(t), lorsqu’il n’y aura pas de confusions possibles. Nous pouvons
maintenant énoncer le résultat principal du chapitre 3, le théoréme B=2Z21.

Théoréme 1.2.12 (Analogue paramétré du théoréme de densité de Ramis). Le groupe
engendré par la monodromie formelle, le tore exponentiel et les matrices de Stokes est dense

pour la topologie de Kolchin dans Galgzt (EE’KU), vu comme sous-groupe différentiel
de GL,(My).

Dans §82Z3, nous nous intéressons au cas global paramétré. Nous renvoyons a cette
section pour les détails. Nous considérons 1’équation :

0, Y (z,t) = A(z,t)Y (2,t), (1.2.4)

avec A(z,t) € GLy, (MU(2)> Les singularités paramétrées de (IC2ZA) sont les pdles
de A(z,t), ce qui peut inclure oo, vu comme fonction rationnelle en z. Elles appartiennent

a la cloture algébrique de My. Quitte a restreindre U, nous pouvons nous ramener au
cas ou :

— les singularités paramétrées aq(t),. .., ax(t) de (CZA) appartiennent a My ;

— les z-coefficients des entrées de la matrice A sont analytiques sur U ;

il existe € > 0 tel que pour tout ¢ € U, deux singularités paramétrées de (ICZA) sont
distantes d’au moins €

— si a;(t) #Z oo (resp. si q;(t) = 00), les hypotheses (1), (2) et (3) que nous avons
énoncées ci-dessus sont satisfaites pour le systeme différentiel local paramétré

0.Y (2 — ai(t), 1) = A(z — au(t), DY (2 — ai(t), t)

resp. 9,Y (z71,t) = A(z" L )Y (271, 1).

Soit z(t) € P1(My(z)), qui pour tout to € U, est différent des singularités pa-
ramétrées évaluées en ty de (IZZA), et considérons une matrice fondamentale ana-
lytique en (x(t),t). Soit d(t) continue en ¢, telle que pour tout ¢ty € U, d(to)
n’est pas une direction singuliere de 9,Y (z — a;(tg),t) = A(z — a;(to), t0)Y (2 — i (to), to)
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(resp. 0.Y (271, tg) = A(z71,t0)Y (271, tg)). Par prolongement analytique, nous pouvons
étendre la solution analytique en (z(t),t) en une solution, qui pour la singularité a;(t) Z oo
(resp. ai(t) = 00), est définie sur un voisinage sectoriel de direction d(¢). Ainsi, nous pou-
vons construire une extension de Picard-Vessiot paramétrée de (I24) que l'on notera

My(2) ’MU(z). La proposition 23, entraine que le groupe de Galois différentiel paramé-

tré Gal?j (MU(Z) ‘MU(Z)) peut étre vu comme un sous-groupe différentiel de GL,,(My).
De plus, nous avons un analogue de la proposition 210 dans le cas global. Voir la proposi-
tion B223. La construction de la matrice fondamentale ci-dessus nous permet de définir la
monodromie, le tore exponentiel, les matrices de Stokes pour chaque singularité de (I"23).
Ils appartiennent au groupe de Galois différentiel paramétré global.

Théoréme 1.2.13 (Analogue paramétré du théoreme de densité global, Théoreme B2724).
Le sous-groupe de GalaAzt (MU(Z)‘MU(Z)) engendré par la matrice de monodromie for-
melle, le tore exponentiel et les matrices de Stokes, pour chaque singularité de ([Z23) est

dense pour la topologie de Kolchin dans Galét (/\j(;(/z)‘./\/l(](z)), VU comme SOuS-groupe
différentiel de GL,,(My).

Ce théoréme généralise [MSIZ|, Théoréme 4.2, qui présentait un théoreme de
densité global pour les systemes différentiels paramétrés 0,Y(z,t) = A(z,t)Y (z,t)
a coefficients dans My(z), qui satisfont entre autres conditions que pour
tout tg € U, 0,Y (z,to) = A(z,t0)Y (2z,t0) est fuchsien. Nous appellerons systeémes diffé-
rentiels paramétrés fuchsiens de tels systemes. Dans ce cas, les matrices de monodromie
engendrent un groupe dense pour la topologie de Kolchin dans le groupe de Galois diffé-
rentiel paramétré global. C’est I’analogue paramétré du théoreme de Schlesinger.

1.2.3.3 Applications du théoréme I2ZT3

Nous présentons ici trois applications du théoreme IXT3. La premiere application
concerne le probléme inverse. La deuxiéme est un critére d’isomonodromie faisant
intervenir les générateurs topologiques du théoreme TXT3. La derniére concerne enfin une
réponse partielle & une question posée par Sibuya. Commencons par le probleme inverse.

Nous aurons besoin de la définition suivante, cf. [KaIZ3], Chapitre 3, Section 7 pour
plus de détails.

Définition 1.2.14. Soit C un corps de caractéristique nulle muni de n dériva-
tions A :={d1,...,0,} qui commutent. On dit que C est un corps (A)-universel, si pour
tout corps (A)-différentiel Cyp C C, (A)-finiment engendré sur Q, et pour toute extension
de corps (A)-différentielle finie C; de Cp, il existe un Cp-isomorphisme de corps (A)-
différentiel de C7 dans C.

En particulier, un tel corps C' est différentiellement clos. Cette notion a un avantage
important. Etant donné un nombre fini d’éléments de C, corps (A)-universel, on en déduit
grace a un résultat de Seidenberg, cf. le théoreme B2, qu’il existe un polydisque non
vide U, tel que le corps (A)-différentiel engendré par Q et ces éléments soit (A)-isomorphe
a My. Nous pouvons donc identifier un nombre fini d’éléments du corps abstrait C' comme
des fonctions méromorphes sur un ouvert donné. Pour cette raison, les dérivations des corps
universels que nous rencontrerons seront notées A;.

Soit C un corps (A¢)-universel. Notons C(z) le corps (0, A¢)-différentiel des fractions
d’indéterminée z, a coefficients dans C, ou z est une (A;)-constante avec 9,z = 1, C' est
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le corps des constantes par rapport & 0., et 0, commute avec toutes les dérivations.

Dans [MSTZ], les auteurs déduisent le corollaire suivant des équivalents paramétriques
du probleéme de Riemann-Hilbert, cf. [MST2], Théoreme 5.1, et du théoréme de Schlesinger.

Corollaire 1.2.15 (|[MST2], Corollaire 5.2). Soient C' un corps (A¢)-universel, H un sous-
groupe de GL,,(C) qui est finiment engendré et G la cloture de Kolchin de H. Alors, G est
le groupe de Galois différentiel paramétré global d’un systéme différentiel linéaire parameétré
a coefficients dans C(z).

Nous utilisons le théoreme XT3, pour prouver la réciproque du corollaire précédent.
Finalement, nous obtenons :

Théoréme 1.2.16 (Théoreme BZTM). Soit G un sous-groupe différentiel de GL,,(C).
Alors, G est le groupe de Galois différentiel paramétré global d’un systéme différentiel
linéaire paramétré a coefficients dans C(z) si et seulement si G contient un sous-groupe
finiment engendré qui est dense pour la topologie de Kolchin.

Nous allons maintenant donner un critéere d’isomonodromie. Nous avons vu que si
(IZ23A) est isomonodromique, voir §23, alors ses matrices de monodromie ne dépendent
pas du parametre t. La réciproque est malheureusement fausse. Comme nous allons le voir,
ceci est dii au fait que dans le cas non fuchsien, les matrices de monodromie paramétrées
ne suffisent plus & engendrer un sous-groupe dense pour la topologie de Kolchin dans le
groupe de Galois. Nous rappelons que (C2A) est isomonodromique, si et seulement si

(2A) peut étre complété en un systéme complétement intégrable, que MU(Z)'MU(Z)
désigne 'extension de Picard-Vessiot paramétrée de (IZ24) construite dans §IC2Z32, et
que Galé’f (MU(Z)‘MU(Z)> est le groupe de Galois. Du théoréme ICZT3 nous déduisons :

Proposition 1.2.17 (Proposition B33). Le systéme différentiel linéaire paramétré (I-23)
peut étre complété en un systeme complétement intégrable, si et seulement si, il existe

une matrice fondamentale F(z,t) a coefficients dans My(z), telle que les images des
générateurs topologiques de Galg; (MU(Z)‘MU(ZD décrits dans le théoréeme 213 par

rapport a la représentation associée a F(z,t) appartiennent & GL,,(C).

Grosso modo, cette proposition nous dit qu'un systeéme différentiel linéaire paramétré
peut étre complété en un systeme complétement intégrable, si et seulement si, il existe

une matrice fondamentale & coefficients dans My (z), telle que les matrices de monodro-
mie, le tore exponentiel et les matrices de Stokes de chaque singularité soient constants.
De maniére équivalente, ’équation (IZ24) peut étre complétée en un systéme compléte-
ment intégrable, si et seulement si les générateurs topologiques du théoreme XT3 sont
conjugués sur GL,, (M) a des matrices constantes.

Dans le cas des systémes différentiels paramétrés fuchsiens, le tore exponentiel et les
matrices de Stokes sont I'identité. Nous retrouvons donc le fait que le systéme peut étre
complété en un systeme completement intégrable si et seulement si, il existe une matrice
fondamentale telle que les matrices de monodromie soient constantes.

Nous présentons maintenant une derniére application. Nous renvoyons a §8332 et
[BIL7H] pour plus de détails. Considérons ’équation

2T0PW (2,t) = (1 4+ t23)W (2, 1),
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dont 'unique singularité est 0. Les directions singuliéres sont les 227 avec k € Z. La

5
matrice de Stokes de direction 8 est de la forme :

5
1 —Co(t)e’s
0 1 ’

ou Cp(t) € Mc est définie dans [SIR7H]. L’auteur se demandait si cette fonction satisfai-
sait ou non des équations différentielles polynomiales. Nous utilisons la théorie de Galois
différentielle paramétrée et en particulier notre théoreme 213, pour prouver que Cy(t)
ne satisfait pas d’équations différentielles linéaires a coeflicients dans un certain corps.

1.2.4 Calcul du groupe de Galois différentiel paramétré pour certaines
équations d’ordre deux (Chapitre 2)

Nous finissons cette section par la généralisation de ’algorithme de Kovacic pour la
théorie de Galois différentielle paramétrée. C’est 1'objet central du chapitre 2. Certains
arguments du chapitre ont été utilisés dans [BxrTd], pour traiter d’autres cas.

Soient C' un corps (A¢)-universel et C'(2) le corps (9;, A¢)-différentiel que nous avons
définis dans §CZ33. Considérons

Y 0 1\[Y
0 (aZY> - (7" 0) (azy> ’ (1.2.5)

avec r € C(z). Soient G le groupe de Galois paramétré et H le groupe de Galois non
paramétré. Comme nous le voyons dans §E2, en utilisant le théoreme de Seidenberg, le
corps (Ay)-différentiel engendré par les z-coefficients de r, vu comme quotient de deux po-
lynoémes, et les coefficients des polynémes qui définissent G et H, vus comme sous-groupes
différentiels et algébriques de GL,,(C), est isomorphe au corps (A;)-différentiel My,
ou U, est un polydisque non vide de C™. Nous pouvons donc voir G (resp. H) comme un
sous-groupe différentiel (resp. algébrique) de GL,,(My), et r(z) comme un élément de
My (2) que nous noterons r(z,t). De plus, quitte & restreindre U, nous pouvons supposer
que si G et H sont conjugués sur GL,,(C) a d’autres groupes, alors la conjugaison a lieu
sur GL,,,(My).

Les solutions particulieres trouvées ne vont faire intervenir qu’un nombre fini d’élé-
ments de C. Appliquant le méme raisonnement que ci-dessus, quitte a restreindre U, nous
pouvons supposer qu’elles font intervenir des éléments de My . Puisque le corps C est
algébriquement clos et de caractéristique nulle, I’algorithme de Kovacic fonctionne dans ce
cas, ce qui nous permet de calculer H. Nous avons vu dans §I—2Z1 que G est dense pour la
topologie de Kolchin dans H. Il s’agit donc de calculer G, connaissant sa cloture de Zariski.

Avant d’énoncer le prochain théoreme, nous introduisons quelques notations. Soit I,
un sous Myr-espace vectoriel du My-espace vectoriel des dérivations engendrées par A;.
On définit :
MP = {m € My|vd € D,dm = 0}.
Si g est une fonction appartenant a une extension de corps (0;, A;)-différentiel de My (2),
on note

Mu(2)(9)a..a¢5

le corps (0, A¢)-différentiel engendré par My (z) et g. Nous trouvons (cf. §T2Z0 pour les
autres notations et §ICIA pour le cas non paramétré) :
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Théoréme 1.2.18 (Théoréeme EZZIM). Il y a quatre possibilités.

a b

1. H est conjugué a un sous-groupe B = {(O -

1) ) OQQGC*,bGC}. Dans ce

cas, il existe une solution de la forme g(z,t) = elo ftde e f(z,t) € My(z). 11
y a deux possibilités s’excluant mutuellement.
(a) Si g(z,t) € My(z), alors nous pouvons calculer une autre solu-
z
tion g(z,t)/ g(u,t)"2du qui est linéairement indépendante de g(z,t). Dans

cette base, oq;l_peut calculer explicitement G grace au lemme 2223,
(b) Sig(z,t) & My(z), alors G est conjugué a

avec !

M, que nous pouvons calculer explicitement grace au lemme EZ2;

A= {a(t) € My

VP e Mu{y}a,,
P ([i—o9(u,t)"?du) € My (2)(g)a.,a, <= Pla(t)) =0 [~

2. 1l existe une solution de la forme g(z,t) = elo f(“’t)du, ot f(z,t) est algébrique sur
My (z) de degré 2 et f(z,t) ¢ My(z). Dans ce cas, G est conjugué a

-1
{(8 a01>U<—Ob b0>,0aa,b€M}, avec,

VPEMU{yl---,yn}Aw ) }
:0 ’

P (8, [y f(u,t)du) € My(2) & P (%00

3. Les deux premiers cas ne se produisent pas et H est fini. Dans ce cas G = H.

M = {a(t) € My

4. Si aucun des trois précédents cas ne se produit, H = SLo(My) et il existe D, un
sous My-espace vectoriel de l’espace vectoriel des dérivations engendrées par Ay,

tel que G est conjugué a SLo (M%) De plus, 0 € D si et seulement si le systéme

différentiel linéaire paramétré suivant a une solution dans My (z) :

35’5(22715) = 20,b(z,t)r(z,t) + b(2,1)0,7(2,t) — Or(z,t).
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1.3 Equations aux ¢-différences

Dans cette section, nous faisons un rapide survol de la classification méromorphe des
systémes au g-différences linéaires & coefficients dans C(z) et du phénomeéne de confluence.
Pour éviter des énoncés trop techniques, la plupart des résultats seront écrits dans un cadre
moins général que celui pour lesquels ils ont été originellement prouvés. Dans §I-31 nous ré-
sumons les travaux de [Saudl| qui traitent de la confluence dans le cas fuchsien. Dans §1=32
nous exposons les résultats de [RSZIJ] sur la classification méromorphe des systémes aux
g-différences a coefficients dans C({z}). Au cours des deux derniéres sous-sections, nous ex-
posons les résultats du chapitre 4 qui portent sur la confluence des solutions asymptotiques
des séries divergentes.

1.3.1 Cas fuchsien

Nous présenterons ici brievement les résultats de [Sandd]. Dorénavant, ¢ désignera un
nombre réel strictement plus grand que 1. Définissons par o, l'opérateur de dilatation :

oq(f(2)) = f(qz).
Nous souhaitons résoudre les systémes aux g-différences linéaires de la forme :

04Y (2) = B(2)Y (2), (1.3.1)

ou B(z) € GLy, ((C(z)) Pour cela, il faut choisir des solutions de o04Y = 2Y, 0,Y = aY

avec a € C* et 0,Y =Y + 1, qui joueront le réle qu’operent e, z* et log(z) dans le cas
différentiel. Les « anciens », cf. [Ada3ll, Ada2d, Bir3d], utilisaient pour cela les fonctions

multivaluées z'°8(2)/10g(9) (zlog(“)/log(q)> . et log(z)/log(q) respectivement. Cependant,
acC*

un résultat de Praagman nous indique que tout systéeme aux ¢-différences linéaires a
coefficients dans C(z) admet une base de solutions méromorphes sur C*. Construire des
solutions méromorphes sur C* plutot que des solutions multivaluées, va permettre aux
auteurs de [Sanld, BRSO, BSOU] de définir un groupe de Galois sur C, plutét que sur le
corps des fonctions invariantes sous l'action de o,. Nous préférerons donc I’approche de
J. Sauloy en utilisant les fonctions :

—n(n—1)

~04(2) =) _q 2z 2",

neZ
B (Aq,a(z))aec* = (9321;2)%6@7
5(0,2)

— lg(2) = 0, (2) (rappelons que 0 = zd%),

La fonction ©, est méromorphe sur C* et s’annule sur la g¢-spirale —qg%. Par consé-
quent, (Aq,a(z)) . et l,(z) sont aussi méromorphes sur C*. Nous reviendrons plus en
aeC*

détail sur ces fonctions au cours du chapitre 4. Soit B une matrice complexe inversible et
considérons sa décomposition de Jordan B = P(DN)P~! ot D := Diag(d;) est diago-
nale, N est nilpotente avec DN = ND, et P est une matrice complexe inversible. Nous
construisons la matrice

Ay = P (Diag (Aga,) e*5™e) P € GLy (C [lg, (Aga)pec:] )

qui satisfait :
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Nous supposerons maintenant que le systéme (IZ3) est fuchsien en 0 et que ses expo-
sants en 0 sont non résonants, c’est-a-dire que B(0) € GL,,(C) et que deux de ses valeurs
distinctes ont nécessairement une image différente dans C*/¢%. Comme dans le cas diffé-
rentiel, 'algorithme de Frobenius nous donne un systéme fondamental de solutions. Dans
[Baun], §1, il est prouvé :

Proposition 1.3.1. Sous les hypothéses précédentes, il existe I:I(z) € Id+ 2GL,, ((C{z}),
telle que

A

H (Z)Aq,B(O)
soit une matrice fondamentale de (I_31).

Considérons maintenant ¢ comme un parametre que nous allons faire tendre vers 1.

. . og—Id
Soit 0q == —I=

telle que B(0) € GL,,(C) a des valeurs propres distinctes non congrues modulo Z. En
particulier, on trouve, cf. [Sauld], que pour ¢ proche de 1, B(0) satisfait les hypotheses de
la proposition =3, Nous obtenons donc une matrice fondamentale de la famille d’équa-
tions 0,Y (2,q) = B(2)Y (2,¢) de la forme

, qui converge formellement vers 'opérateur §. Soit B(z) € GL,, (C(z))

A

H(z, Q)Aq,IdJr(qfl)B(O))

avec z — H(z,q) € Id 4+ 2GLy, ((C{z}) Il est naturel de se demander si la matrice ci-

dessus converge vers une solution fondamentale de §Y (z) = B(2)Y(z) calculée grace a
I’algorithme de Frobenius dans sa version différentielle. La réponse a cette question est
donnée dans [Sandd], §3. Cf. le théoréme ci-dessous.

Théoréme 1.3.2 (J. Sauloy). Soit B(z) € GL, ((C(z)) telle que B(0) € GL,,,(C) a des

valeurs propres distinctes non congrues modulo Z. Soit H(z) € Id + 2GLy, ((C{z}), telle
que H(2)eB©108() soit une matrice fondamentale de §Y (z) = B(2)Y (2).
- On a la convergence uniforme

lim Agrasg-npo) = ¢,

sur les compacts de C\ Reg.
— Soient x1,...,x, € C* les poles de B(z). On a la convergence uniforme

(gl_)Hfi H(Za Q) = H(Z)a

sur les compacts de C\ {R>121,...,R>12,}, 0t Req2; := {ax;|a > 1}. L’égalité ici
est a prendre au sens de « égale au prolongement analytique de ».

Domaine de définition de H (z, @) A g 1d+(g—1)B(0) Domaine de définition de H(z)eB(0)1os(2)
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Il est a noter que ce résultat est le point crucial de la démonstration du théoreme 2.6
de [DMZM] qui donne un résultat de confluence de ressommation des séries formelles de
méme nature que le théoreme 370 ci-dessous. Voir la remarque B270 pour plus de détails.

Nous résumons ici les résultats de [Saul], §4. Nous y renvoyons le lecteur pour plus de
détails. Nous considérons toujours §,Y (2, q) = B(2)Y (z,q) ot B(z) € GLy, ((C(z)) satisfait
les hypotheéses du théoréme ci-dessus. Nous faisons désormais les mémes hypotheses a
I'infini. De plus, nous supposerons que les arguments des poles de B(z) sont tous différents
et que aucun n’est congru a m modulo 27.

Nous obtenons grace au théoreme [C32 des matrices fondamentales de la famille d’équa-
tions 0¢Y (2, q) = B(2)Y (z,q) en 0 et en l'infini que nous noterons par ®o(z, q) et Poo(2, q).
Soient ®g(z) et Pog(2) les solutions de Y (z) = B(2)Y (2) que nous obtenons comme limite

-1
lorsque ¢ — 1. La matrice de Birkhoff ®(z,q) (@Oo(z, q)) est invariante sous ’action

- - -1
de o4 et converge lorsque ¢ tend vers 1 vers la matrice ®¢(z2) (@oo(z)) qui est loca-

lement constante. Soient z1,...,x, les pdles de B(z) que nous ordonnons tels que l'on

ait —m < arg(z1) < --- < arg(z,) < 7. Le domaine de définition de g(2) (&)OO(Z)) est

Q =C" \ {R<0,R20$1, ce ,RZO:L’T} ol Rzol'i = {O[.IZ'|05 > O}

Soient ag := —7, ar41 := 7 et pour i € {1,...,7}, posons a; := arg(x;). Les composantes
connexes de 2 sont les U; := {z € C*|arg(z) €]a;, ai1[} avec i € {0,...,r}. Notons P; la

- - -1 - .
valeur de ®q(z )(@oo(z)) en U;. Fixons ¢ € {1,...,7} et a, un élément de U;_;. Définis-

somns le lacet parcourant le cercle  orienté pos1t1vement autour de la singularité z; qui passe

par a. Nous pouvons choisir a de telle sorte que ce cercle soit inclus dans U1 URsox; U U,.
Dans [Sanf], §4, il est prouvé :

Théoréme 1.3.3 (J. Sauloy). Le prolongement analytique le long de ~ change 50(2)

en i)o(z)<é) Pi_1. Autrement dit, la matrice de monodromie de §Y (z) = B(2)Y (2)

- IO
autour de la singularité x; dans la base ®o(z) est (Pz) P_;.

- - -1
FIGURE 1.1 — Domaine de définition de ®(z) ({)Oo(z))
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1.3.2 Classification méromorphe des systemes aux ¢-différences a coef-
ficients rationnels

Nous nous intéressons maintenant aux systemes aux g-différences linéaires a coeffi-
cients dans C(z), non nécessairement fuchsiens. Dans cette section, le réel ¢ > 1 sera a
nouveau fixé. Comme pour le cas différentiel, des séries formelles divergentes peuvent étre
solutions et nous sommes obligés de raisonner par classes d’équivalences formelles.

Nous étendons l'action de o, sur U C ((zl/l’)) par aqzl/l’ = eloel@/v 1/v,
veEN*
pour v € N*. Soit K une extension de corps intermédiaire U C ((zl/l’)) ’K‘(C(z), que

ve
nous supposerons stable par o,. Soient A,B € GL,,(K). Les deux systeémes aux g-

différences linéaires o,Y = AY et o,Y = BY sont dit équivalents sur K si il
existe P € GL,,(K), appelée transformation de jauge, telle que

A= P[Bl,, := (0,P)BP.

En particulier,
oY = BY < 0,(PY) = APY.

Le théoréme suivant reste vrai pour les systémes a coefficients dans C((z)).

Théoréeme 1.3.4 ([BSZI3|, §2.2). Soit B € GL,, (C(z)) et considérons le sys-
téme 04Y (2) = B(2)Y (2). 1l existe

- veN, < ---<pup€Z/v,

- mi,...,mp €N,

- B; € GLy, (C),

- HeGL,(C((17))),
tels que :

zM By 0
B = H[Af]

avec Ay 1=
Oq

0 21 By,

La classification méromorphe et ’étude du phénomeéne de Stokes pour les équations
aux g¢-différences ont récemment obtenues des contributions importantes, cf. [RSZI3]. Voir
aussi [Bugl]]], pour un résultat de méme nature valable dans un autre cadre. Tout ce qui
suit reste vrai si ’on remplace C(z) par C({z}). Le théoréme suivant nous dit qu’un systeéme
a coefficients dans C(z), peut se réduire via une transformation de jauge méromorphe a

un systeme sous forme normale de Birkhoff-Guenther.

Théoréme 1.3.5 ([RSZ13|, §2.2). Soit B € GLy, ((C(z)) et considérons le sys-
téeme 04Y (2) = B(2)Y (2). 1l existe
- veN, < <up€Z/v,
- mq...,mp €N,
- B, € GLmi ((C),
pjv—1
— Ui j(z), mi x mj matrices a coefficients dans Z C2,

rean(e(()
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tels que :
z,u'l Bl
0 IR LQJ(Z)
B=FI[A], , avec A:= ‘
0 cee e 0 Z“kBk

Supposons que v = 1. Dans le chapitre 6 de [RSZIJ|, les auteurs prouvent qu’il existe
un ensemble fini ¥ C C*/q¢”, tel que si A € C*/¢” n’est pas dans X, alors il existe une
unique solution fondamentale de 0,Y (2) = B(2)Y (z) de la forme F(2)C(z) avec

Id ... ... .
| y O4(:)1 Ay,
0o . ... Ui,j (2)
Cz):=]: : :
0 .. .. 0 W Oq(2) Mg 5,

telle que pour tout i, j, Ui[f‘j](z) est méromorphe sur C* et possede des péles uniquement
sur la ¢-spirale ¢“\ d’ordre au plus g — [

Les solutions que nous venons d’écrire sont méromorphes sur C* et peuvent se calculer
algorithmiquement, cf. [RSZT3], §6.1. Ce sont les solutions de ce type qui permettent de
faire la classification méromorphe des systémes aux g-différences linéaires a coefficients
dans C({z}) : ils jouent donc un réle analogue & la sommation de Borel-Laplace des
systemes différentiels. Cependant, le point de vue pour énoncer et démontrer le théoréme
de densité pour les systémes aux g¢-différences linéaires a coefficients dans C({z}) est tres
différent de celui que nous avons exposé dans §I, cf. [BSO4, BSO]. Il est & noter que ces
résultats s’appuient sur la forme normale de Birkhoff-Guenther qui n’a pas d’équivalent
différentiel. C’est pour cela que pour énoncer les résultats de confluence du chapitre 4,
nous n’utiliserons pas ces solutions méromorphes.

1.3.3 Confluence des solutions asymptotiques (Chapitre 4)

Dans cette sous-section nous résumons dans un cas particulier les résultats des sec-
tions B2 et B0 du chapitre 4. Nous voyons a nouveau ¢ > 1 comme un parameétre que
nous allons faire tendre vers 1. L’expression « g proche de 1 », signifiera « au voisinage
de 1 dans |1, 00[ ».

Nous commengons par introduire quelques notations. Nous définissons la fa-
mille (p,),cc d’applications continues de C, la surface de Riemann du logarithme,
dans lui méme, qui envoie z sur e*8(2). Pour f::Zflzl € U (C((z””)) (resp.

veN*

f € A(a,b), cf. §) et ¢ € Qsp, nous posons p. (f) = - U C ((zl/y)) (resp.
veEN*
pe (f) = f(29)).

Pour tout d € R nous définissons :

L HOC = =D (o) dle”

leZ
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des lors que la série converge. Nous définissons par ailleurs la g-exponentielle

e e}
zn

eq(z) == Z —r € C{z},
n=0 [n]q
n n
avec [n]; = H 14 .. 4+4¢ = H[l]q. Elle est méromorphe sur C* et s’annule sur la g-
=0 =0
N*
spirale f_q.
Dans la littérature, nous pouvons trouver de nombreuses définitions des transformées
de ¢-Borel et de g-Laplace, cf. [Zhall, ZhaO?, MZ00, DVZOd, BZ0A]. Nous définissons

maintenant celles qui nous seront utiles.

Définition 1.3.6. Soient k € Q< et d € R.

(1) Soit ¥ € N* minimal tel que vk € N*. Nous définissons Bq,k comme étant I’application

de C Hz" k” dans C HC ”kH satisfaisant :

Bq,k (Z alzl) = Z [l/aili]!cl'

q
Remarquons que nous avons
Bq,k = Pk © Bq,l © P1/k-
(2) Soit f une fonction telle qu’il existe un réel positif € > 0, tel que pour g proche
de 1, z — f(z,q) € A(d — €,d + ¢). Nous dirons que f appartient a ﬁi, si pour ¢ proche
de 1, z — f(z,q) admet un prolongement analytique sur S(d—e, d+¢), que nous appellerons
toujours f, tel qu’il existe des constantes, J, L > 0, telles que pour tout z € Ryq :

‘f (eidz,q)‘ < Jeg (sz) .

(3) Comme nous le verrons dans §833, les applications suivantes sont bien définies et nous
les appellerons transformées de g-Laplace d’ordre 1 et k respectivement :

e [d] o f(¢ )
Hy > f = L)z = /qzeidzeq@dq@

—d
Hy, 2 g = ﬁﬂ(g)(z,q) = pkoﬁg,l]lor)l/k(g)(z,q)-

La fonction z — L'E;l]l( f)(z,q) est méromorphe sur un voisinage épointé de 0 dans C*.

Pour |z| petit, E([ﬂ( f)(z,q) a des pdles d’ordre au plus 1 contenus dans la g¢-
spirale ¢%(1 — q)e'.

Nous présentons maintenant une version légerement affaiblie du théoréme prin-
cipal du chapitre 4, le théoreme EZD. Nous rappelons que 0, = Jgjd. Consi-

dérons z h(z,q) € C[[z]] dont les z-coefficients convergent lorsque ¢ tend vers 1.
Soit h(z) € C[[z]] la limite formelle. Nous supposons en outre que :

(A1) Il existe m + 1 polynémes
z+bo(z,q),...,bm(z,q) € Clz],

dont les coefficients convergent lorsque ¢ tend vers 1, tels que quel que soit ¢ proche
de 1, h(z, q) est solution de :

b (2,9)07" (R(2,q)) + -+ bo(2, @) h(z,q) = 0.

Soient bg(z), . . ., bm(2) € C[2], les limites des by(z,q), ..., bm(z, q).
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(A2) Pour ¢ proche de 1, les valuations des 2 +— bi(2,q) € C[z] sont indépendantes de ¢
et sont égales aux valuations des b;(2).

(A3) Il existe ¢ > 0, tel que pour tout i < m et g proche de 1 :

bi(z,0) = bi2)| < (a— Ve ([bi(2)] +1).
Remarquons que la série E(z) est solution de :
B (2)0™ ((2)) + - + bo(2)i(2) = 0. (1.3.2)

Si tous les gl(z) ont des valuations supérieures ou égales a Em(z), alors pour ¢ proche
de 1, z+ h(z,q),h(z) € C{z} et on a d’apres la remarque EZA,

élﬁﬂ% h(z,q) = h(2),

uniformément sur un disque fermé centré en 0. Nous supposerons désormais que ce cas
de figure ne se produit pas. Nous rappelons que nous avons vu dans §ICT3, qu’il existe
un ensemble fini modulo 27 de R, tel que si d n’est pas dans cet ensemble, il existe € > 0
et 54 (E) € A(d —e,d+ ¢€), solution de (IZ=32) que ’on peut calculer en appliquant succes-

sivement & E(z) des transformées de Borel et Laplace. Nous pouvons maintenant énoncer
le résultat principal du chapitre 4. Cf. ’appendice du chapitre 4 pour une variante de ce
théoreme avec un autre choix de transformée de g-Laplace.

oo
Théoréme 1.3.7 (Théoréme BZH). Notons h(z,q) := Z hn(q)2". Il existe
n=0

- El,...,E$€Q>0,
- B € N*z
- Y5 CR fini modulo 27Z,
tels que si l’on se donne d € R\ Yooetl € {0,...,8 — 1}, alors la série suivante

A

(0.)
A ~ R R id
g1, = qu,:l 0---0 Bq,/?fs ( E hl+n5(q)z"6> converge et appartient a H; .
n=0

De plus, pour j =2 (resp. j =3,...,j =5), gji:= cd (gj,u) appartient a Eﬁvj.

Soit S‘[Ic’ll] (B) = L[qu (gr,l)' La fonction e

yKs

Rs

S (h) = Bf 28 (k) e A (d - ddt f)
1=0 s
est solution de (IZZ) et nous avons la convergence
tim 537 (i) = 5% (B)
uniformément sur les compacts de S (d — 2%7 d+ ;TT) \U]Rzlai, ot a; sont les racines

de by, € C[z].
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Ezemple 1.3.8 (Confluence des séries hypergéométriques basiques). Soient p = 1/¢,r,s € N
avec r > s+ 1, ar,...,a,,b1,...,bs € C\ ¢V, avec images différentes dans C*/¢%. Consi-
dérons la série formelle divergente :

. at,...,0ar - . i (al;p)n c. (ar;p)n ((_1)npn(n—1)/2) 1+s—r n

rPs ' Py = : I I )
b .bs 2= (D P)n(b1;P)n - - (bs; p)n

avec (a;p)n+1 = (1 — ap™)(a;p)n et (a;p)o := 1, pour tout nombre complexe a.

Soient aq,...,ay, B1,...,8s € C\ —N avec images différentes dans C/Z, et définissons
la série formelle divergente

Alye..,Qp 0o
rFs iz | =0 ('al)” - (@) 2",
Bi, ..., Bs w0 (B -+ (Bs)n
ou (a)y :=1; (a)pt1 := (@ + n)(a), pour a € C.
14s—
Si nous posons p:=q YD gi= gt/ 7T g = (1 _ Q) e = pm

et b; = Qﬁl, nous avons la convergence terme a terme de .ps vers .Fy lorsque ¢ — 1.
Dans la section BZ0, nous prouvons que si d n’est pas congru a (r — s — 1)7 modulo 27,
alors on peut appliquer des g-analogues des transformées de Borel et Laplace a ,p;. De
plus, nous démontrons, cf. le théoreme BZ74, que la fonction obtenue converge uniformé-
ment sur tous les compacts de C4 := {z € C*|arg(—z) # d}, lorsque ¢ tend vers 1 vers la
fonction, B

ﬁ T(6:) f.[ [(oy — ozj)<(_1)3—rz) —Q

roi=1 i=1
i#]

Z T S
=1 HF(%‘) 11T —a))

i#]
aj,aj—ﬁl+1,...7aj—ﬁs+1
Xs-l—lFr—l - ;% ,
aj—ar+1,..,05—a;+1,. ., —a + 1
ou (ai,...,aj,...,a,) désigne la suite (ai,...,,a,) dans laquelle le j-eme terme a été

supprimé. L’égalité ici est a prendre au sens de « égale au prolongement analytique de ».
Notons que le cas r = 2 et s = 0 avait déja été traité dans [Zhal?], §2.

1.3.4 Confluence des matrices fondamentales (Chapitre 4)

Dans cette sous-section, nous présentons une version affaiblie des résultats de §IR.
Nous voyons toujours g > 1 comme un parametre réel que nous allons faire tendre vers 1.
Nous considérons la famille d’équations linéaires

Ay = bu(z) 6 4+ bmoa(z) 071 + ..+ bo(2)

A = by(z) 0™ 4 bpo1(z) 0™ 4+ L+ bo(2),

41



CHAPITRE 1. INTRODUCTION

ou b; € C[z]. Considérons maintenant les systémes correspondants

5Y (2,9) = B(2)Y(z9)
) (1.3.3)
oY (z) = B(2)Y(2).

Puisque les b; sont indépendants de ¢, le polygone de Newton, cf. $82 pour une définition,
de Ay, vu comme une o4-équation ne dépend pas de g. En particulier, les entiers et les
rationnels v, m; et p; donnés par le théoreme 3@ qui ne dépendent en réalité que du
polygone de Newton, ne dépendent pas de ¢. Ainsi, le théoréeme de Hukuhara-Turrittin et
le théoréeme =34 nous assurent l’existence de

- veN z— ﬁ(z,q),ﬁ(z) € GLm<C ((z”")) ) :

— une matrice A¢(z,q) diagonale par bloc;

~ des éléments \;(z) € 27 /YC[z71/¥], et une matrice L € M,,(C);
tels que

A

H(z,q)|As(=, q)}a =1Id+ (¢ - 1)B(z,q)
! (1.3.4)

H(z)|L + Diag (0i(2)) | 5= B().

Nous ferons en outre I'hypothese que :
— les matrices L et Af(z,q) sont diagonales ;
- v=1,;

— le sous-espace vectoriel de Mm((C((z))) des solutions du systéeme

H(z) [Z + Diag ((ﬁl(z))}é = B(z) est de dimension 1.
Nous renvoyons a la remarque EZX1 pour plus d’explications sur ces hypotheses. Nous y
voyons en particulier que sans perte de généralité, nous pouvons nous ramener au cas ou :
— pour g proche de 1, les valuations des entrées de la premiere ligne de H (z,q) sont
égales a 0;
— les valuations des entrées de la premiere ligne de H (z) sont nulles;

— les termes constants des entrées de la premiere ligne de H (z,q) tendent vers ceux
de H(z).

Nous définissons O}, comme étant I’anneau des matrices carrées inversibles de taille m,
tel que F(z,q) € OF,, si pour ¢ proche de 1, les entrées de z — F(z,q) sont méromorphes

sur C*, et F(z,q) satisfait :
— on a la convergence uniforme sur les compacts de C*

. —1 _ .
— pour tout z € C*, on a la simple convergence

él_)n{ F(z,q) =1d.

Sous ces hypotheéses, nous prouvons :
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k;
Théoréme 1.3.9 (Théoréme EXA). Ecrivons \i(z) = Z Xijz 7.
j=1

(1) 1l existe z — Fi(z,q) € GLm(C{z}), Fy(z,q) € OF,, z+— N(z,q9) € M, (C(z)) tels

m?
que

Fi(2,q)[1d+ (¢~ DN(z,q)| = Diag(Bi()=™),

Tq

ot N(z,q) satisfait

ki

J=1

ki _ '
N(Za Q)FQ(Z, q)Aq,Id-i-(q—l)zDiag (H Cqi <)\i7jz_])) .

J=1

(2) Les z-coefficients de I:I(z,q)Fl(z,q) convergent simplement lorsque q tend wvers 1,

vers les z-coefficients de H(z). De plus, il existe N € N, tel que pour tout q proche
de 1, z — 2N H(z, q)Fi(2,q) appartient d M,, ((C[[z]])

Le point (1) du théoréme nous dit grosso modo qu’il existe une matrice fondamentale
formelle de §,Y (z,q) = B(z,q)Y (2, q) de la forme

ki _ '
H(Z7 Q)Fl (Za Q)FQ(Zv Q)Aq,IdJr((I*l)zDiag (]i[l €qi (Ai,jzj)) ,
]:

qui converge formellement vers une matrice fondamentale de 5)7(2) =B (z)f/(z) donnée
par le théoreme de Hukuhara-Turrittin

ﬁ(z)elog(z)zDiag (exi(z)) .

Cf. la remarque 3. Le lemme B0 nous permet de combiner ce résultat avec le théo-
reme 2372, Cf. §X3. Nous obtenons 'existence de ¥ C R fini modulo 27, tel quesid ¢ X :

— nous pouvons appliquer lorsque ¢ est proche de 1, des transformations de ¢-Borel

et g-Laplace de direction d & chaque entrée de 2N H (2,9)F1(z,q), pour obtenir une

matrice S,gd] (ZN HF 1) dont les entrées sont méromorphes sur C*;

— nous pouvons appliquer des transformations de Borel et Laplace de direction d a
chaque entrée de zVH(z), pour obtenir la matrice S¢ (zN H (z)) qui a été définie
dans §CT3.

Pour tout d ¢ X, nous obtenons une matrice fondamentale de §,Y (z,q) = B(2)Y (z,q) de
la forme

ki
d _ - . ~
o4 (2, q) := 2 VSl (zNHFl) Fy(2.0)A, 4, 1)z Dios (Hleq]- ()\w»z a)) ,
]:
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qui converge uniformément vers
@d( ) fNSd ( Nﬁ(z)) eZIOg(z)Diag (J,(z)) 7

sur les compacts de S (d — g, d + 37) \ {R>121, ..., R>12,, R}, ot k appartient a Qs,
et x1,...,x, sont les poles de B(z) appartenant & S (d — 3, d + 37).

Nous nous intéressons désormais a la convergence des matrices de ¢-Stokes vers les
+
matrices de Stokes. Soient d~ < d™ tels que nous pouvons définir @Ed ](z, q). La g-matrice
de Stokes ST 1@](z ¢) est la matrice inversible invariante sous Daction de o4 définie
par

+ — —
ol (2, q) = a1 (2, ) ST LA (2 g).

Théoréme 1.3.10 (Théoréme EXIM). Soient d — 5 < d~ <d <dt <d+ J tels que

([a=,d[U]d,a]) = = 2.

Pour q proche de 1, nous pouvons définir ST[df]v[dﬂ(z, q) et nous avons

lim ST 1] (2,q) = Sty,

q—1

uniformément sur les compacts de S (d — gz, d+ ) \ {R>121,...,R>12, Reo}, 00 Stq
désigne la matrice de Stokes définie en §ICIJ.

Nous faisons désormais les mémes hypotheéses a l'infini. De plus, nous supposerons
que les arguments des podles de B(z) sont tous différents et que aucun n’est congru
& 7 modulo 27. Nous ordonnons les poles z; dans S(d— g-,d+ ;) tels que l'on
ait d — gy <arg(w1) <--- <arg(z,;) < d+ 5. Quitte a prendre un plus gros ensemble
¥ et a réduire k, nous pouvons supposer que si d ¢ X, alors nous pouvons calculer les solu-
tions & I'infini &L (2,q), ®% (2) de la méme maniére que nous avons calculé @gd] (2,q), ®d(2),
et que nous avons la convergence uniforme :

lim ®Ll(z2,q) = B (),
sur les compacts de S (d — 7, d + 9¢) \ {tz1, ... te,, Reo,t €]0,1[}.
1
Fixons d ¢ ¥. La matrice de Birkhoff <I>([) ] (z,9) (@[d] (z, q)) est invariante sous l'action

de o, et nous avons la convergence uniforme vers la matrice localement constante

-1 - -1
lim @%d](z, q) (@ch (2, q)) = <I>g(z)<<1>go(z)) ,
q—1

sur les compacts de

Q_S<d ﬂ d+2k>\{R<0aR>0xlv"'7R>0xT}7
ou Ti,...,T, désignent toujours les poles de B(z) appartenant a g( o5, d+ 2l<;)
Soient ag :=d— g, ary1 = d + g et pour i € {l,...,r}, posons a; := arg(z;).
Les composantes connexes de Q sont les U; := {? (d— gz, d+ 37) ’arg(z) E]ai,aiﬂ[}

- - - -1
avec i € {0,...,7}. Notons P; la valeur de ®d(2) (@&(2)) sur U;.

Fixons i € {1,...,7} et a € U;_;. Définissons le lacet parcourant le cercle 4 orienté
positivement autour de la singularité z; qui passe par a. Nous pouvons choisir a de telle
sorte que ce cercle soit inclus dans Ui_1 URsox; U Us.
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Théoréme 1.3.11 (Théoréme EXIM). La matrice de monodromie de §Y (z) = B(2)Y (2)
- N1
autour de la singularité x; dans la base ®d(2) est (B) P,_;.

FIGURE 1.2 — Intersection de S(d— g3,d+ g7) et du domaine de définition de

Fo(2) (Boc2)) -
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group of some second order parameterized linear differential equation. In the
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ficient condition for the integrability of the system. We give various examples
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CHAPITRE 2. COMPUTING THE GALOIS GROUP OF SOME PARAMETERIZED LINEAR
DIFFERENTIAL EQUATION OF ORDER TWO.

Introduction

Let us consider the linear differential equation

5 <Y(z)>:<0 1><Y(z)>
\0.Y(2) r(z) 0)\0.Y(z))’

where r(z) is a rational function with coefficients in C. We have a Galois theory for this
type of equation; see [RdPSO3|. In particular, we can associate to this equation a group H,
which we call the differential Galois group, that measures the algebraic relations of the
solutions. In this case, this group can be viewed as a linear algebraic subgroup of SLy(C).
Kovacic in [KoxBH| (see also [dPT]) uses the classification of the linear algebraic subgroup
of SLy(C) to obtain an algorithm that determines the Liouvillian solutions, which are
the solutions that involve exponentials, indefinite integrals and solutions of polynomial
equations. In particular, four cases happen:

a b
0 a!

there exists a Liouvillian solution of the form eJo / Wdv with f(z) € C(2).

1. H is conjugated to a subgroup of B = {( ) , where a € C*,b € C} and

~1
2. H is conjugated to a subgroup of Dy, = {(3 a01> U <_Ob bo ) , where a,b € (C*}

and there exists a Liouvillian solution of the form efo fu)du

over C(z) of degree two and f(z) ¢ C(2).

, where f(z) is algebraic

3. H is finite and all the solutions are algebraic over C(z).

4. H = SLy(C) and there are no Liouvillian solutions.

Various improvements of this important algorithm have been made. See for example
[DTRYZ, HudPY4, [MAWJE, ZhaTd]. The case where H is finite has been totally solved in
[EIT93d, STT93H|; see also [REOAVOT].

Let {0y, 01,...,0,} be a set of n+ 1 commuting derivations. In this chapter, we are
interested in the parameterized linear differential equation of the form

()= (08) (o)

where r belongs in a suitable (9p, 01, . .., O,)-differential field. The derivations 0y, . .., 0,
should be thought of as derivations with respect to the parameters. We will denote by C
its field of the dyp-constants. In [Candl| and [CS0O4, HSOE], the authors develop a Galois
theory for the parameterized linear differential equations. They define a parameterized
differential Galois group that measures the (9, ..., d,)-differential and algebraic relations
between the solutions; see §€70. This group can be seen as a differential group in the
sense of Kolchin: this is a group of matrices whose entries lie in the differential field C'
and satisfy a set of polynomial differential equations with coefficients in C'. In the case of
the equation 92Y = rY, the Galois group will be a linear differential algebraic subgroup
of SLy(C). The goal of this chapter is to extend the algorithm from Kovacic and compute
the parameterized differential Galois group of the equation §2Y = rY.
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The chapter is presented as follows. In the first section, we recall some basic facts
about parameterized differential Galois theory. This theory needs to use a field of
the Op-constants which is (01, ..., 0y)-differentially closed (see [[CSO4|, Definition 3.2).
We will make a stronger assumption on the field of the Jdy-constants C: we will assume
that C' is a universal (01, ..., 0y)-field (see §270). We use this assumption on C because a
field (04, ..., 0,)-differentially closed is an abstract field which has no interpretation as a
field of functions. We will see in §2 that a result of Seidenberg will allow us to identify
the elements of the universal (01, ..., 0,)-field C' which we will consider as meromorphic
functions on a polydisc D of C™.

In the second section, we recall the result of Seidenberg which implies that the param-
eterized differential Galois group can be seen as a linear differential algebraic subgroup
defined over a field of meromorphic functions on a polydisc D of C". Since the original
algorithm from [KauR8| can be applied if we consider rational functions having coefficients
in an algebraically closed field, we apply Kovacic’s algorithm for the field of rational func-
tions having coefficients in C'. We obtain Liouvillian solutions that can be interpreted as
meromorphic functions. Then we explain how to compute the Galois group in the four
cases of Kovacic’s algorithm. In the case number 4, the Galois group is Zariski dense
in SLy. We recall the definition of integrable systems and the link with integrable systems
and equations with a Galois group that is Zariski dense in SLs. We decrease the number of
integrability conditions by showing that this is enough to check the integrability condition
for the pairs of derivations (9,,d), where d belongs in the vectorial space spanned by the
derivations with respect to the parameters. Then, we obtain an effective way to compute
the Galois group in the case number 4, see Proposition ZZ8. We summarize the results
of the section in Theorem EZZ211.

In the last section we give various examples of computation.

% 3k %

After this chapter was written, the authors in [GOI2| has generalized Proposition 2228
for equations with order more than two. Moreover, Carlos E Arreche has proved some
other results in touch with parameterized Kovacic’s algorithm. See [BrrI2].
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CHAPITRE 2. COMPUTING THE GALOIS GROUP OF SOME PARAMETERIZED LINEAR
DIFFERENTIAL EQUATION OF ORDER TWO.

2.1 Parameterized differential Galois theory

Let K be a differential field equipped with n+ 1 commuting derivations 0y, . . ., 0, and
let A ={0y,...,0,}. We will assume that its field of the Jy-constants C is a universal (A)-
field with characteristic 0; that is, a (A)-field such that for any (A)-field Cy C C, (A)-
finitely generated over Q, and any (A)-finitely generated extension Cy of Cj, there is
a (A)-differential Cp-isomorphism of Cj into C. See [KaIZ3], Chapter 3, Section 7, for
more details. In particular, C' is (A)-differentially closed. In this section, we will recall
the result from [CSO] of Galois theory for the parameterized linear differential equation

of the form
Y 01 Y
% (801/) B (r 0) (aw) ’ (2.1.1)

with » € K. A parameterized Picard-Vessiot extension of the equation (EZI0) on K
is a (0o, ..., 0p)-differential field extension KC|K generated over K by the entries of an
invertible solution matrix (we will call it a fundamental solution) and such that the field
of the Jyp-constants of I is equal to C. We can apply [CSO4], Theorem 9.5, for the
equation (ZZI), and deduce the existence and the uniqueness up to (9o, . . . , 0, )-differential
isomorphism of the parameterized Picard-Vessiot extension KC|K. If A = &, we recover
the usual unparameterized Picard-Vessiot extension.

The parameterized (resp. unparameterized) differential Galois group G (resp. H) is
the group of field automorphisms of the parameterized Picard-Vessiot extension (resp.
the unparameterized Picard-Vessiot extension) of the equation (21), which induces the
identity on K and commutes with all the derivations (resp. with the derivation dp). Let U
be a fundamental solution. In the unparameterized case,

{Ue(U),p € H}
is a linear algebraic subgroup of GL2(C). In the parameterized case we find that
{U™(U), ¢ € G}

is a linear differential algebraic subgroup, that is, a subgroup of GL2(C) which is the
zero of a set of (A)-differential polynomials in 4 variables. See [CS04], Theorem 9.10. Any
other fundamental solution yields another differential algebraic subgroup of GL2(C) which
are all conjugated over GLy(C). We will identify G (resp. H) with a linear differential
algebraic subgroup of GLy(C) (resp. with a linear algebraic subgroup of GLy(C)) for a
chosen fundamental solution. The next lemma is a classical result.

Lemma 2.1.1 ([KaxZd]|, Section 1.3). G C SLy(C).

Proof. Let b and ¢ be two independents solutions. A simple computation shows that
the Wronskian: W = bdyc — (9pb)c satisfies dgWW = 0, and hence W € C. There-
fore it is fixed by the elements of the parameterized differential Galois group G. Let

us consider a fundamental solution. Let o € G. We obtain the existence

b c
80[) 80(;

a f ) b c\ (a B b c
of (6 5) € GL2(C), such that: o <60b 8oc> = (5 6) (80b 800> .
A direct computation shows that: oW = W = (ae — $0)W and therefore:

G C SLQ(C)
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2.2 Computation of the parameterized differential Galois
group

Until the end of the chapter, C' denotes a universal (A)-field equipped with n com-
muting derivations. Let C'(z) be the (0, A)-differential field of rational functions in the
indeterminate z, with coefficients in C, where z is a (A)-constant with 0,z =1, C is
the field of the 9,-constants and such that 0, commutes with all the derivations. Let us
consider the parameterized linear differential equation

Y(z)\ (0 1 Y(2)
0- <azY(z)> B (r(z) 0) (azy(z))7 (2.2.1)

with 7(z) € C(z). We want to apply Kovacic’s algorithm for the parameterized linear
differential equation (EZZ1). Let G C SLg2(C) be the parameterized differential Galois
group. The algorithm from [KoxBd] can be applied if the field of the 0,-constants is
algebraically closed, which is the case here. The problem is that C is an abstract field
which is not very convenient for the computations. In fact we have an interpretation of
the elements of C' as meromorphic functions. Let C; be the (A)-differential field generated
over Q by the z-coefficients of r(z). Using the following result of Seidenberg (see [Seiby,
Beitd]) with Ky = Q and K7 = C1, we find the existence of a polydisc D of C™ such that
the z-coefficients of 7(z) can be considered as meromorphic functions on D.

Theorem 2.2.1 (Seidenberg). Let Q C Ko C K be finitely generated (A)-differential
extensions of Q and assume that Ky consists of meromorphic functions on some domain €
of C™*. Then K, is isomorphic to the field Ki of meromorphic functions on 21 C §2 such
that Kolo, C K7, and the derivations in A can be identified with the derivations with
respect to the coordinates on €.

Let (Mp, 0, . ..,0,) denotes the Ay = {0y, , . .., Oy, }-differential field of meromorphic
functions on D, a polydisc of C". Let t = (t1,...,t,). The discussion above tell us that
the r(z) of the equation (Z22) can be identified with r(z,t), an element of Mp(z)*,
where D is a polydisc of C". We will consider the parameterized linear differential equation

5 < Y(z,1) ) B ( 0 1) ( Y(z,t) )
oY (z,t))  \r(zt) 0)\0.Y(zt))’

with r(z,t) € Mp(z). The group G is defined by a finite number of (A)-differential
polynomials. Again, using the result of Seidenberg with the (A)-differential field gen-
erated over Q by the coefficients of the (A)-differential polynomials that define G and
the z-coefficients of 7(z), we deduce that G can be seen as a linear differential algebraic
subgroup of SLa(Mp). Again using the result of Seidenberg, we remark that after shrink-
ing D, we can assume that if G is conjugated over SLo(C) to @, we can identify @
and G as linear differential algebraic subgroups of SLa(Mp), and they are conjugated
over SLa(Mp). Furthermore, we obtain that the Liouvillian solutions found are defined
over the algebraic closure of Mp(z). We will compute G as a linear differential algebraic
subgroup of SLa(Mp). We recall that we have four cases to consider:

1. There exists a Liouvillian solution that is of the following form g(z,t) = elo 7 (ut)du

with f(z,t) € Mp(z).

*. Mp(z) denotes the (9., A)-differential field of rational functions with indeterminate z and with
coefficients in M p such that 9.z = 1, z is a (A;)-constant and the field M p is the field of the 9,-constants.
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2. There exists a Liouvillian solution of the form g(z,t) = elo ftdu  where f(z,t) is
algebraic over M p(z) of degree two and f(z,t) ¢ Mp(z).

3. All the solutions are algebraic over Mp(z).
4. There are no Liouvillian solutions.

These correspond to the four cases recalled in the introduction. Proposition 6.26 of [HSOS]
says that if we take the same fundamental solution, the Zariski closure of GG is the unpa-
rameterized differential Galois group. This means that in each case we are looking at the
Zariski dense subgroups of the group given by usual Kovacic’s algorithm.

2.2.1 Case number 1
We start with the case number 1. There exists a Liouvillian solution of the form:
g(z,t) = elo SO0,
with f(z,t) € Mp(z). The action of G on the solution ¢(z,t) can be computed with the
following lemma:
Lemma 2.2.2. Let 0 € G.

(1) Let a(t) € Mp and p,q € N, such that GCD(p,q) = 1. Then there exists k € N such
ik

that o ((z — a(t))P/9) = e 5" (2 — alt))P/9.

(2) Let a(t),5(t) € Mp and 5(t) ¢ Q. Then there exists a € C and ¢ € C* such

that o ((z — a(t))P®) = ce®O (2 — a(t))5D).

(3) Let Q(z,t) € Mp(z). Then there ezists a € C* such that o (eQ(z’t)> = qe@Eh),

Proof. (1) We use the fact the elements of G are fields automorphisms that leave Mp

invariant.

(2) A computation shows that

_ O,a(t)B()

8ti (z — Oz(t))ﬂ(t) = 10g(2 - O‘(t))atzﬂ(t) y— a(t)

| (e =,

The fact that ¢ commutes with all the derivations implies the existence of a € C
and f(t) € Mp such that

o(log(z — a(t))) =log(z — a(t)) + a

and
o ((z = a(t)’™) = f(t)(z — a(t)"®.

Since 0,0 = 00y,, we obtain that

[log(z — a(£)), B(¢) + ady, () — 22980] (1) =

0,(1) + 1(0) [log(= — a(1)2n (1) - 224501

Finally, f(t) satisfies the parameterized linear differential equation

O f (1) )
o, ( 0.
“\F(0)ady,5(0)
. O *
This means that Wi(fﬁ)(ﬂ = c € C* and log f(t) = aB(t) + log(c). Then we deduce

that f(t) = ce®®.
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(3) We use the fact that
o0 (eQ(z,t)) — 0 (3@ (eQ(z,t))) — 0 (ati (Q(z,1)) eQ(z,t)) = 0,Q(z,t)o (eQ(z,t)) _

The equation 0,0 (eQ(z’t)) =0, Q(z,t)o (eQ(z’t)) admits o (eQY) = qeQ=Y with a € C*
as a solution.

O]

We deduce that the matrices of G are upper triangular. We will denote
by G, = GL1(Mp) the multiplicative group. The proof of the following proposition is

inspired by the proof of 73], Theorem 1.4. Let p : G — G, that sends (mét) ma(ltzt)>

on m(t). Let M be the image of p and A C Mp such that

1 af(t)
{(0 1 ) , where a(t) € A}

is the kernel of p. We have already computed M with Lemma E232. For m(t) € M,

m(t) Tm(t 11 s
let T,y be the set of v, € Mp such that 0 m(tgll € G. We will iden-
tify C* with the field of the constant elements of Mp. If C* ¢ M, because of
Lemma P23, ¢(z,t) € Mp(z), and we can compute explicitly g(z,t)/ g(u,t)"%du,
0

u="
which is another solution. We obtain explicitly a fundamental solution and we can com-
pute G. The next proposition explains how to compute G when C* C M.

Proposition 2.2.3. Let us keep the same notations. Assume that C* C M. Then G is

conjugated to
{<m<§t) maéi?_l) , where m(t) € M, a(t) € A} |

For the proof of the proposition, we will need the following lemmas.
Lemma 2.2.4. Assume that C* C M. Let m(t) € M and a(t) € A. Then m(t)a(t) € A.

Proof. With Lemma P22, we obtain that for all m(t) € M, there exists b(t) € M such
that b(t)> = m(t). Let m(t) € M, b(t)> = m(t), W € b, and a(t) € A. The

computation
<b<t> ot ) (1 a<t>> <b<t> ot ) _ (1 m(t>a<t>>
0 b)) \o 1 0 b))t 0 1
shows that if m(t) € M and a(t) € A, then m(t)a(t) € A. O

Lemma 2.2.5. Assume that C* C M. Let m(t) € M. Then ”Ym(t)v’)’,/n(t) € Iy if and
only if (’Ym(t) - ’Y;n(t)> € A.
Proof. Let 'ym(t),fy;l(t) € ') The computation

(m(t) Yon(t) ) (m(t) V() >_1 _ (1 m(t)(Ym() —’Y,/n(t))>
0 m(t)? 0  m(t)™! 0 1

shows that m(t)(Ym ) _V;n(t)) € A, and then (v, — 'y?’n(t)) € A, because of Lemma P24.
Conversely, if (@) — ’y;n(t)) € Aand Y4 € Dingr), then m(t) (yme) — ﬂn(t)) € A, because
of Lemma EZ2Z4. The same computation shows that ’y;n(t) € ') O
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Lemma 2.2.6. Assume that C* C M. Let b € C*\ {x1} and v, € T'y. Let
Bt) =b(b* — 1)1y

Then, B(t)(m(t) —m(t)™!) € Loy, for allm(t) € M.

Proof. Let m(t) € M and 7,,() € [y, ¢). The computation

<b vb><m<t> %())(b %> 1<m<t> Yt )‘
0 bt 0 m@)~t)\0 b 0 m(t)”

1 (1—m()?)by — (1 —b*)m
0 1

implies that (1 — m(t)*)by, — (1 — b*)m(t)ym) € A. Since (1-b*)m(t) € M, Lemma 2224
implies that

(1=0*) " m(t) (1 = m(t)) by — Y = BE) (M) —mt)™") — Y € A
Therefore 5(t)(m(t) — m(t)~!) € L'y, because of Lemma P23, O

Proof of Proposition ZZ3. With Lemmas 23 and 228, we find that

oo {(mét) B(1)(m(1) ;g;@‘” + a(t)> , where m(t) € M, a(t) € A} :

If we change the fundamental solution, i.e, if we conjugate G over GLa(M

D)
simplify the expression of G. After conjugation by the element P = <(1) B g )> , we

obtain that

1) (m()  a(
T

0 ml )_1> , where m(t) € M,a(t) € A} .

We now want to compute G when C* C M. The computation of M has already been
done in Lemma 222, We are now interested in the computation of A, which is a linear dif-
ferential algebraic subgroup of (Mp,+). Cassidy classifies the linear differential algebraic
subgroups of the additive group in [Cas7d|, Lemma 11. We define Mply: ...,y ]a,, as the
ring of linear homogeneous differential polynomials. There exists Pi,... P, € Mply]a,
such that

A= {a(t) € Mp|Pi(a(t)) = - = Pu(a(t)) = 0}.

z

We recall that g(z,t) / g(u,t)"%du is another solution. We can choose f(t) € Mp such

u=0
z

that in the basis formed by the solutions ¢(z,t) and g(z, t) / g(u, ) 2du + B(t)g(z,t), G

u=0

m(t)  a(t)
0  m(t)?
of elements that fix g(z,t) and let o € GY. Let a(t) € A be such that

7 (90 [ gt 2aus 80g(=0) = (960) [ glwt)du+ p(0ig(z.0))

is equal to , where m(t) € M,a(t) € A}. Let G9 C G be the subfield

+ a(t)g(z,t).
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Since

o (g(z,t) /j g(u,t)"*du + 5(t)g(z>t)) =9(z1) (U </::

glut)2du) + B()).

0

we deduce that

o <Azzog(u,t)_2du> - /::0 g(u,t)2du = a(t) € A.

Therefore, the differential polynomials P; satisfy Vo € GY:
o (B (fgg(u.t)2du)) = P(o(figg(ut)du))
= P Jo9(ut)2du+a(t))

= H(szog(u,t)_2du>.

Since PZ-( Jis g(u,t)*Qdu) is fixed by the elements of G9, we deduce by the Galois cor-
respondence in the parameterized differential Galois theory (see [CSOA], Theorem 9.5)

that

z

Pa) =0 P ( [~ glu.t)du) € Mp(2){g(z: Do, s

where Mp(2)(g(2,t))s..A, denotes the (0,,A;)—differential field generated by Mp(z)
and g(z,t).

2.2.2 Case number 2

Let us consider the case number 2. There exists a Liouvillian solution of
the form elo fwhdu guch that f(z,t) satisfies f(z,8)2 + a(z,t)f(z,t) + b(z, ) =0,

where a(z,t),b(z,t) € Mp(z). There exists € € {£1} such that

—a(z,t) +ev/a(z, t)2 — 4b(z, t)

f(z,t) = 5 .

z —a(u,t)+ev/a(u,t)2—4b(u,t)
f ) du’

0

By computing the action of G on e we find that

fz —a(u,t)—ev/a(u,t)2—4b(u,t) du
2

0

e is another Liouvillian solution which is linearly independent

of the first one. By computing the action of G on the second Liouvillian solution we find
the existence of M, a linear differential algebraic subgroup of the multiplicative group G,,
such that, in the basis formed by the two Liouvillian solutions

G~ {(aét) a?(t)> U <_l?(t) b‘;(ﬂ) , where a(t),b(t) € M} )

We are now interested in the computation of M. A direct computation shows that if there
exists o € G such that o (eo f("’t)d“) = a(t)efo Jwhdu then for all i < n, a(t) satisfies

the parameterized differential equation
O a(t) + aft) (G'ti/ f(u,t)du) =a(t)o ((%i/ f(u,t)du) .
0 0
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Let 8y, a(t) = 82(();(;) be the logarithm derivation. In [Cas7d], Chapter 4, we see that there

exist Pp,..., P, € Mplyi...,yn]a, such that

M =~ {a(®)|P (da(t)) = - = Py (a()) =0}

The polynomial P; satisfies, for all o € G,

P; (8,51. _/OZ f(u, t)du> =0 <Pj (8,51. /OZ f(u, t)du))

Py (Brat) =0 P, (ati /O f(u,t)du) € Mp(2).

and then

2.2.3 Case number 3

In the third case, G is finite, because whose Zariski closure is finite. Since all finite
linear differential algebraic subgroups of SLa(Mp) are finite linear algebraic subgroups
of SLa(Mp), G is equal to the unparameterized differential Galois group. This is the
same problem as in the unparameterized case. See [EHMUH| for the computation of G.

2.2.4 Case number 4

We now consider the case where no Liouvillian solutions are found. We have seen
in the introduction that in this case, the unparameterized differential Galois group
is SLy (Mp). Therefore, G is Zariski dense in SLa(Mp).

The classification of the Zariski dense subgroup of SLy(Mp) has been made in [Cas7d],
Proposition 42. Let D be the M p-vectorial space of derivations of the form

{Z a;(t)0y,, where a;(t) € /\/lD} ,
i=0

and D a vectorial subspace of D. Let M2 be the elements of Mp that are constant for
the derivations in D. Remark that if D = {0}, then M%) = Mp. The linear differential
algebraic subgroups of SLy(Mp) that are Zariski dense in SLo(Mp) are conjugated

over SLy(Mp) to the groups of the form SLq (M%), with D a vectorial subspace of D.

Let D C D be such that the group G is conjugated over SLy(Mp) to SLy (M%).
We want to compute explicitly ID. This leads us to the notion of integrable systems.
Let Ao(z,1),..., Ar(2,t), m x m matrices with entries in Mp(z) and 9;,...,9;, € D.
The following system

0.Y(z,t) = Ao(z,t)Y(2,1)
0L,Y(z,t) = Ai(z,t)Y(z,1)

oY (2,1) - Ak(z, )Y (2,1)

is integrable if and only if, for all 0 < 4,5 < k,

O, Ai(z,1) — 0, Aj(2,1) = Aj(2,8) Ai(z, 1) — Ai(z,1) A (2, 1),
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where 0;, = 0.. We recall here [[CSIM], Proposition 6.3, which relates the integrable
system and the parameterized differential Galois group in the case where the field of
the 9,-constants is differentially closed.

Proposition 2.2.7. Let {9} ,...,0; } be a commuting basis of D, a wvectorial sub-
space of D. G is conjugated to SlLo (M%) over SLa(Mp) if and only if there ex-
ist A1(z,1),. .., Ap(z,t), m x m matrices with entries in Mp(z) ', such that the following

system is integrable:

0, Y (2,1)

A(z,1)Y (2,t)
Ai(z,0)Y (2,t)

Y (2t) = Az DY (zt).

We want to give simpler necessary and sufficient conditions for the integrability of the
system in Proposition ZZ7. First, we will write a necessary and sufficient condition for
the integrability of

0.Y (z,t) = A(z,t)Y(z,1)
[S'] :
Y (z,t) = Al(z,t)Y(z,1),

(z,t) d(z,t)

The fact that [S’] is integrable is equivalent to the solution in (M D(z))4 of the parame-
terized differential system:

where A'(z,t) = <Z(z’ t) bz, t)> is an m x m matrix with entries in Mp(z) and 9’ € D.

= c(z,t) = b(z,t)r(z,t)
t) —a(z

(1)
0:b(z,t) = d(z, a(z,t)
D.c(z,t) = (a(z,t) —d(z,t))r(z,t) + r(z,t)
0.d(z,t) = b(z,t)r(z,t) —c(z,1)
0.a(z,t) = —0.d(z,t)
02b(z,t) = 20,d(z,1)
T Bue(zt) = —0b(zt)r(z,t) + 07 (2,t)
Gt~ (2, t)r(2,t) — (2, t)
0za(z,t) = —0,d(zt)
0?b(z,t) = 20,d(z,t)
= D.c(z,t) = —=0,b(z,t)r(z,t) + d'r(z,t)
BVt = 29,b(z, )r(2, 1) + b(z, 1) Dor (2, 1) — D'r(2, 1),

We can easily see that the existence of b(z,t) € Mp(z) as a solution of

3
8Zb<22’t) = 26Zb(Z, t>7a(za t) + b(zv t)é?zr(z, t) B 8,?"(2’, t)

is equivalent to the fact that the system [S’] is integrable. There exists an algorithm to
determine if such a system has a solution (see [ZdESO3|, p. 100). We obtain a necessary

1. Using the result of Seidenberg, we can identify the matrices as elements of GL2 (Mp(z)) because
their entries involve a finite number of elements of the fields of the 0,-constants.
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and sufficient condition on 9 for the integrability condition of the system [S’]. Let D
be the maximal vectorial subspace of D such that for all derivations @ in D, there
exists A'(z,t), m X m matrix with entries in Mp(z) such that the following system is
integrable:

0.Y (z,t) = A(z,t)Y(z,t)
5] -
Y (z,t) = A(z,)Y(z,¢).

We want to prove that the parameterized differential Galois group of the equa-
tion 0,Y (z,t) = A(z,1)Y (2,t) is conjugated to SLq (M%) over SLa(Mp). Assume that
this is not the case. Then by Proposition 2277, there exists D1, Dy C D, having at least di-
mension 1, with Dy # Dy such that G is conjugated to SLo (M%l) and SLo (M%Q). In this

case, SLo (M%l) is conjugated to SLo (M%Q) over SLo(Mp). The fact that D; = Do is

proved in [SIEZ3|, Theorem 1.2, Chapter 2, but we will recall the proof here. Let a € M%
o

0
trices have the same set of eigenvalues and M% is algebraically closed, we obtain
that «(t) € M%. Therefore ./\/l]%1 C M% and, by symmetry, M% = M%". We then
deduce Dy = Dy = . We have proved:

and consider the diagonal matrix M = ( a01> € SLa (/\/l%). Since similar ma-

Proposition 2.2.8. We have the following equivalences:

(1) G is conjugated to SLa (./\/l]]%) over SLy(Mp).

(2) For all &' that belongs in a commuting basis of D, the following parameterized differ-
ential equation has a solution in Mp(z):

3
8Zb(2Z7t) = 20.b(z,t)r(z,t) + b(2,1)0.7(2,t) — O'r(2,1).

(3) For all & € D, the following parameterized differential equation has a solution
in Mp(z):

3
ab(zt) = 20:b(2, )r(2, 1) + b, )0a7(2,1) — D7 (2, 1).

Remark 2.2.9. In the case where n = 1, i.e, there is only one parameter, the Zariski dense
subgroups of SLa(Mp) are (up to conjugation over SLa(Mp)) SLa(Mp) and SLa(C).
Then we only have to check whether

3
E)Zbém =20:b(z,t)r(2,1) + b(z,1)0.7(2, 1) — Oyr(2,1),

has a solution in Mp(z).
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2.2.5 Summary
We summarize in the next theorem the results of this section.

Theorem 2.2.10. Let us consider 0°Y (z,t) = r(z,t)Y (2,t) with r(z,t) € Mp(z) and
let G be the parameterized differential Galois group, seen as a linear differential algebraic
subgroup of SLa(Mp). There are four possibilities:

1. There exists a Liouvillian solution of the form g(z,t) :efo f(u’t)du, with
f(z,t) € Mp(z). There are two possibilities:
(a) If g(z,t) € Mp, then we can compute explicitly another solution

z
g(z,t)/ g(u,t)"2du which is linearly independent with g(z,t). In this ba-
sis of solutions we can compute explicitly G.

(b) In the other case, G is conjugated to:

S —

where:
M ={g(zt)"o(g(z1),0 € G},

VP e MD[y]A“
A= a(t) e Mp
P (fio9(u,t)"%du) € Mp(2)(g(2:t))a.,a, <= Pla(t)) =0

u

) = elo Flutide here f(z,t)

2. There exists a Liouvillian solution of the form ¢g(z
t) ¢ Mp(z). In this case, G is

is algebraic over Mp(z) of degree two and f(z,

conjugated to
-1
{(g a91> U (_Ob bO ) , where a,b € M}, where

VP e MD[y1 - 7yn]Au
M=qf(t)eMp ~
P (O, [ f(u,t)du) € Mp(2) & P (9,f(t)) =0

3. G is finite. In this case, G is equal to the unparameterized differential Galois group.

4. There are no Liouvillian solutions. In this case, there exists D, a M p-vectorial
space of derivations spanned by Ay, such that G is conjugated to SLo (M%). More-
over, 9, € D if and only if the following parameterized differential equation has a
solution in Mp(z):

93b(z, )

S = 20:b(z, (2, 8) + b(z, )0ar (2, 1) — Fyr(2).

Notice that the computation of the Liouvillian solutions and the unparameterized
differential Galois group are already known. Our results compute the parameterized dif-
ferential Galois group in the cases 1,2 and 4. The classification of the Zariski dense linear
differential algebraic subgroup of SLa(Mp) and the link with integrable systems were al-
ready known (see [Casr2, [CSI1]), but we give here an effective way to compute the Galois
group in the case number 4 and we decrease the number of integrability conditions.
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2.3 Examples

In the following examples, we will consider equations having coefficients in M p(z) and
we will compute G as a linear differential algebraic subgroup of SLa(Mp). In the three
first examples, we are in the case where no Liouvillian solutions are found. In the fourth
example, we are in the case number 1 and in the last example, we are in the case number 2.

Ezample 2.3.1 (Schrodinger equation with rational potential of odd degree). Let us con-
2n

sider r(z,t) = 22n*! 4 Ztizi. There are no Liouvillian solutions. The parameterized
i=0
linear differential equation

3p( 5 2n .
821’(2’” =20,b(z,t)r(z,t) + b(2,t)0.7(2,t) — Z ai(t)z'

1=0

has a rational solution if and only if there exists ¢(t) € Mp such that

ag(t) = ct)(2n+1)
i<2n: ai(t) = c@)(i+ Dtip.
Then
a 2n—1
G ~ SLy (MD“) , where 9y = (204 1)0y,, + Y (i+ 1)tis10.
i=0

Ezample 2.3.2 (Bessel equation). Let r(z,t) = 455; — 1. In [Kau®d], §4.2, Example 2,
we see that if ¢ ¢ % + Z, this parameterized linear differential equation has no Liouvillian
solution. We can choose D such that {D N (3 + Z)} = @. We obtain that G is Zariski
dense in SLy(Mp). With Remark 22279, we have to see whether the parameterized linear

differential equation

1 — 4¢2 2t
223 z

42 —1
422

W (2.3.1)

= 20,b(z,t) ( — 1> + b(z, 1)

has a solution in Mp(z). Suppose that there exists b(z,t) € Mp(z) satisfying such an
equation. We can see directly that if b(z,t) has a pole, then it is z = 0. Assume that b(z, 1)
has a pole of order v at z =0 and let 0 # f(t) € Mp equal the value at (0,t) of z”b(z,t).
Since b(z,t) satisfies the equation (2Z31), we find for all ¢t € D:

—ftw(v-1)(v-2) 42 -1 1 — 4¢2
5 = fOv—F—+ft)—5—

For all v, there is no 0 # f(t) satisfying this equality and we find that b(z,t) € Mp|z].
Let v be its degree and f(t) its leading term. The equation (2231) has no constant solution,
and we can assume v > 1. We find that for all ¢t € D,

0= —20f(t),
which implies that the equation (2Z31) has no solutions in Mp(z) and then

G =~ SLy(Mp).
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Ezample 2.3.3 (Harmonic oscillator). Let r(z,t) = % + t. There are no Liouvillian solu-
tions. With Remark EZ2Z9, we have to check whether the parameterized linear differential
equation

2 z

2b(z,t) z

has a solution in Mp(z). We can see directly that if b(z,t) € Mp(z) is a solution, then

it has no poles, which means that b(z,t) € Mplz]. Let v be its degree and 0 # f(t) be its

leading term. We find that % = 0, which admits no solution different from 0. Then

G =~ SLy(Mp).

Ezample 2.3.4. 1f 7(z,t) = %, then we have two Liouvillian solutions

V1+4t

fi(zt) = \/EZ 2

We can compute the parameterized differential Galois group for the fundamental solution

(fl(z,t) f2<z,t>>.
azfl(z7t) 8zf2(zat) .

G~ { (ae“(M) 0

V1+4t

and fo(z,t) =vzz7 " 2 .

0 a—le—a<m>> ywherea € €, a € C } :

Viewed as a linear differential algebraic subgroup GLa(Mp),

G~ {(a(t) 0 ) , where 0 (1-1—41531504(7f)> = O}.

0 a 't a(t)
Ezample 2.3.5. If r(z,t) = L — 16322, then we have two Liouvillian solutions

1/2

fi(z,t) = (2)1/462@,3)1/2 and fo(z, 1) = (2)1/46—2(1%2)
We can compute the parameterized differential Galois group for the fundamental solution

(fl(z,t) f2<z,t>>.
azfl(z7t) 8zf2(zat) .

G~ {(aét) a_(l)(t)> U <_(?(t) b;(ﬂ) , where a(t), b(t) c (C*} '

We can remark that we have an integrable system

0.Y(z,t) = A(z,t)Y(z,1)
Y (z,t) = B(z,t)Y(z,t)

with .
0 1 — & z
Az, t) = and B(z,t) =
t_ 3 0 1— 3 3
z 1622 16tz 4t
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CHAPITRE 3. A DENSITY THEOREM IN PARAMETERIZED DIFFERENTIAL (GALOIS
THEORY.

Résumé: We study parameterized linear differential equations with coeffi-
cients depending meromorphically upon the parameters. As a main result,
analogously to the unparameterized density theorem of Ramis, we show that
the parameterized monodromy, the parameterized exponential torus and the
parameterized Stokes operators are topological generators in Kolchin topol-
ogy, for the parameterized differential Galois group introduced by Cassidy and
Singer. We prove an analogous result for the global parameterized differential
Galois group, which generalizes a result by Mitschi and Singer. These authors
give also a necessary condition on a group for being a global parameterized
differential Galois group: as a corollary of the density theorem, we prove that
their condition is also sufficient. As an application, we give a characterization
of completely integrable equations, and we give a partial answer to a ques-
tion of Sibuya about the transcendence properties of a given Stokes matrix.
Moreover, using a parameterized Hukuhara-Turrittin theorem, we show that
the Galois group descends to a smaller field, whose field of constants is not
differentially closed.
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Introduction

Let us consider a linear differential system of the form

0.Y (z) = A(2)Y (2),
where 0, = d%, and A(z) is an m x m matrix whose entries are germs of meromorphic
functions in a neighborhood of a point, say 0 to fix ideas. The differential Galois group,
which measures the algebraic dependencies among the solutions, can be viewed as an
algebraic subgroup of GL,,(C) via the injective group morphism

pv: Gal — GL,,(C)
o = U)oU),

where U(z) is some arbitrary fundamental solution, i.e., an invertible solution matrix.
Let U(z) be a fundamental solution contained in a Picard-Vessiot extension

of 0,Y (z) = A(2)Y (2). The linear differential equation is said to be regular singular at 0

if there exists an invertible matrix P(z) whose entries are germs of meromorphic functions

such that W(z) = P(2)U(z) satisfies

0.(2) = 22w (),
where Ay is a matrix with constant complex entries. In this case, W(z) usually involves
multivalued functions. Analytic continuation of W(z) along any simple loop « around 0
yields another fundamental solution W (z)M,, and the matrix M, with complex entries,
which is a monodromy matrix, does not depend on the choice of the homotopy class
of v. The Schlesinger theorem says that the Zariski closure of the group generated by the
monodromy matrix is the Galois group. In the general case, i.e., in presence of irregular
singularity, the monodromy is no longer sufficient to provide a complete collection of
topological generators. Ramis has shown that the group generated by the monodromy,
the exponential torus and the Stokes operators, which is defined in a transcendental way
as a subgroup of the differential Galois group, is dense in the latter in the Zariski topology.

More recently, a Galois theory for parameterized linear differential equations of the
form

0.Y (z,t) = A(z,t)Y (2,1),

where t = (t1,...,t,) are parameters, has been developed in [CSO7]. See also [HSOS,
[Can0y8, Robhd, med6H|. Namely, the Galois group, which measures the (9;,,..., 0, )-
differential and algebraic dependencies among the solutions, can be seen as a differential
group in the sense of Kolchin, that is a group of matrices whose entries lie in a differential
field and satisfy a set of polynomial differential equations in the variables t¢1,...,t,. See
[Cas72, Casxd, Kol73, Kaolxd, MOTT]). To be applied, the theory from [CSO4] requires
the field of constants with respect to 9, to be of characteristic 0 and differentially closed
(see §8Z). The drawback of this latter assumption is that a differentially closed field is
a very big field, and cannot be interpreted as a field of functions.

There is a link between the parameterized differential Galois theory and isomon-
odromy for equations with only regular singular poles (see [(CSOQ, MSTZ, NMST3)).
Let D(to,r) = {(21,...,2n) € C"|Vi < n, |z — to;| < r} be an open polydisc in C", let D
be an open subset of C, and let A(z,t) be a matrix whose entries are analytic
on D x D(tg,r). We consider open disks D; that cover D, and a solution Uj(z,t)
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of the differential equation 0, Y(z,t) = A( t)Y (z,t) analytic on D; x D(tg,r).
If D;ND; # @, we define C; ;(t) = U;(z, ) Uj(z,t), the connection matrices. Follow-
ing Definition 5.2 in [CSO3] (see also [Bal9d Mm]) the parameterized linear differen-
tial equation 0.Y (z,t) = A(z,t)Y (2,1) is sald to be isomonodromic if, there is a choice
of (D;) covering D, and of the solutions Uj(z,t) of 0,Y (z,t) = A(z,t)Y(z,t) analytic
on D; x D(ty,r) such that the connection matrices are independent of ¢. In this case,
the matrix of the monodromy is constant on the polydisc D(to,r). When A(z,t) is of

the form Y, Z’u), such that all the A;(t) have analytic entries on U and w; € D, the
following statements are equivalent (see [[CSO4], Propositions 5.3 and 5.4).
— The Galois group is conjugate, over a differentially closed field (see Definition BZ23),
to a group of constant matrices.
— The parameterized linear differential equation is isomonodromic in the above sense.
— The parameterized linear differential equation is completely integrable (see Defini-

tion BZX).

We are interested in the case where the parameterized linear differential equation may
have irregular singularities, in a sense we are going to explain. The main result of this
chapter is a parameterized analogue of the density theorem of Ramis: we give topological
generators for the Galois group in the Kolchin topology (in which closed sets are zero sets
of differential algebraic polynomials). As an application of our main result, we improve
Proposition 3.9 in [CSO7] (see Remark B=34): a parameterized linear differential equation
is completely integrable if and only if the topological generators for the Galois group
just mentioned are conjugate to constant matrices over a field of meromorphic functions.
Notice that the latter is not differentially closed.

% 3k ok

The chapter is organized as follows. In the first section we study parameterized linear
differential systems from an analytic point of view. The parameters will vary in U, a
non-empty polydisc of C". Let t = (¢1,...,t,) € U denote the multiparameter. Let My
be the field of meromorphic functions on U and let Ky = Myl([z]][z7!]. The Hukuhara-
Turrittin theorem in this case gives the following result (see Remark B3 for a discussion
of a similar result present in [Schll)):

Proposition (see Proposition T3 below).
Let 0,Y (z,t) = A(z,1)Y (2,t), with A(z,t) € M, (KU> (that is a mxm matriz with entries

mn KU). Then, there exists a non empty polydisc U' C U, v € N*, such that we have a
fundamental solution F(z,t) of the form:

F(z,t) = H(z, 1)zl
where:
- H(z,t) € GLy (K [217])
- L(t) € M;,( Myr).
eQ=h) = Diag(e® 1), with ¢z,
— Moreover, we have L) Q(z1) —

t) € Zil/VMU/ [zil/l’] .
Q) L L(1)

See Remark BT for a discussion about the uniqueness of a fundamental solution
of 0,Y (z,t) = A(z,t)Y (2,t) written in the above way.

In 8813, we briefly review the Stokes phenomenon in the unparameterized case. We
have solutions, which are analytic in some sector and Gevrey asymptotic to the formal part
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of the solution in the Hukuhara-Turrittin canonical form. The fact that various asymptotic
solutions do not glue to a single solution on the Riemann surface of the logarithm is called
the Stokes phenomenon.

Let U be a non empty polydisc of C" and let f(z,t) = Zfi(t)zi e Ky. We say
that f(z,t) belongs to Oy({z}) if for all t € U, z Z:fz(t‘)zZ is a germ of mero-

morphic function at 0. Remark that if f(z,t) € Op({z}) € My[[2]][z~'] = Ky, then
the z-coefficients f;(t) of f(z,t) are analytic on U.

In §BT3A, we study the Stokes phenomenon of equations of the
form 0,Y (z,t) = A(z,t)Y (2, 1), with A(z,t) € M, (O ({z})). In particular, we prove that
the asymptotic solutions depend analytically (under mild conditions) upon the parameters.

In the second section, we use the parameterized Hukuhara-Turrittin theorem to de-
duce some Galois theoretic properties of parameterized linear differential equations in
coefficients in Oy ({z}). We first recall some facts from [CSO4] about parameterized dif-
ferential Galois theory. The problem is that the theory in [CSO4] cannot be applied here,
since My, our field of constants with respect to d,, is a field of functions that are mero-
morphic in t1,...,t,, and this field is not differentially closed (see §8=2). In the papers
[GGOT3, MARTY|, the authors prove the existence of parameterized Picard-Vessiot exten-
sions under weaker assumptions than in [CSO4]. See also [CHSOR, PNTT]. We do not
use these latter results because we need a parameterized Hukuhara-Turrittin theorem,
which proves directly that a parameterized Picard-Vessiot extension exists, not necessar-
ily unique, in order to study the parameterized Stokes phenomenon. This allow us to
define a group, we will call by abuse of language, see Remark BZR, the parameterized
differential Galois group. In §82A, we consider the local case 0,Y (z,t) = A(z,t)Y (2,1),
with A(z,t) € My, (Op({z})). We state and show the main result:

Parameterized analogue of the density theorem of Ramis (Theo-
rem BTZ2M). The group generated by the parameterized monodromy, the parameterized
exponential torus and the parameterized Stokes operators is dense in the parameterized
differential Galois group for the Kolchin topology.

Then, we turn to the global case. We consider equations with coefficients in My (2)
and study their global Galois group. We prove a density theorem in this global setting,
see Theorem B2Z24. The proof in the unparameterized case can be found in [Mif9d].
In §8A, we give various examples of calculations.

In the third section, we give three applications. First, we prove a criterion for the
integrability of differential systems (see Definition B=3):

Proposition (see Proposition BZZ2 below). Let A(z,t) € M,,(My(z)). The
linear differential equation 0,Y (z,t) = A(z,t)Y(z,t) is completely integrable if and
only if there exists a fundamental solution such that the matrices of the parameterized
monodromy, the parameterized exponential torus and the parameterized Stokes operators
for all the singularities are constant, i.e., do not depend on z.

As a second application, we give a partial answer to a question of Sibuya (see [SIRZH]),
regarding the differential transcendence properties of a Stokes matrix of the parameterized
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linear differential equation:

0.Y(z,t)\ _ 0 1 Y(z,t)

02Y (z,t))  \22+t 0)\0.Y(2,t)]"
Sibuya was asking whether an entry of a given Stokes matrix at infinity is 0;-differentially
transcendental, i.e., satisfies no differential polynomial equation. We prove that it is at
least not O;-finite, i.e., that it satisfies no linear differential equations.

As a last application, we deal with the inverse problem. We prove that if G is the

global parameterized differential Galois group of some equation having coefficients in k(z)
(see §833), then G contains a finitely generated Kolchin dense subgroup. The converse

of this latter assertion has been proved in Corollary 5.2 in [MSTZ], and we obtain a result
on the inverse problem:

Theorem (see Theorem BX T below). The group G is the global parameterized
differential Galois group of some equation having coefficients in k(z) if and only if G
contains a finitely generated Kolchin-dense subgroup.

In the appendix, we prove the following result.

Theorem (see Theorem A below). Let us consider 0,Y (z,t) = A(z,t)Y (z,1),
with A(z,t) € My, (KU) Then, there exists a non empty polydisc U' C U, such that we

have a fundamental solution F(z,t) of the form:
F(z,t) = P(z7t)zc(t)eQ(z,t)7

where:
~ P(z,t) € GLy, (KU)
- C(t) € Mpp(Myy).
e@E) = Diag(e® ), with ¢;(2,t) € 27 My [27Y/"], for some v € N*.

Remark that contrary to Proposition BT3, the entries of the formal part are not
ramified. On the other hand, 2€®) and e9®! do not commute anymore. This theorem is
not necessary for the proof of the main result of the chapter, this is the reason why we give
the proof in the appendix. However, this result is important since it permits to determine
the equivalence classes (see [RdPSO3|, Page 7) of parameterized linear differential systems
in coefficients in KU.
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PARAMETERS.

3.1 Local analytic linear differential systems depending
upon parameters.

In 8811, we define the field to which the entries of the fundamental solution, in
the Hukuhara-Turrittin canonical form, will belong. In §812, we prove a parameterized
version of the Hukuhara-Turrittin theorem. In §813, we briefly review the Stokes phe-
nomenon in the unparameterized case. In §814, we study the Stokes phenomenon in the
parameterized case.

3.1.1 Definition of the fields.

Let us consider a linear differential system of the form 0.Y (z) = A(2)Y (z), where A(2)
is a m x m matrix whose entries belongs to C[[z]][z7}]. We know we can find a formal
fundamental solution in the Hukuhara-Turrittin canonical form H(z)z%e?®) where:

— H(2) is a matrix of formal power series in z'/* for some v € N*.
- LeM,(C).

~ Q(2) = Diag(qi(2)), with ¢;(z) € z~1/*C[z=1/¥].

Moreover, we have zle@(2) = Q=)L
Notice that this formulation is trivially equivalent to Theorem 3.1 in [EdPS0O3].

Let U be a non empty polydisc of C”, let Ky and My defined in page BS. We want
to construct a field containing a fundamental set of solutions of

0.Y (2,t) = A(z,t)Y (2,1),

where A(z,1) € My (Ky ). Let Ay = {0y, 01, } and let

Ey = U Z%MU[Z%I}.

veEN*

We define formally the (0,,A;)-ring, ie., a ring equipped with n + 1 deriva-
tions 0,, 0y, ..., 0, a priori not required to commute with each other,

Ry = RU

9

log, (za(t)>a(t)eMU ’ (e(Q(Z’ t)))q(z,t)EEU

with the following rules:

1. The symbols log, (z“(t))a(t)eM and (e(q(z,t)))q(z hen only satisfy the following
U ; U

relations:
20D = ald) 0, e(qai(z,t) + @2(2,1)) = elqi(z,t))e(qa(z,1)),
2® = 20¢ Ky fora€Z, e(0) = 1
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2. The following rules of differentiation
0. log = z 71 Oy, log = 0,
0,200 = a0, 820 = 9, (a(t))log 220,

Dze(q(z,t)) = 0:(q(zt))e(q(z,t)), Oynelq(zt) = 0(q(z,t))e(q(z,1)),

equip the ring with a (9., A¢)-differential structure, since these rules go to the quo-
tient as can be readily checked.

The intuitive interpretation of these symbols are log = log(z), z0(t) = ealt)log(z)
and e(q(z,t)) = €Y. Let f(z,t) be one these latter functions. Then f(z,t) has
a natural interpretation as an analytic function on Cx U , Where C is the Riemann
surface of the logarithm and U’ is some non empty polydisc contained in U. We
will use the analytic function instead of the symbol when we will consider asymptotic
solutions (see 813 and §8IA). For the time being, however, we see them only as symbols.

Let My be the algebraic closure of My . In the same way than for Ry, we construct
the (0;, A¢)-ring

Ry = Mu[[2]][7"] [log, (Za(t)>a(t)€MU ’ (e(q(z’t)))q(z,t)e U =7 My [[71}

veN*

We can see (Proposition 3.22 in [&dPSO3]) that this latter is an integral domain and its
field of fractions has field of constants with respect to 9, equal to M. Since Ry C Ry, Ry
is also an integral domain. Therefore, we may consider the (0., A;)-fields:

KF’U - MU (log’ (za(t))a(t)EMu> ’

KF’U - KU (lOg, (Za(t))a(t)EMU) ’

and
R?J = Ky (log, (za(t))a(t)eMU (e(q(z’t)))q(z,t)EEU> .

In the definition of the fields Kry and K FU, the subscript F' stands for Fuchsian.

Since I/{E is contained lin the field of fractions of Ry, it has field of constants with respect
to 0, equal to My N Ky = My.

We have defined (0,, A;)-fields where all the derivations commute with each other. We
have the following inclusions of (9., A;)-fields:
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Remark 3.1.1. Any algebraic function over My can be seen as an element of My, for
some non-empty U’ C U. Therefore, a finite extension of My can be embedded in M
for a convenient choice of U’ C U. We will use this fact in the rest of the chapter.

Lemma 3.1.2. Let U be a non empty polydisc of C" and let L(t) € Mm(MU>,

where My is the algebraic closure of My. There exists a non empty polydisc U' C U,
and 2X® € GL,,(Kp ) satisfying

Proof. Let us write L(t) = P(t)(D(t) + N(t))P~L(t), with
— D(t) = Diag(d;(t)), di(t) € My,
— N(t) nilpotent,
- D@)N(t) = N@#)D(2),
~ P(t)e GLm<W),
be the Jordan decomposition of L(t).

Due to Remark BT, there exists a non empty polydisc U’ C U, such that d;(t) € My
and P(t) € GLy,(Myr). We may restrict U’ and assume that N (¢) does not depend upon ¢
in U'. Let us write N := N(t). Then, the matrix z/®) = P(t)Diag(z%®))eN e p~1(¢)
belongs to GLy,(Kr ) and 25 satisfies

O
Let a(t) € My and let (a(t)) € Mi(My) be the corresponding matrix. Then, we

have Za(t) = Z(a(t))_

3.1.2 The Hukuhara-Turrittin theorem in the parameterized case.

The goal of this subsection is to give the parameterized version of the Hukuhara-
Turrittin theorem. In the appendix, we prove a slightly different result, which is not
needed in the chapter. See Theorem BT

Proposition 3.1.3. Let U be a non empty polydisc of C™ and consider
0.Y (z,t) = A(z,t)Y (2,1),

with A(z,t) € M, (KU) There exists a non empty polydisc U' C U such that we have a
fundamental solution F(z,t) € GL,, (I?;) of the form

F(z,1) = H(z,6)2e(Q(2,1)),

where:
- f](z,t) € GL,, (KU/ { 1/”} ), for some v € N*.
- L(t) € Mp(Myr).
e( ) = Dlag( (qi(z,t))), with q;(z,t) € Eyr.
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— Moreover, we have e(Q(z,t))zL(t) = zL(t)e(Q(z,tD.
Furthermore, if A(z,t) € M,, <OU({Z})), there exists a non empty polydisc U" C U’ such

that we may assume that the z-coefficients of ﬁ(z,t) are all analytic on U" .

Remark 3.1.4. Remark that we have no uniqueness of the fundamental solution
written in the same way as above, since for all x € Z, z“ﬁ(z,t)zL(t)_“eQ/(z\’t)
is also a fundamental solution. However, because of the construction of Ky,
we obtain that if for i€ {1,2}, fIi(z,t)zLi(t)e(Qi(z,t)) is a fundamental solution
of 9,Y(z,t) = A(z,t)Y (2,t) written in the same way as above, then, up to a permuta-
tion, @1 and @2 have the same entries.

Ezample 3.1.5 ([Schl], Introduction). If we consider

220.Y (2,t) = (Z (1)> Y(z,t),

((é _1t>+0(z)> (Ztgz Z%), (3.1.1)

for t # 0 and the solution

1 —1/2
1 1 10 1/2 zie”* 0

for t = 0. The latter is not the specialization of (B1) at ¢ = 0. The problem is that the

level of the unparameterized system (see §8T3 for the definition) at ¢t = 0 is 1 and the

level of the unparameterized system for ¢ # 0 is % This example shows that we cannot

get a solution in the parameterized Hukuhara-Turrittin form, that remains valid for all
values of the parameter t. This is the reason why we have to restrict the subset of the
parameter-space.

we get the solution

Remark 3.1.6. Similar results to Proposition BT=3 have been proved in Theorem 4.2 of
[Schdlll. We now explain the result of Schéfke. Let U be an open connected subset

oo
of C™ that contains 0 and let A(z,t) = ZAl(t), with s € Z, and A;(t) analytic in U. In
l=s

particular, A(z,t) € M, (KU) Let us consider 0,Y (z,t) = A(z,t)Y (2,t) and assume that

for all t € U, there exists a solution fIt(z)the(Q(z, t)), given in the classical Hukuhara-
Turrittin canonical form such that:

— The z-coefficients of the ¢;(z,t) are analytic functions in t € U.

— The degree in 27! of ¢;(2,t) — g;(z,t) is independent of ¢ in U.

- If Qi(zvt) 7_é Qj(z7t)’ then Qi(zv 0) 7& QO(za 0)'

Under these assumptions, Schéfke concludes that, there exists an open neighbor-
hood U’ CcU of 0 in the t-plane such that there exists a fundamental solu-

tion H(z,t)z"e(Q(z,t)) € GLy (Kg) with H(z,t) = %2, Hy(t) and t — H(t), L(t)
are analytic. Notice that Schéfke gives a necessary and sufficient condition, that can be
algorithmically checked, for well behaved exponential part. See [Schldl], Theorem 5.2.
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Using Schéfke’s theorem, we can deduce Proposition B13 only in the particular case
where A(z,t) has entries with z-coefficients analytic in U. Note that [Schill] does not
allow us to deduce the general case. See also [BMEH|, § 10, Theorem 1, for another result
of this nature.

Proof of Proposition @I3. Let K = C[[z]][z7!], where C is an algebraically closed
fields of characteristic 0 equipped with a derivation 0, that acts trivially on C' and
with 0,(z) = 1. The Hukuhara-Turrittin theorem (see Theorem 3.1 in [RdPSO3)) is valid
for linear differential system with entries in K. We apply it with C' = My, the algebraic
closure of M.

Let us consider the matrix L(t) € M,, (MU) and Q(z,t) = Diag(qi(z,t)), with
qi(z,t) € 27V My {2*1/”} for some v € N. Because of Remark B11 and Lemma BI3,

there exists a non empty polydisc U’ C U, such that we may define z-®) € GL,, (K FU’)

satisfying 9,24t = @z“t) = zL(t)@, L(t) € M;,(Myr) and ¢i(z,t) € Eyr. Hence,

there exists a non empty polydisc U’ C U such that the Hukuhara-Turrittin theorem gives

a fundamental solution R
F'(z,t) = B'(2,1)2"0e(Q(z,1)),

where:
~ H'(2,t) € GLy, (W Hzl/”” {z‘l/”] ), for some v € N.
— L(t) € My, (Myp).
- e(Q(z,t)) = Diag(e(qi(z,t))), with ¢;(z,t) € Eyr.
— Moreover, we have e(Q(z,t))zL(t) = zL(t)e(Q(z,t)).

Let us prove now that we may find a matrix H(z,t) € GLy, (KU/ {zl/”} ), such
that F(z,t) = H(z, t)zL(t)e(Q(z, t)) is a fundamental solution. The matrix
F'(z,t) = B'(,1):"0e(Q(z,1))
satisfies the parameterized linear differential equation
O0.F'(2,t) = A(2,t)F'(2,1),

and the matrix zL(t)e<Q(z, t)) satisfies parameterized linear differential equation:
0.220e(Q(2,1) = (z7IL(t) +0:Q(2,1)) L 0e(Q(2,1))

= 20e(Q(z,1)) (:71L(E) + 0.Q(=,1)) -

Hence,
O (2,1) = A(z, ) ' (2,1) = H'(2,) (27" L() + 0.Q(=,1) ) .

We write H'(z,t) as a column vector H'(z,t) of size m2. Let C(z,t) € M,,2 (IA(Ur [zl/”} ),

with v € N* such that H’ (z,t) satisfies the parameterized linear differential system:
0. H'(z,t) = C(z,t)H'(2,1).
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Let us write H'(z,t) = Z H!(t)2"" and C(z,t) = Z Ci(t)2"", where M,N € Z.
i>N i>M

Then, by identifying the coefficients of the z%/"-terms of the power series in the equa-

tion 9, H'(z,t) = C(z,t)H'(z,t), we find that:

(2 T 1> H,,(t) = | Cim(t)Hj(2).

We recall that because of the definition of Ky [zl/ v ], every C;(t) belongs to M,, (My).
The fact that there exists a fundamental solution H(z, t)zL(t)e(Q(z, t)), with
H(z,t) € GLy, (KU/ {zl/”} ) is now clear.

Assume now that A(z,t) € Mm(OU({z})) Let U” be a non empty poly-

disc with U” c U’ such that for z # 0 fixed, the entries of the z-coefficients
of z71L(t) + 0.Q(z,t) are analytic on U”. Then, the entries of the z-coefficients of C/(z,t)
are all analytic on U”. Hence, we may assume that the entries of the z-coefficients of H (z,1)
are all analytic on U”. O

Remark 3.1.7. If we take a smaller non empty polydisc U, we may assume that if we
consider 0,Y (z,t) = A(z,t)Y (z,t), with A(z,t) € My, (OU({z})>, then the fundamental

solution of Proposition BI=3 belongs to GL,, (I/(;), and the entries of the z-coefficients
of H(z,t) are all analytic on U.

3.1.3 Review of the Stokes phenomenon in the unparameterized case.

In this subsection we will briefly review the Stokes phenomenon in the unparameterized
case. See [CRB), Ecd, Eca’ll, [RI0, CRYA, [CRYY, CRETY, Maldl, Maldd, MEIA, Rams0,
RamZ&d, RasTl, RemT?, RSXY, S04, Wasgd] and in particular Chapter 8 of [EdPSO3] for
more details. We will generalize some results concerning the summation of divergent series
in the parameterized case in §8T4. First we treat the example of the Euler equation:

220,Y(2) +Y(2) = 2,

which admits as a solution the formal series: f(z) = Z(—l)”n!z”“. Classical methods
n=0

of differential equations give another solution:

z dt > 1
_ 1/z —1/t _ —u/z
1) /o O /o T+u du,

where 1/t — 1/z = u/z. The solution f(z) is divergent and the solution f(z) can be
extended to an analytic function on the sector:

arg(z) 6}_37T —i_?m[}

V= C
(o o 4

On this sector, f(z) is 1-Gevrey asymptotic to f(z): for every closed subsector W of V,

there exists Ay € R, € > 0 such that for all N and all z € W with |z| < ¢,
N-1
‘f(z) — (1)l < (Ap) VTV + D)1V

n=0
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We can also consider f(e?"z), which is an asymptotic solution on the sector:
~ T T
Vi=<{zeC €l=,—|¢.
{Z o252 ] 22 [}

The two asymptotic solutions do not glue to a single asymptotic solution on VUV”. In fact,
the residue theorem implies that the difference in V NV’ of the two asymptotic solutions
is:

2imel/?.
The fact that various asymptotic solutions do not glue to a single analytic solution is
called Stokes phenomenon.

More generally, let us consider a linear differential equation 0,Y(z) = A(2)Y(2)
such that the entries of A(z) are germs of meromorphic functions in a neighborhood
of 0. Let f[(z)zLe<Q(z)>, with Q(z) = Diag(qi(z)), be a fundamental solution in the
Hukuhara-Turrittin canonical form. Since for all k£ € N,

A(2)z¢(Q(2)) = H(2)Diag(")" e (Q(2)),
we may assume that H(z) has no pole at z = 0.

The levels of 9,Y (z) = A(2)Y (2) are the degrees in 271 of the ¢;(z) — g;(2) (the lev-
els are positive rational numbers and are well defined because of Remark BT4). Con-
sider q(2) = gz FY 4+ 4 27" € 271/VC [2*1/1’} with v € N. The real number d

—idk /v

is called singular for ¢(z) if gre is a positive real number. This correspond to

the arguments d such that r — e1(re") increases fastest as r tends to 0T. The singu-
lar directions of 0,Y (z) = A(2)Y (z) (we will write singular directions when no confu-
sion is likely to arise) are the real number that are singular for one of the ¢;(z) — g;(2),
with ¢ # j. Notice that the set of singular directions is finite modulo 27v for some v € N.
Let k1 < --- < k; be the levels of the linear differential equation. There exists a decompo-
sition H(z) = Hy, () + - - + Hy, (2), such that for d not a singular direction, there exists
an unique r-tuple of matrices (H,?l(z), ... ,H,fr(z)), such that Hgi(z) is analytic on the
sector

Vd—{ZE@

™ s
arg(z) €:|d—2kz,d+2kz|:},

and is k;-Gevrey asymptotic to H, ki (2) =2 en ﬁn,ki 2™ on Vy: for every closed subsector W
of Vg, there exists Ay € R, £ > 0 such that for all N and all z € W with |z| < ¢,

N—-1 .
’%@—me"
n=0

< (AwT (14 1) 1Y,

where I' denotes the Gamma function. Until the end of the chapter, we will denote a fixed
determination of the complex logarithm by log(z). Furthermore, the matrix

(Hi (2) + o+ H (2))eF 10500 = pri(z) el s Q), (3.1.2)

which is analytic on the sector {z € @‘ arg(z) € }d ) e {}, is a solution
of 0.Y(z) = A(2)Y(z). As a matter of fact, ng(z) is k;i-Gevrey asymptotic to Hy,(z)
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on the larger sector:

{ze@

where dj,dj41 are two singular directions and such that ]dj,d;41] contains no sin-
gular directions. Therefore, we can construct an analytic solution on the sector

{z € @’ arg(z) € }dl — g i + 5 [} . Let d € R, and let:

T T
arg(z) € ]dl — Tk,dl_i'_l + 2% {} ,

T T
d— d-<d<d"<d+ —
o <d <d<dt<d+ T

such that there are no singular directions in [d~,d[U]d,dT]. We get two matri-

ces HI (2)el108(2)¢Q() and HY™ (2)eL108(:)¢Q(%) which are germs of analytic solutions on
the sectors

™

. T g . —
{ze(C’arg(z) G}d 2kr,d—|— o, [} and {ze(C‘arg(z) E]d 2kr,d +2k7’ [}

The two matrices are in particular germs of solutions of 9,Y (z) = A(z)Y (z) on the sector

{ze(ﬁ’arg(z) e}d—;];,d—i—;];ﬂ [}

A computation shows that there exists a matrix Sty € GL,,(C), which we call the Stokes
matrix in the direction d, such that:

Hd+ (z)eL log(z)eQ(z) — Hd_ (Z)GL log(z)eQ(z) Std.

Proposition 3.1.8. The following statements are equivalent.

1. The entries of H(z) converges.

2. Sty=1d for all d € R.

3. Sty =1d for all singular directions.
Proof. From what is preceding, we deduce that if d is not a singular direction,
then St; = Id. Therefore, the statements 2 and 3 are equivalents. If the entries of H (2)
converges, then, since H(z) is Gevrey asymptotic to itself on every sector of C, for all d € R,

H%z) = H(z) and (2) holds. Assume now that Sty = Id for all singular directions. From
the proof of [EdPSO3|, Theorem 8.10, we obtain that the entries of H(z) converge. O

We can compute the asymptotic solutions using the Laplace and the Borel transfor-
mations. See Chapters 2 and 3 of [Baldd| for more details.

Definition 3.1.9. (1) Let £ € Q. The formal Borel transform By, is the map that trans-
forms the formal power series Y a,z" into the formal power series:

By, (Z anz") = Z Mz”.
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(2) Let d € R, k € Q, e > 0 and let f analytic on the sector {z € (E‘ arg(z) €]d —e,d + E[}
We assume that there exists A, B > 0 such that for arg(z) = d,

f(2)] < APl

Then, the following integral is the germ of an analytic function
on {z € @’ arg(z) € |d — -, d+ 3¢ [} (see [BaIHd], page 13 for a proof), and is called the

Laplace transform of order k in the direction d of f:

Lrah)e) = [ e () ((“)k> .

For a proof of the following proposition, see Section 7.2 of [BaIdd|.

Proposition 3.1.10. Let k1 < --- < ky be the levels of 0,Y(z) = A(2)Y(z) and
set ky41 = +00. Suppose that d € R is not a singular direction, and let h(z) be an entry
of H(z). Let (k1,...,k,) defined as:

-1 _ 7.—-1 -1
K =k — k.

The series B,{T 0-+:0 lg’,ﬂ(l}) converges and there exist €1, A1, B1 > 0 such that it has an
analytic continuation hy on the sector {z € ((N:‘ arg(z) €]d —e1,d+ 51[}, and in this sector,

h1(2)] < ArePrlE™

Moreover, for j = 2 (resp. j = 3,...,j5 = r), there exist €;, A;, B; > 0 such that the
function hjy1 = Ly, 4(hj) is analytic on the sector {z € ((NZ‘ arg(z) €ld —ej,d + Ej[} and

on this sector ‘
hi(2)] < Aze™

Therefore, we may apply L, 40 -0 Ly 40 l§,€r o---0 Bm to every entries of fI(z) We
have the following equality:

N

Hd(Z):L"nr,do"'oﬁm,doénrO"'0851<]A{)-

3.1.4 Stokes phenomenon in the parameterized case.

Let us consider .Y (z,1) = A(=, )Y (=,t), with A(, ) € My, (O ({2})) (see page B3),
where U is a non empty polydisc of C™, and consider F(z,t) = fI(z,t)zL(t)e(Q(z,t)>,
with Q(z,t) = Diag (qi(z, t)), the fundamental solution of Proposition BI3. Since
for all £ € N, F(z,t) is equal to fI(z,t)Diag(zk)zL(t)_’dde(Q(z,t)), we may assume
that H(z,t) has no pole at z = 0.

We define the levels of the system 0,Y (z,t) = A(z,t)Y (z,t) as the levels of the special-
ized system. The levels may depend upon ¢, but they are invariant on the complementary
of a closed set with empty interior. We want to extend the definition of the singular di-

rections to the parameterized case. Consider q(z,t) = qu(t)z %Y + - + q1(t)2~ /¥ € Ep.
A continuous function d : U — R is called singular for ¢(z,t) if

Vie U, q(t)e @Ok ¢ R20,
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In general, if d(t) is a singular direction for q(z,t), the positive number gy (t)e *4tk/v
depends on ¢. The singular directions of 0,Y (z,t) = A(z,t)Y (z,t) (we will write singular
directions when no confusion is likely to arise) are the directions that are singular for one
of the ¢;(z,t) —qj(2,t), with i # j.

Remark 3.1.11. (1) It may happen that for some ¢y € U, the singular directions
of 0,Y(z,t) = A(z,t)Y(2,t) evaluated at tp are not equal to the singular direc-
tions of the specialized system 0,Y(z,t9) = A(z,t0)Y (z,t9). Let us take for exam-
ple n=1 U=C, tg =0 and A(z,t) = Diag( — 2z — 272 2t273 + z_2). The two
exponentials are e(qi(2,t)) = e(tz72 + 271) and e(qa(2,t)) = e(—t272 — 27 1). However,
there exists V' C U, a closed set with empty interior, such that for all ¢y in U \ V, the
singular directions of 0,Y (z,t) = A(z,t)Y (z,t) evaluated at ¢y are equal to the singular
directions of the specialized system 0,Y (z,t9) = A(z,t0)Y (2, to).

(2) Unfortunately, two different singular directions may be equal on a subset of U. For
example, for n = 1, U = C*, and A(z,t) = Diag (2*2, tz72, —tzfz) we find three exponen-

tials: e~ 1/%, e!/* and e~*/*. For t € R>?, the singular directions of (2t)z~! are the same as
singular directions of (¢ 4+ 1)z~!.

Let (d;(t));en be the singular directions, and

D= {t € U‘Elj,j’ € N, such that d; # d; and d;(t) = dj,(t)}.

Lemma 3.1.12. D is a closed subset of U with empty interior.

Proof. Assume that there exist a non empty polydisc D C D, and two singular direc-
tions d;(t),d; (t) such that d;(t) = dj(t) on D. Then, there exist a non empty poly-
disc D' C D, q(t),¢'(t) € Mps that do not vanish on D’ such that ¢(¢)/¢'(¢) has constant
argument on D’. An analytic function with constant argument on a polydisc is constant.
Hence, we deduce that d;(t) = djy(t) on a polydisc, which implies that d;(t) = dj(t)
on U. Since the set of singular directions is finite modulo 27v with v € N*, D has empty
interior. O

Thus, if we take a smaller non empty polydisc U, we may assume the following:
- D=g.
— The levels of 0,Y (2,t) = A(z,t)Y (2,t) are independent of ¢.

— For all typ € U, the singular directions of 0,Y(z,t) = A(z,t)Y(z,t) eval-
uated at tg are equal to the singular directions of the specialized sys-
tem 0,Y (z,t9) = A(z,t0)Y (2, t0).

We still consider 0,Y (z,t) = A(z,t)Y(z,t) a parameterized linear differential system
with A(z,t) € Mm((’)U({z})) and I:I(z,t)zL(t)e(Q(z,t)) € GLy, (I/{(\]> the fundamen-
tal solution in the same form as in Proposition BT3. Let d(t) be a singular direction,
and let k1 < --- < k, be the levels of 0,Y (z,t) = A(z,t)Y (z,t). For t belonging to U,
we define the parameterized Stokes matrix Stqqy (we will just call it Stokes matrix when
no confusion is likely to arise) as t — Styy), where Sty is the Stokes matrix of the
specialized system defined just before Proposition BIR.
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Proposition 3.1.13. Let d(t) continuous in t such that for all ty in U, d(to)
is not a singular direction of the wunparameterized linear differential equa-
tion 0,Y (z,t0) = A(z,t0)Y (2,t0).  We define t— H¥ D (z,1)el108()eRE g5 the
solution (@I3), of the specialized system. Let dy(t),da(t) be two singular directions such
that for all t € U, di(t) < d(t) < da(t) and ]di(t),da2(t)] contains no singular directions.
Then, there exists a map U — R0, t s (t), which is not necessary continuous, such
that HY®) (z,1)elM108(2) Q&0 s meromorphic in (z,t) for

(2,t) € {z € @‘ arg(z) € }dl(t) — i,dg(t) + 2im , and 0 < |z| < €(t)} x U.

2k,

Notice that the existence of d(t) continuous in ¢ such that for all ¢y
in U, d(tp) is not a singular direction of the unparameterized linear differential equa-
tion 0,Y (z,t0) = A(z,t0)Y (2, tp) is a direct consequence of the fact that D = @, and the
fact that the singular directions are continuous in t.

Proof. We recall that we have assumed that for all t5 € U, the singular directions
of 3,Y(z,t) = A(z,t)Y (z,t) evaluated at ¢y are equal to the singular directions of the
specialized system 0,Y (z,t9) = A(z,t0)Y (2,t0). We have seen in §813, that for ¢ fixed,
the asymptotic solution is a germ of meromorphic function on the sector

{z € @‘ arg(z) € }dl(t) - 2%,dg(t) + 27]; [} )

We may replace d(t) by any function, possibly non continuous, such that for
all t € U, dy(t) < d(t) < da(t). Since the singular directions are continuous in ¢, we may
assume that d(t) is locally constant. Since for z # 0, t = eL(0108(2)eQ1 € My, this is
now a consequence of Proposition BT 10 and Lemma B4 below. ]

Lemma 3.1.14. We keep the same notations as in Definition @12 and Proposition BI1I1.
Let fz(z,t) be one of the entries of Fl(z,t). Let V. . C U be a non empty polydisc,
and let d € R such that for all t € V, d is not an unparameterized singular direction
of 0.Y (z,t) = A(2,t)Y (2,t). Then, there exists a map U — R>0 ¢+ &(t), which is not
necessary continuous such that

A

‘C"Gr’do“'o‘cl’»l,dogm-O"'OBM(E)

is meromorphic in (z,t) on

™

™
Ty
ok, ¢

(z,t)e{ze(ﬁ’arg(z)e}d %[7

and 0 < |2| < s(t)} <V
Moreover, for all j < n:
‘Cﬁr,d 0:-+0 [’lﬂ,d o BAI% ©:-+0 BK1 <atjﬁ) = atj (‘Cﬁr,d O0:++0 ‘Cﬁl,d o BAKT ©---0 BAlil (B>) .

Proof. We will proceed in two steps.

(1) We recall that h(z,t) € Ky [zl/l’} (v € N* has been defined in Proposition BT3) and
(see Remark B12) all the z-coefficients are analytic on U. Because of Proposition B0,

for ¢ fixed, l’;’,ﬁr 0---0 Bm (fz), is a germ of meromorphic function. Therefore, it belongs

to Ou({z}) {zl/"} . Let h; be the analytic continuation defined in Proposition B1T10. In
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particular, for all z € C with arg(z) = d, t — hy(z,t) € My. The fact that we have a
meromorphic function allows us to differentiate termwise and for all j < n, 9; h; is equal
to the analytic continuation of:

BKT o--- olg,{1 (&eﬁ)-

(2) Let hg,...,h, be the successive Laplace transforms defined in Proposition BTIID.
Let tg € V, let Wy, be a compact neighborhood of #p in V, let ¢ < r, and assume that
for z € C with arg(z) = d, t — h;(z,t) is meromorphic on W;,. It is sufficient to prove

that for all z € C with arg(z) € }d — g d+ 2%1{ and |z| sufficiently small, ¢t — h;11(2,t)
is meromorphic on W;, and for all j < n:

Ly d (57:]- hi) = 0y (Eni,d(hi)) = O;hit1.

The function Ly, 4 (h;) is an integral of a meromorphic function depending analytically
upon parameters, and we just have to prove that it is possible to find a function f
such that, for all ¢t € Wy, |hi(u,t)] < |f(u)| and for arg(z) € ]d— 2%2,,61—1—2%1,[, H
sufficiently small, Ly, 4(|f|)(#) < co. From Proposition B111, we obtain the existence
of A(t), B(t) > 0 such that for arg(u) = d,

[hi(u, )] < A(t)ePOM™,

Since h;(u,t) is meromorphic, we may assume that A(t) and B(t) are continuous on Wy,.
The functions A(t) and B(¢) admit a maximum A and B on the compact set Wy,. Finally

for arg(2) € |d — 5=, d + ;2| and |2| sufficiently small,

id

/Oooe hi(u,t)e(?)“"d«zy)‘
« [ a2

lﬁm,dhi’ =

67(%)'%

< ©oQ.
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3.2 Parameterized differential Galois theory

In this section we are interested in the parameterized differential Galois theory: this
is a generalization of the differential Galois theory for parameterized linear differential
equations. In §872, we review the parameterized differential Galois theory developed in
[CS7). In §8723, we prove that some of the results of §821 stay valid without the assump-
tion that the field of constants is differentially closed. This will help us in § B223 to prove
that the local analytic parameterized differential Galois group descends to a smaller field,
whose field of constants is not differentially closed. In §8724, we explain the main result of
the chapter: we show an analogue of the density theorem of Ramis in the parameterized
case. In §BZZA we give a similar result for the global parameterized differential Galois
group. We end by giving various examples of computation of parameterized differential
Galois groups using the parameterized density theorem.

3.2.1 Basic facts.

We recall some facts from [CSO4] about Galois theory of parameterized linear differ-
ential equations. Classical Galois theory of unparameterized linear differential equation
is presented in some books such as [ZdPSO3] and [Magd7].

Let K be a differential field of characteristic 0 with n + 1 commuting deriva-
tions: 0p,...,0,. We want to study differential equations of the form 0yY = AY,
with A € M,,,(K). Let Ck be the field of constants with respect to dp. Since all the deriva-
tions commute with 0y, (Ck, 01, ..., 0y) is a differential field. By abuse, we will sometimes
start from a (91, ..., 0y)-differential field C'x and build a (g, . . ., 9y, )-differential field ex-
tension K of Ck, such that Ck is the field of constants with respect to 0g.

Ezample 3.2.1. If K = Ky, then 9y = 9., {01,...,0n} = Ay, and Cg = My.

A parameterized Picard-Vessiot extension for the parameterized linear differential
equation dpY = AY on K is a (0y,...,0p)-differential field extension K|K with the
following properties:

— There exists a fundamental solution for 9pY = AY in K , i.e., an invertible ma-

trix U = (u;,;), with entries in K, such that U = AU.

- K= K(uij)ay,..on, i-€., K is the (Qo, . .., Op)-differential field generated by K and

the ui,j.

— The field of constants of K with respect to Jy is Ck.

Let L be a (01,...,0,)-field of characteristic 0 with commuting derivations.

The (01, ..., Op)-differential ring L{y1,...,yx}s,.. s, of differential polynomials in k inde-
terminates over L is the usual polynomial ring in the infinite set of variables

Un v, EN
{or ..oy s
and with derivations extending those in {01, ...,0,} on L, defined by:

0 (O ... O%myy) = A ..oy LAy,
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Definition 3.2.2 ([CSOW], Definition 3.2). We say that (Ck,0i,...,0,) is dif-
ferentially closed if it has the following property: For any k,I € N and for
all Pi,..., P, € Cx{y1,...,ui}ar,. .0, the system

Pi(or,...o00) = 0
Pk-,l(Oél,...,Oél) =0
Pk(ala""al) 75 0,

has a solution in Cx as soon as it has a solution in a (1, . .., 0, )-differential field contain-

ing Ck.

For the simplicity of the notations, we will say that Cgk differentially closed rather
than (Cg,01,...,0,) is differentially closed. Note that there exists a differentially closed
extension of Ck, see [CSIM|, Section 9.1. By definition, a differentially closed field is
algebraically closed.

Proposition 3.2.3 ([CS04], Theorem 9.5). Assume that Ck is differentially closed.
Then, we have existence of the parameterized Picard-Vessiot extension for 0gY = AY. We
have also the uniqueness of the parameterized Picard-Vessiot extension for oY = AY, up
to (o, . . ., On)-differential isomorphism.

Until the end of the subsection BZXT, we assume that Ck is differentially
closed.

Let us consider 8pY = AY, with A € M,,,(K) and let K ’K be a parameterized Picard-

Vessiot extension. The parameterized differential Galois group Galg(l)"“’a’"‘ (% ‘K ) is the

group of field automorphisms of K which induce the identity on K and commute with
all the derivations. This latter is independent of the choice of the parameterized Picard-
Vessiot extension, since all the parameterized Picard-Vessiot extensions are (0, ..., 0y )-
differentially isomorphic. In the unparameterized case, the differential Galois group is an
algebraic subgroup of GL,,(Ck). In the parameterized case, we find a linear differential
algebraic subgroup:

Definition 3.2.4. Let us consider m? indeterminates (Xij)ij<m- We say that

a subgroup G of GL,(Ck) is a linear differential algebraic group if there ex-
ist Pp,..., P € CK{Xi,j}Bl,..‘,a such that for A = (am‘) € GL,,(Ck),

A€G<:>P1(am-):"-:Pk(aijj):0.

n

Let U be a fundamental solution of dgY = AY. One proves directly that the map:

oU Galgé""’an (f(/’K) — GL,,(Ck)
v — U le(U),
is an injective group morphism. A fundamental fact is that

tm py = {U'p(U), ¢ € Galdy ™ (K|K)}

is a linear differential algebraic subgroup of GL,(Ck) (see Theorem 9.5 in [CSI2]). If we
take a different fundamental solution in K, we obtain a conjugate linear differential alge-

braic subgroup of GL,,(Ck). We will identify Galg(l)""’a" (f ’K ) with a linear differential
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algebraic subgroup of GL,,(Ck) for a chosen fundamental solution. We put a topology
on GL,,(Ck), called Kolchin topology, for which the closed sets are defined as the zero
loci of finite sets of differential polynomials with coefficients in C'.

Ezample 3.2.5. (Example 3.1 in [CSO4]) Let n = 1, let (Ck, ;) be a differentially closed 0;-
field that contains (C(t), d), and let us consider K = Ck(z), the (9, 0)-differential field of
rational functions in the indeterminate z, with coefficients in C'xr, where z is a 9;-constant
with 0,z = 1, Ck is the field of constants with respect to 0,, and 0, commutes with J;.
Let us consider the parameterized differential equation

.Y (2,1) = EY(z,t).

The fundamental solution is (z!) and K (2%, log) is a Parameterized Picard-Vessiot exten-
sion (see §BI for the notations). Here, we have added log because we want the extension
to be closed under the derivations 0, and 9;. Using the fact the Galois group commutes
with 0, and 9, we find that the Galois group is given by:

{1 €Cxlr#0and 07— (@f) =0}

We can see that if we take Cx = C(t) or Cx = M (see page BR), which are not
differentially closed, then we can find two different groups of differential automorphisms:

{Fecwls#oand f7f —@f7 =0} =

and
{re Mc’f #0and f2f — (f)? =0} = {ce" beC,ceC},
which shows the importance of considering a Galois group defined over a differentially

closed field. See Example for the resolution of this ambiguity using the parameter-
ized density theorem.

There is a Galois correspondence theorem for parameterized differential Galois theory,
see Theorem 9.5 in [CSO4]. For G subgroup of Galgé’”"a” (K’K) , let:

K¢ = {aE f(/’a(a) =a, Vo € G}.
Then, the theorem says that the Kolchin closed subgroups of Galg;"“’a" (% ‘K ) are in
bijection with the (8, ... ,d,)-differential subfields of K containing K, via the map:
G K¢
The inverse map is given by:

M~ Galfy ™ (K|M),

where Galg;""’a” (E ‘M ) denotes the set of elements of Galg;""’a" (IN( ‘K ) inducing identity

on M. In particular, we have the following corollary:
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Corollary 3.2.6. Let G be an arbitrary subgroup of Galgé"“’a" (E’K) Then, K¢ =K
if and only if G is dense for Kolchin topology in Galg;""’an (E‘K) .

Let L|IM|K be (01,...,0p)-differential field extensions. Notice that we do not ex-
clude L = M = K. All the definitions we are going to give before the next Proposition
come from [HSOH], § 6.2.3.

Given ay,...,a; € L and P € M{Xy,...,Xy}s,.. a,, we remark that P(a1,...,ay) is
well defined. Then, we may define the (01, ..., 0, )-differential transcendence degree of L

over M as the maximum number of elements ay, ..., ar of L such that:
P(a1>"'7ak) ?é 0,
for all non-zero (0i,...,0y)-differential polynomials P with coefficients in M.
The (01, ..., 0y)-differential transcendence degree of an integral domain over another in-
tegral domain is defined to be the (01,...,0y)-differential transcendence degree of the
fraction field of the first one over the fraction field of the second one.
Let us consider m? indeterminates (X;;)ij<m. Let (p) be a prime (dy,...,0,)-

differential ideal of Cx{X;;}s, .a,, i€, a prime ideal stable under the deriva-
tions 0i,...,0,. The (0i,...,0,)-dimension of (p) over Cgk is defined to be the
(O1,...,0p)-differential transcendence degree of the quotient ring Cx{X;;}a,, . .0./(P)
over Ck.

Let (r) be a radical (01, ...,0p)-differential ideal of Cx{X;;}s,. . a,, i-e., a radical
ideal stable under the derivations 0i,...,0,. Let (p1),...,(p,) with v € N* be the
prime (01, ..., 0p)-differential ideals such that (r) = ﬂ (pk). The (04, ...,0n)-dimension

k<v
of (r) over Ck is defined to be the maximum in k of the (0,...,0,)-dimension of (py)
over C. o
Assume that M C K. Let (¢) be the radical (0i,...,0y)-differential ideal

of Cx{Xij}a,,. o, that defines Galgé""’a" (f‘M) (see the proof of Proposition 9.10 in
[CS07]). We define the (04, ..., Oy)-differential dimension of Galgl’""a" (f)M) over Cx

0
as the (01, ...,0,)-dimension of (¢q) over Ck.
Proposition 3.2.7 ([HSO3|, Proposition 6.26). The (01, ..., 0y)-differential transcendence
degree of% over M is equal to the (01, ..., 0y)-differential dimension of Galg(l)"“’a” (%‘M)

over Ci.

Ezample. BZ3A (bis). Let us keep the same notations as in Example B2
The parameterized Picard-Vessiot extension is K(z%,log) and the Galois group is:
{f €Ck|f#0and fO}f — (8,f)*> =0} . We may directly check that the O;-differential
dimension of the Galois group is 0 and therefore, 2! satisfies a d;-differential polynomial
equation in coefficients in Ck.

3.2.2 Parameterized differential Galois theory for a non-differentially
closed field of constants.

Let K be a differential field of characteristic 0 with n + 1 commuting deriva-
tions: Jy,...,0,. Let Ck be the field of constants with respect to dy. Note that we
do not assume Ck to be differentially closed. Consider pY = AY, with A € M,,,(K), and

assume the existence of K|K , a parameterized Picard-Vessiot extension for 9yY = AY

86



3.2. PARAMETERIZED DIFFERENTIAL (GALOIS THEORY

(see § BZ). This means in particular that the field of constants of K with respect to Jdy
is Ck. Let F' = (F; ;) € GLy, (K) be a fundamental solution such that K = K(Fj ;),....on
(see §82 for the notation). Let Autgé""’a" (ff/’K) be the group of (0o, ...,0n)-
differential field automorphisms of K letting K invariant

Remark 3.2.8. We avoid here the notation Galg;""’an (K‘K), because we have no theo-

rem that guarantees the uniqueness of the parameterized Picard-Vessiot extension K ’K ,
since C'k is not differentially closed. However we will call it the parameterized differential
Galois group, or Galois group, if no confusion is likely to arise.

We extend Definition B2ZA for the field Cx. Let us consider m? indetermi-
nates (Xj ;)i j<m. We say that a subgroup G of GL,,(Ck) is a linear differential algebraic
group if there exist Pi,..., P, € Cx{Xi;}o,.. s, such that for A = (a;;) € GL,(Ck),

Ae(G = Pl(ai,j) == Pk(am-) =0.
The goal of the subsection is to prove:

Proposition 3.2.9. (1) Let us consider the injective group morphism:

PF Autgé’“"a" (E’K) — GL,,,(Ck)
% — F_IQD(F).

Then,
Im pr = {F_lgo(F), p € Auth0n (%‘K)}

is a linear differential algebraic subgroup of GLy,(Ck ). We will identify Autg;""’a" (E‘K)

with a linear differential algebraic subgroup of GL,,(Ck) for a chosen fundamental solu-
tion. The image is independent of this choice, up to conjugacy by an element of GL,,(Ck).

(2) Let G be a subgroup of Autg(l)""’a" (E‘K) If K¢ = K, then G is dense for Kolchin

Remark that, contrary to Corollary BZZ8, the converse of (2) is false when Ck is not
differentially closed. See [CSIM|, Example 3.1. Before showing the proposition, we point
out two facts we will use in the proof. Let L|K be a (0y,. .., O,)-differential field extension
and ai,...,a; € L.

— As in the case where Ck is differentially closed (see §B2),

if Pe K{Xi,...,Xk}a,,.0,, then P(a1,...,a;) is well defined.

— The set {P(a1,...,a;)|P € K{X1,...,Xx}o,,..0,} isa (o, ..., 0y,)-differential field

extension we will denote by L{ai,...,ax}a,,. a,|L-

Proof of Proposition B2Z3. (1) We follow here the proof of Proposition 9.10 in [CSO4]. We
consider the differential polynomial ring:

R = K{X;;,1/det(X;;)}a,,..0n,

and endow it with the Jp-differential structure defined by do(X; ;) = A(X;;). Let us
consider:

S = K{F;;,1/det(F;;)}a,..0,
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the (y, . .., 8, )-differential subring of K generated over K by the F;j and 1/det(F; ;).
It is an integral domain. Let ¢ be the obvious prime N(807 ..., Op)-differential ideal such

that R/q ~ S. Let Z;; be the image of X;; in S C K, so that (Z;;) is a fundamental
solution for dpY = AY in S. Consider the following rings:

K{Xij,1/det(Xi)lor..0, = K{Yij,1/det(Yij)}oy,..0,
U U
K{Xi;,1/det(Xij)}a,....0n Cr{Yij 1/ det(Yij)}o,. 0.,
where the indeterminates Y;; are defined by (X;;) = (Zi;)(Yi;). We remark

that 0yg(Y; ;) = 0. Since we consider fields that are of characteristic 0, the differential
ideal:

qEK{Y; j,1/ det(Yi)}or,..0. C K{Xi;,1/det(X; ;) }or, .0, = K{Yij. 1/ det(Yi ) oy, .0

-0n>?

is a radical (0p, . . ., Op)-differential ideal (see Corollary A.17 in [&dPSO3]). The next lemma
is an adaptation of Lemma 9.8 in [[CSO4] without the assumption that the field of constants
is differentially closed.

Lemma 3.2.10. The (8, ...,d,)-ideal ¢gK{Yi;,1/det(Yi;)}o,...0

n

is generated by:

I = qK{Y;;,1/det(Y;;)}o,, .0, N Cx{Yij, 1/ det(Yi ;) oy, ..0,-

Proof. Let (e;)iep be a basis of Cx{Y;;,1/det(Y; )}a,,.. 0, over Ck. Let:

n
f=> mie;i € qK{Yi;,1/det(Yi;)}a,...0.-
i=1

with m; € K. By induction on n we will show that f € I. If n = 0 or 1 there is nothing
to prove. We assume that n > 1. We can suppose that m; = 1 and mq ¢ Ck. Then,
because of the fact that the field of constants of K with respect to 9, is Ck:

n

5‘0(f) = Zao(mz)ez 7é 0 and f € qf(/{}/;7j, 1/det(Y;,j)}B1,...,an-
=2

Then, by induction, dy(f) € I. With the same argument:
ao(mglf) el.
Then, dg(my ') f = do(my ' f) —my 0o f € I. Since dy(my ') # 0, we obtain that f € I. [

By Lemma B210, qf{Xi,j, 1/ det(X; ;) }a,,.. 0, is generated by:

I = qK{Xi;,1/det(Xij)}oy....0, 0 Cic{Yij, 1/ det(Yi)}o....0n-
Clearly I is a (01,...,0n)radical ideal of Cg{Y;;,1/det(Y;)}a,. .0,
Let C = (C;;) € GL,(Ck). The following statements are equivalent:
L (G € Autle (R]K).
2. The map K{X,;,1/det(X;;)}s,..0, — K{Xij;, 1/det(X;;)}a,. 0, defined

n

by (Xi,j) — (Xi,j)(ci,j) = (Z XMC;W») leaves q invariant.
k=1
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3. The map K{X;;,1/det(X;;)}a,,. .0, = K defined by (Xij) = (Zi;)(Ci;) sends ¢
to 0.

4. The map E{Xi,j, 1/ det(Xij)}ar,..0, — K defined by (Xi,5) = (Zi,j)(Cy ) sends
qK{X; 5,1/ det(Xij)}or,...0, = aK{Yij, 1/ det(Y; )}o,...0, to 0.
5. The map K{Y;;,1/det(Yi;)}a,. .0, — K defined by (Yi;) — (Ci,) sends
qK{Y;;,1/ det(Yi )}a,....0, to 0.

The theorem is now a consequence of the fact that qf(/{Yivj, 1/ det(Y; ;) }a,,...0, is generated
by I, a (01,...,0n)-radical ideal of C{Y; ;,1/det(Y;;)}a, .0,

(2) We follow the proof of Proposition 9.10 in [CSO3], and use the same notations as before.
By construction, the ideal I of Lemma B0 above is the differential ideal that defines the
Galois group. Assume that the Kolchin closure of G is not the whole Galois group. Then,
there exists P € Cg{Y;;,1/det(Y;;)},...5, such that P ¢ I and P(g) =0 for all g € G.
Lemma B0 implies that

-----

Let

T ={Q € K{Xiy. 1/ det(Xi )},

Q ¢ J and Q((Zij)(g:1)) = 0,9 = (gi)) € G}.
Since P € T, T # {0}. An element @ € T can be written as:

Q:f1Q1+"'+quua

where f; € K and Qi € K{X;;,1/det(X;;)}a,.. .0, Let Q= fiQ1+---+ f,Q, € T such
that:

- =1

— All the f; are non-zero.

— v is minimal.
For all g € G, let Q9 = f{Q1+ -+ fIQ, € T. Let g € G. Since Q — Q7 is shorter
than @, and satisfies (Q — Q7) ((Zij)(gi;)) = 0, we have Q — Q9 € J. If Q — QY # 0, there
exists [ € K such that Q — I(Q — Q9) is shorter than Q. Since Q —1(Q —Q9) e T,
this is not possible unless Q — Q9 = 0. Therefore, Q = @9, for all ¢ € G, and
so Q € K{X;;,1/det(X;;)}s,...0,- Since Q(Z;;) = 0, we have Q € J. This yields
the result.

O

3.2.3 A result of descent for the local analytic parameterized differential
Galois group.

We keep the notations of Section Bl Let us consider 0,Y (z,t) = A(z,t)Y(z,t),
with A(z,t) € M,, (OU({z})>, where U is a non empty polydisc of C" and Oy ({z}) has
been defined in Page GY.

89



CHAPITRE 3. A DENSITY THEOREM IN PARAMETERIZED DIFFERENTIAL (GALOIS
THEORY.

Remark 3.2.11. Note that Oy ({z}) is a ring but not a field in general. For example,
if n=1, (z—t)"t ¢ Oy({z}). However, we have (z —t)~! € Oc«({z}). More generally
let a(z,t) € Oy({z}). Fort € U, let R(t) minimal such that |a(z,t)| # 0 for 0 < |z| < R(t).
There exists a non empty polydisc U’ such that there exists € > 0 with R(t) > & on U’.
In particular, we have a(z,t)~! € Op({z}).

Since Oy ({z}) C Ky, which is a field, Oy ({z}) is an integral domain, and we can
define Ky as the fraction field of Oy ({z}). We have

{a € Kyld.a =0} = {a € Ky|d,a = 0} = My.

Let:
F(z,t) = (Fj) = H’(z,t)zL(t)e(Q(z,t)) € GL,, (I/(;), (see §8T)

be the fundamental solution given in Proposition BT3. Let us note KU<F’]>3z7At KU,
which is a (0., Ay)-differential subfield of KU We have seen in § B, that KU has
field of constants with respect to 0, equal to My. Then, we deduce that KU’KU is a
parameterized Picard-Vessiot extension. Therefore, the results of §8222 may be applied
here; and we can define a parameterized differential Galois group AutaA: (ITU‘KU), which

will be identified with a linear differential algebraic subgroup of GL,,(M{y). We want to
prove now that it is the “same” as the one of §8=2.

Let C be a (A)-differentially closed field that contains M. Let us define C[[z]][271],
the (0, A¢)-differential field, where z is a (A¢)-constant with 0,z =1, C is the field of
constants with respect to 9,, and 0, commutes with all the derivations. We define the
ring Ky @ a,, C with the differential structure given by:

Va € Ky,Ve € C,¥0 € {0, A}, 0(a®@pmy, ¢) = 0a @pm, ¢+ a@pm, Oc.

This (9., A;)-differential ring can be naturally embedded into C[[2]][z}], which implies
that it is an integral domain. Therefore, we may define K¢, the field of fractions

of Ky @um, C. We see now Koy (resp. Ky ®aq, C) as a subfield (resp. subring)
of C[[2]][z71].

Proposition 3.2.12. Let us keep the same notations. Let 0,Y (z,t) = A(z,t)Y (z,1),
with A(z,t) € Mm((’)U({z})) The extension field Kcu(Fij)a. a, Ko = IEZTU’ICC’U
is a parameterized Picard-Vessiot extension for 0,Y(z,t) = A(z,t)Y(z,t). More-
over, there exist Pi,..., P, € My{X;;}a, such that the image of the representation
of GalaA; (IEE,/U‘ICQU) (resp. AutaA: (I,(T]‘KU)) associated to F(z,t) is the set of C-rational
points (resp. My-rational points) of the linear differential algebraic subgroup of GL,,(C)
(resp. GLy,(My)) defined by Pi, ..., Py,. More explicitly:

{F_l (F),p€ GalaA; (%’KC,U)}

_ { CL” c GLm(C)’Pl(ai,j) == Pk(ai,j) = O}
{F ), p € Aut6 (KU’KU)}
= {A a” EGL MU ‘Pl am "':Pk‘(az}j):o}'
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Proof. We follow the proof of [MSTJ|, Proposition 3.3. Let (di) be a My-basis of C.

Let us prove that the dj are linearly independent over K. Write Zkgﬁ dpP, = 0
with 0#£ Py € f(\(/], k > 2 minimal and P, = 1. We have >, ,di0.P, = 0.
If k=2, 0,PL =0. If kK > 2, we have that for all k&, 0,P, = 0, because of the minimality
of k. Since IA(E‘K U is a parameterized Picard-Vessiot extension, for all k, P, € My, and

the dj are linearly independent over I/(VU

Now, we prove that Ko v (Fij)a. A, ’KC,U is a parameterized Picard-Vessiot extension
for 0.Y(z,t) = A(2,t)Y (2,t). Let o € Kcu(Fij)a, a, With 0,a=0. We may assume
that a =Y di P, where Pj, € I/(VU We have 0,a = > dp0,P, = 0. Since the dj are lin-
early independent over IA(E, we find 0,P, = 0. Hence, P, € My, because IA(E‘KU is a

parameterized Picard-Vessiot extension. Therefore, o € C' and K¢ (Fjj)a. A,
parameterized Picard-Vessiot extension for 0,Y (z,t) = A(z,1)Y (z,1).

Let Y; ; be a set of m? indeterminates and let Iy, I1, (0., As)-differential ideals such
that:

Kcu is a

Ry = Kuy{Fijto.a, = Kuv{Yijlo.a/lo

Ry = Keu{Fijto.a, = Keuv{Yijto.a /I
The group AutaA; (IA([;‘KU) (resp. Galé’f (IQE’ICQU)) is the set of B € GL,,(My)
(resp. B € GL,;,,(C)) such that (F;;)B is again a zero of Iy (resp. I;). We just have
to prove that Iy = C'ly. The inclusion Cly C I is clear. Let us prove the other inclusion.

Let P € I;. Without loss of generality, we may assume that P € (Ky @, C)[Yi;]. Let
us write P = dy Py, where P, € Ky[Y; ;]. One finds:

P(Fij) =Y dpPy(Fi;) = 0.

Since the dj are linearly independent over I?U, one finds, Py(Fj;) = 0, and there-
fore Iy = Clj.
O

3.2.4 An analogue of the density theorem in the parameterized case.
Let us consider 0,Y (z,t) = A(z,t)Y (z,t), with A(z,t) € M,, (C’)U({z})), where U is a

non empty polydisc of C". We want to find topological generators for AutaA; (IA([;‘KU)

for Kolchin topology.

We define now the parameterized monodromy. The notion of monodromy in the un-
parameterized case is well explained in [EdPSO3]. For more details about parameterized
monodromy, see [CSOA, MST2, MST3, ShJd|.

Definition 3.2.13. The notations are introduced in § BT-. We define m, the formal
parameterized monodromy, as follows:

A

~ VH(z,t) € Ku,im(H(z,1)) = H(z,1) .
— Va(t) € My, m(240) = ¢imalt) zalt)
— m(log) = 2im + log.
-1 —1
— For all ¢(z,t) =Y apz " € Ey = U zv My {27}, we define

veQ>0
m<e(q(z, t))) = e( Z ane*%’mz*”).
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From the construction of Ky [log, (z“(t)> eM (e(q(z,t))) 0B ], it is easy
a U q(z,t)eby

to check that m induces a well defined (0,,A)-differential ring automorphism
of Ky {log, (z“(t))a(t)eMU (e(q(z, t)))q(z,t)eEU}’ and then it can be extended as a (0, A¢)-

differential field automorphism of I/{; letting K invariant. Since I/(VU C I/(;, and since E[/]
is stable by m, m induces an element of AutaA: (E’KU)

Remark 3.2.14. In the regular singular case with one singularity at 0, the definition of
formal parameterized monodromy restricts to the definition given in [MSTH].

We now introduce the parameterized exponential torus, which is a subgroup
of AutaA: (KU‘KU) consisting of elements that act on the e(q(z,t)), with ¢(z,t) € Ey.

Definition 3.2.15. Let « beA a character of Eyy. We define 7, as the map

~ To is the identity on Kgy.

- VQ('Z’ t) € EU’ Ta(e(q(za t))) = a(Q(Za t))e(q(za t))
From the construction of Ky {log, (z“(t))a(t)eMU (e(q(z, t)))q(z7t)EEU}, it is easy
to check that 7, induces a well defined (0,,A;)-differential ring automorphism
of Ky {log, <Za(t))a(t)eMU (e(q(z, t)))q(z,t)EEU}’ and then it can be extended to a (0, A¢)-

differential field automorphism of I/{; letting K invariant. Since I/(VU - I/(;, and since f(?]
is stable by 7, 7o induces an element of Autgj (R\&‘K U)-

The parameterized exponential torus (or simply, the exponential torus) is the subgroup
of Autéﬁ (E;)KU) consisting of the 7, where « is a character of Ey;. Notice that the

matrices of the exponential torus belongs to GL,,(C), while the coefficients of the matrix
of m depend upon t.

Ezample 3.2.16. Let t = (t1,t2) and let us consider

5 <Y1(z,t>> _ (—tlﬂ 0 ) <Y1(z,t)>
\Ya(z,t)) 0 —to272 | \Ya(z,t) )’
el/= 0

which admits 0 e

as fundamental solution. The parameterized exponential

torus and the parameterized differential Galois group are both equal to

{(g g), where «, 8 G(C*}.

Remark that the unparameterized exponential torus (see p.80 of [EdPSO3]) and the unpa-
rameterized differential Galois group are isomorphic to ((C*)2 if and only if ¢; and to are
linearly independant over Q. In particular, the matrices of the parameterized exponential
torus evaluated at a specialized value (u,v) of the parameter are not always equal to the
matrices of the unparameterized exponential torus of the system

P Yi(z,u,v)\ _ —uz~? 0 Yi(z,u,v)
“\Ya(z,u,v) 0 —vz72 ) \Ya(z,u,v) )’

This is a difference between the exponential torus and the two others generators of the
parameterized differential Galois group: the monodromy and the Stokes operators (see
Definition BZI8 below).
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Lemma 3.2.17. Let d(t) be a singular direction of 0,Y (z,t) = A(z,t)Y (z,t) (see §8IA).
The Stokes matriz Styy) induces an element of AutaA; (EJ‘KU>

Proof. Let us recall the construction of the Stokes matrices. Let d(t) be a singular direction
and let k, be the biggest level of 0,Y (z,t) = A(z,t)Y (z,t). The assumption we have made
on D (see §8IA) tells us that there exists ¢ — d*(¢) continuous in ¢ such that

7'('
2k,

<d(t) < d(t) < dT(t) < d(t) + ——

d(t) - 2k7‘ ;

with no singular directions in [d~(t),d(t)[U]d(t),d* (t)]. From the construction of St,
and §B8T3, we know that

H O, £)eH0108(:) (Q0) = = (0)() LO108(2) (R0 51,

By construction, the Stokes matrix induces identity on Ky. To prove that the Stokes
matrices are elements of AutaA; (KU‘KU>, we have to prove that the maps i*, that

send H(z,t)z"0e (Q(z, t)) to HE(0)(z,1)el®108(x)eQ(=) induce (., As)-field isomor-
phisms. From the unparameterized case (see Theorem 2, Section 6.4 of [BaI9]), and the re-

lations satisfied by the symbols log, (za(t)) and (e(q(z, t))) (see §BID), iF
U

a(t)emM q(z,t)€EyY

induce 9,-field isomorphisms.

We want now to prove that if ﬁ’(z,t) admits, Jz a0 (z,t) as asymptotic sum in the
direction d*(t), then 9y, H(z,t) admits 8tini(t)(z,t) as asymptotic sum in the direc-
tion d*(t), for all i < n. This is a consequence of Lemma B4 and the fact that we
may assume that the d*(t) are locally constant. Hence i* commute with 0y, and i*
induce (9,, Ay)-field isomorphisms. O

Definition 3.2.18. Let d(t) be a singular direction of 0,Y (z,t) = A(z,t)Y(z,t). The
element of Autgzt (EJ’KU) induced by the Stokes matrix in the direction d(t) is the

Stokes operator in the direction d(t). For simplicity of notation, we write Sty for both
Stokes operator and the Stokes matrix in the direction d(t).

Proposition 3.2.19. If g(z,t) € Ky is fized by all the Stokes operators Sty), the mon-
odromy and the exponential torus, then g(z,t) € Ky .

Proof. Let My be the algebraic closure of My.  Proposition 3.25 of [EdPS3]
implies that if g(z,t) € Ky is fixed by the monodromy and the exponen-
tial torus, then g(z,t) EIGQW[[Z]][Z_I} = Ky. Since Ky C Ky, we have
to prove that if g(z,t) € Ky N Ky is fixed by all the Stokes operators,
then g(z,t) € Ky. Let g(z,t) € KynKy fixed by all the Stokes operators.

Let F(z,t) :I:I(z,t)zL(t)e(Q(z,t)) be the fundamental solution defined in Propo-
sition B3 and let (ﬁ”> be the entries of the matrix H(z,t). There ex-

A

ists P € Ky(Xij)a, a, such that P(H;;) = g(z,t). Let d(t) that satisfies the same
properties as in Proposition BET13. Because of Proposition BT 13, there exists a map

U — R>Y ¢+ (t), which is not necessarily continuous such that P(H Z Et)) is meromor-
phic in (z,t) for

s 7'('

%, d2(t) + 2]{}7,

(z,t) € {z € @‘ arg(z) € ]dl(t) - { and 0 < |z| < E(t)} x U,
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where d;(t),d2(t) are two singular directions. Since the matrix P(ﬁ”) is fixed

by all the Stokes operators, P(Hzgt)) is meromorphic in (z,t) for 0 < |z| < €(¢t)

and (z,t) € C x U. Moreover, P(Hfgt))(z,t) :P(ngt))(e%”z,t) on his domain
of definition, which means that P(Hg g;)) is meromorphic in (z,t) for 0 < |z| < &(¢)
and (z,t) € C x U. We recall that Ky consists of elements f(z,t) € Ky such that
for 0 < |z| <e(t), t— f(z,t) € My. We have, P(Hgy)) € Ky. We have seen in
Lemma B2 that the map that sends H(z, t)zL(t)e(Q(z, t)) to HU (2, t)el®)108(2) Q(211)
induces a (0,, A¢)-field isomorphism. Since the above map leaves Ky invariant, this implies

that P(M;;) = g(z,t) € Ku. O

We can now prove the main theorem of this chapter. We recall some notations.
Let 0,Y (z,t) = A(z,t)Y (z,t), with A(z,t) € M, ((’)U({z})) (see page B9), let Ky be the
fraction field of Oy ({z}), and let E(\E‘K v be the parameterized Picard-Vessiot extension

defined in the beginning of §82A. Let AutaA; (IA((;‘K U) be the field automorphisms of Ky
which commute with all the derivations and leave K invariant.

Theorem 3.2.20 (Parameterized analogue of the density theorem of Ramis). The group
generated by the monodromy, the exponential torus and the Stokes operators is dense for

the Kolchin topology in Autgzt (E;’KU)

Proof. First of all, we have already pointed out that the monodromy, the exponential torus
and the Stokes operators are elements of Autg: (E]’KU) Using Proposition BZ4, we
just have to prove that if a(z,t) € I?U is fixed by the monodromy, the exponential torus
and the Stokes operators, then it belongs to K. This is exactly Proposition 3219. [
Remark 3.2.21. (1) Let C(¢){z} be the subset of Oy ({z}) consisting of elements of the
form 3",- v ai(t)2%, with a;(t) € C(t) and N € Z. Let us consider 8,Y (z,t) = A(z,t)Y (2,t),
with A(z,t) € M,, ((C(t){z}) Even if we would be able to define a parameterized Picard-

Vessiot extension over C(¢){z}, we would not have a parameterized analogue of the density
theorem of Ramis, because the monodromy is not defined in this case. In general, we have

m(za(t)) _ eQiTra(t)za(t) ¢ (C(t){z}(zo‘(t)).

This is why we take a larger field of constants with respect to 9,.

(2) Similarly, we can prove that the group generated by the monodromy and the expo-
nential torus is dense for Kolchin topology in AutaA; (IA((;‘IA(U N f(\[;)
Corollary 3.2.22. Autgzt (f(VU’KU) contains a finitely generated Kolchin-dense subgroup.
Proof. Let qi(2,t),...,qs(2,t) € Ey, Q-linearly independent such that

Ku € Rry(ela (1), e (gs(1) ).

Let 7; be an element of the exponential torus that fixes the e(q;(2,t)) for j # i, and that
sends e(q;(z,t)) to ae(qi(z,t)), with a not a root of unity.
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By the definition of the singular directions (see §8I4), there exists v € N* such
that the singular directions modulo 2vm are in finite number. Let di(t),...,dk(t)
be continuous singular direction such that, if d(t) is a singular direction, then d(t)
is equal to one of the d;(t) modulo 2vw. Let g(z,t) € Ky be fixed by the mon-
odromy, 71,...,7g, and Stq, (), .., Stq, ). Using (2) of Proposition B2, it is sufficient
to prove that g(z,t) € Ky.

We can write g(z,t) as an element of:

Kru(e(a(1),. - elgs-1(,1))(e(gs(=,1))-

Since the elements g¢;(z,t) € Ey are Q-linearly independent, we know by con-
struction that the  e(Ngg(z,t)), with N € 7Z, are C-linearly independent
over K’EU(e(ql(z,t)),...,e(qlg,l(z,t))). If we add the fact that g(z,t) is fixed by 73,
we obtain:

9(21) € Kru(e(ar(z1), - elgg1(2,1))).

We apply the same argument 3 times to conclude that g(z,t) € IA(F,U N Ky. By the
construction of the Stokes operators, we have that St;;) = Id if and only if Sto, 74 ) = Id,
where v € N* has been defined in the proof. Proposition B2 allows us to conclude
that g(z,t) € Ky. O

3.2.5 The density theorem for the global parameterized differential Ga-
lois group.

In this subsection, we consider parameterized linear differential equation of the form:

0.Y (z,t) = A(z,t)Y (2,1),

with A(z,t) € M,, (MU(2)> We want to prove a density theorem for the global parame-
terized differential Galois group. The result in the unparameterized case is due to Ramis
and a proof can be found for instance in [MIifdd], Proposition 1.3. The parameterized sin-
gularities of 0,Y (z,t) = A(z,t)Y (2,t) (that is the poles, including maybe oo, of A(z,t), as
a rational function in z) belong to the algebraic closure of M. Because of Remark B,
after taking a smaller non empty polydisc U, we may assume that the set of parame-
terized singularities belongs to My. We will write singularity instead of parameterized
singularity when no confusion is likely to arise. Let S = {ai(t),...,ar(t)} C P1(Myp)
be the set of the singularities of 0,Y(z,t) = A(z,t)Y(z,t). For any singularity «(t)
of 0,Y(z,t) = A(z,t)Y (2,t), we may define the levels and the set of singular directions
of a(t) by considering

0.Y (z — a(t),t) = Az — a(t), )Y (z — a(t),t) if co Z a(t) € S

and
.Yz ht) = A(z"L )Y (2 L t) if co = a(t) € S.

Let (d; j(t)) be the singular directions o;(t). As in §814, we define:
Doty = {t c U]ﬂj, §' €N, such that d; ; # d; y and d; ;(t) = d; (t)} .

From Lemma BT, all the D,, ;) are closed set with empty interior. After taking a
smaller non empty polydisc U, we may assume that:

95



CHAPITRE 3. A DENSITY THEOREM IN PARAMETERIZED DIFFERENTIAL (GALOIS
THEORY.

There exists € > 0 such that for all t € U and for all ¢ # j:
ai(t) — oy (8)] > .

— D) =2 for all i < k.
For all the singularities of 0,Y (z,t) = A(z,t)Y (z,t), the levels are independent of ¢.
For all tg € U, for all the singularities oo # «(t) € S (resp. for the singularity oo),
the singular directions of

0.Y (z — a(t), t) = Az — a(t), )Y (z — a(t), t)

resp. aZY(Z_l,t(]) = A(Z_lvtO)Y(Z_latO)

evaluated at tg are equal to the singular directions of the specialized system
0.Y (z — a(t), to) = A(z — a(t), to)Y (2 — a(t), to)

resp. 0.Y (271, t0) = A(z7 1 t0)Y (271, to).

— Every entry of every z-coefficients of A(z,t) is analytic on U.
Let zo(t) € My and let € > 0 such that:

VteUVi<j<k, l|zo(t)—oy(t)]>eand|a;(t)—a;(t)]>e.

Foralli < kandallt € U, we define U,, (1), the polydisc in the z-plane with center ;(t) and
with radius €. Let dq, (t) be a continuous ray from «;(t) in Uy, ), ba, (t) be the continuous
point of dy,(t) with [by,(t) — ci(t)] = € and v,,(¢) be a continuous path in P;(My)
from x((t) to by, (t) such that for all t € U and all j <k, |y, (t) — «;(t)] > €/2. Analytic
continuation of F'(z,t) = (Fj;), a germ of solution at z¢(t) with the path v, (¢) and dq,(t)
provides a fundamental solution F%i()(z ¢) on a germ of open sector with vertex oy (t)
bisected by dq, (t).

Let My (z) = My(X)(Fi;)s..a,- From the assumptions we have made on xo(t), we
deduce that this field has a field of constants with respect to 0, equal to M. There-

fore, we deduce that MU(Z)’MU(Z) is a parameterized Picard-Vessiot extension. The

results of §8722 may be applied here and we can define a parameterized differential Galois
group Aut?z’5 (./\/l (z)’MU(z)>, which will be identified with a linear differential algebraic

subgroup of GL,,(My). We will make the same abuse of language as in the local case
(see Remark BZ8) and call it the parameterized linear differential Galois group, or Galois
group, if no confusion is likely to arise. As in Proposition BE2ZT2, we want to prove now
that it is the “same” as the one of §8=XI.

Let C be a (A;)-differentially closed field that contains My and let C(z) denotes
the (0., A¢)-differential field of rational functions in the indeterminate z, with coefficients
in C, where z is a (A¢)-constant with 0,z = 1, C is the field of constants with respect
to 0., and 0, commutes with all the derivations. The next proposition is the analogue in
the global case of Proposition B=212.

Proposition 3.2.23. Let us keep the same notations. Let 0,Y (z,t) = A(z,t)Y (z,1),
with A(z,t) € My, (My(2)).  The extension field C(z)(Fj;)o, a,|C(2) = C(z)‘C(z)

is a parameterized Picard-Vessiot extension for 0,Y(z,t) = A(z,t)Y(z,t). More-
over, there exist Py,...,P, € My{X;;}a, such that the image of the representation

of GalaA; (5(;/)’0(2)) (resp. Aut?zt (./\jl;(;)‘MU(z)>) associated to F(z,t) is the set
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of C-rational points (resp. My-rational points) of the linear differential algebraic sub-
group of GLy,(C) (resp. GLy(My)) defined by Py, ..., P,. More explicitly:

{F*1¢(F), pEe GalaA; (5@3‘0(2’))}
= {A = (ai,j) € GLm(C’)‘Pl(am) == Pk(ai,j) = 0}

{Flgp(F), RS Autgj (@)‘MU(Z))}
- {A = (aiy) € GLm(MU)’Pl(ai,j) == Pylai;) = 0} '

Proof. This is exactly the same reasoning as in Proposition B2212. O

We want to find topological generators for AutaAZt <m)‘MU(Z)> for the Kolchin

topology.
For a(t) € My, let

KU,a(t) - {f(Z - O‘(t>7t) | f(zvt) S KU}7

and let
Kueo = {f(z7,1) | f(2,1) € Ku}.

Let a(t) € S and let Autéﬁ <m)’KU,a(t)ﬂMU(z)> be the local Galois

group for the fundamental solution F?(®)(z t) described above. If we conju-

gate Auté’5 (./\jl;(;) ’K Ua(t) N MU(z)> by the differential isomorphism defined by analytic

continuation of F'(z,t) described above, we get an injective morphism of linear differential
algebraic groups:

Aut (MJ(;))KU,Q@ N Ajl;(/z)> < Aut (/\71;(/2)‘/\/1(](20 :

Using the maps i* defined in the proof of Lemma B2 and the injection above, we can
define the monodromy, the exponential torus, and the Stokes operators for any singularities
in S, as elements of

Autgz‘ (m) ’MU(Z)) .

Theorem 3.2.24 (Global parameterized analogue of the density theorem of Ramis). Let
0.Y (2,t) = A(z,1)Y (2,t), where A(z,t) € My,(My(2)). For a(t) € S, let Gy be the
subgroup of:

Autg; (MU(Z)‘KU,a(t) N MU(2)> ,

generated by the monodromy, the exponential torus and the Stokes operators. Let G be the
subgroup of Autgzt <MU(2)’MU(2)> generated by the Gop, with a(t) € S. Then G in
dense for Kolchin topology in

Autgzt (/\jl_(;(/z) ‘MU(Z)> .
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Proof. We use (2) of Proposition BZ9. We have to prove that the subfield of M (z) fixed

P

by G is My(z). Let f(z,t) € My(z) be fixed by G. Then, by the same reasoning as in
Proposition BZT4, it follows that f(z,t) belongs to Ky o), for a(t) € S. Therefore, we
deduce that f(z,t) is meromorphic in (z,¢) on IP;(C) x U, and has a finite number of poles
in the z-plane for t fixed. Hence, f(z,t) € My(z) . O

In particular, this generalizes Theorem 4.2 in [MST?] which says that, if the equation
has only regular singular poles, then the group generated by the monodromy at each pole

is dense for Kolchin topology in Aut?j <m)’MU(z)>

Corollary 3.2.25. Aut?z’5 (MU<Z)’MU(Z)) contains a finitely generated Kolchin-dense

subgroup.

Proof. In the proof of Theorem BZZ24, we see that the global parameterized differential
Galois group is generated by all local parameterized differential Galois groups. Since there
is a finite number of singularities, this is a consequence of Corollary B=222. O

3.2.6 Examples.

In all the examples, we will compute the global parameterized differential Galois group.
This means that the base field is My (z).

Ezample 3.2.26. Let us consider 9.Y (z,t) = LY (z,t). This example was considered by
direct computations in Example B3 but we will compute here Aut?z‘ (M}‘MU(:&))

using the parameterized density theorem. The fundamental solution is (z!) and the param-
eterized Picard-Vessiot extension over My (2) is My (z, 2%,1og) (we want the extension to
be closed under the derivations 0, and 9;). The exponential torus and the Stokes matrices
are trivial. The monodromy sends z! to e?™zt. The element €™ satisfies the differential

equation
8t€2iﬂ't
Therefore, the Kolchin closure of the monodromy is contained in:

0,
{a € ./\/lU‘ﬁt (tCL)} = {ce?',be C,c € C*}.
a
Conversely, the map that sends z! to cez! is an element of AutaA; (MU(Z)‘MU(Z))

Finally, viewed as a linear differential algebraic subgroup of GL;(My),

12

Aut <m)’MU(z)> {a e Mylo, (%) = 0}

= {a € Myla # 0 and ad?a — (0;a)? = 0}

N

GL1(My).
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Ezample 3.2.27 (Parameterized Euler equation). Let f(t) be an analytic function different
from 0, and let us consider:

02 (1) + C - f(tl)z2) .Y (1) + f(tl)Z?’Y(z,t) 0,

which can be seen as a system:

a(y@,ﬂ)_( 0 1 )(Y(z,t))
\oY(zt)) ” \5om 72— 1) \o:Y(zt))"

If f =1, we recognize the Euler equation. A fundamental solution is:

L Bt fe(3) 0
<m 0.F (: t>)((0>> 1)’

where ['(z,t) = — Z n!(f(t)z)"*1. The only singularity is 0. The monodromy is trivial.
n>0
Let 7 be an element of the exponential torus. Then, the image of the fundamental solution

under 7 is: A
1 (z,1) e (—f&%z) 0
1 - 5
F)22 9:F(z,1) 0 1

with a € C*. Therefore, the matrices of the elements of the exponential torus are of the
form Diag(a, 1), with & € C*. The only level of the system is 1 and the singular directions
are the arg (f(t)_l) + 2km, with k € Z. As we have seen in Proposition B0, we can
compute the Stokes matrix with the Laplace and the Borel transforms. It follows from
the definition of the formal Borel transform that

Bi(F(z,1)) =log(1 - f(1)2).

Let 0 < e < 7, such that there are no singular directions in:

g (F()7") —earg (FO ) [ U Jarg (F@)1) arg (FO) 1) +<].

Then, the following matrices are fundamental solution:

L Lra(ro- nie(log(1 = £(1)2)) \ [er@= 0
777 O=Liarg(r(n-1)+=(log(1 — f(£)2)) 0o 1)

L o s S0 (e g
Tl)z2 azﬁLarg(f(t) ),E(log(l_ f(t)2) ok

To compute the Stokes matrix in the direction arg (f (t)*l), we have to compute:

L1 arg(f(t)-1)telog(L = f(t)2)) = L1 arg(f(1)-1)—e(log(1 — f(t)2)).

We have
‘Cl,arg(f(t)—l)—i-a(log(l - f(t)z)) - Ll,arg(f(t)—l)—a(log(l - f(t)Z))

ooi(arg(f(t) “Dte)

- s " 10g(1 — f(tyu)e

u
z

d(u)

u

- o1 U079 100 (1 fewe D ().
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Integration by parts and the residue theorem imply that:

1

L1 ang 101 (108(1 — F(8)2)) = L1 args0-1)—e(0g(1 — f(8)2)) = 2im f(t)e (70%).

Therefore, the Stokes matrix in this direction is <(1) 2m1f(t)> . Finally we obtain:

Autgzt (m)‘MU(2)> ~ {(g b1f> , where o € C* and b € (C}

@ b _ BY _
{(O 1>,whereata0,a7é0and8t(f)0},

Ezample 3.2.28 (Bessel equation). We are interested in the parameterized linear differential

equation:
P Y(z,t) | 0 1 Y(z,t)
\o:Y(zt)) TR 2 )\a.y(e0)°

This equation has two singularities: 0 and oco. Let U be a non empty disc such
that U N (1/2 + Z) = @. First, we will compute the local group at 0:

1

Autgzt <MU(z)’KU70 N MU(Z)> .

If t +1/2 ¢ Z, the two solutions:

- - t oo (_1)kz2k
lz) = (2) kz:%k!rmml)?’“
_(F) I (DR
Jo4(2) = <2> kz:% EID(—t + k +1)2F°

are linearly independent (see [MARETH|] Page 43) and we have a fundamental solution of
the specialized system. The equation is regular singular at z = 0, therefore, the group
generated by the monodromy 7 is dense for Kolchin topology in the parameterized differ-

ential Galois group Autgzt (./\/lU(z)‘KUp N MU(Z)> By the same reasoning as in Exam-
ple B2Z24:

Autgzt (AZ;(?)‘KU@ N ./\/lU(z)> ~ { <(O; qul) , where a # 0 and ad?a — (ra)? = 0} .

We now turn to the singularity at infinity. We have:
o YETL 0 LY (Y4
_ = 2 _ _ .
CALEEN L-L Z2)\o.Y(h)

In order to compute the matrices of the monodromy, the elements of the exponential torus,
and the Stokes operators, we make use of another basis of solutions:

_ J_t(z_l) _ e—itﬂ'Jt(Z—l)
B isin(tm)

HV (=)
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th(z_l) _ eitht(Z—l)

—isin(tm)

H? () =

In [Waidd] page 198, we find that on the sector | — 7, 27|, Ht(l)(z_l) is asymptotic to:

AV = (22’>1/Q pilz—1—tr /2 /4) i (=Dt + k+1/2)2"
t T = 0FEIT( -k +1/2)

The same holds for Ht(z)(zfl) on the sector | — 27, 7[:

1/2 ) k
7(2) -1y _ 2z —i(z7 Y —tm/2—7/4) F(t +k+ 1/2)2
H =|— g .
cE (w) ‘ 2DFEID(E — k + 1/2)

k=0

It follows that in the basis (Ht(l)(z_l), Ht(Q)(z_l)>, the matrix of the monodromy is:

()

and the matrices of the elements of the exponential torus are of the form:

{(g 0491) , where « € C*} .

The only level is 1 and due to the expression of H}(z~!) and H2(z7!), the singu-
lar directions are the directions § + km, with k& € Z. By definition, the Stokes ma-
trix in the direction § + km is the matrix that sends the asymptotic representation
defined on the sector |(k — 1)m, (k+ 1)m[ to the asymptotic representation defined on
the sector |km, (k+ 2)n[. In [BMUD], 3.4.12 (see also [Bexr®]), we find that in the ba-
sis (H} (z71), H?(2™!)) the Stokes matrix in the direction Z + 2k is

1 0
227t cos(mt) 1)

and the Stokes matrix in the direction —% + 2km is

1 —2e 2" cos(nt)
0 1 '

An application of the local and global density theorems (Theorems and B2220) gives
that

Autd (MG Koo 1 MOG) ) and Auty (Moo Mo (2))

are linear differential algebraic subgroups of SLa(My), because all the matrices we have
computed are in SLa(My), which is closed in the Kolchin topology.

Let C Dbe a differentially closed field that contains My and con-
sider Gal?zt (C (z))C (z)), the parameterized differential Galois group defined in Proposi-

tion BZ2Z3. We are going first to compute the Zariski closure G of Galéﬁ (az/)‘C (z))

Let C* = C'\ {0}. From the classification of linear algebraic subgroup of SLs(C') (see
[dPSO3|, Theorem 4.29), there are four possibilities:
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1. G is conjugate to a subgroup of

Bz{(% Cﬁl),whereae(}’*,bEC}.

2. @ is conjugate to a subgroup of

a 0 0 vt .
DOO—{<0 a_1>U<—b O),wherea,beC}.

3. @ is finite.
4. G =SLy(C).

From Proposition BEZZ3, every matrix that belongs to Autﬁj (MU(z)‘MU(z)) belongs

also to GalaAzt (5(;'/)‘0(2')) Since G must contain

1 0 and 1 —2e %™ cos(mt)
2e%m cos(mt) 1 0 1 ’

we find that the only possibility is that GalaA; (5(;/)‘0(2')) is Zariski dense in SLo(C). In

[CasTd|, Proposition 42, Cassidy classifies the Zariski-dense differential algebraic subgroups
of SL2(C). Finally, we have two possibilities:

— The group GalaA; (6’??)‘6’(2)) is conjugate to SLa(Cp) over SLa(C), where
Co ={a € C(2)|0,a = dra = 0}.

— The group Galit (5(;/)‘0(2)) = SLy(C).

If Galét (6@/)‘0(2)) is conjugate to SLa(Cp) over SLo(C'), the matrix of the monodromy

of the singularity 0 is conjugate to a matrix M € SLa(Cp) over SLa(C). Similar matrices
have the same eigenvalues, then the eigenvalues of M are e*7 and e~2!" which is not
possible if M belongs to SLy(Cp). Because of Proposition B223, we find that

Autf (M0(2) | Mu()) = SLa(Mu).
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3.3 Applications.

We now give three applications of the parameterized differential Galois theory.
In §833, we deal with linear differential equations that are completely integrable (see
Definition B33). It has been proved in [[CSO7] that an equation is completely integrable
if and only if its parameterized differential Galois group is conjugate over a differentially
closed field to a group of constant matrices. We use the global density theorem (Theo-
rem B224) to prove that the equation is completely integrable if and only if there exists
a fundamental solution such that the matrices of the topological generators for the Galois
group appearing in the global density theorem (Theorem B™224) are constant matrices.
As a corollary, we deduce that the equation is completely integrable if and only if the
matrices of the topological generators for the Galois group given in the parameterized
density theorem are conjugate over GL,,(My) to constant matrices. In §8332, we study
an entry of a Stokes operator at the singularity at infinity of the equation:

%Y (z,t) = (2* +1)Y (2,1).

In particular, we prove that it is not 0;-finite: it satisfies no parameterized linear differential
equation. This partially answers a question by Sibuya. In §833, we deal with the inverse
problem in the parameterized differential Galois theory. Let k be a so-called universal (A¢)-
field (see §8232). We give a necessary condition on a linear differential algebraic subgroup
of GL,, (k) for being the global parameterized differential Galois group for some equation
having coefficients in k(z). The corresponding sufficient condition has been proved in

[MSTZ], Corollary 5.2.

3.3.1 Completely integrable equations.

In this subsection, we study completely integrable equations. See also [GOOIJ| for an
approach from the point of view of differential Tannakian categories.

Definition 3.3.1. Let Ay € M,, (/\/lU(z)> We say that the linear differential equa-

tion 0pY = AgY is completely integrable if there exist Ai,..., A, € My, (MU(Z)) such
that, for all 0 < 4,5 <mn,

O Aj — Oy Ai = AjAj — AjA;,
with ato == 82
Sibuya shows in [Sibdd|, Theorem A.5.2.3, that if the parameterized linear differen-
tial equation 0,Y (z,t) = A(z,t)Y (z,t) is regular singular, then it is isomonodromic (see
page for the definition) if and only if it is completely integrable. This result is not

true in the irregular case. The main reason is the fact that there are more topological
generators in the parameterized differential Galois group.

Proposition 3.3.2. Let Ay(z,t) € M, (MU(Z)) and let /\jl_(;(/z)‘MU(z) be the param-
eterized Picard-Vessiot extension for 0,Y (z,t) = Ag(z,t)Y (2,t) defined in §8Z3. The
linear differential equation 0,Y (z,t) = Aog(z,t)Y (2,t) is completely integrable if and only
if there exists a fundamental solution F(z,t) in ./\jl‘(;_(/z) such that the images of the topo-
logical generators of AutaA; <m)’MU(Z)> (see Theorem BZ24), with respect to the

representation associated to F(z,t), belongs to GLy,(C).
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Proof. Let C be a differentially closed field that contains My and let us con-
sider C(z) as in §8ZH. Let C(z)’C(z) be the parameterized Picard-Vessiot extension

for 0,Y (z,t) = Ao(z,t)Y (z,t), and let Galit ((/f(_z/)‘(}'(z)) be the parameterized differen-
tial Galois group defined in §82W. We recall that if we take a different fundamental
solution in My (2) to compute the Galois group, we obtain a conjugate linear differential
algebraic subgroup of GL,,(My).

Using the global density theorem (Theorem B=224), we find that there exists a fun-
damental solution such that the matrices of the topological generators for the Galois
group appearing in Theorem are constant if and only if Autgzt (MU(Z)‘MU(Z)>
is conjugate over GL,,(My) to a subgroup of GL,,(C). Using Proposition B223, we

find that AutaAzt </q5(/z)‘/\/l(](z)> is conjugate over GL,,,(My ) to a subgroup of GL,,(C)

if and only if Galgzt (5(\2/)‘0(2')) is conjugate over GL,,(C) to a subgroup of GL,,(Cp),
where
Co={acC(2)|0.a=0,a="--=0,a=0}.

Proposition 3.9, [CSO4] says that this occurs if and only if there ex-
ist Ay,..., A, € M;,(C(2)) such that, for all 0 <i,5 <mn,

O Aj — O, A = AiAj — Aj A,

with 0y, = 0,. To finish, we follow the proof of Proposition 1.24 in [DMHTZ]. Let 0 < i <n
and let us consider

0. 4; — 0, Ag = AgA; — A Ap.

By clearing the denominators, we obtain that every entry of every z-coefficient of A;
satisfies a finite set of polynomial equations with coefficients in My;. Since the polynomial
equations have a solution in C, they must have a solution in the algebraic closure of My .
Using Remark B, we find the existence of a non empty polydisc U’ C U such that all

the A; belongs to M,, (MU/ (z)) This concludes the proof. O
In the proof of Proposition BZ33, we have proved:

Corollary 3.3.3. Let A(z,t) € M,, (MU(z)> The parameterized linear differential equa-
tion 0,Y (z,t) = A(z,t)Y (z,t), is completely integrable if and only if the matrices of the
topological generators for the Galois group appearing in Theorem are comnjugate
over GL,,(My) to constant matrices.

Remark 3.3.4. This corollary improves Proposition 3.9 in [CS03]. The conjugation occurs
in a field that is not differentially closed. Furthermore, we do not need for the entire
parameterized differential Galois group to be conjugate to a group of constant matrices in
order to deduce that the equation 0,Y (z,t) = A(z,t)Y (z,t) is completely integrable.

In [GOTZ], the authors study completely integrable parameterized linear differential
equations using differential Tannakian categories. In particular, they prove that the notion
of integrability with respect to all the parameters is equivalent to the notion of integra-
bility with respect to each parameter separately, which generalizes [DreI?], Proposition 9.
Furthermore, they improve Proposition 3.9 in [CSO4] by avoiding the assumption that the
field of constants is differentially closed.
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3.3.2 On the hyper transcendence of a Stokes matrix.

In this subsection, we will study the parameterized linear differential equation:
%Y (2,t) = (22 + )Y (2, ). (3.3.1)

Sibuya, in Chapter 2 of [BIRZH|, shows that there exists a formal solution yy(z,t) which
admits an asymptotic representation go(z,t) on the sector (see Theorem 6.1 in [KIh7H]):

{z € @‘arg(z) E}_;ﬂr,?’;[}

We easily check that for k € Z,

—2kim —6kim
yk(z,t):y()(e 5 2,6 5 t)

is a solution of (Bz=3m) which has the asymptotic representa-
—2kim —6kim

tion gk (z,t) = 9o (e 5 2,6 5 t) on the sector Sy_1 U Sj, U Sj41, where

2k — D) (2k+ )7 B |

Sk = {zG(C‘arg(z) 6} 3 , 3

and Sy, is its closure.

The sectors S The singular directions Sectors Sy and singular directions

The asymptotic representation g (z,t) is bounded uniformly on each compact set in
the t-plane as |z| tends to infinity on the sector Sk, and tends to infinity uniformly on
each compact set in the ¢-plane as |z| tends to infinity on the sectors Sk_; and Sky1. As
we see in [SIb7H], page 83, yr+1(2,t) and yr12(z,t) are linearly independent and we can
write yi(2,t) as a Mc-linear combination of yi4+1(2,t) and yr12(z,1):

Vk € N,Vz,t € C, yi(z,t) = Cr(t)yrr1(2,1) + Cr(t)yrsa(z, 1), (3.3.2)

where Cy(t), Ci(t) € Mc. By Theorem 21.1 in [SiRZH], we obtain that

—6kim

Ci(t) = —¢'% and Cy(t) = Cp (e 75 t) .

In [SIb7H], the author asks if Cy(¢) is differentially transcendental, i.e., satisfies no differ-
ential polynomial equations. We will use Galois theory to prove that for every non empty
polydisc U, Cy(t) is not ds-finite over My, i.e., satisfies no linear differential equations in
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coefficients in My.
The singularity of the system is at infinity. Let W(z,t) = 2Y (27 !,¢). We obtain the
parameterized linear differential equation

ZTOPW (2,t) = (1 + t2°)W (2, 1), (3.3.3)

which can be written in the form

P ( W(z,t) ) B ( 0 1) ( W(z,t) )
NoW(zt)) — \ 22 o) \a.W(zt))

Let k be a so-called universal (A;)-field of characteristic 0: for any (A;)-field kg C k, (A¢)-
finitely generated over Q, and any (A;)-finitely generated extension k; of kg, there is
a (Ay)-differential kg-isomorphism of k; into k. See Chapter 3, Section 7 of [KaIZ3] for
more details. In particular, k is (A;)-differentially closed. Let k(z) denotes the (9., A¢)-
differential field of rational functions in the indeterminate z, with coefficients in k, where z
is a (A¢)-constant with 0,z = 1, k is the field of constants with respect to 0., and 0,
commutes with all the derivations.

0 1

Let A(z,t) = | 144.3
W=
representation and the only singularity is 0. Therefore,

. The two solutions zy; (271, 1), zy2(271, ) admit asymptotic

My () (=8 (=7 1)

My (z) = MU(Z>‘MU(Z)

2,0t

is a parameterized Picard-Vessiot extension for 0,W(z,t) = A(z,t)W(z,t). Because of

Proposition G223, H;)‘k(z) = k(2)<y1(2_1,t)ay2(z_17t)> 5

)
5 k(z) is a parameterized
z,0t

Picard-Vessiot extension.
Lemma 3.3.5. GalaA; (/cA(;)‘k(z)) = SLa(k).

Notice that the differential equation is of the form 0?W(z,t) = r(z,t)W(z,t),
where 7(z,t) € k(z). In this case, we can compute the Galois group using a parameterized
version of Kovacic’s algorithm, see [BxrI, DreT?|. In order to have a self contained proof,
we will perform the calculations explicitly.

Proof. 1If we apply Kovacic’s algorithm (see [KauRd]), we find that the unparameterized
differential Galois group Galp, (k(z)‘k‘(z)) is equal to SLy(k). We apply Proposition 6.26
in [HSOS], to deduce that Galgzt (k:r(\;)‘k(z)) is Zariski-dense in SLa(k). By Proposition 42
in [Cas™], we deduce that there are two possibilities:

~ Galj' (k(2)|k(2)) = SLa(k)

- GalaAzt <k¥z1)‘k(z)) is conjugate to SLa(ko) over SLa(k), where

ko = {a € k(2)|0.a = Ora = 0}.

We see in [DreTd|, Remark 4.4, that the last case occurs if and only if the following pa-
rameterized differential equation has a solution in My (z), for some non empty polydisc U
of C™:
4+ 4t23 4+ 4¢3 4+ 4t23
8§y(2’,t) = 8Zy(2,t)7 +y(z,t)8z - at .

27 27
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With the algorithm presented in [EdPSO3] p.100, we find that this does not happen and
then: -
Gals! (k:(z)‘k(z)) = SLo(k).

Lemma 3.3.6. The singular directions of the equation (Z3) are:

%T”,mth kel

Proof. Let k € Z. The matrix

Zyk:(zilﬂf) zyk-i—l(zilvt)
azzyk(z_17t) 8zzyk+1(2_17t) 7

is a fundamental solution for the equation

5 ( W(z,t) ) B ( 0 1) ( W(z,t) )
NoW(zt)) — \ 22 o) \a.W(zt))

The fundamental solution admits an asymptotic representation on the sectors:

2k — D1 (2k+3)7 [} .

{ze@‘arg(z) 6} g , z

The only level is g From Proposition BTT3 and the construction of the singular directions,
we find that the singular directions are

%TW’ with k € Z.

O]

Ezample 3.3.7. We want to compute the Stokes matrix in the direction & for the funda-

5
mental solution:
2y (271, t) 2ya(271, 1)
8Zzy1(z_1,t) 8Zzyg(z_1,t) ’

We recall the construction of the Stokes matrices. See §BT3 for the notations.
Let H (z,t)zL(t)e(Q(z,tD be a fundamental solution in the parameterized Hukuhara-
Turrittin canonical form. Let H ™ (z,t) (resp. H"(z,t)) be the matrix such that

H (2, t)ek0)108(2) Q1) (resp' Ht (2, t)el® 1og(z)eg(z7t>)
is the germ of an asymptotic solution on the sector

{z € @’ arg(z) € }W, 9% [} (resp. {z € @’ arg(z) € }%”, HT” [})

The Stokes matrix in the direction %’r is the matrix that sends

H (2, t)eL(t) log(2) ,Q(2:1) ¢, H(z, t)eL(t) log(2) ,Q ()
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With the domain of definition of the asymptotic representation of z71(z7!,t), we deduce
from the definition of the Stokes operators that:

Sts?ﬂ (zyl(z_l,t)) =2y (271 1). (3.3.4)

We first write Stsx (zyz(z_l, t)) in the basis

5

(zyo(zfl, t), zy1 (271, t))

There exist a(t) and b(t) € My such that:
Sts?ﬁ (zyg(z_l, t)) = a(t)zyo(z71,t) + b(t)zyr (271, 1).

By the construction of the asymptotic solutions with Laplace and Borel transforms (see
Proposition BI10), the asymptotic representation of St s« (zyg(z_l, t)) has to be bounded
5

117

7 11
5 5

in some sector of } & [, which means that there exist %r <a<f< and ¢ > 0

such that Stsx (zyg(zfl,t)) is uniformly bounded for arg(z) €]a, 5[ and z < |g|. There-
5

fore, a(t) = 0 or b(t) = 0. Since the Stokes operators are automorphisms, we get b(t) = 0.
Lemma B3 says that the parameterized differential Galois group is SLa(k). Therefore,
because of Proposition BE223 and Lemma B4, the determinant of the matrix has to
be 1. Thus by (B332), we get that the Stokes matrix in direction 57 is:

5
3im
Stes — (1 —Co(t)e’ )
5 0 1

Lemma 3.3.8. Let Cy(t) be defined as above. Assume that Cy(t) is O¢-finite over k. Then,

the Oy-differential transcendence degree (see §82 for definition) of k(z) over k(z) is at
most 2.

Proof. The extension field k(z) is generated over k(z) by y1(z71,t) and y2(z71,¢). By the
parameterized differential Galois correspondence (see Theorem 9.5 in [CS07]), the Kolchin
closure of the group generated by Stsx is equal to

Galg (k(=)|F).

where F' is the subfield of k(z) fixed by St g Using (B334), we deduce that F' contains

k() (w1271 1))

92,0

Because Cj(t) satisfies a linear differential equation with coefficients in k, there exists P,
a linear differential polynomial such that this group is of the form

{(3 ‘f) , with P(a) = 0 = p(co(w)} ,

and has 0;-differential dimension over £ equals to 0. Therefore by Proposition B2, the ;-
differential transcendence degree of k(z) over F is equal to 0. Because of the fact that F’
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contains l<:(z)<y1(z:_1,t)>8 5 there exists a differential polynomial @ with coefficients
2,0t
in k(z) such that:

Qu (0,271 1) = 0= Q(0: (1 (=711)), 0. (1= ,1)) ).

Therefore, the O;-differential transcendence degree of k(z) over k(z) is at most 2, be-

cause k(z) is generated as a J;-differential field over k(z) by

{10,271 0,0 (271 1), 02 (71, 1) }.

Theorem 3.3.9. The function Cy(t) is not O;-finite over k.

Proof. As we see from Lemma B33,

Galy* (k(2)|k(2)) = SLa(k),
Therefore, by Proposition B2, the d;-differential transcendence degree of kA(z/) over k(z)
is 3. If Cy(t) was Oy-finite over k, because of Lemma B=3J, the 0;-differential transcendence

degree of k(z) over k(z) would be smaller than 3. Therefore, Cy(¢) is not Ji-finite over k.
O

3.3.3 Which linear differential algebraic groups are parameterized dif-
ferential Galois groups?

As in §8333, let k be a so-called universal (A;)-field of characteristic 0. Let us con-
sider an equation 0,Y (z,t) = A(z,t)Y (z,t), with A(z,t) € M,,,(k(2)), let k(z)‘k(z) be the

parameterized Picard-Vessiot extension, and let G = Galit (k(z)‘k(z)) C GL,,, (k) be the
parameterized differential Galois group defined in §822. The following theorem of Sei-
denberg, applied with Ky = Q and K7, the (A;)-field generated by Q and the z-coefficients
of A(z,1), tells us that there exists a non empty polydisc U such that A(z,t) may be seen
as an element of M,,(My(z2)).

Theorem 3.3.10 (Seidenberg,[8eib®, Beitl]). Let Q C Ko C K be finitely generated (A¢)-
differential extensions of Q, and assume that Kg consists of meromorphic functions on
some domain U of C™. Then, K; is isomorphic to the field K7 of meromorphic functions
on a non empty polydisc U' C U such that Kolyr C K7, and the derivations in Ay can be
identified with the derivations with respect to the coordinates on U’.

Let MU(Z)‘MU(Z) be the parameterized Picard-Vessiot extension defined in §823
and let AutaAzt <m)‘MU(z)> be the parameterized differential Galois group. Using
Corollary 3223, we find that AutaA; <./a;—(;)‘./\/l(](z)) contains a finitely generated sub-

group that is Kolchin-dense in Auté’f (./\/lU(z) ‘MU(2)> With Proposition BEZ23, we find

that G contains a finitely generated subgroup that is Kolchin-dense in G. Combined
with Corollary 5.2 in [MSTH], which gives the sufficiency of the condition, this yields the
following result:
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Theorem 3.3.11 (Inverse problem). Let G be a linear differential algebraic subgroup
of GLy, (k). Then, G is the global parameterized differential Galois group of some equation
having coefficients in k(z) if and only if G contains a finitely generated subgroup that is
Kolchin-dense in G.

In the unparameterized case, any linear algebraic group defined over C is a Galois
group of a Picard-Vessiot extension (see [MI7U]). In fact, every linear algebraic group
defined over C contains a finitely generated subgroup that is Zariski-dense, which means
that Theorem B3 is a generalization of the result in [IT7Y].

The situation is more complicated in the parameterized case. For example, the additive

group:
1l « .
{(0 1>,w1tha6k:},

is not the global parameterized differential Galois group of any equation having coefficients
in k(z) (see Section 7 of [CSOA]). In the parameterized case with only regular singular
poles, the problem has been solved in [MSTH], Corollary 5.2: they obtain the same nec-
essary and sufficient condition on the group than Theorem B3. In [SInT3|, the author
characterizes the linear algebraic subgroups of GL,, (k) that appear as the global param-
eterized differential Galois groups of some equation having coefficients in k(z): they are
the groups such that the identity component has no quotient isomorphic to the additive
group (k,+) or multiplicative group (k*, x) of k.
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Annexe A

Appendice du Chapitre 3.

Let us keep the same notations as in §8T1 and §8TA. The goal of the appendix is
to prove the following theorem. Notice that our proof follows closely the unparameterized
case, see [BILR0, CROT|. See Remark BTA for a discussion of another similar result.

Theorem A.1. Let 0.Y (z,t) = A(z,t)Y (2,t), with A(z,t) € Mm(f(U) There exists a
non empty polydisc U' C U such that we have a fundamental solution of the form
p(z,t)zc(t)e(Q(z,t)) € GL,, (I?E/) ,

with:

~ P(2,t) € GLy (Kyr).

- C(t) e Mp,(Myr).

- ¢(Q(z,1)) = Diag(e(gi(2,1)) ), with g,(2,t) € Eyr.
Moreover, we may choose the same non empty polydisc U' as in Proposition @13. Com-
bined with Remark @14, if A(z,t) € My, ((’)U({z})>, this gives a sufficient condition
on tg € U, to have a fundamental solution P(z,t)zc(t)e(Q(z,t)) e GL,, (I?;) in the

same form as above with ty € U’.

Remark that contrary to Proposition B3, H (z,t) € GL,, (K' U’)- On the other hand,

we loose the commutation between z€® and e(Q(z,t)). Before giving the proof of the
theorem, we state and prove two lemmas.

Lemma A.2. Let U' C U be a non empty polydisc. Let a(t) € My and a(z,t) € IA(F,U/
such that m(a(z,t)) = a(t)a(z,t). Then there exists h(z,t) € Ky and b(t) € My such
that oz, t) = h(z,1)2"®.

Proof. Let a(z,t) € XF,U’ such that m(a(z,t)) = a(t)a(z,t). The element a(z,t) belongs
to the fraction field of a free polynomial ring:

P = KU/ {log, zbl(t), ce zb’“(t)} .

Write a(z,t) = ay(z,t)/az(z,t) with ged in P equals to 1. Using the relations in Ky,
and applying 7 to ai(z,t)/as(z,t), we find that a(z,t) contains no terms in log. One
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can normalize ay(z,t) such that it contains a term of the form z"101(M)++mbr() with
coefficient 1 and n; € Z. Using (a1 (z,t)/a2(z,t)) = a(t)ai(z,t)/az(z,t), we find that

(a2, 1)) = 2TORO T A g 2 )

and A
(2, 1)) = a(t)HT OO, (5 p)

which is impossible, unless
e2’i7l'(n1b1(t)-i-m-i-nkbk(t)) - 1.

This means that as(z,t) € Ky and we may assume as(z,t) = 1. Applying m to a1(z,t),
one finds that a;(z,t) contains at most one term, that is a(z,t) = h(z,t)2"®, with
h(z,t) € Ky and b(t) € My that satisfies €27 = q(t). O

Lemma A.3. Let U' C U be a non empty polydisc. Let us consider A(z,t) € My, (KU/).
Let Fl(z,t)e(Ql(z,t)) and Fg(Z,lf)G(Qg(z,t)) be two fundamental solutions of:
0.Y (z,t) = A(z,t)Y (2,t),

satisfying, for i € {1;2}, Fi(z,t) € GLm(R'F,U/) and Qi(z,t) = Diag[g; j(z,t)] such
that g; j(z,t) belongs to Eyr. Then, Fi(z,t) ' Fy(2,t) € GLy(Myr).

Proof. A straightforward computation shows that:

8Z<(F1(z,t)e(Q1(z,t))>1F2(z,t)e(Q2(z,t))> 0.
By Proposition B221T9,

(Fi(z0e(Qu(=.1) Bl )e(Qa(z, 1)) = C(t) € GLy (M),
Hence, we have the equality:
e(Q1(2, ) C(H)e(—Qa(z) = Fi(z 1) Falz,1).

The entries of e(Q1(z,t))C(t)e(—Q2(z,t)) are of the form C;;(t)e(q1,;(2,t) — q2,5(2,1)),
with C;;(t) that belongs to My, and the matrix Fi(z,t) 'Fy(2,t) belongs

to GL,, (K F,U’)- By construction,

IA(EU/ N MU’ ( (e(q(z, t)>)q(Z,t)€EU/ ) = MU’,
and we obtain that:
Fl(Z, t)leg(z, t) S GLm(MU/)
O

Proof of Theorem [A. By Proposition B3, we know that we have a fundamental so-
lution of the parameterized linear differential equation 9.Y (z,t) = A(z,t)Y (2,t) of the
form:

I:I(z,t)zL(t)e(Q(z,t)),

112



with H(z,t) € GLy, (KU/ [zl/”]) and v € N*. From Definition B213, 7 commutes with
the derivation 0,, and therefore 1 (ﬁ (z,t)2Fe(Q( 2, t))) is another fundamental solution.
From the construction of 1, we deduce that m (f[(z, t)zL(t)) € GL,, (K’F,UJ, and we can
apply Lemma B3 to deduce the existence of M (t) € GL,,(My) such that:

i (H(z,6)250) = H(z, )22 O N (). (A.0.1)

Let us write M(t) = D(t)U(t), with D(t) diagonalizable and U(t) unipotent such
that D(t)U(t) = U(t)D(t), the multiplicative analogue of the Jordan decomposition
of M(t). If a(t) is an eigenvalue of D(t) (and therefore an eigenvalue of M(t)), then
there exists 0 # a(z,t) € IA(EU/ such that m(a(z,t)) = a(t)a(z,t), because of the re-
lation (BEILD). By Lemma B3, «a(z,t) is equal to h(z,t)z!®, with b(t) € My sat-
isfying 27" = q(t) and h(z,t) € Kys. This implies that a(t) and all the eigenval-
ues of D(t) are of the form PO with B(t) € Myr. So we have proved the existence
of C(t) € M,,(Myr) such that e C®) = NI (t). Let:

P(z,t) = H(z, 1)zt =CO),
A computation shows that the monodromy of z¢®) is:

M (ZC’(t)) — o2imC(t) ,O(t) _ ,C(t) ,2imC(t)

The matrix P(z, t) is fixed by the monodromy and therefore belongs to GL, (KU/), be-
cause of Proposition B2Z19. Finally,

P(z,t)zo(t)e(Q(z,t))

is a fundamental solution of the parameterized linear differential equa-
tion 0,Y (2,t) = A(z,t)Y (z,t) that has the required property. O
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CHAPITRE 4. CONFLUENCE OF MEROMORPHIC SOLUTIONS OF g-DIFFERENCE SYSTEMS.

Résumé: In this chapter, we consider a g-analogue of the Borel-Laplace sum-
mation where ¢ > 1 is a real parameter. In particular, we show that the
Borel-Laplace summation of a divergent power series solution of a linear dif-
ferential equation can be uniformly approximated on a convenient sector, by a
meromorphic solution of a corresponding family of linear ¢-difference equations.
We perform the computations for the basic hypergeometric series. Following
Sauloy, we prove how a basis of solutions of a linear differential equation can
be uniformly approximated on a convenient domain by a basis of solutions
of a corresponding family of linear g-difference equations. This leads us to
the approximations of Stokes matrices and monodromy matrices of the lin-
ear differential equation by matrices with entries that are invariants by the
multiplication by q.
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Introduction

When ¢ tends to 1, the g-difference operator d, := f — % “tends” to the usual
derivation. Hence every differential equation may be discretized by a g-difference equation.
Given a linear differential equation A and a family of linear g-difference equations A, that
discretize E, we wonder if there exists a basis of solutions of A,, that converges as ¢ goes
to 1 to a given basis of solutions of A. This question has been studied in the Fuchsian case
(see [Sandd]) and the main goal of this chapter is to consider the general situation. The
problem is that for non-Fuchsian linear differential equations, the fundamental solution,
i.e., the invertible solution matrix, given by the Hukuhara-Turrittin theorem involves di-
vergent formal power series. However, we may apply to them a Borel-Laplace summation
process in order to obtain a fundamental solution that is analytic on a convenient sector.
To extend the work of Sauloy to the non-Fuchsian case, we have to approximate the
Borel-Laplace summation of a given formal power series solution of a linear differential
equation, by a g-analogue of the Borel-Laplace summation applied to a formal power
series solution of a corresponding family of linear g-difference equations. Our main result,
Theorem B3, gives a confluence* result of this nature. Then, we use our main result
to prove that under convenient assumptions, a basis of meromorphic solutions of a linear
differential equation, not necessarily Fuchsian, can be uniformly approximated on a
convenient domain by a basis of solutions of a corresponding family of linear g¢-difference
equations. This leads us to the approximations of Stokes matrices and monodromy ma-
trices of the linear differential equation by matrices with entries that are invariants by the
multiplication by ¢. We also perform the computations for the basic hypergeometric series.

x 3k 3k

Let ¢ > 1 be a real parameter, and let us define the dilatation operator o,

oq(f(2)) = f(qz).

See Remark B2 for the reason why we consider ¢ real, and not ¢ complex number such

that |¢| > 1, like others papers present in the literature. We define §, := Ug:id, which

converges formally to § := zd% when ¢ — 1. Let us consider
5qY(27Q) = B(Z)Y(qu)
6V(z) = B()V(2),

where B(z) € M,, ((C(z)), that is a m by m square matrix with coefficients in C(z). We

are going to recall the main result of [Sandd] in the particular case where the above matrix
B(z) does not depend upon ¢ and ¢ > 1 is real. Notice that a part of what follows
now is purely local at z = 0, which means that we could consider systems that have
coefficients in the field of germs of meromorphic functions in the neighborhood of z = 0,
but for the simplicity of exposition, we have assumed that the coefficients are rational.
In [Sandd], Sauloy assumes that the systems are Fuchsian at 0 and the linear differential
system has exponents at 0 which are non resonant (see [Saul], §1, for a precise definition).
The Frobenius algorithm provides a local fundamental solution at z = 0, (fo(z), of the

linear differential system 8Y (z) = B(2)Y (z). This solution can be analytically continued

*. Throughout the chapter, we will use the word “confluence” to describe the g-degeneracy when g — 1.
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CHAPITRE 4. CONFLUENCE OF MEROMORPHIC SOLUTIONS OF g-DIFFERENCE SYSTEMS.

into an analytic solution on C*, minus a finite number of lines and half lines of the
form Ryga := {xa‘x E]O,oo[} and R>15 := {xﬂ’x S [l,oo[}, with «, 8 € C*. Notice that
in Sauloy’s paper, the lines and half lines are in fact respectively g-spirals and ¢-half-spirals
since the author considers the case where ¢ is a complex number such that |g| > 1.

In [Sandd|, §1, the author uses a g-analogue of the Frobenius algorithm to con-
struct a local fundamental matrix solution at z = 0, ®¢(z, q), of the family of linear g-
difference systems 6,Y (2, q) = B(2)Y (2, q), which is for a fixed ¢, meromorphic on C* and
has its poles contained in a finite number of g-spirals of the form ¢« := {¢"a,n € Z}
and ¢V B := {¢"B,n € N*}, with «, 8 € C*. Sauloy proves that ®¢(z,q) converges uni-
formly to 50(2) when ¢ — 1, in every compact subset of its domain of definition.

Let us assume that the systems are Fuchsian at co and the linear differential system
has exponents at co which are non resonant. Let us consider ®u(2,q) and ®o(z), the
corresponding fundamental solutions at infinity of the linear J and d4-systems. Sauloy

-1
shows that the Birkhoff connection matrix P(z,q) := (@oo(z,q)) ®y(z,q), which is

~ ~ -1 ~
invariant under the action of 0,4, converges to P(z) := (@oo(z)) ®y(z) when ¢ — 1.

The matrix ]5(2') is locally constant and the monodromy matrices at the intermediates
singularities (those different from 0 and oo) of the linear differential system can be
expressed with the values of P(z).

The goal of this chapter is to prove similar results in the non-Fuchsian case. The
question implies difficulties of very different nature than in the Fuchsian case, since
divergent formal power series may appear as solutions. The prototypical example is the
Euler equation and one possible g-deformation:

20qy(2,q) + y(z,q) = =z

205z + 92 =

which admits respectively the formal divergent solutions:

> (=1)"[n]pz" T, and Y (—1)"nlz™T,
n=0 n=0

where [n]; = [Ti%ollq, g == (1 + ...+ ql_1> if | € N*, and [0], := 1. In this example, the
first formal power series converges coefficientwise to the second when ¢ — 1. However,
there exist also analytic solutions of the linear differential equation. For example, if
d # m[27] the following functions are solutions:

ocoeid —(/z
(&
dc.
[

More generally, given a formal power series solution of a linear differential equation in
coefficients that are germs of meromorphic functions, it is well known (see §A) that we
may apply to it several Borel and Laplace transformations to obtain a germ of analytic
solution on a sector of the form

S(a,b) := {z € @‘ arg(z) E]a,b[},
where C denotes the Riemann surface of the logarithm.
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The situation is similar in the g-difference case. Consider a linear ¢-difference system
with coefficients that are germs of meromorphic functions, and assume that the slopes
belongs to Z (see [BESZI3J] for the definition). Like in the differential case, formal power
series appear as solutions. The authors of [RSZI3] show how to transform a formal funda-
mental solution into fundamental solutions which entries are meromorphic on a punctured
neighborhood of 0 in C*. Then, it is shown how the meromorphic fundamental solutions
are linked with the local meromorphic classification of ¢-difference equations. It is nat-
ural to study the behavior, as g goes to 1 of their meromorphic fundamental solutions.
Unfortunately, there are two difficulties for this approach:

— In [BSZI3| it is used the Birkhoff-Guenter normal form which has no known analo-
gous in the differential case. Study the behavior of the normal form as g goes to 1
seems to be very complicated.

— Although there are several g-analogues of the Borel and Laplace transformations,
see D\ Z04, MZ00, Ram99, BZ02, ZhaUd, Zhall, Zhalll, Zha(d, Zhad3d|, we do not
know how to express the meromorphic fundamental solutions using a ¢g-analogue of
the Borel-Laplace summation.

% 3k ok

Let us state now our main result, Theorem B3, in a particular case. Let z +— iL(Z, q),h
be formal power series solutions of

@n(z)églﬁ(Z>Q) +""+'b0(z)ﬁ(QO) =0

bn(2)0™R(2) 4+ bo(2)h(z) = 0,
where by, ... b, € C[z]. We assume that h converges coefficientwise to h when ¢ — 1.
We prove that for ¢ > 1 sufficiently close to 1, we may apply to h several g-analogues of
the Borel and Laplace transformation and obtain S, (fz), solution of the family of linear

g-difference equations that is for ¢ fixed meromorphic on C*. Moreover, S, (ﬁ) converges

uniformly on a convenient domain to the Borel-Laplace summation of h when q — 1.
Notice that although this theorem deal with a problem which is purely local at z = 0, we
have assumed that the equations have coefficients in Cl[z], instead of the ring of germs of
analytic functions, since we need this assumption to prove the theorem. Another result of
same nature can be found in [DMYZ0Y], Theorem 2.6. See Remark B2 for the comparison
of the setting of this result and our theorem.

In the appendix, we introduce another ¢-Laplace transformation and prove an
analogous result for the associated ¢-Borel-Laplace summation. See Theorem B4.

In S, we consider the basic hypergeometric series ,ps. Let us choose 1,5 € N
with »>s+1, a,...,a,01,...,0s € C\ (=N) with different images in C/Z,
let p := ¢~ '/=5=1) "and consider, see [GRIHA,

NN X
+s—r
rPs 7£7(1__p> z
Bﬂl" '72255
(™ p)n - (P73 p




CHAPITRE 4. CONFLUENCE OF MEROMORPHIC SOLUTIONS OF g-DIFFERENCE SYSTEMS.

where (a;p)n+1 := (1 — ap™)(a;p), and (a;p)o := 1, for a € C. The above series converge
coefficientwise when ¢ — 1 to

- Ay.e., O ‘(_1)14-5—7'2, — i (Oél)n...(aT)n (_1)”(1+s—7')2n
o 51,...,,@5 ’ ‘ n=0 n'(ﬁl)n(ﬁs)n

where, (a)p+1 := (a 4+ n)(a), and (a)p := 1 for & € C*. We prove that the series ,ps
and ,Fs do not satisfy the assumptions of our main result, Theorem EZ3H. However, we
perform explicitly the computation of a ¢-Borel-Laplace summation of g, using others
g-analogues of the Borel and Laplace transformations, and prove also the convergence
when ¢ — 1 to the classical Borel-Laplace summation of ,. F. See Theorem EZZ4. See also
[Zhad?], §2, for the case r = 2,s = 0.

In §E, we apply our main result to prove that we can uniformly approximate on
a convenient domain a basis of solutions of a linear differential equation by a basis of
solutions of a corresponding family of linear g-difference equations. Our theorem holds in
the non-Fuchsian case but does not recover Sauloy’s result in the Fuchsian case. In other
words, the two results are complementary.

In §EXA, we are interested in the case where the linear 6, and J-equations have formal
coeflicients and we want to prove the convergence, in a sense we specify later, of a basis of
formal solutions of a family of linear §,-equations, to the Hukuhara-Turrittin solution of a
linear d-equation. A problem is the size of the field of constants. A fundamental solution
of a linear differential system is defined modulo an invertible matrix with complex entries,
while a fundamental solution of a linear g-difference system is defined modulo a matrix
with entries in Mg, the field of functions invariant under the action of o, i.e., the field of
meromorphic functions over the torus C* \ ¢*. This field can be identified with the field
of elliptic functions. The consequence of this is that we have to choose very carefully our
basis of solutions of the family of linear d,-equations in order to have the convergence.
For example, if we consider

ogy(z,q) = (7' +1y(z,q)

0y(z) = '+ Dyl2),

the solutions of the linear d-equation are of the form y(z) = a (e_z_l + z) with a € C.
Let us introduce the Jacobi theta function

=S =TT () () (1),

nez n=0

which is analytic on C*, vanishes on the discrete g-spiral —¢”%, with simple zeros, and
satisfies:
0404(2) = 204(2); B4(2) = O4 (q_lz_l) :

1 S qnzn
Oq(2) i = Ii=o(d® —q+ 1)’
but the behavior as ¢ goes to 1 is unclear. If we want to construct a solution of the family
of linear d4,-equations that converges to a solution of the linear J-equation, we need to
introduce the g-exponential:

The following function is solution of the d,-equation y(z, q) =

n [e.9]

2) :Z [fz] H 14 (g —1)g " 12).

n=0 =
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N*
It is analytic on C, with simple zeros on the discrete g¢-spiral i]_q and satis-

fies d4e4(2) = zeq(z). The function, e, (qz_l)_1 + z is solution oflthe family of linear §,-
equations and converges uniformly on the compacts of C* to e™*  + z when ¢ — 1. More
generally, we will multiply a fundamental solution of the family of linear d4-equations
by a convenient matrix with entries in Mg, in order to have a confluence result. See
Theorem EEXA for a precise statement.

In =33, we are interested in the case where the linear §, and J-equations have
coefficients in C(z). We combine our main result, Theorem BEZH, and what we have
just mentioned above, to prove that under reasonable assumptions, we have the uniform
convergence on a convenient domain of a basis of solutions of a family of linear J,-equations
to a basis of solutions of the corresponding linear J-equation when ¢ — 1. This leads us to
the convergence of the ¢-Stokes matrices, that do not correspond to the g-Stokes matrices
present in [RSZTJ|, to the Stokes matrices. See Theorem E==TI0.

In §ERA, following [Sauld]|, we construct a locally constant matrix, and his values
allow us to obtain the monodromy matrices at the intermediate singularities of the linear
differential system. This result is an analogue of [Saull], §4, in the irregular singular
case. See Theorem EXTIN. The results of XA and SR could be the first step to
a numerical algorithm of approximation of the Stokes and monodromy matrices. See
[ERIT0Y, FRRITT, kdHO7, CRRT, RemTd] for results of numerical approximation of
the Stokes matrices and [MSIO, [MezIT| for results of numerical approximation of the
monodromy matrices.

* 3k 3k

The chapter is organized as follows. In §E, we make a short overview of the Stokes
phenomenon of the linear differential equations. In particular, we recall the definition of
the Stokes matrices. In §AA, we recall some results that can be found in [RSZI3| on the
local formal study of linear g¢-difference equations. In §8=3, we introduce the ¢-Borel and
the ¢-Laplace transformations.

The §84, is devoted to the statement of our main result, Theorem BZH, while §83
and §A@ are devoted to the proof of Theorem EA=3. In §AT3, we prove a proposition that
deals with the confluence of meromorphic solutions. In §€G1, we study the confluence of
the g-Laplace transformation. In §863, we show Theorem B2 in a particular case, and
in §AH3, we prove Theorem EZ1 in the general case.

As told above, in §870, we study basic hypergeometric series, and in §E=, we apply
our main result to obtain the uniform convergence on a convenient domain of a basis of
solutions of a family of linear d,-equations to a basis of solutions of the corresponding
linear §-equation when ¢ — 1.
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CHAPITRE 4. CONFLUENCE OF MEROMORPHIC SOLUTIONS OF g-DIFFERENCE SYSTEMS.

4.1 Local analytic study of linear differential equations

In this section, we make a short overview of the Stokes phenomenon of linear differential
equations. See [Baldd, EdPSO3] for more details. See also [Berd?, CRY0, CRYH, Maldj,
MRI2, Ram3d3, BMI, Smid|.

Let C][[2]] be the ring of formal power series and C((z)) := CJ[[2]][z™}] be its fraction
field. Let K be an intermediate differential field extension: C(z) C K C U C ((21/ ”))

veN*
We recall that 6 = z%. Let us consider the linear differential operator with coefficients
in K
P =bp6™ 4 by 16™ 7 - 4 by,

The Newton polygon of P is the convex hull of

U {.5) e N x Qfi <k = w0 (5) ),

k=0

where vy denotes the z-adic valuation of K. Let {(di,n1),...,(dr,n,)} be a minimal
subset of Z? for the inclusion, with d; < --- < d,, such that the Newton polygon is the

convex hull of .

U {(i7j) € N* x Q’i <dk,j > nk}
k=0

We call slopes of the linear d-equation the positive rational numbers %, and multi-

plicity of the slope % M the integer d; 1 — d;.

0 1 ... 0
Let 50, . ,Em_l € K and B := R : € M,,(K) be a companion
D S

matrix. The linear differential system §Y = BY is equivalent to the linear differential
equation 6™y + byp10™ W r boy = 0. Let P:=8"+byp16™ 14 4+ by. We
define the Newton polygon of §Y = BY as the Newton polygon of P. We also define the
slopes and the multiplicities of the slopes of §Y = BY as the slopes and the multiplicities

of the slopes of P. Notice that if B € M,, ((C(( ))) is not a companion matrix, we can
still define the Newton polygon of §Y = E?, but we will not need this in this chapter.

The linear differential equations Y = Ng}? and 0Y = BY, with 4, B € M,,(K) are
said to be equivalent over K if there exists H € GL,,(K), that is an invertible matrix with
coefficients in K, such that

A=1H [B] .= HBH ' + sHH .

0
Notice that in this case:
§Y =BY < § (f[f/) = AHY.

Conversely, if there exist A,B € M,,(K) and H € GL,,(K), such that §Y = BY,§Z = AZ
and Z = HY, then



4.1. LOCAL ANALYTIC STUDY OF LINEAR DIFFERENTIAL EQUATIONS

One can prove that if the above matrices A, B € M, (K) are companion matrices, then
they have the same Newton polygon.

Let us consider §Y = BY, where B € M,), ((C((z))) is a companion matrix, having
slopes k1 < --- < kr_1 with multiplicity mq,...,m,_1, and let v € N* be minimal such
that all the vk; belongs to N. The Hukuhara-Turrittin theorem (see Theorem 3.1 in
[ZdPST3] for a statement that is trivially equivalent to the following) says that there exist

- HeGLu(C((:))),

— Zz € Mml<(C),

- N ez Vv {zil/”},
such that B = H [Diagi (Ez + 0\ Idmi)} 5 where

El + (ﬁl x Idy,
Diag; (Ei + 6Xi X Idmi) = f
Li + 0 X Idy,

Roughly speaking, this means that if B € M,, (C((z))) is a companion matrix, there exists

a formal fundamental solution of §Y = EY/, of the form

H(z)Diag (zziexi(z)“dmi> .

Of course, written like this, this statement is not rigorous, since matrices H(z)

and Diag (zzi exi(z)XIdmi) can not be multiplied.

Remark that for all n € Z, we have also

B= (z"ﬁf) [Diag (Ei —n x Id + 06X x Idmi)] 5

which allows us to reduce to the case where the entries of H belongs to C Hzl/ v H

We recall that C is the Riemann surface of the logarithm. If a,b € R with a < b, we
define A(a,b) as the ring of functions that are analytic in some punctured neighborhood
of 0 in

S(a,b) := {z € @‘ arg(z) E]a,b[}.

Let C{z} be the ring of germs of analytic functions in the neighborhood of z = 0,
and C({z}) be its fraction field, that is the field of germs of meromorphic functions in

the neighborhood of z = 0. Let B € M,, (C({z})) be a companion matrix. We are now

interested in the existence of a fundamental solution of the system §Y = EY/, we will see
as an equation, that has coefficients in A(a, b), for some a < b.

Once for all, we fix a determination of the complex logarithm over C we call log.
We define the family of continuous map (pa),cc, from the Riemann surface of the log-
arithm to itself, that sends z to e*°8(2). One has pp © pc = ppe for any b,c € C. For

t. If no confusions 1is likely to arise we will write Diag (EH—(SXZ- xIdm,i) instead

of Diag; (El —I—(ﬁi X Idm,i). Notice that altough the index i seems here to be useless, he will be

later helpfull when we will consider diagonal bloc matrices with diagonal bloc having several indexes.
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f:: S fnzt e U C ((zl/”» and ¢ € Qsg, we set p. (f) =3 fp2™ e U C ((z””)).
vEN* veEN*
For f € A(a,b) Eamd ¢ € Qso, we define p. (f) := f(z°). Of course, the deeﬁnitions of pe

coincide on C({z}).

Definition 4.1.1. (1) Let £ € Q. We define the formal Borel transform of order k, By,
as follows:

Be: Clll  — cdl
%anz — 7%7F(1+%)C’

where I' is the Gamma function. We remark that we have for all £ € Q-:
Bk = Pr© 31 ©P1/k-

(2) Let d € R and k € Qsg. Let f be a function such that there exists ¢ > 0, such
that f € A(d —e,d + ¢). We say that f belongs to Iﬁlg, if f admits an analytic continuation
defined on S(d — ¢,d + ¢) that we will still call f, with exponential growth of order k at
infinity. This means that there exist constants J, L > 0, such that for ¢ € S(d —e,d + ¢):

F(Q)l < Texp (LICI*).

(3) Let d € R and k € Q~¢. We define the Laplace transformations of order 1 and k in the
direction d as follow (see [Baldd], Page 13 for a justification that the maps are defined)

i Hf — A(d =5, d+3)
;o [T e g,
0

£l HE — A(d—dﬁ,dJrﬁ)
g > proLiopik(g).

The following proposition will be needed for the proof of our main result, Theo-
rem EZ3.

Proposition 4.1.2. Let f € C[[z]], let d € R and let § € HY. Then:
- B (5f) = 5B (f)
- B (zf) = Cél (]?), where § := Cd%.
i (55) = 6cd (g).
- 2£4(59) = £4(¢g) - 2£1(3)-

Proof. The two first points are straightforward computations. Let us prove the third
point. Making the variable change ¢ ~ ¢C in the integral, we find that for all ¢ > 1, £¢
commutes with o4. Then, for all ¢ > 1, we find

Eil <5q§) = 5(1’661[ (5)
Since g € ]ﬁlil, the dominated convergence theorem allow us to take the limit as ¢ goes to 1
df s>\ _ 1: d ~\ _1: dl~) _ df~
£4(09) = Jim £4(045) = limy 8,£4(3) = 924(9).
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Let us prove the last equality. Since g € }ﬁl‘f, we may perform an integration by part (let ¢’
be the derivation of g), and we obtain:

id

2i(69) = [T @@ Oac

=ci(ca) - =£1(3). =

Remark 4.1.3. Let k € Q-, let JO, e ,élvr eC [zk} and let us consider fe C szH, that

satisfies
T

di(2)6°f = 0. (4.1.1)
i=0
From Proposition 212, there exist ¢g,...,¢s € C [Zk} with degree less or equal that the

maximum of the degrees of the Ji, such that

s

> a(2)0By (f) =o.

=0

Furthermore, if there exists d € R such that By, ( f) € IF]I%, then we have:
5L4 0 B, (f) = %0 B, (5}‘) and & (zkcg o By (f)) = 0By (5 (zkf)) .

Hence, L{oB, (f) is solution of (ECIM). But in general, if f € C [[2]] is solution of a linear -

equation with coefficients in C [z], then, for all (d,k) € R x Qs¢, we have B (]‘") géfﬁlg,
and we must apply successively several Borel and Laplace transformations to compute an
analytic solution of the same equation. See Proposition E13.

Let us consider 6Y = BY, where B € M, ((C({z})) is a companion matrix and let H

be a formal matrix ~obtained with the HukuhaNra—Turrittin theorem. We have seen that we
may assume that H has no poles at 0. Let h € C Hzl/”” be an entry of H and let us

consider a linear d-equation satisfied by R
b8+ byy—16™ h 4 - + boh = 0, (4.1.2)

with by, # 0 and b; € C ({zl/ ”}) Assume that (E12) has at least one slope differ-

ent from 0. Let dy := max (2,deg (ZO) , ..., deg <gm)>, where deg denotes the degree.
Let k1 < --+ < k,—1 be the slopes of (A1) different from 0, let k, be an integer strictly
bigger than k,_; and dy, and set k, 41 := +00. Let (k1,...,K,) be defined by:

—1 —1 —1
=k =k
We define the rational numbers (ki,...,k;) as follows: We take (ki,...,%,) and
for i = 1,...,7 = r, replace successively k; by «; terms a;r;, where «; is the smallest inte-
ger such that o;k; is greater or equal than dy. Therefore, by construction, all the &; are
greater than dy > 2, kg belongs to N, and k; = Kk, = kr > kr_1.
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Ezample 4.1.4. Assume that h € C[[z]] is solution of
(2* +2%) 6°h + 26%h + 6h — h = 0.
We have dy = 4, r = 3 and (ki,ko, ks, k4) = (1,2,5,00). Then, we find that
(K1, K2, K3) = (2,10/3,5), s =5, and we obtain (ki,...,k5) = (4,4,20/3,20/3,5).
We recall that h € C Hz”””. Let us write h =: i hnz".  Let g € N*
n=0

neN/v
be minimal such that (/ki,...,5/Ks belong to N* and for [ € {0,...,p5v — 1},

let E(l) = Z El/y+nﬁz”5.
n=0

Proposition 4.1.5. Let us keep the same notations as above. There exists i}ﬁ C R,

finite modulo 27Z, such that for all I € {0,...,0v — 1}, if d € R\ i%, the se-
ries le = Br?l o---0 B;?fs (E(l)) converges and belongs to IF]I%

Moreover, for j = 2 (resp. j = 3, ..., resp. j = s), ijl = ﬁij/t/l (J?j,u) belongs
to f[-v]l% Let S¢ (ﬁ(l)) = E%S (fsl) The function

Br—1

3d (7 ._ v gd (71 T T T m
S (h) - gz S (h )eA(d 2@,d+27€;>—¢4<d 2kr’d+2kr>’

1s solution of the same linear §-equation than h.

Remark 4.1.6. We make a priori an abuse of notations, since Sd (71) may depend on the
choice of the linear differential equation satisfied by h. However, we can prove that Sd (E)

is independent upon the choice of the linear differential equation satisfied by h. Notice
that we will not use this fact.

Remark 4.1.7. As we can see in Theorem 7.51 in [RdPSO3], the function S? (71)
T

is ”Ry-Gevrey asymptotic to h on S (d - iw,d—i-

N): for every closed subsector W
2K 2k

of S (d — 2%, d+ ;i,), there exist Ay € R, & > 0 such that forall N € N*and all z €¢ W
Ks Ks
with |z| < e,
§ () (2) = 3 Bz < (Aw)VT (1+ ~> P
n=0 Rs

Proof of Proposition BId. Let § := p,h € C[[z]]. For all I € {0,...,8v — 1}, we have

Bu—1 = ( 2inlj/Bv
: (i)
/v () _
2"h (Z,q) _pl/l/ ]z;) eziﬂlj/ﬂl’ﬁy .
It follows that there exists iﬁ C R, finite modulo 27Z, such that for all [l € {0,..., v —1},
if d € R\ X7, then
- fl = Bf% o--- 03@ (ﬁ) € Iﬁl%l if and only if for all integers | € {0,..., v — 1}, we

have fl,l = BA% O+++0 BA’;\; (E(l)) c ﬁ%

128



4.1. LOCAL ANALYTIC STUDY OF LINEAR DIFFERENTIAL EQUATIONS

— For j =2 (resp. j =3, ..., resp. j = s), fj = ﬁ%: (]54) € IF]I% if and only if for
... pd 3 md
all L€ {0,y =1}, fii= £1 (fi-1a) € HL.
Let d € R\ X7 and let (k7,...,K;_) defined as:
) 111

Kn_1:=kr_jandfori<r—1— = — — .
T kL ki ki

Due to Theorem 7.51 in [EdPSI3] and [Bald], §7.2, f = é“i 0---0 BN/T (E) € ]ﬁli,l,

. . . /. d Iy Td .
and for j = 2 (vesp. j = 3, ..., resp. j = r — 1), f] := En;;l ( ]’-_1) € HH;. With
Lemma 2 in [BaI®], §6.2, this implies that f; := [;’~ 0---0 l§’~ (h(l)) € Hd~ and for j = 2
(resp. j =3, ..., resp. j = s), fj : £~ (f] 1l> € H . With the equlvalence we have

written in the begmnmg of the proof, We may apply successwely the Borel and Laplace
transformations of the required order to each series h.

To finish, we have to prove that S¢ (h) is solution of the same linear §-equation than h.
This is a direct consequence of Theorem 2 in [Bald9d], §6.4. O

As a matter of fact, as we can see in Page 239 of [EAPSm3], S¢ (ﬁ) belongs to
A (dl — m,dH_]_ + m), where dj,dj+1 € Zﬁ are chosen such that }dl,dlﬂ [ﬂ iﬁ = 0.
If (I2) has only slope 0, then hecC {zl/”}. In this case we set iﬁ := &, and for

all d € R we set
5 () =

We recall that we consider the equation §Y = BY, where B € M, ((C({z})) is a
companion matrix and H := (?L”) e M, ((C Hzl/ v H) is a formal matrix given by the

Hukuhara-Turrittin theorem. The entries of H satisfy linear d-equations with coefficients
in C [21/ "} for some v. We may assume that for a given entry, the coefficients of the §-
equation are relatively prime. Let dg be the maximum among 2 and the degrees of the
coefficients of the equations. Let ¥ 77 be the union of the i%m, where iﬁw has been defined

in Proposition EEI3; k; ; € Q be the biggest slope of the equation satisfied by Ei,j; k" be the
maximum of the k; j; and k be an integer strictly bigger than k" and dy. Let d, d* e R\iﬁ
with
+
d—%<d <d<d <d+%
and such that ([d_,d[U]d, d*] )ﬂiﬁ = 2. Let S¢° (H ( ) = §d* (EZ]> We get two
analytic solutions,

gd- (ﬁ) Diag (ezilog(z)exixldmi> c QL. (A (d‘ B %’CH ;{)) |

§ () Diag (f 1°g<z>exi“dmi) € GLn (““ <d‘ i 2@)

Note that by definition, the analyticity holds on a subset of C. A computation shows that
there exists a matrix STy € GL,,(C), we call the Stokes matrix in the direction d, such
that:

g+ ( ﬁ) Diag ( oLilog(2) eXixld”Li) _ g ( g) Diag ( oLilog(2) eXixldmi> ST,

and
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4.2 Local formal study of ¢-difference equations

In this section, we summarize results about formal classification of linear ¢-difference
equations. See in particular [RSZIJ] for more details. Let ¢ > 1 be fixed. We extend
the action of o4 to U C ((zl/”)) by qul/” = elog(@/v 1V for v € N*. Let K be an

veEN*
intermediate field extension: C(z) C K C U C ((zl/”)), stable by oy.

veEN*
Let us consider the g¢-difference operator:

m .
pP= Z biog,
i=l

where b; € K, [,m € Z and | < m. The Newton polygon of P is the convex hull of

U{idezxaizwm}

k=l

where vy denotes the z-adic valuation of K. Let {(di,n1),...,(dr,n,;)} be a minimal
subset of Z? for the inclusion, with d; < --- < d,, such that the Newton polygon is the
convex hull of

O {(dk’j) € Z X Q’] > nk}
k=1

Nit1—Ng

da—d; and multiplicity of

We call slopes of the linear d-equation the rational numbers
%, the integer d; 11 — d;.

Like in §270, let B € GL,,(K) be a companion matrix. As in the differential case,
we can naturally associate to the linear og4-equation o,Y = BY a unitary g¢-difference
operator P = o," + bm_lag%l + - -+ 4+ by with coefficients in K. We define the Newton
polygon of o,Y = BY, as the Newton polygon of P. We also define the slopes and the

multiplicities of the slopes of 0,Y = BY as the slopes and the multiplicities of the slopes

the slope

of P. Notice that if B € GL,, (C((z))) is not a companion matrix, we can still define the
Newton polygon of o,Y = BY', but we will not need this in this chapter.

Let A,B € GLj,(K). The two g¢-difference systems, o,Y = AY and o,Y = BY are
equivalent over K, if there exists P € GL,,(K), called gauge transformation, such that

A = P[Blg, := (0,P)BP".

q

In particular,
oY = BY <= o0, (PY) = APY.
Conversely, if there exist A, B,P € GL,,(K) such that Y = BY, §Z = AZ and
Z = PY | then

A=PI[B,, .

If the above matrices A, B € GL,,(K) are companion matrices, then, see [BESZI3], Theo-
rem 2.2.1, they have the same Newton polygon.
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Theorem 4.2.1 ([BSZI3], §2.2). Let B € GL,, ((C((z))) be a companion matriz and let us

consider oY = BY . Let u1, ..., be the slopes of the g-difference equation, let my ..., my
be their multiplicities and assume that the p; belong to Z. Then, we have existence of

B; € GL,,,(C), H € GL,, <(C((z))), such that:
— TlD; —1ig.
B = H[Dlag (7" B)) }Uq

See [dPRMM| for a more general result that works for g-difference equation with arbi-
trary slopes. Notice that for all n € Z, we have also

B= (z”ﬁ) [Diag (Bi x q_nz_ui)} ’

Oq

which allow us to reduce to the case where H has entries in C[[z]].
We want to determine the eigenvalues of the B; and the z-valuation of the entries of H.
Let bo,...,bm—1 € C((2)), and let us consider the g-difference equation:

o'y + bm_lagnfly + -+ boy = 0. (4.2.1)
Let {(d1,n1),...,(dr,ns)} be a minimal subset of Z? for the inclusion, with d; < -+ < d,,

.
such that the Newton polygon is the convex hull of U {(dk,j) € 7Z x Z‘j > nk}

k=1
Let pq,...,u; be the slopes of the g-difference equation, my ..., my be their multiplic-
ities and assume that the slopes p; = % belongs to Z.

For d; < j < d;i41, let a; be the value at z = 0 of bj(z)z_”i_’”(j_di). We define the
characteristic polynomial associated to the slope u; as follows:

P('U“’)(X) = (adH_lqdi+1(di+1—1)/2,uiXdi+l_di 4+t adiqdi(di—l)ﬂm) if L 7§ 0.

P (X)

(adH—leiJrl_di 4ot adi) if wi = 0.
From [MZ00|, Theorem 3.2.3, we deduce directly the following:

Theorem 4.2.2. Let B € GL,, ((C((z))) be a companion matriz, such that 04Y = BY is

the linear o4-system equivalent to (-21). There exist
~ B; € GLy,,(C), which are of the form Diag; (T;;), where T;; are upper triangular
matrices with diagonal terms that are equal to the roots of the characteristic polyno-
mial associated to the slope y;,

- HeGLy, ((C((z))), whose entries of the first row of H have z-valuation equal to 0,
such that
B = i Diag (=7 B;) Lq
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4.3 Definition of ¢-Borel and ¢-Laplace transformations.

The goal of this section is to define g-analogues of the Borel and Laplace transfor-
mations. We will study their behavior as ¢ goes to 1 in §EZ. Remark that there
are several possible definitions of g-analogues of Borel and Laplace transformations. See
[DYVZ04, MZ00, Ram92, RZ02A, Zhadd, Zhall, Zhalll, Zha(, Zhal3] for example. Follow-
ing [DVZO], we begin by defining a ¢-Borel transformation we are going to study. In this
= a- b

Definition 4.3.1. Let £ € Q- and let ¥ € N* minimal such that vk € N*. We define quk

as follows: A
Buer Cl[4]] — cljer]
!
Z arz — Z ,
leN leN l/k
Let k € Q>0, let v € N* minimal such that vk € N* and let pg, p1/; be the maps defined
in §E. We remark that we have:

section, ¢ > 1 is fixed. Let us recall that for all n € N, [n]'q =

Cl

By = pi 0 By 0 pii

Definition 4.3.2. Let d € R and let £ € Qs¢. Let f be a function such that there
exists € > 0, such that f € A(d —e,d+¢). We say that f belongs to Hik, if f admits an
analytic continuation defined on S(d — ¢,d + €), that we will still call f, such that there
exist constants J,L > 0, such that for ( € S(d — ¢,d + ¢) (see the introduction for the
definition of e,):

FQI < Teq (ZICIF) -

For all d € R, we write [d] := ¢”¢ the discrete logarithmic g-spiral through the
point e’ € C*. For d € R we set the Jackson integral:

/ FOdoC = (a = 1)) f (') g'e™,
l€Z
whenever the right hand side converges. Roughly speaking, Jackson integral degenerates
into classical integral when ¢ goes to 1, which means that for a convenient choice of
function f, we have on a convenient domain

coeid

f(C) o6 — f(Q)dc.

q—1 0

From now, let p :=1/q 6]0, 1[. Let M(C*,0) be the field of functions that are mero-
morphic on some punctured neighborhood of 0 in C*. We define now the g-Laplace trans-
formation.

Definition 4.3.3. Let k& € Q¢ and let pr (M(C*0)) := {pr(f)|f € M(C*0)}.
Let d € R. As we can see in [DMZOJ|, §4.2, the following maps are well defined and
we call them the g-Laplace transformation of order 1 and k respectively:

cd . md, — M(CH,0)

f(Q)
f — /[d] ceq (QC) qC:

Lok Hin — p(M(C0)

g koﬁ[]1om/k()
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For |z| small, the function L,([;l]l( f)(2) has poles of order at most 1 that are contained
on the g-spiral (¢ — 1)[d + 7] := ¢*(1 — ¢)e*®. The following proposition is the g-analogue
of Proposition 12

Proposition 4.3.4. Let f € C[[z]], let d € R, and let g € Hg,l- Then
- Bq,l (5qf) = 5qéq,1 (f
~ 6ubign (=) = s (£).
- £ (59) = 04Le1 ().
— 2L54(049) = L1 (Co) —p2Lih (9)-

Proof. The three first points are straightforward computations. Let us prove the
last equality. Let z € C~ It is a well known fact and easy to verify

that o, (eq(z)ep(—z)) = eq(2)ep(—2). Since eq4(z)ep(—2) is a formal power series with

constant term equals to 1, e;(z)e,(—2) = 1. We have the equalities:

549 (qlez’d> z

zﬁfﬂ(éqg) = (g —1)ei ZEZZ Wg
S T (e (£
e () g () (22
S ) (R ()
- e 5 () () (2 )
= e eféffiz) (£ -1)

m
N

o (co(0) — o2 (0).

O

Remark 4.3.5. Let k € N* and let d € R. If we consider f € C szH, solution of a

linear d4-equation with coefficients in C [zk} with Z’S’qyk ( f) € H¢ , then we have:

q,k?
5y (£ 0 By () = £10By s (8,F) and 6, (£ o By (7)) = £140B, (5, (7))

Hence, Egﬂf o 3,17;9 ( f) is solution of the same linear J,-equation than f. But in general,

if f € C[[z]] is solution of a linear §,-equation with coefficients in C [z], we will have to
apply successively several g-Borel and g-Laplace transformations in order to compute an
analytic solution of the same equation than f. See Theorem BZ3.

In §872, we will use other g-analogue of the Borel (resp. Laplace) transformation that
has been originally introduced by Ramis (resp. Zhang). See [Zhalld], §1 for the justification
of the convergence of the g-Laplace transformation.
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Definition 4.3.6. (1) We define B, as follows:

By: Cll2l — C[)] o
Zalzl — ZWCZ.
IEN leN

(2) Let d € R. We define the map L([Id] as follows:

L HY, — M(C*,0)

(a0~ e
= ,;Z@q(qan—l)efd)'

z

For |z| small, the function L([ld]( f)(#) admits a spiral of poles of order at most 1 that are
contained in the g-spiral (¢ — 1)[d + 7].

Remark 4.3.7. Let d € R. The maps l’;’%l, £l Bq and L[qd] are very similar to the g-Borel

a1
and the “discrete” g-Laplace transformations introduced in [DMZIH], §4.2. Let f € C|[z]]
such that there exists d € R with ¢ := 2’3’%1 (f) € Hil (resp. h := Eq (f) € Hif,l)- By

a straightforward computation, we find that Ct[;l]l (9) and L([]d}(h) are respectively equal to
the two “discrete” g-Borel-Laplace summation defined in [DVZOY], Definition 4.12, (1).

We can compare the two ¢g-Borel-Laplace summation processes for formal power series
solutions of a linear o4-equation with coefficients in C({z}) with only slope 1. From
[DZmd], Theorem 4.14, and Remark B=374, we deduce directly the following:

Theorem 4.3.8. Let h(z) € C[[2]] be a formal power series solution of a linear o,-equation
with coefficients in C({z}) with only slope 1 and let d € R. Then, the series B, (ﬁ) con-

verges and admits an analytic continuation f € Hil if and only if B(Ll (ﬁ) converges and

admits an analytic continuation g € Hf]l,l- Moreover for such a d € R, L([ld}(f) = E[q‘f]l (9)
on a convenient domain.
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4.4 Statement of the main result.

From now, we see ¢ as a parameter in ]1,00[. We recall that when we say that ¢
is close to 1, we mean that ¢ will be in the neighborhood of 1 in |1, 00[. In §EZ, we
prove two preliminaries lemmas that deal with the confluence of formal solutions of family

of linear o4,-equations. In §EZ, we state our main result. We consider (?L(z,q)) o
q

(resp. h(z)), formal power series solutions of a family of linear d4-equations (resp. 0-
equation) with coefficients in C[z]. We assume that h(z, q) converges coefficientwise to h(z)
when ¢ — 1. We state that under reasonable assumptions, for ¢ close to 1, we may apply
several ¢g-Borel and ¢g-Laplace transformations to fl(z, q), and obtain a solution of the family
of linear d4-equations, that is for ¢ fixed, meromorphic on some punctured neighborhood
of 0 in C*. Moreover, the latter converges as ¢ goes to 1, to the solution of the linear §-
equation, computed with the classical Borel and Laplace transformations.

4.4.1 Preliminaries on confluence of formal solutions.

Lemma 4.4.1. Let us consider

ANg = bn(2,9)00" + bm-1(29)00" + ...+ bo(z9)

A = bp(2)6™ 4 bpo1(2)0™N + L+ bo(2),
with z — bi(z,q),bi(2) € C[[2]], and the b; converge coefficientwise to the b; when q — 1.
We assume that the C-vector subspace F C C((2)), of solutions of A (~> =0 has dimen-

sion 1. Let k € 7 be the z-valuation of the elements of F\{0}. Let h(z,q) Z q)z" be

a solution of A, (h) =0, such that (?_)n% hi(q) = he # 0. Let h(z nz: hn2" € F\ {0},
which is uniquely determined by assumption. Then, for all n > k,
;;rrih n(q) = hp.

Proof. We will prove by an induction on n that for all n > , ho, (q) converges as q goes
to 1 to hy,. By assumption, &, (q) converges to hy. B
Let n > k. Induction hypothesis: assume that for all k € {x,...,n—1}, lirq hi(q) = hg.
q—

Let us prove that fzn(q) converges to T Looking at the linear o4-equation (resp. the
linear d-equation) satisfied by h(z,q) (resp. h(z)), we find a relation of the form:

(@hn(@) = cn1(@hn1(d) + oo+ cu(@)ha(a),
Enhn = 5n—lhn—l + ...+ 5;~;hm

where ¢;(q), ¢ € C. Since the b; converge coefficientwise to the b; when q — 1, we find that
for all k € {k,...,n}, lin% ck(q) = ¢k.
q—

If ¢, = 0, then we obtain a formal solution of the same linear J-equation than h
with z-valuation equal to n. This is in contradiction with the assumptions of the lemma.
Therefore, ¢, # 0. Using the convergence of ¢,(q) to ¢, ¢n(g) is not vanishing in the
neighborhood of 1. Because of the induction hypothesis and the convergence of the ¢;(q),

we obtain N
lim Ay (q) = hon.

q—1
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By induction, we have proved that for all n > &, ﬁn(q) converges as q goes to 1 to hy. O

If A and B are matrices with coefficients in C and R € Ry, we say that |A| < |B|
(resp. |A| < R) if every entry of A has modulus bounded by the modulus of the corre-
sponding entry of B (resp. by R).

Following §3.3.1 of [Sauld], we prove:

Lemma 4.4.2. Let us consider z — h(z,q), h(z) € C{z}, solution of

b (2, Q)00 0(2,0) + bmo1(2,0)00  h(z,0) + ... + bo(z.@)h(z,q) = 0

b (2)6™R(2) + bp1(2)0™ 1 h(2) + ... 4 bo(2)h(2) = 0,

with z — bi(z,q),bi(z) € C[z] and assume that

— The b; converge coefficientwise to the b; when q—1.

— The series h converges coefficientwise to L when q—1.
Then, we have

lim (2, q) = h(z),

q%

uniformly on a closed disk centered at 0.

Proof. Let us consider the equations as systems:

6,Y (2,q) = B(2,q)Y (2,q) and 6Y (2) = B(2)Y (2).
Let k € Z and let us write the vector solutions Y(z,q) Z Yi(q)2", =: Z fszk

[e.9]
and the matrices B(z,q) =: Z Byi(q)2*, B(z) =: Z Biz*. For all k > &, we have the

relation:

([K]q x 1d = Bo(q)) Yi(g) = > Big) Jand (kxId—By) Vi = > BV i (44.1)
i#£k i#k

There exist ky > k, C' € Rsg, such that for all £ > kg, for all ¢ close to 1, for all Y € C™,
!
B
( O(Q)> Yy
l:O [k]q

o0
00 E !
s ()
1=0
Since the equations have coefficients in C|[z], the first assumption implies the existence

of Cy > 0 such that for all k& > &, for all ¢ close to 1, |Br(q)| < C¥ and ‘Ek(q)‘ < Ck.

Using additionally (EZ0), we can prove by an induction that there exists C; > 0, such
that for all k > k, for all ¢ close to 1, we have:

([k:]qxld—Bo(q))GGLm((C)and'([k:] < 1d - Bo(g) ‘ <y

resp.

(kX 1d= By) € GL,,(C) and ‘(k <1d—Bo)” Y‘ _ <.

\Yk(q)|:|<[] x1d - Bo(g)) ZB Wei(q)| < CF

i#k
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and

‘ffk‘ = (k x Id — Eo)il Zgz?kfz < Cf
ik

Using the dominated convergence theorem, and the second assumption of the lemma, we
obtain the result. ]

4.4.2 Confluence of a “discrete” ¢-Borel-Laplace summation.

The goal of the subsection is to state our main result, Theorem BEZ3. See §ET, §ET
for the proof. We begin with a definition.

Definition 4.4.3. Let d € R and let £k € Qsg. Let f be a function such that there
exists € > 0, such that for ¢ close to 1, z — f(z,q) € A(d — e,d + ¢). We say that f

belongs to EZ, if for ¢ close to 1, z — f(z,q) admits an analytic continuation defined
on S(d —¢e,d + ¢), that we will still call f, such that there exist constants J, L > 0, that
do not depend upon ¢, such that for all z € Rs¢:

‘f (eidz,q)‘ < Jeg (sz) .
Let us consider z — h(z,q) € C[[z]], that converges coefficientwise to h(z) € C[[z]]
when ¢ — 1. We make the following assumptions:

(A1) There exist
2 bo(2,q),...,bm(z,q) € Clz],

with z-coefficients that converge as g goes to 1, such that for all ¢ close to 1, fz(z,q) is
solution of:

bm(2,9)07" (y(2,q)) + -+ + bo(z,q)y(2,q) = 0. (4.4.2)
Let bo(2), . ..,bm(2) € C[2], be the limit as ¢ tends to 1 of the by(z,q), ..., bm (2, q).

(A2) For q close to 1, the slopes of (B222) are independent of ¢, and the set of slopes of
(EZ2) that are positive coincides with the set of slopes of

Bin(2)8™ (§(2)) + - + Bo(2)i(2) = 0. (4.4.3)

Notice that the series h(z) is solution of (EZ3).
(A3) There exists ¢; > 0, such that for all i« < m and ¢ close to 1:

bi(z,9) = bi(2)| < (a = Dex ([bil2)] +1).

Remark 4.4.4. (1) Conversely, given equations like (E232) and (EZ=3) that satisfies the
assumptions (A2) and (A3), we would like to know if there exists z +— h(z,q) € C[[2]],
solution of (E22), which converges coefficientwise to h(z) € C[[z]], solution of (A233). The
answer is in general no, but Lemma B0 gives a sufficient condition.

(2) If for ¢ close to 1, the only slope of (BZ=3) is 0 then, z — h(z,q), h(z) € C{z} and we
set for all d € R, S([Zd] (ﬁ) := h. Remember that we have set in i} Sd (E) := h. In this
particular case, applying Lemma BZZ2, we obtain that

im 8491 () = 5% (B).

qg—1

uniformly on a closed disk centered at 0.
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From now, we are going to assume that (EZ=3) has at least one slope strictly bigger
than 0. Let dy := max (2,deggo, ... ,deggm). Let k1 < -+ < ky—1 be the slopes of (EZ3)
different from 0, let &k, be an integer strictly bigger than k,_; and dy, and set k.41 := +o0.
Let (k1,...,k,) defined as:

-1._ 1

R =k =k
As in Proposition B3, we define the (ki,...,kKs) as follows: we take (k1,...,k,) and
for i = 1,...,4 = r, replace successively k; by «; terms «a;k;, where «; is the smallest

integer such that o;k; is greater or equal than dy. See Example EETA. Therefore, by
construction, each of the &; is a rational number greater than dy and k; € N*.
Let § € N* be minimal, such that for all i € {1,... s} 5/@ € N*. Let us

write h(z, q) Z hn(q)2"™ and, for 1 € {0,...,5 — 1}, let h® Z hitnp(q

The main result of the chapter is the following. See S, §A=3 for the notations,
and §€3, §EA for the proof. See also Theorem B4 in the appendix for a similar result
with a “continuous” g-Laplace transformation. We recall that the series B,E satisfies the
assumptions (A1) to (A3).

Theorem 4.4.5. There exists Zﬁ C R finite modulo 277, that contains the set of singular
directions defined in Proposition II.J, such that if d € R\ ¥ andl € {0,...,8—1}, then
the series g1 := Bq,f:ﬁ 0---0 B ~ (h(l)) converges and belongs to ﬁ%

Moreover, for j = 2 (resp. J=3,...,resp. j =8), gj1 = C[d]f‘v (gj—1,1) belongs

qu/Jfl
—d ~ .
to F- . Let Sl (h(l)) = ﬁ([;ﬂ:s (9r1). The function

d (f, T K
S (h) = Zzs (A )eA( kr’d+kr)
is solution of (G2-3). Furthermore, we have

lim S\ (h) — g (ﬁ) ,

q—1

uniformly on the compacts of ?(d— 2 d+ ﬁ) \URZIO% where «; are the roots

of b € Clz], and Sd (%) is the asymptotic solution of (EZ=3) that has been defined in
Proposition I-1-].

Remark 4.4.6. After some arrangements, we could probably state and show a similar
result for ¢ not real. As [Sandd], we should make ¢ goes to 1 following a g¢-spiral of

the form {q()\,)\ € R>0}, for some qg € C fixed with modulus strictly bigger than 1.

The problem here, is that we would obtain at the limit, a solution of the differen-
tial equation that is not classic, since at the limit, we would obtain integrals of the
k
form . 2k Qe -(%) d¢*, instead of Laplace transformations. In order to interpret
getd
the limit as the classical Borel-Laplace summation, we have to consider g real.

Remark 4.4.7. A confluence result of this nature can also be found in [[DMZOY], The-
orem 2.6. We are going now to state [DMZO4], Corollary 2.9, which is the particular
case where the coefficients of the family of linear ¢-difference equations do not depend

-1
upon q. Let p = 1/q and let §, := U‘lp:lld, which converges formally to § when p — 1.
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Let z — h(z,q) € C{z} that converges coefficientwise to i(z) € C[[z]] when p — 1. Assume
the existence of by, ..., by, € C[z], such that for all p close to 1, we have

bm(z)cS;”ﬁ(z,q) + o+ bo(2)h(z,q) = 0

b (2)6™h(z)  + ---+bo(2)h(z) = 0.

Moreover, assume that the series B; (ﬁ) belongs to C{z} and is solution of a linear dif-
ferential equation which is Fuchsian at 0 and infinity and has non resonant exponents
at co.

Let X C R be the set of singular directions that has been defined in Proposition EE173.
The authors of [DMZOY] conclude that for all d ¢ i%, the series B (E) belongs to HY,
and

lim h(z,q) = 5 (k) (2).

uniformly on the compacts of S (d — %,d + §), where S (ﬁ) is the asymptotic solution
of the linear differential equation that has been defined in Proposition BET3. Notice that
Theorem BZ3 and this theorem have not the same setting, since we consider d,-equations
and not J,-equations. In particular, in our case z fz(z, q) might be divergent and we

have to replace h by S([]d] (B) in order to have the convergence.
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4.5 Lemmas on meromorphic solutions.

The goal of this section is to prove lemmas on meromorphic solutions that will be used
in the proof of Theorem B3 in §8@. See §AA for the notations. If D(z) € GL,, ((C(z)),

we define S¢(D(z)) as the union of the ¢ z;, where the x; are the poles of D(z) or D(z)~!.

Lemma 4.5.1. Let a < b. Let us consider o,M(z) = D(z2)M (z) with D(z) € GL,, ((C(z))
and M(z) is s solution in (A(a, b))m Then, the entries of M(z) are meromorphic
on S(a,b), with poles contained in S(D(z)).

Proof. Let z € C*\ S%(D(z)). We use the fact that M(qz) = D(z)M(z) to deduce that

if the entries of M are analytic on a domain U, then there are analytic on the domain
qU = {qz,z € U}. We use the existence of ¢ > 0, such that the entries of M(z) are
analytic for all |z| < € and z € S(a, b), to obtain that the entries of M (z) are meromorphic
on S(a,b), with poles contained in S¢(D(z)). O

If D(z) € M,, ((C(z)), we define S! (f)(z)) as the union of the R>qz;, where the z; are

the poles of D(z). We define also Rsq[z] as the set of polynomials with coefficients that
are strictly positive real numbers. We recall that if A and B are matrices with coefficients
in C and R € R<q, we say that |A| < |B| (resp. |A| < R) if every entry of A has modulus
bounded by the modulus of the corresponding entry of B (resp. by R).

Proposition 4.5.2. Leta < b, z — Id + (¢ — 1)D(z,q) € GLy, ((C(z)),f)(z) eM,, ((C(z))
and let C be a convex set with non empty interior contained in S(a,b) \ St (f)(z)) such

that 0 does not belong to its closure. Let us consider z — M (z,q), M (2), 1 x m matrices
with entries continuous on C and analytic in the interior of C, solutions of

5(1M(Z7 Q) = D(Zv Q)M(z¢ Q)

SM(z) = D(2)M(z).
We assume that:

(i) There exists c; > 0, such that for all q close to 1 and for all z € C,

D(2,9) = D(2)| < (g = Dex (|D(2)| + 1)

where 1,, denotes the square matrix of size m with 1 entries everywhere. Notice that this
condition implies that for q close to 1, the entries of D(z,q) have no poles in C.

(i1) There exists wo € C, such that for all q close to 1, M (wo,q) = M (wg). Moreover,
we have lirri M(w,q) = M (w) uniformly on a compact K contained in C.
q—

(13i) There exists R € C|z], such that for all z € C,

M (2)| < |R(2)].

Let k be the maximum of the degrees of the numerators and the denominators of the
entries of D(z), written as the quotient of two coprime polynomials. Let S € Rsq[z] be
a polynomial of degree k, such that for all z € C, S(|z|) > ’15(2)‘ + |1,,]. Under those
assumptions, there exist

— 4d(q) > 0 that converges to 1 as ¢ — 1,
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— &(q) > 0 that converges to 0 as g — 1,
— So € Ruo[z] which has degree k and satisfies So(|z|) > S(|z|) for all z € C,

such that for all z € CNR>1 K = {xw € C‘:c € [1,00[,w € K}, we have

|M(2,q) = M(2)| < (g = 1)3(@)eq= (S0 (|2]) ) +2(g) |R(2)

In particular,

(%L\H%M(Z’q) =M (z),
uniformly on the compacts of C NR>1 K.

Remark 4.5.3. The polynomial Sy does not depend upon w and gq.

Before proving the proposition, we need to prove a technical lemma.

Lemma 4.5.4. Let z+— Id+ (¢ —1) D(z,q) € GLy, ((C(z)),f)(z) eM,, ((C(z)) that sat-
isfies assumption (i) of Proposition F-5-3. Let C be the corresponding con-
vex set and let K be the corresponding compact set defined in Proposition F-0.3.

Let (z — My, (z,q))weK, (Mw(z))wel{, be a family of 1 X m matrices with entries con-

tinuous on C and analytic in the interior of C, solutions of

5qu(Z7Q) = D(z,q)Mw(z,q)
SMy(z) = D(2)My().
We assume that the matrices (Mw(z, q))weK, (Mw(z))wek satisfy:

(a) For all q close to 1, for allw € K, My, (w,q) = M, (w).
(b) There exists R € Clz], such that for all z € C, for allw € K:

My ()] < |R(2)].

Under those assumptions, there exists a polynomial Sy that satisfies the same properties
than the one in Proposition B-0.3, such that for all w € K, for all q close to 1, for
all N € N with ¢Nw € C:

Naw, —Nw N
Mo Z>_1M )] (0 () ) (451)

Proof of Lemma F-04. For the reader’s convenience, we will decompose the proof in four
steps.

£ Mw(q”w)*Mw(q"w,q)_

Step 1: Find another expression o |

Let f be a function continuous on C, that is analytic in the interior of C', and let zq, 21 € C.
The generalized mean value theorem (see §1.4 of [KMTA]) says that there exists ¢ € C' that
belongs to the convex hull of

{f’(zo + x(21 — 20)) ’:L‘ € [0,1] },
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such that:
f(z1) = fz0) _

21 — 20

For all ¢ > 1,w € K,n € N with ¢"w € C, let us define the A, 4,1 as the convex hull of

{ D (¢" 'wz) M (" twz)

qn—lwx

xe[l,q]}.

Because of the generalized mean value theorem, for alln € N, for all ¢ > 1, for all w € K,
with ¢"w € C, there exists Dy, 4,1 that belongs to Ay ¢n—1, such that:

M, (q"w) — M, (" tw) _5
T I

The linear §,-equation satisfied by M, (z,q) gives that for all n € N, for all ¢ > 1, for
all w € K, with ¢q"w € C:

My (¢"w, q) — My (¢" 'w, q)

=D (q”_lw, q) M, (q”_lw, q) .

qg—1
In particular, we have
My (" w) =M (" w,) _ M (4" w) =M (4" w,g)
q—1 o q—1

(4.5.2)
+ ¢ "wDygn1— D (¢" w,q) My (¢" 'w,q) .

£ Mo (g™ w)— M (q"w,q) .

Step 2: Bound the expression o |

Let go > 1 sufficiently close to 1. Let us prove the existence of R;, Ry € C|z], such that
for all n € N, ¢ €]1, qo[, w € K, with ¢"w € C,

My (q"w)—Muw (g™ w,q)

q—1
< bt Ml a1 (R ) + R (w)]) (453
b | Ml Ml )| g 1)1 (g - Ve ().

where S,c; > 0 are given by Proposition B33, Using the triangular inequality and
(E532), it is sufficient to prove the existence of Rj, Re € C[z], such that we have for
all n € N, g €]1, go], w € K, with ¢"w € C,

’qn_lwﬁw,q,n—l — D (¢"'w, q) My, (¢" 1w, q)‘

< (¢~ D( R (¢"w)| + |R2 (q"w)] ) (4.5.4)

X (¢ =11+ (g = Der)msS (|¢"wl) -

My (4" w) — M (4" w,q)
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We have for all n € N, g €]1, qo[, w € K, with ¢"w € C,

¢ "wDygn-1 — D (¢" 'w, q) My, (¢" w,q)|

IN

qn_lew,q,n—l - D (qn_lw) Mw (qn—lw)

Let _ N N
T = qn_lw-Dw,q,nfl -D (qn—lw) Mw (qn—lw)‘ ’
7y = |D(¢" 'w) M, (¢" w) — D (¢"  w, q) My (¢" w
(g q q"tw,q q ;
3 = |D(¢" w,q) My (¢"w) = D (q" " w,q) My (" w,q) |.

Let us bound 71. The entries of q”_lwﬁmq,n_l and D (" tw) M, (¢"*w) belong to the
B(q”_lwm)ﬂ(qn_lwx)
convex hull of

matrices are bounded by a polynomial, because of the assumption (b) and the fact that
the entries of D are bounded by polynomials. This provides R; € Clz], such that for
all ¢ €]1, qol, for all n € N, for all w € K, with ¢"w € C:

T = ‘q"ilwﬁw,q’n_l -D (q"*1w> M, (q”flw)’ < (qg—1)|R1 (¢"w)|.
Let us bound 7. Due to the assumptions (¢) and (b), there exists Re € C[z] such that for
all g €]1, qol, for all n € N, for all w € K, with ¢"w € C:
= (D (¢"w) = D (¢"w,0)) My (g"w)| < (g — 1) |Bs (¢"w)] .

Let us bound the quantity 73. By assumption (i) and the fact that for
all z € C, ‘f)(z)’+]1m1 < S(]#]), we obtain that for all ¢ €|l,¢q[, n € N, w € K,
with ¢"tw € C:

x € [1, q]} The entries of the elements of this set of

3 = ‘D (¢" 'w,q) (Mw (¢"~ w) = My, (qnilw’q))‘

IN

(|2 (@ 'w)| + (a= Ve (| (@' w)| + [1]) ) | M (g7 ) = My (4" M0, )|

< (14 (g— DemS (Jg" w]) [My (9" ) = May (¢ 1w, q)]

Since the polynomial S has real positive coefficients, S (|¢" 'w|) < S(|¢"w]|). In
particular, for all ¢ €]1,q[, n € N, w € K with ¢" 'w € C:

73 < (¢ —1)(1+ (¢ — )er)mS (|¢"w|

) ‘J\Zﬂ (" 1w) — My (¢" tw, q) .
q—1

This concludes the proof of (BZ32) and yields (E53), because of the triangular in-
equality.
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Step 3: Construction of Sj.

We recall that « € N is the degree of S. Before constructing Sy, we are going to prove
that for all b > 0 sufficiently big, for all z € C'MR>; K and for all ¢ close to 1

eqr (b12]") + (¢ = D)(1R1(g2)] + [Ra(a2)]| )
(4.5.5)

+g— D)1+ (g = De)mS(alzlege (b12") < ege (blgl").

Using the g-difference equation satisfied by the g-exponential, we find that this in-
equality is equivalent to:

eqr | blgz|™
L (0 DB (1)1 - DegmSi) € O
eqn<b\z|"”‘ eqn<b|z|“)

= 1t (" — b2t
This inequality is equivalent to the following:

[Ri(gq2)| + [Ra(q2)|
eqr (b\z|“)

Since Rjp, Ry are polynomials, for all b > 0 sufficiently big, for all ¢ €]1,¢qy[ and for
all z € CNR>1 K, this latter inequality is true. This proves (EZ53).

We recall that by assumption, 0 does not belong to the closure of C. Using
(E223), we obtain the existence of a polynomial Sy € Rsg[z] of degree k, such that for
all z € C, So(|z]) > S(|z|), and such that for all z € C NR>; K, for all ¢ close to 1

+ (1 + (g = De)mS(qlz]) < blxlq [2[" -

e (So(l2)) + (¢ = D ( [Ri(a2)| + | Ralg2)] )+
(4.5.6)

(¢ = D)1+ (¢ = DenymS(alzl)egs (So(|2))) < eq= (Solal=]))-

Step 4 : Conclusion.

We are going now to prove (E5) with the polynomial Sy we have defined in Step 3. We
will proceed by an induction on n. The step n = 0 is true because of the assumption (a).

Induction hypothesis: let us fix n € N, and assume that if ¢ €]1,q, w € K,
with ¢"w € C,

|J\7w (") = My (09| (53 (1w )

qg—1

From (E53), we obtain that

Mo (q" T w) — Moy (g7 w,q)
q—1

< ege(So(lg"w]) ) + (g = D[Ry (¢ w)| + Rz ("))

e (Solg™el) ) (g~ DA+ (g - Denms (g™ wl).
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Using additionally (E238), we find that

<en(sn(ltw])

This concludes the proof of (EZ5). O

‘Mw (qn+1w) — M, (q”“w, q)
q—1

Proof of Proposition =0-3. Let K be the compact considered in hypothesis (i7),
with wg € K C C, so that we have

b (110.0) = (7).
uniformly on K. Let N(w,q) be the matrix, such that N(w,q) has entries that are equal
to the entrywise division of M(w) by M(w,q). Due to the uniform convergence on K
(assumption (ii)), the entries of N(w,q) converge uniformly on K to 1, as ¢ goes to 1.
We are going to apply Lemma B34, with

(Mw<za Q>)

= (M(z,q) th(w,q))w , and (Mw(z))weK = (M(Z))weK’ (4.5.7)

weK eEK

where xj, denotes the Hadamard product, that is (a;) xp, (b;) := (a;b;). If a,b,c € C, we
have:
o= bl < e ax =+ |7t = 1) xJb].

We are going to apply this inequality entrywise, to the entries of M (¢"w,q), M (¢"w)
and N(w,q). Since the entries of N(w,q) tend to 1, we find that there exists d(¢) > 0,
(resp. £(g) > 0) that converges to 1 (resp. converges to 0) as g goes to 1, such that for
all w € K and n € N, with ¢"w € C:

M (q"w,q) = M (q"w)| < 8(q) |M (" w,q) % N(w,q) = M (q"w)| + £(q) [M(q"w).

Using the assumption (ii7), there exists R € C[z], such that for all z € C N R> 1K,
‘M (z)’ < |R(z)|. Lemma EZ5A applied to (EH), gives the existence of a polynomial Sy,

that does not depend upon w, such that for all g close to 1, for all w € K, for all n € N,
with ¢"w € C, we obtain:

M (q"w,q) = M (¢"w)| < (a = 1)d(@)eq= (So (la"w]) ) +(a) [R (¢"w)]

In other words, for ¢ close to 1 and for all z € C NR>; K, we have

[M(2,q) = M(2)| < (4= 1D)3(@)eq (S0 (|2]) ) +£(a) |R(2)]

The uniform convergence follows immediately. O
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4.6 Proof of Theorem B Z4H.

The goal of this section is to prove Theorem EZA. In §AH, we treat the confluence of
the “discrete” ¢g-Laplace transformation. In §8G2 we prove Theorem BZ3 in a particular
case. In §AB3, we prove Theorem 23 in the general case.

4.6.1 Confluence of the “discrete” g-Laplace transformation.

Lemma 4.6.1. Let a € C and k € Q. Then, for any ¢ > 1 and z € C*, the following
inequality is true ’eq (azk)‘ < exp ’azk‘. Moreover, we have

lim e, (azk) = exp (azk) ,
q—1

uniformly on the compacts of C*.

Proof. The coefficients of the series of function defining e, (azk> depend upon the pa-

rameter ¢q. By construction, we have for all n € N and all ¢ > 1, n < [n]y, and there-
fore n! < [n]; Then, for all ¢ > 1 and z € C*, we have the following inequalities:

e (a29)] < 3

n=0

k

anznk

S

|
=0 n.

az™

[l

:exp‘azk’.

The convergence is then a direct consequence of the dominated convergence theorem, since
the series defining e, (azk> is termwise dominated by the series defining exp ’azk‘. O

Let d € R, let kK € Q¢ and let f be a function that belongs to ﬁz, see Definition 23,
g = p1k(f), fe }ﬁlg, see Definition BT, and g := p (f) For the reader’s convenience,

we recall the expressions of the Laplace transformations of order 1 and k that come from
Definitions B0 and B=33:

! leld, Ooeid ~
e =09 ) ) [

g,1 gtleid )’ ¢
lez %€q ( 2 Z exXp (;)
£9(5) = pro £1% 0 py (), £ (F) = oo £ 0 puyi (£) -

Since f € ﬁz, there exist e > 0, constants J, L > 0, such that for all ¢ close to 1, { — f((, q)
is analytic on S(d — e,d + ¢), and for all ( € R~g:

£ (¢ a)| < Jeq (LEF). (4.6.1)

Lemma 4.6.2. In the notation introduced above, let us assume that we have lirri f:= f,
q—

uniformly on the compacts of S(d —e,d + ¢). Then, we have

. d

lim £5(£) (z.0) = £ (7) (2).
uniformly on the compacts of {z €S(d—5=,d+ 57-) ‘|z| < 1/L}.
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Proof. The expressions of the Laplace transformations of order k allow us to reduce to the
case k = 1. The variable change ¢ — (e~ allows us to reduce to the case d = 0. Let us

fix a an arbitrary compact subset K of {z €S (5, +5) ’|z| < 1/L}, and let us prove
the uniform convergence on K.

The g-Laplace transformation can be seen as a Riemann sum with associated parti-
tion <ql)lez. Moreover, on every compact of |0, 00, the mesh of the partition tends to 0

as q goes to 1. Using the dominated convergence theorem, it is sufficient to prove the
existence of (h;) € (Rso)” that satisfies Zhl < 00, such that for all ¢ close to 1,1 € Z
lEZ

(¢—1)¢'f (d')

zeq (¢ /2)

and z € K,

< hy.

By definition of the ¢g-Laplace transformation and (E6), we have for all z € K,

¢ e (Ld)
Q@)

Foralll € Z, z € K, q > 1, we have:

ql—l—lJ €q (qu+1)
2 e (§722)

g7 c(Ld)
z eq(qit/z)|

R P sy (4.6.2)

‘ 1+ (¢ —1)L¢

Let R € Ryg, My < 1, go > 1, such that for all x > R, for all z € K, and for all ¢ €]1, qo],

’ 1+ (¢—1)Lx
17 + (¢ —1)gz/z

< M;. (4.6.3)

Let ¢ — lp(q) € Z be the smallest integer that satisfies

qlo(Q) > R.
We will break the series into two parts, and start by treating the convergence
l (ql q) o) 1 ¢
Z e (d7/2) to /R 27 f({)e”=d¢. Because of (A632) and (EB3), for
=lo(q)
all ¢ €]1, [, > lo(q) and z € K, we have

¢ eq (qu+1>
2 eq(q't?/z)

¢ e (Ld)
z Q@)

My

By iteration, we find that

0@ eq (LqZO(q))
" @)

(1)

Using Lemma BB, we obtain that |e,(2)| can be bounded for (2, q) € Kox]1, go[, where Ky

qN . .
=t implies

is an arbitrary compact of C. Moreover, the fact that e,(z) vanishes only on
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that el (Z)I can also be bounded for (z,q) € Kjx]1,qo[, where K is an arbitrary compact
of C\ Rep. In particular, we find that for all Ry € R-

sup _eqlLr) (4.6.4)
z€[1,Ro), eq(qr/2)

q€]1,q0],

zeK

Then, we obtain that for all g €]1, go[ and for all I > ly(q),

gl ‘I)J €eq (quﬂ(q)>
lo(q)+1 /Z)

l (L
M1) < sup RxJ eq(LRx)
z€[1,q0], z eq(qRz/2)
q€]l,q0],

zeK

0y

=0

(¢—1)

51 (n)

My
1— M’

RxJ eq(LRx)

where My := sup |(g—1) is a real positive constant. Hence, we have
2€[Lao), z eq(qRz/2)
q€}17q0[7
zeK
i q'f (q q) M,
00
l+1 -1 _ )
l o) | 26 /2) 1— M,
and the dominated convergence theorem gives
q (q q) _ /Oo C1F e =S
lim (g — Z e eay Rl M F(Qe = dc, (4.6.5)

uniformly on K.

lo(g)—1 ql f (ql,q)

Let us now treat (¢ — 1) Z e () Because of (A64), we may define
q

l=—o0
J L
Ms = sup —76‘1( 2)
€0, | % €q(qz/2)
q€}17QO[7
zeK

Therefore, for all ¢ close to 1 and for all z € K, we have

lo(@)-1 f ql7q
w3 < -

l=—00

lo()1
( 1)RM;
M 7< Ms.
< ) D> q 1= 1/q qRMs3

l=—00

Consequently, due to the dominated convergence theorem, we have

lo(q)—1 f quq R ~
(1) 3 qzeq((qm)z): [ e tac,

—1
q l——

uniformly on K. This limit combined with (E63) yields the result. O
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4.6.2 Proof of Theorem B3 in a particular case.

In this subsection, we are going to prove Theorem EZ3 in a particular case. Let us
start by recalling some notations. See §E to §&4 for rest of the notations. We consider
(233), that admits h € C[[z]] as solution and by, ..., by, as coefficients. In other words,
we have

b (2)8™ (R(2)) + -+ + bo(2)h(2) = 0.

Let dp := max (2,deg (50> ,...,deg (5m>> Let k1 < --- < ky—1 be the slopes of (EZ33)
different from 0, let &k, be an integer strictly bigger than k._1 and dy, and set k.11 := +o0.
Let (k1,...,ky) defined as:

ry =kt =k

We define the (ki,...,ks) as follows: We take (ki,...,%,) and for i = 1,...,r, replace
successively k; by «; terms «;k;, where «y; is the smallest integer such that a;k; is
greater or equal than dy > 2. See Example B1. Let § € N* be minimal, such that
for all i € {1,...,s}, B/r; € N*.

In this subsection G, we are going to assume that z — iL(Z, q), ?L(Z) eC Hzﬁ” . Ram-
ification in §EB3 will allow us to reduce to the case tackled in the present subsection. Note
that in this case, we have h = h(©. For the reader’s convenience, we will decompose the
proof of Theorem B3 in four steps.

Step 1: Construction of X

Let us consider a general formal power series f € C Hzﬂ H (resp. fecC Hz/i”) that satisfy
a linear d4-equation (resp. d-equation) of order mg with coefficients in C [25}. Then,
for all i € {1,...,s}, P1/i; (f) (resp. P1/i; (f)) satisfies a linear dg-equation (resp. d-

equation) with coefficients in C[z]. Therefore, Propositions 12 and E=34, combined
with the definition of the Borel transformations (see Definitions BT and BZ3) imply

that for all ¢ € {1,...,s}, Bq,@ (f) (resp. Bﬁi (f)) satisfies a linear d,-equation (resp. J-
equation) of order independent of ¢ (resp. of the same order than the §,-equation satisfied
by 3:1,% (f)) with coefficients in C [25}.

In particular, for j € {1,...,s}, l?;;j 0---0 l?gg (ﬁ) satisfies a linear d-equation that

we will see as a system. We define 37 as the union of f]%, the set of its singular direction
that has been defined in Proposition B3, and the argument of the poles of the differ-
ential system satisfied by the successive Borel transformations. The set Y CRis finite
modulo 27Z.

Step 2: Local convergence of the ¢-Borel transformations.

From what is preceding, Bq,% 0--+0 l’;’q@ (B) (resp. B»%E 0---0 3/39 (71)) satisfies a lin-
ear d,-equation of order m; € N, that we will see as a system 6,Y (¢, q) = E((,q)Y (¢, q)
with ( — Id+ (¢ — 1)E(¢, q) € GLy, ((C (CB) ) (resp. a linear d-equation of order m; we

will see as a system Y (¢) = E(C)Y (¢) with E(¢) € My, ((C (Cﬁ) ))
Because of Proposition B3, l’;’,;l 0 ---0 Bgs (E) is convergent. Let us prove
that ¢ — l§q7n~1 o qu,ﬁs (ﬁ) eC {Cﬁ}. Due to (A2), the slopes of the o4-equation
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satisfied by h are independent of ¢, and the smallest positive slope is k1. As we can see
in [Ram32], Theorem 4.8, (see also [B&zHd)), there exist C1(gq), Ca2(g) > 0, such that for

alll e N, for all ¢ > 1

’El(Q)‘ < Cl(q)CQ(q)z(m;)l/kl

where h(z,q) = 3 hi(¢)z!. By construction of the 7;, we have Zﬁfl = Zlii_l =k
i=1 i=1
1/k
Since for all [,k € N*, and for all ¢ > 1, ([kl]:l) < [l]é, we find that for all [ € N, for
all ¢ > 1,

fua)| < C1(q 1_1 1/l

Hence, we obtain that ¢ — Bq#:l 0---0 B ~ ( ) {Cﬁ}. Applying Lemma EZ2, we
find
' limB ~o---08 ~(ﬁ>:l§~10"'ol§n~s(ﬁ)’ (4.6.6)

q_>1 q,k1 q,Ks

uniformly on a closed disk centered at 0.
Step 3: Local convergence of the ¢-Borel-Laplace summation.

Let d € R\ 3. The variable change ¢ — Ce™™ allows us to reduce to the case d = 0.
By construction of X, E (¢) has no poles for ¢ € S(—e¢,+¢). Because of the assumption
(A3), Propositions B234 and BT, we deduce that F((,q) has no poles for { € S(—¢,¢)
and for g close to 1. Because of Lemma B3, the series z +— Bq,ﬁl 0---0 B ~ ( ) (z q)

admits, for ¢ close to 1, an analytic continuation f1(¢,q) defined on S ( €,€ ) We want
now to prove that fi((,q) converges to f1(¢) on a convenient domain.
Due to Proposition B3, there exists B; > 0 such that the functions

AQ  dMTAR)
exp (BlC’:l) © exp (BlC’“)

o _ (k1 ]q31C g AN
6q<q”1 <B1C > >_1+(q—1)[f€1] B1C"“~1€q<Bl< ) ’

tend to 0 as ¢ € S(—¢,¢) tends to infinity. Using

f1((Cq)~> (resp. ﬁ(() exp (—Bl(’a)) satisfies a linear d,-equation of
o (Bic
q 1

order mi +1 (resp. a linear §-equation of order m; + 1) with coefficients in C(z). Because
of (ABM), there exists (p > 0, such that f1((p, q) converges to f1({p) as ¢ goes to 1. Let

we obtain that

fl(C?@D}g F()((]) fl(C) _

€ (B1C 1) ) exp (Blgfﬂ)

Y(¢q) = : , Y (Q) = : ;

5m1 my ¥

f1(¢,q) o (0) 4 fl(Q
- (BlC'“) exp (B1C’“)
where the Fj(q) € C are defined by:
h6D gl o 2RO (4.6.7)
g (Blf'“) ¢=Co P (Blcm) ¢=Co
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From what is preceding, there exist ¢ — Id + (¢ — 1)D(¢,q) € GLp, 41 ((C({)) and
D(¢) € My 11(C(Q)), such that

6‘1Y(<7Q) = D(CvQ)Y(Ca(J)
Y(C) = DY)

Lemma 4.6.3. Let us consider C, a conver subset of S(—e,e), that con-
tains {C € ?(—51,61)‘|C| > (0/2}, for some €1 €]0,¢], such that 0 does not belong to its
closure. Then, the systems

6Y(C,q) = D((,q)Y (¢ q)

Y (¢) = DOY(),

satisfy the assumptions of Proposition B20.3, with K := {( € @‘\C — (ol < 80} and gg > 0
s a real positive constant sufficiently small.

Proof of the lemma. We are going to check separately the three assumptions of Proposi-
tion B

(7) Because of the assumption (A3), Propositions B34 and B2, we obtain the existence
of ¢y > 0, such that for all { € C,

B(¢q) = B(Q)| < (g Der (|BQO| + 1imy) -

With the g¢-difference equation satisfied by e s (Blc"“Nl), this implies that we have the
q
existence of ¢o > 0, such that for ¢ close to 1, for ¢ € C,
D(¢0) = DQ)| < (g = Vez (| DO+ Lmy1) -
(73) Let i € {0,...,m1}. Due to (E5M) and Lemma BTG, F;(q) converges to 1 as ¢ goes
to 1. Then, we have for all 7 € {0,...,m1}
S f1(¢, 5t

hm qfl(C qz Fz q) = f1(<)~ ’

q—1 eq':1 (Blcm) exp (Blcm)
uniformly on a compact set with non empty interior containing (y. Let us choose g9 > 0
small enough, such that we have the uniform convergence on K := {C € (E‘\C — (ol < Eo}

5 f1(¢,q) 5 f1(¢)

and such that K is included in C'. Because of (AG0), ——————~ — =
€ (B]LC”l) exp (Blg"‘l)

Fi(q) and

are equal at (.

(73i) From the choice of B;, we have the existence of R € C[(], such that for ( € C, for
alli e {0,...,m —1}:

5 (11(Q)) exp (~Bic™ )| < IR(O)]

We need now the following elementary lemma.
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Lemma 4.6.4. For all z € C, for all ¢ > 1, we have e (12)? < eq (|(1 4+ q)2)).

Proof of the lemma. Let us remark that the two functions are equal at z = 0. The lemma
is now a direct consequence of the ¢-difference equation

02< eqe (|2))° )_ L42( = D]zl + (2 = D2 e (l2])?
e (0 +)2D)) ~ 1+ T+ 0@ = DIl + (@ = 122 eg (1 + q)z])°

L2 DIzl (=122 4 0
THI+) (@ DM@ DZRE =

since

We finish now the proof of Theorem HBEZZ, in the particular case
z h(z,q),h(z) e C HZ’BH Let us define d (resp. €) as the maximum of the de-

grees of the numerators and the denominators of the entries of D(¢) (resp. E(()), written
as the quotient of two coprime polynomials. Using the differential equation satisfied
by exp (—Blg"“), we find that d < max(é,k1). Because of Remark I3, and the

definition of dy and k1 (see the beginning of the subsection), € < dy < k1. Hence d < Ry
Proposition B3 applied to the systems

6‘1Y(<7q) = D(CvQ)Y(CaQ)

Y () = DY(C),

implies that there exist R, Sy € C[z], d(q),e(q) that converge respectively to 1 and 0
as ¢ — 1, such that

AR A
eq;vl (Blgﬁ) exp (Blg“’;l

ik (¢ = (@)e 7(So (I¢]) ) +2(a) |R(C)] -

There exists a polynomial S7 with degree k1, such that for |{| sufficiently big and for
all g close to 1,

e (B16™)ea(snlich)| <e s (1s1001)

By construction, k1 > 2, (see the beginning of the subsection). Using Lemma BG4, we
obtain that for |¢| sufficiently big,

e (19901) < ep(19Q)1)” < ea(1+ 15101 ).

Since Fy(q) converges to 1 and the fact that ﬂ(() exp (—Blcgl) is bounded by a polyno-
mial, the triangular inequality yields

=0
J1 € Hg.
Moreover, due to Proposition 52, we have lin% fi= fl, uniformly on the compacts
q—

of CNR> 1 K := {xw IS C‘a: € [1,00[,w € K} Hence, we find that there exists g2 €]0, 1],
such that lirri fi = fi, uniformly on the compacts of S(—€2,€2). We may now apply
q—

Lemma BTG to obtain the existence of Ly > 0, such that we have

lim £ (11)(¢0) = £% (A1) (©).

q—1 K1
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s

uniformly on the compacts of {C € S( —, —i—i) ‘]C\ < LO}.
2k1  2K1
If s > 1, we apply for j =2 (resp. j = 3, ..., resp. j = s) the same reasoning with the

analytic continuation of

fj(C,Q)eq;j (nglgj)_l =0 (fj,l)e - (Bj<%>_1

q;kj—1 q
and B B
F(Q)exp (=Bj¢™ ) = L2~ (fi—1) exp (=Bj¢™).
where B; > 0 are chosen sufficiently large. We again use Propositions BE1T2 and B34 to
prove that they satisfy linear J, and d-equations with coefficients in C(¢), which are the
5 - N ~\ -1
same as the linear §, and J-equations satisfied by Bq,;?j 0---0 qu,;s (h) eq% (ng"‘]) and
ng o---0B~ (h) exp (—BjC”f).
We have proved the existence of L > 0, such that we have

lim 5. (h) — 50 (E) :

q—1

uniformly on the compacts of {z €S (—ﬁ, —i—ﬁ) ‘]2\ < Ll}.

Step 4: Global convergence of the ¢g-Borel-Laplace summation.

To finish the proof in the particular case z — iL(Z, q),ﬁ(z) eC Hzﬁ”, we have to prove

that
tim 5L (i) = 8 (R)

q—1 q
uniformly on the compacts of g(—ﬁ,—i—ﬁ) \ UR>10;, where «; are the roots

of by, € C[z]. Let Ky be an arbitrary compact of S (—ﬁ, —I—ﬁ) \ UR>1q, and let us
prove the uniform convergence on Ky. Without loss of generality, we may assume that Ky
is convex and has non empty intersection with the open disk of radius L; (we recall that
L; was defined in the end of Step 3) centered at 0.

From Remark B=33 (resp. Proposition B11), we deduce that S([IO] (ﬁ) (resp. S° (E)) is

solution of the same linear d,-equation than h (resp. the same linear d-equation than h).
Let |2z9| < Ly with zg € Ky. We are going to use Proposition 52 with C' = K( and
with the systems

5qY(27Q) = F(ZaQ)Y(Z7q)
Y (z) = F(»)Y(2),
where

Y (¢ q) = (0,51 (h) Gila)) L Y(Q) = (65 ()

i€{0,...,m—1} i€{0,..,m—1}’

2 1d+ (g = 1)F(2,9) € GLin(C(2)), F(2) € M (C(2)),
and G;(q) € C are defined such that:

5yS (h) Gila)

= 5'5" (n)

2=20 2=20
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The assumption (¢) of Proposition B232 is satisfied because of the assumption (A3), and
the two others are trivially satisfied, since K is bounded.
This yields lin% S([]O] (ﬂ) =50 (h) uniformly on Ky, and completes the proof in the
q—

particular case z — h(z,q), h(z) € C Hzﬁﬂ

4.6.3 Proof of Theorem EZ1 in the general case.

In this subsection, we are going to prove Theorem BEZ3 in the general case. See §A
to §2 for the notations. We recall that for all I € {0,..., 5 — 1}, we define A" € C[[2#]],

B-1 p-1
so that h = Z ZhW. Let us set ¥ = U Yo (see Step 1 in §EG3). Let d € R\ X7
=0 =0

After considering z — ze™*, we may assume that d = 0.

Looking at the term with z-degree congruent to j modulo 5, for j =0,...,5 =8—1,
we find that the equation satisfied by h is equivalent to the following family of J,-linear
equations:

0 = Z dD,k,l(z7 Q)(S(I;il(l) (Zv Q)
ol

0 = Z dﬂ—l,k,l(’z7 Q)(Sgﬁ(l) (Z, Q)a
k,l

where 2z d;; € C {zﬁ} . Let 1 € {0,...,8 — 1}. Following the equalities

81}, <€2mlj/ﬁz q)

17,1 _ ’

200 (z,q) = Z 2inli/Bg
]:

_ 817}, <e2i7rlj/ﬁz>
=0

7 _
ZROEDY e2inli/Bg

J=0

we obtain that for all I € {0,...,8 — 1}, h(z,q) (resp. h()) satisfies a linear ¢-
difference (resp. differential) equation with coefficients in C[z#]. Moreover, for

all 1 € {0,...,5—1}, A, converges coeflicientwise to D and the equations they sat-
isfy have coefficients that check the assumptions (A2) and (A3).
Because of the fact that 0 € R\ Y, Proposition ET3 implies that for

all 1 € {0,...,5 — 1}, there exists S0 (?ﬂ”), asymptotic solution of the same linear §-

equation than 1. These latter can be computed with Laplace and Borel transformations.
Using the case z — h(z,q),h(z) € C Hzﬂ” (see §AB), we can compute for ¢ close

to 1, and [ € {0,...,8—1}, z— S[[]O} (?ﬁ”) € M(C*,0), solution of the same family of

linear d4-equations than h®. Because of Remark B33, we find:

0 = Y doku(z q)kSY (B(l))
kol

0 = > dg 1295 S) (ﬁ(l))'
Kl

B-1

Hence, we obtain that for ¢ close to 1, SC[IO] (h) = Z zlS([IO] (h(l)> satisfies the same lin-
1=0

ear J;-equation than h. We apply now the theorem in the case z — h(z, q), h(z) € C HZBH
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previously treated, to prove the existence of Lo > 0, such that we have

iy 51 (1) = (1) = 32 450 (i)

qg—1

uniformly on the compacts of {z €S (— QZT,—F%) ‘\z| < Lg}. To conclude, we have to
prove

fiy 577 (i) = 57 (R)

uniformly on the compacts of g(—f@,—i@%ﬂ) \ UR>j;, where «; are the

roots of by € C[z].  This is the same reasoning than for the particular case
z 1 h(z,q),h(z) € C Hz'BH (see Step 4 in §8BA). This completes the proof of our main
result, Theorem E—Z73.
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4.7 Basic hypergeometric series.

We refer the reader to [GRO4| for more details about basic hypergeometric series. We
recall that p = 1/¢. In this section, we will say that two functions are equal if their analytic
continuations coincide. Let 7,5 € N, let ay,...,a,,by,...,bs € C\¢", with different images
in C*/ ¢%, and let us consider the formal power series

. Aly...,0p s — f: (al;p)n_ .. (aT;p)n ((_1)npn(n—1)/2)1+s_r o
bio b = (0:P)n (013 P - - (bs; P)n ’
where (a;p)pn+1 = (1 — ap™)(a;p), and (a;p)g := 1, for a € C. Assume now

T

that » > s+ 1 and Hai # 0. In this case, the formal power series is divergent. Let
i=1
us put pi= q—l/(’/‘—s—l) and q:= ql/(’f‘—s—l)‘

Aly...,Qp
Lemma 4.7.1. The series rps ;p,2 | satisfies the linear og-equation
bi,...,bs -

i=1 =1

S r al, oo ,CLT
((% — 1) [[(og = big) + 2(=1)""¢" og ™" [[ (0 — aﬁ) rPs D: 2
by, ..., b

which admits 0 and 1 as non negative slopes.

0 s+1 s+2
aly...,ap
Proof. Let us define (uy,)neny € CN such that ., vz | = Z upz". Let
bi,...,bs neN

us fix n € N. We find that

S

Un+1(1 _ Bn—i—l) H(l _ bz]ﬁn) — un(_l)l-i-s—rgn H(l _ azﬂn)
i=1 =1

and then

S

Un+1(gn+1 _ 1) H(qn+1 _ bzg) — un(_1)1+sfrg1+sgn(2+sfr) H(gn o ai)-

i=1 i=1
Multiplying the two sides of the equality by 2”1, we obtain the result. O
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Let ai,...,a,B1,...,8s € C\ (=N) with different images in C/Z. If we

1+s—
ut r:=2(1-— . we have the following convergence coefficientwise when oes
p ( p ) g g pg
to 1:
P, P Qly...,0p
rPs P, T —  Fy ; (_1)1+S_TZ )
Qﬁl,...,gﬂs B1,..., 0
where
a1,...,
F bt . ._ i ()n - (r)n
rLg A = z,
n!(B1)n - (Bs)
ﬁl?"'aﬁs n=0 1/n s
and () = 1;(@)n41 := (@ +n)(a), for @ € C. Applying Lemma EZ71, we obtain that
P, P
the first series satisfies A, | s iD, T = 0 where
- pﬁl7 . ’pﬁs o

= 1- pﬂi_l s—r 2+42s—r 2+4s—r d 1- pai
i = i=1 =

Using the same reasoning, one can prove that the second series satisfies

_ Al,...,0
A |, Fs (=)l = 0, where
ﬁlw“ugs
A=l +8 -1 +2(-1°"T[ (6 +a).
i=1 i=1

The above series do not satisfy the assumptions of Theorem BE273, since the slopes of A,
do not correspond to the slopes of A, that are positive.
The goal of this section is to show that if d # (r — s — 1)w[27], we may apply

P, P
successively B, and L[gd ], see Definition B33, to s ;p,x |, and prove,

ﬁl 65 -
P, p
by making explicitly the computations, that we obtain a function that converges, as ¢
_ Afy ..., 0p
goes to 1, to S¢ | . Fy J(—1)tsry . The case r = 2 and s = 0 has

/817 s 765
been treated in [Zhal?], §2.

aly,...,0p
First, we are going to consider s ;p,2 |, which satisfies, see
bi,...,bs
Lemma B, a linear o4,-equation with non negative slopes 0 and 1. As we can see
in [Zhat?|, §1, if d # (r — s — 1)m[27], we can compute a solution of the same linear o,
aly...,0p
equation than ,pg ;p,2 | applying successively to it Eq and Lgd]. Applying
b1,...,bs
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Aly...,Qp
Bg t0 » s ;p, 2 |, we obtain for all d # (r — s — 1)7[27]
bi,...,bs
ay,...,0r
h(¢) = rpr 0, (=1)TTC | e Hy )
b17 <y bS) 0 ) 0
00 k
For a,ai,...,a; € C, let (a;p)oo := H(l —ap"), and (ai,...,ax;P)oo = H(ai;g)oo
n=0 =1
For all j € {1,...,k} and ai,...,a; € C, let (a1,...,a;,...,ax) be equals to the finite
sequence (a1, ...,ay) after the withdrawn of the element a;. As we can see in Page 121 of

[GRO4], the convergent series ,¢,_1 may be expressed with connection formula at infinity:

a]_,...,(lr r

(a1,...,aj5,...,ap,b1/a;,...,b._1/aj,a;z,p/a;z;p)
rPr—1 P, 2 :Z —
bl,...,b»,-fl j=1 (b17'"7b7’—17a1/aj7"'7a'j/a'j7'"7a/T/a'j7z7}2/z;B)OO
ajaajg/bb s 7ajB/br—1 .
v . pIliz; bi
rPr—1 Dy ZH::I a;

ajp/ai,...,ajp/aj,...,a;p/ar

Making bsi1,...,b.—1 goes to 0, we find:

h(o _ zr: (al, e ,@7 cee ’ar’bl/aj”"’bs/aj;ﬂ)oo@g((—l)s_TajC)

j=1 (b1,...,bs,a1/aj,...,aj/aj,... ,(Ir/aj;]z)oo@g((—l)é?*?“é)

aj,ajp/bi, ..., a;p/bs

Its—r, r—s—1
Xs+1Pr—1 . (=)' pal T T b
= ¢ Iliz1 as

ajp/a; ..., a;p/aj;. .. a;p/a

The next lemma gives the expression of the g-Laplace transformation of the first term of
the sum of h. The expression of the g-Laplace transformation of h will follows directly.

4 — 1) T pal = by by
Lemma 4.7.2. Letd # (r—s—1)7[27], A := (¢—1)e' and o := =) £h ! .

a...ap
Then,
y @q((_l)sfrCLl() al,alﬂ/b17-~7a1£/bs
L‘[I} — s+1Pr—1 ;L)’%
= @2((—1)S_TC) aip/az,...,a1p/ar
is equal to
@2((—1)5_T(11>\) @g(alz/)\> alaalﬂ/bla- "70/1£/b870 N
- s+2Pr—1 Dy~ apz
92((_1) )‘) @2(2/)‘) aip/az,...,a1p/a,
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Proof. Using the expression of ng we find that for all k£ € Z,

@g(qkz) = gk(k_l)/zzk@q(z).

Let us write

ar,a1p/bi,...,a1p/bs
f(C) = st19r1 DT

aip/az,...,a1p/a,
o0
= Y fi¢™!
1=0

and
at,a1p/bi,...,a1p/bs,0
. [0}
g(Z) = s+2Pr-1 ’B7_a1gz
aip/az,...,a1p/a,
oo
=: Zglz_l.
1=0
Then,

@g((_l)s—ralc) al,alg/bl,...,alg/bs

®g((—1)s#C> aip/az,...,a1p/a,

_ @g((—l)S—ral)\) 1 WA e
— @g((—l)s_r)\> @q<)\q/z)%( \ ) q f(g"N)

B @g((*l)S—Tm)\) 1 0 (W)n )2 iy
= @g((_l)s—r)\) @g(/\g/z) nGZlE:% Y q fzg AN
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CHAPITRE 4. CONFLUENCE OF MEROMORPHIC SOLUTIONS OF g-DIFFERENCE SYSTEMS.

We apply now Fubini’s Theorem to conclude that

M8

<CL12) n(nfl)/QfqulnAfl

N

l

Il
=)

(
@g((—l)S_T/\) @g()\g/z) ne

( S a1z —n(n-1)/2 ¢ —Iny—I
@g((—l)s—m) @Q(Ag/z) §n€< ) AL

@2(<_1)Sira1/\) 1 - (alzq l) I
_ 0, A
0, ((—1)7A) ©,(Ag/2) Zﬁ -

N

pr 1(1-1) /2afzqzz—z

@g((_l)s—ral)\> @g<alz/>\> ig »
= 1z .

0,((-1)" ) ©y(2/A) iz

We have proved:

Theorem 4.7.3. Let d # (r — s — 1)7[27] and let S[d] (rps) be the function obtained

Aly...,Qp
applying successively By and Lgﬂ to rips i,z |- Then
bi,...,bs
r al,...,@,...,ar,bl/aj,...,bs/aj,poo@ (—1)° g)eid)@g(ﬁ

S[d] 7”803 :Z

aj,a;p/by,...,a;p/bs,0
(=1 et 2 Ly b

Xs4+2Pr—1 Dy
- ZH =1

ajg/al, o ,aj]z/aj, .. .,alg/ar

Let ai,...,ap, f1,...,0s € C\ —N with different images in C/Z. We replace now a;
T4s—
by p*i, b; by Qﬂi, zbyz ==z (1 — Q) " and consider the limit as p goes to 1. It is clear

that for all j € {1,...,r}, we have the uniform convergence on the compacts of C*
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4.7. BASIC HYPERGEOMETRIC SERIES.

Bozj’gozjfﬁ1+17 o Jgajfﬁerl’ 0

(_1)s—rpo¢j (r—s=2)+p1++08s
21% s+2¥r—1 P ;£a1+...+a7.

+1 —a 1 +1
aj—a i—o aj—a
pr Tt prTeatl o piTer

aj,aj—,Bl—i—l,...,aj—Bs—l—l
:s+1Fr—1 3
aj—al—i—l,...,aj—aj+1,...,aj—ar—|—1

As we can see in [Zha(2], §2.3,

— ForyeC,
y 17) 00 1- 71
p—1 (B’B)OO
— We have
. @q@wu) _
lim ——— =u"7,
p—1 Og(u)

uniformly on the compacts of {z € C*|arg(—z) # 7}.
We have proved:

Theorem 4.7.4. Let d # (r — s — 1)w[2x]. Then,

S T

— %y
1760 I T(ei = o) ((=1)*"2)
d pOél’ s 7paT r =1 z;l
. - - 1
lim 8¢ | . || =) A—
p Q517.__’Qﬁs j=1 Hr(ai)HF(ﬁz‘—Qj)
=1 i=1
i#]
aj,aj—61+l,...,aj—ﬁs+1
XS+1FT—1 7(71; )
oj—o1+1,...,05 —a;+1,.. ., —ap +1

uniformly on the compacts of {z € C*|arg(—z) # d}.

Remark 4.7.5. The right hand side of the limit equals to the func-
. Alye..,Qp
tion S¢ | . F, S(=1)itsmry

517“'7/88
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CHAPITRE 4. CONFLUENCE OF MEROMORPHIC SOLUTIONS OF g-DIFFERENCE SYSTEMS.

4.8 Application: Confluence of a basis of meromorphic so-
lutions

We study a family of linear 4-equations that discretize a linear d-equation, and the
behavior of the solutions as ¢ goes to 1. After introducing some notations in §&8, we
prove in §EEXA, that a basis of local formal solutions of the family of linear d,-equations
converges to the Hukuhara-Turrittin solution of the differential equation in a sense that
we are going to explain. We apply this and our main result, Theorem B3, to prove the
convergence of the g-Stokes matrices to the Stokes matrices of the linear differential equa-
tion in §8=X3. In SR, we show how to find the monodromy matrices of the differential
equation, as limit of g-solutions when ¢ tends to 1. When ¢ is real, this extends the results
in §4 of [Saald] in the irregular singular case?.

4.8.1 Notations

Some of the notations below were already introduced before, see the introduction,
but we recall them for the reader’s convenience. For a € C* and n € N*, let us

: —n(n-1) n J (@ (Z)) Oq(z n
consider O4(z) = T%q 2 2" ly(2) = W, Nga(2) = @qé/()l), eqn (az™)
and egn (az™™). They satisfy the g-difference equations:

040¢(2) = 204(2).
— oglg =14+ 1.
— 0qMga(z) = algq(2).

— Ogeqn (az™) = a[n]qz"eqn (az™).

n.,—n

Sy —aln|,q "z
 Ogeqn (0277) = 14 (¢ —1)a[n]gg 2"
Let A be an invertible matrix with complex coefficients and consider now the decompo-
sition in Jordan normal form A = P(DN)P~!, where D := Diag(d;) is diagonal, N is a
nilpotent upper triangular matrix with DN = ND, and P is an invertible matrix with
complex coefficients. Following [Sandl], we construct the matrix:

eqn (az™™).

Mg =P (Diag (Agq,) ™) P~ € GLy (C (Ig, (Aga)pec) )
that satisfies:
oghg 4 = ANy 4 = A A A.

Let a € C* and consider the corresponding matrix (a) € GL;(C). By construction, we
have Aq,a = Aq,(a)'

We now introduce the g-exponential of matrices. For A € M,, ((C(z)), we define:

n

eq(A) =Y i, € GLyn (M(C*,0)).

neN [n]q

1. Notice that the results of this section do not allow us to recover Sauloy’s Theorem, but are to be
considered as an analogous result in a different situation.
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4.8. APPLICATION: CONFLUENCE OF A BASIS OF MEROMORPHIC SOLUTIONS

4.8.2 Confluence of a basis of local formal solutions

Formally, we have the convergence lirri dq = 0. We want to prove the formal conver-
q—

gence of a basis of solutions of a family of linear d,-equations to the Hukuhara-Turrittin
solution of the corresponding linear d-equation. First, we will consider the family of equa-
tions,

Ay = bu(z,9)0 + bm_l(z,q)égl_l + ... + bo(z,9)

A= bpn(2)6™ 4 b1 (2)6™Y + L+ bo(2),

that satisfies the following assumptions:

(H1) For all 4, for all g close to 1, z — b;i(z,q), bi(z) € C[[#]].
(H2) For all i, b;(z, q) converges coefficientwise to b;(z) when ¢ — 1.

(H3) Viewed as a linear o4,-equation, A, has slopes that belongs to Z. For ¢ close to 1,
the Newton polygon of A, is independent of g.

(H4) The slopes of A belongs to N.

We consider now the associated systems

6QY(ZvQ) = B(Z7 Q)Y(27Q)
_ (4.8.1)
Y (2) = B(2)Y(2),

with z — Id 4 (¢ — 1)B(z,q) € GL,, ((C((z))),é(z) e M, ((C((z))) From Theorem =22
and the Hukuhara-Turrittin theorem (see §8), we have the existence of
— zw H(z,q),H(z) € GLy, (C((z))), such that the entries of the first row of H(z, q)
have z-valuation equal to 0,
— Wi € Z, and matrices B;(q) € GLy,,(C), which are of the form Diag (T,l(q)>
where T;,;(q) are upper triangular matrices with diagonal terms equal to the roots
of the characteristic polynomial associated to the slope y;,
Ni(z) € 271C[z7Y, L; € M,/ (C),
such that

(2 q) [Diag(Bila)s™)] , =1d+(a=1B(=q)

(4.8.2)

H(z) [Diag (L + 0Xi(2) x Idy,, )| s = B(2).

5

We make two more assumptions:

(H5) For q close to 1, Diag (Bi(q)z_’”) commutes with Diag (f/z + 0Xi(z) x Idmi).

(H6) If H'(z) is any formal matrix solution of the differential system of (E=82), then the
entries of the first row of H'(z) have necessarily z-valuation equal to 0. Moreover, we
assume that the term of lower degree of each entry of the first row of H(z,q) converges

as ¢ goes to 1, to the term of lower degree of the corresponding entry of H(z).

163



CHAPITRE 4. CONFLUENCE OF MEROMORPHIC SOLUTIONS OF g-DIFFERENCE SYSTEMS.

Remark 4.8.1. (1) Assumptions (H1) to (H4) are satisfied if the b;(z,q) € C[[z]] are
independent of ¢ and if the slopes of A,, viewed as a linear o4-equation, belong to Z.

(2) As we can see in [ESZI3], Theorem 2.2.1, up to a ramification, we may always reduce
to the case where the slopes of A,, viewed as a linear o4-equation, belong to Z. Up to a
ramification, we may also reduce to the case where (H4) is satisfied.

(3) Assumption (H5) is satisfied if and only if, for all ¢ close to 1, Diag (Bl(q)) commutes
with Diag (EZ) If Assumption (HS5) is satisfied, then the the blocks of Diag (Bi(q)z_“i)
and Diag (Ez + 65\1(2) X Idmi) have the same size.

(4) If, for g close to 1, the B;(q) and L; are diagonal, we may perform shearing transforma-
tions on the differential system (resp. a diagonal gauge transformation that depends only
upon ¢ on the g¢-difference system), in order to change the entries Ej of L; by Ej + ki j
where k; j € Z (resp. multiply to the right H (z,q) by a diagonal complex matrix), and
to reduce to the case where (H6) is satisfied. Notice that in this case, (H5) was already
satisfied because of the point (3) of the remark. The B;(q) and L; are diagonal if for ¢
close to 1, the multiplicities of the slopes of A,, viewed as a linear o4-equation, (resp. the
multiplicities of the slopes of A) are all equal to 1. A weaker condition for B;(g) and L;
being diagonal is to assume that A,, viewed as a linear o,-equation, and A have exponents
at 0 which are not resonant.

(5) If Assumption (H6) is satisfied, then the C-vectorial subspace of M,, ((C((z))) of
solutions of the differential system of (AZ82) has dimension 1. Remark that the converse

in not true.

(6) The slopes of A and Ay, viewed as a linear o4-equation, may be different. We will
make assumptions on the slopes in §ER3 and §EXA.

Definition 4.8.2. We say that the m x m invertible square matrix F'(z, ¢) belongs to O},
if for ¢ close to 1, the entries of z — F'(z,q) are meromorphic on C*, and F(z, q) satisfies

— We have the uniform convergence lirr% (5qF(z,q))F(z,q)*1 = 0, on the compacts
q—

of C*.
— We have the uniform convergence 1irri F(z,q) = 1d, on the compacts of C*.
q—

A

Remark 4.8.3. Roughly speaking, the matrices H(z,q)Diag(Aq,Bi(q)@q(z)_“i) and

H(z)Diag (elog(z)ziexi(z)“dmi) are fundamental solutions of the systems (EZX). Let us
k;

write Xz(z) = Z )\i,jz_j with k; € N. The next theorem says that there exists a funda-
j=1

mental solution of §,Y (2, q) = B(z,q)Y (2, ¢q) of the form:

ki _ ‘
H(Za Q)Fl (Z’ q)FQ(za Q)Dlagl (Aq,1d+(q—1)zi H Cqi ()\i:jz_] X Idmz)) ’
i=1

such that: )
— 2z Fi(z,q) € GLm((C{z}) and the matrix H(z,q)Fi(z,q) € GLm(C((z))) con-

verge entrywise and coefficientwise to H (z) when g — 1.
— The matrix F5(z,q) belongs to O}, and therefore, for z € C*, lin% Fy(z,q) = 1d.
q—
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— Because of what is written in Page 1048 of [Sanll] and Lemma BTG, for
all z € C* \ R, we have the convergence

s _
lim Diag; (Aq (gL 1 € (Xi,jz*j x Idmi)> = Diag (elog(Z)LieAi(z)XIdmi> :
q—

j=1

In other words, the above fundamental solution of §,Y (2, ¢) = B(z,q)Y (2, ¢) formally con-
verges to the fundamental solution H(z)Diag (elog(Z)Lieki(Z)XIdmﬁ of 0Y (z) = B(2)Y (2)
given by the Hukuhara-Turrittin Theorem. Of course, written like this, this statement is
not rigorous since the matrices can not be multiplied among them, see §E.

Theorem 4.8.4. Let us consider the systems ([=31) that satisfies the assumptions (H1)

to (H6). Let B;i(q), L; and \i( Z)\”z I that come from (@-33).

(1) There exist z — Fi(z,q) € GLm((C{z}>, Fy(z,q) € OF,, 2z +— N(z,q) € Mm((C(z))
such that

Fi(z,q) [Id + (g — 1)N(z,q)]aq = Diag(Bi(q)z_“i>,

where N(z,q) satisfies:

ks _ .
5, (Fg(z, ¢)Diag; (Aq,ldﬂqlm H €qi (Ai,jz_J X Idmi))) =

7j=1
ki _ '
N(z,q)F»(z,q)Diag; Aq,Id+(q71)Z¢ H €y (/\m-;fﬂ X Idml) .
j=1

(2) The matriz f[(z, q)F1(z,q) converges entrywise to f[(z) when q¢ — 1. Moreover, there
exists N € N, such that for q close to 1, z — 2N H(z,q)F1(z,q) belongs to My, (C[[z]])

Notice that the point (2) implies in particular that zVH(z) € My, ((C[[z]]) Before
proving the theorem, we state and prove a lemma:

Lemma 4.8.5. Let us consider an invertible complex matriz that depends upon q, A(q),
and assume the existence of k € N*, such that we have the simple conver-
gence hm1 A(g)" (g —1)* =0 € M,,(C). Letn € Z. There exist

q—

- z— Ei(z,q) € GL,, ((C{z})
- Fy(z,q) € OF,
such that

o4 (Br(2,0)Fa(2,q)) = 2" A(Q) Br (2, 0) Fa(2,9) = Br(2,0) Fa(2, 9)A(g)=".
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Ezample 4.8.6. Let us solve 0,Y (z,q) = q%l)QY(z, q) with solution in the same form as
in the lemma. The trick of the proof of the lemma is the following identity that is valid
for all z € C*: B
: _ltgoy
EERv -1
(=12 140

We may take Ei(z,q) := eq (ﬁ) that satisfies o, (ﬁ) = <1 + (qf1)2> eq ((qfl)g)

and Fy(z,q) 1= e (1) that satisfies oy, (15H) = —lye, (122).

Proof of Lemma B=8-3. For, I,d € N* with | > 2, let us define the function

d d(,_1\l—1 .
fra:=eg (Wlﬁw) €qd (%), that satisfies:

24 24

0qf1d = Wfl,d = fl,dm,

with 2z = e (ﬁ) € C{z} and ep (%) € Oj. Let us also con-

sider z — eq (%) € GL,, ((C{z}) and eg (w) € GL,, ((C{z_l}>. We can
prove that they satisfy

and

z z z

e <q<q - 1>kA-1<q>> _ <1 e 1>k+1A-1<q>>‘1 oy (1000

- — 1)kt 41 -1
=, (2t w) (m (4-1) <q>> |

z

Hence, ¢4 (M) € O, and we have:

. (6 ( zA(q) )e <Q(q1)kA_1(Q)>>
U\ (g - R z

2A(q) ( 2A(q) )e <Q(q1)kA‘1(q)>
(q !

(g — DFT (g — 1)+ 2

_ e( 2A(q) )e <Q(q1)’“A‘1(q)> 2A(g)
q ( q

(— P : (= DT

Let us choose dy, da, l1,lo € N* with [1,ls > 2, such that dj —da+1 =n and l1+(k+1) = lo.
Then,

z _ kA—1
fuvds (fioas) ™" eq ((q_Al()qk)H) ‘. <q<q 1)ZA @) |

is solution of o, Y (z,q) = 2" A(q)Y (2,q9) = Y (2, q)A(q)2z" and admits a decomposition that
has the required property. ]
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4.8. APPLICATION: CONFLUENCE OF A BASIS OF MEROMORPHIC SOLUTIONS

Proof of Theorem g=83. (1) Let us define

ki J o
Wi(z,q) := Diag; (H €qi <~qz22 X Idmi>>

j=1 Ai,j(q -1) b]q
and

ki
Wa(z,q) := Diag; (H €qi ( 55279 X Idmi)) ,

7=1

which satisfy

K, .
(Wl(z q)Wa(z, q)) Diag; (1:[ q_cf)aj]/\ X Idmi) Wi(z,q)Wa(z,q).

ki Jod
Because of (832), Diag; (H qz]x X Idmi> commutes with Diag <A
47j

Jj=1 (¢—1)[ q q71d+(q71)zz~>

and we obtain that:

oq (Diag (Aq lt(g-1)E )W1(Z q)Wa(z, Q)>

ki J i
Diag; ((Id + (¢ — l)f/z) Jl:[l (q—ql)[j]qX”) Diag (Aq Tt (g 1)L ) Wi(z,q)Wa(z, q).

Let
ki

Clz,q) = D1ag<B( )2~ “Z)Dlagz ((IdJr(q—l)Zi) H(q_(f;{ﬂ;,,)
j=1 qNi,j

=: Diag (CZ- (q)z"1> .

If we are able to construct z +— Ej(z,q) € GL,, (C{z}) and Fy(z,q) € O}, that commute
with Diag (B (@)=~ ‘“) and are solution of

o (El(z,q)Fg(z, q)) =C(z,9)E1(z,q9)Fa(z,q) = E1(z,q)Fa(z,9)C(z,q),

then the following matrix would be a fundamental solution of the linear o4-
equation o4Y (2,q) = D1ag(B( )z~ “l)Y(z,q):

E1(2,q)Fa(2, q)Diag (Aq Id+(¢—1)L )Wl(Z a)Wa(z, q). (4.8.3)

Let us construct the matrices Fq and F5 using Lemma EZX3 applied on each block C;(q).
Let us check that the matrices ¢ — Cj(q) satisfies the assumptions of Lemma BXT.
-1
SN ¢
Since the matrices (Id + (¢ — 1)Li) H —_— satisfy the assumptions of
j=1 (a — D[jlgAi

Lemma BZXT3, it is sufficient to prove that the matrices B;(q) satisfy the assumptions of
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CHAPITRE 4. CONFLUENCE OF MEROMORPHIC SOLUTIONS OF g-DIFFERENCE SYSTEMS.

Lemma BXA. Using Theorem B2, the B;(q) are of the form Diag; (Tzl(q)) where T (q)

are upper triangular matrices with diagonal terms equal to the roots of the characteristic
polynomial associated to the slope p;. We recall that the linear J,-equation is

A 1= b2, 0)(0)™ + bt (2. 0)(0)™ ™+ -+ bo(z.0).

where the b; converge coefficientwise when ¢ — 1. Since for all n € N,

=-)"Y (Z) (1 ok,

k=0

a straightforward computation shows that each root of the characteristic polynomial as-
sociated to a slope different from zero (resp. to the slope zero) is of the form a(q)(¢ — 1)
(resp. a(q)), where a(q) converges to a non zero complex number. Therefore, each diago-
nal term of a B;(q) is of the form a(q)(q — 1) or a(q), where «a(q) converges to a non zero
complex number. We recall, see (E2=82), that the matrix H (z,q) satisfies

A

o4 (H(z,9)) Diag(Bi(q)>~) = (1d + (g — 1) B(2,)) H (,9).

Using the convergence of the constant terms of the entries in the first row of H (2,q), see
the assumption (H6), and the behavior of the diagonal terms of the B;(q), we find that
each non diagonal term of a triangular matrix B;(q) is of the form «a(q)(¢ — 1) or a(q),
where a(q) converges to a non zero complex number. Hence, for all i, B;(¢)~'(q — 1)?
simply converges to 0 as ¢ goes to 1.

Applying Lemma X3, there exist z — Fi(z,q) € GLy, ((C{z}) and Fy(z,q) € O,
that satisfy

o4(E1(2,0)Fa(z,q)) = Diag(Ci(a)2"™ ) E1(2, @) Fa(z,q) = E1(q)Fa(=, 0)Diag(Ci(q)=™).

Because of (H5) and the construction of FEi(z,q) and Fy(z,q) (see the proof of
Lemma BCX3), we obtain that they commute with Diag (Bi(q)z*”i).
We have proved that the matrix (E283) is a fundamental solution of the system

04Y (2,9) = Diag(Bi(g)2 ™" )Y (2,0).
We have the following relation:

%q (Diag (Aq,ld—l—(q—l)zz') Wa(z, q)) -
: _ ¢’ 7 :
Diag; (Id“q—l)Li)g S T, ) ) e (Aptasani,) Walz.a).
Using (H5) and the construction of Fh(z,q), we find that Fb(z,¢q) commutes

o\ J i
with Diag; ((Id + (g — l)Li) H <1 + H)EM)) . From the construction
- q,g

of F5(z,q), we find also that o, (Fg(z,q))Fg(z, q)~ ' € GLy, ((C(z)) Let

J=1

U(Zv q) = FQ(Z7 q)Dlag (Aq,Id—&-(q—l)ZiWQ(zv Q)) :
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From what is preceding, we obtain the existence of z — N(z,q) € My, ((C(z)), such
that 6,U(z,q) = N(z,q)U(z,q).
Because of (B872), Wi(z,q) commutes with Diag (Aq,Id+(q71)Z¢>'

(H5), and the construction of Fb(z,q), Wi(z,q) commutes also with Fb(z,q).
Let Fi(z,q) :== E1(z,9)Wi(%,q). Then, by construction,

Because of

Fi(2) [Id + (g — l)N(z,q)}Uq = Dlag(B (q)z~ ’“),

and the matrices N(z,q), Fi(z,q) and F5(z,q) have entries in the good fields.

(2) We recall that the matrix U(z, q) satisfies the linear d,-equation:
6QU(27 q) = N(Zv Q)U(zv Q)

Let N(z) := Diag (f/z + 0Xi(z) x Idmi) which satisfies

5 <D1ag (elog(z)ziexi(z)xldmi>> _ N(z)Dmg (elog(z)ziexi(z)xldmi) )
From what is preceding, we deduce the following relations:

oq (I:I(z, q)Fl(z,q)) (Id + (g — 1)N(z,q)> = (Id + (g — 1)B(z,q)) (f[(z, q)Fl(z,q)) .

This implies that

g (f](z,q)Fl(z, q)) = B(z, q)ff(z, qQ)Fi(z,q) — o4 (f](z,q)Fl(z, q)) N(z,q),

and finally

5 (A (z0)Fi(2,q)) (1d+ (g = 1)N(2,q)) = B()H(2,0)F1(2,9) = H(2,0)F1(2,9)N (=, ).
(4.8.4)

We are going now to prove that the entries that belong to the first row of f[(z, qQ)Fi(z,q)
converge coefﬁcientwise to the corresponding entries of H(z) when ¢ — 1.

Let h (z,9) Zh )z" be an entry of the first row of f[(z,q)Fl(z,q) and

let h Z hn2" be the corresponding entry of H (z). We want to use Lemma B2 to
n=0
prove that for all n € N, Bn(q) converges as g goes to 1 to h. We are going to prove now
that the assumptions of Lemma EZZ1 are satisfied.
— The matrices B(z,q) and N(z,q) converge entrywise and coefficientwise to B(z)
and N(z) when ¢ — 1. Therefore, using additionally (BZ83), we find that there exists
a 0g-equation with coeflicient in C[[z]] that is satisfied by h(z, q), with z-coefficients
that converge to the z-coefficients of a d-equation with coefficient in C[[z]], that is
satisfied by h(z).
— As we can see in Remark B=X (5), the vector space of Lemma B2 has dimension 1.
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— By  construction, Fi(z,q) is of the form Id+ zGi(z,q), where
z— Gi(z,q) EMm(C{z}). Hence for ¢ close to 1, the entries of the first

row of H(z,q)Fi(z,q) have z-valuation equal to the entries of the first row
of H(z,q), which are 0 (see the paragraph just below (H4)). Due to (H6), the
entries of the first row of H (z) have z-valuation equal to 0.
~ Let us prove the convergence of ho(q) to hg.  Since Fy(z,q) is of the
form Id + zG1(z, q), it is sufficient to prove that the constant term of the entries
of the first row of H (z,q) converges to the constant term of the corresponding entry
of H(z). This is guaranteed by (H6).
We can apply Lemma EZ0, which gives that the first row of H (z,q9)Fi1(z,q) converges
entrywise and coefficientwise to the first row of H(z) when ¢ — 1.

Let us prove now the convergence of the other rows. Let ﬁ(z,q) be
an entry of H(z,q)Fi(z,q) and let h(z) be the corresponding entry of H(z).
Let  hi(2,q),...,hm(z,q) be the entries of the first row of H(z,q)Fi(z,q) and
let h1(2),...,hm(z) be the corresponding entries of H(z). From (EXA), we find that

there exist r € N, z — (di,j(%@) i) (di,j) o € C((z)), such that:
i<r,j<m i<r,j<m
(4.8.5)

Yo dig(2)8 (h(2)) = R,

and such that for all 4,5, d; j(z,q) converges entrywise to a?zj(z) when ¢ — 1. The
entrywise convergence of iz(z, q) to E(z, q) when ¢ — 1 follows immediately from the case
of the first row.

Using (EX4) and the fact that for all ¢ close to 1, the z-valuation of the entry of
the first row of I:I(z,q)Fl(z,q) are 0, we obtain the existence of N’ € N, such that
for all g close to 1, z — zN’fL(z,q) € Cl[z]]. We apply the same reasoning on the other
entries of H(z q)F1(z,q) to conclude the existence of N € N, such that for ¢ close
to 1, z— zNﬁ(z,q)Fl(z, q) € M, ((C[[z]])

O

4.8.3 Confluence of the Stokes matrices

In this subsection, we combine Theorems 273 and B=&4, to prove the convergence of a
basis of meromorphic solutions of a family of linear d4-equations to a basis of meromorphic
solutions of the corresponding linear d-equation. We consider the family of equations

Ay = bw(z,9)0 + bm_l(z,q)égl_l + ...+ bo(z,q)

A= bp(2)6™ + b1 (2)6™Y + L+ bo(2),

and assume that they satisfy the assumptions (H2) to (H6) of §E=X2 and the two
following assumptions:

(H1’) For all : < m, z — b;(z,q),bi(z) € C[z].
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(HT) Every entry h of the matrix szAI(z, q)F1(z,q) given by Theorem B8 (resp. every
entry h of the matrix 2’V H(z2)), satisfies a family of §,-equations (resp. d-equation) that
verifies the assumptions (A2) and (A3) detailed §EZ2.

As in §E8, we consider the associated systems:
5QY<z7q) = B(Z,q)Y(Z,q)
8Y(2) = B(2)Y(2).

The next lemma gives a sufficient condition for the assumption (HT) to be satisfied.
See Remark BEX for the discussion about the cases where the other assumptions are
satisfied.

Lemma 4.8.7. If the b;(z,q) are independent of q, and if (H1’), (H2) to (H6) hold,
then (H7) is satisfied.

Proof. The matrix 2V H(z) satisfies the equation
J (zNﬁI(z)) = B(2)zNH(z) — 2N H(2) (N(z) — N x Id) ,
where N(z) = Diag (EZ + 0Xi(2) x Idmi) has entries in C[z~!]. From (E=%4), we obtain

5 (N H(2,9)Fi(2,9)) (1d+ (g = 1)N(2,0))
(4.8.6)
= qNE(z)zNﬁ(z, Q) F1(z,q) — 2N H(z,¢)Fi(z,q) (qNN(z, q) — [N]g Id),

where N(z,q) converges to N(z) Let iL(~z,q) be an entry of zNH(z, q)Fi(z,q) and
let h(z) be the corresponding entry of 2NV H(z). Using (281), we obtain the existence
of r e N*, z = di(z,q),...,dr(2,q),d,...,dr € C[z], ¢ > 0, such that for all i < r, for

all ¢ > 1 sufficiently close to 1, ‘di(z, q) — dz(z)‘ <(g—1)c ( cl(z)‘ + 1), and such that

> di(z 05 (h(z.0) = 0

i<r

> di(=)d" (h(2)) = 0.

i<r

In particular,  satisfies the assumptions (A1) and (A3), with formal limit the formal
power series h(z).

Moreover, the z-valuations of the b;(z, q) are independent of ¢ and are equal to the z-
valuations of the 5,(2) Therefore, the z-valuations of the d;(z, ¢) are independent of ¢ and
are equal to the z-valuations of the d;(z). Since the slopes of the equation depend only
on the z-valuation, we obtain that h satisfies the assumption (A2), with formal limit the
formal power series h(z). O

We recall that if D(z) € M,, ((C(z)), we define S! (ﬁ(z)) as the union of the R>;x;,
where z; are the poles of l~)(z) Let X5 be the union of the X7, that have been defined
57

in §EBA, Step 1, where Ezg are the entries of H. Due to (Hz ), we may apply Theo-
rem B2 to the divergent entries of 2V H(z,q)Fi(z,q) and 2V H(z). Using additionally
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Remark B2, (2), and the reasoning in §EBA, Step 4, we may prove a similar result for
the convergent entries, and we find the existence of k € N*, such that for all d € R\ ¥ T

éi_)HiS(Ed} (szIF1> =5 (ZN.FNI> ,

uniformly on the compacts of S (d— 7, d+ 3¢) \ S' (B ( (z)) From Theorem EZ3 and
Theorem B, there exists Fy(z,q) € OF,, such that

ki _ ‘
oz, q) = 2 NS/ (ZN HFl) Fy(z, q)Diag; (Aq,l v, I e ()\iyjz_ﬂ x Idmi))
j=1
€ GL,, (M(C*,o)),
is a fundamental solution of 6,Y (2,q) = B(z,q)Y (%,q). From §80, we recall that
Of(2) = 2 VS ( NfI(Z)) Diag (ezi log(Z)JrXi(z)XIdmi) cA (d - %, d+ 27;)
is a fundamental solution of 6Y (z) = B(2)Y ().
Lemma 4.8.8. We have a
: _ &d
tim 8f7(2,q) = B4(2)
uniformly on the compacts of S (d — 35, d + 3) \ (Sl (E(z)) U{R<0}>.

Proof. Due to the preceding discussion and the definition of O}, we only have to prove
the convergence

ki

i 1 . g ( qu+(q 1 L H qj (Aiaj?’ g X Idml)> = I)ag (ezi log(z)‘f’xi(Z)XI(lmi) )
q—
j=1

The fact that ~
. . N — 1) L;log(2)
Jim Diag (Aq,ldﬂqfl)Li) = Diag (6 ) )
uniformly on the compacts of a convenient domain has been proved in a more generalize
case in Page 1048 of [Saudl]. See Lemma BTG, for the convergence of the g-exponential
part. ]
Let d~ < d¥ with d* € R\ 7+ SO that we can define @Edi}(z,q). We define the ¢-
Stokes matrix ST H4'l(z ¢) € GL,, (M]E) (we recall that Mg is the field of functions
invariant under the action of oy, see the introduction) as follows:
dt - ][t
o (2,q) = 0 (2,q)STI M (2, q).
Let d — 3- < d~ <d <d' <d+ g such that

([a.d[U]d.at] ) N2z = 2.
Let us recall that by construction, X contains ) 77> the set of singular directions that
has been defined in Proposition BEI3. Therefore, following S8, we may define the Stokes
——d
matrix in the direction d, ST € GL,,(C), as follows:

—~dt —~d— —
&, (2) = B (2)ST".
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Remark 4.8.9. If d is not a singular direction (see Proposition ET3), then al-
though ST = Id, the entries of H(z) might be divergent. In fact, see [EIPSI3] Page 247,

the entries of H(z) are convergent if and only if §Td = Id for all d € R. On the
other hand, the principle of analytic continuation implies that if ST [d7]7[d+](z,qo) = 1Id

for some d~ < dt and for some g > 1, then z — 2V H(z, qo)F1(2, q0) € My, ((C{z})
Using Lemma EXR, we prove:

Theorem 4.8.10. Letd — 5 <d~ <d < dt <d+ o5 such that

([d_,d[U}d, d+]) NEs = 2.
Then, for q close to 1, we can define ST[di}’[dﬂ(z, q) and we have

lim ST[dT’[dﬂ(z, q) = g\fd,

q—1

uniformly on the compacts of S (d — g d+95) \ (Sl (E(z)) U{R<O}>.

4.8.4 Confluence to the monodromy

In this subsection, we show how a basis of meromorphic solutions of a family of linear d,-
equations at 0 and at co can help us to find the monodromy matrices of the corresponding
differential equation. We consider the family of equations

Ay = bu(z,9)0] + bm_l(z,q)ég”“l + ... + bo(z,9)

A = bp(2)6™  + by (2)6™Y + L+ bo(2),

that satisfies the assumptions (H1’),(H2) to (H7) of §E=3, §8R33 and the following
assumptions:

(H8) The zeros of by,(z) have different arguments and there is no zero which has an
argument equal to 7.

(H9) The assumptions (H1’),(H2) to (H8) are satisfied with the linear ¢, and d-equation
at infinity, obtained by considering z — 2z~ L.

As in §R, SR, we consider the associated systems:

5qY(z7 Q) = B(Za q)Y(Zv q)

§Y(z) = B()Y(z2).

Let d € R\ ¥7. Due to Lemma E=, there exists k¥ € N* such that for we have
im o _&d
gl_{% q)O (z,q) - q)O(Z)7
uniformly on the compacts of
~ o _ 1 1 1 —_—~
Q=5 (d o dt 2k) \ (8! (B(2)) UR<) -
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We are now interested in the domain of definition of the fundamental solu-
tion @gd](z,q) for ¢ close to 1 fixed. We recall that if D(z) € GL,, (C(z)), we de-
fine S9(D(z)) as the union of the ¢" x;, where x; is a pole of D(z) or D7!(z). Fol-

lowing Page 1035 in [Sau0d], we obtain that Aq,l a+(g-1)Ding(L.) has poles contained

in a finite number of g-discrete spiral of the form ¢%B;(q), that converge to the
spiral R.o as ¢ tends to 1. By construction, for ¢ fixed, the domain of defini-

tion of the matrices S(gd} (zNﬁFl) F5(z,q) and Diag; (H €y ( 520 X Idmi) , in-
j=1
tersected with S (d— g, d+ 3) is S (d — gz, d+ 57) \ (Sq (Id +(q— 1)§(z))) Notice

that, SY (Id + (¢ — 1)B(z)) tends to S! (B(z)) as ¢ goes to 1. We have proved that for ¢
fixed close to 1, the domain of definition of <I>([Jd](z, q) intersected with S (d — orsd + 2k)

S S[R3V e B Usa).

Figure 4.1: Intersection of S (d — g7,d+ 5) and the domain of definition of q)gd}(z,q)
(left) and @L‘ﬂ(z,q) (right).

We consider now the singularity at oo putting z — 2~!'. After taking a larger set
finite modulo 27Z, E C R, we may assume that for all d ¢ ¥+ 5, We can also compute a
fundamental solution at infinity ol ](z q) in the same way than <I>[ ](z q). Let p=q L

Similarly to QO, let us define Qoo, such that

im &9 = @4
égn% @oo(zvq) - q)oo(z)v

uniformly on the compacts of Qog, where % (2) is the fundamental solution of the linear 4-
system at infinity computed with Borel and Laplace transformations. More precisely,

there exists k' € N*, such that Qe =9 (d— Sz, d+ 357) \ {R<o,t§1, ., tZ |t €]0, 1]},
where the 7; satisfies € = S(d— g5, d+ 92) \ {Reo, R>1Z1, ..., R>1Z, }. If we restrict
the domain of convergence, we may assume that k = &'
~1
The Birkhoff matrix (@Lﬂ(z,q)) q)[[)d](z,q) is invariant under the action of o, and
tends to

lim (@l (20) B (z0) = (3L(2)) BE(z) = P,

uniformly on the compacts of Qoo N Q.

-1 ~
Since (@@(z, q)) @Ed}(z, q) is invariant under the action of o4, we obtain that P4 s
locally constant.
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Figure 4.2: Domain of definition of ®¢(z) (left) and ®% (z) (right).

Let o = —1. We order the Z; by increasing arguments in |d — Jr,d + g-[. The
connected component of the domain of definition of P¢ are the U j, where

~ — T ™ — ~ ~
Uj:=8 (d - ﬂ’d + %) ﬂS(arg(:vj),arg(xjH)).

Let 15;[ € GL,(C) be the value of P? in Uj. Let us chose Z; such

Figure 4.3: Domain of definition of P,

that 7; € S (d — o5 d+ ;—k) Let us consider a little positive path v around z; start-
ing from a € U;_;. We may choose vy such that we can decompose v into 1 and ~2 such
that 71 comes from a to b € U; in Q0 and 2 comes from b to a in €25. The analytic

continuation along 7 transforms ®&(z) into %go(z)fzd_l, and the analytic continuation

- ~ ~ N1
along 7o transforms ®Z (2) into ®g(z) (P]d) . We have proved the following theorem,
which extends when ¢ is real, the theorem of the §4 in [Sanl] in the non-Fuchsian case:

Theorem 4.8.11. The monodromy matriz of the 6-equation 0Y (z) = B(2)Y (2) in the

. Td . . ~ . d -1 Hd
basis ®§(z) around the singularity T; is (P]) Py
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Annexe B

Appendice du Chapitre 4 :
Confluence of a

“continuous” g-Borel-Laplace
summation.

The goal of this appendix is to prove the equivalent of Theorem EZ3 for a “continu-
ous” g-Borel-Laplace summation. We introduce now the “continuous” g-Laplace transfor-
mation. See §A3 for the notations.

Definition B.1. Let k € Q¢ and let d € R. As we can see in [DVZ0Y], §4.2, the following
maps are defined and we call them the “continuous” g-Laplace transformation of order 1
and k:

£l He, — A(d-md+7)
id
q—1 ooe f(C)
= e /0 . (%) dc,

k—1
2nv(d —7m) 2n(v+1)(d—m)
Eik : H;l’k — UO.A( A , A )

g — oLl opig).

Remark B.2. We say that the ¢g-Laplace transformation is “continuous” because it is de-
fined with a “continuous” integral, in opposition to the ¢-Laplace transformation of §E=3,
which involves a “discrete” Jackson integral. Notice that the term “continuous” g-Borel-
Laplace summation is an abuse of language since the g-Borel transformation we use in this
summation process is the same as in the “discrete” g-Borel-Laplace summation.

Theorem 4.14 of [DMZMY] compares the “discrete” and the “continuous” g-Borel-
Laplace summation for the case of formal power series solutions of a linear o4-equation
with coefficients in C({z}) with only slope 1. The next proposition is the analogue of
Proposition EZ34 of the present chapter.

Proposition B.3. Let g € Hg,l- Then
- ﬁZ,l (6q9) = 5(153,1 (9)-



ANNEXE B. APPENDICE DU CHAPITRE 4 : CONFLUENCE OF A
“CONTINUOUS” ¢-BOREL-LAPLACE SUMMATION.

— 2L (649) = pLL,(Cg) — p2LE 1 (9).

Proof. To prove the first equality, it is sufficient to prove that the “continuous” g-Laplace
transformation commutes with o,. To do this, we just have to perform the variable
change ¢ — ¢( in the integral.

oo (S
Let us prove the last equality. We recall that o, (eq (%)) = %. Let p=1/q.
Then,
2L (8,9) = z/ J Z__d¢
q,l(q ) 0 zeq(%) qg—1
et g(¢)
= / o (P +p¢/2)
0 ()
_ d _ d
pL ,1(@) PZEq 1(9)
O

Let k € N*. If we consider f € C szH , solution of a linear §,-equation with coeflicients
in C [zk}, with Bq,k (f) € ]H[ik, then we have:

0 (£210 By () = L8108k (0of) and 8y (L85 0 By () = £810Byk (04 (7))

Hence, Eik o qu,k ( f) is solution of the same linear J,-equation than f . But in general,

if f € C[[z]] is solution of a linear §,-equation with coefficients in C [2], we will have to
apply successively several g-Borel and “continuous” g-Laplace transformations in order to
compute an analytic solution of the same equation than f. See Theorem E4.

As in §EZ3, let z — h(z,q) € C[[2]] that converges coefficientwise to h(z) € C[[z]]
when ¢ — 1. We make the following assumptions:
— There exists
2 bo(2,q),-..,bm(z,q) € Clz],

with z-coefficients that converge as g goes to 1, such that for all g close to 1, fL(z, q)
is solution of:

b (2,0)07" (R(2,q)) + -+ + bo(2, @) h(2,4) = 0.

Let go(z), .. ,Bm(z) € C[z] be the limit as ¢ tends to 1 of the bo(2,q), ..., bm(2,q).
Notice that the series h(z) is solution of:

b (2)8™ (R(2)) + -+ + bo(2)h(2) = 0.

— For ¢ close to 1, the slopes of the linear ¢-difference equation satisfied by h are
independent of ¢, and the set of slopes of the latter that are positive coincides with
the set of slopes of the linear differential equation satisfied by h.

— There exists ¢; > 0, such that for all 7 < m and ¢ close to 1:

bi(2,0) = bi(2)| < (g Der (

BZ(Z)‘ + 1) .
— The differential equation has at least one slope strictly bigger than 0.
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Let dy := max (Z,deg (50> , .., deg (En)) Let k1 < -+ < k,—1 be the slopes of (EZ3)
different from 0, let k, be an integer strictly bigger than k,_; and dy, and set k,41 := +o0.
Let (k1,...,k,) defined as:

—1._ -1 _ ;-1
K, =k ki+1-

As in Proposition I3, we define the (k1,...,Ks) as follows: we take (k1,...,k,) and
for i = 1,...,% = r, we replace successively k; by «; terms «;k;, where «; is the smallest
integer such that «;k; is greater or equal than dy. See Example BETA. Therefore, by
construction, each of the K; are rational number greater than dy. Let 5 € N* be minimal,

such that for all i € {1,...,s}, B/f; € N*. Let us write h(z,q) = Zh )z" and

for 1 €{0,...,8—1}, let hD(z,q) ZthB

Theorem B.4. There exists ¥ C R finite modulo 2rZ, such that if d € R \ Y5 then

for alll € {0,...,5 — 1}, the series g1 := Bqﬂ% e B ~ (h(l)) converges and belongs
to ﬁ% (see Definition F2-3).
Moreover, for j = 2 (resp. j =3, ..., resp. j =71), gj1 = LZ,; (gj—1,1) belongs

—d N '
to Hys. Let S3 (hV) = L _(g,1). The function

d (3 = lad (31 m .
Sq(h) ::lz;qu(h())eA<d—k,d+kr)7

r

is solution of (G2-3). Furthermore, we have

lim S¢ (h) — gd (E) :

q—1 q

uniformly on the compacts of g(d— ﬁ,d—i— ﬁ) \URzlai; where «; are the roots

of by, € Clz] and Sd (71) is the asymptotic solution of the same linear §-equation than h
that has been defined in Proposition -1.J.

The proof of this theorem is basically the same as the proof of Theorem EZ. The
only difference is that we can not use Lemma BTG, so we state and prove a similar result
for the “continuous” summation.

Let d € R, let £ € Q-9 and let f be a function that belongs to ﬁz. By definition
(see Definition BZ3), there exist ¢ > 0, constants J, L > 0, such that for all ¢ close
to 1, ¢ = (¢, q) is analytic on S(d — ,d + €), and for all ¢ € Rxg:

‘f(eidg,q)‘ < Jey (LC’“) .

Lemma B.5. In the notations introduced above, let us assume that lirrif = f € ]ﬁl‘g
q—

uniformly on the compacts of S(d — €,d + €). Then, we have

lim £3(4) ) = 4 (£) (2

uniformly on the compacts of {z €S(d— 5=, d+ 5) ‘\z| < 1/L}.
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“CONTINUOUS” ¢-BOREL-LAPLACE SUMMATION.

Proof. For the same reasons as in the proof of Lemma BB, we may assume that d = 0
and k= 1.
Let us fix a compact K of {z €S (—5%,+%) ’|z| < 1/L}. Using the dominated con-

vergence theorem, it is sufficient to prove the existence of a positive integrable function h,

such that for all ¢ close to 1, { € Ryg and z € K, :(Efg) < h(Q).
a(Z

Let J > 0 be the constant that comes from Definition 23 and let z € K. By definition
of the “continuous” ¢-Laplace transformation

| J eq(LC)
e z </ S dC¢.
Let us fix g9 > 1. Let S € R, such that for all z € K, q >land (> S, (— %EZ‘%((;/C;)

f(©)
0 zexp (%)

5 f(¢q)

> (%)

d¢ =

is decreasing. The convergence hm d( is clear. Moreover,

we have for all ¢ €]1, go] and z € K:

r

We have seen in the proof of Lemma B2, than we can bound this latter quantity uniformly
in ¢ and z € K. This yields the result. O

J eq(LC)

z eq(q¢/2)
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