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Chapitre I : Introduction et contexte

I.1 Contexte et objectifs de la thèse

La modélisation couplée des écoulements en milieu poreux et de la géomécanique, plus
communément dénommée poromécanique, se trouve au cœur de plusieurs problématiques im-
portantes chez IFP Énergies nouvelles (IFPEn), à la fois en simulation de réservoir, du sto-
ckage géologique du CO2 et en modélisation de bassin. En simulation de réservoir, le couplage
mécanique-écoulement [72] joue un rôle important pour l’étude des problèmes de compaction et
subsidence induits par la mise en production de réservoirs peu consolidés, pour la stabilité des
puits, ou encore la fracturation hydraulique. La non prise en compte de ce couplage peut aussi
conduire à de mauvaises prédictions de la production. Ekofisk en Norvège ou Bachaquero au
Venezuela sont de bons exemples de gisements pour lesquels la prise en compte de ce couplage
est cruciale. Pour Ekofisk par exemple, l’extraction des hydrocarbures entraîne une réduction
du volume poreux (l’eau injectée à très forte pression en remplacement de ces derniers conduit
à une décomposition du squelette crayeux qui se recompose sous une forme plus compacte) qui
provoque un phénomène de subsidence qui à terme peut endommager les équipements de puits.
C’est pourquoi, après avoir déjà constaté une subsidence de 4m, les plateformes ont été re-
haussées en 1987 lors d’une opération de grande envergure. Le couplage mécanique-écoulement
est aussi crucial pour l’étude des risques liés à l’injection et au stockage du CO2, comme la
tenue mécanique de la couverture ou la réactivation mécanique des failles. En modélisation de
bassin, la modélisation couplée de l’écoulement et de la compaction en grandes déformations
est actuellement simplifiée à l’aide de modèles 1D qui ne sont pas satisfaisants dans le cas de
tectoniques complexes. Des recherches sont en cours sur les lois de comportement à l’échelle des
bassins qui doivent mener à terme à des modélisations 3D couplées.

En simulation de réservoir et du stockage du CO2, le couplage est traité dans le milieu
industriel par un couplage externe de codes spécialisés et très riches chacun dans leur domaine
propre : le code d’écoulement polyphasique compositionnel (incluant la thermique) en milieu
poreux (PumaFlowTM ou COORESTM chez IFPEn) et le code de mécanique (chez IFPEn il
s’agit du code open source Code_Aster ou du code commercial ABAQUS R©).

Les codes de mécanique utilisent des méthodes de discrétisation de type éléments finis et
des maillages conformes sauf si le modèle est lui-même discontinu (contact par exemple). Les
codes d’écoulement en milieu poreux utilisent des méthodes de discrétisation volumes finis
(habituellement centrés) et le maillage standard est de type Corner Point Geometry (CPG) [69].
Bien que conçus à partir d’une grille hexaédrique structurée, les maillages CPG ne sont pas
compatibles avec les codes éléments finis classiques pour plusieurs raisons :

‚ les mailles hexaédriques dégénèrent du fait des érosions (pinch out) en plusieurs types de
mailles non-standards, pouvant présenter des faces non-planes, ou pouvant être définies
par moins de 8 sommets (7, 6 ou 5 par exemple) ;

‚ le raffinement local (LGR pour Local Grid Refinement), par exemple utilisé au voisinage
des puits, de régions d’intérêt, ou lorsque des fronts se propagent, est habituellement
non-conforme ;

‚ les failles sont modélisées par des dédoublements de nœuds et glissements de nœuds le long
des directrices qui génèrent des non-conformités complexes (avec trous et recouvrements).

On donne Figure I.1 un exemple schématique 2D de maillage CPG. À noter qu’en 2D les
dégénérescences relatives aux érosions (ou aux failles) sont bien moins dramatiques qu’elles ne
peuvent l’être en 3D.

Pour réaliser le couplage éléments finis-volumes finis, il faut donc remailler localement le
maillage CPG. C’est relativement aisé dans le cas des mailles hexaédriques dégénérées et du
raffinement local mais complexe à réaliser proprement dans le cas des failles. Il faut ensuite
effectuer les calculs d’interpolation afférents entre maillages 3D. Enfin, le couplage externe
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Figure I.1 – Exemple schématique 2D de maillage CPG avec LGR (en rouge), érosions (violet)
et faille (bleu).

mécanique-écoulement est réalisé via une méthode séquentielle [52] :
‚ soit via une méthode itérative qui consiste (à chaque pas de temps) à résoudre à tour de

rôle l’écoulement et la mécanique en en fixant l’un des deux, ceci jusqu’à convergence vers
un point fixe (la convergence de certains de ces algorithmes vers la solution du problème
parfaitement couplé a été récemment prouvée par Mikelić et Wheeler [59]) ;

‚ soit via une méthode explicite (et moins précise) qui consiste à ne faire qu’une seule
itération de la procédure précédente ;

‚ soit via une méthode de couplage approximatif (loosely coupling method en anglais) qui
consiste à ne résoudre la mécanique qu’après un certain nombre de résolutions de l’écou-
lement (et donc de pas de temps), ce qui permet de diminuer le coût de résolution mais
ce qui nécessite des estimateurs fiables de quand mettre à jour la réponse mécanique.

Au final, la lourdeur des opérations géométriques et numériques nécessaires (remaillage local,
interpolation 3D, couplage externe séquentiel) est une des raisons pour lesquelles les couplages
mécanique-écoulement ne sont pas maîtrisés industriellement actuellement chez IFPEn.

Cette thèse se propose donc d’étudier une alternative qui consiste à traiter la mécanique
à l’aide de méthodes de discrétisation non-conformes, pouvant donc être utilisées sur le même
maillage que l’écoulement, typiquement de type CPG. Le raccordement aux épontes est aussi
facilité par l’utilisation de maillages non-conformes. Un autre avantage des méthodes non-
conformes est qu’elles prennent mieux en compte les discontinuités de propriétés qui sont im-
portantes dans le cas des réservoirs et des bassins. On s’intéresse par ailleurs à des méthodes de
discrétisation de plus bas ordre. Ce choix est justifié à la fois par l’incertitude inhérente aux don-
nées physiques que l’on incorpore à notre modèle, et à la fois par le besoin de maintenir les coûts
numériques à l’intérieur de bornes acceptables. Une fois donnée une discrétisation non-conforme
de la mécanique, alors cette dernière et l’écoulement peuvent être traités dans un même code, et
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les opérations de remaillage et d’interpolation ne sont plus nécessaires. La résolution du système
linéaire peut être assurée de manière parfaitement couplée (ce qui demande l’utilisation de sol-
veurs élaborés pour des systèmes de grande taille), ou peut être réalisée de manière séquentielle
comme expliqué plus haut. Il est important de noter pour conclure que la discrétisation de la
mécanique et de l’écoulement sur une même grille est tout à fait dans l’ordre des choses étant
donné que les hétérogénéités des paramètres décrivant ces deux physiques coïncident souvent
(puisque dépendant tous deux du type de roche considéré).

La famille la plus générale de méthodes non-conformes est celle des méthodes de Galer-
kin discontinu (dG). Elles ont déjà été étudiées récemment pour la mécanique [77, 85] et pour
la poroélasticité avec succès [67]. En plus d’être adaptées aux maillages généraux y compris
non-conformes, elles ont l’avantage de pouvoir monter en ordre très facilement. Leur principal
inconvénient est le grand nombre de degrés de liberté qu’elles engendrent et donc le coût de
résolution des systèmes. On se concentre ainsi sur l’étude de méthodes moins coûteuses de type
volumes finis. Très peu d’approches existent en volumes finis pour la mécanique. On peut ci-
ter [73] qui propose un schéma volumes finis centré à base d’interpolations par moindres carrés
qui ne respectent pas les discontinuités. On peut également citer le travail récent de Nordbot-
ten [64] sur l’adaptation des méthodes Volumes Finis Multi-Points (MPFA) au cas (vectoriel)
de la mécanique. Les méthodes centrées (ne faisant intervenir que des inconnues de mailles) sont
très peu coûteuses mais ont souvent l’inconvénient de ne pas être inconditionnellement stables
(la plupart de ces méthodes ne sont pas symétriques) et de ne pas permettre de dériver facile-
ment des critères de stabilité. Un deuxième inconvénient est qu’elles ne disposent pas d’un cadre
théorique très solide dans lequel les étudier, à la différence des éléments finis non-conformes par
exemple. On s’intéresse ainsi dans ce travail aux schémas Volumes Finis Hybrides (HFV) [40],
issus de travaux récents sur la discrétisation des problèmes de diffusion sur maillages généraux.
Ces schémas font partie d’une plus vaste famille qui est celle des méthodes Hybrides Mimétiques
Mixtes (HMM) [32], regroupant dans un cadre unifié les méthodes de Volumes Finis Hybrides,
de Différences Finies Mimétiques (MFD) [20, 18] et de Volumes Finis Mixtes (MFV) [31]. Les
Volumes Finis Hybrides ont l’avantage de pouvoir également s’interpréter comme des éléments
finis non-conformes. Cette idée est à la base du travail récent de Di Pietro [23] sur les méthodes
de Galerkin centrées aux mailles (ccG), qui mélangent des concepts hérités des éléments finis
et des volumes finis. Les méthodes ccG sont fondées sur la définition d’un espace polynomial
incomplet sur maillages généraux, dont la construction (héritée des méthodes MPFA) ne re-
pose que sur des inconnues de mailles, et possédant des propriétés d’approximation optimales.
L’espace en question est ensuite utilisé dans des formulations discrètes inspirées des méthodes
dG, où la consistance, la symétrie et la coercivité sont pénalisées directement dans la forme
bilinéaire.

C’est cette vision un peu charnière, héritée d’une direction industrielle plusieurs fois chan-
geante (Roland Masson, puis Daniele A. Di Pietro, puis Léo Agélas) combinée à une direction
académique elle restée très stable (Robert Eymard), que nous allons adopter dans ce manuscrit,
essayant de tirer profit des avantages de chacun de ces différents cadres.

I.2 Plan du manuscrit

Comme il convient de commencer quelque part, nous nous concentrons dans ce manuscrit
sur un modèle de poroélasticité quasi-statique monophasique. Ainsi, nous considérons le cas de
milieux poreux linéaires (possiblement hétérogènes), saturés par un fluide visqueux faiblement
compressible, et pour lesquels les effets d’inertie sur la structure mécanique sont négligeables
(le domaine est notamment considéré comme étant fixe). Ce cas que nous qualifierons d’école
est bien entendu très éloigné de la réalité, mais il est à la base d’une compréhension du modèle
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et de ses difficultés ainsi que d’une complexification future de celui-ci. En effet, concernant
la mécanique par exemple, savoir traiter un modèle élastique (que nous supposerons d’ailleurs
isotrope dans ce manuscrit) est à la base du traitement de physiques plus élaborées. Lorsque l’on
dispose d’un espace discret (ou d’une formulation discrète) pour lequel (laquelle) on sait prouver
une inégalité de Korn, on est assuré d’avoir une discrétisation coercive du modèle. Passer du cas
isotrope au cas de lois de Hooke plus générales reposant sur des tenseurs (admissibles) de raideur
d’ordre 4 se fait ensuite sans difficulté. Les modèles d’élasticité non-linéaire ou d’élastoplasticité
sont également intimement liés à l’élasticité linéaire.

Le mansucrit est organisé comme suit.

Dans le Chapitre II, on présente successivement les modèles d’élasticité linéaire et de po-
roélasticité considérés. Une fois ceux-ci introduits, on fait un inventaire des difficultés liées à
l’approximation numérique de chacun d’entre eux, avant de présenter un état de l’art documenté
nous permettant de définir les orientations des chapitres suivants.

Pour l’élasticité, on aborde le problème de coercivité inhérent à une approximation non-
conforme du modèle, ainsi que le problème de verrouillage numérique. Le verrouillage numé-
rique (ou locking) se produit lorsqu’une contrainte d’incompressibilité est imposée à l’espace
d’approximation. Si l’espace considéré n’est pas adapté à l’approximation des divergences (qui
représentent les variations de volume dans le milieu), alors les résultats numériques obtenus sont
de piètre qualité. C’est le cas par exemple des éléments finis de Lagrange de plus bas ordre. On
fait le lien entre la bonne approximation de l’opérateur divergence et la stabilité du couplage
dans l’approximation d’un problème de point-selle tel qu’un problème de Stokes. Il s’avère que
la robustesse vis-à-vis du locking passe par la vérification d’une condition de type inf-sup (ou
de manière équivalente l’existence d’un opérateur de Fortin) entre l’espace de discrétisation des
déplacements et l’espace discret (qui serait l’espace des pressions dans un problème de Stokes)
sur lequel projeter l’opérateur divergence. S’inspirant de cette constatation et de l’état de l’art
en matière d’approximation de modèles d’élasticité, nous décidons de baser notre discrétisation
sur l’élément fini de Crouzeix–Raviart [22], qui est non-conforme et qui a la bonne propriété
de savoir approximer les divergences, puisque possédant ses degrés de liberté sur les faces de la
maille. L’adaptation de cet élément au cas de maillages généraux est réalisée au Chapitre III
par le biais d’une analogie avec les méthodes HFV.

Pour la poroélasticité, on aborde le problème du couplage mécanique-écoulement. Pour des
temps courts, le terme darcéen (cf. (II.18b)) lié à la pression de pore fournit une contribution
quasi-nulle au modèle, ce qui signifie que la pression n’intervient que très peu par l’intermé-
diaire de son gradient. Tout se passe (du moins lorsque c0 “ 0) comme dans un problème de
Stokes, à la différence près que dès que t ą 0, on impose des conditions de bord. Le gradient
de pression ne commence à contribuer au modèle que pour des temps plus avancés et pour peu
que la perméabilité du milieu ne soit pas trop faible. D’un point de vue numérique, l’approxi-
mation de ce genre de phénomène s’avère compliquée. En effet, l’existence du terme darcéen
suggère de considérer des pressions discrètes qui soient au minimum affines par maille. Or, dans
les premiers pas de temps, on ne peut avoir de contrôle sur la pression au mieux que via sa
reconstruction, ce qui s’avère insuffisant. Ce manque de contrôle sur le gradient de pression se
paie en termes d’oscillations spatiales parasites. On discute dans le Chapitre II des différentes
techniques existant pour contrôler ce phénomène oscillatoire (cf. également Chapitre V).

Dans le Chapitre III, on se concentre sur l’approximation du modèle d’élasticité. On pré-
sente la construction d’un espace d’approximation sur maillages généraux, dont les propriétés
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ressemblent de très près à celles de l’espace de Crouzeix–Raviart classique : propriétés d’ap-
proximation optimales (dont l’existence d’un opérateur de Fortin permettant de préserver la
divergence par maille de la fonction interpolée) et de conformité faible (i.e. la continuité des
fonctions au barycentre des interfaces d’un sous-maillage). La construction de cet espace se base
sur le gradient Volumes Finis Hybrides et s’inspire de la philosophie des méthodes ccG.

On définit sur un sous-maillage pyramidal (que l’on prouve être régulier au sens éléments
finis) fictif (dans le sens où aucune information n’a besoin d’être stockée à son sujet) du maillage
initial une reconstruction affine, partant pour chaque pyramide (associée à une face de la maille)
de l’inconnue de face en question, et se déplaçant selon le gradient introduit dans les méthodes
HFV. On prouve que l’espace ainsi engendré, et s’apparentant à une généralisation de l’espace
de Crouzeix–Raviart, possède toutes les qualités nécessaires pour l’approximation non-conforme
du modèle d’élasticité, dans le sens où sa conformité faible et ses propriétés d’approximation
sur maillages généraux en font un espace d’approximation à part entière, pour lequel l’existence
d’un opérateur de Fortin garantit le bon traitement des divergences. On investigue également
le cas d’un maillage simplicial conforme, et on prouve notamment que l’espace de Crouzeix–
Raviart est inclus dans l’espace ainsi construit. De plus, l’espace ainsi construit ne diffère de
l’espace (la notion d’espace est un peu galvaudée dans ce contexte) HFV que par le caractère
affine de la reconstruction, le gradient étant identique.

C’est précisément l’introduction de cette reconstruction qui, d’une part permet d’analyser
cet espace sous le nouveau jour qu’est celui des éléments finis non-conformes, et d’autre part
permet d’envisager pour la discrétisation non-conforme de l’élasticité un traitement du problème
de coercivité par une stabilisation des sauts, technique inspirée des méthodes dG.

Dans le Chapitre IV, on utilise l’espace précédemment construit pour approximer un modèle
d’élasticité linéaire. On propose une méthode primale (par opposition à mixte) d’approximation
du champ de déplacement qui est inconditionnellement stable sur maillages généraux et qui est
robuste au locking. Le traitement du problème de coercivité est basé comme nous l’avons dit
sur une stabilisation des sauts héritée des méthodes dG. Cette pénalisation permet d’obtenir
une inégalité de Korn (faible) discrète qui garantit la stabilité.

Cette méthode nécessite de considérer un degré de liberté par composante du champ de
déplacement pour chaque face et chaque cellule du maillage. Ce n’est donc pas la méthode la
moins coûteuse que l’on puisse imaginer mais le rapport entre son coût et les propriétés qu’elle
assure reste très bon en comparaison à un équivalent (en termes de propriétés) élément fini Pd

2.
Il est à noter que dans certains cas il est possible d’éliminer localement les inconnues de maille,
réduisant ainsi la taille du système. On considère également le cas d’un matériau hétérogène
pour lequel on propose une adaptation de la méthode initiale. On étudie par ailleurs le lien
entre la méthode proposée et les méthodes volumes finis et éléments finis classiques.

Finalement, on propose une série de tests numériques attestant du bon comportement du
schéma, dans le traitement de problèmes hétérogènes, de locking, ou d’approximation sur des
grilles générales. Des comparaisons sont proposées avec une méthode élément fini Pd

1. Tous ces
tests sont réalisés en deux dimensions d’espace grâce à une implémentation prototype C++ basée
sur le cadre abstrait introduit par Di Pietro, Gratien et Prud’homme [27].

Dans le Chapitre V, on étudie la convergence d’une famille de méthodes pour le problème
de poroélasticité. Cette famille de méthodes, appelée schémas Euler-Gradient, repose sur une
discrétisation Euler implicite en temps et Gradient en espace. La discrétisation Gradient, in-
troduite par Eymard et al. [45, 41, 33], repose sur un cadre abstrait englobant une large classe
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de méthodes d’approximation pour des problèmes elliptiques linéaires ou non-linéaires (voire
non-locaux). Une discrétisation Gradient est, dans sa version la plus simple, définie par la don-
née de trois éléments : un espace de degrés de liberté, un opérateur de reconstruction sur cet
espace (permettant de définir la reconstruction des fonctions approchées), et un opérateur gra-
dient (également défini à partir de l’espace de degrés de liberté). Ce formalisme, qui regroupe
notamment les éléments finis conformes, la plupart des éléments finis non-conformes, certaines
méthodes MPFA, le schéma VAG [42, 41], ainsi que les méthodes HMM, se base sur quatre
principales hypothèses à vérifier par les schémas : une hypothèse de coercivité qui s’exprime
comme une inégalité de Friedrichs ou de Poincaré uniforme, une hypothèse d’approximation op-
timale (souvent dénommée, improprement au sens éléments finis, consistance), une hypothèse
de conformité limite qui signifie que les opérateurs gradient et de reconstruction vérifient à
la limite une formule de Green continue, ainsi qu’une hypothèse de compacité (qui permet de
contrôler les translations en espace et qui ne sert que dans le cas non-linéaire).

Nous basant sur ce formalisme, nous définissons une discrétisation Gradient à la fois pour le
déplacement et la pression, pour lesquelles nous faisons l’hypothèse supplémentaire de disposer
d’une condition inf-sup sur la reconstruction de pression. Dans notre cas, l’hypothèse de com-
pacité n’est pas nécessaire car le problème est linéaire. Nous démontrons l’existence et l’unicité
de la solution du schéma Euler-Gradient ainsi établi, ainsi que sa convergence vers l’unique so-
lution de régularité minimale (à savoir L2p0, T ;H1pΩqdq pour le déplacement et L2p0, T ;H1pΩqq
pour la pression lorsque celle-ci n’intervient pas dans la dérivée en temps) du problème continu.
Plus précisément, nous démontrons la convergence forte du gradient de déplacement ainsi que
de la reconstruction de pression (ce dernier résultat est basé sur la condition inf-sup), ainsi
que la convergence faible du gradient de pression et de la reconstruction de déplacement. Ce
résultat de convergence est valable pour toutes les valeurs (admissibles) pouvant être prises
par les paramètres physiques (on considère notamment le cas de matériaux potentiellement
quasi-incompressibles et de zones potentiellement peu perméables dans le milieu).

Ces résultats théoriques sont validés sur une série de cas-tests bi-dimensionnels, réalisés sur
la même plateforme prototype que ceux du chapitre précédent, et comparés à une méthode
éléments finis Pd

1{P1 connue pour ne pas vérifier d’inf-sup. On étudie une discrétisation Gra-
dient en espace particulière, basée sur un traitement de l’élasticité linéaire fondé sur l’espace
de Crouzeix–Raviart généralisé développé aux Chapitres III et IV, et sur un traitement de la
pression fondé sur une méthode HFV (disposant donc du même type de gradient mais dont la
reconstruction est constante par maille, autorisant ainsi la vérification d’une condition inf-sup
telle que celle supposée dans les hypothèses). On teste d’abord le comportement du schéma dans
un cas homogène à perméabilité suffisamment grande, sur les temps courts. La reconstruction
de pression converge en espace mais présente des oscillations parasites assez prononcées. La vé-
rification d’une condition inf-sup ne suffit donc pas à les éliminer. Nous donnons une explication
du phénomène : la condition inf-sup vérifiée ici est très différente de celles habituellement ren-
contrées dans le cadre éléments finis dans le sens où la reconstruction de pression est constante
par maille au lieu d’être affine. Le contrôle ne se fait donc que sur une projection de la pression
affine, ce qui est insuffisant pour réduire de manière efficace les oscillations. Il semble en même
temps délicat de vérifier une condition inf-sup au sens éléments finis quand les discrétisations
du déplacement et de la pression sont toutes deux affines. Nous exposons d’autres techniques
possibles pour pallier à ce problème, voir également les perspectives Chapitre VI. Par ailleurs,
le schéma se comporte très bien en temps long, la stabilisation de la pression dûe au terme
darcéen opère. On teste ensuite le comportement du schéma sur grilles générales et dans un
cas hétérogène (la perméabilité est constante par morceaux) avec une zone peu perméable.
Lorsque la perméabilité de cette zone est suffisamment grande, tout se passe comme dans le cas
(homogène) précédent. Par contre, lorsque la perméabilité est trop basse, les résultats se dé-
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gradent. La convergence de la reconstruction de pression est toujours assurée mais les résultats
se détériorent avec l’augmentation du temps de simulation. La stabilisation normalement dûe
au terme darcéen n’opère pas. Ces problèmes (rencontrés également avec une méthode Pd

1{P1)
semblent également provenir d’un manque de stabilisation de la pression et indiquent ainsi que
la constante de stabilisation doit être proportionnelle à l’inverse de la plus petite perméabilité.
Il semble que si la pression n’est pas stabilisée rapidement (par un terme de diffusion prenant
de l’importance dès les premiers pas de temps ou par d’autres techniques), alors on constate
une instabilité en temps long lorsque trop d’erreurs se sont ajoutées. Par ailleurs, la robustesse
de la méthode sur maillages généraux est validée.

Le Chapitre VI présente quelques conclusions et les perspectives immédiates ou à plus long
terme de ce travail. Notamment, il s’agira de se pencher plus avant sur des méthodes de sta-
bilisation efficaces de l’approximation de pression dans les premiers pas de temps ou dans des
zones peu perméables.

Les annexes, au nombre de trois, présentent des travaux réalisés en marge de la ligne direc-
trice de ce manuscrit.

On introduit en Annexe A une généralisation, inspirée du Chapitre III, de l’espace de
Raviart–Thomas de plus bas ordre au cas des maillages généraux. Les propriétés principales
de cet espace (conformité Hpdiv; Ωq et approximation des divergences) sont dupliquées et éten-
dues.

En Annexe B, on présente une discrétisation inf-sup stable du problème de Stokes quasi-
statique basée sur un couplage de l’espace de Crouzeix–Raviart généralisé introduit au Cha-
pitre III avec une discrétisation centrée de la pression. On s’intéresse tout particulièrement au
cas du traitement numérique des larges forçages irrotationnels dans le cas où une décomposition
de Helmholtz du second membre est connue au niveau continu. On montre qu’un traitement
adéquat du second membre permet de s’affranchir de l’influence de sa partie irrotationnelle sur
l’approximation de la vitesse (qui au niveau continu ne dépend pas de la partie irrotationnelle du
terme source). On illustre ce résultat sur un cas-test 2D en utilisant la discrétisation introduite
auparavant.

Enfin, en Annexe C, on présente un moyen d’obtenir une inégalité de Korn discrète et donc
la coercivité d’une approximation Volumes Finis Hybrides de l’élasticité linéaire. On se place
donc dans le cas où la reconstruction considérée est constante par maille, et où une stabilisation
par les sauts n’est pas envisageable. La stabilisation de la forme bilinéaire passe par la réduction
du nombre de degrés de liberté par interpolation de la (des) composante(s) tangentielle(s) du
déplacement aux faces du maillage. Cette interpolation permet d’ajouter la rigidité nécessaire
au système pour contrôler les mouvements de corps rigide, tout en permettant de garantir la
robustesse au locking et la stabilité du couplage avec des pressions centrées grâce au fait que
les inconnues normales aux faces sont préservées. Le comportement de la méthode est testé en
2D et en 3D (les tests 3D ont été réalisés par Roland Masson sur un prototype Fortran 3D)
sur différentes grilles, et les résultats sont très encourageants. Le principal inconvénient de la
méthode réside dans le fait qu’il n’existe pas à l’heure d’aujourd’hui de preuve qu’une inégalité
de Korn est bien vérifiée sur l’espace associé. Son principal avantage réside dans le peu de degrés
de liberté qu’elle engendre (un degré de liberté par face du maillage après interpolation de la
(des) composante(s) tangentielle(s) et élimination locale (qui fonctionne ici dans tous les cas)
des inconnues de maille).
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From linear elasticity to poroelasticity
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In this chapter we present the physical model that we consider as our poroelasticity ref-
erence problem, beginning with an introduction of the linear elasticity equations. We give an
overview, sometimes merely based on a heuristic approach, of the different problems related to
the numerical approximation of such models. Finally, we provide a state of the art in terms of
approximation, from which we take advantage to clearly define our approximation choices and
the orientation of the following chapters.

From now on, we denote by Ω a bounded connected open polygonal or polyhedral subset of
Rd, where d P t2, 3u stands for the space dimension. Its boundary is denoted by Γ, with unit
outward normal n.
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II.1 The linear elasticity model

II.1.1 Continuous setting

We consider a linearly elastic, isotropic, and homogeneous medium occupying the domain
Ω. The linear behavior of the material implies that we enter the framework of infinitesimal
strain theory, meaning in particular that the geometry and the constitutive properties of the
material at each point of space can be assumed to be unchanged by the deformation (Ω is
in particular a fixed domain). We also neglect the inertia effects in the structure, this is the
so-called quasistatic assumption.

In these conditions, the linear elasticity problem consists in finding a vector-valued displace-
ment field u : Ω Ñ Rd such that

´∇¨σpuq “ f in Ω,

u “ 0 on ΓD,

σpuqn “ 0 on ΓN,

(II.1)

where ΓD and ΓN are such that ΓD has nonzero measure, ΓD X ΓN “ ∅, and ΓD Y ΓN “ Γ. The
sets ΓD and ΓN are respectively associated to Dirichlet and Neumann boundary conditions. We
assume, and this is the sense of the assumption on the measure of ΓD, that the displacement
is always prescribed at least on one part of the boundary. Thus, we do not consider the pure
traction problem but we may treat the pure displacement one when ΓD “ Γ. For the sake
of simplicity, we consider homogeneous boundary conditions. The nonhomogeneous case could
be handled similarly. The vector-valued field f : Ω Ñ Rd is the body force per unit volume
(for example the gravity) and σpuq is the Cauchy stress tensor given by Hooke’s law of linear
elasticity, which reads for an isotropic material:

σpuq :“ 2µ εpuq ` λ∇¨uId, εpuq :“ 1
2

p∇u ` ∇uT q,

where εpuq is the infinitesimal strain tensor, and Id the identity tensor in Rd. The constitutive

properties of the material are described by the two constants λ and µ (the fact that λ and µ

are constant with respect to the space variable and the deformation is a consequence of the
homogeneity and infinitesimal strain assumptions respectively), referred to as Lamé parameters
and homogeneous to a pressure. Another way to describe the material makes use of its Poisson’s
ratio ν (dimensionless) and elastic modulus E (homogeneous to a pressure), which are related
to the Lamé parameters through

λ “ νE

p1 ` νqp1 ´ 2νq , µ “ E

2p1 ` νq . (II.2)

The second Lamé parameter µ, also called shear modulus (and denoted G), is strictly positive
and assumed to be bounded away from zero and from infinitely large values. The first Lamé
parameter λ (related to the shear modulus and to the bulk modulus K by λ “ K ´ 2

3
G in

3D and λ “ K ´ G in 2D) is also assumed to be strictly positive (physically it can possibly
be negative but it is positive for most materials) and bounded away from zero, but it may
take unboundedly large values. As it is associated in the model to ∇¨u, which represents the
variations of volume in the medium, this parameter is associated to the compressibility of the
material. The case λ “ `8 (which corresponds to a Poisson’s ratio ν “ 0.5) occurs when an
incompressible material is considered. In that case, we have ∇¨u “ 0 (cf. [6] for an example
of approximation of such a problem). From a practical point of view, the medium is never

24
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completely incompressible but tends to be so. Hence we do not consider the case λ “ `8 but
only the case λ Ñ `8, which describes a quasi-incompressible behavior. We will see in the
next section that this limit behavior leads to numerical difficulties in the approximation of the
model.

Coherently with the context, we indifferently denote by p¨, ¨q0,Ω the scalar products in L2pΩq,
L2pΩqd, and L2pΩqd,d, which are respectively defined by pw, vq0,Ω :“

ş

Ω
wv dx in L2pΩq, by

pw,vq0,Ω :“
ş

Ω
w¨v dx in L2pΩqd, and by pw, vq0,Ω :“

ş

Ω
w:v dx in L2pΩqd,d. The corresponding

norms are as well indifferently denoted by } ¨ }0,Ω. We will introduce more systematic notations
in Chapter III, Section III.1.3.

In order to write the weak formulation of problem (II.1), we introduce the space

H1
DpΩq :“ tv P H1pΩq | v|ΓD

“ 0u,

which reduces to the classical H1
0 pΩq space when ΓD “ Γ. Thanks to Friedrichs’ inequality, there

holds that }∇v}0,Ω is a norm on H1
DpΩq. Assuming that f P L2pΩqd, the weak formulation of

problem (II.1) reads: Find u P H1
DpΩqd such that

apu,vq “ pf ,vq0,Ω @v P H1
DpΩqd

, (II.3)

where apw,vq :“ pσpwq, εpvqq0,Ω “ 2µpεpwq, εpvqq0,Ω ` λp∇¨w,∇¨vq0,Ω. There holds as an
immediate consequence, using the fact that λ is a strictly positive constant,

apv,vq ě 2µ }εpvq}2
0,Ω @v P H1

DpΩqd
.

Hence, since µ is bounded away from zero, the well-posedness of the weak formulation (II.3) relies
on Korn’s inequality in H1

DpΩqd (cf., e.g., [14, Remark 1.1], or [3, Theorems 5.3.2 and 5.3.4]).

Lemma II.1 (Korn’s inequality). There exists a constant CΩ,ΓD
, whose dependencies are spec-

ified in subscript, such that

}∇v}0,Ω ď CΩ,ΓD
}εpvq}0,Ω @v P H1

DpΩqd
, (II.4)

and CΩ,ΓD
“

?
2 in the case ΓD “ Γ.

This inequality is mandatory to prove the coercivity of the formulation, since it gives a control
of the full gradient by its symmetric part. It implies that no rigid body motion is applied to
the structure. A rigid body motion is a motion with vanishing elastic energy, i.e. of the form
vpxq “ a`Bx, with a P Rd andB an anti-symmetric tensor. We will see in the next section that,
from a discrete point of view, find a lowest-order nonconforming approximation space satisfying
that kind of inequality is not an easy task. Combining Korn’s inequality (II.4) and the fact that
}∇v}0,Ω is a norm on H1

DpΩqd completes the proof of well-posedness of problem (II.3).

Remark II.1 (Pure displacement problem). In the case ΓD “ Γ, the weak formulation (II.3)
can be rewritten into the equivalent form: Find u P H1

0 pΩqd
such that

ãpu,vq “ pf ,vq0,Ω @v P H1
0 pΩqd

, (II.5)

where ãpw,vq :“ µp∇w,∇vq0,Ω ` pµ` λqp∇¨w,∇¨vq0,Ω. This comes from the relation

∇¨p∇ϕT q “ ∇¨p∇¨ϕIdq, (II.6)
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valid for any sufficiently regular function, and especially for ϕ P C8
c pΩqd, which enables to

state, using two integrations by parts and a density argument, that

µp∇w,∇vT q0,Ω “ µp∇w,∇¨vIdq0,Ω “ µp∇¨w,∇¨vq0,Ω, (II.7)

for all w,v P H1
0 pΩqd

. The same argument is used to prove Korn’s inequality (II.4) in H1
0 pΩqd

and derive the multiplicative constant. The equivalence between the two formulations only holds
if (i) pure Dirichlet boundary conditions are considered (even nonhomogeneous since the weak

formulation can still be written in H1
0 pΩqd

, the solution is then obtained up to the addition of
a lifting); (ii) the material is homogeneous (with constant Lamé parameters). The advantage
of such a formulation is its natural coercivity, which does not rely on Korn’s inequality (II.4).
From a discrete point of view, the treatment of the pure displacement problem is thus much
easier.

To conclude this introduction, we state a regularity result for problem (II.1) in dimension d “
2. A proof of that lemma (in the cases ΓD “ Γ and ΓN “ Γ, and for nonhomogeneous boundary
conditions) can be found, e.g., in the classical work of Brenner and Sung [16, Lemmata 2.2 and
2.3].

Lemma II.2 (Regularity). Let d “ 2 and assume that Ω is convex. Then, problem (II.1) has

a unique solution u P H1
DpΩqd X H2pΩqd

. Moreover, there exists a real Cµ ą 0, only depending
on Ω and µ but not on λ, such that, for λ large enough,

Nelpuq :“ }u}2,Ω ` λ|∇¨u|1,Ω ď Cµ}f}0,Ω. (II.8)

The notations | ¨ |1,Ω and } ¨ }2,Ω respectively refer to the classical seminorm in H1pΩq and norm
in H2pΩqd (cf. again Section III.1.3). This a priori estimate implies that if λ Ñ `8, the
divergence of the displacement field approaches zero, corresponding to a quasi-incompressible
behavior (the variations of volume in the medium tend to vanish). Note that an energy estimate
enables to show that λ1{2}∇¨u}0,Ω is bounded independently of λ. The restriction to d “ 2 is a
priori purely theoretical and we can assume that the same result may hold in d “ 3. This
regularity result is rather comforting from a physical point of view but, more practically and as
we will see in the following section, it gives a useful tool to derive discretization error estimates
that are robust with respect to the first Lamé parameter λ. In the case of nonhomogeneous
boundary conditions, the right-hand side of this regularity estimate is modified accordingly to
take them into account, see, e.g., [16]. A generalization of this result to composite materials
with piecewise constant mechanical properties is proved in [29], see Remark IV.5.

II.1.2 Numerical issues

Throughout this section, we give an overview, sometimes only based on heuristic arguments,
of the different problems related to the approximation of the linear elasticity problem (II.3).
The aim here is not to be completely rigorous, but to explain roughly what are the different
problems, in order to define in the next section, and in the light of what already exists in
the literature, the best answers to give to these issues in the following chapters. We recall,
see Chapter I, that owing to the applications we aim, we consider lowest-order approximation
methods, which must handle possibly fairly general meshes.

II.1.2.1 A certain lack of coercivity

As we explained in Section II.1.1, the coercivity of the weak formulation (II.3) relies on
Korn’s inequality (II.4) inH1

DpΩqd. From a discrete point of view, any conforming approximation
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II.1 The linear elasticity model

of the problem based on a finite element space Uh Ă H1
DpΩqd is coercive, in the sense that a

discrete Korn’s inequality holds on Uh as a consequence of (II.4). However, such approximations
have two main drawbacks:

(i) first, they are completely mesh-dependent since the dimension of the local polynomial
space is directly related to the shape of the element. Hence, considering fairly general
meshes may dramatically complicate the computation. In most of 3D industrial codes,
only tetrahedral or hexahedral elements are considered and nonmatching interfaces are
merely not handled;

(ii) secondly, the discretization obtained is not robust with respect to the first Lamé parameter
λ, as we will detail in Section II.1.2.2.

As a consequence, despite of their natural well-posedness, conforming finite elements are not
suited at all to our needs. Hence we have to consider nonconforming approximations, and thus
discrete spaces on which a discrete Korn’s inequality does not necessarily hold.

Let temporarily focus on the pure traction problem, i.e. ΓN “ Γ. The pure displacement
problem has no interest in that context since it can be rewritten into a coercive form, see
Remark II.1. The pure traction problem is well-posed in the space

U :“
"

v P H1pΩqd |
ż

Ω

v dx “ 0,

ˇ

ˇ

ˇ

ˇ

ż

Ω

∇ˆv dx

ˇ

ˇ

ˇ

ˇ

“ 0
*

,

where ∇ˆ is the classical rotation operator when d “ 2, and curl operator when d “ 3. The
well-posedness of this problem means that Korn’s inequality (II.4) holds on U , see [14, Remark
1.1]. Let now see what happens on a nonconforming discrete level. If we restrict ourselves to
a matching simplicial mesh, it is well known, as it has been pointed out by Falk [46], that the
first order nonconforming space (spanned by piecewise affine functions that are continuous at
the midpoint of mesh interfaces) does not fulfill a discrete Korn’s inequality. To establish this
fact, we use a dimension-counting argument.

First, note that this space is the so-called lowest-order Crouzeix–Raviart space introduced
in [22]. Let Th be a matching simplicial discretization of the domain Ω (h classically represents
the maximum diameter of the mesh elements) and let CRpThq denote the Crouzeix–Raviart
space on Th. We introduce

Uh :“
"

vh P CRpThqd |
ż

Ω

vh dx “ 0,

ˇ

ˇ

ˇ

ˇ

ż

Ω

∇hˆvh dx

ˇ

ˇ

ˇ

ˇ

“ 0
*

,

where ∇hˆ is the broken rotation or curl operator (defined from the broken gradient operator
∇h that will be rigorously introduced in Section III.1.3).
Let henceforth assume d “ 2. Then, Uh has dimension 2 cardpFTh

q ´ 3, where FTh
is the set

of edges of the mesh. Thus, the subspace of Uh with εhpvhq “ 0 (where εh is the broken

infinitesimal strain tensor) has dimension greater or equal to 2 cardpFTh
q ´ 3 cardpThq ´ 3, since

this relation brings at most 3 cardpThq additional independent constraints (the infinitesimal
strain tensor is piecewise constant and symmetric). As a consequence, using Euler relations
(see, e.g., [35, Lemma 1.57]), this subspace has dimension greater or equal to cardpFb

Th
q ´ 3,

where Fb
Th

is the subset of boundary edges, which means that it has strictly positive dimension
as soon as Th consists of more than one triangle. On the other hand, the dimension of the
subspace of Uh with ∇hvh “ 0 is clearly zero. Hence, there must exist functions in Uh for

which Korn’s inequality (II.4) fails.
The conclusion is: in a lowest-order nonconforming space, there is no reason for a discrete

Korn’s inequality to hold. Even more, and this statement will make sense in the following,
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discrete spaces to which the Crouzeix–Raviart space belongs cannot fulfill a discrete Korn’s
inequality. In the state of the art, see Section II.1.3, we will see that different remedies exist
to prove Korn’s inequality on nonconforming spaces (reduced integration techniques, jumps
penalization, order increasing, rigidity adding). We will discuss the advantages and drawbacks
of each of these techniques.

II.1.2.2 Quasi-incompressible materials: the locking phenomenon

Assume ΓD “ Γ and consider the linear elasticity problem (II.3). Given a conforming finite
element space Uh Ă H1

0 pΩqd, we search for uh P Uh such that

apuh,vhq “ pf ,vhq0,Ω @vh P Uh, (II.9)

where we recall apw,vq :“ 2µpεpwq, εpvqq0,Ω`λp∇¨w,∇¨vq0,Ω. This problem is well-posed since

Korn’s inequality (II.4) does hold on the conforming space Uh. We introduce the energy norm
}v}el :“ apv,vq1{2 on H1

0 pΩqd (the fact that } ¨ }el is a norm is a consequence of the symmetry of
the bilinear form a and of its coercivity expressed by Korn’s inequality). If u P H1

0 pΩqd denotes
the unique solution to (II.3), then Céa’s lemma gives the following estimate of the discretization
error:

}u ´ uh}el ď inf
vhPUh

}u ´ vh}el. (II.10)

The discretization error is bounded by the approximation error.
When λ is very large, which corresponds to a quasi-incompressible material, results of poor

quality can be obtained when solving problem (II.9). More specifically, it can be observed that
the material deforms as if it were much stiffer. In other words, it appears to lock, and hence the
name of numerical locking for describing this phenomenon. According to the estimate (II.10),
there must be in that case a problem of approximation in the discrete space we consider.

Let first give a heuristic explanation to this phenomenon. To this end, let introduce the
notation U :“ H1

0 pΩqd, the space

Uh :“ twh P Uh | ∇¨wh “ 0u,

and the norm }v}U :“ }∇v}0,Ω on U . Formally, one sees in (II.9) that in the limit case λ “ `8,
∇¨uh “ 0 (take vh “ uh, divide the equation by λ and let λ goes to `8). Thus, the solution
uh is constrained to lie in the limit in the space Uh. Therefore, instead of being controlled by

inf
vhPUh

}u ´ vh}U ,

the approximation properties of the space in the incompressible limit are actually given by

inf
whPUh

}u ´ wh}U .

Whereas the approximation properties of Uh are usually well-known (standard finite element
space), the approximation properties of Uh are less clear and can be very poor. The extreme
case is when Uh is reduced to t0u: the elastic solid is then completely stuck. This is the case,
for example, of the (conforming) Pd

1 finite element space on special matching simplicial meshes,
see, e.g., [15, Section 11.3]. This explains the locking problem. This phenomenon would not
occur in the presence of an inequality such that, there exists C ą 0 independent of h such that

inf
whPUh

}u ´ wh}U ď C inf
vhPUh

}u ´ vh}U . (II.11)
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Indeed, in such a case, the approximation properties of Uh would be the same as those of Uh.
But inequality (II.11) is not true in general. All the difficulty lies in the approximation of
nontrivial (or nonconstant in the case of nonhomogeneous Dirichlet boundary conditions) fields
with zero-divergence (these fields are said to be solenoidal).

For further use, we first define

L2
0pΩq :“ tq P L2pΩq |

ż

Ω

qpxq dx “ 0u, (II.12)

and notice that ∇¨Uh Ă L2
0pΩq since Uh Ă U . To avoid locking, as we will detail more precisely

in the state of the art, different approximation techniques, ranging from primal to mixed, have
been proposed in the literature. The solution of a mixed formulation of linear elasticity is
characterized as the saddle-point of a Lagrangian functional involving two or three discrete
unknowns (stress, displacement, pressure-like variables. . . ). These methods may give a good
remedy to locking but are often computationally more expensive than primal ones where the
displacement is the sole unknown. For that reason, we focus on primal methods. To eliminate
locking, it has been proposed in the engineering literature to slightly modify the energy of the
problem, using a reduced integration technique on the divergence operator. We thus consider
the following modified energy

Jhpvhq :“ µ

ż

Ω

|εpvhq|2dx ` λ

2

ż

Ω

pΠhp∇¨vhqq2dx ´ pf ,vhq0,Ω,

where Πh : L2pΩq Ñ Ph is the L2-orthogonal projector onto the broken polynomial space Ph

(to be determined). We remind that, for p P L2pΩq, Πhppq is characterized by Πhppq P Ph and

pΠhppq, qhq0,Ω “ pp, qhq0,Ω @qh P Ph.

When restricting Πh to L2
0pΩq, then Πhppq P Ph X L2

0pΩq owing to the mean conservation
property of the L2-orthogonal projector onto broken polynomial spaces. Minimizing Jh over
Uh is equivalent to solving the modified problem

ahpuh,vhq “ pf ,vhq0,Ω @vh P Uh, (II.13)

where ahpw,vq :“ 2µpεpwq, εpvqq0,Ω `λpΠhp∇¨wq,Πhp∇¨vqq0,Ω. Obviously, the modification of

the initial problem into (II.13) has to be paid in terms of a consistency error. As a consequence,
the discretization error is no longer given by (II.10) but reads

}u ´ uh}el ď CD

˜

inf
vhPUh

}u ´ vh}el ` sup
vhPUhzt0u

|ahpu,vhq ´ pf ,vhq0,Ω|
}vh}el

¸

, (II.14)

where }v}el :“ ahpv,vq1{2 and CD ą 0 is a constant independent of h, λ, µ, and u. Let now
see how the above modification of the initial problem changes the approximation properties of
the space involved in the incompressible limit case. To that extent, let rewrite the modified
problem (II.13) into a mixed form. Introducing ph “ ´λΠhp∇¨uhq P Ph X L2

0pΩq leads to

λpΠhp∇¨uhq,Πhp∇¨vhqq0,Ω “ ´pph,Πhp∇¨vhqq0,Ω “ ´pph,∇¨vhq0,Ω.

Thus, solving the modified problem (II.13) is equivalent to searching for puh, phq P Uh ˆ Ph X
L2

0pΩq such that, for all pvh, qhq P Uh ˆ Ph X L2
0pΩq,

2µpεpuhq, εpvhqq0,Ω ´ p∇¨vh, phq0,Ω “ pf ,vhq0,Ω,

p∇¨uh, qhq0,Ω ` λ´1pph, qhq0,Ω “ 0.
(II.15)
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Under this mixed form, the benefits of the reduced integration technique can now clearly be
seen. Indeed, let introduce the space

Uh :“ twh P Uh | Πhp∇¨whq “ 0u.

One sees that when λ goes to infinity, the solution uh to problem (II.15), and thus to the
modified problem (II.13), is constrained to lie in Uh (instead of Uh as for problem (II.9)). The
trick is now clear. Whereas Uh was a hidden and not very convenient space, the space Uh is
actually linked to the choice of the space Ph. To choose Ph, a compromise has to be found
between locking and accuracy. The heuristic is the following. On the one hand, a smaller Ph

makes Uh larger and thus an inequality like (II.11) easier to obtain, which avoids locking but
enforces poorly the incompressibility constraint. On the other hand, a larger Ph enforces better
the incompressibility constraint but leads to introduce locking since inequality (II.11) is harder
to achieve with a small Uh. The question is now: how to choose Ph from a practical point of
view?

To answer that question, let first introduce the following result by Nečas, which can be
found, e.g., in [63, 48].

Lemma II.3 (Surjectivity of the divergence operator). The divergence operator is surjective

from H1
0 pΩqd

to L2
0pΩq. Thus, for all p P L2

0pΩq, there exists uN P H1
0 pΩqd

such that

∇¨uN “ p and }uN}U ď CN}p}0,Ω,

where CN ą 0 only depends on Ω.

This result holds true for Lipschitz domains, which is the case of polygonal or polyhedral
domains. Let now define the notion of Fortin operator for our problem; see, e.g., [17].

Definition II.1 (Fortin operator). We call Fortin operator an interpolator Ih : U Ñ Uh such
that

(i) @ v P U , Πhp∇¨Ihpvqq “ Πhp∇¨vq;
(ii) there exists CS ą 0, independent of h, such that

@ v P U , }Ihpvq}U ď CS }v}U .

The Fortin operator Ih is designed in order to satisfy optimal approximation properties (cf.
Lemma III.5) under classical requirements on the mesh sequence (cf. Section III.1). Note that
the regularity H1pΩqd is insufficient to define a Fortin operator using classical Lagrange interpo-
lation on conforming finite element spaces since pointwise evaluations of functions are needed.
In this case, a solution is to consider the Clément interpolator, cf. [35, Section 1.6.1]. The ex-
istence of a Fortin operator is instrumental in the proof of the following result, inspired of [17,
Proposition 2.5].

Lemma II.4 (Robustness with respect to locking). Assume that Ph is chosen such that there

exists Ih Fortin operator in the sense of Definition II.1. Let u P H1
0 pΩqd

such that, for all
q P L2

0pΩq, p∇¨u, qq0,Ω “ 0. Then, there exists C ą 0, independent of h, such that

inf
whPUh

}u ´ wh}U ď C inf
vhPUh

}u ´ vh}U .
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Proof. Let vh P Uh and let consider p :“ Πhp∇¨pu ´ vhqq P Ph X L2
0pΩq. According to

Lemma II.3, there exists uN P H1
0 pΩqd such that ∇¨uN “ p, and }uN}U ď CN}p}0,Ω for a

constant CN ą 0 independent of h. The existence of the Fortin operator Ih gives

Πhp∇¨IhpuNqq “ Πhp∇¨uNq with }IhpuNq}U ď CS }uN}U ,

where CS ą 0 is independent of h. Owing to the fact that p P Ph, Πhp∇¨uNq “ p and thus

Πhp∇¨IhpuNqq “ Πhp∇¨pu ´ vhqq,

which means in particular that wh :“ IhpuNq ` vh P Uh since Πhp∇¨uq “ 0 by assumption.
Then, we get

}u ´ wh}U ď }u ´ vh}U ` }IhpuNq}U ď }u ´ vh}U ` CSCN}p}0,Ω.

Owing to the definition of the L2-orthogonal projector, we have

}p}0,Ω ď }∇¨pu ´ vhq}0,Ω ď CB}u ´ vh}U ,

where CB ą 0 is a constant independent of h. The conclusion follows with C “ 1`CBCSCN.

When λ “ `8, the solution u P H1
0 pΩqd of problem (II.3) is constrained to lie in the space

tv P H1
0 pΩqd | p∇¨v, qq0,Ω “ 0,@ q P L2

0pΩqu.

This can be seen by rewriting (II.3) under an equivalent mixed form, just as we did for the
modified problem (II.13), and by letting λ go to infinity. Thus, up to a choice of Ph such that
a Fortin operator exists, Lemma II.4 guarantees that the approximation (II.13) of the linear
elasticity problem will not lock in the quasi-incompressible limit. However, it still does not
really help choosing Ph. The following remark does, cf. [17, Proposition II.8].

Remark II.2 (Link with a discrete inf-sup condition). Let Ph be given. Let introduce the
bilinear form bpvh, qhq :“ ´p∇¨vh, qhq0,Ω on Uh ˆ Ph X L2

0pΩq. The existence of a Fortin
operator is equivalent to the verification of the following discrete inf-sup condition:

@qh P Ph X L2
0pΩq, β}qh}0,Ω ď sup

vhPUhzt0u

bpvh, qhq
}vh}U

,

where β ą 0 is independent of h. Moreover, we have the relations β “ pCSCNq´1 and CB “ }b}.

The conclusion follows: to guarantee the locking-free aspect of the discretization (II.13), it is
sufficient to choose Ph such that a discrete inf-sup condition (with a constant independent of
h) holds on Uh ˆ Ph X L2

0pΩq.

Remark II.3 (Nonconforming approximation). Let Uh Ć U be a nonconforming approxima-
tion space satisfying ∇h¨Uh Ă L2

0pΩq, and let Ph be given. We consider the following problem:
Find uh P Uh such that

ahpuh,vhq “ pf ,vhq0,Ω @vh P Uh, (II.16)

where ahpw,vq :“ 2µpεhpwq, εhpvqq0,Ω`λpΠhp∇h¨wq,Πhp∇h¨vqq0,Ω`shpw,vq, using the broken

versions of the different differential operators (cf. Section III.1.3). Introducing

}v}el :“ ahpv,vq1{2,
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Chapitre II : From linear elasticity to poroelasticity

the discretization error associated to (II.16) still can be written under the form (II.14), with the
slight difference that the second term in the right-hand side does not only take into account a
consistency error but also now a conformity one. The bilinear form sh is a consistent stabiliza-
tion term (jumps penalization) which aims to recover coercivity on a nonconforming level. We
will give more details in Chapter IV. With a slight modification of Definition II.1 to take into
account the broken character of the divergence operator when applied to Uh, and of the norm
}v}U :“ }∇hv}0,Ω on U ` Uh, it is a simple matter to show that Lemma II.4 and Remark II.2
still hold when considering a nonconforming approximation space. As a consequence, an inf-
sup stable pair pUh Ć U , Ph X L2

0pΩqq will give a locking-free primal approximation of linear
elasticity equations.

We now give some examples of locking-free conforming or nonconforming pairs pUh, Phq (on
matching simplicial meshes) that can be encountered in the literature. Let Th be a matching
simplicial discretization of Ω, h representing the maximum diameter of the mesh elements, and
let P0

d pThq and P1
d pThq respectively denote the spaces of piecewise constant and piecewise affine

functions on Th (cf. again Section III.1.3).

(i) Let introduce the space

Uh :“ tvh P CRpThqd | vhpxF q “ 0,@F P Fb
Th

u,

where CRpThq is the Crouzeix–Raviart space introduced in Section II.1.2.1, and xF is the
barycenter of the boundary face F P Fb

Th
. First note that ∇h¨Uh Ă L2

0pΩq. We consider
the nonconforming approximation (II.16) on Uh, and we choose Πh as the L2-orthogonal
projector onto Ph :“ P0

d pThq (classically denoted Π0
h). Note that, when applied to ∇h¨Uh,

Π0
h is actually the identity operator. Members of Uh are thus pointwise divergence-free. It

is a simple matter to prove that the resulting discretization is locking-free. As a matter of
fact, it is well-known that the pair pUh, Ph XL2

0pΩqq satisfies an inf-sup condition. In other
words, there exists a Fortin operator which preserves the mean value of the divergence (and
actually of the whole gradient) inside each element. For more details in the case d “ 2,
see, e.g., Brenner and Sung [16] (for the pure displacement problem under its naturally
coercive formulation, cf. Remark II.1), and Hansbo and Larson [50] (for a stabilized version,
obtained as a particular case of a discontinuous Galerkin method). Note that an equivalent
construction exists on quadrilaterals, this is the so-called Rannacher–Turek element [71].

(ii) Let d “ 2 and let Th{2 be the matching triangular submesh of Th obtained by connecting
the barycenters of edges in Th. Let define

Uh :“ tvh P H1
0 pΩqd | vh P P1

d

`

Th{2

˘du.

We consider the conforming approximation (II.13) on Uh, and we choose Πh as the L2-
orthogonal projector onto Ph :“ P0

d pThq, i.e. Πh “ Π0
h. Note that ∇¨Uh Ă P0

d

`

Th{2

˘

.
Members of Uh are thus discretely divergence-free. The resulting discretization is locking-
free. The construction of the Fortin operator assuming a regularity H2pΩqd is detailed
in [16] for the pure traction problem.

(iii) Let Uh be the (conforming) Pd
2 finite element space with vanishing boundary conditions,

and let Πh be the L2-orthogonal projector onto the (conforming) P1 finite element space.
Note that ∇¨Uh Ă P1

d pThq. Members of Uh are thus discretely divergence-free. The
conforming approximation (II.13) on Uh is locking-free. Indeed, denoting Ph :“ P1, it is
well-known that the pair pUh, Ph X L2

0pΩqq (the so-called Taylor–Hood element) satisfies
an inf-sup condition.
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Let finally see, from a practical point of view, what are the different steps to derive locking-
free discretization error estimates for sufficiently regular solutions. Assume that the continuous
solution satisfies u P U XH2pΩqd. Locking-free discretizations satisfy an estimate of the form

}u ´ uh}el ď Ch}f}0,Ω, (II.17)

where } ¨ }el is the discrete energy norm, and C ą 0 is a constant, possibly depending on µ

and on the mesh regularity parameters, but independent of h, λ, and u. The key point here is
that the multiplicative constant in the right-hand side of (II.17) does not blow up in the limit
λ Ñ `8, i.e. the method converges uniformly with respect to λ. To obtain (II.17), we prove
(without any assumption on the dimension d) that there holds, with Nelpuq defined by (II.8),

}u ´ uh}el ď CelhNelpuq,

where Cel ą 0 has the same dependencies as C. Then, the conclusion follows from a regularity
result like the one stated in Lemma II.2 in the case d “ 2 and Ω convex. This result gives both
the regularity of the solution u and the uniform bound on Nelpuq with respect to λ. Then,
C “ CelCµ. We assume that an equivalent result may hold true in d “ 3. In Chapter IV, we
will study the convergence of our nonconforming method by following the above steps, starting
from an abstract error estimate of the form (II.14).

II.1.3 State of the art and approximation choices

In this section we analyze the existing literature regarding the approximation of the linear
elasticity equations. We particularly focus on the questions of coercivity and robustness with
respect to locking that we have tackled in the previous section. The aim is, under the light of
what already exists, to justify the choices and the orientations of the two following chapters.

As we already noticed in Section II.1.2.1, even if conforming finite element approximations
of linear elasticity are naturally well-posed, they do not fit into our specifications. The first
reason is that they are not suited at all to general meshes. The second one is that they
lock in the quasi-incompressible limit. On matching triangular meshes, as pointed out by
Falk [46], continuous finite elements suffer a deterioration in the convergence rate as λ Ñ `8
for piecewise polynomials of degree less or equal to 3. If we focus on the lowest-order space, we
have seen in example (ii) of Section II.1.2.2 that robustness can be achieved up to a reduced
integration of divergence terms. However, the price to pay is a remeshing of the primal mesh
which merely doubles the number of unknowns! Hence, conforming methods are definitely not
a good candidate for the discretization of linear elasticity.

Let thus focus on nonconforming methods. The coercivity issue of such approximations can
be fixed through various ways. As far as the lowest-order nonconfoming space (the Crouzeix–
Raviart space) is concerned, according to Falk [46], coercivity can be recovered by a reduced
integration of rotational terms. The price to pay is here again a remeshing of the primal mesh
wich doubles (after local elimination) the number of unknowns. Another way to reach coercivity
is to increase the order of approximation. Indeed, nonconforming piecewise quadratic and cubic
finite elements provide stable (and robust with respect to locking) discretizations, see again
Falk [46]. However, owing to the applications we aim, we only deal with lowest-order approx-
imations. Another technique to obtain coercivity is to add rigidity to the system by reducing
the number of degrees of freedom. We refer to Appendix C where we present a Hybrid Finite
Volume (HFV) method (on general 2D and 3D meshes) where the tangential component(s)
of the displacement on mesh faces is (are) interpolated by using normal unknowns belonging
to a stencil of neighboring faces. The linear interpolation is second order accurate in order
to preserve the order of approximation of the scheme. Note that cell unknowns can also be
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Chapitre II : From linear elasticity to poroelasticity

globally eliminated in that case since they only depend on a stencil of neighboring normal face
unknowns. The robustness with respect to locking is granted as soon as the same holds for the
HFV method without interpolation (which is the case, see Section III.3.2 for the construction
of a Fortin operator on the corresponding space), since normal displacements on mesh faces
are kept as degrees of freedom. The numerical tests are convincing. However, this technique
presents two drawbacks. First, we did not manage to write a general proof attesting the un-
conditional stability of such a method. Secondly, even if the number of unknowns is reduced in
comparison with the same method without interpolation (the only unknowns left are the nor-
mal displacements on mesh faces), the computational costs can be prohibitive on fine meshes
because of the large stencil of neighboring faces that we have to consider for the interpolation.
This increases the calculation (owing to the resolution of local problems) and assembling times,
and deteriorates the matrix conditioning. The last technique to reach coercivity is inspired
from discontinuous Galerkin (dG) methods. This technique uses a (consistent) stabilization
of the bilinear form by least-square jumps penalization. Coercivity then results from the ap-
plication of a weak Korn’s inequality holding for piecewise H1 vector fields, see Brenner [14].
In [49, 50], Hansbo and Larson design a lowest-order dG method on matching triangular meshes
for quasi-incompressible linear elasticity which does not lock. By restricting the dG method to
the Crouzeix–Raviart space, they derive a stabilized version of the lowest-order nonconforming
method. The coercivity of this stabilized (and locking-free) Crouzeix–Raviart approximation
is thus guaranteed by penalizing the jumps of discrete functions on mesh interfaces. Actually,
dG methods are not optimal at all to approximate quasi-incompressible linear elasticity, in the
sense that they imply a large number of degrees of freedom that are not necessary, since, at last,
the Fortin operator involved is the Crouzeix–Raviart one. Note that Di Pietro and Nicaise [29]
have proposed a locking-free dG method (on matching simplicial meshes) for linear elasticity
with piecewise constant mechanical properties. The stabilization by jumps penalization is a
good remedy but it has two drawbacks. The first one is that a notion of gradient-based affine
reconstruction must be defined to give a sense to the jumps. This notion does not necessarily
have sense for every nonconforming space, we think in particular to HFV methods (see Eymard,
Gallouët and Herbin [39, 40]), but also to Mimetic Finite Difference (MFD) methods (see Brezzi,
Lipnikov et al. [20, 18, 19]), and to Mixed Finite Volume (MFV) ones (see Droniou and Ey-
mard [30]). These methods are closely related, as it has been investigated in [32], and have the
particularity of considering constant reconstructions, with gradient operator and reconstruction
only linked by a discrete Friedrichs’ inequality and a limit-conformity assumption. The second
drawback of the jumps penalization is that it enlarges the stencil as the jumps couple the un-
knowns between neighboring elements. The calculation (evaluations on quadrature nodes) and
assembling times are also increased. Nevertheless, jumps penalization remains, from our point
of view and after comparison, perhaps the best solution to ensure coercivity. Note that more
general Hooke’s laws, featuring fourth-order stiffness tensors satisfying certain symmetry and
positive-definiteness properties in order for the problem to be well-posed, can be considered.
Also in that case, jumps penalization guarantees the well-posedness on a discrete level.

As far as numerical locking is concerned, one classical way of circumventing the problem
is the use of a mixed formulation, where the solution is characterized as the saddle-point of a
Lagrangian functional involving two or three discrete unknowns (stress, displacement, pressure-
like variables. . . ). The resulting methods converge uniformly in λ, but are often computationally
more expensive than primal methods where the displacement is the sole unknown. In this
context, we recall, e.g., the PEERS method of Arnold, Brezzi and Douglas [4], the mixed
method of Stenberg [75], and the mixed methods of Chavan, Lamichhane and Wohlmuth [21],
and Lamichhane and Stephan [57]. All these methods require matching tetrahedral (triangular)
or hexahedral (quadrilateral) meshes. General meshes matching regularity assumptions that are
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similar to the ones we will consider, cf. Section III.1, have been considered by Beirão da Veiga [7],
who introduces a mixed MFD method which does not lock in the quasi-incompressible limit.
The problem of locking has also been addressed without resorting to mixed formulations, and
several methods can be found in the literature. We can cite, e.g., the nonconforming methods
of Falk [46], and the p-version method of Vogelius [78]. In this work we take inspiration, in
particular, from the classical paper of Brenner and Sung [16], where the authors propose a
locking-free method on matching triangular meshes based on the Crouzeix–Raviart element, see
example (i) of Section II.1.2.2. The coercivity issue is here circumvented by considering the pure
displacement problem and the naturally coercive form (II.5). Another source of inspiration is
the work of Hansbo and Larson [49, 50], that we already detailed above. All these works require
matching simplicial meshes.

Primal methods on general meshes have also been investigated. Beirão da Veiga, Brezzi
and Marini [8] propose a virtual element (VE) discretization of linear elasticity which does
not lock in the quasi-incompressible limit. In the finite volume sphere, we can also cite the
work of Krell and coworkers on Discrete Duality Finite Volume (DDFV) schemes for the steady
Stokes problem with variable viscosity (which arises for non-Newtonian fluids), in two and
three space dimensions [55, 56]. DDFV schemes are staggered discretizations in the sense that
the different discrete unknowns are located on different nodes. When considering a variable
viscosity, one needs to derive a discrete Korn’s inequality to ensure the coercivity of the diffusion
operator. This is done in the work of Krell and coworkers by mimicking, on the discrete
level, the relation (II.6) and the integration by parts formula. However, the spaces used to
approximate the velocity and the pressure do not fulfill a discrete inf-sup condition on every
kind of meshes, as recently investigated in [13]. In the context of the Stokes problem, the
stability is recovered by penalizing the mass conservation equation, but in the context of quasi-
incompressible elasticity, even if they are coercive, DDFV methods cannot ensure the existence
of a Fortin operator on general meshes. Still in the finite volume framework, we can cite the
work of Beirão da Veiga et al. on MFD methods on polyhedral meshes for the steady Stokes
problem with variable (and possibly fourth-order tensorial) viscosity, in two and three space
dimensions [9, 10]. For the velocity, nodal unknowns allow to recover a discrete Korn’s inequality,
while normal face unknowns enable to guarantee the existence of a Fortin operator. The coupled
discretization with piecewise constant pressures is thus inf-sup stable and coercive, with few
degrees of freedom involved. This method can be immediately extended to incompressible linear
elasticity under its mixed form, or to a coercive and locking-free primal method for (possibly
quasi-incompressible) elasticity by an element-wise condensation of pressure-like terms, that is
to say by introducing a projection on the divergence operator. Finally, we can cite the work
of Nordbotten [64], who proposes several vectorial Multi-Point Flux Approximation (MPFA)
methods for linear elasticity (with general Hooke’s laws), which only involve cell unknowns
for the components of the displacement. These methods apply to general meshes in two and
three space dimensions, are locally conservative, computationally cheap, and give good results
for heterogeneous media and challenging grids, but rather poor results for quasi-incompressible
materials. Other drawbacks are the rather complex local calculations needed in the construction
of the method, as well as the lack of theoretical framework to study such approximations, whose
stability properties are not shown. In addition, these methods are often nonsymmetric, which
implies the use of more complicate solvers like GMRES or BiCGStab, instead of a simpler
conjugate gradient method.

In this work, we aim to design a lowest-order, primal, symmetric (nonconforming) discretiza-
tion of linear elasticity on general meshes, which is unconditionally coercive and robust with
repect to locking. For that purpose, we take inspiration from the works of Brenner and Sung [16]
and Hansbo and Larson [50]. In Chapter III, we build a nonconforming lowest-order discrete
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space, which can be seen as an extension of the Crouzeix–Raviart space to general meshes, and
which has the desired properties

(i) of approximation and weak conformity (in this case, the continuity of mean values at
interfaces);

(ii) of existence of a Fortin operator.

These properties guarantee the robustness with repect to locking of any discretization of linear
elasticity based on that space. The construction of the space is inspired from HFV and cell-
centered Galerkin (ccG) methods, see Di Pietro [23] for the latter (ccG brings the useful notion
of gradient-based affine reconstruction for finite volume methods). In Chapter IV, we apply this
new space to the approximation of the elasticity equations, where we treat the coercivity issue
by jumps penalization. We also investigate the local conservativity properties of the method.

II.2 Biot’s consolidation model

II.2.1 Continuous setting

From now on, let Ω represent a linearly elastic porous medium saturated by a slightly
compressible and viscous fluid, in which inertia effects in the elastic structure are negligible.
This poroelasticity model is referred to as quasistatic and single-phase, in the sense that

‚ quasistatic: the acceleration term is neglected in the momentum balance as the inertia
effects in the elastic structure are negligible;

‚ single-phase: the medium is saturated by a (slightly compressible) fluid.
Given a simulation time T ą 0, the poroelasticity problem, see the pioneering works of Biot [12]
and von Terzaghi [81], consists in finding a vector-valued displacement field u : Ωˆp0, T s Ñ Rd,
and a scalar-valued pore pressure p : Ω ˆ p0, T s Ñ R, such that

´∇¨σpuq ` α∇p “ f in Ω ˆ p0, T s, (II.18a)

Btpα∇¨u ` c0 pq ´ ∇¨pκ∇pq “ h in Ω ˆ p0, T s, (II.18b)

u “ 0 on Γ ˆ p0, T s, (II.18c)

κ∇p¨n “ 0 on Γ ˆ p0, T s, (II.18d)

xpyΩ “ 0 in p0, T s, (II.18e)

pα∇¨u ` c0 pqp¨, 0q “ β in Ω, (II.18f)

where
σpuq :“ 2µ εpuq ` λ∇¨uId, εpuq :“ 1

2
p∇u ` ∇uT q, (II.19)

and where we have introduced the time-dependent notation xψyΩ
:“ 1

|Ω|
ş

Ω
ψpx, ¨qdx.

This saddle-point-type model is valid under the following assumptions:

(i) infinitesimal strain theory;

(ii) small variations of porosity;

(iii) small relative variations of the fluid density with respect to a uniform equilibrium value.

The mechanical behavior of the material is described through Hooke’s law (II.19), valid for
isotropic linearly elastic materials, see Section II.1.1. More general Hooke’s laws, involving
fourth-order stiffness tensors satisfying certain symmetry and positive-definiteness properties in
order for the problem to be well-posed, could be considered. Here, the material is also assumed
to be homogeneous, and hence the Lamé parameters are constant in the whole medium. The
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second Lamé parameter µ remains bounded, whereas λ may take unboundedly large values
in the case of a quasi-incompressible material (λ Ñ `8). In that model, σpuq is called the

effective stress tensor, while the total stress tensor is actually defined as σTpuq :“ σpuq ´αpId,

and is such that ´∇¨σTpuq “ f .

The mechanical equilibrium of the coupled solid-fluid system is described by Equation (II.18a),
where f : Ω ˆ p0, T s Ñ Rd is the body force per unit volume (for example the gravity). The
coefficient α ą 0 (dimensionless) is the so-called Biot–Willis coefficient (sometimes denoted b,
see [36]), which symmetrically quantifies

‚ the variation of stress induced by an increment of fluid pressure for a constant pore volume
(α∇p in (II.18a));

‚ the amount of fluid that can be forced into the medium by a mechanical variation of pore
volume for a constant fluid pressure (α∇¨u in (II.18b)).

This coefficient is usually close to unity and we will take it equal to one in the following. This
convention is adopted, e.g., in [82, 62, 74, 2].
The continuity Equation (II.18b) is the mass balance of fluid. The volume of fluid both depends
on the pressure-dependent part c0 p and on a part depending on the mechanical variations of
pore volume (for constant fluid pressure) α∇¨u. The coefficient c0 ě 0, which is homogeneous
to the inverse of a pressure, is the so-called constrained specific storage coefficient (linked to
Biot modulus M ą 0 by c0 :“ 1

M
). This coefficient is a measure of both

‚ the amount of fluid that can be forced into the medium by pressure increments if the fluid
is assumed to be incompressible (this measure is directly linked to the compressibility of
the structure);

‚ the amount of fluid that can be forced into the medium by pressure increments for a
constant pore volume (this last measure is directly linked to the compressibility of the
fluid, and vanishes for an incompressible fluid).

In some applications like consolidation processes (of clay for example), the fluid is considered to
be incompressible, and the elastic structure to have very low sensitiveness to pressure increments
for the range of pressures considered. Hence, the constrained specific storage coefficient is
assumed to be very small, and is merely neglected in this model. In that case, the volume of
fluid only depends on the mechanical variations of pore volume (for constant fluid pressure).
This model is referred to as Biot’s consolidation model. From a numerical point of view, and as
we will detail further, the correct approximation of Biot’s consolidation model is actually more
involved than the one of the poroelasticity problem, and the extension to this latter is in fact
straightforward as soon as Biot’s consolidation model is correctly treated. Hence, we will focus
in this work on the theoretical study of that special case.
The fluid flow in the porous medium follows Darcy’s law, with velocity given by

v “ ´κ∇p,

where we have neglected the gravity effects on the fluid. The scalar-valued field h : Ωˆp0, T s Ñ R

is a source term, which satisfies xhyΩ “ 0 in p0, T s, and which is often taken equal to zero in
consolidation models. The scalar-valued field κ is the mobility of the fluid, i.e. the ratio between
the (scalar-valued) permeability of the medium and the constant dynamic viscosity of the fluid.
The mobility is homogeneous to the ratio of a velocity with a force per unit volume and satisfies

0 ă κ ď κpxq ď κ ă `8 for a.e. x P Ω. (II.20)

The mobility remains bounded away from infinitely large values but may take (strictly positive)
arbitrarily small values in poorly permeable regions (κ Ñ 0`). Besides, we assume for theo-
retical needs (cf. Chapter V) that κ P W 1,8pΩq, and that the mobility satisfies: there exists
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Cm ą 1 such that
}κ1{2}W 1,8pΩq ď Cm κ

1{2, (II.21)

which is equivalent to infer an upper bound on the permeability contrast and on the variation
scale of this latter.
To close the model, we prescribe boundary conditions on the displacement and pressure for
t ą 0, as well as we enforce in (II.18f) an initial condition β : Ω Ñ R such that xβyΩ “ 0 on the
quantity pα∇¨u`c0 pq. To model the incompressible response of the solid-fluid aggregate in the
beginning of the consolidation process, β is often taken equal to zero in consolidation models.
For the sake of simplicity, we prescribe a homogeneous Dirichlet boundary condition (II.18c) on
the displacement and a homogeneous Neumann boundary condition (II.18d) on the pressure,
which models an impermeable boundary (v¨n “ 0). The condition of zero mean value (II.18e)
on the pressure ables to close the model. Other boundary conditions could be handled with
slight modifications.

From now on, we focus on Biot’s consolidation problem since we will study its numerical
approximation in Chapter V. Thus, we assume c0 “ 0 in (II.18b) and (II.18f). We also assume
that α “ 1, and that, for obvious physical reasons, either λ may take unboundedly large
values (quasi-incompressible behavior), either κ may tend to vanish (local quasi-impermeable
behavior). When dealing with quasi-incompressible behaviors (λ Ñ `8), we further assume
that the quantity λ1{2}β}0,Ω is bounded independently of λ.

In order to write the weak formulation of Biot’s consolidation problem, let first introduce the
space H1pΩq :“ H1pΩqXL2

0pΩq, where L2
0pΩq has been defined in (II.12). In the sequel, we focus

on solutions with low regularity, i.e. L2p0, T ;H1
0 pΩqdq for the displacement, and L2p0, T ;H1pΩqq

for the pressure. Note that in the case c0 ‰ 0, we would have considered pressures belonging
to H1p0, T ;L2

0pΩqq X L2p0, T ;H1pΩqq. For a function ψ defined a.e. on the space-time cylinder
Ω ˆ p0, T s, we consider ψ as a function of the time variable with values in a Hilbert space V
spanned by functions of the space variable, in such a way that

ψ : p0, T s Q t ÞÑ ψptq ” ψp¨, tq P V, for a.e. t P p0, T s.

Let U :“ H1
0 pΩqd, P :“ H1pΩq, and let denote by C8

c pp0, T qq the space of time bump func-
tions. We recall that, thanks to Friedrichs’ and Poincaré inequalities, }∇v}0,Ω is a norm on
U , as well as }∇q}0,Ω is a norm on P . For an initial datum β P L2

0pΩq, and source terms
f P H1p0, T ;L2pΩqdq, h P L2p0, T ;L2

0pΩqq, we consider the following weak formulation of prob-
lem (II.18) with c0 “ 0 and α “ 1: Find u P L2p0, T ; Uq and p P L2p0, T ;P q such that

ż T

0

ãpuptq,vqϕptq dt`
ż T

0

bpv, pptqqϕptq dt “
ż T

0

pfptq,vq0,Ω ϕptq dt @v P U ,@ϕ P C8
c pp0, T qq,
(II.22a)

ż T

0

bpuptq, qqϕ1ptq dt`
ż T

0

cppptq, qqϕptq dt “
ż T

0

phptq, qq0,Ω ϕptq dt @q P P,@ϕ P C8
c pp0, T qq,

(II.22b)

pp∇¨uqp0q, qq0,Ω “ pβ, qq0,Ω @q P P, (II.22c)

where ãpw,vq :“ µp∇w,∇vq0,Ω ` pµ`λqp∇¨w,∇¨vq0,Ω, bpv, qq :“ ´p∇¨v, qq0,Ω, and cpr, qq :“
pκ∇r,∇qq0,Ω. Some remarks are in order. First of all, note the use of the naturally coercive
linear elasticity bilinear form ã. The use of such a convenient alternative formulation is justified
by Remark II.1.
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Remark II.4 (Initial datum). Owing to the surjectivity of the divergence operator stated in
Lemma II.3, the L2

0pΩq initial datum on the divergence of the displacement can be expressed as

Dup0q P U such that β “ ∇¨up0q, with }∇up0q}0,Ω ď CN}β}0,Ω, (II.23)

where CN ą 0 is the constant (only depending on Ω) introduced in Lemma II.3. Hence, we can
define an initial displacement field up0q P U .

Remark II.5 (Regularity). If pu, pq P L2p0, T ; Uq ˆ L2p0, T ;P q satisfies Equation (II.22b),
then t ÞÑ pp∇¨uqptq, qq0,Ω P H1pp0, T qq for all q P P . Indeed, an integration by parts gives

´Bt pbpu, qqq ` cpp, qq “ ph, qq0,Ω @q P P, in D1pp0, T qq,

leading to the conclusion since, for all q P P , t ÞÑ phptq, qq0,Ω P L2pp0, T qq, and t ÞÑ cppptq, qq P
L2pp0, T qq. As a consequence, t ÞÑ pp∇¨uqptq, qq0,Ω P C0pr0, T sq for all q P P , hence giving a
sense to (II.22c).

The existence and uniqueness of a minimal regularity solution to problem (II.22) (with
homogeneous permeability) has been studied by Ženíšek in [82]. This study handles the case of
piecewise C2 boundaries but does not handle the one of poorly permeable media, nor the one
of quasi-incompressible materials. In this work, we prove the existence and uniqueness of the
weak solution to problem (II.22) in the case of a polygonal or polyhedral domain, under the
regularity assumptions on the data previously introduced, and independently of the (admissible)
values that can possibly be taken by λ or κ. The existence is proved by constructing a sequence
of nonconforming approximations that converges to a solution of (II.22), see Chapter V. The
uniqueness is a consequence of the following lemma, inspired from [82].

Lemma II.5 (A priori estimate). Let pu, pq P L2p0, T ; Uq ˆ L2p0, T ;P q be a solution to prob-
lem (II.22). Then, it satisfies the following a priori estimate:

ż T

0

ãpuptq,uptqq dt`1
2
cpzpT q, zpT qq “

ż T

0

pfptq,uptqq0,Ω dt`
ż T

0

p
ż t

0

hpsq ds, pptqq0,Ω dt`pβ, zpT qq0,Ω,

(II.24)
where zptq :“

şt

0
ppsq ds, for all t P r0, T s.

Proof. From Equation (II.22a), there holds for a.e. t P p0, T q, and for all v P U ,

ãpuptq,vq ` bpv, pptqq “ pfptq,vq0,Ω.

Let set v “ uptq P U , and integrate on p0, T q:
ż T

0

ãpuptq,uptqq dt`
ż T

0

bpuptq, pptqq dt “
ż T

0

pfptq,uptqq0,Ω dt. (II.25)

Integrating by parts Equation (II.22b), and owing to Remark II.5, there holds for a.e. s P p0, T q,
and for all q P P ,

´ Bt pbpupsq, qqq ` cpppsq, qq “ phpsq, qq0,Ω. (II.26)

For a given t P r0, T s, let integrate the previous relation on p0, tq:

´bpuptq, qq `
ż t

0

cpppsq, qq ds “
ż t

0

phpsq, qq0,Ω ds` pβ, qq0,Ω,
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where we have used Remark II.5 and (II.22c). Let q “ pptq P P , in such a way that q “ Btzptq.
Then, there holds

´bpuptq, pptqq ` 1
2

Bt pcpzptq, zptqqq “ p
ż t

0

hpsq ds, pptqq0,Ω ` pβ, pptqq0,Ω.

Integrating the last relation on p0, T q gives

ż T

0

bpuptq, pptqq dt “ 1
2
cpzpT q, zpT qq ´ pβ, zpT qq0,Ω ´

ż T

0

p
ż t

0

hpsq ds, pptqq0,Ω dt,

which, combined to (II.25), leads to the conclusion.

Theorem II.1 (Uniqueness of the solution to (II.22)). Independently of the (admissible) values
that can possibly be taken by λ or κ, whenever a solution to problem (II.22) exists, then it is
unique and we denote it pu, pq P L2p0, T ; Uq ˆ L2p0, T ;P q.

Proof. Owing to the linearity of the problem, let assume f ” 0, h ” 0, and β ” 0 in (II.22),
and let prove that pu, pq ” p0, 0q. Owing to the positivity of the term 1

2
cpzpT q, zpT qq, the

estimate (II.24) combined with the fact that µ is a strictly positive constant, directly yields
}u}

L2p0,T ;H1
0

pΩqdq “ 0. This result, combined with an integration on p0, T q of (II.26) where we

have set q “ ppsq P P , and with the positivity of κ stated in (II.20), yields }p}
L2p0,T ;H1pΩqq “ 0,

hence concluding the proof.

II.2.2 Numerical issues

Like we did in Section II.1.2 for the linear elasticity model, we roughly detail in this para-
graph the difficulties that may arise in the numerical approximation of a quasistatic single-phase
poroelasticity problem.

These issues have two origins: first, the discretization of the linear elasticity model (coerciv-
ity and numerical locking issues), and then, the (possibly saddle-point) coupling between the
flow and the mechanics (stability issues). We will not tackle again the coercivity and locking
issues, and we refer the reader to Section II.1.2.

Concerning the time discretization, we will consider a first order implicit Euler method,
which is the simplest and most widely used method in the literature (sometimes under its
modified θ-form). Thus, we will not go further into details.

As far as the stability of the saddle-point mechanics-flow coupling is concerned, it is actually
closely related to the elasticity locking phenomenon. For both of them, the difficulty lies in
the approximation of the divergence operator. According to Section II.1.2.2, a locking-free
discretization of elasticity is obtained as soon as there exists a discrete (pressure) space which
satisfies an inf-sup condition when coupled with the displacement approximation space. In the
linear elasticity context, locking is handled by projecting the discrete divergence operator onto
that very space. In the context of a poroelastic displacement-pressure coupling, stability can
thus be obtained by considering discrete pressure reconstructions belonging to that space, which
is in fact equivalent to projecting the discrete divergence operator onto the pressure space in
the coupling term. From a mathematical point of view, the inf-sup condition yields an estimate
in the L8p0, T ;L2

0pΩqq norm on the discrete pore pressure which is independent of κ´1.
It is of some importance to note that inf-sup stability is not needed in a somehow compress-

ible poroelastic model (i.e. with c0 ą 0). As a matter of fact, in that case, the introduction of
the additional term Btpc0 pq in the left-hand side of the fluid balance Equation (II.18b) directly
yields a discrete L8p0, T ;L2

0pΩqq estimate on the pore pressure which does not depend on κ´1
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(nor on λ), and which does not hinge on the existence of a Fortin operator. The strong conver-
gence of the approximate pressure reconstruction towards the continuous pressure can be proved
in the same way as the strong convergence of the approximate gradient of the displacement.

When considering Biot’s consolidation model (i.e. c0 “ 0), the only estimate that naturally
holds on the discrete pressure is a L2p0, T ;H1pΩqq one, which derives from the diffusion term
and which depends on κ´1. Hence, in the presence of poorly permeable regions or in the
first time steps, the stability of the pressure approximation is not granted. This results in
spurious spatial oscillations of the pressure approximation, see, e.g., Phillips and Wheeler [68],
or Berdal Haga, Osnes and Langtangen [11]. The only way to avoid this spurious phenomenon
is to introduce a stabilization on the pressure. This can be done either by stabilizing the flow
Equation (II.22b), either by using approximation spaces for the displacement and pressure that
actually satisfy an inf-sup condition, see Section II.2.3 for examples and discussion. A discrete
inf-sup condition ensures an additional estimate on the pressure in the L8p0, T ;L2

0pΩqq norm,
depending on λ, but which does not depend on κ´1, see Chapter V. This makes sense from
a physical point of view. Indeed, in a medium featuring very low permeability regions, an
incompressible fluid cannot flow unless the material be compressible. Thus, as we explained
in the previous section, when considering an incompressible fluid, the two limit cases κ Ñ 0`

and λ Ñ `8 cannot occur simultaneously. This means, from a discrete point of view, that a
L2p0, T ;L2

0pΩqq estimate holds on the approximate pressure, independently of the (admissible)
values that can possibly be taken by λ or κ, as soon as a discrete inf-sup condition is fulfilled.
Indeed, when considering potentially poorly permeable regions, the material is assumed to be
compressible and the estimate deriving from the inf-sup condition (which only depends on the
bounded parameter λ) ensures the stability of the pressure, while in the case of a potentially
quasi-incompressible material, the medium is assumed to be permeable and the stability of
the approximate pressure is granted by the estimate deriving from the diffusion term (which
only depends on the bounded parameter κ´1). Note finally that in Biot’s consolidation model,
the inf-sup condition seems mandatory to prove the strong convergence of the approximate
pressure reconstruction towards the continuous pressure in the L2p0, T ;L2

0pΩqq norm. In a way,
the strong convergence of the pressure reconstruction cannot be guaranteed unless having an
estimate which does not depend on κ´1.

The problem of spurious spatial oscillations of the pore pressure is actually more involved
than a simple saddle-point coupling issue. The difficulty comes from the fact that, in very
early times (or when the permeability is low), the pressure is quasi-L2

0pΩq as the diffusion
term gives an almost vanishing contribution. However, as soon as t ą 0, boundary conditions
are imposed on the pore pressure hence giving necessarily to this latter a H1pΩq dimension.
When c0 “ 0, if no discrete inf-sup condition holds, the only control of pressure is given by
the diffusion term, which is almost inexistant in early times. Spurious spatial oscillations then
arise. If an inf-sup condition holds, then it yields a control of the pressure reconstruction, hence
reducing the oscillations. Taking c0 ą 0 drives to the same stabilizing result. To approximate
the pore pressure, one has to consider (at least, since it belongs to H1pΩq) a piecewise affine
representation. If we consider a piecewise affine discretization of the displacement components
(which is less costly than a quadratic one), then one has to derive an inf-sup condition for an
equal-order approximation pair, which seems difficult. Several tricks allow to circumvent this
problem. The first one is to consider a pair of spaces satisfying a (weaker) inf-sup condition
(which could not be termed like that in the finite element framework), that is to say giving an
estimate on a projection of the classical pressure reconstruction. We will consider that case in
Chapter V but we will see that the results are not fully satisfactory. The second remedy is to
add a stabilization term to the flow equation; this can be done in several ways, see Section V.4.2.
The third remedy is to treat the Darcean term using a mixed method, which enables to give to
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the pressure a L2
0pΩq dimension only (since the flux and the pressure are two different objects),

and to discretize it accordingly (piecewise constant for example) using a stable coupling method
with the flux. When coupled to a piecewise affine discretization of displacement, if this one is
discontinuous (as in dG methods), then the coupling is stable, see Wheeler et al. [67]. The only
problem of that method is that mixed methods often necessitate more unknowns than primal
ones.

II.2.3 State of the art and approximation choices

In this section, we give an overview of the existing literature regarding the approximation
of poroelasticity problems, and we use it to motivate our approximation choices.

There exists a wide range of poroelasticity models. They range from dynamic (with ac-
celeration terms in the momentum balance) to quasistatic, from multiphase compositional to
single-phase, they can model multiporosity and multipermeability systems, or secondary consoli-
dation processes (in that case a term of the form λ˚Btp∇¨uqId with λ˚ ą 0 is added to the total

stress tensor σTpuq). We focus here on the quasistatic single-phase model (II.18).
The mathematical issues of well-posedness of such a model have first been studied by Au-

riault and Sanchez–Palencia in [5]. In the later work of Showalter [74], an existence and
uniqueness theory for strong in time solutions is developed, for source data assumed to be
Hölder continuous in time. This work also addresses the case of Neumann-Neumann boundary
regions, where the flux is prescribed both on the pressure through κ∇p¨n, and on the dis-
placement through σpuqn. Often this problem is circumvented by prescribing σTpuqn as the
displacement flux, the problem being that this flux is usually unknown in practical problems.
We can also cite the work of Ern and Meunier [36], who present an a priori analysis of the
continuous problem for strong in time solutions, assuming their existence for data satisfying
the assumptions introduced in Section II.2.1. Biot’s consolidation problem (i.e. (II.18) with
c0 “ 0) has been tackled by Ženíšek in [82]. The existence and uniqueness of a low regularity
solution pu, pq P L2p0, T ;H1

0 pΩqdq ˆ L2p0, T ;H1pΩqq (actually Ženíšek considers more general
boundary conditions) is proved under the assumptions on the data introduced in Section II.2.1.
Note however that this theory does not handle the cases of poorly permeable regions or quasi-
incompressible materials.

As far as the numerical approximation is concerned, the a priori analysis of Euler-Galerkin
approximations (i.e. implicit Euler in time, and continuous Galerkin in space) of Biot’s consol-
idation problem has first been carried out by Murad, Loula and coworkers [60, 61, 62]. This
analysis includes the semi-discrete and fully discrete cases, and the short- and long-time be-
haviors, for various stable and unstable combinations of the displacement and pore pressure
approximation spaces. In [62], the dependences of the spatial error bounds with respect to time
and to the meshsize are compared for combinations of finite elements ranging from unstable
(equal-order Lagrangian approximations) to stable (Taylor–Hood and mini elements). It ap-
pears that the lowest equal-order Lagrangian approximation presents more singular dependence
for small time than stable Taylor–Hood or mini approximations. It also appears that the con-
solidation process causes a regularization of the exact solution and a stabilization of the pore
pressure approximation. Consequently, possible spurious spatial oscillations of the pressure field
close to the origin decay in time, especially for unstable methods. Hence, after a certain time,
both stable and unstable methods converge. In the work of Aguilar et al. [2], a stabilized finite
element scheme is proposed to handle the problem of numerical locking in poorly permeable
regions or/and in very short times. The method is based on the lowest equal-order Lagrangian
approximation, and relies on a perturbation of the flow equation, with a stabilization parameter
depending on the meshsize square. The resulting scheme is shown to be locking-free on numer-
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ical examples, with a better robustness than inf-sup stable combinations of spaces, due to the
ability of tuning the stabilization parameter according to the meshsize values. In that context,
we can also cite the work of Wan, Durlofsky, Hughes and Aziz [83] on stabilized finite element
methods. Another way to handle locking is to use a discontinuous Galerkin (dG) method. When
using lowest equal-order discontinuous spaces for the displacement and pressure, the robustness
with respect to locking can be obtained by penalizing the pressure jumps in the flow equation.
This method has been tested with success by Daniele A. Di Pietro but not published yet. We
can also cite the work of Phillips and Wheeler. In their first two papers [65, 66], they introduce a
mixed/continuous Galerkin approximation of the poroelasticity model, which relies on a mixed
discretization of the pressure and a continuous Galerkin discretization of the displacement. The
semi-discrete and fully discrete cases are studied, with a time discretization using an implicit
θ-scheme. Optimal error estimates are derived under strong regularity assumptions on the data
and on the solutions. However, this scheme does not handle numerical locking in the sense that
no κ´1-independent estimate holds on the discrete pressure when c0 “ 0. In [67, 68], the authors
introduce a mixed/dG method for the the same problem, which turns out to handle locking in
the limit c0 “ 0, at least for the lowest-order combination of the approximation spaces, as it
is shown numerically therein. However, the robustness with respect to locking is not proved
in [67], since the L2p0, T ;L2

0pΩqq estimate on the pressure error that derive the authors comes
from the L2p0, T ;H1pΩqq pressure error estimate, and thus depends on κ´1 (note that more
general boundary conditions are actually considered in [67]). But actually, when considering
the lowest-order combination of the approximation spaces, that is to say piecewise constant
pressures (which is possible with a mixed scheme), and piecewise (discontinuous) affine dis-
placements, the discrete stability is guaranteed since the two spaces satisfy an inf-sup condition
(the Fortin operator is the Crouzeix–Raviart interpolator on simplices). To ensure the robust-
ness of the coupling for any choices of the mixed/dG approximation spaces, one has to use a
least-square penalization of the pressure jumps in the flow equation as we already mentioned. In
the finite element sphere, we can cite as another contribution the work of Ern and Meunier [36],
which details, for an Euler-Galerkin approximation, and under strong regularity assumptions in
time and space on the solutions, the a priori and a posteriori analyses of problem (II.18). We
can finally cite the works of Korsawe, Starke et al. [53, 54] on least-squares mixed finite element
methods, and of Wheeler, Xue and Yotov [84] on the coupling of multi-point flux mixed finite
element methods (for flow) with continuous Galerkin methods (for mechanics). In this last pa-
per, the emphasis is put on the treatment of (possibly discontinuous) full tensor permeabilities,
and on the use of irregular and rough tetrahedral or hexahedral grids. Note however that the
grids must be matching owing to the conforming approximation of mechanics.

To the best of our knowledge, the existing literature on the approximation of the poroe-
lasticity problem on general meshes is very poor. The limiting factor is obviously the need
to design a (nonconforming) stable discretization of linear elasticity valid on general meshes
(i.e. with polyhedral cells and possibly nonmatching interfaces). In addition, this discretization
must be stable when coupled with cell-centered pressures. Owing to these difficulties, very few
coupled finite volume approaches have been studied for poroelasticity.
In the industrial world, and this is the case in IFP Énergies nouvelles, mechanics-flow coupling
are usually ensured by an external coupling of specialized and very rich codes:

‚ a code treating multiphase compositional Darcy flows (PumaFlowTM or COORESTM in
IFP Énergies nouvelles);

‚ a code treating mechanics (Code_Aster or ABAQUS R© in IFP Énergies nouvelles).
Mechanics is treated with conforming finite elements on matching finite element-type meshes
(except if the model is itself discontinuous), whereas porous media flow codes use cell-centered
finite volume methods on CPG (Corner Point Geometry) meshes [69]. CPG meshes are widely
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used in reservoir simulation. They are based on a structured hexahedral grid, but are not
compatible with classical finite element codes for several reasons:

‚ hexahedral cells may degenerate into nonstandard polyhedral cells to model the erosion
of geological layers;

‚ vertices may be dedoubled and slide along the coordlines (i.e. straight lines orthogonal
to the geological layers) to model faults, generating possibly severe nonconformities (with
holes and overlapping);

‚ nonconforming local grid refinement (LGR) is used in near wellbore regions.
Hence, to realize the mechanics-flow coupling, one has to locally remesh (which can be intricate
in the presence of faults) the CPG grid before computing the interpolation operations between
3D meshes. Then, the external coupling is realized sequentially, using coupling algorithms.
There are three main types of sequential coupling methods:

‚ iteratively coupled: either the flow or the mechanics is solved first, then the other problem
is solved using the intermediate solution. This sequential procedure is iterated at each time
step until convergence within an acceptable tolerance. The converged solution is identical
to the one obtained using a fully coupled approach. Examples of such techniques are
drained and undrained splits (the mechanical problem is solved first), or fixed strain and
fixed stress splits (the flow problem is solved first);

‚ explicitly coupled: this method is also called the noniterative sequential method as only
one iteration is taken. This method is obviously less accurate. It can also be used as a
preconditioner for a fully coupled resolution;

‚ loosely coupled: the coupling is resolved only after a certain number of flow time steps.
This method can save computational cost but it is less accurate and requires reliable
estimates of when to update the mechanical response.

The stability, accuracy and efficiency of such sequential coupling methods have been studied in
detail by Kim, Tchelepi and Juanes [52] for poroelasticity and poroelastoplasticity with single-
phase flow. In [59], Mikelić and Wheeler prove the convergence of the undrained split and fixed
stress split methods, by exhibiting the contraction mapping constant. This constant actually
tends to one as c0 tends to zero, which means that this proof does not apply to Biot’s consol-
idation model. In that case, it has not been proved that iterative methods converge (we bet
that the proof of convergence must rely on an inf-sup condition).
Hence, industrial mechanics-flow coupling is not an easy task, since it involves local remesh-
ing, interpolations between 3D meshes, and external sequential coupling. That is a reason
why mechanics-flow couplings are not correctly handled yet in IFP Énergies nouvelles. The
alternative solution is to develop a coupled finite volume approach, that is to say introduce a
discretization of mechanics directly applicable on CPG meshes. With such an approach, cou-
pling can be realized in a fully coupled way (flow and mechanics are solved simultaneously at
every time step). Note that it is also possible in that case to use a sequential coupling method,
the difference being now that neither interpolation nor external coupling are needed. The fully
coupled method necessitates the resolution of a larger system and the use of complex solvers,
but it avoids the (possibly) iterative procedure of sequential methods. The literature regarding
coupled finite volume approximations of the poroelasticity problem is rather poor. We can
cite the work of Shaw and Stone [73] who design a cell-centered finite volume method using
interpolations, but which does not honor discontinuities. We can also cite the ongoing work
of Jan Nordbotten, who designs computationally cheap cell-centered finite volume schemes for
poroelasticity, based on the multi-point approximations of linear elasticity introduced in [64], cf.
Section II.1.3. The main problem regarding this kind of discretizations is their conditional sta-
bility and the lack of underlying theoretical framework.

Our aim in this work is to fill the gap, by designing an unconditionally stable (and symmetric)
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lowest-order discretization method for the quasistatic single-phase poroelasticity problem, which
applies on general meshes, and whose convergence can be proved under very low regularity
assumptions on the solutions and on the data. We will focus in Chapter V on the special case of
Biot’s consolidation problem (c0 “ 0), since once we have designed a robust numerical scheme
for this latter, it is an easy task to extend it to the general case. The regularity on the data and
on the solutions we consider is the one we introduced in Section II.2.1. In particular, we consider
solutions pu, pq P L2p0, T ;H1

0 pΩqdq ˆL2p0, T ;H1pΩqq, whose uniqueness for problem (II.22) has
been proved in Theorem II.1. Their existence will be proved in a constructive way in Chapter V.
These approximation choices fit into the industrial constraints we have, especially concerning
the regularity of the solutions, which may be very low in practical problems. We recall that the
use of lowest-order methods is justified both by the inherent uncertainty associated to physical
data, and by the need to keep computational costs within affordable bounds.

To gain generality, we consider the generic framework of Gradient schemes, that has been
introduced by Eymard et al. in [45, 41, 33], and which is adapted to the discretization of
linear and nonlinear (possibly nonlocal) elliptic equations. This framework (coupled with a
time discretization) has been used with success to approximate parabolic models such as the
incompressible (immiscible) two-phase flow problem in heterogeneous porous media [44], or
the Stefan problem [37]. A Gradient discretization is the data of a set of degrees of freedom
and of a gradient and reconstruction operators. In order to prove the convergence of such
approximations, sequences of Gradient discretizations must satisfy the following assumptions:

‚ coercivity: expressed as a uniform (with respect to the mesh parameter) Friedrichs’ or
Poincaré inequality between the gradient operator and the reconstruction;

‚ optimal approximation properties (also called consistency);
‚ limit-conformity: an integration by parts formula holds in the limit (when the mesh

parameter tends to zero) between the gradient operator and the reconstruction;
‚ compactness: this property is only needed for nonlinear problems and ensures the control

of translations.
Gradient schemes encompass a large number of well-known methods, including Galerkin meth-
ods (and in particular conforming finite elements), the Crouzeix–Raviart method, some MPFA
and DDFV schemes, the HFV/MFD/MFV class of methods (cf. [32]), and the Vertex Approx-
imate Gradient (VAG) scheme introduced by Eymard, Guichard, Herbin and Masson [42, 41,
43, 44]. As we will detail in Chapter V, the generalized Crouzeix–Raviart space introduced
in Chapter III also enters the framework of Gradient discretizations, as it only differs from
HFV methods through the reconstruction considered (and obviously the subgrid stabilization
parameter).

In this work, we design an unconditionally stable family of Euler-Gradient approxima-
tions (i.e. implicit Euler in time and Gradient scheme in space) on possibly fairly general
meshes (depending on the method used) for the saddle-point model of Biot’s consolidation
(c0 “ 0). We consider separate Gradient discretizations for displacement and pressure, whose
sequences are assumed to be coupled through a uniform (with respect to the mesh parameter)
inf-sup condition. This further assumption obviously reduces the field of admissible candidate
methods. For data satisfying the regularity introduced in Section II.2.1, we prove the con-
vergence of this family of Euler-Gradient approximations to the unique low regularity solution
pu, pq P L2p0, T ; UqˆL2p0, T ;P q of problem (II.22). More precisely, we prove the strong conver-
gence of the approximate displacement gradient and pore pressure, and the weak convergence of
the approximate displacement and mobility-weighted pressure gradient. This family of approx-
imations is also shown to be locking-free, in the sense that these convergence results are totally
independent from the (admissible) values that can possibly be taken by λ or κ. In Section V.4,
numerical experiments are led on general meshes, using a discretization of mechanics based on
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the generalized Crouzeix–Raviart space introduced in Chapter III, and a HFV discretization
(with subgrid stabilization parameter taken equal to d) of pressure.
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A generalized Crouzeix–Raviart space
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This chapter is inspired from the article [28], written with Daniele A. Di Pietro and accepted
for publication in Mathematics of Computation. The aim of this chapter is to introduce a new
discrete space, which can be considered as an extension of the Crouzeix–Raviart space to general
meshes. We first introduce our discrete setting, including notations, discrete analysis tools, and
the definition of an admissible mesh sequence. Then, we construct the space and study its
conformity and approximation properties, giving a sense to its designation. We also focus on
the case of a matching simplicial mesh, and finally introduce a discrete norm on that space.
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III.1 Discrete setting and admissible mesh sequences

Following [24, Chapter 1] and [23, Section 1], we introduce in this section the concept of
admissible mesh sequence of a bounded connected polygonal or polyhedral domain Ω Ă Rd

(with boundary Γ), where d P t2, 3u stands for the space dimension. For the sake of brevity, we
only give the proofs of the new results, and refer to [24, 23] for further details.

III.1.1 Shape- and contact-regularity

Let H Ă R`
˚ denote a countable set having 0 as its unique accumulation point. We consider

mesh sequences KH :“ pKhqhPH where, for all h P H, Kh denotes a finite collection of nonempty
disjoint open polyhedra Kh “ tKu such that Ω “ Ť

KPKh
K and h “ maxKPKh

hK (hK denotes
here the diameter of the element K P Kh). We say that a hyperplanar closed connected subset
F of Ω is a mesh face if it has positive pd´1q-dimensional measure and if either there exist
K1, K2 P Kh such that F Ă BK1 X BK2 (and F is called an interface) or there exists K P Kh

such that F Ă BKXΓ (and F is called a boundary face). Interfaces are collected in the set F i
Kh

,
boundary faces in Fb

Kh
and we let FKh

:“ F i
Kh

YFb
Kh

. The diameter of a face F P FKh
, is denoted

by hF . Moreover, we set, for all K P Kh, FK :“ tF P FKh
| F Ă BKu. According to the context,

the notation |¨| is used for the d- or the pd´1q-dimensional Lebesgue measure. In the rest of this
paragraph, we discuss some fairly general regularity conditions on the mesh sequence KH that
allow to prove basic results such as trace and inverse inequalities and polynomial approximation
properties.

Definition III.1 (Shape- and contact-regularity). The mesh sequence KH is shape- and contact-
regular if for all h P H, Kh admits a matching simplicial submesh Th such that

(i) Shape-regularity. There exists a real ̺1 ą 0 independent of h such that, for all h P H and
all simplex T P Th of diameter hT and inradius rT , there holds ̺1hT ď rT ;

(ii) Contact-regularity. There exists a real ̺2 ą 0 independent of h such that, for all h P H,
all K P Kh, and all T P TK :“ tT P Th | T Ă Ku, there holds ̺2hK ď hT .

III.1.2 Admissible mesh sequences

The discrete space introduced in this work requires to identify a set of points which play a
pivotal role in the construction.

Definition III.2 (Cell centers). The mesh sequence KH admits a set of cell centers if, for all
h P H and all K P Kh, there exists a point xK such that K is star-shaped with respect to xK

(the cell center) and, for all F P FK , there holds,

dK,F ě ̺3hK , (III.1)

where dK,F denotes the orthogonal distance between xK and F and ̺3 ą 0 is independent of h.

Let KH admit a set of cell centers. We define for all h P H the pyramidal submesh

Ph “ tKF uKPKh, F PFK
,

where, for all K P Kh and all F P FK , KF denotes the open pyramid of apex xK and base
F . An example of mesh Kh and associated pyramidal submesh Ph is provided in Figure III.1.
Each element of Ph is associated to a unique element K P Kh and a unique face F P FK .
When this link is irrelevant, the generic element of Ph is noted P instead of KF . The pyramids
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Figure III.1: Example of mesh Kh (solid lines) and pyramidal submesh Ph (dashed lines) in two
dimensions.

tKF uKPKh, F PFK
are nondegenerated owing to assumption (III.1). In the two-dimensional case,

Ph is matching and simplicial while, in higher dimension, it is in general not simplicial. Owing
to the planarity of faces, there holds for all K P Kh and all F P FK ,

|KF | “ |F | dK,F

d
. (III.2)

The set of faces of Ph (including the mesh faces in FKh
as well as the lateral faces of the

pyramids) is denoted by FPh
and we let F i

Ph
:“ FPh

zFb
Kh

and Fb
Ph

:“ Fb
Kh

. Additionally, for
all P P Ph, we introduce the set FP :“ tF P FPh

| F Ă BP u.

Lemma III.1 (Shape- and contact-regularity of the pyramidal submesh). Let KH admit a set
of cell centers. Then, if KH is shape- and contact-regular, the same holds for PH.

Proof. Let h P H. By assumption, Kh admits a matching simplicial submesh Th. A matching
simplicial submesh Th of the pyramidal submesh Ph can be constructed as follows: For all
K P Kh and all F P FK (i) a pd´1q-simplicial mesh SF of F is obtained taking the trace
of Th on F ; (ii) a d-simplicial mesh TKF

of the pyramid KF is then obtained connecting the
(hyperplanar) elements in SF to the cell center. A matching simplicial submesh of Ph is
obtained by setting

Th :“
ď

KPKh, F PFK

TKF
.

(i) Shape-regularity. We prove that there exists a real ̺1
1 ą 0 independent of h such that

̺1
1hT ď rT for all T P Th. Let KF P Ph and T P TKF

be given. Denoting by rT the inradius of
T , letting AT :“ |BT | and σ :“ BT X F , there holds d |T | “ rT AT “ |σ| dK,F , hence

rT “ |σ| dK,F

AT
. (III.3)

Since the pd´1q-dimensional measure of each face of T is bounded by hd´1
K and T has pd`1q faces,

there holds AT ď pd ` 1qhd´1
K . Let now S P Th be the unique simplex such that BS X F “ σ

and S Ă K. Denoting by rσ the inradius of σ, and observing that rσ ě rS by a simple
argument based on the Pythagorean theorem, it is inferred |σ| ě |Bd´1| rd´1

σ ě |Bd´1| rd´1
S ě

51



Chapitre III : A generalized Crouzeix–Raviart space

|Bd´1| p̺1̺2qd´1hd´1
K owing to the shape- and contact-regularity of Kh (Bd´1 denotes here the

pd´1q-dimensional unit ball). Plugging these inequalities into (III.3), it is inferred

rT ě |Bd´1| p̺1̺2qd´1

d` 1
dK,F ě ̺3

|Bd´1| p̺1̺2qd´1

d` 1
hT ,

and the conclusion follows with ̺1
1 “ ̺3 |Bd´1| p̺1̺2qd´1{pd` 1q.

(ii) Contact-regularity. We prove that there exists a real ̺1
2 ą 0 independent of h such that,

for all KF P Ph and all T P TKF
, ̺1

2hKF
ď hT . To this end, we invoke (III.1) to infer, for all

KF P Ph and all T P TKF
, hT ě dK,F ě ̺3hK ě ̺3hKF

, where hKF
denotes the diameter of

KF . The conclusion follows with ̺1
2 “ ̺3.

We close this section with the following definition.

Definition III.3 (Admissible mesh sequence). The mesh sequence KH is admissible if it is
shape- and contact-regular and it admits a set of cell centers. For an admissible mesh sequence,
the reals ̺1, ̺2, and ̺3, are collectively referred to as mesh regularity parameters.

This definition encompasses fairly general meshes, featuring (possibly nonconvex) polygonal or
polyhedral elements, and nonmatching interfaces.

III.1.3 Broken function spaces and polynomial approximation

For Sh P tKh,Phu and an integer k ě 0, we introduce the broken polynomial space

Pk
d pShq :“ tv P L2pΩq | @S P Sh, v|S P Pk

d pSqu,

where Pk
d denotes the space of polynomial functions of total degree at most k. Broken polynomial

spaces are a special instance of broken Sobolev spaces: for an integer l ě 1,

H lpShq :“ tv P L2pΩq | @S P Sh, v|S P H lpSqu.

Let K P Kh, P P Ph, and F P FPh
. For X P tΩ,K, P u, we denote | ¨ |l,X and } ¨ }l,X the usual

seminorm and norm on H lpXq. For Sh P tKh,Phu, we define

| ¨ |l,Sh
:“

˜

ÿ

SPSh

| ¨ |2l,S

¸1{2

, } ¨ }l,Sh
:“

˜

ÿ

SPSh

} ¨ }2
l,S

¸1{2

,

respectively as the broken seminorm and norm on H lpShq. For X P tΩ,K, P, F u, we denote
p¨, ¨q0,X and } ¨ }0,X (sometimes also denoted | ¨ |0,X) the usual scalar product and norm on
L2pXq. The notations remain unchanged when considering vector- or tensor-valued elements.
For Sh P tKh,Phu, we finally define the broken gradient operator, denoted by ∇h and acting
on functions v P H1pShq, such that p∇hvq|S :“ ∇pv|Sq for all S P Sh. We also define the broken

divergence of a vector-valued field v P H1pShqd denoted by ∇h¨v, and the broken symmetric
gradient εhpvq, respectively as the trace and as the symmetric part of the broken tensor-gradient

∇hv.
The shape- and contact-regularity of the mesh sequences KH and PH are instrumental to

prove the following result, see [24, Lemmata 1.46 and 1.49].
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Lemma III.2 (Trace inequalities). Let KH be an admissible mesh sequence, and denote by PH

the corresponding sequence of pyramidal submeshes. Then, there exist two reals Ctr and Ctr,c

independent of h such that, for all h P H with Sh P tKh,Phu,

@vh P Pk
d pPhq , @P P Ph, @F P FP , }vh}0,F ď Ctrh

´1{2

F }vh}0,P , (III.4)

@v P H1pShq, @S P Sh, @F P FS , }v}0,F ď Ctr,c

`

h´1
S }v}2

0,S ` hS |v|21,S

˘1{2
. (III.5)

For every interface F P F i
Sh

, Sh P tKh,Phu, we introduce an arbitrary but fixed ordering
of the elements S1 and S2 such that F Ă BS1 X BS2 and let nF :“ nS1,F “ ´nS2,F , where
nSi,F , i P t1, 2u, denotes the unit normal to F pointing out of Si. The orientation of the
normal remains coherent when F P F i

Kh
is regarded as an element of F i

Ph
. For all S P Sh, we

also introduce the symbol nS to denote the vector-valued field such that nS |F “ nS,F for all
F P FS . On boundary faces F P Fb

Ph
, nF denotes the unit normal pointing out of Ω.

We next introduce jump and average trace operators that are widely used in the context of
nonconforming finite element methods. For a face F P F i

Ph
with F Ă BP1 X BP2 and a scalar-

valued function v admitting a possibly two-valued trace on F we set,

JvKF :“ v|P1
´ v|P2

, tvuF :“ 1
2

`

v|P1
` v|P2

˘

.

If F P Fb
Ph

with F “ BP X Γ, we conventionally set JvKF “ tvuF :“ v|P . When applied to
vector-valued functions, both the jump and average operators act component-wise. Whenever
no confusion can arise, we omit the subscript F and simply write JvK, tvu.

We close this section by considering polynomial approximation on admissible mesh se-
quences. It has been proved in [24, Lemma 1.40] that, for a shape- and contact-regular mesh
sequence, the number of simplices from the submesh Th contained in each element K P Kh is
bounded uniformly in h. This, together with the results of Dupont and Scott [34], yields the
following.

Lemma III.3 (Optimal polynomial approximation). Let KH denote a shape- and contact-
regular mesh sequence. Then, for all h P H, all K P Kh, all polynomial degree k ě 0, all
s P t0, . . . , k ` 1u and all v P HspKq, there holds with Πk

h denoting the L2-orthogonal projector
onto Pk

d pKhq,
|v ´ Πk

hpvq|m,K ď Capph
s´m
K |v|s,K @m P t0, . . . , su, (III.6)

where Capp is independent of both K and h.

We also note the following result, which is an immediate consequence of the trace inequal-
ity (III.5) with Sh “ Kh and of the approximation properties of the L2-orthogonal projector.

Proposition III.1 (Approximation on mesh faces). For an admissible mesh sequence KH there
holds for all h P H, all K P Kh, all F P FK , all polynomial degree k ě 0, all s P t0, . . . , k ` 1u,
and all v P HspKq,

}v ´ Πk
hpvq}0,F ď Ch

s´1{2

K |v|s,K ,

where C “ Ctr,cCapp with Ctr,c defined as in (III.5) and Capp as in (III.6).

III.2 Construction of the space

The construction of our extended Crouzeix–Raviart space borrows ideas from both the cell-
centered Galerkin (ccG) [23] and the Hybrid Finite Volume (HFV) [40] frameworks. Let Kh

denote an (admissible) general polygonal or polyhedral mesh, matching the regularity require-
ments discussed in Section III.1. In the spirit of ccG methods, the discrete space is constructed
in three steps:

53



Chapitre III : A generalized Crouzeix–Raviart space

(i) we fix the vector space Vh of face- and cell-centered degrees of freedom (DOFs) on Kh;

(ii) we define a discrete gradient reconstruction operator Gh acting on Vh. The reconstructed
gradient is piecewise constant on the (fictitious) pyramidal submesh Ph, whose construc-
tion has been detailed in Section III.1, and it results from the sum of two terms: a
consistent part depending on face unknowns only plus a subgrid correction involving both
face and cell unknowns. We will see in the next section that the weak conformity of the
space (here the continuity of mean values at interfaces) is ensured by finely tuning the
latter contribution;

(iii) we define an affine reconstruction operator Rh acting on Vh which maps every vector of
DOFs onto a broken affine function on Ph. This function is obtained by perturbing the
(unique) face unknown associated to each pyramid with a linear correction based on the
discrete gradient Gh. The discrete space is then defined as

CRpKhq :“ RhpVhq Ă P1
d pPhq .

The pyramidal submesh can be considered as fictitious in our construction in the sense that all
the relevant geometric information can be computed on the primal mesh, which is therefore the
only one that needs to be described and manipulated by the end-user. Note that similar ideas
are used in Appendix A to construct a Hpdiv; Ωq-conforming discrete space on general meshes
which can be viewed as an extension of the standard lowest-order Raviart–Thomas space.

Let now enter into the details of the construction. As for HFV methods, the vector space
of DOFs contains cell and face unknowns and is defined by

Vh :“
!

vh “
´

pvK P RqKPKh
, pvF P RqF PFKh

¯

P RKh ˆ RFKh

)

. (III.7)

The gradient operator generalizes the one of [40], and is composed of a consistent contribution
piecewise constant on the primal mesh Kh, plus a subgrid correction piecewise constant on the
pyramidal submesh Ph. More precisely, Gh : Vh Ñ P0

d pPhqd realizes the mapping vh ÞÑ Ghpvhq
with

Ghpvhq|KF
“ GKF

pvhq :“ GKpvhq ` RKF
pvhq, @K P Kh, F P FK , (III.8)

where, letting xF :“ xxyF (for a function ϕ integrable on F , we define xϕyF :“
ş

F
ϕ{ |F |),

GKpvhq “ 1
|K|

ÿ

F PFK

|F | vF nK,F , RKF
pvhq “ η

dK,F
pvF ´vK´GKpvhq¨pxF ´ xKqq nK,F ,

(III.9)
and η ą 1 is a user-dependent parameter. With a slight abuse in notation, the symbols GKF

pvhq,
GKpvhq, and RKF

pvhq will also be used to denote the corresponding constant fields on KF , K,
and KF , respectively. The reconstruction operator Rh : Vh Ñ P1

d pPhq realizes the mapping
vh ÞÑ Rhpvhq with

Rhpvhq|KF
pxq “ vF ` Ghpvhq|KF

¨px ´ xF q, @KF P Ph, @x P KF . (III.10)

By construction, there holds ∇hRh “ Gh. We emphasize that, in view of Lemma III.4 below,
the affine reconstruction in KF is obtained by perturbing the face unknown vF , unlike [23],
where the cell unknown vK is used instead. We are now ready to introduce the discrete space

CRpKhq :“ RhpVhq.

The space CRpKhq shares the same gradient operator (except concerning the value of the sta-
bilization parameter η, see Remark III.1) as HFV methods. However, the main difference lies
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in the fact that CRpKhq introduces the notion of gradient-based piecewise affine reconstruction,
while in the HFV spirit the reconstruction is piecewise constant and is just related to the gradi-
ent operator through a discrete Friedrichs’ inequality and a limit-conformity assumption. Thus,
the space CRpKhqd is much more adapted to the discretization of linear elasticity equations
when one wants to recover coercivity by jumps penalization, since a notion of gradient-based
piecewise affine reconstruction is needed. As we already mentioned in Section II.1.3, we have
studied another technique to obtain a discrete Korn’s inequality for HFV-based approximations,
see Appendix C.

III.3 Conformity and approximation properties

We investigate in this section how the space CRpKhq extends the weak conformity (the
continuity of mean values at mesh interfaces) and approximation (including the existence of a
Fortin operator) properties of the classical Crouzeix–Raviart space.

III.3.1 Weak conformity

When approximating a variational problem, one has to choose a discrete approximation space
in which to search the solution. Conformity measures the difference between this approximation
space and the continuous one in which the variational problem is posed. When the discrete space
belongs to the continuous one (like in continuous finite elements), the approximation is said to
be conforming. Otherwise, the approximation is said to be nonconforming and conformity has
to be ensured by other means. One solution is to impose some weak continuity constraints
(pointwise for example) between elements, this is the case of nonconforming finite elements for
example. This strategy gives a first order conformity error, meaning that the error decreases
as h. This property is called weak conformity. In the finite volume sphere, the emphasis is
put on the construction of methods that converge on general meshes. Thus, the proofs of
convergence often rely on compactness arguments and usually do not pay too much importance
to the study of the convergence rate. Hence, the useful conformity notion is the one of limit-
conformity (see Chapter V), meaning that the conformity error tends to vanish as h tends to
zero, but without any convergence rate indication. Another way to ensure conformity is to
add consistency terms to the discrete bilinear form, as it is the case in dG methods. These
terms make the discrete bilinear form consistent, and thus the conformity error vanish, just
like in conforming approximations. Note that the term consistency error is more appropriate in
this case, since the approximation space is all the same nonconforming. However, the price to
pay is the addition of two other (consistent) terms in the discrete bilinear form, one to recover
symmetry, and another to recover coercivity.

In this paragraph we study the weak conformity properties of CRpKhq. We prove that the
choice η “ d in (III.9) yields the continuity of the mean values (or, equivalently, the barycentric
values) of discrete functions across all the interfaces in F i

Ph
(including lateral pyramidal faces).

Lemma III.4 (Continuity of mean values at interfaces). Let Kh belong to an admissible mesh
sequence and assume η “ d in (III.9). Then, there holds for all vh P CRpKhq,

@F P F i
Ph
, xJvhKyF “ 0.

Proof. Let F P F i
Ph

, vh P Vh, and set vh :“ Rhpvhq P CRpKhq. We distinguish two cases. (i) If
F P F i

Kh
is a face of the primal mesh Kh, the fact that xJvhKyF “ 0 is an immediate consequence

of choosing vF as a starting point in (III.10). (ii) If F P F i
Ph

zF i
Kh

is a lateral pyramidal face,
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(a) Element K (solid line), elementary pyrami-
dal submesh (dashed line), and lateral pyrami-
dal face F shared by the pyramids KF1
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(thick dashed line)
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(b) Zoom on the pyramid KF2

Figure III.2: Notation in two dimensions for the proof of Lemma III.4.

there exist a unique element K P Kh and two faces F1, F2 P FK such that F Ă BKF1
X BKF2

(cf. Figure III.2a). There holds for i P t1, 2u (cf. Figure III.2b),

pxF ´ xFi
q¨nK,Fi

“ pxF ´ xKq¨nK,Fi
` pxK ´ xFi

q¨nK,Fi
“

ˆ

d´ 1
d

´ 1
˙

dK,Fi
“ ´dK,Fi

d
,

where we have used the fact that xF is the barycenter of the pd´1q-simplex F to treat the term
pxF ´xKq¨nK,Fi

. Using the above result together with (III.9) it is inferred for i P t1, 2u,

αi :“ RKFi
pvhq¨pxF ´ xFi

q “ ´η

d
pvFi

´ vK ´ GKpvhq¨pxFi
´ xKqq .

Using the definition of the jump operator and substituting the expression (III.10) for the
barycentric values vh|KFi

pxF q, i P t1, 2u, we obtain

xJvhKyF “ vh|KF1
pxF q ´ vh|KF2

pxF q “ vF1
´ vF2

´ GKpvhq¨pxF1
´ xF2

q ` α1 ´ α2

“
´

1 ´ η

d

¯

pvF1
´ vF2

´ GKpvhq¨pxF1
´ xF2

qq .

The assumption η “ d finally yields xJvhKyF “ 0, thereby concluding the proof.

Remark III.1 (On the choice of η). The choice of η modifies the position of the continuity
point along the lateral faces of the pyramids. Indeed, denoting xI some interior point of the
pd´2q-face of the pd´1q-simplex F which is shared by F1 and F2 (cf. Figure III.2a), let consider
the point xF “ βxK `p1´βqxI , for a real β P p0, 1q. Hence, xF can be any interior point of F .
Then, remarking that pxF ´xFi

q “ βpxK ´xFi
q`p1´βqpxI ´xFi

q, and that pxI ´xFi
q¨nK,Fi

“ 0
for i P t1, 2u, it is a simple matter to show, following the steps of the proof of Lemma III.4, that

JvhKF pxF q “ p1 ´ ηβq pvF1
´ vF2

´ GKpvhq¨pxF1
´ xF2

qq . (III.11)

Hence, a choice η “ β´1 ensures the continuity of functions at the interior point xF of lateral
pyramidal faces. Note that when d “ 3, the continuity is actually ensured on a segment of
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the pyramidal face which is parallel to the 1-face to which the point xI belongs. Note also that
the continuity of functions at the barycenter of primal faces is unaffected by this modification
of η, since it is a consequence of the starting point choice. Thus, any η ą 1 ensures weak
conformity properties to the space CRpKhq. In [40] for example, the choice η “ d

1{2 is advocated
to recover the two-point finite volume scheme on superadmissible meshes. However, the choice
η “ d, which leads to continuity at face barycenter, that is to say at the precise point where the
quadrature is exact for affine functions, is (after practical comparison) the best choice in terms
of discretization error.

III.3.2 Approximation

In this section we introduce a suitable interpolator on CRpKhq and study its approximation
properties. Let ICR

h : H1pΩq Ñ CRpKhq be such that, for all v P H1pΩq, ICR
h pvq :“ Rhpvhq with

Vh Q vh :“
´

`

Π1
hpvqpxKq

˘

KPKh
, pxvyF q

F PFKh

¯

, (III.12)

where Π1
h denotes the L2-orthogonal projector onto P1

d pKhq. When applied to vector-valued
fields, ICR

h acts component-wise.

Lemma III.5 (Approximation in CRpKhq). For all η ą 1 and all v P H1pΩq, there holds with
vh :“ ICR

h pvq P CRpKhq,
Π0

hp∇hvhq “ Π0
hp∇vq, (III.13)

where Π0
h denotes the L2-orthogonal projector onto P0

d pKhqd. Moreover, there exists a real C ą 0
independent of the meshsize such that, for all h P H, all K P Kh, all v P H1pΩq X H l`1pKhq,
l P t0, 1u, there holds with vh :“ ICR

h pvq,

}v ´ vh}0,K ` hK}∇v ´ ∇hvh}0,K ď Chl`1
K |v|l`1,K . (III.14)

Proof. To avoid naming generic constants, we use the notation a À b for the inequality a ď Cb

with C ą 0 independent of the meshsize.
(i) Equality (III.13). For a given v P H1pΩq, let vh be defined as in (III.12). We start by noting
the following orthogonality relation (cf. [40, eq. (27)]) valid for all wh P Vh and all K P Kh:

ÿ

F PFK

|KF | RKF
pwhq “ 0. (III.15)

As a consequence, for all K P Kh there holds,

Π0
hp∇hvhq|K “ GKpvhq “ 1

|K|
ÿ

F PFK

|F | xvyF nK,F “ 1
|K|

ż

BK

vnK “ Π0
hp∇vq|K ,

where we have used the planarity of faces and Green’s formula. Relation (III.13) follows.
(ii) Inequality (III.14). Let v P H1pΩqXH l`1pKhq and define vh as in (III.12). We first estimate
}∇v ´ ∇hvh}0,K , K P Kh. Using (III.8), the previous point, and the triangular inequality we
infer

}∇v ´ ∇hvh}0,K ď }∇v ´ Π0
hp∇vq}0,K `

˜

ÿ

F PFK

|KF | |RKF
pvhq|2

¸ 1
2

:“ T1 ` T2.
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Using the approximation properties of the L2-orthogonal projector it is readily inferred T1 À hl
K |v|l`1,K .

To estimate the second term, we preliminarily observe that there holds for all F P FK with
wh :“ Π1

hpvq,

RKF
pvhq “ η

dK,F
pxvyF ´ whpxKq ´ GKpvhq¨pxF ´ xKqq nK,F “ η

dK,F
pαK,F ` βK,F q nK,F ,

(III.16)
where αK,F :“ xvyF ´ xwh|Ky

F
, βK,F :“

`

∇wh|K ´ GKpvhq
˘

¨pxF ´ xKq, and, since wh|K is
affine in K, whpxKq “ xwh|Ky

F
´ ∇wh|K ¨pxF ´ xKq. There follows from equation (III.16)

T2
2 À

ÿ

F PFK

|KF |
d2

K,F

|αK,F |2 `
ÿ

F PFK

|KF |
d2

K,F

|βK,F |2 :“ T2,1 ` T2,2.

Using (III.2), the Cauchy–Schwarz inequality, the mesh regularity assumption (III.1), the fact
that cardpFKq is bounded uniformly in h (cf. [24, Lemma 1.41]), and Proposition III.1 it is
inferred,

T2,1 “ 1
d

ÿ

F PFK

1
dK,F |F |

ˆ
ż

F

v ´ wh

˙2

ď 1
d̺3

ÿ

F PFK

1
hK

}v ´ wh}2
0,F À h2l

K |v|2l`1,K .

On the other hand, since |xF ´ xK | ď hK and both ∇wh|K and GKpvhq are constant on K,
there holds

T2,2 ď
ÿ

F PFK

|KF | h2
K

d2
K,F

|∇wh|K ´ GKpvhq|2 ď 1
̺2

3

}∇wh|K ´ Π0
hp∇vq}2

0,K À h2l
K |v|2l`1,K ,

where we have used the mesh regularity assumption (III.1) together with (III.13), and concluded
using the approximation properties of the L2-orthogonal projector. Gathering up the bounds
on T1 and T2 it is inferred

}∇v ´ ∇hvh}0,K À hl
K |v|l`1,K . (III.17)

To complete the proof of inequality (III.14) it only remains to estimate }v ´ vh}0,K . To this
end, letting again wh :“ Π1

hpvq, we apply the triangular inequality to infer

}v ´ vh}0,K ď }v ´ wh}0,K ` }wh ´ vh}0,K :“ T1 ` T2.

The approximation properties of the L2-orthogonal projector readily yield T1 À hl`1
K |v|l`1,K .

For the second term, we notice that for all F P FK and all x P KF , the linearity of both wh|K
and vh|KF

yields

wh|Kpxq “ xwh|Ky
F

` ∇wh|K ¨px ´ xF q, vh|KF
pxq “ xvyF ` ∇vh|KF

¨px ´ xF q.

As a consequence,

}wh ´ vh}2
0,KF

À
ż

KF

pxwh|K ´ vy
F

q2 `
ż

KF

“

p∇wh|K ´ ∇vh|KF
q¨px ´ xF q

‰2 :“ T2,1 ` T2,2.

Using (III.2), the Cauchy–Schwarz inequality, and Proposition III.1 it is inferred

T2,1 “ |F | dK,F

d
pxwh|K ´ vy

F
q2 ď dK,F

d
}wh|K ´ v}2

0,F À h
2pl`1q
K |v|2l`1,K .

Since |x ´ xF | ď hK for all x P KF and both ∇wh|K and ∇vh|KF
are constant on KF , the

estimate (III.17) yields

T2,2 ď h2
K}∇wh|K ´ ∇vh|KF

}2
0,KF

À h
2pl`1q
K |v|2l`1,K .
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III.4 The matching simplicial case

Summing over F P FK , using the bounds for T2,1 and T2,2 together with the fact that cardpFKq
is bounded uniformly in h, it is inferred T2 À hl`1

K |v|l`1,K , thereby yielding }v ´ vh}0,K À
hl`1

K |v|l`1,K , and therefore concluding the proof.

Let now introduce Hpdiv; Phq :“ tv P L2pΩqd | @P P Ph,∇¨pv|P q P L2pP qu, and let
Dh : Hpdiv; Phq Ñ P0

d pKhq such that, for all v P Hpdiv; Phq,

Dhpvq :“ Π0
hp∇h¨vq, (III.18)

where Π0
h denotes the L2-orthogonal projector onto P0

d pKhq. An immediate consequence of the
first point in Lemma III.5 is that the discrete vector space CRpKhqd possesses the following
approximation property.

Corollary III.1 (Divergence approximation). Let v P H1pΩqd
and vh :“ ICR

h pvq P CRpKhqd.
There holds

Dhpvhq “ Dhpvq.

Moreover, there exists a real C ą 0 independent of the meshsize such that, for all h P H, all K P
Kh, and all v P H1pΩqd X H1pdiv; Khq with H1pdiv; Khq :“ tv P Hpdiv; Ωq | ∇h¨v P H1pKhqu
and vh :“ ICR

h pvq,

}∇¨v ´Dhpvhq}0,K ` hK |∇¨v ´Dhpvhq|1,K ď ChK |∇¨v|1,K .

According to Definition II.1, Corollary III.1 and Lemma III.5 (which gives the H1-stability prop-
erty for l “ 0) prove that ICR

h can play the role of a Fortin operator when considering a projector
Πh :“ Π0

h. This means that a primal discretization of linear elasticity equations relying on the
under-integrated discrete divergence operator Dh will lead to a locking-free approximation, cf.
Chapters IV and V. This also means that a coupling with pressure reconstructions belonging to
P0

d pKhqXL2
0pΩq will give an inf-sup stable method, cf. Chapter V for the poroelasticity problem,

and Appendix B for the Stokes equations.

III.4 The matching simplicial case

In this section, we consider an (admissible) matching simplicial mesh, that we denote Th.
We recall the notation CRpThq for the classical Crouzeix–Raviart space on Th. We have seen
in the previous section that the space CRpKhq has equivalent conformity and approximation
properties on general meshes than the classical Crouzeix–Raviart space. The following result
establishes a link between the two spaces in the matching simplicial case.

Proposition III.2 (Link between the two spaces). For all η ą 1 in (III.9), there holds

CRpThq Ă CRpThq.

Proof. Let vh P CRpThq and set vh :“ ppvhpxT qqT PTh
, pvhpxF qqF PFTh

q. By definition there holds

(cf. (III.9)) GT pvhq “ p∇hvhq|T for all T P Th. Using the linearity of vh inside each element it is
inferred RTF

pvhq “ 0, hence GTF
pvhq “ GT pvhq “ p∇hvhq|T for all F P FT . As a consequence,

we conclude that vh “ Rhpvhq P CRpThq.

In the matching simplicial case, the conformity properties of CRpThq are much more stronger
than the ones stated in Lemma III.4.
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Chapitre III : A generalized Crouzeix–Raviart space

Lemma III.6 (Conformity properties, simplicial case). For all η ą 1 in (III.9), there holds for
all vh P CRpThq,

@F P F i
Th
, xJvhKyF “ 0, @F P F i

Ph
zF i

Th
, JvhKF pxq “ 0 @x P F.

Proof. The proof of this result relies on the fact that, when considering a matching simplicial
mesh, GT pvhq coincides by definition with the standard Crouzeix–Raviart gradient on any
T P Th, hence the second factor in (III.11) vanishes independently of η or xF . Hence, following
the steps of the proof of Lemma III.4, the first point remains a consequence of the starting
point choice, while the second is a consequence of the previous remark, using (III.11) stated in
Remark III.1 (the result remains valid for xF belonging to the boundary of F ).

It is interesting to figure out that this conformity result states the continuity of functions
belonging to CRpThq on each T P Th, but does not guarantee the global linearity on T . This is
a consequence of the introduction of the degree of freedom vT . If the functions of CRpThq were
in addition linear on each T P Th, then we would have equality between CRpThq and CRpThq.
But this is not the case in general: to be convinced, consider a simplex T with identical face
unknowns (vF “ v for all F P FT ) and a different cell unknown (vT ‰ v). Then, the classical
Crouzeix–Raviart reconstruction on T is a constant function of value v, while the reconstruction
in CRpThq is necessarily a strictly piecewise affine (continuous) function since vT ‰ v. We will
see through Chapter IV and Appendix B, that the classical Crouzeix–Raviart solution and the
one obtained using CRpThq as a discretization space, are identical for any linear variational
problem as soon as the treatment of the right-hand side does not depend on cell unknowns.
In other words, on simplicial meshes, the linear system forces the subgrid correction to vanish
when the right-hand side does not see the cell unknowns. The conformity result of Lemma III.6
is also interesting for elasticity problems since it indicates that a discrete Korn’s inequality can
be obtained on CRpThqd by penalizing the jumps of functions on primal faces only.

Note finally that, as far as approximation is concerned, the proof of Lemma III.5 can be
simplified exploiting the result of Proposition III.2 to infer for v P H1pΩq and for all T P Th,

inf
vhPCRpThq

}v ´ vh}1,T ď inf
vhPCRpThq

}v ´ vh}1,T ,

and conclude using the approximation properties of the standard Crouzeix–Raviart space.

III.5 Discrete H
1
D-norm

We recall the following notation H1
DpΩq :“ tv P H1pΩq | v|ΓD

“ 0u, where ΓD is a subset of
Γ with nonzero measure accounting for Dirichlet boundary conditions in variational problems.
When ΓD “ Γ, then H1

DpΩq reduces to H1
0 pΩq. For problems naturally set in H1

DpΩq, boundary
conditions can be accounted for in a strong manner by introducing the following subspace of
CRpKhq:

CRDpKhq :“ RhpVh,Dq, Vh,D “ tvh P Vh | vF “ 0, @F P F
b,D
Kh

u, (III.19)

where F
b,D
Kh

:“ tF P Fb
Kh

| F Ă ΓDu is a nonempty set by assumption. We also introduce the

set F
b,N
Kh

:“ Fb
Kh

zF
b,D
Kh

, which denotes the set of Neumann-type boundary faces. When ΓD “ Γ,
we prefer the following notation:

CR0pKhq :“ RhpVh,0q, Vh,0 “ tvh P Vh | vF “ 0, @F P Fb
Kh

u. (III.20)
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III.5 Discrete H1
D-norm

In the following proposition, we show that the L2-norm of the broken gradient is a norm on
CRDpKhq (and thus on CR0pKhq) by proving uniform discrete equivalence with the usual dG
norm, cf. [24, Section 5.1]:

}vh}2
dG :“ }∇hvh}2

0,Ω ` |vh|2J,D, |vh|2J,D :“
ÿ

F PFPh
zF

b,N

Kh

1
hF

}JvhK}2
0,F . (III.21)

Proposition III.3 (Discrete norm). For all η ą 1 in (III.9), there exists a real C ą 0 inde-
pendent of the meshsize such that, for all vh P CRDpKhq,

}∇hvh}0,Ω ď }vh}dG ď C}∇hvh}0,Ω.

Proof. The notation a À b stands for a ď Cb with C ą 0 independent of the meshsize. Clearly,
}∇hvh}0,Ω ď }vh}dG for all vh P CRDpKhq. To prove that }vh}dG À }∇hvh}0,Ω for all vh P
CRDpKhq, it suffices to show that |vh|J,D À }∇hvh}0,Ω. Let η ą 1, and let F P FP zF

b,N
Kh

where
P P Ph. Owing to Remark III.1, there exists at least one interior point xF P F (which may
depend on η) such that JvhKF pxF q “ 0. Owing now to the linearity of vh inside P there holds
for all x P P , vh|P pxq “ vh|P pxF q ` ∇pvh|P q¨px ´ xF q. These two remarks together with the
discrete trace inequality (III.4) yield

}JvhK}0,F “ }JvhK ´ JvhKpxF q}0,F ď hF }J∇hvhK}0,F À h
1{2

F

ÿ

P PPF

}∇pvh|P q}0,P , (III.22)

where we have set PF :“ tP P Ph | F Ă BP u. Using (III.21) together with (III.22) it is inferred

|vh|2J,D “
ÿ

F PFPh
zF

b,N

Kh

1
hF

}JvhK ´ JvhKpxF q}2
0,F À

ÿ

F PFPh
zF

b,N

Kh

ÿ

P PPF

}∇pvh|P q}2
0,P À }∇hvh}2

0,Ω,

(III.23)
where the last bound is a consequence of the fact that the maximum number of faces of a
pyramid is bounded uniformly in h since Ph is shape- and contact-regular, cf. Lemma III.1
and [24, Lemma 1.41].

We have now all the necessary tools to study the approximation of variational problems in
CRpKhq.
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Chapitre IV

A primal, coercive, and locking-free
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This chapter is inspired from the article [28], written with Daniele A. Di Pietro and ac-
cepted for publication in Mathematics of Computation. We present a primal discretization on
general meshes of the linear elasticity equations (II.1) (stemming from the model introduced in
Section II.1.1), hinging on the generalized Crouzeix–Raviart space introduced in Chapter III.
Coercivity is ensured through a least-square penalization of the jumps and we prove robustness
with respect to the first Lamé parameter. We investigate the links of the proposed approxima-
tion with finite volume and (classical) finite element methods, and prove that all depends on
the approximation of the right-hand side. Finally, we present relevant numerical examples in
two space dimensions to assess the behavior of such a discretization.
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Chapitre IV : A primal, coercive, and locking-free discretization of linear elasticity equations

IV.1 Discretization

We consider the weak formulation (II.3) of linear elasticity equations on U :“ H1
DpΩqd, and

we further introduce the space U˚ :“ U XH2pΩqd. Let Kh be a general polygonal or polyhedral
mesh, belonging to an admissible mesh sequence in the sense of Definition III.3. We consider a
primal approximation (i.e. an approximation of the displacement field only) of the problem in
the space

Uh :“ CRDpKhqd,

with CRDpKhq defined in (III.19). Henceforth we assume the choice η “ d in (III.9), so that
the continuity of mean (or, equivalently, barycentric) values stated in Lemma III.4 holds.

We recall that the well-posedness of the continuous weak formulation (II.3) relies on Korn’s
inequality (II.4). Here, owing to the nonconformity of the space we consider, Korn’s inequality
only holds in the following weak sense (cf. [14, eq. (1.19)]).

Lemma IV.1 (Weak Korn’s inequality). There exists a constant CK ą 0, independent of
the meshsize but possibly depending on the mesh regularity parameters, such that, for all v “
pviq1ďiďd P H1pPhqd

,

}∇hv}0,Ω ď CK

ˆ

}εhpvq}2
0,Ω ` |v|2J,D

˙ 1
2

, (IV.1)

where |v|2J,D :“ řd
i“1 |vi|2J,D with |vi|2J,D defined in (III.21).

To design the discrete bilinear form for our problem, we take inspiration from [50] and
consider a coercivity treatment under the form of a (consistent) least-square penalization of
function jumps. More specifically, the discrete problem reads: Find uh P Uh such that

ahpuh,vhq “ pf ,vhq0,Ω @vh P Uh, (IV.2)

with symmetric discrete bilinear form ah such that

ahpw,vq :“ 2µpεhpwq, εhpvqq0,Ω ` λpDhpwq, Dhpvqq0,Ω ` 2µχ
ÿ

F PFPh
zF

b,N

Kh

h´1
F pJwK, JvKq0,F , (IV.3)

where 0 ă χ ď 1 is a user-dependent parameter. As we already explained, it is worth observing
that, while the idea of penalizing jumps to recover coercivity appears natural in the present
approach, this is not the case in other related frameworks for which the notion of affine recon-
struction does not necessarily make sense. Note also the treatment of the divergence operator,
using the discrete divergence Dh defined in Corollary III.1. The approximation properties of
Dh turn out to be instrumental to ensure that λ only appears in terms of the form λ|∇¨u|1,Ω

(where u is the unique solution to (II.3)) in the right-hand side of the error estimate (cf., in
particular, the bound for the conformity and consistency terms in the proof of Theorem IV.1).

The energy norm associated to the bilinear form ah is

}v}2
el :“ ahpv,vq “ 2µ}εhpvq}2

0,Ω ` λ}Dhpvq}2
0,Ω ` 2µχ|v|2J,D. (IV.4)

Using weak Korn’s inequality (IV.1) of Lemma IV.1, and the fact that µ is a strictly positive
constant, we can state the following coercivity result.

Lemma IV.2 (Coercivity). There holds for all vh P Uh,

ahpvh,vhq “ }vh}2
el ě 2µχC´2

K }∇hvh}2
0,Ω.
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IV.2 Error estimate

Owing to Proposition III.3 and to Lax–Milgram Lemma, the well-posedness of problem (IV.2)
is now straightforward. However, a few remarks are in order.

Remark IV.1 (Pure displacement problem). In the case ΓD “ Γ, one may use the results of
Remark II.1 and better consider the following discretization of problem (II.1), based on (II.5):
Find uh P CR0pKhqd (cf. (III.20)) such that

ãhpuh,vhq “ pf ,vhq0,Ω @vh P CR0pKhqd, (IV.5)

with symmetric discrete bilinear form ãh such that

ãhpw,vq :“ µp∇hw,∇hvq0,Ω ` µp∇h¨w,∇h¨vq0,Ω ` λpDhpwq, Dhpvqq0,Ω. (IV.6)

In (IV.5), cell-centered unknowns for a given element K P Kh are only linked with the face
unknowns located on the boundary of K. As a result, they can be locally eliminated by taking
the Schur complement of the corresponding block in the local matrix. This requires, in general,
to inverse a d ˆ d matrix. However, this cost can be further reduced by replacing in (IV.6) the
term µp∇h¨uh,∇h¨vhq0,Ω by µpDhpuhq, Dhpvhqq0,Ω. This choice avoids, without jeopardizing
the approximation, the interaction of the cell unknowns for the different components of the
displacement, hence the corresponding block of the local matrix is diagonal and trivial to invert.

Remark IV.2 (Implementation). We stress that in the case of problem (IV.2) it is not possible
to integrate the penalty term in (IV.3) using the face barycenter as a quadrature point, since
with a choice η “ d this would yield a vanishing contribution. A quadrature rule exact for
polynomials of degree at least 2 must be used instead. Also, the penalty term establishes a link
between the cell unknowns of neighboring elements. As a result, the stencil is no more compact
and it is no longer possible to formulate the method in terms of face unknowns only as for
the pure displacement problem; cf. Remark IV.1. Note finally that in the matching simplicial
case, it is sufficient to penalize the function jumps on the faces of the primal mesh only, cf.
Lemma III.6.

We mention at this point the recent work of Vohralík and Wohlmuth [79, 80] which proposes
efficient implementation strategies for classical nonconforming and mixed finite element approx-
imations of diffusive problems, and addresses general meshes with a different approach.

IV.2 Error estimate

Let U˚h :“ U˚ ` Uh, and extend the bilinear form ah to U˚h ˆ U˚h, which consequently
extends the norm } ¨ }el to U˚h.

Lemma IV.3 (Conformity and consistency errors). Let u P U denote the solution to (II.3)
and further assume that u P U˚. Then, there holds for all vh P Uh,

ahpu,vhq “ pf ,vhq0,Ω ` Ehpvhq,

where

Ehpvhq :“
ÿ

F PFPh
zF

b,N

Kh

pσpuqnF , JvhKq0,F ` λppDhpuq ´ ∇¨uq,∇h¨vhq0,Ω. (IV.7)
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Proof. Observing that λpDhpuq, Dhpvhqq0,Ω “ λpDhpuq,∇h¨vhq0,Ω, and summing and subtract-
ing λp∇¨u,∇h¨vhq0,Ω from the right-hand side of (IV.3) with pw,vq “ pu,vhq yields

ahpu,vhq “ pσpuq,∇hvhq0,Ω ` λppDhpuq ´ ∇¨uq,∇h¨vhq0,Ω,

where we have used the fact that the penalization term is consistent. Integrating by parts the
first term element-wise, rearranging the boundary contributions, and using JσpuqKF nF “ 0

and tσpuquF nF “ σpuqnF for all F P F i
Ph

(since u P U˚), as well as tσpuquF nF “ 0 for all

F P F
b,N
Kh

, it is inferred

pσpuq,∇hvhq0,Ω “ ´p∇¨σpuq,vhq0,Ω `
ÿ

P PPh

pσpuqnP ,vh|P q0,BP

“ pf ,vhq0,Ω `
ÿ

F PF i
Ph

pJσpuqKnF , tvhuq0,F `
ÿ

F PFPh

ptσpuqunF , JvhKq0,F

“ pf ,vhq0,Ω `
ÿ

F PFPh
zF

b,N

Kh

pσpuqnF , JvhKq0,F ,

where we have used ´∇¨σpuq “ f a.e. in Ω in the second line (equivalence between (II.3)

and (II.1)). This concludes the proof.

The first term in (IV.7) represents the conformity error while the second one is the consistency
error.

We can now derive an error estimate for solutions matching the regularity u P U˚. This
additional regularity is verified, e.g., under the assumptions of Lemma II.8. In the following
theorem, the weak conformity of the space (i.e. the continuity of mean values at interfaces for a
choice η “ d) plays an important role in estimating the boundary contribution in the conformity
error.

Theorem IV.1 (Error estimate for (IV.2)). Let u P U denote the solution to (II.3) and
additionally assume that u P U˚. Then, there exists Cel ą 0 independent of the meshsize, of λ,
and of u such that, denoting by uh P Uh the unique solution to (IV.2), there holds

}u ´ uh}el ď CelhNelpuq, (IV.8)

where Nelpuq is defined in Lemma II.2.

Proof. We note a À b the inequality a ď Cb where C ą 0 has the same dependence as
the constant Cel in (IV.8). The Cauchy–Schwarz inequality yields boundedness in the form
ahpw,vq ď }w}el}v}el for all pw,vq P U˚h ˆ U˚h. This, together with Lemmata IV.2 and IV.3
and the second Strang Lemma [76] (cf. also [35, Lemma 2.25]), yields:

}u ´ uh}el À inf
vhPUh

}u ´ vh}el ` sup
vhPUhzt0u

|Ehpvhq|
}vh}el

:“ T1 ` T2. (IV.9)

The first term in the right-hand side depends on the approximation properties of the discrete
space, while the second is linked to the conformity and consistency errors. Let wh :“ ICR

h puq P
Uh. Using Lemma III.5, Corollary III.1, and the trace inequality (III.5) with Sh “ Ph combined
with Lemma III.5, respectively to treat the three terms in the right-hand side of (IV.4) with
v “ u ´ wh, we infer

T1 ď }u ´ wh}el À h}u}2,Ω ` hλ
1{2|∇¨u|1,Ω. (IV.10)
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IV.2 Error estimate

To treat the conformity and consistency errors, denote by T2,1 and T2,2 the two terms in the
right-hand side of (IV.7). Let

ϕµ :“ 2µpεpuq ´ Π0
hpεpuqqq, ψλ :“ λp∇¨u ´ Π0

hp∇¨uqq.

Using the continuity of mean values at interfaces (since η “ d) together with the fact that both
t2µΠ0

hpεpuqquF and tλΠ0
hp∇¨uquF are constant on every F P FPh

, it is inferred

T2,1 “
ÿ

F PFPh
zF

b,N

Kh

ptσpuq ´ Π0
hpσpuqqunF , JvhK ´ xJvhKyF q0,F

“
ÿ

F PFPh
zF

b,N

Kh

ptϕµunF , JvhK ´ xJvhKyF q0,F `
ÿ

F PFPh
zF

b,N

Kh

ptψλunF , JvhK ´ xJvhKyF q0,F .

The Cauchy–Schwarz inequality followed by the trace inequality (III.5) with Sh “ Ph, the fact
that the maximum number of faces of a pyramid is bounded uniformly in h (cf. Lemma III.1),
the approximation properties of the L2-orthogonal projection, and (III.23) with xF “ xF yield

T2,1 À
#

ÿ

P PPh

h

ˆ

}ϕµ|P }2
0,BP ` }ψλ|P }2

0,BP

˙

+ 1
2

ˆ
#

ÿ

F PFPh
zF

b,N

Kh

h´1
F }JvhK ´ xJvhKyF }2

0,F

+ 1
2

À hNelpuq}vh}el,

(IV.11)
where the bound }∇hvh}0,Ω À }vh}el is a consequence of Lemma IV.2. Finally, using the
Cauchy–Schwarz inequality together with the approximation properties of the L2-orthogonal
projection and Lemma IV.2, it is inferred

T2,2 ď λ}Π0
hp∇¨uq ´ ∇¨u}0,Ω}∇h¨vh}0,Ω À hλ|∇¨u|1,Ω}vh}el. (IV.12)

Using inequalities (IV.10), (IV.11), and (IV.12) to bound the right-hand side of (IV.9) the
conclusion follows.

We are now able to state the main result of this section.

Corollary IV.1 (Uniform convergence with respect to λ). Under the assumptions of Lemma II.2,
the locking-free error estimate (II.17) holds true.

Some remarks are in order.

Remark IV.3 (Use of Lemma II.2). In the proof of Theorem IV.1, the a priori bound on
λ|∇¨u|1,Ω is only required to bound T2. For T1, the weaker regularity estimate λ1{2|∇¨u|1,Ω À
}f}0,Ω is sufficient.

Remark IV.4 (L2-error estimate). Optimal error estimates for the L2-error on the displace-
ment can be derived using the Aubin–Nitsche trick based on the symmetry of the method.

Remark IV.5 (Heterogeneous medium). We consider a material with piecewise constant (scalar-
valued) mechanical properties, that is to say λ, µ P P0

d pKhq. The discretization Kh of the domain
is here assumed to match the heterogeneities of the Lamé parameters. We further assume that

0 ă µ ď µpxq ď µ, 0 ă λ ď λpxq ď λ for a.e. x P Ω,
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where λ ă `8 may tend to infinity in the eventuality of a quasi-incompressible region in the
material. According to the work of Di Pietro and Nicaise [29], the regularity result of Lemma II.2
can be extended to the heterogeneous case. Under appropriate assumptions on the dimension
(d “ 2), on the second Lamé parameter µ, and on the geometry (Ω convex), then problem (II.1)
has a unique solution u P U XH2pKhqd

, and there exists a positive constant Cµ,λ, only depending
on Ω, µ, and λ (but not on λ) such that, for λ large enough (which is equivalent to assuming
an upper bound on the compressibility contrast),

Nelpuq :“ }u}2,Kh
` |λ∇¨u|1,Kh

ď Cµ,λ}f}0,Ω. (IV.13)

It is possible to design a locking-free method for linear elasticity equations also in the heteroge-
neous case. Let consider problem (IV.2), with a slightly different bilinear form:

ahpw,vq :“ p2µ εhpwq, εhpvqq0,Ω `pλDhpwq, Dhpvqq0,Ω `2µχ
ÿ

F PFPh
zF

b,N

Kh

h´1
F pJwK, JvKq0,F , (IV.14)

where 0 ă χ ď 1 is a user-dependent parameter. Remark that (IV.14) reduces to (IV.3) in
the homogeneous case. The coercivity of this formulation is expressed as in Lemma IV.2 using
µ ą 0. An error estimate of the form (IV.8) can easily be derived by remarking that λΠ0

hp∇¨uq “
Π0

hpλ∇¨uq.

Remark IV.6 (Heterogeneous medium, pure displacement problem). When considering a pure
displacement problem in a heterogeneous medium, the formulation (II.5) is no longer equivalent
to problem (II.1). Thus, the bilinear form (IV.6) is not appropriate to discretize the prob-
lem. Taking inspiration from Remark II.1, we consider discretization (IV.5) with the following
symmetric bilinear form:

ãhpw,vq :“ p2µ εhpwq, εhpvqq0,Ω`pλDhpwq, Dhpvqq0,Ω`µ
`

p∇h¨w,∇h¨vq0,Ω ´ p∇hw,∇hvT q0,Ω

˘

,

(IV.15)
where the stabilization is inspired from (II.7). This stabilization introduces a consistency error

which tends to zero as h under the regularity u P U X H2pKhqd
, meaning that the convergence

result (IV.8) is unaffected (with an update of the energy norm according to ãh and of Nelpuq
according to (IV.13)). Remark that (IV.15) reduces to (IV.6) in the homogeneous case. The
coercivity of the discretization is ensured with multiplicative constant µ ą 0. The advantage of
such a stabilization in comparison with a jumps penalization is that it does not enlarge the stencil
since it is volumetric. Hence, cell unknowns can be eliminated, cf. Remark IV.1. Actually,
this stabilization does not even involve the cell unknowns since the subgrid correction of the
gradient operator has a vanishing contribution in the stabilization (remark that pabbq:pbbcq “
trpa b bqtrpc b bq). Note however that the interaction between cell unknowns for the different
components of the displacement cannot be avoided in that case owing to the first term of the
bilinear form.

IV.3 Links with finite volume and finite element methods

In this section we investigate the links between our method and classical finite volume or
finite element methods. We show (for the pure displacement problem) that the treatment of
the right-hand side determines the framework to which the method belongs.
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IV.3.1 Flux formulation and local conservation, the finite volume side

Let consider the pure displacement problem and its approximation (IV.5). Here, we do
not make any assumption on the value of the stabilization parameter η ą 1. Following [40,
Section 2.4], it is possible to reformulate the discrete bilinear form (IV.6) in terms of numerical
fluxes. More specifically, introducing Uh :“ Vd

h,0 where Vh,0 is defined by (III.20), let wh,vh P
Uh be two discrete functions and denote by wh “ pwh,iq1ďiďd

P Uh and vh “ pvh,iq1ďiďd
P Uh

the corresponding vectors of DOFs, where, for all i P t1, . . . , du, wh,i and vh,i are the vectors of
DOFs associated to the i-th components of wh and vh respectively. We show that there exists a
family of numerical fluxes pΦK,F pwhqq

KPKh,F PFK
with ΦK,F pwhq “ pΦK,F,ipwhqq1ďiďd such that

ãhpwh,vhq “
ÿ

KPKh

ÿ

F PFK

ΦK,F pwhq¨pvF ´ vKq, (IV.16)

with ãh defined by (IV.6).

Proposition IV.1 (Flux formulation). For all wh,vh P Uh, the flux formulation (IV.16) is
obtained by setting for all K P Kh, F P FK , and i P t1, . . . , du,

ΦK,F,ipwhq:“
ÿ

F 1PFK

|KF 1 |
«

µGKF 1 pwh,iq¨yK
F 1,F `

˜

d
ÿ

j“1

µGKF 1 pwh,jq`λGKpwh,jq
¸

¨ej

`

yK
F 1,F ¨ei

˘

ff

,

where wh, vh P Uh are the vectors of DOFs associated to wh and vh respectively, peiq1ďiďd

denotes the canonical basis of Rd, and

yK
F 1,F :“

$

&

%

|F |
|K|nK,F ` η

dK,F

´

1 ´ |F |
|K|nK,F ¨pxF ´ xKq

¯

nK,F if F “ F 1,
|F |
|K|nK,F ´ η

dK,F 1 |K| |F | nK,F ¨pxF 1 ´ xKqnK,F 1 otherwise.
(IV.17)

Proof. For all vh P Vh, all K P Kh, and all F 1 P FK , there holds with GKF 1 pvhq defined by (III.8)
(cf. [40, eq. (26) et seq.]),

GKF 1 pvhq “
ÿ

F PFK

pvF ´ vKq yK
F 1,F . (IV.18)

Using (III.8) and (III.10), and observing that λpDhpwhq, Dhpvhqq0,Ω “ λpDhpwhq,∇h¨vhq0,Ω

owing to (III.18) together with the properties of the L2-orthogonal projector, it is inferred

ãhpwh,vhq “
d

ÿ

i“1

ÿ

KPKh

ÿ

F 1PFK

|KF 1 |
«

µGKF 1 pwh,iq `
˜

d
ÿ

j“1

µGKF 1 pwh,jq¨ej ` λGKpwh,jq¨ej

¸

ei

ff

¨GKF 1 pvh,iq.

The conclusion follows using the expression (IV.18) for GKF 1 pvh,iq and exchanging the sums of
indices F and F 1.

The main interest of this alternative formulation is that it allows to prove a local conservation
property similar to those encountered in standard finite volume methods. Recalling the expres-
sion (IV.16) for the bilinear form ãh and using the cell unknown to approximate the right-hand
side in each element, the discrete problem (IV.5) in algebraic form reads: Find uh P Uh such
that for all vh P Uh there holds,

ÿ

KPKh

ÿ

F PFK

ΦK,F puhq¨pvF ´ vKq “
ÿ

KPKh

|K| fK ¨vK , (IV.19)
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where fK :“ 1
|K|

ş

K
fdx for all K P Kh. Consider now an interface F P F i

Kh
such that

F Ă BK1XBK2, and let for i P t1, . . . , du vh,i be such that vF,i “ 1, vF 1,i “ 0 for all F 1 P FKh
ztF u,

and vK,i “ 0 for all K P Kh, with the other components of vh that are zero. There follows
from (IV.16),

ΦK1,F,ipuhq “ ´ΦK2,F,ipuhq, (IV.20)

i.e., the method is locally conservative. An important remark is that the loading term does
not appear in (IV.20) since its approximation in (IV.19) only involves cell DOFs. The method
written under the form (IV.19) is the exact application of HFV to the pure displacement problem
of elasticity (with the restriction that we made here no assumption on η ą 1) with reduced
integration of the divergence operator. The treatment (IV.19) of the right-hand side can be
proved to introduce a consistency error which converges to zero as h, which means that it does
not modify the error estimate (IV.8).

IV.3.2 Link with the Crouzeix–Raviart solution, the finite element side

Let consider again the pure displacement problem and its approximation (IV.5), and let
η ą 1. We consider a matching simplicial mesh that we denote Th and we let

CR0pThq :“ tvh P CRpThq | vhpxF q “ 0, @F P Fb
Kh

u, (IV.21)

and Ûh :“ CR0pThqd. We show in this section that a suitable treatment of the right-hand side
allows to recover the Crouzeix–Raviart solution ûh P Ûh such that (cf. [16]),

ãhpûh,vhq “ pf ,vhq0,Ω @vh P Ûh. (IV.22)

Let W pPhq :“ tv P H1pPhq | xJvKyF “ 0 for all F P F i
Ph

u, and denote by ICR
h : W pPhq Ñ

CRpThq the interpolator that maps a function v P W pPhq on the function vh :“ ICR
h pvq P CRpThq

such that vhpxF q “ xvyF for all F P FTh
. We consider the following variation of (IV.5): Find

uh P CR0pThqd such that

ãhpuh,vhq “ pf , ICR
h pvhqq0,Ω @vh P CR0pThqd, (IV.23)

where the sole difference with respect to (IV.5) lies in the treatment of the right-hand side.

Lemma IV.4 (Relation between (IV.22) and (IV.23)). There holds uh “ ûh.

Proof. Let Uh Q ûh “ pûh,iq1ďiďd
be such that, for i P t1, . . . , du,

ûh,i :“ ppûh,ipxKqq
KPKh

, pûh,ipxF qq
F PFKh

q P Vh,0.

Clearly, for all K P Kh, all F P FK , and all i P t1, . . . , du, RKF
pûh,iq “ 0, hence GKF

pûh,iq “
GKpûh,iq “ p∇hûh,iq|K . As a consequence, ûh “ Rhpûhq. Accounting for this fact, there holds

for all vh P CR0pThqd such that vh “ Rhpvhq with vh P Uh,

ãhpûh,vhq “
d

ÿ

i“1

ÿ

KPKh

ÿ

F PFK

|KF |
!

µGKpûh,iq¨GKF
pvh,iq ` µGKpûh,iq¨eiDKF

pvhq

` λGKpûh,iq¨eiDKpvhq
)

“
d

ÿ

i“1

ÿ

KPKh

|K|
!

µGKpûh,iq¨GKpvh,iq ` pµ` λqGKpûh,iq¨eiDKpvhq
)

“ ãhpûh, I
CR
h pvhqq “ pf , ICR

h pvhqq0,Ω,
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where the first passage is a consequence of (III.15) and where we have let, for the sake of
conciseness, DKpvhq :“ řd

j“1 GKpvh,jq¨ej and DKF
pvhq :“ řd

j“1 GKF
pvh,jq¨ej . Owing to the

coercivity of ãh, problem (IV.23) admits a unique solution and we therefore conclude that
ûh “ uh.

Morally, as soon as the right-hand side does not see the cell unknowns, the system forces the
subgrid corrections to vanish, and the two solutions coincide. When considering the more
general approximation (IV.2), it is a simple matter to prove that the solution on a matching
simplicial mesh coincides with the solution of the stabilized Crouzeix–Raviart method developed
by Hansbo and Larson [50]. This is a consequence of Lemma III.6 and of the fact that the subgrid
corrections vanish on primal faces.

IV.4 Numerical examples

In this section we provide a selection of two-dimensional numerical examples that illustrate
the different results of this chapter, namely the ability of our method to treat heterogeneous
media, its robustness with respect to numerical locking, and its adaptivity to fairly general
meshes. When it is relevant, we propose a comparison with a conforming Pd

1 finite element
method (on a matching simplicial mesh sequence). The implementation has been realized as a
2D C++ prototype based on recent open source libraries, and relies on the general framework
recently introduced in [26, 27], to which we refer for futher details.

IV.4.1 Mesh families and error measure

We consider several two-dimensional mesh families, that are mainly inspired from the
FVCA5 benchmark:

(a) a matching triangular mesh sequence, which will be useful for comparison with the con-
forming Pd

1 finite element method; cf. Figure IV.1a;

(b) a Cartesian mesh sequence, which is the most widely used grid type in reservoir simulation
as it forms the basis of CPG (Corner Point Geometry) meshes [69]; cf. Figure IV.1b;

(c) a locally refined Cartesian mesh sequence, which gives an example of nonconforming h-
refinement as it can be encountered in the context of LGR (Local Grid Refinement) in
specific locations (like in near wellbore regions) where the resolution needs to be increased,
or when moving fronts are present; besides, it is a good benchmark to assess the correct
treatment of nonmatching interfaces; cf. Figure IV.1c;

(d) a Kershaw-type mesh sequence, which is of great practical interest since it may represent a
geological porous medium that has historically undergone non-smooth deformations toward
a highly skewed state; cf. Figure IV.1d;

(e) a trapezoidal mesh sequence, which illustrates the case when the refined grid elements do
not converge to parallelograms, meaning that the shape factor of the grids does not improve
with grid refinement; cf. Figure IV.1e;

(f) a hexagonal-dominant mesh sequence, which is an example of challenging tilted grid featur-
ing different polygonal elements; cf. Figure IV.1f.

The mesh families are such that their meshsize is approximately divided by two between two
successive members. We test the different discretizations of the linear elasticity equations we
have introduced:

(i) for (possibly) mixed-type (Dirichlet–Neumann) boundary conditions, we use discretiza-
tion (IV.2), that will be denoted CRg-JS (for Jumps Stabilization), with bilinear form
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(a) Matching triangular (b) Cartesian

(c) Locally refined Cartesian (d) Kershaw-type

(e) Trapezoidal (f) Hexagonal-dominant

Figure IV.1: Members of the 2D mesh families for the numerical tests of Section IV.4.
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‚ (IV.3) in the homogeneous case;
‚ (IV.14) in the heterogeneous case;

(ii) for pure Dirichlet boundary conditions (pure displacement problem), we use discretiza-
tion (IV.5), that will be denoted CRg-VS (for Volumetric Stabilization), with bilinear
form
‚ (IV.6) in the homogeneous case;
‚ (IV.15) in the heterogeneous case.

Note that for both methods, the test-cases presented below have been computed considering
pure Dirichlet boundary conditions. However, experiments have been realized for the CRg-JS
method and confirm that this latter enables to treat correctly mixed-type boundary conditions.
We make the choice η “ d in (III.9) for the subgrid stabilization parameter. The right-hand
side of (IV.2) and (IV.5) is approximated in a finite volume way using the cell unknown as a
quadrature point, cf. (IV.19) and Section IV.3.1. The H1 and L2 relative errors are measured
as

}∇u ´ ∇huh}0,Ω

}∇u}0,Ω
«

ˆ

ř

KPKh

ř

1ďi,jďd |K|
´

p∇uqi jpxKq ´ GK,jpuh,iq
¯2

˙1{2

´

ř

KPKh
|K| |p∇uqpxKq|2

¯1{2
, (IV.24a)

}u ´ uh}0,Ω

}u}0,Ω
«

´

ř

KPKh
|K| |upxKq ´ uK |2

¯1{2

´

ř

KPKh
|K| |upxKq|2

¯1{2
. (IV.24b)

For the sake of simplicity, these relative errors are referred to as }∇u ´ ∇huh}0,Ω and }u ´ uh}0,Ω

in the plots axes.

Ω1Ω2

(a) Heterogeneous test-case of Section IV.4.2

x “ 1{2

y “ 1{2

u “ p1, 0q

(b) Closed cavity test-case of Section IV.4.3.2

Figure IV.2: Configuration for the test-cases of Section IV.4.
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IV.4.2 Heterogeneous medium

We investigate the robustness of the discretizations (IV.2)–(IV.14) and (IV.5)–(IV.15) with
respect to the heterogeneity ratio of the medium. For that purpose, let consider the following
manufactured solution inspired by the one proposed in [64] by Nordbotten. Let Ω :“ p0, 1q2

such that Ω :“ Ω1 Y Ω2, where Ω1 :“ p1
4
, 3

4
q2 and Ω2 :“ ΩzΩ1. We consider a material with

piecewise constant Lamé parameters such that

λ “ µ “ κ in Ω1, λ “ µ “ 1 in Ω2,

where κ P t10´6, 1, 106u enables to vary the heterogeneity ratio, the case κ “ 1 corresponding
to the homogeneous case where (IV.14) reduces to (IV.3) and (IV.15) to (IV.6). An illustration
of the geometry is provided in Figure IV.2a.

For this material, we consider the following solution, which honors a homogeneous Dirichlet
boundary condition:

ux “ 1
λ

sinp4πxq sinp4πyq, uy “ ux. (IV.25)

This solution is continuous on Ω, with continuous (independent of κ) stress. However, note
that this solution does not exhibit the regularity required by Theorem IV.1. The body force is
obtained by taking the divergence of the stress tensor:

fx “ 64π2 sinp4πxq sinp4πyq ´ 32π2 cosp4πxq cosp4πyq, fy “ fx.

We consider the Cartesian mesh sequence to which belongs the member of Figure IV.1b. This
mesh sequence matches the heterogeneities in the mechanical properties of the material. For
κ P t10´6, 1, 106u, we plot on Figure IV.3 the H1 and L2 relative errors (computed as in (IV.24a)
and (IV.24b)) for both discretizations CRg-JS (IV.2)–(IV.14) and CRg-VS (IV.5)–(IV.15). For
the discretization CRg-JS, we take a stabilization parameter χ “ 1 in (IV.14). We also provide
a comparison with the conforming Pd

1 finite element method on the matching triangular mesh
sequence of Figure IV.1a.

The results show that both discretizations CRg-JS and CRg-VS are insensitive to the het-
erogeneity contrast, and exhibit a second order convergence rate in the L2 norm. In the H1

seminorm, both discretizations exhibit a supra-convergent behavior with a second order con-
vergence rate, which is due to the Cartesian type of the grid sequence. First order is obtained
on the matching triangular mesh sequence of Figure IV.1a (not ploted here).

IV.4.3 Quasi-incompressible materials

We now investigate the robustness of the discretizations CRg-JS and CRg-VS with respect
to the first Lamé parameter λ. Designing a relevant test-case to assess the robustness with
respect to locking is not an easy task as it must satisfy several features:

‚ the displacement field u must be such that |∇¨u| Ñ 0 as λ Ñ `8 and u does not tend
to a constant field;

‚ the body force f must be such that }f}0,Ω tends to a bounded constant as λ Ñ `8.
This corresponds to practically relevant cases, where for the same body force applied to mate-
rials with different compressibility, the approximation of the displacement field by usual finite
element methods deteriorates as the compressibility of the material decreases. This is the sign
of numerical locking, and of the fact that an estimate of the form (II.17) does not hold for such
methods, since they are not able to approximate nonconstant divergence-free fields.

We study two different relevant test-cases for which we provide a comparison of the results
with conforming finite elements.
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CRg-JS κ “ 10´6 CRg-JS κ “ 1 CRg-JS κ “ 106

Pd
1 κ “ 10´6 Pd

1 κ “ 1 Pd
1 κ “ 106

10´3 10´2

10´3

10´2

10´1

h

}∇
u

´
∇

h
u

h
} 0

,Ω

(a) H1 relative error

10´3 10´2

10´3

10´2

10´1

h

}u
´

u
h
} 0

,Ω

(b) L2 relative error

CRg-VS κ “ 10´6 CRg-VS κ “ 1 CRg-VS κ “ 106

Pd
1 κ “ 10´6 Pd

1 κ “ 1 Pd
1 κ “ 106

10´3 10´2

10´3

10´2

10´1

h

}∇
u

´
∇

h
u

h
} 0

,Ω

(c) H1 relative error

10´3 10´2

10´3

10´2

10´1

h

}u
´

u
h
} 0

,Ω

(d) L2 relative error

Figure IV.3: Effect of the heterogeneity ratio κ on the discretizations CRg-JS and CRg-VS
(solid lines) vs. Pd

1 (dashed lines).

IV.4.3.1 A manufactured solution

Let Ω :“ p0, 1q2 and let consider a homogeneous material with (constant) Lamé parameters
such that µ “ 1 and λ P t1, 103, 106u. According to the relation

ν “ λ

2pλ` µq ,
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consequence of (II.2), we consider materials with Poisson’s ratio ν P t0.25, 0.4995, 0.4999995u, i.e.
ν Ñ 0.5. We consider the following manufactured solution:

ux “ cosp2π
λ
xq sinp2πyq, uy “ sinp2πxq cosp2π

λ
yq.

CRg-JS λ “ 1 CRg-JS λ “ 103 CRg-JS λ “ 106

Pd
1 λ “ 1 Pd

1 λ “ 103 Pd
1 λ “ 106

10´3 10´2

10´2

10´1

h

}∇
u

´
∇

h
u

h
} 0

,Ω

(a) H1 relative error

10´3 10´2

10´4

10´3

10´2

10´1

h

}u
´

u
h
} 0

,Ω

(b) L2 relative error

CRg-VS λ “ 1 CRg-VS λ “ 103 CRg-VS λ “ 106

Pd
1 λ “ 1 Pd

1 λ “ 103 Pd
1 λ “ 106

10´3 10´2

10´2

10´1

h

}∇
u

´
∇

h
u

h
} 0

,Ω

(c) H1 relative error

10´3 10´2

10´5

10´4

10´3

10´2

10´1

h

}u
´

u
h
} 0

,Ω

(d) L2 relative error

Figure IV.4: Effect of the first Lamé parameter λ on the discretizations CRg-JS and CRg-VS
(solid lines) vs. Pd

1 (dashed lines).

Note that this solution exhibits the regularity required by Theorem IV.1. This solution
satisfies u Ñ psinp2πyq, sinp2πxqq as λ Ñ `8, and |∇¨u| Ñ 0. The body force is obtained by
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taking the divergence of the stress tensor:

fx “ 4π2pµ` 1
λ

` 2µ
λ2

q cosp2π
λ
xq sinp2πyq ` 4π2p1 ` µ

λ
q cosp2πxq sinp2π

λ
yq,

fy “ 4π2pµ` 1
λ

` 2µ
λ2

q sinp2πxq cosp2π
λ
yq ` 4π2p1 ` µ

λ
q sinp2π

λ
xq cosp2πyq.

In the limit λ Ñ `8, f Ñ 4π2µ psinp2πyq, sinp2πxqq, and }f}0,Ω remains bounded.
We consider the matching triangular mesh sequence of Figure IV.1a. For λ P t1, 103, 106u,

we plot on Figure IV.4 the H1 and L2 relative errors (computed as in (IV.24a) and (IV.24b)) for
both discretizations CRg-JS (IV.2)–(IV.3) and CRg-VS (IV.5)–(IV.6), and we compare it with
the conforming Pd

1 finite element method. For the discretization CRg-JS, we take a stabilization
parameter χ “ 0.2 in (IV.3).

As far as the reference Pd
1 method is concerned, the results go worse as λ grows. For λ “ 106,

clear signs of numerical locking are observed, with a genuinely pronounced loss of convergence
in the L2 norm. The convergence rate is only recovered for very refined grids. For small λ,
the Pd

1 method outperforms both discretizations in the H1 seminorm (but not in the L2 norm).
In low compressibility regimes, both discretizations show robustness with respect to numerical
locking. As expected, the errors scale with the L2 norm of the body force, which decreases in
that case as λ grows. We remark that the precision of the CRg-VS method is better than the
one of the CRg-JS method, but optimal convergence rates are reached for both methods in the
L2 norm and H1 seminorm.

IV.4.3.2 The closed cavity problem

We consider the closed cavity problem of Hansbo and Larson [50]. Although this problem
does not exhibit the regularity required by Theorem IV.1, it is included as it is one of the
simplest benchmarks for numerical locking.

Let Ω :“ p0, 1q2, f ” 0, and prescribe a horizontal displacement u “ p1, 0q on the upper
side of Ω, and u “ 0 on the remaining three. An illustration of the problem is provided in
Figure IV.2b. We consider a homogeneous material with elastic modulus and Poisson’s ratio
such that E “ 1000 and ν P t0.25, 0.4999u respectively. The Lamé parameters are derived from
the relations (II.2), which give µ P t400, 333u and λ P t400, 1 666 444u.

For ν P t0.25, 0.4999u, the discrete problem is solved on the trapezoidal mesh sequence
of Figure IV.1e for the CRg-VS (IV.5)–(IV.6) method, and on the matching triangular mesh
sequence of Figure IV.1a for the CRg-VS and Pd

1 methods, the Pd
1 method being taken as a

reference. From each of the two mesh families, a coarse and a fine meshes are selected featuring
roughly the same number of elements. For both values of ν, Figure IV.5 depicts the values of the
horizontal approximate displacement uh,x along the vertical centerline x “ 1{2 (solid lines), as
well as the values of the vertical approximate displacement uh,y along the horizontal centerline
y “ 1{2 (dashed lines), cf. again Figure IV.2b.

For large values of the Poisson’s ratio, the Pd
1 method shows clear signs of numerical locking.

For coarse meshes, the approximation is totally irrelevant. It begins to be better as the grid
is refined, but still remains rather imprecise for fine grids. As ν tends to 0.5 the errors keep
increasing. At the opposite, the CRg-VS method shows very good robustness with repect to
locking, on both kinds of meshes.

IV.4.4 Robustness on challenging grids

We here assess the robustness of the discretizations CRg-JS (IV.2)–(IV.14) and CRg-VS (IV.5)–
(IV.15) with respect to challenging grid sequences. We consider the heterogeneous test-case of
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Figure IV.5: Results for the closed cavity problem on a coarse and a fine mesh extracted from
the mesh families of Figure IV.1e and IV.1a. Top: ν “ 0.25. Bottom: ν “ 0.4999. Solid lines:
horizontal displacement uh,x along the vertical centerline. Dashed lines: vertical displacement
uh,y along the horizontal centerline.

Section IV.4.2 for a heterogeneity contrast κ “ 106. The solution is given in (IV.25). We solve
the discrete problem on the Cartesian, locally refined Cartesian, Kershaw-type, and hexagonal-
dominant mesh sequences of Figures IV.1b, IV.1c, IV.1d, and IV.1f, for both discretizations
CRg-JS and CRg-VS, and we give a comparison with the Pd

1 finite element method on the
matching triangular mesh sequence of Figure IV.1a. For the Cartesian mesh sequence, only the
results for the CRg-JS method are reminded since this case can be found on Figure IV.3. For
the discretization CRg-JS, we take a stabilization parameter χ “ 1 in (IV.14). Note that the
heterogeneity ratio κ is such that the solution (IV.25) is nonzero in the domain Ω2 (cf. Fig-
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IV.4 Numerical examples
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Figure IV.6: Robustness of the discretizations CRg-JS and CRg-VS on challenging grids vs. Pd
1.

ure IV.2a), to which belong most of the refined regions of the locally refined meshes. This
test-case is close (on a smaller scale) from the kind of cases that can be encountered in practical
reservoir simulation: a heterogeneous problem, that does not match the regularity assumptions
of Theorem IV.1, to be solved on a potentially highly skewed locally refined Cartesian grid.

The results of Figure IV.6 exhibit the good behavior of both methods on challenging grids.
The Pd

1 benchmark exhibits a first order slope in the H1 seminorm and a second order slope in
the L2 norm. On the Cartesian and locally refined Cartesian mesh sequences, both methods
exhibit a supra-convergent behavior in the H1 seminorm and a second order convergence in
the L2 norm. For Kershaw-type meshes, the convergence rate is worse than one in the H1

seminorm, whereas order one is obtained in the L2 norm. For hexagonal-dominant meshes,
first order convergence is obtained in the H1 seminorm and L2 norm, with a slight loss of
convergence in the H1 seminorm for fine meshes. Note that for that kind of meshes, where the
number of faces per element (and thus the number of lateral pyramidal faces) explodes, the
calculation and assembling times for the CRg-JS method are a bit prohibitive for fine meshes.
In addition, the conditioning of the matrix deteriorates with the explosion of its stencil, as the
jumps penalization couples more and more unknowns.
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This chapter will form the body of the article [1] (still in preparation). We here tackle
the numerical approximation of Biot’s consolidation model, which is a particular limit case
(c0 “ 0) of the poroelasticity problem (II.18) introduced in Section II.2. We design a family
of Euler-Gradient discretizations, i.e. implicit Euler in time and Gradient scheme in space, of
the weak formulation (II.22). As explained in Section II.2.3, Gradient schemes are a generic
framework for the discretization of linear and nonlinear elliptic equations [45, 41, 33]. We
consider separate Gradient discretizations for both displacement and pressure, that we introduce
in Section V.1. Up to specific assumptions on both sequences (namely coercivity, optimal
approximation, limit-conformity and inf-sup stability), we prove in Section V.2 the convergence
of this Euler-Gradient family of approximations under minimal regularity assumptions on the
solutions and on the data, cf. Section II.2.1. An important feature is that the convergence result
is totally independent from the (admissible) values that can possibly be taken by λ or κ. Then,
in Section V.3, we give some examples of discretizations falling in this framework, and focus
more particularly on a discretization of mechanics based on the generalized Crouzeix–Raviart
space introduced in Chapter III, coupled to a Hybrid Finite Volume treatment of pressure.
Finally, we provide in Section V.4 some numerical examples in two space dimensions and on
general meshes based on the above choice.
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Chapitre V : Convergence of Euler-Gradient approximations of Biot’s consolidation problem

Note that the notations used in this chapter voluntarily differ as they enter a more general
framework from the ones used in Chapters III and IV.

V.1 Euler-Gradient discretization

We first introduce in this section the sufficient conditions on the Gradient (space) dis-
cretizations of pore pressure and displacement to obtain a converging approximation for prob-
lem (II.22). Then, we explicit the time-space setting before introducing the discrete problem.

V.1.1 Space discretization

It is of some importance noticing, before going further, that we do not need for the moment
to define a notion of (admissible) mesh sequence.

V.1.1.1 Pore pressure

Let us begin by giving the definition of a pressure Gradient discretization for problem (II.22).

Definition V.1 (Pressure Gradient discretization). A pressure Gradient discretization Dp is
defined by Dp :“ pXp

D,0,Π
p
D,∇

p
Dq, where

(i) the zero-mean set of discrete unknowns Xp
D,0 is a finite dimensional vector space on R;

(ii) the linear mapping Πp
D : Xp

D,0 Ñ PD,0, where PD,0 :“ PD X L2
0pΩq with PD finite dimen-

sional subspace of L2pΩq, is the reconstruction of the approximate function;

(iii) the linear mapping ∇
p
D : Xp

D,0 Ñ L2pΩqd is the discrete gradient operator. It is chosen
such that }∇

p
D ¨ }0,Ω is a norm on X

p
D,0.

We recall that the space L2
0pΩq is defined in (II.12). The term zero-mean and the zero subscript

in X
p
D,0 emphasize the fact that the spatial zero-mean condition on the pore pressure (cf.

model (II.18)) is strongly enforced through adequate constraints in the set of unknowns.
We now present three sufficient assumptions on sequences of pressure Gradient discretiza-

tions, that are typical of the Gradient schemes framework, in order to prove the convergence of
our approximation of problem (II.22). Note that when considering nonlinear elliptic problems,
a fourth assumption of compactness is often needed. Let first introduce the space

H0pdiv; Ωq :“ tv P Hpdiv; Ωq | γnpvq “ 0u,

where γnpvq P H´ 1
2 pΓq is the normal trace v¨n|Γ.

Let pDp
mqmPN

be a sequence of pressure Gradient discretizations in the sense of Definition V.1.

Assumption V.1 (Pressure coercivity). For a given Dp, let define the norm of the linear
mapping Πp

D as

C
p
D :“ max

qDPX
p

D,0
zt0u

}Πp
DqD}0,Ω

}∇
p
DqD}0,Ω

. (V.1)

Then, there exists Cp
P ą 0 such that Cp

Dm
ď C

p
P for all m P N. The sequence pDp

mqmPN
is said

to be coercive.

Remark V.1 (Discrete Poincaré inequality). One can derive from Equation (V.1) }Πp
DqD}0,Ω ď

C
p
D}∇

p
DqD}0,Ω.

The coercivity of the pressure discretization is thus expressed as a uniform Poincaré inequality.
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V.1 Euler-Gradient discretization

Assumption V.2 (Pressure approximation). For a given Dp, let Sp
D : H1pΩq Ñ R` defined by

@ϕ P H1pΩq, S
p
Dpϕq :“ min

qDPX
p

D,0

p}Πp
DqD ´ ϕ}0,Ω ` }∇

p
DqD ´ ∇ϕ}0,Ωq . (V.2)

Then, for all ϕ P H1pΩq, Sp
Dm

pϕq Ñ 0 as m Ñ `8. The sequence pDp
mqmPN

is said to enjoy
optimal approximation properties.

This property is usually termed as consistency in the Gradient schemes literature, cf. [33].

Assumption V.3 (Pressure limit-conformity). For a given Dp, let W p
D : H0pdiv; Ωq Ñ R`

defined by

@ϕ P H0pdiv; Ωq, W
p
Dpϕq :“ max

qDPX
p

D,0
zt0u

1
}κ1{2∇

p
DqD}0,Ω

ˇ

ˇ

ˇ
pκ1{2

∇
p
DqD,ϕq0,Ω ` pΠp

DqD,∇¨pκ1{2ϕqq0,Ω

ˇ

ˇ

ˇ
.

(V.3)
Then, for all ϕ P H0pdiv; Ωq, W p

Dm
pϕq Ñ 0 as m Ñ `8. The sequence pDp

mqmPN
is said to be

limit-conforming.

The limit-conformity property establishes a link between the gradient and the reconstruction
operators (in addition of the one established by the discrete Poincaré inequality). It guaran-
tees that the two operators fulfill a continuous Green’s formula in the limit. In the case of
a conforming finite element approximation, then W

p
Dpϕq “ 0 for all ϕ P H0pdiv; Ωq. Here,

the limit-conformity assumption concerns the operator that we do consider in our model, that
is κ1{2

∇
p
D. We remind the reader that κ is assumed to be such that κ P W 1,8pΩq, which

gives a sense to ∇¨pκ1{2ϕq in L2
0pΩq. The additional assumption (II.21) is needed as we will

detail in Section V.3 to prove that the HFV [40] method applied to pressure discretization is
limit-conforming in the sense of the above definition.

V.1.1.2 Displacement

Let now turn to the definition of a displacement Gradient discretization for problem (II.22).

Definition V.2 (Displacement Gradient discretization). A displacement Gradient discretiza-
tion Dd is defined by Dd :“ pXd

D,0,Π
d
D,∇

d
Dq, where

(i) the homogeneous set of discrete unknowns Xd
D,0 is a finite dimensional vector space on Rd;

(ii) the linear mapping Πd
D : Xd

D,0 Ñ L2pΩqd is the reconstruction of the approximate function;

(iii) the linear mapping ∇
d
D : Xd

D,0 Ñ L2pΩqd,d is the discrete gradient operator. It is chosen
such that }∇

d
D ¨ }0,Ω is a norm on Xd

D,0.

The term homogeneous and the zero subscript in Xd
D,0 emphasize the fact that the homoge-

neous Dirichlet boundary condition on the displacement is strongly enforced through adequate
constraints in the set of unknowns.

Taking inspiration from the previous paragraph, we introduce three equivalent sufficient
assumptions on sequences of displacement Gradient discretizations in order to prove the con-
vergence of our approximation of problem (II.22). We here add another assumption, which is
not classical in the Gradient schemes literature as saddle-point problems have not yet been stud-
ied in that framework, which concerns the displacement-pressure coupling. For that purpose,
let us define the discrete divergence operator ∇

d
D¨ : Xd

D,0 Ñ L2
0pΩq such that, for all vD P Xd

D,0,

∇
d
D¨vD :“ trp∇d

DvDq.
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For a given pressure Gradient discretization Dp, we also define π
p
D : L2pΩq Ñ PD as the

L2-orthogonal projector onto PD. Usually, PD is a broken polynomial space on a spatial dis-
cretization (mesh) of the domain. Hence, under classical requirements on the mesh sequence
like the ones exposed in Section III.1, we can assume that the L2-orthogonal projector has op-
timal approximation properties, in the sense that, for pDp

mqmPN
sequence of pressure Gradient

discretizations, and for ϕ P L2pΩq,

}πp
Dm

pϕq ´ ϕ}0,Ω Ñ 0 as m Ñ `8. (V.4)

When restricting πp
D to L2

0pΩq, then π
p
Dpϕq P PD,0 owing to the mean conservation property of

the L2-orthogonal projector onto broken polynomial spaces. Finally, we denote by

Hpdiv; Ωq :“
!

v P L2pΩqd,d | ∇¨v P L2pΩqd
)

. (V.5)

Let pDd
mqmPN

be a sequence of displacement Gradient discretizations in the sense of Defini-
tion V.2.

Assumption V.4 (Displacement coercivity). For a given Dd, let define the norm of the linear
mapping Πd

D as

Cd
D :“ max

vDPXd
D,0zt0u

}Πd
DvD}0,Ω

}∇
d
DvD}0,Ω

. (V.6)

Then, there exists Cd
F ą 0 such that Cd

Dm
ď Cd

F for all m P N. The sequence pDd
mqmPN

is said
to be coercive.

Remark V.2 (Discrete Friedrichs’ inequality). Equation (V.6) directly yields }Πd
DvD}0,Ω ď

Cd
D}∇

d
DvD}0,Ω.

The coercivity of the discretization is hence defined as a uniform Friedrichs’ inequality. Note
that we do not assume that a discrete Korn’s inequality holds since we consider in (II.22) the
pure displacement problem and the naturally coercive bilinear form ã.

Assumption V.5 (Displacement approximation). For a given Dd, let Sd
D : H1

0 pΩqd Ñ R`

defined by

@ϕ P H1
0 pΩqd

, Sd
Dpϕq :“ min

vDPXd
D,0

´

}Πd
DvD ´ ϕ}0,Ω ` }∇

d
DvD ´ ∇ϕ}0,Ω

¯

.

Then, for all ϕ P H1
0 pΩqd

, Sd
Dm

pϕq Ñ 0 as m Ñ `8. The sequence pDd
mqmPN

is said to enjoy
optimal approximation properties.

Assumption V.6 (Displacement limit-conformity). For a given Dd, let W d
D : Hpdiv; Ωq Ñ R`

defined by

@ϕ P Hpdiv; Ωq, W d
Dpϕq :“ max

vDPXd
D,0zt0u

1

}∇
d
DvD}0,Ω

ˇ

ˇ

ˇ

ˇ

p∇d
DvD, ϕq0,Ω ` pΠd

DvD,∇¨ϕq0,Ω

ˇ

ˇ

ˇ

ˇ

.

(V.7)
Then, for all ϕ P Hpdiv; Ωq, W d

Dm
pϕq Ñ 0 as m Ñ `8. The sequence pDd

mqmPN
is said to be

limit-conforming.

In order to ensure a stable coupling, we consider the following additional assumption on
sequences of displacement/pressure Gradient discretizations. Let pDmqmPN

:“ pDd
m,D

p
mqmPN

be a sequence of displacement/pressure Gradient discretizations in the sense of Definitions V.2
and V.1.
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V.1 Euler-Gradient discretization

Assumption V.7 (Displacement-pressure coupling). For all m P N, there exists an interpolator

Id
Dm

: H1
0 pΩqd Ñ Xd

Dm,0 such that

@ϕ P H1
0 pΩqd

, π
p
Dm

p∇d
Dm

¨Id
Dm

pϕqq “ π
p
Dm

p∇¨ϕq, (V.8)

and there exists CS ą 0, independent of m, such that, for all m P N,

@ϕ P H1
0 pΩqd

, }∇
d
Dm

Id
Dm

pϕq}0,Ω ď CS}∇ϕ}0,Ω. (V.9)

The sequence pDmqmPN
is said to possess a sequence of Fortin operators in the sense of Defini-

tion II.1.

This assumption is also adapted to the discretization of the (possibly) quasi-incompressible
linear elasticity model, see Remark V.4. We make the classical further assumption that the
sequence of Fortin operators enjoys optimal approximation properties, in the sense that

@ϕ P H1
0 pΩqd

,
´

}Πd
Dm

Id
Dm

pϕq ´ ϕ}0,Ω ` }∇
d
Dm

Id
Dm

pϕq ´ ∇ϕ}0,Ω

¯

Ñ 0 as m Ñ `8.

(V.10)
This (stronger) assumption (V.10) replaces Assumption V.5.

Remark V.3 (Discrete inf-sup condition). For a given D :“ pDd,Dpq, let introduce the
displacement-pressure coupling bilinear form on Xd

D,0 ˆX
p
D,0 given by

bDpvD, qDq :“ ´pπp
Dp∇d

D¨vDq,Πp
DqDq0,Ω.

Then, Assumption V.7 is equivalent to assuming that a discrete inf-sup condition holds for the
sequence of coupling bilinear forms pbDmqmPN

, with a multiplicative constant independent of m.

This property would ensure in the context of a Stokes problem for example that the dis-
cretization is inf-sup stable. In the context of Biot’s consolidation problem, as we already
explained in Section II.2.2, this property may actually be insufficient to properly speak about
inf-sup stability in the finite element sense. All depends on whether the reconstruction is
gradient-based (like in finite element methods) or not (for example piecewise constant, like in
most finite volume methods). To clarify the idea, let consider for the pressure discretization a
HFV method, that is to say a piecewise constant reconstruction based on cell unknowns, and
a gradient which is given by (III.8)–(III.9) and which depends on both face and cell unknowns
(the subgrid correction establishes the link between cell and face unknowns). We assume that
the components of the discrete displacement belong to the generalized Crouzeix–Raviart space
introduced in Chapter III. Then, Lemma III.5 and Corollary III.1 ensure that an inf-sup con-
dition holds for this pair of displacement/pressure spaces (since the pressure reconstruction is
piecewise constant). This inf-sup condition gives a stability estimate on the approximate re-
constructed pressure. This estimate turns out to give a real control on pressure in the context
of a Stokes problem since the pressure only lives in L2

0pΩq and is fully discretized using cell
unknowns. However, in the context of Biot’s consolidation model, we see that this estimate
only gives control on pressure cell unknowns, without any direct information on face unknowns.
From a continuous point of view, in small times or in poorly permeable regions, the pore pres-
sure is quasi-L2

0pΩq since the diffusion term has an almost vanishing contribution, but boundary
conditions are applied to the pressure as soon as t ą 0, hence giving to this quasi-L2

0pΩq object
a H1pΩq dimension (dimension that is fully acquired as time goes on since the Darcean diffusion
term takes more and more importance). From a discrete point of view, this results in spurious
spatial oscillations of the pore pressure approximation in early times or in poorly permeable
regions, due to a lack of control on the pressure gradient of this (forced to be) H1pΩq object.
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A possible remedy is to add artificial diffusion as proposed by Aguilar et al. [2] (they
add a discrete stabilization term in the flow equation whose continuous equivalent would be
Btpβ△pq, with β ą 0 a user-dependent parameter depending on the meshsize). This gives a
L8p0, T ;H1pΩqq control of the pressure that is independent from κ´1, but this method has
the drawback of denaturing the physical model. Another remedy hinges on the verification
of an inf-sup condition. This gives a L8p0, T ;L2

0pΩqq control on the pressure which does not
depend on κ´1. This method has been shown to be efficient in the finite element context, see
Murad et al. [62]. A L8p0, T ;L2

0pΩqq estimate on the reconstructed pressure, when this latter
is gradient-based as in finite element methods, actually enables to have a kind of control on the
gradient and thus reduces spurious oscillations in early times or in poorly permeable regions.
If we apply it to our generalized Crouzeix–Raviart/HFV discretization, the inf-sup condition
gives an estimate on the pressure reconstruction, which only concerns cell unknowns. This
estimate obviously has an impact on the control of face unknowns since these latter are linked
to cell unknowns through the subgrid correction of the gradient operator but this impact is (af-
ter numerical assessment) less important than for inf-sup stable pairs of finite elements where
the pressure reconstruction is gradient-based. We obtain a method which is more stable than
for an unstable pair of finite elements, but less stable than for a stable one. We then cannot
really speak in that case of inf-sup stability in the finite element sense but practically this still
contributes to reduce spurious oscillations of the pressure approximation. Whatever it be, from
a theoretical point of view, this stability property allows to prove the strong convergence in
L2p0, T ;L2

0pΩqq of the approximate pressure reconstruction independently of the (admissible)
values of κ, wich seems difficult without.

V.1.2 Time-space discretization

As we study an elliptic-parabolic model, we must introduce a time discretization for prob-
lem (II.22). We consider a first order implicit (also known as backward) Euler discretization in
time. We could as well consider a θ-scheme (which reduces to the implicit scheme for θ “ 1) as
in [33].

Definition V.3 (Time discretization). A time discretization of the interval p0, T s is defined by
N P N˚ and δ :“ ptpnqqnPJ0,NK such that

(i) tp0q “ 0 ă tp1q . . . ă tpNq “ T ;

(ii) for n P J0, N ´ 1K, we set δtpn`1{2q :“ tpn`1q ´ tpnq and δtM :“ maxnPJ0,N´1K δt
pn`1{2q.

Let now introduce a sufficient assumption on sequences of time discretizations in order to
prove the convergence of our approximation of problem (II.22). For that purpose, let pδmqmPN

be a sequence of time discretizations in the sense of Definition V.3.

Assumption V.8 (Time consistency). The following three conditions are fulfilled:

(i) δtMm Ñ 0 as m Ñ `8 (which implies Nm Ñ `8);

(ii) δtMm ă 1 for all m P N;

(iii) there exists Ct ą 0, independent of m, such that for all m P N,

@n P J1, Nm ´ 1K,
|δtpn`1{2q

m ´ δt
pn´1{2q
m |

δt
pn´1{2q
m

ď Ct.

The sequence pδmqmPN
is said to be consistent.

86



V.2 Convergence to minimal regularity solutions

The third assumption (iii) quantifies the relative variations of time step and is only needed for
a theoretical purpose, see (iv) in the proof of Theorem V.1. In the following, for sequences
of time discretizations, the dependence of Nm on m will be understood without denoting it in
subscript (then Nm will always be denoted N).

We can now introduce the time-space setting.

Definition V.4 (Euler-Gradient (time-space) discretization). An Euler-Gradient (time-space)
discretization is given by the couple pδ,Dq, where

(i) δ is a time discretization in the sense of Definition V.3;

(ii) D :“ pDd,Dpq is a displacement/pressure Gradient discretization in the sense of Defini-
tions V.2 and V.1.

In the following, we will consider sequences pδm,DmqmPN
with Dm :“ pDd

m,D
p
mq of Euler-

Gradient (time-space) discretizations.

V.1.3 Discrete problem

We consider an Euler-Gradient approximation of problem (II.22).
For that purpose, let pδ,Dq with D :“ pDd,Dpq denote an Euler-Gradient (time-space)

discretization in the sense of Definition V.4. Let choose u
p0q
D P Xd

D,0 satisfying (V.11c). The
discrete problem reads:
Find pupnq

D P Xd
D,0, p

pnq
D P Xp

D,0q
nPJ1,NK

such that, for all n P J0, N ´ 1K,

ãDpupn`1q
D ,vDq ` bDpvD, p

pn`1q
D q “ pf pn`1q,Πd

DvDq0,Ω @vD P Xd
D,0,

(V.11a)

´bDpupn`1q
D ´ u

pnq
D , qDq ` δtpn`1{2q cDpppn`1q

D , qDq “ δtpn`1{2q phpn`1q,Πp
DqDq0,Ω @qD P Xp

D,0,

(V.11b)

p∇d
D¨up0q

D ,Πp
DqDq0,Ω “ pβ,Πp

DqDq0,Ω @qD P Xp
D,0,

(V.11c)

where ãDpwD,vDq :“ µp∇d
DwD,∇

d
DvDq0,Ω`pµ`λqpπp

Dp∇d
D¨wDq, πp

Dp∇d
D¨vDqq0,Ω, bDpvD, qDq :“

´pπp
Dp∇d

D¨vDq,Πp
DqDq0,Ω “ ´p∇d

D¨vD,Π
p
DqDq0,Ω, and cDprD, qDq :“ pκ∇

p
DrD,∇

p
DqDq0,Ω.

The discrete source terms are defined as L2pΩqd Q f pn`1q :“ fptpn`1qq, and L2
0pΩq Q hpn`1q :“

1

δtpn`1{2q

ştpn`1q

tpnq hptq dt.

Remark V.4 (Quasi-incompressible materials). In order to deal with quasi-incompressible ma-
terials, i.e. λ Ñ `8, we perform static condensation on the divergence operator in ãD, see
Section II.1.2.2. It here consists in projecting the divergence operator onto the discrete (pres-
sure) space PD,0, which satisfies under Assumption V.7 a (uniform) inf-sup condition when
combined with the displacement approximation space, cf. Remark V.3. Hence, deal with a se-
quence of displacement/pressure Gradient discretizations that possesses a sequence of Fortin
operators ensures the robustness of the quasi-incompressible elasticity approximation with re-
spect to numerical locking.

V.2 Convergence to minimal regularity solutions

We now study the convergence of the approximation scheme (V.11), under the sufficient
spatial discretization assumptions exposed in Section V.1.1 and time discretization condition of

87



Chapitre V : Convergence of Euler-Gradient approximations of Biot’s consolidation problem

Assumption V.8, and under minimal regularity assumptions on the continuous solution and on
the data.

We begin by giving some a priori estimates on the discrete solutions, before establishing, in
a second time, the convergence result.

V.2.1 A priori estimates

Let pδ,Dq with D :“ pDd,Dpq be a given Euler-Gradient (time-space) discretization. We de-

note by puδ
D, p

δ
Dq P P0

d

`

δ; Xd
D,0

˘

ˆP0
d

´

δ;Xp
D,0

¯

the piecewise constant in time solutions of (V.11),

with values in Xd
D,0 and X

p
D,0 respectively, such that, for n P J0, N ´ 1K,

uδ
D | ptpnq,tpn`1qs :“ u

pn`1q
D P Xd

D,0, pδ
D | ptpnq,tpn`1qs :“ p

pn`1q
D P Xp

D,0.

Assumption V.9 (Choice of u
p0q
D ). The initial discrete displacement u

p0q
D satisfies: there exists

CI ą 0, independent of D, such that

ãDpup0q
D ,u

p0q
D q ď CI ãpup0q,up0qq,

where up0q P H1
0 pΩqd

is defined in Remark II.4.

This assumption will be verified later. In order to derive the a priori estimates, we first recall
the following version of Grönwall’s inequality, cf. Quarteroni and Valli [70, p. 14] or Heywood
and Rannacher [51, p. 369].

Lemma V.1 (Discrete Grönwall’s inequality). Let N P N˚. Let k and B denote two positive
real numbers, and let panqně1, pbnqně1, and pδnqně1 denote three sequences of nonnegative real
numbers such that

aN ` k

N
ÿ

n“1

bn ď k

N
ÿ

n“1

δnan `B.

Then, if kδn ă 1 for all n P J1, NK, there holds

aN ` k

N
ÿ

n“1

bn ď B exp

˜

k

N
ÿ

n“1

δn

1 ´ kδn

¸

.

In order to treat the cases of low permeability regions and quasi-incompressible materials, we
pay attention, in the a priori estimates we derive, to their dependencies with respect to κ and
λ. We recall that, for obvious physical reasons, either κ may tend to zero (presence of poorly
permeable regions), either λ may tend to infinity (quasi-incompressible material).

Lemma V.2 (Discrete L8p0, T ;H1
0 pΩqdq displacement estimate, L2p0, T ;H1pΩqq, L8p0, T ;L2

0pΩqq
pressure estimates). Let pδ,Dq with D :“ pDd,Dpq be an Euler-Gradient (time-space) discretiza-
tion in the sense of Definition V.4. We assume that δ is consistent in the sense that it sat-
isfies (ii) in Assumption V.8, and we assume that D admits a Fortin operator in the sense of
Assumption V.7. Let puδ

D, p
δ
Dq be a solution of (V.11). Under the regularity assumptions on

the data assumed in Section II.2.1, there holds

‚ µ}∇
d
Duδ

D}2

L8p0,T ;L2pΩqd,dq ď maxtPp0,T s ãDpuδ
Dptq,uδ

Dptqq ď CpCd
D, C

p
Dq,

‚ }κ1{2
∇

p
Dp

δ
D}2

L2p0,T ;L2pΩqdq “
şT

0
cDppδ

Dptq, pδ
Dptqq dt ď CpCd

D, C
p
Dq,
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V.2 Convergence to minimal regularity solutions

‚ }Πp
Dp

δ
D}2

L8p0,T ;L2
0

pΩqq ď CpCd
D, λq,

where Cp¨, . . .q denotes a generic constant, depending on the data, whose dependencies with
repect to possibly unbounded quantities are all precised in argument.

Proof. (i) Let n P J1, NK. Accounting for the fact that Πp
Dp

pnq
D P PD,0 Ă L2

0pΩq, and owing to
the surjectivity of the divergence operator from H1

0 pΩqd to L2
0pΩq, cf. Lemma II.3, there exists

v
pnq
N P H1

0 pΩqd such that

Πp
Dp

pnq
D “ ∇¨vpnq

N , with }∇v
pnq
N }0,Ω ď CN}Πp

Dp
pnq
D }0,Ω, (V.12)

where CN ą 0 is defined in Lemma II.3 and does not depend on D nor n. The existence of a
Fortin operator Id

D (cf. Assumption V.7) allows us to infer that, letting Xd
D,0 Q v

pnq
N,D :“ Id

Dpvpnq
N q,

@qD P Xp
D,0, bDpvpnq

N , qDq “ bDpvpnq
N,D, qDq, with }∇

d
Dv

pnq
N,D}0,Ω ď CS}∇v

pnq
N }0,Ω, (V.13)

where CS ą 0 is defined in (V.9) and does not depend on D nor n. Taking qD “ p
pnq
D and

using (V.13), (V.12), and (V.11a), we get

}Πp
Dp

pnq
D }2

0,Ω “ ´bDpvpnq
N,D, p

pnq
D q “ ãDpupnq

D ,v
pnq
N,Dq ´ pf pnq,Πd

Dv
pnq
N,Dq0,Ω. (V.14)

To estimate the first term of the right-hand side, we successively use Cauchy-Schwarz inequality
(ãD is a symmetric positive definite bilinear form), the boundedness of ãD, (V.13), and (V.12),
to infer

ãDpupnq
D ,v

pnq
N,Dq ď CBpµ1{2, λ

1{2qCSCN ãDpupnq
D ,u

pnq
D q

1{2

}Πp
Dp

pnq
D }0,Ω, (V.15)

where CBpµ1{2, λ
1{2q is the boundedness constant only depending on µ and λ. Then, using succes-

sively the Cauchy-Schwarz inequality, the discrete Friedrichs’ inequality of Remark V.2, (V.13),
and (V.12), we infer

pf pnq,Πd
Dv

pnq
N,Dq0,Ω ď Cd

DCSCN}f pnq}0,Ω}Πp
Dp

pnq
D }0,Ω. (V.16)

Finally, gathering up (V.14), (V.15), and (V.16), we obtain

}Πp
Dp

pnq
D }0,Ω ď CSCN

ˆ

CBpµ1{2, λ
1{2q ãDpupnq

D ,u
pnq
D q

1{2

` Cd
D}f pnq}0,Ω

˙

. (V.17)

(ii) Testing (V.11a) with vD “ u
pn`1q
D ´ u

pnq
D and summing between 0 and N ´ 1 yields

1
2
ãDpupNq

D ,u
pNq
D q´1

2
ãDpup0q

D ,u
p0q
D q`

N´1
ÿ

n“0

bDpupn`1q
D ´u

pnq
D , p

pn`1q
D q ď

N´1
ÿ

n“0

pf pn`1q,Πd
Dpupn`1q

D ´ u
pnq
D qq0,Ω,

(V.18)
where we have used the fact that

2 ãDpupn`1q
D ,u

pn`1q
D ´u

pnq
D q “ ãDpupn`1q

D ´u
pnq
D ,u

pn`1q
D ´u

pnq
D q`ãDpupn`1q

D ,u
pn`1q
D q´ãDpupnq

D ,u
pnq
D q,

to infer

ãDpupn`1q
D ,u

pn`1q
D ´ u

pnq
D q ě 1

2
ãDpupn`1q

D ,u
pn`1q
D q ´ 1

2
ãDpupnq

D ,u
pnq
D q.
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Letting now qD “ p
pn`1q
D in (V.11b), and summing between 0 and N ´ 1 leads

´
N´1
ÿ

n“0

bDpupn`1q
D ´u

pnq
D , p

pn`1q
D q`

N´1
ÿ

n“0

δtpn`1{2q cDpppn`1q
D , p

pn`1q
D q “

N´1
ÿ

n“0

δtpn`1{2q phpn`1q,Πp
Dp

pn`1q
D q0,Ω.

(V.19)
Summing (V.18) and (V.19) yields

1
2
ãDpupNq

D ,u
pNq
D q `

N´1
ÿ

n“0

δtpn`1{2q cDpppn`1q
D , p

pn`1q
D q ď RpNq, (V.20)

where

RpNq :“ 1
2
ãDpup0q

D ,u
p0q
D q`

N´1
ÿ

n“0

pf pn`1q,Πd
Dpupn`1q

D ´ u
pnq
D qq0,Ω`

N´1
ÿ

n“0

δtpn`1{2q phpn`1q,Πp
Dp

pn`1q
D q0,Ω.

(V.21)
Let denote respectively by T

pNq
1 , TpNq

2 , and T
pNq
3 the three terms in RpNq. By discrete integration

by parts, TpNq
2 can be rewritten

T
pNq
2 “ pf pNq,Πd

Du
pNq
D q0,Ω ´ pf p0q,Πd

Du
p0q
D q0,Ω ´

N´1
ÿ

n“0

pf pn`1q ´ f pnq,Πd
Du

pnq
D q0,Ω. (V.22)

Here again, we denote by T
pNq
2,1 , T

pNq
2,2 , and T

pNq
2,3 the three terms in T

pNq
2 . Let estimate these

different terms. According to Assumption V.9,

T
pNq
1 ď 1

2
CI ãpup0q,up0qq. (V.23)

Using Cauchy-Schwarz inequality, Remark V.2, the fact that µ}∇
d
DvD}2

0,Ω ď ãDpvD,vDq for all
vD P Xd

D,0, Assumption V.9, and Young’s inequality, we infer

T
pNq
2,2 ď 1

2
µ´1pCd

Dq2}f}2

L8p0,T ;L2pΩqdq ` 1
2
CI ãpup0q,up0qq. (V.24)

Using the same first three arguments, and Young’s inequality with ε ą 0, we get

T
pNq
2,1 ď ε

2
ãDpupNq

D ,u
pNq
D q ` 1

2ε
µ´1pCd

Dq2}f}2

L8p0,T ;L2pΩqdq. (V.25)

As far as T
pNq
2,3 is concerned, two applications of Cauchy-Schwarz inequality and some algebraic

manipulations first give

T
pNq
2,3 ď }f 1}

L2p0,T ;L2pΩqdq

´

δtp1{2q}Πd
Du

p0q
D }2

0,Ω

¯1{2

`}f 1}
L2p0,T ;L2pΩqdq

˜

N´1
ÿ

n“0

δtpn`1{2q}Πd
Du

pn`1q
D }2

0,Ω

¸1{2

.

Finally, the same arguments as for the proof of (V.24), and Young’s inequality with χ ą 0, yield

T
pNq
2,3 ď χ

2

N´1
ÿ

n“0

δtpn`1{2qãDpupn`1q
D ,u

pn`1q
D q ` χ` 1

2χ
µ´1pCd

Dq2}f 1}2

L2p0,T ;L2pΩqdq ` T

2
CI ãpup0q,up0qq.

(V.26)
To estimate T

pNq
3 , two applications of Cauchy-Schwarz inequality first give

T
pNq
3 ď }h}L2p0,T ;L2

0
pΩqq

˜

N´1
ÿ

n“0

δtpn`1{2q}Πp
Dp

pn`1q
D }2

0,Ω

¸1{2

.
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We establish two different estimates for T
pNq
3 , depending on whether λ may take unboundedly

large values (quasi-incompressible material) or κ may tend to zero (presence of poorly permeable
regions). We recall that both cases cannot occur simultaneously.
(a) κ is bounded away from zero: Using the discrete Poincaré inequality of Remark V.1, the fact
that κ}∇

p
DqD}2

0,Ω ď cDpqD, qDq for all qD P Xp
D,0, and Young’s inequality with σ ą 0, we infer

T
pNq
3 ď σ

2

N´1
ÿ

n“0

δtpn`1{2qcDpppn`1q
D , p

pn`1q
D q ` 1

2σ
κ´1pCp

Dq2}h}2
L2p0,T ;L2

0
pΩqq. (V.27)

(b) λ is bounded away from infinity: Using (V.17) established in (i) under the assumption that
D admits a Fortin operator, and Young’s inequality with σ ą 0, we infer

T
pNq
3 ď σ

2

N´1
ÿ

n“0

δtpn`1{2qãDpupn`1q
D ,u

pn`1q
D q ` C2

SC
2
N

´

σ´1CBpµ, λq ` pCd
Dq2

¯

}h}2
L2p0,T ;L2

0
pΩqq

` T

2
}f}2

L8p0,T ;L2pΩqdq, (V.28)

where CBpµ, λq :“ C2
Bpµ1{2, λ

1{2q.
In both cases, we now derive the a priori estimate we look for.

(a) κ is bounded away from zero: Using (V.20), (V.21), (V.22), (V.25), (V.27), (V.26), (V.24),
and (V.23) with choices of ε, χ, σ such that 0 ă ε ă 1, 0 ă σ ă 2, and χ “ minp1´ε, 2´σq ą 0,
we invoke Lemma V.1 with k “ 1, an :“ ãDpupnq

D ,u
pnq
D q, bn :“ δtpn´1{2qcDpppnq

D , p
pnq
D q, and

δn :“ δtpn´1{2q for n P J1, NK, to infer

ãDpupNq
D ,u

pNq
D q `

N´1
ÿ

n“0

δtpn`1{2q cDpppn`1q
D , p

pn`1q
D q ď Bpaq exp

˜

N´1
ÿ

n“0

δtpn`1{2q

1 ´ δtpn`1{2q

¸

, (V.29)

where

Bpaq :“ T ` 2
χ

CI ãpup0q,up0qq ` ε` 1
χε

µ´1pCd
Dq2}f}2

L8p0,T ;L2pΩqdq

` χ` 1
χ2

µ´1pCd
Dq2}f 1}2

L2p0,T ;L2pΩqdq ` 1
χσ

κ´1pCp
Dq2}h}2

L2p0,T ;L2
0

pΩqq.

Note that the use of Lemma V.1 with k “ 1 is licit since the time discretization δ is con-
sistent by assumption. Equation (V.29) provides a discrete L8p0, T ;H1

0 pΩqdq estimate on the
displacement and L2p0, T ;H1pΩqq estimate on the pressure, with a multiplicative constant only
depending on the coercivity constants Cd

D, Cp
D, and on bounded quantities (including κ´1).

The fact that ãpup0q,up0qq is bounded comes from (II.23) and from the fact that λ1{2}β}0,Ω is
bounded independently of λ by assumption.
(b) λ is bounded away from infinity: Using now (V.20), (V.21), (V.22), (V.25), (V.28), (V.26), (V.24),
and (V.23) with choices of ε, χ, σ such that 0 ă ε ă 1, 0 ă σ ă 1 ´ ε, 0 ă χ ă 1 ´ ε, and
χ` σ “ 1 ´ ε, we invoke Lemma V.1 with the same arguments as in (iia) to infer

ãDpupNq
D ,u

pNq
D q `

N´1
ÿ

n“0

δtpn`1{2q cDpppn`1q
D , p

pn`1q
D q ď Bpbq exp

˜

N´1
ÿ

n“0

δtpn`1{2q

1 ´ δtpn`1{2q

¸

, (V.30)

where

Bpbq :“ T ` 2
χ` σ

CI ãpup0q,up0qq `
ˆ

T

χ` σ
` ε` 1
εpχ` σqµ

´1pCd
Dq2

˙

}f}2

L8p0,T ;L2pΩqdq

` χ` 1
χpχ` σqµ

´1pCd
Dq2}f 1}2

L2p0,T ;L2pΩqdq ` 2C2
SC

2
N

χ` σ

´

σ´1CBpµ, λq ` pCd
Dq2

¯

}h}2
L2p0,T ;L2

0
pΩqq.
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Note again that the use of Lemma V.1 with k “ 1 is licit since δ is consistent by assumption.
Here, Equation (V.30) provides a discrete L8p0, T ;H1

0 pΩqdq estimate on the displacement and
a L2p0, T ;L2pΩqdq estimate on the product κ1{2-pressure gradient, with a multiplicative con-
stant only depending on the coercivity constant Cd

D, and on bounded quantities (including λ).
(iii) Combining (V.17) with n “ N and (V.30), we finally get

}Πp
Dp

pNq
D }2

0,Ω ď 2C2
SC

2
NCBpµ, λqBpbq exp

˜

N´1
ÿ

n“0

δtpn`1{2q

1 ´ δtpn`1{2q

¸

` 2C2
SC

2
NpCd

Dq2}f}2

L8p0,T ;L2pΩqdq.

(V.31)
Equation (V.31) provides a discrete L2p0, T ;L2

0pΩqq estimate on the pressure whose multiplica-
tive constant only depends on the coercivity constant Cd

D, on λ, and on bounded quantities.
This concludes the proof.

The a priori estimates of Lemma V.2 combined with the fact that the matrix of the (linear)
discrete problem is square, guarantee the following result.

Lemma V.3 (Existence and uniqueness of the solution to (V.11)). Let pδ,Dq with D :“
pDd,Dpq be an Euler-Gradient (time-space) discretization in the sense of Definition V.4. Then,
independently of the (admissible) values that can possibly be taken by λ or κ, problem (V.11)
admits a unique solution.

V.2.2 Convergence result

We can now state the main result of this chapter.

Theorem V.1 (Convergence of the scheme). Let pδm,DmqmPN
with Dm :“ pDd

m,D
p
mq be a

sequence of Euler-Gradient (time-space) discretizations in the sense of Definition V.4 such that

(a) the associated sequence of time discretizations pδmqmPN
is consistent in the sense of As-

sumption V.8;

(b) the associated sequence of displacement/pressure Gradient discretizations pDmqmPN
pos-

sesses a sequence of Fortin operators enjoying optimal approximation properties in the
sense of Assumption V.7 and (V.10);

(c) the associated sequences of displacement pDd
mqmPN

and pressure pDp
mqmPN

Gradient dis-
cretizations are coercive (Assumptions V.4, V.1), enjoy optimal approximation properties
( (V.10), Assumption V.2), and are limit-conforming (Assumptions V.6, V.3).

For any m P N, let puδm

Dm
, pδm

Dm
q P P0

d

`

δm; Xd
Dm,0

˘

ˆ P0
d

´

δm;Xp
Dm,0

¯

be the solution to the

scheme (V.11), with u
p0q
Dm

chosen such that u
p0q
Dm

:“ Id
Dm

pup0qq. Then, independently of the
values that can possibly be taken by λ or κ (with the condition that both limit cases cannot occur
simultaneously),

‚ ∇
d
Dm

uδm

Dm
Ñ ∇u in L2p0, T ;L2pΩqd,dq, λ

1{2π
p
Dm

p∇d
Dm

¨uδm

Dm
q Ñ λ

1{2
∇¨u in L2p0, T ;L2

0pΩqq
as m Ñ `8,

‚ Πd
Dm

uδm

Dm
á u in L2p0, T ;L2pΩqdq as m Ñ `8,

‚ κ
1{2

∇
p
Dm
pδm

Dm
á κ

1{2
∇p in L2p0, T ;L2pΩqdq as m Ñ `8,

‚ Πp
Dm
pδm

Dm
Ñ p in L2p0, T ;L2

0pΩqq as m Ñ `8,
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where pu, pq P L2p0, T ;H1
0 pΩqdq ˆ L2p0, T ;H1pΩqq is the unique solution to (II.22) (cf. Theo-

rem II.1).

Proof. The proof splits into five different parts.
(i) Choice of the initial discrete displacement: Let m P N. Owing to (V.8) and (II.23), u

p0q
Dm

satisfies (V.11c). In addition, owing to (V.9), and to (V.8) combined with the fact that
}πp

Dm
p∇¨up0qq}0,Ω ď }∇¨up0q}0,Ω, Assumption V.9 is satisfied with CI “ maxpC2

S, 1q.
(ii) A priori estimates on the sequences of solutions: Let m P N. We here denote by C a generic
constant, independent of m and only depending on bounded quantities. From the first point
in Lemma V.2, and owing to the coercivity assumptions on the sequences of displacement and
pressure Gradient discretizations, we infer

}∇
d
Dm

uδm

Dm
}

L2p0,T ;L2pΩqd,dq ď C, }λ1{2π
p
Dm

p∇d
Dm

¨uδm

Dm
q}L2p0,T ;L2

0
pΩqq ď C. (V.32)

From the second point in Lemma V.2, and owing again to the coercivity assumptions, we get

}κ1{2
∇

p
Dm
pδm

Dm
}

L2p0,T ;L2pΩqdq ď C. (V.33)

Finally, using the third point in Lemma V.2 when λ is bounded away from infinity, or the second
one combined with the discrete Poincaré inequality of Remark V.1 otherwise (in that case κ is
bounded away from zero by assumption), and owing again to the coercivity assumptions, we
infer

}Πp
Dm
pδm

Dm
}L2p0,T ;L2

0
pΩqq ď C. (V.34)

(iii) Weak convergence: From (V.32), and the discrete Friedrichs’ inequality of Remark V.2
combined with the coercivity assumptions, we infer the existence of u P L2p0, T ;L2pΩqdq, G P
L2p0, T ;L2pΩqd,dq, and D P L2p0, T ;L2

0pΩqq such that, up to subsequences and without any
change in notations,

Πd
Dm

uδm

Dm
á u in L2p0, T ;L2pΩqdq as m Ñ `8, (V.35a)

∇
d
Dm

uδm

Dm
á G in L2p0, T ;L2pΩqd,dq as m Ñ `8, (V.35b)

λ
1{2π

p
Dm

p∇d
Dm

¨uδm

Dm
q á D in L2p0, T ;L2

0pΩqq as m Ñ `8. (V.35c)

Let ϕ P C8
c p0, T ;C8

c pΩqd,dq, hence for all t P p0, T s, ϕptq P C8
c pΩqd,d Ă Hpdiv; Ωq (cf. (V.5)).

According to (V.7) (cf. Assumption V.6), and to (V.32), there holds

ż T

0

ˆ

p∇d
Dm

uδm

Dm
ptq, ϕptqq0,Ω ` pΠd

Dm
uδm

Dm
ptq,∇¨ϕptqq0,Ω

˙

dt ď CT
1{2 max

tPp0,T s
W d

Dm
pϕptqq.

Going up to the limit m Ñ `8, owing to the limit-conformity assumption on the sequence
of displacement Gradient discretizations, and to the weak convergences (V.35a) and (V.35b),
we infer that u P L2p0, T ;H1

0 pΩqdq and that G “ ∇u. From this last result and (V.35b), it is
straightforward that

∇
d
Dm

¨uδm

Dm
á ∇¨u in L2p0, T ;L2

0pΩqq as m Ñ `8. (V.36)

Besides, owing to (V.36) and to the strong approximation properties of the L2-orthogonal
projector (V.4), it is also straightforward that

π
p
Dm

p∇d
Dm

¨uδm

Dm
q á ∇¨u in L2p0, T ;L2

0pΩqq as m Ñ `8. (V.37)
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It is now a simple matter, by letting λ1{2 act on the test function while passing to the limit, to
prove that D “ λ

1{2
∇¨u in (V.35c). It is worth observing that this argument is licit for any

(possibly large) value of λ.
From (V.34) and (V.33), we infer the existence of p P L2p0, T ;L2

0pΩqq and G P L2p0, T ;L2pΩqdq
such that, up to subsequences and without any change in notations,

Πp
Dm
pδm

Dm
á p in L2p0, T ;L2

0pΩqq as m Ñ `8, (V.38a)

κ
1{2

∇
p
Dm
pδm

Dm
á G in L2p0, T ;L2pΩqdq as m Ñ `8. (V.38b)

Let ϕ P C8
c p0, T ;C8

c pΩqdq, hence for all t P p0, T s, ϕptq P C8
c pΩqd Ă H0pdiv; Ωq. According

to (V.3) (cf. Assumption V.3), and to (V.33), there holds

ż T

0

´

pκ1{2
∇

p
Dm
pδm

Dm
ptq,ϕptqq0,Ω ` pΠp

Dm
pδm

Dm
ptq,∇¨pκ1{2ϕptqqq0,Ω

¯

dt ď CT
1{2 max

tPp0,T s
W

p
Dm

pϕptqq.

Passing to the limit m Ñ `8, owing to the limit-conformity assumption on the sequence of
pressure Gradient discretizations, and to the weak convergences (V.38a) and (V.38b), we infer
that p P L2p0, T ;H1pΩqq and that G “ κ

1{2
∇p.

(iv) Identification of the limit pu, pq: Let ϕ P C8pr0, T sq satisfying ϕpT q “ 0. For any time
discretization δ of the sequence pδmqmPN

, let denote for n P J0, N ´ 1K ϕpn`1q :“ ϕptpn`1qq, in

such a way that ϕpNq “ 0, and ψpn`1q :“ 1

δtpn`1{2q

ştpn`1q

tpnq ϕptq dt. We introduce the piecewise

constant functions ϕδ P P0
d pδq, ψδ P P0

d pδq, and ϕ1δ P P0
d pδq such that, for n P J0, N ´ 1K,

ϕδ
| ptpnq,tpn`1qs :“ ϕpn`1q, ψδ

| ptpnq,tpn`1qs :“ ψpn`1q, ϕ1δ
| ptpnq,tpn`1qs :“ ϕpn`2q ´ ϕpn`1q

δtpn`1{2q ,

with the natural definition ϕpN`1q :“ 0. Using Taylor’s theorem and point (iii) of the time
consistency Assumption V.8, one can prove that

}ϕδ ´ ϕ}L2pp0,T qq ď C1δt
M, }ψδ ´ ϕ}L2pp0,T qq ď C2δt

M, }ϕ1δ ´ ϕ1}L2pp0,T qq ď C3δt
M,

(V.39)
where C1, C2, C3 ą 0 are three constants independent of δ, depending on T , and on the first
derivative of ϕ for C1, C2, on Ct and on the first and second derivatives of ϕ for C3. For
convenience, we also introduce the piecewise constant in time functions f δ P P0

d

´

δ;L2pΩqd
¯

and hδ P P0
d

`

δ;L2
0pΩq

˘

such that, for n P J0, N ´ 1K,

f δ
| ptpnq,tpn`1qs :“ f pn`1q P L2pΩqd

, hδ
| ptpnq,tpn`1qs :“ hpn`1q P L2

0pΩq,

where we make use of the definitions of f pn`1q and hpn`1q introduced in Section V.1.3.
Let v P H1

0 pΩqd and q P H1pΩq. For any displacement/pressure Gradient discretization D :“
pDd,Dpq of the sequence pDmqmPN

, let denote vD :“ Id
Dpvq P Xd

D,0 and

X
p
D,0 Q qD :“ argmin

rDPX
p

D,0

p}Πp
DrD ´ q}0,Ω ` }∇

p
DrD ´ ∇q}0,Ωq .

Let m P N. Letting vDm P Xd
Dm,0 as a test function in (V.11a), multiplying by δtpn`1{2q

m ψ
pn`1q
m ,

and summing between 0 and N ´ 1, then taking qDm P X
p
Dm,0 as a test function in (V.11b),

multiplying by ϕpn`1q
m , and summing between 0 and N ´ 1, finally letting qDm P Xp

Dm,0 as a test
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function in (V.11c), yields

ż T

0

ãDmpuδm

Dm
ptq,vDmqψδmptq dt`

ż T

0

bDmpvDm , p
δm

Dm
ptqqψδmptq dt “ Rpaq

m , (V.40a)

ż T

0

bDmpuδm

Dm
ptq, qDmqϕ1δmptq dt`

ż T

0

cDmppδm

Dm
ptq, qDmqϕδmptq dt “ Rpbq

m , (V.40b)

p∇d
Dm

¨up0q
Dm
,Πp

Dm
qDmq0,Ω “ pβ,Πp

Dm
qDmq0,Ω, (V.40c)

where we set

Rpaq
m :“

ż T

0

pf δmptq,Πd
Dm

vDmq0,Ω ψ
δmptq dt,

and

Rpbq
m :“

ż T

0

phδmptq,Πp
Dm
qDmq0,Ω ϕ

δmptq dt´ bDmpup0q
Dm
, qDmqϕpδtp1{2q

m q,

and where we have used the following discrete integration by parts formula (accounting for the
fact that ϕpN`1q

m “ 0):

´
N´1
ÿ

n“0

bDmpupn`1q
Dm

´ u
pnq
Dm
, qDmqϕpn`1q

m “
N´1
ÿ

n“0

bDmpupn`1q
Dm

, qDmq pϕpn`2q
m ´ ϕpn`1q

m q

` bDmpup0q
Dm
, qDmqϕpδtp1{2q

m q.

Let now go up to the limit m Ñ `8. Let begin by rewriting the left-hand sides of (V.40a)
and (V.40b), that we respectively denote L

paq
m and L

pbq
m . First,

Lpaq
m “

ż T

0

µ p∇d
Dm

uδm

Dm
ptq,∇d

Dm
vDmq0,Ω ϕptq dt`

ż T

0

µ pπp
Dm

p∇d
Dm

¨uδm

Dm
ptqq,∇¨vq0,Ω ϕptq dt

`
ż T

0

pλ1{2π
p
Dm

p∇d
Dm

¨uδm

Dm
ptqq, λ1{2

∇¨vq0,Ω ϕptq dt`
ż T

0

p∇¨v,Πp
Dm
pδm

Dm
ptqq0,Ω ϕptq dt,

where we have used the definition of ψδm , (V.8) and the fact that vDm is the Fortin interpolate
of v, and the properties of the L2-orthogonal projector. Then,

Lpbq
m “ ´

ż T

0

p∇d
Dm

¨uδm

Dm
ptq, qq0,Ω ϕ

1ptq dt´
"

ż T

0

p∇d
Dm

¨uδm

Dm
ptq, pΠp

Dm
qDm ´ qqq0,Ω ϕ

1ptq dt

`
ż T

0

p∇d
Dm

¨uδm

Dm
ptq,Πp

Dm
qDmq0,Ω pϕ1δmptq ´ ϕ1ptqq dt

*

`
ż T

0

pκ1{2
∇

p
Dm
pδm

Dm
ptq, κ1{2

∇qq0,Ω ϕptq dt

`
"

ż T

0

pκ1{2
∇

p
Dm
pδm

Dm
ptq, κ1{2p∇p

Dm
qDm ´ ∇qqq0,Ω ϕptq dt

`
ż T

0

pκ1{2
∇

p
Dm
pδm

Dm
ptq, κ1{2

∇
p
Dm
qDmq0,Ω pϕδmptq ´ ϕptqq dt

*

.

As m Ñ `8, owing to the weak convergence results (V.35b), (V.37), (V.35c), (V.38a), and to
the strong convergence (V.10) of p∇d

Dm
vDmq

mPN
in L2pΩqd,d, we infer

Lpaq
m Ñ

ż T

0

ãpuptq,vqϕptq dt`
ż T

0

bpv, pptqqϕptq dt. (V.41)
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Concerning L
pbq
m , owing to the boundedness of the weakly converging sequences p∇d

Dm
¨uδm

Dm
q
mPN

and pκ1{2
∇

p
Dm
pδm

Dm
q
mPN

(due to (V.36), (V.38b)), and of the strongly converging ones pΠp
Dm
qDmq

mPN

and pκ1{2
∇

p
Dm
qDmq

mPN
(V.2), combined with the strong convergence of the same last sequences

and of pϕδmqmPN
and pϕ1δmqmPN

(V.39), the terms into brackets vanish as m Ñ `8. Finally,
the weak convergences (V.36) and (V.38b) enable to infer

Lpbq
m Ñ

ż T

0

bpuptq, qqϕ1ptq dt`
ż T

0

cppptq, qqϕptq dt. (V.42)

Concerning the right-hand side, using the definition of hδm , and combining the expression of
R

pbq
m with (V.40c) yields

Rpbq
m “

ż T

0

phptq,Πp
Dm
qDmq0,Ω ϕ

δmptq dt` pβ,Πp
Dm
qDmq0,Ω ϕpδtp1{2q

m q.

Owing to the strong convergence of the sequences pΠp
Dm
qDmq

mPN
(V.2) and pϕδmqmPN

(V.39),
and to the continuity of ϕ and point (i) of the time consistency Assumption V.8, we infer in
the limit m Ñ `8 that

Rpbq
m Ñ

ż T

0

phptq, qq0,Ω ϕptq dt` pβ, qq0,Ω ϕp0q. (V.43)

Then, using the dominated convergence theorem on vector-valued Sobolev spaces, we show that
in the limit m Ñ `8,

Rpaq
m Ñ

ż T

0

pfptq,vq0,Ω ϕptq dt. (V.44)

Following Ženíšek [82, p. 205], one can prove, using (V.42) and (V.43), that

pp∇¨uqp0q, qq0,Ω “ pβ, qq0,Ω. (V.45)

Finally, restricting our study to ϕ P C8
c pp0, T qq (then ϕp0q “ 0), owing to (V.40), (V.41), (V.42),

(V.44), (V.43), and (V.45), pu, pq P L2p0, T ;H1
0 pΩqdqˆL2p0, T ;H1pΩqq turns out to be a solution

to problem (II.22). This proves in a constructive way the existence of solutions to (II.22). Owing
to the uniqueness of such solutions, cf. Theorem II.1, pu, pq “ pu, pq, where pu, pq denotes the
unique solution to problem (II.22), and the whole sequences converge.
(v) Strong convergence: For any time-space discretization pδ,Dq of the sequence pδm,DmqmPN

,

let denote for k P J0, N ´ 1K z
pk`1q
D :“ řk

n“0 δt
pn`1{2qppn`1q

D , and let introduce zD P X
p
D,0 such

that

X
p
D,0 Q zD :“ z

pNq
D “

ż T

0

pδ
Dptq dt.

Let m P N, and k P J0, N ´ 1K. Summing (V.11b) on n between 0 and k, and using (V.11c),
yields, for all qDm P Xp

Dm,0,

´bDmpupk`1q
Dm

, qDmq ` cDmpzpk`1q
Dm

, qDmq “ p
ż t

pk`1q
m

0

hpsq ds,Πp
Dm
qDmq0,Ω ` pβ,Πp

Dm
qDmq0,Ω.

Letting now qDm “ δt
pk`1{2q
m p

pk`1q
Dm

, and summing on k between 0 and N ´ 1, we infer

N´1
ÿ

k“0

δtpk`1{2q
m

´

´bDmpupk`1q
Dm

, p
pk`1q
Dm

q ` cDmpzpk`1q
Dm

, p
pk`1q
Dm

q
¯

“

N´1
ÿ

k“0

δtpk`1{2q
m p

ż t
pk`1q
m

0

hpsq ds,Πp
Dm
p

pk`1q
Dm

q0,Ω ` pβ,Πp
Dm
zDmq0,Ω. (V.46)
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Letting vDm “ δt
pk`1{2q
m u

pk`1q
Dm

in (V.11a), and summing on k between 0 and N ´ 1, we get

N´1
ÿ

k“0

δtpk`1{2q
m

´

ãDmpupk`1q
Dm

,u
pk`1q
Dm

q ` bDmpupk`1q
Dm

, p
pk`1q
Dm

q
¯

“

N´1
ÿ

k“0

δtpk`1{2q
m pf pk`1q,Πd

Dm
u

pk`1q
Dm

q0,Ω. (V.47)

Introducing the two sequences pakqkPJ1,NK, and pbkqkPJ0,NK with b0 :“ 0, such that for all
k P J0, N ´ 1K,

ak`1 :“ δtpk`1{2q
m κ

1{2
∇

p
Dm
p

pk`1q
Dm

, bk`1 :“ κ
1{2

∇
p
Dm
z

pk`1q
Dm

,

noting that
řN´1

k“0 δt
pk`1{2q
m cDmpzpk`1q

Dm
, p

pk`1q
Dm

q “ řN´1
k“0

ş

Ω
bk`1¨ak`1, and that ak`1 “ bk`1 ´ bk

for all k P J0, N ´ 1K, finally recalling the following inequality

bk`1¨pbk`1 ´ bkq ě 1
2

|bk`1|2 ´ 1
2

|bk|2,

yields
N´1
ÿ

k“0

δtpk`1{2q
m cDmpzpk`1q

Dm
, p

pk`1q
Dm

q ě 1
2
cDmpzDm , zDmq. (V.48)

From (V.46), (V.47), and (V.48), there holds

ż T

0

ãDmpuδm

Dm
ptq,uδm

Dm
ptqq dt` 1

2
cDmpzDm , zDmq ď

ż T

0

pf δmptq,Πd
Dm

uδm

Dm
ptqq0,Ω dt`

N´1
ÿ

k“0

δtpk`1{2q
m p

ż t
pk`1q
m

0

hpsq ds,Πp
Dm
p

pk`1q
Dm

q0,Ω`pβ,Πp
Dm
zDmq0,Ω.

(V.49)

From (V.38a), (V.38b), and from the identification of the limit (iv), we infer that κ1{2
∇

p
Dm
zDm á

κ
1{2

∇zpT q in L2pΩqd, and that Πp
Dm
zDm á zpT q in L2

0pΩq, as m Ñ `8, where we have used
the notation of Lemma II.5. Then, owing to (V.35a), (V.38a), and (V.49), there holds

lim sup
mÑ`8

ż T

0

ãDmpuδm

Dm
ptq,uδm

Dm
ptqq dt ď ´1

2
cpzpT q, zpT qq `

ż T

0

pfptq,uptqq0,Ω dt

`
ż T

0

p
ż t

0

hpsq ds, pptqq0,Ω dt` pβ, zpT qq0,Ω,

where the terms containing f and h have been treated using the dominated convergence theorem
on vector-valued Sobolev spaces. Using the weak convergence results (V.35b) and (V.35c), and
the estimate (II.24) of Lemma II.5, we infer

lim
mÑ`8

ż T

0

ãDmpuδm

Dm
ptq,uδm

Dm
ptqq dt “

ż T

0

ãpuptq,uptqq dt. (V.50)

This last result (V.50) shows the strong convergence of p∇d
Dm

uδm

Dm
q
mPN

and pλ1{2π
p
Dm

p∇d
Dm

¨uδm

Dm
qq

mPN
.

It now remains to prove the strong convergence of pΠp
Dm
pδm

Dm
q
mPN

. Let m P N. Following

point (i) of the proof of Lemma V.2, let take n P J1, NK. There exists v
pnq
N,m P H1

0 pΩqd such that
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Πp
Dm
p

pnq
Dm

“ ∇¨vpnq
N,m, and }∇v

pnq
N,m}0,Ω ď CN}Πp

Dm
p

pnq
Dm

}0,Ω, with CN ą 0 defined in Lemma II.3

and independent of m, and n. Let Xd
Dm,0 Q v

pnq
N,Dm

:“ Id
Dm

pvpnq
N,mq. Then, owing to Remark V.2

combined with the coercivity assumption, and to (V.9), there holds

pCd
Fq´1}Πd

Dm
v

pnq
N,Dm

}0,Ω ď }∇
d
Dm

v
pnq
N,Dm

}0,Ω ď CSCN}Πp
Dm
p

pnq
Dm

}0,Ω. (V.51)

For any time-space discretization pδ,Dq, let introduce the piecewise constant in time function
vδ

N,D P P0
d

`

δ; Xd
D,0

˘

such that, for n P J0, N ´ 1K,

vδ
N,D | ptpnq,tpn`1qs :“ v

pn`1q
N,D .

Owing to the estimates (V.34) and (V.51), valid for any admissible values of κ and λ, we infer
the existence of vN P L2p0, T ;H1

0 pΩqdq such that, as m Ñ `8,

Πd
Dm

vδm

N,Dm
á vN in L2p0, T ;L2pΩqdq, (V.52a)

∇
d
Dm

vδm

N,Dm
á ∇vN in L2p0, T ;L2pΩqd,dq, (V.52b)

where we have used the limit-conformity Assumption V.6.
Taking ϕ P C8

c p0, T ;C8
c pΩqXL2

0pΩqq, and studying the limit of
şT

0
p∇d

Dm
¨vδm

N,Dm
ptq, πp

Dm
pϕptqqq0,Ω dt,

we infer, using (V.8), the weak convergence of pΠp
Dm
pδm

Dm
q
mPN

(V.38a), and of p∇d
Dm

¨vδm

N,Dm
q
mPN

(as a direct consequence of (V.52b)), along with the strong approximation properties of the
L2-orthogonal projector (V.4), that

∇¨vN “ p in L2p0, T ;L2
0pΩqq. (V.53)

Then, owing to (V.14),

lim sup
mÑ`8

}Πp
Dm
pδm

Dm
}2

L2p0,T ;L2
0

pΩqq “ lim sup
mÑ`8

ˆ
ż T

0

ãDmpuδm

Dm
ptq,vδm

N,Dm
ptqq dt

´
ż T

0

pf δmptq,Πd
Dm

vδm

N,Dm
ptqq0,Ω dt

˙

“
ż T

0

ãpuptq,vNptqq dt´
ż T

0

pfptq,vNptqq0,Ω dt,

where we have used the strong convergence of p∇d
Dm

uδm

Dm
q
mPN

and pλ1{2π
p
Dm

p∇d
Dm

¨uδm

Dm
qq

mPN
,

and the fact that p∇d
Dm

vδm

N,Dm
q
mPN

, pλ1{2π
p
Dm

p∇d
Dm

¨vδm

N,Dm
qq

mPN
, and pΠd

Dm
vδm

N,Dm
q
mPN

, weakly
converge as a consequence of (V.52b) and (V.52a). The term containing f is here again
handled using the dominated convergence theorem on vector-valued Sobolev spaces. Finally,
from (II.22a) and (V.53), and from the weak convergence of pΠd

Dm
vδm

N,Dm
q
mPN

, we infer

}p}2
L2p0,T ;L2

0
pΩqq ď lim inf

mÑ`8
}Πp

Dm
pδm

Dm
}2

L2p0,T ;L2
0

pΩqq ď lim sup
mÑ`8

}Πp
Dm
pδm

Dm
}2

L2p0,T ;L2
0

pΩqq

ď ´
ż T

0

bpvNptq, pptqq dt “ }p}2
L2p0,T ;L2

0
pΩqq. (V.54)

Equation (V.54) shows the strong convergence of the approximate pressure reconstruction, hence
concluding the proof.
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V.3 Some examples of Gradient discretizations

A large number of well-known methods can be proved to fall in the framework of Gra-
dient schemes. Among them, we can cite the Galerkin methods (and in particular conform-
ing finite elements), the Crouzeix–Raviart method and most of nonconforming finite element
methods, some MPFA and DDFV schemes, the HFV/MFD/MFV class of methods, and the
Vertex Approximate Gradient (VAG) scheme introduced by Eymard, Guichard, Herbin and
Masson [42, 41, 43, 44]. By falling in the framework, we mean that all these discretization
methods can be described, when applied to the approximation of a linear (or nonlinear with an
additional compactness assumption) elliptic problem, through a definition like Definition V.2,
and can be proved to satisfy the assumptions of coercivity (cf. Definition V.4 for example),
optimal approximation or consistency (cf. Definition V.5 for example), and limit-conformity
(cf., e.g., Definition V.6). For all the above cited methods, the classical proofs of these results
can be found in the Gradient scheme literature, we can cite in particular [45, 41, 33]. The last
reference contains in Section 5.3 a detailed study on the HFV/MFD/MFV (referred to as HMM
for Hybrid Mimetic Mixed) class of methods.

In our case, since we study a saddle-point problem, we add another assumption to charac-
terize the admissible pairs of displacement/pressure Gradient discretizations, which is the one
of satisfying an inf-sup condition when coupled, cf. Assumption V.7 and Remark V.3. This ob-
viously reduces the field of admissible methods (for which applies in particular the convergence
Theorem V.1). We can cite as candidates:

‚ inf-sup stable pairs of conforming finite elements, for example the Pd
2{P1 method, or the

mini Pd
1 ´ bubble{P1 element; this eliminates equal-order Lagrangian approximations like

the (unstable) Pd
1{P1 method;

‚ the HFV/HFV method (which gives a coercive formulation of linear elasticity for the pure
displacement problem);

‚ the HFV-I (for Interpolation)/HFV method (see Appendix C and Remark C.3) which
gives a coercive formulation of linear elasticity even for mixed-type boundary conditions
without the need to introduce jumps.

Note that a method using the Crouzeix–Raviart space for both the displacement and pres-
sure discretization cannot satisfy the inf-sup assumption since the Crouzeix–Raviart pressure
reconstruction is piecewise affine.

In the applications of Section V.4, we consider a generalized Crouzeix–Raviart discretization
(see Chapter IV) of the displacement coupled to a HFV discretization of pressure. The first
enables to take advantage of the introduction of a piecewise affine reconstruction to obtain a
coercive formulation for linear elasticity in the case of mixed-type mechanical boundary condi-
tions (thanks to jumps penalization), while the second enables (thanks to its piecewise constant
reconstruction) to guarantee that an inf-sup condition holds when coupled to displacement (cf.
Lemma III.5 and Corollary III.1). For both methods, we need to define a notion of admissible
mesh sequence. The one of Definition III.3 is well-adapted, and for both, since the discretization
is not staggered.

It is completely straightforward in the light of Chapter III to prove that the generalized
Crouzeix–Raviart method (at least for η “ d) defines a Gradient discretization (satisfying the
assumptions of coercivity, optimal approximation, limit-conformity and existence of a Fortin
operator) for the pure displacement problem (for mixed-type boundary conditions, a discrete
Korn’s inequality assumption would be needed to complete the framework). As far as the HFV
method (which is also a Gradient discretization as we already said) is concerned, the main
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features of the method (which is actually closely related to the generalized Crouzeix–Raviart
method as they only differ from the kind of reconstruction considered and the stabilization
parameter of the gradient) are recalled in Appendix C.

Something that has to be noted in the case of Biot’s consolidation problem is that the
classical assumption of limit-conformity is a bit modified for pressure since we consider as a
gradient operator the product of the mobility square root with the pressure gradient. Then, the
proof of limit-conformity for HFV discretizations has to be adapted as well. Following the steps
of the proof of [33, Lemma 5.9], and denoting hD the meshsize, we get for the HFV method

W
p
Dpϕq ď C1hD

}κ1{2ϕ}
W 1,8pΩqd}∇

p
DqD}0,Ω

}κ1{2∇
p
DqD}0,Ω

ď C2hD}ϕ}
W 1,8pRdqd

}κ1{2}W 1,8pΩq
κ1{2

,

where ϕ P C8
c pRdqd

and C1, C2 ą 0 are independent of hD. The result of Assumption V.3 can
then only be obtained (using the above inequality and [33, Lemma 2.9]) if (II.21) is fulfilled,
hence justifying this latter assumption.

V.4 Numerical applications

We provide in this section some carefully chosen two-dimensional numerical examples in
order to assess the performance of a particular Euler-Gradient approximation scheme for prob-
lem (II.22), where the displacement/pressure space discretization is handled using the general-
ized Crouzeix–Raviart/HFV method.

We test the behavior of the numerical scheme (on general meshes) with respect to some
relevant parameters of the poroelasticity model, i.e. the constrained specific storage coefficient
c0 (we tackle in particular the limit case c0 “ 0 corresponding to Biot’s consolidation model),
the mobility κ (we focus in particular on the case of a heterogeneous field with locally small
permeability κ Ñ 0`), and the time T (we particularly tackle the case of early and long times).

The focus here is neither on the influence of Lamé parameters on the approximation of
mechanics (as it has already been fully assessed in Section IV.4), nor on the influence of the Biot–
Willis coefficient α on the approximation of the poroelasticity problem, since from a physical
point of view this parameter is often close to unity. We will take it equal to one in the whole
section.

When it is relevant, we propose a comparison of the results with a conforming (unstable)
finite element pair Pd

1{P1. The implementation has been realized in the same 2D C++ prototype
as the one used for the numerical examples of Section IV.4. We recall that the implementation
of this prototype relies on the general framework introduced in [26, 27].

V.4.1 Mesh families, time discretization and error measure

As far as the spatial discretization is concerned, we consider some of the two-dimensional
mesh families of Section V.4:

(a) a matching triangular mesh sequence, which will be useful for comparison with the con-
forming Pd

1{P1 finite element method; cf. Figure IV.1a;

(b) a Cartesian mesh sequence, as it is the most widely used grid type in reservoir simulation
and as it forms the basis of CPG meshes; cf. Figure IV.1b;

(c) a Kershaw-type mesh sequence, which is of great practical interest as it may represent a
geological porous medium that has historically undergone non-smooth deformations toward
a highly skewed state; cf. Figure IV.1d.
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Note that, even if it is not included in that section, the convergence of the method has also been
assessed on a locally refined Cartesian mesh sequence (cf. Figure IV.1c) to test the treatment of
nonmatching interfaces, on a trapezoidal mesh sequence (cf. Figure IV.1e) to test the behavior on
grids whose elements do not converge to parallelograms, and on the hexagonal-dominant mesh
sequence of Figure IV.1f to test the behavior on grids featuring different polygonal elements.

The linear elasticity model is discretized using the CRg-VS bilinear form (IV.6) (in its ho-
mogeneous version since we consider constant Lamé parameters), which necessitates to consider
pure Dirichlet mechanical boundary conditions. The results presented in the next paragraphs
have thus been computed considering pure Dirichlet boundary conditions, for both mechanics
and flow. Experiments have been realized using the CRg-JS bilinear form (IV.3) to discretize
linear elasticity and confirm that the CRg-JS/HFV method correctly handles the case of mixed-
type (for mechanics or/and flow) boundary conditions. For both the generalized Crouzeix–
Raviart and the HFV method, we make the choice η “ d in (III.9) for the subgrid stabilization
parameter of their common (in the expression) gradient.

As far as the time discretization is concerned (cf. Definition V.3), we consider sequences
pδmqmPN

such that, for any member m P N of a sequence, the time step δtm is uniform and such
that δtm “ T {Nm. A time discretization sequence is related to its associated mesh sequence in
the following way: between two successive members, when the meshsize halves, the (uniform)
time step is divided by four. This enables to obtain optimal errors in the L2pΩq-norm as they
depend on the meshsize square.

As far as the approximation of the right-hand sides of (V.11a) and (V.11b) is concerned, we
treat it in a finite volume way by using the cell unknown (available for both discretizations) as
a quadrature point, cf. (IV.19) for an example.

Finally, for a given time-space discretization pδ,Dq with D :“ pDd,Dpq (hD denotes the
meshsize), the relative errors are measured at the final time T such that tpNq “ T . For the
displacement, it is computed in the following way

}∇upT q ´ ∇
d
Du

pNq
D }0,Ω

}∇upT q}0,Ω
«

ˆ

ř

KPKh
|K|

ˇ

ˇ

ˇ
p∇uqpxK , T q ´ ∇

d
Ku

pNq
D

ˇ

ˇ

ˇ

2
˙1{2

´

ř

KPKh
|K| |p∇uqpxK , T q|2

¯1{2
, (V.55a)

}upT q ´ Πd
Du

pNq
D }0,Ω

}upT q}0,Ω
«

ˆ

ř

KPKh
|K| |upxK , T q ´ u

pNq
K |

2
˙1{2

´

ř

KPKh
|K| |upxK , T q|2

¯1{2
, (V.55b)

where the notations are all introduced in Definition C.1 of Appendix C. This measure of the error
is the same (at time T ) as the one introduced in (IV.24a)–(IV.24b) but in another framework
and using different notations. For the pore pressure, the errors are computed as

}∇ppT q ´ ∇
p
Dp

pNq
D }0,Ω

}∇ppT q}0,Ω
«

ˆ

ř

KPKh
|K|

ˇ

ˇ

ˇ
p∇pqpxK , T q ´ ∇

p
Kp

pNq
D

ˇ

ˇ

ˇ

2
˙1{2

´

ř

KPKh
|K| |p∇pqpxK , T q|2

¯1{2
, (V.56a)

}ppT q ´ Πp
Dp

pNq
D }0,Ω

}ppT q}0,Ω
«

ˆ

ř

KPKh
|K| |ppxK , T q ´ p

pNq
K |

2
˙1{2

´

ř

KPKh
|K| |ppxK , T q|2

¯1{2
, (V.56b)

where the notations are the same as for the displacement but in the scalar case.
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For the sake of simplicity, the H1 relative errors (V.55a) and (V.56a) are referred to as
}∇u ´ ∇

d
DuD}0,Ω and }∇p´ ∇

p
DpD}0,Ω in the plots axes, and the L2 relative errors (V.55b)

and (V.56b) as }u ´ Πd
DuD}0,Ω and }p´ Πp

DpD}0,Ω.
Note that when computing the L2 error (at final time) for the P1 pore pressure approxima-

tion, we use a quadrature formula which is exact for polynomials of degree 2.
We consider in the test-cases below examples where the constrained specific storage coef-

ficient c0 does not vanish. Hence, we need to discretize the term Btpc0pq in (II.18b). This
term adds a contribution in the weak formulation (II.22) in the left-hand side of the flow equa-
tion (II.22b) which takes the form ´

şT

0
c0 ppptq, qq0,Ω ϕ

1ptq dt. From a discrete point of view, to
take into account this contribution in (V.11), we add a term of the form

c0

´

Πp
Dpppn`1q

D ´ p
pnq
D q,Πp

DqD

¯

0,Ω

in the left-hand side of the flow equation (V.11b). As we explained in Section II.2.2, this
additional term increases the stability of the model as it gives a L8p0, T ;L2

0pΩqq control on the
approximate pressure reconstruction that does not depend on κ´1 and which does not hinge on
an inf-sup condition. When considering a Pd

1{P1 approximation of the poroelasticity model, we
integrate this additional term with a quadrature rule exact for polynomials of degree 2.

V.4.2 Stabilization of the pore pressure approximation

We here investigate the influence of the constrained specific storage coefficient c0 and of
time on the quality of the pore pressure approximation given by the CRg-VS/HFV method.
For that purpose, let Ω :“ p0, 1q2, let T ą 0 classicaly denote the simulation time, and let
consider a homogeneous porous medium with (constant) Lamé parameters such that λ “ µ “ 1
and (constant) sufficiently large permeability such that the mobility satisfies κ “ 1. We recall
that α “ 1. We consider the following manufactured solution:

ux “ e´tx2y, uy “ ´e´txy2, p “ e´t sinpx{
?

2q sinpy{
?

2q.

The volumetric body force f and the source term h are obtained by plugging the above solution
into (II.18a) and (II.18b) respectively:

fx “ α?
2
e´t cospx{

?
2q sinpy{

?
2q ´ 2µ e´ty,

fy “ α?
2
e´t sinpx{

?
2q cospy{

?
2q ` 2µ e´tx,

h “ pκ´ c0qp.

We consider the matching triangular mesh sequence of Figure IV.1a. For c0 P t0, 1u, we plot on
Figures V.1 and V.2 respectively, the H1 and L2 relative errors for displacement (computed as
in (V.55)) and pressure (computed as in (V.56))

(i) at T “ 10´6 using one time step;

(ii) at T “ 10´2 using a time discretization sequence with time steps such that δt0 “ 10´2

(hD0
« 10´2) and δtm “ δt0{4m;

(iii) at T “ 1 using a time discretization sequence with time steps such that δt0 “ 10´2 and
δtm “ δt0{4m.
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Figure V.1: Time effect on the stabilization of the pore pressure approximation for c0 “ 0,
CRg-VS/HFV (solid lines) vs. Pd

1{P1 (dashed lines).

We compare the results with the conforming Pd
1{P1 finite element method.

Concerning the displacement approximation, the results are insensitive to the value of c0

(which is not surprising) and quasi-insensitive to time. The errors in the L2 norm and H1

seminorm are globally better for the CRg-VS/HFV method than for the Pd
1{P1 method.

Concerning the pore pressure approximation, some comments are in order. First note that
the artefact observed between the first and the second member of the mesh sequence for both
methods at T “ 10´2 only indicates that the first time step is not optimal.

For c0 “ 0, the approximate pressure gradient does not converge for both methods in the
early time T “ 10´6. In the L2 norm, the approximate pressure converges with order one for
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CRg-VS/HFV T “ 10´6 CRg-VS/HFV T “ 10´2 CRg-VS/HFV T “ 1
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Figure V.2: Time effect on the stabilization of the pore pressure approximation for c0 “ 1,
CRg-VS/HFV (solid lines) vs. Pd

1{P1 (dashed lines).

both methods. Hence, all happens just like if the pressure belonged to L2pΩq. As the grid is
refined, the approximate pressure gradient begins to converge and the L2 relative error tends to
converge with order more than one. At T “ 10´2 or T “ 1, we observe the stabilization effect
of the Darcean diffusion term on the pressure approximation. For both methods, the pressure
gradient now converges at order one, and the reconstruction at order two. We note that the
stabilization effect is stronger on the CRg-VS/HFV method since the results in the L2 norm
keep improving between T “ 10´2 and T “ 1. For long times, the pressure reconstruction
obtained with the CRg-VS/HFV method is more precise than the one obtained with the Pd

1{P1

method.
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For c0 “ 1, we observe the stabilization effect of that parameter. For early times, the
approximate pressure gradient still does not converge for both methods but the error is less
important than for c0 “ 0. The pressure reconstruction converges with order one and the errors
are also less important. We can notice that the stabilization effect of c0 is stronger for the Pd

1{P1

method, which is not surprising since the reconstruction of this latter is gradient-based. We
see for early times that the pressure gradient has a less convergent behavior than for the case
c0 “ 0. This is due to the fact that, here, the term depending on c0 has much more weight than
the Darcean term, which means that all happens just like if the pressure exclusively belonged
to L2pΩq. For longer times, the stabilizing effect of c0 is exceeded by the one of the Darcean
term and results are almost similar to those obtained with c0 “ 0.

It is important noticing that, globally, the CRg-VS/HFV method is not really more stable
in early times than the Pd

1{P1 method, based on an unstable finite element pair. The inf-sup
condition fulfilled by the CRg-VS/HFV pair is not sufficient, as we began to explain in Sec-
tions II.2.3 and V.1.1.2, to ensure the absence of spurious spatial oscillations on the pressure
approximation. Nevertheless, it has a theoretical interest since it allows to prove the strong con-
vergence of the pressure approximation (independently of κ). Without searching for a piecewise
quadratic displacement field (which is very costly), it seems difficult to design an inf-sup stable
(in the finite element sense) method for Biot’s consolidation problem as the pressure must be
at least piecewise affine. Stabilization techniques (which do not rely on an inf-sup condition)
could be considered to treat the early times spurious oscillations issue. In the context of the
CRg-VS/HFV method, a stabilization inspired from Aguilar et al. [2] could be considered as
it only involves the pressure gradient. Note that this kind of stabilization is very strong since
it directly applies on the pressure gradient, and not on the reconstruction as inf-sup stabiliza-
tions do. To consider dG-like stabilizations, meaning stabilizations of the pressure jumps, a
notion of affine reconstruction would have to be defined for the pressure approximation space,
meaning that the pressure would have to belong to the generalized Crouzeix–Raviart space too.
This stabilization technique has been tested with success but not published yet by Daniele A.
Di Pietro for dG methods. A perspective could be to try adapt it in our case.

Ω1 Ω2

Figure V.3: Configuration of the heterogeneous test-case of Section V.4.3.
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CRg-VS/HFV Triangular Pd
1{P1 CRg-VS/HFV Cartesian CRg-VS/HFV Kershaw
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Figure V.4: Robustness of the discretization CRg-VS/HFV on challenging grids at T “ 10´6

for ε “ 10´1 vs. Pd
1{P1.

V.4.3 Heterogeneous porous medium, low permeability and challenging grids

We investigate in this section the effect of poorly permeable regions in the porous medium on
the approximation of the pore pressure by the CRg-VS/HFV method on potentially challenging
grids. For that purpose, let consider the following manufactured solution. Let Ω :“ p0, 1q2 such
that Ω :“ Ω1 Y Ω2, where Ω1 :“

`

0, 1
2

˘

ˆ p0, 1q and Ω2 :“
`

1
2
, 1

˘

ˆ p0, 1q. We recall that α “ 1
and that T ą 0 denotes the simulation time, and we here assume c0 “ 0. We consider a porous
medium with constant Lamé parameters λ “ µ “ 1 and piecewise constant permeability such
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Figure V.5: Robustness of the discretization CRg-VS/HFV on challenging grids at T “ 10´2

for ε “ 10´1 vs. Pd
1{P1.

that the mobility field satisfies

κ “ ε in Ω1, κ “ 1 in Ω2,

where ε ą 0 allows to vary the permeability contrast, the case ε “ 1 corresponding to a
homogeneous medium. An illustration of the geometry is provided in Figure V.3.

For this medium, we consider the following solution:

ux “ e´tx2y, uy “ ´e´txy2, p “
#

e´t cospx´ 1
2
q if x ą 1

2
,

e´t cosppx´ 1
2
q{?

εq otherwise.
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CRg-VS/HFV Triangular Pd
1{P1 CRg-VS/HFV Cartesian CRg-VS/HFV Kershaw
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Figure V.6: Robustness of the discretization CRg-VS/HFV on challenging grids at T “ 10´6

for ε “ 10´3 vs. Pd
1{P1.

This solution is continuous on Ω, with continuous pressure gradient and pressure flux. The
volumetric body force f and the source term h are obtained by plugging the solution into (II.18a)
and (II.18b) respectively:

fx “
#

´α e´t sinpx´ 1
2
q ´ 2µ e´ty if x ą 1

2
,

´ α?
ε
e´t sinppx´ 1

2
q{?

εq ´ 2µ e´ty otherwise,

fy “ 2µ e´tx,

h “ p1 ´ c0qp.

We consider the matching triangular (cf. Figure IV.1a), the Cartesian (cf. Figure IV.1b) and
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Figure V.7: Robustness of the discretization CRg-VS/HFV on challenging grids at T “ 10´2

for ε “ 10´3 vs. Pd
1{P1.

the Kershaw-type (cf. Figure IV.1d) mesh families. Note that the Cartesian and matching
triangular mesh sequences match the heterogeneities of the medium, which is not the case of
the Kershaw-type sequence. For a permeability contrast such that ε P t10´1, 10´3u, and a
final time T P t10´6, 10´2u (using one time step for the first, a time discretization sequence
with uniform time steps such that δt0 “ 10´2 and δtm “ δt0{4m for the second), we plot on
Figures V.4, V.5, and V.6, V.7 respectively, the H1 and L2 relative errors for displacement
(computed as in (V.55)) and pressure (computed as in (V.56))

(i) for the CRg-VS/HFV method on the matching triangular sequence;

(ii) for the Pd
1{P1 method on the matching triangular sequence;
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(iii) for the CRg-VS/HFV method on the Cartesian sequence;

(iv) for the CRg-VS/HFV method on the Kershaw-type sequence.

For ε “ 10´1, the results are pretty similar to those obtained for the homogeneous test-case
of Section V.4.2. Concerning the displacement approximation, the results are quasi-insensitive
to time. We here notice that the errors exactly compare for both the CRg-VS/HFV and the
Pd

1{P1 methods on the matching triangular mesh sequence. On Cartesian and Kershaw-type
grids, we observe a supra-convergent behavior in the H1 seminorm. Concerning the pressure
approximation, we here again observe the stabilizing effect of the Darcean term for sufficiently
large times. In early times, the pressure gradient poorly converges, with order less than one but
with some improvement as the grid refines, and the reconstruction with order approximately
one, also tending to more as the grid refines. For sufficiently large times, the optimal orders of
convergence are reached in the L2 norm and H1 seminorm. Supra-convergence is observed on
Cartesian and Kershaw-type grids for the CRg-VS/HFV method.

In the case ε “ 10´3, the results degenerate. First of all, we notice a clear deterioration of
the displacement approximation for the CRg-VS/HFV method. Concerning the pressure ap-
proximation, even in early times, both the pressure gradient and its reconstruction surprisingly
converge with optimal order (a supra-convergent behavior is even observed for the Cartesian
and Kershaw-type grids). These results are insensitive to time and no real difference can be
noticed comparing times T “ 10´6 and T “ 10´2. Hence, the diffusion term does not have
any stabilizing effect as time goes on. Even worse, the relative errors deteriorate (first for the
pressure, then impacting on displacement) for both methods for large times (not plotted here).
Note however that, in accordance with the convergence result of Theorem V.1, for a given T ,
the pressure reconstruction converges as the mesh and the time step refine. The same experi-
ment led with an inverse mobility contrast (i.e. ε “ 103) gives satisfactory results. The problem
thus comes from the presence of a poorly permeable region, and here again relies on a lack of
stabilization of pressure, which drives in that case to a divergent behavior for long times as the
errors sum. It suggests that an efficient stabilization of the pressure approximation must be
proportional to the inverse of the smaller permeability (see perspectives in Chapter VI).
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Chapitre VI

Perspectives futures

Sommaire

VI.1 Recherche sur les schémas . . . . . . . . . . . . . . . . . . . . . . . . . 114

VI.2 Complexification des modèles . . . . . . . . . . . . . . . . . . . . . . . 114

VI.3 Validation industrielle . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

Le bilan des développements de ce manuscrit étant présenté en introduction Section I.2,
nous faisons en guise de conclusion un état des lieux des perspectives futures envisageables à ce
travail, en dissociant les aspects de recherche sur les schémas, de complexification des modèles,
et de validation industrielle.
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Chapitre VI : Perspectives futures

VI.1 Recherche sur les schémas

Comme nous l’avons vu au Chapitre VI, une approximation du problème de poroélasticité
basée sur des espaces de déplacement et de pression discrets tous deux affines par morceaux ne
permet pas, sans stabilisation adéquate, d’assurer une approximation de la pression satisfaisante
et sans oscillations parasites pour les temps courts ou dans les zones très peu perméables. Vérifier
une condition inf-sup au sens volumes finis (c’est à dire avoir une estimation sur une projection
de la pression affine) ne suffit pas à stabiliser le modèle. Les différentes pistes envisagées et pas
encore testées sont les suivantes :

‚ monter en ordre sur l’espace de discrétisation du déplacement afin de vérifier une condition
inf-sup au sens éléments finis avec l’approximation affine de la pression. Cette méthode
est exclue d’office car trop coûteuse ;

‚ ajouter un terme de stabilisation de pression inspiré de Aguilar et al. [2] qui fait intervenir
la dérivée en temps du Laplacien de pression et qui assure donc un contrôle de son gra-
dient pour tous temps, avec une constante de proportionnalité dépendant du paramètre
de maillage ; cette méthode semble donner de très bons résultats mais a l’inconvénient
de dénaturer le modèle physique. Dans notre cas, elle aurait l’avantage de ne pas néces-
siter l’introduction d’une reconstruction affine pour la pression et d’être très simple à
implémenter ;

‚ ajouter un terme de stabilisation par les sauts comme l’a testé Daniele A. Di Pietro (non
publié) dans le cadre dG ; ce terme que l’on prend inversement proportionnel à la plus
petite perméabilité du milieu permet de stabiliser les zones peu perméables et les premiers
pas de temps ; dans notre cas, l’application de cette méthode nécessite l’introduction d’une
reconstruction affine pour la pression, ce qui peut se faire sans peine grâce à l’espace
introduit au Chapitre III ;

‚ traiter l’écoulement grâce à une méthode mixte comme le proposent Phillips et Whee-
ler [67]. Cette méthode a la particularité de permettre une discrétisation constante par
morceaux de la pression (puisque le flux est discrétisé séparément) qui est inf-sup stable
au sens élements finis lorsqu’elle est couplée à une discrétisation affine discontinue du
déplacement (dG par exemple ou dans notre cas appartenant à l’espace Crouzeix–Raviart
généralisé). Le principal inconvénient de cette méthode est qu’elle nécessite l’ajout d’un
autre problème mixte en plus du problème de point-selle déjà considéré, ce qui ajoute des
inconnues au système et complexifie encore sa résolution.

VI.2 Complexification des modèles

Un autre angle d’amélioration et de poursuite future concerne la complexification des mo-
dèles physiques. Cette complexification peut être liée à la mécanique ou à l’écoulement darcéen.

Concernant la mécanique, le premier pas serait de considérer des lois de Hooke plus générales
pour l’élasticité, avec tenseur de raideur (admissible) d’ordre 4. L’adaptation des méthodes
proposées dans ce manuscrit à ce cas est immédiate. Un deuxième pas serait sans doute de
considérer des modèles d’élasticité non-linéaire, puis d’introduire des lois de comportement plus
compliquées, comme des modèles d’élastoplasticité avec écrouissage ou de viscoélastoplasticité.
Un modèle d’élastoplasticité a commencé à être étudié durant cette thèse mais les résultats
n’ont pas été concrétisés dans le temps imparti. Un dernier pas serait sûrement de considérer
des modèles de fractures, avant d’avoir une représentation mécanique adaptée à la modélisation
géologique.
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VI.3 Validation industrielle

Concernant l’écoulement, le premier pas serait de considérer un modèle diphasique immis-
cible car la convergence de ce dernier (non couplé à un modèle mécanique) a été récemment
étudiée dans le cadre des schémas Gradient par Eymard et al. [44]. Ensuite, l’étape d’après
serait de considérer des écoulements polyphasiques compositionnels, dont l’approximation par
le schéma Vertex Approximate Gradient (VAG) a été étudiée dans [42, 43]. Le schéma VAG fait
partie des schémas Gradient.

Il reste donc beaucoup de travail à faire avant de pouvoir traiter un modèle réaliste de
poromécanique.

VI.3 Validation industrielle

D’un point de vue industriel, les perspectives futures sont claires et consistent à passer en
trois dimensions d’espace. Les méthodes numériques présentées dans ce manuscrit sont conçues
pour fonctionner en 2D et 3D mais n’ont été pour la plupart (excepté en Annexe C) testées
qu’en 2D. Il convient donc de réaliser sur des cas réalistes 3D simplifiés une validation des
méthodes, et une comparaison avec des éléments finis (avec remaillage local le cas échéant)
pour la mécanique. Les comparaisons doivent prendre en compte le nombre d’inconnues, le
conditionnement et le remplissage des matrices, ainsi que le type et la complexité des solveurs
utilisés.
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Annexe A

A generalized Raviart–Thomas space
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This appendix is inspired from the article [28], written with Daniele A. Di Pietro and
accepted for publication in Mathematics of Computation. In the spirit of Chapter III, we design
a discrete space which can be seen as an extension to general polygonal or polyhedral meshes
of the classical lowest-order Raviart–Thomas space. More precisely, this new space extends
two classical properties of this latter, namely (i) the (full) continuity of normal components of
discrete functions at interfaces (Hpdiv; Ωq-conformity), and (ii) the existence of an interpolator
which preserves the mean value of the divergence inside each element. Since the construction
as well as the proofs are very similar to the ones presented in Chapter III, only the main points
are detailed.
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Annexe A : A generalized Raviart–Thomas space

A.1 Construction

For a general mesh Kh, belonging to an admissible mesh sequence in the sense of Defini-
tion III.3, we first introduce the broken polynomial space

RT0
d pKhq :“ P0

d pKhqd ` xP0
d pKhq .

For a matching simplicial mesh Th, the standard lowest-order Raviart–Thomas space is the
subspace of Hpdiv; Ωq of functions belonging to RT0

d pThq. To perform a similar construction
on general polygonal or polyhedral meshes, we consider the following space of DOFs, composed
of vector cell unknowns and scalar face unknowns associated to the normal component of the
discrete vector field:

Vh :“
!

vh “
´

pvK P RdqKPKh
, pvn

F P RqF PFKh

¯)

.

As it is the case for the extension of the Crouzeix–Raviart space discussed in Chapter III,
cell unknowns are used to define a piecewise constant subgrid correction of the gradient on
the (fictitious) pyramidal submesh. The main difference with respect to the construction of
Section III.2 is that we now define an isotropic instead of a full gradient operator. More
specifically, we introduce the operator Gh : Vh Ñ P0

d pPhq which realizes the mapping vh ÞÑ
Ghpvhq with

Ghpvhq|KF
:“ GKpvhq `RKF

pvhq, @K P Kh, @F P FK ,

where

GKpvhq :“ 1
d |K|

ÿ

F PFK

|F | vn
F nF ¨nK,F , RKF

pvhq :“ η

dK,F
pvn

F nF ´vK ´GKpvhqpxF ´xKqq¨nK,F ,

(A.1)
and η ą 0 is a user-dependent parameter.

We can now introduce the reconstruction operator Rh : Vh Ñ RT0
d pPhq which realizes the

mapping vh ÞÑ Rhpvhq with

Rhpvhq|KF
pxq “ vK ` Ghpvhq|KF

px ´ xKq, @KF P Ph, @x P KF . (A.2)

Unlike (III.10), there holds for all K P Kh, vK “ RhpvhqpxKq, i.e., the cell unknown can now
be interpreted as the value of the reconstruction at the cell center. This is a consequence of
selecting the cell center as a starting point in (A.2). Thus, we consider the discrete space

RTpKhq :“ RhpVhq.

A.2 Conformity and approximation properties

In the spirit of Section III.3, we investigate the properties of the discrete space we have just
introduced.

Lemma A.1 (Hpdiv; Ωq-conformity). Assume η “ 1 in (A.1). Then, for all vh P RTpKhq and
all F P F i

Ph
, there holds for all x P F ,

JvhKF pxq¨nF “ 0.
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A.2 Conformity and approximation properties

Proof. Let vh P RTpKhq with vh “ Rhpvhq, F P F i
Ph

, and x P F . We distinguish two cases.
(i) F P F i

Kh
is an interface of the primal mesh Kh such that F Ă BK1 X BK2. For i P t1, 2u, let

for the sake of brevity Gi :“ GKi
pvhq, Ri :“ RKiF

pvhq, di :“ dKi,F pnKi,F ¨nF q, and

αi :“ Ripx ´ xKi
q¨nF “ Ridi “ η pvn

F nF ´ vKi
´GipxF ´ xKi

qq ¨nF ,

where we have used the fact that x P F to infer px ´ xKi
q¨nF “ di, and the fact that nF “

nK1,F “ ´nK2,F to infer pnKi,F ¨nF q nKi,F “ nF . Algebraic manipulations yield

α1 ´ α2 “ ´η rpvK1
´ vK2

q¨nF `G1d1 ´G2d2s .

Using the previous relation in the definition of the jump at x P F it is inferred

JvhKF pxq¨nF “ vh|K1F
pxq¨nF ´ vh|K2F

pxq¨nF

“ pvK1
´ vK2

q¨nF `G1d1 ´G2d2 ` α1 ´ α2

“ p1 ´ ηq rpvK1
´ vK2

q¨nF `G1d1 ´G2d2s .

As a consequence, the jump vanishes provided η “ 1.
(ii) F P F i

Ph
zF i

Kh
is a lateral pyramidal face such that there exist a unique element K P Kh and

two faces F1, F2 P FK such that F Ă BKF1
X BKF2

(cf. Figure III.2a). There holds, letting for
the sake of brevity Ri :“ RKFi

pvhq, i P t1, 2u,

JvhKF pxq¨nF “ vh|KF1
pxq¨nF ´ vh|KF2

pxq¨nF “ pR1 ´R2qpx ´ xKq¨nF “ 0,

since px ´ xKq and nF are orthogonal by definition. This concludes the proof.

We remark that choosing vK as a starting point for the reconstruction enables to prove the
continuity of the normal component on lateral pyramidal faces. Besides, unlike Lemma III.4, the
parameter η is here used to enforce the continuity of the normal component across the interfaces
of the primal mesh rather than across lateral pyramidal faces. For the sake of completeness, we
give the expression of the isotropic gradient operator in the case η “ 1: for all vh P Vh,

Ghpvhq|KF
“ 1
dK,F

pvn
F nF ´ vKq¨nK,F , @K P Kh, @F P FK .

Let now introduce the interpolator IRT
h : H1pΩqd Ñ RTpKhq such that, for all v P H1pΩqd,

IRT
h pvq :“ Rhpvhq with

Vh Q vh “ ppΠ1
hpvqpxKqqKPKh

, pxvyF ¨nF q
F PFKh

q.

The following result summarizes the most relevant approximation properties of IRT
h . The proof

is omitted as it closely resembles that of Lemma III.5 or Corollary III.1.

Lemma A.2 (Approximation in RTpKhq). For all η ą 0 in (A.1) and all v P H1pΩqd
, there

holds with vh :“ IRT
h pvq P RTpKhq,

Dhpvhq “ Dhpvq,

where the operator Dh is defined in (III.18). Moreover, there exists a real C ą 0 independent

of the meshsize such that, for all h P H, all K P Kh, and all v P H1pΩqd X H1pdiv; Khq (see
Corollary III.1) with vh :“ IRT

h pvq, there holds

}v ´ vh}0,K ` }∇¨v ´Dhpvhq}0,K ď ChK p|v|1,K ` |∇¨v|1,Kq .
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Annexe A : A generalized Raviart–Thomas space

Remark A.1 (The matching simplicial case). When considering a matching simplicial mesh Th,
in the spirit of Proposition III.2, we can prove that the lowest-order Raviart–Thomas space is a
subspace of RTpThq. This can then be accounted for in the proof of Lemma A.2 as it is detailed
in Section III.4. We emphasize that the assumption η “ 1 in Lemma A.1 remains mandatory
also in that case for the continuity of normal values at interfaces. This is a consequence of
choosing the cell unknown as a starting point in the reconstruction.
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This appendix is inspired from the article [28], written with Daniele A. Di Pietro and
accepted for publication in Mathematics of Computation. We briefly discuss an inf-sup stable
method for the steady Stokes problem on general polygonal or polyhedral meshes, with velocity
components in CRpKhq (see Chapter III) and piecewise constant pressures. Since the proofs are
very classical we only sketch them. We also investigate as we did in Section IV.3 the links of
the proposed method with classical finite volume or finite element methods. Finally, we tackle
the problem of large irrotational forcing terms and pinpoint a general strategy for their discrete
treatment that we apply to the proposed method.

We consider an incompressible and viscous Newtonian fluid of constant unit dynamic viscos-
ity, whose motion is governed by the steady Stokes equations. The problem consists in finding
a vector-valued velocity field u : Ω Ñ Rd, and a scalar-valued pressure p : Ω Ñ R, such that

´△u ` ∇p “ f in Ω,

∇¨u “ 0 in Ω,

u “ 0 on BΩ,
1

|Ω|

ż

Ω

ppxq dx “ 0,

(B.1)

where f : Ω Ñ Rd represents the body force per unit volume acting on the fluid. For the sake
of simplicity we focus on homogeneous Dirichlet boundary conditions.
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B.1 Discretization

Let U :“ H1
0 pΩqd, and P :“ L2

0pΩq, where L2
0pΩq has been introduced in (II.12). For

f P L2pΩqd, the weak formulation of problem (B.1) reads: Find pu, pq P U ˆ P such that

apu,vq ` bpv, pq “ pf ,vq0,Ω @v P U ,

bpu, qq “ 0 @q P P,
(B.2)

where apw,vq :“ p∇w,∇vq0,Ω, and bpv, qq :“ ´p∇¨v, qq0,Ω. To approximate (B.2), let Kh be
a general polygonal or polyhedral mesh, belonging to an admissible mesh sequence in the sense
of Definition III.3, and define the following discrete spaces:

Uh :“ CR0pKhqd, Ph :“ P0
d pKhq X L2

0pΩq,

where CR0pKhq is defined in (III.20). We equip Uh with the norm }∇hv}0,Ω, see Proposi-
tion III.3, and Ph with the norm }q}0,Ω. We assume in the following η “ d in (III.9), so that
the continuity of mean (or, equivalently, barycentric) values stated in Lemma III.4 holds, and
consider the following discrete problem: Find puh, phq P Uh ˆ Ph such that

ahpuh,vhq ` bhpvh, phq “ pf ,vhq0,Ω @vh P Uh,

bhpuh, qhq “ 0 @qh P Ph,
(B.3)

where ahpw,vq :“ p∇hw,∇hvq0,Ω, and bhpv, qq :“ ´pDhpvq, qq0,Ω, where Dh is the operator
defined in (III.18). For all pvh, qhq P Uh ˆ Ph, there holds bhpvh, qhq “ ´p∇h¨vh, qhq0,Ω.

The link between locking-free approximations of quasi-incompressible linear elasticity and
inf-sup stable approximations of the Stokes problem is well-known; cf., e.g., the discussion
in [17, Section IV.3]. With regards to what we proved in Chapter IV on the locking-free aspect
of a CRpKhq-based discretization of linear elasticity equations, it is not a surprise to have the
following property.

Lemma B.1 (inf-sup stability for bh). There exists β ą 0, independent of the meshsize, such
that, for all qh P Ph,

β}qh}0,Ω ď sup
vhPUhzt0u

bhpvh, qhq
}∇hvh}0,Ω

.

Proof. This result is a consequence of (i) the fact that the interpolator ICR
h (cf. Section III.3.2)

can play the role of a Fortin operator when coupled with piecewise constant pressures (see
Corollary III.1, and Lemma III.5 for the H1-stability property), (ii) and Remark II.2.

From a more general point of view, for inf-sup stable approximations of the Stokes problem
with discontinuous pressures, one can obtain a locking-free primal method for elasticity by
performing static condensation of pressures, that is equivalent to introducing a projection on
the divergence operator (this strategy can e.g. be pursued for the method of [9, 10]).

The well-posedness of the discrete problem (B.3) follows from Lemma B.1 together with the
coercivity of ah (an immediate consequence of Proposition III.3). Using classical arguments,
one can prove the convergence of the method (B.3), as well as an optimal error estimate. This
estimate will be invoked in the discussion of Section B.3. As in Theorem IV.1, the continuity
of mean values at interfaces (as a consequence of η “ d) is used to bound the conformity
error. Note that the use of the under-integrated divergence operator Dh in bh also introduces a
consistency error. Optimal error estimates for the L2-error on the velocity can also be derived
using the Aubin–Nitsche trick.
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Theorem B.1 (Error estimate for (B.3)). Assume that u P U X H2pΩqd
and p P P X H1pΩq,

where pu, pq denotes the unique solution to the weak formulation (B.2). Then, there holds with
C ą 0 independent of the meshsize, of u, and of p,

}∇u ´ ∇huh}0,Ω ` }p´ ph}0,Ω ď ChNstopu, pq,

where puh, phq P Uh ˆPh denotes the unique solution to (B.3), and Nstopu, pq :“ }u}2,Ω `}p}1,Ω.

B.2 Links with finite volume and finite element methods

As we did in Section IV.3, we investigate the links of our method with other related frame-
works, depending on the treatment of the right-hand side.

B.2.1 Flux formulation and local conservation

Let consider the approximation (B.3) of the Stokes problem. We do not make any assumption
on the value of η ą 1. Let pwh, rhq, pvh, qhq P Uh ˆPh be two discrete functions, and denote by
pwh, rhq, pvh, qhq P Uh ˆ Ph the corresponding vectors of DOFs, where we have set Uh :“ Vd

h,0

(cf. (III.20)) and Ph :“ tqh P RKh | ř

KPKh
|K| qK “ 0u. Then, proceeding as in Section IV.3.1,

one can show that for the two families of fluxes pΦK,F pwh, rhqqKPKh, F PFK
with ΦK,F pwh, rhq “

pΦK,F,ipwh, rhqq
1ďiďd

, and pφF pwhqqF PFKh
such that (the expression for the vectors yK

F 1,F is

provided in (IV.17), cf. Proposition IV.1)

ΦK,F,ipwh, rhq :“
ÿ

F 1PFK

|KF 1 |
`

GKF 1 pwh,iq ´ rKei

˘

¨yK
F 1,F , φF pwhq :“ |F | wF ¨nF ,

there holds,

ahpwh,vhq ` bhpvh, rhq “
ÿ

KPKh

ÿ

F PFK

ΦK,F pwh, rhq¨pvF ´ vKq,

´bhpwh, qhq “
ÿ

F PFKh

φF pwhqJqhKF ,
(B.4)

where ah and bh are defined as in Section B.1 and, with a slight abuse in notation, we have set
for all F P FKh

, JqhKF :“ JqhKF .
Here again, the main interest of this formulation is that it allows to prove a local conservation

property similar to those encountered in standard finite volume methods. Proceeding as in
Section IV.3.1, and approximating the right-hand side in (B.3) as

ř

KPKh
|K| fK ¨vK where we

define fK :“ 1
|K|

ş

K
fdx, one can prove thanks to (B.4) that for every interface F P F i

Kh
such

that F Ă BK1 X BK2, there holds

ΦK1,F puh,phq “ ´ΦK2,F puh,phq,

where puh,phq P Uh ˆ Ph are such that uh :“ Rhpuhq and ph|K :“ pK for all K P Kh, with
puh, phq P Uh ˆ Ph unique solution to (B.3). Moreover, the mass flux φF puhq is single-valued,
and therefore conservative.

B.2.2 Link with the Crouzeix–Raviart solution

Let again consider the discretization (B.3) of the Stokes problem, let η ą 1, and let consider
a matching simplicial mesh that we denote Th. The classical Crouzeix–Raviart/P0

d pThq method
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consists in finding pûh, p̂hq P Ûh ˆ Ph with Ûh :“ CR0pThqd (cf. (IV.21)) such that

ahpûh,vhq ` bhpvh, p̂hq “ pf ,vhq0,Ω @vh P Ûh,

bhpûh, qhq “ 0 @qh P Ph.
(B.5)

Proceeding as in Section IV.3.2, one can easily show that the solution to (B.5) can be recovered
replacing the right-hand side of (B.3) by pf , ICR

h pvhqq0,Ω. In other words, the system forces the
subgrid corrections to vanish as soon as the right-hand side does not see the cell unknowns.

B.3 Large irrotational forcing terms

B.3.1 Position of the problem

We discuss here a general modification, applicable to any suitable discretization of the Stokes
equations, that allows a proper discrete treatment of large irrotational forcing terms, and we
apply it to the method (B.3). This modification necessitates the knowledge of a Helmholtz
decomposition of the volumetric body force. It has to be noted that such a decomposition is
not always easy to obtain, and that often in applications it is merely unknown.

We assume that the following Helmholtz decomposition of the volumetric body force in (B.1)
is available:

f “ Ψ ´ ∇ϕ, (B.6)

where Ψ P H0pdiv; Ωq :“ tv P Hpdiv; Ωq | γnpvq “ 0u (γnpvq P H´ 1
2 pΓq is the normal trace

v¨n|Γ) is a solenoidal vector field such that ∇¨Ψ “ 0, and ϕ P H1pΩqXL2
0pΩq is a scalar potential

(∇ϕ is called the irrotational part of the force). The weak formulation of problem (B.1) with
right-hand side given by (B.6) reads: Find pu, pq P U ˆ P such that

apu,vq ` bpv, pq “ lpvq @v P U ,

bpu, qq “ 0 @q P P,
(B.7)

with bilinear forms a and b defined as in Section B.1 and lpvq :“ pΨ,vq0,Ω ´ bpv, ϕq. Denoting
by puΨ, pΨq the solution to (B.7) with ϕ ” 0 (no irrotational part), there holds

u “ uΨ, p “ pΨ ´ ϕ. (B.8)

As pointed out in [47], mimicking or approaching property (B.8) at the discrete level is a key
ingredient to obtain an accurate approximation of the velocity field for large values of |ϕ|1,Ω. As
a matter of fact, yet stable mixed finite element methods usually do not give satisfactory results
since spurious oscillations appear on the velocity field as |ϕ|1,Ω grows. This phenomenon can
be partially handled by considering either pointwise divergence-free (by opposition to discretely
divergence-free) approximations, either by using grad-div stabilizations. In the case when the
Helmholtz decomposition is available, we propose to handle that problem by an appropriate
treatment of the right-hand side. We hence consider the following approximation to (B.7):
Find puh, phq P Uh ˆ Ph such that

ahpuh,vhq ` bhpvh, phq “ lhpvhq @vh P Uh,

bhpuh, qhq “ 0 @qh P Ph,
(B.9)

with bilinear forms ah and bh defined as in Section B.1 and lhpvhq :“ pΨ,vhq0,Ω ´bhpvh,Π0
hpϕqq,

where Π0
h classically denotes the L2-orthogonal projector onto P0

d pKhq. Note that for ϕ P L2
0pΩq,

Π0
hpϕq P L2

0pΩq. The sole difference with respect to (B.3) lies in the treatment of the source
term, which is designed so that the following property holds true.

132
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Proposition B.1 (Discrete counterpart of property (B.8)). Denote by puΨ,h, pΨ,hq the solution
to problem (B.9) with ϕ ” 0. There holds

uh “ uΨ,h, ph “ pΨ,h ´ Π0
hpϕq.

The following result now shows that the velocity approximation is unaffected by the irrotational
part of the source term.

Theorem B.2 (Error estimate for (B.9)). Assume u P U XH2pΩqd
and p P P XH1pΩq. Then,

there holds with real numbers C1 ą 0 and C2 ą 0 independent of the meshsize, of u, and of p,
but depending on the mesh regularity parameters and on Ω,

}∇u ´ ∇huh}0,Ω ď C1hNstopuΨ, pΨq, }p´ ph}0,Ω ď C2h pNstopuΨ, pΨq ` |ϕ|1,Ωq ,

where Nstop¨, ¨q is defined in Theorem B.1.

Proof. Using Theorem B.1 for the solution to problem (B.9) with ϕ ” 0, we infer

}∇uΨ ´ ∇huΨ,h}0,Ω ` }pΨ ´ pΨ,h}0,Ω ď ChNstopuΨ, pΨq,

where C ą 0 has the same dependencies as C1 and C2. The estimate for }∇u ´ ∇huh}0,Ω is
an immediate consequence of (B.8) and Proposition B.1. To estimate }p´ ph}0,Ω, we invoke
again (B.8) and Proposition B.1 to infer }p´ ph}0,Ω ď }pΨ ´ pΨ,h}0,Ω ` }ϕ´ Π0

hpϕq}0,Ω, and
conclude using the above estimate for }pΨ ´ pΨ,h}0,Ω and the approximation properties of the
L2-orthogonal projector.

B.3.2 Application

To check the theoretical results, we consider a 2D numerical example based on the following
manufactured solution on the unit square domain Ω :“ p0, 1q2:

ux “ ´expy cospyq ` sinpyqq, uy “ exy sinpyq, pΨ “ 2 exppxq sinpyq ´ CpΨ
,

with CpΨ
such that pΨ has zero-mean on Ω. The right-hand side is such that Ψ ” 0, and

the potential is chosen such that ϕ “ ´χ sinp2πxq sinp2πyq, where χ is a positive parameter
that allows to adjust its intensity. Note that this solution satisfies the regularity assumptions
of Theorem B.2. In Figure B.2, we compare the numerical results obtained with the modified
right-hand side (B.9) to those obtained with a standard treatment (B.3) for the matching
triangular and hexagonal-dominant mesh families depicted in Figure B.1. The results confirm
that a standard treatment of the right-hand side does not yield satisfactory results (the error
on the velocity increases with χ), whereas the treatment proposed in this section under the
assumption that a Helmholtz decomposition of the source term is available yields the robustness
of the velocity approximation with respect to the potential intensity. Note that in practical
implementations, one can solve the problem with ϕ ” 0 and then post-process the pressure
approximation according to Proposition B.1.
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(a) Matching triangular (b) Hexagonal-dominant

Figure B.1: Members of the 2D mesh families for the numerical test of Section B.3.2.
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(a) Matching triangular mesh family
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(b) Hexagonal-dominant mesh family

Figure B.2: Effect of the treatment of the right-hand side (B.9) (Modified, solid lines) vs. (B.3)
(Standard, dashed lines) when large irrotational volumetric forces are present.
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This appendix takes inspiration from the work [25], realized in collaboration with Daniele A.
Di Pietro, Robert Eymard and Roland Masson, and presented to the Sixth International Sym-
posium on Finite Volumes for Complex Applications (FVCA6) held in Prague in June 2011. We
introduce a Hybrid Finite Volume discretization (cf. [40]) of the linear elasticity model with non-
homogeneous (possibly mixed-type) boundary conditions (C.1). The coercivity issue is treated
by adding rigidity to the system. More precisely, we interpolate the tangential component(s) of
the displacement on mesh faces by using normal unknowns belonging to a stencil of neighboring
faces. The method is proved to converge in two and three space dimensions on a benchmark
test-case. However, up to now, no theoretical result confirming these practical observations is
available.

Under the very same assumptions as in Section II.1.1, we consider the following linear
elasticity problem in a homogeneous medium Ω Ă Rd, d P t2, 3u, with boundary Γ such that
Γ “ ΓD Y ΓN (ΓD has nonzero measure and ΓD X ΓN “ ∅) and unit outward normal n: Find a
vector-valued displacement field u : Ω Ñ Rd such that

´∇¨σpuq “ f in Ω,

u “ uD on ΓD,

σpuqn “ g on ΓN,

(C.1)

where f : Ω Ñ Rd denotes the vector-valued body force per unit volume, and where the only
difference with respect to system (II.1) lies in the introduction of the nonhomogeneous boundary
terms uD : ΓD Ñ Rd and g : ΓN Ñ Rd.
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Annexe C : A coercive finite volume discretization of linear elasticity equations

C.1 The Hybrid Finite Volume setting

We here adopt the notation introduced in Chapter V since the Hybrid Finite Volume (HFV)
discretization enters the framework of Gradient discretizations, cf. [33, Section 5.3] for the proofs.
We briefly recall in that section the main features of the HFV setting.

Let D be a (vector-valued) Hybrid Finite Volume discretization of the displacement field for
problem (C.1). Following [33], let denote M the associated mesh, the subscript D being ignored
for the sake of simplicity. Thus, M is a finite family of nonempty open (disjoint) polygonal
or polyhedral control volumes K, such that Ω “ Ť

KPMK. The meshsize hD is defined as
hD “ maxKPM hK where hK denotes the diameter of K, and is such that hDm Ñ 0 as m Ñ `8
for any sequence pDmqmPN

of displacement Hybrid Finite Volume discretizations. The set of
faces of the mesh is denoted by E (the subscript D is here again ignored) and splits into boundary
faces Eext and inner interfaces E int. Among boundary faces, we denote by Eext

D ‰ ∅ and Eext
N

the subsets of boundary faces respectively satisfying Dirichlet and Neumann conditions, which
are such that Eext

D X Eext
N “ ∅ and Eext “ Eext

D Y Eext
N . The generic element of E is denoted σ

and its barycenter xσ. The set of faces of each cell K P M is denoted EK , and we assume that
every K P M admits a cell center denoted xK , cf. Definition III.2. Finally, dK,σ stands for the
orthogonal distance between xK and the face σ, and the open pyramid of apex xK and base
σ P EK is denoted Kσ, in such a way that K “ Ť

σPEK
Kσ. The pyramidal submesh of M thus

engendered is denoted P, which is not a standard notation.
Taking into account these notations, the discrete setting is the one introduced in Sec-

tions III.1.1 and III.1.2. The notion of admissible mesh sequence is in particular given by
Definition III.3. Before going further, we introduce the following set of discrete unknowns

XD :“
!

vD “
´

pvK P RdqKPM, pvσ P RdqσPE

¯)

, (C.2)

which is an equivalent of (III.7) for vector-valued elements.

Definition C.1 (Displacement Hybrid Finite Volume discretization). The Hybrid Finite Vol-
ume discretization of the displacement is defined by D :“ pXD,D,ΠD,∇D, TDq, where

(i) the set of discrete unknowns XD,D is defined as

XD,D :“ tvD P XD | vσ “ 0, @σ P Eext
D u, (C.3)

where XD is given by (C.2), and (C.3) is an equivalent of (III.19) for vector-valued ele-
ments;

(ii) the reconstruction of the approximate function ΠD : XD,D Ñ P0
d pMqd is given by

@vD P XD,D, @K P M, ΠDvD |K “ vK ;

(iii) the discrete gradient operator ∇D : XD,D Ñ P0
d pPqd,d is defined as

@vD P XD,D, @K P M, @σ P EK , ∇DvD |Kσ
“ ∇Kσ vD :“ ∇KvD ` RKσ vD,

where, for η ą 1 user-dependent parameter,

∇KvD “ 1
|K|

ÿ

σPEK

|σ| vσ b nK,σ, RKσ vD “ η

dK,σ
pvσ´vK´∇KvD pxσ ´ xKqq b nK,σ,

(C.4)
and furthermore }∇DvD}0,Ω is a norm on XD,D;
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(iv) the reconstruction of the approximate trace TD : XD,D Ñ P0
d

`

Eext
N

˘d is given by

@vD P XD,D, @σ P Eext
N , TDvD |σ “ vσ.

The choice of η ą 1 has already been discussed in Remark III.1. In the numerical experiments
of Section C.4, we will consider η “ d

1{2, which is more in the finite volume spirit as it allows to
recover the two-point finite volume scheme on superadmissible meshes, cf. [40]. It also differs
from the numerical experiments of Chapters IV and V, where the value η “ d (which is optimal
in the finite element sense) was adopted. Note that in the classical definition of the HFV
method, meaning the one of [40], the parameter η has not been thought to be tuned and is
merely taken equal to d1{2.

We see from Definition C.1 that the only difference between the Hybrid Finite Volume
discretization and the generalized Crouzeix–Raviart space introduced in Chapter III is the def-
inition of the reconstruction mappings (for the approximate function and trace). Here, the
reconstructed approximate function is not gradient-based, but only linked to the gradient oper-
ator through a discrete Friedrichs’ inequality and a limit-conformity property, see Chapter V.

As it enters the framework of Gradient discretizations, note that any sequence of displace-
ment Hybrid Finite Volume discretizations is coercive, enjoys optimal approximation properties
(termed as consistency in [33]), is limit-conforming, and in addition admits a sequence of Fortin
operators (this is a consequence of Lemma III.5, Corollary III.1, and of the fact that a HFV
discretization and its related generalized Crouzeix–Raviart space share the same gradient oper-
ator).

Remark C.1 (Norm on XD,D). In Section III.5, we prove that the L2-norm of the gradient
operator defines a norm on CRDpKhq for all η ą 1 by showing its equivalence with the usual
dG norm on piecewise polynomial spaces. Here, to establish the same result with a piecewise
constant reconstruction mapping, we use the equivalence of the L2-norm of the gradient operator
stated in [40, Lemma 4.1] (in the scalar-valued case) with the following discrete H1

D-norm on
XD,D (which is a seminorm on XD)

|vD|2XD
:“

ÿ

KPM

ÿ

σPEK

|σ|
dK,σ

|vσ ´ vK |2.

For further use, we introduce the following reduced set of discrete unknowns

XD :“
!

vD “
´

pvK P RdqKPM, pvσ P RdqσPEext
D
, pvn

σ P RqσPE intYEext
N

¯)

,

and the projection operator PD : XD Ñ XD which maps any vD P XD onto

PDpvDq “
´

pvKqKPM, pvσqσPEext
D
, pvσ¨nσqσPE intYEext

N

¯

,

where nσ is a unit vector normal to σ which orientation is fixed, cf. Section III.1.3. We also
define XD,D as XD,D :“ PDpXD,Dq. We endow XD,D with the following norm (which is a
seminorm on XD):

|vD|
XD

:“ inf
vDPXD|PDpvDq“vD

|vD|XD
. (C.5)

C.2 Interpolation of the displacement tangential component(s)
on faces

The main novelty of the discretization proposed in the next section lies in the definition of
a linear interpolation operator ID : XD Ñ XD. This linear interpolation operator is designed

139
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to be second order accurate in order to preserve the order of approximation of the scheme. It is
also exact for normal unknowns in the sense that PDpIDpvDqq “ vD for all vD P XD. Finally, it
is local in the sense that it computes the displacement field vσ at a given face σ P E int Y Eext

N in
terms of a given number of normal components vσ1 ¨nσ1 taken in a stencil Sσ Ă E of neighboring
faces σ1 of σ (imposing that σ P Sσ). An example of construction of such an interpolator is given
below. Another example can be found in [58] in the context of large-eddy simulation (LES).

Given a face σ P E int Y Eext
N , for each component i P J1, dK of the displacement field vσ, we

look for a linear interpolation of the form

vi
σpxq “

d
ÿ

j“1

αij
σ xj ` βi

σ.

In order to determine the dpd` 1q coefficients pαij
σ qi,jPJ1,dK, pβi

σqiPJ1,dK as linear combinations of
normal components vσ1 ¨nσ1 , σ1 P Sσ, we hence look for a set Sσ of dpd` 1q neighboring faces σ1

of the face σ (imposing that σ P Sσ) such that the system of equations vσpxσ1q¨nσ1 “ vσ1 ¨nσ1 is
nonsingular. The set Sσ is built using the following greedy algorithm:

1. initialization: for a given number l ą dpd ` 1q, we select the l closest neighboring faces
of the face σ which are sorted from the closest to the furthest using the distance between
their barycenter and xσ: σ0 “ σ, σ1, . . . , σl´1. We set Sσ “ tσu and q “ 1, k “ 0;

2. while q ă dpd` 1q and k ă l ´ 1:

(a) k Ð k ` 1;

(b) if the equation vσpxσk
q¨nσk

“ vσk
¨nσk

is linearly independent from the set of equa-
tions vσpxσ1q¨nσ1 “ vσ1 ¨nσ1 for all σ1 P Sσ, then Sσ Ð Sσ Y tσku; q Ð q ` 1;

3. if q ă dpd` 1q, the algorithm is rerun with a larger value for l.

Note that imposing σ P Sσ guarantees as required the property PDpIDpvDqq “ vD for all
vD P XD. At the end of the process, the tangential component(s) of the displacement on a face
σ P E int Y Eext

N is (are) obtained as vσpxσq¨ti
σ, where pti

σqiPJ1,d´1K defines an orthonormal basis
of the face σ.

The use of the interpolation operator will bring two improvements to the discretization:
first a reduction of the number of unknowns and secondly a stabilization of the discretization
(rigidity adding).

C.3 Discrete variational formulation

Recalling the notation H1
DpΩq :“ tv P H1pΩq | v|ΓD

“ 0u, we first write the weak formulation

of the continuous problem (C.1). We assume that f P L2pΩqd, uD P H 1
2 pΓDq

d
, and g P H 1

2 pΓNq
d
.

The weak problem reads: Find u P H1pΩqd such that u “ uD on ΓD and such that

apu,vq “ pf ,vq0,Ω ` pg,vq0,ΓN
@v P H1

DpΩqd
, (C.6)

where apw,vq :“ 2µpεpwq, εpvqq0,Ω ` λp∇¨w,∇¨vq0,Ω. The weak formulation (C.6) could be

exclusively written in H1
DpΩqd thanks to the introduction of a lifting operator for uD P H 1

2 pΓDq
d
.

We introduce the following discrete operators ∇D¨ : XD,D Ñ P0
d pPq, εD : XD,D Ñ P0

d pPqd,d

and σD : XD,D Ñ P0
d pPqd,d such that, for all vD P XD,D,

∇D¨vD :“ trp∇DvDq, εDpvDq :“ 1
2

p∇DvD ` ∇DvD
T q, σDpvDq :“ 2µ εDpvDq ` λ∇D¨vDId,
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C.3 Discrete variational formulation

where we make use of the Definition C.1 of the gradient operator.
Then, the discrete variational formulation reads: Find uD P XD such that uσ “ uσ

D for all
σ P Eext

D and such that

aDpuD,vDq “ pf ,ΠD ˝ IDpvDqq0,Ω ` pg, TD ˝ IDpvDqq0,ΓN
@vD P XD,D, (C.7)

where aDpwD,vDq :“ pσD ˝ IDpwDq, εD ˝ IDpvDqq0,Ω, and where uσ
D :“

ş

σ
uD{ |σ| is an average

value.
It is important to keep in mind that, as numerical experiments tend to confirm, searching

for a discrete solution in XD using the bilinear form aD without interpolation leads to an
unstable scheme with vanishing eigenvalues on triangular or tetrahedral meshes, especially for
mixed-type boundary conditions. As we will observe in the next section, the introduction of
the interpolation operator seems to provide a stabilization of the discrete formulation. In a
way, adding rigidity to the system makes more likely the fact that a discrete Korn’s inequality
may hold on XD,D. Note however that, up to now, no theoretical justification is available.
This stabilization technique is an alternative to a least-square penalization of discrete functions
jumps as presented in Chapter IV. This alternative does not require to define a gradient-based
piecewise affine reconstruction and allows to remain in the finite volume spirit.

As far as computational costs are concerned, the interpolation of the tangential component(s)
of the displacement on mesh faces leads to a drastic reduction of the number of unknowns. Note
also that cell unknowns puKqKPM can be easily eliminated without any fill in since their are
only related in each cell to the face unknowns of the cell. This further reduces the number
of degrees of freedom to the faces normal component of the displacement only. However, a
substantial drawback linked to this technique is the important stencil of neighboring faces that
is needed for the construction. This increases the calculation (owing to the resolution of local
problems) and assembling times, and deteriorates the matrix conditioning.

Remark C.2 (Quasi-incompressible materials). When considering a quasi-incompressible ma-
terial (λ Ñ `8), the discrete bilinear form of problem (C.7) can be modified, using the notation
introduced in Definition C.1, as

aDpwD,vDq :“ 2µpεD ˝ IDpwDq, εD ˝ IDpvDqq0,Ω ` λ
ÿ

KPM

|K|∇K ¨IDpwDq∇K ¨IDpvDq,

which enables to take advantage of the existence of a Fortin operator, thus guaranteeing the

locking-free aspect of the discretization. To define the Fortin operator, for v P H1pΩqd
, we first

introduce vD P XD such that

XD Q vD :“
ˆˆ

ż

K

v{ |K|
˙

KPM

,

ˆ
ż

σ

v{ |σ|
˙

σPE

˙

.

Then, the Fortin operator is given by XD Q vD :“ PDpvDq. The cell-wise conservation property
of divergence for the above interpolator can be proved as in Lemma III.5 and Corollary III.1,
accounting for the fact that normal face unknowns are preserved by the projection operator PD

and the interpolation operator ID. As far as the H1-stability property of the Fortin operator
is concerned, we both use the fact that |vD|

XD
ď |vD|XD

according to (C.5), and the fact
that |vD|XD

ď CS}∇v}0,Ω with CS ą 0 independent of D, which is a consequence of [38,
(3.38)], (III.1) and Lemma III.1.

Remark C.3 (Coupling with piecewise constant pressures). Let define the following bilinear
form on XD,D ˆ PD, where PD :“ P0

d pMq:

bDpvD, qDq :“ ´
ÿ

KPM

qK

ÿ

σPEKzEext
D

|σ| vn
σpnσ¨nK,σq.
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This bilinear form may appear in poroelastic mechanics-flow couplings when considering mixed-
type mechanical boundary conditions (then the use of XD,D enables to stabilize the linear elas-
ticity model without penalizing jumps). Owing to the existence of a Fortin operator on XD,D, cf.
Remark C.2, this bilinear form satisfies a (uniform) inf-sup condition.

C.4 Numerical experiments

Let Ω :“ p0, 1qd. The convergence of the scheme (C.7) is assessed in two and three space
dimensions for an exact solution such that, for i P t1, . . . , du,

ui “ ecospřd
j“1 αijxjq,

where α is a d ˆ d tensor to be precised. The medium is homogeneous with (constant) Lamé
parameters such that λ “ µ “ 1. The right-hand side f is obtained as the divergence of
the stress tensor and Dirichlet boundary conditions are imposed on the whole boundary. The
stabilization parameter is chosen in a finite volume spirit such that η “ d

1{2 in (C.4), and the
H1 and L2 relative errors on the displacement are computed as

}∇u ´ ∇DuD}0,Ω

}∇u}0,Ω
«

´

ř

KPKh
|K| |p∇uqpxKq ´ ∇KuD|2

¯1{2

´

ř

KPKh
|K| |p∇uqpxKq|2

¯1{2
,

}u ´ ΠDuD}0,Ω

}u}0,Ω
«

´

ř

KPKh
|K| |upxKq ´ uK |2

¯1{2

´

ř

KPKh
|K| |upxKq|2

¯1{2
,

where uD :“ IDpuDq with uD P XD solution to (C.7). For the sake of simplicity, these relative
errors are referred to as }∇u ´ ∇DuD}0,Ω and }u ´ ΠDuD}0,Ω in the plots axes. The imple-
mentation for the two-dimensional case is based on the same C++ prototype as in Sections IV.4
and V.4, while the results in 3D have been obtained using a Fortran prototype developed by
Roland Masson.

C.4.1 A two-dimensional test-case

Let set

α :“
ˆ

1 1
2 ´1

˙

.

We consider the matching triangular (cf. Figure IV.1a), Cartesian (cf. Figure IV.1b), locally
refined Cartesian (cf. Figure IV.1c), and Kershaw-type (cf. Figure IV.1d) mesh sequences of the
FVCA5 benchmark. We solve problem (C.7) and plot on Figure C.1 the H1 and L2 relative
errors for the different mesh sequences. The method is referred to as HFV-I (for Interpolation).
For comparison, we include the results for the CRg-VS method (IV.5)–(IV.6) (with η “ d) and
for the HFV method without interpolation (referred to as HFV) on the matching triangular
mesh sequence.

We first observe that the HFV method (without interpolation) does not converge on trian-
gular mesh sequences, even for pure Dirichlet boundary conditions. This result is not surprising
in the light of Section II.1.2.1 and Proposition III.2. Note that the HFV method (without
interpolation) practically converges on Cartesian mesh sequences. The method HFV-I (with
interpolation) defines a convergent scheme for any mesh sequence tested here. The expected

142

http://www.latp-univ-mrs.fr/fvca5/


C.4 Numerical experiments

CRg-VS Triangular HFV Triangular HFV-I Triangular

HFV-I Cartesian HFV-I Locally refined HFV-I Kershaw

10´2.5 10´2 10´1.5

10´3

10´2

10´1

100

101

102

hD

}∇
u

´
∇

D
u

D
} 0

,Ω

(a) H1 relative error

10´2.5 10´2 10´1.5

10´4

10´3

10´2

10´1

hD

}u
´

Π
D

u
D

} 0
,Ω

(b) L2 relative error

Figure C.1: Convergence results for the HFV-I method on the two-dimensional test-case of
Section C.4.1.

convergence orders (one in the H1 seminorm and two in the L2 norm) are obtained for all kinds
of sequences with a supra-convergent behavior on Cartesian meshes. In addition, the errors
compare to those obtained with the CRg-VS method on triangular meshes.
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Figure C.2: Convergence results for the HFV-I method on the three-dimensional test-case of
Section C.4.2.
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C.4.2 A three-dimensional test-case

Let set

α :“

¨

˝

1 1 1
2 1 ´1

´1 1 2

˛

‚.

Let consider the Cartesian (mesh family A), randomly distorted (mesh family AA), and match-
ing tetrahedral (mesh family B) mesh sequences from the FVCA6 3D benchmark (cf. the link
to get some illustrations). The randomly distorted sequence has the particularity to possess
nonplanar faces. We solve problem (C.7) and plot on Figure C.2 the H1 and L2 relative errors
for the different mesh sequences.

The results of Figure C.2 exhibit a first order convergence in the H1 seminorm and second
order convergence in the L2 norm for the HFV-I method on the three different mesh sequences.
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Résumé. Cette thèse s’intéresse à la conception de méthodes de discrétisation non-conforme
pour un modèle de poromécanique. Le but de ce travail est de simplifier les couplages liant
la géomécanique d’un milieu poreux à l’écoulement polyphasique compositionnel ayant cours
en son sein tels qu’ils sont réalisés actuellement dans l’industrie pétrolière, en discrétisant sur
un même maillage, typiquement non-conforme car à l’image de la lithologie, la mécanique et
l’écoulement. La nouveauté consiste donc à traiter la mécanique par une méthode d’approxi-
mation non-conforme sur maillages généraux. Dans cette thèse, nous nous concentrons sur un
modèle d’élasticité linéaire. Les difficultés inhérentes à son approximation non-conforme sont
son manque de coercivité (se traduisant par la nécessité de satisfaire une inégalité de Korn
sur un espace discret discontinu), ainsi que le phénomène de verrouillage numérique lorsque
le matériau tend à devenir incompressible. Dans une première partie, nous construisons un
espace d’approximation sur maillages généraux, s’apparentant à une extension de l’espace de
Crouzeix–Raviart. Nous explicitons ses propriétés d’approximation et de conformité, et mon-
trons que ce dernier est adapté à une discrétisation primale coercive et robuste au locking du
modèle d’élasticité sur maillages généraux. La méthode proposée est moins coûteuse que son
équivalent éléments finis (en termes de propriétés) Pd

2. Nous nous intéressons dans une deuxième
partie à l’approximation non-conforme d’un modèle couplé de poroélasticité. Nous étudions la
convergence d’une famille de schémas numériques dont la discrétisation en espace utilise le for-
malisme des schémas Gradient, auquel appartient la méthode développée pour la mécanique.
Nous prouvons la convergence de telles approximations vers la solution de régularité minimale
du problème continu, indépendamment des paramètres physiques du système.

Mots-clés : poroélasticité, méthodes non-conformes, maillages généraux, volumes finis, ver-
rouillage numérique, problèmes de point-selle

Abstract. This manuscript focuses on the conception of nonconforming discretization methods
for a poromechanical model. The aim of this work is to ease the coupling between the geome-
chanics and the multiphase compositional Darcy flow in porous media by discretizing mechanics
and flow on the same mesh, typically nonconforming as it represents the lithology. Hence, the
novelty hinges on a nonconforming treatment of mechanics on general meshes. In this work, we
focus on a linear elasticity model. The nonconforming approximation of such a model is not
straightforward owing to its lack of coercivity (meaning that a discrete Korn’s inequality must
hold on a discontinuous discrete space) and to the numerical locking phenomenon occurring as
the material becomes incompressible. In a first part, we design an approximation space on ge-
neral meshes, which can be viewed as an extension of the so-called Crouzeix–Raviart space. We
study its approximation and conformity properties, and prove that this latter is well-adapted
to the design of a primal, coercive, and locking-free discretization of the elasticity model on
general meshes. The proposed method is less costly than its finite element equivalent (in terms
of properties) Pd

2. In a second part, we tackle the nonconforming approximation of a coupled
poroelasticity model. We study the convergence of a family of numerical schemes whose space
discretization relies on the Gradient schemes framework, to which belongs the method developed
for mechanics. We prove the convergence of such approximations toward the minimal regularity
solution of the continuous problem, and independently of the choice of physical parameters.

Keywords: poroelasticity, nonconforming methods, general meshes, finite volumes, numerical
locking, saddle-point problems
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