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✹✚ ❷✺✢✚✩✥★✤✢✣ ✣✢ ✸ ❷✙✤✢ ★✇✇✚✣✥✦✦✥ ✘★✛ ✦★ ✻✚✥✢✣ ✩★✤✻ ✦✣✚✛ ✺✹✚✥✘ ✣ ❸ ♣✣✚✛ ✻✙✚✢✥✣✤ r ✦✣✚✛ ✧✣✤✢✥✦✦✣✻✻✣
✣✢ ✦✣✚✛✻ ✇✙✤✤★✥✻✻★✤✇✣✻ ✸ ❷✙✤✢ ✺✢✺ ✩ ❷✚✤✣ ★✥✩✣ ✘✛✺✇✥✣✚✻✣ ✢✙✚✢ ★✚ ✦✙✤✧ ✩✣ ✸ ★ ✢♦❶✻✣ ✣✢ t ✣ ✤✣
✻✣✛★✥ ✦✣✻ ✛✣✸ ✣✛✇✥✣✛ ✻✚➯ ✻★✸ ✸ ✣✤✢ ✘✙✚✛ ✢✙✚✢ ✇✣ ✹✚ ❷✥✦✻ ✸ ❷✙✤✢ ★✘✘✙✛✢✺ ❸
q✙✚✻ ✸ ✣✻ ✛✣✸ ✣✛✇✥✣✸ ✣✤✢✻ ❺✙✤✢ ✣✤✻✚✥✢✣ ★✚⑥ ✸ ✣✸✜✛✣✻ ✩✣ ✸ ✙✤ t ✚✛✉r ➊ ❧✣★✤♠♥♦★✛✦✣✻ ❴ ✥✦✦★✚✢
✹✚✥ ✣✤ ✷✚✢ ✦✣ ✘✛✺✻✥✩✣✤✢ r ➊ ❛ ①✥① ② ✙✚➓✛✥✸ ✣✢ ➊ ② ★✛✥✤✙ ④ ✥✩✸ ✣✛ ✹✚✥ ✣✤ ✷✚✛✣✤✢ ✛★✘✘✙✛✢✣✚✛✻ ✣✢
➊ ❴✣✛✤★✛✩ s✣✤① ✹✚✥ ✣✤ ✷✚✢ ✣⑥★✸ ✥✤★✢✣✚✛ ❸ ❧✣ ✦✣✻ ✛✣✸ ✣✛✇✥✣ ✘✙✚✛ ✦✣ ✢✣✸ ✘✻ ✹✚ ❷✥✦✻ ✙✤✢ ✇✙✤✻★✇✛✺
➊ ✸ ✙✤ ✢✛★❺★✥✦ ✣✢ ✦✣✻ ✥✤✢✺✛✣✻✻★✤✢✣✻ ✛✣✸ ★✛✹✚✣✻ ✹✚ ❷✥✦✻ ✸ ❷✙✤✢ ✷★✥✢✣✻ ❸
❧✣ ✢✥✣✤✻ ★✚✻✻✥ ➊ ✛✣✸ ✣✛✇✥✣✛ ❺ ✥❺✣✸ ✣✤✢ ✦ ❷✣✤✻✣✸✜✦✣ ✩✣✻ ✘ ✣✛✻✙✤✤✣✦✻ ★✩✸ ✥✤✥✻✢✛★✢✥✷✻ ✣✢ ✻✇✥✣✤✢✥♠
➔✹✚✣✻ ✩✣✻ ✦★✜✙✛★✢✙✥✛✣✻ ♣✣✥✤✥①♠✶② ❛❩ ✣✢ ❩♠❝♥ ③ sr ✣✢ ✣✤ ✘★✛✢✥✇✚✦✥✣✛ ✦✣✚✛✻ ✩✥✛✣✇✢✣✚✛✻ ❭ ✥✇✙✦★✻
❴★✦✇♦✣❹ ✣✢ ➲★✤✥✇➓ ❬✛✣✥✤ ✘✙✚✛ ✦✣✚✛ ★✇✇✚✣✥✦ ❸ ✶✦ ✸ ❷✣✻✢ ✜✥✣✤ ✻➳✛ ✥✸ ✘✙✻✻✥✜ ✦✣ ✩ ❷✙✚✜✦✥✣✛ ➵ ✣✤✛✉
✹✚✥ ★ ✛✺✇✚✘✺✛✺ ✦✣✻ ✥✤✷✙✛✸ ★✢✥✙✤✻ ✇✙✤✢✣✤✚✣✻ ✻✚✛ ✸ ✙✤ ✩✥✻✹✚✣ ✩✚✛ ★❺★✤✢ ✹✚✣ ✇✣✦✚ ✥♠✇✥ ✤✣ ✛✣✤✩✣
✦ ❷➋✸ ✣ r ✸ ❷✺❺ ✥✢★✤✢ ★✥✤✻✥ ✩✣ ✤✙✸✜✛✣✚⑥ ✘✛✙✜✦❶✸ ✣✻ ❸ ② ✣✻ ✛✣✸ ✣✛✇✥✣✸ ✣✤✢ ✦✣✻ ✘✦✚✻ ✻✥✤✇❶✛✣✻ ❺✙✤✢
★✚✻✻✥ ★✚⑥ ✢♦✺✻★✛✩✻ ✩✣ ✇✣✻ ✦★✜✙✛★✢✙✥✛✣✻ ✘✙✚✛ ✦ ❷★✸✜✥★✤✇✣ ★✧✛✺★✜✦✣ ✣✢ ✦✣ ✘★✛✢★✧✣ ✩✣ ✤✙✻ ✣⑥♠
✘ ✺✛✥✣✤✇✣✻ ✹✚✥ ✙✤✢ ✘★✛✢✥✇✥✘ ✺ ★✚ ✜✙✤ ✩✺✛✙✚✦✣✸ ✣✤✢ ✩✣ ✸ ★ ✢♦❶✻✣ ✣✢ ★✚⑥ ✘✣✛✸ ★✤✣✤✢✻ ✹✚✥ ✙✤✢
✢✙✚t ✙✚✛✻ ✺✢✺ ✘✛➸✢✻ ➊ ✛✺✘✙✤✩✛✣ ➊ ✸ ✣✻ ✹✚✣✻✢✥✙✤✻ ❸
❧✣ ✛✣✸ ✣✛✇✥✣ ★✚✻✻✥ ✦✣✻ ✘ ✣✛✻✙✤✤✣✻ ★❺✣✇ ✹✚✥ t ❷★✥ ✣✚ ✦★ ✇♦★✤✇✣ ✩✣ ✇✙✦✦★✜ ✙✛✣✛ ★✚ ✇✙✚✛✻ ✩✣ ✸ ★
✢♦❶✻✣ r ➟ ✥✤✇✣✤✢ ★❺✣✇ ✹✚✥ t ❷★✥ ✘★✛✢★✧✺ ✸ ✙✤ ✜✚✛✣★✚ r ♥♦✛✥✻✢✙✘♦✣ ✘ ✙✚✛ ✻✣✻ ✤✙✸✜✛✣✚✻✣✻ ✥✩✺✣✻ r
❴✣✤✙➺✢ ♥✣✦✻✣ ✘✙✚✛ ✻★ ✇✙✤➔★✤✇✣ r ➟★✤ ✈ ★✢✢ ✹✚✥ ✸ ❷★ ✥✤✇✦✚✻✣ ✩★✤✻ ✦✣ ✘✛✙t ✣✢ ❛ ✥✛✜✚✻ r ➟ ✥✢★✦✉
✘✙✚✛ ✻✙✤ ✣✤✢♦✙✚✻✥★✻✸ ✣ r ❭✣✻✦✥♦★✤ ✘✙✚✛ ★❺✙✥✛ ✺✢✺ ✚✤✣ ✺✢✚✩✥★✤✢✣ ✣✢ ✚✤✣ ★✸ ✥✣ ❸
❴ ✥✣✤ ✻➳✛ r ✘✙✚✛ ✦✣✚✛ ✻✙✚✢✥✣✤ ✣✢ ✦✣✚✛ ★✸ ✥✢✥✺ r t ✣ ✛✣✸ ✣✛✇✥✣ ★✚✻✻✥ ② ★✛✥✙✤ r ❛ ✸ ★✤✩✥✤✣ r ♥✺✇✥✦✣ r❩★➻✦✦✣ r ❫✸ ✥✦✥✣♠❛ ✤✤✣ r ✈ ★❺✥✩ r ❛ ✤✢✙✥✤✣ r ❵✚✜✣✤ r ➟ ✥✇✢✙✛ ✣✢ ❴✣✥✤t ★✸ ✥✤ ★❺✣✇ ✹✚✥ t ❷★✥ ✘★✛✢★✧✺
✩✣ ✤✙✸✜✛✣✚⑥ ✸ ✙✸ ✣✤✢✻ ✘ ✣✤✩★✤✢ ✸ ★ ✢♦❶✻✣ ❸
❫✤➔✤ r ✢✙✚✢✣ ✸ ✙✤ ★❹✣✇✢✥✙✤ ✣✢ ✸ ★ ✢✣✤✩✛✣✻✻✣ ❺✙✤✢ ➊ ✸ ★ ✷★✸ ✥✦✦✣ ✣✢ ✜ ✣✦✦✣♠✷★✸ ✥✦✦✣ ❸ ♣✣✚✛ ✘✛✺✻✣✤✇✣
✣✢ ✦✣✚✛ ✇✙✤✷✙✛✢ r ✣✢ ✣✤ ✘★✛✢✥✇✚✦✥✣✛ ✇✣✚⑥ ✩✣ ✸ ✙✤ ✸ ★✛✥ r ✙✤✢ ✣✚ ✚✤✣ ✘✦★✇✣ ✥✸ ✘✙✛✢★✤✢✣ ✩★✤✻ ✦★
✛✺✚✻✻✥✢✣ ✩✣ ✇✣✢✢✣ ✢♦❶✻✣ ❸



➼



➽➾ ➚ ➪➶ ➹ ➶ ➘ ➴ ➾ ➷ ➬➮ ➱ ➶ ➘

✃ ❐✳➏❱➍ ❯⑧✰➏✮➍✳ ❒ ✲❮➍❱❯➍✳✳❨✳✰✴⑨ ✴✳➏ ✃✃
⑦❸⑦ ♥✦★✻✻✥➔✇★✢✥✙✤ α|β|γ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦⑦

⑦❸⑦❸⑦ ❵✣✻✻✙✚✛✇✣✻ ♦✚✸ ★✥✤✣✻ ✣✢ ✸ ★✢✺✛✥✣✦✦✣✻ ✵ ✦✣ ✇♦★✸ ✘ α ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❡
⑦❸⑦❸❡ ♥★✛★✇✢✺✛✥✻✢✥✹✚✣✻ ✩✣✻ ✢➋✇♦✣✻ r ✇✙✤✢✛★✥✤✢✣✻ ✩✚ ✘✛✙✜✦❶✸ ✣ r ✇★✛★✇✢✺✛✥✻♠

✢✥✹✚✣✻ ✩✚ ✸ ★✢✺✛✥✣✦ ✵ ✦✣ ✇♦★✸ ✘ β ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦➠
⑦❸⑦❸➠ ③✜t ✣✇✢✥✷ ✵ ✦✣ ✇♦★✸ ✘ γ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦➼

⑦❸❡ ♥✙✸ ✘✦✣⑥ ✥✢✺ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦➼
⑦❸❡ ❸⑦ s✛✙✜✦❶✸ ✣✻ ✣✢ ✺❺★✦✚★✢✥✙✤ ✩✣ ✦✣✚✛✻ ★✦✧✙✛✥✢♦✸ ✣✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❰
⑦❸❡ ❸❡ ♣✣✻ ✇✦★✻✻✣✻ P r NP ✣✢ ♥✙♠NP ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❞
⑦❸❡ ❸➠ s✛✙✜✦❶✸ ✣✻ NP ♠♥✙✸ ✘✦✣✢ ✣✢ NP ♠✈ ✥➯ ✇✥✦✣ ★✚ ✻✣✤✻ ✷✙✛✢ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❣
⑦❸❡ ❸➼ ❛ ✘✘✛✙⑥ ✥✸ ★✜✥✦✥✢✺ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦Ï
⑦❸❡ ❸❰ ③✛✩✙✤✤★✤✇✣✸ ✣✤✢ ✙✤✦✥✤✣ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❡ ⑦

✂ ✏ ÐÑÒ ✿ÓÔ Õ✽ ✼ÖÕ× ÐÕ✽✽ÑØ Ð×Õ✽ Ù ✬ÕÚÛÐÜÕ Ý✽ÑÐÛ✾Õ Þß
⑦ ✶✤✢✛✙✩✚✇✢✥✙✤ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❡❰

⑦❸⑦ q✛★✤✻✘✙✛✢✻ ✘★✛ ✚✤ ✛✙✜✙✢ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❡❰
⑦❸❡ ❝✣✛❺✣✚✛✻ ✣✢ ✙✘ ✺✛★✢✣✚✛✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❡❣

à á ✲➍↕ ✯❙➍✱✯ ❱➍➒ ➍➏✮✯❳✯ àâ
❡ ❸⑦ ♥✣✦✦✚ ✦✣✻ ✛✙✜✙✢✥✻✺✣✻ ✣✢ ❼✙❽ ✻♦✙✘✻ ★❺✣✇ ✛✙✜✙✢ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❡Ï

❡ ❸⑦❸⑦ ♥★✻ ✩ ❷✺✹✚✥❺★✦✣✤✇✣ ✣✢ ✇✙✤✻✺✹✚✣✤✇✣✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ➠ ⑦
❡ ❸⑦❸❡ s✣✛✢✥✤✣✤✇✣ ✩✣✻ ✸ ✙✩❶✦✣✻ ✻★✤✻ ✩✚✛✺✣✻ ✩✣ ✇♦★✛✧✣✸ ✣✤✢ ✣✢ ✩✺✇♦★✛✧✣✸ ✣✤✢ ➠➠

❡ ❸❡ ❬✦✙❽ ✻♦✙✘ ★❺✣✇ ✛✙✜✙✢ ➊ ✩✣✚⑥ ✸ ★✇♦✥✤✣✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ➠❞
❡ ❸➠ ♥✙✤✇✦✚✻✥✙✤ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ➼➼
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î ➞ ✲❨✳✮ï ✰❨➏✮➍✳ ❯ ❮✴ð✱ ❳❱✮✴✳✰✴✯ ñò
➠ ❸⑦ ✈✣✻✇✛✥✘✢✥✙✤ ✩✚ ✘✛✙✜✦❶✸ ✣ ✩ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ➼❞

➠ ❸⑦❸⑦ ❵✣✻✻✙✚✛✇✣✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ➼❞
➠ ❸⑦❸❡ q ➋✇♦✣✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ➼❣
➠ ❸⑦❸➠ ③✜t ✣✇✢✥✷ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ➼❣

➠ ❸❡ ❝✙✦✚✢✥✙✤ ✘✛✙✘✙✻✺✣ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ➼➡
➠ ❸❡ ❸⑦ ♣★✤✇✣✸ ✣✤✢ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ➼➡
➠ ❸❡ ❸❡ s✛✙✩✚✇✢✥✙✤ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❰❢

➠ ❸➠ ❵✺✻✚✦✢★✢✻ ✤✚✸ ✺✛✥✹✚✣✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❰➠
➠ ❸➼ s✛✙✜✦❶✸ ✣✻ ✢♦✺✙✛✥✹✚✣✻ ✩✺✛✥❺✺✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❰❰

➠ ❸➼ ❸⑦ s✺✛✥✙✩✣✻ ✩✚✛★✤✢ ✦✣✻✹✚✣✦✦✣✻ ★✚✇✚✤✣ ✢➋✇♦✣ ✤✣ ✘ ✣✚✢ ✇✙✸ ✸ ✣✤✇✣✛ ✙✚ ➔✤✥✛ ❰❰
➠ ❸➼ ❸❡ ③✛✩✙✤✤★✤✇✣✛ ✩✣✻ ✻✺✹✚✣✤✇✣✻ ✩ ❷✙✘ ✺✛★✢✥✙✤✻ ★❺✣✇ ✢✛★✥✢✣✸ ✣✤✢ ✘★✛ ✜★✢✇♦

✣✢ ✇✙✸ ✘★✢✥✜✥✦✥✢✺ ✩✣✻ ✢➋✇♦✣✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❰❞
➠ ❸➼ ❸➠ ② ✥✤✥✸ ✥✻✣✛ ✦★ ✻✙✸ ✸ ✣ ✩✣✻ ✩★✢✣✻ ✩ ❷★✇♦❶❺✣✸ ✣✤✢ ✩✣✻ ✘✛✙✩✚✥✢✻ ❸ ❸ ❸ ❸ ❸ ❸ ❰❣

➠ ❸❰ ♥✙✤✇✦✚✻✥✙✤ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❰❣

ñ ❐✳❯✮✯✱ ➍✳✮➒ ✮✲✮➏❳ ❯✴✯ ➍✱ ❳❱❨➏✴⑧❱✯ òâ
➼ ❸⑦ ❜✤✣ ✻✣✚✦✣ ✘ ✺✛✥✙✩✣ óôõ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❞❢
➼ ❸❡ K ✘✺✛✥✙✩✣✻ ✩ ❷✥✤✩✥✻✘✙✤✥✜✥✦✥✢✺ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❞❰

➼ ❸❡ ❸⑦ ❭✙✸✜✛✣ ✇✙✤✻✢★✤✢ ✩✣ ✘ ✺✛✥✙✩✣✻ óôõ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❞❰
➼ ❸❡ ❸❡ s✛✙✜✦❶✸ ✣ 1|ona|Cmax ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❞Ï

➼ ❸➠ ➵✣✚✛✥✻✢✥✹✚✣✻ ✣✢ ✦✣✚✛✻ ✘ ✣✛✷✙✛✸ ★✤✇✣✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❣ ⑦
➼ ❸➠ ❸⑦ ❜ ✤✣ ✘✛✣✸ ✥❶✛✣ ✜✙✛✤✣ ✻✚✛ ✦★ ✢★✥✦✦✣ ✩✣✻ ✘ ✺✛✥✙✩✣✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❣❡
➼ ❸➠ ❸❡ s✺✛✥✙✩✣✻ λ♠✜ ✙✛✤✺✣✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❣➡

➼ ❸➼ ♥✙✤✇✦✚✻✥✙✤ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ➡❰

✂✂ ✡ ÐÙ ÑÚ Ú ✼Ú ×ÕÔ ÕÚÛ ✼ÖÕ× Ûö×÷ Õ✽ ✼øÐÜøÜÕ✽ ÕÚ ×✼ÛÜøÑÐ✾Õ✽ ù ú
⑦ ✶✤✢✛✙✩✚✇✢✥✙✤ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ➡Ï

ò ➝❱❯➍✳✳❨✳✰✴⑨ ✴✳➏ û ⑧✯➏✴➐❒➐➏✴⑨ ✱✯ â ✃
❰ ❸⑦ ü✢★✢ ✩✣ ✦ ❷★✛✢ ✣✢ ✷✙✛✸ ✚✦★✢✥✙✤✻ ✩✚ ✘✛✙✜✦❶✸ ✣ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ Ï❡

❰ ❸⑦❸⑦ ❭✙✢★✢✥✙✤✻ r ✇✙✤✢✛★✥✤✢✣✻ ✣✢ ✷✙✤✇✢✥✙✤✻ ✙✜t ✣✇✢✥✷ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ Ï➠
❰ ❸⑦❸❡ ❬✙✛✸✚✦★✢✥✙✤✻ ✩✚ ✘✛✙✜✦❶✸ ✣ ✩ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ t ✚✻✢✣♠➊♠✢✣✸ ✘✻ ❸ ❸ ❸ ❸ ❸ Ï➼
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❰ ❸❡ ③✘✢✥✸ ✥✻★✢✥✙✤✻ ✻✥✸ ✚✦✢★✤✺✣✻ ✩✣ ✷✙✤✇✢✥✙✤✻ ✙✜t ✣✇✢✥✷ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❢❢

❰ ❸❡ ❸⑦ s✛✙✜✦❶✸ ✣✻ ✻✚✸ ♠★✜✻ ✣✢ ✻✚✸ ♠✻✹✛ 1♠✜ ✙✛✤✺✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❢❢
❰ ❸❡ ❸❡ ♥✙✸ ✘★✛★✥✻✙✤ ✩✣✻ ✷✙✤✇✢✥✙✤✻ ✙✜t ✣✇✢✥✷ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❢➼

❰ ❸➠ ♥✙✤✇✦✚✻✥✙✤ ✣✢ ✣⑥✢✣✤✻✥✙✤✻ ✘✙✻✻✥✜ ✦✣✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦⑦❢

ý ❘þ✰❙✴✯ ✰➍⑧✱✲❳✴✯ ✃✃î
❞ ❸⑦ ü✢★✢ ✩✣ ✦ ❷★✛✢ ✣✢ ✤✙✢★✢✥✙✤✻ ✩✚ ✘✛✙✜✦❶✸ ✣ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦⑦➠
❞ ❸❡ ✈✣✻ ✇✣✦✦✚✦✣✻ ✛✙✜✙✢✥✻✺✣✻ ★✚⑥ ✢➋✇♦✣✻ ✇✙✚✘✦✺✣✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦⑦❰

❞ ❸❡ ❸⑦ ♥✙✤➔✧✚✛★✢✥✙✤ ✩✣ ✦★ ✇✣✦✦✚ ✦✣ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦⑦❰
❞ ❸❡ ❸❡ ü✹✚✥❺★✦✣✤✇✣ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦⑦❞

❞ ❸➠ ❛ ✦✧✙✛✥✢♦✸ ✣ ✣⑥★✇✢ ✘✙✚✛ ✦✣✻ ✢➋✇♦✣✻ ✇✙✚✘✦✺✣✻ ✥✩✣✤✢✥✹✚✣✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦⑦❣
❞ ❸➠ ❸⑦ ✈✣✻✇✛✥✘✢✥✙✤ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦⑦❣
❞ ❸➠ ❸❡ ❛ ✸ ✺✦✥✙✛★✢✥✙✤✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦⑦Ï
❞ ❸➠ ❸➠ ❛✩★✘✢★✢✥✙✤ ★✚ ✇★✻ ✇✉✇✦✥✹✚✣ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦⑦Ï

❞ ❸➼ ♥✙✤t ✣✇✢✚✛✣ ✘✙✚✛ ✦✣ ✇★✻ ✇✉✇✦✥✹✚✣ ★❺✣✇ ✢➋✇♦✣✻ ✥✩✣✤✢✥✹✚✣✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❡❡
❞ ❸➼ ❸⑦ ❭✙✢★✢✥✙✤✻ ✣✢ ✩✺➔✤✥✢✥✙✤✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❡❡
❞ ❸➼ ❸❡ ü✇✛✥✢✚✛✣ ✩✣ L ✣✢ ✇✉✇✦✣ ★✻✻✙✇✥✺ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❡❡
❞ ❸➼ ❸➠ ❴✙✛✤✣✻ ✻✚✛ γ ✘✙✚✛ ✹✚✣ ✦ ❷✺✇✛✥✢✚✛✣ ✩✣ L ✘✚✥✻✻✣ ➸✢✛✣ ✙✘✢✥✸ ★✦✣ ❸ ❸ ❸ ❸ ❸ ⑦❡❰
❞ ❸➼ ❸➼ ✈✣✚⑥ ✇★✻ ✛✺✻✙✦✚✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❡❞
❞ ❸➼ ❸❰ s✛✺✇✥✻✥✙✤✻ ✩✣ ✦★ ✇✙✤t ✣✇✢✚✛✣ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❡➡
❞ ❸➼ ❸❞ ❵✣✸ ★✛✹✚✣✻ ✣✢ ✘✛✙✘✛✥✺✢✺✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦➠➠

❞ ❸❰ ♥✙✤✇✦✚✻✥✙✤ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦➠➡

☛ ✾Ò ✿✾ÑøÐ✼ÿ ÷ ✾Õ ✌�✁

❀ Ú Ú Õ✂Õ✽ ✌�✄
➑ ➝❱❯➍✳✳❨✳✰✴⑨ ✴✳➏ ❤⑧✯➏✴➐☎ ➐❘✴⑨ ✱✯ ✃ñâ

❛ ❸⑦ ❝✉✸ ✺✢✛✥✣ ✩✚ ✘✛✙✜✦❶✸ ✣ ✣✢ ♦✣✚✛✥✻✢✥✹✚✣ ✘✙✦✉✤✙✸ ✥★✦✣ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦➼Ï
❛ ❸⑦❸⑦ ❝✢✛✚✇✢✚✛✣ ✩✣✻ ✧✛★✘♦✣✻ ✣✢ ✛✣✘✛✺✻✣✤✢★✢✥✙✤ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦➼Ï
❛ ❸⑦❸❡ ➵ ✣✚✛✥✻✢✥✹✚✣✻ ✘✙✦✉✤✙✸ ✥★✦✣✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❰Ï

❛ ❸❡ s✛✙✧✛★✸ ✸ ✣✻ ✦✥✤✺★✥✛✣✻ ✘✙✚✛ ✦★ ✛✺✻✙✦✚✢✥✙✤ ✘★✛ ♥s♣❫✆ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❞ ⑦



➡ ãä åæç è çé ê ä ãëìíç é

❛ ❸❡ ❸⑦ ❵✺✻✙✦✚✢✥✙✤ ✩✣✻ ✘✛✙✜✦❶✸ ✣✻ ✸ ✥✤♠✻✚✸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❞ ⑦
❛ ❸❡ ❸❡ ❵✺✻✙✦✚✢✥✙✤ ✩✣✻ ✘✛✙✜✦❶✸ ✣✻ ✸ ★⑥♠★✜✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❞ ⑦
❛ ❸❡ ❸➠ ♥✙✸ ✘★✛★✥✻✙✤ ✩✣✻ ✘✛✙✜✦❶✸ ✣✻ ✸ ✥✤♠✻✚✸ ✣✢ ✸ ✥✤♠✻✚✸ B♠✜ ✙✛✤✺✻ ❸ ❸ ❸ ❸ ❸ ⑦❞❡

❛ ❸➠ ③✘✢✥✸ ✥✻★✢✥✙✤✻ ✻✥✸ ✚✦✢★✤✺✣✻ ✘✙✚✛ ✢✛✙✥✻ ✢✉✘ ✣✻ ✩✣ ✘✥❶✇✣✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❞➠
❛ ❸➼ ♥✙✚✘✦★✧✣✻ ✣✢ ✻✙✦✚✢✥✙✤✻ ✩✚★✦✣✻ ✘✙✚✛ ✩✣✻ ✣⑥✣✸ ✘✦✣✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❞➼

❛ ❸➼ ❸⑦ ✶✤✻✢★✤✇✣ ✘✙✚✛ ✦★✹✚✣✦✦✣ SM1 ✣✻✢ ❺✛★✥✣ ✣✢ AM1 ✣✻✢ ✷★✚⑥ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❞➼
❛ ❸➼ ❸❡ ✶✤✻✢★✤✇✣ ✘✙✚✛ ✦★✹✚✣✦✦✣ AS r AM1 ✣✢ SM1 ✻✙✤✢ ✷★✚✻✻✣✻ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ❸ ⑦❞❰

✂Ú Ù Õ✂ ✌✝✄



✞✟➷ ➱✠ ➹ ✡☛➷ ➬✠✟

♣✣✻ ★✢✣✦✥✣✛✻ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ✻✙✤✢ ✚✤✣ ✻✙✚✛✇✣ ✥✤✺✘✚✥✻★✜✦✣ ✩✣ ✘✛✙✜✦❶✸ ✣✻ ✩ ❷✙✘✢✥✸ ✥✻★✢✥✙✤ ❸ ③ ✤
✤✣ ✇✙✸ ✘✢✣ ✘✦✚✻ ✦✣✻ ✸ ✙✩❶✦✣✻ ✥✤✢✛✙✩✚✥✢✻ ✘ ✙✚✛ ✣✤ ✻✙✚✦✥✧✤✣✛ ✦✣✻ ✤✙✸✜✛✣✚✻✣✻ ✇★✛★✇✢✺✛✥✻✢✥✹✚✣✻ ❸☞ ✢✣✦ ✘ ✙✥✤✢ ✹✚ ❷✥✦ ✣✻✢ ✘★✛✷✙✥✻ ✩✥➯ ✇✥✦✣ ✩✣ ✇♦✙✥✻✥✛ ✩★✤✻ ✇✣✢✢✣ ✦★✛✧✣ ✺✢✣✤✩✚✣ ✩✣ ✘✙✻✻✥✜✥✦✥✢✺✻ ✦✣
✘✦✚✻ ★✩✺✹✚★✢ ✘✙✚✛ ✚✤ ✘✛✙✜✦❶✸ ✣ ✩✙✤✤✺ r ✙✚ ✩✣ ✩✺✇✥✩✣✛ ✻ ❷✥✦ ✇✙✤❺ ✥✣✤✢ ✩ ❷✣✤ ✇✛✺✣✛ ✚✤ ✤✙✚❺✣★✚ ❸
♥✣ ✸ ✺✸ ✙✥✛✣ ✣✻✢ ✇✙✤✻★✇✛✺ ➊ ✦ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ✩★✤✻ ✦✣✻ ★✢✣✦✥✣✛✻ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ❸ ✶✦ ✤✣ ✻ ❷★✧✥✢
✘★✻ ✜✥✣✤ ✻➳✛ ✩✣ ✷★✥✛✣ ✚✤✣ ✺✢✚✩✣ ✣⑥♦★✚✻✢✥❺✣ ✩✣ ✦ ❷✣✤✻✣✸✜✦✣ ✩✣✻ ✸ ✙✩❶✦✣✻ ✹✚✥ ✙✤✢ ✺✢✺ ✥✤ ✥✢✥✺✻
★✚ ✇✙✚✛✻ ✩✣ ✇✣✻ ✩✣✛✤✥❶✛✣✻ ★✤✤✺✣✻ r ✸ ★✥✻ ✘✙✚✛ ✚✤ ✇✣✛✢★✥✤ ✤✙✸✜✛✣ ✩ ❷✣⑥✣✸ ✘✦✣✻ r ✢♦✺✙✛✥✹✚✣✻ ✣✢
✘✛★✢✥✹✚✣✻ r ✩ ❷★✤★✦✉✻✣✛ ✦✣✻ ✦✥✣✤✻ ✣✢ ✦✣✻ ✩✥❹✺✛✣✤✇✣✻ ✣✤✢✛✣ ✇✣✛✢★✥✤✻ ✸ ✙✩❶✦✣✻ ✘✛✙✇♦✣✻ r ✩✣ ✇✙✸ ✘★✛✣✛
✦★ ✇✙✸ ✘✦✣⑥ ✥✢✺ ✩✣✻ ✘✛✙✜✦❶✸ ✣✻ ✹✚✥ ✉ ✻✙✤✢ ★✻✻✙✇✥✺✻ r ✩✣ ✩✺✢✣✛✸ ✥✤✣✛ ✩★✤✻ ✇✣✛✢★✥✤✻ ✇★✻ ✩✣✻
✺✹✚✥❺★✦✣✤✇✣✻ ❸
❭✙✚✻ ✤✙✚✻ ★✢✢★✇♦✣✛✙✤✻ r ✘✙✚✛ ✇♦★✇✚✤ ✩✣✻ ✘✛✙✜✦❶✸ ✣✻ ✹✚✣ ✤✙✚✻ ★✜✙✛✩✙✤✻ r ➊ ✦ ❷✥✤✻✇✛✥✛✣ ✩★✤✻
✚✤ ✇★✩✛✣ ✘✦✚✻ ✧✺✤✺✛★✦ ✣✤ ✻✙✚✦✥✧✤★✤✢ ✦✣✻ ✦✥✣✤✻ ★❺✣✇ ✩ ❷★✚✢✛✣✻ ✘✛✙✜✦❶✸ ✣✻ r ➊ ✩✺✢✣✛✸ ✥✤✣✛ ✻★
✇✙✸ ✘✦✣⑥ ✥✢✺ ✻✥ ✇✣✦★ ✤ ❷★ ✘★✻ ✺✢✺ ✷★✥✢ ✣✢ ➊ ✘✛✙✘✙✻✣✛ ✩✣✻ ✸ ✺✢♦✙✩✣✻ ✩✣ ✛✺✻✙✦✚✢✥✙✤ ✣⑥★✇✢✣✻ ✙✚
★✘✘✛✙✇♦✺✣✻ ❸
♣✣ ✘✛✣✸ ✥✣✛ ★⑥✣ ✩✣ ✇✣ ✸ ✺✸ ✙✥✛✣ ✣✻✢ ✩✺✩✥✺ ★✚⑥ ★✢✣✦✥✣✛✻ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ★❺✣✇ ✛✣✻✻✙✚✛✇✣✻ ✩✥✢✣✻
✩ ❷✌✍ ➄✎✏✌✑ ✒✓✎➄❿✌ ✔❞❰✕ ❸ ❛❺★✤✢ ✦✣ ✩✺✜✚✢ ✩✣ ✦ ❷✚✻✥✤★✧✣ ✩ ❷✚✤✣ ✘✥❶✇✣ r ✣✢❻✙✚ ★✘✛❶✻ ✹✚✣ ✇✣✦✚ ✥♠✇✥
✻✙✥✢ ✢✣✛✸ ✥✤✺ r ✦ ❷✥✤✢✣✛❺✣✤✢✥✙✤ ✩ ❷✚✤✣ ✸ ★✇♦✥✤✣ ✙✚ ✩ ❷✚✤ ✙✘✺✛★✢✣✚✛ ♦✚✸ ★✥✤ ✣✻✢ ✤✺✇✣✻✻★✥✛✣ ❸ ♥✣✦★
✘ ✣✚✢ ➸✢✛✣ ✘✙✚✛ ✣❹✣✇✢✚✣✛ ✦✣ ✸ ✙✤✢★✧✣ ✩✣ ✦★ ✘✥❶✇✣ ✻✚✛ ✦★ ✸ ★✇♦✥✤✣ ✙✚ ✻✙✤ ✩✺✸ ✙✤✢★✧✣ r ✘✙✚✛
✘✛✺✘★✛✣✛ ✦★ ✸ ★✇♦✥✤✣ ➊ ✦ ❷✚✻✥✤★✧✣ ✩ ❷✚✤✣ ✘✥❶✇✣ ✩✥❹✺✛✣✤✢✣ ✩✣ ✦★ ✘✛✺✇✺✩✣✤✢✣ ✙✚ ✣✤✇✙✛✣ ✘✙✚✛
✛✺★✦✥✻✣✛ ✚✤ ✇✣✛✢★✥✤ ✤✙✸✜✛✣ ✩✣ ✢➋✇♦✣✻ ✹✚✥ ✤✣ ✻✙✤✢ ✘★✻ ★✚✢✙✸ ★✢✥✻✺✣✻ ❸ ❭ ✙✚✻ ✺✢✚✩✥✙✤✻ ✦✣✻
✦✥✣✤✻ ✣✢ ✩✥✻✢✥✤✇✢✥✙✤✻ ✣✤✢✛✣ ✦✣✻ ✸ ✙✩❶✦✣✻ ✇✦★✻✻✥✹✚✣✻ ✩✣ ✦★ ✦✥✢✢✺✛★✢✚✛✣ ✘✙✚✛ ✩✥❹✺✛✣✤✢✻ ✢✉✘ ✣✻
✩✣ ✛✣✻✻✙✚✛✇✣✻ ✩ ❷✣✤✢✛✺✣❻✻✙✛✢✥✣ ✹✚✥ ✥✤✢✣✛❺✥✣✤✤✣✤✢ ✩★✤✻ ✦✣✻ ✇✣✦✦✚ ✦✣✻ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ❸ ♣✙✛✻✹✚✣
✤✙✚✻ ✤✙✚✻ ✢✙✚✛✤✙✤✻ ❺✣✛✻ ✦✣✻ ❼✙❽ ✻♦✙✘✻ ✛✙✜✙✢✥✻✺✻ r ✇✣ ✻✙✤✢ ✩✣✻ ✛✙✜✙✢✻ ✹✚✥ ✣❹✣✇✢✚✣✤✢ ✇✣✻
✢➋✇♦✣✻ ➉♥♦★✘✥✢✛✣ ❡➌ ❸ ♣✙✛✻✹✚✣ ✤✙✚✻ ✘✛✙✘✙✻✙✤✻ ✚✤ ★✦✧✙✛✥✢♦✸ ✣ ✘✙✚✛ ✚✤ ✘✛✙✜✦❶✸ ✣ ✥✤✩✚✻✢✛✥✣✦
✩✣ ✘✦★✤✥➔✇★✢✥✙✤ ✩ ❷✣⑥✘ ✺✛✥✣✤✇✣✻ ✥✤✢✛✙✩✚✥✢ ✘★✛ ✦ ❷✶✤✻✢✥✢✚✢ ❬✛★✤✖★✥✻ ✩✚ s✺✢✛✙✦✣ ➉♥♦★✘✥✢✛✣ ➠➌ r
✇✣ ✻✙✤✢ ✩✣✻ ✙✘ ✺✛★✢✣✚✛✻ ♦✚✸ ★✥✤✻ ✹✚✥ ✻✙✤✢ ✻✙✦✦✥✇✥✢✺✻ ❸ ✈ ★✤✻ ✦✣✻ ✘✛✙✜✦❶✸ ✣✻ ★❺✣✇ ✛✣✻✻✙✚✛✇✣✻
✩ ❷✣✤✢✛✺✣❻✻✙✛✢✥✣ ✇✦★✻✻✥✹✚✣✻ r ✦★ ✛✣✻✻✙✚✛✇✣ ✣✻✢ ✢✙✚t ✙✚✛✻ ✻✚✘✘✙✻✺✣ ✩✥✻✘ ✙✤✥✜✦✣ ❸ ♥✣ ✤ ❷✣✻✢ ✜✥✣✤
✣✤✢✣✤✩✚ ✘★✻ ✦✣ ✇★✻ ✩★✤✻ ✇✣ ✘✛✙✜✦❶✸ ✣ ✥✤✩✚✻✢✛✥✣✦ r ✇✣ ✹✚✥ ✤✙✚✻ ✷★✥✢ ✩✺➔✤✥✛ ✚✤ ✸ ✙✩❶✦✣ ✤✙✚❺✣★✚
✩ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ✵ ✦ ❷✥✤✩✥✻✘✙✤✥✜✥✦✥✢✺ ✩✣✻ ✙✘ ✺✛★✢✣✚✛✻ ➉♥♦★✘✥✢✛✣ ➼➌ ❸ s✙✚✛ ✢✙✚✻ ✇✣✻ ✘✛✙✜✦❶✸ ✣✻ r
✤✙✚✻ ✤✙✚✻ ★✘✘✦✥✹✚✙✤✻ ➊ ✺✢✚✩✥✣✛ ✦★ ✇✙✸ ✘✦✣⑥ ✥✢✺ ✣✢ ➊ ✘✛✙✘✙✻✣✛ ✩✣✻ ♦✣✚✛✥✻✢✥✹✚✣✻ ✦✣ ✇★✻ ✺✇♦✺★✤✢ ❸
② ✥✤✥✸ ✥✻✣✛ ✦★ ✩✚✛✺✣ ✩✣ ✦★ ✘✛✙✩✚✇✢✥✙✤ ✩★✤✻ ✚✤ ✣✤❺✥✛✙✤✤✣✸ ✣✤✢ ✩✣ ✢✉✘ ✣ ❼✙❽ ✻♦✙✘ ✛✙✜✙✢✥✻✺ ➊
✩✣✚⑥ ✸ ★✇♦✥✤✣✻ r ✦✙✛✻✹✚✣ ✦✣✻ ✩✚✛✺✣✻ ✩✣ ✢✛★✤✻✘✙✛✢ ✻✙✤✢ ✥✤✩✺✘ ✣✤✩★✤✢✣✻ ✩✣✻ ✘✥❶✇✣✻ r ✣✻✢ ✸ ✙✤✢✛✺
★✘✘★✛✢✣✤✥✛ ➊ P r ★✥✤✻✥ ✹✚✣ ✘✦✚✻✥✣✚✛✻ ✘✛✙✜✦❶✸ ✣✻ ✹✚✥ ✦✚✥ ✻✙✤✢ ✺✹✚✥❺★✦✣✤✢✻ ❸ s✙✚✛ ✛✺✘✙✤✩✛✣
➊ ✦★ ✘✛✙✜✦✺✸ ★✢✥✹✚✣ ✥✤✩✚✻✢✛✥✣✦✦✣ ✩✣ ✦ ❷✶✤✻✢✥✢✚✢ ❬✛★✤✖★✥✻ ✩✚ s✺✢✛✙✦✣ r ✤✙✚✻ ✥✸ ✘✦✺✸ ✣✤✢✙✤✻ ✚✤
✦✙✧✥✇✥✣✦ ✩✣ ✘✦★✤✥➔✇★✢✥✙✤ r ✚✢✥✦✥✻✺ ★✇✢✚✣✦✦✣✸ ✣✤✢ ✻✚✛ ✦✣ ✻✥✢✣ ✩✣ ❝✙✦★✥①✣ r ✹✚✥ ✩✙✤✤✣ ✻★✢✥✻✷★✇✢✥✙✤
➊ ✻✣✻ ✚✢✥✦✥✻★✢✣✚✛✻ ❸ ❭✙✚✻ ✸ ✙✤✢✛✙✤✻ r ✘✙✚✛ ✦✣ ✘✛✙✜✦❶✸ ✣ ✩ ❷✥✤✩✥✻✘✙✤✥✜✥✦✥✢✺ ✩✣✻ ✙✘ ✺✛★✢✣✚✛✻ r ✹✚ ❷✥✦

Ï



⑦❢ ãä åæç è çé ê ä ãëìíç é

✤ ❷✣✻✢ ✘★✻ ✘✙✻✻✥✜ ✦✣ r ✸ ➸✸ ✣ ✘✙✚✛ ✚✤✣ ✚✤✥✹✚✣ ✸ ★✇♦✥✤✣ r ✩✣ ✩✺✢✣✛✸ ✥✤✣✛ ✣✤ ✢✣✸ ✘✻ ✘✙✦✉✤✙✸ ✥★✦
✦ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ✩✣ ✘✦✚✻ ✇✙✚✛✢✣ ✩✚✛✺✣ r ✸ ★✥✻ ✹✚ ❷✥✦ ✣✻✢ ✘✙✻✻✥✜ ✦✣ ✩ ❷✙✜✢✣✤✥✛ ✩✣✻ ♦✣✚✛✥✻✢✥✹✚✣✻
✘✙✦✉✤✙✸ ✥★✦✣✻ ✣➯ ✇★✇✣✻ ➊ ✦ ❷★✥✩✣ ✩✣ ✦✥✻✢✣✻ ✩✣ ✘✛✥✙✛✥✢✺ ❸
♣✣ ✻✣✇✙✤✩ ★⑥✣ ✩✣ ✇✣ ✸ ✺✸ ✙✥✛✣ ✇✙✤✇✣✛✤✣ ✦✣✻ ✘✛✙✜✦❶✸ ✣✻ ✩ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ✩✥✢ ❾ ❿➀❾ ➁ ➂➃➄❿➅ ➃❿✗
➆❿➄➇❸ ✈ ★✤✻ ✇✣✻ ✘✛✙✜✦❶✸ ✣✻ r ✦✣✻ ✢➋✇♦✣✻ ✤✣ ✻✙✤✢ ✘✦✚✻ ✢✙✚✢✣✻ ✩✥❹✺✛✣✤✢✣✻ ✸ ★✥✻ ✛✣✧✛✙✚✘✺✣✻ ✘★✛
✢✉✘ ✣ r ✢✙✚✢✣✻ ✦✣✻ ✢➋✇♦✣✻ ✩ ❷✚✤✣ ✸ ➸✸ ✣ ✇★✢✺✧✙✛✥✣ ★✉★✤✢ ✦✣✻ ✸ ➸✸ ✣✻ ✇★✛★✇✢✺✛✥✻✢✥✹✚✣✻ ❸ ♣ ❷✺✢✚✩✣
✩✣ ✦★ ✇✙✸ ✘✦✣⑥ ✥✢✺ ✩✣✻ ✘✛✙✜✦❶✸ ✣✻ ✘✙✚✛ ✦✣✻✹✚✣✦✻ ✦✣✻ ✢➋✇♦✣✻ ✻✙✤✢ ★✧✛✺✧✺✣✻ ✣✤ ✇★✢✺✧✙✛✥✣✻ ✣✻✢
✛✣✤✩✚✣ ✩✥➯ ✇✥✦✣ ✘★✛ ✦✣ ✷★✥✢ ✹✚✣ ✦✣ ✤✙✸✜✛✣ ✢✙✢★✦ ✩✣ ✢➋✇♦✣✻ ✤ ❷✣✻✢ ✘✦✚✻ ✘✙✦✉✤✙✸ ✥★✦ ✩✣ ✦★ ✢★✥✦✦✣
✩✣ ✦ ❷✥✤✻✢★✤✇✣ ❸ ✈✺✇✥✩✣✛ ✻✥ ✚✤ ✘✛✙✜✦❶✸ ✣ ✩✙✤✤✺ ★✘✘★✛✢✥✣✤✢ ✙✚ ✤✙✤ ➊ NP ✘✣✚✢ ✩❶✻ ✦✙✛✻ ✻ ❷★❺✺♠
✛✣✛ ★✛✩✚ ❸ ❭ ✙✚✻ ✺✢✚✩✥✙✤✻ ✥✇✥ ✩✣✚⑥ ★✘✘✦✥✇★✢✥✙✤✻ ❸ ♣ ❷✚✤✣ ✣✻✢ ✦ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ✘ ➂✒ ➄✌✗✙✗➄✌➁➅ ✒
➉♥♦★✘✥✢✛✣ ❰➌ ❸ s✙✚✛ ✇✣ ✘✛✙✜✦❶✸ ✣ r ✙✤ ✻✙✚♦★✥✢✣ ✘✛✙✩✚✥✛✣ ✩✥❹✺✛✣✤✢✻ ✢✉✘ ✣✻ ✩✣ ✢➋✇♦✣✻ ✻✚✛ ✚✤✣
✦✥✧✤✣ ❼✣⑥ ✥✜✦✣ ❸ ♣✣ ✜✚✢ ✣✻✢ ✩✣ ✛✺✘★✛✢✥✛ ✦★ ✘✛✙✩✚✇✢✥✙✤ ✩✣✻ ✩✥❹✺✛✣✤✢✣✻ ✇★✢✺✧✙✛✥✣✻ ✩✣ ✻✙✛✢✣ ✹✚ ❷✣✦✦✣
✻✙✥✢ ✦★ ✘✦✚✻ ♦✙✸ ✙✧❶✤✣ ✘✙✻✻✥✜ ✦✣ ❸ ♥✣✢ ✙✜t ✣✇✢✥✷ ✣✻✢ ✩✥➯ ✇✥✦✣ ➊ ✢✛★✩✚✥✛✣ ✻✙✚✻ ✦★ ✷✙✛✸ ✣ ✩ ❷✚✤✣ ✷✙✤✇♠
✢✥✙✤ ✙✜t ✣✇✢✥✷ ✇✙✤✇✛❶✢✣ ✇★✛ ✩✣ ✤✙✸✜✛✣✚✻✣✻ ✸ ✺✢♦✙✩✣✻ ✸ ✣✻✚✛★✤✢ ✦★ ✩✥✻✢★✤✇✣ ✣✤✢✛✣ ✘✛✙✩✚✇✢✥✙✤✻
✥✩✺★✦✣ ✣✢ ✛✺✣✦✦✣ ✙✤✢ ✺✢✺ ✘✛✙✘✙✻✺✣✻ ✩★✤✻ ✦★ ✦✥✢✢✺✛★✢✚✛✣ ❸ ❜ ✤✣ ★✘✘✛✙✇♦✣ r ✹✚✥ ★ ✸ ✣✤✺ ➊ ✩✣ ✤✙✸ ♠
✜✛✣✚✻✣✻ ✇✙✤t ✣✇✢✚✛✣✻ r ✇✙✤✻✥✻✢✣ ➊ ✣✻✻★✉✣✛ ✩ ❷✙✘✢✥✸ ✥✻✣✛ ✻✥✸✚✦✢★✤✺✸ ✣✤✢ ✘✦✚✻✥✣✚✛✻ ✇✛✥✢❶✛✣✻ ★➔✤
✩✣ ✦✣✻ ✇✙✤✇✥✦✥✣✛ ❸ ❭✙✚✻ ✸ ✙✤✢✛✙✤✻ ✹✚✣ ✇✣✢✢✣ ✙✘✢✥✸ ✥✻★✢✥✙✤ ✻✥✸✚✦✢★✤✺✣ ✤✣ ✻✣✛★ ✘★✻ ✢✙✚t ✙✚✛✻
✘✙✻✻✥✜✦✣ ➊ ✢✛★❺✣✛✻ ✚✤ ✣✤✻✣✸✜✦✣ ✩✣ ✇✙✤✢✛✣♠✣⑥✣✸ ✘✦✣✻ ✣✢ ✺✢✚✩✥✙✤✻ ✦★ ✻✢✛✚✇✢✚✛✣ ✩✣✻ ✻✙✦✚✢✥✙✤✻
✩✚ ✘✛✙✜✦❶✸ ✣ ❸ ❜✤✣ ♦✣✚✛✥✻✢✥✹✚✣ ✘✙✦✉✤✙✸ ✥★✦✣ ✣✻✢ ✘✛✙✘✙✻✺✣ ✣✤ ★✤✤✣⑥✣ ✹✚✥ ✇✙✤✻✢✛✚✥✢ ✩✣✻ ✻✙✦✚♠
✢✥✙✤✻ ✘✙✚❺★✤✢ ✻✣ ✛✣✘✛✺✻✣✤✢✣✛ ✩✣ ✷★✖✙✤ ✇✙✸ ✘★✇✢✣ ❸ ♣✣ ✻✣✇✙✤✩ ✘✛✙✜✦❶✸ ✣ ❾❿➀❾ ➁ ➂➃➄❿➅ ➃❿➆❿➄➇ ✹✚✣
✤✙✚✻ ✺✢✚✩✥✙✤✻ ✣✻✢ ✦✣ ✘✛✙✜✦❶✸ ✣ ✩✣✻ ✢➋✇♦✣✻ ✇✙✚✘✦✺✣✻ ➉♥♦★✘✥✢✛✣ ❞➌ ❸ ✶✦ ✻ ❷★✧✥✢ ✩ ❷✙✛✩✙✤✤★✤✇✣✛ ✩✣✻
✢➋✇♦✣✻ r ✩✣ ✷★✖✙✤ ✇✉✇✦✥✹✚✣ ✙✚ ✤✙✤ r ✻✚✛ ✚✤✣ ✸ ➸✸ ✣ ✸ ★✇♦✥✤✣ r ✇♦★✹✚✣ ✢➋✇♦✣ ✺✢★✤✢ ✇✙✸ ✘✙✻✺✣
✩✣ ✩✣✚⑥ ✙✘✺✛★✢✥✙✤✻ ✻✺✘★✛✺✣✻ ✘★✛ ✚✤✣ ✩✚✛✺✣ ➔⑥✺✣ ➊ ✦ ❷★❺★✤✇✣ ❸ ❭ ✙✚✻ ✤✙✚✻ ✥✤✢✺✛✣✻✻✙✤✻ ✢✙✚✢
✩ ❷★✜✙✛✩ ➊ ✦★ ❺✣✛✻✥✙✤ ✇✦★✻✻✥✹✚✣ ✩✚ ✘✛✙✜✦❶✸ ✣ r ✘✙✚✛ ✦★✹✚✣✦✦✣ ✦✣✻ ✢➋✇♦✣✻ ✻✙✤✢ ✢✙✚✢✣✻ ✩✥❹✺✛✣✤✢✣✻ r
✣✢ ✸ ✙✤✢✛✙✤✻ ✦ ❷✺✹✚✥❺★✦✣✤✇✣ ✩✣ ✇✣ ✘✛✙✜✦❶✸ ✣ ★❺✣✇ ✚✤ ✘✛✙✜✦❶✸ ✣ ✘★✛✢✥✇✚✦✥✣✛ ✩✣ ✇✣✦✦✚ ✦✣✻ ✛✙✜✙✢✥♠
✻✺✣✻ ❸ ❭✙✚✻ ✤✙✚✻ ✢✙✚✛✤✙✤✻ ✣✤✻✚✥✢✣ ❺✣✛✻ ✦✣ ✘✛✙✜✦❶✸ ✣ ✘ ✙✚✛ ✦✣✹✚✣✦ ✦✣✻ ✢➋✇♦✣✻ ✻✙✤✢ ★✧✛✺✧✺✣✻ ✣✤
✚✤✣ ✻✣✚✦✣ ✇★✢✺✧✙✛✥✣ r ✇ ❷✣✻✢♠➊♠✩✥✛✣ ❺✣✛✻ ✦✣ ✇★✻ ✙➈ ✣✦✦✣✻ ✻✙✤✢ ✢✙✚✢✣✻ ✥✩✣✤✢✥✹✚✣✻ ❸ ❭ ✙✚✻ ✺✢✚✩✥✙✤✻
✦★ ✻✢✛✚✇✢✚✛✣ ✘★✛✢✥✇✚✦✥❶✛✣ ✩✣ ✇✣✛✢★✥✤✣✻ ✻✙✦✚✢✥✙✤✻ ✩★✤✻ ✦✣ ✇★✻ ✇✉✇✦✥✹✚✣ ✣✢ ✣✤ ✩✺✩✚✥✻✙✤✻ ✚✤✣
✇✙✤t ✣✇✢✚✛✣ ✻✚✛ ✦★ ✇✙✸ ✘✦✣⑥ ✥✢✺ ✩✣ ✇✣ ✘✛✙✜✦❶✸ ✣ ❸



✚✛➾✜ ➬➷ ➱ ➶ ✢
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☛✠➴✜ ➪➶✥ ➬➷✦

❵✺✻✙✚✩✛✣ ✚✤ ✘✛✙✜✦❶✸ ✣ ✩ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ r ✇ ❷✣✻✢ ✢✛✙✚❺✣✛ ✦★ ✧✸ ✣✥✦✦✣✚✛✣ ✙✛✧★✤✥✻★✢✥✙✤ ✧ ✘✙✚✛
✦★ ✛✺★✦✥✻★✢✥✙✤ ✩ ❷✚✤ ✇✣✛✢★✥✤ ✤✙✸✜✛✣ ✩✣ ✢➋✇♦✣✻ ❸ ♥✣✢✢✣ ✸ ✣✥✦✦✣✚✛✣ ✙✛✧★✤✥✻★✢✥✙✤ ✩✺✘✣✤✩ ➊ ✦★
✷✙✥✻ ✩✣✻ ✇✙✤✢✛★✥✤✢✣✻ ➉✛✣✻✻✙✚✛✇✣✻ ✩✥✻✘✙✤✥✜✦✣✻ r ✘✛✺✇✺✩✣✤✇✣✻ ✣✤✢✛✣ ✢➋✇♦✣✻ r ✣✢✇ ❸➌ ✣✢ ✩✣ ✦ ❷✙✜t ✣✇✢✥✷
✹✚✣ ✦ ❷✙✤ ✻ ❷✣✻✢ ➔⑥✺ ✵ ✸ ✥✤✥✸ ✥✻✣✛ ✦★ ✩✚✛✺✣ ✢✙✢★✦✣ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ➉➁ ★✩ ✌✒➅★✍➌ ✙✚ ✦✣ ✇✙➳✢ ✘✙✚✛
✛✺★✦✥✻✣✛ ✢✙✚✢✣✻ ✦✣✻ ✢➋✇♦✣✻ r ✸ ✥✤✥✸ ✥✻✣✛ ✦✣ ✤✙✸✜✛✣ ✩✣ ✢➋✇♦✣✻ ✣✤ ✛✣✢★✛✩ r ✣✢✇ ❸
❭✙✢✛✣ ✜✚✢ ✤ ❷✣✻✢ ✘★✻ ✩✣ ✘✛✺✻✣✤✢✣✛ ✩✣ ✷★✖✙✤ ✣⑥♦★✚✻✢✥❺✣ ✢✙✚✻ ✦✣✻ ✘✛✙✜✦❶✸ ✣✻ ✩ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢
✘✙✻✻✥✜✦✣✻ r ✸ ★✥✻ ✩✣ ✻ ❷✥✤✢✺✛✣✻✻✣✛ ✘✦✚✻ ✘✛✺✇✥✻✺✸ ✣✤✢ ★✚⑥ ✘✛✙✜✦❶✸ ✣✻ ✘✙✻✺✻ ✘★✛ ✦✣✻ ★✢✣✦✥✣✛✻ ✩✣
✘✛✙✩✚✇✢✥✙✤ r ✘✚✥✻✹✚✣ ✇ ❷✣✻✢ ✩★✤✻ ✇✣ ✇✙✤✢✣⑥✢✣ ✹✚✣ ✻ ❷✥✤✻✇✛✥✢ ✇✣✢✢✣ ✢♦❶✻✣ ❸
s✙✚✛ ✚✤✣ ✘✛✺✻✣✤✢★✢✥✙✤ ✘✦✚✻ ✇✙✸ ✘✦❶✢✣ ✩✣✻ ✘✛✙✜✦❶✸ ✣✻ ✩ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ✣✢ ✩✣ ✦✣✚✛ ✇✙✸ ♠
✘✦✣⑥ ✥✢✺ r ✦✣ ✦✣✇✢✣✚✛ ✘✙✚✛✛★ ✻✣ ✛✺✷✺✛✣✛ ➊ ✔❞❰ r ⑦❰✕ ✙✚ ★✚⑥ ✻✥✢✣✻ ✪✫✫✬:✭✭✮✮✮ ✯✰ ✱✫✪✲✰ ✱✫ ✳✴ ✯✵✶ ✳✷✸✹✶✱✺✻✵✲✼✴ ✯✽✲✭✣✢ ✪✫✫✬:✭✭✮✮✮ ✯✾✳✿ ✯✬ ✸✾❀✫✲✼✪✶ ✳❁✵✲ ✯❂✻✭∽✽✵✻✻✭❁✵✲✻❀✭ ✹✚✥ ✛✣✇✣✤✻✣✤✢ ✦★ ✇✙✸ ✘✦✣⑥ ✥✢✺ ✩✣✻
✘✛✙✜✦❶✸ ✣✻ ✩ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ✇✦★✻✻✥✹✚✣✻ ❸

❃❄❃ ❅ ➤ ➭➧➦➨❆➫➨❇➩ ❈➤ ➭ ❆➦❇❉❊❋➥ ➤ ➭ ❈ ●❇➦❈❇➩ ➩❍➩ ➧➤ ➥ ➤ ➩➫ ➤➫ ➧ ❊❍➭■
➭➨❏➧❍➫➨❇➩

α|β|γ

✈ ★✤✻ ✚✤ ★✢✣✦✥✣✛ ✩✣ ✘✛✙✩✚✇✢✥✙✤ r ✦✣✻ ✢➋✇♦✣✻ ✛✣✘✛✺✻✣✤✢✣✤✢ ✻✙✚❺✣✤✢ ✩✣✻ ✘✛✙✩✚✥✢✻ ➊ ★✻✻✣✸✜✦✣✛ ❸
s✙✚✛ ✛✺★✦✥✻✣✛ ✦✣✻ ✩✥❹✺✛✣✤✢✣✻ ✙✘ ✺✛★✢✥✙✤✻ ✤✺✇✣✻✻★✥✛✣✻ ✘✙✚✛ ✙✜✢✣✤✥✛ ✦✣ ✘✛✙✩✚✥✢ ➔✤✥ r ✙✤ ✘✣✚✢
✢✛★❺★✥✦✦✣✛ ✻✚✛ ✚✤✣ ✙✚ ✘✦✚✻✥✣✚✛✻ ✸ ★✇♦✥✤✣✻ r ★❺✙✥✛ ✜ ✣✻✙✥✤ ✙✚ ✤✙✤ ✩ ❷✚✤ ✙✘✺✛★✢✣✚✛ ♦✚✸ ★✥✤ r
✚✢✥✦✥✻✣✛ ✩✣✻ ✛✙✜✙✢✻ ✘✙✚✛ ✦✣ ✢✛★✤✻✘✙✛✢ ✩✣✻ ✘✥❶✇✣✻ ❸❸❸
♣✣✻ ✘✙✻✻✥✜ ✥✦✥✢✺✻ ✺✢★✤✢ ✤✙✸✜✛✣✚✻✣✻ r ✤✙✚✻ ✚✢✥✦✥✻✣✛✙✤✻ ✦★ ✇✦★✻✻✥➔✇★✢✥✙✤ ✩✣✻ ✘✛✙✜✦❶✸ ✣✻ ✩ ❷✙✛♠
✩✙✤✤★✤✇✣✸ ✣✤✢ ✩✣ ❩✛★♦★✸ ✣✢ ★✦ ❸ ✔➼❡✕ ✘✙✚✛ ✥✤✢✛✙✩✚✥✛✣ ✦✣✻ ✘✛✥✤✇✥✘★✦✣✻ ✇✙✸ ✘✙✻★✤✢✣✻ ✩✣✻
✘✛✙✜✦❶✸ ✣✻ ✩ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ❸ ♥✣✢✢✣ ✇✦★✻✻✥➔✇★✢✥✙✤ ✣✻✢ ✇✙✸ ✘✙✻✺✣ ✩✣ ✢✛✙✥✻ ✇♦★✸ ✘✻ ✤✙✢✺✻
α|β|γ ✹✚✥ ✇✙✤✇✣✛✤✣✤✢ ✛✣✻✘ ✣✇✢✥❺✣✸ ✣✤✢ ✦ ❷✣✤❺✥✛✙✤✤✣✸ ✣✤✢ ✩✣ ✘✛✙✩✚✇✢✥✙✤ r ✦✣✻ ✇★✛★✇✢✺✛✥✻✢✥✹✚✣✻
✩✣✻ ✢➋✇♦✣✻ ✣✢ ✩✣ ✇✣✢ ✣✤❺ ✥✛✙✤✤✣✸ ✣✤✢ ✣✢ ✦ ❷✙✜t ✣✇✢✥✷ ✹✚✣ ✦ ❷✙✤ ✻ ❷✣✻✢ ➔⑥✺ ❸

⑦⑦



⑦❡ ❑▲ä▼ ë ãíç ◆❖ ëP ãí◗è ❘❑ãë◗P ❙ æ ❚◗íè ◗PPäP❑ç ê çP ã
✌ ❯✌ ❯✌ ✆ Õ✽✽ÑØÐ×Õ✽ ÷Ø Ô ✼✾Ú Õ✽ ÕÛ Ô ✼ÛÜÐ✾Õ✿✿Õ✽ ❱ ✿Õ ×÷ ✼Ô ÿ

α

♣✣ ✘✛✣✸ ✥✣✛ ✇♦★✸ ✘ ✩✣ ✦★ ✤✙✢★✢✥✙✤ α|β|γ ✘✛✙✘✙✻✺✣ ✘★✛ ❩✛★♦★✸ ✣✢ ★✦ ❸ ✔➼❡✕ ✘✙✚✛ ✇✦★✻✻✥➔✣✛ ✦✣✻
✘✛✙✜✦❶✸ ✣✻ ✩ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ✛✣✘✛✺✻✣✤✢✣ ✦✣✻ ✛✣✻✻✙✚✛✇✣✻ ✩✙✤✢ ✙✤ ✩✥✻✘✙✻✣ ✘✙✚✛ ✛✺✻✙✚✩✛✣ ✦✣
✘✛✙✜✦❶✸ ✣ ✇✙✤✻✥✩✺✛✺ ❸
♥✣✻ ✛✣✻✻✙✚✛✇✣✻ ✻✙✤✢ ✘✛✥✤✇✥✘★✦✣✸ ✣✤✢ ✩✣ ✢✛✙✥✻ ✢✉✘ ✣✻ ✵
❲ ➙✴✯ ⑨ ❨✰❙✮✳✴✯ r ★✚✻✻✥ ★✘✘✣✦✺✣✻ ✘✛✙✇✣✻✻✣✚✛✻ r ✘ ✙✚✛✛✙✤✢ r ✻✣✦✙✤ ✦✣ ✘✛✙✜✦❶✸ ✣ ✺✢✚✩✥✺ r ✘ ✣✛♠

✸ ✣✢✢✛✣ ✩ ❷✣❹✣✇✢✚✣✛ ✦✣✻ ✸ ➸✸ ✣✻ ✙✘✺✛★✢✥✙✤✻ ➉✙✤ ✘★✛✦✣ ★✦✙✛✻ ✩✣ ✸ ★✇♦✥✤✣✻ ➅★✎★ ➃ ➃❳➃✌✒➌ ✙✚ ➸✢✛✣❨✏❨❿✏✌✒ ➊ ✚✤✣ ✙✚ ✘✦✚✻✥✣✚✛✻ ✙✘ ✺✛★✢✥✙✤✻ ✘★✛✢✥✇✚✦✥❶✛✣✻ ❸ ✈★✤✻ ✦✣ ✇★✻ ✩✣ ✸ ★✇♦✥✤✣✻ ✘★✛★✦✦❶✦✣✻ r
✥✦ ✣✻✢ ✘✙✻✻✥✜ ✦✣ ✩✣ ✇✙✤✻✥✩✺✛✣✛ ✩✣✻ ✸ ★✇♦✥✤✣✻ ✩✣ ❺✥✢✣✻✻✣✻ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ✩✥❹✺✛✣✤✢✣✻ ✸ ★✥✻
✥✤✩✺✘ ✣✤✩★✤✢✣✻ ✩✣ ✦ ❷✙✘ ✺✛★✢✥✙✤ ✣❹✣✇✢✚✺✣ ➉➁ ★➆❾ ❿✍ ✌✒ ➂✍ ❿❩ ✓✎➁ ✌✒➌ ✙✚ ✩✣✻ ✸ ★✇♦✥✤✣✻ ✩✣ ❺✥♠
✢✣✻✻✣✻ ✩✺✘ ✣✤✩★✤✢✣✻ ✩✣ ✦★ ✢➋✇♦✣ ✣❹✣✇✢✚✺✣ ➉➂✍✎✌➃★➄✌❨ ✣✤ ★✤✧✦★✥✻➌ ❸ ❭ ✙✚✻ ✤✙✚✻ ✥✤✢✺✛✣✻✻✙✤✻
✩★✤✻ ✇✣✢✢✣ ✢♦❶✻✣ ✚✤✥✹✚✣✸ ✣✤✢ ★✚⑥ ✸ ★✇♦✥✤✣✻ ❿❨✌✍ ➄❿❬➂ ✌✒ r ✇ ❷✣✻✢♠➊♠✩✥✛✣ ✩✙✤✢ ✦★ ❺✥✢✣✻✻✣ ✩✣
✘✛✙✩✚✇✢✥✙✤ ✣✻✢ ✥✩✣✤✢✥✹✚✣ ✹✚✣✦✦✣ ✹✚✣ ✻✙✥✢ ✦★ ✸ ★✇♦✥✤✣ ✣✢ ✦ ❷✙✘ ✺✛★✢✥✙✤ ❸♣★ ➆★➅★➆❿➄✏ ✩ ❷✚✤✣ ✸ ★✇♦✥✤✣ ✩✺✻✥✧✤✣ ✦✣ ✤✙✸✜✛✣ ✩ ❷✙✘ ✺✛★✢✥✙✤✻ ✹✚ ❷✣✦✦✣ ✘ ✣✚✢ ✛✺★✦✥✻✣✛ ✻✥✸✚✦♠
✢★✤✺✸ ✣✤✢ ❸ ❝✥ ✇✣✢✢✣ ✇★✘★✇✥✢✺ ✤ ❷✣✻✢ ✘★✻ ✚✤✥✢★✥✛✣ r ✙✤ ✘★✛✦✣✛★ ✩ ❷✓✎❨✓✍✍★✍ ➆✌➁ ✌✍ ➄ ➅★✎ ❭★➄➆❾ ❸❲ ➙✴✯ ❱➍➒ ➍➏✯ ✻✙✤✢ ✚✢✥✦✥✻✺✻ ✘✛✥✤✇✥✘★✦✣✸ ✣✤✢ ✘✙✚✛ ✦✣ ✢✛★✤✻✘✙✛✢ ✩✣✻ ✘✥❶✇✣✻ ✣✤✢✛✣ ✦✣✻ ✸ ★✇♦✥✤✣✻ ❸♣✣✚✛ ➆★➅★➆❿➄✏ ✩✺✻✥✧✤✣ ★✦✙✛✻ ✦✣ ✤✙✸✜✛✣ ✩✣ ✘✥❶✇✣✻ ✹✚ ❷✥✦✻ ✘ ✣✚❺✣✤✢ ✢✛★✤✻✘✙✛✢✣✛ ✻✥✸✚✦✢★✤✺♠
✸ ✣✤✢ ❸❲ ➙✴✯ ➍✱ ❳❱❨➏✴⑧❱✯ ✣✢ ✯✴❱❪✴⑧❱✯ ✥✤✢✣✛❺✥✣✤✤✣✤✢ ✘✙✚✛ ✦✣ ✘✛✺♠ ✙✚ ✘✙✻✢♠✢✛★✥✢✣✸ ✣✤✢ ✩ ❷✚✤✣ ✙✘✺♠
✛★✢✥✙✤ ❸ ✶✦ ✻ ❷★✧✥✢ ✘★✛ ✣⑥✣✸ ✘✦✣ ✩✣ ✘✛✺✘★✛✣✛ ✚✤✣ ✸ ★✇♦✥✤✣ ✙✚ ✚✤✣ ✘✥❶✇✣ ➊ ✚✤✣ ✙✘✺✛★✢✥✙✤ r ✙✚
✩✣ ✤✣✢✢✙✉✣✛ ✦★ ✸ ★✇♦✥✤✣ ★✘✛❶✻ ✚✢✥✦✥✻★✢✥✙✤ ❸

♥♦★✹✚✣ ✢➋✇♦✣ ✇✙✛✛✣✻✘✙✤✩ ➊ ✚✤✣ ✙✚ ✘✦✚✻✥✣✚✛✻ ✙✘ ✺✛★✢✥✙✤✻ ❸ ❭ ✙✚✻ ✩✣❺✙✤✻ ✇✙✤✤★➺✢✛✣ ✦ ❷✙✛✩✛✣
✩★✤✻ ✦✣✹✚✣✦ ✦✣✻ ✙✘ ✺✛★✢✥✙✤✻ ✩ ❷✚✤✣ ✢➋✇♦✣ ✩✙✥❺✣✤✢ ➸✢✛✣ ✛✺★✦✥✻✺✣✻ ✣✢ ✦✣✻ ✛✣✻✻✙✚✛✇✣✻ ✹✚✥ ✦✣✚✛ ✻✣✛✙✤✢
✤✺✇✣✻✻★✥✛✣✻ ➉✻✥ ✇✣✦✦✣✻♠✇✥ ✤✣ ✻✙✤✢ ✘★✻ ✥✩✣✤✢✥✹✚✣✻ ✘✙✚✛ ✇♦★✹✚✣ ✙✘✺✛★✢✥✙✤ ➌ ❸ ♥✣✢✢✣ ✩✣✻✇✛✥✘✢✥✙✤
✩✣ ✦★ ✻✺✹✚✣✤✇✣ ✩✣✻ ✙✘ ✺✛★✢✥✙✤✻ ✩ ❷✚✤✣ ✢➋✇♦✣ ✣✢ ✩✣✻ ✛✣✻✻✙✚✛✇✣✻ ★✻✻✙✇✥✺✣✻ ✻ ❷★✘✘✣✦✦✣ ➀★➁ ➁ ✌ ❨✌
➅ ✎✓❨➂ ➆➄❿✓✍ ❸
♣✙✛✻✹✚✣ ✦✣✻ ✧★✸ ✸ ✣✻ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ✻✙✤✢ ✥✩✣✤✢✥✹✚✣✻ ✘✙✚✛ ✢✙✚✢✣✻ ✦✣✻ ✢➋✇♦✣✻ r ✙✤ ✩✥✢ ✹✚✣
✦ ❷✣✤❺✥✛✙✤✤✣✸ ✣✤✢ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ✣✻✢ ✩✣ ✢✉✘ ✣ ❫ ✓❴✒❾ ✓➅ ❸ ♥ ❷✣✻✢ ✻✙✚❺✣✤✢ ✦✣ ✇★✻ ✩★✤✻ ✦✣✻ ✦✥✧✤✣✻
✩✣ ✘✛✙✩✚✇✢✥✙✤ ✙➈ ✦✣✻ ✸ ★✇♦✥✤✣✻ ✻✙✤✢ ✩✥✻✘✙✻✺✣✻ ✣✤ ✻✺✛✥✣ ✣✢ ✙➈ ✦✣✻ ✘✥❶✇✣✻ ✘★✻✻✣✤✢ ✻✚✛ ✢✙✚✢✣✻
✦✣✻ ✸ ★✇♦✥✤✣✻ ✩★✤✻ ✦ ❷✙✛✩✛✣ ✩★✤✻ ✦✣✹✚✣✦ ✣✦✦✣✻ ✻✙✤✢ ✩✥✻✘✙✻✺✣✻ ❸
❝✥ ✦ ❷✙✛✩✛✣ ✩✣ ✘★✻✻★✧✣ ✩✣✻ ✙✘ ✺✛★✢✥✙✤✻ ✻✚✛ ✦✣✻ ✸ ★✇♦✥✤✣✻ ✣✻✢ ✩✥❹✺✛✣✤✢ ✩ ❷✚✤✣ ✢➋✇♦✣ ➊ ✦ ❷★✚✢✛✣ r ✦✣
✘✛✙✜✦❶✸ ✣ ✻✣✛★ ✩✣ ✢✉✘ ✣ ✘ ✓❭✒❾ ✓➅ ✣✢ ✻✥ ★✚✇✚✤ ✙✛✩✛✣ ✤ ❷✣✻✢ ✥✸ ✘ ✙✻✺ ★✚⑥ ✙✘✺✛★✢✥✙✤✻ ✩✣✻ ✩✥❹✺✛✣✤✢✣✻
✢➋✇♦✣✻ r ✙✤ ✘★✛✦✣✛★ ✩ ❷✓➅ ✌✍✒❾ ✓➅ ❸
♥✦★✻✻✥✹✚✣✸ ✣✤✢ r ✦✣ ✇♦★✸ ✘ α ★ ✩✣✚⑥ ✇✙✸ ✘✙✻★✤✢✣✻ ✵

α = α1α2
❸ ♣★ ✇✙✸ ✘✙✻★✤✢✣ α1 ∈

{∅, P, Q, R, F, O, J} ✩✺✻✥✧✤✣ ✦✣ ✢✉✘ ✣ ✩✣ ✸ ★✇♦✥✤✣✻ ✣✢ ✩✣ ✧★✸ ✸ ✣✻ ✩✚ ✘✛✙✜✦❶✸ ✣ ❸ ♣✣✻ ❺★✦✣✚✛✻
✇✦★✻✻✥✹✚✣✻ ✩✣ α1

✻✙✤✢ ✦✣✻ ✻✚✥❺★✤✢✣✻ ✵
❲ α1 = ∅

✵ ✚✤✣ ✻✣✚✦✣ ✸ ★✇♦✥✤✣ ✘✛✙✩✚✥✢ ✢✙✚✢✣✻ ✦✣✻ ✙✘ ✺✛★✢✥✙✤✻ ❸❲ α1 = P
✵ ✦✣✻ ✸ ★✇♦✥✤✣✻ ✻✙✤✢ ✘★✛★✦✦❶✦✣✻ ✣✢ ✥✩✣✤✢✥✹✚✣✻ ❸❲ α1 = Q
✵ ✦✣✻ ✸ ★✇♦✥✤✣✻ ✻✙✤✢ ✘★✛★✦✦❶✦✣✻ ✣✢ ✚✤✥✷✙✛✸ ✣✻ ❸ ❫ ✦✦✣✻ ✙✤✢ ✩✣✻ ❺✥✢✣✻✻✣✻ ✩ ❷✚✻✥✤★✧✣ ✩✥❹✺♠

✛✣✤✢✣✻ ✸ ★✥✻ ✥✤✩✺✘ ✣✤✩★✤✢✣✻ ✩✣ ✦★ ✘✥❶✇✣ ✘✛✙✩✚✥✢✣ ❸ ❝✥ ✙✤ ✤✙✢✣ si
✦★ ❺ ✥✢✣✻✻✣ ✩✣ ✦★ ✸ ★✇♦✥✤✣ Mi

r
★✦✙✛✻ ✦★ ✩✚✛✺✣ ✩ ❷✚✻✥✤★✧✣ pi,j

✩✣ ✦★ ✘✥❶✇✣ j ✻✚✛ ✦★ ✸ ★✇♦✥✤✣ Mi
✣✻✢ ✩✙✤✤✺✣ ✘★✛ pi,j = pj/si➉➊ ✇✙✤✩✥✢✥✙✤ ✹✚✣ ✦ ❷✚✻✥✤★✧✣ ✩✣ ✦★ ✘✥❶✇✣ j ✻✣ ✷★✻✻✣ ✥✤✢✺✧✛★✦✣✸ ✣✤✢ ✻✚✛ ✦★ ✸ ★✇♦✥✤✣ i➌ ❸



◆❖◆❖ ❑æä ééë❵ ë❑ä ãë◗P α|β|γ ⑦➠

❲ α1 = R
✵ ✦✣✻ ✸ ★✇♦✥✤✣✻ ✻✙✤✢ ✘★✛★✦✦❶✦✣✻ ✣✢ ✤✙✤ ✚✤✥✷✙✛✸ ✣✻ ➉➂✍✎✌➃★➄✌❨ ✣✤ ★✤✧✦★✥✻➌ ❸ ♣★ ❺✥✢✣✻✻✣

✩✣ ✇♦★✹✚✣ ✸ ★✇♦✥✤✣ ✻✣✛★ ★✦✙✛✻ ✩✥❹✺✛✣✤✢✣ ✻✣✦✙✤ ✦★ ✘✥❶✇✣ ✚✻✥✤✺✣ ❸ ❝✥ ✙✤ ✚✻✥✤✣ ✣✤✢✥❶✛✣✸ ✣✤✢ ✦★
✘✥❶✇✣ j ✻✚✛ ✦★ ✸ ★✇♦✥✤✣ Mi

r ✦★ ✩✚✛✺✣ ✩✣ ✦ ❷✙✘ ✺✛★✢✥✙✤ ✻✣✛★ pi,j = pj/si,j
✙➈ si,j

✣✻✢ ✦★ ❺ ✥✢✣✻✻✣
✩ ❷✚✻✥✤★✧✣ ✩✣ j ✻✚✛ ✦★ ✸ ★✇♦✥✤✣ Mi

❸❲ α1 = F
✵ ✦✣✻ ✧★✸ ✸ ✣✻ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ✻✙✤✢ ✥✩✣✤✢✥✹✚✣✻ ➉✦ ❷✣✤❺✥✛✙✤✤✣✸ ✣✤✢ ✣✻✢ ✩✣ ✢✉✘ ✣ ❫ ✓❴✗✒❾ ✓➅ ➌ ❸❲ α1 = O
✵ ✦✣✻ ✧★✸ ✸ ✣✻ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ✻✙✤✢ ✩✥❹✺✛✣✤✢✣✻ r ✇♦★✹✚✣ ✘✥❶✇✣ j ✣✻✢ ✚✻✥✤✺✣ ✚✤✣ ✷✙✥✻ ✣✢

✚✤✣ ✻✣✚✦✣ ✻✚✛ ✇♦★✹✚✣ ✸ ★✇♦✥✤✣ ✸ ★✥✻ ✦ ❷✙✛✩✛✣ ✩★✤✻ ✦✣✹✚✣✦ ✩✙✥❺✣✤✢ ✻ ❷✣❹✣✇✢✚✣✛ ✦✣✻ ✙✘ ✺✛★✢✥✙✤✻
✩✣ ✇♦★✹✚✣ ✢➋✇♦✣ ✤ ❷✣✻✢ ✘★✻ ✥✸ ✘✙✻✺ ➉✦ ❷✣✤❺✥✛✙✤✤✣✸ ✣✤✢ ✣✻✢ ✩✣ ✢✉✘ ✣ ✓➅ ✌✍✒❾ ✓➅ ➌ ❸❲ α1 = J

✵ ✦✣✻ ✧★✸ ✸ ✣✻ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ✻✙✤✢ ✩✥❹✺✛✣✤✢✣✻ ✸ ★✥✻ ➔⑥✺✣✻ r ✚✤✣ ✘✥❶✇✣ ✘ ✣✚✢ ➸✢✛✣
✚✻✥✤✺✣ ★✚✇✚✤✣ ✙✚ ✘✦✚✻ ✩ ❷✚✤✣ ✷✙✥✻ ✻✚✛ ✇♦★✹✚✣ ✸ ★✇♦✥✤✣ ➉✦ ❷✣✤❺✥✛✙✤✤✣✸ ✣✤✢ ✣✻✢ ✩✣ ✢✉✘ ✣✘ ✓❭✒❾ ✓➅ ➌ ❸

★✚⑥✹✚✣✦✦✣✻ ✤✙✚✻ ★t ✙✚✢✙✤✻❲ α1 = RC
✵ ✚✤✣ ✇✣✦✦✚✦✣ ✛✙✜✙✢✥✻✺✣ ★❺✣✇ ✸ ★✇♦✥✤✣✻ ✩✺✩✥✺✣✻ ➉❺✙✥✛ ♥♦★✘✥✢✛✣ ❡➌ ❸

✈ ★✤✻ ✦✣ ✇★✩✛✣ ✩✣ ✦ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ✘★✛ ✜★✢✇♦ r ✤✙✚✻ ★✩✙✘✢✙✤✻ ✦✣✻ ✤✙✢★✢✥✙✤✻ ✩✣ s✙✢✢✻ ✣✢❪✙❺★✦✉✙❺ ✔❣➼✕ ✵
α1 ∈ {P̃ , Q̃, R̃, F̃ , Õ, J̃} ✛✣✘✛✺✻✣✤✢✣✛★ ✦✣✻ ✸ ➸✸ ✣✻ ✘✛✙✜✦❶✸ ✣✻ ✹✚✣ ✘✛✺✇✺♠

✩✣✸ ✸ ✣✤✢ r ✸ ★✥✻ ✘ ✙✚✛ ✩✣✻ ✸ ★✇♦✥✤✣✻ ✩✣ ✇★✘★✇✥✢✺ ✻✚✘ ✺✛✥✣✚✛✣ ➊ 1 ✣✢ α = 1̃ ✛✣✘✛✺✻✣✤✢✣✛★ ✦✣
✘✛✙✜✦❶✸ ✣ ➊ ✚✤✣ ✸ ★✇♦✥✤✣ ❸ ③✤ ✤✣ ✷★✥✢ ✘★✻ ★✘✘★✛★➺✢✛✣ ✦★ ✇★✘★✇✥✢✺ ✩✣✻ ✸ ★✇♦✥✤✣✻ ✩★✤✻ ✦✣
✇♦★✸ ✘ α ❸ ♥✣✦✦✣♠✇✥ ✻✣✛★ r ✇✙✸ ✸ ✣ ✩★✤✻ ✔❣➼✕ r ✥✤✩✥✹✚✺✣ ✩★✤✻ ✦✣ ✇♦★✸ ✘ β ❸
♣✣ ✇♦★✸ ✘ α2 ∈ {∅, m} ✛✣✘✛✺✻✣✤✢✣ ✦✣ ✤✙✸✜✛✣ ✩✣ ✸ ★✇♦✥✤✣✻ ❸ ❝✥ α2 = ∅

r ★✦✙✛✻ ✦✣ ✤✙✸✜✛✣ ✩✣
✸ ★✇♦✥✤✣✻ ✣✻✢ ✚✤✣ ❺★✛✥★✜✦✣ ✩✚ ✘✛✙✜✦❶✸ ✣ ❸ ❝✥ α2 = m ✦✣ ✤✙✸✜✛✣ ✩✣ ✸ ★✇♦✥✤✣✻ ✣✻✢ ✺✧★✦ ➊ m ❸
❭✙✚✻ ★t ✙✚✢✙✤✻ ➊ α ✩✣✚⑥ ✇✙✸ ✘✙✻★✤✢✣✻ α3

✣✢ α4
✵
α = α1α2, α3α4

❸ ♣✣ ✇♦★✸ ✘ α3
✘✣✛✸ ✣✢

✩✣ ✘✛✣✤✩✛✣ ✣✤ ✇✙✸ ✘✢✣ ✩✣✻ ✛✣✻✻✙✚✛✇✣✻ ✻✚✘✘✦✺✸ ✣✤✢★✥✛✣✻ ✵ ✦✣✻ ✛✙✜✙✢✻ ➉α3 = R➌ r ✻✣✛❺✣✚✛✻
➉α3 = S ➌ r ✙✘ ✺✛★✢✣✚✛✻ ➉α3 = O➌ r ✣✢✇ ❸r ✦✣ ✤✙✸✜✛✣ ✩✣ ✇✣✻ ✛✣✻✻✙✚✛✇✣✻ ✺✢★✤✢ ✥✤✩✥✹✚✺ ✘★✛ ✦✣
✇♦★✸ ✘ α4

❸

✌ ❯✌ ❯Þ ✫ ✼Ð✼×ÛÜÐ✾✽Û✾❛Ø Õ✽ Ù Õ✽ Ûö×÷ Õ✽ ❜ ×ÑÚÛÐ✼✾ÚÛÕ✽ Ù Ø ÿ ÐÑÒ ✿ÓÔ Õ ❜ ×✼✍
Ð✼×ÛÜÐ✾✽Û✾❛Ø Õ✽ Ù Ø Ô ✼ÛÜÐ✾Õ✿ ❱ ✿Õ ×÷ ✼Ô ÿ

β

♣✣ ✇♦★✸ ✘ β ✇✙✸ ✘✙✛✢✣ ➊ ✦ ❷✙✛✥✧✥✤✣ 8 ✣✤✢✛✺✣✻ ✵
β1, β2, β3, β4, β5, β6, β7, β8

❸ ♥♦★✇✚✤✣ ✛✣✘✛✺♠
✻✣✤✢✣ ✚✤✣ ✇★✛★✇✢✺✛✥✻✢✥✹✚✣ ✹✚✣ ✘ ✣✚❺✣✤✢ ✘✛✺✻✣✤✢✣✛ ✦✣✻ ✢➋✇♦✣✻ ✩✚ ✘✛✙✜✦❶✸ ✣ ✘✙✻✺ ❸ ✈ ★✤✻ ✦✣ ✇★✻
✙➈ ✦ ❷✚✤✣ ✩✣ ✇✣✻ ✣✤✢✛✺✣✻ ✤ ❷★✘✘★✛★➺✢ ✘★✻ ➉βi = ∅

➌ r ✦✣✻ ✢➋✇♦✣✻ ✩✚ ✘✛✙✜✦❶✸ ✣ ✤✣ ✘✛✺✻✣✤✢✣✛✙✤✢
✘★✻ ✦★ ✇★✛★✇✢✺✛✥✻✢✥✹✚✣ ✇✙✛✛✣✻✘✙✤✩★✤✢✣ r ✙✚ ✇✣✦✦✣♠✇✥ ✻✣✛★ ✥✸ ✘✦✥✇✥✢✣ ❸
❲ β1

✛✣✘✛✺✻✣✤✢✣ ✦✣ ✸ ✙✩✣ ✩ ❷✣⑥✺✇✚✢✥✙✤ ✩✣✻ ✙✘ ✺✛★✢✥✙✤✻ ❸ ❝✥ β1 = pmtn ➉✘✙✚✛ ➅ ✎✌✌➁➅ ➄❿✓✍ ✣✤
★✤✧✦★✥✻➌ r ✥✦ ✣✻✢ ✘✙✻✻✥✜ ✦✣ ✩ ❷✥✤✢✣✛✛✙✸ ✘✛✣ ✦ ❷✣⑥✺✇✚✢✥✙✤ ✩✣ ✢✙✚✢✣ ✙✘ ✺✛★✢✥✙✤ ✣✢ ✩✣ ✦★ ✛✣✘✛✣✤✩✛✣
★✚ ✸ ➸✸ ✣ ✘✙✥✤✢ ✘✦✚✻ ✢★✛✩ ✣✢ ✺❺✣✤✢✚✣✦✦✣✸ ✣✤✢ ✻✚✛ ✚✤✣ ★✚✢✛✣ ✸ ★✇♦✥✤✣ ❸❲ β2

✘✣✛✸ ✣✢ ✩✣ ✩✺✇✛✥✛✣ ✩✣✻ ✛✣✻✻✙✚✛✇✣✻ ★✩✩✥✢✥✙✤✤✣✦✦✣✻ ✣✤ ✘✛✺✇✥✻★✤✢ ✦✣ ✤✙✸ ✜✛✣ ✩✣ ✢✉✘ ✣✻ ✩✣
✛✣✻✻✙✚✛✇✣✻ r ✦★ ✹✚★✤✢✥✢✺ ✩✥✻✘✙✤✥✜✦✣ ✩✣ ✇♦★✹✚✣ ✛✣✻✻✙✚✛✇✣ ✣✢ ✦✣ ✸ ✥✤✥✸✚✸ ✩✣ ✛✣✻✻✙✚✛✇✣✻
✤✺✇✣✻✻★✥✛✣✻ ✘✙✚✛ ✇♦★✹✚✣ ✢➋✇♦✣ ❸❲ β3

✛✣✘✛✺✻✣✤✢✣ ✦✣✻ ✇✙✤✢✛★✥✤✢✣✻ ✩✣ ✘✛✺✇✺✩✣✤✇✣ ✣✤✢✛✣ ✙✘ ✺✛★✢✥✙✤✻ ✵ ✇✣✛✢★✥✤✣✻ ✙✘ ✺✛★✢✥✙✤✻ ✤✣
✘ ✣✚❺✣✤✢ ✇✙✸ ✸ ✣✤✇✣✛ ✢★✤✢ ✹✚✣ ✇✣✛✢★✥✤✣✻ ★✚✢✛✣✻ ✤✣ ✻✙✤✢ ✘★✻ ✢✣✛✸ ✥✤✺✣✻ ❸ ♥✣✻ ✇✙✤✢✛★✥✤✢✣✻ ✩✣
✘✛✺✇✺✩✣✤✇✣ ✻✙✤✢ ✸ ✙✩✺✦✥✻✺✣✻ ✘★✛ ✚✤ ✧✛★✘♦✣ ✙✛✥✣✤✢✺ ★✇✉✇✦✥✹✚✣ ✩★✤✻ ✦✣✻✹✚✣✦✻ ✦✣✻ ✻✙✸ ✸ ✣✢✻
✻✙✤✢ ✦✣✻ ✙✘ ✺✛★✢✥✙✤✻ ✙✚ ✦✣✻ ✢➋✇♦✣✻ ❸ ❜ ✤ ★✛✇ (i, j) ✦✥✣ ✦ ❷✙✘ ✺✛★✢✥✙✤ i ➉✛✣✻✘ ❸ ✦★ ✢➋✇♦✣ i➌ ➊
✦ ❷✙✘ ✺✛★✢✥✙✤ j ➉✛✣✻✘ ❸ ✦★ ✢➋✇♦✣ j ➌ ✻✥ i ✩✙✥✢ ➸✢✛✣ ✢✣✛✸ ✥✤✺✣ ✘✙✚✛ ✹✚✣ j ✘✚✥✻✻✣ ✇✙✸ ✸ ✣✤✇✣✛ ❸ ❝✥



⑦➼ ❑▲ä▼ ë ãíç ◆❖ ëP ãí◗è ❘❑ãë◗P ❙ æ ❚◗íè ◗PPäP❑ç ê çP ã

✇✣ ✧✛★✘♦✣ ✣✻✢ ✹✚✣✦✇✙✤✹✚✣ r ✙✤ ✤✙✢✣✛★ β3 = prec r ✸ ★✥✻ ✙✤ ✇✙✤✻✥✩❶✛✣ ★✚✻✻✥ ✘ ✦✚✻✥✣✚✛✻ ★✚✢✛✣✻
✢✉✘ ✣✻ ✩✣ ✧✛★✘♦✣✻ ✵

β3 = intree, outtree, chains ✻✥ ✛✣✻✘ ✣✇✢✥❺✣✸ ✣✤✢ ✇♦★✹✚✣ ✻✙✸ ✸ ✣✢ ★ ★✚
✘✦✚✻ ✚✤ ✻✚✇✇✣✻✻✣✚✛ r ★✚ ✘✦✚✻ ✚✤ ✘✛✺✩✺✇✣✻✻✣✚✛ ✣✢ ★✚ ✘✦✚✻ ✚✤ ✘✛✺✩✺✇✣✻✻✣✚✛ ✣✢ ✚✤ ✻✚✇✇✣✻✻✣✚✛ ❸❲ β4 = rj

✛✣✘✛✺✻✣✤✢✣ ✦✣✻ ✩★✢✣✻ ✩✣ ✩✥✻✘✙✤✥✜✥✦✥✢✺ ✩✣✻ ✢➋✇♦✣✻ ➉✎✌★❨➇ ➄❿➁ ✌✒➌ ❸❲ β5
✩✺✇✛✥✢ ✦✣✻ ✩✚✛✺✣✻ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ✩✣✻ ✢➋✇♦✣✻ ➉➅ ✎✓❨➂ ➆➄❿✓✍ ➄❿➁ ✌✒➌ ❸ ❝✥ β5 = ∅

r ✇✣✻ ✩✚✛✺✣✻
✻✙✤✢ ✥✤✩✺✘ ✣✤✩★✤✢✣✻ ✦✣✻ ✚✤✣✻ ✩✣✻ ★✚✢✛✣✻ r ✸ ★✥✻ ✙✤ ✇✙✤✻✥✩❶✛✣ ✻✙✚❺✣✤✢ ✘✙✚✛ ✦✣✻ ✘✛✙✜✦❶✸ ✣✻
✩✥➯ ✇✥✦✣✻ ✦✣ ✇★✻ β5 = pi,j = p ➉✩✚✛✺✣✻ ✩ ❷✚✻✥✤★✧✣ ✢✙✚✢✣✻ ✥✩✣✤✢✥✹✚✣✻➌ ✙✚ ✦✣ ✇★✻ pi,j = pi➉✩✚✛✺✣✻ ✩ ❷✚✻✥✤★✧✣ ✥✤✩✺✘ ✣✤✩★✤✢✣✻ ✩✣✻ ✘✥❶✇✣✻➌ ❸❲ ❝✥ β6 = d̄j

r ✦★ ✢➋✇♦✣ j ✩✙✥✢ ➸✢✛✣ ✢✣✛✸ ✥✤✺✣ ★✚ ✘✦✚✻ ✢★✛✩ ➊ ✦ ❷✥✤✻✢★✤✢ d̄j
➉★✚✇✚✤ ✛✣✢★✛✩

✤ ❷✣✻✢ ✘✙✻✻✥✜✦✣ ✘★✛ ✛★✘✘ ✙✛✢ ➊ ✇✣✢✢✣ ✩★✢✣➌ ❸ ③✤ ✘★✛✦✣ ✩✣ ❨✌★❨ ➃❿✍ ✌ ✣✤ ★✤✧✦★✥✻ ❸ ❝✥ ✦✣ ✘✛✙✜✦❶✸ ✣
✇✙✸ ✘✙✛✢✣ ✩✣✻ ❨★➄✌✒ ❨ ❝✏➆❾ ✏★✍ ➆✌ ➉❨➂ ✌ ❨★➄✌ ✣✤ ★✤✧✦★✥✻➌ ✘✦✚✻ ✻✙✚✘✦✣✻ r ✘★✛ ✛★✘✘✙✛✢ ★✚⑥✹✚✣✦✦✣✻
✩✣✻ ✛✣✢★✛✩✻ ✻✙✤✢ ✘✙✻✻✥✜ ✦✣✻ ➉✸ ★✥✻ ✻✣✛✙✤✢ ✣✤ ✧✺✤✺✛★✦ ✘ ✺✤★✦✥✻✺✻ ✩★✤✻ ✷✙✤✇✢✥✙✤ ✙✜t ✣✇✢✥✷ ➌ r ✙✤
✤✙✢✣✛★ dj

✇✣✻ ✥✤✻✢★✤✢✻ ❸❲ ❝✥ β7 = nj ≤ k r ✦✣ ✤✙✸✜✛✣ ✩ ❷✙✘ ✺✛★✢✥✙✤✻ ✹✚✥ ✇✙✸ ✘✙✻✣✤✢ ✇♦★✹✚✣ ✢➋✇♦✣ ✣✻✢ ✜✙✛✤✺ ✘★✛ k ❸❲ ♣ ❷✣✤✢✛✺✣ β8
✣⑥✘✛✥✸ ✣ ✦ ❷✣⑥ ✥✻✢✣✤✇✣ ✩ ❷✚✤✣ ✇✙✤✢✛★✥✤✢✣ ✩✣ ➅ ✎✓❨➂ ➆➄❿✓✍ ✒★✍✒ ★➄➄✌✍ ➄✌ ➉✍✓✗❴★❿➄

✣✤ ★✤✧✦★✥✻➌ ❸ ❝✥ β8 = ✤✙♠❽★✥✢ r ★✦✙✛✻ ✦✣✻ ✢➋✇♦✣✻ ✤✣ ✘ ✣✚❺✣✤✢ ✘★✻ ★✢✢✣✤✩✛✣ ★✘✛❶✻ ✦★ ➔✤
✩ ❷✚✤✣ ✙✘✺✛★✢✥✙✤ ✣✤✢✛✣ ✩✣✚⑥ ✸ ★✇♦✥✤✣✻ ✻✚✇✇✣✻✻✥❺✣✻ ✵ ✦ ❷✙✘ ✺✛★✢✥✙✤ ✻✚✥❺★✤✢✣ ✩✙✥✢ ✇✙✸ ✸ ✣✤✇✣✛
✥✸ ✸ ✺✩✥★✢✣✸ ✣✤✢ ❸

♣✣ ✇♦★✸ ✘✻ β ✣✻✢ ✩✣ ✘✦✚✻ ✚✢✥✦✥✻✺ ✘✙✚✛ ✩✺✇✛✥✛✣ ✇✣✛✢★✥✤✣✻ ✇★✛★✇✢✺✛✥✻✢✥✹✚✣✻ ✩✚ ✸ ★✢✺✛✥✣✦ ✙✚
✩✣✻ ✸ ★✇♦✥✤✣✻ ✣✸ ✘✦✙✉✺✣✻ ❸ s★✛ ✣⑥✣✸ ✘✦✣ r ✘✙✚✛ ✦✣✻ ❼✙❽ ✻♦✙✘ ★❺✣✇ ✛✙✜✙✢ ➉♥♦★✘✥✢✛✣ ❡➌ r ✙✤
✘✣✚✢ ✥✤✩✥✹✚✣✛ ✻✥ ✦✣✻ ✩✚✛✺✣✻ ✩✣ ✢✛★✤✻✘✙✛✢ ✩✣✻ ✘✥❶✇✣✻ ✻✙✤✢ ✥✤✩✺✘ ✣✤✩★✤✢✣✻ ✩✣✻ ✘✥❶✇✣✻ ➉β9 =
δi,j = δi

➌ ✙✚ ✻✥ ✦✣✻ ✩✚✛✺✣✻ ✩✣ ✇♦★✛✧✣✸ ✣✤✢ ✣✢ ✩✺✇♦★✛✧✣✸ ✣✤✢ ✻✙✤✢ ✇✙✤✻✥✩✺✛✺✣✻ ✇✙✸ ✸ ✣ ✤✚✦✦✣✻
➉β10 = ǫl

i,j = 0 r β11 = ǫu
i,j = 0➌ ❸ ✈✣ ✸ ➸✸ ✣ r ✘✙✚✛ ✦✣✻ ✘✛✙✜✦❶✸ ✣✻ ✩ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ✘★✛

✜★✢✇♦ r ✙✤ ✘✣✚✢ ✥✤✩✥✹✚✣✛ ✘★✛ β12 = b ≤ c ✹✚✣ ✦★ ✇★✘★✇✥✢✺ ✩✣✻ ✸ ★✇♦✥✤✣✻ ✣✻✢ ✩✣ c ❸

✌ ❯✌ ❯ß ✡ Ò❞ Õ×Û✾❡ ❱ ✿Õ ×÷ ✼Ô ÿ
γ

♣✣ ✇♦★✸ ✘ γ ✛✣✘✛✺✻✣✤✢✣ ✦ ❷✙✜t ✣✇✢✥✷ ✩✣ ✦ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ✵ ✙✜✢✣✤✥✛ ✚✤✣ ✘✛✙✩✚✇✢✥✙✤ ✩✣ ✸ ✙✥✤✩✛✣
✇✙➳✢ ✙✚ ✩✣ ✩✚✛✺✣ ✦★ ✘✦✚✻ ✇✙✚✛✢✣ ✘✙✻✻✥✜ ✦✣ r ✺❺ ✥✢✣✛ ✦✣✻ ✛✣✢★✛✩✻ ✩✣ ✦✥❺✛★✥✻✙✤ ✙✚ ✸ ★⑥✥✸ ✥✻✣✛ ✦ ❷✚✢✥♠
✦✥✻★✢✥✙✤ ✩✣ ✇✣✛✢★✥✤✣✻ ✛✣✻✻✙✚✛✇✣✻ ❸ ✈ ★✤✻ ✇✣✢✢✣ ✢♦❶✻✣ r ✤✙✚✻ ✤✙✚✻ ✥✤✢✺✛✣✻✻✙✤✻ ✘✦✚✻ ✘★✛✢✥✇✚✦✥❶✛✣♠
✸ ✣✤✢ ➊ ✩✣✚⑥ ✇✛✥✢❶✛✣✻ ✵
❲ q✣✛✸ ✥✤✣✛ ✦★ ✘✛✙✩✚✇✢✥✙✤ ✦✣ ✘✦✚✻ ✢❢✢ ✘✙✻✻✥✜ ✦✣ r ✇ ❷✣✻✢♠➊♠✩✥✛✣ ✸ ✥✤✥✸ ✥✻✣✛ ✦★ ✩★✢✣ ✩✣ ➔✤ ✩✣ ✦★

✩✣✛✤✥❶✛✣ ✢➋✇♦✣ ❸ ♥✣ ✇✛✥✢❶✛✣ ✣✻✢ ✤✙✢✺ Cmax ❸❲ ② ✥✤✥✸ ✥✻✣✛ ✦★ ✻✙✸ ✸ ✣ ✩✣✻ ✩★✢✣✻ ✩ ❷★✇♦❶❺✣✸ ✣✤✢ ✩✣✻ ✢➋✇♦✣✻ r ✘ ✙✚✛ ✻ ❷★✻✻✚✛✣✛ ✩ ❷✙✜✢✣✤✥✛ ✩✣✻
✘✛✙✩✚✥✢✻ ➔✤✥✻ ✘✦✚✻ ✢❢✢ ✩★✤✻ ✦✣ ✢✣✸ ✘✻ ✻★✤✻ ➔✤✥✛ ✢✛✙✘ ✢★✛✩ ✦ ❷✣✤✻✣✸✜✦✣ ✩✣ ✦★ ✘✛✙✩✚✇✢✥✙✤ ❸
♥✣ ✇✛✥✢❶✛✣ ✣✻✢ ✤✙✢✺ ∑

Ci
❸

❃❄❣ ❤❇➥ ❆❊➤✐ ➨➫❥
s✙✚✛ ✸ ✣✻✚✛✣✛ ✦★ ✩✥➯ ✇✚✦✢✺ ✩ ❷✚✤ ✘✛✙✜✦❶✸ ✣ r ✙✤ ✻ ❷★✢✢★✇♦✣ ➊ ✣✻✢✥✸ ✣✛ ✦✣ ✢✣✸ ✘✻ ✤✺✇✣✻✻★✥✛✣ ✘✙✚✛
✦✣ ✛✺✻✙✚✩✛✣ ❸ ♣★ ✢♦✺✙✛✥✣ ✩✣ ✦★ ✇✙✸ ✘✦✣⑥ ✥✢✺ ✘ ✣✛✸ ✣✢ ✩✣ ✇✦★✻✻✣✛ ✦✣✻ ✩✥❹✺✛✣✤✢✻ ✘✛✙✜✦❶✸ ✣✻ ✣✤
✷✙✤✇✢✥✙✤ ✩✣ ✦ ❷✣⑥ ✥✻✢✣✤✇✣ ✙✚ ✩✣ ✦★ ✤✙✤ ✣⑥ ✥✻✢✣✤✇✣ ✩ ❷★✦✧✙✛✥✢♦✸ ✣✻ ✩✣ ✛✺✻✙✦✚✢✥✙✤ ✧✛★✘✥✩✣✻ ✧❸ ③ ✤
✤✣ ✘✛✺✻✣✤✢✣ ✥✇✥ ✹✚✣ ✦✣✻ ✘✛✥✤✇✥✘ ✣✻ ✩✣ ✜★✻✣ ✩✣ ✦★ ✢♦✺✙✛✥✣ ✩✣ ✦★ ✇✙✸ ✘✦✣⑥ ✥✢✺ r ✸ ★✥✻ ✦✣ ✦✣✇✢✣✚✛
✥✤✢✺✛✣✻✻✺ ✘✙✚✛✛★ ✇✙✤✻✚✦✢✣✛ ✦✣✻ ✙✚❺✛★✧✣✻ ✩✣ ❩ ★✛✣✉ ✣✢ ❧✙♦✤✻✙✤ ✔❞➡✕ ✣✢ ❛ ✚✻✥✣✦✦✙ ✣✢ ★✦ ❸ ✔Ï✕ ❸



◆❖❦ ❖ ❑◗ê▼æç❧ ë ã♠ ⑦❰

✌ ❯Þ ❯✌ ✏ ÐÑÒ ✿ÓÔ Õ✽ ÕÛ ÜÖ✼✿Ø ✼Û✾ÑÚ Ù Õ ✿ÕØÐ✽ ✼✿øÑÐ✾Û÷ Ô Õ✽

❜ ✤ ➅ ✎✓❭➃❳➁ ✌ ❨ ❝✓➅ ➄❿➁ ❿✒★➄❿✓✍ ✻✣ ✘✛✺✻✣✤✢✣ ✇✙✸ ✸ ✣ ✻✚✥✢ ✵ ✥✦ ✷★✚✢ ✙✘✢✥✸ ✥✻✣✛ ✚✤✣ ✇✣✛✢★✥✤✣ ✷✙✤✇✢✥✙✤
✩✣ ✇✙➳✢ f ✢✙✚✢ ✣✤ ✛✣✻✘ ✣✇✢★✤✢ ✚✤ ✣✤✻✣✸✜✦✣ ✩✣ ✇✙✤✢✛★✥✤✢✣✻ C ❸ ♣✣✻ ✻✙✦✚✢✥✙✤✻ ★❨➁ ❿✒✒ ❿❭➃✌✒ ✩✚
✘✛✙✜✦❶✸ ✣ ✻✙✤✢ ✇✣✦✦✣✻ ✹✚✥ ✛✣✻✘ ✣✇✢✣✤✢ ✢✙✚✢✣✻ ✦✣✻ ✇✙✤✢✛★✥✤✢✣✻ ✩✣ C ✣✢ ✙✤ ✣✻✻★✥✣ ✩✣ ✇♦✙✥✻✥✛ ✘★✛✸ ✥
✣✦✦✣✻ ✇✣✦✦✣ ✹✚✥ ✤✙✚✻ ✘ ✣✛✸ ✣✢ ✩ ❷✙✜✢✣✤✥✛ ✦★ ✸ ✣✥✦✦✣✚✛✣ ❺★✦✣✚✛ ✘✙✚✛ f ❸ s✚✥✻✹✚✣ ✸ ★⑥✥✸ ✥✻✣✛ f ✣✻✢
✺✹✚✥❺★✦✣✤✢ ➊ ✸ ✥✤✥✸ ✥✻✣✛ −f r ✤✙✚✻ ✇✙✤✻✥✩✺✛✣✛✙✤✻ ✘★✛ ✦★ ✻✚✥✢✣ ✹✚✣ ✦ ❷✙✤ ❺✣✚✢ ✛✺✻✙✚✩✛✣

min f(s)✻ ❸✇ s ∈ C

☞ ✇✣ ✘✛✙✜✦❶✸ ✣ ✩ ❷✙✘✢✥✸ ✥✻★✢✥✙✤ ✣✻✢ ★✻✻✙✇✥✺ ✚✤ ➅ ✎✓❭➃❳➁ ✌ ❨✌ ❨✏➆❿✒ ❿✓✍ ❸ ♥✣✢✢✣ ✷✙✥✻♠✇✥ r ✦★ ✹✚✣✻✢✥✙✤
✤ ❷✣✻✢ ✘★✻ ✩✣ ✢✛✙✚❺✣✛ ✦★ ✻✙✦✚✢✥✙✤ ✩✣ C ✹✚✥ ✸ ✥✤✥✸ ✥✻✣ f ✸ ★✥✻ ✩✣ ✩✺✢✣✛✸ ✥✤✣✛ ✻ ❷✥✦ ✣⑥ ✥✻✢✣ ✚✤✣
✻✙✦✚✢✥✙✤ s ✩✣ C ✢✣✦✦✣ ✹✚✣ f(s) ≤ B ✙➈ B ✣✻✢ ✚✤✣ ✜✙✛✤✣ ✹✚✥ ✷★✥✢ ✘★✛✢✥✣ ✩✣✻ ✩✙✤✤✺✣✻ ❸
✈✣ ✷★✖✙✤ ✘✦✚✻ ✧✺✤✺✛★✦✣ r ✙✤ ★✘✘✣✦✦✣ ➅ ✎✓❭➃❳➁ ✌ ❨✌ ❨✏➆❿✒ ❿✓✍ ✢✙✚✢ ✘✛✙✜✦❶✸ ✣ ✩✙✤✢ ✦★ ✛✺✘✙✤✻✣
★✢✢✣✤✩✚✣ ✣✻✢ ✧✙✚✥✧ ✙✚ ✧✤✙✤ ✧❸
s✙✚✛ ✇✦★✻✻✣✛ ✦✣✻ ✩✥❹✺✛✣✤✢✻ ✘✛✙✜✦❶✸ ✣✻ ✩✣ ✩✺✇✥✻✥✙✤ ✣✢ ✩ ❷✙✘✢✥✸ ✥✻★✢✥✙✤ ✻✣✦✙✤ ✦✣✚✛ ✩✥➯ ✇✚✦✢✺ r
✤✙✚✻ ✤✙✚✻ ✥✤✢✺✛✣✻✻✙✤✻ ➊ ✦★ ❺ ✥✢✣✻✻✣ ✩ ❷✣⑥✺✇✚✢✥✙✤ ✩✣ ✦✣✚✛✻ ★✦✧✙✛✥✢♦✸ ✣✻ ❸
s✙✚✛ ✻★❺✙✥✛ ✻✥ ✚✤ ★✦✧✙✛✥✢♦✸ ✣ ✣✻✢ ✛★✘✥✩✣ ✙✚ ✤✙✤ r ✙✤ ✇✙✸ ✘✢✣ ✦✣ ✤✙✸ ✜✛✣ ✩ ❷✙✘ ✺✛★✢✥✙✤✻ ✺✦✺♠
✸ ✣✤✢★✥✛✣✻ ✣❹✣✇✢✚✺✣✻ ✘★✛ ✦ ❷✙✛✩✥✤★✢✣✚✛ ✦✙✛✻ ✩✣ ✻✙✤ ✣⑥✺✇✚✢✥✙✤ ❸ ♥✣✻ ✙✘ ✺✛★✢✥✙✤✻ ✺✦✺✸ ✣✤✢★✥✛✣✻
✻✙✤✢ ✘★✛ ✣⑥✣✸ ✘✦✣ ✦ ❷★✩✩✥✢✥✙✤ ✙✚ ✦★ ✇✙✸ ✘★✛★✥✻✙✤ ✩✣ ✩✣✚⑥ ✤✙✸✜✛✣✻ r ✦ ❷★❹✣✇✢★✢✥✙✤ ✩ ❷✚✤✣ ❺★♠
✦✣✚✛ ➊ ✚✤✣ ✇★✻✣ ✸ ✺✸ ✙✥✛✣ r ✣✢✇ ❸ ♥✣ ✤✙✸✜✛✣ ✩ ❷✙✘ ✺✛★✢✥✙✤✻ ✺✦✺✸ ✣✤✢★✥✛✣✻ ✣✻✢ ✣✤✻✚✥✢✣ ✇✙✸ ✘★✛✺
➊ ✦★ ✢★✥✦✦✣ ✸ ✺✸ ✙✥✛✣ ✤✺✇✣✻✻★✥✛✣ ✘✙✚✛ ✻✢✙✇➓✣✛ ✦✣✻ ✘★✛★✸ ❶✢✛✣✻ ✩ ❷✣✤✢✛✺✣ ✩✣ ✦ ❷★✦✧✙✛✥✢♦✸ ✣ ❸ s★✛
✣⑥✣✸ ✘✦✣ r ✻✥ ✚✤ ★✦✧✙✛✥✢♦✸ ✣ ✘✛✣✤✩ ✚✤✥✹✚✣✸ ✣✤✢ ✚✤ ✣✤✢✥✣✛ n ✣✤ ✘★✛★✸ ❶✢✛✣ r ✙✤ ✘✣✚✢ ✇✙✤✻✥✩✺✛✣✛
✹✚✣ ✦★ ✢★✥✦✦✣ ✩✣ ✦ ❷✣✤✢✛✺✣ ✣✻✢ ✦✣ ✤✙✸✜✛✣ ✩✣ ✜✥✢✻ ✤✺✇✣✻✻★✥✛✣✻ ✘✙✚✛ ✦✣ ✇✙✩✣✛ r ✇ ❷✣✻✢♠➊♠✩✥✛✣ ✻✙✤
✤✙✸✜✛✣ ✩✣ ✇♦✥❹✛✣✻ ✣✤ ✜★✻✣ 2 r ⌊log2(n)⌋ + 1 ❸ ③✤ ✤✣ ✻ ❷★✢✢★✇♦✣ ✘★✻ ✣✤ ✢♦✺✙✛✥✣ ✩✣ ✦★ ✇✙✸ ♠
✘✦✣⑥ ✥✢✺ ➊ ✇✙✤✤★➺✢✛✣ ✘✛✺✇✥✻✺✸ ✣✤✢ ✦✣ ✤✙✸✜✛✣ ✩ ❷✙✘ ✺✛★✢✥✙✤✻ ✹✚✥ ✻✣✛✙✤✢ ✣❹✣✇✢✚✺✣✻ ✙✚ ✦★ ✢★✥✦✦✣
✩✣✻ ✩✙✤✤✺✣✻ ❸ ③✤ ✻✙✚♦★✥✢✣ ✣✤ ✷★✥✢ ✙✜✢✣✤✥✛ ✚✤ ✓✎❨✎✌ ❨✌ ➀ ✎★✍❨✌➂✎ ✩✚ ✤✙✸✜✛✣ ✩ ❷✙✘ ✺✛★✢✥✙✤✻
✹✚★✤✩ ✦★ ✢★✥✦✦✣ ✩✣✻ ✩✙✤✤✺✣✻ ✢✣✤✩ ❺✣✛✻ ✦ ❷✥✤➔✤✥ r ✣✢ ✘★✻ ✘✙✚✛ ✇♦★✹✚✣ ✥✤✻✢★✤✇✣ ✦✣ ✤✙✸✜✛✣ ✣⑥★✇✢
✩ ❷✙✘ ✺✛★✢✥✙✤✻ ❸ ❛ ✥✤✻✥ r ✦★ ✢★✥✦✦✣ ✩✣ n ✇✙✩✺ ✣✤ ✜★✻✣ 2 ✣✻✢ ✩✣ ✦ ❷✙✛✩✛✣ ✩✣ ln(n) r ✇ ❷✣✻✢♠➊♠✩✥✛✣ ✹✚ ❷✥✦
✣⑥ ✥✻✢✣ ✚✤✣ ✇✙✤✻✢★✤✢✣ ✻✢✛✥✇✢✣✸ ✣✤✢ ✘✙✻✥✢✥❺✣ k ✣✢ ✚✤ ✣✤✢✥✣✛ n0

✢✣✦✻ ✹✚✣ ⌊log2(n)⌋+1 ≤ k ln(n)✘✙✚✛ ✢✙✚✢ n ≥ n0
❸ ③✤ ✤✙✢✣ ★✦✙✛✻ ⌊log2(n)⌋ + 1 ∈ O(ln(n)) ✣✢ ✙✤ ✩✥✢ ✹✚✣ ✦★ ✢★✥✦✦✣ ✩✣ n ✣✤

✜★✻✣ 2 ✣✻✢ ✚✤ ➀ ✎★✍❨ ♥ ✩✣ ln(n) ❸
❝✚✘✘✙✻✙✤✻ ✸ ★✥✤✢✣✤★✤✢ ✹✚✣ ✤✙✚✻ ★❺✙✤✻ ✚✤ ★✦✧✙✛✥✢♦✸ ✣ A ✹✚✥ ✘✛✣✤✩ ✣✤ ✣✤✢✛✺✣ ✚✤✣ ✩✙✤✤✺✣
✩✣ ✢★✥✦✦✣ N ✣✢ ✹✚✥ ★ ✚✤ ✢✣✸ ✘✻ ✩ ❷✣⑥✺✇✚✢✥✙✤ r ✙✚ ✤✙✸✜✛✣ ✩ ❷✙✘ ✺✛★✢✥✙✤✻ ✣❹✣✇✢✚✺✣✻ r ✺✧★✦ ➊ T (N) ❸
❝✥ T (N) ∈ O(P (N)) ✙➈ P (N) ✣✻✢ ✚✤ ✘✙✦✉✤❢✸ ✣ r ✙✤ ✩✥✛★ ✹✚✣ ✦ ❷★✦✧✙✛✥✢♦✸ ✣ A ✣✻✢ ➅ ✓➃➇✍✓✗
➁ ❿★ ➃ ➉➅ ✓➃➇✍✓➁ ❿★ ➃✗➄❿➁ ✌ ★ ➃➀ ✓✎❿➄❾➁ ✣✤ ★✤✧✦★✥✻➌ ❸ ❝✥ ✇✣ ✤ ❷✣✻✢ ✘★✻ ✦✣ ✇★✻ r ✙✤ ✩✥✢ ✹✚✣ A ✣✻✢ ✚✤
★✦✧✙✛✥✢♦✸ ✣ ✌♦➅ ✓✍ ✌✍ ➄❿✌➃❸
✈ ★✤✻ ✦★ ✸ ✣✻✚✛✣ ✙➈ ✦✣✻ ✷✙✤✇✢✥✙✤✻ ✣⑥✘✙✤✣✤✢✥✣✦✦✣✻ ★✚✧✸ ✣✤✢✣✤✢ ✜✥✣✤ ✘✦✚✻ ❺ ✥✢✣ ✹✚✣ ✦✣✻ ✷✙✤✇✢✥✙✤✻
✘✙✦✉✤✙✸ ✥★✦✣✻ r ✥✦ ✣✻✢ ✜ ✣★✚✇✙✚✘ ✘✦✚✻ ✥✤✢✺✛✣✻✻★✤✢ ✩ ❷✙✜✢✣✤✥✛ ✩✣✻ ★✦✧✙✛✥✢♦✸ ✣✻ ✘✙✦✉✤✙✸ ✥★✚⑥ ✹✚✥
✘✙✚✛✛✙✤✢ ➸✢✛✣ ✚✢✥✦✥✻✺✻ ★❺✣✇ ✩✣ ✧✛★✤✩✣✻ ✩✙✤✤✺✣✻ ★✦✙✛✻ ✹✚✣ ✦✣✻ ★✦✧✙✛✥✢♦✸ ✣✻ ✣⑥✘✙✤✣✤✢✥✣✦✻ ✤✣
✻✣✛❺✥✛✙✤✢ ✹✚✣ ✘✙✚✛ ✩✣✻ ✥✤✻✢★✤✇✣✻ ✩✣ ✘ ✣✢✥✢✣ ✢★✥✦✦✣ ❸



⑦❞ ❑▲ä▼ ë ãíç ◆❖ ëP ãí◗è ❘❑ãë◗P ❙ æ ❚◗íè ◗PPäP❑ç ê çP ã
✌ ❯Þ ❯Þ ☞ Õ✽ ×✿✼✽✽Õ✽ P ❜ NP ÕÛ ✫ Ñ✍NP
♣★ ✢♦✺✙✛✥✣ ✩✣ ✦★ ✇✙✸ ✘✦✣⑥ ✥✢✺ ✻ ❷✥✤✢✺✛✣✻✻✣ ★✚⑥ ✘✛✙✜✦❶✸ ✣✻ ✩✣ ✩✺✇✥✻✥✙✤ ✣✢ ✢✣✤✢✣ ✘✙✚✛ ✇✣✚⑥♠✇✥
✩✣ ✛✺✘✙✤✩✛✣ ➊ ✩✣✻ ✹✚✣✻✢✥✙✤✻ ✘✙✛✢★✤✢ ✻✚✛ ✦★ ✹✚★✦✥✢✺ ✩✣✻ ★✦✧✙✛✥✢♦✸ ✣✻ ✹✚✣ ✦ ❷✙✤ ✘✣✚✢ ✣✻✘ ✺✛✣✛
✘✙✚✛ ✇✣✻ ✘✛✙✜✦❶✸ ✣✻ ❸
♣★ ✘✛✣✸ ✥❶✛✣ ✹✚✣✻✢✥✙✤ ✹✚✣ ✤✙✚✻ ✤✙✚✻ ✘✙✻✙✤✻ r ★✚ ✛✣✧★✛✩ ✩✣ ✦★ ❝✣✇✢✥✙✤ ⑦❸❡ ❸⑦r ✣✻✢ ✦★ ✹✚✣✻✢✥✙✤
✩✣ ✦ ❷✣⑥ ✥✻✢✣✤✇✣ ✩ ❷✚✤ ★✦✧✙✛✥✢♦✸ ✣ ✩✣ ✛✺✻✙✦✚✢✥✙✤ ✘ ✙✦✉✤✙✸ ✥★✦ ✘✙✚✛ ✦✣ ✘✛✙✜✦❶✸ ✣ ✩✣ ✩✺✇✥✻✥✙✤
✇✙✤✻✥✩✺✛✺ ❸ ❝✥ ✚✤ ✢✣✦ ★✦✧✙✛✥✢♦✸ ✣ ✣⑥ ✥✻✢✣ r ✥✦ ✻✣✛★ ✘✙✻✻✥✜✦✣ ✩ ❷✙✜✢✣✤✥✛ ✦★ ✛✺✘✙✤✻✣ ✣✤ ✚✤ ✢✣✸ ✘✻
✛★✥✻✙✤✤★✜✦✣ r ✸ ➸✸ ✣ ✻✥ ✦ ❷✥✤✻✢★✤✇✣ ✣✻✢ ✩✣ ✧✛★✤✩✣ ✢★✥✦✦✣ ❸ ③ ✤ ✩✥✛★ ✩★✤✻ ✇✣ ✇★✻ ✹✚✣ ✦✣ ✘✛✙✜✦❶✸ ✣
✩✣ ✩✺✇✥✻✥✙✤ ★✘✘★✛✢✥✣✤✢ ➊ ✦★ ✇✦★✻✻✣ ✩✣ ✘✛✙✜✦❶✸ ✣✻ P ❸
✭ ❳ï ✳✮➏✮➍✳ ✃ ♣➣✲❨✯✯✴ P q r✍ ➅ ✎✓❭➃❳➁ ✌ Q

❨✌ ❨✏➆❿✒ ❿✓✍ ★➅➅★✎➄❿✌✍ ➄ ✙ ➃★ ➆➃★✒✒✌ P ✒ ❿ ✌➄✒ ✌➂➃✌➁ ✌✍ ➄ ✒ ❿ ❿➃ ➅ ✓✒✒ ❳❨✌ ➂✍ ★ ➃➀ ✓✎❿➄❾➁ ✌ ❨✌ ✎✏✒ ✓➃➂ ➄❿✓✍ ✌✍ ➄✌➁➅ ✒ ➅ ✓➃➇✍✓➁ ❿★ ➃s
♣★ ✘✦✚✘★✛✢ ✩✣✻ ✘✛✙✜✦❶✸ ✣✻ ✩ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ✹✚✥ ✻✙✤✢ ★✜✙✛✩✺✻ ✩★✤✻ ✇✣✢✢✣ ✢♦❶✻✣ ✻✙✤✢ ✩✣✻
✘✛✙✜✦❶✸ ✣✻ ✩ ❷✙✘✢✥✸ ✥✻★✢✥✙✤ r ★✚⑥✹✚✣✦✻ ✦★ ✢♦✺✙✛✥✣ ✩✣ ✦★ ✇✙✸ ✘✦✣⑥ ✥✢✺ ✤ ❷✣✻✢ ★✘✘★✛✣✸ ✸ ✣✤✢ ✘★✻
✛✣✦✥✺✣ ❸ s✙✚✛✢★✤✢ r ✥✦ ✣⑥ ✥✻✢✣ ✜✥✣✤ ✚✤ ✦✥✣✤ ✣✤✢✛✣ ✚✤ ✘✛✙✜✦❶✸ ✣ ✩✣ ✩✺✇✥✻✥✙✤ ✣✢ ✦✣ ✘✛✙✜✦❶✸ ✣ ✩ ❷✙✘♠
✢✥✸ ✥✻★✢✥✙✤ ★✻✻✙✇✥✺ ❸ ❫✤ ✣❹✣✢ r ✥✦ ✣✻✢ ✷★✇✥✦✣ ✩✣ ❺✙✥✛ ✹✚✣ ✻✥ ✦ ❷✙✤ ✩✥✻✘✙✻✣ ✩ ❷✚✤ ★✦✧✙✛✥✢♦✸ ✣ ✩✣
✛✺✻✙✦✚✢✥✙✤ ✘✙✦✉✤✙✸ ✥★✦ ✘✙✚✛ ✦✣ ✘✛✙✜✦❶✸ ✣ ✩ ❷✙✘✢✥✸ ✥✻★✢✥✙✤ r ✥✦ ✻✚➯ ✢ ✩✣ ✛✣✧★✛✩✣✛ ✻✥ ✦★ ❺★✦✣✚✛
✙✘✢✥✸ ★✦✣ ✘✛✙✘✙✻✺✣ ✘✙✚✛ ✦★ ✷✙✤✇✢✥✙✤ ✙✜t ✣✇✢✥✷ ✣✻✢ ✥✤✷✺✛✥✣✚✛✣ ➊ B ✘✙✚✛ ✙✜✢✣✤✥✛ ✦★ ✛✺✘✙✤✻✣ ★✚
✘✛✙✜✦❶✸ ✣ ✩✣ ✩✺✇✥✻✥✙✤ ✘✙✚✛ ✦★ ✜✙✛✤✣ B ❸ ❵ ✺✇✥✘✛✙✹✚✣✸ ✣✤✢ r ✻✥ ✙✤ ✩✥✻✘✙✻✣ ✩ ❷✚✤ ★✦✧✙✛✥✢♦✸ ✣
✘✙✦✉✤✙✸ ✥★✦ ✘✙✚✛ ✦✣ ✘✛✙✜✦❶✸ ✣ ✩✣ ✩✺✇✥✻✥✙✤ r ✙✤ ✘✣✚✢ ✘★✛ ✚✤✣ ✛✣✇♦✣✛✇♦✣ ✩✥✇♦✙✢✙✸ ✥✹✚✣ ✢✛✙✚❺✣✛
✦★ ❺★✦✣✚✛ ✙✘✢✥✸ ★✦✣ ✩✣ f ✣✤ ✛✺✻✙✦❺★✤✢ ✘✦✚✻✥✣✚✛✻ ✷✙✥✻ ✦✣ ✘✛✙✜✦❶✸ ✣ ✩✣ ✩✺✇✥✻✥✙✤ ❸ ❛ ✥✤✻✥ r ✚✤ ✘✛✙♠
✜✦❶✸ ✣ ✩ ❷✙✘✢✥✸ ✥✻★✢✥✙✤ ✩✥✻✘✙✻✣✛★ ✩ ❷✚✤ ★✦✧✙✛✥✢♦✸ ✣ ✩✣ ✛✺✻✙✦✚✢✥✙✤ ✘✙✦✉✤✙✸ ✥★✦ ✻✥ ✣✢ ✻✣✚✦✣✸ ✣✤✢
✻✥ ✦✣ ✘✛✙✜✦❶✸ ✣ ✩✣ ✩✺✇✥✻✥✙✤ ★✻✻✙✇✥✺ ✣✻✢ ✩★✤✻ ✦★ ✇✦★✻✻✣ P ❸
❜ ✤ ✣✤t ✣✚ ✥✸ ✘✙✛✢★✤✢ ✹✚★✤✩ ✙✤ ✻ ❷✥✤✢✺✛✣✻✻✣ ➊ ✚✤ ✘✛✙✜✦❶✸ ✣ ✩ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ✣✻✢ ✩✙✤✇ ✩✣
✩✺✢✣✛✸ ✥✤✣✛ ✻✥ ✻✙✤ ✘✛✙✜✦❶✸ ✣ ✩✣ ✩✺✇✥✻✥✙✤ ★✻✻✙✇✥✺ ✣✻✢ ✩★✤✻ P ❸ s✙✚✛ ✛✺✘✙✤✩✛✣ ➊ ✇✣✢✢✣ ✹✚✣✻✢✥✙✤ r
✤✙✚✻ ✥✤✢✛✙✩✚✥✻✙✤✻ ✦✣✻ ✘✛✙✜✦❶✸ ✣✻ ✩✣ ✦★ ✇✦★✻✻✣ NP ❸
s✙✚✛ ✚✤✣ ✥✤✻✢★✤✇✣ ✩✙✤✤✺✣ ✩ ❷✚✤ ✘✛✙✜✦❶✸ ✣ ✩✣ ✩✺✇✥✻✥✙✤ r ✩✣✚⑥ ✛✺✘✙✤✻✣✻ ✻✙✤✢ ✘ ✙✻✻✥✜ ✦✣✻ ✵ ✧✙✚✥✧
✙✚ ✧✤✙✤ ✧❸ s✙✚✛ ✻★❺✙✥✛ ✻✥ ✚✤ ✘✛✙✜✦❶✸ ✣ ✩✣ ✩✺✇✥✻✥✙✤ Q ✣✻✢ ✩★✤✻ NP r ✙✤ ✇♦✣✛✇♦✣ ➊ ✻★❺✙✥✛
✻ ❷✥✦ ✣⑥ ✥✻✢✣ ✚✤ ➆✌✎➄❿t ➆★➄ ✹✚✥ r ✺✢★✤✢ ✩✙✤✤✺✣ ✚✤✣ ✥✤✻✢★✤✇✣ ✘✙✚✛ ✦★✹✚✣✦✦✣ ✦★ ✛✺✘✙✤✻✣ ➊ Q ✻✣✛★✥✢✧✙✚✥✧r ✘ ✣✛✸ ✣✢✢✛★✥✢ ✩✣ ❺✺✛✥➔✣✛ ✛★✘✥✩✣✸ ✣✤✢ ✹✚✣ ✢✣✦ ✣✻✢ ✜✥✣✤ ✦✣ ✇★✻ ❸
✭ ❳ï ✳✮➏✮➍✳ à ♣➣✲❨✯✯✴ NP q r✍ ➅ ✎✓❭➃❳➁ ✌ ❨✌ ❨✏➆❿✒ ❿✓✍ Q ✌✒ ➄ ❨★✍✒ ➃★ ➆➃★✒✒ ✌ NP ✒ ❿ ➅ ✓➂✎
➄✓➂➄✌ ❿✍✒ ➄★✍ ➆✌ x

❨✓✍ ➄ ➃★ ✎✏➅ ✓✍✒ ✌ ✌✒ ➄ ✉✓➂❿ ✉✈ ❿➃ ✌♦ ❿✒ ➄✌ ➂✍ ➆✌✎➄❿t ➆★➄ ❨✌ ➄★❿➃ ➃✌ ➅ ✓➃➇✍✓➁ ❿★ ➃✌ ➅★✎✎★➅➅ ✓✎➄ ✙ ➃★ ➄★❿➃ ➃✌ ❨✌ x ✌➄ ✇✏✎❿t ★❭➃✌ ✌✍ ➄✌➁➅ ✒ ➅ ✓➃➇✍✓➁ ❿★ ➃s
③✤ ✘★✛✦✣ ✩✣ ➆✌✎➄❿t ➆★➄ ➆✓✍ ➆❿✒ ➅ ✓➃➇✍✓➁ ❿★ ➃ ➅ ✓➂✎ ➃✌ ✉✓➂❿ ✉❸ s ✛✣✤✙✤✻ ✚✤ ✣⑥✣✸ ✘✦✣ ✘✙✚✛ ✥✦✦✚✻✢✛✣✛
✇✣✢✢✣ ✤✙✢✥✙✤ ✩✣ ✇✣✛✢✥➔✇★✢ ❸ ❭✙✚✻ ✇✙✤✻✥✩✺✛✙✤✻ ✦✣ ✘✛✙✜✦❶✸ ✣ ✻✚✥❺★✤✢ ✵
①②③④⑤⑥②⑥②⑦⑧⑨ô✖⑩õô❶✗ ❷ ❜ ✤ ✣✤✻✣✸✜✦✣ ✩✣ n ✣✤✢✥✣✛✻ a1, a2, . . . , an❸❹✗✖⑩❺❻ô ❷ ❫⑥✥✻✢✣♠✢♠✥✦ ✚✤ ✻✙✚✻♠✣✤✻✣✸✜✦✣ I ✩✣ {1, 2, . . . , n} ✢✣✦ ✹✚✣ ∑

i∈I ai =
∑

i6∈I ai ❼♣ ❷✥✤✻✢★✤✇✣ I = {a1, a2, . . . , an} ✣✻✢ ✇✙✸ ✘✙✻✺✣ ✩✣ n ✣✤✢✥✣✛✻ r ✻★ ✢★✥✦✦✣ ✣✻✢ ✩✙✤✇ ✩✣ ✦ ❷✙✛✩✛✣
✩✣ n max ln(ai)

✻✥ ✙✤ ✇✙✩✣ ✦✣✻ ai
✣✤ ✜★✻✣ 2 ❸ ③✤ ✻✚✘✘✙✻✣ ✹✚✣ ✦✣ ✘✛✙✜✦❶✸ ✣ ★❺✣✇ ✦ ❷✥✤✻✢★✤✇✣ I



◆❖❦ ❖ ❑◗ê▼æç❧ ë ã♠ ⑦❣

✙✜✢✥✣✤✢ ✦★ ✛✺✘✙✤✻✣ ✧✙✚✥✧❸ ✈ ★✤✻ ✇✣ ✇★✻ r ✥✦ ✣⑥ ✥✻✢✣ ✚✤ ✻✙✚✻♠✣✤✻✣✸✜✦✣ I ✩✣ {1, 2, . . . , n} ✢✣✦ ✹✚✣
∑

i∈I ai =
∑

i6∈I ai
❸ ❜✤ ✇✣✛✢✥➔✇★✢ ✹✚✥ ✘✛✙✚❺✣✛★ ✹✚✣ ✦★ ✛✺✘✙✤✻✣ ✣✻✢ ✜✥✣✤ ✧✙✚✥✧ ✘✙✚✛ ❽❺❾õ❿➀⑩ ❺⑩ ❺❻ô ✻✣✛★ ✩✙✤✇ ✚✤ ✻✙✚✻♠✣✤✻✣✸✜✦✣ I ✩✣ {1, 2, . . . , n} ❸ ✶✦ ✻✣✛★ ✜✥✣✤ ✩✣ ✢★✥✦✦✣ ✘✙✦✉✤✙✸ ✥★✦✣

✘✚✥✻✹✚ ❷✥✦ ★✚✛★ ★✚ ✘✦✚✻ n−1 ✺✦✺✸ ✣✤✢✻ ❸ ✈✣ ✘✦✚✻ ✙✤ ✘✣✚✢ ✇★✦✇✚✦✣✛ ∑

i∈I ai
✣✢ ∑

i6∈I ai
✣✤ ✢✣✸ ✘✻

✘✙✦✉✤✙✸ ✥★✦ ✘✚✥✻✹✚ ❷✙✤ ✣❹✣✇✢✚✣ n ★✩✩✥✢✥✙✤✻ r ✇✣ ✹✚✥ ✤✙✚✻ ✘ ✣✛✸ ✣✢✢✛★ ✩✣ ❺✺✛✥➔✣✛ ✦★ ❺★✦✥✩✥✢✺ ✩✚
✇✣✛✢✥➔✇★✢ ❸ ③✤ ★ ✩✙✤✇ ✚✤ ✢✣✸ ✘✻ ✩ ❷✣⑥✺✇✚✢✥✙✤ ✘ ✙✦✉✤✙✸ ✥★✦ ❸
③✤ ✘ ✣✚✢ ★✥✤✻✥ r ✘ ✙✚✛ ✚✤✣ ✥✤✻✢★✤✇✣ I ✢✣✦✦✣ ✹✚✣ ✦★ ✛✺✘✙✤✻✣ ★✚ ✘✛✙✜✦❶✸ ✣ ❽❺❾õ❿⑩❺⑩ ❺❻ô ✣✻✢✧✙✚✥✧r ✷✙✚✛✤✥✛ ✚✤ ✇✣✛✢✥➔✇★✢ ✇✙✤✇✥✻ ✘✛✙✚❺★✤✢ ✹✚✣ ✦★ ✛✺✘✙✤✻✣ ✣✻✢ ✜✥✣✤ ✧✙✚✥✧❸ ♣✣ ✘✛✙✜✦❶✸ ✣❽❺❾õ❿⑩❺⑩ ❺❻ô ✣✻✢ ✩✙✤✇ ✩★✤✻ NP ❸ ✶✦ ✣✻✢ ✥✸ ✘✙✛✢★✤✢ ✩✣ ✤✙✢✣✛ ✹✚✣ ✻✥ ✙✤ ❺✙✚✦★✥✢ ✘★✛ ✇✙✤✢✛✣
✻★❺✙✥✛ ✻✥ ✘ ✙✚✛ ✚✤✣ ✥✤✻✢★✤✇✣ ✦★ ✛✺✘✙✤✻✣ ✺✢★✥✢ ✧✤✙✤ ✧ ✘✙✚✛ ❽❺❾õ❿⑩❺⑩ ❺❻ô r ✙✤ ✤✣ ✘✙✚✛✛★✥✢ ✘★✻
✚✢✥✦✥✻✣✛ ✇✣ ✇✣✛✢✥➔✇★✢ ❸
♣✣✻ ✘✛✙✜✦❶✸ ✣✻ ✩✥✻✘ ✙✻★✤✢ ✩ ❷✚✤ ✇✣✛✢✥➔✇★✢ ✇✙✤✇✥✻ ✣✢ ❺✺✛✥➔★✜✦✣ ✣✤ ✢✣✸ ✘✻ ✘✙✦✉✤✙✸ ✥★✦ ✘✙✚✛ ✦✣✧✤✙✤ ✧ ★✘✘★✛✢✥✣✤✤✣✤✢ ➊ ✚✤✣ ★✚✢✛✣ ✇✦★✻✻✣ ✩✣ ✇✙✸ ✘✦✣⑥ ✥✢✺ r ✦★ ✇✦★✻✻✣ ♥✙♠NP ❸
✭ ❳ï ✳✮➏✮➍✳ î ♣➣✲❨✯✯✴ ➣➍➐NP q r✍ ➅ ✎✓❭➃❳➁ ✌ ❨✌ ❨✏➆❿✒ ❿✓✍ Q ✌✒ ➄ ❨★✍✒ ➃★ ➆➃★✒✒ ✌ ➁✓✗NP ✒ ❿
➅ ✓➂✎ ➄✓➂➄✌ ❿✍✒ ➄★✍ ➆✌ x

❨✓✍ ➄ ➃★ ✎✏➅ ✓✍✒ ✌ ✌✒ ➄ ✉✍✓✍ ✉✈ ❿➃ ✌♦ ❿✒ ➄✌ ➂✍ ➆✌✎➄❿t ➆★➄ ❨✌ ➄★❿➃ ➃✌ ➅ ✓➃➇✍✓➁ ❿★ ➃✌
➅★✎ ✎★➅➅ ✓✎➄ ✙ ➃★ ➄★❿➃ ➃✌ ❨✌ x ✌➄ ✇✏✎❿t ★❭➃✌ ✌✍ ➄✌➁➅ ✒ ➅ ✓➃➇✍✓➁ ❿★ ➃s
③✤ ✘✣✚✢ ✛✣✸ ★✛✹✚✣✛ ✹✚✣ ✦✣✻ ✘✛✙✜✦❶✸ ✣✻ ✩✣ P ✻✙✤✢ ➊ ✦★ ✷✙✥✻ ✩★✤✻ ✦★ ✇✦★✻✻✣ NP ✣✢ ✩★✤✻
✦★ ✇✦★✻✻✣ ♥✙♠NP r ✘✚✥✻✹✚✣ ✦★ ✛✺✘✙✤✻✣ r ✺✢★✤✢ ✩✙✤✤✺✣ ✚✤✣ ✥✤✻✢★✤✇✣ r ✻✣✛★ ✙✜✢✣✤✚✣ ✣✤ ✢✣✸ ✘✻
✘✙✦✉✤✙✸ ✥★✦ ❸ ♣✣ ✇✣✛✢✥➔✇★✢ ✣✻✢ ✩✙✤✇ ✩★✤✻ ✦✣✻ ✩✣✚⑥ ✇★✻ ✦ ❷✥✤✻✢★✤✇✣ ✣✦✦✣♠✸ ➸✸ ✣ ❸
✶✦ ✣✻✢ ✷✛✺✹✚✣✸ ✸ ✣✤✢ ★✩✸ ✥✻ r ✸ ★✥✻ ✇✣ ✤ ❷✣✻✢ ✘★✻ ➊ ✦ ❷♦✣✚✛✣ ★✇✢✚✣✦✦✣ ✩✺✸ ✙✤✢✛✺ r ✹✚✣ ✇✣✻ ✢✛✙✥✻
✇✦★✻✻✣✻ P r NP ✣✢ ♥✙♠NP ✻✙✤✢ ✩✥✻✢✥✤✇✢✣✻ ❸ ❝✥ ✇ ❷✣✻✢ ✜✥✣✤ ✦✣ ✇★✻ r ✥✦ ✣⑥ ✥✻✢✣✛★✥✢ ✩✣✻ ✘✛✙✜✦❶✸ ✣✻
✩★✤✻ ✦★ ✇✦★✻✻✣ NP ✘✙✚✛ ✦✣✻✹✚✣✦✻ ★✚✇✚✤ ★✦✧✙✛✥✢♦✸ ✣ ✣⑥★✇✢ ✤ ❷✣✻✢ ✘✙✦✉✤✙✸ ✥★✦ ❸ ♥✣✢✢✣ ♦✉✘✙✢♦❶✻✣
★ ✇✙✤✩✚✥✢ ➊ ✩✺➔✤✥✛ ✦✣✻ ✘✛✙✜✦❶✸ ✣✻ NP ♠♥✙✸ ✘✦✣✢✻ r ✇ ❷✣✻✢♠➊♠✩✥✛✣ ✦✣✻ ✘✛✙✜✦❶✸ ✣✻ ✦✣✻ ✘✦✚✻ ✩✥➯ ✇✥✦✣✻
✩✣ ✦★ ✇✦★✻✻✣ NP ❸ ✶✦✻ ✤✣ ✘ ✣✚❺✣✤✢ ★✩✸ ✣✢✢✛✣ ✩ ❷★✦✧✙✛✥✢♦✸ ✣✻ ✘ ✙✦✉✤✙✸ ✥★✚⑥ ✹✚✣ ✻✥ P = NP ❸ ♣★
✻✣✇✢✥✙✤ ✻✚✥❺★✤✢✣ ✣⑥✘✦✥✹✚✣ ✇✙✸ ✸ ✣✤✢ ✸ ✙✤✢✛✣✛ ✦ ❷★✘✘★✛✢✣✤★✤✇✣ ✩ ❷✚✤ ✘✛✙✜✦❶✸ ✣ ➊ ✦ ❷✣✤✻✣✸✜✦✣
✩✣✻ ✘✛✙✜✦❶✸ ✣✻ NP ♠♥✙✸ ✘✦✣✢✻ ❸

✌ ❯Þ ❯ß ✏ ÐÑÒ ✿ÓÔ Õ✽ NP✍ ✫ ÑÔ ÿ ✿ÕÛ ÕÛ NP ✍✪ ✾➂ ×✾✿Õ ✼Ø ✽ÕÚ ✽ ❡ÑÐÛ

❛❺★✤✢ ✩✣ ✩✺➔✤✥✛ ✚✤ ✘✛✙✜✦❶✸ ✣ NP ♠♥✙✸ ✘✦✣✢ r ✥✦ ✤✙✚✻ ✷★✚✢ ✥✤✢✛✙✩✚✥✛✣ ✦★ ✤✙✢✥✙✤ ✩✣ ✎✏❨➂ ➆➄❿✓✍
➅ ✓➃➇✍✓➁ ❿★ ➃✌❸ ③ ✤ ✇✙✤✻✥✩❶✛✣ ✩✣✚⑥ ✘✛✙✜✦❶✸ ✣✻ ✩✣ ✩✺✇✥✻✥✙✤ Q ✣✢ R ❸ ③✤ ✩✥✢ ✹✚✣ Q

✒ ✌ ✎✏❨➂❿➄✙ R ✌✍ ➄✌➁➅ ✒ ➅ ✓➃➇✍✓➁ ❿★ ➃r ✣✢ ✙✤ ✤✙✢✣ Q ∝ R r ✻ ❷✥✦ ✣⑥ ✥✻✢✣ ✚✤✣ ✷✙✤✇✢✥✙✤ ✇★✦✇✚✦★✜✦✣ ✣✤ ✢✣✸ ✘✻
✘✙✦✉✤✙✸ ✥★✦ f ✹✚✥ ✢✛★✤✻✷✙✛✸ ✣ ✢✙✚✢✣ ✥✤✻✢★✤✇✣ Iq

✩✣ Q ✣✤ ✚✤✣ ✥✤✻✢★✤✇✣ Ir = f(Iq)
✩✣ R ✢✣✦✦✣

✹✚✣ ✦★ ✛✺✘✙✤✻✣ ✻✙✥✢ ✧✙✚✥✧ ✘✙✚✛ ✦ ❷✥✤✻✢★✤✇✣ Iq
✻✥ ✣✢ ✻✣✚✦✣✸ ✣✤✢ ✻✥ ✦★ ✛✺✘✙✤✻✣ ✣✻✢ ✧✙✚✥✧ ✘✙✚✛

✦ ❷✥✤✻✢★✤✇✣ Ir
❸ ♥✣✢✢✣ ✛✣✦★✢✥✙✤ ✤ ❷✣✻✢ ✘★✻ ✚✤✣ ✛✣✦★✢✥✙✤ ✩ ❷✺✹✚✥❺★✦✣✤✇✣ ✇★✛ ✣✦✦✣ ✤ ❷✣✻✢ ✘★✻ ✻✉✸ ✺♠

✢✛✥✹✚✣ ✵ ✦✣ ✘✛✙✜✦❶✸ ✣ R ✘✣✚✢♠➸✢✛✣ ✻✢✛✥✇✢✣✸ ✣✤✢ ✘✦✚✻ ✩✥➯ ✇✥✦✣ ✹✚✣ ✦✣ ✘✛✙✜✦❶✸ ✣ Q ❸ ♥ ❷✣✻✢ ✦✣ ✇★✻
✹✚★✤✩ ✘★✛ ✣⑥✣✸ ✘✦✣ Q ✣✻✢ ✚✤✣ ✇★✻ ✘★✛✢✥✇✚✦✥✣✛ ✩✣ R r ✇ ❷✣✻✢♠➊♠✩✥✛✣ ✦✣✻ ✻✙✦✚✢✥✙✤✻ ✩✣ Q ✩✙✥❺✣✤✢
❺✺✛✥➔✣✛ ✦✣✻ ✸ ➸✸ ✣✻ ✇✙✤✢✛★✥✤✢✣✻ ✹✚✣ ✇✣✦✦✣✻ ✩✣ R ★✥✤✻✥ ✹✚ ❷✚✤✣ ✙✚ ✘✦✚✻✥✣✚✛✻ ✇✙✤✢✛★✥✤✢✣✻ ✻✚✘♠
✘✦✺✸ ✣✤✢★✥✛✣✻ r ✣✢ ✦✣✻ ✹✚✣✻✢✥✙✤✻ ✩✣✻ ✩✣✚⑥ ✘✛✙✜✦❶✸ ✣✻ ✻✙✤✢ ✥✩✣✤✢✥✹✚✣✻ ❸ ❛ ✦✙✛✻ r ✙✤ ✘✣✚✢ ✘✛✣✤✩✛✣
Ir = Iq

r ✣✢ ✦★ ✢✛★✤✻✷✙✛✸ ★✢✥✙✤ ✣✻✢ ✜✥✣✤ ✘✙✦✉✤✙✸ ✥★✦✣ ✵ ✥✦ ✻ ❷★✧✥✢ ✩✣ ✧✛✣✇✙✘✥✣✛ ✧ ✦ ❷✥✤✻✢★✤✇✣ ❸ ③ ✤
✘✣✚✢ ✛✣✸ ★✛✹✚✣✛ ✘★✛ ✇✙✤✢✛✣ ✹✚✣ ✦★ ✛✣✦★✢✥✙✤ ✣✻✢ ✢✛★✤✻✥✢✥❺✣ ✵ ✻✥ Q ∝ R ✣✢ R ∝ T r ★✦✙✛✻ Q ∝ T➉✙✤ ★✘✘✦✥✹✚✣ ✻✺✹✚✣✤✢✥✣✦✦✣✸ ✣✤✢ ✚✤✣ ✢✛★✤✻✷✙✛✸ ★✢✥✙✤ ✘✚✥✻ ✦ ❷★✚✢✛✣ r ✦✣ ✢✣✸ ✘✻ ✩✣ ✇★✦✇✚✦ ✛✣✻✢✣
✩✙✤✇ ✘✙✦✉✤✙✸ ✥★✦➌ ❸



⑦➡ ❑▲ä▼ ë ãíç ◆❖ ëP ãí◗è ❘❑ãë◗P ❙ æ ❚◗íè ◗PPäP❑ç ê çP ã
♣✣✻ ✘✛✙✜✦❶✸ ✣✻ NP ♠♥✙✸ ✘✦✣✢✻ ✻✙✤✢ ✦✣✻ ✘✛✙✜✦❶✸ ✣✻ ✦✣✻ ✘✦✚✻ ✩✥➯ ✇✥✦✣✻ ✩✣ ✦★ ✇✦★✻✻✣ NP ❸ s✙✚✛
✸ ✙✤✢✛✣✛ ✹✚ ❷✚✤ ✘✛✙✜✦❶✸ ✣ Q ✣✻✢ NP ♠♥✙✸ ✘✦✣✢ r ✥✦ ✷★✚✢ ✩✙✤✇ ✸ ✙✤✢✛✣✛ ✹✚ ❷✥✦ ❺✺✛✥➔✣ ✦✣✻ ✩✣✚⑥
✇✙✤✩✥✢✥✙✤✻ ✻✚✥❺★✤✢✣✻ ✵

✭ ❳ï ✳✮➏✮➍✳ ñ ♣➞ ❱➍➒✲❚⑨ ✴ NP➐ ➣➍⑨ ✱✲✴➏q r✍ ➅ ✎✓❭➃❳➁ ✌ ❨✌ ❨✏➆❿✒ ❿✓✍ Q ✌✒ ➄ NP ✗➁✓➁➅ ➃✌➄✒ ❿ ✌➄ ✒ ✌➂➃✌➁ ✌✍ ➄ ✒ ❿➃ Q ★➅➅★✎➄❿✌✍ ➄ ✙ ➃★ ➆➃★✒✒ ✌ NP ➄➃ ➄✓➂➄ ➅ ✎✓❭➃❳➁ ✌ R
❨✌ NP ➅ ✌➂➄ ✒ ✌ ✎✏❨➂❿✎✌ ✙ Q ✌✍ ➄✌➁➅ ✒ ➅ ✓➃➇✍✓➁ ❿★ ➃✈ ➆ ❝✌✒ ➄✗✙✗❨❿✎✌ ❬➂ ✌ Q✌✒ ➄ ★➂ ➁ ✓❿✍✒ ★➂✒✒ ❿ ❨❿➅ ➆❿➃✌ ❬➂ ✌ ➄✓➂➄ ➅ ✎✓❭➃❳➁ ✌ R

❨✌ ➃★ ➆➃★✒✒ ✌ NP s
❝✥ ✚✤ ✘✛✙✜✦❶✸ ✣ ❺✺✛✥➔✣ ✚✤✥✹✚✣✸ ✣✤✢ ✦★ ✩✣✚⑥ ✥❶✸ ✣ ✇✙✤✩✥✢✥✙✤ r ✙✤ ✩✥✢ ✹✚ ❷✥✦ ✣✻✢ NP ♠✈ ✥➯ ✇✥✦✣ ❸
♥✙✙➓ ★ ✸ ✙✤✢✛✺ ✣✤ ⑦Ï❣ ⑦ ✔➠➼✕ ✹✚✣ ✢✙✚✢ ✘✛✙✜✦❶✸ ✣ ✩✣ NP ✻✣ ✛✺✩✚✥✢ ★✚ ✘✛✙✜✦❶✸ ✣ ➆➇➈r ✹✚✥
✣✻✢ ★✥✤✻✥ ✩✣❺✣✤✚ ✦✣ ✘✛✣✸ ✥✣✛ ✘✛✙✜✦❶✸ ✣ NP ♠♥✙✸ ✘✦✣✢ ✇✙✤✤✚ r ✘✚✥✻✹✚ ❷✥✦ ★✘✘★✛✢✥✣✤✢ ➊ NP ❸
❩✛➋✇✣ ➊ ✇✣ ✢♦✺✙✛❶✸ ✣ r ★✘✘✣✦✺ ➄❾ ✏✓✎❳➁ ✌ ❨✌ ➁✓✓✩ r ✣✢ ➊ ✦★ ✢✛★✤✻✥✢✥❺ ✥✢✺ ✩✣ ✦★ ✛✣✦★✢✥✙✤

∝
r ✥✦ ★

✺✢✺ ✘✙✻✻✥✜ ✦✣ ✩✣ ✸ ✙✤✢✛✣✛ ✹✚ ❷✚✤ ✧✛★✤✩ ✤✙✸✜✛✣ ✩✣ ✘✛✙✜✦❶✸ ✣✻ ✻✙✤✢ NP ♠✈ ✥➯ ✇✥✦✣ ❸ ❫✤ ✣❹✣✢ r ✥✦
✤ ❷✣✻✢ ✘★✻ ✤✺✇✣✻✻★✥✛✣ ✩✣ ✇✛✺✣✛ ✚✤✣ ✛✺✩✚✇✢✥✙✤ ✩✣ ✢✙✚✢ ✘✛✙✜✦❶✸ ✣ ✩✣ NP ❺✣✛✻ Q ✘✙✚✛ ✸ ✙✤✢✛✣✛
✹✚✣ Q ✣✻✢ NP ♠✈ ✥➯ ✇✥✦✣ ❸ ✶✦ ✣✻✢ ✻✚➯ ✻★✤✢ ✩✣ ✸ ✙✤✢✛✣✛ ✹✚ ❷✚✤ ✘✛✙✜✦❶✸ ✣ NP ♠✈ ✥➯ ✇✥✦✣ ✻✣ ✛✺✩✚✥✢
➊ Q ✣✢ ✦★ ✢✛★✤✻✥✢✥❺ ✥✢✺ ✩✣

∝
✘✣✛✸ ✣✢ ✩✣ ✇✙✤✇✦✚✛✣ ❸

➉➊➋➌➍➎➏➊ ➐ ➑ ➒➓➓➔→➔ ➣→ ↔ ➒↕
Q ∝ R

↕➙ ↔ ➒↕ ➛➜ ➙ ➝➜ ➣→➞➔ ➝➟➜➙ ➠➔ ➣ ➡➜ ➛➡ ➒➛➜➢ ➛↕ ↕ ➣ ➙↕➟➓→ ➓➔ ➛➤➥➣➔➟ ➠➜ ➛
fqr

➡➔➝➝↕→ ➓➔ ➣➦ ➧ ➡↕➙➙↕ ➝➨➦ ➒➡➙ ➠➔ ➣ ➩ ➑ ➠
R

➜➦➟↕➙ ➒➣ ➜ ➛➫➔ ➝➠➙ ➭➟↕ ➓➔ ➛➤ ➣➔➟ ➠➜ ➛
Ar

➜ ➛➔ ➝→➔ ➣ ➔ ➢➙ ➠↕ ➣➙ ➒➣ ➜ ➛➫➔ ➝➠➙ ➭➟↕ ➓➔ ➛➤ ➣➔➟ ➠➜ ➛ ➓➔ ➒➝
Q

↕ ➣ ↕➯➨➡ ➒➙➜ ➣➙
fqr

➓➒➠→
Ar

➩ ➲ ➠➣→ ➠➳
(Q ∝ R ∧ R ∈ P) ⇒ Q ∈ P

➩
✶✦ ✣✻✢ ✧✺✤✺✛★✦✣✸ ✣✤✢ ★✩✸ ✥✻ ✹✚✣ ✦✣✻ ✇✦★✻✻✣✻ P ✣✢ NP ✻✙✤✢ ✩✥❹✺✛✣✤✢✣✻ ✣✢ ✩✙✤✇ ✹✚✣ ✦✣✻ ✘✛✙♠
✜✦❶✸ ✣✻ NP ♠♥✙✸ ✘✦✣✢✻ ✤ ❷★✩✸ ✣✢✢✣✤✢ ✘★✻ ✩ ❷★✦✧✙✛✥✢♦✸ ✣✻ ✘✙✦✉✤✙✸ ✥★✚⑥ ❸ ♣★ ✛✣✸ ★✛✹✚✣ ✘✛✺✇✺♠
✩✣✤✢✣ ✥✤✩✥✹✚✣ ✹✚✣ ✻✥ ✚✤ ✻✣✚✦ ✘✛✙✜✦❶✸ ✣ NP ♠♥✙✸ ✘✦✣✢ ★✩✸ ✣✢✢★✥✢ ✚✤ ★✦✧✙✛✥✢♦✸ ✣ ✘✙✦✉✤✙✸ ✥★✦ r
★✦✙✛✻ ✢✙✚✢ ✘✛✙✜✦❶✸ ✣ ✩✣ NP ✻✣ ✛✺✻✙✚✩✛★✥✢ ✣✤ ✢✣✸ ✘✻ ✘✙✦✉✤✙✸ ✥★✦ ✣✢ ✩✙✤✇ ✹✚ ❷✙✤ ★✚✛★✥✢
✦ ❷✺✧★✦✥✢✺ ✩✣✻ ✇✦★✻✻✣✻ P ✣✢ NP ❸ ③✤ ✻✚✘✘✙✻✣ ✣✤ ✧✺✤✺✛★✦ ✹✚ ❷✥✦ ✤ ❷✣⑥ ✥✻✢✣ ✘★✻ ✩ ❷★✦✧✙✛✥✢♦✸ ✣ ✘✙✦✉♠
✤✙✸ ✥★✦ ✘✙✚✛ ✦✣✻ ✘✛✙✜✦❶✸ ✣✻ NP ♠♥✙✸ ✘✦✣✢✻ ✣✢ ✹✚✣ ✩✙✤✇ r ✦✣ ✘✛✙✜✦❶✸ ✣ ✩ ❷✙✘✢✥✸ ✥✻★✢✥✙✤ ★✻✻✙✇✥✺ r
✻ ❷✥✦ ✣⑥ ✥✻✢✣ r ✤ ❷★✩✸ ✣✢ ✘★✻ ✤✙✤ ✘✦✚✻ ✩ ❷★✦✧✙✛✥✢♦✸ ✣ ✘✙✦✉✤✙✸ ✥★✦ ❸
♥✣✛✢★✥✤✻ ✘✛✙✜✦❶✸ ✣✻ r ✸ ➸✸ ✣ ✻ ❷✥✦✻ ✤ ❷★✩✸ ✣✢✢✣✤✢ ✘★✻ ✩ ❷★✦✧✙✛✥✢♦✸ ✣✻ ✣⑥★✇✢✻ ✘✙✦✉✤✙✸ ✥★✚⑥ r ✘✙✚✛♠
✛✙✤✢ ★✩✸ ✣✢✢✛✣ ✩✣✻ ★✦✧✙✛✥✢♦✸ ✣✻ ✛✣✦★✢✥❺✣✸ ✣✤✢ ✛★✘✥✩✣✻ ★✘✘✣✦✺✻ ★✦✧✙✛✥✢♦✸ ✣✻ ➅ ✒ ✌➂❨✓✗➅ ✓➃➇✍✓➁ ❿★➂♦ ❸❝✥ ✚✤ ✘✛✙✜✦❶✸ ✣ ★ ✩★✤✻ ✻✣✻ ✩✙✤✤✺✣✻ k ✣✤✢✥✣✛✻ n1, n2, . . . , nk

r ✇✣✚⑥♠✇✥ ✻✙✤✢ ✇✙✩✺✻ ✣✤ ✜★✻✣ 2✩★✤✻ ✦★ ✸ ✺✸ ✙✥✛✣ ✩ ❷✙✛✩✥✤★✢✣✚✛ ✣✢ ✦✣✚✛ ✢★✥✦✦✣ ✣✻✢ ✩✙✤✇ ✚✤ O(k ln(max ni))
❸ ❜ ✤ ★✦✧✙✛✥✢♦✸ ✣

✘✙✚✛ ✇✣ ✘✛✙✜✦❶✸ ✣ ✻✣✛★ ✘✻✣✚✩✙♠✘✙✦✉✤✙✸ ✥★✦ ✻✥ ✦✣ ✤✙✸✜✛✣ ✩ ❷✙✘ ✺✛★✢✥✙✤✻ ✣❹✣✇✢✚✺✣✻ ✩✺✘ ✣✤✩ ✩✣
✷★✖✙✤ ✘✙✦✉✤✙✸ ✥★✦✣ ✩✣✻ ni

➉✥✦ ✻✣✛★ ✩✙✤✇ ✣⑥✘ ✙✤✣✤✢✥✣✦➌ ✣✢ ✩✣ ✦★ ✢★✥✦✦✣ ✩✚ ✛✣✻✢✣ ✩✣ ✦ ❷✥✤✻✢★✤✇✣ ❸
s✙✚✛ ✇✣✛✢★✥✤✻ ✘✛✙✜✦❶✸ ✣✻ ✩✣ ✢✣✦✻ ★✦✧✙✛✥✢♦✸ ✣✻ ✘✻✣✚✩✙♠✘✙✦✉✤✙✸ ✥★✚⑥ ✤ ❷✣⑥ ✥✻✢✣✤✢ ✘★✻ ❸ ③✤ ✩✥✢
✹✚✣ ✇✣✻ ✘✛✙✜✦❶✸ ✣✻ ✻✙✤✢ NP ✗➵ ❿➅ ➆❿➃✌✒ ★➂ ✒ ✌✍✒ ❩ ✓✎➄❸
s✙✚✛ ✸ ✙✤✢✛✣✛ ✹✚ ❷✚✤ ✘✛✙✜✦❶✸ ✣ Q ✣✻✢ NP ♠✈ ✥➯ ✇✥✦✣ ★✚ ✻✣✤✻ ✷✙✛✢ r ✙✤ ✇♦✣✛✇♦✣ ✚✤✣ ✛✺✩✚✇✢✥✙✤
✘✻✣✚✩✙♠✘✙✦✉✤✙✸ ✥★✦✣ ✣✤✢✛✣ ✚✤ ✘✛✙✜✦❶✸ ✣ NP ♠✈ ✥➯ ✇✥✦✣ ★✚ ✻✣✤✻ ✷✙✛✢ ✣✢ Q ❸



◆❖❦ ❖ ❑◗ê▼æç❧ ë ã♠ ⑦Ï

✌ ❯Þ ❯� ❀ ÿ ÿ ÐÑ✂ ✾Ô ✼Ò ✾✿✾ÛÜ

♣✙✛✻✹✚✣ ✦✣ ✘✛✙✜✦❶✸ ✣ ✩✣ ✩✺✇✥✻✥✙✤ ★✻✻✙✇✥✺ ➊ ✚✤ ✘✛✙✜✦❶✸ ✣ ✩ ❷✙✘✢✥✸ ✥✻★✢✥✙✤ ✣✻✢ NP ♠✈ ✥➯ ✇✥✦✣ r ✙✤
✤✣ ✘✣✚✢ ✘★✻ ✢✙✚t ✙✚✛✻ ✚✢✥✦✥✻✣✛ ✚✤ ★✦✧✙✛✥✢♦✸ ✣ ✩✣ ✛✺✻✙✦✚✢✥✙✤ ✣⑥★✇✢ ✘✙✚✛ ✦✣ ✘✛✙✜✦❶✸ ✣ ✩ ❷✙✘✢✥✸ ✥♠
✻★✢✥✙✤ r ✘✚✥✻✹✚ ❷✥✦ ✤ ❷✣✤ ✣⑥ ✥✻✢✣ ✘★✻ ✩✣ ✘✙✦✉✤✙✸ ✥★✦ r ✻★✚✷ ✻✥ P = NP ❸ ③✤ ✻✣ ✢✙✚✛✤✣ ★✦✙✛✻ ❺✣✛✻
✩✣✻ ♦✣✚✛✥✻✢✥✹✚✣✻ ✩✙✤✢ ✙✤ ✸ ✣✻✚✛✣ ✦★ ✹✚★✦✥✢✺ ✻✣✦✙✤ ✩✣✚⑥ ✇✛✥✢❶✛✣✻ ✵ ✦★ ✹✚★✦✥✢✺ ✩✣✻ ✻✙✦✚✢✥✙✤✻ ✣✢
✦★ ✛★✘✥✩✥✢✺ ✩✣ ✦ ❷♦✣✚✛✥✻✢✥✹✚✣ ❸
s✙✚✛ ✚✤ ✘✛✙✜✦❶✸ ✣ ✩ ❷✙✘✢✥✸ ✥✻★✢✥✙✤ Q ✩✙✤✤✺ r ✙✤ ✤✙✢✣❲ IQ

✦ ❷✣✤✻✣✸✜✦✣ ✩✣✻ ✥✤✻✢★✤✇✣✻ ✩✣ Q ✙✚ I ✻ ❷✥✦ ✤ ❷✉ ★ ✘★✻ ✩✣ ✇✙✤✷✚✻✥✙✤ ✘✙✻✻✥✜✦✣ ➸❲ SolQ(x) ✙✚ Sol(x) ✦ ❷✣✤✻✣✸✜✦✣ ✩✣✻ ✻✙✦✚✢✥✙✤✻ ★✩✸ ✥✻✻✥✜✦✣✻ ✩✣ Q ✘✙✚✛ ✦ ❷✥✤✻✢★✤✇✣ x ➸❲ m(x, y) ✦★ ❺★✦✣✚✛ ✩✣ ✦★ ✷✙✤✇✢✥✙✤ ✙✜t ✣✇✢✥✷ ✩✣ ✦★ ✻✙✦✚✢✥✙✤ ★✩✸ ✥✻✻✥✜ ✦✣ y ✩✣ ✦ ❷✥✤✻✢★✤✇✣ x ✩✣ Q ➸❲ OPT (x) ✦★ ❺★✦✣✚✛ ✙✘✢✥✸ ★✦✣ ✩✣ ✦★ ✷✙✤✇✢✥✙✤ ✙✜t ✣✇✢✥✷ ✘ ✙✚✛ ✦ ❷✥✤✻✢★✤✇✣ x ✩✣ Q ➸❲ |x| ✦★ ✢★✥✦✦✣ ✩✣ ✦ ❷✥✤✻✢★✤✇✣ x ❸
s✙✚✛ ✸ ✣✻✚✛✣✛ ✦★ ✹✚★✦✥✢✺ ✩✣✻ ✻✙✦✚✢✥✙✤✻ ✩ ❷✚✤✣ ♦✣✚✛✥✻✢✥✹✚✣ r ✙✤ ✣✻✻★✥✣ ✩ ❷✙✜✢✣✤✥✛ ✩✣✻ ✜✙✛✤✣✻
✻✚✛ ✦ ❷✺✇★✛✢ ✣✤✢✛✣ ✦★ ✻✙✦✚✢✥✙✤ ✹✚ ❷✣✦✦✣ ✷✙✚✛✤✥✢ ✣✢ ✦★ ✻✙✦✚✢✥✙✤ ✙✘✢✥✸ ★✦✣ ❸ ③✤ ✘★✛✦✣ ✩✣ ✎★➄❿✓ ❨✌
➅ ✌✎❩ ✓✎➁ ★✍ ➆✌❸

✭ ❳ï ✳✮➏✮➍✳ ò ♣❥ ❨➏✮➍ ❯✴ ✱ ✴❱➺➍❱⑨ ❨✳✰✴ ❯ ❮⑧✳✴ ✮✳✯➏❨✳✰✴ q ➆ ✓❿✌✍ ➄ Q ➂✍ ➅ ✎✓❭➃❳➁ ✌ ❨ ❝✓➅ ➄❿✗
➁ ❿✒★➄❿✓✍✈ x ➂✍ ✌ ❿✍✒ ➄★✍ ➆✌ ❨✌ Q ✌➄ y ➂✍ ✌ ✒✓➃➂➄❿✓✍ ★❨➁ ❿✒✒ ❿❭➃✌ ➅ ✓➂✎ x s ➻✌ ✛★✢✥✙ ✩✣ ✘ ✣✛✷✙✛✸ ★✤✇✣
✩✣ y ✘★✛ ✛★✘✘✙✛✢ ➊ x ✌✒ ➄

R(x, y) = max

{

OPT (x)

m(x, y)
,

m(x, y)

OPT (x)

}

s✙✚✛ ✧★✛★✤✢✥✛ ✦★ ✹✚★✦✥✢✺ ✩✣✻ ✻✙✦✚✢✥✙✤✻ ✩ ❷✚✤✣ ♦✣✚✛✥✻✢✥✹✚✣ r ✙✤ ✻ ❷✥✤✢✺✛✣✻✻✣ ★✚ ✛★✢✥✙ ✩✣ ✘ ✣✛✷✙✛♠
✸ ★✤✇✣ ✩✣ ✇♦★✹✚✣ ✻✙✦✚✢✥✙✤ ✘✛✙✘✙✻✺✣ ✘★✛ ✛★✘✘✙✛✢ ➊ ✻✙✤ ✥✤✻✢★✤✇✣ ❸

✭ ❳ï ✳✮➏✮➍✳ ý ♣
r(n)

➐❨✱✱❱➍ð ✮⑨ ❨➏✮➍✳ q ➆ ✓❿✌✍ ➄ Q ➂✍ ➅ ✎✓❭➃❳➁ ✌ ❨ ❝✓➅ ➄❿➁ ❿✒★➄❿✓✍ ✌➄ (r(n)) ➂✍ ✌✒➂❿➄✌ ✙ ✇★ ➃✌➂✎✒ ❨★✍✒ [1, +∞[ s ♥✍ ❨❿➄ ❬➂ ❝➂✍ ★ ➃➀ ✓✎❿➄❾➁ ✌ A ✌✒ ➄ ➂✍✌ r(n)♠★✘✘✛✙⑥ ✥✸ ★✢✥✙✤ ✒ ❿
➅ ✓➂✎ ➄✓➂➄✌ ❿✍✒ ➄★✍ ➆✌ x

❨✌ Q➃ A
❨✏➃❿✇✎✌ ➂✍ ✌ ✒✓➃➂➄❿✓✍ ★❨➁ ❿✒✒ ❿❭➃✌ A(x)

❨➂ ➅ ✎✓❭➃❳➁ ✌ Q ➄➃ m(x,A(x)) ≤ r(|x|)OPT (x)
✒ ❿ Q ✌✒ ➄ ➂✍ ➅ ✎✓❭➃❳➁ ✌ ❨✌ ➁ ❿✍ ❿➁ ❿✒★➄❿✓✍ ➄➃ OPT (x) ≤ r(|x|)m(x,A(x))
✒ ❿ Q ✌✒ ➄ ➂✍ ➅ ✎✓❭➃❳➁ ✌ ❨✌ ➁ ★♦ ❿➁ ❿✒★➄❿✓✍ s✓➂ ❨✌ ❩ ★➼✓✍ ✏❬➂❿✇★ ➃✌✍ ➄✌ ➽➃ A

❨✏➃❿✇✎✌ ➂✍ ✌ ✒✓➃➂➄❿✓✍ ★❨➁ ❿✒✒ ❿❭➃✌ A(x)
❨➂ ➅ ✎✓❭➃❳➁ ✌ Q ➄➃ R(x,A(x)) ≤ r(|x|) s

✭ ❳ï ✳✮➏✮➍✳ ➾ ♣➞✴❱➺➍❱⑨ ❨✳✰✴ ❲❨❱❨✳➏✮✴ q ➆ ❿ ➂✍ ★ ➃➀ ✓✎❿➄❾➁ ✌ A ✌✒ ➄ ➂✍ ✌ r(n)✗★➅➅ ✎✓♦ ❿➁ ★➄❿✓✍
➅ ✓➂✎ ➃✌ ➅ ✎✓❭➃❳➁ ✌ Q✈ ✓✍ ❨❿➄ ❬➂ ✌ r(n) ✌✒ ➄ ➂✍ ✌ ✘✣✛✷✙✛✸ ★✤✇✣ ✧★✛★✤✢✥✣ ❨✌ ➃ ❝★ ➃➀ ✓✎❿➄❾➁ ✌ A s
③✤ ✻ ❷★✢✢★✇♦✣ ✣✤ ✧✺✤✺✛★✦ ➊ ✢✛✙✚❺✣✛ ✦★ ✘✦✚✻ ✘ ✣✢✥✢✣ ✘ ✣✢✥✢✣ ✘ ✣✛✷✙✛✸ ★✤✇✣ ✧★✛★✤✢✥✣ ✹✚ ❷✥✦ ✣✻✢
✘✙✻✻✥✜✦✣ ✩ ❷✙✜✢✣✤✥✛ ✘✙✚✛ ✚✤ ★✦✧✙✛✥✢♦✸ ✣ ❸ ✶✦ ✤ ❷✉ ★ ✘★✻ ✩✣ ✇✙✤✻✣✤✻✚✻ ✻✚✛ ✦✣ ✤✙✸ ✹✚✥ ✘✙✚✛✛★✥✢
✦✚✥ ➸✢✛✣ ✩✙✤✤✺ ✣✢ ✤✙✚✻ ★✩✙✘✢✙✤✻ ✥✇✥ ✦★ ✤✙✢★✢✥✙✤ ✻✚✥❺★✤✢✣



❡❢ ❑▲ä▼ ë ãíç ◆❖ ëP ãí◗è ❘❑ãë◗P ❙ æ ❚◗íè ◗PPäP❑ç ê çP ã
✭ ❳ï ✳✮➏✮➍✳ ➚ ♣❥ ❨➏✮➍ ❯✴ ✱ ✴❱➺➍❱⑨ ❨✳✰✴ ❯ ❮⑧✳ ❨✲❲➍❱✮➏❙⑨ ✴ q ➆ ✓❿✌✍ ➄ Q ➂✍ ➅ ✎✓❭➃❳➁ ✌ ❨ ❝✓➅ ✗
➄❿➁ ❿✒★➄❿✓✍✈ ✌➄ A ➂✍ ★ ➃➀ ✓✎❿➄❾➁ ✌ ❬➂❿ ➅ ✓➂✎ ➆❾★❬➂ ✌ ❿✍✒ ➄★✍ ➆✌ x

❨✌ Q ➅ ✎✓❨➂❿➄ ➂✍ ✌ ✒✓➃➂➄❿✓✍ A(x)★❨➁ ❿✒✒ ❿❭➃✌ ➅ ✓➂✎ x s ➻✌ ✛★✢✥✙ ✩✣ ✘ ✣✛✷✙✛✸ ★✤✇✣ ✩✣ ✦ ❷★✦✧✙✛✥✢♦✸ ✣ A ✌✒ ➄
sup{R(x,A(x))|x ∈ IQ}

❜ ✤✣ ✧★✛★✤✢✥✣ ✩✣ ✘ ✣✛✷✙✛✸ ★✤✇✣ ✩ ❷✚✤ ★✦✧✙✛✥✢♦✸ ✣ A ✣✻✢ ✩✙✤✇ ✚✤✣ ✜✙✛✤✣ ✻✚✘✺✛✥✣✚✛✣ ✩✚ ✛★✢✥✙
✩✣ ✘ ✣✛✷✙✛✸ ★✤✇✣ ✩✣ ✦ ❷★✦✧✙✛✥✢♦✸ ✣ A ❸
③✤ ✩✺➔✤✥✢ r ✘ ✙✚✛ ✦✣✻ ✘✛✙✜✦❶✸ ✣✻ ✩ ❷✙✘✢✥✸ ✥✻★✢✥✙✤ r ✩✥❹✺✛✣✤✢✣✻ ✇✦★✻✻✣✻ ✹✚✥ ✛✣✧✛✙✚✘✣✤✢ ✇✣✻ ✘✛✙♠
✜✦❶✸ ✣✻ ✣✤ ✷✙✤✇✢✥✙✤ ✩✣✻ ✛★✢✥✙✻ ✩✣ ✘ ✣✛✷✙✛✸ ★✤✇✣✻ ✹✚ ❷✥✦ ✣✻✢ ✘ ✙✻✻✥✜ ✦✣ ✩ ❷✙✜✢✣✤✥✛ ✘✙✚✛ ✩✣✻ ★✦♠
✧✙✛✥✢♦✸ ✣✻ ✩✙✤✢ ✦✣ ✢✣✸ ✘✻ ✩ ❷✣⑥✺✇✚✢✥✙✤ ✣✻✢ ✛★✥✻✙✤✤★✜✦✣ ❸ ❭ ✙✚✻ ✥✤✢✛✙✩✚✥✻✙✤✻ ✢✙✚✢ ✩ ❷★✜✙✛✩
✦★ ✇✦★✻✻✣ NPO ➉✘✙✚✛ NP ✗♥➅ ➄❿➁ ❿➪ ★➄❿✓✍ ➶✎✓❭➃✌➁ ✒ ✣✤ ★✤✧✦★✥✻➌ ✹✚✥ ✣✻✢ ✦✣ ✘ ✣✤✩★✤✢ ✩✣ ✦★
✇✦★✻✻✣ NP ✘✙✚✛ ✦✣✻ ✘✛✙✜✦❶✸ ✣✻ ✩ ❷✙✘✢✥✸ ✥✻★✢✥✙✤ ❸
✭ ❳ï ✳✮➏✮➍✳ â ♣➣✲❨✯✯✴ NPOq r✍ ➅ ✎✓❭➃❳➁ ✌ ❨ ❝✓➅ ➄❿➁ ❿✒★➄❿✓✍ Q ✌✒ ➄ ❨★✍✒ ➃★ ➆➃★✒✒ ✌ NPO✒ ❝❿➃ ✇✏✎❿t ✌ ➃✌✒ ➅ ✎✓➅ ✎❿✏➄✏✒ ✒➂❿✇★✍ ➄✌✒ ➽➃ ♥✍ ➅ ✌➂➄ ✎✌➆✓✍✍★➹➄✎✌ ✌✍ ➄✌➁➅ ✒ ➅ ✓➃➇✍✓➁ ❿★ ➃ ➃✌✒ ❿✍✒ ➄★✍ ➆✌✒ ❨✌ Q ➄➃ ➆ ❿ x ✌✒ ➄ ➂✍ ✌ ❿✍✒ ➄★✍ ➆✌ ❨✌ Q ★ ➃✓✎✒ ❿➃ ✌♦ ❿✒ ➄✌ ➂✍ ➅ ✓➃➇✍➘➁ ✌ v ➄✌➃ ❬➂ ✌ ∀y ∈ Sol(x), |y| ≤

v(|x|) s ➵ ✌ ➅ ➃➂✒✈ ✏➄★✍ ➄ ❨✓✍✍ ✏✒ x ➂✍ ✌ ❿✍✒ ➄★✍ ➆✌ ❨✌ Q ✌➄ y ➄✌➃ ❬➂ ✌ |y| ≤ v(|x|)✈ ✓✍ ➅ ✌➂➄❨✏➆❿❨✌✎ ✒ ❿ y ∈ Sol(x) ✌✍ ➄✌➁➅ ✒ ➅ ✓➃➇✍✓➁ ❿★ ➃ ➄➃ ➶ ✓➂✎ ➄✓➂➄ x ∈ I ✌➄ ➄✓➂➄ y ∈ Sol(x)✈ m(x, y) ➅ ✌➂➄ ➴➄✎✌ ➆★ ➃➆➂➃✏✌ ✌✍ ➄✌➁➅ ✒ ➅ ✓➃➇✍✓➁ ❿★ ➃s
♣✣✻ ✘✛✙✜✦❶✸ ✣✻ ✩✣ ✇✣✢✢✣ ✇✦★✻✻✣ ✙✤✢ ✦ ❷★❺★✤✢★✧✣ ✩✣ ✘✙✻✻✺✩✣✛ ✩✣✻ ✻✙✦✚✢✥✙✤✻ ✩✙✤✢ ✦★ ✢★✥✦✦✣ ✣✻✢
✜✙✛✤✺✣ ✘★✛ ✛★✘✘✙✛✢ ➊ ✦★ ✢★✥✦✦✣ ✩✣ ✦ ❷✥✤✻✢★✤✇✣ r ✇✣ ✹✚✥ ✣✻✢ ✢✙✚t ✙✚✛✻ ✦✣ ✇★✻ ✘✙✚✛ ✦✣✻ ✘✛✙✜✦❶✸ ✣✻
✩✣ ✩✺✇✥✻✥✙✤ r ✘✚✥✻✹✚✣ ✦✣✻ ✻✣✚✦✣✻ ✛✺✘✙✤✻✣✻ ✘✙✻✻✥✜ ✦✣✻ ✻✙✤✢ ✧✙✚✥✧ ✣✢ ✧✤✙✤ ✧❸ ♣★ ✇✦★✻✻✣ NPO✣✻✢ ✇✙✸ ✸ ✣ ✻✙✤ ✤✙✸ ✦ ❷✥✤✩✥✹✚✣ ✦✥✺✣ ➊ ✦★ ✇✦★✻✻✣ NP r ✘✚✥✻✹✚✣ ✻✥ ✚✤ ✘✛✙✜✦❶✸ ✣ ✩ ❷✙✘✢✥✸ ✥✻★✢✥✙✤
✣✻✢ ✩★✤✻ ✦★ ✇✦★✻✻✣ NPO r ★✦✙✛✻ ✦✣ ✘✛✙✜✦❶✸ ✣ ✩✣ ✩✺✇✥✻✥✙✤ ★✻✻✙✇✥✺ ✣✻✢ ✩★✤✻ NP ✣✢ ✦✣ ✛✺✻✚✦✢★✢
✻✚✥❺★✤✢ ✻ ❷★✘✘✦✥✹✚✣ ✵
❘ ❙❳➍❱❚⑨ ✴ ✃ ➆ ❿ ➂✍ ➅ ✎✓❭➃❳➁ ✌ Q

❨ ❝✓➅ ➄❿➁ ❿✒★➄❿✓✍ ✌✒ ➄ ❨★✍✒ NPO ✌➄ ❬➂ ✌ ➃✌ ➅ ✎✓❭➃❳➁ ✌ ❨✌❨✏➆❿✒ ❿✓✍ ★✒✒ ✓➆❿✏ ✌✒ ➄ NP ✗➁✓➁➅ ➃✌➄✈ ★ ➃✓✎✒ Q ✌✒ ➄ NP ✗➵ ❿➅ ➆❿➃✌s
♣★ ✇✦★✻✻✣ NPO ✇✙✤✢✥✣✤✢ ✘✦✚✻✥✣✚✛✻ ✻✙✚✻♠✇✦★✻✻✣✻ ❸ ❭✙✚✻ ✘✛✺✻✣✤✢✙✤✻ ✥✇✥ ✇✣✦✦✣✻ ✹✚✥ ✻✣✛✙✤✢ ✚✢✥♠
✦✥✻✺✣✻ ✩★✤✻ ✇✣ ✸ ✺✸ ✙✥✛✣ ❸
✭ ❳ï ✳✮➏✮➍✳ ✃➷ ♣➣✲❨✯✯✴ APX q r✍ ➅ ✎✓❭➃❳➁ ✌ Q

❨✌ NPO ✌✒ ➄ ❨★✍✒ ➃★ ➆➃★✒✒ ✌ APX ✒ ❝❿➃★❨➁ ✌➄ ➂✍ ✌ O(1)✗★➅➅ ✎✓♦ ❿➁ ★➄❿✓✍ s
✭ ❳ï ✳✮➏✮➍✳ ✃✃ ♣➣✲❨✯✯✴ PT AS q r✍ ➅ ✎✓❭➃❳➁ ✌ Q

❨✌ NPO ✌✒ ➄ ❨★✍✒ ➃★ ➆➃★✒✒ ✌ PT AS ✒ ❝❿➃★❨➁ ✌➄ ➂✍ ✻✇♦✺✸ ★ ✩ ❷★✘✘✛✙⑥ ✥✸ ★✢✥✙✤ ✘✙✦✉✤✙✸ ✥★✦✈ ➆ ❝✌✒ ➄✗✙✗❨❿✎✌ ✒ ❝❿➃ ✌♦ ❿✒ ➄✌ ➂✍ ✌ ❩ ★➁ ❿➃ ➃✌ ❨ ❝★ ➃➀ ✓✗✎❿➄❾➁ ✌✒ ➅ ✓➃➇✍✓➁ ❿★➂♦ (Aǫ)ǫ>0
➄✌➃ ➃✌ ❬➂ ✌ ➅ ✓➂✎ ➄✓➂➄ ǫ > 0✈ Aǫ

✌✒ ➄ ➂✍ ✌ (1 + ǫ)✗★➅➅ ✎✓♦ ❿➁ ★➄❿✓✍❨✌ Q s
❫✤ ✷★✥✢ r ✇✣✢✢✣ ✩✺➔✤✥✢✥✙✤ ✤✣ ✩✣✸ ★✤✩✣ ★✚⑥ ★✦✧✙✛✥✢♦✸ ✣✻ ✩✣ ✦★ ✷★✸ ✥✦✦✣ (Aǫ)ǫ>0

✹✚✣ ✩ ❷➸✢✛✣
✘✙✦✉✤✙✸ ✥★✚⑥ ✘★✛ ✛★✘✘✙✛✢ ➊ ✦★ ✢★✥✦✦✣ ✩✣✻ ✥✤✻✢★✤✇✣✻ ✩✣ Q ✣✢ ✘★✻ ✘★✛ ✛★✘✘✙✛✢ ➊ ✦★ ✢★✥✦✦✣ ✩✣
1/ǫ ❸ ❝✥ ✙✤ ✇♦✙✥✻✥✢ ǫ ★✛✜✥✢✛★✥✛✣✸ ✣✤✢ ✘ ✣✢✥✢ r ✘ ✙✚✛ ✙✜✢✣✤✥✛ ✚✤✣ ✻✙✦✚✢✥✙✤ ✢✛❶✻ ✘✛✙✇♦✣ ✩✣ ✦ ❷✙✘✢✥✸ ★✦r
✙✤ ✛✥✻✹✚✣ ★✦✙✛✻ ✩ ❷➸✢✛✣ ✇✙✤✷✛✙✤✢✺ ➊ ✚✤ ✢✣✸ ✘✻ ✩✣ ✇★✦✇✚✦ ✢✛❶✻ ✥✸ ✘✙✛✢★✤✢ ❸ ♣★ ✇✦★✻✻✣ FPT AS✣✻✢ ✩✙✤✇ ✥✤✢✛✙✩✚✥✢✣ ✵
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✭ ❳ï ✳✮➏✮➍✳ ✃à ♣➣✲❨✯✯✴ FPT AS q r✍ ➅ ✎✓❭➃❳➁ ✌ Q
❨✌ NPO ✌✒ ➄ ❨★✍✒ ➃★ ➆➃★✒✒ ✌ FPT AS✒ ❝❿➃ ★❨➁ ✌➄ ➂✍ ✻✇♦✺✸ ★ ✩ ❷★✘✘✛✙⑥ ✥✸ ★✢✥✙✤ ✘✦✣✥✤✣✸ ✣✤✢ ✘✙✦✉✤✙✸ ✥★✦✈ ➆ ❝✌✒ ➄✗✙✗❨❿✎✌ ✒ ❝❿➃ ✌♦ ❿✒ ➄✌ ➂✍ ✌❩ ★➁ ❿➃ ➃✌ ❨ ❝★ ➃➀ ✓✎❿➄❾➁ ✌✒ (Aǫ)ǫ>0 ✈ ➅ ✓➃➇✍✓➁ ❿★➂♦ ➅★✎ ✎★➅➅ ✓✎➄ ✙ 1/ǫ ✌➄ ➅★✎ ✎★➅➅ ✓✎➄ ✙ ➃★ ➄★❿➃ ➃✌ ❨✌

➃ ❝❿✍✒ ➄★✍ ➆✌✈ ➄✌➃ ➃✌ ❬➂ ✌ ➅ ✓➂✎ ➄✓➂➄ ǫ > 0✈ Aǫ
✌✒ ➄ ➂✍ ✌ (1 + ǫ)✗★➅➅ ✎✓♦ ❿➁ ★➄❿✓✍ ❨✌ Q s

③✤ ★ ✩✙✤✇ ✦✣✻ ✥✤✇✦✚✻✥✙✤✻ ✻✚✥❺★✤✢✣✻ ✵

FPT AS ⊆ PT AS ⊆ APX ⊆ NPO

s✙✚✛ ✸ ✙✤✢✛✣✛ ✹✚ ❷✚✤ ✘✛✙✜✦❶✸ ✣ ★✘✘★✛✢✥✣✤✢ ➊ ✚✤✣ ✩✣✻ ✇✦★✻✻✣✻ APX r PT AS ✣✢ FPT AS r
✙✤ ✘ ✣✚✢ ✣⑥♦✥✜ ✣✛ ✚✤✣ ✷★✸ ✥✦✦✣ ✩ ❷★✦✧✙✛✥✢♦✸ ✣✻ ★❺✣✇ ✦✣✻ ✘✛✙✘✛✥✺✢✺✻ ✛✣✹✚✥✻✣✻ ❸ s✙✚✛ ✸ ✙✤✢✛✣✛ ✹✚ ❷✥✦
✤ ❷★✘✘★✛✢✥✣✤✢ ✘★✻ ➊ PT AS r ✙✤ ✚✢✥✦✥✻✣✛★ ✻✙✚❺✣✤✢ ✦✣ ✢♦✺✙✛❶✸ ✣ ✻✚✥❺★✤✢ ✹✚✣ ✤✙✚✻ ★✘✘✣✦✙✤✻
➄❾ ✏✓✎❳➁ ✌ ❨✌✒ ➬ ➆★✎➄✒ ➉➮★➅ ➈❾ ✌✓✎✌➁ ✣✤ ★✤✧✦★✥✻➌ ✘✙✚✛ ✷★✇✥✦✥✢✣✛ ✦✣✻ ✛✺✷✺✛✣✤✇✣✻ ✷✚✢✚✛✣✻ ❸
❘ ❙❳➍❱❚⑨ ✴ à ♣➛❨✱ ❘ ❙✴➍❱✴⑨ q ➆ ✓❿✌✍ ➄ Q ➂✍ ➅ ✎✓❭➃❳➁ ✌ ❨✌ ➁ ❿✍ ❿➁ ❿✒★➄❿✓✍ ❨✌ NPO ✌➄ R➂✍ ➅ ✎✓❭➃❳➁ ✌ NP ✗➵ ❿➅ ➆❿➃✌s ➆ ✓❿✌✍ ➄ f ➂✍ ❩ ✓✍ ➆➄❿✓✍ ➆★ ➃➆➂➃★❭➃✌ ✌✍ ➄✌➁➅ ✒ ➅ ✓➃➇✍✓➁ ❿★ ➃ ❬➂❿ ➄✎★✍✒✗❩ ✓✎➁ ✌ ➃✌✒ ❿✍✒ ➄★✍ ➆✌✒ ❨✌ R ✌✍ ❿✍✒ ➄★✍ ➆✌✒ ❨✌ Q ✌➄ c ➂✍ ✌ ❩ ✓✍ ➆➄❿✓✍ ➆★ ➃➆➂➃★❭➃✌ ✌✍ ➄✌➁➅ ✒ ➅ ✓➃➇✍✓✗
➁ ❿★ ➃ ❬➂❿ ➄✎★✍✒❩ ✓✎➁ ✌ ➃✌✒ ❿✍✒ ➄★✍ ➆✌✒ ❨✌ R ✌✍ ✏➃✏➁ ✌✍ ➄✒ ❨✌

N
s ➆ ✓❿➄ g ➂✍ ✌ ➆✓✍✒ ➄★✍ ➄✌ ➅ ✓✒ ❿➄❿✇✌➱➃✌ ✧★✘✃ s ➆ ❿ ➃✌✒ ❨✌➂♦ ➆✓✍❨❿➄❿✓✍✒ ✒➂❿✇★✍ ➄✌✒ ✒ ✓✍ ➄ ✇✏✎❿t ✏✌✒➃ ➶ ✓➂✎ ➄✓➂➄✌ ❿✍✒ ➄★✍ ➆✌ x

❨✌ R
❨✓✍ ➄ ➃★ ✎✏➅ ✓✍✒ ✌ ✌✒ ➄ ✉✓➂❿ ✉✈ OPT (f(x)) = c(x) ➄➃ ➶ ✓➂✎ ➄✓➂➄✌ ❿✍✒ ➄★✍ ➆✌ x

❨✌ R
❨✓✍ ➄ ➃★ ✎✏➅ ✓✍✒ ✌ ✌✒ ➄ ✉✍✓✍ ✉✈ OPT (f(x)) ≥ (1 + g)c(x) s➇ ➃✓✎✒ ❿➃ ✌✒ ➄ ❿➁➅ ✓✒✒ ❿❭➃✌ ❨ ❝★➅➅ ✎✓♦ ❿➁ ✌✎ Q ✌✍ ➄✌➁➅ ✒ ➅ ✓➃➇✍✓➁ ❿★ ➃ ★✇✌➆ ➂✍ ✎★➄❿✓ r < 1 + g

✒★➂❩✒ ❿ P = NP s
✌ ❯Þ ❯✄ ✡ ÐÙ ÑÚ Ú ✼Ú ×ÕÔ ÕÚÛ ÑÚ ✿✾Ú Õ

③✤ ✘★✛✦✣ ✩ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ✓✍ ➃❿✍ ✌ ✘✙✚✛ ✩✺✇✛✥✛✣ ✩✣✻ ✘✛✙✜✦❶✸ ✣✻ ✢✣✦✻ ✹✚✣ ✦ ❷✣✤✻✣✸✜✦✣ ✩✣✻
✢➋✇♦✣✻ ✣✢ ✦✣✚✛✻ ✇★✛★✇✢✺✛✥✻✢✥✹✚✣✻ ✤✣ ✻✙✤✢ ✘★✻ ✇✙✤✤✚✻ ➊ ✦ ❷★❺★✤✇✣ ❸ q✉✘✥✹✚✣✸ ✣✤✢ r ✦✣✻ ✢➋✇♦✣✻ ✙✚
✦✣✻ ✙✘ ✺✛★✢✥✙✤✻ ✙✤✢ ✩✣✻ ✩★✢✣✻ ✩✣ ✩✥✻✘✙✤✥✜✥✦✥✢✺ ✣✢ ✇✣ ✤ ❷✣✻✢ ✹✚ ❷➊ ✦ ❷★✘✘★✛✥✢✥✙✤ ✩✣ ✦★ ✢➋✇♦✣ ✙✚ ✩✣
✦ ❷✙✘ ✺✛★✢✥✙✤ ✩★✤✻ ✦✣ ✻✉✻✢❶✸ ✣ ✹✚✣ ✦ ❷✙✤ ✇✙✤✤★➺✢ ✻★ ✩✚✛✺✣ ✩ ❷✚✻✥✤★✧✣ ❸ ③✤ ✤✣ ✻★✥✢ ✹✚ ❷➊ ✦★ ➔✤ ✩✣
✦★ ✘✛✙✩✚✇✢✥✙✤ ✹✚✣✦ ✻✣✛★ ✦✣ ✤✙✸ ✜✛✣ ✢✙✢★✦ ✩✣ ✢➋✇♦✣✻ ✙✚ ✩ ❷✙✘ ✺✛★✢✥✙✤✻ ❸ ♣✣ ♥♦★✘✥✢✛✣ ➠ ✘✛✙✘✙✻✣
✚✤ ✣⑥✣✸ ✘✦✣ ✥✤✩✚✻✢✛✥✣✦ ✩✣ ✇✣ ✢✉✘ ✣ ✩✣ ✘✛✙✜✦❶✸ ✣ ❸
❝✥ ✙✤ ✩✥✻✘✙✻✣ ✢✙✚✢ ✩✣ ✸ ➸✸ ✣ ✩ ❷✚✤ ✇✣✛✢★✥✤ ✤✙✸✜✛✣ ✩ ❷✥✤✷✙✛✸ ★✢✥✙✤✻ ✻✚✛ ✦✣✻ ✢➋✇♦✣✻ ✙✚ ✙✘✺✛★♠
✢✥✙✤✻ ✹✚✥ ❺✙✤✢ ★✛✛✥❺✣✛ ✩★✤✻ ✦✣ ✻✉✻✢❶✸ ✣ r ✙✤ ✘★✛✦✣ ✩ ❷★✦✧✙✛✥✢♦✸ ✣ ✒ ✌➁ ❿✗✓✍ ➃❿✍ ✌ ✙✚ ✍ ✌★✎ ➃➇✗✓✍ ➃❿✍ ✌❸
s★✛ ✣⑥✣✸ ✘✦✣ r ✦✣✻ ✢➋✇♦✣✻ ✘ ✣✚❺✣✤✢ ★✘✘★✛✢✣✤✥✛ ➊ ✚✤ ✣✤✻✣✸✜✦✣ ✩✣ ✢✉✘ ✣✻ ✘✛✺✩✺➔✤✥✻ ✣✢ ✦✣✻ ❺★✦✣✚✛✻
✘✙✻✻✥✜✦✣✻ ✘✙✚✛ ✦✣✚✛✻ ✩✚✛✺✣✻ ✩ ❷✚✻✥✤★✧✣ ➸✢✛✣ ✩✙✤✇ ✇✙✤✤✚✣✻ ➊ ✦ ❷★❺★✤✇✣ ❸ ③✤ ✘✣✚✢ ✣✤✇✙✛✣ ✥✸ ★✧✥♠
✤✣✛ ✹✚✣ ✦ ❷✙✤ ✇✙✤✤★✥✻✻✣ ➊ ✇♦★✹✚✣ ✥✤✻✢★✤✢ ✦★ ✩★✢✣ ✩ ❷★✛✛✥❺✺✣ ✩✣ ✦★ ✘✛✙✇♦★✥✤✣ ✢➋✇♦✣ ➉✇ ❷✣✻✢ ✘★✛
✣⑥✣✸ ✘✦✣ ✦✣ ✇★✻ ★✚ ♥♦★✘✥✢✛✣ ➠➌ ❸ ♥✣✻ ✥✤✷✙✛✸ ★✢✥✙✤✻ ✇✙✸ ✘✦✺✸ ✣✤✢★✥✛✣✻ ✘ ✣✛✸ ✣✢✢✣✤✢ ✩ ❷★✸ ✺✦✥✙✛✣✛
✦✣✻ ✘ ✣✛✷✙✛✸ ★✤✇✣✻ ✩✣✻ ★✦✧✙✛✥✢♦✸ ✣✻ ✘✛✙✘✙✻✺✻ ✘✙✚✛ ✇✣✻ ✘✛✙✜✦❶✸ ✣✻ ❸
♣✣✻ ★✦✧✙✛✥✢♦✸ ✣✻ ✇✦★✻✻✥✹✚✣✻ ✚✢✥✦✥✻✺✻ ✘✙✚✛ ✛✺✻✙✚✩✛✣ ✩✣✻ ✘✛✙✜✦❶✸ ✣✻ ✙✤✦✥✤✣ ✻✙✤✢ ✘✛✺✻✣✤✢✺✻
✩★✤✻ ✔❞❰✕ ❸ s✙✚✛ ✸ ✣✻✚✛✣✛ ✦★ ✹✚★✦✥✢✺ ✩ ❷✚✤ ★✦✧✙✛✥✢♦✸ ✣ ✙✤✦✥✤✣ r ✙✤ ✦✣ ✇✙✸ ✘★✛✣ ➊ ✚✤ ★✦✧✙✛✥✢♦✸ ✣
➆➃★❿✎✇✓➇★✍ ➄ ✹✚✥ ✩✥✻✘✙✻✣✛★ ➊ ✦ ❷★❺★✤✇✣ ✩✣ ✢✙✚✢✣✻ ✦✣✻ ✥✤✷✙✛✸ ★✢✥✙✤✻ ✛✣✦★✢✥❺✣✻ ★✚⑥ ✢➋✇♦✣✻ r ✇ ❷✣✻✢♠➊♠
✩✥✛✣ ✦✣✻ ✩★✢✣✻ ✩✣ ✩✥✻✘✙✤✥✜✥✦✥✢✺ ✣✢ ✦✣✻ ✇★✛★✇✢✺✛✥✻✢✥✹✚✣✻ ✩✣ ✢✙✚✢✣✻ ✦✣✻ ✙✘ ✺✛★✢✥✙✤✻ ❸ ❜ ✤ ★✦✧✙✛✥✢♦✸ ✣
✇✦★✥✛❺✙✉★✤✢ ✘ ✣✚✢ ✩✙✤✇ ✇★✦✇✚✦✣✛ ✦★ ✻✙✦✚✢✥✙✤ ✙✘✢✥✸ ★✦✣ ❸ ③✤ ✩✥✢ ✹✚ ❷✥✦ ✛✺✻✙✚✢ ✦✣ ✘✛✙✜✦❶✸ ✣ ✓❐ ❿✍ ✌r
✇ ❷✣✻✢♠➊♠✩✥✛✣ ✦✣ ✸ ➸✸ ✣ ✘✛✙✜✦❶✸ ✣ ✘✙✚✛ ✦✣✹✚✣✦ ✙✤ ✩✥✻✘✙✻✣✛★✥✢ ✩✣ ✦ ❷✣✤✻✣✸✜✦✣ ✩✣✻ ✥✤✷✙✛✸ ★✢✥✙✤✻ ❸



❡❡ ❑▲ä▼ ë ãíç ◆❖ ëP ãí◗è ❘❑ãë◗P ❙ æ ❚◗íè ◗PPäP❑ç ê çP ã
✭ ❳ï ✳✮➏✮➍✳ ✃î ❒❮❰Ï ÐÑÒÓÔÕ Ö

c×ØÐÕÙÚÓÒÓÒÛ Ü ♥✍ ➆✓✍✒ ❿❨❳✎✌ ➂✍ ➅ ✎✓❭➃❳➁ ✌ Q
❨ ❝✓➅ ➄❿➁ ❿✒★➄❿✓✍✓✍ ➃❿✍ ✌ ✌➄ ➂✍ ✌ ➆✓✍✒ ➄★✍ ➄✌ ➅ ✓✒ ❿➄❿✇✌ c s ♥✍ ❨❿➄ ❬➂ ❝➂✍ ★ ➃➀ ✓✎❿➄❾➁ ✌ A ✌✒ ➄ c♠✇✙✸ ✘✺✢✥✢✥✷ ✒ ❿ ➅ ✓➂✎ ➄✓➂➄✌

❿✍✒ ➄★✍ ➆✌ x
❨✌ Q➃ A

❨✏➃❿✇✎✌ ➂✍ ✌ ✒✓➃➂➄❿✓✍ ★❨➁ ❿✒✒ ❿❭➃✌ A(x)
❨➂ ➅ ✎✓❭➃❳➁ ✌ Q ➄➃ m(x,A(x)) ≤ cOPT (x) + b s✓Ý

m(x, y) ✌✒ ➄ ➃★ ✇★ ➃✌➂✎ ❨✌ ➃★ ❩ ✓✍ ➆➄❿✓✍ ✓❭✘ ✌➆➄❿❩ ❨✌ ➃★ ✒✓➃➂ ➄❿✓✍ ★❨➁ ❿✒✒ ❿❭➃✌ y
❨✌ ➃ ❝❿✍✒ ➄★✍ ➆✌ x✈

OPT (x) ✌✒ ➄ ➃★ ✇★ ➃✌➂✎ ✓➅ ➄❿➁ ★ ➃✌ ❨✌ ➃★ ❩ ✓✍ ➆➄❿✓✍ ✓❭✘ ✌➆➄❿❩ ➅ ✓➂✎ ➃✌ ➅ ✎✓❭➃❳➁ ✌ ✓❐ ❿✍ ✌ ✌➄ ➃ ❝❿✍✒✗
➄★✍ ➆✌ x ✌➄ b ✌✒ ➄ ➂✍ ✌ ➆✓✍✒ ➄★✍ ➄✌s
✭ ❳ï ✳✮➏✮➍✳ ✃ñ ❒ÑÞÓÒÐ ßÖ ØÐÕÙÚÓÒÓÒàÒÓÚÜ ➻✌ ✛★✢✥✙ ✩✣ ✇✙✸ ✘✺✢✥✢✥❺ ✥✢✺ ➱➆✓➁➅ ✌➄❿➄❿✇✌ ✎★➄❿✓✃
cA

❨✌ ➃ ❝★ ➃➀ ✓✎❿➄❾➁ ✌ A ✌✒ ➄ ➃★ ❭✓✎✍ ✌ ❿✍❩ ✏✎❿✌➂✎✌ ❨✌ ➃ ❝✌✍✒ ✌➁ ❭➃✌ ❨✌✒ ➆✓✍✒ ➄★✍ ➄✌✒ c ➄✌➃ ➃✌✒ ❬➂ ✌ A✌✒ ➄ c✗➆✓➁➅ ✏➄❿➄❿❩ s
❜ ✤ ✛★✢✥✙ ✩✣ ✇✙✸ ✘✺✢✥✢✥❺ ✥✢✺ ✩✣ cA

✤✣ ✻✥✧✤✥➔✣ ✘★✻ ✹✚✣ A ✻✙✥✢ ✚✤✣ cA
★✘✘✛✙⑥ ✥✸ ★✢✥✙✤ ❸ ❫✤ ✣❹✣✢ r

✦✣ ✛★✢✥✙ ✩✣ ✇✙✸ ✘✺✢✥✢✥❺ ✥✢✺ ✻✣ ✇★✦✇✚✦✣ ✘★✛ ✛★✘✘✙✛✢ ➊ ✦★ ✻✙✦✚✢✥✙✤ ✩✚ ✘✛✙✜✦❶✸ ✣ ✙á ✥✤✣ ✣✢ ✘★✻ ➊
✦★ ✸ ✣✥✦✦✣✚✛✣ ✻✙✦✚✢✥✙✤ ✩✚ ✘✛✙✜✦❶✸ ✣ ✙✤✦✥✤✣ ❸ ♣✣ ✷★✥✢ ✹✚✣ ✦★ ✸ ✣✥✦✦✣✚✛✣ ✻✙✦✚✢✥✙✤ ✙á ✥✤✣ ✻✙✥✢ ✘✦✚✻
✻✥✸ ✘✦✣ ➊ ★✜✙✛✩✣✛ ✘★✛✢✥✇✥✘ ✣ ✜✥✣✤ ✻➳✛ ➊ ✇✣ ✇♦✙✥⑥ ✩✚ ✇★✦✇✚✦ ✩✣✻ ✘ ✣✛✷✙✛✸ ★✤✇✣✻ ✩✣✻ ★✦✧✙✛✥✢♦✸ ✣✻
✙✤✦✥✤✣ ❸



â ➱➶➴ ➬➮➱➶ ✜➾➱➷➬➶

â ➱✠➚➪➮➴➶➘ ➾ã➶☛ ➱➶➘➘✠✡➱☛➶➘
➹ ✤➶✟➷➱✦➶ä➘✠➱➷➬➶

❡➠





◆❖ ëP ãí◗è ❘❑ãë◗P ❡❰
❃ å➩➫➦❇❈æ➧➫➨❇➩

❭✙✚✻ ✤✙✚✻ ✥✤✢✺✛✣✻✻✙✤✻ ✩★✤✻ ✇✣✢✢✣ ✘★✛✢✥✣ ➊ ✩✣✻ ★✢✣✦✥✣✛✻ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ✩✥✻✘✙✻★✤✢ ✩✣ ✛✣✻♠
✻✙✚✛✇✣✻ ✩✥✢✣✻ ❨ ❝✌✍ ➄✎✏✌✑ ✒✓✎➄❿✌ ➉ç✑ ♥ ✎✌✒✒ ✓➂✎➆✌✒➌ ❸ ✈✣ ✢✣✦✦✣✻ ✛✣✻✻✙✚✛✇✣✻ ✻✣✛✙✤✢ ✤✺✇✣✻✻★✥✛✣✻ ✘✙✚✛
✘✛✺✘★✛✣✛ ✦ ❷✚✻✥✤★✧✣ ✩ ❷✚✤✣ ✘✥❶✇✣ ✻✚✛ ✚✤✣ ✸ ★✇♦✥✤✣ ✙✚ ★✘✛❶✻ ✹✚✣ ✇✣✦✚✥♠✇✥ ✻✙✥✢ ✢✣✛✸ ✥✤✺ ❸ s✣✤♠
✩★✤✢ ✦★ ✩✚✛✺✣ ✩ ❷✚✻✥✤★✧✣ r ✦★ ✛✣✻✻✙✚✛✇✣ ✘✙✚✛✛★ ➸✢✛✣ ✚✢✥✦✥✻✺✣ ✘✙✚✛ ✩ ❷★✚✢✛✣✻ ✢➋✇♦✣✻ ✘✛✺✻✣✤✢✣✻
✩★✤✻ ✦✣ ✻✉✻✢❶✸ ✣ ❸ ❭✙✚✻ ✇✦★✛✥➔✙✤✻ ✩★✤✻ ✇✣✢✢✣ ✥✤✢✛✙✩✚✇✢✥✙✤ ✦✣✻ ✩✥❹✺✛✣✤✇✣✻ ✣✢ ✦✥✣✤✻ ✣✤✢✛✣ ✢✛✙✥✻
✛✣✻✻✙✚✛✇✣✻ ✩ ❷✣✤✢✛✺✣❻✻✙✛✢✥✣ ✵ ✦✣✻ ✛✙✜✙✢✻ r ✦✣✻ ✻✣✛❺✣✚✛✻ ✣✢ ✦✣✻ ✙✘ ✺✛★✢✣✚✛✻ ❸ ❫✤ ✘★✛✢✥✇✚✦✥✣✛ r ✦✣✻ ✻✣✛♠
❺✣✚✛✻ ✣✢ ✙✘ ✺✛★✢✣✚✛✻ ✻✙✤✢ ✘✛✺✻✣✤✢✻ ✩★✤✻ ✦★ ✦✥✢✢✺✛★✢✚✛✣ ✻✙✚✻ ✩✥❹✺✛✣✤✢✣✻ ★✘✘✣✦✦★✢✥✙✤✻ ✣✢ ✤✙✚✻
✘✛✙✘✙✻✙✤✻ ✚✤ ✜✛✣✷ ✺✢★✢ ✩✣ ✦ ❷★✛✢ ✘ ✣✛✸ ✣✢✢★✤✢ ✩ ❷★✻✻✙✇✥✣✛ ✦✣✻ ★✛✢✥✇✦✣✻ ✘✛✺✻✣✤✢✺✻ ★✚ ✢✉✘✣ ✩✣
✘✛✙✜✦❶✸ ✣ ✣❹✣✇✢✥❺✣✸ ✣✤✢ ✺✢✚✩✥✺ ❸ ❭✙✚✻ ✇✙✤✇✣✤✢✛✙✤✻ ✤✙✢✛✣ ★✢✢✣✤✢✥✙✤ ✻✚✛ ✦✣✻ ✇★✛★✇✢✺✛✥✻✢✥✹✚✣✻
✩✣ ✇✣✻ ✛✣✻✻✙✚✛✇✣✻ ✣✢ ✦✣✻ ♦✉✘✙✢♦❶✻✣✻ ★✩✙✘✢✺✣✻ ✩★✤✻ ✇✣ ✸ ✺✸ ✙✥✛✣ ❸ s✙✚✛ ✚✤✣ ✘✛✺✻✣✤✢★✢✥✙✤ ✘✦✚✻
✇✙✸ ✘✦❶✢✣ ✩✣ ✦ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ★❺✣✇ ✛✣✻✻✙✚✛✇✣✻ ✩ ❷✣✤✢✛✺✣✻❻✻✙✛✢✥✣✻ r ✦✣ ✦✣✇✢✣✚✛ ✘ ✣✚✢ ✻✣ ✛✺✷✺✛✣✛
➊ ✔❞❰✕ ❸
✌ ❯✌ ✞Ð✼Ú ✽ÿ ÑÐÛ✽ ÿ ✼Ð Ø Ú ÐÑÒ ÑÛ

✈ ★✤✻ ✦✣✻ ✣✤❺✥✛✙✤✤✣✸ ✣✤✢✻ ✩✣ ✢✉✘ ✣ ❼✙❽ ✻♦✙✘ r t ✙✜✻♦✙✘ ✣✢ ✙✘ ✣✤✻♦✙✘ r ✦✣✻ ✘✥❶✇✣✻ ✩✙✥❺✣✤✢ ➸✢✛✣
✩✺✘✦★✇✺✣✻ ✩ ❷✚✤✣ ✸ ★✇♦✥✤✣ ➊ ✦ ❷★✚✢✛✣ ✘✚✥✻✹✚✣ ✦✣✚✛✻ ✙✘ ✺✛★✢✥✙✤✻ ✤✣ ✻ ❷✣❹✣✇✢✚✣✤✢ ✘★✻ ✢✙✚✢✣✻ ✻✚✛ ✦★
✸ ➸✸ ✣ ✸ ★✇♦✥✤✣ ❸ ✈ ★✤✻ ✦★ ❺✣✛✻✥✙✤ ✇✦★✻✻✥✹✚✣ ✩✣ ✇✣✻ ✘✛✙✜✦❶✸ ✣✻ r ✙✤ ✇✙✤✻✥✩❶✛✣ ✹✚✣ r ✩❶✻ ✹✚ ❷✚✤✣
✙✘✺✛★✢✥✙✤ ✻✣ ✢✣✛✸ ✥✤✣ ✻✚✛ ✦★ ✸ ★✇♦✥✤✣ Mi

r ✦★ ✘✥❶✇✣ ✹✚✥ ❺ ✥✣✤✢ ✩ ❷➸✢✛✣ ✚✻✥✤✺✣ ✣✻✢ ✩✥✻✘✙✤✥✜✦✣ ✘✙✚✛
✦ ❷✙✘ ✺✛★✢✥✙✤ ✻✚✥❺★✤✢✣ r ✸ ➸✸ ✣ ✻✥ ✣✦✦✣ ✻✣ ✩✺✛✙✚✦✣ ✻✚✛ ✚✤✣ ★✚✢✛✣ ✸ ★✇♦✥✤✣ Mk

❸ ♥✣✢✢✣ ♦✉✘✙✢♦❶✻✣
✤✣ ✇✙✛✛✣✻✘✙✤✩ ✘★✻ ✢✙✚t ✙✚✛✻ ➊ ✦★ ✛✺★✦✥✢✺ ✘✚✥✻✹✚✣ ✦✣✻ ✸ ★✇♦✥✤✣✻ ✩★✤✻ ✚✤ ★✢✣✦✥✣✛ ✘ ✣✚❺✣✤✢ ➸✢✛✣
★✻✻✣① ✩✥✻✢★✤✢✣✻ r ✙✚ ✦✣✻ ✘✥❶✇✣✻ ✩✥➯ ✇✥✦✣✻ ➊ ✢✛★✤✻✘✙✛✢✣✛ ✣✢ ✦✣✻ ✩✚✛✺✣✻ ✩✣ ✢✛★✤✻✘✙✛✢ ✤✣ ✻✙✤✢
★✦✙✛✻ ✘✦✚✻ ✤✺✧✦✥✧✣★✜✦✣✻ ✘★✛ ✛★✘✘✙✛✢ ★✚⑥ ✩✚✛✺✣✻ ✩ ❷✚✻✥✤★✧✣✻ ❸ ♥✣✛✢★✥✤ ★✚✢✣✚✛✻ ✇✙✤✻✥✩❶✛✣✤✢
✩✙✤✇ ✦ ❷✣⑥ ✥✻✢✣✤✇✣ ✩✣ ➄❿➁ ✌✗➃★➀✒ r ✩ ❷✚✤✣ ✩✚✛✺✣ ✸ ✥✤✥✸✚✸ ✹✚✥ ✇✙✛✛✣✻✘✙✤✩ ★✚ ✢✛★✤✻✘✙✛✢ ✣✢ ✹✚✥
✻✺✘★✛✣✤✢ ✩✣✚⑥ ✙✘✺✛★✢✥✙✤✻ ✩✣ ✦★ ✸ ➸✸ ✣ ✘✥❶✇✣ ❸ ♥✣✘✣✤✩★✤✢ r ✇✣✢✢✣ ✸ ✙✩✺✦✥✻★✢✥✙✤ ✻✚✘✘✙✻✣ ✹✚✣
✻✚➯ ✻★✸ ✸ ✣✤✢ ✩✣ ✛✣✻✻✙✚✛✇✣✻ ✩✣ ✢✛★✤✻✘✙✛✢ ✻✙✥✣✤✢ ✩✥✻✘✙✤✥✜✦✣✻ ➊ ✢✙✚✢ ✥✤✻✢★✤✢ ❸ ♥✣ ✤ ❷✣✻✢ ✘★✻
✢✙✚t ✙✚✛✻ ✦✣ ✇★✻ ✩★✤✻ ✦✣✻ ★✢✣✦✥✣✛✻ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ✣✢ ✤✙✚✻ ✤✙✚✻ ✥✤✢✺✛✣✻✻✣✛✙✤✻ ✘✦✚✻ ✘✛✺✇✥✻✺✸ ✣✤✢
★✚⑥ ✇✣✦✦✚ ✦✣✻ ✩✥✻✘✙✻★✤✢ ✩ ❷✚✤ ✻✣✚✦ ✛✙✜✙✢ ✘✙✚✛ ✣❹✣✇✢✚✣✛ ✢✙✚✻ ✦✣✻ ✢✛★✤✻✘✙✛✢✻ ✩✣✻ ✘✥❶✇✣✻ ❸ ❜✤
★✦✧✙✛✥✢♦✸ ✣ ✹✚✥ ✇✛✺✣ ✚✤ ✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ✘✙✚✛ ✚✤✣ ✢✣✦✦✣ ✇✣✦✦✚ ✦✣ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ✩✙✥✢ ★✦✙✛✻
✘✛✺❺✙✥✛ r ✣✤ ✘✦✚✻ ✩✣✻ ✥✤✻✢★✤✢✻ ✩ ❷★❹✣✇✢★✢✥✙✤ ✩✣✻ ✙✘ ✺✛★✢✥✙✤✻ ★✚⑥ ✸ ★✇♦✥✤✣✻ r ✦✣✻ ✸ ✙✚❺✣✸ ✣✤✢✻
✩✚ ✛✙✜✙✢ ✩★✤✻ ✦★ ✇✣✦✦✚ ✦✣ ❸ ♣✙✛✻✹✚✣ ✦✣✻ ✢✛★✤✻✘✙✛✢✻ ✻✙✤✢ ✣❹✣✇✢✚✺✻ ✘★✛ ✚✤ ✛✙✜✙✢ r ✙✤ ✘★✛✦✣ ✩✣
❼✙❽ ✻♦✙✘ r t ✙✜✻♦✙✘ ✙✚ ✙✘✣✤✻♦✙✘ ✎✓❭✓➄❿✒ ✏✒ ❸ ♣✣ ♥♦★✘✥✢✛✣ ❡ ✢✛★✥✢✣ ✩ ❷✣✤❺✥✛✙✤✤✣✸ ✣✤✢✻ ✩✣ ✢✉✘ ✣
❼✙❽ ✻♦✙✘ ✛✙✜✙✢✥✻✺✻ ✣✢ ✤✙✚✻ ✤✙✚✻ ✥✤✢✺✛✣✻✻✣✛✙✤✻ ✘✦✚✻ ✘★✛✢✥✇✚✦✥❶✛✣✸ ✣✤✢ ➊ ✇✣✻ ✘✛✙✜✦❶✸ ✣✻ ✘★✛
✦★ ✻✚✥✢✣ ❸
✈ ✥❹✺✛✣✤✢✻ ✢✉✘ ✣✻ ✩✣ ✛✙✜ ✙✢✻ ✻✙✤✢ ✣✤❺✥✻★✧✺✻ ✩★✤✻ ✦★ ✦✥✢✢✺✛★✢✚✛✣ ❸ ❭ ✙✚✻ ✇✙✤✻✥✩✺✛✙✤✻ ✩★✤✻ ✇✣
✸ ✺✸ ✙✥✛✣ ✚✤✥✹✚✣✸ ✣✤✢ ✇✣✚⑥ ✩✣ ✇★✘★✇✥✢✺ ✚✤✥✢★✥✛✣ r ✇ ❷✣✻✢♠➊♠✩✥✛✣ ✘✙✚❺★✤✢ ✢✛★✤✻✘✙✛✢✣✛ ✚✤✣ ✻✣✚✦✣
✘✥❶✇✣ ➊ ✦★ ✷✙✥✻ r ✣✢ ✤✣ ✩✥✻✘✙✻★✤✢ ✘★✻ ✩✣ ✻✉✻✢❶✸ ✣ ✩ ❷✺✇♦★✤✧✣ ✩✣ ✘✥❶✇✣✻ r ✇ ❷✣✻✢♠➊♠✩✥✛✣ ✤✣ ✘✙✚❺★✤✢
✇♦★✛✧✣✛ ✚✤✣ ✘✥❶✇✣ ✹✚ ❷✚✤✣ ✷✙✥✻ ✦★ ✘✛✺✇✺✩✣✤✢✣ ✩✺✇♦★✛✧✺✣ ❸ ③✤ ★✘✘✣✦✦✣ ✇✣ ✢✉✘ ✣ ✩✣ ✛✙✜✙✢ ✒❿✍➀ ➃✌
➀ ✎❿➅➅ ✌✎ ✣✤ ★✤✧✦★✥✻ ❸
s✙✚✛ ✩✺✇✛✥✛✣ ✦✣✻ ✸ ✙✚❺✣✸ ✣✤✢✻ ✩✚ ✛✙✜✙✢ ✩★✤✻ ✚✤ ✣✤❺✥✛✙✤✤✣✸ ✣✤✢ ✩✣ ✢✉✘ ✣ ❼✙❽ ✻♦✙✘ r ✙✤ ✚✢✥✦✥✻✣
✻✙✚❺✣✤✢ ✦✣ ✇✙✤✇✣✘✢ ✩ ❷★➆➄❿✇❿➄✏ ✔➠❣✕ ❸ ❜ ✤✣ ★➆➄❿✇❿➄✏ Ai

✩✚ ✛✙✜✙✢ ✻✣ ✩✺✇✙✸ ✘✙✻✣ ✣✤ ✢✛✙✥✻ ✺✢★✘ ✣✻ ✵
❲ ♣✣ ✛✙✜✙✢ ❺✥✩✣ ✘✛✣✤✩ ✚✤✣ ✘✥❶✇✣ j ✩✣ ✦★ ✸ ★✇♦✥✤✣ Mi

✙✚ ✩ ❷✚✤ ✩✣ ✻✣✻ ✜✚❹✣✛✻ ➸❲ ♣✣ ✛✙✜✙✢ ✢✛★✤✻✘✙✛✢✣ ✦★ ✘✥❶✇✣ j ✩✣ ✦★ ✸ ★✇♦✥✤✣ Mi
➊ ✦★ ✸ ★✇♦✥✤✣ Mi+1

➸



❡❞

❲ ♣✣ ✛✙✜✙✢ ✇♦★✛✧✣ ✦★ ✘✥❶✇✣ j ✻✚✛ ✦★ ✸ ★✇♦✥✤✣ Mi+1
✙✚ ✻✚✛ ✦ ❷✚✤ ✩✣ ✻✣✻ ✜✚❹✣✛✻ ❸

♥✣✢ ✣✤✻✣✸✜✦✣ ✩✣ ✢✛✙✥✻ ✙✘ ✺✛★✢✥✙✤✻ ✻ ❷✣❹✣✇✢✚✣ ✣✤ ✧✺✤✺✛★✦ ✩ ❷✚✤✣ ✻✣✚✦✣ ✢✛★✥✢✣ r ✇ ❷✣✻✢♠➊♠✩✥✛✣ ✹✚✣
✦✣ ✛✙✜✙✢ ✤✣ ✘ ✣✚✢ ✘★✻ ✘★✛ ✣⑥✣✸ ✘✦✣ ✻ ❷★✛✛➸✢✣✛ ★✚ ✸ ✥✦✥✣✚ ✩ ❷✚✤ ✢✛★✤✻✘✙✛✢ ✘✙✚✛ ★✢✢✣✤✩✛✣ ✹✚ ❷✚✤✣
✸ ★✇♦✥✤✣ ✻✣ ✦✥✜ ❶✛✣ ❸ ❜ ✤✣ ✷✙✥✻ ✚✤✣ ★✇✢✥❺ ✥✢✺ ✇✙✸ ✸ ✣✤✇✺✣ ✣✦✦✣ ✣✻✢ ✣❹✣✇✢✚✺✣ ✥✤✢✺✧✛★✦✣✸ ✣✤✢ ❸

Mi Mi+1

✲

✢✛★✤✻✘✙✛✢
✛✛✣✢✙✚✛ ➊ ❺ ✥✩✣

✯❨

✜✚❹✣✛✻
è❺é ê ⑦❸⑦ ❲ ✈✺✇♦★✛✧✣✸ ✣✤✢ ✩✣ ✦★ ✸ ★✇♦✥✤✣ Mi

r ✢✛★✤✻✘✙✛✢ ✣✢ ✇♦★✛✧✣✸ ✣✤✢ ✻✚✛ ✦★ ✸ ★✇♦✥✤✣ Mi+1

☞ ✚✤✣ ✻✺✹✚✣✤✇✣ ✩ ❷★✇✢✥❺ ✥✢✺✻ ✇✙✛✛✣✻✘✙✤✩ ★✦✙✛✻ ✚✤✣ ✻✺✹✚✣✤✇✣ ✩✣ ✩✺✘✦★✇✣✸ ✣✤✢✻ ✩✚ ✛✙✜✙✢ r
✇♦★✛✧✺ ✙✚ ❺ ✥✩✣ r ✘✚✥✻✹✚✣ ✦✣ ✛✙✜✙✢ r ✘✙✚✛ ✛✺★✦✥✻✣✛ ✦ ❷★✇✢✥❺ ✥✢✺ Aj

★✘✛❶✻ ✦ ❷★✇✢✥❺ ✥✢✺ Ai
✩✙✥✢ ✻✣

✛✣✤✩✛✣ ✩✣ ✦★ ✸ ★✇♦✥✤✣ Mi+1
➊ ✦★ ✸ ★✇♦✥✤✣ Mj

❸
♣✣ ✛✙✜✙✢ r ✦✙✛✻ ✩✣ ✦★ ✘✛✙✩✚✇✢✥✙✤ r ✘ ✣✚✢ ✩✙✤✇ ➸✢✛✣ ★✸ ✣✤✺ ➊ ✣❹✣✇✢✚✣✛ ✚✤ ✢✛★t ✣✢ ✣✤✢✛✣ ✩✣✚⑥
✸ ★✇♦✥✤✣✻ ✤✙✤ ✇✙✤✻✺✇✚✢✥❺✣✻ ❸ ✈★✤✻ ✚✤ ✘✛✙✜✦❶✸ ✣ ✩✣ ✢✉✘✣ ✙✘✣✤✻♦✙✘ ✙✚ t ✙✜✻♦✙✘ r ✥✦ ✘ ✙✚✛✛★
✢✛★✤✻✘✙✛✢✣✛ ✚✤✣ ✘✥❶✇✣ ✣✤✢✛✣ ✇✣✻ ✩✣✚⑥ ✸ ★✇♦✥✤✣✻ r ✙✚ ✇✙✸ ✸ ✣ ✩★✤✻ ✦✣✻ ✘✛✙✜✦❶✸ ✣✻ ✩✣ ✢✉✘ ✣
❼✙❽ ✻♦✙✘ r ✥✦ ✘ ✙✚✛✛★ ✻ ❷★✧✥✛ ✩ ❷✚✤ ✩✺✘✦★✇✣✸ ✣✤✢ ✩✚ ✛✙✜✙✢ ❺ ✥✩✣ ✹✚✥ ❺★ ✇♦✣✛✇♦✣✛ ✦★ ✘✛✙✇♦★✥✤✣
✘✥❶✇✣ ✹✚ ❷✥✦ ✩✣❺✛★ ✢✛★✤✻✘✙✛✢✣✛ ❸ ❝✣✦✙✤ ✦★ ✧✺✙✸ ✺✢✛✥✣ ✩✣ ✦★ ✇✣✦✦✚✦✣ r ✙✤ ✷✣✛★ ✩✣✻ ♦✉✘✙✢♦❶✻✣✻
✩✥❹✺✛✣✤✢✣✻ ✻✚✛ ✇✣✻ ✩✚✛✺✣✻ ✩✣ ✩✺✘✦★✇✣✸ ✣✤✢ ❸
③✤ ✩✥✛★ ✹✚ ❷✣✦✦✣✻ ✻✙✤✢ ★❨❨❿➄❿✇✌✒ ✻✥ ✦✣ ✛✙✜✙✢ ✘★✻✻✣ ✘✙✚✛ ✻✣ ✛✣✤✩✛✣ ✩✣ ✦★ ✸ ★✇♦✥✤✣ Mi

➊ ✦★
✸ ★✇♦✥✤✣ Mk

r ✘★✛ ✢✙✚✢✣✻ ✦✣✻ ✸ ★✇♦✥✤✣✻ ✥✤✢✣✛✸ ✺✩✥★✥✛✣✻ ➉❺✙✥✛ ❬ ✥✧✚✛✣ ⑦❸❡ ✣✢ ❬✥✧✚✛✣ ⑦❸➠➌ ❸

IN
M0

M1

M2

M3

OUT
M4

❴✛★✻ ✩✣ ✛✙✜✙✢

è❺é ê ⑦❸❡ ❲ ♥✣✦✦✚ ✦✣ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ★❺✣✇ ✜✛★✻ ✩✣ ✛✙✜✙✢

③✤ ✤✙✢✣ δe
i

✦✣ ✢✣✸ ✘✻ ✸ ✥✻ ✘★✛ ✦✣ ✛✙✜✙✢ ❺✥✩✣ ✘✙✚✛ ✻✣ ✛✣✤✩✛✣ ✩✣ ✦★ ✸ ★✇♦✥✤✣ Mi
➊ ✦★ ✸ ★♠

✇♦✥✤✣ Mi+1
❸ ☞ ✢✥✢✛✣ ✩ ❷✣⑥✣✸ ✘✦✣ r ✦★ ✩✚✛✺✣ ✢✙✢★✦✣ ✩✚ ✩✺✘✦★✇✣✸ ✣✤✢ ✩✚ ✛✙✜✙✢ ❺✥✩✣ ✣✤✢✛✣ M3✣✢ M1

✻✣✛★ δe
1 + δe

2
✻✥ ✦✣✻ ✩✚✛✺✣✻ ✩✣ ✩✺✘✦★✇✣✸ ✣✤✢ ✻✙✤✢ ★✩✩✥✢✥❺✣✻ ❸

✶✦ ✣✻✢ ✷✛✺✹✚✣✤✢ ✩★✤✻ ✦✣✻ ★✢✣✦✥✣✛✻ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ✹✚✣ ✦✣✻ ✸ ★✇♦✥✤✣✻ ★✥✣✤✢ ✺✢✺ ✘✦★✇✺✣✻ ✩✣ ✷★✖✙✤
✛✺✧✚✦✥❶✛✣ ❸ ✈ ★✤✻ ✇✣ ✇★✻ r ✦✣✻ ✩✚✛✺✣✻ ✩✣ ✢✛★✤✻✘✙✛✢ ✩✣✻ ✘✥❶✇✣✻ ✣✢ ✩✣ ✩✺✘✦★✇✣✸ ✣✤✢ ➊ ❺✥✩✣ ✩✚
✛✙✜✙✢ ✣✤✢✛✣ ✩✣✚⑥ ✸ ★✇♦✥✤✣✻ ✇✙✤✻✺✇✚✢✥❺✣✻ ✻✙✤✢ ✥✩✣✤✢✥✹✚✣✻ ✹✚✣✦✦✣ ✹✚✣ ✻✙✥✢ ✦★ ✘★✥✛✣ ✩✣ ✸ ★♠
✇♦✥✤✣✻ ✇✙✤✻✥✩✺✛✺✣ ✵ ✦✣✻ ✸ ★✇♦✥✤✣✻ ✻✙✤✢ ✏❬➂❿❨❿✒ ➄★✍ ➄✌✒ ❸ ♣✣✻ ✩✚✛✺✣✻ ✩✣ ✢✛★✤✻✘✙✛✢ ✩✣✻ ✘✥❶✇✣✻ ✤✣
✩✺✘ ✣✤✩✣✤✢ ★✦✙✛✻ ✹✚✣ ✩✣ ✦★ ✘✥❶✇✣ ✢✛★✤✻✘✙✛✢✺✣ ❸



◆❖ ëP ãí◗è ❘❑ãë◗P ❡❣

IN
M0 M1 M2 M3

OUT
M4

♥♦★✛✥✙✢
è❺é ê ⑦❸➠ ❲ ♥✣✦✦✚ ✦✣ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ★❺✣✇ ✇♦★✛✥✙✢ ✛✙✜✙✢✥✻✺

♣✣✻ ✇✣✦✦✚ ✦✣✻ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ✇✥✛✇✚✦★✥✛✣✻ ✩★✤✻ ✦✣✻✹✚✣✦✦✣✻ ✦✣ ✛✙✜✙✢ ✘ ✣✚✢ ✻✣ ✛✣✤✩✛✣ ✩✥✛✣✇✢✣✸ ✣✤✢
✩✣ ✦★ ✘✛✣✸ ✥❶✛✣ ➊ ✦★ ✩✣✛✤✥❶✛✣ ✸ ★✇♦✥✤✣ ✻★✤✻ ✛✣✘★✻✻✣✛ ✘★✛ ★✚✇✚✤✣ ★✚✢✛✣ r ✤✣ ✻✙✤✢ ✘★✻ ✺✢✚✩✥✺✣✻
✩★✤✻ ✇✣ ✸ ✺✸ ✙✥✛✣ ❸ s✙✚✛ ✚✤✣ ✘✛✺✻✣✤✢★✢✥✙✤ ✇✙✸ ✘✦❶✢✣ ✩✣✻ ✩✥❹✺✛✣✤✢✣✻ ✇✣✦✦✚ ✦✣✻ ✩✣ ✘✛✙✩✚✇✢✥✙✤ r
✦✣ ✦✣✇✢✣✚✛ ✘ ✣✚✢ ✻✣ ✛✺✷✺✛✣✛ ➊ ✔➠Ï✕ ❸

✌ ❯Þ ✝ÕÐÖÕØ Ð✽ ÕÛ Ñÿ ÜÐ✼ÛÕØÐ✽

✈ ★✤✻ ✇✣✢✢✣ ✻✣✇✢✥✙✤ r ✤✙✚✻ ✇✦★✛✥➔✙✤✻ ✦★ ✩✺➔✤✥✢✥✙✤ ✩✣ ✩✣✚⑥ ✛✣✻✻✙✚✛✇✣✻ ✩ ❷✣✤✢✛✺✣❻✻✙✛✢✥✣ r ✦✣✻
✻✣✛❺✣✚✛✻ ✣✢ ✦✣✻ ✙✘ ✺✛★✢✣✚✛✻ ➉❺✙✥✛ ★✚✻✻✥ ✔⑦➠✕➌ ❸
♣✣ ✇♦★✛✧✣✸ ✣✤✢ ✣✢ ✦✣ ✩✺✇♦★✛✧✣✸ ✣✤✢ ✩ ❷✚✤✣ ✘✥❶✇✣ ✘ ✣✚❺✣✤✢ ➸✢✛✣ ✇✙✤✻✥✩✺✛✺✻ ✛✣✻✘ ✣✇✢✥❺✣✸ ✣✤✢
✇✙✸ ✸ ✣ ✩✣✻ ✻✣✢✚✘✻ ✣✢ ✩✣✻ ✩✺✸ ✙✤✢★✧✣✻ ✍✓✍ ✒ ✏➅★✎★❭➃✌✒ ➉✍✓✍✗✒ ✌➅★✎★❭➃✌ ✒ ✌➄➂➅ ✒ ★✍❨ ❨❿✒➁ ✓➂✍✗
➄❿✍➀✒ ✣✤ ★✤✧✦★✥✻➌ ❸ ♣✙✛✻ ✩✣ ✻✣✢✚✘✻ ✣✢ ✩✣ ✩✺✸ ✙✤✢★✧✣✻ ✤✙✤ ✻✺✘★✛★✜✦✣✻ r ✦★ ✘✥❶✇✣ ✣✻✢ ✤✺✇✣✻✻★✥✛✣
★✚ ✸ ➸✸ ✣ ✢✥✢✛✣ ✹✚✣ ✦★ ✸ ★✇♦✥✤✣ r ★✦✙✛✻ ✹✚✣ ✩✣✻ ✻✣✢✚✘✻ ✙✚ ✩✺✸ ✙✤✢★✧✣✻ ✻✺✘★✛★✜✦✣✻ ✘ ✣✚❺✣✤✢
➸✢✛✣ ✣❹✣✇✢✚✺✻ ✻✚✛ ✦★ ✸ ★✇♦✥✤✣ ✻★✤✻ ✹✚✣ ✦★ ✘✥❶✇✣ ✤✣ ✻ ❷✉ ✢✛✙✚❺✣ ❸ ♥✣✻ ✻✣✢✚✘✻ ✣✢ ✩✺✸ ✙✤✢★✧✣✻
✻✙✤✢ ✩★✤✻ ✦✣✻ ✩✣✚⑥ ✇★✻ ✛✺★✦✥✻✺✻ ✘★✛ ✩✣✻ ✙✚❺✛✥✣✛✻ ✙✚ ✩✣✻ ✛✙✜✙✢✻ ❸
♣★ ✇✙✸ ✘✦✣⑥ ✥✢✺ ✩✣✻ ✘✛✙✜✦❶✸ ✣✻ ★❺✣✇ ✇♦★✛✧✣✸ ✣✤✢ ✩★✤✻ ✚✤ ✣✤❺✥✛✙✤✤✣✸ ✣✤✢ ✩✣ ✸ ★✇♦✥✤✣✻ ✘★♠
✛★✦✦❶✦✣✻ ★ ✺✢✺ ✦★✛✧✣✸ ✣✤✢ ✺✢✚✩✥✺✣ ✩★✤✻ ✦★ ✦✥✢✢✺✛★✢✚✛✣ ✔➼❞ r ❰❣ r ❡❞ r ⑦r ❡ r ➠✕ ❸ ♣ ❷✙✚❺✛✥✣✛ ✣✻✢ ★✦✙✛✻
★✘✘✣✦✺ ✒ ✌✎✇✌➂✎ ✣✢ ✦★ ✤✙✢★✢✥✙✤ α|β|γ ✣✻✢ ✺✢✣✤✩✚✣ ✘✙✚✛ ✇✣ ✘✛✙✜✦❶✸ ✣ ✘★✛ ➵ ★✦✦ ✣✢ ★✦ ❸ ✔➼❣ r ➼❞✕ ❸♣✣ ✇♦★✸ ✘ α ✣✻✢ ➔⑥✺ ➊ Pm,Ss ✘✙✚✛ ✚✤ ✘✛✙✜✦❶✸ ✣ ➊ m ✸ ★✇♦✥✤✣✻ ✘★✛★✦✦❶✦✣✻ ✣✢ s ✻✣✛❺✣✚✛✻ ❸
♣✣✻ ✘✛✙✜✦❶✸ ✣✻ ✩✣ ❼✙❽ ✻♦✙✘ ★❺✣✇ ✚✤ ✚✤✥✹✚✣ ✻✣✛❺✣✚✛ Fm,S1 ✻✙✤✢ ✩✙✤✇ ✩✣✻ ✇★✻ ✘★✛✢✥✇✚✦✥✣✛✻
✩✣✻ ✘✛✙✜✦❶✸ ✣✻ ✩✣ ❼✙❽ ✻♦✙✘ ★❺✣✇ ✛✙✜✙✢ ✩★✤✻ ✦✣✻✹✚✣✦✻❲ ✦✣✻ ✸ ★✇♦✥✤✣✻ ✤ ❷✙✤✢ ✘★✻ ✩✣ ✜✚❹✣✛ ✩ ❷✣✤✢✛✺✣ ➸❲ ✦✣✻ ✩✚✛✺✣✻ ✩✣ ✢✛★✤✻✘✙✛✢ ✩✣✻ ✘✥❶✇✣✻ ✻✙✤✢ ✤✚✦✦✣✻ ✵ ✦★ ✘✥❶✇✣ j ✣✻✢ ✩✥✻✘✙✤✥✜✦✣ ➊ ✦★ ✸ ★✇♦✥✤✣ Mi+1✩❶✻ ✹✚✣ ✻✙✤ ✚✻✥✤★✧✣ ✣✻✢ ✢✣✛✸ ✥✤✺ ✻✚✛ ✦★ ✸ ★✇♦✥✤✣ Mi

➸❲ ✦✣✻ ✩✚✛✺✣✻ ✩✣ ✩✺✇♦★✛✧✣✸ ✣✤✢ ✻✙✤✢ ✤✚✦✦✣✻ ✵ ✙✤ ✤ ❷★ ✜ ✣✻✙✥✤ ✩✣ ✦ ❷✙✚❺✛✥✣✛ ✹✚✣ ✘✙✚✛ ✣❹✣✇✢✚✣✛
✚✤ ✻✣✢✚✘ ❸✶✦ ✻✣✛★✥✢ ✜✥✣✤ ✣✤✢✣✤✩✚ ✣✤❺✥✻★✧✣★✜✦✣ r ✜ ✥✣✤ ✹✚✣ ✇✣✦★ ✤ ❷★✥✢ ✘★✻ ✺✢✺ ✷★✥✢ ➊ ✤✙✢✛✣ ✇✙✤✤★✥✻✻★✤✇✣ r

✩ ❷✺✦★✛✧✥✛ ✇✣✢✢✣ ✤✙✢✥✙✤ ✩✣ ✻✣✛❺✣✚✛ ✘✙✚✛ ✹✚ ❷✥✦ ✘✚✥✻✻✣ ✣❹✣✇✢✚✣✛ ★✚✻✻✥ ✦✣ ✩✺✇♦★✛✧✣✸ ✣✤✢ ✩✣✻
✘✥❶✇✣✻ ❸ ♣✣ ✻✣✛❺✣✚✛ ✻✣✛★✥✢ ✢✙✚t ✙✚✛✻ ✚✤ ✇★✻ ✘★✛✢✥✇✚✦✥✣✛ ✩✚ ✛✙✜✙✢ ✘✚✥✻✹✚ ❷✥✦ ✇✙✛✛✣✻✘✙✤✩✛★✥✢
★✦✙✛✻ ★✚ ✇★✻ ✙➈❲ ✦✣✻ ✸ ★✇♦✥✤✣✻ ✤ ❷✙✤✢ ✘★✻ ✩✣ ✜✚❹✣✛✻ ✩ ❷✣✤✢✛✺✣ ✤✥ ✩✣ ✻✙✛✢✥✣ ➸❲ ✦✣✻ ✩✚✛✺✣✻ ✩✣ ✢✛★✤✻✘✙✛✢ ✩✣✻ ✘✥❶✇✣✻ ✻✙✤✢ ✤✚✦✦✣✻ ✵ ✦★ ✘✥❶✇✣ j ✣✻✢ ✩✥✻✘✙✤✥✜✦✣ ➊ ✦★ ✸ ★✇♦✥✤✣ Mi+1✩❶✻ ✹✚✣ ✻✙✤ ✚✻✥✤★✧✣ ✣✻✢ ✢✣✛✸ ✥✤✺ ✻✚✛ ✦★ ✸ ★✇♦✥✤✣ Mi

❸♣✙✛✻✹✚✣ ✩✣✻ ✻✣✢✚✘✻ ✣✢ ✩✣✻ ✩✺✸ ✙✤✢★✧✣✻ ✻✺✘★✛★✜✦✣✻ ✻✙✤✢ ✣❹✣✇✢✚✺✻ ✘★✛ ✚✤ ✛✙✜✙✢ ✙✚ ✚✤ ✙✚❺✛✥✣✛ r



❡➡

♥♦✣✤✧ ✣✢ ★✦ ❸ ✔➠➠✕ ★✘✘✣✦✦✣✤✢ ✇✣✢ ✙✚❺✛✥✣✛ ✓➅ ✏✎★➄✌➂✎ ✣✢ ✺✢✚✩✥✣✤✢ ✦✣✻ ❼✙❽ ✻♦✙✘✻ ➊ ✩✣✚⑥ ✸ ★✇♦✥✤✣✻
✣✢ ✚✤ ✚✤✥✹✚✣ ✙✘✺✛★✢✣✚✛ ❸ ✶✦✻ ➔⑥✣✤✢ ✦✣ ✇♦★✸ ✘ α ➊ F2, O1 ❸ ❴ ✛✚✇➓✣✛ ✣✢ ★✦ ❸ ✔➠❢✕ ✇✙✤✻✥✩❶✛✣✤✢ ✦✣ ✇★✻
✙➈ ✦✣✻ ✩✚✛✺✣✻ ✩✣ ✩✺✸ ✙✤✢★✧✣ ✻✙✤✢ ✤✚✦✦✣✻ ✣✢ ✺✢✚✩✥✣✤✢ ✦★ ✇✙✸ ✘✦✣⑥ ✥✢✺ ✩✣ ✤✙✸✜✛✣✚⑥ ✘✛✙✜✦❶✸ ✣✻ ✩✣
❼✙❽ ✻♦✙✘✻ ★❺✣✇ ✚✤ ✙✘✺✛★✢✣✚✛ ❸ ✈ ★✤✻ ✇✣ ✘★✘✥✣✛ r ✥✦✻ ✤✣ ✛✣✘✛✣✤✤✣✤✢ ✘★✻ ✦✣✻ ✤✙✢★✢✥✙✤✻ ✩✣ ♥♦✣✤✧
✣✢ ★✦ ❸ ✔➠➠✕ r ✸ ★✥✻ ★✘✘✣✦✦✣✤✢ ✦✣✚✛ ✙✘ ✺✛★✢✣✚✛ ✻✣✛❺✣✚✛ ❸ s✙✚✛ ✚✤ ★✢✣✦✥✣✛ ★❺✣✇ ✸ ★✇♦✥✤✣✻ ✘★✛★✦✦❶✦✣✻ r
✥✦ ✤ ❷✣✻✢ ✘★✻ ✤✺✇✣✻✻★✥✛✣ ✩ ❷✺✢★✜✦✥✛ ✚✤✣ ✩✥✻✢✥✤✇✢✥✙✤ ✣✤✢✛✣ ✻✣✢✚✘✻ ✻✺✘★✛★✜✦✣✻ ✣✢ ✤✙✤ ✻✺✘★✛★✜✦✣✻ r
✘✚✥✻✹✚✣ ✦✣✻ ✢➋✇♦✣✻ ✤ ❷✙✤✢ ✹✚ ❷✚✤✣ ✻✣✚✦✣ ✙✘ ✺✛★✢✥✙✤ ❸ ♥✣✘✣✤✩★✤✢ r ✘✚✥✻✹✚✣ ✦✣✻ ✻✣✛❺✣✚✛✻ ✙✤✢ ✺✢✺
✣⑥✘✦✥✇✥✢✣✸ ✣✤✢ ✩✺➔✤✥✻ ✇✙✸ ✸ ✣ ✩✣✻ ✩✥✻✘✙✻✥✢✥✷✻ ✣❹✣✇✢✚★✤✢ ✦✣ ✇♦★✛✧✣✸ ✣✤✢ ✩✣✻ ✘✥❶✇✣✻ ✻✚✛ ✦✣✻
✸ ★✇♦✥✤✣✻ r ✤✙✚✻ ✚✢✥✦✥✻✣✛✙✤✻ ✦✣✻ ✤✙✢★✢✥✙✤✻ ✩✣ ✔➠➠✕ ✘✙✚✛ ✇✣ ✘✛✙✜✦❶✸ ✣ ✣✢ ✇✙✤✻✥✩✺✛✣✛✙✤✻ ✘★✛ ✦★
✻✚✥✢✣ ✹✚✣ ✦✣✻ ✻✣✛❺✣✚✛✻ ✛✺★✦✥✻✣✤✢ ✩✣✻ ✻✣✢✚✘✻ ✤✙✤ ✻✺✘★✛★✜✦✣✻ ❸
♣✣ ♥♦★✘✥✢✛✣ ❡ ❸❡ ✺✤✙✤✇✣ ✘✦✚✻✥✣✚✛✻ ✛✺✻✚✦✢★✢✻ ✘✙✛✢★✤✢ ✻✚✛ ✦✣✻ ❼✙❽ ✻♦✙✘✻ ★❺✣✇ ✛✙✜✙✢ ✩✙✤✢ ✇✣✛♠
✢★✥✤✻ ✘ ✣✚❺✣✤✢ ➸✢✛✣ ★✘✘✦✥✹✚✺✻ ★✚⑥ ❼✙❽ ✻♦✙✘ ★❺✣✇ ✚✤ ✚✤✥✹✚✣ ✻✣✛❺✣✚✛ ✹✚✥ ✣✤ ✻✙✤✢ ✚✤ ✇★✻
✘★✛✢✥✇✚✦✥✣✛ ❸ ✈ ★✤✻ ✦✣ ♥♦★✘✥✢✛✣ ➠ r ✤✙✚✻ ✘✛✺✻✣✤✢✙✤✻ ✚✤ ✘✛✙✜✦❶✸ ✣ ✥✤✩✚✻✢✛✥✣✦ ★❺✣✇ ✛✣✻✻✙✚✛✇✣✻
✩ ❷✣✤✢✛✺✣❻✻✙✛✢✥✣ ❸ ♥✣✻ ✛✣✻✻✙✚✛✇✣✻ ✻✙✤✢ ✩✣✻ ✇♦✥✸ ✥✻✢✣✻ ✹✚✥ ✩✙✥❺✣✤✢ ✣❹✣✇✢✚✣✛ ✘✦✚✻✥✣✚✛✻ ✢✉✘ ✣✻
✩ ❷✙✘ ✺✛★✢✥✙✤✻ ✹✚✥ ✛✣✦❶❺✣✤✢ ➊ ✦★ ✷✙✥✻ ✩✣✻ ✻✣✛❺✣✚✛✻ ✣✢ ✩✣✻ ✙✘ ✺✛★✢✣✚✛✻ ❸ ♣✣✻ ✇✙✤✢✛★✥✤✢✣✻ ✘★✛✢✥✇✚♠
✦✥❶✛✣✻ ✦✥✺✣✻ ➊ ✇✣✛✢★✥✤✣✻ ✙✘ ✺✛★✢✥✙✤✻ ✤✙✚✻ ✇✙✤✩✚✥✻✣✤✢ ✩✣ ✘✦✚✻ ➊ ✥✤✢✛✙✩✚✥✛✣ ✚✤ ✤✙✚❺✣★✚ ✇✙✤✇✣✘✢
✦✥✺ ★✚⑥ ★✜✻✣✤✇✣✻ ✩✣ ✇✣✻ ✙✘ ✺✛★✢✣✚✛✻ ♦✚✸ ★✥✤✻ ✹✚✥ ✤✣ ✻✙✤✢ ✘★✻ ✘✛✺✻✣✤✢✻ ✻✚✛ ✦✣ ✻✥✢✣ ✩✣ ✘✛✙✩✚✇♠
✢✥✙✤ ✘✣✤✩★✤✢ ✦✣✻ ❽✣✣➓♠✣✤✩✻ r ✦✣✻ t ✙✚✛✻ ✷✺✛✥✺✻ ✙✚ ✦✣✻ ❺★✇★✤✇✣✻ ❸ ♥✣ ✇✙✤✇✣✘✢ ✣✻✢ ✩✺❺✣✦✙✘✘✺ ✣✤
✩✺✢★✥✦ ✩★✤✻ ✦✣ ♥♦★✘✥✢✛✣ ➼ ❸ ❭✙✚✻ ✘★✛✦✙✤✻ ✩ ❷❿✍❨❿✒➅ ✓✍ ❿❭❿➃❿➄✏ ❨ ❝✓➅ ✏✎★➄✌➂✎✒ ❸ ♣✣ ✸ ✙✢ ✓➅ ✏✎★➄✌➂✎
✇✙✛✛✣✻✘✙✤✩ ★✦✙✛✻ ➊ ✚✤ ✓➅ ✏✎★➄✌➂✎ ❾➂➁ ★❿✍ ✣✢ ✘★✻ ★✚ ✇✙✤✇✣✘✢ ✩ ❷✙✘ ✺✛★✢✣✚✛ ✥✤✢✛✙✩✚✥✢ ✥✇✥ ❸



✚✛➾✜ ➬➷ ➱ ➶ ë

ì ➪✠í ➘✛✠✜➘ ➱✠➚✠➷ ➬➘✦➘ î ➴ ✠➹ ➮ ➪➶ ➘ ➶ ➷

✜➱✠➚ ➪➮ ➴ ➶ ➘ ✣ ➹ ➶✡✥ ➴ ➾☛✛ ➬✟➶ ➘

❭✙✚✻ ✇✙✤✻✥✩✺✛✙✤✻ ✚✤✣ ✇✣✦✦✚ ✦✣ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ✩★✤✻ ✦★✹✚✣✦✦✣ ✤✙✚✻ ✻✙✚♦★✥✢✙✤✻ ✚✻✥✤✣✛ ✚✤ ✣✤♠
✻✣✸✜✦✣ ✩✣ n ✘✥❶✇✣✻ j = 1, 2, . . . , n ✻✚✛ m ✸ ★✇♦✥✤✣✻ M1, M2, . . . , Mm

❸ ♣★ ✘✛✙✩✚✇✢✥✙✤ ✩✣
✇♦★✹✚✣ ✘✥❶✇✣ j ✣✻✢ ✩✥❺ ✥✻✺✣ ✣✤ m ✙✘✺✛★✢✥✙✤✻ ✹✚✥ ✩✙✥❺✣✤✢ ➸✢✛✣ ✘✛✙✩✚✥✢✣✻ ✻★✤✻ ✘✛✺✣✸ ✘✢✥✙✤ ✣✢
✩★✤✻ ✦✣ ✸ ➸✸ ✣ ✙✛✩✛✣ ✻✚✛ ✦✣✻ m ✸ ★✇♦✥✤✣✻ ❸ ✈ ★✤✻ ✦✣✻ ✘✛✙✜✦❶✸ ✣✻ ✩✣ ❼✙❽ ✻♦✙✘✻ ✇✦★✻✻✥✹✚✣✻ r ✩❶✻
✹✚✣ ✦★ ième ✙✘✺✛★✢✥✙✤ ✩✣ ✦★ ✘✥❶✇✣ j ✣✻✢ ✢✣✛✸ ✥✤✺✣ ✻✚✛ ✦★ ✸ ★✇♦✥✤✣ Mi

r ✦★ ✘✥❶✇✣ ✣✻✢ ✩✥✻✘✙✤✥✜✦✣
✣✢ ✦ ❷✚✻✥✤★✧✣ ✘✙✚✛✛★✥✢ ✇✙✸ ✸ ✣✤✇✣✛ ✥✸ ✸ ✺✩✥★✢✣✸ ✣✤✢ ✻✚✛ ✦★ ✸ ★✇♦✥✤✣ Mi+1

❸ ✈ ★✤✻ ✦✣✻ ✘✛✙✜✦❶✸ ✣✻
✩✣ ❼✙❽ ✻♦✙✘ ✛✙✜✙✢✥✻✺✻ r ✦✣✻ ✘✥❶✇✣✻ ✻✙✤✢ ✢✛★✤✻✘✙✛✢✺✣✻ ✘★✛ ✚✤ ✛✙✜✙✢ ✩ ❷✚✤✣ ✸ ★✇♦✥✤✣ ➊ ✦ ❷★✚✢✛✣ ❸
♥✣ ✘✛✙✜✦❶✸ ✣ ✷✚✢ ➊ ✦ ❷✙✛✥✧✥✤✣ ✥✤✢✛✙✩✚✥✢ ✩★✤✻ ✔❣✕ ✣✢ ✺✢✚✩✥✺ ✩★✤✻ ✔➡❢✕ ❸
❣ ❄❃ ❤➤ ❊❊æ ❊➤ ➭ ➦❇❉❇➫➨➭❥➤ ➭ ➤➫ ï❇ð ➭ñ❇❆➭ ❍ò➤ ➧ ➦❇❉❇➫

③✤ ✢✛✙✚❺✣ ✩★✤✻ ✦★ ✦✥✢✢✺✛★✢✚✛✣ r ✻✙✚✻ ✦★ ✸ ➸✸ ✣ ★✘✘✣✦✦★✢✥✙✤ ✩✣ ➆✌➃ ➃➂ ➃✌✒ ✎✓❭✓➄❿✒ ✏✌✒ r ✩✣✚⑥ ✻✙✛✢✣✻
✩✣ ❼✙❽ ✻♦✙✘✻ ✛✙✜✙✢✥✻✺✻ ❸ ♥✣✻ ✩✣✚⑥ ✇✙✤➔✧✚✛★✢✥✙✤✻ ✩ ❷★✢✣✦✥✣✛ ✙✤✢ ✺✢✺ ✺✢✚✩✥✺✣✻ ✩✣ ✷★✖✙✤ ✹✚★♠
✻✥✸ ✣✤✢ ✥✤✩✺✘ ✣✤✩★✤✢✣✻ ✩★✤✻ ✦★ ✦✥✢✢✺✛★✢✚✛✣ ✸ ★✦✧✛✺ ✦✣✚✛✻ ✤✙✸✜✛✣✚✻✣✻ ✻✥✸ ✥✦★✛✥✢✺✻ ❸ ✶✇✥ r ✤✙✚✻
✷★✥✻✙✤✻ ✇✦★✥✛✣✸ ✣✤✢ ★✘✘★✛★➺✢✛✣ ✦✣✻ ✦✥✣✤✻ ✣✢ ✩✥❹✺✛✣✤✇✣✻ ✣✤✢✛✣ ✦✣✻ ✩✣✚⑥ ✸ ✙✩❶✦✣✻ ❸
✈ ★✤✻ ✦★ ✘✛✣✸ ✥❶✛✣ ✇✙✤➔✧✚✛★✢✥✙✤ r ✩✣✻ ✻✢★✢✥✙✤✻ ✩ ❷✣✤✢✛✺✣ ➉IN = M0

➌ ✣✢ ✩✣ ✻✙✛✢✥✣ ➉OUT =
Mm+1

➌ ✻✣ ✢✛✙✚❺✣✤✢ ➊ ✦ ❷✣✤✢✛✺✣ ✣✢ ➊ ✦★ ✻✙✛✢✥✣ ✩✣ ✦★ ✇✣✦✦✚ ✦✣ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ❸ ❫ ✦✦✣✻ ✙✤✢ ✘✙✚✛ ✛❢ ✦✣
✩✣ ✻✢✙✇➓✣✛ ✦✣✻ ✘✥❶✇✣✻ ★❺★✤✢ ✦✣ ✩✺✘★✛✢ ✣✢ ★✘✛❶✻ ✦★ ➔✤ ✩✣ ✦✣✚✛ ✘✛✙✩✚✇✢✥✙✤ ❸ ✈★✤✻ ✇✣✻ ✇✣✦✦✚ ✦✣✻ r ✦✣
✛✙✜✙✢ ✩✙✥✢ ✩✙✤✇ r ✣✤ ✘✦✚✻ ✩ ❷★✻✻✚✛✣✛ ✦✣ ✢✛★✤✻✘✙✛✢ ✩✣✻ ✘✥❶✇✣✻ ✣✤✢✛✣ ✦✣✻ ✸ ★✇♦✥✤✣✻ r ✢✛★✤✻✘✙✛✢✣✛
✦✣✻ ✘✥❶✇✣✻ ✣✤✢✛✣ ✦★ ✻✢★✢✥✙✤ ✩ ❷✣✤✢✛✺✣ ✣✢ ✦★ ✘✛✣✸ ✥❶✛✣ ✸ ★✇♦✥✤✣ ✣✢ ✣✤✢✛✣ ✦★ ✩✣✛✤✥❶✛✣ ✸ ★✇♦✥✤✣ ✣✢ ✦★
✻✢★✢✥✙✤ ✩✣ ✻✙✛✢✥✣ ✔➠❞ r ❡❡ r ➠➡ r ⑦❣✕ ❸ s✙✚✛ ✇✣✢✢✣ ✇✙✤➔✧✚✛★✢✥✙✤ r ✙✤ ✘★✛✦✣✛★ ✩✣ ➆✌➃ ➃➂ ➃✌✒ ✎✓❭✓➄❿✒ ✏✌✒
✣✢ ✦★ ❺★✦✣✚✛ ✩✚ ✇♦★✸ ✘✻ α ✩✣ ✦★ ✤✙✢★✢✥✙✤ α|β|γ ✻✣✛★ RCm ➉❺✙✥✛ ❬✥✧✚✛✣ ❡ ❸⑦ ✘✙✚✛ ✚✤✣ ✇✣✦✦✚ ✦✣
✛✙✜✙✢✥✻✺✣ ➊ ✢✛✙✥✻ ✸ ★✇♦✥✤✣✻ r RC3➌ ❸
❝✥ ✦★ ✘✛✣✸ ✥❶✛✣ ✸ ★✇♦✥✤✣ ✣✻✢ ✻✥✢✚✺✣ ✥✸ ✸ ✺✩✥★✢✣✸ ✣✤✢ ★✘✛❶✻ ✦★ ✻✢★✢✥✙✤ ✩ ❷✣✤✢✛✺✣ r ✙✤ ✘✣✚✢ ✻ ❷★✢♠
✢✣✤✩✛✣ ➊ ✇✣ ✹✚✣ ✦★ ✩✚✛✺✣ ✩✣✻ ✢✛★✤✻✘✙✛✢✻ ✣✤✢✛✣ IN ✣✢ M1

✘✚✥✻✻✣ ➸✢✛✣ ✇✙✤✻✥✩✺✛✺✣ ✇✙✸ ✸ ✣
✤✚✦✦✣ ❸ ③✤ ✻✚✘✘✙✻✣✛★ ★✦✙✛✻ ✹✚✣ ✦✣ ✛✙✜✙✢ ✤ ❷✣✻✢ ✘★✻ ✤✺✇✣✻✻★✥✛✣ ✘✙✚✛ ✣❹✣✇✢✚✣✛ ✦✣✻ ✢✛★✤✻✷✣✛✢✻
✣✤✢✛✣ IN ✣✢ M1

➉✙✤ ✘✣✚✢ ✥✸ ★✧✥✤✣✛ ✹✚✣ IN ✻✣ ✇✙✸ ✘✙✛✢✣ ✇✙✸ ✸ ✣ ✚✤ ✢★✘✥✻ ✛✙✚✦★✤✢ ➊ ✦ ❷✣✤✢✛✺✣
óôõ ö÷õøùúûúõ üô ýô ýþûÿ �úöô ✁✂ú ✄û �ú ù ☎✁✆✝ ôú ü ☎ø✂ ûöú �ýùô õ✁ø✞ �õ ✟ ✠✁✞ ÿøúôöõ û✂ü ✡☛ ☞✌✍✎

❡Ï



➠❢ ❑▲ä▼ ë ãí ç ❦ ❖ ❵æ◗✏é▲◗▼é í◗å ◗ãëé♠é

✩✣ M1
➌ ✣✢ ✹✚✣ IN ✣✻✢ ✦✣ ✜✚❹✣✛ ✩ ❷✣✤✢✛✺✣ ✩✣ M1

❸ ❝✥ ✇ ❷✣✻✢ ✦✣ ✇★✻ r ✣✢ ✹✚✣ OUT ✩✣❺✥✣✤✢ ★✚✻✻✥
✚✤ ✜✚❹✣✛ ✩✣ Mm

✣✢ ✤✙✤ ✘✦✚✻ ✚✤✣ ✻✢★✢✥✙✤ r ★✦✙✛✻ ✙✤ ✘★✛✦✣✛★ ✩✣ ❫ ✓❴✒❾ ✓➅ ✒ ★✇✌➆ ✎✓❭✓➄ ➉❺✙✥✛
❬ ✥✧✚✛✣ ❡ ❸❡ ✘✙✚✛ ✚✤ ❼✙❽ ✻♦✙✘ ★❺✣✇ ✛✙✜✙✢ ➊ ✢✛✙✥✻ ✸ ★✇♦✥✤✣✻➌ ❸ ✈ ★✤✻ ✇✣✢✢✣ ✇✙✤➔✧✚✛★✢✥✙✤ r ✢✙✚✢✣✻
✦✣✻ ✘✥❶✇✣✻ ✻✙✤✢ ✩✥✻✘✙✤✥✜✦✣✻ ✣✤ M1

★✚ ✩✺✜✚✢ ✩✣ ✦ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ✣✢ ✹✚✥✢✢✣✤✢ ✦★ ✇✣✦✦✚ ✦✣ ✩✣
✘✛✙✩✚✇✢✥✙✤ ✩❶✻ ✹✚✣ ✦✣✚✛ ✚✻✥✤★✧✣ ✣✻✢ ✢✣✛✸ ✥✤✺ ✣✤ Mm

❸ ♥✙✸ ✸ ✣ ✩★✤✻ ✔❰❢✕ r ✤✙✚✻ ★✩✙✘✢✣✛✙✤✻
✦★ ❺★✦✣✚✛ Fm,R1 ✘✙✚✛ ✦✣ ✇♦★✸ ✘✻ α ✩✣ ✦★ ✤✙✢★✢✥✙✤ α|β|γ ❸
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✲
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✛
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✲
δ0,j δ2,j

✲
δ3,j

✲

p3,j

M3ǫl
3,j

ǫu
3,j ǫl

4,j OUT

è❺é ê ❡ ❸⑦ ❲ ❭✙✢★✢✥✙✤✻ ✘✙✚✛ ✦✣ ✘✛✙✜✦❶✸ ✣ ✩✣ ✇✣✦✦✚ ✦✣✻ ✛✙✜✙✢✥✻✺✣✻ ➊ 3 ✸ ★✇♦✥✤✣✻ r RC3

p1,j

M1 ǫu
1,j

p2,j

M2ǫl
2,j

ǫu
2,j

✲
δ1,j

✛
δe
2✛

δe
1

δ2,j
✲

ǫl
3,j M3

p3,j

è❺é ê ❡ ❸❡ ❲ ❭✙✢★✢✥✙✤✻ ✘✙✚✛ ✦✣ ✘✛✙✜✦❶✸ ✣ ✩✣ ❼✙❽ ✻♦✙✘ ★❺✣✇ ✛✙✜✙✢ ➊ 3 ✸ ★✇♦✥✤✣✻ r F3, R1

✈ ★✤✻ ✇✣ ✇♦★✘✥✢✛✣ r ✤✙✚✻ ✻✚✘✘✙✻✣✛✙✤✻ ✹✚✣ ✦✣ ✛✙✜✙✢ ✣✢ ✦✣✻ ✸ ★✇♦✥✤✣✻ ✻✙✤✢ ✩✣ ✇★✘★✇✥✢✺✻ ✚✤✥✢★✥✛✣✻ r
✇ ❷✣✻✢♠➊♠✩✥✛✣ ✹✚✣ ✦✣ ✛✙✜✙✢ ✤✣ ✘ ✣✚✢ ✢✛★✤✻✘✙✛✢✣✛ ✹✚ ❷✚✤✣ ✘✥❶✇✣ ➊ ✦★ ✷✙✥✻ ✣✢ ✹✚✣ ✇♦★✹✚✣ ✸ ★✇♦✥✤✣
✤✣ ✛✺★✦✥✻✣ ✦ ❷✚✻✥✤★✧✣ ✹✚✣ ✩ ❷✚✤✣ ✘✥❶✇✣ ➊ ✦★ ✷✙✥✻ ❸ ❭ ✙✚✻ ✇♦✙✥✻✥✻✻✙✤✻ ✩✣ ✘✦✚✻ ✩✣ ✩✥✻✢✥✤✧✚✣✛ ✦✣✻
✜✚❹✣✛✻ ✩ ❷✣✤✢✛✺✣ ✣✢ ✩✣ ✻✙✛✢✥✣ ✩✣✻ ✸ ★✇♦✥✤✣✻ ❸ ♣✣✻ ✣✻✘★✇✣✻ ✩✣ ✻✢✙✇➓★✧✣✻ r ✻ ❷✥✦✻ ✻✙✤✢ ✘✦★✇✺✻ ➊
✦ ❷✣✤✢✛✺✣ ✩✣ ✦★ ✸ ★✇♦✥✤✣ r ✻✣✛❺✣✤✢ ➊ ✩✺✇♦★✛✧✣✛ ✦✣✻ ✘✥❶✇✣✻ ✣✢ ✦✣✻ ✻✢✙ ✇➓✣✤✢ t ✚✻✹✚ ❷➊ ✦✣✚✛ ✚✻✥✤★✧✣ ❸❝✥ ✩✣✻ ✜✚❹✣✛✻ ✻✙✤✢ ✘✦★✇✺✻ ➊ ✦★ ✻✙✛✢✥✣ ✩✣ ✦★ ✸ ★✇♦✥✤✣ r ✥✦✻ ✻✢✙ ✇➓✣✛✙✤✢ ✩✣✻ ✘✥❶✇✣✻ ✩✙✤✢ ✦ ❷✚✻✥✤★✧✣
✣✻✢ ✢✣✛✸ ✥✤✺ ★❺★✤✢ ✦✣✚✛ ✩✺✇♦★✛✧✣✸ ✣✤✢ ❸
❭✙✚✻ ✚✢✥✦✥✻✣✛✙✤✻ r ✘✙✚✛ ✦✣✻ ✩✣✚⑥ ✢✉✘✣✻ ✩✣ ❼✙❽ ✻♦✙✘ ✛✙✜✙✢✥✻✺✻ ✹✚✣ ✤✙✚✻ ★❺✙✤✻ ✥✤✢✛✙✩✚✥✢✻ r ✦✣✻
✤✙✢★✢✥✙✤✻ ✻✚✥❺★✤✢✣✻ ✵
❲ n r ✦✣ ✤✙✸✜✛✣ ✩✣ ✘✥❶✇✣✻ ➸❲ pij

r ✦★ ✩✚✛✺✣ ✩ ❷✚✻✥✤★✧✣ ✩✣ ✦★ ✘✥❶✇✣ j ✻✚✛ ✦★ ✸ ★✇♦✥✤✣ Mi
➸❲ δi,j

r ✦✣ ✢✣✸ ✘✻ ✸ ✥✻ ✘★✛ ✦✣ ✛✙✜✙✢ ✘✙✚✛ ✢✛★✤✻✘✙✛✢✣✛ ✦★ ✘✥❶✇✣ j ✩✣ ✦★ ✸ ★✇♦✥✤✣ Mi
➊ ✦★ ✸ ★✇♦✥✤✣

Mi+1
➸❲ δe

i
r ✦★ ✩✚✛✺✣ ✩✚ ✢✛★t ✣✢ ➊ ❺ ✥✩✣ ✩✚ ✛✙✜✙✢ ✩✣ ✦★ ✸ ★✇♦✥✤✣ Mi

➊ ✦★ ✸ ★✇♦✥✤✣ Mi+1
✙✚ ✩✣ ✦★

✸ ★✇♦✥✤✣ Mi+1
➊ ✦★ ✸ ★✇♦✥✤✣ Mi

➸❲ ǫu
ij

r ✦★ ✩✚✛✺✣ ✩✣ ✩✺✇♦★✛✧✣✸ ✣✤✢ ✩✣ ✦★ ✘✥❶✇✣ j ✩✣ ✦★ ✸ ★✇♦✥✤✣ Mi
➸❲ ǫl

ij
r ✦★ ✩✚✛✺✣ ✩✣ ✇♦★✛✧✣✸ ✣✤✢ ✩✣ ✦★ ✘✥❶✇✣ j ✻✚✛ ✦★ ✸ ★✇♦✥✤✣ Mi

❸
✈ ★✤✻ ✦✣✻ ✩✣✚⑥ ✇★✻ r ✹✚✣✦ ✹✚✣ ✻✙✥✢ ✦✣ ✇✛✥✢❶✛✣ ✙✘✢✥✸ ✥✻✺ r ✥✦ ✷★✚✩✛★ ✢✛✙✚❺✣✛ ➊ ✦★ ✷✙✥✻ ✦★ ✻✺✹✚✣✤✇✣
✩✣✻ ✸ ✙✚❺✣✸ ✣✤✢✻ ✩✚ ✛✙✜✙✢ ✣✢ ✦ ❷✙✛✩✛✣ ✩✣✻ ✘✥❶✇✣✻ ✹✚✥ ✘ ✣✛✸ ✣✢✢✣✤✢ ✩ ❷✙✜✢✣✤✥✛ ✻★ ❺★✦✣✚✛ ✙✘✢✥✸ ★✦✣ ❸
❝✙✚✻ ✦✣✻ ♦✉✘✙✢♦❶✻✣✻ ✹✚✣ ✤✙✚✻ ✇✙✤✻✥✩✺✛✙✤✻ r ✦✣ ✛✙✜✙✢ ✩✙✥✢ ➸✢✛✣ ❺✥✩✣ ★❺★✤✢ ✩✣ ✘✙✚❺✙✥✛ ✩✺♠
✇♦★✛✧✣✛ ✚✤✣ ✘✥❶✇✣ ✩ ❷✚✤✣ ✸ ★✇♦✥✤✣ ✘✙✚✛ ✦★ ✢✛★✤✻✘✙✛✢✣✛ ❸ ✈✣ ✸ ➸✸ ✣ ✤✙✚✻ ✇✙✤✻✥✩✺✛✙✤✻ ✹✚✣ ✦✣✻
✸ ★✇♦✥✤✣✻ ✻✙✤✢ ✩✣ ✇★✘★✇✥✢✺ ✚✤✥✢★✥✛✣ ✣✢ ✩✙✥❺✣✤✢ ✩✙✤✇ ➸✢✛✣ ❺✥✩✣✻ ✘✙✚✛ ✘✙✚❺✙✥✛ ✛✣✇✣❺✙✥✛ ✚✤✣
✤✙✚❺✣✦✦✣ ✘✥❶✇✣ ❸ ❛ ✦✙✛✻ r ✣✤ ✦ ❷★✜✻✣✤✇✣ ✩ ❷✣✻✘★✇✣✻ ✩✣ ✻✢✙✇➓★✧✣ ➉✙✚ ❭➂✑ ✌✎✒ ✣✤ ★✤✧✦★✥✻➌ ✩★✤✻ ✦★
✇✣✦✦✚ ✦✣ ✩✣ ✘✛✙✩✚✇✢✥✙✤ r ✥✦ ✤ ❷✣✻✢ ✘★✻ ✘✙✻✻✥✜ ✦✣ ✘✙✚✛ ✦✣ ✛✙✜✙✢ ✩ ❷★✛✛✥❺✣✛ ✇♦★✛✧✺ ✻✚✛ ✚✤✣ ✸ ★✇♦✥✤✣
✩✺t ➊ ✙✇✇✚✘✺✣ ✘★✛ ✚✤✣ ✘✥❶✇✣ ❸
s★✛ ✦★ ✻✚✥✢✣ r ✤✙✚✻ ✤✙✚✻ ✥✤✢✺✛✣✻✻✣✛✙✤✻ ✘★✛✢✥✇✚✦✥❶✛✣✸ ✣✤✢ ➊ ✩✣✚⑥ ✇★✻ ✵



❦ ❖◆❖ ❑çææ ❘æç é í◗å ◗ãëé♠çé ç ã ❵æ◗✏é▲◗▼é ä✒ç ❑ í◗å ◗ã ➠ ⑦

❲ ✦✣ ✇★✻ ✒★✍✒ ❭➂✑ ✌✎ ➉✍✓✗❭➂✑ ✌✎ ✣✤ ★✤✧✦★✥✻➌ r ✙➈ ★✚✇✚✤ ✣✻✘★✇✣ ✩✣ ✻✢✙✇➓★✧✣ ✤ ❷✣✻✢ ✩✥✻✘✙✤✥✜✦✣
✣✤✢✛✣ ✦✣✻ ✸ ★✇♦✥✤✣✻ ➸❲ ✦✣ ✇★✻ ★❺✣✇ ✣✻✘★✇✣✻ ✩✣ ✻✢✙✇➓★✧✣ ✥✦✦✥✸ ✥✢✺✻ ➉❿➃ ➃❿➁ ❿➄✌❨ ❭➂✑ ✌✎✒ ✣✤ ★✤✧✦★✥✻➌ r ★❺★✤✢ ✣✢ ★✘✛❶✻
✇♦★✹✚✣ ✸ ★✇♦✥✤✣ ❸♣✣✻ ✣✻✘★✇✣✻ ✩✣ ✻✢✙✇➓★✧✣ ✹✚✣ ✤✙✚✻ ✇✙✤✻✥✩✺✛✙✤✻ r ✻ ❷✥✦✻ ✣⑥ ✥✻✢✣✤✢ r ✷✙✤✢ ✘★✛✢✥✣ ✩✣ ✦★ ✸ ★✇♦✥✤✣ r

✇ ❷✣✻✢♠➊♠✩✥✛✣ ✹✚✣ ✦✣ ✢✛★✤✻✷✣✛✢ ✩ ❷✚✤✣ ✘✥❶✇✣ ✩✣ ✦★ ✸ ★✇♦✥✤✣ ➊ ✚✤ ✩✣ ✻✣✻ ✜✚❹✣✛✻ ✙✚ ✩ ❷✚✤ ✩✣
✻✣✻ ✜✚❹✣✛✻ ➊ ✦★ ✸ ★✇♦✥✤✣ ✣✻✢ ✥✤✻✢★✤✢★✤✺ ✣✢ ✤✣ ✤✺✇✣✻✻✥✢✣ ✘★✻ ✦✣ ✛✙✜✙✢ ❸ ♥✣✢✢✣ ♦✉✘✙✢♦❶✻✣ ✣✻✢
✥✸ ✘✙✛✢★✤✢✣ ✇✙✸ ✸ ✣ ✦✣ ✸ ✙✤✢✛✣ ✦★ ❝✣✇✢✥✙✤ ❡ ❸⑦❸⑦r ✘✚✥✻✹✚✣ ✦★ ✸ ✙✩✺✦✥✻★✢✥✙✤ ✩✚ ✘✛✙✜✦❶✸ ✣ ✻✣✛★
✩✥❹✺✛✣✤✢✣ ✻✣✦✙✤ ✹✚✣ ✦✣ ✛✙✜✙✢ ✻✙✥✢ ✤✺✇✣✻✻★✥✛✣ ✙✚ ✤✙✤ ✘✙✚✛ ✇✣ ✢✛★✤✻✷✣✛✢ ❸

Þ ❯✌ ❯✌ ✫ ✼✽ Ù ✬Ü❛Ø ✾Ö✼✿ÕÚ ×Õ ÕÛ ×ÑÚ ✽Ü❛Ø ÕÚ ×Õ✽

♣✣✻ ✇✣✦✦✚ ✦✣✻ ✛✙✜✙✢✥✻✺✣✻ ✻✙✤✢ ✚✤ ✇★✻ ✘★✛✢✥✇✚✦✥✣✛ ✩✣ ❼✙❽ ✻♦✙✘ ★❺✣✇ ✛✙✜✙✢ ✢✣✦✻ ✹✚✣ ✦✣✻ ✢✣✸ ✘✻
✩ ❷✚✻✥✤★✧✣ ✻✚✛ ✦★ ✘✛✣✸ ✥❶✛✣ ✣✢ ✦★ ✩✣✛✤✥❶✛✣ ✸ ★✇♦✥✤✣ ✻✙✤✢ ✤✚✦✻ ❸ ♥✣✦★ ✥✸ ✘✦✥✹✚✣ ✹✚✣ r ✻✥ ✚✤ ✘✛✙♠
✜✦❶✸ ✣ ✩✣ ✇✣✦✦✚ ✦✣✻ ✛✙✜✙✢✥✻✺✣✻ ➊ m ✸ ★✇♦✥✤✣✻ ✣✻✢ NP ♠✈ ✥➯ ✇✥✦✣ r ★✦✙✛✻ ✦✣ ✘✛✙✜✦❶✸ ✣ ✩✣ ❼✙❽ ✻♦✙✘
★❺✣✇ ✛✙✜✙✢ ✣✢ m+2 ✸ ★✇♦✥✤✣✻ ✇✙✛✛✣✻✘✙✤✩★✤✢ ✣✻✢ ✦✚✥ ★✚✻✻✥ NP ♠✈ ✥➯ ✇✥✦✣ ❸ ✈✣ ✤✙✸✜✛✣✚⑥ ✛✺✻✚✦♠
✢★✢✻ ✩✣ ✇✙✸ ✘✦✣⑥ ✥✢✺ ✘✙✚✛ ✦✣✻ ✘✛✙✜✦❶✸ ✣✻ ✩✣ ❼✙❽ ✻♦✙✘ ★❺✣✇ ✛✙✜✙✢ ✘ ✣✚❺✣✤✢ ★✥✤✻✥ ➸✢✛✣ ✩✺✩✚✥✢✻
✩✣ ✛✺✻✚✦✢★✢✻ ✣⑥ ✥✻✢★✤✢✻ ✘ ✙✚✛ ✦✣✻ ✇✣✦✦✚ ✦✣✻ ✛✙✜✙✢✥✻✺✣✻ ❸ ❫✤ ✷★✥✢ r ✻✥ ✙✤ ✸ ✥✤✥✸ ✥✻✣ ✦✣ ✸ ★➓✣✻✘★✤ r
Cmax r ✩★✤✻ ✩✣✻ ✇✣✦✦✚ ✦✣✻ ✛✙✜✙✢✥✻✺✣✻ ➊ ✢✛✙✥✻ ✸ ★✇♦✥✤✣✻ ✤✙♠❽★✥✢ ✙✚ ✻★✤✻ ✜✚❹✣✛✻ r ✦✣ ✘✛✙✜✦❶✸ ✣
✻✣✛★ NP ♠✈ ✥➯ ✇✥✦✣ r ✸ ➸✸ ✣ ✻✥ ✦✣✻ ✩✚✛✺✣✻ ✩✣ ✇♦★✛✧✣✸ ✣✤✢ ✣✢ ✩✺✇♦★✛✧✣✸ ✣✤✢ ✣✢ ✦✣✻ ✩✚✛✺✣✻ ✩✣
✢✛★✤✻✘✙✛✢ ✻✙✤✢ ✥✤✩✺✘ ✣✤✩★✤✢✣✻ ✩✣✻ ✘✥❶✇✣✻ ✔❰ r ➼❰✕ ❸ s✙✚✛ ✩✣✚⑥ ✸ ★✇♦✥✤✣✻ r ✦✣✻ ✸ ➸✸ ✣✻ ✘✛✙✜✦❶✸ ✣✻
✻✙✤✢ ✘✙✦✉✤✙✸ ✥★✚⑥ ✔➼❰ r ➼✕ ❸ ❛ ✥✤✻✥ r ✦✣✻ ✘✛✙✜✦❶✸ ✣✻ ✇✙✛✛✣✻✘✙✤✩★✤✢✻ ✩✣ ❼✙❽ ✻♦✙✘ ★❺✣✇ ✛✙✜✙✢ ➊
✇✥✤✹ ✸ ★✇♦✥✤✣✻ ✣✢ ✚✤ ✛✙✜✙✢ ✻✙✤✢ ★✚✻✻✥ NP ♠✈ ✥➯ ✇✥✦✣✻ ★✦✙✛✻ ✹✚✣ ✦★ ✇✙✸ ✘✦✣⑥ ✥✢✺ ✩✣✻ ✸ ➸✸ ✣✻
✘✛✙✜✦❶✸ ✣✻ ✘✙✚✛ ✩✣✚⑥ r ✢✛✙✥✻ ✣✢ ✹✚★✢✛✣ ✸ ★✇♦✥✤✣✻ ✤✣ ✘ ✣✚✢ ✘★✻ ➸✢✛✣ ✩✺✛✥❺✺✣ ✥✸ ✸ ✺✩✥★✢✣✸ ✣✤✢
✩✣✻ ✛✺✻✚✦✢★✢✻ ✩✣ ✇✙✸ ✘✦✣⑥ ✥✢✺ ✩✣✻ ✇✣✦✦✚ ✦✣✻ ✛✙✜✙✢✥✻✺✣✻ ❸
✈ ★✤✻ ✦✣ ✇★✻ ✙➈ ✦✣✻ ✩✚✛✺✣✻ ✩✣ ✢✛★✤✻✘✙✛✢ ✣✤✢✛✣ ✦★ ✻✢★✢✥✙✤ ✩ ❷✣✤✢✛✺✣ ✣✢ ✦★ ✘✛✣✸ ✥❶✛✣ ✸ ★✇♦✥✤✣ ✣✢
✣✤✢✛✣ ✦★ ✩✣✛✤✥❶✛✣ ✸ ★✇♦✥✤✣ ✣✢ ✦★ ✻✢★✢✥✙✤ ✩✣ ✻✙✛✢✥✣ ✻✙✤✢ ✤✚✦✦✣✻ r ✥✦ ✣✻✢ ✘✦✚✻ ✦✙✧✥✹✚✣ ✩✣ ✇✙✤✻✥✩✺✛✣✛
✹✚ ❷✙✤ ✤ ❷★ ✘★✻ ✜ ✣✻✙✥✤ ✩✚ ✛✙✜✙✢ ✘✙✚✛ ✣❹✣✇✢✚✣✛ ✦✣✻ ✢✛★✤✻✷✣✛✢✻ ✩✣✻ ✘✥❶✇✣✻ ✣✤✢✛✣ IN ✣✢ M1

✣✢ Mm✣✢ OUT ❸ ❝✥ ✇✣✘ ✣✤✩★✤✢ ✙✤ ✤✣ ✻✙✚♦★✥✢✣ ✘★✻ ✷★✥✛✣ ✇✣✢✢✣ ♦✉✘✙✢♦❶✻✣ r ✙✤ ✘✣✚✢ ✸ ✙✤✢✛✣✛ ✹✚✣ r ✻✥
✦✣✻ ✩✚✛✺✣✻ ✩✣ ✇♦★✛✧✣✸ ✣✤✢ ✻✚✛ M1

✣✢ OUT ✣✢ ✦✣✻ ✩✚✛✺✣✻ ✩✣ ✩✺✇♦★✛✧✣✸ ✣✤✢ ✩✣ IN ✣✢ Mm✻✙✤✢ ✤✚✦✦✣✻ r ★✦✙✛✻ r ✻✙✚✻ ✇✣✛✢★✥✤✣✻ ✇✙✤✩✥✢✥✙✤✻ ✻✚✛ ✦✣✻ ✣✻✘★✇✣✻ ✩✣ ✻✢✙✇➓★✧✣ ✣✤ M1
✣✢ Mm

r ✦✣
✘✛✙✜✦❶✸ ✣ ✩✣ ✇✣✦✦✚ ✦✣ ✛✙✜✙✢✥✻✺✣ ✣✻✢ ✺✹✚✥❺★✦✣✤✢ ★✚ ✘✛✙✜✦❶✸ ✣ ✩✣ ❼✙❽ ✻♦✙✘ ★❺✣✇ ✛✙✜✙✢ ★✻✻✙✇✥✺ ❸
➞ ❱➍✱ ➍✯✮➏✮➍✳ ✃ ♥✍ ➆✓✍✒ ❿❨❳✎✌ ➂✍ ➅ ✎✓❭➃❳➁ ✌ ❨✌ ❫ ✓❴✒❾ ✓➅ ★✇✌➆ ✎✓❭✓➄ ✙ m ≥ 2 ➁ ★➆❾ ❿✍ ✌✒ ➄✌➃❬➂ ✌ ➃★ ➆★➅★➆❿➄✏ ❨➂ ❭➂✑ ✌✎ ❨✌ ✒ ✓✎➄❿✌ ❨✌ M1

✒ ✓❿➄ c ✌➄ ➃★ ➆★➅★➆❿➄✏ ❨➂ ❭➂✑ ✌✎ ❨ ❝✌✍ ➄✎✏✌ ❨✌ Mm✒ ✓❿➄ c′ s ➁✌ ➅ ✎✓❭➃❳➁ ✌ ✌✒ ➄ ✏❬➂❿✇★ ➃✌✍ ➄ ★➂ ➁ ➴➁ ✌ ➅ ✎✓❭➃❳➁ ✌ ❨✌ ➆✌➃ ➃➂ ➃✌✒ ✎✓❭✓➄❿✒ ✏✌✒ ★➇★✍ ➄ ➃✌✒
➆✓✍ ➄✎★❿✍ ➄✌✒ ✒➂➅➅ ➃✏➁ ✌✍ ➄★❿✎✌✒ ✒➂❿✇★✍ ➄✌✒ ➽

✓ s δ0,j = δm,j = 0✈ δe
0 = δe

m = 0✈ ➃★ ❨❿✒ ➄★✍ ➆✌ ✌✍ ➄✎✌ IN ✌➄ M1
✌✒ ➄ ✍➂➃ ➃✌ ➄✔ s ǫu

0,j = ǫu
m,j = ǫl

1,j = ǫl
m+1,j = 0✈ ➃✌✒ ❨➂✎✏✌✒ ❨✌✒ ➆❾★✎➀ ✌➁ ✌✍ ➄✒ ✌➄ ❨✏➆❾★✎➀ ✌➁ ✌✍ ➄✒ ❬➂❿

➆✓✎✎✌✒➅ ✓✍❨✌✍ ➄ ✙ ➆✌✒ ➄✎★✘ ✌➄✒ ✒ ✓✍ ➄ ✍➂➃ ➃✌✒ ➄✕ s ➃★ ➆★➅★➆❿➄✏ ❨➂ ❭➂✑ ✌✎ ❨ ❝✌✍ ➄✎✏✌ ❨✌ M1
✌✒ ➄ ✒➂➅ ✏✎❿✌➂✎✌ ✓➂ ✏➀★ ➃✌ ✙ c + 1 ➄✖ s ➃★ ➆★➅★➆❿➄✏ ❨➂ ❭➂✑ ✌✎ ❨✌ ✒ ✓✎➄❿✌ ❨✌ Mm
✌✒ ➄ ✒➂➅ ✏✎❿✌➂✎✌ ✓➂ ✏➀★ ➃✌ ✙ c′ + 1 s

✭ ❳⑨ ➍✳✯➏❱❨➏✮➍✳ ✗ s✙✚✛ ✻✣ ✇✙✤❺★✥✤✇✛✣ ✩✣ ✇✣✢✢✣ ✺✹✚✥❺★✦✣✤✇✣ r ✥✦ ✻✚➯ ✢ ✩✣ ✛✣✸ ★✛✹✚✣✛ ✹✚✣ ✩★✤✻
✦✣ ✘✛✙✜✦❶✸ ✣ ✩✣ ✇✣✦✦✚ ✦✣✻ ✛✙✜✙✢✥✻✺✣✻ r ✦✣ ✛✙✜✙✢ ✇✙✸ ✸ ✣✤✇✣✛★ ✦ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ ✣✤ ✛✣✸ ✘✦✥✻✻★✤✢



➠❡ ❑▲ä▼ ë ãí ç ❦ ❖ ❵æ ◗✏é▲◗▼é í◗å ◗ãëé♠é

✥✤✢✺✧✛★✦✣✸ ✣✤✢ ✦✣ ✜✚❹✣✛ ✩ ❷✣✤✢✛✺✣ ✩✣ M1
❸ s✚✥✻ r ➊ ✇♦★✹✚✣ ✷✙✥✻ ✹✚ ❷✥✦ ✛✣✢✙✚✛✤✣✛★ ✣✤ M1

✘✙✚✛
✘✛✣✤✩✛✣ ✚✤✣ ✘✥❶✇✣ r ✥✦ ✇✙✸ ✸ ✣✤✇✣✛★ r ★❺★✤✢ ✩ ❷✣✸ ✸ ✣✤✣✛ ✇✣✢✢✣ ✘✥❶✇✣ r ✘★✛ ✛✣✸ ✘✦✥✛ ➊ ✤✙✚❺✣★✚
✇✙✸ ✘✦❶✢✣✸ ✣✤✢ ✇✣ ✜✚❹✣✛ ➉✇✣ ✹✚✥ ✦✚ ✥ ✘✛✣✤✩ ✚✤✣ ✩✚✛✺✣ ✤✚✦✦✣ ✘★✛ ♦✉✘✙✢♦❶✻✣➌ ❸ ♥✣✦★ ✘ ✣✛✸ ✣✢ ✩✣
✧★✛★✤✢✥✛ ✹✚✣ ✢✙✚✢ ★✚ ✦✙✤✧ ✩✣ ✦ ❷✙✛✩✙✤✤★✤✇✣✸ ✣✤✢ r ✦✣ ✛✙✜✙✢ ✤ ❷★✚✛★ ✘★✻ ✜ ✣✻✙✥✤ ✩ ❷➸✢✛✣ ✘✛✺✻✣✤✢
✘✙✚✛ ✹✚✣ ✦ ❷✚✻✥✤★✧✣ ✩✣✻ ✘✥❶✇✣✻ ✇✙✸ ✸ ✣✤✇✣ ✻✚✛ ✦★ ✘✛✣✸ ✥❶✛✣ ✸ ★✇♦✥✤✣ ❸ ✈✣ ✦★ ✸ ➸✸ ✣ ✷★✖✙✤ r ✩❶✻
✹✚ ❷✥✦ ✻✣ ✛✣✤✩✛★ ✣✤ Mm

r ✥✦ ❺ ✥✩✣✛★ ✦✣ ✜✚❹✣✛ ✩✣ ✻✙✛✢✥✣ ✹✚✥ ✣✻✢ ✩✣ ✇★✘★✇✥✢✺ ✻✚➯ ✻★✤✢✣ ✘✙✚✛
✛✣✇✚✣✥✦✦✥✛ ✢✙✚✢✣✻ ✦✣✻ ✘✥❶✇✣✻ ✹✚✥ ✻✣ ✢✛✙✚❺★✥✣✤✢ ✻✚✛ ✦★ ✩✣✛✤✥❶✛✣ ✸ ★✇♦✥✤✣ ✙✚ ✻✙✤ ✜✚❹✣✛ ✩ ❷✣✤✢✛✺✣
✦✙✛✻ ✩✣ ✻✙✤ ✩✣✛✤✥✣✛ ✘★✻✻★✧✣ ❸

¤

③✤ ✘✣✚✢ ✛✣✸ ★✛✹✚✣✛ ✹✚✣ ✻✥ ✙✤ ✤✣ ✘✛✣✤✩ ✘★✻ ✦ ❷✚✤✣ ✙✚ ✦ ❷★✚✢✛✣ ✩✣✻ ♦✉✘✙✢♦❶✻✣✻ ➠ ✙✚ ➼ ✻✚✛
✦✣✻ ✇★✘★✇✥✢✺✻ ✩✣✻ ✜✚❹✣✛✻ ✩ ❷✣✤✢✛✺✣ ✩✣ M1

✣✢ ✩✣ ✻✙✛✢✥✣ ✩✣ Mm
r ✦✣✻ ✘✛✙✜✦❶✸ ✣✻ ✤✣ ✻✙✤✢ ✘✦✚✻

✺✹✚✥❺★✦✣✤✢✻ ❸ ③ ✤ ✩✙✤✤✣ ✥✇✥ ✩✣✻ ✣⑥✣✸ ✘✦✣✻ ✹✚✥ ✥✦✦✚✻✢✛✣✤✢ ✇✣✻ ✘✛✙✘✙✻ ✘✙✚✛ ✩✥❹✺✛✣✤✢✣✻ ✇✙✤➔✧✚♠
✛★✢✥✙✤✻ ❸
❝✥ ✦★ ✇★✘★✇✥✢✺ ✩✚ ✜✚❹✣✛ ✩ ❷✣✤✢✛✺✣ ✩✣ M1

✣✻✢ ✥✤✷✺✛✥✣✚✛✣ ✻✢✛✥✇✢✣✸ ✣✤✢ ➊ c + 1 r ★✦✙✛✻ ✦✣✻ ✩✣✚⑥
✘✛✙✜✦❶✸ ✣✻ ✤✣ ✻✙✤✢ ✘★✻ ✺✹✚✥❺★✦✣✤✢✻ r ✸ ➸✸ ✣ ✻✥ ✦✣✻ ✇✙✤✩✥✢✥✙✤✻ ⑦r ❡ ✣✢ ➼ ✩✣ ✦★ s✛✙✘✙✻✥✢✥✙✤ ⑦
✻✙✤✢ ❺✺✛✥➔✺✣✻ ❸

✘✙➊➋ ✚✛➊ ✜ ➐ ✢ ➣ ➡➔ ➣→ ➠➦✣ ➝↕ ➛✤↕➯↕➟➓➛↕ ➧ ➦↕➒➯ ➟➜➡➭➠➣↕→ → ➒➠✥➜➣➙ ➩✦➔ ➒➝ ➛↕→ ➦↕ ➒➯ ➡➔ ➣✧➫ ➒➝➜➙ ➠➔ ➣→ ➳ ➛↕→ ➡➜ ➓➜➡ ➠➙➨→ ➦ ➒ ➢➒★ ↕ ➝ ➦↕ →➔ ➝➙ ➠↕ ➦↕
M1

↕➙ ➦ ✤↕ ➣➙ ➝➨↕ ➦↕
M2→➔ ➣➙ ➣➒➛➛↕→ ➩ ✦➔ ➒➝ ➛➜ ➡➔ ➣✧➫ ➒➝➜➙ ➠➔ ➣ RC2

➳ ➛➜ ➡➜➓➜➡ ➠➙➨ ➦ ➒ ➢➒★ ↕ ➝ ➦ ✤↕ ➣➙ ➝➨↕ ➦↕
M1

↕→➙ ➣➒➛➛↕↕➙ ➡↕ ➛➛↕ ➦ ➒ ➢➒★ ↕ ➝ ➦↕ →➔ ➝➙ ➠↕ ➦↕
M2

↕→➙ ➨➫➜ ➛↕ ➧
1
➩ ✩↕→ ➦ ➒➝➨↕→ ➦ ✤➒→ ➠➣➜➫↕ ↕➙ ➦↕ ➙ ➝➜➣→ ➓➔➝➙→→➔ ➣➙ ➛↕→ → ➒➠✥➜➣➙↕→ ✪

➓➠✣➡↕
j p1,j p2,j δ1,j ǫu

1,j ǫl
1,j✫ ✬ ✭ ✮ ✯ ✯✰ ✭ ✱ ✮ ✯ ✯

➜✥↕➡ δe = 0
➩

R

M1

M2

p1,1 p1,2

δ1,1 δ1,2

p2,1 p2,2

R

M1

M2

p1,1p1,2

δ1,2 δ1,1

p2,1p2,2

è❺é ê ❡ ❸➠ ❲ ✲➔ ➣✧➫ ➒➝➜➙ ➠➔ ➣ RC2
✪ →➨↔ ➒↕➣➡↕→

(1, 2)
➜✥↕➡ Cmax = 22

↕➙
(2, 1)

➜✥↕➡ Cmax = 21

R

M1

M2

p1,1 p1,2

δ1,1 δ1,2

p2,1 p2,2

R

M1

M2

p1,1p1,2

δ1,2 δ1,1

p2,1p2,2è❺é ê ❡ ❸➼ ❲ ✲➔ ➣✧➫ ➒➝➜➙ ➠➔ ➣ F2R1
✪ →➨↔ ➒↕➣➡↕→

(1, 2)
➜✥↕➡ Cmax = 18

↕➙
(2, 1)

➜✥↕➡ Cmax = 20

✳➜➣→ ➡↕➙ ↕➯↕➟➓➛↕ ➳ ➛↕→ ➦↕ ➒➯ ➓➝➔ ➢➛✣➟↕→ ➔ ➣➙ ➦↕→ →➔ ➛➒➙ ➠➔ ➣→ ➔ ➓➙ ➠➟➜ ➛↕→ ➦ ➠★ ➨ ➝↕ ➣➙↕→ ↕➙ ➣↕ →➔ ➣➙➦➔ ➣➡ ➓➜→ ➨↔ ➒➠✥➜ ➛↕ ➣➙→ ✴✥➔ ➠➝ ✵ ➠➫ ➒➝↕→ ✰ ➩✬ ↕➙ ✰ ➩✮✶ ➩
❝✥ ✇ ❷✣✻✢ ✸ ★✥✤✢✣✤★✤✢ ✦★ ✇✙✤✩✥✢✥✙✤ ➼ ✩✣ ✦★ s✛✙✘✙✻✥✢✥✙✤ ⑦ ✹✚✥ ✤ ❷✣✻✢ ✘★✻ ❺✺✛✥➔✺✣ ★✦✙✛✻ ✹✚✣ ✦✣✻
★✚✢✛✣✻ ✦✣ ✻✙✤✢ r ✙✤ ✘✣✚✢ ➊ ✤✙✚❺✣★✚ ✷✙✚✛✤✥✛ ✚✤ ✣⑥✣✸ ✘✦✣ ✘✙✚✛ ✦✣✹✚✣✦ ✦✣✻ ✩✣✚⑥ ✘✛✙✜✦❶✸ ✣✻ ✤✣



❦ ❖◆❖ ❑çææ ❘æç é í◗å ◗ãëé♠çé ç ã ❵æ ◗✏é▲◗▼é ä✒ç ❑ í◗å ◗ã ➠➠

✻✙✤✢ ✘★✻ ✺✹✚✥❺★✦✣✤✢✻ ❸ ✶✦ ✻✚➯ ✢ ✩✣ ✇✙✤✻✥✩✺✛✣✛ ✦ ❷✣⑥✣✸ ✘✦✣ ✘✛✺✇✺✩✣✤✢ ✣✤ ✥✤❺✣✛✻★✤✢ ✦✣✻ ✩✚✛✺✣✻
✩ ❷✚✻✥✤★✧✣ ✩✣✻ ✘✥❶✇✣✻ ✻✚✛ ✦★ ✘✛✣✸ ✥❶✛✣ ✣✢ ✻✚✛ ✦★ ✻✣✇✙✤✩✣ ✸ ★✇♦✥✤✣ ❸
✈ ★✤✻ ✦★ ❝✣✇✢✥✙✤ ❡ ❸❡ r ✤✙✚✻ ✺✢✚✩✥✙✤✻ ✩✣✻ ✘✛✙✜✦❶✸ ✣✻ ✩✣ ❼✙❽ ✻♦✙✘✻ ★❺✣✇ ✛✙✜✙✢ ✩★✤✻ ✩✣✻ ✇✣✦✦✚ ✦✣✻
✻★✤✻ ✜✚❹✣✛ ❸ ♥✣✻ ✘✛✙✜✦❶✸ ✣✻ ✤✣ ✻✙✤✢ ✜✥✣✤ ✻➳✛ ✘★✻ ✺✹✚✥❺★✦✣✤✢✻ ★✚⑥ ✘✛✙✜✦❶✸ ✣✻ ✩✣ ✇✣✦✦✚ ✦✣ ✛✙♠
✜✙✢✥✻✺✣ ★✻✻✙✇✥✺✻ ✻★✤✻ ✜✚❹✣✛✻ ✣✢ ★❺✣✇ ✩✣✻ ✩✚✛✺✣✻ ✩✣ ✢✛★✤✻✘ ✙✛✢ r ✇♦★✛✧✣✸ ✣✤✢ ✣✢ ✩✺✇♦★✛✧✣✸ ✣✤✢
✤✚✦✦✣✻ ✣✤✢✛✣ IN ✣✢ M1

✣✢ M2
✣✢ OUT ❸

✘✙➊➋ ✚✛➊ ✷ ➐ ✢ ➣ ➡➔ ➣→ ➠➦✣ ➝↕ ➛✤↕➯↕➟➓➛↕ ➧ ➦↕➒➯ ➟➜➡➭➠➣↕→ → ➒➠✥➜➣➙ ➩✦➔ ➒➝ ➛↕→ ➦↕ ➒➯ ➡➔ ➣✧➫ ➒➝➜➙ ➠➔ ➣→ ➳ ➛➜ ➡➜➓➜➡ ➠➙➨ ➦ ➒ ➢➒★↕ ➝ ➦↕ →➔ ➝➙ ➠↕ ➦↕
M1

↕➙ ➦ ✤↕ ➣➙ ➝➨↕ ➦↕
M2→➔ ➣➙ ➣➒➛➛↕→ ➩ ✦➔ ➒➝ ➛➜ ➡➔ ➣✧➫ ➒➝➜➙ ➠➔ ➣ RC2

➳ ➛➜ ➡➜➓➜➡ ➠➙➨ ➦ ➒ ➢➒★ ↕ ➝ ➦ ✤↕ ➣➙ ➝➨↕ ➦↕
M1

↕➙ ➦↕ →➔ ➝➙ ➠↕➦↕
M2

→➔ ➣➙ ➣➒➛➛↕→ ➩ ✩↕→ ➦ ➒➝➨↕→ ➦ ✤➒→ ➠➣➜➫↕ ↕➙ ➦↕ ➙ ➝➜ ➣→ ➓➔➝➙→ →➔ ➣➙ ➛↕→ → ➒➠✥➜➣➙↕→ ✪
➓➠✣➡↕

j p1,j p2,j δ1,j ǫu
1,j ǫl

1,j✫ ✱ ✮ ✱ ✯ ✯✰ ✬ ✰ ✱ ✯ ✯
➜✥↕➡ δe = 0

➩

R

M1

M2

p1,1 p1,2

δ1,1 δ1,2

p2,1 p2,2

R

M1

M2

p1,1p1,2

δ1,2 δ1,1

p2,1p2,2

è❺é ê ❡ ❸❰ ❲ ✲➔ ➣✧➫ ➒➝➜➙ ➠➔ ➣ RC2
✪ →➨↔ ➒↕➣➡↕→

(1, 2)
➜✥↕➡ Cmax = 23

↕➙
(2, 1)

➜✥↕➡ Cmax = 25

R

M1

M2

p1,1 p1,2

δ1,1 δ1,2

p2,1 p2,2

R

M1

M2

p1,1p1,2

δ1,2 δ1,1

p2,1p2,2è❺é ê ❡ ❸❞ ❲ ✲➔ ➣✧➫ ➒➝➜➙ ➠➔ ➣ F2R1
✪ →➨↔ ➒↕➣➡↕→

(1, 2)
➜✥↕➡ Cmax = 20

↕➙
(2, 1)

➜✥↕➡ Cmax = 19

✦➔ ➒➝ ➡↕➙ ↕➯ ↕➟➓➛↕ ➳ ➛↕→ ➦↕ ➒➯ ➓➝➔ ➢➛✣➟↕→ ➔ ➣➙ ➦↕→ →➔ ➛➒➙ ➠➔ ➣→ ➔ ➓➙ ➠➟➜ ➛↕→ ➦ ➠★ ➨ ➝↕ ➣➙↕→ ↕➙ ➣↕ →➔ ➣➙➦➔ ➣➡ ➓➜→ ➨↔ ➒➠✥➜ ➛↕ ➣➙→ ➩
Þ ❯✌ ❯Þ ✏ÕÐÛ✾Ú ÕÚ ×Õ Ù Õ✽ Ô Ñ Ù Ó✿Õ✽ ✽✼Ú ✽ Ù Ø ÐÜÕ✽ Ù Õ ×÷ ✼ÐøÕÔ ÕÚÛ ÕÛ Ù Ü✍

×÷ ✼ÐøÕÔ ÕÚÛ

✈ ★✤✻ ✩✣ ✤✙✸✜✛✣✚⑥ ★✛✢✥✇✦✣✻ r ✦✣✻ ★✚✢✣✚✛✻ ✘✛✣✤✤✣✤✢ ✇✙✸ ✸ ✣ ♦✉✘✙✢♦❶✻✣ ✹✚✣ ✦✣✻ ✩✚✛✺✣✻ ✩✣ ✇♦★✛♠
✧✣✸ ✣✤✢ ✣✢ ✩✣ ✩✺✇♦★✛✧✣✸ ✣✤✢ ✻✙✤✢ ✤✚✦✦✣✻ ✔❰❰ r ❰➼ r ➼➡ r ➼ r ❰ r ❰❢ r ❞➠✕ ❸ ✈ ★✤✻ ✇✣✢✢✣ ✻✣✇✢✥✙✤ r ✤✙✚✻
✩✺✸ ✙✤✢✛✙✤✻ ✹✚✣ ✇✣✢✢✣ ✻✚✘✘✙✻✥✢✥✙✤ ✘✣✚✢ ➸✢✛✣ ✷★✥✢✣ ✻★✤✻ ✘ ✣✛✢✣ ✩✣ ✧✺✤✺✛★✦✥✢✺ ✩★✤✻ ✘✦✚✻✥✣✚✛✻
✇★✻ ✩✺✘ ✣✤✩★✤✢ ✩✣ ✦★ ✇★✘★✇✥✢✺ ✩✣✻ ✜✚❹✣✛✻ ✩★✤✻ ✦★ ✇✣✦✦✚ ✦✣ ✩✣ ✘✛✙✩✚✇✢✥✙✤ ❸
♣ ❷✣⑥ ✥✻✢✣✤✇✣ ✙✚ ✤✙✤ ✩✣ ✜✚❹✣✛✻ ★❺★✤✢ ✣✢ ★✘✛❶✻ ✇♦★✹✚✣ ✸ ★✇♦✥✤✣ ✥✤❼✚✣ ✻✚✛ ✦✣✻ ✛✣✻✻✙✚✛✇✣✻
✤✺✇✣✻✻★✥✛✣✻ ★✚ ✢✛★✤✻✘✙✛✢ r ★✚ ✇♦★✛✧✣✸ ✣✤✢ ✣✢ ★✚ ✩✺✇♦★✛✧✣✸ ✣✤✢ ❸ ✈ ★✤✻ ✦✣ ✇★✻ ✻★✤✻ ✜✚❹✣✛ ✘★✛
✣⑥✣✸ ✘✦✣ r ✦✣ ✇♦★✛✧✣✸ ✣✤✢ ✣✢ ✦✣ ✩✺✇♦★✛✧✣✸ ✣✤✢ ✤✺✇✣✻✻✥✢✣✤✢ ✦★ ✘✥❶✇✣ r ✦✣ ✛✙✜✙✢ ✣✢ ✦★ ✸ ★✇♦✥✤✣ r ★✦✙✛✻
✹✚✣ ✩★✤✻ ✦✣ ✇★✻ ✩✣ ✜✚❹✣✛✻ ✩✣ ✇★✘★✇✥✢✺ ✥✤➔✤✥✣ r ✻✣✚✦✻ ✦★ ✘✥❶✇✣ ✣✢ ✦✣ ✛✙✜✙✢ ✻✙✤✢ ✤✺✇✣✻✻★✥✛✣✻



➠➼ ❑▲ä▼ ë ãí ç ❦ ❖ ❵æ ◗✏é▲◗▼é í◗å ◗ãëé♠é

✘✙✚✛ ✇✣✻ ✙✘ ✺✛★✢✥✙✤✻ ❸ ❝✥ ✦✣✻ ✛✣✻✻✙✚✛✇✣✻ ✚✢✥✦✥✻✺✣✻ ✘✙✚✛ ✛✺★✦✥✻✣✛ ✢✛★✤✻✘✙✛✢ r ✇♦★✛✧✣✸ ✣✤✢ ✙✚
✩✺✇♦★✛✧✣✸ ✣✤✢ ✻✙✤✢ ✥✩✣✤✢✥✹✚✣✻ r ✙✤ ✘✣✚✢ ★✦✙✛✻ ✇✙✤✻✥✩✺✛✣✛ ✹✚✣ ✦✣✻ ✩✚✛✺✣✻ ✩✣ ✇♦★✛✧✣✸ ✣✤✢ ✣✢
✩✺✇♦★✛✧✣✸ ✣✤✢ ✻✙✤✢ ✤✚✦✦✣✻ ✵ ✣✦✦✣✻ ✘ ✣✚❺✣✤✢ ➸✢✛✣ ✥✤✇✦✚✻✣✻ ✩★✤✻ ✦✣✻ ✩✚✛✺✣✻ ✩✣ ✢✛★✤✻✘✙✛✢ ❸

➞ ❱➍✱ ➍✯✮➏✮➍✳ à ➆ ❿ ➃✌ ❭➂✑ ✌✎ ❨ ❝✌✍ ➄✎✏✌ ❨✌ ➃★ ➁ ★➆❾ ❿✍ ✌ Mi

➱✎✌✒➅ ✌➆➄❿✇✌➁ ✌✍ ➄ ✒ ✓✍ ❭➂✑ ✌✎ ❨✌ ✒ ✓✎✗
➄❿✌✃ ✌✒ ➄ ❨✌ ➆★➅★➆❿➄✏ ❿✍t ✍ ❿✌✈ ★ ➃✓✎✒ ✓✍ ➅ ✌➂➄ ➆✓✍✒ ❿❨✏✎✌✎ ✒★✍✒ ➅ ✌✎➄✌ ❨✌ ➀ ✏✍ ✏✎★ ➃❿➄✏ ❬➂ ✌ ➃★ ❨➂✎✏✌❨✌ ➆❾★✎➀ ✌➁ ✌✍ ➄ ❨✌✒ ➅ ❿❳➆✌✒ ✒➂✎ Mi

✌✒ ➄ ✍➂➃ ➃✌ ➱✎✌✒➅ ✌➆➄❿✇✌➁ ✌✍ ➄ ❬➂ ✌ ➃★ ❨➂✎✏✌ ❨✌ ❨✏➆❾★✎➀ ✌➁ ✌✍ ➄❨✌✒ ➅ ❿❳➆✌✒ ❨✌ Mi
✌✒ ➄ ✍➂➃ ➃✌✃ s

✭ ❳⑨ ➍✳✯➏❱❨➏✮➍✳ ✗ ✸✹✺✻✼ ✽✾ ✿✹❹✾❀ ✺❁❁❂ ✇ ❃❄ ✾❁❅ ❃✽✽❃❆ ❃❅❄ r ✽✾ ✇♦✺❀❇✾❆ ✾✻❅ ❂✹ ✽✾ ✼❄✇♦✺❀❇✾❆ ✾✻❅
✼✾❁ ❈❃❶✇✾❁ ✻❄✇✾❁❁❃❅✾ ✹✻❃❉✹✾❆✾✻❅ ✽✺ ❈❃❶✇✾ ✾❅ ✽✾ ❀❂✿❂❅ ❸ ③✻ ❈✾✹❅ ✼❂✻✇ ❃✻✇✽✹❀✾ ✽✾❁ ✼✹❀❄✾❁ ✼✾
✇♦✺❀❇✾❆ ✾✻❅ ❂✹ ✼✾ ✼❄✇♦✺❀❇✾❆ ✾✻❅ ✼✺✻❁ ✽✾❁ ✼✹❀❄✾❁ ✼✾ ❅❀✺✻❁❈❂❀❅ ❸

¤

s❂✹❀ ✽✾❁ ✇✾✽✽✹ ✽✾❁ ❀❂✿❂❅❃❁❄✾❁ r ❂✻ ❈✾✹❅ ❂✿❅✾✻❃❀ ✹✻ ❀❄❁✹✽❅✺❅ ❁❃❆ ❃✽✺❃❀✾ ❈❂✹❀ ✽✾ ✇✺❁ ❁✺✻❁ ✾❁❈✺✇✾❁✼✾ ❁❅❂ ✇➓✺❇✾ ❸

➞ ❊➍❋➍●❍➏ ❍➍■ î ➵ ★✍✒ ➂✍ ✌ ➆✌➃ ➃➂ ➃✌ ✎✓❭✓➄❿✒ ✏✌ ✒★✍✒ ✌✒➅★➆✌✒ ❨✌ ✒ ➄✓➆✩★➀ ✌✈ ✓✍ ➅ ✌➂➄ ➆✓✍✒ ❿❨✏✎✌✎✒★✍✒ ➅ ✌✎➄✌ ❨✌ ➀ ✏✍ ✏✎★ ➃❿➄✏ ❬➂ ✌ ➃✌✒ ❨➂✎✏✌✒ ❨✌ ➆❾★✎➀ ✌➁ ✌✍ ➄ ✌➄ ❨✏➆❾★✎➀ ✌➁ ✌✍ ➄ ✒ ✓✍ ➄ ✍➂➃ ➃✌✒ s
❏❑▲▼■●◆❊❖◆❍▼■ ✗ P❂✹❀ ✽✾❁ ◗✾✽✽✹ ✽✾❁ ❀❂✿❂❅❃❁❄✾❁ RCm

❁✺✻❁ ✾❁❈✺◗✾❁ ✼✾ ❁❅❂◗❘✺❇✾ ❙ ❂✻ ❈✾✹❅
❃✻◗✽✹❀✾ ✽✾❁ ✼✹❀❄✾❁ ✼✾ ◗❚✺❀❇✾❆ ✾✻❅ ✾❅ ✼❄◗❚✺❀❇✾❆ ✾✻❅ ✼✺✻❁ ✽✾❁ ✼✹❀❄✾❁ ✼✾ ❅❀✺✻❁❈❂❀❅ ✼✾❁ ❈❃❯◗✾❁ ❱❲✻ ✾❳✾❅ ❙ ❈ ✾✻✼✺✻❅ ✽✾ ❅❀✺✻❁❈❂❀❅ ✼ ❨✹✻✾ ❈❃❯◗✾ ✾✻❅❀✾ ✼✾✹❩ ❆✺◗❚❃✻✾❁ ❙ ✽✾ ◗❚✺❀❇✾❆ ✾✻❅ ✾❅ ✽✾ ✼❄❬◗❚✺❀❇✾❆ ✾✻❅ ❙ ✽✾❁ ✼✾✹❩ ❆✺◗❚❃✻✾❁ ✼❂❃❭✾✻❅ ❪❅❀✾ ❭ ❃✼✾❁ ❫❚❂❀❆ ❃❁ M0

✾❅
Mm+1

❉✹❃ ❂✻❅ ✼✾❁ ✼✹❀❄✾❁✼✾ ✼❄◗❚✺❀❇✾❆ ✾✻❅ ❙ ✾❅ ✼✾ ◗❚✺❀❇✾❆ ✾✻❅ ❀✾❁❈ ✾◗❅❃❭✾❆ ✾✻❅ ❙ ✻✹✽✽✾❁ ✼ ❨✺❈❀❯❁ ✽✺ P❀❂❈❂❁❃❅❃❂✻ ❴❵ ❱ ❛ ❃✻❁❃ ❙❂✻ ❈✾✹❅ ◗❂✻❁❃✼❄❀✾❀ ❉✹✾ ✽✾ ❀❂✿❂❅ ❙ ✽✺ ❈❃❯◗✾❁ ✾❅ ✽✾❁ ✼✾✹❩ ❆ ✺◗❚❃✻✾❁ ❁❂✻❅ ✻❄◗✾❁❁✺❃❀✾❁ ✺✹ ❅❀✺✻❁❬❈❂❀❅ ✼✾ ✽✺ ❈❃❯◗✾ ◗❂❆❆✾ ❜ ❁❂✻ ◗❚✺❀❇✾❆ ✾✻❅ ✾❅ ❜ ❁❂✻ ✼❄◗❚✺❀❇✾❆ ✾✻❅ ❱ ❝✻ ❈ ✾✹❅ ✼❂✻◗ ❃✻◗✽✹❀✾✽✾❁ ✼✹❀❄✾❁ ✼✾ ◗❚✺❀❇✾❆ ✾✻❅ ✾❅ ✼❄◗❚✺❀❇✾❆ ✾✻❅ ✼✾❁ ❈❃❯◗✾❁ ✼✺✻❁ ✽✾❁ ✼✹❀❄✾❁ ✼✾ ❅❀✺✻❁❈❂❀❅ ◗✺❀ ◗✾❁
❅❀❂❃❁ ❂❈ ❄❀✺❅❃❂✻❁ ✻❄◗✾❁❁❃❅✾✻❅ ✽✾❁ ❆ ❪❆✾❁ ❀✾❁❁❂✹❀◗✾❁ ❱

¤❞✺✻❁ ◗✾❀❅✺❃✻❁ ◗✺❁ ❈✺❀❅❃◗✹✽❃✾❀❁ ❙ ✹✻ ✾❁❈✺◗✾ ✼✾ ❁❅❂◗❘✺❇✾ ✼✾ ◗✺❈✺◗❃❅❄ ✻❂✻ ✻✹✽✽✾ ❜ ✽✺ ❁❂❀❅❃✾ ✼✾❁
❆ ✺◗❚❃✻✾❁ ✾❁❅ ❁✹❡ ❁✺✻❅ ❈❂✹❀ ❆❂✻❅❀✾❀ ❉✹✾ ✽✾❁ ✼✹❀❄✾❁ ✼✾ ◗❚✺❀❇✾❆ ✾✻❅ ✾❅ ✼✾ ✼❄◗❚✺❀❇✾❆ ✾✻❅
❈ ✾✹❭✾✻❅ ❪❅❀✾ ◗❂✻❁❃✼❄❀❄✾❁ ◗❂❆❆✾ ✻✹✽✽✾❁ ❱ ❢❂✻❁❃✼❄❀❂✻❁ ✹✻ ❣❂❤ ❁❚❂❈ ❀❂✿❂❅❃❁❄ ❜

m ❆✺◗❚❃✻✾❁✾❅ ✽✾❁ ✺◗❅❃❭ ❃❅❄❁ ✼✹ ❀❂✿❂❅
(A0, )A1, A2, . . . , Am(, Am+1)

◗❂❆❆✾ ✼❄✐✻❃✾❁ ❜ ✽✺ ❥✾◗❅❃❂✻ ❦❱❦❱
❧✻ ◗♠◗✽✾ ✼✾ ❈❀❂✼✹◗❅❃❂✻ ✼✺✻❁ ✽✾❉✹✾✽ k

❈❃❯◗✾❁ ✾✻❅❀✾✻❅ ✼✺✻❁ ✽✺ ◗✾✽✽✹ ✽✾ ✾❅ ✽✺ ❉✹❃❅❅✾✻❅ ✾❁❅ ✹✻✾
❁❄❉✹✾✻◗✾ ✼✾ ◗✾❁ ✺◗❅❃❭ ❃❅❄❁ (A0, )A1, A2, . . . , Am(, Am+1)

✼✺✻❁ ✽✺❉✹✾✽✽✾ ◗❚✺◗✹✻✾ ✼✾❁ ✺◗❅❃❭ ❃❅❄❁✾❁❅ ❀❄❈ ❄❅❄✾ ✾❩✺◗❅✾❆ ✾✻❅
k ♥❂❃❁ ❱ ❝✻ ✺❈❈✾✽✽✾ ✹✻ ❅✾✽ ◗♠◗✽✾ ✼✾ ❈❀❂✼✹◗❅❃❂✻ ✹✻

k❬cycle
❱

♦✺ ❈❀❂❈❂❁❃❅❃❂✻ ❁✹❃❭✺✻❅✾ ✺❡ ❀❆ ✾ ❉✹✾ ❁❃ ✽✾❁ ❈❃❯◗✾❁ ❁❂✻❅ ❃✼✾✻❅❃❉✹✾❁ ❙ ✹✻ 1❬◗♠◗✽✾ ✾❁❅ ❂❈❅❃❆ ✺✽ ❱ ❧✻
1❬◗♠◗✽✾ ✻ ❨✹❅❃✽❃❁✺✻❅ ❉✹ ❨✺✹ ❈✽✹❁ ✹✻✾ ✹✻❃❅❄ ✼✾ ✽✺ ◗✺❈✺◗❃❅❄ ✼✾❁ ✿✹❳✾❀❁ ✼✾ ❁❂❀❅❃✾ ✼✾❁ ❆ ✺◗❚❃✻✾❁ ❙✽✾❁ ❈❀❂✿✽❯❆ ✾❁ ✼✾ ◗✾✽✽✹ ✽✾❁ ❀❂✿❂❅❃❁❄✾❁ ✺❭✾◗ ✿✹❳✾❀ ✼✾ ❁❂❀❅❃✾ ✼✾ ◗✺❈✺◗❃❅❄ ✻❂✻ ✻✹✽✽✾ ❁✾❀❂✻❅
❄❉✹❃❭✺✽✾✻❅❁ ✺✹❩ ❆❪❆✾❁ ❈❀❂✿✽❯❆ ✾❁ ✺❭✾◗ ✹✻✾ ◗✺❈✺◗❃❅❄ ❃✻✐✻❃✾ ❈❂✹❀ ❅❂✹❁ ✽✾❁ ✿✹❳✾❀❁ ✼✾ ✽✺
◗✾✽✽✹ ✽✾ ❱
♦✾ ✽✾❆❆✾ ❁✹❃❭✺✻❅ ✺ ❄❅❄ ✼❄❆❂✻❅❀❄ ✼✺✻❁ ✔♣q✕ ❈❂✹❀ ✼✾❁ ◗✾✽✽✹ ✽✾❁ ❀❂✿❂❅❃❁❄✾❁ ✺❭✾◗ ✿✹❳✾❀❁ ✼✾
❁❂❀❅❃✾ ✼✾ ◗✺❈✺◗❃❅❄❁ ✻❂✻ ✻✹✽✽✾❁ ❱ r❂✹❁ ✽ ❨❄❅✾✻✼❂✻❁ ✺✹❩ ❣❂❤ ❁❚❂❈❁ ✺❭✾◗ ❀❂✿❂❅ ❱



❦ ❖◆❖ ❑stt ❘ts✉ ✈◗✇◗①②✉♠s✉ s ① ❵t◗✏✉▲◗▼✉ ③✒s❑ ✈◗✇◗① ④⑤
⑥⑦▲▲⑦ ⑧ ➶ ⑨⑩❶ ⑩❷ ❫ ⑨❴❸❹ ⑨❺ ❶⑨❭⑨❻❼❸ ❽✈ ❸❼ ❾❿❸ ❺ ❼❳➀❿❸ ❸ ⑨❷❻ ❼❨❿❷❻❼❬⑩❿❸✈ ❾★ ❨⑩❶❽❿ ❨⑩ ➀➁ ➀❾❿
T (Ck)✈ ❨❿ ❻⑨⑩❻ k ➂➀➁➀❾❿ Ck

❿❸❻ ❭⑨❶❷ ❽❿ ❺★❶
T (Ck) ≥ k max

{

m
∑

i=0

(δi + δe
i ) +

m
∑

i=0

ǫu
i +

m+1
∑

i=1

ǫl
i , max

h
{ǫ′lh + ph + ǫ′uh }

}

★✇❿➀ ❾❿❸ ❷ ⑨❻★❻❼⑨❷❸ ❸⑩❼✇★❷❻❿❸ ➽➃ δi,j = δi ✈ δe
i,j = δe

i
✈ ǫu

i,j = ǫu
i
✈ ǫl

i,j = ǫl
i
✈ pi,j = pi ✈ ❿❷ ⑨➃ ❿❻❻★❷❻ ❾ ❝❼❷❨❼➀❿ j ❺ ⑨⑩❶ ❾❿ ➀★❸ ❨❿

❺ ❼❳➀❿❸ ❼❨❿❷❻❼❬⑩ ❿❸ ➄➃ δ0 = δm = 0✈ δe
0 = δe

m = 0✈ ǫu
0 = ǫu

m−1 = 0✈ ǫl
1 = ǫl

m = 0
❨★❷❸ ❾❿ ➀★❸ ❨❿ ❫ ⑨❴❸❹ ⑨❺ ❸ ★✇❿➀

❶⑨❭⑨❻ ➄➃ ➶ ⑨⑩❶ ❻⑨⑩❻ i ❿❻ ❻⑨⑩❻ j ✈
ǫ′li =

{

0
❸❼ ❾❿ ❭⑩✑ ❿❶ ❨ ❝❿❷❻❶❽❿ ❨❿ Mi

★ ⑩❷ ❿ ➀★❺★➀❼❻❽ ❷ ⑨❷ ❷⑩❾ ❾❿
ǫl
i,j

❸❼❷ ⑨❷
ǫ′ui =

{

0
❸❼ ❾❿ ❭⑩✑ ❿❶ ❨❿ ❸ ⑨❶❻❼❿ ❨❿ Mi

★ ⑩❷ ❿ ➀★❺★➀❼❻❽ ❷ ⑨❷ ❷⑩❾ ❾❿
ǫu
i,j

❸❼❷ ⑨❷
❏❑▲▼■●◆❊❖◆❍▼■ ✗ ❥❂❃❅ Ck

✹✻
k❬◗♠◗✽✾ ❱ ♦✾ ❀❂✿❂❅ ◗❚✺❀❇✾

k ♥❂❃❁ ✽✺ ❆ ✺◗❚❃✻✾ Mm

❂✹ ❁❂✻ ✿✹❳✾❀
✼ ❨✾✻❅❀❄✾ ✾❅ ❀✾❅❂✹❀✻✾ ❜ ✽ ❨❄❅✺❅ ❃✻❃❅❃✺✽ ✼✹ ◗♠◗✽✾ ❱ ❛ ❃✻❁❃ ❙ ❃✽ ✾❳✾◗❅✹✾

2k ♥❂❃❁ ✽✾ ❅❀✺✻❁❈❂❀❅ ✼ ❨✹✻✾
❈❃❯◗✾ ✾✻❅❀✾

Mm−1
✾❅

Mm
❙ ◗✾ ❉✹❃ ❃❆❈✽❃❉✹✾ ✹✻✾ ✼✹❀❄✾ ✼✾ ❅❀✺✻❁❈❂❀❅ ✼✾

k(δm + δe
m)

❱ P❂✹❀ ✽✺
❆ ❪❆✾ ❀✺❃❁❂✻ ❙ ◗❚✺❉✹✾ ✼❃❁❅✺✻◗✾ ❃✻❅✾❀❬❆ ✺◗❚❃✻✾ ✾❁❅ ❈✺❀◗❂✹❀✹✾

2k ♥❂❃❁ ❱ ❛ ❃✻❁❃ ❙ ✽✺ ✼✹❀❄✾ ❅❂❅✺✽✾
✼✾❁ ✼❄❈✽✺◗✾❆ ✾✻❅❁ ✼✹ ❀❂✿❂❅ ❈ ✾✻✼✺✻❅ ✹✻

k❬◗♠◗✽✾ ✾❁❅ ❁✹❈ ❄❀❃✾✹❀✾ ❜
k

∑

(δi + δe
i )

❱ P✹❃❁❉✹✾◗❚✺❉✹✾ ❆ ✺◗❚❃✻✾ ❫❂✹ ❁✾❁ ✿✹❳✾❀❁❵ ✾❁❅ ◗❚✺❀❇❄✾ ✾❅ ✼❄◗❚✺❀❇❄✾ ❈✺❀ ✽✾ ❀❂✿❂❅ ✾❩✺◗❅✾❆ ✾✻❅
k ♥❂❃❁ ❙❂✻ ❂✿❅❃✾✻❅ ➄

T (Ck) ≥ k

(

m
∑

i=1

(δi + δe
i ) +

m
∑

i=0

ǫu
i +

m+1
∑

i=1

ǫl
i

)

❞✾ ❈✽✹❁ ❙ ❈ ✾✻✼✺✻❅ ✹✻
k❬◗♠◗✽✾ ❙ ◗❚✺❉✹✾ ❆✺◗❚❃✻✾ Mh

❈❀❂✼✹❃❅ ◗❂❆❈✽❯❅✾❆ ✾✻❅
k

❈❃❯◗✾❁ ❱ ❛ ❃✻❁❃ ❙
T (Ck) ≥ k

(

maxh{ǫ′lh + ph + ǫ′uh )
} ❱

¤♦✺ ❈❀❂❈❂❁❃❅❃❂✻ ❁✹❃❭✺✻❅✾ ✺ ❄❅❄ ✼❄❆❂✻❅❀❄✾ ✼✺✻❁ ➅♣q➆ ❈❂✹❀ ✼✾❁ ◗✾✽✽✹✽✾❁ ❀❂✿❂❅❃❁❄✾❁ ✺❭✾◗ ✿✹❳✾❀❁
✼✾ ◗✺❈✺◗❃❅❄ ✹✻❃❅✺❃❀✾ ❈❂✹❭✺✻❅ ❁✾❀❭❃❀ ✼✾ ✿✹❳✾❀ ✼ ❨✾✻❅❀❄✾ ✾❅ ✼✾ ❁❂❀❅❃✾ ❱
➇❊▼❋▼●❍◆❍▼■ ➈ ➵ ➉❷❸ ⑩❷ ❫ ⑨❴❸❹ ⑨❺ ❶⑨❭⑨❻❼❸ ❽ ➉✇❿➀ ❭⑩✑ ❿❶ ❨❿ ❸ ⑨❶❻❼❿ ❸⑩❶ ➀❹➉❬⑩ ❿ ➃ ➉➀❹❼❷ ❿ ❨❿
➀➉❺➉➀❼❻❽ ❸⑩❺ ❽❶❼❿⑩❶❿ ⑨⑩ ❽➊ ➉❾❿ ➋ 1✈ ❾❿ ❻➉⑩♦ ❨❿ ❺ ❶⑨❨⑩ ➀❻❼⑨❷ ➃ ➉♦ ❼➃ ➉❾ ❾⑨❶❸❬⑩❿ ❾❿❸ ❺ ❼❳➀❿❸ ❸ ⑨❷❻
❼❨❿❷❻❼❬⑩ ❿❸ ❿❸❻ ⑨❭❻❿❷⑩ ❺➉❶ ❾❿ 1➂➀➁ ➀❾❿ Id = ((A0, )A1, A2, . . . , Am(, Am+1))

s
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✺❅❅✾❃✻❅ ✽✺
✿❂❀✻✾ ✼❂✻✻❄✾ ❈✺❀ ✽✾ ♦✾❆❆✾ ❦❱
♦✾ ◗✺✽◗✹✽ ✼✾ ✽✺ ✼✹❀❄✾ ✼✹ ◗♠◗✽✾

Id
✺ ❄❅❄ ♥✺❃❅✾ ✼✺✻❁ ➅♣q ❙ ❴❦➆ ❈❂✹❀ ✽✾❁ ◗✾✽✽✹ ✽✾❁ ❀❂✿❂❅❃❁❄✾❁ ❱ ❝✻

✻✾ ✼❂✻✻✾ ❃◗❃ ❉✹✾ ✽ ❨❃✼❄✾ ✼✾ ✽✺ ❈❀✾✹❭✾ ❱
♦✾ ❀❂✿❂❅ ❙ ✺❈❀❯❁ ✺❭❂❃❀ ❉✹❃❅❅❄ ✽✺ ❆ ✺◗❚❃✻✾ Mi

✺❭✾◗ ✹✻✾ ❈❃❯◗✾ ❙ ✼✾❭❀✺ ✾✻ ✼❄❈❂❁✾❀ ✾❅ ✾✻ ❈❀✾✻✼❀✾
✹✻✾ ❁✹❀ ◗❚✺❉✹✾ ✺✹❅❀✾ ❆ ✺◗❚❃✻✾ ✺❭✺✻❅ ✼✾ ❀✾❭✾✻❃❀ ✾✻

Mi

❱ ❛ ❃✻❁❃ ❙ ❁❂❃❅ ✽ ❨✹❁❃✻✺❇✾ ✼✾ ✽✺ ❈❃❯◗✾❈❀❄❁✾✻❅✾ ❁✹❀
Mi

✾❁❅ ❅❂✹➍ ❂✹❀❁ ❅✾❀❆ ❃✻❄ ✽❂❀❁❉✹✾ ✽✾ ❀❂✿❂❅ ✺❀❀❃❭✾ ✾✻
Mi

❈❂✹❀ ✼❄◗❚✺❀❇✾❀ ✽✺
❈❃❯◗✾ ✾❅

T (Id) =
∑

(δi + δe
i ) +

∑

ǫu
i +

∑

ǫl
i

❙ ❁❂❃❅ ✽✾ ❀❂✿❂❅ ✼❂❃❅ ✺❅❅✾✻✼❀✾ ❉✹✾ ✽ ❨✹❁❃✻✺❇✾ ✼✾
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✽✺ ❈❃❯◗✾ ❈❀❄❁✾✻❅✾ ❁✹❀

Mi
❁ ❨✺◗❚❯❭✾ ✾❅ ✼✺✻❁ ◗✾ ◗✺❁ ❙ ✼ ❨✺❈❀❯❁ ✻❂❁ ❚♠❈❂❅❚❯❁✾❁ ❙ ✽✾ ❀❂✿❂❅ ❁✾❀✺

❁❅✺❅❃❂✻✻❄ ❜ ✽✺ ❆ ✺◗❚❃✻✾ ❈❀❄◗❄✼✾✻❅✾ ❈ ✾✻✼✺✻❅ ✽✾ ❅✾❆❈❁ ✼ ❨✺❅❅✾✻❅✾ ❱ ♦✾ ◗♠◗✽✾ ✾❁❅ ✺✽❂❀❁ ✿❂❀✻❄❈✺❀
maxh{ǫ′lh + ph + ǫ′uh }

❱
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➐✽ ✾❁❅ ✼❂✻◗ ❃✻❅❄❀✾❁❁✺✻❅ ✼✾ ◗❂❆❆✾✻◗✾❀ ✽ ❨❄❅✹✼✾ ✼ ❨✹✻ ❈❀❂✿✽❯❆ ✾ ✼✾ ❣❂❤ ❁❚❂❈ ❀❂✿❂❅❃❁❄ ✾✻ ❭❄❀❃❬
✐✺✻❅ ✽✺ ❈ ✾❀❅❃✻✾✻◗✾ ✼✾❁ ✼✹❀❄✾❁ ✼✾ ◗❚✺❀❇✾❆ ✾✻❅ ✾❅ ✼❄◗❚✺❀❇✾❆ ✾✻❅ ❱

❣ ➑❣ ➒➓➔ð →ñ➔➣ ↔ò↕➙ ➛➔➜➔➝ ➞ ➟↕➠➡ ➢↔➙➤➥➦↕→

❞✺✻❁ ◗✾❅❅✾ ❁✾◗❅❃❂✻ ❙ ✻❂✹❁ ✻❂✹❁ ❃✻❅❄❀✾❁❁❂✻❁ ✺✹❩ ❣❂❤❁❚❂❈❁ ✺❭✾◗ ❀❂✿❂❅ ❜ ✼✾✹❩ ❆✺◗❚❃✻✾❁ ❫❭❂❃❀➧ ❃❇✹❀✾ ❴ ❱➨❵ ❱
p1j p2j

M1 M2

ǫu
j ǫl

j
✲

δj

✛

δe

➩➫➭ ➯ ❴ ❱➨ ➲ r❂❅✺❅❃❂✻❁ ❈❂✹❀ ✽✾ ❣❂❤ ❁❚❂❈ ✺❭✾◗ ❀❂✿❂❅ ❜
2 ❆✺◗❚❃✻✾❁ ❙ F2, R1

♦✾❁ ✻❂❅✺❅❃❂✻❁ ❈❂✹❀ ◗✾ ❈❀❂✿✽❯❆ ✾ ❁❂✻❅ ❁❃❆ ❈✽❃✐❄✾❁ ✼✾ ✽✺ ♥✺➳❂✻ ❁✹❃❭✺✻❅✾ ➄
➲

n
❙ ✽✾ ✻❂❆✿❀✾ ✼✾ ❈❃❯◗✾❁ ❜ ❈❀❂✼✹❃❀✾ ➵➲

pij
❙ ✽✺ ✼✹❀❄✾ ✼✾ ❈❀❂✼✹◗❅❃❂✻ ✼✾ ✽✺ ❈❃❯◗✾ j

❁✹❀ ✽✺ ❆ ✺◗❚❃✻✾ Mi
❙
i = 1, 2

➵
➲

δj

❙ ✽✾ ❅✾❆❈❁ ❆ ❃❁ ❈✺❀ ✽✾ ❀❂✿❂❅ ❈❂✹❀ ❅❀✺✻❁❈❂❀❅✾❀ ✽✺ ❈❃❯◗✾ j
✾✻❅❀✾ ✽✾❁ ❆ ✺◗❚❃✻✾❁ M1

✾❅
M2

➵
➲

δe ❙ ✽✺ ✼✹❀❄✾ ✼✾ ✼❄❈✽✺◗✾❆ ✾✻❅ ❜ ❭❃✼✾ ✼✹ ❀❂✿❂❅ ✾✻❅❀✾
M2

✾❅
M1

➵
➲

ǫu
j

❙ ✽✺ ✼✹❀❄✾ ✼✾ ✼❄◗❚✺❀❇✾❆ ✾✻❅ ✼✾❈✹❃❁ ✽✺ ❆ ✺◗❚❃✻✾ M1

✼✾ ✽✺ ❈❃❯◗✾ j
➵

➲
ǫl
j

❙ ✽✺ ✼✹❀❄✾ ✼✾ ◗❚✺❀❇✾❆ ✾✻❅ ✼✾ ✽✺ ❈❃❯◗✾ j
❁✹❀ ✽✺ ❆ ✺◗❚❃✻✾ M2

❱
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F3||Cmax
❜ ✹✻ ❣❂❤ ❁❚❂❈
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✾❅ ✽✾❁ ✼❄◗❚✺❀❇✾❆ ✾✻❅❁ ❁❂✻❅ ✼✾ ✼✹❀❄✾❁ ✻✹✽✽✾❁ ❱ ♦✾ ❀❂✿❂❅ ❀✾❈❀❄❁✾✻❅✾ ✺✽❂❀❁ ✽✺ ❁✾◗❂✻✼✾ ✼✾❁
❅❀❂❃❁ ❆ ✺◗❚❃✻✾❁ ✼✾

F3||Cmax
❱ ➐✽ ✼❄✼✹❃❅ ✼✾ ◗✾❅❅✾ ◗❂❆❈✺❀✺❃❁❂✻ ❉✹✾ F3|p2,j = p|Cmax✾❁❅ ✺✹❁❁❃ NP ❬❞ ❃❡ ◗❃✽✾ ❱ ➺✹❀❃✻❘ ✾❅ ➸✻✹❁❅ ➅⑤q➆ ❂✻❅ ❆ ❂✻❅❀❄ ❉✹✾ ❁❃ ✽✾❁ ❈❃❯◗✾❁ ✺❭✺❃✾✻❅ ✼✾❁

✼✹❀❄✾❁ ✼✾ ❈❀❂✼✹◗❅❃❂✻ ❃✼✾✻❅❃❉✹✾❁ pi,j = p
❙ ❆ ✺❃❁ ✼✾❁ ✼✹❀❄✾❁ ✼✾ ❅❀✺✻❁❈❂❀❅ ✼❃❳❄❀✾✻❅✾❁ ❙ ✽✾ ❈❀❂❬✿✽❯❆ ✾ ✾❁❅ ✺✹❁❁❃ NP ❬❞ ❃❡ ◗❃✽✾ ❱ ❞✺✻❁ ✽✾ ◗✺❁ ❁✺✻❁ ✺❅❅✾✻❅✾ ❙ ✽✾ ❈❀❂✿✽❯❆ ✾

F3|✻❂❬❤✺❃❅|Cmax
✾❁❅
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NP ❬❞ ❃❡ ◗❃✽✾ ➅➨➎➆ ❙ ◗✾ ❉✹❃ ❃❆❈✽❃❉✹✾ ❉✹✾ F2, R1|✻❂❬❤✺❃❅|Cmax
✾❁❅ ✺✹❁❁❃ NP ❬❞ ❃❡ ◗❃✽✾ ❱ ❢❚✾✻

✾❅ ✺✽ ❱ ➅④❴➆ ❆ ❂✻❅❀✾✻❅ ❉✹✾ F3|✻❂❬❤✺❃❅, p2,j = p2|Cmax
✾❁❅ ❈❂✽♠✻❂❆ ❃✺✽ ❙ ◗✾ ✼❂✻❅ ❂✻ ❈✾✹❅ ✼❄❬✼✹❃❀✾ ❉✹✾ F2, R1|✻❂❬❤✺❃❅, δj = δ, δe = 0, ǫu

j = 0, ǫl
j = 0|Cmax

✾❁❅ ❈❂✽♠✻❂❆ ❃✺✽ ❱ ❢✾❈✾✻✼✺✻❅ ❙
◗✾ ❈❀❂✿✽❯❆ ✾ ✻ ❨✾❁❅ ❈✺❁ ❄❉✹❃❭✺✽✾✻❅ ❜

F2, R1|✻❂❬❤✺❃❅, δj = δ, δe = 0, ǫu
j = ǫu, ǫl

j = ǫl|Cmax❈✹❃❁❉✹✾ ✽✾❁ ✼✹❀❄✾❁ ✼✾ ◗❚✺❀❇✾❆ ✾✻❅ ✾❅ ✼❄◗❚✺❀❇✾❆ ✾✻❅ ✻✾ ❈ ✾✹❭✾✻❅ ❪❅❀✾ ❃✻◗✽✹❁✾❁ ✻❃ ✼✺✻❁ ✽✾❁
✼✹❀❄✾❁ ✼✾ ❅❀✺✻❁❈❂❀❅ ❙ ✻ ❃ ✼✺✻❁ ✽✾❁ ✼✹❀❄✾❁ ✼ ❨✹❁❃✻✺❇✾ ◗❂❆❆✾ ✽✾ ❆ ❂✻❅❀✾✻❅ ✽✾❁ ✼✾✹❩ ✾❩✾❆❈✽✾❁
❁✹❃❭✺✻❅❁ ❱

❐❒❮❰ÏÐ❮ Ñ Ò ÓÔ ÕÖ ×ØÙ ÚÔ ÕÖ ÛÜ×ÕÖÝÞÕßà
δ = 2, ǫu = 2, ǫl = 1, p1,1 = p2,1 = 2, p1,2 =

5, p2,2 = 4 á â × ÛàÖ Ø ãÚÙàÖ Øà ß äÞÚåàæàÕÝ àÝ Ûà ØÙß äÞÚåàæàÕÝ Õà ÖÔ ÕÝ çÞÖ ×Õß ÛãÖàÖ ØÞÕÖÛàÖ Ø ãÚÙàÖ Øà Ý ÚÞ ÕÖ çÔÚÝ è ÛÞ Öà ãÛà ÖÙé ãàÕßà Ô çÝ ×æÞ Ûà àÖÝ
(2, 1) á â × à ÛÛàÖ ÖÔ ÕÝ ×Õß ÛãÖàÖ ØÞÕÖÛàÖ Ø ãÚÙàÖ Øà Ý ÚÞ ÕÖ çÔÚÝ êàÝ ØÞÕÖ ßà ßÞÖ

δ = 5
è
ǫu = ǫl = 0ë è ÛÞ Öà ãÛà ÖÙé ãàÕßà Ô çÝ ×æÞ ÛààÖÝ

(1, 2)
êìÔ ×Ú í×å ãÚàÖ î áï àÝ î áðë á

M1

R

M2

p1,1 p1,2

δ δ
ǫu ǫu

ǫl ǫl

p2,1 p2,2

M1

R

M2

p1,1p1,2

δ δ
ǫu ǫu

ǫl ǫl

p2,1p2,2

➩➫➭ ➯ ❴ ❱ñ ➲ òãÚÙàÖ Øà ß äÞÚåàæàÕÝ àÝ ØÙß äÞÚåàæàÕÝ ÕÔ Õ ×Õß ÛãÖàÖ ØÞÕÖ ÛàÖ Ø ãÚÙàÖ Øà Ý ÚÞ ÕÖ çÔÚÝ óÖÙé ãàÕßàÖ
(1, 2)

Þìàß Cmax = 18
àÝ

(2, 1)
Þìàß Cmax = 17

M1

R

M2

p1,1 p1,2

ǫu + δ + ǫl ǫu + δ + ǫl

p2,1 p2,2

M1

R

M2

p1,1p1,2

ǫu + δ + ǫl ǫu + δ + ǫl

p2,1p2,2

➩➫➭ ➯ ❴ ❱ô ➲ òãÚÙàÖ Øà ß äÞÚåàæàÕÝ àÝ ØÙß äÞÚåàæàÕÝ ×Õß ÛãÖàÖ ØÞÕÖ ÛàÖ Ø ãÚÙàÖ Øà Ý ÚÞÕÖ çÔÚÝ ó ÖÙé ãàÕßàÖ
(1, 2)

Þìàß Cmax = 16
àÝ

(2, 1)
Þìàß Cmax = 17

❐❒❮❰ÏÐ❮ õ Ò ÓÔ ÕÖ ×ØÙ ÚÔ ÕÖ ÛÜ×ÕÖÝÞÕßà
δ = 3, ǫu = 2, ǫl = 1, p1,1 = p2,1 = 2, p1,2 =

4, p2,2 = 3 á â × ÛàÖ Ø ãÚÙàÖ Øà ß äÞÚåàæàÕÝ àÝ Ûà ØÙß äÞÚåàæàÕÝ Õà ÖÔ ÕÝ çÞÖ ×Õß ÛãÖàÖ ØÞÕÖÛàÖ Ø ãÚÙàÖ Ø ÜãÖ ×ÕÞåà è ÛÞ Öà ãÛà ÖÙé ãàÕßà Ô çÝ ×æÞ Ûà àÖÝ
(2, 1) á â × à ÛÛàÖ ÖÔ ÕÝ ×Õß ÛãÖàÖ ØÞÕÖ ÛàÖØ ãÚÙàÖ Ø ÜãÖ ×ÕÞåà êàÝ ØÞÕÖ ßà ßÞÖ

δ = 3
è
ǫu = ǫl = 0

è
p1,1 = p2,2 = 4

è
p1,2 = 6

è
p2,1 = 3ëÛÞ Öà ã Ûà ÖÙé ãàÕßà Ô çÝ ×æÞ Ûà àÖÝ

(1, 2)
êìÔ ×Ú í×å ãÚà î áö÷ àÝ î áööë á

M1

R

M2

p1,1 p1,2

δ δ
ǫu ǫu

ǫl ǫl

p2,1 p2,2

M1

R

M2

p1,1p1,2

δ δ
ǫu ǫu

ǫl ǫl

p2,1p2,2

➩➫➭ ➯ ❴ ❱❦q ➲ òãÚÙàÖ Øà ß äÞÚåàæàÕÝ àÝ ØÙß äÞÚåàæàÕÝ ÕÔ Õ ×Õß ÛãÖàÖ ØÞÕÖ ÛàÖ Ø ãÚÙàÖ Ø ÜãÖ ×ÕÞåà ó ÖÙé ãàÕßàÖ
(1, 2)

Þìàß Cmax = 17
àÝ

(2, 1)
Þìàß Cmax = 18
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M1

R

M2

p1,1 + ǫu p1,2 + ǫu

δ δ

ǫl + p2,1 ǫl + p2,2

M1

R

M2

p1,1 + ǫup1,2 + ǫu

δ δ

ǫl + p2,1ǫl + p2,2

➩➫➭ ➯ ❴ ❱❦❦ ➲ òãÚÙàÖ Øà ß äÞÚåàæàÕÝ àÝ ØÙß äÞÚåàæàÕÝ ×Õß ÛãÖàÖ ØÞÕÖ ÛàÖ Ø ãÚÙàÖ Ø ÜãÖ ×ÕÞåà ó ÖÙé ãàÕßàÖ
(1, 2)

Þìàß Cmax = 17
àÝ

(2, 1)
Þìàß Cmax = 16

♦ù ❈❀❂✿ú❯❆ ù ûù ◗ùúúü úù❁ ❀❂✿❂❅❃❁❄ù❁ ❜ ûùü❩ ❆ ý◗❚❃þù❁ RC2
ù❁❅ ❈❂ú♠þ❂❆ ❃ýú ûýþ❁ úù ◗ý❁ ❁ýþ❁

ý❅❅ùþ❅ù ❁❃ δi,j = δi

❫❛❇þù❅❃❁ ➅♣➆ ù❅ ♦ù❃ ù❅ ♦❃ü ➅➎④➆❵ ❱ ➺ýúú ù❅ ýú ❱ ➅♣⑤➆ ❂þ ❅❀❂ü❭❄ üþ ýú❇❂❀❃❅❚❆ ù
❈❂ú♠þ❂❆ ❃ýú ❈❂ü❀ úù ◗ý❁ ❁ýþ❁ ✿ü❳ù❀❁ ý❭ù◗ ý❅❅ùþ❅ù ❃úú❃❆ ❃❅❄ù ❉üýþû úù❁ ûü❀❄ù❁ ûù ◗❚ý❀❇ù❆ ùþ❅ù❅ û❄◗❚ý❀❇ù❆ ùþ❅ ❁❂þ❅ ❃þû❄❈ ùþûýþ❅ù❁ ûù úý ❈❃❯◗ù ❱ ❢❂❆❆ù úù ❆ ❂þ❅❀ù úý P❀❂❈❂❁❃❅❃❂þ ④ ❙ ❃ú ù❁❅
❄❉ü❃❭ýúùþ❅ ûù ◗❂þ❁❃û❄❀ù❀ ûù❁ ûü❀❄ù❁ ûù ◗❚ý❀❇ù❆ ùþ❅ ù❅ û❄◗❚ý❀❇ù❆ ùþ❅ þüúúù❁ ûýþ❁ ◗ù ◗ý❁ ù❅
◗ù ❀❄❁üú❅ý❅ ❈❀❂ü❭ù ý❃þ❁❃ ❉üù úù ❈❀❂✿ú❯❆ ù ù❁❅ ❈❂ú♠þ❂❆ ❃ýú ❉üùúúù ❉üù ❁❂❃❅ úý ◗❂þ❅❀ý❃þ❅ù ❁ü❀
úù❁ ûü❀❄ù❁ ûù ❅❀ýþ❁❈❂❀❅ ❱
♦ý ÿý✿úù ❴ ❱❦ ❀❄❁ü❆ ù úù❁ ❀❄❁üú❅ý❅❁ ûù ◗❂❆❈úù❩ ❃❅❄ ❈❂ü❀ úù❁ ❈❀❂✿ú❯❆ ù❁ ûù ❣❂❤ ❁❚❂❈ ❜ ûùü❩
❆ý◗❚❃þù❁ ❱

➧❴ ❙� ❦

✿ü❳ù❀❁ ❃úú❃❆ ❃❅❄❁ δj = δ NP ❬❞ ❃❡ ◗❃úù ➅⑤♣ ❙ ⑤q➆✿ü❳ù❀❁ ❃úú❃❆ ❃❅❄❁ pi,j = p NP ❬❞ ❃❡ ◗❃úù ➅⑤q➆❁ýþ❁ ý❅❅ùþ❅ù NP ❬❞ ❃❡ ◗❃úù ➅➨➎➆❁ýþ❁ ý❅❅ùþ❅ù δj = δ
❙
ǫu
j = ǫu ❙ ǫl

j = ǫl ✁
❁ýþ❁ ý❅❅ùþ❅ù δj = δ

❙
δe = 0

❙
ǫu
j = 0

❙
ǫl
j = 0

P❂ú♠þ❂❆ ❃ýú ➅④❴➆

�❢❴
❁ýþ❁ ý❅❅ùþ❅ù δi,j = δ

P❂ú♠þ❂❆ ❃ýú ➅♣ ❙ ➎④➆❁ýþ❁ ý❅❅ùþ❅ù δi,j = δi

❙
ǫu
ij = ǫu

i

❙
ǫl
i,j =

ǫl
i

P❂ú♠þ❂❆ ❃ýú ➅♣⑤➆

✂✄☎ ➯ ❴ ❱❦ ➲ � ❄✆üú❅ý❅✆ ûù ◗✝❆❈úù❩ ✞❅❄ ❈✝ü✟ úù✆ ❣✝❤ ✆❚✝❈ ✟✝✠✝✡✞✆☛✆ ❜ ❴❬☞ ý◗❚ ✞þù
❞ýþ✆ úý ✆ù◗✡✞✝þ ✆ü ✞❭ýþ✡ù ❙ þ✝ü✆ ◗✝þ✆✞û☛✟✝þ✆ úù ✌✟✝✠ ú❯☞ ù

F2, R1 ✆ýþ✆ ù✆✌ý◗ù✆ ûù ✆✡✝ ◗❘ý✍ù ❙
ý❭ù◗ ý✡✡ùþ✡ù ✞úú✞☞ ✞✡☛ù ✝ü ✆ýþ✆ ý✡✡ùþ✡ù ❙ ý❭ù◗ ûù✆ ✡ù☞✌✆ ûù ✡✟ýþ✆✌✝✟✡ ✞ûùþ✡✞✎üù✆ ❱ ❛ü ✟ù❬
✍ý✟û ûù ◗ù✆ ✟☛✆üú✡ý✡✆ ûù ◗✝☞✌ úù❩ ✞✡☛ ❙ úù ✌✟✝✠ ú❯☞ ù ✌✝ü✟✟ý✞✡ ❪✡✟ù ýü✆✆✞ ✠ ✞ùþ û ✞❡◗✞úù ◗✝☞☞ ù
F2, R1|þ✝❬❤ý✞✡|Cmax

ù✡
F2, R1|üþú✞☞ ✞✡ùû ✠ü❳ù✟

, δi,j = δ|Cmax
✝ü ✌✝ ú♠þ✝☞ ✞ýú ◗✝☞☞ ù

RC2|þ✝❬❤ý ✞✡
, δi,j = δ|Cmax

❱ r✝ü✆ ✌✟✝ü❭✝þ✆ ✎üù ◗ù ✌✟✝✠ ú❯☞ ù ù✆✡ ùþ ♥ý✞✡ ✌ ✝ ú♠þ✝☞ ✞ýú ❱

✏✑✒✓ ✔✕✒✖ ✗✘✙✚ ✛✙✜ ✖✔ ✢✙ ✛✣✗✤✔✖ ✒✣✛✔ ✥✢✙✤✛✥✦✧✙✔
❞ýþ✆ ◗ù✡✡ù ✆ù◗✡✞✝þ ❙ þ✝ü✆ ◗✝þ✆✞û☛✟✝þ✆ üþ ✌✟✝✠ ú❯☞ ù ûù ❣✝❤ ✆❚✝✌ ý❭ù◗ ✟✝✠✝✡ ✆ýþ✆ ù✆✌ý◗ù✆ûù ✆✡✝ ◗❘ý✍ù ❱ r✝ü✆ ✆ü✌✌✝✆✝þ✆ ✎üù úù✆ ûü✟☛ù✆ ûù ✡✟ýþ✆✌✝✟✡ ù✡ úù✆ ûü✟☛ù✆ ûù ◗❚ý✟✍ù☞ ùþ✡ ù✡
û☛◗❚ý✟✍ù☞ ùþ✡ ✆✝þ✡ ✞ûùþ✡✞✎üù✆ ✌✝ü✟ ✡✝ü✡ù✆ úù✆ ✌✞❯◗ù✆ ù✡ þ✝ü✆ ☞✝þ✡✟✝þ✆ ✎üù ❙ ✎üùúúù ✎üù ✆✝✞✡
úý ◗✝þ✡✟ý ✞þ✡ù ✆ü✟ úù✆ ✡ù☞✌✆ û ❨ý✡✡ùþ✡ù ❫✆ýþ✆ ý✡✡ùþ✡ù ✝ü ý❭ù◗ ý✡✡ùþ✡ù ✞úú✞☞ ✞✡☛ù❵ ❙ úù ✌✟✝✠ ú❯☞ ù
ù✆✡ ✌ ✝ ú♠þ✝☞ ✞ýú ❱ ♦ù✆ ✌✟✝✠ ú❯☞ ù✆ ý❭ù◗ ✆ù✟❭ùü✟ ✆✝þ✡ ûù✆ ◗ý✆ ✌ý✟✡✞◗üú✞ù✟✆ ûù✆ ✌✟✝✠ ú❯☞ ù✆ ý❭ù◗
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M1

R1

M2

p11 p12

ǫu
1

δ1 δe δ2
ǫl
1

ǫu
2

p21 p22

ǫl
2

✲

p11 p12

ǫu
1

δ1 δe δ2
ǫl
1

ǫu
2

p21 p22

ǫl
2

➩➫➭ ➯ ❴ ❱❦❴ ➲
F2, R1

✆ýþ✆ ù✆✌ý◗ù✆ ûù ✆✡✝ ◗❘ý✍ù

✟✝✠✝✡ ✆ýþ✆ ù✆✌ý◗ù✆ ûù ✆✡✝ ◗❘ý✍ù ýü❩ ☞ ý◗❚ ✞þù✆ ❱ ❝þ ✌ ùü✡ û✝þ◗ ùþ û☛ûü ✞✟ù úù ☞ ❪☞ ù ✟☛✆üú✡ý✡✌✝ü✟ úù✆ ✌✟✝✠ ú❯☞ ù✆ ý❭ù◗ ✆ù✟❭ùü✟ ◗✝✟✟ù✆✌✝þûýþ✡✆ ❱
r✝ü✆ ☞ ✝þ✡✟✝þ✆ û ❨ý✠✝✟û úù✆ ûùü❩ úù☞☞ ù✆ ✆ü ✞❭ýþ✡✆ ❱
⑥⑦▲▲⑦ ★ ✩❷ ❺ ❶⑨✪❾✫➃ ❿ ✬❿ ✭ ⑨✮❸❹ ⑨❺ ➉✯❿➀ ❶⑨✪⑨❻ ➋ ✬❿⑩✰ ➃➉➀❹❼❷ ❿❸✱ ❸➉❷❸ ❿❸❺➉➀❿❸ ✬❿ ❸❻⑨➀✲➉➊ ❿
❿❻ ➉✯❿➀ ✬❿❸ ❻❿➃❺ ❸ ✬ ✳➉❻❻❿❷❻❿ ✪⑨❶❷ ❽❸ ⑨⑩ ❷⑨❷ ✪⑨❶❷ ❽❸ ❸⑩❶ M1

⑨⑩ M2
❿❸❻ ❽✴⑩❼✯➉❾❿❷❻ ➉⑩ ➃ ✵➃ ❿

❺ ❶⑨✪❾✫➃ ❿ ➉✯❿➀ ⑩❷ ❿ ➀⑨❷❻❶➉❼❷❻❿ ❸➉❷❸ ➉❻❻❿❷❻❿ ✶þ✝❬❤ý ✞✡✷ ✸
✹✺▲▼✻✼◆✽❖◆ ✾▼✻ ➌ Pü ✞✆✎üù úý ☞ ý◗❚ ✞þù M2

þ ❨ý ✌ý✆ ûù ✠ü❳ù✟ û ❨ùþ✡✟☛ù ❙ úù✆ ✡✿◗❚ù✆ ♠ ✆✝þ✡ü✆✞þ☛ù✆ û❯✆ ✎ü ❨ùúúù✆ ✆✝þ✡ ◗❚ý✟✍☛ù✆ ✆ü✟ úý ☞ ý◗❚ ✞þù ❱ ❛ ✞þ✆✞ ❙ ✆✞ ûù✆ ✡ù☞✌✆ û ❨ý✡✡ùþ✡ù ù❩ ✞✆✡ùþ✡ ❙◗ ❨ù✆✡ üþ ✞✎üù☞ ùþ✡ ✆ü✟ úý ☞ ý◗❚ ✞þù M1

❱
❢ù✌ ùþûýþ✡ ❙ ✌ ùþûýþ✡ ◗ù✡✡ù ûü✟☛ù û ❨ý✡✡ùþ✡ù ❙ úý ✌✞❯◗ù ✝ ◗◗ü✌ ù úý ☞ ý◗❚ ✞þù ✎ü ✞ þù ✌ ùü✡ ù❳ù◗✡üù✟
ýü◗üþ ýü✡✟ù ü✆✞þý✍ù ❱ ❛ ✞þ✆✞ ❙ ú ❨✞þ✆✡ýþ✡ ûù û☛✌ý✟✡ ûù ú ❨ü✆✞þý✍ù ûù úý ✌✞❯◗ù ✆ü✟ M1

✌ ùü✡ ❪✡✟ù
✟ù✌✝ü✆✆☛ ✌✝ü✟ ✎üù úý ◗✝þ✡✟ý ✞þ✡ù ✆ýþ✆ ý✡✡ùþ✡ù ✆✝✞✡ ✟ù✆✌ ù◗✡☛ù ✆ýþ✆ ☞ ✝û ✞✐ù✟ úù ☞ ý❘ù✆✌ýþ ❱

¤❝þ ✌ ùü✡ ✟ù☞ ý✟✎üù✟ ✎üù þ✝ü✆ ✡✟ý❭ý✞úú✝þ✆ ✆✝ü✆ ú ❨❚♠✌✝✡❚❯✆ù ✎üù úý ✌✞❯◗ù þù ✌ ùü✡ ➍ ý☞ ý✞✆
ý✡✡ùþû✟ù ✆ü✟ úù ✟✝✠✝✡ ❱ ❢ ❨ù✆✡ ◗ù ✎ü ✞ û ✞❳ ☛✟ùþ◗ ✞ù úù✆ ◗✝þ✐✍ü✟ý✡✞✝þ✆ F3

ù✡
F2, R1 ý❭ù◗ ûü✟☛ùûù ✟ù✡✝ü✟ ❜ ❭ ✞ûù ûü ✟✝✠✝✡ þüúúù ❱ ❥✞ ◗ù✡✡ù ◗✝þ✡✟ý ✞þ✡ù ù✆✡ ✟ùúý❩☛ù ❙ úù✆ ûùü❩ ✌✟✝✠ ú❯☞ ù✆ ✆✝þ✡✞ûùþ✡✞✎üù✆ ù✡ úù ✌✟✝✠ ú❯☞ ù ✆ýþ✆ ✠ü❳ù✟✆ ý❭ù◗ ý✡✡ùþ✡ù ✞úú✞☞ ✞✡☛ù ù✆✡ û ✞❳☛✟ùþ✡ ûü ✌✟✝✠ ú❯☞ ù ✆ýþ✆

ý✡✡ùþ✡ù ◗✝☞☞ ù úù ☞✝þ✡✟ù ú ❨ù❩ù☞✌ úù ◗✞❬ûù✆✆✝ü✆ ❱
❐❒❮❰ÏÐ❮ ❀ Ò ÓÔ ÕÖ ×ØÙ ÚÔ ÕÖ ÛÜ×ÕÖÝÞ Õßà Ö ã×ìÞ ÕÝà Øà ÛÞ ßÔ Õ❁å ãÚÞÝ ×Ô Õ

F3
ó

ç×❂ßà
j p1,j p2,j p3,jö î î ❃î ö ❄ ö❅ ❃ ö ❄

M1

M2

M3

p1,1 p1,2 p1,3

p2,1 p2,2 p2,3

p3,1 p3,2 p3,3

➩➫➭ ➯ ❴ ❱❦④ ➲ âÙé ãàÕßà (1, 2, 3)
è ÖÞ ÕÖ àÖ çÞßàÖ Øà ÖÝÔß❆Þåà è ÞÝÝà ÕÝà ×ÛÛ×æ ×ÝÙà è

Cmax = 14



♣q ➘➪③➶②①✈s ➻ ➼ ➽t➾➚✉➪➾➶✉ ✈➾✇➾①②✉ø✉

M1

M2

M3

p1,1 p1,2 p1,3

p2,1 p2,2 p2,3

p3,1 p3,2 p3,3

➩➫➭ ➯ ❴ ❱❦♣ ➲ âÙé ãàÕßà (1, 2, 3)
è ÖÞÕÖ ÞÝÝà ÕÝà è

Cmax = 15

M1

M2

M3

p1,1 p1,2p1,3

p2,1 p2,2p2,3

p3,1 p3,2p3,3

➩➫➭ ➯ ❴ ❱❦⑤ ➲ âÙé ãàÕßà (1, 3, 2)
è ÖÞÕÖ ÞÝÝà ÕÝà è

Cmax = 14

❇Þ ÖÙé ãàÕßà
(1, 2, 3)

àÖÝ Ô çÝ ×æÞ Ûà ØÞÕÖ Ûà ßÞÖ ÖÞ ÕÖ ➢ã❈ à ÚÖ Þìàß ãÕ æÞ❆àÖ çÞÕ Øà
14

êìÔ ×Úí×å ãÚà î áö❅ë Þ ÛÔ ÚÖ é ãà ßàÝÝà ÖÔ ÛãÝ ×Ô Õè é ã× Þ ãÕ æÞ❆àÖ çÞÕ Øà
15

ØÞÕÖ Ûà ßÞÖ ÖÞ ÕÖ ÞÝÝà ÕÝà èÕÜàÖÝ çÞÖ Ô çÝ ×æÞ Ûà êìÔ ×Ú í×å ãÚà î áö❄ ë ó ÛÞ ÖÔ ÛãÝ ×Ô Õ
(1, 3, 2)

Þ ãÕ æÞ❆àÖ çÞÕ Øà
14

êìÔ ×Úí×å ãÚà î áö❃ ë á
♦ù úù☞☞ ù ✆ü ✞❭ýþ✡ ù✆✡ üþù ù❩✡ùþ✆✞✝þ û ❨üþù ✟ù☞ ý✟✎üù ûù ➺ü✟✞þ❘ ù✡ ➸þü✆✡ ➅⑤q➆ ❱
⑥⑦❉❉ ⑦ ❊ ❋❿ ❺ ❶⑨✪❾✫➃ ❿ F2, R1|❷⑨➂✮➉❼❻|Cmax ❺ ❿⑩❻ ✵❻❶❿ ❶❽✬⑩❼❻ ➋ ⑩❷ ❺ ❶⑨✪❾✫➃ ❿ ❺ ⑨⑩❶ ❾❿✴⑩❿❾
❾➉ ✬⑩❶❽❿ ✬❿❸ ➃ ⑨⑩✯❿➃ ❿❷❻❸ ➋ ✯❼✬❿ ✬⑩ ❶⑨✪⑨❻ ❿❷❻❶❿ M2

❿❻ M1
❿❸❻ ❷⑩❾ ❾❿ ✶δe = 0

✷ ✸

✹✺❉●✻✼❍✽■❍✾●✻ ➌ ❢✝þ✆✞û☛✟✝þ✆ üþù ✞þ✆✡ýþ◗ù
I = (n, p1,1, p1,2, . . . , p1,n, δ1, δ2, . . . , δn, δe, p2,1, p2,1, . . . , p2,n, ǫu

1 , ǫu
2 , . . . , ǫu

n, ǫl
1, ǫl

2, . . . , ǫl
n)ûü ✌✟✝✠ ú❯☞ ù

F2, R1|þ✝❬❤ý ✞✡|Cmax
❱

r✝ü✆ ◗✝þ✆✡✟ü ✞✆✝þ✆ ú ❨✞þ✆✡ýþ◗ù
I ′ = (n, p1,1, p1,2, . . . , p1,n, δ′1, δ′2, . . . , δ′n, δe′ = 0, p2,1, p2,1, . . . , p2,n, ǫu

1 , ǫu
2 , . . . , ǫu

n, ǫ
l
1, ǫl

2, . . . , ǫl
n)ùþ ý➍ ✝ü✡ýþ✡ δe ❜ ✡✝ü✡ù✆ úù✆ ûü✟☛ù✆ ûù ✡✟ýþ✆✌✝✟✡ ❙ ◗ ❨ù✆✡❬❜❬û ✞✟ù ❙ δ′j = δj + δe ❙ ✌✝ü✟ ✡✝ü✡

j =
1, 2, . . . , n

❫❭✝✞✟ ➧ ✞✍ü✟ù ❴ ❱❦➎❵ ❱ ❝þ ✌ ùü✡ ✟ù☞ ý✟✎üù✟ ✎ü ❨✝þ ✝✠✡✞ùþ✡ ú ❨✞þ✆✡ýþ◗ù I ′ ❜ ✌ý✟✡✞✟ ûù
ú ❨✞þ✆✡ýþ◗ù I ùþ ✡ù☞✌✆ ✌✝ ú♠þ✝☞ ✞ýú ❱
❢❚ý✎üù ✝✟û✝þþýþ◗ù☞ ùþ✡ ✟☛ýú✞✆ý✠ úù ✌✝ü✟ I ✌ ùü✡ ❪✡✟ù ✡✟ýþ✆♥✝✟☞ ☛ ùþ üþ ✝✟û✝þþýþ◗ù☞ ùþ✡✟☛ýú✞✆ý✠ úù ✌✝ü✟ I ′ ➄ ✞ú ✆ü❡ ✡ ûù û☛◗ýúù✟ ú ❨✝✟û✝þþýþ◗ù☞ ùþ✡ ✆ü✟ M2

ûù
δe üþ ✞✡☛✆ ✆ü✟ úý û✟✝✞✡ù ❙

◗ù ✎ü ✞ ☞ ✝û ✞✐ù úù ☞ ý❘ù✆✌ýþ ✆ùüúù☞ ùþ✡ ✌ý✟ üþù ◗✝þ✆✡ýþ✡ù ❱
❧þ ✝✟û✝þþýþ◗ù☞ ùþ✡ ù✆✡ û✝þ◗ ✝✌✡✞☞ ýú ✌✝ü✟ I ✆✞ ù✡ ✆ùüúù☞ ùþ✡ ✆✞ ✞ú ù✆✡ ✝✌✡✞☞ ýú ✌✝ü✟ I ′ ❱ ❛ ✞þ✆✞ ❙úù ✌✟✝✠ ú❯☞ ù

F2, R1|þ✝❬❤ý ✞✡|Cmax
✌ ùü✡ ❪✡✟ù ✟☛ûü ✞✡ ýü ✌✟✝✠ ú❯☞ ù

F2, R1|þ✝❬❤ý ✞✡, δe =
0|Cmax

ùþ ✡ù☞✌✆ ✌✝ ú♠þ✝☞ ✞ýú ❱
¤❝þ ✌ ùü✡ ✟ù☞ ý✟✎üù✟ ✎üù úý ✟☛ûü◗✡✞✝þ ✟☛◗ ✞✌✟✝✎üù ù✆✡ ✡✟✞❭ ✞ýúù ù✡ ✎üù úù✆ ✌✟✝✠ ú❯☞ ù✆ F2, R1|þ✝❬❤ý ✞✡|Cmaxù✡

F2, R1|þ✝❬❤ý ✞✡, δe = 0|Cmax ✆✝þ✡ ☛✎ü ✞❭ýúùþ✡✆ ❱



➻ ➼➻ ➼ ➽t➾➚✉➪➾➶ ③➹s➘ ✈➾✇➾① ➴ ➷s ➬➮ ➱③➘➪②✃s✉ ♣ ❦

M1

R1

M2

p11 p12

ǫu
1

δ1 δe δ2
ǫl
1

ǫu
2

p21 p22

ǫl
2

✲

p11 p12

ǫu
1

δ1 + δe δ2 + δe

ǫl
1

ǫu
2

p21 p22

ǫl
2

➩➫➭ ➯ ❴ ❱❦➎ ➲
F2, R1

✆ýþ✆ ✠ü❳ù✟✆ ❙ ✆ü✌✌✟ù✆✆✞✝þ ûù✆ ûü✟☛ù✆ ûù ✡✟ý➍ ù✡ ❜ ❭ ✞ûù

M1

R1

M2

≥ δ + ǫl
✲✛

p1,σ(j)

ǫu

δ
ǫl

p2,σ(j)

p1,σ(j+1)

ǫu

δ
ǫl

p2,σ(j+1)

≥ δ + ǫu
✲✛

➩➫➭ ➯ ❴ ❱❦➨ ➲ ❲❩✡ùþ✆✞✝þ ûù✆ ûü✟☛ù✆ ûù ✌✟✝ûü◗✡✞✝þ ûù✆ ✌✞❯◗ù✆ ✆ü✟ úù✆ ☞ ý◗❚ ✞þù✆ M1

ù✡
M2

❢ù✆ ûùü❩ úù☞☞ ù✆ ✞☞ ✌ ú✞✎üùþ✡ ✎üù úý ◗✝☞✌ úù❩ ✞✡☛ ûü ✌✟✝✠ ú❯☞ ù ûù ❣✝❤ ✆❚✝✌ ý❭ù◗ ✟✝✠✝✡ ❜
2☞ ý◗❚ ✞þù✆ ù✆✡ ✞ûùþ✡✞✎üù ✎üù úù ✌✟✝✠ ú❯☞ ù ✆✝✞✡ ✆ýþ✆ ý✡✡ùþ✡ù ✝ü ✆ýþ✆ ✠ü❳ù✟✆ ù✡ ✎üù úù✆ ûü✟☛ù✆ûù ✡✟ý➍ ù✡ ❜ ❭ ✞ûù ûü ✟✝✠✝✡ ✆✝✞ùþ✡ þüúúù✆ ✝ü þ✝þ ❱ ♦ù ✡❚☛✝✟❯☞ ù ✆ü ✞❭ýþ✡ û✝þþù úý ◗✝☞✌ úù❩ ✞✡☛ûù ◗ù✆ ✌✟✝✠ ú❯☞ ù✆ ❱

❏❑✺●✽▲❉ ⑦ ❊ ❋❿ ❺ ❶⑨✪❾✫➃ ❿ F2, R1|❷⑨➂✮➉❼❻, δj = δ, ǫu
j = ǫu, ǫl

j = ǫl|Cmax ❿❸❻ ❺ ⑨❾➁❷ ⑨➃ ❼➉❾✸
✹✺❉●✻✼❍✽■❍✾●✻ ➌ ❥ ✞ úù þ✝☞✠✟ù ûù ✌✞❯◗ù✆ ù✆✡ 1

❙ ýú✝✟✆ úý ✟☛✆✝ úü✡✞✝þ ûü ✌✟✝✠ ú❯☞ ù ù✆✡ ✡✟✞❭ ✞ýúù ❱r✝ü✆ ◗✝þ✆✞û☛✟✝þ✆ ✌ý✟ úý ✆ü ✞✡ù ✎üù
n ≥ 2

❱
♦ù ♦ù☞☞ ù ④ ✞þû ✞✎üù ✎üù þ✝ü✆ ✌✝ü❭✝þ✆ ◗✝þ✆✞û☛✟ù✟ ✎üù

δe = 0
❱

r✝ü✆ ✌✟✝ü❭✝þ✆ ✡✝ü✡ û ❨ý✠✝✟û ✎ü ❨☛✡ýþ✡ û✝þþ☛ù üþù ✞þ✆✡ýþ◗ù ✡ùúúù ✎üù
n ≥ 2

ù✡ ûùü❩ ✌✞❯◗ù✆û ✞✆✡✞þ◗✡ù✆ k
ù✡

l
❙ úý ☞ ù ✞úúùü✟ù ✌ ù✟☞ü✡ý✡✞✝þ ûù✆ ✌✞❯◗ù✆ ✎ü ✞ ◗✝☞☞ ùþ◗ù ✌ý✟ k

ù✡ ✐þ ✞✡ ✌ý✟ l✌ ùü✡ ❪✡✟ù ◗ýú◗üú☛ù ùþ ✡ù☞✌✆ ✌✝ ú♠þ✝☞ ✞ýú ❱
❥✝✞ùþ✡ I = (n, p1,1, p1,2, . . . , p1,n, δ, p2,1, p2,1, . . . , p2,n, ǫu, ǫl)

üþù ✞þ✆✡ýþ◗ù ✡ùúúù ✎üù
n ≥ 2ù✡

k
ù✡

l
ûùü❩ ✌✞❯◗ù✆ û ✞✆✡✞þ◗✡ù✆ ❱

❢✝þ✆✞û☛✟✝þ✆ üþù ✌ ù✟☞ü✡ý✡✞✝þ σ
ûù✆ ✡✿◗❚ù✆ ✎ü ✞ ◗✝☞☞ ùþ◗ù ✌ý✟ k

ù✡ ✐þ ✞✡ ✌ý✟ l
ù✡ üþ ✞þû ✞◗ù

j ∈ {1, 2, . . . , n} ❱ ♦ù û☛◗❚ý✟✍ù☞ ùþ✡ ûù úý (j + 1)ième ✌✞❯◗ù ûù
σ
❙
σ(j + 1)

❙ ûù úý ☞ ý◗❚ ✞þù
M1

ù✆✡ ù❳ù◗✡ü☛ ýü ☞✝✞þ✆ δ + ǫl üþ ✞✡☛✆ ûù ✡ù☞✌✆ ý✌✟❯✆ ◗ùúü ✞ ûù úý ✌✞❯◗ù σ(j)
❱ ❢ùúý ✞☞✌ ú✞✎üù

✎üù þ✝ü✆ ✌ ✝ü❭✝þ✆ ýúú✝þ✍ù✟ úý ûü✟☛ù ûù ✌✟✝ûü◗✡✞✝þ p1,σ(j+1)

❜
δ + ǫl ❙ ✆✞ ùúúù ù✆✡ ✞þ♥☛✟✞ùü✟ù❜ ◗ù✡✡ù ❭ýúùü✟ ❙ ✆ýþ✆ ☞✝û ✞✐ù✟ úù ☞ ý❘ù✆✌ýþ ❫❭✝✞✟ ➧ ✞✍ü✟ù ❴ ❱❦➨❵ ❱ ❢✝☞☞ ù

j ∈ {1, 2, . . . , n} ❙þ✝ü✆ ✌✝ü❭✝þ✆ ✟☛ýú✞✆ù✟ ◗ù✡✡ù ✝✌☛✟ý✡✞✝þ ✌✝ü✟ ✡✝ü✡ù✆ úù✆ ✌✞❯◗ù✆ ✆ýü♥ úý ✌✞❯◗ù σ(1) = k
❱

❞ù úý ☞ ❪☞ ù ♥ý➳✝þ ❙ þ✝ü✆ ✌✝ü❭✝þ✆ ýúú✝þ✍ù✟ úù✆ ûü✟☛ù✆ ûù ✌✟✝ûü◗✡✞✝þ p2,σ(j)

❜
δ + ǫu ✆✞ ùúúù✆

✆✝þ✡ ✞þ♥☛✟✞ùü✟ù✆ ❜ ◗ù✡✡ù ❭ýúùü✟ ✌ ✝ü✟ ✡✝ü✡ù✆ úù✆ ✌✞❯◗ù✆ ✆ýü♥ σ(n) = l
❱



♣❴ ➘➪③➶②①✈s ➻ ➼ ➽t➾➚✉➪➾➶✉ ✈➾✇➾①②✉ø✉
r✝✡✝þ✆ p′i,j

úù✆ ûü✟☛ù✆ ûù ✌✟✝ûü◗✡✞✝þ ý ✞þ✆✞ ✝✠✡ùþüù✆ ❱ r✝ü✆ ý❭✝þ✆➲
p′1,k = p1,k

➵
➲

p′1,j = max{p1,j, δ + ǫl} ❙ ✌✝ü✟ ✡✝ü✡
j 6= k

➵
➲

p′2,j = max{p2,j, δ + ǫu} ❙ ✌✝ü✟ ✡✝ü✡
j 6= l

➵
➲

p′2,l = p2,l

❱
❛✐þ ûù ✡✟✝ü❭ù✟ úý ☞ ù ✞úúùü✟ù ✌ ù✟☞ü✡ý✡✞✝þ ✎ü ✞ ◗✝☞☞ ùþ◗ù ✌ý✟ k

ù✡ ✐þ ✞✡ ✌ý✟ l
❙ þ✝ü✆ ù✆✆ý♠✝þ✆ûù ☞✞þ ✞☞ ✞✆ù✟ úù✆ ✡ù☞✌✆ ☞✝✟✡✆ ✆ü✟ úý ☞ ý◗❚ ✞þù M2

❙ ◗ ❨ù✆✡❬❜❬û ✞✟ù úý ûü✟☛ù ✌ ùþûýþ✡ úý✎üùúúùùúúù þ ❨ù✆✡ ✌ý✆ ü✡✞ú✞✆☛ù ❱ ❢✝þ✆✞û☛✟✝þ✆ ûùü❩ ✌✞❯◗ù✆ û ✞✆✡✞þ◗✡ù✆ q
ù✡

r
ù✡ ◗ýú◗üú✝þ✆ úù ✡ù☞✌✆ ☞✝✟✡

Idle(q, r)
✞þ✡✟✝ûü ✞✡ ✆ü✟ M2

ùþ ✌ úý➳ýþ✡ r
✞☞☞☛û ✞ý✡ù☞ ùþ✡ ý✌✟❯✆ q

❱
❥ ✞

p′2,q + ǫl > p′1,r + ǫu ❙ ✝þ þ ❨✞þ✡✟✝ûü ✞✡ ✌ý✆ ûù ✡ù☞✌✆ ☞✝✟✡✆ ✆ü✟ M2

❫❭✝✞✟ ➧ ✞✍ü✟ù ❴ ❱❦ñ❵ ❱
❞ýþ✆ úù ◗ý✆ ✝▼

p′2,q + ǫl ≤ p′1,r + ǫu ❙ ✝þ ✞þ✡✟✝ûü ✞✡ üþ ✡ù☞✌✆ ☞✝✟✡ ✆ü✟ M2

ûù ûü✟☛ù p′1,r +
ǫu − (p′2,q + ǫl)

❫❭✝✞✟ ➧ ✞✍ü✟ù ❴ ❱❦ô❵ ❱

M1

R1

M2

p′1q
ǫu

δ
ǫl

p′2q

p′1r
ǫu

δ
ǫl

p′2r

➩➫➭ ➯ ❴ ❱❦ñ ➲
Idle(q, r)

➄ ◗ý✆ ✝▼
p′2,q + ǫl > p′1,r + ǫu

M1

R1

M2

p′1q
ǫu

δ
ǫl

p′2q

p′1r
ǫu

δ
ǫl

p′2r

✛ ✲

Idle(q, r)

➩➫➭ ➯ ❴ ❱❦ô ➲
Idle(q, r)

➄ ◗ý✆ ✝▼
p′2,q + ǫl ≤ p′1,r + ǫu

❛ ✞þ✆✞ ❙
Idle(q, r) =

{

p′1,r + ǫu − (p′2,q + ǫl) ✆✞ p′2,q + ǫl ≤ p′1,r + ǫu

0 ✆✞ p′2,q + ǫl > p′1,r + ǫu

r✝ü✆ ◗✝þ✆✞û☛✟✝þ✆ úù ✌✟✝✠ ú❯☞ ù ûü ❭✝♠ý✍ùü✟ ûù ◗✝☞☞ ù✟◗ù ❫✂◆✄❖P◗ ➫❘➭ ❙✄◗P❚❯✄❘ ❱◆❲❳
☎◗P❯ ❵ ✆ü ✞❭ýþ✡ ❱ ❢❚ý✎üù ✌✞❯❨ù j

û ✞❳ ☛✟ùþ✡ù ûù
k
ù✡

l
ù✆✡ ✟ù✌✟☛✆ùþ✡☛ù ✌ý✟ üþ ✆✝☞☞ ù✡ þ✝✡☛ j

❱
❧þ ✆✝☞☞ ù✡

kl
✟ù✌✟☛✆ùþ✡ù ❜ úý ♥✝✞✆ k

ù✡
l
❱ ♦ù ✍✟ý✌❩ù ù✆✡ ❨✝☞✌ úù✡ ù✡ ✝✟✞ùþ✡☛ ❬ ♦ù ✌✝✞û✆

w(q, r)
ûù ú ❨ý✟❨ (q, r)

ù✆✡ úý ûü✟☛ù û ❨✞þý❨✡✞❭ ✞✡☛ ✞þ✡✟✝ûü ✞✡ù ✆ü✟ M2

ùþ ✌ úý➳ýþ✡ úý ✌✞❭❨ù r✞☞☞☛û ✞ý✡ù☞ ùþ✡ ý✌✟❭✆ úý ✌✞❭❨ù q
ûýþ✆ úý ✌ ù✟☞ü✡ý✡✞✝þ ❬ r✝ü✆ ý❭✝þ✆ ➄

➲
w(kl, r) = Idle(k, r)

➵
➲

w(q, r) = Idle(q, r)
✌✝ü✟

q 6= kl
ù✡

r 6= kl
➵

➲
w(q, kl) = Idle(q, l) ❬� ù☞ ý✟✎ü✝þ✆ ✎üù úý ❨✝þ✆✡✟ü❨✡✞✝þ ûù ❨ù ✍✟ý✌❩ù ✆ù ♥ý ✞✡ ùþ ✡ù☞✌✆ ✌✝ ú♠þ✝☞ ✞ýú ❬



➻ ➼➻ ➼ ➽t➾➚✉➪➾➶ ③➹s➘ ✈➾✇➾① ➴ ➷s ➬➮ ➱③➘➪②✃s✉ ♣④
❧þ ✡✝ü✟ ûü ❭✝♠ý✍ùü✟ ûù ❨✝☞☞ ù✟❨ù ✟ù✌✟☛✆ùþ✡ù üþù ✌ ù✟☞ü✡ý✡✞✝þ ûù✆ ✌✞❭❨ù✆ ✎ü ✞ ❨✝☞☞ ùþ❨ù✌ý✟ k

ù✡ ✐þ ✞✡ ✌ý✟ l
ù✡ û✝þ✡ úù ✌✝✞û✆ ù✆✡ úý ✆✝☞☞ ù ûù✆ ûü✟☛ù✆ ûù✆ ✡ù☞✌✆ ☞✝✟✡✆ ✞þ✡✟✝ûü ✞✡✆

✆ü✟ M2
✌ý✟ ❨ù ❨❩✝✞❩ ûù ✌ ù✟☞ü✡ý✡✞✝þ ❬ ❛ ✞þ✆✞ ❪ üþ ✡✝ü✟ ☞ ✞þ ✞☞ ýú ûýþ✆ ❨ù ✍✟ý✌❩ù ❨✝✟✟ù✆✌✝þû❜ üþù ✌ ù✟☞ü✡ý✡✞✝þ ûù✆ ✌✞❭❨ù✆ ✎ü ✞ ❨✝☞☞ ùþ❨ù ✌ý✟ k

ù✡ ✐þ ✞✡ ✌ý✟ l
✎ü ✞ ☞ ✞þ ✞☞ ✞✆ù úù✆ ✡ù☞✌✆

☞✝✟✡✆ ✆ü✟ M2
❬

❫✝ü✟ ✡✝ü✡ ý✟❨ (q, r)
ûü ✍✟ý✌❩ù ❪ ✝þ ✌ ùü✡ ☛❨✟✞✟ù

w(q, r) =

{

∫ p̃1,q

p̃2,r
f(x)dx, ✆✞ p̃1,q ≥ p̃2,r

∫ p̃2,r

p̃1,q
g(x)dx, ✆✞ p̃1,q < p̃2,r

❫❴ ❬❦❵

ý❭ù❨

p̃1,kl = p′1,k + ǫu

p̃1,q = p′1,q + ǫu,
✌✝ü✟ ✡✝ü✡

q 6= kl
p̃2,kl = p′2,l + ǫl

p̃2,q = p′2,q + ǫl,
✌✝ü✟ ✡✝ü✡

q 6= kl
f(x) = 1,

✌✝ü✟ ✡✝ü✡
x

g(x) = 0,
✌✝ü✟ ✡✝ü✡

x

❴✞ú☞✝✟ù ù✡ ❴✝☞✝✟♠ ✝þ✡ ✌✟✝ü❭☛ ✎üù ú✝✟✆✎üù úù✆ ✌✝✞û✆ ûù✆ ý✟❨✆ ☛✡ý ✞ùþ✡ ûù úý ♥✝✟☞ ù ûù
ú ❨☛✎üý✡✞✝þ ❫❴ ❬❦❵ ý❭ù❨ f

ù✡
g
✞þ✡☛✍✟ý✠ úù✆ ❪ úù ✌✟✝✠ ú❭☞ ù ûü ❭✝♠ý✍ùü✟ ûù ❨✝☞☞ ù✟❨ù ✌✝ü❭ý✞✡ ✆ù✟☛✆✝üû✟ù ùþ ✡ù☞✌✆ ✌✝ ú♠þ✝☞ ✞ýú ❬

r✝ü✆ ✌✝ü❭✝þ✆ û✝þ❨ ✡✟✝ü❭ù✟ úý ☞ ù✞úúùü✟ù ✌ ù✟☞ü✡ý✡✞✝þ ✎ü ✞ ❨✝☞☞ ùþ❨ù ✌ý✟ k
ù✡ ✐þ ✞✡ ✌ý✟ lùþ ✡ù☞✌✆ ✌✝ ú♠þ✝☞ ✞ýú ❬

r✝ü✆ ✌✟✝✌✝✆✝þ✆ ú ❨ýú✍✝✟✞✡❩☞ ù ✌✝ ú♠þ✝☞ ✞ýú ✆ü ✞❭ýþ✡ ✌✝ü✟ þ✝✡✟ù ✌✟✝✠ ú❭☞ ù ➄ ✌✝ü✟ ❨❩ý✎üù ✌ý✞✟ùûù ✌✞❭❨ù✆ û ✞✆✡✞þ❨✡ù✆ k
ù✡

l
❪ ✝þ ü✡✞ú✞✆ù ú ❨ýú✍✝✟✞✡❩☞ ù ûù ❴✞ú☞✝✟ù ù✡ ❴✝☞✝✟♠ ✌✝ü✟ ✝✠✡ùþ ✞✟ úý

☞ ù ✞úúùü✟ù ✌ ù✟☞ü✡ý✡✞✝þ ✎ü ✞ ❨✝☞☞ ùþ❨ù ✌ý✟ k
ù✡ ✐þ ✞✡ ✌ý✟ l ❬ r✝✡✝þ✆ Cmax(k, l)

úù ☞ ý❵ù✆✌ýþûù ❨ù✡✡ù ✌ ù✟☞ü✡ý✡✞✝þ ❬ ♦ù ☞ ✞þ ✞☞ü☞ ûù ✡✝ü✆ úù✆ Cmax(k, l) ✆ü✟ ú ❨ùþ✆ù☞✠ úù ûù✆ ❨✝ü✌ úù✆ (k, l)ý❭ù❨ k 6= l
ù✆✡ úù ☞ ý❵ù✆✌ýþ ✝✌✡✞☞ ýú ❫ù✡ þ✝ü✆ û✝þþù úý ☞ ù ✞úúùü✟ù ✌ ù✟☞ü✡ý✡✞✝þ ûù✆ ✌✞❭❨ù✆❵ ❬

♦ù þ✝☞✠✟ù ûù ❨✝ü✌ úù✆ (k, l) ý❭ù❨ k 6= l ☛✡ýþ✡ ✌ ✝ ú♠þ✝☞ ✞ýú ❪ úý ❨✝☞✌ úù❩ ✞✡☛ ûù ❨ù✡ ýú✍✝✟✞✡❩☞ ù
ù✆✡ ✌✝ ú♠þ✝☞ ✞ýúù ❬

¤❞✝þþ✝þ✆ ☞ ý ✞þ✡ùþýþ✡ üþù ✌✟ù☞ ✞❭✟ù ❨✝þ✆☛✎üùþ❨ù ✞☞☞☛û ✞ý✡ù ûü ÿ❩☛✝✟❭☞ ù ④ ❬

❛●✽●❜❜■✾✽⑦ ⑧ ❋❿ ❺ ❶⑨✪❾✫➃ ❿ F2, R1|❷⑨➂✪⑩❝ ❿❶, δj = δ, ǫu
j = ǫu, ǫl

j = ǫl|Cmax ❿❸❻ ❺ ⑨❾➁❷ ⑨➂➃ ❼➉❾✸

✹✺❉●✻✼❍✽■❍✾●✻ ➌ ❞ ✞✟ù❨✡ù☞ ùþ✡ ûü ÿ❩☛✝✟❭☞ ù ④ ù✡ ûü ♦ù☞☞ ù ❞ ❬
¤❡ ýþ✆ ➅④❞➆ ❪ úù✆ ýü✡ùü✟✆ ✌✟✝ü❢ùþ✡ úù ✟☛✆üú✡ý✡ ✆ü ✞❢ýþ✡ ✎ü ✞ ✌ ùü✡ ❣ ✌✟☛✆ùþ✡ ❤✡✟ù ✌✟☛✆ùþ✡☛ ❨✝☞☞ ù

üþù ❨✝þ✆☛✎üùþ❨ù ûü ÿ❩☛✝✟❭☞ ù ④ ❬
❛●✽●❜❜■✾✽⑦ ★ ❋❿ ❺ ❶⑨✪❾✫➃ ❿ F3|❷⑨➂✮➉❼❻, p2,j = p2|Cmax ❿❸❻ ❺ ⑨❾➁❷ ⑨➃ ❼➉❾✸



♣♣ ➘➪③➶②①✈s ➻ ➼ ➽t➾➚✉➪➾➶✉ ✈➾✇➾①②✉ø✉
✹✺❉●✻✼❍✽■❍✾●✻ ➌ ♦ù ✌✟✝✠ ú❭☞ ù

F3|þ✝✐❤ý ✞✡, p2,j = p2|Cmax
ù✆✡ üþ ❨ý✆ ✌ý✟✡✞❨üú✞ù✟ ûü

✌✟✝✠ ú❭☞ ù
F2, R1|þ✝✐❤ý ✞✡, δj = δ, ǫu

j = ǫu, ǫl
j = ǫl, δe = 0|Cmax ý❢ù❨ ǫu

j = 0
ù✡

ǫl
j = 0 ❬ ♦ù✟✝✠✝✡ ù✆✡ ýú✝✟✆ úý ✆ù❨✝þûù ☞ ý❨❩✞þù ù✡

M2
úý ✡✟✝✞✆✞❭☞ ù ûü ✌✟✝✠ ú❭☞ ù ❣

3 ☞ ý❨❩✞þù✆ ❬
¤❥✝☞☞ ù þ✝ü✆ ú ❦ý❢✝þ✆ û☛➍ ❣ ♥ý ✞✡ ✟ù☞ ý✟✎ü☛ ❪ ✞ú ù✆✡ ✌✝✆✆✞✠ úù ûù û☛ûü ✞✟ù ûü ÿ❩☛✝✟❭☞ ù ④ ù✡ ûü

❥✝✟✝ úúý ✞✟ù ❧ ✎üù úù ✌✟✝✠ ú❭☞ ù ý❢ù❨ ✆ù✟❢ùü✟ ❨✝✟✟ù✆✌✝þûýþ✡ ù✆✡ ✌✝ ú♠þ✝☞ ✞ýú ❬

♥ ➑♦ ♣➔➦➙➓➠→➥➔➦

r✝ü✆ ý❢✝þ✆ ûýþ✆ ❨ù ❨❩ý✌✞✡✟ù ✆✝üú✞✍þ☛ úù✆ ú✞ùþ✆ ù✡ úù✆ û ✞q☛✟ùþ❨ù✆ ùþ✡✟ù ûùür ❨✝þs✍ü✟ý✡✞✝þ✆
❨ úý✆✆✞✎üù✆ ûù t✝✉ ✆❩✝✌ ✟✝✠✝✡✞✆☛✆ ☛✡üû ✞☛✆ ➍ ü✆✎ü ❦✞❨✞ ✞þû☛✌ ùþûý☞☞ ùþ✡ ❬ r✝ü✆ ý❢✝þ✆ ✌✟✝✌✝✆☛üþù ✞þ✡ù✟✟✝✍ý✡✞✝þ ✆ü✟ úý ✌ ù✟✡✞þùþ❨ù ûù✆ ☞✝û❭ úù✆ ûù ❨ùúúü úù✆ ý❢ù❨ ûü✟☛ù✆ ûù ❨❩ý✟✍ù☞ ùþ✡ ù✡
û☛❨❩ý✟✍ù☞ ùþ✡ ùþ ✈✝þ❨✡✞✝þ ûù✆ ù✆✌ý❨ù✆ ûù ✆✡✝ ❨❵ý✍ù û ✞✆✌ ✝þ ✞✠ úù✆ ❬ ✇þsþ ❪ þ✝ü✆ ý❢✝þ✆ ✌✟✝ü❢☛✎üù ✌ úü✆✞ùü✟✆ ✌✟✝✠ ú❭☞ ù✆ ûù t✝✉ ✆❩✝✌ ý❢ù❨ ✟✝✠✝✡ ❣ ûùür ☞ ý❨❩✞þù ☛✡ý ✞ùþ✡ ☛✎ü ✞❢ýúùþ✡✆ ❣
F2, R1|þ✝✐✉ý✞✡, δj = δ, ǫu

j = ǫu, ǫl
j = ǫl, δe = 0|Cmax

❪ ✎üù þ✝ü✆ ☞ ✝þ✡✟✝þ✆ ❤✡✟ù ✌✝ ú♠þ✝✐
☞ ✞ýú ❬
①ý ❨✝☞✌ úùr ✞✡☛ ûù ❨ù ✌✟✝✠ ú❭☞ ù ✌✝ü✟ ✡✟✝✞✆ ù✡ ✎üý✡✟ù ☞ ý❨❩✞þù✆ ✟ù✆✡ù û✝þ❨ ✝ü❢ù✟✡ù ù✡ ✌✝ü✟✟ý
✈ý ✞✟ù ú ❦✝✠➍ ù✡ ûù ✈ü✡ü✟ù✆ ✟ù❨❩ù✟❨❩ù✆ ❬



②③④⑤⑥⑦⑧⑨ ⑩

❶⑧❷❸❹❺❻ ⑨ ⑥❼❽❾❿⑦⑧⑥⑨❹ ❽⑨ ⑤❹④❼⑥➀➁④⑦⑥❷❼
❽ ➂⑨➃⑤ ➄⑧⑥⑨❼➁⑨❿

❥ù ✡❩❭☞ ù ûù ✟ù❨❩ù✟❨❩ù ù✆✡ ✞✆✆ü û ❦üþù ✌✟✝✠ ú☛☞ ý✡✞✎üù ✞þûü✆✡✟✞ùúúù ûù ✌ úýþ ✞s❨ý✡✞✝þ û ❦ùr✌☛✐✟✞ùþ❨ù✆ ✌✟✝✌✝✆☛ù ✌ý✟ ú ❦➐þ✆✡✞✡ü✡ ➧✟ýþ➳ý ✞✆ ûü ❫☛✡✟✝ úù ➅➐➧❫➆❬ ➇þ ❨❩ýþ✍ù☞ ùþ✡ ûù ✌✟✝❨ù✆✆ü✆✞þûü✆✡✟✞ùú ý ❨✝þûü ✞✡ ú ❦➐➧❫ ❣ ✆✝ü❩ý✞✡ù✟ ý❨✎ü☛✟✞✟ üþ ú✝✍✞❨✞ùú ❨ý✌ý✠ úù û ❦✝✟û✝þþýþ❨ù✟ ûù✆ ùr✐
✌ ☛✟✞ùþ❨ù✆ ùþ ✍✟ýþû þ✝☞✠✟ù ❬
① ❦✝✠➍ ù❨✡✞✈ ûù ú ❦➐➧❫ ù✆✡ ûù û☛✡ù✟☞ ✞þù✟ úù✆ ❨✝þû ✞✡✞✝þ✆ ✝✌✡✞☞ ýúù✆ ûù ✆♠þ✡❩❭✆ù û ❦üþ ❨ù✟✡ý ✞þ
þ✝☞✠✟ù ûù ✌✟✝ûü ✞✡✆ ❨❩✞☞ ✞✎üù✆ ❬ ①ùü✟ ✌✟✝✡✝❨✝ úù ùr✌☛✟✞☞ ùþ✡ýú ❨✝þ✆✞✆✡ù ❣ ùqù❨✡üù✟ ✌✝ü✟
❨❩ý✎üù ✌✟✝ûü ✞✡ ➅❨❩ý✎üù ✡✿❨❩ù➆ üþ ùþ✆ù☞✠ úù û ❦ùr✌☛✟✞ùþ❨ù✆ ➅û ❦✝✌ ☛✟ý✡✞✝þ✆➆ ✌✝ü❢ýþ✡ û✝þþù✟ú✞ùü ❣ ûù✆ ✟☛✆üú✡ý✡✆ ✞þ✡☛✟ù✆✆ýþ✡✆ ❬ ➈þ û☛sþ ✞✡ ✌ ✝ü✟ ❨❩ý✎üù ✌✟✝ûü ✞✡ üþ ùþ✆ù☞✠ úù ûù ➉ ➊➋➉➌➊ ➍➎ûýþ✆ úù✆✎üùú✆ ✞ú ✞þ✡ù✟❢ ✞ùþ✡ ❬ ➏sþ ûù û☛✡ù✟☞ ✞þù✟ úý ûü✟☛ù ✝✌✡✞☞ ýúù ûù ❨ü ✞✆✆✝þ ✌✝ü✟ ❨❩ý✎üù
☞☛ úýþ✍ù ❪ ✝þ ❨✝þûü ✞✡ üþù ✌✟ù☞ ✞❭✟ù ✆☛✟✞ù û ❦ùr✌☛✟✞ùþ❨ù✆ ➅þ✝✡☛ù✆ ➍✰➐ ➊➑➒➍➌ ➓➍➎ ➍➌ ➐ ➔→➎ ➍ ➣➆ ❬ ➈þ✞✍þ✝✟ù ýú✝✟✆ ❨✝☞✠✞ùþ û ❦ùr✌☛✟✞ùþ❨ù✆ ✆ù✟✝þ✡ þ☛❨ù✆✆ý ✞✟ù✆ ✌✝ü✟ ✝✠✡ùþ ✞✟ ❨ù✡✡ù ûü✟☛ù ✝✌✡✞☞ ýúù ❪
☞ ý ✞✆ ❨ù✡✡ù ✆☛✟✞ù þù ✆ù ✡ù✟☞ ✞þù ✎ü ❦üþù ✈✝✞✆ ✎ü ❦ùúúù ù✆✡ ✝✠✡ùþüù ❬ ✇þ✆ü ✞✡ù ❪ û ✞q☛✟ùþ✡ù✆ ❨✝þû ✞✡✞✝þ✆✝✌ ☛✟ý✡✝✞✟ù✆ ✆✝þ✡ ✡ù✆✡☛ù✆ ý❢ù❨ ❨ù✡✡ù ûü✟☛ù ➅➐ ➔→➎ ➍ ➣➣ ➆ ✌✝ü✟ ý☞☛ ú✞✝✟ù✟ úý ✎üýú✞✡☛ ûù✆ ✟☛✆üú✡ý✡✆ûù ❨❩ý✎üù ☞☛ úýþ✍ù ❬ ❥ù❨✞ ❨✝✟✟ù✆✌✝þû ❣ üþù ûùür ✞❭☞ ù ✆☛✟✞ù û ❦ùr✌☛✟✞ùþ❨ù✆ ❬
➈þ û ✞✆✌ ✝✆ù û ❦üþ ùþ✆ù☞✠ úù ûù ✠ý✟✟ù✆ ✌✝ü✟ ✟☛ýú✞✆ù✟ úù✆ ùr✌☛✟✞ùþ❨ù✆ ❬ ❡ ýþ✆ ❨❩ý✎üù ✠ý✟✟ù ❪✝þ ✌ ùü✡ ùqù❨✡üù✟ ✆✞☞üú✡ýþ☛☞ ùþ✡ ✌ úü✆✞ùü✟✆ ùr✌☛✟✞ùþ❨ù✆ ûù ☞❤☞ ù ûü✟☛ù ù✡ ûù ☞❤☞ ù ✡ù☞✐✌☛✟ý✡ü✟ù ❬ ①ý ûü✟☛ù ûù✆ ùr✌☛✟✞ùþ❨ù✆ ù✆✡ ❨✝☞✌✟✞✆ù ùþ✡✟ù ❧ ù✡ ❞ ❧ ↔ ✝ü✟✆ ❬ ①ù þ✝☞✠✟ù ✡✝✡ýúû ❦ùr✌☛✟✞ùþ❨ù✆ ❣ ✟☛ýú✞✆ù✟ ù✆✡ ûù ✌ úü✆✞ùü✟✆ ☞ ✞úú✞ù✟✆ ❬
① ❦↕➧❫ ✆✝ü❩ý✞✡ý ✞✡ ✎üù þ✝ü✆ ✟☛ýú✞✆✞✝þ✆ üþ ú✝✍✞❨✞ùú ❨ý✌ý✠ úù ûù ❨✟☛ù✟ üþ ✌ úýþþ ✞þ✍ ûù ú ❦ùþ✆ù☞✠ úùûù ❨ù✆ ùr✌☛✟✞ùþ❨ù✆ ù✡ ✎ü ✞ ✝✌✡✞☞ ✞✆ù úù✆ ûùür ❨✟✞✡❭✟ù✆ ✆ü ✞❢ýþ✡✆ ➙➲ ☞ ýr ✞☞ ✞✆ù✟ úù ✡ýür ûù ✟ù☞✌ ú✞✆✆ý✍ù ûù✆ ✠ý✟✟ù✆ ù✡ sþ ✞✟ ú ❦ùþ✆ù☞✠ úù ûù✆ ✡✿❨❩ù✆ úù ✌ úü✆ ✡➛✡✌✝✆✆✞✠ úù ➵
➲ sþ ✞✟ ✟☛✍üú✞❭✟ù☞ ùþ✡ ûù✆ ✡✿❨❩ù✆ ❬①ù ✌✟ù☞✞ù✟ ❨✟✞✡❭✟ù ❨✝✟✟ù✆✌✝þû ❣ üþù ú✝✍✞✎üù ûù ☞ ✞þ ✞☞ ✞✆ý✡✞✝þ ûù✆ ❨✝➜✡✆ ù✡ ûù úý ûü✟☛ù ✡✝✡ýúùûù ✌✟✝ûü❨✡✞✝þ ❪ úù ✆ù❨✝þû ❣ üþ ✆✝ü❩ý✞✡ ûù✆ ü✡✞ú✞✆ý✡ùü✟✆ û ❦☛✎ü ✞ú✞✠✟ù✟ úù ✡✟ý❢ý ✞ú ❣ ✈✝ü✟þ ✞✟ ù✡
û ❦✝✠✡ùþ ✞✟ ûù ✈ý➳✝þ ✟☛✍üú✞❭✟ù ûù✆ ✞þû ✞❨ý✡✞✝þ✆ ✆ü✟ úý ✎üýú✞✡☛ ✎ü ❦✞ú ù✆✡ ✌✝✆✆✞✠ úù û ❦✝✠✡ùþ ✞✟ ❣✌ý✟✡✞✟ ûù✆ ✌✟✝ûü ✞✡✆ ✡ù✆✡☛✆ ❬
①ù✆ ý❨✡✞✝þ✆ ❣ ùqù❨✡üù✟ ✆ü✟ üþù ✠ý✟✟ù ❪ ùþ ✌ úü✆ ûù✆ ùr✌☛✟✞☞ ùþ✡ý✡✞✝þ✆ ❪ ✆ù û☛❨✝☞✌✝✆ùþ✡ ùþ✝✌☛✟ý✡✞✝þ✆ ☛ ú☛☞ ùþ✡ý ✞✟ù✆ ➅úý❢ý✍ù ❪ ✟ù☞✌ ú✞✆✆ý✍ù ❪ . . . ➆ ý♠ýþ✡ ûù✆ ûü✟☛ù✆ sr ù✆ ❬ ❥ù✟✡ý ✞þù✆ ûù ❨ù✆

➝➞



➝➟ ➘➪➠➶ ➡ ➢➤➥ ➦ ➼ ➶➧➠✃ ➡➽ ➡➘➠➢➡➾✃ ➷ ➨➥➮➶ø➤➡➥✃ ➘➥➩
✝✌☛✟ý✡✞✝þ✆ ✟ù✎ü ✞❭✟ùþ✡ ú ❦✞þ✡ù✟❢ùþ✡✞✝þ û ❦üþ ✝✌☛✟ý✡ùü✟ ❩ü☞ ý ✞þ ❬ ①ý ✌ úýþ ✞s❨ý✡✞✝þ û✝✞✡ ✡ùþ ✞✟
❨✝☞✌✡ù ûù✆ ↔ ✝ü✟✆ ûù ❨✝þ✍☛✆ ûù✆ ✝✌ ☛✟ý✡ùü✟✆ ù✡ ûù✆ ☛❢ùþ✡üùúúù✆ ✌ýþþù✆ ù✡ ✟ü✌✡ü✟ù✆ ûù ✆✡✝ ❨❵ ❬

♦ ➫➭ ➯ ↕→➙➛➥➣➝➥➔➦ ➟➠ ➣➛➔➜➓➲➢↕ ➟ ➳➔➛➟➔➦➦↔➦➙↕➢↕➦➝

➵✝ü✆ û☛❨✟✞❢✝þ✆ ûýþ✆ ❨ù✡✡ù ✆ù❨✡✞✝þ ûù ✈ý➳✝þ ✌ úü✆ ✌✟☛❨✞✆ù úù✆ ❨✝☞✌✝✆ýþ✡ù✆ ✌✟✞þ❨✞✌ýúù✆ ûù ❨ù✌✟✝✠ ú❭☞ ù û ❦✝✟û✝þþýþ❨ù☞ ùþ✡ ❪ ❨ ❦ù✆✡✐❣✐û ✞✟ù úù✆ ✟ù✆✆✝ü✟❨ù✆ û ✞✆✌ ✝þ ✞✠ úù✆ ❪ úù✆ ✡✿❨❩ù✆ ❣ ùqù❨✡üù✟ù✡ ú ❦✝✠↔ ù❨✡✞✈ ❣ ý✡✡ù✞þû✟ù ❬

➸ ➺➻➺➻ ➼✙✔✔✒✧✣✚✙✔
①ù✆ ✟ù✆✆✝ü✟❨ù✆ ✆✝þ✡ ❨✝☞✌✝✆☛ù✆ û ❦✝✌ ☛✟ý✡ùü✟✆ ❩ü☞ ý ✞þ✆ ù✡ ûù m

✠ý✟✟ù✆ ✌ ✝ü❢ýþ✡ ❨✝þ✡ùþ ✞✟ cùr✌☛✟✞ùþ❨ù✆ ➅❨ý✌ý❨✞✡☛ ûù úý ✠ý✟✟ù➆ ❬ ❥ù✆ ✠ý✟✟ù✆ ✆✝þ✡ û✝þ❨ ûù✆ ☞ ý❨❩✞þù✆ ûù ❨ý✌ý❨✞✡☛ þ✝þüþ ✞✡ý ✞✟ù ❪ ❨✝☞☞ ù ✌✝ü✟ üþ ✌✟✝✠ ú❭☞ ù û ❦✝✟û✝þþýþ❨ù☞ ùþ✡ ✌ý✟ ✠ý✡❨❩ ➽➨➝➾ ❬ ❥ù✌ ùþûýþ✡ ❪ úù✆ ✝✌ ☛✐✟ý✡✞✝þ✆ ùq ù❨✡ü☛ù✆ ✆✞☞üú✡ýþ☛☞ ùþ✡ ✆ü✟ üþù ✠ý✟✟ù û✝✞❢ùþ✡ ý❢✝✞✟ ùrý❨✡ù☞ ùþ✡ úý ☞❤☞ ù ûü✟☛ù ❪
❨ù ✎ü ✞ þ ❦ù✆✡ ✌ý✆ úù ❨ý✆ ❨úý✆✆✞✎üù☞ ùþ✡ ✌✝ü✟ úù✆ ✌✟✝✠ ú❭☞ ù✆ û ❦✝✟û✝þþýþ❨ù☞ ùþ✡ ✌ý✟ ✠ý✡❨❩ ❬❡ ýþ✆ ❨ù✆ ûù✟þ ✞ù✟✆ ❪ ✞ú ù✆✡ ✌✝✆✆✞✠ úù ûù ✟ù✍✟✝ü✌ ù✟ ùþ✆ù☞✠ úù ûù✆ ✝✌ ☛✟ý✡✞✝þ✆ ûù ûü✟☛ù✆ û ✞q☛✐✟ùþ✡ù✆ ❪ úý ûü✟☛ù û ❦ü✆✞þý✍ù ûü ✠ý✡❨❩ ûù❢ùþýþ✡ ýú✝✟✆ ❨ùúúù ûù úý ✌ úü✆ ú✝þ✍üù ✝✌☛✟ý✡✞✝þ ❬ ➈þ✌ý✟úù û✝þ❨ ✌✝ü✟ úù ✌✟✝✠ ú❭☞ ù û ❦✝✟û✝þþýþ❨ù☞ ùþ✡ ✎üù þ✝ü✆ ý✠✝✟û✝þ✆ ✞❨✞ ûù ➓➚➉➐→➪➒✪➒➋➒➪➊ ➍➌
➪➍➑➉ ➍ ✬➍ ✪→➪➓➔ ➅✪→➪➓➔ ➓➚➉➐→➪➒✪➒➋➒➪➶➆ ûù✆ ✝✌ ☛✟ý✡✞✝þ✆ ➽❧➟➾ ❬ ✇ úúù✆ ✆✝þ✡ ✪→➪➓➔➹➓➚➉➐→➪➒✪➋➍➎ ✆✞ùúúù✆ ✝þ✡ úý ☞❤☞ ù ûü✟☛ù ùrý❨✡ù☞ ùþ✡ ❬
①ý ✆☛✎üùþ❨ù ûù✆ ✝✌ ☛✟ý✡✞✝þ✆ û ❦üþù ✠ý✟✟ù ù✆✡ úý ✆ü ✞❢ýþ✡ù ➙

✟ù☞✌ ú✞✆✆ý✍ù⇒ ❨ü ✞✆✆✝þ ⇒ s ú✡✟ý✡✞✝þ ⇒ úý❢ý✍ù
①ù✆ ✟ù☞✌ ú✞✆✆ý✍ù✆ ù✡ s ú✡✟ý✡✞✝þ✆ ûù úý ✠ý✟✟ù ❨✝✟✟ù✆✌✝þûùþ✡ ✟ù✆✌ ù❨✡✞❢ù☞ ùþ✡ ❣ ûù✆ ✆ù✡✐ü✌✆ ù✡û☛☞ ✝þ✡ý✍ù✆ þ✝þ✐✆☛✌ý✟ý✠ úù✆ ➅ú ❦✝✌ ☛✟ý✡ùü✟ ❩ü☞ ý ✞þ ✌✝ü✟✟ý✞✡ ýú✝✟✆ ❤✡✟ù ❨✝þ✆✞û☛✟☛ ❨✝☞☞ ù üþ
✆ù✟❢ùü✟ ✝ü üþ ✟✝✠✝✡ ûù ûü✟☛ù✆ ûù û☛✌ úý❨ù☞ ùþ✡ þüúúù✆➆ ❪ úý ❨ü ✞✆✆✝þ ❣ ú ❦ü✆✞þý✍ù ù✡ úù úý❢ý✍ù ❣
üþ û☛☞ ✝þ✡ý✍ù ✆☛✌ý✟ý✠ úù ❨ù✡✡ù ✈✝✞✆ ➅ú ❦✝✌ ☛✟ý✡ùü✟ ❩ü☞ ý ✞þ ✌✝ü✟✟ý ✞✡ ✌ ✝ü✟ ❨ù✡✡ù ✝✌☛✟ý✡✞✝þ ❤✡✟ù
❨✝þ✆✞û☛✟☛ ❨✝☞☞ ù üþ ✝✌☛✟ý✡ùü✟ ýü ✆ùþ✆ ❨ úý✆✆✞✎üù➆ ❬ ❥❩ý❨üþù ûù ❨ù✆ ✝✌ ☛✟ý✡✞✝þ✆ ý üþù ûü✟☛ù
sr☛ù ù✡ þ☛❨ù✆✆✞✡ù ûù✆ ✟ù✆✆✝ü✟❨ù✆ ❬ ➘ ú ❦✞✆✆üù ûü úý❢ý✍ù ❪ úý ✠ý✟✟ù ù✆✡ ûù þ✝ü❢ùýü û ✞✆✌ ✝þ ✞✠ úù✌✝ü✟ üþ ✟ù☞✌ ú✞✆✆ý✍ù ❬ ①ù✆ ✆✌ ☛❨✞s❨✞✡☛✆ ûù✆ ✟ù✆✆✝ü✟❨ù✆ ✆✝þ✡ úù✆ ✆ü ✞❢ýþ✡ù✆ ➙➲ ①ù✆ ûü✟☛ù✆ ûù s ú✡✟ý✡✞✝þ ❪ úý❢ý✍ù ù✡ ✟ù☞✌ ú✞✆✆ý✍ù ✞þû ✞✎üùþ✡ úù þ✝☞✠✟ù ûù ↔ ✝ü✟✆ ✝ü❢✟☛✆ þ☛❨ù✆✐

✆ý✞✟ù✆ ❬ ①ý ✌✟☛ù☞✌✡✞✝þ ù✆✡ ýü✡✝✟✞✆☛ù ✌✝ü✟ ❨ù✆ ✡✟✝✞✆ ✝✌ ☛✟ý✡✞✝þ✆ ➙ ùúúù✆ ✌ ùü❢ùþ✡ ✆ ❦✞þ✡ù✟✟✝☞✌✟ù
ý❢ýþ✡ üþ ↔ ✝ü✟ ❨❩➛☞ ☛ ù✡ ✟ù✌✟ùþû✟ù ú✝✟✆✎üù úù ❨✝þ✍☛ ù✆✡ ✡ù✟☞ ✞þ☛ ❬➲ ➈þ þù û✝✞✡ ✌ý✆ sþ ✞✟ ✝ü ❨✝☞☞ ùþ❨ù✟ üþù ❨ü ✞✆✆✝þ ✌ ùþûýþ✡ üþ ↔ ✝ü✟ ❨❩➛☞☛ ❨ý✟ ❨ùúý ✟ù✎ü ✞ù✟✡
ú ❦✞þ✡ù✟❢ùþ✡✞✝þ û ❦üþ ✝✌☛✟ý✡ùü✟ ❩ü☞ ý ✞þ ❬①ý þ☛❨ù✆✆✞✡☛ ûù ú ❦✞þ✡ù✟❢ùþ✡✞✝þ û ❦üþ ✝✌☛✟ý✡ùü✟ ❩ü☞ ý ✞þ ýü û☛✠ü✡ ù✡ ❣ úý sþ ûù ú ❦ü✆✞þý✍ù ù✆✡

þ✝þ ❨ úý✆✆✞✎üù ☞ ý ✞✆ ✌ ùü✡ ❤✡✟ù ☞✝û☛ ú✞✆☛ù ûù úý ✈ý➳✝þ ✆ü ✞❢ýþ✡ù ❬ ❥❩ý✎üù ✝✌☛✟ý✡ùü✟ ❩ü☞ ý ✞þ
✆ù✟ý ✞✡ ✟ù✌✟☛✆ùþ✡☛ ✌ý✟ üþ ✟✝✠✝✡ ûù ûü✟☛ù✆ ûù û☛✌ úý❨ù☞ ùþ✡ þüúúù✆ ✎ü ✞ ùqù❨✡üù✟ý✞✡ üþ ❨❩ý✟✐
✍ù☞ ùþ✡ ù✡ üþ û☛❨❩ý✟✍ù☞ ùþ✡ ûù ûü✟☛ù✆ þüúúù✆ ❬ ❥ù✆ ❨❩ý✟✍ù☞ ùþ✡✆ ù✡ û☛❨❩ý✟✍ù☞ ùþ✡✆ ✆ù✟ý ✞ùþ✡ú✞☛ù✆ ❣ ú ❦ü✆✞þý✍ù ✌ý✟ üþù ❨✝þ✡✟ý ✞þ✡ù ûù ✡♠✌ ù ➌➚➹✮→➒➪❪ ❨ ❦ù✆✡✐❣✐û ✞✟ù ✎üù ú ❦ü✆✞þý✍ù û✝✞✡ ❨✝☞✐
☞ ùþ❨ù✟ ✞☞☞☛û ✞ý✡ù☞ ùþ✡ ý✌✟❭✆ úý sþ ûü ❨❩ý✟✍ù☞ ùþ✡ ù✡ û✝✞✡ ❤✡✟ù ✞☞☞☛û ✞ý✡ù☞ ùþ✡ ✆ü ✞❢ ✞ ûüû☛❨❩ý✟✍ù☞ ùþ✡ ❬ ①ù✆ ý✠✆ùþ❨ù✆ ûù✆ ✝✌ ☛✟ý✡ùü✟✆ ❪ ✎ü ✞ ✆ù ✟☛✌ ❭✡ùþ✡ ýü ☞✝✞þ✆ ✡✝ü✆ úù✆ ✉ùù❵✐ùþû✆ ❪



➦ ➼➴ ➼ ➷➥➩➘➤➡➶ ➢➡➾✃ ➷ ➬ ➶➤➾➷➧➬➱➥ ➷ ➨➾➤➷➾✃✃➠✃➘➥➱➥✃ ➢ ➝➨
✆ù✟ý ✞ùþ✡ ýú✝✟✆ ☞ ✝û☛ú✞✆☛ù✆ ✌ý✟ ûù✆ ✌ ☛✟✞✝ûù✆ ûù ☞ ý ✞þ✡ùþýþ❨ù ✌ ùþûýþ✡ úù✆✎üùúúù✆ úù✆ ✟✝✠✝✡✆
✆✝þ✡ ✞þû ✞✆✌ ✝þ ✞✠ úù✆ ❬

➸ ➺➻➺➮ ➱✃✚✕✙✔
❫✝ü✟ ❨❩ý✎üù ✡✿❨❩ù ❪ D ✆✝ü✆✐ùþ✆ù☞✠ úù✆ û ❦✝✌ ☛✟ý✡✞✝þ✆ ✆✝þ✡ û☛sþ ✞✆ ❬ ❫✝ü✟ ❨❩ý✎üù ✆✝ü✆✐ùþ✆ù☞✠ úù

d
❪

sd

ùr✌☛✟✞ùþ❨ù✆ ✆✝þ✡ ✡ù✆✡☛ù✆ ❬ ➇þù ✡✿❨❩ù ❨✝✟✟ù✆✌✝þûýþ✡ ❣ üþ ✌✟✝ûü ✞✡ ❪ ❨❩ý✎üù ✆✝ü✆✐ùþ✆ù☞✠ úù
❨✝✟✟ù✆✌✝þû ❣ üþ ☞☛úýþ✍ù ✈ý ✞✆ýþ✡ ✞þ✡ù✟❢ùþ ✞✟ ❨ù ✌✟✝ûü ✞✡ ❬ ❫✝ü✟ ❨❩ý✎üù ☞☛úýþ✍ù ❪ úù û☛✟✝üúù✐
☞ ùþ✡ ûù✆ ùr✌☛✟✞☞ ùþ✡ý✡✞✝þ✆ ❨✝☞✌✝✟✡ù ûùür ✌❩ý✆ù✆ ➙
➲ ✌❩ý✆ù ↕ ➙ ✝þ ✟ù❨❩ù✟❨❩ù úý ûü✟☛ù ✝✌✡✞☞ ýúù ûù ❨ü ✞✆✆✝þ ✌✝ü✟ úù ☞☛ úýþ✍ù û✝þþ☛ ❬ ❫✝ü✟ ✡✟✝ü❢ù✟

❨ù✡✡ù ûü✟☛ù ❪ ✝þ ✌ý✟❨✝ü✟✡ üþ ❨❩ù☞✞þ ûýþ✆ üþ ý✟✠✟ù ✝✟✞ùþ✡☛ û✝þ✡ úù✆ þ❐üû✆ ✟ù✌✟☛✆ùþ✡ùþ✡
úù✆ ûü✟☛ù✆ ✌✝✆✆✞✠ úù✆ ❬ ①ù✆ ý✟❨✆ ✆✝þ✡ ✝✟✞ùþ✡☛✆ ûù úý ✟ý❨✞þù ❢ù✟✆ úù✆ ✈ùü ✞úúù✆ ❪ ✝þ ✌ý✟úù û ❦ý✟✠✟ù
ûù ✡♠✌ ù ➚❒➪➪➑➍➍❬ ❥ù✡ ý✟✠✟ù ù✆✡ û☛sþ ✞ ý ✌✟✞✝✟✞ ✌ý✟ úù✆ ❨❩✞☞ ✞✆✡ù✆ ùþ ✈✝þ❨✡✞✝þ ûù úùü✟✆
❨✝þþý ✞✆✆ýþ❨ù✆ ù✡ ûù✆ ✟☛✆üú✡ý✡✆ ù✆✌ ☛✟☛✆ ✌✝ü✟ ❨ù ☞☛ úýþ✍ù ❬ ①ù ❨❩✝✞r ûü ❨❩ù☞✞þ ù✆✡ û☛✡ù✟✐
☞ ✞þ☛ ❣ ❨❩ý✎üù ✌ý✆ ✌ý✟ úù ✟☛✆üú✡ý✡ ûù ú ❦ùr✌☛✟✞ùþ❨ù ✌✟☛❨☛ûùþ✡ù ❬ ❮✞ úý ûü✟☛ù ûù ❨ü ✞✆✆✝þ ù✆✡
ýû☛✎üý✡ù ✌✝ü✟ úù ☞☛úýþ✍ù ❪ ✞ú ✌ý✆✆ù ùþ ✌❩ý✆ù ↕↕ ❬ ❮✞þ✝þ ❪ ú ❦ùr✌ ú✝✟ý✡✞✝þ ûù ú ❦ý✟✠✟ù ❨✝þ✡✞þüù ❬➲ ✌❩ý✆ù ↕↕ ➙ ùúúù ù✆✡ ❨✝☞✌✝✆☛ù ûù ✌ úü✆✞ùü✟✆ ùr✌☛✟✞ùþ❨ù✆ ✎ü ✞ ✝þ✡ úý ûü✟☛ù ✝✌✡✞☞ ýúù ✝✠✡ùþüùùþ ✌❩ý✆ù ↕ ❬ ➈þ ❨❩ù✟❨❩ù ❣ ✌✟☛✆ùþ✡ ❣ ❨✝☞✌ý✟ù✟ úù✆ û ✞q☛✟ùþ✡ù✆ ❨✝þû ✞✡✞✝þ✆ ùr✌☛✟✞☞ ùþ✡ýúù✆✌✝✆✆✞✠ úù✆ ❬

➈þ ✌ ùü✡ ✟ù☞ ý✟✎üù✟ ✎üù ✌ ùþûýþ✡ úý ✌❩ý✆ù ↕ ❪ úù✆ ùr✌☛✟✞ùþ❨ù✆ û ❦üþ ☞❤☞ ù ☞☛úýþ✍ù ✆ù ✆ü ✞❢ùþ✡
ù✡ þù ✌ ùü❢ùþ✡ ✌ý✆ ❤✡✟ù ✟☛ýú✞✆☛ù✆ ùþ ✌ý✟ýúú❭úù ❬ ❫ý✟ ❨✝þ✡✟ù ❪ ú✝✟✆ ûù úý ✌❩ý✆ù ↕↕ ❪ úù✆ ùr✌☛✟✞ùþ❨ù✆✎ü ✞ ✆✝þ✡ ûù ☞❤☞ ù ûü✟☛ù ✌ ùü❢ùþ✡ ❤✡✟ù ☞✞✆ù✆ ûýþ✆ úù ☞❤☞ ù ✠ý✡❨❩ ❪ ✝ü ùq ù❨✡ü☛ù✆ ùþ ✌ý✟ýúú❭ úùûýþ✆ ûù✆ ✠ý✡❨❩✆ ûù ☞❤☞ ù ûü✟☛ù ❬
①ù þ✝☞✠✟ù ù✡ úý ûü✟☛ù ûù✆ ✝✌ ☛✟ý✡✞✝þ✆ ùþ ✌❩ý✆ù ↕ þ ❦☛✡ýþ✡ ✌ý✆ ❨✝þþü ❣ ú ❦ý❢ýþ❨ù ❪ úù ✌✟✝✠ ú❭☞ ù
ù✆✡ ûù ✡♠✌ ù ✝þú✞þù ❬ ❥ù✌ ùþûýþ✡ ❪ úù✆ ûü✟☛ù✆ ✌✝✆✆✞✠ úù✆ ûù✆ ✌✟✝❨❩ý ✞þù✆ ✝✌ ☛✟ý✡✞✝þ✆ ✎ü ✞ ý✟✟✞❢ù✟✝þ✡
ûýþ✆ úù ✆♠✆✡❭☞ ù ❪ ý ✞þ✆✞ ✎üù úý ✌✟✝❨❩ý ✞þù ûý✡ù ❣ úý✎üùúúù ûù✆ ✝✌ ☛✟ý✡✞✝þ✆ ✆ù✟✝þ✡ ✞þ✡✟✝ûü ✞✡ù✆
✆✝þ✡ ❨✝þþüù✆ ✡✝ü✡ ýü ❨✝ü✟✆ ûù ú ❦✝✟û✝þþýþ❨ù☞ ùþ✡ ❬ ➈þ ✌ý✟úù û✝þ❨ ûù ✌✟✝✠ ú❭☞ ù ➎ ➍➉ ➒➹➚➌➋➒➌ ➍✝ü ➌ ➍→➑➋➶➹➚➌➋➒➌ ➍ ➅❢✝✞✟ ❮ù❨✡✞✝þ ❧❬❞ ❬➞➆ ❬
➈þ ✌ ùü✡ ✟ù☞ ý✟✎üù✟ ✎üù úù ✌✟✝✠ ú❭☞ ù ✝❰ ✞þù ❨✝✟✟ù✆✌✝þûýþ✡ þ ❦ù✆✡ ✌ý✆ ❨✝☞☞ ù ❨úý✆✆✞✎üù☞ ùþ✡
üþ ✌✟✝✠ ú❭☞ ù ý❢ù❨ ûý✡ù✆ ûù û ✞✆✌ ✝þ ✞✠✞ú✞✡☛ ❬ ①ù✆ ✝✌ ☛✟ý✡✞✝þ✆ ✆✝þ✡ ✡✝ü✡ù✆ û ✞✆✌ ✝þ ✞✠ úù✆ ýü û☛✠ü✡
ûù ú ❦✝✟û✝þþýþ❨ù☞ ùþ✡ ☞ ý✞✆ ✆✝þ✡ ✆✝ü☞ ✞✆ù✆ ❣ ûù✆ ❨✝þ✡✟ý ✞þ✡ù✆ ûù ✌✟☛❨☛ûùþ❨ù✆ ûù ✡♠✌ ù ✝ü✡✡✟ùù ❬

➸ ➺➻➺➸ ÏÐÑ ✙✚✛✥Ò
① ❦✝✠↔ ù❨✡✞✈ ù✆✡ û✝ü✠ úù ➙➲ Ó✞þ ✞☞ ✞✆ù✟ úý ûü✟☛ù ✍ ú✝✠ýúù þ☛❨ù✆✆ý ✞✟ù ✌✝ü✟ ✡ù✆✡ù✟ ✡✝ü✡ù✆ úù✆ ✡✿❨❩ù✆ ➅

Cmax
➆ ❬ ❡ ❦ýü✡✟ù✆✡✿❨❩ù✆ ✌✝ü❢ýþ✡ ý✟✟✞❢ù✟ Ôýü s ú ûù ú ❦ùýü Ô❪ ❨ù❨✞ ✟ù❢✞ùþ✡ ❣ ☞ ýr ✞☞ ✞✆ù✟ úý ❨❩ý✟✍ù ➅❨ ❦ù✆✡✐❣✐û ✞✟ù

úù þ✝☞✠✟ù û ❦ùr✌☛✟✞ùþ❨ù✆➆ ✌ý✟ ✠ý✟✟ù ✆ü✟ ú ❦ùþ✆ù☞✠ úù ûù✆ ❨ü ✞✆✆✝þ✆ ✟☛ýú✞✆☛ù✆ ✌✝ü✟ ü✡✞ú✞✆ù✟ ýü
☞✞ùür ❨ù✡✡ù ✟ù✆✆✝ü✟❨ù ❬➲ Ó✞þ ✞☞ ✞✆ù✟ úý ✆✝☞☞ ù ûù✆ ûý✡ù✆ û ❦ý❨❩❭❢ù☞ ùþ✡ ûù✆ ✡✿❨❩ù✆ ❪ ∑

Ci
❬❥ù❨✞ ✌ ùü✡ ✆ù ✟☛✆ü☞ ù✟ ✌ý✟ ➙ Ôÿù✟☞ ✞þù✟ ✟ý✌✞ûù☞ ùþ✡ ù✡ ✟☛✍üú✞❭✟ù☞ ùþ✡ ûù✆ ✡✿❨❩ù✆ ù✡ ☞ ýr ✞☞ ✞✆ù✟ú ❦✝ ❨❨ü✌ý✡✞✝þ ûù✆ ✠ý✟✟ù✆ Ô❬



➝ñ ➘➪➠➶ ➡ ➢➤➥ ➦ ➼ ➶➧➠✃ ➡➽ ➡➘➠➢➡➾✃ ➷ ➨➥➮➶ø➤➡➥✃ ➘➥➩
♦ ➫♥ Õ➔➓➠➝➥➔➦ ➣➛➔➣➔→Ö↕

❡ ùür ✌✟✝✠ ú❭☞ ù✆ ❨ úý✆✆✞✎üù✆ ✆✝þ✡ ✆✝ü✆✐↔ ý❨ùþ✡✆ ❣ þ✝✡✟ù ✌✟✝✠ ú❭☞ ù ➙ ú ❦✝✟û✝þþýþ❨ù☞ ùþ✡ ✆ü✟ ☞ ý✐
❨❩✞þù✆ ✌ý✟ýúú❭úù✆ ➽➟➝ ❪ ➨×➾ ý❢ù❨ ❨✝☞☞ ù ✝✠↔ ù❨✡✞✈ úý ☞✞þ ✞☞ ✞✆ý✡✞✝þ ûù úý ûý✡ù û ❦ý❨❩❭❢ù☞ ùþ✡ ûù✡✝ü✡ù✆ úù✆ ✡✿❨❩ù✆ ➅

Cmax
➆ ù✡ úý ✆✝☞☞ ù û ❦ý❨❩❭❢ù☞ ùþ✡ ûù✆ ✡✿❨❩ù✆ ➅∑

Ci

➆ ❪ ý❢ù❨ ûù✆ ✟ù✆✆✝ü✟❨ù✆
ýûû ✞✡✞✝þþùúúù✆ ➅✌ý✟ ùrù☞✌ úù ❪ ú ❦✝✌ ☛✟ý✡ùü✟ ýü û☛✠ü✡ ù✡ ❣ úý sþ ûù✆ ✝✌ ☛✟ý✡✞✝þ✆➆ ❬ ❫✝ü✟ ❨ù✆ ✡♠✌ ù✆ûù ✌✟✝✠ ú❭☞ ù✆ ❪ ✝þ ü✡✞ú✞✆ù ✍☛þ☛✟ýúù☞ ùþ✡ ûù✆ ú✞✆✡ù✆ ûù ✌✟✞✝✟✞✡☛ ❬ ❫ý✟ ùrù☞✌ úù ❪ ✌ ✝ü✟ úù ❨ý✆ ✆ýþ✆✟ù✆✆✝ü✟❨ù✆ ❪ úý ✟❭✍ úù ❮❫ÿ ➅❮❩✝✟✡ù✆✡ ❫✟✝❨ù✆✆✞þ✍ ÿ ✞☞ ù➆ ù✆✡ ✝✌✡✞☞ ýúù ✌✝ü✟ úù ❨✟✞✡❭✟ù ∑

Ci

➽× ❧➾
ù✡ úý ✟❭✍ úù ①❫ÿ ➅①✝þ✍ù✆✡ ❫✟✝❨ù✆✆✞þ✍ ÿ ✞☞ ù➆ ý üþù ✌ ù✟✈✝✟☞ ýþ❨ù ✍ý✟ýþ✡✞ù ûù ➝Ø× ✌✝ü✟ úù
❨✟✞✡❭✟ù Cmax

➽➝ ❧➾ ✎ü ✞ ù✆✡ û ❦✝✟ù✆ ù✡ û☛↔ ❣ NP ✐❡ ✞Ù ❨✞úù ❬ ❡❭✆ ✎üù ú ❦✝þ ✟ý↔ ✝ü✡ù ûù✆ ❨✝þ✡✟ý ✞þ✡ù✆ûù ✍✟✝ü✌ ù☞ ùþ✡ ûù ✡✿❨❩ù✆ ➽❞➨➾ ✝ü ûù ✟ù✆✆✝ü✟❨ù✆ ýûû ✞✡✞✝þþùúúù✆ ❪ ❨ù✆ ✌✟✝✠ ú❭☞ ù✆ ✆✝þ✡ ✍☛þ☛✟ý✐úù☞ ùþ✡ NP ✐❡ ✞Ù ❨✞úù✆ ❬ ➈þ þù ✌ ùü✡ û✝þ❨ ✌ý✆ ù✆✌ ☛✟ù✟ ✌✟✝✌✝✆ù✟ ûù✆ ✆✝ úü✡✞✝þ✆ ✝✌✡✞☞ ýúù✆ ùþüþ ✡ù☞✌✆ ✟ý ✞✆✝þþý✠ úù ➅✎üùú✎üù✆ ☞ ✞þü✡ù✆➆ ùþ ✟ù✆✌ ù❨✡ýþ✡ úù✆ ❨✝þ✡✟ý ✞þ✡ù✆ ✞þûü✆✡✟✞ùúúù✆ ❬ ❡ ù✌ úü✆ ❪ üþ ý✆✌ ù❨✡ ✞☞✌✝✟✡ýþ✡ ûù ❨ù✡✡ù ý✌✌ ú✞❨ý✡✞✝þ ù✆✡ ✎üù ûù þ✝ü❢ùúúù✆ ùr✌☛✟✞ùþ❨ù✆ ✌ ùü❢ùþ✡❤✡✟ù ✍☛þ☛✟☛ù✆ ❣ úý sþ û ❦üþù ✝✌☛✟ý✡✞✝þ ❬ ①ùü✟ þ✝☞✠✟ù ù✡ úùü✟✆ ûü✟☛ù✆ þù ✆✝þ✡ ❨✝þþü✆ ✎ü ❦üþù
✈✝✞✆ ❨ù✡✡ù ✝✌ ☛✟ý✡✞✝þ ✡ù✟☞ ✞þ☛ù ❬ ↕ú þ ❦ù✆✡ û✝þ❨ ✌ý✆ ✌✝✆✆✞✠ úù ûù ✟☛✆✝üû✟ù ❨ù ✌✟✝✠ ú❭☞ ù ûù ✈ý➳✝þ✝✌✡✞☞ ýúù ù✡ þ✝ü✆ ý❢✝þ✆ ❨❩✝✞✆✞ ûù û☛❢ùú✝✌✌ ù✟ üþ ýú✍✝✟✞✡❩☞ ù ✎ü ✞ ✟ù☞ ù✡ ùþ ❨ýü✆ù úý ✆✝ úü✡✞✝þ✌✟✝✌✝✆☛ù ❣ ❨❩ý✎üù ☛❢☛þù☞ ùþ✡ ✌✝ü✟ ✡ùþ ✞✟ ❨✝☞✌✡ù ûù ❨ù✡✡ù ❨ý✟ý❨✡☛✟✞✆✡✞✎üù ❬ ①ù ú✝✍✞❨✞ùú ý
☛✡☛ û☛❨✝☞✌✝✆☛ ùþ ûùür ✌ý✟✡✞ù✆ ➙ üþù ✞þ ✞✡✞ýú✞✆ý✡✞✝þ ✆✡ý✡✞✎üù ➅úýþ❨ù☞ ùþ✡➆ ù✡ üþù ✌ý✟✡✞ù ûù
✌✟✝ûü❨✡✞✝þ û♠þý☞ ✞✎üù ✌✝ü✟ úý ✟☛✆✝ úü✡✞✝þ ûü ✌✟✝✠ ú❭☞ ù þùý✟ú♠✐✝þú✞þù ❬

➸ ➺➮ ➺➻ Ú✗✤✚✙✜✙✤✛
①ù ✠ü✡ ûù ú ❦✞þ ✞✡✞ýú✞✆ý✡✞✝þ ù✆✡ ûù ✍☛þ☛✟ù✟ üþ þ✝☞✠✟ù û ❦ùr✌☛✟✞ùþ❨ù✆ ✆üÙ✆ýþ✡ ✌✝ü✟ ✈ý❢✝✟✞✆ù✟ úù✟ù☞✌ ú✞✆✆ý✍ù ûù✆ ✠ý✟✟ù✆ ❬ ✇þ ùq ù✡ ❪ ✡ýþ✡ ✎üù úù✆ ☞ ☛ úýþ✍ù✆ ✆✝þ✡ ùþ ✌❩ý✆ù ↕ ❪ ✝þ þù û ✞✆✌ ✝✆ù ✎üù
ûù ✌ ùü û ❦ùr✌☛✟✞ùþ❨ù✆ ❣ ✟☛ýú✞✆ù✟ ❬ ❥ ❦ù✆✡ úù ✌ý✆✆ý✍ù ùþ ✌❩ý✆ù ↕↕ ûù ❨ù✆ ☞ ☛úýþ✍ù✆ ✎ü ✞ ✌ ù✟☞ ù✡✡✟ýûù ✍☛þ☛✟ù✟ üþ ✍✟ýþû þ✝☞✠✟ù û ❦ùr✌☛✟✞ùþ❨ù✆ ❬ ①ý ✌❩ý✆ù ûù úýþ❨ù☞ ùþ✡ ✌ ù✟☞ ù✡ û ❦✝✟û✝þþýþ❨ù✟úý ✌ úü✌ý✟✡ ûù✆ ùr✌☛✟✞ùþ❨ù✆ ùþ ✌❩ý✆ù ↕ ❬ ✇þ ùq ù✡ ❪ úù✆ ❨❩✞☞ ✞✆✡ù✆ ûù ú ❦↕➧❫ ✌ ùü❢ùþ✡ ù✆✡✞☞ ù✟
❣ ✌✟✞✝✟✞ ✎üùúúù✆ ✆ù✟✝þ✡ úù✆ ûü✟☛ù✆ ûù ✆♠þ✡❩❭✆ù ûù✆ û ✞q☛✟ùþ✡✆ ☞ ☛úýþ✍ù✆ ❬ ①ù✆ ý✟✠✟ù✆ ✝þ✡ ☛✡☛
❨❩✝✞✆✞✆ ❣ ✌ý✟✡✞✟ ûù ❨ù✡✡ù ❨✝þþý ✞✆✆ýþ❨ù ûù✆ ✌✟✝ûü ✞✡✆ ❨❩✞☞ ✞✎üù✆ ✌✝ü✟ ☞ ✞þ ✞☞ ✞✆ù✟ úù ❨❩ù☞ ✞þ✎ü ✞ ✆ù✟ý ✌ý✟❨✝ü✟ü ù✡ û✝þ❨ úù þ✝☞✠✟ù û ❦ùr✌☛✟✞ùþ❨ù✆ ùþ ✌❩ý✆ù ↕ ✌✝ü✟ ❨❩ý✎üù ☞☛ úýþ✍ù ❬ ①ùúýþ❨ù☞ ùþ✡ ❨✟☛ù û✝þ❨ üþ ✍✟ýþû þ✝☞✠✟ù û ❦ùr✌☛✟✞ùþ❨ù✆ ✎ü ✞ ý✆✆ü✟ù úù ✟ù☞✌ ú✞✆✆ý✍ù ûù✆ ✠ý✟✟ù✆ ❬↕ú ✌ ù✟☞ ù✡ ûù ✌ úü✆ ûù ☞ ù✡✡✟ù ùþ ✟✝ü✡ù ✡✝ü✡ù✆ úù✆ ✡✿❨❩ù✆ ❪ û ❦✞ûùþ✡✞sù✟ ☛❢ùþ✡üùúúù☞ ùþ✡ ûù✆✡✿❨❩ù✆ ✞þ✡☛✟ù✆✆ýþ✡ù✆ ✝ü ✎ü ✞ sþ ✞✟✝þ✡ ✟ý✌✞ûù☞ ùþ✡ ❬
➇þù ✌✟ù☞ ✞❭✟ù ùr✌☛✟✞☞ ùþ✡ý✡✞✝þ ý❢ý ✞✡ ☛✡☛ ✈ý✞✡ù ý❢ù❨ üþ ú✝✍✞❨✞ùú ûù ✌✟✝✍✟ý☞☞ ý✡✞✝þ ✌ý✟
❨✝þ✡✟ý ✞þ✡ù✆ ❬ ➏✌✟❭✆ ✎üùú✎üù✆ ùr✌☛✟✞☞ ùþ✡ý✡✞✝þ✆ ❪ ✞ú ✆ ❦ù✆✡ ý❢☛✟☛ ✎üù úù ✡ù☞✌✆ û ❦✝✠✡ùþ✡✞✝þ û ❦üþù
✆✝ úü✡✞✝þ ✝✌✡✞☞ ýúù ☛✡ý✞✡ ✡✟✝✌ ú✝þ✍ ➅✆ü✌☛✟✞ùü✟ ❣ ✌ úü✆✞ùü✟✆ ❩ùü✟ù✆ ❪ ✌✟✝✠ý✠ úù☞ ùþ✡ ❣ ❨ýü✆ù ûù✆
þ✝☞✠✟ùü✆ù✆ ✆♠☞ ☛✡✟✞ù✆ ûü ✌✟✝✠ ú❭☞ ù➆ ❬ ➵✝ü✆ ý❢✝þ✆ ýú✝✟✆ ü✡✞ú✞✆☛ üþ ú✝✍✞❨✞ùú ûù ❫✟✝✍✟ý☞☞ ý✡✞✝þ①✞þ☛ý ✞✟ù ùþ ➵✝☞✠✟ù✆ ✇þ✡✞ù✟✆ ➅❥✌ úùr ✞þ✡ù✟✈ý❨☛ ✆✝ü✆ ➈❫① ❮✡üû ✞✝ ➆ ❬ ①ý ✈✝þ❨✡✞✝þ ❣ ☞ ✞þ ✞☞ ✞✆ù✟
✆ü ✞❢ýþ✡ù ý ☛✡☛ ✟ù✡ùþüù ➙

αCmax + β
∑

Ri

✝▼ ∑

Ri

ù✆✡ úý ✆✝☞☞ ù ûù✆ ûü✟☛ù✆ û ❦ü✡✞ú✞✆ý✡✞✝þ ûù✆ ✟ù✆✆✝ü✟❨ù✆ ❬ ❥ù ûùür ✞❭☞ ù ❨✟✞✡❭✟ù ✟ù❢✞ùþ✡❣ ☞ ✞þ ✞☞ ✞✆ù✟ úù ✡ù☞✌✆ ✌ ùþûýþ✡ úù✎üùú úù✆ ✟ù✆✆✝ü✟❨ù✆ þù ✆✝þ✡ ✌ý✆ ü✡✞ú✞✆☛ù✆ ❬



➦ ➼➻ ➼ ➩➾➧ ➬➢➡➾✃ ➶➤➾➶➾➩ø➥ ➝ô
①ù✆ ❢ý✟✞ý✠ úù✆ ûù û☛❨✞✆✞✝þ ✆✝þ✡ úù✆ ûý✡ù✆ ûù úýþ❨ù☞ ùþ✡ ûù✆ ✠ý✟✟ù✆ ❬ ➈þ ✌ ùü✡ ýú✝✟✆ ✌✟☛✐❨ýú❨üúù✟úý ûý✡ù û ❦ý❨❩❭❢ù☞ ùþ✡ ûù ❨❩ý❨üþù ûù✆ ✝✌ ☛✟ý✡✞✝þ✆ ú✞☛ù✆ ❣ úý ✠ý✟✟ù ùþ ✡ùþýþ✡ ❨✝☞✌✡ù ûù✆
✆✌ ☛❨✞s❨✞✡☛✆ ûü ✌✟✝✠ ú❭☞ ù ➅↔ ✝ü✟✆ þ✝þ ✡✟ý❢ý ✞úú☛✆ ❪ ✌ý✟ ùrù☞✌ úù➆ ❬ ①ý ☞✝û☛ ú✞✆ý✡✞✝þ ù✆✡ ✠ý✆☛ù
✆ü✟ üþù û ✞✆❨✟☛✡✞✆ý✡✞✝þ ûü ✡ù☞✌✆ ➅✌ý✟ ûù☞✞✐↔ ✝ü✟þ☛ù➆ ù✡ úù✆ ❨✝þ✡✟ý✞þ✡ù✆ û☛❨✟✞❢ùþ✡ úù tür ûù✆✝✌ ☛✟ý✡✞✝þ✆ ùþ ✟ù✆✌ ù❨✡ýþ✡ úù✆ ✟❭✍ úù✆ û ❦ü✡✞ú✞✆ý✡✞✝þ ûù✆ ✟ù✆✆✝ü✟❨ù✆ ➅❨✝þ✡✟ý ✞þ✡ù✆ ûù t✝✡➆ ❬ ❡ ù✆
❨✝þ✡✟ý ✞þ✡ù✆ ✝þ✡ ☛✡☛ ✟ý↔ ✝ü✡☛ù✆ ✌✝ü✟ ❨ý✆✆ù✟ úý ✆♠☞ ☛✡✟✞ù ùþ✡✟ù úù✆ ✠ý✟✟ù✆ ûù ☞❤☞ ù ûü✟☛ù ❪ ý✞þ✆✞✎üù ûù✆ ❨✝þ✡✟ý ✞þ✡ù✆ û ✞✆↔ ✝þ❨✡✞❢ù✆ ❨úý✆✆✞✎üù✆ ùþ ✝✟û✝þþýþ❨ù☞ ùþ✡ ✌✝ü✟ ✍☛þ☛✟ù✟ ûù✆ ❨✝ü✌ ù✆ ❬
❥ù✡✡ù ✆✝ úü✡✞✝þ ý ☛✡☛ ↔ü✍☛ù ✆ý✡✞✆✈ý ✞✆ýþ✡ù ýü✆✆✞ ✠ ✞ùþ ✌✝ü✟ úý ✎üýú✞✡☛ ûù✆ ✆✝ úü✡✞✝þ✆ ✝✠✡ùþüù✆✎üù ✌✝ü✟ úù ✡ù☞✌✆ þ☛❨ù✆✆ý ✞✟ù ✌✝ü✟ úù✆ ✝✠✡ùþ ✞✟ ➅✎üùú✎üù✆ ☞ ✞þü✡ù✆➆ ❬ ❡ ù✆ ùr✌☛✟✞☞ ùþ✡ý✡✞✝þ✆
þü☞☛✟✞✎üù✆ ✝þ✡ ✌ ù✟☞ ✞✆ ûù û☛✡ù✟☞ ✞þù✟ úù✆ ❢ýúùü✟✆ ✞þ✡☛✟ù✆✆ýþ✡ù✆ ûù

α
ù✡

β
✌✝ü✟ úù ✌✟✝✠ ú❭☞ ù

✞þûü✆✡✟✞ùú ❬ ❥ù✆ ❢ýúùü✟✆ ✟☛✆üú✡ùþ✡ ☛❢ ✞ûù☞☞ ùþ✡ û ❦üþ ❨✝☞✌✟✝☞ ✞✆ ùþ✡✟ù úù✆ ûùür ❨✟✞✡❭✟ù✆ ❪ ❨✝☞✐
✌✟✝☞ ✞✆ ✎ü ✞ û✝✞✡ ❨✝✟✟ù✆✌✝þû✟ù ýür ✌✟☛✈☛✟ùþ❨ù✆ ûù ú ❦✞þûü✆✡✟✞ùú ❬ ❥ù✆ ✌✟☛✈☛✟ùþ❨ù✆ ✝þ✡ ✌ü ❤✡✟ù
ùr✌✟✞☞ ☛ù✆ ùþ ❨✝þ✆✞û☛✟ýþ✡ úù✆ ✝✟û✝þþýþ❨ù☞ ùþ✡✆ ✝✠✡ùþü✆ ✌✝ü✟ û ✞q ☛✟ùþ✡ù✆ ✌✝þû☛✟ý✡✞✝þ✆ ✆ü✟ûù✆ ↔ ùür ❨ý✟ý❨✡☛✟✞✆✡✞✎üù✆ ûù û✝þþ☛ù✆ ❬

➩➫➭ ➯ × ❬❧ ➲ ➈✟û✝þþýþ❨ù☞ ùþ✡ ✝✌✡✞☞ ýú ✌✝ü✟ α = 0
ù✡

β = 1

➘ ✡✞✡✟ù û ❦ùrù☞✌ úù ❪ úý ➧ ✞✍ü✟ù × ❬❧ ✟ù✌✟☛✆ùþ✡ù úý ✌❩ý✆ù û ❦✞þ ✞✡✞ýú✞✆ý✡✞✝þ ✌✝ü✟ üþ ↔ ùü ûù û✝þþ☛ù✆
❨✝☞✌✝✟✡ýþ✡ 10

✠ý✟✟ù✆ ý❢ù❨ ûù✆ ùr✌ ☛✟✞ùþ❨ù✆ ûù ûü✟☛ù✆ ☛✍ýúù✆ ❣
7
↔ ✝ü✟✆ ❪ 10

✠ý✟✟ù✆ ❣
14

↔ ✝ü✟✆ù✡
2
✠ý✟✟ù✆ ý❢ù❨ ûù✆ ùr✌☛✟✞ùþ❨ù✆ ❣

3
↔ ✝ü✟✆ ❬ ①ù✆ ✌✝þû☛✟ý✡✞✝þ✆ ❨❩✝✞✆✞ù✆ ✆✝þ✡ α = 0

ù✡
β = 1

❪
❨ ❦ù✆✡✐❣✐û ✞✟ù úý ✌ úýþ ✞s❨ý✡✞✝þ ❨❩ù✟❨❩ù üþ ✞✎üù☞ ùþ✡ ❣ ✝✌✡✞☞ ✞✆ù✟ ú ❦ü✡✞ú✞✆ý✡✞✝þ ûù✆ ✟ù✆✆✝ü✟❨ù✆ ❬
①ý ✌ úýþ ✞s❨ý✡✞✝þ ❨✝☞☞ ùþ❨ù üþ úüþû ✞ ❬ ❮ü✟ ú ❦❩✝✟✞Û✝þ ûù ✡ù☞✌✆ ❨✝þ✆✞û☛✟☛ ❪ ùþ ✌ úü✆ ûù✆ ✉ùù❵✐ùþû✆ ❪ ✌ úü✆✞ùü✟✆ ↔ ✝ü✟✆ ✈☛✟✞☛✆ û✝✞❢ùþ✡ ❤✡✟ù ✌✟✞✆ ùþ ❨✝☞✌✡ù ❪ ✞þ✡ù✟û ✞✆ýþ✡ úù û☛✠ü✡ ✝ü úý sþ ûü
✡✟ý ✞✡ù☞ ùþ✡ û ❦üþù ùr✌☛✟✞☞ ùþ✡ý✡✞✝þ ✌ ùþûýþ✡ ❨ù✡✡ù ✌☛✟✞✝ûù ➅Û✝þù✆ ❢ù✟✡✞❨ýúù✆ ❩ý❨❩ü✟☛ù✆➆ ❬ ➏ü✐
ûù✆✆ü✆ ûü û ✞ý✍✟ý☞☞ ù ûù ❴ ýþ✡✡ ❪ þ✝ü✆ ý❢✝þ✆ ✟ù✌✟☛✆ùþ✡☛ ➅✌ý✟ ûù☞ ✞✐↔ ✝ü✟þ☛ù➆ ú ❦✝ ❨❨ü✌ý✡✞✝þûù✆ ✟ù✆✆✝ü✟❨ù✆ þ☛❨ù✆✆ý ✞✟ù✆ ❣ ú ❦üþù ûù✆ ✝✌ ☛✟ý✡✞✝þ✆ ☛ ú☛☞ ùþ✡ý ✞✟ù✆ ➅✟ù☞✌ ú✞✆✆ý✍ù➆ ➙ ýü ✌ úü✆ ×
✟ù☞✌ ú✞✆✆ý✍ù✆ ûù✆ ✠ý✟✟ù✆ ✌ ùü❢ùþ✡ ✆ù ✈ý ✞✟ù ✆✞☞üú✡ýþ☛☞ ùþ✡ ❬ ①ý ✌ úýþ ✞s❨ý✡✞✝þ ✆ù ✡ù✟☞ ✞þù ýü✠✝ü✡ ûù

80
ûù☞✞✐↔ ✝ü✟þ☛ù✆ ❬ ①ý sþ ☞✝♠ùþþù û ❦ü✡✞ú✞✆ý✡✞✝þ ûù✆ ✟ù✆✆✝ü✟❨ù✆ ù✆✡ ûù

58, 8
ûù☞✞✐



➞Ü ➘➪➠➶ ➡ ➢➤➥ ➦ ➼ ➶➧➠✃ ➡➽ ➡➘➠➢➡➾✃ ➷ ➨➥➮➶ø➤➡➥✃ ➘➥➩
↔ ✝ü✟þ☛ù✆ ❬
①ù û ✞ý✍✟ý☞☞ ù ûù ❴ ýþ✡✡ ûù úý ➧ ✞✍ü✟ù × ❬❞ ☞ ✝þ✡✟ù úý ✌ úýþ ✞s❨ý✡✞✝þ ✝✠✡ùþüù ý❢ù❨ úù✆ ✌✝þû☛✐✟ý✡✞✝þ✆ (1, 5) ❬ ①ý ûý✡ù û ❦ý❨❩❭❢ù☞ ùþ✡ ù✆✡ ýú✝✟✆ ûù

72
ûù☞ ✞✐↔ ✝ü✟þ☛ù✆ ❪ ✌ ✝ü✟ üþù ûý✡ù ûù sþ

☞✝♠ùþþù û ❦ü✡✞ú✞✆ý✡✞✝þ ûù✆ ✟ù✆✆✝ü✟❨ù✆ ûù
60

ûù☞✞✐↔ ✝ü✟þ☛ù✆ ❬

➩➫➭ ➯ × ❬❞ ➲ ➈✟û✝þþýþ❨ù☞ ùþ✡ ✝✌✡✞☞ ýú ✌✝ü✟
α = 1

ù✡
β = 5

➸ ➺➮ ➺➮ Ý✣✒✢✧✚✛✥✒✤

➏✌✟❭✆ ú ❦✞þ ✞✡✞ýú✞✆ý✡✞✝þ ❪ ú✝✟✆✎üù ✡✝ü✡ù✆ úù✆ ✡✿❨❩ù✆ ✆✝þ✡ ❨✝✟✟ù❨✡ù☞ ùþ✡ úýþ❨☛ù✆ ù✡ ✎ü ❦üþ þ✝☞✠✟ù
✞☞✌✝✟✡ýþ✡ û ❦ùr✌☛✟✞ùþ❨ù✆ ù✆✡ û ✞✆✌ ✝þ ✞✠ úù ❪ ✝þ ✌ý✆✆ù ùþ ✌❩ý✆ù ûù ✌✟✝ûü❨✡✞✝þ ❬ ❫✝ü✟ ❨ù✡✡ù ☛✡ý✌ ù ❪
þ✝ü✆ ý❢✝þ✆ ✝✌✡☛ ✌✝ü✟ üþ ýú✍✝✟✞✡❩☞ ù ûù ú✞✆✡ù ❬ ①ù ✌✟✞þ❨✞✌ ù ûù ú ❦ýú✍✝✟✞✡❩☞ ù ù✆✡ ûù ✟☛✌ý✟✡✞✟úù✆ ✟ù✆✆✝ü✟❨ù✆ ➅þ✝☞✠✟ù ûù ✠ý✟✟ù✆➆ ûù ☞ ýþ ✞❭✟ù û♠þý☞✞✎üù ùþ✡✟ù ûùür ❨✟✞✡❭✟ù✆ ❬➲ üþù ✌ý✟✡✞ù ûù✆ ✠ý✟✟ù✆ ù✆✡ ýúú✝ü☛ù ýür ✡✿❨❩ù✆ Ôùþ ✟ù✡ý✟û Ô ➅ý❢ýþ❨ù☞ ùþ✡ ûù úý ✌❩ý✆ù ↕➆ ➵
➲ úù ✟ù✆✡ù ûù✆ ✠ý✟✟ù✆ ù✆✡ ýúú✝ü☛ ýür ✡✿❨❩ù✆ úù✆ ✌ úü✆ ùþ ý❢ýþ❨ù ➅ý❨❩❭❢ù☞ ùþ✡ ûù úý ✌❩ý✆ù ↕↕➆ ❬①ý ✌✟ù☞ ✞❭✟ù ✌ý✟✡✞ù ý✆✆ü✟ù ✎üù ✆üÙ✆ý☞☞ ùþ✡ û ❦ùr✌☛✟✞ùþ❨ù✆ ✆✝þ✡ ✍☛þ☛✟☛ù✆ ýü ✈ü✟ ù✡ ❣ ☞ ù✆ü✟ù ➙ùþ ùqù❨✡üýþ✡ ûù✆ ùr✌☛✟✞ùþ❨ù✆ ùþ ✌❩ý✆ù ↕ ❪ ✝þ ✌ ù✟☞ ù✡ ❣ ❨ù✟✡ý ✞þ✆ ☞ ☛ úýþ✍ù✆ ûù ✌ý✆✆ù✟ ùþ✌❩ý✆ù ↕ ↕ ❪ ❨ù ✎ü ✞ ✍☛þ❭✟ù ûù þ✝ü❢ùúúù✆ ùr✌☛✟✞ùþ❨ù✆ ❬ ①ù ✡ýür û ❦✝ ❨❨ü✌ý✡✞✝þ ûù✆ ✠ý✟✟ù✆ ✌ ùü✡
✍✟✿❨ù ❣ ❨ùúý ✟ù✆✡ù✟ ✞☞ ✌✝✟✡ýþ✡ ❬ ↕ú ✟☛✌✝þû ûù ✌ úü✆ ýü ❨✟✞✡❭✟ù ûù ☞ ✞þ ✞☞ ✞✆ý✡✞✝þ ûü ☞ ý❵ù✆✌ýþ ùþû ✞☞ ✞þüýþ✡ úù ❨❩ù☞✞þ ❨✟✞✡✞✎üù ûù✆ ✡✿❨❩ù✆ ❬ ①ý ✆ù❨✝þûù ✌ý✟✡✞ù ûù✆ ✠ý✟✟ù✆ ù✆✡ ûù✆✡✞þ☛ù ❣ sþ ✞✟ ýü✌ úü✆ ❢ ✞✡ù ûù✆ ✡✿❨❩ù✆ ❪ ❨ù ✎ü ✞ ❨✝✟✟ù✆✌✝þû ❣ ☞ ✞þ ✞☞ ✞✆ù✟ úý ✆✝☞☞ ù ûù✆ ûý✡ù✆ û ❦ý❨❩❭❢ù☞ ùþ✡ ∑

Ciù✡ ❣ ✝✠✡ùþ ✞✟ ✟☛✍üú✞❭✟ù☞ ùþ✡ ûù✆ ✟☛✆üú✡ý✡✆ ùr✌ ú✝✞✡ý✠ úù✆ ✌ý✟ úù✆ ❨❩✞☞ ✞✆✡ù✆ ❬ ↕ú✆ û✝✞❢ùþ✡ ùþ ùq ù✡
û ✞✆✌ ✝✆ù✟ ûù ú ❦ùþ✆ù☞✠ úù ûù✆ ✟☛✆üú✡ý✡✆ ûù✆ ùr✌☛✟✞☞ ùþ✡ý✡✞✝þ✆ ✆ü✟ üþ ✌✟✝ûü ✞✡ û✝þþ☛ ✌✝ü✟
❨✝þ❨ úü✟ù ✎üýþû ❣ üþù ✈ü✡ü✟ù ùr✌ ú✝✞✡ý✡✞✝þ ❬
①ù ❨❩✝✞r ûù✆ ùr✌☛✟✞ùþ❨ù✆ ❣ ✌ úý❨ù✟ ûýþ✆ úù✆ ✠ý✟✟ù✆ ûù ❨❩ý❨üþù ûù ❨ù✆ ✌ý✟✡✞ù✆ ✟☛✆üú✡ù û ❦üþù✝✌✡✞☞ ✞✆ý✡✞✝þ ú✝❨ýúù ✆ü ✞❢ýþ✡ úù ❨✟✞✡❭✟ù ❨✝þ❨ù✟þ☛ ❬ ❥ù✟✡ý ✞þù✆ ✞þ ✈✝✟☞ ý✡✞✝þ✆ ✆ü✌✌ ú☛☞ ùþ✡ý ✞✟ù✆ ❪



➦ ➼➻ ➼ ➩➾➧ ➬➢➡➾✃ ➶➤➾➶➾➩ø➥ ➞❧
✎ü ✞ þù ✆✝þ✡ ✌ý✆ û☛❨✟✞✡ù✆ ✞❨✞ ✌ ✝ü✟ ûù✆ ✟ý ✞✆✝þ✆ ûù ❨✝þsûùþ✡✞ýú✞✡☛ ❪ ✞þ✡ù✟❢ ✞ùþþùþ✡ ýü✆✆✞ ûýþ✆ ❨ù
❨❩✝✞r ù✡ ✌ ù✟☞ ù✡✡ùþ✡ û ❦ý☞☛ ú✞✝✟ù✟ úù ✡ýür ûù ✟ù☞✌ ú✞✆✆ý✍ù ûù✆ ✠ý✟✟ù✆ ❬

Þ ❜ß●✽✾❍❑❉à
① ❦ýú✍✝✟✞✡❩☞ ù ✎üù þ✝ü✆ ✌✟✝✌✝✆✝þ✆ ù✆✡ ☛þ✝þ❨☛ ❨✞✐ûù✆✆✝ü✆ ➅➏ ú✍✝✟✞✡❩☞ ù ❧➆ ❬ ➵✝ü✆ û☛❨✟✞❢✝þ✆úù✆ þ✝✡ý✡✞✝þ✆ ù☞✌ ú✝♠☛ù✆ ✌ü ✞✆ ❨❩ý❨üþù ûù ✆ù✆ ☛✡ý✌ ù✆ ù✆✡ ùþ✆ü ✞✡ù û☛✡ý ✞úú☛ù ❬
① ❦ùþ✆ù☞✠ úù

A ❨✝✟✟ù✆✌✝þû ýür ú✞❭❢✟ù✆ ➅úù✆ ✡✿❨❩ù✆ úù✆ ✌ úü✆ ý❢ýþ❨☛ù✆ ❪ û☛↔ ❣ ùþ ✌❩ý✆ù ↕↕➆ ✎ü ❦✝þ
✆✝ü❩ý ✞✡ù ✈ý ✞✟ù ý❢ýþ❨ù✟ ùþ❨✝✟ù ✌ úü✆ ❢ ✞✡ù ù✡ ú ❦ùþ✆ù☞✠ úù

B ýür ✡✝✟✡üù✆ ➅úù✆ ✡✿❨❩ù✆ úù✆ ☞✝✞þ✆
ý❢ýþ❨☛ù✆ ❪ ùþ❨✝✟ù ùþ ✌❩ý✆ù ↕➆ ✎ü ❦✝þ þù û✝✞✡ ✌ý✆ ✝ü✠ ú✞ù✟ ❬
➈þ û☛sþ ✞✡ ✆ü✟ A ∪ B

ûù✆ ✝✟û✟ù✆ ✡✝✡ýür ≤A

ù✡ ≤B

❪ ú ❦✝✟û✟ù ≤A
✈ý❢✝✟✞✆ýþ✡ úù✆ ✡✿❨❩ù✆ ûù

ú ❦ùþ✆ù☞✠ úù
A
❪ ú ❦✝✟û✟ù ≤B

úù✆ ✡✿❨❩ù✆ ûù ú ❦ùþ✆ù☞✠ úù
B ❬

➈þ þ✝✡ù p
úù þ✝☞✠✟ù ûù ✠ý✟✟ù✆ ýúú✝ü☛ù✆ ❣ ú ❦ý❢ýþ❨ù☞ ùþ✡ ûù úý ✌❩ý✆ù ↕ ❣ üþ ✞þ✆✡ýþ✡ û✝þþ☛ ❬↕ú ù✆✡ ☞ ✞✆ ❣ ↔ ✝ü✟ ❣ ❨❩ý✎üù sþ ✝ü û☛✠ü✡ ûù ❨ü ✞✆✆✝þ ❬ p∗ ù✆✡ úý ❢ýúùü✟ Ô✞û☛ýúù Ô ûù

p ❬
Þ ❜ß●✽✾❍❑❉à á ❫ úýþ ✞s❨ý✡✞✝þ

➘ üþ ✞þ✆✡ýþ✡ ✝▼ üþù ✠ý✟✟ù ✆ù ú✞✠ ❭✟ù ù✡ þ ❦ù✆✡ ✌ý✆ ✌✟☛✐ýúú✝ü☛ù ➙❥ýú❨üúù✟ p∗❥ýú❨üúù✟ úù✆ ✝✟û✟ù✆ ≤A

ù✡ ≤Bâ✾
p∗ > p

Þ❜●✽✼
①ý ✌✟ù☞✞❭✟ù ✡✿❨❩ù ûù ≤B

ù✆✡ ýqù❨✡☛ù ❣ úý ✠ý✟✟ùâ✾✻●✻
❥❩✝✞✆✞✟ üþù ✡✿❨❩ù a

✌ý✟☞ ✞ úù✆ ✌✟ù☞✞❭✟ù✆ ûù ≤A

ù✡ srù✟ ✆✝þ ✝✟û✝þþýþ❨ù☞ ùþ✡ã ✾✻ â✾
Ó ù✡✡✟ù ❣ ↔ ✝ü✟

p
ùþ ✈✝þ❨✡✞✝þ ûù úý ✡✿❨❩ù ❨❩✝✞✆✞ù

➈þ û✝þþù ûýþ✆ úý ✆ü ✞✡ù ûù ❨ù✡✡ù ✆ù❨✡✞✝þ üþù ûù✆❨✟✞✌✡✞✝þ ✌ úü✆ ✌✟☛❨✞✆ù ûù✆ û ✞q☛✟ùþ✡ù✆ ☛✡ý✌ ù✆ûù ú ❦ýú✍✝✟✞✡❩☞ ù ❬

❛■❜äå ❜à✽ ❜à✼ ●✽æ✽à✼ ≤A

à❍ ≤B

①ù✆ ✝✟û✟ù✆ ≤A

ù✡ ≤B

✟ùt❭✡ùþ✡ úù✆ ✌✟✞✝✟✞✡☛✆ ➅✆ùú✝þ ❨❩ý❨üþ ûù✆ ûùür ❨✟✞✡❭✟ù✆➆ ✎üù ú ❦✝þ
✆✝ü❩ý ✞✡ù ý✡✡✟✞✠üù✟ ýür û ✞q☛✟ùþ✡ù✆ ✡✿❨❩ù✆ ❬
↕ú✆ ✆✝þ✡ û☛sþ ✞✆ ❨✝☞☞ ù ✆ü ✞✡ ➙➲ ➈✟û✟ù ≤A

➙ úù✆ ✡✿❨❩ù✆ û✝þ✡ úý ✌❩ý✆ù ↕ ù✆✡ ✡ù✟☞ ✞þ☛ù ✌✝ü✟ ✡✝ü✆ úù✆ ☞ ☛ úýþ✍ù✆ ❪ ✡✟✞☛ù✆ ✌ý✟ûü✟☛ù ❨✟✝✞✆✆ýþ✡ù ûù úý ✌ úü✆ ú✝þ✍üù ùr✌☛✟✞ùþ❨ù ✟ù✆✡ýþ✡ù ❬ ❫ü ✞✆ úù✆ ✡✿❨❩ù✆ ùþ❨✝✟ù ùþ ✌❩ý✆ù↕ ❬➲ ➈✟û✟ù ≤B
➙ úù✆ ✡✿❨❩ù✆ û✝þ✡ úý ✌❩ý✆ù ↕ þ ❦ù✆✡ ✌ý✆ ✡ù✟☞ ✞þ☛ù ❪ ✡✟✞☛ù✆ ✌ý✟ ú✝þ✍üùü✟ û☛❨✟✝✞✆✆ýþ✡ùûù úùü✟ ❨❩ù☞✞þ ❨✟✞✡✞✎üù ❬ ❫ü ✞✆ úù✆ ✡✿❨❩ù✆ û✝þ✡ úý ✌❩ý✆ù ↕ ù✆✡ ✡ù✟☞ ✞þ☛ù ❬

➈þ þ ❦ýq ù❨✡ù✟ý ✌ý✆ ✡✝ü↔ ✝ü✟✆ ûù✆ ùr✌☛✟✞ùþ❨ù✆ ûù úý ✌✟ù☞ ✞❭✟ù ✡✿❨❩ù û ❦üþ ûù✆ ûùür ✝✟û✟ù✆ ❣
úý ✠ý✟✟ù ✎ü ✞ ✆ù ú✞✠ ❭✟ù ➙ ✝þ ✆✝ü❩ý✞✡ù ☞ ý ✞þ✡ùþ ✞✟ üþ ✡ýür ☛úù❢☛ û ❦✝ ❨❨ü✌ý✡✞✝þ ûù✆ ✠ý✟✟ù✆ ❪ ❨ù✎ü ✞ ✞þ✡ù✟❢ ✞ùþ✡ ýü✆✆✞ ûýþ✆ úù ❨❩✝✞r ûù✆ ùr✌☛✟✞ùþ❨ù✆ ✎ü ✞ ♠ ✆ù✟✝þ✡ ✌ úý❨☛ù✆ ❬



➞❞ ➘➪➠➶ ➡ ➢➤➥ ➦ ➼ ➶➧➠✃ ➡➽ ➡➘➠➢➡➾✃ ➷ ➨➥➮➶ø➤➡➥✃ ➘➥➩
❛■❜äå❜à✽

p∗

p
ù✆✡ úù þ✝☞✠✟ù ❨✝ü✟ýþ✡ ûù ✠ý✟✟ù✆ ýúú✝ü☛ù✆ ❣ ú ❦ý❢ýþ❨ù☞ ùþ✡ ûù úý ✌❩ý✆ù ↕ ➅ùþ✆ù☞✠ úù

A
➆ ù✡

p∗ù✆✡ úù þ✝☞✠✟ù Ô✞û☛ýúÔ ûù ✠ý✟✟ù✆ ýúú✝ü☛ù✆ ❣ úý ✌❩ý✆ù ↕ ❬ ① ❦✞û☛ù ù✆✡ ûù ✟☛✌ý✟✡✞✟ Ô☛✎ü ✞✡ý✠ úù☞ ùþ✡ Ôúù✆ ✠ý✟✟ù✆ ùþ✡✟ù úù✆ ûùür ùþ✆ù☞✠ úù✆ A
ù✡

B
✌ý✟ ✟ý✌✌✝✟✡ ýür ûü✟☛ù✆ û ❦✝✟û✝þþýþ❨ù☞ ùþ✡ ûù

❨❩ý❨üþ ❬ ❮✞ t1
ù✆✡ ú ❦ù✆✌ ☛✟ýþ❨ù ûü þ✝☞✠✟ù ûù ↔ ✝ü✟✆ þ☛❨ù✆✆ý ✞✟ù✆ ✌✝ü✟ ✡ù✟☞ ✞þù✟ úù✆ ✡✿❨❩ù✆ûù úý ✌❩ý✆ù ↕ ➅✝þ ✆ü✌✌✝✆ù ✎üù ✡✝ü✡ù✆ úù✆ ✠ý✟✟ù✆ ✆✝þ✡ û ✞✆✌ ✝þ ✞✠ úù✆➆ ù✡

t2
ù✆✡ úù þ✝☞✠✟ù

ûù ↔ ✝ü✟✆ þ☛❨ù✆✆ý✞✟ù✆ ✌✝ü✟ ✡ù✟☞ ✞þù✟ úù✆ ✡✿❨❩ù✆ ûù úý ✌❩ý✆ù ↕↕ ➅✝þ ✆ü✌✌✝✆ù ✎üù ✡✝ü✡ù✆ úù✆✠ý✟✟ù✆ ✆✝þ✡ û ✞✆✌ ✝þ ✞✠ úù✆➆ ❪ ýú✝✟✆ þ✝ü✆ ❨❩✝✞✆✞✆✆✝þ✆ úý ❢ýúùü✟ ûù p∗ ✆ü ✞❢ýþ✡ù ❪ ýsþ ✎üù úù✆ ûùür✝✟û✝þþýþ❨ù☞ ùþ✡✆ ý ✞ùþ✡ úý ☞❤☞ ù ûü✟☛ù ùþ ✆ù ✌ý✟✡ý✍ùýþ✡ úù✆ m
✠ý✟✟ù✆ ➙

p∗ = m
t1

t1 + t2

❛❑●✾✼✾✽ å✻à ❍çä❑à à❍ èéà✽ ✼●✻ ●✽æ●✻✻■✻äà❉à✻❍
↕ú ✆ ❦ý✍✞✡ ûù ❨❩✝✞✆✞✟ üþù ✡✿❨❩ù ✆ü✆❨ù✌✡✞✠ úù ûù sþ ✞✟ ýü ✌ úü✆ ✡➛✡ ❬ ①ù✆ ❨ýþû ✞ûý✡✆ ✌✝✆✆✞✠ úù✆ ✆✝þ✡
❨✝þþü✆ ➙ úù✆ ý✡✡ý✟û☛✆ ùþ❨✝✟ù ùþ ✌❩ý✆ù ↕ ✝þ✡ ✌ ùü ûù ❨❩ýþ❨ù ûù ✈ý ✞✟ù ✌ý✟✡✞ù ûù✆ ☛❨❩ý✌✌☛✆ ❬①ù ❨❩✝✞r ✆ù ✈ý ✞✡ ýú✝✟✆ ✆ü✟ ûù✆ ✡✿❨❩ù✆ ùþ ✌❩ý✆ù ↕↕ ❪ û✝þ✡ ✝þ ❨✝þþýê✡ ❣ ❨ù ☞✝☞ ùþ✡ ✡✝ü✡ù✆úù✆ ùr✌☛✟✞ùþ❨ù✆ ✟ù✆✡ýþ✡ù✆ ❬ ➈þ ✌ ùü✡ ❨ýú❨üúù✟ úý ûý✡ù ûù sþ ýü ✌ úü✆ ✡➛✡ ✌✝ü✟ ❨❩ý❨üþù ùþ✟ù❨❩ù✟❨❩ýþ✡ ú ❦✝✟û✝þþýþ❨ù☞ ùþ✡ ûù ✆ù✆ ùr✌☛✟✞ùþ❨ù✆ ✎ü ✞ ☞ ✞þ ✞☞ ✞✆ù úù

Cmax ❬ ❥ù ✌✟✝✠ ú❭☞ ù ù✆✡û ✞Ù ❨✞úù ûýþ✆ úù ❨ý✆ ✍☛þ☛✟ýú ❪ ☞ ý ✞✆ ✌ ùü✡ ❤✡✟ù ✟☛✆✝ úü ùÙ❨ý❨ù☞ ùþ✡ ý❢ù❨ ✌ ùü û ❦ùr✌☛✟✞ùþ❨ù✆ ❪ù✡ ✌ ùü ûù ûü✟☛ù✆ û ✞q☛✟ùþ✡ù✆ ❬ ➵☛ýþ☞✝✞þ✆ úù ✡ù☞✌✆ ûù ❨ýú❨üú ✌ ùü✡ ❤✡✟ù ✌✟✝❩✞✠✞✡✞✈ ✆✞ þ✝ü✆
❨✝þ✆✞û☛✟✝þ✆ ✡✝ü✡ù✆ úù✆ ✡✿❨❩ù✆ ûù

A ➙ ú ❦✝✟û✟ù ≤A
þ✝ü✆ ✌ ù✟☞ ù✡ ûù ú✞☞ ✞✡ù✟ úù ✡ù☞✌✆ ûù ❨ýú❨üúùþ þ✝ü✆ ✟ù✆✡✟ù✞✍þýþ✡ üþ ✞✎üù☞ ùþ✡ ýür ✌✟ù☞✞❭✟ù✆ ✡✿❨❩ù✆ ❬

①ù ❨❩✝✞r ûù úý ✡✿❨❩ù ✌✝ü✟✟ý ✞✡ ✆ù ✈ý ✞✟ù ✆ùú✝þ ✌ úü✆✞ùü✟✆ ❨✟✞✡❭✟ù✆ ➙
❧❬ ❡ü✟☛ù ✡✝✡ýúù ûù ✟☛ýú✞✆ý✡✞✝þ ûù ú ❦ùþ✆ù☞✠ úù ûù✆ ùr✌☛✟✞ùþ❨ù✆ ùþ ✈✝þ❨✡✞✝þ ûù✆ û ✞✆✌ ✝þ ✞✠ ✞✐ú✞✡☛✆ ûù✆ ✠ý✟✟ù✆ ➵
❞ ❬ ➏ ✞✟ù ûù ú ❦ùþ✆ù☞✠ úù ûù✆ ùr✌☛✟✞☞ ùþ✡ý✡✞✝þ✆ ✌✝ü✟ ❨ù✡✡ù ✡✿❨❩ù ✆ü✟ úù û ✞ý✍✟ý☞☞ ù ûù ❴ýþ✡✡ ❬❥ù❨✞ ✌ ù✟☞ ù✡ ûù ✈ý❢✝✟✞✆ù✟ úù ✟ù☞✌ ú✞✆✆ý✍ù ûù✆ ✠ý✟✟ù✆ ✌ý✟ úù✆ ùr✌☛✟✞ùþ❨ù✆ ûù ❨ù✡✡ù ✡✿❨❩ù ❬

➵✝ü✆ ✟ù✡ùþ✝þ✆ ✞❨✞ úù ❨❩✝✞r ❧❬
➲ ❥❩✝✞✆✞✟ úý ✡✿❨❩ù a ➙ ✌ý✟☞ ✞ úù✆ ✌✟ù☞✞❭✟ù✆ ✡✿❨❩ù✆ ûù ≤A

❪ ❨❩✝✞✆✞✟ ❨ùúúù ✎ü ✞ ✌ ùü✡ ✡ù✟☞ ✞þù✟ úù✌ úü✆ ✟ý✌✞ûù☞ ùþ✡ ➅ùþ ✡ùþýþ✡ ❨✝☞✌✡ù ûù✆ ûý✡ù✆ ûù û ✞✆✌ ✝þ ✞✠ ✞ú✞✡☛ ûù✆ ✠ý✟✟ù✆ ù✡ ùþ ✟☛✆ù✟❢ýþ✡
p

✠ý✟✟ù✆ ❣ úý ✌❩ý✆ù ↕➆ ùþ ❨ýú❨üúýþ✡ ú ❦✝✟û✝þþýþ❨ù☞ ùþ✡ ✝✌✡✞☞ ýú ûù ✆ù✆ ùr✌☛✟✞☞ ùþ✡ý✡✞✝þ✆✌✝ü✟ úù
Cmax ❬➲ ❫✟☛✐ýúú✝❨ý✡✞✝þ ûù✆ ✠ý✟✟ù✆ ➙ srù✟ úù û☛✠ü✡ ûù ❨❩ý✎üù ùr✌☛✟✞ùþ❨ù ✟ù✆✡ýþ✡ù ✌✝ü✟ úý ✡✿❨❩ù a ❬①ý ➧ ✞✍ü✟ù × ❬× ☞✝þ✡✟ù üþù ✌ý✟✡✞ù ûù úý ✈ùþ❤✡✟ù ✌✟✞þ❨✞✌ýúù ûù ú ❦ý✌✌ ú✞❨ý✡✞✝þ ùþ ❨✝ü✟✆ û ❦ùr☛✐

❨ü✡✞✝þ ❬ ✇ úúù ✌ ù✟☞ ù✡ ❣ ú ❦ü✡✞ú✞✆ý✡ùü✟ û ❦✞þ✡ù✟ý✍✞✟ ý❢ù❨ ú ❦✝✟û✝þþýþ❨ùü✟ ❬
❫✝ü✟ ûù✆ ✟ý✞✆✝þ✆ ûù ❨✝þsûùþ✡✞ýú✞✡☛ ❪ úù✆ ✞þ✈✝✟☞ ý✡✞✝þ✆ ❨✝þ❨ù✟þýþ✡ úù✆ ✡✿❨❩ù✆ þù ✆✝þ✡ ✌ý✆ ýÙ✐
❨❩☛ù✆ ✆ü✟ ❨ù✡✡ù s✍ü✟ù ❪ ☞ ý✞✆ ✞ú ù✆✡ ✌✝✆✆✞✠ úù ûù úù✆ ❢ ✞✆üýú✞✆ù✟ ✍✟✿❨ù ❣ ❨ù✡✡ù ✞þ✡ù✟✈ý❨ù ❬ ①ù ú✝✍✞❨✞ùú✝q✟ù úý ✌✝✆✆✞✠ ✞ú✞✡☛ ûù û☛✌ úý❨ù✟ üþ ❨❩ý✟✍ù☞ ùþ✡ ùþ ❨ý✆ û ❦ý✠✆ùþ❨ù ✞☞✌✟☛❢üù ✝ü û ❦✞þû ✞✆✌ ✝þ ✞✐✠ ✞ú✞✡☛ ûù✆ ✝✌ ☛✟ý✡ùü✟✆ ❪ û ❦ý↔ ✝ü✡ù✟ ûù✆ ↔ ✝ü✟✆ ûù ❨✝þ✍☛✆ ✝ü ûù ✍☛✟ù✟ úù✆ ✌ýþþù✆ ☞ ý✡☛✟✞ùúúù✆ ❬ ❮✞
❨ùúý ù✆✡ þ☛❨ù✆✆ý ✞✟ù ❪ ú ❦ùþ✆ù☞✠ úù ûù✆ ý❨✡✞✝þ✆ ✌✟☛❢üù✆ ✆ù✟ý ✟ù❨ýú❨üú☛ ✌✝ü✟ ✌✟ùþû✟ù ùþ ❨✝☞✌✡ù
úù ☞✞ùür ✌✝✆✆✞✠ úù úù✆ ☛❢❭þù☞ ùþ✡✆ ✟☛❨ùþ✡✆ ❬



➦ ➼➦ ➼ ➤ø➩ ➬➧➢➠➢➩ ✃ ➬➱ø➤➡ë➬➥➩ ➞×

➩➫➭ ➯ × ❬× ➲ ➧ùþ❤✡✟ù ✌✟✞þ❨✞✌ýúù ûù ú ❦ý✌✌ ú✞❨ý✡✞✝þ

♦ ➫♦ ìÖ→➠➓➝↔➝→ ➦➠➢ Ö➛➥í➠↕→

❡ ù✆ ✡ù✆✡✆ þü☞☛✟✞✎üù✆ ✝þ✡ ☛✡☛ ùq ù❨✡ü☛✆ ✌✝ü✟ ☛❢ýúüù✟ úù✆ ✌ ù✟✈✝✟☞ ýþ❨ù✆ ûù ú ❦ýú✍✝✟✞✡❩☞ ù û ❦✝✟✐
û✝þþýþ❨ù☞ ùþ✡ ❬ îü úý ✡ý ✞úúù ûü ✌✟✝✠ ú❭☞ ù ❪ ✞ú þ ❦ý ✌ý✆ ☛✡☛ ✌✝✆✆✞✠ úù ûù ❨❩ù✟❨❩ù✟ ûù✆ ✆✝ úü✡✞✝þ✆✝✌✡✞☞ ýúù✆ ✌✝ü✟ ú ❦üþ ✝ü ú ❦ýü✡✟ù ûù✆ ûùür ✝✠↔ ù❨✡✞✈✆ û☛sþ ✞✆ ➅✡ù☞✌✆ ûù ❨ýú❨üú ✌✟✝❩✞✠✞✡✞✈✆➆ ❬❫ý✟ ❨✝þ✡✟ù ❪ úù✆ ✝✠↔ ù❨✡✞✈✆ ✞þûü✆✡✟✞ùú✆ ➅ü✡✞ú✞✆ý✡✞✝þ ûù✆ ✠ý✟✟ù✆ ❪ ✆✝✟✡✞ù✆ ✟☛✍üú✞❭✟ù✆ ûù✆ ✌✟✝ûü ✞✡✆ ❪✡ù☞✌✆ ✌✝ü✟ ✆✝✟✡✞✟ úù✆ ❞Ü ✌✟ù☞ ✞ù✟✆ ✌✟✝ûü ✞✡✆➆ ☛✡ý✞ùþ✡ ❨úý ✞✟ù☞ ùþ✡ û☛sþ ✞✆ ù✡ ✝þ✡ ☛✡☛ ý✡✡ù ✞þ✡✆ ❬➵✝ü✆ û☛✡ý✞úú✝þ✆ ✎üùú✎üù✆ ✟☛✆üú✡ý✡✆ þü☞☛✟✞✎üù✆ ❨✞✐ûù✆✆✝ü✆ ❬ ①ý ➧ ✞✍ü✟ù × ❬➝ ✞þû ✞✎üù úù✆ ûý✡ù✆ûù ✆✝✟✡✞ù✆ ûù✆ û ✞q☛✟ùþ✡✆ ✌✟✝ûü ✞✡✆ ❬ ❥ù✆ ûý✡ù✆ ✆✝þ✡ ✟ùúý✡✞❢ù☞ ùþ✡ ✟☛✍üú✞❭✟ù✆ ➙ üþ ✌✟✝ûü ✞✡ ✆✝✟✡✡✝ü✆ úù✆ ❧Ü ↔ ✝ü✟✆ ùþ ☞✝♠ùþþù ý❢ù❨ üþ ☛❨ý✟✡ ✡♠✌ ù ûù ➨ ❪➞ ↔ ✝ü✟✆ ❬ ①ý ûü✟☛ù ✡✝✡ýúù ✌✝ü✟ ✆✝✟✡✞✟úù✆ ❞Ü ✌✟ù☞✞ù✟✆ ✌✟✝ûü ✞✡✆ ù✆✡ ú☛✍❭✟ù☞ ùþ✡ ✆ü✌☛✟✞ùü✟ù ❣ ❞ÜÜ ↔ ✝ü✟✆ ❬
➇þù ûù✆ ùr ✞✍ùþ❨ù✆ ûù ú ❦✞þûü✆✡✟✞ùú ☛✡ý ✞✡ ûù ✠✞ùþ ✟ù☞✌ ú✞✟ úù✆ ✠ý✟✟ù✆ ù✡ ûù þù ✌ý✆ úù✆ úý✞✆✆ù✟✞þü✡✞ú✞✆☛ù✆ ❬ ❫✝ü✟ úù✆ ↔ ùür ûù û✝þþ☛ù✆ ✡ù✆✡☛✆ ❪ úù✆ ✠ý✟✟ù✆ ☛✡ý ✞ùþ✡ ü✡✞ú✞✆☛ù✆ 90%

ûü ✡ù☞✌✆ ù✡
✟ù☞✌ ú✞ù✆ ùþ ☞✝♠ùþþù ❣

82% ❨ù ✎ü ✞ ✆ý✡✞✆✈ý ✞✆ý ✞✡ úù✆ ❨✟✞✡❭✟ù✆ ✟ù✡ùþü✆ ❬
①ù✆ ➧ ✞✍ü✟ù✆ × ❬➞ ù✡ × ❬➟ ✞þû ✞✎üùþ✡ ú ❦✞þtüùþ❨ù ûü þ✝☞✠✟ù ûù ✠ý✟✟ù✆ ü✡✞ú✞✆☛ù✆ ✆ü✟ úù ✟☛✆üú✡ý✡➅☛❨ý✟✡ ☞✝♠ùþ ùþ✡✟ù ûùür ✌✟✝ûü ✞✡✆ ù✡ ûü✟☛ù ✡✝✡ýúù ûù ú ❦✝✟û✝þþýþ❨ù☞ ùþ✡➆ ❬ ➈þ þ✝✡ù ✎üù
ú✝✟✆✎ü ❦✝þ ýü✍☞ ùþ✡ù úù þ✝☞✠✟ù ûù ✠ý✟✟ù✆ ❪ ✝þ ý☞☛ú✞✝✟ù ❨ù✆ ❨✟✞✡❭✟ù✆ ❬ ❥ù❨✞ ☞✝þ✡✟ù ✎üù ❪ ☞ ýú✍✟☛úù✆ ýþ✝☞ ýú✞ù✆ ûù ❴✟ý❩ý☞ ❨✝þþüù✆ ✌✝ü✟ úù✆ ýú✍✝✟✞✡❩☞ ù✆ ûù ú✞✆✡ù✆ ❪ þ✝✡✟ù ý✌✌✟✝❨❩ù ü✡✞ú✞✆ùùÙ❨ý❨ù☞ ùþ✡ úù✆ ✟ù✆✆✝ü✟❨ù✆ ✆ü✌✌ ú☛☞ ùþ✡ý ✞✟ù✆ ❬



➞➝ ➘➪➠➶ ➡ ➢➤➥ ➦ ➼ ➶➧➠✃ ➡➽ ➡➘➠➢➡➾✃ ➷ ➨➥➮➶ø➤➡➥✃ ➘➥➩

➩➫➭ ➯ × ❬➝ ➲ ❡ ý✡ù✆ ûù ✆✝✟✡✞ù ûù✆ ✌✟✝ûü ✞✡✆

➩➫➭ ➯ × ❬➞ ➲ ï❨ý✟✡ ☞✝♠ùþ ùþ✡✟ù úù✆ ûý✡ù✆ ûù ✆✝✟✡✞ù ûù ûùür ✌✟✝ûü ✞✡✆ ➅ùþ ûù☞ ✞✐↔ ✝ü✟þ☛ù✆➆ ùþ
✈✝þ❨✡✞✝þ ûü þ✝☞✠✟ù ûù ✠ý✟✟ù✆ ü✡✞ú✞✆☛ù✆



➦ ➼ð ➼ ➶➤➾➷➧➬➱➥➩ ➢➪ø➾➤➡ë ➬➥➩ ➷ø➤➡➹ø➩ ➞➞

➩➫➭ ➯ × ❬➟ ➲ îýúùü✟ ûü
Cmax

➅ùþ ûù☞✞✐↔ ✝ü✟þ☛ù✆➆ ùþ ✈✝þ❨✡✞✝þ ûü þ✝☞✠✟ù ûù ✠ý✟✟ù✆ ü✡✞ú✞✆☛ù✆
♦ ➫ñ ò ➛➔➜➓➲➢↕→ ➝➤Ö➔➛➥í➠↕→ ➟Ö➛➥óÖ→

➵✝ü✆ ý❢✝þ✆ ✡✞✟☛ ûù ❨ù✡✡ù ❨✝ úúý✠✝✟ý✡✞✝þ ý❢ù❨ ú ❦↕➧❫ ✌ úü✆✞ùü✟✆ ✌✟✝✠ ú❭☞ ù✆ ✡❩☛✝✟✞✎üù✆ ✎ü ✞ ✟ù✐
✌✟☛✆ùþ✡ùþ✡ ❨❩ý❨üþ üþ ý✆✌ ù❨✡ ûü ✌✟✝✠ ú❭☞ ù ✞þûü✆✡✟✞ùú ❬ ❥ù✆ ✌✟✝✠ ú❭☞ ù✆ ✡❩☛✝✟✞✎üù✆ ✆✝þ✡ ✡✝ü✆✠ý✆☛✆ ✆ü✟ ✆ý ❢ù✟✆✞✝þ ✝❰ ✞þù ❬

➸ ➺ô ➺➻ Ýõ✣✥✒ ✢✙✔ ✢✧✣✗✤✛ ✑✙✔✦✧✙✑✑✙✔ ✗✧✚✧✤✙ ✛✃✚✕✙ ✤✙ ✖ ✙✧✛ ✚✒✜ ✜ ✙✤✚✙✣
✒✧ ö✤✥✣

①ý þ✝✡✞✝þ ûù ✌☛✟✞✝ûù✆ û ❦✞þû ✞✆✌ ✝þ ✞✠ ✞ú✞✡☛ ✌✝ü✟ úù✆ ☞ ý❨❩✞þù✆ ù✆✡ ✠✞ùþ ❨✝þþüù ûýþ✆ úý ú✞✡✡☛✟ý✐✡ü✟ù ❪ ✌ü ✞✆✎üù ûù þ✝☞✠✟ùü✆ù✆ ý✌✌ ú✞❨ý✡✞✝þ✆ ✟☛ùúúù✆ ûù☞ ýþûùþ✡ ú ❦ý✟✟❤✡ ûù✆ ☞ ý❨❩✞þù✆ ✌ ùþûýþ✡
ûù✆ ûü✟☛ù✆ ✌ úü✆ ✝ü ☞✝✞þ✆ ú✝þ✍üù✆ ❪ ✌ý✟ ùrù☞✌ úù ✌✝ü✟ ùqù❨✡üù✟ úý ☞ ý ✞þ✡ùþýþ❨ù ➽➨ñ ❪ ➨ô➾ ❬❡ ýþ✆ þ✝✡✟ù ❨ý✆ ❪ úù✆ ☞ ý❨❩✞þù✆ ✆✝þ✡ û ✞✆✌ ✝þ ✞✠ úù✆ ✡✝ü✆ úù✆ ↔ ✝ü✟✆ ❪ ☞ ý✞✆ ✌ý✆ úù✆ ❨❩✞☞ ✞✆✡ù✆ ✎ü ✞ úù✆
✈✝þ✡ ✈✝þ❨✡✞✝þþù✟ ❬ ❫✝ü✟ úù✆ ✝✌ ☛✟ý✡✞✝þ✆ ûù ✟ù☞✌ ú✞✆✆ý✍ù ❪ s ú✡✟ý✡✞✝þ ù✡ úý❢ý✍ù ❪ úù✆ ✝✌ ☛✟ý✡ùü✟✆
✆✝þ✡ þ☛❨ù✆✆ý ✞✟ù✆ ✌ ùþûýþ✡ úý ûü✟☛ù ❨✝☞✌ ú❭✡ù ûù ú ❦✝✌ ☛✟ý✡✞✝þ ❪ ù✡ úùü✟ ý✠✆ùþ❨ù ✌ ùþûýþ✡ úù✆↔ ✝ü✟✆ ✈☛✟✞☛✆ ✝ü úù✆ ✉ùù❵✐ùþû✆ ✌ ùü✡ ❤✡✟ù ý✆✆✞☞ ✞ú☛ù ❣ üþù ✌☛✟✞✝ûù û ❦✞þû ✞✆✌ ✝þ ✞✠ ✞ú✞✡☛ ❨ úý✆✆✞✎üù ❬↕ú þ ❦ùþ ù✆✡ ✌ý✆ ûù ☞❤☞ ù ✌✝ü✟ úù✆ ❨ü ✞✆✆✝þ✆ ❪ ú✝✟✆ ûù✆✎üùúúù✆ úù✆ ❨❩✞☞ ✞✆✡ù✆ þù û✝✞❢ùþ✡ ✞þ✡ù✟✐❢ùþ ✞✟ ✎ü ❦ýü û☛✠ü✡ ù✡ ❣ úý sþ ûù ú ❦✝✌ ☛✟ý✡✞✝þ ❬ ➵✝ü✆ ✌✝ü❢✝þ✆ û✝þ❨ û☛❨✟✞✟ù ý ✞þ✆✞ úù ❨ýû✟ù ûü
✌✟✝✠ ú❭☞ ù ➙ ✝þ û ✞✆✌ ✝✆ù ûù ☞ ý❨❩✞þù✆ ✌ý✟ýúú❭ úù✆ ✌✝ü✟ ùq ù❨✡üù✟ üþ ùþ✆ù☞✠ úù ûù ✡✿❨❩ù✆ ù✡ ✝þ
❨✝þþýê✡ ú ❦ùþ✆ù☞✠ úù

S(I)
ûù✆ ✌ ☛✟✞✝ûù✆ û ❦✞þû ✞✆✌ ✝þ ✞✠✞ú✞✡☛ ûù✆ ✝✌ ☛✟ý✡ùü✟✆ ✆✝ü✆ ✈✝✟☞ ù û ❦✞þ✡ù✟✐

❢ýúúù✆ ✝ü❢ù✟✡✆ ❬ ①ù✆ ✆✝ úü✡✞✝þ✆ ýû☞✞✆✆✞✠ úù✆ ✆ù✟✝þ✡ ûù✆ ✝✟û✝þþýþ❨ù☞ ùþ✡✆ ûýþ✆ úù✆✎üùú✆ ýü❨üþù✝✌☛✟ý✡✞✝þ þù ❨✝☞☞ ùþ❨ù þ ✞ þù ✡ù✟☞ ✞þù ûýþ✆ úù✆ ✞þ✡ù✟❢ýúúù✆ ûù S(I) ❬
❫✝ü✟ ûù✆ ✌✞❭❨ù✆ û ✞q☛✟ùþ✡ù✆ ❪ ☞ ✞þ ✞☞ ✞✆ù✟ úù ☞ ý❵ù✆✌ýþ ù✆✡ NP ✐❡ ✞Ù ❨✞úù ❪ ☞ ❤☞ ù ✆ü✟ üþù ✆ùüúù
☞ ý❨❩✞þù ý❢ù❨ üþ üþ ✞✎üù ✞þ✡ù✟❢ýúúù û ❦✞þû ✞✆✌ ✝þ ✞✠ ✞ú✞✡☛ ➅úù ❥❩ý✌✞✡✟ù ➝ ☛✡üû ✞ù ✌ úü✆ ✌ý✟✡✞❨üú✞❭✐✟ù☞ ùþ✡ ❨ù ❨✟✞✡❭✟ù➆ ❬ ➈þ ✌ ùü✡ ✈✝✟☞üúù✟ úù ✌✟✝✠ ú❭☞ ù ❨✝☞☞ ù ✆ü ✞✡ ❬ ï✡ýþ✡ û✝þþ☛✆ n

✝✌☛✟ý✡✞✝þ✆ûù ûü✟☛ù✆ û ❦ü✆✞þý✍ù p1, p2, . . . , pn

ù✡ üþù üþ ✞✎üù ✌☛✟✞✝ûù û ❦✞þû ✞✆✌ ✝þ ✞✠ ✞ú✞✡☛ ûù ú ❦✝✌ ☛✟ý✡ùü✟
➅✌ ☛✟✞✝ûù ÷❘✄ ✌✝ü✟ ø➐ ➍➑→➪➚➑ ù ➚➌ ú✯→➒➋→✪➒➋➒➪➶ ùþ ýþ✍ úý ✞✆➆ ûù ûü✟☛ù ∆ ✆✞✡ü☛ù ùþ ]s, s + ∆[

❪



➞➟ ➘➪➠➶ ➡ ➢➤➥ ➦ ➼ ➶➧➠✃ ➡➽ ➡➘➠➢➡➾✃ ➷ ➨➥➮➶ø➤➡➥✃ ➘➥➩
✝þ ✌ ùü✡ ❨✝þ✆✞û☛✟ù✟ ✡✟✝✞✆ ❨úý✆✆ù✆ ûù ✌✟✝✠ ú❭☞ ù✆ ❬

➅❧➆ ÿ✝ü✡ù✆ úù✆ ûü✟☛ù✆ ûù ✌✟✝ûü❨✡✞✝þ ✆✝þ✡ ✌ úü✆ ú✝þ✍üù✆ ✎üù
∆ ➙ pj ≥ ∆ ∀j

➵
➅❞➆ ÿ✝ü✡ù✆ úù✆ ûü✟☛ù✆ ûù ✌✟✝ûü❨✡✞✝þ ✆✝þ✡ ✌ úü✆ ✌ ù✡✞✡ù✆ ✎üù

∆ ➙ pj < ∆ ∀j
➵

➅×➆ ↕ú ♠ ý ûù✆ ûü✟☛ù✆ û ❦ü✆✞þý✍ù ✌ úü✆ ✌ ù✡✞✡ù✆ ✎üù
∆

ù✡ û ❦ýü✡✟ù✆ ✌ úü✆ ✍✟ýþûù✆ ✎üù
∆ ❬

①ù ❨ý✆ ➅❧➆ ùþ ✌ý✟✡✞❨üú✞ù✟ ❨✝✟✟ù✆✌✝þû ✠✞ùþ ❣ þ✝✡✟ù ý✌✌ ú✞❨ý✡✞✝þ ❬ ✇þ ùq ù✡ ❪ úù✆ ❨ü ✞✆✆✝þ✆ ùr❨❭ûùþ✡
úù ✌ úü✆ ✆✝ü❢ùþ✡

3
↔ ✝ü✟✆ ❪ ýú✝✟✆ ✎üù úù✆ ûü✟☛ù✆ ✌ ùþûýþ✡ úù✆✎üùúúù✆ ú ❦ùþ✆ù☞✠ úù ûù✆ ❨❩✞☞ ✞✆✡ù✆

✆✝þ✡ ý✠✆ùþ✡✆ ✆✝þ✡ ùþ ✍☛þ☛✟ýú ✞þ ✈☛✟✞ùü✟ù✆ ❣
2

↔ ✝ü✟✆ ➅✞ú ✆ ❦ý✍✞✡ ûù✆ ✉ùù❵✐ùþû✆ ù✡ ûù✆ ↔ ✝ü✟✆
✈☛✟✞☛✆➆ ❬ ❡ýþ✆ ❨ù ❨ý✆ ❪ þ✝ü✆ ☞✝þ✡✟✝þ✆ ✎üù ✌✝ü✟ üþù ☞ ý❨❩✞þù ù✡ üþ ✞þ✡ù✟❢ýúúù ❪ ☞ ✞þ ✞☞ ✞✆ù✟ úù
☞ ý❵ù✆✌ýþ ✌ ùü✡ ❤✡✟ù ✈ý ✞✡ ùþ O(n log n)

✝▼
n

ù✆✡ úù þ✝☞✠✟ù ûù ❨ü ✞✆✆✝þ✆ ❬

➸ ➺ô ➺➮ Ï✣✢✒✤✤✗✤✚✙✣ ✢✙✔ ✔õ✦✧✙✤✚✙✔ ✢ û✒✖ õ✣✗✛✥✒✤✔ ✗✘✙✚ ✛✣✗✥✛✙✜ ✙✤✛
✖✗✣ Ð✗✛✚✕ ✙✛ ✚✒✜ ✖✗✛✥Ð ✥✑✥✛õ ✢✙✔ ✛✃✚✕✙✔

❡ ýþ✆ úù ✌✟✝✠ ú❭☞ ù ✝❰ ✞þù ý✆✆✝ ❨✞☛ ýü ✌✟✝✠ ú❭☞ ù ûù ✌ úýþ ✞s❨ý✡✞✝þ ûù ú ❦↕➧❫❪ úù✆ ✝✌ ☛✟ý✡✞✝þ✆ ùþ✌❩ý✆ù ↕ û ❦üþ ☞❤☞ ù ☞☛úýþ✍ù ✆✝þ✡ ú✞☛ù✆ ùþ✡✟ù ùúúù✆ ✌ý✟ ûù✆ ❨✝þ✡✟ý ✞þ✡ù✆ ûù ✌✟☛❨☛ûùþ❨ù✆ ûù
✡♠✌ ù

chains
❪ ❨ ❦ù✆✡✐❣✐û ✞✟ù ✎üù úùü✟ ✍✟ý✌❩ù ûù ✌✟☛❨☛ûùþ❨ù✆ ù✆✡ üþù ❨❩ýêþù ❬

❡ ù ✌ úü✆ ❪ úù✆ ☞ ý❨❩✞þù✆ ✎üù þ✝ü✆ ❨✝þ✆✞û☛✟✝þ✆ ✆✝þ✡ ûù ❨ý✌ý❨✞✡☛✆ þ✝þ üþ ✞✡ý ✞✟ù✆ ❪ ❨ ❦ù✆✡✐❣✐û ✞✟ù
✎ü ❦ùúúù✆ ✌ ùü❢ùþ✡ ùq ù❨✡üù✟ ✆✞☞üú✡ýþ☛☞ ùþ✡ ✌ úü✆✞ùü✟✆ ✝✌ ☛✟ý✡✞✝þ✆ ❬ ❫✝ü✟ ✌✝ü❢✝✞✟ úù✆ ✌ úý❨ù✟ûýþ✆ üþ ☞❤☞ ù ✠ý✡❨❩ ❪ ✞ú ✈ýü✡ ✎üù úù✆ ✝✌ ☛✟ý✡✞✝þ✆ ✆✝✞ùþ✡ ✠ý✡❨❩✐❨✝☞✌ý✡✞✠ úù✆ ❨✝☞☞ ù ùr✌ ú✞✎ü☛❣ úý ❮ù❨✡✞✝þ × ❬❧❬❧❬
➈þ ✆✝ü❩ý ✞✡ù ☞ ✞þ ✞☞ ✞✆ù✟ úù ☞ ý❵ù✆✌ýþ ✌✝ü✟ üþ ✌✟✝✠ ú❭☞ ù ✈ý✞✆ýþ✡ ý✌✌ý✟ýê✡✟ù ❨ù✆ ûùür ý✆✌ ù❨✡✆ ❬

❐❒❮❰ÏÐ❮ ü Ò ❇ ÜàýàæçÛà Ö ã×ì ÞÕÝ àÖÝ ßÔæçÔÖÙ Øà Øàãý Ýþß äàÖ ØÔ ÕÝ ÛÞ ÖÙé ãàÕßà ØàÖÔ çÙ ÚÞÝ ×Ô ÕÖ àÖÝ ØÔ ÕÕÙà çÞÚ ó

21 → 5 → 14
àÝ

5 → 14 → 21

ÿÕà ÖÙé ãàÕßà çÔÖÖ ×� Ûà Öà ÚÞ ×Ý î ö ❃ ö❄ î ö❃ ö❄Ô ✁ ÛàÖ Ô çÙ ÚÞÝ ×Ô ÕÖ Øà ÛÔ Õå ãàãÚÖ ❃ àÝ ö❄ ÖÔ ÕÝ Úàå ÚÔ ãçÙàÖ ØÞÕÖ ØàÖ �ÞÝß äÖ Øà ßÞçÞß ×ÝÙ î àÝÛàÖ Ô çÙ ÚÞÝ ×Ô ÕÖ Øà Ø ãÚÙàÖ î ö ÖÔ ÕÝ Ô ÚØÔ ÕÕÞÕßÙàÖ Öà ãÛàÖ á ❇à æÞ❆àÖ çÞÕ àÖÝ Þ ÛÔ ÚÖ Øà
61 á❇ ÜÔ ÚØÔ ÕÕÞÕßàæàÕÝ Ô çÝ ×æÞ Û àÖÝ Øà Ø ãÚÙà ❃ð ó❃ ö❄ î ö ❃ ö❄î ö

①ù ✌✟✝✠ ú❭☞ ù ûù ✡✟✝ü❢ù✟ úý ✌ úü✆ ❨✝ü✟✡ù ✆✝ü✆ ✆☛✎üùþ❨ù ❨✝☞☞üþù û ❦üþ ùþ✆ù☞✠ úù ûù ✆☛✎üùþ❨ù✆➅➎➔ ➚➑➪➍➎➪ ➎❒✪➎ ➍✴❒ ➍➌ ➓➍ ➐ ➑➚✪➋➍➉ ùþ ýþ✍ úý✞✆➆ ù✆✡ üþ ❨ý✆ ✌ý✟✡✞❨üú✞ù✟ ûù þ✝✡✟ù ✌✟✝✠ ú❭☞ ù ù✡ ù✆✡û ❦✝✟ù✆ ù✡ û☛↔ ❣ NP ✐❡ ✞Ù ❨✞úù ❬
❡ ù✆ ✟☛✆üú✡ý✡✆ ✞þ✡☛✟ù✆✆ýþ✡✆ ✝þ✡ ☛✡☛ ✝✠✡ùþü✆ ✌ý✟ ✂ ✟ýüþù✟ ù✡ ➵ ý❢ù✆ ➽❞➝➾ ✎ü ✞ ✆✝þ✡ ú✞☛✆ ❣ ú ❦ýú✞✐
✍þù☞ ùþ✡ ûù ✆☛✎üùþ❨ù✆ ùþ ✠✞✝✐✞þ ✈✝✟☞ ý✡✞✎üù ❬



➦ ➼✄ ➼ ➘➾✃ ➘➧ ➬➩➡➾✃ ➞➨
➸ ➺ô ➺➸ ☎ ✥✤ ✥✜ ✥✔✙✣ ✑✗ ✔✒✜ ✜ ✙ ✢✙✔ ✢✗✛✙✔ ✢ û✗✚✕✆✘✙✜ ✙✤✛ ✢✙✔ ✖✣✒ ✢✧✥✛✔
①✝✟✆✎ü ❦üþ ✌✟✝ûü ✞✡ ý ✡ù✟☞ ✞þ☛ ✆ý ✌❩ý✆ù ↕ ❪ úù✆ ✝✌ ☛✟ý✡✞✝þ✆ ✟ù✆✡ýþ✡ù✆ ➅ùþ ✌❩ý✆ù ↕↕➆ þù ✆✝þ✡ ✌ úü✆ú✞☛ù✆ ✌ý✟ ûù✆ ❨✝þ✡✟ý✞þ✡ù✆ ûù ✌✟☛❨☛ûùþ❨ù✆ ❬
➈þ ❨✝þ✆✞û❭✟ù üþ ✞✎üù☞ ùþ✡ úù✆ ✌✟✝ûü ✞✡✆ ✌ý✆✆☛✆ ùþ ✌❩ý✆ù ↕↕ ❬ ①ý ûý✡ù ûù sþ û ❦üþ ✌✟✝ûü ✞✡ ù✆✡úý ûý✡ù û ❦ý❨❩❭❢ù☞ ùþ✡ ûù úý ûù✟þ ✞❭✟ù ùr✌☛✟✞ùþ❨ù ✎ü ✞ ✆ù✟ý ùqù❨✡ü☛ù ✌✝ü✟ ❨ù ✌✟✝ûü ✞✡ ❬ ❥✝☞☞ ù
þ✝ü✆ ú ❦ý❢✝þ✆ û ✞✡ ❪ ☞ ✞þ ✞☞ ✞✆ù✟ úý ✆✝☞☞ ù ûù✆ ûý✡ù✆ û ❦ý❨❩❭❢ù☞ ùþ✡ ûù✆ ✌✟✝ûü ✞✡✆ ✌ ù✟☞ ù✡ ýür
❨❩✞☞ ✞✆✡ù✆ û ❦ùr✌ ú✝✞✡ù✟ ✟☛✍üú✞❭✟ù☞ ùþ✡ ûù✆ ✟☛✆üú✡ý✡✆ ýü ❨✝ü✟✆ ûü ✡ù☞✌✆ ýú✝✟✆ ✎üù úý ☞ ✞þ ✞☞ ✞✆ý✐✡✞✝þ ûü ☞ ý❵ù✆✌ýþ ✆ùüú þù ✍ý✟ýþ✡✞ ✌ý✆ ❨ù ✟☛✆üú✡ý✡ ❬ ➈þ ✌ ùü✡ û✝þ❨ ✌✝✆ù✟ úù ✌✟✝✠ ú❭☞ ù ❨✝☞☞ ù
✆ü ✞✡ ❬ ➇þù ✡✿❨❩ù Ti

ù✆✡ üþ ùþ✆ù☞✠ úù û ❦✝✌ ☛✟ý✡✞✝þ✆ ❬ ➈þ þ✝✡ù
C ′

i

úý ûý✡ù û ❦ý❨❩❭❢ù☞ ùþ✡ ûù
Ti

❪
❨ ❦ù✆✡✐❣✐û ✞✟ù úý sþ ûù ✆ý ûù✟þ ✞❭✟ù ✝✌☛✟ý✡✞✝þ ❬ ①ù✆ ✡✿❨❩ù✆ ✆✝þ✡ ✡✝ü✡ù✆ ✞þû☛✌ ùþûýþ✡ù✆ ❬ ① ❦✝✠✐
↔ ù❨✡✞✈ ù✆✡ ûù ☞✞þ ✞☞ ✞✆ù✟ ∑

C ′
i
❬ ➈þ ✟ù☞ ý✟✎üù ✎üù ❨ù ✌✟✝✠ ú❭☞ ù ù✆✡ ✡✟❭✆ ✌✟✝❨❩ù ûü ✌✟✝✠ ú❭☞ ù

✌✟✝✌✝✆☛ ûýþ✆ ➽➟➟➾ ❬ ➇þù ✈✝✞✆ ùþ❨✝✟ù ❪ þ✝ü✆ ûù❢✝þ✆ ùqù❨✡üù✟ ú ❦ùþ✆ù☞✠ úù ûù✆ ✝✌ ☛✟ý✡✞✝þ✆ ûýþ✆üþ ùþ❢✞✟✝þþù☞ ùþ✡ ûù ✡♠✌ ù ☞ ý❨❩✞þù✆ ✌ý✟ýúú❭úù✆ ❬ ❥ù ✌✟✝✠ ú❭☞ ù ù✆✡ ✠✞ùþ ùþ✡ùþûü û ✞q ☛✟ùþ✡ ûü
✌✟✝✠ ú❭☞ ù ❨ úý✆✆✞✎üù Pm||∑ Ci

✝▼
Ci

ù✆✡ úý ûý✡ù û ❦ý❨❩❭❢ù☞ ùþ✡ ûù ❨❩ý✎üù ✝✌☛✟ý✡✞✝þ ❬ ①ý✟❭✍ úù ❮❫ÿ ➅✝➔ ➚➑➪➍➎➪ ✞ ➑➚➓➍➎➎➒➌✟ ✠➒➉ ➍ ùþ ýþ✍ úý ✞✆➆ û✝þþù ýú✝✟✆ üþù ✆✝ úü✡✞✝þ ✝✌✡✞☞ ýúù ùþ✡ù☞✌✆ ✌✝ ú♠þ✝☞ ✞ýú ➽➨×➾ ❬ ①ù ✌✟✝✠ ú❭☞ ù þ ❦ù✆✡ ✌ý✆ þ✝þ ✌ úü✆ û ✞✟ù❨✡ù☞ ùþ✡ ✟ùú✞☛ ❣
Pm||∑ wiCi✌ü ✞✆✎üù ú ❦✝þ þù ✌ ùü✡ ✌ý✆ ✆ý❢✝✞✟ ✎üùúúù ✆ù✟ý úý ûù✟þ ✞❭✟ù ✝✌☛✟ý✡✞✝þ ûù ❨❩ý✎üù ✡✿❨❩ù ❬ ❥ù ✆ù✐✟ý✞✡ úù ❨ý✆ ✆✞ ûù✆ ✌✟☛❨☛ûùþ❨ù✆ ✎üùú❨✝þ✎üù✆ ùþ✡✟ù úù✆ ✝✌ ☛✟ý✡✞✝þ✆ ùr ✞✆✡ý ✞ùþ✡ ❪ ✌ü ✞✆✎ü ❦✞ú ✆üÙ✟ý ✞✡û ❦ý↔ ✝ü✡ù✟ ❣ ❨❩ý✎üù ✡✿❨❩ù üþù ✝✌☛✟ý✡✞✝þ s❨✡✞❢ù ûù ûü✟☛ù þüúúù ❬ ❥ù✡✡ù ✝✌☛✟ý✡✞✝þ þù ✌✝ü✟✐

✟ý✞✡ ✆ù û☛✟✝üúù✟ ✎ü ❦üþù ✈✝✞✆ ✡✝ü✡ù✆ úù✆ ýü✡✟ù✆ ùq ù❨✡ü☛ù✆ ❬ ①ù ✌✝✞û✆ ý✆✆✝ ❨✞☛ ❣ ❨ù✡✡ù ✝✌☛✟ý✡✞✝þûýþ✆ úý ✈✝þ❨✡✞✝þ ✝✠↔ ù❨✡✞✈ ✆ù✟ý✞✡ ýú✝✟✆ ûù
1

✡ýþû ✞✆ ✎üù úù✆ ýü✡✟ù✆ ✝✌ ☛✟ý✡✞✝þ✆ ûù úý ✡✿❨❩ù ✆ù❢ù✟✟ý ✞ùþ✡ ý✡✡✟✞✠üù✟ üþ ✌✝✞û✆ þüú ❬
❮✞ þ✝ü✆ ❨✝þ✆✞û☛✟✝þ✆ ☞ ý ✞þ✡ùþýþ✡ ûù þ✝ü❢ùýü þ✝✡✟ù ✌✟✝✠ ú❭☞ ù ❪ þ✝ü✆ ❨✝þ✆✡ý✡✝þ✆ ✎üù ❪ ✆ ❦✞ú ù✆✡✟ù✆✡✟ù ✞þ✡ ❣ üþù üþ ✞✎üù ☞ ý❨❩✞þù ❪ ýú✝✟✆ úý ✟❭✍ úù ❮❫ÿ ý✌✌ ú✞✎ü☛ù ❣ úý ✆✝☞☞ ù ûù✆ ûü✟☛ù✆ ûù✆✝✌ ☛✟ý✡✞✝þ✆ ûù úý ✡✿❨❩ù ù✆✡ ✝✌✡✞☞ ýúù ❬ ➏ ✞þ✆✞ ❪ 1||∑ C ′

i

ù✆✡ ✌✝ ú♠þ✝☞ ✞ýú ❬
❫✝ü✟ ûùür ☞ ý❨❩✞þù✆ ➅

P2||∑C ′
i

➆ ❪ úù ✌✟✝✠ ú❭☞ ù ù✆✡ NP ✐❡ ✞Ù ❨✞úù ➙ ✞ú ❨✝þ✡✞ùþ✡ úý ☞✞þ ✞☞ ✞✆ý✡✞✝þûü ☞ ý❵ù✆✌ýþ ➅
P2||Cmax

➆ ❨✝☞☞ ù ✆✝ü✆✐❨ý✆ ➅❨ ❦ù✆✡ úù ❨ý✆ ✌ý✟✡✞❨üú✞ù✟ ✝▼ ✝þ ✝✟✍ýþ ✞✆ù úù✆✝✌ ☛✟ý✡✞✝þ✆ û ❦üþù üþ ✞✎üù ✡✿❨❩ù➆ ❪ ù✡ ù✆✡ û✝þ❨ NP ✐❡ ✞Ù ❨✞úù ➽➟ñ➾ ❬

♦ ➫✡ ♣➔➦➙➓➠→➥➔➦

➇þ ú✝✍✞❨✞ùú û ❦✝✟û✝þþýþ❨ù☞ ùþ✡ û ❦ùr✌☛✟✞ùþ❨ù✆ ý ☛✡☛ ☛ úý✠✝✟☛ ù✡ ✞☞✌ ú☛☞ ùþ✡☛ ùþ ☛➏î➏ ✌✝ü✟
✟☛✌✝þû✟ù ❣ üþ ✌✟✝✠ ú❭☞ ù ✞þûü✆✡✟✞ùú ❬ ①ù✆ ✡ù✆✡✆ ùq ù❨✡ü☛✆ ☞ ✝þ✡✟ùþ✡ ✎üù úù✆ ✝✠↔ ù❨✡✞✈✆ ✆✝þ✡
ý✡✡ù ✞þ✡✆ ➙ úù ✡ýür û ❦✝ ❨❨ü✌ý✡✞✝þ ûù✆ ✠ý✟✟ù✆ ù✆✡ ☛úù❢☛ ù✡ úù✆ ûý✡ù✆ ûù sþ ûù✆ ✡✿❨❩ù✆ ✆✝þ✡ ✟ý✌✐
✌✟✝❨❩☛ù✆ ù✡ ✟☛✍üú✞❭✟ù✆ ❬ ❫✝ü✟ ûù✆ ✟ý✞✆✝þ✆ ûù ❨✝þsûùþ✡✞ýú✞✡☛ ❪ ✞ú þ ❦ù✆✡ ✌ý✆ ✌✝✆✆✞✠ úù ûù û✝þþù✟✞❨✞ úù û ✞ý✍✟ý☞☞ ù ûù✆ ❨úý✆✆ù✆ ûü ú✝✍✞❨✞ùú ❬ ↕ú ù✆✡ ý❨✡üùúúù☞ ùþ✡ ùþ ❨✝ü✟✆ û ❦ü✡✞ú✞✆ý✡✞✝þ ❣ ú ❦↕➧❫
ù✡ û✝þþù ✆ý✡✞✆✈ý❨✡✞✝þ ýür ü✡✞ú✞✆ý✡ùü✟✆ sþýür ❬ ❡ ù✆ ✌✟✝✠ ú❭☞ ù✆ ✡❩☛✝✟✞✎üù✆ ùþ ✝✟û✝þþýþ❨ù✐
☞ ùþ✡ ✝þ✡ ☛✍ýúù☞ ùþ✡ ☛✡☛ û☛✟✞❢☛✆ ûù ❨ù✡✡ù ❨✝ úúý✠✝✟ý✡✞✝þ ❬ ① ❦üþ û ❦ùþ✡✟ù ùür ❪ ❨✝☞✌ ú❭✡ù☞ ùþ✡
þ✝ü❢ùýü ❪ ù✆✡ û☛❨✟✞✡ ùþ û☛✡ý ✞ú ûýþ✆ úù ❥❩ý✌✞✡✟ù ➝ ý✞þ✆✞ ✎üù úù✆ ✟☛✆üú✡ý✡✆ ûù ❨✝☞✌ úùr ✞✡☛ ✎ü ✞
✆ ❦♠ ✟ý✌✌✝✟✡ùþ✡ ❬



➞ñ ➘➪➠➶ ➡ ➢➤➥ ➦ ➼ ➶➧➠✃ ➡➽ ➡➘➠➢➡➾✃ ➷ ➨➥➮➶ø➤➡➥✃ ➘➥➩



②③④⑤⑥⑦⑧⑨ ☞

✌⑧❽❷❼❼④❼➁⑨❻ ⑨❼⑦ ④✍⑨➁ ⑥❼❽⑥❿⑤ ❷❼⑥❸ ⑥❹⑥⑦➄
❽⑨❿ ❷⑤ ➄⑧④⑦⑨❾⑧❿

①ý þ✝✡✞✝þ ûù ✌☛✟✞✝ûù û ❦✞þû ✞✆✌ ✝þ ✞✠ ✞ú✞✡☛ ✌✝ü✟ úù✆ ☞ ý❨❩✞þù✆ ù✆✡ ✠✞ùþ ❨✝þþüù ûýþ✆ úý ú✞✡✡☛✟ý✐✡ü✟ù ❪ ✌ü ✞✆✎üù ûù þ✝☞✠✟ùü✆ù✆ ý✌✌ ú✞❨ý✡✞✝þ✆ ✟☛ùúúù✆ ûù☞ ýþûùþ✡ ú ❦ý✟✟❤✡ ûù✆ ☞ ý❨❩✞þù✆ ✌ ùþûýþ✡ûù✆ ûü✟☛ù✆ ✌ úü✆ ✝ü ☞✝✞þ✆ ú✝þ✍üù✆ ❪ ✌ý✟ ùrù☞✌ úù ✌✝ü✟ ùq ù❨✡üù✟ úý ☞ ý ✞þ✡ùþýþ❨ù ➽➨ñ ❪ ➨ô ❪ ➟➞➾ ❬❡ ýþ✆ ú ❦ý✌✌ ú✞❨ý✡✞✝þ ✞þûü✆✡✟✞ùúúù ✌✟☛✆ùþ✡☛ù ýü ❥❩ý✌✞✡✟ù × ❪ üþù þ✝ü❢ùúúù þ✝✡✞✝þ ûù ✌☛✟✞✝ûùû ❦✞þû ✞✆✌ ✝þ ✞✠ ✞ú✞✡☛ ý✌✌ý✟ýê✡ ❬ ❥ù þù ✆✝þ✡ ✌ úü✆ úù✆ ☞ ý❨❩✞þù✆ ✎ü ✞ ✈✝þ✡ û☛✈ýü✡ ☞ ý ✞✆ ûù✆ ✝✌ ☛✟ý✐✡ùü✟✆ ❩ü☞ ý ✞þ✆ ✎ü ✞ ✎ü ✞✡✡ùþ✡ úù ✆✞✡ù ✌ ùþûýþ✡ úù✆ ✉ùù❵✐ùþû✆ ❪ úù✆ ↔ ✝ü✟✆ ✈☛✟✞☛✆ ù✡ úùü✟✆ ❢ý❨ýþ❨ù✆ ❬❥ù✆ ý✠✆ùþ❨ù✆ þù ✌ ù✟✡ü✟✠ ùþ✡ ✌ý✆ úù ✈✝þ❨✡✞✝þþù☞ ùþ✡ ûù✆ ☞ ý❨❩✞þù✆ ✎ü ✞ ✆✝þ✡ ✝✌ ☛✟ý✡✞✝þþùúúù✆✡✝ü✆ úù✆ ↔ ✝ü✟✆ ❬ ①ù✆ ✝✌ ☛✟ý✡ùü✟✆ ✆✝þ✡ ✌ý✟ ❨✝þ✡✟ù þ☛❨ù✆✆ý✞✟ù✆ ❣ ❨❩ý✎üù û☛✠ü✡ ù✡ ❣ ❨❩ý✎üù sþûù ✡✿❨❩ù ❬ ✇þ ùq ù✡ ❪ ûýþ✆ úù ✌✟✝✠ ú❭☞ ù ûù ✌ úýþ ✞s❨ý✡✞✝þ ûü ❥❩ý✌✞✡✟ù × ❪ úù✆ ✝✌ ☛✟ý✡✞✝þ✆ ✆✝þ✡ûù✆ ùr✌☛✟✞ùþ❨ù✆ ù✡ úùü✟ ü✆✞þý✍ù ❨✝✟✟ù✆✌✝þû ❣ üþù ❨ü ✞✆✆✝þ ❬ ❥ù✆ ❨ü ✞✆✆✝þ✆ ✌ ùü❢ùþ✡ ✆ù û☛✟✝ü✐úù✟ ✆ýþ✆ úù✆ ❨❩✞☞ ✞✆✡ù✆ ❪ ☞ ý ✞✆ ✞ú✆ ✆✝þ✡ þ☛❨ù✆✆ý ✞✟ù✆ ✌✝ü✟ ✌✟☛✌ý✟ù✟ úù✆ ☞ ☛úýþ✍ù✆ ❪ ✞þ✡✟✝ûü ✞✟ù ù✡
✟ù✡✞✟ù✟ úù ☞ ý✡☛✟✞ùú ûü ✈✝ü✟ ❬
➵✝ü✆ ✝✠✡ùþ✝þ✆ û✝þ❨ üþ þ✝ü❢ùýü ✡♠✌ ù ûù ✌✟✝✠ ú❭☞ ù✆ û ❦✝✟û✝þþýþ❨ù☞ ùþ✡ ✎ü ✞ û✝✞✡ ✟ù✆✌ ù❨✡ù✟úù✆ ✌ ☛✟✞✝ûù✆ û ❦✞þû ✞✆✌ ✝þ ✞✠ ✞ú✞✡☛ ûù✆ ✝✌ ☛✟ý✡ùü✟✆ ❩ü☞ ý✞þ✆ ❬ ①ý û☛sþ ✞✡✞✝þ ✈✝✟☞ ùúúù ûù ❨ù✆ ✌ ☛✟✞✝ûù✆ù✆✡ úý ✆ü ✞❢ýþ✡ù ➙

✹✺è✻✾❍✾●✻ á✎ ✏✑✺✽✾●æà ✒✓✔✕ ✩➌➍ ✌☛✟✞✝ûù û ❦✞þû ✞✆✌ ✝þ ✞✠ ✞ú✞✡☛ ûù ú ❦✝✌ ☛✟ý✡ùü✟ ➚❒ ✌☛✟✞✝ûù÷❘✄ ✶➐ ➚❒➑ ✝✌ ù✟ý✡✝✟ þ✝þ✐ý❢ý ✞úý✠✞ú✞✡♠ ➍➌ →➌✟ ➋→➒➎✷ ✬➍ ➋➚➌✟❒ ➍❒➑ ∆ ➓➚➑➑➍➎➐ ➚➌✬ ✖ ❒➌ ➒➌➪➍➑✯→➋ ➋➍
➚❒✯➍➑➪ ]s, s + ∆[ ✬❒➑→➌➪ ➋➍✴❒ ➍➋ →❒ ➓❒➌ ➍ ➚➐ ➊➑→➪➒➚➌ ➌ ➍ ➐ ➍❒➪ ➓➚➉➉ ➍➌➓➍➑ ➚❒ ✗ ➌➒➑✸ ø➌ ✬➒➪ ✬ ✳❒➌ ➍
➚➐ ➊➑→➪➒➚➌ ✴❒➒ ➓➚➉➉ ➍➌➓➍ →✯→➌➪ ✶➚❒ ✖✷ ➋ ✳➒➌➎➪→➌➪ s ➍➪ ➪➍➑➉ ➒➌ ➍ →➐ ➑✫➎ ✶➚❒ ✖✷ ➋ ✳➒➌➎➪→➌➪ s + ∆✴❒ ✳➍➋ ➋➍ ❨✝ü❢✟ù ➋→ ➐ ➊➑➒➚✬➍ ÷❘✄ ✸

➵✝ü✆ þ✝ü✆ ✞þ✡☛✟ù✆✆✝þ✆ ûýþ✆ ❨ù ❨❩ý✌✞✡✟ù ýür ✌✟✝✠ ú❭☞ ù✆ ❣ üþù üþ ✞✎üù ☞ ý❨❩✞þù ý❢ù❨ ✌ ☛✟✞✝ûù✆û ❦✞þû ✞✆✌ ✝þ ✞✠ ✞ú✞✡☛ ûù ú ❦✝✌ ☛✟ý✡ùü✟ ❬ ①ù ❨✟✞✡❭✟ù ✎ü ✞ ✈✝ ❨ýú✞✆ù þ✝✡✟ù ý✡✡ùþ✡✞✝þ ù✆✡ úù ☞ ý❵ù✆✌ýþ ❬①ù✆ ✌✟✝✠ ú❭☞ ù✆ ☛✡üû ✞☛✆ ☛✡ýþ✡ ùþ ✍☛þ☛✟ýú NP ✐❡ ✞Ù ❨✞úù✆ ❪ þ✝ü✆ ýþýú♠✆✝þ✆ úù✆ ✌ ù✟✈✝✟☞ ýþ❨ù✆ûù✆ ýú✍✝✟✞✡❩☞ ù✆ ✆ ❦ý✌✌ü♠ýþ✡ ✆ü✟ üþù ú✞✆✡ù ûù ✌✟✞✝✟✞✡☛ ❬
➵✝ü✆ þ✝✡ù✟✝þ✆ úù ✌✟✝✠ ú❭☞ ù ûù ☞✞þ ✞☞ ✞✆ý✡✞✝þ ûü

Cmax ✆ü✟ üþù ☞ ý❨❩✞þù ý❢ù❨ K ✌☛✟✞✝ûù✆û ❦✞þû ✞✆✌ ✝þ ✞✠ ✞ú✞✡☛ 1 |ona(K)|Cmax ✆✞ K þù ✈ý✞✡ ✌ý✆ ✌ý✟✡✞ù ûù ú ❦✞þ✆✡ýþ❨ù ù✡
1 |ona|Cmax✆✞þ✝þ ❬ ➵✝ü✆ ü✡✞ú✞✆ù✟✝þ✆ ✌✝ü✟ úù✆ û✝þþ☛ù✆ ûü ✌✟✝✠ ú❭☞ ù úù✆ þ✝✡ý✡✞✝þ✆ ✆ü ✞❢ýþ✡ù✆ ➙

➞ô



➟Ü ➘➪➠➶ ➡ ➢➤➥ ð ➼ ➡✃➷ ➡➩➶➾✃ ➡➷➡➧➡➢ø ➷➥➩ ➾➶ø➤➠➢➥ ➬➤➩
➲

n
❪ úù þ✝☞✠✟ù ûù ✡✿❨❩ù✆ ❬ ①ù✆ ✡✿❨❩ù✆ ✆✝þ✡ þ✝✡☛ù✆ T1, T2, . . . , Tn

➵
➲

pj

❪ úý ûü✟☛ù û ❦ü✆✞þý✍ù ûù úý ✡✿❨❩ù Tj

❪
j = 1, 2, . . . , n

➵
➲ K ❪ úù þ✝☞✠✟ù ûù ✌☛✟✞✝ûù✆ ÷❘✄ ➵
➲

sq

❪ ú ❦✞þ✆✡ýþ✡ ûù û☛✠ü✡ ûù úý qième ✌☛✟✞✝ûù ÷❘✄ ❪
q = 1, 2, . . . , K ➵

➲
∆q

❪ úý ûü✟☛ù ûù úý qième ✌☛✟✞✝ûù ÷❘✄ ❪
q = 1, 2, . . . , K ➵

➲
s0 = ∆0 = 0

ù✡
sK+1 = +∞ ✌ý✟ ❨✝þ❢ùþ✡✞✝þ ❬

①ù ✌✟✝✠ ú❭☞ ù ✆ù ✌✝✆ù û✝þ❨ ûù úý ✈ý➳✝þ ✆ü ✞❢ýþ✡ù ➙
✒✘✙✚✔✛✜✚ ✢✜✓✣✤✥✔✦✧✔★✦✧✦✛✩ ✘✙✚✦✜✪✫ ✬✭✮✙✪✯✧✦✓✰ ✱✒✓✔✫✲
✳❘❚✴✄❘✵P ✶ ➇þ ùþ✆ù☞✠ úù ûù

n
✡✿❨❩ù✆ ❪ ûù ûü✟☛ù✆ p1, p2, . . . , pn

❪ ù✡ üþ ùþ✆ù☞✠ úù ûù K✞þ✡ù✟❢ýúúù✆ ]sq, sq + ∆q[
❪
q = 1, 2, . . . , K ➵

❙❲◗✷✴ ➫❲❘ ✶ ➇þ ✝✟û✝þþýþ❨ù☞ ùþ✡ S
❪ ✡ùú ✎ü ❦ýü❨üþù ✡✿❨❩ù þù ❨✝☞☞ ùþ❨ù þ ✞ þù ✡ù✟☞ ✞þù ûýþ✆
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Cmax(S) ❬❥❩ý✎üù ✌☛✟✞✝ûù ÷❘✄ ✌ úü✆ ú✝þ✍üù ✎üù ✡✝ü✡ù✆ úù✆ ûü✟☛ù✆ û ❦ü✆✞þý✍ù ✆ù ❨✝☞✌✝✟✡ù ❨✝☞☞ ù

üþù ✌☛✟✞✝ûù û ❦✞þû ✞✆✌ ✝þ ✞✠ ✞ú✞✡☛ ûù úý ☞ ý❨❩✞þù ❬ ➏ ✞þ✆✞ ❪ ✆✞ ❨ ❦ù✆✡ úù ❨ý✆ ûù ú ❦ùþ✆ù☞✠ úù ûù✆ ✌ ☛✐✟✞✝ûù✆ ÷❘✄ ❪ úù ✌✟✝✠ ú❭☞ ù ù✆✡ ☛✎ü ✞❢ýúùþ✡ ýü ❨ý✆ ❨ úý✆✆✞✎üù ûù✆ ✌ ☛✟✞✝ûù✆ û ❦✞þû ✞✆✌ ✝þ ✞✠ ✞ú✞✡☛ ûù✆
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❮ýü✈ ☞ ùþ✡✞✝þ ❨✝þ✡✟ý ✞✟ù ❪ þ✝ü✆ ✆ü✌✌✝✆✝þ✆ ûýþ✆ ❨ù ❨❩ý✌✞✡✟ù ✎üù úù✆ ✡✿❨❩ù✆ ✆✝þ✡ þü☞☛✟✝✡☛ù✆✌ý✟ ✝✟û✟ù ❨✟✝✞✆✆ýþ✡ ûù úùü✟✆ ûü✟☛ù✆ û ❦ü✆✞þý✍ù p1 ≤ p2 ≤ · · · ≤ pn
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①ù✆ ✌✟ùü❢ù✆ ✎ü ✞ ý✌✌ý✟ý✞✆✆ùþ✡ ûýþ✆ ❨ù ❨❩ý✌✞✡✟ù ü✡✞ú✞✆ùþ✡ úù✆ þ✝✡ý✡✞✝þ✆ ✆ü ✞❢ýþ✡ù✆ ➙➲ ❫✝ü✟ ✡✝ü✡ ùþ✆ù☞✠ úù
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❪
➲

k
ù✆✡ ú ❦✞þû ✞❨ù ûù úý ûù✟þ ✞❭✟ù ✌☛✟✞✝ûù ÷❘✄ ✎ü ✞ ✡ù✟☞ ✞þù ý❢ýþ✡ úý sþ ûù

S ➙ k = max{q ≤
K|sq + ∆q ≤ Cmax(S)} ➵

➲
xq

ù✆✡ úù ✡ù☞✌✆ ☞✝✟✡ ✡✝✡ýú ûýþ✆ ú ❦✞þ✡ù✟❢ýúúù [sq−1+∆q−1, sq]
❪ ✌ ✝ü✟ ✡✝ü✡

q = 1, 2, . . . , k
➵

➲
Xq

ù✆✡ úù ✡ù☞✌✆ ☞✝✟✡ ✡✝✡ýú ûýþ✆ ú ❦✞þ✡ù✟❢ýúúù [sq−1 + ∆q−1, sq + ∆q]
❪ ✌ ✝ü✟ ✡✝ü✡

q =
1, 2, . . . , k ❬
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①ù ✌✟✝✠ ú❭☞ ù
1 |ona(1)|Cmax

✌ ùü✡ ❤✡✟ù ✈✝✟☞üú☛ ❨✝☞☞ ù ✆ü ✞✡ ❬ ï✡ýþ✡ û✝þþ☛ù✆ n
✡✿❨❩ù✆ ù✡

üþù ✆ùüúù ✌☛✟✞✝ûù û ❦✞þû ✞✆✌ ✝þ ✞✠ ✞ú✞✡☛ ]s, s+∆[
ûù ú✝þ✍üùü✟ ∆

❪ ✡✟✝ü❢ù✟ üþ ✝✟û✝þþýþ❨ù☞ ùþ✡ S✎ü ✞ ☞ ✞þ ✞☞ ✞✆ù úù ☞ ý❵ù✆✌ýþ ❬
➵✝ü✆ û✝þþ✝þ✆ û ❦ý✠✝✟û úý ✌✟✝✌✟✞☛✡☛ ûù û✝☞ ✞þýþ❨ù ✆ü ✞❢ýþ✡ù ➙
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✱ ➎ ➒ ➋→ ➪❏➓➔ ➍ ➋→ ➐ ➋❒➎ ➋➚➌✟❒➍✱ Tn

✱ ➍➎➪ ➪➍➋ ➋➍ ✴❒ ➍
pn ≥ ∆

✱ →➋➚➑➎ ➒➋ ➍✰ ➒➎➪➍ ❒➌ ➚➑✬➚➌➌→➌ ➓➍➉ ➍➌➪ ➚➐ ➪➒➉ →➋ ✬→➌➎ ➋➍✴❒ ➍➋ Tn
➓➚❒✯➑➍ ➋→ ➐ ➊➑➒➚✬➍ ÷❘✄ ✸

✹✺❉●✻✼❍✽■❍✾●✻ ❑ ❥✝þ✆✞û☛✟✝þ✆ üþ ✝✟û✝þþýþ❨ù☞ ùþ✡ ✝✌✡✞☞ ýú S∗ ûù ☞ ý❵ù✆✌ýþ Cmax(S∗) ❬❮ü✌✌✝✆✝þ✆ ✎üù ûýþ✆ S∗ ❪ úý ✡✿❨❩ù Tn
þù ❨✝ü❢✟ù ✌ý✆ úý ✌☛✟✞✝ûù û ❦✞þû ✞✆✌ ✝þ ✞✠ ✞ú✞✡☛ ûù ú ❦✝✌ ☛✟ý✐✡ùü✟ ❬

❮✝✞✡ E
ú ❦ùþ✆ù☞✠ úù ûù✆ ✡✿❨❩ù✆ ✎ü ✞ sþ ✞✆✆ùþ✡ ý❢ýþ✡ ✝ü ❣ ú ❦✞þ✆✡ýþ✡ s ❬ ❮ü✌✌✝✆✝þ✆ ✎üù

Tn

ù✆✡
✆✞✡ü☛ù ûýþ✆ ú ❦ùþ✆ù☞✠ úù

E ❬ ❮ýþ✆ ✌ ù✟✡ù ûù ✍☛þ☛✟ýú✞✡☛ ❪ úý ✡✿❨❩ù Tn

ù✆✡ ✝✟û✝þþýþ❨☛ù ùþ ûù✟þ ✞❭✟ù✌ý✟☞ ✞ úù✆ ✡✿❨❩ù✆ ûù ú ❦ùþ✆ù☞✠ úù
E ❬ ❮✞ úý ✌☛✟✞✝ûù ]s, s + ∆[ þ ❦ù✆✡ ❨✝ü❢ù✟✡ù ✌ý✟ ýü❨üþù ✡✿❨❩ù ❪✝þ ✌ ùü✡ ✟ù✌✝ü✆✆ù✟ ú ❦✞þ✆✡ýþ✡ ûù û☛✌ý✟✡ ûù
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❨✝ü❢✟✞✟ý ýú✝✟✆ ú ❦✞þ✡ù✟❢ýúúù➆ ✆ýþ✆ ☞✝û ✞sù✟ úù ☞ ý❵ù✆✌ýþ ❬ ❮✞ üþù ❨ù✟✡ý✞þù ✡✿❨❩ù Tv
ý❢ù❨ pv ≤ pn✟ù❨✝ü❢✟ù ú ❦✞þ✡ù✟❢ýúúù ❪ ýú✝✟✆ úý ✡✿❨❩ù Tv

✆ü ✞✡ ✞☞☞☛û ✞ý✡ù☞ ùþ✡ Tn

ù✡ ✝þ ✌ ùü✡ ☛❨❩ýþ✍ù✟ Tn

ù✡
Tvûýþ✆ S∗ ✆ýþ✆ ❨❩ýþ✍ù✟ Cmax(S∗) ❬

❮ü✌✌✝✆✝þ✆ ☞ ý✞þ✡ùþýþ✡ ✎üù úý ✡✿❨❩ù Tn

ù✆✡ ✞þ❨ úü✆ù ûýþ✆ ú ❦ùþ✆ù☞✠ úù
E ′ ûù✆ ✡✿❨❩ù✆ ✎ü ✞

❨✝☞☞ ùþ❨ùþ✡ ý✌✟❭✆ úý ✌☛✟✞✝ûù ÷❘✄ ❪ ❨ ❦ù✆✡✐❣✐û ✞✟ù ý✌✟❭✆ ✝ü ❣ ú ❦✞þ✆✡ýþ✡ s + ∆ ❬ ❮ýþ✆ ✌ ù✟✡ù
ûù ✍☛þ☛✟ýú✞✡☛ ❪ úý ✡✿❨❩ù Tn

ù✆✡ ✝✟û✝þþýþ❨☛ù úý ✌✟ù☞ ✞❭✟ù ✌ý✟☞ ✞ úù✆ ✡✿❨❩ù✆ ûù ú ❦ùþ✆ù☞✠ úù
E ′ ❬

❮✞ úý ✌☛✟✞✝ûù ]s, s + ∆[ þ ❦ù✆✡ ✌ý✆ ❨✝ü❢ù✟✡ù ❪ ✝þ ✌ ùü✡ ❨✝☞☞ ùþ❨ù✟ úý ✡✿❨❩ù Tn

❣ ú ❦✞þ✆✡ýþ✡ sù✡ û ✞☞ ✞þüù✟ ûù úý ☞❤☞ ù ûü✟☛ù úù✆ ✞þ✆✡ýþ✡✆ ûù û☛✌ý✟✡ ûù ✡✝ü✡ù✆ úù✆ ýü✡✟ù✆ ✡✿❨❩ù✆ ûù
E ′ ❪û ✞☞ ✞þüýþ✡ ý✞þ✆✞ úù ☞ ý❵ù✆✌ýþ ❬ ❮✞ üþù ✡✿❨❩ù Tv

ý❢ù❨ pv ≤ pn
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❪ ✝þ ✌ ùü✡ û ✞✆✡✞þ✍üù✟ ✡✟✝✞✆ ❨ úý✆✆ù✆ û ❦✞þ✆✡ýþ❨ù✆ ✎ü ✞ û☛s✐
þ ✞✆✆ùþ✡ ❨❩ý❨üþù üþ ✆✝ü✆ ✌✟✝✠ ú❭☞ ù ✌ý✟✡✞❨üú✞ù✟ ➙

❫✟✝✠ ú❭☞ ù ➅❧➆ ➙ ✡✝ü✡ù✆ úù✆ ûü✟☛ù✆ û ❦ü✆✞þý✍ù ✆✝þ✡ ✌ úü✆ ú✝þ✍üù✆ ✎üù
∆ ➙ pj ≥ ∆

✌✝ü✟ ✡✝ü✡
j = 1, 2, . . . , n

➵
❫✟✝✠ ú❭☞ ù ➅❞➆ ➙ ✡✝ü✡ù✆ úù✆ ûü✟☛ù✆ û ❦ü✆✞þý✍ù ✆✝þ✡ ✌ úü✆ ❨✝ü✟✡ù✆ ✎üù

∆ ➙ pj < ∆
✌✝ü✟ ✡✝ü✡

j = 1, 2, . . . , n
➵

❫✟✝✠ ú❭☞ ù ➅×➆ ➙ ❨ù✟✡ý ✞þù✆ ûü✟☛ù✆ û ❦ü✆✞þý✍ù ✆✝þ✡ ✌ úü✆ ❨✝ü✟✡ù ✎üù
∆

ù✡ û ❦ýü✡✟ù✆ ✌ úü✆ú✝þ✍üù✆ ❬
①ù ❫✟✝✠ ú❭☞ ù ➅❧➆ ù✆✡ ✌ý✟✡✞❨üú✞❭✟ù☞ ùþ✡ ✞þ✡☛✟ù✆✆ýþ✡ ✌✝ü✟ þ✝✡✟ù ý✌✌ ú✞❨ý✡✞✝þ ✞þûü✆✡✟✞ùúúù ➙ úù✆ûü✟☛ù✆ ûù ❨ü ✞✆✆✝þ ûù✆ ùr✌☛✟✞ùþ❨ù✆ ✆✝þ✡ ✌✟ù✆✎üù ✡✝ü↔ ✝ü✟✆ ✆ü✌☛✟✞ùü✟ù✆ ❣

3
↔ ✝ü✟✆ ❪ ýú✝✟✆ ✎üù

úù✆ ✌ ☛✟✞✝ûù✆ ûü✟ýþ✡ úù✆✎üùúúù✆ úù✆ ❨❩✞☞ ✞✆✡ù✆ ✆✝þ✡ ý✠✆ùþ✡✆ ❪ ✆✝þ✡ úù ✌ úü✆ ✆✝ü❢ùþ✡ ûù ûü✟☛ù✆✞þ✈☛✟✞ùü✟ù✆ ❣ ûùür ↔ ✝ü✟✆ ✌ü ✞✆✎ü ❦✞ú ✆ ❦ý✍✞✡ ûù✆ ✉ùù❵✐ùþû✆ ù✡ ûù✆ ↔ ✝ü✟✆ ✈☛✟✞☛✆ ❬
①ù ❫✟✝✠ ú❭☞ ù ➅❞➆ ù✆✡ üþ ❨ý✆ ✌ý✟✡✞❨üú✞ù✟ ûü ✌✟✝✠ ú❭☞ ù ý❢ù❨ üþù ✌☛✟✞✝ûù û ❦✞þû ✞✆✌ ✝þ ✞✠ ✞ú✞✡☛ ûù
úý ☞ ý❨❩✞þù ❬
①ù✆ ûùür ✡❩☛✝✟❭☞ ù✆ ✆ü ✞❢ýþ✡✆ ✞þû ✞✎üùþ✡ úý ❨✝☞✌ úùr ✞✡☛ ûù ❨ù✆ ✡✟✝✞✆ ✌✟✝✠ ú❭☞ ù✆ ❬ ①ù ✌✟✝✠ ú❭☞ ù
1|ona(1)|Cmax

ù✆✡ ✌✝ ú♠þ✝☞ ✞ýú ûýþ✆ úù ❨ý✆ ✝▼ úý ✌☛✟✞✝ûù ÷❘✄ ù✆✡ ✌ úü✆ ❨✝ü✟✡ù ✎üù úý ✌ úü✆✌ ù✡✞✡ù ûü✟☛ù û ❦ü✆✞þý✍ù ❬ ➈þ ☞✝þ✡✟ù ✎üù ❨ù ❨ý✆ ✌ý✟✡✞❨üú✞ù✟ ù✆✡ ú✞☛ ýü ✌✟✝✠ ú❭☞ ù ❙✷☎❚P✴ ❙✷❯ ❬
❏❑✺●✽▲❉à ➈ ❋➍ ✞ ➑➚✪➋✫➉ ➍ ✶▲✷ →✬➉ ➍➪ ❒➌ →➋✟ ➚➑➒➪➔➉ ➍ ➐ ➚➋➶➌ ➚➉ ➒→➋ ➍➌ O(n log n)

✸
✹✺❉●✻✼❍✽■❍✾●✻ ❑ ①ù ①ù☞☞ ù ➝ ✞☞✌ ú✞✎üù ✎ü ❦✞ú ùr ✞✆✡ù üþ ✝✟û✝þþýþ❨ù☞ ùþ✡ ✝✌✡✞☞ ýú S∗ ûýþ✆úù✎üùú úý ✌ úü✆ ú✝þ✍üù ✡✿❨❩ù Tn

❨✝ü❢✟ù úý ✌☛✟✞✝ûù ÷❘✄ ❬ ➈þ ✌ ùü✡ û ✞✆✡✞þ✍üù✟ ûùür ❨ý✆ ➙



➟❞ ➘➪➠➶ ➡ ➢➤➥ ð ➼ ➡✃➷ ➡➩➶➾✃ ➡➷➡➧➡➢ø ➷➥➩ ➾➶ø➤➠➢➥ ➬➤➩
❧❬ ➏ü❨üþ ✡ù☞✌✆ ☞✝✟✡ þù ✆ü✟❢ ✞ùþ✡ ûýþ✆ ú ❦✝✟û✝þþýþ❨ù☞ ùþ✡ ✝✌✡✞☞ ýú ➵
❞ ❬ ➇þ ✡ù☞✌✆ ☞✝✟✡ ✆ü✟❢ ✞ùþ✡ ûýþ✆ ú ❦✝✟û✝þþýþ❨ù☞ ùþ✡ ✝✌✡✞☞ ýú ý❢ýþ✡ úý ✌☛✟✞✝ûù ÷❘✄ ❬

➵✝✡✝þ✆ E∗ ú ❦ùþ✆ù☞✠ úù ûù✆ ✡✿❨❩ù✆ ✎ü ✞ sþ ✞✆✆ùþ✡ ý❢ýþ✡ úý ✌☛✟✞✝ûù ÷❘✄ ûýþ✆ S∗ ù✡
δ = pn−∆úý û ✞q☛✟ùþ❨ù ùþ✡✟ù úý ✌ úü✆ ú✝þ✍üù ✡✿❨❩ù ù✡ úý ûü✟☛ù ûù úý ✌☛✟✞✝ûù ÷❘✄ ❬ ①ù ☞ ý❵ù✆✌ýþ ûù

ú ❦✝✟û✝þþýþ❨ù☞ ùþ✡ ✝✌✡✞☞ ýú ù✆✡ û✝þþ☛ ✌ý✟ Cmax(S∗) =
∑n

j=1 pj + max{s− δ − p(E∗), 0} ❬❥ úý✞✟ù☞ ùþ✡ ❪ ûýþ✆ úù ✆ù❨✝þû ❨ý✆ ❪ E∗ û✝✞✡ ❤✡✟ù úù ✆✝ü✆✐ùþ✆ù☞✠ úù ûù ✡✿❨❩ù✆ û✝þ✡ úý ✆✝☞☞ ù
ûù✆ ûü✟☛ù✆ ù✆✡ ☞ ýr ✞☞ ýúù ✡✝ü✡ ùþ ✟ù✆✡ýþ✡ ✞þ ✈☛✟✞ùü✟ù ❣

s − δ ❬❡ ýþ✆ úù ✌✟ù☞✞ù✟ ❨ý✆ ❪ úù ☞ ý❵ù✆✌ýþ ù✆✡ ☛✍ýú ❣ ∑n
j=1 pj

❪ ù✡ ý ✞þ✆✞ p(E∗) ∈ [s − δ, s] ❬� ù☞ ý✟✎ü✝þ✆ ✎üù ✡✝ü✡ ✆✝ü✆✐ùþ✆ù☞✠ úù
E

ûù {1, 2, . . . , n − 1} ✡ùú ✎üù
p(E) ∈ [s − δ, s]û☛sþ ✞✡ üþ ✝✟û✝þþýþ❨ù☞ ùþ✡ ✝✌✡✞☞ ýú ùþ ✌ úý➳ýþ✡ úù✆ ✡✿❨❩ù✆ ûù

E
ûýþ✆ üþ ✝✟û✟ù ✎üùú❨✝þ✎üù ❪

✆ü ✞❢ ✞ù✆ ûù
Tn

❪ ✌ü ✞✆ ûù✆ ✡✿❨❩ù✆ ✟ù✆✡ýþ✡ù✆ ❪ üþù ✈✝✞✆ ùþ❨✝✟ù ûýþ✆ üþ ✝✟û✟ù ✎üùú❨✝þ✎üù ❬ ➏ ✞þ✆✞ ❪û☛❨✞ûù✟ ✆ ❦✞ú ùr ✞✆✡ù üþ ✝✟û✝þþýþ❨ù☞ ùþ✡ ûù ☞ ý❵ù✆✌ýþ ∑

pj

ù✆✡ üþ ❨ý✆ ✌ý✟✡✞❨üú✞ù✟ ûü ✌✟✝✠ ú❭☞ ù
✆ü ✞❢ýþ✡ ➙
✬✯★✫✙✛ ✬✯▼ ◆ ✦✛✮ ❖✜✧✙✚✔✓✭✙
✳❘❚✴✄❘✵P ✶

m + 2
ùþ✡✞ù✟✆ a1, a2, . . . , am

❪
B

ù✡
δ
➵

P✷P❚✴ ➫❲❘ ✶ ✇r✞✆✡ù✐✡✐✞ú üþ ✆✝ü✆✐ùþ✆ù☞✠ úù
J
ûù {1, 2, . . . , m} ✡ùú ✎üù ∑

j∈J aj ∈ [B−δ, B]
✁

❥ù ✌✟✝✠ ú❭☞ ù ù✆✡ NP ✐❡ ✞Ù ❨✞úù ûýþ✆ úù ❨ý✆ ✍☛þ☛✟ýú ✌ü ✞✆✎üù úù ✌✟✝✠ ú❭☞ ù ❙✷☎❚P✴ ❙✷❯ ❨✝✟✐✟ù✆✌✝þû ýü ❨ý✆ ✌ý✟✡✞❨üú✞ù✟ ✝▼
δ = 0 ❬

✑ ✽●◗●✼✾❍✾●✻ ❘ ✝ ➒
δ ≥ maxi,j |ai − aj|

✱ ➋➍ ➐ ➑➚✪➋✫➉ ➍ ❙✷☎❚P✴ ❙✷❯ ❙ ➫✴❚ ✂❲◗P◆✄❘✵P
→✬➉ ➍➪ ❒➌ →➋✟ ➚➑➒➪➔➉ ➍ ➍✰ →➓➪ ➍➌ ➪➍➉➐ ➎ O(m log m)

✸
✹✺❉●✻✼❍✽■❍✾●✻ ❑ ➈þ ☞✝þ✡✟ù ✎üù ú ❦➏ ú✍✝✟✞✡❩☞ ù ❞ ✈✝ü✟þ ✞✡ üþ ùþ✆ù☞✠ úù

J ⊆ {1, 2, . . . , m}✡ùú ✎üù
a(J) ∈ [B − δ, B]

❪ ✆✞ üþ ✡ùú ùþ✆ù☞✠ úù ùr ✞✆✡ù ✝ü ❪ ûýþ✆ úù ❨ý✆ ❨✝þ✡✟ý✞✟ù ❪ úù ✌ úü✆ ✍✟ýþû
✆✝ü✆✐ùþ✆ù☞✠ úù ➅✟ùúý✡✞❢ù☞ ùþ✡ ❣ úý ✆✝☞☞ ù ûù ✆ù✆ ☛ú☛☞ ùþ✡✆➆ ✡ùú ✎üù úý ✆✝☞☞ ù ûù✆ aj

ù✆✡ ✌ úü✆✌ ù✡✞✡ù ✎üù
B − δ ❬

Þ ❜ß●✽✾❍❑❉à ★ ➏ ú✍✝✟✞✡❩☞ ù ❮ü✠❮ù✡❮ü☞❯ ✞✡❩ÿ✝ úù✟ýþ❨ù
❱✓✛✚❲✙✫ ❳

m + 2 ❨❩✡✞❨✟✆ a1, a2, . . . , an
❪
B ❨✡ δ ❬✬✜✚✛✦✙✫ ❳ ❬❩ ✆✝❬✆✐❨❩✆❨☞✠ ❭❨ J ⊆ {1, 2, . . . , m} ❪ ✆✞ ✞❭ ❨r ✞✆✡❨ ❪ ✡❨❭ ✎❬❨ a(J) ∈ [B − δ, B]

❪ ❨✡✆✞❩✝❩ ❭❨ ✌ ❭❬✆ ✍✟❪❩❫ ✆✝❬✆✐❨❩✆❨☞✠ ❭❨ J
✞❩ ✈☛✟✞❨❬✟ ❣

B − δ ❬❴❵❛❨❵ ❭ ❦❨❩❜❨☞✠ ❭❨ {a1, a2, . . . , am} ❫❨ ❜❝❵✡❨ ✎❬❨ ❭❨❜ aj ❜❝❛❨❩✡ ❛❩❫❨r☛❜ ✌❪❵ ❝❵❫❵❨ ❨❵❝❛❜❜❪❩✡
❫❨ ❭❨❬❵ ❢❪❭❨❬❵ ❬❮❝❛✡ η

❭❨ ✌ ❭❬❜ ✍❵❪❩❫ ❛❩❫❛❨❨ ✡❨❭ ✎❬❨ ∑η
j=1 aj ≤ B ❬↕❩❛✡ ❛❪❭❛❜❨❵ J = {1, 2, . . . , η} ❬❏■✻❍ ❞åà

a(J) < B − δ ❨✡ min{aj|j ∈ J} < max{ai|i /∈ J} ã■✾✽à
❥❩❝❛❜❛❵ ❫❨❬r ❛❩❫❛❨❨❜ ✎❬❨❭❨❝❩✎❬❨❜ j ∈ J ❨✡ i /∈ J

✡❨❭❜ ✎❬❨ aj < ai
❬

J = (S\{j}) ∪ {i} ❬ã ✾✻ ❏■✻❍ ❞åà
❡ à✻❢●❣à✽

J ❬
❮❝❛❨❩❤ J0 = {1, 2, . . . , η} ❪ J1

❪ ❬ ❬ ❬❪ Jq

❭❨❜ ❨❩❜❨✐❥❭❨❜ ❜❬❨❨❨❜❜❛✈❜ ❨❝❩❜❛❫❦❵❦❜ ❧❪❵ ❭ ❦❪❭♠❝❵❛❤❩✐❨ ❬❫❪❵ ❨❝❩❜❤❵❬❨❤❛❝❩ ❪ ❭❨❜ a(Jl)
✈❝❵✐ ❨❩❤ ❬❩❨ ❜❬❛❤❨ ❨❵❝❛❜❜❪❩❤❨ ❬ ❡ ❨ ❧❭❬❜ ❪ ❨❩❤❵❨ ❫❨❬r ❧❪❜ ❫❨ ❭ ❦❪❭✐

♠❝❵❛❤❩✐❨ ❪ ❭❪ ❜❝✐✐❨ ❫❨❜ ❦❭❦✐ ❨❩❤❜ ❫❨ ❭ ❦❨❩❜❨✐❥❭❨ J ❩❨ ❧❨❬❤ ❧❪❜ ❪❬♠✐❨❩❤❨❵ ❫❨ ❧❭❬❜ ❫❨ δ
❪



ð ♥➴ ♥ ♦♣➥ ➩➥ ♦➧➥ qr➤➡st➥ ÷●❍ ➟×

❧❬❛❜✉❬❨ a(Jl+1) = a(Jl) + aj − ai ≤ a(Jl) + δ ❝✈ i ❨❤ j ❜❝❩❤ ❭❨❜ ❛❩❫❛✇❨❜ ❬❤❛❭❛❜❦❜ ❣ ✇❨ ❧❪❜ ❫❨❭ ❦❪❭♠❝❵❛❤①✐ ❨ ② ➏ ❛❩❜❛ ③ a(Jl) ≤ B − δ
❛✐❧❭❛✉❬❨ ✉❬❨ a(Jl+1) ≤ B ②

❮❬❧❧❝❜❝❩❜ ✐ ❪❛❩❤❨❩❪❩❤ ✉❬❨ ❭ ❦❪❭♠❝❵❛❤①✐ ❨ ❩❨ ❧❪❵❢ ❛❨❩❩❨ ❧❪❜ ❣ ❤❵❝❬❢❨❵ ❬❩ ❜❝❬❜✐❨❩❜❨✐❥❭❨ ✉❬❛s❩❛❜❜❨ ❫❪❩❜ [B − δ, B] ② ④❬❛❜✉❬❨ a(J0) < B − δ
③ ✇❨❭❪ ❛✐ ❧❭❛✉❬❨ ③ ❫ ❦❪❧❵⑤❜ ✇❨ ✉❬❛ ❧❵❦✇⑤❫❨ ③ ✉❬❨

a(Jq) ❨❜❤ ❪❬❜❜❛ ❛❩ ✈❦❵❛❨❬❵ ❣
B− δ ② ④❪❵ ✇❝❩❜❤❵❬✇❤❛❝❩ ③ ❭ ❦❨❩❜❨✐❥❭❨ Jq

✇❝❩❤❛❨❩❤ ❫❪❩❜ ✇❨ ✇❪❜ ❭❨❜ η
❧❭❬❜ ❭❝❩♠❬❨❜ ❤⑥✇①❨❜ ❣ ❭❪ s❩ ❫❨ ❭ ❦❨r❦✇❬❤❛❝❩ ❫❨ ❭ ❦❪❭♠❝❵❛❤①✐ ❨ ② Ó ❪❛❜ ❭❪ ❫❦s❩❛❤❛❝❩ ❫❨ η

❛✐❧❭❛✉❬❨
✉❬ ❦❛❭ ❩ ❦♠ ❪ ❧❪❜ ❫❨ ❜❝❬❜✐❨❩❜❨✐❥❭❨ ❫❨ η + 1 ❤⑥✇①❨❜ ❫❨ ❫❬❵❦❨ ❤❝❤❪❭❨ ❛❩ ✈❦❵❛❨❬❵❨ ❣

B ② ➏ ❛❩❜❛ ③ Jq

❨❜❤ ❭❨ ❧❭❬❜ ♠❵❪❩❫ ❜❝❬❜✐❨❩❜❨✐❥❭❨ ❛❩ ✈❦❵❛❨❬❵ ❣
B ②

➇❩❨ ❛✐❧❭❦✐ ❨❩❤❪❤❛❝❩ ❧❝❜❜❛❥ ❭❨ ❫❨ ✇❨❤ ❪❭♠❝❵❛❤①✐❨ ❨❜❤ ❫ ❦❦✇①❪❩♠❨❵ ❣ ✇①❪✉❬❨ ❧❪❜ ❭❨ ❧❭❬❜ ❧ ❨❤❛❤
❦❭❦✐ ❨❩❤ ❫❨ J ❨❤ ❭❨ ❧❭❬❜ ♠❵❪❩❫ ❦❭❦✐ ❨❩❤ ✉❬❛ ❩ ❦❨❜❤ ❧❪❜ ❫❪❩❜ J

③ ❥ ❝❵❩❪❩❤ ❧❪❵ η
❭❨ ❩❝✐❥❵❨ ❫❨

❧❪❜ ② ❡ ❨❜ ❧❝❛❩❤❨❬❵❜ ❢❨❵❜ ✇❨❜ ❦❭❦✐ ❨❩❤❜ ❧ ❨❬❢❨❩❤ ❤❤❵❨ ✐ ❪❛❩❤❨❩❬❜ ❨❩ ❤❨✐❧❜ ✇❝❩❜❤❪❩❤ ❧❬❛❜✉❬❨❭❨❜ aj ❜❝❩❤ ❤❵❛❦❜ ② ➏ ❛❩❜❛ ③ ❭❪ ✇❝✐❧❭❨r ❛❤❦ ❤❝❤❪❭❨ ❫❨ ❭ ❦❪❭♠❝❵❛❤①✐ ❨ ❨❜❤ ❫❝✐ ❛❩❦❨ ❧❪❵ ❭❨ ❤❵❛ ❫❨❜
❦❭❦✐ ❨❩❤❜ ✉❬❛ ❜ ❦❨q ❨✇❤❬❨ ❨❩ O(m log m) ② ¤

✇❩ ❬❤❛❭❛❜❪❩❤ ❭ ❦❨❩❜❨✐❥❭❨ J ✈❝❬❵❩❛ ❧❪❵ ❭ ❦➏ ❭♠❝❵❛❤①✐❨ ❞ ❧❝❬❵ ❭ ❦❨❩❤❵❦❨ (p1, p2, . . . , pn−1, s, pn−
∆)

③ ❝❩ ❧ ❨❬❤ ❵❦❜❝❬❫❵❨ ❫❨ ✈❪⑦❝❩ ❝❧❤❛✐ ❪❭❨ ❭❨ ❧❵❝❥❭⑤✐ ❨ 1|ona(1)|Cmax ❨❩ ❝❵❫❝❩❩❪❩⑦❪❩❤ ❨❩
❧❵❨✐ ❛❨❵ ❭❨❜ ❤⑥✇①❨❜ ❫❨ J ❫❪❩❜ ❩ ❦❛✐ ❧❝❵❤❨ ✉❬❨❭ ❝❵❫❵❨ ③ ❧❬❛❜ Tn

③ ❨❤ ❨❩s❩ ❭❨❜ ❤⑥✇①❨❜ ❵❨❜❤❪❩❤❨❜
❫❪❩❜ ❩ ❦❛✐ ❧❝❵❤❨ ✉❬❨❭ ❝❵❫❵❨ ② ¤ï❤❪❩❤ ❫❝❩❩❦ ✉❬❨ ❧ ❝❬❵ ❭❨ ❧❵❝❥❭⑤✐ ❨ ❪❢❨✇ ❬❩❨ ❧❦❵❛❝❫❨ ❫ ❦❛❩❫❛❜❧❝❩❛❥❛❭❛❤❦ ❫❨ ❭❪ ✐ ❪✇①❛❩❨ ❨❜❤
NP ✐❡ ❛Ù ✇❛❭❨ ➽➟❞➾ ❨❤ ✉❬❨ ✇❭❪❛❵❨✐ ❨❩❤ ❭❪ ❤❪❛❭❭❨ ❫❨ ❭❪ ❧ ❦❵❛❝❫❨ ❫ ❦❛❩❫❛❜❧❝❩❛❥❛❭❛❤❦ ❫❨ ❭❪ ✐ ❪✇①❛❩❨
❩ ❦❛❩t❬❨ ❧❪❜ ❜❬❵ ✇❨❤ ❪❜❧ ❨✇❤ ❫❬ ❧❵❝❥❭⑤✐ ❨ ③ ❭❨ ④❵❝❥❭⑤✐ ❨ ➅❞➆ ❨❜❤ NP ✐❡ ❛Ù ✇❛❭❨ ② ➵❝❬❜ ❫❝❩❩❝❩❜❛✇❛ ❬❩❨ ❵❦❫❬✇❤❛❝❩ ❫❬ ❧❵❝❥❭⑤✐ ❨ ⑧✷⑨⑩❶✴ ⑧✷❷ ❢❨❵❜ ❭❨ ④❵❝❥❭⑤✐ ❨ ➅❞➆ ❪s❩ ❫ ❦❤❤❵❨ ✇❝✐❧❭❨❤ ❨❤
❫❨ ❜❝❬❭❛♠❩❨❵ ❭❨❜ ❭❛❨❩❜ ❨❩❤❵❨ ❭❨❜ ❧❵❝❥❭⑤✐ ❨❜ 1|ona(1)|Cmax ❨❤ ⑧✷⑨⑩❶✴ ⑧✷❷ ②

❸❹❺❻❼❽❾ à ✎ ❿➍➎ ➐ ➑➚➀➋➁➉ ➍➎ ➂➍ ➂➊➓➒➎➒➚➌ →➎➎ ➚➓➒➊➎ →❒➃ ✞ ➑➚➀➋➁➉ ➍➎ ➄➅➆ ➍➪ ➄➇➆ ➎ ➚➌➪NP ➹➈➚➉➐ ➋➍➪➎ ➉

➊❺❾❻➋➌➍❼➎➍➏❻➋ ❑ ➐❭❪❛❵❨✐ ❨❩❤ ③ ❭❨❜ ❫❨❬r ❧❵❝❥❭⑤✐ ❨❜ ❜❝❩❤ ❫❪❩❜ NP ② ➐❝❩❜❛❫❦❵❝❩❜ ❭❨ ❧❵❝➑
❥❭⑤✐ ❨ ❜❬❛➒❪❩❤ ➙
✬✯★✫✙✛ ✬✯▼
✳➓⑩✴➔➓✵❶ ✶

n ❩❝✐❥❵❨❜ a1, a2, . . . , an ❨❤ ❬❩❨ ❥❝❵❩❨ B →P✷❶⑩✴ ➣↔➓ ✶ ↕➙❛❜❤❨➑❤➑❛❭ ❬❩ ❜❝❬❜➑❨❩❜❨✐❥❭❨ J ⊆ {1, 2, . . . , n} ❤❨❭ ✉❬❨ ∑

j∈J aj = B ➛↕❭ ❜❨ ❵❦❫❬❛❤ ➒❨❵❜ ✇①❪✇❬❩ ❫❨❜ ④❵❝❥❭⑤✐ ❨❜ ➅➜➆ ❨❤ ➅×➆ ❫❨ ❭❪ ➝❪⑦❝❩ ❜❬❛➒❪❩❤❨ ②
④❵❝❥❭⑤✐ ❨ ➅➜➆ ➙ ❝❩ ❬❤❛❭❛❜❨ n ❤⑥✇①❨❜ ❪➒❨✇ pj = aj

③
∆ = maxj aj + 1

③ ❭ ➞❛❩❤❨❵➒❪❭❭❨ ]B,B + ∆[
③

❭❪ ❥❝❵❩❨ D =
∑n

j=1 aj + ∆ ❨❤ ❭❪ ✉❬❨❜❤❛❝❩ Ô↕➙❛❜❤❨➑❤➑❛❭ ❬❩ ❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ S ❫❨ ✐ ❪➟❨❜❧❪❩
Cmax(S) ≤ D ➛ Ô②
➠❪ ❧ ❦❵❛❝❫❨ ÷➓➔ ❩ ➞❨❜❤ ✇❝❬➒❨❵❤❨ ❫❪❩❜ ❪❬✇❬❩ ❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ ❪❫✐ ❛❜❜❛❥❭❨ ② ➏ ❛❩❜❛ ③ ❧ ❝❬❵ ❤❝❬❤
❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ S

③ ❭❪ ✇❝❩❫❛❤❛❝❩ Cmax(S) ≤ D
❛✐ ❧❭❛✉❬❨ Cmax(S) = D ❨❤ ❭ ➞❝❵❫❝❩❩❪❩➑✇❨✐ ❨❩❤ ❩ ➞❪ ❧❪❜ ❫❨ ❤❨✐❧❜ ✐❝❵❤❜ ➅❪❬❤❵❨ ✉❬❨ ❭❪ ❧ ❦❵❛❝❫❨ ÷➓➔ ➆ ③ ✇ ➞❨❜❤➑➡➑❫❛❵❨ ✉❬ ➞❛❭ ❨➙ ❛❜❤❨ ❬❩

❜❝❬❜➑❨❩❜❨✐❥❭❨ J ❤❨❭ ✉❬❨ ∑

j∈J aj = B ②
④❵❝❥❭⑤✐ ❨ ➅×➆ ➙ ❝❩ ❬❤❛❭❛❜❨ n+1 ❤⑥✇①❨❜ ❪➒❨✇ pj = aj ❧❝❬❵ ❭❨❜ ❤⑥✇①❨❜ T1, T2, . . . , Tn → ❨❤ pn+1 =
∑n

j=1 aj + 1 ❧❝❬❵ ❭❪ ❤⑥✇①❨ Tn+1 ② ➈❩ ❧❝❜❨ ∆ =
∑n

j=1 aj + 1 ❨❤ ❭ ➞❛❩❤❨❵➒❪❭❭❨ ❫ ➞❛❩❫❛❜❧❝❩❛❥❛❭❛❤❦
❫❨ ❭ ➞❝❧ ❦❵❪❤❨❬❵ ❨❜❤ ]B,B + ∆[

③ ❭❪ ❥❝❵❩❨ D =
∑n+1

j=1 pj ②



➟➝ ➢➤➠q ➡ ➢➤➥ ð ♥ ➡♣t ➡➩qs♣ ➡➷➡➧➡➢r t➥➩ sqr➤➠➢➥ ♦➤➩
➥❨ ✐ ➦✐ ❨ ✉❬❨ ❧❵❦✇❦❫❨✐✐❨❩❤ ③ Cmax(S) ≤ D

❛✐❧❭❛✉❬❨ Cmax(S) = D ❨❤ ❛❭ ❩ ➞➧ ❪ ❪❬✇❬❩
❤❨✐❧❜ ✐❝❵❤ ② ➈ ❵ ③ ❭❪ ❤⑥✇①❨ Tn+1

✇❝❬➒❵❨ ❫❪❩❜ ✇❨ ✇❪❜ ❨➙❪✇❤❨✐ ❨❩❤ ❭❪ ❧ ❦❵❛❝❫❨ ÷➓➔ ② ➏ ❛❩❜❛ ③ ❛❭
❨➙ ❛❜❤❨ ❬❩ ❜❝❬❜➑❨❩❜❨✐❥❭❨ J ❤❨❭ ✉❬❨ ∑

j∈J aj = B ② ¤

④❝❬❵ ❭❨❜ ④❵❝❥❭⑤✐ ❨❜ ➅➜➆ ❨❤ ➅×➆ ③ ✐ ➦✐ ❨ ❜❛ ❪❬✇❬❩ ❪❭♠❝❵❛❤①✐❨ ❩❨ ❧❨❵✐ ❨❤ ❫ ➞❝❥❤❨❩❛❵ ❭❪ ❜❝❭❬❤❛❝❩
❝❧❤❛✐ ❪❭❨ ❨❩ ❤❨✐❧❜ ❧❝❭➧❩❝✐ ❛❪❭ ➅❜❪❬➝ ❜❛ P = NP ➆ ③ ❬❩ ❜✇①❦✐ ❪ ❫ ➞❪❧❧❵❝➙ ❛✐ ❪❤❛❝❩ ❧❭❨❛❩❨✐ ❨❩❤
❧❝❭➧❩❝✐ ❛❪❭ ❧ ❨❬❤ ➦❤❵❨ ❧❵❝❧❝❜❦ ②
❸❹❺❻❼❽❾ à ❘ ❿➍ ➐ ➑➚➀➋➁➉ ➍ 1 |ona(1)|Cmax ➍➎➪ NP ➹➨ ➒➩ ➓➒➋➍ →❒ ➎ ➍➌➎ ➫ →➒➀➋➍ ➍➪ →➂➉ ➍➪ ❒➌
FPT AS ➉

➊❺❾❻➋➌➍❼➎➍➏❻➋ ❑ ➥ ➞❪❧❵⑤❜ ❭❨ ❴①❦❝❵⑤✐ ❨ ➞ ③ ❭❨ ❧❵❝❥❭⑤✐ ❨ 1 |ona(1)|Cmax ❨❜❤ NP ➑➥ ❛Ù ✇❛❭❨
❫❪❩❜ ❭❨ ✇❪❜ ♠❦❩❦❵❪❭ ②
➐❝❩❜❛❫❦❵❝❩❜ ❫❨❬➙ ✇❪❜ ② ❮ ❛ pn < ∆

③ ❪❭❝❵❜ ❭ ➞❛❩❤❨❵➒❪❭❭❨ ❫ ➞❛❩❫❛❜❧❝❩❛❥❛❭❛❤❦ ❩ ➞❨❜❤ ✇❝❬➒❨❵❤ ❫❪❩❜ ❪❬➑✇❬❩ ❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ ❝❧❤❛✐ ❪❭ ② ➥❪❩❜ ✇❨ ✇❪❜ ③ ❝❩ ❧❨❬❤ ❤❵❪❩❜➝❝❵✐ ❨❵ ❭ ➞❛❩❜❤❪❩✇❨ ❫❨ 1|ona(1)|Cmax
❨❩ ❭ ➞❛❩❜❤❪❩✇❨ ❜❬❛➒❪❩❤❨ ❫❨ ⑧✷⑨⑩❶✴ ⑧✷❷ ➙ ❤❵❝❬➒❨❵ ❬❩ ❨❩❜❨✐❥❭❨ ❫ ➞❛❩❫❛✇❨❜ E ⊆ {1, 2, . . . , n}
❫❨ ❤⑥✇①❨❜ ❤❨❭ ✉❬❨ p(E) ≤ s ❨❤ p(E) ❨❜❤ ✐ ❪➙❛✐ ❪❭ ②
❮ ❛ pn ≥ ∆

③ ❪❭❝❵❜ ❫ ➞❪❧❵⑤❜ ❭❨ ➠❨✐✐❨ ➝ ❝❩ ❧❨❬❤ ❜❬❧❧❝❜❨❵ ✉❬❨ ❭❪ ❤⑥✇①❨ Tn

✇❝❬➒❵❨ ❭❪
❧ ❦❵❛❝❫❨ ❫ ➞❛❩❫❛❜❧❝❩❛❥❛❭❛❤❦ ❫❪❩❜ ❭ ➞❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ ❝❧❤❛✐ ❪❭② ➐❨❤❤❨ ➝❝❛❜ ③ ❩❝❤❵❨ ❛❩❜❤❪❩✇❨ ❜❨
❤❵❪❩❜➝❝❵✐ ❨ ❨❩ ❭ ➞❛❩❜❤❪❩✇❨ ❜❬❛➒❪❩❤❨ ❫❨ ⑧✷⑨⑩❶✴ ⑧✷❷ ➙ ❤❵❝❬➒❨❵ ❬❩ ❨❩❜❨✐❥❭❨ ❫ ➞❛❩❫❛✇❨❜ E ⊆
{1, 2, . . . , n − 1} ❤❨❭ ✉❬❨ p(E) ≤ s ❨❤ p(E) ❨❜❤ ✐ ❪➙ ❛✐ ❪❭②
➥❪❩❜ ❭❨❜ ❫❨❬➙ ✇❪❜ ③ ❭❪ ❵❦❫❬✇❤❛❝❩ ❨❜❤ ❧❝❭➧❩❝✐ ❛❪❭❨ ②
➠❨ ❧❵❝❥❭⑤✐ ❨ 1|ona(1)|Cmax

❪❫✐❨❤ ❫❝❩✇ ❬❩ ❪❭♠❝❵❛❤①✐ ❨ ❨➙❪✇❤ ❨❩ ❤❨✐❧❜ ❧❜❨❬❫❝➑❧❝❭➧❩❝✐ ❛❪❭ ③
❧❬❛❜✉❬❨ ❭❨ ❧❵❝❥❭⑤✐ ❨ ⑧✷⑨⑩❶✴ ⑧✷❷ ❧❨❬❤ ➦❤❵❨ ❵❦❜❝❭❬ ❨❩ ❤❨✐❧❜ ❧❜❨❬❫❝➑❧ ❝❭➧❩❝✐ ❛❪❭ ❧❪❵ ❬❩
❧❵❝♠❵❪✐✐❨ ❫➧❩❪✐ ❛✉❬❨ ② ➥❨ ❧❭❬❜ ③ ❭❨ ❧❵❝❥❭⑤✐ ❨ ⑧✷⑨⑩❶✴ ⑧✷❷ ❪❫✐ ❨❤ ❬❩ FPT AS ✉❬❛ ❧ ❨❬❤
➦❤❵❨ ❬❤❛❭❛❜❦ ❧❝❬❵ ❫❦➒❨❭❝❧❧❨❵ ❬❩ FPT AS ❧❝❬❵ 1 |ona(1)|Cmax ②
❮❬❧❧❝❜❝❩❜ ✉❬ ➞❬❩ FPT AS ❪❧❧❭❛✉❬❦ ❪❬ ❧❵❝❥❭⑤✐ ❨ ⑧✷⑨⑩❶✴ ⑧✷❷ ❵❨✉❬❛❜ ❤❵❝❬➒❨ ❬❩ ❨❩❜❨✐❥❭❨
Eε

③ ❪❭❝❵❜ ✉❬❨ ❭❪ ❜❝❭❬❤❛❝❩ ❝❧❤❛✐ ❪❭❨ ❜❨❵❪❛❤ ❫❝❩❩❦❨ ❧❪❵ ❭ ➞❨❩❜❨✐❥❭❨ E∗ ② ④❪❵ ❫❦➭❩❛❤❛❝❩ ③ p(Eε) ≥
(1 − ε)p(E∗) ②
➯ ❮ ❛ pn < ∆

③ ❪❭❝❵❜ ❧❝❬❵ ❤❝❬❤ ❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ ❝❧❤❛✐ ❪❭
S∗ ❝❩ ❪

Cmax(S∗) = s + ∆ +
∑n

j=1 pj−p(E∗) ② ↕❩ ❝❵❫❝❩❩❪❩⑦❪❩❤ ❭❨❜ ❤⑥✇①❨❜ Tj ❤❨❭❭❨❜ ✉❬❨ j ∈ Eε

❪➒❪❩❤ ❭❪ ❧ ❦❵❛❝❫❨ ÷➓➔ ③
❝❩ ❝❥❤❛❨❩❤ ❬❩ ❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ Sε ❨❤ Cmax(Sε) = s + ∆ +

∑n
j=1 pj − p(Eε) ② ↕❭ ❜ ➞❨❩ ❜❬❛❤

✉❬❨
Cmax(Sε) − Cmax(S∗) = p(E∗) − p(Eε) ≤ ε p(E∗) ≤ ε s ≤ εCmax(S∗)

➯ ❮ ❛ pn ≥ ∆
③ ❪❭❝❵❜ ❛❭ ❨➙ ❛❜❤❨ ❬❩ ❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ ❝❧❤❛✐ ❪❭

S∗ ③ ❝✈ ❭❪ ❤⑥✇①❨ Tn ❜❬❛❤ ❭ ➞❨❩❜❨✐❥❭❨
❫❨❜ ❤⑥✇①❨❜ Tj ❤❨❭❭❨❜ ✉❬❨ j ∈ E∗ ② ❮ ❛ p(E∗) + pn > s + ∆

③ ❪❭❝❵❜ ❛❭ ❩ ➞❨➙ ❛❜❤❨ ❧❪❜ ❫❨ ❤❨✐❧❜
✐❝❵❤ ❫❪❩❜ S∗ → ❜❛❩❝❩ ③ ❭❪ ❤⑥✇①❨ Tn ❜❨ ❤❨❵✐ ❛❩❨ ❨➙❪✇❤❨✐ ❨❩❤ ➡ ❭ ➞❛❩❜❤❪❩❤ s + ∆ ② ➏ ❛❩❜❛ ❝❩ ❪
Cmax(S∗) = max

{

∑n
j=1 pj, s + ∆ +

∑n
j=1 pj − p(E∗) − pn

}

②

Cmax(S∗) =
n

∑

j=1

pj + max {s + ∆ − (p(E∗) + pn) , 0}



ð ♥➲ ♥ K qr➤➡st➥➩ t ➨➡♣t ➡➩qs♣ ➡➷➡➧➡➢r ➟➞
➥❨ ✐➦✐❨ ③ ❨❩ ❝❵❫❝❩❩❪⑦❪❩❤ ❭❪ ❤⑥✇①❨ Tn

❪❧❵⑤❜ ❭ ➞❨❩❜❨✐❥❭❨ ❫❨❜ ❤⑥✇①❨❜ Tj ❤❨❭❭❨❜ ✉❬❨ j ∈ Eε
③ ❝❩

❝❥❤❛❨❩❤ ❬❩ ❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ Sε

➒❦❵❛➭❪❩❤ Cmax(Sε) =
∑n

j=1 pj+max {s + ∆ − (p(Eε) + pn) , 0} ②❮ ❛ s + ∆ ≤ p(Eε) + pn
❪❭❝❵❜ s + ∆ ≤ p(E∗) + pn ❨❤ Cmax(Sε) =

∑n
j=1 pj

③ ✇❨ ✉❬❛ ❜❛♠❩❛➭❨
✉❬❨ Sε ❨❜❤ ❝❧❤❛✐ ❪❭②❮❬❧❧❝❜❝❩❜ ✐ ❪❛❩❤❨❩❪❩❤ ✉❬❨ s + ∆ > p(Eε) + pn ②❮ ❛ s + ∆ > p(E∗) + pn

③ ❪❭❝❵❜
Cmax(Sε) − Cmax(S∗) ≤ p(E∗) − p(Eε) ≤ ε p(E∗) ≤ εCmax(S∗)

❮ ❛❩❝❩ ③ ❜❛ s + ∆ ≤ p(E∗) + pn ❨❤ Cmax(S∗) =
∑n

j=1 pj

③ ❪❭❝❵❜ Cmax(Sε)−Cmax(S∗) =
s + ∆ − (p(Eε) + pn) ≤ s + ∆ − ((1 − ε)p(E∗) + pn) ≤ εp(E∗) ② ➥ ❪❩❜ ✇❨ ✇❪❜ ③

Cmax(Sε) − Cmax(S∗) ≤ ε p(E∗) ≤ εs ≤ εCmax(S∗)

✇❨ ✉❬❛ ✇❝✐❧❭⑤❤❨ ❭❪ ❧❵❨❬➒❨ ②
¤

ñ ➫➳ K ❆ Ö❇➵❈➸❃❄ ➸ ➳➵➺➸➵❄❆❈➺➵➻➵❅➵➼Ö

➠❨ ❧❵❝❥❭⑤✐ ❨ 1|ona(1)|Cmax ❨❜❤ NP ➑➥ ❛Ù ✇❛❭❨ ❫❪❩❜ ❭❨ ✇❪❜ ♠❦❩❦❵❪❭ ❫ ➞❪❧❵⑤❜ ❭❨ ❴①❦❝❵⑤✐ ❨ ➞ ②➥ ❪❩❜ ❭❨ ✇❪❜ ❝✈ ❭❪ ❜❨❬❭❨ ❧ ❦❵❛❝❫❨ ❫ ➞❛❩❫❛❜❧❝❩❛❥❛❭❛❤❦ ❨❜❤ ❧❭❬❜ ❧ ❨❤❛❤❨ ✉❬❨ ❤❝❬❤❨❜ ❭❨❜ ❫❬❵❦❨❜ ❫ ➞❬❜❛➑
❩❪♠❨ ③ ❪❭❝❵❜ ❭❨ ❧❵❝❥❭⑤✐ ❨ ❨❜❤ ❧❝❭➧❩❝✐ ❛❪❭ ② ➵❝❬❜ ✐❝❩❤❵❝❩❜ ✉❬❨ ❫⑤❜ ✉❬❨ ❫❨❬➙ ❧❦❵❛❝❫❨❜ ❫ ➞❛❩➑
❫❛❜❧❝❩❛❥❛❭❛❤❦ ❜❝❩❤ ❧❵❦❜❨❩❤❨❜ ③ ❭❨ ❧❵❝❥❭⑤✐ ❨ ❫❨➒❛❨❩❤ NP ➑➥ ❛Ù ✇❛❭❨ ❪❬ ❜❨❩❜ ➝❪❛❥ ❭❨ ❜❛ ❭❨ ❩❝✐❥❵❨
❫❨ ❧ ❦❵❛❝❫❨❜ ❨❜❤ ➭➙❦ ❨❤ ❪❬ ❜❨❩❜ ➝❝❵❤ ❜❛ ❭❨ ❩❝✐❥❵❨ ❫❨ ❧ ❦❵❛❝❫❨❜ ➝❪❛❤ ❧❪❵❤❛❨ ❫❨ ❭ ➞❛❩❜❤❪❩✇❨ ②
➊❺è➋➏➍➏❻➋ á❘ ✏✑❺❼➏❻æà ÷➓➔ ◗ à➍➏➍à ✕ ➽➌ ➍ ➐ ➊➑➒➚➂➍ ➂ ➾➒➌➂➒➎➐ ➚➌➒➀➒➋➒➪➊ ➂➍ ➂❒➑➊➍ ∆ ➍➎➪ ➂➒➪➍
❧❨❤❛❤❨ ➎➒ ➍➋ ➋➍ ➍➎➪ ➐ ➋❒➎ ➓➚❒➑➪➍ ➚❒ ➂➍ ➉ ➚➉ ➍ ➂❒➑➊➍ ➪❒ ➍ ➋→ ➐ ➋❒➎ ➐ ➍➪➒➪➍ ➂❒➑➊➍ ➂ ➾❒➎➒➌→✟ ➍ ➶

∆ ≤ pj,
➐ ➚❒➑ ➪➚❒➪ j = 1, 2, . . . , n

ô ➺➮ ➺➻ ➹➘➴Ð➷➬ ➮➘➱✃❐❒➱❐ ❮➬ ❰ õ➷Ï➘❮➬✃ ÐÑÒ

④❝❬❵ ❬❩❨ ❬❩❛✉❬❨ ❧ ❦❵❛❝❫❨ ÷➓➔ ❧❨❤❛❤❨ ③ ❭❨ ❧❵❝❥❭⑤✐ ❨ ❨❜❤ ❧❝❭➧❩❝✐ ❛❪❭ ② ➇❩❨ ✉❬❨❜❤❛❝❩ ❩❪❤❬❵❨❭❭❨
❨❜❤ ❫❝❩✇ ❫❨ ❫❦❤❨❵✐ ❛❩❨❵ ❜❛ ❛❭ ❵❨❜❤❨ ❧❝❭➧❩❝✐ ❛❪❭ ❭❝❵❜✉❬ ➞❝❩ ❪ ❬❩ ❩❝✐❥❵❨ K ≥ 2 ❫❨ ❧❦❵❛❝❫❨❜÷➓➔ ③ ❤❝❬❤❨❜ ❧ ❨❤❛❤❨❜ ② ➠❪ ❵❦❧❝❩❜❨ ❨❜❤ ❩❦♠❪❤❛➒❨ ➙
❸❹❺❻❼❽❾ à Ó ❿➍ ➐ ➑➚➀➋➁➉ ➍ 1|ona(2)|Cmax ➍➎➪ NP ➹➨ ➒➩ ➓➒➋➍ ➉ ➚➉ ➍ ➎➒ ➋➍➎ ➂➍❒➃ ➐ ➊➑➒➚➂➍➎÷➓➔ ➎ ➚➌➪ ➐ ➍➪➒➪➍➎Ô ➂➍ ➉ ➚➉ ➍ ➂❒➑➊➍ ➍➪ ➐ ➋→➓➊➍➎ ➂➍ ➫ →Õ➚➌ ➐ ➊➑➒➚➂➒➪❒ ➍ ➄➓ ➾➍➎➪➹✖➹➂➒➑➍ ➪➚❒Ö ➚❒➑➎
➎ ➊➐→➑➊➍➎ ➐→➑ ❒➌ ➒➌➪➍➑×→➋ ➋➍ ➂➍ ➉ ➚➉ ➍ ➂❒➑➊➍➆ ➉
➊❺❾❻➋➌➍❼➎➍➏❻➋ ❑ ➐❝❩❜❛❫❦❵❝❩❜ ❭❨ ❧❵❝❥❭⑤✐ ❨ ❜❬❛➒❪❩❤ ➙
❱Ø✯✔✧ Ù✔✚✛✦✛✦✜✓
✳➓⑩✴➔➓✵❶ ✶

n ❨❩❤❛❨❵❜ a1, a2, . . . , an →



➟➟ ➢➤➠q ➡ ➢➤➥ ð ♥ ➡♣t ➡➩qs♣ ➡➷➡➧➡➢r t➥➩ sqr➤➠➢➥ ♦➤➩
P✷❶⑩✴➣↔➓ ✶ ↕➙❛❜❤❨➑❤➑❛❭ ❬❩❨ ❧❪❵❤❛❤❛❝❩ A∪B ❫❨ {1, 2, . . . , n} ❤❨❭❭❨ ✉❬❨ ∑

j∈A aj =
∑

j∈B aj

❨❤ |A| = |B| ➛
➐❨ ❧❵❝❥❭⑤✐ ❨ ❨❜❤ NP ➑➐❝✐❧❭❨❤ ➅❧❵❝❥❭⑤✐ ❨ ➽❮④ Ú➜➾ ❫❪❩❜ ➽➟Û➾➆ ② ④❝❬❵ ❦➒❛❤❨❵ ❭❨❜ ✇❪❜ ❤❵❛➒ ❛❪❬➙ ③
❩❝❬❜ ❜❬❧❧❝❜❝❩❜ ✉❬❨ n ❨❤ ∑

j aj ❜❝❩❤ ❧❪❛❵❜ ➙ n = 2m ❨❤ ∑

j aj = 2α ② ➈❩ ❪❜❜❝✇❛❨ ➡ ❬❩❨❛❩❜❤❪❩✇❨ I ❫❨ ÜÝ✷➔Þ ß➔à✴➣✴ ➣↔➓ ❭ ➞❛❩❜❤❪❩✇❨ f(I) ❜❬❛➒❪❩❤❨ ❫❨ 1|ona(2)|Cmax ➙
➯ ➠❪ ❫❬❵❦❨ ❫❨❜ ❫❨❬➙ ❧❦❵❛❝❫❨❜ ÷➓➔ ❨❜❤ ∆ = mα →➯ ➈❩ ✇❝❩❜❛❫⑤❵❨ n + m + 1 ❤⑥✇①❨❜ ❫❨ ❫❬❵❦❨❜ ❫ ➞❬❜❛❩❪♠❨ pj = aj + ∆

③
j = 1, 2, . . . , n ❨❤

pj = ∆ + α
③
j = n + 1, n + 2, . . . , n + m + 1 →➯ ➠❪ ❧❵❨✐ ❛⑤❵❨ ❧ ❦❵❛❝❫❨ ÷➓➔ ✇❝✐✐❨❩✇❨ ➡ ❭ ➞❛❩❜❤❪❩❤ s1 =

∑n
j=1 pj/2 = m∆ + α →➯ ➠❪ ❜❨✇❝❩❫❨ ❧❦❵❛❝❫❨ ÷➓➔ ✇❝✐✐❨❩✇❨ ➡ ❭ ➞❛❩❜❤❪❩❤ s2 = (2m+1)∆+2α

③ ❪❛❩❜❛ ③ s2−(s1+∆) =
s1 ❨❤ ❭❨❜ ❧ ❦❵❛❝❫❨❜ ÷➓➔ ❜❝❩❤ ❧❭❪✇❦❨❜ ❧ ❦❵❛❝❫❛✉❬❨✐❨❩❤ ②

➐❨❤❤❨ ❤❵❪❩❜➝❝❵✐ ❪❤❛❝❩ f ❨❜❤ ✇❭❪❛❵❨✐ ❨❩❤ ❧❝❭➧❩❝✐ ❛❪❭❨ ② á❨✐❪❵✉❬❝❩❜ ✉❬❨ ❭❨❜ ❧ ❦❵❛❝❫❨❜ ❜❝❩❤
❧ ❨❤❛❤❨❜ ③ ❧❬❛❜✉❬❨ pi ≥ ∆ ❧❝❬❵ ❤❝❬❤ i ② ➵❝❬❜ ✐ ❝❩❤❵❝❩❜ ➡ ❧❵❦❜❨❩❤ ✉❬❨ ❭❪ ❵❦❧ ❝❩❜❨ ❧❝❬❵ ❭ ➞❛❩❜➑
❤❪❩✇❨ I ❫❨ ÜÝ✷➔Þ ß➔à✴➣✴ ➣↔➓ ❨❜❤ Ô❝❬❛Ô ❜❛ ❨❤ ❜❨❬❭❨✐ ❨❩❤ ❜❛ ❛❭ ❨➙ ❛❜❤❨ ❬❩ ❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤
❧❝❬❵ ❭ ➞❛❩❜❤❪❩✇❨ f(I) ❫❨ ✐❪➟❨❜❧❪❩ ❪❬ ❧❭❬❜ D =

∑

j pj ②
∆ ∆â â â âã ã ã ã ä ä ä ä äå å å å å æç

∑n
j=1 pj/2

∑n+m+1
j=n+1 pj

∑n
j=1 pj/2

è❬❧❧❝❜❝❩❜ ❤❝❬❤ ❫ ➞❪❥❝❵❫ ✉❬ ➞❛❭ ❨➙ ❛❜❤❨ ❬❩❨ ❧❪❵❤❛❤❛❝❩ A ∪ B ❤❨❭❭❨ ✉❬❨ ∑

i∈A ai =
∑

i∈B ai ❨❤
|A| = |B| ② é❩ ❪

p(A) =
∑

i∈A

ai + |A|∆ =

(

∑

i

ai + n∆

)

/2 = s1

é❩ ❧❨❬❤ ❫❝❩✇ ❝❵❫❝❩❩❪❩✇❨❵ ❜❪❩❜ ❤❨✐❧❜ ✐❝❵❤❜ ❨❤ ❫❪❩❜ ❩ ➞❛✐❧❝❵❤❨ ✉❬❨❭ ❝❵❫❵❨ ❭❨❜ ❤⑥✇①❨❜ ❫❝❩❤❭ ➞❛❩❫❛✇❨ ❪❧❧❪❵❤❛❨❩❤ ➡ ❭ ➞❨❩❜❨✐❥❭❨ A ❧❝❬❵ ➭❩❛❵ ❨➙❪✇❤❨✐ ❨❩❤ ➡ ❭ ➞❛❩❜❤❪❩❤ s1 ② á❨✐ ❪❵✉❬❝❩❜ ❨❩❜❬❛❤❨
✉❬❨ s2+∆−s1 = s1+2∆ ❨❤ ✉❬❨ ∑n+m+1

j=n+1 pj = (m+1)∆+(m+1)α = (m+2)∆+α ② ê ❛❩❜❛ ③
s2 + ∆ − s1 =

∑n+m+1
j=n+1 pj ② ➠❨❜ ❧ ❦❵❛❝❫❨❜ ë➓➔ ❦❤❪❩❤ ❧ ❨❤❛❤❨❜ ③ ❛❭ ❨❜❤ ❧❝❜❜❛❥❭❨ ❫ ➞❝❵❫❝❩❩❪❩✇❨❵

❤❝❬❤❨❜ ❭❨❜ ❤⑥✇①❨❜ Tn+1, Tn+2, . . . , Tn+m+1 ❫❪❩❜ ❭ ➞❛❩❤❨❵➒❪❭❭❨ [s1, s2+∆]
③ ❭➡ ❨❩✇❝❵❨ ❜❪❩❜ ❤❨✐❧❜

✐❝❵❤❜ ② á❨❜❤❨ ➡ ❝❵❫❝❩❩❪❩✇❨❵ ❭❨❜ ❤⑥✇①❨❜ ❫❝❩❤ ❭ ➞❛❩❫❛✇❨ ❪❧❧❪❵❤❛❨❩❤ ➡ B ➡ ❧❪❵❤❛❵ ❫❨ ❭ ➞❛❩❜❤❪❩❤
s2 +∆ ❫❪❩❜ ❩ ➞❛✐❧❝❵❤❨ ✉❬❨❭ ❝❵❫❵❨ ❧❝❬❵ ❝❥❤❨❩❛❵ ❬❩ ❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ ❫❨ ✐ ❪➟❨❜❧❪❩ ∑

j pj =
D ②
á❦✇❛❧❵❝✉❬❨✐❨❩❤ ③ ❜❬❧❧❝❜❝❩❜ ✉❬ ➞❬❩ ❤❨❭ ❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ ❨➙ ❛❜❤❨ ② ì❝❤❝❩❜ A

❭ ➞❨❩❜❨✐❥❭❨ ❫❨❜
❤⑥✇①❨❜ ✉❬❛ ➭❩❛❜❜❨❩❤ ❪➒❪❩❤ s1 ② á ❨✐ ❪❵✉❬❝❩❜ ❤❝❬❤ ❫ ➞❪❥❝❵❫ ✉❬❨ |A| ≤ m ② ↕❩ ❨í❨❤ ③ ❧❝❬❵ ❤❝❬❤❨
❤⑥✇①❨ Tj

③
pj ≥ ∆ ❨❤ ❫❝❩✇ ❜❛ |A| > m

③ ❝❩ ❪ ∑

j∈A pj ≥ (m + 1)∆ > s1 ② è❬❧❧❝❜❝❩❜ ✉❬❨
|A| < m ② é❩ ❪ ✇❨❤❤❨ ➝❝❛❜

∑

j∈A pj ≤ |A|maxj pj = |A|(α + ∆) ≤ (m − 1)(α + ∆) = m∆ − α = s1 − 2α

➠❪ ❤⑥✇①❨ ✉❬❛ ❜❬❛❤ ✇❨❭❭❨❜ ❛❩❫❛✇❦❨❜ ❫❪❩❜ A ❫❝❛❤ ✇❝❬➒❵❛❵ ❭❪ ❧ ❦❵❛❝❫❨ ë➓➔ ❨❤ ❫❝❩✇ ➭❩❛❵ ❪❧❵⑤❜
s1 + ∆ ❧❝❬❵ ✉❬❨ ❭ ➞❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ ❜❝❛❤ ❜❪❩❜ ❤❨✐❧❜ ✐❝❵❤❜ ② é❵ ❧❝❬❵ ❤❝❬❤❨ ❤⑥✇①❨ Tj

③
s1 −

2α + pj < s1 + ∆ ② é❩ ❪ ❫❝❩✇ ❩❦✇❨❜❜❪❛❵❨✐ ❨❩❤ |A| = m ②



î ♥➲ ♥ K qrïðstñò t óð♣tðòqs♣ðôðõðör ÷ø

é❩ ❧❨❬❤ ✐ ❪❛❩❤❨❩❪❩❤ ❨❩ ❫❦❫❬❛❵❨ ✉❬❨ A ⊆ {1, 2, . . . , n} ② ↕❩ ❨í❨❤ ③ ❜❛ ❛❭ ❨➙ ❛❜❤❨ j ∈ A ❤❨❭ ✉❬❨
j ≥ n + 1

③ ❪❭❝❵❜ p(A) = p(A \ {j}) + ∆ + α > m∆ + α = s1 ②➐❝❩❜❛❫❦❵❝❩❜ ✐ ❪❛❩❤❨❩❪❩❤ ❭ ➞❨❩❜❨✐❥❭❨ B ❫❨❜ ❤⑥✇①❨❜ ❧❵❝❫❬❛❤❨❜ ❨❩❤❵❨ ❭❨❜ ❫❨❬➙ ❧❦❵❛❝❫❨❜ ë➓➔ ③
✇ ➞❨❜❤➑➡➑❫❛❵❨ ❫❪❩❜ ❭ ➞❛❩❤❨❵➒❪❭❭❨ [s1+∆, s2] ② ➐❨❤ ❛❩❤❨❵➒❪❭❭❨ ❦❤❪❩❤ ❫❨ ❭❝❩♠❬❨❬❵ s1

③ ❝❩ ❪ ③ ❫❨ ✐ ➦✐ ❨
✉❬❨ ❧❵❦✇❦❫❨✐✐❨❩❤ ③ |B| ≤ m ❨❤ |B| = m ⇒ B ⊆ {1, 2, . . . , n} ② è❬❧❧❝❜❝❩❜ |B| = m

③ ❝❩ ❪
❫❝❩✇ A∪B = {1, 2, . . . , n} ❨❤ ❜❛ ❝❩ ❩❝❤❨ Ta

❭❪ ❤⑥✇①❨ ✉❬❛ ✇❝❬➒❵❨ ❭❪ ❧❵❨✐ ❛⑤❵❨ ❧ ❦❵❛❝❫❨ ③ ❪❭❝❵❜
a ≥ n+1 ❨❤ pa +p(A)+p(B) = pa +

∑n
j=1 pj = ∆+α+n∆+2α = (n+1)∆+3α = s2 +α ②

é❩ ❝❥❤❛❨❩❤ ❫❝❩✇ ❬❩❨ ✇❝❩❤❵❪❫❛✇❤❛❝❩ ❧❬❛❜✉❬❨ ❭❪ ❜❝✐✐❨ ❫❨❜ ❫❬❵❦❨❜ ❫ ➞❬❜❛❩❪♠❨ ❫❨ ✇❨❜ ❤⑥✇①❨❜
❫❝❛❤ ➦❤❵❨ ❛❩➝❦❵❛❨❬❵❨ ❝❬ ❦♠❪❭❨ ➡ s2 ② ê ❛❩❜❛ ③ |B| ≤ m − 1 ②
è❛ ❝❩ ❩❝❤❨ ✐ ❪❛❩❤❨❩❪❩❤ Tb

❭❪ ❤⑥✇①❨ ✉❬❛ ✇❝❬➒❵❨ ❭❪ ❜❨✇❝❩❫❨ ❧ ❦❵❛❝❫❨ ③ ❝❩ ❪

pa +
∑

j∈B

pj + pb ≤ (2 + |B|)(∆ + α) ≤ (m + 1)(∆ + α) = s2 + ∆ − s1

ê❛❩❜❛ ③ ❜❛ ❝❩ ➒❨❬❤ ✉❬❨ ❭ ➞❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ ❜❝❛❤ ❜❪❩❜ ❤❨✐❧❜ ✐❝❵❤❜ ③ ❛❭ ➝❪❬❤ ✉❬❨ ✇❨❤❤❨ ❥❝❵❩❨
❜❝❛❤ ❪❤❤❨❛❩❤❨ ③ ✇ ➞❨❜❤➑➡➑❫❛❵❨ ✉❬❨ pa +

∑

j∈B pj + pb = s2 + ∆ − s1 ❨❤ ✉❬❨ B ∪ {a} ∪ {b} =
{n + 1, n + 2, . . . , n + m + 1} ②
④❬❛❜✉❬ ➞❝❩ ❪ ❨➙❪✇❤❨✐ ❨❩❤ pa +

∑

j∈B pj + pb = s2 + ∆ − s1

③ ❛❭ ➝❪❬❤ ❪❬❜❜❛ ✉❬❨ ∑

j∈A pj = s1 ②
é❩ ❪ ❫❝❩✇ ❬❩ ❨❩❜❨✐❥❭❨ A ⊆ {1, 2, . . . , n} ❤❨❭ ✉❬❨ |A| = n/2 ❨❤ ∑

j∈A aj = s1 − ∆n/2 =

α =
(

∑n
j=1 aj

)

/2 ②
è❛ ❝❩ ❩❝❤❨ C = {1, 2, . . . , n} \ A

③ ❝❩ ❝❥❤❛❨❩❤ ∑

j∈A aj =
∑

j∈C aj ❨❤ |A| = |C| ② ➐❨ ✉❬❛
❧❵❝❬➒❨ ✉❬❨ ❭❪ ❵❦❧❝❩❜❨ ❧❝❬❵ I ❨❜❤ ù❝❬❛ ù② ¤

➐❨❧❨❩❫❪❩❤ ③ ❭❨ ❧❵❝❥❭⑤✐ ❨ 1|ona(K)|Cmax ❨❜❤ NP ➑➥ ❛ú ✇❛❭❨ ù❜❨❬❭❨✐ ❨❩❤ ù ❪❬ ❜❨❩❜ ➝❪❛❥ ❭❨✇❝✐✐❨ ❭❨ ❫❦✇❭❪❵❨ ❭❪ ❧❵❝❧❝❜❛❤❛❝❩ ❜❬❛➒❪❩❤❨ û
ü❼❻ý❻➌➏➍➏❻➋ Ó ❿þ ÿ �✁➀✂➁✄ þ

1|ona(K)|Cmax
þ☎✆ NP ✝➨ ✞➩ ✟✞✂þ ✠✡ ☎ þ☛☎ ➫ ✠✞➀✂þ ÿ ✁✡� ✆✁✡✆

K ≥ 2 ➉

➊❺❾❻➋➌➍❼➎➍➏❻➋ ☞ ì❝❬❜ ❪❭❭❝❩❜ ✇❝❩❜❤❵❬❛❵❨ ❬❩ ❪❭♠❝❵❛❤①✐ ❨ ❧❜❨❬❫❝➑❧❝❭➧❩❝✐ ❛❪❭ ❧❝❬❵ 1|ona(K)|Cmax ②
é❩ ❪❜❜❝✇❛❨ ➡ ❤❝❬❤ ❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ S

❭❪ ❧❪❵❤❛❤❛❝❩ φ(S) = (φ(S)j)
K+1
j=1

③ ❝✈ φ(S)j ❨❜❤ ❭ ➞❨❩➑
❜❨✐❥❭❨ ❫❨❜ ❤⑥✇①❨❜ ✉❬❛ ✇❝✐✐❨❩✇❨❩❤ ❫❪❩❜ ❭ ➞❛❩❤❨❵➒❪❭❭❨ [sj−1 + ∆j−1, sj] ② é❩ ❵❪❧❧❨❭❭❨ ✉❬❨ ❧❪❵✇❝❩➒❨❩❤❛❝❩ ③ ❝❩ ❧❝❜❨ s0 = ∆0 = 0 ❨❤ sK+1 = +∞ ② é❩ ❫❛❤ ✉❬ ➞❬❩❨ ❧❪❵❤❛❤❛❝❩ Π ❨❜❤ ❬❩❨�þÿ �✌☎ þ☛✆✠✆✞✁☛ ❫ ➞❬❩ ❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ ❜❛ ❛❭ ❨➙ ❛❜❤❨ ❬❩ ❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ S ❤❨❭ ✉❬❨ Π = φ(S) ②
é❩ ❧❨❬❤ ❵❨✐ ❪❵✉❬❨❵ ✉❬ ➞❬❩ ❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ ❫❦➭❩❛❤ ❬❩❨ ❧❪❵❤❛❤❛❝❩ ❬❩❛✉❬❨ φ

③ ✐ ❪❛❜ ❬❩❨ ❧❪❵➑
❤❛❤❛❝❩ Π ❧ ❨❬❤ ➦❤❵❨ ❭❪ ❵❨❧❵❦❜❨❩❤❪❤❛❝❩ ❫❨ ❧❭❬❜❛❨❬❵❜ ❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤❜ ③ ❝❬ ❫ ➞❪❬✇❬❩ ② ④❝❬❵
❫❦❤❨❵✐ ❛❩❨❵ ❜❛ ❬❩❨ ❧❪❵❤❛❤❛❝❩ Π

❵❨❧❵❦❜❨❩❤❨ ❬❩ ❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ ③ ❝❩ ❫❦➭❩❛❤ ❭❨❜ ✉❬❪❩❤❛❤❦❜ (Rj)
❧❪❵ û

{

R1 = 0
Rj = max{Rj−1 + p(Πj−1), sj−1 + ∆j−1}, j = 2, 3, . . . , K + 1

Rj

❵❨❧❵❦❜❨❩❤❨ ❭ ➞❛❩❜❤❪❩❤ ❫❨ ❫❦❧❪❵❤ ❪❬ ❧❭❬❜ ❤✍❤ ❫❨ Πj ② é❩ ❪❧❧❨❭❭❨ ×✠✂þ✡� ➂þ ✂✠ ÿ✠�✆✞✆✞✁☛ ❭❪
✉❬❪❩❤❛❤❦ max{Rl + p(Πl)|Πl 6= ∅} ② ④❝❬❵ ❬❩ ❜❝❬❜➑❨❩❜❨✐❥❭❨ J ❫ ➞❛❩❫❛✇❨❜ ③ ❝❩ ❩❝❤❨ pmax(J)

❭❪



÷Û ➢➤✎qðöïñ î ♥ ð♣tðòq s♣ðôðõðör tñò sqrï✎öñ ♦ïò

❧❭❬❜ ♠❵❪❩❫❨ ❫❬❵❦❨ ❫ ➞❬❜❛❩❪♠❨ ❫❨ ❭ ➞❨❩❜❨✐❥❭❨ {pj|j ∈ J} ③ ✇ ➞❨❜❤➑➡➑❫❛❵❨ pmax(J) = maxj∈J pj ②
é❩ ❫❛❤ ✉❬ ➞❬❩❨ ❧❪❵❤❛❤❛❝❩ Π ❨❜❤ ×✠✂✞➂þ ❜❛ ❨❤ ❜❨❬❭❨✐ ❨❩❤ ❜❛

Rj+1 − max {pmax(Πj), ∆j} ≤ sj, ❧❝❬❵ ❤❝❬❤ j = 1, 2, . . . , K

é❩ ❪ ❭❪ ❧❵❝❧❵❛❦❤❦ ❜❬❛➒❪❩❤❨ û
ü❼❻ý❻➌➏➍➏❻➋ ✏ ➽☛ þ ÿ✠�✆✞✆✞✁☛ Π = (Πj)

K+1
j=1

þ☎✆ ✂✠ �þÿ �✌☎ þ☛✆✠✆✞✁☛ ➂ ➾✡☛ ✁�➂✁☛☛✠☛ ✟þ✄ þ☛✆☎✞ þ✆ ☎ þ✡✂þ✄ þ☛✆ ☎✞ Π
þ☎✆ ✡☛ þ ÿ✠�✆✞✆✞✁☛ ➒❪❭❛❫❨ ➉ ➨ þ ÿ ✂✡☎Ô ☎✞ Π

�þÿ �✌☎ þ☛✆þ ✡☛ ✁�➂✁☛☛✠☛ ✟þ✄ þ☛✆☎ þ✄✞✝✠✟✆✞➫ S Ô ✠✂✁�☎ ✂✠ ×✠✂þ✡� ➂þ Π
þ☎✆

Cmax(S) ➉

➊❺❾❻➋➌➍❼➎➍➏❻➋ ☞
↕❩ ❜❨ ❥❪❜❪❩❤ ❜❬❵ ❬❩❨ ❧❪❵❤❛❤❛❝❩ Π

③ ❩❝❬❜ ❧❝❬➒❝❩❜ ✇❝❩❜❤❵❬❛❵❨ ❬❩ ❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ S ❨❩
❜❦✉❬❨❩⑦❪❩❤ ✇①❪✉❬❨ ❨❩❜❨✐❥❭❨ Πj ❫❨ ➝❪⑦❝❩ ❜❨✐ ❛➑❪✇❤❛➒❨ ③ ❨❩ ✇❝✐✐❨❩⑦❪❩❤ ➡ ❭ ➞❛❩❜❤❪❩❤ Rj ≥
sj−1 + ∆j−1 ② é❩ ✇①❝❛❜❛❤ ✇❝✐✐❨ ❜❦✉❬❨❩✇❨ ❧❝❬❵ Πj ❩ ➞❛✐❧❝❵❤❨ ✉❬❨❭❭❨ ❜❦✉❬❨❩✇❨ ✉❬❛ ❧❭❪✇❨❭❪ ❧❭❬❜ ❭❝❩♠❬❨ ❤⑥✇①❨ ❨❩ ❫❨❵❩❛⑤❵❨ ❧❝❜❛❤❛❝❩ ② ➠ ➞❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ S ❨❜❤ ❪❭❝❵❜ ❵❦❪❭❛❜❪❥❭❨ ❨❤❪❫✐❨❤ Π

✇❝✐✐❨ ❵❨❧❵❦❜❨❩❤❪❤❛❝❩ ❜❛ ❨❤ ❜❨❬❭❨✐ ❨❩❤ ❜❛ ❭❪ ✇❝❩❫❛❤❛❝❩ ❨❜❤ ❵❨✐❧❭❛❨ ③ ✇ ➞❨❜❤➑➡➑❫❛❵❨
❜❛ ❨❤ ❜❨❬❭❨✐ ❨❩❤ ❜❛ ❭❝❵❜✉❬❨ ❭❪ ❧❭❬❜ ❭❝❩♠❬❨ ❤⑥✇①❨ ❫❨ Πj ❨❜❤ ❧❭❬❜ ❭❝❩♠❬❨ ✉❬❨ ∆j

③ ❨❭❭❨ ❧ ❨❬❤✇❝✐✐❨❩✇❨❵ ❪➒❪❩❤ ❭ ➞❛❩❜❤❪❩❤ sj ❨❤ ❭❝❵❜✉❬ ➞❨❭❭❨ ❨❜❤ ❜❤❵❛✇❤❨✐ ❨❩❤ ❧❭❬❜ ✇❝❬❵❤❨ ✉❬❨ ∆j
③ ❨❭❭❨ ❧ ❨❬❤

➭❩❛❵ ❪➒❪❩❤ ❭ ➞❛❩❜❤❪❩❤ sj ② ¤

ê❛❩❜❛ ③ ❤❵❝❬➒❨❵ ❬❩ ❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ ❝❧❤❛✐ ❪❭ ❦✉❬❛➒❪❬❤ ➡ ❤❵❝❬➒❨❵ ❬❩❨ ❧❪❵❤❛❤❛❝❩ ➒❪❭❛❫❨ ❫❨➒❪❭❨❬❵ ✐ ❛❩❛✐ ❪❭❨ ② á❨✐❪❵✉❬❝❩❜ ✉❬❨ ❫❦❤❨❵✐ ❛❩❨❵ ❜❛ ❬❩❨ ❧❪❵❤❛❤❛❝❩ Π ❨❜❤ ➒❪❭❛❫❨ ❨❤ ❫❦❤❨❵✐ ❛❩❨❵
❜❪ ➒❪❭❨❬❵ ❧ ❨❬❤ ➦❤❵❨ ➝❪❛❤ ❨❩ O(K) ❜❛ ❝❩ ➝❝❬❵❩❛❤ ❧❝❬❵ ✇①❪✉❬❨ ❨❩❜❨✐❥❭❨ ❭❪ ❜❝✐✐❨ ❫❨❜ ❫❬❵❦❨❜
❫ ➞❬❜❛❩❪♠❨ ❨❤ ❜❝❩ ❧❭❬❜ ♠❵❪❩❫ ❦❭❦✐ ❨❩❤ ②
ì❝❬❜ ❧❵❝❧❝❜❝❩❜ ✐ ❪❛❩❤❨❩❪❩❤ ❬❩ ❧❵❝♠❵❪✐✐❨ ❫➧❩❪✐ ❛✉❬❨ ✉❬❛ ➝❝❬❵❩❛❤ ❬❩❨ ❧❪❵❤❛❤❛❝❩ ❝❧❤❛✐ ❪❭❨ ②è❬❧❧❝❜❝❩❜ ✉❬❨ ❭❨❜ ❤⑥✇①❨❜ ❜❝❩❤ ❝❵❫❝❩❩❦❨❜ ❧❪❵ ❫❬❵❦❨❜ ❫ ➞❬❜❛❩❪♠❨ ❫❦✇❵❝❛❜❜❪❩❤❨❜ ❧❝❬❵ ✇❨❤❤❨
❧❵❨❬➒❨ ❬❩❛✉❬❨✐ ❨❩❤ ② ④❝❬❵ ❫❨❬➙ ➒❨✇❤❨❬❵❜ P ❨❤ q

③ ❝❩ ❫❦➭❩❛❤ ❭❪ ➝❝❵✐❬❭❨ ❥❝❝❭❦❨❩❩❨ χ(i, P, q)
③

✇❝✐✐❨ ❦❤❪❩❤ ➒❵❪❛❨ ❜❛ ❨❤ ❜❨❬❭❨✐ ❨❩❤ ❜❛ ❛❭ ❨➙ ❛❜❤❨ ❬❩❨ ❧❪❵❤❛❤❛❝❩ ➒❪❭❛❫❨ Π ❫❨ {1, 2, . . . , i} ❤❨❭❭❨
✉❬❨ Pj = p(Πj) ❨❤ qj ❨❜❤ ❭ ➞❛❩❫❛✇❨ ❫❨ ❭❪ ❧❭❬❜ ❭❝❩♠❬❨ ❤⑥✇①❨ ❫❨ Πj

③ ❧ ❝❬❵ j = 1, 2, . . . , K + 1 ②
④❪❵ ✇❝❩➒❨❩❤❛❝❩ ③ qj = 0 ❜❛ Pj = 0

③ ✇ ➞❨❜❤➑➡➑❫❛❵❨ ✉❬❨ ❭❨ jième ❨❩❜❨✐❥❭❨ ❫❨ ❭❪ ❧❪❵❤❛❤❛❝❩ ❨❜❤➒❛❫❨ ② ➠❨ ✇❪❭✇❬❭ ❫❨ χ(i, P, q) ❜❨ ➝❪❛❤ ❫❨ ❭❪ ➝❪⑦❝❩ ❜❬❛➒❪❩❤❨ ② è❛ χ ❨❜❤ ➒❵❪❛❨ ③ Π\{i} ❫❝❛❤ ➦❤❵❨❬❩❨ ❧❪❵❤❛❤❛❝❩ ➒❪❭❛❫❨ ❫❨ {1, 2, . . . , i − 1} ② á❨✐ ❪❵✉❬❝❩❜ ✉❬❨ i ❨❜❤ ❭❨ ❧❭❬❜ ♠❵❪❩❫ ❦❭❦✐ ❨❩❤
❫ ➞❬❩ ❨❩❜❨✐❥❭❨ ❜❛ ❨❤ ❜❨❬❭❨✐ ❨❩❤ ❜❛ ✇❨❤ ❨❩❜❨✐❥❭❨ ❨❜❤ ❧❵❦✇❛❜❦✐ ❨❩❤ {i} ② á ❦✇❛❧❵❝✉❬❨✐❨❩❤ ③ ❜❛
❝❩ ✇❝❩❜❛❫⑤❵❨ ❬❩❨ ❧❪❵❤❛❤❛❝❩ Π′ ❫❨ {1, 2, . . . , i − 1} ③ ❝❩ ❪ K+ 1

✇①❝❛➙ ❧❝❬❵ ❭ ➞❦❤❨❩❫❵❨ ❨❩ ❬❩❨
❧❪❵❤❛❤❛❝❩ ➒❪❭❛❫❨ Π ❫❨ {1, 2, . . . , i} ③ ❫❦❧ ❨❩❫❪❩❤ ❫❨ ❭ ➞❛❩❤❨❵➒❪❭❭❨ [sj−1 + ∆j−1, sj] ❫❪❩❜ ❭❨✉❬❨❭
❝❩ ❫❦✇❛❫❨ ❫ ➞❝❵❫❝❩❩❪❩✇❨❵ ❭❪ ❤⑥✇①❨ Ti ② ì❝❬❜ ❪➒❝❩❜ ❫❝❩✇ ❭ ➞❦✉❬❪❤❛❝❩ ❫❨ ❵❦✇❬❵❵❨❩✇❨ ❜❬❛➒❪❩❤❨ û

χ(i, P, q) = valide(i, P, q) ∧ ∨K+1
l=1 χ(i − 1, P l, ql)❪➒❨✇ P l = (P1, . . . , Pl − pi, . . . , PK+1) ❨❤ ql = (q1, . . . , ql.1{ql 6=i}, . . . , qK+1)

➠❨ ❧❵❦❫❛✇❪❤ valide(i, P, q)
❛❩❫❛✉❬❨ ❜❛ ❭❪ ❧❪❵❤❛❤❛❝❩ ❨❜❤ ➒❪❭❛❫❨ ② ✑❭ ❨❜❤ ➒❵❪❛ ❜❛ ❨❤ ❜❨❬❭❨✐ ❨❩❤ ❜❛

Rj+1−max{pqj
, ∆j} ≤ sj ❧❝❬❵ ❤❝❬❤ j = 1, 2, . . . , K ② ➥❨ ❧❭❬❜ ③ ❛❭ ➝❪❬❤ ✉❬❨ ❤❝❬❜ ❭❨❜ Pj ❜❝❛❨❩❤

❧❝❜❛❤❛➝❜ ❨❤ ✉❬❨ ❤❝❬❜ ❭❨❜ qj ❜❝❛❨❩❤ ❫❪❩❜ {0, 1, . . . , i} ③ ❪➒❨✇ qj = 0 ❜❛ ❨❤ ❜❨❬❭❨✐ ❨❩❤ ❜❛ Pj = 0 ②➐❨ ❤❨❜❤ ❧ ❨❬❤ ➦❤❵❨ ❵❦❪❭❛❜❦ ❨❩ ❤❨✐❧❜ ✇❝❩❜❤❪❩❤ O(K) ② ê ❛❩❜❛ ③ ❫❦❤❨❵✐ ❛❩❨❵ ❜❛ χ(i, Pj, qj) ❨❜❤ ➒❵❪❛❨
❨❩ ✇❝❩❩❪❛❜❜❪❩❤ ❭❨❜ χ(i − 1, ., .) ❫❨✐❪❩❫❨ ❜❨❬❭❨✐ ❨❩❤ ❬❩ ❩❝✐❥❵❨ ✇❝❩❜❤❪❩❤ ❫ ➞❝❧ ❦❵❪❤❛❝❩❜ ②



î ♥➲ ♥ K qrïðstñò t óð♣tðòqs♣ðôðõðör ÷✒
↕❩ ➭➙❪❩❤ χ(0, 0, 0) = vraie

③ ❝❩ ❧ ❨❬❤ ✇❪❭✇❬❭❨❵ ❫➧❩❪✐ ❛✉❬❨✐ ❨❩❤ ❭❨❜ ➒❪❭❨❬❵❜ ❫❨❜ χ ❧❪❵ ❛❩➑
❫❬✇❤❛❝❩ ❜❬❵ i ② ④❝❬❵ ❬❩ ❛❩❫❛✇❨ ❫❝❩❩❦ i

③ ❧❬❛❜✉❬❨ ❭❪ ❤❪❛❭❭❨ ❫❨ PK+1 ❨❜❤ ➭➙❦❨ ❧❪❵ ❭❨❜ ❪❬❤❵❨❜
❨❩❜❨✐❥❭❨❜ ❨❤ ✉❬❨ qK+1 ❩❨ ✓ ❝❬❨ ❪❬✇❬❩ ❵✍ ❭❨ ③ ❝❩ ❪

O(p({1, 2, . . . , i})KiK) ❫❛í❦❵❨❩❤❜ ➒❨✇➑
❤❨❬❵❜ (P, q) ➡ ❤❨❜❤❨❵ ② ê ❛❩❜❛ ③ ❭ ➞❪❭♠❝❵❛❤①✐❨ ❤❵❝❬➒❨ ❤❝❬❤❨❜ ❭❨❜ ❧❪❵❤❛❤❛❝❩❜ ➒❪❭❛❫❨❜ ❨❩ ❤❨✐❧❜
O(p(N)KnK+1)

❪➒❨✇ ❬❩ ❨❜❧❪✇❨ ✐ ❦✐❝❛❵❨ ❫❨ O(p(N)KnK) ② ✑❭ ❨❜❤ ❜❬ú ❜❪❩❤ ❫❨ ❵❨❩➒❝➧❨❵ ❭❪
✐ ❨❛❭❭❨❬❵❨ ➒❪❭❨❬❵ ❫ ➞❬❩❨ ❧❪❵❤❛❤❛❝❩ ❤❵❝❬➒❦❨ ❧❪❵✐ ❛ ❤❝❬❜ ❭❨❜ χ(n, ., .) ❫❝❩❤ ❭❪ ➒❪❭❨❬❵ ❨❜❤ vraie ②
¤

➠❨ ❧❵❝♠❵❪✐✐❨ ❫➧❩❪✐ ❛✉❬❨ ❧❵❦✇❦❫❨❩❤ ③ ❥ ❛❨❩ ✉❬❨ ❧❜❨❬❫❝➑❧❝❭➧❩❝✐ ❛❪❭ ③ ❜ ➞❪➒❦❵❨❵❪❛❤ ❤❵❝❧ ❭❨❩❤
❧❝❬❵ ➦❤❵❨ ❬❤❛❭❛❜❦ ❨❩ ❧❵❪❤❛✉❬❨ ❜❬❵ ❫❨❜ ❛❩❜❤❪❩✇❨❜ ❫❨ ♠❵❪❩❫❨❜ ❤❪❛❭❭❨❜ ② ì❝❬❜ ❩❝❬❜ ❤❝❬❵❩❝❩❜ ➡ ❭❪
è❨✇❤❛❝❩ ✔ ②✕ ➒❨❵❜ ❫❨❜ ①❨❬❵❛❜❤❛✉❬❨❜ ❧❝❭➧❩❝✐ ❛❪❭❨❜ ✉❬❛ ❧ ❨❬➒❨❩❤ ❜❨ ✐❝❩❤❵❨❵ ❤❵⑤❜ ❨ú ✇❪✇❨❜ ❧❝❬❵❭❨❜ ✇❪❜ ✇❝❩✇❵❨❤❜ ②
ê➒❪❩❤ ❫❨ ❩❝❬❜ ❛❩❤❦❵❨❜❜❨❵ ❧❭❬❜ ❨❩ ❫❦❤❪❛❭ ➡ ✇❨❜ ①❨❬❵❛❜❤❛✉❬❨❜ ③ ❩❝❬❜ ❧❵❝❬➒❝❩❜ ✉❬❨ ❭❨ ❧❵❝❥❭⑤✐ ❨
❨❜❤ NP ➑➥ ❛ú ✇❛❭❨ ❪❬ ❜❨❩❜ ➝❝❵❤ ❜❛ ❭❨ ❩❝✐❥❵❨ ❫❨ ❧ ❦❵❛❝❫❨❜ ➝❪❛❤ ❧❪❵❤❛❨ ❫❨ ❭ ➞❛❩❜❤❪❩✇❨ ③ ❨❤ ✇❨ ✐ ➦✐ ❨
❜❛ ❭❨❜ ❧ ❦❵❛❝❫❨❜ ❜❝❩❤ ❧ ❨❤❛❤❨❜ ②

✖ ✗✘ ✗✘ ✙ ➷➘✚✛✜➴➬
1|ona|Cmax

á❪❧❧❨❭❝❩❜ ✉❬❨ ❭❨ ❧❵❝❥❭⑤✐ ❨ 1|ona|Cmax ❫❦✇❵❛❤ ❭❨ ❧❵❝❥❭⑤✐ ❨ ❫ ➞❝❵❫❝❩❩❪❩✇❨✐ ❨❩❤ ❧❝❬❵ ❭❨✉❬❨❭❭❨ ❩❝✐❥❵❨ ❫❨ ❧ ❦❵❛❝❫❨❜ ❩ ➞❨❜❤ ❧❪❜ ❬❩❨ ✇❝❩❜❤❪❩❤❨ ③ ✐ ❪❛❜ ➝❪❛❤ ❧❪❵❤❛❨ ❫❨ ❭ ➞❛❩❜❤❪❩✇❨ ② ➐❨ ❧❵❝❥❭⑤✐ ❨
❨❜❤ ❥❛❨❩ ❜✢❵ ❪❬ ✐❝❛❩❜ ❪❬❜❜❛ ❫ ❛ú ✇❛❭❨ ✉❬❨ 1|ona(K)|Cmax ❨❤ ❨❜❤ ❫❝❩✇ NP ➑➥ ❛ú ✇❛❭❨ ② ➠❨
❤①❦❝❵⑤✐ ❨ ❜❬❛➒❪❩❤ ❧❵❦✇❛❜❨ ✉❬❨ 1|ona|Cmax ❨❜❤ NP ➑➥ ❛ú ✇❛❭❨ ❪❬ ❜❨❩❜ ➝❝❵❤ ②
ü❼❻ý❻➌➏➍➏❻➋ ✣ ❿þ ÿ �✁➀✂➁✄ þ

1|ona|Cmax
þ☎✆ NP ✝➨ ✞➩ ✟✞✂þ ✠✡ ☎ þ☛☎ ➫ ✁�✆Ô ✄ ➚✄ þ ☎✞ ✆✁✡✆þ☎✂þ☎ ÿ ✌�✞✁➂þ☎ ë➓➔ ☎ ✁☛✆ ✌✤ ✠✂þ☎ þ✆ ÿ þ✆✞✆þ☎ ➉

➊❺❾❻➋➌➍❼➎➍➏❻➋ ☞ ➐❝❩❜❛❫❦❵❝❩❜ ❭❨ ❧❵❝❥❭⑤✐ ❨ ❫❨ ❫❦✇❛❜❛❝❩ ❜❬❛➒❪❩❤ û✥✦Ù✧★✩✪✩✪✫✬✭➓⑩✮➔➓✯❶ ✰
3m+1 ❨❩❤❛❨❵❜ a1, a2, . . . , a3m ❨❤ B

➒❦❵❛➭❪❩❤ ∑3m
i=1 ai = mB ❨❤ B/4 < ai < B/2

∀i = 1, 2, . . . , 3m →✱✲❶⑩✮ ➣↔➓ ✰ ↕➙❛❜❤❨➑❤➑❛❭ ❬❩❨ ❧❪❵❤❛❤❛❝❩ A1 ∪ A2 ∪ · · · ∪ Am ❫❨ [1, 3m] ❤❨❭❭❨ ✉❬❨
∑

i∈Aj
ai = m

③ ∀j = 1, 2, . . . , m ➛
è❪❩❜ ❧ ❨❵❤❨ ❫❨ ♠❦❩❦❵❪❭❛❤❦ ③ ❝❩ ❧❨❬❤ ❜❬❧❧❝❜❨❵ ✉❬❨ B = 0 mod 4 ✳❜❛❩❝❩ ③ ❝❩ ✐❬❭❤❛❧ ❭❛❨ ❤❝❬❜ ❭❨❜
❨❩❤❛❨❵❜ ❧❪❵ ✔✴ ② é❩ ✇❝❫❨ ❭ ➞❛❩❜❤❪❩✇❨ I ❫❨ ✕➑ß➔à✮ ➣✮ ➣↔➓ ❨❩ ❬❩❨ ❛❩❜❤❪❩✇❨ f(I) ❫❬ ❧❵❝❥❭⑤✐ ❨
❫❨ ❫❦✇❛❜❛❝❩ ❪❜❜❝✇❛❦ ➡ 1|ona|Cmax ❫❨ ❭❪ ➝❪⑦❝❩ ❜❬❛➒❪❩❤❨ û
➯ é❩ ❪ K = 2m ❧❦❵❛❝❫❨❜ ❫❨ ❫❬❵❦❨❜ ∆ = B/4 ② ↕ ❭❭❨❜ ❵❨❧❵❝❫❬❛❜❨❩❤ ❭❨ ✐❝❤❛➝ ❜❬ ❛➒❪❩❤ ❤❝❬❤❨❜❭❨❜ 4∆

❬❩❛❤❦❜ ❫❨ ❤❨✐❧❜ û
∆ ∆✵ ✵ ✵ ✵✵ ✵ ✵ ✵✶ ✶ ✶ ✶✶ ✶ ✶ ✶ ✷ ✷ ✷ ✷ ✷✷ ✷ ✷ ✷ ✷

✸ ✸ ✸ ✸✸ ✸ ✸ ✸

4∆



ø✹ ➢➤✎qðöïñ î ♥ ð♣tðòq s♣ðôðõðör tñò sqrï✎öñ ♦ïò

➯ é✺ ✻ n = 3m ❤⑥✇①✼✽ ③ ✾✼ ✾✿❀❦✼✽ pi = ai ② á ✼✐ ✻❀✉✿❁✺✽ ✉✿✼ ∆ < pi < 2∆ ❧❁✿❀ ❂❁✿❂
i = 1, 2, . . . , 3m ✼❂ ✉✿✼ ❃✼✽ ❧❦❀❄❁✾✼✽ ë➓➔ ✽❁✺❂ ✾❁✺✇ ❧ ✼❂❄❂✼✽ ②➯ ✱✲❶⑩✮ ➣↔➓ ✰ ↕➙ ❄✽❂✼➑❂➑ ❄❃ ✿✺ ❁❀✾❁✺✺✻✺✇✼❅ ✼✺❂ ✾✼ ❅ ✻➟✼✽❧✻✺ ❄✺➝❦❀❄✼✿❀ ❁✿ ❦♠✻❃ ➡ C =

∑

i pi ➛➠✻ ❂❀✻✺✽➝❁❀❅ ✻❂❄❁✺ ✼✽❂ ✿✺✼ ❀❦✾✿✇❂❄❁✺ ❧❁❃➧✺❁❅ ❄✻❃✼ ② ➐❁✺✽❄✾❦❀❁✺✽ ✿✺✼ ❄✺✽❂✻✺✇✼ I
✾✿ ❧❀❁❆❃⑤❅✼✕➑ß➔à✮ ➣✮ ➣↔➓ ❧❁✿❀ ❃✻✉✿✼❃❃✼ ❃✻ ❀❇❈❁✺✽✼ ✼✽❂ ù❁✿❄ù② ④❁✿❀ ❈❀❁✿➒✼❀ ✉✿ ➞❄❃ ✼➙ ❄✽❂✼ ✿✺✼ ✽❁❃✿❂❄❁✺✻✾❅ ❄✽✽❄❆ ❃✼ ❈❁✿❀

f(I)
③ ❄❃ ✽✿ú ❂ ✾✼ ❅❁✺❂❀✼❀ ✉✿✼ ❃✼✽ ❂⑥✇①✼✽ ✻✽✽❁ ✇❄❇✼✽ ➡ ✇①✻✉✿✼ ✼✺✽✼❅❆❃✼ Aj✾✼ ❃✻ ❈✻❀❂❄❂❄❁✺ ❈✼✿➒✼✺❂ ➦❂❀✼ ❁❀✾❁✺✺✻✺✇❇✼✽ ✼➙✻✇❂✼❅ ✼✺❂ ✾✻✺✽ ✿✺ ❅❁❂❄➝ ② ↕✺ ➝✻❄❂ ③ ❃✼✽ ❈ ❇❀❄❁✾✼✽❇❂✻✺❂ ❈ ✼❂❄❂✼✽ ③ ❂❁✿❂✼ ✽❇✉✿✼✺✇✼ ✾✼ ❂❀❁❄✽ ❂⑥✇①✼✽ ✾❁✺❂ ❃✻ ✽❁❅❅✼ ✾✼✽ ✾✿❀❇✼✽ ✼✽❂ B = 4∆ ✼✽❂➒✻❃❄✾✼ ②

á ❇✇ ❄❈❀❁✉✿✼❅✼✺❂ ③ ✽✿❈❈❁✽❁✺✽ ✉✿✼ ❃✻ ❀❇❈❁✺✽✼ ➡ ❃ ➞❄✺✽❂✻✺✇✼ f(I) ✼✽❂ ù❁✿❄ù② ❉✺ ❁❀✾❁✺✺✻✺✇✼❅ ✼✺❂✾✼ ❅ ✻➟✼✽❈✻✺ C ✺ ➞✻ ✻✿✇✿✺ ❂✼❅❈✽ ❅❁❀❂ ② ➥ ✼ ❈❃✿✽ ③ ✇①✻✉✿✼ ❂⑥✇①✼ ✼✽❂ ❁❀✾❁✺✺✻✺✇❇✼ ✾✻✺✽ ✿✺❅❁❂❄➝ ✳✼❃❃✼ ✇❁❅❅✼✺✇✼ ✼❂ ✽✼ ❂✼❀❅ ❄✺✼ ✾✻✺✽ ❃✼ ❅ ➦❅✼ ❅❁❂❄➝ ✴ ③ ❈✿❄✽✉✿ ➞➡ ❃✻ ➝❀❁✺❂❄⑤❀✼ ✼✺❂❀✼ ✾✼✿➙❅❁❂❄➝✽ ③ ❁✺ ✻ ✾✼✿➙ ❈❇❀❄❁✾✼✽ ✻✾✓ ✻✇✼✺❂✼✽ ✾✼ ✾✿❀❇✼ ❂❁❂✻❃✼ 2∆ > pi
❈❁✿❀ ❂❁✿❂

i ② ➐✼❃✻ ❄❅❈❃❄✉✿✼
✉✿✼ ❃✼✽ ❂⑥✇①✼✽ ❁❀✾❁✺✺✻✺✇❇✼✽ ➡ ❃ ➞❄✺❂❇❀❄✼✿❀ ✾✼ ✇①✻✉✿✼ ❅❁❂❄➝ ❁✺❂ ✿✺✼ ✾✿❀❇✼ ✾✼ 4∆ = B✼➙✻✇❂✼❅ ✼✺❂ ② ➠ ➞❁❀✾❁✺✺✻✺✇✼❅ ✼✺❂ ✾❇➭✺❄❂ ✻❃❁❀✽ ✿✺✼ ❈✻❀❂❄❂❄❁✺ ➒✻❃❄✾✼ ❈❁✿❀

I ②
➠✻ ❀❇✾✿✇❂❄❁✺ ✼✽❂ ❈✽✼✿✾❁➑❈❁❃➧✺❁❅ ❄✻❃✼ ② ê ❄✺✽❄ ③ ❈✿❄✽✉✿✼ 3➑ß➔à✮ ➣✮ ➣↔➓ ✼✽❂ NP ➑➥ ❄ú✇❄❃✼ ✻✿✽✼✺✽ ➝❁❀❂ ③ ✇✼❃✻ ❄❅❈❃❄✉✿✼ ✉✿✼ 1|ona|Cmax ✼✽❂ ✻✿✽✽❄ NP ➑➥ ❄ú✇ ❄❃✼ ✻✿ ✽✼✺✽ ➝❁❀❂ ② ¤

é✺ ❈✼✿❂ ✿❂❄❃❄✽✼❀ ❃✻ ❀❇✾✿✇❂❄❁✺ ❈❀❇✇❇✾✼✺❂✼ ❈❁✿❀ ❇❂✻❆❃❄❀ ✾✼✽ ❀❇✽✿❃❂✻❂✽ ✾ ➞❄✺✻❈❈❀❁➙ ❄❅ ✻❆❄❃❄❂❇❈❁✿❀
1|ona|Cmax û

ü ❼❻ý❻➌➏➍➏❻➋ ❊❋ ●✞ P 6= NP Ô ✂þ ÿ �✁➀✂➁✄ þ
1|ona|Cmax

☛ ➾þ☎✆ ÿ✠☎ ➂✠☛☎ APX Ô ✄ ➚✄ þ ☎✞✆✁✡✆þ☎ ✂þ☎ ÿ ✌�✞✁➂þ☎ ☎ ✁☛✆ ✌✤ ✠✂þ☎ þ✆ ÿ þ✆✞✆þ☎ ➉ ➨ þ ÿ ✂✡☎Ô ✠ÿÿ �✁➃ ✞✄ þ�
1|ona|Cmax

✠×þ✟ ✡☛ ➫ ✠✟✆þ✡�
K1−ε þ☎✆ NP ✝➨ ✞➩ ✟✞✂þ ÿ ✁✡� ✆✁✡✆þ ✟✁☛☎✆✠☛✆þ

ε > 0 ➉
➊❺❾❻➋➌➍❼➎➍➏❻➋ ☞ è❁❄❂

ε > 0
✿✺✼ ✇❁✺✽❂✻✺❂✼ ✼❂ ❃ ➞✼✺❂❄✼❀ α = ⌈1/ε−1⌉ ② ➐❁✺✽❄✾❇❀❁✺✽ ✾✼ ✺❁✿➑➒✼✻✿ ❃✼ ❈❀❁❆❃⑤❅✼ 3➑ß➔à✮ ➣✮ ➣↔➓ ✼❂ ❅ ❁✾❄➭❁✺✽ ❃✻ ❀❇✾✿✇❂❄❁✺ f ✼✺ ✻✓ ❁✿❂✻✺❂

(4m)α+1 − 4m
❈❇➑❀❄❁✾✼✽ ✻❈❀⑤✽ ❃✼ ✾✼❀✺❄✼❀ ❅❁❂❄➝ ✳❃✼ ù❍✻✾❍✼❂ ù ✾✼ ❃✻ ■❄❍✿❀✼ ✔ ②Ú✴ ② ➠ ➞❄✺✽❂✻✺✇✼ g(I)

✾✼ 1|ona|Cmax
✉✿❄ ✼✺ ❀❇✽✿❃❂✼ ✻ K = (4m)α+1 − 2m

❈❇❀❄❁✾✼✽ ✻✿ ❂❁❂✻❃ ②

❏ ❏ ❏ ❏ ❏❑ ❑ ❑ ❑ ❑▲ ▲ ▲ ▲▼ ▼ ▼ ▼ ◆ ◆ ◆ ◆ ◆❖ ❖ ❖ ❖P P P P P◗ ◗ ◗ ◗ ❘ ❘ ❘ ❘ ❘❙ ❙ ❙ ❙❚ ❚ ❚ ❚ ❚❯ ❯ ❯ ❯ ❯❱ ❱ ❱ ❱ ❱❲ ❲ ❲ ❲ ❲
❳ ❁❂❄➝ ❳❁❂❄➝ ❨✻✾❍✼❂❩ ➣❬ ❭ ✔ ②Ú ➯ ④❇❀❄❁✾✼✽ ë➓➔ ❈❁✿❀ ❃✻ ❈❀✼✿➒✼ ✾✼ ❃✻ ④ ❀❁❈❁✽❄❂❄❁✺ Ú✹

➠✻ ❂❀✻✺✽➝❁❀❅ ✻❂❄❁✺ g ✼✽❂ ❈❁❃➧✺❁❅ ❄✻❃✼ ❈✻❀ ❀✻❈❈❁❀❂ ➡ ❃✻ ❂✻❄❃❃✼ |I| ✾✼ ❃ ➞❄✺✽❂✻✺✇✼ I
③ ✼❂ |I| ≥

max{m, log ∆} ② ④✿❄✽✉✿✼ f ✼✽❂ ✿✺✼ ❀❇✾✿✇❂❄❁✺ ③ ❁✺ ✻ ✇ ❃✻❄❀✼❅ ✼✺❂ û
I ∈ ❪❫ß➔à✮ ➣✮ ➣↔➓ ⇔ Cmax∗(g(I)) = 4m∆
I /∈ ❪❫ß➔à✮ ➣✮ ➣↔➓ ⇔ Cmax∗(g(I)) ≥ (4m)α+1∆

❁✈ Cmax∗(g(I)) ✼✽❂ ❃✼ ❅ ✻➟✼✽❈✻✺ ❁❈❂❄❅ ✻❃ ❈❁✿❀ ❃ ➞❄✺✽❂✻✺✇✼ g(I) ② è ❄ ❃✻ ❀❇❈ ❁✺✽✼ ➡ I ✼✽❂ ù✺❁✺ ù③✿✺ ❁❀✾❁✺✺✻✺✇✼❅ ✼✺❂ ➒✻❃❄✾✼ ❈❁✿❀
g(I)

✾❁❄❂ ➭✺❄❀ ✻❈❀⑤✽ 4m∆ ② ê ❄✺✽❄ ③ ➡ ✇✼❂ ❄✺✽❂✻✺❂ ③ ✻✿ ❅❁❄✺✽



î ❴❵ ❴ ➤ñ ❛ïðò öð❜❛ñò ñ ö õñ ❛ïò qñï❝sï❞✎❡➢ñò øÚ
✿✺✼ ❂⑥✇①✼ ✺ ➞✻ ❈✻✽ ❈✿ ➦❂❀✼ ✿✽❄✺❇✼ ② ④✿❄✽✉✿✼ ✽✼✿❃✼✽ ✾✼✽ ❈ ❇❀❄❁✾✼✽ ✾ ➞❄✺✾❄✽❈❁✺❄❆❄❃❄❂❇ ✽✼ ❈❀❁✾✿❄✽✼✺❂✻❃❁❀✽ ③ ✼❂ ✉✿✼ ❂❁✿❂✼✽ ❃✼✽ ❂⑥✇①✼✽ ❁✺❂ ✾✼✽ ✾✿❀❇✼✽ ✾✻✺✽ ]∆, 2∆[

③ ❃✻ ❂⑥✇①✼ ✉✿❄ ✺ ➞✻ ❈✻✽ ❈✿ ➦❂❀✼✿✽❄✺❇✼ ✻➒✻✺❂ 4m∆ ✼✽❂ ✺❇✇✼✽✽✻❄❀✼❅ ✼✺❂ ❁❀✾❁✺✺✻✺✇❇✼ ✻❈❀⑤✽ ❃✻ ✾✼❀✺❄⑤❀✼ ❈ ❇❀❄❁✾✼ ②
➠✼ ❂①❇❁❀⑤❅✼ ✾✿ ❨✻❈ ❄❅❈❃❄✉✿✼ ✉✿ ➞✻❈❈❀❁➙ ❄❅ ✼❀ 1|ona|Cmax ➡ ❅❁❄✺✽ ✾✼ (4m)α > Kα/(α+1) ≥
K 1−ε

1+ε ≥ K1−ε ✼✽❂ NP ➑➥ ❄ú✇ ❄❃✼ ② ¤

❢ ❣❤ ✐❥❦❧ ➵♠➼➵♥❦❥♠ ❥➼ ♦❥❦❧♠ ♣ ❥❧qr❧st➺✉❥♠
➠✻ ✽✼✇❂❄❁✺ ❈❀❇✇❇✾✼✺❂✼ ✻ ❇❂✻❆❃❄ ✉✿✼ ❃✼✽ ❈❀❁❆❃⑤❅✼✽ 1|ona(K)|Cmax ✼❂ 1|ona|Cmax ✽❁✺❂❂❁✿✽ ❃✼✽ ✾✼✿➙ NP ➑➥ ❄ú✇❄❃✼✽ ② ✑❃ ✼✽❂ ✻❃❁❀✽ ✺✻❂✿❀✼❃ ✾ ➞✼➙❈❃❁❀✼❀ ✾✼✽ ✻❈❈❀❁ ✇①✼✽ ①✼✿❀❄✽❂❄✉✿✼✽ ②➥ ✻✺✽ ❃✻ ❂①❇❁❀❄✼ ✾✼ ❃ ➞❁❀✾❁✺✺✻✺✇✼❅ ✼✺❂ ③ ❃✼✽ ❈❃✿✽ ➝✻❅✼✿✽✼✽ ✽❁✺❂ ❆✻✽❇✼✽ ✽✿❀ ❃✼✽ ✂✞☎✆þ☎ ➂þ ÿ �✞✁�✞✆✌③❄✺❂❀❁✾✿❄❂✼✽ ❈✻❀ ❨❀✻①✻❅ ② é✺ ❇❂✻❆❃❄❂ ✾✻✺✽ ✇✼❂❂✼ ✽✼✇❂❄❁✺ ❃✼✽ ❈ ✼❀➝❁❀❅ ✻✺✇✼✽ ✉✿ ➞❁✺ ❈✼✿❂ ✼✽❈ ❇❀✼❀❈❁✿❀ ✾✼✿➙ ❂➧❈✼✽ ✾ ➞✻❃❍❁❀❄❂①❅✼✽ ❆✻✽❇✽ ✽✿❀ ✾✼✽ ❃❄✽❂✼✽ ✼❂ ✾✼✽ ✻❅ ❇❃❄❁❀✻❂❄❁✺✽ ✽✿❆✽❂✻✺❂❄✼❃❃✼✽ ❈❁✿❀✇✼❀❂✻❄✺✼✽ ✇ ❃✻✽✽✼✽ ✾ ➞❄✺✽❂✻✺✇✼✽ ✿❂❄❃✼✽ ✼✺ ❈❀✻❂❄✉✿✼ ②✈❁✿✽ ❃✼✽ ❁❀✾❁✺✺✻✺✇✼❅ ✼✺❂✽ ✉✿✼ ✺❁✿✽ ✻✺✻❃➧✽❁✺✽ ✽❁✺❂ ✇✻❃❇✽ ✻✿❂✻✺❂ ✉✿✼ ❈❁✽✽❄❆ ❃✼ ✽✿❀ ❃✻ ❍✻✿✇①✼✳❁❀✾❁✺✺✻✺✇✼❅ ✼✺❂✽ ✾❄❂✽ ☎ þ✄✞✝✠✟✆✞➫ ☎✴ ② ì❁✿✽ ✇❁✺✽❄✾❇❀❁✺✽ ✾✼✿➙ ❂➧❈✼✽ ✾ ➞✻❃❍❁❀❄❂①❅✼✽ ✉✿❄ ✽ ➞✻❈➑❈✿❄✼✺❂ ✽✿❀ ✾✼✽ ❃❄✽❂✼✽ ✾✼ ❈❀❄❁❀❄❂❇ ② ✑❃✽ ❈❀❁✾✿❄✽✼✺❂ ❂❁✿✽ ✾✼✿➙ ✾✼✽ ❁❀✾❁✺✺✻✺✇✼❅ ✼✺❂✽ ✽✼❅ ❄➑✻✇❂❄➝✽ ②
➯ ✇ ✞�☎✆ ① ✆ ➄✇✇➆ û é✺ ❁❀✾❁✺✺✻✺✇✼ ❃✼ ❈❃✿✽ ❂✍❂ ❈❁✽✽❄❆❃✼ ❃✻ ❈❀✼❅ ❄⑤❀✼ ❂⑥✇①✼ ❈✻❀❅ ❄ ❃✼✽ ❂⑥✇①✼✽❀✼✽❂✻✺❂ ✾✻✺✽ ❃✻ ❃❄✽❂✼ ② é✺ ❈✼✿❂ ❀✼❅ ✻❀✉✿✼❀ ✉✿✼ ❃✼✽ ❈ ❇❀❄❁✾✼✽ ë➓➔ ❈✼✿➒✼✺❂ ✇❀❇✼❀ ✾✻✺✽❃ ➞❁❀✾❁✺✺✻✺✇✼❅ ✼✺❂ ❈✻❀❂❄✼❃ ✾✼✽ ❂✼❅❈✽ ❅❁❀❂✽ ✽✿ú ✽✻❅❅✼✺❂ ❃✻❀❍✼✽ ❈ ❁✿❀ ✉✿✼ ✇✼❂❂✼ ❂⑥✇①✼✽❁❄❂ ❈❃✻✇❇✼ ✻➒✻✺❂ ❃✻ ➭✺ ✾✼ ❃ ➞❁❀✾❁✺✺✻✺✇✼❅ ✼✺❂ ❈✻❀❂❄✼❃ ②➯ ❿ ✞☎✆ ● ✟② þ➂✡✂✞☛✤ ➄❿●➆ û ê✿✽✽❄❂✍❂ ✉✿✼ ❃✻ ❅ ✻✇① ❄✺✼ ✾✼➒ ❄✼✺❂ ❃❄❆❀✼ ③ ❁✺ ❈✻❀✇❁✿❀❂ ❃✻ ❃❄✽❂✼ ✾✼✽❂⑥✇①✼✽ ❀✼✽❂✻✺❂✼✽ ✼❂ ❁✺ ✻✓ ❁✿❂✼ ➡ ❃ ➞❁❀✾❁✺✺✻✺✇✼❅ ✼✺❂ ❈✻❀❂❄✼❃ ③ ❈✻❀❅ ❄ ✇✼❃❃✼✽ ❈❁✿➒✻✺❂ ✇❁❅ ➑❅✼✺✇✼❀ ❃✼ ❈❃✿✽ ❂✍❂ ③ ❃✻ ❂⑥✇①✼ ✾✼ ❈❃✿✽ ❍❀✻✺✾✼ ❈❀❄❁❀❄❂❇ ② ➠✼✽ ❂⑥✇①✼✽ ✺✼ ✽❁✺❂ ✾❁✺✇ ❈✻✽ ✺❇✇✼✽➑✽✻❄❀✼❅ ✼✺❂ ❈❃✻✇❇✼✽ ✾✻✺✽ ❃ ➞❁❀✾❀✼ ✾✼ ❃✻ ❃❄✽❂✼ ②
➠✼✽ ✻❃❍❁❀❄❂①❅✼✽ ✾✼ ❂➧❈✼ ■■ ✺✼ ❈✻❀✇❁✿❀✼✺❂ ❈✻✽ ❃✻ ❃❄✽❂✼ ❈❁✿❀ ❂❀❁✿➒✼❀ ❃✻ ❈❀✼❅ ❄⑤❀✼ ❂⑥✇①✼✾❄✽❈❁✺❄❆❃✼ ③ ✇✼❈ ✼✺✾✻✺❂ ③ ❄❃✽ ❈ ✼❀❅ ✼❂❂✼✺❂ ➡ ✿✺✼ ❈❄⑤✇✼ ✾ ➞➦❂❀✼ ❁❀✾❁✺✺✻✺✇❇✼ ✻✿ ✽✼❄✺ ✾✼ ❃ ➞❁❀✾❁✺➑✺✻✺✇✼❅ ✼✺❂ ❈✻❀❂❄✼❃ ✽✻✺✽ ✻✿❍❅✼✺❂✼❀ ❃✼ ❅ ✻➟✼✽❈✻✺ ② ➠✼✽ ✻❃❍❁❀❄❂①❅✼✽ ✾✼ ❂➧❈✼ ➠è ✺✼ ❈✼❀❅ ✼❂❂✼✺❂❈✻✽ ✻✿➙ ❈❇❀❄❁✾✼✽ ✾ ➞❄✺✻✇❂❄➒ ❄❂❇ ✾✼ ❃✻ ❅ ✻✇① ❄✺✼ ✾ ➞➦❂❀✼ ✽✿ú ✽✻❅❅✼✺❂ ❃❁✺❍✿✼✽ ✾✻✺✽ ❃ ➞❁❀✾❁✺✺✻✺➑✇✼❅ ✼✺❂ ❈✻❀❂❄✼❃ ❈ ❁✿❀ ✇❁✺❂✼✺❄❀ ✿✺✼ ✾✼✽ ❂⑥✇①✼✽ ❀✼✽❂✻✺❂✼✽ ③ ❈✿❄✽✉✿ ➞❁✺ ❈❀❁✾✿❄❂ ✿✺✼ ❂⑥✇①✼ ✾⑤✽
✉✿✼ ✇ ➞✼✽❂ ❈❁✽✽❄❆❃✼ ③ ❅ ➦❅✼ ✽❄ ✼❃❃✼ ✺ ➞✼✽❂ ❈✻✽ ❈❀✼❅ ❄⑤❀✼ ✾✼ ❃✻ ❃❄✽❂✼ ②
á ✼❅ ✻❀✉✿❁✺✽ ✉✿✼ ❂❁✿❂ ❁❀✾❁✺✺✻✺✇✼❅ ✼✺❂ S ✽✼❅ ❄➑✻✇❂❄➝ ❈❁✿❀ ✿✺✼ ❄✺✽❂✻✺✇✼ I

❈✼✿❂ ➦❂❀✼ ✇❀❇❇❈✻❀ ✿✺ ✻❃❍❁❀❄❂①❅✼ ✾✼ ❂➧❈✼ ■■ ✾❁✺❂ ❃✻ ❃❄✽❂✼ ✾✼ ❈❀❄❁❀❄❂❇ ✇❁❀❀✼✽❈❁✺✾ ➡ ❃✻ ✽❇✉✿✼✺✇✼ ✾✼✽ ❂⑥✇①✼✽✾✻✺✽ S ② ➐✼❃✻ ❄✺✇ ❃✿❂ ✾❁✺✇ ❃✼✽ ❁❀✾❁✺✺✻✺✇✼❅ ✼✺❂✽ ❈❀❁✾✿❄❂✽ ❈✻❀ ❂❁✿❂ ✻❃❍❁❀❄❂①❅✼ ✾✼ ❂➧❈✼ ➠è ②
➐❁✺✽❄✾❇❀❁✺✽ ❂❁✿❂ ✾ ➞✻❆❁❀✾ ❃✼ ❈❀❁❆❃⑤❅✼ ✻➒✼✇ ❈❇❀❄❁✾✼✽ ✾ ➞❄✺✾❄✽❈❁✺❄❆❄❃❄❂❇ ✇❃✻✽✽❄✉✿✼✽ ③ ✇ ➞✼✽❂➑➡➑✾❄❀✼ ✾✼✽ ❈ ❇❀❄❁✾✼✽ ✾✿❀✻✺❂ ❃✼✽✉✿✼❃❃✼✽ ❃✼✽ ❅ ✻✇① ❄✺✼✽ ✽❁✺❂ ❄✺✾❄✽❈❁✺❄❆❃✼✽ ② é✺ ✺❁❂✼ ✇✼ ❈❀❁❆❃⑤❅✼
1 |nre(K)|Cmax

③ ❃❁❀✽✉✿✼ ❃✻ ❈❀❇✼❅❈❂❄❁✺ ✺ ➞✼✽❂ ❈✻✽ ✻✿❂❁❀❄✽❇✼ ✼❂ ✉✿✼ ❃✼ ❅ ✻➟✼✽❈✻✺ ✼✽❂ ❃✼ ✇❀❄➑❂⑤❀✼ ✇①❁❄✽❄ ② é✺ ✽✻❄❂ ✉✿✼ ❈❁✿❀ K ≥ 2
③ ❃✼ ❈❀❁❆❃⑤❅✼ 1 |nre(K)|Cmax ✺ ➞✼✽❂ ❈✻✽ ✻❈❈❀❁➙ ❄❅ ✻❆❃✼✻➒✼✇ ✿✺ ❀✻❂❄❁ ✇❁✺✽❂✻✺❂ ✽✻✿ ➝ ✽❄ P 6= NP ③➜④⑤ ② ➠✻ ❈❀✼✿➒✼ ③ ✇✼❈ ✼✺✾✻✺❂ ③ ❈✼❀❅ ✼❂ ✻✿➙ ❄✺❂✼❀➒✻❃❃✼✽✾ ➞❄✺✾❄✽❈❁✺❄❆❄❃❄❂❇ ✾ ➞➦❂❀✼ ✻❀❆❄❂❀✻❄❀✼❅ ✼✺❂ ❃✻❀❍✼✽ ② ➠✼ ❈❀❁❆❃⑤❅✼ 1|ona(K)|Cmax ✼✽❂ ❇✉✿❄➒✻❃✼✺❂

➡ 1 |nre(K)|Cmax ✽✿❀ ❃ ➞✼✺✽✼❅❆❃✼ ✾✼✽ ❄✺✽❂✻✺✇✼✽ ❂✼❃❃✼✽ ✉✿✼ ❂❁✿❂✼ ❈ ❇❀❄❁✾✼ ✾ ➞❄✺✾❄✽❈❁✺❄❆❄➑❃❄❂❇ ✼✽❂ ❈❃✿✽ ❃❁✺❍✿✼ ✉✿✼ ✺ ➞❄❅❈❁❀❂✼ ✉✿✼❃❃✼ ✾✿❀❇✼ ✾ ➞✿✽❄✺✻❍✼ ② ✑❃ ➝✻✿❂ ✾❁✺✇ ❆❁❀✺✼❀ ❃✻ ✾✿❀❇✼



ø➜ ➢➤✎⑥ ð öïñ î ❴ ð❡⑦ ðò⑥⑧❡ ðôðõðö⑨ ⑦ñò ⑧⑥⑨ï✎öñ ❛ïò
✾✼✽ ❈ ❇❀❄❁✾✼✽ ë➓➔ ✽❄ ✺❁✿✽ ✽❁✿⑩✻❄❂❁✺✽ ❁❆❂✼✺❄❀ ✾✼✽ ⑩✼✿❀❄✽❂❄❶✿✼✽ ✾✼ ❈ ✼❀➝❁❀❅ ✻✺❷✼ ❍✻❀✻✺❂❄✼❷❁✺✽❂✻✺❂✼ ❸
✖ ✗❹ ✗❺ ❻➱➬ ❰➷➬➴ Ï✜➷➬ ✚ ➘➷➱➬ ✃❼➷ ✛❒ ❐❒Ï✛✛➬ ❮➬✃ ❰ ❽➷Ï➘❮➬✃
è✿❈❈❁✽❁✺✽ ❶✿✼ ❃✻ ✾✿❀❇✼ ✾✼ ❷⑩✻❶✿✼ ❈❇❀❄❁✾✼ ✼✽❂ ❆❁❀✺❇✼ ❈✻❀ ❃✻ ✽❁❅❅✼ ✾✼✽ ✾✿❀❇✼✽ ✾ ➞✿✽❄✺✻❍✼ ❸
ì❁✿✽ ❷⑩❁❄✽❄✽✽❁✺✽ ❷✼❂❂✼ ❾✻❃✼✿❀ ❷✻❀ ❷ ➞✼✽❂ ✿✺✼ ❆❁❀✺✼ ❄✺ ➝❇❀❄✼✿❀✼ ❂❀❄❾ ❄✻❃✼ ✾✿ ❅ ✻➟✼✽❈✻✺ ❸

∆q ≤
n

∑

j=1

pj, ∀q = 1, 2, . . . , K ✳✔ ❸Ú✴
é✺ ✾❄❂ ✾✼ ❂❁✿❂✼ ❈ ❇❀❄❁✾✼ ❶✿❄ ❾❇❀❄➭✼ ❃ ➞❇❶✿✻❂❄❁✺ ✔ ❸Ú ❶✿ ➞✼❃❃✼ ✼✽❂ ❿✁�☛ ✌þ❸❳❁✺❂❀❁✺✽ ✾ ➞✻❆❁❀✾ ❶✿✼ ✽❁✿✽ ❷✼❂❂✼ ⑩➧❈❁❂⑩➀✽✼ ➁ ❄❃ ✼➙ ❄✽❂✼ ✾✼✽ ✻❃❍❁❀❄❂⑩❅ ✼✽ ✻❾✼❷ ✿✺✼ ❈✼❀➝❁❀➂❅ ✻✺❷✼ ❍✻❀✻✺❂❄✼ ❷❁✺✽❂✻✺❂✼ ❈❁✿❀ ❃✼ ❈❀❁❆❃➀❅ ✼ 1 |nre(K)|Cmax ❸ ➃❁✿❀ ❷✼❃✻ ➁ ✺❁✿✽ ❇❂✿✾❄❁✺✽❃✼✽ ❈ ✼❀➄❁❀❅ ✻✺❷✼✽ ✾✼✽ ✻❃❍❁❀❄❂⑩❅ ✼✽ LS ✼❂ FF ❸ ì❁✿✽ ❈❀✼✺❁✺✽ ❃✼✽ ❅ ➦❅✼✽ ✺❁❂✻❂❄❁✺✽ ❈❁✿❀ ❷✼❈❀❁❆❃➀❅ ✼ ❶✿✼ ❈❁✿❀ ❃✼✽ ❈ ❇❀❄❁✾✼✽ ë➅➆ ✼❂ ❷❁❅❅✼✺➇❁✺✽ ❈✻❀ ❶✿✼❃❶✿✼✽ ❀✼❅ ✻❀❶✿✼✽ ❍❇✺❇❀✻❃✼✽❾✻❃✻❆❃✼✽ ❈❁✿❀ ❃✼✽ ✾✼✿➈ ❈❀❁❆❃➀❅ ✼✽ ❸➉➊➋➌➍➎➏➊ ➐ ➑➒➓ ➔→ ➣↔↕ ➓➙➒➛ ➜→ ➣ ➝ ➞ ➛ ➓➒➙➒ ➜➟➠ ➡→ ➞➓ ➛→ ➞➛ → ➓➝→ ➣➣➒➣➔↕➢↕➣➛

S

Cmax(S) =
n

∑

j=1

pj +
k

∑

q=1

Xq ≤
n

∑

j=1

pj +
k

∑

q=1

xq +
k

∑

q=1

∆q ➤➥ ➦➧➨
➉➊➋➌➍➎➏➊ ➐ ➩→ ➣↔ ➜➝➫ ➓→ ➣↔ ➞➣ →➓➝→ ➣➣➒➣➔↕➢↕➣➛ ↔↕➢ ➜➥➒➔➛ ➜➭ S ➯ ➩➲➒➳ ➞↕

xq
➝→ ➜➛ ➵➛ ➓↕ ➡➟➞↔➡↕➛ ➜➛ ➳ ➞↕ ➟➒ ➡➟➞↔ ➟→ ➣➸ ➞↕ ➝ ➞➓➫↕ ➝ ➺➞↔ ➜➣➒➸↕ ➠

pn
➠ ↔ ➜➣→ ➣➠ ➣→ ➞↔ ➒➞➓➜→ ➣↔ ➛ ➓→ ➞➙➫ ➞➣↕ ➛➻➔ ➲↕ ➳ ➞➜➓↕➢➡➟➜↕ ➓➒ ➜➛ ➟↕ ➛↕➢➡↔ ➢→➓➛ ➔→ ➓➓↕↔ ➡→ ➣➝➒➣➛ ➼

xq ≤ pn ≤ Cmax(S∗), ∀q = 1, 2, . . . , k ➤➥ ➦➽➨
ì❁✿✽ ❈❁✿❾❁✺✽ ➾ ❈❀❇✽✼✺❂ ✾❇❅ ❁✺❂❀✼❀ ❃✼✽ ❈❀❁❈❀❄❇❂❇✽ ✽✿❄❾✻✺❂✼✽ ❸
ü ➚➪ý➪➶➹➘➹➪➴ ❊❊ ➷ ✁✡� ✂þ ÿ �✁❿✂➬✄ þ

1 |nre(K)|Cmax
þ✆ ➮þ☎ ÿ ✌�✞✁➮þ☎ ❿✁�☛ ✌þ☎➱ ✆✁✡✆ ✠✂✤ ✁✝�✞✆②✄ þ A ÿ �✁➮✡✞☎✠☛✆ ✡☛✞✃✡ þ✄ þ☛✆ ➮þ☎ ✁�➮✁☛☛✠☛ ✟þ✄ þ☛✆☎ ☎ þ✄✞✝✠✟✆✞❐ ☎ ✠ ✡☛ þ ÿ þ�❐ ✁�✄ ✠☛✟þ✤ ✠�✠☛✆✞þ ➮þ

2K➱ ✟ ❒þ☎✆✝❮✝➮✞�þ
ÿ ✁✡� ✆✁✡✆þ ✞☛☎✆✠☛ ✟þ I,

Cmax(A(I))

Cmax∗(I)
≤ 2K

❰✁Ï
Cmax∗(I)

þ☎✆ ✂✠ Ð✠✂þ✡� ✁ÿ ✆✞✄ ✠✂þ ➮✡ ✄ ✠Ñ þ☎ÿ✠☛ ÿ ✁✡� ✡☛ þ ✞☛☎✆✠☛ ✟þ ÒÓ þ✆ ✞✂ þÔ ✞☎✆þ ➮þ☎✂✞☎✆þ☎ ➮þ ÿ �✞✁�✞✆✌ ÿ ✁✡� ✂þ☎✃✡ þ✂ ✂þ☎ ✂ ❒✠✂✤ ✁�✞✆②✄ þ ➮þ ✆Õÿ þ Ö● ✁✡ ✇✇ ✠☎☎✁✟✞✌ ✠ ✡☛ �✠✆✞✁ ➮þ
ÿ þ�❐ ✁�✄ ✠☛✟þ ✃✡✞ ✠✆✆þ✞☛✆ ✟þ✆✆þ ❿✁�☛ þ ✠☎Õ✄ÿ ✆✁✆✞✃✡ þ✄ þ☛✆ ÿ ✁✡� K ≥ 2 ×
➊ ØÙ➪➴➶➘➚Ú➘➹➪➴ ☞ Û❁✺✽❄✾❇❀❁✺✽ ✿✺✼ ❄✺✽❂✻✺❷✼ ✾✼ 1 |nre(K)|Cmax ✼❂ ✿✺ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂❁❈❂❄❅ ✻❃ S∗ ❈❁✿❀ ❷✼❂❂✼ ❄✺✽❂✻✺❷✼ ➁ ✾✼ ❅ ✻Ü✼✽❈✻✺ Cmax(S∗) ❸Û❁✺✽❄✾❇❀❁✺✽ ✿✺ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ S ✽✼❅ ❄➂✻❷❂❄➄ ✾✼ ❅ ✻Ü✼✽❈✻✺ Cmax(S) ❸ Ý Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂❇❂✻✺❂ ❷✻❃❇ ➾ ❍✻✿❷⑩✼ ➁ ❁✺ ❈✼✿❂ ❀✼❅ ✻❀❶✿✼❀ ❶✿ Þ❄❃ ✼➈ ❄✽❂✼ ✻✿ ❈❃✿✽ ✿✺✼ ❈❇❀❄❁✾✼ ✾ Þ❄✺✻❷❂❄❾ ❄❂❇ ✼✺❂❀✼✾✼✿➈ ❈❇❀❄❁✾✼✽ ✾ Þ❄✺✾❄✽❈❁✺❄❆❄❃❄❂❇ ❸



î ❴❵ ❴ ßñ ❛ïðò öð❜❛ñò ñ ö õñ ❛ïò ⑥ñï❝⑧ï❞✎❡àñò ø✕
é✺ ✽✻❄❂ ❶✿✼ ❂❁✿❂ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❁❈❂❄❅ ✻❃ ✽✼ ❂✼❀❅ ❄✺✼ ✻❈❀➀✽ ❃✻ ❈❀✼❅ ❄➀❀✼ ❈ ❇❀❄❁✾✼ ❷✻❀ ✺❁✿✽✻❾❁✺✽ ✽✿❈❈❁✽❇ ❶✿✼ ∑n

j=1 pj > s1 ❸ é✺ ✻
x1 + ∆1 ≤ s1 + ∆1 ≤ Cmax(S∗)

é✺ ❁❆❂❄✼✺❂ ✾❁✺❷ ✻❾✼❷ ✳✔ ❸á✴ ➁
Cmax(S) ≤

n
∑

j=1

pj + Cmax(S∗) +
k

∑

q=2

∆q +
k

∑

q=2

xq.

â✺ ✿❂❄❃❄✽✻✺❂ ✳✔ ❸✕✴ ✼❂ ❃✼ ➄✻❄❂ ❶✿✼ ❃✼✽ ❈ ❇❀❄❁✾✼✽ ✽❁✺❂ ❆❁❀✺❇✼✽ ➁ ❃✼ ❀❇✽✿❃❂✻❂ ✼✽❂ ❄❅❅❇✾❄✻❂ û

Cmax(S) ≤ Cmax(S∗) + K
n

∑

j=1

pj + (K − 1)pn ≤ 2K Cmax(S∗)

❷✼ ❶✿❄ ✺❁✿✽ ✾❁✺✺✼ ❃✻ ❆❁❀✺✼ ❀✼❶✿❄✽✼ ❸
➃❁✿❀ ❾❇❀❄ã✼❀ ❶✿✼ ❃✻ ❆❁❀✺✼ 2K ✼✽❂ ✻❂❂✼❄✺❂✼ ❈ ❁✿❀ ❷✼❀❂✻❄✺✼✽ ❃❄✽❂✼✽ ❈✻❀ ❃✼✽ ✻❃❍❁❀❄❂⑩❅✼✽ ✾✼ ❂ä❈ ✼Ýè ✼❂ ■■ ✻✽✽❁❷❄❇✽ ➁ ❷❁✺✽❄✾❇❀❁✺✽ ❃ Þ❄✺✽❂✻✺❷✼ ✽✿❄❾✻✺❂✼ ✾✼ 1 |nre(K)|Cmax ❸ ➃❁✿❀ ✿✺✼ ❷❁✺✽❂✻✺❂✼❈❁✽❄❂❄❾✼ ε ✽✿ú ✽✻❅❅✼✺❂ ❈✼❂❄❂✼ ❂✼❃❃✼ ❶✿✼ 2ε < ∆ ✳■❄❍✿❀✼ ✔ ❸á✴ ûå ✾✼✿➈ ❂æ❷⑩✼✽ T1 ✼❂ T2

❂✼❃❃✼✽ ❶✿✼ p1 = ε ✼❂ p2 = ∆å ∆1 = ε ✼❂ ∆q = ∆ + ε
❈❁✿❀

2 ≤ q ≤ Kå s1 = ∆ ✼❂ sq = sq−1 + ∆q−1 + ∆ − ǫ
❈❁✿❀

2 ≤ q ≤ K

ç çè è é é é é é é é é éê ê ê ê ê ê ê ê ë ë ë ë ë ë ë ëì ì ì ì ì ì ì ì
∆ ε ∆ − ε ∆ + ε ∆ − ε ∆ + ε ∆ − ε

∆1 ∆2 ∆3

❩í❬ ❭ ✔ ❸á å ➃❇❀❄❁✾✼✽ ë➅➆ ❈❁✿❀ ❃✻ ❈❀✼✿❾✼ ✾✼ ❃✻ ➃❀❁❈❁✽❄❂❄❁✺ îî
ï✻✺✽ ✿✺ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❁❈❂❄❅ ✻❃ S∗ ➁ ❃✻ ❂æ❷⑩✼ T2 ✼✽❂ ❈❃✻❷❇✼ ✻❾✻✺❂ ❃✻ ❈❀✼❅ ❄➀❀✼ ❈ ❇❀❄❁✾✼✾ Þ❄✺✾❄✽❈❁✺❄❆❄❃❄❂❇ ➁ ✼❂ ❃✻ ❂æ❷⑩✼ T1 ✼✽❂ ❁❀✾❁✺✺✻✺❷❇✼ ❄❅❅❇✾❄✻❂✼❅ ✼✺❂ ✻❈❀➀✽ ❷✼❂❂✼ ❈ ❇❀❄❁✾✼ ➁ ✻❄✺✽❄
Cmax(S∗) = ∆+2ε ❸ Û✼❈ ✼✺✾✻✺❂ ➁ ✿✺ ✻❃❍❁❀❄❂⑩❅✼ ❆✻✽❇ ✽✿❀ ❃✻ ❃❄✽❂✼ ✾✼ ❈❀❄❁❀❄❂❇

(T1, T2) ✳❶✿ Þ❄❃✽❁❄❂ ✾✼ ❂ä❈ ✼ LS
❁✿

FF ✴ ❷❀❇✼❀✻ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ S
✾✻✺✽ ❃✼❶✿✼❃ ❃✻ ❂æ❷⑩✼ T2 ✽✿❄❂ ❃✻ ❂æ❷⑩✼ T1 ❸ï ✻✺✽ ✿✺ ❂✼❃ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ➁ ❃✻ ❂æ❷⑩✼ T2

❈✼✿❂ ❷❁❅❅✼✺❷✼❀ ✿✺❄❶✿✼❅ ✼✺❂ ✻❈❀➀✽ ❃✻ ✾✼❀✺❄➀❀✼❈ ❇❀❄❁✾✼ ✾ Þ❄✺✾❄✽❈ ❁✺❄❆❄❃❄❂❇ ➁ ✾✼ ❂✼❃❃✼ ✽❁❀❂✼ ❶✿✼ Cmax(S) = 2∆(K−1)+(∆+ε)+∆ = 2∆K+ε ❸Ý❁❀✽❶✿✼ ε → 0 ➁ ❃✼ ❀✻❂❄❁ Cmax(S)/Cmax(S∗)
❂✼✺✾ ❾✼❀✽ 2K ❸ ¤

➃✿❄✽❶✿ Þ❁❀✾❁✺✺✻✺❷✼❀ ✻❾✼❷ ✾✼✽ ❈ ❇❀❄❁✾✼✽ ë➅➆ ❁✿❾❀✼ ❈❃✿✽ ✾✼ ❈❁✽✽❄❆ ❄❃❄❂❇✽ ✳❃✼✽ ❈ ❇❀❄❁✾✼✽ ë➅➆❈✼✿❾✼✺❂ ð❂❀✼ ❷❁✿❾✼❀❂✼✽ ❈✻❀ ✿✺✼ ❂æ❷⑩✼✴ ➁ ❁✺ ❈✼✿❂ ✽ Þ✻❂❂✼✺✾❀✼ ➾ ✿✺✼ ✻❅ ❇❃❄❁❀✻❂❄❁✺ ✾✼✽ ❈ ✼❀➂➄❁❀❅ ✻✺❷✼✽ ✾✼✽ ✻❃❍❁❀❄❂⑩❅ ✼✽ ✽✼❅ ❄➂✻❷❂❄➄✽ ❁✿ ✾✼✽ ✻❃❍❁❀❄❂⑩❅ ✼✽ ❆✻✽❇✽ ✽✿❀ ✾✼✽ ❃❄✽❂✼✽ ✾✼ ❈❀❄❁❀❄❂❇❈✻❀ ❀✻❈❈❁❀❂ ✻✿ ❷✻✽ ❷❃✻✽✽❄❶✿✼ ✾✼ ❈ ❇❀❄❁✾✼✽ ✾ Þ❄✺✾❄✽❈❁✺❄❆❄❃❄❂❇ ✾✼✽ ❅ ✻❷⑩❄✺✼✽ ❸ Ý✻ ❈❀❁❈❁✽❄❂❄❁✺✽✿❄❾✻✺❂✼ ❅❁✺❂❀✼ ❶✿✼ ❷✼ ✺ Þ✼✽❂ ❈✻✽ ❃✼ ❷✻✽ ❈❁✿❀ ❃✼✽ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂✽ ✽✼❅ ❄➂✻❷❂❄➄✽ ❸
ü ➚➪ý➪➶➹➘➹➪➴ ❊ñ ➷ ✁✡� ✂þ ÿ �✁❿✂➬✄ þ

1 |ona(K)|Cmax
✠Ðþ✟ ➮þ☎ ÿ ✌�✞✁➮þ☎ ❿✁�☛ ✌þ☎➱ ✂þ☎ ✁�➮✁☛✝☛✠☛ ✟þ✄ þ☛✆☎ ☎þ✄ ✞✝✠✟✆✞❐ ☎ ✁☛✆ ✡☛ þ ÿ þ�❐ ✁�✄ ✠☛✟þ ✤ ✠�✠☛✆✞þ ➮þ

2K þ✆ ☎ ✞ K ≥ 2
➱ ✠✂✁�☎ ✞✂ þÔ ✞☎✆þ➮þ☎ ✠✂✤ ✁�✞✆②✄ þ☎ ➮þ ✆Õÿ þ ✇✇ ➮✁☛✆ ✂þ �✠✆✞✁ ➮þ ÿ þ�❐ ✁�✄ ✠☛✟þ þ☎✆

2K ×



ø✔ àß✎⑥ ð öïñ î ❴ ð❡⑦ ðò⑥⑧❡ ðôðõðö⑨ ⑦ñò ⑧⑥⑨ï✎öñ ❛ïò
➊ ØÙ➪➴➶➘➚Ú➘➹➪➴ ☞ Û❁✺✽❄✾❇❀❁✺✽ ✿✺ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ S ❷✻❃❇ ➾ ❍✻✿❷⑩✼ ✾✼ ❅ ✻Ü✼✽❈✻✺ Cmax(S)✼❂ ✿✺ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❁❈❂❄❅ ✻❃ S∗ ❸ é✺ ✻ ✽✻❄❂ ❶✿✼

x1 + ∆1 ≤ ∑n
j=1 pj ≤ Cmax(S∗)

∆q ≤ ∑n
j=1 pj ≤ Cmax(S∗)

❈❁✿❀ ❂❁✿❂
q = 1, 2, . . . , K

❷✼ ❶✿❄ ❄❅❈❃❄❶✿✼ ✼✺ ✿❂❄❃❄✽✻✺❂ ❃✼✽ ❇❶✿✻❂❄❁✺✽ ✳✔ ❸á✴ ✼❂ ✳✔ ❸✕✴ ❶✿✼
Cmax(S) ≤ Cmax(S∗) + Cmax(S∗) + 2(k − 1)Cmax(S∗) ≤ 2KCmax(S∗)

é✺ ❅❁✺❂❀✼ ❅ ✻❄✺❂✼✺✻✺❂ ❶✿ Þ❄❃ ✼➈ ❄✽❂✼ ✿✺✼ ❄✺✽❂✻✺❷✼ ✼❂ ✿✺✼ ❃❄✽❂✼ ❈❁✿❀ ❃✼✽❶✿✼❃❃✼✽ ❃ Þ❁❀✾❁✺✺✻✺❷✼➂❅ ✼✺❂ ❷❀❇❇ ❈✻❀ ❃ Þ✻❃❍❁❀❄❂⑩❅ ✼ ■■ ✻❂❂✼❄✺❂ ❷✼❂❂✼ ❆❁❀✺✼ ❸Û❁✺✽❄✾❇❀❁✺✽ ❃ Þ❄✺✽❂✻✺❷✼ ✽✿❄❾✻✺❂✼ ✾✿ ❈❀❁❆❃➀❅ ✼ 1|ona(K)|Cmax ✳∆ ✻❀❆❄❂❀✻❄❀✼ ✼❂ ǫ ✽✿ú ✽✻❅➂
❅✼✺❂ ❈ ✼❂❄❂ ➁ 4ǫ < ∆ ➁ ❾❁❄❀ ■❄❍✿❀✼ ✔ ❸✕✴ û
å p1 = ǫ ➁ p2 = ∆ − ǫ/2å ∆1 = ∆ − ǫ ➁ ∆q = ∆

❈❁✿❀
2 ≤ q ≤ Kå s1 = 0 ➁ sq = sq−1 + ∆q−1 + ∆ − 2ǫ

❈❁✿❀
2 ≤ q ≤ K

∆1

∆ − ǫ ∆ − 2ǫ

∆2

∆ ∆ − 2ǫ

∆3

∆

❩í❬ ❭ ✔ ❸✕ å ➃❇❀❄❁✾✼✽ ë➅➆ ❈❁✿❀ ❃✻ ❈❀✼✿❾✼ ✾✼ ❃✻ ➃❀❁❈❁✽❄❂❄❁✺ îá
Ý✻ ✽❁❃✿❂❄❁✺ ❁❈❂❄❅ ✻❃✼ ✼✽❂ ✾❁✺✺❇✼ ❈✻❀ ❃✻ ✽❇❶✿✼✺❷✼ (T2, T1) ➁ ❁ò T2 ❷❁❅❅✼✺❷✼ ➾ ❃ Þ❄✺✽❂✻✺❂ ó❇❀❁ ➁✻❾✼❷ ✿✺ ❅✻Ü✼✽❈✻✺ ∆ + ǫ

2
=

∑n
j=1 pj ❸

ê❾✼❷ ❃ Þ✻❃❍❁❀❄❂⑩❅ ✼ FF ✼❂ ❃✻ ❃❄✽❂✼ ✾✼ ❈❀❄❁❀❄❂❇
(T1, T2) ➁ ❁✺ ❁❆❂❄✼✺❂ ❃✻ ✽❇❶✿✼✺❷✼ (T1, T2)

❶✿❄
✻ ✿✺ ❅✻Ü✼✽❈✻✺ ❇❍✻❃ ➾ sK + ∆ + p2

❈✿❄✽❶✿✼ ❃✻ ❂æ❷⑩✼ T2 ✼✽❂ ❂❀❁❈ ❈✼❂❄❂✼ ❈❁✿❀ ❷❁✿❾❀❄❀ ❃✼✽❈ ❇❀❄❁✾✼✽ ë➅➆ 2 ➾ K ✼❂ ✼✽❂ ❂❀❁❈ ❍❀✻✺✾✼ ❈❁✿❀ ð❂❀✼ ❈❃✻❷❇✼ ✼✺❂❀✼ ✾✼✿➈ ✾✼ ❷✼✽ ❈ ❇❀❄❁✾✼✽ ❸ ê ❃❁❀✽
Cmax(T1, T2) = ∆ − ǫ + (K − 1)(2∆ − 2ǫ) + ∆ − ǫ/2 = 2K(∆ − ǫ) + ǫ/2 ❸
ê ❄✺✽❄ ➁ ❁✺ ✻

Cmax(T1, T2)

Cmax(T2, T1)
=

2K(∆ − ǫ) + ǫ/2

∆ + ǫ/2
−→ǫ→0 2KÛ✼ ❶✿❄ ❈ ✼❀❅ ✼❂ ✾✼ ❷❁✺❷❃✿❀✼ ❸ ¤

é✺ ✺❁❂✼ ρL ❃✼ ❀✻❂❄❁ ✾✼ ❈ ✼❀➄❁❀❅ ✻✺❷✼ ✾✼ ❃ Þ✻❃❍❁❀❄❂⑩❅✼ ✾✼ ❂ä❈✼ Ýè ✻✽✽❁❷❄❇ ➾ ❃✻ ❃❄✽❂✼ L ❸
ôõØ➪➚öÙ÷ ✏ ●✞ K ≥ 4

➱ ÿ ✁✡� ✆✁✡✆þ ✂✞☎ ✆þ ➮þ ÿ �✞✁�✞✆✌ L
➱ ✁☛ ✠

ρL = 2(K − 1) ×
ì❁✿✽ ❅ ❁✺❂❀❁✺✽ ❷✼ ❂⑩❇❁❀➀❅ ✼ ➾ ❃ Þ✻❄✾✼ ✾✼ ❈❃✿✽❄✼✿❀✽ ❃✼❅❅✼✽ ❸
ø÷ÙÙ÷ ù ➷ ✁✡� ✆✁✡✆þ ✂✞☎ ✆þ ➮þ ÿ �✞✁�✞✆✌ L

þ✆ ✆✁✡✆ K ≥ 2
➱

ρL ≥ 2(K − 1)



î ❴❵ ❴ ßñ ❛ïðò öð❜❛ñò ñ ö õñ ❛ïò ⑥ñï❝⑧ï❞✎❡àñò ø④
➊ ØÙ➪➴➶➘➚Ú➘➹➪➴ ☞ Û❁✺✽❄✾❇❀❁✺✽ ❃ Þ❄✺✽❂✻✺❷✼ ✽✿❄❾✻✺❂✼ ✻❾✼❷ ∆

❶✿✼❃❷❁✺❶✿✼ ✼❂ ǫ ✼❂ ✽✿ú ✽✻❅❅✼✺❂❈✼❂❄❂ ✳❾❁❄❀ ■ ❄❍✿❀✼ ✔ ❸✔✴ û
å p1 = ǫ ➁ p2 = ∆ + ǫ/2å ∆1 = ∆ ➁ ∆2 = ǫ ➁ ∆q = ∆ + ǫ

❈❁✿❀
3 ≤ q ≤ Kå s1 = ǫ ➁ s2 = ∆ + ǫ ➁ s3 = 2∆ + ǫ ➁ sq = sq−1 + 2∆ + ǫ ∀q ≥ 4

∆1

ǫ ∆

∆2

ǫ

∆3

∆ − ǫ ∆ + ǫ

∆4

∆ ∆ + ǫ

❩í❬ ❭ ✔ ❸✔ å ➃❇❀❄❁✾✼✽ ë➅➆ ❈❁✿❀ ❃✻ ❈❀✼✿❾✼ ✾✿ Ý✼❅❅✼ ④
Ý✻ ✽❁❃✿❂❄❁✺ ❁❈❂❄❅ ✻❃✼ ✼✽❂ ✾❁✺✺❇✼ ❈✻❀ ❃✻ ✽❇❶✿✼✺❷✼ (T2, T1) ➁ ❁ò

T2 ❷❁❅❅✼✺❷✼ ➾ ❃ Þ❄✺✽❂✻✺❂
ǫ/2 ❸ Û✼ ❂✼❅❈✽ ❅❁❀❂ ✾✼ ✾✿❀❇✼ ǫ/2 ✻✿ ✾❇❆✿❂ ✾✼ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ✳✻❃❁❀✽ ❶✿✼ ❃ Þ❁✺ ❈❁✿❀❀✻❄❂❈❀❁✾✿❄❀✼ T1 ➾ ❃ Þ❄✺✽❂✻✺❂ ✹✴ ❄❅ ❈❃❄❶✿✼ ❶✿ Þ✻✿❷✿✺ ✻❃❍❁❀❄❂⑩❅ ✼ ✾✼ ❂ä❈✼ LS ➁ ❶✿✼❃❃✼ ❶✿✼ ✽❁❄❂ ❃✻ ❃❄✽❂✼✾✼ ❈❀❄❁❀❄❂❇ ✽✿❀ ❃✻❶✿✼❃❃✼ ❄❃ ✼✽❂ ❆✻✽❇ ➁ ✺✼ ❈ ✼✿❂ ❈❀❁✾✿❄❀✼ ❷✼❂❂✼ ✽❇❶✿✼✺❷✼ ❸ â ❃❃✼ ✻ ✿✺ ❅ ✻Ü✼✽❈✻✺✾✼ ∆ + 2ǫ ❸â✺ ✻❈❈❃❄❶✿✻✺❂ ✿✺ ✻❃❍❁❀❄❂⑩❅ ✼ LS ➁ ❁✺ ❁❆❂❄✼✺❂ ❃✻ ✽❇❶✿✼✺❷✼ (T1, T2) ➁ ❶✿✼❃❃✼ ❶✿✼ ✽❁❄❂ ❃✻ ❃❄✽❂✼✾✼ ❈❀❄❁❀❄❂❇ ❷❁✺✽❄✾❇❀❇✼ ❸ é✺ ✻ ✻❃❁❀✽

Cmax(T1, T2) = (K − 1)(2∆ + ǫ) + ǫ/2
❈❁✿❀ ❂❁✿❂ K ≥ 2

ê ❄✺✽❄ ➁ Cmax(T1,T2)
Cmax(T2,T1)

−→ǫ→0 2(K − 1)
❈❁✿❀ ❂❁✿❂ K ≥ 2 ❸ Ý✼ ❀✻❂❄❁ ✾✼ ❈ ✼❀➄❁❀❅ ✻✺❷✼ ✾✼ ❂❁✿❂

✻❃❍❁❀❄❂⑩❅✼ ✾✼ ❂ä❈✼ Ýè ✼✽❂ ✾❁✺❷ ✽✿❈❇❀❄✼✿❀ ❁✿ ❇❍✻❃ ➾ 2(K − 1)
❈❁✿❀ ❂❁✿❂ K ≥ 2 ❸ ¤

ø÷ÙÙ÷ ú ●✁✞✆ I
✡☛ þ ✞☛☎✆✠☛ ✟þ ➮þ

1|ona(K)|Cmax
✆þ✂ ✂þ ✃✡ þ ✂ ❒✁�➮✁☛☛✠☛ ✟þ✄ þ☛✆ ✁ÿ ✆✞✄ ✠✂ S∗① ☛✞✆ ✠ÿ �➬☎ ✂✠ ☎ þ✟✁☛➮þ ÿ ✌�✞✁➮þ ë➅➆ × ➷ ✁✡� ✆✁✡✆ ✠✂✤ ✁�✞✆②✄ þA ➮þ ✆Õÿ þ

LS
✁☛ ✠

R(I, A(I)) ≤
2(K − 1)

ÿ ✁✡� ✆✁✡✆ K ≥ 2 ×
➊ ØÙ➪➴➶➘➚Ú➘➹➪➴ ☞ è❁❄❂

I
✿✺✼ ❄✺✽❂✻✺❷✼ ✾✼ 1|ona(K)|Cmax

❂✼❃❃✼ ❶✿✼ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂❁❈❂❄❅ ✻❃ S∗ ã✺❄❂ ✻❈❀➀✽ ❃✻ ✽✼❷❁✺✾✼ ❈❇❀❄❁✾✼ ë➅➆ ❸ é✺ ❷❁✺✽❄✾➀❀✼ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ S ❷❀❇❇ ❈✻❀✿✺ ✻❃❍❁❀❄❂⑩❅✼ ✾✼ ❂ä❈✼ Ýè ❸ é✺ ✻ x1 +∆1 +x2 +∆2 ≤ Cmax(S∗) ➁ ✼❂ ✾ Þ✻❈❀➀✽ ✳✔ ❸á✴ ✼❂ ✳✔ ❸✕✴ û
Cmax(S) ≤

n
∑

j=1

pj + Cmax∗ +
K

∑

q=3

(xq + ∆q) ≤ (2 + 2(K − 2))Cmax(S∗).

❷✼ ❶✿❄ ❷❁❅❈❃➀❂✼ ❃✻ ❈❀✼✿❾✼ ❸ ¤

✑❃ ✺❁✿✽ ❀✼✽❂✼ ➾ ❇❂✿✾❄✼❀ ❃✼ ❷✻✽ ❁ò
s1 + ∆1 ≤ Cmax(S∗) ≤ s2 ➁ ✻❾✼❷ s2 = +∞ ✽❄ K = 1 ❸

ø÷ÙÙ÷ û ü ✆✠☛✆ ➮✁☛☛ ✌þ ✡☛ þ ✞☛☎✆✠☛ ✟þ I
➮þ

1|ona(K)|Cmax
➱ ☎ ✞ ✂ ❒✁�➮✁☛☛✠☛ ✟þ✄ þ☛✆ ✁ÿ ✆✞✄ ✠✂

S∗ ☎ þ ✆þ�✄ ✞☛ þ þ☛✆�þ ✂þ☎ ➮þ✡Ô ÿ �þ✄✞➬�þ☎ ÿ ✌�✞✁➮þ☎ ë➅➆ ❰✟ ❒þ☎✆✝❮✝➮✞�þ s1+∆1 ≤ Cmax(S∗) ≤
s2

Ó ➱ ✠✂✁�☎ ÿ ✁✡� ✆✁✡✆ ✠✂✤ ✁�✞✆②✄ þ A ➮þ ✆Õÿ þ Ö●➱ ✁☛ ✠
R(I, A(I)) ≤ 3K/2

ÿ ✁✡� ✆✁✡✆ K ≥ 1 ×



ø÷ àß✎⑥ ð öïñ î ❴ ð❡⑦ ðò⑥⑧❡ ðôðõðö⑨ ⑦ñò ⑧⑥⑨ï✎öñ ❛ïò
➊ ØÙ➪➴➶➘➚Ú➘➹➪➴ ☞ è❁❄❂

I
✿✺✼ ❄✺✽❂✻✺❷✼ ✾✼ 1|ona(K)|Cmax ➁ S∗ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❁❈❂❄❅ ✻❃❈❁✿❀ ❷✼❂❂✼ ❄✺✽❂✻✺❷✼ ✼❂ A ✿✺ ✻❃❍❁❀❄❂⑩❅ ✼ ✾✼ ❂ä❈✼ LS ❸ è❁❄❂ Tl ❃✻ ✾✼❀✺❄➀❀✼ ❂æ❷⑩✼ ✾✻✺✽ ❃ Þ❁❀➂✾❁✺✺✻✺❷✼❅ ✼✺❂ S

❈❀❁✾✿❄❂ ❈✻❀ A ❈❁✿❀ ❃ Þ❄✺✽❂✻✺❷✼ I ❸ é✺ ✽✻❄❂ ❶✿✼ ❃✻ ❂æ❷⑩✼ Tl
✾❁❄❂ ð❂❀✼ ❈❃✿✽❃❁✺❍✿✼ ❶✿✼ ❂❁✿❂✼ ❈ ❇❀❄❁✾✼ ✾ Þ❄✺✻❷❂❄❾ ❄❂❇ xq ➁ ❈ ❁✿❀ ❂❁✿❂

q ≤ k ❸
é✺ ❅❁✺❂❀✼ ❂❁✿❂ ✾ Þ✻❆❁❀✾ ❶✿✼ ✽❄ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ S ✺ Þ✼✽❂ ❈✻✽ ❁❈❂❄❅ ✻❃ ➁ ✻❃❁❀✽ ✺❇❷✼✽✽✻❄❀✼❅ ✼✺❂
pl ≤ 1

2
Cmax(S∗) ❸ é✺ ❷❁✺✽❄✾➀❀✼ á ❷✻✽ û

î❸ Ý✻ ❈❀✼❅ ❄➀❀✼ ❈ ❇❀❄❁✾✼ ë➅➆ ✼✽❂ ❷❁✿❾✼❀❂✼ ❈✻❀ S ❸ é✺ ❀✼❅ ✻❀❶✿✼ ❶✿✼ ✽❄ ✻✿❷✿✺ ❂✼❅❈✽ ❅❁❀❂
✺✼ ✽✼ ❈❀❁✾✿❄❂ ✻❾✻✺❂ s1 ✳x1 = 0✴ ➁ ✻❃❁❀✽ S ✼✽❂ ❁❈❂❄❅ ✻❃ ❈✿❄✽❶✿✼ ∑n

j=1 pj ≤ s2 ❸ è ❄✺❁✺ ➁ ✽❁❄❂
t ❃✼ ❈❀✼❅ ❄✼❀ ❄✺✽❂✻✺❂ ❁ò ✻❈❈✻❀✻ý❂ ✿✺ ❂✼❅❈✽ ❅❁❀❂ ❸ é❆✽✼❀❾❁✺✽ ❃✼✽ ❂æ❷⑩✼✽ ❶✿❄ ✺ Þ❁✺❂ ❈✻✽✼✺❷❁❀✼ ❇❂❇ ✿✽❄✺❇✼✽ ➾ ❃ Þ❄✺✽❂✻✺❂ t ❸ ➃❁✿❀ ❂❁✿❂✼ ❂æ❷⑩✼ Tj

✾✻✺✽ ❷✼ ❷✻✽ ➁ ❁✺ ✺✼ ❈✼✿❂ ❈✻✽ ✻❾❁❄❀
t + pj > s2 ✽✻✺✽ ❷❁✺❂❀✼✾❄❀✼ ❃✼ ➄✻❄❂ ❶✿✼ Cmax(S∗) ≤ s2 ❸ ê ❄✺✽❄ ➁ ❂❁✿❂✼ ❂æ❷⑩✼ Tj

❈❃✿✽❃❁✺❍✿✼ ❶✿✼ ∆1
❈✼✿❂ ð❂❀✼ ❁❀✾❁✺✺✻✺❷❇✼ ✻✿ ❈❃✿✽ ❂✍❂ ➾ ❃ Þ❄✺✽❂✻✺❂ s1+∆1−pj ➁ ✼✺ ❷❁✿❾❀✻✺❂❃✻ ❈ ❇❀❄❁✾✼ ë➅➆ ❸ Û✼❃✻ ❄❅ ❈❃❄❶✿✼ ❶✿✼ ❃✻ ❂æ❷⑩✼ Tβ

❶✿❄ ❷❁✿❾❀✼ ∆1 ✼✽❂ ✺❇❷✼✽✽✻❄❀✼❅ ✼✺❂ ❃✻❈❃✿✽ ❃❁✺❍✿✼ ✾✼✽ ❂æ❷⑩✼✽ ❀✼✽❂✻✺❂✼✽ ❸ þ✼❅✻❀❶✿❁✺✽ ❶✿✼ ❃✼✽ ❂æ❷⑩✼✽ Tβ ✼❂ Tl ✽❁✺❂ ✾❄í❇❀✼✺❂✼✽ ➁❈✿❄✽❶✿✼ ✽❄✺❁✺ Cmax(S∗) = s1 + ∆1 = Cmax(S) ❸ ê ❄✺✽❄ ➁
Cmax(S∗) ≥ pβ + pl ≥ 2pl

á ❸ Ý✻ ❈❀✼❅ ❄➀❀✼ ❈ ❇❀❄❁✾✼ ë➅➆ ✺ Þ✼✽❂ ❈✻✽ ❷❁✿❾✼❀❂✼ ❈✻❀ S ❸ Û❁❅❅✼ ❄❃ ✺ Þ❇❂✻❄❂ ❈✻✽ ❈❁✽✽❄❆ ❃✼✾ Þ❁❀✾❁✺✺✻✺❷✼❀ Tl
❈❁✿❀ ❶✿ Þ✼❃❃✼ ❷❁✿❾❀✼ ∆1 ➁ ❁✺ ✻ pl < ∆1 ✼✺ ✽✿❄❾✻✺❂ ❃✼ ❀✻❄✽❁✺✺✼❅✼✺❂❈❀❇❷❇✾✼✺❂ ❸ è ❄ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❁❈❂❄❅ ✻❃ ✺✼ ❷❁✿❾❀✼ ❈✻✽ ✺❁✺ ❈❃✿✽ ❷✼❂❂✼ ❈ ❇❀❄❁✾✼ ➁ ✻❃❁❀✽

Cmax(S∗) ≥ ∑n
j=1 pj + ∆1 ≥ 2pl ❸ è❄✺❁✺ ➁ ❄❃ ✼➈ ❄✽❂✼ ✿✺✼ ❂æ❷⑩✼ Tα

❈❃✿✽ ❃❁✺❍✿✼ ❶✿✼ ∆1 ❸❉✺✼ ➄❁❄✽ ✼✺❷❁❀✼ ➁ Cmax(S∗) ≥ pα + pl ≥ 2pl ❸â✺ ✿❂❄❃❄✽✻✺❂ ✳✔ ❸á✴ ✼❂ ✳✔ ❸✕✴ ➁ ❁✺ ❈✼✿❂ ❆❁❀✺✼❀ ❃✼ ❅ ✻Ü✼✽❈✻✺ ✾✼ S ❷❁❅❅✼ ✽✿❄❂ û

Cmax(S) ≤
n

∑

j=1

pj + X1 +
k

∑

q=2

(xq + ∆q) ≤
n

∑

j=1

pj + X1 + (K − 1)

(

pl +
n

∑

j=1

pj

)

Û❃✻❄❀✼❅ ✼✺❂ X1 = x1 + ∆1 ≤ Cmax(S∗) ➁ ❷✼ ❶✿❄ ❄❅❈❃❄❶✿✼ ✿✺ ❀✻❂❄❁ ✾✼ ❈ ✼❀➄❁❀❅ ✻✺❷✼ ✾✼ I❈✻❀ ❀✻❈❈❁❀❂ ➾ A(I)
✾✼ 3

2
K + 1

2
❸ ❳ ✻❄✽ ❄❃ ✼✽❂ ❈❁✽✽❄❆ ❃✼ ✾ Þð❂❀✼ ✿✺ ❈✼✿ ❈❃✿✽ ❈❀❇❷❄✽ û ✼✺ ➄✻❄❂ ➁

∑n
j=1 pj + X1 ≤ 2 Cmax(S∗) − pl ✽❄ S ✺ Þ✼✽❂ ❈✻✽ ❁❈❂❄❅ ✻❃❸ ➃❁✿❀ ❾❁❄❀ ❷✼❷❄ ➁ ❷❁✺✽❄✾❇❀❁✺✽ ❃✼✽✾❄í ❇❀✼✺❂✽ ❷✻✽ ❈❁✽✽❄❆ ❃✼✽ ❸

å è ❄ ❃✻ ❈❀✼❅ ❄➀❀✼ ❈ ❇❀❄❁✾✼ ë➅➆ ✼✽❂ ❷❁✿❾✼❀❂✼ ✾✻✺✽ S ➁ ✻❃❁❀✽ ❁✺ ✻ ✽❄❅ ❈❃✼❅ ✼✺❂ X1 ≤ x1 ≤ pl ❸â✺ ✿❂❄❃❄✽✻✺❂ ❃✼ ➄✻❄❂ ❶✿✼ pl ≤ 1
2
Cmax(S∗) ➁ ❁✺ ❁❆❂❄✼✺❂ ∑n

j=1 pj + X1 ≤ Cmax(S∗) + pl ≤
2 Cmax(S∗) − pl ÿå è ❄ ❃✻ ❈❀✼❅ ❄➀❀✼ ❈ ❇❀❄❁✾✼ ë➅➆ ✺ Þ✼✽❂ ❈✻✽ ❷❁✿❾✼❀❂✼ ❈✻❀ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❁❈❂❄❅ ✻❃ ➁ ✻❃❁❀✽
Cmax(S∗) ≥ ∑n

j=1 pj +∆1 ❸ ê ❄✺✽❄ ➁ ∑n
j=1 pj +X1 ≤ Cmax(S∗)+x1 ≤ Cmax(S∗)+pl ≤

2Cmax(S∗) − pl ÿå è ❄ ❃✻ ❈❀✼❅ ❄➀❀✼ ❈ ❇❀❄❁✾✼ ë➅➆ ✼✽❂ ❷❁✿❾✼❀❂✼ ✾✻✺✽ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❁❈❂❄❅ ✻❃ S∗ ✼❂ ❈✻✽ ✾✻✺✽
S ❸ â✺ ✿❂❄❃❄✽✻✺❂ ❃✼✽ ✺❁❂✻❂❄❁✺✽ ❈❀❇❷❇✾✼✺❂✼✽ ➁ ❄❃ ✼➈ ❄✽❂✼ ✿✺✼ ❂æ❷⑩✼ Tα

❈❃✿✽ ❍❀✻✺✾✼ ❶✿✼ ∆1 ❸➃✿❄✽❶✿✼ Cmax(S∗) ≤ s2 ➁ ❂❁✿❂✼ ❂æ❷⑩✼ ❈❃✿✽ ❍❀✻✺✾✼ ❶✿✼ ∆1

❈✼✿❂ ð❂❀✼ ❁❀✾❁✺✺✻✺❷❇✼ ➾ ✿✺❷✼❀❂✻❄✺ ❄✺✽❂✻✺❂ ✼✺❂❀✼ t ➁ ❃✼ ✾❇❆✿❂ ✾✼ ❃✻ ❈ ❇❀❄❁✾✼ ✾ Þ❄✺✻❷❂❄❾ ❄❂❇ ➁ ✼❂ s1 ❸ Ý✻ ❈❀✼❅ ❄➀❀✼ ❈ ❇❀❄❁✾✼
ë➅➆ ✺ Þ✼✽❂ ❈✻✽ ❷❁✿❾✼❀❂✼ ✾✻✺✽ S ➁ ❷✼ ❶✿❄ ❄❅ ❈❃❄❶✿✼ ❶✿✼ Tα ✻ ✾❇✓ ➾ ❇❂❇ ❁❀✾❁✺✺✻✺❷❇✼ ✼❂ ❶✿✼
pl ≤ pα ❸ é✺ ❁❆❂❄✼✺❂ Cmax(S∗) ≥ s1 + ∆1 ≥ pα + x1 + ∆1 ≥ pl + X1 ➁ ✼❂ ❃✼ ❀❇✽✿❃❂✻❂ ✼✽❂❄❅❅❇✾❄✻❂ ❸



î ❴❵ ❴ ßñ ❛ïðò öð❜❛ñò ñ ö õñ ❛ïò ⑥ñï❝⑧ï❞✎❡àñò øø
â✺ ❀✻✽✽✼❅❆❃✻✺❂ ❷✼✽ ❀❇✽✿❃❂✻❂✽ ❁✺ ❁❆❂❄✼✺❂

Cmax(S) ≤ (2 Cmax(S∗) − pl) + (K − 1)(pl + Cmax(S∗)) ≤ 3

2
KCmax(S∗)

¤

➃✿❄✽❶✿✼ 3K/2 ≤ 2(K−1)
❈❁✿❀ ❂❁✿❂ K ≥ 4 ➁ ❃✼ Ý✼❅❅✼ ø ❷❁❅❈❃➀❂✼ ❃✻ ❈❀✼✿❾✼ ✾✿ ✈⑩❇❁❀➀❅ ✼ � ❸â✺ ❀❇✽✿❅ ❇ ➁ ❁✺ ❁❆❂❄✼✺❂ ❃✼✽ ❀❇✽✿❃❂✻❂✽ ✽✿❄❾✻✺❂✽

ôõØ➪➚öÙ÷ ✣ ➷ ✁✡� ✂þ ÿ �✁❿✂➬✄ þ
1|ona(K)|Cmax

➱ ✃✡ þ✂ ✂þ ✃✡ þ ☎ ✁✞✆ ✂✠ ✂✞☎✆þ ➮þ ÿ �✞✁�✞✆✌ L
➱ ✂þ�✠✆✞✁ ➮þ ÿ þ�❐ ✁�✄ ✠☛✟þ

ρL
➮þ ✂ ❒✠✂✤ ✁�✞✆②✄ þ ➮þ ✆Õÿ þ

LS
✠☎☎ ✁✟✞✌ Ð✌�✞① þ✁ ●✞ K = 1

➱ ✠✂✁�☎ ρL ≤ 3/2 ✂✁ ●✞ K = 2
➱ ✠✂✁�☎ 2 ≤ ρL ≤ 3 ✂✁ ●✞ K = 3
➱ ✠✂✁�☎ 4 ≤ ρL ≤ 4.5 ✂✁ ●✞ K ≥ 4
➱ ✠✂✁�☎ ρL = 2(K − 1) ×

➉➊➋➌➍➎➏➊ ➐ ➑→ ➞➓ K = 1
↕➛ ➞➣↕ ➜➣↔➛➒ ➣➔↕

I
➠ ➜➟ ↕✄ ➜↔➛↕ ➛→ ➞☎ → ➞➓↔ ➞➣↕ ➟➜↔➛↕ ➛↕ ➟➟↕ ➳ ➞↕ ➟➺➒ ➟➸→➥➓➜➛ ➲➢↕ ➝↕ ➛✆ ➡↕ ✝✞ ➒↔↔→➔ ➜➫ ➝→ ➣➣↕ ➟➒ ↔→ ➟➞➛ ➜→ ➣ → ➡➛ ➜➢➒ ➟↕ ➯ ✟➒➣↔ ➟↕ ➔➒↔ → ✠ ➟➒ ➡➫ ➓➜→➝↕ ↕↔➛ ➡↕➛ ➜➛↕ ➠➔↕➛➛↕ ➟➜↔➛↕ ↕↔➛ ➝ ➜➓↕➔➛↕➢↕➣➛ ➭→ ➞➓➣➜↕ ➡➒➓ ➟➺✡ ➟➸→ ➓➜➛ ➲➢↕ ☛ ➯ ✞ ➜ ➟➒ ➡➫ ➓➜→➝↕ ➣➺↕↔➛ ➡➒↔ ➡↕➛ ➜➛↕ ➠ ➜➟↔ ➞☞ ➛ ➝↕ ➔→ ➣↔ ➜➝➫ ➓↕ ➓ ➞➣ →➓➝→ ➣➣➒➣➔↕➢↕➣➛ → ➡➛ ➜➢➒ ➟

S∗ ➔➒ ➟➫ ✌ ➸➒➞➔➲↕ ➯ ✞ ➜ ➒ ➞➔ ➞➣ ➛↕➢➡↔ ➢→➓➛➣➺➜➣➛↕ ➓➙ ➜↕ ➣➛ ➝➒➣↔
S∗ → ➣ ➒ ✍ ➣➜➯ ✞ ➜➣→ ➣ ↔ ➞➡➡→↔→ ➣↔ ➳ ➞➺➞➣ ➛↕➢➡↔ ➢→➓➛ ↔↕ ➡➓→➝ ➞➜↔↕ ✌ ➟➺➜➣↔➥➛➒ ➣➛

t ≤ s ➯ ✝↕ ✝↕➢➢↕ ✎ ➜➢ ➡➟➜➳ ➞↕ ➳ ➞↕ ↔ ➜ ➟➒ ➡➫ ➓➜→➝↕ ✏✑✒ ↕↔➛ ➔→ ➞➙↕ ➓➛↕ ➠ → ➣ ➡↕➞➛ ➔→ ➣↔ ➜➝➫ ➓↕ ➓➳ ➞↕ ➔ ➺↕↔➛ ➡➒➓ ➟➒ ➡➟➞↔ ➟→ ➣➸ ➞↕ ➛➻➔ ➲↕ ➯ ✡ ➟→ ➓↔ ➠ ↕ ➟➟↕ ✍ ➣➜➛ ↕ ➣
s + ∆

↕➛ ➜➟ ➣➺↕↔➛ ➡➒↔ ➡→↔↔ ➜✓ ➟↕ ➝↕ ➟➒➭➒ ➜➓↕ ➔→➢➢↕➣➔↕ ➓ ➡➟➞↔ ➛✔➛ ➯ ✟➒➣↔ ➛→ ➞↔ ➟↕↔ ➔➒↔ ➠ → ➣ ➣↕ ➡↕➞➛ ➡➓→➝ ➞➜➓↕ ↕ ➣
t
➒➞➔➞➣↕ ➝↕↔ ➛➻➔ ➲↕↔➡➓→➝ ➞➜➛↕↔ ➒➡➓✕↔

s+∆
➡➞➜↔➳ ➞↕ ➔↕ ➟➒ ➔→ ➣➛ ➓↕➝ ➜➓➒ ➜➛ ➟↕ ➭➒ ➜➛ ➳ ➞↕ ➟➺→ ➓➝→ ➣➣➒➣➔↕➢↕➣➛ ↕↔➛ → ➡➛ ➜➢➒ ➟➯✖➟ ➣ ➺↕↔➛ ➝→ ➣➔ ➡➒↔ ➡→↔↔ ➜✓ ➟↕ ➝ ➺→ ✓➛↕ ➣➜➓ ➞➣↕ ✓→➓➣↕ ➜➣➭➫ ➓➜↕ ➞➓↕ ➝ ➞ ➓➒➛ ➜→ ➝↕ ➡↕ ➓➭→ ➓➢➒➣➔↕ ➙➒ ➟➒✓ ➟↕➡→ ➞➓ ➛→ ➞➛ ➒ ➟➸→ ➓➜➛ ➲➢↕ ➝↕ ➛✆ ➡↕ ✝✞ ➟→ ➓↔➳ ➞↕ K = 1 ➯

é✺ ❈✼✿❂ ❀✼❅ ✻❀❶✿✼❀ ❶✿✼ ❈❁✿❀ K = 2 ➁ ✿✺ ✻❃❍❁❀❄❂⑩❅ ✼ ✾✼ ❂ä❈✼ Ýè ➁ ❶✿✼❃❃✼ ❶✿✼ ✽❁❄❂ ❃✻ ❃❄✽❂✼ ❶✿❄
❃✿❄ ✼✽❂ ✻✽✽❁❷❄❇✼ ➁ ✺✼ ❈ ✼✿❂ ✻❾❁❄❀ ✿✺ ❀✻❂❄❁ ✾✼ ❈ ✼❀➄❁❀❅ ✻✺❷✼ ❄✺➄❇❀❄✼✿❀ ➾ á ❸ Û Þ✼✽❂ ✼✺ ➄✻❄❂ ❃✼ ❷✻✽✾✼ ❂❁✿❂ ⑩✼✿❀❄✽❂❄❶✿✼ ❈❁❃ä✺❁❅ ❄✻❃✼ ✾✼ 1|ona(2)|Cmax ❸
ôõØ➪➚öÙ÷ ❊❋ ➷ ✁✡� ✂þ ÿ �✁❿✂➬✄ þ

1|ona(2)|Cmax
➱ ✠✡ ✟✡☛ ✠✂✤ ✁�✞✆②✄ þ ÿ ✁✂Õ☛ ✁✄ ✞✠✂ ☛ ❒✠ ✡☛ þ

ÿ þ�❐ ✁�✄ ✠☛✟þ ✤ ✠�✠☛✆✞þ ✞☛❐ ✌�✞þ✡�þ ✁✡ ✌✤ ✠✂þ ❮ 2
➱ ☎✠✡❐ ☎✞ P = NP ✗ ✠ÿÿ �✁Ô ✞✄ þ�

1|ona(2)|Cmax✠Ðþ✟ ✡☛ �✠✆✞✁ ➮þ ÿ þ�❐ ✁�✄ ✠☛✟þ ✞☛❐ ✌�✞þ✡� ✁✡ ✌✤ ✠✂ ❮ 2
þ☎✆ NP ✝✘ ✞✙ ✟✞✂þ×

➊ ØÙ➪➴➶➘➚Ú➘➹➪➴ ☞ Û❁✺✽❄✾❇❀❁✺✽ ✿✺✼ ❄✺✽❂✻✺❷✼ ✾✿ ❈❀❁❆❃➀❅ ✼✚ ✪✛✧★✩✪✩✪✫✬✭➅✜✮➆➅✯✢ ✰
n ✼✺❂❄✼❀✽ ➁ a1, a2, . . . , an ❸✱✲✢✜✮í✣➅ ✰ â➈❄✽❂✼➂❂➂❄❃ ✿✺ ✽❁✿✽➂✼✺✽✼❅❆❃✼ J

✾✼ {1, 2, . . . , n} ❂✼❃ ❶✿✼ ∑

j∈J aj =
∑

i aj/2 ✤
é✺ ✽✻❄❂ ❶✿✼ ❷✼ ❈❀❁❆❃➀❅ ✼ ✼✽❂ NP ➂Û❁❅❈❃✼❂ ❸ é✺ ❷❁✺✽❂❀✿❄❂ ✿✺✼ ❄✺✽❂✻✺❷✼ I

✾✿ ❈❀❁❆❃➀❅ ✼
1|ona(2)|Cmax

✾❁✺❂ ❃✼✽ ❈ ❇❀❄❁✾✼✽ ✽❁✺❂ ❆ ❁❀✺❇✼✽ ➾ ❈✻❀❂❄❀ ✾ Þ✿✺✼ ❄✺✽❂✻✺❷✼ ✾✿ ❈❀❁❆❃➀❅ ✼ ✥ í❫✦➆✧✮í✮ í✣➅ ✾✼ ❃✻ ➄✻➇❁✺ ✽✿❄❾✻✺❂✼
å é✺ ❷❁✺✽❄✾➀❀✼ n + 1

❂æ❷⑩✼✽ ✾✼ ✾✿❀❇✼✽ ✾ Þ✿✽❄✺✻❍✼ pj = aj ➁ ❈ ❁✿❀ ❂❁✿❂
j ∈ {1, 2, . . . , n} ➁ ✼❂

pn+1 = maxj aj + 1 ÿå Ý✻ ✾✿❀❇✼ ∆1

✾✼ ❃✻ ❈❀✼❅ ❄➀❀✼ ❈ ❇❀❄❁✾✼ ë➅➆ ✼✽❂ maxj aj + 1 ÿ



ø� àß✎⑥ ð öïñ î ❴ ð❡⑦ ðò⑥⑧❡ ðôðõðö⑨ ⑦ñò ⑧⑥⑨ï✎öñ ❛ïò
å Ý✻ ✾✿❀❇✼ ∆2

✾✼ ❃✻ ✽✼❷❁✺✾✼ ❈❇❀❄❁✾✼ ✼✽❂ ∑n+1
j=1 pj ÿå Ý✻ ❈❀✼❅ ❄➀❀✼ ❈ ❇❀❄❁✾✼ ë➅➆ ❷❁❅❅✼✺❷✼ ➾ ❃ Þ❄✺✽❂✻✺❂ s1 =

P

j aj

2 ÿå Ý✻ ✽✼❷❁✺✾✼ ❈ ❇❀❄❁✾✼ ë➅➆ ❷❁❅❅✼✺❷✼ ➾ ❃ Þ❄✺✽❂✻✺❂ s2 = ∆1 +
∑

j aj =
∑n+1

j=1 ❸Ý✼ ❈❀❁❆❃➀❅ ✼ ✥ í✦➆✧✮í✮ í✣➅ ✻ ✿✺✼ ✽❁❃✿❂❄❁✺ ❈❁✿❀ ❃ Þ❄✺✽❂✻✺❷✼ {a1, a2, . . . , an} ✽❄ ✼❂ ✽✼✿❃✼❅ ✼✺❂✽❄ ❄❃ ✼➈ ❄✽❂✼ ✿✺ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❈❁✿❀ ❃ Þ❄✺✽❂✻✺❷✼ I
✾❁✺❂ ❃✼ ❅ ✻Ü✼✽❈✻✺ C ❾❇❀❄ã✼ C =

∑n+1
j=1 pj❈✿❄✽❶✿✼ Tn+1 ✼✽❂ ❃✻ ✽✼✿❃✼ ❂æ❷⑩✼ ❶✿❄ ❈ ✼✿❂ ❷❁✿❾❀❄❀ ❃✻ ❈ ❇❀❄❁✾✼ ë➅➆ ❸ï✼ ❈❃✿✽ ➁ ❃✼ ❈❀❁❆❃➀❅ ✼ ✥ í✦➆✧✮í✮ í✣➅ ✺ Þ✻ ❈✻✽ ✾✼ ✽❁❃✿❂❄❁✺ ❈❁✿❀ ❃ Þ❄✺✽❂✻✺❷✼ {a1, a2, . . . , an} ✽❄✼❂ ✽✼✿❃✼❅ ✼✺❂ ✽❄ ➁ ✾✻✺✽ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❁❈❂❄❅ ✻❃ ❈❁✿❀ ❃ Þ❄✺✽❂✻✺❷✼ I ➁ ✻✿ ❅ ❁❄✺✽ ✿✺✼ ❂æ❷⑩✼ Tβ✼✽❂ ❁❀✾❁✺✺✻✺❷❇✼ ✻❈❀➀✽ s2 + ∆2 ❸ Û✼❃✻ ❄❅❈❃❄❶✿✼ ❶✿✼ ❃✼ ❅ ✻Ü✼✽❈✻✺ ❁❈❂❄❅ ✻❃ ❈❁✿❀ I ✼✽❂ ❈❃✿✽❍❀✻✺✾ ❶✿✼ s2 + ∆2 + min pj ✼❂ ❁✺ ✻ ✻❃❁❀✽ Cmax(I) > 2C ❸ ê ❄✺✽❄ ➁ ✾ Þ✻❈❀➀✽ ❃✼ ✈⑩❇❁❀➀❅ ✼ ✾✿❨✻❈ ➁ ✻❈❈❀❁➈ ❄❅ ✼❀ 1|ona(2)|Cmax ✻❾✼❷ ✿✺ ❀✻❂❄❁ ❄✺➄❇❀❄✼✿❀ ❁✿ ❇❍✻❃ ➾ 2 ✼✽❂ NP ➂ï ❄ú ❷❄❃✼ ❸ ¤Û✼✽ ❈✼❀➄❁❀❅ ✻✺❷✼✽ ✽❁✺❂ ❷❁✺✽❂✻✺❂✼✽ ✾✻✺✽ ❃✼ ❷✻✽ ❁ò K ✺✼ ➄✻❄❂ ❈✻✽ ❈✻❀❂❄✼ ✾✼ ❃ Þ❄✺✽❂✻✺❷✼ ➁ ❅ ✻❄✽✺✼ ❃✼ ✽❁✺❂ ❈❃✿✽ ❈❁✿❀ ❃✼ ❈❀❁❆❃➀❅ ✼ 1|ona|Cmax ❸ Ý✻ ✽✼❷❂❄❁✺ ✽✿❄❾✻✺❂✼ ❅ ❁✺❂❀✼ ❶✿✼ ✽❄ ❃✻ ❆❁❀✺✼✽✿❀ ❃✻ ✾✿❀❇✼ ✾✼✽ ❈ ❇❀❄❁✾✼✽ ✼✽❂ ❀✼✺➄❁❀❷❇✼ ➁ ❁✺ ❈✼✿❂ ➁ ❈❁✿❀ ❷✼ ❈❀❁❆❃➀❅ ✼ ➁ ❁❆❂✼✺❄❀ ✿✺✼ ❍✻❀✻✺❂❄✼❷❁✺✽❂✻✺❂✼ ❈❁✿❀ ❂❁✿❂ ✻❃❍❁❀❄❂⑩❅✼ ✾✼ ❂ä❈✼ Ýè ❸

✖ ✗❹ ✗✘ ✙❽★✩✪✫✬✭
λ✮✚ ✪★✯❽✬✭

✰✿✽❶✿ Þ❄❷❄ ➁ ✺❁✿✽ ✻❾❁✺✽ ❷❁✺✽❄✾❇❀❇ ✾✼✽ ❈ ❇❀❄❁✾✼✽ ❆❁❀✺❇✼✽ ❈✻❀ ∑n
j=1 pj ❸ Û✼❂❂✼ ✽✿❈❈❁✽❄❂❄❁✺ ✼✽❂✻✽✽✼ó ➄✻❄❆ ❃✼ ❈✿❄✽❶✿✼ ❈❁✿❀ ❷✼❀❂✻❄✺✼✽ ❄✺✽❂✻✺❷✼✽ ❃✻ ❾❇❀❄ã✻✺❂ ➁ ✻✿❷✿✺✼ ❈❇❀❄❁✾✼ ✺✼ ❈ ✼✿❂ ð❂❀✼❷❁✿❾✼❀❂✼ ❸ Ý✼✽ ➄✻❄❆ ❃✼✽ ❈ ✼❀➄❁❀❅ ✻✺❷✼✽ ✾✼✽ ✻❃❍❁❀❄❂⑩❅✼✽ ✾✼ ❃❄✽❂✼✽ ✽❁✺❂ ❈ ✼✿❂➂ð❂❀✼ ✼✺ ❈✻❀❂❄✼ ✾✿✼✽➾ ❷✼ ➄✻❄❂ ❸ êã✺ ✾ Þ✻✿❍❅✼✺❂✼❀ ❃✼ ✺❁❅❆❀✼ ✾✼ ❈ ❇❀❄❁✾✼✽ ❷❁✿❾✼❀❂✼✽ ➁ ✺❁✿✽ ✾❇ã✺❄✽✽❁✺✽ ❃✻ ❷❁✺✾❄❂❄❁✺✽✿❄❾✻✺❂✼ ❶✿✼ ✺❁✿✽ ✻❈❈✼❃❁✺✽ ÿ ✌�✞✁➮þ☎ λ✝❿✁�☛ ✌þ☎ û

n
∑

j=1

pj ≥ λ ∆q, q = 1, 2, . . . , K ✳✔ ❸✔✴
Ý✻ ❂⑩❇❁❀❄✼ ❶✿✼ ✺❁✿✽ ✻❾❁✺✽ ✾❇❾✼❃❁❈❈❇✼ ❈❀❇❷❇✾✼❅❅✼✺❂ ❷❁❀❀✼✽❈❁✺✾ ✾❁✺❷ ➾ ✾✼✽ ❈ ❇❀❄❁✾✼✽
1
➂❆ ❁❀✺❇✼✽ ❸
ì❁✿✽ ❄✺❂❀❁✾✿❄✽❁✺✽ ❃✻ ✾❇ã✺❄❂❄❁✺ ✽✿❄❾✻✺❂✼ ❸ ❉✺✼ ❂æ❷⑩✼ ❶✿❄ ❈ ✼✿❂ ð❂❀✼ ❈❃✻❷❇✼ ✾✼ ➄✻➇❁✺ ➾ ❂✼❀❅ ❄✺✼❀✾✻✺✽ ❃ Þ❄✺❂✼❀❾✻❃❃✼ [0, sK] ✼✽❂ ✾❄❂✼ ✁�➮✁☛☛✠☛✱✠❿✂þ❸
ø÷ÙÙ÷ ✏ ✲✁☛☎✞➮✌�✁☛☎ ✡☛ þ ✞☛☎✆✠☛ ✟þ I × ● ✞ ✞✂ þÔ ✞☎✆þ ✡☛ þ ✆✳✟② þ ✃✡✞ ☛ ❒þ☎✆ ÿ✠☎ ✁�➮✁☛☛✠☛✝✱✠❿✂þ➱ ✆✁✡✆ ✠✂✤ ✁�✞✆②✄ þ A ✃✡✞ ÿ �✁➮✡✞✆ ➮þ☎ ✁�➮✁☛☛✠☛ ✟þ✄ þ☛✆☎ ☎ þ✄✞✝✠✟✆✞❐ ☎ ✠ ✡☛ þ ÿ þ�❐ ✁�✄ ✠☛✟þ✤ ✠�✠☛✆✞þ ➮þ

2
ÿ ✁✡� ✂ ❒✞☛☎✆✠☛ ✟þ I ×

➊ ØÙ➪➴➶➘➚Ú➘➹➪➴ ☞ Ý Þ✼➈ ❄✽❂✼✺❷✼ ✾ Þ✿✺✼ ❂æ❷⑩✼ ❶✿❄ ✺ Þ✼✽❂ ❈✻✽ ❁❀✾❁✺✺✻✺➇✻❆❃✼ ❄❅ ❈❃❄❶✿✼ ❶✿✼
Cmax(S∗) ≥ sK + ∆K ❸ ê ❄✺✽❄ ➁ Cmax(A(I)) ≤ sK + ∆K +

∑n
j=1 pj ≤ 2Cmax(S∗) ❸ ¤

ø÷ÙÙ÷ ✣ ✲✁☛☎✞➮✌�✁☛☎ ✡☛ þ ✞☛☎✆✠☛ ✟þ I × ● ✞ ✂þ☎ ÿ ✌�✞✁➮þ☎ ë➅➆ ➮þ
I

☎ ✁☛✆
λ✝❿✁�☛ ✌þ☎ þ✆ ✃✡ þ λþ☎✆ ☎✡✙ ☎✠✄✄ þ☛✆ ✤ �✠☛➮➱ ✆✁✡✆ ✠✂✤ ✁�✞✆②✄ þ A ✃✡✞ ÿ �✁➮✡✞✆ ➮þ☎ ✁�➮✁☛☛✠☛ ✟þ✄ þ☛✆☎ ☎ þ✄✞✝✠✟✆✞❐ ☎✠ ✡☛ �✠✆✞✁ ➮þ ÿ þ�❐ ✁�✄ ✠☛✟þ ➮þ

2
ÿ ✁✡� ✂ ❒✞☛☎✆✠☛ ✟þ I ×



î ❴❵ ❴ ßñ ❛ïðò öð❜❛ñò ñ ö õñ ❛ïò ⑥ñï❝⑧ï❞✎❡àñò ø✒
➊ ØÙ➪➴➶➘➚Ú➘➹➪➴ ☞ ➃❁✽❁✺✽ λ > sK/maxq∆q ❸ ê ❃❁❀✽ ➁ ❈ ❁✿❀ ❂❁✿❂ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❁❈❂❄❅ ✻❃ S∗ ➁
Cmax(S∗) ≥ ∑n

j=1 pj > (sK/ maxq ∆q) maxq ∆q = sK ✼❂ Cmax(S∗) ≥ sK + ∆K ❸ ê ❃❁❀✽ ➁
Cmax(A(I)) ≤ sK + ∆K +

∑n
j=1 pj ≤ 2Cmax(S∗) ❸ ¤

ôõØ➪➚öÙ÷ ❊❊ ➷ ✁✡� ✂þ ÿ �✁❿✂➬✄ þ
1|ona(K)|Cmax

�þ☎✆�þ✞☛✆ ✠✡Ô ✞☛☎✆✠☛ ✟þ☎ ➮✁☛✆ ✂þ☎ ÿ ✌�✞✁➮þ☎☎ ✁☛✆
λ✝❿✁�☛ ✌þ☎➱ ✆✁✡✆ ✠✂✤ ✁�✞✆②✄ þ ➮þ ✆Õÿ þ Ö● ✠ ✡☛ þ ÿ þ�❐ ✁�✄ ✠☛✟þ ✤ ✠�✠☛✆✞þ ➮þ

1 + 2K
λ

×
➊ ØÙ➪➴➶➘➚Ú➘➹➪➴ ☞ Û❁✺✽❄✾❇❀❁✺✽ ✿✺✼ ❄✺✽❂✻✺❷✼ I λ

➂❆ ❁❀✺❇✼ ➁ ✿✺✼ ❃❄✽❂✼ ✾✼ ❈❀❄❁❀❄❂❇
L ✼❂ ❃ Þ✻❃❍❁➂❀❄❂⑩❅ ✼ ✾✼ ❂ä❈✼ Ýè ❶✿❄ ❃✿ ❄ ✼✽❂ ✻✽✽❁❷❄❇ ❸ Û✼❂ ✻❃❍❁❀❄❂⑩❅✼ ❈❀❁✾✿❄❂ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ S

❈❁✿❀
❃ Þ❄✺✽❂✻✺❷✼ I ✼❂ ❁✺ ✺❁❂✼ S∗ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❁❈❂❄❅ ✻❃ ❈❁✿❀ ❷✼❂❂✼ ❄✺✽❂✻✺❷✼ ❸ è❁❄❂ t ❃ Þ❄✺✽➂❂✻✺❂ ✾✼ ✾❇❈✻❀❂ ✾ Þ✿✺✼ ❈ ❇❀❄❁✾✼ ✾ Þ❄✺✻❷❂❄❾ ❄❂❇ ✾✼ S

✾✼ ❃❁✺❍✿✼✿❀ Xi ✽❄❂✿❇✼ ✾✻✺✽ ❃ Þ❄✺❂✼❀❾✻❃❃✼
[si−1 + ∆i−1, si] ❸ è✿❈❈❁✽❁✺✽ ❶✿✼ ❃✻ ❂æ❷⑩✼ Tj ✼✽❂ ❃✻ ❈❀✼❅ ❄➀❀✼ ❂æ❷⑩✼ ❶✿❄ ✼✽❂ ❈❃✻❷❇✼ ✻❈❀➀✽ t✾✻✺✽ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ S ❸ ✴❂✻✺❂ ✾❁✺✺❇ ❶✿✼ Tj ✺ Þ✻ ❈✻✽ ❈✿ ❷❁❅❅✼✺❷✼❀ ➾ ❃ Þ❄✺✽❂✻✺❂ t ➁ ✺❇❷✼✽➂✽✻❄❀✼❅ ✼✺❂ t + pj = tl ∈]sl, sl + ∆l[

❈❁✿❀ ✿✺ ❄✺✾❄❷✼ l ≥ i ✳❾❁❄❀ ■ ❄❍✿❀✼ ✔ ❸④✴ ❸
pj

∆i−1

si−1

t

∆i

si

∆i+1

si+1

· · · ∆l

sl

tl

❩í❬ ❭ ✔ ❸④ å ➃❇❀❄❁✾✼ ✾ Þ❄✺✻❷❂❄❾ ❄❂❇ ✼❂ ❈ ❇❀❄❁✾✼✽ ë➅➆ ❈❁✿❀ ❃✻ ❈❀✼✿❾✼ ✾✿ ✈⑩❇❁❀➀❅ ✼ îî
é✺ ❈✼✿❂ ✾❄✽❂❄✺❍✿✼❀ ✾✼✿➈ ❷✻✽ ❸
å Ý✻ iième ❈❇❀❄❁✾✼ ë➅➆ ✼✽❂ ❷❁✿❾✼❀❂✼ ❈✻❀ Tj

✾✻✺✽ S ❸ ï ✻✺✽ ❷✼ ❷✻✽ ➁ sl + ∆l − tl ≤ si − t ✼❂❃✻ ❃❁✺❍✿✼✿❀ ✾✼ ❃ Þ❄✺❂✼❀❾✻❃❃✼ ✾ Þ❄✺✻❷❂❄❾ ❄❂❇ ✼✽❂ Xi = sl + ∆l − tl ≤ ∆l ❸å Ý✻ iième ❈❇❀❄❁✾✼ ë➅➆ ✺ Þ✼✽❂ ❈✻✽ ❷❁✿❾✼❀❂✼ ❈✻❀ Tj

✾✻✺✽ S ❸ ï ✻✺✽ ❷✼ ❷✻✽ ➁ sl +∆l− tl > si− t✼❂ ✾❁✺❷ ∆l > si − t ❸ ê ❃❁❀✽ ➁ Xi = si − t + ∆i ≤ ∆l + ∆i ❸ï ✻✺✽ ❃✼✽ ✾✼✿➈ ❷✻✽ ➁ ❁✺ ✻ ✾❁✺❷ Xi ≤ 2 maxq ∆q ❸ ê ❄✺✽❄ ✼✺ ✿❂❄❃❄✽✻✺❂ ❃ Þ❇❶✿✻❂❄❁✺ ✳✔ ❸á✴ ✼❂ ❃✼ ➄✻❄❂❶✿✼ ❃✼✽ ❈ ❇❀❄❁✾✼✽ ✽❁✺❂ ❆❁❀✺❇✼✽ ➁ ❁✺ ❁❆❂❄✼✺❂
Cmax(S) ≤

k
∑

q=1

Xq +
n

∑

j=1

pj ≤
(

1 +
2K
λ

) n
∑

j=1

pj ≤
(

1 +
2K
λ

)

Cmax(S∗)

❷✼ ❶✿❄ ❷❁❅❈❃➀❂✼ ❃✻ ❈❀✼✿❾✼ ❸ ¤

✵➪➚➪ ✶✶Ú➹➚÷ ✷ ➷ ✁✡� ✆✁✡✆þ ✞☛☎✆✠☛ ✟þ I λ✝❿✁�☛ ✌þ ✆þ✂ ✂þ ✃✡ þ λ
✆þ☛➮ Ðþ�☎ ✂ ❒✞☛① ☛✞➱ ✆✁✡✆ ✠✂✤ ✁�✞✆②✄ þ

A ➮þ ✆Õÿ þ Ö● ✠ ✡☛ �✠✆✞✁ ➮þ ÿ þ�❐ ✁�✄ ✠☛✟þ
R(I, A(I)) ✃✡✞ ✆þ☛➮ Ðþ�☎

1 ×
ê ❄✺✽❄ ➁ ✽❄ λ ✼✽❂ ✽✿ú ✽✻❅❅✼✺❂ ❍❀✻✺✾ ❂❁✿❂ ✻❃❍❁❀❄❂⑩❅✼ ✾✼ ❃❄✽❂✼ ✾❁✺✺✼❀✻ ✿✺✼ ✽❁❃✿❂❄❁✺ ❈❀❁❷⑩✼✾✼ ❃ Þ❁❈❂❄❅✻❃ ❁✿ ❁❈❂❄❅ ✻❃✼ ❸ï✻✺✽ ❃✻ ✽✼❷❂❄❁✺ ❈❀❇❷❇✾✼✺❂✼ ➁ ✺❁✿✽ ✻❾ ❄❁✺✽ λ = 1 ❸ ✸ ❈✻❀❂❄❀ ✾✿ ✈⑩❇❁❀➀❅ ✼ îî➁ ✺❁✿✽ ❁❆❂✼✺❁✺✽✿✺✼ ❈✼❀➄❁❀❅ ✻✺❷✼ ❍✻❀✻✺❂❄✼ ✾✼ 1+2K ❈❁✿❀ ❂❁✿❂ ✻❃❍❁❀❄❂⑩❅ ✼ ✾✼ ❂ä❈✼ Ýè ❸ Û✼ ❀❇✽✿❃❂✻❂ ✼✽❂ ❈❃✿✽➄✻❄❆ ❃✼ ❶✿✼ ❷✼❃✿ ❄ ❇✺❁✺❷❇ ❈✻❀ ❃✼ ✈⑩❇❁❀➀❅ ✼ � ❅✻❄✽ ✽ Þ✼✺ ✻❈❈❀❁❷⑩✼ ❸ï✻✺✽ ❃✼ ❷✻✽ ❁ò ❂❁✿❂✼✽ ❃✼✽ ❈ ❇❀❄❁✾✼✽ ✽❁✺❂ ❈ ✼❂❄❂✼✽ ➁ ❁✺ ❁❆❂❄✼✺❂ ❄❅❅❇✾❄✻❂✼❅ ✼✺❂ ❃✻ ❅ ✻✓ ❁❀✻❂❄❁✺
λ ≥ n

❈✿❄✽❶✿✼ ❷⑩✻❶✿✼ ❂æ❷⑩✼ ✼✽❂ ❈❃✿✽ ❃❁✺❍✿✼ ❶✿✼ ✺ Þ❄❅ ❈❁❀❂✼ ❶✿✼❃❃✼ ❈ ❇❀❄❁✾✼ ë➅➆ ❸ é✺ ✼✺✾❇✾✿❄❂ ❃✼ ❷❁❀❁❃❃✻❄❀✼ ✽✿❄❾✻✺❂



�✹ àß✎⑥ ð öïñ î ❴ ð❡⑦ ðò⑥⑧❡ ðôðõðö⑨ ⑦ñò ⑧⑥⑨ï✎öñ ❛ïò
✵➪➚➪ ✶✶Ú➹➚÷ ➈ ➷ ✁✡� ✂þ ÿ �✁❿✂➬✄ þ

1|ona(K)|Cmax
✠Ðþ✟ ➮þ☎ ÿ ✌�✞✁➮þ☎ ë➅➆ ÿ þ✆✞✆þ☎➱ ✂þ☎ ✠✂✤ ✁✝�✞✆②✄ þ☎ ➮þ ✆Õÿ þ Ö● ✁☛✆ ✡☛ þ ÿ þ�❐ ✁�✄ ✠☛✟þ ✤ ✠�✠☛✆✞þ ➮þ

1 + 2K/n ×
Ý❁❀✽❶✿✼ ❶✿✼ ❃✼ ✺❁❅❆❀✼ ✾✼ ❂æ❷⑩✼✽ ❂✼✺✾ ❾✼❀✽ ❃ Þ❄✺ã✺❄ ➁ ❃✼✽ ✻❃❍❁❀❄❂⑩❅✼✽ ✾✼ ❂ä❈ ✼ Ýè ✾❁✺✺✼✺❂✾✼✽ ✽❁❃✿❂❄❁✺✽ ✾❁✺❂ ❃✼ ❅ ✻Ü✼✽❈✻✺ ❂✼✺✾ ❾✼❀✽ ❃ Þ❁❈❂❄❅ ✻❃ ❈❁✿❀ ❷✼ ❂ä❈ ✼ ✾ Þ❄✺✽❂✻✺❷✼✽ ❸ï✼ ❈❃✿✽ ➁ ✽✿❀ ❃ Þ✼✺✽✼❅❆❃✼ ✾✼✽ ❄✺✽❂✻✺❷✼✽ ❂✼❃❃✼✽ ❶✿✼ n ≥ K ➁ ❄❃✽ ❁✺❂ ✿✺✼ ❈✼❀➄❁❀❅ ✻✺❷✼ ❍✻❀✻✺❂❄✼❷❁✺✽❂✻✺❂✼ ❸
✵➪➚➪ ✶✶Ú➹➚÷ ù ➷ ✁✡� ✆✁✡✆þ ✞☛☎✆✠☛✟þ ➮✡ ÿ �✁❿✂➬✄ þ

1|ona|Cmax
✁Ï ✂þ☎ ✹ ÿ ✌�✞✁➮þ☎ ë➅➆ ☎✁☛✆

ÿ þ✆✞✆þ☎ þ✆ ✄ ✁✞☛☎ ☛ ✁✄ ❿�þ✡☎ þ☎ ✃✡ þ ✂þ☎ ✆✳✟② þ☎➱ ✆✁✡✆ ✠✂✤ ✁�✞✆②✄ þ ➮þ ✆Õÿ þ Ö● ✠ ✡☛ �✠✆✞✁ ➮þ
ÿ þ�❐ ✁�✄ ✠☛✟þ ➮þ

3 ×
Ý❁❀✽❶✿✼ 2 ≤ n < K ➁ ❃✼✽ ❈❀❁❈❁✽❄❂❄❁✺✽ ✽✿❄❾✻✺❂✼✽ ❄✺✾❄❶✿✼✺❂ ❶✿✼ ❃✼ ❀✻❂❄❁ ✾✼ ❈ ✼❀➄❁❀❅ ✻✺❷✼ ✾✼✽✻❃❍❁❀❄❂⑩❅✼✽ ✾✼ ❂ä❈ ✼ Ýè ✼✽❂ ✾✼ ❃ Þ❁❀✾❀✼ ✾✼ K/2 ❸
ü ➚➪ý➪➶➹➘➹➪➴ ❊✷ ➷ ✁✡� ✂þ ÿ �✁❿✂➬✄ þ

1|ona(K)|Cmax
✠Ðþ✟ ➮þ☎ ÿ ✌�✞✁➮þ☎ ë➅➆ ÿ þ✆✞✆þ☎➱ ✆✁✡✆✠✂✤ ✁�✞✆②✄ þ ➮þ ✆Õÿ þ Ö● ✠ ✡☛ þ ÿ þ�❐ ✁�✄ ✠☛✟þ ✤ ✠�✠☛✆✞þ ➮þ
(K + 1)/2

➱ ☎ ✞ K ≥ 3 ×
➊ ØÙ➪➴➶➘➚Ú➘➹➪➴ ☞ Û❁✺✽❄✾❇❀❁✺✽ ✿✺ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ S

✾✼ ❅✻Ü✼✽❈✻✺ Cmax(S)
❁❆❂✼✺✿ ❈✻❀✿✺ ✻❃❍❁❀❄❂⑩❅ ✼ ✾✼ ❂ä❈✼ Ýè ✼❂ ✿✺ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❁❈❂❄❅ ✻❃ S∗ ❸ þ✻❈❈✼❃❁✺✽ ❶✿✼ ❃ Þ❇❶✿✻❂❄❁✺✾✼ ❷❁✺✽✼❀❾✻❂❄❁✺ ✾✿ ❂❀✻❾✻❄❃ ✺❁✿✽ ✾❁✺✺✼

Cmax(S) =
n

∑

i=1

pi +
k

∑

j=1

Xj

þ✼❅✻❀❶✿❁✺✽ ❶✿✼ ❈✿❄✽❶✿✼ ❃✼✽ ❈ ❇❀❄❁✾✼✽ ë➅➆ ✽❁✺❂ ❈ ✼❂❄❂✼✽ ➁ ❃✻ ✾✼❀✺❄➀❀✼ ❈ ❇❀❄❁✾✼ ë➅➆ ✻❷❂❄❾✼❈ ✼✿❂ ❂❁✿✓ ❁✿❀✽ ð❂❀✼ ❷❁✿❾✼❀❂✼ ✼✺ ❁❀✾❁✺✺✻✺➇✻✺❂ ❃✻ ✾✼❀✺❄➀❀✼ ❂æ❷⑩✼ Tl
✾✼ S ➁ ➾ ❃ Þ❄✺✽❂✻✺❂ sk ❸

é✺ ✾❁✺✺✼ ❂❁✿❂ ✾ Þ✻❆❁❀✾ 3
❆❁❀✺✼✽ ✽✿❈❇❀❄✼✿❀✼✽ ✽✿❀ ❃✻ ✾✿❀❇✼ ✾✼✽ ❈ ❇❀❄❁✾✼✽ ✾ Þ❄✺✻❷❂❄❾ ❄❂❇ ❸

ø÷ÙÙ÷ ❊❋ ●✁✞þ☛✆ I
✡☛ þ ✞☛☎✆✠☛ ✟þ ➮þ

1|ona(K)|Cmax
✆þ✂ ✂þ ✃✡ þ ✂þ☎ ÿ ✌�✞✁➮þ☎ ➮ ❒✞☛➮✞☎ÿ ✁☛✞❿✞✝✂✞✆✌ ☎ ✁☛✆ ÿ þ✆✞✆þ☎ þ✆

S
✡☛ ✁�➮✁☛☛✠☛ ✟þ✄ þ☛✆ ☎ þ✄✞✝✠✟✆✞❐ ✠➮✄ ✞☎☎✞❿✂þ× ● ✁✞✆ pmin = minj{pj} = p1✂✠ ÿ ✂✡☎ ÿ þ✆✞✆þ ➮✡�✌þ ➮ ❒✡☎✞☛✠✤ þ× ➷ ✁✡� ✆✁✡✆

j ≤ k
➱ ✁☛ ✠ ✂✠ ✄ ✠✺ ✁�✠✆✞✁☛ xj ≤ pmin ×

➊ ØÙ➪➴➶➘➚Ú➘➹➪➴ ☞ ï✼ ❃✻ ❈❀✼✿❾✼ ✾✿ ✈⑩❇❁❀➀❅ ✼ îî➁ ❁✺ ✾❇✾✿❄❂ ❶✿✼ ✽❄ xj 6= 0 ➁ ✻❃❁❀✽ ❄❃ ✼➈ ❄✽❂✼
m

❂✼❃ ❶✿✼ xj ≤ ∆m ❸ Ý✼ ➄✻❄❂ ❶✿✼ ❃✼✽ ❈ ❇❀❄❁✾✼✽ ✽❁❄✼✺❂ ❈ ✼❂❄❂✼✽ ❈ ✼❀❅ ✼❂ ✾✼ ❷❁✺❷❃✿❀✼ ❸ ¤Û✼ ❃✼❅❅✼ ❄❅❈❃❄❶✿✼ ❶✿✼ Xj ≤ 2 pmin

❈❁✿❀ ❂❁✿❂
j ❸ è ❄ ❃✻ jième ❈❇❀❄❁✾✼ ë➅➆ ✺ Þ✼✽❂ ❈✻✽❷❁✿❾✼❀❂✼ ➁ ❁✺ ❁❆❂❄✼✺❂ ✿✺✼ ✺❁✿❾✼❃❃✼ ❆❁❀✺✼ ✽✿❈❇❀❄✼✿❀✼ û

ø÷ÙÙ÷ ❊❊ ●✁✞þ☛✆ I
✡☛ þ ✞☛☎✆✠☛ ✟þ ➮þ

1|ona(K)|Cmax
✆þ✂ ✂þ ✃✡ þ ✂þ☎ ÿ ✌�✞✁➮þ☎ ë➅➆ ☎✁☛✆

ÿ þ✆✞✆þ☎ þ✆
S

✡☛ ✁�➮✁☛☛✠☛ ✟þ✄ þ☛✆ ÿ �✁➮✡✞✆ ÿ✠� ✡☛ ✠✂✤ ✁�✞✆②✄ þ ➮þ ✆Õÿ þ Ö● × ● ✞ ✂✠ jième ÿ ✌�✞✁➮þ
ë➅➆ ☛ ❒þ☎✆ ÿ✠☎ ✟✁✡Ðþ�✆þ ➮✠☛☎

S
➱ ✠✂✁�☎ Xj + xj+1 ≤ pl

✁Ï
l
þ☎✆ ✂ ❒✞☛➮✞✟þ ➮þ ✂✠ ➮þ�☛✞➬�þ ✆✳✟② þ➮þ

S ×



î ❴❵ ❴ ßñ ❛ïðò öð❜❛ñò ñ ö õñ ❛ïò ⑥ñï❝⑧ï❞✎❡àñò � î
➊ ØÙ➪➴➶➘➚Ú➘➹➪➴ ☞ Û❁✺✽❄✾❇❀❁✺✽ ❷❁❅❅✼ ❈❀❇❷❇✾✼❅❅✼✺❂ ❃✼ ❈❀✼❅ ❄✼❀ ❄✺✽❂✻✺❂ t

✾✼ ❃✻ ❈ ❇❀❄❁✾✼✾ Þ❄✺✻❷❂❄❾ ❄❂❇ ✼✺❂❀✼ ❃✻ (j−1)ième ✼❂ ❃✻ jième ❈❇❀❄❁✾✼ ❸ Ý Þ❄✺❂✼❀❾✻❃❃✼ ✾ Þ❄✺✻❷❂❄❾ ❄❂❇ ✼✽❂ ✻❃❁❀✽ [t, sj] ❸þ✼❅ ✻❀❶✿❁✺✽ ❶✿✼ [t, sj]
❈✼✿❂➂ð❂❀✼ ❀❇✾✿❄❂ ❇❾✼✺❂✿✼❃❃✼❅ ✼✺❂ ✻✿ ✽❄✺❍❃✼❂❁✺ {sj} ❅✻❄✽ ✺ Þ✼✽❂ ✓ ✻❅ ✻❄✽❾❄✾✼ ❸ é✺ ✻ ❷❁❅❅✼ ❈❀❇❷❇✾✼❅❅✼✺❂ t + pl ∈]sm, sm + ∆m[

❈❁✿❀ ✿✺ ❷✼❀❂✻❄✺ ❄✺✾❄❷✼ m ≥ j ❸❳❁✺❂❀❁✺✽ ❶✿✼ m ≥ j+1 ❸ è✿❈❈❁✽❁✺✽ ✾❁✺❷ ❶✿✼ m = j ❸ ï ✻✺✽ ❷✼ ❷✻✽ ➁ ❃✻ ❂æ❷⑩✼ Tl ➁ ❶✿❄ ✼✽❂ ❈❃✿✽❃❁✺❍✿✼ ❶✿✼ ❃✻ ❈ ❇❀❄❁✾✼ ë➅➆ ➁ ❈ ✼✿❂ ❷❁❅❅✼✺❷✼❀ ➾ ❃ Þ❄✺✽❂✻✺❂ sj + ∆j − pl ≥ t ➁ ❷✼ ❶✿❄ ❷❁✺❂❀✼✾❄❂❃✼ ➄✻❄❂ ❶✿ Þ✻✿❷✿✺✼ ❂æ❷⑩✼ ✺✼ ❈ ✼✿❂ ð❂❀✼ ❁❀✾❁✺✺✻✺❷❇✼ ❈ ✼✺✾✻✺❂ ❃✻ ❈ ❇❀❄❁✾✼ ✾ Þ❄✺✻❷❂❄❾ ❄❂❇ Xj ❸ é✺✻ ✾❁✺❷ m ≥ j + 1 ✼❂ ✻❄✺✽❄ pl > sj+1 − t ➁ ❷✼ ❶✿❄ ❷❁❅❈❃➀❂✼ ❃✻ ❈❀✼✿❾✼ ❸ ¤

ø÷ÙÙ÷ ❊ñ ●✁✞þ☛✆ I
✡☛ þ ✞☛☎✆✠☛ ✟þ ➮þ

1|ona(K)|Cmax
✆þ✂ ✂þ ✃✡ þ ✂þ☎ ÿ ✌�✞✁➮þ☎ ë➅➆ ☎✁☛✆

ÿ þ✆✞✆þ☎ þ✆
S

✡☛ ✁�➮✁☛☛✠☛ ✟þ✄ þ☛✆ ÿ �✁➮✡✞✆ ÿ✠� ✡☛ ✠✂✤ ✁�✞✆②✄ þ ➮þ ✆Õÿ þ Ö● × ● ✞ l
þ☎✆ ✂ ❒✞☛➮✞✟þ ➮þ✂✠ ➮þ�☛✞➬�þ ✆✳✟② þ ➮þ

S
➱ ✠✂✁�☎ ÿ ✁✡� ✆✁✡✆

j ≤ k
➱ ✁☛ ✠

Xj ≤ min{pl, 2pmin} ×
➊ ØÙ➪➴➶➘➚Ú➘➹➪➴ ☞ Û Þ✼✽❂ ✿✺✼ ❷❁✺✽❇❶✿✼✺❷✼ ✾✼✽ ✾✼✿➈ ❃✼❅❅✼✽ ❈❀❇❷❇✾✼✺❂✽ ❸ è❄ ❃✻ jième ❈❇❀❄❁✾✼
ë➅➆ ✺ Þ✼✽❂ ❈✻✽ ❷❁✿❾✼❀❂✼ ➁ ❃✼ Ý✼❅❅✼ îî ✾❁✺✺✼ ✾❄❀✼❷❂✼❅ ✼✺❂ Xj ≤ pl ❸ Ý✼ Ý✼❅❅✼ î✹ ❄✺✾❄❶✿✼❶✿✼ xj ≤ pmin ❸ Ý✼✽ ❈ ❇❀❄❁✾✼✽ ❇❂✻✺❂ ❈ ✼❂❄❂✼✽ ➁ Xj = xj + ∆j ≤ 2pmin ❸ è ❄✺❁✺ ➁ Xj = xj ➁ ❷✼ ❶✿❄
✼✽❂ ❄✺➄❇❀❄✼✿❀ ➾ pmin ≤ pl ❍❀æ❷✼ ✻✿ Ý✼❅❅✼ î✹ ❸ ï✻✺✽ ❃✼✽ ✾✼✿➈ ❷✻✽ ❁✺ ✻ Xj ≤ xj +∆j ≤ 2 pmin ❸
¤

Ý✼ ❃✼❅❅✼ ✽✿❄❾✻✺❂ ✼✽❂ ❃✻ ❷❃❇ ✾✼ ❾❁✢❂✼ ✾✼ ❃✻ ❈❀✼✿❾✼ ❸ ✑❃ ❄✺✾❄❶✿✼ ❶✿✼ ❃✼✽ ❈ ❇❀❄❁✾✼✽ ✾ Þ❄✺✻❷❂❄❾ ❄❂❇✽❁✺❂ ❇❍✻❃✼✽ ✼✺ ❅❁ä✼✺✺✼ ➾ (pl + pmin)/2 ❸
ø÷ÙÙ÷ ❊✷ ● ✁✞þ☛✆ I

✡☛ þ ✞☛☎✆✠☛ ✟þ ➮þ
1|ona(K)|Cmax

✆þ✂ ✂þ ✃✡ þ ✂þ☎ ÿ ✌�✞✁➮þ☎ ë➅➆ ☎✁☛✆
ÿ þ✆✞✆þ☎ þ✆

S
✡☛ ✁�➮✁☛☛✠☛ ✟þ✄ þ☛✆ ÿ �✁➮✡✞✆ ÿ✠� ✡☛ ✠✂✤ ✁�✞✆②✄ þ ➮þ ✆Õÿ þ Ö● × ● ✞ l

þ☎✆ ✂ ❒✞☛➮✞✟þ ➮þ✂✠ ➮þ�☛✞➬�þ ✆✳✟② þ ➮þ
S

þ✆
m

✡☛ ✞☛➮✞✟þ ✞☛❐ ✌�✞þ✡� ✁✡ ✌✤ ✠✂ ❮ k
➱

Xm + Xm+1 + · · · + Xk ≤ (k − m + 1)
pl + pmin

2
− pl − pmin

2

➊ ØÙ➪➴➶➘➚Ú➘➹➪➴ ☞ ➃❁✿❀ ✾✼✿➈ ❄✺✾❄❷✼✽ u ✼❂ v
❂✼❃✽ ❶✿✼ u ≤ v ➁ ❁✺ ✾❇ã✺❄❂ ❃✼ ❿✂✁✟ Buv ❷❁❅❅✼❃ Þ❄✺❂✼❀❾✻❃❃✼ [su−1 + ∆u−1, sv + ∆v[ ❸ ❉✺ ❆❃❁❷ ✼✽❂ ✾❄❂ ☛ ✁☛ ✟✁✡Ðþ�✆ ✽❄ ❃✼✽ ❈ ❇❀❄❁✾✼✽ ë➅➆ u, u +

1, . . . , v − 1 ✺✼ ✽❁✺❂ ❈✻✽ ❷❁✿❾✼❀❂✼✽ ➁ ✼❂ ❃✻ ❈ ❇❀❄❁✾✼ ë➅➆ v ❃ Þ✼✽❂ ❸ ï✻✺✽ ✿✺ ❿✂✁✟ ✟✁✡Ðþ�✆➁ ❁✺✾✼❅ ✻✺✾✼ ❶✿✼ ❷⑩✻❶✿✼ ❈❇❀❄❁✾✼ ë➅➆ ✽❁❄❂ ❷❁✿❾✼❀❂✼ ❸ Ý Þ❄✺❂✼❀❾✻❃❃✼ [sm−1 +∆m−1, sk +∆k]
❈✼✿❂ð❂❀✼ ❈✻❀❂❄❂❄❁✺✺❇ ✼✺ ❄✺❂✼❀❾✻❃❃✼✽ ❷❁✿❾✼❀❂✽ ✼❂ ✺❁✺ ❷❁✿❾✼❀❂✽ ➁ ❈✿❄✽❶✿✼ ❃✻ ✾✼❀✺❄➀❀✼ ❈ ❇❀❄❁✾✼ ë➅➆✻❾✻✺❂ Cmax(S) ➁ k ➁ ✼✽❂ ❷❁✿❾✼❀❂✼ ❸ ➃✻❀ ✾❇ã✺❄❂❄❁✺ ➁ ❃✻ ✾✿❀❇✼ ❂❁❂✻❃ ✾✼✽ ❂✼❅❈✽ ❅❁❀❂✽ ✾✻✺✽ ❃✼❆❃❁ ❷ Buv ✼✽❂ Xu + Xu+1 + · · ·+ Xv ❸ â✺ ✺❁❂✻✺❂ X (Buv) ❷✼❂❂✼ ❶✿✻✺❂❄❂❇ ➁ ❄❃ ✽✿ú ❂ ✾✼ ❈❀❁✿❾✼❀❶✿✼ X (Buv) ≤ (v − u + 1)(pl + pmin)/2 − (pl − pmin)/2

❈❁✿❀ ❂❁✿❂ ❆❃❁❷ ❷❁✿❾✼❀❂ ✼❂ ✺❁✺❷❁✿❾✼❀❂ ❸

✻ ✻ ✻✻ ✻ ✻✻ ✻ ✻✻ ✻ ✻✼ ✼ ✼✼ ✼ ✼✼ ✼ ✼✼ ✼ ✼ ✽ ✽ ✽ ✽✽ ✽ ✽ ✽✾ ✾ ✾ ✾✾ ✾ ✾ ✾ ✿ ✿ ✿✿ ✿ ✿❀ ❀ ❀❀ ❀ ❀ ❁ ❁ ❁ ❁ ❁❁ ❁ ❁ ❁ ❁❂ ❂ ❂ ❂❂ ❂ ❂ ❂ ❃ ❃ ❃ ❃❃ ❃ ❃ ❃❃ ❃ ❃ ❃❃ ❃ ❃ ❃
❄ ❄ ❄ ❄❄ ❄ ❄ ❄❄ ❄ ❄ ❄❄ ❄ ❄ ❄ ❅ ❅ ❅ ❅ ❅❅ ❅ ❅ ❅ ❅❅ ❅ ❅ ❅ ❅❅ ❅ ❅ ❅ ❅

❆ ❆ ❆ ❆ ❆❆ ❆ ❆ ❆ ❆❆ ❆ ❆ ❆ ❆❆ ❆ ❆ ❆ ❆ ❇ ❇ ❇❇ ❇ ❇❇ ❇ ❇❇ ❇ ❇
❈ ❈ ❈❈ ❈ ❈❈ ❈ ❈❈ ❈ ❈ ❉ ❉ ❉ ❉❉ ❉ ❉ ❉❊ ❊ ❊ ❊❊ ❊ ❊ ❊

❋ ❃❁ ❷Ü ✺❁✺ ❷❁✿❾✼❀❂ ❋ ❃❁ ❷Ü ❷❁✿❾✼❀❂
u v

❩í❬ ❭ ✔ ❸÷ å ❋ ❃❁ ❷✽ ❷❁✿❾✼❀❂✽ ✼❂ ✺❁✺ ❷❁✿❾✼❀❂✽



�á àß✎⑥ ð öïñ î ❴ ð❡⑦ ðò⑥⑧❡ ðôðõðö⑨ ⑦ñò ⑧⑥⑨ï✎öñ ❛ïò
è❁❄❂

Buv
✿✺ ❆❃❁❷ ➁ ❷❁✺❂✼✺✻✺❂ q = v − u + 1

❈❇❀❄❁✾✼✽ ë➅➆ ❸ Û❁✺✽❄✾❇❀❁✺✽ ❂❁✿❂ ✾ Þ✻❆❁❀✾ ❶✿✼
Buv ✼✽❂ ✿✺ ❆❃❁❷ ❷❁✿❾✼❀❂ ❸ é✺ ✻ ❈❁✿❀ ❷⑩✻❶✿✼ ❈❇❀❄❁✾✼ ✾ Þ❄✺✻❷❂❄❾ ❄❂❇ Xj = xj ❸ Ý✼ Ý✼❅❅✼ î✹❄❅❈❃❄❶✿✼ ❶✿✼ X (Buv) ≤ q pmin ❸ ➃✿❄✽❶✿✼ pmin = (pl +pmin −pl +pmin)/2 ➁ ❃✼ ❀❇✽✿❃❂✻❂ ✼✽❂ ❾❀✻❄❈❁✿❀ ❃✼ ❆❃❁ ❷ ❸
è✿❈❈❁✽❁✺✽ ❅ ✻❄✺❂✼✺✻✺❂ ❶✿✼ Buv ✼✽❂ ✿✺ ❆❃❁❷ ✺❁✺ ❷❁✿❾✼❀❂ ❸ ✑❃ ❷❁✺❂❄✼✺❂ q − 1

❈❇❀❄❁✾✼✽ ë➅➆✺❁✺ ❷❁✿❾✼❀❂✼✽ ➁ ✼❂ ✿✺✼ ❈ ❇❀❄❁✾✼ ❷❁✿❾✼❀❂✼ ➁ ❃✻ ✾✼❀✺❄➀❀✼ ❸ ➃❁✿❀ ❂❁✿❂✼ ❈ ❇❀❄❁✾✼ ë➅➆ ✺❁✺ ❷❁✿❾✼❀❂✼
j ➁ ❃✼ Ý✼❅❅✼ îî ❈✼❀❅ ✼❂ ✾ Þ✻ú ❀❅ ✼❀ ❶✿✼ Xj + Xj+1 = Xj + xj+1 + ∆j+1 ≤ pl + pmin ❸ è ❄ q− 1✼✽❂ ❈✻❄❀ ➁ ❁✺ ✻ ✻❃❁❀✽ X (Buv) ≤ (q − 1)(pl + pmin)/2 + xv ❸ é✺ ❈✼✿❂ ❷❁✺❷❃✿❀✼ ✼✺ ✿❂❄❃❄✽✻✺❂ ❃✼Ý✼❅❅✼ î✹ ➁ ✼✺ ❇❷❀❄❾✻✺❂ ✽❄❅❈❃✼❅ ✼✺❂ ❶✿✼ xv ≤ pmin = (pl + pmin)/2 − (pl − pmin)/2 ❸è ❄

q−1 ✼✽❂ ❄❅ ❈✻❄❀ ➁ ❁✺ ❈✼✿❂ ❍❀❁✿❈✼❀ ❃✼✽ ❈ ❇❀❄❁✾✼✽ ë➅➆ ✾✼✿➈ ❈✻❀ ✾✼✿➈ ✓ ✿✽❶✿ Þ➾ ❃✻ ❈ ❇❀❄❁✾✼ v−1❶✿❄ ❀✼✽❂✼ ✻❾✼❷ ❃✻ ❈ ❇❀❄❁✾✼ v ❸ ✑❃ ✽ Þ✼✺ ✽✿❄❂ ❶✿✼ X (Buv) ≤ (q − 2)(pl + pmin)/2 + Xv−1 + xv ❸â✺ ✿❂❄❃❄✽✻✺❂ ❃✼ Ý✼❅❅✼ îá ➁ ❁✺ ✻ Xv−1 + xv ≤ 3pmin ❸ ❳ ✻❄✽ ❃✼ Ý✼❅❅✼ îî ✼✽❂ ❾❀✻❄ ❈❁✿❀ v − 1 ➁❶✿❄ ✺ Þ✼✽❂ ❈✻✽ ❷❁✿❾✼❀❂✼ ➁ ✼❂ ✾❁✺❷ ❁✺ ✻ ✻✿✽✽❄ Xv−1 + xv ≤ pl ❸ ✑❃ ✽ Þ✼✺ ✽✿❄❂ ❶✿✼ Xv−1 + xv ≤
(pl + 3 pmin)/2 = (pl + pmin) − (pl − pmin)/2 ❸ ¤

ì❁❂❁✺✽ m ❃✼ ❈ ❃✿✽ ❈ ✼❂❄❂ ❄✺✾❄❷✼ ❂✼❃ ❶✿✼ Cmax(S∗) < sm ❸ ➃❁✿❀ ❷❁✺❷❃✿❀✼ ➁ ❁✺ ❇❷❀❄❂ ❃ Þ❇❶✿✻❂❄❁✺ ✾✼❃✻ ❷❁✺✽✼❀❾✻❂❄❁✺ ✾✿ ❂❀✻❾✻❄❃ ➾ ❃ Þ❄✺✽❂✻✺❂ Cmax(S∗)
❈❁✿❀ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ S ❸ è ❄ p̄

❀✼❈❀❇✽✼✺❂✼❃✻ ❶✿✻✺❂❄❂❇ ✾✼ ❂❀✻❾✻❄❃ ✼í ✼❷❂✿❇✼ ➾ ❷✼❂ ❄✺✽❂✻✺❂ ✾✻✺✽ S ➁ ❁✺ ✻ û

Cmax(S) ≤ Cmax(S∗) +
k

∑

q=m

Xq +
n

∑

j=1

pj − p̄

➃✿❄✽❶✿✼ Cmax(S∗) ✼✽❂ ❈❃✿✽ ❍❀✻✺✾ ❶✿✼ ∑

j pj ➁ ✼✺ ✿❂❄❃❄✽✻✺❂ ❃✼ Ý✼❅❅✼ î✕ ❈❁✿❀ ❃✼✽ ❈ ❇❀❄❁✾✼✽
m, m + 1, . . . , k ➁ ❁✺ ❁❆❂❄✼✺❂ ❃✻ ❅ ✻✓ ❁❀✻❂❄❁✺ û

Cmax(S) ≤ 2 Cmax(S∗) +
k − m + 1

2
(pl + pmin) − (pl − pmin)/2 − p̄

Û❁✺✽❄✾❇❀❁✺✽ ✾✼✿➈ ❷✻✽ ➁ ✾❇❈ ✼✺✾✻✺❂✽ ✾✼ ❃✻ ❾✻❃✼✿❀ ❁❈❂❄❅ ✻❃✼ ❸ è✿❈❈❁✽❁✺✽ ❶✿✼ m ≥ 3 ➁ ❷ Þ✼✽❂➂➾➂✾❄❀✼ ❶✿✼ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❁❈❂❄❅ ✻❃ ã✺❄❂ ✻❈❀➀✽ ❃✻ ✽✼❷❁✺✾✼ ❈❇❀❄❁✾✼ ë➅➆ ❸ ❳❁✺❂❀❁✺✽ ❶✿ Þ➾❃ Þ❄✺✽❂✻✺❂ Cmax(S∗) ➁ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ S ✻ ❂✼❀❅ ❄✺❇ ✻✿ ❅❁❄✺✽ ✽✻ ❈❀✼❅ ❄➀❀✼ ❂æ❷⑩✼ Ta ❸ è ❄ r ✼✽❂❃ Þ❄✺✽❂✻✺❂ ✻✿❶✿✼❃ S ❷❁❅❅✼✺❷✼ ❷✼❂❂✼ ❂æ❷⑩✼ ➁ ✻✿❷✿✺✼ ❂æ❷⑩✼ ❈✻❀❅ ❄ ❃✼✽ ❂æ❷⑩✼✽ ❀✼✽❂✻✺❂✼✽ ✺✼ ❈ ✼✿❂❷❁❅❅✼✺❷✼❀ ❈❃✿✽ ❂✍❂ ❶✿✼ r
✾✻✺✽ ✻✿❷✿✺ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❀❇✻❃❄✽✻❆❃✼ ✾ Þ✻❈❀➀✽ ❃✻ ✾❇ã✺❄❂❄❁✺ ✾✼

LS ❸ ê ❄✺✽❄ ➁ Cmax(S∗) ≥ r +
∑

j pj ≥ r + pa ❸ Û✼❃✻ ❄❅ ❈❃❄❶✿✼ ✼✺ ❈✻❀❂❄❷✿❃❄✼❀ ❶✿✼ p̄ ≥ pmin ❸➃✿❄✽❶✿✼ ✺❁✿✽ ✽✿❈❈❁✽❁✺✽ ❶✿✼ n ≥ 2 ➁ ❁✺ ✻ ✻✿✽✽❄ ❃✻ ❅ ✻✓ ❁❀✻❂❄❁✺ Cmax(S∗) ≥ pl +pmin ❸ â✺ã✺ ➁❁✺ ❁❆❂❄✼✺❂ ❈✻❀ ❃✻ ❷❁✺✽✼❀❾✻❂❄❁✺ ✾✿ ❂❀✻❾✻❄❃ û
Cmax(S) ≤ 2 Cmax(S∗) + k−2

2
(pl + pmin) − (pl − pmin)/2 − pmin

≤ 2 Cmax(S∗) + k−3
2

(pl + pmin)
≤ k+1

2
Cmax(S∗) ≤ K+1

2
Cmax(S∗)

è✿❈❈❁✽❁✺✽ ❅ ✻❄✺❂✼✺✻✺❂ ❶✿✼ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❁❈❂❄❅ ✻❃ ✽✼ ❂✼❀❅ ❄✺✼ ✻❾✻✺❂ ❃✻ ✽✼❷❁✺✾✼ ❈❇❀❄❁✾✼
ë➅➆ ❸ ï✻✺✽ ❷✼❂❂✼ ✽❄❂✿✻❂❄❁✺ ➁ ❁✺ ❁❆❂❄✼✺❂ ✿✺✼ ❆❁❀✺✼ ❈❃✿✽ ❃✻❀❍✼ ✽✿❀ ❃✼ ❂✼❅❈✽ ❅❁❀❂ ❂❁❂✻❃ ✾✼ S ➁❈✿❄✽❶✿✼ ❃✼ ❂✼❀❅ ✼ (pl + pmin)/2 ✼✽❂ ✻✓ ❁✿❂❇ ➾ ❃✻ ❆❁❀✺✼ ❈❀❇❷❇✾✼✺❂✼ ❸ ê ❄✺✽❄ ➁ ✺❁✿✽ ✻❾❁✺✽ ❆ ✼✽❁❄✺✾ Þ✻❅ ❇❃❄❁❀✼❀ ❃✻ ❆❁❀✺✼ ❄✺➄❇❀❄✼✿❀✼ ✾✼ p̄ ❸ ➃ ❃✿✽ ❈❀❇❷❄✽❇❅ ✼✺❂ ➁ ✺❁✿✽ ❅❁✺❂❀❁✺✽ ❶✿ Þ✿✺✼ ❶✿✻✺❂❄❂❇



î ❴❵ ❴ ßñ ❛ïðò öð❜❛ñò ñ ö õñ ❛ïò ⑥ñï❝⑧ï❞✎❡àñò �✕
✾✼ ❂❀✻❾✻❄❃ ✾ Þ✻✿ ❅❁❄✺✽ pmin + pl ✼✽❂ ✼í✼❷❂✿❇✼ ✾✻✺✽ S ➾ ❃ Þ❄✺✽❂✻✺❂ Cmax(S∗) ❸ ✈❁✿❂ ✾ Þ✻❆❁❀✾ ➁✾✼ ❃✻ ✾❄✽❷✿✽✽❄❁✺ ❈❀❇❷❇✾✼✺❂✼ ➁ ❁✺ ❈✼✿❂ ✽✿❈❈❁✽✼❀ ❶✿✼ S ❷❁❅❅✼✺❷✼ ✿✺✼ ❂æ❷⑩✼ ➾ ❃ Þ❄✺✽❂✻✺❂ 0 ❸è❁❄❂

tI ❃✼ ❈❀✼❅ ❄✼❀ ❄✺✽❂✻✺❂ ✾ Þ❄✺✻❷❂❄❾ ❄❂❇ ✾✻✺✽ S ❸ é❆✽✼❀❾❁✺✽ ❃✼✽ ❂æ❷⑩✼✽ ❶✿✼ S ✺ Þ✻ ❈✻✽ ✼✺➂❷❁❀✼ ❁❀✾❁✺✺✻✺❷❇✼✽ ➾ ❷✼❂ ❄✺✽❂✻✺❂ ❸ ➃✿❄✽❶✿✼ ❃✻ ❅ ✻❷⑩❄✺✼ ✼✽❂ ❁❷❷✿❈❇✼ ❷❁✺❂❄✺✿✼❃❃✼❅ ✼✺❂ ✾✻✺✽❃ Þ❄✺❂✼❀❾✻❃❃✼ [0, tI [ ➁ ❈ ❁✿❀ ❂❁✿❂✼ ❂æ❷⑩✼ Th ➁ ❁✺ ✻ tI + ph ≤ ∑

j pj ≤ Cmax(S∗) ≤ s2 ❸ â❂❈✿❄✽❶✿✼ Th ✺ Þ✼✽❂ ❈✻✽ ❁❀✾❁✺✺✻✺❷❇✼ ➾ ❃ Þ❄✺✽❂✻✺❂ tI ➁ ❷✼❃✻ ❄❅❈❃❄❶✿✼ ❶✿✼ tI + ph ∈]s1, s1 + ∆1[ ➁❷ Þ✼✽❂➂➾➂✾❄❀✼ ❶✿ Þ✿✺ ❂✼❅❈✽ ❅❁❀❂ ✽✼ ❈❀❁✾✿❄❂ ✻❾✻✺❂ ❃✻ ❈❀✼❅ ❄➀❀✼ ❈ ❇❀❄❁✾✼ ë➅➆ ✳✽✻✿➄ ✽❄ S ✼✽❂❁❈❂❄❅ ✻❃✴ ❸ ✈❁✿❂✼ ❂æ❷⑩✼ ❀✼✽❂✻✺❂✼ Th ➾ ✿✺✼ ✾✻❂✼ ✾✼ ✾❇❆✿❂ ✻✿ ❈❃✿✽ ❂✍❂ ✾✼ s1 + ∆1 − ph

❁ò
✼❃❃✼ ❈ ✼✿❂ ð❂❀✼ ❁❀✾❁✺✺✻✺❷❇✼ ➁ ❷❁✿❾❀✻✺❂ ❃✻ ❈❀✼❅ ❄➀❀✼ ❈ ❇❀❄❁✾✼ ë➅➆ ❸ ï Þ✻❈❀➀✽ ❃✻ ✾❇ã✺❄❂❄❁✺ ✾✼Ýè ➁ ❃ Þ✻❃❍❁❀❄❂⑩❅ ✼ ❁❀✾❁✺✺✻✺❷✼ ❃✻ ❈❃✿✽ ❍❀✻✺✾✼ ❂æ❷⑩✼ ❀✼✽❂✻✺❂✼ ➁ ✺❁❂❇✼ Tb ➁ ❈ ❁✿❀ ❶✿ Þ✼❃❃✼ ❷❁✿❾❀✼❃✻ ❈❀✼❅ ❄➀❀✼ ❈ ❇❀❄❁✾✼ ë➅➆ ➁ ✼❂ ✽✼ ã✺❄✽✽✼ ➾ ❃ Þ❄✺✽❂✻✺❂ s1 + ∆1 ❸ ê ❄✺✽❄ ➁ ➾ ❃ Þ❄✺✽❂✻✺❂ Cmax(S∗) ✻✿❅❁❄✺✽ ❃✻ ❈❀✼❅ ❄➀❀✼ ❂æ❷⑩✼ ✳✺❁❂❇✼ Ta ➁ ❷❁❅❅✼✺➇✻✺❂ ➾ ❃ Þ❄✺✽❂✻✺❂ 0✴ ✼❂ Tb

❁✺❂ ❇❂❇ ✿✽❄✺❇✼✽ ✾✻✺✽
S ❸ é✺ ❁❆❂❄✼✺❂ p̄ ≥ pa + pb ≥ pmin + pl ❸ Ý Þ❇❶✿✻❂❄❁✺ ✾✼ ❷❁✺✽✼❀❾✻❂❄❁✺ ✾✿ ❂❀✻❾✻❄❃ ➾ ❃ Þ❄✺✽❂✻✺❂
Cmax(S∗) ✺❁✿✽ ✾❁✺✺✼ ✻❃❁❀✽ û

Cmax(S) ≤ 2 Cmax(S∗) + k−1
2

(pl + pmin) − (pl + pmin)
≤ k+1

2
Cmax(S∗) ≤ K+1

2
Cmax(S∗)

❷✼ ❶✿❄ ❷❁✺❷❃✿❂ ❃✻ ❈❀✼✿❾✼ ❸ ¤Û✼❂❂✼ ❈ ✼❀➄❁❀❅ ✻✺❷✼ ❍✻❀✻✺❂❄✼ ❈❁✿❀ ❃✼✽ ✻❃❍❁❀❄❂⑩❅ ✼✽ ✾✼ ❂ä❈ ✼ Ýè ✼✽❂ ✻❷❷✼❈❂✻❆❃✼ ➁ ❷❁❅❈❂✼ ❂✼✺✿✾✿ ❀❇✽✿❃❂✻❂ ✾ Þ❄✺✻❈❈❀❁➈ ❄❅ ✻❆❄❃❄❂❇ ✾❁✺✺❇ ❈✻❀ ❃✼ ✈⑩❇❁❀➀❅ ✼ î✹ ❸ Û✼❈ ✼✺✾✻✺❂ ➁ ✾✼ ➄✻➇❁✺ ✽✿❀❈❀✼➂✺✻✺❂✼ ➁ ❂❁✿❂✼✽ ❃✼✽ ❃❄✽❂✼✽ ❈❁✽✽➀✾✼✺❂ ❃✻ ❅ ð❅✼ ❆❁❀✺✼ ❄✺➄❇❀❄✼✿❀✼ ✽✿❀ ❃✼ ❀✻❂❄❁ ✾✼ ❈ ✼❀➄❁❀❅ ✻✺❷✼ ✾✼❃ Þ✻❃❍❁❀❄❂⑩❅ ✼ ❸
ü ➚➪ý➪➶➹➘➹➪➴ ❊➈ ● ❍✄ þ ☎✞ ✆✁✡✆þ☎ ✂þ☎ ÿ ✌�✞✁➮þ☎ ☎ ✁☛✆ ÿ þ✆✞✆þ☎➱ ✠✡ ✟✡☛ ✠✂✤ ✁�✞✆②✄ þ ➮þ ✂✞☎ ✆þ ☛ þ
ÿ þ✡✆ ✠Ð✁✞� ✡☛ þ ÿ þ�❐ ✁�✄ ✠☛✟þ ✤ ✠�✠☛✆✞þ ✄ þ✞✂ ✂þ✡�þ ✃✡ þ K/2 + 1/6

ÿ ✁✡� K ≥ 3 ✞✄ÿ✠✞�➱ þ✆
K/2 + 1/3

ÿ ✁✡� K ≥ 4
ÿ✠✞�×

➊ ØÙ➪➴➶➘➚Ú➘➹➪➴ ☞ Û❁✺✽❄✾❇❀❁✺✽ ✿✺ ✻❃❍❁❀❄❂⑩❅ ✼ A ✾✼ ❂ä❈✼ Ýè ✼❂ ❃ Þ❄✺✽❂✻✺❷✼ ✽✿❄❾✻✺❂✼ ✾✼
1|ona(K)|Cmax

❈❁✿❀ K ≥ 4
❈✻❄❀ ûå Ý✼✽ ❈ ❇❀❄❁✾✼✽ ë➅➆ ✽❁✺❂ ❍❀❁✿❈ ❇✼✽ ✾✼✿➈ ❈✻❀ ✾✼✿➈ ❸ Û⑩✻❷✿✺✼ ✻ ✿✺✼ ✾✿❀❇✼ ✾✼ ∆ ÿå Ý✻ ✾✿❀❇✼ ✼✺❂❀✼ ✾✼✿➈ ❆❃❁❷✽ ë➅➆ ✼✽❂ ∆ − 2ǫ ➁ ✽✻✿➄ ❈❁✿❀ ❃✼ ❈❀✼❅ ❄✼❀ ❆❃❁ ❷ ❶✿❄ ❷❁❅❅✼✺❷✼ ➾❃ Þ❄✺✽❂✻✺❂ ∆ ❸ ê ❄✺✽❄ ➁ ❃✻ ✾✼❀✺❄➀❀✼ ❈ ❇❀❄❁✾✼ ë➅➆ ã✺❄❂ ➾ ❃ Þ❄✺✽❂✻✺❂ 3∆K/2 + O(ε) ÿå é✺ ✾❁❄❂ ❁❀✾❁✺✺✻✺❷✼❀ ✾✼✿➈ 2

❂æ❷⑩✼✽ ➁ ✻❾✼❷ p1 = ∆ ✼❂ p2 = 2∆ − ǫ ➁ ✼❂ ✾❁✺❷ 2∆ − 2ǫ <
p2 < 2∆ ❸è ❄ ❃✻ ❂æ❷⑩✼ T1 ✼✽❂ ❁❀✾❁✺✺✻✺❷❇✼ ➾ ❃ Þ❄✺✽❂✻✺❂ 0 ➁ ❄❃ ✺ Þ✼✽❂ ❈✻✽ ❈❁✽✽❄❆ ❃✼ ✾✼ ❈❃✻❷✼❀ ❃✻ ❂æ❷⑩✼ T2✻❾✻✺❂ ❃✻ ✾✼❀✺❄➀❀✼ ❈ ❇❀❄❁✾✼ ë➅➆ ❸ ê ❄✺✽❄ ➁ ❃✼ ❅ ✻Ü✼✽❈✻✺ ✼✽❂ ❇❍✻❃ ➾ 3∆K/2 + ∆ −Kε/2 ❸

■ ■ ■ ■■ ■ ■ ■❏ ❏ ❏❏ ❏ ❏❑ ❑ ❑ ❑❑ ❑ ❑ ❑▲ ▲ ▲▲ ▲ ▲ ▼ ▼ ▼ ▼▼ ▼ ▼ ▼
◆ ◆ ◆◆ ◆ ◆❖ ❖ ❖ ❖❖ ❖ ❖ ❖P P PP P P ◗ ◗ ◗ ◗◗ ◗ ◗ ◗

❘ ❘ ❘ ❘❘ ❘ ❘ ❘❙ ❙ ❙ ❙❙ ❙ ❙ ❙❚ ❚ ❚ ❚❚ ❚ ❚ ❚
∆ 2∆ 3∆

∆ − 2ε ∆ − 2ε
p1 p2

❳✻❄✽ ✿✺ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❁❈❂❄❅ ✻❃ ❷❁✺✽❄✽❂✼ ➾ ✿✽❄✺✼❀ ✾ Þ✻❆❁❀✾ ❃✻ ❂æ❷⑩✼ T2 ➁ ❶✿❄ ❷❁❅❅✼✺❷✼➾ ❃ Þ❄✺✽❂✻✺❂ ε ➁ ✼❂ ✼✺✽✿❄❂✼ ❃✻ ❂æ❷⑩✼ T1

❶✿❄ ❷❁✿❾❀✼ ✼➈✻❷❂✼❅ ✼✺❂ ❃✻ ✽✼❷❁✺✾✼ ❈❇❀❄❁✾✼ ë➅➆ ❸ Ý✼❅✻Ü✼✽❈✻✺ ✼✽❂ ✾✼ 3∆ ❸



�✔ àß✎⑥ ð öïñ î ❴ ð❡⑦ ðò⑥⑧❡ ðôðõðö⑨ ⑦ñò ⑧⑥⑨ï✎öñ ❛ïò
Ý✼ ❀✻❂❄❁ ✼✺❂❀✼ ❃✼✽ ✾✼✿➈ ❅✻Ü✼✽❈✻✺✽ ❂✼✺✾ ❾✼❀✽ K/2 + 1/3

❶✿✻✺✾ ε
❂✼✺✾ ❾✼❀✽ 0 ❸ þ ✼❅ ✻❀❶✿❁✺✽❶✿✼ ❂❁✿❂ ✻❃❍❁❀❄❂⑩❅ ✼ LS ❷❁❅❅✼✺❷✼ ❈✻❀ ❁❀✾❁✺✺✻✺❷✼❀ ❃✻ ❂æ❷⑩✼ T1

❈❁✿❀ ❇❾❄❂✼❀ ❃✼ ❂✼❅❈✽❅❁❀❂ ✾✼ ε ✻✿ ✾❇❆✿❂ ✾✼ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❸ Û✼ ✽✼❀✻ ✾❁✺❷ ❃✼ ❷✻✽ ✾✼ A ➁ ✼❂ ❷✼ ❶✿✼❃❃✼ ❶✿✼✽❁❄❂ ❃✻ ❃❄✽❂✼ ❶✿❄ ❃✿ ❄ ✼✽❂ ✻✽✽❁❷❄❇✼ ❸ Û✼❃✻ ❈❀❁✿❾✼ ❃✼ ❀❇✽✿❃❂✻❂ ❈❁✿❀ K ❈✻❄❀✼ ❸ è ❄ K ✼✽❂ ❄❅❈✻❄❀✼ ➁❁✺ ✿❂❄❃❄✽✼ ❃✻ ❅ ð❅✼ ❷❁✺✽❂❀✿❷❂❄❁✺ ➁ ➾ ❃ Þ✼➈❷✼❈❂❄❁✺ ✾✿ ➄✻❄❂ ❶✿✼ ❃✼ ✾✼❀✺❄✼❀ ❆❃❁ ❷ ✼✽❂ ❀✼❅❈❃✻❷❇❈✻❀ ✿✺✼ ✿✺❄❶✿✼ ❈ ❇❀❄❁✾✼ ë➅➆ ❸ Ý✼ ❅ ✻Ü✼✽❈✻✺ ✾✼ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❈❀❁✾✿❄❂ ❈✻❀ A ✼✽❂ ✻❃❁❀✽
3∆(K − 1)/2 + 2∆ + O(ε) = 3∆K/2 + ∆/2 + O(ε) ❸ ¤Û✼❃✻ ❅❁✺❂❀✼ ❶✿✼ ❈❁✿❀

1|ona(K)|Cmax ➁ ❂❁✿❂ ✻❃❍❁❀❄❂⑩❅ ✼ ✾✼ ❂ä❈✼ Ýè ✻ ✿✺ ❀✻❂❄❁ ✾✼ ❈ ✼❀➄❁❀➂❅ ✻✺❷✼ ❶✿❄ ✽✼ ❂❀❁✿❾✼ ✾✻✺✽ ❃ Þ❄✺❂✼❀❾✻❃❃✼ [K/2+1/3, K/2+1/2] ❸ ê ❄✺✽❄ ➁ ❁✺ ✺✼ ❈✼✿❂ ❈✻✽ ❁❆❂✼✺❄❀✾✼ ❈ ✼❀➄❁❀❅ ✻✺❷✼ ❍✻❀✻✺❂❄✼ ❷❁✺✽❂✻✺❂✼ ❈❁✿❀ ❃✼✽ ❄✺✽❂✻✺❷✼✽ ❂✼❃❃✼✽ ❶✿✼ n < K ✼❂ K ➄✻❄❂ ❈✻❀❂❄✼ ✾✼❃ Þ❄✺✽❂✻✺❷✼ ➁ ❅ ð❅ ✼ ➾ ❃ Þ✻❄✾✼ ✾ Þ✿✺✼ ❃❄✽❂✼ ù❄✺❂✼❃❃❄❍✼✺❂✼ ù ❃❁❀✽❶✿✼ ✺❁✿✽ ✿❂❄❃❄✽❁✺✽ ✾✼✽ ✻❃❍❁❀❄❂⑩❅ ✼✽✾✼ ❂ä❈ ✼ Ýè ❸
✑✺❂❀❁✾✿❄✽❁✺✽ ❅ ✻❄✺❂✼✺✻✺❂ ✿✺✼ ⑩ä❈❁❂⑩➀✽✼ ✽✿❈❈❃❇❅ ✼✺❂✻❄❀✼ ❈❁✿❀ ❁❆❂✼✺❄❀ ✿✺ ❀✻❂❄❁ ❷❁✺✽❂✻✺❂❅ ð❅✼ ✾✻✺✽ ❃✼ ❷✻✽ 1|ona|Cmax

❈❁✿❀ ✾✼✽ ❈ ❇❀❄❁✾✼✽ ë➅➆ ❈✼❂❄❂✼✽ ✼❂ ❈❃✿✽ ✺❁❅❆❀✼✿✽✼✽ ❶✿✼ ❃✼✽❂æ❷⑩✼✽ ❸ é✺ ✾❄❂ ❶✿ Þ✿✺✼ ❂æ❷⑩✼ Tj ✼✽❂ ❐ ✁�✆þ✄ þ☛✆ ✁�➮✁☛☛✠☛✱✠❿✂þ ✽❄ ❈ ❁✿❀ ❷⑩✻❶✿✼ q = 1, 2, . . . , K ➁❄❃ ✼➈ ❄✽❂✼ ✿✺ ❄✺✽❂✻✺❂ tq ∈ [sq−1 + ∆, sq]
❁ò ❈✼✿❂ ❷❁❅❅✼✺❷✼❀ ❃✻ ❂æ❷⑩✼ Tj ✳❷ Þ✼✽❂➂➾➂✾❄❀✼ ❶✿✼❂❁✿❂✼ ❂æ❷⑩✼ ❈ ✼✿❂ ❷❁❅❅✼✺❷✼❀ ✾✻✺✽ ✺ Þ❄❅ ❈❁❀❂✼ ❶✿✼❃❃✼ ❈ ❇❀❄❁✾✼✴ ❸ ï✻✺✽ ❃✼ ❷✻✽ ❁ò ❂❁✿❂✼✽ ❃✼✽❂æ❷⑩✼✽ ✽❁✺❂ ➄❁❀❂✼❅ ✼✺❂ ❁❀✾❁✺✺✻✺➇✻❆❃✼✽ ✼❂ ❃✼✽ ❈ ❇❀❄❁✾✼✽ ❈ ✼❂❄❂✼✽ ➁ ❄❃ ✼✽❂ ❈ ❁✽✽❄❆ ❃✼ ✾ Þ❁❆❂✼✺❄❀ ✿✺❅✼❄❃❃✼✿❀ ❀✻❂❄❁ ❈❁✿❀ ❃✼✽ ✻❃❍❁❀❄❂⑩❅ ✼✽ ✾✼ ❂ä❈ ✼ Ýè ❸

ôõØ➪➚öÙ÷ ❊ñ ➷ ✁✡� ✂þ ÿ �✁❿✂➬✄ þ
1|ona(K)|Cmax

➱ ✂✁�☎✃✡ þ ✆✁✡✆þ☎ ✂þ☎ ÿ ✌�✞✁➮þ☎ ë➅➆ ☎✁☛✆
ÿ þ✆✞✆þ☎ þ✆ ✆✁✡✆þ☎ ✂þ☎ ✆✳✟② þ☎ ☎ ✁☛✆ ❐ ✁�✆þ✄ þ☛✆ ✁�➮✁☛☛✠☛✱✠❿✂þ☎➱ ✆✁✡✆ ✠✂✤ ✁�✞✆②✄ þ ➮þ ✆Õÿ þ Ö● ✠✡☛ þ ÿ þ�❐ ✁�✄ ✠☛✟þ ✤ ✠�✠☛✆✞þ ➮þ

2 ×
➊ ØÙ➪➴➶➘➚Ú➘➹➪➴ ☞ è❁❄❂

L
✿✺✼ ❃❄✽❂✼ ✾✼ ❈❀❄❁❀❄❂❇ ❸ è❁❄❂ Y

✿✺✼ ❈❇❀❄❁✾✼ ✾ Þ❄✺✻❷❂❄❾ ❄❂❇ ❷❁❅❅✼✺➇✻✺❂➾ ❃ Þ❄✺✽❂✻✺❂ t ∈ [si−1 + ∆i−1, si] ❸ |Y | ❀✼❈❀❇✽✼✺❂✼ ❃✻ ✾✿❀❇✼ ❂❁❂✻❃✼ ✾ Þ❄✺✻❷❂❄❾ ❄❂❇ ➁ ❅ ð❅ ✼ ✽❄ ✼❃❃✼❷❁✿❾❀✼ ❈❃✿✽❄✼✿❀✽ ❈ ❇❀❄❁✾✼✽ ë➅➆ ❸ è❁❄❂ Tl ❃✻ ❂æ❷⑩✼ ❶✿❄ ✽✿❄❂ ❃✻ ❈ ❇❀❄❁✾✼ ✾ Þ❄✺✻❷❂❄❾ ❄❂❇ Y ❸ ✑❃ ✼➈ ❄✽❂✼✿✺ ❄✺✾❄❷✼ m ≥ i
❂✼❃ ❶✿✼ t + pl ∈]sm, sm + ∆m[ ❸ é✺ ✾❄✽❂❄✺❍✿✼ ❃✼✽ ✾✼✿➈ ❷✻✽ ✽✿❄❾✻✺❂✽ û✳î✴ m = i ❸ ï ✻✺✽ ❷✼ ❷✻✽ ➁ ❃✻ ❂æ❷⑩✼ Tl ❷❁❅❅✼✺❷✼ ➾ ❃ Þ❄✺✽❂✻✺❂ si + ∆i − pl

❈✿❄✽❶✿✼ pl ≥ ∆i ✼❂❃✻ ✾✿❀❇✼ ✾✼ Y ❾❇❀❄ã✼ ❃ Þ❄✺❇❍✻❃❄❂❇ |Y | ≤ si − t ≤ pl ❸✳á✴ m ≥ i + 1 ❸ ï ✻✺✽ ❷✼ ❷✻✽ ➁ Tl

❇❂✻✺❂ ➄❁❀❂✼❅ ✼✺❂ ❁❀✾❁✺✺✻✺➇✻❆❃✼ ➁ ✼❃❃✼ ❷❁❅❅✼✺❷✼ ✾✻✺✽❃ Þ❄✺❂✼❀❾✻❃❃✼ [si + ∆i, si+1] ✼❂ ❁✺ ❁❆❂❄✼✺❂ |Y | ≤ si+1 − t ≤ pl ❸
ê ❄✺✽❄ ➁ ❃✻ ✾✿❀❇✼ ✾✼ ❷⑩✻❶✿✼ ❈❇❀❄❁✾✼ ✾ Þ❄✺✻❷❂❄❾ ❄❂❇ Yu ✼✽❂ ❆❁❀✺❇✼ ❈✻❀ ✿✺✼ ❂æ❷⑩✼ ✾❄í❇❀✼✺❂✼ ❸ é✺✻ ✾❁✺❷ ∑ |Yu| ≤

∑

j pj ❸ Ý✼ ❅ ✻Ü✼✽❈✻✺ ✾✼ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ S ❷❀❇❇ ❈✻❀ ❃ Þ✻❃❍❁❀❄❂⑩❅ ✼ ✾✼❂ä❈✼ Ýè ✻✽✽❁❷❄❇ ➾ L ❾❇❀❄ã✼ ✻❃❁❀✽ Cmax(S) =
∑ |Yu| +

∑

j pj ≤ 2 Cmax(S∗)
❁ò

S∗ ✼✽❂ ✿✺❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❁❈❂❄❅ ✻❃❸ ¤Û✼ ❂⑩❇❁❀➀❅ ✼ ✼✽❂ ❈✻❀❂❄❷✿❃❄➀❀✼❅ ✼✺❂ ✿❂❄❃✼ ❃❁❀✽❶✿✼ ❃✼✽ ❈ ❇❀❄❁✾✼✽ ë➅➆ ✽❁✺❂ ❈ ❇❀❄❁✾❄❶✿✼✽ ✳❈✻❀✼➈✼❅❈❃✼ ✽✼ ❀❇❈ ❇❂✻✺❂ ❂❁✿✽ ❃✼✽ ❯✼✼Ü➂✼✺✾✽✴ ❸ ê ❃❁❀✽ ❃✼✽ sq ✽❁✺❂ ✾✼ ❃✻ ➄❁❀❅ ✼ sq = q L + (q −
1)∆

❈❁✿❀ ❂❁✿❂
q = 1, 2, . . . , K ❸ ï ✻✺✽ ❷✼ ❷✻✽ ➁ ❂❁✿❂✼✽ ❃✼✽ ❂æ❷⑩✼✽ ❁❀✾❁✺✺✻✺➇✻❆❃✼✽ ✽❁✺❂ ✻✿✽✽❄➄❁❀❂✼❅ ✼✺❂ ❁❀✾❁✺✺✻✺➇✻❆❃✼✽ ❸ é✺ ❁❆❂❄✼✺❂ ✾❁✺❷ ❃✼ ❷❁❀❁❃❃✻❄❀✼ ✽✿❄❾✻✺❂ û

✵➪➚➪ ✶✶Ú➹➚÷ ú ➷ ✁✡� ✂þ ÿ �✁❿✂➬✄ þ
1|ona(K)|Cmax

✠Ðþ✟ ➮þ☎ ÿ ✌�✞✁➮þ☎ ë➅➆ ÿ þ✆✞✆þ☎➱ ➮þ ➮✡�✌þ☎✞➮þ☛✆✞✃✡ þ☎ þ✆ ÿ ✌�✞✁➮✞✃✡ þ☎➱ ✆✁✡✆ ✠✂✤ ✁�✞✆②✄ þ ➮þ ✆Õÿ þ Ö● ❮ ✡☛ þ ÿ þ�❐ ✁�✄ ✠☛✟þ ✤ ✠�✠☛✆✞þ ➮þ
2 ×

➊ ØÙ➪➴➶➘➚Ú➘➹➪➴ ☞ ➃❁✿❀ ❃✼✽ ❄✺✽❂✻✺❷✼✽ ✽✻✺✽ ❂æ❷⑩✼ ✺❁✺ ❁❀✾❁✺✺✻➇✻❆❃✼ ➁ ❁✺ ✿❂❄❃❄✽✼ ❃✼ ✈⑩❇❁➂❀➀❅ ✼ îá ❸ â✺ ✼í✼❂ ➁ ❂❁✿❂✼ ❂æ❷⑩✼ ❁❀✾❁✺✺✻✺➇✻❆❃✼ ❃ Þ✼✽❂ ➄❁❀❂✼❅ ✼✺❂ ✾✻✺✽ ❃✼ ❷✻✽ ❈ ❇❀❄❁✾❄❶✿✼ ❸ è ❄ ❄❃



î ❴î ❴ à⑧❡ àõ ❛òð⑧❡ �④
✼➈ ❄✽❂✼ ✿✺✼ ❂æ❷⑩✼ ✺❁✺ ❁❀✾❁✺✺✻✺➇✻❆❃✼ ➁ ❁✺ ✻ ρL ≤ 2

✾ Þ✻❈❀➀✽ ❃✼ Ý✼❅❅✼ � ❸ ¤

þ✼❅✻❀❶✿❁✺✽ ❶✿✼ ❃ Þ✿❂❄❃❄✽✻❂❄❁✺ ✾ Þ✿✺ ✻❃❍❁❀❄❂⑩❅ ✼ ✾✼ ❂ä❈✼ Ýè ❈❁✿❀ ❃✼ ❷✻✽ ❈ ❇❀❄❁✾❄❶✿✼ ❀✼✽❂✼ ❄✺➂❂❇❀✼✽✽✻✺❂✼ ❈✿❄✽❶✿✼ ✾ Þ✻❈❀➀✽ ❃✼ ✈⑩❇❁❀➀❅ ✼ ø ➁ ❃✼ ❈❀❁❆❃➀❅ ✼ 1|ona(K)|Cmax
❀✼✽❂✼ NP ➂ï ❄ú ❷❄❃✼❅ ð❅✼ ✽❄ ❃✼✽ ❈ ❇❀❄❁✾✼✽ ✽❁✺❂ ❈ ✼❂❄❂✼✽ ➁ ❇❍✻❃✼✽ ✼❂ ❈ ❇❀❄❁✾❄❶✿✼✽ ❈❁✿❀ ❂❁✿❂ K ≥ 2 ❸

❢ ❣❢ ❱r❲✉♦❦♠❳r❲
ï✻✺✽ ❷✼ ❷⑩✻❈❄❂❀✼ ➁ ✺❁✿✽ ✻❾❁✺✽ ❄✺❂❀❁✾✿❄❂ ✿✺ ✺❁✿❾✼✻✿ ❷❁✺❷✼❈❂ ✼✺ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ û ❃✼✽ ❈ ❇➂❀❄❁✾✼✽ ✾ Þ❄✺✾❄✽❈❁✺❄❆❄❃❄❂❇ ✾✼✽ ❁❈ ❇❀✻❂✼✿❀✽ ❸ Ý✼✽ ❷❃✻✽✽✼✽ ✾✼ ❈❀❁❆❃➀❅ ✼✽ ❶✿❄ ✼✺ ❀❇✽✿❃❂✼✺❂ ❁í ❀✼✺❂❈❃✿✽ ✾✼ ❈❁✽✽❄❆ ❄❃❄❂❇✽ ❶✿✼ ❃✼✽ ❈ ❇❀❄❁✾✼✽ ✾ Þ❄✺✾❄✽❈❁✺❄❆❄❃❄❂❇ ❷❃✻✽✽❄❶✿✼✽ ❶✿❄ ✽❁✺❂ ❀✼❃✻❂❄❾✼✽ ✻✿➈ ❅ ✻➂❷⑩❄✺✼✽ ❸ ì❁✿✽ ❇❂✻❆❃❄✽✽❁✺✽ ❃✻ ❷❁❅❈❃✼➈ ❄❂❇ ✾✿ ❈❀❁❆❃➀❅ ✼ ❍❇✺❇❀✻❃ ✻❾✼❷ ❈ ❇❀❄❁✾✼✽ ✾ Þ❄✺✾❄✽❈❁✺❄❆❄❃❄❂❇✾✼✽ ❁❈ ❇❀✻❂✼✿❀✽ ✻❄✺✽❄ ❶✿✼ ❷✼❃❃✼✽ ✾✼ ❈❃✿✽❄✼✿❀✽ ❷✻✽ ❈✻❀❂❄❷✿❃❄✼❀✽ ❈ ✼❀❂❄✺✼✺❂✽ ✼✺ ❈❀✻❂❄❶✿✼ ❸ Û✼✽❈❀❁❆❃➀❅ ✼✽ ❇❂✻✺❂ ✼✺ ❍❇✺❇❀✻❃ ✾❄ú ❷❄❃✼✽ ➁ ✺❁✿✽ ❇❂✿✾❄❁✺✽ ❃✼✽ ❈ ✼❀➄❁❀❅ ✻✺❷✼✽ ✾✼ ✾✼✿➈ ❂ä❈✼✽ ✾ Þ✻❃➂❍❁❀❄❂⑩❅ ✼✽ ➁ Ýè ✼❂ ■■ ➁ ✿❂❄❃❄✽✻✺❂ ❃✼✽ ❃❄✽❂✼✽ ✾✼ ❈❀❄❁❀❄❂❇ ❸ ì❁✿✽ ❆❁❀✺❁✺✽ ❃✼✽ ✾✿❀❇✼✽ ✾✼✽ ❈ ❇❀❄❁✾✼✽✾ Þ❄✺✾❄✽❈❁✺❄❆❄❃❄❂❇ ❈ ❁✿❀ ❁❆❂✼✺❄❀ ✾✼✽ ❀✻❂❄❁✽ ✾✼ ❈ ✼❀➄❁❀❅ ✻✺❷✼ ❷❁✺✽❂✻✺❂✽ ❈❁✿❀ ❃✼✽ ✻❃❍❁❀❄❂⑩❅ ✼✽✾✼ ❂ä❈ ✼ Ýè ❶✿✼❃❃✼ ❶✿✼ ✽❁❄❂ ❃✻ ❃❄✽❂✼ ❷⑩❁❄✽❄✼ ❈❁✿❀ ❷❀❇✼❀ ❃ Þ✻❃❍❁❀❄❂⑩❅ ✼ ✼❂ ❶✿✼ ❃✼ ✺❁❅❆❀✼ ✾✼❈ ❇❀❄❁✾✼✽ ✾ Þ❄✺✾❄✽❈❁✺❄❆❄❃❄❂❇ ➄✻✽✽✼ ❁✿ ✺❁✺ ❈✻❀❂❄✼ ✾✼ ❃ Þ❄✺✽❂✻✺❷✼ ❸ Ý✼✽ ❂✻❆❃✼✽ ✔ ❸î ✼❂ ✔ ❸á ❀❇✽✿❅✼✺❂❃ Þ✼✺✽✼❅❆❃✼ ✾✼✽ ❀❇✽✿❃❂✻❂✽ ✾✼ ❷✼ ❷⑩✻❈❄❂❀✼ ❸
➃❀❁❆❃➀❅ ✼ Û❁❅❈❃✼➈ ❄❂❇ è❁✿❀❷✼
1|ona(1)|Cmax NP ➂ï ❄ú ❷❄❃✼ ✻✿ ✽✼✺✽ ➄✻❄❆ ❃✼ ➁ ✻✾❅ ✼❂ ✿✺ FPT AS ✈⑩ ❸ ÷
1|ona(1)|Cmax ➁ ➃❁❃ä✺❁❅ ❄✻❃ ✈⑩ ❸ ✔❈ ❇❀❄❁✾✼ ë➅➆ ❈✼❂❄❂✼
1|ona(K)|Cmax ➁ K ≥ 2 NP ➂ï ❄ú ❷❄❃✼ ✻✿ ✽✼✺✽ ➄✻❄❆ ❃✼ ➃❀❁❈ ❸ ø
1|ona|Cmax NP ➂ï ❄ú ❷❄❃✼ ✻✿ ✽✼✺✽ ➄❁❀❂ ➁ ✺ Þ✻❈❈✻❀❂❄✼✺❂ ❈✻✽ ➾ APX ➃❀❁❈ ❸ ✒ ✼❂ î✹❨➆❩ ❭ ✔ ❸î å Û❁❅❈❃✼➈ ❄❂❇ ✾✼✽ ❈❀❁❆❃➀❅ ✼✽ ✻❾✼❷ ❈ ❇❀❄❁✾✼✽ ë➅➆ ✼❂ ❅ ❄✺❄❅ ❄✽✻❂❄❁✺ ✾✿ ❅✻Ü✼✽❈✻✺
ì❁❅❆❀✼ ✾✼ ✈ä❈✼ ✾✼ ❈❇❀❄❁✾✼ ✈ä❈✼ þ✻❂❄❁ ✾✼ ❈ ✼❀➄❁❀❅ ✻✺❷✼ ρL

è❁✿❀❷✼❈ ❇❀❄❁✾✼✽ ✾ Þ✻❃❍❁❀❄❂⑩❅ ✼ ❈❁✿❀ ❃✻ ❃❄✽❂✼ L
1 î➂❆❁❀✺❇✼ Ýè ρL ≤ 1.5

✈⑩ ❸ ✒
K ≥ 2 î➂❆❁❀✺❇✼✽ ■■ ρL ≤ 2K ➃❀❁❈ ❸ îî
2 î➂❆❁❀✺❇✼✽ Ýè 2 ≤ ρL ≤ 3

✈⑩ ❸ ✒
3 î➂❆❁❀✺❇✼✽ Ýè 4 ≤ ρL ≤ 4.5

✈⑩ ❸ ✒
K ≥ 4 î➂❆❁❀✺❇✼✽ Ýè ρL = 2(K − 1)

✈⑩ ❸ �
K λ

➂❆ ❁❀✺❇✼✽ Ýè ρL ≤ 1 + 2K
λ

✈⑩ ❸ îî
K ❈✼❂❄❂✼✽ ➁ K ≤ n Ýè ρL ≤ 3

Û❁❀❁ ❸ ④
K ≥ 3

❈✼❂❄❂✼✽ ➁ K ≥ n + 1 Ýè K/2 + 1/6 ≤ ρL ≤ K/2 + 1/2 ➃❀❁❈ î✕ ✼❂ î✔
K ❈✼❂❄❂✼✽ ➁ ❈ ❇❀❄❁✾❄❶✿✼✽ Ýè ρL ≤ 2

Û❁❀❁ ❸ î✔❨➆❩ ❭ ✔ ❸á å ➃✼❀➄❁❀❅ ✻✺❷✼ ✾✼✽ ⑩✼✿❀❄✽❂❄❶✿✼✽ ✻❾✼❷ ❃❄✽❂✼ ✾✼ ❈❀❄❁❀❄❂❇ ❈❁✿❀ ❃✼✽ ❈❀❁❆❃➀❅ ✼✽ ✻❾✼❷❈ ❇❀❄❁✾✼✽ ë➅➆ ✼❂ ❅ ❄✺❄❅ ❄✽✻❂❄❁✺ ✾✿ ❅✻Ü✼✽❈✻✺
ì❁✿✽ ✺❁✿✽ ✽❁❅❅✼✽ ✾✻✺✽ ❷✼ ❷⑩✻❈❄❂❀✼ ❄✺❂❇❀✼✽✽❇ ✻✿ ❷❀❄❂➀❀✼ Cmax ❸ ì❁❂❀✼ ❈❀❁❆❃➀❅ ✼ ❄✺✾✿✽❂❀❄✼❃➄✻❄✽✻❄❂ ✻❈❈✻❀✻ý❂❀✼ ✿✺ ✻✿❂❀✼ ❷❀❄❂➀❀✼ ➁ ∑

Cj ➁ ❶✿❄ ❈❁✿❀❀✻ ➄✻❄❀✼ ❃ Þ❁❆✓ ✼❂ ✾✼ ➄✿❂✿❀✼✽ ❇❂✿✾✼✽ ❸ Ý✼✽



�÷ àß✎⑥ ð öïñ î ❴ ð❡⑦ ðò⑥⑧❡ ðôðõðö⑨ ⑦ñò ⑧⑥⑨ï✎öñ ❛ïò
✼✺❾❄❀❁✺✺✼❅ ✼✺❂✽ ❅✿❃❂❄➂❅ ✻❷⑩❄✺✼✽ ✼❂ ✼✺ ❈✻❀❂❄❷✿❃❄✼❀ ❅ ✻❷⑩❄✺✼✽ ❈✻❀✻❃❃➀❃✼✽ ❁✺❂ ✻✿✽✽❄ ✿✺ ❄✺❂❇❀ð❂❈❀✻❂❄❶✿✼ ✼❂ ❈❁✿❀❀❁✺❂ ð❂❀✼ ✻❆❁❀✾❇✽ ✻❾✼❷ ❷✼ ❂ä❈ ✼ ✾✼ ❷❁✺❂❀✻❄✺❂✼✽ ✾ Þ❄✺✾❄✽❈❁✺❄❆❄❃❄❂❇ ❸
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q ❴ ð❡ öï⑧⑦ ❛àöð⑧❡ �✒
r s❲t❧r✉❦✉t❳r❲
ï✻✺✽ ❃✻ ❈✻❀❂❄✼ ❈❀❇❷❇✾✼✺❂✼ ➁ ✺❁✿✽ ✻❾❁✺✽ ✾❇❷❀❄❂ ✾✼✽ ❈❀❁❆❃➀❅ ✼✽ ✾ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❈❁✿❀ ❃✼✽➂❶✿✼❃✽ ❃✼✽ ❂æ❷⑩✼✽ ➾ ✼í✼❷❂✿✼❀ ❇❂✻❄✼✺❂ ❂❁✿❂✼✽ ✾❄í ❇❀✼✺❂✼✽ ❸ ê ❃❁❀✽ ➁ ❃✻ ❂✻❄❃❃✼ ✾ Þ✿✺✼ ❄✺✽❂✻✺❷✼ ❇❂✻❄❂✿✺ O(sL)

❁ò
s ✼✽❂ ❃✼ ✺❁❅❆❀✼ ✾✼ ❂æ❷⑩✼✽ ➾ ✼í ✼❷❂✿✼❀ ➁ ✼❂ L ❃✻ ❂✻❄❃❃✼ ✾✿ ❈❃✿✽ ❍❀✻✺✾ ✾✼ ❂❁✿✽❃✼✽ ✻❂❂❀❄❆✿❂✽ ✾✼ ❷✼✽ ❂æ❷⑩✼✽ ❸ è ❄ ❁✺ ✽✿❈❈❁✽✼ ❅ ✻❄✺❂✼✺✻✺❂ ❶✿✼ ❷✼✽ ❂æ❷⑩✼✽ ✺✼ ✽❁✺❂ ❈✻✽ ❂❁✿❂✼✽✾❄í ❇❀✼✺❂✼✽ ➁ ❅ ✻❄✽ ❶✿ Þ❄❃ ✼✽❂ ❈❁✽✽❄❆❃✼ ✾✼ ❃✼✽ ✻❍❀❇❍✼❀ ✼✺ ❷✻❂❇❍❁❀❄✼✽ ➁ ✼✺ n << s

❂ä❈ ✼✽ ✾✼ ❂æ❷⑩✼✽ ➁✻❃❁❀✽ ❄❃ ✼✽❂ ❈❁✽✽❄❆ ❃✼ ✾ Þ✼✺❾❄✽✻❍✼❀ ✿✺ ❷❁✾✻❍✼ ❈❃✿✽ ❷❁❅❈✻❷❂ ✾✼✽ ❄✺✽❂✻✺❷✼✽ ❸ â✺ ✼í✼❂ ➁ ❄❃ ✺ Þ✼✽❂❈❃✿✽ ✺❇❷✼✽✽✻❄❀✼ ✾✼ ✾❇❷❀❄❀✼ ❈❁✿❀ ❷⑩✻❶✿✼ ❂æ❷⑩✼ ❃ Þ✼✺✽✼❅❆❃✼ ✾✼ ✽✼✽ ❷✻❀✻❷❂❇❀❄✽❂❄❶✿✼✽ ❈✿❄✽❶✿ Þ❄❃ ✼✽❂✽✿ú ✽✻✺❂ ✾✼ ❃✼ ➄✻❄❀✼ ✿✺✼ ✽✼✿❃✼ ➄❁❄✽ ❈❁✿❀ ❷⑩✻❶✿✼ ❷✻❂❇❍❁❀❄✼ ✾✼ ❂æ❷⑩✼✽ ❸ Ý Þ❄✺✽❂✻✺❷✼ ✾✿ ❈❀❁❆❃➀❅ ✼✽✼❀✻ ✻❃❁❀✽ ❷❁✺✽❂❄❂✿❇✼å ✾✿ ✺❁❅❆❀✼ ni

✾✼ ❂æ❷⑩✼✽ ✾✼ ❂ä❈ ✼ i ➁ ❈ ❁✿❀ i = 1, 2, . . . , n ÿå ✾✼✽ ✻❂❂❀❄❆✿❂✽ ✾ Þ✿✺✼ ❂æ❷⑩✼ ✾✼ ❂ä❈ ✼ i ➁ ❈ ❁✿❀ i = 1, 2, . . . , n ❸Ý❁❀✽❶✿ Þ❄❃ ✼✽❂ ❈❁✽✽❄❆ ❃✼ ✾✼ ❷❁✾✼❀ ❃✼✽ ✾❁✺✺❇✼✽ ✾✿ ❈❀❁❆❃➀❅ ✼ ✽❁✿✽ ❷✼❂❂✼ ➄❁❀❅ ✼ ❷❁❅❈✻❷❂✼ ➁ ❁✺ ❈✻❀❃✼✾ Þ✁�➮✁☛☛✠☛ ✟þ✄ þ☛✆ ➮þ ✆✳✟② þ☎ ✠✤ �✌✤ ✌þ☎ þ☛ ✟✠✆✌✤ ✁�✞þ☎ ✳② ✞✤②✝✄✡✂✆✞ÿ ✂✞✟✞✆Õ ☎ ✟② þ➮✡✂✞☛✤ ÿ �✁❿✂þ✄
✼✺ ✻✺❍❃✻❄✽✴ ③✔✕⑤ ❸ Û✼ ❂ä❈ ✼ ✾✼ ❈❀❁❆❃➀❅ ✼ ✽✼ ❀✼✺❷❁✺❂❀✼ ✾✻✺✽ ❃✼✽ ✼✺❾ ❄❀❁✺✺✼❅✼✺❂✽ ❅ ✻✺✿➄✻❷❂✿➂❀❄✼❀✽ ❁ò ✾✼✽ ❂æ❷⑩✼✽ ❀❇❈ ❇❂❄❂❄❾✼✽ ✾❁❄❾✼✺❂ ð❂❀✼ ✼í✼❷❂✿❇✼✽ ❸ ➃ ❃✿✽ ❍❇✺❇❀✻❃✼❅ ✼✺❂ ➁ ✺ Þ❄❅❈❁❀❂✼ ❶✿✼❃❈❀❁❆❃➀❅ ✼ ✾❁✺❂ ❃✼✽ ❂æ❷⑩✼✽ ✽❁✺❂ ❄✾✼✺❂❄❶✿✼✽ ✼✽❂ ✿✺ ❈❀❁❆❃➀❅ ✼ ✾ Þ✁�➮✁☛☛✠☛ ✟þ✄ þ☛✆ ➮þ ✆✳✟② þ☎✠✤ �✌✤ ✌þ☎ þ☛ ✟✠✆✌✤ ✁�✞þ☎ ❈✿❄✽❶✿✼ ❁✺ ❈✼✿❂ ❷❁✺✽❄✾❇❀✼❀ ❶✿✼ ❃✼✽ ❂æ❷⑩✼✽ ✻❈❈✻❀❂❄✼✺✺✼✺❂ ✻❃❁❀✽ ✻ ✿✺❂ä❈✼ ✿✺❄❶✿✼ ✳n = 1✴ ❸ Ý✻ ❂✻❄❃❃✼ ✾✼ ❃ Þ❄✺✽❂✻✺❷✼ ✼✽❂ ✿✺ O(log s + L) << O(sL) ❸ é✺ ✾❄❀✻ ✼✺➄✻❄❂ ❶✿ Þ✿✺ ❈❀❁❆❃➀❅ ✼ ✾ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ✼✽❂ ✿✺ ❈❀❁❆❃➀❅ ✼ ⑩❄❍⑩➂❅✿❃❂❄❈ ❃❄❷❄❂ä ✽❄ s ✺ Þ✼✽❂ ❈✻✽❈❁❃ä✺❁❅ ❄✻❃ ✾✼ ❃✻ ❂✻❄❃❃✼ ✾✼ ❃ Þ❄✺✽❂✻✺❷✼ ➁ ❷ Þ✼✽❂➂➾➂✾❄❀✼ ✽ Þ❄❃ ✺ Þ✼➈ ❄✽❂✼ ✻✿❷✿✺✼ ❷❁✺✽❂✻✺❂✼ k

❂✼❃❃✼ ❶✿✼
n ∈ O((nL)k)

❈❁✿❀ ❂❁✿❂✼ ❄✺✽❂✻✺❷✼ ❸ ï✼✽ ❷❃✻✽✽✼✽ ✾✼ ❷❁❅❈❃✼➈ ❄❂❇ ✽❈ ❇❷❄ã❶✿✼✽ ✻✿➈ ❈❀❁❆❃➀❅ ✼✽✾ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ⑩❄❍⑩➂❅✿❃❂❄❈ ❃❄❷❄❂ä ✽❁✺❂ ✾❇❷❀❄❂✼✽ ✾✻✺✽ ③✔✕ ➁ î✒⑤ ❸ï✻✺✽ ❷✼❂❂✼ ❈✻❀❂❄✼ ➁ ✺❁✿✽ ✺❁✿✽ ❄✺❂❇❀✼✽✽❁✺✽ ❈❃✿✽ ❈❀❇❷❄✽❇❅ ✼✺❂ ➾ ✾✼✿➈ ❈❀❁❆❃➀❅ ✼✽ ✾❁✺❂ ❃✼✽ ❂æ❷⑩✼✽✽❁✺❂ ✻❍❀❇❍❇✼✽ ✼✺ ❷✻❂❇❍❁❀❄✼✽ ❸ Ý✼ ❈❀✼❅ ❄✼❀ ✼✽❂ ✿✺ ❈❀❁❆❃➀❅ ✼ ✾ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ✓ ✿✽❂✼➂➾➂❂✼❅❈✽✳Û⑩✻❈❄❂❀✼ ④✴ ❈❁✿❀ ❃✼❶✿✼❃ ❃✼✽ ❂æ❷⑩✼✽ ✽❁✺❂ ✻❍❀❇❍❇✼✽ ✼✺ ❈❃✿✽❄✼✿❀✽ ❂ä❈ ✼✽ ❸ ➃❁✿❀ ❷✼ ❈❀❁❆❃➀❅ ✼ ➁✻✿❷✿✺✼ ✾✼✽ ❅❁✾❇❃❄✽✻❂❄❁✺✽ ❈❀❁❈❁✽❇✼✽ ✺ Þ✼✽❂ ❈❁❃ä✺❁❅ ❄✻❃✼ ✳✺❄ ❃✼ ✺❁❅❆❀✼ ✾✼ ❾✻❀❄✻❆❃✼ ➁ ✺ ❄ ❃✼✺❁❅❆❀✼ ✾✼ ❷❁✺❂❀✻❄✺❂✼✽ ➁ ✺ ❄ ❃✼ ❷✻❃❷✿❃ ✾✼ ❃✻ ➄❁✺❷❂❄❁✺ ❁❆✓ ✼❷❂❄➄ ✺✼ ✽❁✺❂ ❈❁❃ä✺❁❅ ❄✻✿➈ ✴ ❸ Ý✼ ✽✼❷❁✺✾✼✽❂ ❃✼ ❈❀❁❆❃➀❅ ✼ ✾❄❂ ✾✼✽ ✆✳✟② þ☎ ✟✁✡ÿ ✂✌þ☎ ✳Û⑩✻❈❄❂❀✼ ÷✴ ❸ ì❁✿✽ ❇❂✿✾❄❁✺✽ ❃✻ ❷❁❅❈❃✼➈ ❄❂❇ ✾✿ ❷✻✽❁ò ❂❁✿❂✼✽ ❃✼✽ ❈❄➀❷✼✽ ✽❁✺❂ ❄✾✼✺❂❄❶✿✼✽ ➁ ❃ Þ✼✺❂❀❇✼ ❇❂✻✺❂ ✻❃❁❀✽ ❷❁❅❈❁✽❇✼ ✾✼ ❂❀❁❄✽ ❁✿ ❶✿✻❂❀✼ ✼✺❂❄✼❀✽✽✼✿❃✼❅ ✼✺❂ ✳❶✿✻❂❀✼ ✾✻✺✽ ❃✼ ❷✻✽ ✺❁✺ ❷ä❷❃❄❶✿✼ ➁ ❂❀❁❄✽ ✾✻✺✽ ❃✼ ❷✻✽ ❷ä❷❃❄❶✿✼✴ ❸
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❢❞❣❤✐✐❝✐❥❭❛ ❭✐❡ ① ❪♥❡❭②③②❡❭❛ ❜♥

Ý✼✽ ✽ä✽❂➀❅ ✼✽ ✾✼ ❈❀❁✾✿❷❂❄❁✺ ✰✿✽❂✼➂➾➂✈✼❅❈✽ ✳JAT ✴ ❁✺❂ ❈❁✿❀ ❆✿❂ ✾ Þ❁❀✾❁✺✺✻✺❷✼❀ ❃✻ ❈❀❁✾✿❷➂❂❄❁✺ ✽✿❀ ✿✺✼ ❅ð❅✼ ❃❄❍✺✼ ✾✼ ❈ ✼❂❄❂✼✽ ❶✿✻✺❂❄❂❇✽ ✾✼ ❈❀❁✾✿❄❂✽ ✾✼ ❂ä❈ ✼✽ ✾❄í❇❀✼✺❂✽ ❸ Ý✼ ❈❀❄✺❷❄❈ ✼✾✼ ❷✼ ❅❁✾➀❃✼ ✼✽❂ ✾✼ ❃❄❅ ❄❂✼❀ ✻✿ ❅ ✻➈ ❄❅✿❅ ❃✼✽ ❷❁✢❂✽ ✾✼ ✽❂❁❷Ü✻❍✼ ✼❂ ❃✼✽ ❈ ❇✺✻❃❄❂❇✽ ✾✼ ❀✼❂✻❀✾ ❸Û✼✽ ✽ä✽❂➀❅ ✼✽ ❁✺❂ ❇❂❇ ❄✺❂❀❁✾✿❄❂✽ ❈❁✿❀ ❃✼✽ ✻❂✼❃❄✼❀✽ ✾ Þ✻✽✽✼❅❆❃✻❍✼ ✾✼ ❾❁❄❂✿❀✼✽ ✾✼ ✈❁ä❁❂✻ ③ø✹⑤ ❸Ý✼✽ ❂ä❈ ✼✽ ✾✼ ❈❀❁✾✿❄❂✽ ✽❁✺❂ ✻❃❁❀✽ ❃✼✽ ✾❄í ❇❀✼✺❂✼✽ ❾✼❀✽❄❁✺✽ ✾ Þ✿✺ ❅ð❅✼ ❅❁✾➀❃✼ ❁✿ ❃✻ ❈✻❃✼❂❂✼✾ Þ❁❈❂❄❁✺✽ ✾❄✽❈❁✺❄❆❃✼✽ ❈❁✿❀ ✿✺✼ ❾✼❀✽❄❁✺ ❸
Ý❁❀✽❶✿ Þ✿✺✼ ❅ð❅ ✼ ❃❄❍✺✼ ✼✽❂ ✿❂❄❃❄✽❇✼ ❈❁✿❀ ❃ Þ✿✽❄✺✻❍✼ ✾✼ ❈❀❁✾✿❄❂✽ ✾❄í❇❀✼✺❂✽ ➁ ❁✺ ❄✺❷❃✿❂ ✼✺❍❇✺❇❀✻❃ ✾✻✺✽ ❃✻ ➄❁✺❷❂❄❁✺ ✾✼ ❷❁✢❂ ✾✼✽ ❈ ❇✺✻❃❄❂❇✽ ✾✼ ❷⑩✻✺❍✼❅✼✺❂ ❸ ➃✻❀ ✼➈✼❅❈❃✼ ➁ ✽❄ ❁✺ ❾✼✿❂❈❀❁✾✿❄❀✼ ✿✺✼ ❾❁❄❂✿❀✼ ❀❁✿❍✼ ✻❃❁❀✽ ❶✿✼ ❃✻ ❈❀❇❷❇✾✼✺❂✼ ❇❂✻❄❂ ❆❃✻✺❷⑩✼ ➁ ❄❃ ➄✻✿✾❀✻ ✺✼❂❂❁ä✼❀ ❃✼✽❷✻✺✺❁✺✽ ➾ ❈✼❄✺❂✿❀✼ ❸ â✺ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ✰✿✽❂✼➂➾➂✈✼❅❈✽ ➁ ❃✼✽ ❂ä❈ ✼✽ ✾✼ ❈❀❁✾✿❄❂✽ ✽❁✺❂ ✽✿❈➂❈❁✽❇✽ ✽✿ú ✽✻❅❅✼✺❂ ✽✼❅❆❃✻❆❃✼✽ ❈ ❁✿❀ ❶✿✼ ❃✼✽ ❷❁✢❂✽ ✾✼ ❷⑩✻✺❍✼❅ ✼✺❂ ✾ Þ✿✺ ❂ä❈✼ ✾✼ ❈❀❁✾✿❄❂ ➾✿✺ ✻✿❂❀✼ ✽❁❄✼✺❂ ❷❁✺✽❄✾❇❀❇✽ ❷❁❅❅✼ ✺✿❃✽ ✳✼✺ ➄✻❄❂ ✺❇❍❃❄❍✼✻❆❃✼✽ ❈✻❀ ❀✻❈❈❁❀❂ ✻✿➈ ✻✿❂❀✼✽ ❷❁✢❂✽✾ Þ✿✽❄✺✻❍✼✴ ❸ Ý✻ ❃❄❍✺✼ ✾✼ ❈❀❁✾✿❷❂❄❁✺ ✼✽❂ ✻❃❁❀✽ ✻❈❈✼❃❇✼ ✂✞✤☛ þ ④ þÔ ✞❿✂þ❸ ➃❁✿❀ ❃✻ ❅ ð❅ ✼ ❀✻❄✽❁✺ ➁❃✼✽ ✾✿❀❇✼✽ ✾✼ ❈❀❁✾✿❷❂❄❁✺ ✾✼✽ ✾❄í ❇❀✼✺❂✼✽ ❈❄➀❷✼✽ ✽❁✺❂ ❂❁✿❂✼✽ ❄✾✼✺❂❄❶✿✼✽ ✼❂ ã➈❇✼✽ ➾ ✿✺✼ ✿✺❄❂❇✾✼ ❂✼❅❈✽ ❸
ê ❄✺✽❄ ➁ ❃✻ ✽✼✿❃✼ ✾❁✺✺❇✼ ✾✿ ❈❀❁❆❃➀❅ ✼ ✼✽❂ ❃✻ ❃❄✽❂✼ d1, d2, . . . , dn

✾✼✽ ✾✼❅ ✻✺✾✼✽ ✾✼✽ n
❂ä❈ ✼✽✾✼ ❈❄➀❷✼✽ ❸ Ý✻ ❂✻❄❃❃✼ ✾✼ ❷✼❂❂✼ ✾❁✺✺❇✼ ✼✽❂ ✾❁✺❷ ✿✺ O (n log (max di)) ❸ ➃✻❀ ❷❁✺✽❇❶✿✼✺❂ ➁ ❃✻✾✼✽❷❀❄❈❂❄❁✺ ❷❁❅❈❃➀❂✼ ✾ Þ✿✺✼ ✽❁❃✿❂❄❁✺ ➁ ❷ Þ✼✽❂➂➾➂✾❄❀✼ ✿✺✼ ✽❇❶✿✼✺❷✼ ✾✼ ❈❀❁✾✿❷❂❄❁✺ ✾✼✽ ❈❄➀❷✼✽ ➁✺ Þ✼✽❂ ❈✻✽ ❈❁❃ä✺❁❅ ❄✻❃✼ ✾✼ ❃✻ ❂✻❄❃❃✼ ✾✼ ❃ Þ❄✺✽❂✻✺❷✼ ❷✻❀ ✼❃❃✼ ✽✼❀✻ ✾✼ ❃ Þ❁❀✾❀✼ ✾✼ ∑

di ❸ ✑❃ ✼✽❂ ✾❁✺❷✾❄ú ❷❄❃✼ ✾✼ ✽✻❾❁❄❀ ➁ ✼❂ ❷✼ ❶✿✼❃❃✼ ❶✿✼ ✽❁❄❂ ❃✻ ➄❁✺❷❂❄❁✺ ❁❆✓ ✼❷❂❄➄ ➁ ✽❄ ❃✼ ❈❀❁❆❃➀❅ ✼ ✾✼ ✾❇❷❄✽❄❁✺✻✽✽❁❷❄❇ ✻❈❈✻❀❂❄✼✺❂ ❁✿ ✺❁✺ ➾ NP ❸❳❁✺✾✼✺ ③ø✹⑤ ❷❁✺✽❄✾➀❀✼ ❶✿✼ ❃✼ ❆✿❂ ✾✼✽ ✽ä✽❂➀❅ ✼✽ ✰ê✈ ✼✽❂ ✾ Þ❁❆❂✼✺❄❀ ✿✺ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂✻✿✽✽❄ ✌✃✡✞✂✞❿�✌ ❶✿✼ ❈❁✽✽❄❆ ❃✼ ➁ ❷ Þ✼✽❂➂➾➂✾❄❀✼ ✾✼ ❀❇❈✻❀❂❄❀ ✻✿ ❅ ❄✼✿➈ ❃ Þ✿✽❄✺✻❍✼ ✾✼✽ ❈❄➀❷✼✽ ✽✿❀ ❃✻✾✿❀❇✼ ❂❁❂✻❃✼ ✾✼ ❈❀❁✾✿❷❂❄❁✺ ✾✼ ✽❁❀❂✼ ❶✿✼ ❃✼ ❂✻✿➈ ✾✼ ❈❀❁✾✿❷❂❄❁✺ ✾✼ ❷⑩✻❶✿✼ ❈❄➀❷✼ ✽❁❄❂ ✻✿✽✽❄❷❁✺✽❂✻✺❂ ❶✿✼ ❈❁✽✽❄❆ ❃✼ ❸ ï✼ ✺❁❅❆❀✼✿✽✼✽ ➄✻➇❁✺✽ ✾✼ ❅ ✼✽✿❀✼❀ ❃✻ ✾❇❾❄✻❂❄❁✺ ✾✼ ❃✻ ❈❀❁✾✿❷❂❄❁✺❀❇✼❃❃✼ ❈✻❀ ❀✻❈❈❁❀❂ ➾ ❃✻ ❈❀❁✾✿❷❂❄❁✺ ❄✾❇✻❃✼ ❈✻❀➄✻❄❂✼❅ ✼✺❂ ❇❶✿❄❃❄❆❀❇✼ ❁✺❂ ❇❂❇ ❇❂✿✾❄❇✼✽ ✾✻✺✽ ❃✻❃❄❂❂❇❀✻❂✿❀✼ ❸ ï✻✺✽ ✿✺ ❈❀✼❅ ❄✼❀ ❂✼❅❈✽ ➁ ✺❁✿✽ ❈❀❇✽✼✺❂✼❀❁✺✽ ❀✻❈❄✾✼❅ ✼✺❂ ❃✼✽ ❂❀✻❾✻✿➈ ✼í✼❷❂✿❇✽✽✿❀ ❷✼ ✽✿✓ ✼❂ ✼❂ ❃✼✽ ✺❁❂✻❂❄❁✺✽ ➁ ❈✿❄✽ ✺❁✿✽ ✾❇❷❀❄❀❁✺✽ ✼✺ ✾❇❂✻❄❃ ❃✼✽ ✾❄í❇❀✼✺❂✼✽ ➄❁❀❅✿❃✻❂❄❁✺✽✻✾❁❈❂❇✼✽ ❈❁✿❀ ❷✼ ❈❀❁❆❃➀❅ ✼ ✼✺ ❂✼❀❅ ✼✽ ✾✼ ❂⑩❇❁❀❄✼ ✾✼✽ ❾❁❂✼✽ ➁ ✾✼ ❀✼❷⑩✼❀❷⑩✼ ✾ Þ✿✺ ❷❁✿❈❃✻❍✼❈✻❀➄✻❄❂ ✼❂ ✾✼ ❈❀❁❆❃➀❅ ✼ ✾ Þ✻í✼❷❂✻❂❄❁✺ ✾✼ ❈❁❄✾✽ ❅ ❄✺❄❅✿❅ ❸ ï✻✺✽ ❃✻ è✼❷❂❄❁✺ ④ ❸á ➁ ✺❁✿✽ ❷❁❅➂
⑤⑥⑦ ⑧⑨⑦⑩❶❷❸❷⑦ ❹⑥ ❺⑥ ❺❻❸❼❽❷⑧⑥ ❾❿❷ ➀❸❽❷ ❶ ➁❾➂➃ ⑥❷ ❹ ➁⑩❿ ❸⑧❷❽❺❶⑥ ❼⑩➂❶❽⑨ ❹❸❿⑦ ➄➅➆➇ ➈➉ ➊➋

✒ î



✒á àß✎⑥ ð öïñ ➌ ❴ ⑧ï⑦⑧❡❡✎❡ àñ❞ñ❡ ö ➍❛ò öñ ➎➏ ➎öñ❞⑥ò
❈✻❀❁✺✽ ❃✼✽ ❂❀❁❄✽ ➄❁✺❷❂❄❁✺✽ ❁❆✓ ✼❷❂❄➄ ❃✼✽ ❈❃✿✽ ❇❂✿✾❄❇✼✽ ✼❂ ✺❁✿✽ ❀❇➄✿❂❁✺✽ ❷✼❀❂✻❄✺✼✽ ❷❁✺✓ ✼❷❂✿❀✼✽❶✿❄ ❁✺❂ ❇❂❇ ➄❁❀❅✿❃❇✼✽ ❷✼✽ ✾✼❀✺❄➀❀✼✽ ✻✺✺❇✼✽ ❸ ì❁✿✽ ✾❇❷❀❄❾❁✺✽ ✻✿✽✽❄ ✾✼✽ ❁✿❂❄❃✽ ✼❂ ✾✼✽ ❅ ❁✾➀❃✼✽❶✿❄ ❈ ✼❀❅ ✼❂❂✼✺❂ ✾✼ ❷✻❀✻❷❂❇❀❄✽✼❀ ❃✼✽ ❄✺✽❂✻✺❷✼✽ ❈❁✿❀ ❃✼✽❶✿✼❃❃✼✽ ❷✼❀❂✻❄✺✼✽ ✽❁❃✿❂❄❁✺✽ ❁❈❂❄❅ ❄✽✼✺❂❈❃✿✽❄✼✿❀✽ ➄❁✺❷❂❄❁✺✽ ❁❆✓ ✼❷❂❄➄ ✽❄❅✿❃❂✻✺❇❅✼✺❂ ❸ Ý Þê✺✺✼➈✼ ê ❸î ❸á ❈❀❇✽✼✺❂✼ ✾✼✽ ⑩✼✿❀❄✽❂❄❶✿✼✽ ❈❁➂
❃ä✺❁❅ ❄✻❃✼✽ ✼❂ ❃✼✽ ❀✼❅ ✻❀❶✿✼✽ ✽✿❀ ❃✼✽❶✿✼❃❃✼✽ ✼❃❃✼✽ ✽❁✺❂ ❆✻✽❇✼✽ ❸ Ý✼✿❀✽ ❈ ✼❀➄❁❀❅ ✻✺❷✼✽ ✺ Þ✻ä✻✺❂❈✻✽ ❈✿ ð❂❀✼ ❇❾✻❃✿❇✼✽ ❈✻❀ ❅ ✻✺❶✿✼ ✾✼ ❂✼❅❈✽ ➁ ✼❃❃✼✽ ✺✼ ✽❁✺❂ ❈✻✽ ❈❃✻❷❇✼✽ ✾✻✺✽ ❷✼ ❷⑩✻❈❄❂❀✼ ❸ Ý✼❀✼✽❂✼ ✾✼ ❃ Þê✺✺✼➈✼ ê ✼✽❂ ❷❁✺✽✻❷❀❇ ✻✿➈ ❈❀❁❍❀✻❅❅✼✽ ❃❄✺❇✻❄❀✼✽ ✿❂❄❃❄✽❇✽ ❈❁✿❀ ❃✼✽ ❂✼✽❂✽ ✾✼ ❃✻è✼❷❂❄❁✺ ④ ❸á ✼❂ ✻✿➈ ✼➈✼❅❈❃✼✽ ❈❀❁❈❁✽❇✽ ✾✻✺✽ ❷✼ ❷⑩✻❈❄❂❀✼ ❸

➐ ❣r ➑ttt ✉❥ ♦ ➒t❧t ❥t qr❧s❦♦tt❳r❲♠ ✉❦ ♣❧r➓ ♦➔s❥

ï✻✺✽ ❷✼❂❂✼ ✽✼❷❂❄❁✺ ➁ ✺❁✿✽ ❈❀❇✽✼✺❂❁✺✽ ✿✺✼ ❾✿✼ ✾ Þ✼✺✽✼❅❆❃✼ ✾✼ ❃✻ ❃❄❂❂❇❀✻❂✿❀✼ ✽✿❀ ❃ Þ❁❀✾❁✺✺✻✺❷✼➂❅ ✼✺❂ ✓ ✿✽❂✼➂➾➂❂✼❅❈✽ ✻❾✻✺❂ ✾✼ ➄✻❄❀✼ ✿✺ ✼➈❈❁✽❇ ❈❃✿✽ ✾❇❂✻❄❃❃❇ ✾✼✽ ✻❀❂❄❷❃✼✽ ❃✼✽ ❈❃✿✽ ✽❄❍✺❄ã❷✻❂❄➄✽❈❁✿❀ ❃✼ ❂❀✻❾✻❄❃ ✼í ✼❷❂✿❇ ✾✻✺✽ ❷✼❂❂✼ ❂⑩➀✽✼ ❸
Ý Þ❄✺❂❇❀ð❂ ❈❁✿❀ ❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ❇❶✿❄❃❄❆❀❇ ✻ ❾✿ ❃✼ ✓ ❁✿❀ ✻❈❀➀✽ ❃✻ ✾✼✽❷❀❄❈❂❄❁✺ ❈✻❀ ❳❁✺✾✼✺ ③ø✹⑤✾✼✽ ✽ä✽❂➀❅ ✼✽ ✾✼ ❈❀❁✾✿❷❂❄❁✺ ✾✼ ✈❁ä❁❂✻ ❸ â✺ ❈❀❁❈❁✽✻✺❂ ✿✺✼ ➄❁❀❅✿❃✻❂❄❁✺ ✼✺ ❂✻✺❂ ❶✿✼ ❈❀❁➂❆❃➀❅ ✼ ✾ Þ❁❈❂❄❅ ❄✽✻❂❄❁✺ ➁ ❳ ❄❃❂✼✺❆✿❀❍ ③÷✒⑤ ✻ ❄✺ ❄❂❄❇ ✿✺ ✼✺✽✼❅❆❃✼ ❷❁✺✽❄✾❇❀✻❆❃✼ ✾✼ ❀✼❷⑩✼❀❷⑩✼ ✽✿❀❷✼ ❈❀❁❆❃➀❅ ✼ ❸ Û✼❂❂✼ ➄❁❀❅✿❃✻❂❄❁✺ ✻ ❈❁✿❀ ❆✿❂ ✾✼ ❅ ❄✺❄❅ ❄✽✼❀ ❃✻ ✽❁❅❅✼ ✾✼✽ ✾❇❾❄✻❂❄❁✺✽ ✳❁✿➮✌Ð✞✠✆✞✁☛ ✆✁✆✠✂þ✴ ✾✼ ❃✻ ❈❀❁✾✿❷❂❄❁✺ ❀❇✼❃❃✼ ❈✻❀ ❀✻❈❈❁❀❂ ➾ ❃✻ ❈❀❁✾✿❷❂❄❁✺ ❄✾❇✻❃✼ ❀✻❂❄❁✺✺✼❃❃✼ ❸Ý❁❀✽❶✿✼ ❃✼✽ ✾❇❾❄✻❂❄❁✺✽ ✽❁✺❂ ✾✼✽ ➄❁✺❷❂❄❁✺✽ ❷❁✺❾✼➈✼✽ ❈❁✽❄❂❄❾✼✽ ➁ →✿❆❄✻Ü ✼❂ è✼❂⑩❄ ③④� ➁ ④✒⑤
❅❁✺❂❀✼✺❂ ❶✿ Þ❁✺ ❈✼✿❂ ❀✼➄❁❀❅✿❃✼❀ ❷✼ ❅❁✾➀❃✼ ✼✺ ❂✻✺❂ ❶✿✼ ❈❀❁❆❃➀❅ ✼ ✾ Þ✻í✼❷❂✻❂❄❁✺ ❸ ï✻✺✽ ❷✼❂❂✼➄❁❀❅✿❃✻❂❄❁✺ ➁ ✾✼✽ ❈ ❇✺✻❃❄❂❇✽ ✾✼ ❀✼❂✻❀✾ ✼❂ ✾ Þ✻❾✻✺❷✼ ✽❁✺❂ ❄✺❂❀❁✾✿❄❂✼✽ ❈❁✿❀ ❀✼❈❀❇✽✼✺❂✼❀ ❃✼✽ ✾❇➂
❾ ❄✻❂❄❁✺✽ ✾✼✽ ✽❁❃✿❂❄❁✺✽ ❀❇✼❃❃✼✽ ❈✻❀ ❀✻❈❈❁❀❂ ➾ ❃✻ ✽❁❃✿❂❄❁✺ ❄✾❇✻❃✼ ❸ Û✼✽ ❈ ❇✺✻❃❄❂❇✽ ❀✼❈❀❇✽✼✺❂✼✺❂❃✼ ❷❁✢❂ ❄✺✾✿❄❂ ❃❁❀✽❶✿✼ ❃ Þ❁✺ ❈❃✻❷✼ ✿✺✼ ❈❄➀❷✼ ❂❀❁❈ ❂✍❂ ❁✿ ❂❀❁❈ ❂✻❀✾ ✾✻✺✽ ❃✻ ✽❇❶✿✼✺❷✼ ❈✻❀❀✻❈❈❁❀❂ ➾ ✽❁✺ ❄✺✽❂✻✺❂ ❄✾❇✻❃ ✾✼ ❈❀❁✾✿❷❂❄❁✺ ❸ ✑✺❅ ✻✺ ✼❂ ❋✿❃ã✺ ③④ î⑤ ❈❀❁❈❁✽✼✺❂ ✿✺✼ ⑩✼✿❀❄✽❂❄❶✿✼❈✽✼✿✾❁➂❈❁❃ä✺❁❅ ❄✻❃✼ ❈❁✿❀ ❅ ❄✺❄❅ ❄✽✼❀ ❃✻ ✽❁❅❅✼ ✾✼✽ ✾❇❾❄✻❂❄❁✺✽ ✻❾✼❷ ✾✼✽ ➄❁✺❷❂❄❁✺✽ ✾✼ ❈ ❇✺✻➂❃❄❂❇ ❃❇❍➀❀✼❅ ✼✺❂ ✾❄í❇❀✼✺❂✼✽ ❸ ✑❃✽ ❷❁✺✽❄✾➀❀✼✺❂ ❶✿✼ ❃✻ ✾✻❂✼ ✾ Þ❇❷⑩❇✻✺❷✼ ✽❁✿⑩✻❄❂❇✼ ❈❁✿❀ ❃✻ ❈❄➀❷✼✼✽❂ ❃ Þ❄✺✽❂✻✺❂ ❄✾❇✻❃ ✾✼ ❈❀❁✾✿❷❂❄❁✺ ✼❂ ❀❇✽❁❃❾✼✺❂ ❃✼ ❈❀❁❆❃➀❅ ✼ ✼✺ ❂❀❄✻✺❂ ❃✼✽ ❈❄➀❷✼✽ ✽✼❃❁✺ ❃✼✿❀✾✻❂✼✽ ✾ Þ❇❷⑩❇✻✺❷✼ ❷❀❁❄✽✽✻✺❂✼✽ ✳➣ ✠�✂✞þ☎✆ ✘ ✡ þ ✘ ✠✆þ ↔✡✂þ ✼✺ ✻✺❍❃✻❄✽✴ ❸ è❂✼❄✺✼❀ ✼❂ ↕✼❁❅ ✻✺✽ ③�✕⑤❈❀❁✿❾✼✺❂ ❶✿ Þ❄❃ ✼✽❂ ✼✺ ➄✻❄❂ ❈❁✽✽❄❆ ❃✼ ✾✼ ❀❇✽❁✿✾❀✼ ❷✼ ❈❀❁❆❃➀❅ ✼ ✾✼ ➄✻➇❁✺ ✼➈✻❷❂✼ ✼✺ ❂✼❅❈✽❈✽✼✿✾❁➂❈❁❃ä✺❁❅ ❄✻❃ ✼✺ ✿❂❄❃❄✽✻✺❂ ❃✻ ➄❁❀❅✿❃✻❂❄❁✺ ✼✺ ❂✻✺❂ ❶✿✼ ❈❀❁❆❃➀❅ ✼ ✾ Þ✻í ✼❷❂✻❂❄❁✺ ❸
❉✺✼ ✻✿❂❀✼ ❷❃✻✽✽✼ ✾✼ ➄❁✺❷❂❄❁✺✽ ❁❆✓ ✼❷❂❄➄ ✻ ❇❂❇ ❆ ✼✻✿❷❁✿❈ ❇❂✿✾❄❇✼ ✾✻✺✽ ❃✻ ❃❄❂❂❇❀✻❂✿❀✼ ❸ Ý✼✽❷❁✺❂❀✻❄✺❂✼✽ ✽❁✺❂ ❄✾✼✺❂❄❶✿✼✽ ➁ ❅ ✻❄✽ ❃✼ ❆✿❂ ✼✽❂ ✾✼ ❅ ❄✺❄❅ ❄✽✼❀ ❃✻ ➮✌Ð✞✠✆✞✁☛ ✄ ✠Ô ✞✄ ✠✂þ ✾✼ ❃✻❈❀❁✾✿❷❂❄❁✺ ❀❇✼❃❃✼ ❈✻❀ ❀✻❈❈❁❀❂ ➾ ❃✻ ❈❀❁✾✿❷❂❄❁✺ ❄✾❇✻❃✼ ❸ è❂✼❄✺✼❀ ✼❂ ↕✼❁❅ ✻✺✽ ③�á⑤ ❅ ❁✺❂❀✼✺❂❶✿✼ ➁ ❃❁❀✽❶✿✼ ❃ Þ❁✺ ❷❁✺✽❄✾➀❀✼ ❷✼ ❈❀❁❆❃➀❅ ✼ ❷❁❅❅✼ ✿✺ ❈❀❁❆❃➀❅ ✼ ✾ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ✻❾✼❷ ✾✻❂✼✽✾ Þ❇❷⑩❇✻✺❷✼ ✼❂ ✾✻❂✼✽ ✾✼ ✾❄✽❈❁✺❄❆❄❃❄❂❇ ➁ ❁✺ ❈✼✿❂ ❃✼ ❀❇✾✿❄❀✼ ➾ ❃✻ ❀✼❷⑩✼❀❷⑩✼ ✾ Þ✿✺ ❷❁✿❈❃✻❍✼ ❈✻❀➄✻❄❂✾✻✺✽ ✿✺ ❍❀✻❈⑩✼ ❆❄❈✻❀❂❄ ❸ ✸ ❈✻❀❂❄❀ ✾✼ ❷✼❂❂✼ ✻❈❈❀❁❷⑩✼ ➁ ❄❃✽ ❁❆❂❄✼✺✺✼✺❂ ✿✺ ✻❃❍❁❀❄❂⑩❅ ✼ ✼➈✻❷❂❈✽✼✿✾❁➂❈❁❃ä✺❁❅ ❄✻❃ ❸ ❋ ❀✻✿✺✼❀ ✼❂ Û❀✻❅✻ ③î�⑤ ❅ ❁✺❂❀✼✺❂ ❶✿✼ ❃✼ ❈❀❁❆❃➀❅ ✼ ✾✼ ✾❇❷❄✽❄❁✺ ✻✽✽❁❷❄❇➾ ❃✻ ❅ ❄✺❄❅ ❄✽✻❂❄❁✺ ✾✿ ❅ ✻➈❄❅✿❅ ✾✼✽ ✾❇❾❄✻❂❄❁✺✽ ✼✽❂ ✾✻✺✽ ❃✻ ❷❃✻✽✽✼ Û❁➂NP ❸



➌ ❴q ❴ ⑨ ö✎ö ⑦ñ õ ó✎ïö ñ ö ❝⑧ï❞ ❛õ✎öð⑧❡ò ⑦ ❛ ⑥ï⑧ôõ➙❞ñ ✒✕
➛ ✗❺✗❺ ➜✪➝➞➝✩✪✯✭ ➟ ➠✪✯➝★➞✩✯➝✬✭ ✬➝ ➡✪✯➠➝✩✪✯✭ ✪✚➢ ✬➠➝✩➡
✵➪➴➘➚Ú➹➴➘÷➶
❉✺✼ ❈❀❁✾✿❷❂❄❁✺ ✾❄❾✼❀✽❄ã❇✼ ❀❇❈✻❀❂❄✼ ✼✺ ❃❁❂✽ ✾✼ ❈ ✼❂❄❂✼ ❂✻❄❃❃✼ ✳➮✞Ðþ�☎✞① þ➮ ☎✄ ✠✂ ✂✝✂✁✆ ÿ �✁➮✡ ✟✆✞✁☛✼✺ ✻✺❍❃✻❄✽✴ ❷❁✺✽❄✽❂✼ ✼✺ ✿✺ ✼✺✽✼❅❆❃✼ ✾✼ n

❂ä❈ ✼✽ ✾✼ ❈❄➀❷✼✽ ✻ä✻✺❂ ❷⑩✻❷✿✺ ✿✺✼ ✾✼❅✻✺✾✼
di ∈ N ➁ i = 1, 2, . . . , n ❸ Û⑩✻❶✿✼ ❈❄➀❷✼ ✼✽❂ ❈❀❁✾✿❄❂✼ ✼✺ ✿✺✼ ✿✺❄❂❇ ✾✼ ❂✼❅❈✽ ❸ ì❁✿✽ ✺❁❂✼❀❁✺✽
D =

∑n
i=1 di ❃✻ ✾✼❅ ✻✺✾✼ ❂❁❂✻❃✼ ❸ é✺ ✾❄❂ ❶✿ Þ✿✺ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ✼✽❂ ✡☛✞❐ ✁�✄ ✌✄ þ☛✆ ✌✃✡✞✂✞❿�✌

✳✡☛✞❐ ✁�✄ ✂Õ ✂þÐþ✂þ➮✴ ➁ ✽❄ ➾ ❷⑩✻❶✿✼ ❄✺✽❂✻✺❂ k ➁ ❃✻ ❃❄❍✺✼ ✻ ❈❀❁✾✿❄❂ ✼➈✻❷❂✼❅ ✼✺❂ k di/D
❈❄➀❷✼✽ ✾✼❂ä❈ ✼ i ❸ Ý✻ ❈❀❁❈❁❀❂❄❁✺ ri = di/D ✼✽❂ ✻❈❈ ✼❃❇✼ ✆✠✡Ô ➮þ ÿ �✁➮✡ ✟✆✞✁☛ ✞➮✌✠✂ ✼❂ ✿✺ ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂✓ ✿✽❂✼➂➾➂❂✼❅❈✽ ✼✽✽✻❄✼ ✾✼ ❍✻❀✾✼❀ ❃✻ ❈❀❁✾✿❷❂❄❁✺ ❀❇✼❃❃✼ ✻✿✽✽❄ ❈❀❁❷⑩✼ ❶✿✼ ❈❁✽✽❄❆ ❃✼ ✾✼ ❷✼❂ ❄✾❇✻❃ ❸❳❁✺✾✼✺ ③ø✹⑤ ✾❇❷❃✻❀✼ ❶✿✼ ❷ Þ✼✽❂ ❃✼ ❆✿❂ ❈❀❄✺❷❄❈✻❃ ✾✼✽ ✽ä✽❂➀❅ ✼✽ ✾✼ ❈❀❁✾✿❷❂❄❁✺ ✓ ✿✽❂✼➂➾➂❂✼❅❈✽✾✼ ✈❁ä❁❂✻ ❸➃❁✿❀ ➄❁❀❅✿❃✼❀ ❷✼ ❈❀❁❆❃➀❅ ✼ ❷❁❅❅✼ ✿✺ ❈❀❁❆❃➀❅ ✼ ✾ Þ❁❈❂❄❅ ❄✽✻❂❄❁✺ ➁ ✺❁✿✽ ❄✺❂❀❁✾✿❄✽❁✺✽ ❃✼✽❾✻❀❄✻❆❃✼✽ xi,k,

❈❁✿❀
i = 1, 2, . . . , n; k = 1, 2, . . . , D

❶✿❄ ❀✼❈❀❇✽✼✺❂✼✺❂ ❃✼ ✺❁❅❆❀✼ ✾✼ ❈❄➀❷✼✽✾✼ ❂ä❈ ✼ i
❈❀❁✾✿❄❂✼✽ ❈ ✼✺✾✻✺❂ ❃✼✽ ❄✺✽❂✻✺❂✽ 1 ➾ k ❸❳ ❄❃❂✼✺❆✿❀❍ ③÷✒⑤ ✻ ➄❁❀❅✿❃❇ ❃✼✽ ❷❁✺❂❀✻❄✺❂✼✽ ✾✿ ❈❀❁❆❃➀❅ ✼ ❷❁❅❅✼ ✽✿❄❂ û

∑n
i=1 xi,k = k, k = 1, 2, . . . , D (5.1.a)

xi,D = di, i = 1, 2, . . . , n (5.1.b)
0 ≤ xi,k − xi,k−1, i = 1, 2, . . . , n; k = 2, 3, . . . , D (5.1.c)
xi,k ∈ N, i = 1, 2, . . . , n; k = 1, 2, . . . , D (5.1.d)

✳④ ❸î✴

Ý Þ❇❍✻❃❄❂❇ (5.1.a)
❄✺✾❄❶✿✼ ❶✿✼ k

❈❄➀❷✼✽ ✽❁✺❂ ❈❀❁✾✿❄❂✼✽ ❈ ✼✺✾✻✺❂ ❃✼✽ k
❈❀✼❅ ❄➀❀✼✽ ✿✺❄❂❇✽ ✾✼❂✼❅❈✽ ÿ ❃ Þ❇❍✻❃❄❂❇ (5.1.b) ✽❄❍✺❄ã✼ ❶✿✼ ❂❁✿❂✼✽ ❃✼✽ ✾✼❅ ✻✺✾✼✽ ✾❁❄❾✼✺❂ ð❂❀✼ ✽✻❂❄✽➄✻❄❂✼✽ ➾ ❃ Þ❄✺✽➂❂✻✺❂ D ÿ ❃ Þ❄✺❇❍✻❃❄❂❇ (5.1.c)

✾❇❷❃✻❀✼ ❶✿✼ ❈❁✿❀ ✿✺ ❂ä❈✼ i
✾❁✺✺❇ ➁ ❃✼ ✺❁❅❆❀✼ ✾✼ ❈❄➀❷✼✽ ❈❀❁✾✿❄❂✼✽✺✼ ❈ ✼✿❂ ❈✻✽ ✾❄❅ ❄✺✿✼❀ ✻✿ ❷❁✿❀✽ ✾✼ ❃✻ ❈❀❁✾✿❷❂❄❁✺ ❸ ê ❄✺✽❄ ➁ ❃✼✽ ❄✺❇❍✻❃❄❂❇✽ (5.1.a) ✼❂ (5.1.c)❈❀❄✽✼✽ ✼✺✽✼❅❆❃✼ ❄❅❈❃❄❶✿✼✺❂ ❶✿ Þ✿✺✼ ✼❂ ✿✺✼ ✽✼✿❃✼ ❈❄➀❷✼ ✼✽❂ ❈❀❁✾✿❄❂✼ ➾ ❷⑩✻❶✿✼ ❄✺✽❂✻✺❂ ❸ Ý✻❂✻❄❃❃✼ ✾ Þ✿✺✼ ✽❁❃✿❂❄❁✺ X = (xi,k)

✾✿ ❈❀❁❆❃➀❅ ✼ ✻❄✺✽❄ ➄❁❀❅✿❃❇ ✼✽❂ ✿✺ O(nD maxi log di) ✼❂✺ Þ✼✽❂ ✾❁✺❷ ❈✻✽ ❈❁❃ä✺❁❅ ❄✻❃✼ ✾✼ ❃✻ ❂✻❄❃❃✼ ✾✼ ❃ Þ❄✺✽❂✻✺❷✼ d1, d2, . . . , dn ❸ ê ❄✺✽❄ ➁ ❶✿✼❃❃✼ ❶✿✼ ✽❁❄❂❃✻ ➄❁✺❷❂❄❁✺ ❁❆✓ ✼❷❂❄➄ ➁ ❷✼❂❂✼ ➄❁❀❅✿❃✻❂❄❁✺ ✺✼ ❈✼❀❅ ✼❂ ❈✻✽ ✾✼ ❷❁✺❷❃✿❀✼ ❶✿✻✺✾ ➾ ❃ Þ✻❈❈✻❀❂✼✺✻✺❷✼✾✿ ❈❀❁❆❃➀❅ ✼ ✾ Þ❁❈❂❄❅ ❄✽✻❂❄❁✺ ➾ ❃✻ ❷❃✻✽✽✼ NPO ❸ ✑❃ ✼✽❂ ✾❁✺❷ ✾❄ú ❷❄❃✼ ✾✼ ✽✻❾❁❄❀ ✽❄ ❃✼ ❈❀❁❆❃➀❅ ✼✾✼ ✾❇❷❄✽❄❁✺ ✻✽✽❁❷❄❇ ✼✽❂ ✾✻✺✽ NP ❁✿ ❈✻✽ ❸ ï✼✽ ❈❀❁❆❃➀❅ ✼✽ ✽❄❅ ❄❃✻❄❀✼✽ ✽✼ ❀✼❂❀❁✿❾✼✺❂ ✾✻✺✽ ✿✺✼❷❃✻✽✽✼ ❈❃✿✽ ❄❅❈❁❀❂✻✺❂✼ ✾✼ ❈❀❁❆❃➀❅ ✼✽ ⑩❄❍⑩➂❅✿❃❂❄❈ ❃❄❷❄❂ä ③î✒⑤ ❸
➤➪➴➥➘➹➪➴➶ ➪➦➧ ÷➥➘➹➨
Ý✻ ➄❁✺❷❂❄❁✺ ❁❆➩ ✼❷❂❄➄ ✾❁❄❂ ❀✼➫❇❂✼❀ ❃✼ ➄✻❄❂ ❶✿✼ ✺❁✿✽ ✽❁✿⑩✻❄❂❁✺✽ ❷❁✺✽✼❀❾✼❀ ❃✻ ❈❀❁✾✿❷❂❄❁✺ ❀❇✼❃❃✼➭➯➲➲➳ ➵ ➸➺➻② ➼ ✃➯➼ ➵ ➺➲➲➳❿➽➼ ✾✼ ❃ Þ❄✾❇✻❃ ✼❂ ✾❁✺❷ ❅ ❄✺❄❅ ❄✽✼❀ ❃✻ ✾❄✽❂✻✺❷✼ ✼✺❂❀✼ ✿✺✼ ✽❇❶✿✼✺❷✼ ❀❇✻➂❃❄✽✻❆❃✼ ✼❂ ❃✻ ❈❀❁✾✿❷❂❄❁✺ ❈✻❀➄✻❄❂✼❅ ✼✺❂ ❇❶✿❄❃❄❆❀❇✼ ❸ ➾❃ ✺ Þä ✻ ❈✻✽ ✾✼ ❷❁✺✽✼✺✽✿✽ ✽✿❀ ❃✻ ✾❄✽❂✻✺❷✼❃✻ ❈❃✿✽ ✻✾❇❶✿✻❂✼ ✼❂ ✾✼ ✺❁❅❆❀✼✿✽✼✽ ➄❁✺❷❂❄❁✺✽ ❁❆➩ ✼❷❂❄➄ ❁✺❂ ❇❂❇ ❇❂✿✾❄❇✼✽ ❸ ➾❷❄ ➁ ✺❁✿✽ ✼✺ ❷❁✺✽❄➂✾❇❀❁✺✽ ❂❀❁❄✽ ➚ ➪ ➭Ô ➶➭❿➲ ➁ ➲➯➪ ➶➭❿➲ ✼❂ ➲➯➪ ➶➲✃➸ ❶✿❄ ❁✺❂ ➄✻❄❂ ❃ Þ❁❆➩ ✼❂ ✾✼ ❈❃✿✽❄✼✿❀✽ ✻❀❂❄❷❃✼✽ ✽✿❀❃ Þ❁❀✾❁✺✺✻✺❷✼❅ ✼✺❂ ➩✿✽❂✼➂➾➂❂✼❅❈✽ ❸➹ ❄ ❃ Þ❁✺ ✽❁✿⑩✻❄❂✼ ❅ ❄✺❄❅ ❄✽✼❀ ❃✼ ❅ ✻➈❄❅✿❅ ✾✼✽ ✾❇❾ ❄✻❂❄❁✺✽ ➁ ❃✻ ➄❁✺❷❂❄❁✺ ❁❆➩ ✼❷❂❄➄ ✼✽❂ ✾✼ ❃✻ ➄❁❀❅ ✼
Fmax = max1≤i≤n, 1≤k≤D Fi(xi,k−kri) ❸ ï✻✺✽ ③�á ➁ ④➘ ➁ î�⑤ ❈✻❀ ✼➈✼❅❈❃✼ ➁ Fi(x) = |x|, ❈❁✿❀

i =
1, 2, . . . , n ✼❂ ❃✻ ➄❁✺❷❂❄❁✺ ❁❆➩ ✼❷❂❄➄ ✼✽❂ Fmax = maxi,k |xi,k−kri| ❸ ➴❁✿✽ ✺❁❂❁✺✽ ➪➭Ô ➶➭❿➲ ❷✼❂❂✼



➷➬ àß➮⑥ ➱ ✃❐❒ ➌ ❴ ⑧❐⑦⑧❡❡➮❡ à❒❞❒❡ ✃ ➍❛❮ ✃❒➎➏ ➎✃❒❞⑥❮
➄❁✺❷❂❄❁✺ ✼❂ ❃✼ ❈❀❁❆❃➀❅ ✼ ✾ Þ❁❈❂❄❅ ❄✽✻❂❄❁✺ ✻✽✽❁❷❄❇ ❸ ï✻✺✽ ❃✻ ➹✼❷❂❄❁✺ ④ ❸î❸á ❸á ➁ ❁✺ ❀✼➄❁❀❅✿❃✼ ❃✼❈❀❁❆❃➀❅ ✼ ❅✻➈➂✻❆✽ ✼✺ ❂✻✺❂ ❶✿✼ ❀✼❷⑩✼❀❷⑩✼ ✾ Þ✿✺ ❷❁✿❈❃✻❍✼ ❈✻❀➄✻❄❂ ✾✻✺✽ ✿✺ ❍❀✻❈⑩✼ ❆❄❈✻❀❂❄❈✻❀❂❄❷✿❃❄✼❀ ❷❁❅❅✼ ✾✻✺✽ ③�á⑤ ❸ ❉✺ ❀❇✽✿❃❂✻❂ ❷❁✺❷✼❀✺✻✺❂ ❃✼✽ ✻✿❂❀✼✽ ❷⑩❁❄➈ ❈❁✿❀ ❃✼✽ ➄❁✺❷❂❄❁✺✽ Fi✼✽❂ ❈❀❇✽✼✺❂❇ ✾✻✺✽ ❃✻ ➹✼❷❂❄❁✺ ④ ❸á ❸á ❸á ❸➹ ❄ ❁✺ ✽❁✿⑩✻❄❂✼ ❅ ❄✺❄❅ ❄✽✼❀ ❃✻ ✽❁❅❅✼ ✾✼✽ ✾❇❾❄✻❂❄❁✺✽ ➁ ❃✻ ➄❁✺❷❂❄❁✺ ❁❆➩ ✼❷❂❄➄ ✼✽❂ ✾✼ ❃✻ ➄❁❀❅ ✼
Fsum =

∑D
k=1

∑n
i=1 Fi (xi,k − kri) ❸ Û✼ ❈❀❁❆❃➀❅ ✼ ✼✽❂ ✻❈❈✼❃❇ ➪➳❰➶➲➯➪ ❸ ï ✻✺✽ ③④➷⑤ ➁ ❃✼✽ ✾❇❾❄✻➂❂❄❁✺✽ Fi,

❈❁✿❀
i = 1, 2, . . . , n ➁ ✽❁✺❂ ✾✼✽ ➄❁✺❷❂❄❁✺✽ ❷❁✺❾✼➈✼✽ ❾❇❀❄ã✻✺❂

Fi (0) = 0, i = 1, 2, . . . , n ✼❂ Fi (y) > 0
❈❁✿❀ ❂❁✿❂

y 6= 0; i = 1, 2, . . . , n Ï④ ❸áÐ
➃❁✿❀ ❃✼✽ ❈❀❁❆❃➀❅ ✼✽ ❅ ❄✺➂✽✿❅ ➁ ❁✺ ❈❀✼✺✾ ✼✺ ❍❇✺❇❀✻❃ ❷❁❅❅✼ ✾❇❾❄✻❂❄❁✺✽ Fi(x) = |x| ❁✿ Fi(x) =
x2 ③➘➷ ➁ ④➷ ➁ ④➘⑤ ❸ ï ✻✺✽ ❃✼ ❈❀✼❅ ❄✼❀ ❷✻✽ ➁ Fsum =

∑D
k=1

∑n
i=1 |xi,k − kri| ➁ ✼❂ ✺❁✿✽ ❁❆❂✼✺❁✺✽ ❃✼❈❀❁❆❃➀❅ ✼ ➲➯➪ ➶➭❿➲ ❸ ï ✻✺✽ ❃✼ ✽✼❷❁✺✾ ❷✻✽ ➁ Fsum =

∑D
k=1

∑n
i=1 (xi,k − kri)

2 ✼❂ ✺❁✿✽ ✺❁✿✽ ❀❇➂➄❇❀❁✺✽ ✻✿➈ ❈❀❁❆❃➀❅ ✼✽ ➲➯➪ ➶➲✃➸❸ ï✻✺✽ ❃✻ ➹✼❷❂❄❁✺ ④ ❸î❸á ❸Ñ ➁ ❃✼✽ ❈❀❁❆❃➀❅ ✼✽ ➩✿✽❂✼➂➾➂❂✼❅❈✽ ❈❁✿❀
❃✼✽❶✿✼❃✽ ❁✺ ❅ ❄✺❄❅ ❄✽✼ ❃✻ ✽❁❅❅✼ ✾✼✽ ✾❇❾❄✻❂❄❁✺✽ ✽❁✺❂ ➄❁❀❅✿❃❇✽ ❷❁❅❅✼ ✾✼✽ ❈❀❁❆❃➀❅ ✼✽ ✾ Þ✻➄➂➄✼❷❂✻❂❄❁✺ ③④➷⑤ ❸Ò✺ ❀✼❅ ✻❀❶✿✼ ❶✿ Þ✻✿❷✿✺✼ ✾✼ ❷✼✽ ➄❁✺❷❂❄❁✺✽ ❁❆➩ ✼❷❂❄➄ ✺✼ ✽✼ ❷✻❃❷✿❃✼ ✼✺ ❂✼❅❈✽ ❈❁❃ä✺❁❅ ❄✻❃ ❈✻❀❀✻❈❈❁❀❂ ➾ ❃✻ ❂✻❄❃❃✼ ✾✼ ❃ Þ❄✺✽❂✻✺❷✼ ❸

ÓÔÕÖ×ÔÖ Ø ➧ ➽ ➥ Ù Ú Û Ü Ý ØÞßàáâãäÖÓáÔ ä â × ä â ä â å ä â
Ø xa,kâæçÓ×ÖÓáÔÓâæ×è

ÞÞ ➦ØÞ ➦Ø
ÞÞ ➦➧Þ ➦➧

ØÞ ➦ÛÞ ➦➽
ØÞ ➦ÚÞ ➦➥

ØÞ ➦ÙÞ ➦Ù
ØÞ ➦➥Þ ➦Ú

ØÞ ➦➽Þ ➦Û
ØÞ ➦➧Þ ➦Ü

ØÞ ➦ØÞ ➦Ý
ØÞØ

➧ xb,kâæçÓ×ÖÓáÔÓâæ×è
ÞÞ ➦ØÞ ➦Ø

ÞÞ ➦➧Þ ➦➧
ÞÞ ➦➽Þ ➦➽

ÞÞ ➦➥Þ ➦➥
ÞÞ ➦ÙÞ ➦Ù

ÞÞ ➦ÚÞ ➦Ú
ÞÞ ➦ÛÞ ➦Û

ØÞ ➦➧Þ ➦Ü
ØÞ ➦ØÞ ➦Ý

ØÞØ
➽ xc,kâæçÓ×ÖÓáÔÓâæ×è

ØÞ ➦ÚÞ ➦➥
ØÞ ➦➧Þ ➦Ü

ØÞ ➦➧Ø ➦➧
➧Þ ➦➥Ø ➦Ú

➧Þ➧
➽Þ ➦Ú➧ ➦➥

➽Þ ➦➧➧ ➦Ü
➽Þ ➦➧➽ ➦➧

➥Þ ➦➥➽ ➦Ú
➥Þ➥

➥ xd,kâæçÓ×ÖÓáÔÓâæ×è
ÞÞ ➦➥Þ ➦➥

ØÞ ➦➧Þ ➦Ü
ØÞ ➦➧Ø ➦➧

ØÞ ➦ÚØ ➦Ú
➧Þ➧

➧Þ ➦➥➧ ➦➥
➽Þ ➦➧➧ ➦Ü

➽Þ ➦➧➽ ➦➧
➽Þ ➦Ú➽ ➦Ú

➥Þ➥
❨➆❩ ❭ ④ ❸î å éê ë➈ëìíîë ïë ❷ðî❷ñî ïëò ïó❾ ôðõôöêò Fi(x) = |x| íöñ÷ î Þôêòõðê❷ë n = 4 ➁ da = 1 ➁
db = 1 ➁ dc = 4 ➁ dd = 4

Ýð ✈ðøîë ④ ❸î ïöêêë ñê ë➈ ëìíîë ïë ❷ðî❷ñî ïëò ïó❾ ôðõôöêò íöñ÷ ì ð➈➂ðøò öñ òñì ➂ðøò íð÷÷ðííö÷õ ➾ îð í÷öïñ❷õôöê ôïóðîë ❸
➛ ù❺ ùú û✪★ü❼ ý➞➝✩✪✯✭ ✫❼ þ★✪ÿ ý�ü✬ ✫ ✁✪★✫✪✯✯➞✯➠✬ü✬✯➝ ➢❼✭➝✬✮✂✮➝✬üþ✭
ï ðêò ❷ëõõë òë❷õôöê ➁ êöñò ➄ðôòöêò îë îôëê ëêõ÷ë îëò í÷öøî➀ìëò ✰✄☎ ëõ ñê í÷öøî➀ìë ❷îðòòô❶ñëïë õ⑩óö÷ôë ïëò ❾öõëò Ï➹ë❷õôöê ✆ ❸î ❸á ❸îÐ ➁ íñôò êöñò ïó❷÷ô❾öêò îëò ïô✝ó÷ëêõëò ➄ö÷ìñîðõôöêòïëò í÷öøî➀ìëò ì ð➈➂ðøò Ï➹ë❷õôöê ✆ ❸î❸á ❸áÐ ëõ òñì ➂ðøò Ï➹ë❷õôöê ✆ ❸î ❸á ❸ÑÐ ëõ í÷óòëêõöêò ñê❷ë÷õôã❷ðõ ï Þöíõôì ðîôõó ïëò í÷öøî➀ìëò òñì ➂ðøò Ï➹ë❷õôöê ✆ ❸î❸á ❸➬Ð ❸



➌ ✞q ✞ ⑨ ✃➮✃ ⑦❒ ✟ ✠➮❐✃ ❒ ✃ ✡⑧❐☛ ☞✟➮✃➱⑧✌❮ ⑦ ☞ ⑥❐⑧✍✟➙☛❒ ➷✆
ù ✎✏✎ñ ✎✏ ôõØ➪➚➹÷ ✑÷➶ ✒➪➘÷➶
Ýë ìöï➀ îë ï Þö÷ïöêêðê❷ëì ëêõ ➩ ñòõë➂➾➂õëìíò ëòõ îôó ðñ í÷öøî➀ìë ïë ➵➭➸✓➭✔ ➼ ➵ ➸➺➵ ➺➸✓➳➺❰❰ ➼➽➼❰ ❰➺➪ ❿➸➼➲ ➼❰ ✓➳➼➸➲ ✕îá ➁ îî✖ ❸ Ûë í÷öøî➀ìë ëòõ ïóãêô ❷öììë òñôõ ➚✗✘✙✚✘✛✜ ✛✙✢✛✢✙✚✣✢✤✤✜✥ ✜✤ ✤✢✦✧✙✜★ ✜✤✚✣✜✙★✩✪✢✜✫ í✣➅ ✬ Ûöììëêõ ÷óíð÷õô÷ h öø➩ ëõò ôïëêõô✭ñëò ëêõ÷ë n ✮÷öñíëò ïë õðôîîëò ïôòõôê✯õëòïë òö÷õë ✭ñë îë íð÷õð✮ë òöôõ ➾ îð ➄öôò í÷öíö÷õôöêêëî ➾ îð õðôîîë ïëò ✮÷öñíëò ëõ ✭ñë îð íð÷õïë ✯✰ð✭ñë ✮÷öñíë òöôõ ëê êöìø÷ë ëêõôë÷ ✤
Ýë í÷öøî➀ìë ïë íð÷õð✮ë í÷öíö÷õôöêêëî ëê êöìø÷ëò ëêõôë÷ò ð óõó îð÷✮ëì ëêõ óõñïôó ïðêòîë ✯ðï÷ë ïë îð õ✰óö÷ôë ïëò ❾öõëò ✕î✱✖ ✲ ➃ð÷ ë➈ëìíîë ➁ ëê ✳÷ðê✯ë ➁ î Þóîë✯õôöê ïëò ïóíñõóò ➾î Þðòòëìøîóë êðõôöêðîë ✯öììëê✯ë íð÷ îð ÷óíð÷õôõôöê ïëò 577 òô➀✮ëò ëêõ÷ë îëò ïô✝ó÷ëêõò ïó➂íð÷õëì ëêõò ✲ Ûë íð÷õð✮ë ïöôõ ðõ÷ë ➄ðôõ ïë ì ðêô➀÷ë í÷öíö÷õôöêêëîîë ðñ êöìø÷ë ï Þ✰ðøôõðêõò ïë✯ëò ïóíð÷õëì ëêõò ✲ ➾î ò Þð✮ ôõ ïöê✯ øôëê ï Þñê í÷öøî➀ìë ïë íð÷õð✮ë í÷öíö÷õôöêêëî ëê êöìø÷ëòëêõôë÷ò ✲ ❋ôëê ó❾ ôïëì ëêõ ➁ îð òöîñõôöê ôïóðîë ëõ íð÷➄ðôõëì ëêõ í÷öíö÷õôöêêëîîë ëòõ õ÷➀ò ÷ð÷ë➂ìëêõ ëêõô➀÷ë ëõ îëò ì óõ✰öïëò ëìíîöäóëò êë í ëñ❾ëêõ ✭ñ Þëòòðäë÷ ïë ò Þëê ðíí÷ö ✯✰ë÷ ✲ Ûëîð ð✯öêïñôõ ➾ ñê ✯ë÷õðôê êöìø÷ë ïë íð÷ðïö➈ëò ✰ ôòõö÷ô✭ñëò ➁ ïöêõ îë ➷ ➭➸➭➮➺Ô ➼ ➮ ❒✴ ➽➭❿➭➪ ➭ ✭ñôïöôõ òöê êöì ➾ î Þóõðõ ï Þ✄ îðøðìð ✭ñô ð❾ðôõ ❾ñ òöê êöìø÷ë ïë òô➀✮ëò ðñ íð÷îëì ëêõ ðìó÷ô✯ðôêïôì ôêñë÷ ðîö÷ò ✭ñë îë êöìø÷ë ïë òô➀✮ëò õöõðî ðñ✮ìëêõðôõ ✲ ➃öñ÷ ó❾ ôõë÷ ✭ñë ✯ë íð÷ðïö➈ ë òë
÷ëí÷öïñôòë ➁ öê ð ôêõ÷öïñôõ îë í÷ôê✯ ôí ë ïë ➪ ➺❰➺✓➺❰➳➼ ➮➼ ➽➭ ➻✵➭➪ ❿➸➼ ➚ òô îë êöìø÷ë õöõðî ïëòô➀✮ëò ðñ✮ìëêõë ➁ îë êöìø÷ë ïë òô➀✮ëò ïë ✯✰ð✯ñê ïëò ✮÷öñíëò êë ïöôõ íðò ïôì ôêñë÷ ✲
➃öñ÷ ñê í÷öøî➀ìë ï Þö÷ïöêêðê✯ëì ëêõ ➩ ñòõë➂➾➂õëìíò ➁ öê ✯✰ë÷✯✰ë ➾ ✯öêêðýõ÷ë ➾ ✯✰ð✭ñë ôêò➂õðêõ h îð í÷öïñ✯õôöê õöõðîë xi,h

ïë íô➀✯ëò ïë õäíë i ✲ ➹ô öê ïôòíöòë ï Þñêë ì óõ✰öïë ïë íð÷õð✮ëí÷öíö÷õôöêêëî ëê êöìø÷ëò ëêõôë÷ò ➁ öê íöñ÷÷ð íöñ÷ ñê ôêòõðêõ h ïöêêó ÷óíð÷õô÷ îëò h ôêò➂õðêõò ïë í÷öïñ✯õôöê ó✯öñîóò Ïîëò òô➀✮ëòÐ ëêõ÷ë îëò õäíëò ïë íô➀✯ëò Ïîëò óõðõòÐ ëê ➄öê✯õôöêïñ ✭ñöõôëêõ ïë îð ïëì ðêïë ëê íô➀✯ëò ïë õäíë i Ïîð íöíñîðõôöê Ð íð÷ îð ïëì ðêïë õöõðîë Ïîðíöíñîðõôöê õöõðîëÐ ✲ Òê íëñõ ïöê✯ ðííîô✭ñë÷ ✯ëõõë ì óõ✰öïë íöñ÷ h = 1 ➁ íñôò h = 2 ➁ ëõ✯ ✲➩ ñò✭ñ Þ➾ h = n íöñ÷ öøõëêô÷ ñêë òöîñõôöê ðñ í÷öøî➀ìë ï Þö÷ïöêêðê✯ëì ëêõ ➩ ñòõë➂➾➂õëìíò ✲ ➹ôöê ❾ëñõ ✭ñ Þëîîë òöôõ ÷óðîôòðøîë ➁ ôî ➄ðñõ õöñõë➄öôò ✭ñë îð ì óõ✰öïë ïë õ✰óö÷ôë ïëò ❾öõëò ✯✰öôòôë÷ëòí ë✯õë îë í÷ôê✯ôí ë ïë ìöêöõöêôë ïë îð ✯✰ðìø÷ë ➁ íöñ÷ ✭ñë îë êöìø÷ë ïë íô➀✯ëò ïë ✯✰ð✭ñëõäíë í÷öïñôõ òöôõ øôëê ✯÷öôòòðêõ ëê ➄öê✯õôöê ïñ õëìíò ✲ï ëñ➈ ✮÷ðêïëò ✯ðõó✮ö÷ôëò ï Þ✰ëñ÷ôòõô✭ñëò öêõ óõó í÷öíöòóëò íöñ÷ îë í÷öøî➀ìë ïë íð÷õð✮ëí÷öíö÷õôöêêëî ëê êöìø÷ëò ëêõôë÷ò ➚ îëò ➪ ✶✓✵ ➺➮➼➲ ➮➼➲ ➸➼➲ ✓➼➲ ëõ îëò ➪ ✶✓✵ ➺➮➼➲ ➮➼ ➮➳Ð➳➲ ➼➯➸ ✲
➴öõöêò n îë êöìø÷ë ïë ïóíð÷õëì ëêõò ➁ pi

îð íöíñîðõôöê ïñ ïóíð÷õëì ëêõ i ➁ P =
∑

pi
îðíöíñîðõôöê õöõðîë ëõ h îë êöìø÷ë ïë òô➀✮ëò ➾ ÷óíð÷õô÷ ✲ Òê ðííëîîë ✃➯➺✓➼➶➵➭➸✓➁ îð íö÷õôöêí÷öíö÷õôöêêëîîë qi

ïëò h òô➀✮ëò íöñ÷ îë ïóíð÷õëì ëêõ i ✲ Òê ð qi = hpi

P
✲

Ýëò ➪ ✶✓✵ ➺➮➼➲ ➮➼➲ ➸➼➲ ✓➼➲ ðõõ÷ôøñëêõ ➾ ✯✰ð✭ñë ïóíð÷õëì ëêõ îð íð÷õôë ëêõô➀÷ë ïë òð ✭ñöõë➂íð÷õ
⌊qi⌋ íñôò ÷óíð÷õôòòëêõ îëò òô➀✮ëò ÷ëòõðêõò Ï✭ñô òöêõ ðñ êöìø÷ë ïë h−∑ ⌊qi⌋Ð ✲ ➃ð÷ ë➈ëìíîë ➁îð ì óõ✰öïë ïëò ➷ ➽➯➲ ❐ ➺➸✓➲ ➸➼➲ ✓➼➲ ➁ í÷öíöòóë íð÷ ✷ ðì ôîõöê Ïî✸➷áÐ öñ ✹ ôêõöê Ïî�✆áÐ ➁ ð✝ë✯õëîëò òô➀✮ëò ÷ëòõðêõò ðñ➈ ïóíð÷õëì ëêõò ïöêõ îëò ÷ëòõëò ri = qi − ⌊qi⌋ òöêõ îëò íîñò ✮÷ðêïòðîö÷ò ✭ñë îð ì óõ✰öïë ïë Ýö❯êïëò Ïî�ááÐ îëò ð✝ ë✯õë ðñ➈ ïóíð÷õëì ëêõò íöñ÷ îëò✭ñëîò îëò
÷ëòõëò ð➩ ñòõóò ri/⌊qi⌋ òöêõ îëò íîñò ✮÷ðêïò ✲ Ûëò ì óõ✰öïëò êë ÷ëòí ë✯õëêõ íðò õöñ➩ öñ÷ò îðìöêöõöêôë ïë îð ✯✰ðìø÷ë ëõ òöêõ ïöê✯ ìðî ðïðíõóëò ðñ➈ í÷öøî➀ìëò ï Þö÷ïöêêðê✯ëì ëêõ➩ ñòõë➂➾➂õëìíò ➁ ì ðìë òô ëîîëò öêõ î Þð✺ðêõð✮ë ïë õöñ➩ öñ÷ò ïöêêë÷ ðñ➈ ïóíð÷õëì ëêõò îð íð÷õôëëêõô✻÷ë ïë îëñ÷ ✭ñöõë✼íð÷õ ✲



➷➘ àß➮✽ ➱ ✃❐❒ ➌ ✞ ✾❐✿✾✌✌➮✌ à❒☛❒✌ ✃ ➍☞❮ ✃❒➎➏ ➎✃❒☛✽❮
Ýëò ➪ ✶✓✵ ➺➮➼➲ ➮➼ ➮➳Ð➳➲ ➼➯➸ ✯öêòôï✻÷ëêõ ñêë îôòõë ï Þëêõôë÷ò dj ❀ j = 1, 2, . . . , h ✭ñô íîð✯óò ëêõ÷ë✯✰ð✭ñë íðô÷ë ï Þëêõôë÷ò ✯öêòó✯ñõô➄ò ïë {0, 1, . . . , k} ✺öêõ í ë÷ì ëõõ÷ë ïë ïó✯ôïë÷ ✯öììëêõð÷÷öêïô÷ îëò ✭ñöõëò✼íð÷õò ïë ✯✰ð✭ñë ïóíð÷õëì ëêõ ✲ âê ë✝ ëõ ❀ îë d

➶➭➸➸➺❰➮➳ ïë qi
ëòõ ó✮ðî ➾ mòô qi

ëòõ ✯öìí÷ôò ëêõ÷ë dm−1
ëõ dm ✲ Ûë d✼ð÷÷öêïô ëòõ ñêô✭ñë òðñ ➄ òô qi = dm ✲ ➾î ➄ðñõ ïöê✯✭ñë îð ì óõ✰öïë ✯✰öôòôòòë ëêõ÷ë îëò ✺ðîëñ÷ò qi = dm

ëõ qi = dm+1 ✭ñëî òë÷ð ïðêò ✯ë ✯ðò îë
d✼ð÷÷öêïô ïë qi ✲ Ýë í÷ôê✯ ôí ë ✮óêó÷ðî ïëò ì óõ✰öïëò ïë ïô✺ ôòëñ÷ ëòõ ïë ✯✰öôòô÷ ñê ïô✺ ôòëñ÷✯öììñê x ❀ íð÷ ë➈ëìíîë x = P/h ❀ ëõ ïë ïô✺ ôòë÷ îð íöíñîðõôöê ïë ✯✰ð✭ñë ïóíð÷õëì ëêõ íð÷ xíöñ÷ öøõëêô÷ îëò ✭ñöõôëêõò qi = pi/x ✲ âêòñôõë ❀ öê öøõôëêõ îë d✼ð÷÷öêïô ïë ✯ëò ✭ñöõôëêõò ❀
xi ❀ ëõ öê ðõõ÷ôøñë õëìíö÷ðô÷ëì ëêõ xi

òô✻✮ëò ðñ ïóíð÷õëì ëêõ i ✲ ➹ô ∑

xi = h ❀ ðîö÷ò öê ðãêô ✲ ➹ô ∑

xi > h ðîö÷ò ❀ öê ðñ✮ìëêõë îë ïô✺ ôòëñ÷ x ëõ òô ∑

xi < h öê îë ïôì ôêñë ðãêïë ÷ë✯öììëê✯ë÷ î Þóõðí ë í÷ó✯óïëêõë íöñ÷ ëòòðäë÷ ï Þöøõëêô÷ ñê õöõðî ïë h ✲ ï ë êöìø÷ëñòëò✺ðîëñ÷ò öêõ óõó ëòòðäóëò íöñ÷ îëò di
ëõ öêõ ïöêêó îôëñ ➾ ïëò ì óõ✰öïëò ✰ ôòõö÷ô✭ñëò Ïì óõ✰öïëòï Þ✄ïðì ò Ïî�ÑáÐ ❀ ïë ï ëðê Ïî�ÑáÐ ❀ ïñ ìð÷✭ñôò ïë Ûöêïö÷✯ëõ Ïî✸➷áÐ ❀ ëõ✯ ✲Ð ✲ Ýëò ì óõ✰öïëò ïëïô✺ ôòëñ÷ öêõ î Þð✺ðêõð✮ë ïë ✯öêòë÷✺ë÷ îð ì öêöõöêôë ïë îð ✯✰ðìø÷ë ❀ ìðôò ëîîëò êë ✮ð÷ðêõôòòëêõíðò ➄ö÷✯ëì ëêõ ✭ñë ✯✰ð✭ñë ïóíð÷õëì ëêõ òë ✺öôõ ðõõ÷ôøñë÷ ñê êöìø÷ë ïë òô✻✮ëò ðñ ìöôêòó✮ðî ➾ îð íð÷õôë ëêõô✻÷ë ïë òð ✭ñöõë✼íð÷õ ✲Ûëîð í ëñõ òëìøîë÷ ñê í÷öøî✻ìë íöñ÷ ñõôîôòë÷ ✯ëò ì óõ✰öïëò íöñ÷ ÷óòöñï÷ë ïëò í÷öøî✻ìëò➩ ñòõë✼➾✼õëìíò ❀ ìðôò òô öê ëòõ ðòòñ÷ó ✭ñë òô D = h ❀ îë êöìø÷ë ïë òô✻✮ëò ðõõ÷ôøñóò ➾ ✯✰ð✭ñë✮÷öñíë ëòõ øôëê ó✮ðî ➾ òð íöíñîðõôöê ❀ öê ðòòñ÷ë ïë õ÷öñ✺ë÷ ñêë òöîñõôöê ÷óðîôòðøîë íöñ÷îë í÷öøî✻ìë ✰✄☎ ëê ðííîô✭ñðêõ D
➄öôò ✯ëõõë ì óõ✰öïë ✲ ➹ô öê òë í÷öíöòë ï Þñõôîôòë÷ ✯öììëí÷ëì ôë÷ ïô✺ ôòëñ÷ D/h ❀ ✯ë òë÷ð îë ✯ðò ✲ Ûëí ëêïðêõ ❀ D =

∑

di
ê Þëòõ ✭ñë íòëñïö✼íöîäêöì ôðî ïëîð õðôîîë ïë î Þôêòõðê✯ë ëõ êöê íöîäêöì ôðî ✲ Ò÷ ❀ îë í÷öøî✻ìë ï Þö÷ïöêêðê✯ëì ëêõ ➩ ñòõë✼➾✼õëìíòíëñõ ðõ÷ë ÷óòöîñ ïë ➄ð➇öê ë➈ð✯õë ëê õëìíò íòëñïö✼íöîäêöì ôðî òô öê ì ôêôì ôòë îë ì ð➈ ôìñìöñ îð òöììë ïëò ïó✺ ôðõôöêò ✲ Ûëò ì óõ✰öïëò ✰ëñ÷ôòõô✭ñëò êë òöêõ ïöê✯ íðò ðííîô✭ñóëò íöñ÷îëò í÷öøî✻ìëò ï Þö÷ïöêêðê✯ëì ëêõ ➩ ñòõë✼➾✼õëìíò ✲

ù ✎✏✎ñ ✎ñ ❁ Ø✒ ➹Ú➘➹➪➴ ÙÚ❂ ➹Ù Ú ✶÷ ÷➘ ❃➚Ú❄õ÷➶ ➦ ➹❄Ú➚➘➹➶
Ýë í÷öøî✻ìë ìð❅✼ðøò ❀ ðñòòô êöõó ❆ï✰➾☎ Ïíöñ÷ ➪ ➭Ô ➳➪➯➪ ➮✶Ð➳➭✓➳➺❰ ❇➯➲ ✓ Ò❰ ❈➳➪ ➼ ➵ ➸➺❉➽➼➪ëê ðê✮ îðôòÐ ïðêò ✕î�✖ ❀ ð óõó ðêðîäòó íð÷ ➹õëôêë÷ ëõ ↕ëöìðêò ✕�á✖ ëõ ❋÷ðñêë÷ ëõ Û ÷ðì ð ✕î�✖ ✲☎öñò îëò ÷óòñîõðõò ïë ✯ëõõë òë✯õôöê òöêõ ïó÷ô✺óò ïë ✯ëò ïëñ❅ íðíôë÷ò ✲ Ûöêòôïó÷öêò îë í÷ö✼øî✻ìë ïë ïó✯ ôòôöê ðòòö ✯ ôó ðñ í÷öøî✻ìë Ï✆ ✲îÐ ð✺ë✯ îð ❊öê✯õôöê öø➩ ë✯õô❊ ìð❅✼ðøò ➚✗✙✢✧✥❋✦✜ ●✜ ●❍■✣★✣✢✤ ✦✘❏❑✘✧★▲▼✜✫◆▼❖✢ ✬å n ∈ N ➚ êöìø÷ë ïë õäíëò ïë íô✻✯ëò ÿå di ∈ N ➚ ïëì ðêïë íöñ÷ îë õäíë ïë íô✻✯ëò i ❀ i = 1, 2, . . . , n ÿå B ∈ Q ➚ ñêë øö÷êë ✲✩✪✢P✫ í✣▼ ✬ â❅ ôòõë✼õ✼ôî ñêë ì ðõ÷ô✯ë x = (xi,k) ïë õðôîîë n × D õëîîë ✭ñë ➚

max1≤i≤n, 1≤k≤D |xi,k − kri| ≤ B

∑n
i=1 xi,k = k, k = 1, 2, . . . , D

xi,D = di, i = 1, 2, . . . , n
0 ≤ xi,k − xi,k−1, i = 1, 2, . . . , n; k = 2, 3, . . . , D
xi,k ∈ N, i = 1, 2, . . . , n; k = 1, 2, . . . , D

Ï✆ ✲ÑÐ



➌ ✞q ✞ ◗ ✃➮✃ ✿❒ ✟ ✠➮❐✃ ❒ ✃ ✡✾❐☛ ☞✟➮✃➱✾✌❮ ✿ ☞ ✽❐✾✍✟➙☛❒ ➷✸
➹öôõ (n, d1, d2, . . . , dn, B) ñêë ôêòõðê✯ë ïñ í÷öøî✻ìë ïë ïó✯ôòôöê ì ð❅✼ðøò ✲ Òê êöõë (i, j)îð jième íô✻✯ë ïë õäíë i ✲ Ýëò ôêòõðêõò ïë í÷öïñ✯õôöê ðñ íîñò õ❘õ ëõ ðñ íîñò õð÷ï ïë îðíô✻✯ë (i, j) òöêõ ïóãêôò íð÷

E(i, j) =

⌈

j − B

ri

⌉ ëõ L(i, j) =

⌊

j − 1 + B

ri

+ 1

⌋ Ï✆ ✲➬Ð
ï ðêò õöñõ ö÷ïöêêðê✯ëì ëêõ ÷óðîôòðøîë ❀ îð íô✻✯ë (i, j) ëòõ í÷öïñôõë ïðêò î Þôêõë÷✺ðîîë [E(i, j) .. L(i, j)] ✲
Ýë í÷öøî✻ìë ïë ïó✯ôòôöê ìð❅✼ðøò í ëñõ ðõ÷ë ❊ö÷ìñîó ✯öììë îð ÷ë✯✰ë÷✯✰ë ï Þñê ✯öñíîð✮ëíð÷❊ðôõ ïðêò îë ✮÷ðí✰ë øôíð÷õô G = (V1∪V2, E) ✲ Ý Þëêòëìøîë ïë òöììëõò V1 = {1, 2, . . . , D}÷ëí÷óòëêõë îëò ôêòõðêõò ïë í÷öïñ✯õôöê ëõ V2

î Þëêòëìøîë ïëò íô✻✯ëò (i, j) ✲ éêë ð÷ðõë (k, (i, j))ëòõ ïðêò E òô ëõ òëñîëì ëêõ òô îð íô✻✯ë (i, j) íëñõ ðõ÷ë í÷öïñôõë ❙ î Þôêòõðêõ k ❀ ✯ Þëòõ✼❙✼ïô÷ëòô ëõ òëñîëì ëêõ òô k ∈ [E(i, j) .. L(i, j)] Ï✺öô÷ ✳ ô✮ñ÷ë ✆ ✲îÐ ✲

î á Ñ ➬ ✆ ➘ ✸ � ➷ î✱

(1, 1)

(2, 1)

(3, 1)

(4, 1) (3, 2) (4, 2)

(3, 3) (4, 3)

(3, 4)

(4, 4)

❚ í❯ ❱ ✆ ✲î å ❲ ÷ðí✰ë øôíð÷õô í öñ÷ d1 = d2 = 1 ❀ d3 = d4 = 4 ëõ B = 7
10

Ýë ÷óòñîõðõ òñô✺ðêõ ïöêêë ñêë ✯öêïôõôöê êó✯ëòòðô÷ë ëõ òñ❳ òðêõë íöñ÷ ✭ñ Þñêë òöîñõôöê òöôõ÷óðîôòðøîë ✲
❨ ❩❬❄❬❭❪❫❪❬❴ ✏ù ❵✏❛❜ Ö➼ ➵ ➸➺❉➽➬➪ ➼ ➮➼ ➮✶➻➳➲➳➺❰ ➪ ➭Ô ➶➭❉➲ ➭ ➯❰ ➼ ➲➺➽➯ ✓➳➺❰ ➸✶➭➽➳➲➭❉➽➼ ➲➳ ➼✓➲ ➼➯➽➼➪ ➼❰ ✓ ➲➳ ➽➼ ✔ ➸➭➵ ✵ ➼ G ➭ ➯❰ ➻➺➯➵ ➽➭✔ ➼ ➵➭➸❐ ➭➳✓❝
ï ë îð í÷öíöòôõôöê í÷ó✯óïëêõë ❀ êöñò íöñ✺öêò ïóïñô÷ë ➚
❨❩❬❄❬❭❪❫❪❬❴ ✏ú Ö➭ Ð➭➽➼➯➸ ➺➵ ✓➳➪ ➭➽➼ ➮➼ ➽➭ ❐ ➺❰ ➻✓➳➺❰ ➺❉✺ ➼➻✓➳❐ ➵ ➺➯➸ ➽➼ ➵ ➸➺❉➽➬➪ ➼ ➪➭Ô ➶➭❉➲ ➼➲ ✓➽➭ ➵ ➽➯➲ ➵ ➼✓➳✓➼ ❉➺➸❰➼ B ✓➼➽ ➽➼ ✃➯ ➼ ➽➼ ✔ ➸➭➵ ✵ ➼ G ➻➺➸➸➼➲➵ ➺❰➮➭❰ ✓ ➭➮➪ ➼✓ ➯❰ ➻➺➯➵ ➽➭✔ ➼ ➵➭➸❐ ➭➳✓❝
Ûë ÷óòñîõðõ ëòõ ñõôîôòó íöñ÷ ìöêõ÷ë÷ î Þöíõôìðîôõó ïëò òöîñõôöêò í÷öíöòóëò íöñ÷ îëò í÷öøî✻ìëòìð❅✼ðøò ïë îð ➹ë✯õôöê ✆ ✲á ✲á ✲Ñ ✲



➷� àß➮✽ ➱ ✃❐❒ ➌ ✞ ✾❐✿✾✌✌➮✌ à❒☛❒✌ ✃ ➍☞❮ ✃❒➎➏ ➎✃❒☛✽❮
❞❡❢❣❤✐❥❡ ❦ ❧ ♠♥♦♣ q ♦ rst ✉rst ✈♥ ✇♥ ✈t ♠✉ q ①② ③④♥ ✈t ①q ♠✉ ✈♥ ⑤q ♦r② ③q ♦ q ✓☎ tr② ③⑤ ④♥✄➥♥✓⑥ ⑦q ♦ ①t♠② ⑥t ✉t⑥② ✉t ③♦♣ ✉t ♥ ♠✄ ✇♥ ✈t ♠✉⑥

B = q/D
♥✇tr

q ∈ {1, 2, . . . , D − 1} ①♠③⑥⑧ ♠t ✈t⑥♣⑨✇ ③♥② ③q ♦⑥ ⑥q ♦② ♣t⑥ ④♠✈② ③① ✈t⑥ ♣t 1
D

t② ⑧ ♠t ✈♥ ✇♥ ✈t ♠✉ q ①② ③④♥ ✈t ♣ ♠ ④♥⑩ ③④ ♠④ ♣t⑥ ♣⑨✇ ③♥② ③q ♦⑥t⑥② ③♦⑤⑨ ✉③t ♠✉t q ♠ ⑨❶♥ ✈t ❷
1 − 1/D ❸❹❺❻ ❼

❽ëõõë ðíí÷ö ✯✰ë ❊öñ÷êôõ ñê ðî✮ö÷ôõ✰ìë íòëñïö✼íöî❾êöì ôðî ë❅ð✯õ íöñ÷ îë í÷öøî✻ìë ïë ïó✯ ô✼òôöê ì ð❅✼ðøò ✲ ❿ê ë✝ ëõ ❀ îë ✮÷ðí✰ë ëòõ øôíð÷õô ✯öê✺ë❅ë ❀ ✯ë ✭ñô í ë÷ì ëõ ïë õ÷öñ✺ë÷ îë ✯öñíîð✮ëíð÷❊ðôõ ❀ ò ➀ôî ë❅ ôòõë ❀ ëê ðííîô✭ñðêõ îð ÷✻✮ îë ❿➁➁ Ï❿ð÷îôëòõ ➁ñë ➁ ðõëÐ ð✺ë✯ L(i, j) ✯öììëïðõë ï ➀ó✯✰óðê✯ë íöñ÷ îð íô✻✯ë j ✲ ❽ëõõë ÷✻✮ îë ✯öêòôòõë ❙ íîð✯ë÷ ❀ ❙ ñê ôêòõðêõ k ❀ îð íô✻✯ë (i, j)êöê ëê✯ö÷ë íîð✯óë ïë íîñò í ëõôõë ïðõë ï ➀ó✯✰óðê✯ë õëîîë ✭ñë E(i, j) ≥ k íñôò ❙ íðòòë÷ ❙ î ➀ôêò✼õðêõ k+1 ✲ ➹ô öê êë íëñõ íîð✯ë÷ ðñ✯ñêë íô✻✯ë ❙ ñê ôêòõðêõ k íð÷ ✯ëõõë ì óõ✰öïë ❀ ðîö÷ò ðñ✯ñê✯öñíîð✮ë íð÷❊ðôõ ê ➀ë❅ ôòõë ✲ ➾î ê ➀ë❅ ôòõë ïöê✯ íðò ï ➀ö÷ïöêêðê✯ëì ëêõ ÷óðîôòðøîë ✭ñô ÷ëòí ë✯õë îðøö÷êë B ✲
➂ ✎✏✎➃ ✎➄ ❁➅✒ ❪➆❫❪❬❴ ❫❬❫➆➇➈ ➈❫ ❄❩❬➦ ➇➉➊ ➈ ✑ ➋➆➌➈➥❫➆❫❪❬❴
❽ëõõë òë✯õôöê ïó✯÷ôõ îð ❊ö÷ìñîðõôöê ïëò í÷öøî✻ìëò ➍✄☎ ïë ì ôêôì ôòðõôöê ïë îð ïó✺ ôðõôöêõöõðîë Ï✯öììë òñì ✼ðøò ëõ òñì ✼ò✭÷Ð ëê õðêõ ✭ñë í÷öøî✻ìëò ï ➀ð✝ë✯õðõôöê ✕✆➷✖ ✲ ❽ëõõë ❊ö÷✼ìñîðõôöê êöñò í ë÷ì ëõ ïë õ÷öñ✺ë÷ îëò òöîñõôöêò öíõôì ðîëò ïë ✯ëò í÷öøî✻ìëò Ïõöñ➩ öñ÷ò ëê
õëìíò íòëñïö✼íöî❾êöì ôðîÐ ✲
➁ ðêò ✕✆➷✖ ❀ îëò ðñõëñ÷ò ì öêõ÷ëêõ ✭ñë ❀ íöñ÷ õöñõëò ❊öê✯õôöêò ✯öê✺ë❅ëò Fi, i = 1, 2, . . . , n✺ó÷ô➎ðêõ îð ✯öêïôõôöê Ï✆ ✲➏Ð ❀ îë í÷öøî✻ìë Ï✆ ✲➐Ð ð✺ë✯ íöñ÷ ❊öê✯õôöê öø➩ ë✯õô❊ îð ïó✺ ôðõôöêõöõðîë Fsum

íëñõ ➑õ÷ë ❊ö÷ìñîó ✯öììë ñê í÷öøî✻ìë ï ➀ð✝ë✯õðõôöê ïë îð ❊ð➒öê òñô✺ðêõë ✲Òê ôêõ÷öïñôõ îð íöòôõôöê ôïóðîë Z∗
i,j = ⌈ki,j⌉ ïë îð íô✻✯ë (i, j) ïðêò îð òó✭ñëê✯ë ïëò íô✻✯ëòñòôêóëò ✯öììë î ➀ð÷÷öêïô ❙ î ➀ëêõôë÷ òñí ó÷ôëñ÷ ïë î ➀ñêô✭ñë ôêòõðêõ ki,j ✺ó÷ô➎ðêõ

Fi (j − ki,j ri) = Fi (j − 1 − ki,j ri) Ï✆ ✲✆Ð
➹ô îð íöòôõôöê ïë îð íô✻✯ë (i, j) ïðêò îð òó✭ñëê✯ë ê ➀ëòõ íðò Zi,j ❀ ðîö÷ò öê ðòòö ✯ ôë ❙ òöêñòôêð✮ë ñê ✯ö➓õ êöê êñî ✲ ➴öõöêò Ci,j,k

îëò ✯ö➓õò ✮óêó÷óò îö÷ò✭ñë î ➀öê ñòôêë (i, j) ❙ îð kièmeíöòôõôöê ➚
Ci,j,k =











∑Z∗

i,j−1

p=k ψi,j,p
òô k < Z∗

i,j

0 òô k = Z∗
i,j

∑k−1
p=Z∗

i,j
ψi,j,p

òô k > Z∗
i,j

Ï✆ ✲➘Ð

ö➔ ψi,j,p
ëòõ ïó➎êô íð÷

ψi,j,p = |Fi (j − p ri) − Fi (j − 1 − p ri) | Ï✆ ✲✸Ð
➹ô îð íô✻✯ë (i, j) ëòõ ñòôêóë ð✺ðêõ î ➀ôêòõðêõ ôïóðî ïë í÷öïñ✯õôöê Z∗

i,j ❀ ðîö÷ò îëò ψi,j,p ÷ëí÷ó✼òëêõëêõ ïëò ➻➺→✓➲ ➣➼ ➲ ✓➺➻↔➭✔ ➼ Ï➳❰↕➼❰ ✓➺➸➙ ➻➺➲ ✓➲ ëê ðê✮ îðôòÐ ëõ ✭ñðêï (i, j) ëòõ ñòôêóë ðí÷✻òî ➀ôêòõðêõ ôïóðî Z∗
i,j ❀ ôîò ÷ëí÷óòëêõëêõ ïëò ➵ ✶❰➭➽➳✓✶➲ ➣➼ ➸➼✓➭➸➣ Ï➲✵ ➺➸✓➭✔ ➼ ➻➺➲ ✓➲ ëê ðê✮ îðôòÐ ✲

❿ê➎ê ❀ öê ïó➎êôõ îëò ✺ð÷ôðøîëò ï ➀ð✝ë✯õðõôöê íð÷
yi,j,k =

{

1 òô (i, j) ëòõ í÷öïñôõë ❙ î ➀ôêòõðêõ k
0 òôêöê



➌ ✞q ✞ ◗ ✃➮✃ ✿❒ ✟ ✠➮❐✃ ❒ ✃ ✡✾❐☛ ☞✟➮✃➱✾✌❮ ✿ ☞ ✽❐✾✍✟➙☛❒ ➷➷
➴öñò í öñ✺öêò ì ðôêõëêðêõ ïöêêë÷ îð ❊ö÷ìñîðõôöê ïñ í÷öøî✻ìë ï ➀ð✝ ë✯õðõôöê ëê õðêõ ✭ñëí÷ö✮÷ðììë îôêóðô÷ë ➚

ò ✲✯ ✲
min

∑D
k=1

∑n
i=1

∑di

j=1 Ci,j,k yi,j,k

∑n
i=1

∑di

j=1 yi,j,k = 1, k = 1, 2, . . . , D
∑D

k=1 yi,j,k = 1, i = 1, 2, . . . , n; ∀j = 1, 2, . . . , di

yi,j,k ∈ {0, 1} i = 1, 2, . . . , n; ∀j = 1, 2, . . . , di; ∀k = 1, 2, . . . , DÏ✆ ✲➛Ð➜ëò ✯öêõ÷ðôêõëò ôêïô✭ñëêõ ✭ñ ➀ñêë òëñîë íô✻✯ë ëòõ í÷öïñôõë ❙ î ➀ôêòõðêõ k ëõ ✭ñë îð íô✻✯ë (i, j)ëòõ ñòôêóë ñêë ❊öôò ëõ ñêë òëñîë ✲Òê íëñõ ðïöíõë÷ ✯ëõõë ❊ö÷ìñîðõôöê ïñ í÷öøî✻ìë íöñ÷ ÷óòöñï÷ë îë í÷öøî✻ìë ïë ïó✯ ôòôöêìð❅✼ðøò ✲ ❿ê ë✝ ëõ ❀ íöñ÷ ñêë øö÷êë B ❀ ôî òñ❳ õ ïë ✯✰öôòô÷ îð ✺ðîëñ÷ òñô✺ðêõë íöñ÷ îëò ✯ö➓õò ➚
Ci,j,k =

{

0 òô k ∈ [E(i, j) .. L(i, j)]
1 òôêöê

➹ ➀ôî ë❅ ôòõë ñêë òöîñõôöê ïë ✯ö➓õ êñî ❀ ðîö÷ò îð ÷óíöêòë ðñ í÷öøî✻ìë ïë ïó✯ôòôöê òë÷ð öñô ❀ ëõëîîë òë÷ð êöê òôêöê ✲❽ëõõë ❊ö÷ìñîðõôöê ïñ í÷öøî✻ìë êë íë÷ì ëõ íðò íîñò ✭ñë îð í÷ó✯óïëêõë ïë íîð✯ë÷ ïðêò NPOîëò í÷öøî✻ìëò ìð❅✼ðøò öñ òñì ✼ðøò ❀ íñôò✭ñë îëò òöîñõôöêò êë òöêõ íðò êöê íîñò ïë õðôîîëíöî❾êöì ôðîë íð÷ ÷ðííö÷õ ❙ îð õðôîîë ïë î ➀ôêòõðê✯ë ëõ ✭ñë îð ❊öê✯õôöê öø➩ ë✯õô❊ êë íëñõ õöñ➩ öñ÷òíðò ➑õ÷ë ✯ðî✯ñîóë ëê õëìíò íöî❾êöì ôðî ✲
❿ îîë í ë÷ì ëõ íð÷ ✯öêõ÷ë ï ➀öøõëêô÷ ëê õëìíò íòëñïö✼íöî❾êöì ôðî îð òöîñõôöê öíõôì ðîë íöñ÷îëò í÷öøî✻ìëò ì ôê✼òñì ❀ íñôò✭ñ ➀ôî ëòõ íöòòôø îë ïë ✯ðî✯ñîë÷ î ➀ð✝ ë✯õðõôöê ïë íöôïò ì ôêôìñìëê õëìíò íöî❾êöì ôðî íð÷ ÷ðííö÷õ ❙ îð õðôîîë ïñ ✮÷ðí✰ë ✲
➂ ✎✏✎➃ ✎➝ ➞➈❩❫❪➟ ➥➆❫ ✑ ➋❬❄❫❪➊➆➇❪❫➅ ❄❬➠❩ ➇➈❭ ❄❩❬➦ ➇➉➊ ➈❭ ➊ ❪❴➡❭➠➊
➢öñ÷ ìöêõ÷ë÷ î ➀öíõôì ðîôõó ïë òöîñõôöêò ïëò í÷öøî✻ìëò ì ôê✼òñì ❀ êöñò ✯öêòôïó÷öêò îð ÷óòö✼îñõôöê ëê õë÷ì ëò ïë ✮÷ðí✰ëò ïëò í÷öøî✻ìëò ï ➀ð✝ë✯õðõôöê ðòòö ✯ ôóò ✲ ➜ ➀öø➩ ë✯õô❊ ëòõ ïë õ÷öñ✺ë÷îë íîñò í ëõôõ ✯öñíîð✮ë íð÷❊ðôõ ïðêò îë ✮÷ðí✰ë í öêïó÷ó øôíð÷õô Gw = (V1∪V2, E) ö➔ ❀ ✯öììëïðêò îð ➹ë✯õôöê ✆ ✲➐✲➏ ✲➏ ❀ î ➀ëêòëìøîë ïë òöììëõò V1 = {1, 2, . . . , D} ÷ëí÷óòëêõë îëò ôêòõðêõòïë í÷öïñ✯õôöê ëõ V2

î ➀ëêòëìøîë ïëò íô✻✯ëò ❙ í÷öïñô÷ë ✲Òê íëñõ ÷ëì ð÷✭ñë÷ ✭ñë òô öê ì ôêôì ôòë îð ïó✺ ôðõôöê õöõðîë ❀ ñêë íô✻✯ë (i, j) íëñõ ➑õ÷ëí÷öïñôõë ❙ ê ➀ôìíö÷õë ✭ñëî ôêòõðêõ k ✲ ✄ ôêòô ❀Gw
ëòõ ñê ✮÷ðí✰ë øôíð÷õô ✯öìíîëõ ✲ éêë ð÷➑õë e =

(k, (i, j)) ∈ E ð íöñ÷ íöôïò we = Ci,j,k ✲ ➹öôõ A îð ì ðõ÷ô✯ë ï ➀ôê✯ôïëê✯ë òöììëõò✼ð÷➑õëò ïñ✮÷ðí✰ë Gw Ï✯ ➀ëòõ✼❙✼ïô÷ë îð ì ðõ÷ô✯ë 2 D × D2 õëîîë ✭ñë al,m = 1 òô îë lième òöììëõ ëòõôê✯ ôïëêõ ❙ îð mième ð÷➑õë ëõ 0 òôêöêÐ ✲
➴öñò íöñ✺öêò ÷ë❊ö÷ìñîë÷ îë í÷öøî✻ìë íð÷

min wy
s.c. Ay = 1

y ëêõôë÷ Ï✆ ✲➷Ð



➐✱✱ ➤➥➮✽ ➱ ✃❐❒ ➌ ✞ ✾❐✿✾✌✌➮✌ ➤❒☛❒✌ ✃ ➍☞❮ ✃❒➎➏ ➎✃❒☛✽❮
➜ð ìðõ÷ô✯ë ï ➀ôê✯ôïëê✯ë ï ➀ñê ✮÷ðí✰ë øôíð÷õô ëòõ õöõðîëì ëêõ ñêôì öïñîðô÷ë ✲ ✄ ôêòô ❀ îë íöî❾õöí ëðòòö ✯ ôó ðñ í÷öøî✻ìë Ï✆ ✲➷Ð ëòõ ëêõôë÷ ✲ Òê íëñõ ïöê✯ ÷óòöñï÷ë îð ÷ëîð❅ðõôöê îôêóðô÷ë ïñí÷ö✮÷ðììë ëê êöìø÷ëò ëêõôë÷ò Ï✆ ✲➷Ð íöñ÷ öøõëêô÷ îð ✺ðîëñ÷ öíõôì ðîë ïë îð ❊öê✯õôöê öø➩ ë✯õô❊ ✲➜ð ÷ëîð❅ðõôöê îôêóðô÷ë ïñðîë ïë Ï✆ ✲➷Ð ëòõ

max 1z
s.c. zA ≤ w

z êöê ✯öêõ÷ðôêõ Ï✆ ✲➐✱Ð
❽ë í÷öøî✻ìë ïñðî Ï✆ ✲➐✱Ð í ëñõ ➑õ÷ë ôêõë÷í÷óõó ✯öììë îð ÷ë✯✰ë÷✯✰ë ï ➀ñêë ❊öê✯õôöê ïë íöôïò zïó➎êôë òñ÷ î ➀ëêòëìøîë ïëò òöììëõò õëîîë ✭ñë îð òöììë ïëò zl

íöñ÷ õöñõ l ∈ V1 ∪ V2
ëòõì ð❅ ôì ðîë ëõ õëîîë ✭ñë íöñ÷ õöñõë ð÷➑õë (k, (i, j)) ❀ öê ð zk + zi,j ≤ Ci,j,k ✲ ✄ ôêòô ❀ öê öøõôëêõîë ÷óòñîõðõ òñô✺ðêõ ➚

❨❩❬❄❬❭❪❫❪❬❴ ✏➦ ➧ ➳ ➺❰ ➪ ➳❰➳➪ ➳➲ ➼ ➽➭ ➣✶↕➳➭✓➳➺❰ ✓➺✓➭➽➼➨ ➭➽➺➸➲ s
➼➲ ✓ ➽➭ ↕➭➽➼➯➸ ➺➵ ✓➳➪ ➭➽➼ ➣➼ ➽➭➩ ➺❰ ➻✓➳➺❰ ➺❉➫ ➼➻✓➳➩ ➲➳ ➼✓ ➲ ➼➯➽➼➪ ➼❰ ✓ ➲➳ ➳➽ ➼➭ ➳➲ ✓➼ ➯❰ ➻➺➯➵ ➽➭✔ ➼ ➵➭➸➩ ➭➳✓ M

➼✓ ➯❰ ➼ ➩ ➺❰ ➻✓➳➺❰ ➣➼➻➺→✓ z : V1 ∪ V2 → R ✓➼➽➲ ➯➯➼
{

zk + zi,j ≤ Ci,j,k, ∀ (k, (i, j)) ∈ E
s =

∑

k∈V1
zk +

∑

(i,j)∈V2
zi,j =

∑

(k,(i,j))∈M Ci,j,k
Ï✆ ✲➐➐Ð

❽ë ÷óòñîõðõ êöñò í ë÷ì ëõ ïë í÷öñ✺ë÷ ïë ❊ð➒öê ✯öìíð✯õë ✭ñ ➀ñêë òöîñõôöê ëòõ öíõôì ðîë íöñ÷ñê í÷öøî✻ìë ì ôê✼òñì ëê ë❅✰ ôøðêõ îë ✯öñíîð✮ë íð÷❊ðôõ ëõ îð ❊öê✯õôöê ïë íöôïò ✯ö÷÷ëòíöê✼ïðêõò ïðêò îë ✮÷ðí✰ë Gw ✲
➂ ✎✏✎➃ ✎➂ ❨❩❬➦ ➇➉➊ ➈❭ ➊ ❪❴➡❭➠➊

B
➡➦❬❩❴➅❭

➁ ðêò îë í÷öøî✻ìë Ï✆ ✲➛Ð ❀ ôî ê ➀❾ ð ðñ✯ñêë ✯öêõ÷ðôêõë ✯öê✯ë÷êðêõ îë ì ð❅ ôìñì ïëò ïó✺ ôðõôöêò ✲❽ëí ëêïðêõ ❀ êöñò ✯öêòôïó÷ë÷öêò íð÷ îð òñôõë ïëò í÷öøî✻ìëò ì ôê✼òñì ïöêõ îð ïó✺ ôðõôöêìð❅ ôì ðîë ëòõ øö÷êóë ✲ ➁ðêò ✯ë ✯ðò ❀ î ➀ëêòëìøîë ïëò ð÷➑õëò ëòõ ✯ëîñ ô ïó✯÷ôõ í÷ó✯óïëììëêõ ➚ñêë ð÷➑õë (k, (i, j)) ëòõ ïðêò E òô ëõ òëñîëì ëêõ òô îð íô✻✯ë (i, j) íëñõ ➑õ÷ë í÷öïñôõë ❙î ➀ôêòõðêõ k ❀ ✯ ➀ëòõ✼❙✼ïô÷ë òô ëõ òëñîëì ëêõ òô k ∈ [E(i, j) .. L(i, j)] ✲Òê ïô÷ð ✭ñ ➀ñê í÷öøî✻ìë ì ôê✼òñì ïöêõ îë ì ð❅ ôìñì ïëò ïó✺ ôðõôöêò ëòõ øö÷êó íð÷ B ëòõñê í÷öøî✻ìë ì ôê✼òñì B
➶❉➺➸❰ ✶✲

➐ ➲➳ ➵➸t ➺➻ ➺➼➽t ➺➾➚➼ ➼➺➻➪➶t➽➚➹➘➼ ✉➘ ➴➾➚➷t ➺➾➚➼ ➾➓➬ ➘➷t ➺➴

➴öñò òöñ✰ðôõöêò ïðêò ✯ëõõë òë✯õôöê óõñïôë÷ î ➀öíõôì ôòðõôöê òôìñîõðêóë ïë íîñòôëñ÷ò ✯÷ôõ✻÷ëò ✲➁ ðêò îð ì ëòñ÷ë ö➔ ñêë òöîñõôöê ïë ì ð❅ ôìñì ïëò ïó✺ ôðõôöêò ôê ❊ó÷ôëñ÷ë ❙ 1 ë❅ ôòõë õöñ➩ öñ÷ò ❀êöñò êöñò ôêõó÷ëòòë÷öêò ëê íð÷õô✯ñîôë÷ ðñ❅ í÷öøî✻ìëò 1✼øö÷êóò ✲
➛ ùú ù➮ ➱✃❐ÿý�ü ❒❮ ❮❰ü Ï➞ÿ ❮ ❒➝ ❮❰ü Ï❮Ð✃

1
Ïÿ ❐✃ÑÒ❮

➜ ➀ëêòëìøîë ïëò õöñõëò îëò òöîñõôöêò ï ➀ñê í÷öøî✻ìë 1✼øö÷êó ëòõ ø ëðñ✯öñí íîñò í ëõôõ ✭ñëî ➀ëêòëìøîë ïëò òöîñõôöêò íöñ÷ òð ✺ë÷òôöê êöê øö÷êóë ✲ ➹ ➀ôêõó÷ëòòë÷ ðñ❅ í÷öøî✻ìëò 1✼øö÷êóò



➌ ✞Ó ✞ ✾✽ ✃➱☛ ➱❮➮✃➱✾✌❮ ❮➱☛ ☞✟✃➮✌◗❒❮ ✿❒ ✡✾✌ ➤✃➱✾✌❮ ✾✍ ➍❒➤✃➱✡ ➐✱➐
íîñò õ❘õ ✭ñ ➀ðñ❅ í÷öøî✻ìëò êöê øö÷êóò í ë÷ì ëõ ïöê✯ ïëò ðìóîôö÷ðõôöêò ïñ õëìíò ïë ✯ðî✯ñîíöñ÷ ïëò ì óõ✰öïëò ïë ÷óòöîñõôöêò ë❅ð✯õëò ïë ì ôê✼òñì ✲ ➢ð÷ ë❅ëìíîë ❀ ✯ðî✯ñîë÷ îë íîñò í ëõôõ✯öñíîð✮ë íð÷❊ðôõ í ëñõ ➑õ÷ë ❊ðôõ ëê O(nD2 log D) íöñ÷ ñê í÷öøî✻ìë ì ôê✼òñì 1✼øö÷êó ðñîôëñ ïë O(D3 log D) íöñ÷ òð ✺ë÷òôöê êöê øö÷êóë ð✺ë✯ D >> n Ï✺öô÷ ✕➛Ñ✖Ð ✲ ➢öñ÷ õöñõëòîëò ôêòõðê✯ëò ❀ ôî ëòõ íöòòôø îë ïë õ÷öñ✺ë÷ ñêë òó✭ñëê✯ë ïöêõ îë ì ð❅ ôìñì ïëò ïó✺ ôðõôöêòëòõ ôê ❊ó÷ôëñ÷ ❙ 1 ✕➛➏✖ ✲ ✄ ôêòô ❀ ôî ëòõ ôêõó÷ëòòðêõ ïë òð✺öô÷ ò ➀ôî ë❅ ôòõë õöñ➩ öñ÷ò ñêë òó✭ñëê✯ë
1✼øö÷êóë ✭ñô ì ôêôì ôòë îð ïó✺ ôðõôöê õöõðîë ❀ ✯ ➀ëòõ✼❙✼ïô÷ë òô õöñõ í÷öøî✻ìë ì ôê✼òñì 1✼øö÷êóð îð ì ➑ìë ✺ðîëñ÷ öíõôì ðîë ✭ñë òð ✺ë÷òôöê êöê øö÷êóë ✲➁ ðêò ✕✆➘✖ ❀ îëò ðñõëñ÷ò õëòõëêõ îëò ïëñ❅ ✭ñëòõôöêò òñô✺ðêõëò òñ÷ 100, 000 ôêòõðê✯ëò ✯✰öôòôëòðñ ✰ðòð÷ï ➚Ô ↕ ✼ð✼õ✼ ôî ñêë òöîñõôöê öíõôì ðîë íöñ÷ òñì ✼ðøò õëîîë ✭ñë îë ì ð❅ ôìñì ïëò ïó✺ ôðõôöêò ëòõôê❊ó÷ôëñ÷ ❙ 1 ÕÔ ↕ ✼ð✼õ✼ ôî ñêë òó✭ñëê✯ë öíõôì ðîë íöñ÷ òñì ✼ðøò ✭ñô öíõôì ôòë òñì ✼ò✭÷ Õ➢öñ÷ õöñõëò îëò ôêòõðê✯ëò õëòõóëò ❀ îëò ÷óíöêòëò óõðôëêõ ÖöñôÖ ïðêò îëò ïëñ❅ ✯ðò ✲ ➁ ë íîñò ❀ïðêò ✕✆➘✖ ❀ îëò ðñõëñ÷ò öêõ ÷ëì ð÷✭ñó ✭ñë îð òó✭ñëê✯ë 1✼øö÷êóë öíõôì ðîë íöñ÷ òñì ✼ðøòóõðôõ õöñ➩ öñ÷ò öíõôì ðîë íöñ÷ òñì ✼ò✭÷ ✲ ➁ ëò õëòõò ë❅✰ðñòõô❊ò ì öêõ÷ëêõ ✭ñ ➀ñêë õëîîë òó✭ñëê✯ëöíõôì ðîë 1✼øö÷êóë ê ➀ë❅ ôòõë íðò íöñ÷ õöñõëò îëò ôêòõðê✯ëò Ï✺öô÷ ➹ë✯õôöê ✆ ✲➏ ✲➏ ✲ÑÐ ✲➜ë îëììë òñô✺ðêõ ✯öìíð÷ë îëò ✯ö➓õò ïë õöñõëò îëò ð÷➑õëò (k, (i, j)) ïñ ✮÷ðí✰ë ✯ö÷÷ëòíöêïðêõðñ❅ í÷öøî✻ìëò òñì ✼ðøò ëõ òñì ✼ò✭÷ 1✼øö÷êóò
×➈➊➊➈ ✏➝ Ø➺❰➲➳➣✶➸➺❰➲ ➽➭ ❉➺➸❰ ➼ B = 1 ➣➼➲ ➣✶↕➳➭✓➳➺❰➲ ❝ Ù ➺➯➸ ✓➺➯ ✓ i = 1, 2, . . . , n Ú j =
1, 2, . . . , di

➼✓ k = 1, 2, . . . , D
➨ ➺❰ ➭

k ∈ [E(i, j) .. L(i, j)] ⇒ Ca
i,j,k = Cs

i,j,k,➺Û Ca
➼➲ ✓ ➽➭ ➪ ➭✓➸➳➻➼ ➣➼➲ ➻➺→✓➲ ➻➭➽➻➯ ➽✶➼ ➵ ➺➯➸ ➽➼ ➵ ➸➺❉➽Ü➪ ➼ ➲➯➪ ➶➭❉➲➼✓ Cs
➼➲ ✓ ➽➭ ➪ ➭✓➸➳➻➼ ➣➼➲ ➻➺→✓➲ ➻➭➽➻➯➽✶➼ ➵ ➺➯➸ ➽➼ ➵ ➸➺❉➽Ü➪ ➼ ➲➯➪ ➶➲➯➸ ❝

❁➅➊❬❴❭❫❩➆❫❪❬❴ ✎ ➴öõöêò ⌈ka
i,j⌉ ëõ ⌈ks

i,j⌉ îëò ôêòõðêõò ïë í÷öïñ✯õôöê ôïóðñ❅ ïë îð íô✻✯ë (i, j)íöñ÷ îëò í÷öøî✻ìëò òñì ✼ðøò ëõ òñì ✼ò✭÷ ÷ëòí ë✯õô✺ëì ëêõ ✲ ❽öììë |x| = |x − 1| òô ëõ òëñîë✼ìëêõ òô x = 1
2

ëõ x2 = (x − 1)2 òô ëõ òëñîëì ëêõ òô x = 1
2 ❀ öê ð ka

i,j = ks
i,j ✲ ✄ ôêòô ❀ öê íëñõêöõë÷ Z∗

i,j = ⌈ka
i,j⌉ = ⌈ks

i,j⌉ î ➀ôêòõðêõ ïë í÷öïñ✯õôöê ôïóðî ïë (i, j) íöñ÷ îëò ïëñ❅ í÷öøî✻ìëò ✲➹öôõ Ca
i,j,k

ëõ Cs
i,j,k

îëò ✯ö➓õò ôêïñôõò ëê íîð➒ðêõ (i, j) ïðêò îð kième íöòôõôöê ëõ ψa
i,j,p

ëõ
ψs

i,j,p
îëò ✯ö➓õò ïë òõö ✯Ýð✮ë ëõ ïë ÷ëõð÷ï íöñ÷ ✯✰ð✯ñê ïëò ïëñ❅ í÷öøî✻ìëò ✲ ➜ð ❊öê✯õôöê

f(x) = |x2 − (x − 1)2 | − ||x| − |x − 1|| ëòõ êñîîë òô ëõ òëñîëì ëêõ òô x ∈ [0, 1] ✲ ✄ ôêòô ❀ êöñòð✺öêò îë ÷óòñîõðõ òñô✺ðêõ ➚
ψa

i,j,p = ψs
i,j,p

òô ëõ òëñîëì ëêõ òô j − p ri ∈ [0, 1]

Òê ✯öêòôï✻÷ë ñêë íô✻✯ë (i, j) ëõ ñê ôêòõðêõ ïë í÷öïñ✯õôöê k ëõ öê òñííöòë ✭ñë k ∈
[E(i, j) .. L(i, j)] ❀ ð✺ë✯ E(i, j) ëõ L(i, j) îëò ôêòõðêõò ïë í÷öïñ✯õôöê ðñ íîñò õ❘õ ëõ ðñ íîñòõð÷ï ✯ö÷÷ëòíöêïðêõò ❙ îð øö÷êë B = 1 ✲❽öììë E(i, j) ≤ k ❀ öê ð ⌈

j−1
ri

⌉

≤ k ✲ ✄ ôêòô ❀ ri

⌈

j−1
ri

⌉

≤ kri ✲
Òê íëñõ ðîö÷ò ëê ïóïñô÷ë ✭ñë j − 1 ≤ kri

ëõ ïöê✯ ✭ñë
j − kri ≤ 1



➐✱➏ ➤➥➮✽ ➱ ✃❐❒ Þ ✞ ✾❐✿✾✌✌➮✌ ➤❒☛❒✌ ✃ ß ☞❮ ✃❒ àá à✃❒☛✽❮
☎÷öôò ✯ðò òöêõ íöòòôø îëò ëê ❊öê✯õôöê ïëò íöòôõôöêò ÷ëîðõô✺ëò ïë k ëõ Z∗

i,j ✲
Ô ❽ðò ➐ ➚ k < Z∗

i,j➢öñ÷ õöñõ p = k, k + 1, . . . , Z∗
i,j − 1 ❀ öê ð

j − p ri >
1

2

íñôò✭ñë îð ❊öê✯õôöê g (x) = j − xri
ëòõ ïó✯÷öôòòðêõë ëõ ✭ñë g (ki,j) = 1

2
✲ ✄ ôêòô ❀ öêð 0 ≤ j − p ri ≤ 1 ëõ ïöê✯

∀p = k, k + 1, . . . , Z∗
i,j − 1, ψa

i,j,p = ψs
i,j,p

Ô ❽ðò ➏ ➚ k > Z∗
i,jÒê ð k ≤ L(i, j) ❀ ïöê✯ k ≤

⌊

j
ri

⌋

+ 1 ✲ ✄ ôêòô ❀ (k − 1)ri ≤
⌊

j
ri

⌋

ri ✲Òê ð ðîö÷ò (k − 1)ri ≤ j ✲ ➴öñò öøõëêöêò ïöê✯
0 ≤ j − (k − 1)ri

❽öììë îð ❊öê✯õôöê g ëòõ ïó✯÷öôòòðêõë ❀ íöñ÷ õöñõ p = Z∗
i,j, Z∗

i,j + 1, . . . , k − 1 ❀ öê ð
j − pri ∈ [0, 1] ✲ ✄ ôêòô ❀

∀p = Z∗
i,j, Z∗

i,j + 1, . . . , k − 1, ψa
i,j,p = ψs

i,j,p

Ô ❽ðò Ñ ➚ k = Z∗
i,j➁ ðêò ✯ë ✯ðò ❀ îëò ïëñ❅ ✯ö➓õò òöêõ êñîò ✲✄ ôêòô ❀ ï ➀ðí÷✻ò îð ïó➎êôõôöê ïëò ✯ö➓õò ❀ öê ð ïðêò îëò õ÷öôò ✯ðò ➚

Ca
i,j,k = Cs

i,j,k

✯ë ✭ñô ïóìöêõ÷ë îë îëììë ✲ ¤➜ë ☎✰óö÷✻ìë ➐Ñ òñô✺ðêõ ð óõó ìöêõ÷ó ôêïóí ëêïðììëêõ ïðêò ✕Ñ✆✖ ✲ ➴öñò ïöêêöêò ô✯ô ñêë✯öñ÷õë í÷ëñ✺ë ðîõë÷êðõô✺ë øðòóë òñ÷ îë ➜ëììë ➐➬ ✲
âã➅❬❩➉➊➈ ✏➄ ✕Ñ✆✖ ➧ ➺➳✓ y ➯❰ ➼ ➲ ✶➯➯➼❰ ➻➼ ➺➵ ✓➳➪ ➭➽➼ ➵ ➺➯➸ ➲➯➪ ➶➭❉➲ ❝ ➧ ➳ ➲ ➺❰ ➪ ➭➭ ➳➪➯➪ ➣➼➲➣✶↕➳➭✓➳➺❰➲ ➼➲ ✓ ➳❰➩ ✶➸➳➼➯➸ ä 1

➨ ➭➽➺➸➲ ➼➽ ➽➼ ➼➲ ✓ ➭➯➲➲➳ ➺➵ ✓➳➪ ➭➽➼ ➵ ➺➯➸ ➽➼ ➵ ➸➺❉➽Ü➪ ➼ ➲➯➪ ➶➲➯➸ ❝
å❬❫❩➈ ❁➅➊❬❴❭❫❩➆❫❪❬❴ ✑➠ âã➅❬❩➉➊➈ ✏➄➜ð ❊öê✯õôöê f(x) = |x2 − (x − 1)2 | − ||x| − |x − 1|| ëòõ íöòôõô✺ë ✲ Òê ð ïöê✯

∀i, j, k, Ca
i,j,k ≤ Cs

i,j,k

✄ ôêòô ❀ íöñ÷ õöñõë òöîñõôöê ÷óðîôòðøîë y ïñ í÷öøî✻ìë ï ➀ö÷ïöêêðê✯ëì ëêõ ➍✄☎ ❀
n

∑

i=1

di
∑

j=1

D
∑

k=1

Ca
i,j,k yi,j,k ≤

n
∑

i=1

di
∑

j=1

D
∑

k=1

Cs
i,j,k yi,j,k Ï✆ ✲➐➏Ð



Þ ✞Ó ✞ ✾✽ ✃➱☛ ➱❮➮✃➱✾✌❮ ❮➱☛ ☞✟✃➮✌◗❒❮ ✿❒ ✡✾✌ ➤✃➱✾✌❮ ✾✍ß❒➤✃➱✡ ➐✱Ñ
➹öôõ y ñêë òöîñõôöê õëîîë ✭ñë îë ì ð❅ ôìñì ïë òëò ïó✺ ôðõôöêò ëòõ ôê ❊ó÷ôëñ÷ ❙ 1 ✲ ➹ñííö✼òöêò ✭ñë yi,j,k = 1 ✲ ❽öììë îë ì ð❅ ôìñì ïëò ïó✺ ôðõôöêò íöñ÷ y ëòõ ôê ❊ó÷ôëñ÷ ❙ 1 ❀ öêð k ∈ [E(i, j) .. L(i, j)] ð✺ë✯ E(i, j) ëõ L(i, j) ✯ö÷÷ëòíöêïðêõ ❙ îð øö÷êë B = 1 ✲ ➁ ➀ðí÷✻ò îë➜ëììë ➐➬ ❀ öê ð Cs

i,j,k = Ca
i,j,k ✲ ✄ ôêòô ❀ íöñ÷ õöñõ y õëî ✭ñë îë ì ð❅ ôìñì ïëò ïó✺ ôðõôöêò ëòõôê❊ó÷ôëñ÷ ❙ 1 ❀

yi,j,k = 1 ⇒ Cs
i,j,k = Ca

i,j,k➹ñííöòöêò ✭ñë y∗ ëòõ ñêë òöîñõôöê öíõôì ðîë ïñ í÷öøî✻ìë òñì ✼ðøò õëîîë ✭ñë îë ì ð❅ ôìñìïëò ïó✺ ôðõôöêò ëòõ ôê ❊ó÷ôëñ÷ ❙ 1 ✲ ✄ îö÷ò ❀ íöñ÷ õöñõ ö÷ïöêêðê✯ëì ëêõ ÷óðîôòðøîë y ❀ öê ð
n

∑

i=1

di
∑

j=1

D
∑

k=1

Cs
i,j,k y∗

i,j,k =
n

∑

i=1

di
∑

j=1

D
∑

k=1

Ca
i,j,k y∗

i,j,k ≤
n

∑

i=1

di
∑

j=1

D
∑

k=1

Ca
i,j,k yi,j,k Ï✆ ✲➐ÑÐ

❿ê ✯öìøôêðêõ îëò ó✭ñðõôöêò Ï✆ ✲➐➏Ð ëõ Ï✆ ✲➐ÑÐ ❀ öê öøõôëêõ ✭ñë íöñ÷ õöñõë òöîñõôöê ÷óðîôòðøîë
y ❀

n
∑

i=1

di
∑

j=1

D
∑

k=1

Cs
i,j,k y∗

i,j,k ≤
n

∑

i=1

di
∑

j=1

D
∑

k=1

Cs
i,j,k yi,j,k

ëõ ïöê✯ y∗ ëòõ ñêë òöîñõôöê öíõôì ðîë ïñ í÷öøî✻ìë òñì ✼ò✭÷ ✲ ¤

➞❬❩❬➇➇➆❪❩➈ ➦ ➧ ➳ ➵ ➺➯➸ ➯❰ ➼ ➳❰➲ ✓➭❰ ➻➼➨ ➳➽ ➼➭ ➳➲ ✓➼ ➯❰ ➼ ➵➭➳➸➼ ➣➼ ➲ ➺➽➯ ✓➳➺❰➲ ➺➵ ✓➳➪ ➭➽➼➲ (y∗, Y ∗) ➣➼➲➵ ➸➺❉➽Ü➪ ➼➲ ➲➯➪ ➶➭❉➲ ➼✓ ➲➯➪ ➶➲➯➸ ➸➼➲➵ ➼➻✓➳↕➼➪ ➼❰ ✓ ↕ ✶➸➳æ ➭❰ ✓
n

∑

i=1

di
∑

j=1

D
∑

k=1

Cs
i,j,k Y ∗

i,j,k >
n

∑

i=1

di
∑

j=1

D
∑

k=1

Ca
i,j,k y∗

i,j,k

➭➽➺➸➲ ➽➼ ➵ ➸➺❉➽Ü➪ ➼ ➲➯➪ ➶➭❉➲ ❰ ç➭ ➭➯ ➻➯❰ ➼ ➲➺➽➯ ✓➳➺❰ ➺➵ ✓➳➪ ➭➽➼ ✓➼➽ ➽➼ ➯➯➼ ➽➼ ➪ ➭➭ ➳➪➯➪ ➣➼➲ ➣✶↕➳➭➶✓➳➺❰➲ ➼➲ ✓ ➳❰➩ ✶➸➳➼➯➸ ➺➯ ✶✔➭➽ ä 1 ❝
❁➅➊❬❴❭❫❩➆❫❪❬❴ ✎ Òê öøõôëêõ ✯ë ÷óòñîõðõ ïô÷ë✯õëì ëêõ ❙ íð÷õô÷ ïë îð í÷ëñ✺ë ïñ ☎✰óö✼÷✻ìë ➐Ñ ✲ ¤Òê õ÷öñ✺ë ñê ë❅ëìíîë ï ➀ñõôîôòðõôöê ïë ✯ë îëììë ïðêò î ➀✄êêë❅ë ✄ ✲➬ ✲➐ ✲➜ë ☎✰óö÷✻ìë ➐Ñ òöñî✻✺ë êðõñ÷ëîîëì ëêõ ✯ë÷õðôêëò ✭ñëòõôöêò ➚Ô éêë òó✭ñëê✯ë öíõôì ôòðêõ òñì ✼ðøò ïöêõ îë ì ð❅ ôìñì ïëò ïó✺ ôðõôöêò ëòõ ôê ❊ó÷ôëñ÷ ❙ 1ëòõ öíõôì ðîë íöñ÷ òñì ✼ò✭÷ ❀ ìðôò ëòõ✼✯ë ✭ñ ➀ñêë òó✭ñëê✯ë öíõôì ðîë íöñ÷ òñì ✼ò✭÷ ð✺ë✯ìð❅ ôìñì ïëò ïó✺ ôðõôöêò ôê ❊ó÷ôëñ÷ ❙ 1 ëòõ õöñ➩ öñ÷ò öíõôì ðîë íöñ÷ òñì ✼ðøò Õ ❽ ➀ëòõ✼❙✼ïô÷ë ❀ íëñõ✼öê ó✯✰ðê✮ë÷ òñì ✼ðøò ëõ òñì ✼ò✭÷ ïðêò îë ☎✰óö÷✻ìë ➐Ñ ÕÔ ➢öñ÷ ðííîô✭ñë÷ îë ☎✰óö÷✻ìë ➐Ñ ❀ êöñò ð✺öêò ø ëòöôê ïë î ➀ë❅ ôòõëê✯ë ï ➀ñêë òó✭ñëê✯ë öíõô✼ìðîë íöñ÷ òñì ✼ðøò ð❾ðêõ ñê ì ð❅ ôìñì ïëò ïó✺ ôðõôöêò ôê ❊ó÷ôëñ÷ ❙ 1 ✲ ➢ëñõ✼öê õöñ➩ öñ÷òõ÷öñ✺ë÷ ñêë õëîîë òó✭ñëê✯ë Õ ❽ ➀ëòõ✼❙✼ïô÷ë ❀ ë❅ ôòõë✼õ✼ ôî í öñ÷ õöñõë ôêòõðê✯ë ñêë òó✭ñëê✯ë✭ñô öíõôì ôòë òñì ✼ðøò ëõ ïöêõ îë ì ð❅ ôìñì ïëò ïó✺ ôðõôöêò ëòõ ôê❊ó÷ôëñ÷ ❙ 1 ÕÔ ➹ô ñêë õëîîë òó✭ñëê✯ë ê ➀ë❅ ôòõë íðò ❀ íëñõ✼öê õöñõ ïë ì ➑ìë öíõôì ôòë÷ òñì ✼ðøò ëõ òñì ✼ò✭÷òôìñîõðêóìëêõ íöñ÷ õöñõë ôêòõðê✯ë ÕÔ ➢ëñõ✼öê õ÷öñ✺ë÷ íöñ÷ õöñõë ôêòõðê✯ë ñêë òó✭ñëê✯ë öíõôì ðîë 1✼øö÷êóë íöñ÷ òñì ✼ò✭÷ Õ➜ð ➹ë✯õôöê ✆ ✲➏ ✲➏ ÷óí öêï ❙ ✯ëò ✭ñëòõôöêò ëê í÷öíöòðêõ ïëò ôêòõðê✯ëò íöñ÷ îëò✭ñëîîëò ôî ë❅ ôòõëöñ íðò ïëò òó✭ñëê✯ëò öíõôì ôòðêõ îëò ïô✝ ó÷ëêõò ✯÷ôõ✻÷ëò òôìñîõðêóìëêõ ✲



➐✱➬ ➤➥➮✽ ➱ ✃❐❒ Þ ✞ ✾❐✿✾✌✌➮✌ ➤❒☛❒✌ ✃ ß ☞❮ ✃❒ àá à✃❒☛✽❮
è ùú ùú é❐üþê✃êë❮❐Ñ ì❒❮ í❐Ñîïë❐Ñ❮ ❐ÿð ❒îïëí
➂ ✎➃ ✎➃ ✎✏ ñ✒➈➥ ✑➈➠❂ ❫ò❄➈❭ ✑➈ ❄❪➉➥➈❭
➢öñ÷ îë í÷öøî✻ìë ❙ ïëñ❅ õ❾íëò ïë íô✻✯ëò ❀ îëò ❊öê✯õôöêò öø➩ ë✯õô❊ ìð❅✼ðøò ❀ òñì ✼ðøò ëõ òñì ✼ò✭÷ í ëñ✺ëêõ ➑õ÷ë öíõôì ôòóëò òôìñîõðêóìëêõ ❀ ✯ ➀ëòõ✼❙✼ïô÷ë ✭ñ ➀ôî ë❅ ôòõë ñêë òöîñõôöê ✭ñô ëòõöíõôì ðîë í öñ÷ îëò õ÷öôò ❊öê✯õôöêò öø➩ ë✯õô❊ ✲ ✄➎ê ï ➀➑õ÷ë ✯öìíîëõ ❀ êöñò í÷öñ✺öêò ✯ë ÷óòñîõðõ✭ñô ð ïó➩ ❙ óõó ì ëêõôöêêó ïðêò ✕➐➛✖ ✲ Òê íëñõ îë ïóïñô÷ë ïë îð í÷öíöòôõôöê òñô✺ðêõë ➚
❨❩❬❄❬❭❪❫❪❬❴ ✏❛ Ù ➺➯➸ ➽➼ ➵ ➸➺❉➽Ü➪ ➼ ä ➣➼➯➭ ✓➙➵ ➼➲ ➣➼ ➵ ➳Ü➻➼➲ ➣➼ ✓➭➯➭ ➣➼ ➵ ➸➺➣➯➻✓➳➺❰ r1

➼✓
r2 = 1 − r1

➨ ➽➭ ➲ ➺➽➯ ✓➳➺❰ x∗ ➣➯ ➵ ➸➺❉➽Ü➪ ➼ ➣ ç➺➸➣➺❰❰➭❰ ➻➼➪ ➼❰ ✓ ➫ ➯➲ ✓➼➶ä➶✓➼➪➵ ➲ ➣✶æ ❰➳➼ ➵ ➭➸
x∗

1,k = [k r1] k = 1, 2, . . . , D
x∗

2,k = k − [k r1] k = 1, 2, . . . , D➼➲ ✓ ➺➵ ✓➳➪ ➭➽➼ ➵ ➺➯➸ ✓➺➯ ✓➼➲ ➽➼➲ ➩ ➺❰ ➻✓➳➺❰➲ Fmax
➺➯ Fsum

✓➼➽ ➽➼➲ ➯➯ ➼ F1

➼✓ F2
➲ ➺❰ ✓ ➣➼➲ ➩ ➺❰ ➻✓➳➺❰➲➵ ➺➲➳✓➳↕➼➲ ➼✓ ➻➸➺➳➲➲➭❰ ✓➼➲ ➲➯➸ [0, +∞[ ↕✶➸➳æ ➭❰ ✓

∀i = 1, 2, ∀y ∈ R, Fi (y) = Fi (−y)➼✓ ➵ ➺➯➸ ✓➺➯ ✓ y ∈ R
➨
[y]

➼➲ ✓ ➽ ç➭➸➸➺❰➣➳ ➭➯ ➵ ➽➯➲ ➵ ➸➺➻✵ ➼ ➼❰ ✓➳➼➸ ➣➼ y ó [y]
➼➲ ✓ ➽ ç➼❰ ✓➳➼➸ ✓➼➽ ➯➯➼

y − 1
2
≤ [y] < y + 1

2
❝

❁➅➊❬❴❭❫❩➆❫❪❬❴ ✎ ➹öôõ x ñêë òöîñõôöê ÷óðîôòðøîë ïñ í÷öøî✻ìë ➍✄☎ ✲
∀k = 1, 2, . . . , D, x1,k = j ⇒ x2,k = k − j

➁öê✯ ❀ òô x1,k = j öê ð
x2,k − kr2 = k − j − kr2

= k (1 − r2) − j
= kr1 − j
= − (x1,k − kr1)✄ ôêòô ❀ ∀k = 1, 2, . . . , D, |x1,k − kr1| = |x2,k − kr2| ✲➢ð÷ ïó➎êôõôöê ïë x∗

i,k ❀ öê ð |x∗
i,k − kri| ≤ 1

2
íöñ÷ õöñõ i = 1, 2 ëõ õöñõ k = 1, 2, . . . , D ✲❽öêòôïó÷öêò ì ðôêõëêðêõ ñêë òöîñõôöê ÷óðîôòðøîë x ïñ í÷öøî✻ìë ➍✄☎ ✭ñô ïô✝✻÷ë ïë x∗ ❙î ➀ôêòõðêõ l ✲ ➜ëò ðñõëñ÷ò ìöêõ÷ëêõ ïðêò ✕➐➛✖ ✭ñ ➀ñêë õëîîë òöîñõôöê ✺ó÷ô➎ë |x1,l − lr1| ≥ 1

2
✲✄ ôêòô ❀ ∀k = 1, 2, . . . , D,∀i = 1, 2, öê ð |xi,k − kri| ≥ |x∗

i,k − kri| ✲➜ëò ❊öê✯õôöêò F1
ëõ F2 ✺ó÷ô➎ëêõ ∀i = 1, 2, ∀y ∈ ]−∞, +∞[ , Fi (y) = Fi (|y|) ëõ òöêõ✯÷öôòòðêõëò òñ÷ [0, +∞[ ✲Òê ð ïöê✯ ❀ ∀k = 1, 2, . . . , D, ∀i = 1, 2, Fi (xi,k − kri) ≥ Fi

(

x∗
i,k − kri

) ✲✄ îö÷ò ❀ íöñ÷ õöñõë ❊öê✯õôöê öø➩ ë✯õô❊ ❀ F = Fmax öñ F = Fsum õëîîë ✭ñë F1
ëõ F2

òöêõ ïëò
❊öê✯õôöêò íöòôõô✺ëò ✯÷öôòòðêõëò òñ÷ [0, +∞[ ❀ x∗ ëòõ ñêë òöîñõôöê öíõôì ðîë íöñ÷ îë í÷öøî✻ìë➍✄☎ ðòòö ✯ôó ❙ îð ❊öê✯õôöê F ✲ ¤

❞❡ô❣❤✐❥❡ ❦ õt ✉⑨⑥ ♠✈②♥② ✉t⑥②t ✇♥ ✈♥ö✈t ⑥ ③ ✈t⑥ ⑤q ♦r② ③q ♦⑥
F1

t②
F2

⑥q ♦② ③♣t ♦② ③⑧ ♠t⑥ ⑦ ①q⑥ ③② ③✇t⑥ ⑦♣⑨r ✉q ③⑥⑥♥ ♦②t⑥ ⑥ ♠✉
]−∞, 0]

t② r ✉q ③⑥⑥♥♦②t⑥ ⑥ ♠✉
[0, +∞[ ❼ ÷✈ ♦ øt⑥② ①✈♠⑥ ✇♥ ✈♥ ö✈t ⑥ ③ ✈t⑥ ⑤q ♦r② ③q ♦⑥⑥q ♦② ♣ ③ù ⑨ ✉t ♦②t⑥ ⑦ ①q⑥ ③② ③✇t⑥ ⑦ ♣⑨r ✉q ③⑥⑥♥♦②t⑥ ⑥ ♠✉

]−∞, 0]
⑦ r ✉q ③⑥⑥♥♦②t⑥ ⑥ ♠✉

[0, +∞[
t② ♦q ♦①♥ ③✉t⑥ ❼ úq ♠✉ ✈ø③♦⑥②♥ ♦rt

da = 1
t②

db = 3
⑦ ⑥ ③ q ♦ ④ ③♦③④ ③⑥t ✈t ②q②♥ ✈ ♣t⑥ ♣⑨✇ ③♥② ③q ♦⑥ ♥✇tr

Fa(−1
2) + Fb(

1
2) < Fa(

1
2) + Fb(−1

2)
⑦ ♥ ✈q ✉⑥

x∗ ⑧ ♠③ ✉t ①✉⑨⑥t ♦②t ✈♥ ⑥⑨⑧ ♠t♦rt
(b, b, a, b)♦øt⑥② ①♥⑥ q ①② ③④♥ ✈t ①♠③⑥⑧ ♠t ✈♥ ⑥⑨⑧ ♠t♦rt

S = (b, a, b, b)
t⑥② ⑥② ✉③r②t④t♦② ④t ③✈✈t ♠✉t ❼



Þ ✞Ó ✞ ✾✽ ✃➱☛ ➱❮➮✃➱✾✌❮ ❮➱☛ ☞✟✃➮✌◗❒❮ ✿❒ ✡✾✌ ➤✃➱✾✌❮ ✾✍ß❒➤✃➱✡ ➐✱✆
✄✺ë✯ íîñò ïë ïëñ❅ õ❾íëò ïë íô✻✯ëò ❀ ôî ê ➀ëòõ íîñò íöòòôø îë íöñ÷ õöñõë ôêòõðê✯ë ï ➀öíõôì ôòë÷õöñõëò îëò ❊öê✯õôöêò öø➩ ë✯õô❊ò òôìñîõðêóìëêõ ✲ ➜ ➀✄êêë❅ë ✄ ✲Ñ í÷öíöòë ñê ë❅ëìíîë ïóìöê✼õ÷ðêõ ✯ë ÷óòñîõðõ ✲
➂ ✎➃ ✎➃ ✎➃ ❁➅✒ ❪➆❫❪❬❴❭ ❄❬➠❩ ➇➆ ➨❬❴➥❫❪❬❴ ❬➦➧ ➈➥❫❪➨

Fmax

Òê íëñõ ò ➀ôêõë÷÷ö✮ë÷ òñ÷ îë ❊ðôõ ✭ñë îë ì ð❅ ôìñì ïëò ïó✺ ôðõôöêò ëòõ óõñïôó ïðêò îð îôõõó÷ðõñ÷ëñêô✭ñëìëêõ íöñ÷ îëò ïó✺ ôðõôöêò Fi(x) = |x| ✲➜ë ÷óòñîõðõ òñô✺ðêõ ìöêõ÷ë ✭ñë î ➀öê íëñõ ëê ❊ðôõ í÷ëêï÷ë ê ➀ôìíö÷õë ✭ñëîîëò ❊öê✯õôöêò ✯öììëïó✺ ôðõôöêò ❀ íöñ÷✺ñë ✭ñë õöñõëò îëò ❊öê✯õôöêò Fi
òöôëêõ ôïëêõô✭ñëò ëõ ó✮ðîëò ❙ ñêë ❊öê✯õôöê F✭ñô í óêðîôòë ïë ❊ð➒öê ó✮ðîë îë ÷ëõð÷ï ëõ î ➀ð✺ðê✯ë ✲

❨ ❩❬❄❬❭❪❫❪❬❴ ✏û ➧ ➺➳✓ B ➯❰ ➼ ❉➺➸❰➼ ➼✓ F : R −→ R+ ➯❰ ➼ ➩ ➺❰ ➻✓➳➺❰ ➵➭➳➸➼ ➲ ✓➸➳➻✓➼➪ ➼❰ ✓➻➸➺➳➲➲➭❰ ✓➼ ➲➯➸
R+ ❝ ➧➯➵➵ ➺➲➺❰➲ ➯➯➼ ✓➺➯ ✓➼➲ ➽➼➲ ➣✶↕➳➭✓➳➺❰➲ Fi

➲ ➺❰ ✓ ✶✔➭➽➼➲ ä F ❝ ✴ ➽➺➸➲➨ ➯❰ ➼➲➺➽➯ ✓➳➺❰ X = (xi,k) ü➵ ➺➯➸ ➽➼ ➵ ➸➺❉➽Ü➪ ➼ üý❝þÿÿ ➭ ➯❰ ➪ ➭➭ ➳➪➯➪ ➣➼➲ ➣✶↕➳➭✓➳➺❰➲ ➳❰➩ ✶➸➳➼➯➸ ä B➲➳ ➼✓ ➲ ➼➯➽➼➪ ➼❰ ✓ ➲➳
max

i,k
F (xi,k) ≤ F (B)

�❰ ➵➭➸✓➳➻➯➽➳➼➸➨ X
➼➲ ✓ ➺➵ ✓➳➪ ➭➽ ➵ ➺➯➸ maxi,k |xi,k − kri| ➲➳ ➼✓ ➲ ➼➯➽➼➪ ➼❰ ✓ ➲➳ X

➼➲ ✓ ➺➵ ✓➳➪ ➭➽➼➵ ➺➯➸ maxi,k F (xi,k − kri)
❝

✁✑➅➈ ✑➈ ➇➆ ❄❩➈➠✒➈ ✕✆➏✖ ➚➹öôõ F : R+ −→ R+ ñêë ❊öê✯õôöê ✯÷öôòòðêõë ëõ òöôõ A ñê òöñò✼ëêòëìøîë ➎êô ïë R+ ✲ ✄ îö÷ò
max
a∈A

{F (a)} = F

(

max
a∈A

{a}
)

➁ ë íîñò ❀ òô F ëòõ òõ÷ô✯õëì ëêõ ✯÷öôòòðêõë ❀ îë ì ëìø÷ë ïë ✮ðñ✯✰ë ëòõ ðõõëôêõ ñêô✭ñëìëêõ íð÷î ➀óîóì ëêõ ì ð❅ ôìñì a ∈ A ✲ ¤✄ ôêòô ❀ õöñõëò îëò ❊öê✯õôöêò ïë ïó✺ ôðõôöêò íðô÷ëò ëõ ✯öê✺ë❅ëò òöêõ ó✭ñô✺ðîëêõëò òô öê öíõôì ôòëîë ì ð❅ ôìñì ïëò ïó✺ ôðõôöêò ➚ ëîîëò öêõ îë ì ➑ìë ëêòëìøîë ïë òöîñõôöêò öíõôì ðîëò
➂ ✎➃ ✎➃ ✎➄ ✂❄❫❪➊ ❪❭➈❩ ➇➈ ➊➆❂ ❪➊➠➊ ➈❫ ➇➆ ❭❬➊➊➈ ✑➈❭ ✑➅✒❪➆❫❪❬❴❭ ❭❪➊➠➇❫➆❴➅➊➈❴❫
➢öñ÷ õ÷öñ✺ë÷ îëò ë❅ëìíîëò ïë ✯ëõõë òë✯õôöê ❀ êöñò ð✺öêò ñõôîôòó îë îö✮ ô✯ôëî ❽➢➜❿✄ ð➎ê ïë
÷óòöñï÷ë îëò í÷ö✮÷ðììëò îôêóðô÷ëò ïó✯÷ô✺ðêõ îëò ïô✝ó÷ëêõò í÷öøî✻ìëò ëõ êöñò ð✺öêò ðïöíõóíöñ÷ ✯ëñ❅✼✯ ô ïëò ❊ö÷ìñîðõôöêò ë❳✯ð✯ëò ✲ éêë ïëò✯÷ôíõôöê ✯öìíî✻õë ïë ✯ëò ❊ö÷ìñîðõôöêò ëòõïöêêóë ïðêò î ➀✄êêë❅ë ✄ ✲➏ ✲
➴öò õëòõò ð✺ðôëêõ íöñ÷ øñõ ï ➀öøõëêô÷ ïëò ôêòõðê✯ëò íöñ÷ îëò✭ñëîîëò ✯ë÷õðôêëò òó✭ñëê✯ëò öí✼õôì ôòëêõ íîñòôëñ÷ò ✯÷ôõ✻÷ëò òôìñîõðêóì ëêõ ❀ öñ íöñ÷ îëò✭ñëîîëò ðñ✯ñêë òó✭ñëê✯ë ê ➀öíõôì ôòë✯ë÷õðôêò ✯÷ôõ✻÷ëò òôìñîõðêóìëêõ ✲ ➢öñ÷ ñêë ôêòõðê✯ë ïöêêóë ❀ êöñò ð✺öêò ôêõ÷öïñôõ ✯ôê✭ ✺ð✼÷ôðøîëò øööîóëêêëò êöõóëò AM ❀ SM ❀ AM1 ❀ SM1 ëõ AS íöñ÷ ïó✯÷ô÷ë ✭ñëîò ✯÷ôõ✻÷ëò òöêõöíõôì ôòóò íð÷ ✯ëõõë ôêòõðê✯ë ✲ ➁ðêò ✯ëò êöõðõôöêò ❀ A ✯ö÷÷ëòíöêï ❙ òñì ✼ðøò ❀ S ❙ òñì ✼ò✭÷ ❀
M ❙ ìð❅✼ðøò ❀ M1 ❙ ìð❅ ôìñì ïëò ïó✺ ôðõôöêò ôê ❊ó÷ôëñ÷ ❙ 1 ✲ ➢öñ÷ ñêë ôêòõðê✯ë ïöêêóë ❀



➐✱➘ ➤➥➮✽ ➱ ✃❐❒ Þ ✞ ✾❐✿✾✌✌➮✌ ➤❒☛❒✌ ✃ ß ☞❮ ✃❒ àá à✃❒☛✽❮
AM ëòõ ✺÷ðôë òô ëõ òëñîëì ëêõ òô ôî ë❅ ôòõë ñêë òó✭ñëê✯ë ✭ñô öíõôì ôòë òñì ✼ðøò ëõ ì ð❅✼ðøò òôìñîõðêóìëêõ ❀ SM ëòõ ✺ ÷ðôë òô ëõ òëñîëì ëêõ òô ñêë òó✭ñëê✯ë öíõôì ôòë òñì ✼ò✭÷ ëõì ð❅✼ðøò òôìñîõðêóìëêõ ❀ AM1 ëòõ ✺÷ðôë òô ëõ òëñîëì ëêõ òô îë ì ð❅ ôìñì ïëò ïó✺ ôðõôöêòï ➀ñêë òó✭ñëê✯ë öíõôì ðîë ïë òñì ✼ðøò ëòõ ôê ❊ó÷ôëñ÷ ❙ 1 ❀ SM1 ëòõ ✺÷ðôë òô ëõ òëñîëì ëêõ òôñêë òó✭ñëê✯ë öíõôì ðîë ïë òñì ✼ò✭÷ ð òöê ì ð❅ ôìñì ïëò ïó✺ ôðõôöêò ôê ❊ó÷ôëñ÷ ❙ 1 ❀ ëõ AS ëòõ✺÷ðôë òô ëõ òëñîëì ëêõ òô ñêë òó✭ñëê✯ë öíõôì ôòë òñì ✼ðøò ëõ òñì ✼ò✭÷ òôìñîõðêóìëêõ ✲Òê êöõë V îð ✺ðîëñ÷ øööîóëêêë V rai ëõ F îð ✺ðîëñ÷ øööîóëêêë Faux ✲ ➜ë ✭ñôêõñíîëõ
(AM,SM,AM1, SM1, AS) êë íëñõ íðò í÷ëêï÷ë õöñõëò îëò ✺ðîëñ÷ò ïë {V rai, Faux}5 ✲☎ ëì ð÷✭ñöêò õöñõ ï ➀ðøö÷ï ✭ñë òô AM ëòõ ✺÷ðôë ❀ ðîö÷ò AM1 ëòõ ✺÷ðôë íñôò✭ñë îð ✺ðîëñ÷ öí✼õôì ðîë ïë ì ð❅✼ðøò ëòõ õöñ➩ öñ÷ò ôê ❊ó÷ôëñ÷ë ❙ 1 ✲ ➁ ë ì ➑ìë ❀ SM ëòõ ✺ ÷ðôë ôìíîô✭ñë ✭ñë SM1ëòõ ✺÷ðôë ✲ ➜ëò ôìíîô✯ðõôöêò AM ⇒ SM ∧AS ëõ AM1 ⇒ SM1∧AS òöêõ ïëò ✯öêòó✭ñëê✯ëòïô÷ë✯õëò ïñ ☎✰óö÷✻ìë ➐Ñ ✲ ➁ ë íîñò ❀ öê ð î ➀ðòòë÷õôöê òñô✺ðêõë ➚
❨❩❬❄❬❭❪❫❪❬❴ ➃✆

SM ∧ AM1 ⇒ AM ❝
❁➅➊❬❴❭❫❩➆❫❪❬❴ ✎ ❽öêòôïó÷öêò ñêë ôêòõðê✯ë ïñ í÷öøî✻ìë ï ➀ö÷ïöêêðê✯ëì ëêõ ➍✄☎ ëõ òñí✼íöòöêò ✭ñë SM ëõ AM1 òöêõ ✺÷ðôëò íöñ÷ ✯ëõõë ôêòõðê✯ë ✲ ➹öôëêõ Y ∗ ñêë òó✭ñëê✯ë öíõôì ô✼òðêõ òñì ✼ò✭÷ ëõ ì ð❅✼ðøò òôìñîõðêóìëêõ ëõ y∗ ñêë òó✭ñëê✯ë öíõôì ðîë íöñ÷ òñì ✼ðøò ïöêõîë ì ð❅ ôìñì ïëò ïó✺ ôðõôöêò ëòõ ôê ❊ó÷ôëñ÷ ❙ 1 ✲➜ð òöîñõôöê Y ∗ ëòõ öíõôì ðîë íöñ÷ òñì ✼ò✭÷ ✲ ✄ ôêòô ❀

∑

i,j,k

Cs
i,j,ky

∗
i,j,k ≥

∑

i,j,k

Cs
i,j,kY

∗
i,j,k

➜ë ì ð❅ ôìñì ïëò ïó✺ ôðõôöêò íöñ÷ Y ∗ ëòõ ó✮ðî ❙ îð ✺ðîëñ÷ öíõôì ðîë ïë ì ð❅✼ðøò ëõ ëòõ ïöê✯ôê❊ó÷ôëñ÷ ❙ 1 ✲ ✄ ôêòô ❀ öê íëñõ ïóïñô÷ë ïë îð í÷ëñ✺ë ïñ ☎✰óö÷✻ìë ➐Ñ ✭ñë
∑

i,j,k

Cs
i,j,kY

∗
i,j,k =

∑

i,j,k

Ca
i,j,kY

∗
i,j,k

➁ ë ì ➑ìë ❀ íñôò✭ñë îð òöîñõôöê y∗ ð ñê ìð❅ ôìñì ïëò ïó✺ ôðõôöêò ôê ❊ó÷ôëñ÷ ❙ 1 ❀ öê ð
∑

i,j,k

Cs
i,j,ky

∗
i,j,k =

∑

i,j,k

Ca
i,j,ky

∗
i,j,k

Òê öøõôëêõ ðîö÷ò î ➀ôêó✮ðîôõó òñô✺ðêõë ➚
∑

i,j,k

Ca
i,j,ky

∗
i,j,k ≥

∑

i,j,k

Ca
i,j,kY

∗
i,j,k

➢ñôò✭ñë îð òó✭ñëê✯ë y∗ ëòõ ì ôêôì ðîë íöñ÷ òñì ✼ðøò ❀ îð òó✭ñëê✯ë Y ∗ ëòõ ðñòòô ì ôêôì ðîëíöñ÷ òñì ✼ðøò ✲ ❽öììë Y ∗ ëòõ öíõôì ðîë í öñ÷ ì ð❅✼ðøò ëõ òñì ✼ðøò ❀ AM ëòõ ✺÷ðôë ✲ ¤➜ð ✳ ô✮ñ÷ë ✆ ✲➏ ïöêêë ñêë ôîîñòõ÷ðõôöê ïëò ✺ðîëñ÷ò íöòòôø îëò ïñ ✭ñôêõñíîëõ ÏAM ❀ SM ❀ AM1 ❀
SM1 ❀ AS Ð ✲ ➢öñ÷ õöñõ X ∈ {AM,SM,AM1, SM1, AS} ❀ öê êöõë IX î ➀ëêòëìøîë ïëò ôêò✼õðê✯ëò õëîîëò ✭ñë X ëòõ ✺÷ðôë ✲ ❽öììë AM ⇐⇒ SM ∧AM1 Ïï ➀ðí÷✻ò îë ☎✰óö÷✻ìë ➐Ñ ëõ îð➢ ÷öíöòôõôöê ➏✱Ð ❀ î ➀ëêòëìøîë IAM ëòõ ó✮ðî ❙ î ➀ôêõë÷òë✯õôöê ïëò ëêòëìøîëò IAM1 ëõ ISM ✲➢öñ÷ ÷ëêï÷ë îð ✳ ô✮ñ÷ë ✆ ✲➏ íîñò ✯ îðô÷ë ❀ öê êë ïëòòôêë ïöê✯ íðò î ➀ëêòëìøîë IAM ✲ ➜ëò êöìø÷ëòïðêò îëò ëêòëìøîëò ÷ëí÷óòëêõëêõ îëò òëíõ ë❅ ëìíîëò ïë îð ☎ðøîë ✆ ✲➏ ✲
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✝✞

✟✠

✡☛

☞✌

✍✎

✏✑

✒✓
1

2

3

4

5

6

7

IAM1

ISM1

ISM

IAS

❚ ✔❯ ❱ ✆ ✲➏ Ô ☎ ëí÷óòëêõðõôöê ïëò ëêòëìøîëò ï ➀ôêòõðê✯ëò ✯ö÷÷ëòíöêïðêõ ðñ❅ ïô✝ ó÷ëêõëò ✺ðîëñ÷òïñ ✭ñôêõñíîëõ (AM,SM,AM1, SM1, AS)

➜ð ☎ðøîë ✆ ✲➏ í÷öíöòë ñêë ôêòõðê✯ë íöñ÷ ✯✰ð✭ñë ✺ðîëñ÷ íöòòôø îë ïñ ✭ñôêõñíîëõ ÏAM ❀ SM ❀
AM1 ❀ SM1 ❀ AS Ð ❙ î ➀ë❅✯ëíõôöê ïñ ✭ñôêõñíîëõ (F, F, F, F, F ) ✲ ❽ëò ôêòõðê✯ëò òöêõ ïöêêóëòëê ñõôîôòðêõ ñêë êöõðõôöê ✯öìíð✯õë íöñ÷ îë ✺ë✯õëñ÷ ïëò ïëì ðêïëò ✲ Òê êöõë d = (dp

a, d
q
b)îë ✺ë✯õëñ÷ ïëò ïëì ðêïëò ïë î ➀ôêòõðê✯ë ❙ n = p + q õ❾í ëò ïë íô✻✯ëò ïöêõ îëò ïëì ðêïëòïëò p í÷ëì ôë÷ò õ❾íëò òöêõ ó✮ðîëò ❙ da

ëõ îëò q òñô✺ðêõëò òöêõ ó✮ðîëò ❙ db ✲ ➢öñ÷ ✯✰ð✯ñêëïëò ôêòõðê✯ëò ❀ òô ñêë ïëò ✺ð÷ôðøîëò øööîóëêêëò AM ❙ AS ëòõ ✺÷ðôë ❀ êöñò ïöêêöêò ñêëòó✭ñëê✯ë ✭ñô îë í÷öñ✺ë ✲ ❽ëõõë òó✭ñëê✯ë ëòõ ðñòòô ÷ëí÷óòëêõóë ïðêò ñêë ❊ö÷ì ë ✯öìíð✯õë ✲➹ô îëò õ❾íëò ïë íô✻✯ëò i ëõ i′ òöêõ õëîò ✭ñë di = di′ ❀ öê íëñõ ó✯✰ðê✮ë÷ îëò íô✻✯ëò (i, j)ëõ (i′, j) òðêò ì öïô➎ë÷ îð òöììë öñ îë ì ð❅ ôìñì ïëò ïó✺ ôðõôöêò ✲ ➢ñôò✭ñë ïðêò ✯✰ð✯ñêïëò ë❅ëìíîëò ❀ îëò õ❾íëò ïë íô✻✯ëò öêõ ðñ íîñò ïëñ❅ ✺ðîëñ÷ò ïô✝ó÷ëêõëò da
ëõ db ❀ öê êöõë

aj ❀ j = 1, 2, . . . , da
î ➀ëêòëìøîë ïëò íô✻✯ëò (i, j) õëîîëò ✭ñë di = da

ëõ bj ❀ j = 1, 2, . . . , dbõöñõëò îëò íô✻✯ëò (i, j) õëîîëò ✭ñë di = db ✲ ➢ð÷ ë❅ ëìíîë ❀ òô d = (1, 1, 4, 4) = (12, 42) ❀îð òó✭ñëê✯ë ïë íô✻✯ëò ((3, 1), (4, 1), (3, 2), (4, 2), (1, 1), (2, 1), (3, 3), (4, 3), (3, 4), (4, 4)) ëòõêöõóë (b1, b1, b2, b2, a1, a1, b3, b3, b4, b4) öñ (b2
1, b

2
2, a

2
1, b

2
3, b

2
4) ✲ ➁ ðêò îð ☎ðøîë ✆ ✲➏ ❀ öê êöõë ➲➶➭îð ❊öê✯õôöê öø➩ ë✯õô❊ òñì ✼ðøò ❀ ➲➶➲ îð ❊öê✯õôöê öø➩ ë✯õô❊ òñì ✼ò✭÷ ëõ ➪ ➶➭ îð ❊öê✯õôöê öø➩ ë✯õô❊ìð❅✼ðøò ✲➢öñ÷ ì öêõ÷ë÷ ✭ñë îëò ✺ð÷ôðøîëò øööîóëêêëò AM ❙ AS òöêõ ✺÷ðôëò íöñ÷ ñêë ôêòõðê✯ë ïöêêóë ❀öê íëñõ ë❅✰ ôø ë÷ ñêë òó✭ñëê✯ë ð✺ë✯ îëò ✯ð÷ð✯õó÷ôòõô✭ñëò òöñ✰ðôõóëò ✲ ➜ ➀öíõôì ðîôõó ïë ✯ëõõëòó✭ñëê✯ë íöñ÷ îð ❊öê✯õôöê öø➩ ë✯õô❊ òñì ✼ðøò öñ òñì ✼ò✭÷ í ëñõ ➑õ÷ë ìöêõ÷óë ëê ñõôîôòðêõîð ➢ ÷öíöòôõôöê ➐✸ ➚ öê ✯öêòõ÷ñôõ îë ✮÷ðí✰ë øôíð÷õô ✯öìíîëõ Gw Ï✺öô÷ ➹ë✯õôöê ✆ ✲➐✲➏ ✲➬Ð ✲ ➜ðòó✭ñëê✯ë ëòõ ÷ëí÷óòëêõóë íð÷ ñê ✯öñíîð✮ë íð÷❊ðôõ ✲ ➁öêêë÷ îëò íöôïò zk

ëõ zi,j
ïëò òöììëõòïë Gw ðòòö ✯ ôóò ðñ ✯öñíîð✮ë ëòõ òñ❳ òðêõ íöñ÷ ìöêõ÷ë÷ î ➀öíõôì ðîôõó ïë îð òó✭ñëê✯ë ✲✄ ôêòô ❀ îö÷ò✭ñë AS ê ➀ëòõ íðò ïó➩ ❙ ôìíîô✭ñóë íð÷ AM öñ AM1 ❀ öê íëñõ ìöêõ÷ë÷ ✭ñë ASëòõ ✺÷ðôë ëê ë❅✰ ôøðêõ îë ✯öñíîð✮ë íð÷❊ðôõ ÷ëí÷óòëêõðêõ îð òöîñõôöê öíõôì ðîë ✯öììñêë ❙òñì ✼ðøò ëõ òñì ✼ò✭÷ ëõ ëê í÷öíöòðêõ îëò íöôïò ïëò òöììëõò ðòòö ✯ôóò ❙ ✯✰ð✯ñê ïëò ✮÷ðí✰ëòøôíð÷õôò Ï✺öô÷ ➹ë✯õôöê ✆ ✲➐✲➏ ✲➬Ð ✲



➐✱➛ ➤➥➮✽ ➱ ✃❐❒ Þ ✞ ✾❐✿✾✌✌➮✌ ➤❒☛❒✌ ✃ ß ☞❮ ✃❒ àá à✃❒☛✽❮

✕◆✖ ❱ ✆ ✲➏ Ô ❿❅ëìíîë ï ➀ôêòõðê✯ëò ïöêõ ✯ë÷õðôêëò òó✭ñëê✯ëò öíõôì ôòëêõ íîñòôëñ÷ò ✯÷ôõ✻÷ëò

✗✘✙✚
✛✜✢

✣✜
✤✥✦

✢✜✚
✧★✦

✜✢✣
✜✩

✪✛✙✫
✙✚✬

✢✛
✭✮

✯✮
✭✮

✰
✯✮

✰
✭✯

✱✲✳
✱✲✱

✱✲✳
✱✲✱

✱✲✳
✴✢✚

✛✬✢
✣✜

✵✶✜✦
✷✜

✸✹
✸✹

✳✺✸✻
✳✺✸✻

✸✹
✼✲✳

✼✲✳
✼✲✳ ≤

1
✼✲✳ ≤

1
✱✲✱

✰
✽

✽
✽

✽
✽

d
=

(1
)

S
=

(a
1
)

✸✱✹
✾✿✹❀

✼✳❁✸
✿✾❂

❃✹✾
❂✱❁

✸✱✿
❃✾❄❁

❅✼✸
✱

❆
❇

✽
❇

✽
✽

d
=

(1
9
,7

3
)

S
=

(b
3 1
,b

3 2
,a

3 1
,b

3 3
,a

1
,b

3 4
,a

2 1
,b

3 5
,a

3 1
,b

3 6
,b

3 7
)

✸✱✹
✾✿✹❀

✼✳❁✸
✿✾❂

❃✱❂
✼✲✳❄

✱
✸✹✱

❂✼✲
✱❈❃❉

S
′
=

(b
3 1
,a

1
,b

3 2
,a

2 1
,b

3 3
,a

1
,b

3 4
,a

2 1
,b

3 5
,a

2 1
,b

3 6
,a

1
,b

3 7
)

✸✱✹
✾✿✹❀

✼✳❁✸
✿✾❂

❃✱❂
✼✲✱❈

❃✸✹
✼✳❊✲

✳❄✱
❋

❇
✽

❇
✽

❇
d

=
(1

1
2
,1

02
)

S
=

(b
2 1
,a

1
,b

2 2
,a

1
,b

2 3
,a

2 1
,b

2 4
,a

1
,b

2 5
,a

2 1
,b

2 6
,a

1
,b

2 7
,a

2 1
,b

2 8
,a

1
,b

2 9
,a

1
,b

2 1
0
)

✸✱✹
✾✿✹❀

✼✳❁✸
✿✾❂

❃✱❂
✼✲✱❈

❃✸✹
✼✳❊✲

✳❄✱
●

❇
❇

✽
✽

✽
d

=
(1

2
,4

2
)

S
=

(b
2 1
,b

2 2
,a

2 1
,b

2 3
,b

2 4
)

✸✱✹
✾✿✹❀

✼✳❁✸
✿✾❂

❃✱❂
✼✲✳❄

✱✳✺
✸✻

❂❍
✼✳❊❀

✼❂✼
■✸✱

■❏✺❀
✳✹❀✾

❍✱❀
❍❑❏❃

❀✸❂
❃▲

▼
◆

❇
❇

❇
✽

✽
d

=
(1

1
0
,6

5
)

S
=

(b
5 1
,a

1
,b

5 2
,a

3 1
,b

5 3
,a

2 1
,b

5 4
,a

3 1
,b

5 5
,a

1
,b

5 6
)

✸✱✹
✾✿✹❀

✼✳❁✸
✿✾❂

❃✱❂
✼✲✱❈

❃
✳✺✸✻

❂❍
✼✳❊❀

✼❂✼
■✸✱

■❏✺❀
✳✹❀✾

❍✱❀
❍❑❏❃

❀✸❂
❃▲

▼✸✹
S
′
=

(b
5 1
,b

5 2
,a

3 1
,b

5 3
,a

4 1
,b

5 4
,a

3 1
,b

5 5
,b

5 6
)

✸✱✹
✾✿✹❀

✼✳❁✸
✿✾❂

❃✱❂
✼✲✳❄

✱
✸✹✱

❂✼✲
✱❈❃

❖
❇

❇
❇

✽
❇

d
=

(1
9
,6

4
)

S
=

(b
4 1
,a

1
,b

4 2
,a

2 1
,b

4 3
,a

3 1
,b

4 4
,a

2 1
,b

4 5
,a

1
,b

4 6
)

✸✱✹
✾✿✹❀

✼✳❁✸
✿✾❂

❃✱❂
✼✲✱❈

❃✸✹
✸✱✹ 1

✲❄✾❃
❍❏✸❉

P
❇

❇
❇

❇
✽

d
=

(1
7
,6

4
)

S
=

(b
4 1
,b

4 2
,a

2 1
,b

4 3
,a

3 1
,b

4 4
,a

2 1
,b

4 5
,b

4 6
)

✸✱✹
✾✿✹❀

✼✳❁✸
✿✾❂

❃✱❂
✼✲✳❄

✱✸✹
✱❂

✼✲✱❈
❃
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B✼❞❲❨❬❴❪ ❀ ❲❬ ❵❪❳❭ ❫❲❛❭ ✯❜❝✯❳❝❪❨ ❝❪❩ ❜❅ ❛❩❳❩ ❡❪❫ ❡❴✺ ❛❜❭❛❲❬❫ ❵❲❳❨ ❝❜ ❫❴✭❳❪❬✯❪ ❪❭ ✺❴❨❛➎❪❨ ✭❳ ➀❛❝ ❪❫❭ ❞❛❪❬ ❛❬ ❊❴❨❛❪❳❨ ❙ B ❀ ❫❲❛❭
✯❲❬❫❭❨❳❛❨❪ ❝❪ ✮❨❜❵✰❪ ✯❲❨❨❪❫❵❲❬❡❜❬❭ ❜❳ ❵❨❲❞❝✻❩❪

B ❞❲❨❬❴ ❢✺❲❛❨ ❣❪✯❭❛❲❬ ✆ ✲➐✲➏ ✲➏❤ ❪❭ ✺❴❨❛➎❪❨✭❳❪ ❭❲❳❭❪❫ ❝❪❫ ❜❨➑❭❪❫ ❡❪ ❝❜ ❫❴✭❳❪❬✯❪ ❢✯ ➀❪❫❭✼❙✼❡❛❨❪ ❡❳ ✯❲❳❵❝❜✮❪ ❵❜❨❊❜❛❭ ❲❵❭❛❩ ❜❝ ❵❲❳❨ ❝❜
❊❲❬✯❭❛❲❬ ❲❞✐ ❪✯❭❛❊ ❩❛❬✼❫❳❩ ❤ ❜❵❵❜❨❭❛❪❬❬❪❬❭ ❜❳ ❫❲❳❫✼✮❨❜❵✰❪ ✲☎❨❲❳✺❪❨ ❝❜ ✺❜❝❪❳❨ ❲❵❭❛❩ ❜❝❪ ❡❪ ❝❜ ❊❲❬✯❭❛❲❬ ❲❞✐ ❪✯❭❛❊ ❩❜❅✼❜❞❫ ❵ ❪❳❭ ➑❭❨❪ ❊❜❛❭ ✯❲❩❩❪ ❡❜❬❫ ❝❜❣❪✯❭❛❲❬ ✆ ✲➐✲➏ ✲➏ ✲➢❲❳❨ ❩ ❲❬❭❨❪❨ ✭❳❪ ❝❪❫ ✺❜❨❛❜❞❝❪❫ AM ❙ SM1

❫❲❬❭ ❊❜❳❫❫❪❫ ❀ ❲❬ ❡❲❛❭ ✯❲❩❵❜❨❪❨ ❝❪❫ ✺❜❝❪❳❨❫❲❵❭❛❩ ❜❝❪❫ ❡❪❫ ❊❲❬✯❭❛❲❬❫ ❲❞✐ ❪✯❭❛❊ ❩❛❬✼❫❳❩ ❡❪❫ ❵❨❲❞❝✻❩❪❫ ❞❲❨❬❴❫ ❪❭ ❬❲❬ ❞❲❨❬❴❫ ✲ ❽❪❝❜ ❫❛✮❬❛✼➎❪ ✭❳❪ ❝ ➀❲❬ ❡❲❛❭ ✯❜❝✯❳❝❪❨ ❝❪ ✯❲❳❵❝❜✮❪ ❵❜❨❊❜❛❭ ❲❵❭❛❩ ❜❝ ❪❭ ❝❪❫ ❵❲❛❡❫ ❡❪❫ ❫❲❩❩❪❭❫ ❵❲❳❨ ❝❪❫❵❨❲❞❝✻❩❪❫ ❞❲❨❬❴❫ ❪❭ ❬❲❬ ❞❲❨❬❴❫ ✲ ❣❛ ❝❪❫ ✺❜❝❪❳❨❫ ❡❪❫ ❡❪❳❅ ✯❲❳❵❝❜✮❪❫ ❫❲❬❭ ❡❛✝ ❴❨❪❬❭❪❫ ❀ ❜❝❲❨❫❝❜ ✺❜❨❛❜❞❝❪ ✯❲❨❨❪❫❵❲❬❡❜❬❭❪ ❪❫❭ ❊❜❳❫❫❪ ✲ ➜ ➀❪❅ ❪❩❵❝❪ ❫❳❛✺❜❬❭ ❛❬❡❛✭❳❪ ✭❳❪ AM
❪❫❭ ❊❜❳❫❫❪ ❵❲❳❨❝ ➀❛❬❫❭❜❬✯❪ d = (12, 42) ✲ ➢❲❳❨ ❵❝❳❫ ❡❪ ❡❴❭❜❛❝❫ ❫❳❨ ❝❜ ❫❛❩ ❵❝❛➎✯❜❭❛❲❬ ❲❵❴❨❴❪ ❫❳❨ ❝❪❫ ✮❨❜❵✰❪❫ ❡❪

✯❪❭ ❪❅❪❩❵❝❪ ❀ ❝❪ ❝❪✯❭❪❳❨ ❵ ❪❳❭ ❫❪ ❨❴❊❴❨❪❨ ❙ ❝ ➀✄❬❬❪❅❪ ✄ ✲➐✲➐✲

➐ ➏ ❥ ❦ ✆

b1 b2

a1

❧♠♥ ❧♠♦ ❧

❧♠♦ ❧ ❧ ❧♠♦
✆ ✎➃ ✆ ✎❛ ✆ ✎➃

➡✆ ✎➃
❚ ✔❯ ❱ ✆ ✲❥ Ô ❲ ❨❜❵✰❪ ❞❛❵❜❨❭❛ ❵ ❲❬❡❴❨❴ ❵❲❳❨

d1 = d2 = 1 ❀ d3 = d4 = 4
❪❭

B = 7
10

➜❪ ✮❨❜❵✰❪ ❡❪ ❝❜ ✳ ❛✮❳❨❪ ✆ ✲❥ ❨❪❵❨❴❫❪❬❭❪ ❝❪❫ ❜❨➑❭❪❫ ❪❭ ❝❪❳❨ ❵❲❛❡❫ ❢❵❲❳❨ ❝❪ ❵❨❲❞❝✻❩❪ ❫❳❩ ✼❜❞❫❤ ❡❳ ✮❨❜❵✰❪ Gw

❜❫❫❲ ✯ ❛❴ ❙ ❝ ➀❛❬❫❭❜❬✯❪ d = (12, 42)
❪❭ ❙ ❝❜ ❞❲❨❬❪ B = 0.7 ❀ ✭❳❛ ❪❫❭ ❝❜

✺❜❝❪❳❨ ❲❵❭❛❩ ❜❝❪ ❡❪ ❝❜ ❊❲❬✯❭❛❲❬ ❲❞✐ ❪✯❭❛❊ ❩❜❅✼❜❞❫ ✲ ➜ ➀✄❬❬❪❅❪ ✄ ✲➐✲➏ ❡ ➀❴✯❨❛❭ ❝❪❫ ❩ ❴❭✰❲❡❪❫ ❡❪
✯❲❬❫❭❨❳✯❭❛❲❬ ❡❪❫ ✮❨❜❵✰❪❫ ❵❲❳❨ ❝❪ ✐ ❳❫❭❪✼❙✼❭❪❩❵❫ ❪❭ ❝❪❫ ❫❛❩❵❝❛➎✯❜❭❛❲❬❫ ✭❳❛ ❾ ❫❲❬❭ ❜❵❵❲❨❭❴❪❫ ✲➜❪❫ ❜❨➑❭❪❫ ❪❬ ✮❨❜❫ ❨❪❵❨❴❫❪❬❭❪❬❭ ❳❬ ✯❲❳❵❝❜✮❪ ❵❜❨❊❜❛❭ ❩ ❛❬❛❩❳❩ ❬❲❭❴

M∗ ✲ ➜❪❫ ❵❲❛❡❫ ❡❳❜❳❅❬❲❬ ❬❳❝❫ ❫❲❬❭ ❨❪❵❨❴❫❪❬❭❴❫ ❪❬ ✮❨❜❫ ❫❳❨ ❝❪ ✮❨❜❵✰❪ ❪❭ ❪❬ ❜✐ ❲❳❭❜❬❭ ♣❴❨❲ ❫❳❨ ✯✰❜✯❳❬ ❡❪❫ ❜❳❭❨❪❫❫❲❩❩❪❭❫ ❀ ❲❬ ❲❞❭❛❪❬❭ ❳❬❪ ❫❲❝❳❭❛❲❬ ❡❳❜❝❪ ❲❵❭❛❩ ❜❝❪ ✭❳❛ ❵❨❲❳✺❪ ✭❳❪ ❝❪ ✯❲❳❵❝❜✮❪ ❪❫❭ ❲❵❭❛❩ ❜❝ ✲➜❪ ✮❨❜❵✰❪ ❡❪ ❝❜ ✳ ❛✮❳❨❪ ✆ ✲❦ ❨❪❵❨❴❫❪❬❭❪ ❳❬ ✯❲❳❵❝❜✮❪ ❡❳ ✮❨❜❵✰❪ ❞❛❵❜❨❭❛ ✯❲❩❵❝❪❭ ❜❫❫❲ ✯ ❛❴ ❙ Gw ✲❽❪ ✯❲❳❵❝❜✮❪ ❪❫❭ ❫❭❨❛✯❭❪❩ ❪❬❭ ❩ ❪❛❝❝❪❳❨ ✭❳❪ M∗ ✲ ✄ ❛❬❫❛ ❀ ❲❬ ❵❪❳❭ ❪❬ ✯❲❬✯❝❳❨❪ ✭❳❪ M∗ ❬ ➀❪❫❭❵❜❫ ❲❵❭❛❩ ❜❝ ❵❲❳❨ ❝❪ ❵❨❲❞❝✻❩❪ ❫❳❩ ✼❜❞❫ ❬❲❬ ❞❲❨❬❴ ❪❭ ✭❳❪ AM
❪❫❭ ❊❜❳❫❫❪ ✲❞❡ô❣❤✐❥❡ ❦

D = 10
t⑥② ✈t ①✈♠⑥ ①t② ③②

D
②t ✈ ⑧ ♠ ø③✈ t⑩ ③⑥②t ♠♦t ③♦⑥②♥ ♦rt ①q ♠✉ ✈♥⑧ ♠t ✈✈t ✈t⑥⑤q ♦r② ③q ♦⑥ q öq tr② ③⑤ ④♥⑩➥♥ö⑥ t② ⑥ ♠④➥♥ö⑥ ♦t ①t♠✇t♦② ①♥⑥ r② ✉t q ①② ③④ ③⑥⑨t⑥ ⑥ ③④♠✈②♥ ♦⑨④t♦② ❼➜❜ ✺❜❨❛❜❞❝❪ ❞❲❲❝❴❪❬❬❪ AS

❪❫❭ ❊❜❳❫❫❪ ✭❳❜❬❡ ❝❪❫ ❵❨❲❞❝✻❩❪❫ ❫❳❩ ✼❜❞❫ ❪❭ ❫❳❩ ✼❫✭❨ ❬ ➀❲❬❭ ❜❳✯❳❬❪❫❲❝❳❭❛❲❬ ❲❵❭❛❩ ❜❝❪ ✯❲❩❩❳❬❪ ❀ ✯ ➀❪❫❭✼❙✼❡❛❨❪ ✭❳❜❬❡ ❝❪❫ ❪❬❫❪❩❞❝❪❫ ❡❪❫ ❫❲❝❳❭❛❲❬❫ ❲❵❭❛❩ ❜❝❪❫ ❡❪❫❳❩ ✼❜❞❫ ❪❭ ❫❳❩ ✼❫✭❨ ❫❲❬❭ ❡❛❫✐ ❲❛❬❭❫ ✲ ➢❲❳❨ ❩❲❬❭❨❪❨ ✯❪ ❨❴❫❳❝❭❜❭ ❀ ❲❬ ❵❪❳❭ ❵❲❳❨ ✯✰❜✭❳❪ ❵❨❲✼❞❝✻❩❪ ❀ ✮❴❬❴❨❪❨ ❝❪ ✮❨❜❵✰❪ ❞❛❵❜❨❭❛ ❵ ❲❬❡❴❨❴
Gw

❪❭ ❭❲❳❫ ❝❪❫ ✯❲❳❵❝❜✮❪❫ ❵❜❨❊❜❛❭❫ ❩ ❛❬❛❩❜❳❅ ❡❪



➐➐✱ ➤➥❚✽ ❘ ◗s❯ Þ t ✾s✿✾✉✉❚✉ ➤❯✈❯✉ ◗ ß✇❙◗❯ àá à◗❯✈✽❙

➐ ➏ ❥ ❦ ①

b1 b2

a1

❧♠♥ ❧♠♦ ❧

❧♠♦ ❧ ❧♠♥ ❧ ❧♠♦

❚ ✔❯ ❱ ① ✲❦ Ô ②❬ ❫❲❳❫ ✮❨❜❵✰❪ ❡❳ ✮❨❜❵✰❪ ❞❛❵❜❨❭❛ d1 = d2 = 1 ❀ d3 = d4 = 4

✯❪ ✮❨❜❵✰❪ ✲ ③❬ ❵❪❳❭ ❝❪ ❊❜❛❨❪ ❪❬ ❳❭❛❝❛❫❜❬❭ ❝ ➀❜❝✮❲❨❛❭✰❩❪ ❵❨❲❵❲❫❴ ❡❜❬❫ ④➏⑤⑥ ⑦ ⑧❝ ❪❫❭ ❵❜❨❊❲❛❫ ❵❝❳❫❨❜❵❛❡❪ ❡ ➀❳❭❛❝❛❫❪❨ ❝❪ ❽❲❨❲❝❝❜❛❨❪ ✸ ⑨❲❩❩❪ ❡❜❬❫ ❝ ➀⑩❬❬❪❅❪ ⑩ ⑦❦ ⑦➐ ⑦
❶ ➲❷ ❸➾➚➷➶➪➼➺➾➚ ➘❹ ➘❺❹➘➚➼➺➾➚➼ ➸➾➼➼➺❻ ➶➘➼
❼❲❳❫ ❜❽❲❬❫ ❴❭❳❡❛❴ ❛⑨❛ ❝❜ ❵❲❫❫❛❞❛❝❛❭❴ ❡ ➀❲❵❭❛❩ ❛❫❪❨ ❡❪❳❾ ⑨❨❛❭❿❨❪❫ ❫❛❩❳❝❭❜❬❴❩❪❬❭ ❵❲❳❨ ❝❪ ❵❨❲➀
❞❝❿❩ ❪ ❡ ➀❲❨❡❲❬❬❜❬⑨❪❩ ❪❬❭ ✐ ❳❫❭❪➀❙➀❭❪❩❵❫ ⑦ ❼❲❳❫ ❬❲❳❫ ❫❲❩❩❪❫ ❛❬❭❴❨❪❫❫❴❫ ❙ ❭❨❲❛❫ ❊❲❬⑨❭❛❲❬❫ ❲❞➀✐ ❪⑨❭❛❊ ➁ ❝❪ ❩ ❜❾ ❛❩❳❩ ❡❪❫ ❡❴❽❛❜❭❛❲❬❫ ❢❩ ❜❾➀❜❞❫❤ ➂ ❝❜ ❡❴❽❛❜❭❛❲❬ ❭❲❭❜❝❪ ❢❫❳❩➀❜❞❫❤ ❪❭ ❝❜ ❫❲❩❩❪❡❪❫ ❡❴❽ ❛❜❭❛❲❬❫ ❜❳ ⑨❜❨❨❴ ❢❫❳❩ ➀❫➃❨❤ ⑦ ❼❲❳❫ ❜❽❲❬❫ ❜❳❫❫❛ ❴❭❳❡❛❴ ❝ ➀❲❵❭❛❩ ❛❫❜❭❛❲❬ ❡❪ ❫❳❩ ➀❜❞❫❢❨❪❫❵ ⑦ ❫❳❩➀❫➃❨❤ ❪❬ ❞❲❨❬❜❬❭ ❝❪ ❩ ❜❾ ❛❩❳❩ ❡❪❫ ❡❴❽❛❜❭❛❲❬❫ ❵❜❨

1 ⑦ ➁ ❜❬❫ ❝❜ ❵❝❳❵❜❨❭ ❡❪❫ ⑨❜❫ ➂❬❲❳❫ ❵❨❲❵❲❫❲❬❫ ❡❪❫ ❛❬❫❭❜❬⑨❪❫ ❵❲❳❨ ❝❪❫➃❳❪❝❝❪❫ ❛❝ ❬ ➀❾ ❜ ❵❜❫ ❡❪ ❫❲❝❳❭❛❲❬ ➃❳❛ ❲❵❭❛❩ ❛❫❪ ❫❛❩❳❝❭❜➀❬❴❩ ❪❬❭ ⑨❪❫ ⑨❨❛❭❿❨❪❫ ⑦ ❽❪❵ ❪❬❡❜❬❭ ➂ ❬❲❳❫ ❜❽❲❬❫ ❪❫❫❜❾❴ ❡❪ ❡❲❬❬❪❨ ❳❬❪ ❽❳❪ ❡ ➀❪❬❫❪❩❞❝❪ ❡❴❭❜❛❝❝❴❪❡❪ ❝ ➀❛❬❭❪❨❜⑨❭❛❲❬ ❪❬❭❨❪ ⑨❪❫ ⑨❨❛❭❿❨❪❫ ⑦➜❜ ⑨❲❬✐ ❪⑨❭❳❨❪ ➃❳❛ ❜ ❡❲❬❬❴❪ ❝❛❪❳ ❙ ⑨❪❫ ❭❨❜❽❜❳❾ ❴❭❜❛❭ ❝❜ ❫❳❛❽❜❬❭❪ ④①➛⑥ ➁➞❬❴➄ ➈➅❫➠❩➈ ➆ ❵➂❛❜ Ù ➇➈➉ ➊➇➈➊➋ ➌➍➎➊➏➍ ➐➋ ➣➈ ➑ ➉➇❉➒Ü➓ ➋ ➫ ➈➎➊➋➔ä➔➊➋➓➑ ➎➨ ➌➒ ➋➭ ➌➎➊➋ ➈➍ ➋ ➎➇➒➈➊➌➇➍➯➈➌ ➇➑ ➊➌➓ ➌➎ ➋ ➎➌➓➈➒➊➏➍ →➓ ➋➍➊ ➒➋ ➓ ➏➭ ➌➓➈➓ ➣➋➎ ➣→↕➌➏➊➌➇➍➎ ü➓➏➭ ➔➏❉➎ÿ ➋➊ ➒➏ ➣→↕➌➏➊➌➇➍ ➊➇➊➏➒➋
ü➎➈➓ ➔➏❉➎ÿ ❝
➜ ➀❪❾ ❛❫❭❪❬⑨❪ ❡❪ ⑨❲❬❭❨❪➀❪❾❪❩❵❝❪❫ ❜❽❪⑨ ❳❬❪ ❡❪❩❜❬❡❪ ❭❲❭❜❝❪

D
❫❳❵ ❴❨❛❪❳❨❪ ❙ 100

❜❽❜❛❪❬❭ ❡❴✐ ❙❴❭❴ ❛❬❡❛➃❳❴❪ ④①➣⑥ ➂ ❩ ❜❛❫ ❜❳⑨❳❬ ❡❪ ⑨❪❫ ⑨❲❬❭❨❪➀❪❾❪❩❵❝❪❫ ❬ ➀❜❽❜❛❪❬❭ ❴❭❴ ❊❲❳❨❬❛❫ ⑦ ❼❲❳❫ ❜❽❲❬❫❡❲❬❬❴ ❛⑨❛ ❝❪ ⑨❲❬❭❨❪➀❪❾❪❩❵❝❪ ❡❪ ❵❝❳❫ ❵ ❪❭❛❭❪ ❡❪❩ ❜❬❡❪ ❢
D = 10❤ ➁ ❝ ➀❛❬❫❭❜❬⑨❪ d = (1, 1, 4, 4)❜❛❬❫❛ ➃❳ ➀❳❬❪ ❩❴❭↔❲❡❪ ❵❲❳❨ ❩ ❲❬❭❨❪❨ ➃❳ ➀❛❝ ❝ ➀❪❫❭ ❞❛❪❬ ⑦➢❳❛❫➃❳❪ ❵❲❳❨ ❭❲❳❭❪ ❛❬❫❭❜❬⑨❪ ❛❝ ❪❾ ❛❫❭❪ ❳❬❪ ❫❲❝❳❭❛❲❬ ❡❲❬❭ ❝❪ ❩ ❜❾❛❩❳❩ ❡❪❫ ❡❴❽❛❜❭❛❲❬❫ ❪❫❭❛❬❊❴❨❛❪❳❨ ❙ 1

④➛➏ ➂ ➐➛⑥ ❝❜ ⑨❲❬✐ ❪⑨❭❳❨❪ ❫❳❛❽❜❬❭❪ ❪❫❭ ❵❝❳❫ ❊❜❛❞❝❪ ⑦➞❬❴➄ ➈➅❫➠❩➈ ➃ ❵❛➄❜ Ù ➇➈➉ ➊➇➈➊➋ ➌➍➎➊➏➍ ➐➋➨ ➌➒ ➋➭ ➌➎➊➋ ➈➍ ➋ ➎ →➯➈ ➋➍ ➐➋ ➇➑ ➊➌➓ ➏➒➋ ➑ ➇➈➉ ➎➈➓ ➔➏❉➎➣➇➍➊ ➒➋ ➓ ➏➭ ➌➓➈➓ ➣➋➎ ➣→↕➌➏➊➌➇➍➎ ➋➎➊ ➌➍➩ →➉➌➋➈➉ ä 1 ❝
❽❪❭❭❪ ⑨❲❬✐ ❪⑨❭❳❨❪ ❪❫❭ ❜❳❫❫❛ ❴❭❳❡❛❴❪ ❡❜❬❫ ④①➣⑥ ⑦ ➜❪❫ ❜❳❭❪❳❨❫ ⑨❲❬⑨❝❳❪❬❭ ❜❝❲❨❫ ➃❳❪ ⑨❪❭❭❪ ⑨❲❬✐ ❪⑨➀❭❳❨❪ ❪❫❭ ❽❨❜❛❪ ➂ ❩ ❜❛❫ ❡❪❫ ❭❪❫❭❫ ❝❪❳❨❫ ❲❬❭ ❵ ❪❨❩ ❛❫ ❵❝❳❫ ❭❜❨❡ ❡❪ ❭❨❲❳❽❪❨ ❳❬ ⑨❲❬❭❨❪➀❪❾❪❩❵❝❪❜❽❪⑨ D = 100

❢❴❬❲❬⑨❴ ❡❜❬❫ ④❥①⑥❤ ⑦ ➁ ❜❬❫ ❝❜ ↕❛➙❳❨❪ ① ⑦➏ ❪❭ ❝❜ ➛❜❞❝❪ ① ⑦➏ ❬❲❳❫ ❵❨❲❵❲❫❲❬❫ ❵❝❳➀



Þ t➜ t ➤➝✉ ➤➞ ✇❙❘➝✉ ❯ ◗ ❯➟ ◗❯✉❙❘➝✉❙ ➠➝❙❙❘➡➞❯❙ ➐➐➐
❫❛❪❳❨❫ ⑨❲❬❭❨❪➀❪❾❪❩❵❝❪❫ ❡❪ ❡❪❩ ❜❬❡❪ ❭❲❭❜❝❪ ❛❬➢❴❨❛❪❳❨❪ ➃❳❪ ❬❲❳❫ ❳❭❛❝❛❫❲❬❫ ❵❲❳❨ ❡❪❫ ❨❴❫❳❝❭❜❭❫❵❝❳❫ ➢❲❨❭❫ ⑦➜❪ ➛↔❴❲❨❿❩ ❪ ➐❥ ➂ ❡❴✐ ❙ ❩❲❬❭❨❴ ❡❜❬❫ ④❥①⑥ ➂ ❪❫❭ ❝❛❴ ❙ ❝❜ ❽❲❬✐ ❪⑨❭❳❨❪ ➏ ⑦ ⑧❝ ❛❬❡❛➃❳❪ ➃❳❪ ➎➌ ❳❬❪ ❫❲➀❝❳❭❛❲❬ ❜❽❪⑨ ❩ ❜❾➀❜❞❫ ❛❬➢❴❨❛❪❳❨❪ ❙ 1

❪❫❭ ❲❵❭❛❩ ❜❝❪ ❵ ❲❳❨ ❫❳❩ ➀❜❞❫ ➂ ➏➒➇➉➎ ❪❝❝❪ ❪❫❭ ❜❳❫❫❛ ❲❵❭❛❩ ❜❝❪❵❲❳❨ ❫❳❩➀❫➃❨ ⑦➜❪❫ ❪❾❪❩❵❝❪❫
2, 3, 5, 6

❡❪ ❝❜ ➛❜❞❝❪ ① ⑦➏ ❩❲❬❭❨❪❬❭ ➃❳❪ ❝❪❫ ❨❘ ❝❪❫ ❡❪ ❫❳❩➀❜❞❫ ❪❭ ❫❳❩ ➀❫➃❨ ❬❪❵ ❪❳❽❪❬❭ ❵❜❫ ➑❭❨❪ ❛❬❽❪❨❫❴❫ ❡❜❬❫ ❝❪ ➛↔❴❲❨❿❩ ❪ ➐❥ ⑦➜❜ ⑨❲❬✐ ❪⑨❭❳❨❪ ❫❳❛❽❜❬❭❪ ➂ ❝❛❴❪ ❪❝❝❪ ❜❳❫❫❛ ❙ ❝❜ ❽❲❬✐ ❪⑨❭❳❨❪ ➏ ❪❫❭ ❭❲❳✐ ❲❳❨❫ ❲❳❽❪❨❭❪ ➂ ❩ ➑❩❪ ❫❛ ❬❲❳❫❝ ➀❜❽❲❬❫ ❭❪❫❭❴❪ ❵❲❳❨ ❭❲❳❭❪❫ ❝❪❫ ❛❬❫❭❜❬⑨❪ ❜❽❪⑨ D ≤ 100 ⑦➞❬❴➄ ➈➅❫➠❩➈ ➤ Ù ➇➈➉ n = 3 ➌➒ ➋➭ ➌➎➊➋ ➣➋➎ ➌➍➎➊➏➍ ➐➋➎ ➊➋➒ ➒➋➎ ➯➈➋ ➎➈➓ ➔➏➥➎ ➍ ç➏ ➑➏➎ ➣➋ ➎ ➇➒➈➊➌➇➍➇➑ ➊➌➓ ➏➒➋ ➣➇➍➊ ➒➋ ➓ ➏➭ ➌➓➈➓ ➣➋➎ ➣→↕➌➏➊➌➇➍➎ ➋➎➊ ➌➍➩ →➉➌➋➈➉ ä 1 ❝
➜❜ ❣❪⑨❭❛❲❬ ① ⑦➏ ⑦➏ ❬❪ ❵❨❴❫❪❬❭❪ ❜❳⑨❳❬ ❪❾❪❩❵❝❪ ❜❽❪⑨ (AM,SM,AM1, SM1, AS) = (F, F, F, F, F ) ⑦❼❲❳❫ ❬ ➀❪❬ ❜❽❲❬❫ ❵❜❫ ❭❨❲❳❽❴ ❪❭ ❲❬ ❵❪❳❭ ❫❪ ❡❪❩ ❜❬❡❪❨ ❫❛ ❜❳ ❩❲❛❬❫ ❳❬❪ ❡❪❫ ❽❜❨❛❜❞❝❪ SM1❪❭

AS
❪❫❭ ❭❲❳✐ ❲❳❨❫ ❽❨❜❛❪ ⑦

➁ ❜❬❫ ❝❜ ➢ ❨❲❵❲❫❛❭❛❲❬ ➐❱ ❬❲❳❫ ➢❜❛❫❲❬❫ ❨❪❩ ❜❨➃❳❪❨ ➃❳❪ ❩ ❛❬❛❩ ❛❫❪❨ ❝❪ ❩ ❜❾❛❩❳❩ ❡❪❫ ❡❴❽❛❜❭❛❲❬❫❪❫❭ ❴➃❳❛❽❜❝❪❬❭ ❙ ❩❛❬❛❩ ❛❫❪❨ ❝❪ ❩ ❜❾❛❩❳❩ ❡❪ ➢❲❬⑨❭❛❲❬❫ ❵❝❳❫ ➙❴❬❴❨❜❝❪❫ ➂ ❪❭ ❪❬ ❵❜❨❭❛⑨❳❝❛❪❨❴➃❳❛❽❜❝❪❬❭ ❙ ❩ ❛❬❛❩ ❛❫❪❨ ❝❪ ⑨❜❨❨❴ ❡❪❫ ❡❴❽ ❛❜❭❛❲❬❫ ⑦➢ ❨❲❵❲❫❲❬❫ ❩ ❜❛❬❭❪❬❜❬❭ ❡❪❫ ➃❳❪❫❭❛❲❬❫ ❫❳➙➙❴❨❴❪❫ ❵❜❨ ❬❲❭❨❪ ❭❨❜❽❜❛❝ ❵ ❲❳❨ ❝❪❫➃❳❪❝❝❪❫ ❬❲❳❫ ❬❪❡❲❬❬❲❬❫ ❵❜❫ ❡❛❨❪⑨❭❪❩ ❪❬❭ ❡❪ ❨❴❵❲❬❫❪❫ ⑦
⑧❝ ❪❫❭ ❵❨❲❞❜❞❝❪ ➃❳❪ ❫❛ ❳❬❪ ❫❲❝❳❭❛❲❬ ❡❳ ❵❨❲❞❝❿❩ ❪ ❫❳❩➀❜❞❫ ❜ ❳❬ ❩ ❜❾ ❛❩❳❩ ❡❪❫ ❡❴❽❛❜❭❛❲❬❫❛❬➢❴❨❛❪❳❨ ❙ 1 ➂ ⑨❪❝❜ ❬ ➀❛❩ ❵❝❛➃❳❪❨❜ ❵❜❫ ❬❴⑨❪❫❫❜❛❨❪❩ ❪❬❭ ➃❳❪ ❭❲❳❭❪❫ ❝❪❫ ❫❲❝❳❭❛❲❬❫ ❲❵❭❛❩ ❜❝❪❫ ❡❪❫❳❩ ➀❜❞❫ ❜❳❨❲❬❭ ⑨❪❭❭❪ ❵❨❲❵❨❛❴❭❴ ⑦❽❲❩❩❪ ❝❪❫ ❵❨❲❞❝❿❩ ❪❫ ❫❳❩➀❜❞❫ ❪❭ ❫❳❩ ➀❫➃❨ ❵ ❪❳❽❪❬❭ ❬ ➀❜❽❲❛❨ ❜❳⑨❳❬❪ ❫❲❝❳❭❛❲❬

1
➀❞ ❲❨❬❴❪ ❲❵➀❭❛❩ ❜❝❪ ➂ ❝❪❫ ❜❩ ❴❝❛❲❨❜❭❛❲❬❫ ❵❨❲❵❲❫❴❪❫ ❵❜❨ ❣❭❪❛❬❪❨ ❪❭ ➦❪❲❩❜❬❫ ❡❜❬❫ ④➛❥⑥ ❬❪ ❵ ❪❳❽❪❬❭ ❵❜❫ ➑❭❨❪❜❵❵❝❛➃❳❴❪❫ ❡❜❬❫ ❝❪ ⑨❜❫ ➙❴❬❴❨❜❝ ➂ ❩ ❜❛❫ ❝ ➀❴❭❳❡❪ ❡❪❫ ❫❲❝❳❭❛❲❬❫

1
➀❞ ❲❨❬❴❪❫ ❵ ❪❳❭ ❩❲❬❭❨❪❨ ➃❳ ➀❪❝❝❪❫❵ ❪❳❽❪❬❭ ❜❵❵❨❲❾ ❛❩ ❪❨ ❝❪❫ ❫❲❝❳❭❛❲❬❫ ❬❲❬ ❞❲❨❬❴❪❫ ❜❽❪⑨ ❳❬ ➢❜❛❞ ❝❪ ❨❜❭❛❲ ⑦

②❬ ❜❳❭❨❪ ❵❨❲❞❝❿❩ ❪ ❛❬❭❴❨❪❫❫❜❬❭ ❪❫❭ ❡❪ ❞❲❨❬❪❨ ❝❪ ❩ ❜❾❛❩❳❩ ❡❪❫ ❡❴❽❛❜❭❛❲❬❫ ❫❲❳❫ ❝❜ ⑨❲❬❭❨❜❛❬❭❪➃❳❪ ❝❜ ❡❴❽❛❜❭❛❲❬ ❭❲❭❜❝❪ ❨❪❫❭❪ ❩ ❛❬❛❩❜❝❪ ➁ ❬❲❳❫ ❫❜❽❲❬❫ ➃❳ ➀❛❝ ❬ ➀❪❫❭ ❵❜❫ ❵❲❫❫❛❞❝❪ ❡ ➀❛❩ ❵❲❫❪❨ ❜❳❩❜❾❛❩❳❩ ❡❪❫ ❡❴❽❛❜❭❛❲❬❫ ❡ ➀➑❭❨❪ ❛❬➢❴❨❛❪❳❨ ❙ 1
❩❜❛❫ ❪❫❭➀❛❝ ❵ ❲❫❫❛❞ ❝❪ ❡❪ ❨❪❩❵❝❜⑨❪❨ 1

❵❜❨ ❳❬❪❜❳❭❨❪ ⑨❲❬❫❭❜❬❭❪ Õ➜ ➀⑩❬❬❪❾❪ ⑩ ⑦➐ ⑦➏ ❵❨❲❵❲❫❪ ❡❪❫ ↔❪❳❨❛❫❭❛➃❳❪❫ ❵❲❝❾❬❲❩ ❛❜❝❪❫ ❞❜❫❴❪❫ ❫❳❨ ❝❜ ❫❭❨❳⑨❭❳❨❪ ❡❪❫ ➙❨❜❵↔❪❫❜❫❫❲⑨❛❴❫ ❜❳ ❵❨❲❞❝❿❩ ❪ ⑦ ➜ ➀❴❭❳❡❪ ❡❪ ❝❪❳❨❫ ❵ ❪❨➢❲❨❩ ❜❬⑨❪❫ ❬ ➀❜ ❵❜❫ ❵❳ ➑❭❨❪ ❩ ❪❬❴❪ ❵❜❨ ❩ ❜❬➃❳❪❡❪ ❭❪❩❵❫ ❩ ❜❛❫ ❵❲❳❨❨❜❛❭ ➑❭❨❪ ❪❬❽❛❫❜➙❴❪ ❵❲❳❨ ❡❪ ➢❳❭❳❨❪❫ ❨❪⑨↔❪❨⑨↔❪❫ ➂ ❜❛❬❫❛ ➃❳❪ ❝❜ ❨❪⑨↔❪❨⑨↔❪❡ ➀❜❩❴❝❛❲❨❜❭❛❲❬❫ ⑦



➐➐➏ ➤➥❚➠❘◗s❯ Þ t ➝s➧ ➝✉✉❚✉ ➤❯✈❯✉ ◗ ß✇❙◗❯ àá à◗❯✈➠❙



➨➩➫➭➯➲➳➵ ➸

➺➻➼➩➵➽ ➼➾➚➭➪➶➵➽

➹❜ ❬❲❭❛❲❬ ❡❪ ❭➘⑨↔❪❫ ⑨❲❳❵❝❴❪❫ ❜ ❴❭❴ ❛❬❭❨❲❡❳❛❭❪ ❵❜❨ ❣↔❜❵❛❨❲ ④➴ ➷⑥ ❪❬ ➷❱➴⑤ ❵❲❳❨ ❡❴⑨❨❛❨❪ ❝ ➬❲❨➀❡❲❬❬❜❬⑨❪❩ ❪❬❭ ❡❪❫ ❲❵ ❴❨❜❭❛❲❬❫ ❡ ➬❳❬ ❨❜❡❜❨ ⑦ ➮❪❝❳❛➀⑨❛ ❴❩ ❪❭ ❡❪❫ ❫❛➙❬❜❳❾ ❴❝❪⑨❭❨❲❩ ❜➙❬❴❭❛➃❳❪❫➃❳❛ ❫❲❬❭ ❨❴➱❴⑨↔❛❫ ❵❜❨ ❝❪❫ ⑨❛❞ ❝❪❫ ❵❲❭❪❬❭❛❪❝❝❪❫ ❜❽❜❬❭ ❡ ➬✃❭❨❪ ❨❪❐❳❫ ❵❜❨ ❝❪ ❨❜❡❜❨ ➃❳❛ ❡❲❛❭ ❜❝❲❨❫❜❬❜❝❒❫❪❨ ❝❪❫ ❛❬➢❲❨❩ ❜❭❛❲❬❫ ❨❪⑨❳❪❛❝❝❛❪❫ ⑦ ➹❪ ❨❜❡❜❨ ❪❮❪⑨❭❳❪ ❡❲❬⑨ ❡❪❳❾ ❲❵❴❨❜❭❛❲❬❫ ❵❜❨ ❭➘⑨↔❪ ❲❳❫❛➙❬❜❝ ➁ ❝ ➬❴❩ ❛❫❫❛❲❬ ❪❭ ❝❜ ❨❴⑨❪❵❭❛❲❬ ⑦ ➮❪❫ ❡❪❳❾ ❲❵❴❨❜❭❛❲❬❫ ❫❲❬❭ ❬❴⑨❪❫❫❜❛❨❪❩ ❪❬❭ ❫❴❵❜❨❴❪❫ ❵❜❨❳❬ ❝❜❵❫ ❡❪ ❭❪❩❵❫ ❵❳❛❫➃❳❪ ❝❪ ❫❛➙❬❜❝ ❵❜❨⑨❲❳❨❭ ❡❪❳❾ ➢❲❛❫ ❝❜ ❡❛❫❭❜❬⑨❪ ❪❬❭❨❪ ❝❪ ❨❜❡❜❨ ❪❭ ❝❜ ⑨❛❞ ❝❪❜❽❜❬❭ ❡❪ ❨❪❽❪❬❛❨ ❰ ❫❲❬ ❵❲❛❬❭ ❡❪ ❡❴❵❜❨❭ ⑦
②❬❪ ❭➘⑨↔❪ ⑨❲❳❵❝❴❪ ❪❫❭ ❡❲❬⑨ ❳❬❪ ❭➘⑨↔❪ ⑨❲❩❵❲❫❴❪ ❡❪ ❡❪❳❾ ❲❵❴❨❜❭❛❲❬❫ ➃❳❛ ❫❲❬❭ ❨❴❜❝❛❫❴❪❫ ❫❳❨❝❜ ❩ ✃❩❪ ❩❜⑨↔❛❬❪ ❩ ❜❛❫ ❵❜❫ ❛❩❩❴❡❛❜❭❪❩ ❪❬❭ ❝ ➬❳❬❪ ❜❵❨❿❫ ❝ ➬❜❳❭❨❪ ❵❳❛❫➃❳ ➬❪❝❝❪❫ ❫❲❬❭ ❫❴❵❜❨❴❪❫❵❜❨ ❳❬ ❭❪❩❵❫ ❡ ➬❜❭❭❪❬❭❪ Ï❾❴ ⑦
③❬ ❫❲❳↔❜❛❭❪ ❩ ❛❬❛❩ ❛❫❪❨ ❝❪ ❩ ❜Ý❪❫❵❜❬ ❲❳ ❝❜ ❡❳❨❴❪ ❩ ❲❒❪❬❬❪ ❡❳ ⑨❒⑨❝❪ ❡❪ ❵❨❲❡❳⑨❭❛❲❬ ❡❜❬❫❝❪ ⑨❜❫ ⑨❒⑨❝❛➃❳❪ ⑦ ❼❲❳❫ ❬❲❭❲❬❫ (TC) ⑨❪❫ ❡❪❳❾ ❵❨❲❞❝❿❩ ❪❫ ❪❭ ❵❨❴⑨❛❫❪❨❲❬❫ ❫❛ ❞ ❪❫❲❛❬ ❝❪ ⑨❨❛❭❿❨❪⑨❲❬⑨❪❨❬❴ ⑦Ð❜❬❫ ❳❬ ❵❨❪❩ ❛❪❨ ❭❪❩❵❫ ➂ ❬❲❳❫ ❵❨❴❫❪❬❭❲❬❫ ❝ ➬❴❭❜❭ ❡❪ ❝ ➬❜❨❭ ❨❪❝❜❭❛➢ ❰ ❝ ➬❲❨❡❲❬❬❜❬⑨❪❩ ❪❬❭ ❡❪❫❭➘⑨↔❪❫ ⑨❲❳❵❝❴❪❫ ❢❣❪⑨❭❛❲❬ ➣ ⑦➷❤ ➂ ❵❳❛❫ ❝ ➬❴➃❳❛❽❜❝❪❬⑨❪ ❜❽❪⑨ ❳❬ ❵❨❲❞❝❿❩ ❪ ❵❜❨❭❛⑨❳❝❛❪❨ ❡❪ ⑨❪❝❝❳ ❝❪❫❨❲❞❲❭❛❫❴❪❫ ❢❣❪⑨❭❛❲❬ ➣ ⑦Ñ❤ ⑦ ❼❲❳❫ ❬❲❳❫ ❛❬❭❴❨❪❫❫❲❬❫ ❜❳ ⑨❜❫ ❲Ò ❝❪❫ ❭➘⑨↔❪❫ ⑨❲❳❵❝❴❪❫ ❫❲❬❭ ❛❡❪❬➀❭❛➃❳❪❫ ❪❭ ❬❲❳❫ ❴❭❳❡❛❲❬❫ ❝ ➬❜❝➙❲❨❛❭↔❩ ❪ ❵❨❲❵❲❫❴ ❵❜❨ ⑩↔❨ ❪❭ ❜❝ ⑦ ④➣⑥ ❵ ❲❳❨ ❝❪➃❳❪❝ ❬❲❳❫ ❵❨❲❵❲❫❲❬❫❡❪❫ ❜❩ ❴❝❛❲❨❜❭❛❲❬❫ ❢❣❪⑨❭❛❲❬ ➣ ⑦❥❤ ⑦ Ó❬Ï❬ ➂ ❬❲❳❫ ❪❾❜❩ ❛❬❲❬❫ ❝❪ ⑨❜❫ ⑨❒⑨❝❛➃❳❪ ❪❭ ❵❨❲❵❲❫❲❬❫ ❳❬❪
⑨❲❬✐ ❪⑨❭❳❨❪ ⑨❲❬⑨❪❨❬❜❬❭ ❫❜ ⑨❲❩❵❝❪❾ ❛❭❴ ❢❣❪⑨❭❛❲❬ ➣ ⑦❦❤ ⑦
Ô ÕÖ ×❹Ø❹ ÙÚ Û ÜØÝ❹ Ú❹ Þß❹Ø❹àßÞá Ùâ ãÝß❻ÛäåÚ

②❬❪ ⑨❲❬❭❨❜❛❬❭❪ ❡❪ ❵❨❴⑨❴❡❪❬⑨❪ ⑨❝❜❫❫❛➃❳❪ ❪❬❭❨❪ ❡❪❳❾ ❲❵❴❨❜❭❛❲❬❫ ❛❩ ❵❲❫❪ ➃❳❪ ❝ ➬❳❬❪ ❬❪ ❵❳❛❫❫❪
⑨❲❩❩❪❬⑨❪❨ ❜❽❜❬❭ ➃❳❪ ❝ ➬❜❳❭❨❪ ❬❪ ❫❲❛❭ ❭❪❨❩ ❛❬❴❪ ⑦ ❣❛ ❲❬ ❬❲❭❪

R(ok)
❝ ➬❛❬❫❭❜❬❭ ❡❪ ❡❴❵❜❨❭ ❡❪❝ ➬❲❵ ❴❨❜❭❛❲❬

ok ➂ ❲❬ ❵ ❪❳❭ ❭❨❜❡❳❛❨❪ ❝❪ ➢❜❛❭ ➃❳❪
oi

❵❨❴⑨❿❡❪ oj
❵❜❨ ❝ ➬❴➃❳❜❭❛❲❬ ❫❳❛❽❜❬❭❪ ➁

R(oi) + pi ≤ R(oj)☎❲❒ ④ææ⑥ ❛❬❭❨❲❡❳❛❭ ❳❬❪ ➙❴❬❴❨❜❝❛❫❜❭❛❲❬ ❡❪❫ ⑨❲❬❭❨❜❛❬❭❪❫ ❡❪ ❵❨❴⑨❴❡❪❬⑨❪ ❪❬ ❵❨❲❵❲❫❜❬❭ ❡❪ ❨❪❩➀❵❝❜⑨❪❨ pi

❵❜❨ ❳❬ ❪❬❭❛❪❨ ➃❳❪❝⑨❲❬➃❳❪ li,j ⑦
R(oi) + li,j ≤ R(oj)

❢➣ ⑦➷❤
➷➷❥



➷➷❦ çè❚➠❘◗s❯ ét ◗êçè❯❙ ç➝✇➠➞ë❯❙

③❬ ❜❵❵❪❝❝❪ ❝❜ ❡❳❨❴❪
li,j

➊➌➓ ➋➔➒➏ì ❪❬ ❜❬➙❝❜❛❫ ⑦ ❣❛ li,j
❪❫❭ ❵ ❲❫❛❭❛➢ ➂ oj

❬❪ ❵❪❳❭ ❵❜❫ ⑨❲❩❩❪❬⑨❪❨❩❲❛❬❫ ❡❪
li,j

❳❬❛❭❴❫ ❡❪ ❭❪❩❵❫ ❜❵❨❿❫ ❝❪ ❡❴❵❜❨❭ ❡❪
oi ⑦ ③❬ ❨❪❭❨❲❳❽❪ ⑨❪ ❭❒❵ ❪ ❡❪ ⑨❲❬❭❨❜❛❬❭❪❫ ❵❜❨❪❾❪❩❵❝❪ ❡❜❬❫ ❝❜ ❩ ❴❭❜❝❝❳❨➙❛❪ ❲Ò ❲❬ ❜❭❭❪❬❡ ❝❪ ❨❪➢❨❲❛❡ ❛❫❫❪❩ ❪❬❭ ❡❪❫ ❵❛❿⑨❪❫ ❜❽❜❬❭ ❡ ➬❪❮❪⑨❭❳❪❨❝ ➬❲❵ ❴❨❜❭❛❲❬ ❫❳❛❽❜❬❭❪ ⑦ ❣❛ li,j

❪❫❭ ❬❴➙❜❭❛➢ ➂ ❝ ➬❲❵ ❴❨❜❭❛❲❬ oj

❬❪ ❵❪❳❭ ❵❜❫ ⑨❲❩❩❪❬⑨❪❨ ❵❝❳❫ ❭í❭ ➃❳❪
|li,j|

❳❬❛❭❴❫ ❡❪ ❭❪❩❵❫ ❜❽❜❬❭ ❝❪ ❡❴❞❳❭ ❡❪
oi ⑦ ➮❪❭❭❪ ⑨❲❬❭❨❜❛❬❭❪ ❛❬❭❪❨❽❛❪❬❭ ❡❜❬❫ ❝ ➬❛❬❡❳❫❭❨❛❪❜❝❛❩ ❪❬❭❜❛❨❪ ❲Ò ❝❪❫ ❞❛❪❬❫ ❵ ❴❨❛❫❫❜❞❝❪❫ ❡❲❛❽❪❬❭ ✃❭❨❪ ❜⑨↔❪❩ ❛❬❴❫ ❜❳❾ ❡❛❫❭❨❛❞❳❭❪❳❨❫ ❜❽❜❬❭ ➃❳ ➬❳❬❡❴❝❜❛❫ ❭❨❲❵ ❛❩❵❲❨❭❜❬❭ ❬❪ ❫❲❛❭ ❴⑨❲❳❝❴ ⑦ î❨❳⑨ï❪❨ ❪❭ ❜❝ ⑦ ④Ñ➴⑥ ❪❭ î❨❳⑨ï❪❨ ❪❭ ð❬❳❫❭ ④Ñ❱⑥ ❲❬❭ ❩❲❬❭❨❴➃❳❪ ❡❪ ❬❲❩❞❨❪❳❾ ❵❨❲❞❝❿❩ ❪❫ ❡ ➬❲❨❡❲❬❬❜❬⑨❪❩ ❪❬❭ ❵❲❳❽❜❛❪❬❭ ❫❪ ❨❴❡❳❛❨❪ ❽❪❨❫ ❡❪❫ ❵❨❲❞❝❿❩ ❪❫ ❰❳❬❪ ❳❬❛➃❳❪ ❩ ❜⑨↔❛❬❪ ❪❭ ❭❛❩ ❪➀❝❜➙❫ ⑦ ②❬❪ ⑨❲❬❫❴➃❳❪❬⑨❪ ❡❪ ⑨❪ ❨❴❫❳❝❭❜❭ ❪❫❭ ➃❳❪ ❝❜ ❵❝❳❵❜❨❭ ❡❪❫❵❨❲❞❝❿❩ ❪❫ ❜❽❪⑨ ⑨❲❬❭❨❜❛❬❭❪❫ ❡❪ ❵❨❴⑨❴❡❪❬⑨❪ ➙❴❬❴❨❜❝❛❫❴❪❫ ❫❲❬❭ NP ➀Ð ❛ñ ⑨❛❝❪❫ ➂ ❩ ✃❩ ❪ ❫❳❨ ❳❬❪❫❪❳❝❪ ❩ ❜⑨↔❛❬❪ ❢❽❲❛❨ ④➴❦ ➂ Ñ❱⑥ ❵❲❳❨ ❝❜ ⑨❲❩❵❝❪❾ ❛❭❴ ❡❪ ⑨❪❫ ❵❨❲❞❝❿❩ ❪❫❤ ⑦Ð❜❬❫ ⑨❪ ⑨↔❜❵❛❭❨❪ ➂ ❬❲❳❫ ❴❭❳❡❛❲❬❫ ❳❬ ❵❨❲❞❝❿❩ ❪ ❵❜❨❭❛⑨❳❝❛❪❨ ❰ ❳❬❪ ❩❜⑨↔❛❬❪ ❜❽❪⑨ ⑨❲❬❭❨❜❛❬❭❪❫❡❪ ❵❨❴⑨❴❡❪❬⑨❪ ➙❴❬❴❨❜❝❛❫❴❪❫ ➁ ❝❪ ❵❨❲❞❝❿❩ ❪ ❡❪❫ ❭➘⑨↔❪❫ ⑨❲❳❵❝❴❪❫ ⑦ ➮↔❜➃❳❪ ❭➘⑨↔❪ ❪❫❭ ⑨❲❩❵❲❫❴❪❫❡❪ ❡❪❳❾ ❲❵❴❨❜❭❛❲❬❫ ❫❴❵❜❨❴❪❫ ❵❜❨ ❳❬ ❝❜❵❫ ❡❪ ❭❪❩❵❫ Ï❾❴ ⑦ ➮❪ ❵❨❲❞❝❿❩ ❪ ❭❨❲❳❽❪ ❫❲❬ ❲❨❛➙❛❬❪❡❜❬❫ ❝❜ ❵❝❜❬❛Ï⑨❜❭❛❲❬ ❡❪❫ ❲❵ ❴❨❜❭❛❲❬❫ ❡ ➬❳❬ ❨❜❡❜❨ ④➴ ➷⑥ ⑦ ➹❜ ❵❨❪❩ ❛❿❨❪ ❲❵ ❴❨❜❭❛❲❬ ❡❪ ⑨↔❜➃❳❪❭➘⑨↔❪ ⑨❲❨❨❪❫❵❲❬❡ ❰ ❝ ➬❴❩ ❛❫❫❛❲❬ ❡❳ ❫❛➙❬❜❝ ➂ ❝❜ ❫❪⑨❲❬❡❪ ❰ ❫❜ ❨❴⑨❪❵❭❛❲❬ ➂ ❝❪ ❝❜❵❫ ❡❪ ❭❪❩❵❫ ➃❳❛ ❝❪❫❫❴❵❜❨❪ ❨❪❵❨❴❫❪❬❭❪ ❝❜ ❡❳❨❴❪ ❩ ❛❫❪ ❵❜❨ ❝❪ ❫❛➙❬❜❝ ❵❲❳❨ ❜❭❭❪❛❬❡❨❪ ❝❜ ⑨❛❞ ❝❪ ❡❳ ❨❜❡❜❨ ❪❭ ✃❭❨❪ ❨❴➱❴⑨↔❛ ⑦③❨❩ ❜❬ ❪❭ ❜❝ ⑦ ④æÑ⑥ ❵❨❴❫❪❬❭❪❬❭ ❳❬❪ ❴❭❳❡❪ ❡❪ ⑨❜❫ ❵❝❳❫ ❡❴❭❜❛❝❝❴❪ ➃❳❛ ⑨❲❬❫❛❡❿❨❪ ❳❬ ❫❒❫❭❿❩ ❪ ❨❜❡❜❨❩❳❝❭❛➢❲❬⑨❭❛❲❬ ⑦ ➮❪ ❫❒❫❭❿❩ ❪ ❪❫❭ ❳❭❛❝❛❫❴ ❡❜❬❫ ❳❬ ⑨❲❬❭❪❾❭❪ ❩ ❛❝❛❭❜❛❨❪ ❵❲❳❨ ❵ ❪❨❩ ❪❭❭❨❪ ❝❪ ➙❳❛❡❜➙❪❡❪❫ ❜❨❩ ❪❫ ➂ ❨❪⑨↔❪❨⑨↔❪❨ ❡❪❫ ⑨❛❞ ❝❪❫ ❵❲❭❪❬❭❛❪❝❝❪❫ ❲❳ ❫❳❨❽❪❛❝❝❪❨ ❡❪❫ ❪❫❵❜⑨❪❫ ❵❨❴❡❴Ï❬❛❫ ⑦ò❳❵❭❜ ④❦❦⑥ ❡❴⑨❨❛❭ ❵ ❝❳❫❛❪❳❨❫ ❜❳❭❨❪❫ ❜❵❵❝❛⑨❜❭❛❲❬❫ ❵❲❭❪❬❭❛❪❝❝❪❫ ❡❪ ⑨❪ ❩❲❡❿❝❪ ⑦ Ð❜❬❫ ❝ ➬❛❬❡❳❫➀❭❨❛❪ ⑨↔❛❩ ❛➃❳❪ ➂ ❲❬ ❵❪❳❭ ❳❭❛❝❛❫❪❨ ❝❜ ❩ ✃❩❪ ❩ ❜⑨↔❛❬❪ ❵❲❳❨ ❨❴❜❝❛❫❪❨ ❵❝❳❫❛❪❳❨❫ ❲❵ ❴❨❜❭❛❲❬❫ ❡❪ ❝❜❩ ✃❩❪ ❭➘⑨↔❪ ➂ ❝❪ ❝❜❵❫ ❡❪ ❭❪❩❵❫ ❪❬❭❨❪ ⑨❪❫ ❲❵ ❴❨❜❭❛❲❬❫ ⑨❲❨❨❪❫❵❲❬❡❜❬❭ ❰ ❝❜ ❡❳❨❴❪ ❡❪❫ ❨❴❜⑨❭❛❲❬❫⑨↔❛❩ ❛➃❳❪❫ ⑦ Ð❜❬❫ ❳❬ ❜❭❪❝❛❪❨ ➱❪❾ ❛❞❝❪ ➂ ❲Ò ❳❬❪ ❫❭❜❭❛❲❬ ❵ ❪❳❭ ❪❮❪⑨❭❳❪❨ ❡❛❮❴❨❪❬❭❫ ❭❒❵ ❪❫ ❡ ➬❲❵ ❴➀❨❜❭❛❲❬❫ ➂ ⑨❪❨❭❜❛❬❫ ❨❴❜✐ ❳❫❭❪❩ ❪❬❭❫ ❡❪ ❝❜ ❵❛❿⑨❪ ❵ ❪❳❽❪❬❭ ✃❭❨❪ ❬❴⑨❪❫❫❜❛❨❪❫ ❪❬❭❨❪ ❡❪❳❾ ❲❵❴❨❜❭❛❲❬❫❫❳⑨⑨❪❫❫❛❽❪❫ ⑦ ó❪❬❡❜❬❭ ➃❳❪ ⑨❪❫ ❜✐ ❳❫❭❪❩ ❪❬❭❫ ❫❲❬❭ ❪❮❪⑨❭❳❴❫ ❫❳❨ ❳❬❪ ❫❭❜❭❛❲❬ ❡❴❡❛❴❪ ❰ ⑨❪❭❭❪❪❮❪❭ ➂ ❝❜ ❩ ❜⑨↔❛❬❪ ❪❝❝❪➀❩ ✃❩❪ ❵❪❳❭ ✃❭❨❪ ❳❭❛❝❛❫❴❪ ❵❲❳❨ ❨❴❜❝❛❫❪❨ ❡ ➬❜❳❭❨❪❫ ❲❵ ❴❨❜❭❛❲❬❫ ⑦❼❲❳❫ ❳❭❛❝❛❫❲❬❫ ❵❲❳❨ ⑨❪ ❵❨❲❞❝❿❩ ❪ ❝❪❫ ❬❲❭❜❭❛❲❬❫ ❫❳❛❽❜❬❭❪❫ ➁ô n

❪❫❭ ❝❪ ❬❲❩❞❨❪ ❡❪ ❭➘⑨↔❪❫ ❰ ❪❮❪⑨❭❳❪❨ ❡❜❬❫ ❝❪ ⑨❜❫ ❬❲❬ ⑨❒⑨❝❛➃❳❪ õ
ô f(j)

❪❫❭ ❝❜ ❵❨❪❩ ❛❿❨❪ ❲❵ ❴❨❜❭❛❲❬ ❡❪ ❝❜ ❭➘⑨↔❪ j
❪❭

l(j)
❫❜ ❫❪⑨❲❬❡❪ ❲❵❴❨❜❭❛❲❬ õ

ô aj
❪❫❭ ❝❜ ❡❳❨❴❪ ❡❪

f(j)
❪❭

bj
❝❜ ❡❳❨❴❪ ❡❪

l(j)
õ

ô ta(j)
❪❫❭ ❝ ➬❛❬❫❭❜❬❭ ❡❪ ❡❴❵❜❨❭ ❡❪

f(j)
❪❭

tb(j)
❝ ➬❛❬❫❭❜❬❭ ❡❪ ❡❴❵❜❨❭ ❡❪

l(j)
õ

ô Lj ➂ ❝❪ ❝❜❵❫ ❡❪ ❭❪❩❵❫ ❫❴❵❜❨❜❬❭ ❝❜ Ï❬ ❡❪
f(j)

❪❭ ❝❪ ❡❴❞❳❭ ❡❪
l(j) ⑦

aj

f(j)

bj

l(j)✲✛

Lj

ta(j) tb(j)

➹❜ ❨❪❝❜❭❛❲❬ ❡❪ ❵❨❴⑨❴❡❪❬⑨❪ ❪❬❭❨❪ ❝❪❫ ❲❵ ❴❨❜❭❛❲❬❫
f(j)

❪❭
l(j)

❡❪ ❝❜ ❭➘⑨↔❪ j
❫ ➬❴⑨❨❛❭ ❜❝❲❨❫

{

ta(j) + (aj + Lj) ≤ tb(j)
tb(j) − (aj + Lj) ≤ ta(j)❫❛ ❝❜ ❡❳❨❴❪ ❪❬❭❨❪ ❝❪❫ ❡❪❳❾ ❲❵❴❨❜❭❛❲❬❫ ❡❲❛❭ ✃❭❨❪ ❪❾❜⑨❭❪❩ ❪❬❭ ❡❪ ❭❜❛❝❝❪

Lj ➂ ❪❭
{

ta(j) + (aj + uj) ≤ tb(j)
tb(j) − (aj + vj) ≤ ta(j)



étö t ➧❯❙ ç❯➞➞ ✇➞❯❙ s➝➡➝◗❘❙ë❯❙ ❚ ✇➟ ◗êçè❯❙ ç➝✇➠➞ë❯❙ ➷➷①
❫❛ ❝❜ ❡❳❨❴❪ ❪❬❭❨❪ ❝❪❫ ❡❪❳❾ ❲❵❴❨❜❭❛❲❬❫ ❡❲❛❭ ❜❵❵❜❨❭❪❬❛❨ ❰ ❝ ➬❛❬❭❪❨❽❜❝❝❪

[uj, vj]
❢❽❲❛❨ ④Ñ➴ ➂ ❦❱ ➂ æ①⑥❵❲❳❨ ❡❪❫ ↔❪❳❨❛❫❭❛➃❳❪❫ ❵❲❳❨ ⑨❪ ❭❒❵ ❪ ❡❪ ❵❨❲❞❝❿❩ ❪❫❤ ⑦➹❪ ❵❨❲❞❝❿❩ ❪ ❡❪❫ ❭➘⑨↔❪❫ ⑨❲❳❵❝❴❪❫ ❜ ❴❭❴ ❝❜❨➙❪❩ ❪❬❭ ❴❭❳❡❛❴ ❪❬ ❭❜❬❭ ➃❳❪ ❭❪❝ ❵❲❳❨ ❫❪❫ ❬❲❩❞❨❪❳❫❪❫❜❵❵❝❛⑨❜❭❛❲❬❫ ➂ ❪❭ ❳❬ ❬❲❩❞❨❪ ❛❩❵❲❨❭❜❬❭ ❡❪ ❨❴❫❳❝❭❜❭❫ ❡❪ ⑨❲❩❵❝❪❾ ❛❭❴ ❲❬❭ ❴❭❴ ❲❞❭❪❬❳❫ ④æ ➷⑥ ⑦❼❲❳❫ ❬❲❳❫ ❛❬❭❴❨❪❫❫❲❬❫ ❡❜❬❫ ⑨❪ ⑨↔❜❵❛❭❨❪ ❜❳ ❵❨❲❞❝❿❩ ❪ ❡❪ ❭➘⑨↔❪❫ ⑨❲❳❵❝❴❪❫ ❵❲❳❨ ❝❪❫➃❳❪❝❝❪❫❝ ➬❛❬❭❪❨❽❜❝❝❪ ❪❬❭❨❪ ❝❪❫ ❡❪❳❾ ❲❵❴❨❜❭❛❲❬❫ ❡❪ ❝❜ ❭➘⑨↔❪ j

❪❫❭ ❪❾❜⑨❭❪❩ ❪❬❭ ❡❪
Lj ⑦ ☎❪❩ ❜❨➃❳❲❬❫ ➃❳ ➬❛❝❪❫❭ ❵❲❫❫❛❞ ❝❪ ❡ ➬❛❬❽❪❨❫❪❨ ❝ ➬❲❨❡❨❪ ❡❪ ❭❲❳❭❪❫ ❝❪❫ ❲❵ ❴❨❜❭❛❲❬❫ ❡❪❫ ❭➘⑨↔❪❫ ❵❲❳❨ ❲❞❭❪❬❛❨ ❳❬ ❵❨❲❞❝❿❩ ❪❴➃❳❛❽❜❝❪❬❭ ❵❲❳❨ ❝❪ ⑨❨❛❭❿❨❪ Cmax

❢❲❳ ❵❲❳❨ ❝❜ ❩ ❜❾ ❛❩ ❛❫❜❭❛❲❬ ❡❳ ❭❜❳❾ ❡❪ ❵❨❲❡❳⑨❭❛❲❬❤ ⑦ ó❜❨❪❾❪❩❵❝❪ ➂ ❝❪ ❵❨❲❞❝❿❩ ❪ ❜❽❪⑨ aj = a; Lj; bj

❪❫❭ ❴➃❳❛❽❜❝❪❬❭ ❜❳ ❵❨❲❞❝❿❩ ❪ ❜❽❪⑨ aj; Lj; bj = b
❪❭❝❜ ➛❜❞❝❪ ➣ ⑦➷ ❬❪ ➢❜❛❭ ❜❵❵❜❨❜÷❭❨❪ ➃❳ ➬❳❬ ❡❪ ⑨❪❫ ❵❨❲❞❝❿❩ ❪❫ ❫❒❩ ❴❭❨❛➃❳❪❫ ⑦❣❛ ❝❪❫ ❭➘⑨↔❪❫ ⑨❲❳❵❝❴❪❫ ❫❲❬❭ ❛❡❪❬❭❛➃❳❪❫ ❢

aj = a ➂ Lj = L ➂ bj = b❤ ➂ ❝❜ ⑨❲❩❵❝❪❾ ❛❭❴ ❡❳ ❵❨❲❞❝❿❩ ❪❪❫❭ ❭❲❳✐ ❲❳❨❫ ❲❳❽❪❨❭❪ ❢❽❲❛❨ ➛❜❞❝❪ ➣ ⑦➷❤ ➂ ❞ ❛❪❬ ➃❳❪ ❝❪❫ ❜❳❭❪❳❨❫ ❜❛❪❬❭ ❩ ❲❬❭❨❴ ❡❜❬❫ ④➷❦⑥ ➃❳ ➬❜✐ ❲❳❭❪❨❡❪❫ ⑨❲❬❭❨❜❛❬❭❪❫ ❡❪ ❵❨❴⑨❴❡❪❬⑨❪ ⑨❝❜❫❫❛➃❳❪❫ ❪❬❭❨❪ ❝❪❫ ❭➘⑨↔❪❫ ❨❪❬❡❜❛❭ ❝❪ ❵❨❲❞❝❿❩ ❪ ❡❛ñ ⑨❛❝❪ ➂ ❪❭⑨❪ ❩ ✃❩❪ ❫❛ ❝❪❫ ❡❳❨❴❪❫ ❡ ➬❳❫❛❬❜➙❪ ❡❪❫ ❲❵ ❴❨❜❭❛❲❬❫ ❫❲❬❭ ❳❬❛❭❜❛❨❪❫ ⑦➹❪ ❩ ❪❛❝❝❪❳❨ ❜❝➙❲❨❛❭↔❩ ❪ ❵❲❳❨
n
❭➘⑨↔❪❫ ❛❡❪❬❭❛➃❳❪❫ ➂ ❰ ❬❲❭❨❪ ⑨❲❬❬❜❛❫❫❜❬⑨❪ ➂ ❜ ❵❲❳❨ ⑨❲❩❵❝❪❾ ❛❭❴

O(nr2L) ➂ ❲Ò r ≤ a−1
√

a
④➣⑥ ⑦ ➮❪❭ ❜❝➙❲❨❛❭↔❩ ❪ ❬ ➬❪❫❭ ❵❜❫ ❵ ❲❝❒❬❲❩ ❛❜❝ ❡❪ ❝❜ ❭❜❛❝❝❪ ❡❪ ❝ ➬❛❬❫❭❜❬⑨❪ ⑦ ⑧❝❡❪❽❨❜❛❭ ❵❲❳❨ ⑨❪❝❜ ✃❭❨❪ ❡❪ ❝ ➬❲❨❡❨❪ ❡❪

O(log(max(n, a, L, b)))
❲❳ ✐ ❳❫❭❪ O(log(max(a, L, b))) ⑦Ð ❜❬❫ ❝❜ ❣❪⑨❭❛❲❬ ➣ ⑦❥ ➂ ❬❲❳❫ ❵❨❲❵❲❫❲❬❫ ❡❪❫ ❜❩ ❴❝❛❲❨❜❭❛❲❬❫ ❫❳❞❫❭❜❬❭❛❪❝❝❪❫ ❡❪ ⑨❪❭ ❜❝➙❲❨❛❭↔❩ ❪ ⑦

➢❲❨❭❪❩ ❪❬❭ NP ➀➮❲❩❵❝❪❭
aj

õ
Lj

õ
bj

aj = Lj = bj

aj = a
õ
Lj

õ
bj = b

aj = a
õ
Lj = L

õ
bj❲❳❽❪❨❭

aj = a
õ
Lj = L

õ
bj = b❵❲❝❒❬❲❩ ❛❜❝

aj = Lj = p
õ
bj

aj = bj = p
õ
Lj = L

✕ø✖ ù ➣ ⑦➷ ô ➮❲❩❵❝❪❾ ❛❭❴ ❡❪❫ ❵❨❲❞❝❿❩ ❪❫ ❡ ➬❲❨❡❲❬❬❜❬⑨❪❩ ❪❬❭ ❡❪ ❭➘⑨↔❪❫ ⑨❲❳❵❝❴❪❫ ❜❽❪⑨ ❡❳❨❴❪Ï❾❪
Lj

❪❬❭❨❪ ❝❪❫ ❲❵ ❴❨❜❭❛❲❬❫ ❡❪ ❝❜ ❭➘⑨↔❪ j
④æ ➷⑥

Ô Õú ûÚá üÚÛÛâ ÛÚá Ýß❻ß❹àáýÚá Øâ❺ ❹þüÿÚá üßâãÛýÚá
❼❲❳❫ ❩❲❬❭❨❲❬❫ ❡❜❬❫ ⑨❪❭❭❪ ❫❪⑨❭❛❲❬ ❝ ➬❴➃❳❛❽❜❝❪❬⑨❪ ❪❬❭❨❪ ❝❪ ❵❨❲❞❝❿❩ ❪ ❡❪❫ ❭➘⑨↔❪❫ ⑨❲❳❵❝❴❪❫ ❪❭❳❬ ❵❨❲❞❝❿❩ ❪ ❡❪ ⑨❪❝❝❳❝❪❫ ❨❲❞❲❭❛❫❴❪❫ ❰ ❳❬❪ ❩❜⑨↔❛❬❪ ❡❪ ⑨❜❵❜⑨❛❭❴ ❛❬Ï❬❛❪ ⑦
� ✁✂ ✁✄ ☎ ✆ ✝ ✞ ✟ ✠ ✡ ☛☞ ✌✆ ✝ ✍ ✎ ✏☛ ✑ ✎ ✏✏✠ ✏✎
❼❲❳❫ ⑨❲❬❫❛❡❴❨❲❬❫ ❛⑨❛ ❳❬❪ ⑨❪❝❝❳ ❝❪ ❨❲❞❲❭❛❫❴❪ ⑨❲❩❵❲❫❴❪ ❡ ➬❳❬❪ ❫❭❜❭❛❲❬ ❡ ➬❪❬❭❨❴❪ ❢❬❲❭❴❪

IN ❤ ➂❡ ➬❳❬❪ ❫❭❜❭❛❲❬ ❡❪ ❫❲❨❭❛❪ ❢❬❲❭❴❪
OUT ❤ ➂ ❪❭ ❡ ➬❳❬❪ ❩ ❜⑨↔❛❬❪ ❢❬❲❭❴❪

M ❤ ⑦ ➹❜ ❩❜⑨↔❛❬❪ M
❵❪❳❭❭❨❜❛❭❪❨ ❳❬ ❬❲❩❞❨❪ ➃❳❪❝⑨❲❬➃❳❪ ❡❪ ❵❛❿⑨❪❫ ❫❛❩❳❝❭❜❬❴❩ ❪❬❭ ❢❛❝ ❵ ❪❳❭ ❵❜❨ ❪❾❪❩❵❝❪ ❫ ➬❜➙❛❨ ❡ ➬❳❬
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ô b ◆❖▲ ▼◗ ■P❘❏◆ ■◆ ▼◆P❘ ❖◆♥❙❍■◆ ❙❯❏❘◗▲❑❙❍ õ
ô L ◆❖▲ ▼◆ ▲◆❲❯❖ ➃P❑ ▼◆❖ ❖❏❯◗❘◆ ♣s❍ ❯◆P▲ ❖P❯❯❙❖◆❘ ➃P◆ a ≥ b ➂ ❖❑❍❙❍ ➂ ❑▼ ❖Pñ ▲ ■◆ ♥❙❍❖❑■❏❘◆❘ ▼◆ ❯❘❙❚▼❿❲◆ ❖❒❲❏▲❘❑➃P◆ ♣ ❼❙P❖
■❏♥❘❑❽❙❍❖ ❚❘❑❿❽◆❲ ◆❍▲ ▼ ➬◗▼➙❙❘❑▲↔❲◆ ■◆ q➣r ➂ ❯❘❙❯❙❖❙❍❖ ■◆❖ ◗❲ ❏▼❑❙❘◗▲❑❙❍❖ ◆▲ ▼ ➬◗■◗❯▲❙❍❖ ❯❙P❘
▲❘◗❑▲◆❘ ▼◆ ❯❘❙❚▼❿❲◆ ♥❒♥▼❑➃P◆ ♣
� ✁t ✁✄ ✉✎✈✑✡✌✇☞✌✆✝
①▲◗❍▲ ■❙❍❍❏❖ (a, L, b) ◆▲ P❍◆ ❖❏➃P◆❍♥◆ ■◆❖ ❯❑❿♥◆❖ ➂ ❑▼ ◆❖▲ ❯❙❖❖❑❚ ▼◆ ■ ➬◗❖❖❙♥❑◆❘ ❰ ♥↔◗➃P◆ ▲➘♥↔◆
P❍ ➓ ➇➊➌② ■◆ ▼❙❍③P◆P❘ L ♣ ➹◗ ④❑③P❘◆ ⑤ ♣Ñ ❯❘❏❖◆❍▲◆ ▼ ➬◆⑥◆❲❯▼◆ ■ ➬P❍◆ ❖❏⑦P◆❍♥◆ ■◆ ⑧ ▲➘♥⑨◆❖ ◆▲
▼◆❖ ❲❙▲❑➢❖ ◗❖❖❙♥❑❏❖ ❖❙P❖ ▼◗ ➢❙❘❲ ◆ ■◆ ❖P❑▲◆❖ ■◆ ➬⑩ ➬ ◆▲ ■◆ ➬➷ ➬♣❶❍ ′0′ ❑❍■❑⑦P◆ ⑦P◆ ♥◆▲▲◆ ❯❙❖❑▲❑❙❍ ■◆ L ❍ ➬◆❖▲ ❯◗❖ ❙♥♥P❯❏◆ ◆▲ P❍ ❚▼❙♥ ■◆ ′1′ ■◆ ▼❙❍③P◆P❘ b
❖❑③❍❑Ï◆ ⑦P◆ ♥◆▲▲◆ ❯❙❘▲❑❙❍ ■◆ L ♥❙❍▲❑◆❍▲ ▼◗ ❖◆♥❙❍■◆ ❙❯❏❘◗▲❑❙❍ ■ ➬P❍◆ ■◆❖ ▲➘♥⑨◆❖ ⑦P❑ ❯❘❏♥❷■◆❍▲
▼◗ ▲➘♥⑨◆ ♥❙P❘◗❍▲◆ ■◗❍❖ ▼◗ ❖❏⑦P◆❍♥◆ ♣ óP❑❖⑦P◆ ▼◆ ▼◗❯❖ ■◆ ▲◆❲❯❖ ◆❍▲❘◆ ■◆P⑥ ❙❯❏❘◗▲❑❙❍❖ ■ ➬P❍◆
❲ ✃❲◆ ▲➘♥⑨◆ ◆❖▲ ◆⑥◗♥▲◆❲ ◆❍▲ ■◆ ▼❙❍③P◆P❘ L ❸ ❙❍ ❯ ◆P▲ ■❏■P❑❘◆ ▼◗ ❯❙❖❑▲❑❙❍ ■◆ ▼◗ ❯❘◆❲ ❑❷❘◆



➷➷➴ çè❭➠ ❴ ❵❫❜ é ❬ ❵êçè❜❝ ç❹❢➠❺ë❜❝

f(1) ❻ ❻ ❻ ❻ ❻ ❻ ❻ ❻ l(1)

f(2) ❻ ❻ ❻ ❻ ❻ ❼ ❼ ❻ l(2)

f(3) ❼ ❼ ❻ ❼ ❼ ❻ ❻ ❻ l(3)

f(4) ❼ ❼ ❻ ❻ ❻ ❻ ❻ ❻ l(4)✮✯✰ ù ⑤ ♣Ñ ô ❩❏⑦P◆❍♥◆ ■◆ ❲❙▲❑➢❖

❙❯ ❏❘◗▲❑❙❍ ■◆ ▼◗ ❯❘❏❖◆❍♥◆ ■◆ ♥◆❖ ❚▼❙ ♥❖ ■◆ ′1′ ♣ Ð ◗❍❖ ▼◗ ④❑③P❘◆ ⑤ ♣Ñ ▼◆❖ ■◆P⑥ ▲➘♥⑨◆❖ ■P ❲ ❑▼❑◆P ❸
▼◗ ▲➘♥⑨◆ 2 ◆▲ ▼◗ ▲➘♥⑨◆ 3 ❸ ❙❍▲ ▼◆❖ ❲ ❙▲❑➢❖ ❖P❑❽◗❍▲❖ ❾
m2 = 00000110 ◆▲ m3 = 11011000➹◆ ❲❙▲❑➢ m3

◗❯❯◗❘▲❑◆❍▲ ◗P ❖P♥♥◆❖❖◆P❘ ❑❲❲❏■❑◗▲ ■◆ ▼◗ ▲➘♥⑨◆ 2 ♣ ♦ ❑❍❖❑ ❸ ❙❍ ❖◗❑▲ ⑦P◆ ▼◆ ■◆❘❿
❍❑◆❘ ❚▼❙ ♥ ■◆ ′1′ ■◗❍❖ m3 ■❙❑▲ ❍❏♥◆❖❖◗❑❘◆❲ ◆❍▲ ❑❍■❑⑦P◆❘ ▼◗ ❯❙❖❑▲❑❙❍ ■◆ ▼ ➬❙❯❏❘◗▲❑❙❍ l(2) ♣ ó◗❘
♥❙❍❖❏⑦P◆❍▲ ❸ ❙❍ ◗ ◆❍ ■❏■P❑▲ ◗P❖❖❑ ▼ ➬❑❍▲◆❘❽◗▼▼◆ ⑦P❑ ❖❏❯◗❘◆ ▼◆ ■❏❚P▲ ■◆❖ ■◆P⑥ ▲➘♥⑨◆❖ 2 ◆▲ 3 ♣❶❍◆ ❖❏⑦P◆❍♥◆ ■◆ ❲ ❙▲❑➢❖ ■❙❍❍❏◆ ■❏Ï❍❑▲ ■❙❍♥ P❍ P❍❑⑦P◆ ❙❘■❙❍❍◗❍♥◆❲ ◆❍▲ ■◆❖ ❯❑❷♥◆❖ ◆▲
❘❏♥❑❯❘❙⑦P◆❲ ◆❍▲ ❸ ❰ ♥⑨◗⑦P◆ ❙❘■❙❍❍◗❍♥◆❲ ◆❍▲ ♥❙❘❘◆❖❯❙❍■ P❍◆ ❖❏⑦P◆❍♥◆ ■◆ ❲❙▲❑➢❖ ♣s❍ ❑❍▲❘❙■P❑▲ ▼◆ ③❘◗❯⑨◆ G = (V,A) ❖P❑❽◗❍▲ ♣ ➹ ➬◆❍❖◆❲❚▼◆ V ■◆❖ ❖❙❲❲◆▲❖ ◆❖▲ ♥❙❲❯❙❖❏ ■◆
▲❙P❖ ▼◆❖ ❲ ❙▲❑➢❖ ❯❙❖❖❑❚ ▼◆❖ ♣ ➹ ➬◗❘♥ (mi, mj) ■◆ ❯❙❑■❖ w

◗❯❯◗❘▲❑◆❍▲ ❰ ▼ ➬◆❍❖◆❲❚▼◆ A ■◆❖ ◗❘♥❖
■◆ G ❖❑ ◆❍ ❯▼◗❐◗❍▲ P❍◆ ▲➘♥⑨◆ ❰ ■❑❖▲◗❍♥◆ w ■ ➬P❍◆ ▲➘♥⑨◆ ■❙❍▲ ▼◆ ❲ ❙▲❑➢ ❖◆❘◗❑▲ mi ❸ ❙❍ ❙❚▲❑◆❍▲
P❍◆ ▲➘♥⑨◆ ■◆ ❲ ❙▲❑➢ mj ❱♥❙❲❲◆ ◆⑥❯▼❑⑦P❏ ❯❙P❘ ▼◆❖ ❲ ❙▲❑➢❖ m2 ◆▲ m3 ■◆ ▼◗ ④❑③P❘◆ ⑤ ♣Ñ õ ▼◆ ❯❙❑■❖
■◆ ▼ ➬◗❘♥ (m2, m3) ◆❖▲ ➀❳ ♣ Ð ◗❍❖ q⑤r ❸ ▼◆❖ ◗P▲◆P❘❖ ❑❍▲❘❙■P❑❖◆❍▲ ▼◆ ▼◆❲❲◆ ❖P❑❽◗❍▲ ❯❙P❘ ❘❏■P❑❘◆
▼◆ ❍❙❲❚❘◆ ■◆ ❖❙❲❲◆▲❖ ■◗❍❖ ▼◆ ③❘◗❯⑨◆ ■◗❍❖ ▼◆ ♥◗❖ ❍❙❍ ♥❒♥▼❑⑦P◆ ♣ ➹◆P❘ ■❏❲ ❙❍❖▲❘◗▲❑❙❍ ◆❖▲
❚◗❖❏◆ ❖P❘ P❍ ◗❘③P❲ ◆❍▲ ■ ➬❏♥⑨◗❍③◆ ♣
➁✻✺✺✻ ➂➃ ➄➅ ➆ ➇➈➉ ➊➋➅➌➍✿➎➏➇➏ ❂➈ ➐➋➅ ➑ ➑➈ ➆ ➒➈➌

a+b−2
➉➇➓➆ ➌ ➓ ➋➏➉➌ ➇➅➉➏➇ ✿➇➈➔ ➋➆ ➎➏➑➉➍➋➅➌➊➋➅➌ ➎➊➈➉➍❃ ➇➌ ❆

♦Ï❍ ■ ➬❏❽◗▼P◆❘ ▼◗ ❘◗❯❑■❑▲❏ ■◆ ▼◆P❘ ◗▼③❙❘❑▲⑨❲ ◆ ❸ ▼◆❖ ◗P▲◆P❘❖ ❯❘❙❯❙❖◆❍▲ P❍◆ ❽◗▼◆P❘ ◗❯❯❘❙⑥ ❑❿
❲ ◗▲❑❽◆ ■P ❍❙❲❚❘◆ ■◆ ❖❙❲❲◆▲❖ ◗❑❍❖❑ ❙❚▲◆❍P❖ ■◗❍❖ V ❸ ⑦P❑ ❑❍▲◆❘❽❑◆❍▲ ■◗❍❖ ▼◗ ♥❙❲❯▼◆⑥ ❑▲❏ ■◆
▼◆P❘ ◗▼③❙❘❑▲⑨❲ ◆ ♣ ➮◆ ❍❙❲❚❘◆ ◆❖▲ ◆❍ →◗❑▲ ■❙❍❍❏ ❯◗❘ ▼◗ →❙❘❲P▼◆ ❖P❑❽◗❍▲◆ ❾

|V | = 1 +

⌊L
a ⌋

∑

i=1

i
∏

k=1

L − ia + k

k
❱⑤ ♣Ñ❳

➣❘❙P❽◆❘ ▼◗ ❯❙❖❑▲❑❙❍ ❙❯▲❑❲ ◗▼◆ ■◆ n ▲➘♥⑨◆❖ ♥❙P❯▼❏◆❖ ♥❙❘❘◆❖❯❙❍■ ❰ ▲❘❙P❽◆❘ ▼◆ ❯▼P❖ ♥❙P❘▲
♥⑨◆❲ ❑❍ L(n) ❯◗❖❖◗❍▲ ❯◗❘ n ❖❙❲❲◆▲❖ ■❑❖▲❑❍♥▲❖ ■P ③❘◗❯⑨◆ G(V,A) ◆▲ ♥❙❲❲◆❍❐◗❍▲ ❯◗❘ ▼◆
❖❙❲❲◆▲ m0 = 0 ♣ ➹◗ ■P❘❏◆ ❙❯▲❑❲ ◗▼◆ ■◆ ▼ ➬❙❘■❙❍❍◗❍♥◆❲ ◆❍▲ ◆❖▲ ◗▼❙❘❖ ■❙❍❍❏◆ ❯◗❘ |L(n)| +
(a + L + b) ♣ Ð ◗❍❖ q⑤r ❸ ▼◗ ■❏▲◆❘❲ ❑❍◗▲❑❙❍ ■P ❯▼P❖ ♥❙P❘▲ ♥⑨◆❲ ❑❍ ◆❖▲ →◗❑▲◆ ■ ➬P❍◆ →◗❐❙❍ ❯◆P
❏♥❙❍❙❲ ◆ ❸ ❯P❑❖⑦P◆ ❯❙P❘ ♥⑨◗⑦P◆ ❖❙❲❲◆▲ ❸ ❯❘◆❖⑦P◆ ▲❙P❖ ▼◆❖ ❖P♥♥◆❖❖◆P❘❖ ◆▲ ▼◆❖ ❯❙❑■❖ ■◆❖ ◗❘♥❖
❖❙❍▲ ❲ ❏❲❙❘❑❖❏❖ ♣ ➹◗ ❖◆♥▲❑❙❍ ❖P❑❽◗❍▲◆ ❲❙❍▲❘◆ ⑦P ➬❙❍ ❯◆P▲ ◆❍ →◗❑▲ ◗❲ ❏▼❑❙❘◆❘ ♥◆▲▲◆ ❖▲❘P♥▲P❘◆ ◆❍
→◗❑❖◗❍▲ P❍ ♥⑨❙❑⑥ ❯▼P❖ ❨ P■❑♥❑◆P⑥ ♥❙❍♥◆❘❍◗❍▲ ▼◆ ❖▲❙ ♥ï◗③◆ ■◆❖ ❯❙❑■❖ ◆▲ ◆❍ ▼❑❲ ❑▲◗❍▲ ▼◆ ❍❙❲❚❘◆
■◆ ❖❙❲❲◆▲❖ P▲❑▼◆❖ ♣



é ❬↔ ❬ ❭❺❪❹❫❴❵è❛❜ ❜↕❭ç❵ ➙❹❢❫ ❺❜❝ ❵êçè❜❝ ç❹❢➙❺ë❜❝ ❴➛❜❞ ❵❴❡ ❢❜❝ ➷➷➜
� ✁t ✁✂ ➝➞➟✏✌✆✡☛☞✌✆✝✈

♦Ï❍ ■◆ ▲❘❙P❽◆❘ P❍◆ ❖▲❘P♥▲P❘◆ ◗❯❯❘❙❯❘❑❏◆ ❯ ❙P❘ ▼ ➬❑❲❯▼❏❲ ◆❍▲◗▲❑❙❍ ■◆ ▼ ➬◗▼③❙❘❑▲⑨❲◆ ❸ ❍❙P❖
→◗❑❖❙❍❖ ▼◆❖ ❙❚❖◆❘❽◗▲❑❙❍❖ ❖P❑❽◗❍▲◆❖ ♣ s❍ ♥❙❍❖❑■❷❘◆ P❍ ❲❙▲❑→ mi ♣ ♦ ▼❙❘❖ ▼◆ ■◆❘❍❑◆❘ ❚▼❙ ♥ ■◆ ′1′

■◆ mi

◗❯❯◗❘▲❑◆❍▲ ❰ ▼◗ ❖◆♥❙❍■◆ ❙❯❏❘◗▲❑❙❍ ■◆ ❊✷➠❊ ➡✸✶➢✶➤✻❉❉✻➠✸
mj ♣ ♦ ❑❍❖❑ ❸ ▲❙P❖ ▼◆❖ ◗❘♥❖◗❘❘❑❽◗❍▲ ◆❍ mi ❙❍▲ ▼◆ ❲ ✃❲◆ ❯❙❑■❖ w ♣ s❍ ❯◆P▲ ❘◆❲ ◗❘⑦P◆❘ ⑦P◆ ❸ ❯❙P❘ ▼◆ ♥◗❖ mi = 0 ❸ P❍◆

❍❙P❽◆▼▼◆ ▲➘♥⑨◆ ◆❖▲ ❯▼◗♥❏◆ ❖◗❍❖ ◆❍♥⑨◆❽✃▲❘◆❲ ◆❍▲ ■◆❖ ❙❯ ❏❘◗▲❑❙❍❖ ◆▲ w = a + L + b ♣ ➥▼ ◆❖▲
■❙❍♥ ❚❑◆❍ ❯▼P❖ ◆ñ ♥◗♥◆ ■◆ ❯▼◗♥◆❘ ▼◆ ❯❙❑■❖ ■◆ ▲❙P❖ ◗❘♥❖ ◆❍▲❘◗❍▲ ■◗❍❖ P❍ ❖❙❲❲◆▲ ❖P❘ ♥◆
❖❙❲❲◆▲ ❯▼P▲í▲ ⑦P◆ ❖P❘ ▼◆❖ ◗❘♥❖ ♣ ♦❽◆♥ ♥◆▲▲◆ ❖▲❘P♥▲P❘◆ ❸ ❙❍ ❯◆P▲ ❏▼❑❲ ❑❍◆❘ P❍ ③❘◗❍■ ❍❙❲❚❘◆
■◆ ❖❙❲❲◆▲❖ ◆▲ ■ ➬◗❘♥❖ ♥❙❲❲◆ ▼◆ ❲❙❍▲❘◆ ▼◆ ▼◆❲❲◆ ❖P❑❽◗❍▲ ♣
➁✻✺✺✻ ➂➦ ➧➈➇ ➒ ➐➋➅ ➌➋➍➉ ✿➑➅➌ ➒➇ ➊➑➌ ➊➨ ➊➒➍❂➈ ➇ ➋➈ ➅➋➅ ➊➨ ➊➒➍❂➈ ➇➩ ➍➒ ➇➌➉ ➌➈➫ ➌➑➅➉ ✿➇ ➊➋➅➌➍➭
✿➎➏➇➏ ➒➇➌ ➑➏➊➌ ✿➇ ➆ ➋➍✿➌ w

➉➇➒ ❂➈ ➇ w = a
➋➈

w ≥ a + b ❆
❇✶✺✷❈❉❊✸❋❊●✷❈ ➯ ❩P❯❯❙❖❙❍❖ ⑦P◆ b ≥ 2 ♣ ❩❙❑▲ i P❍◆ ▲➘♥⑨◆ ▲◆▼▼◆ ⑦P◆ a < wi < a + b ♣ s❍
❍◆ ❯◆P▲ ❯▼◗♥◆❘ ◗P♥P❍◆ ◗P▲❘◆ ▲➘♥⑨◆ ◆❍▲❘◆ f(i) ◆▲ f(i − 1) ❙P ◆❍▲❘◆ l(i) ◆▲ l(i − 1) ❱❽❙❑❘④ ❑③P❘◆ ⑤ ♣➲❳ ♣ s❍ ❙❚▲❑◆❍▲ ◗▼❙❘❖ P❍ ❲ ◆❑▼▼◆P❘ ❙❘■❙❍❍◗❍♥◆❲ ◆❍▲ ◆❍ ■❏♥◗▼◗❍▲ ▼◆ ❖❙❲❲◆▲ i ❽◆❘❖
▼◗ ③◗P♥⑨◆ ❨ P❖⑦P ➬❰ ❙❚▲◆❍❑❘ wi = a ♣

✲✛

< b

❻ ❻ ❻ ❻ ➳ ➳ ➳ ➳ ➳ ➳
✲✛

w

➳ ➳ ➳ ➳ ➳ ➳ ❼ ❼ ❻ ❻
✮ ✯✰ ù ⑤ ♣➲ ô ❩❑❲❯▼❑Ï♥◗▲❑❙❍ ■P ③❘◗❯⑨◆ ❯❙P❘ a < w < a + b

¤

➮◆ ▼◆❲❲◆ ❯◆❘❲ ◆▲ ■❙❍♥ ■ ➬❏▼❑❲ ❑❍◆❘ ▲❙P❖ ▼◆❖ ❖❙❲❲◆▲❖ ■◆ ❯❙❑■❖ w ∈ {a + 1, a + 2, . . . , a + b − 1}
▼❙❘❖⑦P◆ b ≥ 2 ♣➹◆ ❍❙❲❚❘◆ ■◆ ❖❙❲❲◆▲❖ ■P ③❘◗❯⑨◆ ❱❽❙❑❘ ❏⑦P◗▲❑❙❍ ❱⑤ ♣Ñ❳❳ ❲ ❙❍▲❘◆ ⑦P◆ ▼◆ ■◆③❘❏ ■◆ ■❑ñ ♥P▼▲❏
■P ❯❘❙❚▼❷❲ ◆ ◆❖▲ ❑❍➱P◆❍♥❏ ❯◗❘ ▼◗ ▲◗❑▼▼◆ ■◆ ⌊

L
a

⌋ ♣ ➹◗ ▲◗❑▼▼◆ ■P ③❘◗❯⑨◆ ◆⑥❯▼❙❖◆ ▼❙❘❖⑦P◆ ⌊

L
a

⌋

◗P③❲ ◆❍▲◆ ♣ ➹◗ ➣◗❚▼◆ ⑤ ♣➲ ❍❙P❖ ■❙❍❍◆ P❍◆ ❑❍■❑♥◗▲❑❙❍ ❖P❘ ▼◗ ❯❙❖❖❑❚❑▼❑▲❏ ■◆ ❘❏❖❙P■❘◆ ■◆ →◗❐❙❍
◆⑥◗♥▲◆ ▼◆ ❯❘❙❚▼❷❲ ◆ ♥❒♥▼❑⑦P◆ ❯❙P❘ ▼◆⑦P◆▼ ❍❙P❖ ◗■◗❯▲❙❍❖ ▼ ➬◗▼③❙❘❑▲⑨❲ ◆ ❰ ▼◗ ❖◆♥▲❑❙❍ ❖P❑❽◗❍▲◆
❱❖P❘ P❍ ó◆❍▲❑P❲ ⑧ ❸ ➮ó❶ Ñ ♣➀➲ò➵➸ ❸ ➺♦➻ ❸ ➷ò❙❳ ♣
� ✁t ✁t ➝✍☛✇☞☛☞✌✆✝ ☛✠ ✑☛✈ ✑➼✑✏✌✲✠✎
➹❙❘❖⑦P◆ ▼ ➬❙❍ ❯❘❙■P❑▲ P❍ ❖◆P▼ ▲❒❯◆ ■◆ ❯❑❷♥◆❖ ■◗❍❖ P❍ ◗▲◆▼❑◆❘ ■◆ ❯❘❙■P♥▲❑❙❍ ❸ ❑▼ ◆❖▲ ♥❙P❘◗❍▲
■ ➬◆❖❖◗❒◆❘ ■◆ ❲ ◗⑥❑❲ ❑❖◆❘ ▼◆ ▲◗P⑥ ■◆ ❯❘❙■P♥▲❑❙❍ ■◆ ▼◗ ♥◆▼▼P▼◆ ❯▼P▲í▲ ⑦P◆ ▼◆ ❲ ◗ï◆❖❯◗❍ ♣ ➹◆
❍❙❲❚❘◆ ■◆ ❯❑❷♥◆❖ ◆❖▲ ◗▼❙❘❖ ▲❘❷❖ ③❘◗❍■ ◆▲ ❍❙❍ ♥❙❍❍P ❰ ▼ ➬◗❽◗❍♥◆ ♣ ➹ ➬❙❚❨ ◆♥▲❑→ ◆❖▲ ■❙❍♥ ■◆
■❏▲◆❘❲ ❑❍◆❘ ▼◆ ♥❒♥▼◆ ■◆ ❯❘❙■P♥▲❑❙❍ ⑦P❑ ❲ ◗⑥❑❲ ❑❖◆ ▼◆ ▲◗P⑥ ■◆ ❯❘❙■P♥▲❑❙❍ ♣
➮◆ ❯❘❙❚▼❷❲ ◆ ❖◆❘◗ ❏▲P■❑❏ ◆❍ ■❏▲◗❑▼ ■◗❍❖ ▼◗ ❖◆♥▲❑❙❍ ❖P❑❽◗❍▲◆ ❙Ò P❍◆ ♥❙❍❨ ◆♥▲P❘◆ ◆❖▲ ❯❘❙❯❙❖❏◆
❯❙P❘ ▼◆ ❘❏❖❙P■❘◆ ◆❍ ▲◆❲❯❖ ❯❙▼❒❍❙❲ ❑◗▼ ♣ ➥▼ ◆❖▲ ❯❙❖❖❑❚ ▼◆ ■◆ ❲❙■❑Ï◆❘ ❖❑❲❯▼◆❲ ◆❍▲ ▼ ➬◗▼③❙❘❑▲⑨❲ ◆
■◆ q⑤r ❯❙P❘ ⑦P ➬❑▼ ❘❏❖❙▼❽◆ ■◆ →◗❐❙❍ ◆⑥◗♥▲◆ ▼◆ ♥◗❖ ♥❒♥▼❑⑦P◆ ❸ ♥◆ ⑦P❑ ❍❙P❖ ◗ ❯◆❘❲ ❑❖ ■◆ ▲◆❖▲◆❘
♥◆▲▲◆ ♥❙❍❨ ◆♥▲P❘◆ ♣
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➹ ⌊L/a⌋ ➽❚ ■◆ ❖❙❲❲◆▲❖ ➽❚ ■◆ ❖❙❲❲◆▲❖ ❯❙P❘ ➣◆❲❯❖ ❯❙P❘ ❙❚▲◆❍❑❘
▼◆ ③❘◗❯⑨◆ ❖❑❲❯▼❑Ï❏ P❍◆ ❖❙▼P▲❑❙❍➷⑩ Ñ ➴ ⑤ <

➷ ❖◆♥➷Ñ Ñ ➷➀ ➴
<

➷ ❖◆♥➷⑧ Ñ Ñ⑤ ➷⑧ <
➷ ❖◆♥➷⑤ ➲ ⑧➀ ÑÑ <
➷ ❖◆♥➷➴ ➲ ➴⑩ ➲⑤ <
➷ ❖◆♥Ñ⑩ ⑧ ➷⑧⑩ ➀➴ <
➷ ❖◆♥ÑÑ ⑧ Ñ⑧➀ ➜Ñ <
➷ ❖◆♥Ñ⑧ ⑧ ⑧➲ ➷ ➷➀➷ <
➷ ❖◆♥Ñ⑤ ➀ æ➀⑤ Ñ⑧ ➷ <
➷ ❖◆♥Ñ➴ ➀ ➷➲Ñ⑤ ➲➜ ➷ <
➷ ❖◆♥

➲⑩ ⑤ Ñ➲Ñ➴ ⑤Ñæ <
➷ ❖◆♥

➲Ñ ⑤ ⑧⑩➴➀ ➷⑩➷➲ <
➷ ❖◆♥

➲➲ ⑤ ➀⑧⑧ ➷ ➷Ñ➴➴ <
➷ ❲❑❍

➲⑧ ⑤ æ➷⑤➴ ➷⑤➲⑧ <
➷ ❲❑❍

➲➀ æ ➜⑧➜⑤ Ñ⑩æ➷ <
➷ ❲❑❍

➲⑤ æ ➷Ñ➀➴⑩ Ñ⑤➲Ñ <
➷ ❲❑❍

➲æ æ ➷⑤⑤⑤➀ ➲➲⑧⑧ <
➷ ❲❑❍

➲➴ æ ÑÑ⑩æ⑤ ⑧Ñ⑧⑤ <
➷ ❲❑❍

➲➜ æ Ñ➜Ñ⑧⑧ ➀➲➴➜ <
➷ ⑨◆P❘◆

⑧⑩ ➴ ➲➴æ⑧⑩ ⑤➴➲➜ <
➷ ⑨◆P❘◆

⑧ ➷ ➴ ➀➷➲Ñ⑩ ➴⑤➴➴ <
➷ ⑨◆P❘◆

⑧Ñ ➴ ⑤æ➜➴➀ ➷➷⑩➲⑧ <
➷ ⑨◆P❘◆

⑧➲ ➴ ➜⑩⑩⑤ ➷ ➷⑧⑩⑩æ ❍❙❍ ❘❏❖❙▼P
❣ø❤ ù ⑤ ♣➲ ô ➺❏❖P▼▲◗▲❖ ❯❙P❘ a = 5, b = 3



é ❬↔ ❬ ❭❺❪❹❫❴❵è❛❜ ❜↕❭ç❵ ➙❹❢❫ ❺❜❝ ❵êçè❜❝ ç❹❢➙❺ë❜❝ ❴➛❜❞ ❵❴❡ ❢❜❝ ➷Ñ➷

➽❙P❖ ■❏♥❘❑❽❙❍❖ ❑♥❑ ❚❘❑❷❽◆❲ ◆❍▲ ▼◗ ❲ ❏▲⑨❙■◆ ◆❲❯▼❙❒❏◆ ◗Ï❍ ■ ➬◆⑥❯▼❑⑦P◆❘ ▼◆❖ ❲ ❙■❑Ï♥◗▲❑❙❍❖ ⑦P❑
❖◆❘❙❍▲ ❍❏♥◆❖❖◗❑❘◆❖ ♣ ➮❙❍❖❑■❏❘❙❍❖ ▼ ➬❑❍❖▲◗❍♥◆ a = 3 ❸ L = 8 ◆▲ b = 2 ■P ❯❘❙❚▼❷❲ ◆ ♥❒♥▼❑⑦P◆ ♣➹◆❖ ④❑③P❘◆❖ ⑤ ♣⑧ ❸ ⑤ ♣➀ ◆▲ ⑤ ♣⑤ ❯❘❙❯❙❖◆❍▲ ▲❘❙❑❖ ♥❒♥▼◆❖ ■◆ ❯❘❙■P♥▲❑❙❍ ■❑❮ ❏❘◆❍▲❖ ♣ ➹◗ ④❑③P❘◆ ⑤ ♣⑧
❘◆❯❘❏❖◆❍▲◆ ▼◗ ❯❙❖❑▲❑❙❍ ▼◗ ❯▼P❖ ❖❑❲ ❯▼◆ ❯ ❙P❘ ▼◆❖ ❯❑❷♥◆❖ ❸ ■◆ ▼◗ →❙❘❲ ◆ aaabbb

◗❽◆♥ P❍◆ ■P❘❏◆
❲❙❒◆❍❍◆ ■P ♥❒♥▼◆ ■◆ 19

3
= 6.33 . . . ♣ Ð ◗❍❖ ▼◗ ④❑③P❘◆ ⑤ ♣➀ ▼◆ ♥❒♥▼◆ abab

◗ P❍◆ ■P❘❏◆ ❲❙❒◆❍❍◆
■◆ 13

2
= 6.5 ♣ ➹◆ ♥❒♥▼◆ ❙❯▲❑❲ ◗▼ ◆❖▲ ◆❍ →◗❑▲ aababbab ◆▲ ◆❖▲ ❘◆❯❘❏❖◆❍▲❏ ❖P❘ ▼◗ ④❑③P❘◆ ⑤ ♣⑤ ♣ ➥▼ ◗

P❍◆ ■P❘❏◆ ❲❙❒◆❍❍◆ ■◆ 21/4 = 5.25 ♣

. . . ❼ ❼➾
2➚ ➚ . . .

✮✯✰ ù ⑤ ♣⑧ ô L = 8 ❸ a = 3 ❸ b = 2 ❸ ❖❙▼P▲❑❙❍ ...aaabbb... ❸ ♥❒♥▼◆ ■◆ ▲❘❙❑❖ ❯❑❷♥◆❖ ❸ ■P❘❏◆
❲❙❒◆❍❍◆ 19/3

. . . ❼ ❼➾➾ ❼ ♣ ♣ ♣➾
✮ ✯✰ ù ⑤ ♣➀ ô L = 8 ❸ a = 3 ❸ b = 2 ❸ ❖❙▼P▲❑❙❍ ...abab... ❸ ♥❒♥▼◆ ■◆ ■◆P⑥ ❯❑❷♥◆❖ ❸ ■P❘❏◆ ❲ ❙❒◆❍❍◆ 13/2

. . . ❼ ❼➾
2

➪ ➚ ➚➪ ➪
❼ ➾ . . .

✮✯✰ ù ⑤ ♣⑤ ô L = 8 ❸ a = 3 ❸ b = 2 ❸ ❖❙▼P▲❑❙❍ ...aababbab... ❸ ♥❒♥▼◆ ■◆ ⑦P◗▲❘◆ ❯❑❷♥◆❖ ❸ ■P❘❏◆
❲❙❒◆❍❍◆ 21/4

❶❍ ♥❒♥▼◆ ■◆ ❯❘❙■P♥▲❑❙❍ ♥❙❘❘◆❖❯ ❙❍■ ❰ P❍ ♥❑❘♥P❑▲ ■◗❍❖ ▼◆ ③❘◗❯⑨◆ G ♣ ➮◆▼◗ ❖❑③❍❑Ï◆ ⑦P◆ ❖◗
▼❙❍③P◆P❘ ❲❙❒◆❍❍◆ λ ◆❖▲ ■❏Ï❍❑◆ ♥❙❲❲◆ ▼◗ ❖❙❲❲◆ ■◆❖ ❯❙❑■❖ ■◆❖ ◗❘♥❖ ■P ♥❑❘♥P❑▲ ■❑❽ ❑❖❏◆ ❯◗❘
▼◆ ❍❙❲❚❘◆ ■◆ ❖❙❲❲◆▲❖ ♣ ➹◆ ❯❘❙❚▼❷❲ ◆ ◆❖▲ ■❙❍♥ ■◆ ▲❘❙P❽◆❘ ▼◆ ♥❑❘♥P❑▲ ▲◆▼ ⑦P◆ λ ❖❙❑▲ ❲ ❑❍❑❲◗▼◆ ♣➮◆ ❯❘❙❚▼❷❲ ◆ ■❏❨ ❰ ❏▲❏ ▼❙❍③P◆❲◆❍▲ ❏▲P■❑❏ ◆▲ ❘❏❖❙▼P ◆ñ ♥◗♥◆❲ ◆❍▲ ♣ s❍ ▼◆ ▲❘❙P❽◆ ■◗❍❖ ▼◗
▼❑▲▲❏❘◗▲P❘◆ ❖❙P❖ ▼◆ ❍❙❲ ■◆ ➶➹➘❤➴➷➬➮ ➱✃ ❐➴✃❒ ❮➘✃➹❰ ❮Ï❮➴➮ ➬➘Ï➮Ð q➀➲r ❱ÑÒ➘➹❰➮❒❰Ó➮øÐ ÔÏ❮➴➮ ➶➹➘❤➴➮➬ ◆❍ ◗❍③▼◗❑❖❳ ♣
➥▼ ❖Pñ ▲ ■❙❍♥ ■ ➬◗❯❯▼❑⑦P◆❘ ▼ ➬◗▼③❙❘❑▲⑨❲ ◆ ■◆ q➀➲r ◗P ③❘◗❯⑨◆ G ■❏Ï❍❑▲ ❯◗❘ ♦⑨❘ ◆▲ ◗▼ ♣ q⑤r ❸ ◆❍
③◗❘■◗❍▲ ▼◆❖ ❲ ✃❲◆❖ ❲❙■❑Ï♥◗▲❑❙❍❖ ⑦P◆ ❯❘❏♥❏■◆❲❲◆❍▲ ❸ ❯❙P❘ ❙❚▲◆❍❑❘ ▼◗ ❖❙▼P▲❑❙❍ ❙❯▲❑❲ ◗▼◆ ◗P
❯❘❙❚▼❷❲ ◆ ♣ ➥▼ ❍ ➬◆❖▲ ❲ ◗▼⑨◆P❘◆P❖◆❲ ◆❍▲ ❯◗❖ ❯❙❖❖❑❚ ▼◆ ■◆ ▲❘◗❑▲◆❘ ■◆❖ ❑❍❖▲◗❍♥◆❖ ■◆ ▲❘❷❖ ③❘◗❍■◆
▲◗❑▼▼◆ ❯P❑❖⑦P◆ ▼◆ ③❘◗❯⑨◆ ❸ ❲ ✃❲◆ ❘❏■P❑▲ ❸ ❍ ➬◆❖▲ ❯◗❖ ❯❙▼❒❍❙❲ ❑◗▼ ■◆ ▼◗ ▲◗❑▼▼◆ ■◆ ▼ ➬❑❍❖▲◗❍♥◆◗❖❖❙♥❑❏◆ ♣
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Ô ÕÕ ÖßÞ× ÚüØâÝÚ ãßâÝ ÛÚ üØá üÙüÛà♠âÚ ØÚÚü ØþüÿÚá àÙÚÞ❧

Ø à♠âÚá
➹◗ ♥❙❍❨ ◆♥▲P❘◆ ❯❘❏❖◆❍▲❏◆ ❑♥❑ ◗ ❏▲❏ ▲◆❖▲❏◆ ◆❍ P▲❑▼❑❖◗❍▲ ▼ ➬◗▼③❙❘❑▲⑨❲◆ ■❏♥❘❑▲ ❰ ▼◗ ❖◆♥▲❑❙❍ ❯❘❏❿
♥❏■◆❍▲◆ ❯❙P❘ ❯▼P❖ ■◆ ➷⑩⑩⑩⑩ ❑❍❖▲◗❍♥◆❖ ▲◆▼▼◆❖ ⑦P◆ 70 ≥ L > a + b ◆▲ ❍ ➬◗ ❯◗❖ ❏▲❏ ❑❍❽◗▼❑■❏◆ ♣➮◆❯ ◆❍■◗❍▲ ❸ ◆▼▼◆ ❍ ➬◗ ❯◗❖ ❯P ✃▲❘◆ ■❏❲❙❍▲❘❏◆ ❸ ◆▲ ♥◆ ❲ ◗▼③❘❏ ▼◆❖ ❯❘❙❯❘❑❏▲❏❖ ⑦P❑ ◗❚❙❍■◆❍▲ ■◗❍❖
❖❙❍ ❖◆❍❖ ♣
� ✁Û ✁✄ Ü✆☞☛☞✌✆✝✈ ✎☞ ✍➟✞✝✌☞✌✆✝✈
Ð ◗❍❖ ▼◆ ♥◗❖ ♥❒♥▼❑⑦P◆ ❸ ▼ ➬❑❍❖▲◗❍♥◆ ♥❙❍❖❑❖▲◆ ◆❍ ▲❘❙❑❖ ◆❍▲❑◆❘❖ ❯❙❖❑▲❑→❖ a ❸ b ◆▲ L ♣ ➮❙❲❲◆ ❍❙P❖
▼ ➬◗❽❙❍❖ ■❑▲ ❯❘❏♥❏■◆❲❲◆❍▲ ❸ ❙❍ ❯◆P▲ ♥❙❍❖❑■❏❘◆❘ ⑦P◆ a ≥ b ◆▲ ❍❙P❖ ▲❘◗❽◗❑▼▼◆❘❙❍❖ ❖❙P❖ ♥◆▲▲◆
⑨❒❯❙▲⑨❷❖◆ ♣ Ð ◆ ❯▼P❖ ❸ ◗Ï❍ ■◆ ❍❙P❖ ❘◆❖▲❘◆❑❍■❘◆ ❰ ■◆❖ ♥◗❖ ❍❙❍ ▲❘❑❽ ❑◗P⑥ ❸ ❍❙P❖ ❖P❯❯❙❖❙❍❖ ⑦P◆
a 6= b ◆▲ L > a + b ♣
❇✶Ý❈●❊●✷❈ ➂Þ ßà✻❈á❊✸✻ ➢ â➠❈✻ ❊ã➤✵✻ ä ✽➑ å✻❈á❊✸✻

W (j)
➢✻ æ❋ ❊ã➤✵✻

j
➇➌➉ ➒ ➐➍➅➉➇➏➭

❃➑➒ ➒➇ {ta(j) + a, ta(j) + a + 1, . . . , tb(j) − 1} ❆
❇✶Ý❈●❊●✷❈ ➂ç ➄➅ ✿➍➉ ❂➈ ➐➈➅ ➇ ➋➆ ➎➏➑➉➍➋➅ ✿➇ ➒➑ ➉❀➊❁ ➇ j

➩
f(j)

➋➈
l(j)

➩ ➇➌➉ ❉➠●è ●✻ ✿➇ ➒ ➐➋➆ ➎➭
➏➑➉➍➋➅ f(k)

➋➈
l(k) ✿ ➐➈➅ ➇ ➉❀➊❁ ➇ k

➌➍ ➑➈ ➊➈➅ ➇ ➑➈➉➏➇ ➋➆ ➎➏➑➉➍➋➅ ➅ ➐➇➌➉ ➇é ➇➊➉➈ ➎➇ ➌➈➏ ➒➑ ➓ ➑➊❁➍➅ ➇➇➅➉➏➇ ➊➇➌ ✿➇➈➔ ➋➆ ➎➏➑➉➍➋➅➌ ❆ ➄➅ ✿➍➉ ❂➈ ➇ ➒➇➌ ✿➇➈➔ ➋➆ ➎➏➑➉➍➋➅➌ ➌ ➋➅➉ ➤✷❈❉✶➤➠❊●è✻❉ ❆ ✽ ➐➋➆ ➎➏➑➉➍➋➅
❂➈➍ ➌➈➍➉ ➈➅ ➇ ➋➆ ➎➏➑➉➍➋➅ o

➇➌➉ ➅ ➋➉➎➇ s(o) ❆
❇✶Ý❈●❊●✷❈ ➂ê ë➋➍➉

i
➈➅ ➇ ➉❀➊❁ ➇❆➄➅ ✿➍➉ ❂➈ ➇ ➒ ➐➋➆ ➎➏➑➉➍➋➅ f(i)

❋➡➡❋✸❊●✻❈❊ ì æ â●❈❊✻✸è❋ææ✻
I
➩ ➇➉ ➋➅ ➅➋➉➇

f(i) ∈ I
➌➍ í

ta(i) ∈ I➇➉
ta(i) + a − 1 ∈ Iî ❆➄➅ ✿➍➉ ❂➈ ➇ ➒ ➐➋➆ ➎➏➑➉➍➋➅ l(i)

❋➡➡❋✸❊●✻❈❊ ì æ â●❈❊✻✸è❋ææ✻
I
➩ ➇➉ ➋➅ ➅➋➉➇

l(i) ∈ I
➌➍ í

tb(i) ∈ I➇➉
tb(i) + b − 1 ∈ Iî ❆

s❍ ❍❙▲◆ na(i) ▼◆ ♥◗❘■❑❍◗▼ ■◆ ▼ ➬◆❍❖◆❲❚▼◆ {f(j)|f(j) ∈ W (i)} ❸ ◆▲ nb(i) ▼◆ ♥◗❘■❑❍◗▼ ■◆
▼ ➬◆❍❖◆❲❚▼◆ {l(j)|l(j) ∈ W (i)} í

na(i)
➇➌➉ ➒➇ ➅ ➋➓ ï➏➇ ✿➇ ➐➑ ➐ ➆ ➏➋✿➈➍➉➌ ✿➑➅➌ ➒ ➐➍➅➉➇➏❃➑➒ ➒➇ ✿➇➉➇➓➆ ➌

W (i)
➇➉

nb(i)
➒➇ ➅ ➋➓ ï➏➇ ✿➇ ➐ï ➐ ➆ ➏➋✿➈➍➉➌ ✿➑➅➌ ➊➇➉ ➍➅➉➇➏❃➑➒ ➒➇î ❆

ó❙P❘ P❍◆ ❖❏⑦P◆❍♥◆ S ■◆ ➬◗ ➬ ◆▲ ■◆ ➬❚ ➬❸ ❙❍ ❍❙▲◆❘◗ Sk ▼◗ ❖❏⑦P◆❍♥◆ S ❘❏❯ ❏▲❏◆ k →❙❑❖ ◆▲ S∗ ▼◗
❖❏⑦P◆❍♥◆ S ❘❏❯ ❏▲❏◆ ❰ ▼ ➬❑❍Ï❍❑ ♣
� ✁Û ✁✂ ✱✑✡✌☞✠✡✎ ✍✎

L
✎☞ ✑➼✑✏✎ ☛✈✈✆ ✑✌➟

➽❙P❖ ❑❍▲❘❙■P❑❖❙❍❖ ▼◗ ❍❙▲❑❙❍ ✿ ➐➎➊➏➍➉➈➏➇ ❯❙P❘ ▼◗ ■P❘❏◆ L ⑦P❑ ❖❏❯◗❘◆ ■◆P⑥ ❙❯❏❘◗▲❑❙❍❖ ■ ➬P❍◆
❲ ✃❲◆ ▲➘♥⑨◆ ■◆ ▼◗ →◗❐❙❍ ❖P❑❽◗❍▲◆ ♣
❇✶Ý❈●❊●✷❈ ðñ ë➋➍➇➅➉

α
➇➉

β ✿➇➌ ➇➅➉➍➇➏➌ ➆ ➋➌➍➉➍② ➌ ➋➈ ➅➈➒➌ ❆ ➄➅ ✿➍➉ ❂➈ ➐➈➅ ➇ ➎➊➏➍➉➈➏➇ ✿➇ L
➌ ➋➈➌

➒➑ ② ➋➏➓ ➇
L = α a+β(a+b)+γ

➇➌➉ ❋➢✺ ●❉❉●ò æ✻ ➌➍
γ ≥ 0 ❆ ➄➅ ➑➆➆ ➇➒ ➒➇

L = α a+β(a+b)+γ➒ ➐✶➤✸●❊➠✸✻ ➋➈ ➒➑ å✷✸✺✻ ✿➇ L ❆➄➅ ✿➍➉ ❂➈ ➐➈➅ ➇ ② ➋➏➓ ➇ ➇➌➉
ró❋➢✺ ●❉❉●ò æ✻ ➌➍

0 ≤ γ < b
➋➈ í

α = 0
➇➉

0 ≤ γ < aî ❆



é ❬ô ❬ ç❹❞ õ❜ç❵❢❫❜ ➙❹❢❫ ❺❜ ç❭❝ çöç❺❴❡ ❢❜ ❭÷❜ç ❵êçè❜❝ ❴➛❜❞ ❵❴❡ ❢❜❝ ➷Ñ➲
øùúûü✐ýù þ ÿ� ✁✂ ✄☎✆✁ ✆✝ ✞✟ ✝ ✞✠☎ ✞✡✁ ☛☞ ✠✄✆ ✞✠✁

r➥✌✍✎ ✄☎☎ ✄✏ �✁ ✍✁ L ✑ ✒✝✆✝ ✡☎
β

�✁ ✓ ✞✝✆ ✄✁ ✡✆
✍✁ �✌ ✍ ✄✔ ✄☎ ✄✝ ✡ ✁ ✞☞ �✄✍ ✄✁ ✡✡✁ ✍✁ L ✕✌✠ (a + b)

✁✆
γ

☎✝ ✡ ✠✁☎✆✁ ✑ ✖ ✄
γ ≥ a ✗ �✌ ✘✝ ✠✎✁

L =
a + β(a + b) + (γ − a)

✁☎✆
r➥✌✍✎ ✄☎☎ ✄✏ �✁ ✁✆ ☎ ✄

γ < a ✗ �✌ ✘✝ ✠✎✁
L = β(a + b) + γ

✁☎✆
r➥✌✍✎ ✄☎☎ ✄✏ �✁ ✑

❩❑ L
◗■❲◆▲ ▼ ➬❏♥❘❑▲P❘◆ ◗■❲ ❑❖❖❑❚ ▼◆ L = α a + β(a + b) + γ

◗❽◆♥ α + β ≥ 1 ❸ ❙❍ ❯ ◆P▲ →◗❑❘◆
♥❙❘❘◆❖❯❙❍■❘◆ ❰ ♥◆▲▲◆ ❏♥❘❑▲P❘◆ ▼◆ ♥❒♥▼◆ C(α, β) = ((a(α+1) (ba)βb(α+1)(ab)β)Γ)∗ ❖❑ α 6= 0 ◆▲
((ab)Γ)∗ ❖❑❍❙❍ ❸ ❙Ò Γ ◆❖▲ ◆❍▲❑❷❘◆❲ ◆❍▲ ■❏▲◆❘❲ ❑❍❏ ❯◗❘ ▼◗ ❽◗▼◆P❘ ■◆ γ ▼❙❘❖⑦P◆ ▼◆❖ ▲➘♥⑨◆❖ ❖❙❍▲
❯▼◗♥❏◆❖ ◗P ❯▼P❖ ▲í▲ ♣ ❩❑ γ ◆❖▲ ❍P▼ ❸ Γ = 1 ♣ ❩❑ γ ◆❖▲ ❍❙❍ ❍P▼ ❸ Γ = β + 1 ♣Ð ◆P⑥ ◆⑥◆❲❯▼◆❖ ■◆ ♥❒♥▼◆❖ ◗❖❖❙♥❑❏❖ ❰ P❍◆ ❏♥❘❑▲P❘◆ ■◆ L ❖❙❍▲ ❘◆❯❘❏❖◆❍▲❏❖ ❯❙P❘ γ = 0 ◆▲
L = a + (a + b) ❖P❘ ▼◗ ④❑③P❘◆ ⑤ ♣æ ◆▲ ❯❙P❘ γ = 1 ◆▲ L = a + (a + b) + 1 ❖P❘ ▼◗ ④❑③P❘◆ ⑤ ♣➴ ♣

❼ ❼➾ ➾➪
➚ ➚➪ ➪❼ ➾

✮ ✯✰ ù ⑤ ♣æ ô γ = 0 ❸ L = a + (a + b) ❸ C(1, 1) = (a2bab2ab)∗

❼ ❼➾ ➾✙
➚ ➚➪ ➪✚ ✛

✚ ✚✛ ✛➪
✜ ✜✙ ✙❼ ➾

✮ ✯✰ ù ⑤ ♣➴ ô γ = 1 ❸ L = a + (a + b) + 1 ❸ C(1, 1) = ((a2bab2ab)2)∗

➺◆❲◗❘⑦P❙❍❖ ⑦P◆ ❖❑ L
◗■❲◆▲ ▼ ➬❏♥❘❑▲P❘◆ ◗■❲ ❑❖❖❑❚ ▼◆ L = αa + β(a + b) + γ

◗❽◆♥ γ > 0 ❸ ■◗❍❖
P❍ ♥❒♥▼◆ ■◆ ▼◗ →❙❘❲ ◆ C = ((aα+1(ba)βbα+1(ab)β)δ)∗

◗❽◆♥ 1 ≤ δ ❸ δ 6= β + 1 ❸ ▲❙P▲◆❖ ▼◆❖ ▲➘♥⑨◆❖
❍◆ ❖❙❍▲ ❯◗❖ ❯▼◗♥❏◆❖ ◗P ❯▼P❖ ▲í▲ ♣ ❩❙❍ ▲◗P⑥ ■◆ ❯❘❙■P♥▲❑❙❍ ❍◆ ❖◆❘◗ ■❙❍♥ ❯◗❖ ❲ ◆❑▼▼◆P❘ ⑦P◆
♥◆▼P ❑ ■P ♥❒♥▼◆ C(α, β) ♣
➽❙P❖ ♥❙❍❨ ◆♥▲P❘❙❍❖ ⑦P ➬❑▼ ◆⑥ ❑❖▲◆ P❍◆ ❏♥❘❑▲P❘◆ ◗■❲ ❑❖❖❑❚ ▼◆ ■◆ L ▲◆▼▼◆ ⑦P◆ ▼◆ ♥❒♥▼◆ ◗❖❖❙♥❑❏ ❖❙❑▲
❙❯▲❑❲ ◗▼♣
✢✷❈✣ ✻➤❊➠✸✻ ➂ ✤ ➋➈➏ ➉➋➈➉ ➍➅➌➉➑➅ ➊➇

(a, b, L)
➍➒ ➇➔ ➍➌➉➇ ➈➅ ➇ ➎➊➏➍➉➈➏➇ ➑✿➓ ➍➌➌➍ï➒➇

L = α a +
β(a + b) + γ ✿➇ L

➉➇➒ ➒➇ ❂➈ ➇ ➒➇ ➊➨➊➒➇ C(α, β)
➇➌➉ ➋➆ ➉➍➓ ➑➒❆

s❍ ❯◆P▲ ■❷❖ ❰ ❯❘❏❖◆❍▲ →❙❘❲P▼◆❘ ❯▼P❖❑◆P❘❖ ❘◆❲ ◗❘⑦P◆❖ ❖P❘ ♥◆▲▲◆ ♥❙❍❨ ◆♥▲P❘◆ ♣ ➹◗ ❯❘◆❲ ❑❷❘◆
◆❖▲ ⑦P◆ ▼◆ ❍❙❲❚❘◆ ■ ➬❏♥❘❑▲P❘◆❖ ◗■❲ ❑❖❖❑❚ ▼◆❖ ■◆ L ◆❖▲ ❖P❯ ❏❘❑◆P❘ ❰ ⌈L/a⌉ + 1 ❸ ♥◆ ⑦P❑ ❍ ➬◆❖▲
❯◗❖ ❯❙▼❒❍❙❲ ❑◗▼ ❯◗❘ ❘◗❯❯❙❘▲ ❰ ▼◗ ▲◗❑▼▼◆ ■◆ ▼ ➬❑❍❖▲◗❍♥◆ ♣ ➥▼ ◆❖▲ ■❙❍♥ ❍❏♥◆❖❖◗❑❘◆ ❸ ❲ ✃❲◆ ❖❑ ▼◗
♥❙❍❨ ◆♥▲P❘◆ ◆❖▲ ◗■❲ ❑❖◆ ❸ ■◆ ■❏▲◆❘❲ ❑❍◆❘ ⑦P◆▼▼◆❖ ❖❙❍▲ ❯◗❘❲ ❑ ♥◆❖ ❏♥❘❑▲P❘◆❖ ♥◆▼▼◆❖ ⑦P❑ ❯ ◆P❽◆❍▲
♥❙❘❘◆❖❯❙❍■❘◆ ❰ P❍ ♥❒♥▼◆ ❙❯▲❑❲ ◗▼♣ ➹◗ ❖◆♥❙❍■◆ ◆❖▲ ⑦P◆ ❖❑ ▼◗ ♥❙❍❨ ◆♥▲P❘◆ ◆❖▲ ❽❏❘❑Ï❏◆ ❸ ❑▼ ❍❙P❖
→◗P▲ ◆❍♥❙❘◆ ♥❙❍❍◗÷▲❘◆ ▼◗ ■P❘❏◆ ❲ ❙❒◆❍❍◆ ■P ♥❒♥▼◆ ❯❙P❘ ❘❏❯❙❍■❘◆ ◆❍▲❑❷❘◆❲ ◆❍▲ ◗P ❯❘❙❚▼❷❲ ◆ ♣



➷Ñ⑧ çè❭➙❴❵❫❜ é ❬ ❵êçè❜❝ ç❹❢➙❺ë❜❝
➽❙P❖ ❘❏❯❙❍■❙❍❖ ▲❙P▲ ■ ➬◗❚❙❘■ ❰ ▼◗ ❖◆♥❙❍■◆ ■◆ ♥◆❖ ■◆P⑥ ❑❍▲◆❘❘❙③◗▲❑❙❍❖ ♣❩❑ ❙❍ ♥❙❍❖❑■❷❘◆ P❍◆ ❏♥❘❑▲P❘◆ ◗■❲ ❑❖❖❑❚ ▼◆ ❯❙P❘ L ◆▲ ▼◆ ♥❒♥▼◆ ◗❖❖❙♥❑❏ C(α, β) ❸ ❙❍ ❯ ◆P▲ ♥◗▼♥P▼◆❘
◆❍ ▲◆❲❯❖ ❯❙▼❒❍❙❲ ❑◗▼ ▼◆❖ ■P❘❏◆ ❲ ❙❒◆❍❍◆ ◆▲ ■P❘❏◆ ❲❙❒◆❍❍◆ ■ ➬❑❍◗♥▲❑❽ ❑▲❏ ■◆ C(α, β) ♣
Ó❍ ◆❮ ◆▲ ❸ ▼◗ ■P❘❏◆ ■◆ ♥◆ ♥❒♥▼◆ ◆❖▲ ■❙❍❍❏◆ ❯◗❘ ▼ ➬❏⑦P◗▲❑❙❍ ❖P❑❽◗❍▲◆ ❾

T (C(α, β)) =















(β + 1)(2L + a + b) − γ ❖❑ γ > 0 ◆▲ α > 0
L + a + b ❖❑ γ > 0 ◆▲ α = 0
2L + a + b ❖❑ γ = 0 ◆▲ α > 0
a + b ❖❑ γ = 0 ◆▲ α = 0

❱⑤ ♣➲❳
➹◆ ❍❙❲❚❘◆ ■◆ ▲➘♥⑨◆❖ ■P ♥❒♥▼◆ ◆❖▲ ❾

N(C(α, β)) =















(β + 1)(1 + α + 2β) ❖❑ γ > 0 ◆▲ α > 0
1 + β ❖❑ γ > 0 ◆▲ α = 0
1 + α + 2β ❖❑ γ = 0 ◆▲ α > 0
1 ❖❑ γ = 0 ◆▲ α = 0

❱⑤ ♣⑧❳

➹◗ ❖❙❲❲◆ ■◆❖ ▲◆❲❯❖ ❲❙❘▲❖ ❖P❘❽◆❍P❖ ■P❘◗❍▲ ▼◆ ♥❒♥▼◆ ◆❖▲ ❾

TM(C(α, β)) =







(2β + 1)γ + α(1 + β)(a − b) ❖❑ α > 0 ◆▲ γ 6= 0
α(a − b) ❖❑ α > 0 ◆▲ γ = 0
γ ❖❑ α = 0

❱⑤ ♣➀❳
➹◗ ■P❘❏◆ ❲ ❙❒◆❍❍◆ ■P ♥❒♥▼◆ ◆❖▲ ❾

λ(C(α, β)) =
(β + 1)(2L + a + b) − γ

(β + 1)(1 + α + 2β)
❱⑤ ♣⑤❳

Ó▲ ▼◗ ■P❘❏◆ ❲❙❒◆❍❍◆ ■ ➬❑❍◗♥▲❑❽ ❑▲❏ ◆❖▲ ❾
µ(C(α, β)) =

(2β + 1)γ + α(1 + β)(a − b)

(β + 1)(1 + α + 2β)
❱⑤ ♣æ❳

s❍ ❯ ◆P▲ ■❙❍♥ ❸ ◆❍ ▲◆❲❯❖ ❯❙▼❒❍❙❲ ❑◗▼ ❯◗❘ ❘◗❯❯❙❘▲ ❰ ▼◗ ▲◗❑▼▼◆ ■◆ ▼ ➬❑❍❖▲◗❍♥◆ ❸ ♥❙❍❍◗÷▲❘◆ ❸ ❯ ❙P❘
P❍ ■◆❖ ♥❒♥▼◆❖ ❯❘❙❯❙❖❏❖ ❯◗❘ ▼◗ ♥❙❍❨ ◆♥▲P❘◆ ❸ ▼◗ ■P❘❏◆ ❲ ❙❒◆❍❍◆ ■P ♥❒♥▼◆ ◆▲ P❍◆ ❘◆❯❘❏❖◆❍▲◗▲❑❙❍
♥❙❲❯◗♥▲◆ ♣
♦Ï❍ ■◆ ♥❙❲❯◗❘◆❘ ▼◆❖ ■❑❮ ❏❘◆❍▲◆❖ ❏♥❘❑▲P❘◆❖ ■◆ L ■◗❍❖ ▼◗ ❖◆♥▲❑❙❍ ❖P❑❽◗❍▲◆ ❸ ❍❙P❖ ❑❍▲❘❙■P❑❖❙❍❖
▼◗ ❍❙▲❑❙❍ ■◆ ■❙❲ ❑❍◗❍♥◆ ❯❙P❘ ▼◆❖ ♥❒♥▼◆❖ ♣
❇✶Ý❈●❊●✷❈ ð➂ ß❇✷✺ ●❈❋❈➤✻ ➢ â➠❈ ➤✥➤æ✻ ➡❋✸ ✸❋➡➡✷✸❊ ì ➠❈ ❋➠❊✸✻ä ➄➅ ✿➍➉ ❂➈ ➇ ➒➇
➊➨➊➒➇ C1

➢✷✺ ●❈✻ ➒➇ ➊➨➊➒➇ C2
➌➍ ➒➑ ✿➈➏➎➇ ➓ ➋➨➇➅➅ ➇ ✿➈ ➊➨➊➒➇ C1

➇➌➉ ➆ ➒➈➌ ➊➋➈➏➉➇ ❂➈ ➇ ➊➇➒ ➒➇ ✿➈➊➨➊➒➇ C2
➩ ➋➈ ✿➇ ② ➑✦➋➅ ➎❂➈➍❃➑➒➇➅➉➇ ➌➍ ➒➑ ✿➈➏➎➇ ➓ ➋➨➇➅➅ ➇ ✿➇➌ ➆ ➎➏➍➋✿➇➌ ✿ ➐➍➅➑➊➉➍❃➍➉➎ ✿➑➅➌ C1➇➌➉ ➆ ➒➈➌ ➊➋➈➏➉➇ ❂➈ ➇ ➊➇➒ ➒➇ ✿➇ C2

❆ ✧➇➒➑ ➌➍ì➅➍❅ ➇ ❂➈ ➇ ➒ ➐➈➅ ➇ ✿➇➌ ✿➇➈➔ ➎❂➈➑➉➍➋➅➌ ➎❂➈➍❃➑➒➇➅➉➇➌➌➈➍❃➑➅➉➇➌ ➇➌➉ ❃ ➎➏➍❅ ➎➇ ★
✩ λ(C1) ≤ λ(C2)✩ µ(C1) ≤ µ(C2)

➹◗ ❖◆♥▲❑❙❍ ❖P❑❽◗❍▲◆ ❍❙P❖ ❯ ◆❘❲ ◆▲ ■◆ ♥⑨❙❑❖❑❘ ❯◗❘❲ ❑ ▼◆❖ ❏♥❘❑▲P❘◆❖ ■◆ L ♥◆▼▼◆❖ ⑦P❑ ❯ ◆P❽◆❍▲
♥❙❘❘◆❖❯❙❍■❘◆ ◗P ♥❒♥▼◆ ❙❯▲❑❲ ◗▼♣
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γ
✇✆✠✡ ✲✠✎ ✏ ✫➟✑✡✌☞✠✡✎ ✍✎

L
✇✠✌✈✈✎ ✬☞✡✎ ✆✇☞✌➞☛✏✎

Ð ◗❍❖ P❍◆ ❏♥❘❑▲P❘◆ ■◆ L ❸ ▼◗ ❽◗▼◆P❘ ■◆ γ ♥❙❘❘◆❖❯❙❍■ ❰ ▼◗ ■P❘❏◆ ❲ ❑❍❑❲P❲ ■ ➬❑❍◗♥▲❑❽ ❑▲❏ ■◗❍❖
▼◗ →◆❍✃▲❘◆ ■◆ ♥⑨◗⑦P◆ ▲➘♥⑨◆ ■P ♥❒♥▼◆ ♣ Ó ▼▼◆ ◆❖▲ ❚❙❘❍❏◆ ❯◗❘ ▼◆❖ ▼◆❲❲◆❖ ❖P❑❽◗❍▲❖ ■◗❍❖ ▼◆ ♥◗❖
❙Ò ▼◆ ♥❒♥▼◆ ♥❙❍❖❑■❏❘❏ ❖◆❘◗❑▲ ❙❯▲❑❲ ◗▼ ♣

➁✻✺✺✻ ➂Þ ✽ ➐➎➊➏➍➉➈➏➇ L = α a + β (a + b) + γ
➅ ➐➇➌➉ ➆➑➌ ➋➆ ➉➍➓ ➑➒➇ ➌➍

γ ≥ a ❆

❇✶✺✷❈❉❊✸❋❊●✷❈ ➯ ➻❙❍▲❘❙❍❖ ⑦P◆ ❖❑ γ ≥ a ❸ ◗▼❙❘❖ C(α, β) ◆❖▲ ■❙❲ ❑❍❏ ❯◗❘ C(α + 1, β) ♣❩P❯❯❙❖❙❍❖ γ ≥ a ♣ s❍ ♥❙❲❯◗❘◆ ▼◆❖ ❏♥❘❑▲P❘◆❖ L = α a + β (a + b) + γ ◆▲ L = (α + 1) a +
β (a+ b)+ (γ − a) ♣ ❩❙❑▲ ∆ ▼◗ ■❑❮ ❏❘◆❍♥◆ ◆❍▲❘◆ ▼◆❖ ■P❘❏◆❖ ❲ ❙❒◆❍❍◆❖ ■◆❖ ■◆P⑥ ♥❒♥▼◆❖ ◗❖❖❙♥❑❏❖❰ ♥◆❖ ❏♥❘❑▲P❘◆❖ ♣
∆ = λ(C(α, β)) − λ(C(α + 1, β))

=
(β + 1)(2L + a + b) − γ

(β + 1)(1 + α + 2β)
− (β + 1)(2L + a + b) − (γ − a)

(β + 1)(1 + (α + 1) + 2β)

=
(β + 1)(2L + a + b)[(2 + α + 2β) − (1 + α + 2β)] − γ(2 + α + 2β) + (γ − a)(1 + α + 2β)

(β + 1)(1 + α + 2β)(2 + α + 2β)

=
(β + 1)(2L + a + b) − γ(2 + α + 2β) + (γ − a)(1 + α + 2β)

(β + 1)(1 + α + 2β)(2 + α + 2β)

=
β(2L + a + b) + (2α a + 2β (a + b) + 2γ) − γ(2 + α + 2β) + (γ − a)(1 + α + 2β) + a + b

(β + 1)(1 + α + 2β)(2 + α + 2β)

=
β(2L + a + b) + (α + 2β)(a − γ) + (γ − a)(1 + α + 2β) + (α + 1) a + (2β + 1) b

(β + 1)(1 + α + 2β)(2 + α + 2β)

=
β(2L + a + b) + (γ − a) + (α + 1) a + (2β + 1) b

(β + 1)(1 + α + 2β)(2 + α + 2β)
> 0

❯P❑❖⑦P◆ γ − a ≥ 0 ♣➹◆ ♥❒♥▼◆ C(α, β) ❍ ➬◆❖▲ ■❙❍♥ ❯◗❖ ❙❯▲❑❲ ◗▼ ❾ ❑▼ ◆❖▲ ❖▲❘❑♥▲◆❲ ◆❍▲ ■❙❲ ❑❍❏ ❯◗❘ C(α + 1, β) ♣ ¤

➁✻✺✺✻ ➂ç ✽ ➐➎➊➏➍➉➈➏➇ L = α a + β (a + b) + γ
➅ ➐➇➌➉ ➆➑➌ ➋➆ ➉➍➓ ➑➒➇ ➌➍

γ ≥ b
➇➉

α ≥ 1 ❆

❇✶✺✷❈❉❊✸❋❊●✷❈ ➯ ❩❑ γ ≥ a ❸ ▼◆ ➹◆❲❲◆ ➷æ ■❙❍❍◆ ▼◆ ❘❏❖P▼▲◗▲ ♣❩P❯❯❙❖❙❍❖ ⑦P◆ a > γ ≥ b ◆▲ α ≥ 1 ♣ ➻❙❍▲❘❙❍❖ ⑦P◆ C(α, β) ◆❖▲ ■❙❲ ❑❍❏ ❯◗❘ C(α− 1, β + 1) ♣s❍ ♥❙❲❯◗❘◆ ▼◗ ❘◆❯❘❏❖◆❍▲◗▲❑❙❍ ❯❘❙❯❙❖❏◆ ◗❽◆♥ L = (α − 1) a + (β + 1)(a + b) + (γ − b) ♣❩❙❑▲ ∆ ▼◗ ■❑❮❏❘◆❍♥◆ ◆❍▲❘◆ ▼◆❖ ■P❘❏◆❖ ❲❙❒◆❍❍◆❖ ■◆❖ ■◆P⑥ ♥❒♥▼◆❖ ◗❖❖❙♥❑❏❖ ❰ C(α, β) ◆▲ C(α−
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1, β + 1) ♣
∆ = λ(C(α, β)) − λ(C(α − 1, β + 1))

=
(β + 1)(2L + a + b) − γ

(β + 1)(1 + α + 2β)
− (β + 2)(2L + a + b) − (γ − b)

(β + 2)(1 + (α − 1) + 2(β + 1))

=
(β + 1)(β + 2)(2L + a + b) − γ(β + 2)(2 + α + 2β) + (γ − b)(β + 1)(1 + α + 2β)

(β + 1)(β + 2)(1 + α + 2β)(2 + α + 2β)

=
(β + 2)[β (2L + a + b) + 2L + a + b − γ(2 + α + 2β)] + (γ − b)(β + 1)(1 + α + 2β)

(β + 1)(β + 2)(1 + α + 2β)(2 + α + 2β)

=
(β + 2)[β (2L + a + b) + 2αa + 2βa + 2βb + a + b − γ(α + 2β)]

(β + 1)(β + 2)(1 + α + 2β)(2 + α + 2β)

+
(γ − b)(β + 1)(1 + α + 2β)

(β + 1)(β + 2)(1 + α + 2β)(2 + α + 2β)

=
(β + 2)[β (2L + a + b) + (a − γ)(α + 2β) + (α + 1) a + (2β + 1) b]

(β + 1)(β + 2)(1 + α + 2β)(2 + α + 2β)

+
(γ − b)(β + 1)(1 + α + 2β)

(β + 1)(β + 2)(1 + α + 2β)(2 + α + 2β)
> 0

♥◗❘ γ − b ≥ 0 ◆▲ a − γ > 0 ♣Ð❙❍♥ ▼◆ ♥❒♥▼◆ C(α, β) ❍ ➬◆❖▲ ❯◗❖ ❙❯▲❑❲ ◗▼ ❾ ❑▼ ◆❖▲ ❖▲❘❑♥▲◆❲ ◆❍▲ ■❙❲ ❑❍❏ ❯◗❘ C(α − 1, β + 1) ♣ ¤s❍ ❯◆P▲ ■❏■P❑❘◆ ■◆ ♥◆❖ ■◆P⑥ ▼◆❲❲◆❖ ⑦P◆ ❖❑ ▼◗ ♥❙❍❨ ◆♥▲P❘◆ ◆❖▲ ❽❏❘❑Ï❏◆ ❸ ▼◆ ♥❒♥▼◆ ❙❯▲❑❲ ◗▼
♥❙❘❘◆❖❯❙❍■❘◗ ❰ P❍◆ ❏♥❘❑▲P❘◆ r❿◗■❲ ❑❖❖❑❚ ▼◆ ♣

� ✁Û ✁Û ✉✎✠✭ ✑☛✈ ✡➟✈✆✏✠✈

➽❙P❖ ❑▼▼P❖▲❘❙❍❖ ❰ ❯❘❏❖◆❍▲ ▼◗ ➮❙❍❨ ◆♥▲P❘◆ ➷ ❯◗❘ ■◆P⑥ ◆⑥◆❲❯▼◆❖ ❯❙P❘ ▼◆❖⑦P◆▼❖ ❑▼ ◆❖▲ ❯❙❖❖❑❚ ▼◆
■◆ ■❏❲❙❍▲❘◆❘ ■◆ →◗❐❙❍ ❘◆▼◗▲❑❽◆❲ ◆❍▲ ♥❙❍♥❑❖◆ ⑦P ➬P❍ ■◆❖ ♥❒♥▼◆❖ ❯❘❙❯❙❖❏❖ ❯◗❘ ▼◗ ♥❙❍❨ ◆♥▲P❘◆
◆❖▲ ❙❯▲❑❲ ◗▼♣
✮ ✸✷➡✷❉●❊●✷❈ ð ➂ ✯ ➑➅➌ ➒➇ ➊➑➌ ➋✰

L
➌ ➐➎➊➏➍➉ ➌ ➋➈➌ ➒➑ ② ➋➏➓ ➇

L = β(a + b)
➩ ➒➇ ➊➨ ➊➒➇ C(0, β)

➇➌➉
➒➇ ➌ ➇➈ ➒ ➊➨➊➒➇ ➋➆ ➉➍➓ ➑➒❆

❇✶✺✷❈❉❊✸❋❊●✷❈ ➯ ➹◆ ♥❒♥▼◆ C(0, β) ❍ ➬◗ ❯◗❖ ■◆ ▲◆❲❯❖ ❲❙❘▲ ❸ ❑▼ ◆❖▲ ■❙❍♥ ❙❯▲❑❲ ◗▼ ♣ Ð ◆ ❯▼P❖ ❸
♥ ➬◆❖▲ ▼◆ ❖◆P▼ ♥❒♥▼◆ ■◗❍❖ ♥◆ ♥◗❖ ♣ Ó❍ ◆❮◆▲ ❸ ❖❑ ■◗❍❖ P❍ ♥❒♥▼◆ C ❑▼ ◆⑥ ❑❖▲◆ P❍◆ ▲➘♥⑨◆ j ▲◆▼▼◆ ⑦P◆
f(j) ◆▲ f(j +1) ❖❙❍▲ ♥❙❍❖❏♥P▲❑❽◆❖ ◆▲ ❍❙❍ ❖❏❯◗❘❏◆❖ ❯◗❘ P❍ ▲◆❲❯❖ ❲❙❘▲ ❸ ❙❍ ◗P❘◗ P❍◆ ❯❏❘❑❙■◆
■ ➬❑❍◗♥▲❑❽ ❑▲❏ ■◆ ■P❘❏◆ a−b ◆❍▲❘◆ l(j) ◆▲ l(j+1) ❸ ■❙❍♥ ▼◆ ♥❒♥▼◆ ❍ ➬◆❖▲ ❯◗❖ ❙❯▲❑❲ ◗▼♣ ♦ ❑❍❖❑ ❸ ■◗❍❖
P❍ ♥❒♥▼◆ ❙❯▲❑❲ ◗▼❸ ▲❙P▲◆ ❙❯ ❏❘◗▲❑❙❍ f(j) ◆❖▲ ❖P❑❽ ❑◆ ■ ➬P❍◆ ❙❯❏❘◗▲❑❙❍ l(k) ⑦P❑ ◆❖▲ ◆▼▼◆❿❲ ✃❲◆
❖P❑❽❑◆ ■◆ f(j + 1) ♣ Ð ◆ ❯▼P❖ ❙❍ ◗ ❯◗❖ ■◆ ▲◆❲❯❖ ❲❙❘▲❖ ◆❍▲❘◆ ♥◆❖ ❙❯ ❏❘◗▲❑❙❍❖ ♣ ➥▼ ❖ ➬◗③❑▲ ■❙❍♥
■P ♥❒♥▼◆ C(0, β) ♣ ¤

✴✵✶✷✸✹✺✻ ➂➃ ë➍
L

➆ ➇➈➉ ➌ ➐➎➊➏➍➏➇ L = a + β(a + b)
➑➒➋➏➌ ➒➇ ➊➨ ➊➒➇ C(1, β)

➇➌➉ ➋➆ ➉➍➓ ➑➒❆



é ❬ô ❬ ç❹❞ õ❜ç❵❢❫❜ ➙❹❢❫ ❺❜ ç❭❝ çöç❺❴❡ ❢❜ ❭÷❜ç ❵êçè❜❝ ❴➛❜❞ ❵❴❡ ❢❜❝ ➷Ñæ
❇✶✺✷❈❉❊✸❋❊●✷❈ ➯ ❩P❯❯❙❖❙❍❖ ⑦P◆ L = a + β (a + b)

◗❽◆♥ β ≥ 1 ♣
ó❙P❘ ❯❘❙P❽◆❘ ♥◆ ❘❏❖P▼▲◗▲ ❸ ❙❍ ❲❙❍▲❘◆ ⑦P◆ ❯❙P❘ ▲❙P▲◆ ◗P▲❘◆ ❖❙▼P▲❑❙❍ ❸ ■◗❍❖ ▲❙P▲ ❑❍▲◆❘❽◗▼▼◆ ■◆
■P❘❏◆ T (C(1, β)) = 2L+a+b ❸ ▼◗ ❖❙❲❲◆ ■◆❖ ▲◆❲❯❖ ❲❙❘▲❖ ◆❖▲ ◗P ❲❙❑❍❖ ❏③◗▼◆ ❰ TM(C(1, β)) ❸
♥ ➬◆❖▲❿❰❿■ ❑❘◆ ❰

a − b ♣s❍ ♥❙❍❖❑■❷❘◆ P❍ ♥❒♥▼◆ ◗■❲ ❑❖❖❑❚▼◆ C ■◆ ■P❘❏◆ T (C) ♣❩❙❑▲ t ∈ {0, 1, . . . , T (C) − 1} ◆▲ S ▼◗ ❖❏⑦P◆❍♥◆ ■◆ ❯❘❙■P♥▲❑❙❍ ❙❚▲◆❍P◆ ◆❍ ❘◆❯❘❙■P❑❖◗❍▲ C
❖Pñ ❖◗❲❲◆❍▲ ■◆ →❙❑❖ ❯❙P❘ ⑦P ➬◆❍ ❯◗❘▲◗❍▲ ■◆ ▼ ➬❑❍❖▲◗❍▲ t

◗❯❘❷❖ ▼◆ ■❏❚P▲ ■P ♥❒♥▼◆ ❸ ❙❍ ❙❚▲❑◆❍❍◆
P❍◆ ■P❘❏◆ ■◆ ❯❘❙■P♥▲❑❙❍ ■◆ 2L + a + b ♣s❍ ❍❙▲◆ I ▼ ➬❑❍▲◆❘❽◗▼▼◆ {t, t + 1, . . . , t + 2L + a + b − 1} ♣ ❩❙❑▲ i ▼ ➬❑❍■❑♥◆ ▲◆▼ ⑦P◆ ta(i) =
min{ta(j)|ta(j) + a ∈ I} ♣✱➠➡➡✷❉✷❈❉ ✲➠✻

ta(i) ≥ t + a ♣ Ð ◗❍❖ ♥◆ ♥◗❖ô ❩❙❑▲ ◗P♥P❍◆ ❙❯❏❘◗▲❑❙❍ ❍◆ ▲◆❘❲ ❑❍◆ ❖◗ ❯❘❙■P♥▲❑❙❍ ■◗❍❖ ▼ ➬❑❍▲◆❘❽◗▼▼◆ {t, t + 1, . . . , t + a − 1}
◆▲ ♥◆▲ ❑❍▲◆❘❽◗▼▼◆ ◆❖▲ ◗▼❙❘❖ P❍◆ ❯ ❏❘❑❙■◆ ■ ➬❑❍◗♥▲❑❽ ❑▲❏ ■◆ ■P❘❏◆ a > a − b ♣ô ❩❙❑▲ P❍◆ ❙P ❯▼P❖❑◆P❘❖ ❙❯ ❏❘◗▲❑❙❍❖ ▲◆❘❲ ❑❍◆❍▲ ■◗❍❖ ▼ ➬❑❍▲◆❘❽◗▼▼◆ {t, t + 1, . . . , t + a − 1} ♣
♦ ▼❙❘❖ ❸ ■ ➬◗❯❘❷❖ ▼◗ ■❏Ï❍❑▲❑❙❍ ■◆ ▼ ➬❑❍■❑♥◆ i ❸ ❑▼ ❖ ➬◗③❑▲ ■◆ ➬❚ ➬ ❱❽❙❑❘ ④ ❑③P❘◆ ⑤ ♣➜❳ ◆▲ ❙❍ ❍❙▲◆ l(k)
▼◗ ❯❘◆❲ ❑❷❘◆ ■◆ ♥◆❖ ❙❯ ❏❘◗▲❑❙❍❖ ♣ ❩❑ ◗P♥P❍◆ ◗P▲❘◆ ❙❯ ❏❘◗▲❑❙❍ ❍◆ ♥❙❲❲◆❍♥◆ ❖◗ ❯❘❙■P♥▲❑❙❍
■◗❍❖ ▼ ➬❑❍▲◆❘❽◗▼▼◆ {t, t + 1, . . . , t + a − 1} ❸ ◗▼❙❘❖ ❙❍ ◗ ◗P ❲❙❑❍❖ a−b ▲◆❲❯❖ ❲❙❘▲❖ ❯P❑❖⑦P◆
▼ ➬❙❯❏❘◗▲❑❙❍ l(k) ■P❘◆ b P❍❑▲❏❖ ■◆ ▲◆❲❯❖ ♣❩❑❍❙❍ ❸ l(k + 1) ∈ I ◆▲ l(k + 1) = s(lk) ♣ Ð❙❍♥ ❙❍ ◗ ◗P ❲❙❑❍❖ P❍ ▲◆❲❯❖ ❲❙❘▲ ■◆ ■P❘❏◆
a − b ◆❍▲❘◆ ♥◆❖ ■◆P⑥ ➬❚ ➬♣s❍ ◗ ■◗❍❖ ▼◆❖ ■◆P⑥ ♥◗❖ a − b ▲◆❲❯❖ ❲❙❘▲❖ ■◗❍❖ ▼ ➬❑❍▲◆❘❽◗▼▼◆ {t, t + 1, . . . , t + a − 1} ♣ s❘

{t, t + 1, . . . , t + a − 1} ⊆ I ❸ ■❙❍♥ ❙❍ ◗ ◗P ❲❙❑❍❖ a − b ▲◆❲❯❖ ❲❙❘▲❖ ■◗❍❖ I ♣

✲✛✗✕✳ ✪ ✴ ✳ ✙✵✗✴
= a − b

t t + a − 1

l(k)

t t + a − 1

l(k)

✲✛✗✕✳ ✪ ✴ ✳ ✙✵✗✴ ≥ a − b

t t + a − 1

l(k) l(k + 1)

✲✛✗✕✳ ✪ ✴ ✳ ✙✵✗✴ ≥ a − b

✮✯✰ ù ⑤ ♣➜ ô ➣◆❲❯❖ ❲❙❘▲❖ ■◗❍❖ P❍ ❑❍▲◆❘❽◗▼▼◆ ■◆ ▲◗❑▼▼◆ a ■◗❍❖ ▼◆⑦P◆▼ ◗P♥P❍◆ ❙❯❏❘◗▲❑❙❍ f(j)
❍◆ ♥❙❲❲◆❍♥◆ ❍❑ ❍◆ Ï❍❑▲
✱➠➡➡✷❉✷❈❉ ✲➠✻

ta(i) < t + a ♣ ➹◗ →◆❍✃▲❘◆ W (i) ■◆ ▼◗ ▲➘♥⑨◆ i ♥❙❲❲◆❍♥◆ ❰ ▼ ➬❑❍❖▲◗❍▲
ta(i) + a ∈ I ❸ ❯◗❘ ■❏Ï❍❑▲❑❙❍ ■◆ i ♣ Ó ▼▼◆ Ï❍❑▲ ❰ ▼ ➬❑❍❖▲◗❍▲ tb(i) − 1 = ta(i) + a + L − 1 <
t + 2 a + L − 1 ♣ s❘ L ≥ a ■❙❍♥ tb(i) − 1 < t + a + b + 2L − 1 ♣ ♦ ❑❍❖❑ ❸ tb(i) − 1 ∈ I ◆▲
W (i) ⊆ I ♣❩ ➬❑▼ ◆⑥ ❑❖▲◆ j ▲◆▼ ⑦P◆ l(j) ∈ W (i) ❸ l(j + 1) ∈ W (i) ◆▲ s(l(j)) = l(j + 1) ❱♥ ➬◆❖▲❿❰❿■❑❘◆ ⑦P◆ ▼◗
→◆❍✃▲❘◆ ■◆ i ♥❙❍▲❑◆❍▲ ◗P ❲❙❑❍❖ ■◆P⑥ ➬❚ ➬ ♥❙❍❖❏♥P▲❑→❖❳ ❸ ◗▼❙❘❖ ❙❍ ◗ P❍ ▲◆❲❯❖ ❲❙❘▲ ■◆ ■P❘❏◆
❖P❯❏❘❑◆P❘◆ ❙P ❏③◗▼◆ ❰ a−b ■◗❍❖ W (i) ♣ ➮❙❲❲◆ W (i) ⊆ I ❸ ❙❍ ◗ P❍ P❍◆ ❯❏❘❑❙■◆ ■ ➬❑❍◗♥▲❑❽ ❑▲❏
■◆ ■P❘❏◆ ❖P❯❏❘❑◆P❘◆ ❙P ❏③◗▼◆ ❰

a − b ■◗❍❖ I ♣❩❑❍❙❍ ❸ na(i) ≥ nb(i) ♣ ❩❑ na(i) = nb(i) ❙P ❖❑ ∀j, f(j) ∈ W (i) ⇒ w(i) ≥ a + b ❱▲❙P▲➬◗ ➬ ♥❙❍❖❏♥P▲❑→ ❰ P❍ ◗P▲❘◆ ➬◗ ➬ ◆❖▲ ❖❏❯◗❘❏ ■◆ ♥◆▼P ❑❿♥❑ ❯◗❘ ◗P ❲❙❑❍❖ b ▲◆❲❯❖ ❲❙❘▲❖❳ ❸ ◗▼❙❘❖
❙❍ ◗ ◗P ❲❙❑❍❖ a ▲◆❲❯❖ ❲❙❘▲❖ ■◗❍❖ W (i) ◆▲ ■❙❍♥ ■◗❍❖ I ♥◗❘ L = a + β (a + b) ❱❯❙P❘
♥⑨◗⑦P◆ ❙❯❏❘◗▲❑❙❍ f(j) ⑦P❑ ◆❖▲ ■◆ ■P❘❏◆ a ❸ ◗P ❲❙❑❍❖ b P❍❑▲❏❖ ■◆ ▲◆❲❯❖ ❖❙❍▲ P▲❑▼❑❖❏◆❖ ❸ ❖❙❑▲



➷Ñ➴ çè❭➙❴❵❫❜ é ❬ ❵êçè❜❝ ç❹❢➙❺ë❜❝
❯❙P❘ ❯❘❙■P❑❘◆ P❍◆ ❖◆♥❙❍■◆ ❙❯❏❘◗▲❑❙❍ l(k) ❸ ⑦P❑ ▼P ❑ ◆❖▲ ♥❙❍❖❏♥P▲❑❽◆ ❸ ❖❙❑▲ ❯❙P❘ ▼◗ ❖❏❯◗❘◆❘ ■◆
▼ ➬❙❯❏❘◗▲❑❙❍ f(j + 1) ⑦P❑ ▼◗ ❖P❑▲❳ ♣❩❑❍❙❍ ❸ ❑▼ ◆⑥ ❑❖▲◆ k ▲◆▼ ⑦P◆ s(f(k)) = f(k + 1) ❙Ò f(k) ◆▲ f(k + 1) ❖❙❍▲ ❯❘❙■P❑▲◆❖ ■◗❍❖
▼ ➬❑❍▲◆❘❽◗▼▼◆ {ta(i), ta(i) + 1, . . . , tb(i) − 1} ◆▲ w(k + 1) = a ❱♥ ➬◆❖▲❿❰❿■ ❑❘◆ ❸ ❑▼ ❍ ➬❒ ◗ ❯◗❖ ■◆
▲◆❲❯❖ ❲❙❘▲❖ ◆❍▲❘◆ ▼◆❖ Ñ ➬◗ ➬❳ ♣ ♦ ❑❍❖❑ ❸ ◆❍▲❘◆ l(k) ◆▲ l(k+1) ❸ ❙❍ ◗

a−b ▲◆❲❯❖ ❲❙❘▲❖ ♣ s❘ l(k) ∈
{tb(i), tb(i) + 1, . . . , tb(i) + L + b − 1} ◆▲ l(k+1) ∈ {tb(i), tb(i) + 1, . . . , tb(i) + L + b − 1} ♣Ð❙❍♥ ▼ ➬❑❍▲◆❘❽◗▼▼◆ {tb(i), tb(i) + 1, . . . , tb(i) + L − 1} ♥❙❍▲❑◆❍▲ ◗P ❲❙❑❍❖ a− b ▲◆❲❯❖ ❲❙❘▲❖ ♣❩❙❑▲ τ ▼◗ ■P❘❏◆ ■◆❖ ▲◆❲❯❖ ❲❙❘▲❖ ■◆ ▼ ➬❑❍▲◆❘❽◗▼▼◆ {t, t + 1, . . . , ta(i) − 1} ❖❑ ta(i) ≥ t ◆▲ 0
❖❑❍❙❍ ♣s❍ ◗

ta(i) ≤ t+τ +b ■❙❍♥ tb(i) ≤ t+τ +a+b+L ♣ ♦ ❑❍❖❑ ❸ tb(i)+L−1 ≤ t+a+b+2L+τ ♣Ð❙❍♥ ▼ ➬❑❍▲◆❘❽◗▼▼◆ {tb(i), tb(i) + 1, . . . , tb(i) + L − 1}∩ I ♥❙❍▲❑◆❍▲ ◗P ❲❙❑❍❖ a− b− τ ▲◆❲❯❖
❲❙❘▲❖ ♣ Ð❙❍♥ ▼◆ ▲◆❲❯❖ ❲❙❘▲ ▲❙▲◗▼ ♥❙❍▲◆❍P ■◗❍❖ I ◆❖▲ ❖P❯ ❏❘❑◆P❘ ❙P ❏③◗▼ ❰ τ +a−b−τ = a−b ♣Ð ◗❍❖ ▲❙P❖ ▼◆❖ ♥◗❖ ❸ ▼◗ ■P❘❏◆ ▲❙▲◗▼◆ ■ ➬❑❍◗♥▲❑❽ ❑▲❏ ♥❙❍▲◆❍P◆ ■◗❍❖ ▼ ➬❑❍▲◆❘❽◗▼▼◆ I ◆❖▲ ❖P❯ ❏❘❑◆P❘◆
❙P ❏③◗▼◆ ❰

a− b ❸ ♥ ➬◆❖▲❿❰❿■ ❑❘◆ ❖P❯ ❏❘❑◆P❘◆ ❙P ❏③◗▼◆ ◗P ▲◆❲❯❖ ❲❙❘▲ ▲❙▲◗▼ ⑦P❑ ❖P❘❽❑◆❍▲ ❯ ◆❍■◗❍▲
▼◆ ♥❒♥▼◆ C(1, β) ❸ ⑦P❑ ◆❖▲ ■◆ ❲ ✃❲◆ ■P❘❏◆ ⑦P◆ I ♣ ➹◆ ♥❒♥▼◆ C(1, β) ◆❖▲ ■❙❍♥ ❙❯▲❑❲ ◗▼ ♣ ¤

� ✁Û ✁✶ ✷ ✡➟✑✌✈✌✆✝✈ ✍✎ ✏☛ ✑✆✝✸ ✎✑☞✠✡✎

➮❙❲❲◆ ❍❙P❖ ▼ ➬◗❽❙❍❖ ❲ ❙❍▲❘❏ ❰ ▼◗ ❩◆♥▲❑❙❍ ⑤ ♣⑧ ♣➲ ❸ ❑▼ ❍ ➬◆❖▲ ❯◗❖ ❍❏♥◆❖❖◗❑❘◆ ■◆ ♥❙❍❖❑■❏❘◆❘ ▲❙P▲◆❖
▼◆❖ ❏♥❘❑▲P❘◆❖ ◗■❲ ❑❖❖❑❚▼◆❖ ■◆ L ❯P❑❖⑦P◆ ❖◆P▼◆❖ ▼◆❖ →❙❘❲ ◆❖ r❿◗■❲ ❑❖❖❑❚▼◆❖ ❙❍▲ ▼◗ ❯❙❖❖❑❚ ▼❑❚ ❑▲❏
■ ➬✃▲❘◆ ❙❯▲❑❲ ◗▼◆❖ ♣
❇✶Ý❈●❊●✷❈ ðð ➄➅ ➑➆➆ ➇➒ ➒➇ å✷✸✺✻ ❉➠●è❋❈❊✻ ✿ ➐➈➅ ➇ ➈➅ ➇ ② ➋➏➓ ➇

r
➭➑✿➓ ➍➌➌➍ï➒➇

L = αa+β(a+
b) + γ

➩ ➒➑ ② ➋➏➓ ➇
r
➭➑✿➓ ➍➌➌➍ï➒➇

L = α′a + β′(a + b) + γ′ ➑➨➑➅➉ ➒➇ ➆ ➒➈➌ ➆ ➇➉➍➉
α′ > α ❆

❇✶Ý❈●❊●✷❈ ð✹ ➄➅ ➑➆➆ ➇➒ ➒➇ å✷✸✺✻ ➡✸✶➤✶➢✻❈❊✻ ✿ ➐➈➅ ➇ ② ➋➏➓ ➇
r
➭➑✿➓ ➍➌➌➍ï➒➇

L = αa+β(a+
b) + γ

➩ ➒➑ ② ➋➏➓ ➇
r
➭➑✿➓ ➍➌➌➍ï➒➇

L = α′a + β′(a + b) + γ′ ➑➨➑➅➉ ➒➇ ➆ ➒➈➌ ì ➏➑➅✿ α′ < α ❆
øùúûü✐ýù þ ✺✌✡☎ �✁☎ ✍✁ ✞✂ ☞✌☎ ✗ �✁☎ ✘✝ ✠✎✁☎ ☎ ✞✄✔✌ ✡✆✁ ✁✆ ✕✠☛☞☛✍✁✡✆✁ ☎✝ ✡✆ ✞✡✄✓ ✞✁☎ ✓ ✞✌✡✍✁ ��✁☎ ✁✂ ✄☎✆✁ ✡✆ ✁✆ ✝ ✡ ✌ |α′ − α| ≥ 2 ✑

➽❙P❖ ❲❙❍▲❘❙❍❖ ■◗❍❖ ♥◆▲▲◆ ❖◆♥▲❑❙❍ ⑦P ➬❑▼ ◆❖▲ ◆❍ →◗❑▲ ❯❙❖❖❑❚▼◆ ■◆ ❖◆ ❘◆❖▲❘◆❑❍■❘◆ ❯❙P❘ ♥⑨◗⑦P◆
❑❍❖▲◗❍♥◆ ❰ ◗P ❯▼P❖ ■◆P⑥ →❙❘❲ ◆❖ r❿◗■❲ ❑❖❖❑❚ ▼◆❖ ⑦P❑ ■❙❲ ❑❍◆❍▲ ▲❙P▲◆❖ ▼◆❖ ◗P▲❘◆❖ ♣ ➽❙P❖ P▲❑▼❑❖❙❍❖
❯▼P❖❑◆P❘❖ ▼◆❲❲◆❖ ❯❙P❘ ❯◗❘❽◆❍❑❘ ❰ ♥◆ ❘❏❖P▼▲◗▲ ♣
➁✻✺✺✻ ➂ê ➄➅ ➊➋➅➌➍✿✾➏➇ ➈➅ ➇ ➎➊➏➍➉➈➏➇ ✿➇ L

➌ ➋➈➌ ➒➑ ② ➋➏➓ ➇
r
➭➑✿➓ ➍➌➌➍ï➒➇

L = αa + β(a +
b) + γ ❆ë ➍

γ < (a − b)(β + 1)
➩ ➑➒➋➏➌ ➆ ➋➈➏ ➉➋➈➉➇ ② ➋➏➓ ➇

r
➭➑✿➓ ➍➌➌➍ï➒➇

L = α′a + β′(a + b) + γ′ ➩
α′ ≤ α ⇒ γ′ < (a − b)(β′ + 1)

❇✶✺✷❈❉❊✸❋❊●✷❈ ➯ ❩P❯❯❙❖❙❍❖ ⑦P◆
γ < (a − b)(β + 1) ❱⑤ ♣➴❳



é ❬ô ❬ ç❹❞ õ❜ç❵❢❫❜ ➙❹❢❫ ❺❜ ç❭❝ çöç❺❴❡ ❢❜ ❭÷❜ç ❵êçè❜❝ ❴➛❜❞ ❵❴❡ ❢❜❝ ➷Ñ➜
❩❑ α ≤ 1 ❸ ▼◗ →❙❘❲ ◆ L = αa + β(a + b) + γ ❍ ➬◗ ❯◗❖ ■◆ →❙❘❲ ◆ ❯❘❏♥❏■◆❍▲◆ ❸ ♥❙❲❲◆ ▼ ➬❑❍■❑⑦P◆
▼◗ ❘◆❲ ◗❘⑦P◆ ⑦P❑ ❯❘❏♥❷■◆ ♥◆ ▼◆❲❲◆ ❸ ◆▲ ▼◆ ▼◆❲❲◆ ◆❖▲ ❽❘◗❑ ♣❩P❯❯❙❖❙❍❖ α ≥ 2 ♣ ❩❑ γ + (a− b) < b ❸ ▼◗ →❙❘❲ ◆ L = (α− 2)a + (β + 1)(a + b) + γ + (a− b)
◆❖▲ r❿◗■❲ ❑❖❖❑❚ ▼◆ ◆▲ ■ ➬◗❯❘❷❖ ❱⑤ ♣➴❳ ❸ γ + (a − b) < (β + 2)(a − b) ♣❩P❯❯❙❖❙❍❖ ⑦P◆ γ + (a − b) ≥ b ♣ ❩❙❑▲ k > 0 ▲◆▼ ⑦P◆

γ + (a − b) − kb < b

γ + (a − b) − (k − 1)b ≥ b

ô ❩❑ α < 2+k ❸ ❙❍ ♥❙❍❖❑■❷❘◆ ▼◗ →❙❘❲ ◆ L = (β +α− 1)(a+ b)+γ +(a− b)− (α− 2)b ♣ s❍ ◗
γ < b ■❙❍♥ γ + (a− b)− (α− 2)b < a ◆▲ L = (β + α− 1)(a + b) + γ + (a− b)− (α− 2)b
◆❖▲ r❿◗■❲ ❑❖❖❑❚ ▼◆ ♣ ➥▼ ❖ ➬◗③❑▲ ■❙❍♥ ■◆ ▼◗ →❙❘❲ ◆ ❯❘❏♥❏■◆❍▲◆ ■◆ L = αa + β(a + b) + γ ■ ➬◗❯❘❷❖
▼◗ ■❏Ï❍❑▲❑❙❍ ■◆ k ♣ô ❩❑ α ≥ 2+k ❸ ❙❍ ♥❙❍❖❑■❷❘◆ ▼◗ →❙❘❲ ◆ L = (α−2−k)a+(β +1+k)(a+b)+γ +(a−b)−kb
⑦P❑ ◆❖▲ r❿◗■❲ ❑❖❖❑❚ ▼◆ ◆▲ ◆❖▲ ▼◗ →❙❘❲ ◆ ❯❘❏♥❏■◆❍▲◆ ■◆ L = αa + β(a + b) + γ ■ ➬◗❯❘❷❖ ▼◗
■❏Ï❍❑▲❑❙❍ ■◆ k ♣➹◗ →❙❘❲ ◆ ❯❘❏♥❏■◆❍▲◆ ■◆ L ❖❏♥❘❑▲ ■❙❍♥ L = (α−2−q)a+(β +1+q)(a+b)+γ +(a−b)−qb◗❽◆♥ q = min{α−2, k} ♣ s❍ ◗

γ+(a−b)−qb < γ+(a−b) < (a−b)(β+2) < (a−b)(β+2+q)
■ ➬◗❯❘❷❖ ❱⑤ ♣➴❳ ♣s❍ ♥❙❍♥▼P◆ ◆❍ ❘❏❯ ❏▲◗❍▲ ▼◆ ❲ ✃❲◆ ❘◗❑❖❙❍❍◆❲◆❍▲ ◗❽◆♥ ▼◗ →❙❘❲ ◆ ❯❘❏♥❏■◆❍▲◆ ■◆ L = αa +
β(a + b) + γ ▼❙❘❖⑦P ➬◆▼▼◆ ◆⑥ ❑❖▲◆ ♣ ¤➹◆ ▼◆❲❲◆ ❖P❑❽◗❍▲ ❸ ⑦P❑ ❍◆ ❖◆❘◗ ❯◗❖ P▲❑▼❑❖❏ ❯◗❘ ▼◗ ❖P❑▲◆ ❸ ❏❍❙❍♥◆ ▼◆ ❘❏❖P▼▲◗▲ ❖❒❲❏▲❘❑⑦P◆ ❯❙P❘
▼◆❖ →❙❘❲ ◆❖ ❖P❑❽◗❍▲◆❖ ■ ➬P❍◆ →❙❘❲ ◆ r❿◗■❲ ❑❖❖❑❚ ▼◆ ♣
➁✻✺✺✻ ðñ ➄➅ ➊➋➅➌➍✿✾➏➇ ➈➅ ➇ ➎➊➏➍➉➈➏➇ ✿➇ L r

➭➑✿➓ ➍➌➌➍ï➒➇
L = αa + β(a + b) + γ ❆ë ➍

γ > (a − b)(β + 1)
➩ ➑➒➋➏➌ ➆ ➋➈➏ ➉➋➈➉➇ ② ➋➏➓ ➇

r
➭➑✿➓ ➍➌➌➍ï➒➇➌

L = α′a + β′(a + b) + γ′ ➩
α′ > α ⇒ γ′ > (a − b)(β′ + 1)

❇✶✺✷❈❉❊✸❋❊●✷❈ ➯ ❩P❯❯❙❖❙❍❖ ⑦P◆
γ > (a − b)(β + 1) ❱⑤ ♣➜❳

❩❑ β = 0 ❸ ❑▼ ❍ ➬◆⑥ ❑❖▲◆ ◗P♥P❍◆ →❙❘❲ ◆ ◗❽◆♥ α′ > α ❸ ■❙❍♥ ▼◆ ▼◆❲❲◆ ◆❖▲ ❽❘◗❑ ♣❩❑ β ≥ 1 ❸ ❙❍ ♥⑨◆❘♥⑨◆ ▼◆ ❯▼P❖ ❯ ◆▲❑▲ α′ ▲◆▼ ⑦P◆ ❾ L = α′a + β′(a + b) + γ′ ◆❖▲ P❍◆ →❙❘❲ ◆
r❿◗■❲ ❑❖❖❑❚ ▼◆ ◆▲ α′ > α ♣
L = (α + 1)a + (β − 1)(a + b) + γ + b ❍ ➬◆❖▲ ❯◗❖ r❿◗■❲ ❑❖❖❑❚▼◆ ❯P❑❖⑦P◆ γ + b ≥ b ♣
Ð ◗❍❖ ▼◆ ♥◗❖ ❙Ò α ≥ 1 ❸ L = (α+2)a+(β−1)(a+b)+γ− (a−b) ◆❖▲ P❍◆ →❙❘❲ ◆ r❿◗■❲ ❑❖❖❑❚ ▼◆
♥◗❘ ❱⑤ ♣➜❳ ❑❲ ❯▼❑⑦P◆ ⑦P◆ γ > a − b ◆▲ γ < b ■❙❍♥ 0 ≤ γ − (a − b) < b ♣Ð ◗❍❖ ▼◆ ♥◗❖ ❙Ò α = 0 ❖❑ γ − (a − b) < b ❸ ▼◗ →❙❘❲ ◆ ◆❖▲ r❿◗■❲ ❑❖❖❑❚ ▼◆ ♥❙❲❲◆ ❯❘❏♥❏■◆❲❲◆❍▲ ♣Ð ◗❍❖ ▼◆❖ 2 ♥◗❖ ❸ ❱⑤ ♣➜❳ ❑❲❯▼❑⑦P◆ ⑦P◆ γ − (a − b) > ((β − 1) + 1)(a − b) ♣❩❑ α = 0 ◆▲ γ − (a− b) ≥ b ❸ ▼◗ →❙❘❲ ◆ L = (α + 2)a + (β − 1)(a + b) + γ − (a− b) ❍ ➬◆❖▲ ❯◗❖
r❿◗■❲ ❑❖❖❑❚ ▼◆ ♣



➷➲⑩ çè❭➙❴❵❫❜ é ❬ ❵êçè❜❝ ç❹❢➙❺ë❜❝
s❍ ♥❙❍❖❑■❷❘◆ ▼ ➬◆❍▲❑◆❘ k > 0 ▲◆▼ ⑦P◆

γ − (k + 1)(a − b) < b

γ − k(a − b) ≥ b

➹◗ →❙❘❲ ◆ ❖P❑❽◗❍▲◆ ■◆ L = αa + β(a + b) + γ ◆❖▲ ■❙❍♥ L = (α + 2(1 + k)) + (β − 1− k)(a +
b) + (γ − (1 + k)(a − b)) ❖❑ β ≥ k + 1 ◆▲ ❍ ➬◆⑥ ❑❖▲◆ ❯◗❖ ❖❑❍❙❍ ♣❩❑ β ≥ k + 1 ❸ ▼◗ →❙❘❲ ◆ ◆❖▲ ❚❑◆❍ ◗■❲ ❑❖❖❑❚ ▼◆ ♥◗❘ ❱⑤ ♣➜❳ ❑❲❯▼❑⑦P◆ γ − (k + 1)(a − b) >
((β − (1 + k)) + 1)(a − b) ♣s❍ ♥❙❍♥▼P◆ ◆❍ ❘❏❯ ❏▲◗❍▲ ♥◆ ❘◗❑❖❙❍❍◆❲◆❍▲ ◗❽◆♥ ▼◗ →❙❘❲ ◆ ❖P❑❽◗❍▲◆ ■◆ L = αa + β(a + b) + γ
▼❙❘❖⑦P ➬◆▼▼◆ ◆⑥ ❑❖▲◆ ♣ ¤➹◆ ▲⑨❏❙❘❷❲ ◆ ❖P❑❽◗❍▲ ❑❲❯▼❑⑦P◆ ⑦P◆ ❖❑ ▼◗ ➮❙❍❨ ◆♥▲P❘◆ ➷ ◆❖▲ ◗❽❏❘❏◆ ❸ ❑▼ ❖◆ ❖◆❘◗ ❯❙❖❖❑❚ ▼◆ ■◆
■❏▲◆❘❲ ❑❍◆❘ ◆❍ ▲◆❲❯❖ ❯❙▼❒❍❙❲ ❑◗▼ ▼◗ ❖❙▼P▲❑❙❍ ❙❯▲❑❲ ◗▼◆ ◆▲ ▼◗ ❽◗▼◆P❘ ❙❯▲❑❲ ◗▼◆ ■P ▲◗P⑥ ■◆
❯❘❙■P♥▲❑❙❍ ♣
✴✵✶✷✸✹✺✻ ➂➦ ✻➋➈➉➇ ② ➋➏➓ ➇

r
➭➑✿➓ ➍➌➌➍ï➒➇ ✿➇ L

➇➌➉ ✿➋➓ ➍➅ ➎➇ ➆➑➏ ➒ ➐➈➅ ✿➇➌ ✿➇➈➔ ➊➨ ➊➒➇➌ ➑➌➭
➌ ➋➊➍➎➌ ➑➈➔ ➎➊➏➍➉➈➏➇➌ ➌➈➍❃➑➅➉➇➌
✩ L = αa + γ

➩
0 ≤ γ < b✩ L = εa + β(a + b) + γ

➩
ε ∈ {0, 1}➩ 0 ≤ γ < a

➌➍
ǫ = 0

➇➉
0 ≤ γ < b

➌➍
ε = 1

❇✶✺✷❈❉❊✸❋❊●✷❈ ➯
ô ❩❑ ▼◗ →❙❘❲ ◆ L = αa + γ ◆❖▲ r❿◗■❲ ❑❖❖❑❚ ▼◆ ❸ ❙❍ ❲❙❍▲❘◆ ⑦P ➬◆▼▼◆ ■❙❲ ❑❍◆ ▲❙P▲◆❖ ▼◆❖ →❙❘❲ ◆❖

r❿◗■❲ ❑❖❖❑❚ ▼◆❖ L = α′a + β′(a + b) + γ′ ▲◆▼▼◆❖ ⑦P◆ γ′ ≥ (a − b)(β′ + 1) ♣❩P❯❯❙❖❙❍❖ ⑦P ➬❑▼ ◆⑥ ❑❖▲◆ P❍◆ →❙❘❲ ◆ r❿◗■❲ ❑❖❖❑❚ ▼◆ C : L = α′a + β′(a + b) + γ′ ▲◆▼▼◆ ⑦P◆
γ′ ≥ (a − b)(β′ + 1) ♣ ❩❑ ♥◆▲▲◆ →❙❘❲ ◆ ◆❖▲ L = αa + γ ❙❍ ◗ Ï❍❑ ♣❩❑❍❙❍ ❸ ♥❙❲❯◗❘❙❍❖❿▼◗ ◗❽◆♥ ▼◆❖ →❙❘❲ ◆❖ Ck : L = (α′+2k)a+(β′−k)(a+b)+(γ′−(a−b)k)
▲◆▼▼◆❖ ⑦P◆ k ≤ β′ ♣ ➮◆❖ →❙❘❲ ◆❖ ❖❙❍▲ ▲❙P▲◆❖ ◗■❲ ❑❖❖❑❚ ▼◆❖ ♥◗❘ γ′ − (a − b)(β′ + 1) ≥ 0 ♣

∆k = λ(C) − λ(Ck)

=
(β′ + 1)(2L + a + b) − γ′

(β′ + 1)(1 + α′ + 2β′)
− (β′ − k + 1)(2L + a + b) − (γ′ − (a − b)k)

(β′ − k + 1)(1 + α′ + 2k + 2β′ − 2k)

=
(γ′ − (a − b)k)(β′ + 1) − γ′(β′ − k + 1)

(β′ + 1)(β′ − k + 1)(1 + α′ + 2β′)

=
k(γ′ − (a − b)(β′ + 1))

(β′ + 1)(β′ − k + 1)(1 + α′ + 2β′)
≥ 0

Ó❍ ◆❮ ◆▲ ❸ ❙❍ ◗
γ′ ≥ (a − b)(β′ + 1) ♣

♦ ❑❍❖❑ ❸ C ◆❖▲ ■❙❲ ❑❍❏ ❯◗❘ Ck ❯❙P❘ ▲❙P▲ k ❸ ◆▲ ◆❍ ❯◗❘▲❑♥P▼❑◆❘ ❯◗❘ C(α, 0) ♣ô ❩❑ ▼◗ →❙❘❲ ◆ L = αa + γ ❸ ❙Ò 0 ≤ γ < a ❸ ❍ ➬◆❖▲ ❯◗❖ r❿◗■❲ ❑❖❖❑❚ ▼◆ ❸ ❙❍ ♥❙❍❖❑■❷❘◆ ▼ ➬◆❍▲❑◆❘ k ▲◆▼
⑦P◆

{

γ − (k − 1)b ≥ b
γ − k b < b

❱⑤ ♣➷⑩❳
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❩❑ k > α ❸ ◗▼❙❘❖ ▼◗ ❖◆P▼◆ →❙❘❲ ◆ r❿◗■❲ ❑❖❖❑❚ ▼◆ ◆❖▲ L = α(a+ b)+γ−αb ❙Ò 0 ≤ γ−αb < a ♣
➻❙❍▲❘❙❍❖ ⑦P◆ ■◗❍❖ ♥◆ ♥◗❖ ❸ ◆▼▼◆ ■❙❲ ❑❍◆ ▲❙P▲◆❖ ▼◆❖ ◗P▲❘◆❖ →❙❘❲ ◆❖ ◗■❲ ❑❖❖❑❚▼◆❖ L = α′a +
β′(a + b) + γ′ ♣ s❍ ❘◆❲ ◗❘⑦P◆ ⑦P◆ ❯❙P❘ ▲❙P▲◆ →❙❘❲ ◆ L = α′a + β′(a + b) + γ′ ❸ ▲◆▼▼◆ ⑦P◆
α′ ≥ 0 ❸ β′ ≥ 0 ◆▲ β′ + α′ ≤ α ❸ ❙❍ ◗

γ′ = γ + (α − (α′ + β′))a − β′b ◆▲ ⑦P◆ ▼◗ ♥❙❍■❑▲❑❙❍
β′ + α′ ≤ α ◆❖▲ ❍❏♥◆❖❖◗❑❘◆ ❯❙P❘ ⑦P ➬P❍◆ ❏♥❘❑▲P❘◆ ❖❙❑▲ ◗■❲ ❑❖❖❑❚ ▼◆ ♣ s❍ ◗ ◗▼❙❘❖

∆ = λ(C(α′, β′)) − λ(C(0, β))

=
(β′ + 1)(2L + a + b) − γ′

(β′ + 1)(1 + α′ + 2β′)
− (α + 1)(2L + a + b) − (γ − αb)

(α + 1)(1 + 2α)

=
(β′ + 1)(α + 1)(2L + a + b)[2α − (α′ + 2β′)] − γ′(α + 1)(1 + 2α)

(β′ + 1)(1 + α′ + 2β′)(α + 1)(1 + 2α)

+
(γ − αb)(β′ + 1)(1 + α′ + 2β′)

(β′ + 1)(1 + α′ + 2β′)(α + 1)(1 + 2α)

≥ (α + 1){(β′ + 1)[2α − (α′ + 2β′)](2α + 1)(a + b) − γ′(1 + 2α)}
(β′ + 1)(1 + α′ + 2β′)(α + 1)(1 + 2α)

≥ (α + 1)(2α + 1){[2α − (α′ + 2β′)](a + b) − γ − (α − (α′ + β′))a}
(β′ + 1)(1 + α′ + 2β′)(α + 1)(1 + 2α)

≥ (α + 1)(2α + 1){[α′ + α − (α′ + β′)]a − γ}
(β′ + 1)(1 + α′ + 2β′)(α + 1)(1 + 2α)

≥ 0

♥◗❘ γ < a ◆▲ ❖❙❑▲ α′ > 0 ❸ ❖❙❑▲ α−(α′+β′) > 0 ❱❯❙P❘ ⑦P◆ ▼◗ →❙❘❲ ◆ L = α′a+β′(a+b)+γ′

❖❙❑▲ ■❑❮❏❘◆❍▲◆ ■◆ L = α(a+ b)+γ−αb❳ ♣ ➹◆ ♥❒♥▼◆ C(α′, β′) ◆❖▲ ■❙❍♥ ■❙❲ ❑❍❏ ❯◗❘ C(0, β) ♣❩❑ k ≤ α ❸ ▼◗ →❙❘❲ ◆ r❿◗■❲ ❑❖❖❑❚ ▼◆ ◗❒◗❍▲ ▼◆ ❯▼P❖ ③❘◗❍■ α ◆❖▲ L = (α−k)a+k(a+b)+γ−kb ♣➮❙❲❲◆ γ < a ❸ ❙❍ ◗
γ − b < a − b < (k + 1)(a − b) ♣ ♦ ❑❍❖❑ ❸ ■ ➬◗❯❘❷❖ ▼◆ ➹◆❲❲◆ ➷➜ ▲❙P▲◆❖

▼◆❖ →❙❘❲ ◆❖ r❿◗■❲ ❑❖❖❑❚ ▼◆❖ L = α′a + β′(a + b) + γ′ ❽❏❘❑Ï◆❍▲

γ′ < (β′ + 1)(a − b)

ô ➻❙❍▲❘❙❍❖ ⑦P◆ ▼◗ →❙❘❲ ◆ r❿◗■❲ ❑❖❖❑❚ ▼◆ L = εa + β(a + b) + γ
◗❽◆♥ ε ∈ {0, 1} ❸ ❱0 ≤

γ < b ❖❑ ε = 1❳ ◆▲ ❱0 ≤ γ < a ❖❑ ε = 0❳ ■❙❲ ❑❍◆ ▲❙P▲◆❖ ▼◆❖ →❙❘❲ ◆❖ r❿◗■❲ ❑❖❖❑❚ ▼◆❖
L = α′a + β′(a + b) + γ′ ▲◆▼▼◆❖ ⑦P◆ γ′ < (a − b)(β + 1) ♣❩P❯❯❙❖❙❍❖ ⑦P ➬❑▼ ◆⑥ ❑❖▲◆ P❍◆ →❙❘❲ ◆ r❿◗■❲ ❑❖❖❑❚ ▼◆ C : L = α′a + β′(a + b) + γ′ ▲◆▼▼◆ ⑦P◆
γ′ < (a − b)(β′ + 1) ♣ ❩❑ ♥◆▲▲◆ →❙❘❲ ◆ ◆❖▲ L = εa + β(a + b) + γ ❸ ❙❍ ◗ Ï❍❑ ♣s❍ ❖◆ ❯▼◗♥◆ ■◗❍❖ ▼◆ ♥◗❖ ❙Ò α′ > 1 ♣❩❙❑▲ p > 0 ▲◆▼ ⑦P◆ α′ = 2p + ε′

◗❽◆♥ ε′ ∈ {0, 1} ♣ ❩❙❑▲ q ▲◆▼ ⑦P◆ p ≥ q > 0 ❸ ❙❍ ♥❙❲❯◗❘◆ ▼◆❖
→❙❘❲ ◆❖ L = α′a + β′(a + b) + γ′ ◆▲ L = (2(p− q) + ǫ′)a + (β′ + q)(a + b) + γ′ + q(a− b) ♣❩❙❑▲ q′ > 0 ▼ ➬◆❍▲❑◆❘ ▲◆▼ ⑦P◆ γ′ + q′(a − b) ≥ b ◆▲ γ′ + (q′ − 1)(a − b) < b ❱♥❙❲❲◆ ❙❍ ◗
❖P❯❯❙❖❏ ⑦P◆ L = α′a+β′(a+ b)+ γ′ ◆❖▲ P❍◆ →❙❘❲ ◆ r❿◗■❲ ❑❖❖❑❚▼◆ ❸ ❙❍ ◗

γ′ < b❳ ♣ ❩❑ q′ > 1 ❸◗▼❙❘❖ ▲❙P▲◆❖ ▼◆❖ →❙❘❲ ◆❖ L = (2(p−q)+ǫ′)a+(β′+q)(a+b)+γ′+q(a−b)
◗❽◆♥ q < q′ ❖❙❍▲

r❿◗■❲ ❑❖❖❑❚ ▼◆❖ ♣ Ó❍ ❯◗❘▲❑♥P▼❑◆❘ ❸ ▼◗ →❙❘❲ ◆ L = (2(p−1)+ ǫ′)a+(β′ +1)(a+ b)+γ′ +(a− b)
◆❖▲ r❿◗■❲ ❑❖❖❑❚▼◆ ◆▲ ◆❖▲ ■❙❍♥ ▼◗ →❙❘❲ ◆ ❯❘❏♥❏■◆❍▲◆ ■◆ L = α′a + β′(a + b) + γ′ ♣
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∆ = λ(C) − λ(C(2(p − 1) + ǫ′, β′ + 1))

=
(β′ + 1)(2L + a + b) − γ′

(β′ + 1)(1 + α′ + 2β′)
− (β′ + 2)(2L + a + b) − (γ′ + (a − b))

(β′ + 2)(1 + α′ − 2 + 2β′ + 2)

=
γ′(β′ + 1) + (a − b)(β′ + 1) − γ′(β′ + 2)

(β′ + 1)(β′ + 2)(1 + α′ + 2β′)

=
(a − b)(β′ + 1) − γ′

(β′ + 1)(β′ + 2)(1 + α′ + 2β′)
> 0

❩❑ q′ = 1 ❸ L = (2(p−1)+ǫ′)a+(β′+1)(a+b)+γ′+(a−b) ❍ ➬◆❖▲ ❯◗❖ ▼◗ →❙❘❲ ◆ ❯❘❏♥❏■◆❍▲◆
■◆ L = α′a + β′(a + b) + γ′ ♥◗❘ ◆▼▼◆ ❍ ➬◆❖▲ ❯◗❖ r❿◗■❲ ❑❖❖❑❚ ▼◆ ♣ s❍ ■❏Ï❍❑▲ ▼ ➬◆❍▲❑◆❘ k ▲◆▼ ⑦P◆

{

γ + a − b − kb < b
γ + a − b − (k − 1)b ≥ b

♥❙❲❲◆ ■◗❍❖ ▼◗ ■❏❲❙❍❖▲❘◗▲❑❙❍ ■P ➹◆❲❲◆ ➷➜ ♣ ♦ ▼❙❘❖ ❸ ▼◗ →❙❘❲ ◆ ❯❘❏♥❏■◆❍▲◆ ■◆ L = α′a +
β′(a+ b)+ γ′ ◆❖▲ ■❏Ï❍❑◆ ❯◗❘ Ck ❾ L = (α′− 2− k)a+(β′ +1+ k)(a+ b)+ γ′ + a− b− kb
❖❑ α′ ≥ 2 + k ◆▲ Cα′−2 ❾ L = (β′ + α′ − 1)(a + b) + γ′ + a − b − (α′ − 2)b ❖❑❍❙❍ ♣ Ð ◗❍❖ ♥◆
■◆❘❍❑◆❘ ♥◗❖ ❑▼ ❖ ➬◗③❑▲ ■❙❍♥ ■◆ ▼◗ →❙❘❲ ◆ L = εa + β(a + b) + γ ♣ó❙P❘ ▲❙P▲ 0 < r ≤ α′ − 2 ❸

∆r = λ(C) − λ(Cr)

=
(β′ + 1)(2L + a + b) − γ′

(β′ + 1)(1 + α′ + 2β′)
− (β′ + 2 + r)(2L + a + b) − (γ′ + (a − b) − rb)

(β′ + 2 + r)(1 + α′ − 2 − r + 2β′ + 2r + 2)

=
(β′ + 2 + r)[r(1 + β′)(2L + a + b) − γ′(1 + r + α′ + 2β′)]

(β′ + 1)(1 + α′ + 2β′)(β′ + 2 + r)(1 + r + α′ + 2β′)

+
(γ′ + (a − b) − kb)(β′ + 1)(1 + α′ + 2β′)

(β′ + 1)(1 + α′ + 2β′)(β′ + 2 + r)(1 + r + α′ + 2β′)

s❘ 2r L = 2r α′a + 2r β′(a + b) + 2r γ′ > (1 + r + α′ + 2β′)γ′ ♥◗❘ γ′ < b ◆▲ r ≥ 1 ♣Ð ◆ ❯▼P❖ ❙❍ ◗
γ′+(a−b)−rb ≥ 0 ❸ ■❙❍♥ ∆r > 0 ♣ ♦ ❑❍❖❑ ❸ ■◗❍❖ ▼◆❖ ■◆P⑥ ♥◗❖ ❖❑▲❏❖ ❯❘❏♥❏■◆❲◆❍▲ ❸

▼◗ →❙❘❲ ◆ ❯❘❏♥❏■◆❍▲◆ ■◆ C ■❙❲ ❑❍◆ C ♣❩❑ ▼◗ →❙❘❲ ◆ ❯❘❏♥❏■◆❍▲◆ L = α′′a + β′′(a + b) + γ′′ ■◆ L = α′a + β′(a + b) + γ′ ❍ ➬◆❖▲ ❯◗❖
L = εa+β(a+ b)+γ ❸ ◆▼▼◆ ■❙❲ ❑❍◆ L = α′a+β′(a+ b)+γ′ ◆▲ ❽❏❘❑Ï◆ γ′′ < (a− b)(β′′ +1)
■ ➬◗❯❘❷❖ ▼◆ ➹◆❲❲◆ ➷➜ ♣ s❍ ❯◆P▲ ■❙❍♥ ❘❏❯ ❏▲◆❘ ▼◆ ❲ ✃❲◆ ❘◗❑❖❙❍❍◆❲ ◆❍▲ ◗❽◆♥ ▼ ➬❏♥❘❑▲P❘◆ L =
α′′a + β′′(a + b) + γ′′ ❯❙P❘ ♥❙❍♥▼P❘◆ ♣

¤

✢✷✸✷ææ❋●✸✻ ç ë➍ ➒➑ ✧➋➅✼ ➇➊➉➈➏➇ ✽ ➇➌➉ ❃ ➎➏➍❅ ➎➇➩ ➑➒➋➏➌ ➍➒ ➇➌➉ ➌➈➫ ➌➑➅➉ ✿➇ ➊➑➒➊➈ ➒➇➏ ➒➇➌ ✿➈➏➎➇➌➓ ➋➨➇➅➅ ➇➌ ✿➇➌ ✿➇➈➔ ➊➨➊➒➇➌ ➑➌➌ ➋➊➍➎➌ ➑➈➔ ② ➋➏➓ ➇➌
✩ L = αa + δ

➌➍
0 ≤ δ < b ✾✩ L = ǫa + β(a + b) + γ

➩ ➑❃➇➊ ǫ ∈ {0, 1}➩ 0 ≤ γ < a
➌➍

ǫ = 0
➇➉

0 ≤ γ < b
➌➍

ǫ = 1 ❆➆ ➋➈➏ ➋ï➉➇➅➍➏ ➒➑ ➌ ➋➒➈➉➍➋➅ ➋➆ ➉➍➓ ➑➒➇ ➑➈ ➆ ➏➋ï➒✾➓ ➇❆
❇✶✺✷❈❉❊✸❋❊●✷❈ ➯ Ð ❑❘◆♥▲◆❲ ◆❍▲ ■◆❖ ➹◆❲❲◆❖ ➷æ ◆▲ ➷➴ ◆▲ ■P ➣⑨❏❙❘❷❲ ◆ ➷⑤ ♣ ¤
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s❍ ❯◆P▲ ◆❍ →◗❑▲ ■❏▲◆❘❲ ❑❍◆❘ ❸ ❖◗❍❖ ♥◗▼♥P▼◆❘ ▼◆❖ ■P❘❏◆❖ ❲ ❙❒◆❍❍◆❖ ■◆ ▼◆P❘❖ ♥❒♥▼◆❖ ◗❖❖❙♥❑❏❖ ❸ ▼◗
❲ ◆❑▼▼◆P❘◆ ■◆❖ ■◆P⑥ ❏♥❘❑▲P❘◆❖ L = αa + δ ◆▲ L = ǫa + β(a + b) + γ ♣
✮ ✸✷➡✷❉●❊●✷❈ ðð ✧➋➅➌➍✿➎➏➋➅➌ ➒➇➌ ✿➇➈➔ ➎➊➏➍➉➈➏➇➌ ➑✿➓ ➍➌➌➍ï➒➇➌ ➌➈➍❃➑➅➉➇➌ L = αa + δ

➩
0 ≤

δ < a
➇➉

L = ǫa + β(a + b) + γ
➩
ǫ ∈ {0, 1}➩ 0 ≤ γ < a

➌➍
ǫ = 0

➩
0 ≤ γ < b

➌➍
ǫ = 1 ❆ ✽➇➊➨➊➒➇ C(α, 0) ✿➋➓ ➍➅ ➇ ➒➇ ➊➨➊➒➇ C(ǫ, β)

➌➍ ➇➉ ➌ ➇➈➒➇➓ ➇➅➉ ➌➍
{

α = ǫ + 2β
a − b ≤ δ

❇✶✺✷❈❉❊✸❋❊●✷❈ ➯ ➺◆❲◗❘⑦P❙❍❖ ▲❙P▲ ■ ➬◗❚❙❘■ ⑦P◆ L = (ǫ + β)a + βb + γ ■❙❍♥ ♥❙❲❲◆
b < a ❸ ❙❍ ◗

α ≤ ǫ + 2β ♣➹◆ ♥❒♥▼◆ C(α, 0) ■❙❲ ❑❍◆ ▼◆ ♥❒♥▼◆ C(ǫ, β) ❖❑ ◆▲ ❖◆P▼◆❲ ◆❍▲ ❖❑
λ(C(α, 0)) − λ(C(ǫ, β)) ≤ 0

2L + a + b − δ

α + 1
− (β + 1)(2L + a + b) − γ

(β + 1)(1 + ǫ + 2β)
≤ 0

(1 + β)(ǫ + 2β − α)(2L + a + b) + γ(α + 1) − δ(1 + β)(1 + ǫ + 2β)

(α + 1)(1 + β)(1 + ǫ + 2β)
≤ 0

❙❘ 2L + a + b = 2ǫa + (2β + 1)(a + b) + 2γ ≥ (1 + ǫ + 2β)a ◆▲ α ≤ ǫ + 2β ■❙❍♥ ∆ ≤ 0 ❖❑
◆▲ ❖◆P▼◆❲ ◆❍▲ ❖❑

{

α = ǫ + 2β
γ ≤ δ(1 + β)

❙❘ α = ǫ + 2β ◆❖▲ ❏⑦P❑❽◗▼◆❍▲ ❰
γ = δ + β(a − b) ■❙❍♥ ∆ ≤ 0 ❖❑ ◆▲ ❖◆P▼◆❲ ◆❍▲ ❖❑

{

α = ǫ + 2β
a − b ≤ δ

¤

� ✁Û ✁� ❄ ✎➞☛✡✲✠✎✈ ✎☞ ✇✡✆✇✡✌➟☞➟✈
➹◗ ➮❙❍❨ ◆♥▲P❘◆ ➷ ❸ ❚ ❑◆❍ ⑦P ➬◆▼▼◆ ❍ ➬◗❑▲ ❯◗❖ ❯P ✃▲❘◆ ■❏❲❙❍▲❘❏◆ ❸ ◆❖▲ ◆❍♥❙P❘◗③❏◆ ❯◗❘ ▼◆❖ ❯❘❙❯❘❑❏▲❏❖
⑦P◆ ❍❙P❖ ❏❍❙❍❐❙❍❖ ■◗❍❖ ♥◆▲▲◆ ❖◆♥▲❑❙❍ ♣➣❙P▲ ■ ➬◗❚❙❘■ ❸ ❘◆❲ ◗❘⑦P❙❍❖ ⑦P◆ ▲❙P▲ ♥❒♥▼◆ ♥◗▼❏ ❰ ③◗P♥⑨◆ ⑦P❑ ❍◆ ❯❙❖❖❷■◆ ◗P♥P❍◆ ▲➘♥⑨◆ ■◆
❯❙❑■❖ a ◆❖▲ ■❙❲ ❑❍❏ ♣
✮ ✸✷➡✷❉●❊●✷❈ ð✹ ë ➋➍➉

(a, b, L)
➈➅ ➇ ➍➅➌➉➑➅ ➊➇ ➇➉

L = β(a + b) + γ
➩

0 ≤ γ < a + b
➈➅ ➇

➎➊➏➍➉➈➏➇ ➑✿➓ ➍➌➌➍ï➒➇ ✿➇ L ❆ ë ➍ C ➇➌➉ ➈➅ ➊➨ ➊➒➇ ➉➇➒ ❂➈ ➇ ➆ ➋➈➏ ➉➋➈➉➇ ➉❀➊❁ ➇ j ✿➇ C ➩ w(j) ≥ a + b
➩

➑➒➋➏➌ C(0, β) ✿➋➓ ➍➅ ➇ C ➌➍
γ < a

➇➉ C(1, β) ✿➋➓ ➍➅ ➇ C ➌➍➅ ➋➅ ❆



➷➲⑧ çè❭➙❴❵❫❜ é ❬ ❵êçè❜❝ ç❹❢➙❺ë❜❝
❇✶✺✷❈❉❊✸❋❊●✷❈ ➯ Ð ◗❍❖ ♥◆▲▲◆ ■❏❲❙❍❖▲❘◗▲❑❙❍ ❸ ❍❙P❖ P▲❑▼❑❖◆❘❙❍❖ ▼◆❖ ❘◆❲ ◗❘⑦P◆❖ ❖P❑❽◗❍▲◆❖ ♣➣❙P▲ ■ ➬◗❚❙❘■ ❸ ■◗❍❖ ♥⑨◗⑦P◆ →◆❍✃▲❘◆ ■◆❖ ▲➘♥⑨◆❖ ■◆ C ❸ ❙❍ ◗ P❍ ▲◆❲❯❖ ❲❙❘▲ ▲❙▲◗▼ ❖P❯ ❏❘❑◆P❘
❙P ❏③◗▼ ❰ γ ❯P❑❖⑦P◆ ▲❙P▲◆❖ ▼◆❖ ▲➘♥⑨◆❖ ❖❙❍▲ ■◆ ❯❙❑■❖ ❖P❯❏❘❑◆P❘❖ ❰

a + b ♣ Ó❍❖P❑▲◆ ■◆P⑥ ➬◗ ➬
♥❙❍❖❏♥P▲❑→❖ ■◗❍❖ C ❖❙❍▲ ❖❏❯◗❘❏❖ ❯◗❘ P❍ ▲◆❲❯❖ ❲❙❘▲ ■◆ ■P❘❏◆ ❖P❯❏❘❑◆P❘◆ ❙P ❏③◗▼◆ ❰

b ◆▲
■◆P⑥ ➬❚ ➬ ♥❙❍❖❏♥P▲❑→❖ ❯◗❘ P❍ ▲◆❲❯❖ ❲❙❘▲ ❖P❯❏❘❑◆P❘ ❙P ❏③◗▼ ❰ a ♣
ô ❩P❯❯❙❖❙❍❖ ⑦P◆ γ < a ♣ ➮❙❍❖❑■❏❘❙❍❖ P❍ ❑❍▲◆❘❽◗▼▼◆ I ■◆ ▼❙❍③P◆P❘ T (C(0, β)) = a + b + L

⑦P❑ ♥❙❲❲◆❍♥◆ ❰ P❍ ❑❍❖▲◗❍▲ t ■P ♥❒♥▼◆ C ❱❙❍ ❯◆P▲ ❘❏❯ ❏▲◆❘ ▼◆ ♥❒♥▼◆ C ❖❑ ❍❏♥◆❖❖◗❑❘◆❳ ♣ s❍
❍❙▲◆ TM(I) ▼◗ ❖❙❲❲◆ ■◆❖ ▲◆❲❯❖ ❲❙❘▲❖ ⑦P ➬❑▼ ♥❙❍▲❑◆❍▲ ♣ ❩❑ I ♥❙❲❲◆❍♥◆ ❯◗❘ P❍◆ ❯❏❘❑❙■◆
■ ➬❑❍◗♥▲❑❽ ❑▲❏ ❸ ❙❍ ❯◆P▲ ♥❙❍❖❑■❏❘◆❘ ❰ ▼◗ ❯▼◗♥◆ ■◆ I ▼ ➬❑❍▲◆❘❽◗▼▼◆ ■◆ ❲ ✃❲◆ ▼❙❍③P◆P❘ ⑦P◆ I ⑦P❑
♥❙❲❲◆❍♥◆ ❰ ▼ ➬❑❍❖▲◗❍▲ ■◆ ■❏❚P▲ ■◆ ▼◗ ❯❘◆❲ ❑❷❘◆ ❙❯ ❏❘◗▲❑❙❍ ■◆ I ◆▲ ⑦P❑ ❍◆ ❯ ◆P▲ ♥❙❍▲◆❍❑❘
⑦P◆ ❲❙❑❍❖ ■◆ ▲◆❲❯❖ ❲❙❘▲ ⑦P◆ I ♣❩❙❑▲ f(i) ▲◆▼ ⑦P◆ ta(i) = min{ta(k)| {ta(k), ta(k) + 1, . . . , ta(k) + a − 1} ∩ I 6= ∅} ❱f(i)
◆❖▲ ▼◆ ❯❘◆❲ ❑◆❘ ➬◗ ➬ ■◆ ▼ ➬❑❍▲◆❘❽◗▼▼◆ I ❳ ♣❩❑ ta(i) ≤ t+ b− 1 ❸ ◗▼❙❘❖ ▼◗ →◆❍✃▲❘◆ ■◆ i ❸ W (i) ❸ ◆❖▲ ❑❍♥▼P❖◆ ❑❍▲❏③❘◗▼◆❲ ◆❍▲ ■◗❍❖ I ♣ s ❘ ❸ ◆▼▼◆
♥❙❍▲❑◆❍▲ ◗P ❲❙❑❍❖ γ ▲◆❲❯❖ ❲❙❘▲❖ ■❙❍♥ TM(I) ≥ γ ♣❩❑ ta(i) > t + b− 1 ❸ ❯◗❘ ⑨❒❯❙▲⑨❷❖◆ ❸ ▼ ➬❑❍▲◆❘❽◗▼▼◆ ♥❙❲❲◆❍♥◆ ❯◗❘ P❍◆ ❙❯❏❘◗▲❑❙❍ ◆▲ ❍❙❍ ❯◗❘
■P ▲◆❲❯❖ ❲❙❘▲ ♣ ➥▼ ❖ ➬◗③❑▲ ■❙❍♥ ■ ➬P❍ ➬❚ ➬♣ s❍ ❍❙▲◆ l(j) ♥◆▲▲◆ ❯❘◆❲ ❑❷❘◆ ❙❯ ❏❘◗▲❑❙❍ ♣❩❑ s(l(j)) = f(i) ❸ ◗▼❙❘❖ I ♥❙❍▲❑◆❍▲ ▼◗ →◆❍✃▲❘◆ W (i) ❯❘❑❽❏◆ ■ ➬P❍◆ ▼❙❍③P◆P❘ ❏③◗▼◆ ◗P ▲◆❲❯❖
❲❙❘▲ ◆❍▲❘◆ l(j) ◆▲ f(i) ♣ s❍ ◗ ■❙❍♥ ◆❍♥❙❘◆ P❍◆ →❙❑❖ TM(I) ≥ γ ♣❩❑ s(l(j)) = l(j + 1) ❸ ◗▼❙❘❖ ❙❍ ◗ P❍ ▲◆❲❯❖ ❲❙❘▲ ◆❍▲❘◆ l(j) ◆▲ l(j + 1) ❖P❯ ❏❘❑◆P❘ ❙P ❏③◗▼❰

a ■❙❍♥ TM(I) ≥ γ ♣
♦ ❑❍❖❑ ❸ ■◗❍❖ ▲❙P❖ ▼◆❖ ♥◗❖ ❸ TM(I) ≥ γ ◆▲ C ◆❖▲ ■❙❲ ❑❍❏ ❯◗❘ C(0, β) ♣ô ❩P❯❯❙❖❙❍❖ ⑦P◆ γ ≥ a ♣ s❍ ♥❙❍❖❑■❷❘◆ ▼◆ ♥❒♥▼◆ C1 = (a2 (ba)β b2 (ab)β)∗ ♥◗▼❏ ❰ ③◗P♥⑨◆ ♣ ➮◆
♥❒♥▼◆ ◗ P❍ ▲◆❲❯❖ ❲❙❘▲ ■◆ 2(γ − a) + a− b = γ − (a + b− γ) < γ ❯❙P❘ P❍◆ ▼❙❍③P◆P❘ ■◆
2L + a + b ❱❑▼ ◆❖▲ ■❙❍♥ ■❙❲ ❑❍❏ ❯◗❘ C(1, β)❳ ♣➮❙❍❖❑■❏❘❙❍❖ P❍ ❑❍▲◆❘❽◗▼▼◆ I ■◆ ▼❙❍③P◆P❘ T (C1) = a+b+2L ⑦P❑ ♥❙❲❲◆❍♥◆ ❰ P❍ ❑❍❖▲◗❍▲ t
■P ♥❒♥▼◆ C ❱❙❍ ❯◆P▲ ❘❏❯ ❏▲◆❘ ▼◆ ♥❒♥▼◆ C ❖❑ ❍❏♥◆❖❖◗❑❘◆❳ ♣ s❍ ❍❙▲◆ TM(I) ▼◗ ❖❙❲❲◆ ■◆❖
▲◆❲❯❖ ❲❙❘▲❖ ⑦P ➬❑▼ ♥❙❍▲❑◆❍▲ ♣ Ð ◆ ❲ ✃❲◆ ⑦P◆ ❯❘❏♥❏■◆❲❲◆❍▲ ❸ ❙❍ ❯◆P▲ ❖P❯❯❙❖◆❘ ⑦P◆ I ❍◆
♥❙❲❲◆❍♥◆ ❯◗❖ ❯◗❘ ■P ▲◆❲❯❖ ❲❙❘▲ ♣ s❍ ❍❙▲◆ ◆❍♥❙❘◆ f(i) ▼ ➬❙❯❏❘◗▲❑❙❍ ▲◆▼▼◆ ⑦P◆ ta(i) =
min{ta(k)| {ta(k), ta(k) + 1, . . . , ta(k) + a − 1} ∩ I 6= ∅} ♣❩❑ I ♥❙❲❲◆❍♥◆ ❯◗❘ ■◆P⑥ ➬❚ ➬❸ ◗▼❙❘❖ ▼◗ ■P❘❏◆ ■◆ ▼◗ ❯ ❏❘❑❙■◆ ■ ➬❑❍◗♥▲❑❽ ❑▲❏ ⑦P❑ ▼◆❖ ❖❏❯◗❘◆ ◆❖▲
❖P❯ ❏❘❑◆P❘◆ ❰

a ◆▲ TM(I) > γ > TM(C1) ♣❩❑ I ❍◆ ♥❙❲❲◆❍♥◆ ❯◗❖ ❯◗❘ ■◆P⑥ ➬❚ ➬❸ ❙❍ ❲ ❙❍▲❘◆ ♥❙❲❲◆ ❯❘❏♥❏■◆❲❲◆❍▲ ❸ ⑦P ➬❑▼ ♥❙❍▲❑◆❍▲
♥◆▲▲◆ →❙❑❖ ▼ ➬❑❍▲❏③❘◗▼❑▲❏ ■◆ ▼◗ →◆❍✃▲❘◆ W (i) ❙P ❯▼P❖ ■◆ γ ▲◆❲❯❖ ❲❙❘▲❖ ◆▲ ■❙❍♥ TM(I) ≥
γ > TM(C1) ♣Ð ◗❍❖ ▼◆❖ ■◆P⑥ ♥◗❖ ❸ ▼◆ ♥❒♥▼◆ ◆❖▲ ■❙❲ ❑❍❏ ❯◗❘ C1 ◆▲ ■❙❍♥ ❯◗❘ C(1, β) ♣➹◆ ♥❒♥▼◆ C ◆❖▲ ■❙❍♥ ■❙❲ ❑❍❏ ❯◗❘ C(0, β) ❖❑ γ < a ◆▲ ❯◗❘ C(1, β) ❖❑❍❙❍ ♣ ¤

óP❑❖⑦P◆ ▼◆❖ ♥❒♥▼◆❖ ❍◆ ❯❙❖❖❏■◗❍▲ ❯◗❖ ■◆ ▲➘♥⑨◆ ■◆ ❯❙❑■❖ a ❖❙❍▲ ■❙❲ ❑❍❏❖ ❯◗❘ P❍ ■◆❖ ♥❒♥▼◆❖
❯❘❙❯❙❖❏❖ ❯◗❘ ▼◗ ➮❙❍❨ ◆♥▲P❘◆ ➷ ❸ ❍❙P❖ ❍❙P❖ ▲❙P❘❍❙❍❖ ❽◆❘❖ ▼◆❖ ♥❒♥▼◆❖ ♥❙❍▲◆❍◗❍▲ P❍◆ ▲➘♥⑨◆ ■◆
❯❙❑■❖ a ♣
ó◗❘ ♥❙❍❽◆❍▲❑❙❍ ❸ ▼◗ ❖◆♥❙❍■◆ ❙❯❏❘◗▲❑❙❍ ■ ➬P❍ ▲◆▼ ♥❒♥▼◆ C ❖◆❘◗ ▼◗ ❯❘◆❲ ❑❷❘◆ ❙❯ ❏❘◗▲❑❙❍ ■ ➬P❍◆
▲➘♥⑨◆ ■◆ ❯❙❑■❖ a ◆▲ ▼◗ ■◆❘❍❑❷❘◆ ❖◆❘◗ P❍ ➬❚ ➬ ❱w(2) = a ◆▲ C = (aaSb)∗ ❯❙P❘ P❍◆ ♥◆❘▲◗❑❍◆
❖❏⑦P◆❍♥◆ S ■◆ ➬◗ ➬ ◆▲ ■◆ ➬❚ ➬❳ ♣
➽❙P❖ ❍❙P❖ ❑❍▲❏❘◆❖❖❙❍❖ ◗P ♥❙❍▲◆❍P ■◆ ▼◗ →◆❍✃▲❘◆ W (1) ■◆ ▼◗ ❯❘◆❲ ❑❷❘◆ ▲➘♥⑨◆ ■P ♥❒♥▼◆ ♣ ó❙P❘



é ❬ô ❬ ç❹❞ õ❜ç❵❢❫❜ ➙❹❢❫ ❺❜ ç❭❝ çöç❺❴❡ ❢❜ ❭÷❜ç ❵êçè❜❝ ❴➛❜❞ ❵❴❡ ❢❜❝ ➷➲➀
▼◆ ■❏♥❘❑❘◆ ❸ ❍❙P❖ ❑❍▲❘❙■P❑❖❙❍❖ ▼◆❖ ❍❙▲◗▲❑❙❍❖ ❖P❑❽◗❍▲◆❖ ♣
ô ó❙P❘ ▲❙P▲◆ ▲➘♥⑨◆ i ❸ ❙❍ ❍❙▲◆❘◗ S(i) ▼◗ ❖❏⑦P◆❍♥◆ ■◆ ➬◗ ➬ ◆▲ ■◆ ➬❚ ➬ ■◆ ▼◗ →◆❍✃▲❘◆ W (i)

õ
ô ó❙P❘ ▲❙P▲◆ ❖❏⑦P◆❍♥◆ S ■◆ ➬◗ ➬ ◆▲ ■◆ ➬❚ ➬❸ ❙❍ ❍❙▲◆ S−1 ❖❙❍ ❑❍❽◆❘❖◆ ❸ ♥ ➬◆❖▲❿❰❿■❑❘◆ ▼◗ ❖❏⑦P◆❍♥◆ ■◆

❲ ✃❲◆ ▼❙❍③P◆P❘ ⑦P◆ S ■◗❍❖ ▼◗⑦P◆▼▼◆ ▼◆❖ ➬◗ ➬ ❖❙❍▲ ❘◆❲❯▼◗♥❏❖ ❯◗❘ ■◆❖ ➬❚ ➬ ◆▲ ❘❏♥❑❯❘❙⑦P◆❲ ◆❍▲ ♣s❍ ❘◆❲ ◗❘⑦P◆ ⑦P◆ ❸ ❯❙P❘ ▲❙P▲◆ ❏♥❘❑▲P❘◆ ◗■❲ ❑❖❖❑❚▼◆ L = αa + β(a + b) + γ ▲◆▼▼◆ ⑦P◆ α ≥ 1 ❸
❙❍ ◗

S(i) = S(i + α + 2β) ◆▲ ⑦P◆ ▼◆ ♥❒♥▼◆ ◗❖❖❙♥❑❏ ❖ ➬❏♥❘❑▲ ❖❙P❖ ▼◗ →❙❘❲ ◆ ((aS(1)bS−1(1))Γ)∗ ♣➮◆▲▲◆ ❯❘❙❯❘❑❏▲❏ ❖◆❘◗ ◆❍ →◗❑▲ ❘◆▲❘❙P❽❏◆ ❯❙P❘ ▲❙P▲ ♥❒♥▼◆ C ♥❙❍▲◆❍◗❍▲ P❍◆ ▲➘♥⑨◆ ■◆ ❯❙❑■❖ a
❖❑ ❙❍ ▼❑❲ ❑▲◆ ▼◗ ■P❘❏◆ ■◆❖ ▲◆❲❯❖ ❲❙❘▲❖ ■◗❍❖ ♥⑨◗⑦P◆ →◆❍✃▲❘◆ ■◆❖ ▲➘♥⑨◆❖ ■◆ C ♣ ó❙P❘ ❯❘❙P❽◆❘
♥◆▲▲◆ ◗ñ ❘❲ ◗▲❑❙❍ ❸ ❍❙P❖ P▲❑▼❑❖❙❍❖ ▼◗ ■❏Ï❍❑▲❑❙❍ ❖P❑❽◗❍▲◆ ◆▲ ❯▼P❖❑◆P❘❖ ▼◆❲❲◆❖ ♣
❇✶Ý❈●❊●✷❈ ð✼ ßà✷✸✺✻ ➢ â●❈❊✻✸è❋ææ✻ ➢✻ æ✷❈❅➠✻➠✸

L′ä ❆ ➄➅ ➊➋➅➌➍✿✾➏➇ ➈➅ ➍➅➉➇➏❃➑➒ ➒➇ I ❂➈➍➅ ➇ ➊➋➅➉➍➇➅➉ ❂➈ ➇ ✿➇➌ ➋➆ ➎➏➑➉➍➋➅➌ ➊➋➓➆ ➒✾➉➇➌ ❆ ➄➅ ➎➊➏➍➉ ➒➑ ➒➋➅ì➈➇➈➏ L′ ✿➇ ➒ ➐➍➅➉➇➏❃➑➒ ➒➇ I
➌ ➋➈➌ ➒➑② ➋➏➓ ➇

L′ = α′a + β′(a + b) + γ′ ➋✰
✩ γ′ ➇➌➉ ➒➑ ➌ ➋➓➓ ➇ ✿➇➌ ➉➇➓➆ ➌ ➓ ➋➏➉➌ ❂➈➍ ➅ ➇ ➌ ➋➅➉ ➆➑➌ ➇➅ì ➇➅✿➏➎➌ ➆➑➏ ➈➅ ➇ ➉❀➊❁ ➇ ✿➇ ➆ ➋➍✿➌ a

➩
➊ ➐➇➌➉➭❄➭✿➍➏➇ ❂➈ ➇ ➌➍

s(l(j)) = l(j + 1)
➩ ➋➅ ➊➋➓➆ ➉➇ ✿➑➅➌ γ′ ➈➅ ➇ ✿➈➏➎➇ w(i + 1)− a ❆ ✻➋➈➉ ➌ ➇

➆➑➌➌ ➇ ➊➋➓➓ ➇ ➌➍
l(j) ➎➉➑➍➉ ➈➅ ➐➑ ➐ í❃➋➍➏ ❆ ➍ì➈➏➇ ❇❆✽❈î ✾✩ α′ ➇➌➉ ➒➇ ➊➑➏✿➍➅➑➒ ✿➇ ➒ ➐➇➅➌ ➇➓ ï➒➇

{j|(s(f(j − 1)) = f(j) ∧ f(j) ∈ I) ∨ (s(l(j)) = l(j + 1) ∧ l(j) ∈ I)} ✾✩ β′ ➇➌➉ ➒➇ ➊➑➏✿➍➅➑➒ ✿➇ ➒ ➐➇➅➌ ➇➓ ï➒➇ {j|s(l(k)) = f(j) ∧ f(j) ∈ I} ❆
L′ = α′a + β′(a + b) + γ′ ➇➌➉ ➑➒➋➏➌ ➒➑ →❙❘❲ ◆ ■◆ ▼ ➬❑❍▲◆❘❽◗▼▼◆ I ❆

➮◆▲▲◆ ❍❙▲❑❙❍ ■◆ →❙❘❲ ◆ ■ ➬❑❍▲◆❘❽◗▼▼◆ ◆❖▲ P▲❑▼❑❖❏◆ ■◗❍❖ ▼◆ ❘◆❖▲◆ ■◆ ▼◗ ❖◆♥▲❑❙❍ ❯❙P❘ ■❏♥❘❑❘◆ ▼◆❖
→❙❘❲ ◆❖ ■◆❖ →◆❍✃▲❘◆❖ ■◆❖ ▲➘♥⑨◆❖ ♣ ➹◗ ④❑③P❘◆ ⑤ ♣➷⑩ ■❙❍❍◆ P❍ ◆⑥◆❲❯▼◆ ■◆ →❙❘❲ ◆ ■◆ →◆❍✃▲❘◆
❯❙❖❖❑❚▼◆ ❯❙P❘ L = 23 ❸ a = 3 ◆▲ b = 2 ♣

❼ ❼
❉❊
✲✛

ba
✲✛

❉❊
✲✛

aa
✲✛

ba
✲✛

a
✲✛

❉❊
✲✛

✮✯✰ ù ⑤ ♣➷⑩ ô ④❙❘❲◆ ■◆ ▼◗ →◆❍✃▲❘◆ ■ ➬P❍◆ ▲➘♥⑨◆ ❾ L ■◆ ▼◗ →❙❘❲ ◆ L = 3 a + 2 (a + b) + 4

s❍ ❯◆P▲ ❲ ◗❑❍▲◆❍◗❍▲ ❏❍❙❍♥◆❘ ▼◆ ▼◆❲❲◆ ❖P❑❽◗❍▲ ♣
➁✻✺✺✻ ð➂ ➄➅ ➊➋➅➌➍✿✾➏➇ ➈➅ ➊➨ ➊➒➇ C ➉➇➒ ❂➈ ➇ TM(W (j)) ≤ a−1

➆ ➋➈➏ ➉➋➈➉➇ ➉❀➊❁ ➇ j ✿➑➅➌ Cí➋✰
TM(W (j))

➇➌➉ ➒➑ ➌ ➋➓➓ ➇ ✿➇➌ ➉➇➓➆ ➌ ➓ ➋➏➉➌ ✿➑➅➌ ➒➑ ② ➇➅ ❋➉➏➇ ✿➇ jî ❆ ë ➋➍➉ i
➈➅ ➇ ➉❀➊❁ ➇ ✿➇ C ❆ë ➍

W (i)
➑✿➓ ➇➉ ➒➑ ② ➋➏➓ ➇

L = α′a + β′(a + b) + γ′ ➑❃➇➊ γ′ < b
➩ ➑➒➋➏➌ ➒➑ ② ➇➅ ❋➉➏➇ W (i + 1)➑✿➓ ➇➉ ➒➑ ➓ ❋➓ ➇ ② ➋➏➓ ➇ ❂➈➇ W (i) ❆

❇✶✺✷❈❉❊✸❋❊●✷❈ ➯ s❍ ❍❙▲◆ F (i) ▼ ➬◆❍❖◆❲❚▼◆ ■◆❖ ▲➘♥⑨◆❖ j ▲◆▼▼◆❖ ⑦P◆ s(f(j−1)) = f(j)
◗❽◆♥

f(j) ∈ W (i) ◆▲ L(i) ▼ ➬◆❍❖◆❲❚▼◆ ■◆❖ ▲➘♥⑨◆❖ j ▲◆▼▼◆❖ ⑦P◆ s(l(j)) = l(j + 1)
◗❽◆♥ l(j) ∈ W (i) ♣

➺◆❲ ◗❘⑦P❙❍❖ ⑦P◆ ▼❙❘❖⑦P◆ ▼◆❖ ▲◆❲❯❖ ❲❙❘▲❖ ▲❙▲◗P⑥ ■◆ W (i) ◆▲ W (i + 1) ❖❙❍▲ ❑❍→❏❘❑◆P❘❖ ❰
a ❸

❑▼ ❖Pñ ▲ ■◆ ❲ ❙❍▲❘◆❘ ⑦P◆
|F (i)| + |L(i)| = |F (i + 1)| + |L(i + 1)|



➷➲⑤ çè❭ ➙ ❴ ❵❫ ❜ é ❬ ❵êçè❜ ❝ ç❹ ❢➙ ❺ë❜ ❝

i i i + 1 i + 1

●❍■ ❏❑ ▲❍ ▲ ✲✛ ●❍■ ❏❑ ▲▼ ▲ ✲✛

✮ ✯✰ ù ⑤ ♣➷➷ ô f(i + 1) 6∈ W (i)

❯ ❙P❘ ⑦P◆ W (i) ◆▲ W (i + 1)
◗❑◆❍▲ ▼◗ ❲ ✃❲ ◆ →❙❘❲ ◆ ♣✱➠ ➡ ➡ ✷ ❉✷ ❈ ❉ ✲➠ ✻

f(i + 1) 6∈ W (i) ❱❽❙❑❘ ④ ❑③P❘◆ ⑤ ♣➷➷❳ ♣Ð ◗❍❖ ♥◆ ♥◗❖ ❸ W (i) ❍◆ ♥❙❍▲❑◆❍▲ ◗P♥P❍ ➬◗ ➬ ◆▲ ▼◗ →❙❘❲ ◆ ■◆ W (i) ◆❖▲ L = α′a + γ′ ◗❽◆♥
0 ≤ γ′ < b ♣ ➹ ➬❑❍▲◆❘❽◗▼▼◆ {tb(i) + b, tb(i) + b + 1, . . . , tb(i) + L + a} ❍◆ ❯ ◆P▲ ■❙❍♥ ♥❙❍▲◆❍❑❘
⑦P◆ ■◆❖ ➬◗ ➬♣ ♦ ❑❍❖❑ ❸ ♥❙❲ ❲ ◆ ❙❍ ❍◆ ❯ ◆P▲ ❯ ◗❖ ◗❽❙❑❘ ■◆ ❯ ❏❘❑❙ ■◆ ■ ➬❑❍ ◗♥▲❑❽ ❑▲❏ ■◆ ■P❘❏◆ ❖P❯ ❏❘❑◆P❘◆❰

a ■ ◗❍❖ ◗P♥P❍◆ →◆❍✃▲❘◆ ❸ W (i + 1) ♥❙❍▲❑◆❍▲ ◆⑥ ◗♥▲◆❲ ◆❍▲ α′ ➬◗ ➬♣s ❍ ◗ ■❙❍♥ |F (i)| = |L(i + 1)| = 0 ◆▲ |L(i)| = |F (i + 1)| = α ❸ ◆▲ |F (i)| + |L(i)| =
|F (i + 1)| + |L(i + 1)| ♣✱➠ ➡ ➡ ✷ ❉✷ ❈ ❉ ✲➠ ✻

f(i + 1) ∈ W (i) ❱❽❙❑❘ ④ ❑③P❘◆ ⑤ ♣➷Ñ❳ ♣

i ii + 1 i + 1
✲✛◆✓✵✗✘✕ ❖✙✳✳✩✚✕P

W (i)
✕✗

W (i + 1)

i ij j + 1 j + 2 i + 1 i + 1
✲✛◆✓✵✗✘✕ ❖✙✳✳✩✚✕P

W (i)
✕✗

W (i + 1)

✲✛ ✪✓✴ ★✕ ✥✓ ✥ ✲✛ ✪✓✴ ★✕ ✥✦ ✥

✮ ✯✰ ù ⑤ ♣➷Ñ ô f(i + 1) ∈ W (i) ❾ s(f(i)) = f(i + 1) ❙P s(f(i)) = l(j)

ô ❩P❯❯ ❙❖❙❍❖ s(f(i)) = f(i + 1) ♣Ð ◗❍❖ ♥◆ ♥◗❖ ❸ s(l(i)) = l(i + 1) ■❙❍♥ F (i + 1) = F (i) \ {i + 1} ◆▲ L(i + 1) = L(i) ∪ {i} ♣
♦ ❑❍❖❑ ❸

|F (i + 1)| + |L(i + 1)| = |F (i)| − 1 + |L(i)| + 1 = |F (i)| + |L(i)|
ô ❩P❯❯ ❙❖❙❍❖ s(f(i)) = l(j), s(l(j)) = l(j + 1), . . . , s(l(j + q)) = f(i + 1) ♣Ð ◗❍❖ ♥◆ ♥◗❖ ❸ ❙❍ ◗ P❍ ❍❙❲ ❚❘◆ q + 1 ≥ 2 ■◆ ➬❚ ➬ ■ ◗❍❖ ▼ ➬❑❍▲◆❘❽◗▼▼◆
{ta(i) + a, ta(i) + a + 1, . . . , ta(i + 1) − 1} ♣ ➥▼ ◆❖▲ ■❙❍♥ ■◆ ▼❙❍③P◆P❘ b + q a ≤ l < 2 b +
q a ♣ ♦ ❑❍❖❑ ❸ ▼ ➬❑❍▲◆❘❽◗▼▼◆ {tb(i) + b, tb(i) + b + 1, . . . , tb(i + 1) − 1} ❍◆ ♥❙❍▲❑◆❍▲ ⑦P◆ ■◆❖ ➬◗ ➬
◆▲ ◆❖▲ ■◆ ▼❙❍③P◆P❘ l + a − b ♣ s ❘ (1 + q) a ≤ l + (a − b) < b + (1 + q) a ◆▲ γ′ < b
■❙❍♥ ▼ ➬❑❍▲◆❘❽◗▼▼◆ {tb(i) + b, tb(i) + b + 1, . . . , tb(i + 1) − 1} ♥❙❍▲❑◆❍▲ ◆⑥ ◗♥▲◆❲ ◆❍▲ q + 1➬◗ ➬♣ ♦ ❑❍❖❑ ❸ |F (i + 1)| = |F (i)| + q + 1 ◆▲ |L(i + 1)| = |L(i)| − (q + 1) ♣ Ð❙❍♥

|F (i + 1)| + |L(i + 1)| = |F (i)| + |L(i)|

ó❙P❘ ▲❙P▲◆ ▲➘♥⑨◆ i ■◆ C ❸ ❙❍ ◗ |F (i + 1)| + |L(i + 1)| = |F (i)| + |L(i)| = α′ ♣ ➹◆ →◗❑▲ ⑦P◆ ▼◆
▲◆❲ ❯❖ ❲ ❙❘▲ ▲❙▲◗▼ ■◆ W (i + 1) ❖❙❑▲ ❑❍→❏❘❑◆P❘ ❰

a ❯ ◆❘❲ ◆▲ ■◆ ♥❙❍♥▼P❘◆ ⑦P ◗❍■ ❰ ▼◗ →❙❘❲ ◆ ■◆
W (i + 1) ♣ ¤



é ❬ô ❬ ç❹❞ õ❜ç❵❢❫❜ ➙❹❢❫ ❺❜ ç❭❝ çöç❺❴❡ ❢❜ ❭÷❜ç ❵êçè❜❝ ❴➛❜❞ ❵❴❡ ❢❜❝ ➷➲æ
➁✻✺✺✻ ðð ë➋➍➉ C ➈➅ ➊➨ ➊➒➇ ➉➇➒ ❂➈ ➇ a−1

➇➌➉ ➈➅ ➇ ï➋➏➅ ➇ ➌➈➆ ➎➏➍➇➈➏➇ ✿➈ ➉➇➓➆ ➌ ➓ ➋➏➉ ➊➋➅➉➇➅➈
✿➑➅➌ ➒➑ ② ➇➅ ❋➉➏➇ ✿➇ ➉➋➈➉➇ ➉❀➊❁ ➇ ✿➇ C ❆ ë ➍ C ➊➋➅➉➍➇➅➉ ➑➈ ➓ ➋➍➅➌ ➈➅ ➇ ➉❀➊❁ ➇ ✿➇ ➆ ➋➍✿➌ a

➩ ➑➒➋➏➌➉➋➈➉➇➌ ➒➇➌ ② ➇➅ ❋➉➏➇➌ ✿➇➌ ➉❀➊❁ ➇➌ ✿➇ C ➋➅➉ ➒➑ ➓ ❋➓ ➇ ② ➋➏➓ ➇❆
❇✶✺✷❈❉❊✸❋❊●✷❈ ➯ ❩◗❍❖ ❯ ◆❘▲◆ ■◆ ③❏❍❏❘◗▼❑▲❏ ❸ ❙❍ ❯◆P▲ ♥❙❍❖❑■❏❘◆❘ ⑦P◆ ▼◗ ❯❘◆❲ ❑❷❘◆ ▲➘♥⑨◆ ■P
♥❒♥▼◆ ◆❖▲ ▲◆▼▼◆ ⑦P◆ s(f(1)) = f(2) ◆▲ w(2) = a ♣ s❍ ❖P❯❯❙❖◆ ⑦P◆ W (1) ◆❖▲ ■◆ ▼◗ →❙❘❲ ◆
L = α′a + β′(a + b) + γ′ ♣
➮❙❲❲◆ ▼◗ ▲➘♥⑨◆ 2 ◆❖▲ ■◆ ❯❙❑■❖ a ❸ ❑▼ ❍ ➬❒ ◗ ❯◗❖ ■◆ ▲◆❲❯❖ ❲❙❘▲ ◆❍▲❘◆ f(1) ◆▲ f(2) ◆▲ ❑▼ ❒ ◗ P❍◆
❯❏❘❑❙■◆ ■ ➬❑❍◗♥▲❑❽ ❑▲❏ ■◆ ■P❘❏◆ a−b ◆❍▲❘◆ l(1) ◆▲ l(2) ♣ ♦ ❑❍❖❑ ❸ ▼◆ ▲◆❲❯❖ ❲❙❘▲ ▲❙▲◗▼ TM(W (2))
❑❍♥▼P❖ ■◗❍❖ W (2) ◆❖▲ ▲◆▼ ⑦P◆ TM(W (2)) = a− b + TM(W (1)) ♣ s❘ TM(W (1)) ≥ γ′ ■❙❍♥
γ′ < b ❯P❑❖⑦P◆ ▼◆ ▲◆❲❯❖ ❲❙❘▲ ▲❙▲◗▼ ■◗❍❖ ♥⑨◗⑦P◆ →◆❍✃▲❘◆ ◆❖▲ ❑❍→❏❘❑◆P❘ ❰

a ♣s❍ ❯◆P▲ ■❙❍♥ P▲❑▼❑❖◆❘ ▼◆ ➹◆❲❲◆ Ñ➷ ❯❙P❘ ♥❙❲❯▼❏▲◆❘ ▼◗ ❯❘◆P❽◆ ♣ ¤

➁✻✺✺✻ ð✹ ë ➋➍➉ C ➈➅ ➊➨ ➊➒➇ ➉➇➒ ❂➈ ➇ a−1
➇➌➉ ➈➅ ➇ ï➋➏➅ ➇ ➌➈➆ ➎➏➍➇➈➏➇ ✿➈ ➉➇➓➆ ➌ ➓ ➋➏➉ ➊➋➅➉➇➅➈

✿➑➅➌ ➒➑ ② ➇➅ ❋➉➏➇ ✿➇ ➉➋➈➉➇ ➉❀➊❁ ➇ ✿➇ C ❆ ➄➅ ➌➈➆➆ ➋➌ ➇ ❂➈➇ C ➊➋➅➉➍➇➅➉ ➑➈ ➓ ➋➍➅➌ ➈➅ ➇ ➉❀➊❁ ➇ ✿➇➆ ➋➍✿➌ a ❆ ✤ ➋➈➏ ➉➋➈➉➇ ➉❀➊❁ ➇ j ✿➇ C ➩ ➌ ➍
L = α′a + β′(a + b) + γ′ ➇➌➉ ➒➑ ② ➋➏➓ ➇ ✿➇ W (j)

➩ ➑➒➋➏➌
S(j) = S(j + α′ + 2β′)

➇➉ ➒➑ ➌ ➎❂➈ ➇➅ ➊➇ S ✿➇➌ ➋➆ ➎➏➑➉➍➋➅➌ ❂➈➍ ➌ ➎➆➑➏➇ f(j)
➇➉

f(j + α′ + 2β′)➇➌➉
S = S(j)bS−1(j) ❆

❇✶✺✷❈❉❊✸❋❊●✷❈ ➯ ➺◆❲◗❘⑦P❙❍❖ ▲❙P▲ ■ ➬◗❚❙❘■ ⑦P◆ ▼◆ ➹◆❲❲◆ ÑÑ ◆▲ ❖◗ ■❏❲❙❍❖▲❘◗▲❑❙❍ ❑❲ ❿
❯▼❑⑦P◆❍▲ ⑦P◆ γ′ < b ◆▲ ⑦P◆ ▼◆ ❍❙❲❚❘◆ ■ ➬❙❯❏❘◗▲❑❙❍❖ ■◗❍❖ ♥⑨◗⑦P◆ →◆❍✃▲❘◆ ◆❖▲ ♥❙❍❖▲◗❍▲ ◆▲
❏③◗▼ ❰

α′ + 2β′ ♣ ➣❙P▲◆ ❙❯ ❏❘◗▲❑❙❍ f(i) ◆❖▲ ■❙❍♥ ❖❏❯◗❘❏◆ ■◆ l(i) ❯◗❘ ◆⑥◗♥▲◆❲ ◆❍▲ α′ + 2β′

❙❯❏❘◗▲❑❙❍❖ ♣s❍ ♥❙❍❖❑■❷❘◆ P❍◆ ▲➘♥⑨◆ j ■P ♥❒♥▼◆ C ♣ ➹◗ ❯❘◆P❽◆ ■P ➹◆❲❲◆ Ñ➷ ❸ ❑❲❯▼❑⑦P◆ ⑦P◆ô ❩❑ f(j + 1) 6∈ W (j) ❸ ◗▼❙❘❖ S(j) = bα′ ◆▲ S(j + 1) = aα′ ■❙❍♥ S = S(j)baaα′−1 =
S(j)bS−1(j) ♣ô ❩❑ f(j +1) ∈ W (j) ◆▲ f(j) ◆❖▲ ❖P❑❽ ❑◆ ■◆ q

➬❚ ➬ ❯P❑❖ ■◆ f(j +1) ❸ ◗▼❙❘❖ S(j) ◆❖▲ ■◆ ▼◗ →❙❘❲ ◆
bqaS1 ◆▲ S(j + 1) ◆❖▲ ■◆ ▼◗ →❙❘❲ ◆ S1ba

q ♣s❍ ◆❍ ■❏■P❑▲ ⑦P◆ ❖❑ ▼◗ kième ❙❯❏❘◗▲❑❙❍ ■P ♥❒♥▼◆ ◆❖▲ P❍ ➬❚ ➬❸ ▼ ➬❙❯❏❘◗▲❑❙❍ k + α′ + 2β′ ◆❖▲ P❍➬◗ ➬❸ ❯P❑❖⑦P◆ ♥⑨◗⑦P◆ →◆❍✃▲❘◆ ♥❙❍▲❑◆❍▲ ◆⑥◗♥▲◆❲ ◆❍▲ α′ + 2β′ ❙❯❏❘◗▲❑❙❍❖ ♣
➮❙❲❲◆ ❸ ❖❑ ▼◗ kième ❙❯❏❘◗▲❑❙❍ ■P ♥❒♥▼◆ ◆❖▲ P❍ ➬◗ ➬❸ ▼ ➬❙❯❏❘◗▲❑❙❍ k + α′ + 2β′ ◆❖▲ P❍ ➬❚ ➬❸ ❙❍
❯ ◆P▲ ♥❙❍♥▼P❘◆ ♣ ¤s❍ ♥❙❍❖❑■❷❘◆ ▼◗ →❙❘❲ ◆ r❿◗■❲ ❑❖❖❑❚ ▼◆ L = ǫa + β(a + b) + γ

◗❽◆♥ ǫ ∈ {0, 1} ♣ ➹◆ ♥❒♥▼◆ C(ǫ, β)
◆❖▲ ▲◆▼ ⑦P◆ ♥⑨◗⑦P◆ →◆❍✃▲❘◆ ♥❙❍▲❑◆❍▲ ◗P ❯▼P❖ a−1 ▲◆❲❯❖ ❲❙❘▲❖ ♣ s❍ ◗ ■◆ ❯▼P❖ ◗P ❲❙❑❍❖ β

➬◗ ➬
◆▲ β

➬❚ ➬ ■◗❍❖ ♥⑨◗⑦P◆ →◆❍✃▲❘◆ ❸ ■❙❍♥ ▼◗ ■P❘❏◆ ■ ➬❑❍◗♥▲❑❽ ❑▲❏ ❲❙❒◆❍❍◆ ■ ➬P❍ ♥❒♥▼◆ ❍◆ ❯ ◆P▲ ❯◗❖
■❏❯◗♥◆❘ a ❯❙P❘ β + 1 ▲➘♥⑨◆ ♣ s❍ ❯◆P▲ ❘◆❲ ◗❘⑦P◆❘ ◗P❖❖❑ ⑦P◆ 2β + ǫ ◆❖▲ ▼◆ ❍❙❲❚❘◆ ❲ ◗⑥❑❲ ◗▼
■ ➬❙❯❏❘◗▲❑❙❍❖ ⑦P◆ ❯◆P▲ ♥❙❍▲◆❍❑❘ P❍◆ →◆❍✃▲❘◆ ❯P❑❖⑦P◆ ⌊L/a⌋ ≤ 2β + ǫ ◆▲ ⑦P◆ L− ⌊L/a⌋ < b
▼❙❘❖⑦P◆ ⌊L/a⌋ = 2β+ǫ ❱❽❙❑❘ ■❏❲❙❍❖▲❘◗▲❑❙❍ ■◆ ▼◗ ó ❘❙❯❙❖❑▲❑❙❍ ÑÑ❳ ♣ ➮◆ ❍❙❲❚❘◆ ■ ➬❙❯❏❘◗▲❑❙❍❖
◆❖▲ ♥◆▼P ❑ ❑❍♥▼P❖ ■◗❍❖ ▲❙P▲◆ →◆❍✃▲❘◆ ■P ♥❒♥▼◆ C(ǫ, β) ◆▲ ■P ♥❒♥▼◆ C(⌊L/a⌋, 0) ❖❑ ♥◆▼P ❑❿♥❑ ▼◆
■❙❲ ❑❍◆ ❱ó ❘❙❯❙❖❑▲❑❙❍ ÑÑ❳ ♣❶❍ ♥❒♥▼◆ ⑦P❑ ❯❙❖❖❷■◆ P❍◆ ▲➘♥⑨◆ ■◆ ❯❙❑■❖ a ◆▲ ⑦P❑ ❍◆ ♥❙❍❖◆❘❽◆ ❯◗❖ ▼◗ ❲ ✃❲◆ →❙❘❲ ◆ ■◆ →◆❍✃▲❘◆
♥❘❏◆❘◗ P❍ ▲◆❲❯❖ ❲❙❘▲ ■◆ ■P❘❏◆ ❖P❯❏❘❑◆P❘◆ ❙P ❏③◗▼◆ ❰

a ■◗❍❖ ◗P ❲❙❑❍❖ P❍◆ ■◆ ❖◆❖ →◆❍✃▲❘◆❖
◆▲ ▼ ➬◆❲❯ ✃♥⑨◆❘◗ ■❙❍♥ ■◆ ♥❙❍▲◆❍❑❘ 2β + ǫ ❙❯❏❘◗▲❑❙❍❖ ♣



➷➲➴ çè❭➙❴❵❫❜ é ❬ ❵êçè❜❝ ç❹❢➙❺ë❜❝
s❍ ❯◆P▲ ■❙❍♥ ❖ ➬◗▲▲◆❍■❘◆ ❰ ♥◆ ⑦P◆ ■◆ ▲◆▼❖ ♥❒♥▼◆❖ ❖❙❑◆❍▲ ■❙❲ ❑❍❏❖ ❯◗❘ ♥◆P⑥ ⑦P❑ ③◗❘■◆❘◗❑◆❍▲
P❍◆ →◆❍✃▲❘◆ ♥❙❍❖▲◗❍▲◆ ♣ ❩❑ ♥◆▲▲◆ →◆❍✃▲❘◆ ◆❖▲ ■◆ ▼◗ →❙❘❲ ◆ L = α′a+β′(a+b)+γ ❸ ❙❍ ♥❙❍❨ ◆♥▲P❘◆◗▼❙❘❖ ⑦P◆ ▼◆ ♥❒♥▼◆ ◆❖▲ ■❙❲ ❑❍❏ ❯◗❘ C(α′, β′) ♣
Ô Õ◗ ÖßÞüÛâáàßÞ
Ð ◗❍❖ ♥◆ ♥⑨◗❯❑▲❘◆ ❸ ❍❙P❖ ◗❽❙❍❖ ❏▲P■❑❏ ▼◆ ❯❘❙❚▼❷❲ ◆ ■◆❖ ▲➘♥⑨◆❖ ♥❙P❯▼❏◆❖ ♣ ➽❙P❖ ❲ ❙❍▲❘❙❍❖ ❖❙❍
❏⑦P❑❽◗▼◆❍♥◆ ◗❽◆♥ P❍ ❯❘❙❚▼❷❲ ◆ ■◆ ♥◆▼▼P▼◆❖ ❘❙❚ ❙▲❑❖❏◆❖ ❖◗❍❖ ◗▲▲◆❍▲◆ ❰ P❍◆ ❲ ◗♥⑨❑❍◆ ❸ ❯P❑❖ ❍❙P❖
❍❙P❖ ❑❍▲❏❘◆❖❖❙❍❖ ◗P ❯❘❙❚▼❷❲ ◆ ❰ P❍ P❍❑⑦P◆ ▲❒❯◆ ■◆ ▲➘♥⑨◆❖ ◆▲ ❏▲◗❚▼❑❖❖❙❍❖ ▼◗ ♥❙❍❨ ◆♥▲P❘◆
❖P❑❽◗❍▲◆ ♣✢✷❈✣ ✻➤❊➠✸✻ ➯ ë ➍

L
➌ ➐➎➊➏➍➉ ➌ ➋➈➌ ➒➇➌ ② ➋➏➓ ➇➌ ➑✿➓ ➍➌➌➍ï➒➇➌

L = αa + δ
➩

0 ≤ δ < a
➇➉

L =
ǫa + β(a + b) + γ

➑❃➇➊ ǫ ∈ {0, 1} ➇➉
0 ≤ γ < a

➌➍
ǫ = 0

➇➉
0 ≤ γ < b

➌➍
ǫ = 1

➩ ➑➒➋➏➌ ➒ ➐➈➅
✿➇➌ ✿➇➈➔ ➊➨ ➊➒➇➌ C(α, 0)

➇➉ C(ǫ, β)
➇➌➉ ➋➆ ➉➍➓ ➑➒❆

➮◆▲▲◆ ♥❙❍❨ ◆♥▲P❘◆ ◗ ❏▲❏ ▲◆❖▲❏◆ ❯❙P❘ P❍ ❍❙❲❚❘◆ ❑❲❯❙❘▲◗❍▲ ■ ➬❑❍❖▲◗❍♥◆❖ ◆▲ ❍ ➬◗ ❯◗❖ ❏▲❏ ❑❍❿
❽◗▼❑■❏◆ ♣ ❩❑ ◆▼▼◆ ❖ ➬◗❽❷❘◆ ◆⑥◗♥▲◆ ❸ ❲ ◗⑥❑❲ ❑❖◆❘ ▼◆ ▲◗P⑥ ■◆ ❯❘❙■P♥▲❑❙❍ ■◗❍❖ ▼◆ ♥◗❖ ■◆ ❯❑❷♥◆❖
❑■◆❍▲❑⑦P◆❖ ❖◆ →◆❘◗❑▲ ◆❍ ▲◆❲❯❖ ❯❙▼❒❍❙❲ ❑◗▼ ♣ s❍ ❲❙❍▲❘◆ ■◗❍❖ ♥◆ ♥⑨◗❯❑▲❘◆ ⑦P◆ ▼◆ ❲ ◆❑▼▼◆P❘
■◆ ♥◆❖ ■◆P⑥ ♥❒♥▼◆❖ ■❙❲ ❑❍◆❍▲ ▼ ➬◆❍❖◆❲❚▼◆ ■◆❖ ♥❒♥▼◆❖ ◗❖❖❙♥❑❏❖ ◗P⑥ →❙❘❲ ◆❖ ◗■❲ ❑❖❖❑❚ ▼◆❖ ■◆ L
◆▲ ❖❙❍▲ ❙❯▲❑❲ ◗P⑥ ❯❙P❘ ♥◆❘▲◗❑❍◆❖ ♥▼◗❖❖◆❖ ■ ➬❑❍❖▲◗❍♥◆❖ ❯◗❘▲❑♥P▼❑❷❘◆❖ ♣ ➽❙P❖ ◆❖❯ ❏❘❙❍❖ ❯❙P❽❙❑❘
❯❘❙♥⑨◗❑❍◆❲ ◆❍▲ ♥❙❍♥▼P❘◆ ⑦P◗❍■ ❰ ▼◗ ❽◗▼❑■ ❑▲❏ ■◆ ♥◆▲▲◆ ♥❙❍❨ ◆♥▲P❘◆ ♣



❘❙❚❯❱❲❳❨❙❚

❩ ◗❍❖ ♥◆ ❲ ◗❍P❖♥❘❑▲ ❸ ❍❙P❖ ◗❚❙❘■❙❍❖ ■❑❬❏❘◆❍▲❖ ❯❘❙❚▼❷❲ ◆❖ ❸ ▲⑨❏❙❘❑⑦P◆❖ ◆▲ ❯❘◗▲❑⑦P◆❖ ❸ ■ ❭❙❘■❙❍❿
❍◗❍♥◆❲ ◆❍▲ ■◗❍❖ ▼◆❖ ◗▲◆▼❑◆❘❖ ■◆ ❯❘❙■P♥▲❑❙❍ ♣ ❩◗❍❖ P❍◆ ❯❘◆❲ ❑❷❘◆ ❯◗❘▲❑◆ ❸ ❍❙P❖ ♥❙❍❖❑■❏❘❙❍❖
■❑❬ ❏❘◆❍▲❖ ❲ ❙■❷▼◆❖ ■◆ ♥◆▼▼P ▼◆❖ ■◆ ❯❘❙■P♥▲❑❙❍ ◗P▲❙❲◗▲❑❖❏◆❖ ❸ ❨ P❖⑦P ❭❑♥❑ ❏▲P■❑❏❖ ❑❍■❏❯ ◆❍■◗❲ ❿
❲◆❍▲ ■◗❍❖ ▼◗ ▼❑▲▲❏❘◗▲P❘◆ ♥▼◗❖❖❑⑦P◆ ♣ ➽❙P❖ ❑❍❖❑❖▲❙❍❖ ❖P❘ ▼◆❖ ▼❑◆❍❖ ◆▲ ■❑❖▲❑❍♥▲❑❙❍❖ ◆❍▲❘◆ ♥◆❖
■❑❬ ❏❘◆❍▲❖ ❲ ❙■❷▼◆❖ ◆▲ ▼◆❖ ⑨❪❯❙▲⑨❷❖◆❖ ⑦P❑ ❘◆❍■◆❍▲ ♥◆❘▲◗❑❍❖ ■ ❭◆❍▲❘◆ ◆P⑥ ❏⑦P❑❽◗▼◆❍▲❖ ♣ ➽❙P❖
■❏❲ ❙❍▲❘❙❍❖ ▼ ❭◗❯❯◗❘▲◆❍◗❍♥◆ ❫ P ■◆ ❯▼P❖❑◆P❘❖ ❯❘❙❚▼❷❲ ◆❖ ■◆ ❴❙✐ ❖⑨❙❯❖ ❘❙❚❙▲❑❖❏❖ ◆▲ ❴❙✐❿
❖⑨❙❯❖ ◗❽◆♥ ❖◆❘❽◆P❘ ❫ ■◆P⑥ ❲ ◗♥⑨❑❍◆❖ ❸ ◗❽◗❍▲ ■◆ ❍❙P❖ ❑❍▲❏❘◆❖❖◆❘ ❫ P❍ ❯❘❙❚▼❷❲ ◆ ❑❍■P❖▲❘❑◆▼ ■◆
❯▼◗❍❑❵♥◗▲❑❙❍ ■ ❭◆⑥❯❏❘❑◆❍♥◆ ❸ ❯❙P❘ ▼◆⑦P◆▼ P❍ ▼❙③❑♥❑◆▼ ◆❖▲ ❑❲ ❯▼❏❲ ◆❍▲❏ ♣ ❛ ❭❏▲P■◆ ■◆ ❖◆❖ ■❑❬❏❘◆❍▲❖◗❖❯ ◆♥▲❖ ❍❙P❖ ♥❙❍■P❑▲ ❫ ❑❍▲❘❙■P❑❘◆ P❍◆ ❍❙P❽◆▼▼◆ ❍❙▲❑❙❍ ◆❍ ❙❘■❙❍❍◗❍♥◆❲ ◆❍▲ ◗❽◆♥ ❘◆❖❖❙P❘♥◆❖
■ ❭◆❍▲❘❏◆❜❖❙❘▲❑◆ ❾ ▼ ❭❑❍■❑❖❯❙❍❑❚❑▼❑▲❏ ■◆❖ ❙❯ ❏❘◗▲◆P❘❖ ♣ ❩ ◗❍❖ P❍ ◆❍❽❑❘❙❍❍◆❲◆❍▲ ❲❙❍❙❿❲ ◗♥⑨❑❍◆ ❸
❍❙P❖ ❏▲P■❑❙❍❖ ▼◗ ♥❙❲❯▼◆⑥ ❑▲❏ ■◆ ▼◗ ❲ ❑❍❑❲ ❑❖◗▲❑❙❍ ■P ❲◗ï◆❖❯◗❍ ◆❍ ❯❘❏❖◆❍♥◆ ■◆ ❯ ❏❘❑❙■◆❖
■ ❭❑❍■❑❖❯❙❍❑❚❑▼❑▲❏ ■◆❖ ❙❯ ❏❘◗▲◆P❘❖ ♣ ❝◆ ❯❘❙❚▼❷❲ ◆ ◆❖▲ ■ ❭❙❘◆❖ ◆▲ ■❏❨ ❫ NP ❿❩ ❑ñ ♥❑▼◆ ❯ ❙P❘ P❍◆
❯❏❘❑❙■◆ ■ ❭❑❍■❑❖❯❙❍❑❚❑▼❑▲❏ ■◗❍❖ ▼◆ ♥◗❖ ③❏❍❏❘◗▼ ❸ ❲ ◗❑❖ ◗■❲ ◆▲ P❍ ◗▼③❙❘❑▲⑨❲ ◆ ❯❙▼❪❍❙❲ ❑◗▼ ❸ ⑦P◆
❍❙P❖ ◆⑥❯▼❑♥❑▲❙❍❖ ❸ ❖❑ ▼◗ ❯ ❏❘❑❙■◆ ◆❖▲ ❯▼P❖ ♥❙P❘▲◆ ⑦P◆ ▼◗ ■P❘❏◆ ■ ❭P❖❑❍◗③◆ ■◆ ❍ ❭❑❲❯❙❘▲◆ ⑦P◆▼▼◆
❯❑❷♥◆ ♣ ó❙P❘ ▼◆❖ ◗P▲❘◆❖ ♥◗❖ ❸ ❍❙P❖ ❯❘❙❯❙❖❙❍❖ ■◆❖ ⑨◆P❘❑❖▲❑⑦P◆❖ ❯❙▼❪❍❙❲ ❑◗▼◆❖ ◆ñ ♥◗♥◆❖ ■❙❍▲
❍❙P❖ ❏▲◗❚▼❑❖❖❙❍❖ ▼◆❖ ❯ ◆❘→❙❘❲ ◗❍♥◆❖ ♣❩ ◗❍❖ P❍◆ ❖◆♥❙❍■◆ ❯◗❘▲❑◆ ❸ ❍❙P❖ ❍❙P❖ ▲❙P❘❍❙❍❖ ❽◆❘❖ ■◆❖ ❯❘❙❚▼❷❲ ◆❖ ❁ ➍ì❁ ➓➈➒➉➍➆ ➒➍➊➍➉➨❸ ❯ ❙P❘
▼◆❖⑦P◆▼❖ ▼◆❖ ▲❞♥⑨◆❖ ❍◆ ❯❙❖❖❷■◆❍▲ ❯▼P❖ ♥⑨◗♥P❍◆ ▼◆P❘❖ ❖❯ ❏♥❑❵♥❑▲❏❖ ❸ ❲ ◗❑❖ ❖❙❍▲ ◗③❘❏③❏◆❖ ◆❍ ♥◗❿
▲❏③❙❘❑◆❖ ❸ ▼◆❖ ▲❞♥⑨◆❖ ■ ❭P❍ ❲ ❡❲◆ ▲❪❯◆ ❏▲◗❍▲ ▲❙P▲◆❖ ❑■◆❍▲❑⑦P◆❖ ♣ ❛◆ ❍❙❲❚❘◆ ▲❙▲◗▼ ■◆ ▲❞♥⑨◆❖
❍ ❭❏▲◗❍▲ ❯▼P❖ ❯ ❙▼❪❍❙❲ ❑◗▼ ■◆ ▼◗ ▲◗❑▼▼◆ ■◆ ▼ ❭❑❍❖▲◗❍♥◆ ❸ ❑▼ ◆❖▲ ■❑ñ ♥❑▼◆ ■◆ ■❏▲◆❘❲ ❑❍◆❘ ❫ ⑦P◆▼▼◆❖
♥▼◗❖❖◆❖ ■◆ ♥❙❲❯▼◆⑥ ❑▲❏ ◗❯❯◗❘▲❑◆❍❍◆❍▲ ♥◆❖ ❯❘❙❚▼❷❲ ◆❖ ♣ ➽❙P❖ ◆❍ ❏▲P■❑❙❍❖ ■◆P⑥ ◆⑥◆❲❯▼◆❖ ♣ ❛◆
❯❘◆❲ ❑◆❘ ♥❙❍♥◆❘❍◆ ▼ ❭❙❘■❙❍❍◗❍♥◆❲ ◆❍▲ ❨ P❖▲◆❿❫❿▲◆❲❯❖ ■◆❖ ▼❑③❍◆❖ ■◆ ❯❘❙■P♥▲❑❙❍ ❴◆⑥ ❑❚▼◆❖ ❸ ❯ ❙P❘
▼◆⑦P◆▼ ■◆ ❍❙❲❚❘◆P❖◆ →❙❍♥▲❑❙❍❖ ❙❚❨ ◆♥▲❑→ ❙❍▲ ❏▲❏ ❑❍▲❘❙■P❑▲◆❖ ■◗❍❖ ▼◗ ▼❑▲▲❏❘◗▲P❘◆ ♣ ➽❙P❖ ♥❙❲❯◗❿
❘❙❍❖ ▼◆❖ ❯▼P❖ ❏▲P■❑❏◆❖ ◆▲ ❍❙P❖ →❙ ♥◗▼❑❖❙❍❖ ❖P❘ ▼◆❖ ❯❘❙❚▼❷❲ ◆❖ ❲P▼▲❑♥❘❑▲❷❘◆❖ →◗❑❖◗❍▲ ❑❍▲◆❘❽◆❍❑❘
❯▼P❖❑◆P❘❖ ■ ❭◆❍▲❘◆ ◆▼▼◆❖ ♣ ➽❙P❖ ❲❙❍▲❘❙❍❖ ⑦P◆ ▼◆P❘ ❙❯▲❑❲ ❑❖◗▲❑❙❍ ❖❑❲P▼▲◗❍❏◆ ❍ ❭◆❖▲ ❯◗❖ ▲❙P❿
❨ ❙P❘❖ ❯❙❖❖❑❚ ▼◆ ◆▲ ◆⑥◗❲ ❑❍❙❍❖ ❯▼P❖❑◆P❘❖ ❯❘❙❯❘❑❏▲❏❖ ■ ❭❑❍❖▲◗❍♥◆❖ ❯❙P❘ ▼◆❖⑦P◆▼▼◆❖ ▼ ❭❙❯▲❑❲ ❑❖◗▲❑❙❍
■◆ ❯▼P❖❑◆P❘❖ ♥❘❑▲❷❘◆❖ ❯ ◆P▲ ❡▲❘◆ →◗❑▲◆ ❯◗❘ ▼◗ ❲ ❡❲◆ ❖❙▼P▲❑❙❍ ♣ ❛◆ ❖◆♥❙❍■ ❯❘❙❚▼❷❲ ◆ ◗❚❙❘■❏
◆❖▲ ▼ ❭❙❘■❙❍❍◗❍♥◆❲ ◆❍▲ ■◆ ▲❞♥⑨◆❖ ♥❙P❯▼❏◆❖ ❑■◆❍▲❑⑦P◆❖ ◗❽◆♥ ♥❙❲❲◆ ♥❘❑▲❷❘◆ ▼◆ ❲ ◗ï◆❖❯◗❍ ❙P
▼◆ ▲◗P⑥ ■◆ ❯❘❙■P♥▲❑❙❍ ❲◗⑥❑❲ ◗▼ ♣ ➽❙P❖ ❲ ❙❍▲❘❙❍❖ ⑦P ❭❑▼ ◆❖▲ ❏⑦P❑❽◗▼◆❍▲ ❫ P❍ ❯❘❙❚▼❷❲ ◆ ♥▼◗❖❿
❖❑⑦P◆ ■◆ ♥◆▼▼P▼◆❖ ❘❙❚❙▲❑❖❏◆❖ ◆▲ ❯❘❙❯❙❖❙❍❖ P❍◆ ♥❙❍❨ ◆♥▲P❘◆ ❯❙P❘ ▼◆ ♥◗❖ ⑨❑③⑨ ❲P▼▲❑❯▼❑♥❑▲❪ ■◆❖
▲❞♥⑨◆❖ ♥❙P❯▼❏◆❖ ❑■◆❍▲❑⑦P◆❖ ♣ ❩❑ ◆▼▼◆ ❖ ❭◗❽❷❘◆ ◆⑥◗♥▲◆ ❸ ▼◆ ❯❘❙❚▼❷❲ ◆ ❯❙P❘❘◗ ❖◆ ❘❏❖❙P■❘◆ ◆❍ ▲◆❲❯❖
❯❙▼❪❍❙❲ ❑◗▼ ■◗❍❖ ▼◆ ♥◗❖ ♥❪♥▼❑⑦P◆ ❸ ◆▲ ♥◆ ❲ ◗▼③❘❏ ▼◗ ▲◗❑▼▼◆ ▲❘❷❖ ❘❏■P❑▲◆ ■◆ ▼ ❭❑❍❖▲◗❍♥◆ ♣
❝◆▲▲◆ ▲⑨❷❖◆ ❙P❽❘◆ ■◆ ❍❙❲❚❘◆P❖◆❖ ❯ ◆❘❖❯ ◆♥▲❑❽◆❖ ■◆ ❘◆♥⑨◆❘♥⑨◆❖ →P▲P❘◆❖ ♣ ❩◗❍❖ ▼◆ ❝⑨◗❯❑▲❘◆ ❢ ❸
❍❙P❖ ❏▲P■❑❙❍❖ ■◆❖ ❯❘❙❚▼❷❲ ◆❖ ■◆ ❴❙✐ ❖⑨❙❯ ❘❙❚❙▲❑❖❏❖ ❫ ■◆P⑥ ❲◗♥⑨❑❍◆❖ ♣ ❛◆❖ ♥❙❲❯▼◆⑥ ❑▲❏❖ ■◆
▼◆P❘❖ ❽◆❘❖❑❙❍❖ ❫ ▲❘❙❑❖ ❙P ⑦P◗▲❘◆ ❲ ◗♥⑨❑❍◆❖ ❖❙❍▲ ◆❍ ▼ ❭❏▲◗▲ ■◆ ❍❙❖ ♥❙❍❍◗❑❖❖◗❍♥◆❖ ◆❍♥❙❘◆ ❙P❿
❽◆❘▲◆❖ ◆▲ ❯❙P❘❘❙❍▲ ■❙❍♥ ❡▲❘◆ ◆⑥◗❲ ❑❍❏◆❖ ♣ ❛◆❖ ❯❘❙❚▼❷❲ ◆❖ ■ ❭❙❘■❙❍❍◗❍♥◆❲ ◆❍▲ ◗❽◆♥ ❯ ❏❘❑❙■◆❖

❣➲➜



❣⑧⑩ çè❭➙❴❵❫❜ é ❬ ❵êçè❜❝ ç❹❢➙❺ë❜❝
■ ❭❑❍■❑❖❯❙❍❑❚❑▼❑▲❏ ■◆❖ ❙❯ ❏❘◗▲◆P❘❖ ■P ❝⑨◗❯❑▲❘◆ ⑧ ❍ ❭❙❍▲ ❏▲❏ ❏▲P■❑❏❖ ⑦P◆ ❯❙P❘ ▼◆ ♥❘❑▲❷❘◆ Cmax ♣❛◆ ❯❘❙❚▼❷❲ ◆ ❑❍■P❖▲❘❑◆▼ ■◆ ❯▼◗❍❑❵♥◗▲❑❙❍ ■❙❍▲ ❑▼ ◆❖▲ ■❏❘❑❽❏ →◗❑❖◗❑▲ ◗❯❯◗❘◗÷▲❘◆ P❍ ◗P▲❘◆ ♥❘❑▲❷❘◆ ❸
▼◗ ❖❙❲❲◆ ■◆❖ ■◗▲◆❖ ■ ❭◗♥⑨❷❽◆❲ ◆❍▲ ■◆❖ ▲❞♥⑨◆❖ ❸ ⑦P❑ →◆❘◗ ▼ ❭❙❚❨ ◆▲ ■ ❭P❍◆ ▲⑨❷❖◆ ⑦P❑ ♥❙❲❲◆❍❿
♥◆❘◗ ▼ ❭◗❍ ❯❘❙♥⑨◗❑❍ ♣ ❛ ❭◗❍◗▼❪❖◆ ■◆ ▼◗ ❖▲❘P♥▲P❘◆ ■◆❖ ❖❙▼P▲❑❙❍❖ ■P ❯❘❙❚▼❷❲ ◆ ■ ❭❙❘■❙❍❍◗❍♥◆❲ ◆❍▲
❨ P❖▲◆❿❫❿▲◆❲❯❖ ■P ❝⑨◗❯❑▲❘◆ ➀ ▼◗❑❖❖◆ ■◆ ❍❙❲❚❘◆P❖◆❖ ⑦P◆❖▲❑❙❍❖ ◆❍ ❖P❖❯ ◆❍■ ⑦P❑ ❖❙❍▲ ■❏♥❘❑▲◆❖
■◗❍❖ ▼◗ ♥❙❍♥▼P❖❑❙❍ ■◆ ♥◆ ♥⑨◗❯❑▲❘◆ ❸ ◆▲ ❚❑◆❍ ◆❍▲◆❍■P ❸ ▼◆❖ ⑨◆P❘❑❖▲❑⑦P◆❖ ❯❙▼❪❍❙❲ ❑◗▼◆❖ ❯❘❙❯❙❿
❖❏◆❖ ❯ ❙P❘ ♥◆ ❯❘❙❚▼❷❲ ◆❖ ❲ ❏❘❑▲◆❘◗❑◆❍▲ ■ ❭❡▲❘◆ ◗❲ ❏▼❑❙❘❏◆❖ ◆▲ ▼◆P❘❖ ❯ ◆❘→❙❘❲ ◗❍♥◆❖ ❏▲◗❚▼❑◆❖ ♣ ❛◆❝⑨◗❯❑▲❘◆ ⑤ ▼◗❑❖❖◆ ◆❍ ❖P❖❯ ◆❍■ ❖◗ ♥❙❍❨ ◆♥▲P❘◆ ■◆❖ ▲❞♥⑨◆❖ ♥❙P❯▼❏◆❖ ❑■◆❍▲❑⑦P◆❖ ⑦P❑ ❫ ❲❙❍ ③❘◗❍■
❘◆③❘◆▲ ❍ ❭◗ ❯◗❖ ❯P ❡▲❘◆ ■❏❲❙❍▲❘❏◆ ♣ ❤ ❭◆❖❯ ❷❘◆ ⑦P◆ ▼◆❖ ❯❘❙❯❘❑❏▲❏❖ ❑❍▲❘❙■P❑▲◆❖ ■◗❍❖ ♥◆ ♥⑨◗❯❑▲❘◆
❲ ◆ ❯◆❘❲ ◆▲▲❘❙❍❖ ■◆ ♥❙❍♥▼P❘◆ ⑦P◗❍■ ❫ ❖❙❍ ◆⑥◗♥▲❑▲P■◆ ♣



✐❨❥❱❨❙❦❧♠♥♦❨♣

q❣r ♦ ♣➵ ♣ ♦❚■◆q⑨❙■◗◆◆ ◗❍■ ♦ ♣ r ❑❘▲⑨ ♣ ❩♥⑨◆■P▼❑❍③ ❯◗❘◗▼▼◆▼ ❲ ◗♥⑨❑❍◆❖ ✐ ❑▲⑨ ◗ ❖❑❍③▼◆ ❖◆❘❽◆❘ ❾
❖❙❲ ◆ ❖❙▼❽◗❚▼◆ ♥◗❖◆❖ ◗❍■ ⑨◆P❘❑❖▲❑♥❖ ♣ ✧➋➓➆ ➈➉➇➏➌ ➑➅✿ ➄➆ ➇➏➑➉➍➋➅➌ s ➇➌ ➇➑➏➊❁ ❸ ❢➜ ❾❢➜➀t➲ ❣➀ ❸❢⑩⑩❢ ♣

q❢r ♦ ♣➵ ♣ ♦❚■◆q⑨❙■◗◆◆ ❸ ♦ ♣ r ❑❘▲⑨ ❸ ◗❍■ ➵ ♣❩ ♣ ✉◗❍ ♣ ✈⑦P◗▼ ❯❘❙♥◆❖❖❑❍③ ◗❍■ ◆⑦P◗▼ ❖◆▲P❯ ▲❑❲ ◆
♥◗❖◆❖ ❙→ ❖♥⑨◆■P▼❑❍③ ❯◗❘◗▼▼◆▼ ❲ ◗♥⑨❑❍◆❖ ✐ ❑▲⑨ ◗ ❖❑❍③▼◆ ❖◆❘❽◆❘ ♣ ✧➋➓➆ ➈➉➇➏➌ ➑➅✿ ➄➆ ➇➏➑➉➍➋➅➌s ➇➌ ➇➑➏➊❁ ❸ ➲ ❣ ❾❣✇⑤①t ❣✇✇➜ ❸ ❢⑩⑩⑧ ♣

q➲r ♦ ♣➵ ♣ ♦❚■◆q⑨❙■◗◆◆ ❸ ♦ ♣ r ❑❘▲⑨ ❸ ◗❍■ ➵ ♣❩ ♣ ✉◗❍ ♣ ❩♥⑨◆■P▼❑❍③ ▲✐❙ ❯◗❘◗▼▼◆▼ ❲ ◗♥⑨❑❍◆❖ ✐ ❑▲⑨◗ ❖❑❍③▼◆ ❖◆❘❽◆❘ ❾ ▲⑨◆ ③◆❍◆❘◗▼ ♥◗❖◆ ♣ ✧➋➓➆ ➈➉➇➏➌ ➑➅✿ ➄➆ ➇➏➑➉➍➋➅➌ s ➇➌ ➇➑➏➊❁ ❸ ➲➲ ❾➜➜⑧t ❣⑩⑩➜ ❸❢⑩⑩⑤ ♣
q⑧r ♦ ♣ ♦③❍◆▲❑❖ ♣ ❩♥⑨◆■P▼❑❍③ ❍❙❿✐◗❑▲ ❘❙❚❙▲❑♥ ♥◆▼▼❖ ✐ ❑▲⑨ ▲✐❙ ◗❍■ ▲⑨❘◆◆ ❲ ◗♥⑨❑❍◆❖ ♣ ②➈➏➋➆ ➇➑➅③➋➈➏➅➑➒ ➋② ➄➆ ➇➏➑➉➍➋➅➑➒ s ➇➌ ➇➑➏➊❁ ❸ ❣❢➲ ❱❢❳ ❾➲⑩➲t➲ ❣⑧ ❸ ❢⑩⑩⑩ ♣
q➀r ♦ ♣ ♦③❍◆▲❑❖ ◗❍■ ❩ ♣ ④◗♥♥❑◗❘◆▼▼❑ ♣ ④◗❘▲ ❖◆⑦P◆❍♥❑❍③ ❑❍ ▲⑨❘◆◆❿❲ ◗♥⑨❑❍◆ ❍❙❿✐◗❑▲ ❘❙❚❙▲❑♥ ♥◆▼▼❖ ♣➄➆ ➇➏➑➉➍➋➅➌ s ➇➌ ➇➑➏➊❁ ✽➇➉➉➇➏➌❸ ❢① ❾❣✇➀t ❣➜❢ ❸ ❢⑩⑩⑩ ♣
q⑤r ❩ ♣ ♦⑨❘ ❸ ❤ ♣ ⑤❏q❏❖❑ ❸ ✉ ♣ ✉ ◗▼◗❲❚❙❖ ❸ ➻ ♣ s❖✐◗▼■ ❸ ◗❍■ ✉ ♣ ➺ ◆❑❍◆▼▲ ♣ ♦❍ ◆⑥◗♥▲ ◗▼③❙❘❑▲⑨❲

→❙❘ ❖♥⑨◆■P▼❑❍③ ❑■◆❍▲❑♥◗▼ ♥❙P❯▼◆■ ▲◗❖q❖ ♣ ⑥ ➑➉❁ ➇➓ ➑➉➍➊➑➒ ⑥ ➇➉❁ ➋✿➌ ➋② ➄➆ ➇➏➑➉➍➋➅➌ s ➇➌ ➇➑➏➊❁í⑦➄sî ❸ ➀➜ ❾❣➜➲t ❢⑩➲ ❸ ❢⑩⑩⑧ ♣
q①r ❝ ♣➺ ♣ ♦ ❖→◗⑨▼ ♣ s➋ï➋➉➌ ➑➅✿ ➓ ➑➅➈② ➑➊➉➈➏➍➅⑧ ➑➈➉➋➓ ➑➉➍➋➅♣ ❤❙⑨❍ r ❑▼◆❪ ⑨ ❩❙❍❖ ❸ ➽◆✐ ⑩❙❘q ❸❣➜✇➀ ♣
q✇r ♦ ♣ ♦ ❖❘◗▲❑◗❍ ❸ ➣ ♣➻ ♣❤ ♣ ❩ ◆❍▼◆❪❸ ◗❍■ ➺ ♣ ➵ ❶◗③③q❽❑❖▲ ♣ ❷ ➍➆ ➑➏➉➍➉➇ ⑧ ➏➑➆ ❁➌ ➑➅✿ ➉❁ ➇➍➏ ➑➆➆ ➒➍➊➑➭

➉➍➋➅➌♣ ❶❍❑❽◆❘❖❑▲❪ ④ ❘◆❖❖ ❸ ❝◗❲❚❘❑■③◆ ❸ ❣➜➜✇ ♣
q➜r ✉ ♣ ♦P❖❑◆▼▼❙ ❸ ④♣ ❝ ❘◆❖♥◆❍➸❑ ❸ ✉ ♣ ✉◗❲❚❙❖❑ ❸ ❸ ♣ ❹ ◗❍❍ ❸ ♦ ♣ ➻◗❘♥⑨◆▲▲❑❿❩❯◗♥♥◗❲ ◆▼◗ ❸ ◗❍■

➻ ♣ ④ ❘❙▲◗❖❑ ♣ ✧➋➓➆ ➒➇➔ ➍➉➨ ➑➅✿ ❺➆➆ ➏➋➔ ➍➓ ➑➉➍➋➅➩ ✧➋➓ ï➍➅➑➉➋➏➍➑➒ ➋➆ ➉➍➓ ➍❻➑➉➍➋➅ ➆ ➏➋ï➒➇➓➌
➑➅✿ ➉❁ ➇➍➏ ➑➆➆ ➏➋➔ ➍➓ ➑ï➍➒➍➉➨ ➆ ➏➋➆ ➇➏➉➍➇➌ ♣ ❩❯❘❑❍③◆❘ ❸◆❘▼◗③ ❸ ❣➜➜➜ ♣

q❣⑩r ⑤ ♣ ⑤◗▼❑❍❖q ❑ ♣ ❛◆ ❖♥❘P▲❑❍ ♣ ✤ ➋➈➏ ✽➑ ë ➊➍➇➅ ➊➇❸ ❢➜⑧ ❾⑧⑤t⑤➜ ❸ ❢⑩⑩❢ ♣
q❣❣r ➻ ♣ ⑤◗▼❑❍❖q ❑ ◗❍■ ➽ ♣ ❩⑨◗⑨❑■❑ ♣ ♦ ❖❑❲❯▼◆ ◗❯❯❘❙◗♥⑨ ▲❙ ▲⑨◆ ❯❘❙■P♥▲ ❘◗▲◆ ❽◗❘❑◗▲❑❙❍ ❯❘❙❚▼◆❲

❽❑◗ ◗⑥ ❑❙❲ ◗▲❑♥❖ ♣ ➄➆ ➇➏➑➉➍➋➅➌ s ➇➌ ➇➑➏➊❁ ✽➇➉➉➇➏➌❸ ❢❢ ❾❣❢➜t ❣➲➀ ❸ ❣➜➜✇ ♣
q❣❢r ❤ ♣ ⑤◗P▲❑❖▲◗ ❸ ➺ ♣ ❝❙❲❯◗❍❪❖ ❸ ◗❍■ ♦ ♣ ❝❙❘❙❲ ❑❍◗❖ ♣ ♦ ❍❙▲◆ ❙❍ ▲⑨◆ ❘◆▼◗▲❑❙❍ ❚◆▲✐◆◆❍ ▲⑨◆

❯❘❙■P♥▲ ❘◗▲◆ ❽◗❘❑◗▲❑❙❍ ❱❯❘❽ ❳ ❯❘❙❚▼◆❲ ◗❍■ ▲⑨◆ ◗❯❯❙❘▲❑❙❍❲◆❍▲ ❯❘❙❚▼◆❲ ♣ ③ ➋➈➏➅➑➒ ➋② ➉❁ ➇➄➆ ➇➏➑➉➍➋➅➑➒ s ➇➌ ➇➑➏➊❁ ë ➋➊➍➇➉➨❸ ⑧① ❾❣⑧ ❣⑩t ❣⑧ ❣⑧ ❸ ❣➜➜⑤ ♣
q❣➲r ❤ ♣❝ ♣ ⑤ ❑▼▼◗P▲ ❸ ❸ ♣♦ ♣ ❩▲❘P❖◆❽❑♥⑨ ❸ ④ ♣➵ ♣ ➻◗P③❑◆❘◆ ❸ ◗❍■ ❤ ♣❛ ♣ ⑤❙P⑦P◗❘■ ♣ ♦ ❖❑❍③▼◆ ❙❯ ◆❘◗▲❙❘

▲✐❙❿❲ ◗♥⑨❑❍◆ ❴❙✐ ❖⑨❙❯ ❖♥⑨◆■P▼❑❍③ ❯❘❙❚▼◆❲ ✐ ❑▲⑨ ❲◗q◆❖❯◗❍ ❲ ❑❍❑❲ ❑➸◗▲❑❙❍ ♣ ➥❍ ⑥ ➋✿➇➒➌➑➅✿ ❺ ➒⑧ ➋➏➍➉❁➓➌ ② ➋➏ ✤ ➒➑➅➅➍➅⑧ ➑➅✿ ë ➊❁ ➇✿➈➒➍➅⑧ ✤ ➏➋ï➒➇➓➌ í⑥❺✤ë✤î ❸ ❩❑◆❍◗ ❸ ➥▲◗▼❪❸ ❢⑩⑩➀ ♣
q❣⑧r ❤ ♣ ⑤ ▼◗➸◆✐ ❑♥➸ ❸ ❹ ♣ ✈♥q◆❘ ❸ ➣ ♣ ❹ ❑❖ ❸ ◗❍■ ➻ ♣ ➣◗❍◗❖ ♣ ♦ ❍❙▲◆ ❙❍ ▲⑨◆ ♥❙❲❯▼◆⑥ ❑▲❪ ❙→ ❖♥⑨◆■P▼❑❍③

♥❙P❯▼◆■ ▲◗❖q❖ ❙❍ ◗ ❖❑❍③▼◆ ❯❘❙♥◆❖❖❙❘ ♣ ③➋➈➏➅➑➒ ➋② ➉❁ ➇ ❷ ➏➑❻ ➍➒➍➑➅ ✧➋➓➆ ➈➉➇➏ ë ➋➊➍➇➉➨❸① ❱➲❳ ❾❢➲t❢⑤ ❸ ❢⑩⑩ ❣ ♣
❣⑧ ❣



❣⑧❢ ❼ ❴❼❺❴❹❪❫❭➙❽ ❴❜
q❣➀r ❤ ♣ ⑤ ▼◗➸◆✐ ❑♥➸ ❸ ❹ ♣➵ ♣ ✈♥q◆❘ ❸ ✈ ♣ ④◆❖♥⑨ ❸ ✉ ♣ ❩♥⑨❲ ❑■▲ ❸ ◗❍■ ❤ ♣ r◆③▼◗❘➸ ♣ ë ➊❁ ➇✿➈➒➍➅⑧ ➊➋➓➆ ➈➉➇➏➑➅✿ ➓ ➑➅➈② ➑➊➉➈➏➍➅⑧ ➆ ➏➋➊➇➌➌ ➇➌♣ ❩❯❘❑❍③◆❘❿❸◆❘▼◗③ ❸ ⑤ ◆❘▼❑❍ ❸ ➵◆❑■◆▼❚ ◆❘③ ❸ ❣➜➜⑤ ♣
q❣⑤r ➻ ♣ ⑤❙P■⑨◗❘ ◗❍■ ✉ ♣ ④ ❑❍q◆ ♣ ❩♥⑨◆■P▼❑❍③ ❙❍ ◗ ❚◗▲♥⑨ ❲◗♥⑨❑❍◆ ✐ ❑▲⑨ ❨ ❙❚ ♥❙❲❯◗▲❑❚❑▼❑▲❑◆❖ ♣❷ ➇➒⑧ ➍➑➅ ③➋➈➏➅➑➒ ➋② ➄➆ ➇➏➑➉➍➋➅➌ s ➇➌ ➇➑➏➊❁➩ ë ➉➑➉➍➌➉➍➊➌ ➑➅✿ ✧➋➓➆ ➈➉➇➏ ë ➊➍➇➅ ➊➇ ➭ ③➄s❷②✽ ❸

⑧⑩ ❱❣❿❢❳ ❾⑤➜t✇⑩ ❸ ❢⑩⑩⑩ ♣
q❣①r ➽ ♣ ⑤ ❘◗P❍◆❘ ♣ ➥■◆❍▲❑♥◗▼ ❯◗❘▲ ❯❘❙■P♥▲❑❙❍ ❑❍ ♥❪♥▼❑♥ ❘❙❚❙▲❑♥ ♥◆▼▼❖ ❾ ◗ ❖▲◗▲◆ ❙→ ▲⑨◆ ◗❘▲ ♣ ✽➇➌

➊➑❁ ➍➇➏➌ ✿➈ ➒➑ï➋➏➑➉➋➍➏➇ ✽➇➍ï➅➍❻ ❸ ❣⑧⑧ ❸ ❢⑩⑩⑤ ♣
q❣✇r ➽ ♣ ⑤ ❘◗P❍◆❘ ◗❍■ ⑩ ♣ ❝ ❘◗❲ ◗ ♣ ➣⑨◆ ❲◗⑥❑❲P❲ ■◆❽❑◗▲❑❙❍ ❨ P❖▲❿❑❍❿▲❑❲◆ ❖♥⑨◆■P▼❑❍③ ❯❘❙❚▼◆❲ ♣✯ ➍➌ ➊➏➇➉➇ ❺➆➆ ➒➍➇✿ ⑥ ➑➉❁ ➇➓ ➑➉➍➊➌❸ ❣➲⑧ ❾❢➀t ➀⑩ ❸ ❢⑩⑩⑧ ♣
q❣➜r ➽ ♣ ⑤ ❘◗P❍◆❘ ❸ ⑩ ♣ ❝ ❘◗❲ ◗ ❸ ♦ ♣ ✉ ❘❑③❙❘❑◆❽ ❸ ◗❍■ ❤ ♣ ❽◗❍ ■◆ ❹ ▼P❍■◆❘▲ ♣ ♦ →❘◗❲ ◆✐❙❘q →❙❘

▲⑨◆ ♥❙❲❯▼◆⑥ ❑▲❪ ❙→ ⑨❑③⑨❿❲P▼▲❑❯▼❑♥❑▲❪ ❖♥⑨◆■P▼❑❍③ ❯❘❙❚▼◆❲ ❖ ♣ ③➋➈➏➅➑➒ ➋② ✧➋➓ ï➍➅➑➉➋➏➍➑➒➄➆ ➉➍➓ ➍❻➑➉➍➋➅❸ ➜ ❾➲ ❣➲t➲❢➲ ❸ ❢⑩⑩➀ ♣
q❢⑩r ➽ ♣ ⑤ ❘◗P❍◆❘ ❸ ➺ ♣ ✈♥⑨◗⑨◆■ ❸ ✉ ♣ ④ ❑❍q◆ ❸ ➵ ♣ ✉ ❘◆③❙❘ ❸ ◗❍■ ④ ♣ ④ ❘❙❖▲ ♣ ♦ ♥❙❲❯▼◆▲◆ ◗❖❖❑③❍❿

❲ ◆❍▲ ◗▼③❙❘❑▲⑨❲ ◗❍■ ❑▲❖ ◗❯❯▼❑♥◗▲❑❙❍ ❑❍ ♥❙❍❖▲❘◗❑❍▲ ■◆♥▼◗▲❑❽◆ ▼◗❍③P◗③◆❖ ♣ ✽➇➌ ➊➑❁ ➍➇➏➌ ✿➈➒➑ï➋➏➑➉➋➍➏➇ ✽➇➍ï➅➍❻ ❸ ❣❣❣ ❸ ❢⑩⑩⑧ ♣
q❢❣r ➽ ♣ ⑤ ❘◗P❍◆❘ ❸ ✉ ♣ ④ ❑❍q◆ ❸ ◗❍■ ❝ ♣ ✉P◆③P◆❍ ♣ ④ ▼❙✐❿❖⑨❙❯ ❘❙❚❙▲❑❖❏ ❲❙❍❙❯❘❙■P❑▲ ◗❽◆♥ ❖▲❙❿

♥q◗③◆ ♣ ②➈➏➋➆ ➇➑➅ ③➋➈➏➅➑➒ ➋② ❺➈➉➋➓ ➑➉➍➋➅ ❾ ③➋➈➏➅➑➒ ②➈➏➋➆ ➎➇➅ ✿➇➌ ë➨➌➉✾➓ ➇➌ ❺➈➉➋➓ ➑➭
➉➍➌ ➎➌ ➭ ❺✤❿❿ ➭③②ë❺ ❸ ➲❢ ❾✇①➀t✇➜ ❣ ❸ ❣➜➜✇ ♣

q❢❢r ➽ ♣ ⑤ ❘◗P❍◆❘ ❸ ✉ ♣ ④ ❑❍q◆ ❸ ◗❍■ r ♣ ❹P❚❑◗q ♣ ❝❙❲❯▼◆⑥ ❑▲❪ ❙→ ❙❍◆❿♥❪♥▼◆ ❘❙❚❙▲❑♥ ❴❙✐❿❖⑨❙❯❖ ♣③➋➈➏➅➑➒ ➋② ë ➊❁ ➇✿➈➒➍➅⑧ ❸ ⑤ ❱⑧❳ ❾➲➀➀t➲①❣ ❸ ❢⑩⑩➲ ♣
q❢➲r ➽ ♣ ⑤ ❘◗P❍◆❘ ❸ ✉ ♣ ④ ❑❍q◆ ❸ ❸ ♣ ❛◆❚◗♥⑦P◆ ❸ ❝ ♣➽ ♣ ④❙▲▲❖ ❸ ◗❍■ ❤ ♣ r ⑨❑▲◆⑨◆◗■ ♣ ❩♥⑨◆■P▼❑❍③ ❙→ ♥❙P❿

❯▼◆■ ▲◗❖q❖ ◗❍■ ❙❍◆❿❲ ◗♥⑨❑❍◆ ❍❙❿✐◗❑▲ ❘❙❚❙▲❑♥ ♥◆▼▼❖ ♣ ➥❍ ❿➅② ➋➏➓ ➑➉➍➋➅ ✧➋➅➉➏➋➒ ✤➆ ➏➋ï➒➇➓➌
➍➅ ⑥ ➑➅➈② ➑➊➉➈➏➍➅⑧ ➀❈❈❇➩ ❺ ✤ ➏➋➊➇➇✿➍➅⑧➌ ❃➋➒➈➓ ➇ ② ➏➋➓ ➉❁ ➇ ✽➀ ➉❁ ❿❆❺ ✧ ❿➅➉➇➏➅➑➉➍➋➅➑➒ë➨➓➆➋➌➍➈➓ ❸ ❽❙▼P❲◆ ➲ ❸ ❯◗③◆❖ ❣⑧ ❣t ❣⑧⑤ ❸ ❩◗❑❍▲❿✈▲❑◆❍❍◆ ❸ ④❘◗❍♥◆ ❸ ❢⑩⑩⑤ ♣

q❢⑧r ➽ ♣ ⑤ ❘◗P❍◆❘ ◗❍■ ✉ ♣ ➽◗❽◆❖ ♣ ❩♥⑨◆■P▼❑❍③ ♥⑨◗❑❍❖ ❙→ ❙❯ ◆❘◗▲❑❙❍❖ ❙❍ ◗ ❚◗▲♥⑨❑❍③ ❲◗♥⑨❑❍◆✐ ❑▲⑨ ▲◗❖q ♥❙❲❯◗▲❑❚❑▼❑▲❪♣ ❝❙❲❲P❍❑♥◗▲❑❙❍ ❯❘❑❽❏◆ ❸ ❢⑩⑩① ♣
q❢➀r ❤ ♣ ⑤ ❘◆❑▲ ❸ ✉ ♣ ❩♥⑨❲ ❑■▲ ❸ ◗❍■ ❸ ♣ ♦ ♣ ❩▲❘P❖◆❽❑♥⑨ ♣ ➽❙❍❿❯❘◆◆❲❯▲❑❽◆ ▲✐❙❿❲ ◗♥⑨❑❍◆ ❙❯◆❍ ❖⑨❙❯

❖♥⑨◆■P▼❑❍③ ✐ ❑▲⑨ ❍❙❍❿◗❽◗❑▼◗❚❑▼❑▲❪ ♥❙❍❖▲❘◗❑❍▲❖ ♣ ⑥ ➑➉❁ ➇➓ ➑➉➍➊➑➒ ⑥ ➇➉❁ ➋✿➌ ➋② ➄➆ ➇➏➑➉➍➋➅➌s ➇➌ ➇➑➏➊❁ ❸ ➀① ❾❢❣①t ❢➲⑧ ❸ ❢⑩⑩➲ ♣
q❢⑤r ④♣ ⑤ ❘P♥q◆❘ ❸ ❝ ♣ ❩⑨◗◆❍◆❍❖❿④▼❑❯ ❙ ❸ ❩ ♣ ❹❍P❖▲ ❸ ❩ ♣♦ ♣ ❹ ❘◗❽♥⑨◆❍q❙ ❸ ◗❍■ ④ ♣ r◆❘❍◆❘ ♣ ❝❙❲❿

❯▼◆⑥ ❑▲❪ ❘◆❖P▼▲❖ →❙❘ ❯◗❘◗▼▼◆▼ ❲ ◗♥⑨❑❍◆ ❯❘❙❚▼◆❲ ❖ ✐ ❑▲⑨ ◗ ❖❑❍③▼◆ ❖◆❘❽◆❘ ♣ ③➋➈➏➅➑➒ ➋② ë ➊❁ ➇➭
✿➈➒➍➅⑧ ❸ ➀ ❾⑧❢➜t⑧➀① ❸ ❢⑩⑩❢ ♣

q❢①r ④♣ ⑤ ❘P♥q◆❘ ❸ ♦ ♣ ✉ ▼◗■q❪❸ ➵ ♣ ➵❙❙③◆❽◆◆❍ ❸ ➻ ♣⑩ ♣ ❹❙❽◗▼❪❙❽ ❸ ❝ ♣➽ ♣ ④❙▲▲❖ ❸ ➣ ♣ ➣◗P▲◆❍⑨◗⑨❍ ❸◗❍■ ❩ ♣ ❸◗❍ ❩ ◆ ❸◆▼■◆ ♣ ❩♥⑨◆■P▼❑❍③ ◗ ❚◗▲♥⑨❑❍③ ❲◗♥⑨❑❍◆ ♣ ③➋➈➏➅➑➒ ➋② ë ➊❁ ➇✿➈➒➍➅⑧ ❸ ❣ ❾➲ ❣t➀⑧ ❸❣➜➜✇ ♣
q❢✇r ④♣ ⑤ ❘P♥q◆❘ ❸ ➣ ♣ ➵ ❑▼❚ ❑③ ❸ ◗❍■ ❤ ♣ ➵P❘❑❍q ♣ ♦ ❚❘◗❍♥⑨ ◗❍■ ❚❙P❍■ ◗▼③❙❘❑▲⑨❲ →❙❘ ◗ ❖❑❍③▼◆❿

❲ ◗♥⑨❑❍◆ ❖♥⑨◆■P▼❑❍③ ❯❘❙❚▼◆❲ ✐ ❑▲⑨ ❯❙❖❑▲❑❽◆ ◗❍■ ❍◆③◗▲❑❽◆ ▲❑❲ ◆❿▼◗③❖ ♣ ✯ ➍➌ ➊➏➇➉➇ ❺➆➆ ➒➍➇✿
⑥ ➑➉❁ ➇➓ ➑➉➍➊➌❸ ➜⑧ ❾①①t➜➜ ❸ ❣➜➜➜ ♣

q❢➜r ④♣ ⑤ ❘P♥q◆❘ ◗❍■ ❩ ♣ ❹❍P❖▲ ♣ ❝❙❲❯▼◆⑥ ❑▲❪ ❘◆❖P▼▲❖ →❙❘ ❖❑❍③▼◆❿❲ ◗♥⑨❑❍◆ ❯❘❙❚▼◆❲ ❖ ✐ ❑▲⑨ ❯❙❖❑❿
▲❑❽◆ ❵❍❑❖⑨❿❖▲◗❘▲ ▲❑❲ ◆❿▼◗③❖ ♣ ✧➋➓➆ ➈➉➍➅⑧ ❸ ⑤➲ ❾❢➜➜t➲❣⑤ ❸ ❣➜➜➜ ♣

q➲⑩r ④♣ ⑤ ❘P♥q◆❘ ❸ ❩ ♣ ❹❍P❖▲ ❸ ◗❍■ ✉ ♣ r◗❍③ ♣ ❝❙❲❯▼◆⑥ ❑▲❪ ❘◆❖P▼▲❖ →❙❘ ❴❙✐❿❖⑨❙❯ ❯❘❙❚▼◆❲ ❖ ✐ ❑▲⑨◗ ❖❑❍③▼◆ ❖◆❘❽◆❘ ♣ ②➈➏➋➆ ➇➑➅ ③➋➈➏➅➑➒ ➋② ➄➆ ➇➏➑➉➍➋➅➑➒ s ➇➌ ➇➑➏➊❁ ❸ ❣⑤➀ ❾➲➜✇t⑧⑩① ❸ ❢⑩⑩➀ ♣



❼ ❴❼❺❴❹❪❫❭➙❽ ❴❜ ❣⑧➲
q➲ ❣r ❤ ♣ ⑤ ❘P❍❙ ❸ ✈ ♣✉ ♣ ❝❙❬❲◗❍ ❤❘ ♣❸ ◗❍■ ➺ ♣ ❩◆▲⑨❑ ♣ ❩♥⑨◆■P▼❑❍③ ❑❍■◆❯ ◆❍■◗❍▲ ▲◗❖q❖ ▲❙ ❘◆■P♥◆

❲ ◆◗❍ ❵❍❑❖⑨❑❍③ ▲❑❲ ◆ ♣ ❺ ✧⑥ ❸ ❣① ❾➲✇❢t➲✇① ❸ ❣➜①⑧ ♣
q➲❢r ➣ ♣❝ ♣✈ ❝⑨◆❍③ ❸ ❝ ♣ ❩❘❑❖q◗❍■◗❘◗❨ ◗⑨ ❸ ◗❍■ ✉ ♣ r◗❍③ ♣ ➣✐❙❿ ◗❍■ ▲⑨❘◆◆❿❖▲◗③◆ ❴❙✐ ❖⑨❙❯ ❖♥⑨◆❿

■P▼❑❍③ ✐ ❑▲⑨ ❍❙❿✐◗❑▲ ❑❍ ❯❘❙♥◆❖❖ ♣ ✤ ➏➋✿➈➊➉➍➋➅ ➑➅✿ ➄➆ ➇➏➑➉➍➋➅➌ ⑥ ➑➅➑⑧ ➇➓ ➇➅➉❸ ➜ ❱⑧❳ ❾➲⑤①t
➲①✇ ❸ ❢⑩⑩⑩ ♣

q➲➲r ➣ ♣❝ ♣✈ ♣ ❝⑨◆❍③ ❸ ✉ ♣r◗❍③ ❸ ◗❍■ ❝ ♣ ❩❘❑❖q◗❍■◗❘◗❨ ◗⑨ ♣ s❍◆❿❙❯ ◆❘◗▲❙❘❿▲✐❙❿❲ ◗♥⑨❑❍◆ ❴❙✐ ❖⑨❙❯
❖♥⑨◆■P▼❑❍③ ✐ ❑▲⑨ ❖◆▲P❯ ◗❍■ ■❑❖❲❙P❍▲❑❍③ ▲❑❲ ◆❖ ♣ ✧➋➓➆ ➈➉➇➏➌ ➑➅✿ ➄➆ ➇➏➑➉➍➋➅➌ s ➇➌ ➇➑➏➊❁ ❸❢⑤ ❾①❣➀t ①➲⑩ ❸ ❣➜➜➜ ♣

q➲⑧r ❩ ♣♦ ♣ ❝❙❙q ♣ ➣⑨◆ ♥❙❲❯▼◆⑥ ❑▲❪ ❙→ ▲⑨◆❙❘◆❲ ❯❘❙❽❑❍③ ❯❘❙ ♥◆■P❘◆❖ ♣ ➥❍ ✤ ➏➋➊➇➇✿➍➅⑧➌ ➋② ➉❁ ➇➉❁ ➍➏✿ ➑➅➅➈➑➒ ❺ ✧⑥ ➌➨➓➆ ➋➌➍➈➓ ➋➅ ✻❁ ➇➋➏➨ ➋② ➊➋➓➆ ➈➉➍➅⑧ ❸ ❯◗③◆❖ ❣➀❣t ❣➀✇ ❸ ❣➜①❣ ♣
q➲➀r ♦ ♣ ❝❙❘❙❲ ❑❍◗❖ ◗❍■ ➽ ♣ ➻❙❘◆❍❙ ♣ s❍ ▲⑨◆ ❘◆▼◗▲❑❙❍❖ ❚ ◆▲✐◆◆❍ ❙❯▲❑❲ ◗▼ ❖❙▼P▲❑❙❍❖ →❙❘ ■❑❬ ◆❘◆❍▲

▲❪❯◆❖ ❙→ ❲ ❑❍❿❖P❲ ❚◗▼◗❍♥◆■ ❨ ❑▲ ❙❯▲❑❲ ❑➸◗▲❑❙❍ ❯❘❙❚▼◆❲ ❖ ♣ ❿➁❆➄s ❸ ⑧ ❣ ❾➲➲➲t➲➲➜ ❸ ❢⑩⑩➲ ♣
q➲⑤r ⑩ ♣ ❝ ❘◗❲ ◗ ❸ ❸ ♣ ❹ ◗▲❖ ❸ ❤ ♣ ❽◗❍ ■◆ ❹ ▼P❍■◆❘▲ ❸ ◗❍■ ✈ ♣ ❛◆❽❍◆❘ ♣ ❝❪♥▼❑♥ ❖♥⑨◆■P▼❑❍③ ❑❍ ❘❙❚❙❿

▲❑♥ ❴❙✐ ❖⑨❙❯❖ ♣ ❺➅➅➑➒➌ ➋② ➄➆ ➇➏➑➉➍➋➅➌ s ➇➌ ➇➑➏➊❁ ★ ⑥ ➑➉❁ ➇➓ ➑➉➍➊➌ ➋② ❿➅✿➈➌➉➏➍➑➒ ë➨➌➉➇➓➌❸➜⑤ ❾➜①t ❣❢⑧ ❸ ❢⑩⑩⑩ ♣
q➲①r ⑩ ♣ ❝ ❘◗❲ ◗ ◗❍■ ❤ ♣ ❽◗❍ ■◆ ❹ ▼P❍■◆❘▲ ♣ ❝❪♥▼❑♥ ❖♥⑨◆■P▼❑❍③ ❑❍ ➲❿❲ ◗♥⑨❑❍◆ ❘❙❚❙▲❑♥ ❴❙✐ ❖⑨❙❯❖ ♣③➋➈➏➅➑➒ ➋② ë ➊❁ ➇✿➈➒➍➅⑧ ❸ ❢ ❱❣❳ ❾➲➀t ➀⑧ ❸ ❣➜➜➜ ♣
q➲✇r ➻ ♣r ♣ ❩◗✐◗❍■◆ ❸ ➵ ♣➽ ♣ ✉ ◆❑❖❲ ◗❘ ❸ ❩ ♣④ ♣ ❩◆▲⑨❑ ❸ ◗❍■ ❝ ♣ ❩❘❑❖q◗❍■◗❘◗❨ ◗⑨ ♣ ❩◆⑦P◆❍♥❑❍③ ◗❍■

❖♥⑨◆■P▼❑❍③ ❑❍ ❘❙❚❙▲❑♥ ♥◆▼▼❖ ❾ ➺◆♥◆❍▲ ■◆❽◆▼❙❯❲ ◆❍▲❖ ♣ ③➋➈➏➅➑➒ ➋② ë ➊❁ ➇✿➈➒➍➅⑧ ❸ ✇ ❱➀❳ ❾➲✇①t
⑧❢⑤ ❸ ❢⑩⑩➀ ♣

q➲➜r ➻ ♣r ♣ ❩ ◗✐◗❍■◆ ❸ ➵ ♣➽ ♣ ✉ ◆❑❖❲ ◗❘ ❸ ❩ ♣④♣ ❩◆▲⑨❑ ❸ ◗❍■ ❝ ♣ ❩❘❑❖q◗❍■◗❘◗❨ ◗⑨ ♣ ✻❁➏➋➈⑧❁➆ ➈➉ ➄➆ ➉➍➭
➓ ➍❻➑➉➍➋➅ ➍➅ s➋ï➋➉➍➊ ✧➇➒ ➒➌ ❸ ❽❙▼P❲ ◆ ❣⑩ ❣ ❙→ ❿➅➉➇➏➅➑➉➍➋➅➑➒ ë ➇➏➍➇➌ ➍➅ ➄➆ ➇➏➑➉➍➋➅➌ s ➇➌ ➇➑➏➊❁➑➅✿ ⑥ ➑➅➑⑧ ➇➓ ➇➅➉ ë ➊➍➇➅ ➊➇♣ ❩❯❘❑❍③◆❘ ❸ ❢⑩⑩① ♣

q⑧⑩r ✉ ♣ ④ ❑❍q◆ ❸ ❝ ♣ ✉P◆③P◆❍ ❸ ◗❍■ ➽ ♣ ⑤ ❘◗P❍◆❘ ♣ ➺❙❚❙▲❑♥ ♥◆▼▼❖ ✐ ❑▲⑨ ❚P❬◆❘ ❖❯◗♥◆ ♣ ❩P❚▼❑❍ ❸
➥❘◆▼◗❍■ ❸ ❣➜➜⑤ ♣ ④ ❘❙ ♥◆◆■❑❍③❖ ❝❙❍→◆❘◆❍♥◆ ❙→ ▲⑨◆ ✈P❘❙❯◆◗❍ ❝⑨◗❯▲◆❘ ❙❍ ❝❙❲❚❑❍◗▲❙❘❑◗▼s❯▲❑❲ ❑➸◗▲❑❙❍ ❱✈❝❝s ➥➂ ❳ ♣

q⑧ ❣r ➺ ♣❛ ♣ ✉ ❘◗⑨◗❲ ♣ ⑤❙P❍■❖ ❙❍ ❲P▼▲❑❯❘❙♥◆❖❖❑❍③ ▲❑❲ ❑❍③ ◗❍❙❲ ◗▼❑◆❖ ♣ ë❿❺⑥ ③➋➈➏➅➑➒ ➋② ❺➆➆ ➒➍➇✿
⑥ ➑➉❁ ➇➓ ➑➉➍➊➌❸ ❣① ❱❢❳ ❾⑧ ❣⑤t⑧❢➜ ❸ ❣➜⑤➜ ♣

q⑧❢r ➺ ♣❛ ♣ ✉ ❘◗⑨◗❲ ❸ ✈ ♣❛ ♣ ❛◗✐ ▼◆❘ ❸ ❤ ♣❹ ♣ ❛◆❍❖▲❘◗ ❸ ◗❍■ ➵ ♣✉ ♣ ➺ ❑❍❍❙❙❪ ❹ ◗❍ ♣ s❯▲❑❲ ❑➸◗▲❑❙❍ ◗❍■◗❯❯❘❙⑥ ❑❲ ◗▲❑❙❍ ❑❍ ■◆▲◆❘❲ ❑❍❑❖▲❑♥ ❖◆⑦P◆❍♥❑❍③ ◗❍■ ❖♥⑨◆■P▼❑❍③ ❾ ♦ ❖P❘❽◆❪♣ ❺➅➅➑➒➌ ➋②✯ ➍➌ ➊➏➇➉➇ ⑥ ➑➉❁ ➇➓ ➑➉➍➊➌❸ ➀ ❾❢✇①t➲❢⑤ ❸ ❣➜①➜ ♣
q⑧➲r ♦ ♣ ✉ ❘❑③❙❘❑◆❽ ♣ ➃ ➍⑧❁ ➓➈➒➉➍➆ ➒➍➊➍➉➨ ➌ ➊❁ ➇✿➈➒➍➅⑧ ➆ ➏➋ï➒➇➓➌♣ ④⑨❩ ▲⑨◆❖❑❖ ❸ ❶❍❑❽◆❘▲◆❑▲ ➻ ◗◗❖❿

▲❘❑♥⑨▲ ❸ ➻◗◗❖▲❘❑♥⑨▲ ❸ ➽◆▲⑨◆❘▼◗❍■❖ ❸ ❢⑩⑩➲ ♣
q⑧⑧r ❤ ♣ ➽ ♣ ❩ ♣ ✉P❯▲◗ ♣ ❝❙❲❯◗❘◗▲❑❽◆ ◆❽◗▼P◗▲❑❙❍ ❙→ ⑨◆P❘❑❖▲❑♥ ◗▼③❙❘❑▲⑨❲ ❖ →❙❘ ▲⑨◆ ❖❑❍③▼◆ ❲ ◗♥⑨❑❍◆

❖♥⑨◆■P▼❑❍③ ❯❘❙❚▼◆❲ ✐ ❑▲⑨ ▲✐❙ ❙❯◆❘◗▲❑❙❍❖ ❯ ◆❘ ❨ ❙❚ ◗❍■ ▲❑❲ ◆❿▼◗③❖ ♣ ③➋➈➏➅➑➒ ➋② ➄ ➒➋ï➑➒
➄➆ ➉➍➓ ➍❻➑➉➍➋➅❸ ➜ ❾❢➲➜t❢➀⑩ ❸ ❣➜➜⑤ ♣

q⑧➀r ➽ ♣ ✉ ♣ ➵ ◗▼▼ ❸ ➵ ♣ ❹ ◗❲❙P❍ ❸ ◗❍■ ❝ ♣ ❩❘❑❖q◗❍■◗❘◗❨ ◗⑨ ♣ ❩♥⑨◆■P▼❑❍③ ❑❍ ❘❙❚❙▲❑♥ ♥◆▼▼❖ ❾ ♥▼◗❖❖❑❵ ❿
♥◗▲❑❙❍ ❸ ▲✐❙ ◗❍■ ▲⑨❘◆◆ ❲ ◗♥⑨❑❍◆ ♥◆▼▼❖ ♣ ➄➆ ➇➏➑➉➍➋➅➌ s ➇➌ ➇➑➏➊❁ ❸ ⑧➀ ❾⑧❢❣t⑧➲➜ ❸ ❣➜➜① ♣

q⑧⑤r ➽ ♣✉ ♣ ➵ ◗▼▼ ❸ ❝ ♣ ④❙▲▲❖ ❸ ◗❍■ ❝ ♣ ❩❘❑❖q◗❍■◗❘◗❨ ◗⑨ ♣ ④◗❘◗▼▼◆▼ ❲ ◗♥⑨❑❍◆ ❖♥⑨◆■P▼❑❍③ ✐ ❑▲⑨ ◗
♥❙❲❲❙❍ ❖◆❘❽◆❘ ♣ ✯ ➍➌ ➊➏➇➉➇ ❺➆➆ ➒➍➇✿ ⑥ ➑➉❁ ➇➓ ➑➉➍➊➌❸ ❣⑩❢ ❾❢❢➲t ❢⑧➲ ❸ ❢⑩⑩⑩ ♣

q⑧①r ➽ ♣✉ ♣ ➵◗▼▼ ❸ ❝ ♣➽ ♣ ④❙▲▲❖ ❸ ◗❍■ ❝ ♣ ❩❘❑❖q◗❍■◗❘◗❨ ◗⑨ ♣ ④◗❘◗▼▼◆▼ ❲ ◗♥⑨❑❍◆ ❖♥⑨◆■P▼❑❍③ ✐ ❑▲⑨◗ ♥❙❲❲❙❍ ❖◆❘❽◆❘ ♣ ➥❍ ❆ ➍② ➉❁ ❿➅➉➇➏➅➑➉➍➋➅➑➒ ➅➋➏➆➌❁ ➋➆ ➋➅ ✤ ➏➋✼ ➇➊➉ ⑥ ➑➅➑⑧ ➇➓ ➇➅➉ ➑➅✿ë ➊❁ ➇✿➈➒➍➅⑧ ❸ ❯◗③◆❖ ❣⑩❢t ❣⑩⑤ ❸ ❣➜➜⑤ ♣



❣⑧⑧ ❼ ❴❼❺❴❹❪❫❭➙❽ ❴❜
q⑧✇r ❝ ♣ ➵ ◗❍◆❍ ◗❍■ ♦ ♣ ➻P❍❑◆❘ ♣ s❘■❙❍❍◗❍♥◆❲ ◆❍▲ ♥❪♥▼❑⑦P◆ ■ ❭P❍ ❘❙❚❙▲ ❖P❘ P❍◆ ▼❑③❍◆ ■◆

③◗▼❽◗❍❙❯▼◗❖▲❑◆ ❾ ❲ ❙■❷▼◆❖ ◆▲ ◗▼③❙❘❑▲⑨❲ ◆❖ ♣ ➣◆♥⑨❍❑♥◗▼ ❘◆❯❙❘▲ ❸ ➥❍❖▲❑▲P▲ ⑤ ▼◗❑❖◆ ④◗❖♥◗▼ ❸❣➜➜➲ ♣
q⑧➜r ❤ ♣ ➵P❘❑❍q ◗❍■ ❤ ♣ ❹ ◆P♥⑨◆▼ ♣ ❛❙♥◗▼ ❖◆◗❘♥⑨ ◗▼③❙❘❑▲⑨❲ ❖ →❙❘ ◗ ❖❑❍③▼◆ ❲ ◗♥⑨❑❍◆ ❖♥⑨◆■P❿

▼❑❍③ ❯❘❙❚▼◆❲ ✐ ❑▲⑨ ❯❙❖❑▲❑❽◆ ◗❍■ ❍◆③◗▲❑❽◆ ▲❑❲ ◆❿▼◗③❖ ♣ ✯ ➍➌ ➊➏➇➉➇ ❺➆➆ ➒➍➇✿ ⑥ ➑➉❁ ➇➓ ➑➉➍➊➌❸❣❣❢ ❾❣①➜t ❣➜① ❸ ❢⑩⑩ ❣ ♣
q➀⑩r ❤ ♣ ➵P❘❑❍q ◗❍■ ❩ ♣ ❹❍P❖▲ ♣ ➻ ◗q◆❖❯◗❍ ❲ ❑❍❑❲ ❑➸◗▲❑❙❍ →❙❘ ❴❙✐❿❖⑨❙❯ ❯❘❙❚▼◆❲ ❖ ✐ ❑▲⑨ ▲❘◗❍❖❿

❯❙❘▲◗▲❑❙❍ ▲❑❲ ◆❖ ◗❍■ ◗ ❖❑❍③▼◆ ❘❙❚ ❙▲ ♣ ✯ ➍➌ ➊➏➇➉➇ ❺➆➆ ➒➍➇✿ ⑥ ➑➉❁ ➇➓ ➑➉➍➊➌❸ ❣❣❢ ❾❣➜➜t ❢❣⑤ ❸❢⑩⑩ ❣ ♣
q➀❣r ➺ ♣➺ ♣ ➥❍❲ ◗❍ ◗❍■ ➺ ♣❛ ♣ ⑤P▼❵❍ ♣ ❩◆⑦P◆❍♥❑❍③ ❤➥➣ ❲ ❑⑥◆■❿❲❙■◆▼ ◗❖❖◆❲❚▼❪ ▼❑❍◆❖ ♣ ⑥ ➑➅➑⑧ ➇➭

➓ ➇➅➉ ë ➊➍➇➅ ➊➇❸ ➲① ❾➜⑩❣t➜⑩⑧ ❸ ❣➜➜❣ ♣
q➀❢r ❸ ♣ ❤❙❖▲ ♣ ✯ ➇➈➔ ➆ ➏➋ï➒✾➓ ➇➌ ✿ ➐➑➆➆ ➏➋➔ ➍➓ ➑➉➍➋➅ ✿➍➋➆ ❁➑➅➉➍➇➅➅ ➇ ★ ✽➇ ➆➑➏➉➑⑧ ➇ ➆ ➏➋➆ ➋➏➉➍➋➅➅ ➇➒➇➅ ➅➋➓ ï➏➇ ➇➅➉➍➇➏➌ ➇➉ ✽➇➌ ➆➑❃➑⑧ ➇➌ ➎❂➈➍➒➍ï➏➎➌ ✿➇

Z ♣ ➻ ❏❲❙❑❘◆ ■◆ ❩✈♦ ◆❍ ➺◆♥⑨◆❘♥⑨◆s❯◆❘◗▲❑❙❍❍◆▼▼◆ ❸ ➥➽④✉ ❸ ✉ ❘◆❍❙❚▼◆ ❸ ④❘◗❍♥◆ ❸ ❢⑩⑩❢ ♣
q➀➲r ➻ ♣ ❹ ◗❘❯ ♣ ♦ ♥⑨◗❘◗♥▲◆❘❑➸◗▲❑❙❍ ❙→ ▲⑨◆ ❲ ❑❍❑❲P❲ ♥❪♥▼◆ ❲ ◆◗❍ ❑❍ ◗ ■❑③❘◗❯⑨ ♣ ✯ ➍➌ ➊➏➇➉➇

⑥ ➑➉❁ ➇➓ ➑➉➍➊➌❸ ❢➲ ❾➲⑩➜t➲ ❣❣ ❸ ❣➜①✇ ♣
q➀⑧r ➵ ♣ ❹ ❑❖◆ ♣ s❍ ◗❍ ◗P▲❙❲ ◗▲◆■ ▲✐❙❿❲ ◗♥⑨❑❍◆ ❴❙✐ ❖⑨❙❯ ❖♥⑨◆■P▼❑❍③ ❯❘❙❚▼◆❲ ✐ ❑▲⑨ ❑❍❵❍❑▲◆

❚P❬ ◆❘ ♣ ③➋➈➏➅➑➒ ➋② ➉❁ ➇ ➄➆ ➇➏➑➉➍➋➅➌ s ➇➌ ➇➑➏➊❁ ë ➋➊➍➇➉➨ ➋② ③➑➆➑➅❸ ➲⑧ ❾➲➀⑧t➲⑤ ❣ ❸ ❣➜➜ ❣ ♣
q➀➀r ➵ ♣ ❹ ❑❖◆ ❸ ➵ ♣ ➻◗▲❖P❙ ❸ ◗❍■ ➺ ♣❩ ♣ ❩P▼▼❑❽◗❍ ♣ s❯▲❑❲ ◗▼ ♥❪♥▼❑♥ ❖♥⑨◆■P▼❑❍③ →❙❘ ◗P▲❙❲ ◗▲◆■

▲✐❙❿❲ ◗♥⑨❑❍◆ ❴❙✐ ❖⑨❙❯❖ ✐ ❑▲⑨ ❍❙ ❚P❬◆❘ ♣ ë➨➓➆ ➋➌➍➈➓ ➋➅ ❆ ➒➇➔ ➍ï➒➇ ❺➈➉➋➓ ➑➉➍➋➅❸ ❯◗③◆❖❣❣①➜t ❣❣✇➲ ❸ ❣➜➜⑩ ♣
q➀⑤r ➻ ♣ ⑩ ♣ ❹❙❽◗▼❪❙❽ ❸ r ♣ ❹P❚❑◗q ❸ ◗❍■ ❤ ♣ ❩ ♣ ⑩◆❙❲ ◗❍❖ ♣ ♦ ♥❙❲❯P▲◗▲❑❙❍◗▼ ◗❍◗▼❪❖❑❖ ❙→ ❚◗▼◗❍❿

♥◆■ ❤➥➣ ❙❯▲❑❲ ❑➸◗▲❑❙❍ ◗▼③❙❘❑▲⑨❲ ❖ ♣ ③➋➈➏➅➑➒ ➋② ❿➅② ➋➏➓ ➑➉➍➋➅ ë➨➌➉➇➓➌ ➑➅✿ ➄➆ ➇➏➑➉➍➋➅➑➒s ➇➌ ➇➑➏➊❁ ➭ ❿➁❆➄s ❸ ➲➜ ❾❢➜➜t➲❣➀ ❸ ❢⑩⑩ ❣ ♣
q➀①r ❩ ♣♦ ♣ ❹ ❘◗❽♥⑨◆❍q❙ ◗❍■ ④ ♣ r◆❘❍◆❘ ♣ ④◗❘◗▼▼◆▼ ❲ ◗♥⑨❑❍◆ ❖♥⑨◆■P▼❑❍③ ❯❘❙❚▼◆❲ ❖ ✐ ❑▲⑨ ◗ ❖❑❍③▼◆

❖◆❘❽◆❘ ♣ ⑥ ➑➉❁ ➇➓ ➑➉➍➊➑➒ ✧➋➓➆ ➈➉➇➏ ⑥ ➋✿➇➒ ➒➍➅⑧ ❸ ❢⑤ ❱❣❢❳ ❾❣t ❣❣ ❸ ❣➜➜① ♣
q➀✇r r ♣ ❹P❚❑◗q ♣ ➻ ❑❍❑❲ ❑➸❑❍③ ❽◗❘❑◗▲❑❙❍ ❙→ ❯❘❙■P♥▲❑❙❍ ❘◗▲◆❖ ❑❍ ❨ P❖▲❿❑❍❿▲❑❲ ◆ ❖❪❖▲◆❲ ❖ ❾ ◗

❖P❘❽◆❪♣ ②➈➏➋➆ ➇➑➅ ③ ➋➈➏➅➑➒ ➋② ➄➆ ➇➏➑➉➍➋➅➑➒ s ➇➌ ➇➑➏➊❁ ❸ ⑤⑤ ❾❢➀➜t❢①❣ ❸ ❣➜➜➲ ♣
q➀➜r r ♣ ❹P❚❑◗q ◗❍■ ❩ ♣ ❩◆▲⑨❑ ♣ s❯▲❑❲ ◗▼ ❨ P❖▲❿❑❍❿▲❑❲ ◆ ❖♥⑨◆■P▼◆❖ →❙❘ ❴◆⑥ ❑❚▼◆ ▲❘◗❍❖→◆❘ ▼❑❍◆❖ ♣✻❁ ➇ ❿➅➉➇➏➅➑➉➍➋➅➑➒ ③➋➈➏➅➑➒ ➋② ❆ ➒➇➔ ➍ï➒➇ ⑥ ➑➅➈② ➑➊➉➈➏➍➅⑧ ë➨➌➉➇➓➌❸ ⑤ ❾❣➲①t ❣➀⑧ ❸ ❣➜➜⑧ ♣
q⑤⑩r ❸ ♣ ❛◆❚◗♥⑦P◆ ◗❍■ ➽ ♣ ⑤ ❘◗P❍◆❘ ♣ ④▼❙✐ ❖⑨❙❯❖ ✐ ❑▲⑨ ❲◗▲◆❘❑◗▼ ⑨◗❍■▼❑❍③ ❾ ◗ ♥❘❑▲❑♥◗▼ ♥❙❲❿

❯◗❘❑❖❙❍ ❙→ ■❑❬ ◆❘◆❍▲ ◆⑥ ❑❖▲❑❍③ ❲ ❙■◆▼❖ ♣ ❩❙P❲ ❑❖ ❫ ✧➋➓➆ ➈➉➇➏➌ ➑➅✿ ➄➆ ➇➏➑➉➍➋➅➌ s ➇➌ ➇➑➏➊❁ ❸❢⑩⑩① ♣
q⑤ ❣r ❸ ♣ ❛◆❚◗♥⑦P◆ ❸ ❸ ♣ ❤❙❖▲ ❸ ◗❍■ ➽ ♣ ⑤ ❘◗P❍◆❘ ♣ ❩❑❲P▼▲◗❍◆❙P❖ ❙❯▲❑❲ ❑➸◗▲❑❙❍ ❙→ ♥▼◗❖❖❑♥◗▼ ❙❚❿

❨ ◆♥▲❑❽◆❖ ❑❍ ❤➥➣ ❖♥⑨◆■P▼❑❍③ ♣ ②➈➏➋➆ ➇➑➅ ③ ➋➈➏➅➑➒ ➋② ➄➆ ➇➏➑➉➍➋➅➑➒ s ➇➌ ➇➑➏➊❁ ❸ ❣✇❢ ❾❢➜t➲➜ ❸❢⑩⑩① ♣
q⑤❢r ❝ ♣❿⑩ ♣ ❛◆◆ ♣ ➻ ◗♥⑨❑❍◆ ❖♥⑨◆■P▼❑❍③ ✐ ❑▲⑨ ◗❍ ◗❽◗❑▼◗❚❑▼❑▲❪ ♥❙❍❖▲❘◗❑❍▲ ♣ ③➋➈➏➅➑➒ ➋② ➄ ➒➋ï➑➒

➄➆ ➉➍➓ ➍❻➑➉➍➋➅❸ ➜ ❾➲➜➀t⑧ ❣⑤ ❸ ❣➜➜⑤ ♣
q⑤➲r ❛ ♣ ❛◆❑ ◗❍■ ➇ ♣ ❛ ❑P ♣ ♦❍ o(n2)

◗▼③❙❘❑▲⑨❲ →❙❘ ♥❪♥▼❑♥ ❖♥⑨◆■P▼❑❍③ ❙→ ◗ ▲✐❙❿❲ ◗♥⑨❑❍◆ ❍❙❿✐◗❑▲
❘❙❚❙▲❑♥ ❴❙✐ ❖⑨❙❯ ✐ ❑▲⑨ ❲P▼▲❑❯ ▼◆ ❯❘❙■P♥▲❖ ♣ ✤ ➏➍❃➑➉➇ ➊➋➓➓➈➅➍➊➑➉➍➋➅❸ ❢⑩⑩⑧ ♣

q⑤⑧r ❤ ♣❹ ♣ ❛◆❍❖▲❘◗ ❸ ♦ ♣➵ ♣✉ ➺❑❍❍❙❪ ❹ ◗❍ ❸ ◗❍■ ④♣ ⑤ ❘P♥q◆❘ ♣ ❝❙❲❯▼◆⑥ ❑▲❪ ❙→ ❲ ◗♥⑨❑❍◆ ❖♥⑨◆■P▼❑❍③
❯❘❙❚▼◆❲ ❖ ♣ ❺➅➅➑➒➌ ➋② ✯ ➍➌ ➊➏➇➉➇ ⑥ ➑➉❁ ➇➓ ➑➉➍➊➌❸ ❣ ❾➲⑧➲t➲⑤❢ ❸ ❣➜①① ♣

q⑤➀r ❤ ♣⑩ ❿➣ ♣ ❛◆P❍③ ♣ ➃ ➑➅✿ï➋➋➆ ➋② ➌ ➊❁ ➇✿➈➒➍➅⑧ ♣ ❝⑨◗❲ ◗❍ ◗❍■ ➵◗▼▼❜❝➺❝ ❸ ❢⑩⑩⑧ ♣



❼ ❴❼❺❴❹❪❫❭➙❽ ❴❜ ❣⑧➀
q⑤⑤r ❤ ♣⑩ ❿➣ ♣ ❛◆P❍③ ❸ ➵ ♣ ❛ ❑ ❸ ◗❍■ ➻ ♣ ④ ❑❍◆■❙ ♣ s❘■◆❘ ❖♥⑨◆■P▼❑❍③ ❲ ❙■◆▼❖ ❾ ◗❍ ❙❽◆❘❽❑◆✐ ♣ ➥❍ ❆ ➍➏➌➉

⑥ ➈➒➉➍✿➍➌ ➊➍➆ ➒➍➅➑➏➨ ❿➅➉➇➏➅➑➉➍➋➅➑➒ ✧➋➅② ➇➏➇➅ ➊➇ ➋➅ ë ➊❁ ➇✿➈➒➍➅⑧ ★ ✻❁ ➇➋➏➨ ➑➅✿ ❺➆➆ ➒➍➊➑➉➍➋➅➌
í⑥❿ë ✻❺ ➀❈❈➈î ❸ ❯◗③◆❖ ➲①t➀➲ ❸ ➽❙▲▲❑❍③⑨◗❲ ❸ ❶❹ ❸ ❢⑩⑩➀ ♣

q⑤①r ❛ ♣ ❛❙❽◗❖➸ ◗❍■ ➻ ♣❩ ♣ ④ ▼P❲❲◆❘ ♣ ⑥ ➑➉➊❁ ➍➅⑧ ➉❁ ➇➋➏➨♣ ♦q◗■◆❲ ❑◗❑ ❹ ❑◗■❙ ❸ ⑤P■◗❯◆❖▲ ❸ ❣➜✇⑤ ♣
q⑤✇r ➻ ♣✉◗❘◆❪ ◗❍■ ❩ ♣ ❤❙⑨❍❖❙❍ ♣ ✧➋➓➆ ➈➉➇➏➌ ➑➅✿ ➍➅➉➏➑➊➉➑ï➍➒➍➉➨ ★ ❺ ⑧➈➍✿➇ ➉➋ ➉❁ ➇ ➉❁ ➇➋➏➨ ➋②➁✤ ➭➊➋➓➆ ➒➇➉➇➅ ➇➌➌♣ ④❘◆◆❲ ◗❍ ◗❍■ ❝❙❲❯◗❍❪❸ ➽◆✐ ⑩❙❘q ❸ ❣➜①➜ ♣
q⑤➜r ❤ ♣ ➻ ❑▼▲◆❍❚P❘③ ♣ ❛◆❽◆▼ ❖♥⑨◆■P▼◆❖ →❙❘ ❲ ❑⑥◆■❿❲ ❙■◆▼ ◗❖❖◆❲❚▼❪ ▼❑❍◆❖ ❑❍ ❨ P❖▲❿❑❍❿▲❑❲◆ ❯❘❙❿

■P♥▲❑❙❍ ❖❪❖▲◆❲ ❖ ♣ ⑥ ➑➅➑⑧ ➇➓ ➇➅➉ ë ➊➍➇➅ ➊➇❸ ➲➀ ❾❣➜❢t ❢⑩① ❸ ❣➜✇➜ ♣
q①⑩r ⑩ ♣ ➻❙❍■◆❍ ♣ ✻➋➨➋➉➑ ➆ ➏➋✿➈ ➊➉➍➋➅ ➌➨➌➉➇➓ ♣ ➥❍❖▲❑▲P▲◆ ❙→ ➥❍■P❖▲❘❑◗▼ ✈❍③❑❍◆◆❘❖ ④ ❘◆❖❖ ❸ ❣➜✇➲ ♣
q①❣r ♦ ♣ ❤ ♣ s❘❲ ◗❍ ◗❍■ ❝ ♣ ➽ ♣ ④❙▲▲❖ ♣ s❍ ▲⑨◆ ♥❙❲❯▼◆⑥ ❑▲❪ ❙→ ♥❙P❯▼◆■❿▲◗❖q ❖♥⑨◆■P▼❑❍③ ♣ ✯ ➍➌ ➊➏➇➉➇❺➆➆ ➒➍➇✿ ⑥ ➑➉❁ ➇➓ ➑➉➍➊➌❸ ①❢ ❾❣⑧ ❣t ❣➀⑧ ❸ ❣➜➜① ♣
q①❢r ♦ ♣ ❤ ♣ s❘❲ ◗❍ ❸ ❝ ♣ ➽ ♣ ④❙▲▲❖ ❸ ♦ ♣ ❹ ♣ ❩⑨◗⑨◗❍❑ ❸ ◗❍■ ♦ ♣ ➺ ♣ ➻❙❙❘◆ ♣ ❩♥⑨◆■P▼❑❍③ →❙❘ ◗ ❲P▼❿

▲❑→P❍♥▲❑❙❍ ❯⑨◗❖◆■ ◗❘❘◗❪ ❘◗■◗❘ ❖❪❖▲◆❲ ♣ ②➈➏➋➆ ➇➑➅ ③ ➋➈➏➅➑➒ ➋② ➄➆ ➇➏➑➉➍➋➅➑➒ s ➇➌ ➇➑➏➊❁ ❸➜⑩ ❾❣➲t❢➀ ❸ ❣➜➜⑤ ♣
q①➲r ➻ ♣ ④ ❑❍◆■❙ ♣ ë ➊❁ ➇✿➈➒➍➅⑧ ★ ✻❁ ➇➋➏➨➩ ❺ ➒⑧ ➋➏➍➉❁➓➌➩ ➑➅✿ ë➨➌➉➇➓➌♣ ④ ❘◆❍▲❑♥◆ ➵◗▼▼ ❸ ✈❍③▼◆✐❙❙■❝ ▼❑❬ ❖ ❸ ➽ ❤ ❸ ❣➜➜➀ ♣
q①⑧r ❝ ♣➽ ♣ ④❙▲▲❖ ◗❍■ ➻ ♣⑩ ♣ ❹❙❽◗▼❪❙❽ ♣ ❩♥⑨◆■P▼❑❍③ ✐ ❑▲⑨ ❚◗▲♥⑨❑❍③ ❾ ♦ ❘◆❽❑◆✐ ♣ ②③➄s ❸ ❣❢⑩ ❾❢❢✇t❢⑧➜ ❸ ❢⑩⑩⑩ ♣
q①➀r ❝ ♣➽ ♣ ④❙▲▲❖ ◗❍■ ❤ ♣❩ ♣r ⑨❑▲◆⑨◆◗■ ♣ ➵◆P❘❑❖▲❑♥❖ →❙❘ ♥❙P❯▼◆■❿❙❯ ◆❘◗▲❑❙❍ ❖♥⑨◆■P▼❑❍③ ❯❘❙❚▼◆❲ ♣③➋➈➏➅➑➒ ➋② ➉❁ ➇ ➄➆ ➇➏➑➉➍➋➅➑➒ s ➇➌ ➇➑➏➊❁ ë ➋➊➍➇➉➨❸ ❯◗③◆❖ ❣t ❣⑧ ❸ ❢⑩⑩⑤ ♣
q①⑤r ➵ ♣ ➺➉ ♥q ♣ ➣⑨◆ ▲⑨❘◆◆❿❲ ◗♥⑨❑❍◆ ❍❙❿✐◗❑▲ ❴❙✐ ❖⑨❙❯ ❑❖ ❍❯❿♥❙❲❯▼◆▲◆ ♣ ③➋➈➏➅➑➒ ➋② ➉❁ ➇ ❺ ✧⑥ ❸

➲❣ ❱❢❳ ❾➲➲⑤t➲⑧➀ ❸ ❣➜✇⑧ ♣
q①①r ⑤ ♣ ➺❙❪♣ ❝❙❍▲❘❑❚P▲❑❙❍ ■◆ ▼◗ ▲⑨❏❙❘❑◆ ■◆❖ ③❘◗❯⑨◆❖ ❫ ▼ ❭❏▲P■◆ ■◆ ♥◆❘▲◗❑❍❖ ❯❘❙❚▼❷❲ ◆❖

▼❑❍❏◗❑❘◆❖ ♣ ②➔ ➉➏➑➍➉ ✿➇➌ ➊➋➓➆ ➉➇➌ ➏➇➅✿➈➌ ✿➇ ➒ ➐❺ ➊➑✿➎➓ ➍➇ ✿➇➌ ë ➊➍➇➅ ➊➇➌❸ ❢⑧✇ ❾❢⑧➲①t ❢⑧➲➜ ❸❣➜➀➜ ♣
q①✇r ✈ ♣ ❩◗❍▼◗❽❑▼▼◆ ◗❍■ ✉ ♣ ❩♥⑨❲ ❑■▲ ♣ ➻◗♥⑨❑❍◆ ❖♥⑨◆■P▼❑❍③ ✐ ❑▲⑨ ◗❽◗❑▼◗❚❑▼❑▲❪ ♥❙❍❖▲❘◗❑❍▲❖ ♣ ❺ ➊➉➑❿➅② ➋➏➓ ➑➉➍➊➑❸ ➲➀ ❾①➜➀t✇ ❣❣ ❸ ❣➜➜✇ ♣
q①➜r ✉ ♣ ❩♥⑨❲ ❑■▲ ♣ ❩♥⑨◆■P▼❑❍③ ✐ ❑▲⑨ ▼❑❲ ❑▲◆■ ❲ ◗♥⑨❑❍◆ ◗❽◗❑▼◗❚❑▼❑▲❪♣ ② ➈➏➋➆ ➇➑➅ ③➋➈➏➅➑➒ ➋②

➄➆ ➇➏➑➉➍➋➅➑➒ s ➇➌ ➇➑➏➊❁ ❸ ❣❢❣ ❾❣t ❣➀ ❸ ❢⑩⑩⑩ ♣
q✇⑩r ❩ ♣④♣ ❩◆▲⑨❑ ❸ ❝ ♣ ❩❘❑❖q◗❍■◗❘◗❨ ◗⑨ ❸ ✉ ♣ ❩❙❘③◆❘ ❸ ❤ ♣ ⑤ ▼◗➸◆✐ ❑♥➸ ❸ ◗❍■ r ♣ ❹P❚❑◗q ♣ ❩◆⑦P◆❍❿

♥❑❍③ ❙→ ❯◗❘▲❖ ◗❍■ ❘❙❚❙▲ ❲❙❽◆❖ ❑❍ ◗ ❘❙❚❙▲❑♥ ♥◆▼▼ ♣ ❿➅➉➇➏➅➑➉➍➋➅➑➒ ③➋➈➏➅➑➒ ➋② ❆ ➒➇➔ ➍ï➒➇
⑥ ➑➅➈② ➑➊➉➈➏➍➅⑧ ë➨➌➉➇➓➌❸ ⑧ ❾➲➲ ❣t➲➀✇ ❸ ❣➜➜❢ ♣

q✇ ❣r ➺ ♣ ❩ ♣ ❩⑨◗❯❑❘❙ ♣ ❩♥⑨◆■P▼❑❍③ ♥❙P❯▼◆■ ▲◗❖q❖ ♣ ➁ ➑❃➑➒ s ➇➌➇➑➏➊❁ ✽➋⑧ ➍➌➉➍➊➌ ➧➈➑➏➉➇➏➒➨❸❢① ❱❢❳ ❾⑧✇➜t⑧➜① ❸ ❣➜✇⑩ ♣
q✇❢r ✉ ♣ ❩▲◆❑❍◆❘ ◗❍■ ❤ ♣ ❩ ♣ ⑩◆❙❲ ◗❍❖ ♣ ❛◆❽◆▼ ❖♥⑨◆■P▼◆❖ →❙❘ ❲ ❑⑥◆■❿❲❙■◆▼ ❸ ❨ P❖▲❿❑❍❿▲❑❲ ◆ ❯❘❙❿

♥◆❖❖◆❖ ♣ ⑥ ➑➅➑⑧ ➇➓ ➇➅➉ ë ➊➍➇➅ ➊➇❸ ➲➜ ❾①❢✇t①➲➀ ❸ ❣➜➜➲ ♣
q✇➲r ✉ ♣ ❩▲◆❑❍◆❘ ◗❍■ ❤ ♣ ❩ ♣ ⑩◆❙❲ ◗❍❖ ♣ ♦ ❚❑♥❘❑▲◆❘❑❙❍ ❙❚❨ ◆♥▲❑❽◆ →❙❘ ▼◆❽◆▼▼❑❍③ ▲⑨◆ ❖♥⑨◆■P▼◆ ❙→ ◗

❲ ❑⑥◆■❿❲❙■◆▼ ❸ ❨ P❖▲❿❑❍❿▲❑❲ ◆ ◗❖❖◆❲❚▼❪ ❯❘❙♥◆❖❖◆❖ ♣ ⑥ ➑➉❁ ➇➓ ➑➉➍➊➑➒ ➑➅✿ ✧➋➓➆ ➈➉➇➏ ⑥ ➋✿➇➒➭➒➍➅⑧ ❸ ❢⑩ ❾❣❢➲t ❣➲⑧ ❸ ❣➜➜⑧ ♣
q✇⑧r ✈ ♣❩ ♣ r ❑qP❲ ❸ ❩ ♣❝ ♣ ❛ ▼◆✐◆▼▼❪❍ ❸ ◗❍■ ✉ ♣❛ ♣ ➽ ◆❲⑨◗P❖◆❘ ♣ s❍◆❿❲ ◗♥⑨❑❍◆ ③◆❍◆❘◗▼❑➸◆■ ❯❘◆♥◆❿

■◆❍♥◆ ♥❙❍❖▲❘◗❑❍◆■ ❖♥⑨◆■P▼❑❍③ ❯❘❙❚▼◆❲ ❖ ♣ ➄➆ ➇➏➑➉➍➋➅➌ s ➇➌ ➇➑➏➊❁ ✽➇➉➉➇➏➌❸ ❣⑤ ❱❢❳ ❾✇①t➜➜ ❸❣➜➜⑧ ♣



❣⑧⑤ ❼ ❴❼❺❴❹❪❫❭➙❽ ❴❜



➊❚❚♣➋♣❳

❣⑧①





➊ ❚❚♣➋♣ ➊

❘❙➌ ♥❱➍➌ ♣❚➎❳ ♥❙❲❧ ❱ ➏❙❧➐❙❚❚♠❚❯♣➌ ♣❚➎
➑❲❳➎♣➒ ➒➓♣➌ ♥❳

❝➔→→➔ ➣↔↔➔⑥➔ ♥↕↔→➙➔↔→ ➛➜➝➞➙➔➝➟➞ ➟➠➞➝➜→➣→➞ →⑨➠↕➟➙⑦➝➔➞ ➡↕↔→ ➜➔➞ ➛➟➔➝❽➔➞ ➜➣➢↕➟➙➔➝➞➔➞ ↔ ❭↕↔→➛➣➞ ➠→➠ ➙↔➤➜➝➞➔➞ ➡➣↔➞ ➜➔ ❝⑨➣➛➙→➟➔ ➀ ➡➣↔➞ ➝↔ ➞↕➝➤➙➞ ➡➔ ➤➜➣➟→➠ ➥➦➔➤→➙↕↔ ➧ ➨❣➨❣➩ ➨ ❝➔➞ ➟➠➞➝➜→➣→➞➞ ❭➣❽❷➟➔↔→ ➤➔➛ ➔↔➡➣↔→ ➝→➙➜➔➞ ➛↕➝➟ ➟➔➛➟➠➞➔↔→➔➟ ➜➔➞ ➔⑥➔➫➛➜➔➞ ➡➔ ➤➔ ➤⑨➣➛➙→➟➔ ➥➡↕↔→ ➜➣ ➛➜➝➛➣➟→➞➔ →➟↕➝❽➔↔→ ➡➣↔➞ ➤➔→→➔ ➣↔↔➔⑥ ➔ ❸ ➦➔➤→➙↕↔ ➧ ➨⑧➩ ➔→ ↕↔→ ➛ ➔➟➫ ➙➞ ➡➔ ➛➟↕➛↕➞➔➟ ➝↔➔ ⑨➔➝➟➙➞→➙⑦➝➔➛↕➜❪↔↕➫ ➙➣➜➔ ➥➦➔➤→➙↕↔ ➧ ➨❣➨❢➩ ➨ ❛ ❭➠→➝➡➔ ➡➔ ➞➔➞ ➛ ➔➟→↕➟➫ ➣↔➤➔➞ ↔ ❭➣❪➣↔→ ➛➣➞ ➛➝ ❡→➟➔ ➟➠➣➜➙➞➠➔ ❸ ➔➜➜➔➞➔ →➟↕➝❽➔ ➔➜➜➔ ➣➝➞➞➙ ➡➣↔➞ ➤➔→→➔ ➣↔↔➔⑥➔ ➨ ❛➔ ➡➠→➣➙➜ ➡➔➞ →↕➟➫➝➜➣→➙↕↔➞ ➔↔ →➣↔→ ⑦➝➔ ➛➟↕③➟➣➫➫➔➜➙↔➠➣➙➟➔ ➔↔ ↔↕➫➢➟➔ ➔↔→➙➔➟➞ ➡➔➞ ➡➙❬➠➟➔↔→➞ ➛➟↕➢➜❷➫➔➞ ➠❽↕⑦➝➠➞ ➡➣↔➞ ➜➔ ❝⑨➣➛➙→➟➔ ➀ ➔➞→ ➣➝➞➞➙➙↔➤➜➝➞ ➡➣↔➞ ➤➔→→➔ ➛➣➟→➙➔ ➥➦➔➤→➙↕↔ ➧ ➨❢ ➨❣➩ ➨
➭ ➯➲ ➳Ù➵➸Ø➺➻➼ ➽➾ ➚➺➪➶➹➘➵➼ ➼Ø ➴➼➾➺➻➷Ø ➻➬➾➼ ➚➪➹Ù➮➪➵ ➻➱➹➼
❩➣↔➞ ➤➔→→➔ ➞➔➤→➙↕↔ ✃ ↔↕➝➞ ➔❐➛➜↕➙→↕↔➞ ➜➔➞ ❒↕➟➫➝➜➣→➙↕↔➞ ➡➠➤➟➙→➔➞ ➡➣↔➞ ➜➣ ➦➔➤→➙↕↔ ❮ ➨❣➨❢ ➛ ❰Ï➛↕➝➟ ➛➟↕➛↕➞➔➟ ➡➔➞ ➫ ➠→Ð↕➡➔➞ Ñ➝➙ ➤➟➠➔↔→ ➔↔ →➔➫➛➞ ➛↕➜❪↔↕➫ ➙➣➜ ➡➔➞ ➞↕➜➝→➙↕↔➞ ➛↕➝➟ ➜➔ ➛➟↕➢➜Ò➫ ➔➡ ❭↕➟➡↕↔↔➣↔➤➔➫ ➔↔→ Ó ➝➞→➔Ô❫Ô→➔➫➛➞ ➨
Õ Ö×Ö× ØÙÚÛÜÙÛÚÝ ÞÝß àÚáâãÝß ÝÙ ÚÝâÚäßÝåÙáÙæçå
❛➔➞ è➟➣➛Ð➔➞ Ñ➝➙ ➤↕➟➟➔➞➛↕↔➡➔↔→ ➣➝❐ ❒↕➟➫➝➜➣→➙↕↔➞ ➡➝ ➛➟↕➢➜Ò➫ ➔ Ó ➝➞→➔Ô❫Ô→➔➫➛➞ ➔↔ →➣↔→ Ñ➝➔➛➟↕➢➜Ò➫ ➔ ➡➔ ➤↕➝➛➜➣è➔ ➛➣➟❒➣➙→ ↕➝ ➡ ❭➣❬➔➤→➣→➙↕↔ ➡➔ ➛↕➙➡➞ ➫ ➙↔➙➫➣➜ ➛➟➠➞➔↔→➔↔→ ➡➔➞ ➛➟↕➛➟➙➠→➠➞➡➔ ➟➠è➝➜➣➟➙→➠➞ ➙↔→➠➟➔➞➞➣↔→➔➞ ➨ ✈ ➜➜➔➞ ➛ ➔➟➫ ➔→→➔↔→ ➡➔ ➞➙➫➛➜➙❵➔➟ ➜➣ ➟➔➛➟➠➞➔↔→➣→➙↕↔ ➡➔ ➤➔➞ è➟➣➛Ð➔➞➛↕➝➟ ➟➔↔➡➟➔ ➜➔➞ ➔❐➔➫➛➜➔➞ ➛➟↕➛↕➞➠➞ ❫ ➜➣ ➦➔➤→➙↕↔ ➧ ➨Ï ➛➜➝➞ ➜➙➞➙➢ ➜➔➞ ➔→ ➛↕➞➔↔→ ➜➔➞ ❒↕↔➡➔➫➔↔→➞➡➔ ➜ ❭Ð➔➝➟➙➞→➙Ñ➝➔ ➛↕➜❪↔↕➫ ➙➣➜➔ ➛➟↕➛↕➞➠➔ ❫ ➜➣ ➦➔➤→➙↕↔ ➧ ➨❣➨❢ ➨
é êëêëêë ìíîïðñíòóôóõöò îôï ÷íñ

f øùôúóíûïñ
❛↕➟➞Ñ➝➔ ➡➔➝❐ →❪➛➔➞ ➡➔ ➛➙Ò➤➔➞ i1 ➔→ i2 ➞↕↔→ ➡➔ ➫ ❡➫ ➔ ➡➔➫➣↔➡➔ d ✃ ➜➔➞ ➞↕➫➫➔→➞ (i1, j) ➔→ (i2, j)➥j ∈ {1, 2, . . . , d}➩ ↕↔→ ➜➔➞ ➫ ❡➫ ➔➞ ü↕➙➞➙↔➞ ➨ ➧❵↔ ➡➔ ➞➙➫➛➜➙❵➔➟ ➜➔ è➟➣➛Ð➔ ✃ ↔↕➝➞ ➛➟↕➛↕➞↕↔➞ ➡➣↔➞➤➔ ➤➣➞ ✃ ➡ ❭➣è➟➠è➔➟ ➤➔➞ ➞↕➫➫➔→➞ ➨ ❩➣↔➞ ➜➔ è➟➣➛Ð➔ →➟➣↔➞❒↕➟➫ ➠ ✃ ➤↕➫➫➔ ↔↕➝➞ ➜➔ ü➔➟➟↕↔➞ ➡➣↔➞

❣Ï❰



❣❮ý þÿÿ�✁� þ ✂ ✄☎✆ ✄ÿÿþÿ ✝�✞�ÿ ✟ ✠✡☛✟�☞✌ ☞✟�✞✍☛
➤➔→→➔ ➞➔➤→➙↕↔ ✃ ↔↕➝➞ ↔➔ ➤Ð➔➟➤Ð➔➟↕↔➞ ➛➜➝➞ ➝↔ ➤↕➝➛➜➣è➔ ✃ ➫ ➣➙➞ ➝↔ f ✎✏ ✑✒✓✔✕✖ ✗✘① ✃ ✇✙ ➥f ✎✏ ✑✒✓✚✖➔↔ ➣↔è➜➣➙➞➩ ➨ ✛↕↔➞➙➡➠➟↕↔➞ ➝↔ è➟➣➛Ð➔ G = (V,E) ➔→ ➝↔➔ ❒↕↔➤→➙↕↔ f : V −→ N ➨
✜ ð✢òõóõöò ✣✤ ✥

f øùôúóíûï✦ ✧★
f Ô❒➣➤→➔➝➟ ✔✩✓ ✕★ ✩✚✕✩✎⑧ ✖✑✪ ✫ ✔

H ✬✔ G
✓✔✭ ✮✕ ✔

degH(v) =
f(v),∀v ∈ V ✯
✰↔ ➡➠➡➝➙→ ➡➙➟➔➤→➔➫ ➔↔→ ➡➔ ➤➔→→➔ ➡➠✱↔➙→➙↕↔ ➜➣ ➛➟↕➛↕➞➙→➙↕↔ ➞➝➙ü➣↔→➔ ✲
✳ ïöîöñõóõöò ✣✴ ✧★ ⑧ ✖✑✪ ✫ ✔ ✑ ✕★

1✎✏ ✑✒✓✔✕✖ ✩✵ ✔✓ ✩ ✔✕✭✔✶ ✔★✓ ✩✵ ✵✭ ✑ ✕★ ✒✚✕✪ ✭✑⑧ ✔ ✪✑✖✏ ✑✵✓✯
✰↔ ➤↕↔➞➙➡Ò➟➔ ➝↔➔ ➙↔➞→➣↔➤➔ (n, d1, d2, . . . , dn, B) ➡➝ ➛➟↕➢➜Ò➫ ➔ ➡➔ ➡➠➤➙➞➙↕↔ ➫➣❐Ô➣➢➞ ➔→ ➜➔è➟➣➛Ð➔ G = (V1 ∪ V2, E) ➣➞➞↕➤➙➠ ➨ ➦↕➙→ D ➜➣ ➞↕➫➫➔ ➡➔ →↕➝→➔➞ ➜➔➞ ➡➔➫ ➣↔➡➔➞ ➨ ➦➝➛➛↕➞↕↔➞Ñ➝➔ di1 = di2 ➛↕➝➟ ➡➔➝❐ →✷➛➔➞ ➡➔ ➛➙Ò➤➔➞ ➡➙➞→➙↔➤→➞ i1 ➔→ i2 ➔→ ➤↕↔➞➙➡➠➟↕↔➞ ➝↔ ➙↔➡➙➤➔ j ∈
{1, 2, . . . , di1} ➨ ④➣➟ ➡➠✱↔➙→➙↕↔ ➥❮ ➨Ï➩ ➛ ❰① ➡➔➞ ➙↔➞→➣↔→➞ ➡➔ ➛➟↕➡➝➤→➙↕↔ ➣➝ ➛➜➝➞ →✸→ ➔→ ➣➝➛➜➝➞ →➣➟➡ ✃ ↕↔ ➣ E(i1, j) = E(i2, j) ➔→ L(i1, j) = L(i2, j) ➨ ➧ ➙↔➞➙ ✃ ➡➣↔➞ ➜➔ è➟➣➛Ð➔ G ↕↔ ➣➝➟➣
δ((i1, j)) = δ((i2, j)) ➥➣ü➔➤ δ(v) ➜ ✹➔↔➞➔➫➢➜➔ ➡➔➞ ➣➟✺→➔➞ ➙↔➤➙➡➔↔→➔➞ ➣➝ ➞↕➫➫➔→ v

➩ ➨ ✻ ✹↕✼ ➜➣➟➔➫ ➣➟Ñ➝➔ ➞➝➙ü➣↔→➔ ✲
✽í✾✾ í ✣✴ ✿ ✚✵✓

G
✭✔ ⑧ ✖✑✪ ✫ ✔ ✑✩✩✚✒✵❀ ❁ ✭ ❂✵★✩✓✑★ ✒✔

(n, d1, d2, . . . , dn, B) ✯ ✿ ✵ ✬✔✕❃ ✓❄✪ ✔✩ ✬✔✪ ✵❅✒✔✩
i1

✔✓
i2

✚★✓ ✶ ❆✶ ✔ ✬✔✶ ✑★✬✔ d = di1 = di2

✑✭✚✖✩ ✪ ✚✕✖ ✓✚✕✓
j ∈ {1, 2, . . . , d}❇ ✭✔✩

✩ ✚✶✶ ✔✓✩
(i1, j)

✔✓
(i2, j)

✚★✓ ✭✔✩ ✶ ❆✶ ✔✩ ❈✚✵✩✵★✩ ✯
❉↕➝➞ ➣è➟➠è➔➟↕↔➞ ➣➜↕➟➞ ➜➔➞ ➞↕➫➫➔→➞ (i1, j) ➔→ (i2, j) ✃ ➞➙ ➜➔➞ →✷➛➔➞ i1 ➔→ i2 ➞↕↔→ ➡➔ ➫ ✺➫➔➡➔➫ ➣↔➡➔ ✃ ➡➔ ➜➣ ❒➣❊↕↔ ➡➠➤➟➙→➔ ➛➣➟ ➜ ✹➧➜è↕➟➙→Ð➫➔ ❋ ➨ ●➔➞ ❍ ➙è➝➟➔➞ ➧ ➨■ ➔→ ➧ ➨❏ ➙➜➜➝➞→➟➔↔→ ➞➝➟ ➝↔➔❐➔➫➛➜➔ ➜➣ →➟➣↔➞❒↕➟➫ ➣→➙↕↔ ➡➝ è➟➣➛Ð➔ ↕➛➠➟➠➔ ➨
é ÷❑öïõó▲✾ í ▼ ➦➙➫➛➜➙✱➤➣→➙↕↔◆òõóõô ÷õñôóõöò

L = {1, 2, . . . , n}
G = (V1 ∪ V2, E)
f : V = V1 ∪ V2 −→ N ✃ f(v) = 1 ∀v ∈ V❖ôòó Pûí ➙➜ ➔❐ ➙➞→➔ i1, i2 ∈ L →➔➜➞ Ñ➝➔ di1 = di2 ◗ôõïí

✳öûï óöûó
j ∈ {1, 2, . . . , di1} ◗ôõïí

V2 = V2 \ (i2, j)
f((i1, j)) = f((i1, j)) + f((i2, j))
E = E \ {((i2, j), k) ∈ δ((i2, j))}

◗ õò ✳öûï
L = L \ {i2}

◗ õò ❖ôòó Pûí

●➣ ➛➟➔➝ü➔ ➡➔ ➜➣ ➛➟↕➛↕➞➙→➙↕↔ ➞➝➙ü➣↔→➔ ➔➞→ ❒➣➤➙➜➔ ➫ ➣➙➞ ➜➣➢↕➟➙➔➝➞➔ ➔→ ↔ ✹➔➞→ ➡↕↔↔➠➔ ➙➤➙ Ñ➝➔ ➛↕➝➟
✺→➟➔ ➤↕➫➛➜➔→ ➨
✳ ïöîöñõóõöò ✣✤ ❘✔ ⑧ ✖✑✪ ✫ ✔

G
✑ ✕★ ✒✚✕✪ ✭✑⑧ ✔ ✪✑✖✏ ✑✵✓ ✩✵ ✔✓ ✩ ✔✕✭✔✶ ✔★✓ ✩✵ ✭✔ ⑧ ✖✑✪ ✫ ✔

G′
✚❙✓✔★✕

✪✑✖ ✭ ❂✑✭⑧ ✚✖✵✓✫✶ ✔ ✿✵✶✪ ✭✵❚ ✒✑✓✵✚★ ✑ ✕★
f ✎✏ ✑✒✓✔✕✖✯



þ ✂❯ ✂ ☛ ❱✞❲ ✟☎❳� ✆ ✡ ✍☎✄❼❨❩✞� � ✟ ❽� ✡☎❳☛✟❳❬ ✡� ✍✄❨❱ÿ✄✞❳þ❨� ■❮■
✜ ð✾ öòñóïôóõöò ê ✰↔ ↔↕→➔ Gp = (V1 ∪ V p

2 , Ep) ➜➔ è➟➣➛Ð➔ ➔→ fp ➜➣ ❒↕↔➤→➙↕↔ ➣➝ ➡➠➢➝→ ➡➔ ➜➣
pième ➙→➠➟➣→➙↕↔ ➨✰↔ ➟➔➫ ➣➟Ñ➝➔ →↕➝→ ➡ ✹➣➢↕➟➡ Ñ➝➔ ➜ ✹➣➜è↕➟➙→Ð➫ ➔ ↔➔ ➫↕➡➙✱➔ ➛➣➞ ➜ ✹➔↔➞➔➫➢➜➔ V1 ↔➙ ➜➔➞ ü➣➜➔➝➟➞➡➔ f ➞➝➟ ➤➔→ ➔↔➞➔➫➢➜➔ ✃ ➤ ✹➔➞→Ô❭Ô➡ ➙➟➔ Ñ➝➔

∀p, V p
1 = V1 ➔→ (∀k ∈ V1, fp(k) = f(k) = 1) ➥➧ ➨■➩

✻ ➔ ➛➜➝➞ ✃ ↕↔ ➣ ∀p, V p+1
2 ⊆ V p

2 ➨
●➔ è➟➣➛Ð➔ G ➣➡➫➔→ ➝↔ ➤↕➝➛➜➣è➔ ➛➣➟❒➣➙→ ➞➙ ➔→ ➞➔➝➜➔➫ ➔↔→ ➞➙ ➙➜ ➣ ➝↔ 1Ô❒➣➤→➔➝➟ ➨ ✰↔ ➟➣➙➞↕↔↔➔➡↕↔➤ ➛➣➟ ➟➠➤➝➟➟➔↔➤➔ ➛↕➝➟ ➫↕↔→➟➔➟ Ñ➝➔ ➛↕➝➟ →↕➝→ p ≥ 1 ✃ G′ ➣ ➝↔ f Ô❒➣➤→➔➝➟ ➞➙ ➔→ ➞➔➝➜➔➫ ➔↔→➞➙ G ➣ ➝↔ ➤↕➝➛➜➣è➔ ➛➣➟❒➣➙→ ➨◆✾î÷õúôóõöò ê ➦➝➛➛↕➞↕↔➞ Ñ➝➔ ➤➔ è➟➣➛Ð➔ Gp ➣➡➫➔→ ➝↔ fpÔ❒➣➤→➔➝➟ Hp ➔→ Ñ➝➔ Lp ➤↕↔→➙➔↔→➜➔➞ ➡➔➝❐ ➙↔➡➙➤➔➞ i1 ➔→ i2 ➥→➔➜➞ Ñ➝➔ di1 = di2

➩ Ñ➝➙ ➞↕↔→ ➝→➙➜➙➞➠➞ ❭ ➜ ✹➙→➠➟➣→➙↕↔ p ➡➔ ➜ ✹➣➜è↕➟➙→Ð➫ ➔➛↕➝➟ ➤↕↔➞→➟➝➙➟➔ ➜➔ è➟➣➛Ð➔ Gp+1 ➔→ ➜➣ ❒↕↔➤→➙↕↔ fp+1 ➨❪ ↕↔→➟↕↔➞ Ñ➝➔ Gp+1 ➣➡➫➔→ ➝↔ fp+1Ô❒➣➤→➔➝➟ ➨
✛↕↔➞➙➡➠➟↕↔➞ ➜➔ ➞↕➝➞Ôè➟➣➛Ð➔ Hp+1 ➡➔ Gp+1 →➔➜ Ñ➝➔ V (Hp+1) = V (Gp+1) ➔→ ((i, j), k) ➔➞→➝↔➔ ➣➟✺→➔ ➡➔ Hp+1 ➞➙ ➔→ ➞➔➝➜➔➫ ➔↔→ ➞➙ ➝↔➔ ➡➔➞ ➡➔➝❐ ➣➞➞➔➟→➙↕↔➞ ➞➝➙ü➣↔→➔➞ ➔➞→ ü➠➟➙✱➠➔ ✲t (i, j) ∈ V p+1

2 ➔→ ((i, j), k) ➔➞→ ➝↔➔ ➣➟✺→➔ ➡➔ Hp ❫
t i = i1 ➔→ ((i2, j), k) ➔➞→ ➝↔➔ ➣➟✺→➔ ➡➔ Hp ➨❴↕➝→➔➞ ➜➔➞ ➣➟✺→➔➞ ➡➔ Hp+1 ➞↕↔→ ➡↕↔➤ ➢➙➔↔ ➙↔➤➜➝➞➔➞ ➡➣↔➞ Ep+1 ➛➝➙➞Ñ➝➔ Ñ➝ ✹➣➝➤➝↔➔ ➣➟✺→➔ ➡➔➜➣ ❒↕➟➫ ➔ ((i2, j), k) ↔ ✹➣➛➛➣➟→➙➔↔→ ❭ E(Hp+1) ➨ ✰↔ ➛➔➝→ ➟➔➫ ➣➟Ñ➝➔➟ Ñ➝➔ Hp ➔→ Hp+1 ↕↔→ ➜➔➫ ✺➫➔ ↔↕➫➢➟➔ ➡ ✹➣➟✺→➔➞ ➨
t ➦↕➙→ k ∈ V1 ➨ ✻ ✹➣➛➟Ò➞ ➜ ✹➠Ñ➝➣→➙↕↔ ➥➧ ➨■➩ ✃ ↕↔ ➣ fp+1(k) = fp(k) ➨ ✰ ➟ degHp(k) = fp(k) ➤➣➟

Hp ➔➞→ ➝↔ fpÔ❒➣➤→➔➝➟ ➔→ degHp+1(k) = degHp(k) ➡ ✹➣➛➟Ò➞ ➜➣ ➡➠✱↔➙→➙↕↔ ➡➔➞ ➣➟✺→➔➞ ➡➔ Hp+1 ➨✰↔ ➛➔➝→ ➡↕↔➤ ➔↔ ➡➠➡➝➙➟➔ Ñ➝➔
degHp+1(k) = fp+1(k)

t ➦↕➙→ (i, j) ∈ V p+1
2 →➔➜ Ñ➝➔ i 6= i1 ➨ ✻ ✹➣➛➟Ò➞ ➜➣ ➡➠✱↔➙→➙↕↔ ➡➔➞ ➣➟✺→➔➞ ➡➔ Hp+1 ✃ degHp+1 ((i, j)) =

degHp((i, j)) ➨ Hp ➠→➣↔→ ➝↔ fpÔ❒➣➤→➔➝➟ ✃ degHp((i, j)) = fp((i, j)) ➔→ ➡↕↔➤ degHp+1((i, j)) =
fp((i, j)) ➨
fp ➔→ fp+1 ➡➙❵ Ò➟➔↔→ ➞➝➟ V p+1

2 ➞➔➝➜➔➫ ➔↔→ ➛↕➝➟ ➜➔➞ ➤↕➝➛➜➔➞ (i1, l), l ∈ {1, 2, . . . , di1} ➨ ➧ ➙↔➞➙ ✃
fp+1((i, j)) = fp((i, j)) ➨ ✰↔ ➣ ➡↕↔➤

degHp+1((i, j)) = fp+1((i, j))

t ➦↕➙→ j ∈ {1, 2, . . . , di1} ➨ ✛↕➫➫➔ Hp ➔➞→ ➝↔ fpÔ❒➣➤→➔➝➟ ✃ degHp((i1, j)) = fp((i1, j)) ➔→
degHp((i2, j)) = fp((i2, j)) ➨ ✻ ✹➣➛➟Ò➞ ➜➣ ➡➠✱↔➙→➙↕↔ ➡➔ Hp+1 ✃ degHp+1((i1, j)) = degHp((i1, j))+
degHp((i2, j)) ➨ ➧ ➙↔➞➙ ✃ degHp+1((i1, j)) = fp((i1, j)) + fp((i2, j)) ➨ ✛↕➫➫➔ fp+1((i1, j)) =
fp((i1, j)) + fp((i2, j)) ↔↕➝➞ ➣ü↕↔➞

degHp+1((i1, j)) = fp+1((i1, j))

➧➙↔➞➙ ✃ ➛ ↕➝➟ →↕➝→ ➞↕➫➫➔→ v ➡➔ Hp+1 ↕↔ ➣ degHp+1(v) = fp+1(v) ➨ ✰↔ ➔↔ ➡➠➡➝➙→ ➡↕↔➤ Ñ➝➔
Hp+1 ➔➞→ ➝↔ fp+1Ô❒➣➤→➔➝➟ ➡➔ Gp+1 ➨ì ðúõîïöPûí ê ➦➝➛➛↕➞↕↔➞ Ñ➝➔ Lp ➤↕↔→➙➔↔→ ➜➔➞ ➡➔➝❐ ➙↔➡➙➤➔➞ i1 ➔→ i2 ➥→➔➜➞ Ñ➝➔ di1 = di2

➩
Ñ➝➙ ➞↕↔→ ➝→➙➜➙➞➠➞ ❭ ➜ ✹➙→➠➟➣→➙↕↔ p ➡➔ ➜ ✹➣➜è↕➟➙→Ð➫ ➔ ➛↕➝➟ ➤↕↔➞→➟➝➙➟➔ ➜➔ è➟➣➛Ð➔ Gp+1 ➔→ ➜➣ ❒↕↔➤Ô→➙↕↔ fp+1 ➨ ➦➝➛➛↕➞↕↔➞ Ñ➝➔ Gp+1 ➣➡➫➔→ ➝↔ fp+1Ô❒➣➤→➔➝➟ Hp+1 ➨



■❮❏ þÿÿ�✁� þ ✂ ✄☎✆ ✄ÿÿþÿ ✝�✞�ÿ ✟ ✠✡☛✟�☞✌ ☞✟�✞✍☛
❉↕→↕↔➞ F p+1 ➜ ✹➔↔➞➔➫➢➜➔ ➡➔➞ ➣➟✺→➔➞ ➡➔ Hp+1 ➨ ④↕➝➟ →↕➝→ j = 1, 2, . . . , di1 ↕↔ ➤↕↔➞➙➡Ò➟➔➝↔➔ ➛➣➟→➙→➙↕↔ ➡➔ ➜ ✹➔↔➞➔➫➢➜➔ {((i1, j), k) ∈ F p+1} ➔↔ 2 ➞↕➝➞Ô➔↔➞➔➫➢➜➔➞ F 1

j,k ➔→ F 2
j,k ➡➔ →➣➙➜➜➔➞➟➔➞➛ ➔➤→➙ü➔➞ fp((i1, j)) ➔→ fp((i2, j)) ➨ ✰↔ ➣

|
{

((i1, j), k) ∈ F p+1
}

| = fp+1((i1, j))

➛➝➙➞Ñ➝➔ degHp+1((i1, j)) = fp+1((i1, j)) ➔→ ➣➙↔➞➙ ✃
|
{

((i1, j), k) ∈ F p+1
}

| = fp((i1, j)) + fp((i2, j))

➤➔ Ñ➝➙ ➙➫➛➜➙Ñ➝➔ Ñ➝➔ ➜➣ ➛➣➟→➙→➙↕↔ ➔➞→ ➟➠➣➜➙➞➣➢➜➔ ➨✰↔ ➡➠✱↔➙→ ➜➔ ➞↕➝➞Ôè➟➣➛Ð➔ Hp ➡➔ Gp ➞➝➙ü➣↔→ ➨ ❴↕➝➞ ➜➔➞ ➞↕➫➫➔→➞ ➡➔ Gp ➞↕↔→ ➡➣↔➞ Hp ➔→ ➝↔➔➣➟✺→➔ ((i, j), k) ➡➔ Gp ➔➞→ ➡➣↔➞ ➜ ✹➔↔➞➔➫➢➜➔ ➡➔➞ ➣➟✺→➔➞ ➡➝ ➞↕➝➞Ôè➟➣➛Ð➔ Hp ➞➙ ➔→ ➞➔➝➜➔➫ ➔↔→ ➞➙t i 6∈ {i1, i2} ➔→ ((i, j), k) ∈ Ep+1 ❫
t i = i1 ➔→ ((i, j), k) ∈ F 1

j,k
❫

t i = i2 ➔→ ((i, j), k) ∈ F 2
j,k ➨✻ ➔ ➜➣ ➫ ✺➫➔ ❒➣❊↕↔ Ñ➝➔ ➛➟➠➤➠➡➔➫➫➔↔→ ✃ ↕↔ ➛➔➝→ ➫↕↔→➟➔➟ Ñ➝➔ ➛↕➝➟ →↕➝→ ➞↕➫➫➔→ k ∈ V p

1 ✃↕↔ ➣ degHp(k) = fp(k) ➔→ ➛↕➝➟ →↕➝→ ➞↕➫➫➔→ (i, j) →➔➜ Ñ➝➔ i 6∈ {i1, i2} ✃ ↕↔ ➣ degHp((i, j)) =
fp((i, j)) ➨
④➣➟ ➡➠✱↔➙→➙↕↔ ➡➝ ➞↕➝➞Ôè➟➣➛Ð➔ Hp ✃ ➛ ↕➝➟ →↕➝→ j ∈ {1, 2, . . . , di1} ✃ ↕↔ ➣ degHp((i1, j)) =
fp((i1, j)) ➔→ degHp((i2, j)) = fp((i2, j)) ➨
➧ ➙↔➞➙ ✃ Hp ➔➞→ ➝↔ fpÔ❒➣➤→➔➝➟ ➡➔ Gp ➨
✻↕↔➤ Gp ➣➡➫➔→ ➝↔ fpÔ❒➣➤→➔➝➟ ➞➙ ➔→ ➞➔➝➜➔➫ ➔↔→ ➞➙ Gp+1 ➣ ➝↔ fp+1Ô❒➣➤→➔➝➟ ✃ ➤➔ Ñ➝➙ ➛ ➔➟➫ ➔→➡➔ ➤↕↔➤➜➝➟➔ ➨ ¤

❛❜❝❞❡❢❣❜ ❤ ✐ ❥ ❦❧♠♥ ♦♣♦ ♠qr❧ ♦❧ st ♦♣✉✈❥✇♥ rt♥ q✈ ❥ ♦❧ st ①r✈ ❦✈✇ q♥ q✈ ❥ ②③ ④✈✉✉❧❥♥ ✈ ⑤♥❧ ❥qr♠❥
f ⑥⑦t④♥❧ ♠r ♦ ♠ ⑧ rt ❦⑨❧ ♠❥❧ ⑦✈ q✇ ♥ rt❥✇⑦✈ r✉♣ ⑩ ❦tr♥ qr ♦ ❶♠❥ ④✈ ♠❦st⑧❧ ♦ ♠ ⑧ rt ❦⑨❧ q❥q♥ qt s ❧♥r♣④ q❦r✈❷ ♠❧✉❧❥♥ ❸

❹❺❜❝❻❼❜ ❽❤ ✐ ❥ ④✈ ❥✇ q♦❾ r❧ s❶q❥✇♥t ❥④❧
d = (1, 1, 4, 4)

t❿❧④
d1 = d2 = 1

❧♥
d3 = d4 = 4

❸➀t ➁q⑧ ♠r❧ ➂ ❸➃ r❧ ❦r♣✇❧ ❥♥❧ s❧ ⑧ rt ❦⑨❧ ④✈rr❧✇ ❦✈ ❥♦t❥♥ ❦✈ ♠r st ⑤✈r❥❧
B = 7

10

❸ ➀❧✇ tr➄♥❧✇ ❧ ❥⑧ rt✇ ⑦✈ r✉❧❥♥ ♠❥ ④✈ ♠❦st⑧❧ ❦tr⑦t q♥ ♦ ♠ ⑧ rt ❦⑨❧ ❸

■ ❏ ❋ Ï ❮ ✘ ➅ ➆ ❰ ■ý

➥■ ✃■➩ ➥❏ ✃■➩➥❋ ✃■➩ ➥Ï ✃■➩

➥❋ ✃❏➩ ➥Ï ✃❏➩ ➥❋ ✃❋➩ ➥Ï ✃❋➩

➥❋ ✃Ï ➩ ➥Ï ✃Ï➩

➇➈➉ ➊ ➧ ➨■ ➋ ➌ rt❦⑨❧ ⑤q❦tr♥ q ❦✈ ♠r
d1 = d2 = 1 ➍ d3 = d4 = 4

❧♥
B = 7

10

➎♠t❥♦ ❥✈ ♠✇ r❧⑧ r✈ ♠❦✈ ❥✇ s❧✇ ♥➏ ❦❧✇ ♦❧ ❦q❾④❧✇ ♦❧ ♦❧✉t❥♦❧✇ q♦❧ ❥♥ q❷ ♠❧✇ ➍ ❥✈ ♠✇ ✈ ⑤♥❧ ❥✈ ❥✇ s❧⑧ rt❦⑨❧ ♦❧ st ➁q⑧ ♠r❧ ➂ ❸② ❸



þ ✂❯ ✂ ☛ ❱✞❲ ✟☎❳� ✆ ✡ ✍☎✄➐❨❩✞� � ✟ ➑� ✡☎❳☛✟❳❬ ✡� ✍✄❨❱ÿ✄✞❳þ❨� ■❮❋

■ ❏ ❋ Ï ❮ ✘ ➅ ➆ ❰ ■ý

a1b1 b2 b3 b4

➇➈➉ ➊ ➧ ➨❏ ➋ ➌ rt❦⑨❧ ⑤q❦tr♥ q ✇ q✉ ❦sq➒ ♣ ❦✈ ♠r
d1 = d2 = 1 ➍ d4 = d4 = 4

❧♥
B = 7

10

❛❜❝❞❡❢❣❜ ❤ ➀❧✇ tr➄♥❧✇ ❧ ❥ ⑧ rt✇ ♦❧ st ➁q⑧ ♠r❧ ➂ ❸② ✇✈ ❥♥ ♠❥
f ⑥⑦t④♥❧ ♠r ✈ ⑤♥❧ ❥♠ ❧❥t❦❦sq❷ ♠t❥♥ s❶t s⑧✈ rq♥ ⑨✉❧ ➓ q✉❦sq➒ ④t♥ q✈ ❥ t♠ ✇✈ ♠✇⑥⑧ rt ❦⑨❧ ♦❧ st ➁q⑧ ♠r❧ ➂ ❸➃ q❥♦ ♠q♥❦tr ✇✈ ❥ ④✈ ♠❦st⑧❧ ❦tr⑦t q♥ ❸

é êëêëê✣ ➔→✾ ðóïõí ➣û ❑ïôî▲í
❉↕➝➞ ➣Ó ↕➝→↕↔➞ ➝↔➔ ➞➔➤↕↔➡➔ →➟➣↔➞❒↕➟➫ ➣→➙↕↔ ❭ ➤➔➜➜➔ ❒↕➝➟↔➙➔ ➛➣➟ ➜ ✹➧➜è↕➟➙→Ð➫ ➔ ➦➙➫➛➜➙✱➤➣→➙↕↔ ✲➞➙ ➜➣ ➞↕➜➝→➙↕↔ ➔➞→ ➞✷➫➠→➟➙Ñ➝➔ ✃ ➣➜↕➟➞ ➞➔➝➜➔ ➜➣ ➛➟➔➫ ➙Ò➟➔ ➫↕➙→➙➠ ➡➝ è➟➣➛Ð➔ ➔➞→ ➟➔➛➟➠➞➔↔→➠➔ ➨ ●➔➞↔ ➟↕➛↕➞➙→➙↕↔➞ ❏✘ ➔→ ❏➅ ➙➫➛➜➙Ñ➝➔↔→ Ñ➝➔ ➜➔ è➟➣➛Ð➔ ➔➞→ →↕➝Ó ↕➝➟➞ ➞✷➫➠→➟➙Ñ➝➔ ➛➣➟ ➟➣➛➛↕➟→ ➣➝→➔➫➛➞ ➥➫ ➣➙➞ ➤➔ ↔ ✹➔➞→ ➛➣➞ ➜➔ ➤➣➞ ➞➔➜↕↔ ➜➣ ➡➠✱↔➙→➙↕↔ ➤➜➣➞➞➙Ñ➝➔ ➡➔➞ è➟➣➛Ð➔➞ ➞✷➫➠→➟➙Ñ➝➔➞➩ ➔→➤➔➟→➣➙↔➞ ➡➔➞ ➔❐➔➫➛➜➔➞ ➛➟↕➛↕➞➠➞ ↕↔→ ➡➔➞ ➤↕➝➛➜➣è➔➞ ➛➟➠➞➔↔→➣↔→ ➜➣ ➫ ✺➫➔ ➞✷➫➠→➟➙➔ ➨
✳ ïöîöñõóõöò ✣↕ ➙★ ✒✚★✩✵✬❅✖✔ ✕★ ✪ ✖✚❙✭❅✶ ✔

B−❙✚✖★ ❀✯ ➛ ✭✚✖✩ ✪ ✚✕✖ ✓✚✕✓
(i, j) ∈ V2

✚★ ✑
E(i, di − j + 1) = D − L(i, j) + 1 ➥➧ ➨❏➩
L(i, di − j + 1) = D − E(i, j) + 1 ➥➧ ➨❋➩

✜ ð✾ öòñóïôóõöò ê ➜ ➛➣➟→➙➟ ➡➔ ➜ ✹➠Ñ➝➣→➙↕↔ ➥❮ ➨Ï➩ ➛ ❰➅ ↕↔ ↕➢→➙➔↔→
E(i, di − j + 1) =

⌈

di − j + 1 − B

ri

⌉

=

⌈

D − j − 1 + B

ri

⌉

= D −
⌊

j − 1 + B

ri

⌋

= D −
⌊

j − 1 + B

ri

+ 1

⌋

+ 1

= D − L(i, j) + 1

● ✹➠è➣➜➙→➠ ➥➧ ➨❋➩ ➔➞→ ↕➢→➔↔➝➔ ➔↔ ➟➔➫➛➜➣❊➣↔→ j ➛➣➟ di − j + 1 ➡➣↔➞ ➥➧ ➨❏➩ ➨ ¤

●➔➞ ➣➟✺→➔➞ ➡➝ è➟➣➛Ð➔ ➞↕↔→ ➡↕↔➤ ➞✷➫➠→➟➙Ñ➝➔➞ ➔→ ↔↕➝➞ ➛➟↕➝ü↕↔➞ ➫ ➣➙↔→➔↔➣↔→ Ñ➝➔ ➜➔➝➟➞ ➤↕➝→➞➜➔ ➞↕↔→ ➣➝➞➞➙ ➨ ✛↕↔➞➙➡➠➟↕↔➞ ➜➔➞ ➡➔➝❐ ➜➔➫➫➔➞ ➞➝➙ü➣↔→➞ ➨
✽í✾✾ í ✣✤ ✿ ✚✵✓

Fi

✕★ ✔ ✏ ✚★ ✒✓✵✚★ ✪✑✵✖✔ ✔✓ ✒✚★❈✔❃ ✔ ❈❀✖✵❚ ✑★✓ ✭✑ ✒✚★✬✵✓✵✚★ ➞➟✯➠➡ ✪ ➢➤ ✯ ❘ ❂✵★✩✎✓✑★✓ ✵✬❀✑✭ ✬✔ ✪ ✖✚✬✕✒✓✵✚★ Z∗
i,j ✬✔ ✭✑ ✪ ✵❅✒✔ (i, j)

✔✩✓ ✓✔✭ ✮✕ ✔

Z∗
i,j =

{

D − Z∗
i,di−j+1

✩✵
ki,j

✔✩✓ ✔★✓✵✔✖
D − Z∗

i,di−j+1 + 1
✩✵★ ✚★



■❮Ï þÿÿ�✁� þ ✂ ✄☎✆ ✄ÿÿþÿ ✝�✞�ÿ ✟ ✠✡☛✟�☞✌ ☞✟�✞✍☛
✜ ð✾ öòñóïôóõöò ê ↔↕➝➟ →↕➝→➔ ❒↕↔➤→➙↕↔ ➛➣➙➟➔ ➔→ ➤↕↔ü➔❐➔ Fi ü➠➟➙✱➣↔→ ➜➣ ➤↕↔➡➙→➙↕↔ ➥❮ ➨❏➩ ➛ ❰Ï ✃↕↔ ➣ Fi(x) = Fi(x− 1) ➞➙ ➔→ ➞➔➝➜➔➫ ➔↔→ ➞➙ x = 1

2
➨ ➧ ➙↔➞➙ ✃ ➡ ✹➣➛➟Ò➞ ➜➣ ➡➠✱↔➙→➙↕↔ ➥❮ ➨❮➩ ➛ ❰➆ ➡➔➜ ✹➙↔➞→➣↔→ ➙➡➠➣➜ ➡➔ ➛➟↕➡➝➤→➙↕↔ ki,j ➡➔ ➜➣ ➛➙Ò➤➔ (i, j) ✃ ↔↕➝➞ ➣ü↕↔➞ ki,j = 2j−1

2ri
➨✰↔ ➤↕↔➞➙➡Ò➟➔ ➝↔ →➟➙➛➜➔→ (i, j, k) ➨ ➦↕➙➔↔→ q ∈ N ➔→ α ∈ Q →➔➜➞ Ñ➝➔ ki,j = q + α ➔→ α ∈ [0, 1[ ➨✰↔ ➣

Z∗
i,di−j+1 = ⌈ki,di−j+1⌉

=

⌈

2(di − j + 1) − 1

2ri

⌉

=

⌈

D − 2j − 1

2ri

⌉

= ⌈D − q − α⌉
= D − q

➧➙↔➞➙ ✃ ➞➙ ki,j ➔➞→ ➔↔→➙➔➟ ✃ ➤ ✹➔➞→Ô❭Ô➡ ➙➟➔ ➞➙ Z∗
i,j = ki,j = q ✃ ↕↔ ➣ Z∗

i,di−j+1 = D − Z∗
i,j ➔→ ➞➙ ki,j↔ ✹➔➞→ ➛➣➞ ➔↔→➙➔➟ ✃ ➤ ✹➔➞→Ô❭Ô➡ ➙➟➔ ➞➙ Z∗

i,j = q + 1 ✃ ↕↔ ➣ Z∗
i,di−j+1 = D−Z∗

i,j + 1 ➨ ✻ ✹↕✼ ➜➔ ➟➠➞➝➜→➣→ ➨
¤

✽í✾✾ í ✣↕ ✿ ✚✵✓
Fi

✕★ ✔ ✏ ✚★ ✒✓✵✚★ ✪✑✵✖✔ ✔✓ ✒✚★❈✔❃ ✔ ❈❀✖✵❚ ✑★✓ ✭✑ ✒✚★✬✵✓✵✚★ ➞➟✯➠➡ ✪ ➢➤ ✯ ➥ ✚✕✖
✓✚✕✓ ✔★✓✵✔✖

p ✬✔ {1, 2, . . . , D − 1} ✚★ ✑

ψi,j,p = ψi,di−j+1,D−p

✜ ð✾ öòñóïôóõöò ê ➦↕➙→ m ➝↔ ➔↔→➙➔➟ ➨ ✻ ✹➣➛➟Ò➞ ➥❮ ➨➅➩ ➛ ❰➆ ✃ ↕↔ ➣
ψi,di−j+1,D−p = |Fi(di − j + 1 − (D − p)ri)

−Fi(di − j + 1 − (D − p)ri − 1)|
= |Fi(−(−di + j − 1 + di − pri))

−Fi(−(−di + j + di − pri))|
= |Fi(−(j − 1 − pri)) − Fi(−(j − pri))|

✛↕➫➫➔ Fi ➔➞→ ➛➣➙➟➔ ✃ ↕↔ ➣ ψi,di−j+1,D−p = |Fi(j − 1 − pri) − Fi(j − pri)| ➔→ ➡↕↔➤
ψi,di−j+1,D−p = ψi,j,p

¤

✳ ïöîöñõóõöò ✣➦ ✿ ✚✵✓
Fi

✕★ ✔ ✏ ✚★ ✒✓✵✚★ ✪✑✵✖✔ ✔✓ ✒✚★❈✔❃ ✔ ❈❀✖✵❚ ✑★✓ ✭✑ ✒✚★✬✵✓✵✚★ ➞➟✯➠➡ ✪ ➢➤ ✯
➥ ✚✕✖ ✓✚✕✓ ✓✖✵✪ ✭✔✓ (i, j, k)❇ ✚★ ✑

Ci,j,k = Ci,di−j+1,D−k+1

✜ ð✾ öòñóïôóõöò ê ✰↔ ➤↕↔➞➙➡Ò➟➔ ➜➔ →➟➙➛➜➔→ (i, j, k) ➨ ❪ ↕↔→➟↕↔➞ Ñ➝➔ Ci,j,k = Ci,di−j+1,D−k+1 ➨✻ ✹➣➛➟Ò➞ ➜➔ ●➔➫➫➔ ❏❮ ✃ ↕↔ ➣ Z∗
i,j = D−Z∗

i,di−j+1 + ǫ ➣ü➔➤ ǫ ∈ {0, 1} ➨ ✰↔ ↔↕→➔ ǫ ➜ ✹➔↔→➙➔➟ 1− ǫ ➨



þ ✂❯ ✂ ☛ ❱✞❲ ✟☎❳� ✆ ✡ ✍☎✄➐❨❩✞� � ✟ ➑� ✡☎❳☛✟❳❬ ✡� ✍✄❨❱ÿ✄✞❳þ❨� ■❮❮
➋ ➦➝➛➛↕➞↕↔➞ Ñ➝➔ k < Z∗

i,j ➨ ●➔ ●➔➫➫➔ ❏✘ ➙➫➛➜➙Ñ➝➔ Ñ➝➔ ✲
Z∗

i,j−1
∑

p=k

ψi,j,p =

D−Z∗

i,di−j+1−ǫ
∑

p=k

ψi,di−j+1,D−p

=
D−k
∑

p=Z∗

i,di−j+1+ǫ

ψi,di−j+1,p

➦➙ ǫ = 1 ✃ ➣➜↕➟➞ ki,j ➔➞→ ➔↔→➙➔➟ ➔→ ➡↕↔➤ ↕↔ ➛➔➝→ ➔↔ ➡➠➡➝➙➟➔ ➡ ✹➣➛➟Ò➞ ➜➣ ➛➟➔➝ü➔ ➡➝ ●➔➫➫➔ ❏❮Ñ➝➔ ki,di−j+1 ➔➞→ ➣➝➞➞➙ ➝↔ ➔↔→➙➔➟ ➨ ✻ ➔ ➤➔ ➟➠➞➝➜→➣→ ➔→ ➡➔ ➜➣ ➡➠✱↔➙→➙↕↔ ➥❮ ➨❮➩ ➛ ❰➆ ➡➔ ki,di−j+1↕↔ ↕➢→➙➔↔→ ψi,di−j+1,Z∗

i,di−j+1
= 0 ➨ ➧ ➙↔➞➙ ✃
Z∗

i,j−1
∑

p=k

ψi,j,p =

(D−k+1)−1
∑

p=Z∗

i,di−j+1

ψi,di−j+1,p

✻↕↔➤ ✃ ➡ ✹➣➛➟Ò➞ ➡➠✱↔➙→➙↕↔ ➥❮ ➨✘➩ ➛ ❰➆ ➡➔➞ ➤↕➝→➞ ✃ ↕↔ ➣
Ci,j,k = Ci,di−j+1,D−k+1

➋ ➦➝➛➛↕➞↕↔➞ Ñ➝➔ k = Z∗
i,j ➨ ➦➙ ki,j ➔➞→ ➔↔→➙➔➟ ✃ ki,di−j+1 ➔➞→ ➣➝➞➞➙ ➔↔→➙➔➟ ➔→ ➠è➣➜ ❭ D−k ➥➡ ✹➣➛➟Ò➞

➜➔ ●➔➫➫➔ ❏❮➩ ➨ ➧ ➙↔➞➙ ✃ ↕↔ ➣ Ci,di−j+1,D−k+1 =
∑D−k+1−1

p=Z∗

i,di−j+1
ψi,di−j+1,p = ψi,j,Z∗

i,di−j+1
= 0 ➨

✛↕➫➫➔ k = Z∗
i,j ✃ ↕↔ ➣ Ci,j,k = 0 ➨ ✰↔ ↕➢→➙➔↔→ ➡↕↔➤ ✃

Ci,j,k = Ci,di−j+1,D−k+1

➋ ➦➝➛➛↕➞↕↔➞ Ñ➝➔ k > Z∗
i,j ➨ ●➔ ●➔➫➫➔ ❏✘ ➙➫➛➜➙Ñ➝➔

∑k−1
p=Z∗

i,j
ψi,j,p =

∑k−1
p=D−Z∗

i,di−j+1+ǫ ψi,di−j+1,D−p

=
∑Z∗

i,di−j+1−ǫ

p=D−k+1 ψi,di−j+1,p

➦➙ ǫ = 0 ✃ ➣➜↕➟➞ ki,di−j+1 ➔➞→ ➔↔→➙➔➟ ➔→ ψi,di−j+1,Z∗

i,di−j+1
= 0 ➨ ➧ ➙↔➞➙ ✃ ↕↔ ➣

k−1
∑

p=Z∗

i,j

ψi,j,p =

Z∗

i,di−j+1−1
∑

p=D−k+1

ψi,di−j+1,p

✻↕↔➤ ➡ ✹➣➛➟Ò➞ ➜➣ ➡➠✱↔➙→➙↕↔ ➥❮ ➨✘➩ ➛ ❰➆ ➡➔➞ ➤↕➝→➞ ✃ ↕↔ ➣
Ci,j,k = Ci,di−j+1,D−k+1

➧➙↔➞➙ ✃ Ñ➝➔➜➜➔➞ Ñ➝➔ ➞↕➙➔↔→ ➜➔➞ ü➣➜➔➝➟➞ ➟➔➜➣→➙ü➔➞ ➡➔ k ➔→ Z∗
i,j ✃ ↕↔ ➣

Ci,j,k = Ci,di−j+1,D−k+1

¤

●➔➞ ↔ ➟↕➛↕➞➙→➙↕↔➞ ❏✘ ➔→ ❏➅ ➙➫➛➜➙Ñ➝➔↔→ Ñ➝➔ ➜ ✹➔↔➞➔➫➢➜➔ ➡➔➞ ➣➟✺→➔➞ ➔→ ➡➔➞ ➤↕➝→➞ ➞↕↔→ ➞✷➫➠Ô→➟➙Ñ➝➔➞ ✃ ➫ ➣➙➞ ➛➣➞ ↔➠➤➔➞➞➣➙➟➔➫ ➔↔→ ➜➔ ➤↕➝➛➜➣è➔ ↕➛→➙➫ ➣➜➨ ✛➔➛ ➔↔➡➣↔→ ✃ ➡➣↔➞ ➡➔ ↔↕➫➢➟➔➝❐ ➤➣➞ ✃➤➔ ➤↕➝➛➜➣è➔ ➔➞→ ➞✷➫➠→➟➙Ñ➝➔ ➔→ ↔↕➝➞ ➣➡↕➛→↕↔➞ ➝↔➔ ➟➔➛➟➠➞➔↔→➣→➙↕↔ ↕✼ ➞➔➝➜➔ ➜➣ ➛➟➔➫ ➙Ò➟➔ ➫↕➙Ô→➙➠ ➡➝ è➟➣➛Ð➔ ➔➞→ ➡➔➞➞➙↔➠➔ ➨ ●➔ ➞✷➫➢↕➜➔ . . . ➙↔➡➙Ñ➝➔ ➣➜↕➟➞ Ñ➝➔ ➜➔ è➟➣➛Ð➔ ↔ ✹➔➞→ ➛➣➞ ➟➔➛➟➠➞➔↔→➠➙↔→➠è➟➣➜➔➫ ➔↔→ ➥ü↕➙➟ ❍ ➙è➝➟➔ ➧ ➨❋➩ ➨



■❮✘ þÿÿ�✁� þ ✂ ✄☎✆ ✄ÿÿþÿ ✝�✞�ÿ ✟ ✠✡☛✟�☞✌ ☞✟�✞✍☛
❹❺❜❝❻❼❜ ➧ ❤ ➨✈♠✇ ④✈ ❥✇ q♦♣ r✈ ❥✇ s❶❧➩❧✉❦s❧ ❦r♣④♣♦❧❥♥ t❿❧④

d = (1, 1, 4, 4)
✈ ➫

d1 = d2 = 1❧♥
d3 = d4 = 4

❸ ➀❧ ⑧ rt ❦⑨❧ ♦❧ st ➁q⑧ ♠r❧ ➂ ❸② ❧✇♥ ✇➏✉♣♥ rq❷ ♠❧ ❸ ➂ q❥✇ q➍ ✈ ❥ ❦❧♠♥ s❧ ✇ q✉ ❦sq➒ ❧ r❦✈ ♠r ✈ ⑤♥❧ ❥qr s❧ ⑧ rt❦⑨❧ ♦❧ st ➁q⑧ ♠r❧ ➂ ❸➭ ❸

■ ❏ ❋ Ï ❮

b1 b2 a1

➇➈➉ ➊ ➧ ➨❋ ➋ ➯ ➟➣➛Ð➔ ➢➙➛➣➟→➙ ➛ ↕➝➟ d1 = d2 = 1 ✃ d3 = d4 = 4 ➔→ B = 7
10

é êëêëê▼ ➔→✾ ðóïõí ➣íñ ñö ÷ûóõöòñ
✰↔ ➛➔➝→ ➟➔➫ ➣➟Ñ➝➔➟ Ñ➝➔ ➜➣ ➞✷➫➠→➟➙➔ ➡➝ è➟➣➛Ð➔ ➙➫➛➜➙Ñ➝➔ Ñ➝➔ ➛↕➝➟ ➤➔➟→➣➙↔➔➞ ➙↔➞→➣↔➤➔➞ ✃ ➙➜➔❐ ➙➞→➔ →↕➝Ó ↕➝➟➞ ➡➔➞ ➞↕➜➝→➙↕↔➞ ↕➛→➙➫ ➣➜➔➞ ➞✷➫➠→➟➙Ñ➝➔➞ ➨ ✰↔ ➛➔➝→ ➔↔ü➙➞➣è➔➟ ➛➣➟ ➔❐➔➫➛➜➔ ➜➔ ➤➣➞↕✼ ➜➔➞ ➡➔➫ ➣↔➡➔➞ ➞↕↔→ →↕➝→➔➞ ➛➣➙➟➔➞ ➔→ ü↕➙➟ ❒➣➤➙➜➔➫ ➔↔→ Ñ➝ ✹➙➜ ➔❐ ➙➞→➔ ➝↔ ➤↕➝➛➜➣è➔ ➞✷➫➠→➟➙Ñ➝➔↕➛→➙➫ ➣➜ ➛↕➝➟ →↕➝→ ➛➟↕➢➜Ò➫ ➔ ➫ ➙↔Ô➞➝➫ ↕➝ ➛↕➝➟ ➫ ➣❐Ô➣➢➞ ➨↔ ➜➝➞ ➛➟➠➤➙➞➠➫ ➔↔→ ✃ ➞➙ ➝↔ ➤↕➝➛➜➣è➔ ➔❐ ➙➞→➔ ➛↕➝➟ ➝↔➔ ➢↕➟↔➔ B ➡↕↔↔➠➔ ✃ ↕↔ ➛➔➝→ ➣➜↕➟➞ ➫↕↔→➟➔➟Ñ➝ ✹➙➜ ➔↔ ➔❐ ➙➞→➔ ➝↔ Ñ➝➙ ➟➠➛➣➟→➙→ ➜➔➞ ➛➙Ò➤➔➞ ➡➔ ➤Ð➣Ñ➝➔ →✷➛➔ ➠Ñ➝➙→➣➢➜➔➫ ➔↔→ ➔↔→➟➔ ➜➔➞ ➡➔➝❐➫↕➙→➙➠➞ ➡➝ è➟➣➛Ð➔ ➨
●➔➞ ➜➔➫➫➔➞ ➞➝➙ü➣↔→➞ ➛ ➔➟➫ ➔→→➔↔→ ➡➔ ➡➠➫↕↔→➟➔➟ ➤➔ ➟➠➞➝➜→➣→ ➨
✽í✾✾ í ✣➦ ✿ ✚✵✓

i
✕★ ✓❄✪ ✔ ✬✔ ✪ ✵❅✒✔✩ ✔✓

B
✕★ ✔ ❙✚✖★ ✔ ✵★✏ ❀✖✵✔✕✖✔ ✩✓✖✵✒✓✔✶ ✔★✓ ❁

3/2 ✯ ✿ ✵ di

✔✩✓
✵✶✪✑✵✖✔ ✔✓

D
✔✩✓ ✪✑✵✖❇ ✑✭✚✖✩ ✪ ✚✕✖ ✓✚✕✓

i = 1, 2, . . . , n❇ ✭✔✩ ✪ ✵❅✒✔✩ (i, j)❇ j = 1, 2, . . . , (di −
1)/2

✩ ✚★✓ ✪ ✖✚✬✕✵✓✔✩ ✑❈✑★✓ ✭ ❂✵★✩✓✑★✓
D/2 ✯

✜ ð✾ öòñóïôóõöò ê ➦↕➙→ i ➝↔ →✷➛➔ ➡➔ ➛➙Ò➤➔➞ →➔➜ Ñ➝➔ di ➔➞→ ➙➫ ➛➣➙➟➔ ➨ ➦↕➙→ j ∈ {1, 2, . . . , (di − 1)/2} ➨
L(i, j) =

⌊

j−1+B
ri

+ 1
⌋

≤
⌊

(di−1)/2+B−1
ri

+ 1
⌋

≤ D
2

+ 1 +
⌊

B−3/2
ri

⌋

✛↕➫➫➔ B < 3/2 ✃ ↕↔ ➣
L(i, j) ≤ D

2

¤

✽í✾✾ í ✣➲ ✿ ✚✵✓
i
✕★ ✓❄✪ ✔ ✬✔ ✪ ✵❅✒✔✩ ✔✓

B < 1
✕★ ✔ ❙✚✖★ ✔✯ ✿ ✵

di

✔✩✓ ✪✑✵✖✔ ✔✓
D

✔✩✓ ✪✑✵✖✔❇✑✭✚✖✩ ✭✔✩ ✪ ✵❅✒✔✩ (i, j)❇ j = 1, 2, . . . , di/2
✩ ✚★✓ ✪ ✖✚✬✕✵✓✔✩ ✑❈✑★✓ ✚✕ ❁ ✭ ❂✵★✩✓✑★✓

D/2 ✯



þ ✂❯ ✂ ☛ ❱✞❲ ✟☎❳� ✆ ✡ ✍☎✄➐❨❩✞� � ✟ ➑� ✡☎❳☛✟❳❬ ✡� ✍✄❨❱ÿ✄✞❳þ❨� ■❮➅
✜ ð✾ öòñóïôóõöò ê ➦↕➙→ i ➝↔ →✷➛➔ ➡➔ ➛➙Ò➤➔ →➔➜ Ñ➝➔ di ➔➞→ ➛➣➙➟➔ ➨ ➦↕➙→ j ∈ {1, 2, . . . , di/2} ➨

L(i, j) =
⌊

j−1+B
ri

+ 1
⌋

≤
⌊

di/2+B−1
ri

+ 1
⌋

≤ D
2

+ 1 +
⌊

B−1
ri

⌋

✛↕➫➫➔ B < 1 ✃ ↕↔ ➣
L(i, j) ≤ D

2

¤

●➔➞ ●➔➫➫➔➞ ❏➅ ➔→ ❏➆ ➔→ ➜➣ ➞✷➫➠→➟➙➔ ➡➝ è➟➣➛Ð➔ ➙➫➛➜➙Ñ➝➔↔→ ➡↕↔➤ Ñ➝➔ ➞➙ ➜➣ ➡➔➫ ➣↔➡➔ →↕→➣➜➔➔➞→ ➛➣➙➟➔ ✃ ➣➜↕➟➞ ➜➔➞ ➛➙Ò➤➔➞ (i, j) ✃ j = 1, 2, . . . , ⌊di/2⌋ ➞↕↔→ ➛➟↕➡➝➙→➔➞ ➣ü➣↔→ ➜ ✹➙↔➞→➣↔→ D/2 ➔→➜➔➞ ➛➙Ò➤➔➞ (i, j) ✃ j = ⌈di/2⌉ + 1, ⌈di/2⌉ + 2, . . . , di ➞↕↔→ ➛➟↕➡➝➙→➔➞ ➣➛➟Ò➞ D/2 ➡➣↔➞ →↕➝→➔➞↕➜➝→➙↕↔ ➡↕↔→ ➜➔ ➫ ➣❐➙➫➝➫ ➡➔➞ ➡➠ü➙➣→➙↕↔➞ ➔➞→ ➙↔❒➠➟➙➔➝➟ ➞→➟➙➤→➔➫ ➔↔→ ❭ 1 ➨
✳ ïöîöñõóõöò ✣➲ ➥ ✚✕✖ ✓✚✕✓ ✪ ✖✚❙✭❅✶ ✔ ✶ ✑❃ ✎✑❙✩ ✚✕ ✶ ✵★✎✩✕✶ B ✎❙✚✖★ ❀ ✑❈✔✒

B < 1❇ ✩ ✵ ✭✑
✬✔✶ ✑★✬✔ ✓✚✓✑✭✔ ✔✩✓ ✪ ✑✵✖✔❇ ✵✭ ✔❃ ✵✩✓✔ ✓✚✕➳ ✚✕✖✩ ✕★ ✔ ✩✚✭✕✓✵✚★ ✚✪ ✓✵✶ ✑✭✔ ✓✔✭ ✭✔ ✮✕ ✔

yi,j,k = 1 ⇒
(

yi,di−j+1,D−k+1 = 1
✔✓ {

k ≤ D/2
✩✵

j ≤ ⌊di/2⌋
k ≥ D/2 + 1

✩✵ ⌈di/2⌉ + 1 ≤ j

)

➥➧ ➨Ï➩

✜ ð✾ öòñóïôóõöò ê ✻ ➙➟➔➤→➔➫ ➔↔→ ➡➔ ➜➣ ↔ ➟↕➛↕➞➙→➙↕↔ ❏✘ ➔→ ➡➔➞ ●➔➫➫➔➞ ❏➅ ➔→ ❏➆ ➨ ¤

✽í✾✾ í ✣➵ ✿ ✚✵✔★✓
i
✕★ ✓❄✪ ✔ ✬✔ ✪ ✵❅✒✔✩ ✔✓

B ≤ 1
✕★ ✔ ❙✚✖★ ✔✯ ✿ ✵

di

✔✩✓ ✵✶✪✑✵✖✔ ✔✓
D

✔✩✓
✵✶✪✑✵✖✔❇ ✑✭✚✖✩ ✪ ✚✕✖ ✓✚✕✓

i = 1, 2, . . . , n❇ ✭✔✩ ✪ ✵❅✒✔✩ (i, j)❇ j = 1, 2, . . . , (di − 1)/2
✩ ✚★✓

✪ ✖✚✬✕✵✓✔✩ ✑❈✑★✓ ✚✕ ❁ ✭ ❂✵★✩✓✑★✓
(D − 1)/2 ✯

✜ ð✾ öòñóïôóõöò ê ➦↕➙→ i ➝↔ →✷➛➔ ➡➔ ➛➙Ò➤➔➞ →➔➜ Ñ➝➔ di ➔➞→ ➙➫ ➛➣➙➟➔ ➨ ➦↕➙→ j ∈ {1, 2, . . . , (di − 1)/2} ➨
L(i, j) =

⌊

j−1+B
ri

+ 1
⌋

≤
⌊

(di−1)/2+B−1
ri

+ 1
⌋

≤ D−1
2

+ 1 +
⌊

1
2
− B−3/2

ri

⌋

✛↕➫➫➔ B ≤ 1 ➔→ D > di ✃ ↕↔ ➣ B−3/2
ri

< −1
2

➔→ ➡↕↔➤
L(i, j) ≤ D − 1

2

¤

✽í✾✾ í ▼➸ ✿ ✚✵✓
i

✕★ ✓❄✪ ✔ ✬✔ ✪ ✵❅✒✔✩ ✔✓
B ≤ 1

✕★ ✔ ❙✚✖★ ✔✯ ✿ ✵
di

✔✩✓ ✪✑✵✖✔ ✔✓
D

✔✩✓
✵✶✪✑✵✖✔❇ ✑✭✚✖✩ ✩ ❂✵✭ ✔❃ ✵✩✓✔ ✕★ ✒✚✕✪ ✭✑➺ ✔ ✪ ✑✖✏ ✑✵✓❇ ✵✭ ✔★ ✔❃ ✵✩✓✔ ✕★ ✓✔✭ ✮✕ ✔ ✭✔✩ ✪ ✵❅✒✔✩ (i, j)❇
j = 1, 2, . . . , di/2

✩ ✚★✓ ✪ ✖✚✬✕✵✓✔✩ ✑❈✑★✓ ✭ ❂✵★✩✓✑★✓
(D + 1)/2 ✯



■❮➆ þÿÿ�✁� þ ✂ ✄☎✆ ✄ÿÿþÿ ✝�✞�ÿ ✟ ✠✡☛✟�☞✌ ☞✟�✞✍☛
✜ ð✾ öòñóïôóõöò ê ➦↕➙→ i ➝↔ →✷➛➔ ➡➔ ➛➙Ò➤➔➞ →➔➜ Ñ➝➔ di ➔➞→ ➛➣➙➟➔ ➨ ➦↕➙→ j ∈ {1, 2, . . . , di/2} ➨

L(i, j) =
⌊

j−1+B
ri

+ 1
⌋

≤
⌊

di/2+B−1
ri

+ 1
⌋

≤ 1 +
⌊

D
2

⌋

≤ D+1
2

➦↕➙→ i ➝↔ →✷➛➔ ➡➔ ➛➙Ò➤➔➞ →➔➜ Ñ➝➔ di ➔➞→ ➙➫ ➛➣➙➟➔ ➨
L(i, (di + 1)/2) =

⌊

di+1

2
−1+B

ri
+ 1

⌋

= 1 +
⌊

D
2

+ D
2 di

⌋

≥ D+1
2

●↕➟➞Ñ➝➔ ➜ ✹↕↔ ➤Ð➔➟➤Ð➔ ➝↔ ➤↕➝➛➜➣è➔ ➛➣➟❒➣➙→ ➡➣↔➞ ➜➔ è➟➣➛Ð➔ ✃ ↕↔ ➛➔➝→ ➝→➙➜➙➞➔➟ ➜➣ ➟Òè➜➔ ➻✻✻➥➼✑✖✭✵✔✩✓ ➽ ✕✔ ➽ ✑✓✔➩ ➣ü➔➤ ➤↕➫➫➔ ➡➣→➔ ➡ ✹➠➤Ð➠➣↔➤➔ ➛↕➝➟ ➜➣ ➛➙Ò➤➔ (i, j) ➞↕↔ ➙↔➞→➣↔→ ➣➝➛➜➝➞ →➣➟➡ ➡➔ ➛➟↕➡➝➤→➙↕↔ L(i, j)
✗➆❏✙ ➨ ➦➙ i1 ➔➞→ ➝↔ →✷➛➔ ➡➔ ➛➙Ò➤➔ ➡➔ ➡➔➫ ➣↔➡➔ ➛➣➙➟➔ ➔→

i2 ➝↔ →✷➛➔ ➡➔ ➛➙Ò➤➔➞ ➡➔ ➡➔➫ ➣↔➡➔ ➙➫➛➣➙➟➔ ✃ ↕↔ ➣➝➟➣ L(i1, j) ≤ L(i2, (di2 + 1)/2) ➛↕➝➟→↕➝→ j ∈ {1, 2, . . . , di1/2} ➨ ●➣ ➟Òè➜➔ ➻✻✻ ➛➜➣➤➔ ➡↕↔➤ ➞➙ ➤ ✹➔➞→ ➛↕➞➞➙➢ ➜➔ ➜➔➞ ➛➙Ò➤➔➞ (i1, j) ✃
j = 1, 2, . . . , di1/2 ➣ü➣↔→ ➜➣ ➛➙Ò➤➔ (i2, (di2 +1)/2) ➨ ➦➝➛➛↕➞↕↔➞ Ñ➝ ✹➙➜ ➔❐ ➙➞→➔ ➝↔ ➤↕➝➛➜➣è➔ ➛➣➟Ô❒➣➙→ ➛↕➝➟ ➜➣ ➢↕➟↔➔ B ➨ ➾ →➙➜➙➞↕↔➞ ➜➣ ➟Òè➜➔ ➻✻✻ ➛↕➝➟ ➛➜➣➤➔➟ ➜➔➞ ➛➙Ò➤➔➞ (i, j) ➛↕➝➟ i = 1, 2, . . . , n➔→ j = 1, 2, . . . , ⌊di/2⌋ ➨ ➦➙ ➝↔➔ ➡➔ ➤➔➞ ➛➙Ò➤➔➞ (i1, di1) ➔➞→ ➛➜➣➤➠➔ ➔↔ D+1

2
✃ ➣➜↕➟➞ ➛➣➟ ➞✷Ô➫ ➠→➟➙➔ ➡➝ è➟➣➛Ð➔ ✃ ➙➜ ➔➞→ ➙➫ ➛↕➞➞➙➢ ➜➔ ➡➔ ➛➜➣➤➔➟ →↕➝→➔➞ ➜➔➞ ➛➙Ò➤➔➞ (i, j) ✃ i = 1, 2, . . . , n

j = ⌊di1/2⌋ + 1, ⌊di1/2⌋ + 2, . . . , di1 ➣➛➟Ò➞ D+1
2

➨ ➧ ➙↔➞➙ ✃ ➣➝➤➝↔➔ ➡➔➞ ➛➙Ò➤➔➞ (i1, di1/2) ↔ ✹➔➞→➛➜➣➤➠➔ ➔↔ D+1
2

➨ ¤

❛❜❝❞❡❢❣❜ ❤ ➀t ❦q❾④❧ ④❧ ❥♥ rt s❧ ❧✇♥ ♦t❥✇ ④❧ ④t✇ st ❦q❾④❧
(i, (di +1)/2)

♦ ❶♠❥ ♥➏ ❦❧ ♦❧ ❦q❾④❧
i
♦❧ ♦❧✉t❥♦❧ q✉ ❦t qr❧ ❸

✰↔ ↕➢→➙➔↔→ ➡↕↔➤ ➙➫➫➠➡➙➣→➔➫➔↔→ ➜➔ ➟➠➞➝➜→➣→ ➞➝➙ü➣↔→ ✲
✽í✾✾ í ▼ ë ✿✵ ✓✚✕✓✔✩ ✭✔✩ ✬✔✶ ✑★✬✔✩ ✩ ✚★✓ ✪✑✵✖✔✩ ✩✑✕✏ ✕★ ✔❇ ✑✭✚✖✩ ✭✔ ✪ ✖✚❙✭❅✶ ✔ ✶ ✑❃ ✎✑❙✩ ✑ ✕★ ✔
✩✚✭✕✓✵✚★ ✚✪ ✓✵✶ ✑✭✔ ✩❄✶ ❀✓✖✵✮✕ ✔✯
↔↕➝➟ ➟➠➛➣➟→➙➟ ➜➔➞ ➛➙Ò➤➔➞ (i, (di + 1)/2) ➔↔→➟➔ ➜➔➞ ➡➔➝❐ ➫↕➙→➙➠➞ ➡➝ è➟➣➛Ð➔ ✃ ➙➜ ➔➞→ ➛↕➞➞➙➢➜➔ ➡➔➜➔➞ ➛➜➣➤➔➟ ➣➜→➔➟↔➣→➙ü➔➫ ➔↔→ ➡➔ ➤Ð➣Ñ➝➔ ➤✸→➠ ➡➔ ⌊D+1

2
⌋ ➡➣↔➞ ➜ ✹↕➟➡➟➔ ➡➔➞ di ➡➠➤➟↕➙➞➞➣↔→➞ ➨ ➻↔➔❵➔→ ✃ ↕↔ ➣ E(i, (di +1)/2) = D−L(i, (di +1)/2)+1 ➛↕➝➟ →↕➝→ →✷➛➔ i ➡➔ ➡➔➫ ➣↔➡➔ ➙➫➛➣➙➟➔➡ ✹➣➛➟Ò➞ ➜➣ ↔ ➟↕➛ ↕➞➙→➙↕↔ ❏✘ ➡↕↔➤ ↕↔ ➛➔➝→ ➛➜➣➤➔➟ ➜➔➞ ➛➙Ò➤➔➞ (i, (di + 1)/2) ➡➔➞ →✷➛➔➞ i ➡➔➡➔➫ ➣↔➡➔ ➙➫➛➣➙➟➔ ➙↔➡➙❵➠➟➔➫➫➔↔→ ➡ ✹➝↔ ➤✸→➠ ↕➝ ➡➔ ➜ ✹➣➝→➟➔ ➨ ➦ ✹➙➜ ➔❐ ➙➞→➔ ➝↔ ➤↕➝➛➜➣è➔ ➛↕➝➟ ➝↔➔➢↕➟↔➔ B ≤ 1 ➡↕↔↔➠➔ ➔→ Ñ➝ ✹↕↔ ➝→➙➜➙➞➔ ➜➣ ➟Òè➜➔ ➻✻✻ ➛↕➝➟ ➛➜➣➤➔➟ →↕➝→➔➞ ➜➔➞ ➛➙Ò➤➔➞ (i, j) ✃ ➣ü➔➤

i = 1, 2, . . . , n ➔→ j = 1, 2, . . . , ⌊di/2⌋ ✃ ➜➔➞ ➙↔➞→➣↔→➞ ➡➔ ➛➟↕➡➝➤→➙↕↔➞ ➟➔➞→➣↔→➞ ➣ü➣↔→ (D+1)/2➔→ ➣➛➟Ò➞ (D + 1)/2 ➞➔➟↕↔→ ↕➤➤➝➛➠➞ ➛➣➟ ➡➔➞ ➛➙Ò➤➔➞ (i, (di + 1)/2) ➡➔ →✷➛➔➞ i ➡➔ ➡➔➫➣↔➡➔➙➫➛➣➙➟➔ ➨ ✛↕➫➫➔ di > di′ ➙➫ ➛➜➙Ñ➝➔ Ñ➝➔ E(i, (di + 1)/2) < E(i′, (di′ + 1)/2) ↕↔ ➛➔➝→ ➛➜➣➤➔➟➜➔➞ ➛➙Ò➤➔➞ (i, (di +1)/2) ➡➔➞ →✷➛➔➞ i ➡➔ ➡➔➫ ➣↔➡➔ ➙➫➛➣➙➟➔ ➔↔ ➣→→➟➙➢➝➣↔→ ➜➔➞ ➙↔➞→➣↔→➞ ➟➔➞→➣↔→➞➜➔➞ ➛➜➝➞ ➠➜↕➙è↔➠➞ ➡➝ ➤➔↔→➟➔ ➣➝❐ →✷➛➔➞ ➡➔ ➡➔➫➣↔➡➔➞ ➜➔➞ ➛➜➝➞ ❒➣➙➢ ➜➔➞ ➨ ✛➔➞ ➙↔➞→➣↔→➞ ➠→➣↔→➞✷➫➠→➟➙Ñ➝➔➞ ➛➣➟ ➟➣➛➛↕➟→ ❭ D+1
2

↕↔ ↕➢→➙➔↔→ ➜➔ ➟➠➞➝➜→➣→ ➞➝➙ü➣↔→ ✲



þ ✂❯ ✂ ☛ ❱✞❲ ✟☎❳� ✆ ✡ ✍☎✄➐❨❩✞� � ✟ ➑� ✡☎❳☛✟❳❬ ✡� ✍✄❨❱ÿ✄✞❳þ❨� ■❮❰
✳ ïöîöñõóõöò ✣➵ ➥ ✚✕✖ ✓✚✕✓✔ ✬✚★★ ❀✔ d1, d2, . . . , dn

✓✔✭ ✭✔ ✮✕ ✔ ✭✔✩ ✬✔✶ ✑★✬✔✩ d1, d2, . . . , dp ❇
p ≤ n

✩ ✚★✓ ✵✶✪✑✵✖✔✩ ✔✓ ✓✔✭ ✭✔ ✮✕ ✔ ✪ ✚✕✖ ✓✚✕✓
i = 1, 2, . . . , ⌊n/2⌋❇ ✚★ ✑

d2i−1 = d2i ❇ ✩ ❂✵✭
✔❃ ✵✩✓✔ ✕★ ✒✚✕✪ ✭✑➺ ✔ ✪✑✖✏ ✑✵✓ ✪ ✚✕✖ ✭✑ ❙✚✖★ ✔

B ✬✕ ✶ ✑❃ ✵✶✕✶ ✬✔✩ ✬❀❈✵✑✓✵✚★✩❇ ✑✭✚✖✩ ✵✭ ✔❃ ✵✩✓✔ ✕★
✒✚✕✪ ✭✑➺ ✔ ✪✑✖✏ ✑✵✓ ✩❄✶ ❀✓✖✵✮✕ ✔ ✪✑✖ ✖✑✪✪ ✚✖✓ ❁ ⌊

D+1
2

⌋ ✯
● ✹➔❐ ➙➞→➔↔➤➔ ➡➔ ➞↕➜➝→➙↕↔➞ ➞✷➫➠→➟➙Ñ➝➔➞ ↕➝ ➛➟➔➞Ñ➝➔ ➞✷➫➠→➟➙Ñ➝➔➞ ➣ ➙↔➞➛➙➟➠ ➜➔➞ Ð➔➝➟➙➞→➙Ñ➝➔➞➛➟➠➞➔↔→➠➔➞ ➡➣↔➞ ➜➣ ➦➔➤→➙↕↔ ➧ ➨■ ➨❏ ➨
Õ Ö×Ö➚ ➪ ÝÛÚæßÙæ➶ÛÝß â ç ➹➘åç➴ æá ➹Ýß
●➣ ➟➔➛➟➠➞➔↔→➣→➙↕↔ ➡ ✹➝↔➔ ➞↕➜➝→➙↕↔ ➡➔➞ ➛➟↕➢➜Ò➫ ➔➞ ➡ ✹↕➟➡↕↔↔➣↔➤➔➫ ➔↔→ Ó ➝➞→➔Ô❭Ô→➔➫➛➞ ➛➣➟ ➜➣➡➔➞➤➟➙➛→➙↕↔ ➤↕➫➛➜Ò→➔ ➡➔ ➜ ✹➔↔➞➔➫➢➜➔ ➡➔➞ ➡➣→➔➞ ➡ ✹➝➞➙↔➣è➔ ➡➔➞ ➛➙Ò➤➔➞ ↔ ✹➔➞→ ➛➣➞ ➛↕➜✷↔↕➫ ➙➣➜➔ ➡➔➜➣ →➣➙➜➜➔ ➡➔ ➜ ✹➙↔➞→➣↔➤➔ ➨ ❉↕➝➞ ➛➟↕➛↕➞↕↔➞ ➡➣↔➞ ➤➔→→➔ ➞➔➤→➙↕↔ ➡➔ ↔↕➝➞ ➙↔→➠➟➔➞➞➔➟ ❭ ➡➔➞ ➞↕➜➝→➙↕↔➞➞➝➷ ➞➣➫➫➔↔→ ➟➠è➝➜➙Ò➟➔➞ ➛↕➝➟ ✺→➟➔ ➟➔➛➟➠➞➔↔→➠➔➞ ➡➔ ❒➣❊↕↔ ➤↕➫➛➣➤→➔ ➔→ ➛↕➜✷↔↕➫ ➙➣➜➔ ➨
é êëê✣ êë ◆➣ðí ➣û úö➣ô❑í ➣íñ ñö÷ûóõöòñ
✛↕➫➫➔ ➟➔➫ ➣➟Ñ➝➠ ➡➣↔➞ ➜➣ ➦➔➤→➙↕↔ ➧ ➨■ ➨■ ➨❋ ✃ ➤➔➟→➣➙↔➔➞ ➙↔➞→➣↔➤➔➞ ➣➡➫➔→→➔↔→ ➡➔➞ ➞↕➜➝→➙↕↔➞↕➛→➙➫ ➣➜➔➞ ➞✷➫➠→➟➙Ñ➝➔➞ ➛↕➝➟ ➜➔➞ ➛➟↕➢➜Ò➫ ➔➞ ➫ ➣❐Ô➣➢➞ ↕➝ ➫ ➙↔Ô➞➝➫ ➨ ✻ ➣↔➞ ➤➔➞ ➞↕➜➝→➙↕↔➞ ✃ ➛↕➝➟➤Ð➣Ñ➝➔ →✷➛➔ i = 1, 2, . . . , n ✃ ➜➔➞ ⌊di/2⌋ ➛➟➔➫ ➙Ò➟➔➞ ➛➙Ò➤➔➞ ➞↕↔→ ➛➜➣➤➠➔➞ ➣ü➣↔→ ↕➝ ❭ ➜ ✹➙↔➞→➣↔→
⌊D/2⌋ ➣➜↕➟➞ Ñ➝➔ ➜➔➞ ⌊di/2⌋ ➡➔➟↔➙Ò➟➔➞ ➛➙Ò➤➔➞ ➞➔➟↕↔→ ➡➙➞➛↕➞➠➔➞ ➣➛➟Ò➞ ↕➝ ❭ ➜ ✹➙↔➞→➣↔→ ⌊(D +
1)/2⌋ + 1 ➨ ● ✹➙➡➠➔ ➔➞→ ➡↕↔➤ ➡➔ ➤➟➠➔➟ ➝↔ ➔↔➞➔➫➢➜➔ M1 ➤↕↔→➔↔➣↔→ ➜➔➞ ➛➙Ò➤➔➞ (i, (di + 1)/2)➡↕↔→ ➜➔➞ →✷➛➔➞ i ➞↕↔→ ➡➔ ➡➔➫ ➣↔➡➔➞ ➙➫➛➣➙➟➔➞ ➔→ ➡➔ ➛➜➣➤➔➟ ➜➔➞ ➛➙Ò➤➔➞ ➡➔ ➤➔→ ➔↔➞➔➫➢➜➔ ➣➝→↕➝➟➡➔ ➜ ✹➙↔➞→➣↔→ ⌊(D + 1)/2⌋ ➨ ●➔➞ ➛➙Ò➤➔➞ ➟➔➞→➣↔→➔➞ ➞↕↔→ ➡➙➞➛↕➞➠➔➞ ➡➔ ➛➣➟→ ➔→ ➡ ✹➣➝→➟➔ ➡➔ ⌊(D +
1)/2⌋+ 1 ➨ ✰↔ ↕➢→➙➔↔→ ➣➙↔➞➙ ➡➔➝❐ ➔↔➞➔➫➢➜➔➞ ➡➔ ➛➙Ò➤➔➞ ➨ ✰↔ ↔➔ ➤Ð➔➟➤Ð➔➟➣ ❭ ➛➜➣➤➔➟ ➜➔➞ ➛➙Ò➤➔➞Ñ➝➔ ➡➝ ➛➟➔➫ ➙➔➟ ➔↔➞➔➫➢➜➔ ➔→ ↕↔ ➡➠➡➝➙➟➣ ➜➔➞ ➛ ↕➞➙→➙↕↔➞ ➡➔➞ ➣➝→➟➔➞ ➛➣➟ ➞✷➫➠→➟➙➔ ➛➣➟ ➟➣➛➛↕➟→
❭ ⌊(D + 1)/2⌋+ 1 ➨ ➻↔ ➟➠➛ ➠→➣↔→ ➤➔→→➔ ➡➠➫ ➣➟➤Ð➔ ✃ ↕↔ ↕➢→➙➔↔➡➟➣ ➜ ✹➔➫➛➜➣➤➔➫ ➔↔→ ➡➔ →↕➝→➔➞ ➜➔➞➛➙Ò➤➔➞ ➡➣↔➞ ➜ ✹Ð↕➟➙➬↕↔ ➡➔ ➛➟↕➡➝➤→➙↕↔ ➥ü↕➙➟ ❍ ➙è➝➟➔ ➧ ➨Ï➩ ➨

¥ N

¥ NH

¥ NHN ⋆

¥ NHN ⋆ N⋆ N ⋆ H N⋆

➇➈➉ ➊ ➧ ➨Ï ➋ ✛↕↔➞→➟➝➤→➙↕↔ ➡ ✹➝↔➔ ➞↕➜➝→➙↕↔ ➞✷➫➠→➟➙Ñ➝➔ ➛↕➝➟ ➜ ✹➙↔➞→➣↔➤➔ d¥ = 1 ✃ dH = 2 ✃
d⋆ = 4 ✃ dN = 5 ✃ D = 12

➜ ➤Ð➣Ñ➝➔ ➛➣➞ ✃ ↕↔ ↔➔ ➤➣➜➤➝➜➔ ➔❐➛➜➙➤➙→➔➫ ➔↔→ Ñ➝➔ ➜➣ ➡➙➞➛↕➞➙→➙↕↔ ➡ ✹➝↔ ➔↔➞➔➫➢➜➔ ➡ ✹➣➝ ➫➣❐➙Ô➫➝➫ n ➛➙Ò➤➔➞ ✃ ➔→ ↕↔ ➔❵ ➔➤→➝➔➟➣ ➔❐➣➤→➔➫ ➔↔→ P = ⌊log2 max di⌋ + 1 ➛➣➞ ➨ ●➣ →➣➙➜➜➔ ➡➔ ➜ ✹➔↔Ô➞➔➫➢➜➔ ➡➔ ➤➔➞ ➙↔➞→➣↔→➞ ➡ ✹➝➞➙↔➣è➔ ➔➞→ ➡↕↔➤ ➝↔ O(n log(max di) ✃ ➤➔ Ñ➝➙ ➔➞→ ➢➙➔↔ ➛↕➜✷↔↕➫ ➙➣➜➡➔ ➜➣ →➣➙➜➜➔ ➡➔ ➜ ✹➙↔➞→➣↔➤➔ ➨



■✘ý þÿÿ�✁� þ ✂ ✄☎✆ ✄ÿÿþÿ ✝�✞�ÿ ✟ ✠✡☛✟�☞✌ ☞✟�✞✍☛
●➔➞ ➣➝→➟➔➞ ➙↔➞→➣↔→➞ ➡ ✹➝➞➙↔➣è➔ ➡➔➞ ➞↕➜➝→➙↕↔➞ ➛➟↕➛↕➞➠➔➞ ➞↕↔→ ➙➫ ➛➜➙➤➙→➔➞ ➔→ ➛ ➔➝ü➔↔→ ✺→➟➔ ✱❐➠➞➛➣➟ ➞✷➫➠→➟➙➔ ➥➤↕➫➫➔ ➞➝➟ ➜➣ ❍ ➙è➝➟➔ ➧ ➨Ï➩ ↕➝ ➤↕➫➫➔ ➛➟↕➛↕➞➠ ➡➣↔➞ ➜➣ ➦➔➤→➙↕↔ ➧ ➨■ ➨■ ➨❋ ➨
é êëê✣ ê✣ ➮íïñõöòñ îöññõ➱ ÷íñ
↔↕➝➟ ↕➟➡↕↔↔➔➟ ➜➔➞ ➛➙Ò➤➔➞ ➡➔➞ ➔↔➞➔➫➢➜➔➞ M1, M2, . . . , MP ✃ ↕↔ ➛ ➔➝→ ➔↔ü➙➞➣è➔➟ ➛➜➝➞➙➔➝➟➞➞→➟➣→➠è➙➔➞ ➨
● ✹➔↔➞➔➫➢➜➔ M1 ✃ ➞➙ ➜ ✹↕↔ ↕➛→➙➫ ➙➞➔ ➜➔ ➫ ➣❐➙➫➝➫ ➡➔➞ ➡➠ü➙➣→➙↕↔➞ ✃ ➞➔➟➣ ➟➔➫➛➜➙ ➡➔ ➜ ✹➔❐→➠➟➙➔➝➟➥➙↔➞→➣↔→➞ ➡➔ ➛➟↕➡➝➤→➙↕↔ ➜➔➞ ➛➜➝➞ ➠➜↕➙è↔➠➞ ➡➔ ➞↕↔ ➤➔↔→➟➔➩ ü➔➟➞ ➜ ✹➙↔→➠➟➙➔➝➟ ➛➣➟ ➜➔➞ ➛➙Ò➤➔➞ ➫ ➙➞➔➞➡➣↔➞ ➜ ✹↕➟➡➟➔ ➡➔ ➜➔➝➟➞ ➡➔➫ ➣↔➡➔➞ ➤➟↕➙➞➞➣↔→➔➞ ➨ ➻↔ ➔❵➔→ ✃ ➜➔➞ ➛➙Ò➤➔➞ ➡➔ ➡➔➫ ➣↔➡➔➞ ➜➔➞ ➛➜➝➞ ❒➣➙➢ ➜➔➞↕↔→ ✃ ➛↕➝➟ ➝↔➔ ➢↕➟↔➔ B ➡➝ ➫➣❐➙➫➝➫ ➡➔➞ ➡➠ü➙➣→➙↕↔➞ ✱❐➠➔ ✃ ➜➔➞ ➙↔→➔➟ü➣➜➜➔➞ ➜➔➞ ➛➜➝➞ ➜➣➟è➔➞ ➡➔➛➣➟→ ➔→ ➡ ✹➣➝→➟➔ ➡➔ ➜➔➝➟ ➙↔➞→➣↔→ ➙➡➠➣➜ ➡➔ ➛➟↕➡➝➤→➙↕↔ ➨↔↕➝➟ ➜ ✹➔↔➞➔➫➢➜➔ MP ✃ ↕↔ ➛➜➣➤➔➟➣ ➛➣➟ ➤↕↔→➟➔ ➜➔➞ ➛➙Ò➤➔➞ ➡➣↔➞ ➜ ✹↕➟➡➟➔ ➡➔ ➜➔➝➟➞ ➡➔➫ ➣↔➡➔➞➡➠➤➟↕➙➞➞➣↔→➔➞ ➡➔ ➜ ✹➙↔➞→➣↔→ 1 ❭ ➜ ✹➙↔➞→➣↔→ |MP | ➨ ✛➔→→➔ ➫ ➠→Ð↕➡➔ ➛➔➟➫ ➔→ ➡➔ ➛➜➣➤➔➟ ↕➛→➙➫ ➣➜➔➫ ➔↔→➜➔➞ ➛➙Ò➤➔➞ ➡➔ MP Ñ➝➔➜ Ñ➝➔ ➞↕➙→ ➜➔ ➤➟➙→Ò➟➔ ➫ ➙↔Ô➞➝➫ ↕➝ ➫➣❐Ô➣➢➞ ➨↔↕➝➟ ➜➔➞ ➣➝→➟➔➞ ➔↔➞➔➫➢➜➔➞ M2, M3, . . . , MP−1 ➜ ✹➝↔➔ ➤↕➫➫➔ ➜ ✹➣➝→➟➔ ➡➔➞ ➡➔➝❐ ➞→➟➣→➠è➙➔➞ ➛➟➠Ô➤➠➡➔↔→➔➞ ➛ ➔➝→ ➞ ✹➣ü➠➟➔➟ ➫ ➔➙➜➜➔➝➟➔ ✃ ➫ ➣➙➞ ➙➜ ➔➞→ ➛➟➠❒➠➟➣➢➜➔ ➔↔ ➫↕✷➔↔↔➔ ➡ ✹➣➛➛➜➙Ñ➝➔➟ ➜➣ ➛➟➔➫ ➙Ò➟➔ ✃➤↕➫➫➔ ➜➔ ➫↕↔→➟➔ ➜➔➞ →➔➞→➞ ➡➔ ➜➣ ❴➣➢➜➔ ➧ ➨■ ➨
✻ ➔ ➛➜➝➞ ✃ ➞➙ ➝↔➔ ➞✷➫➠→➟➙➔ ➛➣➟ ➟➣➛➛↕➟→ ❭ ➜ ✹➙↔➞→➣↔→ ⌊(D + 1)/2⌋ + 1 ➔➞→ →↕➝Ó ↕➝➟➞ ➔❵➔➤→➝➠➔ ✃↕↔ ➛➔➝→ ➣➝➞➞➙ ➤Ð↕➙➞➙➟ ➤↕➫➫➔ ➤↕↔ü➔↔→➙↕↔ ✃ ➛↕➝➟ ➜➔➞ ➞↕➝➞Ô➛➟↕➢➜Ò➫ ➔➞ Ñ➝➙ ➞➝➙ü➟↕↔→ ✃ ➡ ✹➔❵ ➔➤→➝➔➟➝↔➔ ➞➙➫ ➛➜➔ ➤↕➛➙➔ ➔→ ➛➣➞ ➝↔➔ ➞✷➫➠→➟➙➔ ✃ ➤↕➫➫➔ ➞➝➟ ➜➣ ❍ ➙è➝➟➔ ➧ ➨❮ ➨

¥ NHN ⋆ N ⋆ ⋆ N H N⋆

➇➈➉ ➊ ➧ ➨❮ ➋ ✛↕↔➞→➟➝➤→➙↕↔ ➡ ✹➝↔➔ ➞↕➜➝→➙↕↔ ➞✷➫➠→➟➙Ñ➝➔ ➛↕➝➟ ➜ ✹➙↔➞→➣↔➤➔ d¥ = 1 ✃ dH = 2 ✃
d⋆ = 4 ✃ dN = 5 ✃ D = 12 ➛➣➟ ➜ ✹➝↔➔ ➡➔➞ ➫ ➠→Ð↕➡➔➞ ✒✚✪ ✵✔ M1 ↕➝ ✒✚✪ ✵✔ MP

✃ ➔➝➟➙➞→➙Ñ➝➔ ❪ ➔➙➜➜➔➝➟ ➫ ➣❐ ➙➫➝➫ ➡➔➞ ➡➠ü➙➣→➙↕↔➞ ➛➣➟➫ ➙ ➜➔➞ Ï Ð➔➝➟➙➞→➙Ñ➝➔➞
symetrie ✃ M1 ❋ ❰✘Ï ➅❮ý
symetrie ✃ MP ❏ ý❏❋ ❰❏❋

copie ✃ M1 ❋ ý➆ ■ ❮➆❰
copie ✃ MP ■ ❋Ï➅ ➆➆❮
❐❒❮ ➊ ➧ ➨■ ➋ ✛↕➫➛➣➟➣➙➞↕↔ ➡➔➞ Ð➔➝➟➙➞→➙Ñ➝➔➞ ➞➝➟ ❮ ýýý ýýý ➡ ✹➙↔➞→➣↔➤➔➞

✻ ➣↔➞ ➜➣ ❴➣➢➜➔ ➧ ➨■ ✃ M1 ➞➙è↔➙✱➔ Ñ➝➔ ➜➔➞ ➔↔➞➔➫➢➜➔➞ M2, M3, . . . , MP−1 ➞↕↔→ ➟➔➫➛➜➙➞ ➤↕➫➫➔
M1 ✃ ➔→ MP ➞➙è↔➙✱➔ Ñ➝➔ ➜➔➞ ➔↔➞➔➫➢➜➔➞ M2, M3, . . . , MP−1 ➞↕↔→ ➟➔➫➛➜➙➞ ➤↕➫➫➔ MP ✃ symetrieÑ➝➔ ➜➔➞ ➙↔➞→➣↔→➞ ↔↕↔ ➣❵ ➔➤→➠➞ ➜➔ ➞↕↔→ ➛➣➟ ➞✷➫➠→➟➙➔ ✃ copie Ñ➝ ✹➙➜➞ ➜➔ ➞↕↔→ ➛➣➟ ➤↕➛➙➔ ➨ ●➔➞ ➙↔➞Ô→➣↔➤➔➞ ➞➝➟ ➜➔➞Ñ➝➔➜➜➔➞ ➤➔➞ Ð➔➝➟➙➞→➙Ñ➝➔➞ ↕↔→ ➠→➠ →➔➞→➠➔➞ ↕↔→ ➝↔➔ ➡➔➫➣↔➡➔ →↕→➣➜➔ ➙↔❒➠➟➙➔➝➟➔ ↕➝➠è➣➜➔ ❭ ■■ý ➔→ ➡➔➞ ➡➔➫ ➣↔➡➔➞ ➡➙❵ ➠➟➔↔→➔➞ ➛↕➝➟ ➤Ð➣Ñ➝➔ →✷➛➔ ➨ ↔↕➝➟ ➤➔➞ ➙↔➞→➣↔➤➔➞ ✃ ➜➔➞ ➛ ➔➟Ô❒↕➟➫ ➣↔➤➔➞ ➞↕↔→ ➣➞➞➔➬ ➫➣➝ü➣➙➞➔➞ ➛➝➙➞Ñ➝➔ ➜➔ ➫ ➔➙➜➜➔➝➟ ➡➔➞ ➫ ➣❐➙➫➝➫➞ ➡➔➞ ➡➠ü➙➣→➙↕↔➞ ➣➙↔➞➙↕➢→➔↔➝ ➡➠➛➣➞➞➔ ➛➣➟❒↕➙➞ 3 ➨



þ ✂❰ ✂ ✍☎✄Ï☎þ✞✞�☛ ❨❳ÿ❲þ ❳☎�☛ ✍✄✡☎ ❨þ ☎❲☛✄❨ ✡✟❳✄ÿ ✍þ☎ ✝✍❨�✁ ■✘■
❉↕➝➞ ↔ ✹➣ü↕↔➞ ➛➣➞ ➛➝ ✃ ➛➣➟ ➫ ➣↔Ñ➝➔ ➡➔ →➔➫➛➞ ✃ ➠ü➣➜➝➔➟ ➜➔➞ ➛ ➔➟❒↕➟➫ ➣↔➤➔➞ ➡➔ ➤➔➞ Ð➔➝➟➙➞→➙Ñ➝➔➞➛➣➟ ➟➣➛➛↕➟→ ❭ ➜ ✹↕➛→➙➫➝➫ ➔→ ➔↔ ➛➣➟→➙➤➝➜➙➔➟ →➔➞→➔➟ ➡➔➞ ➣➫ ➠➜➙↕➟➣→➙↕↔➞ ➛↕➝➟ ➜➔ ➤➣➞ ↕✼ ➤➔➟→➣➙↔➞→✷➛➔➞ ➡➔ →Ð➤Ð➔➞ ↕↔→ ➜➣ ➫ ✺➫➔ ➡➔➫ ➣↔➡➔ ➨ ➻↔ ➔❵ ➔→ ✃ ➤➔➞ Ð➔➝➟➙➞→➙Ñ➝➔➞ ➞➔ ➤↕➫➛↕➟→➔↔→ ➛➣➟→➙➤➝➜➙ÒÔ➟➔➫ ➔↔→ ➫ ➣➜ ➡➣↔➞ ➜➔ ➤➣➞ ↕✼ ➢➔➣➝➤↕➝➛ ➡➔ →✷➛➔➞ ➡➔ ➛➙Ò➤➔➞ ➞↕↔→ ➡➔ ➡➔➫➣↔➡➔➞ 1 ➨ ❉↕➝➞ ➣ü↕↔➞➔↔ü➙➞➣è➠ ➡ ✹➣è➟➠è➔➟ ➡➣↔➞ ➤➔ ➤➣➞ ➜➔➞ →✷➛➔➞ ➡➔ ➫ ✺➫➔ ➡➔➫➣↔➡➔ ➫ ➣➙➞ ↔ ✹➣ü↕↔➞ ➛➝ →➔➞→➔➟ ➤➔→→➔➙➡➠➔ ➨

➭ ➯Ñ Ò ➺➪Ó➺➱➵➵➼➷ ➹➻➮➸➱➻➺➼➷ ➚➪➾➺ ➹➱ ➺➸➷➪➹➾Ô ➻➪➮ ➚➱➺ ÕÒÖ×Ø

↔↕➝➟ →➟↕➝ü➔➟ ➜➔➞ ➔❐➔➫➛➜➔➞ ➡➔ ➜➣ ➦➔➤→➙↕↔ ❮ ➨❏ ➨❏ ✃ ↔↕➝➞ ➣ü↕↔➞ ➤Ð↕➙➞➙ ➡➔ →➔➞→➔➟ ➡➔ ❒➣❊↕↔ ➔❐ÔÐ➣➝➞→➙ü➔ →↕➝→➔➞ ➜➔➞ ➙↔➞→➣↔➤➔➞ ➛↕➝➟ ➡➔➞ ü➣➜➔➝➟➞ ➡↕↔↔➠➔➞ ➡➔ ➡➔➫➣↔➡➔ →↕→➣➜➔ D ↕➝ →↕➝→➔➞ ➜➔➞➙↔➞→➣↔➤➔➞ ➛↕➝➟ D ➔→ n ➡↕↔↔➠➞ ➨ ❉↕➝➞ ➣ü↕↔➞ ➝→➙➜➙➞➠ Ù●✰➯ Ô✛↔●➻Ú ➔→ ➤Ð↕➙➞➙ ➡➔➞ ❒↕➟➫➝➜➣→➙↕↔➞➔➷ ➤➣➤➔➞ ➛↕➝➟ ➜➔➞ ➛➟↕➢➜Ò➫ ➔➞ Ñ➝➔ ↔↕➝➞ ü↕➝➜➙↕↔➞ ➟➠➞↕➝➡➟➔ ➨

Õ Ö➚ Ö× Û äßç ➹ÛÙæçå ÞÝß âÚçÜ➹Ý➴ Ýß ➴ æåÞßÛ➴
↔↕➝➟ ➜➔➞ ➛➟↕➢➜Ò➫ ➔➞ ➫ ➙↔Ô➞➝➫ ✃ ➙➜ ↔ ✹➔➞→ ➛➣➞ ↔➠➤➔➞➞➣➙➟➔ ➡ ✹➣➡↕➛→➔➟ ➝↔➔ ❒↕➟➫➝➜➣→➙↕↔ ➔↔ ↔↕➫➢➟➔➞➔↔→➙➔➟➞ ✃ ➤➔ Ñ➝➙ ➟➔↔➡ ➜➣ ➟➠➞↕➜➝→➙↕↔ →➟Ò➞ ➟➣➛➙➡➔ ➨ ➻↔ ❒➣➙→ ✃ ➜➔ ➛↕➜✷Ò➡➟➔ ➥➧ ➨❮➩ ➡➔➞ ➤↕↔→➟➣➙↔→➔➞ ➡➝➛➟↕➢➜Ò➫ ➔ ➡ ✹➣❵ ➔➤→➣→➙↕↔ ➔➞→ ➔↔→➙➔➟ ➨

P = {y;
∑n

i=1

∑di

j=1 yi,j,k = 1, k = 1, 2, . . . , D
∑D

k=1 yi,j,k = 1, i = 1, 2, . . . , n; j = 1, 2, . . . , di}
➥➧ ➨❮➩

➧ ➙↔➞➙ ✃ ↕↔ ➛➔➝→ ↕➢→➔↔➙➟ ➟➣➛➙➡➔➫ ➔↔→ ➜➔➞ ü➣➜➔➝➟➞ ↕➛→➙➫ ➣➜➔➞ ➡➔➞ ❒↕↔➤→➙↕↔➞ ↕➢Ó ➔➤→➙❒ ➞➝➫Ô➣➢➞ ↕➝➞➝➫ Ô➞Ñ➟ ✃ ➫ ➣➙➞ ➛➣➞ ❒↕➟➤➠➫ ➔↔→ ➝↔➔ ➞➠Ñ➝➔↔➤➔ ↕➛→➙➫ ➣➜➔ ➔↔→➙Ò➟➔ ➨

Õ Ö➚ Ö➚ Û äßç ➹ÛÙæçå ÞÝß âÚçÜ➹Ý➴ Ýß ➴ áßÞáÜ ß
✰↔ ➛➔➝→ ❒↕➟➫➝➜➔➟ ➜➔ ➛➟↕➢➜Ò➫ ➔ ➫➣❐Ô➣➢➞ ➡➔ ➜➣ ❒➣❊↕↔ ➞➝➙ü➣↔→➔ ✲

minimiser maxi,k |xi,k − kri|➞➤ ∑n
i=1 xi,k = k, k = 1, 2, . . . , D

xi,D = di, i = 1, 2, . . . , n
0 ≤ xi,k − xi,k−1, i = 1, 2, . . . , n; k = 2, 3, . . . , D
xi,k ∈ N, i = 1, 2, . . . , n; k = 1, 2, . . . , D

➥➧ ➨✘➩

✛➔ ➛➟↕➢➜Ò➫ ➔ ↔ ✹➔➞→ ➛➣➞ ➜➙↔➠➣➙➟➔ ✃ ➫ ➣➙➞ ➔➞→ ❒➣➤➙➜➔➫ ➔↔→ →➟➣↔➞❒↕➟➫ ➠ ➛↕➝➟ ↕➢→➔↔➙➟ ➜➔ ➛➟↕è➟➣➫➫➔



■✘❏ þÿÿ�✁� þ ✂ ✄☎✆ ✄ÿÿþÿ ✝�✞�ÿ ✟ ✠✡☛✟�☞✌ ☞✟�✞✍☛
➜➙↔➠➣➙➟➔ ➔↔ ↔↕➫➢➟➔ ➔↔→➙➔➟ ➞➝➙ü➣↔→ ✲

minimiser B➞➤ ∑n
i=1 xi,k = k, k = 1, 2, . . . , D (A.7.a)

xi,D = di, i = 1, 2, . . . , n (A.7.b)
0 ≤ xi,k − xi,k−1, i = 1, 2, . . . , n; k = 2, 3, . . . , D (A.7.c)
xi,k − kri ≤ B, i = 1, 2, . . . , n; k = 1, 2, . . . , D (A.7.d)
−xi,k + kri ≤ B, i = 1, 2, . . . , n; k = 1, 2, . . . , D (A.7.e)
xi,k ∈ N, i = 1, 2, . . . , n; k = 1, 2, . . . , D (A.7.f)

➥➧ ➨➅➩

●➔➞ ➙↔➠è➣➜➙→➠➞ ➥➧ ➨➅ ➨➡ ➩ ➔→ ➥➧ ➨➅ ➨➔➩ ➙↔➡➙Ñ➝➔↔→ Ñ➝➔ B ➔➞→ ➛➜➝➞ è➟➣↔➡➔ Ñ➝➔ →↕➝→➔➞ ➜➔➞ ➡➠ü➙➣→➙↕↔➞➔→ ➜ ✹↕➢Ó ➔➤→➙❒ ➠→➣↔→ ➡➔ ➫ ➙↔➙➫ ➙➞➔➟ B ✃ ➜➔➞ ➡➔➝❐ ➛➟↕➢➜Ò➫ ➔➞ ➞↕↔→ ➠Ñ➝➙ü➣➜➔↔→➞ ➨
✛➔→→➔ ❒↕➟➫➝➜➣→➙↕↔ ↔ ✹➔➞→ ➛➣➞ ↔➠➤➔➞➞➣➙➟➔➫ ➔↔→ ➞➣→➙➞❒➣➙➞➣↔→➔ ➛➝➙➞Ñ➝➔ ➜➔ ➛↕➜✷Ò➡➟➔ ➡➠✱↔➙ ➛➣➟➜➔➞ ➤↕↔→➟➣➙↔→➔➞ ➥➧ ➨➅ ➨➣➩ ❭ ➥➧ ➨➅ ➨➤ ➩ ↔ ✹➔➞→ ➛➣➞ ➔↔→➙➔➟ ➨ ✛↔●➻Ú ➛➔➝→ →↕➝→ ➡➔ ➫ ✺➫➔ ➜➔ ➟➠➞↕➝➡➟➔➔➷ ➤➣➤➔➫ ➔↔→ ➜➣ ➛➜➝➛➣➟→ ➡➝ →➔➫➛➞ ➨ ✛➔➛ ➔↔➡➣↔→ ✃ ➞➙ ➜ ✹➙↔➞→➣↔➤➔ ➛➟➠➞➔↔→➔ →➟↕➛ ➡➔ ➞✷➫➠→➟➙➔➞ ➥→➟↕➛➡➔ →✷➛➔➞ ➡➔ ➡➔➫➣↔➡➔➞ ➙➡➔↔→➙Ñ➝➔➞➩ ✃ ➜➣ ➟➠➞↕➜➝→➙↕↔ ➛➔➝→ ➛➟➔↔➡➟➔ ➛➜➝➞➙➔➝➟➞ Ð➔➝➟➔➞ ➨ ➧ ➙↔➞➙ ✃ ↕↔↔ ✹➔➞➞➣➙➔ ➛➣➞ ➡➔ ➟➠➞↕➝➡➟➔ ➡➙➟➔➤→➔➫ ➔↔→ ➜➔ ➛➟↕➢➜Ò➫ ➔ ➫ ➣❐Ô➣➢➞ ✃ ➫ ➣➙➞ ↕↔ ➛➟➠❒➠➟➔➟➣ ➜➣ ➟➔➤Ð➔➟➤Ð➔➡➙➤Ð↕→↕➫ ➙Ñ➝➔ ➛➟↕➛↕➞➠➔ ➡➣↔➞ ✗➆❏✙ ➨✰↔ ➛➔➝→ ➔↔ ❒➣➙→ ➡➠➤➟➙➟➔ ➝↔ ➛➟↕➢➜Ò➫ ➔ ➫➣❐Ô➣➢➞ ➔↔ →➣↔→ Ñ➝➔ ➛➟↕➢➜Ò➫ ➔ ➡ ✹➣❵➔➤→➣→➙↕↔ ➨ ✰↔➤➣➜➤➝➜➔ ➜➔➞ ➙↔→➔➟ü➣➜➜➔➞ [E(i, j) .. L(i, j)] ➛↕➝➟ →↕➝→ i = 1, 2, . . . , n ➔→ →↕➝→ j = 1, 2, . . . , di➛↕➝➟ ➜➣ ➢↕➟↔➔ B ➤Ð↕➙➞➙➔ ✃ ➔→ ↕↔ ➝→➙➜➙➞➔ ➜➔➞ ➤↕➝→➞ ➞➝➙ü➣↔→➞ ✲

Ci,j,k =

{

0 ➞➙ k ∈ [E(i, j) .. L(i, j)]
1 ➞➙↔↕↔ ➥➧ ➨➆➩

●➔ ➛➟↕➢➜Ò➫ ➔ ➫➣❐Ô➣➢➞ ➣ ➝↔➔ ➞↕➜➝→➙↕↔ ➞➙ ➔→ ➞➔➝➜➔➫ ➔↔→ ➞➙ ➜➔ ➛➟↕➢➜Ò➫ ➔ ➫ ➙↔Ô➞➝➫ ➣ü➔➤ ➤➔➞➤↕➝→➞ ➣ ➝↔➔ ➞↕➜➝→➙↕↔ ↕➛→➙➫ ➣➜➔ ➡➔ ➤↕➝→ 0 ➨
➻↔ ➝→➙➜➙➞➣↔→ ➜➣ ➡➙➤Ð↕→↕➫ ➙➔ ✃ ↕↔ →➟↕➝ü➔ ➜➣ ü➣➜➔➝➟ ➫ ➙↔➙➫➣➜➔ ➡➔ B →➔➜➜➔ Ñ➝➔ ➜➔ ➛➟↕➢➜Ò➫ ➔ ➣ ➝↔➔➞↕➜➝→➙↕↔ ➔↔ ➛➔➝ ➡➔ ➛➣➞ ➔→ ➔↔ →➟Ò➞ ➛ ➔➝ ➡➔ →➔➫➛➞ ➛➝➙➞Ñ➝ ✹➝↔➔ ➟➠➞↕➜➝→➙↕↔ ➛➟➔↔➡ ➣➜↕➟➞ ➫↕➙↔➞➡➔ 0.2 ➞➔➤↕↔➡➔➞ ➨
Õ Ö➚ Öà áç➴âáÚáæßçå ÞÝß âÚçÜ➹Ý➴ Ýß ➴ æåÞßÛ➴ ÝÙ ➴ æåÞßÛ➴

B
ÞÜ çÚåäß

●➣ ➫ ➠→Ð↕➡➔ ➡➠➤➟➙→➔ ➡➣↔➞ ➜➣ ➦➔➤→➙↕↔ ➧ ➨❏ ➨■ ↔➔ ➛➔➝→ ➛➣➞ ✺→➟➔ ➝→➙➜➙➞➠➔ ➛↕➝➟ ➜➔➞ ➛➟↕➢➜Ò➫ ➔➞ BÔ➢ ↕➟↔➠➞ ➛➝➙➞Ñ➝➔ ➜➔ ➛↕➜✷→↕➛ ➔ ➥➧ ➨❰➩ ↔ ✹➔➞→ ➛➣➞ ➔↔→➙➔➟ ➨
PB = {y;

∑n
i=1

∑di

j=1 yi,j,k = 1, k = 1, 2, . . . , D
∑D

k=1 yi,j,k = 1, i = 1, 2, . . . , n; j = 1, 2, . . . , di
∑k

p=1

∑di

j=1 yi,j,p − kri ≤ B, i = 1, 2, . . . , n

kri −
∑k

p=1

∑di

j=1 yi,j,p ≤ B, i = 1, 2, . . . , n}

➥➧ ➨❰➩

✻ ➣↔➞ ➤➔ ➤➣➞ ✃ ➙➜ ❒➣➝→ ➙➫➛↕➞➔➟ y ➔↔→➙➔➟ ➨ ●➣ ➟➠➞↕➜➝→➙↕↔ ➔➞→ →↕➝→ ➡➔ ➫ ✺➫➔ ➟➣➛➙➡➔ ➨ ●➣ ü➣➜➔➝➟↕➛→➙➫ ➣➜➔ ➡➔ ➜➣ ❒↕↔➤→➙↕↔ ↕➢Ó ➔➤→➙❒ ➡➝ ➛➟↕➢➜Ò➫ ➔ BÔ➢ ↕➟↔➠ ➛ ➔➝→ ➡↕↔➤ ✺→➟➔ ↕➢→➔↔➝➔ ➛➣➟ ➤➔→→➔➫ ➠→Ð↕➡➔ ✃ ➫ ➣➙➞ ➔➜➜➔ ↔ ✹➔➞→ ➛➣➞ ❒↕➟➤➠➫ ➔↔→ ↔➠➤➔➞➞➣➙➟➔ ✲ ➞➙ ↕↔ ü➔➝→ ➝↔➙Ñ➝➔➫➔↔→ ➞➣ü↕➙➟ ➞➙ ➔➜➜➔ ➞➔➟➣



þ ✂â ✂ ✄✍ ✟❳✞❳☛þ✟❳✄ÿ☛ ☛❳✞ ✡❨✟þÿ❲�☛ ✍✄✡☎ ✟☎✄❳☛ ✟❱✍�☛ ✆� ✍❳❩ ✝�☛ ■✘❋
➠è➣➜➔ ↕➝ ➛➣➞ ❭ ➤➔➜➜➔ ➡➝ ➛➟↕➢➜Ò➫ ➔ ↔↕↔ ➢↕➟↔➠ ✃ ↕↔ ➛➔➝→ ➔↔➤↕➟➔ ❒↕➟➫➝➜➔➟ ➜➔ ➛➟↕➢➜Ò➫ ➔ ➣ü➔➤ y➟➠➔➜ ➨ ↔↕➝➟ ➤➔➜➣ ✃ ↕↔ ➤➣➜➤➝➜➔ ➡ ✹➣➢↕➟➡ ➜ ✹↕➛→➙➫ ➣➜ ➛↕➝➟ ➜➔ ➛➟↕➢➜Ò➫ ➔ ↔↕↔ ➢↕➟↔➠ ✃ ➤↕➫➫➔ ➡➣↔➞ ➜➣➦➔➤→➙↕↔ ➧ ➨❏ ➨■ ➨ ✰↔ ↔↕→➔ S ➤➔→→➔ ü➣➜➔➝➟ ➨ ➧➝ ➛↕➜✷→↕➛ ➔ P ➡➔ ➥➧ ➨❮➩ ↕↔ ➣Ó ↕➝→➔ ➜➣ ➤↕↔→➟➣➙↔→➔
∑

(i,j,k) Ci,j,kyi,j,k = S ↕✼ C ➔➞→ ➜➣ ➫ ➣→➟➙➤➔ ➡➔➞ ➤↕➝→➞ ➛↕➝➟ ➜➔ ➛➟↕➢➜Ò➫ ➔ ➫ ➙↔Ô➞➝➫ ➨ ✰↔ ↔↕→➔ PS➜➔ ➛↕➜✷→↕➛ ➔ ↕➢→➔↔➝ ➨ ✛↕➫➫➔ ❒↕↔➤→➙↕↔ ↕➢Ó ➔➤→➙❒ ✃ ↕↔ ➫ ➙↔➙➫ ➙➞➔ ➜➣ ➞↕➫➫➔ ➡➔➞ ➤↕➝→➞ ➡➠✱↔➙➞ ➛➣➟➜ ✹➠Ñ➝➣→➙↕↔ ➥➧ ➨➆➩ ➨ ✛↕➫➫➔ ➛➟➠➤➠➡➔➫➫➔↔→ ✃ ➞➙ ➜ ✹↕➛→➙➫➝➫ ➡➔ ➤➔→→➔ ❒↕↔➤→➙↕↔ ↕➢Ó ➔➤→➙❒ ➔➞→ 0 ✃➣➜↕➟➞ ➙➜ ➔❐ ➙➞→➔ ➝↔➔ ➞↕➜➝→➙↕↔ ➡➔ PS ➡↕↔→ ➜➔ ➫ ➣❐ ➙➫➝➫ ➡➔➞ ➡➠ü➙➣→➙↕↔➞ ➔➞→ ➙↔❒➠➟➙➔➝➟ ❭ B ➨ ✻ ➣↔➞➤➔ ➤➣➞ ✃ ➜➔➞ ➡➔➝❐ ➛➟↕➢➜Ò➫ ➔➞ ↕↔→ ➜➣ ➫ ✺➫➔ ➞↕➜➝→➙↕↔ ↕➛→➙➫ ➣➜➔ ➨ ➦➙↔↕↔ ✃ ➣➝➤➝↔ ➠➜➠➫ ➔↔→ ➡➔ PS↔ ✹➔➞→ ↕➛→➙➫ ➣➜ ➛↕➝➟ ➜➔ ➛➟↕➢➜Ò➫ ➔ ↔↕↔ ➢↕➟↔➠ ➨

➭ ➯ã ä➚Ô ➻➵ ➻➷➱Ô ➻➪➮➷ ➷➻➵➾➹Ô➱➮➸➼➷ ➚➪➾➺ Ô➺➪➻➷ Ôå➚➼➷ ➽➼ ➚➻➘æ➼➷
↔↕➝➟ ➝↔ ➠↔↕↔➤➠ T ➡↕↔↔➠ ✃ ↔↕➝➞ ↔↕→➔➟↕↔➞ ✪ ✭✕✩ D ✎✪ ✔✓✵✓ ✔❃ ✔✶✪ ✭✔ ➝↔ ➔❐➔➫➛➜➔ ➡➔ T →➔➜ Ñ➝ ✹➙➜↔ ✹➔❐ ➙➞→➔ ➣➝➤➝↔➔ ➙↔➞→➣↔➤➔ ➣ü➔➤ ➝↔➔ ➡➔➫➣↔➡➔ →↕→➣➜➔ D′ < D Ñ➝➙ ➞↕➙→ ➝↔ ➔❐➔➫➛➜➔ ➡➔ ➜ ✹➠↔↕↔➤➠
T ➨↔↕➝➟ ➡➔➝❐ →✷➛➔➞ ➡➔ ➛➙Ò➤➔➞ ✃ ➙➜ ➠→➣➙→ ➛↕➞➞➙➢ ➜➔ ➛ ↕➝➟ →↕➝→➔ ➙↔➞→➣↔➤➔ ➡ ✹↕➛→➙➫ ➙➞➔➟ ➞➙➫➝➜→➣↔➠➫➔↔→→↕➝→➔➞ ➜➔➞ ❒↕↔➤→➙↕↔➞ ↕➢Ó ➔➤→➙❒ ➨ ✛➔ ↔ ✹➔➞→ ➛➜➝➞ ➜➔ ➤➣➞ ➛↕➝➟ →➟↕➙➞ →✷➛➔➞ ➡➔ ➛➙Ò➤➔➞ ➨
✳ ïöîöñõóõöò ▼➸ ➥ ✚✕✖

n = 3❇ ✵✭ ✔❃ ✵✩✓✔ ✬✔✩ ✵★✩✓✑★ ✒✔✩ ✬✕ ✪ ✖✚❙✭❅✶ ✔ ç➛ è ✓✔✭✩ ✮✕ ❂✑✕ ✒✕★ ✔
✩ ❀✮✕ ✔★ ✒✔ ★ ❂✚✪ ✓✵✶ ✵✩ ✔ ✩✕✶ ✎✑❙✩ ✔✓ ✶ ✑❃ ✎✑❙✩ ✩✵✶✕✭✓✑★ ❀✶ ✔★✓✯

✜ ð✾ öòñóïôóõöò ê ↔↕➝➟ n = 3 ✃ ➜➔ ➛ ➜➝➞ D−➛➔→➙→ ➔❐➔➫➛➜➔ ➔➞→ ➜ ✹➙↔➞→➣↔➤➔ d = (2, 7, 17) ➨ ↔↕➝➟➤➔→→➔ ➙↔➞→➣↔➤➔ ✃ ➜➔ ➫ ➙↔➙➫➝➫ ➡➝ ➫➣❐➙➫➝➫ ➡➔➞ ➡➠ü ➙➣→➙↕↔➞ ➔➞→ B∗ = 16
26

➔→ ➜➔ è➟➣➛Ð➔ ➣➞➞↕➤➙➠➔➞→ ➤➔➜➝ ➙ ➡➔ ➜➣ ❍ ➙è➝➟➔ ➧ ➨✘ ↕✼ ➞➔➝➜➔ ➜➣ ➛➣➟→➙➔ è➣➝➤Ð➔ ➡➝ è➟➣➛Ð➔ ➣ ➠→➠ ➟➔➛➟➠➞➔↔→➠➔ ➨ ●➔➞ ➣➟✺→➔➞➔↔ è➟➣➞ ➞↕↔→ ➡➣↔➞ →↕➝→ ➤↕➝➛➜➣è➔ ➛➣➟❒➣➙→ ➡➝ è➟➣➛Ð➔ ➨

é ê ë ì í î ï ð ñ éò éé éê éë

óô õéö ó÷ õéö óô õêö óô õëö

óô õì ö ó÷ õêö

óø õéö

óô õíö

óô õîö

ó÷ õëö

óô õïö óô õðö ó÷ õì ö

óô õñö
➇➈➉ ➊ ➧ ➨✘ ➋ ➯ ➟➣➛Ð➔ ➢➙➛➣➟→➙ ➛ ↕➝➟ da = 2 ✃ db = 7 ✃ dc = 17 ➔→ B = 16

26

➧➙↔➞➙ ✃ ➜➔ è➟➣➛Ð➔ ➣ ➔❐➣➤→➔➫ ➔↔→ ➡➔➝❐ ➤↕➝➛➜➣è➔➞ ➛➣➟❒➣➙→➞ ➤↕➟➟➔➞➛↕↔➡➣↔→ ❭ ➜➣ ➫ ✺➫➔ ➞↕➫➫➔ ➡➔➞➡➠ü ➙➣→➙↕↔➞ ✲ 572
26

➥Ñ➝➙ ➔➞→ ➣→→➔➙↔→➔ ➛↕➝➟ ➜➣ ➞➠Ñ➝➔↔➤➔ S = (c, b, c, c, a, c, b, c, c, b, c, c, b, c, c, c, b, c, c, b, c, a, c, c, b,➩ ➨ ●➣ ➞➠Ñ➝➔↔➤➔ S = (c, b, c, c, b, c, c, a, c, b, c, c, b, c, c, c, b, c, a, c, c, b, c, c, b, c) ➣ ➝↔➔ ➞↕➫➫➔➡➔➞ ➡➠ü➙➣→➙↕↔➞ ➠è➣➜➔ ❭ 556
26

➨ ➧➝➤➝↔➔ ➞➠Ñ➝➔↔➤➔ ↔ ✹➔➞→ ➣➜↕➟➞ ➫ ➙↔➙➫ ➣➜➔ ➛↕➝➟ ➜➔➞ ↕➢Ó ➔➤→➙❒➞ ➫ ➣❐Ô➣➢➞ ➔→ ➞➝➫Ô➣➢➞ ➞➙➫➝➜→➣↔➠➫➔↔→ ➨ ¤



■✘Ï þÿÿ�✁� þ ✂ ✄☎✆ ✄ÿÿþÿ ✝�✞�ÿ ✟ ✠✡☛✟�☞✌ ☞✟�✞✍☛
➭ ➯ù Õ➪➾➚➹➱Ó➼➷ ➼Ô ➷➪➹➾Ô ➻➪➮➷ ➽➾➱➹➼➷ ➚➪➾➺ ➽➼➷ ➼ú➼➵➚➹➼➷

✻ ➣↔➞ ➤➔→→➔ ➞➔➤→➙↕↔ ✃ ↕↔ ➟➔➛➟➔↔➡ ➛➜➝➞ ➔↔ ➡➠→➣➙➜ ➤➔➟→➣➙↔➞ ➔❐➔➫➛➜➔➞ ➡➔ ➜➣ ❴➣➢➜➔ ❮ ➨❏ ➣✱↔ ➡ ✹➙➜➜➝➞Ô→➟➔➟ ➜➔➞ →➔➤Ð↔➙Ñ➝➔➞ ➛➟↕➛↕➞➠➔➞ ❭ ➜➣ ➦➔➤→➙↕↔ ❮ ➨❏ ➨❏ ➨❋ ➛ ■ý❮ ➨
Õ Öû Ö× üåßÙáåÜÝ â çÛÚ ➹á➶ÛÝ ➹➹Ý

SM1
ÝßÙ ýÚáæÝ ÝÙ

AM1
ÝßÙ þáÛß

↔↕➝➟ ➜ ✹➙↔➞→➣↔➤➔ d = (19, 64) ➜➔ ➛➟↕➢➜Ò➫ ➔ ➞➝➫ Ô➞Ñ➟ ➣ ➝↔➔ ➞↕➜➝→➙↕↔ ↕➛→➙➫ ➣➜➔ ➡↕↔→ ➜➔ ➫ ➣❐➙Ô➫➝➫ ➡➔➞ ➡➠ü➙➣→➙↕↔➞ ➔➞→ ➙↔❒➠➟➙➔➝➟ ❭ ■ ➨ ✛➔→→➔ ➞↕➜➝→➙↕↔ ➔➞→ ➟➔➛➟➠➞➔↔→➠➔ ➞➝➟ ➜➔ è➟➣➛Ð➔ ➡➔ ➜➣
❍ ➙è➝➟➔ ➧ ➨➅ ➨ ●➔➞ ➣➟✺→➔➞ ➔↔ è➟➣➞ ➞↕↔→ ➜➔➞ ➣➟✺→➔➞ ➡➝ ➤↕➝➛➜➣è➔ ↕➛→➙➫ ➣➜ ✃ ➜➔➞ ↔↕➫➢➟➔➞ ➔↔ ➙→➣➜➙Ñ➝➔➞↕↔→ ➜➔➞ ➤↕➝→➞ ➡➔➞ ➣➟✺→➔➞ ➡➠✱↔➙➞ ➡➣↔➞ ➜➣ ➦➔➤→➙↕↔ ❮ ➨■ ➨❏ ➨❋ ➛ ❰➆ ✃ ➜➔➞ ↔↕➫➢➟➔➞ ➔↔ è➟➣➞ ➞↕↔→ ➜➔➞ü➣➜➔➝➟➞ ➡ ✹➝↔➔ ➞↕➜➝→➙↕↔ ➡➝➣➜➔ ü➠➟➙✱➣↔→ ➜➣ ➤↕↔➡➙→➙↕↔ ➥❮ ➨■■➩ ➛ ■ýý ➨ ●➔➞ ➤↕➝→➞ ➔→ ➜➣ ➞↕➜➝→➙↕↔➡➝➣➜➔ ↕↔→ ➠→➠ ➫➝➜→➙➛ ➜➙➠➞ ➛➣➟ D ➣✱↔ ➡ ✹↕➢→➔↔➙➟ ➡➔➞ ➔↔→➙➔➟➞ ➨ ❴↕➝→➔➞ ➜➔➞ ➣➟✺→➔➞ ↔➔ ➞↕↔→ ➛➣➞➟➔➛➟➠➞➔↔→➠➔➞ ➛↕➝➟ ➡➔➞ Ñ➝➔➞→➙↕↔➞ ➡ ✹➔↔➤↕➫➢➟➔➫➔↔→ ➨

ÿ�✁
✂✄

☎✆✝
✞

✟✁✁
✄

✠✁�
✂

✡☛✞
☞✌✍

✡✎
✏ ✑ ✎✏

✡✏✏
✒✍✝
✏ ✑

✡✓✡
✔✕✌
✡✎

✡✄✄
✖✗
✂

✎✡
✘✙
✄

☛✏
ÿ✚✛ ✕✕
✞

✏ ✞
ÿÿ✛✜✍

✂✄
☛✂

✂☛
ÿ☎✛✍✆
✂✄

✓✑
ÿ✟✛✁✌
✞

✡☛
ÿ✠✛✆✆
✄

✞
ÿ☞✛✆✍
✂

✏
ÿ✒✛✝�
✡✎

✡
ÿ✔✛✁✙
✏ ✑

✄

a1✁✙

b1

✛✁✁
b2

✙
b3

✆✆

➇➈➉ ➊ ✢ ✣➅ ➋ ➯ ✤✥✦Ð✧ ★✩✦✥✤✪✩ ✦ ✫✬✤ d = (19, 64) ✧✪ ✦✫✩✭✮ ✭✬ ✦✤✫★✯Ò✰✧ ✮✬✰ Ô✮Ñ✤
●✥ ↔ ✤✫✦✫✮✩✪✩✫✱ ■➅ ✩✰✦✯✩Ñ✬✧ Ñ✬✧ ✲✧✪✪✧ ✮✫✯✬✪✩✫✱ ✃ ✱✫✪✳✧ Y ∗ ✧✮✪ ✫✦✪✩✰ ✥✯✧ ✣ ✴✫✱ ✰ ✥❐ ✩✰✬✰ ✭✧✮
✭✳ü ✩✥✪✩✫✱✮ ✧✮✪ 30

33
✧✪ ✧✮✪ ★✩✧✱ ✩✱ ❒✳✤✩✧✬✤ ❭ 1

✣
✰✱ ✲✫✱✮✩✭Ò✤✧ ✯✥ ✮✳Ñ✬✧✱✲✧ S = (b4

1, b4
2, a3

1, b4
3, a3

1, b4
4, a

3
1, b4

5, b4
6) ✫✼ αs ✤✧✦✤✳✮✧✱✪✧ α ✤✳✦ ✳✪✳

s ❒✫✩✮ ✃ a1 ✧✮✪ ✯✥ 1ère ✦✩Ò✲✧ ✭ ✹✬✱ ✭✧✮ ✪✷✦✧✮ ✭✧ ✭✧✰✥✱✭✧ 1 ✧✪ bj ✧✮✪ ✯✥ jième ✦✩Ò✲✧ ✭ ✹✬✱ ✭✧✮
✪✷✦✧✮ ✭✧ ✭✧✰✥✱✭✧ 6

✣ ✰✱ ✱✫✪✧ y ✯✥ ü✥✤✩✥★✯✧ ✭ ✹✥❵✧✲✪✥✪✩✫✱ ✲✫✤✤✧✮✦✫✱✭✥✱✪✧ ✣ ✰✱ ✥
n

∑

i=1

di
∑

j=1

D
∑

k=1

Cs
i,j,k Y ∗

i,j,k >
n

∑

i=1

di
∑

j=1

D
∑

k=1

Ca
i,j yi,j,k

✢✩✱✮✩ ✃ ✦✫✬✤ ✪✫✬✪✧ ✮✫✯✬✪✩✫✱ ✫✦✪✩✰ ✥✯✧ y∗ ✭✬ ✦✤✫★✯Ò✰✧ ✮✬✰ Ô✥★✮ ✃
n

∑

i=1

di
∑

j=1

D
∑

k=1

Cs
i,j,k Y ∗

i,j,k >

n
∑

i=1

di
∑

j=1

D
∑

k=1

Ca
i,j y∗

i,j,k

✻✫✱✲ è✤Ð✲✧ ✥✬ ✛✫✤✫✯✯✥✩✤✧ ➅ ✃ ✩✯ ✱ ✹✧❐ ✩✮✪✧ ✦✥✮ ✭✧ ✮✫✯✬✪✩✫✱ ✫✦✪✩✰ ✥✯✧ ✥✬ ✦✤✫★✯Ò✰✧ ✮✬✰ Ô✥★✮ ✭✫✱✪
✯✧ ✰ ✥❐ ✩✰✬✰ ✭✧✮ ✭✳ü ✩✥✪✩✫✱✮ ✧✮✪ ✩✱ ❒✳✤✩✧✬✤ ❭ 1

✣
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