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Introduction

Etude des équations de diffusion

Ce travail est consacré a 1'étude du comportement en temps grand d’équations aux dé-
rivées partielles de type parabolique. Plus particulierement, on s’intéresse a des équations
non linéaires de type diffusion, qui interviennent dans de nombreux modéles issus de la phy-
sique (par exemple I’équation des milieux poreux) ou de la biologie (par exemple le modéle
de Patlak-Keller-Segel pour la chimiotaxie).

En plus des problemes classiques de l'existence, de 1'unicité ou de la régularité des solu-
tions qui apparaissent dans 1’étude des équations elliptiques, comme 1’équation de Poisson,
les équations d’évolution posent la question du comportement asymptotique des solutions,
c’est-a-dire pour des temps tres grands. Cette analyse est intéressante pour valider théo-
riquement les modeles et pour vérifier la pertinence des calculs numériques : si on laisse
évoluer le systéme, a quoi doit-on s’attendre, a la fois qualitativement et quantitativement ?
Est-ce que les solutions sont attirées par vers un profil limite ? Est-ce qu’elles explosent, et
alors, a quelle vitesse ? Ou bien, a-t-on extinction ? Pour 1’analyse mathématique, on peut
souvent se ramener le probleme au cas d'un profil limite par un changement de variable, dit
auto-similaire. On est ensuite réduit a I'étude des états stationnaires d'une équation de type
elliptique, et a montrer des résultats de convergence en temps.

Il est essentiel d’étudier les propriétés qualitatives de ces profils limite, comme leurs sy-
métries mais aussi leur unicité : il est possible en effet que plusieurs tels profils existent
simultanément. 11 devient alors important du point de vue des applications de pouvoir
caractériser leur stabilité. Pour les équations non linéaires, 1'étude de stabilité est faite en
deux temps. Par développement autour du profil considéré, on se raméne au cadre linéaire
dans lequel on peut étudier la stabilité de l'opérateur d’évolution linéarisé, par exemple a
I'aide de méthodes spectrales, et caractériser le noyau de 'opérateur linéarisé. Il faut ensuite
prendre en compte les effets non linéaires, par exemple a l’aide d'une fonction de Lyapunov.
Enfin, on peut pousser I'étude au niveau suivant en caractérisant les vitesses de retour vers
I'équilibre et les modes associés. Cette information permet de savoir quelles propriétés de
la donnée initiale vont déterminer le comportement de la solution lors de la relaxation vers
I'équilibre.

A est toutes ces étapes, on est amené a définir, estimer et comparer des quantités intégrales
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INTRODUCTION

caractéristiques du systéme étudié d’ot1 la nécessité d’avoir des inégalités fonctionnelles.
Ces inégalités, si elles sont écrites de maniére optimale, permettent non seulement d’avoir
des estimations fines, mais aussi, par la connaissance du cas d’égalité, et donc des fonc-
tions extrémales, d’obtenir une information d"une nature différente qui permet par exemple
d’identifier de maniere explicite les équilibres, et d’avoir des taux de convergences amélio-
rés.

Dans les chapitres I et Il on s’intéresse a une amélioration de 1'inégalité de Sobolev a tra-
vers son inégalité duale, I'inégalité de Hardy-Littlewood-Sobolev, dans le cadre du laplacien
ordinaire et du laplacien fractionnaire, respectivement. Le chapitre III est un passage en re-
vue del'inégalité d’Onofri, qui joue le role de 'inégalité de Sobolev pour la dimension 2. De
nouveaux résultats sont apportés, dont certains sont étendus aux variétés riemanniennes au
chapitre IV. Enfin, le chapitre V traite des états stationnaires de deux modeéles paraboliques,
utilisés pour I'étude du déplacement de foules et la modélisation en biologie (chimiotaxie).

Un exemple d’équation de diffusion non linéaire

L'équation suivante est une exemple fondamentale d'une équation de diffusion non li-
néaire ayant une structure mathématique riche. Elle revient réguliérement dans les travaux
de cette these.

%v(t,x)zAvm, reRY t>0. 1

On peut réécrire cette équation comme une équation de diffusion avec un coefficient de dif-
fusion v™~!. Le comportement des solutions est bien compris pour les exposants m > 0,
en particulier grace aux travaux de Vazquez [Vaz07], et on va brievement exposer quelques
faits intéressants la concernant. Dans le cas m = 1 on retrouve simplement I'équation de
la chaleur. Le cas m > 1 est connu sous le nom d’équation des milieux poreux, dont une des
caractéristiques est que la solution pour une donnée initiale a support compact sera a sup-
port compact pour tout temps. Le coefficient de diffusion s’annule autour des zéros de la
solution. La situation m < 1 est celle de la diffusion rapide : le coefficient de diffusion est
singulier autour des zéros de la solution. Ce cas présente un changement de comportement
des solutions autour de 1’exposant critique m, = ‘%2. Sim > me, lamasse M = {v dx
est conservée au cours de 'évolution. Le flot a aussi un effet régularisant, en particulier la
solution est bornée pour tout temps strictement positif. Au contraire, pour m < m, il ya
perte de masse et la solution s’éteint en temps fini. Dans cette situation, il existe aussi des
solutions non réguliéres. Ces différents cas de figure sont illustrés dans la Figure 1.

équation de la chaleur
équation de diffusion rapide —>l<— équation des milieux poreux
> m
existence globale dans L!

extinction en temps fini } } ‘ } }
—2 d-2 d_ d-1 1
d d+2 d

U
[\

S8
[\

+

Ficure 1 : Les différents régimes pour I'équation de diffusion non linéaire (1)
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Inégalités de Sobolev et Hardy-Littlewood-Sobolev : dualités

Dans tous ces cas de figure, comme rien de s’oppose a la diffusion, toute solution de (1)
va converger ponctuellement vers 0. On peut faire un changement de variable du type

1 T
v(t,x) = W u <logR(t), R(t)) ,

ot 'expression de R(t) dépend de m et de m.. Ceci nous donne I'équation suivante pour u,
0
gu(t,x)zAum—Fv-(xu), reRY t>0, 2)
%

qui est une version non linéaire de 1’équation de Fokker-Planck. Grace a la présence du terme

de rappel V - (zu), il existe des états stationnaires : les solutions de Barenblatt—Prattle. Elles

1
m—1 m=T
o) = (D— W) ,

2m +

ol (- )4 estla partie positive, et D une constante fixée par la masse de la donnée initiale. On

s’écrivent

peut associer une fonctionnelle d’entropie relative a la deuxieme équation, c’est-a-dire une
quantité décroissante le long du flot, qui va mesurer une distance au profil asymptotique.
Son introduction est due a Newman et Ralston [New84 ; Ral84].

Elu] = ! JRd [ —ul} —mull " (u—uy)| dz.

m—1
Sa dérivée le long du flot est donnée par

m—1

2
ié’[u] =— (m) J u|Vu™ Tt — Vuggflf dz = —TI[u],
dt R

ott on appelle Z l'information de Fischer relative associée a u. On peut alors montrer que
pour m € (42, 1) on a I'inégalité
1
Elu] < 51 [u]
en utilisant une famille d’inégalités de Gagliardo-Nirenberg, qui généralisent les inégalités de
Sobolev. Elles s’écrivent

£ le ey < CodlV FIEa eyl s gy pE (Las) 3

oil la meilleure constante C), 4 et fonctions extrémales sont connues grace a del Pino et Dol-
beault [PD02]. Ceci nous donne la décroissance exponentielle de F vers 0, et donc, avec un
peu plus de travail, la convergence de u vers uo, dans L' (R¢), voir [DT13]. On a bien stabilité
des profils .

Ceci conclut l'illustration du schéma grossier dressé plus haut. La richesse de 1'équa-
tion (1) va bien au-dela de ce qui pourrait étre présenté dans cette introduction, et le lecteur
intéressé pourra trouver un exposé plus complet dans [Vaz07].

Inégalités de Sobolev et Hardy-Littlewood-Sobolev : dualités

Les inégalités intégrales du type Sobolev ont une longue histoire, dont les prémices re-
montent au XIX¢ siecle, dans le cadre de 'étude de problémes de mécanique céleste. Par
inégalité de type Sobolev, on entend les inégalités qui bornent la norme d’une fonction f
par une norme impliquant une dérivée de f. Elles ont aujourd’hui une place centrale dans
I'étude des équations aux dérivées partielles.
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INTRODUCTION

Le cas du laplacien classique

En 1976, Aubin [Aub76] et Talenti [Tal76] donnent la premiére preuve rigoureuse de
I'inégalité de Sobolev optimale dans le cadre L. Il faut noter deux résultats antérieurs mais
partiels dans cette direction, celui de Bliss [Bli30] dans le cadre des fonctions a symétrie
radiales, puis de Rosen en 1971, dans le cas de la dimension 3, voir [Ros71].

Ennotant 2* = 2% I'exposant critique de Sobolev en dimension d > 3 et D la complétion
de I’espace des fonctions réguliéres a support compact par la norme |V - |2, le résultat
d’Aubin et Talenti est le suivant.

Théoréme 1 (Inégalité de Sobolev optimale — Talenti, 1976 et Aubin, 1976). Soit d > 3. Pour
toute fonction u € D, I'inégalité

Julfa ey < SalVulfagay » 4)
est vérifiée, avec la constante d’Aubin-Talenti

Sd = wd(;—Z) <rr((§')))z’

ou I' désigne la fonction gamma d’Euler. Le cas d’égalité est donné pour w = wu, d translation et

dilatation prés, ou
u(z) = (1+ |a?)' %
Plus tard, dans [Lie83], Lieb remarque que 1'inégalité de Sobolev est duale d’une autre
inégalité, celle de Hardy-Littlewood-Sobolev, qu’il réécrit donc de maniére optimale, par

réhaussement sur la sphere via la projection stéréographique inverse.

Théoréme 2 (Inégalité de Hardy-Littlewood-Sobolev optimale — Lieb, 1983). Soit d > 3.
Pour toute fonction v € L2 (RY), Uinégalité

J 0 (~A) 0 de < Sqlo] 2y 5)
Rd

d+2

est vérifiée. Le cas d’égalité est donné pour v = v, = uy~" a translation et dilatation pres, et donc
va(@) = (14 |2[)~0+4),

Les preuves des inégalités (4) et (5) reposent sur un résultat de Pélya et Szeg6 (voir [PS51])
affirmant que I'énergie de Dirichlet est décroissante par symétrisation de Schwarz. Ce fait
est beaucoup utilisé pour réduire 1'étude de problemes variationnels au cadre radial. Soit A
une partie mesurable de R?. On appelle alors symétrisée de Schwarz et on note A la boule
centrée a l'origine de méme mesure que A. En utilisant la représentation en couches («layer-
cake ») d"une fonction f

uun=£ ity () .

on peut définir sa symétrisée de Schwarz f par

far =[x __ma.

R
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Inégalités de Sobolev et Hardy-Littlewood-Sobolev : dualités

o
On a alors que f est a symétrie radiale et décroissante et possede les propriétés suivantes :

20, flw =Ifles Yo, [Vl <[V,

sous réserve que ces quantités soient bien définies pour f. Ceci permet, entre autres, de
ramener au cas radial 1’étude des fonctions optimisantes de l'inégalité de Sobolev. Un ré-
sultat similaire existe pour le terme de convolution (—A)~!v de l'inégalité de Hardy-Little-
wood-Sobolev, I'inégalité de réarrangement de Riesz, qui peut d’ailleurs étre utilisée pour
la démonstration du résultat de Pélya et Szeg6 (voir [LLO1]).

La dualité entre les inégalités de Sobolev et Hardy-Littlewood-Sobolev (abrégée HLS),
a été étudiée par Lieb dans [Lie83]. La transformée de Legendre F* d’une fonctionnelle
convexe F' est définie par

F*[v] = Supf vu dz — Flu].
u R4

I1 faut faire attention a ’ensemble dans lequel on prend u, mais par densité on peut se res-
treindre I'espace de minimisation a des fonctions régulieres, a support compact. En consi-
dérant la transformée de Legendre des deux termes apparaissant dans (4) on obtient

*
(u — 1Sdf |Vul? dx) =0V 1551 v(=A) "t da,
2 R4 2 Rd

Lo ¥ 1,
(0 Gl ) = o 502
Comme pour tout F;, F;, convexes, Fy [u] < Fy[u] équivauta Fy*[v] = Fif[v], les inégalités (4)
et (5) sont équivalentes. Un des objectifs des travaux présentés ici a été de mieux comprendre
les implications de cette dualité, notamment en utilisant certaines équations de diffusion
non linéaires.

La recherche d’une amélioration quantitative de 1'inégalité de Sobolev a déja été I'objet
de nombreux travaux, apres que Brézis et Lieb [BL85] eurent posé la question de la stabilité
del'inégalité : si Sy Vu[?, — |u|r2 est petit, est-ce que u est proche d’une solution extrémale
de type u, ? Bianchi et Egnell apportent une réponse positive, et montrent dans [BE91] qu'il
existe une constante ¢ > 0 telle que

Sl Vults — [ul?s > ¢ inf [V(u—h)J2, ©)

M = {h:h(x)— (a—l—ﬂ\x—xdz)_T , a,ﬂ>0,xoeRd}.

est la variété des fonctions optimales pour (4). Leur preuve se fait en deux temps, en écrivant
que u = h + of avec |ulLz = | f|r> = 1 et que h minimise le membre de droite dans (6).
Si 0 « 1 on peut linéariser et obtenir un trou spectral. Dans le cas contraire, le terme de
gauche est borné inférieurement par une constante strictement positive, et par contradic-
tion, on obtient I'inégalité, quitte a prendre c assez petit. Cette approche nous prive cepen-
dant d"une estimation explicite de c.

Dans le chapitre I, on affine un résultat de [Dol11] allant dans la méme direction : une
amélioration de l'inégalité de Sobolev avec un terme de reste correspondant a l'inégalité
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INTRODUCTION

de Hardy-Littlewood-Sobolev. Dans le but de préciser de résultat, introduisons S et H, les
quantités positives associées aux inégalités de Sobolev et Hardy-Littlewood-Sobolev, res-
pectivement :

Slu] = Sa|Vul3 = |ulfz@ey.  Hlv]=Salvl%e ey — | v(=A)"'vda,
d+2( ) Rd

qui s’annulent sur les profils d’Aubin-Talenti u, et v., respectivement. Notre résultat est
alors le suivant.

Théoréme 3 (Dolbeault, Jankowiak, 2014 — [2, Th. 1]). Pour d > 3, on a l'inégalité
H[v] < C [ul 270, S[u] )

siv=ut?, pour tout w € D. La constante optimale Cy est telle que

d
— S5 <Cy <Sy.
d+4>° ¢ =l
L'idée centrale de la preuve consiste a développer une quantité quadratique bien choisie,
méthode quon peut formaliser dans un cadre un peu plus général. On considere un espace
1

de Hilbert H muni du produit scalaire (-, -) et des normes p définies par |u|, = <ug, u? ).
Pour tout opérateur £ positif et auto-adjoint sur H pour lequel il existe p tel que

(w, Cu) > Jul?,  VueH,
on a aussi par transformée de Legendre

<v7 £_1v> < HUHZ%, ,

ou p’ est le conjugué de Holder de p, c’est-a-dire % + ﬁ = 1. Continuons avec un dévelop-

pement formel du carré
0< L3 (au— L7102 = a2 L3u|? - 2a <.c%u, c%c—1v> +LE L )2
= a? (u, Lu) — 2a (u, v) + (v, L7'0) .
On peut alors choisir v = uP~!, ’est-a-dire u = P L ce qui donne
0 <o (u, Lu) — aful? — (aHUHg — (v, £_1v>) ,
puis avec a = ]2 = [ulz~?

0 < [ulZ® ({u, L)~ [ul) — (Il — (v, £7)) .

En choisissant £ = —S4A et p = 2%, on obtient une preuve de (7). Ceci nous donne aussi la
borne supérieure C; < Sg. A titre de remarque, cette méthode peut étre adaptée a d’autres
espaces que ceux de Sobolev, notamment les espaces a poids, pour obtenir un résultat
similaire pour les inégalités d’Onofri et de Hardy-Littlewood-Sobolev logarithmique par
exemple (voir plus loin).

A ce stade il est bon de rappeler que la meilleure constante C, est caractérisée par
Jul sy ST

1 X .
C, T b ol on Qb=
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Inégalités de Sobolev et Hardy-Littlewood-Sobolev : dualités

Ficure 2 : Illustration de la projection stéréographique ¥ : S?\{N} — R2. Elle n’est pas
définie pour le pole nord N, qui est formellement envoyé a 'infini.

La borne inférieure sur C, est obtenue via des méthodes de linéarisation : puisqu’'on a une
forme indéterminée quand on considére le quotient écrit pour wu, , il parait naturel de dé-
velopper S et H autour de ces profils. Ceci nous ramene a un probleme de valeurs propres
pour l'opérateur de Laplace, mais dans un espace de fonctions a poids. Ce poids est expli-
cite et correspond en fait au jacobien de la projection stéréographique (2/(1 + |z|?))¢, eton a
donc tout intérét a réécrire le probléeme en fonction de v(w) = (1 — z)_d%zu(E(x)), ou X est
la projection stéréographique (voir aussi Figure 2) :

d —>Sd\{N} CRdJrl )
DI 1 r=lx|, z=
x=(xl,...,md)HW(|x|2—1,2x1,...,2md), «

II ne reste qu’a considérer les valeurs propres de 'opérateur de Laplace-Beltrami sur la
sphere, ce qui donne la borne Wd45d < Cy.

L'équation de diffusion rapide comme outil

Lexclusion du cas Cq = Sg est possible grace a l'utilisation de I'équation de diffusion

rapide présentée au début de cette introduction. Dans le cas sur-critique m = qui est

d+2’
tel que m, < m < %, Carlen, Carrillo et Loss [CCL10] ont remarqué la chose suivante.

Si v est une solution de (1), alors

d—1

d d—1
g tvC 0] = —26[u(, ) 2],

d d 2 d 1 2d+1)
(CE ))sd U172 IV 122 = 1£1 S

est positive grace a I'inégalité de Gagliardo-Nirenberg (3) écrite pour p = 4. Dautre part,

glf1=

on connait le comportement asymptotique des solutions, qui est donné en variables auto-
similaires par les profils (1 + |x|2)7(1+%), qui annulent . On a donc lim;_, o, H[v(-,t)] = 0,

et donc que H est positive pour toute donnée initiale : c’est une preuve de (5).

On peut faire le méme calcul pour m = g—;g < me, I’équation de diffusion correspond

alors au flot géométrique de Yamabe. Dans ce cas, le comportement asymptotique est donné
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INTRODUCTION

dans [PS01]. Plus précisément, 'équation (1) admet des solutions vy a variables séparées

1+2 ak 1+%
vp(t,x) = (T —t) (d> .

a? + |x — zo?

de la forme

ott T est le temps d’extinction, kg = (4d (d — 2)/(d + 2))=. Les constantes a € R et z € R
traduisent l'invariance par translation et dilatation. Pour toute solution v de (1), il existe T', a
et z tels que

sup (1 + |2|%%2) [v(t, ) — vr(t,2)| =10,

z€R?

On a alors

Sl =2 ([ veometar) st =0,

avec toujours v = w2 De la méme fagon que précédemment, la positivité de S entraine la
positivité de . On peut pousser plus loin en reprenant I'intégration le long du flot comme
dans [Dol11], pour obtenir une inégalité non linéaire liant S et . On note C = C4/S, et on
introduit

J(-t) = fRd v (t) dz, quiesttel que J = d

Un calcul direct montre que

/

—’H”g—Jj”H’, etdonc —H <kolJ,

ou l'on a noté kg = —H'(0)/J(0). Comme J est décroissante, il existe donc une fonction
positive Y : [0,J(0)] — R telle que #(¢) = Y(J(t)). En dérivant par rapporta t on a

=Y () =—H <koJ,
Cette inéquation différentielle peut étre intégrée pour obtenir
OSSdJH%Lp(J%_lS[u]) — H[v], ®)

avec p(x) = +/C? + 2C x — C. Cette inégalité non linéaire est une amélioration de (7) si x est
plus grand que z¢ = 215€, ce qui correspond a ¢(z) < z, voir Figure 3. Comme z; = 0, on

Ficure 3 : Comparaison de z — ¢(z) etz — Cz.Pour C <1, 2¢ >0

peuten faitexclurele cas C = 1, c’est-a-dire C; = S4 : supposons que ce soit le cas et considé-

dt2
rons une suite minimisante (uy,) pour Q. Par homogénéité, on peut imposer que J[u, ]
d+2

J[u7?]. Deux cas sont alors possibles :
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o limy oo H[up] > 0 et limy_, o S[ux] > 0, et donc

0= lim (sdﬁS[uk] —H[uk])
= lim (434 S[u] — S (1S ) )

1S[uk]) - H[uk]> .

+ lim (sd 1, (J?’
k—o0

Les deux limites sont positives, ce qui donne une contradiction.
dai2
o limS[uy] = limH[u; *] = 0, auquel cas u;, converge vers un profil d’Aubin-Talenti
et la limite de Q est donnée la linéarisation. Ce qui, apres calcul, donne & nouveau

une contradiction.

Le cas du laplacien fractionnaire

Le résultat de Lieb de 1983 est en fait plus général que 1'énoncé donné dans le Théo-
réme 2 et couvre les noyaux de la forme z +— |2|~*,avec 0 < \ < n. En choisissant A = d—2s
on obtient le controle de puissances non entiéres du laplacien, c’est-a-dire de (v, (—A)*v),
par ||v|?.s . Dans le cas particulier s = 1, on retrouve (5). Par dualité, on peut aussi généra-
liser 1'irr{é;£alité de Sobolev aux dérivées fractionnaires.

Le calcul différentiel fractionnaire est relativement bien connu en mathématiques (voir
par exemple [Ste70 ; Ada75]), mais les applications pour la modélisation de phénomenes
physiques n’est qu’assez récente. Au début des années 2000, il a commencé a étre utilisé
pour rendre compte de phénomenes de diffusion anormale, c’est-a-dire pour lesquelles la
distance caractéristique de diffusion esten ¢ (voir [BG90]), avec o # 1, le cas classique o =
1 correspondant a I'équation de la chaleur. Ce type de diffusion apparait par exemple en
physique lors de 'observation d’atomes ultra-froids [Sag+12] ou en biologie lors de I’étude
de diffusion de particules a l'intérieur de cytoplasmes [Reg+13].

11 est naturel de vouloir étendre le résultat précédent au cadre fractionnaire, ce qui est
fait en détail dans le chapitre II, pour 0 < s < 4. Le schéma de preuve reste le méme
que dans le cas s = 1 et contraste avec celui de [JX11], entiérement basé sur un flot de
Yamabe fractionnaire. Notre méthode permet ici aussi de simplifier la preuve et de fournir
de meilleures bornes sur les constantes. L'inégalité est établie par développement du carré,
ce qui donne aussi la borne supérieure pour la constante optimale, la borne inférieure étant
obtenue par linéarisation. L'identification des solutions extrémales pour le quotient linéarisé
demande ici plus de travail : aprés projection stéréographique inverse pour reformuler le
probléme sur la sphere, il faut passer par la formule Funk-Hecke. Celle-ci affirme que, sur
la spheére, les opérateurs de convolution dont le noyau ne dépend que de I’angle zénithal
(angle 6 de la Figure 2) commutent avec 'opérateur de Laplace-Beltrami. Elle donne aussi
une expression des valeurs propres de tels opérateurs a 1’aide des polyndmes de Jacobi.
Finalement, on obtient le Théoréme 1 du chapitre II, qui n’est pas repris ici.

De maniere indépendante, Carlen et Loss [CL92] et ensuite Beckner [Bec93] ont étudié les
inégalités (4)-(5) réécrites sur la sphere S?. Ils se sont en particulier intéressés a la limite s —
4, ce qui correspond a A — 0 dans le potentiel newtonien. Par différentiation, l'inégalité de
Sobolev donne l'inégalité de Moser-Trudinger-Onofri qui est étudiée en détail en dimension 2
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dans les chapitres III et IV ; quant a 1'inégalité de Hardy-Littlewood-Sobolev, elle devient
I'inégalité de Hardy-Littlewood-Sobolev logarithmique.

En utilisant le méme passage a la limite dans (7), on obtient un résultat similaire au
Théoréme 3 : le décifit dans 1'inégalité de Moser-Trudinger-Onofri contrdle le déficit dans
I'inégalité de Hardy-Littlewood-Sobolev logarithmique. En introduisant la dérivée logarith-

mique de la fonction Gamma, ainsi que 'entropie

Ent, (f) =f Flog f do — U fda) log (J fda) L et W) =TI,
sd sd sd
nous avons le théoréme suivant.

Théoréme 4 (Jankowiak, Nguyen, 2014 — [4, Th. 2]). Soit d > 2 et do la mesure sur S, nor-
malisée a 1, induite par la mesure de Lebesgue sur R, II existe une constante C5 telle que pour
toute fonction F définie sur S* avec un développement en harmoniques sphériques F = Y, o F},
U'inégalité suivante est satisfaite

Buta (1) + 57 [ #6101~ 500) ao(€) aot) + 257 (wia) — v (§) - 10ga)

2
Sd xS
1 'k +d) f 2 J f P
SCiM | = ), w0 F|=d Fdo—1 d . O
d ldeglF(d)F(k) Nl do ) Fdo—log | | etdo ©
on f=ef et M =, f do. De plus, en notant C§ la meilleure constante dans 1'inégalité ci-dessus,
ona )
— <<
d+1 ¢ (10)

On peut réécrire 1'inégalité (9) en repassant dans 'espace euclidien, dans le cas parti-
culier de la dimension 2, ce qui fait apparaitre une variante probablement plus familiere
des inégalités d’Onofri et de Hardy-Littlewood-Sobolev logarithmique. On retrouve aussi
le poids associé au jacobien de la projection stéréographique, 1i(z) = (1 + |z|?)2,

Corollaire 5 (Jankowiak, Nguyen, 2014 — [4, Cor. 3]). Il existe une constante C5 telle que pour
toute fonction u € L*(u) et Vu € L?(R?) I'inégalité suivante est vérifiée

v 47 1
JRz vlog (M) dz — e v(=A) " (v) dz + M(1 + log )

€ 1 u
<CiM [WVU||E2(R2) + J]Rz uwdu —log (J}R? e dp)] . (1)

ov =e"pet M = §p, v da. De plus, en notant C§ la meilleure constante pour laquelle 1'inéga-
lité (11) est valide, on a

Ce résultat peut étre obtenu par un passage a la limite dans une inégalité similaire a (7)
écrite pour l'inégalité de Caffarelli-Kohn-Nirenberg et son inégalité duale. Avec un calcul
identique a celui de [DETO08], on obtient une famille d’inégalités de type Onofri, dont un
cas particulier est donné dans [2, Th. 2], qui est une version affaiblie du Corollaire 5.
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La dimension deux et I’'inégalité d’Onofri

Nous allons maintenant décrire quelques idées du chapitre III. Sortons du cadre fraction-
naire pour revenir aux espaces de Sobolev classiques. Une inégalité du méme type que (4) ne
peut pas étre vraie en dimension deux, comme on peut le voir par le changement d’échelle
u(z) = ux(Az), qui laisse invariante la norme HVuHiQ(Rz) mais pas HuHiq(Rz), quel que soit le
choix de g. En étudiant comment étendre (4) a des domaines bornés de R?, Trudinger [Tru67]
et Pohozaev [Poh65] montrent que la bonne norme a considérer est de type u — S elu”. Plus
tard, en se basant sur ce résultat et par symétrisation, Moser [Mos70, Theorem 2] obtient
l'inégalité suivante, formulée sur la sphere S?

1

*j |Vu|2da+c>logf e“da—J udo,
4 Js2 s2 s2

avec une constante ¢ qui n'est pas connue. Elle est reprise et écrite pour la premiere fois
sous forme optimale par le physicien Enrico Onofri en 1982 [Ono82] pour répondre a des
questions issues de la théorie des cordes de Polyakov.

Théoréme 6 (Inégalité d’Onofri — Onofri, 1982). Si do est la mesure de probabilité induite par
la mesure de Lebesgue sur S* < R?, alors

1
1 LZ |Vo|? do = log <L2 e’ da) — Lz vdo, (12)

et I'égalité a lieu pour les constantes et leurs images par transformation conforme.

Par la projection stéréographique introduite p. xvii, on obtient une forme équivalente sur
I'espace euclidien. Cette remarque a été faite pour la premiére fois dans [CL92, Theorem 1].

Théoréme 7 (Inégalité d’Onofri euclidienne). Si dpy = p(z) dz avec p(z) = (1 + |z|?)72,
alors

1
Tor |Vul? dz > log (J e du) — f udp. (13)
™ JR2 R2 R2

La preuve d’Onofri repose fortement sur I'invariance conforme de (12) et le cas d’éga-
lité est identifié en étudiant 'équation d’Euler-Lagrange associée. On peut trouver plus de
détail ce sur point dans [Hon86]. D’autres stratégies de preuves existent dans la littérature,
par exemple en utilisant des méthodes de convexité comme 1’a fait Ghigi dans [Ghi05], a
partir de 'inégalité de Prékopa-Leindler.

Comme évoqué plus haut, I'inégalité d’Onofri est duale de I'inégalité de Hardy-Little-
wood-Sobolev logarithmique, dérivée d'une part par Carlen et Loss [CL92], et d’autre part
par Beckner [Bec93] via des inégalités d’interpolation sur la sphere dues a Bidaut-Véron et
Véron [BVVI1]

Théoréme 8 (Inégalité de HLS logarithmique — Carlen et Loss, 1992 / Beckner, 1993).
4
J ulogu Az — == u(=A) " (u) dz + M(1 +1lognm) =0, (14)
R2 M R2

avec M = (o, u dx. L'égalité a lieu pour w = 1, d translations et changements d’échelle pres.
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En dimension 2, c’est donc I'inégalité de Moser-Trudinger-Onofri ou simplement inéga-
lité d’Onofri qui joue le role de I'inégalité de Sobolev optimale. Cette affirmation est justi-
fiée de maniére plus profonde en considérant plusieurs limites d’inégalités fonctionnelles,
exposées dans le chapitre III, p. 62. Ce chapitre offre un bref passage en revue des résul-
tats connus sur cette inégalité, ainsi qu'un certain nombre de résultats nouveaux. Voici un
exemple d’une telle justification, qui sera étendue au chapitre III.

L'inégalité d’Onofri comme limite de 1'inégalité de Sobolev

Pour concrétiser le lien entre 1'inégalité d’Onofri et I'inégalité de Sobolev, on peut en
effet réécrire cette derniére pour des fonctions a symétrie radiale :

0 1-2 5 0
(j f<r>2*r“dr) <wlsa [ 1P ar, (15)

ol wg = 272 /T (441) est la surface de la sphere unité, et ou I’égalité est atteinte pour

fo(r) = (L+02)17%

De cette fagon, d peut étre vu comme un parameétre réel, que 'on va faire tendre vers 2 pour

récupérer la forme radiale de I'inégalité d’Onofri. Considérons alors f = f.(1 + 3 ).

D’une part nous avons

d—2
®© d d—2 *© rdr
d—2 24 d—1 u
(J, et T oas SR (] )

nous avons aussi

dsdf |f’2rd1dr~1+(d—2)[8j \u'|2rdr+f w— ]
0

0 0 (1+72)2

‘Sdfl

En prenant la limite d — 2 et en ne retenant que les termes d’ordre d — 2, nous obtenons

1fm|u/|2TdT+J®UW>IO JoerQ’I“d’I“
8 J, o Tz 8, arm2)

qui correspond exactement a 'inégalité (13) écrite pour une fonction « radiale. Bien que
valable uniquement avec une hypothése de symétrie forte, ce calcul montre clairement le
lien entre les deux inégalités. En partant d’autres inégalités optimales, par exemple celle de
Gagliardo-Nirenberg et en considérant des limites différentes, on peut retrouver (13) sans
hypothese de symétrie.

Modele Keller-Segel critique et équation de diffusion rapide

Considérons le modele de Patlak-Keller-Segel pour la chimiotaxie dans sa version el-
liptique. Celui-ci, introduit en 1970 par Keller et Segel [KS70], décrit I’agrégation d’amibes
du type Dictyostelium discoideum via leur interaction un chimioattractant. Le déplacement
de ces amibes est bien décrit par la combinaison d’un mouvement aléatoire (diffusion) et
d’une attraction vers les zones denses en chimioattractant (dérive). Le chimioattractant est
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sécrété par les amibes elles-mémes, et subit lui aussi une diffusion. Dans le cas qui nous in-
téresse ici, on suppose que le temps caractéristique pour 1’évolution de ce chimioattractant
est bien plus petit que celui de 1’évolution de la densité des amibes. On a donc un systéme
parabolique—elliptique . Si on note p la densité d’amibes et c la densité de chimioattractant,
on a I’évolution suivante :

5P =2p=V-(pVe)
—Ac+p=0

, zeR?,t>0. (16)

Au cours de I’évolution, la masse M = {, p dz est conservée, et le comportement qualitatif
des solutions dépend de son positionnement par rapport a une valeur critique, dont la va-
leur exacte est donnée dans [DP04]. Si M < 8, la diffusion 'emporte : les solutions existent
globalement en temps et restent bornées. A l'inverse, si M > 87 'attraction prévaut : si la
donnée initiale n’est pas trop étalée, plus précisément si son moment d’ordre deux est fini,
alors il y a explosion en temps fini. Dans le cas sous-critique, 1’énergie libre Fpksg, est dé-
croissante le long du flot :

1
Frxs[p] = J plogpdr + — ﬂ p(x)log |z —ylp(y) dz dy,
" R2xR2

et, combinée avec l'inégalité de Hardy-Littlewood-Sobolev logarithmique (14) permet d’ob-
tenir l’existence globale de solutions pour M < 87, en remarquant que

M 1
Frkslo] = o JR2 plogpde + — JJ p(z)log |z — ylp(y) dz dy
R2? xRR2

M
+ (1 — > J plogp dx
81 R2

M M
>——M{Q+logm)+ |1—— f plog p dz,
8T 81 ) Jr2

est bornée inférieurement grace & un moment d’ordre deux. Dans la situation M = 8, le
comportement asymptotique dépend du second moment de la donnée initiale. Si celui-ci
est fini, il est prouvé dans [BCMO8] que la solution converge vers une fonction de Dirac
de masse 8, en temps infini. Dans le cas contraire, Blanchet, Carlen et Carrillo montrent
dans [BCC12, Theorem 1.7] que le profil limite est donné, a un changement d’échelle pres,
par le profil limite de I"équation de diffusion rapide de méme masse, si on prend pour celle-ci m =
%. Ces résultats sont affinés dans [CF13], ott des estimations des taux de convergence sont
donnés. La preuve de [BCC12] se base sur la structure de flot gradient des deux équations,
qui les lie étroitement.

Revenons maintenant a 1'équation de diffusion rapide (1), pour 0 < m < 1, écrite en
dimension deux. Par changement de variable, on peut se ramener a une équation de type
Fokker-Planck non linéaire :

ou

E+V~[u (va*1—2x)]=0. (17)
1. Sions’intéresse au cas ot les échelles de temps sont comparables, on a un systéme parabolique-parabolique.

Le comportement asymptotique est alors plus complexe, point qui sera abordé dans les chapitres IV et V.
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Les profils limite de cette équation sont les profils de Barenblatt :
s () = (D + [2f*) "7

ou D est tel que (uy, dz = M = {u dz. On peut dés lors considérer V'entropie relative £ et
Vinformation de Fischer relative T :

1
Emlu] = 7-[ [W" —ul —mull ™ (u—ug)| dz, Zp[u] = f wu™ Tt — u’;g—1|2 dz.
m—1 R2 R2
qui sont telles que &, [u] = —Z,,[u]. De plus, si m > 3 alors
1
Emlu] < ZIm[u], (18)

ott I'exclusion du cas m = 3 vient de la non intégrabilité de 7 et de |z|?u,. Ce résultat
est dii a del Pino et Dolbeault [PD02], qui adaptent la méthode de Bakry et Emery [BES4]
au cadre non linéaire. Le résultat de [BCC12] repose sur la remarque que le flot de Keller-
Segel (16) est un flot gradient pour £1. Ceci nous dit aussi, d’apres les travaux de Matthes,
McCann et Savaré [MMS09] quel’équation de diffusion rapide est un flot gradient pour Fpks.
Dans le chapitre III, nous faisons 'observation suivante : on peut étendre 1'inégalité
d’entropie-production d’entropie (18) au cas m = 31, et elle est alors équivalente a I'in-
égalité d’Onofri euclidienne (13). Prenons en effet u une fonction réguliére telle que u — o,

soit & support compact et considérons w = . Il vient alors avec m = 3
o0

[Vu — /i dx:j Vw1
A/ Uoo g2 D+ |z|? ’

Hw] =Zi[wuxe] = | uew |V u;%(wfé -1) zdx,
R?

Blu] = & fwue] - |

oll, comme le probléme d’intégrabilité est levé, E et I sont tels que

1
Efw] < ZI [w]. (19)
En prenant v = logw on obtient pour v :
1 1 2 e’ —1—v
< - Iw] - Elw] = — dr —D | = de.
0<gtlel = Blol =15 JRQ Vol da w2 (D + 222

On peut alors prendre D = 1, ce qui revient a requérir M = {,, e’ dpu = 1:

1

— | |vv)* d
167 W' v z+J

vdp=0.
R2

Sous contrainte de masse, cette inégalité est équivalente a I'inégalité d’Onofri euclidienne.
Ceci est tout a fait cohérent : une solution de (16) dont le second moment est infini tend vers
un minimiseur de F, et donc un minimiseur de I'inégalité de HLS logarithmique (14), duale
de l'inégalité d’Onofri.
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Un résultat de rigidité

Il est possible de donner une autre preuve de l'inégalité optimale, par une méthode
de rigidité. Considérons une version relaxée de la fonctionnelle associée & 1'inégalité d’Onofri

Gr[v] = % Lz |Vo|? do + A [Jg? v do — log (L2 e”do)] , (20)

dont on sait qu’elle est positive pour tout A > 0 d’apres [OPS88]. Elle admet des minimiseurs
dans H'(S?) qui sont en fait & symétrie radiale d’aprés [GM13, Lemma 17.1.2]. Si v est un
tel minimiseur, en écrivant v(w) = f(z) ot z désigne la hauteur (voir Figure 2 p. xvii), et en
choisissant f telle que Sl_l e/ dz = 2, on a que f est solution de ’équation d’Euler-Lagrange

1
—§£f+/\=)\ef, (21)

ou L est Vopérateur ultrasphérique Lf = vf"” + V' f' et v(z) = 1 — 22, qui correspond a la
projection de 'opérateur de Laplace-Beltrami sur 1’axe vertical. Par un jeu d’intégrations
par parties on obtient

Théoréme 9 (Dolbeault, Jankowiak, Esteban — [3, Th. 20]). Pour tout X € (0, 1), toute solution
régquliére de (21) est constante égale 4 0. Si A = 1, f est solution de I'équation différentielle f" =
% |f'|?, elle est donc soit constante, soit telle que

f(z) =C1 —2log(Cy — 2), oul CieR,Cy > 1. (22)
Cette fonction correspond a l'invariance conforme de (12), pour des fonctions ne dépendant que de z.

Voici un résumé de preuve : en multipliant (21) part £(e~//?) puis en intégrant par par-
ties on obtient

1! 1!
0= 7{ 2 |f”|267f/2 dz — gf 2 |f/|2 f//eff/2 dz
1 -1

4

1! 1!

+7J I/|fl|2€_‘f/2dz—*J‘ v|f)?ef? dz.
2 -1 2 -1

Le méme calcul en multipliant par % | f’|? e~//? donne quant a lui

1 1
0= 7J\ 2 |f/|2 f// eff/Q dz —
-1

1 1
—J 1/2‘f/|4€7f/2 dz
8 -1

16

AT I
+7J V|f/|2€_f/2d2—*f vif2ef/? dz.
2)_, 2],
En soustrayant la seconde identité a la premiere, il vient

1 ! 1—x (!
éf v? |f”—%\f’|2|2e_f/2dz+TJ vif'?e?/?dz=0.
-1 -1

Cette méthode a été introduite par Gidas et Spruck [GS81] pour 1’étude des solutions
d’équations non linéaire elliptiques du type

—Au=ul, xeM, (23)
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ol M est une variété Riemannienne de dimension d > 2. Ils montrent en particulier que

sil < ¢ < %2, alors toute solution positive et réguliére de (23) est identiquement nulle. Dans

2 7
le cas critique ¢ = %2, les profils d’Aubin-Talenti u, sont aussi admissibles (voir [Gid82 ;

JL72]). Cette analyse a été généralisée par Bidaut-Véron et Véron dans [BVV91] a I'équation
—Au—Au+u? =0,

qui est, a une normalisation prés de u, 'équation d’Euler-Lagrange correspondant au cas
d’optimalité pour l'inégalité d’interpolation
A

Vol} =z —
IVolem = 2

=5 (1l = IolEemy | ve @),

grace a une utilisation systématique de la formule de Bochner-Lichnerowicz-Weitzenbock,
qui va étre détaillée dans la suite.

Extension aux variétés riemanniennes

Le résultat de rigidité obtenu pour la sphere s’étend au cadre des variétés riemanniennes
de dimension 2. Voici maintenant une présentation des résultats du chapitre IV. Dans [Aub79],
Aubin montre que sur une variété riemannienne compacte (91,g), pour tout ¢ > 0, il
existe C, > 0 tel que

o) Vul

J e dv, < 056(16% L2 ) YueHY (M), J u tel que dvy = 0.
m

m

1
1677

peut prendre ¢ = 0 dans l'inégalité ci-dessus, tout en gardant C, finie. Une réponse affir-

Le probleme de la premiére meilleure constante, dont la valeur ici est est de savoir si on

mative est apportée par Cherrier dans [Che79]. En dimension supérieure, le probléme est
ensuite résolu par Aubin [Aub79] sur la sphere et par Faget [Fag08 ; Fag06] sur une variété
riemannienne générale. En passant au logarithme, et en considérant u — { . u dv,, on en
déduit qu’il existe une constante C' telle que

1
FHV@LHiQ(m) +J u du, —logJ e dvy, = C, YueH (OM).
™ m m

Pour obtenir une inégalité de type Onofri, nous nous sommes posé le probleme de la valeur
de la seconde meilleure constante, c’est-a-dire comment choisir A pour que

1
ZHVUH%Z(m) + )\.[m u dvg — Alog J;m e dvg =0. (24)

Notre résultat est basé sur la méthode de rigidité. On note R le tenseur de Ricci sur 9 et
Ay 'opérateur de Laplace-Beltrami. On définit aussi deux opérateurs sans trace :
Lyu:=Hju— %Agu, et Mgu = Vu® Vu — %|Vu|27

et avec ces notations, on a

Théoréme 10 (Dolbeault, Jankowiak, Esteban, 2014 — [5, Th. 1]). Supposons que d = 2 et que
A > 0. Siw est une solution réguliére de

1
—§Agu+)\=eu, (25)
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alors w est constante si A € (0, A\.), avec

Lﬁ [ |Lgu — & Mgu | + R(Vu, Vu)] e™v2 du,

Ay = inf

(26)
ueH?2 ()\ {0}

J Vul? e™/2 dv,
m

La preuve, un peu longue mais pas particulierement technique, repose sur des intégra-
tions par parties et la formule de Bochner-Lichnerowicz-Weitzenbock :

1
34 |Vaul? = [Hyu|? + V(Auu) - Vu + R(Vu, Vu) .
Une conséquence du Théoreme 10 est I’estimation suivante.

Corollaire 11 (Dolbeault, Jankowiak, Esteban, 2014 — [5, Cor. 24]). Sid = 2 et si A\, désigne la
plus petite valeur propre de A,, alors (24) est vraie pour X\ = A == min{4m, \.}. De plus, si A est
strictement plus petit que \1/2, alors la constante optimale dans (24) strictement plus grande que A.

La question de I’estimation de A dans (24) a déja été abordée par Fontenas dans [Fon97]
dans le formalisme plus abstrait du carré du champ, avec une contrainte de courbure po-
sitive. Son approche se base sur 'inégalité de courbure-dimension, introduite par Bakry et
Emery pour I'étude de processus de diffusion linéaires. Un bon exposé de leur méthode est
fait dans [Bak94, Chapitre 6]. Bakry obtient ainsi une inégalité de type Sobolev sur la variété,
puis dérive (24) par passage a la limite. De maniére surprenante cette méthode n’entraine
pas de perte d’information si la contrainte sur la courbure est prise en compte (voir la re-
marque 26, p. 97).

La méthode que nous présentons peut-étre étendue au cas de 1'espace plat a poids, poids
qui prennent le role joué par la courbure de Ricci sur les variétés. Nous cherchons donc en
quelque sorte a généraliser l'inégalité d’Onofri (13) écrite sur R2. Plus précisément, nous
étudions les mesures dy = p(x) dz pour lesquelles on peut trouver A > 0 telle que I'inégalité

1
Tor |Vul? dz = A [log (J e d,u) — J- u du] , (27)
™ JR2 R2 R2

1

T

(1 + |z|?)~2 donne (13). Comme une telle
inégalité est invariante par ajout d’une constante, on considére des minimiseurs sous la

soit vérifiée. Rappelons que le choix de yu =

contrainte SW e dp = 0. Ceux-ci, quand ils existent, sont solutions de 1'équation d’Euler-
Lagrange
1
—— Au+Ap—Ae*u=0. (28)
8w

En suivant la méme méthode que précédemment, on arrive & un critere similaire a celui du
Théoreme 10. Du point de vue des applications, il n’est pas vraiment génant de restreindre
aux mesures a densité, a symétrie radiale et décroissantes, et dans ce cas on peut donner le
résultat suivant.

Théoréme 12 (Dolbeault, Jankowiak, Esteban, 2014 — [5, Th. 2]). Supposons que i est une
fonction a symétrie radiale et notons

A, o= inf ZR)oBR
zeR2 8T
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Alors toute solution radiale de (28) est constante si A € (0, A,.). De plus, sil’égalité dans (27) avec A =
A, est atteinte parmi les fonctions radiales, alors I'inégalité (27) est vraie pour A = A,.

Les inégalités du type (27) peuvent étre utiles pour étudier la stabilité d’états station-
naires, comme c’est fait pour le modele de Keller-Segel parabolique-elliptique dans [CD12].
Cependant, le deuxiéme critere souléve la question délicate de la brisure de symétrie dans (27),
a laquelle il n’est pas toujours facile d’apporter une réponse. A titre d’exemple, on peut
prendre le modele de Keller-Segel parabolique—parabolique

0
5P =B = V(pVo),

0
Tac:Ac—i—p.

D’apres les résultats de [BCD11], on sait que ce systéme admet des solutions auto-similaires
a symétrie radiale, qui peuvent s’écrire

1 2
ev_Z‘r‘
1A—M—U7HI‘2
Sre €V dz ot M = pdx:f udz.
T R2 R2
—Au:gx-VU—i—u

Un autre fait intéressant est que si 7 est assez grand, il existe aussi plusieurs solutions de
méme masse, pour les masses plus grandes que 8. Si on veut s’intéresser a 'inégalité (27)

u

écrite avec 1 = 7, on considére A, qui s’écrit

M (=A)1 M Tx-Vo+1
A, = inf 7()70“=7+ inf Mu.
zeR2 7 u 8 zeR2 u

Ceci nous donne un critére qui n’est pas nécessairement optimal, mais qui est facile a éva-
luer numériquement. La méthode suppose de savoir que les minimiseurs de (27) sont des
fonctions radiales, ce qui est connu pour les modéles simples de la chimiotaxie, mais peut
étre plus problématique, par exemple pour des poids qui ne seraient pas monotones.

Ftude de modéles de mouvement de foule

Le dernier chapitre de cette these est consacré a 1’étude de deux systémes paraboliques,
proches de celui de Keller-Segel. 1ls different des études précédentes puisqu’ils sont for-
mulés sur un domaine borné avec des conditions de Neumann homogeénes au bord. La
masse ne peut plus partir a I'infini, et il n'y a plus besoin de faire de changement de va-
riable auto-similaire. Les phénoménes de concentration sont aussi absents de ces modéles,
le terme attractif étant borné. La difficulté ici vient de la non convexité des fonctionnelles
sous-jacentes au flot, en particulier de la fonction de Lypapunov dans le cas du deuxieme
modele. Le comportement asymptotique a donc une structure plus riche, ce qui se traduit
par l'existence d’états stationnaires multiples dont il s’agit la stabilité.

Sur un ouvert borné 2 = R? on considére

0

i Ap=V-(p(1=p)VD) p(1 —p) modele 1,
P . 9(p) = ) (29)
5D =rAD—=38D +g(p) p modele 2,
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avec conditions de flux nul sur 0, de telle sorte que la masse M := {, p dz soit conservée.

Le premier modéle est la limite macroscopique [BMP11] d"un automate cellulaire modé-
lisant la circulation piétonne [KS02], ott p représente la densité de piétons et D la stratégie
de déplacement; elle encode la mémoire du systéme. L'évolution de p se fait a la fois par
diffusion et par transport dans la direction de D croissant. La densité maximale est 1, ce
qui est traduit par 1'expression du terme de sensibilité p(1 — p) devant V.D. Dans 1'équation
pour D, la diffusion traduit I'incertitude sur la perception de l’environnement et le terme
d’amortissement —JD la perte d’information au cours du temps. Le terme source non li-
néaire p(1 — p) rend compte de la facon dont est construite la stratégie de déplacement : on
préfere les zones de densité intermédiaires. C’est ce terme qui est source de difficulté.

Le second modeéle, proposé par Painter et Hillen [HP01], est une variante du modele de
Keller-Segel dite avec prévention d’entassement (« overcrowding »), cette appellation venant
du terme de sensibilité p(1 — p) qui limite la densité a 1. Son interprétation est identique a
celle du modeéle de Keller-Segel parabolique—elliptique donné p. xxii, p devenant la densité
d’amibes et D la densité de chimioattractant. Contrairement au modéle 1, on peut contruire
une fonction de Lypapunov, clé pour I'étude du comportement asymptotique, en se basant
sur la méthode de Calvez et Corrias [CCO08] :

0
L[p, D] ::J plogp+(1—p)10g(1—p)—dex+gJ |VD|? dx+§J D? dz.
Q Q Q

Pour toute valeur des parametres , 6 et 0 < M < [Q|, on peut trouver p et D constants
sur §) qui constituent un état stationnaire pour (29). Pour obtenir des solutions non triviales
il faut considérer de petites valeurs de « et §, pour lesquelles apparaissent des profils en
plateau, aussi appelés mesas (voir Figure 4), auxquels nous nous sommes intéressés. Pour

'I'

I :i'y v’s\

)

1l

Ficure 4 : Une mesa dans R?, illustration du type de profil étudiés ici.

caractériser les états stationnaires, on peut exprimer la densité p comme fonction de D :

1

P Tt ehD"

ot1 la constante d’intégration ¢, est entierement déterminée par le parametre de masse M.
C’est aussi la relation qu’on obtient si on fixe D et qu'on minimise £; ¢, apparait alors
comme le multiplicateur de Lagrange associé a la contrainte de masse. On est donc ramené
a une équation non linéaire pour ¢ = D — ¢y :
—s R
{ kAP +6(p+ o) — F'(¢p) =0, x€Q avee F(6) i) modelel (30)
Vo-v=0, xedd 1

Te=F modele 2
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Il parait ici assez naturel d"utiliser ¢y pour paramétrer I'ensemble des solutions, alors que le

parametre intéressant pour 1’étude de la stabilité est la masse M. La relation entre M et ¢

n’est en fait pas simple, ce qui complexifie I'analyse et traduit la richesse de ces modéles.
Pour étudier les états stationnaires, on introduit la fonctionnelle

Eldl = 5 | Vol dot 5 [ (0-anf o= [ Flo)a

dont les points critiques sont solutions de (30). L'existence de points critiques ne présente
pas de difficultés particulieres, contrairement a 'obtention de leur propriétés qualitatives.
Par exemple, le fait de travailler sur un domaine borné avec des conditions au bord de
type Neumann rend inutilisables certaines méthodes classiques comme la symétrisation de
Schwarz, et il faut faire appel a d’autres résultats, comme lui de Lopes [Lop96]. Dans le cas
o1 {2 est une boule, on obtient le résultat suivant, illustré par le diagramme de bifurcation
de la Figure 5, obtenu numériquement.

Théoréme 13 (Dolbeault, Jankowiak, Markowich, 2013 — [1, Th. 21]). Si Q est une boule, on a
les propriétés suivantes pour les solutions a symétrie radiale :

(i) Les solutions stationnaires non constantes n’existent que pour M dans un intervalle I <
(0, €2])-

(ii) Les solutions constantes sont instables dans un sous-intervalle de I.

(iii) 1l existe un sous-intervalle de I dans lequel seules les solutions stationnaires non constantes
sont stables. Il est donné par une condition de petitesse sur KA1 + 0, out Ay est la premicére
valeur propre non nulle pour l'opérateur — A avec conditions de Neumann homogeénes au bord.

(iv) Pour toute valeur de la masse, les solutions stationnaires variationnellemement stables de basse
énergie sont soit monotones (mesas) soit constantes. Dans le case du modéle 2, il existe un
intervalle de masse pour lequel les solutions monotones attirent toutes les solutions du probléme
d’évolution de basse énergie.

On s’intéresse ensuite a la caractérisation de la stabilité des états stationnaires, qui né-
cessite de considérer les quantités linéarisées associées a &£y, et £, pour un état station-

naire (p, D).

lim Eoald + 5;2]2 Eanld] _ J o(Egp), ou Eg=—-rA+d§+F"(¢),

E—> Q

. Llp+eu,D+ev]—L[p,D] J u? f f
L¢[u,v] '_ ig}% 262 - 2p(1 _ p |v |

On peut alors considérer deux notions de stabilité :
— la stabilité au sens de la fonctionnelle &;,. A ¢y fixé, on dit qu'un état (p, D) est stable
si ¢’est un minimum local pour £, ce qui est donné par le signe de

A f SQ Eqw ) da
w20 SQ v2dx
XQ vp(l—p)=0

on parle alors de stabilité variationnelle.
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Etude de modeles de mouvement de foule

Ficure 5 : Diagramme de bifurcation pour la valeur de ¢ en 0 en fonction de M, pour le
modeéle 2, en dimension 2. La branche de solutions stationnaires constantes est représentée
en trait fin, celle des solutions stationnaires monotones en trait gras. Les portions de courbe
en pointillés correspondent aux zones d’instabilité. La zone grisée correspond a l'intervalle
d’instabilité pour les constantes.

$(0)

3.5

— la stabilité au sens de l'opérateur d’évolution : on dit qu'un état (p, D) est stable si le
spectre de l'opérateur linéarisé autour de (p, D) est négatif et on parle alors de stabilité
dynamique. Pour le modeéle 2, on peut relier la stabilité dynamique au fait que (p, D)

soit un minimum local pour £, situation qui est caractérisée par le signe de

Ay =2 inf Lplu,v].
o u=0
fv?=1
Notre résultat principal concerne le modele 2 et utilise une idée présentée dans [CD12]
pour le modéle de Keller-Segel parabolique-elliptique : en linéarisant la fonctionnelle de
Lyapunov autour d'un minimum local, on obtient un produit scalaire pour lequel 'opé-
rateur d’évolution linéarisé est auto-adjoint. Cette remarque importante permet de lier les
deux notions de stabilité.

Théoréme 14 (Dolbeault, Jankowiak, Markowich, 2013 — [1, Th. 46]). Soit M > 0 et (p, D)
une solution stationnaire de (29) pour le modele 2 telle que §, p = M, et soit ¢ = D — ¢y telle
que S, Hﬁ = M.

(i) 1l ne peut y avoir ni instabilité dynamique ni instabilité variationnelle si (p, D) est un minimum

local de L sous la contrainte de masse. De maniére équivalente, il ne peut y avoir instabilité si ¢
est un minimum local de &.
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(ii) Si (p, D) est un minimum local de L sous la contrainte de masse, la solution (u, v) au probléme
d’évolution linéarisé converge vers (0,0).

(iii) Stabilité dynamique et stabilité variationnelle sont équivalentes.

La preuve de 'équivalence entre les deux notions de stabilité se base sur 1’'étude des
deux équations d’Euler-Lagrange associées aux problémes de minimisations définissant A
et A;. On arrive a montrer que simin(A, A;) < §,alors A = A4, ce quinous donne le résultat
attendu.

Cesrésultats théoriques sont complétés par une analyse numérique des deux problemes,
dans le cadre radial et sur la sphére unité, en dimension 1 et 2. Les solutions stationnaires
sont obtenues numériquement pour tout ¢, a partir de I’équation (30) par une méthode de
tir paramétrée par ¢(0) : on ajuste la valeur de ¢(0) pour obtenir ¢'(1) = 0.1y a plusieurs dif-
ficultés. D’abord la petitesse des paramétres « et §, qui se traduit par une trés forte variabilité
de ¢/(1) par rapport a ¢(0). Il faut ensuite prendre en compte la contrainte §, p = M lors
des calculs de stabilité, qui sont donc fait en deux temps : on passe d’abord par une diago-
nalisation de 'opérateur linéarisé et ensuite par une minimisation du quotient de Rayleigh
sous la contrainte de masse.

En ce qui concerne le modeéle 1, les deux notions de stabilité se sont a priori pas équi-
valentes. Un indice est donné pas 1’étude numérique du spectre de 'opérateur linéarisé,
présentée dans la Figure V.6, p. 136. On voit que l'intervalle de stabilité variationnelle est
plus petit que l'intervalle de stabilité dynamique. Ceci suggere qu’il n’existe pas de fonc-
tionnelle de Lyapunov pour le modele 1.
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CHAPITRE I

Inégalités de Sobolev et
Hardy-Littlewood-Sobolev

Ce chapitre reprend en grande partie l'article « Sobolev and Hardy-Littlewood-Sobolev
inequalities », écrit en collaboration avec Jean Dolbeault. Il est a paraitre dans Journal of
Differential Equations.

Résumé

Ce chapitre est consacré a une amélioration de 1'inégalité de Sobolev. Le terme de
reste qui apparait fait intervenir I'inégalité duale, c’est-a-dire 1'inégalité de Hardy-Littlewood-
Sobolev. Dans le cas de la dimension deux, un résultat similaire est obtenu pour I'inégalité
d’Onofri, via passage a la limite. L'analyse s’attache particuliérement aux constantes de
proportionnalité intervenant dans ces améliorations. Nous fournissons des bornes basées
des méthodes de complétion du carré et de linéarisation autour des solutions extrémales
d’Aubin-Talenti. L'utilisation d"un flot de type diffusion non linéaire permet d’affiner en-

core ces estimations.
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I. INEGALITES DE SOBOLEV ET HARDY-LITTLEWOOD-SOBOLEV

1 Introduction

E. Carlen, J.A. Carrillo and M. Loss noticed in [CCL10] that Hardy-Littlewood-Sobolev
inequalities in dimension d > 3 can be deduced from some special Gagliardo-Nirenberg
inequalities using a fast diffusion equation. Sobolev’s inequalities and Hardy-Littlewood-
Sobolev inequalities are dual. A fundamental reference for this issue is E.H. Lieb’s paper
[Lie83]. This duality has also been investigated using a fast diffusion flow in [Dol11]. Al-
though [CCL10] has motivated [Dol11], the two approaches are so far unrelated. Actually
[Dol11] is closely connected with the approach by Legendre’s duality developed in [Lie83].
We shall take advantage of this fact in the present paper and also use of the flow introduced
in [Dol11].

For any d > 3, the space D'?(R?) is defined as the completion of smooth solutions with
compact support w.r.t. the norm
2 2 /
i ] = (V0 + [0l o))

where 2% := 24 The Sobolev inequality in R? is
Sd HVUHIQ}’(Rd) - HuHiz* (R4) =0 Vue D172(Rd) ) (1)

where the best constant, or Aubin-Talenti constant, is given by

5= Wd(;—Z) (FF((?))E

(see A for details). The optimal Hardy-Littlewood-Sobolev inequality

Salbl? 4 —JRdv(—A)_lvdx>0 v ve L (RY) )

d+2 (Rd)

involves the same best constant Sy, as a result of the duality method of [Lie83]. When
d > 5, using a well chosen flow, it has been established in [Dol11] that the Lh.s. in (1) is
actually bounded from below by the Lh.s. in (2), multiplied by some positive proportiona-
lity constant. In our first result, we will remove the technical restriction d > 5 and cover
all dimensions d > 3. An elementary use of the duality method — in fact a simple comple-
tion of the square method — provides a simple upper bound on the optimal proportionality
constant in any dimension.

Theorem 1. For any d > 3, if ¢ = &2 the inequality
Sullud|? . - f W (—A) "y da
L2 (Rd) a

8
< Callul T3 gy [SalVula oy = ln ] )
holds for any u € DY2?(R?) where the optimal proportionality constant Cg is such that

d
d+4

Sa<Cy<Sy.



1. Introduction

Inequality (3) is obtained with C,; replaced by Sy by expanding a well chosen square in
Section 2. The lower bound on C, follows from an expansion of both sides of the inequality
around the Aubin-Talenti functions, which are optimal for Sobolev and Hardy-Littlewood-
Sobolev inequalities (see Section 2 for more details), and spectral estimates that will be stu-
died in Section 3 : see Corollary 6. The computation based on the flow as was done in [Dol11]
can be optimized to get an improved inequality compared to (3), far from the Aubin-Talenti
functions : see Theorem 9 in Section 4. As a consequence, we also prove the strict inequality
Cd < Sd.

In dimension d = 2, consider the probability measure du defined by

1

== i -_—-— 2_
dp(z) = p(x)de with  p(z) (T e VzeR
The Euclidean version of Onofri’s inequality [Ono82]
1
— | |Vf]?dx —log J el du +J fdu=0 V feDR? 4)
167 R2 R2 R2

plays the role of Sobolev’s inequality in higher dimensions. Here the inequality is written
for smooth and compactly supported functions in D(R?), but can be extended to the appro-
priate Orlicz space which corresponds to functions such that both sides of the inequality
are finite.

This inequality is dual of the logarithmic Hardy-Littlewood-Sobolev inequality that can
be written as follows : for any g € L} (R?) with M = §, g dx, such that g logg, (1 +
log |z|?) g € L(R?), we have

g dr -1
I = - — —-A M (1+1 >
JRzg og(M) dx MJRzg( Y gdr+M(1+logm) =0 (5)
with )
|Loaytgde == | g@)gs) logle - y| dedy.
R2 T JrR2 xR2

Then, in dimension d = 2, we have an analogue of Theorem 1, which goes as follows.

Theorem 2. The inequality

A
JRzglog<M> dx 7 Rzg( A) " gdx+ M (1+logm)

1 2
<M [167‘(’ ”foLZ(]Rz) + J]R2 f d/i - 10gM:| (6)

holds for any function f € D(R?) such that M = §, e dpand g = e/ p.

Using for instance [AL89] or [CL92, Lemma 2] (also see [LLO1, chapter 3—4]), it is known
that optimality is achieved in (1), (2), (4) or (5) when the problem is reduced to radially
symmetric functions. However, no such result applies when considering a difference of the
terms in two such inequalities, like in (3) or (6). Optimality therefore requires a special treat-
ment. In Section 2, we shall use the completion of the square method to establish the inequalities
(without optimality) under an assumption of radial symmetry in case of Theorem 2. For ra-
dial functions, Theorem 1 can indeed be written with d > 2 considered as a real parameter

5



I. INEGALITES DE SOBOLEV ET HARDY-LITTLEWOOD-SOBOLEV

and Theorem 2 corresponds, in this setting, to the limit case as d — 2, . To handle the general
case (without radial symmetry assumption), a more general setting is required. In Section 5,
we extend the results established for Sobolev inequalities to weighted spaces and obtain an
improved version of the Caffarelli-Kohn-Nirenberg inequalities (see Theorem 15). Playing
with weights is equivalent to varying d or taking limits with respect to d, except that no
symmetry assumption is required. This allows to complete the proof of Theorem 2.

Technical results regarding the computation of the constants, a weighted Poincaré in-
equality and the stereographic projection, the extension of the flow method of [Dol11] to
the case of the dimensions d = 3 and d = 4, and symmetry results for Caffarelli-Kohn-
Nirenberg inequalities have been collected in various appendices.

At this point, we emphasize that Theorems 15 and 16, which are used as intermediate
steps in the proof of Theorem 2 are slightly more general than, respectively, Theorems 1
and 2, except for the issue of the optimal value of the proportionality constant, which has not
been studied. It is likely that the method used for Sobolev’s inequality can be adapted, but
since weights break the translation invariance, some care should be given to this question,
which is of independent interest and known to raise a number of difficulties of its own (see
for instance [DE12]). The question of a lower estimate of the proportionality constant in (6)
in connection with a larger family of Onofri type inequalities is currently being studied,
see [Jan14].

Let us conclude this introduction by a brief review of the literature. To establish the
inequalities, our approach is based on a completion of the square method which accounts
for duality issues. Linearization (spectral estimates) and estimates based on a nonlinear flow
are used for optimality issues. Although some of these methods have been widely used in
the literature, for instance in the context of Hardy inequalities (see [BDE08] and references
therein), it seems that they have not been fully exploited yet in the case of the functional
inequalities considered in this paper. The main tool in [Dol11] is a flow of fast diffusion
type, which has been considered earlier in [PS01]. In dimension d = 2, we may refer to
various papers (see for instance [DP99 ; DP95 ; DS10]) in connection with Ricci’s flow for
properties of the solutions of the corresponding evolution equation.

Many papers have been devoted to the asymptotic behaviour near extinction of the so-
lutions of nonlinear flows, in bounded domains (see for instance [BH80 ; GK02 ; SV94 ;
BGV12]) or in the whole space (see [Kin93 ; PZ95 ; GP97] and references therein). In par-
ticular, the Cauchy-Schwarz inequality has been repeatedly used, for instance in [BHS80 ;
SV94], and turns out to be a key tool in the main result of [Dol11], as well as the solution
with separation of variables, which is related to the Aubin-Talenti optimal function for (1).

Getting improved versions of Sobolev’s inequality is a question which has attracted lots
of attention. See [BL85] in the bounded domain case and [BN83] for an earlier related paper.
However, in [BL85], H. Brezis and E. Lieb also raised the question of measuring the distance
to the manifold of optimal functions in the case of the Euclidean space. A few years later,
G. Bianchi and H. Egnell gave an answer in [BE91] using the concentration-compactness
method, with no explicit value of the constant. Since then, considerable efforts have been
devoted to obtain quantitative improvements of Sobolev’s inequality. On the whole Eucli-
dean space, nice estimates based on rearrangements have been obtained in [Cia+09] and we
refer to [Cia09] for an interesting review of various related results. The method there is in

6
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some sense constructive, but it hard to figure what is the practical value of the constant. As
in [Dol11] our approach involves much weaker notions of distances to optimal functions,
but on the other hand offers clear-cut estimates. Moreover, it provides an interesting way of
obtaining global estimates based on a linearization around Aubin-Talenti optimal functions.

2 A completion of the square and consequences

Before proving the main results of this paper, let us explain in which sense Sobolev’s
inequality and the Hardy-Littlewood-Sobolev inequality, or Onofri’s inequality and the lo-
garithmic Hardy-Littlewood-Sobolev inequality, for instance, are dual inequalities.

To a convex functional F', we may associate the functional F* defined by Legendre’s
duality as

F*[o] = sup (fR wo dz — F[u]> .

For instance, to Fi[u] = 1 HuHip(Rd) defined on LP(RY), we henceforth associate Fj[v] =
z HvHiq(Rd) on L4(R%) where p and ¢ are Holder conjugate exponents : 1/p + 1/¢ = 1.
The supremum can be taken for instance on all functions in LP(R%), or, by density, on the
smaller space of the functions u € LP(R?) such that Vu € L?(R?). Similarly, to Fy[u] =
3 Sa [Vl gay, we associate F5f[v] = 3 S, Sgav (—A)"tv do where (—A) "o = Gy v
with Gy(z) = 75 S [z[*7¢, when d > 3, and G2(z) = — 5= log|x|. As a straight-
forward consequence of Legendre’s duality, if we have a functional inequality of the form
Fi[u] < Fzlu], then we have the dual inequality F}*[v] > F3[v]. In this sense, (1) and (2)
are dual of each other, as it has been noticed in [Lie83]. Also notice that Inequality (2) is a
consequence of Inequality (1).

In this paper, we go one step further and establish that
Fylu] = F3'[u] < C(Fy[u] = Fifu]) @)

for some positive constant C, at least under some normalization condition (or up to a mul-
tiplicative term which is required for simple homogeneity reasons). Such an inequality has
been established in [Doll1, Theorem 1.2] when d > 5. Here we extend it to any d > 3 and
get and improved value for the constant C.

It turns out that the proof can be reduced to the completion of a square. Let us explain
how the method applies in case of Theorem 1, and how Theorem 2 can be seen as a limit of
Theorem 1 in case of radial functions.

Proof of Theorem 1, part 1 : the completion of a square.
Integrations by parts show that

fRd IV(=A) "ol do = f v(~A) "V da

Rd

d+2

and, if v = u? with ¢ = 955,

Vu-V(=A)"tode = f

%
uv dr = u? dx.
R R

Rd



I. INEGALITES DE SOBOLEV ET HARDY-LITTLEWOOD-SOBOLEV

Hence the expansion of the square

o<
Rd

2

S4 HuH Vu—V(=A)"lv| dx

L2* (R4)

shows that

< Sl gy [ a1V Ry — [ |

[sd T — fRd ul (—A) "Ly da:].

L d+2 (R)

Equality is achieved if and only if

Su 52

L2* (R%)

that is, if and only if u solves

1
—Au = HuHL2* (R4) u? )

which means that v is an Aubin-Talenti function, optimal for (1). This completes the proof

of Theorem 1, up to the optimality of the proportionality constant, for which we know that

Cq=CS; with C<1

Incidentally, this also proves that v is optimal for (2).

®)

O

As a first step towards the proof of Theorem 2, let us start with a result for radial func-

tions. If d is a positive integer, we can define

sq =Sy |Sd_1|%

o (rey Y
“Tdd-2) \vrr () )

Using this last expression allows us to consider d as a real parameter.

and get

Lemma 3. Assume that d € R and d > 2. Then

0 1+2 o0
2d _ a+2 1 df2 _
0<sy4 (j w2 Td 1d7‘> _J = ((_A) lud72) Td L i
0 0

DO a4 i 0 DO 5y
<cq <J ui-z i1 dr) sdf |u/|? 4=t dr — <J ua-zr
0 0 0

holds for any radial function u € D2 (R?) with optimal constant cg < s4.

1

d—2

)]

©)

Here we use the notation (—A)~'v = w to express the fact that w is the solution to

W+ % w' + v = 0, that is,

(—A) o (r) = fw s1=d fv(t) [t ds Vr>0.

(10)



2. A completion of the square and consequences

Démonstration. In the case of a radially symmetric function u, and with the standard abuse
of notations that amounts to identify u(z) with u(r), r = |z|, Inequality (1) can be written

as
1—2

0 0 54 d
SdJ [/ |2 r? =t dr > (J |u|a=2 pd=1 dr) : (11)
0 0

However, if u is considered as a function of one real variable r, then the inequality also
holds for any real parameter d € (2, 0) and is equivalent to the one-dimensional Gagliardo-
Nirenberg inequality

1-2
Sq (J lw'|? dt+§(d—2)2f |w|? dt) > (J lw| 72 dt)
R R R

as can be shown using the Emden-Fowler transformation

d—2

u(r)=2r)""z w(t), t=-—logr. (12)

The corresponding optimal function is, up to a multiplication by a constant, given by

wy(t) = (cosht)” = VteR,
which solves the Euler-Lagrange equation
—(p—22w" +4w—2plwff2w=0.

for any real number d > 2 and the optimal function for (11) is

d—2

U (r) = (21")’% w,(—logr) = (1+7r%) =

up to translations, multiplication by a constant and scalings. This establishes (9). See A for
details on the computation of sq. The reader is in particular invited to check that the expres-
sion of sq is consistent with the one of S; given in the introduction.

Next we apply Legendre’s transform to (11) and get a Hardy-Littlewood-Sobolev inequa-
lity that reads

*© D 5y 1+3
J v (=A)tortThdr < sy (J parz pd=l dr) (13)

0 0
for any d > 2. Inequality (13) holds on the functional space which is obtained by comple-
tion of the space of smooth compactly supported radial functions with respect to the norm
defined by the r.h.s. in (13). Inequality (13) is the first inequality of Lemma 3.

Finally, we apply the completion of the square method. By expanding

o0
0< J law — ((—=A) ')’ ]2 rd=ldr
0

2
L d d—2
witha = s4 (Sgo wis pi-1 dr) “andv = u T2, we establish the second inequality of Lemma 3
(with optimal constant ¢4 < sg). O

Now let us turn our attention to the case d = 2 and to Theorem 2. Using the fact that d in
Lemma 3 is a real parameter, we can simply consider the limit of the inequalities as d — 2.

9



I. INEGALITES DE SOBOLEV ET HARDY-LITTLEWOOD-SOBOLEV

Corollary 4. Forany function f € L'(R™; r dr) such that f' € L2 (R*; rdr)and M = " ef (1+
r2)=2 27 dr, we have the inequality

«© f ef 2rdr
0<L ¢ IOg<M(1+r2)2> 112
2 [® f f
1 2rdr © 2rdr
<M [8[ lf |2rdr+J f ) — log (Jo ef (1+r2)2>] . (14

Here again (—A)~! is defined by (10), but it coincides with the inverse of —A acting on

radial functions.

Démonstration. We may pass to the limit in (11) written in terms of

u(r) = u(r) (L+ 57 f)

to get the radial version of Onofri’s inequality for f. By expanding the expression of |u/|?
we get

-2, ’ d—2 ? ’ 72

T (w f) < 54 ) (e [+ f')

Using the fact that limg 2, (d —2)sq = 1,

u? =u? +

1
_d_2+§—§log2+0(1) as d— 24,
and
1 Q0
dli%lm il P " dr =1,

1
d—2

1 «© 2rdr
i / d ld _J‘
is2. d—2 - (s I agoe

1
lim /12 42 pd=1 77[ 2
Jim 4d2f PPt = o [ 1p

|u |2 rd= 1dr—1~—f(d 2),

and finally
Q0
. d—2 % d—1 o f Td'l"
dl_lg1+ . ue 1+ S5 f)lT2r dT_L € (1+r2)2

o0

so that,asd — 2,

d—2
“ K d—2 @ rdr
d=2 p\| 2% .d—1
<JO |'U/* (1 + Sd f)|d72 T d7’> — ]. ~ log (J;) e'f (1—|—’["2)2) .

By keeping only the highest order terms, which are of the order of (d — 2), and passing to
the limit as d — 2, in (11), we obtain that

1 9 2rdr “ 2rdr
_ 21 f_27=
SJ |f‘rdr+j I asoe quo c (1+r2)2>’

which is Onofri’s inequality written for radial functions.

10



2. A completion of the square and consequences

Similarly, we can pass to the limit as d — 2, in (13). Let v be a compactly supported
smooth radial function, considered as a function of r € [0, 0) and let us compute the limit
asd — 2, of

© 4 RER I
h(d) = <J varz pd=l dr) — — | vkg[v]r*tdr
0 Sd Jo

where kq[v] = (—A)~! v is given by (10) for any d > 2. If d > 2, since
o0
(2—4d) J o(r) kq[v](r) r¢=tdr
0 o0 a0 S
=(2—4d) f v(r) ri-t f slfdf v(t) t* L dt ds dr

0 0

=(2-4d) LOO ri=d (Lr v(t) t! dt) 2 dr

_ _zfom(r)fv(t) +4-1 gt dr

0 0
we see that limg_,2, h(d) = 0 since

2Lwrv(r)ﬂv(t) Lt dr — (Loorv(r) dr)2 .

Let us compute the O(d — 2) term. With the above expression, it is now easy to check that
h(d)
d—1>r51+ d—2

1(* © log2—1 [ (* :
_7J‘ vrdrf v log OOL rdr — og<J ro(r) dr)
2 Jo 0 So vrdr 2 0

0 0 0 r
+2J vrdrf v(r)rlogrdr—Zf rv(r)f v(t) tlogt dt dr
0 0 0 0

1 ([ © log2 —1 [ [* 2
= 7J vrdrj vlog | g Y pdr— 2822 <J ro(r) dr)
2 0 0 SO vrdr 2 0

0 o0
+2f vrer v(t) tlogt dt
0 T

— ~ 1+ %2 (log2—1). A computation corresponding to d = 2 similar to the one
d
done above for d > 2 shows that, when d = 2,

Locvkg[v]rdr_ Loov(r)rﬁwify(t) .

_ f: % (Lrv(t) tdt>2dr

o0 T
= —QJ rlogrv(r)f v(t) tde dr,

0

: 1
simce W

thus proving that

h(d 1 (” * *
lim hid) = f‘[ vrer v log OCL 'rdrfj v kof[v] 4t dr
-2, d—2 2], 0 §o vrdr 0

~ 5 (log2 - 1) (Lw ro(r) dr>2 .

11



I. INEGALITES DE SOBOLEV ET HARDY-LITTLEWOOD-SOBOLEV

Now let us consider as above the limit

d+2 d+2 d—2 d+2

W = (1?14 22T S (10?2 —yg

as d — 2. This concludes the proof of Corollary 4 by passing to the limit in the inequalities
of Lemma 3 and taking v = g¢. O

Proof of Theorem 2 : a passage to the limit in the radial case. If we consider g as a function on R? 5
x with r = |z, this means that

. h(d) 1 g J -1
1 —_—— = = 1 -2 —A ;
gy =g [ Lot [ ows(hg) e o) tous

1 2
+ = (1+logm) (J gd:z:)
2 -

which precisely corresponds to the terms involved in (5), up to a factor § M = 1 (., g dx.

The proof in the non-radial case will be provided at the end of Section 5. O

3 Linearization

In the previous section, we have proved that the optimal constant C; in (3) is such that
Cq < S4. Let us prove that Cg > #—4 Sq using a special sequence of test functions. Let 7 and
G be the positive integral quantities associated with, respectively, the Sobolev and Hardy-

Littlewood-Sobolev inequalities :

Flu) = Sa |Vula sy — ulae,

Rd) >
— 2 7 o -1
Olu] = SalolF gy o, = | 0(-8) 0o
Since that, for the Aubin-Talenti extremal function u,, we have Flu,] = G[ul] = 0, so

that u. gives a case of equality for (3), a natural question to ask is whether the infimum
of F[u]/G[u?], under an appropriate normalization of |u/; .« (re)- s achieved as a perturba-
tion of the u,.

Recall that u, is the Aubin-Talenti extremal function

u(z) = (1+ |z~ F VaeR?
With a slight abuse of notations, we use the same notation as in Section 2. We may notice

that u, solves
d+2

~Au, =d(d—2)ul?
which allows to compute the optimal Sobolev constant as

1 # i
Sq = 1d-9) ( fRd u? da:) (15)

using (12). See A for details. This shows that
7
R4

v

1 -
d R4

12



3. Linearization

The goal of this section is to perform a linearization. By expanding F[u.] with u. =
uy + € f, for some f such that S]Rd (15% dx = 0 at order two in terms of ¢, we get that

L Fluc] = F[f] + o(?)

Sq
where
F[£] ::J |V fI? dx — d(d+2)f P da

Rd ra (14 [2[?)?
According to Lemma 17 (see B), we know that

F[f]>4(d+2)J Ldm

- ra (1+[2[?)?

for any f € D*?(R?) such that

I fi .

— 7 __dr=0 Vi=0,1,2,...d+1 16
fRd(MIP)Q v i=0,1,2, d+1, (16)
where )
T; 1— |z
fo=1u., fi(x)= WU*@?) and  fqq1(2) = HLIQU*($)~
Notice for later use that F
—Afy=d(d—2 0
fO ( ) (1 I |$‘2)2
and f
—Af; = 2 : i=1,2,...d+1.
fi=d(d+ )(1+|x|2)2 Vi , 2, ..d+

Also notice that

foranyid,j=0,1,...d+ 1,75 #1.
Similarly, we can consider the functional G as given above, associated with the Hardy-

Littlewood-Sobolev inequality, and whose minimum G[v.] = 0 is achieved by v, = u{,

q = 2. Consistently with the above computations, let v, = (u, +¢ f)? = v, (1 + L)’
where f is such that {, % dz = 0. By expanding G|[v.] at order two in terms of ¢, we
get that
d+2\°
6ol == (573 ) 6l + ofe?

where

1 | f]?
Gl = d(d+2) JR 0t o2 ™

e <‘A>_1(<1 +fz|2>2> -

It is straightforward to check that the kernel is generated by f; withi =1,2,...d, d + 1.
Details are left to the reader. Next, by Legendre duality we find that

lf |g|2dx=sup<J def }f |f|2dx)
2 Jpo (14 [2[?)? 5 \Jre (L [2]?)? 2 Jpa (L4 [2?)2 )7

Lemma 5. Ker(F) = Ker(G).

13



I. INEGALITES DE SOBOLEV ET HARDY-LITTLEWOOD-SOBOLEV

e o ()
- (Lo e g [ wora).

Here the supremum is taken for all f satisfying the orthogonality conditions (16). It is then
straightforward to see that duality holds if g is restricted to functions satisfying (16) as well.
Consider indeed an optimal function f subject to (16). There are Lagrange multipliers y; € R

such that
d+1

g1 Sesi=o
i=0
and after multiplying by f (1 + |z|?) 2, an integration shows that

fg B | f]?
fRd @+ a2 = f @+ 2Pe ©

using the fact that f satisfies (16). On the other hand, if ¢ satisfies (16), after multiplying by
g (1 + |z]?)~2, an integration gives

J lg1? dm:f fg .
re (1+ |2[?)? re (L4 [2f?)? 7

which establishes the first identity of duality. As for the second identity, the optimal function
satisfies the Euler-Lagrange equation

d+1
g ¥ fi

Grepr T A T LTy

for some Lagrange multipliers that we again denote by 1;. By multiplying by f and (—A) ™! (g (1+
|z[*)~2), we find that

J]Rd (1+f|;gg|z>z du = fRd Vf[? da
Ju e o (o) 2 Lt e

where we have used the fact that
fi —1 g
— —— (=A — | d
Joo i 7 (s o)
g 1 fi
= —2 _(—A ) gy =
Jo e o (o) =0

because (—A)~!(f; (1 + |z[*)7?) is proportional to f;. As a straightforward consequence,
the dual form of Lemma 17 then reads as follows.

Corollary 6. For any g satisfying the orthogonality conditions (16), we have
2

g -1 g 1 J g
———(-A —=—— |dr < dz .
Joo e 7 (o) < g s o
Moreover, if f obeys to (16), then we have

1

d(d+2)?(d+4) FL/]

4 £2
d(d+2)(d+4) JRd 1+ [2])2 dr < G[f] <

and equalities are achieved in L2(RY, (1 + |z|?)~2 dz).

14



4. Improved inequalities and nonlinear flows

Démonstration. The first inequality follows from the above considerations on duality and
the second one from the definition of G, using

4 1 1

d(d+2)(d+4) d(d+2) (d+2)(d+4)"

To establish the last inequality, we can decompose f on ( f ), the stereographic projection
of the spherical harmonics associated to eigenvalues A, = k (k + d — 1) with k > 2, so as to
meet condition (16). See B for more details. The corresponding eigenvalues for the Laplacian
operator on the Euclidean space are iy, = 4 A\, + d (d—2), so that —A fi, = pg fi (14 |2[?) 72,

with || x| 12 (e, (14|22)-2 da) = 1. By writing f = >3, _, ax fr. we have

F[f] = Z e, with ¢ =aj (ur —p1),

k=2
. (1 1
Glf] = > dp, with dp=0af(———),
k>2 M1 Mk
with ¢, = p p dis < pg pe di, since (), is increasing in k. This yields
FLf] 2
— = L =d(d+2)°(d+4
with equality for f = fs. O

As a consequence of Corollary 6 and (15), we have found that

1 Sy - [l 2% gy Sa Flu] _ 1 CF[f] _d+4

C™ Cs opumro Glu] S@2@d+22 7 Glf] T d

(17)

where the last infimum is taken on the set of all non-trivial functions in L2(R?, (1+|z|?)~2 dx)
satisfying (16). This establishes the lower bound in (3).

Remark 7. One may hope to get a better estimate by considering the case f € Ker(F) = Ker(G)
and expanding F and G to the fourth order in e but, interestingly, this yields exactly the same lower
bound on C,4 as the linearization shown above.

4 Improved inequalities and nonlinear flows

In Section 3, the basic strategy was based on the completion of a square. The initial ap-
proach for the improvement of Sobolev inequalities in [Dol11] was based on a fast diffusion
flow. Let us give some details and explain how even better results can be obtained using a
combination of the two approaches.

Let us start with a summary of the method of [Dol11]. It will be convenient to define the
functionals

Ja[v] = f v dz and Ha[v] = f v(—=A)todr —Sgllv)|? 2a .
Rd Rd Ld+2 (Rd)

Consider a positive solution v of the fast diffusion equation

%zAvm t>0, zeRY, m=-—= (18)

15



I. INEGALITES DE SOBOLEV ET HARDY-LITTLEWOOD-SOBOLEV

and define the functions
J() = Ja[v(t,-)] and H(t) = Hy[v(t,-)].

We shall denote by Jy and Hy the corresponding initial values. Elementary computations
show that

1 2 2 1 2
milpeg oo 24 1y (19)

I _ m| 2
J ——(m—|—1) HVU HLQ(]Rd) < — Sd _d+25d

where the inequality is a consequence of Sobolev’s inequality. Hence v has a finite extinction
time T' > 0 and since

2 4 t
)T < )i — —— =,
W< -3,
we find that Jio
2
Tg%Sng.

We notice that H is nonpositive because of the Hardy-Littlewood-Sobolev inequality and by
applying the flow of (18), we get that
with w =0 .

2
S = SVl ) — [l

N =

The right hand side is nonnegative because of Sobolev’s inequality. One more derivation
with respect to ¢ gives that

!/
H”:JjH’—4deJ%K (20)
where K = §,, v~ [(~A)v™ — Av|? dz and A = —%t2 & This identity makes sense in

dimension d > 5, because, close to the extinction time, v behaves like the Aubin-Talenti
functions. The reader is invited to check that all terms are finite when expanding the square
in K and can refer to [Dol11] for more details. It turns out that the following estimate is also
trueifd =3 ord =4.

Lemma 8. Assume that d > 3. With above notations, we have
H// J/
W < j .

The main idea is that even if each of the above integrals is infinite, there are cancel-
lations in low dimensions. To clarify this computation, it is much easier to get rid of the
time-dependence corresponding to the solution with separation of variables and use the in-
verse stereographic projection to recast the problem on the sphere. The sketch of the proof
of this lemma will be given in C.

A straightforward consequence is the fact that

where the last inequality is a consequence of (19). Two integrations with respect to ¢ show
that

1 1 2 d+2
—Hos—ng—e—ﬁT)gicsdJéHg with C=%(1—e‘d/2),
K

16



4. Improved inequalities and nonlinear flows

which is the main result of [Dol11] (when d > 5), namely

d—2

4
“Hy <CSyJd [sd [V a0]122 ey — o2 (Rd)] with g = v .

Since this inequality holds for any initial datum u¢ = u, we have indeed shown that

= Halvo] < CSadalol? [SulVuls gy — [l on

d+2

Vue DVARY), v =ud2.

It is straightforward to check that our result of Theorem 1 is an improvement, not only

because the restriction d > 5 is removed, but also because the inequality holds with d%z; <

C <1< %2 (1 — e~%2). In other words, the result of Theorem 1 is equivalent to

1 2 d
— < = d 1/ 3 — .
Ho 3 CSqJ§ Hy with C 111 (21)

Up to now, we have not established yet the fact that C < 1. This is what we are now going
to do.

Now let us reinject in the flow method described above our improved inequality of Theo-
rem 1, which can also be written as

4 d 2 2
€Sy U4 [;dsdyuld “H<0 22)

if v is still a positive solution of (18). From Lemma 8, we deduce that
/
H < koJ with ko= —C.
Jo
Since t — J(t) is monotone decreasing, there exists a function Y such that
H(t)=-YU()) Vtel0,T).
Differentiating with respect to ¢, we find that
—Y'()) S =H <Kol
and, by inserting this expression in (22), we arrive at
d+2 i+ 2
c<—2d/€QSZY/+SdJ1+d +Y<0
Summarizing, we end up by considering the differential inequality

d+2
2d

on the interval [0, Jo] 3 s. It is then possible to obtain estimates as follows. On the one hand

Y'(csd51+%+v)< CroS2s™™H, Y(0)=0, Y(o)=—Ho (23)

we know that
d+2

Y <
2d

Ko Sa sd
and, hence, .
Y(S) < 5%30 Sd 81+% Vse [O,J()].

17
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On the other hand, after integrating by parts on the interval [0, Jo|, we get

1 2 1 4 2 Jo
§H3—CSdJé+3Ho<ZCﬁoSZJ§+3+d%csdj s1Y(s)ds.
0

Using the above estimate, we find that

d+2_ (* 1 o044
* sdf sTY(s)ds < - 2T
a7, i

and finally

1 2 1 4
ng—CSdJé” Ho < §C/£OS§J§+‘1.

This is a strict improvement of (21) when C = 1 since (21) is then equivalent to
2 1 4
—Sa i M, < §cnong§+3 .

However, it is a strict improvement of (21) if C < 1 only when |Hg| = — Hy is large enough
(we will come back to this point in Remarks 10 and 11). Altogether, we have shown an
improved inequality that can be stated as follows.

Theorem 9. Assume that d > 3. Then we have
0.< Hafo] + Sadale] o (Jafu) " | Sl Vula oy — [l e |
VYue DVA(RY), v = uis

where o(z) = +/C2+2Cx —C forany x > 0.

2
Démonstration. We have shown that y?> + 2Cy — Cro < 0 withy = —Hg/(S4 Jé”) > 0.
This proves that y < v/C? + Ck¢ — C, which proves that

“Hp < SgJitH (Ver+ero—c)

after recalling that

1 H
7/€0— 0

2_
> = Jafvo] 37 [Sa | Vo e ray — ltol2ar |

=7, =

O

Remark 10. We may observe that x — x — @(x) is a convex nonnegative function which is equal
to 0 if and only if x = 0. Moreover, we have

o)<z Ya=0

with equality if and only if = 0. However, one can notice that

18



5. Caffarelli-Kohn-Nirenberg inequalities and duality

Remark 11. A more careful analysis of (23) shows that

Y(s) <L («/1+2g~0—1> CSqstti,

which shows that the inequality of Theorem 9 holds with the improved function

p(z) = \/C2+CI+;C2 <“1+46m >C

but again the reader is invited to check that p(x) < x for any x > 0 and lim,_,o, ¢(x)/z = 1.

Corollary 12. With the above notations, we have C < 1.

Démonstration. Assume by contradiction that C = 1. With the notations of Section 3, let

us consider a minimizing sequence (u,)nen for the functional u — g[q[ff]]] but assume that

Ja[ud] = Ja[ui] =: Ji for any n € N. This condition is not restrictive because of the homo-
geneity of the inequality. It implies that (G[ul]),en is bounded.

If lim,, o0 G[ul] > 0, then we also have L := lim,,_,o, F[u,] > 0, at least up to the extrac-
tion of a subsequence. As a consequence we find that

0= lim (sd 32 Flug] - g[u%])

n—o0

=S, lim [J? Flua] - 17 ¢ (J*%_lf[“”]ﬂ

n—o0
+ lim [Sede™ T (37 Flual) - 9Tut]] |
a contradiction since the last term is nonnegative by Theorem 9 and, as observed in Re-
mark 10, J¥/* Flun] — 1ra/d o 21 Fluy]) is positive unless Flu,] = 0.
Hence we know that L = lim,,_,o Flu,] = 0 and lim, o G[ul] = 0. According to
the caracterisation of minimizers of G by Lieb [Lie83, Theorem 3.1], we know that up to
translations and dilations, u;, converges to u,. Thus there exists fi such that ur = u. + fi

with f; — 0, and then

lfﬁfhm 1 F[fk]>d+4
C Cq kowd(d+2)?2G[fr]~ d °
This shows that C < fh, a contradiction. O

We may observe that C < 1 means C4 < S4. This completes the the proof of Theorem 1.

5 Caffarelli-Kohn-Nirenberg inequalities and duality

Let 2* = w0 ifd = 1 or 2, 2* = 2d/(d —2)if d > 3 and a. = (d — 2)/2. Consider
the space D}?(R%) obtained by completion of D(R¥\{0}) with respect to the norm u >

[ ||~ Vu|?2, (ra)- In this section, we shall consider the Caffarelli-Kohn-Nirenberg inequali-
ties )
P » 2
f P <, [V g (24)
re |2 " ga |z

19
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These inequalities generalize to D}'?(R¢) the Sobolev inequality (1) and in particular the
exponent p is given in terms of a and b by

2d

P= a2 20b—a)

as can be checked by a simple scaling argument. A precise statements on the range of vali-
dity of (24) goes as follows.

Lemma 13. [CKNS84] Let d > 1. Forany p € [2,2*]ifd = 3or p € [2,2*) ifd = 1 or 2, there
exists a positive constant C, y, such that (24) holds if a, b and p are related by b = a — a. + d/p, with
the restrictions a < ac,a <b<a+1lifd>3,a<b<a+1lifd=2anda+1/2<b<a+1if
d=1

At least for radial solutions in R?, weights can be used to work as in Section 2 as if the
dimension d was replaced by the dimension (d — 2a). We will apply this heuristic idea to the
case d = 2 and a < 0, a — 0 in order to prove Theorem 2. See D for symmetry results for
optimal functions in (24).

On D!2(R9), let us define the functionals

2
1 PN 1 2
Filu] = - Jx M”02} and F2hd:=4—cab~[ NVul s
2\ Jga |z|tP 2 7 Jga |2

so that Inequality (24) amounts to Fi[u] < F3[u]. Assume that {-,-) denotes the natural
scalar product on L?(R?, |z| 2% dz), that is,

uv

{u, vy = fRd T2 dx

and denote by |ju| = (u,u)/? the corresponding norm. Consider the operators

T

Aju=Vu, A*w=-V-w+ 2a Sw
|2

a

and Lou=A¥A,u=—Au+ 2aﬁ-Vu
defined for u and w respectively in L?(R?, [z|2* dz) and L?(R?, |z|2* dm)d. Elementary
integrations by parts show that

[Vul?

a |z[2e

(uy Lgu)y = (Aq u, Agu) = A ul? = J dzx .
R
If we define the Legendre dual of F; by Ff[v] = sup,cp1.2(ga) ((u, v) — Fi[u]), then it is clear
that we formally have the inequality Fi[v] < F¥[v] for any v € LI(R?, |2|~(29= ¥ adg)
L.(DL2(R%)), where g is Holder’s conjugate of p, i.e.
Sl
p q

Using the invertibility of L,, we indeed observe that

L-to,

Fi[v] = (u,v) — Faolu] with v=Cyplou = u= ¢ La
a,b
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5. Caffarelli-Kohn-Nirenberg inequalities and duality

hence proving that

1
* _ —1
F2 [U] - 2 Ca,b <’U, La 1)> .
Similarly, we get that F§ [v] = (u, v) — F;[u] with
|x|72“ v=r>P \$|*bp uP~t (25)

and ) )

B |uP v B J v]4 q

K = ( J.Rd 2 de | =<{u,v)= v @70 de |

that is

2
1 |v]4 7
* — -
Filv] = 9 <L&d ‘x|(2a—b)q da:) ’

This proves the following result.

Lemma 14. With the above notations and under the same assumptions as in Lemma 13, we have

2
1 -1 |U|q “
o (v, L vy < ( fRd 7|x|(2a* OF dx)

Vv e LI(RY, 2|~ 2= D9dz) A L, (DLI2(RY)).
The next step is based on the completion of the square. Let us compute
|Aqu— A, L, " vf?

= [A ul? — 2A A u, Al L o) + A2AL L o, Al L o)
= [|As ul? = 2X(u, v + N2u, LM o).
1Aq u ; Ly

With the choice A = 1/C,; and v given by (25), we have proved the following

Theorem 15. Under the assumptions of Lemma 13 and with the above notations, for any u €
DL2(R?) and any v € LI(RY, 2|~ 2= 4 dz) A L, (DL2(RY)) we have

2
|v] “ 1 -1
o= (Jpmm ) —eg et

s

2
YVul? p p
< Cub [Vl dr — J [u] dx
" Jga |z|?® Ra |7]P

if w and v are related by (25), if a, b and p are such that b = a — a. + d/p and verify the conditions
of Lemma 13, and if ¢ = p/(p — 1).

If, instead of (25), we simply require that
o200 = [P,

then the inequality becomes

|v]? K -1
0<C, —— d —<v, L,
(f @ ) b
2 —2) 2 2
lufp \ P f V| f O\ ?
< C, d. Ca dr — d.
”(J i g e T\ g Japrr
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Hence Theorem 15 generalizes Theorem 1, which is recovered in the special case a = b = 0,
d > 3. Because of the positivity of the Lh.s. due to Lemma 14, the inequality in Theorem 15
is an improvement of the Caffarelli-Kohn-Nirenberg inequality (24). It can also be seen as
an interpolation result, namely

2
q q p
2 dez 9 j e
o 2] 207 o [l

3

|Vul? 1
—5 - dr +

—1
Ra 2] Cab<v’ Lo

< Ca7b

whenever v and v are related by (25). The explicit value of C, ; is not known unless equality
in (24) is achieved by radial functions, that is when symmetry holds. See Proposition 19 in D
for some symmetry results. Now, as in [DET08], we may investigate the limit (a, b) — (0,0)
with b = aa/(1 + @) in order to investigate the Onofri limit case. A key observation is that
optimality in (24) is achieved by radial functions for any o € (—1,0) and a < 0, |a| small
enough. In that range C, ; is known and given by (28).

Proof of Theorem 2 (continued). Theorem 2 has been established for radial functions in Sec-
tion 2. Now we investigate the general case. We shall restrict our purpose to the case of
dimension d = 2. For any « € (—1,0), let us denote by du,, the probability measure on R?
defined by dpo == pto dz where

1+« ||«
o =0 (1 + |z|2(+e))2”

It has been established in [DET08] that

1
“ — <-— 2 2
log (JRQ e dua) J}Rz U dpie < 6 (15 a) JRQ |Vul® dz ¥V ueD(R?), (26)

where D(R?) is the space of smooth functions with compact support. By density with res-
pect to the natural norm defined by each of the inequalities, the result also holds on the
corresponding Orlicz space.
We adopt the strategy of [DET08, Section 2.3] to pass to the limit in (24) as (a,b) — (0, 0)
with b = 95 a. Let
2

£
aE:_l_E(a+1)7 bE:aE+€a pE:gv

and L
ue(w) = (1+ a2 D) 77

assuming that u. is an optimal function for (24), define

2/e 2a 2 T 1 2
KE:J [U} dm:J e w7 D)
R | |@]®te R2 (1 + |z[2(+e))? [a|? a+1 T (%)

2 2(2a+1—a.) (1?2
As:f [Wujq dx:4agf 2] g - g Jodl D)
e | || R2 (1 4 |g2(1+a))T=2 1-¢ I'(:%)
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A. Some useful formulae

Then w, = (1 + 3 u) u. is such that

1 EpE
lim —J | d:vzf e dig ,
R2

e—04 Ko Jp2 |gj|bsps

L[l [ [Vl J 1 ,
lim - |— dr—1| = | wdpe + ——— |V .
50y & [,\6 JRQ jz[2as ** L et ey Vel

Hence we can recover (26) by passing to the limit in (24) as ¢ — 0. On the other hand, if

we pass to the limit in the inequality stated in Theorem 15, we arrive at the following result,
for any a € (—1,0).

Theorem 16. Let o € (—1,0]. With the above notations, we have

v

0< L@” log <> do— 47 (1+a) fw(v ) (A (0 — ) d

Mo
1

< - Vul? dz — 1 % dlie diig,

Ty o e =t ([ e )+ [ e

for any u € D, where u and v are related by

u
e o

V=
S]R2 e diia

The case oo = 0is achieved by taking the limitas o — 0_. Since —Alog p1o, = 87 (1+a) pa
holds for any « € (—1, 0], the proof of Theorem 2 is now completed, with 1 = . O

A  Some useful formulae

We recall that

dt VrIT(4)
f<Q) = J (COSht)q = r q+12
R (57)
for any ¢ > 0. An integration by parts shows that f(¢+2) = q%l f(q). The following formu-
lae are reproduced with no change from [Pin+10] (also see [DEL12 ; DE14]). The function
w(t) = (cosh t)fﬁ solves

—(p—22w" +4w—2pwP !l =0
and we can define
b= [ wrar and s = | o a.
R R

Using the function f, we can compute Iy = f(ﬁ), l, = f(}%) = f(ﬁ +2) and get the

relations
2
po YPIGE) 4k VT (5) P
2 ’ ’ .
F(zf’p’:g)) p+2 (p+2)r(2fp+_22)) (p+2)(p—2)

In particular, this establishes (9), namely

v

2

|1
Sd Z()

T+ L d—2)21y
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for any d > 2. The expression of the optimal constant in Sobolev’s inequality (1) : Sq =

sq|S4172/, where
2 7.(.d/2

I'(d/2)

denotes the volume of the unit sphere, for any integer d > 3, follows from the duplication

s =

formula
21D () T (441) = VA T(d)
according for instance to [AS64]. See [DEL13a, Appendix B.4] for further details.

B Poincaré inequality and stereographic projection

On S¢ < R*!, consider the coordinates w = (p ¢, z) € R? x R such that p* + 2% = 1,
z € [-1,1], p = 0 and ¢ € S?!, and define the stereographic projection ¥ : S\{N} — R? by
Y(w)=xz=r¢and
r?—1 2 2r
=l-a—, p= 35—
r2+1 r2+1 r2+1
The North Pole N corresponds to z = 1 (and is formally sent at infinity) while the equator

(corresponding to z = 0) is sent onto the unit sphere S?~! = R?. Now we can transform any
function v on S? into a function u on R? using

d—2

o(w) = (2) 7 u(@) = (Z22) 7 @) = (1 - 2)~F u(@).

A standard computation shows that

1
f Vol? dw + ~d(d— 2)f o2 duw — J Vul? da
sd 4 sd R

and

d—(d—2)4
J [v|? dw = J |ul? (1+|2m‘2) @23 gy
Sd R4

On S% the kernel of the Laplace-Beltrami operator is generated by the constants and the
lowest positive eigenvalue is A; = d. The corresponding eigenspace is generated by vy (w) =
1 and v;(w) = w;, ¢ = 1,2, ...d + 1. All eigenvalues of the Laplace-Beltrami operator are
given by the formula

Mi=k(k+d—-1) VkeN

according to [BGM71]. We still denote by u, the Aubin-Talenti extremal function
uz) = (1+ |z~ T VreR?

Using the inverse stereographic projection, the reader is invited to check that Sobolev’s in-
equality is equivalent to the inequality

4 2 9 412 J 2d
_— 2 d d—2
d(d_2)Ld|W| dw+Ld\v| dw > |S°) (Sd|v| du

so that the Aubin-Talenti extremal function is transformed into a constant function on the

sphere and incidentally this shows that

4

a-3
da—z ¥

Sq =
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C. Flow on the sphere and consequences

With these preliminaries on the Laplace-Beltrami operator and the stereographic pro-
jection in hand, we can now state the counterpart on R? of the Poincaré inequality on S¢.

Lemma 17. For any function f € DV2(R%) such that

Uy _ (1 —|z|?) us _
L@f(HIxIQ)Q 4z =0, J]Rdf A rjapyp =0

and Rdf%dxzo Vi=1,2,...d
the following inequality holds
2 f?
fRd |VfI? de > (d +2) (d+4)fRd (FSERE dx .

Démonstration. On the sphere we know that

J|vv\2dw+1d(d—2)f v2dw>()\2+1d(d—2))f v? dw
Sd' 4 4 gd

Sd

:i(d+2)(d+4)Ldv2dw

if vis orthogonal to v; forany ¢ = 0, 1, ...d+1. The conclusion follows from the stereographic
projection. O

C Flow on the sphere and consequences

We recall that Equation (18) admits special solutions with separation of variables given by
d+2 d+2

ve(t, ) = XNDT — )5 (wa((2 — 20)/A) 72 (27)

where u, (z) = (1 +|z|?)~(¢=2)/2 is the Aubin-Talenti extremal function, z € R? and 0 < t <
T. Such a solution is generic near the extinction time 7', in the following sense.

Lemma 18. [PS01 ; Viiz06]. For any solution v of (18) with nonnegative, not identically zero initial
datum vy € L2¥(4+2)(R9), there exists T > 0, A > 0, ¢ > 0 and x¢ € R such that v(t,-) # 0 for
any t € (0,T) and

v(t,x)
Uy (t, )

lim (T — t)_# sup (1 + |x\2)#
t—T- zeRE

—c’—O

if v, is defined by (27).
If v solves the fast diffusion equation (18) on R¢, then we may use the inverse stereographic
projection (see B) to define the function w on S¢ such that

da+2
2

oit,r) =T (1) T winy)

where 7 = —log(T —t),r = |z| and y = (1%52’ %;;z> eS?c R? x R.
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With no loss of generality, assume that c = A = 1 and 2y = 0. According to Lemma 18, w
uniformly converges as 7 — oo to 1 on S?. Let do; denote the measure induced on S¢ = R+!
by Lebesgue’s measure on R%*1. We may then write

J(t) = e_%TJ W dog

Sd
and
- _ n 1 n
f VU2 2 dp = e~ 27 (f ij—jf dog+ ~d(d— 2)-[ ‘w%f d0d>
Rd sd 4 sd
with 7 = —log(T — t), so that 4= = 7. Hence w solves
a—2 1 a—2 1
wy = LwdF? — 1d(d—2)wd+2 +7 (d+2)w
where £ denotes the Laplace-Beltrami operator on the sphere S¢, and
d 2d a2 a-2 9 1 a-2 9
== T w2 > dog + ~d(d—2 2% d
Tt e L (dew 7| doa+ 7 d( )Jgd|“’ i Jd)’
d d—2

Vuiis 2 de = —2 Lot _La@—gi) vt g
_ En) - _9 ¥z — _ E) ¥2 .
ai Jo, Vel de d+2Ld v pdd=2)wr Jw od

Using the Cauchy-Schwarz inequality, that is, by writing that
d—2 9 1 d—2 9 ?
f V5[ dog + 2 d(d - z)f w2 dog
Sd 4 Sd
a2 1 a2\ _ 2 _4_ ?
= f Lwa? ——d(d—2)wa? | w &2 w2 doy
sd 4
a2 1 d—2 2 _ 4 2d
gf Ewd+2f7d(df2)wd+2 w_a+z do—df w2 dog,
sd 4 d

we conclude that
Q= Ja-t f |Vw%}2 dog
Sd

is monotone decreasing, and hence

H”=JTH’+ 2JSdQ’<JjH’.

This establishes the proof of Lemma 8 for any d > 3.

D Symmetry in Caffarelli-Kohn-Nirenberg inequalities

In this Appendix, we recall some known results concerning symmetry and symmetry brea-
king in the Caffarelli-Kohn-Nirenberg inequalities (24).

Proposition 19. Assume that d > 2. There exists a continuous function o« : (2,2*) — (—0,0)
such that lim,,_,o+ o(p) = 0 for which the equality case in (24) is not achieved among radial functions
if a < a(p) while for a < a(p) equality is achieved by

-5
Uk () = (1 + |x|% (“c_a)) Ve R?

where 6 = “1:;__5 Moreover the function o has the following properties
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(i) Foranyp € (2,2%), a(p) = a. — 2 p‘é’_14.

(ii) Foranyp € (2, 2m) alp) <ac— 3 (d?#'

(iii) If d = 2, lim,_,o% B(p)/a(p) = 0 where B(p) == a(p) — ac + d/p.

This result summarizes a list of partial results that have been obtained in various pa-
pers. Existence of optimal functions has been dealt with in [CW01], while Condition (i) in
Proposition 19 has been established in [FS03]. See [Dol+09] for the existence of the curve
p — a(p), [Dol+11 ; DE12] for various results on symmetry in a larger class of inequalities,
and [DEL12] for Property (ii) in Proposition 19. Numerical computations of the branches
of non-radial optimal functions and formal asymptotic expansions at the bifurcation point
have been collected in [DE13 ; DE14]. The paper [DET08] deals with the special case of di-
mension d = 2 and contains Property (iii) in Proposition 19, which can be rephrased as
follows : the region of radial symmetry contains the region corresponding to a > a(p) and
b > (p), and the parametric curve p — ((p), B(p)) converges to 0 as p — 2* = oo tangen-
tially to the axis b = 0. For completeness, let us mention that [Bet+99, Theorem 3.1] covers
the case a > a. — d/p also we will not use it. Finally, let us observe that in the symmetric case,
the expression of C, ;, can be computed explicitly in terms of the I' function as

p—2
=2 [ (g—a.)? (p—2)2 | 2P 2 ;
i [( 13+(2p )] [Qp(zfzt%zc2 p+2 |: 2=z 2 :| (28)
d
2

where the volume of the unit sphere is given by [S~!| = 272 /T (%)

Ca,b =
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CHAPITRE I I

Inégalités de Sobolev et
Hardy-Littlewood-Sobolev fractionnaires

Ce chapitre reprend en grande partie l’article « Fractional Sobolev and Hardy-Littlewood-
Sobolev inequalities », écrit en collaboration avec Van Hoang Nguyen !.

Résumé

Ce chapitre prolonge le précédent, et s’attache a 1’amélioration de Sobolev fraction-
naire par un terme de reste impliquant 1'inégalité de Hardy-Littlewood-Sobolev. En réuti-
lisant certaines méthodes de preuve, nous offrons une preuve simplifiée d’un résulat de
Jin et Xiong et des meilleurs estimations sur la constante optimales. Par un passage a la li-
mite différent, nous dérivons un résultat semblable pour 1'inégalité de Moser-Trudinger-
Onofri sur la sphére, et, par projection stéréographique, pour l'inégalité d’Onofri eucli-
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II. INEGALITES DE SOBOLEV ET HLS FRACTIONNAIRES

1 Introduction

The sharp Sobolev inequality and the Hardy-Littlewood-Sobolev inequality are dual in-
equalities. This has been brought to light first by Lieb [Lie83] using the Legendre transform.
Later, Carlen, Carrillo, and Loss [CCL10] showed that the Hardy-Littlewood-Sobolev in-
equality can also be related to a particular Gagliardo-Nirenberg interpolation inequality
via a fast diffusion equation. Since the sharp Sobolev inequality is in fact an endpoint in
a familly of sharp Gargliardo-Nirenberg inequalities [PD02], this eventually led to Dol-
beault [Dol11] pointing out that a Yamabe type flow is related with the duality between
the sharp Sobolev inequality, and the Hardy-Littlewood-Sobolev inequality. Still relying on
that flow, he proved an enhanced Sobolev inequality, with a remainder term involving the
Hardy-Littlewood-Sobolev inequality and also provided an estimate on the best multiplica-
tive constant. This was soon extended to the setting of the fractional Laplacian operator by
Jin and Xiong [JX11]. This approach heavily relies on the use of the fast diffusion equation,
which introduces technical restrictions on the dimension or the exponent of the Laplacian
operator. A simpler proof is provided in [DJ14], which lifts some of these restrictions, and
provides better estimates on the best constant.

Let us now go into more details. The sharp fractional Sobolev inequality states (see
e.g. [Swa92 ; CT04 ; Lie83]) that

<J |u(x)|qu) "< Sulul? forallue WH(R™), (1.1)

where) <s < 5,q= Qfés, and the best constant S, ;5 is given by

P () ( r(n) ) B
Sp.s = - — . 1.2
22€7Ts T (n+ ) T (5) ( )

Moreover, equality in (1.1) holds if and only if u(z) = cu, (5%) for some c € R, ¢ > 0,

3

zo € R™ and where
ug(z) = (1 + |2*)~ )

is an Aubin-Talenti type extremal function.

The best constant S, ; has been computed first in the special cases s = 1 and n = 3
by Rosen [Ros71], and later for s = 1 and n > 3 by Aubin [Aub76] and Talenti [Tal76]
independently. For general 0 < s < %, this best constant has been given by Lieb [Lie83] by
computing the sharp constant in the sharp Hardy-Littlewood-Sobolev inequality,

=

where 0 < A < nand p = 522 There is equality in (1.3) if and only if f(z) = ¢ H,(£5%)

1—2
) 1£1% 5 @ny (1.3)

where
Hy(z) = (1 + |z}~ (%),

withc e R, ¢ > 0,and zp € R". For 0 < s < %, 2‘2%‘%% ‘x‘},%

function of (—A)?*, so that the inequality (1.3) can be rewritten in the following equivalent

is the Green’s
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form, by taking A = n — 2s

o (=) (f) do| < Su sl F1 70 () - (14)
The sharp Hardy-Littlewood-Sobolev inequality was first proved by Lieb based on a rear-
rangement argument (see [Lie83]). Recently, Frank and Lieb (see [FL12a]) have given a new
and rearrangement-free proof of this inequality. Their method was also used to prove the
sharp Hardy-Littlewood-Sobolev inequality in the Heisenberg group (see [FL12b]). See also
[CCL10 ; FL10] for the other rearrangement-free proofs for some special cases of the sharp
Hardy-Littlewood-Sobolev inequality.

Using duality, Jin and Xiong state in [JX11, Theorem 1.4] that when 0 < s < 1, n > 2,
and n > 4 s, there exists a constant C,, ; such that the following inequality

2 r —5,,T
Suall' Py = | (8w

< Chslu

_8s
= [sn,snuﬁ ~ Juf? 15)
[ d—2s (]Rn) L

s (]R"):| ’
holds for any positive u € W*(R"), where r = 2425 Moreover, the best value C}¥ | for the
constant Cy,  is such that C | < 2428 (1 — ¢727) S, . This adapts to the fractional setting
the original result of Dolbeault [Dol11, Theorem 1.2] which was restricted to the case s = 1.

In (1.5), the left-hand side is positive by the Hardy-Littlewood-Sobolev inequality (1.4),
and the right-hand side is positive by Sobolev inequality (1.1), so this is an improvement of
the Sobolev inequality.

The strong condition on the dimension required for (1.5) stems from the heavy reliance
on a fast diffusion flow to achieve these results. Although the constraint on n can be removed
by lifting the flow to the sphere, Dolbeault and Jankowiak propose in [D]14] a new, simpler
proof that brings a number of benefits in the case s = 1 : the role of duality is made more
explicit, and it holds for any n > 3.

The aim of this paper is to extend and unify these results in the fractional setting. We
provide a better estimate on the best constant and by taking limits in s, we also derive an
improved Moser-Trudinger-Onofri inequality, and recover the Onofri inequality for n = 2.
Our paper is organized as follows : in Section 2 we detail our results, both in the Sobolev
(Theorem 1) and Moser-Trudinger-Onofri (Theorem 2) settings. Sections 3 and 4 are dedi-
cated to the proof of our main theorem using a completion of the square and linearization
techniques, respectively. Next we provide a proof of Theorem 2 in Section 5, by taking the
limit s — 3. Finally, in Section 6, we complete the proof of Theorem 1 using a fractional
nonlinear diffusion flow.

2 Results

Let us first introduce notation. First recall the definition of the homogeneous Sobolev
space W*(R") with s € R. A Borel function u: R — R is said to vanish at the infinity if the
Lebesgue measure of {x € R™ : |u(z)| > t} is finite for all ¢ > 0. For s € R, we define the
fractional Laplace operator (—A)*u by the distributional function whose Fourier transform
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is [¢[>*0(¢), where @ is the Fourier transform of u. For a test function u in the Schwartz space
S(R"), @ is defined as (&) = ., e @& u(z)dz. From the Plancherel-Parseval identity, we
have |u|r2gn) = (2m) % || p2(r~). We know that the Fourier transform is extended to a
bijection from the space of the tempered distributions to itself. Then W*(R") is defined to
be the space of all tempered distributions u which vanishes at the infinity and (—A)2u €
L2(R™). For u € W*(R"), we define

[ull? = 1(=2)2ulZs gy =

L 2|a(8)|? dé = uw(x) (—A)*u(z)dz
e | 6O dé = [ ulo) (~8) uta)ds.

With these notations, our main result is the following

n+2s

Theorem 1. Letn > 2,0 < s < 4, and denote r = 752

(i) There exists a positive constant C,, s for which the following inequality

- J u" (=A)u"dx
Rn

_8s
< Cpslull "3 <Sn7s [ul? — |ul? 2. ) (2.1)
L7—25 (R™) L

n—2s (Rn)

holds for any positive u € W*(R™).
(ii) Let C}; , be the best constant in (2.1). It is such that

n—2s+2
s <Ci o< Sy s 2.2
n+2s+2 7 s ’ (2.2)
Additionally, in the case 0 < s < 1 we know that :
Crs < Sns- (2.3)

Theorem 1 contains both the result of Dolbeault and Jankowiak [D]14, Theorem 1] in the
case n > 3and s = 1 and the one of Jin and Xiong [JX11, Theorem 4.1] in the case s € (0, 1),
n > 2 and n > 4s for positive u. The proof of Jin and Xiong is based on a fractional fast
diffusion flow and some estimates on the extinction profiles. They also provide the upper
bound C} , < £2¢(1—¢~ 25 ), abound which is larger that 1 whenn > 4s, so that Theorem 1
not only extends the result of Jin and Xiong to all » > 2 and s € (0, ), but also improve the
constant C,, ; on the right-hand side of (2.1).

Before continuing, we introduce the logarithmic derivative of the Euler Gamma func-
tion ¥(a) = (logT'(a))’ for a > 0, and also define #y, the space spanned by k-homogeneous
harmonic polynomials on R"** restricted to S™. In the following, do denotes the normalized
surface area measure on S” induced by the Lebesgue measure on R"**.

In the spirit of [Bec93 ; CL.92], we consider the limit s — 7 and obtain an inequality bet-
ween the functionals associated with the Moser-Trudinger-Onofri and the logarithmic Hardy-
Littlewood-Sobolev inequalities. Details will be given below, but let us first state our result.

Theorem 2. There exists a positive constant Cy, such that for any real-valued function F defined
on S™ with an expansion on spherical harmonics F' = 3, Fy, where Iy, € Hy, then the following
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inequality holds :
2
1 I'(k +n)
C, (J eFdo> — 7f F Qda—i—J Fdo — log (f eFda>
. 2n ,; T(n)L (k) Sn‘ k| o .
s [[ e togle — al P Pdo(€)dotn
S xS™

f ([ crao) [5 (von— v (3) -towa) + D] o

where Ent, (f) = (g, flog f do — ({4, f do)log({s. f do). Moreover, if C}% denotes the best
constant for which the above inequality holds, then

1
<C* <. 25
n+1 " 25)

The inequality (2.5) is proved in the same way as item (ii) in Theorem 1. We will expand
both sides of the inequality (2.4) around the function /' = 0 which is an optimal function
for the Moser-Trudinger-Onofri inequality (2.9).

A direct consequence of Theorem 2 written for n = 2 is an improved version of the Eucli-
dean Onofri inequality with a remainder term involving the two dimensional logarithmic
Hardy-Littlewood-Sobolev inequality. We will use the following notation

1

= e R2.
r(d+eP?

dp(z) = pla)de, ()

Corollary 3. There exists a positive constant Cy such that for any f € L'(u) and V f € L?(R?),
the following inequality holds :

2
1
C <J efdu) [ V£|2. 2+J fdulog(J efd,u>]
2\ o ooV lLe@ - .

2 f f
elp el
> efd 1+ logm + lo < >dx)
(JR? #> ( & R2 SR2 eldp 5 S]RQ efdp

— 4 fu@ eF @ p(z) (=A) el ) (z) da. (2.6)

Moreover, if C5 denotes the best constant for which the inequality (2.6) holds, then

Asabove, the right-hand side of (2.6) is nonnegative by the logarithmic Hardy-Littlewood-
Sobolev inequality since Green'’s function of —A in R? is given by — 5= log (|]). The inequa-
lity (2.6) is a straightforward consequence of (2.4) since ¥(2) — ¥(1) = 1, and the fact that if
f(z) = F(S(z)) with S is the stereographic projection from R? to S?, then

J |V f(x)|?dx = 47rf |VF|*do.
R2 S2

Another proof of Corollary 3 is provided in Theorem 2 of [DJ14] by using a completely
different method. More precisely, Dolbeault and Jankowiak use the square method to obtain
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an improved version of the Caffarelli-Kohn-Nirenberg inequalities on the weighted spaces,
and then take a limit to get (2.6).

The proof of (2.1) is similar to the one of Dolbeault and Jankowiak [D]14] which is based
on the duality between the Sobolev and Hardy-Littlewood-Sobolev inequalities, in fact a
simple expansion of a square integral functional. The first inequality in (2.2) is proved by
expanding both sides of (2.1) around the function (1 + |x|2)_n7‘T25 which is an extremal
function for the fractional Sobolev inequality, and thus is a zero of both the left-hand side
and right-hand side. To solve the linearized problem, we recast it to the unit sphere S™
using the stereographic projection, and then identify the minimizers using the Funk-Hecke
theorem (see [Erd+81, Sec. 11.4]). The Funk-Hecke theorem gives a decomposition of L?(S™)
into the orthogonal summation of the spaces H;’s, that is
[e¢]
L*(S™) = DH, 2.7)
1=0
Moreover, the integral operators on S™ whose kernels have the form K ({w, ) are diagonal
with respect to this decomposition and their eigenvalues can be computed explicitly by
using the Gegenbauer polynomials (see [AS64, Chapter 22]).
By using stereographic projection, we can lift the sharp Hardy-Littlewood-Sobolev in-
equality (1.3) to the conformally equivalent setting of the sphere S™ as follows

F(©)F(n)
l J) e
S x.5m

<n ([ IFrane)". 28)

with
r("3*) T(n) 2n

S N o P = ’
I'(n—3%) (%) 2n — A

By = 2

and do is the normalized surface area measure on S™. Note that the distance || is the distance
inR" !, not the geodesic distance on S™. Some geometric and probabilistic informations can
be obtained from this inequality through endpoint differentiation arguments (see [Bec93]).
Carlen and Loss, but also Beckner considered the limit case of (2.8) when A = 0 while
studying the two dimensional limit of the Sobolev interpolation inequality on the sphere,
pioneered by Bidaut-Véron and Véron in [BVV91, Corollary 6.2]. In this limit, they proved
the following Moser-Trudinger-Onofri inequality. For any real valued function F' defined
on S™ with an expansion F' = ) >0 Ik, where Fy, € Hy, the following holds

log qn eF<s>da(£)> < f ) F(&)do(€) + % Z WJ Vi (€)[2dor (€). 29)

k=1

Moreover, equality holds in (2.9) if and only if

for some [¢| < 1and C € R.
When n = 2, the inequality (2.9) becomes the classical Onofri inequality on S? (see
[Mos70 ; Ono82]). Under the stereographic projection, this inequality is equivalent to the
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following inequality

log (L@z eg(x)du(a:)> - L@ g(x)dp(r) < 16% N \Vg(z)[?dw (2.10)

forany g € L' (p) and Vg € L*(R?).

The Onofri inequality (2.10) plays the role of Sobolev inequality in two dimensions, see
for example [DE]14] for a thorough review and justification of this statement. This inequality
has several extensions, for instance to higher dimensions, which are out of the scope of this
paper.

Just like the dual of the fractional Sobolev inequality is the Hardy-Littlewood-Sobolev
inequality, the Legendre dual of (2.9) is the logarithmic Hardy-Littlewood-Sobolev inequa-
lity, first written in [CL92] and [Bec93]. It states that for nonnegative function F' such that
Sgn Fdo =1,

“n ﬂ F(€)log |€ — | F(n)do(€)do(n)

< g (\I/(n) —v (g) _ 10g4> + | FlogFdo, 1)
where we recall ¥(a) = (logI'(a))’. We remark that the appearance of the logarithmic ker-
nel —2log |¢ — 7| is quite natural since it is Green’s function on S%. We can rewrite inequa-
lity (2.11) in two dimensions and on the Euclidean space, and get that for any nonnegative
function f € L' (R?) such that {, f(z)dz = 1, with flog f and (1 + log |z[?) f in L*(R?), we
have

J flog fdx + 2 ff f(z)loglx —y| f(y) dedy + (1 + logm) = 0. (2.12)

- R2 xRR?

This more common version of the logarithmic Hardy-Littlewood-Sobolev inequality is the
Legendre dual of the Onofri inequality (2.10). It has already seen a number of applications,
e.g. in chemotaxis models [CCO8].

In this paper, we take a step towards unification of the results of [Doll1 ; DJ14 ; JX11].
However, a number of questions remain unanswered. The restriction 0 < s < 1 in (2.3)
comes from the representation of the fractional Laplace operator, is this purely technical ?
To extend this part of the result to Theorem 2, it would make sens to consider a fractional
logarithmic diffusion flow. However, this raises difficulties which are already presented in
[Dol11, Proposition 3.4], so we cannot exclude the case C;¥ = 1 yet. Finally, the computation
of the exact value of C} | is still open and probably requires new tools.

n,s

3 Upper bound on the best constant via an expansion of the square

In this section, we give a proof of Theorem 1 by the completion of the square method.

Proof of Theorem 1. By a density argument, it suffices to prove the inequality (2.1) for any
positive smooth function u which belongs to Schwartz space on R™. For such functions,
integration by parts gives us

| weay

1+s
2 v

2dx = f v(—A) v du,
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n+2s
n—2s’

and, if v = v" withr =

R’V‘L
where ¢ = n2’§ we have
—1 1+s 2
0< J Sh, r &gn)V(fA)Tu —V(-A)""zv| dx
R’VL
— 52l 7 Jul3 =28 slul 77 v J u(z) d:v+f W (—A) " de. (3.1)
R™ n

Further, since g = pr, we have Hu||‘]’;q(]Rn) = HUHqur(Rn) = HuTHip(Rn). This shows that

n—2s

pi=2
\wmmkamwﬁmemwmmﬂﬂwmwy

Since the left hand side of (3.1) is nonnegative, it implies

S7L,SHUTH2LP(R") - JR u(=A)"*u" dx < Sy 9HUHZ<1(2]§TL) (SnGHUHE - HUHQLQ(RH)) :

This is exactly (2.1) with C), s = Sp 5. ]

4 Lower bound via linearization

Let us start this section by briefly recalling some facts about the stereographic projection
from the Euclidean space R" to the unit sphere S™. Denote N = (0,---,0,1) € R"*! the
north pole of S™ and consider the map S: R™ — S™\{N} defined by

S(x):< 2 |x|2—1>7

1+ 2|27 1+ |z?

the Jacobian of S is then given by
2 n
)= (r55m)
If F is an integrable function on S™ then F(S(z))Js(x) € L'(R™) and

| FS@)Ist) o = | P

where dw is the unnormalized surface area measure on S™ induced by the Lebesgue mea-

sure on R". The inverse of S is given by §71(w) = (1_&“ R 1_‘::“) with Jacobian
Js-1(w) = (1 — wny1)™™, where w = (w1, wa, - ,wns1) € SP\{N}. Given f € W*(R") and

q = 2%, we define the new function F on S™ by
F(w) = f(87H @) s (w)7. (4.1)

Then we have fay?
xr

e dr =2"%| F(w)? 4.2
| aiimm de -2 | PR, @2)
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and

f(z)? s W)
| e e e

R xRn™

o | @ Ea dodn. @3

SnxSn
Equality (4.3) is derived from the fact that
2 2 2

— 2:7 — -
St@) = S0P = T p =9 T

Next, we prove inequality (2.2). For this purpose, let us denote 7 and G the positive
functionals associated with the Sobolev and Hardy-Littlewood-Sobolev inequalities, res-
pectively :

Flul = Suslulf = [ulfoqgny, — ue WHR"),
Glv] = Sn,sHvH%p(Rn) — f v(—A)"%v dz, ve LP(R™),
Rﬂ,
and recall that F|u,] = 0 and G[u}] = 0. The inequality of Theorem 1 thus reads
Chn,s HUHL‘J(R")]:[u] = g[ur] )

and we are interested in a lower bound for

or, = sup — 91
ueWs UHEQ 2I§n)]:[uj|

Consider now v = u,. + €f where f is smooth and compactly supported such that

f Mdzzo_ (4.4)
R

n (L |z[?)%
By using the fact that u, is a critical point of 7 and as such solves

o (52) P () (o)

_A Su xTr) = TS n—2s\ Uk (T "= n—9s s (4:5)
(—A) ux(2) T (2222) «(@) T (252) (1+ [zP)%
we in fact have the following.
Proposition 4. With the above notation and f satisfying (4.4),
]_-[u :| ) 225F (n+2s+2) f((L')2 )
f p— f dx o(€?). (4.6)
S (' O N ==y N e R

Démonstration. By a direct computation, we have

24
% (Fltue])eeg = 2Sn,s F(=A)Yuy de —2 (J ud dx) f uf,{_lf dz =0,
Rn n n
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here, we use the fact that (—A)®u, and u% " are proportional to u, (z)(1 + |z|?) 2. Taking
the second derivative of F[u.] at € = 0, we obtain

2 21
% (Flue])eeg = 2Sn.s fIZ =2(g—1) (f ud dx) J ul 22 da
R?L n

22SF n+2s+2 2
=28, [ IIf]2 — 75—2512 ) J f($)2 55 de | -
T . 0 )5

Since Flux] = 0, using Taylor’s expansion, we get (4.6). O

Let us denote

dx.

B ) 2251‘\ (n+225+2) f($)2
F[f1=1fl5 - T (n—225+2) JRH (1 + [[2)2s

Now, we introduce the new functions

fole) = wa(@), £i(0) = (@) i = L n, fana(@) = P L)
0 = UWUx ) 7 _1+‘I|2 * y 6= 4 5 10y n+1 _1+|I|2 * .
We remark that 5
fl(:v):—mamu*(x) 1=1,---,n,
and 5
_ 3 —(s—3%)
frg1(x) Y </\ u ()\x)) L

Using these relations and (4.5), we get

Lemma 5. The following assertions hold :

2T () ol

FO) O e

(—A)* fo(x) =

(4.7)

. B 92sT (M) f1($) o
(=AY fi(x) = T (n_z;er) A 2% i=1,--,n+1 (4.8)

We also notice that

J}Rn fi(z) f;(z) d

(1+|I’|2)2S SU=0, i7j=0717"'1n+17 Z=+:j

Next, we consider the other functional G associated with the Hardy-Littlewood-Sobolev
inequality as defined above.

Proposition 6. With the above notation and f satisfying (4.4), we have

n+ 2s
n — 2s

ﬂw*mﬂﬂ=3( )GUho@» (49)

_ (=) f(z)? f(x) —s f(z)
CUT = ez fRn T eps @ L@ ar ez D) ((1+|xl2)2) dz.
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Démonstration. First, u, solves the following integral equation which is the Euler-Lagrange

equation associated with G :

F(n—Zs)
(—A) Ul = S (4.10)
Too2nr(nE)
Then
d 25, 5 1 _
GOl e Do =2 ([ wtae)” [

- 27"J u:flf(—A)*Su; dx =0,

since ud ™" and u} ' (—A)~*ul, are proportional to u, (z)(1 + |z|?)~2%. By taking the second

derivative, we get

2 25, «q(q —1 Pt -
de2 (Gl(us + €f) T)emo = qp(q) (J " U dx) J ul™?f2? da

—2r(r—1) J ) ul 2 fA(=A) " dr

o [ A ) de
2| (=) f@?
=7 [ ] J.. !

22sT (n+225+2 1+ |I|2)25

This concludes the proof. O

Next, by Legendre duality, we have

Lemma 7. Suppose that g satisfies the following conditions :

gl@)file) .
JR"WW—O, i=1.n+l (4.11)
Then
1 g(x)? _ f(x)g(x) 1 f(z)?
ngn(lez)zsdx‘s‘}p (quﬂ:cwsdx2fn,(l+asl2>2$dm)’
and

where supremum is taken over the functions f satisfying the conditions (4.11).

Démonstration. The proof of this proposition is elementary and is completely similar with
the one of the dual formulas in [DJ14]. O

43



II. INEGALITES DE SOBOLEV ET HLS FRACTIONNAIRES

Given f € W*(R"), we consider the function F defined by (4.1) and its decomposition
on spherical harmonics

= ) Fr(w), (4.12)
k=0

where F}, € Hj,. Using the Funk-Hecke theorem and the dual principle for | - |5, we obtain
the following.

Lemma 8. With f and F taken as in (4.1)-(4.12), we have

0 (2k+n+25>

T
I = X s j Felw)d. 413)

k=0

Démonstration. We have

712 = sup (2] fGo)gte) d - f 4(e) (-2)g(a) d:r,)

= sup <2 ’ f(l‘) g(l’) dx — n/2 225 ff - y|_n+289(y) dx dy) .
! ¥ ]R"XR”
Defining the function G on S™ by
1 2n
G(w) = g(§7Hw))Js-1(w)7, P= o

and considering its decomposition G = ZZOZO Gy, Gi, € Hi, we then have

n 25
2 [ f@)ate) o - O H o~y g(y) da dy

Rn
R“ xRn™

=2an<w>G<w>dw ﬂ w = nl "G () dw

ﬂ-n/Q 225
S" xSm

n - s (1 _<w, n>)_n;231

n—2s

tor with kernel % |w — 1| ~""2¢ is diagonal with respect to the decomposition (2.7),
and its eigenvalues are given by (see [FL12b, Corollary 5.3])

T <2k+721—25)

n+2s _

Since |w—n|~

k=0,1,2-. (4.14)

This implies that

2 [ f@gte) d-— ) H o =yl 2% g() do dy

Rn
]R”XR”
( w)dw — v Gk(w)2dw>
x
0 Tk

Sn

J
Jo e

|
i MS s
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4. Lower bound via linearization

As a consequence, if f satisfies the conditions (4.11), then f satisfies the following Poin-
caré type inequality :

2231‘\ (n+2s+4) f(x)2
2 2
1> ey |, ey @.15)

Indeed, using the stereographic projection, we have

j P = [ f@) ()14 ) dr =0,

Rn

and
J Flw)wido= | f@) fia) 1+ e > de =0, i=1,2-- n+1
n R’IL

This shows that Fy = F; = 0 in the decomposition (4.12) of F, then

g2 L) f F(w)*dw
=

2251‘\ (n+225+4) J f(x)2 J
- Z.
r (7”_2;*4) re (14 ]2]?)2s
To sum up, we have
Proposition 9.
@Iffe WS(R”) satisfies the conditions (4.11) then
4s 27T (n3e2) f(x)?
F[f] = —2 f de. (4.16)
L7] n—2s+2 T (2=222)  Jpa (1+ [x]2)%
(ii) If g satisfies the conditions (4.11) then
4s T (=%*2) g(z)?
> . 4.17
G[g] n+ 2s + 2 22sT (n+225+2) J]R" (1 + |:C|2)2S dx ( )

Démonstration. Item (i) follows immediately from the definition of F[f] and (4.15), while
for (ii), from (4.15) and Corollary 7, we have

gl@) e 9@ N G ) g@)?*
Jn (1 + ‘$|2)23( A) ((1 + |$|2)2S> d < 225F(n+28+4) J];Qn (1 + |$|2)2$ d :

2

Using the definition of G[g], we obtain (4.17). O

Corollary 10. If f € W*(R") and satisfies the conditions (4.11), then

n—2s+2 2
GIf] <2-ts 25 %2 (F( > )> Flf], (4.18)

n+2s+2 \ I (223:42)

and equality holds if and only if the function F defined by (4.1) belongs to H,.
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Démonstration. Considering the function I defined by (4.1) and its decomposition F' =

2212 F},, we know that
1
2= = [ Fuw)de
é Yk Jsn

where v;, is given by (4.14). Using equality (4.2), we also have

J]R" (li(lz)lz)% dr =27 J Fw)dw =275 kij By (w)de.

From these equalities, we get

oo \ VE 5
[e¢]

= Zakj Fr(w)?dw, (4.19)
k=2 Sm

with

r (n+2§+2k) T (n—225+2) -T (n—2;+2k) r (n+22s+2)
T (n—2§+2k) T (n—225+2) :

Denote g(z) = f(z)(1+ |x|?)~2%. Using the integral expression of (—A)~* and equality (4.3),

Qp =

n 25
[ ooy = TEZD ([ R nimm) o an
S"XS”
=974 Z Yk k dw.
k=2

Therefore, we get

0 n 2s+2
G[f] = Z <24SI“ n+2s+2 245) J Fk

- 245 2 B f Fr(w)?dw, (4.20)

with

ﬁk _ T (n+2;+2lc) r (n7225+2) -T (n72§+2k) T (n+225+2)
r (n+2;+2k) r (7L+228+2)

We have ay,, i, > 0 for all k£ > 2. Moreover, we can prove that

2
) o F n—2s+2
Pe Pa_m 23”( ("= )>7 forall k > 2

ar s nA+2s+2 I (nt2s42)

and equality holds if & = 2. From this inequality, we have

2
wwn—2s5+2 (T (=5
P ;25’“ on TE) fdw <27 n+2s+2<F("+225+2) FLI)

This proves the inequality (4.18). Additionally, we see from the proof that equality in (4.18)
occurs if and only if {,, Fi(w)*do(w) = 0 for all k > 3, hence F € Hs. O
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5. Improved Moser-Trudinger-Onofri inequality via endpoint differentiation

As a consequence, we have

CU) _grasn=2s42 (F (R%M))Q, (4.21)

i F(f) n+2s+2 \ I (22:42)

where supremum is taken over f € W*(R"), f 4 0, and f satisfying the conditions (4.11).
We can now prove the first inequality in (2.2) of Theorem 1.

Proof of (2.2). Forall f € WS(R”), f % 0and f satisfies the conditions (4.11), denote u. =
uy + €f, then

= Gluc]
C* ue 7172:’ > € .
n,s | HLnQ_QS (R") ]:[ue]
Lete — 01, we get
o s 1 (n+23)2G(f)
n,s = _8s
||U* nfzi Sn s n — 2s F(f)
Ln-25 (R®)

Taking supremum over f € W5(R™), f + 0,and f satisfying the conditions (4.11), using (4.21)
and the fact that

2n n F n
J ug ()72 dr = J (1+ |m|2)*" de =72 FE:L)),

we get
" n—2s+2
7L9> n,s
T n+25+2 7

as desired. O

5 Improved Moser-Trudinger-Onofri inequality via endpoint
differentiation

This section is dedicated to the proof of Theorem 2. By an approximation argument, it
suffices to prove the inequality (2.4) for bounded functions. We first prove for functions F'
such that {, F(£)d¢ = 0. We define a new function v on R" by

n—2s
2n

u(x) = (1 + F(S(x))) Js(x)_(s_%) . (5.1)
Since F' is bounded, then u is positive when s is close enough to 5. Considering the ex-
pansion of F in terms of spherical harmonics F' = } ps1 e with Fy, € Hy, it follows from
Lemma 8 that

()

F(nEQS)

Jul? =15"]

— 95)2 r 2k+n+2s
pigm 2 2 TC2s )J Fldo.
Sn

2
4n =

Using the stereographic projection, we get

2n e
n—2s 72 n-2s "
Il 2 g,y = 1571 (f (1+750r) d”)
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For simplicity, we denote ¢ = “32%, then

8s
n—2s 2 2
Suclol75, . (Snalull = 2 )

ey l(f (R dff)“t ([ ey d(,)“t]

2T (nt)? I(k+n(l—t 1 24t
+|S”|F(n(1(_1))2 lZ (Fzrm(mf) ))Jandal (Jn(l—ktF)fda) . (5.2)

k=1

Since I'(nt) ~ 1/(nt) when t — 0%, by taking t — 0% (or s — %) in (5.2), we obtain

1' s 2 - 2 n
sl_)H% [S ") (Sn,‘ |ulls HUHLHEZS (Rﬂ)]
2 n 2
— _nLS(n|) (J eFda> log (f eFda)

B L(k +n) , 2
* n2I'(n)? lZ Tk Jsn dea] (L eFda> . (5.3)

k=1

We also have

5°Ir(ne) )
SualuFER py - S (an(l—i—tF)/da) (5.4)

J u:tgz(—A) sunsrs dg (5.5)
R?’L
87T (nt) (1+tF(€) T (1 +tF(n)+
IEEEC H If e dole) dot)
|S"|F(n—nt) , 2
~ () (J (+er)™ d")

L |S"Pr() JJ (1+tF ()T (1 + tF(n) "+ J
(&) do(n).

ERTEIE = 77| e 1)1

Letting s — % (i.e. t — 0) in (5.4)-(5.5), we obtain

i S, - [ B CA) 0 ]
s> 5 Ln CESE (R™) n

- (o) (v w5 -men 225)

'Sn Jf 9 log (|€ — n?) eFMdo(€)da(n), (5.6)

S"><S"

where Ent, (f) = {4, flog f do — ({4. f do)log(§s. f do).
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5. Improved Moser-Trudinger-Onofri inequality via endpoint differentiation

n

Now, applying the inequality (2.1) to function u defined by (5.1), then letting s — 5, and

using the equalities (5.3) and (5.6), we obtain

() [Qn X R s ] )

k=1

U F©) log (¢ — n[?) eF @do(€)do ()

Sn x Sn
2 F
P n (M) Ent, (e")
+ (J e da) {2 (\I/(n) v (2) log 4) il (.7)
For any bounded function F, applying (5.7) to function F' — {,, Fdo, we obtain (2.4) with
C, =1
The above proof shows that C} < 1. Let us now prove C}¥ > n%rl Indeed, for any

function F such that {, Fdo = 0. Considering an expansion of F by F' = 3}, _, Fy, with
F}, € Hj, and applying inequality (2.4) to the function eF with € > 0, we get

* eF F 2 —1 J eF
C (ane da) l% Z r JI k2o 0g( W do

k=1

ﬂ e log (¢ — nl?) eF D do(€)do(n)

S xS

+ (I ) eeFd(f)Q [;L (\Il(n) —v (g) _ log4) n ?:tz(i;)] . (58

When ¢ is small, we have

2
f eFdo =1+ % |F|2do + o(€?),
n S’rL

2
— f |F|2do + o(e?).

Ent, (") = 5

Moreover, since

| 108 (16 = ) dot) = = (W) — v (5) - 10g ) = A(w)

then

"' log (|¢ — n|?) eFMdo(&)do(n)
Snox Sn
I(n)(k)
I'(n + k)

= A(n) + 2 A(n) J |F|*do — € Z

k=1

J |Fy.|?do + o(€?).
Substituting these above estimates into (5.8), we obtain

e . I'(n+k) ) 2
7o 2 (1“(n+1)1“(k) B 1) L |Fy|?do + o(€?)

k=2
€ T'(n + 1)I(k) ,
= *Z (IM) J:gn |Fk‘ dO"i’O(EQ)7
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since I'(n + 1) = nT'(n) T'(1). If F, + 0 for some k > 2, then dividing both sides by % and
letting e — 0, we get

- Zk>2 (1 - %) SSn |Fy,[*do

- T(n+k) )
ks (r(n+1)r(k) - 1) Ss Fy|?do

Taking supremum over F' = >}, _, F}, F} # 0 for some k > 2, we obtain

C*

n

n k
Sisa (1 - ) s | P Pdo

Cy = sup :F:ZFk F, + 0 forsome k > 2
" D(n+k )
D=2 (W - 1) Sn [F|2do k=1
B 1
S n+ 1

This completes the proof of Theorem 2.

6 Fractional fast diffusion flow

At this point, we know using the expansion of the square that C}; | < S, s, so that if we

define
Cr s

)
Sn,s

we know C < 1. In this section we will show that in fact C < 1 when 0 < s < 1. This

C

condition is enforced throughout this section. With the notations above, we consider the
following fractional fast diffusion equation :

1 n—-2s
0 A" =0, t>0 R™ =-= . 6.1
tv + ( ) v ’ >U, x€ , m r n+ 2s ( )
v(0) = vp .
which is well posed for vy € L* () L* for some ¢ > -2 according to [Pab+12, Theorem 2.3].

We will take initial datum v with sufficient decay at infinity, e.g. in the Schwartz space.
Let us define

Go = Glve] Jv(t)] = J P = f u?,  Jg = J[vo].
which is such that

d
V=)= —an [CYSE R

We can now consider the evolution along the flow of the functional G associated to the
Hardy-Littlewood-Sobolev inequality. An easy computation gives

] =2 <f) " P =205 Flu,

which is nonnegative according to the fractional Sobolev inequality (1.1). Hence, — G[v] is
nondecreasing and stationary only when u is an extremal function for (1.1). This and the
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6. Fractional fast diffusion flow

following computations are a straightforward extension of those done in [Doll1]. Going
one step further, we compute

—g" = Jjg' —4m S, JFK,

with K = §o™ 1 |(=A)*v™ — Av|*, A = 2225 J Then, using the fact that G’ < 0, we have
the following :

Lemma 11. With the above notation and assuming 0 < s < 1,

" /
<l
g J
Using Lemma 11 and (1.1), we have
_ /
—-g < kod with kg = % (0)
0

Since J is nonincreasing in time, there exists Y : [0, Jo] — R such that

Differentiating with respect to ¢ gives
=Y =—-G <koJ,

then, substituting J’ in the inequality of Theorem 1 (ii) we get

4s

Ko 2 -Jl " 1428
cl-fog 27" g %) 1y <o.
p ) Y/ ’

With Y’ = Y, we end up with the following differential inequality for Y :

4s

Y’ (c S 21TH 4 Y) < c% S22 Y(0)=0, Y(Jo) = G(0). 6.2)

We have the following estimates. On the one hand

’ p 2s
Yg;sn”‘;Z"
0

and, hence,

]- 2s
Y(Z) < 5 Ro Sn,s 21+T Vze [O,Jo] .

On the other hand, after integrating by parts on the interval [0, Jo], we get

2 s
"o | 2EY(R) de.

0

1 2s 1 s
5 9(0)° +CS,. 3T G0) < 1CroSh, 2Ty
Using the above estimate, we find that

2 oo, 1 4s
= S f 2EY(2)de< = 2T
p 0 4

and finally
1 2s 1 s
590 —CSus 376 < 5CroSh, 2w

Altogether, we have shown an improved inequality that can be stated as follows.
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II. INEGALITES DE SOBOLEV ET HLS FRACTIONNAIRES

Theorem 12. Assume that 0 < s < 1. Then we have
0< S, I 5 (J%’l}'[u]) —GR], Yue W (RY), v=u" (6.3)
where p(x) == +/C? +2Cx —C forany x = 0.

Démonstration. We have shown thatforu € S,y*+2Cy—Cro < Owithy = Go/(Sn Jé+%) >
0. This proves that y < 4/C? + Cro — C, which proves that

Go < Susdy” " (V2 +Cro—C)

after recalling that

1 _ g6 2=
5 o = JO—Jr Flu].
Arguing by density, we recover the results for u € W*(R™). O

Remark 20. We may observe that x — x — @(x) is a convex nonnegative function which is equal
to 0 if and only if x = 0. Moreover, we have

plr)<Czr < 122%.
We recall that (6.1) admits special solutions with separation of variables given by
va(t, ) = A-OH22 ()M () 6.4)
where u,(z) = (1 + [2[2)~"2" is an Aubin-Talenti type extremal function, z € R" and

0 <t < T.Such a solution is generic near the extinction time 7', see [JX11, Theorem 1.3].

Corollary 13. With the above notations, C < 1.

Démonstration. Argue by contradiction and suppose C = 1. Let (uj) be a minimizing se-

quence for the quotient v — ;[Eﬁ]]. Thanks to homogeneity, we can assume that J[u;] =

Ji = J[uy] with J, fixed, so that in fact G[u],| is a bounded sequence. There are two pos-
sibilities. Either limj_, o, G[u}] > 0, and then, up to a subsequence, limy_,», F[uy] > 0, and
then

0= lim (Sn 33 Flun] - Glux])

k—o0

4s
n 1

= lim (Sw 1 Flug] = Sas 7 g (Jfflf[wc]))
+ lim (S 2" (4" Flwal) - Glud) -

The last term is nonnegative by Theorem 12, and since limy_,o, F[ug] > 0, the first term is
positive because of the properties of ¢, see Remark 20. This is a contradiction, so in fact we

have limy_,o, G[u}] = limy_,o Flug] = 0. Since J[ux] = Jx, vp = v}, maximizes

UHM—A)—SU R J*}
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According to [Lie83, Theorem 3.1], up to translations and dilations, v, converges to vy, = u,
Fluk]
Gluy]

and then the limit of the quotient is given by the linearization around the Aubin-

Talenti profiles. That is
— lim Fluk] S n+2s+2 1 ,
Sn,s koo Glup] T n—254+28,

which is a contradiction. Thus, C}} ; < S, . O

Inequality (2.3) holds by Corollary 13, and the proof of Theorem 1 is complete.

References

[AS64] M. Asramowrrz et I. A. Stegun. Handbook of mathematical functions with formulas,
graphs, and mathematical tables. T. 55. National Bureau of Standards Applied Ma-
thematics Series. U.S. Government Printing Office, 1964, p. xiv+1046 (cf. p. 24,
38).

[Aub76] T. AuBIN. “Problémes isopérimétriques et espaces de Sobolev”. In : . Differential
Geometry 11.4 (1976), p. 573-598. 1ssN : 0022-040X (cf. p. xiv, 34, 59, 62, 64).

[Bec93] W. BEckNER. “Sharp Sobolev inequalities on the sphere and the Moser-Trudinger
inequality”. In : Ann. of Math. (2) 138.1 (1993), p. 213-242. 1ssn : 0003-486X. por :
10.2307/2946638. URL : http://dx.doi.org/10.2307/2946638 (cf. p. xiX, xxi,
36, 38, 39,59, 60, 62,73, 91, 92, 99).

[BVV91]  M.-F. Bipaut-VERrON et L. VErON. “Nonlinear elliptic equations on compact Rie-
mannian manifolds and asymptotics of Emden equations”. In : Invent. Math.
106.3 (1991), p. 489-539. 1ssn : 0020-9910. por : 10 . 1007 / BF01243922. URL :
https://proxy . bu. dauphine . fr : 443 /http/dx . doi . org/ 10 . 1007 /
BF01243922 (cf. p. xxi, xxvi, 38, 60, 62, 78, 91, 92).

[CCO08] V. Carvez et L. Corrias. “The parabolic-parabolic Keller-Segel model in R?”.
In : Commun. Math. Sci. 6.2 (2008), p. 417-447. 1ssN : 1539-6746. URL : http://
projecteuclid.org/getRecord?id=euclid.cms/1214949930 (cf. p. xxix, 39,
60, 117).

[CCL10] E. A. CareeN, J. A. CarriLro et M. Loss. “Hardy-Littlewood-Sobolev inequali-
ties via fast diffusion flows”. In : Proceedings of the National Academy of Sciences
107.46 (2010), p. 19696-19701. URL : http://www . pnas . org/content /107 /
46/19696 . short ; http://www . pnas . org/content /107 /46/19696 . full
(cf. p. xvii, 4, 34, 35, 78).

[CL92] E. A. CarLen et M. Loss. “Competing symmetries, the logarithmic HLS inequa-
lity and Onofri’s inequality on S"”. In : Geom. Funct. Anal. 2.1 (1992), p. 90-104.
1ssN : 1016-443X. por : 10. 1007 /BF01895706. URL : http://dx.doi.org/10.
1007/BF01895706 (cf. p. xix, xxi, 5, 36, 39, 59, 73, 74, 91, 100, 105).

[CTO04] A. Cortsiouss et N. K. Tavouraris. “Best constants for Sobolev inequalities for
higher order fractional derivatives”. In : Journal of mathematical analysis and ap-
plications 295.1 (2004), p. 225-236. URL : http: //www . sciencedirect . com/
science/article/pii/S0022247X04002471 (cf. p. 34).

53



II. INEGALITES DE SOBOLEV ET HLS FRACTIONNAIRES

[DEJ14]

[DJ14]

[Dol11]

[Erd+81]

[FL10]

[FL12a]

[FL12b]

UX11]

[Lie83]

[Mos70]

[Ono82]

[Pab+12]

54

J. DorBeauLt, M. J. EsteEBAN et G. Jankowiak. “The Moser-Trudinger—Onofri
inequality”. Preprint. 2014 (cf. p. 39, 90-92, 97, 99, 100).

J. DoLEAULT et G. JankowiaK. “Sobolev and Hardy-Littlewood-Sobolev inequa-
lities”. Anglais. Pre-print, arXiv :1312.2568. 2014. urL : http://hal.archives-
ouvertes.fr/hal-00915998 (cf. p. 34-39, 43, 60, 61, 65, 73-75).

J. DoLeauLr. “Sobolev and Hardy-Littlewood-Sobolev inequalities : duality
and fast diffusion”. In : Math. Res. Lett. 18.6 (2011), p. 1037-1050. 1ssn : 1073-
2780 (cf. p. xv, xviii, 4-7, 15-17, 34, 35, 39, 51, 60, 63, 74, 75).

A. Erpfryi et al. Higher transcendental functions. Vol. 1I. Based on notes left by

Harry Bateman, Reprint of the 1953 original. Melbourne, Fla. : Robert E. Krieger
Publishing Co. Inc., 1981, p. xviii+396. 1sBN : 0-89874-069-X (cf. p. 38).

R.L.Frank et E. H. Lies. “Inversion positivity and the sharp Hardy-Littlewood-
Sobolev inequality”. In : Calculus of Variations and Partial Differential Equations
39.1-2 (2010), p. 85-99. uRL : http://link.springer.com/article/10.1007/
s00526-009-0302-x;http://link.springer.com/content/pdf/10.1007/
$00526-009-0302-x . pdf (cf. p. 35).

R.L. Frank et E. H. Lie. “A new, rearrangement-free proof of the sharp Hardy-
Littlewood—Sobolev inequality”. In : Spectral theory, function spaces and inequa-
lities. Springer, 2012, p. 55-67. URL : http://link. springer . com/chapter/
10.1007/978-3-0348-0263-5_4;http://arxiv.org/pdf/1010.5821.pdf?
origin=publication_detail (cf. p. 35).

R. L. Frank et E. H. Ligs. “Sharp constants in several inequalities on the Hei-
senberg group”. In : Ann. of Math. (2) 176.1 (2012), p. 349-381. 1ssN : 0003-486X.
por : 10.4007/annals.2012.176.1.6. URL : http://dx.doi.org/10.4007/
annals.2012.176.1.6 (cf. p. 35, 44).

T. Jiv et ]. XionG. “A fractional Yamabe flow and some applications”. In : Journal
fiir die reine und angewandte Mathematik (Crelles Journal) (2011). urL : http://
www . degruyter . com/view/j/crelle . ahead - of - print /crelle-2012-
0110/crelle-2012-0110.xml;http://arxiv.org/pdf/1110.5664 (cf. p. xix,
34-36, 39, 52).

E. H. Lies. “Sharp constants in the Hardy-Littlewood-Sobolev and related in-
equalities”. In : Ann. of Math. (2) 118.2 (1983), p. 349-374. 1ssn : 0003-486X (cf.
p- xiv, xv, 4,7, 19, 34, 35, 53, 59).

J. Moskr. “A sharp form of an inequality by N. Trudinger”. In : Indiana Univ.
Math. J. 20 (1970/71), p. 1077-1092. 1ssN : 0022-2518 (cf. p. xxi, 38, 58, 59, 90).

E. Onorri. “On the positivity of the effective action in a theory of random sur-
faces”. In : Comm. Math. Phys. 86.3 (1982), p. 321-326. 1ssn : 0010-3616. URL :
http://projecteuclid.org/euclid.cmp/1103921772 (cf. p. xxi, 5, 38, 58, 60,
90, 91).

A. de PaBLo et al. “A general fractional porous medium equation”. In : Commu-
nications on Pure and Applied Mathematics 65.9 (2012), p. 1242-1284. urL : http:
//onlinelibrary.wiley.com/doi/10.1002/cpa.21408/abstract (cf. p. 50).



References

[PD02]

[Ros71]

[Swa92]

[Tal76]

M. del Pmvo et ]. DoLseautLr. “Best constants for Gagliardo-Nirenberg inequali-
ties and applications to nonlinear diffusions”. In : J. Math. Pures Appl. (9) 81.9
(2002), p. 847-875. 1ssN : 0021-7824. por : 10.1016/50021-7824(02) 01266-7.
URL : http://dx.doi.org/10.1016/50021-7824(02)01266-7 (cf. p. xiii, xxiv,
34,62,75,77).

G. Rosen. “Minimum value for c in the Sobolev inequality |¢?|| < ¢|V¢[?”. In:
SIAM |. Appl. Math. 21 (1971), p. 30-32. 1ssN : 0036-1399 (cf. p. xiv, 34, 64).

C. A.Swanson. “The best Sobolev constant”. In : Applicable Analysis 47.1-4 (1992),
Pp-227-239.UurRL:http://wuw.tandfonline.com/doi/abs/10.1080/00036819208840142
(cf. p. 34).

G. TaLenTL “Best constant in Sobolev inequality”. In : Ann. Mat. Pura Appl. (4)
110 (1976), p. 353-372. 1ssN : 0003-4622 (cf. p. xiv, 34, 62, 64).

55






CHAPITRE I I '

Inégalité d’Onofri

Ce chapitre reprend en grande partie 1’article « The Moser-Trudinger-Onofri Inequality
», écrit en collaboration avec Jean Dolbeault et Maria J. Esteban.

Résumé

Ce chapitre traite de résultats sur I'inégalité de Moser-Trudinger-Onofri (ou inégalité
d’Onofri). En dimension deux, cette inégalité joue un réle identique a 1'inégalité de So-
bolev critique pour les dimensions supérieures. Pour justifier cela, nous la retrouvons a
partir de différents passages a la limite. Nous passons aussi en revue certains résultats
connus, ainsi que quelques remarques élémentaires.

Nous présentons aussi de nouveaux résultats. Nous donnons une preuve de 'in-
égalité par transport de masse, dans le case radial. Ceci est cohérent avec des résultats
équivalents pour 'inégalité de Sobolev. Nous rappelons aussi la dualité entre 'inégalité
d’Onofri et I'inégalité de Hardy-Littlewood-Sobolev logarithmique. Dans le cadre des
équations de diffusion rapide, nous montrons que l'inégalité d’Onofri apparait comme
inégalité d’entropie—production d’entropie. Nous terminons par une preuve basée sur
des méthodes de rigidité.
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1 Introduction

In this paper we consider the Moser-Trudinger-Onofri inequality, or Onofri inequality,
for brevity. This inequality takes any of the three following forms, which are all equivalent.

> The Euclidean Onofri inequality :

1
— | |Vul?dz =log f e du —f wdp. (1.1)
16T R2 R2 R2

Here dp = pu(z) da denotes the probability measure defined by p(z) = 2 (1 + |z[*)72,
r e R2.

= The Onofri inequality on the two-dimensional sphere S? :

if |Vo|? do > log U e”da) —J vdo . (1.2)
S2 S2 S2

Here do denotes the uniform probability measure, that is, the measure induced by
Lebesgue’s measure on the unit sphere S? « R? divided by a 4r factor.

= The Onofri inequality on the two-dimensional cylinder C = S' x R:

1
WJ |Vwl|? dy > log <f ewl/dy) —j wrdy. (1.3)
T Jc c c

Herey = (6,s) e C =S' x Rand v(y) = £ (cosh s)~? is a weight.

These three inequalities are equivalent. Indeed, on S? = R3, let us consider the coordinates
(w,2) € RZxRsuchthat |w|?+2? = 1and z € [-1,1]. Let p == |w| and define the stereographic
projection X : S*\{N} — R? by ¥(w) = z = rw/p and

r?—1 2 2r
:]_—7’ p=—".
72 +1 2 +1 2 +1

The North Pole N corresponds to z = 1 (and is formally sent at infinity) while the equator
(corresponding to z = 0) is sent onto the unit sphere S' = R2. Whereas on the cylinder C,
we can consider the Emden-Fowler transformation using the coordinates § = x/|z| = wp and
s = —logr = —log |z|. The functions u, v and w in (1.1), (1.2) and (1.3) are then related by

u(z) = v(w, z) = w(d,s).

2 A review of the literature

Inequality (1.2) has been established in [Mos70] without a sharp constant, based on the
Moser-Trudinger inequality which was itself proved in [Tru67 ; Mos70], and in [Ono82] with
a sharp constant. For this reason it is sometimes called the Moser-Trudinger-Onofri inequality
in the literature. The result of E. Onofri strongly relies on a paper of T. Aubin, [Aub79],
which contains a number of results of existence for inequalities of Onofri type on manifolds
(with unknown optimal constants). Also based on the Moser-Trudinger inequality, one has
to mention [OPS88] which connects Inequality (1.2) with the Lebedev-Milin inequalities.

Concerning the other equivalent forms of the inequality, we may refer to [DET08] for
(1.3) while it is more or less a standard result that (1.1) is equivalent to (1.2) ; an important
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result concerning this last point is the paper of E. Carlen and M. Loss, [CL92], which will be
considered in more detail in Section 5. Along the same line of thought, one has to mention
[Bec93], which also is based on the Funk-Hecke formula for the dual inequality, as was
E. Lieb’s work on Hardy-Littlewood-Sobolev inequalities on the sphere, [Lie83].

The optimal function can be identified using the associated Euler-Lagrange equation, see
[Hon86, Lemma 3.1] which provides details that are somewhat lacking in Onofri’s original
paper. We may also refer to [DET09, Theorem 12] for multiplicity results for a slightly more
general equation than the one associated with (1.1).

Another strategy can be found in the existing literature. In [Ghi05], A. Ghigi provides a
proof based on the Prékopa-Leindler inequality, which is also explained in full detail in the
book [GM13, Chapters 16-18] of N. Ghoussoub and A. Moradifam. Let us mention that the
book contains much more material and tackles the issues of improved inequalities under
additional constraints, a question that was raised in [Aub79] and later studied in [CY88 ;
CY87 ; GL10].

Symmetrization, which allows to prove that optimality in (1.1), (1.2) or (1.3) is achieved
among functions which are respectively radial (on the Euclidean space), or depend only on
the azimuthal angle (the latitude, on the sphere), or only on the coordinate along the axis
(of the cylinder) are an essential tool to reduce the complexity of the problem. For brevity,
we shall refer to the symmetric case when the function set is reduced to one of the above
cases. Symmetrization results are widespread in the mathematical literature, so we shall
only quote a few key papers. A standard reference is the paper of [BT76] and in particu-
lar [BT76, Theorem 2] which is a key result for establishing the Hardy-Littlewood-Sobolev
inequalities on the sphere and its limiting case, the logarithmic Hardy-Littlewood-Sobolev
inequality. By duality and by considering the optimality case, one gets a symmetry result for
the Onofri inequality, that can be found for instance in [CL92]. It is also standard that the ki-
netic energy (Dirichlet integral) is decreased by symmetrization (a standard reference in the
Euclidean case can be found in [LL01, Lemma 7.17] ; also see [BZ88, p. 154]) and the adapta-
tion to the sphere is straightforward. Historically, this was known much earlier and one can
for instance quote [Mos70] (without any justification) and [Aub76, Lemma 1 and 2, p. 586].
This is precisely stated in the context of the Onofri inequality on S? in [Ghi05, Lemma 1],
which itself refers to [Bae94, Corollary 3 p. 60] and [Kaw85]. A detailed statement can be
found in [GM13, Lemma 17.1.2]. Competing symmetries is another aspect of symmetrization
that we will not study in this paper and for which we refer to [CL92].

In [Rub08a], Y.A. Rubinstein gives a proof of the Onofri inequality that does not use
symmetrization/rearrangement arguments. Also see [Rub08b] and in particular [Rub08b,
Corollary 10.12] which contains a reinforced version of the inequality. In [CY87, Remark (1),
page 217], there is another proof which does not rely on symmetry, based on a result in
[Her70]. Another proof that went rather unnoticed is used in the paper of E. Fontenas
[Fon97]. This approach is based on the so-called I'; or carré du champ method. In the symme-
tric case the problem can be reduced to an inequality involving the ultraspherical operator
that we will consider in Section 7 : see (3.9), with A = 1. As far as we know, the first obser-
vation concerning this equivalent formulation can be found in [Ben93], although no justi-
fication of the symmetrization appears in this paper. In a series of recent papers, [Dol+14 ;
Dol+13b ; DEL13a ; Dol+13a ; Dol+13c ; DEL13b] two of the authors have clarified the link
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that connects the carré du champ method with rigidity results that can be found in [BVV91]
and earlier papers. Even better, their method involves a nonlinear flow which produces a
remainder term, which will be considered in Section 7.

Spherical harmonics play a crucial but hidden role, so we shall not insist on them and
refer to [Bec93] and, in the symmetric case, to [GM13, Chapter 16] for further details. As
quoted in [GM13], other variations on the Onofri-Moser-Trudinger inequality were given
in [ATOO ; CC86 ; Flu92 ; MP89 ; CY88 ; CY87]. The question of dimensions higher than
d = 2is an entire topic by itself and one can refer to [Bec93 ; BEMO07 ; Oki08 ; PD13] for some
results in this direction. Various extensions of the Moser-Trudinger and Moser-Trudinger-
Onofri inequalities have been proposed, which are out of the scope of this paper; let us
simply mention [LL13] as a contribution in this direction and refer the interested reader to
references therein.

In this paper, we will neither cover issues related to conformal invariance, that were
central in [Ono82], nor motivations arising from differential geometry. The reader interes-
ted in understanding how Onofri’s inequality is related to the problem of prescribing the
Gaussian curvature on S? is invited to refer to [Cha87, Section 3] for an introductory survey,
and to [CY88 ; CY87 ; CY03] for more details.

Onofri’s inequality also has important applications, for instance in chemotaxis : see
[GZ98 ; CCO8] in the case of the Keller-Segel model.

As a conclusion of this review, we can list the main tools that we have found in the
literature :

(T1) Existence by variational methods,

(T2) Symmetrization techniques which allow to reduce the problem for (1.1) to radial func-

tions,

(T3) Identification of the solutions to the Euler-Lagrange equations (among radially sym-
metric functions),

(T4) Duality with the logarithmic Hardy-Littlewood-Sobolev inequality and study of the

logarithmic Hardy-Littlewood-Sobolev inequality based on spherical harmonics and
the Funk-Hecke formula,

(T5) Convexity methods related with the Prékopa-Leindler inequality,
(T6) T's or carré du champ methods,
(T7) Limiting procedures based on other functional inequalities.

With these tools we may try to summarize the strategies of proof that have been developed.
The approach of E. Onofri is based on (T1)+(T2)+(T3), while (T4), (T5), (T6) and (T7) have
been used in four independent and alternative strategies of proofs. None of them is ele-
mentary, in the sense that they rely on fundamental, deep or rather technical intermediate
results.

In this paper, we intend to give new methods which, although not being elementary, are
slightly simpler, or open new lines of thought. They also provide various additional terms
which are all improvements. Several of them are based on the use of nonlinear flows, which,
as far as we know, have not been really considered up to now, except in [Dol11 ; DJ14]. They
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borrow some key issues from at least one of the above mentioned tools (T1-7) or enlarge the
framework.

1. Limiting procedures based on other functional inequalities than Onofri’s one, as in (T7),
will be considered in Section 3. Six cases are studied, none of them being entirely new,
but we thought that it was quite interesting to collect them. They also justify why we
claim that “the Onofri inequality plays in dimension two a role similar to the Sobolev
inequality in higher dimensions.” Other preliminary results (linearization, and (T2) :
symmetry results) will be considered in Sections 3 and 3.

2. Section 4 is devoted to a mass transportation approach of Onofri’s inequality. Because
of (T5), it was to be expected that such a technique would apply, at least formally (see
Section 4). A rigorous proof is established in the symmetric case in Section 4 and the
consistency with a mass transportation approach of Sobolev’s inequalities is shown
in Section 4. We have not found any result in this direction in the existing literature.
(T2) is needed for a rigorous proof.

3. In Section 5, we will come back to duality methods, and get a first improvement to the
standard Onofri inequality based on a simple expansion of a square. This has of course
to do with (T4) and (T5) but Proposition 17 is, as far as we know, a new result. We also
introduce the super-fast (or logarithmic) diffusion, which has striking properties in
relation with Onofri’s inequality and duality, but we have not been able to obtain an
improvement of the inequality as it has been done in the case of Sobolev’s inequalities
in [DJ14].

4. In Section 6, we observe that in dimension d = 2, the Onofri inequality is the natural
functional inequality associated with the entropy—entropy production method for the fast
diffusion equation with exponent m = 1/2. It is remarkable that no singular limit has
to be taken. Moreover, the entropy—entropy production method provides an integral
remainder term which is new.

5. In the last section (Section 7), we establish rigidity results. Existence of optimal func-
tions is granted by (T1). Our results are equivalent to whose obtained with I'y or carré
du champ methods. This had already been noticed in the literature (but the equivalence
of the two methods has never been really emphasized as it should have been). For the
sake of simplicity, we start by a proof in the symmetric case in Section 7. However,
our method does not a priori require (T2) and directly provides essential properties for
(T3), that is, the uniqueness of the solutions up to conformal invariance (for the critical
value of a parameter, which corresponds to the first bifurcation point from the branch
of the trivial constant solutions). Not only this point is remarkable, but we are also
able to exhibit a nonlinear flow (in Section 7) which unifies the various approaches
and provides a new integral remainder term. Our main results in this perspective are
collected in Section 7.
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3 Preliminaries

Onofri’s inequality as a limit of various interpolation inequalities

Onofri’s inequality appears as an endpoint of various families of interpolation inequa-
lities and corresponds to a critical case in dimension d = 2 exactly like Sobolev’s inequality
when d > 3. This is why one can claim that it plays in dimension two a role similar to the So-
bolev inequality in higher dimensions. Let us give some six examples of such limits, which
are probably the easiest way of proving Onofri’s inequality.

Onofri’s inequality as a limit of interpolation inequalities on S*

On the sphere S?, one can derive the Onofri inequality from a family of interpolation
inequalities on S?. We start from

HVme s2) t HfHL2 (s2) = Hf“Lq(S?) ; 3.1)

which holds for any f € Hl(Sz). See [BVV91 ; Bec93 ; Dol+13b]. Proceeding as in [Bec93]
(also see [DET08]), we choose ¢ = 2(1 +t), f =1+ i v, for any positive ¢ and use (3.1).
This gives

1 2
il 1 —
<4tL2|V1}| do + +tJ vda+ J |v| da)

1At
> 1+ — do .
er ST 7
By taking the limit ¢ — o0, we recover (1.2).
Onofri’s inequality as a limit of Gagliardo-Nirenberg inequalities
Consider the following sub-family of Gagliardo-Nirenberg inequalities
[ £lear gy < Cpa [V FITe gay 1155 may » (32)
with § = 6(p) = plﬁ(dz) l<p< g4 ifd>3and1 < p < wif d = 2. Suchan

inequality holds for any smooth function f with sufficient decay at infinity and, by density,
for any function f € LPT!(R?) such that V f is square integrable. We shall assume that C,, 4
is the best possible constant. In [PD02], it has been established that equality holds in (3.2) if
f = F, with

Fy(z) = (1+|z)) 771 VazeR?, (3.3)
and that all extremal functions are equal to F}, up to multiplication by a constant, a transla-
tion and a scaling. If d > 3, the limit case p = d/(d — 2) corresponds to Sobolev’s inequality
and one recovers the results of T. Aubin and G. Talenti in [Aub76 ; Tal76], with # = 1 : the
optimal functions for it are, up to scalings, translations and multiplications by a constant,
all equal to Fyy(q—2)(z) = (1 + |2|?)~(=?/2, and

Sa = (Cajqa-2),4)° -

We can recover the Euclidean Onofri inequality as the limit case d = 2, p — o in the above
family of inequalities, in the following way :
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Proposition 14. [Dol11] Assume that u € D(R?) is such that o, udp = 0 and let

fp::Fp <1+2p> 5

where F, is defined by (3.3). Then we have

IV o l5e) 1ol Gaey _ ends fea 190 d

1< 1lim C,o =
p—o I fpllL2r (2) SRz evdpy

We recall that p(z) = 1 (1 + |2|*) 72, and du(z) = p(z) dz.

Démonstration. For completeness, let us give a short proof. We can rewrite (3.2) as

foo [FPPde_ ( §o |VfPde 7 G | S+ do
SR2 ‘Fp|2pdx\ SR2 \VFdea? SR2 ‘Fp|p+1d$

and observe that, with f = f,, we have :
(1) hmp*}oo S]R2 |Fp|2p dr = S]R2 W dr = mand

u

liny | 11, %P dy = JRZ F2 (1+ &) dg = JRZ ( ¢ d,

p—0 1+ |z[2)2

so that ;. | fp|* dx/ SR2 | F,|?P da: converges to §. e dpas p — 0.
(ii) §go [FplP T dz = (p — 1) 7/2, limp o0 §go | fo|P T dz = o0, but

11 S]Rz |fp|p+1 d:E

- =1.
P o | Fyp P da

(iii) Expanding the square and integrating by parts, we find that

1
fw IV f,|? do = . F2 |Vul? dz — JR (1+ £)° F, AF, dx
1 9 2 _9
- de + = .
™ JRQ [Vul x+p+1+0(p )

Here we have used {, |VF,|* dz = 2I1 and the condition {,, u dy = 0 in order to discard

one additional term of the order of p~2. On the other hand, we find that
-1 p—
S VAP AT () pet [ o T s el
Spe |V E,|? da 87p? Jpo

as p — 0. Collecting these estimates concludes the proof. O

Onofri’s inequality as a limit of Sobolev inequalities

Another way to derive Onofri’s inequality is to consider the usual optimal Sobolev in-
equalities in R?, written for an LP(R?) norm of the gradient, for an arbitrary p € (1, 2). This
method is inspired by [PD13], which is devoted to inequalities in exponential form in di-
mensions d > 2. See in particular [PD13, Example 1.2]. In the special case p € (1,2),d = 2,
let us consider the Sobolev inequality

\If\li%(w) <G |VflLogey YFeDR?, (3.4)
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where equality is achieved by the Aubin-Talenti extremal profile

fulz) = (1+|x|v%1)7 " VYzeR?.

The extremal functions were already known from the celebrated papers by T. Aubin and
G. Talenti, [Aub76 ; Tal76]. See also [Bli30 ; Ros71] for earlier related computations, which
provided the value of some of the best constants. It is easy to check that f. solves

2 _p\Pl 2p

_Ap x =2 (p) £ 1’
p—1

hence

1 2-p\*! 22
V * p = = * P =2 —— * 7 5
95 oy = U s (2=2) i A

so that the optimal constant is

o=3(5) (@)

We can study the limit p — 2_ in order to recover the Onofri inequality by considering

f=rf(1+ 22;;7 u), where u is a given smooth, compactly supported function, and £ = 22;;’.

A direct computation gives

eu

2p
1i Fdr = | — & dr— ug
el sz v L@ 1+ 22" ”L@e Ha

and

J}Rz |VfIPde =27 (2 —p) [1 + 22 udu]

R2

G2 [ IVuPdo o2 ),
R2
as p — 2_. By taking the logarithm of both sides of (3.4), we get

2p
2 — 2 — =5 d
2p IOg (J eud'u> ~ 2p 1Og SR2 fzip X
e Spo /77 da

< log (S]R2 IVfIPdx )

$pz [V fulP do

=log<1+2;pf udp + 22 |Vu|2dx+o(2p)>
R? R2

Gathering the terms of order 2 — p, we recover the Euclidean Onofri inequality by passing
to the limitp — 2_.

The radial Onofri inequality as a limit when d — 2

Although this approach is restricted to radially symmetric functions, one of the most
striking way to justify the fact that the Onofri inequality plays in dimension two a role si-
milar to the Sobolev inequality in higher dimensions goes as follows. To start with, one can
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consider the Sobolev inequality applied to radially symmetric functions only. The dimen-
sion d can now be considered as a real parameter. Then, by taking the limit d — 2, one can
recover a weaker (i.e. for radial functions only) version of the Onofri inequality. The details
of the computation, taken from [DJ14], follow.

Consider the radial Sobolev inequality

0 0 1-2
o [ 7Pt tar s q f|d2—d2rd_1dr> , (35)

0 0

with optimal constant

v

_ 4 (5
M dd-2) \yar (9

We may pass to the limit in (3.5) with the choice

Fr) = fuor) (1 + 5F )
where f,(r) = (1 + 1)~ % gives the equality case in (3.5), to get the radial version of
2

Onofri’s inequality for u. By expanding the expression of | f'|* we get

d— o (d=2\ ,
f12: :2+72f:(f*u) +<2d2> (f*u+f*u)2.

We have
0 0 d?”
li A 1 d—2 % d—ld :J‘ u r
3, Jg e+ S )= e dr o O a+m2)2

so that,as d — 2,

d—2
®© a d—2 ®© rdr
d—2 24 4-1 u
([ s sgarterar) © s S ([ e )

Also, using the fact that

1 1
sd:m+§—§log2+0(1) as d— 2,

we have

«© 1 (* © 2rdr
2 d-1 2
de [f1%r dr~1+(d—2)[8f [u/] rdr—|—f uw]

0 0

By keeping only the highest order terms, which are of the order of (d — 2), and passing to
the limit as d — 2, in (3.5), we obtain that

1Jm|u/|27“dr+JoouW>lo Jweuw
8, o Trr2” %\, ¢ are2)

which is Onofri’s inequality written for radial functions.
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Onofri’s inequality as a limit of Caffarelli-Kohn-Nirenberg inequalities

Onofri’s inequality can be obtained as the limit in a familly of Caffarelli-Kohn-Nirenberg
inequalities, as was first done in [DET08].

Let 2* = w0ifd = 1or 2, 2* = 2d/(d —2)if d > 3 and a. = (d — 2)/2. Consider
the space D}?(R?) obtained by completion of D(R¥\{0}) with respect to the norm u
| |x|~¢ Vu|? In this section, we shall consider the Caffarelli-Kohn-Nirenberg inequali-

L2(R?)"
J [ul” %<c f'wﬁd (3.6)
X S — aX . .
ga |T[PP D

These inequalities generalize to D}2(R?) the Sobolev inequality and in particular the ex-

ties

ponent p is given in terms of a and b by

2d

P=a=2520—a)"

as can be checked by a simple scaling argument. A precise statement on the range of validity
of (3.6) goes as follows.

Lemma 15. [CKN84] Let d > 1. For any p € [2,2*]ifd = 3or p € [2,2%) ifd = 1 or 2, there
exists a positive constant C, ;, such that (3.6) holds if a, b and p are related by b = a — a. + d/p, with
the restrictions a < a.,a <b<a+1lifd>3,a<b<a+1lifd=2anda+1/2<b<a+1if
d=1

We shall restrict our purpose to the case of dimension d = 2. For any « € (-1, 0), let us
denote by dy,, the probability measure on R? defined by du,, = p, dr where

14 a ||«
Ko = r (1+ |x|2(1+a))2 ’

It has been established in [DET08] that

1
I u — < — 2 D RQ 7
og (J}Rz e dua) L@ U ditg 671+ a) J]Rz [Vul*dz V¥ ue D(R?), (3.7)

where D(R?) is the space of smooth functions with compact support. By density with res-
pect to the natural norm defined by each of the inequalities, the result also holds on the
corresponding Orlicz space.

We adopt the strategy of [DET08, Section 2.3] to pass to the limit in (3.6) as (a,b) — (0, 0)
with b = 2%5 a. Let

€ 2
g = — (Oé+1)7 bE:aE+€a Pe = —,
1—c¢ €

and L
we(w) = (14 22 @0) T

Assuming that u. is an optimal function for (3.6), define

2/e 20 2 r(-1)?2
Ke = f [ Ue ] dx = J 2] . uze de — — & (1?) ’
re | Jz|e=te w2 (14 [z[2(1+e)? [a]?e a+1 (%)
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2 2(2a+1—a.) r(-1)2
AE:J [IVusl] dx:4agf 2] e 4 l2el Tz2)”
R2 RQ(

x| 1—|—|;1c|2(1+0‘))é 1-e T(%)

Then w, = (1 + 3 u) u. is such that
1 De
lim —J ‘wi‘ dr = f e dpg ,
e=0+ Ke Jga |z]’<Pe R?
11 |Vw,|? J 1 9
lim — [ — dr —1| = dppey + ———— |V .
50, [AE fRz jz[2as ** L et gy Ve

Limits of some Gagliardo-Nirenberg inequalities on the line

Onofri’s inequality on the cylinder, (1.3) can also be recovered by a limiting process, in
the symmetric case. As far as we know, this method for proving the inequality is new, but
a clever use of the Emden-Fowler transformation and of the results based on the Caffarelli-
Kohn-Nirenberg inequalities shows that this was to be expected. See [DET08] for more
considerations in this direction.

Consider the Gagliardo-Nirenberg inequalities on the line

1flue@) < Con I W2 |/ lia(e Y FeH'(R),

with 6 = &= 2 p > 2. Equality is achieved by the function
falz) = (coshs)fﬁ VseR.
See [Dol+13a] for details. By taking the logarithm of both sides of the inequality, we find
e e 5o 172 ds §o 1% ds
- log <Si fds) < 6 log <S§|f*|2 7 > +(1-10) log <S§ 5 ds)

and elementary cornputatlons show that as p — +oo, ff — 2¢ and —f, f/ %E with
£(s) = % (coshs) 2. If we take f = f. (1 + w/p), we have

lim fpds=21 eV € ds,
R

pP—0 Jpr
. §p fP ds w
ph_)n;clog(gi 7 ds = log JRe Eds ) .
We can also compute
f|f*|2 7+2log2+0()

and )
2 _ 2 2 1,2 _ 1
JR|f| ds—fR|f*\ (1+5w+p—2w)ds—T+2log2+O(5)

as p — +o0, so that

2d 2d
SRf i 1=O(i) and liIroloplog<SRf S) =0
p— s

S]R f2ds P S]R f2d
For the last term, we observe that, pointwise,
2L
*7* " p (cosh s)?
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and 5
J|fi|2ds:—ff* Tds =21 0(k) as po o
R R p

Passing to the limit as p — +00, we get that

1 2
[ireas = S| e ro (1+w) s
R p= Jr R p
1 /9 2< 4f ) 1
= | |w[fds+—-(14+-| w&ds)+o(3),
p2L| | p P Jr ¢ (5)

W)~1< 1 /o > .
log<SR|f:2ds (4] weaseg [as)+o).

Collecting terms, we find that

lj |w'|* ds = log <J e“’fds) —J wé ds.
8 Jr R R

Linearization and optimal constant

and finally

Consider (1.2) and define

1§ V|2 do + A (o, vd
T, = inf Q)\[’U] with Q,\[’U] — 4 SS | 'U| o - SS v ao .
ve HY(S?) log (§. €” do)

fex vdo >0

By Jensen’s inequality, log (SSQ e da) > SS2 vdo > 0, so that Z, is well defined and nonne-
gative for any A > 0. Since constant functions are admissible, we also know that

I)\g)\a

for any A > 0. Moreover, since A — Q,[v] is affine, we know that A — Z, is concave and
continuous. Assume now that SSQ vdo = 0 and for any ¢ > 0, let us consider

1 S [Vo[?do + e - log ({2 €” do) + Ac
¢+ log (§. € do) ~ c+log (§gz €v do)

A[v+c] = , (3.8)

where the inequality follows from (1.2). It is clear that for such functions v,

lim Ox[v+c]=A,

c——+00

) Ss2 |Vo|? do

lim Q@ +c]l="2 =0 .
i n Alv + €] og ( SS2 oy da) alv]

If A < 1, using (3.8), we can write that for all ¢ > 0,

log ({5 €* do)
¢+ log (§g. e do)

v+ =22+ (1-=)) =\,

thus proving that 7, = A is optimal when A\ < 1.
When A > 1, we may take v = € ¢, where ¢ is an eigenfunction of the Laplace-Beltrami
operator — Agz on the sphere S?, such that — Ag2 ¢ = 2 ¢ and take the limitase — 0, so that
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4. Mass Transportation

§g2 V0|2 do = €2 ., [Vo[? do = 2€2 {, |¢]* doandlog ({s. €” do) =log (1 + & 2 (o, ¢* do + o(?)).
Collecting terms, we get that

lim Qy[ep]=1.

e—04

Altogether, we have found that

Iy =min{\, 1} VA>0.

Symmetrization results

For the sake of completeness, let us state a result of symmetry. Consider the functional

1
Grlv] = 1 L2 |Vo|2do + A L2 vdo — log (Lz e’ da) ,

and denote by H.(S?) the function in H'(S?) which depend only on the azimuthal angle
(latitude), that we shall denote by 6 € [0, 7].

Proposition 16. For any A > 0,

inf = inf .
seitlss) 9AL0] verib e v}
We refer to [GM13, Lemma 17.1.2] for a proof of the symmetry result and to Section 2
for further historical references.
Hence, for any function v € H!(S?), the inequality G;[v] > 0 reads

éfo |v/(0)]? sin 6 df + %J

0

us

1 ™
v(0) sinf db = log (QJ ev Sin9d9> .
0

The change of variables z = cos 6, v(0) = f(z) allows to rewrite this inequality as

1t 1 1t
fJ |f'|21/dz+ff fdz = log ff efdz ), (3.9)
8], 2J, 2],

where v(z) == 1—22. Let us define the ultraspherical operator £ by {f1, L f2) = — Sl_l f1fsvdz
where (-, -) denotes the standard scalar product on L?(—1, 1; dz). Explicitly we have :

Lf=0=2)f" =22 =vf'+/f

and (3.9) simply means

1 1 (! 1t
—§<f’ﬁf>+§J_1fudz>log <2J_1ef1/dz) )

4 Mass Transportation

Since Onofri’s inequality appears as a limit case of Sobolev’s inequalities which can be
proved by mass transportation according to [CENV04], it makes a lot of sense to look for a
proof based on such techniques. Let us start by recalling some known results.

Assume that F and G are two probability distributions on R? and consider the convex
function ¢ such that G is the push-forward of F' through V¢

V¢*F = Ga
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where V¢ is the Brenier map and ¢ solves the Monge-Ampere equation

F = G(V¢)det (Hess(¢)) onR<.

(4.1)

See [McC95] for details. Here d = 2 but to emphasize the role of the dimension, we will

keep it as a parameter for a while. The Monge-Ampére equation (4.1) holds in the F'dx

sense almost everywhere according to [McC97, Remark 4.5], as discussed in [CENV04]. By

now this strategy is standard and we shall refer to [Vil09] for background material and

technical issues that will be omitted here. We can for instance assume that ' and G are

smooth functions and argue by density afterwards.

Formal approach

Let us start by a formal computation. Using (4.1), since
G(V) % = F~# det (Hess(4))® < — F~4 A¢

by the arithmetic-geometric inequality, we get the estimate
1 1 1 1
Gy) " ady=| G(V¢)' 7 det(Hess(¢)) dz < g F'"i(z) Apdx
Rd Rd Rd

using the change of variables y = V¢(z) and (4.1). Assume that

1 d
G(y) = mly) = W VyeR
and
F=pe*.

With d = 2, we obtain

4J Vidr=2d| Gy)~idy
]RZ

Rd

:ZJ Flfé(x)A(bdm:—J Vg F-VF V¢ dx
Rd R2

(4.2)

= —J (Vg + Vu) - VFVodz,
R2

which can be estimated using the Cauchy-Schwarz inequality by

16 (fR \/ﬁdx>2 = (L (Vlogu+W)~\/Fv¢dx>2

<f \Vu+Vlog,u|2de F|Vo¢|*dx.
R2 R2

If we expand the square, that is, if we write

JRQ |Vu + V log p|* dx

=J |Vu|2dac—2f uAlog,udx—i—j |V log u|? dz
R2 R2 R2
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after recalling that

—Alogpu=8mpu,

and after undoing the change of variables y = V¢(x), so that we get

[ rverar= [ wlPde= [ wiPs.
R2 R2 R2
we end up, after collecting the terms, with

16 (§5o /7 dr)”

5 —J |Vlogu|2dac<f \Vu|2d1;+167rj udp .
SR2M|Z/| dx R2 R2 R2

Still at a formal level, we may observe that

2 2
16( \/ﬁdx> =(2J y~V\/ﬁdx>
R2 R2
2
- (f y i+ Vg dx)
R2
<f uIyIZdl‘f |V log u|? dz:
R2 R2

by the Cauchy-Schwarz inequality. This would prove Onofri’s inequality since log (. ¢* du) =
log (§g> Fdz) = 0,ify — /i,y — ply/* and y — |V log pu|? were integrable, but this is not
the case. As we shall see in the next section, this issue can be solved by working on balls.

The radially symmetric case

When F and @ are assumed to depend only on r = |z|, so that we may write that |y| =
s = ¢(r), then (4.1) becomes

s0/ d—1
(Gog) () o= F

what allows to compute ¢’ using

©'(R) R o d—1 R
[ ewstas= [wopn (£) wrettar= [ re) et
0 0

r 0

With a straightforward abuse of notation we shall indifferently write that /' is a function of
2 or of r and G a function of y or s.
The proof is similar to the one in Section 4 except that all integrals can be restricted to
a ball By of radius R > 0 with center at the origin. Assume that G = y/Zg, F = € 1/Zg
where Zp = { B, dz and u has compact support inside the ball Br. An easy computation
shows that
R2

A
BT R?

VR>0.
We shall also assume that u is normalized so that S B Fdx =1.
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All computations are now done on Br. The only differences with Section 4 arise from
the integrations by parts, so we have to handle two additional terms :

1 1
F'i(2) Adde + 5 | ViegF - VFVodr

Br Br
=71 R\ F(R)¢'(R) = m R\/u(R)/Zr ¢'(R)

and
2‘[ Vu~Vlogud:E+2J ulAlogpudr =47 R(logp) (R)u(R) =0.
Br B

R
If we fix u (smooth, with compact support) and let R — oo, then it is clear that none of these
two terms plays a role. Notice that there exists a constant s such that

(W(R)? _ R
1+ (¢'(R)? 14+ R?

+ K

for large values of R, and hence ¢’'(R) ~ R. Hence,
A 7 RA/u(R)/Zr ¢'(R) = /7.
—00

After collecting the terms, we obtain

10 (55, vids )’

$p, 1 lyl?dy

- f |V log pf* dy + o(1)
Br

< J |Vu|? doe — 167TJ wdp
R? R?

as R — 0. Now the Cauchy-Schwarz inequality has to be written as

2

2
16( ﬁdyﬁ) <2f y-Wﬁdy)
BR BR
<f ulylzdyJ |V log uf* dy .
BR BR

This establishes the result in the radial case.

Mass transportation for approximating critical Sobolev inequalities

Inspired by the limit of Section 3, we can indeed obtain Onofri’s inequality as a limi-
ting process of critical Sobolev inequalities involving mass transportation. Let us recall the
method of [CENV04]. Let us consider the case where p < d = 2,

F=fi5

and G are two probability measures, p’ = p/(p — 1) is the Holder conjugate exponent of p
and consider the critical Sobolev inequality

1172 <CpalVSlfoga VIFeDRY.
L2-p (R?) (RY)
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5. An improved inequality based on Legendre’s duality and logarithmic diffusion

This inequality generalizes the one in Section 3 which corresponds to d = 2 and in particular
we have C, » = C,. Starting from (4.2), the proof by mass transportation goes as follows. An
integration by parts shows that

Gl—é dy < _p(d_ 1)

PUAZ D G(Fs—1). FY Véda
Rd d(d—p) R4 ( ) ¢

—1) N 4
<—>F » F Pd ,
IV e [ 1901 o)

where the last line relies on Holder’s inequality and the fact that F»~ = f.The conclusion
of the proof arises from the fact that {,, F |Vo|P da = Spa G ly|P" dy. It allows to characterize
vad by

p/ 1/ p/
pd—1) (SRd Gyl dy)
d(d—p) Sa G~ dy
where the infimum is taken on all positive probability measures and is achieved by G =

dp
d—p

I+

Cpa=

.Here f,(z) = (1 + |z|"")~(@=P)/? is the optimal Aubin-Talenti function.
If we specialize in the case d = 2 and consider f = f. (1 + 22;;’ (u— ﬂ)), where @ is

adjusted so that | f ||L 25 ey 1, then we recover Onofri’s inequality by passing to the
limit as p — 2~. Moreover, we may notice that V(F' %*5) FV V¢ formally approaches
Viog F - VF V¢, so that the mass transportation method for critical Sobolev inequalities is

consistent with the formal computation of Section 4.

5 An improved inequality based on Legendre’s duality and the
logarithmic diffusion or super-fast diffusion equation

In [DJ14, Theorem 2], it has been shown that

47

J]RQ f log (X;) dx — . f(=A)"t fdr+ M(1+logn)

2
6 HVuHLz(Rz) + J-R2 Ud/t — IOg M:| (51)

holds for any function u € D(R?) such that M = §gee“dpand f = e“p. The Lh.s. in (5.1)
is nonnegative by the logarithmic Hardy-Littlewood-Sobolev type inequality according to
[CL92, Theorem 1] (also see [Bec93, Theorem 2]). The inequality (5.1) is proven by simply
expanding the square

2

1
— Vu+rsV(=A)" v —p)| dr,

0<
J]Rz 8w

for some constant « to be appropriately chosen. Alternatively, we may work on the sphere.

Let us expand the square

2

-+ IV (a)y " w-1) do.

o< |3
\S22 v
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It is then straightforward to see that

1J |Vu|2da+f udo — log <J e“da)
4 S2 S2 s2
1 1
+? N (v—"10) (—A)fl(v—@)da—ngvlog (%) do
23[ (u—1u)(v—2)do
S2

v
1
+J uda—log(f e“do)—_J vlog(g)da
s2 S2 v S2 v

Here we assume that

With the choice

v=e“, v=e",

the reader is invited to check that R[u,v] = 0. Altogether, we have shown that

1
= |vu? d0+f udo — log <J e* dcr>
4 Jg2 S2 s2

> | foepde— | (=1)(=a) (7= 1)do

with f = e*/{, e" do. This inequality is exactly equivalent to (5.1). Notice that the r.h.s. is
nonnegative by the logarithmic Hardy-Littlewood-Sobolev inequality, which is the dual in-
equality of Onofri’s. See [CL92 ; Doll1 ; DJ14] for details.

Keeping track of the square, we arrive at the following identity.

Proposition 17. For any u € H'(S?), we have

1 2do o — “do
4L2 [Vul|=d +L2ud 10g<JSQe d>
— | foerar— | (=) -1
2
“Vu+V(=A)"(f-1)| do,

I
s |2

with f = e*/ (s, e* do.

Itis an open question to get an improved inequality compared to (5.1) using a flow, as was
done in [DJ14] for Sobolev and Hardy-Littlewood-Sobolev inequalities. We may for instance
consider the logarithmic diffusion equation, which is also called the super-fast diffusion
equation, on the two-dimensional sphere S?

of
¥ Age log f (5.2)
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6. An improved inequality based on entropy—entropy production and fast diffusion

where Ag: denotes the Laplace-Beltrami operator on S?. In dimension d = 2 Eq. (5.2) plays
a role which is the analogue of the Yamabe flow in dimensions d > 3 or, to be precise, to the
equation %t = Age f 7. See [Dolll ; DJ14] for details. The flow defined by (5.2) does not
give straightforward estimates although we may notice that

Ho— szlogfda—fgz (f=1) (=AY (f — 1) do

is such that, if f = e%/? is a solution to (5.2) such that §c2 fdo =1, then

dH
=—[ |Vu\2d0+f uda—f ue“/gda]
dt S2 S2 S2

S[ |Vu\2dcr+f udalog(J e“da)]
S2 S2 S2

because {, ue/? do < log (§, e do) according to [Dol11, Proposition 3.1].

6 An improved inequality based on the entropy—entropy production
method and the fast diffusion equation

In R? we consider the fast diffusion equation written in self-similar variables

0

S+ [o (Vo —2a)] =0, 6.1)
where the parameter m is taken in the interval [1/2, 1). According to [PD02], the mass M =
{2 v dx is independent of ¢. Stationary solutions are the so-called Barenblatt profiles

1
vy (z) = (D + |z*) ™7,

where D is a positive parameter which is uniquely determined by the mass condition M =

Sz Voo dzz. The relative entropy is defined by

1

O el M L T G ) L

According to [PD02], it is a Lyapunov functional, since
L el] = ~ 10

where Z is the relative Fisher information defined by
Iv] = f oo™t — o2 da
R2

and for m > 1 the inequality
1
Elv] < EI[’U] (6.2)
is equivalent to a Gagliardo-Nirenberg inequality written with an optimal constant accor-
ding to [PD02]. Note that for m = 1/2, veo(z) = (D + \x|2)_2 and so v ¢ L!(R?) and

|z|? vy ¢ L1(R?).
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However, we may consider w = v/v, atleast for a function v such that v—v., is compactly
supported, take the limit m — 1/2 and argue by density to prove that

. [ Ww 1P 1
Efwv,] —: E[w] = JRQ N do < (1]

where

[ﬁﬂ‘zziwvw]I‘&ﬁvmiv|V(v£*1@wn’1f]))2dx

can be rewritten as

_ w vmfl wmfli 2 T
e = | o 7 (7 -0

- Jo el (0 w0

1 1 2
= JWW 2x(1—\/ﬁ)f§(D+|x| )Viegw| dx
TNy :
= — ¥ 7 - 1 d
JRz D+ 2l2)? x+4 R2|V ogw|” dx
72J I.VlongrQV(lf\/E)dx
R2 D+|.’L’|2
AP (- o) 1 :
= | 2= VY) = ]
J]Rz (D + [x]?)? dx+4J-]R2 [Vlogul” dx
I 2(1—
pap [ lewr2ld-vw),

re (DA [z]?)?

where we performed an integration by parts in the last line. Collecting terms and letting
u = log w, we arrive at

1-— 2 1
- D (1= yw) dr + — |V log w|? da

gz (D + |x]?)? 16 Jr2
logw — 2 (y/w—1) d
re (DA [2?)?

_Lu/2)2
=7DJ Mdaﬂrif Vul? dz
R2 R2

1
1 Tl - Efu]

+ D T

(D + |[?)? 16
u—2(e¥? —1)
+p| L2 Ty
w  (D+[eP?
1 e —1—u
=— | |VuPdz—D| ——sdr,
16 R2| ul*de e (D + 222

and thus prove that (6.2) written for m = 1/2 shows that the r.h.s. in the above identity
is nonnegative. As a special case consider D = 1 and define du = p(x) de where p(z) =
1 (1 + |z|*)~2. Inequality (6.2) can therefore be written as

1

T6n \Vu|2dx>f e“du—l—J wdu .
™ JR2 R2

R2

Since z — 1 > log z for any z > 0, this inequality implies the Onofri inequality (1.1), namely,

1
— |Vu|? dz > log J e“du —J wdp .
167 R2 R2 R2
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6. An improved inequality based on entropy—entropy production and fast diffusion

The two inequalities are actually equivalent since the first one is not invariant under a shift
by a given constant : if we replace u by u + ¢ with ¢ such that

f e“d,u—l—f udu}ecj e“du—l—f udy —c,
R2 R2 R2 R2

and minimize the rh.s. with respect to ¢, we get that ¢ = —log ({, * duu) and recover the
standard form (1.1) of Onofri’s inequality.

Various methods are available for proving (6.2). The Bakry-Emery method, or carré du
champ method, has been developed in [BE84 ; Arn+01] in the linear case and later extended
to nonlinear diffusions in [PD02 ; CT00 ; Car+01] using a relative entropy which appears first
in [New84 ; Ral84]. This entropy—entropy production method has the advantage of providing
an integral remainder term. Here we adopt a setting that can be found in [DT13].

Let us consider a solution v to (6.1) and define

2(x,t) = Vo™t =21,

so that (6.1) can be rewritten for any m € [%, 1) as

ov
s V-(vz)=0.
A tedious computation shows that
% » vl|z|?dx + 4]}1@? vl|z[*dr = —2 % Rlv, 2],
with
R[v, ] ::f o V2 = (1= m) (V- 2)?] e 63)
R2

2 0zi \2 _ 0zq P 1
where [Vz|* = 3, ;1 5(55)*and V- 2 = 3, , 5+ Summarizing, when m = 5, we have

shown that . .
Z I[U)(t =0, )] - E[w(t =0, )] = 2J R['U(ta ')a Z(tv )] dt.
0

Proposition 18. If we denote by v the solution to (6.1) with initial datum

eu

BT
then we have the identity

1 0
— \Vu|2dx+f udp — log J e“du | = 2J Rlv, z]dt ,
167 R2 R2 R2 0

with R defined by (6.3) and z(t,2) = Vo~ V2(t,2) — 2.

Notice that the kernel of R is spanned by all Barenblatt profiles, which are the stationary
solutions of (6.1) (one has to take into account the invariances : multiplication by a constant,
translation and dilation). This has to do with the conformal transformation on the sphere :
see Theorem 20 and [GM13, Section 17.3] for more details.

As a straightforward consequence of Propostion 18, we have the
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Corollary 19. With the notations of Section 3 we have
7, =1.
Moreover any minimizing sequence converges to a function in the kernel of R.

The fact that Onofri’s inequality is intimately related with the fast diffusion equation (6.1)
with m = 1/2 sheds a new light on the role played by this equation for the dual inequality,
the logarithmic Hardy-Littlewood-Sobolev inequality, which has been studied in [CCL10]
and applied to the critical parabolic-elliptic Keller-Segel model in [CF13 ; BCC12].

7 Rigidity (or carré du champ) methods and adapted nonlinear
diffusion equations

By rigidity method we refer to a method which has been popularized in [GS81] and op-
timized later in [BVV91]. We will first consider the symmetric case in which computations
can be done along the lines of [Dol+14] and are easy. Then we will introduce flows as in
[Dol+14] (for Sobolev’s inequality and interpolation inequalities in the subcritical range),
still in the symmetric case. The main advantage is that the flow produces an integral re-
mainder term which is, as far as we know, a new result in the case of Onofri’s inequality.

The integrations by parts of the rigidity method can be encoded in the I'; or carré du
champ methods, thus providing the same results. In the case of Onofri’s inequality, this has
been observed by E. Fontenas in [Fon98, Theorem 2] (actually, without symmetry).

A striking observation is indeed that no symmetry is required : the rigidity computations
and the flow can be used in the general case, as was done in [DEL13b], and produce an
integral remainder term, which is our last new result.

Rigidity method in the symmetric case

As shown for instance in [OPS88] the functional

Galv] = i L2 |Vo|? do + A [L2 vdo — log (Lz e’ da)]

is nonnegative for all A > 0 and it can be minimized in H'(S?) and, up to the addition of a
constant, any minimizer satisfies the Euler-Lagrange equation

f%Aer/\:)\e” on SZ. (7.1)

According to Proposition 16, minimizing G, amounts to minimizing

1! A 1t
GA[f]:—811|f’|2udz+2f1fdz>)\log(2jlefdz>,

and (3.9) can be reduced to the fact that the minimum of G, is achieved by constant func-
tions. For the same reasons as above, G, has a minimum which solves the Euler-Lagrange
equation

el
1

—lﬁf—&-)\:2)\7,
2 Silefdz
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where £ f == v f”+ 1 f'and v(z) = 1 —22. Up to the addition of a constant, we may choose
f such that Sl_1 el dz = 2 and hence solves

1
—§Ef+>\:/\ef. (7.2)
Theorem 20. For any A € (0,1), (7.2) has a unique smooth solution f, which is the constant
function
f=0.
As a consequence, if f is a critical point of the functional Gy, then f is a constant function for any
A € (0,1), while for X = 1, f has to satisfy the differential equation f” = 3 |f'|* and is either a
constant, or such that
f(z) = C1 —2log(Cy — 2), (7.3)

for some constants Cy € Rand Cy > 1.

Let us define
1

1 1
2 _ 1—A B
&UL=§f1ﬁkﬂféuV|efﬂw+uz—lefFe”%h. (7.4)

The proof is a straightforward consequence of the following lemma.

Lemma 21. If f solves (7.2), then
Ralf1=0.

Démonstration. The ultraspherical operator does not commute with the derivation with res-
pectto z:

(L) =Lf =2zf"=2f",
where f’ = % After multiplying (7.2) by £ (¢~//?) and integrating by parts, we get

1
0= L (“LLfrr—el) L(e??) dz

1! 1!
_ 7J‘ V2 |f//‘267f/2 dz — 7J\ 1/2 |f/|2 f/leff/Z dz
i), $),

1t 1t
+7J V\f’|26_f/2dz—fj v|f)?ef? dz.
2 -1 2 -1

Similarly, after multiplying (7.2) by % | f’|? e~//2 and integrating by parts, we get

0= Jll (~lcf+r—e) (5 If2 e*f/z) dz

1 I
=7J. V2|fl|2f”€_f/2 dZ_EJ\ V2|f/‘4€_f/2 dz
—1 —1

8
At 1!
+ fj vifPe 1% dz — fj v|f el dz.
Subtracting the second identity from the first one establishes the first part of the theorem.
If X € (0,1), then f has to be a constant. If A = 1, there are other solutions, because of the
conformal transformations : see for instance [GM13, Section 17.3] for more details. In our
case, all solutions of the differential equation f” = 1| f’|? that are not constant are given by
(7.3). O
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A nonlinear flow method in the symmetric case

Consider the nonlinear evolution equation

0
9 _r (e79/?) — Llg')? e 92, (7.5)
ot

Proposition 22. Assume that g is a solution to (7.5) with initial datum f € L'(—1,1;dz) such
that Sl_l |f'|? v dz is finite and Sl_l el dz = 1. Then for any X € (0, 1] we have

0

Galf] = f Rulg(t, )] dt

0

where R is defined in (7.4).

Démonstration. A standard regularization method allows to reduce the evolution problem
to the case of smooth bounded functions, at least in a finite time interval. Then a simple
computation shows that

iGA[g(t J] = 1 Jl (—3Lg+X—XeY) % dz = —Ry[g(t, )] -

dt ’ 2], 2 ot ’

We may then argue by continuation. Because G [g(t, -)] is bounded from below, Ry [g(¢, -)]
is integrable with respect to ¢ € [0, ). Hence, as t — o, g converges to a constant if A < 1,
or the conformal transformation of a constant if A = 1 and therefore lim;_,o, Gx[g(¢, )] = 0.
The result holds with equality after integrating on [0,00) 5 t. For a general initial datum
without smoothness assumption we conclude by density and get an inequality instead of
an equality by lower semi-continuity. O

For a general function v € H(S?), if we denote by v, the symmetrized function which
depends only on 6 (see [GM13, Section 17.1] for more details) and denote by f the function
such that f(cos ) = v.(6), then it follows from Propositions 16 and 22 that

Golol > [ Ralot Nt

0

where g is the solution to (7.5) with initial datum f. However, we do not need any symme-
trization step, as we shall see in the next section.

A nonlinear flow method in the general case

On S2 let us consider the nonlinear evolution equation

0 . _
(7{ = Age (eI = LV 2, (7.6)

where Age denotes the Laplace-Beltrami operator. Let us define

1

1 1
Ralf) = 5 | Moo = 5 MsafPe P do 5 (1= %) [ VP e do
S? S?

where
1 1
LszfzzHess§2f—§A§2fId and MS2f:=Vf®Vf—§\Vf|21d.
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This definition of R generalizes the definition of Ry given in Section 7 in the symmetric
case. We refer to [DEL13b] for more detailed considerations, and to [Dol+14] for considera-
tions and improvements of the method that are specific to the sphere S°.

Theorem 23. Assume that f is a solution to (7.6) with initial datum v — log (Ss2 e’ dcr), where
v e LY(S?) is such that Vv € L2(S?). Then for any X € (0, 1] we have

Galv] = JOOO RALf(E, )] dt.

Démonstration. With no restriction, we may assume that {, e’ do = 1 and it is then straight-
forward to see that {_, e/(*) do = 1 for any ¢ > 0. Next we compute

d .
ZOf] = L (3 2af+0) (Ba (72 = § VSR ) do = ~Ru[f)
in the same spirit as in [DEL13b]. O

As a concluding remark, let us notice that the carré du champ method is not limited to
the case of S? but also applies to two-dimensional Riemannian manifolds : see for instance
[Fon97]. The use of the flow defined by (7.6) gives an additional integral remainder term, in
the spirit of what has been done in [DEL13b]. This is however out of the scope of the present

paper.

References

[Arn+01]  A. ArNoLD et al. “On convex Sobolev inequalities and the rate of convergence
to equilibrium for Fokker-Planck type equations”. In : Cormm. Partial Differential
Equations 26.1-2 (2001), p. 43-100. 1ssn : 0360-5302 (cf. p. 77).

[AT00] S. Apacni et K. Tanaka. “Trudinger type inequalities in R and their best ex-
ponents”. In : Proc. Amer. Math. Soc. 128.7 (2000), p. 2051-2057. 1ssn : 0002-9939.
por : 10.1090/80002-9939-99-05180-1. URL : http://dx.doi.org/10.1090/
$0002-9939-99-05180-1 (cf. p. 60).

[Aub76] T. AuBIN. “Problémes isopérimétriques et espaces de Sobolev”. In : . Differential
Geometry 11.4 (1976), p. 573-598. 1ssN : 0022-040X (cf. p. xiv, 34, 59, 62, 64).

[Aub79] T. AuBiN. “Meilleures constantes dans le théoréme d’inclusion de Sobolev et
un théoréme de Fredholm non linéaire pour la transformation conforme de la
courbure scalaire”. In : J. Funct. Anal. 32.2 (1979), p. 148-174. 1ssn : 0022-1236.
Dol : 10.1016/0022-1236(79)90052-1. URL : http://dx.doi.org/10.1016/
0022-1236(79)90052-1 (cf. p. xxvi, 58, 59, 90).

[Bae94] A. BaernstTEIN II. “A unified approach to symmetrization”. In : Partial differen-
tial equations of elliptic type (Cortona, 1992). Sympos. Math., XXXV. Cambridge :
Cambridge Univ. Press, 1994, p. 47-91 (cf. p. 59).

[BCC12] A.Brancher, E. A. Cariten et ]. A. CarriLro. “Functional inequalities, thick tails
and asymptotics for the critical mass Patlak-Keller-Segel model”. In : J. Funct.
Anal. 262.5 (2012), p. 2142-2230. 1ssn : 0022-1236. por : 10.1016/j . jfa.2011.
12.012. URL : http://dx.doi.org/10.1016/j.jfa.2011.12.012 (cf. p. xxiii,
xxiv, 78).

81



III. INEGALITE D'ONOERI

[Bec93]

[Ben93]

[BEMO7]

[Bli30]

[BT76]

[BVV91]

[BZ88]

[BE84]

[Car+01]

[CCO08]

[CC86]

[CCL10]

82

W. BEcknER. “Sharp Sobolev inequalities on the sphere and the Moser-Trudinger
inequality”. In : Ann. of Math. (2) 138.1 (1993), p. 213-242. 1ssN : 0003-486X. por :

10.2307/2946638. URL : http://dx.doi.org/10.2307/2946638 (cf. p. xix, xxi,

36, 38, 39, 59, 60, 62, 73, 91, 92, 99).

A. BentaLes. “Inégalité de Sobolev pour l'opérateur ultrasphérique”. In : C. R.
Acad. Sci. Paris Sér. I Math. 317.2 (1993), p. 187-190. 1ssN : 0764-4442 (cf. p. 59, 92,
97, 99).

T. Branson, L. Fontana et C. MorpURrGO. “Moser-Trudinger and Beckner-Onofri’s
inequalities on the CR sphere”. In : arXiv 712 (2007) (cf. p. 60).

G. BLiss. “An integral inequality”. In : Journal of the London Mathematical Society
1.1 (1930), p. 40. 1ssN : 0024-6107 (cf. p. xiv, 64).

A.BaernstEIN [T et B. A. TavrLor. “Spherical rearrangements, subharmonic func-
tions, and *-functions in n-space”. In: Duke Math. |. 43.2 (1976), p. 245-268. 1ssN :
0012-7094 (cf. p. 59).

M.-F. Bioaur-VERrON et L. VEroN. “Nonlinear elliptic equations on compact Rie-
mannian manifolds and asymptotics of Emden equations”. In : Invent. Math.
106.3 (1991), p. 489-539. 1ssn : 0020-9910. por : 10 . 1007 / BF01243922. URL :
https : //proxy . bu . dauphine . fr : 443 /http/dx . doi . org/ 10 . 1007 /
BF01243922 (cf. p. xxi, xxvi, 38, 60, 62, 78, 91, 92).

J. E. BRoTHERs et W. P. Z1emER. “Minimal rearrangements of Sobolev functions”.
In : J. Reine Angew. Math. 384 (1988), p. 153-179. 1ssn : 0075-4102 (cf. p. 59).

D. Bakry et M. Emery. “Hypercontractivité de semi-groupes de diffusion”. In :
C. R. Acad. Sci. Paris Sér. I Math. 299.15 (1984), p. 775-778. 1ssN : 0249-6291 (cf.
p. xxiv, 77).

J. A. CarriLro et al. “Entropy dissipation methods for degenerate parabolic pro-
blems and generalized Sobolev inequalities”. In : Monatsh. Math. 133.1 (2001),
p- 1-82. 1ssN : 0026-9255. por : 10.1007/s006050170032. URL : http://dx.doi.
org/10.1007/s006050170032 (cf. p. 77).

V. Carvez et L. Corrias. “The parabolic-parabolic Keller-Segel model in R?”.
In : Commun. Math. Sci. 6.2 (2008), p. 417-447. 1ssN : 1539-6746. URL : http: //
projecteuclid.org/getRecord?id=euclid.cms/1214949930 (cf. p. xxix, 39,
60, 117).

L. CaArRLESON et S.-Y. A. CHaNG. “On the existence of an extremal function for
an inequality of J. Moser”. In : Bull. Sci. Math. (2) 110.2 (1986), p. 113-127. 1ssN :
0007-4497 (cf. p. 60).

E. A. CareeN, J. A. CarriLro et M. Loss. “Hardy-Littlewood-Sobolev inequali-
ties via fast diffusion flows”. In : Proceedings of the National Academy of Sciences
107.46 (2010), p. 19696-19701. URL : http: //www . pnas . org/content /107 /
46/19696 . short ; http: //www . pnas . org/content /107 /46 /19696 . full
(cf. p. xvii, 4, 34, 35, 78).



References

[CENVO04]

[CF13]

[Cha87]

[CKN84]

[CL92]

[CT00]

[CY03]

[CY87]

[CY88]

[DEL13a]

[DEL13b]

D. Corpero-ErausQuiN, B. Nazarer et C. ViLLaNIL “A mass-transportation ap-
proach to sharp Sobolev and Gagliardo-Nirenberg inequalities”. In : Adv. Math.
182.2 (2004), p. 307-332. 1ssN : 0001-8708. por : 10 . 1016 / S0001 - 8708(03)
00080-X. URL : http://dx.doi.org/10.1016/S0001-8708(03) 00080 -X
(cf. p. 69,70,72).

E. A. CarLen et A. FigaLLl “Stability for a GNS inequality and the log-HLS
inequality, with application to the critical mass Keller-Segel equation”. In : Duke
Math. ]. 162.3 (2013), p. 579-625. 1ssn : 0012-7094. por : 10 . 1215/00127094 -
2019931. URL : http://dx.doi.org/10.1215/00127094-2019931 (cf. p. xxiii,
78).

S.-Y. A. Caanc. “Extremal functions in a sharp form of Sobolev inequality”.
In : Proceedings of the International Congress of Mathematicians, Vol. 1, 2 (Berkeley,
Calif., 1986). Providence, RI : Amer. Math. Soc., 1987, p. 715-723 (cf. p. 60, 91).

L. CarrarerLy, R. Konn et L. NirenserG. “First order interpolation inequalities
with weights”. In : Compositio Math. 53.3 (1984), p. 259-275. 1ssn : 0010-437X (cf.
p- 20, 66).

E. A. CarLEN et M. Loss. “Competing symmetries, the logarithmic HLS inequa-
lity and Onofri’s inequality on S™”. In : Geom. Funct. Anal. 2.1 (1992), p. 90-104.
1ssN : 1016-443X. por : 10. 1007 /BF01895706. URL : http://dx.doi.org/10.
1007/BF01895706 (cf. p. xix, xxi, 5, 36, 39, 59, 73, 74, 91, 100, 105).

J. A. CarriLro et G. Toscant. “Asymptotic L!-decay of solutions of the po-
rous medium equation to self-similarity”. In : Indiana Univ. Math. J. 49.1 (2000),
p- 113-142. 1ssn : 0022-2518. por : 10.1512/iumj . 2000.49.1756. URL : http:
//dx.doi.org/10.1512/iumj.2000.49.1756 (cf. p. 77).

S.-Y. A. Crang et P. C. Yanc. “The inequality of Moser and Trudinger and ap-
plications to conformal geometry”. In : Comm. Pure Appl. Math. 56.8 (2003). De-
dicated to the memory of Jirgen K. Moser, p. 1135-1150. 1ssN : 0010-3640. por :
10.1002/cpa.3029. URL : http://dx.doi.org/10.1002/cpa.3029 (cf. p. 60,
91).

S.-Y. A. Cuang et P. C. Yana. “Prescribing Gaussian curvature on §2”. In : Acta

Math. 159.3-4 (1987), p. 215-259. 1ssN : 0001-5962. por : 10 . 1007 /BF02392560.
URL : http://dx.doi.org/10.1007/BF02392560 (cf. p. 59, 60, 91).

S.Y. A. Cuang et P. C. Yana. “Conformal deformation of metrics on S2”. In :
J. Differential Geom. 27.2 (1988), p. 259-296. 1ssn : 0022-040X. urL : http : //
projecteuclid.org/euclid. jdg/1214441783 (cf. p. 59, 60, 91).

J. DoLBeauLr, M. J. EsteBAN et A. LAPTEV. “Spectral estimates on the sphere”. To
appear in Analysis & PDE. 2013 (cf. p. 24, 59).

J. DoLseautLr, M. ]. EsteBaN et M. Loss. “Nonlinear flows and rigidity results
on compact manifolds”. Anglais. Preprint. 2013. urL : http://hal.archives-
ouvertes.fr/hal-00784887 (cf. p. 59, 78, 81, 92, 94, 96-98).

83



III. INEGALITE D'ONOERI

[DETO08]

[DET09]

(Dy14]

[Dol+13a]

[Dol+13b]

[Dol+13c]

[Dol+14]

[Dol11]

[DT13]

[Flu92]

[Fon97]

[Fon98]

84

J. DoLeeaurT, M. J. EsteBAN et G. TaranTELLO. “The role of Onofri type inequa-
lities in the symmetry properties of extremals for Caffarelli-Kohn-Nirenberg
inequalities, in two space dimensions”. In : Ann. Sc. Norm. Super. Pisa CI. Sci.
(5) 7.2 (2008), p. 313-341. 1ssn : 0391-173X (cf. p. xx, 22, 27, 58, 62, 66, 67).

J. DoLseautt, M. ]. EsteBaN et G. TARaNTELLO. “Multiplicity results for the assi-
gned Gauss curvature problem in R?”. In : Nonlinear Anal. 70.8 (2009), p. 2870~
2881. 1ssN : 0362-546X. por : 10.1016/j .na.2008.12.040. URL : http://dx.
doi.org/10.1016/j.na.2008.12.040 (cf. p. 59).

J. DoLEAuLT et G. Jankowiak. “Sobolev and Hardy-Littlewood-Sobolev inequa-
lities”. Anglais. Pre-print, arXiv :1312.2568. 2014. urL : http://hal.archives-
ouvertes.fr/hal-00915998 (cf. p. 34-39, 43, 60, 61, 65, 73-75).

J. DoLseauLr et al. One-dimensional Gagliardo-Nirenberg-Sobolev inequalities : Re-
marks on duality and flows. Rapp. tech. Preprint Ceremade, 2013 (cf. p. 59, 67).

J. DoLsEAuLr et al. “Sharp Interpolation Inequalities on the Sphere : New Me-
thods and Consequences”. In : Chinese Annals of Mathematics, Series B 34.1 (2013),
p- 99-112 (cf. p. 59, 62).

J. DoLBEAULT et al. “Spectral properties of Schrodinger operators on compact
manifolds : Rigidity, flows, interpolation and spectral estimates”. In : Comptes
Rendus Mathematique 351.11-12 (2013), p. 437 —440 (cf. p. 59).

J. DoLseauLr et al. “Improved interpolation inequalities on the sphere”. In :
Discrete and Continuous Dynamical Systems Series S (DCDS-S) 7.4 (2014), p. 695-
724 (cf. p. 59, 78, 81,91, 99).

J. DoLeauLr. “Sobolev and Hardy-Littlewood-Sobolev inequalities : duality
and fast diffusion”. In : Math. Res. Lett. 18.6 (2011), p. 1037-1050. 1ssn : 1073-
2780 (cf. p. xv, xviii, 4-7, 15-17, 34, 35, 39, 51, 60, 63, 74, 75).

J. DoLBeautr et G. Toscani. “Improved interpolation inequalities, relative en-
tropy and fast diffusion equations”. In : Ann. Inst. H. Poincaré Anal. Non Linéaire
30.5(2013), p. 917-934. 1ssn : 0294-1449. po1: 10.1016/j .anihpc.2012.12.004.
URL : http://dx.doi.org/10.1016/j.anihpc.2012.12.004 (cf. p. xiii, 77).

M. Frucnuer. “Extremal functions for the Trudinger-Moser inequality in 2 di-
mensions”. In : Comment. Math. Helv. 67.3 (1992), p. 471-497. 1ssn : 0010-2571.
por : 10.1007/BF02566514. URL : http://dx.doi.org/10.1007/BF02566514
(cf. p. 60).

E. FonTENAS. “Sur les constantes de Sobolev des variétés riemanniennes com-
pactes et les fonctions extrémales des spheres”. In : Bull. Sci. Math. 121.2 (1997),
p- 71-96. 15N : 0007-4497 (cf. p. xxvii, 59, 81, 91, 92, 97, 99).

E. FonTENAs. “Sur les minorations des constantes de Sobolev et de Sobolev loga-
rithmiques pour les opérateurs de Jacobi et de Laguerre”. In : Séminaire de Pro-
babilités, XXXII. T. 1686. Lecture Notes in Math. Berlin : Springer, 1998, p. 14-29.
porl : 10.1007/BFb0101747. URL : http://dx.doi.org/10.1007/BFb0101747
(cf. p. 78).



References

[Ghi05]

[GL10]

[GM13]

[GS81]

[GZ98]

[Her70]

[Hon86]

[Kaw85]

[Lie83]

[LLO1]

[LL13]

[McC95]

A. Gaiar. “On the Moser-Onofri and Prékopa-Leindler inequalities”. In : Collect.
Math. 56.2 (2005), p. 143-156. 1ssN : 0010-0757 (cf. p. xxi, 59, 91).

N. Guoussous et C.-S. Lin. “On the best constant in the Moser-Onofri-Aubin
inequality”. In : Comm. Math. Phys. 298.3 (2010), p. 869-878. 1ssx : 0010-3616.
por : 10.1007/s00220-010-1079-7. URL : http://dx.doi.org/10.1007/
$00220-010-1079-7 (cf. p. 59).

N. GHoussous et A. MorapIraM. Functional inequalities : new perspectives and new
applications. T. 187. Mathematical Surveys and Monographs. Providence, RI :
American Mathematical Society, 2013, p. xxiv+299. 1sBN : 978-0-8218-9152-0 (cf.
p. xxv, 59, 60, 69, 77, 79, 80, 90, 91).

B. Gipas et J. Spruck. “Global and local behavior of positive solutions of non-
linear elliptic equations”. In : Comm. Pure Appl. Math. 34.4 (1981), p. 525-598.
1ssN : 0010-3640. por : 10.1002/cpa.3160340406. URL : http://dx.doi.org/
10.1002/cpa. 3160340406 (cf. p. xxv, 78).

H. Gajewski et K. ZacHArias. “Global behaviour of a reaction-diffusion system
modelling chemotaxis”. In : Math. Nachr. 195 (1998), p. 77-114. 1ssn : 0025-584X.
Dpor: 10.1002/mana.19981950106. URL : http://dx.doi.org/10.1002/mana.
19981950106 (cf. p. 60).

J. Hersch. “Quatre propriétés isopérimétriques de membranes sphériques ho-
mogenes”. In: C. R. Acad. Sci. Paris Sér. A-B 270 (1970), A1645-A1648 (cf. p. 59).

C. W. Hona. “A best constant and the Gaussian curvature”. In : Proc. Amer.
Math. Soc. 97.4 (1986), p. 737-747. 1ssn : 0002-9939. por : 10.2307/2045939. URL :
http://dx.doi.org/10.2307/2045939 (Cf. p- xxi, 59, 91).

B. KawoHL. Rearrangements and convexity of level sets in PDE. T. 1150. Lecture
Notes in Mathematics. Berlin : Springer-Verlag, 1985, p. iv+136. 1sBN : 3-540-
15693-3 (cf. p. 59).

E. H. Lies. “Sharp constants in the Hardy-Littlewood-Sobolev and related in-
equalities”. In : Ann. of Math. (2) 118.2 (1983), p. 349-374. 1ssN : 0003-486X (cf.
p- xiv, xv, 4,7, 19, 34, 35, 53, 59).

E. H. Lies et M. Loss. Analysis. Second. T. 14. Graduate Studies in Mathema-
tics. Providence, RI : American Mathematical Society, 2001, p. xxii+346. 1SBN :
0-8218-2783-9 (cf. p. xv, 5, 59).

N. Lam et G. Lu. “A new approach to sharp Moser-Trudinger and Adams type
inequalities : a rearrangement-free argument”. In : . Differential Equations 255.3
(2013), p. 298-325. 1ssN : 0022-0396. por : 10.1016/j . jde.2013.04.005. URL :
http://dx.doi.org/10.1016/j.jde.2013.04.005 (cf. p. 60).

R. J. McCann. “Existence and uniqueness of monotone measure-preserving
maps”. In : Duke Math. J. 80.2 (1995), p. 309-323. 1ssn : 0012-7094. por : 10 .
1215/S0012-7094-95-08013-2. URL : http://dx.doi.org/10.1215/350012~
7094-95-08013-2 (cf. p. 70).

85



III. INEGALITE D'ONOERI

[McC97]

[Mos70]

[MP89]

[New84]

[Oki08]

[Ono82]

[OPS88]

[PD02]

[PD13]

[Ral84]

[Ros71]

[Rub08a]

86

R.J.McCann. “A convexity principle for interacting gases”. In : Adv. Math. 128.1
(1997), p. 153-179. 1ssn : 0001-8708. por: 10.1006/aima. 1997 .1634. URL: http:
//dx.doi.org/10.1006/aima.1997.1634 (cf. p. 70).

J. Moser. “A sharp form of an inequality by N. Trudinger”. In : Indiana Univ.
Math. ]. 20 (1970/71), p. 1077-1092. 1ssn : 0022-2518 (cf. p. xxi, 38, 58, 59, 90).

J. B. McLeop et L. A. PELeTIER. “Observations on Moser’s inequality”. In : Arch.
Rational Mech. Anal. 106.3 (1989), p. 261-285. 1ssn : 0003-9527. por : 10. 1007/
BF00281216. URL : http://dx.doi.org/10.1007/BF00281216 (cf. p. 60).

W. I. Newman. “A Lyapunov functional for the evolution of solutions to the
porous medium equation to self-similarity. I”. In : J. Math. Phys. 25.10 (1984),
p- 3120-3123. 1ssN : 0022-2488 (cf. p. xiii, 77).

K. Oxixioru. “Extremals for logarithmic Hardy-Littlewood-Sobolev inequali-
ties on compact manifolds”. In : Geom. Funct. Anal. 17.5 (2008), p. 1655-1684.
1ssN : 1016-443X. por : 10.1007/s00039-007-0636-5. URL : http://dx.doi.
org/10.1007/s00039-007-0636-5 (cf. p. 60).

E. Onorr1. “On the positivity of the effective action in a theory of random sur-
faces”. In : Comm. Math. Phys. 86.3 (1982), p. 321-326. 1ssn : 0010-3616. URL :
http://projecteuclid.org/euclid.cmp/1103921772 (cf. p. xxi, 5, 38, 58, 60,
90, 91).

B. Oscoop, R. PHiLLIPS et P. SARNAK. “Extremals of determinants of Laplacians”.
In: J. Funct. Anal. 80.1 (1988), p. 148-211. 1ssn : 0022-1236. por : 10.1016/0022~
1236(88)90070-5. URL: http://dx.doi.org/10.1016/0022-1236(88) 90070~
5 (cf. p. xxv, 58, 78, 91).

M. del Pivo et J. DoLseauLT. “Best constants for Gagliardo-Nirenberg inequali-
ties and applications to nonlinear diffusions”. In : . Math. Pures Appl. (9) 81.9
(2002), p. 847-875. 1ssn : 0021-7824. por : 10.1016/50021-7824(02) 01266-7.
URL : http://dx.doi.org/10.1016/50021-7824(02)01266-7 (cf. p. xiii, xxiv,
34,62,75,77).

M. del Pivo et J. DoLseautr. “The Euclidean Onofri inequality in higher dimen-
sions”. In : Int. Math. Res. Not. IMRN 15 (2013), p. 3600-3611. 1ssn : 1073-7928
(cf. p. 60, 63).

J. RaLston. “A Lyapunov functional for the evolution of solutions to the porous
medium equation to self-similarity. I”. In : . Math. Phys. 25.10 (1984), p. 3124—
3127. 1ssN : 0022-2488 (cf. p. xiii, 77).

G. Rosen. “Minimum value for ¢ in the Sobolev inequality ||¢*| < ¢|V¢|>”. In:
SIAM |. Appl. Math. 21 (1971), p. 30-32. 1ssN : 0036-1399 (cf. p. xiv, 34, 64).

Y. A. RuBINsTEIN. “On energy functionals, Kdhler-Einstein metrics, and the Moser-
Trudinger-Onofri neighborhood”. In : J. Funct. Anal. 255.9 (2008), p. 2641-2660.
1ssN : 0022-1236. por : 10.1016/5 . jfa.2007.10.009. URL : http://dx.doi.
org/10.1016/3.jfa.2007.10.009 (cf. p. 59, 91).



References

[Rub08b]

[Tal76]

[Tru67]

[Vil09]

Y. A. RusINsTEIN. “Some discretizations of geometric evolution equations and
the Ricci iteration on the space of Kédhler metrics”. In : Adv. Math. 218.5 (2008),
p- 1526-1565. 1ssn : 0001-8708. por : 10.1016/j.aim.2008.03.017. URL : http:
//dx.doi.org/10.1016/j.aim.2008.03.017 (cf. p. 59, 91).

G. TaLenTL “Best constant in Sobolev inequality”. In : Ann. Mat. Pura Appl. (4)
110 (1976), p. 353-372. 1ssN : 0003-4622 (cf. p. xiv, 34, 62, 64).

N. S. TrupINGER. “On imbeddings into Orlicz spaces and some applications”.
In : J. Math. Mech. 17 (1967), p. 473483 (cf. p. xxi, 58, 90).

C. ViLLant Optimal transport, Old and new. T. 338. Grundlehren der Mathemati-
schen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Ber-
lin : Springer-Verlag, 2009, p. xxii+973. 1sBN : 978-3-540-71049-3. por : 10.1007/
978-3-540-71050-9. URL : http://dx.doi.org/10.1007/978-3-540-71050-
9 (cf. p. 70).

87






CHAPITRE I V

Inégalité d’Onofri sur des variétés

riemanniennes

Ce chapitre reprend en grande partie 1'article « Rigidity results for semilinear elliptic
equation with exponential nonlinearities and Moser-Trudinger-Onofri inequalities on two-
dimensional Riemannian manifolds », écrit en collaboration avec Jean Dolbeault et Maria J.
Esteban.

Résumé

Cet article est dédié a l'inégalité de Moser-Trudinger-Onofri pour les variétés rieman-
niennes réguliéres, compactes et connexes. Nous établissons un résultat de rigidité pour
I’équation d"Euler-Lagrange et nosu déduisons une estimation de la meilleure constante
dans I'inégalité pour les variétés fermées de dimensions 2. Par rapport aux résultats exis-
tants, nous apportons un critére non local qui est bien adapté aux méthodes variation-
nelles. Nous introduisons aussi un flot non linéaire qui nous permet d’attaquer les ques-
tions d’optimalité & travers l'obtention d'un terme de reste. Comme application impor-
tante, nous étudions le cas non compact de 1’'équation de Moser-Trudinger-Onofri dans
I'espace euclidien de dimension 2, avec poids. Nous partons du poids issu de la projec-
tion stéréographique, puis nous généralisons pour obtenir d’autres résultat intéressants,
notamment dans le cadre du modele de Keller-Segel pour la chimiotaxie.
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IV. INEGALITE D’ONOFRI SUR DES VARIETES RIEMANNIENNES

In this paper we assume that (9, g) is a smooth compact connected Riemannian mani-
fold of dimension d > 1, without boundary. We denote by A, the Laplace-Beltrami operator
on M. For simplicity, we assume that the volume of 9, is chosen equal to 1 and use the no-
tation dv, for the volume element. We shall also denote by R the Ricci tensor, by Hju the
Hessian of v and by

Lgu = Hju — % Agu

the trace free Hessian. Let us denote by M u the trace free tensor

Mgu = Vu® Vu — % |Vul?.

We define
J [ | Lyu — 2 Mgu|* + R(Vu, Vu)] e 2 du,
A= inf (0.1)
u€H2(9M)\{0} f Vul? e 2 do,
m
If A= (ay), jo1pand B = (bij), j—1, are two matrices, then we use the convention that

A:B =3, ,a;bjand |A|* = A: A. T, denotes the 2 x 2 identity matrix.

Theorem 1. Assume that d = 2 and X\, > 0. If u is a smooth solution to
1 u
75Agu+/\:e , (0.2)
then w is a constant function if A € (0, A.).

Next, let us consider the Moser-Trudinger-Onofri inequality on 9t written as

1
y HVUHiz(gﬁ) +A .[m udvg = X log (L:n e dvg) VueH' (M), (0.3)
for some constant A > 0. Let us denote by \; the first positive eigenvalue of — A,.

Corollary 24. If d = 2, then (0.3) holds with A = A := min{4n, \.}. Moreover, if A is strictly
smaller than \1/2, then the optimal constant in (0.3) is strictly larger than A.

In the case of the normalized sphere, A, = 47 is optimal but (0.2) has non-constant so-
lutions because of the conformal invariance : see [GM13 ; DEJ14] for a review of the Moser-
Trudinger-Onofri inequality on the sphere, and references therein. The interested reader is
invited to refer to the historical papers [Tru67 ; Mos70 ; Ono82] and to [Fag08 ; Fag06] for
recent results on functionals related to the inequality, that have been obtained by variatio-
nal methods. These two papers solve the question, in any dimension, of whether the first
best constant can be reached. This is equivalent to showing that the difference of the two
terms in (0.3) is bounded from below. Earlier results have been obtained by T. Aubin in
[Aub79], in the case of the sphere S”, and P. Cherrier in [Che79] for general 2-manifolds.
The present paper focuses on the value of the second best constant, defined as the largest
value of X such that (0.3) holds. The value of the first best constant is of little concern to us,
as it appears as the 1 coefficient in front of HVuHiz(Em) and can be factored out into A. The
method of Z. Faget relies on a blow-up analysis which is reminiscent for d = 2 of [NT98]. It
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generalizes some results contained in [Aub82, Theorem 2.50 page 68]. Other references of
general interest in the context of the Moser-Trudinger-Onofri inequality are [CL92 ; Bec93 ;
Hon86 ; OPS88 ; GM13]. A review of results related with the the Moser-Trudinger-Onofri
inequality in the case 9 = S? can be found in [DEJ14]. Let us mention that in [Ghi05],
A. Ghigi provides a proof based on the Prékopa-Leindler inequality and that many more
details can be found in the book [GM13, Chapters 16-18] of N. Ghoussoub and A. Moradi-
fam. In the context of Einstein-Kéhler geometry another proof appears in [Rub08a, Theo-
rem 5.2] (also see for instance [TZ00 ; Pho+08] and [BB11] for recent results on Kihlerian
manifolds). In [Rub08a], Y.A. Rubinstein gives a proof of the Onofri inequality on S? that
does not use symmetrization/rearrangement arguments. Also see [Rub08b] and in particu-
lar [Rub08b, Corollary 10.12] which contains a reinforced version of the inequality. We shall
refer to [Cha04] for background material in this direction. The reader interested in unders-
tanding how the Moser-Trudinger-Onofri inequality is related to the problem of prescribing
the Gaussian curvature on S? is invited to refer to [Cha87, Section 3] for an introductory sur-
vey, and to [CY88 ; CY87 ; CYO03] for more details. More references will be given within the
text, whenever needed.

At this point, we should emphasize that in most of the literature the Moser-Trudinger-
Onofri inequality in dimension d = 2 is not written as in (0.3), but in the form

\v4 2
et IVulEa oy 5 CJ e du,
o

for all functions u € H'(90) such that { , udv, = 0, for some constant C which is in general
non-explicit. In dimension d = 2, the optimal constant is 1 = 2—. This amounts to write

67"
that the functional
U > LUy HVUH%%W) + J udvg — log <J e dvg>
m m

is bounded from below by log C. The issue of the first best constant is to prove that ps can-
not be replaced by a smaller constant unless the functional is unbounded from below. This
problem is not the same as Inequality (0.3), except when C = 1 and A = 1. E. Onofri proved
in [Ono82] that this is the case, with optimal values for both C and A\, when 9t = S?, up
to a factor 4 7 that comes from the normalization of vol, (9). Except for the sphere we are
aware of only one occurrence in the literature of the form (0.3) of the inequality, that has
been derived by E. Fontenas in [Fon97, Théoréme 2] under more restrictive conditions on
. This result will be commented in more detail in Remark 26.

The proof of Theorem 1 is a rigidity method inspired by the one of [BVV91] for the equa-
tion

—Agu+ Au = uPt,

which is the Euler-Lagrange equation corresponding to the optimality case in the interpo-
lation inequality

A
IVolaem = -2 [olEom — ol | Vo eH (). (0.4)

See [BVVOI1 ;LV95 ; BL96 ; Dem08 ; Dol+14] for further results on this problem and [Aub82 ;
Heb99] for general accounts on Sobolev’s inequality on Riemannian manifolds. Concerning
spectral issues, a standard textbook is [BGM71].
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IV. INEGALITE D’ONOFRI SUR DES VARIETES RIEMANNIENNES

The case of the exponential nonlinearity in (0.2) has been much less considered in the
literature, except when 9 is the two dimensional sphere S2. Let us mention the uniqueness
result of [CLI1] for (0.2) with A = 1. In [Fon97], and in [Ben93] in the case of the ultras-
pherical operator, the result is achieved by considering the interpolation inequalities (0.4)
and then, as in [BVV91] or [Bec93] (in the case of the sphere), by taking the limit as p — .
Here we consider a direct approach, based on rigidity methods and an associated nonlinear
flow. As far as we know, this is an entirely new approach which has the interest of providing
explicit estimates on the optimal constant in (0.3).

One may wonder if rigidity results can be achieved for dimensions d > 2 by our method.
We will give a negative answer in Section 1. Corollary 24 is established in Section 2 using a
nonlinear flow that has already been considered on the sphere in [DEJ14]. The case d = 1
is very simple and will be considered for completeness in Section 3. An important appli-
cation of our method is the case of the Euclidean space with weights, with applications to
chemotaxis. Section 4 is devoted to this issue with a main result in this direction stated in
Theorem 2, that raises difficult questions of symmetry breaking.

1 Proof of Theorem 1

In this section we consider a smooth solution to (0.2) and perform a computation to
prove the rigidity result of Theorem 1. There is no a priori reason to assume that d = 2
and so we shall do the computations for any dimension d > 1, which raises no special
additional difficulties. However, due to restrictions that are inherent to the method and will
be explicitely exposed, only d = 2 can be covered. On several occasions, one has to divide
by (d — 1), so the case d = 1 has to be excluded and will be handled directly in Section 3.

In the case of (0.4), it is well known (see [LV95 ; BL96 ; DEL13b]) that an interpolation
depending on a parameter 6 € (0, 1) between an estimate based on the Ricci curvature and
another one based on the first eigenvalue of the Laplace-Beltrami operator can be used to
obtain some improvements. Here we apply the same technique and realize in the end that
only # = 1 is admissible in dimension d = 2. However, when d is considered as a real
parameter in the range (1,2), it is possible to optimize on # when 0 < 6 < 1. We will
comment this and possible improvements at the end of this section.

Preliminaries
A simple expansion of the square shows that
2 2 1 2
IHgu|® = |Lgul® + a (Agu)”.
The Bochner-Lichnerovicz-Weitzenbdck formula asserts that
1
34 |Vau|? = [Hyu|? + V(Ayu) - Vu + R(Vu, Vu)
where R denotes the Ricci tensor and, as a consequence,
1 1
34 \Vaul? = |Lgul® + y (Agu)? + V(Agu) - Vu + R(Vu, Vu) . (1.1)
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1. Proof of Theorem 1

An identity based on integrations by parts

Using integrations by parts, we may notice that

- f Agu|Vul? 2 dv,
m

:—1 Vulte "2 duv, +2 Hu:Vu@Vue*“mdv
9 g g
2 Jom m
1
= _§J [Vul* ™2 dv, + QJ (Lyu + %Agu) :Vu® Vue 2 do,
m o
1

=—3 J;x |Vul* e™2 dv, + 2 Lﬁ Lyu: Myue ™2 du,

2 .
+o .[m Agu|Vul)? e 2 dv,
with Myu = Vu ® Vu — & |Vu|?, which proves that

d+2
LJ Agu|Vul|? e™/2 du,
d m
1
=3 Lﬂ Vul* ™2 dv, — 2 Lm Lyu: Mgue ™2 dv,

and finally

f Agu|Vul? e™/2 du,
m

4
d+2

2d
f [Vul*e 2 dv, — ——— | Lyu:Mpue “?dv,. (1.2)
m

1
2 d+2 Jo

An identity based on the Bochner-Lichnerovicz-Weitzenb6ck formula

By expanding A, (e=%2) = (1 |Vu|?> — 1 A u) e=%/2, we have that

1 1
J [Vul> Ay(e=?) dv, = 1 Lﬁ [Vu|*e™2 dv, — 3 JmAgu IVul? e 2 dv,
m

—u/2

so that, if we multiply (1.1) by e and integrate by parts, then we get

1 1
gf IVul* e/ dv, — EJ Agu|Vul? e /2 dv,
m m

1
= J |Lgul? e~2 dv, + p J (A u)? e 2 du,
m m

+ f (V(Agu) - Vu) e dv, + f R(Vu, Vu) e 2 dv,
m m
d—1
= Lﬁ ILgu|? e=*? dv, — — Lﬁ (A,u)? e™2 dv,

1
+ - J Agu|Vul? e 2 dv, + J R(Vu, Vu) e~ 2 dv, ,
2 m - - m
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IV. INEGALITE D’ONOFRI SUR DES VARIETES RIEMANNIENNES

from which we deduce that

Lﬁ (A u)? e 2 dv,

3 d 1 d
_ 2 A 2 _—u/2 - 4 —u/2
171 L:rt gu|Vul“e duy $a—1 )y |Vul®e duy
d d
+ — f ILgu|? e~ dv, + —J R(Vu, Vu) e~ dv, . (1.3)
d—1 Jon d—1 Jon

A Poincaré inequality
Since

1
4Ag(e_"/4) =1 |Vu|? e~ — Agu e~

we get that
—u/4y\|2 1 4 —u/2 1 2 —u/2
16 |Ag(e™ )| dvy = 16 [Vul*e dvg — 3 |Vul* Ague dvg
m m m
+ f (Agu)?e™"2 dv, .
m

On the other hand, a Poincaré inequality applied to V(e~*/4), as in [DEL13b, Lemma 7],
shows that

A
J 1A, (e 2 dv, = )qf V(e /") 2 dv, = 2L Ve v? dvg,
m m 16 Jox

so that

1
f (A u)? e 2 dv, = Alf \Vul? e™%2 dv, — [Vul* /2 du,
m m

16 Jon
1

+*J‘ Vul> Ague™?dv, . (1.4)
2 Jon

An identity based on the equation

By expanding A, (e=%2) = (3 |Vu|? — 1 A u) e7%/2, we have that
1 —u/2 1 2 —u/2 1 2 —u/2
(=5 Agu) Ag(e ™) dvg = — | (Agu)“e dvg— = | Agu|Vul“e dvg
m 4 Jon 8 Jon

so that, if we multiply (0.2) by Ay(e=%/2) — 1 |[Vu|? e=%/2, then we get

1 1
ff (Agu)? e 2 dv, + *j Agu|Vul? e™2 dv, — AJ |Vul?e 2 dv, = 0.
4 Jon 8 Jom 2 Jon
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1. Proof of Theorem 1

Let us introduce the parameter 6 < 1, to be chosen later, and use (1.4) and (1.3) to estimate
8§ (Agu)?e 2 dvg and § § ) (Agu)? /2 du, respectively. We get

1-6

—u 1 —u
4 [)\1 Lﬁ |Vul? ™2 dv, — 16 Joy |Vul* e™%2 dv,

1
+ - J \Vul?> Ague/? dvg]
2 Jon

03 d —u 1 d —u
+4[4d_1LﬁAgu|Vu|26 /deg—gﬁfim|Vu|4e /2 dv,

d 2 —u/2 d J —u/2
to 3 Lﬁ |Lgu|”e dvg + -1 EmS)Q(Vu, Vu)e dvg
+ lf Agu|Vul? e 2 dv, — éf Vul?e 2 dv, <0.
8 Jon 2 Jom
Collecting terms, we get

6 d 2 —u/2 —u/2
- [Lou|*e dvg+ | R(Vu,Vu)e = du,
1 d 4 _—u/2

1-6 30 d4 1 2 o
+<8+16d—1+8> Lj?Agu\Vu\ e d’Ug

1-6 A
+|— M-z J [Vul?e 2 dv, <0
1 2) Jou

and can now use (1.2) to obtain

0 _d —u —u
19-1 [Lﬂ ILgul? e/ dv, + J;m R(Vu, Vu) e /2 dvg]

1 d 4 —u/2
64(1 9+29d_1)£m|Vu| e dvg

1—-6 30 d 1\[1 d 4 —u2
*( 5 +16d—1+8>[2d+2£mvu|e dvy

__2d
d+2 Jon

Lgu: Mgu e U2 dvg]

Recall that Myu denotes the trace free tensor

Mgu = Vu® Vu — % |Vul?.

We observe that

Myul? = | Vu® Vu— & [vup? H2 - (1 _ 2) IVt
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IV. INEGALITE D’ONOFRI SUR DES VARIETES RIEMANNIENNES

Altogether we end up with
J (a |Lgul? + b (Lgu : Myu) + ¢ HMgU”2) e~/ du,
m

+*7J R(Vu, Vu) e 2 dv,

4d—1
1-0 A
+ ( A — > J [Vul? e 2 dv, <0
4 2) Jon

with

d,
b_ ﬂ_kiei_‘_l ﬂ
B 8 16d—1 8)d+2’

B 8 16d—1 8)2d+2 64 d—1)d-1"

Remark 25. By the Lichnerowicz’ theorem (see [Lic58] or [DEL13b, Section 2])

d
-— J R(Vu, Vu) e~ 2 dv, < J IVul? e™/2 du,
=1 Jom m
so that the largest possible value of A for which we a priori know that

4d—1j R(Vu, Vu) e” 2 dv, + (}1/\1(1—9)—/\)fm|Vu|Qe_“/2dvg

is nonnegative corresponds to the smallest possible value of 6, i.e. 0 = 6y(d).

Discussion

A simple but tedious commutation shows that the discriminant § == b?> — 4 ac has the
sign of
16(d—1)>— (6 —d) (d+2)0

If we denote by 6y = 6y(d) the value of 6 for which ¢ = 0, then we have

16 (d — 1)2

awzm—dﬂd+m'

Altogether we can rewrite our estimate as

JHLu+ - Myu | e “/Zvar(c—b—)J HMuH2 /2 gy,

4a

+4a_mj mgawm%14~f J R(Vu, Vi) e d,
m

A
- §f [Vul? e "2 dv, = 0
m

and use the Poincaré inequality, that is,

1
4J A, ()2 dv, = */\1f (Vul? ™2 du,
m 4 Jom
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1. Proof of Theorem 1

to establish that

02 [ g Mgl R duy = 5 [ Mgl e,

+(EMA-0)-3) Lﬂ Vul> e 2 dvg + § 74 Lﬂ R(Vu, Vu)e "2 dv,. (1.5)

Our goal is to show that u has to be a constant, that is, , |Vu|? e~%2 dv, = 0. We assume
that d > 2 is an integer. The discriminant ¢ is nonpositive if and only if d < 6 and 6 > 6 (d).
This is compatible with the condition # < 1 only if d = 2; in that case, § = 6y(2) = 1 and, as
a consequence of (1.5), we get that

0= f |Lgu — 1 Myul? e 2 dv, + J R(Vu, Vu) e 2 dv,
m m
—/\J IVul? e™/2 du,
m

>\ — ) f [Vul?> e=%2 du, .
m
Hence we have shown that Vu = 0 for any A < A,, which concludes the proof of Theorem 1.

Remark 26. In order to compare our results with the results deduced from the curvature-dimension
method, we can consider the case where R is uniformly bounded from below by some positive constant p
and formally assume that d takes real values. This can be made precise for instance in the setting of
the ultra-spherical operator (see for instance [Ben93]), with exactly the same conditions as above. See

[Fon97] and [DE]14, Section 7.1] for more details. If 1 < d < 2, we find that rigidity holds if
6 d 1 Oo(d) d

1
< = _ LA _ @
AS e (2 M =60 +5 57 > s —b(d)+ ==

according to Remark 25. Let x = 7% x= < 1. We have found that that rigidity holds if

A
2 - si- Oo(d) + Oo(d) z =: f1(x)
1
Quite surprisingly, a better condition has been obtained in [Fon97, Théoréme 2], when 1 < d < 2,

which amounts to

2% <d@2—d)+ (d—1)z = fo(x),
1
by taking the limit as p — oo in (0.4). We may indeed check that fo(z) — f1(z) = % (1-
) =0

Without assuming the positivity of p, one gets a similar result with our approach. In the range
d e (1,2), our computations show that rigidity holds for any X\ at most equal to the infimum on

w € H2(M)\ (0} of
ZJm [a |Lgu + 2 Mgu H2 + 401-0)[Ag(e7 )2 + & ﬁfﬁ(Vu,Vu)] e? du,

under the condition that §, |Vul|? e"2dv, = 1,a = &%, b = —% and § =
00 (d). However, in the same spirit as above, a passage to the limit as p — oo in the inequality obtained
in [DEL13b, Theorem 4] gives a better result.

Let us emphasize that these considerations are essentially formal because d is restricted to the
interval (1,2) but can be entirely justified, as it is currently done in the curvature-dimension

approach.
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IV. INEGALITE D’ONOFRI SUR DES VARIETES RIEMANNIENNES

2 Proof of Corollary 24

Let us minimize the functional
1
Falu] = 7 [VulZagn + A J udvg — X log (J et dv_,,)
4 m m

on H'(9M). According to [Fag06 ; Fag08], F\[u] has no minimizer if A > 4 7. Let us assume
that
A<dr

(we shall take care of the equality case later). It is then standard that there is a well-defined
minimizer. If it is smooth and A < A,, we can apply the result of Theorem 1. Then the
minimizer v can be any constant, for instance u = 1, so that

Falu] = Fa[1] =0 VYueHY(M).

Notice that we can get rid of any smoothness requirement by considering the flow below.
By passing to the limit as A, A,, we get that the inequality also holds true if A = A..
Using a Taylor expansion of

1 A
Bl +eel = | IVellaom + 5 [ du |2+ o),

as ¢ — 0, where ¢ is an eigenfunction associated with the first positive eigenvalue A\; of
— A, it is straightforward to see that the best constant A in (0.3) is such that

A

5 -

To complete the proof of Corollary 24, it remains to consider the case A, < A1/2 and show

A<

that the optimal constant cannot be equal to A.. This can be done in the same spirit as in
[DEL13b, Corollary 2]. Let us consider the evolution equation defined by

0 _ _
N R R 12 e 1)

with initial datum u € H*(9M). Let us define
Galf) = [ ILaf =M, 1P 2 du, + | RVLTS e,
o o
—AJ IVfI2e 72 dv,.
o

Then for any A < A\, we have

d _ _

O] = f (=3 8gf +2) (Ay(e772) = VS e712) duy = = GA[f (2, )]

o

Since F) is nonnegative and lim,_,o, Fi[f(¢,-)] = 0, we obtain that

ng

for any solution f to (2.1) with initial datum u € L!(90) is such that Vu € L2(91). We have
an equality if the solution is smooth for any ¢ > 0. Otherwise we have to regularize and
then pass to the limit so that, with full generality, we can only expect for an inequality.
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3. Thecased =1

Remark 27. One has to mention that the sphere 9N = S? is an important case of application of our
method, for which other types of remainder terms can be produced. See [DE]14] for more details. It
has to be noted that on S* we have A\, = p = \1/2 = 1. As noted by many authors, e.g., in [Bec93 ;
Ben93 ; Fon97 ; DEJ14] (also see references in [DEJ14]), the Onofri inequality is a limit case of
various Sobolev type inequalities, for which similar methods have been developed : see [Dol+14] for
a review and some recent results.

3 Thecased =1

Since we assume that 9t is compact, connected, and without boundary, we only have to
consider the case of the circle. Hence we identify 9t with the 1-periodicinterval [0, 1) ~ R/Z ~ S.
Consider a solution of the ordinary differential equation

1
— g A= =0 (3.1)

with periodic boundary conditions. If we multiply the equation by (e=%/2)” — 1 [u/[2 e~%/2,

then we get that
1
L (% |u//‘2 + % |ul|2u// _ % ‘u/|2) efu/2 dr =0.
The middle term is easy to handle using one integration by parts :

1 1
J |Ul‘2 u” efu/Z dr = % J |u/|4 e*“/Q dx . (32)
0 0

Hence we have .
J(ﬂwﬁ+ém%—gm?pﬂﬂmzo. (3.3)

0
|2 1
(e_“/4) ‘ dx > 472 J
0

1 12
J (e_“/4)‘ dx ,
0

d2

where 4 72 is the first positive eigenvalue of —-; on the periodic interval of length 1. From

On the other hand,

(3.2) we derive

1 1
J (Ju"]> = & [/ e 2 dx — 4772J W2 e 2 de > 0. (3.4)
0 0
Combining (3.3) and (3.4), we get

5 (L 1

% Jo W[t e=2 dx + (272 — ) Jo /|2 e dx < 0.
Hence we have proven the following result.

Proposition 28. Assume that d = 1. With the above notations, if u is a smooth solution to (3.1) on
St ~ [0,1), then w is a constant function for any X € (0,2 72).

Exactly as in the case of a manifold of dimension two, a variational approach allows to
deduce a Moser-Trudinger-Onofri inequality.
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IV. INEGALITE D’ONOFRI SUR DES VARIETES RIEMANNIENNES

Corollary 29. If d = 1, then the following inequality holds on S' ~ [0,1) :

1 1 1
—QJ |u’|2dx+f udx = log <J e“dx) VueHY(SY).
87 Jo 0 0

Moreover 8 w is the optimal constant.

The only difference with Corollary 24 is that we can identify the optimal constant in the
inequality by considering u = 1+¢ ¢ and by taking the limitase — 0, with ¢(z) = cos( 27 ).

4 Weighted Moser-Trudinger-Onofri inequalities on the
two-dimensional Euclidean space

The Euclidean Onofri inequality (see [CL92 ; DE]J14]) can be deduced from (0.3) when
9N = S? using the stereographic projection and reads

1
|Vu|? dz > log (J ev du) - J wdp . 4.1)
R2 R2

167 R2

Here dy = pu(z) do denotes the probability measure defined by pu(z) = - (1+|z[?) 7%,z € R?,
and the inequality holds for any function v € L*(R?, du) such that Vu € L?(R?). The constant
16 7 is optimal as can be shown by considering the inequality on S? and comparing with
the value given when expanding around a constant, as was done in Section 2.

In this section, our goal is to give sufficient conditions on a general probability measure
 so that the inequality

% |Vu|?dz = A [log <J e du) - J udu] 4.2)
™ JR2 R2 R2

holds for some A > 0 and get an estimate of the optimal value of A\. Here dy = pdz is a
probability measure with density p with respect to the Lebesgue measure. All our compu-
tations are done without symmetry assumption, and our final estimate is (4.15). In practical
applications (see Examples 1-4) the function p is radially symmetric and one has to assume
that X is in a range for which the solution to (4.2), or at least the optimal function for (4.1), is
radially symmetric. This delicate issue of symmetry breaking will be illustrated in Example 3.

Since (4.2) does not change when adding some constant to u, we can look for minimizers
satisfying the constraint {, e di = 1. These solve the Euler-Lagrange equation

1
——Au+Ap—Aeu=0. (4.3)
8

u

We can multiply each term of (4.3) by ; A(e™%) — 5 |Vu|* e~ % and integrate, which

gives the following identities

1 1 1
— | AuA(e™?) = dx = J Au (Au - - Vu2> e 2 —dx,
R2 H R2 2 2p

f = Al ") dx =0,
R2

J e'n <1 Ale %) — 1 Vu|2e;> dr =0.
R? 1% 2p
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Defining v == e~%/2 /i = e~%/279 with g == log t and dv := v dz we have

T[u] = QJ (Au)?dv + | Au|Vul*dv — 167rAJ Vul>e™2dz = 0.
R? R?

R2

Let us introduce some notations, which are consistent with the ones on manifolds. Let us

_ 2u
denote by Hu = (W)i,g&lz

and Mu = Vu ® Vu — & |Vu|® I, where Vu ® Vu = (£ %)mﬁl 5

the Hessian of v, Lu = Hu — % Aul, is the trace free Hessian

For the convenience

of the reader, we split the computations in four steps.
1) Let us start with some preliminary computations. An integration by parts shows that

2 AuVu'ngV—f \Vul®> Vu - Vgdv
R? R?

= —2[ Hu : (Vu® Vg)dv — 2J (Hg—Vg®Vyg) : (Vu® Vu)dv
R? R

2

:—2J Hu:(Vu@Vg)dl/—Qf Hg:(Vu@Vu)dy+2J (Vu-Vg)2dv. (4.4)
R? R? R?

By expanding Lu — 1 Mu, we also get that

f (Lu — 1Mu> :(Vu® Vyg)dv
42 2

1 1
:J Hu:(Vu@Vg)du—§ AuVu'ngV—zj |Vu|2 Vu-Vgdv. (4.5)
R2 R2

R2
Recalling the definition of v = ¢~2%~9, we also find that

1
— fj \Vul> Vu - Vgdv = J [Vul? Vge 9 - V(e*%") dx
2 Jpo o

= 72J Hu : (Vu® Vg) dl/+J IVul® (|[Vg|> — Ag)dv. (4.6)
R2 R2
Equations (4.4), (4.5) and (4.6) allow us to eliminate

AuVu-Vgdv, J |Vul> Vu-Vgdr and Hu : (Vu® Vg) dv
R2

R2 R2
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in terms of the other quantities :

AuVu-Vgdv = J \Vul® (|Vg|* — Ag) dv
R? R?

-2 fR2 (Lu — % Mu) :(Vu®Vyg)dv, 4.7)
JRQ |Vul> Vu - Vgdy = 4JR2 Hg : (Vu® Vu)dv — 4JR2 (Vu - Vg)?dv
-8 J;W (Lu — % Mu) : (Vu® Vyg)dv (4.8)
6 [ 1vuP (Vo — Ag)av.
JRQ Hu : (Vu® Vg)dv = J}RQ Hg: (Vu® Vu)dv — JRQ (Vu-Vg)?dv

— QJ (Lu 1 Mu) (Vu® Vyg)dv (4.9)
42 2

+2f Vul? ([Vgl2 — Ag)dv.
R2
Moreover, the reader is invited to check that

1
[Luf® = [Hul* — 5 (Au)® (4.10)

and

1
IMu||? = 3 V|t (4.11)

2) On the one hand, integrating the second term in the expression of Z[u] by parts gives

Au|Vul? dv
R2

—— | Vu-v(Ivulr)de
R2
= fJ Vu - <2 Hu Vu — %Vu |Vul® — | Vul® Vg> dv
RQ
1
J 2Hu : Vu® Vu — 3 [Vul* = |[Vu|® (Vu- Vg)) dv
R2

1
(QLu :Vu® Vu + Au [Vul” — 3 Vu|* = |Vul® (Vu - Vg)) dv

J.

=

1
=— 2 Lu : Mu + Au |[Vu|? — 3 Vul! = |Vul]® (Vu- Vg)) dv,
that is

1 1
J Au|Vul? dv = —J (Lu :Mu— = |Vul! = 2 |[Vu]* (Vu- Vg)> dv.
52 2 4 2
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According to (4.8) and (4.11), we obtain

Au|Vul|* dv = —J

R2

_2J (Vu.Vg)Qdy—ZlJ (Lu—éMu):(Vu@Vg)dl/
R2 R?

1
Lu:Mudu+7J [Mu|? dv + QJ Hyg: (Vu® Vu)dv
R2 2 R2 R2

+3J IVul> ([Vg|> — Ag)dv. (4.12)
]RZ

3) On the other hand, integrating by parts twice yields

d
A|Vaul® dv :f Vul? Afe/2) £2 +J [Vaul? (|Vg]? — Ag) dv
R2 R2 H R2
+J [Vul®> (Vu-Vg)dv,
R2
1 2 1 4
=—=| Aul|Vy| dV—F*‘[ |Vul™ dv
2 R2 4 R2

+ J [Vul” (IVg]* — Ag) dv + J |Vul* (Vu - Vg)dv. (4.13)
R2 R2
Integrating by parts again we have that

VAu-Vudy = —f

1
Au (Au ~5 |Vul* = (Vu - Vg)) dv,
R2

R2

which we can use along with the Bochner-Lichnerovicz-Weitzenbsck formula on R? (with
Ricci tensor identically equal to 0),

A|Vul> = 2|Lu|? + (Au)? + 2VAu - Vu,
to get
A|Vul? dv = f (2 ILu? — (Aw)? + Au|Vul® + 2 Au (Vu - vg)) dv .
R2 R2

Combined with (4.13) this proves that

3 1
J (Au)? dv = QJ. ILu|? dv + fj Au|Vu|® dv — ff |Vu|* dv
R2 R2 2 Jpe 4 Jr2

- J |Vu)? (IVg]> — Ag) dv + QJ Au(Vu-Vg)dv — J [Vu|* (Vu-Vg)dv.
R2 R2 R2
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Using (4.7), (4.8), (4.11) and (4.12), we obtain
J (Au)? dv
R2

= 2[ |La|? dv
R2

3 3
—ff Lu:MudV—i—ff IMu|? dv + 3J Hyg: (Vu® Vu) dv
2 R2 4 R2 R2

_3J (Vu-Vg)*dv — GJ (Lu—iMu) :(Vu®Vyg)dv
R2 R2

9
+3 [ 196l (Ve - ag)av
2 ]RZ
1
5 | ar = [ wu (99 - Ag) dv
2 R2 ]Rz
1
+2f \Vu|2 (IVg]* — Ag) dv — 4f (Lu— 2Mu) : (Vu® Vyg)dv
R2 R2
—4f Hg : (Vu® Vu)dv + 4J (Vu - Vg)*dv
R2 R2
1
+8f (Lu— 2Mu) : (Vu® Vyg)dv
RZ
fGJ IVul? (IVg]* — Ag) dv.
RZ

Collecting terms, we arrive at

J (Au)? dv = QJ |La|? dv — §J Lu : Mudv + lf IMu||? dv

RQ RZ 2 RQ 4 RQ

1
—QJ (Lu—Mu):(Vu@Vg)du
2 2
ff Hg : (VU@VU)dV+J (Vu-Vg)?dv
R? R?
1

2
4) By reinjecting (4.12) and (4.14) in the expression of Z, we get that

O:I[u]:4f \|Lu\|2dz/—4f Lu;MudHf [Mul dv
R2 R2 R2

- SJ (Lu—iMu) :(Vu® Vyg)dv
R2

- ff Vul? (Vgl? — Ag)dv.
RQ

(4.14)

+ QJ IVul? ([Vg]2 = Ag)dv — 167 A | [Vu>e 2 dx.
R2 R2

Since |Vu ® Vg|? = |Vu|?|Vg|?, then we get for the corresponding trace free quantity

Nu = Vu® Vg — 3 (Vu-Vg)I, that

1
| Nul[* = [Vul* [Vg[* = 5 (Vu- Vg)®
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and hence obtain the identity

2

0-1]
R2

Lu — %Mquu dv

— QJ [(Ag +|Vgl* = (Vg-w)?) e+ 87 )] [Vul?e *?dz (4.15)
R2

where w = Vu/|Vul. If we assume that {, |Vu|?> dz e~/ # 0 and define

_ 1 SRQ [(Vu -Vg)? — (Ag + |Vg]?) \Vu|2] e~ W29 dr
= 8 S]RQ |vu‘2 efu/Q dx )

then we get a contradiction if A < A. To keep maximal generality, one could even include
the term {,, |Lu— § Mu — Nu H2 dv in the definition of A, as it was done in the case of
manifolds. However, this is a quite complicated criterion to verify since it involves the so-
lution to (4.3) itself. Hence it makes sense to consider the simpler case where 4 has radial
symmetry. In that case it is also known from [GNN81] that v is radially symmetric if  is a
monotone non-increasing function of |z|. Let
A= _ 1 inf (Age‘g) = inf M.
8T zeR? zeR2 81 p

Theorem 2. Assume that p is a radially symmetric function. Then any radially symmetric solution
to (4.3) is a constant if A < A, and the inequality (4.2) holds with A = A, if equality is achieved
among radial functions.

Example 1. The Euclidean Onofri inequality corresponds to

1

=———— VzeR%
we) = T e T

Since —Alogp = 87 p, it is known that A, = 1 is the optimal constant. See [CLI2] for further
details. Let us notice that the analysis of the equation

Lu — %Mu—Nu:O

in the case A, = 1 provides a proof of the uniqueness of the radial solution to (4.3), which is alternative
to the result of [Bil+06].

Example 2. It is straightforward to deduce a perturbation result from Theorem 2, that goes as follows.

Let
e—h(x)

=———— VzeR?

where h is a radial function and Z a normalization constant so that p is a probability measure. We
shall assume that h has a bounded variation and is such that |x|* Ah is bounded from below. Then
we have the estimate

—Al 1
inf 08K o oVar(h) g 4 g (1+ |z*)? Ah] .
zeR?2 87T,LL 8 zeR?
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Example 3. The subcritical Onofri inequality has been studied in [CD12]. It plays an important
role for the study of the subcritical Keller-Segel model and its asymptotics for large times, and goes
as follows. Let = n/M where n is given as the unique (up to constants) radial solution to

2
667%|I‘

—Ac=n=M ——F——
S ec~sl21? gy

and the mass M is taken in the interval M € (0,8 7). According to [GNN81], n is radially symmetric
as a consequence of the moving plane method. 1t is straightforward to check that

— Al M 1
inf — 08K _ i

zeR?2  S8mp 8T  zeR24Tp

but the symmetry of the solution to (4.2) is not true for X\ > 2L and 3~ turns out to be the value of
the optimal constant in (4.2). See [CD ; CD12] for further details.

Example 4. The parabolic-parabolic Keller-Segel model has global in time solutions with mass larger
than 8 w for some values of its parameters, according to [BCD11]. The stationary solutions in self-
similar variables can be written as

2
ecfé‘aj‘

—Ac=cz-Ve+n with n=M ————
S]Rz ec_i‘l‘ dx

(where € > 0 is a given parameter) and have been shown to be radially symmetric in [NSY02]. To
prove that a weighted Onofri inequality holds with y = n/M, it is therefore sufficient to establish the
range of X € (0, A,) such that the minimizer of u — (o, |Vu|? do— 167 X [log ({2 € dp) — §po wdp]
is radially symmetric, where

.. —Alogpy M | ex-Vec+2

inf —— = inf ——— .

zeR2 8T 8T  zeR? 8T
Such symmetry breaking issues are however known to be difficult : see for instance [DE14] for a
discussion of a related problem.
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CHAPITRE V

Modeles de mouvement de foule

Ce chapitre reprend en grande partie I'article « Stationary solutions of Keller-Segel type
crowd motion and herding models : multiplicity and dynamical stability », écrit en col-
laboration avec Jean Dolbeault et Peter Markowich. Il est a paraitre dans Mathematics and
Mechanics of Complex Systems.

Résumé

Ce chapitre concerne 1'étude de deux models d’aggrégation et de mouvement de
foule. Chacun des deux modeles est du type Keller-Segel et donc constituté d’un systéme
de deux équations paraboliques. La premiére régit I'évolution de la densité de personne,
l'autre celle d'un potentiel de type champ moyen. Ce dernier joue le r6le de terme mé-
moire. Nous classifions toutes les solutions stationnaires a symétrie radiale et prouvons
certains résultats de multiplicité. En caractérisant ces solutions comme points critiques
d’une fonctionnelle d’énergie, nous établissons quelques une de leur propriétés qualita-
tives. Dans ce cadre, il est possible d’associer une notion de stabilité variationelle a ces
états stationaires.

D’autre part, nous étudions la stabilité dynamique a travers ’analyse des propriétés
spectrales de 1'opérateur d’évolution linéarisé autour de ces solutions. La mise en évi-
dence d'une fonctionnelle de Lyapunov associée au second probléme nous permet de
relier les deux notions de stabilité. Méme dans ce cas, il est possible de choisir les pa-
rametres de sorte que plusieurs solutions stables coexistent pour une méme valeur du
parameétre de masse. L'analyse des propriétés des solutions est faite a la fois théorique-

ment et via le calcul numérique.
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V. MODELES DE MOUVEMENT DE FOULE

1 Introduction

The Keller-Segel model in chemotaxis has attracted lots of attention over the last years.
However, most of the theoretical results have been obtained either in a parabolic-elliptic
setting or when the coefficients, like the chemosensitivity coefficient, are independent of the
solution. Models used in biology usually involve coefficients which depend on the solution
itself, thus making the problems far more nonlinear, and also far less understood. The crowd
motion and herding models considered here are two problems in the same class, where the
main additional features compared to the standard version of the Keller-Segel model are
the limitation (prevention of overcrowding) of the drift for the mass density in both models,
and the limitation of the source in the equation for the chemo-attractant in one of the two
models. Such limitations have important consequences : there is multiplicity of solutions
for a given mass, in certain regimes; plateau-like solutions have an interesting pattern for
modeling issues ; the flux limitation forbids concentration and guarantees nice properties
of the solutions, but also raises non-trivial stability issues concerning the set of stationary
solutions, which we investigate numerically. The two models can be considered as test cases
for the understanding of a very large class of parabolic-parabolic systems with the property
of having several attractors. The fact that radial solutions are bounded and can be fully
parametrized in relatively simple terms makes the study tractable. Most of the difficulties
come from the complicated dependence of the solutions on the total mass, which is the
crucial parameter in the two cases. Numerically, the difficulty comes from the parameters
of the model which have to be chosen in ranges that make the problem rather stiff.

Description of the models

In this paper, we shall consider herding and crowd motion models describing the evo-
lution of a density p of individuals subject to a drift V.D and confined to a bounded, open
set Q = RY. The evolution equation for p is given by

op=A0p—=V-(p(1-p) VD) (11)

where p; stands for the derivative of p with respect to time ¢ and the p (1 — p) includes
the prevention of overcrowding term. For an isolated system, it makes sense to introduce a
no-flux boundary condition, that is

(Vo—p(1=p)VD) - v=0 on 0Q (1.2)

which guarantees the conservation of the number of individuals (or conservation of mass),
namely that

L p dz =M (1.3)

is independent of ¢. In the models considered in this paper, we shall assume that the poten-
tial D solves a parabolic equation

0tD =k AD —40D + g(p) (1.4)
and is subject to homogeneous Neumann boundary conditions

VD-v=0 on 0Q. (1.5)
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1. Introduction

We restrict our purpose either to Model (I) when

g(p) =p(1—p) (1.6)

or to Model (II) when
g(p)=p. (1.7)

In this paper, our purpose is to characterize stationary solutions and determine their qua-
litative properties.

Motivations

Human crowd motion models are motivated by the will to prevent stampedes in public
places mainly by implementing a better design of walkways. Most crowd motion models
do not convey herding effects well enough, that is, loosely speaking, when people bunch up
and try to move in the same direction, as typically occurs in emergency situations.

In an effort to improve herding and crowd motion models, M. Burger ef al. in [BMP11]
have derived Model (I) and Model (II) as the continuous limit of a microscopic cellular au-
tomaton model introduced in [KS02]. It takes the form a parabolic-parabolic system for the
density of people p and for the field D, where D is a mean field potential which carries
the herding effects. Basically, people are subject to random motion, with a preference for
moving in the direction others are following. Random effects are taken into account by a
diffusion, while a drift is created by the potential D, which accounts for locations that are
or were previously occupied. To account for the packing of the people, empty spaces are
preferred, which explains the role of the (1 — p) term in front of the drift, with 1 being the
maximal density. Such a correction is refered to as prevention of overcrowding in the mathe-
matical literature.

Both quantities p and D undergo diffusion which happens much faster for p, this point
being reflected by the fact that the constant « is assumed to be small. The potential D decays
in time with rate 0 > 0 and increases proportionally to the density p, but only if the density
is not too high in case of Model (I) : this is taken into account by the source term g(p) given
either by (1.6) or by (1.7). As we shall see in this paper, interesting phenomena occur when
0 is also taken small.

In many aspects, these models are quite similar to the Keller-Segel model used in che-
motaxis. Prevention of overcrowding has already been considered in several papers, either in
the parabolic-elliptic case in [Bur+10 ; BDSS08] or in the parabolic-parabolic case in [DR08]
(with a diffusion dominated large time asymptotics) and [Bur+10] (where, additionally, the
case of several species and cross-diffusion was taken in to account). In these papers the em-
phasis was put on the asymptotic behaviors, with a discussion of the possible asymptotic
states and behaviors depending on the nonlinearities in [BDDS06] and a study of plateau-
like quasi-stationary solutions and their motion in [BDSS08]. This of course makes sense
when the domain is the entire space, but a classification of the stationary solutions in boun-
ded domains and in particular plateau-like solutions is still needed, as it is strongly sug-
gested by [BMP11] that such solutions have interesting properties, for instance in terms of
stability.
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V. MODELES DE MOUVEMENT DE FOULE

Because of the (1—p) factor in front of the drift, the transport term vanishes in our models
as p approaches 1, so that for any initial data bounded by 1, the density remains bounded
by 1. Hence blow-up, which is a major difficulty for the analysis of the usual Keller-Segel
system for masses over 87 (cf. for instance [BDP06]), does not occur here. In contrast with the
parabolic-elliptic Keller-Segel model with prevention of overcrowding studied in [Bur+10],
Models (I) and (II) are based on a system of coupled parabolic equations. This has interesting
consequences for the evolution problem as, e.g., it introduces memory effects. It also has
various consequences for the dynamical stability of the stationary states. In Model (1), the
source term in the equation for D involves p (1 — p) instead of p. Such a nonlinear source
term introduces additional difficulties as, for instance, no Lyapunov functional is known up
to now.

Main results

Let us summarize some of the main results of this paper, in case of Models (I) and (II),
when Q is a ball, as far as radial nonnegative stationary solutions are concerned. As we shall
see below the stationary solutions of interest are either constants or monotone functions,
which are then plateau-like.

Theorem 21. Let Q be a ball and consider solutions of Models (I) and (II) subject to boundary
conditions (1.2) and (1.5). Then the masses of the radial nonnegative stationary solutions as defined
by (1.3) range between 0 and || and we have :

(i) Non constant stationary solutions exists only for M in a strict sub-interval (0, |$2|),
(ii) Constant solutions are variationally and dynamically unstable in a strictly smaller subinterval,

(iii) There is a range of masses in which only non-constant stationary solutions are stable, given by
the condition that k A1 + 0 is small enough, where A\, denotes the lowest positive eigenvalue of
—A in § subject to Neumann homogeneous boundary conditions,

(iv) For any given mass, variationally stable stationary solutions with low energy are either mo-
notone or constant ; in case of Model (1), monotone, plateau-like solutions are then stable and
attract all low energy solutions of the evolution problem in a certain a range of masses.

Much more can be said on stationary solutions, as we shall see below and some of our
results are not restricted to radial solutions on a ball. The natural parameter for the solutions
of Models (I) and (II) is M, but it is much easier to parametrize the set of solutions by an
associated Lagrange multiplier : see Section 2. In particular, stationary solutions are then
critical points of an energy defined in Section 3, and there is a notion of variational stability
associated to this energy. Taking into account the mass constraint, as it is done in Section 4,
makes the problem more difficult. To study the evolution problem, one can rely on a Lya-
punov functional introduced in Section 5, but only in case of Model (II). Dynamical stability
is studied through the spectrum of the linearized evolution operator in Section 6 and the
interplay between notions of variational and dynamical stability is also studied in details.
How to harmonize the two points of view on stability is a question that Model (I) and Model
(II) share with all parabolic-parabolic models of chemotaxis. In case of Model (II), results
are summarized in Theorem 46. The issue of the stability of monotone — constant or non

116



2. Radial stationary solutions

constant — solutions is a subtle question and most of this paper is devoted to this point.
Precise definitions of variational and dynamical stability will be given later on.

Numerical results go beyond what can be proved rigorously. Because we use the pa-
rametrization by the Lagrange multiplier, we are able to compute all radial solutions. In
practice, we shall focus on the role of constant and monotone plateau-like solutions. A list
of detailed qualitative results is provided at the beginning of Section 7. Theoretical and
numerical results are discussed in Section 8.

Some references

The two models considered in this paper have been introduced in [BMP11] at the PDE le-
vel. Considerations on the stability of constant solutions can be found there as well. Models
(I) and (II) involve a system of two parabolic equations, like the so-called parabolic-parabolic
Keller-Segel system for which we primarily refer to [CCO08]. In such a model, stationary so-
lutions have to be replaced by self-similar solutions, which also have multiplicity proper-
ties (see [BCD11]). How the parabolic-parabolic model is related to the parabolic-elliptic
case has been studied in [BB09 ; CC08]. The parabolic-elliptic counterpart of Model (I) is
known : for plateau solutions and the coarsening of the plateaus, we refer to [BDSS08] (also
see [BDDSO06 ; Bur+10] ; related models can be found in the literature under the name of
Keller-Segel model with logistic sensitivity or congestion models).

One of the technical but crucial issues for a complete classification of all solutions is
how to parametrize the set of solutions. Because Lyapunov or energy functionals are not
convex, this is a by far more difficult issue than in the repulsive case, for which we refer to
[DMUO1]. The lack of convexity makes it difficult to justify but, at a formal level, the evolu-
tion equations in Model (II) can be interpreted as gradient flows with respect to some metric
involving a Wasserstein distance (see [CL] in case of the Keller-Segel model and [BL13] for a
more general setting ; also see [LM12] for an earlier result in the same spirit). To be precise,
one has to consider the Wasserstein distance for p and a L? distance for D as in [CC12].
The difficulty comes from the fact that the Lyapunov functional is not displacement convex
(see for instance [BCCO8] and subsequent papers in the parabolic-elliptic case of the Keller-
Segel system). Using methods introduced in [MMS09], this may eventually be overcome but
is still open at the moment, as far as we know.

2 Radial stationary solutions

A parametrization of all radial stationary solutions

Any stationary solution of (1.1) solves
Vo—p(1l—-p)VD =0 on Q,

which means

.1)
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V. MODELES DE MOUVEMENT DE FOULE

where ¢ = D—¢g and ¢ € Ris anintegration constant determined by the mass constraint (1.3) :
¢o is the unique real number such that

1

Taking into account boundary conditions (1.5), Eq. (1.4) now amounts to
— KAP+0(p+ do) — f(#) =0 on Q (2.3)
with boundary conditions
Vé-v=0 on 0Q. (2.4)
The functions f and F are defined by f = F’ and

-
1—#% and f(¢)=p(1—p) = — % incase of Model D,

F(¢)=p= A5

F(¢) =log(l+e?) and f(¢)=p= 1% in case of Model (II) .

The crucial observation for our numerical computation is based on the following result.

Proposition 22. If Q2 is the unit ball in R%, d > 2, all radial solutions of (2.3)-(2.4) with f as above
are smooth and can be found by solving the shooting problem

—k (el + L) + 6 (pa+d0) — f(wa) =0, ¢,(0)=0, ¢.(0)=a

as a function of the parameter a € R. The shooting criterion is : ¢}, (1) = 0.
If d = 1, all solutions in Q@ = (0, 1) are given by the above ODE.

Démonstration. The proof presents no difficulty and is left to the reader. O

Constant solutions

Determining ¢ such that § (¢ + ¢o) — f(¢) = 0, thatis

K@) = 5 7(6) 6 = b0 5

exactly amounts to determine the (possibly multivalued) function ¢y — k~*(¢y). The follo-
wing result is not restricted to the special case of f as defined in Model (I) or Model (II).

Lemma 23. Let § > 0. Assume that f € C'(R) is bounded and such that limy_, 1+ f'(¢) = 0.
Then the function ¢ — k'(¢) = 3 f'(¢) — 1 has 2 zeros for some € € N and the equation (2.5) has
at most 2 £ + 1 solutions. Moreover, for |¢o| large enough, (2.5) has one and only one solution, which
is such that p given by (2.1) converges to 0 as ¢po — +00 and to 1 as ¢pg — —o0.

If |¢o| is large, we observe that k(¢) ~ — ¢. Other properties are elementary conse-
quences of the intermediate values theorem and left to the reader. A plot is shown in Fi-
gure V.1.

With f = F’ and f corresponding either to Model (I) or (II), all assumptions of Lemma 23
are satisfied with £ = 0 or 1. For later purpose, let us define

¢—(¢o) = mink™'(¢o) and ¢ (¢g) == max k™" (¢g)
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3. Unconstrained energy and constant solutions

and emphasize that ¢. depend on ¢o. The set k! (¢y) is reduced to a point if and only if
d—(d0) = ¢4 (¢0). From Lemma 23, we also know that

¢y = inf{gg e R : ¢_(¢o) < ¢+ (o)} and @7 =sup{goeR : ¢_(¢o) < d+(¢0)}

are both finite.

Instead of parametrizing solutions by ¢y, it is interesting to think in terms of mass.
Here is a first result (see Fig. V.2) in this direction, which follows from the property that
K (¢+(¢0)) < 0 for any ¢ € R.

Lemma 24. Under the assumptions of Lemma 23, ¢o — ¢+ (o) is monotone decreasing, and the
corresponding masses are also monotone decreasing as a function of ¢o.

The proof is elementary and left to the reader. If ¢ is a constant solution, it is a monotone
increasing function of the mass according to (2.1). Hence the mass of a constant extremal
solution ¢ = ¢+ (¢o) is a monotone decreasing function of ¢¢. Moreover, we have

(@) =p(1—p)h(p)

with p given by (2.1), h(p) = 1 — 2 p in case of Model (I) and h(p) = 1 in case of Model (II).

A simple computation shows that m := max ,c[o,1 p (1 — p) h(p) is equal to 1/6 /3 and 1/4 in
case of Models (I) and (II) respectively. As a consequence, with the notations of Lemma 23,

¢ = 0if either 6 > mord < mand ¢y € R\(¢y,0¢). If § < m we find that £ = 1 if

do € (¢g . ¢¢ ) : there are exactly 3 constant solutions.

In the case of Model (I) or (II), the (unique) constant solution taking values in (¢_(¢y), ¢+ (¢0))

is monotone increasing as a function of ¢y (when it exists), thus defining a range of masses

in which Theorem 21 (iii) holds, as we shall see below.

3 Unconstrained energy and constant solutions

In this section we consider the problem for fixed ¢y. On the space H!(Q), let us define
the energy functional by

Eguld] = & L Vo di+ 2 L 6+ dol? do ﬁ (o) da (3.1)

It is clear from (1.3) that stationary solutions of Model (I) and Model (II) are critical points
of &4, (see below Lemma 25) for some given Lagrange multiplier ¢. Moreover, for a given
¢o, we know how to compute all radial solutions as explained in Section 2. Hence we shall
first fix ¢o, study the symmetry of the minimizers of £;, and clarify the role of constant
solutions.

Critical points

Lemma 25. Assume that F is Lipschitz continuous and §) is bounded with C1-® boundary for some
a > 0. With ¢g kept constant, ¢ is a solution of (2.3)—(2.4) if and only if it is a critical point of E4,
in HY(9).
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V. MODELES DE MOUVEMENT DE FOULE

It is straightforward to check that £4, has a minimizer for any given ¢, but such a mini-
mizer is actually constant as we shall see below in Corollary 28. Non constant solutions are
therefore not minimizers of £,, for fixed ¢¢. The regularity of the solution of (2.3)—(2.4) de-
pends on the regularity of F', but when it is smooth as in the case of Models (I) and (1), the
standard elliptic theory applies and ¢ is smooth up to the boundary. We refer for instance
to [BrelO] for a standard reference book. Details are left to the reader and we shall assume
without further notice that solutions are smooth from now on.

Notice that our original problem is not set with ¢, fixed, but with mass constraint (1.3).
Understanding how results for a given ¢ can be recast into problems with M fixed is a
major source of difficulties and will be studied in particular in Section 4.

Linearized energy functional

Consider the linearized energy functional

lim £¢0 [¢ +e€ 1)0] - g¢0
-0 2¢2

o] _ fﬂw(m Y) dz

where ¢ is a stationary solution, ¢ € H?(Q2) and E4 ¢ == — k A + 6 1) — F”(¢) . Notice that
with p given by (2.1), we have

Egp= kAP +0¢ —p(1—p)h(p) (32)

with h(p) =1 — 2 p in case of Model (I) and h(p) = 1 in case of Model (II).

Stability and instability of constant solutions

Denote by (A, )nen the sequence of all eigenvalues of —A with homogeneous Neumann
boundary conditions, counted with multiplicity. The eigenspace corresponding to A\g = 0
is generated by the constants. Three constant solutions co-exist when constant solutions ¢
take their values in k o (k')~1(0, +o0), that is when

d—p(1—p)h(p) <0.

A constant solution (p, D = ¢ + ¢y) is variationally unstable if E4 has a negative eigenvalue,
that is if
kKM +0—p(l—p)h(p) <0. (3.3)

When such a condition is satisfied, the constant solution ¢ cannot be a local minimizer of
E4o- Dynamical stability of the constant solutions with respect to the evolution governed
by (1.1)-(1.5) will be studied in Section 6 : in case of constant solutions, such an instability
is also determined by (3.3), as we shall see in Proposition 38.

Condition (3.3) is never satisfied if £ Ay + 0 = m = max,e0,1] p (1 — p) h(p). Otherwise,
this condition determines a strict subinterval of (0,1) in terms of p, and hence an interval
in ¢. This proves Theorem 21 (ii). A slightly more precise statement goes as follows.

Lemma 26. Let § > 0. The set of values of ¢ for which there are constant solutions of (2.3) which
satisfy (3.3) with p given by (2.1) is contained in (¢, , g ). Moreover, if there exists a constant,
variationally unstable solution, then there is also a constant, variationally stable solution of (2.3) for
the same value of ¢o, but with lower energy.
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3. Unconstrained energy and constant solutions

The proof of Lemma 26 requires some additional observations. It will be completed in
Section 3.

Numerical range

We shall postpone the proof of Lemma 26 to the end of the next section. Cases of nume-
rical interest studied in this paper are the following.

1. In dimension d = 1 with = (0, 1), the first unstable mode is generated by = —
cos(m x) and corresponds to A\; = 72 ~ 9.87.

2. In dimension d = 2, the first positive critical point of the first Bessel function of the
first kind Jy, that is g := min{r > 0 : Jj(r) = 0}, is such that vy ~ 3.83 so that A\¢,; =
r§ ~ 14.68 is an eigenvalue associated to the eigenspace generated by r — Jy(r o).
Applied to (3.3), this determines the range of radial variational instability. Recall that J,
is the solution of J{ + % J) + Jo = 0.
We may notice that non-radial instability actually occurs in a larger range, since the
first positive critical point of the second Bessel function of the first kind J;, thatis r; ==
min{r > 0 : Jj(r) = 0},is such that r; ~ 1.84 so that \; o = 7? ~ 3.39is an eigenvalue
associated to the eigenspace generated by r — J1(r 1), and Ay = A1 o < Ag,1. Applied
to (3.3), this determines the range of variational instability. Recall that J; is the solution
of JI +1J — L Ji+Ji=0.
Let us notice that the values of max ,co 1] p (1 — p) h(p) are in practice also rather small, na-
mely 1/6+/3 ~ 0.096 and 1/4 = 0.25 in case of Models (I) and (II) respectively, which in
practice, in view of the values of A\;, makes the numerical computations rather stiff. In this
paper we are interested in the qualitative behavior of the solutions and the role of the dimen-
sion, but not so much in the role of the surrounding geometry and hence we shall restrict
our study to radial solutions. One of the advantages of dealing only with radial solutions
is that we can use accurate numerical packages for solving ODEs and rely on shooting me-
thods, thus getting a precise description of the solution set. Taking into account the effects
of the geometry is another challenge but is, in our opinion, secondary compared to esta-
blishing all qualitative properties that can be inferred from our numerical computations.
Another reason for restricting our study to radially symmetric functions is Proposition 22 :
using the shooting method, we have the guarantee to describe all solutions, with additional
informations like the knowledge of the range in which to adjust the shooting parameter,
as a consequence of the observations of Section 2 (see also Proposition 29). Within the fra-
mework of radial solutions, we can henceforth give a thorough description of the set of
solutions, that is clearly out of reach in more general geometries. However, as far as we deal
with theoretical results, we will not assume any special symmetry of the solutions unless
necessary.

In practice, numerical computations of this paper are done with § = 1072 and « ranging
from 5 x 10~ to 1072, Such small values are dictated by (3.3). They are also compatible with
the computations and modeling considerations that can be found in [BMP11]. See Fig. V.2 for
a plot corresponding to a rather generic diagram representing constant solutions for Model
(I) in dimension d = 1. Numerically, our interest lies in the non-constant radial solutions
that bifurcate from the constant solutions ¢ at threshold values for condition (3.3), that is
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for values of ¢ such that k A\; + J — p (1 — p) h(p) = 0 with \; = 72 in dimension d = 1,
and A\; = Ag,1 when d = 2. We shall take ¢ as the bifurcation parameter and compute
the mass of the solution only afterwards, thus arriving at a simple parametrization of all
solutions. Our main results are therefore a complete description of branches of solutions
bifurcating from constant ones and giving rise to plateau solutions. See Fig. V.3 for some plots
of the solutions. We notice that in the range considered for the parameters, the transition
from high to low values is not too sharp. The numerical study will be confined to radial
monotone solutions, but we will briefly explain in Section 4 (at least when d = 1) what can
be expected for solution with several plateaus. Concerning stability issues, decomposition
on appropriate basis sets will be required, as will be explained in Section 7.

Qualitative properties of the stationary solutions
Lemma 27. Let 2 be a bounded open set in R? with C? boundary and assume that k : R — R is

Lipschitz continous with

liminf k(u) >0 and limsupk(u) <0.

U——00 u—~+00

Assume that all zeros of k are isolated and denote them by u1 < ugz < ... < un for some N > 1.
Then any solution of class C* of Au + k(u) = 0in Q, Vu -z = 0 on 02 takes values in [uy, un].

Démonstration. Let x* € Q be a maximum point of u. We know that —Au(z*) = k(u(z*))
0, even if z* € 0 Q) because of the boundary conditions. By assumption, we find that u(z)

O nw

u(z*) < upy forany z € Q. Similarly, one can prove that u > u.
Applying Lemma 27 to (2.3), (2.4) has straightforward but interesting consequences.

Corollary 28. Under the assumptions of Lemma 23, for any given ¢o € R, if ¢ is a solution of (2.3)—
(2.4), then we have that

¢ (o) < d(x) < ¢4(¢0) Vref.

The minimum of £, is achieved by a constant function. Moreover, if (2.5) has only one solution ¢,
then (2.3)—(2.4) also has only one solution, which is constant and ¢ = ¢p_ = ¢.

Démonstration. We simply observe that, according to the definition (3.1), we have
Eald) =3 [ 16+ 0o do = | F(0) o

and critical points of ¢ — %|¢ + ¢o|? — F(¢) are precisely the constant solutions of (2.5) with
f=F. O

In the cases which are numerically studied in this paper, there is an additional property
which is of particular interest.

Proposition 29. Consider either Model (I) or Model (II). Then there exists a constant unstable
solution only if ¢ € (dg , ¢¢ ).

Démonstration. This is an easy consequence of the properties of f = F”. Details are left to
the reader. 0
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3. Unconstrained energy and constant solutions

A monotonicity result

For a given ¢y € R, non-monotone radial functions always have higher energy &;, than
radial monotone functions. We can state this observation as a slightly more general result,
as follows.

Proposition 30. Assume that §) is the unit ball in R?, d > 2, and let G € W1*(Q). Then the
functional G[¢] = 3§, |Ve[* dz — §,G(¢) dx is bounded from below and for any radial non
monotone function ¢ € C*(Q) satisfying (2.4), with a finite number of critical points, there exists a
radial monotone function ¢ which satisfies (2.4), coincides with ¢ on a neighborhood of 0 such that

glo] < glo].

Démonstration. With a slight abuse of notations, we consider ¢ as a function of r = |z| € [0, 1]
and assume that it is solution of
d—1
¢" +G'(¢) = T ¢

Multiplying by ¢’, we find that

d (1 , d—1

dr<2¢ +G(¢))—— , ¢ <0.
Unless ¢ is constant, assume that for some ry € (0,1) we have ¢/(ry) = 0, and let G, =
G(¢(ro)). Integrating on (rg,r), 7 > ro, we find that

S6° 4 G9) <Gy on (1),

and then ¢ —G(¢) > ¢/* — Gy > — Gy on (g, R). Hence we have that

g&] = L (; ¢ — G(¢)> rd=t dr + f @ ¢~ G(¢>)> ri=tdr > g&i]

where ¢ defined by ¢ = ¢ on (0,7) and ¢ = ¢(r) on (ro, 1). This concludes the proof. []

Proposition 30 shows at ODE level why radial minimizers of the functional G have to be
monotone. It is also preparatory for Lemma 36.

Proof of Lemma 26. A constant solution which satisfies (3.3) cannot be a global minimizer
for ¢ fixed. According to Corollary 28, there exists another constant solution under the
assumptions of Lemma 26, which incidentally proves that ¢_(¢g) < ¢+ (o) with the nota-
tions of Section 2. The fact that there is a constant stable solution with an energy lower than
the energy of the unstable one is a consequence of Proposition 30. O

Summarizing, for a given ¢o € R, only constant solutions are to be considered for the mi-
nimization of £4,. However, the relevant problem in terms of modeling is the problem with
mass constraint, at least in view of the evolution problem, and it is not as straightforward
as the problem with a fixed Lagrange multiplier.
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V. MODELES DE MOUVEMENT DE FOULE

4 Energy minimizers under mass constraint

Existence and qualitative properties of minimizers

In this section, we assume that M > 0 is fixed and consider ¢}/[D] = ¢, uniquely
determined by (2.2). Let us define the functional

D — Fy[D] = ngWDP dz + gL |D|? d:c—LF(D—qS{)W[D]) dz .

In such a case, ¢y can be seen as a Lagrange multiplier associated to the mass constraint and
Fu[D] = Eg[D = dol.

Proposition 31. Assume that F' is a continuous function with a subcritical growth. If Q) is bounded
with CY* boundary for some o > 0, then for any M > 0, the functional Fps has at least one
minimizer D = ¢ + ¢o with ¢o = ¢} [D] in H (), which is such that Fp[D] = E,[6], and D
is of class C*(Q) if F' is of class C™.

Démonstration. It is straightforward to check that 7, has at least one minimizer in H'()
because any minimizing sequence converges up to the extraction of subsequences to a mi-
nimum D = ¢ + ¢ by compactness and lower semi-continuity. Then ¢ is a critical point of
&4, and regularity is a standard result of elliptic theory (see e.g. [Bre10]) and bootstrapping
methods. O

In Model (I) and (I), we respectively have |F(¢)| < 1 and F(¢) € [0,1log(2) + max(0, ¢)]
so the assumptions of Proposition 31 are satisfied. Notice that it is not implied anymore that
minimizers of F); under mass constraint are constant functions and hence they might not
be minimizers of £, .

Lemma 32. The mass of the density associated to non-constant solutions of (2.3)-(2.4) is bounded
away from 0 and |Q|.

Démonstration. Any non-constant solution of (2.3)-(2.4) has mass M = SQ ﬁ dx associa-
ted to its density, according to (2.1) and (2.2). Corollary 28 gives the bounds

L < M < L —
1 + e—®+(¢0) 1+ e—?-(¢0)

Let M) = min {M_(¢o) : ¢o € (¢p.¢¢)} and M) == max {M, (¢9) : ¢o € (¢5,¢¢)
Since ¢g — M4 (o) is a continuous function on R, we know from Lemma 26 that (M M
is compactly included in (0, |]). From Lemma 24, we deduce that M) = M, ().

M*((b()) = M+(¢()) .

Notice that Lemma 32 proves Theorem 21 (i).

Corollary 33. With above notations, we have 0 < M (™) < M) < 1 and minimizers of Fyr are
constant functions if M € (0, M(7)) U (M) 1). There is a subinterval of (M), M%) in which
minimizers of Far are non constant functions.

Whether minimizers of ), are constant solutions or not for some M e (M), (M)
will be investigated numerically. For small masses, or masses close to the maximal mass |}
corresponding to the limit density p = 1, we can state one more result.
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4. Energy minimizers under mass constraint

Corollary 34. Under the assumptions of Lemma 23, with M) e (0, |2|) defined as above, there
is one and only one solution ¢ of (1.1)~(1.5) with mass M € (0, M 7)) U (M) |Q]), and this
solution is constant, given by ¢ = —log (12 — 1),

A partial symmetry result

Lemma 35. Assume that d = 2. If Q is a disk, minimizers of Fr are symmetric under reflection
with respect to a line which contains the origin.

Démonstration. The proof of this lemma is inspired by [Lop96]. Assume that € is the unit
disk centered at the origin and denote by (z1, z2) cartesian coordinates in R2. Let us also
define the open upper half-disk 2 = {zx € Q : x = (x1,22), 1 > 0}. If ¢ is a minimizer
of Fyr, we define q~5by qg(ml, x9) = ¢(|x1|,22), so that dis symmetric with respect to the line
z1 = 0. Up to a rotation, we can assume that {1, accounts for exactly half of the mass, i.e.
S, (1 + e ?)~t dz = M/2, so that {, (1 + ¢=?)~! dz = M. Then, up to a reflection, we can
assume that Q2 accounts for at most half of the the value of Fj; :

K 1

2 g 2
5 ), (wor a3 | oo ar— | F@) dr < Fulel.

Itis then clear that ¢ is a minimizer of Fj; such that the mass constraint (1.3) is satisfied. As
such, ¢ also solves the Euler-Lagrange equations, with same Lagrange multiplier ¢ because
¢ and ¢ coincide on 2. Then w = ¢ — ¢ solves the equation

0(¢—9) + F'(9) — F'(¢)
o—¢

on Q. Since F € C® and ¢, ¢ are continuous,  is bounded. According to [Hor69, Theorem

—kAw+hw=0 with h:=

8.9.1], Hérmander’s uniqueness principle applies. Since w = 0 on €2, we actually have
w = 0 on the entire disk , and so ¢ = ¢. O

In higher dimensions, when (2 is a ball, the method can be extended and shows the
symmetry of the solutions with respect to hyperplanes. Thus proving a result of so-called
Schwarz foliated symmetry. The method also applies to the functional £4, with fixed ¢¢ and
shows that a minimizer is radially symmetric, but this is useless as we already know that
the minimum is achieved among constant solutions.

One dimensional minimizers are monotone

One-dimensional stationary solution solve an autonomous ODE. This has several inter-
esting consequences.

Lemma 36. Let d = 1and M > 0. Then minimizers of Fr are monotone, either increasing or
decreasing.

Démonstration. Assume that ¢ is a minimizer of Fj; and Q = (0,1). If ¢ is not monotone,
it has a finite number of extremal points 0 = 79 < r;... < ry = 1 for some N > 1. By
uniqueness of the solution of the initial value problem with ¢(r;) given and ¢’ (r;) = 0 we
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V. MODELES DE MOUVEMENT DE FOULE

conclude that ¢(r; — s) = ¢(r; + s) aslongas 0 < r; —sand r; + s < 1, so that r; = %, that
is ¢ is 3--periodic. With o(r) = ¢(r/N), r e (0,1), we find that

1 1 (YN 1! 1
FPar= | WPar= g | 6P ar< [ 6P
L | N Jo | Nz | 0 |
thus proving that £, [¢] < £y, [¢] while S(l) (1+e%) dr = Sé (1+e~?) dr,a contradiction. [

From the scaling in the above proof, it is now clear that all non-monotone one-dimensional
solutions can be built from monotone ones by symmetrizing them with respect to their cri-
tical points, duplicating and scaling them. The intuitive idea is simple but giving detailed
statements is unnecessarily complicated, so we will focus on monotone, or one-plateau solu-
tions.

5 A Lyapunov functional

In case of Model (II), let us consider the functional
0
L[p, D] ::J [plogp+ (1—p)log(l—p)—pD] dz+ g‘[ |VD|? dz + §J D? dz .
Q Q Q

Proposition 37. The functional L is a Lyapunov functional for Model (II) and if (p, D) is a
solution of (1.1)—=(1.5) and (1.7), then
d _ [ INp=p(-pVDP

a Clett ) D == | =

As a consequence, any critical point of L under the mass constraint (1.3) is a stationary solution

of (1.1)=(1.5) and (1.7), and any solution converges to a stationary solution. If Q2 is a ball and if the
initial datum is radial, then the limit is a radial stationary solution.

x—f |- kAD+6D —p|* dz <0.
Q

Démonstration. An elementary computation shows that

%L’[p(t,-),D(t,-)] _ —L [1og (%) —D] D, dx—fﬂ(—f@AD—i—éD—p) D, dz

and the expression of 4 L[p(t,-), D(t,-)] follows from (1.1)~(1.5). Let p,,(t,z) = p(t + n,z)
and D, (t,x) == D(t + n,x). Since L is bounded from below, we have that

! ( | Vpn — pn (1 — pn) VD, |2
Q pn (1= pn)

lim
n—0o0 0

da:—l—f | = KAD, + 30D, —pn|? dJ;)dt—O,
Q

which proves that (p,,, D,,) strongly converges to a stationary solution. Other details of the
proof are left to the reader. O

Proposition 38. Let M > 0 and consider Model (II). For any D € H*(Q), let ¢y be the unique real
number determined by the mass constraint (2.2). Then for any nonnegative p € L'(Q) satisfying the
mass constraint (1.3), we have

Llp, D] = €4, [D — o] ,
and equality holds if and only if p is given by (2.1),i.e. p = 1/(1 + €= ?), with ¢ = D — ¢o. As a
consequence, for any minimizer (p, D) of L satisfying (1.3), p is given by (2.1) with ¢ = D — ¢y,
¢o satisfying the mass constraint (2.2), and ¢ is a minimizer of Ey,[¢] = L[p, D].
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6. The linearized evolution operator

Démonstration. We only need to notice that the minimum of L[p, D] with respect to p under
the mass constraint (1.3) satisfies

log(%) —D—¢p.

The completion of the proof follows from elementary computations which are left to the
reader. O

6 The linearized evolution operator

Dynamical instability of constant solutions

Assume that (p, D) is a stationary solution of (1.1)—(1.5). Because of (2.1) and (2.2), the
solution is fully determined by D. Let us consider a time dependent perturbed solution of
the form (p + e u, D + € v). Up to higher order terms, v and v are solutions of the linearized
system

6.1)

u=V-(Vu—(1-2p)uVD - p(1—p)Vv),
ve=rkAv—380v+ h(p)u

with h(p) = 1 — 2 p in case of Model (I) and h(p) = 1 in case of Model (II). For later use, we
introduce the notation Hp for the linear operator corresponding to the right hand side, so
that we shall write

(u,v)e = Hp (u,v) = ( Hp ' (1,0) ) with { Hp' (u,0) = V- [p(lfp)v(ﬁ*”)] ,

(2)
Hp' (u,v) Hg)(u,v):nAv—év—F h(p)u .
Dynamical instability of constant solutions can be studied along the lines of [BMP11].

Let us state a slightly more general result. We are interested in finding the lowest possible
1 in the eigenvalue problem

— Hp (ua ’U) =p ('LL,’U) ) (62)
where H(Dl) (u,v) now takes a simplified form, using the fact that p is a constant :
Hg) (u,v) =Au—p(l—p)Av.

The condition ;1 < 0 provides a dynamically unstable mode. As in Section 3, let us denote
by (An)nen the sequence of all eigenvalues of —A with homogeneous Neumann boundary
conditions, counted with multiplicity, and by (¢, )nen an associated sequence of eigenfunc-
tions. If u = Y} an¢npandv =Y _ Bn ¢, Problem (6.2) can be decomposed into

_>\nan+p(1_p))‘nﬂn = — HnQn
*HAnﬂn*56n+h(p)an = 7,“’an

for any n € N, that is

(/ln*An)Oén*Fp(l*p))\nﬂn =0
h(p)an+(ﬂn—ﬁ)\n—5)ﬁn =0
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V. MODELES DE MOUVEMENT DE FOULE

which has non-trivial solutions «,, and 3, if and only if the discriminant condition

(= An) (n — K An = 6) = p (L= p) h(p) An = 0

is satisfied. This determines p,, for any n € N, and the spectrum of Hp is then given by
(#4n)nen. Collecting these observations, we can state the following result.

Proposition 39. With the above notations, inf,,>1 p,, < 0 if and only if (3.3) holds.
Démonstration. The discriminant condition can be written as
tin = [(K+ 1) Ay + 0] pin + An [K A0 + 0= p (1= p) h(p)] = 0

so that there is a negative root if A,, (k A\, + 3 — p (1 — p) h(p)) < 0. Since (A, )nen is nonde-
creasing and )y = 0, there is at least one negative eigenvalue for (6.2) if the above condition
is satisfied with n = 1. This concludes the proof. O

In other words, dynamical instability of the constant solutions implies their variational
instability. As we shall see numerically, variational and dynamical instability are not any-
more equivalent for plateau-like solutions.

Notice that Ay = 0 has anyway to be excluded, as it corresponds to the direction gene-
rated by constants. Because of (3.3) we can ensure that the perturbation has zero average.
This will be further discussed below, in the general case of a stationary solution.

Variational criterion

In the case of Model (II), we can look at the Lyapunov functional £ and linearize it
around a stationary solution (p, D). Let

. Llp+eu,D+ev|—L|p,D
Lofu,] = lin lp 252] lp. D]

A simple computation shows that

Lplu v]*J‘ (M—uv> do + = |Vo? dx+§J v? dz
P a\2p(l—p) 2 Jo 2 Ja .

With Ey4 defined by (3.2), let

o v (Egv) dx

A= inf
m §o v? dz

Squp(l—p) dz=0
v=£0

with ¢ = D — ¢, and ¢ satisfying (2.2).

6.3)

Lemma 40. Let M > 0 and consider Model (II) only. If (p, D) satisfies (1.3) and is such that p is
given by (2.1) with ¢ = D — ¢g and ¢y is determined by (2.2), then

A=2 inf Lp[u,v] .
Sovp(1—p) dz=0
fov? dz =1

As a consequence, if (p, D) is a local minimizer of L under the mass constraint (1.3), then A is
nonnegative.
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6. The linearized evolution operator

Démonstration. We notice that Lp[u,v] = §, v (Ey v) dzholds true assoonasu = v p (1—p)
with p given by (2.1). In particular, this is the case if (p, D) is a local minimizer of £. With v
fixed, an optimization of L [u, v] with respect to u shows that u = v p (1 — p). When (p, D)
is a local minimizer of £, it is straightforward to check that L, [u, v] cannot be negative. [J

Entropy-entropy production
Along the linearized flow (6.1), we have

S Lpfult, ), olt, )] = ~2Ipfu(t, ), v(t, )] (6.4)

where

1 U 2 1 2
Ip[u,v] :=§fﬂp(l—p)‘V(m—v)’ dx+§fﬂl— KAV +6v—ul” da.

Let us define the bilinear form

Gz = [ (

Uy U2

—— — (ug v2 + usg v1)> dz+x | Vvi-Vuy do+6 | vivy dx
p(1—p)

Q Q

which is such that
2Lp[u,v] = {(u,v), (u,v))p -

Lemma 41. Consider Model (II) only and assume that (p, D) is a local minimizer of £ under the
mass constraint (1.3). On the orthogonal of the kernel of E4 with ¢ = D — ¢q, ¢o satisfying (2.2),
(-, )p is a scalar product and Hp is a self-adjoint operator with respect to {-, ). Moreover, if (u,v)
is a solution of (6.1), then

C Ll 0] = ~2Tp[u, o] = (), Hp (u,0))p < 0.

As a consequence, on the orthogonal of the kernel of Ey, (0,0) is the unique stationary solution
of (6.1) and any solution with initial datum in the orthogonal of the kernel converges to (0, 0).

With a slight abuse of notations, we have denoted by the kernel of E4 the set {(u,v) : v e
Ker(Ey)}.

Démonstration. The positivity of Ip is a consequence of the definition and self-adjointness
results from the computation

— {(u1,v1),Hp (u2,v2)),, = JQp(l — p)V(ﬁ — vl) V(ﬁ — ’02) dz

+J (— ﬁAvl—i-(Svl—ul)(— /@Avg—&-&vg—ug) dz .
Q

O
Note that one has to take special care of the kernel of Hp. If (par, D) is a stationary

solution of (1.1)—(1.4) depending diffentiably on the mass parameter M, it is always possible
to diffentiate pas and D with respect to M and get a non trivial element in the kernel of Hp.
However, it is not guaranteed that this element generates the kernel of E4 and although not
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V. MODELES DE MOUVEMENT DE FOULE

observed numerically, it cannot be excluded that secondary bifurcations occur on branches
of plateau-like solutions.

If (p, D) is a stationary solution of (1.1)—(1.5), we can of course still consider Ip[u, v] and
its sign determines whether (p, D) is dynamically stable or not. In this paper we are interes-
ted in the evolution according to the nonlinear flow given by (1.1)—(1.5). The fundamental
property of mass conservation (1.3) can still be observed at the level of the linearized equa-
tions (6.1). The reader is invited to check that any classical solution of (6.1) is indeed such
that

T Qu(t,sc) dz =0

and it makes sense to impose that {,u dz = 0 at ¢ = 0. If we linearize the problem at a
stationary solution given by (2.1), it also makes sense to consider the constraint {, v p (1 —
p) dx =0.

Dynamic criterion

After these preliminary observations, we can define two notions of stability. We shall say
that a critical point ¢ of £, is variationally stable (resp. unstable) if and only if A > 0 (resp.
A < 0) where A is defined by (6.3). Alternatively, we shall say that a stationary solution
(p, D) of (1.1)—~(1.5) is dynamically stable (resp. unstable) if and only if

inf Lp[u,v]
fqu dz =0
fov? dz =1

is positive (resp. negative) in case of Model (II). The operator Hp being self-adjoint, dyna-
mical stability means variational stability of £ on the product space, once mass constraints
are taken into account. Most of the remainder of this section is devoted to this issue.

For Model (I) we can extend the notion of dynamical stability (resp. instability) by re-
questing that inf {Re(X) : A € Spectrum(Hp)} is positive (resp. negative). However, in the
case of Model (I), notions of dynamical and variational instability are not so well related, as
we shall see in Section 7.

Let us start by the following observation. In the case of Models (I) and (II), the kernel of
the operator E4 associated to the linearized energy functional and defined by (3.2) deter-
mines a subspace of the kernel of Hp.

Lemma 42. Let ¢g € R and assume that ¢ is a critical point of E4,. Then p given by (2.1) and
D = ¢ + ¢q provides a stationary solution of (1.1)—(1.5). If v is in the kernel of Ey, then (u, v) is in
the kernel of Hp ifu = p (1 — p) v.

Démonstration. Using (3.2), it is straightforward to check that 0 = Egv = H(DQ) (u,v)ifv e
Ker(Eg). Then

H(Dl) (u,v) =V - [p(l—p)V(p(lu_p)—v)] =0

because of the special choice u = p (1 — p) v. O
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6. The linearized evolution operator

Since (1.1) preserves the mass, it makes sense to impose SQ u da = 0. This also suggest
to consider the constraint §, p (1 — p) v da = 0, which has already been taken into account
in (6.3). Let us give some more precise statements, in the case of Model (II). First we can
state a more precise version of Lemma 40. Let us define

Ay =2 inf Lp[u,v] .
fou dz=0
fov? dz =1

Lemma 43. Let M > 0. Consider Model (1I) only and assume that (p, D) is a critical point of L
under the mass constraint (1.3). With ¢ = D — ¢ where ¢ is the unique real number determined
by (2.2), consider A defined by (6.3). Then we have Ay < A. If either A < 6 or Ay < 0, then we have
A=A

Démonstration. If (p, D) is a critical point of £, the analysis of Section 2 shows that p is gi-
ven by (2.1) with ¢ = D — ¢ and ¢ determined by (2.2). Consider first the minimization
problem

inf Lp[u,v] .
Squp(l—p) dz=0
fov? dz =1

As in Lemma 40, the optimization with respect to u shows that v = v p (1 — p) and it is then
straightforward to get that 2Lp[u,v] = {, v (Egv) dz = A. Additionally, we know that v
solves the Euler-Lagrange equation

Epv=—rAv+dv—vp(l—p)=Av—pup(l—p) (6.5)

for some Lagrange multiplier ; and we have {, v dz = {,vp (1 —p) dz = 0. This proves
that A1 < A.
Now, consider a minimizer (u, v) for A;. We find that

o Sqvp(1—p) dzx

u=(v—0)p(l—p) with v.—m.

Moreover v solves the Euler-Lagrange equation
—kAv+dv—vp(l—p)=AMv—vp(l—p). (6.6)

Hence we have found that 2Lp[u,v] = & {, [Vv|* dz+06 §, v? dz—§, p (1—p) [v—0|* dz,
so that

f/{SQ|Vv|2 de—§,p(1—p)|lv—70]* dz

Al—(S:iH

v£0 §o v? dx
_ o ko Vo2 dz—§,p(1—p)v? do
f,vp(1—p) dz=0 o v? dx+¢?
v#0, ce R
_ o k§o Vo2 do =, p(1—p)v? da
fqup(1—p) dz =0 Jou? du 7
v#0
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where the last equality holds under the condition that either A < § or A; < §. Hence we
have shown that A; —§ = A — §, which concludes the proof. O]

Remark 44. With no constraint, it is straightforward to check that § is an eigenvalue of Hp, and
(u,v) = (0,1) an eigenfunction. Hence, as soon as Ay < &, we have that §, u dx = 0 if (u,v) isa
minimizer for A1, because of (6.6). This justifies why the condition of either A < § or A1 < 6 enters
in the statement of Lemma 43.

In the case of Model (II), we can get a bound on the growth of the unstable mode.

Corollary 45. Consider Model (II) only and assume that (p, D) is a critical point of £ under the
mass constraint (1.3). If A defined by (6.3) is negative, then we have

Ip[u,v]

inf <A
SQu dr =0 Lplu,v]
So 2 de =1

and the growth rate of the most unstable mode of (6.1) is at least 2 |A|.

Démonstration. Consider a function v given by (6.5) with {, vp (1—p) dz =0, {,v* dz =1,
u=wvp(1l—p)and take (u,v) as a test function. Then

Iplu,v] _ foBev)? dz fo(Av—pp(1—p))> do _
Lplu,v]  §quv(Egv) dz §o(Av—pp(l—p))v de
Using (6.4), if Lp[u,v] is negative, then we get 4Lp[u,v] < —2ALp[u,v], thus proving
that Lp[u, v](t) < Lp[u,v](0) e2IAl* for any ¢ > 0. O

12
A+—J PP (1—p)? dz<A.
A Jo

The result of Corollary 45 on the most unstable mode can be rephrased in terms of stan-
dard norms. By definition of Lp, we get that {,(u? + v?) dz > 2§, uv dz > 2|Lp[u,v]| >
2 |Lp[u,v](0)| e2IAlt for any ¢ > 0.

Summarizing, we have shown the following result.

Theorem 46. Let M > 0 and consider the case of Model (II). Assume that (p, D) is a stationary
solution of (1.1)—(1.5) such that (1.3) is satisfied and let ¢ = D — ¢ with ¢g satisfying (2.2). Then
the following properties hold true.

(i) Neither dynamical instability nor variational instability can occur if (p, D) is a local minimizer
of L under the mass constraint (1.3) ot, equivalently, if ¢ is a local minimizer of £y, such
that (1.3) and (2.1) hold.

(ii) If (p, D) is a local minimizer of L under the mass constraint (1.3), then any solution (u,v)
of (6.1) converges towards (0, 0) when the initial datum is assumed to be in the orthogonal of
the kernel of Hp and with sufficiently low energy.

(iii) Dynamical stability implies variational stability.

(iv) Variational instability and dynamical instability are equivalent and, with above notations, A, =
A

On the contrary, no clear relation between variational and dynamical (in)stability is
known in the case of Model (I), except the result of Lemma 42, which is not so easy to use
from a numerical point of view.
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7 Numerical results

Let us summarize our findings on radial stationary solutions of (1.1)=(1.5), with para-
meters ¢ and « in the range discussed in Section 3, when (2 is the unit ball in R4, withd =1
or d = 2. Our results deal with either Model (I) or Model (II), defined respectively by (1.6)
and (1.7), as follows :

(i) We compute the branches of monotone, non-constant, radial solutions that bifurcate
from constant solutions for the two models, in dimensions d = 1 and d = 2.

(ii) We study variational and dynamical stability of these solutions. The two notions coin-
cide for Model (II), which is partially explained with the help of the Lyapunov func-
tional.

(iii) Dynamical stability holds up to the turning point of the branch when it is parametri-
zed by the mass for Model (II) in dimensions d = 1 and d = 2. This is also true in
dimension d = 1 for Model (I).

(iv) In dimension d = 1, the variational stability of the branch of monotone, non-constant
solutions is more restrictive than the dynamical stability in case of Model (I).

Before entering in the details, let us observe that bifurcation diagrams are more complicated
in dimension d = 2 than for d = 1, and that the lack of a Lyapunov functional makes the
study of Model (I) significantly more difficult.

All computations are based on the shooting method presented in Proposition 22. This
allows us to find all radially symmetric stationary solutions, as the range of parameter « for
which solutions exist is bounded according to Corollary 28. Hence we are left with a single
ordinary differential equation, which can be solved using standard numerical methods. Be-
cause of the smallness of the parameter «, the shooting criterion ¢/, (1) = 0 has a rather
stiff dependence on a. This makes directly finding all zeros of the criterion for a given ¢
difficult, so in practice we use perturbation and continuation methods to parametrize the
whole branch of monotone, plateau-like solutions.

The computation of the spectrum of the linearized evolution operator (6.1) is done using
a basis of cosines, normalized and scaled to meet the boundary conditions. This allows
for fast decomposition of the coefficients by FFT. In the case d = 2, such a basis in not
orthogonal, which is taken into account using a mass matrix during diagonalization. In
cases where the constraints cannot be enforced directly at the basis level, a Rayleigh quotient
minimization step is done, on the orthogonal of the constrained space.

Numerical computations have been made entirely using the NumPy and SciPy Python
libraries, freely available from http://scipy.org. These make use of reference numerical
libraries LAPACK and odepack.

We start by considering constant solutions and make use of the notations of Section 2.

Let us comment on the plots of Fig. V.2.

First turning point : ¢9 = ¢, on the branch of constant solutions : for lower
values of ¢y, there is only one constant solution ¢ = ¢(0), which converges to +o0o as
$o — —00.

and | 3 | Non constant solutions bifurcate from constant solutions, which are uns-
table in the corresponding interval for ¢o. The solutions of the two branches corres-
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FiGUure V.1 : Plot of ¢ — 8 (¢ + ¢o) — f(¢) = 6 (¢ + ¢o) — F'(¢) = & (¢o — k(¢)) for various values

of ¢o. Each zero of the function provides a constant stationary solution of (1.1)—(1.5). The plot shown
here corresponds to Model (I), with § = 1073.
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FiGURe V.2 : Parametrization by ¢ of the branches of solutions in case of Model (I), d = 1, with
§=1073%k =5x 107" and Q = (0, 1). There are either one or three constant solutions for a given
value of ¢o. Strictly monotone solutions correspond to the bold curve. Notice that on the upper part
of the graph the two branches are close but distinct.

pond to monotone solutions, either increasing or decreasing, and always bounded
from above and from below by constant solutions.

Second turning point : ¢ = ¢, on the branch of constant solutions : for higher
values of ¢y, there is only one constant solution ¢ = ¢(0), which converges to —oo as
¢g — +0.

The dependence of plateau-like solutions on parameters ¢¢ and « is shown in Fig. V.3.
Next we consider monotone, plateau-like solutions. In Figs. V.4 and V.5, the shaded re-

gion corresponds to masses for which constant solutions are unstable.

Dynamical and variational stability criteria and their interplay are a tricky issue, es-
pecially in case of Model (I) in which we have no theoretical framework to relate the two
notions. See Fig. V.6.

Stationary solutions are critical points of £, . It is therefore interesting to determine whe-
ther they are minima or not, either for fixed values of ¢ or for fixed values of M, which
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F1GURE V.3 : In the case of Model (I), d = 1, § = 10~3, we consider various profiles for  — ¢(x) with
z € (0,1) = Q either (left) as ¢o varies and k = 5 x 1074, or (right) as  varies, with ¢(0) = 1.
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FiGURE V.4 : Model (I), « = 5 x 107%, § = 1073, Thin lines represent constant solutions and bold
ones the plateau-like solutions. For readability purposes we use a logarithmic scale for the mass. Left :
d = 1. The dotted part of each branch shows where solutions are dynamically unstable. Right : d = 2.

makes more sense from the dynamical point of view. However, only in the case of Model
(IT) minimizers of £, are also minimizers of £ and therefore dynamically and variationally
stable. See Figs. V.7 and V.8.

Finally in case of Model (II), we can check that dynamical and variational stability are
compatible, see Fig. V.9.

8 Concluding remarks

Model (II) is the (formal) gradient flow of the Lyapunov functional £ with respect to a
distance corresponding to Wasserstein’s distance for p and an L? distance for D (see [BL13 ;
CL ; LM12] for further considerations in this direction). Critical points of £ are stationary
solutions for the system, they attract all solutions of the evolution equation and the infimum
of L is achieved by a monotone function, which is therefore either a plateau solution or a
constant solution. When d = 1 numerics, at least for the values of the parameters we have
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FiGURE V.6 : Model (I), d = 1. We numerically compare the criteria for variational and dynamical
instability along the branch of monotone, non-constant solutions. When dM /d¢o changes sign, this
means that the branch has a turning point when plotted in terms of M. We observe that this turning
point corresponds to the loss of dynamical stability, while variational stability is lost for smaller values
of ¢o along the branch : see in particular the enlargement (right). Here ;1 corresponds to the lowest
value of Re({(u,v), —Hp (u,v))) under the constraints ((u,v), (u,v)) = 1 and §, v dz = 0,and (-, -)
denotes the standard scalar product.

considered, show that plateau solutions exist only in the range in which constant solutions
are unstable and are uniquely defined in terms of the mass, but when d = 2, the range
for dynamically stable plateau solutions is larger than the range (in terms of the mass) of
constant unstable solutions under radial perturbation. Infima of £ and &, actually coin-
cide. Consistently with our analysis, we find that the linearized evolution operator around
minimizing solutions has only positive eigenvalues. Moreover, this operator is self-adjoint
in the norm corresponding to the quadratic form given by the second variation of £ around
a minimizer. Hence, when d = 2, we observe the existence of multiple stable (under radial
perturbations) stationary solutions.

In case of Model (I), no Lyapunov functional is available, to our knowledge. Still, all
stationary states are characterized as critical points of £4, and obtained (as long as they are
radially symmetric) using our shooting method. In dimension d = 1, the structure of the
set of solutions is not as simple as in Model (II), and this can be explained by the frustration
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d = 1. Right : Model (II), d = 1. These minimizers are also minimizers of the Lyapunov functional and
therefore dynamically stable (¢ is restricted to an appropriate range).

due to the p (1 — p) term in the equation for D. Numerically, when d = 1, we observe that
monotone plateau solutions are uniquely defined and dynamically stable in the range where
constant solutions are dynamically unstable. However, when d = 1, we also have a range in
which both types of solutions are dynamically stable, which means that the system has no
global attractor. We do not even know whether stationary solutions attract all solutions of
the evolution problem or not.

To give a simple picture of the physics involved in the two models of crowd modeling
studied in this paper, we may use the following image. The potential D defines the strategy
of the individuals. It takes into account the source term (the density p in case of Model (II)
and p (1 — p) in case of Model (I)) to determine a preferred direction. Because it is governed
by a parabolic equation, it takes the value of the source term into account not only at instant
t, but also in the past, which means that there is a memory effect. Of course, recent past
receives a larger weight, and actually two mechanisms are at work to update the system : a
local damping, with time scale determined by § and a diffusion term (position of the source
term gets lost on the long time range), with a time scale governed by «. Both coefficients
being small, the time scale (that is, the memory of the system) is long compared to the time
scale for p.

As far as p is concerned, the diffusion accounts for random effects while the drift is
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Ficure V.9 : Model (), d = 2. Left : Solution of M +— A, where, for each M, we compute the two
monotone plateau-like solutions, and then A according to (6.3). Hence A < 0 means that the solution
is variationally unstable under the mass constraint. Right : Detail is shown. Here p; corresponds to
the lowest value of ((u, v), —Hp (u, v)) under the constraints {(u, v), (u,v)) = 1 and {, u dz = 0.

tempered by some factical term, which tries to avoid densely populated areas, and is taken
into account by the mean of the (1 — p) term in the drift.

In case of Model (II) the strategy defined by the source term is simple : individuals want
to aggregate in high p densities. In case of Model (I) the strategy is different, as the system
tends to favor regions with intermediate densities, typically p of the order of 1/2. Of course,
this is antagonist with the trend to concentrate in regions where D is large and introduces
some frustration in the system. At a very qualitative level, this is an explanation for the fact
that multiplicity of dynamically stable stationary state occurs in Model (I) even when d = 1.

References

[BB09] P. BiLer et L. BRaNDOLESE. “On the parabolic-elliptic limit of the doubly para-
bolic Keller-Segel system modelling chemotaxis”. In : Studia Math. 193.3 (2009),
p- 241-261. 1ssN : 0039-3223. por : 10.4064/sm193-3-2. URL : https://proxy.
bu.dauphine.fr:443/http/dx.doi.org/10.4064/sm193-3-2 (cf. p. 117).

[BCCO8]  A. Brancher, V. Carviz et J. CarriLro. “Convergence of the Mass-Transport
Steepest Descent Scheme for the Subcritical Patlak-Keller-Segel Model”. In :
SIAM Journal on Numerical Analysis 46.2 (2008), p. 691-721 (cf. p. 117).

[BCD11] P. BiLEr, L. Corrias et J. DoLseauLT. “Large mass self-similar solutions of the
parabolic—parabolic Keller-Segel model of chemotaxis”. In : Journal of Mathe-
matical Biology 63 (12011). 10.1007 /s00285-010-0357-5, p. 1-32. 1ssN : 0303-6812.
URL : http://dx.doi.org/10.1007/s00285-010-0357-5 (cf. p. xxviii, 106,
117).

[BDDS06] M. BUrGER, M. D1 Francesco et Y. DoLak-Struss. “The Keller-Segel model for
chemotaxis with prevention of overcrowding : linear vs. nonlinear diffusion”.
In : SIAM ]. Math. Anal. 38.4 (2006), p. 1288-1315. 1ssN : 0036-1410. por : 10 .
1137/050637923. URL : http://dx.doi.org/10.1137/050637923 (cf. p. 115,
117).

138



References

[BDP06]

[BDSS08]

[BL13]

[BMP11]

[Brel0]

[Bur+10]

[CCO08]

[CC12]

[CL]

[DMUO1]

[DRO8]

[Hor69]

A. BrancHerT, ]. DoLseautLr et B. PErtHAME. “Two-dimensional Keller-Segel mo-
del : optimal critical mass and qualitative properties of the solutions”. In : Elec-
tronic Journal of Differential Equations 44 (2006), 1-32 (electronic) (cf. p. 116).

M. BURGER, Y. DoLak-Struss et C. ScHMEISER. “Asymptotic analysis of an advection-
dominated chemotaxis model in multiple spatial dimensions”. In : Commun.
Math. Sci. 6.1 (2008), p. 1-28. 1ssN : 1539-6746. URL : http://projecteuclid.
org/getRecord?id=euclid.cms/1204905775 (cf. p. 115, 117).

A. BrancHer et P. Laurengot. “The Parabolic-Parabolic Keller-Segel System
with Critical Diffusion as a Gradient Flow in R?, d > 3”. In : Communications in
Partial Differential Equations 38.4 (2013), p. 658-686. por : 10.1080/03605302.
2012.757705. eprint : http://www . tandfonline . com/doi/pdf/10.1080/
03605302.2012.757705. URL : http://www.tandfonline.com/doi/abs/10.
1080/03605302.2012.757705 (cf. p. 117, 135).

M. BurGeR, P. A. MarkowicH et J.-F. Pierscamann. “Continuous limit of a crowd
motion and herding model : analysis and numerical simulations”. In : Kinet.
Relat. Models 4.4 (2011), p. 1025-1047. 1ssn : 1937-5093. por : 10 . 3934 / krm .
2011.4.1025. URL : https://proxy.bu.dauphine.fr:443/http/dx.doi.org/
10.3934/krm.2011.4.1025 (cf. p. xxix, 115, 117, 121, 127).

H. Brezis. Functional analysis, Sobolev spaces and partial differential equations. Springer-
Verlag New York Inc, 2010 (cf. p. 120, 124).

M. Burcer et al. “Nonlinear cross-diffusion with size exclusion”. In : SIAM ].
Math. Anal. 42.6 (2010), p. 2842-2871.1ssN: 0036-1410. por: 10.1137/100783674.
URL : https://proxy.bu.dauphine . fr:443/http/dx.doi.org/10.1137/
100783674 (cf. p. 115-117).

V. Carvez et L. Corrias. “The parabolic-parabolic Keller-Segel model in R2”.
In : Commun. Math. Sci. 6.2 (2008), p. 417—447. 1ssN : 1539-6746. URL : http://
projecteuclid.org/getRecord?id=euclid.cms/1214949930 (cf. p. xxix, 39,
60, 117).

V. Cawvez et ]. A. CarriLro. “Refined asymptotics for the subcritical Keller-
Segel system and related functional inequalities”. In : Proc. Amer. Math. Soc.
140 (2012). February 23, 2012, p. 3515-3530 (cf. p. 117).

J. A. CarriLLO et S. Lisint. “A Wasserstein-L? mixed gradient flow approach to
the fully parabolic Keller-Segel model”. In preparation (cf. p. 117, 135).

J. DoLsEauLr, P. A. MarkowicH et A. UNTERREITER. “On singular limits of mean-
field equations”. In : Arch. Ration. Mech. Anal. 158.4 (2001), p. 319-351. 1ssN :
0003-9527 (cf. p. 117).

M. D1 Francesco et J. Rosapo. “Fully parabolic Keller-Segel model for chemo-
taxis with prevention of overcrowding”. In : Nonlinearity 21 (2008), p. 2715 (cf.
p. 115).

L. HormANDER. Linear partial differential operators. T. 116. Springer-Verlag Berlin,
1969 (cf. p. 125).

139



V. MODELES DE MOUVEMENT DE FOULE

[KS02]

[LM12]

[Lop96]

[MMS09]

140

A. KircHNER et A. ScHADSCHNEIDER. “Simulation of evacuation processes using
a bionics-inspired cellular automaton model for pedestrian dynamics”. In :
Physica A : Statistical Mechanics and its Applications 312.1-2 (sept. 2002), p. 260—
276. URL : http: //www . sciencedirect . com/ science /article /B6TVG -
460DJMT-2/1/869133daaf7a8cd35161f46£22bce460 (cf. p. xxix, 115).

P. Laurencor et B.-V. Martioc. “A gradient flow approach to a thin film approxi-
mation of the Muskat problem”. English. In : Calculus of Variations and Partial
Differential Equations (2012), p. 1-23. 1ssN : 0944-2669. por : 10. 1007 /s00526 -
012-0520-5. URL : http://dx.doi.org/10.1007/s00526-012-0520-5 (cf.
p- 117,135).

O. Lopes. “Radial symmetry of minimizers for some translation and rotation
invariant functionals”. In : Journal of differential equations 124.2 (1996), p. 378-
388 (cf. p. xxx, 125).

D. Martaes, R. J. McCann et G. Savargé. “A family of nonlinear fourth order
equations of gradient flow type”. In : Comm. Partial Differential Equations 34.10-
12 (2009), p. 1352-1397. 1ssN : 0360-5302. por : 10 . 1080/03605300903296256.
URL : http://dx.doi.org/10.1080/03605300903296256 (cf. p. xxiv, 117).









[Ada75]

[AL89]

[Arn+01]

[AS64]

[AT00]

[Aub76]

[Aub79]

[Aub82]

Bibliographie générale

R. A. Apawms. Sobolev spaces. Pure and Applied Mathematics, Vol. 65. Acade-
mic Press [A subsidiary of Harcourt Brace Jovanovich Publishers], New York-
London, 1975, p. xviii+268 (cf. p. xix).

F. ALmcren et E. H. Lies. “Symmetric rearrangement is sometimes continuous”.
In : J. Amer. Math. Soc. 2 (1989), p. 683-773 (cf. p. 5).

A. ArnoLp et al. “On convex Sobolev inequalities and the rate of convergence
to equilibrium for Fokker-Planck type equations”. In : Comm. Partial Differential
Equations 26.1-2 (2001), p. 43-100. 1ssN : 0360-5302 (cf. p. 77).

M. Asramowrrz et I. A. Stecun. Handbook of mathematical functions with formulas,
graphs, and mathematical tables. T. 55. National Bureau of Standards Applied Ma-
thematics Series. U.S. Government Printing Office, 1964, p. xiv+1046 (cf. p. 24,
38).

S. ApacHr et K. Tanaka. “Trudinger type inequalities in RY and their best ex-
ponents”. In : Proc. Amer. Math. Soc. 128.7 (2000), p. 2051-2057. 1ssn : 0002-9939.
por : 10.1090/80002-9939-99-05180-1. URL : http://dx.doi.org/10.1090/
$0002-9939-99-05180-1 (cf. p. 60).

T. Ausin. “Problemes isopérimétriques et espaces de Sobolev”. In : J. Differential
Geometry 11.4 (1976), p. 573-598. 1ssN : 0022-040X (cf. p. xiv, 34, 59, 62, 64).

T. AusiN. “Meilleures constantes dans le théoréme d’inclusion de Sobolev et
un théoréme de Fredholm non linéaire pour la transformation conforme de la
courbure scalaire”. In : J. Funct. Anal. 32.2 (1979), p. 148-174. 1ssn : 0022-1236.
por: 10.1016/0022-1236(79)90052-1. URL : http://dx.doi.org/10.1016/
0022-1236(79)90052-1 (cf. p. xxvi, 58, 59, 90).

T. AusiN. Nonlinear analysis on manifolds. Monge-Ampere equations. T. 252. Grund-
lehren der Mathematischen Wissenschaften [Fundamental Principles of Ma-
thematical Sciences]. Springer-Verlag, New York, 1982, p. xii+204. 1sN : 0-387-
90704-1. por : 10.1007/978-1-4612-5734-9. URL : http://dx.doi.org/10.
1007/978-1-4612-5734-9 (cf. p. 91).

143



BIBLIOGRAPHIE GENERALE

[Bae94]

[Bak94]

[BB0Y]

[BB11]

[BCCO8]

[BCC12]

[BCD11]

[BCMOS]

[BDDS06]

[BDEOS]

[BDP06]

144

A. BaernsteIN L. “A unified approach to symmetrization”. In : Partial differen-
tial equations of elliptic type (Cortona, 1992). Sympos. Math., XXXV. Cambridge :
Cambridge Univ. Press, 1994, p. 47-91 (cf. p. 59).

D. Bakry. “L’hypercontractivité et son utilisation en théorie des semigroupes”.
In : Lectures on probability theory (Saint-Flour, 1992). T. 1581. Lecture Notes in
Math. Springer, Berlin, 1994, p. 1-114. por : 10.1007/BFb0073872. URL : http:
//dx.doi.org/10.1007/BFb0073872 (cf. p. xxvii).

P. BiLer et L. BRaNDOLESE. “On the parabolic-elliptic limit of the doubly para-
bolic Keller-Segel system modelling chemotaxis”. In : Studia Math. 193.3 (2009),
p- 241-261. 1ssN : 0039-3223. por : 10.4064/sm193-3-2. URL : https://proxy.
bu.dauphine.fr:443/http/dx.doi.org/10.4064/sm193-3-2 (cf. p. 117).

R. J. BermaN et B. Bernptsson. “Moser-Trudinger type inequalities for com-

plex Monge-Amp\‘ere operators and Aubin’s “hypoth\‘ese fondamentale””.
In : ArXiv e-prints (sept. 2011). arXiv : 1109.1263 [math.DG] (cf. p. 91).

A. Branchet, V. Carvez et ]. Carriro. “Convergence of the Mass-Transport
Steepest Descent Scheme for the Subcritical Patlak-Keller-Segel Model”. In :
SIAM Journal on Numerical Analysis 46.2 (2008), p. 691-721 (cf. p. 117).

A.BrancheT, E. A. CarceN et ]. A. CarriLro. “Functional inequalities, thick tails
and asymptotics for the critical mass Patlak-Keller-Segel model”. In : J. Funct.
Anal. 262.5 (2012), p. 2142-2230. 1ssN : 0022-1236. por : 10.1016/3 . jfa.2011.
12.012. uRL : http://dx.doi.org/10.1016/j.jfa.2011.12.012 (cf. p. xxiii,
xxiv, 78).

P. BiLer, L. Corrias et J. DoLeauLT. “Large mass self-similar solutions of the
parabolic-parabolic Keller-Segel model of chemotaxis”. In : Journal of Mathe-
matical Biology 63 (12011). 10.1007 /s00285-010-0357-5, p. 1-32. 1ssn : 0303-6812.
URL : http://dx.doi.org/10.1007/s00285-010-0357-5 (cf. p. xxviii, 106,
117).

A. Brancrer, J. A. Carriro et N. Masmoupt. “Infinite time aggregation for
the critical Patlak-Keller-Segel model in R?”. In : Comm. Pure Appl. Math. 61.10
(2008), p. 1449-1481. 1ssn : 0010-3640. por : 10. 1002/ cpa . 20225. URL : http:
//dx.doi.org/10.1002/cpa.20225 (cf. p. xxiii).

M. BurGer, M. D1 Francesco et Y. DoLak-Struss. “The Keller-Segel model for
chemotaxis with prevention of overcrowding : linear vs. nonlinear diffusion”.
In : SIAM ]. Math. Anal. 38.4 (2006), p. 1288-1315. 1ssn : 0036-1410. por : 10 .
1137/050637923. URL : http://dx.doi.org/10.1137/050637923 (cf. p. 115,
117).

R. Bosy, J. Dorseautr et M. J. EsteBan. “Estimates for the optimal constants in
multipolar Hardy inequalities for Schrédinger and Dirac operators”. In : Com-
mun. Pure Appl. Anal. 7.3 (2008), p. 533-562. 1ssN : 1534-0392 (cf. p. 6).

A. BLancHET, |. DoLeautrr et B. PErtHAME. “Two-dimensional Keller-Segel mo-
del : optimal critical mass and qualitative properties of the solutions”. In : Elec-
tronic Journal of Differential Equations 44 (2006), 1-32 (electronic) (cf. p. 116).



Bibliographie générale

[BDSS08]

[BE91]

[Bec93]

[Ben93]

[Bet+99]

[BEMO07]

[BG90]

[BGM71]

[BGV12]

[BHS0]

[Bil+06]

M. BURGER, Y. DoLak-Struss et C. ScHMEISER. “Asymptotic analysis of an advection-
dominated chemotaxis model in multiple spatial dimensions”. In : Commun.
Math. Sci. 6.1 (2008), p. 1-28. 1ssN : 1539-6746. URL : http://projecteuclid.
org/getRecord?id=euclid.cms/1204905775 (cf. p. 115, 117).

G. Bianchi et H. EGNELL. “A note on the Sobolev inequality”. In : J. Funct. Anal.
100.1 (1991), p. 18-24. 1ssN : 0022-1236. por : 10.1016/0022-1236(91)90099-Q.
URL : http://dx.doi.org/10.1016/0022-1236(91)90099-Q (cf. p. xv, 6).

W. BeckNER. “Sharp Sobolev inequalities on the sphere and the Moser-Trudinger
inequality”. In : Ann. of Math. (2) 138.1 (1993), p. 213-242. 1ssN : 0003-486X. por :
10.2307/2946638. URL : http://dx.doi.org/10.2307/2946638 (cf. p. xix, xxi,
36, 38, 39, 59, 60, 62, 73, 91, 92, 99).

A. BentaLes. “Inégalité de Sobolev pour l'opérateur ultrasphérique”. In : C. R.
Acad. Sci. Paris Sér. I Math. 317.2 (1993), p. 187-190. 1ssN : 0764-4442 (cf. p. 59, 92,
97,99).

M. F. Berra et al. “A weighted isoperimetric inequality and applications to
symmetrization”. In : J. Inequal. Appl. 4.3 (1999), p. 215-240. 1ssn : 1025-5834.
por : 10 .1155/51025583499000375. URL : http://dx.doi.org/10. 1155/
$1025583499000375 (cf. p. 27).

T. Branson, L. Fontana et C. MorrUrGo. “Moser-Trudinger and Beckner-Onofri’s
inequalities on the CR sphere”. In : arXiv 712 (2007) (cf. p. 60).

J.-P. Boucnaup et A. GEorGes. “Anomalous diffusion in disordered media : sta-
tistical mechanisms, models and physical applications”. In : Phys. Rep. 195.4-5
(1990), p. 127-293. 1ssN : 0370-1573. por : 10.1016/0370-1573(90) 90099 -N.
URL : http://dx.doi.org/10.1016/0370-1573(90)90099-N (cf. p. xix).

M. BERGER, P. GaAuDUCHON et E. MazET. Le spectre d’une variété riemannienne. Lec-
ture Notes in Mathematics, Vol. 194. Berlin : Springer-Verlag, 1971, p. vii+251
(cf. p. 24, 91).

M. Bonrortg, G. GriLro et J. L. VAzouez. “Behaviour near extinction for the
Fast Diffusion Equation on bounded domains”. In : J. Math. Pures Appl. (9) 97.1
(2012), p. 1-38. 1ssn : 0021-7824. por : 10.1016/j .matpur.2011.03.002. URL :
http://dx.doi.org/10.1016/j.matpur.2011.03.002 (cf. p. 6).

J. G. BerryMaN et C. ]. HorLLanp. “Stability of the separable solution for fast
diffusion”. In : Arch. Rational Mech. Anal. 74.4 (1980), p. 379-388. 1ssn : 0003-
9527 (cf. p. 6).

P. BiLer et al. “The 87-problem for radially symmetric solutions of a chemotaxis
model in the plane”. In : Math. Methods Appl. Sci. 29.13 (2006), p. 1563-1583.
1ssN : 0170-4214 (cf. p. 105).

145



BIBLIOGRAPHIE GENERALE

[BL13]

[BL85]

[BL96]

[BIi30]

[BMP11]

[BNS3]

[Brel0]

[BT76]

[Bur+10]

[BVV91]

[BZ88]

146

A. Brancher et P. Laurengor. “The Parabolic-Parabolic Keller-Segel System
with Critical Diffusion as a Gradient Flow in R¢, d > 3”. In : Communications in
Partial Differential Equations 38.4 (2013), p. 658-686. por : 10.1080/03605302 .
2012.757705. eprint : http://www. tandfonline . com/doi/pdf/10.1080/
03605302.2012.757705. URL : http://www.tandfonline.com/doi/abs/10.
1080/03605302.2012.757705 (cf. p. 117, 135).

H. Brezis et E. H. Lies. “Sobolev inequalities with remainder terms”. In : J.
Funct. Anal. 62.1 (1985), p. 73-86.1ssN: 0022-1236. por: 10.1016/0022-1236 (85)
90020-5. URL : http://dx.doi.org/10.1016/0022-1236(85)90020-5 (cf.
p- xv, 6).

D. Bakry et M. Lepoux. “Sobolev inequalities and Myers’s diameter theorem
for an abstract Markov generator”. In : Duke Math. J. 85.1 (1996), p. 253-270.
1ssN : 0012-7094. por : 10.1215/50012-7094-96-08511-7. URL : http://dx.
doi.org/10.1215/S0012-7094-96-08511-7 (cf. p. 91, 92).

G. Buiss. “An integral inequality”. In : Journal of the London Mathematical Society
1.1 (1930), p. 40. 1ssN : 0024-6107 (cf. p. xiv, 64).

M. BUrGER, P. A. MarkowicH et ].-F. Pierscumann. “Continuous limit of a crowd
motion and herding model : analysis and numerical simulations”. In : Kinet.
Relat. Models 4.4 (2011), p. 1025-1047. 1ssn : 1937-5093. por : 10 . 3934 / krm .
2011.4.1025. URL : https://proxy.bu.dauphine.fr:443/http/dx.doi.org/
10.3934/krm.2011.4.1025 (cf. p. xxix, 115, 117, 121, 127).

H. Brezis et L. NIrRenBERG. “Positive solutions of nonlinear elliptic equations
involving critical Sobolev exponents”. In : Comm. Pure Appl. Math. 36.4 (1983),
p. 437-477 (cf. p. 6).

H. Brezis. Functional analysis, Sobolev spaces and partial differential equations. Springer-
Verlag New York Inc, 2010 (cf. p. 120, 124).

A.BaernsTEIN [T et B. A. TavyLor. “Spherical rearrangements, subharmonic func-
tions, and *-functions in n-space”. In: Duke Math. |. 43.2 (1976), p. 245-268. 1ssN :
0012-7094 (cf. p. 59).

M. BurgeRr et al. “Nonlinear cross-diffusion with size exclusion”. In : SIAM J.
Math. Anal. 42.6 (2010), p. 2842-2871.1ssn: 0036-1410. por: 10.1137/100783674.
URL : https://proxy.bu.dauphine. fr:443/http/dx.doi.org/10.1137/
100783674 (cf. p. 115-117).

M.-F. Bioaut-VEron et L. VEroN. “Nonlinear elliptic equations on compact Rie-
mannian manifolds and asymptotics of Emden equations”. In : Invent. Math.
106.3 (1991), p. 489-539. 1ssn : 0020-9910. por : 10 . 1007 / BF01243922. URL :
https ://proxy . bu. dauphine . fr : 443 /http/dx . doi . org/ 10 . 1007/
BF01243922 (cf. p. xxi, xxvi, 38, 60, 62, 78, 91, 92).

J. E. BroTHERs et W. P. Ziemer. “Minimal rearrangements of Sobolev functions”.
In : J. Reine Angew. Math. 384 (1988), p. 153-179. 1ssn : 0075-4102 (cf. p. 59).



Bibliographie générale

[BE84] D. Bakry et M. Emery. “Hypercontractivité de semi-groupes de diffusion”. In :
C. R. Acad. Sci. Paris Sér. I Math. 299.15 (1984), p. 775-778. 1ssn : 0249-6291 (cf.
p- xxiv, 77).

[Car+01]  ]. A.CarriLLo et al. “Entropy dissipation methods for degenerate parabolic pro-
blems and generalized Sobolev inequalities”. In : Monatsh. Math. 133.1 (2001),
p- 1-82. 1ssn : 0026-9255. por : 10.1007/s006050170032. URL : http://dx.doi.
org/10.1007/5006050170032 (cf. p. 77).

[CCO08] V. Cawvez et L. Corrias. “The parabolic-parabolic Keller-Segel model in R?”.
In : Commun. Math. Sci. 6.2 (2008), p. 417-447. 1ssN : 1539-6746. URL : http://

projecteuclid.org/getRecord?id=euclid.cms/1214949930 (cf. p. xxix, 39,
60, 117).

[CC12] V. Carvez et ]. A. CarriLro. “Refined asymptotics for the subcritical Keller-
Segel system and related functional inequalities”. In : Proc. Amer. Math. Soc.
140 (2012). February 23, 2012, p. 3515-3530 (cf. p. 117).

[CC86] L. CarLesoN et S.-Y. A. CHaNG. “On the existence of an extremal function for
an inequality of . Moser”. In : Bull. Sci. Math. (2) 110.2 (1986), p. 113-127.1ssN :
0007-4497 (cf. p. 60).

[CCL10] E. A. CareeN, J. A. CarriLro et M. Loss. “Hardy-Littlewood-Sobolev inequali-
ties via fast diffusion flows”. In : Proceedings of the National Academy of Sciences
107.46 (2010), p. 19696-19701. URL : http://www . pnas . org/content /107 /
46/19696 . short ; http://www . pnas . org/content /107 /46/19696 . full
(cf. p. xvii, 4, 34, 35, 78).

[CD] J. Camros et]. DoLBeauLT. “Asymptotic estimates for the parabolic-elliptic Keller-
Segel model in the plane”. Preprint, to appear in Communications in PDE (cf.
p. 106).

[CD12] J. Campos et ]. DoLBeauLr. “A functional framework for the Keller-Segel system :

logarithmic Hardy-Littlewood-Sobolev and related spectral gap inequalities”.
In : C. R. Math. Acad. Sci. Paris 350.21-22 (2012), p. 949-954. 1ssn : 1631-073X.
por: 10.1016/j.crma.2012.10.023. URL : https://proxy.bu.dauphine.fr:
443 /http/dx.doi.org/10.1016/j.crma.2012.10.023 (cf. p. xxviii, xxxi,
106).

[CENV04] D. Corpero-ErausQuiN, B. Nazarer et C. ViLLaNI. “A mass-transportation ap-
proach to sharp Sobolev and Gagliardo-Nirenberg inequalities”. In : Adv. Math.
182.2 (2004), p. 307-332. 1ssn : 0001-8708. por : 10 . 1016 / S0001 - 8708 (03 )
00080-X. URL : http://dx.doi.org/10.1016/5S0001-8708(03) 00080 -X
(cf. p. 69,70, 72).

[CF13] E. A. CarLen et A. FicaLLl “Stability for a GNS inequality and the log-HLS
inequality, with application to the critical mass Keller-Segel equation”. In : Duke
Math. J. 162.3 (2013), p. 579-625. 1ssN : 0012-7094. por : 10 . 1215/00127094 -
2019931. URL : http://dx.doi.org/10.1215/00127094-2019931 (cf. p. xxiii,
78).

147



BIBLIOGRAPHIE GENERALE

[Cha04]

[Cha87]

[Che79]

[Cia+09]

[Cia09]

[CKN84]

[CL]

[CL91]

[CL92]

[CTO00]

[CTO04]

[CWO1]

148

S.-Y. A. CuaNG. Non-linear elliptic equations in conformal geometry. Zurich Lec-
tures in Advanced Mathematics. European Mathematical Society (EMS), Zii-
rich, 2004, p. viii+92. 1sBN : 3-03719-006-X. por : 10 . 4171/ 006. URL : http :
//dx.doi.org/10.4171/006 (cf. p. 91).

S.-Y. A. Cuanc. “Extremal functions in a sharp form of Sobolev inequality”.
In : Proceedings of the International Congress of Mathematicians, Vol. 1, 2 (Berkeley,
Calif., 1986). Providence, RI : Amer. Math. Soc., 1987, p. 715-723 (cf. p. 60, 91).

P. CuerriEr. “Une inégalité de Sobolev sur les variétés riemanniennes”. In : Bull.
Sci. Math. (2) 103.4 (1979), p. 353-374. 1ssN : 0007-4497 (cf. p. xxvi, 90).

A. CiancHr et al. “The sharp Sobolev inequality in quantitative form”. In : J.
Eur. Math. Soc. (JEMS) 11.5 (2009), p. 1105-1139. 1ssn : 1435-9855. por: 10.4171/
JEMS/176. URL : http://dx.doi.org/10.4171/JEMS/176 (cf. p. 6).

A. Cianch1 “Quantitative Sobolev and Hardy inequalities, and related sym-
metrization principles”. In : Sobolev spaces in mathematics. I. T. 8. Int. Math. Ser.
(N.Y.) New York : Springer, 2009, p. 87-116 (cf. p. 6).

L. CarrareLLy, R. Konn et L. NIrRenBerG. “First order interpolation inequalities
with weights”. In : Compositio Math. 53.3 (1984), p. 259-275. 1ssN : 0010-437X (cf.
p- 20, 66).

J. A. CarriLro et S. Lisint. “A Wasserstein-L? mixed gradient flow approach to
the fully parabolic Keller-Segel model”. In preparation (cf. p. 117, 135).

W. X. CreN et C. L1. “Classification of solutions of some nonlinear elliptic equa-
tions”. In : Duke Math. . 63.3 (1991), p. 615-622. 1ssn : 0012-7094. por : 10.1215/
S0012-7094-91-06325-8. URL : http://dx.doi.org/10.1215/50012-7094~
91-06325-8 (cf. p. 92).

E. A. Carcen et M. Loss. “Competing symmetries, the logarithmic HLS inequa-
lity and Onofri’s inequality on S™”. In : Geom. Funct. Anal. 2.1 (1992), p. 90-104.
1ssN : 1016-443X. por : 10. 1007 /BF01895706. URL : http://dx.doi.org/10.
1007/BF01895706 (cf. p. xix, xxi, 5, 36, 39, 59, 73, 74, 91, 100, 105).

J. A. CarriLro et G. Toscant. “Asymptotic L!-decay of solutions of the po-
rous medium equation to self-similarity”. In : Indiana Univ. Math. . 49.1 (2000),
p- 113-142. 1ssn : 0022-2518. por : 10.1512/iumj . 2000.49.1756. URL : http:
//dx.doi.org/10.1512/iumj.2000.49.1756 (cf. p. 77).

A. Cortsiouss et N. K. Tavouraris. “Best constants for Sobolev inequalities for
higher order fractional derivatives”. In : Journal of mathematical analysis and ap-
plications 295.1 (2004), p. 225-236. URL : http : //www . sciencedirect . com/
science/article/pii/S0022247X04002471 (cf. p. 34).

F. CatriNA et Z.-Q. WaNG. “On the Caffarelli-Kohn-Nirenberg inequalities :
sharp constants, existence (and nonexistence), and symmetry of extremal func-
tions”. In : Comm. Pure Appl. Math. 54.2 (2001), p. 229-258. 1ssn : 0010-3640 (cf.
p- 27).



Bibliographie générale

[CY03]

[CY87]

[CY88]

[DE12]

[DE13]

[DE14]

[DEJ14]

[DEL12]

[DEL13a]

[DEL13b]

[Dem08]

[DETO08]

S.-Y. A. Cuang et P. C. Yana. “The inequality of Moser and Trudinger and ap-
plications to conformal geometry”. In : Comm. Pure Appl. Math. 56.8 (2003). De-
dicated to the memory of Jiirgen K. Moser, p. 1135-1150. 1ssn : 0010-3640. por :
10.1002/cpa.3029. URL : http://dx.doi.org/10.1002/cpa.3029 (cf. p. 60,
91).

S.-Y. A. Cuang et P. C. Yana. “Prescribing Gaussian curvature on §2”. In : Acta
Math. 159.3-4 (1987), p. 215-259. 1ssn : 0001-5962. por1 : 10. 1007 /BF02392560.
URL : http://dx.doi.org/10.1007/BF02392560 (cf. p. 59, 60, 91).

S.-Y. A. Cuang et P. C. Yana. “Conformal deformation of metrics on S$2”. In :
J. Differential Geom. 27.2 (1988), p. 259-296. 1ssn : 0022-040X. URL : http: / /
projecteuclid.org/euclid. jdg/1214441783 (cf. p. 59, 60, 91).

J. DoLBeauLr et M. J. EsteBan. “About Existence, Symmetry and Symmetry
Breaking for Extremal Functions of Some Interpolation Functional Inequali-
ties”. In : Nonlinear Partial Differential Equations. Sous la dir. de H. HoLpen et K.
H. Karisen. T. 7. Abel Symposia. Springer Berlin Heidelberg, 2012, p. 117-130.
1SBN : 978-3-642-25361-4 (cf. p. 6, 27).

J. DoLsEAULT et M. J. EsteEBAN. “A scenario for symmetry breaking in Caffarelli-
Kohn-Nirenberg inequalities”. In : Journal of Numerical Mathematics 20.3-4 (2013),
p. 233-249 (cf. p. 27).

J. DoLBEAULT et M. ]. EsteBAN. “Branches of non-symmetric critical points and
symmetry breaking in nonlinear elliptic partial differential equations”. In :
Nonlinearity 27.3 (2014), p. 435. URL : http://stacks.iop.org/0951-7715/27/
1=3/a=435 (cf. p. 23, 27, 106).

J. DoLBeaurr, M. J. EsteBaN et G. Jankowiak. “The Moser-Trudinger-Onofri
inequality”. Preprint. 2014 (cf. p. 39, 90-92, 97, 99, 100).

J. DoLBeauLt, M. J. EsteBaN et M. Loss. “Symmetry of extremals of functional
inequalities via spectral estimates for linear operators”. In : J. Math. Phys. 53.P
(2012), p. 095204 (cf. p. 23, 27).

J. DoLBeauLr, M. J. EsteBAN et A. LAPTEV. “Spectral estimates on the sphere”. To
appear in Analysis & PDE. 2013 (cf. p. 24, 59).

J. DoLeeautr, M. J. EsteBan et M. Loss. “Nonlinear flows and rigidity results
on compact manifolds”. Anglais. Preprint. 2013. urL : http://hal.archives-
ouvertes.fr/hal-00784887 (cf. p. 59, 78, 81, 92, 94, 96-98).

J. DEMaNGE. “Improved Gagliardo-Nirenberg-Sobolev inequalities on manifolds
with positive curvature”. In: J. Funct. Anal. 254.3 (2008), p. 593-611. 1ssn : 0022-
1236. por: 10.1016/j.j£fa.2007.01.017. URL : http://dx.doi.org/10.1016/
j.jfa.2007.01.017 (cf. p. 91).

J. DoLseautt, M. J. EsteBaN et G. TArRaNTELLO. “The role of Onofri type inequa-
lities in the symmetry properties of extremals for Caffarelli-Kohn-Nirenberg
inequalities, in two space dimensions”. In : Ann. Sc. Norm. Super. Pisa Cl. Sci.
(56) 7.2 (2008), p. 313-341. 1ssN : 0391-173X (cf. p. xx, 22, 27, 58, 62, 66, 67).

149



BIBLIOGRAPHIE GENERALE

[DET09]

(Dy14]

[DMUO1]

[Dol+09]

[Dol+11]

[Dol+13a]

[Dol+13b]

[Dol+13c¢]

[Dol+14]

[Dol11]

[DP04]

[DP95]

[DP99]

150

J. DoLseauLT, M. J. EsteBan et G. TaranTELLO. “Multiplicity results for the assi-
gned Gauss curvature problem in R?”. In : Nonlinear Anal. 70.8 (2009), p. 2870~
2881. 1ssN : 0362-546X. por : 10.1016/j.na.2008.12.040. URL : http://dx.
doi.org/10.1016/j.na.2008.12.040 (cf. p. 59).

J. DoLBeauLr et G. Jankowiak. “Sobolev and Hardy-Littlewood-Sobolev inequa-
lities”. Anglais. Pre-print, arXiv :1312.2568. 2014. urL : http://hal.archives-
ouvertes.fr/hal-00915998 (cf. p. 34-39, 43, 60, 61, 65, 73-75).

J. DoLBeauLr, P. A. MarkowicH et A. UNTERREITER. “On singular limits of mean-
field equations”. In : Arch. Ration. Mech. Anal. 158.4 (2001), p. 319-351. 1ssN :
0003-9527 (cf. p. 117).

J. DoLeauLr et al. “On the symmetry of extremals for the Caffarelli-Kohn-
Nirenberg inequalities”. In : Adv. Nonlinear Stud. 9.4 (2009), p. 713-726. 1ssN :
1536-1365 (cf. p. 27).

J. DoLBeAuLT et al. “Radial symmetry and symmetry breaking for some inter-
polation inequalities”. In : Calculus of Variations and Partial Differential Equations
42 (2011), p. 461-485 (cf. p. 27).

J. DoLseautr et al. One-dimensional Gagliardo-Nirenberg-Sobolev inequalities : Re-
marks on duality and flows. Rapp. tech. Preprint Ceremade, 2013 (cf. p. 59, 67).

J. DoLBEAuLr et al. “Sharp Interpolation Inequalities on the Sphere : New Me-
thods and Consequences”. In : Chinese Annals of Mathematics, Series B 34.1 (2013),
p- 99-112 (cf. p. 59, 62).

J. DoLBEAULT et al. “Spectral properties of Schrodinger operators on compact
manifolds : Rigidity, flows, interpolation and spectral estimates”. In : Comptes
Rendus Mathematique 351.11-12 (2013), p. 437 —440 (cf. p. 59).

J. DoLseautLr et al. “Improved interpolation inequalities on the sphere”. In :
Discrete and Continuous Dynamical Systems Series S (DCDS-S) 7.4 (2014), p. 695—
724 (cf. p. 59, 78, 81,91, 99).

J. DoLeauLr. “Sobolev and Hardy-Littlewood-Sobolev inequalities : duality
and fast diffusion”. In : Math. Res. Lett. 18.6 (2011), p. 1037-1050. 1ssn : 1073-
2780 (cf. p. xv, xviii, 4-7, 15-17, 34, 35, 39, 51, 60, 63, 74, 75).

J. DoLseauLT et B. PErRTHAME. “Optimal critical mass in the two-dimensional
Keller-Segel model in R?”. In : C. R. Math. Acad. Sci. Paris 339.9 (2004), p. 611-
616. 1ssN : 1631-073X (cf. p. xxiii).

P. DaskaLoroutos et M. A. del Pivo. “On a singular diffusion equation”. In :
Comm. Anal. Geom. 3.3-4 (1995), p. 523-542. 1ssn : 1019-8385 (cf. p. 6).

P. Daskaropoutros et M. del Pivo. “On the Cauchy problem for u; = Alogu
in higher dimensions”. In : Math. Ann. 313.2 (1999), p. 189-206. 1ssn : 0025-
5831. por : 10.1007/s002080050257. URL : http://dx.doi.org/10.1007/
5002080050257 (cf. p. 6).



Bibliographie générale

[DRO8]

[DS10]

[DT13]

[Erd+81]

[Fag06]

[Fag08]

[FL10]

[FL12a]

[FL12b]

[Flu92]

M. D1 Francesco et J. Rosapo. “Fully parabolic Keller-Segel model for chemo-
taxis with prevention of overcrowding”. In : Nonlinearity 21 (2008), p. 2715 (cf.
p. 115).

P. Daskaropouros et N. Sesum. “Type Il extinction profile of maximal solutions
to the Ricci flow in R?”. In : J. Geom. Anal. 20.3 (2010), p. 565-591. 1ssN : 1050~
6926. por: 10.1007/s12220-010-9128-1. URL : http://dx.doi.org/10.1007/
$12220-010-9128-1 (cf. p. 6).

J. DoLeautr et G. Toscant. “Improved interpolation inequalities, relative en-
tropy and fast diffusion equations”. In : Ann. Inst. H. Poincaré Anal. Non Linéaire
30.5(2013), p. 917-934. 1ssn : 0294-1449. por : 10.1016/j .anihpc.2012.12.004.
URL: http://dx.doi.org/10.1016/j.anihpc.2012.12.004 (cf. p. xiii, 77).

A. Erptrvi et al. Higher transcendental functions. Vol. II. Based on notes left by
Harry Bateman, Reprint of the 1953 original. Melbourne, Fla. : Robert E. Krieger
Publishing Co. Inc., 1981, p. xviii+396. 1sBN : 0-89874-069-X (cf. p. 38).

Z. Facer. “Best constants in the exceptional case of Sobolev inequalities”. In :
Math. Z. 252.1 (2006), p. 133-146. 1ssn : 0025-5874. por : 10.1007/s00209-005-
0850-5. URL : http://dx.doi.org/10.1007/s00209-005-0850-5 (cf. p. xxvi,
90, 98).

Z. Facer. “Optimal constants in the exceptional case of Sobolev inequalities
on Riemannian manifolds”. In : Trans. Amer. Math. Soc. 360.5 (2008), p. 2303—
2325. 1ssN : 0002-9947. por : 10.1090/S0002-9947-07-04308-5. URL : http:
//dx.doi.org/10.1090/S0002-9947-07-04308-5 (cf. p. xxvi, 90, 98).

R.L.Frank et E. H. Lies. “Inversion positivity and the sharp Hardy-Littlewood—
Sobolev inequality”. In : Calculus of Variations and Partial Differential Equations
39.1-2 (2010), p. 85-99. URL : http://link.springer.com/article/10.1007/
s00526-009-0302-x;http://link.springer.com/content/pdf/10.1007/
s00526-009-0302-x. pdf (cf. p. 35).

R.L. Frank et E. H. Lies. “A new, rearrangement-free proof of the sharp Hardy—
Littlewood—-Sobolev inequality”. In : Spectral theory, function spaces and inequa-
lities. Springer, 2012, p. 55-67. URL : http://link. springer . com/chapter/
10.1007/978-3-0348-0263-5_4;http://arxiv.org/pdf/1010.5821.pdf?
origin=publication_detail (cf. p. 35).

R. L. Frank et E. H. Ligs. “Sharp constants in several inequalities on the Hei-
senberg group”. In : Ann. of Math. (2) 176.1 (2012), p. 349-381. 1ssn : 0003-486X.
por : 10.4007/annals.2012.176.1.6. URL : http://dx.doi.org/10.4007/
annals.2012.176.1.6 (cf. p. 35, 44).

M. FrucHer. “Extremal functions for the Trudinger-Moser inequality in 2 di-
mensions”. In : Comment. Math. Helv. 67.3 (1992), p. 471-497. 1ssn : 0010-2571.
porl : 10.1007/BF02566514. URL : http://dx.doi.org/10.1007/BF02566514
(cf. p. 60).

151



BIBLIOGRAPHIE GENERALE

[Fon97]

[Fon98]

[FS03]

[Ghi05]

[Gid82]

[GKO02]

[GL10]

[GM13]

[GNNS81]

[GP97]

[GS81]

152

E. FonTENAS. “Sur les constantes de Sobolev des variétés riemanniennes com-
pactes et les fonctions extrémales des spheres”. In : Bull. Sci. Math. 121.2 (1997),
p- 71-96. 155N : 0007-4497 (cf. p. xxvii, 59, 81, 91, 92, 97, 99).

E. FonTENAs. “Sur les minorations des constantes de Sobolev et de Sobolev loga-
rithmiques pour les opérateurs de Jacobi et de Laguerre”. In : Séminaire de Pro-
babilités, XXXII. T. 1686. Lecture Notes in Math. Berlin : Springer, 1998, p. 14-29.
por : 10.1007/BFb0101747. URL : http://dx.doi.org/10.1007/BFb0101747
(cf. p. 78).

V. FeLL1 et M. ScHNEIDER. “Perturbation results of critical elliptic equations of
Caffarelli-Kohn-Nirenberg type”. In: J. Differential Equations 191.1 (2003), p. 121-
142. 1ssN : 0022-0396 (cf. p. 27).

A. GHiar. “On the Moser-Onofri and Prékopa-Leindler inequalities”. In : Collect.
Math. 56.2 (2005), p. 143-156. 1ssn : 0010-0757 (cf. p. xxi, 59, 91).

B. Gipas. “Symmetry and isolated singularities of conformally flat metrics and
of solutions of Yang-Mills equations”. In : Seminar on Differential Geometry. T. 102.
Ann. of Math. Stud. Princeton Univ. Press, Princeton, N.J., 1982, p. 423—441 (cf.
p. xxvi).

V. A. GarakTioNov et ]. R. Kinc. “Fast diffusion equation with critical Sobolev
exponent in a ball”. In : Nonlinearity 15.1 (2002), p. 173-188. 1ssn5: 0951-7715. por :
10.1088/0951-7715/15/1/308. URL : http://dx.doi.org/10.1088/0951~
7715/15/1/308 (cf. p. 6).

N. Groussous et C.-S. LiN. “On the best constant in the Moser-Onofri-Aubin
inequality”. In : Comm. Math. Phys. 298.3 (2010), p. 869-878. 1ssn : 0010-3616.
por : 10.1007/s00220-010-1079-7. URL : http://dx.doi.org/10.1007/
$00220-010-1079-7 (cf. p. 59).

N. Guoussous et A. Morabiram. Functional inequalities : new perspectives and new
applications. T. 187. Mathematical Surveys and Monographs. Providence, RI :
American Mathematical Society, 2013, p. xxiv+299. 1sBN : 978-0-8218-9152-0 (cf.
p- xxv, 59, 60, 69, 77,79, 80, 90, 91).

B. Gipas, W. M. N1 et L. NIRENBERG. “Symmetry of positive solutions of non-
linear elliptic equations in R™”. In : Mathematical analysis and applications, Part
A. T. 7. Adv. in Math. Suppl. Stud. Academic Press, New York-London, 1981,
p. 369-402 (cf. p. 105, 106).

V. A. Garaktionov et L. A. PeLeTiER. “Asymptotic behaviour near finite-time
extinction for the fast diffusion equation”. In : Arch. Rational Mech. Anal. 139.1
(1997), p. 83-98. 1ssn : 0003-9527 (cf. p. 6).

B. Gipas et J. Spruck. “Global and local behavior of positive solutions of non-
linear elliptic equations”. In : Comm. Pure Appl. Math. 34.4 (1981), p. 525-598.
1ssN : 0010-3640. por : 10.1002/cpa.3160340406. URL : http://dx.doi.org/
10.1002/cpa . 3160340406 (cf. p. xxv, 78).



Bibliographie générale

[GZ98]

[Heb99]

[Her70]

[Hon86]

[Hor69]

[HPO1]

[Jan14]

[JL72]

[JX11]

[Kaw85]

[Kin93]

[KS02]

H. Gajewski et K. ZacHarias. “Global behaviour of a reaction-diffusion system
modelling chemotaxis”. In : Math. Nachr. 195 (1998), p. 77-114. 1ssN : 0025-584X.
por : 10.1002/mana.19981950106. URL : http://dx.doi.org/10.1002/mana.
19981950106 (cf. p. 60).

E. Hesey. Nonlinear analysis on manifolds : Sobolev spaces and inequalities. T. 5.
Courant Lecture Notes in Mathematics. New York : New York University Cou-
rant Institute of Mathematical Sciences, 1999, p. x+309. 1sBN : 0-9658703-4-0;
0-8218-2700-6 (cf. p. 91).

J. HErscH. “Quatre propriétés isopérimétriques de membranes sphériques ho-
mogenes”. In : C. R. Acad. Sci. Paris Sér. A-B 270 (1970), A1645-A1648 (cf. p. 59).

C. W. Hona. “A best constant and the Gaussian curvature”. In : Proc. Amer.
Math. Soc. 97.4 (1986), p. 737-747. 1ssN : 0002-9939. por : 10.2307/2045939. URL :
http://dx.doi.org/10.2307/2045939 (cf. p. xxi, 59, 91).

L. HorMANDER. Linear partial differential operators. T. 116. Springer-Verlag Berlin,
1969 (cf. p. 125).

T. HiLien et K. Painter. “Global existence for a parabolic chemotaxis model
with prevention of overcrowding”. In : Advances in Applied Mathematics 26.4
(2001), p. 280-301. URL : http://www.sciencedirect.com/science/article/
pii/S0196885801907213 (cf. p. XXiX).

G. Jankowiak. “Logarithmic Hardy-Littlewood-Sobolev and Onofri inequali-
ties”. In preparation. 2014 (cf. p. 6).

D. D. JosepH et T. S. LunDGREN. “Quasilinear Dirichlet problems driven by po-
sitive sources”. In : Arch. Rational Mech. Anal. 49 (1972/73), p. 241-269. 1ssN :
0003-9527 (cf. p. xxvi).

T.Jin et]. X1oNG. “A fractional Yamabe flow and some applications”. In : Journal
fiir die reine und angewandte Mathematik (Crelles Journal) (2011). urL : http://
www . degruyter . com/view/j/crelle . ahead - of - print /crelle-2012-
0110/crelle-2012-0110.xml;http://arxiv.org/pdf/1110.5664 (cf. p. xix,
34-36, 39, 52).

B. KawoHL. Rearrangements and convexity of level sets in PDE. T. 1150. Lecture
Notes in Mathematics. Berlin : Springer-Verlag, 1985, p. iv+136. 1sBN : 3-540-
15693-3 (cf. p. 59).

J. KiNng. “Self-similar behaviour for the equation of fast nonlinear diffusion”.
In : Philosophical Transactions of the Royal Society of London. Series A : Physical and
Engineering Sciences 343.1668 (1993), p. 337. 1ssN : 1364-503X (cf. p. 6).

A. KIRCHNER et A. SCHADSCHNEIDER. “Simulation of evacuation processes using
a bionics-inspired cellular automaton model for pedestrian dynamics”. In :
Physica A : Statistical Mechanics and its Applications 312.1-2 (sept. 2002), p. 260—
276. URL : http : / /www . sciencedirect . com/ science /article /B6TVG -
460DJMT-2/1/869133daaf7a8cd35161f46£22bce460 (cf. p. xxix, 115).

153



BIBLIOGRAPHIE GENERALE

[KS70]

[Lic58]

[Lie83]

[LLO1]

[LL13]

[LM12]

[Lop96]

[LV95]

[McC95]

[McC97]

[MMS09]

[Mos70]

154

E. F. KeLLer et L. A. SeceL. “Initiation of slime mold aggregation viewed as
an instability”. In : Journal of Theoretical Biology 26.3 (1970), p. 399—415. 1ssN :
0022-5193. por : 10 . 1016 / 0022 - 5193(70 ) 90092 - 5. URL : http : / / www .
sciencedirect.com/science/article/pii/0022519370900925 (cf. p. xxii).

A. LicuNerowicz. Géométrie des groupes de transformations. Travaux et Recherches
Mathématiques, III. Dunod, Paris, 1958, p. ix+193 (cf. p. 96).

E. H. Lies. “Sharp constants in the Hardy-Littlewood-Sobolev and related in-
equalities”. In : Ann. of Math. (2) 118.2 (1983), p. 349-374. 1ssn : 0003-486X (cf.
p- xiv, xv, 4,7, 19, 34, 35, 53, 59).

E. H. Lies et M. Loss. Analysis. Second. T. 14. Graduate Studies in Mathema-
tics. Providence, RI : American Mathematical Society, 2001, p. xxii+346. 1sBN :
0-8218-2783-9 (cf. p. xv, 5, 59).

N. Lam et G. Lu. “A new approach to sharp Moser-Trudinger and Adams type
inequalities : a rearrangement-free argument”. In : J. Differential Equations 255.3
(2013), p. 298-325. 1ssN : 0022-0396. por : 10.1016/j . jde.2013.04.005. URL :
http://dx.doi.org/10.1016/j.jde.2013.04.005 (cf. p. 60).

P. Laurencor et B.-V. Martioc. “A gradient flow approach to a thin film approxi-
mation of the Muskat problem”. English. In : Calculus of Variations and Partial
Differential Equations (2012), p. 1-23. 1ssN : 0944-2669. por : 10. 1007 /s00526 -
012-0520-5. URL : http://dx.doi.org/10.1007/s00526-012-0520-5 (cf.
p- 117, 135).

O. Lopes. “Radial symmetry of minimizers for some translation and rotation
invariant functionals”. In : Journal of differential equations 124.2 (1996), p. 378—
388 (cf. p. xxx, 125).

J. R. Licors et L. VEroN. “Un théoreme d’annulation pour des équations ellip-
tiques non linéaires sur des variétés riemanniennes compactes”. In : C. R. Acad.
Sci. Paris Sér. I Math. 320.11 (1995), p. 1337-1342. 1ssN : 0764-4442 (cf. p. 91, 92).

R. J. McCann. “Existence and uniqueness of monotone measure-preserving
maps”. In : Duke Math. J. 80.2 (1995), p. 309-323. 1ssn : 0012-7094. por : 10 .
1215/S0012-7094-95-08013-2. URL : http://dx.doi.org/10.1215/S0012~
7094-95-08013-2 (cf. p. 70).

R.J. McCanN. “A convexity principle for interacting gases”. In : Adv. Math. 128.1
(1997), p. 153-179. 15N : 0001-8708. por : 10.1006/aima.1997.1634. URL: http:
//dx.doi.org/10.1006/aima.1997.1634 (cf. p. 70).

D. MartHEs, R. J. McCanN et G. Savarg. “A family of nonlinear fourth order
equations of gradient flow type”. In : Comm. Partial Differential Equations 34.10-
12 (2009), p. 1352-1397. 1ssN : 0360-5302. por : 10 . 1080/03605300903296256.
URL : http://dx.doi.org/10.1080/03605300903296256 (cf. p. xxiv, 117).

J. Moskgr. “A sharp form of an inequality by N. Trudinger”. In : Indiana Univ.
Math. ]. 20 (1970/71), p. 1077-1092. 1ssn : 0022-2518 (cf. p. xxi, 38, 58, 59, 90).



Bibliographie générale

[MP89]

[New84]

[NSY02]

[NT98]

[Oki08]

[Ono82]

[OPS88]

[Pab+12]

[PD02]

[PD13]

[Pho+08]

[Pin+10]

J. B.McLeop et L. A. PeLeTIER. “Observations on Moser’s inequality”. In : Arch.
Rational Mech. Anal. 106.3 (1989), p. 261-285. 1ssn : 0003-9527. por : 10. 1007/
BF00281216. URL : http://dx.doi.org/10.1007/BF00281216 (cf. p. 60).

W. I. Newman. “A Lyapunov functional for the evolution of solutions to the
porous medium equation to self-similarity. I”. In : J. Math. Phys. 25.10 (1984),
p- 3120-3123. 1ssN : 0022-2488 (cf. p. xiii, 77).

Y. Narro, T. Suzuxki et K. YosHIpA. “Self-similar solutions to a parabolic system
modeling chemotaxis”. In : J. Differential Equations 184.2 (2002), p. 386—421.1ssN :
0022-0396 (cf. p. 106).

M. Novrasco et G. TaranTELLO. “On a sharp Sobolev-type inequality on two-
dimensional compact manifolds”. In : Arch. Ration. Mech. Anal. 145.2 (1998),
p- 161-195. 1ssn : 0003-9527. por : 10.1007/s002050050127. URL : http://dx.
doi.org/10.1007/s002050050127 (cf. p. 90).

K. Oxixioru. “Extremals for logarithmic Hardy-Littlewood-Sobolev inequali-
ties on compact manifolds”. In : Geom. Funct. Anal. 17.5 (2008), p. 1655-1684.
1ssN : 1016-443X. por : 10.1007/s00039-007-0636-5. URL : http://dx.doi.
org/10.1007/s00039-007-0636-5 (cf. p. 60).

E. Onorr1. “On the positivity of the effective action in a theory of random sur-
faces”. In : Comm. Math. Phys. 86.3 (1982), p. 321-326. 1ssN : 0010-3616. URL :
http://projecteuclid.org/euclid.cmp/1103921772 (cf. p. xxi, 5, 38, 58, 60,
90, 91).

B. Oscoop, R. PHiLLIPs et P. SARNAK. “Extremals of determinants of Laplacians”.
In : J. Funct. Anal. 80.1 (1988), p. 148-211. 1ssn : 0022-1236. por : 10.1016/0022-
1236(88)90070-5. URL: http://dx.doi.org/10.1016/0022-1236(88) 90070~
5 (cf. p. xxv, 58, 78, 91).

A. de PaBLo et al. “A general fractional porous medium equation”. In : Commu-
nications on Pure and Applied Mathematics 65.9 (2012), p. 1242-1284. urL : http:
//onlinelibrary.wiley.com/doi/10.1002/cpa.21408/abstract (cf. p. 50).

M. del Pivo et J. DoLseautt. “Best constants for Gagliardo-Nirenberg inequali-
ties and applications to nonlinear diffusions”. In : J. Math. Pures Appl. (9) 81.9
(2002), p. 847-875. 1ssn : 0021-7824. por : 10.1016/S0021-7824(02) 01266~-7.
URL : http://dx.doi.org/10.1016/50021-7824(02)01266-7 (cf. p. xiii, xxiv,
34, 62,75,77).

M. del Pivo et ]. DoLseauLr. “The Euclidean Onofri inequality in higher dimen-
sions”. In : Int. Math. Res. Not. IMRN 15 (2013), p. 3600-3611. 1ssn : 1073-7928
(cf. p. 60, 63).

D. H. PronG et al. “The Moser-Trudinger inequality on Kéhler-Einstein mani-
folds”. In : American Journal of Mathematics 130.4 (2008), p. 1067-1085 (cf. p. 91).

M. del Pmvo et al. “A logarithmic Hardy inequality”. In : J. Funct. Anal. 259.8
(2010), p. 2045-2072. 1ssn : 0022-1236. por : 10.1016/j . jfa.2010.06.005. URL :
http://dx.doi.org/10.1016/j.jfa.2010.06.005 (cf. p. 23).

155



BIBLIOGRAPHIE GENERALE

[Poh65] S. I. Ponozaev. “On the eigenfunctions of the equation Au + Af(u) = 0”.In:
Dokl. Akad. Nauk SSSR 165 (1965), p. 36-39. 1ssN : 0002-3264 (cf. p. xxi).

[PSO1] M. del Pivo et M. SAEz. “On the extinction profile for solutions of u; = Auxilg 7,
In : Indiana Univ. Math. . 50.1 (2001), p. 611-628. 1ssn : 0022-2518. por: 10. 1512/
iumj.2001.50.1876. URL : http://dx.doi.org/10.1512/iumj.2001.50.1876
(cf. p. xviii, 6, 25).

[PS51] G. POLva et G. SzeGG. Isoperimetric Inequalities in Mathematical Physics. Annals of
Mathematics Studies, no. 27. Princeton University Press, Princeton, N. J., 1951,
p- xvi+279 (cf. p. xiv).

[PZ95] M. A. Pecetier et H. F. ZuaNG. “Self-similar solutions of a fast diffusion equation
that do not conserve mass”. In : Differential Integral Equations 8.8 (1995), p. 2045—
2064. 1ssN : 0893-4983 (cf. p. 6).

[Ral84] J. RaLstoN. “A Lyapunov functional for the evolution of solutions to the porous
medium equation to self-similarity. II”. In : J. Math. Phys. 25.10 (1984), p. 3124—
3127. 1ssN : 0022-2488 (cf. p. xiii, 77).

[Reg+13]  B. Regner et al. “Anomalous Diffusion of Single Particles in Cytoplasm”. In :
Biophysical Journal 104.8 (2013), p. 1652 -1660. 1ssN : 0006-3495. por : http://dx.
doi.org/10.1016/j.bpj.2013.01.049. URL : http://www.sciencedirect.
com/science/article/pii/S0006349513001823 (cf. p. xix).

[Ros71] G. Rosen. “Minimum value for c in the Sobolev inequality |¢?| < ¢ |V¢[?”. In:
SIAM J. Appl. Math. 21 (1971), p. 30-32. 1ssN : 0036-1399 (cf. p. xiv, 34, 64).

[Rub08a] Y. A.RusINsTEIN. “On energy functionals, Kdhler-Einstein metrics, and the Moser-
Trudinger-Onofri neighborhood”. In : J. Funct. Anal. 255.9 (2008), p. 2641-2660.
1ssN : 0022-1236. por : 10.1016/5 . jfa.2007.10.009. URL : http://dx.doi.
org/10.1016/3.jfa.2007.10.009 (cf. p. 59, 91).

[Rub08b] Y. A. RuBINsTEIN. “Some discretizations of geometric evolution equations and
the Ricci iteration on the space of Kéhler metrics”. In : Adv. Math. 218.5 (2008),
p- 1526-1565. 1ssn : 0001-8708. por: 10.1016/j.aim.2008.03.017. URL : http:
//dx.doi.org/10.1016/j.aim.2008.03.017 (cf. p. 59, 91).

[Sag+12]  Y.Sacretal. “Observation of Anomalous Diffusion and Fractional Self-Similarity
in One Dimension”. In : Phys. Rev. Lett. 108 (9 2012), p. 093002. por : 10.1103/
PhysRevLett . 108 . 093002. URL : http://1link . aps . org/doi/10.1103/
PhysRevLett.108.093002 (cf. p. xix).

[Ste70] E. M. SteIN. Singular integrals and differentiability properties of functions. T. 2. Prin-
ceton university press, 1970 (cf. p. xix).

[SV94] G. Savare et V. VEspr1. “The asymptotic profile of solutions of a class of doubly
nonlinear equations”. In : Nonlinear Anal. 22.12 (1994), p. 1553-1565. 1ssN : 0362-
546X (cf. p. 6).

[Swa92] C. A. Swanson. “The best Sobolev constant”. In : Applicable Analysis 47.1-4 (1992),
p-227-239.URL:http://wuw.tandfonline.com/doi/abs/10.1080/00036819208840142
(cf. p. 34).

156



Bibliographie générale

[Tal76]

[Tru67]

[TZ00]

[Vil09]

[V4z06]

[V4z07]

G. TaLenTL “Best constant in Sobolev inequality”. In : Ann. Mat. Pura Appl. (4)
110 (1976), p. 353-372. 1ssN : 0003-4622 (cf. p. xiv, 34, 62, 64).

N. S. TrupINGER. “On imbeddings into Orlicz spaces and some applications”.
In : J. Math. Mech. 17 (1967), p. 473-483 (cf. p. xxi, 58, 90).

G. Tian et X. ZHu. “A nonlinear inequality of Moser-Trudinger type”. English.
In : Calculus of Variations and Partial Differential Equations 10.4 (2000), p. 349-354.
15SN : 0944-2669. por : 10.1007/s005260010349. URL : http://dx.doi.org/10.
1007/s005260010349 (cf. p. 91).

C. ViLLant Optimal transport, Old and new. T. 338. Grundlehren der Mathemati-
schen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Ber-
lin : Springer-Verlag, 2009, p. xxii+973. 1sBN : 978-3-540-71049-3. por : 10.1007/
978-3-540-71050-9. URL : http://dx.doi.org/10.1007/978-3-540-71050-
9 (cf. p. 70).

J. L. VAzQuEz. Smoothing and decay estimates for nonlinear diffusion equations. T. 33.
Oxford Lecture Series in Mathematics and its Applications. Oxford : Oxford
University Press, 2006, p. xiv+234 (cf. p. 25).

J. L. VAzquEz. The porous medium equation. Oxford Mathematical Monographs.
Mathematical theory. Oxford : The Clarendon Press Oxford University Press,
2007, p. xxii+624. 15BN : 978-0-19-856903-9 ; 0-19-856903-3 (cf. p. xii, xiii).

157



