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Résumé

Les travaux de cette thèse portent sur les problèmes d’estimation non paramé-
trique des fonctions de densité, de régression et du mode conditionnel associés à des
processus stationnaires à temps continu. La motivation essentielle est d’établir des
propriétés asymptotiques tout en considérant un cadre de dépendance des données
assez général qui puisse être facilement utilisé en pratique.

Cette contribution se compose de quatre parties. La première partie est consa-
crée à l’état de l’art relatif à la problématique qui situe bien notre contribution dans
la littérature.

Dans le deuxième partie, nous nous intéressons à l’estimation, par la méthode
du noyau, de la densité pour laquelle nous établissons des résultats de convergence
presque sûre, ponctuelle et uniforme, avec des vitesses de convergence. Dans les par-
ties suivantes, les données sont supposées stationnaires et ergodiques.

Dans la troisième partie, des propriétés asymptotiques similaires sont établies
pour l’estimation à noyau de la fonction de régression.

Dans le même esprit, nous étudions dans la quatrième partie, l’estimation à
noyau de la fonction mode conditionnel pour lequel nous établissons des propriétés
de consistance avec des vitesses de convergence. L’estimateur proposé ici se posi-
tionne comme une alternative à celui de la fonction de régression dans les problèmes
de prévision.

Mots-clefs : Estimation non-paramétrique, estimateur à noyau, consistance,
convergence presque sûre et uniforme, ergodicité, stationarité, temps continu, den-
sité, régression, mode conditionnel, vitesse de convergence.
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Abstract

The work of this thesis focuses upon some nonparametric estimation problems.
More precisely, considering kernel estimators of the density, the regression and the
conditional mode functions associated to a stationary continuous-time process, we
aim at establishing some asymptotic properties while taking a sufficiently general
dependency framework for the data as to be easily used in practice.

The present manuscript includes four parts. The first one gives the state of the art
related to the field of our concern and identifies well our contribution as compared
to the existing results in the literature.

In the second part, we focus on the kernel density estimation. In a rather general
dependency setting, where we use a martingale difference device and a technique
based on a sequence of projections on σ-fields, we establish the almost sure point-
wise and uniform consistencies with rates of our estimate.

In the third part, similar asymptotic properties are established for the kernel esti-
mator of the regression function. Here and below, the processes are assumed to be
ergodic

In the same spirit, we study in the fourth part, the kernel estimate of conditional
mode function for which we establish consistency properties with rates of conver-
gence. The proposed estimator may be viewed as an alternative in the prediction
issues to the usual regression function.

Keywords : Non-parametric estimation, kernel estimator, consistency, uniform
convergence, ergodicity, stationarity, continuous time, density function, regression
function, conditional mode, rate of convergence.
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Introduction

L’estimation statistique est un domaine très important de la statistique mathé-
matique qui développe des techniques pour décrire certaines caractéristiques d’en-
sembles d’observations. On pourra distinguer deux composantes principales, à savoir,
l’estimation paramétrique et l’estimation non paramétrique. Dans le cadre de l’es-
timation non-paramétrique, on est intéressé, essentiellement, par l’estimation d’une
fonction inconnue appartenant à une certaine classe de fonctions. Notons que l’ap-
proche non-paramétrique est basée sur un procédé indépendant de la loi du pro-
cessus observé. Dans ce contexte général, la procédure d’estimation ne se restreint
pas, comme dans l’estimation paramétrique, à l’estimation d’un nombre fini de pa-
ramètres liés à la loi de l’échantillon. De ce fait, l’estimation non-paramétrique offre
une très grande flexibilité de modélisation pour les applications réelles. Parmi les pro-
blèmes importants de la statistique mathématique, l’estimation de caractéristiques
fonctionnelles associées à la loi des observations occupe une place prépondérante.
À cet effet, de nombreux travaux ont été consacrés à l’estimation de fonctionnelles
comme la fonction de densité et la fonction de régression.

Les contributions à l’étude des paramètres fonctionnels ont beaucoup enrichi la
littérature ces dernières décennies. Nous citons à titre d’exemples les travaux de Ro-
senblatt (1956)[114], Parzen (1962)[107], Nadaraya (1965)[100], Watson (1964)[126],
Banon (1978)[6] ainsi que celui de Castellana- Leadbetter (1986)[26], présentant une
condition portant sur les densités jointes et marginales d’un processus strictement
stationnaire et utilisée pour atteindre des vitesses suroptimal dans le cas d’un pro-
cessus à temps continu (voir Bosq (1997)[15]). L’estimation non paramétrique des
fonctions de la densité, de la régression et des argmax (fonction mode pour la den-
sité et mode conditionnel pour la densité conditionnelle) constitue un sujet qui a
suscité une intense activité de recherche et permis l’introduction de nombreux outils
et méthodes considérant des contextes multiples et variés.

Le présent manuscrit est composé de quatre chapitres présentant des résultats
de recherche originaux portant sur l’estimation non-paramétrique de fonctionnnelles
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associées à des processus à temps continu, chacun éclairant un aspect particulier de
ce contexte général. Nous abordons des problèmes en rapport avec l’estimation de la
fonction de densité, de la fonction de régression et de la fonction mode conditionnel.

Le chapitre introductif rappellera les principaux concepts ainsi que les propriétés
les plus importantes qui nous permettent de mieux décrire les problèmes traités en
situant au fur et à mesure les travaux antérieurs. Ensuite, nous présenterons briè-
vement les nouveaux résultats obtenus dans cette thèse. Pour être plus précis, nous
avons caractérisé le comportement asymptotique, sous des hypothèses appropriées,
relatif à la consistance avec des vitesse de convergence, pour des estimateurs à noyau
construits à partir de l’observation d’une partie d’un processus stationnaire à temps
continu défini dans un cadre de dépendance assez général.

Dans le chapitre 1, nous nous intéressons à la question de l’estimation de la fonc-
tion de densité d’un processus stationnaire à temps continu. Sous des conditions de
dépendance assez générales, nous établissons les convergences presque sûres, ponc-
tuelles et uniformes avec des vitesses de convergence de l’estimateur à noyau de la
densité du processus.

L’objet du chapitre 2, est d’étudier le modèle de régression d’un processus réel
(Yt)t≥0 sur un processus vectoriel (Xt)t≥0, tous les deux considérés comme sta-
tionnaires et ergodiques. En utilisant une version adaptée de l’estimateur à noyau
de Nadaraya-Watson au cas du temps continu, nous établissons les convergences
presque sûres, ponctuelles et uniformes avec des vitesses de convergence de cet esti-
mateur. Les résultats sont, ensuite, appliqués à la prévision des séries temporelles.

Dans le dernier chapitre, nous étudions le mode conditionnel et nous établissons
la consistance presque sûre, ponctuelle et uniforme, avec vitesse de convergence de
l’estimateur à noyau proposé. Dans toute la suite de ce travail, nous supposons que
le processus observé n’est pas assujetti à aucune hypothèse permettant d’utiliser des
méthodes paramétriques.

La prise en compte de structure de dépendance pour l’estimation de paramètres
rend le cadre de travail plus proche de ce qui est observé dans la réalité. L’étude des
propriétés relatives aux processus à temps continu ne peut être envisagée en dehors
d’une structure de dépendance des données. Les conditions de mélange sont les plus
utilisées, à travers la littérature, dans l’analyse des propriétés de ce type de proces-
sus. Pour de nombreux processus bien connus, les propriétés de mélange ont déjà été
établies. Cependant, la structure de dépendance de multiple processus utiles reste
un problème ouvert. À titre d’exemple, Ibragimov et Linnik (1971)[74], Chernick
(1981)[31] et Andrews (1984)[2] ont montré que dans certains cas le processus auto-
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régressif linéaire du premier ordre en temps discret n’est pas fortement mélangeant.
En particulier, le processus stationnaire (Xt)t∈Z vérifiantle modèle AR(1) défini par
Xt = θXt−1 + εt, où les (εt)t∈Z est une suite d’innovation de Bernoulli i.i.d, n’est
pas fortement mélangeant. Toutefois, l’ergodicité est conservée en prenant des fonc-
tions mesurables d’un processus ergodique. Si (εt)t∈Z est un processus strictement
stationnaire et ergodique, Yt = ϑ((. . . , εt−1, εt), (εt, εt+2, . . .)) pour une certaine fonc-
tion borélienne ϑ(·), alors (Yt)t∈Z est également ergodique ; voir Proposition 2.10 à
la page 54 de Bradley (2007)[24]. Comme le processus autorégressif, ci-dessus, peut
être représenté comme une fonction linéaire des εt, il s’ensuit alors qu’il est aussi
ergodique. Nous construisons maintenant un autre exemple de processus ergodique
non mélangeant et cette fois-ci en temps continu. Il est bien connu que le mouvement
brownien fractionnaire (WH

t ; t ≥ 0) de paramètre de Hurst H ∈ (0, 1) admet des
incréments strictement stationnaires. Par ailleurs, le bruit gaussien fractionnaire,
défini pour tout s > 0 par (GH

t )t≥0 = (WH
t+s−WH

t )t≥0, est un processus centré stric-
tement stationnaire à longue mémoire lorsque H ∈ (1

2 , 1) (voir, par exemple, Beran
(1994)[11] p. 55, Lu (2009)[93] p. 17). De ce fait, il contrevient alors à la condition
de mélange fort. Pour un processus réel gaussien strictement stationnaire et centré
(Gt)t≥0, considérons la fonction de corrélation R(t) = E [G0Gt]. En se reportant au
travail de Maslowski et Pospíšil (2008)[96], Lemme 4.2, il ressort que le processus
(Gt)t≥0 est ergodique lorsque lim

t→∞
R(t) = 0. Un calcul facile permet alors de voir que

le processus (GH
t )t≥0 vérifie bien cette condition.

Par ailleurs, il est bien connu que les conditions de mélange sont difficiles à vé-
rifier en pratique. Il est donc préférable de définir un cadre de travail général en
considérant des processus satisfaisant des conditions d’ergodicité qui incluent à la
fois des processus mélangeants et non-mélangeants. Il est bien connu que l’ergodi-
cité est satisfaite par les processus mélangeants et elle est, en outre, plus facile à
vérifier en pratique (Krengel (1985)[77], p. 24, Ash et Gardner (1975)[3], p. 120). La
difficulté principale de l’ergodicité est qu’elle ne nous permet pas, sans conditions
supplémentaires, d’obtenir des vitesses de convergence (Krengel (1985)[77]). Notre
objectif est de construire un carde de travail relatif à l’estimation non paramétrique
de fonctionnelles, d’un processus à temps continu, vérifiant une condition d’ergo-
dicité et d’établir des résultats de consistances ponctuelles et uniformes, avec des
vitesses de convergence des différents estimateurs.

Dans la suite de cette introduction, nous donnerons successivement :
– une introduction à l’estimation non-paramétrique ;
– une introduction à la théorie ergodique ;
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– un plan de la thèse ;

0.1 Historique de l’estimation non-paramétrique

L’approche non-paramétrique, permettant de surmonter les restrictions impo-
sées par les méthodes paramétriques sur le modèle, est fréquement adoptée par les
statisticiens pour estimer certaines fonctionnelles liées aux données.

Dans la suite, nous introduisons les estimateurs qui seront utilisés dans cette
thèse.

Estimation de la densité de probabilité

Soit (Xi)i≥1 une suite stationnaire des variables aléatoires. On note P la loi de
probabilité sur R régissant ce processus et f sa densité par rapport à la mesure de
Lebesgue.

La méthode du noyau a d’abord été décrite en 1951 dans un rapport non pu-
blié par Fix et Hodges (voir Silverman and Jones (1989)[123]). Un peu plus tard,
la première forme de l’estimateur à noyau était introduite dans les travaux de Ro-
senblatt (1956)[114] et Parzen (1962) [107] qui ont défini une application réelle K
vérifiant la condition

∫
RK(u)du = 1 et connue depuis sous le nom du noyau de

Parzen-Rosenblatt. L’estimateur de Parzen-Rosenblatt est défini, pour tout x ∈ R,
par

f̂n(x) = 1
nhn

n∑
i=1

K
(
x−Xi

hn

)
,

où hn, la fenêtre de lissage, est un paramètre tendant avec une certaine vitesse vers
0 lorsque n tend vers l’infini.

La première version de cet estimateur fut donnée par Rosenblatt(1956), en choi-
sissant le noyau uniforme K = I[−1,1]

2 . Il donna l’erreur quadratique moyenne de
l’estimateur de la densité pour des observations univariées indépendantes et identi-
quement distribuées. La généralisation de ce résultat fut obtenue par Parzen(1962)
pour une vaste classe de noyaux qui établit aussi la normalité asymptotique. Cal-
coullos (1966)[25] traita le cas multivarié. Résultats de la section 6.3 du Bosq et
Blanke (2008)[21] sont des améliorations de résultats parus dans Bosq (1998)[17].
Concernant la convergence presque sûre, ils ont délibérément choisi une condition
de mélange assez fort (nommément une décroissance exponentielle du coefficient)
de présenter des résultats optimales (c’est-à constantes asymptotiques similaires à
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ceux du cas i.i.d.). Pour les conditions de dépendance affaiblis, le lecteur intéressé
pourra se référer aux ouvrages suivants (et les références qui y sont) : Liebscher
(2001)[82] pour les processus arithmétique fortement mélangeants, Doukhan et Lou-
hichi (2001)[53] pour un nouveau concept de dépendance y compris les processus qui
ne sont pas mélangeants en général. Pour des choix pratiques de hn dans le cas dé-
pendant, nous renvoyons également à : Hall et al. (1995)[68] ; Hart et Vieu (1990)[72]
et Kim (1997)[76].

Banon (1978)[6], fut le premier à s’intéresser à l’estimation de la densité en temps
continu à partir de l’observation d’une partie (Xt)0≤t≤T d’un processus stationnaire
(Xt)t≥0. S’inspirant du cas discret, la forme de cet estimateur est donnée, pour tout
x ∈ R, par

f̂T (x) = 1
ThT

∫ T

0
K
(
x−Xt

hT

)
dt.

Les premiers résultats de l’estimation de la fonction de densité pour les processus de
diffusion sont apparus dans Banon (1978)[6] suivie de Banon et Nguyen ((1978)[7],
(1981)[8]) ; Nguyen (1979)[102] et Nguyen et Pham (1980)[103].

Par la suite, Delecroix (1979)[43], étudia la convergence presque sûre et la conver-
gence en moyenne quadratique des estimateurs de la densité et de la densité condi-
tionnelle pour des processus strictement stationnaires et fortement mélangeants.
Quelques années plus tard, Castellana et Leadbetter (1986)[26] démontrèrent qu’il
était possible, sous certaines conditions portant sur la densité jointe du processus,
d’atteindre une vitesse de convergence en moyenne quadratique de l’estimateur de la
densité en T−1, qu’on appelle vitesse "suroptimale" ou "paramétrique" puisqu’elle est
identique à la vitesse obtenue usuellement en statistique paramétrique. Ce résultat
historique a par la suite inspiré de nombreux travaux en temps continu. On pourra
se référer par exemple aux ouvrages de Bosq (1998) [20] et Bosq et Blanke (2007)[17]
pour une étude complète des estimateurs à noyau et par projection, et de Kutoyants
(2004)[79] pour l’inférence des processus de diffusion ergodiques, ainsi qu’à leurs
bibliographies respectives. Le cas particulier des ondelettes a également été examiné
par Leblanc (1995)[91]. Enfin, Kutoyants (1995)[78] a prouvé que (1/T ) est la vitesse
minimax lorsque les processus de diffusion sont observés. Bosq (1997)[15] et Bosq et
al (1999)[18] ont obtenu la normalité asymptotique pour les estimateurs à noyaux
basés sur des échantillons des processus α−mélangeants. Didi & Louani (2013a)[50]
ont obtenu des résultats de convergence presque sûre, ponctuelle et uniforme, avec
des vitesses de convergence non paramétrique dans un cadre de convergence assez
général où des méthodes de preuve basées sur des différences de martingale et des
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projections successives sur une famille de σ−algèbre emboitées, comparables à celle
définies dans Wu & al (2010)[128] dans le cas discret, ont été utilisées (voir, aussi
Chapitre 1). Wu & al (2010)[128] établit, dans le cas discret, la normalité asympto-
tique ainsi que la consistance avec des vitesses de convergence pour des estimateurs
non paramétriques de la densité et de la fonction de régressioon pour une large
classe de processus linéaires et non-linéaires utilisés dans les series temporelles. Fi-
nalement, le choix de la fenêtre de lissage est un problème qui a suscité beaucoup
d’intérêt, Yondjé et al (1994)[132] a proposé une méthode pour sélectionner une
fenêtre qui soit asymptotiquement "bonne". Cette méthode s’inspire des idées de
validation croisée qui ont été proposées dans d’autres problèmes d’estimation fonc-
tionnelle, citons par exemple, Marron (1987)[95] pour la densité, Härdle et Marron
(1985)[71] pour la régression, Sarda et Vieu, (1991)[122] pour la fonction de hasard
et Sarda (1991)[121] pour le cas de la fonction de répartition. Nous pouvons aussi
nous référer aux travaux de Youndé et al (1993a)[131], Youndjé et Wells (2008)[133],
Absava (1999)[1], Chacón et Tenreiro (2012)[28] qui traitent de la même question.

Estimation de la fonction de régression

Lorsque l’on souhaite décrire l’influence d’une variable quantitative sur un événe-
ment, ou le lien entre une variable explicative X et une variable dite variable réponse
Y , on utilise des modèles dits de régression. Ayant observé X, la valeur moyenne de
Y est donnée par une fonction de régression : c’est cette fonction qui nous renseigne
sur le type de dépendance qu’il y a entre ces deux variables.

Cette fonction de régression est définie pour tout x ∈ Rd par :

m(x) = E[l(Y ) | X = x],

qui est la moyenne de la distribution conditionnelle de Y sachant X = x.
Soit ((Xt, Yt), t ∈ J ) un processus stationnaire mesurable sur Rd×R définie sur

un espace de probabilité (Ω,A, P ). L’ensemble des indices J peut être discret N, ou
continu R+ et soit l une fonction borélienne réelle dans R tel que E [|l(Y0)|] < ∞.
Soient K un noyau positif et hn une suite de réels positifs. L’estimateur à noyau de
type Nadaraja-Watson m̂n de la fonction de régression m, basé sur un échantillon
(X1, Y1), · · · , (Xn, Yn) du couple (X, Y ), est défini par

m̂n(x) =
∑n
i=1 l(Yi)K

(
x−Xi

hn

)
∑n
i=1 K

(
x−Xi

hn

) .
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La méthode du noyau introduite par Rozenblatt (1956)[114] pour estimer la fonc-
tion de densité a été reprise par Nadaraja (1965)[100] et Watson (1964)[126] pour
estimer la fonction de régression. En raison de la forme de l’estimateur à noyau
de la fonction de régression, qui est un rapport, les propriétés de convergence sont
obtenues sous des conditions plus restrictives que pour l’estimateur de la densité.
Notamment, la convergence uniforme n’est obtenue que sur des ensembles bornés.
Cet estimateur a été largement étudié par plusieurs auteurs, nous citons entre autres,
Collomb (1985)[34] qui a donné une condition nécessaire et suffisante pour la conver-
gence, uniforme presque sûre, sur un ensemble borné, généralisant ainsi les résultats
antérieurs de Nadaraja (1964,1965)[99],[100], Devroye (1978)[48], Mack et Silver-
man (1982)[94], Gasser et Müller (1984)[64]. Pour plus de détails sur ce sujet, nous
renvoyons le lecteur au livre de Bosq (1998, Chapitre 3)[17].

L’étude de l’estimation de la régression non paramétrique dans le cadre des don-
nées ergodiques en temps discret a motivé un certain nombre de travaux. Nous nous
référons, entre autres, aux travaux de Delecroix et Rosa (1996), Laib (1999,2005),
Morvai et al. (1996)[47] et Yakowitz et al. (1999)[129] où certaines propriétés asymp-
totiques sont obtenues. Notons également que la consistance avec vitesse ainsi que
la normalité asymptotique ont été obtenues par Laïb et Louani (2010,2011)[88],[89]
pour l’estimateur de régression à partir des données fonctionnelles en temps discret.

L’adaptation de l’estimateur de Nadaraja-Watson ([100]-[126]) en temps continu
a fait sa première apparition en 1978, Banon [6],

m̂T (x) =
∫ T

0 l(Yt)K
(

x−Xt

hT

)
dt∫ T

0 K
(

x−Xt

hT

) .

Les vitesses de convergence de l’estimateur à noyau de la fonction de régression
relatif aux processus à temps continu ont été relativement peu étudiées. Pour les
travaux qui ont été l’objet de cette problématique, on se référe ici à Cheze- Payaud
(1994)[32] ainsi que Bosq (1998, chapitre 5)[17] dans les cas dits optimaux et su-
roptimaux. Récemment, Lejeune (2007)[92] a donné des vitesses de convergence de
l’erreur quadratique moyenne du régressogramme (analogue à l’histogramme pour
l’estimation de la régression) en temps continu, citons aussi Bosq et Blanke (2007
Chapitre 7, 2008)[20],[21]. Plus récemment encore, Didi et Louani (2013b)[51] (voir
aussi Chapitre 2) ont obtenu des vitesses non-paramétriques pour les processus sta-
tionnaires ergodiques et ont donné une application à la prévision.

Par ailleurs, les applications pour le modèle de la régression ont pris une place im-
portante dans la prévision des séries chronologiques issues de différentes disciplines
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telles que la communication, les systèmes de contrôle, la climatologie, les études
biomédicales ainsi que l’économétrie. Il s’agit donc des domaines de prévision sur
lesquels les premiers résultats furent établis. On peut citer, pour plus de détails sur
ce sujet, Collomb (1983, 1984)[27], [33] et Robinson (1983)[113]. Ces domaines ont
connu des développements continus, citons par exemple, les livres généraux de De-
vroye et al. (1986)[49], Györfi et al. (1989)[66], Yoshihara (1994)[134]. Les travaux
de Ramsay et Silverman (2002, 2005)[111],[112] constituent une collection impor-
tante de méthodes statistiques, en particulier pour la régression. Le livre de Bosq
(2000)[19], aborde le traitement des modèles fonctionnels linéaires, en particulier le
processus autorégressif, on cite aussi Bosq & Blanke (2008)[21].

Estimation du mode conditionnel

Soit (X, Y ) un couple de variables aléatoires à valeurs dans Rd×R. On suppose
que le couple (Xt, Yt)t≥0 est un processus strictement stationnaire et ergodique,
admettant une densité jointe rX,Y et que le vecteur aléatoire X admette une densité
marginale gX. Nous pouvons alors définir le mode conditionnel Θ(x), supposé unique
sur R, comme étant la valeur maximisant la densité conditionnelle de Y sachant
X = x,

Θ(x) = arg max
y∈R

f(y | x),

avec
f(y | x) = rX,Y (x, y)

gX(x) .

Soient (X1, Y1), . . . , (Xn, Yn) un échantillon d’observations du couple (X, Y ). Pour
estimer le mode conditionnel, on se donne deux noyaux de Parzen-Rosenblatt K1 et
K2 et une fenêtre de lissage hn, et on pose

fn(y | x) =
∑n
i=1 K1

(
x−Xi

hn

)
K2

(
y−Yi
hn

)
∑n
i=1 K1

(
x−Xi

hn

) .

Des propriétés de convergence sur des estimateurs de la densité conditionnelle ont été
obtenues entre autres par Bosq ((1971)[12],(1973)[13]), Chahboun (1984)[29] et De-
lecroix (1975)[42]. Pour des reférences plus récentes sur le sujet, on pourra consulter
Efromovich (2007)[55]. Dans cet article, l’auteur expose la théorie minimax appli-
quée à la densité conditionnelle. Il montre en outre que l’estimateur par la méthode
des séries orthogonales atteint la vitesse minimax et que ce résultat reste vrai même
si les variables X et Y sont indépendantes. Hyndman et al (1996)[73] étudie les
propriétés quadratiques de l’estimateur à noyau. L’article propose une variante de
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l’estimateur à noyau qui permet de réduire le biais de l’estimation. Ferraty et al.
(2006)[62] et Laksaci (2007)[80] étudient les propriétés quadratiques d’estimateurs à
noyau de la densité conditionnelle pour des variables fonctionnelles. Les travaux de
Hall et al (2004)[69] et Fan et Yim (2004)[58] représentent des reférences récentes
dans lesquelles sont étudiées les propriétés de certains estimateurs de la densité
conditionnelle.

Un estimateur du mode conditionnel Θ(x) est défini comme la v.a. Θn(x) maxi-
misant un estimateur de la densité conditionnelle fn(· | x) de f(· | x), à savoir,

Θn(x) = arg max
y∈R

fn(y | x).

En temps continu, nous considérons l’estimateur de la fonction de densité condition-
nelle suivant

fT (y | x) = hT (x, y)
gT (x) ,

où
rT (x, y) = 1

Thd+1
T

∫ T

0
K1

(x−Xt

hT

)
K2

(
y − Yt
hT

)
dt,

et
gT (x) = 1

ThdT

∫ T

0
K1

(x−Xt

hT

)
dt.

Ici K1 et K2 sont deux noyaux et hT est le paramètre de lissage. L’estimateur du
mode conditionnel est alors défini par l’expression

ΘT (x) = arg max
y∈R

fT (y | x).

Le problème de l’estimation du mode conditionnel et de la fonction de densité condi-
tionnelle a fait l’objet de beaucoup d’attention dans le passé. Pour les données dé-
pendantes ou indépendantes, Parzen [107](1962) établit la convergence faible et la
normalité asymptotique dans le cas d’observations indépendantes et identiquement
distribuées (i.i.d). Roussas (1969)[118] fut le premier à établir ces propriétés asymp-
totiques pour des données markoviennes, ainsi que la convergence en probabilité.
Youndjé (1993)[130] s’est intéressé à l’étude de la densité conditionnelle pour des
données indépendantes identiquement distribuées, il a proposé un critère de selec-
tion de la largeur de la fenêtre de lissage basé sur la validation croisée. Laksasi et
Yousfate (2002)[90] ont établi, pour un processus markovien stationnaire, la conver-
gence en norme Lp pour l’estimateur à noyau de la densité conditionnelle. Comme
application, Rossi(2004)[115] a utilisé le mode conditionnel dans le domaine des
hautes technologies pour décrire un procédé de dé-pollution biologique. Ainsi, le
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mode conditionnel, par son importance dans le domaine de la prévision non para-
métrique était à l’origine de la motivation de nombreux d’auteurs. Sans prétendre
à l’exhaustivité, citons les travaux de Samanta et Thavasneswaran (1990)[120] qui
ont donné les propriétés de consistance et de normalité asymptotique dans le cadre
i.i.d alors que les conditions de convergence dans le cas de données φ−mélangeantes
avaient été établies par Collomb et al. (1987)[35]. Dans le cas des données ergodiques
des résultats sont obtenus par Rosa (1993)[116] et Ould Saïd (1997)[105], alors que
dans le cas de données α−mélangantes, nous citons Ould Saïd (1993)[104] et Berli-
net et al (1998)[10]. Enfin, Quintela-Del-Ráo et Vieu (1997)[110] ont estimé le mode
conditionnel comme étant le point annulant la dérivée d’ordre un de l’estimateur de
la densité conditionnelle et établi la convergence presque complète de cet estimateur
sous la condition d’α−mélange. Louani et Ould Saïd (1999)[84] ont établi la norma-
lité asymptotique dans le cas des données fortement mélangeantes. Plus récémment,
Ezzahrioui et Ould Saïd (2008, 2010)[56],[57] ont étudié la normalité asymptotique
et la consistance dans le cadre des données fonctionnelles.

En temps continu, nous renvoyons au chapitre 4 de cette thèse dans lequel nous
démontrons des résultats de convergence presque sûre, ponctuelle et uniforme, avec
des vitesses de convergence sous l’hypothèse d’ergodicité de l’estimateur à noyau
proposé.

0.2 Théorie ergodique

La théorie ergodique est apparue dans la mécanique statistique, notamment dans
la théorie de Maxwell et dans la théorie de Gibbs. Il est nécessaire de faire une sorte
de transition logique entre le comportement moyen de l’ensemble des systèmes dy-
namiques et la moyenne temporelle des comportements d’un système dynamique
unique. Elle découle d’une hypothèse ingénieuse dont on s’est servi pendant une
longue période sans la justifier, et sous des formes variées. Le premier résultat ri-
goureux pour le mathématicien, est le célèbre théorème de récurrence de Poincaré
datant de l’année 1890 (voir Peskir (2000)[109], théorème 1.3, p.6) mais l’essor de
la théorie date de 1931 avec les théorèmes de Neumann et de Birkhoff, elle entre
alors définitivement dans le cadre de l’analyse fonctionnelle. Les théorèmes fonda-
mentaux sont dus à Koopman, von Neumann et Carlman, d’une part, et à Birkhoff
d’autre part, nous nous référons au Peskir (2000)[109] pour le théorème ergodique
ponctuelle de Birkhoff (théorème 1.6, p.8), le théorème ergodique de Von Neumann
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(théorème 1.7, p.10) et le théorème ergodique sous-additif de Kingman (théorème
1.8, p.11).

La question naturelle qui se pose est : quand les moyennes des grandeurs générés
de façon stationnaire convergent ? Dans la situation classique la stationnarité est
décrite par une mesure préservant la transformation τ , et l’on considère les moyennes
prises sur une séquence f, f ◦ τ, f ◦ τ 2, . . . pour une fonction f intégrable. Cela
correspond au concept probabiliste de la stationnarité.

Nous nous sommes intéressés au théorème ergodique, qui s’applique aux pro-
cessus stationnaires et ergodiques. Le théorème ergodique de Birkhoff, défini pour
les processus stationnaires au lieu d’endomorphismes de τ , a maintenant la forme
suivante (voir Krengel (1985)[77], p. 26, théorème 4.4.)

Théorème 0.1. Si Y0, Y1, . . . est un processus réel stationnaire et Y0 est intégrable,
alors

lim
n→∞

1
n

n−1∑
k=0

Yk = E[Y0 | F ], p.s. (1)

où F est le σ−algèbre des ensembles invariants. Si, de plus, le processus est ergodique
la limite coïncide avec l’espérance de la variable Y0.

Pour la convergence en L2 de (1) et de la sa version uniforme (en temps discret
et continu) nous renvoyons au papier du Peskir (1998)[108]

Nous nous servirons d’une version de ce théorème pour les processus strictement
stationnaires et ergodiques à temps continu.

Par souci de clarté et de compréhension, nous présentons quelques détails qui
définissent la propriété ergodique des processus en temps continu.

Soit X = {Xt}t≥0 un processus à temps continu prenant ses valeurs dans un
espace mesurable (E,X ) sur lequel est définie une mesure de probabilité µ. Pour
δ > 0, soit Υδ une transformation δ, i.e., (Υδ(x))s = xs+δ. Un ensemble mesurable A
est dit δ−invariant s’il ne change pas sous une transformation δ−shift, i.e., Υδ(A) =
A.

Définition 0.1. (δ−ergodicité) Un processus en temps continu X = {Xt}t≥0 est
dit δ-ergodique, si chaque ensemble mesurable δ-invariant lié au processus X a une
probabilité soit 1 ou 0. Autrement dit, pour tout ensemble δ-invariant A, µ(A) =
(µ(A))2.

Cette définition signifie que si nous discrétisons le processus X en blocs de temps
de longueur δ, le processus discrétisé (Xδ

0 , X
2δ
δ , X

3δ
2δ , X

4δ
3δ , . . .) obtenu est ergodique.
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Définition 0.2. (Ergodicité) Un processus en temps continu X = {Xt}t≥0 est er-
godique s’il est δ-ergodique pour tout δ > 0.

Alors le théorème ergodique ponctuel est donné sous la forme

lim
T→∞

1
T

∫ T

0
Ytdt = E[Y0], p.s. (2)

Dans notre travail nous utilisons une version fonctionnelle de l’équation (2). De-
lecroix (1987)[45] fut le premier à introduire cette expression sous la forme d’une
hypothèse vérifiée par les processus stationnaires, on pourra consulter à ce sujet
aussi Gyorfi et al (1989)([66], théorème 3.5.1), Delecroix et al (1991)[46] imposent
l’existence des densités conditionnelles, fFi−1

Xi
, des variables de Xi par rapport aux

tribu (Fi−1 = σ(Xi−j, j ≥ 1) et posant Un = 1
n

∑n
i=1 f

Fi−1
Xi

, ils utilisent les hypothèses
suivantes pour établir les convergences souhaitées

(1) f ∈ C0(Rd), f
Fi−1
Xi
∈ C0(Rd),

(2) sup
x∈Rd
|Un(x)− f(x)| a.s−→

n→∞
0.

L’hypothèse (2) implique, pour tout x ∈ Rd, que
(2)? Un(x)− f(x) a.s−→

n→∞
0.

Notre approche consiste à introduire une version de (2)? dans le cas continu. Par
fois, on remplace les densités conditionnelles par d’autres fonctions aléatoires liées
au processus et obtenues par le calcul des probabilités des petites boules.

La variété des phénomènes modélisés par des processus ergodiques motive notre
travail et montre son importance. Les processus ergodiques sont largement utilisés
dans la modélisation de problématiques appliqués. Sans être exhaustif, nous citons
à titre d’exemples

– sciences biomédicales, voir Banks (1975)[5],
– économie, voir Bergstrom (1990)[9], Hale et Verduyn Lunel (1993)[70],
– analyse génétique, voir Lange (2002)[81],
– mécaniques, voir Arnold (1973)[4],
– physiques, voir Papanicolaou (1995)[106],
– mathématiques financières, voir Karatzas et Shreve (1991)[75],
– démographie, voir Cohen (1979)[36].
La description de certains phénomènes par des processus à temps discret peut

provoquer une importante perte d’information. Le préjudice subi alors peut remettre
en cause toute la modélisation mathématique. De ce fait, un choix de modèle en
temps continu peut être déterminant pour la bonne description des phénomènes et
les applications à la prévision de leurs évolutions.
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Nous sommes maintenant en mesure de donner le plan de la thèse dans le détail.

0.3 Plan de la thèse

Dans le cadre de l’estimation non-paramétrique à noyau, la taille de la fenêtre
h joue, comme on peut s’y attendre, un rôle central et influe sur la convergence.
Dans tout ce qui suit, nous utilisons le paramètre de lissage h = hT vérifiant les
conditions asymptotiques (H.1-2) données ci-dessous (ces conditions sont souvent
appelées conditions de de Csörgö-Révész-Stute ( Csörgö et Révész (1981)[37], Stute
(1982)[125]) ou [CRS]). Soit {hT}T≥0 une suite de réels positifs, vérifiant

(H.1) hT ↓ 0 et ThT ↑ ∞ lorsque T →∞,
(H.2) ThT/ log T →∞ lorsque T →∞.

Chapitre 1. Estimation de la densité

Dans le chapitre 1, nous nous intéressons au comportement asymptotique de
l’estimateur à noyau de la densité d’un processus stationnaire à temps continu.

Soit (Xt)t≥0 un processus réel stationnaire à temps continu, admettant une den-
sité f . Pour un T fixé, l’estimateur à noyau de la densité de type Parzen-Rosenblatt
est défini, pour tout x ∈ R, par

fT (x) = 1
ThT

∫ T

0
K
(
x−Xt

hT

)
dt,

où K est le noyau et hT est le paramètre de lissage. Sous certains conditions de régu-
larité sur f etK ainsi qu’un choix approprié de hT > 0, nous obtenons la convergence
de fT vers f . Plus précisément, nous présenterons des propriétés asymptotiques de
consistance presque sûre, ponctuelle et uniforme, avec des vitesses de convergence.
Nous obtenons nos résultats, en faisant usage d’une approche basée sur l’utilisa-
tion des différence de martingales en liaison avec des techniques de projection sur
des tribus. Nous attacherons une importance primordiale à l’étude de la vitesse de
convergence presque sûre, ponctuelle et uniforme du " terme stochastique " obtenu
par les estimateurs centrés (par des facteurs n’étant pas nécessairement égaux à
l’espérance de l’estimateur). En effet, il peut être montré que, pour les tailles de la
fenêtre h les plus appropriées aux applications statistiques (vérifiant les conditions
[CRS] avec un ordre de convergence convenable vers 0), et sous des conditions géné-
rales de régularité, le " terme de biais " (i.e., le facteur de centrage moins la fonction
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à estimer) converge avec une vitesse vers zéro. Au préalable, rappelons qu’un noyau
K défini sur R est dit d’ordre l, avec l ≥ 1 entier, si

1.
∫
K(z)dz = 1,

2.
∫
|z|kK(z)dz = 0, k = 0, · · · , l − 1,

3.
∫
|z|lK(z)dz <∞,

Dans cet esprit, nous établirons dans le chapitre 1, les théorèmes suivants qui
traitent de la consistance ponctuelle et uniforme presque sûre.

Théorème 0.2. On suppose que le processus (Xt)t≥0 est strictement stationnaire
et ergodique, autrement dit, pour tout δ > 0 suffisamment petit, on a

lim
T→∞

1
T

∫ T

0
f
Ft−δ
t (x)dt = f(x), p.s. (2)

où fFt−δt est la densité conditionnelle de la v.a Xt sachant le tribu Ft−δ. En outre,
supposons que les conditions (A.1)(i)-(ii) soient satisfaites, la densité fFt−δt est une
fonction Lipschitzienne et qu’il existe une constante L telle que

0 < L <
Th2

T

log T ,

alors nous avons
lim
T→∞

fT (x) = f(x), p.s. (2)

La vitesse de convergence est donnée par le théorème suivant,

Théorème 0.3. Supposons que les hypothèses (A.1)(i)-(ii), (A.2) et (A.3) soient
satisfaites. Si de plus ThT/ log T → ∞ lorsque T → ∞, alors, pour tout x ∈ R,
nous avons

fT (x)− f(x) = O(hT ) +Oa.s

( log T
ThT

)1/2
 , lorsque T →∞. (2)

La convergence uniforme presque sûre de l’estimateur fT est établie sous des
conditions supplémentaires portant sur le noyau K et qui sont

1. K est à support compact.

2. K est lipschitzien.

Le théorème suivant montre la convergence uniforme presque sûre,
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Théorème 0.4. Soit (Xt)t≥0 un processus strictement stationnaire et ergodique
telle que, pour tout δ > 0 suffisamment petit,

lim
T→∞

sup
x∈R

∣∣∣∣∣ 1
f(x)

1
T

∫ T

0
f
Ft−δ
t (x)dt− 1

∣∣∣∣∣ = 0, a.s. (3)

En outre, on suppose que les conditions (A.1) et (A.6) soient satisfaites, et que
la densité conditionnelle fFt−δt est une fonction de Lipschitzienne et il existe deux
constantes L et A de telle sorte que

(i) 0 < L ≤ Th2
T

log T , (ii) h′T
h2
T

≤ A <∞.

avec h′T est la dérivée de ht par rapport à T , alors,

lim
T→∞

sup
x∈R
|fT (x)− f(x)| = 0, a.s.

Le dernier résultat de ce chapitre se présente sous la forme suivante

Théorème 0.5. Supposons que les hypothèses (A.1)-(A.6) soient satisfaites. Si de
plus ThT/ log T →∞ quand T →∞, on a

sup
x∈R
|fT (x)− f(x)| = O(hT ) +Oa.s

( log T
ThT

)1/2
 , lorsque T →∞. (4)

Cette vitesse de convergence peut être améliorée comme le montre la remarque
suivante

Remarque 0.1. Sous les hypothèses du théorème 0.5, nous supposons, en outre,
que la densité f est s fois dérivable et que sa dérivée d’ordre s est bornée, le noyau
K est d’ordre s, alors nous obtenons le résultat suivant

sup
x∈R
|fT (x)− f(x)| = O(hsT ) +Oa.s

( log T
ThT

)1/2
 , lorsque T →∞.

Chapitre 2. Estimation de la régression

L’objet du chapitre 2, est d’étudier le problème de régression d’une variable réelle
Y sur la co-vecteur X dans Rd, la fonction de régression est l’espérence de la variable
Y conditionnée par X :

m(x) = E[l(Y ) | X = x],



24 Introduction

où l est une fonction mesurable réelle. Pour T fixé, le processus observé (Xt)0≤t≤T

est supposé stationnaire et ergodique, nous avons choisi une version de l’estimateur
à noyau de Nadaraya-Watson en temps continu de la fonction m, défini comme suit

m̂T (x) =
∫ T

0 l(Yt)K
(

x−Xt

hT

)
dt∫ T

0 K
(

x−Xt

hT

)
dt

.

Nous établirons les convergences presque sûres, ponctuelles et uniformes, et nous
utiliserons ces résultats pour faire une application à la prévision dans le cadre des
séries temporelles. L’approche utilisée est analogue à celle élaborée pour étudier la
convergence de l’estimateur de la densité. La vitesse de convergence est une synthèse
entre la vitesse obtenue pour le terme stochastique et la vitesse établie pour le biais
conditionnel. Le résultat est exposé dans le Théorème suivant :

Théorème 0.6. Sous les hypothèses (H.0)-(H.3), pour tout x ∈ Rd tel que f(x) 6=
0, on a

m̂T (x)−m(x) a.s= O(hβT ) +O

( log T
ThdT

)1/2
 , lorsque T →∞. (5)

Le Théorème 2.2 du chapitre 2, montre la convergence uniforme sur un compact
dilatant BT de Rd, tel que BT = {x ∈ Rd : ‖x‖ ≤ T γ}, où 1

2 < γ < 1 et ‖ · ‖ est une
norme définie sur Rd.

Soit (αT ) une suite des réels positifs tels que inf
x∈BT

f(x) ≥ αT .

Théorème 0.7. Suppososns les hypothèses (H.0)-(H.4) satisfaites. En outre, assu-
mons que

T 2γ−1hdTα
2
T

log T = O(1), lorsque T →∞.

Alors, on a

sup
x∈BT

|m̂T (x)−m(x)| a.s= O(hβT ) +O

( log T
ThdTα

2
T

)1/2
 , lorsque T →∞. (6)

Lorsque, au lieu de BT , nous considérons un compact C sur lequel la densité f
est minorée par une constante, nous obtenons le résultat suivant

Remarque 0.2. Sous les même hypothèses que le Théorème 0.7, nous avons

sup
x∈C
|m̂T (x)−m(x)| a.s= O(hβT ) +O

( log T
ThdT

)1/2
 , lorsque T →∞.
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L’application la plus naturelle de ce type de résultat, est celle relative à la prédic-
tion non-paramétrique d’un processus stationnaire et ergodique (ξt, t ∈ R). À partir
d’un échantillon observé (ξt, 0 ≤ t ≤ T ), nous approximons la variable aléatoire
ζT+H = l(ξT+H) de carré intégrable, où 0 < H < T, par m(ξT ) = E[ζT+H | ξs, s ≤
T ] = E[ζT+H | ξT ].

Par conséquent, le prédicteur non paramétrique de ζT+H est défini par

ζ̂T+H = m̂T−H,2(ξT )
m̂T−H,1(ξT ) =

∫ T−H
0 l(ξt+H)K

(
ξT−ξt
hT

)
dt∫ T−H

0 K
(
ξT−ξt
hT

)
dt

= m̂T,H(ξT ).

Le corollaire suivant, étudie le comportement asymptotique de ce prédicteur.

Corollaire 0.1. En prenant d = 1, et si le processus Zt = (ξt, l(ξt+H)) vérifie les
hypothèses du Théorème 0.7. Alors, on a

|m̂T,H(ξT )−m(ξT )|1{ξT∈BT }
a.s= O(hβT ) +O

( log T
ThTα2

T

)1/2
 lorsque T →∞.

Chapitre 3. Estimation du mode conditionnel

Nous considérons l’estimation de la fonction du mode conditionnel lorsque les
co-variables sont des vecteurs réels. Le principal objectif de ce chapitre est d’établir
la convergence presque sûre, ponctuelle et uniforme avec des vitesses de convergence
de l’estimateur à noyau du mode conditionnel lorsque le processus est supposé stric-
tement stationnaire et ergodique.

Un estimateur à noyau du mode conditionnel Θ(x) est défini comme la variable
aléatoire ΘT (x) qui maximise l’estimateur à noyau fT (· | x) de f(· | x), c’est à dire,

fT (ΘT (x) | x) = max
y∈R

fT (y | x). (7)

Notons que l’estimateur ΘT (x) n’est pas forcément unique, et compte tenu de ce
fait, nous traiterons toute valeur ΘT (x) vérifiant l’équation (7).

Théorème 0.8. Sous les hypothèses (A.1)(i)-(ii2), (A.2)(i), (A.3), (A.4)(i), (A.5),
(A.6), (A.7) et (A.8), on a

ΘT (x)−Θ(x) = O(hβ/2
T ) +O

hβ/2
T

(
log T
ThdT

)1/4
+O

( log T
ThdT

)1/4


+O
( log T

Thd+1
T

)1/4
 , p.s.
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Théorème 0.9. Sous les hypothèses (A.1)(i)-(ii)-(iv)-(v), (A.2)(i), (A.3), (A.4),
(A.6), (A.7), et (A.8), on a

sup
x∈C
|ΘT (x)−Θ(x)| = O(hβ/2

T ) +O

( log T
ThdT

)1/4
+O

hβ/2
T

(
log T
ThdT

)1/4


+O
( log T

Thd+1
T

)1/4
 , p.s.

De façon similaire au travail efféctuée pour la régression usuelle, en considérant
l’estimateur Θ̂T (ξT ) de la valeur prédite Θ(ξT ) à l’horizon H, on obtient le résultat
suivant

Corollaire 0.2. En prenant d = 1 et supposant que les hypothèses du Théorème
0.9 soient satisfaites pour le processus Zt = (ξt, ξt+H). Nous avons alors

|Θ̂T−H(ξT )−Θ(ξT )|1{ξT∈C} = O(hβ/2
T ) +O

hβ/2
T

(
log T
ThT

)1/4
+O

( log T
ThT

)1/4


+O
( log T

Th2
T

)1/4
 , p.s.
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1.1 Introduction

Let X = (Xt)t≥0 be a real-valued stationary process having a common density f

with respect to the Lebesgue measure. On the basis of the part (Xt)0≤t≤T observed
from the process X, the kernel estimate of the density function f is defined, for any
x ∈ R, by

fT (x) = 1
ThT

∫ T

0
K
(
x−Xt

hT

)
dt,

where K is a kernel and hT is the smoothing parameter, i.e., a sequence of positive
real numbers tending to zero with some rate that will be given later on.

The nonparametric function estimation on continuous time processes subject has
motivated a number of works studying the consistency with rate of convergence for
both the density and the regression function estimates while considering various
criteria of convergence together with the asymptotic normality. The kernel esti-
mate of the d-variate density function is studied by Delecroix (1980)[44] and Bosq
(1996)[14] where rates of convergence for the MSE and the supremum norm criteria
are found to be O(T−4/(4+d)) and o(logk(T )(log(T )/T )−4/(4+d)) respectively. Here,
logk(T ) = max{1, logk−1(T )} for T > 0 and k ≥ 2. We cite the paper of Castellana
and Leadbetter (1986)[26] who studied the consistency together with the asymptotic
normality in the real-valued process case. We cite also Bosq and Blanke (2007)[20]
(and reference therein)(chapter 6, chapter 7) for more improvements in large dimen-
sional spaces, When the process (Xt)t satisfies a local irregularity condition, these
results may be sharpened as to reach parametric rates given respectively by O(1/T )
and o(logk(T )(log(T )/T )1/2) as stated in Bosq (1997)[15]. Asymptotic properties of
the kernel regression function estimator for continuous time processes have been
investigated in several papers. Parametric rates of convergence are also reached in
this framework for various criteria. We refer to Bosq ((1996)[14], (1997)[15]) and
the references therein for an account of results on the subject. Notice that all these
results are stated while considering the mixing setting for the data. It is well known
that the mixing conditions may be viewed as an asymptotic independence. There-
fore, many processes fail to satisfy these conditions. Examples of such processes are
given in papers of Chernick (1981)[31] and Andrews (1984)[2] in the discrete time
case. The motivation of this work is to consider a dependence framework that is not
covered by the usual mixing cases.

To establish ours results, the proof methodology uses a martingale difference
device to treat the conditional variance term and a technique based on a sequence
of projections on an increasing sequence of σ-fields to deal with the conditional
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bias term. Almost sure pointwise and uniform consistencies with rates of the ker-
nel density estimate are established in this paper. Notice that only nonparametric
rates of convergence are reached since no irregularity conditions are assumed on the
underlying process.

In order to display our results, some notations are needed. From now on, for a
positive real number δ such that n = T

δ
∈ N, consider the δ-step partition (Tj)0≤j≤n

of the interval [0, T ]. Moreover, for t > 0 and 1 ≤ j ≤ n, consider the σ-fields
Ft = σ((Xs) : 0 ≤ s < t) and Gj = σ((Xs), 0 ≤ s ≤ Tj). For any t > s define fFsXt as
the conditional density of Xt given the σ-field Fs and set fFt−δ := f

Ft−δ
Xt . Whenever

s < 0, Fs stands as the trivial σ-field. For a real random variable ξ and any k ∈ N,
we define the projection Pk by Pkξ = E[ξ|Fk]− E[ξ|Fk−1], where E[ξ|Fk] stands as
the conditional expectation of ξ given the σ-field Fk.

1.2 Results

Set now some hypotheses necessary to state our results.

(A.1) (i) K is a positif bounded kernel and
∫
K(z)dz = 1,

(ii)
∫
|z|K(z)dz <∞,

(iii) The kernel K is a Lipschitz function.

(A.2) (i) The density f is differentiable with a bounded derivative.

(ii) For any δ > 0, the conditional density fFt−δ is differentiable with almost
surely bounded derivative.

(iii) For any t ∈ [0, T ], any δ > 0 and any x ∈ R, the function fFt−δ(x) is
almost surely bounded by a deterministic function bt,δ(x),

(iv) For any δ > 0, T−1 ∫ T
0 bt,δ(x)dt→ D(x) 6= 0 as T →∞.

(A.3) For any δ, we have
sup
y

∫
R+

∥∥∥P1f
Ft−δ(y)

∥∥∥2
dt <∞.

Comments on assumptions.
Conditions (A.1) are very common in nonparametric function estimation literature.

Hypotheses (A.2) impose the needed regularity upon the marginal and the condi-
tional densities to reach the rates of convergence given below. Approximating the
integral

∫
R+

∥∥∥P1f
Ft−δ(y)

∥∥∥2
dt by its Riemann’s sum, the assumption (A.3) is similar
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to the condition assumed by Wu (2003)[127] in the discrete time case which is satis-
fied by various processes including linear as well as many nonlinear ones. For more
details and examples, see Wu (2003)[127]. We refer also to the recent paper of Wu
et al. (2010)[128].

The following theorems establish the main results of this paper.

1.2.1 Pointwise almost sure consistency

The following theorem deals with simple almost sure convergence of fT ,

Theorem 1.1. Assume that the process (Xt)t≥0 is strictly stationary and ergodic,
in other words, for any δ > 0 small enough,

lim
T→∞

1
T

∫ T

0
f
Ft−δ
t (x)dt = f(x), a.s. (1.1)

In addition, suppose that the conditions (A.1)(i)-(ii) hold true, the conditional den-
sity fFt−δt is a lipschitz function and there exists a positive constant L such that

0 < L ≤ Th2
T

log T , (1.2)

then, we have
lim
T→∞

fT (x) = f(x), a.s.

Comments.
Here the main assumption is that (Xt) is strictly stationary and ergodic represented

by Assumption (1.1), it takes the form of the Birkhoff’s ergodic theorem, spelled out
for stationary processes in continuous time, see Krengel (1985)[77]. For more details
and explanations see the discussion on assumptions in chapter 2, we refer the papers
of Delecroix (1987)[45], Delecroix & Negueira & Rosa (1991)[46], Delecroix & Rosa
(1996)[47], Laib & Louani ((2010)[88], (2011)[89]), Peskir (1998)[108] and references
therein for an account of results on the subject. The Lipschitz condition assumed
on fFt−δt is the only regularity condition upon the conditional density.

The second theorem of this section state the almost sure convergence with rate,

Theorem 1.2. Assume that hypotheses (A.1)(i)-(ii), (A.2) and (A.3) are satisfied.
If ThT/ log T →∞ as T →∞, then, for any x ∈ R, we have

fT (x)− f(x) = O(hT ) +Oa.s

( log T
ThT

)1/2
 , as T →∞.
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1.2.2 Uniform almost sure consistency

From now on, let γ be a constant taking values in the interval [0, 1] and consider
the set BT = {x : |x| ≤ T γ}.

Our uniform result is stated and proved under the following additional conditions,

(A.4) For any T > 0, supx∈BT D(x) = D0 <∞.

(A.5) There exists a constant C > 0 such that for T large enough, |h′T |T 1/2

h
3/2
T (log T )1/2

≤ C,

where h′T is the derivative of hT .
(A.6) The kernel K is of bounded support.

Now we can state the first uniform result on R,

Theorem 1.3. Let (Xt)t≥0 be a strictly stationary and ergodic process such that,
for any δ > 0 small enough,

lim
T→∞

sup
x∈R

∣∣∣∣∣ 1
f(x)

1
T

∫ T

0
f
Ft−δ
t (x)dt− 1

∣∣∣∣∣ = 0, a.s. (1.3)

Furthermore, assume that conditions (A.1) and (A.6) hold true, the conditional
density fFt−δt is a lipschitz function and there exists two constants L and A such
that

(i) 0 < L ≤ Th2
T

log T , (ii) h′T
h2
T

≤ A <∞. (1.4)

where h′T is the derivative of hT with respect to T . Then, we have

lim
T→∞

sup
x∈R
|fT (x)− f(x)| = 0, a.s.

Comments.
As in Theorem 1.1, the underlying process (Xt) is assumed to be strictly statio-

nary and ergodic. In the discrte time, to the best of our knowledge, this kind of
assumption, given in the statement (1.3), appeared for the first time in the paper of
Delecroix (1980)[44]. it was used in several papers among whom we cite Györfi & al
(1989)[66], Ould Said (1997)[105] and Laib (2005)[87]. The discussion of this condi-
tion is performed in Delecroix (1987)[45]. Notice that in the continuous time case,
Peskir (1998)[108] obtened the L2-convergence version of the Burkholder Theorem.
In this thesis, we give a complete discussion of the assumption (1.3) in chapter 2.

The last result of this chapter is presented in the following form
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Theorem 1.4. Assume that assumptions (A.1)-(A.6) hold true. If ThT/ log T →∞
as T →∞, then we have

sup
x∈R
|fT (x)− f(x)| = O(hT ) +Oa.s

( log T
ThT

)1/2
 as T →∞.

This convergence rate may be improved as shown in the following remark,

Remark 1.1. If we assume that the density f is twice differentiable with a bounded
second derivative and that

∫
zK(z)dz = 0 and

∫
|z|2K(z)dz < ∞, then we obtain

the following result

sup
x∈R
|fT (x)− f(x)| = O(h2

T ) +Oa.s

( log T
ThT

)1/2
 as T →∞.

1.3 Proofs

From now on, for any 1 ≤ j ≤ n, any T ≥ 0 and any δ > 0, set

f̄T (x) = 1
T

∫ T

0
E
[ 1
hT
K
(
x−Xt

hT

)
|Ft−δ

]
dt,

Zj := Zj(x) =
∫ Tj

Tj−1
K
(
x−Xt

hT

)
dt (1.5)

Yj := Yj(x) =
∫ Tj

Tj−1

(
K
(
x−Xt

hT

)
− E

[
K
(
x−Xt

hT

)
|Ft−δ

])
dt. (1.6)

Notice, for any δ > 0, that (Yj)1≤j≤n is a sequence of martingale differences with
respect to the sequence of σ-fields (Gj)1≤j≤n. Indeed, since, for any t ∈ [Tj−1, Tj],
Gj−2 ⊆ Ft−δ ⊆ Gj−1, it is clear that Yj is Gj-measurable and satisfies

E [Yj|Gj−2] = E

[∫ Tj

Tj−1

(
K
(
x−Xt

hT

)
− E

[
K
(
x−Xt

hT

)
|Ft−δ

])
dt|Gj−2

]
= 0.

To establish almost sure pointwise and uniform results, we need an exponential
inequality for partial sums of unbounded martingale differences. This inequality is
given in the following lemma.

Lemma 1.1. Let (Zn)n≥1 be a sequence of real martingale differences with respect
to the sequence of σ-fields (Fn = σ(Z1, · · · , Zn))n≥1, where σ(Z1, · · · , Zn) is the
σ-field generated by the random variables Z1, · · · , Zn. Set Sn = ∑n

i=1 Zi. For any
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p ≥ 2 and any n ≥ 1, assume that there exist some nonnegative constants C and dn
such that

E(|Zn|p|Fn−1) ≤ Cp−2p!d2
n, almost surely. (1.7)

Then, for any ε > 0, we have

P(|Sn| > ε) ≤ 2 exp
{
− ε2

2(Dn + Cε)

}
,

where Dn = ∑n
i=1 d

2
i .

Proof. The proof follows as a particular case of Theorem 8.2.2 due to de la Peña
and Giné (1999). 2

The next Lemma give us a similar exponential inequality for partial sums of
bounded martingale differences.

Lemma 1.2 (Laïb(1999)[86]). Let {Zn : n ∈ N} be a sequence of martingale diffe-
rences with respect to the sequence of σ−fields {Fn = σ(Z1, . . . , Zn) : i ∈ N}, where
σ(Z1, . . . , Zn) is the σ−field generated by the random variables Z1, , . . . , Zn, such
that ‖Zn‖ ≤ B a.s. for 1 ≤ i ≤ n. For all ε > 0, one has

P

max
1≤i≤n

∥∥∥∥∥∥
i∑

j=1
Zj

∥∥∥∥∥∥ > ε

 ≤ 2 exp
{
− ε2

2nB2

}
. (1.8)

Observe now that, for any x ∈ R, one may write

fT (x)−f(x) = 1
ThT

∫ T

0

[
K
(
x−Xt

hT

)
− E

[
K
(
x−Xt

hT

)
|Ft−δ

])
dt

+ 1
ThT

∫ T

0
E
[
K
(
x−Xt

hT

)
|Ft−δ

]
dt−f(x)

:= R1,T (x)+R2,T (x). (1.9)

1.3.1 Proof of Theorem 1.1

Making use of the decomposition (1.9) and statement (1.6), noting that T =
Tn = δn and hTn = hT , we may write

R1,Tn(x) = 1
TnhTn

∫ T

0

[
K

(
x−Xt

hTn

)
− E

[
K

(
x−Xt

hTn

)
|Ft−δ

])
dt (1.10)

= 1
TnhTn

n∑
k=1

Yk, (1.11)
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since the kernel K is bounded, then

1
TnhTn

|Yk| ≤
1

TnhTn

∫ Tj

Tj−1

∣∣∣∣∣K
(
x−Xt

hTn

)
− E

[
K

(
x−Xt

hTn

)
|Ft−δ

]∣∣∣∣∣ dt
≤ 2δK̃

TnhTn
,

with K̃ = maxu∈RK(u). Observe that the sequence {Yk}1≤k≤n is a martingale diffe-
rences sequence with respect to the sequence of σ−fields Gk−1. Recalling T = δn = Tn

and hT = hTn , Applying Lemma 1.2 for large enough n and any ε > 0, we obtain

P
{∣∣∣∣∣

n∑
k=1

Yk

∣∣∣∣∣ > ε(TnhTn)
}
≤ 2 exp

{
−ε

2(TnhTn)2

8nδ2K̃2

}

= 2 exp
{
− ε2

8δK̃2

Tnh
2
Tn

log Tn
log Tn

}

= 2 exp

log T
−Ck

Tnh
2
Tn

logTn
n


= 2

T
−Cku(Tn)
n

.

where Ck = ε2

8δK̃2 is a positive constant, according to condition (1.2) the function

u(T ) := Tnh2
Tn

log Tn is bounded from below by a strictly positive constant L. By Borel-
Cantelli Lemma, we obtain

R1,Tn(x) a.s= 0, as Tn →∞. (1.12)

We turn our attention to the second term of the decomposition (1.9), under condition
(1.1) and since fFt−δt is a Lipschitz function, by a change of variable, we obtain

R2,T (x) = 1
ThT

∫ T

0
E
[
K
(
x−Xt

hT

)
|Ft−δ

]
dt− f(x)

= 1
ThT

∫ T

0

∫
R
K
(
x− z
hT

)
f
Ft−δ
t (z)dzdt− f(x)

= 1
T

∫ T

0

∫
R
K(u)

(
f
Ft−δ
t (x− hTu)− fFt−δt (x)

)
dudt

+ 1
T

∫ T

0
f
Ft−δ
t (x)dt− f(x)

≤ 1
T

∫ T

0
f
Ft−δ
t (x)dt− f(x) +O(hT ) = o(1).

Therefore,

R2,T (x) a.s= 0, as T →∞. (1.13)
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Proof of Theorem 1.1 In conjunction with equations (1.12) and (1.13) the proof of
theorem 1.1 is achieved.

2

1.3.2 Proof of Theorem 1.2

Hereafter we give some further lemmas that are steps towards stating our results.

Lemma 1.3. Under hypotheses (A.1)-(A.2), for x ∈ R, we have

R1,T (x) = O

( log T
ThT

) 1
2
 a.s. (1.14)

Proof. The proof needs to use Lemma 1.1. Therefore, we have to check its conditions.
In this respect, observe by Minkowski and Jensen inequalities that

|E
[
Y p
j |Gj−2

]
| ≤ E

[∣∣∣∣∣
∫ Tj

Tj−1

(
K
(
x−Xt

hT

)
− E

[
K
(
x−Xt

hT

)
|Ft−δ

])
dt

∣∣∣∣∣
p

|Gj−2

]

≤
∫ Tj

Tj−1
E
[∣∣∣∣K (

x−Xt

hT

)
− E

[
K
(
x−Xt

hT

)
|Ft−δ

]∣∣∣∣p |Gj−2

]
dt

≤
∫ Tj

Tj−1

E [Kp
(
x−Xt

hT

)
|Gj−2

]1/p
+ E

[
E
[
K
(
x−Xt

hT

)
|Ft−δ

]p
|Gj−2

]1/p
p dt

≤
∫ Tj

Tj−1

(
E
[
Kp

(
x−Xt

hT

)
|Gj−2

]1/p
+ E

[
E
[
Kp

(
x−Xt

hT

)
|Ft−δ

]
|Gj−2

]1/p)p
dt

=
∫ Tj

Tj−1

(
2E

[
Kp

(
x−Xt

hT

)
|Gj−2

]1/p)p
dt = 2p

∫ Tj

Tj−1
E
[
Kp

(
x−Xt

hT

)
|Gj−2

]
dt.

Making use of the change of variable u = (x − y)/hT , it follows from conditions
(A.2)(ii)-(iii), with bj−2,δ = bTj−2,δ, that

E
[
K
(
x−Xt

hT

)p
|Gj−2

]

=
∫
Kp

(
x− y
hT

)
f
Gj−2
t (y)dy

= hT

∫
Kp(u)fGj−2

t (x− hTu)du

≤ hT‖K‖p−1
∞

∫
K(z)

(
f
Gj−2
t (x)− hT z

(
f
Gj−2
t

)′
(x∗T (z))

)
du

= hT‖K‖p−1
∞ (fGj−2

t (x) + o(1))

≤ hT‖K‖p−1
∞ (bj−2,δ(x) + o(1)). (1.15)
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Therefore, we have

|E
[
Y p
j |Gj−2

]
| ≤ 2pδhTn‖K‖p−1

∞ (bj−2,δ(x) + o(1)) ≤ p!Cp−2d2
j ,

where C = 2‖K‖∞, d2
j = 23δhTn‖K‖∞bj−2,δ(x). Notice that the integral

∫ T
0 bt,δ(x)dt

may be approached by the Riemann sum δ
∑n
j=2 bj−2,δ(x). Since the condition (A.2)(iv)

holds true, it follows that

Dn =
n∑
i=2

d2
j = 8hTn‖K‖∞

(
δ

1
n

n∑
i=2

bj−2,δ(x)
)

≤ 8TnhTn‖K‖∞
(

1
T

∫ T

0
bt,δ(x)

)
= 8TnhTn‖K‖∞O

(
D(x)

)
.

It is then clear by Lemma 1.1, for any ε > 0, that

P

|R1,Tn(x)| > ε

(
log Tn
TnhTn

) 1
2
 = P

∣∣∣∣∣∣
n∑
j=1

Yj

∣∣∣∣∣∣ > (TnhTn)ε
(

log Tn
TnhTn

) 1
2


≤ 2 exp

− ε2(TnhTn)2 (log Tn/TnhTn)
8‖K‖∞TnhTnO(D(x)) + 4‖K‖∞TnhTnε (log Tn/TnhTn)

1
2


≤ 2 exp

− ε2(TnhTn)2 (log Tn/TnhTn)
8C1D(x)‖K‖∞TnhTn

(
1 + ε

2D(x) (log Tn/TnhTn)
1
2
)


≤ 2 exp
{
− ε2

8C1D(x)‖K‖∞
log Tn

}

= 2 exp
{

log
(
T
− ε2

8C1D(x)‖K‖∞
n

)}

= 2T
− ε2

8C1D(x)‖K‖∞
n . (1.16)

It suffices then to consider a suitable choice of ε and to use the Borel-Cantelli Lemma
to achieve the proof.

Lemma 1.4. Under hypotheses (A.1)(i)-(ii), (A.2)(i) and (A.3), for x ∈ R, we have

R2,T (x) = Oa.s.

(
T−1/2

)
+O(hT ). (1.17)

Proof. For every x ∈ R, consider the following decomposition,

R2(x) = f̄T (x)− E[fT (x)] + E[fT (x)]− f(x) = B
(1)
T (x) +B

(2)
T (x).
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Let Kh(·) = 1/hK(·/h), observe that

|TB(1)
T (x)| =

∣∣∣∣∣
∫ T

0

(
E
[
Kh

(
x−Xt

)∣∣∣∣Ft−δ]− E
[
Kh

(
x−Xt

)])
dt

∣∣∣∣∣
=

∣∣∣∣∣
∫
R
Kh

(
x− y

)(∫ T

0
fFt−δ(y)dt− Tf(y)

)
dy

∣∣∣∣∣
:=

∣∣∣∣∫
R
Kh

(
x− y

)
HT (y)dy

∣∣∣∣
≤

∫
R
Kh

(
x− y

)
‖HT (y)‖dy.

Considering the projection Pk defined above, following Wu (2003) and making use
of Cauchy-Schwarz inequality, we obtain

‖HT (y)‖2 =
∥∥∥∥∥
∫ T

0
fFt−δ(y)dt− Tf(y)

∥∥∥∥∥
2

= T

(∫ T

0

∥∥∥P1f
Ft−δ(y)

∥∥∥2
dt

)
,

therefore,

sup
y
‖HT (y)‖2 ≤ T

(
sup
y

∫ T

0

∥∥∥P1f
Ft−δ(y)

∥∥∥2
dt

)

≤ T

(
sup
y

∫
R+

∥∥∥P1f
Ft−δ(y)

∥∥∥2
dt

)
.

Subsequently, assuming the condition (A.3), we obtain

sup
y
‖HT (y)‖2 = O(T ). (1.18)

Thus,
B

(1)
T (x) = Oa.s.(T−

1
2 ).

Moreover, assuming the conditions (A.1)(ii) and (A.2)(i), it is easily seen that

B
(2)
T (x) = E[fT (x)]− f(x) = 1

hT

∫
R
K
(
x− y
hT

)
f(y)dy − f(x)

=
∫
R
K(z) (f(x)− hT zf ′(x∗)) dz − f(x)

= O(hT ),

where x∗ ∈ [x− hT z, x]. Consequently, we have

R2(x) = Oa.s.

(
T−1/2) +O(hT

)
.

Proof of Theorem 1.2 Making use of the decomposition (1.9), the proof follows as
a direct consequence of Lemma 1.3 and Lemma 1.4. 2
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1.3.3 Proof of Theorem 1.3

The idea of the proof is to consider a covering of

BT = {x ∈ R : |x| ≤ T ν}.

Let νT be a non-decreasing integer function tending to infinity as T →∞. Consider
the partition {BT,i}1≤i≤νT of the set BT defined by

BT,i = {x : ‖x− xi‖ ≤ T γν−1
T }

where (xi)1≤i≤νT is a sequence of elements of BT . Recall that

sup
x∈R
|fT (x)− f(x)| ≤ sup

x∈R

∣∣∣∣∣ 1
ThT

∫ T

0

(
K
(
x−Xt

hT

)
− E

[
K
(
x−Xt

hT

)
|Ft−δ

])
dt

∣∣∣∣∣
+ sup

x∈R

∣∣∣∣∣ 1
ThT

∫ T

0
E
[
K
(
x−Xt

hT

)
|Ft−δ

]
dt− f(x)

∣∣∣∣∣
= FT,1 + FT,2. (1.19)

Lemma 1.5. Under assumptions (A.1)(i) and (A.1)(iii) commbined with condition
(1.4) we have

lim
T→∞

FT,1 = 0, a.s. (1.20)

Proof. Recalling that

FT,1 = sup
x∈R

∣∣∣∣∣ 1
ThT

∫ T

0

(
K
(
x−Xt

hT

)
− E

[
K
(
x−Xt

hT

)
|Ft−δ

])
dt

∣∣∣∣∣
≤ sup

x∈BT

∣∣∣∣∣ 1
ThT

∫ T

0

(
K
(
x−Xt

hT

)
− E

[
K
(
x−Xt

hT

)
|Ft−δ

])
dt

∣∣∣∣∣
+ sup

x∈BcT

∣∣∣∣∣ 1
ThT

∫ T

0

(
K
(
x−Xt

hT

)
− E

[
K
(
x−Xt

hT

)
|Ft−δ

])
dt

∣∣∣∣∣
= F

(1)
T,1 + F

(2)
T,1, (1.21)

using the covering of the compact set BT we may write

F
(1)
T,1 = sup

x∈BT

∣∣∣∣∣ 1
ThT

∫ T

0

(
K
(
x−Xt

hT

)
− E

[
K
(
x−Xt

hT

)
|Ft−δ

])
dt

∣∣∣∣∣
≤ max

1≤k≤νT
sup
x∈BT,k

∣∣∣∣∣ 1
ThT

∫ T

0

(
K
(
x−Xt

hT

)
−K

(
xk −Xt

hT

))
dt

∣∣∣∣∣
+ max

1≤k≤νT

∣∣∣∣∣ 1
ThT

∫ T

0

(
K
(
xk −Xt

hT

)
− E

[
K
(
xk −Xt

hT

)
|Ft−δ

])
dt

∣∣∣∣∣
+ max

1≤k≤νT
sup
x∈BT,k

∣∣∣∣∣ 1
ThT

∫ T

0

(
E
[
K
(
xk −Xt

hT

)
|Ft−δ

]
− E

[
K
(
x−Xt

hT

)
|Ft−δ

])
dt

∣∣∣∣∣
= F

(11)
T,1 + F

(12)
T,1 + F

(13)
T,1 . (1.22)
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Now by assumption there exists ` > 0 such that

|K(u)−K(u′| ≤ `|u− u′|, (u, u′) ∈ R2.

Consequently,

F
(11)
T,1 = max

1≤k≤νT
sup
x∈BT,k

∣∣∣∣∣ 1
ThT

∫ T

0

(
K
(
x−Xt

hT

)
−K

(
xk −Xt

hT

))
dt

∣∣∣∣∣
≤ 1

h2
T

max
1≤k≤νT

sup
x∈BT,k

|x− xk|

≤ T γ

h2
TνT

,

and similarly,

F
(13)
T,1 = max

1≤k≤νT
sup
x∈BT,k

∣∣∣∣∣ 1
ThT

∫ T

0

(
E
[
K
(
xk −Xt

hT

)
|Ft−δ

]
− E

[
K
(
x−Xt

hT

)
|Ft−δ

])
dt

∣∣∣∣∣
≤ 1

h2
T

max
1≤k≤νT

sup
x∈BT,k

|x− xk|

≤ T γ

νTh2
T

,

then choosing νT = bT γ+1/hT c, it follows that

F
(11)
T,1 = O

( 1
ThT

)
, a.s. (1.23)

moreover
F

(13)
T,1 = O

( 1
ThT

)
, a.s. (1.24)

using the notation (1.6) we notice

F
(12)
T,1 = max

1≤k≤νT

∣∣∣∣∣ 1
ThT

∫ T

0

(
K
(
xk −Xt

hT

)
− E

[
K
(
xk −Xt

hT

)
|Ft−δ

])
dt

∣∣∣∣∣
= max

1≤k≤νT

∣∣∣∣∣ 1
ThT

n∑
i=1

Yi(xk)
∣∣∣∣∣ .

Since assumption (A.6) holds true then we may write

|Yi(xk)| =
∣∣∣∣∣
∫ Ti

Ti−1

(
K
(
xk −Xt

hT

)
− E

[
K
(
xk −Xt

hT

)
|Ft−δ

])
dt

∣∣∣∣∣
≤ 2δ sup

y∈R
K(y) = 2δK̃.

Now, for all ε > 0, and by a simple application of Lemma 1.2, we note T = Tn = δn,
hT = hTn and νT = νTn , then using condition (1.4) we obtain
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P
(

max
1≤k≤νTn

∣∣∣∣∣
n∑
i=1

Yi(xk)
∣∣∣∣∣ > ε(TnhTn)

)
≤

νTn∑
k=1

P
(∣∣∣∣∣

n∑
i=1

Yi(xk)
∣∣∣∣∣ > ε(TnhTn)

)
(1.25)

≤ 2νTn exp
{
−
ε2T 2

nh
2
Tn

8nδ2K̃2

}

= 2νTn exp
{
−

ε2Tnh
2
Tn

8δK̃2 log Tn
log Tn

}

≤ 2νTn exp
{

log T
− ε2L

8δK̃2
n

}

= 2

T
−γ−1+ε2L/8δK̃2
n hTn

, (1.26)

taking ε large enough to have T−γ−1+ε2L/8δK̃2
n hT → ∞ as Tn → ∞, therefore the

right-side of statement (1.25) converge, it suffices then to use the Borel-Cantelli
Lemma to deduce that

F
(12)
T,1 = o(1), a.s. (1.27)

Combining Equations (1.23), (1.24) and (1.23) we obtain that

F
(1)
T,1 = o(1), a.s. (1.28)

We turn our attention now to the second term of decomposition (1.21). It remains
to show that

F
(2)
T,1 = o(1), a.s. (1.29)

The fact that sup0≤t≤T |Xt| ≤ T 2γ/2 combined with the condition |x| > T 2γ ob-

viously imply, for 0 ≤ t ≤ T , that
∣∣∣∣x−Xt

hT

∣∣∣∣ > T 2γ

2hT
. Furthermore, since by condition

(A.6) the kernel K is of bounded support, it follows that there exists T0 > 0 such
that, for T > T0, we have K

(
x−Xt
hT

)
= 0. Consequently, we can write

{
sup

0≤t≤T
|Xt| ≤

T 2γ

2 , |x| > T 2γ
}
⊂

 sup
|x|>T 2γ

∣∣∣∣∣∣ 1
ThT

n∑
j=1

Yj

∣∣∣∣∣∣ = 0

 .
Therefore, for T large enough, we have

P

(
sup
|x|>T 2γ

∣∣∣∣∣ 1
ThT

n∑
1
Yj

∣∣∣∣∣ > η

)
≤ P

(
sup

0≤t≤T
|Xt| >

T 2γ

2

)
≤ P

(
sup

0≤t≤T
|Xt| > T γ

)
.

Now, we need to show that the application T 7→ sup
∣∣∣ 1
ThT

∑n
1 Yj

∣∣∣ is uniformly conti-
nuous. This property holds provided that there exists a constant Λ > 0 such that

sup
|x|>T 2γ

∣∣∣∣∣∣ 1
ThT

n∑
i=1

Yi −
1
ShS

n′∑
j=1

Y ′j

∣∣∣∣∣∣ ≤ Λ|T − S|, (1.30)
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when S = δn′, Sj = jδ and Y ′j := Y ′j (x) =
∫ Sj
Sj−1

(
K(x−Xs

hS
)− E

[
K(x−Xs

hS
)|Fs−δ

])
ds.

Taking Z ′j =
∫ Sj
Sj−1

K
(
x−Xs
hS

)
ds, observe that

sup
|x|>T 2γ

∣∣∣∣∣∣ 1
ThT

n∑
i=1

Yi −
1

ShT

n′∑
j=1

Y ′j

∣∣∣∣∣∣ ≤ sup
|x|>T 2γ

∣∣∣∣∣∣ 1
ThT

n∑
i=1

Zi −
1
ShS

n′∑
j=1

Z ′j

∣∣∣∣∣∣
+ sup
|x|>T 2γ

∣∣∣∣∣ 1
ThT

∫ T

0
E
[
K
(
x−Xt

hT

)
|Ft−δ

]
dt

− 1
ShS

∫ S

0
E
[
K
(
x−Xs

hS

)
|Fs−δ

]
ds

∣∣∣∣∣
= sup

|x|>T 2γ
|fT (x)− fS(x)|

+ sup
|x|>T 2γ

∣∣∣f̄T (x)− f̄S(x)
∣∣∣ . (1.31)

Note that

log (fT (x)) = − log (ThT ) + log
(∫ T

0
K
(
x−Xt

hT

)
dt

)
,

differentiating with respect to T , we obtain

d log (fT (x))
dT

= −hT − Th
′
T

ThT
− h′T
h2
T

(∫ T

0
K
(
x−Xt

hT

)
dt

)−1 (∫ T

0
(x−Xt)K ′

(
x−Xt

hT

)
dt

)

+
(∫ T

0
K
(
x−Xt

hT

)
dt

)−1

K
(
x−XT

hT

)
.

Recalling the property of the function logarithm log :

d log g(T )
dT

= dg(T )/dT
g(T ) ,

where g(T ) is a function. We obtain then

dfT (x)
dT

= fT (x)d log fT (x)
dT

= − 1
T 2hT

(∫ T

0
K
(
x−Xt

hT

)
dt

)
+ h′T
Th2

T

(∫ T

0
K
(
x−Xt

hT

)
dt

)

− h′T
Th3

T

(∫ T

0
(x−Xt)K ′

(
x−Xt

hT

)
dt

)
+ 1
ThT

K
(
x−XT

hT

)
.

Assumption (A.6) allows us to suppose the existing of a positive constant cK > 0,
K ′(u) = 0 whenever |u| ≥ cK ,∣∣∣∣∣dfT (x)

dT

∣∣∣∣∣ =
∣∣∣∣∣fT (x)d log fT (x)

dT

∣∣∣∣∣
≤ 1

ThT
K̃ + h′T

h2
T

K̃ + h′T
h2
T

cKK̃
′ + 1

ThT
K̃,
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where K̃ = supy∈RK(y) and K̃ ′ = supy∈RK(y). Therefore

sup
|x|>T 2γ

|fT (x)− fS(x)| ≤
(

2
ThT

K̃ + h′T
h2
T

(
K̃ + cKK̃

′
))
|T − S|. (1.32)

Considering the second part of decomposition (1.31), at first, observe that

log (f̄T (x)) = − log (ThT ) + log
(∫ T

0
E
[
K
(
x−Xt

hT

)
| Ft−δ

]
dt

)
,

therefore,

d log (f̄T (x))
dT

= − 1
T
− h′T
hT
− h′T
h2
T

(∫ T

0
E
[
K
(
x−Xt

hT

)
| Ft−δ

]
dt

)−1

×
(∫ T

0
E
[
(x−Xt)K ′

(
x−Xt

hT

)
| Ft−δ

]
dt

)

+
(∫ T

0
E
[
K
(
x−Xt

hT

)
| Ft−δ

]
dt

)−1

E
[
K
(
x−XT

hT

)
| FT−δ

]
.

Proceeding as above, we obtain

df̄T (x)
dT

= f̄T (x)d log f̄T (x)
dT

= − 1
T 2hT

(∫ T

0
E
[
K
(
x−Xt

hT

)
| Ft−δ

]
dt

)
+ h′T
Th2

T

(∫ T

0
E
[
K
(
x−Xt

hT

)
| Ft−δ

]
dt

)

− h′T
Th3

T

(∫ T

0
E
[
(x−Xt)K ′

(
x−Xt

hT

)
| Ft−δ

]
dt

)
+ 1
ThT

E
[
K
(
x−XT

hT

)
| FT−δ

]
.

Under Assumption (A.6) we have
∣∣∣∣∣df̄T (x)
dT

∣∣∣∣∣ ≤ 2
ThT

K̃ +
(
K̃ + cKK̃

′
) h′T
h2
T

.

Hence,

sup
|x|>T 2γ

∣∣∣f̄T (x)− f̄S(x)
∣∣∣ ≤ (

2
ThT

K̃ + h′T
h2
T

(
K̃ + cKK̃

′
))
|T − S|. (1.33)

The statement (1.30) follows from the decomposition (1.31) together with condition
(1.4)(ii) and equations (1.32) and (1.33). Taking hT = T−1/5 we notice that

max
{∣∣∣∣∣d(fT (x)

dT

∣∣∣∣∣ ,
∣∣∣∣∣d(f̄T (x)

dT

∣∣∣∣∣
}
≤ CT−

4
5 ,
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where C is a positive constant. A straightforward application of Lemma 1.2 combined
with condition (1.4) give us

P

(∣∣∣∣∣
n∑
i=1

Yi

∣∣∣∣∣ > ThT ε0

)
≤ 2 exp

{
− T

2h2
T ε

2
0

8nδ2K̃2

}

= 2 exp
{

log T−
ε20

8δK̃2
Th2
T

logT

}
≤ 2T−

ε20L

8δK̃2 .

Hence, the application T 7→ sup
|x|>T 2γ

∣∣∣∣∣∣ 1
ThT

n∑
j=1

Yj

∣∣∣∣∣∣ is uniformly continuous for each ω

and the result (1.29) follows from making use of Borel-Cantelli Lemma for continuous
time processes (see, for instance, Bosq (1998), Lemma 4.2). we achieve the proof of
Lemma 1.5 from statements (1.28) and (1.29). 2

Lemma 1.6. Assuming that the conditional density fFt−δt is a Lipschitz function
together with assumption (A.1)(ii) and condition (1.3) we have

lim
T→∞

FT,2 = 0, a.s. (1.34)

Proof. Observe that

FT,2 = sup
x∈R

∣∣∣∣∣ 1
ThT

∫ T

0
E
[
K
(
x−Xt

hT

)
|Ft−δ

]
dt− f(x)

∣∣∣∣∣
= sup

x∈R

∣∣∣∣∣ 1
ThT

∫ T

0

∫
R
K
(
x− u
hT

)
f
Ft−δ
t (u)dudt− f(x)

∣∣∣∣∣
= sup

x∈R

∣∣∣∣∣ 1T
∫ T

0

∫
R
K(v)fFt−δt (x− hTv)dvdt− f(x)

∣∣∣∣∣
≤ sup

x∈R

∣∣∣∣∣ 1T
∫ T

0

∫
R
K(v)

(
f
Ft−δ
t (x− hTv)− fFt−δt (x)

)
dvdt

∣∣∣∣∣
+ sup

x∈R

∣∣∣∣∣ 1T
∫ T

0

(
f
Ft−δ
t (x)− f(x)

)
dt

∣∣∣∣∣ = F
(1)
T,2 + F

(2)
T,2,

since fFt−δt (x) is Lipschitzian and under assumption (A1)(ii) we get

F
(1)
T,2 ≤

1
T

∫ T

0

∫
R
K(v) sup

x∈R

∣∣∣fFt−δt (x− hTv)− fFt−δt (x)
∣∣∣ dvdt

≤ hT

∫
R
vK(v)dv = O(hT ). (1.35)

On the other side, condition (1.3) gives us

F
(2)
T,2 = sup

x∈R

∣∣∣∣∣ 1
Tf(x)

∫ T

0
f
Ft−δ
t (x)dt− 1

∣∣∣∣∣ = o(1). (1.36)
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combining statements (1.35) and (1.36) we obtain

FT,2
P= o(1), as T →∞.

2

Proof of Theorem 1.3 The proof of Theorem 1.3 is achieved by combining decom-
position (1.19) with Lemmas 1.5 and 1.6. 2

1.3.4 Proof of Theorem 1.4

We need here the decomposition (1.9) and some intermediate results investigating
the behaviour of every term of the decomposition.

Observe first that

sup
x∈BT
|fT (x)− f(x)| ≤ sup

x∈BT

∣∣∣∣∣ 1
ThT

∫ T

0

(
K
(
x−Xt

hT

)
− E

[
K
(
x−Xt

hT

)
|Ft−δ

])
dt

∣∣∣∣∣
+ sup

x∈BT

∣∣∣∣∣ 1
ThT

∫ T

0
E
[
K
(
x−Xt

hT

)
|Ft−δ

]
dt− f(x)

∣∣∣∣∣ = AT +BT .

where

AT = sup
x∈BT
|AT (x)| = sup

x∈BT

∣∣∣∣∣ 1
ThT

∫ T

0

(
K
(
x−Xt

hT

)
− E

[
K
(
x−Xt

hT

)
|Ft−δ

])
dt

∣∣∣∣∣ .
BT = sup

x∈BT
|BT (x)| = sup

x∈BT

∣∣∣∣∣ 1
ThT

∫ T

0
E
[
K
(
x−Xt

hT

)
|Ft−δ

]
dt− f(x)

∣∣∣∣∣
Let νT be a non-decreasing integer function tending to infinity as T → ∞.

Consider the partition {BT,i}1≤i≤νT of the set BT defined by

BT,i = {x : ‖x− xi‖ ≤ T γν−1
T }

where (xi)1≤i≤νT is a sequence of elements of BT . Therefore, we have

AT ≤ max
1≤i≤νT

sup
x∈BT,i

|AT (x)− AT (xi)|+ max
1≤i≤νT

|AT (xi)| := I1 + I2. (1.37)

Making use of assumption (A.1)(iii), it follows that there exists a positive constant
CK such that∣∣∣∣K (

x−Xt

hT

)
−K

(
xi −Xt

hT

)∣∣∣∣ ≤ CK

∣∣∣∣x−Xt

hT
− xi −Xt

hT

∣∣∣∣
= CK

hT
|x− xi| ≤

CKT
γ

hTνT
.
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Consequently, we have

I1 ≤
1

ThT

n∑
1

∫ Tj

Tj−1

 max
1≤i≤νT

sup
x∈BT

⋂
BT,i

∣∣∣∣K (
x−Xt

hT

)
−K

(
xi −Xt

hT

)∣∣∣∣
+ E

 max
1≤i≤νT

sup
x∈BT

⋂
BT,i

∣∣∣∣K (
x−Xt

hT

)
−K

(
xi −Xt

hT

)∣∣∣∣ |Gj−1

 dt.
≤ 2δn

ThT
× CKT

γ

hTνT
= 2CKT γ

h2
TνT

Taking νT = T γ+2 and εT =
(

log T
ThT

)1/2
, we obtain

ε−1
T I1 ≤

(
ThT
log T

)1/2 2CKT γ
h2
TT

γ+2 = 2CK(
(ThT )3 log T

)1/2 .

Therefore,

I1 = o

( log T
ThT

)1/2
 a.s. (1.38)

Using notation (1.6), we observe that

max
1≤i≤νT

|AT (xi)| = max
1≤i≤νT

|
n∑
j=1

Yj(xi)|.

The order of the term I2 may be stated in much the same way as in the statement
(1.14) with the only difference that the assumption (A.4) holds true. Therefore,
noting Tn = T = δn, taking νTn = νT = T γ+2

n and εTn = ε0
(

log Tn
TnhTn

)1/2
with a

positive constant ε0, we obtain

P

(
max

1≤k≤νTn

1
TnhTn

∣∣∣∣∣
n∑
i=1

Yi(xk)
∣∣∣∣∣ > εTn

)
≤

νTn∑
k=1

P

∣∣∣∣∣∣
n∑
j=1

Yi(xk)

∣∣∣∣∣∣ > (TnhTn)ε0

(
log Tn
TnhTn

)1/2


≤ 2νTn exp

− ε2
0(TnhTn)2 (log Tn/TnhTn)

O(TnhTn) + 2CTnhTnε0 (log Tn/TnhTn)
1
2


≤ 2νTn exp

{
−ε2

0O(TnhTn) log Tn
TnhTn

}
≤ 2νTn exp

{
−ε2

0C log Tn
}
≤ 2T γ+2−ε20C

n ,

for some positive constant C. Proceeding as in the statement (1.16) and considering
a choice of ε0 that allows to use the Borel-Cantelli Lemma, we obtain

I2 = O

( log Tn
TnhTn

)1/2
 = O

( log T
ThT

)1/2
 a.s. (1.39)
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It follows then from the statements (1.37)-(1.39) that

AT = O

( log T
ThT

)1/2
 a.s. (1.40)

Moreover, taking into account the conditions (A.2) and (A.3) together with the
statement (1.18), we have

BT = sup
x∈BT

∣∣∣∣∣ 1
ThT

∫ T

0
E
[
K
(
x−Xt

hT

) ∣∣∣∣Ft−δ] dt− f(x)
∣∣∣∣∣

≤ sup
x∈R

∣∣∣∣∣ 1T
∫ T

0
E
[
Kh (x−Xt)

∣∣∣∣Ft−δ] dt− 1
T

∫ T

0
E [Kh (x−Xt)] dt

∣∣∣∣∣
+ sup

x∈R

∣∣∣∣∣ 1T
∫ T

0
E [Kh (x−Xt)] dt− f(x)

∣∣∣∣∣
= sup

x∈R

∣∣∣∣ 1T
∫
R
Kh (x− y)HT (y)dy

∣∣∣∣+ sup
x∈R

∣∣∣∣∫
R
K(z)f(x− hT z)dz − f(x)

∣∣∣∣
≤ sup

x∈R

1
T

∫
R
Kh (x− y) ‖HT (y)‖dy + sup

x∈R

∣∣∣∣∫
R
K(z) (f(x)− hT zf ′(x∗)) dz − f(x)

∣∣∣∣
= O

(√
T
)

sup
x∈R

1
ThT

∫
R
K
(
x− y
hT

)
dy + sup

x∈R

∣∣∣∣hTf ′(x∗) ∫
R
K(z)dz

∣∣∣∣ .
Thus,

BT = Oa.s.

(
T−1/2

)
+O

(
hT
)
. (1.41)

Combining the statement (1.40) with (1.41), we obtain the following result

sup
x∈BT
|f̂T (x)− f(x)| = Oa.s.

( log T
ThT

)1/2
+Oa.s.

(
T−1/2

)
+O(hT ). (1.42)

Our task now is to handle the term sup
x∈BcT
|f̂T (x)− f(x)|, where BcT is the complemen-

tary set of BT with respect to the real line. Proceeding as for the statement (1.41),
it is clear that

sup
x∈BcT
|f̄T (x)− f(x)| = Oa.s.

(
T−1/2

)
+O

(
hT
)

a.s. (1.43)

It remains then to prove hereafter that

lim
T→∞

√
ThT
log T sup

x∈BcT
|f̂T (x)− f̄(x)| = 0, a.s. (1.44)

The fact that sup0≤t≤T |Xt| ≤ T 2γ/2 combined with the condition |x| > T 2γ ob-

viously imply, for 0 ≤ t ≤ T , that
∣∣∣∣x−Xt

hT

∣∣∣∣ > T 2γ

2hT
. Furthermore, since by condition
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(A.6) the kernel K is of bounded support, it follows that there exists T0 > 0 such
that, for T > T0, we have K

(
x−Xt
hT

)
= 0. Consequently, we can write

{
sup

0≤t≤T
|Xt| ≤

T 2γ

2 , |x| > T 2γ
}
⊂

 sup
|x|>T 2γ

∣∣∣∣∣∣ 1
ThT

n∑
j=1

Yj

∣∣∣∣∣∣ = 0

 .
Therefore, for T large enough, we have

P

(
sup
|x|>T 2γ

∣∣∣∣∣ 1
ThT

n∑
1
Yj

∣∣∣∣∣ > η

)
≤ P

(
sup

0≤t≤T
|Xt| >

T 2γ

2

)
≤ P

(
sup

0≤t≤T
|Xt| > T γ

)
.

Now, we need to show that the application T 7→ sup
∣∣∣ 1
ThT

∑n
1 Yj

∣∣∣ is uniformly conti-
nuous. This property holds provided that there exists a constant Λ > 0 such that

sup
|x|>T 2γ

∣∣∣∣∣∣ εTThT
n∑
i=1

Yi −
εS
ShS

n′∑
j=1

Y ′j

∣∣∣∣∣∣ ≤ Λ|T − S|, (1.45)

when S = δn′, Sj = jδ, Y ′j := Y ′j (x) =
∫ Sj
Sj−1

(
K(x−Xs

hS
)− E

[
K(x−Xs

hS
)|Fs−δ

])
ds and

εT =
(
ThT
log T

)1/2
. Taking Z ′j =

∫ Sj
Sj−1

K
(
x−Xs
hS

)
ds, observe that

sup
|x|>T 2γ

∣∣∣∣∣∣ εTThT
n∑
i=1

Yi −
εS
ShT

n′∑
j=1

Y ′j

∣∣∣∣∣∣ ≤ sup
|x|>T 2γ

∣∣∣∣∣∣ εTThT
n∑
i=1

Zi −
εS
ShS

n′∑
j=1

Z ′j

∣∣∣∣∣∣
+ sup
|x|>T 2γ

∣∣∣∣∣ εTThT
∫ T

0
E
[
K
(
x−Xt

hT

)
|Ft−δ

]
dt

− εS
ShS

∫ S

0
E
[
K
(
x−Xs

hS

)
|Fs−δ

]
ds

∣∣∣∣∣
= sup

|x|>T 2γ

∣∣∣εT f̂T (x)− εS f̂S(x)
∣∣∣

+ sup
|x|>T 2γ

∣∣∣εT f̄T (x)− εS f̄S(x)
∣∣∣ . (1.46)

Note also that

log
(
εT f̂T (x)

)
= log(εT )− log(ThT ) + log IT

= 1
2 log(ThT ) + 1

2 log(log T )− log(ThT ) + log IT

= 1
2 log(log T )− 1

2 log(ThT ) + log IT ,

where IT =
∫ T

0 K
(
x−Xt
hT

)
dt. Differenciating with respect to T , we obtain

d log εT f̂T (x)
dT

= 1
2T log T −

hT − Th′T
2ThT

− h′T
h2
T

I−1
T

∫ T

0
(x−Xt)K ′

(
x−Xt

hT

)
dt

+ I−1
T K

(
x−XT

hT

)
.
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Since by condition (A.6), for some cK > 0, K ′(u) = 0 whenever |u| ≥ cK , we have∣∣∣∣∣∣d log εT f̂T (x)
dT

∣∣∣∣∣∣ ≤ 1
2T log T + 1

2T + |h
′
T |

2hT
+
∣∣∣I−1
T

∣∣∣K (
x−XT

hT

)

+2cK
|h′T |
h2
T

∣∣∣I−1
T

∣∣∣ThT‖K ′‖∞.
As dεTfT (x)

dT
= εTfT (x)d log εTfT (x)

dT
, it is easily seen that

∣∣∣∣∣dεTfT (x)
dT

∣∣∣∣∣ ≤ ‖K‖∞
(ThT log T ) 1

2

(
1

2 log T + 3
2

)
+ |h

′
T |(ThT ) 1

2

h2
T (log T ) 1

2

(
‖K‖∞

2 + 2cK‖K ′‖∞
)
.

Therefore, we have

sup
|x|>T 2γ

∣∣∣εT f̂T (x)− εS f̂S(x)
∣∣∣ ≤ (1.47) ‖K‖∞

(ThT log T ) 1
2

(
1

2 log T + 3
2

)
+ |h

′
T |(ThT ) 1

2

h2
T (log T ) 1

2

(
‖K‖∞

2 + 2cK‖K ′‖∞
) |T − S|.

Considering now the second part of (1.46), observe first that

log
(
εT f̄T (x)

)
= log

(
εT
ThT

∫ T

0
E
[
K
(
x−Xt

hT

)
|Ft−δ

]
dt

)

= −1
2 log(log T )− 1

2 log(ThT ) + logLT ,

where LT =
∫ T

0 E
[
K
(
x−Xt
hT

)
|Ft−δ

]
dt. Therefore, we have

d

dT
log

(
εT f̄T (x)

)
= d

dT

(
−1

2 log(log T )− 1
2 log(ThT ) + logLT

)
= − 1

2T log T −
1

2T −
h′T
2hT

−h
′
T

h2
T

L−1
T

∫ T

0
E
[
(x−Xt)K ′

(
x−Xt

hT

)
|Ft−δ

]
dt

+L−1
T E

[
K
(
x−XT

hT

)
|FT−δ

]
.

Thus, similarly as above, we obtain
d

dT

(
εT f̄T (x)

)
=

(
εT f̄T (x)

) d

dT
log

(
εT f̄T (x)

)
= εT f̄T (x)

(
− 1

2T log T −
1

2T −
h′T
2hT

)

−h
′
T

h2
T

εT
ThT

∫ T

0
E
[
(x−Xt)K ′

(
x−Xt

hT

)
|Ft−δ

]
dt

+ εT
ThT

E
[
K
(
x−XT

hT

)
|FT−δ

]
,
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and ∣∣∣∣∣∣
d
(
εT f̄T (x)

)
dT

∣∣∣∣∣∣ ≤ ‖K‖∞
(ThT log T )1/2

(
1

2 log T + 3
2

)

+ |h
′
T |
h2
T

(ThT )1/2

(log T )1/2

(1
2‖K‖∞ + 2cK‖K ′‖∞

)
.

Consequently, we have

sup
|x|>T 2γ

∣∣∣εT f̄T (x)− εS f̄S(x)
∣∣∣ (1.48)

≤

 ‖K‖∞
(ThT log T )1/2

( 1
2 log T + 3

2

)
+ |h

′
T |

2h2
T

(ThT )1/2

(log T )1/2

(1
2‖K‖∞ + ‖K ′‖∞

) |T − S|,

The statement (1.45) follows immediately from the condition (A.5) and the state-
ments (1.46), (1.47) and (1.48), Notice, for the particular choice of the smoothing
parameter hT = T−1/5, that we have

max
{∣∣∣∣∣d(εTfT (x))

dT

∣∣∣∣∣ ,
∣∣∣∣∣d(εT f̄T (x))

dT

∣∣∣∣∣
}
≤ CT−

2
5
(

log T
)−1/2

,

where C is a positive constant.
A further use of Lemma 1.1 enables us to write

P

(∣∣∣∣∣
n∑
i=1

Yi

∣∣∣∣∣ > ThT εT ε0

)
≤ 2 exp{−ε2

0 log T} = 2T−ε20 .

Hence, the application

T 7→ sup
|x|>T 2γ

∣∣∣∣∣∣ εTThT
n∑
j=1

Yj

∣∣∣∣∣∣
is uniformly continuous for each ω and the result (1.44) follows by making use of
Borel-Cantelli Lemma for continuous time processes (see, for instance, Bosq (1998),
Lemma 4.2). 2

Proof of Theorem 1.4 We achieve the proof of Theorem 1.4 by combining the
statements (1.42), (1.43) and (1.44). 2
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2.1 Introduction

Let (Xt, Yt)t≥0 be a stationary ergodic process taking values in Rd × R and
distributed as the random vector (X, Y ). Let l be a real measurable function defined
upon the real space R. The regression function of the random variable l(Y ) given
the event X = x is defined, for any x ∈ Rd, by m(x) = E[l(Y )|X = x]. On the
basis of the part (Xt, Yt)0≤t≤T observed from the above process, the estimate of the
function m is defined, for any x ∈ Rd, by

m̂T (x) =
∫ T

0 l(Yt)K
(

x−Xt

hT

)
dt∫ T

0 K
(

x−Xt

hT

)
dt

,

where hT is the smoothing parameter satisfying the following conditions

lim
T→∞

hT = 0, lim
T→∞

ThdT = +∞, lim
T→∞

log T
ThdT

= 0 (2.1)

and K is a nonnegative kernel defined on Rd.
The topic of nonparametric function estimation on continuous time processes

has motivated a number of works studying the consistency with rate of conver-
gence for both the density and the regression function estimates while considering
various criteria of convergence together with the asymptotic normality. The kernel
estimate of the d-variate density function is studied by Delecroix (1980) and Bosq
(1996) where the rates of convergence for the MSE and the supremum norm criteria
are found to be O(T−4/(4+d)) and o(logk(T )(log(T )/T )−4/(4+d)) respectively. Here,
logk(T ) = max{1, logk−1(T )} for T > 0 and k ≥ 2. We cite also the paper of Cas-
tellana and Leadbetter (1986) where the consistency together with the asymptotic
normality are given in the real valued process case. When the process (Xt)t satisfies
a local irregularity condition, these results may be sharpened as to reach the para-
metric rates given respectively by O(1/T ) and o(logk(T )(log(T )/T )1/2) and stated
in Bosq (1997). Asymptotic properties of the kernel regression function estimator
for continuous time processes have been investigated in several papers. There also
parametric rates of convergence are reached for various criteria. We refer to Bosq
(1996, 1997) and the references therein for an account of results on the subject.
Notice that all these results are stated while considering the mixing setting for the
data. It is well known that the mixing conditions may be viewed as an asymptotic
independence. Therefore, many processes fail to satisfy these conditions. Examples
of such processes are given in the papers of Chernick (1981) and Andrews (1984) in
the discrete time case.
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To be more convenient towards a number of applications in practice, we consider
in this paper, the regression function estimation when the data are assumed to be
drawn from a stationary and ergodic continuous time process to allow the maximum
possible generality in regard to the dependence setting. Notice that continuous time
recordings of phenomena are available in various areas of the economical life as the
weather, the energy and the health care for example. In the sequel, We establish
the pointwise and uniform consistencies with rates of the regression function esti-
mate. Here, only nonparametric rates of convergence are reached since no irregularity
conditions upon the process (Xt, Yt)t≥0 are assumed.

The study of the nonparametric regression estimate in the ergodic discrete time
setting has motivated a number of papers in the literature. We refer among others
to the works of Delecroix and Rosa (1996), Laib (1999,2005), Morvai et al. (1996)
and Yakowitz et al. (1999) where some asymptotic properties are studied. Notice
also the consistency with rates together with the asymptotic normality stated by
Laïb and Louani (2010,2011) for the regression estimate on discrete time functional
data.

In order to display our results, some notations are needed. From now on, for a
positive real number δ such that n = T

δ
∈ N and j ∈ N∩ [1, n], consider the partition

(Tj)1≤j≤n of the interval [0, T ]. Moreover, for t > 0, δ > 0 and 1 ≤ j ≤ n, consider
the σ-fields Ft−δ = σ((Xs, Ys) : 0 ≤ s < t − δ), Fj = σ((Xs, Ys), 0 ≤ s < Tj) and
St,δ = σ((Xs, Ys); (Xr) : 0 ≤ s < t, t ≤ r ≤ t + δ). Whenever s < 0, Fs stands as
the trivial σ-field. In the sequel, for any function q, q′ stands as the generic notation
of its derivative. For i = 1, 2, set

m̂T,i(x) = 1
nE[Z1(x)]

∫ T

0
(l(Yt))i−1K

(
x−Xt

hT

)
dt

and

m̃T,i(x) = 1
nE[Z1(x)]

∫ T

0
E
[
(l(Yt))i−1K

(
x−Xt

hT

)
dt|Ft−δ

]
dt,

where Z1(x) =
∫ δ

0
K
(
x−Xt

hT

)
dt.

For the sake of clarity, introduce some details defining the ergodic property of
continuous time processes. Let X = {Xt}t≥0 be a continuous time process taking
values in some measurable space (E,X ) on which is defined a probability measure µ.
For δ ≥ 0, let Υδ be a δ−shift transformation, i.e. (Υδ(x))s = xs+δ. A measurable set
A is δ−invariant if it does not change under δ−shift transformation , i.e. Υδ(A) = A.
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Définition 2.1. (δ−ergodicity) A continuous time processX = {Xt}t≥0 is δ−ergodic
if every measurable δ−invariant set related to the process X has probability either
1 or 0, in other words, for any δ−invariant set A, µ(A) = (µ(A))2.

This definition means that if we take the process X and slice it into time blocks
of length δ then the new discrete time process (Xδ

0 , X
2δ
δ , X

3δ
2δ , X

4δ
3δ , . . .) is ergodic.

For discrete time processes, we refer, for instance, to Krengel (1985)[77] or Laïb &
Louani (2010) for the definition and details on the ergodic property.

Définition 2.2. (Ergodicity) A continuous time process X = {Xt}t≥0 is ergodic if
it is δ-ergodic for every δ > 0.

It is well known from the ergodic theorem that, for a measurable function g and
a stationary ergodic process X = {Xt}t≥0, we have

lim
T→∞

1
T

∫ T

0
g(Xt)dt = E(g(X0)). (2.2)

Therefore, the ergodic property in our setting is formulated on the basis of the sta-
tement (2.2) and the requirements are considered in conditions (H.2) and (H.4)(vi)
below. We refer to the book of Krengel (1985) for an account of details and results
on the ergodic theory.

2.2 Results

Set now some hypotheses necessary to state our results.

(H.0) (i) K is a spherically symmetric bounded kernel on its compact support,
say [−λ, λ]d, and

∫
K(z)dz = 1 ; there exists a nonnegative differentiable

integrable function k over its support [0, λc1] such that K(z) = k(‖z‖)
and

∫ λc1
0 k′(u)du < ∞, where ‖.‖ is a norm on Rd and c1 is a positive

constant.

(ii) The kernel K is a Lipschitz function.

(H.1) (i) For any 0 ≤ s < t, there exists a positive constant c0 and a nonnegative
continuous and bounded random function ft,s defined on Rd such that,
almost surely,

PFs
(
Xt ∈ Sr,x

)
:=P

(
‖Xt − x‖ ≤ r

∣∣∣Fs)=c0r
dft,s(x) + o(rd), as r → 0,

(ii) For any 0 ≤ s < t ≤ T such that t− s ≤ α and any x ∈ Rd, the function
ft,s(x) is almost surely bounded by a deterministic function bs,α(x),
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(iii) T−1 ∫ T
0 bt,α(x)dt→ Dα(x) 6= 0 as T →∞.

(H.2) For any x ∈ Rd and any δ > 0, there exists a nonnegative deterministic
function f such that

lim
T→∞

1
T

∫ T

0
ft,t−δ(x)dt = f(x), a.s.

(H.3) For any t and r such that t ∈ [0, T ] and t ≤ r ≤ t+ δ, we have

(i) E[l(Yr)|St,δ] = E[l(Yr)|Xr] = m(Xr) almost surely.

(ii) There exist constants β > 0 and c3 > 0 such that, for any (u, v) ∈ R2d,
|m(u)−m(v)| ≤ c3‖u− v‖β.

(iii) For any k ≥ 2 and any δ > 0, E[|l(Yr)|k|St,δ] = E[|l(Yr)|k|Xr] and the
function hk(x) = E[|l(Y )|k|X = x] is continuous in the neighborhood of
x.

Remark 2.1. For s ≤ 0, Fs stands as the trivial σ-field. Therefore, the condition
(H.1)(i) takes the form

P
(
‖Xt − x‖ ≤ r

∣∣∣Fs) = P
(
‖Xt − x‖ ≤ r

)
= c0r

df(x) + o(rd), as r → 0, (2.3)

where f is a positive deterministic function. Notice that the function f matches
the density of Xt whenever we assume that this density exists. In such a case, the
constant c0 is given by c0 = π

d
2 /Γ ((d+ 2)/2), where Γ is the usual gamma function.

The statement (2.3) holds also whenever s = t = 0.

Comments on hypotheses. Conditions (H.0) are very common in nonparametric
function estimation literature. Hypothesis (H.1)(i) assume that the conditional pro-
bability of the sphere Sr,x given the σ−field Fs is asymptotically governed by a local
dimension when the radius r tends to zero without assuming the existence of mar-
ginal and conditional densities to reach the rates of convergence given below. Note
that the condition (H.1)(i) holds true while the conditional distribution PFsXt has a
continuous density function fFsXt on Rd. Condition (H.2) involves the ergodic nature
of the data as given, for instance, in Györfi et al. (1989). Notice, by (H.1)(ii), that
the random functions ft,t−δ(x) belong to the space C0 of continuous functions, which
is a separable Banach space. Moreover, approaching the integral

∫ T

0
ft,t−δ(x)dt by

its Riemann’s sum, it follows that

T−1
∫ T

0
ft,t−δ(x)dt w n−1

n∑
i=1

fTi,Ti−δ(x) = n−1
n∑
j=1

fjδ,(j−1)δ(x).
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Since the process (XTj)j≥1 is stationary and ergodic, following Delecroix (1987)
(see, Lemma 4 and Corollary 1 together with their proofs), one may prove that the
sequence (fjδ,(j−1)δ(x))j≥1 of random functions is stationary and ergodic. Indeed, It
suffices to replace in the work of Delecroix the conditional densities by fjδ,(j−1)δ’s
and the density by the function f . Moreover, making use of Beck’s Theorem (see,
for instance, Györfi et al. (1989), Theorem 2.1.1), it follows that

lim
T→∞

sup
x∈Rd

∣∣∣∣∣ 1T
∫ T

0
ft,t−δ(x)dt−E(fδ,0(x))

∣∣∣∣∣= lim
T→∞

sup
x∈Rd

∣∣∣∣∣ 1T
∫ T

0
ft,t−δ(x)dt−f(x)

∣∣∣∣∣=0, a.s.

It is then clear that both the conditions (H.2)(i) and (H.4)(vi), given below, are
satisfied. Notice that the transform of the stationary ergodic process (Xt, Yt)t≥0 into
the process (l2(Yt))t≥0 is a measurable function. Therefore, making use of Proposition
4.3 of Krengel (1985) and then the ergodic Theorem, we obtain

lim
T→∞

1
T

∫ T

0
(l(Yt))2dt = E((l2(Y0))) a.s., (2.4)

a result needed as a condition in Lemma 2.5 below. Condition (H.3)(iii) is usual in
the literature dealing with the study of ergodic processes. The hypothesis (H.3)(ii)
is a regularity condition upon the regression function m.

We give now some examples for which the condition (H.3)(i) is satisfied.

Example 1. Consider the regression model Yt = m(Xt) + εt, where the random
variables εt’s stand as martingale differences with respect to the σ-field Sr,δ, r ≤ t ≤
r + δ, generated by

{
(Xs, εs), (Xt) : 0 ≤ s < r, r ≤ t ≤ r + δ

}
. Clearly, we have

E[Yt|Sr,δ] = m(Xt) almost surely.

Example 2. Consider the regression model Yt = m(Xt)+σ(Xt)εt, where the random
variables εt are centered and independent of the process (Xt)t≥0. Taking Sr,δ as the
σ-field generated by

{
(Xs) : 0 ≤ s ≤ r

}
, it follows, for t ≤ r, that E[Yt|Sr,δ] =

E[m(Xt) + σ(Xt)εt|Sr,δ] = m(Xt) + σ(Xt)E[εt] = m(Xt) almost surely.

The first result hereafter gives the pointwise convergence with rate result for the
regression estimate m̂T (x).

Theorem 2.1. Under hypotheses (H.0)-(H.3), for any x ∈ Rd such that f(x) 6= 0,
we have

m̂T (x)−m(x) = Oa.s(hβT ) +Oa.s

( log T
ThdT

)1/2
 , as T →∞.
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Towards establishing the uniform result, for 1
2 < γ < 1, consider the following

dilative compact set BT = {x ∈ Rd : ‖x‖ ≤ T γ}, where ‖.‖ is a norm on Rd. Notice
that the following additional assumptions are needed.

(H.4)(i) There exists a sequence (αT ) of positive real numbers such that inf
x∈BT

f(x) ≥ αT .
(ii) For any T > 0 and any α > 0, supx∈BT |Dα(x)| ≤ D <∞,
(iii) For any k ≥ 2, the function hk is uniformly continuous and bounded over

the set BT .
(iv) The function f is bounded by a constant C > 0.
(v) There exist two constants τ > 0 and u > 0 such that, for T large enough,

1
α2
Th

2+d
T T τ

≤ 1
T 1+u .

(vi) For any δ > 0 small enough, we have

lim
T→∞

sup
x∈BT

∣∣∣∣∣ 1
f(x)T

∫ T

0
ft,t−δ(x)dt− 1

∣∣∣∣∣ = 0, a.s.

Comments on additional hypotheses. Condition (H.4)(i) is satisfied when we
consider, for example, a zero-mean Gaussian real random variable with a density f
and a finite variance σ2 and we take |x| ≤ O

(
σ(u log T )1/2

)
and αT = O

(
T−v/σ22π

)
with v ≥ u. Conditions (H.4)(ii) and (H.4)(iii) are uniform versions of conditions
(H.1)(iv) and (H.3)(iii) respectively. Hypothesis (H.4)(v) set the needed condition
to use the Borel-Cantelli Lemma..

The following theorem gives the uniform version of our results.

Theorem 2.2. Assume that assumptions (H.0)-(H.4) hold true. Furthermore, sup-
pose that

T 2γ−1hdTα
2
T

log T = O(1), as T →∞. (2.5)

Then, we have

sup
x∈BT
|m̂T (x)−m(x)| = Oa.s(hβT ) +Oa.s

( log T
ThdTα

2
T

)1/2
 as T →∞. (2.6)

Remark 2.2. Whenever, instead of the set BT , we consider a compact C on which
the function f is bounded from below by a constant α > 0, we obtain the following
result

sup
x∈C
|m̂T (x)−m(x)| = Oa.s(hβT ) +Oa.s

( log T
ThdT

)1/2
 , as T →∞
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when the hypothesis (H.4)(v) and the condition (2.5) are replaced by the fact that
there exist two constants τ > 0 and u > 0 such that 1

T τ (h5
T log T )

1
2
≤ 1
T 1+u .

Nonparametric prediction. Let (ξt, t ∈ R) be a measurable stationary and
ergodic process. Given the data (ξt, 0 ≤ t ≤ T ), we would like to predict the non-
observed square integrable real random variable ζT+H := l(ξT+H), where the horizon
H is such that 0 < H < T and where l is a measurable and bounded function on
compact sets. For this purpose, let us construct the predictor. Set

Zt = (Xt, l(Yt)) = (ξt, l(ξt+H)), t ∈ R,

and consider the regression kernel estimator m̂T based on the data (Zt, 0 ≤ t ≤
T −H). Therefore, the nonparametric predictor of ζT+H is defined by

ζ̂T+H = m̂T−H,2(ξT )
m̂T−H,1(ξT ) =

∫ T−H
0 l(ξt+H)K

(
ξT−ξt
hT

)
dt∫ T−H

0 K
(
ξT−ξt
hT

)
dt

= m̂T,H(ξT ).

We study now the asymptotic behavior of ζ̂T+H as T tends to infinity, whenever H
remains fixed. As usual ζ̂T+H is an approximation of m(ξT ) = E(ζT+H |ξs, s ≤ T ) =
E(ζT+H |ξT ). The almost sure convergence with rate of the predictor is given in the
following corollary..

Corollary 2.1. Take d = 1 and assume that the conditions of Theorem 2.2 are
satisfied for the process Zt = (ξt, l(ξt+H)). Then, we have

|m̂T,H(ξT )−m(ξT )|1{ξT∈BT } = Oa.s(hβT ) +Oa.s

( log T
ThTα2

T

)1/2
 a.s.

2.3 Proofs

For any x ∈ Rd, consider the following decomposition

QT (x) := (m̂T,2(x)− m̃T,2(x))−m(x)(m̂T,1(x)− m̃T,1(x)) (2.7)

RT (x) := −BT (x)(m̂T,1(x)− m̃T,1(x)) (2.8)

m̂T (x)−m(x) = m̂T (x)− CT (x) +BT (x) = BT (x) + QT (x) +RT (x)
m̂T,1(x) , (2.9)

where
BT (x) = CT (x)−m(x) := m̃T,2(x)

m̃T,1(x) −m(x)
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stands as the conditional bias. In this paper we need an exponential inequality for
partial sums of unbounded martingale differences that we use to establish our results.
This inequality is given in the following lemma.

Lemma 2.1. Let (Zn)n≥1 be a sequence of real martingale differences with respect
to the sequence of σ-fields (Fn = σ(Z1, · · · , Zn))n≥1, where σ(Z1, · · · , Zn) is the
σ-field generated by the random variables Z1, · · · , Zn. Set Sn = ∑n

i=1 Zi. For any
p ≥ 2 and any n ≥ 1, assume that there exist some nonnegative constants C and dn
such that

E(Zp
n|Fn−1) ≤ Cp−2p!d2

n, almost surely. (2.10)

Then, for any ε > 0, we have

P(|Sn| > ε) ≤ 2 exp
{
− ε2

2(Dn + Cε)

}
,

where Dn = ∑n
i=1 d

2
i .

Proof. The proof follows as a particular case of Theorem 8.2.2 due to de la Peña
and Giné (1999). 2

From now on, for 1 ≤ j ≤ n set

Zj(x) =
∫ Tj

Tj−1
K
(
x−Xt

hT

)
dt.

2.3.1 Proof of Theorem 2.1

In the sequel we give a sequence of lemmas that are helpful in proving our results.

Lemma 2.2. Under hypotheses (H.0)(i), (H.1)(ii)-(iv) and (H.3)(iii), for any x ∈
Rd, we have

m̂T,2(x)− m̃T,2(x) = Oa.s

( log T
ThdT

)1/2
 .

Proof. Under hypotheses (H.0)(i) and (H.1)(i), since P (‖x−Xt‖ ≤ 0) = 0, integra-
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ting by parts, we obtain

1
hdT

E[Z1(x)] = 1
hdT

E
[∫ δ

0
K
(
x−Xt

hT

)
dt

]

= 1
hdT

∫ δ

0
E
[
k
(∥∥∥∥x−Xt

hT

∥∥∥∥)] dt
= 1

hdT

∫ δ

0

∫ λ

0
k(u)dP(‖x−Xt‖ ≤ hTu)

= 1
hdT

∫ δ

0

(
[k(u)P (‖x−Xt‖ ≤ hTu)]λ0 −

∫ λ

0
k′(u)P (‖x−Xt‖ ≤ hTu) du

)
dt

= c0δf(x)
(
k(λ)λd −

∫ λ

0
udk′(u)du

)
+ o(1)

= d c0δf(x)
(∫ λ

0
ud−1k(z)du

)
+ o(1). (2.11)

Observe that

m̂T,2(x)−m̃T,2(x)

= 1
nE[Z1(x)]

∫ T

0

(
l(Yt)K

(
x−Xt

hT

)
−E

[
l(Yt)K

(
x−Xt

hT

)
|Ft−δ

])
dt

= 1
nE[Z1(x)]

n∑
j=1

∫ Tj

Tj−1

(
l(Yt)K

(
x−Xt

hT

)
−E

[
l(Yt)K

(
x−Xt

hT

)
|Ft−δ

])
dt

:= 1
nE[Z1(x)]

n∑
j=1

LT,j(x),

where (LT,j(x))j≥1 is a martingale difference sequence with respect to the sequence
of σ-fields (Fj)j≥1. We have to check the conditions of Lemma 2.1 to obtain an expo-
nential upper bound allowing to investigate the limiting behaviour of the quantity
m̂T,2(x)− m̃T,2(x). As a first step, using Jensen and Minkowski inequalities, for any
p ≥ 2, observe that

|E
[
LpT,j(x)|Fj−2

]
|

≤
∫ Tj

Tj−1

E[∣∣∣∣l(Yt)K(x−Xt

hT

)∣∣∣∣p |Fj−2

] 1
p

+E
[(
E
[∣∣∣∣l(Yt)K(x−Xt

hT

)∣∣∣∣ |Ft−δ])p |Fj−2

] 1
p

p dt
≤
∫ Tj

Tj−1

E[∣∣∣∣l(Yt)K(x−Xt

hT

)∣∣∣∣p |Fj−2

] 1
p

+E
[
E
[∣∣∣∣l(Yt)K(x−Xt

hT

)∣∣∣∣p |Ft−δ
]
|Fj−2

] 1
p

p dt
= 2p

∫ Tj

Tj−1
E
[∣∣∣∣l(Yt)K (

x−Xt

hT

)∣∣∣∣p |Fj−2

]
dt.

Making use of the condition (H.3)(iii), it follows, for any Tj−1 ≤ t ≤ Tj and any
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p ≥ 2, that

E
[∣∣∣∣l(Yt)K (

x−Xt

hT

)∣∣∣∣p |Fj−2

]
= E

[
E
[∣∣∣∣l(Yt)K (

x−Xt

hT

)∣∣∣∣p |St,δ
]
|Fj−2

]

= E
[
Kp

(
x−Xt

hT

)
E [|l(Yt)|p|St,δ] |Fj−2

]
= E

[
Kp

(
x−Xt

hT

)
|hp(Xt)||Fj−2

]
.

Furthermore, we have

E
[
Kp

(
x−Xt

hT

)
|hp(Xt)||Fj−2

]
.

≤ E
[
Kp

(
x−Xt

hT

)
|hp(Xt)− hp(x)||Fj−2

]
+ |hp(x)|E

[
Kp

(
x−Xt

hT

)
|Fj−2

]
≤ E

[
Kp

(
x−Xt

hT

)
|Fj−2

] (
sup

‖u−x‖≤λhT
|hp(u)− hp(x)|+ |hp(x)|

)

≤ C2(x)E
[
Kp

(
x−Xt

hT

)
|Fj−2

]
,

where C2(x) is a positive constant. Integrating by parts and using the condition
(H.0)(i) together with the condition (H.1)(ii), we obtain

E
[
Kp

(
x−Xt

hT

)
|Fj−2

]
= E

[
kp
(∥∥∥∥x−Xt

hT

∥∥∥∥) |Fj−2

]
=

∫ λ

0
kp(u)dP(‖x−Xt‖ ≤ hTu|Fj−2)

= [kp(u)P (‖x−Xt‖ ≤ hTu|Fj−2)]λ0 −
∫ λ

0
(kp)′(u)P (‖x−Xt‖ ≤ hTu|Fj−2) du

= c0h
d
Tft,Tj−2(x)

(
kp(λ)λd −

∫ λ

0
ud(kp)′(u)du

)
+ o(hdT )

= d c0h
d
Tft,Tj−2(x)

(∫ λ

0
ud−1kp(u)du

)
+ o(hdT ). (2.12)

Assuming that the kernel k is such that
∫ λ

0 z
d−1k(z)dz ≤ ∞ and taking B as to have∫ λ

0 z
d−1kp(z)dz ≤ Bp−1, for any Tj−1 ≤ t ≤ Tj, we obtain

E
[
Kp

(
x−Xt

hT

)
|Fj−2

]
= d c0B

p−1hdTft,Tj−2(x) + o(hdT ).

Consequently, we have

E
[∣∣∣∣l(Yt)K (

x−Xt

hT

)∣∣∣∣p |Fj−2

]
= C2(x)d c0B

p−1hdTft,Tj−2(x) + o(hdT ),

which gives
∣∣∣E [LpT,j(x)|Fj−2

]∣∣∣ = 2pδC2(x)d c0B
p−1hdTft,Tj−2(x) + 2pδo(hdT ).
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Thus,

|E
[
LpT,j(x)|Fj−2

]
| = p!Cp−2

3 δhdT [dc0C3C2(x)ft,Tj−2(x) + o(1)],

where C3 = 2B. Considering the condition (H.1)(iii) that imposes to the function
ft,Tj−2(x) to be bounded by a deterministic quantity bTj−2,2δ(x) since Tj−1 ≤ t ≤ Tj,
we can take d2

j−2 = δhdT [dc0C3C2(x)bTj−2,2δ(x) + oa.s(1)]. Therefore, we have

1
n
Dn = 1

n

n∑
2
d2
j−2 = δhdT

[
dc0C2(x)C3

1
n

n∑
2
bTj−2,2δ(x) + o(1)

]
.

Using the Riemann sum, it is easily seen that

δ
n∑
j=2

bTj−2,2δ(x) ≤
∫ T

0
bt,2δ(x)dt.

Taking into account the condition (H.1)(iv), it follows, as T →∞, that

Dn

n
= 1

n

n∑
2
d2
j−2 ≤δhdT

[
dc0C2(x)C3

1
T

∫ T

0
bt,2δ(x)dt+ o(1)

]
= δhdT [dc0C2(x)C3D2δ(x) + o(1)].

Thus, we have

Dn = δnhdT [dc0C2(x)C3D2δ(x) + o(1)] = O(ThdT ).

Since E(Z1(x)) = dc0δh
d
Tf(x)

(∫ λ
0 u

d−1k(u)du
)

+ o(hdT ), we note Tn = T = δn and
hTn = hT using Lemma 2.1, for any ε0 > 0, we obtain

P

|m̂T,2(x)− m̃T,2(x)|>ε0

(
log T
ThdT

) 1
2
 = P

∣∣∣∣∣∣
n∑
j=1

LT,j(x)

∣∣∣∣∣∣ > nE(Z1(x))ε0

(
log Tn
TnhdTn

) 1
2


≤ 2 exp

−
(nE(Z1(x))2ε2

0(log Tn/TnhdTn)
2Dn + 2C3nE(Z1(x))ε0

√
log Tn
TnhdTn



≤ 2 exp

−
ε2

0(O(TnhdTn))2(log Tn/TnhdTn)

O(TnhdTn)
(

1 +
√

log Tn
TnhdTn

)


≤ 2 exp{−C4ε
2
0 log Tn} = 2

T
C4ε20
n

, (2.13)

where C4 is a positive constant. Taking ε0 sufficiently large and using the Borel-
Cantelli Lemma, we obtain

∑
n≥1

P

∣∣∣∣∣∣
n∑
j=1

LT,j(x)

∣∣∣∣∣∣ > nE(Z1(x))ε0

(
log Tn
TnhdTn

)1/2
 <∞.
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Thus, we have

m̂T,2(x)− m̃T,2(x) = O

( log Tn
TnhdTn

)1/2
 = O

( log T
ThdT

)1/2
 , a.s.

2

Lemma 2.3. Under hypotheses of Lemma 2.2, with the function l taken to be
identically equal to 1, combined with the conditions (H.1)(ii) and (H.2)(i), we have

m̂T,1(x)− 1 = Oa.s(hT ) +Oa.s

( log T
ThdT

)1/2
 .

Proof. Observe that

m̂T,1(x)− 1 = (m̂T,1(x)− m̃T,1(x)) + (m̃T,1(x)− 1) := MT,1(x) +MT,2(x)).

Proceeding as in Lemma 2.2 with the function l taken to be identically equal to 1,
it follows, under hypotheses of Lemma 2.2, that

MT,1(x) = Oa.s

( log T
ThdT

)1/2
 . (2.14)

Moreover, under conditions (H.0)(i), (H.1)(ii) and (H.2)(i), and using statements
(2.11) and (2.12) for p = 1 we have

MT,2(x) + 1 = 1
nE[Z1(x)]

∫ T

0
E
(
K
(
x−Xt

hT

)
|Ft−δ

)
dt

= 1
ndc0δhdTf(x)

(∫ λ
0 u

d−1k(u)du
)

×
(
d c0h

d
T

(∫ λ

0
ud−1k(u)du

)∫ T

0
ft,t−δ(x)dt+O(ThdT )

)

= 1
nδf(x)

∫ T

0
ft,t−δ(x)dt+ o(1)

= 1
f(x)

(
1
T

∫ T

0
ft,t−δ(x)dt

)
+ o(1)

= 1 + o(1).

Thus,
MT,2(x) = o(1), a.s. (2.15)

Combining the statements (2.14) and (2.15), we obtain the result and achieve the
proof. 2
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Lemma 2.4. Under hypotheses (H.0)(i), (H.1)-(H.3)(ii), for any x ∈ R, we have

BT (x) = Oa.s(hβT ),

RT (x) = Oa.s

hβT
(

log T
ThdT

)1/2


Démonstration. Observe that we can write

BT (x) = m̃T,2(x)−m(x)m̃T,1(x)
m̃T,1(x) = B̃T (x)

m̃T,1(x) . (2.16)

Since, from the statement (2.15), we have m̃T,1(x) − 1 = oa.s(1), it suffices then to
establish that B̃T (x) = Oa.s(hβT ). Under hypotheses (H.0)(i), (H.2)(i) and (H.3)(i)-
(ii), for any x such that f(x) 6= 0, we have

|B̃T (x)| = |m̃T,2(x)−m(x)m̃T,1(x)|

=
∣∣∣∣∣ 1
nE[Z1(x)]

∫ T

0

(
E
[
l(Yt)K

(
x−Xt

hT

)
|Ft−δ

]
−m(x)E

[
K
(
x−Xt

hT

)
|Ft−δ

])
dt

∣∣∣∣∣
=

∣∣∣∣∣ 1
nE[Z1(x)]

∫ T

0
E
[
E
[
(l(Yt)−m(x))K

(
x−Xt

hT

)
|St−δ,δ

]
|Ft−δ

]
dt

∣∣∣∣∣
=

∣∣∣∣∣ 1
nE[Z1(x)]

∫ T

0
E
[
(m(Xt)−m(x))K

(
x−Xt

hT

)
|Ft−δ

]
dt

∣∣∣∣∣
≤ sup

‖u−x‖≤λhT
|m(u)−m(x)| ×

∣∣∣∣∣ 1
nE[Z1(x)]

∫ T

0
E
[
K
(
x−Xt

hT

)
|Ft−δ

]
dt

∣∣∣∣∣
≤ sup
‖u−x‖≤λhT

|m(u)−m(x)|

∣∣∣∣∣∣
d c0h

d
T

(∫ λ
0 u

d−1k(u)du
)

ndc0δhdTf(x)
(∫ λ

0 u
d−1k(u)du

)∫ T

0
ft,t−δ(x)dt+ o(1)

∣∣∣∣∣∣
≤ hβTλ

β

∣∣∣∣∣ 1
f(x)

(
1
T

∫ T

0
ft,t−δ(x)dt

)
+ o(1)

∣∣∣∣∣ = Oa.s(hβT ). (2.17)

The second part of the lemma follows by combining the decomposition (2.8)
together with the statements (2.14) and (2.17).

Proof of Theorem 2.1. Combining the decomposition (2.7) and the statement
(2.14) together with Lemma 2.2, we obtain

QT (x) = Oa.s

( log T
ThdT

)1/2
 . (2.18)

Therefore, the result follows from the decomposition (2.9) combined with results of
Lemma 2.4 and the statement (2.18). 2
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2.3.2 Proof of Theorem 2.2

The proof of Theorem 3.1 needs some intermediate results that we give hereafter
as lemmas.

Lemma 2.5. Under hypotheses (H.0) and (H.4)(i)-(v) together with the condition
(2.5), we have

sup
x∈BT
|m̂T,2(x)− m̃T,2(x)| = Oa.s

( log T
ThdTα

2
T

)1/2
 , as T →∞. (2.19)

Démonstration. Let x1, . . . , xνT be a grid of the set BT in such a way that we have

BT j
νT⋃
i=1
BT,i with BT,i = {x : ‖x− xi‖ ≤ T γν−1

T }. Observe that

sup
x∈BT
|m̂T,2(x)− m̃T,2(x)| ≤ max

1≤k≤νT
sup
x∈BT,k

|m̂T,2(x)− m̃T,2(x)|

≤ max
1≤k≤νT

sup
x∈BT,k

|m̂T,2(x)− m̂T,2(xk)|

+ max
1≤k≤νT

|m̂T,2(xk)− m̃T,2(xk)|

+ max
1≤k≤νT

sup
x∈BT,k

|m̃T,2(x)− m̃T,2(xk)|

:= HT,1 +HT,2 +HT,3.

Moreover, for any 1 ≤ k ≤ νT and any x ∈ BT,k, we have

m̂T,2(x)− m̂T,2(xk) = 1
nE[Z1(x)]

∫ T

0
l(Yt)

(
K
(
x−Xt

hT

)
−K

(
xk −Xt

hT

))
dt

− 1
nE[Z1(x)]E[Z1(xk)]

∫ T

0
l(Yt)K

(
xk −Xt

hT

)
(E[Z1(xk)]− E[Z1(x)]) dt

:= I1(xk) + I2(xk).

Making use of Cauchy-Schwarz inequality and subsequently considering the condi-
tions (H.0)(ii) and the statement (2.4), it follows that there exists a positive constant
CK such that

|I1(xk)| ≤
1

nE[Z1(x)]

∫ T

0
|l(Yt)|

∣∣∣∣K (
x−Xt

hT

)
−K

(
xk −Xt

hT

)∣∣∣∣ dt
≤

√
T

nE[Z1(x)]

(
1
T

∫ T

0
(l(Yt))2dt

)1/2 (∫ T

0

∣∣∣∣K (
x−Xt

hT

)
−K

(
xk −Xt

hT

)∣∣∣∣2 dt
)1/2

≤
√
T

nE[Z1(x)]Oa.s

(
E1/2[(l(Y0))2]

)(∫ T

0
C2
K

∥∥∥∥x− xkhT

∥∥∥∥2
dt

)1/2

= δCKT
γν−1

T

hTE[Z1(x)]Oa.s

(
E1/2[(l(Y0))2]

)
.
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Considering the hypothesis (H.4)(i) together with the statement (2.11), we obtain

|I1(xk)| ≤
CKT

γν−1
T

hd+1
T αT

Oa.s

(
E1/2[(l(Y0))2]

)
.

Moreover, we have

|E[Z1(xk)]− E[Z1(x)]| ≤ E
[∫ δ

0

∣∣∣∣K (
x−Xt

hT

)
−K

(
xk −Xt

hT

)∣∣∣∣ dt
]

≤ δ
∫ ∣∣∣∣K (

x− y
hT

)
−K

(
xk − y
hT

)∣∣∣∣ f(y)dy

≤ δCK

∥∥∥∥x− xkhT

∥∥∥∥
≤ δCKT

γν−1
T

hT
.

Therefore, taking K to be a bounded kernel by a constant a1, we obtain

|I2(xk)| ≤
1

nE[Z1(x)]E[Z1(xk)]

∫ T

0
|l(Yt)|K

(
xk −Xt

hT

)
|E[Z1(xk)]− E[Z1(x)]| dt

≤ a1δ√
TE[Z1(x)]E[Z1(xk)]

(
1
T

∫ T

0
(l(Yt))2dt

)1/2 (∫ T

0
(E[Z1(xk)]− E[Z1(x)])2 dt

)1/2

≤ a1δ√
TE[Z1(x)]E[Z1(xk)]

Oa.s

(
E1/2[(l(Y0))2]

)T (δCKT γν−1
T

hT

)2
1/2

= a1CKT
γν−1

T

h2d+1
T α2

T

Oa.s

(
E1/2[(l(Y0))2]

)
.

Consequently, it follows that

I1(xk) + I2(xk) ≤
CKT

γν−1
T

h2d+1
T α2

T

(a1 + hdTαT )Oa.s

(
E1/2[(l(Y0))2]

)
. (2.20)

Taking now νT = bT/h2d+1
T α2

T c and considering the right hand side of the statement
(2.20) together with the fact that E[(l(Y0))2] <∞, we obtain

HT,1 = max
1≤k≤νT

sup
x∈BT,k

|m̂T,2(x)− m̂T,2(x)| = Oa.s.(T γ−1), as T →∞. (2.21)

Observe now that

m̃T,2(xk)− m̃T,2(x) = 1
nE[Z1(x)]

∫ T

0
E
[
l(Yt)

(
K
(
x−Xt

hT

)
−K

(
xk −Xt

hT

))
|Ft−δ

]
dt

− 1
nE[Z1(x)]E[Z1(xk)]

∫ T

0
E
[
l(Yt)K

(
xk −Xt

hT

)
× (E[Z1(xk)]− E[Z1(x)]) | Ft−δ] dt.

Proceeding similarly as for HT,1, we obtain

HT,3 = max
1≤k≤νT

sup
x∈BT,k

|m̃T,2(xk)− m̃T,2(x)| = Oa.s.(T γ−1), as T →∞. (2.22)
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To handle the term HT,2, we proceed similarly as in the statement (2.13). Consi-
dering hypotheses (H.4)(ii)-(iii), and noting T = Tn = δn, hT = hTn , νT = νTn and
αT = αTn , it follows that Dn = O(TnhdTn) uniformly in x ∈ BT . Moreover, assuming
the conditions (H.4)(i) and (H.4)(iv), for any T ≥ 0, we have

inf
x∈BT

E[Z1(x)] ≥ δhdTnαTn +O(hdTn) and sup
x∈BT

E[Z1(x)] ≤ CδhdTn +O(hdTn).

Therefore, taking νTn =
[

Tn

α2
Tnh

2d+1
Tn

]
and εTn = ε0

(
log Tn

TnhdTnα
2
Tn

) 1
2

, we obtain

P
(

max
1≤k≤νTn

|m̂T,2(xk)− m̃T,2(xk)| > εT

)
≤

νTn∑
k=1

P

∣∣∣∣∣∣
n∑
j=1

LT,j(xk)

∣∣∣∣∣∣ > εTn
(
nE[Z1(xk)]

)
≤ 2νTn exp

−
(
nE[Z1(xk)]

)2
ε2
Tn

O(TnhTn) + CnE[Z1(xk)]εTn


≤ 2νTn exp

−
δ2n2h2d

Tnα
2
Tnε

2
0

(
log Tn/TnhdTnα2

Tn

)
O(TnhdTn) + CδnhTn

(
log Tn

TnhdTnα
2
Tn

)1/2


≤ 2νTn exp

−
ε2

0O
(
(TnhdTn)2

)
log Tn/TnhdTn

O(TnhdTn)
(

1 + C
(

log Tn
TnhdTnα

2
Tn

)1/2
)


≤ 2νTn exp

−
ε2

0 log Tn(
1 + C

(
log Tn

TnhdTnα
2
Tn

)1/2
)


≤
2
(
Tn/α

2
Tnh

2d+1
Tn

)
T
ε20θ
n

= 2
α2
Tnh

2d+1
Tn T

ε20θ−1
n

for some positive constant θ. Making use of the condition (H.4)(v) combined with
the Borel-Cantelli Lemma, we obtain

max
1≤k≤νT

|m̂T,2(xk)− m̃T,2(xk)| = Oa.s

( log T
ThdTα

2
T

)1/2
 . (2.23)

Combining the statements (2.20)-(2.23) together with the condition (2.5), the result
follows.

Lemma 2.6. Under hypotheses of Lemma 2.5, with the function l taken to be
identically equal to 1, combined with the conditions (H.1)(ii) and (H.2)(i), we have

sup
x∈BT
|m̂T,1(x)− 1| = oa.s (1) , as T →∞. (2.24)
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Proof. Since

m̂T,1(x)− 1 = (m̂T,1(x)− m̃T,1(x)) + (m̃T,1(x)− 1) := RT,1(x) +RT,2(x)),

proceeding as in Lemma 2.5 with the function l taken to be identically equal to 1,
it follows, under hypotheses of Lemma 2.5, that

sup
x∈BT
|RT,1(x)| = sup

x∈BT
|m̂T,1(x)− m̃T,1(x)| = Oa.s

( log T
ThdTα

2
T

)1/2
 . (2.25)

Moreover, under conditions (H.0)(i), (H.1)(ii) and (H.4)(vi), following similar lines
as to establish the statement (2.15), we obtain

sup
x∈BT
|RT,2(x)| ≤ sup

x∈BT

∣∣∣∣∣ 1
Tf(x)

∫ T

0
ft,t−δ(x)dt− 1

∣∣∣∣∣+ oa.s(1) = oa.s(1). (2.26)

In view of the condition (b), we achieve the proof by considering the statements
(2.25) and (2.26). 2

Lemma 2.7. Under hypotheses (H.0)(ii), (H.1)-(H.3)(ii) and the condition (2.5),
for any x ∈ R, we have

sup
x∈BT
|BT (x)| = Oa.s

(
hβT
)
, (2.27)

sup
x∈BT
|RT (x)| = Oa.s

hβT
(

log T
ThdTα

2
T

)1/2
 (2.28)

Démonstration. From Lemma 2.6, it is easily seen that inf
x∈BT

m̂T,1(x) = 1 + oa.s(1).

Considering the statement (2.16), it suffices to establish that B̃T (x) = Oa.s

(
hβT
)
.

Under hypotheses (H.0)(ii) and (H.3)(i)-(ii), by the same arguments as in the proof
of Lemma 4, for any x, we have

|B̃T (x)| = |m̃T,2(x)−m(x)m̃T,1(x)| ≤ hβTλ
β

∣∣∣∣∣ 1
f(x)T

∫ T

0
ft,t−δ(x)dt+ o(1)

∣∣∣∣∣ . (2.29)

Therefore, making use of the conditions (H.4)(i), (H.4)(vi), we obtain

sup
x∈BT
|B̃T (x)| ≤ hβT

(
sup
x∈BT

∣∣∣∣∣ 1
f(x)T

∫ T

0
ft,t−δ(x)dt− 1

∣∣∣∣∣+ 1 + o(1)
)

= Oa.s

(
hβT
)
.

The second part of the lemma follows by combining the decomposition (2.8)
together with the statements (2.25) and (2.27).
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Proof of Theorem 2.2.
Combining the decomposition (2.7) together with Lemma 2.5 and the statement
(2.25), it follows that

sup
x∈BT
|QT (x)| = Oa.s

( log T
ThdTα

2
T

)1/2
 . (2.30)

Therefore, the result follows from the decomposition (2.9) combined with results of
Lemma 2.7 and the statement (2.30). 2

2.3.3 Proof of Corollary 2.1

Observe that we have

|m̂T,H(ξT )−m(ξT )|1{ξT∈BT } ≤ sup
x∈BT

∣∣∣∣∣m̂T−H,2(x)
m̂T−H,1(x) −m(x)

∣∣∣∣∣ .
Hence, using the same method to prove Theorem 2.2 with d = 1, we obtain the
result. 2





Chapitre 3

Consistency results for the
conditional mode estimate on
continuous time stationary and
ergodic data

Abstract
Let (Xt, Yt)t≥0 be a Rd × R-valued strictly stationary and ergodic continuous time
process. Define the estimator of the conditional mode of Y given X = x as the
random variable ΘT (x) that maximizes a kernel estimator of the conditional density
of Y given X = x. We establish the almost sure pointwise and uniform consistencies
with rates of ΘT (x). Furthermore, considering a real stationary and ergodic conti-
nuous time process (Zt)t≥0, we derive the convergence with a rate of a predictor
at the horizon H, built on using the conditional mode estimation device, whenever
0 < H < T and only the part (Zt)0≤t≤T−H of the process is observed. It is worth
noticing that the ergodic setting covers and completes various situations as compa-
red to the mixing case and stands as more convenient to use in practice.

Keywords : Conditional density, Conditional mode, kernel estimate, Ergodic processes,
Martingale difference, Prediction
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3.1 Introduction

Let (Xt, Yt)t≥0 be a Rd × R-valued strictly stationary and ergodic continuous
time process defined on a probability space (Ω,F ,P). Let h be the density function
of the random vector (X, Y ). Our concern in this paper is to build a nonparametric
predictor of Y given that one has observed X = x. This problem has received a lot of
attention throughout the time. In the discrete time case, the conditional expectation
is used to construct a predictor of the random variable Y given X = x, We refer to
Watson (1964)[126] and Rosenblatt (1969)[118] where results of consistency of the
predictor estimate are established for the mixing processes. Considering the same
mixing framework, Gannoun (1990)[63] used the conditional median. The conditio-
nal mode function estimate of the predictor is used for the first time by Collomb
et al (1987)[35]. A number of publications followed considering various prediction
situations. We refer among others to Ould said (1993, 1997)[104],[105], Louani &
Ould said (1999)[84], Ezzahrioui & Ould said (2008, 2010)[56] [57]. Finally, when
the process is considered to be i.i.d., the almost sure convergence together with mean
convergence of the conditional density were obtained by Youndjé (1993)[130]. Note
that the conditional density estimate is used to establish results pertaining to the
conditional mode estimate.

Denote by f(./x) the conditional density of Y given that X = x. Assume that
f(./x) has a unique mode and that the conditional mode of Y given X = x is
denoted by

Θ(x) = arg max
y∈GT

f(y/x), (3.1)

where GT = [−vT , vT ] is a compact set on R, with vT = a−µT , where µ is a positive
constant.

The kernel estimator of the conditional mode Θ(x) is defined as the random
variable ΘT (x) which maximizes the kernel estimator fT (./x) of f(./x), that is,

ΘT (x) = arg max
y∈GT

fT (y/x), (3.2)

with
fT (y/x) = hT (x, y)

gT (x) , (3.3)

where

hT (x, y) = 1
Tad+1

T

∫ T

0
K1

(x−Xt

aT

)
K2

(
y − Yt
aT

)
dt =

∫ T

0
ϕt(x, y)dt, (3.4)

and
gT (x) = 1

TadT

∫ T

0
K1

(x−Xt

aT

)
dt =

∫ T

0
φt(x)dt. (3.5)
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Notice that gT is the kernel estimate of the marginal density g of X that we suppose
to exist. Here aT is a sequence of positive real numbers such that

(i) lim
T→∞

aT = 0, (ii) lim
T→∞

Tad+1
T = +∞, (iii) lim

T→∞

Tad+1
T

log T = +∞,

(iv) lim
T→∞

TadT
log T = +∞. (3.6)

This paper is devoted to the conditional mode function estimation when the data
are assumed to be sampled from a stationary and ergodic continuous time process
to allow the maximum possible generality in regard to the dependence setting. We
establish here pointwise and uniform consistencies with rates of the conditional
mode kernel estimator ΘT (x). An application to the process prediction based on the
conditional mode estimation is also given. Note that the ergodic framework avoid
the widely used strong mixing condition and its variants to measure the dependency
and the very involved probabilistic calculations that it implies (see, for instance,
Masry (2005)[98]). Further motivations to consider ergodic data are discussed in
Didi & Louani (2013b)[51], and in chapter 2 of this thesis, where details defining the
ergodic property of continuous time processes are also given. The paper is organized
as follows : In Section 1, we state our assumptions. Section 2 is devoted to the main
results to nonparametric estimation in continuous time. Section 3 deals with the
proof of the main results.

3.2 Assumptions and notation

To formulate our assumptions, some additional notations are required, for some
δ > 0, let n ∈ N be such that T = δn, and Tj = jδ, for j = 1, . . . , n. Let Ft be the
σ−field generated by {(Xs, Ys) : 0 ≤ s < t}. Set Fj to be the σ-field generated by
{(Xs, Ys) : 0 ≤ s ≤ Tj}. The σ-field generated by {(Xs, Ys), (Xr) : 0 ≤ s < t; t ≤
r ≤ t + δ} is denoted by St,δ. The σ−field Gt is generated by {(Xs) : 0 ≤ s < t},
while that generated by {(Xs) : 0 ≤ s ≤ Tj} is denoted by Gj. Introduce now the
following assumptions

(A.1) The kernels Kj,j = 1, 2 are probability density functions,

(i) Kernels Kj,j = 1, 2 are assumed to be compactly supported.

(ii) KernelsKj,j = 1, 2 are assumed to be Lipschitz of order γ with a constant
0 < CK <∞, i.e.,

(ii1) |K1(x)−K1(x′)| ≤ CK |x− x′|γ, (x,x′) ∈ R2d,
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(ii2) |K2(y)−K2(y′)| ≤ CK |y − y
′|γ, (y, y′) ∈ R2 ;

(iii)
∫
Rd ‖x‖K1(x)dx <∞;

(iv)
∫
R yK2(y)dy = 0 and

∫
R y

2K2(y)dy <∞.

(A.2) There exists a constant 0 < Γ1 <∞, such that, for all (x, y) ∈ Rd+1, h(x, y) <
Γ1.

(A.3) For any x ∈ C, there exists a constant λ > 0 such that λ ≤ g(x).

(A.4) For every t ∈ R+, for every couple (x, y) ∈ Rd+1,

(i) The conditional density gGt−δXt
of Xt given the σ-field Gt−δ exists and is a

Lipschitz function.

(ii) The conditional density hFt−δXt,Yt of (Xt, Yt) given the σ-field Ft−δ exists and
is continuous.

(iii) lim
T→∞

1
T

∫ T
0 g
Gt−δ
Xt

(x)dt = g(x), a.s. ;

(iv) The conditional density gFt−δXt
of Xt given the σ-field Ft−δ exists and is

continuous.

(A.5) For every t ∈ [0, T ], for every couple (x, y) ∈ Rd+1,

lim
T→∞

sup
x∈Rd

∣∣∣∣∣ 1T
∫ T

0
g
Gt−δ
Xt

(x)dt− g(x)
∣∣∣∣∣ = 0, a.s..

(A.6) For any t and any r such that t ∈ [0, T ] and t ≤ r ≤ t+δ, we have E [Yr|St,δ] =
E [Yr|Xr].

(A.7) For any fixed x ∈ Rd,

(i) f(·/x) is differentiable up to order 2 and supy
∣∣∣f (2)(y|x)

∣∣∣ <∞ uniformly
on x.

(ii) sup
x∈C
|f (2)(Θ(x) | x)| := Φ 6= 0.

(A.8) The conditional density and its two first derivatives satisfy the Hölder condi-
tion with respect to each variable, that is, there exist constants β > 0 and
ν ∈]0, 1] such that

∀(y1, y2) ∈ R2,∀(x1,x2) ∈ ϑ(x)× ϑ(x),∣∣∣f (j)(y1|x1)− f (j)(y2|x2)
∣∣∣ ≤ Cx

(
|y1 − y2|ν + ‖x1 − x2‖β

)
for j = 0, 1, 2, where ϑ(x) is a neighbourhood of x, and Cx is a constant that
depends only on x. Here, we take the convention f (0)(·|·) = f(·|·).
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Comments on hypotheses. Conditions (A.1) are very common in nonparametric
function estimation literature. They set some kind of regularity upon the kernels
used in our estimates. Hypotheses (A.2)-(A.3) and (A.7)-(A.8) introduce the needed
regularity conditions on the distribution functions related to the process (Xt, Yt)t≥0.
The conditions (A.4)-(A.5) involve the ergodic nature of the data as given, for ins-
tance, in Györfi et al. (1989). Notice, by (A.4)(i), that the random functions gGt−δXt

(x)
belong to the space C0 of continuous functions, which is a separable Banach space.
Moreover, approaching the integral

∫ T

0
g
Gt−δ
Xt

(x)dt by its Riemann’s sum, it follows
that

T−1
∫ T

0
g
Gt−δ
Xt

(x)dt w n−1
n∑
i=1

g
GTi−δ
XTi

(x).

Since the process (XTj)j≥1 is stationary and ergodic, following Delecroix (1987)
(see, Lemma 4 and Corollary 1 together with their proofs), one may prove that the
sequence (gGTi−δXTi

(x))i≥1 of random functions is stationary and ergodic. Indeed, It
suffices to replace in the work of Delecroix the conditional densities by gGTi−δXTi

(x)’s
and the density by the function g. Moreover, making use of Beck’s Theorem (see,
for instance, Györfi et al. (1989), Theorem 2.1.1), it follows that

lim
T→∞

sup
x∈Rd

∣∣∣∣∣ 1T
∫ T

0
g
Gt−δ
Xt

(x)dt−E(gG−δX0 (x))
∣∣∣∣∣= lim

T→∞
sup
x∈Rd

∣∣∣∣∣ 1T
∫ T

0
g
Gt−δ
Xt

(x)dt−g(x)
∣∣∣∣∣=0, a.s.

It is then clear that the condition (A.5) is satisfied. We can proceed similarly with
the function hFt−δXt,Yt(x, y). Condition (A.6) is usual in the literature dealing with the
study of ergodic processes.

3.3 Theoretical properties

We denote by f (1)(·/x) the first derivative of f(·/x). Using the definition of the
conditional mode function, we have

f (1)(Θ(x)/x) = 0,

Similarly, it follows from the statement (3.2) that

f
(1)
T (ΘT (x)/x) = 0.

Furthermore, assumption (A.7) implies

f (2)(Θ(x)/x) < 0, and f
(2)
T (ΘT (x)/x) < 0.
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3.3.1 Consistency

The first result considers the almost sure pointwise convergence with rate of the
kernel estimate ΘT (x) of the conditional mode function Θ(x).

Theorem 3.1. Under assumptions (A.1)(i), (A.1)(ii2), (A.1)(iv), (A.2), (A.4), (A.6),
(A.7) and (A.8), we have

ΘT (x)−Θ(x) a.s= O(aβ/2
T + a

ν/2
T ) +O

( log T
TadT

)1/4
+O

( log T
Tad+1

T

)1/4
 .

The following theorem gives the almost sure uniform with rate, over a compact
set C, consistency result.

Theorem 3.2. Under the hypotheses (A.1), (A.2), (A.3), (A.4)(i)-(ii), (A.4)(iv),
(A.5), (A.6), (A.7), and (A.8), we have

sup
x∈C
|ΘT (x)−Θ(x)| a.s= O(aβ/2

T + a
ν/2
T ) +O

( log T
TadT

)1/4
+O

( log T
Tad+1

T

)1/4
 .

3.3.2 Nonparametric prediction.

Let (ξt, t ∈ R+) be a measurable stationary and ergodic process. Given the data
(ξt, 0 ≤ t ≤ T ), we would like to predict the non-observed real random variable ξT+H ,
where the horizon H is such that 0 < H < T . For this purpose, let us construct the
predictor. Set

Zt = (Xt, Yt) = (ξt, ξt+H), t ≥ 0,

and consider the conditional mode kernel estimator ΘT (x) based on the data (Zt, 0 ≤
t ≤ T −H). Therefore, the nonparametric predictor of ξT is defined by

ξ̂T = Θ̂T−H(ξT ).

We study now the asymptotic behavior of ξ̂T as T tends to infinity, whenever H re-
mains fixed. As usual ξ̂T is an approximation of Θ(ξT )). The almost sure convergence
with rate of the predictor is given in the following corollary.

Corollary 3.1. Take d = 1 and assume that the conditions of Theorem 3.2 are
satisfied for the process Zt = (ξt, ξt+H). Then, we have

|Θ̂T−H(ξT )−Θ(ξT )|1{ξT∈C}
a.s= O(aβ/2

T + a
ν/2
T ) +O

( log T
TaT

)1/4
+O

( log T
Ta2

T

)1/4
 .
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3.4 Proofs

From the definition of ΘT (x) and Θ(x), we have

|f(ΘT (x)/x)− f(Θ(x)/x)|

≤ |fT (ΘT (x)/x)− f(ΘT (x)/x)|+ |fT (ΘT (x)/x)− f(Θ(x)/x)|

≤ sup
y∈GT
|fT (y/x)− f(y/x)|+ | sup

y∈GT
fT (y/x)− sup

y∈GT
f(y/x)|

≤ 2 sup
y∈GT
|fT (y/x)− f(y/x)|. (3.7)

Consider the next decomposition

QT (x, y) := (hT (x, y)− h̄T (x, y))− h(x, y)
g(x) (gT (x)− ḡT,1(x))(3.8)

RT (x, y) := −BT (x, y)(gT (x)− ḡT,1(x)) (3.9)

BT (x, y) :=
h̄T (x, y)−

(
h(x, y)/g(x)

)
ḡT,1(x)

ḡT,1(x) (3.10)

fT (y | x)− f(y | x) = BT (x, y) + QT (x, y) +RT (x, y)
gT (x) , (3.11)

where
ḡT,1(x) = 1

TadT

∫ T

0
E
[
K1

(x−Xt

aT

)
| Ft−δ

]
dt,

and
h̄T (x, y) = 1

Tad+1
T

∫ T

0
E
[
K1

(x−Xt

aT

)
K2

(
y − Yt
aT

)
| Ft−δ

]
dt.

Lemma 3.1. Let (Zn)n≥1 be a sequence of real martingale differences with respect
to the sequence of σ−fields (Fn = σ(Z1, . . . , Zn))n≥1, where is the σ-field generated
by the random variables Z1, . . . , Zn. Set Sn = ∑n

i=1 Zi For any p ≥ 2 and any n ≥ 1,
assume that there exist some nonnegative constants C and dn such that

E [Zp
n|Fn−1] ≤ Cp−1p! d2

n, almost sure.

Then, for any ε > 0, we have

P (|Sn| > ε) ≤ 2 exp
{
− ε2

2(Dn + Cε)

}
.

where Dn = ∑n
i=1 d

2
i

Lemma 3.2. Let Λ × Λ′ be an index set and for each (λ, λ′) ∈ Λ × Λ′ , let
{Zi(λ, λ

′), i ≥ 1}, be a sequence of martingale differences such that |Zi(λ, λ
′)| ≤ B

a.s. Then, for any ε > 0 and any n sufficiently large, we have

P

{∣∣∣∣∣
n∑
i=1

Zi(λ, λ
′)
∣∣∣∣∣ > ε

}
≤ 2 exp

{
− ε2

2nB2

}
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3.4.1 Proof of Theorem 3.1

Proposition 3.1. Under assumptions (A.1)(i)-(ii2)-(iii)-(iv), (A.2), (A.4), (A.6)
and (A.8), we have

sup
y∈GT
|fT (y | x)− f(y | x) a.s= O(aβT + aνT ) +O

( log T
TadT

)1/2
+O

( log T
Tad+1

T

)1/2
 .

Proof of Proposition 3.1. Condition (A.2) implies that

sup
y∈GT
|fT (y/x)− f(y/x)| = sup

y∈GT

∣∣∣∣∣BT (x, y) + QT (x, y) +RT (x, y)
gT (x)

∣∣∣∣∣
≤ sup

y∈GT
|BT (x, y)|+ 1

gT (x)

(
sup
y∈GT
|QT (x, y)|+ sup

y∈GT
|RT (x, y)|

)

≤ sup
y∈GT
|BT (x, y)|+ 1

gT (x) sup
y∈GT

∣∣∣hT (x, y)− h̄T (x, y)
∣∣∣

+ 1
gT (x)

(
λ−1Γ1 + sup

y∈GT
|BT (x, y)|

)
|gT (x)− ḡT,1(x)|. (3.12)

Lemma 3.3. Under conditions (A.1)(i), (A.1)(iii), (A.4)(i) and (A.4)(iii), one has

lim
T→∞

gT (x) a.s= g(x). (3.13)

Proof of Lemma 3.3. Observe that

gT (x)− g(x) = gT (x)− ḡT (x) + ḡT (x)− g(x) = G1,T (x) +G2,T (x), (3.14)

with ḡT (x) = 1
TadT

∫ T
0 E

[
K1

(
x−Xt

aT

)
|Gt−δ

]
dt. Two terms have to be investigated. We

first take a closer look to the second term G2,T (x) given by

G2,T (x) = 1
TadT

∫ T

0
E
[
K1

(x−Xt

aT

)
|Gt−δ

]
dt− g(x)

= 1
TadT

∫ T

0

∫
Rd
K1

(x− u
aT

)
gGt−δ(u)dudt− g(x)

= 1
T

∫ T

0

∫
Rd
K1(r)gGt−δ(x− aT r)drdt− g(x).

It follows from assumption (A.4)(i) that
∣∣∣gGt−δ(x− aT r)− gGt−δ(x)

∣∣∣ ≤ aT‖r‖.

Making use of assumptions (A.1)(iii) and (A.4)(iii), we obtain

G2,T (x) = aT

∫
Rd
‖r‖K1(r)dr + 1

T

∫ T

0
gGt−δ(x)dt− g(x) = o(1), a.s. (3.15)
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Let us return our attention on the first term of the decomposition (3.14), G1,T (x).
It is clear that

G1,T (x) = 1
TadT

∫ T

0

(
K1

(x−Xt

aT

)
− E

[
K1

(x−Xt

aT

)
|Gt−δ

])
dt =

n∑
k=1

ZT,k(x),

with T = nδ, Tk = kδ and ZT,k(x) =
∫ Tk
Tk−1

(
K1

(
x−Xt

aT

)
− E

[
K1

(
x−Xt

aT

)
|Gt−δ

])
dt.

Clearly, the sequence {ZT,k(x)}, k = 1, . . . , n, is a sequence of martingale differences
with respect to the σ−fields Gk−1 = σ(Xs : 0 ≤ s < Tk−1). Observe that

|ZT,k(x)| ≤
∫ Tk

Tk−1

∣∣∣∣K1

(x−Xt

aT

)
− E

[
K1

(x−Xt

aT

)
|Gt−δ

]∣∣∣∣ dt
≤ 2δ sup

x∈Rd
|K1(x)| = 2δK̃1,

with K̃1 = sup
x∈Rd
|K1(x)|. Now by Lemma 3.2, for any ε > 0, we have

P
{∣∣∣∣∣

n∑
k=1

ZT,k(x)
∣∣∣∣∣ > ε(TadT )

}
≤ 2 exp

{
−ε

2(TadT )2

8nδ2K̃2
1

}
= 2 exp

{
−ε

2Ta2d
T

8δK̃2
1

}
.

The right-hand side of the last inequality is the general term of a convergent series.
Thus, for sufficiently large T , we conclude by Borel-Cantelli lemma that

∞∑
n=1

P
{∣∣∣∣∣

n∑
k=1

ZT,k(x)
∣∣∣∣∣ > ε(TadT )

}
<∞.

which means that
G1,T (x) = 0, a.s. (3.16)

The proof is achieved considering the statements (3.15) and (3.16). 2

Lemma 3.4. Under assumptions (A.1)(i), (A.1)(iii), (A.4)(i) and (A.4)(iv), we have

gT (x)− ḡT,1(x) = O

( log T
TadT

)1/2
 , a.s. (3.17)

Proof of Lemma 3.4. Proceeding as in Lemma 1.3 in chapter 1 of this thesis we
obtain the result. 2

Now, to end the proof of Proposition 3.1, it suffices to consider the uniformity
over y ∈ G. This is the object of Lemma 3.5 and Lemma 3.6 given hereafter.

Lemma 3.5. If hypothesis (A.1)(i)-(ii2)-(iii), (A.4)(ii) and (A.4)(iii) are fulfilled,
then we have

1
gT (x) sup

y∈GT

∣∣∣hT (x, y)− h̄T (x, y)
∣∣∣ = O

( log T
Tad+1

T

)1/2
 , a.s. (3.18)
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Proof of Lemma 3.5. Consider a coverage of the compact set GT = [−vT , vT ] by
a finite number lT of intervals GT,k of the form GT,k = [sk − wT , sk + wT ], where
wT = vT/lT → 0 as T →∞. Clearly, we have GT = ∪lnk=1GT,k. Therefore,

1
gT (x) sup

y∈GT

∣∣∣hT (x, y)− h̄T (x, y)
∣∣∣ ≤ 1

gT (x) max
1≤k≤lT

sup
y∈GT,k

|hT (x, y)− hT (x, sk)|

+ 1
gT (x) max

1≤k≤lT

∣∣∣hT (x, sk)− h̄T (x, sk)
∣∣∣

+ 1
gT (x) max

1≤k≤lT
sup
y∈GT,k

∣∣∣h̄T (x, sk)− h̄T (x, y)
∣∣∣

= F1,T (x, y, sk) + F2,T (x, sk) + F3,T (x, y, sk).

Regarding F1,T (x, y, sk), using the last part of Assumption (A.1)(ii2), we obtain

F1,T (x, y, sk)

≤ 1
gT (x) max

1≤k≤lT
sup
y∈GT,k

1
Tad+1

T

∫ T

0
K1

(x−Xt

aT

) ∣∣∣∣K2

(
y − Yt
aT

)
−K2

(
sk − Yt
aT

)∣∣∣∣ dt
≤ 1

gT (x) max
1≤k≤lT

sup
y∈GT,k

1
Tad+1

T

∫ T

0
K1

(x−Xt

aT

)
CK
aT
|y − sk|dt

≤ CKwT
a2
T

1
gT (x)

(
1

TadT

∫ T

0
K1

(x−Xt

aT

)
dt

)

= CKvT
a2
T lT

= CK

a2+µ
T lT

.

Choosing now lT = bT γc, where γ is a positive constant, for εT = ε0
(
log T/Tad+1

T

)1/2
,

we obtain

ε−1
T F1,T (x, y, sk) = O

( 1
T 2γ−1a3+2µ−d

T log T

)1/2
 . (3.19)

We deal now with F2,T (x, y, sk). Observe that

F2,T (x, sk) = 1
gT (x) max

1≤k≤lT

∣∣∣∣∣ 1
Tad+1

T

∫ T

0

(
K1

(x−Xt

aT

)
K2

(
sk − Yt
aT

)

−E
[
K1

(x−Xt

aT

)
K2

(
sk − Yt
aT

)
|Ft−δ

])
dt
∣∣∣∣

= 1
Tad+1

T

1
gT (x) max

1≤k≤lT

∣∣∣∣∣∣
n∑
j=1

RT,j(x, sk)

∣∣∣∣∣∣ ,
where

RT,j(x, sk) =
∫ Tj

Tj−i

(
K1

(x−Xt

aT

)
K2

(
sk − Yt
aT

)
−E

[
K1

(x−Xt

aT

)
K2

(
sk − Yt
aT

)
|Ft−δ

])
dt.

We observe that the sequence
{
RT,j(x, sk)

}
0≤j≤n

is a sequence of martingale diffe-
rences adapted to the filtration Fj = σ((Xs, Ys) : 0 ≤ s < Tj). Making use of Jensen
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and Minkowski’s inequalities with p ≥ 2, we obtain

∣∣∣E [Rp
T,j(x, sk) | Fj−2

]∣∣∣ =
∣∣∣∣∣E
[(∫ Tj

Tj−i

(
K1

(x−Xt

aT

)
K2

(
sk − Yt
aT

)

E
[
K1

(x−Xt

aT

)
K2

(
sk − Yt
aT

)
|Ft−δ

])
dt
)p
| Fj−2

]∣∣∣∣∣
≤

∫ Tj

Tj−i
E
[∣∣∣∣K1

(x−Xt

aT

)
K2

(
sk − Yt
aT

)

E
[
K1

(x−Xt

aT

)
K2

(
sk − Yt
aT

)
|Ft−δ

]∣∣∣∣p | Fj−2

]
dt

≤
∫ Tj

Tj−i

(
E
[
Kp

1

(x−Xt

aT

)
Kp

2

(
sk − Yt
aT

)
| Fj−2

]1/p

−E
[
E
[
K1

(x−Xt

aT

)
K2

(
sk − Yt
aT

)
|Ft−δ

]p
| Fj−2

]1/p
p dt

≤
∫ Tj

Tj−i

(
2E

[
Kp

1

(x−Xt

aT

)
Kp

2

(
sk − Yt
aT

)
| Fj−2

]1/p)p
dt

= 2p
∫ Tj

Tj−i
E
[
Kp

1

(x−Xt

aT

)
Kp

2

(
sk − Yt
aT

)
| Fj−2

]
dt. (3.20)

Under assumptions (A.1)(i) and (A.4)(ii), we have

E
[
Kp

1

(x−Xt

aT

)
Kp

2

(
sk − Yt
aT

)
| Fj−2

]
=

∫
Rd+1

Kp
1

(x− v
aT

)
Kp

2

(
sk − u
aT

)
h
Fj−2
t (v, u)dvdu

= ad+1
T

∫
Rd+1

Kp
1 (w)Kp

2 (z)hFj−2
t (x− aTw, y − aT z)dwdz

≤ ad+1
T ‖K1‖p ‖K2‖p . (3.21)

Noting that the statement (3.20) may be rewritten using the statement (3.21), we
obtain

E
[
Rp
T,j(x, sk) | Fj−2

]
≤ 2pδad+1

T ‖K1‖p ‖K2‖p ≤ p!Cp−2d2
j ,

where C = 2 ‖K1‖ ‖K2‖ and d2
j = 2δad+1

T ‖K1‖‖K2‖. Denote Tn = T = nδ, aTn = aT ,
lTn = lT , and εTn = εT = ε0

(
log Tn/Tnad+1

Tn

)1/2
. Therefore,

Dn =
n∑
j=1

d2
j =

n∑
j=1

2δad+1
T ‖K1‖‖K2‖ = O(Tnad+1

Tn ).
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Making use of Lemma 3.1, for Tn large enough, we obtain

P

 max
1≤k≤lTn

∣∣∣∣∣∣
n∑
j=1

RT,j(x, sk)

∣∣∣∣∣∣ > εTn(Tnad+1
Tn )

 ≤
lTn∑
k=1

P


∣∣∣∣∣∣
n∑
j=1

RT,j(x, sk)

∣∣∣∣∣∣ > εTn(Tnad+1
Tn )


≤ 2lTn exp

{
−

ε2
Tn(Tnad+1

Tn )2

82(Dn + C(Tnad+1
Tn )εTn)

}

≤ 2T γn exp

−
ε2

0(Tnad+1
Tn )2 log Tn/Tnad+1

Tn

O(Tnad+1
Tn ) + 2C(Tnad+1

Tn )ε0

(
log Tn
Tna

d+1
Tn

)1/2


:= 2T γn exp

{
log T−ε20C1

n

}
= 2T γ−ε20C1

n .

Taking ε0 large enough so to have γ− ε2
0C1 < 0, where C1 is a positive constant, The

right-hand side of the previous inequality, is the general term of convergent series.
Hence, Borel-Cantelli Lemma, shows that

∞∑
n=1

P

 max
1≤k≤lTn

∣∣∣∣∣∣
n∑
j=1

RT,j(x, sk)

∣∣∣∣∣∣ > εTn(Tnad+1
Tn )−1

 <∞.

Hence,
1

Tna
d+1
Tn

max
1≤k≤lTn

∣∣∣∣∣∣
n∑
j=1

RT,j(x, sk)

∣∣∣∣∣∣ = O

( log Tn
Tna

d+1
Tn

)1/2
 , a.s.

It follows that

F2,T = O

( log T
Tad+1

T

)1/2
 , a.s. (3.22)

Finally, using the same idea as for F1,T (x, y, sk) together with Assumption (A.1)(ii2),
we obtain

F3,T (x, y, sk)

≤ 1
gT (x) max

1≤k≤lT
sup
y∈GT,k

1
Tad+1

T

∫ T

0
E
[
K1

(x−Xt

aT

) ∣∣∣∣K2

(
y − Yt
aT

)
−K2

(
sk − Yt
aT

)∣∣∣∣ |Ft−δ] dt
≤ 1

gT (x) max
1≤k≤lT

sup
y∈Gk

1
Tad+1

T

∫ T

0
E
[
K1

(x−Xt

aT

)
CK
aT
|y − sk||Ft−δ

]
dt

≤ CKwT
a2
T

1
gT (x)

(
1

TadT

∫ T

0
E
[
K1

(x−Xt

aT

)
|Ft−δ

]
dt

)
.

We conclude from Lemmas 3.3 and 3.4 that

ε−1
T F3,T (x, y, sk) = O

( 1
T 2γ−1a3+2µ−d

T log T

)1/2
 . (3.23)
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In conjunction with Equation (3.19), (3.22) and (3.23) and lemma 3.3 this concludes
that

1
gT (x) sup

y∈GT

∣∣∣hT (x, y)− h̄T (x, y)
∣∣∣ = O

( log T
Tad+1

T

)1/2
 , a.s. (3.24)

The lemma is proved. 2

Lemma 3.6. Let assumptions (A.1)(i), (A.1)(iv), (A.6) and (A.8) be satisfied, we
have

BT (x, y) = O(aβT + aνT ). (3.25)

Proof of lemma 3.6 Let K1,a(·) = 1
adT
K1

(
·
aT

)
and K2,a(·) = 1

aT
K2

(
·
aT

)
. Under as-

sumption (A.6), we have

BT (x, y) = h̄T (x, y)− ḡT,1(x)h(x, y)/g(x)
ḡT,1(x)

= 1
ḡT,1(x)

1
T

∫ T

0
E
[(
K2,a(y − Yt)−

h(x, y)
g(x)

)
K1,a(x−Xt) | Ft−δ

]
dt

= 1
ḡT,1(x)

1
T

∫ T

0
E
[
K1,a(x−Xt)E

[(
K2,a(y − Yt)−

h(x, y)
g(x)

)
| St−δ,δ

]
| Ft−δ

]
dt

= 1
ḡT,1(x)

1
T

∫ T

0
E
[
K1,a(x−Xt)

( 1
aT

E
[
K2

(
y − Yt
aT

)
| Xt

]
− f(y | x)

)
| Ft−δ

]
dt.

Therefore, by assumption (A.8), we obtain

|BT (x, y)|

=
∣∣∣∣∣ 1
ḡT,1(x)

1
T

∫ T

0
E
[
K1,a(x−Xt)

∫
R
K2(u) (f(y − aTu | Xt)− f(y | x)) du | Ft−δ

]
dt

∣∣∣∣∣
≤ 1∣∣∣ḡT,1(x)

∣∣∣ 1
T

∫ T

0
E
[
K1,a(x−Xt)

∫
R
K2(u) |f(y − aTu | Xt)− f(y | x)| du | Ft−δ

]
dt

≤ Cx∣∣∣ḡT,1(x)
∣∣∣ 1
T

∫ T

0
E
[
K1,a(x−Xt)

∫
R
K2(u)

(
|aTu|ν + ‖Xt − x‖β

)
du | Ft−δ

]
dt.

According to assumption (A.1)(i) the kernel K1 has a support compact, then ‖Xt−
x‖ ≤ aTCK1 , together with (A.1)(iv), we have

|BT (x, y)| = Cx(aβTC
β
K1 + aνT ) 1∣∣∣ḡT,1(x)

∣∣∣ 1
TadT

∫ T

0
E
[
K1

(x−Xt

aT

)
| Ft−δ

]
dt

= O(aβT + aνT ).

�
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Combining Lemmas 3.3, 3.4, 3.5 and 3.6 we achieve the proof of Proposition 3.1.2

Lemma 3.7. Under the same assumptions of Proposition 3.1, and if the function
Θ fulfils

∀ε > 0, ∃ξ > 0, ∀µ(x),

|Θ(x)− µ(x)| ≥ ε⇒ |f(Θ(x)|x)− f(µ(x) | x)| ≥ ξ, (3.26)

then

ΘT (x)−Θ(x) a.s−→ 0, as T →∞. (3.27)

Proof of Lemma 3.7. Combining conditions (3.26) and (3.7) one obtain that for any
fixed x ∈ C all ε > 0, there exists a ξ > 0 such that

P {|ΘT (x)−Θ(x)| ≥ ε} ≤ P

{
sup
y∈GT
|fT (y/x)− f(y/x)| ≥ ξ

}
. (3.28)

The uniqueness hypothesis of the conditional mode function gives us the result
provided we prove that the right-hand side of Equation (3.28) converges almost
surely to zero. Proposition 3.1 completes the proof. �

Proof of Theorem 3.1
Under assumtion (A.7)(i), using a second order of Taylor expansion of the function
f(ΘT (x) | x) around Θ(x), we obtain

f(ΘT (x) | x) = f(Θ(x) | x) + (ΘT (x)−Θ(x))2 1
2f

(2)(Θ?
T (x) | x), (3.29)

where Θ?
T (x) is between ΘT (x) and Θ(x). Taking into account the statements (3.7)

and (3.29), it follows that

(ΘT (x)−Θ(x))2
∣∣∣f (2)(Θ?

T (x) | x)
∣∣∣ = O

(
sup
y∈GT
|fT (y | x)− f(y | x)|

)
.

Combining Lemma 3.7 and condition (A.7)(ii), we have

lim
T→∞

∣∣∣f (2)(Θ?
T (x) | x)

∣∣∣ =
∣∣∣f (2)(Θ(x) | x)

∣∣∣ = Φ(x) 6= 0.

Consequently,

(ΘT (x)−Θ(x))2 = O

(
sup
y∈GT
|fT (y | x)− f(y | x)|

)
,

which is enough, while considering Proposition 3.1, to complete the proof. �
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3.4.2 Proof of Theorem 3.2

Proposition 3.2. Under hypotheses (A.1)(i)-(ii), (A.2), (A.3), (A.4)(i)-(ii), (A.4)(iv),
(A.5), (A.6) and (A.8) together with condition (3.6), we have

sup
x∈C

sup
y∈GT
|fT (y/x)− f(y/x)| a.s= O(aβT + aνT ) +O

( log T
TadT

)1/2
+O

( log T
Tad+1

T

)1/2
 .

Proof of Proposition 3.2. Conditions (A.2) and (A.3) imply that

sup
x∈C

sup
y∈GT
|fT (y/x)− f(y/x)|

= sup
x∈C

sup
y∈GT

∣∣∣∣∣BT (x, y) + QT (x, y) +RT (x, y)
gT (x)

∣∣∣∣∣
≤ sup

x∈C
sup
y∈GT
|BT (x, y)|+ 1

inf
x∈C

gT (x)

(
sup
x∈C

sup
y∈GT
|QT (x, y)|+ sup

x∈C
sup
y∈GT
|RT (x, y)|

)

≤ sup
x∈C

sup
y∈GT
|BT (x, y)|+ 1

inf
x∈C

gT (x)sup
x∈C

sup
y∈GT

∣∣∣hT (x, y)− h̄T (x, y)
∣∣∣

+ 1
inf
x∈C

gT (x)

(
λ−1Γ1 + sup

x∈C
sup
y∈GT
|BT (x, y)|

)
sup
x∈C
|gT (x)− ḡT,1(x)|. (3.30)

The following lemma deals with the second term of the decomposition (3.30)

Lemma 3.8. Under assumptions (A.1)(i)-(ii), (A.4)(ii) and the condition (3.6)(ii),
we have

sup
x∈C

sup
y∈GT

∣∣∣hT (x, y)− h̄T (x, y)
∣∣∣ a.s.= O

( log T
Tad+1

T

)1/2
 , as T →∞. (3.31)

Proof of Lemma 3.8. Our first concern is to give an upper bound for the main term in
(3.31). Towards this end, we make use of Lemma 3.2 and gather the needed elements
to apply the Borel-Cantelli Lemma. Let

Ψj(x, y) =
∫ Tj

Tj−1

[
K1

(x−Xt

aT

)
K2

(
y − Yt
aT

)
− E

[
K1

(x−Xt

aT

)
K2

(
y − Yt
aT

)
|Ft−δ

]]
dt

where j = 1, . . . , n. Observe, for all pairs (x, y) and all T fixe, that the sequence
(Ψj(x, y))1≤j≤n is a martingale difference with respect to the σ−fields (Fj)1≤j≤n.
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For any p ≥ 2, we have

E
[
|Ψj(x, y)|p

∣∣∣Fi−2
]

=
∫ Tj

Tj−1
E
[∣∣∣∣K1

(x−Xt

aT

)
K2

(
y − Yt
aT

)

−E
[
K1

(x−Xt

aT

)
K2

(
y − Yt
aT

)
|Ft−δ

]∣∣∣∣p ∣∣∣Fi−2

]
dt

≤
∫ Tj

Tj−1

(
E
[
KP

1

(x−Xt

aT

)
KP

2

(
y − Yt
aT

)
|Fj−2

]1/p

+E
[
E
[
KP

1

(x−Xt

aT

)
KP

2

(
y − Yt
aT

)
|Ft−δ

]
|Fj−2

]1/p)p
dt

≤
∫ Tj

Tj−1

(
2E

[
KP

1

(x−Xt

aT

)
KP

2

(
y − Yt
aT

)
|Fj−2

]1/p)p
dt

= 2p
∫ Tj

Tj−1
E
[
KP

1

(x−Xt

aT

)
KP

2

(
y − Yt
aT

)
|Fj−2

]
dt. (3.32)

Consider now the change of variable w = (x − u)/aT and z = (y − v)/aT . Under
assumptions (A.1)(i) and (A.4)(ii), we may write

E
[
KP

1

(x−Xt

aT

)
KP

2

(
y − Yt
aT

)
|Fj−2

]
=

∫
Rd+1

KP
1

(x− u
aT

)
KP

2

(
y − v
aT

)
h
Fj−2
t (u, v)dudv

= ad+1
T

∫
Rd+1

KP
1 (w)KP

2 (z)hFj−2
t (x− aTw, y − aT z)dwdz

≤ ad+1
T ‖K1‖p∞‖K2‖p∞

∫
Rd+1

h
Fj−2
t (x− aTw, y − aT z)dwdz

≤ ad+1
T ‖K1‖p∞‖K2‖p∞. (3.33)

Therefore, using the statement (3.33), the statement (3.32) may be rewritten so that

E
[
|Ψj(x, y)|p

∣∣∣Fi−2
]
≤ 2pδad+1

T ‖K1‖p∞‖K2‖p∞ ≤ p!Cp−1d2
j ,

where C = 2‖K1‖p−1
∞ ‖K2‖p−1

∞ and d2
j = δad+1

T ‖K1‖∞‖K2‖∞. Define Tn = T = nδ

and aTn = aT . Hence

Dn =
n∑
j=1

d2
j = nδad+1

T ‖K1‖∞‖K2‖∞ = O(Tnad+1
Tn ).

We are in position to apply lemma 3.1 to the martingale differences sum. For n
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sufficiently large and any εTn = εT = ε0
(
log Tn/Tnad+1

Tn

)
, where ε0 > 0, we have

P

| n∑
j=1

Ψj(x, y)| > (Tnad+1
Tn )εTn

 ≤ 2 exp
{
−

(Tnad+1
Tn )2ε2

Tn

2(Dn + C(Tnad+1
Tn )εTn)

}

= 2 exp

−
(Tnad+1

Tn )2ε2
0 log Tn/Tnad+1

Tn

O(Tnad+1
Tn )(1 + Cε0

√
log Tn
Tna

d+1
Tn

)


= 2 exp

{
−ε2

0C1 log Tn
}

= 2
T
ε20C1
n

, (3.34)

where C1 is a positive constant. Observe, for ε0 sufficiently large, that the right-hand
side of the last inequality is the general term of a convergent series. A simple use of
Borel-Cantelli Lemma shows that n∑

j=1
Ψj(x, y)

 a.s.→ 0 as T →∞.

Therefore, ∣∣∣hT (x, y)− h̄T (x, y)
∣∣∣ = O

( log T
Tad+1

T

)1/2
 , a.s. (3.35)

In what is coming next, we will investigate the uniform convergence of
(
(Tad+1

T )−1 ∫ T
0 Ψt(x, y)dt

)
,

where Ψt(x, y) = ϕt(x, y) − E [ϕt(x, y) | Ft−δ]. Recalling that GT = [−υT , υT ] =
[−a−µT , a−µT ], where µ is a positive constant, we may write

sup
x∈C

sup
y∈GT

∣∣∣∣∣(Tad+1
T )−1

∫ T

0
Ψt(x, y)dt

∣∣∣∣∣ = sup
x∈C

sup
|y|≤a−µT

∣∣∣∣∣(Tad+1
T )−1

∫ T

0
Ψt(x, y)dt

∣∣∣∣∣
= UT . (3.36)

where a−µT → ∞, as T → ∞. We shall show then that UT a.s.→
T→∞

0. Let η be a
positive constant and consider a cover of the compact set C ×GT of Rd+1 by a finite
number of spheres Bj = B((xj, yj), a

−µ
T

νT
) of radius aηT , where j = 1, . . . , νT . Whenever

(x, y) ∈ C × GT , there exists j and a point (xj, yj) such that (x, y) ∈ Bj. Observe
that

|UT (x, y)| ≤ |UT (x, y)− UT (xj, yj)|+ |UT (xj, yj)| = |ŨT (x, y)|+ |UT (xj, yj)|.

Subsequently, we have

sup
x∈C

sup
(x,y)∈Bj

|UT (x, y)| ≤ max
1≤j≤νT

sup
(x,y)∈Bj

|ŨT (x, y)|+ max
1≤j≤νT

|UT (xj, yj)|, (3.37)
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where

|ŨT (x, y)|

≤ (Tad+1
T )−1

∫ T

0

∣∣∣∣K1

(x−Xt

aT

)
K2

(
y − Yt
aT

)
− E

[
K1

(x−Xt

aT

)
K2

(
y − Yt
aT

)
|Ft−δ

]
− K1

(xj −Xt

aT

)
K2

(
yj − Yt
aT

)
− E

[
K1

(xj −Xt

aT

)
K2

(
yj − Yt
aT

)
|Ft−δ

]∣∣∣∣ dt.
Adding and then subtracting the term

K1

(x−Xt

aT

)
K2

(
yj − Yt
aT

)
− E

[
K1

(x−Xt

aT

)
K2

(
yj − Yt
aT

)
|Ft−δ

]
,

and under assumption (A.1)(ii), we obtain

|ŨT (x, y)| ≤ (Tad+1
T )−12K̃CKa−γT (|x− xj|γ + |y − yj|γ)

∫ T

0
dt

= 2CKa−γ−d−1
T K̃(|x− xj|γ + |y − yj|γ),

where CK is a Lipschitz constant and K̃ = max{supx∈C |K1(x)|, supy∈GT |K2(y)|}.
For any (x, y) ∈ C × GT , we have

|x− xj|γ ≤ a−γµT ν−γT and |y − yj|γ ≤ a−γµT ν−γT .

Therefore, for ε0 > 0, take εT = ε0
(
log T/Tad+1

T

)1/2
, we have

ε−1
T max

1≤j≤νT
sup

(x,y)∈Bj
|ŨT (x, y)| ≤ C

(
Tad+1

T

log T

)1/2

a
−(d+1)−γ(µ+1)
T ν−γT

≤ C

(
Tad+1

T

log T

)1/2 1
a
d+1+γ(µ+1)
T νγT

Taking νT = T/a1+µ
T , we obtain

ε−1
T max

1≤j≤νT
sup

(x,y)∈Bj
|ŨT (x, y)| ≤ 1

(log T )1/2T γ−1(Tad+1
T )1/2

Taking γ > 1, we obtain

max
1≤j≤νT

sup
(x,y)∈Bj

|ŨT (x, y)| = o

( log T
Tad+1

T

)1/2
 . (3.38)

Recall that
max

1≤j≤νT
|UT (xj, yj)| = max

1≤j≤νT

∣∣∣hT (xj, yj)− h̄T (xj, yj)
∣∣∣ .

Denote now Tn = T = δn, aTn = aT , νTn = νT and εTn = εT . The proof is similar to
the one given above to set the statement (3.34). Details of the calculation are then
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omitted. We have

P

{
max

1≤j≤νTn
|UT (xj, yj)| > εTn

}
≤

νTn∑
j=1

P
{∣∣∣hT (xj, yj)− h̄T (xj, yj)

∣∣∣ > εTn
}

≤ 2νTnTn−C1ε20

≤ 2T
1−C1ε20
n

aµ+1
Tn

≤ 2
(Tnad+1

Tn )
µ+1
d+1T

ε20C1−1−(µ+1)/(d+1)
n

.

where C1 is a positive constant. Taking ε0 sufficiently large to have C1ε
2
0− µ+1

d+1−1 > 0
and assuming the condition (3.6)(ii), we conclude that, the right-hand side in the
last inequality converges to 0. Borel-Cantelli Lemma shows then that

max
1≤j≤νT

|UT (xj, yj)| = O

( log T
Tad+1

T

)1/2
 , a.s. (3.39)

Combining statements (3.38) with (3.39), we obtain

sup
x∈C

sup
y∈GT

∣∣∣hT (x, y)− h̄T (x, y)
∣∣∣ = O

( log T
Tad+1

T

)1/2
 , a.s. (3.40)

The proof is then achieved. �

Now, we are in position to establish the following lemma dealing with the limiting
behaviour of the last term in the decomposition 3.30).

Lemma 3.9. Let assumptions (A.1)(i)-(ii1), (A.4)(i) and (A.4)(iv) be satisfied.
Then, we have

sup
x∈C
|gT (x)− ḡT,1(x)| = O

( log T
TadT

)1/2
 . (3.41)

Proof Lemma 3.9. The proof is analogous to that of Lemma 3.4. For the uniform
convergence case, we refer to Theorem 1.2 in chapter 1 of this manuscript. We refer
also to Theorem 2 of Didi & Louani (2013a)[50].

�

Lemma 3.10. Under assumptions (A.1)(i), (A.1)(ii1), (A.1)(iii), (A.3), (A.4)(i) and
(A.5), we have

inf
x∈C
|gT (x)| ≥ λ.
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Proof Lemma 3.10 Observe that

inf
x∈C
|gT (x)| ≥ inf

x∈C
|g(x)| − sup

x∈C
|gT (x)− g(x)|. (3.42)

We aim to show that,

sup
x∈C
|gT (x)− g(x)| → 0, as T →∞. (3.43)

Recall that

sup
x∈C
|gT (x)− g(x)| ≤ sup

x∈C
|gT (x)− ḡT (x)|+ sup

x∈C
|ḡT (x)− g(x)| = G1 +G2, (3.44)

wehere ḡT (x) = 1
TadT

∫ T
0 E

[
K1

(
x−Xt

aT

)
| Gt−δ

]
dt.Under hypotheses (A.1)(i), (A.1)(ii1)

and (A.4)(i) and following Lemma 3.9 step by step, the first term is vanishing

G1
a.s−→ 0, as T →∞. (3.45)

Finally, under assumptions (A.1)(iii), (A.4)(i) and (A.5) and by the same arguments
as for GT.2 in Lemma 3.3, we have

G2
a.s−→ 0, as T →∞. (3.46)

We conclude the proof of (3.43) from statements (3.45) and (3.46). Noting that, by
combing statements (3.42) and (3.43) with assumption (A.3) we obtain

inf
x∈C
|gT (x)| ≥ λ,

�

The next lemma deals with the uniform almost sure convergence of the bias term
BT (x, y) defined by statement (3.10)

Lemma 3.11. Under assumptions (A.1)(i), (A.1)(iv), (A.6) and (A.8), we have

sup
x∈C

sup
y∈GT
|BT (x, y)| = O

(
aβT + aνT

)
. (3.47)

Proof of Lemma 3.11 Since C is a compact set, the condition (A.8) holds with a
constant C that does not depend on x. Then, proceeding as in the proof of Lemma
3.6, the result follows. 2

It suffices to make use of the decomposition (3.30) and lemmas 3.10, 3.8, 3.9 and
3.11 to achieve the proof of Proposition 3.2. 2
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Lemma 3.12. Under the hypotheses of Proposition 3.2. In addition, if the function
Θ is such that

∀ε > 0, ∃β > 0, ∀ξ : C → R :

sup
x∈C
|Θ(x)− ξ(x)| ≥ ε⇒ sup

x∈C
|fT (Θ(x)/x)− f(ξ(x)/x)| ≥ β, (3.48)

then

sup
x∈C
|ΘT (x)−Θ(x)| a.s.→ 0, T →∞. (3.49)

Proof of Lemma 3.12. The statements (3.7) and (3.48) imply that, for all ε > 0,
there exists a constant β > 0 such that

P

{
sup
x∈C
|ΘT (x)−Θ(x)| > ε

}
≤ P

{
sup
x∈C

sup
y∈GT
|fT (y/x)− f(y/x)| > β

}
. (3.50)

According to proposition 3.2 the right side of equation (3.50) converges almost surely
to zero, the uniqueness hypothesis of the conditional mode gives us the desired result.
2

Proof of Theorem 3.2
By a second order of Taylor expansion of f(ΘT (x) | x) around Θ(x), given by the
statement (3.29), combining with Lemma 3.12 and condition (A.7)(ii), we obtain

sup
x∈C
|ΘT (x)−Θ(x)|2 = O

(
sup
x∈C

sup
y∈GT
|fT (y | x)− f(y | x)|

)
, (3.51)

the result follows form considering Proposition 3.2. �

Proof of Corollary 3.1. Observe that

|ΘT (ξ̂T )−Θ(ξ̂T )|1{ξ̂T∈C} ≤ sup
x∈C
|ΘT (x)−Θ(x)|.

Hence, using Theorem 3.2 with d = 1, we obtain the desired result. 2





Annexe : Quelques outils de
probabilités

Notation et défintion

Soit (Ω,F , (Ft)t≥0,P) un espace probabilisé filtré.

Définition 1 (Processus en temps continu). Soit X = (Xt, t ≥ 0) un processus
défini sur (Ω,F , (Ft)t≥0,P). Le processus X est dit mesurable si l’application

X : [0,∞[×Ω → (E, E)

(t, ω) 7→ Xt(ω)

est mesurable par rapport à B([0,∞[) ⊗ Ft. Le processus X est dit adapté si ∀t ≥
0, Xt est Ft−mesurable.

Définition 2 (Processus stationnaire). Un processus (Xt)t∈U, U = {Z,R+} est dit
strictement stationnaire ou stationnaire au sens strict si les lois jointes de (Xt1 , · · · , Xtk)
et de (Xt1+h, · · · , Xtk+h) sont identiques pour tout entier positif k et pour tous
t1, . . . , tk, h ∈ Z.

Définition 3 (Ensemble invariant). Soit (Xt)t∈U, U = {Z,R+}, défini sur un espace
de probabilité (Ω,F ,P), L’ensemble B ∈ F est appelé invariant si il existe un
ensemble A, tel que B = {(Xn, Xn+1, . . .) ∈ A} est vrai pour tout n ≥ 1.

Définition 4 (Processus ergodique). Un processus (Xt)t∈U, U = {Z,R+} est dit
ergodique si tout ensemble invariant B on a P(B) = 1 ou 0.

Définition 5 (Filtration). Une filtration est une suite croissante de tribus (Ft)t≥0,
c’est-à-dire

Ft ⊂ Ft+s pour tout t, s ≥ 0.
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Définition 6 (Martingales). Soit M un processus adapté avec ∀t ≥ 0, Mt ∈ L1.
On dit que M est une (Ft)t≥0−martingale si Mt = E[Mt+s|Ft] pour tout t, s ≥ 0

Définition 7 (Différence de martingale en temps continu). La variable aléatoire
M = (Mt; t ≥ 0) est une différence de martingale par rapport à la filtration F =
(Ft; t ≥ 0) si

1. Mt est Ft−mesurable,
2. E[Mt | Ft−s] = 0, t ≥ 0, s ≥ 0.

Construction d’une différence de martingale
Toutes les suites de différences de martingale présentes dans cette thèse ont été
construites de la manière suivante :
Pour un réel T ≥ 0, soit δ > 0 un réel tel que n = T

δ
∈ N. Considérons la partition

(Tj = jδ; 1 ≤ j ≤ n) de l’intervalle [0, T ]. En fixant s = 2δ, on observe que
1. Mt est Ft−mesurable,
2. E[Mt | Ft−2δ] = 0, t ≥ 0.

Il ressort alors que Mt vérifie la proprété de différence de martingale par rapport à
la tribu Ft. En prenant, t ∈ [Tj−1, Tj], on a

1. Mt est FTj−mesurable,
2. E[Mt | Ft−2δ] = E[Mt | FTj−2δ] = E[Mt | FTj−2 ] = 0.

Il s’en suit alors, pour t ∈ [Tj−1, Tj], que Mt est une différence de martingale par
rapport à la tribu FTj . En utilisant à la mesurabilité de l’intégrale, on obtient

1. Aj =
∫ Tj
Tj−1

Mtdt est FTj−mesurable,
2. E[Aj | FTj−2δ] = E[Aj | FTj−2 ] = 0.

Par conséquent, Aj est une différence de martingale par rapport à la tribu FTj .
Ainsi, (Aj)0≤j≤n est une suite de différences de martingale par rapport à la filtration
(FTj)0≤j≤n.

Théorème ergodique

Théorème 1. Si X = (Xt)t∈Z est un processus ergodique stationnaire et si X1 est
intégrable, on a

lim
n→∞

1
n

n∑
i=1

Xi = E[X1].
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Convergence

Définition 8 (Convergence en probabilité). La suite Xn → X en probabilité (P.),
si

∀ε > 0, lim
n→∞

P {d(Xn, X) ≥ ε} = 0.

Définition 9 (Convergence presque sûre). La suite (Xn) converge presque sûrement
(p.s.) vers X, si

P
{
ω : lim

n→∞
Xn(ω) = X(ω)

}
= 1.

Remarque : La convergence presque sûre entraîne la convergence en probabilité.

Définition 10. Si (An)n∈N est une suite d’événements on note

lim supAn := ∩∞n=0 (∪∞k=nAk) ,

et
lim inf An := ∪∞n=0 (∩∞k=nAk) .

Lemme 1 ( Lemme de Borel-Cantelli). Soit (An)n∈N une suite d’événements.

(i) Si ∑n∈N P(An) <∞, alors

P (lim supAn) = 0,

ou de manière équivalente,

presque sûrement, {n ∈ N;ω ∈ An} est fini.

(ii) Si ∑n∈N P(An) =∞ et si les événements An sont indépendants, alors

P (lim supAn) = 1,

ou de manière équivalente,

presque sûrement, {n ∈ N;ω ∈ An} est infini.

Le lemme suivant est un type lemme de Borel-Cantelli pour les processus en temps
continu.

Lemme 2. Soit (Ut, t ≥ 0) un processus réel à temps continu de telle sorte que nous
avons
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a) Pour tout η > 0, il existe une fonction réelle décroissante ψη intéegrable sur
[0,+∞) et satisfaisante

P (|Ut| ≥ η) ≤ ψη(t), t ≥ 0,

b) Les trajectoires de Ut sont uniformément continue avec une probabilité 1,
alors

lim
T→∞

Ut = 0, p.s.

Inégalités exponentielles

Lemme 3. Soit (Zn)n≥1 une suite de différences de martingales réelles par rapport
à la séquence de σ-algèbre (Fn = σ(Z1, · · · , Zn))n≥1, où σ(Z1, · · · , Zn) est la tribu
engendré par les variables aléatoires Z1, · · · , Zn. On pose Sn = ∑n

i=1 Zi. Pour tout
p ≥ 2 et toute n ≥ 1, supposons qu’il existe certaines constantes non négatif C et
dn tels que

E(Zp
n|Fn−1) ≤ Cp−2p!d2

n, presque sûrement. (3.52)

Alors, pour tout ε > 0, on a

P(|Sn| > ε) ≤ 2 exp
{
− ε2

2(Dn + Cε)

}
,

où Dn = ∑n
i=1 d

2
i .

Preuve. La preuve suit comme un cas particulier du théorème 8.2.2 due à de la
Peña and Giné (1999). 2

Le prochain lemme nous donne une inégalité exponentielle similaire pour des
sommes partielles de différences de martingales bornées.

Lemme 4 (Laïb(1999)[86]). Soit {Zn : n ∈ N} une suite des différences de martin-
gale par rapport à la filtration {Fn = σ(Z1, . . . , Zn) : i ∈ N}, où σ(Z1, . . . , Zn) est
la tribu engendrée par les les variables aléatoires Z1, , . . . , Zn, telles que ‖Zn‖ ≤ B

p.s. pour 1 ≤ i ≤ n. Pour tout ε > 0, on a

P

max
1≤i≤n

∥∥∥∥∥∥
i∑

j=1
Zj

∥∥∥∥∥∥ > ε

 ≤ 2 exp
{
− ε2

2nB2

}
. (3.53)
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Dans cette thèse, nous proposons des réponses à certaines questions, et contri-
buons à donner des alternatives aux travaux établis pour l’estimation non para-
métrique à noyau des fonctions de densité, de régression (voir Bosq (1998)[17] et
Bosq et Blanke ((2007)[20],(2008)[21]), Laïb (2005)[87] et Laïb et Louani ((2010)[88],
(2011)[89])) ainsi que pour la fonction mode conditionnel (voir Ould said ((1993)[104],
(1997)[105])). Nous avons établi la convergence presque sûre, ponctuelle et uniforme,
sur un compact en donnant leurs vitesses de convergence. Un travail sur la normalité
asymptotique est en voie d’achèvement puisqu’il ne reste plus qu’à montrer que les
variances asymptotiques sont non nulles ce qui confirmera que les lois limites sont
non dégénérées.

Les énoncés des théorèmes relatifs à la normalité asymptotique se présentent
sous les formes suivantes. Les hypothèses et les démonstrations sont données dans
l’annexe aux perspectives.

Théorème 2. Supposons que les conditions (H.0)(i) et (H.2)-(H.3) soient vérifiées,
et

lim
T→∞

h2
T (ThdT ) 1

2 = 0, (3.54)

alors, pour tout x ∈ Rd, on a

(ThdT )1/2 (fT (x)− f(x)) D→ N
(
0, σ2(x)

)
lorsque T →∞,

où D→ est la convergence en distribution et N est la distribution gaussienne.

Théorème 3. Sous les assomptions (H.0), (H.1) et (H.4), lorsque

lim
T→∞

hβT (ThdT ) 1
2 = 0,

pour tout x ∈ Rd tel que f(x) 6= 0, on a

(ThdT )1/2(r̂T (x)− r(x)) D→ N
(
0,Σ2(x)

)
, lorsque T →∞.
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Les hypothèses et les notations mentionnés au prochain théorème sont donnés
dans le chapitre 3.

Théorème 4. Considérons les hypothèses (A.1)(i), (A.1)(ii2), (A.1)(v), (A.2), (A.3),
(A.4)(i), (A.4)(iii), (A.6)(ii), (A.7)(i) et (A.8). Si, de plus, pour tout η ≥ 2, nous
avons

(Thd+1
T )hηT −→ 0, lorsque T →∞,

alors, on a

(
Thd+3

T

)1/2
(ΘT (x)−Θ(x)) D→ N (0,Σ2(x,Θ(x))) lorsque T →∞,

De façon similaire au travail efféctuée pour la régression usuelle, en considérant
l’estimateur Θ̂T (ξT ) de la valeur prédite Θ(ξT ) à l’horizon H, on obtient le résultat
suivant

Corollaire 1. Sous les mêmes hypothèses que le Théorème 4, on a

(
Ta4

T

)1/2
(ΘT−H(ξT )−Θ(ξT )) D→ N (0,Σ2(ξT ,ΘT−H(ξT ))) lorsque T →∞.

Naturellement, il reste de nombreuses questions qui méritent des réponses. Nous
présentons brièvement dans ce qui suit quelques perspectives de recherches qui re-
tiennent notre attention pour de futurs travaux.

Estimation des composantes additives dans le modèle additif de la régres-
sion pour les processus en temps continu.

Les modèles additifs (voir Stone (1985)[124]) ont été étudiés dans le cadre de
processus vectoriels à temps continu dans plusieurs contributions (voir, Debbarh
(2008)[39] et Debbarh et Maillot (2008)[39],[40]). Comme il a été déjà signalé tout
le long de cette thèse, divers processus ne vérifient pas les conditions de dépendance
faible (α-mélange) utilisées dans ces travaux. Il est de ce fait alors tout à fait ap-
proprié d’envisager l’étude de ces modèles dans le cas de données ergodiques pour
étendre le champs d’application en pratique de ces modèles qui sont introduits dans
ce qui suit.

Soit Zt = (Xt, Yt), t ≥ 0 un processus mesurable stationnaire et ergodique défini
sur un espace de probabilité (Ω,A,P) et à valeurs dans Rd×R. Soit ψ une fonction
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réelle mesurable. On considère le modèle de régression additif, défini par

mψ(x) = E[ψ(Y ) | X = x], ∀x = (x1, . . . , xd) ∈ Rd,

= µ+
d∑
`=1

m`(x`).

Soit q1, . . . , qd des densités surR, on pose q(x) := ∏d
`=1 q`(x`) et q−`(x) := ∏

j 6=` qj(xj).
Pour estimer les composantes additives de la fonction de régression la méthode de
l’intégration marginal (voir, Linton et Nielsen (1995)[83], Newey (1994)[101]) semble
être la plus adaptée du point de vue théorique. En utilisant cette technique la com-
posante additive est alors de la forme

η`(x`) =
∫
Rd−1

mψ(x)q−`(x−`)dx−` −
∫
Rd
mψ(x)q(x)dx, ` = 1, . . . , d,(3.55)

= m`(x`)−
∫
R
m`(z)q`(z)dz, ` = 1, . . . , d. (3.56)

De ce fait, on obtient la fonction de régression de départ

mψ(x) =
d∑
`=1

η`(x`) +
∫
Rd
mψ(z)q(z)dz. (3.57)

Compte tenu de l’équation (3.56), les composantes η` et m` sont égales à une
constante additionnelle près. Par conséquent, η` est également une composante ad-
ditive, vérifiant une condition d’identifiabilité différente. Au vu de l’équation (3.55),
l’estimateur naturel de la `ème composante est donné par

η̃`(x`) =
∫
Rd−1

m̃ψ,T,`(x)q−`(x−`)dx−` −
∫
Rd
m̃ψ,T,`(x)q(x)dx, ` = 1, . . . , d,

où

m̃ψ,T,`(x) = 1
ThdT f̂T (x)

∫ T

0
ψ(Yt)K1

(
x` −Xt,`

hT

)
K2

(x−` −Xt,−`

hT

)
dt,

et
f̂T (x) = 1

ThdT

∫ T

0
K
(x−Xt

hT

)
dt.

Ici, K1, K2 et K sont des noyaux définis respectivement sur R, Rd−1 et Rd et hT
est une suite des réels positifs tendant vers zero lorsque T tends vers l’infini. On en
déduit alors que l’estimateur m̂ψ,T,add de la fonction de régression additive est

m̂ψ,T,add(x) =
d∑
`=1

η̃`(x`) +
∫
Rd
m̃ψ,T (z)q(z)dz,

où

m̃ψ,T (x) = 1
ThdT f̂T (x)

∫ T

0
ψ(Yt)K3

(x−Xt

hT

)
dt,
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avec K3 un noyau défini sur Rd.
Les questions posées alors sont relatives au comportement asymptotique des

estimateurs m̂ψ,T,add et η̃`.
1. Convergence presque sûre ponctuelle et uniforme avec vitesses.
2. Normalité asymptotique des composantes additives η̃`.

Estimation de la régression sur données fonctionnelles stationnaires et
ergodiques en temps continu.

Il serait intéressant d’étendre les résultats obtenus dans le deuxième chapitre
de cette thèse aux données fonctionnelles strictement stationnaire et ergodique. Le
cadre de travail est défini comme suit.

Soit (Xt, Yt)0≤t≤T une réalisation du couple d’éléments aléatoires (X, Y ), où Yt est
une variable aléatoire à valeurs réelles et Xt est à valeurs dans un espace fonctionnel
E muni de la semi-métrique d. Pour tout x ∈ E , considérons la fonction de régression
r(x) = E[Y | X = x].
Une extension de l’estimateur de Nadaraya-Watson de la fonction r en temps continu
au cas fonctionnel est donné par l’expression (voir, Ferraty et Vieu (2000)[59])

r̂T (x) =
∫ T

0 YtK
(
d(x,Xt)
hT

)
dt∫ T

0 K
(
d(x,Xt)
hT

)
dt

,

où K est une fonction réelle et hT un paramètre de lissage tend vers zero lorsque T
tend vers l’infini.
L’objet de l’étude est détablir quelques propriétés asymptotiques :

1. Convergence presque sûre : ponctuelle et uniforme, avec vitesse.
2. Normalité asymptotique.

Estimation de la densité et de la fonction de régression par la méthode
des ondelettes pour des processus stationnaires et ergodiques

Dans les chapitres 2 et 3 nous avons étudié le comportement asymptotique des
estimateurs à noyau des fonctions de densité et de régression. D’autre part, en consi-
dérant un processus (Xt, Yt)t∈T stationnaire et ergodique, où T = N ou T = R+,

il est possible de traiter le cas de l’estimation de ces fonctionnelles par la méthode
des ondelettes. Il est alors intéressant d’établir des propriétés fortes de consistance
ponctuelles et uniformes avec des vitesses de convergence ainsi que la normalité
asymptotique de ces estimateurs dans des conditions générales d’ergodicité.



Annexe aux perspectives

Some notations are needed. For a positive real number δ such that n = T
δ
∈ N,

consider the δ-partition (Tj)1≤j≤n of the interval [0, T ]. Moreover, for t > 0 and
δ > 0, consider the σ-fields Gt = σ((Xs) : 0 ≤ s ≤ t), Ft = σ((Xs, Ys) : 0 ≤ s < t),
and St,δ = σ((Xs, Ys); (Xr) : 0 ≤ s < t, t ≤ r ≤ t+ δ). Whenever s < 0, Gs and Fs
stand as trivial σ-fields. For j ∈ N, denote Gj = GTj and Fj = FTj . For a real random
variable ξ and any k ∈ N, we define the projection Pk by Pkξ = E[ξ|Gk]−E[ξ|Gk−1],
where E[ξ|Gk] stands as the conditional expectation of ξ given the σ-field Gk.

The following assumptions will be needed throughout the paper.

(H.0) (i) K is a spherically symetric bounded kernel of order 2 on its compact
support, such that

∫
K(z)dz = 1, and satisfying

∫
zα1

1 · · · zαdd K(z)dz = 0,
where α1, . . . , αd ∈ N; α1+· · ·+αd = j, j = 1, 2. and

∫
‖z‖2K(z)dz <∞.

(ii) There exists a nonnegative differentiable integrable function k over its
support [0, c1λ] such that K(u) = k(‖u‖), and

∫
R u

d−1k2(u)du <∞

(H.1) For any 0 ≤ s < t ≤ T , there exists a positive constant c0 and a nonnegative
continuous and bounded random function ft,s defined on Rd such that, almost
surely,

PFs
(
Xt ∈ Sr,x

)
:=P

(
‖Xt − x‖ ≤ r

∣∣∣Fs)=c0r
dft,s(x) + o(rd), as r → 0;

Notice for the density estimation case that the function ft,t−δ stands as the
conditional density of Xt given the σ-field Gt−δ ;

(H.2) (i) The function f is twice differentiable with a bounded second derivative.

(ii) The function ft,s is twice differentiable with almost surely bounded second
derivative.

(iii) For any r and any (s, t) ∈ [0, T ]2 such that r < s and r < t, the conditional
density of the couple (Xs, Xt) given the σ field Gr exists.

(H.3) For any δ, we have
sup
y

∫
R+
‖P1ft,t−δ(y)‖2 dt <∞.
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(H.4) For any small δ > 0 and any s, t such that t ∈ [0, T ] and t ≤ s ≤ t + δ, we
have
(i) E[Yr|St,δ] = E[Yr|Xr] = r(Xr) almost surely.
(ii) There exist constants β > 0 and c3 > 0 such that, for any (u, v) ∈ R2d,
|r(u)− r(v)| ≤ c3|u− v|β

(iii) E[(Ys− r(x))2|St] = E[(Ys− r(x))2|Xs] = W2(Xs), moreover the function
W2(x) is uniformly continuous in neighborhood of x, i.e.,

sup
|u−x|≤hT

|W2(u)−W2(x)| = o(1) as hT → 0.

(iv) For any α > 0 small enough, E[|Ys|2+α] <∞ and the function W̄2+α(u) =
E[|Ys − r(x)|2+α|Xs = u], is continuous in neighborhood of x.

Proof of Theorem 2.

In order to prove our result, introduce first the following notation

f̃T,1(x) = 1
ThdT

n∑
i=1

∫ Ti

Ti−1
E
[
K
(x−Xt

hT

)
|Gi−2

]
dt.

Consider now the following decomposition√
ThdT

(
f̂T (x)− f(x)

)
=

√
ThdT

(
f̂T (x)− f̃T,1(x)

)
+
√
ThdT

(
f̃T,1(x)− f(x)

)
= (ThdT )1/2 (VT (x) +BT (x)) .

Our first concern is to investigate the behaviour of the normalized conditional bias
(ThdT )1/2BT (x). For all x ∈ Rd, we have

(ThdT )1/2BT (x) = (ThdT )1/2
(
f̃T,1(x)− E

[
f̂T (x)

]
+E

[
f̂T (x)

]
− f(x)

)
= (ThdT )1/2

(
B

(1)
T (x) +B

(2)
T (x)

)
.

Hereafter, we use the notation Kh(·) := 1
h
K( ·

h
). Observe that

∣∣∣TB(1)
T (x)

∣∣∣ =
∣∣∣∣∣
n∑
i=1

∫ Ti

Ti−1

(
E
[
Kh

(
x−Xt

)∣∣∣Gi−2
]
− E

[
Kh

(
x−Xt

)])
dt

∣∣∣∣∣
=

∣∣∣∣∣
∫
Rd
Kh

(
x− y

)( n∑
i=1

∫ Ti

Ti−1
ft,Ti−2(y)dt− Tf(y)

)
dy

∣∣∣∣∣
:=

∣∣∣∣∫
Rd
Kh

(
x− y

)
H

(1)
T (y)dy

∣∣∣∣ ≤ ∫
Rd
Kh

(
x− y

)
‖H(1)

T (y)‖dy.
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Using the lower Riemann’s sum, for δ > 0 small enough, it follows that
n∑
i=1

∫ Ti

Ti−1
ft,Ti−2(y)dt '

n∑
i=1

δfTi−1,Ti−2 ≤
∫ T

0
ft,t−δ(y)dt.

Considering the projection Pk defined above, following Wu (2003) and making use
of Cauchy-Schwarz inequality, we obtain

‖H(1)
T (y)‖2 =

∥∥∥∥∥
n∑
i=1

∫ Ti

Ti−1
ft,Ti−2(y)dt− Tf(y)

∥∥∥∥∥
≤

∥∥∥∥∥
∫ T

0
ft,t−δ(y)dt− Tf(y)

∥∥∥∥∥
2

= T

(∫ T

0
‖P1ft,t−δ(y)‖2 dt

)
.

Thus,

sup
y
‖H(1)

T (y)‖2 ≤ T

(
sup

y

∫ T

0
‖P1ft,t−δ(y)‖2 dt

)
≤ T

(
sup

y

∫
R+
‖P1ft,t−δ(y)‖2 dt

)
.

Subsequently, assuming the condition (H.2), we obtain

sup
y
‖H(1)

T (y)‖2 = O(T ), (3.58)

which implies that
B

(1)
T (x) = O(T−1/2). (3.59)

Moreover, assuming the conditions (H.0)(i) and (H.2)(i), it is easily seen that

B
(2)
T (x) = E[f̂T (x)]− f(x)

=
∫
Rd
Kh

(
x− y

)
f(y)dy− f(x)

=
∫
Rd
K(z)

f(x)− hT
d∑
i=1

zi
∂f

∂xi
(x∗) + h2

T

2

d∑
j=1

d∑
k=1

zjzk
∂2f

∂xj∂xk
(x∗)

 dz
−f(x)

= sup
xj ,xk

∣∣∣∣∣ ∂2f

∂xj∂xk
(x∗)

∣∣∣∣∣ h2
T

2

∫
Rd
‖z‖2K(z)z

= O(h2
T ),

where x∗ ranges between x and x− zhT . Thus,

BT (x) = O(h2
T ) +O

(
T−1/2

)
.

Obviously, we have
BT (x) = O(h2

T ).

Considering the condition (3.54), we conclude that

(ThdT )1/2BT (x) = O
(
h2
T (ThdT )1/2

)
.
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Therefore, to state Theorem 2, it suffices then to prove the following assertion

(ThdT )1/2VT (x) D−→ N
(
0, σ2(x)

)
.

In this respect, observe that

(ThdT )1/2VT (x) =
√
ThdT

(
f̂T (x)− f̃T,1(x)

)
= (ThdT )− 1

2

n∑
i=1

(∫ Ti

Ti−1
K
(x−Xt

hT

)
dt

−E
[∫ Ti

Ti−1
K
(x−Xt

hT

)
dt

∣∣∣∣∣Gi−2

])

=
n∑
i=1

(
ηT,i(x)− E

[
ηT,i(x)

∣∣∣Gi−2
])

=
n∑
i=1

ξT,i(x),

where ηT,i(x) = (ThdT )− 1
2
∫ Ti
Ti−1

K
(

x−Xt

hT

)
dt and ξT,i(x) = ηT,i(x) − E

[
ηT,i(x)

∣∣∣Gi−2
]
.

Furthermore, it is easily seen that (ξT,i(x))1≤i≤n is a sequence of martingale diffe-
rences with respect to the sequence of σ−fields (Gi−2)1≤i≤n. Therefore, we have to
check the following two conditions

(a) ∑n
i=1 E[ξ2

T,i(x)|Gi−2] P→ σ2(x)
(b) nE[ξ2

T,i(x)I{|ξT,i(x)|>ε}] = o(1) holds, for any ε > 0
that are necessary to establish the asymptotic normality related to discrete time
martingale difference sequences (see, for instance, Hall and Heyde (1980)).

First, by a change of variable and a Taylor expansion of the order one of ft,Ti−2(x−
hTz) around x when assumption (H.2)(ii) is considered, observe that

∣∣∣∣∣
n∑
i=1

E
[
η2
T,i(x)

∣∣∣Gi−2
]
−

n∑
i=1

E
[
ξ2
T,i(x)

∣∣∣Gi−2
]∣∣∣∣∣ =

∣∣∣∣∣
n∑
i=1

(
E
[
ηT,i(x)

∣∣∣Gi−2
])2
∣∣∣∣∣

=

∣∣∣∣∣∣ 1
ThdT

n∑
i=1

(∫ Ti

Ti−1

∫
Rd
K
(x− y

hT

)
ft,Ti−2(y)dydt

)2
∣∣∣∣∣∣

= hdT

∣∣∣∣∣∣ 1T
n∑
i=1

(∫ Ti

Ti−1

∫
Rd
K(z)ft,Ti−2(x− hTz)dzdt

)2
∣∣∣∣∣∣

= hdT

∣∣∣∣∣∣ 1T
n∑
i=1

(∫ Ti

Ti−1
ft,Ti−2(x)dt

)2

+O (hT )

∣∣∣∣∣∣
= hdT

∣∣∣∣∣ 1
δn

n∑
i=1

g
Gi−2
i (x) +O (hT )

∣∣∣∣∣
= O(hdT ).
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where gGi−2
i (x) =

(∫ Ti
Ti−1

ft,Ti−2(x)dt
)2

. Making use of the Riemann sum, the quantity
g
Gi−2
i (x) may be approached, whenever δ is small enough, by δfTi−1,Ti−2 . It is then
clear from the discussion above that the process (fTi−1,Ti−2)i≥1 is stationary and
ergodic. So the sum 1

n

∑n
i=1 g

Gi−2
i (x) has a finite limit, (see Krengel (1985), Theorem

4.4), which is

E
[
g
G−δ
1 (x)

]
=
(∫ δ

0
f(x)dt

)2

= δ2f 2(x). (3.60)

Using Jensen inequality we obtain

E
[
η2
T,i(x)

∣∣∣Gi−2
]

= 1
ThdT

E

(∫ Ti

Ti−1
K
(x−Xt

hT

)
dt

)2 ∣∣∣Gi−2


≤ 1

ThdT

∫ Ti

Ti−1
E
[
K2

(x−Xt

hT

) ∣∣∣Gi−2

]
dt

By a first odrder of Taylor expansion fonction ft,T i−2, for x∗ in [x − hTv,x], we
obtain

n∑
i=1

E
[
η2
T,i(x)

∣∣∣Gi−2
]
≤ 1

ThdT

n∑
i=1

∫ Ti

Ti−1
E
[
K2

(x−Xt

hT

) ∣∣∣Gi−2

]
dt

= 1
ThdT

n∑
i=1

∫ Ti

Ti−1

∫
Rd
K2

(x− u
hT

)
ft,Ti−2(u)dudt

= 1
T

n∑
i=1

∫ Ti

Ti−1

∫
Rd
K2(v)ft,Ti−2(x− hTv)dvdt

= 1
δ

(
1
n

n∑
i=1

∫ Ti

Ti−1
ft,Ti−2(x) +O(hT )

)∫
Rd
K2(v)dvdt

Proceeding similarly as for the statement (3.60), it is clear, whenever δ is small en-
ough, that the quantities

(∫ Ti
Ti−1

ft,Ti−2(x)dt
)
i∈N

may be approached by
(
δfTi−1,Ti−2(x)

)
i∈N

.
Consequently, using the ergodic and stationarity properties of the process (Xt)t≥0,
it follows that

1
n

n∑
j=1

(∫ Tj

Tj−1
ft,Ti−2(x)dt

)
= E

(∫ T1

T0
ft(x)dt

)
+ o(1) =

∫ δ

0
E (ft(x)) dt+ o(1)

= δf(x) + o(1). (3.61)

It follows that
n∑
i=1

E
[
η2
T,i(x)

∣∣∣Gi−2
]
≤ f(x)

∫
Rd
K2(y)dy +O(hT )

which yields
n∑
i=1

E
[
ξ2
T,ix)

∣∣∣Gi−2
] D→ σ2(x) ≤ f(x)

∫
Rd
K2(y)dy as T →∞. (3.62)
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Proof of part (b). Using successively inequalities of Holder, Markov, Jensen and then
Minkowski, we obtain for any ε > 0 and any p and q such that 1/p+ 1/q = 1

E[ξ2
T,i(x)I{|ξT,i(x)|>ε}] ≤ (E[ξ2q

T,i(x)])1/q(P{|ξT,i(x)| > ε})1/p ≤ ε−2q/pE[|ξT,i(x)|2q]

≤ ε−2q/p

(ThdT )qE
[∫ Ti

Ti−1

∣∣∣∣K (x−Xt

hT

)
− E

[
K
(x−Xt

hT

)
|Gt−δ

]∣∣∣∣2q dt
]

≤ ε−2q/p

(ThdT )q
∫ Ti

Ti−1
E
[
K2q

(x−Xt

hT

)]
dt

= ε−2q/p

(ThdT )q
∫ Ti

Ti−1

∫
R
K2q

(x− y
hT

)
f(y)dydt

= ε−2q/pδ

T qh
d(q−1)
T

∫
R
K2q(z)f(x− hTz)dz.

Consequently, since f is a density, it follows then that

nE[ξ2
T,i(x)I{|ξT,i(x)|>ε}] = ε−2q/p‖K‖2q

∞
(ThdT )q−1 = o(1). (3.63)

Combining the statements (3.62) and (3.63), we obtain

(ThdT )1/2VT (x) D→ N
(
0, σ2(x)

)
, (3.64)

which completes the proof. 2

Proof of Theorem 3.

Define

Z1(x) =
∫ δ

0
K

(
x−Xt

hT

)
dt.

For j = 1, 2, set

r̃T,j(x) = 1
nE(Z1(x))

n∑
i=1

∫ Ti

Ti−1
E
[
Y j−1
t K

(x−Xt

hT

)
|Fi−2

]
dt.
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Since P (‖x−Xt‖ ≤ 0) = 0, integrating by parts and considering hypotheses (H.0)(i)
and (H.1)(i), we obtain

1
hdT

E[Z1(x)] = 1
hdT

E
[∫ δ

0
K
(x−Xt

hT

)
dt

]

= 1
hdT

∫ δ

0
E
[
k
(∥∥∥∥x−Xt

hT

∥∥∥∥)] dt
= 1

hdT

∫ δ

0

∫ λ

0
k(u)dP(‖x−Xt‖ ≤ hTu)

= 1
hdT

∫ δ

0

(
[k(u)P (‖x−Xt‖ ≤ hTu)]λ0

∫ λ

0
k′(u)P (‖x−Xt‖ ≤ hTu) du

)
dt

= c0δf(x)
(
k(λ)λd −

∫ λ

0
udk′(u)du

)
+ o(1)

= d c0δf(x)
(∫ λ

0
ud−1k(u)du

)
+ o(1)

= d c0δf(x)τ0 + o(1) (3.65)

where τ0 =
(∫ λ

0 u
d−1k(u)du

)
. Consider now the following decomposition

QT (x) := (r̂T,2(x)− r̃T,2(x))− r(x)(r̂T,1(x)− r̃T,1(x)) (3.66)

RT (x) := −BT (x)(r̂T,1(x)− r̃T,1(x)) (3.67)

r̂T (x)− r(x) = r̂T (x)− CT (x) +BT (x) = BT (x) + QT (x) +RT (x)
r̂T,1(x) ,(3.68)

where

BT (x) = CT (x)− r(x) := r̃T,2(x)
r̃T,1(x) − r(x)

stands as the conditional bias. Observe that

BT (x) = r̃T,2(x)− r(x)r̃T,1(x)
r̃T,1(x) = B̃T (x)

r̃T,1(x) ,

The assumptions (H.4)(i)-(ii) and the statement (3.61) allow us to write
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B̃T (x) = 1
nE(Z1(x))

n∑
i=1

∫ Ti

Ti−1
E
[
(Yt − r(x))K

(x−Xt

hT

)
|Fi−2

]
dt

= 1
nE(Z1(x))

n∑
i=1

∫ Ti

Ti−1
E
[
E
[
(Yt − r(x))K

(x−Xt

hT

)
|St−δ,δ

]
|Fi−2

]
dt

= 1
nE(Z1(x))

n∑
i=1

∫ Ti

Ti−1
E
[
(r(Xt)− r(x))K

(x−Xt

hT

)
|Fi−2

]
dt

≤ 1
nE(Z1(x)) sup

‖u−x‖≤hT
|r(u)− r(x)|

n∑
i=1

∫ Ti

Ti−1
E
[
k
(∥∥∥∥x−Xt

hT

∥∥∥∥) |Fi−2

]
dt

= 1
ndδc0τ0hdTf(x) sup

‖u−x‖≤hT
|r(u)− r(x)|

n∑
i=1

∫ Ti

Ti−1
dc0τ0h

d
Tft,Ti−2(x)dt

= hβT
δf(x)

(
1
n

n∑
i=1

∫ Ti

Ti−1
ft,Ti−2(x)dt

)
= O

(
hβT
)
. (3.69)

Now we attend to show that

r̃T,1(x) P= 1, as T →∞.

Remark, by the statement (3.61), that

r̃T,1(x) = 1
nE(Z1(x))

n∑
i=1

∫ Ti

Ti−1
E
[
K
(x−Xt

hT

)
|Fi−2

]
dt

= 1
nE(Z1(x))

n∑
i=1

∫ Ti

Ti−1
E
[
k
(∥∥∥∥x−Xt

hT

∥∥∥∥) |Fi−2

]
dt

= 1
ndδc0τ0hdTf(x)

n∑
i=1

∫ Ti

Ti−1

(
dc0τ0h

d
Tft,Ti−2(x) +O

(
hdT
))
dt

= 1
δf(x)

(
1
n

n∑
i=1

∫ Ti

Ti−1
ft,Ti−2(x)dt

)
+O

(
hdT
)

= 1 + o(1). (3.70)

Combining the statements (3.69) and (3.70), we have thus proved that

ThdT )1/2BT (x) = O
(
hβT (ThdT )1/2

)
. (3.71)

We are left with the task of determining the limit of RT (x), according to the
decomposition (3.67), the only point remaining concerns the limiting behaviour of
the term (r̂T,1(x)− r̃T,1(x)).

Consider the next decomposition

r̂T,1(x)− r̃T,1(x) = 1
nE(Z1(x))

n∑
i=1

∫ Ti

Ti−1

(
K
(x−Xt

hT

)
− E

[
K
(x−Xt

hT

)
|Fi−2

])
dt

= 1
nE(Z1(x))

n∑
i=1

χT,i(x).
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where χT,i(x) =
∫ Ti
Ti−1

(
K
(

x−Xt

hT

)
− E

[
K
(

x−Xt

hT

)
|Fi−2

])
dt.

It is easy to check that the sequence of random variables {χT,i(x)} form a triangu-
lar array of martingale differences. By Markov, Burkholder and Jensen inequalities
together with the fact that (a+ b)2 ≤ 2a2 + b2, for any ε > 0, there exists a constant
C0 > 0 such that

P (|r̂T,1(x)− r̃T,1(x)| > ε) = P
(∣∣∣∣∣

n∑
i=1

χT,i(x)
∣∣∣∣∣ > ε (nE(Z1(x)))

)

≤ 1
ε2 (nE(Z1(x)))2E

( n∑
i=1

χT,i(x)
)2


≤ C0

ε2 (nE(Z1(x)))2

n∑
i=1

E
[
χ2
T,i(x)

]
≤ C0

ε2 (nE(Z1(x)))2

n∑
i=1

∫ Ti

Ti−1
E
[(
K
(x−Xt

hT

)

−E
[
K
(x−Xt

hT

)
|Fi−2

])2]
dt

≤ 2C0

ε2 (nE(Z1(x)))2

n∑
i=1

∫ Ti

Ti−1

(
E
[
K2

(x−Xt

hT

))

+E
[(

E
[
K
(x−Xt

hT

)
|Fi−2

])2])
dt

≤ 4C0

ε2 (nE(Z1(x)))2

n∑
i=1

∫ Ti

Ti−1
E
[
K2

(x−Xt

hT

)]
dt

≤ 4C0

ε2 (nE(Z1(x)))2

n∑
i=1

∫ Ti

Ti−1
E
[
k2
(∥∥∥∥x−Xt

hT

∥∥∥∥)] dt.
Let assumptions (H.0)(ii)-(H.1) hold. Then, by the same method as in the statement
(3.65), we obtain

P (|r̂T,1(x)− r̃T,1(x)| > ε)

≤ 4C0

ε2
(
ndc0δτ0hdTf(x)

)2

n∑
i=1

∫ Ti

Ti−1
dc0h

d
Tf(x)dt

(∫ λ

0
vd−1k2(v)dv

)

= 4C0

ε2ThdTdc0τ 2
0 f(x)

(∫ λ

0
vd−1k2(v)dv

)
= O

(
1

ThdT

)
. (3.72)

Combining now the decomposition (3.67) the statements (3.71) and (3.72), it follows
that

(ThdT )1/2RT (x) = O

(
hβT

(ThdT )1/2

)
.
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Using the decomposition (3.68) and the conditions (??)(iii) and (iv), it remains then
to establish the limiting behaviour of the term QT (x). In this respect, note that

(ThdT )1/2QT (x) = (ThdT )1/2(r̂T,2(x)− r̃T,2(x)) + r(x)(r̂T,1(x)− r̃T,1(x))

=
n∑
i=1

(ThdT )1/2

nE[Z1(x)]

∫ Ti

Ti−1

[
(Yt − r(x))K

(
x−Xt

hT

)

−E
[
(Yt − r(x))K

(
x−Xt

hT

)
| Fi−2

]]
dt

:=
n∑
i=1

ξT,i(x).

Observe that ξT,i(x) = ηT,i(x)− E
[
ηT,i(x)

∣∣∣Fi−2
]
where ηT,i(x) = (ThdT )1/2

nE[Z1(x)]
∫ Ti
Ti−1

(Yt −
r(x))K

(
x−Xt

hT

)
dt. As above, (ξT,i(x))1≤i≤n is a sequence of martingale differences

with respect to the sequence of σ−fields (Fi−1)1≤i≤n. Therefore, proceeding similarly
as for the density estimate f̂T , we have to check the following two assertions

(a) ∑n
i=1 E[ξ2

T,i(x)|Fi−2] P→ Σ2(x)
(b) nE[ξ2

T,i(x)I{|ξT,i(x)|>ε}] = o(1) holds, for any ε > 0.

First of all, observe that

∣∣∣∣∣
n∑
i=1

E
[
η2
T,i(x)

∣∣∣Fi−2
]
−

n∑
i=1

E
[
ξ2
T,i(x)

∣∣∣Fi−2
]∣∣∣∣∣ =

∣∣∣∣∣
n∑
i=1

(
E
[
ηT,i(x)

∣∣∣Fi−2
])2
∣∣∣∣∣ .

Note that, for Ti−1 ≤ t ≤ Ti, we have Fi−2 ⊂ St−δ,δ. Therefore, making use of
conditions (H.4)(i) and the statement (3.65), we have

∣∣∣E [ηT,i(x)
∣∣∣Fi−2

]∣∣∣
=

∣∣∣∣∣ (ThdT )1/2

nE[Z1(x)]

∫ Ti

Ti−1
E
[
(Yt − r(x))K

(
x−Xt

hT

) ∣∣∣Fi−2

]
dt

∣∣∣∣∣
=

∣∣∣∣∣ (ThdT )1/2

nE[Z1(x)]

∫ Ti

Ti−1
E
[
E
[
(Yt − r(x))K

(
x−Xt

hT

) ∣∣∣St−δ,δ
] ∣∣∣Fi−2

]
dt

∣∣∣∣∣
=

∣∣∣∣∣ (ThdT )1/2

ndc0τ0δf(x)hdT

∫ Ti

Ti−1
E
[
E
[
(r(Xt)− r(x))K

(
x−Xt

hT

) ∣∣∣St−δ,δ
] ∣∣∣Fi−2

]
dt

∣∣∣∣∣
≤

∣∣∣∣∣ (ThdT )1/2

ndc0τ0δf(x)hdT

∫ Ti

Ti−1
sup

‖x−v‖≤hT
|r(v)− r(x)|E

[
k

(∥∥∥∥∥x−Xt

hT

∥∥∥∥∥
) ∣∣∣Fi−2

]
dt

∣∣∣∣∣ ,
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by conditions (H.4)(ii) we obtain

∣∣∣E [ηT,i(x)
∣∣∣Fi−2

]∣∣∣ ≤ (
1

ThdT

)1/2 1
dc0δτ0f(x) sup

‖x−v‖≤hT
|r(v)− r(x)|

×
∫ Ti

Ti−1

([
k(u)P

(
‖x−Xt‖ ≤ hTu

∣∣∣Fi−2
)]λ

0

−
∫ λ

0
k′(u)P

(
‖x−Xt‖ ≤ hTu

∣∣∣Fi−2
)
du

)
dt

=
(
hdT
T

)1/2
hβT

δτ0f(x)

(∫ Ti

Ti−1
ft,Ti−2(x)dt+ o(1)

)∫ λ

0
ud−1k(u)dudt

=
(
hdT
T

)1/2
hβT

δf(x)

(∫ Ti

Ti−1
ft,Ti−2(x)dt+ o(1)

)
.

Thus, by the statement (3.60), we have

∣∣∣∣∣
n∑
i=1

(
E
[
ηT,i(x)

∣∣∣Fi−2
])2
∣∣∣∣∣ = h2β+d

T

δ3f 2(x)

 1
n

n∑
i=1

(∫ Ti

Ti−1
ft,Ti−2(x)dt

)2
+ o

(
hd+2β
T

)

:= h2β+d
T

δ(δf(x))2
1
δn

n∑
i=1

(
g
Fi−2
i (x)

)2
+ o

(
hd+2β
T

)

= h2β+d
T

δ(δf(x))2E[gF−δ0 (x)] + o
(
hd+2β
T

)
= o

(
hd+2β
T

)
.

The statement (a) follows then provided that

n∑
i=1

E
[
η2
T,i(x)

∣∣∣Fi−2
]
→ Σ2(x).

By Jensen inequality, we obtain

E
[
η2
T,i(x)

∣∣∣Fi−2
]

= ThdT
(nE[Z1(x)])2E

(∫ Ti

Ti−1
(Yt − r(x))K

(x−Xt

hT

)
dt

)2 ∣∣∣Fi−2


≤ ThdT

(nE[Z1(x)])2E
[∫ Ti

Ti−1
(Yt − r(x))2K2

(x−Xt

hT

)
dt
∣∣∣Fi−2

]
,

Using the condition (H.4)(iii) and observing that, for any 1 ≤ i ≤ n and any
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t ∈ [Ti−1, Ti], we have Fi−2 ⊆ St−δ, it follows that

n∑
i=1

E
[
η2
T,i(x)

∣∣∣Fi−2
]

≤ ThdT
(nE[Z1(x)])2

n∑
i=1

∫ Ti

Ti−1
E
[
(Yt − r(x))2K2

(x−Xt

hT

) ∣∣∣Fi−2

]
dt

= ThdT
(nE[Z1(x)])2

n∑
i=1

∫ Ti

Ti−1
E
[
E
[
(Yt − r(x))2

∣∣∣St−δ]K2
(x−Xt

hT

) ∣∣∣Fi−2

]
dt

= ThdT
(nE[Z1(x)])2

n∑
i=1

∫ Ti

Ti−1
E
[
W2(Xt)K2

(x−Xt

hT

) ∣∣∣Fi−2

]
dt

= ThdT
(nE[Z1(x)])2

n∑
i=1

∫ Ti

Ti−1
E
[
(W2(Xt)−W2(x))K2

(x−Xt

hT

) ∣∣∣Fi−2

]
dt

+ ThdT
(nE[Z1(x)])2

n∑
i=1

∫ Ti

Ti−1
E
[
W2(x)K2

(x−Xt

hT

) ∣∣∣Fi−2

]
dt

= IT,1,i(x) + IT,2,i(x). (3.73)

Considering the condition (H.0)(i), it follows that

‖IT,1,i(x)‖ = ThdT
(nE[Z1(x)])2

n∑
i=1

∫ Ti

Ti−1
E
[
(W2(Xt)−W2(x))k2

(∥∥∥∥x−Xt

hT

∥∥∥∥) ∣∣∣Fi−2

]
dt

= ThdT
(nE[Z1(x)])2 sup

‖v−x‖≤hT
|W2(v)−W2(x)|

n∑
i=1

∫ Ti

Ti−1

×
∫
Rd
k2(y)dP

(
‖x−Xt‖ ≤ hTy

∣∣∣Fi−2
)
dt

= ThdT
(ndc0τ0δhdTf(x))2 sup

‖v−x‖≤hT
|W2(v)−W2(x)|

n∑
i=1∫ Ti

Ti−1

([
k2(u)P

(
‖x−Xt‖ ≤ hTu

∣∣∣Fi−2
)]λ

0

−
∫ λ

0

(
k2
)′

(u)P
(
‖x−Xt‖ ≤ hTu

∣∣∣Fi−2
)
du

)
dt

= o(1)
δdc0(τ0f(x))2

∫ λ

0
ud−1k2(u)du

(
1
n

n∑
i=1

∫ Ti

Ti−1
ft,Ti−2(x)dt

)
.

Therefore, proceeding as for the statement (3.61), we obtain

IT,1,i(x) = o(1). (3.74)
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Moreover, we have

IT,2,i(x) = W2(x)
δ(dc0τ0f(x))2

1
nhdT

n∑
i=1

∫ Ti

Ti−1
E
[
K2

(x−Xt

hT

) ∣∣∣Fi−2

]
dt

= W2(x)
δ(dc0τ0f(x))2

1
nhdT

n∑
i=1

∫ Ti

Ti−1

∫ λ

0
k2(u)dP

(
‖x−Xt‖ ≤ hT

∣∣∣Fi−2
)
dt

= W2(x)
δ(dc0τ0f(x))2

1
nhdT

n∑
i=1

∫ Ti

Ti−1

([
k2(u)P

(
‖x−Xt‖ ≤ hTu

∣∣∣Fi−2
)]λ

0

−
∫ λ

0

(
k2
)′

(u)P
(
‖x−Xt‖ ≤ hTu

∣∣∣Fi−2
)
du

)

= W2(x)
δdc0(τ0f(x))2

∫ λ

0
ud−1k2(u)du

(
1
n

n∑
i=1

∫ Ti

Ti−1
ft,Ti−2(x)dt

)
.

Thus, again proceeding as in the statement (3.61) together with a passage to the
limit, it follows that

IT,2,i(x) = W2(x)
dc0τ 2

0 f(x)

∫ λ

0
ud−1k2(u)du, as T →∞. (3.75)

Hence, statements (3.74) and (3.75) give

lim
T→∞

n∑
i=1

E[η2
T,i(x)|Fi−2] ≤ W2(x)

dc0τ 2
0 f(x)

∫ λ

0
ud−1k2(u)du, a.s. (3.76)

Proof (b). Using Hölder, Markov, Jensen and Minkowski’s inequalities, for any ε > 0
and any p and q such that 1/p+ 1/q = 1, we obtain

E[ξ2
T,i(x)I{|ξT,i(x)|>ε}] ≤ (E[ξ2q

T,i(x)])1/q(P{|ξT,i(x)| > ε})1/p ≤ ε−2q/pE[|ξT,i(x)|2q]

≤ (ThdT )qε−2q/p

(nE[Z1(x)])2qE
[∫ Ti

Ti−1

∣∣∣∣(Yt − r(x))K
(x−Xt

hT

)

−E
[
(Yt − r(x))K

(x−Xt

hT

)
|Fi−2

]∣∣∣∣2q dt
]

≤ 22q(ThdT )qε−2q/p

(nE[Z1(x)])2q

∫ Ti

Ti−1
E
[
|Yt − r(x)|2qK2q

(x−Xt

hT

)]
dt

= 22q(ThdT )qε−2q/p

(nE[Z1(x)])2q

∫ Ti

Ti−1
E
[
K2q

(x−Xt

hT

)
E
[
|Yt − r(x)|2q|St−δ

]]
dt

= 22q(ThdT )qε−2q/p

(nE[Z1(x)])2q

∫ Ti

Ti−1
( sup
|u−x|≤hT

|W̄2q(u)− W̄2q(x)|+ W̄2q(x))E
[
k2q

(∥∥∥∥x−Xt

hT

∥∥∥∥)] dt
= 22q(ThdT )qε−2q/p

(dc0nδτ0hdTf(x))2q

∫ Ti

Ti−1
(W̄2q(x) + o(1))

([
k2k(u)P (‖x−Xt‖ ≤ hTu)

]λ
0

−
∫ λ

0
(k2q)′(u)P (‖x−Xt‖ ≤ hTu) du

)
dt

≤ 22qδε−2q/p

(dc0)2q−1τ 2q
0 T qh

d(q−1)
T f 2q−1(x)

(W̄2q(x) + o(1))
∫ λ

0
ud−1k2q(u)du.
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Therefore, assumptions (H.1)(i) and (H.4)(iii) imply that

nE[ξ2
T,i(x)I{|ξT,i(x)|>ε}] = 22qε−2q/p

(dc0)2q−1τ 2q
0 (ThdT )q−1f(x)2q

(W̄2q(x) + o(1))
∫ λ

0
ud−1k2q(u)du

= O
(
(ThT )−(q−1)

)
.

This completes the proof of the part (b). Consequently, we have

(ThT )1/2QT (x) D→ N
(
0,Σ2(x)

)
(3.77)

which completes the proof of Theorem 3. 2

3.4.3 Proof of Theorem 4.

Note first that we have

√
Tad+3

T (ΘT (x)−Θ(x)) = −

√
Tad+3

T

(
h

(0,1)
T (x,ΘT (x))− h̄(0,1)

T (x,ΘT (x))
)

h
(0,2)
T (x,Θ∗T (x))

−

√
Tad+3

T h̄
(0,1)
T (x,ΘT (x))

h
(0,2)
T (x,Θ∗T (x))

(3.78)

The following lemma deals with the asymptotic behaviour of the bias term of the
first derivative when suitably normalized.

Lemma 1. If hypotheses (A.1)(v), (A.3), (A.4)(i)-(iii), (A.6) and (A.8) hold true
and if for any α ≥ 2

hαT (Tad+1
T )1/2 −→ 0, as T →∞, (3.79)

then we have √
Tad+3

T h̄
(0,1)
T (x,Θ(x)) −→ 0, as T →∞. (3.80)

Proof Lemma 1. We have by assumption (A.6)

h̄
(0,1)
T (x,Θ(x)) = 1

Tad+2
T

∫ T

0
E
[
K1

(x−Xt

aT

)
K

(1)
2

(
Θ(x)− Yt

aT

) ∣∣∣Ft−δ
]
dt

= 1
Tad+2

T

∫ T

0
E
[
E
[
K1

(x−X0

aT

)
K

(1)
2

(
Θ(x)− Y0

aT

) ∣∣∣St−δ,δ
] ∣∣∣Ft−δ

]
dt

= 1
Tad+2

T

∫ T

0
E
[
K1

(x−Xt

aT

)
E
[
K

(1)
2

(
Θ(x)− Yt

aT

)
|Xt

] ∣∣∣Ft−δ
]
dt.
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An integration by parts, together with a change of variables, leads to

E
[
K

(1)
2

(
Θ(x)− Yt

aT

)
|Xt

]
=
∫
R
K

(1)
2

(
Θ(x)− z

aT

)
f(z|Xt)dz

= aT

∫
R
K

(1)
2 (v)f(Θ(x)− vaT |Xt)dv

= aT

(
[K2(v)f(Θ(x)− vaT |Xt)]∞−∞ + aT

∫
R
K2(v)f (1)(Θ(x)− vaT |Xt)dv

)
= a2

T

∫
R
K2(v)f (1)(Θ(x)− vaT |Xt)dv

= a2
T

∫
R
K2(v)

(
f (1)(Θ(x)− vaT |Xt)− f (1)(Θ(x)− vaT |x))

)
dv

+a2
T

∫
R
K2(v)f (1)(Θ(x)− vaT |x)dv =: I1 + I2.

By a two-order Taylor expansion of f (1)(Θ(x)− vaT |x) around Θ(x), the fact that
Θ(x) is the conditional mode function, we get

h̄
(0,1)
T (x,Θ(x)) = 1

Tad+2
T

∫ T

0
E
[
K1

(x−Xt

aT

)
I1

∣∣∣Ft−δ] dt
+ 1
TadT

∫ T

0
E
[
K1

(x−Xt

aT

) ∫
R
K2(v)

(
−aTvf (2)(Θ(x)|x)

+a
2
Tv

2

2 f (3)(Θ∗(x)|x)
)
dv
∣∣∣Ft−δ

]
dt,

where Θ∗(x) is between Θ(x) and Θ(x) − vaT . Then, by assumption (A.1)(v), we
have

√
Tad+3

T h̄
(0,1)
T (x,Θ(x)) =

√
Tad+3

T

Tad+2
T

∫ T

0
E
[
K1

(x−Xt

aT

)
I1

∣∣∣Ft−δ] dt
+

√
Tad+3

T

TadT

∫ T

0
E
[
K1

(x−Xt

aT

)(
a2
T

2 f (3)(Θ∗(x)|x)
∫
R
t2K2(t)dt

) ∣∣∣Ft−δ
]
dt

=

√
Tad+3

T

Tad+2
T

∫ T

0
E
[
K1

(x−Xt

aT

)
I1

∣∣∣Ft−δ] dt
+
a2
T

√
Tad+3

T

2 f (3)(Θ∗(x)|x)
(∫
R
v2K2(v)dv

) 1
TadT

∫ T

0
E
[
K1

(x−Xt

aT

) ∣∣∣Ft−δ] dt.
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Under assumptions (A.1)(iv), (A.4)(i) and (A.4)(iii) , we have

1
TadT

∫ T

0
E
[
K1

(x−Xt

aT

) ∣∣∣Ft−δ] dt = 1
TadT

∫ T

0

∫
Rd
K1

(x− z
aT

)
gFt−δ(z)dzdt

≤ 1
T

∫ T

0

∫
Rd
K1(u)

∣∣∣gFt−δ(x− aTu)− gFt−δ(x)
∣∣∣ dudt

+ 1
T

∫ T

0
gFt−δ(x)dt

= 1
T

∫ T

0
gFt−δ(x)dt+O(aT )

= g(x) + o(1) +O(aT ). (3.81)

By the statement (3.81) combined with conditions (A.3), one obtains

√
Tad+3

T h̄
(0,1)
T (x,Θ(x)) =

√
Tad+3

T

Tad+2
T

∫ T

0
E
[
K1

(x−Xt

aT

)
I1

∣∣∣Ft−δ] dt
+O

(
a2
T

√
Tad+1

T

)
+O

(
a3
T

√
Tad+1

T

)
.

On the other hand, by assumptions (A.3) and (A.8) together with the equation
(3.81), we have∣∣∣∣∣ 1

Tad+2
T

∫ T

0
E
[
K1

(x−Xs

aT

)
I1

∣∣∣Fs−δ] ds
∣∣∣∣∣

≤ 1
Tad+2

T

∫ T

0
E
[
K1

(x−Xs

aT

)
|I1|

∣∣∣Fs−δ] ds
≤ 1

TadT

∫ T

0
E
[
K1

(x−Xs

aT

) ∫
R
K2(t)

∣∣∣f (1)(Θ(x)− TaT |Xs)

−f (1)(Θ(x)− TaT |x))
∣∣∣ dt∣∣∣Fs−δ] ds

≤ Cx

TadT

∫ T

0
E
[
K1

(x−Xs

aT

) ∫
R
K2(t) ‖Xs − x‖β dt

∣∣∣Fs−δ] ds
≤ Cxh

β
T

(
1

TadT

∫ T

0
E
[
K1

(x−Xs

aT

) ∣∣∣Fs−δ] ds
)

= Cxa
β
T (g(x) + o(1) +O(aT )) .

Hence, √
Tad+3

T h̄
(0,1)
T (x,Θ(x)) = O

(
aβ+1
T

√
Tad+1

T

)
+O

(
a3
T

√
Tad+1

T

)
.

By the condition (3.79), it follows that√
Tad+3

T f̄
(0,1)
T (x,Θ(x)) = o(1), a.s. (3.82)

2
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Lemma 2. Under assumptions (A.1)(ii2), (A.1)(iv)-(v), (A.2), (A.3), (A.4)(i)-(iii),
(A.6) and (A.8), for any x ∈ Rd, we have

h
(0,2)
T (x,Θ∗T (x)) P−→ h(0,2)(x,ΘT (x)), as T →∞. (3.83)

Proof Lemma 2. Set

h̄
(0,2)
T (x, y) = 1

Tad+3
T

∫ T

0
E
[
K1

(x−X0

aT

)
K

(2)
2

(
y − Y0

aT

) ∣∣∣Ft−δ] dt
and write

h
(0,2)
T (x, y) = h

(0,2)
T (x, y)− h̄(0,2)

T (x, y) + h̄
(0,2)
T (x, y).

Proceeding as in Lemma 1, under the assumption (A.6)(ii), we have

h̄
(0,2)
T (x, y) = 1

Tad+3
T

∫ T

0
E
[
K1

(x−Xt

aT

)
E
[
K

(2)
2

(
y − Yt
aT

) ∣∣∣St−δ,δ] ∣∣∣Ft−δ] dt
= 1

Tad+3
T

∫ T

0
E
[
K1

(x−Xt

aT

)
E
[
K

(2)
2

(
y − Yt
aT

)
|Xt

] ∣∣∣Ft−δ] dt.
Recall that

h(0,2)(x, y) = g(x)f (2)(y|x).

An integration by parts two times together with a change of variables lead to

E
[
K

(2)
2

(
y − Yt
aT

)
|Xt

]
=

∣∣∣∣a3
T

∫
R
K2(v)f (2)(y − aTv|Xt)dv

∣∣∣∣
= a3

T

∫
R
K2(v)

(
f (2)(y − aTv|Xt)− f (2)(y − aTv|x)

)
dv

+a3
T

∫
R
K2(v)f (2)(y − aTv|x)dv,

Under assumptions (A.1)(iv) (A.4)(i) and (A.4)(iii), we get
1

TadT

∫ T

0
E
[
K1

(x−Xt

aT

) ∣∣∣Ft−δ] dt = 1
TadT

∫ T

0

∫
Rd
K1

(x− z
aT

)
g
Ft−δ
t (z)dzdt

= 1
T

∫ T

0

∫
Rd
K1(u)

∣∣∣gFt−δt (x− aTu)− gFt−δt (x)
∣∣∣ dudt

+ 1
T

∫ T

0
g
Ft−δ
t (x)dt

= 1
T

∫ T

0
g
Ft−δ
t (x)dt+O(aT )

= g(x) + o(1) +O(aT ). (3.84)

Here and after , we suppose that Xt ∈ B(x, aT ), by assumptions (A.4)(i) and (A.8)
and equation (3.84) we have∣∣∣∣∣ 1

TadT

∫ T

0
E
[
K1

(x−X0

aT

) (
f (2)(y − aTv|X0)− f (2)(y − aTv|x)

) ∣∣∣Ft−δ] dv
∣∣∣∣∣

≤ aβT
1

TadT

∫ T

0
E
[
K1

(x−Xt

aT

) ∣∣∣Ft−δ] dv = aβT (g(x) + o(1)) . (3.85)
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On the other hand, by a first-order Taylor expansion of f (2)(y − aTv|x) around y,
we obtain by equation (3.84) with conditions (A.1)(v)

1
TadT

∫ T

0
E
[
K1

(x−Xt

aT

) ∣∣∣Ft−δ] dt ∫
R
K2(v)f (2)(y − aTv|x)dv

= (g(x) + o(1))
∫
R
K2(v)

(
f (2)(y|x)− aTvf (3)(y∗|x)

)
dv

= g(x)f (2)(y|x) + o(1)

= h(0,2)(x, y) + o(1). (3.86)

where y∗ is between y and y − aTv. Gathering statements (3.85) and (3.86) with
assumption (A.3) we obtain

h̄
(0,2)
T (x, y) = h(0,2)(x, y) + o(1) +O(aβ+1

T ) +O(aβ+1
T ).

Hence
sup
y∈G

∣∣∣h̄(0,2)
T (x, y)− h(0,2)(x, y)

∣∣∣ = o(1), a.s. (3.87)

Now we deal with the variance term expressed in the case of f (0,2)
T (x, y) (the proof

is similar for fT (x, y), Lemma 3.5). Consider a cover of a compact set C of R by a
finite number of intervals Ck = [yk − hηT , yk + hηT ] , k = 1, · · · , lT where µ > 4, Since
is a compact there exists M > 0 such that lT ≤Ma−µT .
Clearly, we have

sup
y∈G

∣∣∣h(0,2)
T (x, y)− h̄(0,2)

T (x, y)
∣∣∣ ≤ max

1≤k≤lT
sup
y∈Ck

∣∣∣h(0,2)
T (x, y)− h(0,2)

T (x, yk)
∣∣∣

+ max
1≤k≤lT

∣∣∣h(0,2)
T (x, yk)− h̄(0,2)

T (x, yk)
∣∣∣

+ max
1≤k≤lT

sup
y∈Ck

∣∣∣h̄(0,2)
T (x, yk)− h̄(0,2)

T (x, y)
∣∣∣

= J1 + J2 + J3. (3.88)

Notice that J1 and J3 may be treated using the same arguments. Undertaking the
first term and making use of the assumption (A.2)(ii), it follows that

J1 ≤
1

Tad+3
T

∫ T

0
max

1≤k≤lT
sup
y∈Ck

K1

(x−Xt

aT

) ∣∣∣∣K(2)
2

(
y − Yt
aT

)
−K(2)

2

(
yk − Yt
aT

)∣∣∣∣ dt
≤ CK

Tad+3
T

∫ T

0
max

1≤k≤lT
sup
y∈Ck

K1

(x−Xt

aT

) ∣∣∣∣y − ykaT

∣∣∣∣ dt
≤ CKa

µ
T

a4
T

(
1

TadT

∫ T

0
K1

(x−Xt

aT

)
dt

)
= CKa

µ−4
T gT (x).

By Lemma 3.3 and conditions (A.3), we have

J1 = CKa
µ−4
T (g(x) + o(1)) = o(1), a.s. (3.89)
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Considering the term J2, observe first that

J2 ≤
1

Tad+3
T

∫ T

0
max

1≤k≤lT

∣∣∣∣K1

(x−Xt

aT

)
K

(2)
2

(
y − Yt
aT

)

−E
[
K1

(x−Xt

aT

)
K

(2)
2

(
yk − Yt
aT

) ∣∣∣Ft−δ]∣∣∣∣ dt
= 1

Tad+3
T

max
1≤k≤lT

n∑
j=1

ΨT,j(x, yk),

with

ΨT,j(x, yk) =
∫ Tj

Tj−1

∣∣∣∣K1

(x−Xt

aT

)
K

(2)
2

(
y − Yt
aT

)
− E

[
K1

(x−Xt

aT

)
K

(2)
2

(
yk − Yt
aT

) ∣∣∣Ft−δ]∣∣∣∣ dt.
By simple calculations, we have

|ΨT,j(x, yk)| ≤ 2δK̃2,

where K̃ = max{ sup
r∈Rd

K1(r), sup
s∈R

K2(s)}. It follows then, by Lemma 3.2, that for ε > 0

P

{
max

1≤k≤lT

∣∣∣∣∣
n∑
i=1

ΨT,j(x, yk)
∣∣∣∣∣ > ε(Tad+3

T )
}
≤

lT∑
k=1

P

{∣∣∣∣∣
n∑
i=1

ΨT,j(x, yk)
∣∣∣∣∣ > ε(Tad+3

T )
}

≤ 2lT exp

−T 2a
2(d+3)
T ε2

8nδ2K̃4


≤ 2Ma−µT exp

−Ta
2(d+3)
T ε2

8δK̃4

 .
Consequently, under the condition (3.6)(iii), we have

P {J2 > ε} ≤ 2Ma−µT T
−
ε2Ta2(d+3)

T

8δK̃4 logT = 2Ma−µT

(
T−

Tad+1
T

logT

) ε2ad+5
T

8δK̃4

. (3.90)

The right-hand side of equation (3.90) is the general term of a convergent series.
Therefore by Borel-Cantelli’s Lemma we obtain

J2 = o(1), a.s. (3.91)

Finally, observe that

J3 ≤
1

Tad+3
T

∫ T

0
max

1≤k≤lT
sup
y∈Ck

E
[
K1

(x−Xt

aT

) ∣∣∣∣K(2)
2

(
y − Yt
aT

)
−K(2)

2

(
yk − Yt
aT

)∣∣∣∣ ∣∣∣Ft−δ] dt
≤ CK

a3
T

max
1≤k≤lT

sup
y∈Ck

∣∣∣∣y − ykaT

∣∣∣∣
(

1
TadT

∫ T

0
E
[
K1

(x−Xt

aT

) ∣∣∣Ft−δ] dt
)

≤ CKa
µ−4
T ḡT (x),
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Using the statement (3.15), it follows that

J3 = CKa
µ−4
T (g(x) + o(1)) = o(1), a.s. (3.92)

Combining now the statements (3.87), (3.89), (3.91) and (3.92), we conclude the
proof of the lemma. �

We will now prove the asymptotic normality of

h
(0,1)
T (x,Θ(x))− h̄(0,1)

T (x,Θ(x)) = 1
Tad+2

T

∫ T

0
Zt(x,Θ(x))dt,

after a suitable normalization, where Zt(x, y) = K1,tK
(1)
2,t − E[K1,tK

(1)
2,t |Ft−δ]

K1,t = K1
(

x−Xt

aT

)
, and K

(1)
2,t = K

(1)
2

(
y−Yt
aT

)
.

Set

RT (x, y) =

√
Tad+3

T

Tad+2
T

∫ T

0
Zt(x, y)dt =

n∑
k=1

ZT,k

with {ZT,k} =
{√

Tad+3
T

Tad+2
T

∫ Tk
Tk−1

Zt(x, y)dt
}

is a triangular array of martingale diffe-
rences with respect to the σ−field Fk−2. This allows us to apply the central limit
theorem for discrete-time arrays of real-valued martingales, to establish the asymp-
totic normality of RT (x, y). This can be done by establishing the following assertions

(i) ∑n
k=1 E

[
Z2
T,k|Fk−2

] P−→ V (x, y).

(ii) nE
[
Z2
T,kI{|ZT,k|>ε}

]
= o(1) holds for any ε > 0 (Lindberg condition).

Under the condition (A.6), we have

E
[
K1,tK

(1)
2,t |Ft−δ

]
= E

[
E
[
K1,tK

(1)
2,t

∣∣∣St−δ,δ] ∣∣∣Ft−δ]
= E

[
K1

(x−Xt

aT

)
E
[
K

(1)
2

(
y − Yt
aT

) ∣∣∣Xt

] ∣∣∣Ft−δ] ,
An integration by parts, together with a change of variables, leads to

E
[
K

(1)
2

(
y − Yt
aT

) ∣∣∣Xt

]
=

∫
R
K

(1)
2

(
y − u
aT

)
f(u|Xt)du

= a2
T

∫
R
K2(v)f (1)(y − aTv|Xt)dv

= a2
T

∫
R
K2(v)[f (1)(y − aTv|Xt)− f (1)(y − aTv|x)]dv

+a2
T

∫
R
K2(v)f (1)(y − aTv|x)dv. (3.93)

Using the same idea as for equations (3.84), (3.85) and (3.86), we obtain

E
[
K1,tK

(1)
2,t |Ft−δ

]
= O(ad+2

T ). (3.94)
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Therefore,
n∑
k=1

E
[
Z2
T,k|Fk−2

]
= 1

Tad+1
T

n∑
k=1

E

(∫ Tk

Tk−1
Ztdt

)2 ∣∣∣Fk−2


≤ 1

Tad+1
T

n∑
k=1

∫ Tk

Tk−1
E
[
Z2
t

∣∣∣Fk−2
]
dt

= WT (x, y). (3.95)

Now, we are in position to establish the following lemma.

Lemma 3. If assumptions (A.1)(v), (A.3), (A.4)(i)-(ii) and (A.8) are fulfilled, then

(i) lim
T→∞

WT (x, y) = V (x, y),

(ii) nE
[
Z2
T,kI{|ZT,k|>ε}

]
= o(1) holds for any ε > 0 (Lindberg condition).

where V (x, y) = h(x, y)
∫
Rd+1 [K1(r)K(1)

2 (s)]2drds.

Proof Lemma 3 Part (i) We have

WT (x, y) = 1
Tad+1

T

n∑
k=1

∫ Tk

Tk−1
E
[
Z2
t

∣∣∣Fk−2
]
dt

= 1
Tad+1

T

n∑
k=1

∫ Tk

Tk−1
E
[(
K1,tK

(1)
2,t − E

[
K1,tK

(1)
2,t |Ft−δ

])2 ∣∣∣Fk−2

]
dt

= 1
Tad+1

T

n∑
k=1

∫ Tk

Tk−1
E
[(
K1,tK

(1)
2,t

)2
− 2K1,tK

(1)
2,t E

[
K1,tK

(1)
2,t |Ft−δ

]
+
(
E
[
K1,tK

(1)
2,t |Ft−δ

])2 ∣∣∣Fk−2

]
dt.

Using the same idea as in the statement (3.94), we obtain

E
[
K1,tK

(1)
2,t |Fk−2

]
= O(ad+2

T ). (3.96)

Combining equations (3.94) and (3.96), we have

WT (x, y) = 1
Tad+1

T

n∑
k=1

∫ Tk

Tk−1
E
[(
K1,tK

(1)
2,t

)2 ∣∣∣Fk−2

]
dt+O(ad+3

T ).

By a one-order Taylor expansions of h(x−aT r, y−aT s) around (x, y), together with
assumption (A.4)(i), we obtain

1
Tad+1

T

n∑
k=1

∫ Tk

Tk−1
E
[(
K1,tK

(1)
2,t

)2 ∣∣∣Fk−2

]
dt

= 1
Tad+1

T

n∑
k=1

∫ Tk

Tk−1

∫
Rd+1

K2
1

(x− u
aT

)(
K

(1)
2

(
y − v
aT

))2
h
Fk−2
t (u, v)dudvdt

= 1
T

n∑
k=1

∫ Tk

Tk−1

∫
Rd+1

[K1(r)K(1)
2 (s)]2hFk−2

t (x− aT r, y − aT s)drdsdt

= 1
T

n∑
k=1

∫ Tk

Tk−1

(
h
Fk−2
t (x, y) +O(aT )

)
dt
∫
Rd+1

[K1(r)K(1)
2 (s)]2drds. (3.97)
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The stationarity ane ergodicity of the process (X, Y ) together with the linearity of
the integral implies that the process

{∫ Tk
Tk−1

h
Fk−2
t (x, y)dt

}
1≤k≤n

is stationary and er-
godic (see Delecroix (1987)[45]). Then we have by the ergodic theorem for stationary
processes (see Krengel (1985)[77], Theorem 4.4, p. 26).

lim
n→∞

n∑
k=1

∫ Tk

Tk−1
h
Fk−2
t (x, y)dt = E

[∫ T1

T0
h
F−1
t (x, y)dt

]
= δh(x, y). (3.98)

We conclude from equations (3.97) and (3.98) we obtain

lim
T→∞

WT (x, y) = h(x, y)
∫
Rd+1

[K1(r)K(1)
2 (s)]2drds. (3.99)

Part (iii). Using successively inequalities of Holder, Markov, Jensen and then Min-
kowski, for any ε > 0, any p and q such that 1/p+ 1/q = 1, we obtain

E[Z2
T,kI{|ZT,k|>ε}] ≤ (E[Z2q

T,i(x)])1/q(P{|ZT,i(x)| > ε})1/p ≤ ε−2q/pE[|ZT,i(x)|2q]

≤ ε−2q/p

(TadT )qE
[∫ Tk

Tk−1

∣∣∣K1,tK
(1)
2,t − E[K1,tK

(1)
2,t |Ft−δ]

∣∣∣2q dt]

≤ (2ε)−2q/p

(Tad+1
T )q

∫ Tk

Tk−1
E
[
K2q

1

(x−Xt

aT

)(
K

(1)
2,t

(
y − Yt
aT

))2q]
dt

= (2ε)−2q/p

(Tad+1
T )q

∫ Tk

Tk−1

∫
Rd+1

K2q
1

(x− v
aT

)(
K

(1)
2,t

(
y − u
aT

))2q
f(u, v)dudvdt

= (2ε)−2q/pδ

T qa
(d+1)(q−1)
T

∫
Rd+1

K2q
1 (z)

(
K

(1)
2,t (w)

)2q
f(x− aTz, y − aTw)dzdw.

Consequently, since the integral
∫
Rd+1 f(x− aTz, y− aTw)dzdw can not exceed 1, it

follows from assumption (A.1)(i) that

nE[Z2
T,i(x)I{|ZT,i(x)|>ε}] = ε−2q/p‖K1‖2q

∞‖K
(1)
2 ‖2q

∞
(TadT )q−1 = o(1). (3.100)

the proof of the lemma is completed.
We conclude from (3.95) and (3.99) that

n∑
k=1

E
[
Z2
T,k | Fk−2

]
= Σ2(x,Θ(x)) ≤ h(x, y)

∫
Rd+1

[k1(r)K(1)
2 (s)]2drds. (3.101)
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Proof Theorem 4.
By Lemma 2, we have h(0,2)

T (x,Θ∗T (x)) P→ h
(0,2)
T (x,Θ(x)). Consequently, by Lemma

1, it follows that the last term of the right-hand side of Equation (3.78) goes to zero
as T goes to infinity. It suffices then to combine the statements (3.101)and (3.100)
to conclude the proof√

Tad+3
T (ΘT (x)−Θ(x)) D→ N (0,Σ2(x,Θ(x)). (3.102)

�
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