N
N

N

HAL

open science

Quelques propriétés asymptotiques en estimation non

paramétrique de fonctionnelles de processus

stationnaires en temps continu
Sultana Didi

» To cite this version:

Sultana Didi. Quelques propriétés asymptotiques en estimation non paramétrique de fonctionnelles
de processus stationnaires en temps continu. Statistiques [math.ST]. Université Pierre et Marie Curie

- Paris VI, 2014. Francais. NNT: 2014PA066191 . tel-01081619

HAL Id: tel-01081619
https://theses.hal.science/tel-01081619

Submitted on 10 Nov 2014

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-01081619
https://hal.archives-ouvertes.fr

Ecole Doctorale Paris Centre

THESE DE DOCTORAT
Discipline : Statistiques

présentée par

Sultana DIDI

Quelques propriétés asymptotiques en
estimation non paramétrique de
fonctionnelles de processus stationnaires
en temps continu.

dirigée par Djamal LOUANI

Soutenue le 15 septembre 2014 devant le jury composé de :

M. Paul DEHEVEULS Paris 6 président

M Gérard BIAU Paris 6 examinateur
Mme. Sophie DABO-NIANG Lille 3 examinateur
M Jérome SARACCO Bordeaux 1 rapporteur
M. Djamal LOUANI Paris 6 directeur

Mme. Céline VIAL Polytech Lyon rapporteur



Institut de Mathématiques de Jus- Ecole doctorale Paris centre Case
sieu 188
175, rue du chevaleret 4 place Jussieu

75 013 Paris 75 252 Paris cedex 05



Au nom de Dieu, le Miséricordieuz, le Clément.

Dis : " Oui, ma priére, mes actes de dévotion, ma vie
et ma mort appartiennent a Dieu, le Seigneur des
mondes ; Il n’a pas d’associé ! C’est cela qui m’a été
ordonné, et je suis le premier de ceur qui se sont
soumis (muslimin)"

Le Bétail - Al-An’am.

Cette thése est dédiée a Maman et
Grand Pére,

ceux qui révaient de me voir obtenir
mon doctorat et ne pouvaient pas
terminer le long chemin avec moi.

Que Dieu ait vos ames en paiz.



4

Résumé

Les travaux de cette these portent sur les problemes d’estimation non paramé-
trique des fonctions de densité, de régression et du mode conditionnel associés a des
processus stationnaires a temps continu. La motivation essentielle est d’établir des
propriétés asymptotiques tout en considérant un cadre de dépendance des données

assez général qui puisse étre facilement utilisé en pratique.

Cette contribution se compose de quatre parties. La premiére partie est consa-
crée a I’état de 'art relatif a la problématique qui situe bien notre contribution dans

la littérature.

Dans le deuxieme partie, nous nous intéressons a l'estimation, par la méthode
du noyau, de la densité pour laquelle nous établissons des résultats de convergence
presque siire, ponctuelle et uniforme, avec des vitesses de convergence. Dans les par-

ties suivantes, les données sont supposées stationnaires et ergodiques.

Dans la troisieme partie, des propriétés asymptotiques similaires sont établies

pour 'estimation a noyau de la fonction de régression.

Dans le méme esprit, nous étudions dans la quatrieme partie, I’estimation a
noyau de la fonction mode conditionnel pour lequel nous établissons des propriétés
de consistance avec des vitesses de convergence. L’estimateur proposé ici se posi-
tionne comme une alternative a celui de la fonction de régression dans les problémes

de prévision.

Mots-clefs : Estimation non-paramétrique, estimateur a noyau, consistance,
convergence presque sire et uniforme, ergodicité, stationarité, temps continu, den-

sité, régression, mode conditionnel, vitesse de convergence.



Abstract

The work of this thesis focuses upon some nonparametric estimation problems.
More precisely, considering kernel estimators of the density, the regression and the
conditional mode functions associated to a stationary continuous-time process, we
aim at establishing some asymptotic properties while taking a sufficiently general

dependency framework for the data as to be easily used in practice.

The present manuscript includes four parts. The first one gives the state of the art
related to the field of our concern and identifies well our contribution as compared

to the existing results in the literature.

In the second part, we focus on the kernel density estimation. In a rather general
dependency setting, where we use a martingale difference device and a technique
based on a sequence of projections on o-fields, we establish the almost sure point-

wise and uniform consistencies with rates of our estimate.

In the third part, similar asymptotic properties are established for the kernel esti-
mator of the regression function. Here and below, the processes are assumed to be

ergodic

In the same spirit, we study in the fourth part, the kernel estimate of conditional
mode function for which we establish consistency properties with rates of conver-
gence. The proposed estimator may be viewed as an alternative in the prediction

issues to the usual regression function.

Keywords : Non-parametric estimation, kernel estimator, consistency, uniform
convergence, ergodicity, stationarity, continuous time, density function, regression

function, conditional mode, rate of convergence.
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Introduction

L’estimation statistique est un domaine tres important de la statistique mathé-
matique qui développe des techniques pour décrire certaines caractéristiques d’en-
sembles d’observations. On pourra distinguer deux composantes principales, a savoir,
I’estimation paramétrique et ’estimation non paramétrique. Dans le cadre de 1'es-
timation non-paramétrique, on est intéressé, essentiellement, par I’estimation d’une
fonction inconnue appartenant a une certaine classe de fonctions. Notons que I'ap-
proche non-paramétrique est basée sur un procédé indépendant de la loi du pro-
cessus observé. Dans ce contexte général, la procédure d’estimation ne se restreint
pas, comme dans 'estimation paramétrique, a ’estimation d’un nombre fini de pa-
rametres liés a la loi de ’échantillon. De ce fait, I’estimation non-paramétrique offre
une tres grande flexibilité de modélisation pour les applications réelles. Parmi les pro-
blemes importants de la statistique mathématique, ’estimation de caractéristiques
fonctionnelles associées a la loi des observations occupe une place prépondérante.
A cet effet, de nombreux travaux ont été consacrés a Destimation de fonctionnelles
comme la fonction de densité et la fonction de régression.

Les contributions a ’étude des parametres fonctionnels ont beaucoup enrichi la
littérature ces derniéres décennies. Nous citons a titre d’exemples les travaux de Ro-
senblatt (1956)[114], Parzen (1962)[107], Nadaraya (1965)[100], Watson (1964)[126],
Banon (1978)[6] ainsi que celui de Castellana- Leadbetter (1986)[26], présentant une
condition portant sur les densités jointes et marginales d’un processus strictement
stationnaire et utilisée pour atteindre des vitesses suroptimal dans le cas d’un pro-
cessus a temps continu (voir Bosq (1997)[15]). L’estimation non paramétrique des
fonctions de la densité, de la régression et des argmax (fonction mode pour la den-
sité et mode conditionnel pour la densité conditionnelle) constitue un sujet qui a
suscité une intense activité de recherche et permis I'introduction de nombreux outils
et méthodes considérant des contextes multiples et variés.

Le présent manuscrit est composé de quatre chapitres présentant des résultats

de recherche originaux portant sur I’estimation non-paramétrique de fonctionnnelles
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associées a des processus a temps continu, chacun éclairant un aspect particulier de
ce contexte général. Nous abordons des problémes en rapport avec ’estimation de la
fonction de densité, de la fonction de régression et de la fonction mode conditionnel.

Le chapitre introductif rappellera les principaux concepts ainsi que les propriétés
les plus importantes qui nous permettent de mieux décrire les problemes traités en
situant au fur et a mesure les travaux antérieurs. Ensuite, nous présenterons brie-
vement les nouveaux résultats obtenus dans cette these. Pour étre plus précis, nous
avons caractérisé le comportement asymptotique, sous des hypotheses appropriées,
relatif a la consistance avec des vitesse de convergence, pour des estimateurs a noyau
construits a partir de 'observation d’une partie d'un processus stationnaire a temps
continu défini dans un cadre de dépendance assez général.

Dans le chapitre 1, nous nous intéressons a la question de ’estimation de la fonc-
tion de densité d'un processus stationnaire a temps continu. Sous des conditions de
dépendance assez générales, nous établissons les convergences presque stires, ponc-
tuelles et uniformes avec des vitesses de convergence de I'estimateur a noyau de la
densité du processus.

L’objet du chapitre 2, est d’étudier le modele de régression d’un processus réel
(Y:)i>0 sur un processus vectoriel (X;)i>o, tous les deux considérés comme sta-
tionnaires et ergodiques. En utilisant une version adaptée de I’estimateur a noyau
de Nadaraya-Watson au cas du temps continu, nous établissons les convergences
presque stres, ponctuelles et uniformes avec des vitesses de convergence de cet esti-
mateur. Les résultats sont, ensuite, appliqués a la prévision des séries temporelles.

Dans le dernier chapitre, nous étudions le mode conditionnel et nous établissons
la consistance presque siire, ponctuelle et uniforme, avec vitesse de convergence de
I'estimateur a noyau proposé. Dans toute la suite de ce travail, nous supposons que
le processus observé n’est pas assujetti a aucune hypothese permettant d’utiliser des
méthodes paramétriques.

La prise en compte de structure de dépendance pour I’estimation de parametres
rend le cadre de travail plus proche de ce qui est observé dans la réalité. L’étude des
propriétés relatives aux processus a temps continu ne peut étre envisagée en dehors
d’une structure de dépendance des données. Les conditions de mélange sont les plus
utilisées, a travers la littérature, dans I’analyse des propriétés de ce type de proces-
sus. Pour de nombreux processus bien connus, les propriétés de mélange ont déja été
établies. Cependant, la structure de dépendance de multiple processus utiles reste
un probléme ouvert. A titre d’exemple, Ibragimov et Linnik (1971)[74], Chernick

(1981)[31] et Andrews (1984)[2] ont montré que dans certains cas le processus auto-



Introduction 11

régressif linéaire du premier ordre en temps discret n’est pas fortement mélangeant.
En particulier, le processus stationnaire (X;);cz vérifiantle modele AR(1) défini par
X = 0Xy_1 + €, ou les (€)ez est une suite d’innovation de Bernoulli i.i.d, n’est
pas fortement mélangeant. Toutefois, I’ergodicité est conservée en prenant des fonc-
tions mesurables d'un processus ergodique. Si (g;);ez est un processus strictement
stationnaire et ergodique, Y; = 9((...,&1_1,&¢), (€1, €442, - . .)) pour une certaine fonc-
tion borélienne 9J(-), alors (Y;);ez est également ergodique; voir Proposition 2.10 a
la page 54 de Bradley (2007)[24]. Comme le processus autorégressif, ci-dessus, peut
étre représenté comme une fonction linéaire des g;, il s’ensuit alors qu’il est aussi
ergodique. Nous construisons maintenant un autre exemple de processus ergodique
non mélangeant et cette fois-ci en temps continu. Il est bien connu que le mouvement
brownien fractionnaire (W;t > 0) de parametre de Hurst H € (0,1) admet des
incréments strictement stationnaires. Par ailleurs, le bruit gaussien fractionnaire,
défini pour tout s > 0 par (G{?)i>0 = (WH, — W/)i>0, est un processus centré stric-
tement stationnaire a longue mémoire lorsque H € (%, 1) (voir, par exemple, Beran
(1994)[11] p. 55, Lu (2009)[93] p. 17). De ce fait, il contrevient alors a la condition
de mélange fort. Pour un processus réel gaussien strictement stationnaire et centré
(Gt)t>0, considérons la fonction de corrélation R(t) = E[GoGy]. En se reportant au
travail de Maslowski et Pospisil (2008)[96], Lemme 4.2, il ressort que le processus
(Gy)i>0 est ergodique lorsque tlggo R(t) = 0. Un calcul facile permet alors de voir que
le processus (G );>o vérifie bien cette condition.

Par ailleurs, il est bien connu que les conditions de mélange sont difficiles a vé-
rifier en pratique. Il est donc préférable de définir un cadre de travail général en
considérant des processus satisfaisant des conditions d’ergodicité qui incluent a la
fois des processus mélangeants et non-mélangeants. Il est bien connu que l'ergodi-
cité est satisfaite par les processus mélangeants et elle est, en outre, plus facile a
vérifier en pratique (Krengel (1985)[77], p. 24, Ash et Gardner (1975)[3], p. 120). La
difficulté principale de 'ergodicité est qu’elle ne nous permet pas, sans conditions
supplémentaires, d’obtenir des vitesses de convergence (Krengel (1985)[77]). Notre
objectif est de construire un carde de travail relatif a I’estimation non paramétrique
de fonctionnelles, d’un processus a temps continu, vérifiant une condition d’ergo-
dicité et d’établir des résultats de consistances ponctuelles et uniformes, avec des
vitesses de convergence des différents estimateurs.

Dans la suite de cette introduction, nous donnerons successivement :

— une introduction a l’estimation non-paramétrique ;

— une introduction a la théorie ergodique ;
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— un plan de la these;

0.1 Historique de ’estimation non-paramétrique

L’approche non-paramétrique, permettant de surmonter les restrictions impo-
sées par les méthodes paramétriques sur le modele, est fréquement adoptée par les
statisticiens pour estimer certaines fonctionnelles liées aux données.

Dans la suite, nous introduisons les estimateurs qui seront utilisés dans cette

these.

Estimation de la densité de probabilité

Soit (X;);>1 une suite stationnaire des variables aléatoires. On note P la loi de
probabilité sur R régissant ce processus et f sa densité par rapport a la mesure de
Lebesgue.

La méthode du noyau a d’abord été décrite en 1951 dans un rapport non pu-
blié par Fix et Hodges (voir Silverman and Jones (1989)[123]). Un peu plus tard,
la premiere forme de l'estimateur a noyau était introduite dans les travaux de Ro-
senblatt (1956)[114] et Parzen (1962) [107] qui ont défini une application réelle K
vérifiant la condition [p K(u)du = 1 et connue depuis sous le nom du noyau de

Parzen-Rosenblatt. L’estimateur de Parzen-Rosenblatt est défini, pour tout x € R,

i = o 2K (5.

n =1

par

ou h,, la fenétre de lissage, est un parametre tendant avec une certaine vitesse vers
0 lorsque n tend vers I'infini.

La premiere version de cet estimateur fut donnée par Rosenblatt(1956), en choi-

I—1,4)

5. Il donna l'erreur quadratique moyenne de

sissant le noyau uniforme K =
I’estimateur de la densité pour des observations univariées indépendantes et identi-
quement distribuées. La généralisation de ce résultat fut obtenue par Parzen(1962)
pour une vaste classe de noyaux qui établit aussi la normalité asymptotique. Cal-
coullos (1966)[25] traita le cas multivarié. Résultats de la section 6.3 du Bosq et
Blanke (2008)[21] sont des améliorations de résultats parus dans Bosq (1998)[17].
Concernant la convergence presque stre, ils ont délibérément choisi une condition

de mélange assez fort (nommément une décroissance exponentielle du coefficient)

de présenter des résultats optimales (c’est-a constantes asymptotiques similaires a
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ceux du cas i.i.d.). Pour les conditions de dépendance affaiblis, le lecteur intéressé
pourra se référer aux ouvrages suivants (et les références qui y sont) : Liebscher
(2001)[82] pour les processus arithmétique fortement mélangeants, Doukhan et Lou-
hichi (2001)[53] pour un nouveau concept de dépendance y compris les processus qui
ne sont pas mélangeants en général. Pour des choix pratiques de h,, dans le cas dé-
pendant, nous renvoyons également a : Hall et al. (1995)[68] ; Hart et Vieu (1990)[72]
et Kim (1997)[76].

Banon (1978)[6], fut le premier & s’intéresser a ’estimation de la densité en temps
continu a partir de l'observation d'une partie (X;)o<;<7 d’un processus stationnaire

(X¢)e>0. S'inspirant du cas discret, la forme de cet estimateur est donnée, pour tout

Frle) = [ K (* ;TXf) .

Les premiers résultats de ’estimation de la fonction de densité pour les processus de

x € R, par

diffusion sont apparus dans Banon (1978)[6] suivie de Banon et Nguyen ((1978)[7],
(1981)[8]) ; Nguyen (1979)[102] et Nguyen et Pham (1980)[103].

Par la suite, Delecroix (1979)[43], étudia la convergence presque stire et la conver-
gence en moyenne quadratique des estimateurs de la densité et de la densité condi-
tionnelle pour des processus strictement stationnaires et fortement mélangeants.
Quelques années plus tard, Castellana et Leadbetter (1986)[26] démontrerent qu'’il
était possible, sous certaines conditions portant sur la densité jointe du processus,
d’atteindre une vitesse de convergence en moyenne quadratique de I'estimateur de la
densité en 771, qu’on appelle vitesse "suroptimale" ou "paramétrique’ puisqu’elle est
identique a la vitesse obtenue usuellement en statistique paramétrique. Ce résultat
historique a par la suite inspiré de nombreux travaux en temps continu. On pourra
se référer par exemple aux ouvrages de Bosq (1998) [20] et Bosq et Blanke (2007)[17]
pour une étude complete des estimateurs a noyau et par projection, et de Kutoyants
(2004)[79] pour l'inférence des processus de diffusion ergodiques, ainsi qu’a leurs
bibliographies respectives. Le cas particulier des ondelettes a également été examiné
par Leblanc (1995)[91]. Enfin, Kutoyants (1995)[78] a prouvé que (1/7) est la vitesse
minimax lorsque les processus de diffusion sont observés. Bosq (1997)[15] et Bosq et
al (1999)[1I8] ont obtenu la normalité asymptotique pour les estimateurs a noyaux
basés sur des échantillons des processus a—mélangeants. Didi & Louani (2013a)[50]
ont obtenu des résultats de convergence presque stire, ponctuelle et uniforme, avec
des vitesses de convergence non paramétrique dans un cadre de convergence assez

général ou des méthodes de preuve basées sur des différences de martingale et des
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projections successives sur une famille de o—algebre emboitées, comparables a celle
définies dans Wu & al (2010)[128] dans le cas discret, ont été utilisées (voir, aussi
Chapitre 1). Wu & al (2010)[128] établit, dans le cas discret, la normalité asympto-
tique ainsi que la consistance avec des vitesses de convergence pour des estimateurs
non paramétriques de la densité et de la fonction de régressioon pour une large
classe de processus linéaires et non-linéaires utilisés dans les series temporelles. Fi-
nalement, le choix de la fenétre de lissage est un probléme qui a suscité beaucoup
d’intérét, Yondjé et al (1994)[132] a proposé une méthode pour sélectionner une
fenétre qui soit asymptotiquement "bonne'. Cette méthode s’inspire des idées de
validation croisée qui ont été proposées dans d’autres problemes d’estimation fonc-
tionnelle, citons par exemple, Marron (1987)[95] pour la densité, Hérdle et Marron
(1985)[71] pour la régression, Sarda et Vieu, (1991)[122] pour la fonction de hasard
et Sarda (1991)[121] pour le cas de la fonction de répartition. Nous pouvons aussi
nous référer aux travaux de Youndé et al (1993a)[131], Youndjé et Wells (2008)[133],
Absava (1999)[1], Chacon et Tenreiro (2012)[28] qui traitent de la méme question.

Estimation de la fonction de régression

Lorsque 'on souhaite décrire I'influence d’une variable quantitative sur un événe-
ment, ou le lien entre une variable explicative X et une variable dite variable réponse
Y, on utilise des modeles dits de régression. Ayant observé X, la valeur moyenne de
Y est donnée par une fonction de régression : c’est cette fonction qui nous renseigne
sur le type de dépendance qu’il y a entre ces deux variables.

Cette fonction de régression est définie pour tout x € R? par :
m(x) = BlI(Y) | X = x],

qui est la moyenne de la distribution conditionnelle de Y sachant X = x.

Soit ((Xy,Y;),t € J) un processus stationnaire mesurable sur R? x R définie sur
un espace de probabilité (€2, .4, P). L’ensemble des indices J peut étre discret IN, ou
continu R™ et soit [ une fonction borélienne réelle dans R tel que E[|I(Yy)]] < oo.
Soient K un noyau positif et h,, une suite de réels positifs. L’estimateur a noyau de
type Nadaraja-Watson m,, de la fonction de régression m, basé sur un échantillon
(X4, Y1), ,(X,,Y,) du couple (X,Y), est défini par

i (%) = = — L
T e K ()

LK (252)
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La méthode du noyau introduite par Rozenblatt (1956)[114] pour estimer la fonc-
tion de densité a été reprise par Nadaraja (1965)[100] et Watson (1964)[126] pour
estimer la fonction de régression. En raison de la forme de l'estimateur a noyau
de la fonction de régression, qui est un rapport, les propriétés de convergence sont
obtenues sous des conditions plus restrictives que pour 'estimateur de la densité.
Notamment, la convergence uniforme n’est obtenue que sur des ensembles bornés.
Cet estimateur a été largement étudié par plusieurs auteurs, nous citons entre autres,
Collomb (1985)[34] qui a donné une condition nécessaire et suffisante pour la conver-
gence, uniforme presque stire, sur un ensemble borné, généralisant ainsi les résultats
antérieurs de Nadaraja (1964,1965)[99],[100], Devroye (1978)[48], Mack et Silver-
man (1982)[94], Gasser et Miiller (1984)[64]. Pour plus de détails sur ce sujet, nous
renvoyons le lecteur au livre de Bosq (1998, Chapitre 3)[17].

L’étude de I'estimation de la régression non paramétrique dans le cadre des don-
nées ergodiques en temps discret a motivé un certain nombre de travaux. Nous nous
référons, entre autres, aux travaux de Delecroix et Rosa (1996), Laib (1999,2005),
Morvai et al. (1996)[47] et Yakowitz et al. (1999)[129] ou certaines propriétés asymp-
totiques sont obtenues. Notons également que la consistance avec vitesse ainsi que
la normalité asymptotique ont été obtenues par Laib et Louani (2010,2011)[88],[89]
pour l'estimateur de régression a partir des données fonctionnelles en temps discret.

L’adaptation de I'estimateur de Nadaraja-Watson ([100]-[126]) en temps continu

a fait sa premiére apparition en 1978, Banon [6],

hr
b B ()

Les vitesses de convergence de I'estimateur a noyau de la fonction de régression

o~

mr(x) =

IO (<) dt

relatif aux processus a temps continu ont été relativement peu étudiées. Pour les
travaux qui ont été I'objet de cette problématique, on se référe ici a Cheze- Payaud
(1994)[32] ainsi que Bosq (1998, chapitre 5)[17] dans les cas dits optimaux et su-
roptimaux. Récemment, Lejeune (2007)[92] a donné des vitesses de convergence de
Ierreur quadratique moyenne du régressogramme (analogue a I’histogramme pour
I'estimation de la régression) en temps continu, citons aussi Bosq et Blanke (2007
Chapitre 7, 2008)[20],[21]. Plus récemment encore, Didi et Louani (2013b)[51] (voir
aussi Chapitre 2) ont obtenu des vitesses non-paramétriques pour les processus sta-
tionnaires ergodiques et ont donné une application a la prévision.

Par ailleurs, les applications pour le modele de la régression ont pris une place im-

portante dans la prévision des séries chronologiques issues de différentes disciplines
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telles que la communication, les systémes de controle, la climatologie, les études
biomédicales ainsi que I’économétrie. Il s’agit donc des domaines de prévision sur
lesquels les premiers résultats furent établis. On peut citer, pour plus de détails sur
ce sujet, Collomb (1983, 1984)[27], [33] et Robinson (1983)[113]. Ces domaines ont
connu des développements continus, citons par exemple, les livres généraux de De-
vroye et al. (1986)[49], Gyorfi et al. (1989)]66], Yoshihara (1994)[134]. Les travaux
de Ramsay et Silverman (2002, 2005)[111],[I12] constituent une collection impor-
tante de méthodes statistiques, en particulier pour la régression. Le livre de Bosq
(2000)[19], aborde le traitement des modeles fonctionnels linéaires, en particulier le

processus autorégressif, on cite aussi Bosq & Blanke (2008)[21].

Estimation du mode conditionnel

Soit (X,Y) un couple de variables aléatoires & valeurs dans R? x R. On suppose
que le couple (X, Y;)i>0 est un processus strictement stationnaire et ergodique,
admettant une densité jointe rx y et que le vecteur aléatoire X admette une densité
marginale gx. Nous pouvons alors définir le mode conditionnel ©(x), supposé unique
sur R, comme étant la valeur maximisant la densité conditionnelle de Y sachant
X =x,

O(x) = argmax f(y | x),

avec
Xy <X7 y)

fly|x)= % ()

Soient (X1,Y7),...,(X,,Y,) un échantillon d’observations du couple (X,Y"). Pour
estimer le mode conditionnel, on se donne deux noyaux de Parzen-Rosenblatt K et

K5 et une fenétre de lissage h,,, et on pose
x=X; —Y;
Lim ( hn ) K (yhn )
—X; :
i—1 K1 (xhn )
Des propriétés de convergence sur des estimateurs de la densité conditionnelle ont été

obtenues entre autres par Bosq ((1971)[12],(1973)[13]), Chahboun (1984)[29] et De-

lecroix (1975)[42]. Pour des reférences plus récentes sur le sujet, on pourra consulter

faly [ x) =

Efromovich (2007)[55]. Dans cet article, 'auteur expose la théorie minimax appli-
quée a la densité conditionnelle. Il montre en outre que ’estimateur par la méthode
des séries orthogonales atteint la vitesse minimax et que ce résultat reste vrai méme
si les variables X et Y sont indépendantes. Hyndman et al (1996)[73] étudie les

propriétés quadratiques de 'estimateur a noyau. L’article propose une variante de
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I'estimateur a noyau qui permet de réduire le biais de I'estimation. Ferraty et al.
(2006)[62] et Laksaci (2007)[80] étudient les propriétés quadratiques d’estimateurs a
noyau de la densité conditionnelle pour des variables fonctionnelles. Les travaux de
Hall et al (2004)][69] et Fan et Yim (2004)[58] représentent des reférences récentes
dans lesquelles sont étudiées les propriétés de certains estimateurs de la densité
conditionnelle.

Un estimateur du mode conditionnel ©(x) est défini comme la v.a. 6,,(x) maxi-

misant un estimateur de la densité conditionnelle f,(- | x) de f(- | x), & savoir,

On(x) = arg rglea]é( fnly | x).

En temps continu, nous considérons 'estimateur de la fonction de densité condition-

nelle suivant

hT(Xay)
X) = ——7,
fT(y ’ ) gT(X)
ou T X Y,
1 X — Xy Yy — t>
R K K dt
TT(X,y) Thglj_l /O ! < hT ) 2 < hT ’
et

1 T x — X
() = 7y [ 80 () e

Ici K et K5 sont deux noyaux et hr est le parametre de lissage. L’estimateur du

mode conditionnel est alors défini par I’expression

Or(x) = argmax fr(y | x).

Le probléeme de I'estimation du mode conditionnel et de la fonction de densité condi-
tionnelle a fait 'objet de beaucoup d’attention dans le passé. Pour les données dé-
pendantes ou indépendantes, Parzen [107](1962) établit la convergence faible et la
normalité asymptotique dans le cas d’observations indépendantes et identiquement
distribuées (i.i.d). Roussas (1969)[118] fut le premier a établir ces propriétés asymp-
totiques pour des données markoviennes, ainsi que la convergence en probabilité.
Youndjé (1993)[130] s’est intéressé a 1’étude de la densité conditionnelle pour des
données indépendantes identiquement distribuées, il a proposé un critere de selec-
tion de la largeur de la fenétre de lissage basé sur la validation croisée. Laksasi et
Yousfate (2002)[90] ont établi, pour un processus markovien stationnaire, la conver-
gence en norme LP pour l'estimateur a noyau de la densité conditionnelle. Comme
application, Rossi(2004)[I15] a utilisé le mode conditionnel dans le domaine des

hautes technologies pour décrire un procédé de dé-pollution biologique. Ainsi, le
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mode conditionnel, par son importance dans le domaine de la prévision non para-
métrique était a l'origine de la motivation de nombreux d’auteurs. Sans prétendre
a l'exhaustivité, citons les travaux de Samanta et Thavasneswaran (1990)[120] qui
ont donné les propriétés de consistance et de normalité asymptotique dans le cadre
i.i.d alors que les conditions de convergence dans le cas de données ¢p—mélangeantes
avaient été établies par Collomb et al. (1987)[35]. Dans le cas des données ergodiques
des résultats sont obtenus par Rosa (1993)[116] et Ould Said (1997)[105], alors que
dans le cas de données a—mélangantes, nous citons Ould Said (1993)[104] et Berli-
net et al (1998)[10]. Enfin, Quintela-Del-Réo et Vieu (1997)[110] ont estimé le mode
conditionnel comme étant le point annulant la dérivée d’ordre un de 'estimateur de
la densité conditionnelle et établi la convergence presque complete de cet estimateur
sous la condition d’a—mélange. Louani et Ould Said (1999)[84] ont établi la norma-
lité asymptotique dans le cas des données fortement mélangeantes. Plus récémment,
Ezzahrioui et Ould Said (2008, 2010)[56],[57] ont étudié la normalité asymptotique

et la consistance dans le cadre des données fonctionnelles.

En temps continu, nous renvoyons au chapitre 4 de cette these dans lequel nous
démontrons des résultats de convergence presque siire, ponctuelle et uniforme, avec
des vitesses de convergence sous I'hypothese d’ergodicité de l'estimateur a noyau

proposé.

0.2 Théorie ergodique

La théorie ergodique est apparue dans la mécanique statistique, notamment dans
la théorie de Maxwell et dans la théorie de Gibbs. Il est nécessaire de faire une sorte
de transition logique entre le comportement moyen de ’ensemble des systemes dy-
namiques et la moyenne temporelle des comportements d’un systeme dynamique
unique. Elle découle d'une hypothese ingénieuse dont on s’est servi pendant une
longue période sans la justifier, et sous des formes variées. Le premier résultat ri-
goureux pour le mathématicien, est le célebre théoréme de récurrence de Poincaré
datant de 'année 1890 (voir Peskir (2000)[109], théoreme 1.3, p.6) mais lessor de
la théorie date de 1931 avec les théoréemes de Neumann et de Birkhoff, elle entre
alors définitivement dans le cadre de I'analyse fonctionnelle. Les théoremes fonda-
mentaux sont dus a Koopman, von Neumann et Carlman, d’une part, et a Birkhoff
d’autre part, nous nous référons au Peskir (2000)[109] pour le théoreme ergodique

ponctuelle de Birkhoff (théoréme 1.6, p.8), le théoréeme ergodique de Von Neumann



0.2 Théorie ergodique 19

(théoreme 1.7, p.10) et le théoreme ergodique sous-additif de Kingman (théoréme
1.8, p.11).

La question naturelle qui se pose est : quand les moyennes des grandeurs générés
de facon stationnaire convergent ? Dans la situation classique la stationnarité est
décrite par une mesure préservant la transformation 7, et I’'on considere les moyennes
prises sur une séquence f,f o7, f o 7%, ... pour une fonction f intégrable. Cela
correspond au concept probabiliste de la stationnarité.

Nous nous sommes intéressés au théoreme ergodique, qui s’applique aux pro-
cessus stationnaires et ergodiques. Le théoreme ergodique de Birkhoff, défini pour
les processus stationnaires au lieu d’endomorphismes de 7, a maintenant la forme

suivante (voir Krengel (1985)[77], p. 26, théoréme 4.4.)

Théoréme 0.1. Si Y, Y], ... est un processus réel stationnaire et Y|, est intégrable,
alors
1 n—1
Jlim =37 Vi =E[Yp | F], ps. (1)
k=0

ou F est le c—algebre des ensembles invariants. Si, de plus, le processus est ergodique

la limite coincide avec I'espérance de la variable Yj.

Pour la convergence en L* de et de la sa version uniforme (en temps discret
et continu) nous renvoyons au papier du Peskir (1998)[108]

Nous nous servirons d’une version de ce théoreme pour les processus strictement
stationnaires et ergodiques a temps continu.

Par souci de clarté et de compréhension, nous présentons quelques détails qui
définissent la propriété ergodique des processus en temps continu.

Soit X = {X;}+>0 un processus a temps continu prenant ses valeurs dans un
espace mesurable (F,X) sur lequel est définie une mesure de probabilité u. Pour
§ > 0, soit T? une transformation 4, i.e., (Y°(z))s = z54s. Un ensemble mesurable A

est dit d—invariant s’il ne change pas sous une transformation J—shift, i.e., T°(A) =

A.

Définition 0.1. (d—ergodicité) Un processus en temps continu X = {X;};> est
dit d-ergodique, si chaque ensemble mesurable d-invariant lié au processus X a une

probabilité soit 1 ou 0. Autrement dit, pour tout ensemble J-invariant A, p(A) =
(n(A))>.

Cette définition signifie que si nous discrétisons le processus X en blocs de temps

de longueur 6, le processus discrétisé (X3, X2, X532, X142 .. .) obtenu est ergodique.
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Définition 0.2. (Ergodicité) Un processus en temps continu X = {X;};>0 est er-

godique s’il est d-ergodique pour tout § > 0.

Alors le théoreme ergodique ponctuel est donné sous la forme

1 T
lim—/ Yt = E[Yy], ps. 2)
T Jo

T—o0

Dans notre travail nous utilisons une version fonctionnelle de I’équation . De-
lecroix (1987)[45] fut le premier a introduire cette expression sous la forme d’une
hypothese vérifiée par les processus stationnaires, on pourra consulter a ce sujet
aussi Gyorfi et al (1989)([66], théoreme 3.5.1), Delecroix et al (1991)[46] imposent
I'existence des densités conditionnelles, f;:‘l, des variables de X; par rapport aux
tribu (F—1 = 0(Xi—j,7 > 1) et posant U,, = %Z?:l f;:‘l, ils utilisent les hypotheses
suivantes pour établir les convergences souhaitées

(1) f€CORY),  fx " €CORY),

(2) sup |Un(x) — f(x)| =2 0.

XERd n—oo

L’hypotheése (2) implique, pour tout x € R¢, que

(2 Un(x) — F(x) 5 0,

Notre approche consiste a introduire une version de (2)* dans le cas continu. Par
fois, on remplace les densités conditionnelles par d’autres fonctions aléatoires liées
au processus et obtenues par le calcul des probabilités des petites boules.

La variété des phénomenes modélisés par des processus ergodiques motive notre
travail et montre son importance. Les processus ergodiques sont largement utilisés
dans la modélisation de problématiques appliqués. Sans étre exhaustif, nous citons
a titre d’exemples

— sciences biomédicales, voir Banks (1975)[5],

— économie, voir Bergstrom (1990)[9], Hale et Verduyn Lunel (1993)[70],

— analyse génétique, voir Lange (2002)[81],

— mécaniques, voir Arnold (1973)[4],

— physiques, voir Papanicolaou (1995)[106],

— mathématiques financieres, voir Karatzas et Shreve (1991)[75],

— démographie, voir Cohen (1979)[36].

La description de certains phénomenes par des processus a temps discret peut
provoquer une importante perte d’information. Le préjudice subi alors peut remettre
en cause toute la modélisation mathématique. De ce fait, un choix de modele en
temps continu peut étre déterminant pour la bonne description des phénomenes et

les applications a la prévision de leurs évolutions.
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Nous sommes maintenant en mesure de donner le plan de la these dans le détail.

0.3 Plan de la thése

Dans le cadre de 'estimation non-paramétrique a noyau, la taille de la fenétre
h joue, comme on peut s’y attendre, un role central et influe sur la convergence.
Dans tout ce qui suit, nous utilisons le parametre de lissage h = hp vérifiant les
conditions asymptotiques (H.1-2) données ci-dessous (ces conditions sont souvent
appelées conditions de de Csorgd-Révész-Stute ( Csorgd et Révész (1981)[37], Stute
(1982)[125]) ou [CRS]). Soit {hr}r>o une suite de réels positifs, vérifiant

(H.1) hr L 0 et Thy 1 oo lorsque T' — o0,

(H.2) Thy/logT — oo lorsque T' — oo.

Chapitre 1. Estimation de la densité

Dans le chapitre 1, nous nous intéressons au comportement asymptotique de
I’estimateur a noyau de la densité d’un processus stationnaire a temps continu.

Soit (X¢)s>0 un processus réel stationnaire a temps continu, admettant une den-
sité f. Pour un T fixé, I'estimateur a noyau de la densité de type Parzen-Rosenblatt

est défini, pour tout z € R, par

frle) = g [ K (S5 a

ou K est le noyau et hr est le parametre de lissage. Sous certains conditions de régu-

larité sur f et K ainsi qu'un choix approprié de hy > 0, nous obtenons la convergence
de fr vers f. Plus précisément, nous présenterons des propriétés asymptotiques de
consistance presque siire, ponctuelle et uniforme, avec des vitesses de convergence.
Nous obtenons nos résultats, en faisant usage d’une approche basée sur 1'utilisa-
tion des différence de martingales en liaison avec des techniques de projection sur
des tribus. Nous attacherons une importance primordiale a ’étude de la vitesse de
convergence presque siire, ponctuelle et uniforme du " terme stochastique " obtenu
par les estimateurs centrés (par des facteurs n’étant pas nécessairement égaux a
I'espérance de l'estimateur). En effet, il peut étre montré que, pour les tailles de la
fenétre h les plus appropriées aux applications statistiques (vérifiant les conditions
[CRS] avec un ordre de convergence convenable vers 0), et sous des conditions géné-

rales de régularité, le " terme de biais " (i.e., le facteur de centrage moins la fonction
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a estimer) converge avec une vitesse vers zéro. Au préalable, rappelons qu'un noyau
K défini sur R est dit d’ordre [, avec [ > 1 entier, si

1. [K(2)dz =1,
2. [12|*K(2)dz=0, k=0,---,1—1,
3. [|2I'"K(2)dz < oo,

Dans cet esprit, nous établirons dans le chapitre 1, les théoremes suivants qui

traitent de la consistance ponctuelle et uniforme presque stire.

Théoréme 0.2. On suppose que le processus (X;):>o est strictement stationnaire

et ergodique, autrement dit, pour tout d > 0 suffisamment petit, on a

lim - [ U Pyt = f(2), ps. @)
T—ooT" Jo ’
ou ftf =% est la densité conditionnelle de la v.a X; sachant le tribu F;_s. En outre,
supposons que les conditions (A.1)(i)-(ii) soient satisfaites, la densité f;*~* est une
fonction Lipschitzienne et qu’il existe une constante L telle que
Th?
0<L<—L,
log T
alors nous avons
Jm fr(z) = f(z), ps. (2)

La vitesse de convergence est donnée par le théoréeme suivant,

Théoréme 0.3. Supposons que les hypotheses (A.1)(i)-(ii), (A.2) et (A.3) soient
satisfaites. Si de plus Thr/logT — oo lorsque T' — oo, alors, pour tout z € R,
nous avons

logT'
Thy

1/2
fr(z) — f(x) = O(hy) + O s (( ) ) , lorsque T — oo. (2)

La convergence uniforme presque siire de l'estimateur fr est établie sous des

conditions supplémentaires portant sur le noyau K et qui sont
1. K est a support compact.
2. K est lipschitzien.

Le théoreme suivant montre la convergence uniforme presque sire,
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Théoréme 0.4. Soit (X;);>p un processus strictement stationnaire et ergodique

telle que, pour tout d > 0 suffisamment petit,

lim sup

T
Aiw;é ﬁ%%ﬂﬁ—qzo,a& (3)

En outre, on suppose que les conditions (A.1) et (A.6) soient satisfaites, et que

Fi—s

la densité conditionnelle f; est une fonction de Lipschitzienne et il existe deux

constantes L et A de telle sorte que

(1) —— <A< oo,

T2
(i) 0<L< T i
h7

~ logT’

avec h, est la dérivée de h; par rapport a T, alors,

lim sup |fr(z) — f(x)] =0, a.s.

Le dernier résultat de ce chapitre se présente sous la forme suivante

Théoréme 0.5. Supposons que les hypotheses (A.1)-(A.6) soient satisfaites. Si de
plus Thy/logT — oo quand T'— o0, on a

log T

smﬂfﬂx)—fﬁﬂlzCN”ﬂ‘*Ows((T%T

z€R

1/2
> ), lorsque T — oco.  (4)

Cette vitesse de convergence peut étre améliorée comme le montre la remarque

suivante

Remarque 0.1. Sous les hypotheses du théoréme [0.5, nous supposons, en outre,
que la densité f est s fois dérivable et que sa dérivée d’ordre s est bornée, le noyau

K est d’ordre s, alors nous obtenons le résultat suivant

logT 1/2
sup | fr(x) — f(z)| = O(h}) 4+ O ((ﬁ) ) , lorsque T — .
z€R T

Chapitre 2. Estimation de la régression

L’objet du chapitre 2, est d’étudier le probleme de régression d'une variable réelle
Y sur la co-vecteur X dans RY, la fonction de régression est I’espérence de la variable
Y conditionnée par X :
mix) = E[l(Y) | X = x],
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ou [ est une fonction mesurable réelle. Pour T fixé, le processus observé (X;)o<i<r
est supposé stationnaire et ergodique, nous avons choisi une version de 1’estimateur

a noyau de Nadaraya-Watson en temps continu de la fonction m, défini comme suit

Jo YK (%) dt
7K ()t

o~

mriX) =

Nous établirons les convergences presque sires, ponctuelles et uniformes, et nous
utiliserons ces résultats pour faire une application a la prévision dans le cadre des
séries temporelles. L’approche utilisée est analogue a celle élaborée pour étudier la
convergence de l'estimateur de la densité. La vitesse de convergence est une synthese
entre la vitesse obtenue pour le terme stochastique et la vitesse établie pour le biais

conditionnel. Le résultat est exposé dans le Théoréme suivant :

Théoréme 0.6. Sous les hypotheéses (H.0)-(H.3), pour tout x € R tel que f(x) #

0, on a

—~ a.s B 1OgT 1/2
my(x) —m(x) = O(hy) + O Thi , lorsque T — oo. (5)
T

Le Théoréme 2.2 du chapitre 2, montre la convergence uniforme sur un compact
dilatant By de R?, tel que By = {x € R*: ||x|| <77}, ot 3 <y < 1let | - est une

norme définie sur R,

Soit (ar) une suite des réels positifs tels que inf f(z) > ar.
TEBT

Théoréme 0.7. Suppososns les hypotheses (H.0)-(H.4) satisfaites. En outre, assu-

mons que
2y-17,d 2
TS~ hGas

g T =0(1), lorsque T — 0.

Alors, on a

. as 3 log T 12
sup |mr(x) —m(x)| = O(hy) + O | | 7575 , lorsque T —oco. (6)
XGBT ThTaT

Lorsque, au lieu de By, nous considérons un compact C sur lequel la densité f

est minorée par une constante, nous obtenons le résultat suivant

Remarque 0.2. Sous les méme hypotheses que le Théoreme [0.7, nous avons

log T\ "/?
sup [ (x) —m(x)| £ O(h) + 0 (( Tghd ) ) , lorsque T — oo.
xeC T
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L’application la plus naturelle de ce type de résultat, est celle relative a la prédic-
tion non-paramétrique d’un processus stationnaire et ergodique (&;,t € R). A partir
d’un échantillon observé (&,0 < t < T), nous approximons la variable aléatoire
Crem = l(&ryp) de carré intégrable, ou 0 < H < T, par m(ér) = E[(rim | &,5 <
T) = El¢rin | &1]-

Par conséquent, le prédicteur non paramétrique de (7, g est défini par

L OB A UV LS i) KL
T hrona(ér) K () dt e

Le corollaire suivant, étudie le comportement asymptotique de ce prédicteur.

Corollaire 0.1. En prenant d = 1, et si le processus Z; = (&, (&1 y)) vérifie les
hypotheses du Théoreme [0.7} Alors, on a

. as logT \"*
i (Er) — m(&n) gy % O(17) + O ((T,jag) ) lorsque 7 oc,
T

Chapitre 3. Estimation du mode conditionnel

Nous considérons 'estimation de la fonction du mode conditionnel lorsque les
co-variables sont des vecteurs réels. Le principal objectif de ce chapitre est d’établir
la convergence presque siire, ponctuelle et uniforme avec des vitesses de convergence
de I'estimateur a noyau du mode conditionnel lorsque le processus est supposé stric-
tement stationnaire et ergodique.

Un estimateur a noyau du mode conditionnel ©(x) est défini comme la variable

aléatoire ©7(x) qui maximise l'estimateur a noyau fr(- | x) de f(- | x), c’est a dire,
fr(©r(x) [ x) = max fr(y | x). (7)
yeR

Notons que l'estimateur O (x) n’est pas forcément unique, et compte tenu de ce

fait, nous traiterons toute valeur O (x) vérifiant 1'équation ([7).

Théoréme 0.8. Sous les hypotheses (A.1)(i)-(ii2), (A.2)(i), (A.3), (A.4)(i), (A.5),
(A.6), (A.7) et (A.8), on a

log T\ /4 log T\ /4
_ _ B/2 B/2 g log I
Or(x) — O(x) om* + 0 (hT (Tth> ) +0 ((Th%>

log T 1/
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Théoréme 0.9. Sous les hypotheses (A.1)(i)-(ii)-(iv)-(v), (A.2)(i), (A.3), (A.4),
(A.6), (A.7), et (A.8), on a

sup [0r(x) —O()| = O(hY) +0 ((10gT >1/ 4) ‘o (hg/z <1ogT>1/4)

zeC Thé. The

log T 1/

De facon similaire au travail efféctuée pour la régression usuelle, en considérant

I'estimateur (:)T(fT) de la valeur prédite ©(&r) a I'horizon H, on obtient le résultat

suivant

Corollaire 0.2. En prenant d = 1 et supposant que les hypotheses du Théoreme

soient satisfaites pour le processus Z; = (&, & ). Nous avons alors

6 log T\ /* log T\ /*
O n(ér) — OEn)ligec; = O +0 (1?22~ o[l
ThT ThT

logT' 14
+0 ((Th%) , P-s.




Chapitre 1

Consistency results for the kernel
density estimate on continuous
time stationary and dependent
data

Ce chapitre a fait 'objet d’'une publication au Journal of Statistics and Proba-

bility Letters

Abstract

The aim of this paper is to study the consistency of the kernel density estimator
pertaining to a continuous time stationary process X = (X;):>0, with an underlying
density f. More precisely, in a rather general dependency setting, where we use a
martingale difference device and a technique based on a sequence of projections on
o-fields, we establish the almost sure pointwise and uniform consistencies with rates

of the estimate fr of f built upon the part (X;)o<t<r of the process X.

AMS 1991 subject classification : Primary : 60F10, 62G07, 62F05, 62H15.
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Consistency results for the kernel density estimate on continuous time
28 stationary and dependent data

1.1 Introduction

Let X = (X;)i>0 be a real-valued stationary process having a common density f
with respect to the Lebesgue measure. On the basis of the part (X;)o<;<r observed

from the process X, the kernel estimate of the density function f is defined, for any

fr(z) = TlhT /OTK (“’ ;TXt) dt,

where K is a kernel and hr is the smoothing parameter, i.e., a sequence of positive

x € R, by

real numbers tending to zero with some rate that will be given later on.

The nonparametric function estimation on continuous time processes subject has
motivated a number of works studying the consistency with rate of convergence for
both the density and the regression function estimates while considering various
criteria of convergence together with the asymptotic normality. The kernel esti-
mate of the d-variate density function is studied by Delecroix (1980)[44] and Bosq
(1996)[14] where rates of convergence for the MSE and the supremum norm criteria
are found to be O(T~4U+4)) and o(log,(T)(log(T)/T)~* 4*+4) respectively. Here,
log,(T') = max{1,log,_,(7)} for T'> 0 and k > 2. We cite the paper of Castellana
and Leadbetter (1986)]26] who studied the consistency together with the asymptotic
normality in the real-valued process case. We cite also Bosq and Blanke (2007)[20]
(and reference therein)(chapter 6, chapter 7) for more improvements in large dimen-
sional spaces, When the process (X;); satisfies a local irregularity condition, these
results may be sharpened as to reach parametric rates given respectively by O(1/T)
and o(log, (T)(log(T)/T)"/?) as stated in Bosq (1997)[15]. Asymptotic properties of
the kernel regression function estimator for continuous time processes have been
investigated in several papers. Parametric rates of convergence are also reached in
this framework for various criteria. We refer to Bosq ((1996)[14], (1997)[15]) and
the references therein for an account of results on the subject. Notice that all these
results are stated while considering the mixing setting for the data. It is well known
that the mixing conditions may be viewed as an asymptotic independence. There-
fore, many processes fail to satisfy these conditions. Examples of such processes are
given in papers of Chernick (1981)[31] and Andrews (1984)[2] in the discrete time
case. The motivation of this work is to consider a dependence framework that is not
covered by the usual mixing cases.

To establish ours results, the proof methodology uses a martingale difference
device to treat the conditional variance term and a technique based on a sequence

of projections on an increasing sequence of o-fields to deal with the conditional
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bias term. Almost sure pointwise and uniform consistencies with rates of the ker-
nel density estimate are established in this paper. Notice that only nonparametric
rates of convergence are reached since no irregularity conditions are assumed on the
underlying process.

In order to display our results, some notations are needed. From now on, for a
positive real number ¢ such that n = % € N, consider the 0-step partition (7})o<j<n
of the interval [0,7]. Moreover, for t > 0 and 1 < j < n, consider the o-fields
Fr=0((Xs):0<s<t)and G; = 0((X,),0 < s < Tj). For any t > s define %’ as
the conditional density of X, given the o-field F, and set 75 := f Xt *. Whenever
s < 0, Fs stands as the trivial o-field. For a real random variable £ and any k£ € N,
we define the projection Py by Pl = E[¢|Fi] — E[¢|Fk—1], where E[¢]|Fy] stands as
the conditional expectation of ¢ given the o-field Fj.

1.2 Results

Set now some hypotheses necessary to state our results.

(A1) (i) K is a positif bounded kernel and [ K(z)dz = 1,
(i)

(iii) The kernel K is a Lipschitz function.
(A2) ()
(i)

The density f is differentiable with a bounded derivative.

For any § > 0, the conditional density f7t-4 is differentiable with almost
surely bounded derivative.
(iii) For any t € [0,T], any 6 > 0 and any = € R, the function f7+-5(z) is

almost surely bounded by a deterministic function b; s(x),
(iv) For any 0 > 0, T~ [ by s5(x)dt — D(z) # 0 as T — oo.

(A.3) For any d, we have
sup/ H771fft*5(y)H2 dt < oo.
y JRF

Comments on assumptions.

Conditions (A.1) are very common in nonparametric function estimation literature.

Hypotheses (A.2) impose the needed regularity upon the marginal and the condi-
tional densities to reach the rates of convergence given below. Approximating the

2
integral [p+ HPl fFi-s (y)H dt by its Riemann’s sum, the assumption (A.3) is similar
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to the condition assumed by Wu (2003)[127] in the discrete time case which is satis-
fied by various processes including linear as well as many nonlinear ones. For more
details and examples, see Wu (2003)[127]. We refer also to the recent paper of Wu
et al. (2010)[128].

The following theorems establish the main results of this paper.

1.2.1 Pointwise almost sure consistency

The following theorem deals with simple almost sure convergence of fr,

Theorem 1.1. Assume that the process (X;):>o is strictly stationary and ergodic,

in other words, for any § > 0 small enough,

lim ;,/OT 7 (@)dt = f(z),  as. (1.1)

T—o0
In addition, suppose that the conditions (A.1)(i)-(ii) hold true, the conditional den-

sity ft]E =% is a lipschitz function and there exists a positive constant L such that

Th?
0<L<—ZL
~ logT’

(1.2)

then, we have

lim fr(x) = f(x), a.s.

T—oo

Comments.

Here the main assumption is that (X;) is strictly stationary and ergodic represented

by Assumption , it takes the form of the Birkhoft’s ergodic theorem, spelled out
for stationary processes in continuous time, see Krengel (1985)[77]. For more details
and explanations see the discussion on assumptions in chapter 2, we refer the papers
of Delecroix (1987)[45], Delecroix & Negueira & Rosa (1991)[46], Delecroix & Rosa
(1996)[47], Laib & Louani ((2010)[88], (2011)[89]), Peskir (1998)[108] and references
therein for an account of results on the subject. The Lipschitz condition assumed

Fi—s

on f; is the only regularity condition upon the conditional density.

The second theorem of this section state the almost sure convergence with rate,

Theorem 1.2. Assume that hypotheses (A.1)(i)-(ii), (A.2) and (A.3) are satisfied.
If Thy/logT — 0o as T — oo, then, for any z € R, we have

o 1/2
Jr(xz) = f(x) = O(hr) + Ouus ((;i:) ) . as T — .
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1.2.2 Uniform almost sure consistency

From now on, let y be a constant taking values in the interval [0, 1] and consider
the set By = {z : |z| < T7}.

Our uniform result is stated and proved under the following additional conditions,

(A.4) For any T' > 0, sup,cp,. D(7) = Dy < oo.
|| T2

(A.5) There exists a constant C' > 0 such that for 7" large enough, S i, S
hy~(log T)/?

where h/. is the derivative of hr.
(A.6) The kernel K is of bounded support.

Now we can state the first uniform result on R,

Theorem 1.3. Let (X;);>0 be a strictly stationary and ergodic process such that,
for any 6 > 0 small enough,

lim sup

f(lx)j{ /OT fft“s(w)dt — 1‘ =0, a.=s. (1.3)

Furthermore, assume that conditions (A.1) and (A.6) hold true, the conditional

density f;T % is a lipschitz function and there exists two constants L and A such
that - "
) 0<L<—L (i) L<A<o. 1.4

where h/. is the derivative of hy with respect to 7. Then, we have

lim sup | fr(z) — f(z)| =0, a.s.

T—oorecR

Comments.

As in Theorem , the underlying process (X;) is assumed to be strictly statio-

nary and ergodic. In the discrte time, to the best of our knowledge, this kind of
assumption, given in the statement , appeared for the first time in the paper of
Delecroix (1980)[44]. it was used in several papers among whom we cite Gyorfi & al
(1989)[66], Ould Said (1997)[105] and Laib (2005)[87]. The discussion of this condi-
tion is performed in Delecroix (1987)[45]. Notice that in the continuous time case,
Peskir (1998)[108] obtened the L*-convergence version of the Burkholder Theorem.
In this thesis, we give a complete discussion of the assumption in chapter 2.

The last result of this chapter is presented in the following form
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Theorem 1.4. Assume that assumptions (A.1)-(A.6) hold true. If Thy/logT — oo

as T' — oo, then we have

logT 12
sup | fr(z) — f(x)] = O(hr) + Oq.s (Th ) as T — oo.
z€R T

This convergence rate may be improved as shown in the following remark,

Remark 1.1. If we assume that the density f is twice differentiable with a bounded
second derivative and that [ 2K (z)dz = 0 and [ |z|*K(z)dz < oo, then we obtain

the following result

1/2
sup | fr(z) — f(z)| = O(hZ) + Ouq ((1;iT) ) as T — oo,
z€eR T

1.3 Proofs

From now on, for any 1 < 7 <n, any 7' > 0 and any 0 > 0, set

o = 3 fe (25
Z; = Zjx) = /T K (m ;TXt) dt (1.5)
v (8 () e o 0o

Notice, for any § > 0, that (Y})1<j<, is a sequence of martingale differences with
respect to the sequence of o-fields (G;)1<;j<n. Indeed, since, for any t € [T;_y, T}l

Gj—o C Fis € Gj_1, it is clear that Y is G;-measurable and satisfies

EjlG o] = E [ / T (x(* ;TXt) L€ ;TXt) 7] ) dt|gj2] —o.

To establish almost sure pointwise and uniform results, we need an exponential
inequality for partial sums of unbounded martingale differences. This inequality is

given in the following lemma.

Lemma 1.1. Let (Z,),>1 be a sequence of real martingale differences with respect
to the sequence of o-fields (F, = o(Z1,--+,Zn))n>1, Where o(Zy,---,Z,) is the
o-field generated by the random variables Z;,---,Z,. Set S, = >_I'; Z;. For any
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p > 2 and any n > 1, assume that there exist some nonnegative constants C' and d,,

such that

E(|Z,|P| Fno1) < CP?pld%, almost surely. (1.7)

Then, for any € > 0, we have

2
P(|Sh| > €) < QGXP{—M}:

d2

'le

where D,, =
Proof. The proof follows as a particular case of Theorem 8.2.2 due to de la Pena
and Giné (1999). O

The next Lemma give us a similar exponential inequality for partial sums of

bounded martingale differences.

Lemma 1.2 (Laib(1999)[86]). Let {Z,, : n € N} be a sequence of martingale diffe-
rences with respect to the sequence of o—fields {F,, = o(Z1,...,Z,) : i € N}, where
o(Zy,...,Zy,) is the o—field generated by the random variables Zi,,...,Z,, such
that || Z,|| < B a.s. for 1 <i <mn. For all € > 0, one has

2
P{lrg?g% >e} < 2exp{ 2nBQ}' (1.8)

Observe now that, for any z € R, one may write

fr(z)—f(r) = TlhT/oT [K <x ;TXt) —F [K (x ;TXt> |]:t5D dt

i ) s
= Rir(x)+Ror(x). (1.9)

ZZ

1.3.1 Proof of Theorem [1.1]

Making use of the decomposition (1.9) and statement (1.6)), noting that 7" =

T, = on and hp, = hp, we may write

Riz,(2) = = }W /T [K (x;TXt> _E lK <thn ) IFi 5D dt (1.10)

= Y, 1.11
T th Z k> ( )
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since the kernel K is bounded, then

1 1 T Tz — X; T —
Vil < / K _E|K
TnhT | k| - Tnth Tj1 ( th > [ ( th > ’ft 6‘|

20K
Tn th ’

<

with K = max,ecr K (u). Observe that the sequence {Y} }1<k<y, is a martingale diffe-
rences sequence with respect to the sequence of o—fields G;._1. Recalling T = on =T,

and hr = hr,, Applying Lemma for large enough n and any € > 0, we obtain

n 62(Tnth)2
g { Z Y 8nd2 K2

k=1

>€(Tnth)} < 2exp{—

e T,h2
= 92 2 Jog T),
eXp{ 80K21og T, o8 }

o Tnh%n
= 2exp{long ¥ Tog T }

2
T CulTn)”

where C} = 8;;(2 is a positive constant, according to condition {D the function

nh2, . . .-
w(T) = ig%’" is bounded from below by a strictly positive constant L. By Borel-

Cantelli Lemma, we obtain

Riz,(z) 0, as T, — oo. (1.12)
We turn our attention to the second term of the decomposition (1.9), under condition
1) and since ftf =% is a Lipschitz function, by a change of variable, we obtain

Rorlz) — TlhT/oTE K(I;Xt> 1P| e = 1)

:TlhT/T/ (5” )f”)dzdt f(x)

- T/ /K (Ft‘;x—hw) 77 () dudt

IA
el
\

kh

:rl

i

=

+

S

>

=
|

o

=

Therefore,

Ror(z) 20, as T — oo. (1.13)
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Proof of Theorem In conjunction with equations ([1.12)) and ((1.13)) the proof of
theorem [LL1] is achieved.
O

1.3.2 Proof of Theorem 1.2

Hereafter we give some further lemmas that are steps towards stating our results.

Lemma 1.3. Under hypotheses (A.1)-(A.2), for x € R, we have

Rir(z) =0 ((1;%5)2) a.s. (1.14)

Proof. The proof needs to use Lemmal[l.1]} Therefore, we have to check its conditions.

In this respect, observe by Minkowski and Jensen inequalities that

f (e (5 e (55 e ]
< el (5wl () w16
< 7 (e (52 0] e[ s (52 0] )
< 7 (el (55 0] el (52 ] )
=y (el (55 e ) e 7 e ()

Making use of the change of variable u = (x — y)/hy, it follows from conditions
(A2)(ll>—(111), with bj_g’(; = ij_Q’(s, that

B [Y7IG;] | <E

— hT/Kp g] *(z — hru)du

hl K" [ K ) (572 @) = hez (177) (@i (2)) du
= hrl| K1 (57 (@) + (1)
< hrll K (by-2s(@) + (1)) (1.15)

IN
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Therefore, we have
1B [Y71G,2] | < 2700, | K125 (by-ss ) + 01)) < plCPd?,

where C' = 2| K||oo, dj = 2°6hz, || K ||sbj—2,5(x). Notice that the integral i by s (2)dt
may be approached by the Riemann sum § 3-%_, b; o 5(). Since the condition (A.2)(iv)
holds true, it follows that

n 1 n
D, = Zd? = 8hr, || Koo <5n22bj—2,6(17)>

1=2
1 T
< 8Toh, ||IK | (T/O bt,é(x)> -

It is then clear by Lemma for any £ > 0, that

2 2

< e { (Tyhr,)? (log T,/ Thr, ) ; }

8|1 K| Tuhr, O(D(2)) + 4| K || o Toh, € (log To /Thhr, )?
< (T th)Q (10g Tn/Tnh’Tn)
< 8D ||K||OOT h, (1+ g5 (log T/ Tbr, )? )
< 2ex log T;,
. p{ DT }
= 2exp {log (T W”) }
_ 2T57801D<iukuoo ‘ (1.16)

It suffices then to consider a suitable choice of € and to use the Borel-Cantelli Lemma

to achieve the proof.

Lemma 1.4. Under hypotheses (A.1)(i)-(ii), (A.2)(i) and (A.3), for x € R, we have
Ry (z) = Os. (T72) + O(hr). (1.17)

Proof. For every x € R, consider the following decomposition,

Ro(x) = fr(z) — E[fr(x)] + Elfr(z)] — f(z) = B (z) + BY (x).
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Let K(-) = 1/hK(-/h), observe that

ITBY ’/ Kh I - Xt)

Foa] - B[Ro(e - X,)]) a0

— |/RKh T —y (/()Tffi“i(y)dt—Tf(y)> dy’
= | [Ka(e = o) Hr )]
< [ Kn(x—y)lHr()ldy.

Considering the projection Py, defined above, following Wu (2003) and making use

of Cauchy-Schwarz inequality, we obtain

1Hr(y)]* = H/ 7 (y)dt = T (y H (/ [Purm= ) dt)

therefore,

sl < 7 (s [ [P )
Y y JO

< T <st;p/R+ “Plf]:t(;(y)Hth) .

Subsequently, assuming the condition (A.3), we obtain
sup | Hr(y)|I” = O(T). (1.18)

Thus,
B (2) = 0,5 (T 2).

Moreover, assuming the conditions (A.1)(ii) and (A.2)(i), it is easily seen that

BP@) = Blfr(o) - fla) = o [ K (52) Sy - ()
= [ K(2) (@) = hrzf'(a") dz ~ f(2)
Olhn).

where z* € [z — hpz, x]. Consequently, we have

Ro(z) = O (T7) + O(hr).

Proof of Theorem Making use of the decomposition (|1.9)), the proof follows as
a direct consequence of Lemma and Lemma O
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1.3.3 Proof of Theorem 1.3

The idea of the proof is to consider a covering of
Br={zeR:|z| <T"}.

Let v be a non-decreasing integer function tending to infinity as 7" — oo. Consider

the partition {Br;}i<i<,, of the set By defined by
Bri={z:||z — x| <Tvz'}

where (z;)1<i<y, 1S a sequence of elements of Br. Recall that

1 T fﬂ—Xt :L'_Xt
— K —F|K _s| ) dt
i (5 (5 —w e (5 ] o
+ sup

1 T xr — Xt
— E K _s| dt —
zeR ThT/O ( hp ) |ft 5] f(l")
= FT71 + FT,2~ (119)

sup | fr(z) — f(z)] < sup
z€R zeR

Lemma 1.5. Under assumptions (A.1)(i) and (A.1)(iii) commbined with condition
(1.4) we have
Tlg]goFT’l =0, as. (1.20)

Proof. Recalling that
1 T xr — Xt T — Xt
— K —F|K _
i, (6 (57 = [ (5 17
1 T r — Xt Tr — Xt
— K —F|K _
ThT/O ( ( hr ) [ < hr )‘}—t 6]) dt‘
+ sup

1 T Tz — X; T — Xy
— K —F|K _
v ThT/o ( ( hr ) [ ( hr )’Ft ‘5Ddt‘

= F+F7, (1.21)

Frip = sup
zeR

IN

sup
TEB

using the covering of the compact set By we may write
1 T Tz — X; r— Xy
— K —F|K 5| | dt
i, (< (55~ B [ (7 ] o
1 7T xr— X T — Xt)>
— K - K dt
s, o g [ (5 () - (M
(6 (o) - e () )
— K —F|K _s| ) dt
ThT/o ( ( h ) e
+ max sup

1 T Ty — Xt T — Xt
— E K | —FE|K _
1<k<vp x€BT 1 ThT /0 ( |: ( hT ) ’E 5} { ( hT > |ft 4) dt‘

= FY LD+ B (1.22)

E le = sup

TEBT

IA

max
1<k<vp
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Now by assumption there exists ¢ > 0 such that

|K(u) — K| < llu—|, (u,u)e R

Consequently,
1 T r— X, T — X,
a1y A k t
FT,l - 1?]1;22 l'zgil?k ThT / (K ( hr > K ( hr >> dt‘
1
TV
< )
- h%VT
and similarly,
1 T Tp — Xt T — Xt
0~ s ok (el o) ) o[ (52
RS SW g ) )
1
< g, P b
T
< T 19
- l/Th%

then choosing vy = |T7! /hy|, it follows that

11 1
F’},l) = O <m) y a.s. (123)
moreover
13 1
F'Z(—',l) = O (m) s a.s. (124)

using the notation (1.6 we notice

P = g ) ( (“‘Xt)— () )
Fry = 121}12@ ThT K > E|K i | Fis| | dt
B 1<k<VT ThT ZY )

Since assumption (A.6) holds true then we may write

T; —_ —_
o (e (5 = e () e
Ti 1 hT hT
< 26sup K(y) = 20K.

yeR

Yi(zi)| =

Now, for all € > 0, and by a simple application of Lemma (1.2, we note 1" = T,, = dn,

hr = hr, and v = vg,, then using condition (|1.4]) we obtain
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n VTn n
P <1£§1§Tn ;YZ(mk) > e(Tnth)> < z::]P’ ( ;Y; zg)| > e(T,hr, )) (1.25)
T21h2,
< 2ur ex
S T, €XP { 8o I? }
2T h2
= 2ug, exp { — " Tn log Tn}
80K2logT),

< 2ugp, exp {logT 8‘”(2}

- T;771+62L/85K2h ’ (1.26)

n

2 72
HEL/8OK . o0 as T, — o0, therefore the

taking e large enough to have 7,7~
right-side of statement (1.25) converge, it suffices then to use the Borel-Cantelli

Lemma to deduce that

FiY =o(1), as. (1.27)
Combining Equations ((1.23)), (1.24)) and (|1.23]) we obtain that
Fl =0(1), as. (1.28)

We turn our attention now to the second term of decomposition (1.21)). It remains
to show that

Fl =0(1), as. (1.29)

The fact that supy<,<p | X;| < T%7/2 combined with the condition |z| > T ob-

2y

r—X
viously imply, for 0 <t < T, that . L > T Furthermore, since by condition
T T

(A.6) the kernel K is of bounded support, it follows that there exists T, > 0 such
that, for T" > T}, we have K (x_—Xt> = 0. Consequently, we can write

hr
:0}.

T
>77> < P(sup ]Xt|>2>§P<sup |Xt|>T7>.

0<t<T 0<t<T

n

1
T 2=V

7j=1

T
sup [ Xy < -, [x| > T*"5 C q sup
0<t<T 2

|| >T27

Therefore, for T large enough, we have

P( sup ThTZY

||>T2Y

Now, we need to show that the application 1"+ sup ‘%M 1 Y}‘ is uniformly conti-

nuous. This property holds provided that there exists a constant A > 0 such that

1 & 1 X

— MYV, - — ) Y| <AT- 1.
Ty 2 g DY < AT 8] (1.30)

sup
|| >T27
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when S = on’, S; = jo and Y] := Y] (x) = fs 1( (ﬁf)—E{K(%)
Taking 7} = fs . ( )ds observe that

Foss))ds.

/

n 1 n’ n 1 "
su Y, — Y/l < su Z; — Z’
el T2 ThTZZ1 thZ1 ’ wfot> | Thy 121 Shs Z
1 T x— X
— F K _s| dt
+|a:\8;171“)2“/ ThT/ ( hr >|]:t 5}
1 s z— X,
_ E K sl d
Shs/o ( hs )'I ‘5} ’
= sup |fr(z) — fs(2)]
|z|>T27
+ sup | fr(x) = fs(x)|. (1.31)
|z|>T27

Note that

log (fr(x)) = —log(Thr)+log (/OTK(x;TXf)dt),

differentiating with respect to T', we obtain

dlogsg(w)) _ _hTT—h:h' 22 (/ K(x;TXt>dt> 1(/0T<x—Xt)K’ (x;TXt)dt>

([ ) (2.

Recalling the property of the function logarithm log :

dlog g(T) _ dg(T)/dT
dr g(T)

where ¢(T') is a function. We obtain then

dfr(x) _ dlog fr(v)
ar fT@)T

1 T l’—Xt h/T T J]—Xt
- ([ K dt / K( )dt
T2hT </0 ( hT ) ) + Th% ( 0 hT
h'y T x— Xy 1 r— Xr
_ _ XK ( ) dt K ( ) .
Th </0 N ) T The g

Assumption (A.6) allows us to suppose the existing of a positive constant cx > 0,

K'(u) = 0 whenever |u| > ¢k,

dfr(z) dlog fr(x)
|dT = fT(x)T
1 ~ A h'y 1

< — K+ LK+ LepK' + —K,
= Tt Tz +h2c Tt
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where K = sup,cg K (y) and K = sup,cg K (y). Therefore

2 W~
- < ([ K+-+(K K')||IT-5. (132
sup 1)~ ol < (K gE (R +ack) ) iT -5l (2

Considering the second part of decomposition (1.31]), at first, observe that

log (Fr(x)) = —log (Thr) + log ( [E[x (5 17 dt),

T
therefore,
dlog (fr(z)) 1 Wy b /T <x—Xt) } -
SEeMT) T T E|K 5|t
AT T hr K2\ hr | Fi-s

(ol (752 7))
(0ol (72 7o) e (52 1)

Proceeding as above, we obtain

df_T<£IZ'>
dr

i Bt

1 T - X h! T - X
- 7o (/0 E {K (x W t) !fm} dt) + T (/0 E [K ($ W t) \fta] dt)
h'y T (T — X, 1 x— Xr
i (/O E |- x5 ( - )1 7is dt>+ThTIE i ( = )1 7o)

Under Assumption (A.6) we have

dfr(z) 2 ~ = = hh
YU < 2 R4 (K+cxK') L.
‘ dT | = Thy + (K e )h%

Hence,

/

Fr(@) - Js(@)| < <T2}LTE+Z§(E+CK?)> TS (1.33)

sup
|z|>T2Y

The statement (1.30) follows from the decomposition (1.31) together with condition
(1.4) (ii) and equations ((1.32)) and (1.33). Taking hy = T~/ we notice that

. {‘dm(x) ()

Y

dr dr

} <COT" 5,
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where C'is a positive constant. A straightforward application of Lemma|[I.2]combined
with condition ([1.4]) give us

T?h2.€2
P > Thre < 2expl — -0
( ! O) B p{ 8n52K2}

n

>

i=1

§_Tng gL
= 2exp {log T K2 1°gT} < 2T soK2,

n

Hence, the application 7' — sup ZY is uniformly continuous for each w
|| > T2 Th:r

and the result ((1.29)) follows from making use of Borel-Cantelli Lemma for continuous

time processes (see, for instance, Bosq (1998), Lemma 4.2). we achieve the proof of
Lemma [L.5] from statements and (1.29). O

t &

Lemma 1.6. Assuming that the conditional density f; is a Lipschitz function

together with assumption (A.1)(ii) and condition ([1.3)) we have
jll_{IgoFT’z = O, a.s. (].34)

Proof. Observe that

1 T .T,'—Xt
Fro = sl [ B[R (5 5) 1 i -
e ilellg Thy Jo hp [Fis| dt = J(2)

1 T xr —
= sup|—— K(
xEIIFz ThT / /

“) 57 w)dudt — f(a)

= sup|= / / )7 (= hpv)dudt — f(z)
z€R T
< sup|= / / tft *(z — hpv) — tft"s(:c)) dvdt
z€R T
1
vsup [ (1740 = go) ] = P+ FE
zeR 0

since f; *~°(x) is Lipschitzian and under assumption (A1)(ii) we get

1 /T
F"}l?) < */ / v) sup ’ft (x — hrv) — ftft*‘s (x)’ dvdt
TJo Jr zeR
< hT/ vK(v)dv = O(hr). (1.35)
R

On the other side, condition ([1.3)) gives us

FE) = sup | s dt—l‘—o(l) (1.36)

zeR
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combining statements (1.35)) and (1.36)) we obtain

Fro L o(l), as T — oo.

Proof of Theorem The proof of Theorem is achieved by combining decom-
position ((1.19) with Lemmas and . O

1.3.4 Proof of Theorem [1.4]

We need here the decomposition (1.9)) and some intermediate results investigating

the behaviour of every term of the decomposition.

Observe first that
1 T xr — Xt xr — Xt
a o (6 () - e e (55 ] ) o

sup |fr(z) — f(z)] < sup

zEBT zEBT
1 T — X
+sup | [ B [K (3“" t) |;Et_5] dt — () = A + By.
zeBr | Thr Jo hr
where

Ar = sup |Ar(z)| = sup

zEBT zEB

o (5 () - e [ (5 1] ]
i [ B[ () -

Let vy be a non-decreasing integer function tending to infinity as T — oo.
Consider the partition {Br;}i<i<y, of the set Br defined by

By = sup |Br(z)| = sup

zEBT zEBT

Bri={z:||z — x| <Tvs'}
where (2;)1<i<u; is a sequence of elements of By. Therefore, we have

Ar < max sup |Arp(x) — Ap(z;)| + max |Ar(x;)| := 1 + L. (1.37)
SISvT

~ 1SISvr ey,

Making use of assumption (A.1)(iii), it follows that there exists a positive constant

Cx such that
xr — Xt T; — Xt

l'—Xt .ZUZ—Xt)‘
K - K < —
’ ( hr ) ( hr s Ok hr hr
Ch( CE(TW
= K< ,
hr =l < hrvr
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Consequently, we have

1 & (5
L < — / max sup
1 ThT ; {1<2<VT EBTﬂBTz
- X i — X,
max sup K <x t) - K <x !
1<i<vr v€By () Br.: hr hr

20m CKT’Y . 2C’KT7
ThT hTI/T N h%I/T

hr
i

+F

[
N—_———
oW
~

<

1/2
Taking vy = T7"2 and er = (log:) / , we obtain

Th

oo (The )20k 20

ot = \logT) w12~ 12
& T ((Thr)*logT)

Therefore,

log T 12
L =o ((ThT> a.s. (1.38)

Using notation (1.6)), we observe that

max |Ar(z;)] = max |ZY

1<i<vp 1<i<vp

The order of the term I may be stated in much the same way as in the statement

(1.14) with the only difference that the assumption (A.4) holds true. Therefore,
1/2

noting 7, = T = 0n, taking vy, = vp = T77+2 and er, = € (%) / with a

positive constant €y, we obtain

1

F (m T, > Yi(a)

S Yi(a)

i=1

v,
> ETn> < ZP(

< 2ur,exp AThn, ) (g T/ Tr,)
T th +2CT th€0 (logT /T th>§
long
< g, expl —6O0(T,h
S p{ ’ ﬂlThn}

< 2up, eXp ecC'log T, } < 2T7;Y+2*€(2>C,

for some positive constant C'. Proceeding as in the statement ([1.16)) and considering

a choice of ¢y that allows to use the Borel-Cantelli Lemma, we obtain

B log T, 1/ B log T 12
I,=0 ((Tnth> =0 Thy a.s. (1.39)
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It follows then from the statements ( - - ) that

logT' 12
Ar = 8. 1.4
r=0 ((Th;p) a.s (1.40)

Moreover, taking into account the conditions (A.2) and (A.3) together with the
statement ((1.18]), we have

Bro= s o [ B[R () e o
< igg;/()TE{Kh(x—Xt) .7-}_5} t——/ K ( :E—Xt)]dt‘
+sup 1/OTE[Kh (@ — X)) dt — f(x)
= sw 1/ Kh(x—y)HT(y)dy‘Jrilelg /]RK(z)f(fE—hTZ)dZ—f(x)
< ilelﬁT/ K (@ = y) [ Hr(y)lldy + sup /}RK(Z) (f(z) = hrzf'(27)) dz — f(z)
— O(\/T) S}elgTzT/ K(th )dy+gsclel£ hrf'(x )/}RK(z)dz :
Thus,
Br = 0,.(T7"?) + O(hr). (1.41)

Combining the statement (1.40|) with (1.41]), we obtain the following result

1/2
sup |fr(x) = f(@)| = Ous ((I;if) ) £ 0, (T7) +Olhr).  (1.42)

TEBT

Our task now is to handle the term sup |fr(z) — f(z)|, where B is the complemen-
z€BY,

tary set of By with respect to the real line. Proceeding as for the statement (1.41)),

it is clear that

sup |fr(z) — f(z)] = Ogs (T_1/2> + O(hT> a.s. (1.43)

r€B,

It remains then to prove hereafter that

. [Th \ ;
Jim. logi} sup |fr(z) = J(@)] = 0.5 (1.44)

The fact that supy<,«p | X;| < T?'/2 combined with the condition |z| > T?7 ob-
<t< »

> T Furthermore, since by condition
T

__)(t

viously imply, for 0 < ¢ < T', that L

T
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(A.6) the kernel K is of bounded support, it follows that there exists Ty > 0 such
that, for T" > T}, we have K (%) = 0. Consequently, we can write

:0},

T
>77> < P(sup ]Xt|>2>§P<sup |Xt|>T7>.

0<t<T 0<t<T

n

1
TTLTZYJ'

J=1

T
{ sup [ Xy < -, [z| > T*"5 C { sup
0<t<T 2

|| >T27

Therefore, for T' large enough, we have

P( sup

|| >T2Y

Ty 0

Now, we need to show that the application 1"+ sup ‘ﬁ 1 Y]‘ is uniformly conti-

nuous. This property holds provided that there exists a constant A > 0 such that

€T

2 Yi— oD Y SAT -8 1.45

|$$WTM§: Sh§3 T -5, (1.45)

when S = (5n’, S j5 Y’ ( ) fS 2 ( (w;?s) — E [K($;§S)|~FS—5:|> ds and

ér = (529)1/2- Taking Z’ fs . (m f) ds, observe that
er n ) er n €5 n /
su Y; — Yi| < sup | =) Zi——> 7
|ac\>71:‘)27 ThT Z ShT Z |x\>$2” Thy ; Shg ; j
er (T r— X,
4+ sup |—— E{K( >}"_}dt
|z\>11?2“f Thy Jo hr [Fi-s
r— X,

_;ZS/OSE[K< - >|]—"S_5} ds
erfr(z) — esfs(x)]
erfr(z) —esfs(x)|. (1.46)

= sup
|| >T27

+ sup

|| >T27

Note also that
log (erfr(z)) = log(er) — log(Thr) + log I
1 1
= 3 log(Thr) + 3 log(log T') — log(Thr) + log It

1 1
=3 log(log T') — 3 log(Thr) + log Ir,

where I = fOT K (’3;—?) dt. Differenciating with respect to T, we obtain

dloger fr(z) 1 _hT—ThT_%] / <:1:—Xt)dt
dT ~ 2TlogT 2T hy hor

- X
+ ITlK(x - T).
T
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Since by condition (A.6), for some cx > 0, K'(u) =0 whenever |u| > ¢k, we have

Xr — XT)
hr

dlog eTfT(a:)

o7 ! 4—+—“”4-+\IT1‘k’(

2TlogT ' 2T ' 2hy

h/
+20K|hg| ’[51‘ Thr||K'||co-
T
d dl
As ETC{YTj() ETfT(x)()gng, it is easily seen that

d K||o 1 Wo|(The)? [ ||K]s
dr (ThT log T)E 2logT 2 hZT(]ogT)i 2

Therefore, we have
(1.47)

K|~ 1 hap|(T'h K|~
IX] 1<21 . 2) i (The) <H | +2cK||K'||oo))|T—S|.
(ThrlogT)2 og h%.(log T

Considering now the second part of ([1.46|), observe first that
dt)

o (i) = o (5 [ 1 (7, )

1 1
= —3 log(logT') — 3 log(Thr) + log Ly,

erfr(z) — €sfs($)‘ <

sup
|| >T27

I o=

where Ly = foTE {K (x;—f) \.7:,5,5} dt. Therefore, we have

d d 1 1
T log (eTfT( )) = — (—2 log(log T') — 5 log(Thr) + log LT>
1 1w,

2TlogT 2T 2hy

h’ - X
s [ el o (75 5)17
T

K]

T

-+L;1E

Thus, similarly as above, we obtain

CerFel@) = (erfo@) s log (erfr(x)

h”]" eT T / xr — Xt) :|
T El(x - X)K 5| dt
h2 Thy /0 {(“” 2 ( 1Fi-s

€T
T Th {K( oy )‘FT 5]
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and

derfr@)| _ K| 1.3
dT = (ThylogT)Y* \2logT = 2
By | (The)'"?

ht (logT)"?

1
(S e + 26l K )

Consequently, we have

Ao erfr(e) = esfs(a) (1.48)
||K||oo ( 1 _|_3) + |hIT|(ThT)1/2(1HKH 4 HK/H ) |T—S|
(Thrlog T)1/2 2logT 2 213 (log T)1/2 9 o0 o0 ,

The statement (1.45)) follows immediately from the condition (A.5) and the state-
ments ([1.46]), (1.47) and (|1.48)), Notice, for the particular choice of the smoothing

~1/5 that we have

d(ETfT(I)) ‘
dT’

parameter hpy =T

e | ferfre)

Y

b<or (iogr) ™,

where C' is a positive constant.

A further use of Lemma [I.1] enables us to write

d

Hence, the application

n

DY

=1

> ThTeTe()) < 2exp{—elogT} = 2T,

€T "
TTLTZYJ'

j=1

T +— sup
|| >T27

is uniformly continuous for each w and the result (1.44) follows by making use of
Borel-Cantelli Lemma for continuous time processes (see, for instance, Bosq (1998),

Lemma 4.2). O

Proof of Theorem We achieve the proof of Theorem [I.4] by combining the
statements ((1.42)), (1.43)) and ((1.44)). O
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2.1 Introduction

Let (X4, Y:)>0 be a stationary ergodic process taking values in R? x R and
distributed as the random vector (X, Y"). Let [ be a real measurable function defined
upon the real space R. The regression function of the random variable {(Y') given
the event X = z is defined, for any x € R by m(x) = E[[(Y)|X = x]. On the
basis of the part (X, Y;)o<i<7r observed from the above process, the estimate of the

function m is defined, for any x € R¢, by

K ()
R ()

?

where hp is the smoothing parameter satisfying the following conditions

logT"

. . . d _ .
Tlgrolo hy =0, jlgrolo Thy =400, lim =0 (2.1)

T
and K is a nonnegative kernel defined on R¢.

The topic of nonparametric function estimation on continuous time processes
has motivated a number of works studying the consistency with rate of conver-
gence for both the density and the regression function estimates while considering
various criteria of convergence together with the asymptotic normality. The kernel
estimate of the d-variate density function is studied by Delecroix (1980) and Bosq
(1996) where the rates of convergence for the MSE and the supremum norm criteria
are found to be O(T~4U+4)) and o(log,(T)(log(T)/T)~*4*+4) respectively. Here,
log,(T') = max{1,log,_,(T)} for T > 0 and k& > 2. We cite also the paper of Cas-
tellana and Leadbetter (1986) where the consistency together with the asymptotic
normality are given in the real valued process case. When the process (X;), satisfies
a local irregularity condition, these results may be sharpened as to reach the para-
metric rates given respectively by O(1/T) and o(log,(T)(log(T)/T)"/?) and stated
in Bosq (1997). Asymptotic properties of the kernel regression function estimator
for continuous time processes have been investigated in several papers. There also
parametric rates of convergence are reached for various criteria. We refer to Bosq
(1996, 1997) and the references therein for an account of results on the subject.
Notice that all these results are stated while considering the mixing setting for the
data. It is well known that the mixing conditions may be viewed as an asymptotic
independence. Therefore, many processes fail to satisfy these conditions. Examples
of such processes are given in the papers of Chernick (1981) and Andrews (1984) in

the discrete time case.
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To be more convenient towards a number of applications in practice, we consider
in this paper, the regression function estimation when the data are assumed to be
drawn from a stationary and ergodic continuous time process to allow the maximum
possible generality in regard to the dependence setting. Notice that continuous time
recordings of phenomena are available in various areas of the economical life as the
weather, the energy and the health care for example. In the sequel, We establish
the pointwise and uniform consistencies with rates of the regression function esti-
mate. Here, only nonparametric rates of convergence are reached since no irregularity
conditions upon the process (X, Y;)i>o are assumed.

The study of the nonparametric regression estimate in the ergodic discrete time
setting has motivated a number of papers in the literature. We refer among others
to the works of Delecroix and Rosa (1996), Laib (1999,2005), Morvai et al. (1996)
and Yakowitz et al. (1999) where some asymptotic properties are studied. Notice
also the consistency with rates together with the asymptotic normality stated by
Laib and Louani (2010,2011) for the regression estimate on discrete time functional
data.

In order to display our results, some notations are needed. From now on, for a
positive real number § such that n = % € Nand j € NN[1, n], consider the partition
(T})1<j<n of the interval [0, T]. Moreover, for ¢t > 0, § > 0 and 1 < j < n, consider
the o-fields Fi_5 = 0((X,,Ys) : 0 < s <t —9), F; = 0((X,Y;),0 < s < Tj) and
Sis=0((Xs,Ys); (X)) :0< s <t, t<r<t+46). Whenever s < 0, F; stands as
the trivial o-field. In the sequel, for any function ¢, ¢’ stands as the generic notation

of its derivative. For i = 1,2, set

) = g o O ()

and

() = nE[le(x)] /O 'E [(Z(Yt))“K (x ;TXt> dt|}}5} dt,

5 'S
where Z;(x) :/ K (x ; t) dt.
0 T

For the sake of clarity, introduce some details defining the ergodic property of

continuous time processes. Let X = {X;};>¢ be a continuous time process taking
values in some measurable space (F, X’) on which is defined a probability measure p.
For § > 0, let T be a §—shift transformation, i.e. (Y°(z))s = 7445. A measurable set

A is d—invariant if it does not change under §—shift transformation ,i.e. T°(A) = A.
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Définition 2.1. (d—ergodicity) A continuous time process X = {X;}:>0 is d—ergodic
if every measurable d—invariant set related to the process X has probability either

1 or 0, in other words, for any d—invariant set A, u(A) = (u(A))>2

This definition means that if we take the process X and slice it into time blocks
of length & then the new discrete time process (X, X2°, X32 X392 ...) is ergodic.
For discrete time processes, we refer, for instance, to Krengel (1985)[77] or Laib &

Louani (2010) for the definition and details on the ergodic property.

Définition 2.2. (Ergodicity) A continuous time process X = {X;};>o is ergodic if
it is 0-ergodic for every ¢ > 0.

It is well known from the ergodic theorem that, for a measurable function g and

a stationary ergodic process X = {X;}+>0, we have

lim = [ g(X,)dt = B(g(X0)). (2:2)

Therefore, the ergodic property in our setting is formulated on the basis of the sta-
tement and the requirements are considered in conditions (H.2) and (H.4)(vi)
below. We refer to the book of Krengel (1985) for an account of details and results
on the ergodic theory.

2.2 Results

Set now some hypotheses necessary to state our results.

(H.0) (i) K is a spherically symmetric bounded kernel on its compact support,
say [\, A9, and [ K(z)dz = 1; there exists a nonnegative differentiable
integrable function k over its support [0, Ac;] such that K(z) = k(]|z]|)
and [ k'(u)du < oo, where ||.|| is a norm on R? and ¢, is a positive

constant.
(ii) The kernel K is a Lipschitz function.

(H.1) (i) For any 0 < s < t, there exists a positive constant ¢y and a nonnegative
continuous and bounded random function f; s defined on R such that,

almost surely,
P (Xt € Sm) ::IP’(HXt —z|| < 7"]:5) =cor®fis(z) +o(r?),as r — 0,

(ii) For any 0 < s <t < T such that t — s < @ and any x € RY, the function

ft.s(z) is almost surely bounded by a deterministic function by, (),
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(iii) T J bro(z)dt — Do(z) # 0 as T — oo.

(H.2) For any z € R? and any § > 0, there exists a nonnegative deterministic

function f such that

Th_{glof/ fra—s(x)dt = f(x), a.s.

(H.3) For any t and r such that ¢t € [0,7] and ¢t <r <t + 0, we have
(i) E[l(Y,)|Sts] = E[I(Y;)|X,] = m(X,) almost surely.
(ii) There exist constants 3 > 0 and c3 > 0 such that, for any (u,v) € R*,
m(u) = m(v)| < esllu—v]]”.
(iii) For any & > 2 and any § > 0, E[|l(Y})|*|S.s] = E[|I(Y,)|*|X,] and the
function hy(z) = E[|I(Y)|*|X = z] is continuous in the neighborhood of

x.

Remark 2.1. For s < 0, F; stands as the trivial o-field. Therefore, the condition
(H.1)(i) takes the form

IP’(HXt —z|| < r’]—"5> = IP’(||Xt —z|| < 7") = cor?f(z) +o(r?),as r =0,  (2.3)

where f is a positive deterministic function. Notice that the function f matches
the density of X; whenever we assume that this density exists. In such a case, the
constant ¢, is given by ¢y = ¢ /T ((d+2)/2), where I is the usual gamma function.
The statement holds also whenever s =t = 0.

Comments on hypotheses. Conditions (H.0) are very common in nonparametric
function estimation literature. Hypothesis (H.1)(i) assume that the conditional pro-
bability of the sphere S, , given the o—field F; is asymptotically governed by a local
dimension when the radius r tends to zero without assuming the existence of mar-
ginal and conditional densities to reach the rates of convergence given below. Note
that the condition (H.1)(i) holds true while the conditional distribution P4: has a
continuous density function f%* % on R Condition (H.2) involves the ergodic nature
of the data as given, for instance, in Gyorfi et al. (1989). Notice, by (H.1)(ii), that

the random functions f;; s(x) belong to the space C° of continuous functions, which

T
is a separable Banach space. Moreover, approaching the integral / fri—s(x)dt by
0

its Riemann’s sum, it follows that

T_lATft,t_é(x 1Z]CTT 5 Zf]5 (j—1)é
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Since the process (Xr;);>1 is stationary and ergodic, following Delecroix (1987)
(see, Lemma 4 and Corollary 1 together with their proofs), one may prove that the
sequence ( fjs j—1)s(x))j>1 of random functions is stationary and ergodic. Indeed, It
suffices to replace in the work of Delecroix the conditional densities by fjs5j—1)s's
and the density by the function f. Moreover, making use of Beck’s Theorem (see,
for instance, Gyorfi et al. (1989), Theorem 2.1.1), it follows that

lim sup =0,a.s.

T—o0 z€RI

1 [fuu-s@yde—p(a)

jlw/o};,t—é(x)dt —E(f50(x)) ‘ = Tlim sup

0 peRd

It is then clear that both the conditions (H.2)(i) and (H.4)(vi), given below, are
satisfied. Notice that the transform of the stationary ergodic process (X, Y;):>o into
the process (I(Y;))¢>0 is a measurable function. Therefore, making use of Proposition

4.3 of Krengel (1985) and then the ergodic Theorem, we obtain

lim + | L) 2t = B((12(Yy))) a.s., (2.4)

T—o00

a result needed as a condition in Lemma [2.5) below. Condition (H.3)(iii) is usual in
the literature dealing with the study of ergodic processes. The hypothesis (H.3)(ii)

is a regularity condition upon the regression function m.
We give now some examples for which the condition (H.3)(i) is satisfied.

Example 1. Consider the regression model Y; = m(X;) + ¢, where the random
variables ¢,’s stand as martingale differences with respect to the o-field S, 5,7 <t <
r + 0, generated by {(Xs,es),(Xt) 0<s<rr<t<r+ (5}. Clearly, we have
E[Y;|S, 5] = m(X}) almost surely.

Example 2. Consider the regression model Y; = m(X;)+o(X;)e;, where the random
variables €; are centered and independent of the process (X;);>o. Taking S, s as the
o-field generated by {(XS) 0 <5< T}, it follows, for ¢ < r, that E[Y;|S, ] =
E[m(X;) + o(Xy)e|Sr6] = m(Xy) + 0(Xy)Ele,] = m(X;) almost surely.

The first result hereafter gives the pointwise convergence with rate result for the

regression estimate mr(x).

Theorem 2.1. Under hypotheses (H.0)-(H.3), for any x € R? such that f(z) # 0,

we have

log T\
mT(-T) - m(l') = Oa.s(h,’?) "’ Oa.s ((%) ) , as T — Q.
T
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1
Towards establishing the uniform result, for — <~ < 1, consider the following
dilative compact set By = {z € R?: ||z|| < T7}, where ||.|| is a norm on R¢. Notice

that the following additional assumptions are needed.

(H.4)(i) There exists a sequence (o) of positive real numbers such that inf f(x) > ar.

xeBT

(ii) For any 7' > 0 and any a > 0, sup,cp. |Da(2)] < D < o0,

(iii) For any k& > 2, the function Ay is uniformly continuous and bounded over
the set Br.

(iv) The function f is bounded by a constant C' > 0.

(v) There exist two constants 7 > 0 and u > 0 such that, for 7" large enough,
1 1

a%h%—i—dTT = Tl+u’
(vi) For any ¢ > 0 small enough, we have

1
f@)T

lim sup

T
/0 Jri—s(x)dt — 1‘ =0, a.s.

Comments on additional hypotheses. Condition (H.4)(i) is satisfied when we
consider, for example, a zero-mean Gaussian real random variable with a density f
and a finite variance o2 and we take |z| < O(U(u log T)l/Q) and ar = O(T*”/UQQW)
with v > w. Conditions (H.4)(ii) and (H.4)(iii) are uniform versions of conditions
(H.1)(iv) and (H.3)(iii) respectively. Hypothesis (H.4)(v) set the needed condition

to use the Borel-Cantelli Lemma..

The following theorem gives the uniform version of our results.

Theorem 2.2. Assume that assumptions (H.0)-(H.4) hold true. Furthermore, sup-

pose that
T27—-1pd 2

Then, we have

o 1/2
sup [ (z) — m(x)] = Ous(h) + Ous (( log T ) ) as T oo (26)

TEBT Th%ot%—‘

Remark 2.2. Whenever, instead of the set By, we consider a compact C on which
the function f is bounded from below by a constant o > 0, we obtain the following
result

log T\ "*
sup |mT(:E) - m(ZL‘)| = Oa.s(hé{) + Oa.s ((Tid) ) , as T — o0
zeC T
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when the hypothesis (H.4)(v) and the condition ({2.5)) are replaced by the fact that
1

there exist two constants 7 > 0 and « > 0 such that

r < :
T (K3logT)2 — T

Nonparametric prediction. Let (§,t € R) be a measurable stationary and
ergodic process. Given the data (&,0 < ¢t < T), we would like to predict the non-
observed square integrable real random variable (7, g := ({74 1), where the horizon
H is such that 0 < H < T and where [ is a measurable and bounded function on

compact sets. For this purpose, let us construct the predictor. Set

Zy = (X, 1Y) = (&, U&vm)), tER,

and consider the regression kernel estimator 7y based on the data (7,0 < ¢t <

T — H). Therefore, the nonparametric predictor of (ry is defined by

N mT_HQ(fT) . fOTiHl(gt+H)K (%) dt o

Cret = mr_m1(ér) B foT_H K (%) dt = ra ().

We study now the asymptotic behavior of §T+ g as T tends to infinity, whenever H
remains fixed. As usual CATJFH is an approximation of m(&r) = E((ryn|és,s < T) =
E(¢r+m|ér). The almost sure convergence with rate of the predictor is given in the

following corollary..

Corollary 2.1. Take d = 1 and assume that the conditions of Theorem are
satisfied for the process Z; = (&, (&4 1)). Then, we have

ThTOé%

1/2
i (Er) — m(ér) | Liepenry = Ous(h2) + O4. (( log T ) ) a.s.

2.3 Proofs

For any « € R, consider the following decomposition

Qr(zr) = (Mra(x) —mra(z)) — m(x) (e (z) — mr(z)) (2.7)
RT(Z’) = —BT(SL’) (mT’l (37) — ﬁzT,l (.TJ)) (28)
ip(z) —m(z) = imr(x) — Cr(x) + Br(z) = Br(z) + QT(fn)TT(ff W 29
where B
Br(z) = Cr(z) — m(z) := mra(T) m(z)
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stands as the conditional bias. In this paper we need an exponential inequality for
partial sums of unbounded martingale differences that we use to establish our results.

This inequality is given in the following lemma.

Lemma 2.1. Let (Z,),>1 be a sequence of real martingale differences with respect
to the sequence of o-fields (F, = o(Z1,- -, Zn))n>1, Where o(Zy,---,Z,) is the
o-field generated by the random variables Z;,---,Z,. Set S, = >I'; Z;. For any
p > 2 and any n > 1, assume that there exist some nonnegative constants C' and d,,
such that

E(Z?| Fp_1) < Cp‘zp!dfl, almost surely. (2.10)

Then, for any € > 0, we have

2
P(|Sh| > €) < QGXP{—M}:

where D,, = 32", d?

=1 """

Proof. The proof follows as a particular case of Theorem 8.2.2 due to de la Pena
and Giné (1999). O

From now on, for 1 < 7 <n set
T; r— X
Z(0) = [ K( >dt.
](‘7;) Ty, hT

2.3.1 Proof of Theorem 2.1

In the sequel we give a sequence of lemmas that are helpful in proving our results.

Lemma 2.2. Under hypotheses (H.0)(i), (H.1)(ii)-(iv) and (H.3)(iii), for any x €

R, we have
R N log T\
mT72(17> - mT,Q(x) = Og.s ((&) ) .

Proof. Under hypotheses (H.0)(i) and (H.1)(i), since P(||lx — X;|| < 0) = 0, integra-
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ting by parts, we obtain

gElne) = e [ (5 al
- b el ()

[ [ ke = 0 < o
0

:
i
= g [ (PG = X0 < bl = [FQOP e = X0 < ) )
— bf(z) (k(A)Ad -/ Audk%u)du) +o(1)
— d cdf(x) (/OA ud—lk(z)du> +o(1). (2.11)
Observe that

mT’Q ([E) —’ﬁ”LTQ (J])

-l (oo (552 2l (5525
- b o (oo

1 n
= EZ @) &

where (L7 ;());>1 is a martingale difference sequence with respect to the sequence
of o-fields (F;);>1. We have to check the conditions of Lemma [2.1]to obtain an expo-
nential upper bound allowing to investigate the limiting behaviour of the quantity
mra(x) —mra(z). As a first step, using Jensen and Minkowski inequalities, for any

p > 2, observe that

B | L7 (2)|Fj—a] |

< I (oo 5)

< 7 (Elfoom (559

_ zp/Tj EUZ(Y;)K (‘” ;TXtMp yfj_gl dt.

Tj1

i e feoan (59

1\ P
p P
|th_5]) |fj_2]) dt
) 17
|.7:t_5] |.7:j_2] ) dt

’ |Fj_2] ;HE [IEUZ(Yt)K(x _ Xt)

Making use of the condition (H.3)(iii), it follows, for any 7;_y < t < T; and any
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p > 2, that

ZC—Xt>
T

E Ul(Yt)K(

! !FH] —E [E Ul(Yt)K =l |St,5] m_z]

hr
.T—Xt

= B[R () BIODPIS Frme] =B [ () (0152

Furthermore, we have

B [17 (£ I ()17

< B[R (1) 00 — hy(o)|1F5a] + Iy K7 () 17
< E|

(25 7, ( sup  |hy(u) — hy()] + |hp<a:>|)

[[u—z||[<Ahp
- X
K (x hy t) |f“] ’

where Cy(z) is a positive constant. Integrating by parts and using the condition
(H.0)(i) together with the condition (H.1)(ii), we obtain
r — Xt

sl (55 7] -5l (5.5)

A
= [ B @dP(lz = Xl < hrulF;-)

< Cy(z)E

= WP (e Xl < hrulFl) [V )P (J2 — Xell < hrul - du
=l fun o) (PO = [0 0)a) + o0
= d cohffir, ,(x) </0/\ udlkp(u)du> + o(h4). (2.12)

Assuming that the kernel £ is such that fo/\ 297k (2)dz < oo and taking B as to have
fo’\ 2471kP(2)dz < BP~1, for any Tj_; <t < T}, we obtain

r—X
B K7 (S55) 1Fioa| = d coB” B fur, o () + ol1f).
Consequently, we have

= oo (*5%)

p
’321 = 02<x>d COBpilh%ft,ij2 (l’) + 0<h§l’)7
which gives

(B | LG (2)| Fj ]| = 270Cs(x)d coBY 0§ forr, ,(x) + 2"50(hS).
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Thus,
E L} (@) Fi| | = pICY*6hG[deaCsCal) fir,_, (x) + o(1)],

where C3 = 2B. Considering the condition (H.1)(iii) that imposes to the function
ft7Tj,2(I) to be bounded by a deterministic quantity ij72725($) since T <t <1Tj,
we can take d3_, = 0h{[dcoC3Cs(2)br,_, 25(2) + 04.5(1)]. Therefore, we have

1 1
== S di_, = 6h ldCOOQ(x)Ogn > bry_,0s(z) +o(1)].
2 2

Using the Riemann sum, it is easily seen that

n T
03" by as(@) < [ buas(a)at
j=2

Taking into account the condition (H.1)(iv), it follows, as T' — oo, that

D, 1 &
— = 55 d3_ <5hT[dcng /bt26 )dt + o(1)
2

= 5h§l~[d6002(l')03D25<1') + 0(1)]
Thus, we have

Since E(Z1(z)) = dcydhd f(x) (fo’\ ud_lk(u)du) + o(h%), we note T,, = T = én and
hr, = hr using Lemma [2.1], for any ¢y > 0, we obtain
log T, 3
S (Tnh%) )

]P><|mT72(a:) mrs(2)] > € (%)) N (

ZLTJ

< 2expq — (nE(Z1(2))*e5(log T,/ T h%,)
2D, + QanE(Zl (317>)€0 é?ghgn
nltp,
2 d 2 d
< 2exp _ «(O(Tyht,)) (log T, /T, h, )
O(T,h%,) (1 + Egéﬂ)

< 2exp{—CyeilogT,} = (2.13)

29
Caef
n

where C'; is a positive constant. Taking e, sufficiently large and using the Borel-

Cantelli Lemma, we obtain

ZP(ZLT]

n>1

log T, 1/2
> nE(Z1(2))eo (;ghd ) ) < .
n T7L




2.3 Proofs 63

Thus, we have

. N log T, 12 log T 12
mra(x) — mra(r) = O ((T,JL%L) =0 Thi. , as.

Lemma 2.3. Under hypotheses of Lemma 2.2 with the function [ taken to be
identically equal to 1, combined with the conditions (H.1)(ii) and (H.2)(i), we have

. logT 1/2
mT,l(‘T) —1= Oa.s(hT) + Oa.s ((&) ) .
Proof. Observe that
mTJ(iB) —1= (mTJ(LL') — mT,l(x)) + (mTJ(iL') — 1) = Mle(l’) + MTyg(l’)).

Proceeding as in Lemma with the function [ taken to be identically equal to 1,
it follows, under hypotheses of Lemma [2.2] that

1/2
Mira(@) = O ((lTiT) ) . 210

Moreover, under conditions (H.0)(i), (H.1)(ii) and (H.2)(i), and using statements

(2.11) and (2.12)) for p = 1 we have

Mrpo(z) +1 = nE[le(x)] /OTE (K (”3 ;TXt) |]-}_5> dt
1

ndcodhd-f () (fo’\ udflk(u)du)

x (d cohd < /0 ’ udlk(u)du) /0 o s(m)dt + O(Th%))

1 T
= 5 /0 Frees(@)dt + o(1)

(17
= m (T/o ft,t—d(ﬂf)dt> +o(1)
= 1+o0(1).

Thus,
Mrso(x) =0(1),a.s. (2.15)

Combining the statements (2.14]) and (2.15)), we obtain the result and achieve the

proof. a
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Lemma 2.4. Under hypotheses (H.0)(i), (H.1)-(H.3)(ii), for any = € R, we have

Br(z) = Oa.S(hg“)7

log T’ 12
Rr(z) = O, (h@ (Thd>
T

Démonstration. Observe that we can write

_ pa(x) —m(xz)mra(r) BT(J})
Br(x) = - = () (2.16)

Since, from the statement (2.15)), we have mr;(x) — 1 = 0,.5(1), it suffices then to
establish that By (x) = O,.4(h5). Under hypotheses (H.0)(i), (H.2)(i) and (H.3)(i)-
(ii), for any x such that f(x) # 0, we have

| Br ()| = [iira(x) — m(z)ivr, ()]

- |=z@h Ef“ytﬂf(x ) 7] =i [i (F ) 1]
- o = [E [0 - mens (S22 15iad] 17 dt|

= g L B0 - s (S 7 al

e L K () e

d coht- (p Us(u)du .
ndcodhd f () (fo Ud_lk(u)du> /0 fra—s(x)dt + o(1)

(/ftm dt>+o()

The second part of the lemma follows by combining the decomposition ({2.8])
together with the statements ) and - O

< sup |m(u) —m(x)| x
[|lu—z|| <Ahp

<  sup |m(u) —m(x)
|lu—z|| <Ahp

hy )«3 = O4s(h7). (2.17)

Proof of Theorem [2.1] Combining the decomposition (2.7) and the statement
(2.14) together with Lemma we obtain

Qr(z) = O4 ((%) 1/2) : (2.18)

Therefore, the result follows from the decomposition ([2.9) combined with results of
Lemma [2.4] and the statement (2.18]). O
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2.3.2 Proof of Theorem 2.2

The proof of Theorem |3.1] needs some intermediate results that we give hereafter

as lemmas.

Lemma 2.5. Under hypotheses (H.0) and (H.4)(i)-(v) together with the condition

(2.5)), we have

1/2
log T’
sup [mra(x) — mra(x)| = Oy , as T — oo. 2.19
mGBI;| 72(7) 72(2)] ((Th%a%) ) ( )
Démonstration. Let xy,...,z,, be a grid of the set By in such a way that we have

vp
Br € |J Br; with Br; = {z : ||z — 2;|| < T7v;'}. Observe that
i=1

sup [fire(r) —mra(z)] < max sup |mra(z) — mra ()]
€Br 1<k<vraeBr,
< max sup |mra(z) — mra(z)|

1<k<VTaeBy

s et = o)

+ max sup |mra(x) — mra(x
1§k§>§T$68£k‘ 12(7) 72(Tk)|

= Hpi+ Hro+ Hrp.

Moreover, for any 1 < k < vy and any = € By, we have

ira(e) — iralre) = g 100 (1 (S5 < ae () )b

1 T T — Xt
nE[Z, (z)|E[Z: (z)] /0 l(Yt)K< hy > (E[Z1(2x)] — E[Z1(2)]) dt

= [1($k> + [2<$k)

Making use of Cauchy-Schwarz inequality and subsequently considering the condi-
tions (H.0)(ii) and the statement (2.4)), it follows that there exists a positive constant
Ck such that

()] < m/fuw K () - (B

T 1/2 T T — Xy L — A¢
< 5l ¢ o) ([ (555) 55
nE[ZfT()]o (E2[(1(%6))?]) ( [ Zdt)

5OKT’YVEI 1/2 2
rrEZiy O (B I00))).

2 1/2
)

r — T

IN

T
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Considering the hypothesis (H.4)(i) together with the statement ([2.11)), we obtain

el < Lo, (B u)Y).

Moreover, we have

E[Z) (22)] — E[Z1(2)]] < EVOJ K(”” ;TXt> —K(x’“h_TXt)‘dt]
< o [l (52) - K (2| sy
< §Cx :C;Txk

SO T vys!
< =

Therefore, taking K to be a bounded kernel by a constant a;, we obtain

(@] € / umK( =1 (o)) — BlZi ()] de
< T )/ ([ ®2iw)] - Bl ) o

o\ 1/2
(11(5 1/2 (5OKT’YV_1
= VTR @B Z: ()" (2 )(T< ) ))

;fKTo (B 0(v0)))

1/2

Z1 xk

ar
Consequently, it follows that
CxT vt
[l(xk)+[2($k) < K T

> 2d+1_ 2
h ™ o

(a1 + har)Ous (EV2[(1(Y0))?]) . (220)

Taking now vy = |T/h3%"a2.| and considering the right hand side of the statement
([2:20) together with the fact that E[(1(Y)))?] < oo, we obtain

Hry = max sup |fra(z) —hira(z)| = O (T71), as T —oo. (2.21)
1<k<VTl'€BTk ’

Observe now that

Fora(wr) — ra(z) = — T E {

K<Ht) -k () ) s
i ()

nE[Z, x)IEZ(x)/o
x (E[Z1(zx)] — E[Z1(2)]) | Fis] dt.

Proceeding similarly as for Hr 1, we obtain

Hps =  ax - sup imra(zr) — mra(z)| = Os (T, as T —o0o.  (2.22)

k<I/T$€BT k
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To handle the term Hr o, we proceed similarly as in the statement ([2.13)). Consi-
dering hypotheses (H.4)(ii)-(iii), and noting T = T,, = én, hy = hr,, vy = v7, and
ar = arg,, it follows that D,, = O(T,h$, ) uniformly in @ € Br. Moreover, assuming
the conditions (H.4)(i) and (H.4)(iv), for any 7" > 0, we have

inf E[Zy(2)] > 6§, ar, + O(h%.) and  sup E[Zi(z)] < CShg, + O(hF.).

zEBT rEBT

1
. T, log T, \? .
Therefore, takmg vr, = [W} and €T, = €0 (W) , We obtain

Xn: Lrj(zr)

1<k<vr, i

VTn
]P( max ]ng(:I;k) mT72($k)’ > €T> < ZP(
k=1

> er, (nE[Zy (g;k)]))

2

(nE[Z1(21)]) €3,

< 2 -
S alr, €Xp O(Tnhr,) + CnE[Zy(xy)]er,
52 2h%dOéT Eo(logT/Th %>
< 2urp, exp 1 1/2
d Ong
O(Tnth) + Conhg, <Tnthn Tn)
O ((Tuht,)?) log T/ Toh5,
< 2vp,expq — P log T, \ '/
og in
O(Tnth> <1 + C(<Tnh‘i a%") )
21 T
< 2up exp{ — s L 1/2
(1+clazg)”)
9o (T h2d+1
L ATa/ed )
Tn
2

o, W T
for some positive constant . Making use of the condition (H.4)(v) combined with

the Borel-Cantelli Lemma, we obtain

1/2
max |Mro(zx) — mra(xk)| = Oas ((logﬂ;) ) . (2.23)

d
1<k<I/T ThTOZT

Combining the statements - 2.23)) together with the condition . the result
follows. O

Lemma 2.6. Under hypotheses of Lemma [2.5, with the function [ taken to be
identically equal to 1, combined with the conditions (H.1)(ii) and (H.2)(i), we have

sup [mra(z) — 1] = 045 (1), as T — oo. (2.24)

TEBT
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Proof. Since
mra(z) — 1= (Mra(z) —mri(2)) + (Mra(z) — 1) == Rra(x) + Rra(z)),

proceeding as in Lemma [2.5] with the function [ taken to be identically equal to 1,
it follows, under hypotheses of Lemma [2.5] that

o 1/2
sup |Ry,1(z)| = sup | (x) — Mg (z)] = Ous (( el ) ) : (2.25)

TEBr TzEBT Tthoz%
Moreover, under conditions (H.0)(i), (H.1)(ii) and (H.4)(vi), following similar lines
as to establish the statement ([2.15)), we obtain

sup |Rra(z)| < sup
z€Br xEBT

1 T
Tf(m)/o fei—s(x)dt — 1‘ + 04.5(1) = 045(1).  (2.26)

In view of the condition (b), we achieve the proof by considering the statements

and (228, -

Lemma 2.7. Under hypotheses (H.0)(ii), (H.1)-(H.3)(ii) and the condition ([2.5)),

for any x € R, we have

sup [Br(x)| = Oa.(hf), (2.27)
zEBT
log T 12
R = O, | 1} 2.28
EEUBI;| ()| . (T<Th%@%> (2.28)

Démonstration. From Lemma |T6|, it is easily seen that ggf mri(x) =14 04.5(1).
zEBT

Considering the statement (2.16|), it suffices to establish that BT(x) = Oys (h?)
Under hypotheses (H.0)(ii) and (H.3)(i)-(ii), by the same arguments as in the proof

of Lemma 4, for any x, we have

|Br(x)| = [ira(z) — m(z)iga(z)] < hEAP

f(xl)T/OTft,t_g(x)dt + 0(1)‘ . (2.29)

Therefore, making use of the conditions (H.4)(i), (H.4)(vi), we obtain

1
f(@)T

TEBT xEBr

- Oa‘s (hl;’) :

sup |Br(z) < A (sup

/OT Fors(x)dt — 1‘ T14 0(1))

The second part of the lemma follows by combining the decomposition ({2.8])

together with the statements (2.25) and (2.27)). O
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Proof of Theorem [2.2l
Combining the decomposition (2.7) together with Lemma and the statement
(2.25)), it follows that

B logT 12
sup !QT(Q:)I—O@AS«WT%) : (2.30)

Therefore, the result follows from the decomposition ([2.9) combined with results of
Lemma [2.7] and the statement (2.30)). 0

2.3.3 Proof of Corollary

Observe that we have

) mr_pga(T)
_ 1 < eSO
|’ITLT7H(§T) m(é.TN {éreBr} = gcseuBI; mT—H,l(x) m<x)

Hence, using the same method to prove Theorem with d = 1, we obtain the

result. O






Chapitre 3

Consistency results for the
conditional mode estimate on
continuous time stationary and

ergodic data

Abstract

Let (X;,Y)i>0 be a R? x R-valued strictly stationary and ergodic continuous time
process. Define the estimator of the conditional mode of Y given X = x as the
random variable ©7(x) that maximizes a kernel estimator of the conditional density
of Y given X = x. We establish the almost sure pointwise and uniform consistencies
with rates of ©r(x). Furthermore, considering a real stationary and ergodic conti-
nuous time process (Z;)i>0, we derive the convergence with a rate of a predictor
at the horizon H, built on using the conditional mode estimation device, whenever
0 < H < T and only the part (Z;)o<t<r—n of the process is observed. It is worth
noticing that the ergodic setting covers and completes various situations as compa-

red to the mixing case and stands as more convenient to use in practice.

Keywords : Conditional density, Conditional mode, kernel estimate, Ergodic processes,

Martingale difference, Prediction
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3.1 Introduction

Let (X4, Y:)i>0 be a R¢ x R-valued strictly stationary and ergodic continuous
time process defined on a probability space (€2, F,P). Let h be the density function
of the random vector (X,Y’). Our concern in this paper is to build a nonparametric
predictor of Y given that one has observed X = x. This problem has received a lot of
attention throughout the time. In the discrete time case, the conditional expectation
is used to construct a predictor of the random variable Y given X = x, We refer to
Watson (1964)[126] and Rosenblatt (1969)[118] where results of consistency of the
predictor estimate are established for the mixing processes. Considering the same
mixing framework, Gannoun (1990)[63] used the conditional median. The conditio-
nal mode function estimate of the predictor is used for the first time by Collomb
et al (1987)[35]. A number of publications followed considering various prediction
situations. We refer among others to Ould said (1993, 1997)[104],[105], Louani &
Ould said (1999)[84], Ezzahrioui & Ould said (2008, 2010)[56] [57]. Finally, when
the process is considered to be i.i.d., the almost sure convergence together with mean
convergence of the conditional density were obtained by Youndjé (1993)[130]. Note
that the conditional density estimate is used to establish results pertaining to the
conditional mode estimate.

Denote by f(./x) the conditional density of Y given that X = x. Assume that
f(./x) has a unique mode and that the conditional mode of Y given X = x is

denoted by

O(x) = argmax f(y/x), (3.1)
yeGT
where Gr = [—vr, vr] is a compact set on R, with vr = az", where p is a positive

constant.
The kernel estimator of the conditional mode ©(x) is defined as the random

variable ©(x) which maximizes the kernel estimator fr(./x) of f(./x), that is,

Or(x) = arg ffé%ffT(y/X)’ (3.2)
with ho(x.9)
_nr XY
where
LT x= X Y, v
hr(x,y) = Tad“/o K (X ar ) K (y ar ) dt = /0 eu(x,y)dt, (3.4)
T
and

(%) = —— /OT K (X - Xf) dt — /OT r(x)dL. (3.5)

d
Taf ar
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Notice that g7 is the kernel estimate of the marginal density g of X that we suppose

to exist. Here ar is a sequence of positive real numbers such that

Tadt!
(i) Jimar =0, (i) %%Ta%“ =+oo, (i) Jim loagTT — too,
ad
(iv) Jim 52 = +oo. (3.6)

This paper is devoted to the conditional mode function estimation when the data
are assumed to be sampled from a stationary and ergodic continuous time process
to allow the maximum possible generality in regard to the dependence setting. We
establish here pointwise and uniform consistencies with rates of the conditional
mode kernel estimator O (x). An application to the process prediction based on the
conditional mode estimation is also given. Note that the ergodic framework avoid
the widely used strong mixing condition and its variants to measure the dependency
and the very involved probabilistic calculations that it implies (see, for instance,
Masry (2005)[98]). Further motivations to consider ergodic data are discussed in
Didi & Louani (2013b)[51], and in chapter 2 of this thesis, where details defining the
ergodic property of continuous time processes are also given. The paper is organized
as follows : In Section 1, we state our assumptions. Section 2 is devoted to the main
results to nonparametric estimation in continuous time. Section 3 deals with the

proof of the main results.

3.2 Assumptions and notation

To formulate our assumptions, some additional notations are required, for some
0 >0, let n € N be such that T" = dn, and T} = j9, for j = 1,...,n. Let F; be the
o—field generated by {(X,,Y;) : 0 < s < t}. Set F;, to be the o-field generated by
{(X,Y;) : 0 < s <T;}. The o-field generated by {(X;,Ys),(X,) : 0 < s < ;¢ <
r < t+ 6} is denoted by S;s5. The o—field G; is generated by {(X;) : 0 < s < t},
while that generated by {(X;) : 0 < s < Tj} is denoted by G;. Introduce now the

following assumptions
(A.1) The kernels K;,j = 1,2 are probability density functions,
(i) Kernels Kj,j = 1,2 are assumed to be compactly supported.

(ii) Kernels Kj;,j = 1,2 are assumed to be Lipschitz of order  with a constant

0 <Ok < o0, ie.,

(iil) |K(x) — K (x)] < Oglx —x|7,  (x,x) € R*,
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(ii2) |Ka(y) — Ko(y)| < Ckly—y'|", (y.y) € R%;
(iil) Jga [[x[|K1(x)dx < oo;
(iv) [JgyKs(y)dy =0 and [ v*Ks(y)dy < oo.

(A.2) There exists a constant 0 < I'; < oo, such that, for all (x,y) € R4, h(x,y) <
I.

(A.3) For any x € C, there exists a constant A > 0 such that A < g(x).

(A.4) For every t € R, for every couple (x,y) € R,
(i) The conditional density g)g{t‘é of X; given the o-field G, s exists and is a
Lipschitz function.
(ii) The conditional density hf(:f/t of (X4, Y:) given the o-field F;_s exists and

is continuous.

(iii) lim 7 [ g%, (x)dt = g(x), as.;

(iv) The conditional density g)]?t"s of X; given the o-field F;_s exists and is

continuous.

(A.5) For every t € [0, T}, for every couple (x,y) € R,

lim sup =0, a.s..

T—)OOXGRd

5 [ o8 e~ g(x)

(A.6) For any t and any r such that ¢ € [0,7] and ¢t <r <t+46, we have E [Y,|S; 5] =
E[Y[X,].

(A.7) For any fixed x € R,

(i) f(-/x) is differentiable up to order 2 and sup, ‘ f® (y|x)‘ < oo uniformly

on X.
(i) suplf@(O(x) | x)| := ® #0.
xeC
(A.8) The conditional density and its two first derivatives satisfy the Holder condi-

tion with respect to each variable, that is, there exist constants g > 0 and

v €]0, 1] such that

V(yl, yg) c R2,V(X1,X2) € 19(X) X ﬁ(X),
O nlxr) = fD(galxa)| < Cx Iy = el + 31 = x2]1%)

for j =0,1,2, where ¥(x) is a neighbourhood of x, and Cy is a constant that

depends only on x. Here, we take the convention f©(-]-) = f(-|-).
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Comments on hypotheses. Conditions (A.1) are very common in nonparametric
function estimation literature. They set some kind of regularity upon the kernels
used in our estimates. Hypotheses (A.2)-(A.3) and (A.7)-(A.8) introduce the needed
regularity conditions on the distribution functions related to the process (X;, Y;)i>o0-
The conditions (A.4)-(A.5) involve the ergodic nature of the data as given, for ins-
tance, in Gyorfi et al. (1989). Notice, by (A.4)(i), that the random functions g)g{t“s(x)
belong to the space C° of continuous functlons which is a separable Banach space.

gt6

Moreover, approaching the integral / gx. ’(x)dt by its Riemann’s sum, it follows

that
T / gt5 dtmnlzggTéx.

Since the process (Xt;);>1 is stationary and ergodic, following Delecroix (1987)
(see, Lemma 4 and Corollary 1 together with their proofs), one may prove that the
sequence (g)g(TT"i_‘S(x))izl of random functions is stationary and ergodic. Indeed, Tt
suffices to replace in the work of Delecroix the conditional densities by g}g(Tqi;‘;(x)’s
and the density by the function g. Moreover, making use of Beck’s Theorem (see,
for instance, Gyorfi et al. (1989), Theorem 2.1.1), it follows that

/ggt 6 dt g )

hm sup =0,a.s.

T—00 ycRd

/ggt *(x)dt—E( gXO ’(x ))‘— lim sup

T—00 ycRd

It is then clear that the condition (A.5) is satisfied. We can proceed similarly with
the function h%' Y.y, (X, ). Condition (A.6) is usual in the literature dealing with the

study of ergodic processes.

3.3 Theoretical properties

We denote by f()(-/x) the first derivative of f(-/x). Using the definition of the

conditional mode function, we have

FPex)/x) =0,

Similarly, it follows from the statement (3.2)) that

i (Or(x)/x) = 0.

Furthermore, assumption (A.7) implies

FPO(x)/x) <0, and fP(O7(x)/x) <
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3.3.1 Consistency

The first result considers the almost sure pointwise convergence with rate of the

kernel estimate Op(x) of the conditional mode function O(x).

Theorem 3.1. Under assumptions (A.1)(i), (A.1)(ii2), (A.1)(iv), (A.2), (A.4), (A.6),
(A.7) and (A.8), we have

log T\ '/* logT \'/*
a.s B/2 v/2 g g
Or(x) = O(x) £ Ofayf +aT/>+o((Ta%) )+O(<T> .

The following theorem gives the almost sure uniform with rate, over a compact

set C, consistency result.

Theorem 3.2. Under the hypotheses (A.1), (A.2), (A.3), (A.4)(i)-(ii), (A.4)(iv),
(A.5), (A.6), (A.7), and (A.8), we have

logT 1/4 logT 14
a.s B v g g
i‘é?'GT(X) —0x)| £ 0 +a*)+0 (( Ta%) ) +0 ((W) :

3.3.2 Nonparametric prediction.

Let (&,t € R, ) be a measurable stationary and ergodic process. Given the data
(&,0 <t <T), we would like to predict the non-observed real random variable {7y g,
where the horizon H is such that 0 < H < T'. For this purpose, let us construct the
predictor. Set

Zy = (X, Y1) = (&, &), t 20,

and consider the conditional mode kernel estimator ©r(x) based on the data (Z;,0 <

t <T — H). Therefore, the nonparametric predictor of {7 is defined by
ér = Or_n(ér).

We study now the asymptotic behavior of éT as T' tends to infinity, whenever H re-
mains fixed. As usual & is an approximation of ©(£7)). The almost sure convergence

with rate of the predictor is given in the following corollary.

Corollary 3.1. Take d = 1 and assume that the conditions of Theorem are
satisfied for the process Z; = (&, &+ g). Then, we have

. , log T\ "/ log T\ "/
Or_n(&r) — OEN Lireey & 0 +a®) +0 =2 +0 (= .
TaT T(IT
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3.4 Proofs

From the definition of O (x) and ©(x), we have

|f(Or(x)/x) — f(O(x)/x)|
< |fr(Or(x)/x) — [(Or(x)/x)] + | fr(O7(x)/x) — f(O(x)/x)|
< sup |fr(y/x) — fly/x)| + |f§£ fr(y/x) — sup fly/x)|

< 2 iellgplfT(y/X) — fly/x)l. (3.7)

Consider the next decomposition

Qrlx9) = (hr(x0) = hr(,0) = "o () () 3:5)
Rr(x,y) = —Br(x,y)(9r(x) — gri(x)) (3.9)
FLT x,y) — (h(x, X))gr1(X
Brlx.y) (x,y) (g(Tl(y}z)/g( ))gra(x) (3.10)
frlyx)—fly|x) = Br(xy)+ ke y;Tj(LXI)%T(va)’ (3.11)
where ) . . K — X,
i 7 [ 5[] (55 15
and
he(x,y) = :mlgﬂ/o E [Kl (X ;Txt) K (y ;TYt) | 3_5} dt.

Lemma 3.1. Let (Z,),>1 be a sequence of real martingale differences with respect
to the sequence of o—fields (F,, = 0(Z1, ..., Z,))n>1, where is the o-field generated
by the random variables Z1,...,Z,. Set S,, = > | Z; For any p > 2 and any n > 1,

assume that there exist some nonnegative constants C' and d,, such that
E[ZF|F,_1] < CP7'pl d2,  almost sure.

Then, for any € > 0, we have

62

where D,, = 31", d?

Lemma 3.2. Let A x A" be an index set and for each (\,A) € A x A', let
{Z;(\,\),i > 1}, be a sequence of martingale differences such that |Z;(A, \)| < B
a.s. Then, for any € > 0 and any n sufficiently large, we have

2
P{ >e}§2exp{—2632}
n

n

S Zi(\N)

i=1
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3.4.1 Proof of Theorem [3.1]

Proposition 3.1. Under assumptions (A.1)(i)-(ii2)-(iii)-(iv), (A.2), (A.4), (A.6)
and (A.8), we have

log T 12 log T’ v
(29 O B8 v O O P .
sup|fr(y | %) = £y | x) (ar +ap) + (( Taf ) U\ e

Proof of Proposition 3.1, Condition (A.2) implies that

Q X) y + R X, y
SUP|fT(y/X) (y/x)| = sup BT(X,y) + T( ) T( )
yE T yEQT gT<X)
1
< sup [Br(x,y)|+ —— <Sup |Qr(x,y)| + sup |Rp(x, y)|>
YEGT g7 (x) \yeor i
< sup |Br(x,y)| + sup ‘hT X,y) — hT(X,y)‘

yeGT 97(X) yeor

ng(x) (A I, +yseupT | Br(x, y)l) lgr(x) — gr1(x)]. (3.12)

Lemma 3.3. Under conditions (A.1)(i), (A.1)(iii), (A.4)(i) and (A.4)(iii), one has

_l_

Him gr(x) = g(x). (3.13)
Proof of Lemma(3.3. Observe that

gr(%) = 9(x) = gr(x) = gr(x) + gr(x) — g(x) = Gr.r(x) + Gar(x),  (3.14)

with gr(x) = ﬁ fOTE [Kl (x;;(t) |Qt_5} dt. Two terms have to be investigated. We
T

first take a closer look to the second term Go 7 (x) given by

_ TladT/T/RdK1<X ) Gi-s (w)dudt — g(x)

= T/ /le g9-5(x — apr)drdt — g(x).

It follows from assumption (A.4)(i) that

990 (x — agr) — g9 (x)| < ar|x].

Making use of assumptions (A.1)(iii) and (A.4)(iii), we obtain

Gar(x) = ar /Rd ||| K1 (r)dr + ;/OT g9 -3 (x)dt — g(x) = o(1), a.s. (3.15)
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Let us return our attention on the first term of the decomposition (3.14), Gy r(x).
It is clear that

e =ty [ (9 (552 - 6o () o= £ i

with T = nd, Ty = kd and Zrx(x) = | (K (352) - B[Ry (522) |G,) ) at.

T

Clearly, the sequence {Z7(x)},k = 1,...,n, is a sequence of martingale differences
with respect to the o—fields Gy = (X5 : 0 < s < T}_1). Observe that

Ty, x —X x — X
f (55 ) = B [ (5 ) 16
Tk—1 ar ar

< 25sup |Ki(x)| = 20K,

x€R4

with K; = sup | K1(x)|. Now by Lemma , for any € > 0, we have

x€R4
2 T d\2 2T 2d
{ >6TCLT)}§2exp{—€(CL1>}:2exp{—6 97 }

8nd2K? 8IK?
The right-hand side of the last inequality is the general term of a convergent series.

IA

| Zr k(X))

Thus, for sufficiently large T', we conclude by Borel-Cantelli lemma that

> € TaT)} < 0.

which means that
GI,T(X) = 07 a.s. (316)

The proof is achieved considering the statements (3.15)) and (3.16]). a

Lemma 3.4. Under assumptions (A.1)(i), (A.1)(iii), (A.4)(i) and (A.4)(iv), we have

gr(x) — Gra(x) = O ((ﬁig )/) . as. (3.17)

Proof of Lemma [3.4] Proceeding as in Lemma in chapter 1 of this thesis we
obtain the result. O

Now, to end the proof of Proposition it suffices to consider the uniformity
over y € G. This is the object of Lemma [3.5 and Lemma [3.6] given hereafter.

Lemma 3.5. If hypothesis (A.1)(i)-(ii2)-(iii), (A.4)(ii) and (A.4)(iii) are fulfilled,

then we have
1 = log T 12
sup |hr(x hr(x,y)| =0 | | =—— , a.s. 3.18

gr(x )yegli‘ rg) = bl y)’ ((T@?Fl) (315)




Consistency results for the conditional mode estimate on continuous
80 time stationary and ergodic data

Proof of Lemma [3.5. Consider a coverage of the compact set Gr = [—vr,vr] by
a finite number Ir of intervals Grj of the form Gry = [sp — wr, sk + wr|, where
wr = vp/lp — 0 as T'— oo. Clearly, we have Gy = uﬁg;lgT,k. Therefore,

1 1
sup hT X » Y hT X,y < max sup hp(x Y hy X, S
97(X) yegr ‘ ) = ha >‘ gr(X) 1<k<lryegy, |hr (%, y) — hr( )|

) 14 [P G w) = B 50

(
]' - —
h —h
o s, sup [hr(e, ) = Br(x,)

- FI,T(X7 Y, Sk) + FQ,T<X7 Sk) + F3,T(X7 Y, Sk)'

Regarding Fy r(x,y, s), using the last part of Assumption (A.1)(ii2), we obtain

Y,
t)’dt

FI,T(X7 Y, Sk)

< o o (o e () - e (2
o gT( )1<k:<lTy€ngTa%+1 0 ! ar 2 ar 2

1 1 T - X3\ C
< max Sup / Ky (X t) —Ely — spldt
gr(x)1=k<tryegy.,, Tag™ Jo ar

T _
< CK;UT 1 < 1d/ e <x Xt)dt)
ar  gr(x) \Taf Jo ar

CKUT . CK

2 - 2+ :

2
Choosing now I = |T7 |, where + is a positive constant, for e; = ¢ (10g T/Tad+1) Y ,

1/2
1
—1 o

We deal now with F»r(x,y, sk). Observe that

we obtain

1 17 x — X, -
FQ,T(X7S}€) - gT( ) g}caél T d+1 A (Kl < ar ) KQ < ar >
-Y,
B[ () ()17 )
ar
1 1 "
- d“ gr(x )1<ka%}l(T z::RT] X, k)|

where

7, X Y X v
Ros(x, %) :/ <K1 (X t)Kg <S’“ t)—IE {Kl (X t)Kg <S’“ t) |ft_5]>dt.
’ Tj—i ar ar ar ar

We observe that the sequence {RTJ (x, sk)}0< s a sequence of martingale diffe-
<j<n
rences adapted to the filtration F; = o((X,, Ys) : 0 < s < Tj). Making use of Jensen
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and Minkowski’s inequalities with p > 2, we obtain

T N e
i (2 (2 ) 15
;. = [ <";Xt)f«2<8k—ﬁ>

o () () ]
< /;( [ ( t)K ( >‘Fj_2]1/p

IN

| fjg] dt

IN

T; _ _ 1/p\ P
[ ol (52 (22 5, )
Tj_i ar ar

_ 2P/Tj E {Kf <X_X’f> K? <S’“ _Yt> |J—"j_2] dt.  (3.20)

Under assumptions (A.1)(i) and (A.4)(ii), we have

- X Y,
Brr () kg (M) A
ar ar
_ / KP? (X _ V) K? (Sk _ u) htfj’Q(v, u)dvdu
RA+1 ar ar
_ d+1/ KP(w)K2(z )th’*Q (x —arw,y — arz)dwdz
at || K ||P (| |7 (3.21)

IN

Noting that the statement (3.20) may be rewritten using the statement (3.21]), we

obtain
E[Rh (x50 | Fig] < 20ag™ K| | Kol < plCP -,

where C' = 2 || Ky || || K»|| and d5 = 25@%“HK1HHKQH. Denote T, = T = né, ar, = ar,
lr, =lr, and ep, = e = € (logT /T, ad+1) . Therefore,

=>4
j=1

> 200 | Ky ||| K| = O(Thaf™).
j=1
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Making use of Lemma [3.1] for T, large enough, we obtain

Iz,
d d
P{1§13;2; Z:RTJ X, si)| > e, (Tha5 H } < ZIP’{ ;RT] X, sp)| > er, (Tha “)}

62 (T ad+1)2
< 27 e — T 1
= o Xp{ 82(D,, + C(Tna% " er,)

d+1\2 d+1

< Mexp eg(Thag ) log T, /T, af,

1/2
O(Traf ") +20(Thaf! ey <;,:§§+"l)

2T, exp {log Tn_eocl} = 2T77_6OC1

Taking €y large enough so to have v —€2C; < 0, where C| is a positive constant, The
right-hand side of the previous inequality, is the general term of convergent series.

Hence, Borel-Cantelli Lemma, shows that

n

ZP{lglgngn ;RTJ X, Sk)

> er, (Thaft")~ } < 00.

log T, 1/2
0 (<z?gd+l> ) , as.
naT,

log T 12
FQ’T =0 ((W) s a.s. (322)

Finally, using the same idea as for F} r(x, y, s;) together with Assumption (A.1)(ii2),

Hence,

1

— (x, sk
Tha 1h e, )| =

It follows that

we obtain

F3,T(X7 Y, Sk)

< ! 1 / "
max S b
- gT(X)1<k<lTyegp Ta%tt Jo

T,k

K, (X t)‘Kg (y t)_K2 <Sk t)‘u__té} it
ar ar
1 1 T x — X3\ Cxk
< —= E|K 2y = F._ ] dt
" )12%%Tysg£7ﬂa +1/ 1( o > o ly — si||Fis

CKU)T 1 1 T X Xt
E|K _ .
a%  gr(x) (TadT /o ! ( ) 17 6} dt)

We conclude from Lemmas B3] and 3.4] that

1/2
1
1 .
ET F3,T<X7 Y, Sk) — O ((TZ"/—la;’j_Qu_d logT> ) . (323)
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In conjunction with Equation (3.19), (3-22)) and (3.23) and lemma[3.3]this concludes
that

’h (x,y) — hr(x )‘ @) <logT>l/2 a.s (3.24)
su X,1y) — JY)| = — ,  a.s. .
gr(x)yeg, | TR Taf!

The lemma is proved. O

Lemma 3.6. Let assumptions (A.1)(i), (A.1)(iv), (A.6) and (A.8) be satisfied, we
have

Br(x,y) = O(df + ay). (3.25)
Proof of lemma Let K14(-) = =K, (E) and Ko ,(-) = éKQ (—T) Under as-

T a
sumption (A.6), we have

hr(x,y) — gri(x)h(x,y)/9(x)
gra(x)

_ b1 /OTIE-<K27a(y—Yt)—h(x’y)>K17a(x—Xt)|]:t_5] dt

BT (X7 y) =

gra(x) T ! 9(x)
- gTJl(X)jlﬂ/OTE _Kl,a(x - XyE KKz,a(y -Y) - h;;&?) | St_(;’(;] ] «7:75—5] dt
_ éml(x) ; /OTE :Kl,a(x ~ X)) (;TE [KZ (y - Yt) | Xt] ~ fly | x)> | ;5_5] it

Therefore, by assumption (A.8), we obtain

Br(x.y)|
7 B[R =X [ Ralw) (= arn | X0 = 1y | 0)du | ] dt]
< & 1<X)‘; [ B[Rt —X0) [ Kol 17— aru | X0~ 7y [ %) du | 7| di
<7 OZ‘X)‘;/OTIE a6 = X)) [ Ka(w) (Jarul’ + X, — x]1) du | s

According to assumption (A.1)(i) the kernel K; has a support compact, then || X; —
x|| < arCk,, together with (A.1)(iv), we have

1 1 T x — X
Brx.y)| = Cu(d?CP +av —/ E{K( t) ]—"_}dt
| T( ?J)| (T K1 T)’?]T,l(x)‘TadT ) 1 s | t—6

= O(ag + ar).
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Combining Lemmas [3.3] [3.4] 3.5 and [3.6] we achieve the proof of Proposition [3.1] O

Lemma 3.7. Under the same assumptions of Proposition 3.1], and if the function
O fulfils

Ve>0, 3¢>0, Vu(x),
O(x) — u(x)] =z e = [f(O)[x) = f(ux) [x)] =&, (3.26)

then
Or(x) —O(x) =50, as T — oo. (3.27)

Proof of Lemma 3.7 Combining conditions (3.26]) and (3.7)) one obtain that for any
fixed x € C all € > 0, there exists a £ > 0 such that

Pllort) - 060) ) < P{suplfrlu/x) ~ el 2 €l (329)

The uniqueness hypothesis of the conditional mode function gives us the result
provided we prove that the right-hand side of Equation (3.28]) converges almost

surely to zero. Proposition [3.1] completes the proof. 0

Proof of Theorem

Under assumtion (A.7)(i), using a second order of Taylor expansion of the function
f(Or(x) | x) around ©(x), we obtain

fOr(x) [ x) = f(O) | x) + (Or(x) - @(X))zéf@)(@}(X) [ %), (3.29)

where ©%(x) is between O7(x) and ©(x). Taking into account the statements (3.7
and ((3.29)), it follows that

(©r(x) — O(x))* |12(©3(x) | )| = 0 (seugp frly %)~ f(y | x>|) .
Combining Lemma [3.7| and condition (A.7)(ii), we have

lim |f®(05(x) | x)| = [fP(O(x) | x)| = D(x) # 0.

T—o00
Consequently,
(©r(x) = 0(x) =0 (sup (%) ~ 1t | ).

which is enough, while considering Proposition [3.1], to complete the proof. O
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3.4.2 Proof of Theorem [3.2

Proposition 3.2. Under hypotheses (A.1)(i)-(ii), (A.2), (A.3), (A.4)(i)-(ii), (A.4)(iv),
(A.5), (A.6) and (A.8) together with condition (3.6|), we have

sup suplfr(y/x) — F(y/x)] = O +ak) +0 ((logT)l/Q) Lo (( log T )/) |

d d+1
x€C yEGr TaT TaT+

Proof of Proposition 3.9 Conditions (A.2) and (A.3) imply that

sup sup | fr(y/x) — f(y/x)|

xeC yeGr
x,y) + Rpr(x,
= sup sup |Br(x,y) + Qr(x,y) r( y)‘
xeC yegr gT(X)
< sup sup |Br(x,y)| + ——— <Sup sup |Qr(x,y)| + sup sup |RT(x,y)]>
xeC yeGr ;EEQT(X) x€C yeGr xeC yeGr
1 _
< sup sup [Br(x,y)| + ———sup sup |hr(x,y) = hr(x,y)|
xeC yeGr )lcrelggT(X) xeC yegr
1 -~ _
+— ()\ Ty + sup sup |Br(x, y)]) sup|gr(x) — gr1(x)]. (3.30)
irelg,gT(X) x€C yeGr xeC

The following lemma deals with the second term of the decomposition ((3.30))

Lemma 3.8. Under assumptions (A.1)(i)-(ii), (A.4)(ii) and the condition ({3.6))(ii),

we have

sup sup |fr(x,) — hr(x, 1)
xeC yegr

ws. o [ (JosT\"?
.:.O(<Ogd+l> ), as T — 0. (3.31)
Tar

Proof of Lemmal3.8. Our first concern is to give an upper bound for the main term in
(3-31). Towards this end, we make use of Lemma[3.2 and gather the needed elements
to apply the Borel-Cantelli Lemma. Let

9 (52) 1 (152 - i (5 o (252 .

ar ar ar ar

T

Ui(x,y) = /

Tj—l

where j = 1,...,n. Observe, for all pairs (x,y) and all T" fixe, that the sequence

(¥;(x,y))1<j<n is a martingale difference with respect to the o—fields (F;)i<j<n.
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For any p > 2, we have

E[|9;(x,y)

Fia]

fo m e (57 = (00

e[ (S5 () 17

ar ar

T - X - Y 1/p
[ (e (52w () ]
Tj_1 ar ar
p

- X —Y, 1/p
it (57t () i 1] )

ar ar
7; - X —Y, 1/p\ P
[ (ol (52w (452
T; - X —-Y,
_ Qp/ E {Kf (X t) KF (y t> |fj_2} dt.  (3.32)

ar ar
Tj —1 aT aT

p

-7:12] dt

IN

+E [E

IA

Consider now the change of variable w = (x — u)/ar and z = (y — v)/ar. Under

assumptions (A.1)(i) and (A.4)(ii), we may write

it (452t (1) 7
ar ar

= KT (X — u) KY (WJ) h772 (u, v)dudv

Rd+1 ar ar

adT+1/d KP(W)KEP(2)h]772 (x — arw, y — arz)dwdz
R+1

IN

GNKNNR L [ B (x — agw,y — arz)dwd

Rd+1

< af K| KR (3.33)

Therefore, using the statement (3.33)), the statement (3.32)) may be rewritten so that

E[|9, (x, y)”

Fia] < 20057 Kl || 2, < plOP 12,

where €' = 2| K, 271 Ko and @2 = 0% || Ky ||oo | Ks||oo- Define To, = T = nd

and ay, = ap. Hence
D, = Zdi = naagleKIHmH}(?Hoo = O(Tnaﬁ_l)'
j=1

We are in position to apply lemma to the martingale differences sum. For n
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sufficiently large and any ep, = e = ¢ (log T,/ Tnagl{l), where €y > 0, we have

(Thati')et, }

P n\l/., > (T,a% " < 2 —

=1

(Thafih)2elog T,/ Traf ™

O(Thagi ) (1 + Ceg, 7250

d+1
TnaTn

= 2exp —

= 2exp {—6(2)01 log Tn} = (3.34)

20,
The

where (] is a positive constant. Observe, for ¢y sufficiently large, that the right-hand
side of the last inequality is the general term of a convergent series. A simple use of

Borel-Cantelli Lemma shows that

(Z \Ifj(x,y)) 20 as T — oo.
=1

Therefore,

1/2
‘hT(x,y) - BT(x,y)’ =0 (( logT> ) , as. (3.35)

d+1
Ta7

In what is coming next, we will investigate the uniform convergence of ( (Tadt) =1 [F 0, (x, y)dt),
where Wy(x,y) = @i(x,y) — Elpi(x,y) | Fis]. Recalling that Gr = [—vr,vr] =

[—az", a;"], where p is a positive constant, we may write

sup sup
xeC yeGr

T
(Tag™)™ /0 ‘Pt(x,y)dt’ = sup sup

xeC ly|<az*

T
(g | wx,wdt]

= Ur. (3.36)

where a;" — oo, as T — oo. We shall show then that Ur T‘?@ 0. Let 7 be a
positive constant and consider a cover of the compact set C x G of R*! by a finite
number of spheres B; = B((x;,y;), %) of radius a7, where j = 1,. .., v7. Whenever
(x,y) € C x Gr, there exists j and a point (x;,y;) such that (x,y) € B;. Observe

that
Ur(x,9)| < |Ur(x,y) = Ur(x;,9;)| + [Ur(x;, y5)| = [Ur(x,9)| + [Ur(x;,95)]-
Subsequently, we have

sup sup |Ur(x,y)] < max sup |Ur(x,y)| + max |Ur(x;,y;)l, (3.37)

x€C (x,y)EB; Isjsvr (x y)eB, 1<j<vr
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where
Ur(x,y)|
T - X -Y, - X -Y,
< [ (552) s (252 - i (552 m ()
0 ar ar ar ar
_X Y, _X Y.
- () me (M) e [ (BT e () 1
ar ar ar ar

Adding and then subtracting the term

(552 0 () () ()

ar ar ar ar

and under assumption (A.1)(ii), we obtain

8 T
UrGen)] < (Taf™) 2K O (x — 3 +ly —yl") [ d
= 20kar” K (jx = x;" + |y — yil"),
where C is a Lipschitz constant and K = max{sup,.c|K; (x)], sup,eg, [ K2(y)]}-

For any (x,y) € C x G, we have

v v

Ix —x;|" <apMvp? and |y — ;" <apMugl.

1/2
Therefore, for ¢y > 0, take e7 = ¢ <log T)T a%“) / , we have

d+1\ 1/2
j C (TaTJr > *(d+1)*’7(u+1)y;7

' max  sup |Ur(x,y)| our) o

ISTISvT (xy)eB;
c T adT+1 1/2 1
logT a%+1+7(#+1)y%

Taking vy = T'/ap™, we obtain

- 1
-1
it <

Taking v > 1, we obtain

max  sup |Ur(x,y)| = o (( log I )1/2) | (3.39)

; d+1
ISISVT (x,y)eB; Taz"

Recall that

max |Ur(x;, ;)| = max [hr(x;,55) — hr(x;, )]
1<j<vr 1<j<vr
Denote now T,, =T = on, ar, = ar, vy, = vy and e, = ep. The proof is similar to

the one given above to set the statement ([3.34)). Details of the calculation are then
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omitted. We have

VTn _
P{lglggg Ur(x;,y;)| > GTn} < > {‘hT<Xjayj) - hT(Xjayj)‘ > er, }
<j<vr, =

S 2VTnTn_Cl€(2)

Tﬁfcleg
< 2—
< 2
— (T agljrl);T*}T;(%lelf(qul)/(dJrl)'

where C} is a positive constant. Taking ¢, sufficiently large to have C}e3 — % —-1>0

and assuming the condition (3.6))(ii), we conclude that, the right-hand side in the

last inequality converges to 0. Borel-Cantelli Lemma shows then that

log T\
max |Ur(x;,y;)| = O (<0g> ) , as. (3.39)

1<j<vr Tadt!

Combining statements (3.38) with (3.39)), we obtain

= logT' 12
sup sup |hr(x,y) — hr(x,y)| =0 | | =—=—= , a.s. 3.40
erC) yegI:)r ’ ry) l y)‘ ((Taglfl) ) ( )
The proof is then achieved. 0J

Now, we are in position to establish the following lemma dealing with the limiting
behaviour of the last term in the decomposition [3.30)).

Lemma 3.9. Let assumptions (A.1)(i)-(iil), (A.4)(i) and (A.4)(iv) be satisfied.

Then, we have

_ log T 12
ilégLQT(x) —gr1(x)| =0 (( Tod ) ) : (3.41)

Proof Lemma [3.9 The proof is analogous to that of Lemma [3.4] For the uniform
convergence case, we refer to Theorem [I.2]in chapter 1 of this manuscript. We refer
also to Theorem 2 of Didi & Louani (2013a)[50].

0

Lemma 3.10. Under assumptions (A.1)(i), (A.1)(iil), (A.1)(iii), (A.3), (A.4)(i) and
(A.5), we have

i >
inflgr(x)| = A.
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Proof Lemma [3.10] Observe that
inf|gr(x)| = inf|g(x)| — sup|gr(x) — g(x)]. (3.42)
xeC xeC xeC
We aim to show that,
suplgr(x) —g(x)] = 0, as T — oo. (3.43)

xeC

Recall that

Slég‘gT(X) —g(x)] < Sléfc)’gT(X) — gr(x)| + SléIC)L(_]T(X) —9(x)| =G+ Gy, (3.44)

wehere gr(x) = ﬁ T E {Kl (X_Xt) | Qt_(;} dt. Under hypotheses (A.1)(i), (A.1)(iil)

ar

and (A.4)(i) and following Lemma [3.9| step by step, the first term is vanishing
G150, as T — oo. (3.45)

Finally, under assumptions (A.1)(iii), (A.4)(i) and (A.5) and by the same arguments

as for G5 in Lemma (3.3 we have

Gy 250, as T — oco. (3.46)

We conclude the proof of (3.43)) from statements ([3.45) and (3.46)). Noting that, by
combing statements (3.42)) and (3.43|) with assumption (A.3) we obtain

: S
}cfelg‘gT(Xﬂ > A,
OJ

The next lemma deals with the uniform almost sure convergence of the bias term
Br(x,y) defined by statement (3.10))

Lemma 3.11. Under assumptions (A.1)(i), (A.1)(iv), (A.6) and (A.8), we have

sup sup |Br(x,y)| = O(ag + a%). (3.47)
xeC yegr

Proof of Lemma Since C is a compact set, the condition (A.8) holds with a
constant C' that does not depend on x. Then, proceeding as in the proof of Lemma

3.6] the result follows.

O
It suffices to make use of the decomposition (3.30)) and lemmas [3.10} 3.8] [3.9 and
to achieve the proof of Proposition [3.2 O
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Lemma 3.12. Under the hypotheses of Proposition [3.2] In addition, if the function
© is such that

Ve>0, 38>0, V6:C—R:
supl©(x) —£(x)| 2 € = supl fr(O(x)/x) — fE(x)/x)| 2 5, (348)

then

sup|Or(x) — O(x)] 30, T — oo. (3.49)

xeC

Proof of Lemma . The statements (3.7) and (3.48) imply that, for all e > 0,

there exists a constant 3 > 0 such that

zeC zeCyeGr

P {sup|@T(x) —O(z)| > e} <P {supsup \fr(y/x) — f(y/z)| > 6} : (3.50)

According to propositionthe right side of equation converges almost surely
to zero, the uniqueness hypothesis of the conditional mode gives us the desired result.
O

Proof of Theorem

By a second order of Taylor expansion of f(O7(x) | x) around O(x), given by the
statement (3.29)), combining with Lemma and condition (A.7)(ii), we obtain

sup 62x) ~ 00 = O (sup sup [ty | x) = fly 1)) (350
xeC x€C yegr
the result follows form considering Proposition [3.2] O

Proof of Corollary[3.1. Observe that
107(ér) — OEr) g, 0y < sup O7(x) — O(x)].

Hence, using Theorem with d = 1, we obtain the desired result. a






Annexe : Quelques outils de

probabilités

Notation et défintion
Soit (2, F, (Fi)i>0, P) un espace probabilisé filtré.

Définition 1 (Processus en temps continu). Soit X = (X, ¢t > 0) un processus

défini sur (Q, F, (F;)i>0,P). Le processus X est dit mesurable si 'application

X :[0,00[xQ2 — (E,&)
(t,w) — X(w)

est mesurable par rapport a B([0, 00[) ® F;. Le processus X est dit adapté si V¢ >
0, X; est F;—mesurable.

Définition 2 (Processus stationnaire). Un processus (X;)ieu, U = {Z,R"} est dit
strictement stationnaire ou stationnaire au sens strictsiles lois jointes de (Xy,, -+ , X,)
et de (Xy4n, -+, Xt 4n) sont identiques pour tout entier positif k et pour tous
ti,...,ty, h € Z.

Définition 3 (Ensemble invariant). Soit (X;);eu, U = {Z, R}, défini sur un espace
de probabilité (2, F,P), L’ensemble B € F est appelé invariant si il existe un
ensemble A, tel que B = {(X,, X,111,...) € A} est vrai pour tout n > 1.

Définition 4 (Processus ergodique). Un processus (X;)iey, U = {Z,R*} est dit

ergodique si tout ensemble invariant B on a P(B) =1 ou 0.

Définition 5 (Filtration). Une filtration est une suite croissante de tribus (F;)¢>0,
c’est-a-dire

Fi; C Firs pour tout t,s > 0.
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Définition 6 (Martingales). Soit M un processus adapté avec Vt > 0, M; € L.
On dit que M est une (F;);>o—martingale si M; = E[M,4|F;] pour tout t,s > 0

Définition 7 (Différence de martingale en temps continu). La variable aléatoire
M = (M;;t > 0) est une différence de martingale par rapport a la filtration F =
(Fi;t > 0) si

1. M; est F;—mesurable,

2. EIM; | F,_] =0, t>0, s>0.

Construction d’une différence de martingale
Toutes les suites de différences de martingale présentes dans cette these ont été
construites de la maniere suivante :
Pour un réel T' > 0, soit ¢ > 0 un réel tel que n = % € IN. Considérons la partition
(T; = jo;1 < j < n) de l'intervalle [0, 7]. En fixant s = 20, on observe que

1. M, est F;—mesurable,

2. E[M; | Fi_as] =0, t>0.
Il ressort alors que M, vérifie la proprété de différence de martingale par rapport a
la tribu F;. En prenant, t € [T;_;,Tj], on a

1. My est Fr,—mesurable,

2. E[M, | Fi_os) = E[M, | Fr,—25] = E[M, | Fr,_,] = 0.
Il s’en suit alors, pour ¢t € [T;_1,T;], que M; est une différence de martingale par
rapport a la tribu F7,. En utilisant a la mesurabilité de I'intégrale, on obtient

1. A= fgﬂl Mydt est Fp,—mesurable,

2. E[A; | Fr,—2s) = E[A; | Fr,_,] = 0.
Par conséquent, A; est une différence de martingale par rapport a la tribu Fr,.
Ainsi, (A;)o<j<n est une suite de différences de martingale par rapport a la filtration

(Fr;)o<j<n:

Théoréme ergodique

Théoréme 1. Si X = (X)iez est un processus ergodique stationnaire et si X est
intégrable, on a
1 n

n—oon, 4 1
1=
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Convergence

Définition 8 (Convergence en probabilité). La suite X,, — X en probabilité (P.),
si

Ve >0, JLH&OIP’{d(Xn,X) > e} =0.

Définition 9 (Convergence presque stire). La suite (X,,) converge presque slirement
(p.s.) vers X, si

]P’{w ; nh_)ngoXn(w) = X(w)} =1
Remarque : La convergence presque siire entraine la convergence en probabilité.
Définition 10. Si (A, )nen est une suite d’événements on note

limsup A4,, :== N2, (UL, Ax) ,

et
liminf A, :== Uy, (M3, Ak) -

Lemme 1 ( Lemme de Borel-Cantelli). Soit (A,),en une suite d’événements.

(i) SiY,enP(A,) < oo, alors
P (limsup 4,) =0,
ou de maniere équivalente,

presque strement, {n € N;w € A,} est fini.

(i) SiY,enP(An) = 0o et si les événements A, sont indépendants, alors
P (limsup 4,,) = 1,
ou de maniere équivalente,

presque sirement, {n € N;w € A,} est infini.

Le lemme suivant est un type lemme de Borel-Cantelli pour les processus en temps

continu.

Lemme 2. Soit (U, t > 0) un processus réel a temps continu de telle sorte que nous

avons
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a) Pour tout n > 0, il existe une fonction réelle décroissante 1), intéegrable sur

[0, 4+00) et satisfaisante
P (U = n) <4y(t), 20,

b) Les trajectoires de U; sont uniformément continue avec une probabilité 1,
alors

TlgroloUt =0, ps.

Inégalités exponentielles

Lemme 3. Soit (Z,,),>1 une suite de différences de martingales réelles par rapport
a la séquence de o-algebre (F,, = 0(Z1,- -+, Zpn))n>1, OU 0(Zy,- -+, Z,) est la tribu
engendré par les variables aléatoires Z;, -, Z,. On pose S, = > | Z;. Pour tout
p > 2 et toute n > 1, supposons qu’il existe certaines constantes non négatif C' et
d, tels que

E(ZP|Fn_1) < CP?pld?, presque siirement. (3.52)

Alors, pour tout € > 0, on a
2

€
P(|Sh| > €) < 2exp {_M}7

ot D, = Y, 2.

Preuve. La preuve suit comme un cas particulier du théoréme 8.2.2 due a de la
Pena and Giné (1999). O

Le prochain lemme nous donne une inégalité exponentielle similaire pour des

sommes partielles de différences de martingales bornées.

Lemme 4 (Laib(1999)[86]). Soit {Z,, : n € N} une suite des différences de martin-
gale par rapport a la filtration {F,, = o(Z1,...,2,) : i € N}, ou 0(Zy,...,2Z,) est
la tribu engendrée par les les variables aléatoires Z1,, ..., Z,, telles que ||Z,| < B

p.s. pour 1 <7 < n. Pour tout ¢ > 0, on a

2
>e} SZexp{—Q;Bz}. (3.53)

> 7
=1

j_

P<{ max
1<i<n



Perspectives de recherche

Dans cette these, nous proposons des réponses a certaines questions, et contri-
buons a donner des alternatives aux travaux établis pour l’estimation non para-
métrique & noyau des fonctions de densité, de régression (voir Bosq (1998)[17] et
Bosq et Blanke ((2007)[20],(2008)[21]), Laib (2005)[87] et Laib et Louani ((2010)[88],
(2011)[89])) ainsi que pour la fonction mode conditionnel (voir Ould said ((1993)[104],
(1997)[105])). Nous avons établi la convergence presque stre, ponctuelle et uniforme,
sur un compact en donnant leurs vitesses de convergence. Un travail sur la normalité
asymptotique est en voie d’achévement puisqu’il ne reste plus qu’a montrer que les
variances asymptotiques sont non nulles ce qui confirmera que les lois limites sont
non dégénérées.

Les énoncés des théoremes relatifs a la normalité asymptotique se présentent
sous les formes suivantes. Les hypotheses et les démonstrations sont données dans

I’annexe aux perspectives.

Théoréme 2. Supposons que les conditions (H.0)(i) et (H.2)-(H.3) soient vérifiées,
et
. 2 d\i
jlgrolo h7(Thy)z =0, (3.54)

alors, pour tout x € R%, on a
(TR (fr(x) — f(x)) BN (O, 02(x)) lorsque T — oo,
ot B est la convergence en distribution et A est la distribution gaussienne.
Théoréme 3. Sous les assomptions (H.0), (H.1) et (H.4), lorsque
Jim hp(Thy): =0,
pour tout x € R? tel que f(x) # 0, on a

(Thi) 2 (Fr(x) = r(x)) BN (0,5%(x)), lorsque T — oo
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Les hypotheses et les notations mentionnés au prochain théoreme sont donnés

dans le chapitre 3.

Théoreme 4. Considérons les hypotheses (A.1)(i), (A.1)(ii2), (A.1)(v), (A.2), (A.3),
(A.4)(1), (A4)(iii), (A.6)(ii), (A.7)(i) et (A.8). Si, de plus, pour tout n > 2, nous
avons

(ThEYR). — 0, lorsque T — oo,

alors, on a
(Th%”)l/2 (Or(x) — O(x)) 2 N(0,2%(x,0(x))) lorsque T — oo,

De facon similaire au travail efféctuée pour la régression usuelle, en considérant
Pestimateur ©7(¢7) de la valeur prédite ©(&7) & Ihorizon H, on obtient le résultat

suivant

Corollaire 1. Sous les mémes hypotheses que le Théoreme (4] on a

(Ta4T) v (Or-n(&r) — O(&r)) = N(0,22(ér, Or-m (7))  lorsque T — oo.

Naturellement, il reste de nombreuses questions qui méritent des réponses. Nous
présentons brievement dans ce qui suit quelques perspectives de recherches qui re-

tiennent notre attention pour de futurs travaux.

Estimation des composantes additives dans le modele additif de la régres-
sion pour les processus en temps continu.

Les modeles additifs (voir Stone (1985)[124]) ont été étudiés dans le cadre de
processus vectoriels & temps continu dans plusieurs contributions (voir, Debbarh
(2008)[39] et Debbarh et Maillot (2008)[39],[40]). Comme il a été déja signalé tout
le long de cette these, divers processus ne vérifient pas les conditions de dépendance
faible (a-mélange) utilisées dans ces travaux. Il est de ce fait alors tout a fait ap-
proprié d’envisager I’étude de ces modeles dans le cas de données ergodiques pour
étendre le champs d’application en pratique de ces modeles qui sont introduits dans
ce qui suit.

Soit Z; = (X4, Y;),t > 0 un processus mesurable stationnaire et ergodique défini

sur un espace de probabilité (2, A, P) et a valeurs dans R? x R. Soit ¢ une fonction
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réelle mesurable. On considere le modele de régression additif, défini par

myp(x) = Ep(Y)| X =x%x], Vx=(21,...,24) € R,

= p+ Y me(xe).

=1
Soit q1, . . ., gq des densités sur R, on pose q(x) := [1¢_; qe(2¢) et g_e(x) := [T,20 q;(z;)-
Pour estimer les composantes additives de la fonction de régression la méthode de
I'intégration marginal (voir, Linton et Nielsen (1995)[83], Newey (1994)[101]) semble
étre la plus adaptée du point de vue théorique. En utilisant cette technique la com-
posante additive est alors de la forme

mle) = [ muG0e-ix-ax, — |

R;
= my(zy) — /ng(z)qg(z)dz, (=1,...,d. (3.56)

, my(x)q(x)dx, (=1,...,d,3.55)

De ce fait, on obtient la fonction de régression de départ

ma(x) = () + | mu(@)a(z)dz. (3.57)

Compte tenu de I'équation (3.56)), les composantes 7, et m, sont égales & une
constante additionnelle pres. Par conséquent, 7, est également une composante ad-
ditive, vérifiant une condition d’identifiabilité différente. Au vu de I’équation (3.55)),
Eéme

I’estimateur naturel de la composante est donné par

TN]g(Ig) = / m%T’g(X)q_g(X_g)dX_g — / 'nﬂ,,T,g(x)q(x)dx, f = 17 e ,d,
Rd-1 R4

ou

N 1 T Ty — Xt X_¢— Xt s
) = — L [ i, (P g, (K
w,T,é( ) TthfT(X)/O w( t) 1 Iy 2 Iy

et

-~ 1 T X — Xt

Ici, K, Ky et K sont des noyaux définis respectivement sur R, R4"! et R? et hp
est une suite des réels positifs tendant vers zero lorsque 7' tends vers l'infini. On en

déduit alors que l'estimateur My 1 qqq de la fonction de régression additive est

d
Ty raaa(%) = S 7e(x0) + [ r(z)a(z)dz,
=1 R

ou

)= g b 200 ()
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avec K3 un noyau défini sur R%.

Les questions posées alors sont relatives au comportement asymptotique des
estimateurs My, 7.44a €t 7.

1. Convergence presque stire ponctuelle et uniforme avec vitesses.

2. Normalité asymptotique des composantes additives 7.

Estimation de la régression sur données fonctionnelles stationnaires et

ergodiques en temps continu.

Il serait intéressant d’étendre les résultats obtenus dans le deuxiéme chapitre
de cette these aux données fonctionnelles strictement stationnaire et ergodique. Le
cadre de travail est défini comme suit.

Soit (X3, Y;)o<i<r une réalisation du couple d’éléments aléatoires (X, Y), ou Y; est
une variable aléatoire a valeurs réelles et X; est a valeurs dans un espace fonctionnel
&€ muni de la semi-métrique d. Pour tout x € &, considérons la fonction de régression
r(z) =ElY | X = z|.

Une extension de 'estimateur de Nadaraya-Watson de la fonction r en temps continu

au cas fonctionnel est donné par I'expression (voir, Ferraty et Vieu (2000)[59])

() — oY () di
UK (G e

ou K est une fonction réelle et hr un parametre de lissage tend vers zero lorsque T’

tend vers 'infini.
L’objet de I'étude est détablir quelques propriétés asymptotiques :
1. Convergence presque stire : ponctuelle et uniforme, avec vitesse.

2. Normalité asymptotique.

Estimation de la densité et de la fonction de régression par la méthode

des ondelettes pour des processus stationnaires et ergodiques

Dans les chapitres 2 et 3 nous avons étudié le comportement asymptotique des
estimateurs a noyau des fonctions de densité et de régression. D’autre part, en consi-
dérant un processus (X, Y;)er stationnaire et ergodique, ot 7 = N ou 7 = R,
il est possible de traiter le cas de I'estimation de ces fonctionnelles par la méthode
des ondelettes. Il est alors intéressant d’établir des propriétés fortes de consistance
ponctuelles et uniformes avec des vitesses de convergence ainsi que la normalité

asymptotique de ces estimateurs dans des conditions générales d’ergodicité.



Annexe aux perspectives

Some notations are needed. For a positive real number 6 such that n = % e N,
consider the d-partition (7})1<j<, of the interval [0,7]. Moreover, for t > 0 and
d > 0, consider the o-fields G; = 0((X;) : 0 < s < t), Ft = 0((X,,Ys) : 0 < s < 1),
and Sis = o((X,Y5); (X)) : 0<s<t, t<r<t+9). Whenever s <0, G, and F;
stand as trivial o-fields. For j € N, denote G; = Gr, and F; = Fr,. For a real random
variable £ and any k € IN, we define the projection Py by Pré = E[£|Gk] — E[£|Gk_1],
where E[¢|G,| stands as the conditional expectation of £ given the o-field Gy.

The following assumptions will be needed throughout the paper.

(H.0) (i) K is a spherically symetric bounded kernel of order 2 on its compact

support, such that [ K(z)dz = 1, and satisfying [ 2{" - - 25K (z)dz = 0,

where ay,...,aq € N; ay+++aqg =7, j = 1,2. and [ ||z||*K (z)dz < oo.

(ii) There exists a nonnegative differentiable integrable function k& over its
support [0, c;A] such that K(u) = k(||ul)), and [g v k*(u)du < oo

(H.1) For any 0 < s <t < T, there exists a positive constant ¢y and a nonnegative

continuous and bounded random function f; ; defined on R such that, almost

surely,
P’ (Xt € ST,X) ::]P’(HXt —x|| < 7“‘]:5) =cor? f1.4(x) + o(r?),as v — 0;
Notice for the density estimation case that the function f;; s stands as the
conditional density of X; given the o-field G;_s;
(H.2) (i) The function f is twice differentiable with a bounded second derivative.

(ii) The function f; s is twice differentiable with almost surely bounded second
derivative.
(iii) For any r and any (s, t) € [0, T]? such that r < s and r < ¢, the conditional
density of the couple (X, X;) given the o field G, exists.
(H.3) For any d, we have
sup [Py fuaaly)|*dt < oc.
y JRY
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(H.4) For any small § > 0 and any s,¢ such that t € [0,7] and t < s < ¢+, we
have

(i) E[Y;|S:s] = E[Y,|X,] = r(X,) almost surely.

(ii) There exist constants 3 > 0 and c3 > 0 such that, for any (u,v) € R?¢,
r(w) = r(v)] < cslu — v/’

(iii) E[(Y, —7(x))?S:] = E[(Ys — r(x))?|X,] = Wo(X,), moreover the function

Wy(x) is uniformly continuous in neighborhood of z, i.e.,

sup |Wa(u) — Wa(x)| =0(1) as hy — 0.

lu—x|<hr

(iv) For any o > 0 small enough, E[|Y;|***] < oo and the function Wy, (u) =

E[|Y; — r(x)|*T*|X, = u], is continuous in neighborhood of x.

Proof of Theorem [2.

In order to prove our result, introduce first the following notation

fra(x Thi Z/Z 1 [ ( t) |gl-_2} dt

Consider now the following decomposition

VTR (fr(x) = f(x)) = Th(Fr(x) = fra(x)) + Thé(fra(x) = £(x))

= (Thy)"? (Ve(x) + Br(x)).

Our first concern is to investigate the behaviour of the normalized conditional bias
(Th%)Y2Br(x). For all x € R?, we have

(Th§)'?Br(x) = (Th$)'? (fra(x) — E [fr(x)]
+E [fr(x)] = £(0)
— (T, 1/2<B1 (x) + BY (x )).

Hereafter, we use the notation Kj(-) := 3 K (;). Observe that
e = 3" ([ x- xt) G, o) — B [Kn(x - X.)]) dr |

— i) (S it =170

= | [ E(x =)y < [ Ru(x = y)IH )] dy.




Perspectives de recherche 103

Using the lower Riemann’s sum, for 6 > 0 small enough, it follows that

n T; n T
Z/T ft»Ti72 <y>dt = Z5fTiflyTif2 < /0 ft,t*fs(y)dt'
i=1 =1 =1

Considering the projection Py, defined above, following Wu (2003) and making use

of Cauchy-Schwarz inequality, we obtain

n T;
; /T“ for_,(y)dt = Tf (Y)H

2 T
=T (/0 ‘|P1ft7t_5(}’)|’2 dt) .

1HY (p))? =

< HATﬁ¢Jbﬂﬁ—“fﬂY)

Thus,

T
sl <7 (sw [ 1P st ae) < 7 (s [ 1P aty)Far).
y y Jo y JR*
Subsequently, assuming the condition (H.2), we obtain
sup |13 (y)|* = O(T), (3.58)

which implies that
B (x) = O(T~?). (3.59)

Moreover, assuming the conditions (H.0)(i) and (H.2)(i), it is easily seen that

BP(x) = E[fr(x)] - f(x)
= [ K(x—y)f¥)dy - F()

d ) % d @2 §
= /Rd K(z) (f(x) — hT;Zi@xf(X*) + };Zszzkaxng(x )) dz

? j=1k=1
/()
R | )
— | =L K
ﬂg&ﬁm@)2éﬁw (2)z
= 0(13),

where x* ranges between x and x — zhy. Thus,
Br(x) = O(h7) + O(T'/?).

Obviously, we have
Br(x) = O(h?r)

Considering the condition ([3.54), we conclude that

(Th§)'Br(x) = O (h3.(Th$)"?).
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Therefore, to state Theorem [2] it suffices then to prove the following assertion
(Th)*Vi(x) 2 N (0,0%(x)).
In this respect, observe that

(Th§)2Vir(x) = /Thé(fr(x) — fra(x))

)

where 77;(x) = (Tth)_% szf_l K (%) dt and &r4(x) = nr(x) — E [77T,i<x) gi—2}-

Furthermore, it is easily seen that ({7:(x))1<i<n is a sequence of martingale diffe-

rences with respect to the sequence of o—fields (G;_2)1<i<n. Therefore, we have to
check the following two conditions

() S B2, (%)[Gi 0] = 02(x)

(b) nE[&F;(x)L{j¢,,x)>e) = 0(1) holds, for any € > 0
that are necessary to establish the asymptotic normality related to discrete time
martingale difference sequences (see, for instance, Hall and Heyde (1980)).

First, by a change of variable and a Taylor expansion of the order one of f; 1, _,(x—

hrz) around x when assumption (H.2)(ii) is considered, observe that

Gia] ZE[@Z

1 & 2

- thZ<//R )fm( Wydt)
_ el . 2
= h5 T;</z 1/1Rd z) fir_, (X hTz)dzdt>

1 ?
_ thT;U for o (x dt) +0 (hy)

1 n
_ d |~
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where g;" % (x) = ( f%”_l fer_s (x)dt>2 . Making use of the Riemann sum, the quantity
ng ""?(x) may be approached, whenever ¢ is small enough, by 6 fr, , 7, ,. It is then
clear from the discussion above that the process (fr, ,r,_,)i>1 is stationary and
ergodic. So the sum = 377, ¢72(x) has a finite limit, (see Krengel (1985), Theorem

4.4), which is

B [of*00] = ([ soo) =7 (3.60)
Gis| = "

Using Jensen inequality we obtain
T X — Xt 2
K dt i

1 T; x — X
7 o B[ (55 ) 6]
The /T_ [ hr G-z dt

By a first odrder of Taylor expansion fonction f;r;—o, for x* in [x — hpv,x], we

E [77%@ (x)

<

obtain

ZE 2. (x)[g

-] < Tth;/“ [KQ( hr )gﬁ }

- Tth;/l 1/]RdK2< )fm ,(w)dudt
B Z/ / V) fer, o (x = hrv)dvdt

- (15 (ic ZZ:;/Till Jer_,(x) + O(hﬂ) /]Rd K?(v)dvdt

Proceeding similarly as for the statement , it is clear, whenever ¢ is small en-
ough, that the quantities (f%il feri s (x)dt)iG]N may be approached by ((SfTFhTF2 (x))
Consequently, using the ergodic and stationarity properties of the process (X;)>o,
it follows that

jli (/Tj.ﬂj1 ft,Tiz(X)dt> = E (/le ft(X)dt> + O<1) = /05E (ft(X)) dt + 0(1)

= §f(x)+o(1). (3.61)

ieN’

It follows that

which yields

Z E {f%ﬁ‘) g
i=1

,2} B 52(x) < f(x) /]Rd K*(y)dy as T — oc. (3.62)
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Proof of part (b). Using successively inequalities of Holder, Markov, Jensen and then

Minkowski, we obtain for any € > 0 and any p and ¢ such that 1/p+1/g=1

IN

(EIE N (P{J€ri(x)] > e)'? < € 2P jgri(x)[]
el h M X — 2q
msz[/THK( ) - [K () 1604 dt]
e2a/p T, b (X — X,

gy o, B[ (7))

(52 o

2a/p§

— 2q —
- th%(ql)/RK (z)f(x — hrz)dz.

E[&7,: () {jep ()] >¢)]

IN

IN

Consequently, since f is a density, it follows then that

1 () er o] = (i) =o(1). (3.63)

Combining the statements (3.62]) and (3.63]), we obtain

(Thi )2V (x) B N (0,0%(x)) (3.64)

which completes the proof. O

Proof of Theorem (3.

Define

For 7 =1,2, set

a0 = Sty 2 B (1] o

1=

,_.
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Since P(||x—X;|| < 0) = 0, integrating by parts and considering hypotheses (H.0)(i)
and (H.1)(i), we obtain

ElZ00] = E MK(XZTXt)C“]
=g h e[ (5D

/06 /O)‘ E(u)dP(||x — Xy|| < hru)
9

1
hé.
- hldT/o ([k:(u)P (Ix — X¢|| < hru)] /0A K (w)P (||x — Xy < hru) du) dt
= cdf(x) <k<A)Ad - /0 ' udk’(u)du> +o(1)
= dcodf(x) </>\ ud_lk(u)du> +o(1)

= d codf(x)10 + o(1) (3.65)

where 79 = < fo’\ ud_lk(u)du). Consider now the following decomposition

Qr(x) = (Pra(x) = Fra(x)) — r(x)(Fri(x) — Fra(x)) (3.66)
RT(X) = —BT(X)(f’TJ(X) — ’i“vT71(X)) (367)
Pr(x) —r(x) = fp(x)— Cp(x)+ Br(x) = Br(x) + QT(’;)TI ST(X),(&GS)
where
7~’T72(X)

Br(x) = Cp(x) — r(x) := —r(x)

’I“T71 (X)

stands as the conditional bias. Observe that

The assumptions (H.4)(i)-(ii) and the statement (3.61]) allow us to write
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Br(x) =z >, B[k () 17 ar
_ nE(le(X» Zn;/TT_ E[E [(Yt —r(x)K <X ;TXt) 1S, s 5} |-7:l—2} dt
_ ma(zll(x)) é /TT E :(r(xt) —r(x)K (X ;TXt) \EQ] di

t ) m_g] dt

1

n Ti
= su r(u) —r(x deotohd foq . (x)dt
T S ) = rGIIY [ deorl (%)

_ hﬁ ( / for,(x )dt)

= O(h?). (3.69)

Now we attend to show that
7r1(x) L1, as T — 0.

Remark, by the statement (| m that
Fralx) = z/ B[ (55

<<>> =l

N nd5607'0h Z / (deomohst fur, o (x) + O(h)) dt
1 N
RTICY (nZ/ f”i*"’dt) +0(hg) =1+0(1).  (3.70)

Combining the statements (3.69)) and (3.70]), we have thus proved that

)

=) 1]

Th)'Br(x) = O (W3(Th$)'?). (3.71)

We are left with the task of determining the limit of Rr(x), according to the
decomposition (3.67)), the only point remaining concerns the limiting behaviour of

the term (fT’l(X) — FTJ(X)).

Consider the next decomposition

i)t = by () 5[ (552 ]

1 n
= 7]E(Zl (%)) ;XTJ(X)

n
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where x7:(x) = fg_l (K (X;—;(t) —E {K (x;ft> |-7:z'—2D dt
It is easy to check that the sequence of random variables {x7,(x)} form a triangu-

lar array of martingale differences. By Markov, Burkholder and Jensen inequalities
together with the fact that (a+0)? < 2a*+ b2, for any € > 0, there exists a constant
Co > 0 such that

P (Jfra(x) = Fra(x)| > ) = ( > ¢ (E(Zu(x >>>)

€2 (nE(;( 5 I [(Z XT,i(X)> ]
(nIE( )2 ZE b))
€2 (nI['E(CZOl(X)))2 ; /Till = [(K <X ;TXt>
e () )
(nE Z1 (x) QZ/ ( [ (X;TXt))
e m LML
(nE Z1 ) Z/ { (X ;TXtﬂ at

4Co L ﬂ dt.

2 (nE(Zy(x 2Z/ {k‘g <‘X

Let assumptions (H.0)(ii)-(H.1) hold. Then, by the same method as in the statement

(3.65)), we obtain

IN

IN

IN

IN

IN

P (|fr1(x) — Fri(x)| > €)

4C,
< 2 deohd f(x)dt | [ v~ 'k? d)
(ndco57'0h f(x Z/ ohipf{x </ (v
4Cy AN B 1
- IR (/ d-1p, (v)dv) ~0 <Thgl,,> . (3.72)

Combining now the decomposition (3.67)) the statements (3.71]) and (3.72), it follows
that

(o) s = 0 ()
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Using the decomposition (3.68)) and the conditions (??)(iii) and (iv), it remains then
to establish the limiting behaviour of the term Q7(x). In this respect, note that

(TRW)Y2Qp(x) = (ThE)Y2(Pra(x) — Fra(x)) 4 r(x)(Fri(x) — (X))
= - w T _r(x x — Xy
= L arn e [m G)K ( i )

“E [(y; —r(x)K (X ;TXt> | fi_QH dt

= il §T,i (X) .

— _ ()2 o
Observe that &r;(x) = nr,(x) — E [nm(x) }},2} where 1r,(x) = gk Jr, (Ve —

r(x))K (x;—;(t) dt. As above, (£7,i(x))1<i<n 18 a sequence of martingale differences

with respect to the sequence of o—fields (F;_1)1<i<n. Therefore, proceeding similarly

as for the density estimate fT, we have to check the following two assertions

(a) Sy Elghi ()| Fica 5 2(x)
(b) nE[&7;(x)Lj¢,.,x)>e) = 0(1) holds, for any e > 0.

First of all, observe that

Z E [U%z(’q

Fioa)|

-7:2'—2} - zn:lE [S:QM(X)

Note that, for 7;_; < t < T;, we have F;_s C S;_ss5. Therefore, making use of
conditions (H.4)(i) and the statement ({3.65)), we have

E [nr.4(x)| i
| (TR x — X,
= B /TilE[m‘r(X))K( i )F] dt‘

_ | @ng)t x — X,
- TLE[Zl(X)] /Til E lE [(E - T(X))K ( hT ) ’St—6,6‘|
| @y x - X,
= ndCUTO(Sf(X)h% /;il E |}E [(T(Xt) - T(X))K ( hT ) ‘St_575‘|

D) [ s )=tz [k (122

ndeoTod f(X)h$ JTi 1 |x—v<hr T

E—Q] dt|

E’—Q] dt|

IN

Y

-7:1'21 dt
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by conditions (H.4)(ii) we obtain

‘E {T]Tﬂ'(x)

IN

1\ Y2 1
Ssu V) —T7X
(Thd:r> d00570f(x) HX—vaghT| ( ) ( )|

[ ([P (1x =Xl < brafa)]

|

Tz—l
A
— [ K @P (Ix =X < hru
0

E_Q) du> dt

AR & A
<;> 57‘0fzj(x) </Tzl fthi2(X)dt+0(1)>/O u 1k(U)dudt

d\ 1/2 B T;
= (?) 5;(Tx> </T“ft’T”(X)dHO(1)>'

Thus, by the statement (3.60), we have

n ) 26+d n T; 2
5 elmolad)] = g (455 (17 0w ) o)
A jd+28
= TG i W) o (k)
_ Fs d+25
= Sofoontle el +o(hr)
= o(h%”ﬁ)

By Jensen inequality, we obtain

}}—2} = (nE[ZiLEFx)])QE [(/TT:(Yt —r(x))K <X ;TXt> dt>

<E[Tzh<>]>E VTZ(’@ e (SR

E [U?ﬁ(x)

Using the condition (H.4)(iii) and observing that, for any 1 < i < n and any
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t € [T;—1,T;], we have F;_5 C S;_s, it follows that

ZE 0| Fia]
< e o Bl0ireore () ]
- Gt i BRI s (R 7
Th. nooT T L (x— X,
" (nE[Z,(x)])? y;/T BWaX)K < hr > f"‘g} dat
= Gz o B[0%0 - Wi () 7]
The. T , (x— X,
AR 5 ., B0 (55 )
= Ir1i(x) + I72:(x). (3.73)
Considering the condition (H.0)(i), it follows that
d n T; X — .
000 = i 2o o B 07200 = waeopie (52 ) 7]
Thi. n
(nE[Zl (X)])2 \|V*S>1<1||I;hT|W2 (V> - <X)| ; /Tz'—1
x /R K(y)dP (Ix — Xi|| < hry|Fio) dt
The n
(ndcomodhé f(x))?2 ||V_S,l(1||2hT|W2(V> ~ Wa(x)| ;

Fia)l,

- /0A (#) (WP (Jlx — X < hru

st (13 [ o)

/TT ([0 (Ix = Xl <

]-"i_g) du) dt

Therefore, proceeding as for the statement (3.61)), we obtain

Iryi(x) =o(1). (3.74)
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Moreover, we have

e [ el () me
A K | at
Ir24(x) 3(deoro f(x nhf} 2 - ) 1P
il v
_ K (w)dP (|[x — X, || < hr|Fis) dt
d(deoo f(x hd Z Tia HX ! ’ 2>
Wa(x)

A
= k2 -X
§(deoro f(x))2 nhé: ;/Z . ( HX t ﬂo
_/ k2 ‘X Xt’ ) du)
Wa(x) / A a2

—_— k=( / x)dt

Sdeo (1o f(x))? Z fezioal
Thus, again proceeding as in the statement (3.61) together with a passage to the
limit, it follows that

A
Irsi(x) = Wa(x) /ud*1k2(u)du, as T — oo. (3.75)

dchOQf(x) 0

Hence, statements and (3.79)) give

MHZEWZHEH Walx)

/ R ) du,  as (3.76)
e = T f0 e e

Proof (b). Using Holder, Markov, Jensen and Minkowski’s inequalities, for any € > 0
and any p and ¢ such that 1/p +1/¢ = 1, we obtain

E[&7: () ercoi-a] < BENY(P{éri(x)] > e}) 7 < e 2IPE[|ér(x)[*]

< e Sl i oo (%)
K {(y; _rx))K (X - ) 7 2] : dt]

< B[ el (2

B i (S5 o
= TR o5, W) o+ i [

( Ti-1 |Ju—x|<hr
d

2q e—2a/p T _
- (jﬁj;h,j o0 o, (a0 +0(0) (£ )P (I = X < hra]

. / (£29) (u) P (| x — X¢|| < ha) du> dt

)} dt

2245¢—24/p

(deo)2a~ 17" Tahy ™) f20-1 (x)

IN

(Wag(x) + o(1)) //\ w1k (u) du.

0
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Therefore, assumptions (H.1)(i) and (H.4)(iii) imply that
22q—2q/p
(deo)? 475" (ThE) T £ (x)
= O((Thr) V).

> (Wag(x) + o(1)) /A u k% (u)du

nE[&7, (%) e, () >¢}] 0

This completes the proof of the part (b). Consequently, we have
(Thr)*Qr(x) B N (0, 32(x)) (3.77)

which completes the proof of Theorem [3] a

3.4.3 Proof of Theorem {4

Note first that we have

VTag (K00 (x, 07(x)) - B (x, 07(x)))
d+3 x) — X -
M(@T( ) 6( )) h§9’2)(x,@§ﬂ(X))
TabH3hY (x, O7(x))

T o3 ) .

The following lemma deals with the asymptotic behaviour of the bias term of the

first derivative when suitably normalized.

Lemma 1. If hypotheses (A.1)(v), (A.3), (A.4)(i)-(iii), (A.6) and (A.8) hold true
and if for any a > 2

h(Tak )% — 0, as T — oo, (3.79)
then we have
JTah ) (x,0(x)) — 0, as T — oo, (3.80)

Proof Lemma[]] We have by assumption (A.6)
7(0,1 1 T [ X — Xt (1) @(X) — Y;
h(T )(X> O(x)) = W/U E _Kl ( . ) Ky’ | —— ’.7-}_5 dt
. 1 T [ X — XO 1) @(X) — Yb
= /0 e [Kl ( ) K} (aT Siss| [ Fis| dt

o 1 T [ X — Xt (1) @(X) - Y;g
= W/O E _Kl ( ar )E [KQ (aT |Xt ‘ft,(; dt.
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An integration by parts, together with a change of variables, leads to

E[ng <@(X) >|Xt] /K ( )f(z\Xt)dz

— aT/ KD (0) £(0(x) — var|Xy)dv
= o ([K2<v>f<@< ) = var|Xo) %, +ar [ Ka(0) /M (O(0x) — var|X,)do )
= aj [ Kal0)/V(O(x) ~ var|X,)d
= & [ Ka0) (FVO) ~ var|X,) — FO(O(x) - varlx))) do
+a /]R Ka(0) FD(O(x) — vag|x)dv =: T, + I,

By a two-order Taylor expansion of f)(©(x) — var|x) around O(x), the fact that

©(x) is the conditional mode function, we get

_ 1 T - X
. 00) = o [ B |16 (S0 A
T
Lo x — X o f®
g o B () f Kew) (arn s (©00k)
a%v?

5 f<3>(@*(x)\x)> dv‘}"t_(;] dt,

where ©*(x) is between O(x) and ©(x) — var. Then, by assumption (A.1)(v), we

have

d+3
Tat R0 e [k

- Tad+2

o5
I o) ]

) 7, ’]-}_5} dt

Tas ar
Ta%+3 T X—Xt
_ VTGM /0 E Kl( - )L\fté} dt

R oo (| o) g [ e[ (52 -
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Under assumptions (A.1)(iv), (A.4)(i) and (A.4)(iii) , we have

1 T X Xt
— [ Elk |t = / | K ( ) Fi-s (z)dadt
Ta%/o = [ ! ( > ’]:t 6} TaT R4 ar (2)dz
.Ft _ . .Ft_
T/ /]Rd ‘(x —aru) —g 5(x)‘dudt

- Fi_s dt
5 /0 g7 (x)

= o [ g+ Ofar)
= g(x)+o(1) + O(ar). (3.81)

IN

By the statement (3.81)) combined with conditions (A.3), one obtains

_ T d+3
Tt %) (x, 0(x)) — ZIQ / K ( )Il‘ft(;} dt

+0 (aT\/Taf}H) +0 (aT\/Tad“) :

On the other hand, by assumptions (A.3) and (A.8) together with the equation

(3.81), we have

1 r 0
Taf /0

_ Xs
K, (X ) 7,
ar

5:| ds

1 T x — X,
Snwlﬂm(w)mfﬂﬁ
1 T
< —
= TaE}/o Bk < )/K2 ‘f — Tar|X)
- f<1>(@(x) - TaT|X)) dt| Fo_s| ds
Cx [T 7 x — X, 8
< —
< TadT/o B[Ry (S0 [ Katt) X, - x dt| 7] ds

IN

ar
1 x — X
B S
ot (g ) B[ (5)

= Cxaz (9(x) +o(1) + O(ar)).

]-“5_5] ds>

Hence,

VT i x 0x) = 0 (" Taf ) + 0 (ahy/Tad ).

By the condition (3.79)), it follows that

W/ Takt3 o1 ( ) =o(1), a.s. (3.82)
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Lemma 2. Under assumptions (A.1)(ii2), (A.1)(iv)-(v), (A.2), (A.3), (A.4)(i)-(iii),
(A.6) and (A.8), for any x € R?, we have

hP? (x, 07 (x)) = KO (x, 0r(x)), as T — oo, (3:83)

Proof Lemma[9 Set

i (S K (15 ]

ar

and write

7 7 = (0, 7(0,2
B (x,y) = B9 (x,y) = B () + B (x, ).

Proceeding as in Lemma [1} under the assumption (A.6)(ii), we have

~ T — Y,
) = o 2[5 (552 P (152 ]

d+3
Ta%" ar

B 1 T x — Xy @ (Y=Y
a TCL%—HS/O E |:K1 ( ar )E [K ( ar ) |Xt:| ‘E 5:| dt

h02(x,y) = g(x) f@ (yx).

An integration by parts two times together with a change of variables lead to

el (15 ] -

ar

Recall that

@i [ Ko(0)fP(y - arv|X,)do

= aT/ Ky (v f( )y — arv|Xy) — f(2)(y — aTU\X)) dv
—l—aT/ Ky(v) fP(y — agv|x)dv

Under assumptions (A.1)(iv) (A.4)(i) and (A.4)(iii) we get

1 T x — X, X—z\ F
— [Elk Llae = / | K ( ) 3 () dadt
Ta%/o 1( )‘}-t 6} TaT R4 ar (2)dz
= T/ /]Rd ‘gt (x —aru) — gtft"s(x)‘ dudt

]:ts
T/g

= T/ g]:t 0 dt—i‘O(CLT)
= g(x)+o(1) + O(ar). (3.84)

Here and after , we suppose that X; € B(x,ar), by assumptions (A.4)(i) and (A.8)

and equation (3.84]) we have

T
1 / ]E[K1<X
Ta4 Jo

< &L /T]E {Kl (X - Xt) \ft_é} dv = df (g(x) +o(1)).  (3.85)

a
TTad Jo ar

XO) (f(Q)(y _ aTU‘Xo) _ f(Q)(y — aTU‘X)) ‘ftg] dv
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On the other hand, by a first-order Taylor expansion of ) (y — apv|x) around y,
we obtain by equation ([3.84)) with conditions (A.1)(v)

1 T X
— E|K
Ta%/ [ 1(

Xt) ’}}_4 dt/ KQ(U)f@)(?J — arv|x)dv

= (900 + (1)) [ Kalv) (fO(ylx) — arof Dy [x)) do
9(x)f¢ (y\X)+0(1)
= h(“)( )+ o(1). (3.86)

where y* is between y and y — arv. Gathering statements and (| with

assumption (A.3) we obtain
B (x,y) = O (x, ) + o(1) + O(ar™) + O(ar™).

Hence
sup ‘h x,y) — h®¥(x, y)‘ =o(1), as. (3.87)

S
Now we deal with the variance term expressed in the case of f}m) (x,y) (the proof
is similar for fr(x,y), Lemma . Consider a cover of a compact set C of R by a
finite number of intervals Cy, = [y — Wb, yr + hih| , k=1,--- ,lp where u > 4, Since
is a compact there exists M > 0 such that lp < Maz".
Clearly, we have
sup P ew) — B )| < s sup i o) = 6 )|

, 7(0,2
i \hT (1) = 17 G, )

702
+1£1XT53(? ‘h (X, Yx) — hy (X,?J)’

= N +To+ Ts. (3.88)

Notice that J; and J3 may be treated using the same arguments. Undertaking the
first term and making use of the assumption (A.2)(ii), it follows that

X -Y -Y,
t) ’Kéz) (y t> B Kéz) (yk t)‘dt
ar ar

- X _
/ max supfq (X t) 'y Ik
0

Ta‘jif?’ 1<k<lryec, ar ar

CK@T 1 / < — Xt) _4
— K dt | = Ckaly .
a% <7ﬁaﬂ£111 0 1 ar Kap gr (X)

By Lemma [3.3| and conditions (A.3), we have

X
J1 < d+3 max su K1<
0 1<k<lTy€Ck

dt

<

T = Crady(g(x) +0(1)) = o(1), as. (3.89)
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Considering the term 75, observe first that
1

T x = X4\ 2 (Y —Y:
< -
j2 B Ta%lﬁg /O 1I§I}€aé}l(T Kl ( ar ) K2 ( ar )

e < Xt> K2(2) <yk Yt) ’]__t 5}

ar

1 n
= —— max » Up;(x, )
d+3 3\% Yk)s
Taf31<k<lr

with

T

Wiy 0) = [

T]'_l

- X -Y - X
s (S e (1) e (557w ()
ar ar ar

By simple calculations, we have
U (x,y6)| < 20K,

rcRd

where K = max{sup K1 (r), supKy(s)}. It follows then, by Lemma , that for e > 0
s€R

Z ‘I’T,j(Xa yk) >

i=1

> e(TaE,’f?’)} < ]:Z;P{

P{ max Z\DTJ X, Yk)

1<k<lr |

e(Tag#?’)}

T2a2(d+3)62
< pexpd ——=L _—
= ST { 8no2 K4
Ta2(d+3)62
< 2Matexpd ——L _—— .
= T P { SS KA
Consequently, under the condition ({3.6|)(iii), we have
62ad+5
- €2TazT(al+3> T“TH o)
P{Jy > €} <2Ma;'T sxtiem = 2Maz" (T_ log T ) ) (3.90)

The right-hand side of equation (3.90) is the general term of a convergent series.

Therefore by Borel-Cantelli’s Lemma we obtain
Jo=o0(1), as. (3.91)

Finally, observe that

- X Y, -Y,
Js < d+3 max suplk {Kl (Xt) ‘KQ (y t) - K§2) (yk t)’ “Ft 5} dt

0 1<k<lryec, ar

C — 1 T X

< —SK max sup Y~ 9k (d/ E {Kl (X t) ‘]—"t_(;] dt)
aj 1<k<lryec, | ap Ta$ Jo

S CKCL%_ZLQT(X%
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Using the statement (3.15)), it follows that

T3 = CKa%_4(g(x) +o(1)) =0(1), as. (3.92)

Combining now the statements (3.87), (3.89)), (3.91) and (3.92), we conclude the

proof of the lemma. 0

We will now prove the asymptotic normality of

1
Ta%+2

T
WD (x, 0(x)) — BV (x, 0(x)) = /O Zy(x, 0(x))dt,
after a suitable normalization, where

Zy(x,y) = K1 tK2(lt) — E[Kl,tKQ(,lt)|]:t—6]
K=Ky (3%), and  Ki) = k{9 (12).

ar

Set

/T d+3
%1 / Zt X y dt ZZTk

Todt2
Tar

with {Zr;} = { Y TZIQ %} ) Zt(x,y)dt} is a triangular array of martingale diffe-
rences with respect to the o—field Fj_5. This allows us to apply the central limit
theorem for discrete-time arrays of real-valued martingales, to establish the asymp-

totic normality of Ry (x,y). This can be done by establishing the following assertions
(i) hy B[22 4| Fie] — Vix,y).
(ii) nE [Z%’k]l{‘zmbe}} = 0(1) holds for any ¢ > 0 (Lindberg condition).

Under the condition (A.6), we have

B[R KEIF] = BB KK S |7

- el (5 [ () 7]

ar

An integration by parts, together with a change of variables, leads to

s ()] = [ (75 s

= GQT/RK2(U)f(1)(y—aTU|Xt)dU
= b [ 1)y - arvlX,) — Oy — arelx)lde

+a%/RK2(U)f(1)(y — apv|x)dv. (3.93)

Using the same idea as for equations (3.84]), (3.85]) and (3.86]), we obtain

E [K K50 | Fis] = O(af). (3.94)
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Ty 2
( tht> \f“]
Tp_1
1 noo Tk 9
< e[ 2l

= Wr(x,y). (3.95)

Therefore,

n 1 n
S E|Z3 | Fia| = T Y E
T k=1

k=1

Now, we are in position to establish the following lemma.

Lemma 3. If assumptions (A.1)(v), (A.3), (A.4)(i)-(ii) and (A.8) are fulfilled, then
(1) %EI;OWT(X7 y) = V(X7 y)7
(i) nE [Z%,kﬂ{‘ZT,k|>€}i| = 0(1) holds for any € > 0 (Lindberg condition).

where V(x,y) = h(x,y) [gari [K1(r )K2 (s)]*drds.

Proof Lemmal Part ( i) We have

Wr(x,y) = Tad+1 Z/

_ TadHZ /T - (Kuks) — B [Ku K8\ Fs)) [P de

2| Fio] dt

2
= Tad+12 /T (Kuks)) = 2Ky KAVE KK 7
k—1

2
T (B [K1 k) Fis]) \fk_g} dt
Using the same idea as in the statement (3.94)), we obtain
E [K0 K50 | Fis] = O(af). (3.96)

Combining equations (3.94) and - we have

Wr(x dﬂz/

Th—1

2
[ K1 KSY) \fk_g} dt + O(at).

By a one-order Taylor expansions of h(x —arr,y —ars) around (x,y), together with

assumption (A.4)(i), we obtain
Lo ™ (1)) 2
T 2 [ E[(Kl,th,t) Fis| e

1 - 4 ? Fi
= Tad Z/T i ( o ) <K§1) <GT)> h; "% (u, v)dudvdt
k—1

n

1 T
- Z / k /]Rd+1 )K'Q(l)(s)]th}—ki2 (X —arr,y — CLTS)dI‘det

k=1 Th—

Nl — N

i/ﬂ (1) + Olap) dt [ 1K (x) 4 () Pdvds. (3.97)

k=1"Tk—1
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The stationarity ane ergodicity of the process (X,Y') together with the linearity of

the integral implies that the process { f%f ) h+- ’(x, y)dt}1<k< is stationary and er-
SRS

godic (see Delecroix (1987)[45]). Then we have by the ergodic theorem for stationary
processes (see Krengel (1985)[77], Theorem 4.4, p. 26).

,}E&Z/T hTe2 (x, y)dt = V W (x,y dt] Shix,y). (3.98)
We conclude from equations (3.97)) and - we obtain
. o (1) 2
Tim Wr(x, y) = h(x,y) /R K@) RS (s)Pdrds. (3.99)

Part (iii). Using successively inequalities of Holder, Markov, Jensen and then Min-

kowski, for any € > 0, any p and ¢ such that 1/p +1/q = 1, we obtain

E[Z;Lizriisa) < EIZE5NY (P Zra(x)| > e}) P < € 2PE[| Zr,(x)|*]
e—2a/p Ty,
Y
(Ta%)r | Jn_,
—2a/p [T,
< (2€>d+1 /k E[Kl (x Xt> (K%) (y Y%)) ]dt
(Taz™ )1 1y ar ar

2q/p X —v _ %
K2 n(y—u
d+1 /Tk Ra+1 v <aT) <Kz,t( o )) f(u,v)dudvdt

2q/p5 2
— Ti(?“'l)() /]Rd+1 Kfq(z) (Ké}t)(w)) f(x —arz,y — apw)dzdw.

2q
Ky K —E[Ky KLY \IH]\ dt]

Consequently, since the integral [pa+1 f(x — arz,y — arw)dzdw can not exceed 1, it

follows from assumption (A.1)(i) that

20| K |29 KD 1%
(Ta%)s—1

nE[Z7 (2) L z7,x)5] = = o(1). (3.100)

the proof of the lemma is completed.

We conclude from (3.95)) and (3.99) that

i]E |23 | Fea] = 2(x,0(x)) < h(x,y) / [k (r) K$Y ()] 2drds.  (3.101)

k=1 R+t
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Proof Theorem [4)

By Lemma , we have hg)’?) (x, O0%5(x)) = hg)’Q) (x,0©(x)). Consequently, by Lemma
, it follows that the last term of the right-hand side of Equation goes to zero
as T goes to infinity. It suffices then to combine the statements (3.101))and ([3.100))

to conclude the proof

VTad (04(x) — O(x)) 2 N (0, 2%(x, O(x)). (3.102)

O
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