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Introduction générale

Dans cette these, nous étudions différentes questions appartenant a la large classe
des problemes de cristallisation, c¢’est-a-dire a la minimisation d’énergies discretes parmi
un ensemble de configurations, comme expliqué dans [14]. Plus précisément, nous cher-
chons a comprendre pourquoi une structure périodique peut étre le minimiseur, local
ou global, de certaines énergies d’interactions, afin de tenter d’expliquer ’émergence de
structures ordonnées, que ce soit dans la nature (cristaux, ADN,...) ou lors d’expériences
(supraconductivité, conception de nouveaux matériaux,...). Evidemment, il s’agit d’un
probleme extréemement complexe a résoudre, tant théorique qu’expérimental, le nombre
de minima locaux pouvant étre tres grand, ce qui rend le minimum global difficile a
atteindre.

Ainsi, nous nous sommes penchés sur trois types de problémes propices a ’analyse :

— Dans le Chapitre 1, renvoyant a [8], nous discutons le fait qu'un réseau de Bra-
vais puisse étre un minimum local compact pour une énergie d’interaction créée
par un potentiel radial, en nous inspirant du travail de Theil sur la cristallisation
bidimensionnelle [99];

— Dans les Chapitres 2 et 3, renvoyant respectivement a [7] et [10], nous étudions
la minimisation d’énergies par point, créées par un potentiel radial, parmi les
réseaux de Bravais du plan, a partir d'un résultat de Montgomery sur 'optimalité
du réseau triangulaire pour des fonctions théta [74], dont nous redonnons une
preuve détaillée en Annexe;

— Dans le Chapitre 4, renvoyant a [9], nous nous intéressons au développement
asymptotique, quand le nombre de points tend vers 'infini, de I’énergie logarith-
mique sur la sphere en lien avec le 7eme Probléeme de Smale, a partir des travaux
de Sandier et Serfaty sur les gaz de Coulomb [86, 87] et d’avancées récentes en
Théorie Logarithmique du Potentiel [52, 53, 15].

L’objectif de cette introduction en trois parties est d’exposer les différents résultats
que nous avons obtenus dans chacun de ces contextes tout en rappelant les travaux

antérieurs indispensables a la compréhension globale du sujet.



Réseau comme minimum local compact

Dans son travail sur la cristallisation dans R? [99], Theil propose une famille de

1
potentiels radials paramétrés V, : R, — R tels qu’il existe o € }0, 3 { tel que pour

tout a €]0, ag[, Vo € C*(J1 — a, +00]) et

1.

2.

.@.C“rb.w

lim V,(r) =0;

r—00

m>in Va(rllpll) = Z Vo(llpl), ont Ag := Z(1,0) @ Z(1/2,/3/2) est le réseau
=0 peas pEA]

triangulaire de coté 1, A} := A5\{0} et || - || désigne la norme euclidienne sur R?;
Va(r )>—pourr€[0 1—al;
V'(r)>1pourr €]l —a,1+ af;
Vo(r) > —a pour 7 € [1 + «,4/3];
[V'(r)] < ar™" pour r €]4/3, +o0].

«

054

0.5+

FI1GURE 1 — Un exemple de potentiel de Theil V,

Ainsi, il montre qu’il existe ag > 0 tel que pour tout v €]0, ag[ et tout potentiel V,,

1
VLN ) ERZNZV i = 5ll) = ZV Ipl)),

pEA;
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c’est-a-dire que le réseau triangulaire A, est un minimum global de 1’énergie totale
d’interaction, au sens de la limite thermodynamique, quand le nombre de points qui
interagissent entre eux tend vers l'infini. Ce résultat fait naturellement suite a ceux
de Radin [44, 54, 80] portant sur le méme type de probleme, mais avec des potentiels
tronqués a courte portée. Le fait que le parametre a régisse a la fois la divergence en
0, la largeur du puits autour de la valeur 1 et la décroissance a l'infini du potentiel
donne une forme d’interaction qui semble plus stéréotypée que générique quand « est
petit. Malgré tout, il s’agit du premier résultat de cristallisation dans R?, parmi toutes
les configurations, pour des interactions a longues portées. On retrouve le méme type
de potentiels dont le parametre permet d’ajuster leurs formes a la structure visée dans
(36, 41].

Nous nous sommes donc demandé dans [8], et c’est 'objet de notre Chapitre 1,
si de telles hypotheses sur une famille de potentiels paramétrés pouvaient favoriser
la “cristallisation locale” sur un réseau de Bravais' donné de R?. Ainsi, nous avons
débarrassé la famille (V,), de toutes ses hypotheses favorisant plut6t la minimalité
globale (c’est-a-dire les hypotheses 3. et 5.) et nous avons remplacé les autres par des
versions plus générales et/ou locales afin d’obtenir une construction générique de po-

tentiels permettant la minimalité locale compacte suivante.

Soit L C R? un réseau de Bravais de premiere distance \;, c’est-a-dire
A= min{||p|[;p € L"},

| - || la norme euclidienne sur R?, B C L un sous-ensemble fini et v un réel tel que
a €]0,A1/2[. On dit que B?*, ayant le méme cardinal que B, est une perturbation a-

compacte de B si
Vb € B, 3™ € B tel que [|b—0%| < a,

et dans ce cas on note L*(B) := (L\B) U B* le réseau perturbé.

Soit d € N*. On dit que V' : R — R est un potentiel d-admissible si V' est une

fonction C? et, pour tout réseau de Bravais L C R,

o WAz D IV D+ - I PVl + Y ll PV (lal)] < +oe.

rzel* rzel* rel* rzel*

1. C’est-a-dire un réseau du type L = @le Zu; ou (u;) est une base de R

11



FIGURE 2 — Une perturbation a-compacte de B = {by, by, b3} avec L = Z2.

Soit L un réseau de Bravais de R? et VV un potentiel d-admissible. Soit N € N*, on dit
que L est un minimum local N-compact pour I’énergie totale créée par V' si pour tout
sous-ensemble B C L tel que B < N, il existe oy > 0 tel que pour tout a € [0, ap) et
toute perturbation a-compacte B de B,

AF(ViB) =Y > VI =yl =D > V(lb—=z]) =0

baefﬂyyeLQ(B) beB =zcL
T#b

c’est-a-dire que I'énergie du réseau perturbé L%(B) a une énergie totale plus grande que

celle de L, des lors que la perturbation maximale «ag, qui dépend de N, est assez petite.

Ainsi on démontre le Théoréme 1.3.1 du Chapitre 1 : Soit L C R? un réseau de
Bravais de premiere distance \; et de deuxieme distance

Ao := min{||p||;p € L, ||p|| > M}

Soit Vp : RY. — R un potentiel d-admissible, défini, pour chaque 6 € [0, A\;/2), par :

LY Iplvi(lpl) = o;

peL*
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2. Jrg € [A\1, A2), 3e >0, 3p > d + 1 tel que pour tout 7 > ro, |V (r)| < O r P2,

3. V4 (A1) > 0 est indépendant de 6;

4. il existe M > 0, indépendant de 0, tel que, pour tout A; /2 < r < Ag, [V (r)] < M.
Alors pour tout N € N*/ il existe 6y > 0 tel que pour tout 6 € [0, 6] et tout Vp, L est
un minimum local N-compact pour ’énergie totale créée par Vy. De plus, dans ce cas,
la perturbation maximale aq peut étre choisie égale a 6. Ainsi, dans le cas ou § < 1, on

a 07 < 0, c’est-a-dire que la perturbation maximale est plus grande que le coefficient
de décroissance de Vj apres la premiere distance A;.

A

F1GURE 3 — Un exemple de potentiel Vj

On remarque que ’hypothese 1. est équivalente au fait que » = 1 soit un point cri-
tique de f :r — ZpeL* Va(r||p||) et que, juxtaposée aux autres hypotheses, r = 1 est un
minimum local de f, ou, de maniere équivalente, L est un minimum local de 'énergie
par point créée par V, parmi ses dilatés. Ce type d’hypothese semble nécessaire a la
minimalité locale N-compacte quelque soit N, sous forme de condition de pression
nulle2. De plus, la méthode utilisée permet de donner une borne inférieure a la per-
turbation maximale des N points que I'on déplace. En effet, on prouve que, pour tout
0<6<A/2ettout 0 <a <0,

AG(Ve; B) > f(0) := 2V, (\)6* — N (A6°T° + CO° + DO** + EG**7) |

2. Voir Remarque 1.4.1

13



ot les constantes A, C, D, E dépendent uniquement des parametres et pas de 6. Ainsi, il
est assez facile de déterminer, au moins numériquement, la premiere racine positive de
f en fonction de N. On voit aussi clairement que plus V(A1) est grand, plus cette ra-

cine sera grande et plus on pourra déplacer les N points loin de leurs positions d’origine.

De plus, ce résultat peut étre interprété en terme de regle de type “Cauchy-Born”
[77, 37]. En effet, si on considere un solide comme étant un réseau L — son intérieur
étant un ensemble de N points et le reste étant son bord —, la perturbation linéaire,
suffisamment petite, des N points de son intérieur augmente 1’énergie d’interaction
totale. Ainsi, I'intérieur du solide doit “suivre” son bord pour étre dans un état d’énergie

minimale, comme illustré dans la Figure 4.

—o— T
— 71— | o —

— —¢— '\0\.._—-0— —
I

FI1GURE 4 — Regle de Cauchy-Born
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Minimisation d’énergie parmi les réseaux de Bravais

Si le fait de démontrer la minimalité d’une structure discrete parmi toutes les
configurations du plan semble de prime abord difficile, tout autant que de montrer
qu'une énergie discréete posseéde bien un minimiseur global périodique ®, la minimisation
d’énergies par point parmi les réseaux de Bravais a connu bon nombre de succes depuis
les années 50, et c’est ce type de probleme que I'on étudiera au Chapitre 2. En effet,
Rankin [82], Ennola [39], Cassels [25] et Diananda [35] ont étudié le probleme de mini-
misation, parmi les réseaux de Bravais du plan, de la fonction zéta d’Epstein définie?,

pour s > 2, par

Culs) =Y 1 (0.0.1)

L el

ot || - || désigne la norme euclidienne sur R?, et ils ont prouvé qu’a densité fixée, le

minimum est unique, a rotation pres, et triangulaire, c¢’est-a-dire que, pour tout A > 0,

24
Ay = \/% [2(1,0) @ Z(1/2, \/5/2)]

est 'unique minimiseur de L — (7(s) parmi les réseaux d’aire® A.

le réseau

I a fallu attendre Montgomery [74] pour qu’un autre pas significatif soit fait dans
ce domaine. Il montra que, pour tout A > 0, le réseau triangulaire A4 est 'unique
minimiseur, a rotation pres, parmi les réseaux de Bravais d’aire A, des fonctions théta

définies, pour o > 0, par

Or(a) = Op(ia) =Y e 2mlrl”,
peL
ou Oy est la fonction théta de Jacobi du réseau L. Ce résultat, dont nous redonnons
la preuve détaillée dans notre Annexe, est extrémement important car il permet de
montrer I'optimalité du réseau triangulaire A4 parmi les réseaux de Bravais d’aire A
fixée pour une classe plus large de potentiels d’interactions. Ainsi, comme expliqué par

Cohn et Kumar [30], on montre dans la Proposition 2.3.1 du Chapitre 2, en utilisant

3. Mis a part dans certains cas simples d’interactions entre premiers voisins ou dans le cas d’inter-

actions oscillantes comme dans Particle de Siito [96].
4. Cette série converge pour s > 2 et on peut définir son prolongement analytique si s > 0. Dans

la suite, quand d = 2, seul le cas s > 2 nous intéressera.
5. On dira qu'un réseau de Bravais L = Zu & Zv a pour aire A si I'aire de sa cellule fondamentale

est |L| = ||lu Av|| = A.

15



FIGURE 5 — Réseau triangulaire

a la fois le résultat de Montgomery et un Théoréeme de Bernstein [6], rappelé dans ce
méme Chapitre 2, que si f : RY — R est completement monotone, c¢’est-a-dire que pour
tout r > 0 et tout k € N, (=1)*f*)(r) > 0, alors quelque soit A > 0, A4 est 'unique

minimiseur, a rotation pres, de ’énergie

L E[L]:= Y f(Ipl®).

peL*

parmi les réseaux de Bravais d’aire fixée A.

Nous pourrions croire que la complete monotonicité de f est une condition trop
forte pour la minimalité de A4 pour L — E¢[L] quelque soit A > 0, mais on montre
dans la Proposition 2.3.4 du Chapitre 2 que pour la fonction strictement positive,

strictement décroissante et strictement convexe V' définie par

14 40 35

V(r):zﬁ—ﬁ—i-ﬁ,
il existe Ay, As tels que A 4 ne soit pas un minimiseur de Ey parmi les réseaux de Bravais
d’aire fixée A € (Ay, As). Ainsi on peut imaginer 8 que 'optimalité de A4 pour tout A
est équivalente avec le fait que f soit totalement monotone et obtenir des minimiseurs

“exotiques” pour certaines interactions décroissantes, positives et convexes, comme on

6. Ceci est une intuition raisonnable, mais nous n’en donnons pas la preuve.
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peut le voir, numériquement, dans les travaux de Marcotte, Stillinger et Torquato [67]

portant sur des potentiels tronqués.

F1GURE 6 — Courbe de V

Des lors, on peut se demander quels types de résultats on obtient si f n’est pas
totalement monotone, et c¢’est 'objet de notre Théoreme 2.1.2 du Chapitre 2. On

démontre ainsi deux sortes de résultats :

— La minimalité de A4, a haute densité fixée (c’est-a-dire A > 0 suffisamment pe-
tit), pour certains potentiels, quand ceux-ci sont équivalents en 0 & une fonction
totalement monotone. Nous donnons des bornes non-optimales” pour 1'aire en

dessous de laquelle ces résultats sont vrais en fonction de leurs parametres;

— La minimalité globale, parmi tous les réseaux de Bravais du plan, sans restric-
tion de densité, d’un réseau triangulaire pour des énergies par point engendrées
par des potentiels du type Attractif-Répulsif et Lennard-Jones, définis respecti-

vement par

—xor —x1r
AR € ¢ LJ 2 @
r)=a —a et V r) = —
Spa,gc( ) 2 r 1 r a,r ( ) 72 re1’

pour une infinité de valeurs® des parametres (a1, az, z1,72) € (0, +00)? dans le

7. Nous reparlerons de cette non-optimalité plus bas.
8. On donne des exemples explicites de telles valeurs dans I’énoncé du théoreme.
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premier cas et (ay,as, z1,72) € (0,4+00)% x (1,+00)? dans le deuxieme cas, et
plus particulierement quand ces potentiels possedent un puits. De plus, dans le

cas des potentiels de type Lennard-Jones, I'aire du minimiseur global L, , est

225)\ 7271
‘La7m| — <a2x2<A1( x2)) 2 .

donnée par

a121Ca, (221)

HAR
Pax
VLI

0.5

054

—67r —3r
e e 1 2
et V() = % — =

FIGURE 7 — Courbes de cpéf(r) =2

T r

Ces résultats découlent en fait d’une représentation intégrale de I’énergie d’un réseau

L d’aire A soumis a un potentiel admissible® f, que nous prouvons dans notre Théoréme

2.1.1:
b= [ ()] o (55) e () -

ou py est la transformée de Laplace inverse de f et C4 est une constante indépendante

de L. Ainsi, le fait que

9aly) =y py (ylA) oy (%)

9. Ce type de potentiel est choisi tel que Ey soit toujours finie et que f possede une transformée

de Laplace inverse.
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soit positif pour presque tout y > 1 assure, par le résultat de Montgomery, que, pour

tout réseau de Bravais L d’aire A,

Bt = B =5 [ o ()~ ()] st > 0

c’est-a-dire la minimalité de A 4. La méthode est donc de trouver la relation la plus op-
timale possible entre A et les parametres de f afin que g4(y) soit positif pour presque
tout y > 1. De plus, dans le cas de potentiels avec un puits, un argument de dilatation '°
permet de donner une borne supérieure pour l'aire d’'un réseau qui est un minimum glo-
bal pour I’énergie. Ainsi, le fait que cette borne supérieure soit plus petite que celle des
aires A telles que A4 soit I'unique minimiseur a aire fixée nous assure que le minimum

global est unique, a rotation pres, et triangulaire.

Ces résultats confirment les simulations numériques faites par Torquato et ses co-
auteurs, par exemple dans [84, 100] ainsi que celui de Theil [99], c’est-a-dire que le
minimum global avec un potentiel possédant un puits semble étre un réseau triangu-
laire. Malheureusement, ils ne permettent pas de montrer la minimalité globale, parmi
les réseaux de Bravais, d’un réseau triangulaire pour le potentiel classique de Lennard-
Jones!! (12 — 6) défini par

Vig(r) = % — %

En effet, notre méthode n’est pas optimale, c¢’est-a-dire qu’elle ne permet pas de
déterminer toutes les aires A telles que Ay soit I'unique minimiseur de L +— Ef[L]
parmi les réseaux de Bravais du plan d’aire fixée A. Des résultats numériques donnés
dans la Section 3.3.2 du Chapitre 3 nous donnent un exemple de cette non-optimalité
dans le cas de la minimisation de L +— Ey, ,[L]. De plus, nous expliquons dans la Sec-

tion 2.4.3 du Chapitre 2 pourquoi notre méthode semble difficile & améliorer.

Dans [10], avec Peng Zhang, nous nous sommes intéressés plus particulierement a
ce potentiel de Lennard-Jones V7 ; et son énergie par point, et ce fut d’ailleurs notre
premiere incursion dans ce domaine d’étude '2. Apres avoir montré dans le Théoréme
3.3.1 du Chapitre 4 la minimalité du réseau triangulaire pour Ey, , parmi les réseaux
de Bravais d’aire fixée 0 < A < m(120)7'/% ~ 0.63693, en utilisant la positivité de g4

10. Voir preuve du Théoreme 2.1.2.
11. Comme on somme sur les carrés des distances du réseau, les exposants sont 6 et 3 afin de sommer

effectivement le potentiel de Lennard-Jones (12 — 6) sur les réseaux.
12. Les résultats sont, dans cette these, présentés dans ’ordre antichronologique car plus naturel.
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pour des A assez petits, et, dans la Proposition 3.3.5, la non-minimalité du réseau
triangulaire pour des A suffisamment grands, résultat qui est en fait plus général comme
on le verra dans la Proposition 2.6.6 du Chapitre 2, nous avons tenté de caractériser
le minimum global de Ey, , parmi tous les réseaux de Bravais du plan. Nous montrons,
dans la Proposition 3.4.1 et dans la Proposition 3.4.5 du Chapitre 3 que, si
Ly = Zu @ Zv est un minimum global de Ey, ,, paramétré de telle sorte que ||ul| < ||v|
soient ses deux premieres distances, alors on a :

— D'énergie minimale vaut Evy, ,(Lg) = —(,(6) = —(,(12) < 0;

— la premiere distance est bornée : 0.74035 < ||u|| < 1;

— la deuxiéme distance est bornée : ||v]| < 1;

— Ly est caractérisé par (r,(6) = max{(.(6); L tel que ((12) < (1(6)}.
De plus, des vérifications numériques, confirmant celles faites par Blanc, Le Bris et
Yedder [13] dans le cas du probleme a N points, nous incitent fortement a penser que
pour tout A € (0,1), Ay est 'unique minimiseur, a rotation pres, de Ey,, parmi les

réseaux de Bravais d’aire fixée A, et qu’ainsi son minimum global doit étre triangulaire

1/3
|Lo| = (%((162))) ~ 0.84912.

Enfin, toujours dans [10], c’est-a-dire notre Chapitre 3, Section 3.5, nous avons

d’aire

étudié le modele bidimensionnel de Thomas-Fermi [62] pour les solides. En effet, ce
modele, issu de la Chimie Quantique, présenté dans [13, Section 2| et [12, Section 4], est
le suivant : considérons N noyaux représentés par le N-uplet X,, = (z1,...,zy) € R?
associés a N électrons de densité totale p > 0. Alors I'énergie de Thomas-Fermi du

systeme est donnée par

E™F(p, Xn) = / Pla)dr — © / / oslle = ylo(o)o()dsdy

R? 2

N
1
3 [ 1oglle = a;llta)ds - 5 3 1og o, — .
j=1

J#k

On cherche alors & déterminer 15" = i)?f ETF(Xy) ot
N
E™(Xy) = inf {ETF(/), Xn),p>0,p€ LR N LQ(RQ),/ p= N} :
P R2

Blanc et ses coauteurs [12, 13] ont montré que

E™(Xy) =Y Wre(|la; — z;]) + NC,
i
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ou Wrp(r) = %Ko(ﬁr) avec Ky la fonction de Bessel modifiée de seconde espece et
C une constante indépendante de la configuration. Ainsi, le probleme limite qui est a
résoudre est celui donné par la limite thermodynamique
ETF(X
lim 7( N>,
N—+oco N

c’est-a-dire la minimisation parmi les réseaux de Bravais de 1’énergie par point

Erp(L) = Z Wrr(llpll)-

peL*
Blanc, Le Bris et Yedder [13] avaient conjecturé que cette énergie était minimale a toute
densité pour le réseau triangulaire, ce que nous avons montré, dans notre Théoreme
3.5.1 du Chapitre 3, en écrivant 1’énergie en terme de fonction théta et en utilisant le
résultat de Montgomery, remontrant finalement au passage que la fonction r — Ko(1/r)
est completement monotone. Ces interactions de type Bessel se retrouvent aussi dans

des modeles de mécanique des fluides et de supraconductivité [1, 93].

L’étape suivante, qui est discutée par Cohn et Kumar [30, Section 9], serait de
montrer I'optimalité de A4 pour Ef, quand f est totalement monotone, parmi tous les
réseaux périodiques d’aire A de R?, et pas uniquement les réseaux de Bravais. Ce type
de probleme fait 'objet de recherches actives en lien avec le design sphérique, comme

par exemple les travaux de Coulangeon et Schiirmann [31, 89, 33].

Quant au méme type de probleme en dimensions supérieures, il n’existe pas a ce

jour de résultats d’optimalité globale d'un réseau de R¢, d > 2, pour la fonction théta

0. (a) = Z e~mellell”

peL

définie classiquement par

ou pour la fonction zéta d’Epstein d-dimensionnelle (0.0.1), définie pour s > d et pro-
longeable pour s > 0, parmi les réseaux de Bravais de RY. Cela rend bien évidemment
encore plus difficile ’étude d’énergies engendrées par des potentiels plus compliqués,
d’autant plus que notre représentation intégrale de Ey est basée sur ’équation fonc-
tionnelle de #; suivante, prouvée en Annexe : pour tout réseau de Bravais L d’aire
|L| =1/2 et tout a > 0,

0,(1/a) = abfp (),

valable uniquement pour d = 2. En effet, pour d > 2, celle-ci est remplacée par
1
0.(a) = a %0, (—) ,
o
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pour tout réseau L de volume 1 et tout a > 0, ou L* est le réseau dual de L, c’est-a-dire

L*:={zeRbVyeLa yel}.

En dimension d = 3, Ennola [40] a prouvé que le réseau cubique & faces centrées

est un minimum local pour L — (i(s), pour tout s > 0. Malheureusement, on ne
peut avoir l'optimalité de ce réseau pour toutes les valeurs de s > 0 fixées'*, comme
expliqué dans [88]. En effet, notons, pour s > d, qu'un résultat classique permettant le

prolongement analytique de (7, nous donne,),
F(L,s) :=7n*?I(s/2)C1(s) = F(L*,d/2 — 5/2).

Ainsi, on a, pour L3 le réseau cubique a faces centrées et L3 son réseau dual, c’est-a-dire

le réseau cubique centré :
G(s) == F(Ls,s) — F(L3,s) = —G(d/2 — s/2),

et il y a seulement deux possibilités : G = 0 ou G change de signe. Comme les dis-
tances du réseau L3 sont différentes des distances du réseau L3, G' ne peut pas étre

identiquement nulle et change donc de signe. Ainsi, il existe sy > 0 tel que

Cry(80) > Crz(s0),

c’est-a-dire que L3 ne peut étre le minimum global de L +— (;(s) pour chaque s > 0,
contrairement a ce qu’avait conjecturé Ennola [40]. Ainsi, il n’est pas non plus possible
que ce réseau soit un minimum de L — 6 (a) pour tout o > 0 pour la méme raison 5,

car pour tout L de volume 1 et tout s > d,
71.8/2

(s/2)

De plus, un autre probleme, pour la minimisation parmi les réseaux périodiques, vient

Cr(s) = T /0 h (Op(a) — 1) a*? 7 dy.

du fait que I'empilement le plus compact de sphéres de méme rayon ' n’est pas unique
pour d = 3. En effet, le réseau hexagonal compact, qui n’est pas un réseau de Bravais

de R3, vérifie aussi cette propriété.

13. La Figure 8 est recopiée avec 'aimable autorisation de Franz-Josef Haug (Ecole Polytechnique
Fédérale de Lausanne)

14. Par contre, cela semble vrai pour s > 3/2 d’apres [88, Section 1] et [14, Figure 7).

15. Mais cela semble plausible pour a > 1, d’apres [88, Section 5] et [14, Figure 8].

16. Aussi appelé “best packing”.
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FIGURE 8 — Réseaux Cubique Centré (gauche) et Cubique a Faces Centrées (droite)

Malgré tout, en dimensions d € {2,4, 8,24}, la ou le best packing L, est connu et
unique, Cohn et Kumar ont conjecturé [30, Conjecture 9.4] que L, est I'unique mini-
miseur de Ey, avec f completement monotone, a densité fixée parmi les configurations
périodiques, et pas uniquement les réseaux de Bravais. Un bon indice étant le résultat
de Sarnak et Strombergsson [88, Theorem 1] qui montre que Ly est un minimum local
strict de L — (1(s), s > 0, et L + 0r(a), a > 0, parmi les réseaux de Bravais de R?
pour d € {4,8,24}.

Asymptotique de I’énergie logarithmique sur la sphere

Alors que le probleme de réseau minimisant dans R? reste largement ouvert malgré
quelques tentatives [41, 96, 97], celui de la minimisation de l'énergie logarithmique
sur la sphere S? fait 'objet d’une attention toute particuliere. Notons || - || la norme
euclidienne dans R? et définissons, pour (y1, ..., y,) € (S*)", Uénergie logarithmique de

cette configuration par

Eiog (1, s Yn) 1= — Zlog lyi — -
i#]

et notons g (n) le minimum de cette énergie parmi les configurations de n points sur S%.

Cette énergie apparait naturellement, comme expliqué par Saff et Kuijlaars [59] ou
par Brauchart et Grabner [21], dans beaucoup de situations physiques. De plus, la re-
cherche de minimiseurs pour Ej,, appartient a une classe plus large de problemes sur la
sphere dont fait par exemple partie celui de Thomson, ot le logarithme est remplacé par

r — r~!, qui est lié & la construction de grandes molécules stables de carbone utiles dans
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les nanotechnologies (on pense par exemple au buckminsterfullerene Cyg, voir Figure 9).

FIGURE 9 — Buckminsterfullerene Cyg.

En 1998, Smale [92] a d’ailleurs fait figurer, parmi une liste de 18 problemes impor-
tants pour notre siecle, celui'” de trouver pour chaque n > 2, une constante universelle
¢ € R et une configuration (yi, ...,4,) € (S*)" telles que

Eiog (Y1, s Yn) — Eiog(n) < clogn,

et cela en temps polynomial en n. Cela revient donc a étudier le développement asympto-

tique de r%i%z Elog (1, ---, Yn) quand le nombre de points n tend vers 'infini. La Figure
i 1€

Yi

10 donne un exemple d’une configuration de 1000 points proche d’un minimiseur de

I’énergie logarithmique.

Grace aux travaux de Wagner [106] et de Saff et Kuijlaars [60], nous savions que,
quand n — 400,

Eiog(n) = (% — log 2) n? — glogn + O(n).

17. 1l s’agit du septieme probleme de Smale.
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FIGURE 10 — Configuration de 1000 points proche d’un minimiseur de Ejoq
Bendito et al. [5].

De plus, Rakhmanov, Saff et Zhou [81] ont conjecturé Iexistence d’une constante

C, indépendante de n, telle que, quand n — +o0,

1
Erog(n) = (5 —log 2) n? — glogn + Cn + o(n),

constante qui est conjecturée étre égale a

1, 2 I
C :=2log2+ —log = + 31
BHS Og + 2 Og 3 + Og 1—1(1/3)
par Brauchart, Hardin et Saff [22], via une autre conjecture sur 1’énergie de Riesz sur

la sphere.

Ainsi, dans [9], en collaboration avec Etienne Sandier, et ¢’est 'objet du Théoréme
4.7.5 du Chapitre 4, nous avons démontré la conjecture de Rakhmanov, Saff et Zhou,
c’est-a-dire I'existence de la constante C, a partir des travaux de Sandier et Serfaty
[86, 87] portant sur les gaz de Coulomb bidimensionnels ot ils étudient le développement
asymptotique, quand le nombre de points n tend vers I'infini, du minimum du Hamil-

tonien d’un systéme de n points (z1, ..., z,) de R? défini par

W (1, ey ) 1= — Zlog lz: — ;|| + nZV(mi),
i=1

i#]
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ol || - || désigne la norme euclidienne sur R? et V' : R? — R est un potentiel confinant

suffisamment régulier. Comme on a, pour p, = = > | 8,, et A = {(z,2);z € R?*},

1| I & =t s ) P o]

il est indispensable de connaitre la distribution limite minimisant 1’énergie suivante,

définie sur 'ensemble M;(R?) des mesures de probabilités sur R? :

// < ; D ol —yH) n(x)du(y).

Dans [87], le potentiel V' est supposé fortement confinant, c’est-a-dire que

lim {V(z)—2log||z|} = +o0,

llz[|=+o00

et cela implique, par des arguments classiques de Théorie Logarithmique du Potentiel
[42, 85] qu’il existe une unique mesure d’équilibre p minimisant Iy, et dont le support
Yy est compact. De plus, si V' est assez régulier, alors py est absolument continue par

rapport a la mesure de Lebesgue, i.e.
dpy () = my (z)dx.
Ainsi, en écrivant p,, = (pt,, — pty) + py et en utilisant les équations d’Euler-Lagrange '8
associées au probleme de minimisation Mm(iﬂlgz : Iy (p), de la forme ((x) = 0 quasi-
1

partout ¥ sur ¥y et ((z) > 0 quasi-partout sur R?, on obtient
n 1 ~
Wy (21, ..y Tn) = 0Ly (y) — B) logn + %W(VH;, Tge) + QnZ C(z),

ou H! = —27A YV, — ui,) avec @’ := y/nx les coordonnées blow-up, m}, (z) =
my (z/v/n), duy, (') = mj,(2')dz’ la mesure dans les coordonnées blow-up et W une

énergie dite “renormalisée” définie par

1
E,x) =i E(z)|]*d 1
W(E, ) = lim (2 Loy XDIEG x+mgnzx<p>),

pEA

pour toute fonction continue y et tout champ de vecteurs F vérifiant div E = 27(v—m)

etcurl E=0ouv=>. _,d,avec A C R? un ensemble discret. On peut voir W comme

pEA

18. Aussi appelées inégalités variationnelles de Frostman.
19. C’est-a-dire en dehors d’un ensemble de capacité nulle. La définition de ( est donnée au Chapitre

4 par (4.4.1).
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une énergie d’interaction de type “coulombienne” entre les points de A qui apparait
naturellement dans 1’étude des interactions entre vortex dans les supraconducteurs de
type II dans la théorie de Ginzburg-Landau, comme expliqué dans [86, 87, 90, 91].
C’est d’ailleurs I'analogue de 1’énergie de Dirichlet pour un champ de vecteurs dans
LP

loc

(R%,R?), 1 < p < 2, ayant des singularités.

Ainsi, par une méthode de I'-convergence, Sandier et Serfaty [87] ont montré que,

si (x1, ..., 2,) minimise w, pour chaque n, alors

11 - 1 1
lim — |=W(VH], 1g2) + QHZC(SL’Z') =y = —min W—§ my (z) log my (x)dx,

n—+oo N | T — T A R2
1=

ol I&in W, atteint d’apres [86, Theorem 1], est le minimum, parmi les configurations de
1

densité moyenne?° égale a 1, de

FE
W(E) = limsup 7W( ’XBR),
R—+o00 |BR|

avec X, des fonctions cutoff ayant pour support la boule centrée en 0 et de rayon R.
Des lors, quand n — 400, on a 'asymptotique du minimum de w,, donnée par

min - wy, (21, ..., z,) = n? Iy (uy) — n logn + ayn + o(n).
{ZBZ‘}ER27L 2

Dans [9], notre travail a été de redémontrer cette formule, en utilisant les mémes
techniques que dans [86, 87] — et c’est 'objet du Théoréme 4.6.1 de notre Chapitre
4 — mais pour un potentiel V' faiblement confinant, c’est-a-dire vérifiant

liminf {V(z) —log(1 + [|z|*)} > —o0.

llz]|—=+o0

Dans ce cas-la, des travaux récents de Hardy et Kuijlaars [52, 53] d'un coté et Bloom,
Levenberg et Wielonsky [15] de l’autre ont permis de montrer a la fois I'existence d’une
mesure d’équilibre uy, dont le support peut étre R? tout entier, mais aussi les équations
d’Euler-Lagrange associées ?'. Nous avons donc pu généraliser, dans notre Théoréme
4.6.1, 'asymptotique démontrée dans [87] & une classe de potentiels plus généraux 22
dont fait partie

V(x) = log(1 + [|l=|*),

20. C’est-a-dire des ensembles A tels que pour tout R > 1, il existe une constante universelle C'
vérifiant v(Br) < C|Bg| ol |Br| désigne laire de la boule centrée en 0 et de rayon R, avec div E =
2n(v — 1) et curl E = 0.

21. Ces équations sont identiques a celles du cas ou ¥y est compact.

22. Voir la définition 4.3.2.
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et dont la mesure d’équilibre associée, de support ¥y = R?, est

dx

@) = T TR

Des lors, en remarquant, par projection stéréographique, que I'étude de Ej, sur la
sphere revient a étudier w,, avec ce potentiel V' particulier, on obtient notre Théoreme

4.7.5, c’est-a-dire 'asymptotique, quand n — 400 :

log ™
2

1 1
Elog(n) = (5 — log 2) n? — glogn + (— Aian + + log 2) n+ o(n),

™
ce qui permet de démontrer la conjecture de Rakhmanov, Saff et Zhou, c’est-a-dire
I'existence de
C= 1minVV—l— logm + log 2,
T A 2
qui est effectivement une constante car n}‘iln W est atteint.

Enfin, Sandier et Serfaty [86] ont conjecturé que le minimum de W parmi les confi-
gurations de A, c’est-a-dire les configurations de densité moyenne 1, est atteint pour le
réseau triangulaire — aussi appelé dans ce contexte réseau d’Abrikosov?? — A; de densité
1. En effet, le fait de soumettre un matériau supraconducteur de type II a un champ
magnétique le traversant fait apparaitre des vortex, quand l'intensité de ce champ est

suffisamment fort, qui se placent sur un réseau triangulaire parfait (voir Figure 11).

FIGURE 11 — Observation de vortex dans un supraconducteur — Hess et al. [55]

23. Le physicien Abrikosov (1928-) avait prédit dans [1] 'apparition d’une telle structure périodique
pour les vortex, ce qui lui valut le Prix Nobel de Physique en 2003, mais en privilégiant le réseau carré,

erreur due a la tres faible différence d’énergie entre ces deux structures.
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IIs ont d’ailleurs prouvé dans [86, Theorem 2] — et nous redonnons, dans notre
Théoreme 4.2.3 du Chapitre 4, une preuve de ce résultat utilisant I'optimalité de
A; pour la hauteur du tore plat démontrée par Osgood, Phillips et Sarnak [78] — que A;
est I'unique minimiseur, a rotation pres, de W parmi les réseaux de Bravais de densité
1, c’est-a-dire

argmin {W (L); L = Zu & Zv,|L| = 1} = A;.

Enfin, dans notre Théoréme 4.7.7 du Chapitre 4, nous montrons que les conjectures
de Sandier-Serfaty et de Brauchart-Hardin-Saff sont équivalentes, c’est-a-dire que
1. 2 JT
inW=W(,) < C=C =2log2+ —log = +3log ————
H}llln ( 1) BHS 0og + 2 0og 3 + 0og F(1/3)>
en utilisant la formule de Chowla-Selberg [28], construisant ainsi un pont entre deux
themes de Recherche actuels en liant la conjecture des vortex avec le septieme probleme

de Smale.
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Chapitre 1

Sufficient Condition for a Compact Local

Minimality of a Lattice

Ce chapitre fait référence a la prépublication [§].

Sommaire
1.1 Introduction . .......... ... e 31
1.2 Preliminaries : Bravais lattice and N-compact local mini-
mality . . .. ... e e e 33
1.3 Parametrized potential and main result . . . ... ... .. 34
1.4 Remarks . . ... ... ... i e 37

1.1 Introduction

As explained by Blanc and Lewin [14], the crystallization problem, that is to say
to understand why the particles structures are periodic at low temperature, is difficult
and still open in the main cases. Theil [99] exhibited a radial parametrized long-range
potential with the same form as the Lennard-Jones potential such that the triangular
lattice is the ground state of the total energy in the sense of thermodynamic limit. This
kind of potential, parametrized by a real o > 0, is larger than o~ close to the origin,
corresponding to exclusion Pauli’s principle, it has a well centred in 1 and a 2a width,
its second derivative at 1 is strictly positive and its decay at infinity is r — ar~". Thus,
as small is «, as close to 1 is the mutual distance between nearest neighbours of the

ground state configuration and the interactions between distant points are negligible.

In this chapter, our idea is to present a parametrized potential very close to this one,
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0.5

0.5+

FiGURE 1.1 — Example of Theil’s potential

with the most natural possible assumptions, such that a given Bravais lattice L of R? is
a “N-compact” local minimum for the total energy of interaction. This kind of local mi-
nimality is called “/N-compact” because, given a maximal number N of points that we
want to move a little bit, there exists a maximal perturbation of the points which gives
a larger total energy of interaction, in the sense of the difference of energies is positive.
Moreover, as small is the parameter, as large the number N can be taken. We strongly
inspire Theil’s potential, keeping only local assumptions and strong parametrized decay.
Furthermore, our work can be related to that of Torquato et al. about targeted self-
assembly [84, 100] where they search radial potentials such that a given configuration

— more precisely a part of a lattice — is a ground state for the total energy of interaction.

After defining the concepts and our parametrized potentials, we give the theorem, its
proof and some important remarks and applications.
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1.2 Preliminaries : Bravais lattice and N-compact

local minimality

Definition 1.2.1. Let d € N*, (uy,...,uq) be a basis of R? and L = @), Zu; C R?
be a Bravais lattice. For any A > 0, we define m(\) := ¢{L N {||z| = A}} where
| - || denote the Euclidean norm and 8A is the cardinal of set A. Moreover, we call
A1 = min{||z||;z € L*}, where L* = L\{0}, and Ay := min{||z||; ||z|| > A,z € L}.
Furthermore, for a Bravais lattice L C R?, we define the following both lattice sums,
forn >d,

Gn)i= > ™
Ilzx\l\e>L>\1

Cn) =D (llall = A) ™
IIIZHE>L>\1

Definition 1.2.2. Let L C R? be a Bravais lattice, B C L be a finite subset and o be
a real such that 0 < a < A\1/2. We say that B*, with $B* = B, is an a-compact
perturbation of B if

Vb e B, 3™ € BY such that ||b—b%| < a.

Moreover, if B* is an a-compact perturbation of B C L, we write L*(B) := (L\B)UB®
the perturbed lattice.

Definition 1.2.3. Let d € N*. We say that V : R% — R is a d-admassible potential
if Vis a C® function and, for any Bravais lattice L C R,

Do WAl + Y =V D+ Y lelP Vi + Y el [V (lz])] < +oc.
xelL* xelL* reL* xelL*
Remark 1.2.1. If, for any k € {0,1,2,3}, |[V®(r)] = O(r~?%), pp > d + k, then V is

d-admissible.

Definition 1.2.4. Let L be a Bravais lattice of R?, V be a d-admissible potential and
N € N*. We say that L is a N-compact local minimum for the total V-energy
if for any subset B C L such that 8B < N, there exists ag > 0 such that for any

a € [0,a9) and any a-compact perturbation B* of B,

AViB) =D > VI =yl =D > V(b—=]) =

bre B« yELa(B) beB =zcL
T#b
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FIGURE 1.2 — An a-compact perturbation of B = {by, by, b3} with L = Z2.

1.3 Parametrized potential and main result

Definition 1.3.1. Let L C R? be a Bravais lattice. We call parametrized L-potential
every d-admissible function Vy : R%. — R, defined for fized 0 € [0, \1/2), satisfying :

1. Zero pressure condition : it holds Z lz|[Va (||lz]]) =0,
reL*

2. Parametrized fast decay : Jrg € [A\1,A2), 3¢ > 0, Ip > d + 1 such that for
any v > 1o, V()] < 075772

3. Local convexity around first neighbours : V,'(\1) > 0 is independent of 0 ;

4. Bounded third derivative : there exists M > 0, independent of 0, such that,
for any A\ /2 <r < Xy, |V)"(r)] < M.

Theorem 1.3.1. Let L C R? be a Bravais lattice, then for any N € N*, there exists
0o > 0 such that for every 6 € [0,0y] and every parametrized L-potential Vy, L is a N-
compact local minimum for the total Vy-energy. Furthermore, in this case, the maximal

perturbation g can be chosen equal to 6.
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Fi1GURE 1.3 — Example of potential Vj

Proof. Let L be a Bravais lattice of R%. Let N € N* and B := {by,...,bx}. Let ag be
such that 0 < ap < A;/2 and B = {b]°, ..., b3} be a ap-compact perturbation of B.
Forany 1 <i¢ < N, for any y € L*(B), y # b;°, and x € L such that ||z —y|| < ayp, we
define

Qi = (|67 =yl = [|b; — .

We assume, without loss of generality, that max |a; .| = 2, left to decrease ay. We

set 8 € [0,\1/2) and Vy a L-parametrized potential. We have

N
A7 (Vy; B Z o Vallbe =yl =Y > Vel — ).

i=1 yeL®0(B) 3=1 =z€L
y#b?o zF#b;
By Taylor expansion, we get, for any 1 < ¢ < N, for any y € L*(B), y # 0;°,
x € L such that ||z — y|| < ap,

2

ai,:c
Vo(lloi* = yll) = Va(llbs — ) + as o Vi ([l — ) + ==V (Il — ) —

‘O‘Z :v|3

///
IVo" i

where ||V, ||;. :== sup {|V;" ()|; |6 — z|| — i <7 < ||b; — 2| + @i }. Hence we obtain

AL (Ve; B >ZZamV9 1bi—2l[)+ Zzam (Nlbi=z}) ——ZZIOM\ V5" [l

i=1 z€L i=1 =€L i=1 =z€L
T#£b; T#b; T#£b;
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Now we cut interactions into two parts : the short range and the long range. For any
1 <1< N, we set

St={zeLlr—0b||=M\} and L) :={x € L;|z—b > \}.

As we assume that for all r > 7o, [V,"(r)] < 007?72 and V},V}" go to 0 at +oo,
we have, by a simple argument, that |V (r)| < 87 and |V,'(r)| < 0**5r 7! for all

r > ro. Therefore we get the following inequalities :

N
SO Vil — zl) = Vi) Z > g —2aoel+fz > p
i=1 =z€L = 1m€81 i=1 EU ||b —$||

T#b;

2nl+4e
S 9)PLRUMEIERCLY 35 TR ERVIS y) pptie S
i=1 =z€L = 150657’ i=1 Eﬁl
T#£b;
1
As wGZUHxHVé(HIH) = 0, we have V(A1) = — T ; z||Vy(|z])). As L is a
o[>
Bravais lattice, for any 1 <7 < N, #S¢ = m()\;) and we obtain
N N
Vi) | D037 aie | [ < o | 2 TallViClalDl | { 323 o
i=1 zeSt zeLl) i=1 zeSi

20000 N
< 2N,

As L is a Bravais lattice, we have, for any b; € B C L and any p > d,

Z ||b _pr _CL( )

xEU

and it follows that

N
SO Vil — 2l) = —2a00" N (AT G(p — 1) + G () -

i=1 =€l
T#b;
N
Since max |cvi 2| = 20y, it is clear that E E o, > 4ag, and we obtain
i=1 gest

! Z S a2, V(b — o) > 2V (M)ad — 2Nad0 =G (p + 1).
=1 =€L
T#£b;

36



Now we remark that —— Z Z e PV e > __%Z Z I1Vy"||i.z- Moreover,

=1 z€L i=1 =z€L
T#b; T#£b;
ZZH Vi'lliw = ZZH ”’HmZZH Vi'lliz
i=1 ;ili, i=1 zeSi i=1 zeLf
< MNm(X +«91+€Z Z
2 2 ([ —x||—|a R

S MNm()\l) + 91+8NCL(p + 2),

because |a; | < A1. Finally we get, for any 0 < ap < A1/2 and every 0 < a < ay,
2 2 -
AG (Ve B) 22Vy'(M)ag — 2N [a?)@”acap +1) + 3 Magm(h) + g8 "o (p +2)

ool (TG — 1) + Gp)] -

Given 6 € [0,)/2), if we choose ay = 0, then there exist positive real A,C, D, E,
independent of 6, such that

A% (Vy; B) > 2] (M)6® — N (A6 + CO° + D6 + E6*F) . (1.3.1)

As V(A1) > 0 is also independent of 6, there exists 6, € [0, A1/2), depending on N,
sufficiently small such that for any 6 € [0, 6y] and for any « € [0, 6], A} (Vy; B) > 0 and
then L is a N-compact local minimum for the total Vjy-energy, for any parametrized
L-potential Vj. O

1.4 Remarks

1. Zero pressure condition and local minimality among dilated of L. As

explained for instance in [4], if Ey,[L] := Z Vo(||z]]) is the energy per particle of L,

xeL*
i.e. the free energy at zero temperature, then, by usual thermodynamics formula, we

define pressure P and isothermal compressibility k7 by

dE
Pi=— Ve = o S lelVilal),
:ceL*
1 dP d?EV
— =A== A 9 _ _ v
- A= AT 414; ERACHEENAEDE
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where A is the area of L (i.e. the inverse of the density of points of L). As we want
to have L as a N-compact local minimum for arbitrary large N in an infinite volume,
it is thermodynamically natural — for instance if L is the cooling of an ideal gas — to
suppose P = 0 at zero temperature, which gives a kind of justification of the necessity

of the zero pressure condition 1. in Definition 1.3.1.

Moreover, we know that k7 > 0 (see [95, Section 5.1]), therefore

> 2PVl >

rel*
Actually, that follows here from assumptions on Vj, if L is a N-compact local minimum
for the total Vy-energy with N sufficiently large. Indeed, by assumption, we have, for 6
sufficiently small,

D 2PV (lll) = mA) MV (M) = 0" (p +1) > 0.

reL*
Now if we consider f : r +— Ey,[rL], we get, by P = 0 and xy > 0, f'(1) = 0 and
f"(1) > 0 and L is a local minimum of L — E,.,[Vy; L] among its dilated, which
seems natural if L is a N-compact local minimum for the total Vj-energy for N suffi-

ciently large. We remark that this hypothesis is assumed in Theil’s paper [99].

However, the reverse is false. A Bravais lattice can be a local minimum among its

dilated for the energy per point but not a N-compact local minimum for the total

energy. For instance, if d = 1, L =7, N = 1 and V defined by V(r) = 0 for r > 5/2,

V(1) = V'(2) =0, V"(1) = —1 and V"(2) = 1/3. We have Z |z|V'(Jz]) = 0 and
zEL*

Z lz|*V”(|z|]) = 2/3 > 0 hence Z is a local minimum, among its dilated, of the

TEL*
V-energy per point. For a > 0, we estimate, by Taylor expansion,

AYV;L) = [V(z —al) = V(ja|)]

TeL*
=Vl-a)+V(10+a)-2V(1)+V2-a)+V(2+a)—2V(2)
= aV"(1) + V" (2) + a’¢(a) = a*(=2/3 + ¢(a))
where ¢(a) goes to 0 as @ — 0. Hence for oo < ay sufficiently small, —2/3 + ¢(a) < 0

and 7Z is not a 1-compact local minimum of the total V-energy.
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2. Effects of parameters ¢, p and V,’(\;). By (1.3.1), our assumptions on Vj give
indications about the stability of lattice L :

— Range : a larger p or a larger ¢ allows to take a larger perturbation «q for fixed
N, i.e. a better “collapse” at infinity implies a stronger stability of the lattice;
— Second derivative around nearest-neighbours distance : a larger V(A1) also al-
lows a larger perturbation «q for fixed N. Typically, a narrow well around \;

“catches” the first neighbours of the minimizing configuration at distance ;.

3. Difference between the collapse after the first distance and the pertur-
bation. We can see, for # < 1, that 0'7° << 0, i.e. the collapse is really smaller than
the perturbation and this allows to do not assume a local behaviour of Vj around \;
with respect to 6, as in Theil’s work. Obviously, if § = 0 then Vy(r) = 0 for any r > rg
and V(A1) = 0, therefore \; is a local minimum of V4 and the potential is short-range :
only the first neighbours interact and the N-compact local minimality is clear for any

N with a perturbation oy as small as N is large.

4. A kind of Cauchy-Born rule. Our result can be viewed like a justification of
a kind of Cauchy-Born rule (see [77, 37]). Indeed, if we consider a solid as a Bravais lat-
tice L where the inside is a finite part of L with cardinal N and the rest is its boundary,
a small linear perturbation of the inside, depending on N, increases the total energy of
interaction in the solid. That is to say that the inside of the solid follows its boundary

to a stable configuration.

Fi1GURE 1.4 — A kind of Cauchy-Born rule
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5. Numerical example. If we let d =2, V(1) =1, M =1,p=4;e=1and L
is the triangular lattice of length 1, i.e. L = Ay = Z(1,0) @ Z(1/2,/3/2), then we get
Ci(p — 1) ~ 4.9616984, i (p) ~ 1.710774, (i (p + 1) ~ 0.761895, ((p + 2) ~ 15.50957.
Hence, by (1.3.1), we have

A% (Vo3 B) > 267 [1 — N(10.33976° 4 0.7618956° + 10.672476%)] .

For any k € N, if N = 10¥, then the maximal perturbation is a least 6, ~ 10~%~! and
the collapse is at least 3™ ~ 10722,

Actually, (1.3.1) is true for any 6 € [0, 6] if

1 1/&‘
0o < (—v@ é&)) x N~Ye

where @ = (G (p+ 1) + 2m(M)M + 2(0(p +2) + A\ ' (p — 1) + ¢ (p), which gives a
computable lower bound of a maximal perturbation of a finite set with cardinal N.
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Chapitre 2

2D Theta Functions and Crystallization among

Lattices

Ce chapitre fait référence a la prépublication [7]. Celle-ci fut écrite apres [10], dont les

résultats seront présentés au chapitre suivant.
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2.1 Introduction and statement of the main results

The two-dimensional crystallization phenomenon — that is to say the formation of
periodic structures in matter, most of the time at very low temperatures, — is well
known and observed. For instance, similarly to [76], the following may be mentioned :
Langmuir monolayers, Wigner crystal!, rare gas atoms adsorbed on graphite, colloidal
suspensions, dusty plasma and, from another point of view, vortices in superconductors.
In all these cases, particle interactions are complex (quantum effects, kinetic energy,
forces related to the environment) and this implies that the physical and mathematical
understanding of this kind of problem is highly complicated. However, we would like to
know the precise mechanisms that favour the emergence of these periodic structures in

order to predict crystal shapes or to build new materials.

Semiempirical model potential with experimentally determined parameters are widely
used in various physical and chemical problems, and for instance in Monte Carlo simula-
tion studies of clusters and condensed matter. A widespread model is the radial poten-
tial, also called “two-body potential”, which corresponds to interaction only depending
on distances between particles. This kind of potential, based on approximations, seems
to be effective to show the behaviour of matter at very low temperature, when poten-
tial energy dominates the others. There are many examples, that can be found in [56],
but they are usually constructed, except for very simple models such as Hard-sphere,
with inverse power laws and exponential functions, which are easily calculated with a
computer if we consider a very large numbeclg of pacrlticles. For instance we can cite :
2 1

— the Lennard-Jones potential r +— T T where the attractive term cor-
T re

responds to the dispersion dipole-dipole (van der Waals : ~ r~%) interaction,

1. In a system of interacting electrons, where the coulomb interaction energy between them suffi-

ciently dominates the kinetic energy or thermal fluctuations
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initially proposed by Lennard-Jones [61] to study the thermodynamic properties
of rare gases and now widely used to study various systems, the best know being
for (z1,x9) = (6,12);

— the Buckingham potential r — a;e™*" — a_Z — a_;, proposed by Buckingham [23]
and including attractive terms due to thg disprersion dipole-dipole (~ r7%) and
dipole-quadrupole (~ %) interactions, and repulsive terms approximated by an

exponential function ;
—br

— the purely repulsive screened Coulomb potential r — ae , also called “Yu-
kawa potential”, proposed by Bohr [16] for short atom—atorg distances and used
for describing interactions in colloidal suspensions, dusty plasmas and Thomas-
Fermi model for solids [13, 10];

— the Born-Mayer potential 7 — ae™" used by Born and Mayer [17] in their study
of the properties of ionic crystals in order to describe the repulsion of closed
shells of ions.

Many mathematical works? were conducted with various assumptions on particles in-

teraction : hard sphere potentials [54, 80]; oscillating potentials [96] ; radial (parame-

trized or not) potentials [103, 99, 36, 109] ; molecular simulations with radial potentials

[67, 83, 13] ; three-body (radial and angle parts) potentials [65, 66, 64] ; radial potentials

and crystallization among Bravais lattices (Number Theory results and applications)

(39, 82, 25, 78, 49, 33, 31, 32, 88, 74, 10]; vortices, in superconductors, among Bravais

lattice configurations [86, 110, 9]. Writing these problems in terms of energy minimi-

zation is common to all these studies. Furthermore, in many cases, triangular lattices

(also called “Abrikosov lattices” in Ginzburg-Landau theory [1], or sometimes “hexa-

gonal lattices”), which achieves the best-packing configuration in two dimensions, is a

minimizer for the corresponding energy.

A clue to understanding this optimality, which is claimed by Cohn and Kumar [30,
p. 139]3, is the fact that triangular lattice minimizes, among Bravais lattices, at fixed
density, energies
Lo Bl = 5 f(lpl)
peL\{0}
where || - || denotes Euclidean norm in R? and f : R% — R is a completely monotonic
function, i.e. Vk € N,Vr € R*, (=1)*f®)(r) > 0. Moreover, Cohn and Kumar conjec-

tured, in [30, Conjecture 9.4, that the triangular lattice seems to minimize energies

2. We cite only papers about 2D problems.
3. A proof of this assertion will be given in Section 2.3
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FIGURE 2.1 — Triangular lattice

E; among complex lattices, i.e. union of Bravais lattices, with a fixed density. Hence,
it is not surprising, as for the Lennard-Jones potential we studied in [10], that some
non-convex sums of completely monotonic functions give triangular minimizer for their
energies at high fixed density. We observed this behaviour in works of Torquato et
al. [67, 83]. However, it is important to distinguish mathematical results and physical
consistency. Indeed, at very high density i.e. when particles are sufficiently close, kine-
tic and quantum effects cannot be ignored and our model fails. For instance, Wigner
crystal appears if the density is sufficiently low and matter obviously cannot be too
condensed. Nevertheless, this kind of result is interesting, whether in Number Theory
or in Mathematical Physics and this study of energy among Bravais lattices is the first
important step in the search for global ground state, i.e. minimizer among all confi-
gurations. For instance, we have recently found in [9] a deep connexion between the
behaviour of vortices in the Ginzburg-Landau theory, which is studied by Sandier and
Serfaty [86, 87, 90|, and optimal logarithmic energy on the unit sphere related to Smale
7th Problem. Thus the optimality of triangular lattice, among Bravais lattices, for a re-
normalized energy W, which is a kind of Coulomb energy between points in the whole
plane, gives important information about optimal asymptotic expansion of spherical
logarithmic energy thanks to works by Saff et al. [81, 22].

The aim of this chapter is to prove this minimality of triangular lattice at high density,
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with the same strategy as in our previous work [10], that is to say the use of Mont-
gomery result [74] about optimality of triangular lattice at a fixed density for theta
functions
L—0,(a):= Z e~ 2mellell”,
peL\{0}

for some general admissible* potentials f, summable on lattices and such that their
inverse Laplace transforms sy exist on [0, 4+00). Hence, as in the classical “Riemann’s
trick” that we used in [10], we can write an integral representation of energy E; which
we deduce a sufficient condition for minimality of triangular lattice among Bravais
lattices of fixed density ®. This is precisely the aim of our first main theorem, which we

now state.

Theorem 2.1.1. For any admissible potential f, for any A > 0 and any Bravais lattice

L of area A, there exists a constant C'4, which not depends on L, such that

B =5 [ o () 1] e () +or ()] avs a2

where py is the inverse Laplace transform of f. Moreover, if

-1 T YN S
Yy (yA) +uf<A> >0 a.e on|l,+00) (2.1.2)

[2A
then the triangular lattice of area A, i.e. Ay = 7 [Z(l,O) ® Z(1/2,V/3/2)|, is the

unique minimizer of L — E¢[L], up to rotation, among Bravais lattices of fixed area A.

Sufficient condition (2.1.2) can be applied for some general functions f. More precisely,
we will consider the following potentials®, defined for » > 0, which we will explain the
interest throughout the chapter :

— Sums of screened coulombian potentials :

e LT

Qpa,m(r) = Zai r
i=1

4. A rigorous definition will be given in preliminaries.
5. Actually, as in [10], we will write all our results in terms of area, that is to say the inverse of the

density.
6. It is important to distinguish potential f and the function 7 — f(7?) that we sum on lattices to
compute Ey.
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n
with 0 < 21 < x9... < 2, a; € R* for all 1 <7 <n and Zai >0;
i=1
— Sums of inverse power laws :

n

Vaslr) = 3 .

i=1

withl<a <z9<..<xz,,a, ER* foralll <i<nanda, >0;

— Potentials with exponential decay :
Fawpa(r) = Vau(r) + Y be V",
j=1

with 3/2 < x; <29 < ... <@y, a; €RY forall 1 <i < n,a, >0,b; € R* and
t; e Ry forall 1 <j<m.
Thus, even though our method is not optimal (see Section 2.4.3), we will give explicit
area bounds in Propositions 2.5.1, 2.6.3, 2.6.10 and 2.7.2, with respect to potential
parameters, below which minimizer is triangular. Furthermore, we give conditions on

parameters, for potentials @éf

and V;Lg;’ in order to get a triangular global minimizer,
i.e. without area constraint, in particular when the potential has a well. This is the aim

of our second theorem.

Theorem 2.1.2. Let functions Poz, 0o, Vae, Vs and fo ey be defined as before.

A. Minimality at high density. If f € {Yus, Vau, fawpi} then there exists Ay > 0
such that for any 0 < A < Ay, Ay is the unique minimizer, up to rotation, of L — Ey[L]

among Bravais lattices of fized area A.

B. Global optimality without an area constraint. We have the following two

cases
1. Let <péf be the attractive-repulsive potential defined by

—xor —x1r

(& €

— 9
r

802‘,53(7“) )

where 0 < a; < ag and 0 < x1 < x9. If a1, as, 1, T2 Satisfy

a; (1 + %7?) R
B T ) LI R
as(1+m) asxs (a1 + (ag — aq)m)

ay (a9 + x1(ag — ay)m) (1_%> (2_1
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then the minimizer of L — E,ar[L] among all Bravais lattices is unique, up to

rotation, and triangular. In particular it is true if as = 2a; and 1 < 0.695x,.

2. Let VaL:;] be the Lennard-Jones type potential defined by

VE) =5

rez  pa1’

with 1 < 1 < x5 and (ay,az) € (0,+00)*. We set h(t) = 7 'T(t)t. If we have
h(z2) < h(x1) then the minimizer Lo, of L = Eyry[L] among all Bravais lattices

15 unique, up to rotation, and triangular. Moreover its area s

1
2 xTro—T
L = (2220 By

a121Ca, (221)

In particular, it is true if (z1,22) € {(1.5,2);(1.5,2.5); (1.5,3);(2,2.5); (2,3)} 7.

We proceed as follows, we start below with some preliminaries where we recall Montgo-
mery result about optimality of A4 for theta functions 6, and we give the definition of
an admissible potential. Then we prove in Section 2.3 the optimality of A4 for every A
when f is completely monotonic and we give an example of strictly convex, decreasing
and positive potential V' such that A4 is not a minimizer of £ for some A. Theorem
2.1.1 is proved in Section 2.4, with some general applications. Furthermore we discuss
optimality and improvement of this method. Finally we prove our Theorem 2.1.2 in
next sections where we present the interest, in molecular simulation, of studied poten-
tials and we prove some additional results. Throughout the chapter, we give numerical

values and examples.

7. See Section 2.6 for numerical values.
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2.2 Preliminaries

2.2.1 Bravais lattices, zeta functions and theta functions

We briefly recall our notations [10]. Throughout this chapter, || - || will denote the
Euclidean norm in R?. Let L = Zu @ Zv be a Bravais lattice of R?, then by Engel’s
theorem (see [38]), we can choose u and v such that ||u|| < |jv|| and (u,v) € [%, g} in
order to obtain the uniqueness of the lattice, up to rotations and translations and the
fact that the lattice is parametrized by its both first lengths ||u|| and ||v||. Furthermore,

if the positive definite quadratic form ) associated to lattice L is given by
Q(m,n) := ||mu + nv||* = am® + bmn + en?,

we call D = b* — 4ac < 0 its discriminant.

We note |L| = [Ju A v|| = |Jul|[]v]| |sin(Z, v)| the area® of L which is in fact the area of
[2A

its primitive cell. Let Ay = 7 [Z(l, 0) ® Z(1/2,/3/2)| be the triangular lattice

of area A, then ||lu|| is called the length of this lattice.

For real s > 2, the Epstein zeta function of a Bravais lattice L is defined by

Culs) =3

ol

where L* := L\{0}. As proved in [29, Proposition 10.5.5 and Proposition 10.5.7], we can
write (1(s) in term of L-function or Hurwitz zeta function. More precisely, for L = Z>

and L = Ay the triangular lattice of area 1, we have, for any s > 1,

Cz2(28) = 4L_4(s)C(s) = 47°71¢(s) [ (5, 1/4) = ((s,3/4)], (2.2.1)

V3 V3

(ri(25) =6 (7> ((s)L—s(s) =6 (7> 37°C(s) [C(s,1/3) = ¢(s,2/3)],  (2:2.2)

+oo
where ( is the classical Riemann zeta function ((s) := Zn_s. Function Lp, defined

n=1

Lp(s) == Jf <%) n=*

n=1

by

8. We choose, as in [10], to write results in terms of area and not in terms of density (which is its

inverse).
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D
is the Dirichlet L-function associated to quadratic field Q(iv/—D), with <E) the

Legendre symbol. Furthermore, for z > 0,

“+oo

((s,x) = Z(n +x)7°

n=0

is the Hurwitz zeta function. Hence both these special values are easily computable.

Now we recall fundamental Montgomery’s Theorem, proved in our annex, about opti-

mality of A4 among Bravais lattices for theta functions :

Theorem 2.2.1. (Montgomery, [74]) For any real number o > 0 and a Bravais lattice
L, let
Or(a) = Opia) = e 2l (2.2.3)
peL
where Oy, is the Jacobi theta function of the lattice L defined for Im(z) > 0. Then,
for any o > 0, Ay is the unique minimizer of L — 0r(a), up to rotation, among Bravais

lattices of area A.

Remark 2.2.2. This result implies that the triangular lattice is the unique minimizer,
up to rotation, of L +— (;(s) among Bravais lattices with density fixed for any s >
2 which is also proved by Rankin [82], Cassels [25], Ennola [40] and Diananda [35].
Montgomery deduced this fact by the famous “Riemann’s trick” (see [98] or [10] for a
proof) : for any L such that D =1 and any s > 1,

CL(2s)I'(s)(2m) ™" = -+ /100(9L(a) — 1" +a'™)

s—1 s

do
_

(2.2.4)

In Section 2.4, we will prove general Riemann’s trick (2.1.1), which we call the integral
representation of energy, for an admissible potential in order to use Montgomery method

in a general case.

Remark 2.2.3. We can find in [75, Appendice A] other proof of minimality of some
theta functions based on result of Osgood, Phillips and Sarnak [78, Corollary 1(b) and
Section 4] about Laplacian’s determinant of flat torus, which has some deep connection

with other energies (for instance, see [9, Theorem 2.3]).
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2.2.2 Admissible potential, inverse Laplace transform and lat-

tice energies

Definition 2.2.1. We say that f : {Re(z) > 0} — R is admissible if :
1. there exists n > 1 such that |f(2)| = O(|2z|™") as |z| = +o0;
2. f is analytic on {z € C; Re(z) > 0} ;

3. we have piy # 0, where py is the inverse Laplace transform of f defined on
(0, +00).

If f is admissible, we define, for any Bravais lattice L of R?,

Ef[L] =) f(lpll*)

peL*

which is the quadratic energy per point of lattice L created by potential f.

Remark 2.2.4. As a consequence of [79, Theorem 5.17, Theorem 5.18], we get, by
direct application of inversion integral formula :
— There exists an unique inverse Laplace transform %, which is continuous
on (0,400);
— We have p¢(0) = 0.

Remark 2.2.5. This definition excludes two-dimensional Coulomb potential, defined
by r — —logr, because all its quadratic energies are infinite. However we can define a

renormalized energy as in [86] or in [51].

2.2.3 Completely monotonic functions

The class of completely monotonic functions is central in our work. Indeed, as we will
see in Section 2.3, these functions have good properties for our problem of minimization

among lattices with fixed area thanks to the Montgomery Theorem 2.2.1.

Definition 2.2.2. A function f : (0,+00) = R of type C* is said to be completely

momnotonic if, for any k € N and any r > 0,

(=1)"f®E(r) = 0.

9. We will sometimes write £ and £~! for Laplace and inverse Laplace operators.
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Examples 2.2.6. We can find a lot of examples of completely monotonic functions in
[69]. Here we give only some interesting classical admissible potentials f :
— Vo(r)=r""z>1;

— Vaa(r) = Zair_x" where a; > 0 and z; > 1 for all i;
i=1
— folr) =" a>0,a € (0,1], see [69, Corollary 1] ;
— The modified Bessel functions of the second kind, i.e. one of the two solutions
of

r2y" +ry — (r* + %)y =0
= Jo
r — K,(4/r) is also completely monotonic.

e~
— Vse(r) = N

— (1) = ,a>0.
®a(r) @

which goes to 0 at infinity, is K, (7) et cosh(vt)dt, v € R. Moreover,

,a>0;

Remark 2.2.7. We remark that if r — f(r) is completely monotonic, it is not generally

s 7”2

the case for 7 — f(r?). For instance r — e™" is completely monotonic, but r + e~

does not check this property.

Now we give the famous connection between completely monotonic function and Laplace

transform due to Bernstein [6].

Theorem 2.2.8. (Hausdorff-Bernstein- Widder Theorem)
A function f : R% — R is completely monotonic if and only if it is the Laplace transform

of a finite non-negative Borel measure i on R, i.e.

+oo
F0) = Llltr) = [ e duo)
0
Remark 2.2.9. If f is admissible and completely monotonic, then
du(t) = pp(t)dt  and  pp(t) >0, a.e. on (0, +00).

Remark 2.2.10. We know that the positivity of the Fourier transform of a radial po-
tential is a key point in crystallization problems. Indeed Nijboer and Ventevogel [103]
proved that it is a necessary condition for a periodic ground state and Siito [96] studied
potentials f such that f(k) > 0 and f(k) = 0 for any ||k| > R and proved some inter-
esting crystallization results at high densities. Unfortunately, as Likos [63] explained,

this kind of potential, oscillating and with inverse power law decay, seems to be difficult
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to achieve physically.

Actually it is more common to use Fourier transform in problems of minimization of
lattice energy because we have the Poisson summation formula and the natural periodi-
city of sinus and cosinus. Furthermore, applications of classical formula allows to obtain
some interesting results, as in [30, Proposition 9.3]. However we will show in Section
2.4 that inverse Laplace transform also seems well adapted to our problem and gives
simple calculations. Indeed, Fourier methods as in [30, 96, 97] are good for more general
minimization problems and our method seems to be a better choice for minimization

among Bravais lattices because of the integral representation (2.1.1).

2.2.4 Cauchy’s bound for positive root of a polynomial

In this part, we recall Cauchy’s rule explained in [26, Note III, Scolie 3, page 388]

for upper bound of polynomial’s positive roots (see also [105] for simple proof).

Theorem 2.2.11. (Cauchy’s rule) Let P a polynomial of degree n > 0 defined by
P(X)=> a X' a,>0,
i=0

where a;; < 0 for at least one 1, 0 <1 < n—1. If X is the number of negative coefficients,

then an upper bound on the values of the positive roots of P is given by

Mp := max { <_)\ai) nz}
150, <0 [o7%

Remark 2.2.12. This Theorem stays true for upper bound on the values of the positive

zero of any function p defined by
py) =D aiy”, an>0
i=1
where 0 < 11 < ... < 1, are real numbers and we obtain

1
_)\al vn—v;
M, = max {( - ) } . (2.2.5)

This result will be useful for technical reasons in the following sections, because we will

want positive zeros less than 1 to apply our sufficient condition in Theorem 2.1.1 and

to prove Theorem 2.1.2.A.
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2.3 Completely monotonic functions and optimality
of AA

In this part we begin to state a simple fact connecting the positivity of inverse
Laplace transform and minimality among lattices at fixed area. Furthermore we will
give an example of strictly convex, decreasing, positive potential for which there exists
areas so that the triangular lattice is not a minimizer among Bravais lattices with fixed

area.

2.3.1 Optimality at any density

The following proposition, claimed by Cohn and Kumar in [30, page 139], is a natural

consequence of Montgomery and Hausdorff-Bernstein-Widder Theorems.

Proposition 2.3.1. Let f be an admissible potential. If f is completely monotonic

then, for any A > 0, Ay is the unique minimizer, up to rotation, of

L EflL] = flllpl®)

peL*

amonyg lattices of fixed area A.

Proof. As f is admissible, we can write

and it follows that

B =S f(pl) = 3 / T et (1)t = / U et )

peL* peL* peL*

_ /;oo {eL (%) - 1} (1)t

Thus, we get
Ef[L] — Ey[Aa] = /0+OO [HL (%) — Oa, (%)} iy (t)dt.

If f is completely monotonic, by Theorem 2.2.8, p¢(¢) > 0 for almost every ¢ € (0, +00).
Moreover, by Montgomery Theorem 2.2.1, for any ¢ > 0 and any Bravais lattice L of

t t
— _ - >
O (27?) Ons (27?) 20,

23

area A,



with equality if and only if L4 = Ay, up to rotation. Hence E¢[L] > E¢[A4] for any
L such that |L| = A with equality if and only if Ly = A4, up to rotation, and Ay is
the unique minimizer, up to rotation, of the energy among Bravais lattices of fixed area
A. O]

Remark 2.3.2. We can imagine that the reciprocal is true, i.e. if f is not completely
monotonic, then there exists A, such that A 4, is not a minimizer among Bravais lattices
of fixed area Agy. In next subsection, we will give an explicit example correlated with
Marcotte, Stillinger and Torquato results [67] about the existence of unusual ground

states with convex decreasing positive potential.

Examples 2.3.3. A direct consequence of this theorem is the minimality of triangular
lattice among lattices for any fixed area for the following energies :
— By, [L] = (.(2x), x > 1 is the first natural example given by Montgomery in
[74],

— By, [L] = ZaiCL(Qaji) where a; > 0 and x; > 1 for all 4,

=1
— E; L) = Z el o ¢ (0, 1], in particular By ,[L] = Z e~ellpll
peL” peEL*
— Ex,(pll] = Z K,(|lpll) ; v € R which generalizes our study [10] of lattice

pel~
energy with potential K in Thomas-Fermi model case;

—alpll

(&

— By, [L] = Z W
peL* p

Coulomb potential interaction and it can explain the formation of triangular

, a > 0, which corresponds to lattice energy for screened

Wigner crystal at low density [48];
—allp||?
e

— B, [L] =) ——=.a>0.

2 )
2Tl

2.3.2 Repulsive potential and triangular lattice

In this section we give an example of stricly convex decreasing positive radial poten-
tial V' so that, for some areas, a minimizer of Fy among Bravais lattices of fixed area
cannot be triangular. As Ventevogel and Nijboer [102] proved, a convex decreasing po-
sitive potential allows to obtain, in one dimension and for any fixed density, a dilated
of lattice Z as unique minimizer among all configurations. Thus the two-dimensional

case is deeply different.
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Let 14 40 35
Vir)=———=+

r2 r3 r4

(2.3.1)

be the potential and
Ev[L] = 14¢.(4) — 40¢.(6) + 35¢L(8)

be the quadratic energy per point of a Bravais lattice L.

FIGURE 2.2 — Graph of 7 — V (r?)

Proposition 2.3.4. (Strictly convex potential and non optimality of trian-
gular lattice) Let V be given by (2.3.1), then
— Vs strictly positive, strictly decreasing and strictly convez on (0,400) ;
— There exist A1, Ay such that A4 is not a minimazer of Ey among all Bravais
lattices of area A € (Ay, As).

Proof. We have
1472 —40r 4 35

V(r) o
and the discriminant of polynomial 14X?% —40X +35 is A; = —360 < 0, hence V(r) > 0
on (0, 4+00).
We compute
—4(7r? — 30r + 35
vl(r) — ( T T _'_ )

rd
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and the discriminant of 7X? — 30X + 35 is Ay = —80 < 0, therefore V'(r) < 0, i.e. V
is strictly decreasing on (0, +00).

Moreover, we have
4(21r% — 1207 + 175)

6
and the discriminant of 21X? — 120X + 175 is Az = —300 < 0, then V”(r) > 0 on

(0,+00), i.e. V is strictly convex on (0, 400).

V"'(r) =

For the second point, we have the following equivalences :

By[L] = Ev[Aa] for any |L] = A

14¢L(4) —40¢L(6) + 35CL(8) > 14Ca ,(4) —40Cx ,(6) + 35Ca,(8) > 0 for any |L| = A
14 40 35

1 (C2(4) = Cai (4)) + =5 (C2(6) = €ay(6)) + —7 (CL(8) = Ca,(8)) = O for any [L] =1

14 (C(4) — Ca, (4)) A% — 40 (C2(6) — €a, (6)) A + 35 (CL(8) — Ca,(8)) = 0 for any |L| =1
Pr(A) >0 for any |L| =1

11y

where the discriminant of

Pr(A) =14 (C1(4) — Ca, (4)) A% = 40 (€2 (6) — Car(6)) A + 35 (CL(8) — €, (8))
A(L) = 1600 (¢2(6) — Ca, (6))” — 1960 (C2(4) — Ca,(4)) (C2(8) = ¢ai(8)) -

For L = 7Z? the square lattice of area 1, we obtain A(Z?) ~ 24.231435 > 0 then there
exist two positive numbers A; and A such that Pp(A) < 0 for any 4; < A < As.

Hence, A 4 is not a minimizer of Ey among Bravais lattices with any fixed area A such
that A; < A < A,. More precisely we get A; &~ 2.3152307 and A, ~ 3.759353. O

Remark 2.3.5. It follows, from the first part of the previous proof, that function

r +— V(r?) is also strictly positive, strictly decreasing and strictly convex on (0, +00).
Remark 2.3.6. Actually, the previous proof implies that, for any A € (A4;, As),
Ey[VAZ?) < Ey[A4).

Moreover, this interval seems numerically to be optimal, i.e. for any A & [A;y, As], A

seems to be the unique minimizer, up to rotation, of L — E[L] among Bravais lattices
of fixed area A.

o6



2.4 Sufficient condition and first applications

Now we study the case of non completely monotonic potential f,i.e. j; is negative

on a subset of (0, +00) of positive Lebesgue measure.

2.4.1 Integral representation and sufficient condition : Proof
of Theorem 2.1.1

Proof. Let L be a Bravais lattice of area A and f be an admissible potential. Firstly
we prove the integral representation (2.1.1) of energy E[L] :

=S s =% [ [ () 1] (s () +s (1))

peL*
T +o0o T . .
+ Z/l [ <y_A> (v —y ")dy.

Indeed, for a Bravais lattice L of R? with |L| = 1/2, we have, as in [10], by t = 27u,
u =y~ and Montgomery’s identity 67 (y~') = y0r(y) (proved in our annex) :

=3 FlplP) Z/ eI, dt_gﬂz/ =2l (2m)dt

peL* peL* peL*

P /0 T 00 ) — 1] g (2mu)du

:%/01 10 (u) — 1] iy (270) du+27r/ ) — 1)y (2mu)du

—or [ o) - ur (2) b — 1) g 2w}

zzﬁ/;w oL (y) — 1] iy (%ﬂ) %+27r/1+ 8 (u) — 1] iy (27)du

_ zﬁflm non (2?”) %mﬁflm 01 () — 1] oy (20) du — zﬁflmw (%ﬁ) %

=27 /1+OO[9L(?/) — 1] (y‘luf (%ﬂ) + uf(%y)) dy + 27 /1+OO iy (%ﬁ) (v~ =y *)dy.

Now we have, by change of variable t = 37!,

+OO 27T . L 1 .
i\ (y ' =y Ady| < | |pr@rt)| (" —1)dt < o0,
1 0
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because p is continuous on R* | p(0) = 0 and ¢ + ¢~ is integrable in a neighbourhood
of 0.
Hence, for L such that |L| = A, we have

Ef[Ll =Y f(lel®) = Y fAIpI?)

peL* pEi*

- - 1 .
where L = v2AL, |L| = 1/2. By identities fif) = Tl <%> and 6;(s) =0y, (i» we

b1 =5 [ () 1) (7 (35) o ()

T +oo T . _2
+Z/1 uf<y—A) (v —y ")dy

T +00 T . .
CA~—Z/1 uf(y—A)(y —y )dy

is a finite constant which not depends on L. Now our sufficient condition is clear because,

get

and

for any Bravais lattice L of area A, we have

™

Bt - Ein =5 [ o () ~ 0 ()] satis

By Montgomery theorem, 61 (u) — 05, (u) > 0 for any u > 0 and any L. Thus, if

™

-1 m Y
— — | > ey >
Yy uf<yA)+uf<A)_1 fora.e. y > 1,

then it follows that
Ef[L] — Ef[A4] >0,

and A, is the unique minimizer of Ey, up to rotation, among lattices of fixed area
A. O
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2.4.2 Minimization at high density for differentiable inverse
Laplace transform

In this part we give two results, in the case of differentiable inverse Laplace trans-

form, which are based on our Theorem 2.1.1.

Proposition 2.4.1. Let f be an admissible potential such that uy is of type C* with
derivative iy. If
1. pue(y) >0 on [A,—I—oo>

, (T 1
2. Wy (Zy) _y3,uf (A )foranyy>1

then A4 is the unique minimizer of Ey, up to rotation, among Bravais lattices of fized
area A.

Proof. We write, for any y > 1,

i) =7 () oo ()=

with

ualy) = piy (ylA) +ypy (%) :

Therefore, we get

ualy) = (—y) i (Wy) —y 7 (-
A A) A" \A AR
Assumption 1. 1mphes that ,u (Zy > 0 for any y > 1. Moreover, it is clear that point
2. means that u; (Zy) — (%) > 0 for any y > 1, hence v/4(y) > 0 for any y > 1.
As

ua(l) =2puy <A> >0,

we have uy(y) > 0 for any y > 1 and it follows that
gA(y) > 07 V?/ > ]-7

and by Theorem 2.1.1, A 4 is the unique minimizer, up to rotation, of £y among Bravais
lattices of fixed area A. O

Corollary 2.4.2. If f is an admissible potential such that its inverse Laplace transform
s is convex on (0,400), then there exists Ay > 0 such that for any A € (0, Ag), Ay is

the unique minimizer of Ey, up to rotation, among Bravais lattices of fized area A.
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Proof. As iy is convex, there exists 1o > 0 such that, for any r > ro, us(r) > 0.

1] (Wy> > 4 (W)
F\A”) =\ 4y
T Y ) 3
because . < 1 and py is convex. Hence, as y=° < 1 for any y > 1, we get both
Y

points 1. and 2. of Proposition 2.4.1 for any A such that 0 < A < Aq := T O
To

Moreover, for any y > 1,

2.4.3 Remarks about our method

As we saw in [10], in Lennard-Jones case, our method is not optimal to finding all
areas such that A4 is the unique minimizer, up to rotation, of £y among Bravais lattices
of fixed area A. The general and difficult main problem is to find all A such that, for

any Bravais lattice L of area A,
T +oo y y
— = — —_— — —_— >
Ef[L] — Ef[A4] A/1 [9L <2A> Oa 4 <2A>} 9a(y)dy > 0,

where ga(y) := y‘luf <lA> + iy (%) We can imagine that even if g4 is not positive
Y

almost everywhere on [1,+00), the positive part of this integral can compensate the

negative one. For instance, if we consider, as in [10], f(r) = r=% — 2r=3, then

i 6 5 3 2
gA(y)ZF{ATa(y +y7°) —y —y‘],

3
and we plot graphs of y — A7TT5‘(y6 +y ) —y? —y? for A = 0.8 (on the left) and
A =1 (on the right). '

Thus a fine study, with respect to lattices L and real y, of the behaviour of positive

ot =2 (5) 0, ()

is necessary. However we find it difficult at this time. Indeed,

function

— for any Bravais lattice L of area A,

Yy——+00

and A exponentially decreases;
— if the complete monotonicity is a necessary condition to optimality of A4 for any
fixed area A, then function y — Ay (y) is not decreasing on [1,400) for any A

60



0.6

0.4
0.5+

0.24

0

16 18 2 0.5 0 0.5
-0.2
-0.54
-0.44

-0.6

-0.84

~14

ya
FIGURE 2.3 — Black zone is / ga(y)dy where y 4 is the second zero of g4, A € {0.8,1}
1

and any L with area A. Indeed, Ay is decreasing on (1, +o0) if and only if, for
any t > 1, Al (y) <0, ie.

VA,VL, A decreases on (1,+00)
= VAVL,Vy > 1, —% S [lp|PeFvil® +% D

peEL* pENY

— VAVL,Vy > 1, Z Hp”2€—%yllpl\2 < Z Hp|’2€—%yllpl\2

pENY peL*

which would be not possible, because  — re~ 2" is never completely monotonic
for y > 1.
Hence comparing flyA Ar(y)ga(y)dy and f;:o Ar(y)ga(y)dy, where y4 is the second
zero of ga, seems difficult, even improving our method is possible (see [10] for numerical

values).
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2.5 Sums of screened Coulomb potentials

In this part, we give the first simple example of application of Theorem 2.1.1. We
consider non convex sums of screened Coulomb potentials and we prove minimality
of A4 at high density and global minimality of a triangular lattice among all Bravais

lattices for some potentials @3 .

2.5.1 Definition and proof of Theorem 2.1.2.A for ¢,

Definition 2.5.1. Let n € N*. For coefficients a = (aq,...,a,) € (R*)" such that
Zai >0 and for x = (x1,...,x,) € (RL)", we define

i=1

e i

Paz(r) == Zai .
i=1

k
and we set K, 1= {k; Zai < O}.
i=1

As a proof of Theorem 2.1.2.A for this potential, we purpose to give an explicit bound

for the minimality at high density as follows.

Proposition 2.5.1. Assume 0 < z1 < ... < x,, and let A > 0 be such that

m S ay T
A < min < min — 2:1 : ,— 7,
k€ka | Tri1 Do G Tn

then A 4 is the unique minimizer of E,, ., up to rotation, among Bravais lattices of fized

area A.

Proof. We compute easily the inverse Laplace transform of ¢, ., because L~ [rte™*i"](y) =
Lz, 400y () for any z; > 0 and any y > 0 :

n

Hpo. (Y) = Z i Lz, 100) (Y)-

i=1
It follows that, for any y > 1,

n

1 T - Y
galy) ==~ Z]l[:ci,-i-oo) (y—A) + Z:ai]l[:ci,-l-oo) <Z)

y i=1 =1
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= 5;@1[17 . ](y) + ;aiﬂ[%ﬁ_w)(y)'

Az,

T
As, by assumption, A < —, we have, for any 1 <i<n—1,
x

n

Hence we get

a;
9a(y) = ZZ“‘Zai fo+1<y_A yforany 1 <k<n-—1,
i=1 i=1
a; ify > -

L =1

As Zai > 0 and, for any k & K, Zle a; > 0, we obtain

i=1

v T . -
o o -
Vy € [1’ A%} kg (Aka’ A:c,j U (Axl —i—oo) . galy) >0

s " a;
Now if k € ’Ca, as A < min —Z;g:l , wWe get for any y € (A AL]’
keka | Tp1 22:1 a; Ty’ Azg

k n
Zal‘l‘z > kHZamLZaizO,
=1 i=1

and it follows that ga(y) > 0 for any y > 1. By Theorem 2.1.1, A4 is the unique

minimizer of £, , up to rotation, among Bravais lattices of fixed area A. O

2.5.2 Global minimality : Proof of Theorem 2.1.2.B.1

Now we focus on particular “attractive-repulsive” case
— a = (—ay,ay) where 0 < a; < ay;
— x = (1, m9) With 0 < 21 < m5.
Therefore we define, for any y > 0,
o= o7

pal(r) == ay i

Now, let us prove Theorem 2.1.2.B.1.

63



Proof. Firstly we study variations of ¢, , to prove the existence of global minimizer
L, . among all Bravais lattices and upper bound ¢, , for its area. Afterward we prove

that inequalities (2.1.3) are equivalent with

g < min {1, 1 (ﬁ - 1) } . (2.5.1)
T2 T2 \Q1

Thus, by direct application of Theorem 2.5.1, if A < min{ T I (“—2 — 1) }, A, is the

z2) 2 \ a1
unique minimizer among Bravais lattices of fixed area A, therefore L, , is triangular

and unique, up to rotation.

STEP 1 : Variations of function ¢, ,
We have, for any r > 0,

1
SDZL,:B(T) =2 [al(l + xr)e” " —ag(1 4+ :1327’)6_”02"] ’
and it follows that

<p;7m(r) >0 <= Gou(r) = (2 —2)r +In(1 4+ 217) — In(1 + 297) + In <%) > 0.
2

As, for any r > 0,

(29 — 21) (12972 + (21 + T2)7)
(14 z17) (1 + 2or)

Goo(T) = > 0,

Jaz 18 an increasing function on (0, +00). We have ay > ay, therefore In (“1> < 0 and

az

there exists a,, such that
Vr € (0, an)s Gax(r) <0, and  Vr > aug, gau(r) > 0.

Thus we get ¢, is a decreasing function on (0, a, .| and an increasing function on

(v z, +00).

STEP 2 : The existence of global minimizer for £, ,

Variations of function ¢, , and the fact that hrr& Yax(r) = 400 and goes to 0 at infinity
>0
implies that global minimizer exists. Indeed, this problem can be viewed like a minimi-

zation problem of a three variables (two lengths and an angle) function. By previous
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limits we can restrict this problem with variables in a compact set, and by continuity

this problem has a solution L, ,.

STEP 3 : Upper bound for |L, | and conclusion
Let Loy = Ztgp ® Zvas. If ||ugql > /s, then a contraction of all distances yields
a new lattice with smaller energy because, by STEP 1, r + ¢,.(r?) is an increasing
function on (/g z, +00). Moreover, if |[vy .| > /0az, then a contraction of R, , also
gives a lattice with less energy. Thus, we have ||ug.|| < [|vaz| < /@az. Now, because
|Laz| < |tall[|vazll, we get 10
|Las| < Qo

Now it is not difficult to check that
aq (1 + i—17T> =
(L) 20 = —\ 2 () sy
AN 2 as(1+m)

and

o (ﬂ <% _ 1)) S0 e @ (a172 + z1(a2 — al)ﬂ)e(l—%) (2-1)x > 1.
T \xe \aq asxy (ay + (ag — ap)m)

hence (2.5.1) holds and L, , is unique and triangular by Theorem 2.5.1 as explained at
the beginning of the proof.

STEP 4 : Example
If we take ay = 2a; then
o (0122 + 71(a2 = a)m) (1-m)(21)e _ U (1 T Fi”) J(1-52)

asxs (a1 + (ag — ay)m)  ax(l47)

1 T ( _L1>7r
- 1+ =
xR

1+X
Now we set X = ﬂﬂ' and our condition becomes u@“x h
) 2(1 + 7T)

> 1, which is equiva-
lent with
g(X) ==X +log(1+ X) —log(2+27) + 7 > 0.

10. This argument appears in [10, Proposition 4.1, ii)] and in [72] in order to prove that the dis-
tance between two animals in a swarm is less than a specific “confort distance” between them, which
minimizes a certain function.

65



As 5 g "(X) = HLX < 0 on Ry, then g decreases and there exists X > 0 such that

g(X) = 0. Numerically, we found X > 2.186, hence if X < 2.186, which corresponds to
2.186

x—7r <2186, ie. 11 < x9 & 0.695825x9, then g(X) > 0. In particular, it is true if

i) s
1 < 0.69525. U

Example 2.5.2. For instance, we can choose (z1,x2) = (1,2). Thus, global minimizer
of

~2|jp||? o~ llpl?

L— E,, L Z Pa,x (Ipl*) = 204 Z || 2 — | Z

peL* peL* peL*

pl?

is unique, up to rotation, and triangular. Hence we can construct potential with arbi-

trary deep well (using parameter a;) and with triangular global minimizer.

2.5+

—2r2 —r2

€
r2

FIGURE 2.4 — Graphs of 7 — ¢, ,(r?) = 2a; for a; € {1,6,25}

72

Remark 2.5.3. This kind of potential seems not to be used in molecular simulation
but this prediction of triangular ground state could be observed in the future. Further-
more our Theorem 2.1.2.B.1 allows to better understand ground state for parametrized
potential with repulsion at short distance and quick decay at large distance, as in [99]
where Theil proved global minimality of a triangular lattice among all configurations
if the potential’s well is sufficiently narrow, i.e. with repulsion and decay sufficiently

strong.
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2.6 Nonconvex sums of inverse power laws

In this part, we generalize our results [10], which tackled only the classical Lennard-
Jones case, for any nonconvex sums of inverse power potentials, that is to say optimality
of triangular lattice A4 at for high densities and non-optimality of this one for low den-
sities. Furthermore we show that our method allows to obtain global minimizer, i.e.
minimizer among all Bravais lattices without constraint of area, of Lennard-Jones type

energies with small parameters.

2.6.1 Definition and proof of Theorem 2.1.2.A for V,,

Definition 2.6.1. Let n > 1 be an integer and, for a = (aq, ..., a,) € (R*)™ such that
ap, >0, and x = (x1,...,x,) € (Ry)™ such that 1 <z < ... <z, let

n

Vau(r) = Z Svi

i —1
We set I = {i;a; < 0}, I, := {i;a; > 0} and o; = alljz 7 Moreover we assume
€y

that I_ # 0 (otherwise V, . is completely monotonic).

Remark 2.6.1. In order to minimize Ey,, among lattices, we should assume a, > 0
because we have V, ,(r) ~ a,r~* as r — 0. Indeed, V,,(r) — 400 as r — 0 and
Vaz(r) — 0 as r — +o0o. Therefore there exists minimizer of Ey, , among Bravais
lattices with fixed area. If a,, < 0, it is sufficient to do |lu|| — 0 to get Ey, ,[L] - —o0

and it follows that a minimizer does not exist.

Example 2.6.2. This kind of potential is widely used in molecular simulation. Indeed,
besides Lennard-Jones potentials that we will study in the next subsection, it is so-
metimes necessary to consider some modifications of it. For instance, the (12 — 6 — 4)

potential proposed by Mason and Schamp [68], defined by

describes the interaction of ions with neutral systems. For instance, in fullerene Cy,
this potential describes interaction between a carbon atom in the polyatomic ion and

a buffer gas helium atom.
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An other example, proposed by Klein and Hanley [57, 50] for description of rare gases,

more precise than Lennard-Jones, is the potential defined, for m > 8, by

As in the previous section, we give an explicit bounds for the minimality of A4 at high

density in the following proposition.

Proposition 2.6.3. If it holds

) a,I'(z;) s
A= { i) } ’ (26.1)

then A4 is the unique minimizer of Ey, ,, up to rotation, among Bravais lattices of fized

area A.

Proof. By usual formula, we have

n

Qi
/’LVa,x(y) = Z F y 17

i=1 (ZE'Z)

and it follows that

_ T Ty ey ey, a—
9ay) =y ., <y_A) + UV, <Z> = Axi—l(y +y" )
=1

n

—n Q; Tn—T; Tn+Ti—
=y yrre A S
i=1
We set .
o & Tn—2; Tntxi—1
pa,:ﬂ (y) T Axi_l (y + y )

i=1
We notice that the term of high order is #yzx”_l with a,, > 0 and the number of
negative coefficients is 2{/_}. Thus, by Cauchy’s rule 2.2.11 and more precisely its

generalization (2.2.5), an upper bound on the values of the positive zero of p, . is

1 1
oML | AT Ty M (| ATn i FaFei—T
Mp”::max{“{ | ) ’<ti{ ) ) }
’ el (7% Qp,

because 2z, — 1 — (x, —x;) =z, + x; — 1l and 22, — 1 — (z,, + 2; — 1) =z, — ;.
We notice that

soun{ (i)™ o (i) )
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1

o Tn—T;
= A< —E— , Viel_
(Qﬂ{f—}lail)
247" {1_ o

A

— M, <1,

<1, Viel_

therefore the assumption implies that the largest zero of p, , is less than 1. As «,, > 0,
it follows that p,.(y) > 0 for any y > M, . and then g4(y) > 0 for any y > 1. By
Theorem 2.1.1, if (2.6.1) holds, then A, is the unique minimizer of Ey, , among Bravais
lattices of fixed area A. O

Remark 2.6.4. This result seems to be natural because for r close to 0, we have

—Tn

Vau(r) ~ a,r=®", and for any A, A4 is the unique minimizer of L — (;(2x,) among
Bravais lattices of fixed area A. However, if we fix A, ||u|| and ||v|| can be as larger as
we want and the behavior of V, , can be unusual.
Furthermore, in the case

Vaa(r) = 7%11 + % - 7%33
where aq, a3 are positive and ay negative, our bound (2.6.1) does not depend on a,. For

instance, if a = (p, —3,1) and x = (2,4, 6), then, for any p,

o ()} () v

which corresponds to triangular lattices of length ~ 0.5754589.

14 40 35
Example 2.6.5. For our counterexample (2.3.1), i.e. V(r) = — — — +

2 3
a = (14,-40,35), x = (2,3,4) and #{/_} = 1. Hence,

- a.l(x)  \7=| __(35T@)\' _Tr
T { Erare) } == (Sori) = g5 ~ 481458

7
which corresponds to triangular lattice of length ~ 0.7273408. Thus, for A < —W, Ay

is the unique minimizer of Ey,, up to rotation, among Bravais lattices of fixed area A.

we have
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1.54 3.51

0.5 2.5

0.5 1.5

1.5 0.5

FIGURE 2.5 — Graphs of V, ,(r?) = p_3 + — for p =1 (on the left) and p = 2.5

A8
(on the right)

2.6.2 Non-optimality of A4 at low density

Proposition 2.6.6. If a; <0 and

4> inf max { (ﬁ{u}ai(g(zxi) - cm(zxi))) —} | (262

L#A1 iely |a1|(CL(2x1> - CAl (21’1))

IL|=

that is to say if A is sufficiently large, then Ay is not a minimizer of Ey,, among

Bravais lattices of fixed area A.

Proof. Let Ly = /AL, be a Bravais lattice of area A, with |L;| = 1, then

n

By, . [Aa] = By, [La] = Z a;(Caq (237) — G, (225))

—Z

=A™ Z a;(Cay (22;) — (o, (223)) A"
=1

21'2 CLl(QxZ))

We set

n

Parn (A) 1= Y ai(Cay (20) = G1, (2)) A7
i=1
As a; < 0 and, for any s > 1,

CAl <2S> - <L1 (28) <0,
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because A; is the unique minimizer of L — (1 (2s) among Bravais lattices of area 1,
we can apply Cauchy’s rule 2.2.11, and more precisely its generalization (2.2.5). The
number of negative coefficient of p, . 1, is exactly §{/.} and an upper bound on the

values of the positive zero of p,, 1, for given L, is

1
{1 bai(Cr, (22:) — <A1(2'I7;))) o
M,, (L) := max .
o) 3= 1080 { s
Hence, for any L such that |[L| =1, if A > M, (L), then p,, (A) > 0. We conclude
that if (2.6.2) holds, then Ey, .[A4] — Ev, ,[La] > 0 and A4 cannot be a minimizer of

Ey, , among Bravais lattices of fixed area A. O

Remark 2.6.7. To compute explicitly a lower bound for A such that A, is not a
minimizer of energy Ey, ,, we can take L = Z* in (2.6.2) and use equalities (2.2.1) and

(2.2.2) (see next subsection for computations in Lennard-Jones case).

2.6.3 Lennard-Jones type potentials : proofs of Theorems 2.1.2.A

and 2.1.2.B.2 and numerical results

Now we want to study more precisely the class of Lennard-Jones type potential. In
[10] we studied classical (12 — 6) Lennard-Jones potential Vi ;(r) = r='2 — 2r=6 such
that its minimizer is 1, and we proved that the minimizer of its energy among lattices
with fixed area A is triangular for small A and it cannot be triangular for large A. Here

we prove that our method gives interesting results for this kind of potential.

Let 1 < 21 < x9 and ay, as € (0, +00), we define Lennard-Jones type potentials by
VE(r) = 2 _ 2Ly s,
) /,m’Ez /rwwl
Example 2.6.8. We can cite various Lennard-Jones type potentials used in molecular
simulation or in the study of social aggregation (see [72]), besides the classical Vy ;. For

instance the (12 — 10) potential

a9 aq
V=%
describes hydrogen bonds (see [45]).
A (6 — 4) potential
a2 4

is also used for finding energetically favourable regions in protein binding sites (see [46]
for details).
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Lemma 2.6.9. Let 1 < xy < o, then function r Vaﬁ;’(rz) is decreasing on the

1 1

) agTo \ 2(=2-21) ) ) a9y \ 2(=2-21)

interval |0, | —— and increasing on || — ,+o0o |.
a1 a1

Proof. The first derivative of this function is r — —2agxor=2*27! + 2,217 ~2*17! and

1
9o ) 2(zg—wq)

a1y

(VEY () 20 e r> (

1

a9\ 221
a1y

FIGURE 2.6 — Graph of r — V.2 (r?)

Obviously, the form of potential V,f:;] implies that minimizer among lattices exists.
Indeed, if we fix the area, one of the distance in the lattice cannot be too small other-

wise lattice energy goes to infinity (see [10, Proposition 2.3] for details).

As in our previous work [10], the following upper bound for area, such that triangular
lattice is the unique minimizer for our energy, is not optimal but the best for our me-
thod. Moreover, this upper bound is better than we apply Cauchy’s rule (Proposition
2.6.3) but the method is specific for this kind of potential.

P To—xq
Proposition 2.6.10. (Lennard-Jones at high density) If A < (aQPExli) : ,
apl \T2

then A4 is the unique minimizer of Eys, up to rotation, among lattices of area A fized.
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Proof. We have, by the proof of Theorem 2.6.3, for any y > 1,

[6%) T2

9a(y) = o (7 ) = o T ") = a),

~ Q xro— i xr1— ro—T Q
where §a(y) = A$23$1 yrreml Tl g yme Amixl. We compute
~ 225 — 1) To— Tot+x1— To—T1—
) = B0 s oy g — 1)y (g —
=y g (y),

229 — 1)
where u4(y) = %y””l_l —aq(zy+ 21— 1)y

2211 _ o (29 — 21). Moreover

_ 209 — Doy
wy(r) = (v +ay — 1)y* 2 [%y T — (22 — 1)} .
We remark that we have

a1 (21 — 1)ASL‘2—Z‘1)—12111 A (a1F(:C2)) e (2:51 _ 1) e

Oé2(21’2 — 1) ; agf(xl) 2:13'2 —1

uy(y) =0 <= yz(

CLQF(ZL’l)

alf(:):g
function on [1; +00). Furthermore we have

fA<~7 ( ) * " then y < land u,(y) > 0 on [1;+00), i.e. uy is an increasing

xro—1 xo—1
uA(l) _ (2:172 B 1) [ (6% Ao a|m } >0

_ — (205 — 1 _

Awr— O‘l] (222 = 1) [sz—mr(xz) (1)

and ¢’y is positive on [1,4+00). Thus g4 is increasing on [1, +00) and, always by assump-
tion,

ga(l) =2 (A:ﬁxl — a1) > 0.

Hence ga(y) > 0 on [1,4+00) and by Theorem 2.1.1, A4 is the unique minimizer of

Ey 1y, up to rotation, among Bravais lattices of fixed area A. O

Remark 2.6.11. This bound is optimal for our method because we have g4(1) = 0 for

I Ta—a1
A=7 <a2 (:)31)) " and A ga(1) is a decreasing function.
alf(xg)

1 2

Example 2.6.12. For V(r) = — — —3» Which corresponds to Lennard-Jones energy in
ro r

our case in [10], we find

()T () -
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Now we prove that for small parameters, the global minimizer among all Bravais lat-
tices — without area constraint — of the energy is unique and triangular. We follow some
ideas from our previous paper [10] which cannot be apply for classical Lennard-Jones

potential Vz;(r) = r=12 — 2r=F,

Lemma 2.6.13. (Upper bound for global minimizer’s area) Let L, . be a global
manimizer of Eyrs among all Bravais lattices, then

1

Aox9 \ *27%1
L < | —= .
ool < <01$1>

Proof. Same argument of STEP 3 in the proof of Theorem 2.1.2.B.1.

Thus we can prove Theorem 2.1.2.B.2. We recall that function h is defined by
h(t) = 7 'T(t)t.

Proof. Let Ly, be a global minimizer of Ey.s. We have

1

h(zs) < h(z1) <= 7 (azr(xl))ﬁ N (agxg)ﬁ’

a1 (z2) a1y

then by Lemma 2.6.13 we get

azr(xl)) e

Ly <7
[Losl (alrm)

and by Proposition 2.6.10, the minimizer among lattices of fixed area |L, .| is unique
and triangular. Hence the global minimizer of the energy is unique and triangular.

Furthermore, let
f(r) == Byrglrha] = aala, (202)r72% — a1a, (21)r7,
then we have f'(r) = —2a2x2§A1(2x2)r_2x2—1 + 2a1$1§A1(2$1)T_2x1_1 and

a2$2CA1 (2$2)) 2(121*11)

f/(r) >0 < r> (CL1$1CA1(2x1)

Hence the minimizer of Fy s among triangular lattices is Az, | with

225)\ 7271
‘La7m| — <a2x2<A1( x2)) 2 .

a121Ca, (221)
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Remark 2.6.14. For an easy numerical computation of global minimizer’s area, we

can use formula (2.2.2) to obtain

‘L | _ 1 <a21’2<(l’2)(C($2,1/3) —C($2,2/3))>x21x1
“ 93 \aw (1) (¢ (21, 1/3) — ((x1,2/3)) .

Remark 2.6.15. We can apply the previous Theorem to x = (2,3), and r > Vaﬁ;}(ﬂ)
is a (6 — 4) potential. Moreover we can choose a; and as such that the well is as deep
as we want (see Figure 2.7).

24

-4 4

1
FIGURE 2.7 — Graphs of r — — — a—i for a; € {1,2,3}
ré

Now we explain a method to choose 1, x5 in order to have a triangular global minimizer

and we give several numerical values.

Lemma 2.6.16. (Variations of h) Function h is decreasing on [1,9 (logm) — 1)
" (z)

I'(x)

and increasing on [~ (logT) — 1, +00) where ¥(x) :=

defined on (0, +00).

is the digamma function

Proof. We have h'(t) = n*[['(t) + tI"(t) — tlog n['(¢)] and
h'(t) >0 < ¢(t) +% > log .
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We use the famous identity o (t) + % =1(1+1t) for any ¢t > 0 and we obtain, because
1 is increasing on (0, +00),

R'(t) >0 <= t>¢ logm) — 1.
O

Remark 2.6.17. We compute ¢~ !(logm) — 1 ~ 2.6284732 and we define M 1 such
that h(M) = h(1). We have M = 4.6022909. Thus, if we want apply the previous
theorem, it is clear that z; < ¥ '(logm) — 1 and x5 < M. Moreover, if we choose
r1 € (1,9 (logm) — 1), we can choose xy € (1, M,,) where M,, # z; is such that
M Mz,) = h(z1).

FIGURE 2.8 — Graph of h

Unfortunately we can only choose x5 and z; such that 1 < x1 < x5 < 4.6022909

and Lennard Jones case (x2 = 6 and z; = 3) is not covered by our Theorem 2.1.2.B.2.

We compute in Table 2.1, for different values of (z1,x5) satisfying h(z2) < h(x;) and
for a = (1, 1), the following numbers :

— the value of the minimizer of y — Vaﬁ;}] (y?), i.e.

1
2 —
ymin o @ (zg—w1)
a,r T )
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1 1.1 15 2
T2

1.5

(1.47,0.64,2.78)

(1.39,0.80,1.82) | (1.33,0.95,1.27)

25 | (1.34,0.90,1.45) | (1.29,1.02,1.10) | (1.25,1.10,0.96)
( ) | ( )
( ) | ( )
( )

1.30,0.95,1.27) | (1.26,1.06,1.03) | (1.22,1.11,0.93)
1.27,0.99,1.19) | (1.24,1.08, 1.00
1.25,1.01,1.14

3.5

TABLE 2.1 — Some values of (Y2, 7oz, da.)

— the value of the length of triangular global minimizer L, ,, that is to say

2|Layx|
Tax = 3
’ \/g

Aoy = |La7x|_1.

— the density ! of Lo, ie.

Obviously, we have non-optimality of A 4 if A is sufficiently large, given by Proposition
2.6.6 :

Proposition 2.6.18. (Lennard-Jones at low density) Triangular lattice Ay is a

minimizer of Eyis among lattices of area A fized if and only if

: as(Cr(2z2) — Ca, (2x9)) | =21
A = |L|:11171Lf751\1 (al((L(Qxl) — (Al(z')jl))) ’

i.e. if A us sufficiently large, A4 is not a minimizer of Eyrs among lattices of fived area

A.

Proof. We apply directly Proposition 2.6.6 with {7/, } = 1 and we remark that

inf max { (u{f+}ai(CL(2$i> - CAl(Qxi))>W} o (Z?EZE;Z§ : giigi?g) e

LA el la1|(Cr(2x1) — (A, (221)) |L|=1,L#A

O

11. Here we exceptionally give values of densities — and not areas — more used in molecular simula-

tions.
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11l 2 | 3 a5 6| 7| 8| 9

o)

1.5 0.05
2 0.14 | 0.31
2.5 0.21]0.37 ] 0.43
3 0.27 041 | 0.47
3.5 0.31]0.45 | 0.50 | 0.58
0.35]0.48 | 0.53 | 0.61
0.42 ] 0.53 | 0.58 | 0.65 | 0.71
0.4710.58 | 0.63 | 0.69 | 0.74 | 0.78
0.52 1 0.62 | 0.66 | 0.72 | 0.77 | 0.80 | 0.83
0.56 | 0.65 | 0.69 | 0.75 | 0.79 | 0.82 | 0.84 | 0.86
0.60 | 0.68 | 0.72 | 0.77 | 0.81 | 0.84 | 0.86 | 0.88 | 0.89
10 0.62]0.70 | 0.74 [ 0.79 ] 0.83 | 0.85 | 0.87 | 0.89 | 0.90 | 0.91

O |0 ||| Ot =~

TABLE 2.2 — Non-optimal critical densities for non-optimality of triangular lattice.

Remark 2.6.19. More precisely we can find an explicit computable bound (but not
optimal) if we take L = Z* and use (2.2.1) and (2.2.2). We give, in Table 2.2, densities
dy such that for any 0 < d < dy, Eys[d~"?Z%] < Eyis[d™/2A1], i.e. square lattice have

less energy than triangular lattice, with a; = as = 1.

2.7 Potentials with exponential decay

2.7.1 Definition and proof of Theorem 2.1.1.A for f, ,;;

Definition 2.7.1. Let a = (ay,...,a,) € (R*)" with a, > 0, © = (x1,...,x,) be such
that 3/2 < 21 < Ty < ... < Ty, b= (b1, ....,bm) € (R)™ and t = (t1,....t,n) € (RL)™, we
define

Joana(r) ==Y a4 bV,
i=1 =
We set I_ := {i;a; <0} and B := Z Ib;1t;.
j=1
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Remark 2.7.1. As explained in [58], Fumi and Tosi [43] proposed a potential for

interaction between ions Na™ and CI~ defined by

a1 ¢ a2 as
V(r)=—+be™" — = -2,
T T T

Obviously, potential r — ! is not admissible but the form of V' is close to fq ;.-
r

Let us prove Theorem 2.1.2.A for this potential.

Proposition 2.7.2. If it holds

. ) a,I'(x;) e a, et i
A < min {w?&}“ { ((211{[_} T 2)|a,~|F(xn)) } ’ ((ﬁ{[_} T 1)BP(g:n)) }
(2.7.1)

up to rotation, among Bravais lattices of

then Aa is the unique minimizer of Ey,
fizxed area A.

z,b,t?

Proof. As we have, by classical formula, for a > 0,

£ = e W,

x;—1

[(x;)

taking a = t? for any 1 < j < m and setting a; = we obtain, for any y > 0,

2

'U’fa,z,bt Zazyxl_l + Z _3/26 4y > gaiyxi_l _ %y—3/2'

It follows that

_ 7T my
gA(y> = y ll’l/fa,z,b,t <y_A> _'_/”Lfa,cv,b,t <E)

n o L ot BA3/2 BA3/2
= Z Awi—1 (™" +y" ) = 272 VY~ 2m2y3/2
=1

= (%) BA?? Tnt+1/2 BA3/? Tn—3/2

_ ., Tn Tn—T; Tn+x;—1 o
y 2 e (™" +y )= 5 52 Y
We set
n . 3/2 BA3/2
- @ Tn—T; Tptx;—1\ _ BA Tn+1/2 xn—3/2
pa,x,b,t(y) . Al’i_l (y + Yy ) 27T2 27T2 Yy )

i=1
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and we notice that, for any 1 < i <n,

Ty — X # Ty +1/2,
Ty — Ty # Ty — 3/2,
Tnt+x—1#x,+1/2
Tn+x; — 1 #x, —3/2,

because x; > 3/2. Hence the higher order term is w22=y*~! with o, > 0, and the

number of negative terms is 2¢{/_}+2. Thus, by Cauchy’s rule (2.2.5), an upper bound

on the values of the positive zero of p, 4+ is

L 1
201 2)|oy| ATnmi entaimt 28{1_ Nlev:| AZn=%i \ sn—a;
Mpazbtizmax{max{c L)+ 2)]ad ) },max{<( HI-} +2)|a] ) }7
,Z,b, el an icl Q{n

<B(2ti{l-} T 2>Afn+1/2> T <B(2Jj{l_} n 2>Amn+1/2> } |

212 (7% 27T2an

Now we have

A < min {w min { <(2ﬁ{]_ff§|i‘p(m) —} ’ ((2“1_2??;;(%)) w }

, anl'(z;) T 2a,, ot ERavE
— Viel A<~ ((Qﬂ{f—} n 2)|ai|1_‘($n)) and A< ((Qﬂ{f—} n 2)BF(xn))

. Tn—T4 Tnt+1/2
QLY+ Dladdm— _ - BOHI) +2)A
a, 212,

— Viel_, <1

— M, <1

Pa,z,b,t —

Therefore, if y > 1 > M, ., then poap:(y) > 0 and it follows that ga(y) > 0. By
Theorem 2.1.1, A, is the unique minimizer of Ey, , among Bravais lattices of fixed
area A. n

Corollary 2.7.3. If I_ =0 and

1
i T Znt1/72
A<=
< (5

then A4 is the unique minimizer of Ey, . . among Bravais lattices of fived area A.

Remark 2.7.4. Obviously, for any Ag, there exists B sufficiently small such that for

any A € (0, Ag], Ay, is the unique minimizer of the energy among Bravais lattices of
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fixed area A. We will study a simple particular case in next subsection in order to
illustrate this fact. Furthermore we skipped the completely monotonic case but in the
next following part we will give explicit condition for complete monotonicity in a simple

case (see Proposition 2.7.6).

2.7.2 Example : opposite of Buckingham type potential

In this part we study the opposite of Buckingham type potential. Indeed, we cannot
study Buckingham potential

- az az
Ve(r) = aje™ " — i
because lim, o Vp(r) = —oo and lim,_,,+ Vz(r) = 0 and it is sufficient to do [|u|| — 0

in order to have Ey,[L] — —oo. Hence we choose to treat simple general approximation
of its opposite, well-adapted to our problem of minimization among Bravais lattices.

Moreover we simplify notations in order to have only two parameters :

Definition 2.7.2. For a = (aj,a2) € (0,400)? and for x = (x1,22) € (0,+00) X
(3/2,+00), we define, for r >0,

fa,x(r> = a2r_x2 - ale_ml\/;-

Lemma 2.7.5. (Variations of potential r — f,,(r*)) We have the following two

cases :
2 1 2
1. if (2z9 4+ 1) [ln( T2 ) — 1} < 1n< agxg)’ then r — f,.(r?) is decreasing
T a1,
on (0,+00) ;
2 1 2
2. if (2z9 4+ 1) {ln ( T2t ) — 1] > In ( a2x2) then there exist rp,, 3 € (0, +00)
T1 1T

such that r,, < 2:”;—1“ <ry andr — f,.(r?) is decreasing on intervals (0,7,,) and

(rar, +00) and increasing on (T, ).

Proof. We have f(r) := fo..(r?) = agr=2* — a;e~®" and

2051 _
f’(r) = —m -+ a1xri1€e

Tir

Thus, we get

2091
5 202T2

F(r) 20 = emnrpet] = g(r) 20,

a1y
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where

2
g(r)=—z1r+ 2z + 1) Inr — In ( a2x2) :
a1
—x1r + 229+ 1
r

Moreover g(r) goes to —oo as r — 0 or r — +o0. Hence if g (2”2—1“) <0, i.e.

(29 + 1) {ln (23:1—1- 1) — 1] <In (2;23:2) :
1 171
then g(r) < 0and f'(r) <0 on (0,+00), i.e. f is decreasing on (0, 400).

2xo+1 2xo+1
x1 T

Asg'(r) =

, g 1s increasing on (0, 29”;—1“) and decreasing on (—%jjl, +oo>.

Furthermore, if g > 0, then there exist r,,, ) such that r,, < < 7y and

f is decreasing on intervals (0, r,,) and (r;, +00) and increasing on (7,,, 7).

FIGURE 2.9 — Graph of r — f, .(r?) for a = (1,1), = (5,6) on the left and a = (1, 2),
x = (1,6) on the right.

Proposition 2.7.6. We have the following two cases :

— If it holds
x? arriT(xs)
1/2) |1 +1 1 >1In | ——"22
(w2 + /)[ +n(4$2+2)} = n( N )

then for any A > 0, Ay is the unique minimizer of Ky, ., up to rotation, among

Bravais lattices of fixed area A.
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— If it holds

1
agm® L\ @ri2 x? CENE)
Ao (o 4 (ea41/2) 141 <ln ==
N <a1xlf(1’2)) " (r241/2) [ i <4x2—|—2 ! 2y/mas

then A4 is the unique minimizer of Ey, ., up to rotation, among Bravais lattices
with fized area A. Moreover, for any a € (0,+00)2, 2o > 3/2, Ag > 0 and any

1 such that

CL27TI2+1

&1Ag2+1/2r(l’2)
Ay is the unique minimizer of Ey, ., up to rotation, among Bravais lattices of
fized area A € (0, Ay].

0<[L’1§CAOZ:

Y

Proof. By classical formula, we get

a?
az -1 Q11 y_3/2€_4y

L. (y) = NERL NG

Our theorem is a consequence of Proposition 2.3.1 because

x? arz11 ()
> 1/2) [1+1 ! >In | ——F——].
Vy >0,p1,.(y) 20 <= (z2+1/ )[ + n<4$2+2)} - n( 2y/ma; )

Indeed, we have

Yy > 0,5, . (y) >0 <= Yy > 0,1/ ym2t1/2 > azi[(2)

- 2ﬁ&2
x? a1x10(x9)
= Vy>0,—+(z2+1/2)lny —1In > 0.

4y 2y/may
We set L2 oy D (2s)
o) = o+ (a4 172y = ()
and we have ¢'(y) = —% %1/2 It follows that g is decreasing on (0, 4;232) and

a?
4xo+27

increasing on ( +oo>. As g goes to 400 as y goes to 0 or +00, it is clear that

.’172
Yy > 0 >0 <— 1 > ()
y>0,9(y) > g<4x2+2) >

= (25 +1/2) [1+1n (4:5:32)} > In (%)

83




Now, if f, . is not completely monotonic, we apply directly Proposition 2.7.2 to obtain
second point.

Third point is clear because for any (ay,as) € (0, +00)? and any xs > 3/2,

1
T —
alxlf(xg)

is an increasing function which goes to infinity as z; — 0. 0

Example 2.7.7. For instance, we can choose a = (1,1), x5 = 6 and Ay = 1. Thus we

get
13

T
C) = T ~ 0.0727432

and for any x; < C4, A; is the unique minimizer of Fy, , among Bravais lattices of unit

fixed area.

Moreover the form of the potential y — f,.(y?) is such that the decay to 0 at infinity

is slow as x7 goes to 0.

3

1
FIGURE 2.10 — Graph of y = f,.(y*) = —5 — e "W forz, € {0.01,0.1,1}
Yy

Remark 2.7.8. Our argument used in proofs of Theorem 2.1.2, based on variations of

potential, can’t be applied for our potentials fg .
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Chapitre 3

Minimization of Energy per Particle among
Bravais lattices in R” : Lennard-Jones (12-6)

and Thomas-Fermi cases

Ce chapitre fait référence a [10], écrit en collaboration avec Peng Zhang et pu-
blié¢ dans Communications in Contemporary Mathematics en 2014, restitué tel quel et

antérieur a [7] dont les résultats sont présentés au chapitre précédent.

Sommaire
3.1 Introduction ... ... ......... ... . .. 86
3.2 Preliminaries . ... ... ... .. 00 0 oo e 88
3.3 Minimization among lattices with fixed area . ... .. .. 91

3.3.1 A sufficient condition for the minimality of Ef; : Montgome-

ry’smethod . . . . . ... 91

3.3.2 A necessary condition for the minimality of the triangular
lattice for Ery . . . . . . . e 93
3.4 Global minimization of E;; among lattices . ... ... .. 97
3.4.1 Characterization of the global minimizer . . . . . . . . . . .. 97
3.4.2 Minimum length of the global minimizer . . . . . . .. .. .. 99
3.5 The Thomas-Fermi model in R? . . . . ... ......... 100

85



3.1 Introduction

Understanding the structure of matter at low temperature has been a challenge for
many years. In this case, one of the simplest models is to consider identical points as
particles interacting in a Lennard-Jones potential. This model is deterministic, there-
fore we do not consider either entropy nor other quantum effects. The problem is to
find the configuration of the points which minimize the total interaction energy, called
the Lennard-Jones energy. Radin, in [44], studied this problem in one dimension and
showed that, in the case of infinite points, the minimizer is periodic. His method is not
adaptable in higher dimensions and he studied, in [54, 80] the case of short range inter-
actions and proved the first result of crystallization in two dimensions for a hard-sphere
model. In the meantime, Ventevogel and Nijboer gave in [102, 104, 103] more general
results in one dimension for Lennard-Jones energy per particle. Indeed, they showed
that a unique lattice of the form aoN minimizes the Lennard-Jones energy and that all
lattices aN with a < @y minimize this energy when the density of points p = a=! is

fixed. Our paper gives some results in the spirit of the latter paper.

After a numerical investigation of Yedder, Blanc, Le Bris, in [13], about the mini-
mization of the Lennard-Jones and the Thomas-Fermi energy in R2, it seemed that
the triangular lattice, also called “hexagonal lattice” — which is composed of equila-
teral triangles — is the minimum configuration for Lennard-Jones energy among any
lattices and for Thomas-Fermi energy with nuclei density fixed. Some time after, Theil,
in [99], gave the first proof of crystallization in two dimensions for a “Lennard-Jones
like” potential, with a minimum less than one but very close to one and long range
interaction. He showed that the global minimizer of the total energy is triangular. His
method was adapted by E and Li, in [36], for a three-body potential with long range
interactions in order to obtain a honeycomb lattice as global minimizer — see also the
works of Mainini, Piovano and Stefanelli in [65, 66] about the crystallization in square
and honeycomb lattices for three-body potentials with short range interactions — and

by Theil and Flatley in three dimensions in [41].

Furthermore Montgomery, in [74], proved that the triangular lattice is the unique mi-
nimizer of theta functions among Bravais lattices with fixed density and hence the
unique minimizer of the Epstein zeta function, thanks to the link between these two
functions. As the Lennard-Jones potential is a linear sum of Epstein zeta functions, it

is natural to study the problem of minimization of the Lennard-Jones energy among
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Bravais lattices with and without fixed density. However, there are few results about
minimization in the general case of periodic systems. For example, Cohn and Kumar
described in [30] a method and a conjecture for completely monotonic functions. It is
interesting to observe that this kind of problem is connected with the theory of spherical
design due to Delsarte, Goethals and Seidel in [34] and linked to the layers of a lattice,
among others, by Venkov and Bachoc in [101, 3] and by Coulangeon et al. in [31, 33, 32].

In this paper, our main results are :

THEOREM :
— Let Viy(r) = r='2 — 275 be the Lennard-Jones potential, then the minimizer of

the energy Ep (L) = Z Vis(|Ipl]) among all Bravais lattices of R? with fized

pEL\{0}
density sufficiently large is triangular and unique, up to rotation.

— A munimizer of Er; among all Bravais lattices with fized density sufficiently

small cannot be triangular.

— Let Ly = Zu ® Zv be a global minimizer of Er; among all Bravais lattices with
lu|| < ||v||, then 0.74035 < ||ul| < ||v]| < 1.

— Moreover, we have (r,(6) = max{(.(6); L such that (;(12) < (1(6)}.

— Let Wrp : R — R be the solution of —Ah+mh = 6y which goes to 0 at infinity,

then the minimizer of the Thomas-Fermi energy Erp(L) = Z Wrr(|lpl)

peL\{0}
among all Bravais lattices of R? with density fived is triangular and unique, up

to rotation.

This chapter is structured as follows : in Section 3.2, we introduce the notations; in
Section 3.3, we show that the minimizer of the Lennard-Jones energy per particle among
Bravais lattices with fixed density, if the density is sufficiently large, it is triangular
and unique. Moreover we give numerical results and a conjecture for the minimization
with density fixed and we have arguments in order to explain why the global minimizer,
among Bravais lattices without fixed density, is triangular ; in Section 3.4, we use proof of
Blanc in [11] to find a lower bound for the interparticle distance of the global minimizer,

and finally in Section 3.5 we study the same kind of problem for the Thomas-Fermi
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model only when the density is fixed and we prove that the triangular lattice is the

unique minimizer of the Thomas-Fermi energy per particle in R2.

3.2 Preliminaries

A Bravais lattice (also called a “simple lattice”) of R? is given by L = Zu & Zv

where (u,v) is a basis of R%. By Engel’s theorem (see [38]), we can choose u and v so
_ L : . .

that ||u]| < ||v|| and (u,v) € [—, —] in order to obtain the unicity of the lattice, up to

a rotation. We note |L| = [[u Av|| = |lu]|||v] |sin(@,v)| the area of L which is in fact the

area of the lattice primitive cell and L* := L\{0}. The positive definite quadratic

form associated with the Bravais lattice L is, for (m,n) € Z?,
Qr(m,n) = [mu +nv||* = [[u]*m? + v]|*n® + 2ul [|v] cos(@ v)mn.

For a positive definite quadratic form g(m,n) = am? + bmn + cn?, we define its discri-

minant D = b*> — 4ac < 0. Hence for @1,, we obtain :
—D = 4lulP[|v]|* — 4l[ul*[|v]|* cos® (@, 0) = 4||ul]*|[v]|*sin®(@;v) = 4]L|.

In this chapter, the term “lattice” will mean a “Bravais lattice”, and we define, for
s > 2, the Epstein zeta function of the lattice L by

1 1
Culs) =D o = Z | Qulm, Qr(m,n)2’

2A
Let Ay = 7 [Z(l,O) @ Z(1/2, \/3/2)] be the triangular lattice of area A, also

called the hexagonal lattice. Its length is the norm of its vector w, i.e. the minimum
distance strictly positive of Ay, ||ul| = 1/24/+/3. We notice, for any s > 2, that

Caq(s) = Cﬁfs(/? (3.2.1)

and this relation of scaling is true for any lattice L of area A.

We recall the result of Montgomery, proved in our annex, about theta functions :

Theorem 3.2.1. (Montgomery, [74]) For any real number o > 0 and a Bravais lattice
L, let
0r(a) := O (i) Z e~ 2meQrimn)

m,ne”
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where O is the Jacobi theta function of the lattice L defined for Im(z) > 0.
Then, for any o > 0, A4 is the unique minimizer of L — 01 («) among lattices of area

A, up to rotation.

Remark 3.2.2. The same kind of results were obtained by Nonnenmacher and Voros in
[75]. The previous theorem implies that the triangular lattice is the unique minimizer,
up to rotation, of L — (;(s) among lattices with density fixed for any s > 2 which is
also proved by Rankin (in [82]).

We consider the classical Lennard-Jones potential
2
Vis(r) = 2 .6

whose minimum is obtained at r = 1, and for L = Zu @ Zv a Bravais lattice of R?, we
let
Epy(L) = > Vis(Ipll) = ¢£(12) — 2¢.(6)

peL*
be the Lennard-Jones energy of lattice L. By (3.2.1) this energy among lattices
of area A can be viewed as energy L — Ep;(v/AL) over lattices of area 1 and we

parametrize L with its length ||u|| and ||v]| by

Qr(m,n) = |ul*m® + [lv]*n* + 2mn/[Jul?[lv]* - 1.

It follows that we can write Lennard-Jones energy among lattices of area A as

(all, o) = 3 VLJ(JZ\/||u||2m2+||v||2n2+2mm/||u||2||v||2—1).(3.2.2)

(m,n)#(0,0)
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2.5 3

FIGURE 3.1 — Graph of the Lennard-Jones potential V7 ;

The aim of this chapter is to study the following two minimization problems, up to

rotation :

(P4) : Find the minimizer of E7; among lattices L with fixed |L| = A;

(P) : Find the minimizer of E;; among lattices.
Proposition 3.2.3. The minimum of Er; among lattices is achieved.

Proof. We parametrize a lattice L by 2 = ||ul|, y = ||v|| and 8 = (u, v), therefore

f(x7y79> = ELJ(L>

1 2
a (m,r%é:(0,0) <(:)32m2 + 4202 4 2zymncos0)S  (x2m? + y2n? + 2zymn cos 9)3) '

First case : minimization without fized area. If L is the solution of (P) then z and y
cannot be too small, otherwise the energy is too large and a proof of a lower bound for
x is given in Section 3.4. Moreover y < 1 because if y > 1 then a contraction of the
line Rv gives smaller energy. Therefore we have z,y € [m, M| and 0 € [7/3,7/2]. The
function (z,y,0) — f(z,y,6) is continuous on [m, M| x [m, M| x [r/3,7/2] hence its
minimum is achieved.

Second case : minimization with fived area. We can parametrize L with only two va-
riables x and y — as in (3.2.2) — such that when z — 0 then y — +o00. As L should be

a Bravais lattice, it is clear that the minimum of f is achieved. O
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3.3 Minimization among lattices with fixed area

3.3.1 A sufficient condition for the minimality of E;; : Mont-

gomery’s method

Our idea is to write Ery in terms of 0;, and to use Theorem 3.2.1 in order to find a
sufficient condition for the minimality of the triangular lattice among Bravais lattices
with a fixed area.

3

Th 3.3.1. If A% <
eorem fA° < 120"

then A 4 is the unique solution of (Pa).

Proof. As it is explained in [74] or [98], we can write the Epstein zeta function in terms
of a theta function. Indeed, we have the following identity, where the discriminant of
QL isD=1:

for Re(s) > 1,(.(2s)I'(s)(2m) "% = L1 + /IOO(HL(Q) —1)(a® + al_s)d—a. (3.3.1)

s—1 s «Q

Thus, for |L| = A, we write Er;(L) = ((12) — 2¢.(6) as an integral

[ (o))

up to a constant independent of L and we find A so that g4(a) > 0 for any o > 1.
As A4 is the unique minimizer of 0y («) for any a > 0, we have for any L such that
|L|=A:

Ery(L) = Bus(Aa) = /1 (00 ()~ () g = 0

and A4 is the unique solution of (Py).
In fact (3.3.1) it is the classic “Riemann’s trick” and here we will briefly recall its proof :

as

L(s)(2m)"*Qr(m,n)~" = / = le™ (2m) 7 Q(m, n) " dt
0
for Re(s) > 1, and by putting t = 27Qr(m,n)y, we obtain
F(s)(27r)_SQL(m, n)—s _ / e—2ﬂyQL(m,n)ys—1dy.
0

Summing over (m,n) # (0,0) and using the identity 07 (1/a) = afr(«) for any a > 0,
proved by Montgomery in [74], we obtain

[(s)(2m) (L (2s)
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o0

(Or(y) — 1)y*'dy

1

—

0u(y) — L)y dy + / T (6u(y) — Dy dy

8

(O.(1/a) — Da ' Sda + /100(«9L(04) — 1)’ tda

o0

(@b (o) — Da " da + /IOO(HL(Q) —1)a*da

01 (a)a*da —/ oz_l_sdoz—i—/ (0r(a) — Da*tda
1 1

(9[,(04) — l)a_é’da —l—/ (QL(C!) _ 1)a8_1da +/ a~Sdo — / Oé_l_SdOé
1 1 1
1 1

s—1 s

8

I
— 55—

o)

Op(a) = 1)a™*da+ /100(9L(0z) — Do tda +

& do 1 1
-1 s 1—s\ )
Op(a) = 1)’ + )a +S_1 .

Now if |L| = A, by the equality D = (2A)? there are two identities :

2m) S @A T2 = 5~ 5+ [ o () ~1) (08 + a0yt

e T =y g [ (0 () 1) e
and we find
012) = g+ (0 (30) 1) e’ + oG
1= 02 ) v

6(24)32! 2A (24)321

Therefore, for any L of area A,

put=Crs S [ (0 () - s
3

oo
N A35!(
independent of L. Now we want to prove that if 73 > 120A4° then ga(a) > 0 for any

where ga(a) : a®+a7) —(a®+a7?), and C, is a constant depending on A but

a > 1. First, we remark that
3
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Secondly, we compute ¢’ (a) = 7T—(6oz5 —5a7% — (3a® — 2a7?%), and if 7* > 1204°
then '

3 3

Finally, we compute ¢’(a) = L(30a4 +30a"") — (6a + 6a7?). As AWTE)' > 1 and
o>l ! !

3

%(30a4+30a_7)—(6a+6a_4) > 30043007 —6a—6a~4 > 24a+30a~"—6a~4 > 0.
Thus, we have shown that, for any A so that 3 > 12043, ¢%4(a) > 0 for any o > 1,
g'4(1) >0 and ga(1) > 0. Hence ga(a) > 0 for any o > 1 if 73 > 120A43. O

3

1/3
Remark 3.3.2. We have (1%70) ~ 0.63693, hence for A < 0.63692, A 4 is the unique

solution of (Py).

Remark 3.3.3. We prove below (see Proposition 3.3.5) that when A is sufficiently large
then A4 is no longer a solution of (P,4). However, our bound 7% > 12043 is likely not
to be optimal. If it were, by the Proposition 3.4.3 and its remark, then the triangular

lattice is not the solution to (P).

This result explains that the behaviour of the potential is important for the interaction
between the first neighbours because in this case the reverse power part r—'% is the

strongest interaction.

Remark 3.3.4. The three-dimensional case is an open problem. Indeed, there is no
result related to the minimization of theta and Epstein functions among Bravais lattices
of R? with fixed volume. Sarnak and Strombergsson recalled in [88] that Ennola had
shown in [40] the local minimality of the face centred cubic lattice for (1 (s) and for any
s > 0. They also prove that the face centred cubic lattice cannot be the minimizer of
Cr(s) for all s > 0. Hence the problem of minimization of Lennard-Jones energy among

lattices of R?, and of course in higher dimensions, seems to be very difficult.

3.3.2 A necessary condition for the minimality of the triangu-

lar lattice for Ej;

Proposition 3.3.5. A4 is a solution of (P4) if and only if A < \iL?fl
L#A,

<<L<1z> — G, (12) )”3
2(¢L(6) = Cay(6)) )
Hence if A is sufficiently large, A4 is not a solution of (Pa).
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Proof. We have the following equivalences

Erj(A4s) < Epy(L) for any L such that |[L| = A
— (0, (12) —2¢a,(6) < (L(12) — 2(1(6) for any L such that |L| = A
< 2(CL(6) — Ca,(6)) < ((12) — Ca,(12) for any L such that |L| = A

o 260 -6,O) L 602612

for any L such that |L| =1

by the scaling property (3.2.1). We recall that ((6) > (x,(6) for any L of area A so
that L # A4, as a consequence of Theorem 3.2.1 and the Riemann’s trick (3.3.1). Then

we obtain

Erj(Aa) < Epy(L) for any L such that |L] = A

o (G(12) = G, (12)
= A= <2<<L<6>—<A1<6>>) |

|L|=1
L#£A

O

Co(12) — ¢y, (12) )
2(C(6) — <A1<6>>) mons

lattices L # A; such that |L| = 1. However, we can numerically look for a lower bound.

It is difficult to study the minimum of function L — (

This function can be parametrized with two variables — here the lengths ||u|| and ||v]| of
the lattice L as in (3.2.2) — and we can plot the level sets of it. We notice that the large
differences between the values of the function only give a domain where the function is
minimum.

Indeed, its minimum seems to be around lattice L of area 1 such that ||u|| = ||v]| = 1.014
Cr(12) — ¢, (12)
2(CL(6) — Ca, (6))

minimum of this function is between 1.13 and 1.14.

1/3
and for this one, we have ( ) ~ 1.1378475, hence numerically the

Actually Figure 3.3 gives the Lennard-Jones energy — viewed as a function of two va-
riables ||u|| and ||v|| over the lattices of area one (see (3.2.2)) — for (||ul],||v]|) € [1,1.08]>.

The triangular lattice A; corresponds to the point <\/2/\/§, \/2/\/§> ~ (1.075,1.075)

and the square lattice Z? corresponds to the point (1,1). In fact it is clear that the
point associated with the triangular lattice is a critical point of this energy, because
the triangular lattice is the unique minimizer of Epstein zeta function among lattices of
area A. Moreover we can prove that the square lattice is also a critical point, by using

an other parametrization as (||u/|,#). We numerically obtain :
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Cr(12) — G, (12)
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1/3
FIGURE 3.2 — Level sets of (||u], [|v]]) — ( ) (black = minimum,

white = maximum)

— For A =1, A; seems to be its minimizer and Z? is a local maximizer.

— For A = 1.13, A; seems to be its minimizer but Z? seems to be not a local

maximizer.

— For A = 1.14, Z? seems to be its minimizer because we estimate E7;(v/1.14A;) ~
—4.435 is larger than Ep;(v/1.14Z%) ~ —4.437.

— For A = 1.16, Z? seems to be its minimizer.

— For A = 1.2, Z? seems to be its minimizer and A; is a local maximizer.

— For A = 2 (and more), Z? seems to be its minimizer and A; is a local maximizer.
Hence, we can write the following conjecture based on our numerical study of L >

E1;(v/AL) among all lattices with area 1 :

Conjecture : If A is sufficiently large, the square lattice is the unique solution of (Pa).
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FIGURE 3.3 — Level sets of (||u|,|[v]|) = Er;(v/AL) for some interesting values of A.

(black = min , white = max)

3.4 Global minimization of £;; among lattices

Now we study the problem (P). We give high properties for the global minimizer

among lattices and some indications of its shape.

3.4.1 Characterization of the global minimizer

Proposition 3.4.1. If Ly = Zu @ Zv is a solution of (P) then

i) Ery(Lo) = —C1,(6) = —(1,(12) <0,
i) ||ul| <1 and ||v|| <1,
i) C1,(6) = max{C,(6); L such that ¢;(12) < (1 (6)}.

Proof. i) We consider the function f(r) = Ep;(rLo) = v 2(,(12) — 2r7 %1, (6). As Ly

is a global minimizer of Er;, r = 1 is the critical point of f and
f1(r) = =120 ¢, (12) + 12077¢L, (6),

hence
f(1)=0 = (1,(12) = (1,(6)

and Ep;(Lo) = C1,(12) = 2¢1,(6) = —(1o(6) = —(1,(12).

i1) As (r,(12) = (1,(6), it is clear that |Ju|| < 1 because if r > 1 then r='% < r=6. If
|lv]] > 1, alittle contraction of Rv yields a new lattice L; such that Fy;(L1) < Ep (L)
because some of the distances of the lattice decrease while |lu|| is constant, therefore
the energy decreases.

i11) —(r,(6) = Ery(Lo) < Ersj(L) < (1(6) — (r,(6) < ((12) — (1(6) and if L is a
lattice such that (1 (12) < (.(6), we get (1(6) < (1,(6). O

Corollary 3.4.2. The triangular lattice of length 1 cannot be the solution of (P) though

the minimum of the potential Vi j is achieved for r = 1.
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Proposition 3.4.3. The minimizer of Er; among triangular lattices is Aa, such that
(m(m))”’
Ay = )
CA1(6)

Proof. As in the above proof, we define the function f(r) = EL;(rA;) and we compute
its first derivative f/(r) = —12r=13¢s, (12) + 12r77¢y, (6). It follows that :

CA1(12> 1o —r
Cu, (6) ) Y

f(r) >0 <= 7“2(

CA1(12>
CA1(6)

triangular lattices. H

1/3
hence Ay, = roAy, with 4y = 7“3 = ( ) , is the minimizer of Fr; among all

Remark 3.4.4. We compute Ay &~ 0.84912, therefore the length of this lattice is
[ull ~ 0.99019. Moreover we notice that Ep;(As,) = —Ca,, (6) = —6.76425 (it will be
useful for the next part).

Because Ay > 0.63692, Theorem 3.3.1 is not sufficient to prove that Ay, is the solution
of (P) but a numerical investigation of L — Ep;(1/AgL) among all lattices of area 1

seems to indicate that the solution of (Pj,) is triangular and unique. Moreover it is not

FIGURE 3.4 — Level sets of (||ul], ||v]]) — E(v/AoL). (black = min, white = max)

difficult to prove numerically that A4, is a local minimizer among all lattices. Hence

we can write the following conjecture for this problem :

Conjecture : The triangular lattice Ay, is the unique solution of (P).
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3.4.2 Minimum length of the global minimizer

Because our method does not show that the triangular lattice of area Ay is the global
minimizer of the Lennard-Jones energy among lattices, we use Blanc’s proof, from [11],
in order to find a lower bound for the minimal distance in the globally minimizing
lattice. His result was for the Lennard-Jones interaction of N points in R? and R3. Xue
in [108] and Schachinger, Addis, Bomze and Schoen in [2] improved this. We use Blanc’s

method because it is well suited to our problem.

Proposition 3.4.5. If Ly = Zu @ Zv is a solution of (P), then the minimal distance

15 greater than an explicit constant c. Furthermore, we have ¢ > 0.74035.

Proof. In [11], Blanc proved that

1 16k + 8 1 32k + 16
Epi(Lo) = Vig(|lul]) — 23 + e > %6

||u||12 12
k>2 k>2

As we have Er;(Lo) < Er;(Aa,) = —Ca,, (6) we obtain

P+l Q+2
23 — (aq, (6) > - .
" [ul[™ fJu]l®
. 16k + 8 32k + 16
WlthP:: 7 andQ::ZT.

k>2 k>2
Now, setting t = ||ul| =%, we have (P +1)t* — (Q + 2)t — 23 + (A4, (6) < 0 which implies

Q+2+/(Q+2)2 +4(23 — (1, (6)(P + 1)

<
= 2P+ 1)
and we obtain
1/6
2(P+1
Jull 2 Ly S

Q+2+,/(Q+2? +4(23— 1, (6) (P +1)

Since P~ 0.00988, () ~ 1.45918 and (4, (6) ~ 6.76425 we get ¢ > 0.74035. O

Remark 3.4.6. As we think that A4, is the unique solution of (P), this lower bound
is the best that we can find with this method. Moreover, this bound and the second
point of Proposition 3.4.1 imply that 0.47468 < |Lo| < 1.
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3.5 The Thomas-Fermi model in R?

In Thomas-Fermi’s model for interactions in a solid, we consider N nuclei at posi-
tions Xy = (21, ..., xn), with for any 1 <i < N, x; € R? | associated with N electrons
with total density p > 0. Then the Thomas-Fermi energy is given by

<ETF<p“xN>::j/ pz@»dx-—J:/jﬁzH@logux-—ynp@»p@ndxdy

R2 2

N
1
+ 3 [ toglo — ajlp(a)ds - 5 3 tog s — .
j=1 R i#k
To introduce this kind of model property in quantum chemistry, refer to [24]. Because

the system is neutral, the number of electrons is exactly N and we study the minimi-

zation problem I5F = i)?f{ETF(XN)} where
N

ETF(Xy) = inf {ETF(p, Xn),p>0,pe LNRY)N L2(R2),/ p= N} .
p R2

By the Euler-Lagrange equations for this minimization problem, we find — as it is
explained in Section 2 of [13] and Section 4 of [12] — that the minimizer p is the solution
of

N

—Ap+Tp =T b

j=1
It is known that the fundamental solution of the modified Helmholtz equation —Ah +
h = dg — also called “screened Poisson equation” — which goes to 0 at infinity, is the
radial modified Bessel function of the second kind, also called the Yukawa potential,
defined in [47] and [107], by

+o0o
Ko([lz]) 2/0 o—lallcosht 3,

N
1
Therefore we obtain p(z) = WZWTF(Hz—zjﬂ) where Wrr(||z]|) = §Ko(\/7_r||:v||) and
j=1
finally

E™(Xy) =Y Wrr(|lz; — jll) + NC
i7#]
where C'is a constant independent of N and X . Now, if we consider that the nuclei are
in lattice L, we can study, by taking the mean value of the total energy, the following

energy per point

peL*
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Theorem 3.5.1. Ay is the unique minimizer of Erp among all lattices of fixed area

A.

Proof. This problem is equivalent to finding the minimizer of Z Ko(||p||) among lat-
pelL*
tices with a fixed area. We put y = ||p||¢ for p # 0 in the integral formula for Ko(||p]|) :

J’_
8

1 +oo d
KO(HpH) = 5/ 6—||P||coshtdt — e_”pHCOSh(lH(2y/”p”))?y

_lel? dy

4y —=

= N = N =

Nﬁh
8
Ny

[ 1
Now, for any y > 0 and any lattice L of area A, we obtain Z e w =40 <8 ) -1
Y
peL*
Hence, by Montgomery’s theorem, the triangular lattice A4 minimizes 0, («) for any
a > 0, and it is the unique minimizer of L — 61 (a) among all Bravais lattices with a
fixed area A.

Ip
Therefore, for any y > 0, A4 is the unique minimizer of the energy E,( Z e W
peL*
among lattices with a fixed area A. Now it is clear, because E,(A4) < E,(L) for any

y > 0 and for any lattice L with area A, that
1 /+°° dy 1 /+°° _.dy
- AA E,(Le Y2,
5| B s [ we

Hence, for any L of a fixed area A, we get

Ere(Ma) =Y Wre(lpl) < Y Wrr(lpl) = Err(L).

pENY peL*

O

Remark 3.5.2. The Yukawa potential appears in many vortex interaction models,
as the a-model in fluid mechanics and in superconductivity (see for example [1] and
[93]). Indeed, the second author recently studied, in [110], Ginzburg-Landau’s model
for the interactions between vortices in superconductors. He proved, by using a more
general method — that it can certainly be used for other potentials — the same result was
obtained for minimality of the triangular lattice among all lattices with fixed density.
The use of results from Number Theory in Ginzburg-Landau’s models for vortices can

also be seen in [86].
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Chapitre 4

Asymptotics of Optimal Logarithmic Energy
on the Sphere

Ce chapitre fait référence a la prépublication [9], écrite en collaboration avec Etienne

Sandier.
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4.1 Introduction

Let (z1,...,7,) € (R?)" be a configuration of n points interacting through a loga-
rithmic potential and confined by an external field V. The Hamiltonian of this system,

also known as a Coulomb gas, is defined as

W (21, oy Tp) = — Zlog |z, — x| + nz V(x;)

i#j i=1
where |-| is the Euclidean norm in R%. The minimization of w,, is linked to the following
classical problem of logarithmic potential theory : find a probability measure .y on R?

which minimizes

v [ (@ + Y g y|) du(@)du(y)  (411)

amongst all probability measures 1 on R2. This type of problem dates back to Gauss.
More recent references are the thesis of Frostman [42] and the monography of E.Saff
and V.Totik [85]. The usual assumptions on V : R? — R U {+oo} are that it is lower
semicontinuous, that it is finite on a set of nonzero capacity, and that it satisfies the

growth assumption
lim {V(x)—2logl|z|} = +o0. (4.1.2)

|| +o0
These assumptions ensure that a unique minimizer py of I, exists and that it has
compact support.

Recently, Hardy and Kuijlaars [53] (see also [52]) proved that if one replaces (4.1.2)
by the so-called weak growth assumption

liminf {V(z) — log(1 + [z]*)} > —oo, (4.1.3)

|x| =400

then Iy still admits a unique minimizer, which may no longer have compact support.
Moreover Bloom, Levenberg and Wielonsky [15] proved that the classical Frostman type

inequalities still hold in this case.

Coming back to the minimum of the discrete energy w,, its relation to the minimum
of Iy, is that as n — +o0, the minimum of w, is equivalent to n? min I1,. The next term
in the asymptotic expansion of w, was derived by Sandier and Serfaty [87] in the

classical case (4.1.2), it reads

n
min w, = n®min I, — 3 logn + ayn + o(n),
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where ay is related to the minimum of a Coulombian renormalized energy studied
in [86] which quantifies the discrete energy of infinitely many positive charges in the
plane screened by a uniform negative background. Note that rather strict assumptions
in addition to (4.1.2) need to be made on V for this expansion to hold, but they are
satisfied in particular if V' is smooth and strictly convex.

Here, we show that such an asymptotic formula still holds when the classical growth
assumption (4.1.2) is replaced with the weak growth assumption (4.1.3). However it is
no longer obvious that the minimum of w,, is achieved in this case, as the weak growth

assumption could allows one point to go to infinity.

THEOREM 4.1.1. LetV be an admissible potential®. Then the following asymptotic

expansion holds.

1 1
(}%{I%)fn wy, = Iy (py)n? — glogn + (; I&ian 2/, my (z) log mv(x)dx) n+o(n),
(4.1.4)
where py = my () dx is the unique minimizer of Iy (see Section 4.2 for precise defini-
tions of W and Aj;.)

This result is proved using the methods in [86, 87] suitably adapted to equilibrium
measures with possibly non-compact support together with the compactification ap-
proach in [53, 52, 15]. This compactification allows also to connect the discrete energy
problem for log gases in the plane with the discrete logarithmic energy problem for

finitely many points on the unit sphere S? in the Euclidean space R3.

The logarithmic energy of a configuration (yi, ...,y,) € (S*)" is given by

Blog (U1, -+ Yn) = — »_log [y — s,
i#]
where ||+ || is the Euclidean norm in R?. Finding a minimizer of such an energy functional
is a problem with many links and ramifications as discussed in the fundamental paper
of Saff and Kuijlaars [59] (see also [21]). For instance Smale’s 7" problem [92] is to
find, for any n > 2, a universal constant ¢ € R and a nearly optimal configuration
(Y1, - Yn) € (S*)™ such that, letting Eiog(n) denote the minimum of Ej,g on (S?),

Eiog (Y1, s Yn) — Eiog(n) < clogn.

1. See Section 4.3.1 for the precise definition
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Identifying the term of order n in the expansion of (1) can be seen as a modest step

towards a better understanding of this problem.

It was known (lower bound by Wagner [106] and upper bound by Kuijlaars and Saff
[60]), that

1 1 1 1
<§ — log 2) n?— 5nlogn +cn < Epg(n) < (5 — log 2) n? — 5nlogn + con

for some fixed constant ¢; and c¢p. Thus one can naturally ask for the existence of the
limit

n—+o0o 7 2

1 1
lim — [Elog(n) — (— —log 2) n® + g logn] :

CONJECTURE 1 (Rakhmanov, Saff and Zhou, [81]) : There exists a constant C

not depending on n such that

1
Elog(n) = <§ —log 2) n? — glogn +Cn+o(n) asn— +oo.

CONJECTURE 2 (Brauchart, Hardin and Saff, [22]) : The constant C' in Conjec-

ture 1 is equal to Cgyg, where

12 NG
C :=2log2 + —log = + 31 .
BHS 0og + 2 0og 3 + 0g 1—\(1/3)

(4.1.5)

As we will see, our results imply that the last conjecture is equivalent to one concer-

ning the global optimizer of the renormalized energy W.

CONJECTURE 3 (Sandier and Serfaty, [86], or see the review by Serfaty [90]) :
The triangular lattice is a global minimizer of W among discrete subsets of R? with

asymptotic density one.

The expansion (4.1.4) in the particular case V() = log(1 + |x|?) transported to S?
using an inverse stereographic projection and appropriate rescaling gives an expansion
for Eog(n) and thus proves Conjecture 1. The constant C' in Conjecture 1 can moreover
be expressed in terms of the minimum of the renormalized energy W. The value of W
for the triangular lattice obviously provides an upper bound for this minimum, and
by using the Chowla-Selberg formula to compute the expression given in [86] for this
quantity, we show that this upper bound is precisely C'zgys. This bound is of course
sharp if and only if Conjecture 3 is true. Thus we deduce from (4.1.4) the following.
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THEOREM 4.1.2. There exists C' # 0 independent of n such that, as n — 400,

1 1 1
Erog(n) = (5 — log2) n? — glogn+ Cn+o(n), C= - Irjian + % + log 2.

Moreover C < Cpyg where Cpys is giwven in (4.1.5), and equality holds iff njtinW 18
1

achieved for the triangular lattice of density one.

The plan of the paper is as follows. In Section 4.2 we recall the definition of W
and some of its properties from [86]. In Section 4.3 we recall results about existence,
uniqueness and variational Frostman inequalities for py,. Moreover, we give the precise
definition of an admissible potential V. In Sections 4.4 and 4.5 we adapt the method
of [86] to the case of equilibrium measures with noncompact support. The expansion
(4.1.4) is proved in Section 4.6. Finally in Section 4.7 we prove Conjecture 1 about the
existence of C', the upper bound C' < Cggs and the equivalence between Conjectures
2 and 3.

4.2 Renormalized Energy

Here we recall the definition of the renormalized energy W (see [87] for more details).
For any R > 0, Br denotes the ball centered at the origin with radius R.

Definition 4.2.1. Let m be a nonnegative number and E be a vector-field in R?. We

say E belongs to the admissible class A, if

divE =27m(v —m) and curl E =0 (4.2.1)
where v has the form
v= de , for some discrete set A C R?, (4.2.2)
pEA
and if
B
V|(B PT) 1s bounded by a constant independent of R > 1.
R

Remark 4.2.1. The real m is the average density of the points of A when E € A,,.

Definition 4.2.2. Let m be a nonnegative number. For any continuous function x and
any vector-field E in R? satisfying (4.2.1) where v has the form (4.2.2) we let

W(E,x) = lim (1 /R?\U o )X(x)|E(x)|2da: + 7T10g772)<(p)> : (4.2.3)

n—0 2
peEA
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We use the notation xp, for positive cutoff functions satisfying, for some constant C'
independent of R

IVxBl <C, Supp(xsg) C Br, xBp(r)=1ifd(z, By) > 1. (4.2.4)

where d(z, A) is the Euclidean distance between x and set A.

Definition 4.2.3. The renormalized energy W is defined, for E € A,,, and {xB,}r
satisfying (4.2.4), by

W(E
W(E) = limsup M.
R—+o00 |BR|

Remark 4.2.2. It is shown in [86, Theorem 1] that the value of W does not depend
on the choice of cutoff functions satisfying (4.2.4), and that W is bounded below and
admits a minimizer over Aj.

Moreover (see [86, Eq. (1.9),(1.12)]), if £ € A,,, m > 0, then

fo \/%E(./\/E) A and W(E) =m (W(E) - Tlogm).

In particular

min W =m (minW I log m) , (4.2.5)
Ax 2

m

and F is a minimizer of W over A,, if and only if £’ minimizes W over A;.

In the periodic case, we have the following result [86, Theorem 2|, which supports

Conjecture 3 above :

Theorem 4.2.3. The unique minimizer, up to rotation, of W over Bravais lattices® of

fixed density m is the triangular lattice

2 1 V3
o[22 (0022 (5 2)).

This is proved in [86] using the result of Montgomery on minimal theta function
[74], we provide below an alternative proof.

Proof. For any Bravais lattice A

W(A) = ah(A) + b,

2. A Bravais lattice of R?, also called “simple lattice” is L = Zi & Z¥ where (i, 7) is a basis of R.
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where @ > 0, b € R and h(A) is the height of the flat torus C/A (see [78, 27, 32| for
more details).
Indeed, Osgood, Phillips and Sarnak [78, Section 4, page 205] proved, for A = Z®TZ,
T = a + 1b, that
h(A) = —log(dln(r)[*) + C, C€R,

where 7 is the Dedekind eta function®. But from [86] we have
1
W(A) = ~3 log (v 27rb|7](7')\2) +C,

therefore W(A) = ah(A) + b.
Then from [78, Corollary 1(b)], the triangular lattice minimizes h among Bravais

lattices with fixed density, hence the same is true for W. O

4.3 Equilibrium Problem in the Whole Plane

In this section we recall results on existence, uniqueness and characterization of the

equilibrium measure py and we give the definition of the admissible potentials.

4.3.1 Equilibrium measure, Frostman inequalities and diffe-
rentiation of U"V
Definition 4.3.1. ([15]) Let K C R? be a compact set and let M(K) be the family

of probability measures supported on K. Then the logarithmic potential and the
logarithmic energy of i € My(K) are defined as

UH(x) ::—/Klog|:)3—y|du(y) and Io(p) ::—//K Klog|x—y|du(x)d,u(y).

We say that K is log-polar if Io(in) = +oo for any p € My(K) and we say that a
Borel set E is log-polar if every compact subset of E is log-polar. Moreover, we say that
an assertion holds quasi-everywhere (q.c.) on A C R? if it holds on A\P where P is
log-polar.

Remark 4.3.1. We recall that the Lebesgue measure of a log-polar set is zero.

Now we recall results about the existence, the uniqueness and the characterization

of the equilibrium measure uy proved in [42, 85| for the classical growth assumption

3. See Section 4.7.3
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(4.1.2), and by Hardy and Kuijlaars [52, 53| (for existence and uniqueness) and Bloom,
Levenberg and Wielonsky [15] (for Frostman type variational inequalities) for weak
growth assumption (4.1.3).

Theorem 4.3.2. ([42, 85, 52, 53, 15]) Let V be a lower semicontinuous function on R*
such that {x € R%;V(x) < +oo} is a non log-polar subset of R? satisfying

liminf{V (x) — log(1 + |z|*)} > —oo0.

|z| =400
Then we have :

1. inf  Iy(u) is finite, where Iy is given by (4.1.1).
ue/{/ltql(W) v(p) is finite, where Iy is given by ( )

2. There exists a unique equilibrium measure py € My (R?) with

Iy (pv) = ue/%}lf(Rz) Iy (1)

and the logarithmic energy Io(uy) is finite.

3. The support Sy of py is contained in {xr € R*;V(z) < +oo} and Sy is not
log-polar.

4. Let

ey = Iy () — / V&) () (4.3.1)

R2 2

denote the Robin constant. Then we have the following Frostman variational in-

equalities :
UM (z) + V;:c) >cy  qe onR? (4.3.2)
UMY (z) + @ <cy forallz € Xy. (4.3.3)
V(z)

Remark 4.3.3. In particular we have U*V (z) + = cy q.e. on Ny.

As explained in [52], the hypothesis of Theorem 4.3.2 can be usefully transported to
the sphere S in R? centred at (0,0,1/2) with radius 1/2, by the inverse stereographic
projection T : R? — S defined by

T T |z|?
T+ ]z 14 |z)2" 14 |z|?

T(1, 29) = (

) for any x = (z1,15) € R?.

We know that T is a conformal homeomorphism from R? to S\{N} where N := (0,0,1)
is the North pole of S.
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The procedure is as follows : Given V : R? — R, we may define (see [52]) V: S = R
by letting

V(T(x)) =V (z) —log(1+|z[*), V(N)=liminf{V(z) —log(1+ |z[*)}. (4.3.4)

|z| =400

Then (see [52]), V satisfies the hypothesis of Theorem 4.3.2 if and only if V is a lower-
semicontinuous function on § which is finite on a nonpolar set. Therefore, in this case,

the minimum of
)= [ (tosle o+ Y50+ YY) it duto)

among probability measures on S is achieved. Here ||z —y|| denotes the euclidean norm
in R3. Moreover, still from [52], the minimizer py is related to py by the following

relation

py = Thpy, (4.3.5)

where T#u denotes the push-forward of the measure p by the map 7.

Definition 4.3.2. We say that V : R? — R is admissible if it is of class C? and if,
defining V as above,

1. (H1) : The set {x € R* V(x) < +oo} is not log-polar and liminf{V (z) —log(1+

|z| =400

|z[*)} > —o0.

2. (H2) : The equilibrium measure vy is of the form my(z)ly,(x)dx, where my is
a Ct function on S and dx denotes the surface element on S, where the function
my 1s bounded above and below by positive constants m and m, and where 3y s
a compact subset of S with C* boundary.

Remark 4.3.4. Using (H2) and (4.3.5), we find that

duy(z) = my(z)ly, dz,

where ¥y = T71(2y) and

my(z) = % (4.3.6)

Note that (1 + |2]?)~2 is the jacobian of the transformation T
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4.4 Splitting Formula

Assume V' is admissible. We define as in [87] the blown-up quantities :
' = /nzx, my (z') = my(z), dpy (2") = mi, (2)da’

and we define v
C(z) =U"(x)+ éx)

where ¢y is the Robin constant given in (4.3.1). Then by (4.3.2) and (4.3.3), {(z) =0
g.e. in Xy and ((z) > 0 q.e. in R*\Xy.

n

For (x4, ...,z,) € (R*)", we define v,, = Z(Sxi and

— ey, (4.4.1)

H, = —21A (v, —nuy) = /2 log|. — yld(vy, — nuv)(y) = —Zlog | — ] —nU*v

i=1

where A~ is the convolution operator with 5=log| - |, hence such that Ao A™' = I,

where A denotes the usual laplacian. Moreover we set

H! = =27 ANV, — uy) (4.4.2)

n
/
where v, = E Ogs -
i=1

Lemma 4.4.1. Let V be an admissible potential. Then we have

i BRH )dpy (z / Hy(«)dpy(z) and  lim W(VH, 1p,) = W(VH,, 1g).
(4.4.3)

Proof. From (4.3.6) and the bounds on my we get*

/R2 log(1 + |y|)dpy (y) < +oo. (4.4.4)

Therefore by the dominated convergence argument given in [71, Theorem 9.1, Chapter

5] (used for the continuity of U*), we have

= Z: /R log (g:i\) dpy (y). (4.4.5)

4. We note that py is an equilibrium measure is sufficient to obtain (4.4.4), as explained by Mizuta
in [71, Theorem 6.1, Chapter 2] or by Bloom, Levenberg and Wielonsky in [15, Lemma 3.2]
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It follows that H,(z) = O (|z|™) as |z| — +o0o which implies the first equality using
(4.3.6).

The second equality follows from the dominated convergence argument of Mizuta
in [70, Theorem 1], because from (4.4.5) we have VH, (z) = O(|z|7?) as |z| — 400 and
thus |VH,|? in in L'(R?). O

Lemma 4.4.2. Let V be admissible. Then, for every configuration (xy,...x,) € (R*),

n > 2, we have

1 n
W (21 ooy n) = 02Ty (1) — g logn + —W(VH,, 1g2) +2n Y C(x).  (4.4.6)
s
i=1
Proof. We may proceed as in the proof of [87, Lemma 3.1] and make use of the Frostman
type inequalities (4.3.2) and (4.3.3) and Lemma 4.4.1. The important point is that, as
shown in the proof of the previous lemma, we have H,(z) = O(|z|™') and VH,(z) =
O(|z|™2) as |z| — +o0o which implies, exactly like in the compact support case, that

lim H,(x)VH,(x).V(zr)de =0

R—+o00 OBp

where 7(z) is the outer unit normal vector at z € 0Bg. O

4.5 Lower bound

Here we follow the strategy of [87], pointing out the required modifications in the

noncompact case.

4.5.1 Mass spreading result and modified density g
We have the following result from [87, Proposition 3.4] :

Lemma 4.5.1. Let V be admissible and assume (v, E) are such that v = de for
peEA
some finite subset A C R? and div E = 2n(v —my), curl E = 0 in R%. Then, given any

p > 0 there exists a signed measure g supported on R? and such that :
— there exists a family B, of disjoint closed balls covering Supp(v), with the sum
of the radii of the balls in B, intersecting with any ball of radius 1 bounded by p,
and such that

1
g(A) > =C(|lmy]le + 1) + Z/ |E(x)\219\3p(x)d:c, for any A C R?,
A
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where C' depends only on p;

— we have

1
dg(z) = §\E(x)|2dx outside | | B(p, \)

peEA

where A depends only on p;

— JoTr an unclrion compac SU ortea 1n we nave
f y function x compactly supported in R? we h

WE0 - [xdg| < ONOogN + e LIVl (050
where N = #{p € A; B(p,\) N Supp(Vx) # 0} for some \ and C depending
only on p;

— for any U C Q)

#ANU) < CA+ my|5|0] + 9(0)) (4.5.2)

where U = {x € R% d(z,U) < 1}.

Definition 4.5.1. Assume v,, = Z(Sxi. Letting v, = Z 0z1 be the measure in blown-
i=1 i=1

up coordinates and E, = VH], we denote by g,, the result of applying the previous

proposition to (V. , E,, ).

The following result [87, Lemma 3.7] connects g and the renormalized energy.

Lemma 4.5.2. ([87]) For any v, = Z‘wa we have
i=1

W(VH 1g:) = / dg... (4.5.3)
RZ

4.5.2 Ergodic Theorem

We adapt the abstract setting in [87, Section 4.1]. We are given a Polish space X,
which is a space of functions, on which R? acts continuously. We denote this action
(A, u) = Oyu :=u(. + A), for any A € R? and v € X. We assume it is continuous with
respect to both A and u.
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We also define T5 and Ty acting on R?* x X, by T5(z,u) = (x + e\, 0\u) and
Ta(z,u) := (z,05\u).

For a probability measure P on R? x X we say that P is T\)-invariant if for every
function A of class C*, it is invariant under the mapping (z,u) — (x, Oy u).

We let {f.}., and f be measurable functions defined on R? x X which satisfy the
following properties. For any sequence {x.,u.}. such that x. — x as ¢ — 0 and such
that for any R > 0,

lim sup fe(ze 4+ e, Ohus)d\ < 400,

e=0  JBg
we have
1. (Coercivity) {u.}. has a convergent subsequence ;
2. (I'-liminf) If {u.}. converge to u, then liIEIl_}glf fe(ze,us) > f(z,u).

Remark 4.5.3. In contrast with the compact case we do not have the convergence of

{z:}.

Now let V' be an admissible potential on R? and gy its associated equilibrium
measure. We have

Theorem 4.5.4. Let V, X, (f.): and f be as above. We define

F.(u) := /R2 fe(z, 0z u)dpy (z)

Assume (u:). € X is a sequence such that F.(u.) < C for any e > 0. Let P. be the
image of prv by T (x,0=uc), then :

1. (P.). admits a convergent subsequence to a probability measure P,
2. the first marginal of P is puy,

3. P is Ty)-1nvariant,
4

. for P —a.e. (z,u), (z,u) is of the form lir%(xe,ﬁwiue),
e— €

5. liminf F.(u.) 2/ flz,u)dP(z,u).
R2x X

e—0

6. Moreover we have

/szx f(z,u)dP(x,u) = /szx ( lim f(:c,HAu)dA) dP(z,u).  (4.5.4)

R—+o00 Bgr

where J[BR denote the integral average over Bp.
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Proof. The proof follows [86, 87] but with py replacing the normalized Lebesgue mea-
sure on a compact set Xy,. We sketch it and detail the parts where modifications are
needed. For any R > 0 we let uff denote the restriction of uy to Bg, and P® denote
the image of u# by the map z — (z, Oz u.).

STEP 1 : Convergence of a subsequence of (P.) to a probability measure P.
It suffices to prove that the sequence {P.}. is tight. From [86, 87], which deals with the
compact case, { PI}, is tight, for any R > 0.

Now take any 0 > 0, we need to prove that there exists a compact subset Kj of
R? x X such that P.(Kj) > 1 —§ for any € > 0. For this we choose first R > 0 large
enough so that (uy — pft)(R?) < /2. This implies that P? has total measure at least
1—4/2 and then we may use the tightness of { P%}_ to find that there exists a compact
set Kj such that PR(Ks) > 1 — 6. It follows that P.(Ks) > 1 —§, and then that {P.}.
is tight.

STEP 2 : P is T)(,-invariant. Let A be a function of class C* on R?, ® be a bounded

continuous function on R? x X and P, be the image of P by (z,u) — (x,05u)u). By
the change of variables y = e\(x) + 2 = (e\ + I3)(z), we obtain

/ Bz, u)dPy (z, 1) / B (2, Oy ) AP, )
R2x X R2x X

= lim O(x, Or(yu)dP(z, u)

e—0 R2x X

=lim | ®(z,0\u)2u:)dpy ()

e—0 R2

=lim [ O(x,0awiau:)duy(x)

e—0 R2

_ i ¢ <(€A+]2)_1(y)=9%“5> my ((eA+ 1)~ (y))dy
= R? | det(1y +eDA((Iy + eX)1(y)))| )

where DA is the differential of \.
From the boundedness of ® and the decay properties of my (see (4.3.6)) it is straight-
forward to show that

@ (A + 1) (9), 00 ) my (X + 1) () dy

y
250 Jg | det(I2 + eDA((I2 + €)1 (y)))]
—tim [ @ ((eA+ 1) (0), Br ) mv(y) dy
E—r R2
= lim O ((eX+ L) (y), u) dP-(y,w).
eV JRr2x X
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Then, arguing as in [87] using the tightness of (F:). we obtain

lim P ((eX+ L)' (y), u) dP-(y,u) = lim O (y, u)dP-(y,u)

e—0 R2x X e—0 R2x X

_ /R 2z u)dP(.w)

Which concludes the proof that /

R2x X

O(z,u)dPy(x,u) = / O(z,u)dP(z,u), ie.
RZx X

that P is T)(,)-invariant.

Items 2 and 4 in the theorem are obvious consequences of the definition of P and items

5 and 6. require no modification from [87]. We have proved above items 1 and 3. O

4.6 Asymptotic Expansion of the Hamiltonian

We define

1 1 1
= — in Wdr =—minW — = 1 dz, 4.6.1
av = [ puin Wee = —min . my () log my (z)dx (4.6.1)
where the equality is a consequence of (4.2.5). The fact that ay is finite follows from
(4.3.6), which ensures that the integral converges.

We also let

11 1 ¢
il (—W(VH;L, 1ge) + Qn/Cdy) if v is of the form — Z(S:cw
n A\ n

+o00 otherwise.

For v, = g 02, let E,, be a solution of div E,,, = 27 (v,, — my,), curl £, = 0 and we
i=1
set

b, = /R2 O(a, By, (y/mt)) v ().

The following result extends [87, Theorem 2] to a class of equilibrium measures with pos-
sibly unbounded support, which requires a restatement which makes it slightly different
from its counterpart in [87]. It is essentially a Gamma-Convergence (see [18]) statement,

consisting of a lower bound and an upper bound, the two implying the convergence of

1
— Nwp (21, ... 2n) — 0PIy (uy) + glogn] to ay for a minimizer (x4, ...,x,) of w,.
n
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4.6.1 Main result

Theorem 4.6.1. Let 1 < p <2 and X = R? x L}

loc

(R%,R?). Let V be an admissible
function.
A. Lower bound : Let (v,), such that F,(v,) < C, then :

1. P, is a probability measure on X and admits a subsequence which converges to
a probability measure P on X,

the first marginal of P is py,
P is Ty(z)-1nvariant,

E e Amv(x) P-a.e.,

we have the lower bound

1 1 E
liminf —W (VH), 1g2) > — W(E)

n—+o0 N 7T Jr2 my ()

dP(z,E) > ay. (4.6.2)

B. Upper bound. Conversely, assume P is a Tx)-invariant probability measure on
X whose first marginal is py and such that for P-almost every (x, E) we have E €
Ay (z)- Then there exist a sequence {v, = Y1 65, }n of measures on R? and a sequence
{E.}n in LY (R? R?) such that div E, = 2r (v, — m},) and such that, defining P, =

loc

O, B (w/nt-)) Ay (), we have P, — P asn — +o00 and
R2

1 E
limsup F,,(v,) < — W(E)

n—to0 T Jr2 my ()

dP(z, E). (4.6.3)

C. Consequences for minimizers. If (xy, ..., x,) minimizes w, for every n and mea-

n
sure v, = E 0y,, then :
i=1

1. for P-almost every (x, E), E minimizes W over A, (z) ;

2. we have
1 1 1)
lim F,(v,) = lim —W(VH 1ge) = = LdP(m, E)=ay, (4.6.4)
n—-+00 n——+o0 NI 7 Jr2 my ()

hence we obtain the following asymptotic expansion, as n — +0o0 :

min w, = Iy ()’ g logn + ayn + o(n). (4.6.5)
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4.6.2 Proof of the lower bound

We follow the same lines as in [87, Section 4.2]. Because F,,(v,) < C and (4.4.6), w

have that )
Ewn(l’l, .. [L’n) — Iv(lltv),

therefore v,, converges to py (this follows from the results in [52]).
We let v, = >, 0., and E,,, H),, g, be as in Definition 4.5.1.

Let x be a C'* cutoff function with support the unit ball B; and integral equal to
1. We define

1 X(v) . _
- d if (v, E, 0 eV By gn),
T /R2 my (z) 9(y) ( 9 vl n)

400 otherwise.

f.(x,v, E, g) =

As in [87, Section 4.2, Step 1], if we let

Fn(Vv Evg) ::/ fn (xuex\/ﬁ(yv Evg)) d:U’V(x)7 (466>
R2
then
F,.(v,, E,, gn . )d / / y—x dxdg,
9n) /]R27T/]R2m\/ (02 ymig)dpy (z e Vn)drdgn(y)
UC
(VH/ 1R2)+ ( )’
nmw

by (4.5.3), where U = {2 : d(z/, R*\X) > 1}. As in [87], we have g (U¢) = o(n). Hence,
if (v, E,g)= (V,,En,gn), as n — 400 :

1
Fo(v, E,g) < —W(VH,, 1g2) + o(1),
nw
and F,, (v, E, g) = +00 otherwise.

Now, as in [87], we want to use Theorem 4.5.4 with ¢ = 4= and X = M, x

Jn
LP (R?* R?) x M where p €]1,2[, M is the set of nonnegative Radon measures on R?
and M the set of Radon measures bounded below by —Cy := —C(||my||% + 1). Let

@Qn be the image of py by x — (2,0, (7, En, gn)). We have :

1) The fact that f,, is coercive is proved as in [87, Lemma 4.4]. Indeed, if (z,, v(n), E(n), g(n)),
is such that x,, — x and, for any R > 0,

lim sup /B 5 (a? + %,Qx(y(n),E(n), g(n))) d\ < 400,

n——+00

119



then the integrand is bounded for a.e. X\. By assumption on f,,, for any n,

Oz(v(n), E(n),g(n)) = b4, yaea(Vis Ens gn),

hence it follows that

(v(n), E(n), 9(n)) = 0u,, a(Vy, En; gn)-

For any R > 0, there exists C'gr > 0 such that for any n > 0, noting Bg(z) the closed
ball of radius R centred at a point z,

/BR f, (SL’n + %7 GA(Vm Envgn)) A\ = /BR % /IR? mV ziyj_ Ln) d(9A+xn\/ﬁﬁgn(y))d>‘
/ / l'n\/_ ) dgn(y)dA
Bg JR? mv )

= ;/Rz X * <1BR(xm/_ (/\f)) (y)dgn(y) < Cr.

This, inequalities (4.3.6) and the fact that g,, is bounded below imply that g,(Bgr(z,v/n))

is bounded independently of n. Hence by the same argument as in [87, Lemma 4.4], we

have the convergence of a subsequence of (v, Ey, gn)-

2) We have the I'-liminf property : if (z,, vy, En,gn) — (2,1, E, g) as n — +o0,
then, by Fatou’s Lemma,

liminf £, (z,, vy, En, gn) > f(z,v, E, g)
n—-+4oo mV

obviously if the left-hand side is finite. Therefore, Theorem 4.5.4 applies and implies
that :

1. The measure @), admits a subsequence which converges to a measure () which

has py as first marginal.

2. It holds that Q-almost every (z, v, E, g) is of the form lim (2,60, /m(v, En, gn))-

n—-4o0o

3. The measure @ is T)(,)-invariant.

4. We have liminf F,, (v, E,, gn) > 1/ (/ X() dg(y )) dQ(z,v, E, g).
r2 \JR

n—+o00 2 mv )

5. = / s ¥)dQ(z, v, E, g) /<RET00]{BR/ )d)\) dQ(z,v, E, g).
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Now we can follow exactly the lines of [87, Section 4.2, Step 3| to deduce from 4),
after noticing that P, is the marginal of ),, corresponding to the variables (x, E') which

converge to a T ,)-invariant probability measure. Moreover

lim inf —W/(VH', 1) > / (/ng> Q.. E,g)

n—+oo N mv(x)
yEAe /X*lBRdg) 0.5
51 /W dQ z, v, B g) W(E) P (. ).
o) w) me(e)
Thus the lower bound (4.6.2) is proved. The fact that the right-hand side is larger than
ay is obvious because the first marginal of p— is the Lebesgue measure.

4.6.3 Proof of the upper bound, the case Supp(uy) # R?

The discussion following Theorem 4.3.2 permits to immediately reduce the case of
V’s such that Supp(uy) # R? to the case of a compact support. Indeed in this case
there exists y € S which does not belong to the support of uy. Let R be a rotation
such that R(N) = y, then the minimum of Iy.p is pyor = R~y hence N does not

belong to its support.
az+b

Letting ¢ = T-'RT, we have that ¢ is of the form z — =
cz

and applying (4.3.4), (4.3.5) to V o R we have that

with ad — bc = 1,

pv, =T Hpver,

where

Vo R(T(x)) = Vi(x) — log(1 + |a]*).

This implies that uy;, has compact support since N does not belong to the support of
tyor- Moreover, using (4.3.4) again to evaluate V(RT(x)) we find for any x such that

RT(z) # N, i.e. x # —d/c,

Vo(z) = V(T 'RT(z)) — log(1 + |T~'RT(x)[*) + log(1 + |z|*),

V,(—d/c) = V(N) +log(1 + |d/c|?) = log(1 + |d/c|?) + ‘li‘rginf{‘/(x) —log(1 + |z[H)}.
Finally we find that

Vo(z) = V(p(x)) —log(1+ lo(2)|?) 4+ log(1 + |z]?), Vio(—d/c) =liminf V,(y). (4.6.7)

y——d/c
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Now we rewrite the discrete energy by changing variables, to find that, writing w, v

instead of w, to clarify the dependence on V',

way (1, 1) = =Y logle(y) — ey +n Y View)), (4.6.8)
i i=1
where x; = ¢(y;). Now we use the identity (see [52])
[z —yl
T(z)—-T(y)| =
I7) =T = e e

applied to ¢(), p(y) together with the fact that ¢ = T7'RT and that R is a rotation
to get

lo(x) — o(y)|
T(x) =T = .
e =W = Ao+ ewr

The two together imply that

1 1 1 1
log |io(x) = (y)| = log [e—y|+ 10g(1+|s0(93)|2)+§ log(1+|<p(y)|2)—§ 10g(1+|93|2)—5 log(1+y[?).
Replacing in (4.6.8) shows that

Wy v (T1s ey Tn) = Wo v, (Y1, - >yn)+z 10g(1+|80(yi)|2)—z log(1+yl*), 2 = @(vs).
(4.6.9)

It follows from (4.6.9) that an upper bound for min w,, ;v can be computed by using a
minimizer for w, v, as a test function. But now we recall that p,, has compact support,

hence the results of [87] apply and we find, using the fact that for such a minimizer

1
=0y, converges to iy, ,

_ 1 1+ |p(z)]?
min w,,y < n*Iy, (py,) — §nlogn + (O‘V¢ + /log (%\;Pﬂ) d,uvv(:z)) n+ o(n),
(4.6.10)
where
(03] 1 .
av, = — — 5 g my, (z)logmy, (z) de, a;:= 1{1411111/[/.
Ve

We remark that Iy, (uv,) = Iy (uv) because py, = ¢~ 'fuy. Moreover, it follows from
(4.3.6) that
L+ Jop()*)*
g (o) = m(o(a)) (S
which plugged in the expression for ay, and then in (4.6.10) yields,

1
minw, vy < n’ly(py) — inlogn + ayn+o(n),

which matches the lower-bound we already obtained and thus proves Theorem 4.1.1 in

the case where the support of uy is not the full plane.
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4.6.4 Proof of the upper bound by compactification and conclu-
sion

Here we assume that ¥, = R2. Let
1

p(2) == = o~ (2).

Then, using the notations of the previous section, we deduce from (4.6.7) that
Vo(2) = V(p(2)) + 2log |2]|.

To simplify exposition and notation, we assume that py(B;) = py(BS§) = 1/2, other-
wise there would exist R such that py(Bgr) = pyv(B%) = 1/2 and we should use the
transformation pp(2) = pp'(z) = —Rz~! instead.

Our idea is to cut Xy = R? into two parts in order to construct a sequence of 2n
points associated to a sequence of vector-fields. We will only construct test configura-
tions with an even number of points, again to simplify exposition and avoid unessential
technicalities.

STEP 1 : Reminder of the compact case and notations. We need [87, Corollary
4.6] when K is a compact set of R? :

Theorem 4.6.2. ([87]) Let P be a T\y)-invariant probability measure on X = K X
LP (R*R?), where K is a compact subset of R* with C* boundary.

We assume that P has first marginal dz|x /| K| and that for P-almost every (v, E)
we have B € Ay, gy, where m is a smooth function on K bounded above and below by
positive constants. Then there exists a sequence {v, =Y\ 0y, }n of empirical measures
on K and a sequence {E,}, in L} (R%* R?) such that div E,, = 2w (v, —m'), such that

loc

E, =0 outside K and such that P, := 4 0 g, (/me+.ydr — P as n — +00. Moreover
K

1 K
lim sup — W (E,,, 1g2) < u/VV(E)OZP(x, E).
n—+oo NT ™
We write py = 1y, + pi, where py := piy g, and ui, := py 5, where A denotes the
closure of set A in R% Let i}, := ptul, then we have

dpy (x) = my (z)1p, (x)dz = my(z)de  and  diy,(z) = my, (2)1p, (z)de = m%@ (x)dz,

where my, (z) = my (¢~ (z))| det(Dg, )]
Note that, by assumption (H2) and (4.3.6) we have that there exists positive constants

m and m such that, for any z € By,

O<m<my(r)<m and 0<m<my(r)<m.

123



Moreover the boundary 9B is C*.
Now let P be a T)\(,)-invariant probability measure on X whose first marginal is py/

and be such that for P-almost very (z, E), we have E € A,,, (,). We can write
P =P+ P

where P! is the restriction of P to By x L} (Bj,R?) with first marginal i, and P? is

loc

the restriction of P to B§ x LP (B¢, R?) with first marginal ;2. We define P! by the
relation

AP (z,u) = my (2)| Bi| APz, u).

P (B, R?*) with first
marginal dzp, /|Bi| and such that, for Pl-a.e. (v, E), E € At (2)- We denote by o P?
the pushforward of P2 by

and then P! is a T\(z)-invariant probability measure on B; x rr

(z, E) — (y, E) , where y:= ¢(z) and E := (Dyp,)"E(Dgp,), (4.6.11)

where Dy, = A(z)Is is the differential of ¢ at point . Then if div E = 27 (v —my (z)dz)
then div E = 2n(ptr — A2(y)my (¢(y))) so that for pP*a.e. (y, E) the vector field E

belongs to Ay, (y), since

my, (y) dy = my (e(y)) d(e(y)) = my (e(y)My)* dy.

We define P? by the relation
d(gpjjpz)(y’ E) = mV¢(y)|Bl|dp2(y’ E)>

and then P? is a T\(z)-invariant probability measure on By x L} (B, R?) with first

loc

marginal dyp, /| B1| and such that, for P2ae. (y,E), E € -Amvv(y)'

STEP 2 : Application of Theorem 4.6.2. We may now apply Theorem 4.6.2 to P!
and P2. We thus construct a sequence {v} := 37 0,1} of empirical measures on By

and a sequence {E!}, in LP (Bi,R?) such that

loc
divE} = 27((v,) — (m},))) and Py := ][ 0,11 (et ydx — P,
By
as n — +o00. Moreover, we have

lim sup iW(E}L,le) < @/W(E)dpl(x, E). (4.6.12)
m

n—+4oo NT
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Applying now the same Theorem to P2, we construct a sequence {2 =371, 5@2} of

empirical measures on By and a sequence {E2}, in L? (By,R?) such that

loc

1
as n — +o0o. Moreover, we have

1 5
limsup — W (E? 1) <

n—+4oo NT o

@ /W(E)dP2(y,E). (4.6.13)

STEP 3 : Construction of sequences and conclusion. It is not difficult to see
that we can assume i"jz # 0 for any 7 and any n > 2 (otherwise we translate a little bit

the point). Now we set 3 := ¢(Z3) and in view of (4.6.11), for each n we define
VEi= i = 0, and  E2(x) = (D, 1sm,) TER (02 p(n Y 20)).

Hence, we have a sequence of vector-fields E? of LI (Bf,R?) such that

div 122 = 2m((12) — (m))
where my, (v) = my ()15 () is the density of .
We have, for sufficiently small n such that 0 & B(2?,7n) for every i,
W(Erzw 1R2)

1
= lim —/ |E2(2))?dx’ + mnlogn
10\ 2 Jra\UL, Bt

1 8
= lim —/ |(Dpy-1/2,)) T E2 (0" *p(n 1/2x'))|2dx'—|—7mlogn>
2 Jea\u, B2

n—0
1 -
= lim —/ \Ei(y')|2dy'+7mlogn)
120\ 2 Jr2\ U, Bs2.1e/ (22)In)
1 5 n n
= lim —/ |Ex(y) Py + 7 Y Jlog ¢ (z:)|n — 7 log\w’(fﬁi)\)
=0 \ 2 Jr2\ U, B2.I¢/(22)In) ; ;

=W(E3 1ee) — 7 ) log |'(2:)],

i=1
where the change of variable is ¢/ = n'/2¢(n="/%2").
Furthermore, we have

o d(etP?)(y, E) 1P*(z, E)
/W JAP*y, B |Bl|/W () |Bl|/W Dy E(De)) =070
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by change of variable y = ¢(z) and E = Dol E(Dyp,).
Now we remark that, for A > 0 and E € A,,,

1 1
WAE(\)) = lim —lim (5/ XR(y))‘2|E()‘y)|2dy+7TZXR(yi)10g77>
R2\ U; B(yi,n) i

R—+too TR2 n—0

1 1 ,
= GHm —; lim (2 /W\ui Sy Xr(@/N)|E(2)]"dx + 7 Z Xr(zi/A)log n)
where © = A\y. Thus, setting R' = R) and ' = n)\, we get
W(AE()N.))

= i s (5 /R T Xr (2)|E(z)["de + 7 Z Xr () (logn’ — log n))

= A2 (W(E) —mlog)).

Applying this equality with A\ = |¢'(z)|™* = |¢~!(y)], we obtain

1 n
lim sup — (W(Eﬁ, 1g2) + 7 Z log |<p'(:vz)|>

n—+oo MNTT i1
dP*(z,E)
my, (y)

1 1 ' 2
?/W (W(E) +log ¢/ (z)|my (x))

)

that is to say, because m?, is the density of points {z;} as n — +o0,

1
lim sup — W(E2, 1) + / log | (2)|du ()
i

n—+4oo NT

<2 [weTEE s [ gl lar@),

T my (z)

As fo log | (z)|dP?(x) ch log |¢'(x)|du3(z), it follows that
1 P?( E
lim sup — W (Ey, 1ge) < /W (E) 4Pz, ) (4.6.14)
n—+oo N

Finally, we set
Von == vp + 12  and By, := B} + E2,
and by (4.6.12) and (4.6.14), we have, since E} and E2 have disjoint supports,

1 E 1
limsup —W(E,, 1g2) < — WA )dPl( JE)+ —
n+too N w ) my(x) i

W (E)

o dP*(z, E)
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LW
= | P B

which proves (4.6.3). Furthermore, by changes of variable,

Pr} 2:/ 6(x,E}L(x\/ﬁ+))d:U’V<x> — Pl and Pr% Z:/ 5(x,E72L(x\/ﬁ+))d:U’V<x> — P2

B B

in the weak sense of measure, and it follows that
P,=P'+P> P +P*=P

Part C follows from A and B as in [87].

4.7 Consequence : the Logarithmic Energy on the
Sphere

As we have an asymptotic expansion of the minimum of the Hamiltonian w, where
minimizers can be in the whole plane — not only in a compact set as in the classical
case — we will use the inverse stereographic projection from R? to a sphere in order to

determine the asymptotic expansion of optimal logarithmic energy on sphere.

4.7.1 Inverse stereographic projection

Here we recall properties of the inverse stereographic projection used by Hardy
and Kuijlaars [52, 53] and by Bloom, Levenberg and Wielonsky [15] in order to prove
Theorem 4.3.2.

Let S be the sphere of R? centred at (0,0, 1/2) of radius 1/2, ¥ be an unbounded closed
set of R? and T : R? — S be the associated inverse stereographic projection defined by

x To |z|?
T+ 2|2 1+ |22 1+ |z|?

T(xy,x9) = (

) ., for any z = (21, 75) € R?

where R? := {(x1, 25,0); 71, 2o € R}. We know that T is a conformal homeomorphism
from C to S\{N} where N := (0,0, 1) is the North pole of S.

We have the following identity :

IT(@) - T x| for any 2,y € R2.

T TP WP
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Furthermore, if |y| — +o00, we obtain, for any z € R? :
1
V1 |z

We note 3g = T(X)U{N} the closure of T'(X) in S. Let M;(X) be the set of probability
measures on X. For p € M;(X), we denote by THu its push-forward measure by T

1T () = N|| = (4.7.1)

characterized by

FE)aTeutz) = [ T
Xs
for every Borel function f : ¥s — R. The following result is proved in [52] :

Lemma 4.7.1. The correspondance i — T8u is a homeomorphism from the space
My (X) to the set of p € My(Xg) such that pn({N}) = 0.

4.7.2 Asymptotic expansion of the optimal logarithmic energy

on the unit sphere

An important case is the equilibrium measure associated to the potential
V(x) = log(1 + |z]*)

corresponding to the external field V = 0 on & and where Ttuy is the uniform proba-

bility measure on S (see [52]). Hence V' is an admissible potential and from (4.3.6) we
find

dx
dpy(z) = —————— and Xy =R
m(1+ [z]?)?
We define
Wi (X1, .oy Ty Zlog|xz—x]|+ n—1 Zlog (1+ |2]?),
i#]

and we recall that the logarithmic energy of a configuration (v, ..., y,) € S™ is given by

Elog(yla" 7yn = ZIOgHyz yJH
i#]

Furthermore, we recall that £z(n) denotes the minimal logarithmic energy of n points
on S%.
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Lemma 4.7.2. For any (1, ...,1,) € (R*)", we have the following equalities :
Wn(x1, .oy Tn) = Eog(T'(21), ..., T(xn))  and  wy(z1, ..., 2,) = Ejog(T'(21), ..., T'(x5), N),
whaich imply that

(21, ..., k) minimizes W, <= (T(z1),...,T(x,)) minimizes Ejoq

(@1, ..., Tn) minimizes w, <= (T(x1),...,T(x,), N) minimizes E,.
Proof. For any 1 <i <n, we set y; := T'(z;), hence we get, by (4.7.1),

Blog (U1, - Yn) = — > _log |y — v
i#]
= = log || T(w;) — T(x;)]|

i

:_anlog< |z — | )

i#j \/1+|5L’z’|2\/1+ ;[

=— Zlog |z, — x|+ (n—1) Zlog(l + |2 %)
i#] i=1

=Wy (L1, 0y Tp).

Furthermore, by (4.7.1), we obtain
W (T1, eeny Tn) = Wi (1, o Ta) + Y log(1+ |24])

1=1

== loglly: =yl =2 loglyi — N|| = Biog(y1, v, Y, V).

i#j i=1

O
Lemma 4.7.3. If (z1,...,x,) minimizes w, or W,, then, for v, := Z(Smi, we have
i=1

Vn
— = Uy, as n — +00,
n

in the weak sense of measures.
Proof. Let (x4, ...,x,) be a minimizer of w,, then (T(xy),...,T(z,)) is a minimizer of
Elog. Brauchart, Dragnev and Saff proved in [20, Proposition 11] that

! z": ) — T4

n & T (x4) v -
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As Tty (N) =0, by Lemma 4.7.1 we get the result.
If (21, ..., x,) is a minimizer of w,, then (T'(x1), ..., T'(x,), N) minimizes Ej,, and we can

use our previous argument because

1 = 1 < n on
O () + 0 =— 0Tz + — Ty,
n+1<; Tles) N) n; T(l)<n+1) n+1 b

in the weak sense of measures, and we have the same conclusion. O

Lemma 4.7.4. If (z1,...,x,) is a minimizer of w, and if v, := Z 0z, then
i=1

1
lim / log(1 + |[2)dvn (z) = / log(1 + [[2)djuy (x).
R2 R2

There exists minimizers of w, for which the same is true.

Proof. Let (z1,...,x,) be a minimizer of w,. We define y; := T'(z;) for any 1 <i <n
and we notice that

. / og(1+ [of)du (2) = v ()

2 1
-
n e\ VTP
2
——— [ toglly = N7, v)
n.Jjs
and by the previous Lemma, (yi,...,y,) is a minimizer of Ej,, on S. For any rotation

R of § the rotated configuration of points is still a minimizer, and it is clear that the

average over rotations R of
2
—= log||Ry; — NJ|
.

is equal to
~2 toglly ~ N dy.
S

It follows that there exists a rotated configuration (g, ..., ¥,) such that

1 _
LS tog g — N = ][ log |y — N dy.
n ; S

Transporting this equality back to R? with T—!, we obtain a minimizer (7, ..., Z,) of

w,, such that

1
~ > tog(1 4 [ai?) = [ tog(1 + o (o)
i R?
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If (z1,...,2,) is a minimizer of w,, we use [20, Theorem 15] about the optimal point
separation which yields the existence of constants C' and ng such that for any n > ng

and any minimizer {y, ..., y,} € 8" of the logarithmic energy on the sphere, we have

_C
vn—1

Letting y; = T'(z;) we have that (N, y1,...,y,) is a minimizer of the logarithmic energy,

rp;]nHyi -yl >

hence for any 1 <17 < n,

C
i — N|| > . 4.7.2
o= NI > —— (172)
For n > ng and 6 > 0 sufficiently small, we define, for any 0 < r <9,
n(r) = #{yl | Y; € B(N,T) QS},
and r; = |ly; — N||. From the separation property there exists a constant C' such that

n(r) < Cr?n for any r. Hence we have, using integration by parts,

5
— Z logri:—/ logrn/(r)dr
1

yi€B(N,5) [Vn=1

= —n(d)logd +/ @dr
1/vn—1 T
s
< —Cné*logd + C’n/ rdr < C6*n|logd|.

1/v/n—1

)

It follows that

ns

1 1
lim lim —/ log ||y — N||dTtv,(y) = lim lim —Z—log||y,~ — N| =0.
B(N,5)NS é n

6—0n—+oco n 50 n——4oo —
1=

(4.7.3)

By Lemma 4.7.3, Yn goes weakly to the measure py on Bg for any R, hence we get
n
1 2
lim — [ log(l+ |z|°)dv,(x)
R2

1
= lim — /log1+x2dun:c+/
MM(BR O+ leP)din@ + |

1
= [ g1+l (o) + lim [ dog(1+ fof)dv, (o)
BR n—-+0o0o

By

log(1 + \x|2)dyn(:c)>
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Therefore it follows from (4.7.3) that

1
lim _/ log(1 + [22)dv(x)
R2

n—-+oo N,

1
— 3 2 . =
= Jim_ ( [, o1+ o) + 1 [

_ /R2 log(1 + |z[*)dpy ().

log(1 + \x|2)dyn(:c)>

c
R

The convergence is proved. O

The following result proves the existence of the constant C' in the Conjecture 1 of
Rakhmanov, Saff and Zhou.

Theorem 4.7.5. We have

log ™

1 1
Erog(n) = (— —log 2) n2—g log n+ (; Hjiln W+

5 + log 2) n+o(n), asn — +oo.

Proof. As Ejog is invariant by translation of the 2-sphere, we work on the sphere S? of
radius 1 and centred in (0,0,1/2). Let (y1, ..., yn) € S* be a minimizer of Ejo,. Without
loss of generality, for any n, we can choose this configuration such that y; # N for any

1 < i < n. Hence there exists (z1, ..., x,) such that % = T(x;) for any ¢ and we get

Eiog (Y1, - yn) = — Zlog lyi — vyl
i#j

= = Y log [7(w) ~ T(a;)]| ~ nln — 1) log?
i#]j
=Wy (x1, ..., xy) — n(n — 1) log2.
By Lemma 4.7.2, (y1, ..., ¥, ) is a minimizer of E,o, if and only if (z1, ..., x,,) is a minimizer

of w,. By the lower bound (4.6.2) and the convergence of Lemma 4.7.4, we have, for

some minimizer (Z1, ..., Z,) of w, :

PR B _ n
17111_r>1¢£10f - [wn(xl, oy @) — 2Ly (uy) + 3 logn

o1 _ _ - _ n
= 1}}35.15 o [wn(fch R ;bg(l +|z7*) = 0y (uv) + 9 logn

> a- / log(1 + |#[%)dpy ().
RZ

132



The upper bound (4.6.3) and Lemma 4.7.3 yield, (x1, ..., x,) being a minimizer of w,, :

1
lim sup — [@n(fl, oy @) — 0PIy (uy) + g logn}

n—+oo N

1
< limsup — [@n(atl, oy ) — 02Ty (y) + g logn]

n——+00
1 n
= lmsup — | w, (21,0, 2) — 3 log(L + |2,) — n*Ly (i) + = log n
n—+4oco N i=1 2

:av—/l%u+uﬁ@wm>
RZ

Thus, we get
1
lim — [@n(jl, oy @) — 0PIy (uy) + - logn] =ay — / log(1 + |z|*)dpuy ().
n—+o0 N 2 R2

Therefore, we have the following asymptotic expansion, as n — 400, when (Zy, ..., )

is a minimizer of @, :

Wy (T, ey Tp)
1

1
= n2Iy (uy) — glogn + <; Irjian 3/, my (z) logmy (x)dz — /R2

vumMAw)n+om>

1
We know that Iy (uy) = 5 (see [19, Eq. (2.26)]) and

[ tostt + laPute) = = [ 2EC )

+o00 2
:2/ rlog(l—l—r)dr
0 (1+7r2)?

__ [los(1+r?) +°°+/ L
1+72 |, re (14 72)2

1 1t
T {1"‘7“2}0

=1.

Hence we obtain, as n — +oo,

o _ n2 n 1 . 1 2\2

Wn(ZT1y ey Tp) = — — =logn+ [ —min W + = [ log(n(1+ |z|°)")duy(z) — 1) n+ o(n)
2 2 T A 2
n

2 n I log 7 )
-5 §logn+ (; nilan—l— 5 +/log(1+\x| Ydpy () —1) n+o(n)
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n? log 7

n 1 .
—7—§logn+<;n}lllnw+ 5 )n—l—o(n),

and the asymptotic expansion of &e(n) is

1 1 1
Erog(n) = <§ — log2) n? — glogn + <; n}lian + % + log2) n+o(n).

O

Remark 4.7.6. It follows from lower bound proved by Rakhmanov, Saff and Zhou [81,
Theorem 3.1], that

1 lo 1 1
;n}llan + % +log2 = hm — {Elog(yl,. o UYn) — (5 — log2) n? + glogn}

Sa—e)],

24/2 / V2 — V2
where a := T ( 2 + V2T + V 27r) and b := TV " , and we get
V21 + V27 + o

min IV > —= log [27%(1 — e™*)"] & —4.6842707.
1

>_11 [
> — log

4.7.3 Computation of renormalized energy for the triangular

lattice and upper bound for the term of order n

Sandier and Serfaty proved in [86, Lemma 3.3] that

1
W(Asar) = = log (V2rbin(r)2) |
where A4 /2. is the triangular lattice corresponding to the density m = 1/27, 7 = a+ib =

3 ,
1/2+ zg and 7 is the Dedekind eta function defined, with ¢ = €27, by
) =" [0 -¢"
n>1
We recall Chowla-Selberg formula (see [28] or [29, Proposition 10.5.11] for details) :

| D] D

1+ (i7) RS et

for 7 a root of the integral quadratic equation az?+3z+~ = 0 where D = 32 —4avy < 0,

D
(E) is the Kronecker symbol, w the number of roots of unity in Q(iy/—D) and when
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the class number of Q(iv/—D) is equal to 1. Inour case b = v/3/2, w =6,a = =7 =1
) =1and <_73) = —1 by the Gauss

because 7 is a root of unity, hence D = —3, (T

Lemma. Therefore we obtain

P/3PT/) = ArVEL

and by Euler’s reflection formula I'(1 — 1/3)I'(1/3) = ,L, we get
sin(m/3)
D(1/3)°3V3 _ 47v/3 x v3ln(r)"
83 B 2 '
Finally we obtain
['(1/3)5/3
() = ————

1674
Now it is possible to find the exact value of the renormalized energy of the triangular

lattice A; of density m =1 :

log (27
W(Al) = 27TW(A1/27T) — T g(2 )
log(2
= —7log (\/2—7rb|17(7')|2> -7 og(2 )
= rmlogm — g log 3 — 3mlog(I'(1/3)) + gﬂlog2
lo 2v/2m
=T R —
& V3I(1/3)3
~ —4.1504128.
Thus, we get
1 1
—W(A) + 08T +log 2
T
1 3 1
= <7rlog7r - glogB —3mlog(I'(1/3)) + §7rlog2> + % + log 2
1. 2 JT
=2log2+ =-log=+3log——==C ~ —0.0556053
082+ og3+ og T(1/3) BHS ;

and we find exactly the value Czgg conjectured by Brauchart, Hardin and Saff in [22,
Conjecture 4]. Therefore Conjecture 2 is true if and only if the triangular lattice A, is

a global minimizer of W among vector-fields in Aj, i.e.

. - - 2v/27
nilan =W(Ay) = 7log (7\/§F(1/3)3> :

Thus we obtain the following result
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Theorem 4.7.7. We have :

1. It holds
o1 1 , n 1. 2 JT
- —(=- " logn| <2log2 + = log = + 31 .
Jm 2 [51°g(”) (2 1°g2)n 3 Ogn] = slog st g logg o loe T gy

2. Conjectures 2 and 3 are equivalent, i.e. min W = W (A;) <= C = Cgys.

A
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Annexe A

Proof of Montgomery Theorem

In this annex, we give the proof of Montgomery theorem from [74] :

Theorem A.0.8. For any real number o > 0 and a Bravais lattice L, let

Or(a) = Op(ia) =Y e 2mlrl, (A.0.1)

peL

where O is the Jacobi theta function of the lattice L defined for Im(z) > 0. Then, for
any o > 0, Ay is the unique minimizer of L — 0p(«), up to rotation, among Bravais
lattices of area A.

We reproduce this proof with all details and references.

A.1 Preliminaries

This problem of minimization among lattices can be viewed as a minimization among

positive definite binary quadratic forms with real coefficients. For
f(m,n) = am?® + bmn + cn?

such that its discriminant is b?> — 4ac = —1, we define the theta function associated to
[ by
ef(a) — Z e—27rozf(m,n)‘

Let

h(m,n) = —=(m? +mn + n?)

h
V3
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be a positive definite binary quadratic form with discriminant 1 corresponding to the
triangular lattice. Our goal is to prove the following result : for any o > 0 and any

positive definite binary quadratic form f with real coefficients,
0s(a) = On(a).

Moreover, if there is an o > 0 for which 0¢(«) = ,(a), then f and h are equivalent
forms, i.e. there is a C' € SLy(Z) such that f(z,y) = h(C(z,y)), and 8y = 6.

Firstly, if we let b = 2az and ¢ = a(z? + y?), we may factorize f as

f(m,n) =a(m+ zn)(m + zn)

where 2 = x + iy, and, without loss of generality, y > 0. Moreover, b> — 4ac = —1, we
deduce that 4a®z* — 4a*(2? + y?) = —1, therefore
1
a=—.
2y

Hence, we can write

f(m,n) = @(m+ zn)(m + zZn) = @(m+xn)2 4 §yn2

and it follows that we define

O(a;z,y) = 0s(a) = Ze_mynz Z gmelmtna)’fy (A.1.1)

nez meZ

Definition A.1.1. A positive definite binary quadratic form f(m,n) = am?+bmn+cn?
is reduced if
—a<b<a<ec or 0<b<a=c

Hence f is reduced if and only if

y y 2y

1 _z_ 1 2 + y?

2y Ty T 2 2y

&

or 0L

DO

that is to say z € D where

1 1 1
D::{z;—i<x§§,\z|>1ay>0}U{Z;0§$§§a\z|zlvy>0}

is the fundamental domain of the modular group. As we know that each positive definite

binary quadratic form is equivalent to a unique reduced form (see for example [73,
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Theorem 3.1] for a proof), we may confine our attention to reduced forms. Furthermore,
for any = € R we have

hence throughout this annex,
1
z € {z;0§x§§,|2| 21,y>0}.

The strategy of Montgomery is to prove the following two lemmas which give automa-
tically Theorem A.0.8 :

Lemma A.1.1. Ifa>0,0<z< % and y > %, then

3}
%Q(Qw,y) < 0.

Lemma A.1.2. I[fa>0,0<z < % and x® + y*> > 1, then

8%9(04 z,y) >0,

with equality if and only if (x,y) is one of the points (0,1), (1/2,4/3/2).

A.2 Properties of 1D and 2D theta functions

Definition A.2.1. The classical one-dimensional theta function is defined by

O(t; ) =Y e mhtH2mk (A.2.1)

keZ

for p € C and Re(t) > 0.

Lemma A.2.1. The one-dimensional theta function satisfies the functional equation
0(t; 8) =ty " eTmm=A, (A.2.2)
meEZ
Proof. Firstly we remark that
0(t; B) = 0(B;it)

where

W(z;7) =Y elmmirtimne (A2.3)

neL
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is the Jacobi theta function defined for z € C and 7 in the upper half-plane. We have

(see for example [94, Theorem 1.6, Chapter 10]),

Iz —171) = \/Zeiwz219(z7'; T),
i

that is to say, for 7 = —u~!,

Wz u) = —i,e_mzz/“ﬁ (—E; —l) :

Hence, applying (A.2.4) with z = § and u = it, we get
1 2 g1
0(t; ) = I(Bsit) = —=e ™ [ -2 —=
1 2 2
_ -3/t —7n?/t—2mnB/t
= —e¢ g e
t

neL

1 2
= —m(B+n)?/t
=—> ¢

Vi Z

ne”L

1 2
_ —7m(m—pB)=/t
= —= e .
\/% Z

MEZL

Now we can prove the classical functional equation for 6.

(A.2.4)

Proposition A.2.2. For any a > 0 and any positive definite binary quadratic form f

of discriminant 1, we have

6, (é) — ab;(a).

(A.2.5)

Proof. By (A.1.1) and (A.2.2), we have, for any a > 0, any y > 0 and any 0 < x < 1/2,

O(a;x,y) = Z e~moun’ g (%; nx) \/%.

nel

Now, using (A.2.2) we obtain

9(0&7 l’,y) _ \/gz €—7rozyn2 Z e—wkzy/a—l—%wknm

nel keZ
— g § e—wk2y/a § :e—ﬂayn2+2i7rkmv
«
keZ nez
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— \/gz e_“kzy/o‘ﬁ(ay; nx)
a kEZ

_ \/Q 3 o-mhiyja_1 3 entm=na)* o
o Voy

keZ meZ

1 1
« (6%

]
Lemma A.2.3. [t holds, for any t such that Re(t) >0 and g € C,
+oo
0(t; B) = H (1 — 6_2””) (1 + 2~ (@r—mt cos(2mf3) + 6_2(2T_1)”t) ) (A.2.7)
r=1

Proof. We use the Jacobi triple product formula (see [94, Theorem 1.3, Chapter 10])
for the Jacobi theta function (A.2.3) given, for z € C and 7 in the upper half-plane, by

+oo
ﬁ(z;T) _ H(l - q2r)(1 + q2r—1€2i7rz)(1 + q2r—1€—2i7rz)

r=1

where ¢ = €. Therefore we obtain

“+oo
Q(t; ﬁ) _ 19(5; it) _ H (1 N 6—27rnt) (1 + 6—(2r—l)wt+2i7rﬁ) (1 + 6—(2r—1)m&—2m5)
r=1
+oo
— H (1 . 6—27r7“t) (1 + 26—(2r—1)7rt COS(27T5) + 6—2(27’—1)7rt) ]
r=1
O
Lemma A.2.4. Let D,0(t: B)
BY\L;
t: = ——
and suppose that t > 0 is fixed. Then
e Q(t; ) is an even function of 5 with period 1,
* Q(t;8) =2 0 for any B,
o 5 Q(t; 8) is a decreasing function in the interval [0,1/2].
Proof. We have, by differentiating (A.2.7),
—+00 +oo
Q(t; ﬁ) _ 47TZ(1_6—27rst)6—(2s—1)7rt H(1_6—27rrt) (1 + 26—(2r—1)7rt COS(QWﬁ) + e—2(2r—1)7rt) ‘
s=1 r=1
r#s
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Hence g — Q(t; 8) is obviously even and with period 1 because cos(2m(—/)) = cos(275)
and cos(27(5 + 1)) = cos(27f). Moreover, in this product, each term is positive and
the function 8+ (1 + 2=~ cos(2m3) + e 22" ~D7) is decreasing in [0, 1/2] for any
s>1and any r > 1. O

Lemma A.2.5. Let

t—3/2g—m/4t if0<t<l1
A =" /
(1 — 5o055) dme™™ if t > 1,
and
t—3/2 ifo<t<l1
B(t) = /

(14 5o5) 4me™™ ift > 1.

Then, for any B and any t > 0, we have
A(t) < Q(t:9) < B(h). (A2.8)

Proof. By the previous Lemma, 5 — Q(t; 3) is a decreasing function in [0, 1/2]. Thus,
it suffices to show that

Q(t;1/2) > A(t) (A.2.9)

and that
Q(t;0) < B(t). (A.2.10)

Let us prove inequality (A.2.9). By L'Hopital’s rule, we get

o —050(t B) =g
Q(t7 1/2) o 5011_{111/2 Sin(27T50)

1
= —030(t; B)|5=1/2-
o B ( 7ﬁ)|5—1/2
For ¢ > 1, by differentiating (A.2.1), we get

050(t; B) = 2imke ™H1+2imok
kez
and we obtain
030(t: B) = 4x? Y —kPe?imPhemHL, (A.2.11)
kezZ
Hence we have

1 ik —mk?
Q(t:1/2) = 5-930(t; B)js=1/ = 27%;—/& e
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=91 Z(_l)k—1k2e—7rk2t

keZ
+oo
=47 Z(—l)k_lkze_”kzt
k=1
+o0o )
— 4dre ™ (_l)k—lk26—7rk t+mt
>

— 47T6—7rt —7rt+7rt + Z k 1]{72 —m(k2— 1)]

- .
> 4dre ™ |1 — Z k2e_”(k2_1)t] )

k=2

Now we remark that ¢ — 37 k2e~"**~1! is a decreasing function of ¢, therefore, for
any t > 1,

1
Zk2 —rkEt o Zk2 (P =1) < 0.0003228 < 000 (A.2.12)

and we get
1
: > ——— | = Alt

i.e. we have (A.2.9) for t > 1. When 0 < ¢ < 1, by differentiating (A.2.2), we obtain

D50(t; B) = thzwm B)e mm=BP/t

meZ

and it follows that

_ RB)2 5
26(t; 5) = 2t %2 (M - 1) e~m(m=B/t (A.2.13)
meZ

Therefore, we get

1 B 2m(m — 1/2)? L
Qt1/2) = 5-056(t; B)js=1/2 = 1 Y <— 1)

t
meZ
_ 93/2 Z (27T —1/2)? 1) o (m=1/22/t | 4=3/2 —x/at (2% _ 1) .

Here all terms are non-negative and the term m = 1 is equal to
2
0/-3/2 (2#(1 —1/2) B 1) o/ 4=3/2 (f B 2) e~/ 5 1320/ A (p)
t t
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because t < 1 < Z. Hence we have Q(t;1/2) > A(t) when 0 < ¢ < 1 and we obtain
inequality (A.2.9) for ¢ < 1.

Let us prove inequality (A.2.10). By L’Hopital’s rule, we find that

Q(t:0) = 50865 6) s

Thus, by (A.2.11), we have

+00 +oo
Q(t;0) = 4m Z 2e™™t = Are (1 + Z kze_“(kQ_l)t) :
k=1 k=2

By (A.2.12), we obtain, for t > 1,

—rt 1 .
Q(t,O) < 4me (14—%) —B(t),

i.e. we have inequality (A.2.10) for ¢ > 1. Now suppose that 0 < ¢ < 1, by (A.2.13) we
get

2m? 2 +00 2rm?2 2
. _ 4—3/2 . —mm*/t __ ;—3/2 . —mm?/t
Q(t,O)—t E (1 : )e =1 +2m§:1 (1 : )e

meZ

because t < 1 < 2wm? for any m > 1. Hence we have (A.2.10) and the proof is
complete. 0

A.3 Proof of Lemma A.1.1
Let « > 0, z € (0,1/2) and y > 1/2 be real numbers. We want to prove that
0.0(a; x,y) < 0.

In view of (A.2.5), we may suppose that « > 1. Moreover, by (A.2.6) and symmetry of

summation, we have

+00
0,0(a: z,y) = z\g ; e’ 9,0 (% 5) .
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_ 5 % -e—myaﬁg (%, 5>|B:r + :Zéne‘my"28ﬁ9 (%, 5) ﬁ:m]

<24/ % | —Ay/a) sin(2rx)e” ™ + Zne Ty’ B(y /o) sm(27m:c)|] :

because by (A.2.8), foranyn >1,y>0,a>0and 0 <z < 1/2,
05004/ 5 B)pns _

sin(27nx)

—B(y/a) <

—A(y/a).

sin(2mnx)

Since sin(27z)

< n forany 0 < x < 1/2 and any n > 1, we have

A(y/a) sin(2rz)e ™ —l—Zne T B(y /)| sin(2mna)|
< —A(y/a)sin(2rz)e” ™ 4 Z n?e”"" B(y/a) sin(27z)

= sin(27x) <—A(y/a)6_my + B(y/«) Z nQe_myn2) :

n=2

We remark that, if

Zn2 —may(n?-1) < A(y/Oé) (A31)
then

sin(27x) (—A(y/a)e‘my + B(y/«) Z n2e_my”2> < 0.

n=2

i.e. 0,0(c;x,y) < 0. Since y > 1/2, then we have
oy = gy2 > —
y 4y

and it follows that

§ :n2 —mray(n?—1) < § n2 —m(n?—1)a/4y

+oo
= e VY Z o~ m(n*=2)a/dy
n=2
Suppose that a >y, then £ < 1 and by definition of A(f) and B(t) with 0 <t < 1, we
have

A(y/Oé) _ e—ﬂa/4y
B(y/a) '



: a 1
Since WD then

+00 +00
Ze—w(n2—2)a/4y < Zn26—7r(n2—2)/4 <1
n=2 n=2

therefore we have

+oo

_ 2_ _
§ 77,26 may(n—1) <e wa/dy
n=2

i.e. (A.3.1) holds.

If a <y, then
Bly/a) 1+ gt
Aly/e) 1 50

and ay > o? > 1, therefore, by (A.2.12), we obtain

Zn2 —m(n?—1)ay < ZnZ —m(n?-1) ﬁ

and it follows that

1 1+ 55
Z 2—7rn—1 Y X 3000

<1
y/a 3000 1 — 5555

and (A.3.1) holds and Lemma A.1.1 is proved.

A.4 Proof of Lemma A.1.2

Lemma A.4.1. [fa>0,0<xz<1/2 and 2* + y*> > 1, then
9 2
0,0(c; 2, ) + ;aye(a; z,y) >0

Proof. In view of (A.2.5), we may assume that o > 1. By differentiating (A.1.1), we
get

2
aye(a§ z, y) = —TTQ Z n2e2raf(mn) + T Z %e—2waﬂm,n)

and, for the second derivative,
2T Ta 2
85«9(04; T,y)=— — Z(m ) 2e2malna) | Z (_Womz + B m+ nx)z) o—2maf(m,n)

3 Yy

m,n m,n
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Hence, we obtain

2 _ 2\ 2
920(c; z,y) + =0,8(a; ., y) =(7ax)? Z (n2 — M) o—2maf(mmn)
y £ y
— 271'—0( n26_27raf(mvn) (A41)
y m,n

In the first sum, the terms (m,n) = (£1,0) contribute an amount
2(ra)ty~teT™Y = K P,
with
K = 2rae ™@ )/ and P, = ray tem@ v D/,

Moreover, the terms (m,n) = (0, £1) contribute an amount
xr 2 24 4,2
2(ma)? (1 — —) e T = K P,

with

Since each term in this first sum is positive, we have

—nx)?\?
(ﬂ_a>2z (n2 _ (m yznl’) ) e—27raf(m,n) > K(Pl +P2)

m,n

On the other hand, the second sum in (A.4.1) is equal, by symmetry and splitting into
two parts (n =1 and n > 2), to

+oo
K (g Z ewa(mz—(ac—m)2)/y + gewa(m2+y2)/y Z n2e_m”2y Z e—ﬂa(m—nm)2/y) '
n=2

By pairing m and —m terms, we see that

+0o0
Z eﬂa(m2—(w—m)2)/y =1+ Z |:e7ra(x2—(w—m)2)/y + ewa(m2_(x+m)2)/y]

MEZ m=1

+00
=14+ Z 6—7ram2/y (627raxm/y + 6—27raxm/y)
m=1
+00 )
=1+2 Z e~ /Y cosh(2mama/y),

m=1
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which is an increasing function of x. Hence we get,

+00 +oo
1+2 Z e~ /Y cosh(2rama Jy) < 1+ 2 Z e~V cosh(ram/y)
m=1 m=1

+o00
=14+ Z [e—ﬂam(m—l)/y + e—wam(m—l—l)/y]
m=1

+oo
<142 Z e—wam(m—l)/y

m=1
—+00

<142 Z e~ Te(m=1)*/y

m=1
N P

mMEZL

Now it is clear by (A.2.1) that
max 0(t; 5) = 6(t;0)

and it follows, by (A.2.2), that, for any ¢ > 0 and any £,

t_1/2 Z e—ﬂ(m—ﬁ)2/t < t_1/2 Z €—7rm2/t'

meZ mez
Therefore, we have
_ _ 2 _ 2
2 e ra(m—nz)®/y < 2 e Tam /y'
meZ meZ

Since 0 <z < % in the domain under consideration, we remark that

24,2
ewa(w +y2)/y < e47ray/3’

and we finally get

2
@ n26—27raf(m,n) < KR

Y =

m,n

where
“+o0

2 2 2 2
R=24+Z e Tam /y 1+ n2€—7ra(n —4/3)y )
L2 (e (143

n=2

Hence we obtain

2
20(a; z,y) + gﬁyﬁ(a; z,y) > K(P+ P, — R).
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The sums in R are decreasing functions of «, while P, and P, are increasing, therefore
it is sufficient to prove that R < P; + P, when o = 1 in order to have P, + P, — R > 0
for any o > 1.

Since y > v/3/2 by definition of our domain, we have

an —ma(n?=4/3)y < an —m(n?=4/3)V3/2 ) 002826

and by (A.2.2), we have
Z —mram? \/’Z —mk2y < \/’Z —mk2/3/2 < 1. 1317\/—
meZ keZ keZ

Thus, we get
2
R< —+227/y=:5.
)

Now we show that S < P, + P. Since

2
log P, zlog7r—410gy+E + Ty — T
) Y

and z? < 1/4, we remark that

0,P  —dy — 122 + my? 2 _ 4y + 37 /4
0,log Py = =52 = e e S e e ILE
1 ) )

and P is an increasing function of y. Moreover, P, is also an increasing function of y,
while S is decreasing. Therefore, it is sufficient to consider x and y such that 22 +y? = 1,
that is to say y = v/1 — 22 because 0 < z < 1/2. We remark that, for any 0 < z < 1/2,

2 2.27 T 22 \?
S(z) = V1 —2a? * (1 —z2)1/4 < (1 —x2)? o (1 a 1—71'2) = T(a)

because, in [0,1/2], S is an increasing function of x and

T(x) = 2r (1 + ﬁ)

is also increasing such that S(1/2) ~ 4.75 and 7'(0) = 2x. Furthermore, we have

T(x)§P1+P2

therefore
R<S< P+ P

for « = 1 and the proof is complete. O
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Lemma A.4.2. Suppose that
2
f'y) + ;f(y) >0

for all y > yo > 0 and that f(yo) > 0. Then f(y) > 0 for all y > yo.

Proof. We remark that, for any y > yo > 0,

2
f'y) + S >0 = VW) +29f(y) >0 = (*f(y)) > 0.
Thus y — y?f(y) is strictly increasing on [yg, +00), therefore

v f(y) = vi f (vo)

and it follows that

2
Y
F = ) (2) =0
when y > yo. U
Proof of Lemma A.1.2. By the previous two lemmas, it is sufficient to prove that

when 22 +9y? = 1 and 0 < x < 1/2 with equality is and only if z € {0,1/2}. Indeed,
for a > 0 and 0 < x < 1/2 fixed, let f(y) = 9,0(;x,y), then by Lemma A.4.1, for
y Z \% 1 - ,’L’2,
2
f'(y) + Qf(y) > 0.

Thus, by Lemma A.4.2, if f(v/1 —22) > 0 then f(y) > 0 for any y > /1 — 22.

Let
g(r) = 0(c; rcos ¢, rsin @)

where ¢ € (0, ) is fixed. We remark that

g(1/r) = g(r)

and it follows that

Thus, we get
g'(1) = 0,0(cv; cos ¢, sin @) cos ¢ + 9,0(c; cos ¢, sin @) sin ¢ = 0,
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therefore

0,0(av; cos ¢, sin @) cos ¢ = —0,0(cv; cos ¢, sin @) sin ¢.

By Lemma A.1.1, we see that 0,0(«; cos ¢, sin ¢) < 0 when 7/3 < ¢ < 7/2 with equality
only at endpoints and it follows that 9,6(«; cos ¢, sin ¢) > 0.

151



152



Table des figures

© 00 ~J O Ut = W N =

—_ =
— o

1.1
1.2
1.3
1.4

2.1
2.2

2.3

24

2.5

2.6

2.7
2.8

Un exemple de potentiel de Theil V,, . . . . . . ... .. .. ... ... 10
Une perturbation a-compacte de B = {by, by, b3} avec L = Z2*. . . . . . 12
Un exemple de potentiel Vp . . . . . . . ... oL 13
Regle de Cauchy-Born . . . . . .. . . .. ... ... ... ... ... . 14
Réseau triangulaire . . . . . . . . .. ... 16
Courbede V' . . . . . . 17

—67r —3r 1 2
Courbes de @ %(r) = 2f ¢ == -=
’ r r T

Réseaux Cubique Centré (gauche) et Cubique a Faces Centrées (droite) 23

Buckminsterfullerene Cgg. . . . . . . . . . ... L 24
Configuration de 1000 points proche d'un minimiseur de Ejg . . . . . . 25
Observation de vortex dans un supraconducteur — Hess et al. [55] . . . 28
Example of Theil’s potential . . . . . . . .. ... ... ... ... ... 32
An a-compact perturbation of B = {by, by, b3} with L=72. . . . . .. 34
Example of potential V, . . . . . . ... 35
A kind of Cauchy-Born rule . . . . . . ... ... 39
Triangular lattice . . . . . . . . ... 44
Graphof r—= V(r?) . . . . . . 55
ya
Black zone is / ga(y)dy where y4 is the second zero of g4, A € {0.8,1} 61
! 6—2r2 6—7“2
Graphs of 1 — 4., (r?) = 2a 5~ —a1—5 fora; € {1,6,25} . .. .. 66
r r
3 1
Graphs of V, .(r?) = % — — + —5 for p=1 (on the left) and p = 2.5
rt 8 o
(on theright) . . . . . . . ... 70
Graph of r= VEI(r2) .00 72
1
Graphs of 7 — — — a—i fora; € {1,2,3} ... ... 75
ré
Graphof h. . . . . . . . 76



2.9 Graph of r — f,.(r?) for a = (1,1), z = (5,6) on the left and a = (1, 2),
rz=(1,6) ontheright. . .. ... ... ... ... ... ... ...

1
2.10 Graph of y = fo.(y°) = —5 —e “Wiorz €{0.01,0.1,1} .. ... ..
Yy

3.1 Graph of the Lennard-Jones potential Vi, . . . ... ... ... ....
(r(12) — A, (12)
2(C(6) — Ca,(6))

white = maximum) . . . . . ...
3.3 Level sets of (||ul],||v|]) = EL;(v/AL) for some interesting values of A.
(black = min , white =max) . . ... ... ... ... ... .. ...
3.4 Level sets of (||u]|,|lv]]) = E(V/AoL). (black = min, white = max) . . .

1/3
3.2 Level sets of (||ull,||v]) < ) (black = minimum,

154

82
84

90

95

97
98



Liste des tableaux

2.1 Some values of (Y 7oz dag) - - - o 77

2.2 Non-optimal critical densities for non-optimality of triangular lattice. . 78

155



156



Bibliographie

1]

2]

[10]

A. Abrikosov. The Magnetic Properties of Superconducting Alloys. Journal of
Physics and Chemistry of Solids, 2 :199-208, 1957.

B. Addis, I. M. Bomze, W. Schachinger, and F. Schoen. New Results for Molecular
Formation under Pairwise Potential Minimization. Computational Optimization
and Applications, 38 :329-349, 2007.

C. Bachoc and B. Venkov. Modular Forms, Lattices and Spherical Designs.
Réseaux euclidiens, designs sphériques et formes modulaires, Monographs of I’En-
seignement Mathématique(37) :10-86, 2001.

R. D. Batten, F. H. Stillinger, and S. Torquato. Interactions Leading to Disordered
Ground States and Unusual Low-Temperature Behavior. Physical Review FE, 80,
20009.

E. Bendito, A. Carmona, A.M. Encinas, and J.M. Gesto. Computational Cost of
the Fekete Problem I : The Forces Method on the 2-Sphere. Journal of Compu-
tational Physics, 228(9) :3288-3306, May 2009.

S. Bernstein. Sur les Fonctions Absolument Monotones. Acta Mathematica, 52 :1—
66, 1929.

L. Bétermin. 2D Theta Functions and Crystallization among Bravais Lattices.
Preprint. arXiv :1502.03839 (submitted to SIAM Journal of Mathematical Ana-
lysis), March 2015.

L. Bétermin. Sufficient Condition for a Compact Local Minimality of a Lattice.
Preprint. arXiv :1505.08047 (submitted to Comptes Rendus Mathématiques), May
2015.

L. Bétermin and E. Sandier. Renormalized Energy and Asymptotic Expansion of
Optimal Logarithmic Energy on the Sphere. Preprint., 2015.

L. Bétermin and P. Zhang. Minimization of Energy per Particle among Bravais
Lattices in R? : Lennard-Jones and Thomas-Fermi cases. Communications in

Contemporary Mathematics, (available online), September 2014.

157



[11]

[12]

[13]

23]

[24]

[25]

[26]

X. Blanc. Lower Bound for the Interatomic Distance in Lennard-Jones Clusters.

Computational Optimization and Applications, 29 :5-12, 2004.

X. Blanc, C. Le Bris, and P.-L. Lions. From Molecular Models to Continuum
Mechanics. Archive for Rational Mechanics and Analysis, 164 :341-381, 2002.

X. Blanc, C. Le Bris, and B. H. Yedder. A Numerical Investigation of the 2-
Dimensional Crystal Problem. Preprint du laboratoire J.-L. Lions, Université de
Paris 6, 2003.

X. Blanc and M. Lewin. The Crystallization Conjecture : A Review. Preprint.
arXiv :1504.01153, 04 2015.

T. Bloom, N. Levenberg, and F. Wielonsky. Logarithmic Potential Theory and
Large Deviation. Preprint. arXiv :1407.7481v1, 07 2014.

N. Bohr. The Penetration of Atomic Particles Through Matter. Det Kgl. Danske
Videnskabernes Selskab, matenmarisk-fysiske Meddelelser, 18 :144, 1948.

M. Born and J. E. Mayer. Zur Gittertheorie der Ionenkristalle. Furopean Physical
Journal A, 75 :1-18, 1932.

A. Braides. Gamma-Convergence for Beginners. Oxford University Press, 2002.

J. S. Brauchart. Optimal Logarithmic Energy Points on the Unit Sphere. Mathe-
matics of Computation, 77 :1599-1613, 2008.

J. S. Brauchart, P. D. Dragnev, and E. B. Saff. Riesz External Field Problems on
the Hypersphere and Optimal Point Separation. Potential Analysis, pages 1-32,
03 2014.

J. S. Brauchart and P. Grabner. Distributing Many Points on Spheres : Minimal
Energy and Designs. Journal of Complexity, 31 :293-326, 2015.

J. S. Brauchart, D. P. Hardin, and E. B. Saff. The Next-Order Term for Opti-
mal Riesz and Logarithmic Energy Asymptotics on the Sphere. Contemporary
Mathematics, 578 :31-61, 02 2012.

R. A. Buckingham. The Classical Equation of State of Gaseous Helium, Neon
and Argon. Proceedings of The Royal Society of London A, 168 :264-283, 1938.

E. Cances, C. Le Bris, and Y. Maday. Méthodes Mathématiques en Chimie Quan-
tiqgue. Une Introduction., volume 53. Springer, 2006.

J.W.S. Cassels. On a Problem of Rankin about the Epstein Zeta-Function. Pro-
ceedings of the Glasgow Mathematical Association, 4 :73-80, 7 1959.

A.-L. Cauchy. Oeuvres Compleétes, volume 3 of 2. Gauthier-Villars et Fils, 1897.

158



[27]

28]

[29]

[30]

[31]

[32]

[33]

[38]

[39]

[40]

[41]

[42]

P. Chiu. Height of Flat Tori. Proceedings of the American Mathematical Society,
125 :723-730, 1997.

S. Chowla and A. Selberg. On Epstein’s Zeta-Function. Proceedings of the Na-
tional Academy of Sciences of the United States of America, 35(7) :371-374, Jul
1949.

H. Cohen. Number theory II : Analytic and Modern Methods. Springer, 2007.

H. Cohn and A. Kumar. Universally Optimal Distribution of Points on Spheres.
Journal of the American Mathematical Society, 20(1) :99-148, January 2007.

R. Coulangeon. Spherical Designs and Zeta Functions of Lattices. International
Mathematics Research Notices, ID 49620(16), 2006.

R. Coulangeon and G. Lazzarini. Spherical Designs and Heights of Euclidean
Lattices. Journal of Number Theory, 141 :288-315, 2014.

R. Coulangeon and A. Schiirmann. Energy Minimization, Periodic Sets and Sphe-

rical Designs. International Mathematics Research Notices, pages 829-848, 2012.

P. Delsarte, J. M. Goethals, and J. J. Seidel. Spherical codes and designs. Geo-
metriae Dedicata, 6 :363-388, 1977.

P. H. Diananda. Notes on Two Lemmas concerning the Epstein Zeta-Function.
Proceedings of the Glasgow Mathematical Association, 6 :202-204, 7 1964.

W. E and D. Li. On the Crystallization of 2D Hexagonal Lattices. Communica-
tions in Mathematical Physics, 286 :1099-1140, 2009.

W. E and P. Ming. Cauchy-Born Rule and the Stability of Crystalline Solids :
Static Problems. Archive for Rational Mechanics and Analysis, 183 :241-297,
2007.

P. Engel. Geometric Crystallography. An Aziomatic Introduction to Crystallogra-
phy. R. Reidel Publishing Compagny, 1942.

V. Ennola. A Lemma about the Epstein Zeta-Function. Proceedings of The
Glasgow Mathematical Association, 6 :198-201, 1964.

V. Ennola. On a Problem about the Epstein Zeta-Function. Mathematical Pro-
ceedings of The Cambridge Philosophical Society, 60 :855-875, 1964.

L. Flatley and F. Theil. Face-Centred Cubic Crystallization of Atomistic Confi-
gurations. Archive for Rational Mechanics and Analysis, 2015 (to appear).

O. Frostman. Potentiel d’équilibre et capacité des ensembles. PhD thesis, Faculté
des Sciences de Lund, 1935.

159



[43]

[44]

[45]

[47]

[48]

[49]

[50]

[51]

F. Fumi and P. Tosi. Ionic Sizes and Born Repulsive Parameters in the NaCl-type
Alkali Halides I. The Huggins-Mayer and Pauling Forms. Journal of Physics and
Chemistry of Solids, 25 :31-43, 1964.

C. S. Gardner and C. Radin. The Infinite-Volume Ground State of the Lennard-
Jones Potential. Journal of Statistical Physics, 20 :719-724, 1979.

B. R. Gelin and M. Karplus. Side-Chain Torsional Potentials : Effect of Dipeptide,
Protein, and Solvent Environment. Biochemistry, 18 :1256-1268, 1979.

P. J. Goodford. A Computational Procedure for Determining Energetically Fa-
vorable Binding Sites on Biologically Important Macromolecules. Journal of Me-
dicinal Chemistry, 28 :849-857, 1985.

I. S. Gradshteyn and I. M. Ryzhik. Table of Integrals, Series and Products (sixth
edition). Academic Press, 2000.

C. C. Grimes and G. Adams. Evidence for a Liquid-to-Crystal Phase Transition
in a Classical, Two-Dimensional Sheet of Electrons. Physical Review Letters,
42 :795-798, 1979.

P. M. Gruber. Application of an Idea of Voronoi to Lattice Zeta Functions.
Proceedings of the Steklov Institute of Mathematics, 276 :103-124, 2012.

H. J. M. Hanley and Max Klein. Application of the m-6-8 Potential to Simple
Gases. The Journal of Physical Chemistry, 76 :1743-1751, 1972.

D. P. Hardin, E. B. Saff, and Brian Simanek. Periodic Discrete Energy for Long-
Range Potentials. Journal of Mathematical Physics, 55, December 2014.

A. Hardy. A Note on Large Deviations for 2D Coulomb Gas with Weakly Confi-
ning Potential. Electronic Communications in Probability, 17(19) :1-12, 2012.

A. Hardy and A. B. J. Kuijlaars. Weakly Admissible Vector Equilibrium Pro-
blems. Journal of Approzimation Theory, 164 :854-868, June 2012.

R. C. Heitmann and C. Radin. The Ground State for Sticky Disks. Journal of
Statistical Physics, 22 :281-287, 1980.

H. F. Hess, R. B. Robinson, R. C. Dynes, J. M. Valles Jr., and J. V. Waszczak.
Scanning-Tunneling-Microscope Observation of the Abrikosov Flux Lattice and
the Density of States near and inside a Fluxoid. Physical Review Letters, 62 :214,
January 1989.

I. G. Kaplan. Intermolecular Interactions : Physical Picture, Computational Me-
thods, Model Potentials. John Wiley and Sons Ltd, 2006.

160



[57]

[58]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

M. Klein and H. J. M. Hanley. m-6-8 Potential Function. Chemical Physics,
53 :4722-4723, 1970.
T. Koishi, K.Yasuoka, T. Ebisuzaki, S. Yoo, and X. C. Zeng. Large-scale

Molecular-dynamics Simulation of Nanoscale Hydrophobic Interaction and Na-
nobubble Formation. Chemical Physics, 123, 2005.

A. B. J. Kuijlaars and E. B. Saff. Distributing Many Points on a Sphere. Mathe-
matical Intelligencer, 19 :5-11, 1997.

A. B. J. Kuijlaars and E. B. Saff. Asymptotics For Minimal Discrete Energy on
the Sphere. Transactions of the American Mathematical Society, 350(2) :523-538,
1998.

J. E. Lennard-Jones. The Determination of Molecular Fields II. From the Equa-
tion of State of a Gas. Proceedings of The Royal Society of London A, 106 :463,
1924.

E. Lieb and B. Simon. The Thomas-Fermi Theory of Atoms, Molecules and Solids.
Advances in Mathematics, 23 :22-116, 1977.

C. N. Likos. Going to Ground. Nature, 440 :433—-434, 2006.

E. Mainini, P. Piovano, and U. Stefanelli. Crystalline and Isoperimetric Square
Configurations. Proceedings in Applied Mathematics and Mechanics, 14 :1045—
1048, 2014.

E. Mainini, P. Piovano, and U. Stefanelli. Finite Crystallization in the Square
Lattice. Nonlinearity, 27 :717-737, 2014.

E. Mainini and U. Stefanelli. Crystallization in Carbon Nanostructures. Commu-
nications i Mathematical Physics, 328 :545-571, June 2014.

E. Marcotte, F. H. Stillinger, and S. Torquato. Unusual Ground States via Mo-
notonic Convex Pair Potentials. Chemical Physics, 134, 2011.

E. Mason and H. Schamp. Mobility of Gaseous lons in Weak Electric Fields 1.
Annals of Physics, 4 :233-270, 1958.

K. S. Miller and S. G. Samko. Completely Monotonic Functions. Integral Trans-
forms and Special Functions, 12 :389-402, 2001.

Y. Mizuta. Continuity Properties of Riesz Potentials and Boundary Limits of
Beppo Levi Funcions. Mathematica Scandinavica, 63 :238-260, 1988.

Y. Mizuta. Potential Theory in Fuclidean Spaces, volume 6 of Mathematical

Sciences and Applications. Gakuto International Series, 1996.

161



[72]

[73]

A. Mogilner, L. Edelstein-Keshet, L. Bent, and A. Spiros. Mutual Interactions,
Potentials, and Individual Distance in a Social Aggregation. Journal of Mathe-
matical Biology, 47 :353-389, 2003.

R.A. Mollin. Advanced Number Theory with Applications. Chapman & Hall/CRC,
20009.

H. L. Montgomery. Minimal Theta Functions. Glasgow Mathematical Journal,
30, 1988.

S. Nonnenmacher and A. Voros. Chaotic Eigenfunctions in Phase Space. Journal
of Statistical Physics, 92 :431-518, 1998.
V. Nosenko, K. Avinash, J. Goree, and B. Liu. Nonlinear Interaction of Com-

pressional Waves in a 2D Dusty Plasma Crystal. Physical Review Letters, 92,
2004.

C. Ortner and F. Theil. Justification of the Cauchy-Born Approximation of Elas-
todynamics. Archive for Rational Mechanics and Analysis, 207(3) :1025-1073,
March 2013.

B. Osgood, R. Phillips, and P. Sarnak. Extremals of Determinants of Laplacians.
Journal of Functional Analysis, 80 :148-211, 1988.

A. D. Poularikas. The Transforms and Applications Handbook. CRC Press, 1996.
C. Radin. The Ground State for Soft Disks. Journal of Statistical Physics,
26(2) :365-373, 1981.

E. A. Rakhmanov, E. B. Saff, and Y. M. Zhou. Minimal Discrete Energy on the
Sphere. Mathematical Research Letters, 1 :647-662, 1994.

R. A. Rankin. A Minimum Problem for the Epstein Zeta-Function. Proceedings
of The Glasgow Mathematical Association, 1 :149-158, 1953.

M. C. Rechtsman, F. H. Stillinger, and S. Torquato. Optimized Interactions for
Targeted Self-Assembly : Application to a Honeycomb Lattice. Physical Review
Letters, 95, 2005.

M. C. Rechtsman, F. H. Stillinger, and S. Torquato. Designed Interaction Poten-
tials via Inverse Methods for Self-Assembly. Physical Review E, 73, 2006.

E. B. Saff and V. Totik. Logarithmic Potentials with Fxternal Fields, volume 316
of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of

Mathematical Sciences]. Springer-Verlag, Berlin, 1997.

E. Sandier and S. Serfaty. From the Ginzburg-Landau Model to Vortex Lattice
Problems. Communications in Mathematical Physics, 313(3) :635-743, 2012.

162



[87]

[88]

[89]

[90]

[91]

[92]

93]

[99]

100]

[101]

[102]

E. Sandier and S. Serfaty. 2D Coulomb Gases and the Renormalized Energy.
Annals of Probability, to appear, 2015.

P. Sarnak and A. Strombergsson. Minima of Epstein’s Zeta Function and Heights
of Flat Tori. Inventiones Mathematicae, 165 :115-151, 2006.

A. Schiirmann. Perfect, Strongly Eutactic Lattices are Periodic Extreme. Ad-
vances in Mathematics, 225 :2546-2564, 2010.

S. Serfaty. Ginzburg-Landau Vortices, Coulomb Gases, and Renormalized Ener-
gies. Journal of Statistical Physics, 154(3) :660-680, 07 2013.

S. Serfaty. Coulomb Gases and Ginzburg-Landau Vortices. Zurich Lectures in
Advanced Mathematics. European Mathematical Society, 2015.

S. Smale. Mathematical Problems for the Next Century. Mathematical Intelli-
gencer, 20 :7-15, 1998.

C.H. Sow, K. Harada, A.Tonomura, G. Crabtree, and D. G. Grier. Measurement
of the Vortex Pair Interaction Potential in a Type-II Superconductor. Physical
Rewview Letters, 80 :2693-2696, 1998.

E. M. Stein and R. Shakarchi. Complex Analysis. Princeton University Press,
2003.

S. Stglen and T. Grande. Chemical Thermodynamics of Materials. Wiley, 2004.

A. Siito. Crystalline Ground States for Classical Particles. Physical Review Let-
ters, 95, 2005.

A. Siito. Ground State at High Density. Communications in Mathematical Phy-
sics, 305 :657-710, 2011.

A. Terras. Harmonic Analysis on Symmetric Spaces and Applications, volume 1.
Springer-Verlag, 1985.

F. Theil. A Proof of Crystallization in Two Dimensions. Communications in
Mathematical Physics, 262(1) :209-236, 2006.

S. Torquato. Inverse Optimization Techniques for Targeted Self-Assembly. Soft
Matter, 5 :1157, 2009.

B. Venkov. Réseaux et Designs Sphériques. Réseaux euclidiens, designs sphériques
et formes modulaires, Monogr. Enseign. Math., Geneva,(37) :10-86, 2001.

W.J. Ventevogel and B.R.A. Nijboer. On the Configuration of Systems of Interac-
ting Particle with Minimum Potential Energy per Particle. Physica A-statistical
Mechanics and Its Applications, 92A :343, 1978.

163



[103]

[104]

[105]

[106]

107]

[108]

[109]

[110]

W.J. Ventevogel and B.R.A. Nijboer. On the Configuration of Systems of Interac-
ting Particle with Minimum Potential Energy per Particle. Physica A-statistical
Mechanics and Its Applications, 99A :569-580, 1979.

W.J. Ventevogel and B.R.A. Nijboer. On the Configuration of Systems of Interac-
ting Particle with Minimum Potential Energy per Particle. Physica A-statistical
Mechanics and Its Applications, 98A :274-288, 1979.

P. S. Vigklas. Upper Bound on the Values of the Positive Roots of Polynomials.
Ph.D. Thesis, University of Thessaly, 2010.

G. Wagner. On Means of Distances on the Surface of a Sphere. II. Upper Bounds.
Pacific Journal of Mathematics, 154 :381-396, 1992.

G. N. Watson. A Treatise on the Theory of Bessel Functions. Cambridge Univer-
sity Press, 1922.

G. L. Xue. Minimum Inter-Particle Distance at Global Minimizers of Lennard-
Jones Clusters. Journal of Global Optimization, 11 :83-90, 1997.

Y. A. Yeung, G. Friesecke, and B. Schmidt. Minimizing Atomic Configurations
of Short Range Pair Potentials in Two Dimensions : Crystallization in the Wulff
Shape. Calculus of Variations and Partial Differential FEquations, 44 :81-100,
2012.

P. Zhang. On the Minimizer of Renormalized Energy related to Ginzburg-Landau
Model. Comptes Rendus Mathematique, (available online), January 2015.

164






Résumé

Dans cette these, nous étudions des problemes de minimisation d’énergies discretes
et nous cherchons a comprendre pourquoi une structure périodique peut étre un mini-
miseur pour une énergie d’interaction, c¢’est ce que ’on appelle un probleme de cristalli-
sation. Apres avoir montré qu'un réseau de R? soumis a un certain potentiel paramétré
peut étre vu comme un minimum local, nous démontrons des résultats d’optimalité du
réseau triangulaire parmi les réseaux de Bravais du plan pour certaines énergies par
point, avec ou sans densité fixée. Finalement, nous démontrons, a partir des travaux de
Sandier et Serfaty sur les gaz de Coulomb bidimensionnels, la conjecture de Rakhmanov-
Saff-Zhou, c’est-a-dire I'existence d’un terme d’ordre n dans le développement asymp-
totique de Iénergie logarithmique optimale pour n points sur la spheére unité de R3. De
plus, nous montrons 1’équivalence entre la conjecture de Brauchart-Hardin-Saff portant
sur la valeur de ce terme d’ordre n et celle de Sandier-Serfaty sur I'optimalité du réseau
triangulaire pour une énergie coulombienne renormalisée.

Mots clés : Réseaux ; Energies ; Interaction ; Potentiels ; Gaz de Coulomb ; 7éme Probleme

de Smale.

Abstract

In this thesis, we study minimization problems for discrete energies and we search
to understand why a periodic structure can be a minimizer for an interaction energy,
that is called a crystallization problem. After showing that a given Bravais lattice of
R? submitted to some parametrized potential can be viewed as a local minimum, we
prove that the triangular lattice is optimal, among Bravais lattices of R2, for some
energies per point, with or without a fixed density. Finally, we prove, from Sandier
and Serfaty works about 2D Coulomb gases, Rakhmanov-Saff-Zhou conjecture, that is
to say the existence of a term of order n in the asymptotic expansion of the optimal
logarithmic energy for n points on the 2-sphere. Furthermore, we show the equivalence
between Brauchart-Hardin-Saff conjecture about the value of this term of order n and
Sandier-Serfaty conjecture about the optimality of triangular lattice for a coulombian
renormalized energy.

Keywords : Lattices; Energies; Interaction ; Potentials; Coulomb gases; 7th Smale’s
Problem.



