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Résumé

Les matériaux ferromagnétiques possedent la propriété de devenir magnétiques,
c’est a dire de s’aimanter, lorsqu’ils sont en présence d’un champ magnétique et
de conserver une partie de leur magnétisation lorsque le champ est supprimé.
C’est pour cette raison, ces matériaux sont devenus d’usage dans des nom-
breux applications industrielles. Le modéle mathématique du micromagnétisme
a été introduit par W.F. Brown (voir [11]) pour décrire le comportement de
I’aimantation dans les matériaux ferromagnétiques depuis les années 40.

Pour étudier ce phénomene, on le transforme en un systeme ’étude de ces
équations donnent les informations physiques attendus dans des espaces ap-
propriés. Dans cette thése on est interessé a des structures minces de films
ferromagnétiques. En pratique, une structure mince est un objet tridimen-
tionnel ayant une ou deux directions prépondérantes comme par exemple une
plaque, une barre ou un fil. Nous étudions le comportement de ’énergie quand
I’épaisseur du film tend vers zéro.

Dans le premier travail, nous généralisons un résultat du a Gioia et James
a des dimensions supérieures a 4. Plus précisement, on considére un domaine
mince borné ferromagnétique dans R™, le but est d’étudier les comportements
asymptotiques de I’énergie libre du domaine mince ferromagnétique.

Dans le deuxieme travail, on s’interesse a une approche dynamique de probleme
micromagnétisme . On étudie le comportement asymptotique des solutions des
équations Landau Lifshitz dans un multi-structure mince ferromagnétique com-
posée de deux films minces orthogonaux d’épaisseur respectif h* et h®. On
distingue différents régimes: lorsque limZ—ZL €]0,00[. On identifie le probleme
limite et on montre que ce dernier est coulf;lé par une condition de jonction sur
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'axe vertical 3, pour tout x3 €] — 3, 5

La troisieme partie est liée a ce dernier travail, nous complétons 1’étude précedente
. hy .
lorsque limy# = 0 et +oo (voir [2]).

Ensuite dans la quatriéme chapitre, on a étudié des phénomenes de micro-
magnétisme dans un multi-structure mince: il s’agit d’un ouvert connexe de R?
composé de deux parties ayant un angle 6 €]0, 7|, le but est d’étudier les com-
portements asymptotiques de 1’énergie libre dans ce domaine lorsque ’épaisseur
tend vers zéro. Il s’agit d’un probléme non convexe et non local. On identifie le
probléme limite, et on montre que 'aimantation m" converge vers une fonc-



tion p = (u®, u®) qui minimise ce dernier. Le probléme limite obtenue est local,
couplé par une condition de jonction p®(xz2,0) = p°(0,z2) pour z2 €] — 3, 5[,

MOTS CLES : ferromagnétisme, micromagnétisme, film mince, multi-structure,
junction, analyse asymptotique, équation Landau Lifschitz, énergie d’échange,
énergie de Zeeman, énergie d’anisotropie, énergie de démagnétisante.



Abstrat

The ferromagnetic materials prossess the property of becoming magnetic when
placed in a magnetic field and conserve a part of this magnetism when the field is
removed. For this reason, these materials have become usual in many industrial
applications. The model micromagnetism was introduce by W. F. Brown in the
40s (see [11]) to describe the behavior of the magnetization from ferromagnetics
materials.

To study thin physical phenomenon, we transform it into a system of partial
differential equation. The results obtained from the study of these equation give
the physical information in this space. In this thesis, we are intersted in thin
ferromagnetic structures. In practice, a thin structure is a three-dimensional
object having one or two direction preponderant. For exemple a plate, a bar
and a wire. We study the asymptotic behavior, as the thickness of the film
tends to zero.

In the first work, We generalize a result due to Gioia and James to dimensions
superior to 4. More precisely, we consider a thin bounded ferromagnetic domain
in R™. The goal is to study the asymptotic behavior, where the free energy of
this thin ferromagnetic domain.

In the second work, we are intersted in a dynamic approach to the problem
micromagnetism. We study the asymptotic behavior of solution of equations
Landau-Lifshitz in a thin multi-structure ferromagnetic, composed of two thin
orthogonal films a thickness h% and h? respectively. We distinguish different
regimes depending on the limit lim Z—,:; €]0, +oo[. We identify the limit problem
and we prove that it is coupled by aTjunction condition on the vertical axis xs,
for all zo €] — 1, 3.

The third part is linked to the second part. We complete the previous work by
studying the cases when lim Z—% =0 and +oo (see. [2]).

Then in the fourth chapter, wenstudy the micromagnetism phenomenon in a thin
multi-structure domain. This domain is an open connected in R3 composed of
two parts forming an angle 6 €]0, 7| between them. The goal is to study the
asymptotic behavior of the free energy in this domain when the thickness tends
to zero, this is non-convex and non-local problem. We identify the limit prob-
lem, and we prove that the magnetization m) converges to y = (u, u?), which
minimizes our limit problem. the obtained limit problem is local, and coupled

by the junction condition p?(z3,0) = p°(0,z2) pour z3 €] — 1, 3[.
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KEYWORDS: Ferromagnetism, micromagnetism, thin film, multi-structure,
junction, asymptotic analysis, Landau-Lifschitz equation, energy exchange, zee-
man energy, anisotropy energy, demagnetizing energy.
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Introduction

0.1 Propriétés des matériaux ferromagnétiques

Les matériaux ferromagnétiques ont la particularité de présenter une aiman-
tation non nulle en ’absence de toute excitation extérieur, et ceci sera une
de leurs importantes caractéristiques. Grace a cette propriété les matériaux
ferromagnétiques sont devenus d’usage dans de nombreux secteurs d’activités
industrielles, par exemples (télécommunication, protection de radar, stockage
informatique,...).

Cette théorie a été developpée par W.F. Brown dans les années 40 (voir [11]),
a pour but d’identifier les principaux phénomeénes intervenant dans la config-
uration de aimantation au sein d’un échantillon et leur associer une énergie.
Les positions d’équilibre correspondent aux minima de I’énergie totale. Il est
également possible d’utiliser un modéle dynamique, décrivant ’aimantation au
cours du temps, en utilisant un systéme introduit par L.D. Landau et E.M.
Lifschitz en 1935 (voir [50]).

0.2 Propriétés de base de ’aimantation

Dans la théorie classique du micromagnétisme, un matériau ferromagnétique
est caractérisé par une aimantation spontannée representée par un moment
magnétique m:
m:QCcR>— §?

ol  est un ouvert borné de R3, il représente d’échantillon dans lequel le
matériau est confiné, S? est la sphere unité de R3, le corps est toujours lo-
calement magnétisé a une aimantation saturée |m(x)| = ms(T), ou T est la
température locale. Soit T, la température de Curie, ms > 0 si T > T, et
ms = 0 sinon. En principe, I'aimantation m n’est pas définie dans l’espace
entier R3, mais uniquement dans 1’échantillon € du matériau ferromagnétique.
Dans toute la suite, on considérera m comme un champ défini sur tout R3, m
prolonge m par 0 a 'exterieur de €2, ce qui permet de donner un sens aux diverses
équations. Dans cette these, le moment magnétique m et le champ magnétique
H sont liés par 'une des équations de Maxwell (sans charge, ni courant)

B=H+m, dans R3

13



14 INTRODUCTION

ot B et H(m) sont définis sur tout R?, avec H(m) = —D(¢ (¢ est le potentiel
magnetique).

0.3 Energie libre du modele classique en micro-
magnétisme

Les moments magnétiques observés sont des minimiseurs (locaux) de 1’énergie

ferromagnétique

(0.3.1) E(m) = /Q (a\Dm|2 +p(m) + %qu — 2fm)dx

nous allons expliquer chaque terme.

0.3.1 L’énergie d’échange

L’énergie d’échange est due a l'existence d'une force responsable a aligner les
spins voisins des deux atomes. Cette contribution est locale, elle dépend des
propriétés microscopiques du matériaux, cette énergie s’écrit:

E.(m) = / a|Dm|?dx,
Q
ou « est le coéflicient d’échange.

0.3.2 L’énergie d’anisotropie

L’anisotropie magnéto-cristalline tient compte des effets d’anisotropie dus a la
structure cristalline du matériau. On en tient compte grace a une fonction paire
et continue
0:8% — R
Nous observons principalement deux cas

e [‘anisotropie unixiale: cette anisotropie se trouve dans les cristaux hexag-
onaux (Co). L ’expression de cette énergie est :

p(m) = —Kim? + Kom;,

ol m, est la composante selon ’axe z du vecteur m, K; et K5 sont les
coefficients d’anisotropie dépendant de la température, les valeurs de ces
coefficients sont tirées de l'expérience (dans les plupart de cas méme Ky
est négligeable) par exemple dans le cas du matériel fer on a K7 = 4,81 x
106Jm=3 et Ky = 1,2 x 10%.

e L’anisotropie cubique: Dans le cas des cristaux cubiques (Fe, Ni), les axes
x, y et z étant choisis le long des axes du cristal, I’expression de 1’énergie
est la suivante:

2 2 2 2 2 2 2 2 9
w(m) = Kl(mxmy +mym; + mimy) + Kaomam,m;
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ou K et K sont les coefficients d’anisotropie dépendant de la température
et m,, my et m, les composantes du vecteur m. A température ambiante,
voici les valeurs calculées pour certains matériaux ferromagnétique (voir

[21])

Matériaux Fe(ce) Ni(cfe) NiggFeag
Ki(Jm™3) 4,81 x 10° —5,48 x 10° 0
Ky(Jm™3) 1,2 x 104 —2,47 x 10° —1,5 x 10°

0.3.3 L’énergie magnétostatique

Le troisieme terme de (0.3.1) représente I'énergie magnétostatique en présence
d’un champ magnétique qu’elle produit par elle méme. En partant des équations
de Maxwell sans charge ni courant, on trouve que le champ magnétique est
déterminé a partir de I'aimantation comme solution du probleme suivant:

div(H (m) + m) = 0, dans R?,
(0.3.2)
rotH(m) = 0 dans R®.

Par conséquent, on obtient

1 1
Epag(m) = 5/Qngdac = E/Rs |D¢|?dzx.

Remarquons que I’énergie magnétostatique exprime une interaction non locale.

0.3.4 L’énergie de Zeeman ou extérieure

L’énergie de Zeeman, ou l’énergie du champ externe, est 1’énergie d’un corps
ailmanté dans un champ magnétique externe, elle est donnée par:

Eept(m) = —2/Qfmdx,

ol f:Q — R3 est le champ extérieur.

0.4 nD-—pD Réduction dimentionnelle des struc-
tures micromagnétiques

0.4.1 Présentation du probleme

Ce travail est publié dans Ricerche di Matematica (2014). Dans ce travail je
géneralise un résultat di & Gioia et James (voir [39]). Ces auteurs ont étudié le
comportement asymptotique d’un film mince ferromagnétique de R?, d’épaisseur
h, h est un paramétre positif qui tend vers zéro. Ce chapitre généralise leur
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résultat, précisement je détermine via une analyse asymptotique 1’énergie libre
d’un domaine ferromagnétique p-dimensionnel dans R", 1 < p < n.

On considére un domaine mince dans R™, défini par 2, = ©x] — h, h[*"PC
R™, ou h est un parametre qui tend vers zéro, © est un ouvert borné de RP. Le
but de ce chapitre est d’étudier le comportement asymptotique, quand h tend
vers zéro, du probleme suivant:

(0.4.1) hnl_p / (Dm|2 + o(m) + %Dzm — 2Fhm> dz,m € H (Q, 5™ 1)

Qp
avec

z € {u € L},.(R") : uwe L*(B), Duc (L*(R")", / udr = 0},
B

(0.4.2)

DzD(dzx = mD(dz, V(el,

]R‘!L R‘n

oil B est un ouvert contenant Qj, ¢ : S"1 = {x € R" : |z| = 1} — [0, +o0]
est une fonction paire continue, Fj, € L?(Qp,, R™), et m = 0 & Pexterieur de Q, et
vérifie les propriétés de base de 'aimantation (voir paragraphe 0.2). La fonction
z : R™ — R est le potentiel magnétique, il est lié & 'aimantation par (0.4.2).
D’apres Visintin (voir [57]), le probléme (0.4.1) admet au moins une solution.
Afin de travailler sur un domaine fixe, on utilise le changement d’échelle suivant

(x/,x”) €eQ— (x/,hm”) € Qp,

ou (z',x") est un point de R", avec & = (21,...,2p) et & = (Tpp1,.r &)
Posons
fu(@) = Fu(z', ha'), x p.p. dans Q,

on va supposer que

(0.4.3) fn—7f faiblement dans L?(2, R™)

quand h tends vers zéro.

0.4.2 Les principaux résultats

En étudiant les comportements asymptotiques de 1’énergie libre on trouve que
nos résultats principaux dépendent de n — p € N*,

Soit
(0.4.4) M ={pe H'(Q,5" ") : uest indépendant de 2" } ~ H (6, 5" ).

Dans le cas n — p > 2, on y établit le résultat suivant:
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Théoréme 0.4.1. Soit m") est une solution minimisante de (0.4.1) et (M) est
lunique solution de (0.4.2) qui correspond & m M) . Alors, il existe une sous-suite
notée aussi (m(h’))h et une fonction 1 € M dépendant de la sous-suite, tels que

m" — i fortement dans H'(Q,S"1),

1
EDx”m(h) — 0  fortement dans L2(Q, S"_l),

Dw’C(h) —0 fortement dans L? (R™),

1 ~
EDQC”C(}L) — & fortement dans L*(R™),
ot fu est une solution de probléme suivant:
EO([I“) = min {EO(N)»/J € M} ’

avec

. Z fii(z")D Pi(z") p.p. dans © x R"7P,
£(z) = i=p+1

0 p.p. dans RP\O x R"7P,

de plus on a
lim B (m™) = Eo ().
lim 37 (m™) = Eo(f1)

Avec

Eo:peM — / (Dot + (1) = 2f p)da+
Q

—_

(0.4.5) ) > /RM (le//Pilg/elm\Qd:c’)dx +

i=p+1

—_

1> /R -~ (D, PiD, P /@ pipyda’ ) do

0,Ji25=pP+1

ou fi;, i € {p+1,...,n} est le i*° composante de fi, et P;, i € {p+1,...,n}
est I'unique solution du probleme suivant:

(0.4.6)
P, € BLy(R"™P),

D,/ PD¢dz’ = / D,,¢dx’,  Vp € BLo(R"P),
Rn—p ]-1,1[—
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ol BLy(R™™P) est lespace Beppo-Levi dans R" P, voir [34] pour plus de detail
en dimension 3.
La preuve du théoreme répose sur la proposition suivante:

Proposition 0.4.1. On suppose quen >3, p>1 et n—p > 2. Soit (mh)h C
L?(Q,R™). Supposons qu’il existe p € L?(Q,R™) qui ne dépend pas de x " tel
que

mp — p fortement dans L*(Q, R™),

quand h tends vers zéro. Soit p, est 'unique solution du probléme (0.4.2) qui
correspond a myp. Alors, on a

D, Ch — 0 fortement dans (L*(R™))P,
1
h

quand h tends vers zéro, ot

D,nC, — & fortement dans (L*(R™))"P,

n

S (@)D Pa"),  pp. dans © x RMP,
§(z) = i=p+1

0, p.p. dans (RP\O®) x R"~P,
avec Py, i € {p+1,...,n}, Uunique solution de (0.4.6). De plus,

1 n " ’
: mag . P 2 12
}llln}) E" Y (my) = 3 E /Rnip |D,» P;|*dx / |ps|“dx +

i=p+1
1 n " !
5 > . D,»P,D,» Pjdx i pripiid .
hLj=p+1
iFJ

Si n —p =1 on prouve le résultat suivant

Théoréme 0.4.2. Soit m™ est une solution minimisante de (0.4.1) et (") est
UVunique solution de (0.4.2) qui correspond a m M. Alors, il existe une sous-
suite de m™ notée aussi (m(h))h et i € M, dépendant de la sous-suite tels que,
pour tout 3 =1,...,.n—1

m" — i fortement dans H'(Q,S"71),
1

hDMm(h) — 0  fortement dans L*(9, ™),

et
D, ¢ — 0 fortement dans L*(R™),

1 -
EDan(h) — [in,  fortement dans L*(R™),
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ot ﬁn est le prolongement par zéro de f[i, sur R", et i est une solution du
probléme suivant:

Eqy(p) = min{Ey(n),p € M}.
De plus, on a

lim B (m™) = Ey (p).
lim 37 (m™) = Eq(f1)

Ou
1
EiipeM— / (01D l? + (1) ~ 2f e + / in 2dz.
Q Q

Comme précédemment pour démontrer ce théoreme on commence par prou-
ver le résultat de convergence de 1’énergie magnétostatique.

0.5 Probleme en présence de poids

Je suis en train de généraliser ces résultats le méme probléme en présence de
poids a®™(z), 8 (z) and v™ () dépendant de h

0.6 Problem with weight

Dans ce travail, je reprends le probleme précedante en prsence de poids. Plus
précisément, on étudie les comportements asymptotiques du probleme suivant:
(0.6.1)

min { hnlfp /Qh (<J<h(JU)Dm|2 + o(m) + %ﬁh(x)DQm — 2Fhm> dz,m € H"(Qp, 3"1)}

a condition que

(0.6.2) div ( -7, (x)D¢ + Bh(x)m> =0 dans R",
oll

(0.6.3) a, € L), B, € L=(), 7, € LZ(R"),
(0.6.4) 0<p,(z), xp.p. dansQy, Vh,

il existe une constante c¢; > 0 tels que
(0.6.5) a1 < ap(z), zp.p. dans Qp, Vh,
et

(0.6.6) c < lh(a:), z p.p. dans R™, Vh.
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Afin de travailler sur un domaine fixe, posons
ap(z) = gh(:cl, ha'), Bulz) = ﬁh(x',hx”), z p.p. dans
Y (x) = lh(x/, hx”), x p.p dans R",
fulx) = Fh(a:/,hx”), z p.p. dans Q,
et supposons que

ap — «  fortement dans L% (Q),
(0.6.7) Br — B fortement dans L=(),

v — v  fortement dans L>°(R™),

De méme, notre résultat principal dépend de n — p. Précisément, sin —p > 2,
je prouve que

Theorem 0.6.1. Soitn > 3, p>1etn—p > 2. Pour tout h, soit m; est
une solution minimisante de (0.6.1) et soit (p, est unique solution de (0.6.2)
qui correspond a my,. Supposons (0.6.3)=(0.6.7). Alors, il existe une sous-suite
notée aussi {mp}n, et i € M, dépendant de la sous-suite, tels que

mp — fi fortement dans H*(Q,S" 1),

1
EDx”mh — 0 fortement dans (L*(Q))""?,

et
D, ¢, —0 fortement dans (L*(R™))?,

1 «
ﬁDmN Ch —¢& fortement dans (L*(R™))""?,
ot fi est une solution de probléme suivant

Eo(p) = min{Eo(pn), pe M}

avec

. Z ﬂi(x/)Diu Pi(z"), p.p. dans © x R"7P,
§(z) = i=p—+1
0, p.p. dans (RP\O) x R"7P

ot Py, 1 € {p+1,...,n}, est Vunique solution de (1.2.1). De plus

lim Ey(mp) = Eo(f1).
h—0
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Avec
Boiwe M — [ (@IDyuf? +olp) = 2fu)dot
1< y o I\,
3 > (IDJ-”PZ-I V| pil dx)dw +
(0.6.8) i=p+1 TRTP ©
1 ~ N
ij=p+1 °
i# ]

Sin —p =1, on prouve le résultat suivant

Théoréme 0.6.1. Soit n > 2 et n —p = 1. Pour tout h, soit my est une
solution minimisante de (0.6.1) et (p, est Uunique solution de (0.6.2) correspond
a my. Supposons (0.6.3)=(0.6.7). Alors, il existe une sous-suite notée aussi
{mu}n, et i € M, dépendant de la sous-suite, tels que

my — i fortement dans H'(Q,S"™1),

%Dznmh — 0 fortement dans L*(%),
et, pour j =1,...,n—1,

Dy ;¢ — 0 fortement dans L*(R™),

1

thn Chn — é,&n fortement dans L2(R"),
0

ou fi est une solution de probléme suivant:
Ey(fr) = min{Ey(n), pe M}
et /in est le prolongement par zero o l'extérieur de Q). De plus on a
lim Eh(mh) = El (ﬂ)
h—0
Avec
ﬁQ

1
EyvipeM— /Q(O‘|Dgc’/~t|2 + () = 2fp)dz + 3 /Q 7|/~Ln|2dff~

0.7 Jonction des films minces ferromagnétiques
en micromagnétisme

Le deuxieme et le troisieme travail est en collaboration avec L. Faella sont con-
sacrés a étudier le comportement asymptotique d’'un modele quasi-stationnaire
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ferromagnétique, composé de deux films minces perpendiculaires, et qui se joint
par une condition de jonction sur (h%zq,z2,0). D’un point de vue physique,
ce modele décrit les propagations d’ondes électromagétiques dans un milieu fer-
romagnétique. Plus précisement, pour n € N, on considere , = Q2 U Qb

avec
2
|: X ]_hlfr)wo[) )

- (L) e

ot {h},cn s {hljl}neN C ]0,1] tel que

DN | =

b
(0.7.1) limh2 = 0 = lim A, lim i _ q € [0,+00].
n n

Un
n h%
D’apres les propriétés de base de I’'aimantation le moment magnétique M induit
un champ magnétique H (M) donnée par

H(M) € (L* (R%))’
(0.7.2) curlH(M) =10 dans D’ (R?)
div (H (M)+ M) =0 dans D' (R?).

Le but de ce travail est d’étudier le comportement asymptotique, quand n
diverge, du probleme quasi-stationnaire suivant

ot ot
avec (0.7.2)

oM oM
Dans ces chapitres ’aimantation M dépend du temps t, soit My ’aimantation
au temps t = 0. Pour My(z) € H(Qy,), |[Mo(X)| =1 p.p et div(Mp) + Mo =0
sous ces hypothéses initiales, probleme (0.7.3) admet au moins une solution

faible M € L> (0,T; H' (2,,)) de telle sorte que 8671\5 € L?(0,T; H' (2,)) (voir

[14] et [57]). En étudiant le comportement asymptotique du probleme (0.7.3),
on remarque que notre résultat dépend de ¢ € [0,4o00]. Dans le chapitre 2
on traite le cas ¢ €]0, +oo[, nous obtenons deux probléemes 2D couplés par un
condition de jonction sur ] — 1, 1[. Soit

Y= (%, 9¥) € H' (Q,5%) x H' (Q°,52) : 4" ne dépend pas de 1,

M:{ ¥® ne dépend pas de x3, ¥?(0,z2,0) = *(0, x2,0), pour z3 p.p. dans }—%, %[

Dans ce chapitre on y établit le résultat suivant

Théoréeme 0.7.1. Soit m, = (m%,mb) est une solution du notre probléme

|
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(0.7.3) avec ces hypothéses initiales:

o = (o) € M.
mé — po fortement dans H' (Q®, S?),

md - g fortement dans H! (Qb, 52) ,

Lng

D, m% — 0 fortement dans L? (Q“,R3) ,

h7 T1=—=no

D,,m? — 0 fortement dans L* (Qb,RS) .

1
hT T3"—=ng
n
n? n
m,,. Alors, il existe une sous-suite (my,), et p= (u*, pb) = ((g‘f,gg,ﬁ) ) (ﬁ?vﬁévﬁé)) S
L>(0,T; M), dépend de la sous-suite de telle sorte que

Notons u, = (u“ ub) lunique solution du Probléme (0.7.2) qui correspond a

m,, — p faible * dans L™ (O,T; M, Sz)
m,, — p fortement dans L? (O,T; L?(Q%) x L? (Qb)) et p. p. dans [0,T] x (Qa U Qb)

ot p est la solution du probleme suivant:

u(t =0) = p, = (ug, 1) € M
= (u* pb) € L= (0,T; M)
vt € [0,T] !H‘ =1 pour p.p. € Q*UN°
op 2
o € 12 (0.1 2% (|4, 3[ x 0.1, 8%) x 22 (] 5", 8*))
YoeD(,T) etg= (ga,gb) eM
f op” op” f op o
= a A a = b a5 b —
/ / <8t +/L/\at>cpgdxdt+/ / <8t —|—,u/\8t>cpgdmdt
?]-3 3 a0l °]-4af

0133 [x0.1( °1-340
Vtel0,T] ) )
2
ope? opb
E, (u(t,)) +/H“ dxdt—i—q/ L dedt < E, ((1(0,)))
= Ot || 2(qa) ot =
0 0 L2(Q°)
ou
a2 2 1 ol? 1 2
Ey(p(t,) = |Dp®|"+q / |Dﬁb| +§ / ’&’ dxgdx3+§q / ‘Hg’ dxidzs.

J=3.3[x0.11 =340 J=3.3 <01l J-43[
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Dans le troisieme travail, on complete ’étude précédente dans les cas ¢ =0
et ¢ = 400, la structure se comporte comme un seul film. Plus précisement,
lorsque ¢ = 0 (c.a.d h? < h%) nous prouvons que le probleme limite se réduit
a un film mince verticale 2D et on perd la condition de jonction. Pareillement,
pour ¢ = +oo (c.a.d h? < h) nous prouvons que le probléme limite se réduit
a un film mince horizontale 2D et on perd aussi la condition de jonction (voir
Chapitre 2).

0.8 Analyse asymptotique de deux films minces
obliques ferromagnétiques

Ce travail est écrit en collaboration avec R. Hadiji. Un multi-domaine mince
est une structure de deux domaines minces qui sont liés par une condition de
jonction, et qui sont tres fins. Gaudiello et Hadiji ont beaucoup étudié sur ce
type de multi-domaine (voir [31], [33],[34]).

0.8.1 Mise en équations du probleme

Dans ce chapitre on considére une multi-structure composé de deux films minces
ferromagnétiques, formé de deux films minces ayant un angle 6 €]0, 7[ et sont liés
par une condition de jonction sur I'axe (h%21, z2,0), V(z1,22) €]—%, 1[x]—1 1.
Plus précisement, on considere Q% = Q2% Qb avecn € N, Qb =] — %, %[ x]—
R 0] et

a0 3 h 11 :
Qo = {({El,(EQ,.’Eg) € R’ : |z1 —cot fyzs| < - (z2,x3) 6]—5, 5[><[07sm90[},

ot he et hb sont les épaisseurs de Q2% et O respectivement, tels que

limh? = 0 = lim A,
(0.8.1)
lim

b
_n
nh‘TlL

=q € [0,+].

Le but de ce chapitre est d’étudier le comportement asymptotique quand n
diverge du probleme suivant:

(0.8.2) min { /9 (a|Dm|? + p(m) + %DC@ —2F,m)dxz,m € H*(Q%, 52)}
avec
z € {u € Li,.(R®) : uw € L*(B), Duc (L*(R%))3, / udr = O},
B
(0.8.3)

DzD({dx = | mD(dx, Y(elU,
R3 Q
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ol B est un ouvert contenant Qif;. Le probéeme (0.8.2) admet au moins une
solution minimisante voir [57]. Afin de travailler sur un domaine fixe, on utilise
le changement de variable suivant:

1 11
(21, 22,23) € Q¥ = {(9017932,303) € R® : [z1 — cot O3] < 3 (w2, 3) €] — 3 §[><]07Sin90[}

0
(O
sin 0

(1 —hi)xs,xe,x3) € int(QfL"go),

X] — 1,0[—) (Il,xg,hzzg) € Ql:v,
Cette fois I'estimation de I’énergie libre du systeme est établie d’une part grace
au résultat de convergence de 1’énergie magnétostatique et d’autre part en util-

isant le résultat de densité suivant.
Soit

Myeg = {“ = (u", 1) € C1(Q2%0,5%) x C(QP, 5?)

1@ ne dépend pas de 1, u® ne dépend pas de z3,

1)1 0x- 1, 3x 1,0 € CH([=35,0] x [=3, 3] x [-1,0], §%),

272

1/ 10, 11x(— 1. 11x(—1,00 € CH([0, 5] % [=3, 5] x [-1,0],5%),

272
42 (22,0) = 5(0,22) ponr a5 €] ~ . ;[}7

et
M= { = (uo, %) € H (@20, 5%) x H'(@, $?) -

1 ne dépend pas 1, 1’ ne dépend pas w3,

1 (z2,0) = pb(0,22), pour 2 p.p. dans | — 3, %[}

Proposition 0.8.1. M,., dense dans M.

0.8.2 Les principaux résultats

En étudiant le comportement asymptotique de I’énergie libre on trouve que nos
b

résultats dépendent de lim,, Z—a =gq € [0, +o0].

Plus précisement, dans le cas ¢ €]0, +oo[ on obtient le résultat suivant:
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Théoréme 0.8.1. Supposons (0.8.1) avec q €]0,+00[. Pour tout n € N, soit

m, = (m&,mb) est une solution minimisante de (0.8.2) et ¢, = (ﬁ,(ﬁ

) est
lunique solution de (0.8.3) qui correspond am,, , soit 5,(11)(302, z3) = [*, m&(x1+
2
cot Opxs, T2, x3)dxy. Alors, il existe une sous-suite (my,)ien et (4%, 4%, €%) €
M x F dépendant de la sous-suite choisie, tel que

mg — i fortement dans H' (Qa0 52),m$’“ — fib fortement dans H' (9", S?),

hi (mg, — 7(111)) — &9 faiblement dans F,

ng

1 .
— Dy, m% — Dy, & fortement dans L*(Q%% R?),

hTL
1p b 0 fort t dans L*(Q°,R?)
35 Daa i ortement dans ,R%),
et
1 ~ -
hTDme{t — sin? Gpf1§ — sin O cos O /i, Dy, (% — 0, Dy, Ct, — 0 fort. dans L?(RY),
1 -
Dw1€rbh — 07 Da:zczl — 07 hTDI3C21 — ﬂg fOTt' dans LZ(REL

quand i et n divergent, ou fﬁ, ﬁg et ﬁg sont les prolongements par zéro de 1§,
fg et il dans R® respectivement, et (j1,£%) est une solution de probleme suivant

Eq(j1,€") = min {Eq (1, £2) : (1,€%) € M x F}.

De plus, on a

ot

Eg: (p*,p6") e M X F —
/Qa)eo <a|(Dw1§“, Dyypt®, Doy pn® — cot 0g Dy, €2 + o(u) + %| sin fou§ — cos 90,u§|2> dr—
2/ f“(xl,xg,xg)u“dx—Zq/ fox1, xg, x3) ulda+
Q% Qb
of <a<Dmub,Dmub>|2 +eolut) + ;ulsilz)dwldzz,

avec

F={feLl?(Q>%): D, feL*Q"%)}.
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Pour ¢ = 0 (i.e. h% < h%), le probléme se réduit & un probléme en 2D (un
film mince vertical), et on perd la condition de jonction. De maniére analogue,
si ¢ = +oo (i.e. h < hl), le probléme se réduit & un probléme en 2D (un film
mince horizontal), et on perd ainsi la condition de jonction.



28

INTRODUCTION



Chapter 1

nD — pD Dimensional
reduction of micromagnetic
structures

S. Soueid. n D - p D Dimensional reduction of micromagnetic structures, accepté
pour publication Ricerchie Mat. Doi: 10.1007/s11587-014-0186-8.

Abstract. Starting from a nD, n > 2, non-convex and nonlocal micromag-
netic energy, we determine, via an asymptotic analysis, the free energy of a pD
ferromagnetic domain, 1 < p < n.

Mathematics Subject Classification (2000): 78A25, 74G65, 7T8M35.

Keywords: micromagnetics, variational problem, dimensional reduction.

1.1 Introduction

This paper is devoted to generalize a result due to G. Gioia and R. D. James in
[39]. By starting from the classical micromagnetic energy for a bounded domain
in R™, n > 2 (cf. L. D. Landau and E. M. Lifshitz in [50]), we determine via an
asymptotic analysis, the free energy of a ferromagnetic p-dimensional domain
inR™" 1<p<n.

Magnetic thin-film elements are used in many applications: inductive thin
films heads, magnetic recording, megnetoresistive sensors, thin films memories,
etc. (see [46]).

We consider a thin domain ), = ©x] — h, h["*"PC R™ with small thickness
h, where h is a positive parameter tending to zero, and with cross-section O,
where © is a smooth bounded open subset of RP. The aim of this paper is to
study the asymptotic behavior, as h vanishes, of the following problem
(1.1.1)

min { hnl_p / <|Dm|2 + o(m) + %DC@ — 2Fhm> de, m <€ H (Q, S”1)}
, a, S

29
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subjected to
(1.1.2) div (-D¢+m) =0 inR",

where S"~! = {z € R" : |z| = 1}, ¢ : S"1 — [0,4+00[ is a continuous even
function and Fy, € L?(Qp,,R™). In (1.1.2) it is understood m = 0 in R™ \ §,.

In the classical theory of micromagnetics, if n = 3, m : €, — R? denotes
the magnetization and the body is always locally magnetized to a saturation
magnetization |m(x)| = ms(T) > 0 unless the local temperature T is greater or
equal to Curie temperature depending on the body, in the latter case ms(T") = 0.
This model was proposed by Brown in [11]. We suppose that the temperature
is constant and lower than Curie temperature and, without loss of generality,
we assume that |m| = 1, ie. m(z) € S ! ae. in Q. The function ( :
R3 — R denotes the magnetic field potential. The magnetic field potentiel and
the magnetization m are connected by equation (1.1.2). The energy in (1.1.1)
consists of several contributions. The exchange energy th |Dm|?dz penalizes
the spatial variation of m, driving the body to have large regions of uniform
magnetization separated by thin transition layers. The magnetostatic energy
th D¢mdx = [, |D¢|*dx favors divin = 0 in ), and m - v = 0 on 99, where
v denotes the exterior unit normal to 0€2;. The anisotropy energy th p(m)dx
models the existence of preferred directions of magnetization. The external
(Zeemann) energy th Fymdx favors magnetization parallel to an externally
applied field.

In the sequel, following [17], we reformulate our problem on a fixed domain
Q =0x]—1,1[""P. Precisely, for describing the limit problem, we set

(1.1.3) fo(@) = Fu(z',ha’), zae. inQ,

where r = (x/,a:”) denotes the generic point of R™, with ' = (x1,...,xp) and
¢ = (xpi1,,2n), and we assume

(1.1.4) fn — f weakly in L*(Q,R"),

as h vanishes.
Our main results depend on n — p. Precisely, if n —p > 2, we prove that the
limit problem is given by

(1.1.5)
. 1 & " ,
mm{ / (1D, 1P + ¢(n) = 2/ @)z + 5 / D, Pi*da / P’ +
Q i=pt1/RP S
1 n " ’
= > D, P;D,» Pjdx /umjdx, pe HY(O,58m 1),
2 o Rn—p (C]
,j=p+1

i F ]
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where p;, i € {p+1,...,n}, is the i*" component of y and P;, i € {p+1,...,n},
is the unique solution of the following problem

P; € BLo(R"?),
D P,D,¢dz = / D,,¢dx’,  Vé € BLy(R"P),
Rn—P ]-1,1[r—

BLo(R™P) denoting the Beppo-Levi space on R"7? (cf. Section 1.2) and
(xp+1,- -+ ,Tp) the generic point of R* 7.

Remark 1.1.1. If ¢ = 0 and f = 0, the solutions of (1.1.5) are given by

P
constant fields (c1, ..., ¢p, 0,...,0) with Zc? = 1. This last claim follows imme-
i=1
diately from the fact that
(1.1.6)
> / |D, Pif2dz” / il ?da’ +
i=p+17R"7P ©
n n
Z DI//PZ'DIHP]‘CZQJ / ,uiujdx = / | Z /,LiDmHIDi‘QdQL‘
. Rn—P S oxrr—r )
hj=p+1 b
iFj

and that D« P;, i =p+1,--- ,n, are linearly independent.

In the case n — p = 1, we prove that the limit problem is given by

1
(1.1.7)  min { / (\DIIMI2 + (i) + 5 lunl* = 2fu)dx, pe Hl(@,S"—l)},
Q

W denoting the last component of u.

Remark 1.1.2. If ¢ = 0 and f = 0, the solutions of (1.1.7) are given by

n—1
constant fields (c1, ..., cn—1,0) with Z cZ=1.
i=1

Remark 1.1.3. We point out that the limit problem remains non-convez, but
1t becomes local and it depends on n — p. Roughly speaking, the limit problem
behaves as a ferromagnetic thin film if n —p = 1, while it behaves as a thin wire
ifn—p>2.

Several results regarding the study of a single ferromagnetic thin film via
dimensional reduction appear in literature. In [39] the authors proved that the
limit energy becomes local. In [19] and [49], the authors considered also others
regimes. The time dependent case was treated in [5] and in [12]. In [41] and
[42], the authors studied a micromagnetic thin film with degenerate exchange
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energy. Other models of micromagnetic thin films were proposed in [2], [3] and
[62]. For related problems, some interesting regularity theorems were obtained
in [43]. A ferroelectric thin film was studied in [35].

For ferromagnetic thin wires we refer to [15], [53] and [55].

In what concerns the study of ferromagnetic multistructures, we refer to [33]
for two joined thin films, to [34] for two joined thin wires and for a thin wire
in junction with a thin film. We explicitly remark that formula (1.1.5) was
obtained in [34] in the case n = 3 and p = 1. For junction 1D-2D we refer to
[31] and [36]. For junction 1D-1D we refer to [32].

1.2 Some preliminary results

Let
BL(R"P) = {u €D (R"P): Due (LQ(R”‘P))”_"}-

BLy(R™?) = BL(R"?)/R endowed with the inner product

(u,v)pr, = / DuDwvdy.
Rn—p

is a Hilbert space (see [18]). Consequently, for every ¢ in {p + 1,...,n} and for
every ¢ = (Cpt1, ..., Cn) € R"7P, the following problems
(1.2.1)

P € BLy(R™P),

D, PD,pda” = / Dy,bde”, Vo € BLy(R™P),
Rnr—P ]-1,1[n—P
(1.2.2)
P. € BLo(R"™P),
DI”PCDZE” ¢d$” - / CDJ:” (bdﬂf//, V(b S BLO(Rn_p)a
Rm—p ]-1,1[»—»

admit a unique solution. Moreover, it is evident that

i=p+1
By using a result of Kryloff (cf. [54], Th. XV, page 181) one has

Proposition 1.2.1. If n —p > 3, then

2(n—p)

BL(R"P) = {u €Ly " (R"P): Due (LZ(R"”’))"*T’}

loc
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If n—p=2, then

BL(R?) = {ue N Li.(R?):Duc (L2(R2))2}.

ek loc
We conclude this section recalling the Poincaré’s Lemma.
Lemma 1.2.2. Let (&)icq1,...s3 € (L2(R®))*, s > 2. Suppose that
(1.2.4) 0:¢;=0;¢ inD(RY), Vi,j=1,..s.
Then, there exists a unique ¢ € BLo(R®) such that
(1.2.5) Dy =¢.

Proof. The fact that 0;§; = 0;& in D’'(R®) ensures the existence of ¢ € D'(R®)
such that £ = Dy (cf. [54], Th. VI, page 59). ¢ is unique up to a constant. On
the other hand, since Dy € (L?(R®))*, it results that ¢ € BL(R?).

O

1.3 The setting of the problem

Let B =] — a,a[Px] — 2,2["P, where a is a positive constant such that © C
| — a,alP, and set

=u 1 nYy . 2 m 2 ny\\n T = .
u_{ € LL (R") : uwe L3(B), Du € (LA(R ))7/BUd 0}

Remark that U is contained in L?

7 o(R™) and it is a Hilbert space with the inner
product

(u,v) = DuDvdx—l—/ uvd.
Rn B

From the Poincaré-Wirtinger inequality it follows that a norm on U is given by

(u,u)¥ = (/ |Du|2dw) °

Then, for m € L?*(Q,,R"), Lax-Milgram Theorem ensures that the following
problem

z€U,

(1.3.1)
DzD{dx = mD(dx, Y(eU,
R - Qp - -
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admits a unique solution z and it is characterized as the unique minimiser of
the following problem

1
(1.3.2) min{2/ |D§—m|2dx :CEL{},
where it is understood that m = 0 in R™ \ €. Moreover, z belong to H*(R™)
up to additive constant (see. [48]).
Let us consider the following problem
(1.3.3)

1 1
min{ / <Dm|2—|—<p(m)+Dzm—2Fhm) dr:m € Hl(Qh,Sn_l)},
Qn

hn—p

[\

where m and z are linked by (1.3.1), and F,, € L?(Q2). This problem has
at least one solution (compare [57]). In general, the solution of (1.3.3) is not
unique. In fact, if my, is a solution of (1.3.3) with Fj, = 0, then also —m,, is a
solution.

The aim of this paper is to study the asymptotic behavior of problem (1.3.3),
as h vanishes.

1.4 The rescaled problem

In this section, we reformulate problem (1.3.3) on a fixed domain, using the
following rescaling o, S,
(x,2 )eQ— (x ,hx )€ Qy,

1"

where 2 = (1, @p), * = (Tp+1, ..., Ty), and denoting with f; the function
defined in (1.1.3). Namely, U defined in previous section is rescaled in the
following one

(1.4.1) U, = {< € L}, .(R™) : ¢ € L*(By), D¢ € (LAR™)", Cdr = 0} ,
By,
where By, =] —a,a[P x]— %, 2[*7P. Then, for every m € L?(€2, R™), the rescaling
of equation (1.3.1)
(1.4.2)
z € Up,

1 1 1
/ (Dm/z, EDZ” Z)(Dz/<7 EDz”C)dx = /Qm(Dmlg, EDr” C)dl’, VC € Uy,

admits a unique solution z, which is also the unique solution of the following
problem

(1.4.3) min{jn(C) : ¢ € Un},

where

, 1 1 2
(1.4.4) Jh 1 CEeEUp — 3 (D, ¢, ED;c”O —m| dz,
Rn
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understanding m = 0 in R™\ Q. Remark that 2 belong to H*(R™) up to additive
constant.
Let

1 1 1
En:me HY(Q,8" ) — / (|(szm7 EDIHm)P + p(m) + §(Dm/z, EDruz)m — thm>dx,
Q

where m and z are linked by (1.4.2). Then, the function defined by my, (', hz'"),
with my, solution of (1.3.3), solves the following problem

(1.4.5) min {Eh(m) :m € HY(Q, S“l)}.

The goal of this paper becomes to study the asymptotic behavior, as h vanishes,
of problem (1.4.5).
By setting

(1.4.6) Ee(m) = / n

from (1.4.2) it follows that
(1.4.7)

Bu(m) = | (‘(szm,,tDm//m

2

+ o(m) — 2fhm> dz+E]"(m), V¥Yme H'(Q,S" ).

1.5 The main results
Let
(151) M= {M € H'(Q, 8™ ') : p is independent of a://} ~ H'(0,5").

Forn—p > 2, let

Boswe M — [ (Dyuf? +oln) ~2fu)dot

1< / o / o)
— D, P;|*dx Wil “dr +
5 > RW\ | e| |

(1.5.2) i=pt1

N =

> D, P,D, . Pdz’ / pripda
.o Rn—P ©
hj=p+1

i FJ

The following theorem contains our first main result.
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Theorem 1.5.1. Letn >3, p > 1 and n —p > 2. For every h, let my, be a
solution of (1.4.5) and let ( be the unique solution of (1.4.3) corresponding to
mp. Assume (1.1.4). Then, there exist a subsequence of {mp}n, still denoted by
{mn}n, a subsequence of {Cp}n, still denoted by {Cp}n, and i € M, depending

on the selected subsequence, such that

(1.5.3) mp — i strongly in H' (9, 8™ 1),
1
(1.5.4) EDx”mh — 0 strongly in (L*(Q))"7P,
and
D, ¢ —0 strongly in (L?(R™))P,
(1.5.5)

1
h

as h vanishes, where [i solves
(1.5.6) Eo(f) = min{Eo(p), ne€ M}

and

n

D, Cp — éc strongly in (LQ(]R”))n—p7

Z lzi(xl)Dw//Pi(CC”), a.e. in © x R"7P,

(15.7) &)= 5

0, a.e. in (RP\O®) x R"7P,

with P;, i € {p+1,...,n}, the unique solution of (1.2.1). Moreover, the conver-

gence of the energies hold true for the whole sequence, i.e.
(1.5.8) lim E}(my) = Eo(f).
h—0

In the case n —p =1, let

1
(1.5.9) Ei:peM— /Q(|Dm/u|2 +o(p) —2fu+ §|un|2)dm.

The following theorem contains our second main result.

Theorem 1.5.2. Letn > 2 and n—p = 1. For every h, let my, be a solution of
(1.4.5) and let (}, be the unique solution of (1.4.3) corresponding to my,. Assume
(1.1.4). Then, there exist a subsequence of {mp}n, still denoted by {mp}n, a
subsequence of {Cptn, still denoted by {Cptn, and i € M, depending on the

selected subsequence, such that

(1.5.10) my, — fi strongly in H'(Q,S™™1),

1
(1.5.11) EDInmh — 0 strongly in L*(Q),
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and
. 2 n .
D, ¢p — 0 strongly in L*(R™), Vj=1,..,n—1,
(1.5.12) ]
EDI"Ch — [in,  strongly in L*(R™),
where [i solves
(1.5.13) Er(p) = min{Ey(n), pe M}

and fzn denote the zero-extension of [i,, to R™. Moreover, the convergence of the
energies hold true for the whole sequence, i.e.

(1.5.14) lim Ej,(mn) = B1 ().
h—0

Remark 1.5.3. In previous theorems, in the cases where the limit is zero the
convergences hold true for the whole sequence.

1.6 The proof in the case n —p > 2

We begin by proving a general convergence result for the magnetostatic energy.

Proposition 1.6.1. Letn >3, p>1 andn—p > 2. Let {mp}n C L2(,R").
Assume that there exists u € L?(Q,R™) independent of x such that

(1.6.1) mp — pu strongly in L*(Q,R™),

as h vanishes. Moreover, let (}, be the unique solution of (1.4.3) corresponding
to my. Let E;" be defined by (1.4.6). Then, it results

D, C, — 0 strongly in (L*(R™))P,
(1.6.2) 1
EDI,, Chn — & strongly in (LQ(Rn))nipv

as h vanishes, where

n
Z Mi(x,)DzuPi(xN), a.e. in © x R"7P,
(1.6.3)  &(@) =19 S

0, a.e. in (RP\O®) x R" 7P,
with P;, i € {p+1,...,n}, the unique solution of (1.2.1). Furthermore,

1 " 1" !
. mag _ 12 12
fim Bt =5 37 [ 1D R [ i+

i=p+1
(1.6.4) 1 n ) /
= > D, P;D, P;dx / pipda.
2 .o Rn—p ©
L,j=p+1

]
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Proof. The proof is developed in several steps and it is inspired by [34]. In the
sequel, ¢ denotes any positive constant independent of h.

By choosing ¢ = 0 as test function in (1.4.3) corresponding to m;, and using
the fact that |my| = 1, one derives

1Dy Culltrameyye < ¢

(1.6.5) 2 Vh.

<6

1
=D Ch
H h—* (L2(R))n—p

Since ¢;, € H'(R™) up to an additive constant and n > 3, the Sobolev-Gagliardo-
Nirenberg inequality and (1.6.5) provide

(1.6.6) 1< +enll <S¢, Vh,

2n_

w2 (k)
for a sequence {cp,}, C R. Estimates (1.6.5) and (1.6.6) ensure the existence of
a function ¢ € L7z (R™), with D¢ € (L2(R™))™ and ¢ independent of z", and a
function & = (€pi1, ..., &) € (L?(R™))""P such that on extraction of a suitable
subsequence (not relabelled)

Chten—¢C weakly in L7 (R™),
(1.6.7)
D¢, — D¢ weakly in (L*(R™))",
1
(1.6.8) EDa:”Ch —~¢ weakly in (L?(R"))"~P,

as h vanishes. Moreover, the fact that ¢ is independent of 2" and D¢ €
(L?(R™))™ provide

400> [ |DePde> | ( |D1f<|2da:’) ' = - o) [ |D.CPdr
n ]a7b[n—p Rp Rr
Va,b € R with a < b,

which gives that ¢ is independent of x/7 too. Then, ¢ = 0, since zero is the only
2n
constant in L»=2 (R™). Consequently, from (1.6.7) it follows that

(1.6.9) D¢, — 0 weakly in (L*(R™))",

as h vanishes, and this convergence holds true for all the sequence.
The next step is devoted to identify £. To this aim, starting from

1 1
D:vj (hD:I/’lCh) = D{L’,, (hD:EJCh) ’ in D/(Rn)u VZ,] = p+ 1u ey Ty
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and using (1.6.8), we derive
(1.6.10)

&Dy pde = | D, pdx, Yo € HY(R™), Vi,j=p+1,..,n.
R™ R™

If we choose p(z) = ¢(z”)x(x) in (1.6.10), with ¢ € H'(R"P) and x €
C§°(RP), recalling that H!(R™P) is separable, we easily obtain
(1.6.11)

for z a.e in R?

’ " 1"

/ @(x,,x”)ijqb(x”)dw” = / &i(x o )Dgo(x )dz' V¢ € HY(R"P).
Rn—p Rn—P

Consequently, by virtue of Lemma 1.2.2,
(1.6.12)
for x a.e. in R, 3JP(x,-) € BLo(R"™?) : {(z,-)=D,»P(z,-), aein R"7P.

Now, choosing ¢ = —‘B—hhl / B, Pdz + ho, with ¢ € C§° (R™), as test function

in (1.4.2) when m = my,, we have
(1.6.13)

1
/ (D, Cn, EDquh)(thlgo, D, »p)dx = / mp(hD ¢, D »p)dz, Vo e C5°R™).
n Q

Then, passing to the limit in (1.6.13) and using (1.6.1), (1.6.5) and (1.6.8), we
obtain

/ Epirsonbn) (Do orr oo D) = /Q (it e 110) Dy 1 01 o Do @), Vop € C(RY) |

R n

Consequently, using (1.6.12) and arguing as in the proof of (1.6.11), it follows
that for 2’ a.e. in R\ ©

P(z',.) € BLy(R"P),
/R  (Dayr P(@), s D, P@)) (Dys6(a”), o D, 6(a) ) da” = 0, ¥ € BLo(R"7);

while, for z a.e. in o,
(1.6.14)

P(z',.) € BLy(R"™?),

/ (D, P(2), .., Dy, P(x)) (D%Hgﬁ(:c”),...,Dmﬂ¢(x”)) dz’ =
-

" "

(:up-i-l(zl)a "'a:un(xl)) /]1 1[n-v <D1p+1¢(x )7 7Drn¢(x )) dx”ﬂ V(b € BLO(Rnip)'
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Then, by virtue of (1.2.3), it results that, for 2 a.ein RP,

0 ae in R" P, ifz €RP\O,

(1.6.15) Pz ,2")= n o ,
Z wi(z YPi(x ), a.e. in R"P  ifxr €0,
i=p+1

with P;, i € {p+1,...,n}, the unique solution of (1.2.1).

Finally, since Tonelli’s Theorem ensures that & and Z?:p 11 D P; belong
to (L2(R™)" P C (L}, (R™)""P, using Fubini’s Theorem with (1.6.12) and

(1.6.15), it results that

gspdm = / < D-'K//P(x/7 x//)sodx//> dx/
R RP Rn—p

n
"

= [ Y DR e, Ve CFRY),
OXRr—P i=p+1

from which, it follows that

Z ui(az/)Dwu Pi(z"), ae. in©® xR"?,
(16.16) &) =4 2,

0, a.e. in (RP\@) x R"7P,

with P;, i € {p+1,...,n}, the unique solution of (1.2.1). Consequently, conver-
gence (1.6.8) holds true for the whole sequence.

The last step is devoted to obtain convergence (1.6.4) and to prove that
convergences in (1.6.8) and (1.6.9) are strong. By passing to the limit in (1.4.6)
with m = my,, and using (1.4.2), (1.6.1), (1.6.8), (1.6.9), (1.6.16) and equation
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"

(1.6.14) with test function Z?:p—&-l i (z ) Py(z"), we obtain

1 1
. mag o - ) 1 , 9
lim By (mn) = }lllg%)2/n|(D$ Chthx Cn)|2da
o1 1
= %%5 th(Dx/Ch,EDl_//Ch)dw
1 n
= 5/(Mp+17'~7/~5n) Z Mle//Rd$
Q i=p+1
1 n
- 5/ | Y wiD, Pide
O xRn—P i=pt1
1 - " /
LS [ e e
i=p+1/RTP e)
1 - 1" /
+ 5 Z e Drc”PiDmN del‘ /eulujd;[; .
i F ]

Finally, combining this result with (1.6.8) and (1.6.9), we deduce (1.6.2). O

1.6.1 Proof of Theorem 1.5.1

In the sequel, ¢ denotes any positive constant independent of h.

Since my, is a minimizer of Ejp, choosing m = e (constant unit vector) as
test function in (1.4.5) and taking into account decomposition (1.4.7), it follows
that

(1617)  En(mn) < Bn(e) < |Q6p(e) + 207 | full 2oy + B (e),  h.
On the other side, taking into account equation (1.4.2) with m = e, it results
(1.6.18) E)"*(e) <e¢, Vh.
Then, combining (1.6.17) with (1.6.18) and (1.1.4), one obtains
Ep(mp) <c¢, Vh.
Consequently, by virtue of (1.1.4) and of the fact that m, = 1, one derives

1Dy mnlfreqayy < e
(1.6.19) ) Vh.
”EDm”th%LQ(Q))"*P <6
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Thus, taking into account that |mj| = 1, there exists a subsequence of
{mp}n, still denoted by {mp}n, i € M and g € (L*(Q,R"))"~P, depending on
the selected subsequence, such that

(1.6.20) mp — [ weakly in H'(Q,R"),
1
(1.6.21) 5 Darmi = g weakly in (L?(Q,R™))"P.

as h vanishes. Consequently, by virtue of Proposition 1.6.1, convergences in
(1.5.5) and identification (1.5.7) hold true. Moreover, it results that

1 n 1" ’
. mag _ . P 2 ~ 12
%;mOEh (mp) = 5 Z /Rnip |D,» Pi|*dx /@\,ul| dx +

i=p+1
(1.6.22) ] n ) ,
3 > - D,»P,D o Pjdx /@ Yfiifi;dz .
,j=p+1
iFJ

Now, the goal is to identify i and g, to prove convergence (1.5.8) and to ob-
tain strong convergences in (1.6.20) and (1.6.21). To this aim, using a l.s.c.
argument, (1.6.20), (1.6.21) and Proposition 1.6.1, we obtain that

(1.6.23)

/ |g|*da+Eo(f1) < lim inf £, (mp,) < limsup Ep, (mp) < im By () = Eo(p), Ve M.
Q h

Consequently, g = 0, fi solve (1.5.6) and the convergence (1.5.8) holds true. Fi-
nally, combining (1.5.8) with (1.6.20) and (1.6.21), we obtain that convergences
in (1.6.20) and (1.6.21) are strong.

1.7 Casen—p=1

. ’ "
In this case, ¢ = (z1,...,x,) and . = x,.

1.7.1 A convegence result for the magnetostatic energy

Proposition 1.7.1. Letn > 2 andn—p = 1. Let {mp}n € L*(,R"). Assume
that there exists u € L?(Q,R"), independent of x,,, such that

(1.7.1) mp — u strongly in L?(Q,R™),

as h vanishes. Moreover, let ¢, be the unique solution of (1.4.8) corresponding
to my. Let E;"* be defined by (1.4.6). Then, it results

D, ¢ —0 strongly in (L*(R™))" ",

(1.7.2) ,

7D G — fin - strongly in L*(R™),
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as h vanishes, where [i,, denotes the zero-extension of pu, to R™. Moreover,

1
. mag _ = 2
(1.7.3) }ILH% E Y (my) = 3 /Q |pen|“de.

Proof. By arguing as in the first part of the proof of Proposition 1.6.1, one
obtains

(1.7.4) D¢, — 0 weakly in (L*(R™))",

and the existance of a function ¢ € L?(R") such that on extraction of a suitable
subsequence (not relabelled)

1
h
Now, choosing ¢ = —ﬁ th wdz + ho, with ¢ € C§°(R™), as test function in

(1.4.2) when m = my,, and passing to the limit as h vanishes, arguing as in the
proof of Proposition 1.6.1 we obtain

(1.7.5) D, ¢ — & weakly in L?(R") .

£Dy, pdr = / pin Dz, pdx, Vo € C3°(R™).
Rn Q

This relation provides that, for 2 ae. in R"1, function f(;v/7 ) - ﬂn(x/, -) is
constant in R, where [i,, denotes the zero extension of u, to R™. Moreover,
since £(x ,+) — jin(x ,+) € L*(R) for z a.e. in R"~! one concludes

(1.7.6) &#',7) =fin(z',)) ae inR.
Then, combining (1.7.5) and (1.7.6), one has

1
(1.7.7) —D, Cp — fin  weakly in L*(R™),

h

By passing to the limit in (1.4.6) with m = my, and using (1.7.4) and (1.7.7)
one obtains

. ma : 1 1
h}anEh I(mp) = h}an (2 /]R" |(D, ¢, thnCh)Fdl")
(1.7.8) i l/ Gy &
ll}ILIl 2 /. (D, Ch, thnCh)mhdﬂC

1 9
=— Ln| da.
2/Q| [“dz

So convergence (1.7.3) is proved. Finally, from (1.7.4), (1.7.7) and (1.7.8) one
deduces (1.7.2).
O

By using Proposition 1.7.1 and arguing as in the proof of Theorem 1.5.1,
one proves Theorem 1.5.2.
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Chapter 2

Junction of quasi-stationary
ferromagnetic thin films

U. De Maio, L. Faella, S. Soueid. Quasi-stationary ferromagnetic thin films in
degenerated cases, a soumettre.

Abstract. In this paper we study the asymptotic behavior of the solutions
of time dependent micromagnetism problem in a multi-domain consisting of two
joined ferromagnetic thin films. We distinguish different regimes depending on
the limit of the ratio between the small thickness of the two films.

Keywords: Micromagnetics, variational problem, thin films, Landau-Lifschitz
equation.

AMS: 78A25, 74K35, 7T8M35.

2.1 Introduction

Ferromagnetic behavior, in particular the presence of spontanecous magnetiza-
tion even in the absence of an applied magnetic field, can be examined by the
theory started by Weiss in 1907 and perfectioned by Landau and Lifshitz in 1935
(see [50] and for a modern analisys see [11]). It is proposed that, under suitable
conditions, in particular when the temperature is below a critical point (the so
called Curie’s temperature, characteristic of the material), a ferromagnetic body
breaks up into uniformly magnetized region (Weiss domains) separated by thin
transition layers (Bloch wall), even in the absence of any applied magnetic field.
Then, the phenomena can be described by a magnetization field M, defined on
the domain  in which the material is confined, which on a microscopic scale
has a fixed modulus |M| = m = const and variable orientation, because of the
presence of a strong molecolar field. So, the system can be studied through
the functional representing its magnetic energy. This energy consists in several
terms: the so called exchange energy, which contains the space derivative of
M and is peculiar to ferromagnetic behavior, a term corresponding to magnetic

45
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anisotropy, and another one depending on the magnetic field H, which is related
to M via the equations of magnetostatic.

More precisely, assume the body is homogeneous and has a uniform tem-
perature. Then the magnetic induction B, the magnetic field H and the mag-
netization M are connected by: the relation B = H(M) + M where M is the
extension by zero of M outside €2; the static Maxwell equation and the magne-
tostatic equation (Faraday law):

VxHM)=0,
(2.1.1)
div (H(M)+ M) = div(B) =0.

So the steady state configuration of M corresponds to a minimum of the
following functional E representing the magnetic energy:

E= /Q (DM + [HODP + ¢ (01)) d

(2.1.2)
subject to conditions (2.1.1) .

where F is obtained by summing up the exchange energy E*¢ = / |DM \2 dx,
Q
the magnetostatic energy E™% = / |H (M)\Qda:, which is related to M via
Q

equation of magnetostatic, and the anisotropy energy E" = / o(M)dz.

Existence of the minimizers of E is proved in [57]; here thé2 author showed
that the total magnetic energy as a functional of M is convex, coercive and
lower-semycontinuous in Sobolev space H!, hence the corresponding minimiza-
tion problem as at least one solution. Of course this is not unique, in general,
because of the non-convexity of the constraint |M| = m. Regularity results
about these minimizers are proved in [13], [45] and [57].

Gioia and James in [39] study the asymptotic behavior arbitrary-shaped very
thin films of small thickness. They analyze "rescaled energies”. So they prove
that the thickness of the film imports an artificial anisotropy which disfavours
out of plane magnetization. Moreover the limiting energy is completely local,
that is to say the magnetostatic equation which contains the magnetization m
in the original problem, disappears from the limiting one.

Problems of dimension reduction in magnetostatic were treated by several
authors. A pioneering work is the paper of Stoner and Wohlfarth (1948). A
rigorous treatment in this case was given by De Simone [19]. Carbou treated
the case of thin films again in [12]. Other regimes are considered in [19] and
[20] in the case of the films.

In [33] and [34] Gaudiello and Hadiji studies the behavior of minimizers of
problem 2.1.2 in a multidomain. More precisely, in [33] Gaudiello and Hadiji,
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study the free energy of two joined ferromagnetic thin films distinguishing dif-
ferent regimes depending on the limit of the ratio between the small thickness
of the two films. In what concerns the study of a ferroelectric materials see also
[35]. See [36], [37], [31] for junction 3D-1D, and [32] for junction 1D-1D.

When the body is isotropic, one can assume ¢(M) = 0. In this case the
quasy-stationary model situation is governed by Landau-Lifshitz’s equation (see
[50], [14])

subject to conditions (2.1.1).

The existence result for this problem is proved, in a more general case, in
[567] (see Theorem 2) and in [14] (see Section 3 and Section 5). We observe (see
[14] and [57]) that the corresponding configuration satisfies the following energy
estimate:

E(t) < E(0), Ytelo,T).

Then Carbou in [12], as Gioia and James [39] in the stationary case, studies
the limit behavior of the isotropic ferromagnetic films when the thicknesses
goes to zero, in the quasy stationary case. Other similar problems are studied
by Ammari et al. [5].

In this work we study, as Gaudiello and Hadji in the stationary case (see
[33]), the limit behavior of a system governed by Landau-Lifshitz equation, in
a isotropic ferromagnetic multi-domain consisting of two joined thin films when
the thicknesses goes to zero.

More precisely, for every n € N, let

(2.1.4)
o= (=55 [ x]-530x0L) 9= (=540 x]-Ah00,)
Q, =Qr U

be a 3D ferromagnetic multidomain consisting of two orthogonal joined films,
as in Figure 2.1, with small thicknesses {h}, o v {hg}neN C ]0,1[ such that

hb
(2.1.5) lim A}, = 0 = lim b, lim 8 = g € [0, 4-00].

(For instance, such structure appears as a component of a rotor of a permanent
magnetic syncronous micro-machine, see Irudayarai and Emadi [47]).

Then, for any fixed T' > 0, the aim of our paper is to study the asymptotic
behavior, as h¢ — 0 and h% — 0, of the following problem:
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5 X3

X1

Figure 2.1: Q,

82;[” + M, A 82?” =2M, A (AM, + H (M,)) in Q,x]0,T],
(2.16) 4 a1, (0,2) = Mo, (o) in O,

subject to conditions (2.1.1).

where My, (z) € H' (2,), | My, (z)] = 1a. e. inQ, and div (H (My,) +M0n) =

0 in R3 . After having reformulated our problem in a fixed domain Q = Q*UQP,

with Q% = ]—%, % [2 % ]0,1[ and Qb = ]—%, % [2 x ]—1,0[, through appropriate

rescalings of the kind proposed by Ciarlet and Destuynder [17], using the main

ideas of I'— convergence method introduced by De Giorgi [40], we derive the
b

h
limit problem which depends on the limit lim, h—Z = ¢ € [0,+oc], that is the
ratio between the thickness h? and h¢.

If ¢ €]0,+oo[ (ie. h2 =~ h2), we show the solutions of rescaled equation
converge, in some sense, to the solutions of a limit problem ”morally” defined
only on two perpendicular sections.

Indeed, for any fixed T > 0, this problem is described by a coupled of
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magnetic field 4% and p® acting on a couple of perpendicular surface, i. e.

(2.1.7)
e e _
;t—l—/ﬂ/\ fl;t = 20 A (Apt — (4 e1)er) in J0,T[x =L, 1[x]0,1]

Oub oub .
2 (0 D) <o A (a8~ (s} es) m 0T x] R AL

p (0,z) = pd, in -1, 1[x]0,1]
|:2

pu (-, 22,0) = pb(-,0,29), for x5 a.e. in ]—%,

pb (0,2) =pf in |-

N[

)

el

[

=1 forae. xin Q% |,ub| =1 forae. xin QY.

N[

We explicitely observe that the couplage between the two 2D problems is given
by the junction condition u®(z2,0) = ub(0,x2), for x5 a.e. in |—3, 4 [ . Moreover
pd and pf in (2.1.7) are limits in some sense of the "rescaled” initial data My,
We note that this problem is completely local. The cases ¢ = 0 and ¢ = +o0
were studied in [24]. Here we proved that if ¢ = 0 (i.e. h? < h%) the limit
problem reduces to a 2D local problem in a vertical thin film losing the junction
condition (see [24] Theorem 3.1). Analogously, if ¢ = +oc0 (i.e. h% < hb) the
limit problem reduces to a 2D local problem in an horizontal thin film (see [24]
Theorem 3.2).

The paper is organized as follows. Section 2 is devoted to the statement of
the problem. In Section 3, after some preliminaries, we give the main results.
Section 4 consists of three steps. The first step is devoted to obtain some com-
pactness properties which also provides some uniform a priori estimates for the
rescaled magnetization M, in the second one we get the convergence results for
the rescaled magnetostatic energies. The main result, Theorem 2.3.1, is proved,
using appropriate test functions, in the third step. In particular here we con-
sider a couple of test functions satisfying transmission conditions between the
two films. Moreover the estimate for the limit energy is also proved.

2.2 Statement of the problem

2.2.1 Preliminary notations and weak formulation of (2.1.6)

Let z = (21, 72, 23) denote the generic point of R3. If a, b, ¢ € R3, then (a | b | ¢)
denotes the 3 x 3 real matrix having a” as first column b7 as second column
and ¢! as third column. In according with this notation if v : A € R3 — R3
then Dv denotes the 3 x 3 real matrix (D, v | Dy,v | Dyyv), where D, v € R3,
i =1,2,3, stands for the derivative of v with respect to x;. Let S? be the unit



50 UMBERTO DE MAIO, LUISA FAELLA, AND SALWA SOUEID

sphere of R3.
Let Q¢ = =1 1[x]—=L L[ x]0,1[, @* =]—1,1[* x]=1,0[ and Q = Q° U QP
Let B be a rectangle containing €2, for instance let B = ]—1,1[> x ]—=2,2].

Let us consider the space
(221) U= U e L. (R®):UeL?(B), DU € (I* (R%))’, /de =0
B

It is easy to prove that I/ is contained in L? (RS) and it is an Hilbert space with

loc

the inner product (U, V) = /DUDVdm + /UVdm. Moreover, from Poincaré -
R3

B
Wirtinger inequality it follows that a norm on U equivalent to (U, U )% is given

by (f |DU? d:c>
R3

2
To reformulate conditions (2.1.1), related to the equation (2.1.3), as usual let
us introduce Uy, the scalar magnetostatic potential, which satisfies the equation
div (—DwUM + M) = 0, where M denotes the zero extension of M outside 2,
. Posed H = —DU);, obviously, we obtain V x H(M) = 0 and then conditions
(2.1.1).

Let M € L%*(Q,,R?) then the following problem

Uyeld
(2.2.2) /DUMDU = /MDde YU € U,
RB

Qn

admits a unique solution Uy, € U. This solution is characterized as the unique
minimizer of the following problem:

(2.2.3) min %/}DU—M|2dx:U€L{ ,

R3

where as usual M denotes the zero extension of M in RS\QR. Moreover Uys €
H' (R?) up to an additive constant, see [48].

Then a weak formulation of the Landau-Lifschitz equation (2.1.6) in our case
is the following.

Fixed M, € H' (Qn,Sz)7 Uo,n € U being the corresponding solution of
problem (2.2.2), find M,, which satisfies
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(2.2.4)
M, € L* (0,T; H" (W, S?))

oM,
ot

€ L?(0,T; L*(Qn, R?))

T T

¥ ¢ € D0, T[x, R?)
3
8g/fn M, A 3Mn) - pdadt = _2//ZM"«/\DI«LM" - (Dq,;9) —2//Mn/\DUMn - &,
i=1

[ (2002

0Q, 0Q, = 0Q,

Mn((), IL‘) = Mon .

where Uy, and M, are linked by (2.2.2)
In [14] and [57] this problem has been solved. Moreover, it is proved the following
energy estimate:

2

025 Es [
0

ds < E(0), Vte[0,T]
(L2(Q,))?

where
E() :/|DMn (t,x)|2dx+/|DUM" (t,2)[ de,
Qn R3
is the magnetic energy.

Remark 2.2.1. By a density argument (for instance see [28]), problem (2.2.4)
it is equivalent to that obtained choosing test functions ¢ = xg with x € D(]0,T)
and g € H(Q,,,R3).

2.2.2 The rescaled problem

We can reformulate problem (2.2.4) on a fixed domain through the following
rescalings

{ (21, 22,23) € Q° :}_%7%
272

X _1%’1% x 10,1[ = (h&x1, 2 x3) € Int (L)
(z1,20,23) € Q0 = x]-11

x]—1,0[ — (xl,il'z’h%xg) e

where Int (Q2) denotes the interior of 2.
For every n € N, the space U, defined in (2.2.1), is rescaled in the following

one:
(2.2.6)

uﬂ = {U = (,Ua,vb) € Llloc (@) x Llloc (@) : (UrLB“’Uer) € L2 (B’I(’ZL) X L2 (B£7.> ’
' " b
(Dv*, Dob) € (L2 (B2))® x (L2 (B3))?, /Uadx + %/Ubdx 0,
Ba "po
V421, T2,0) = V°(hlxy, 29,0), for (z1,72) a.e. in R?},
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where R} = {(:rl,xg r3) ER® a3 > 0}, R3 = {(xh:rg x3) ER3 a3 < 0},
} ha,ha[ l[x]O,Q[ande:]—l,l[Qx} h%,,o[
or m € L? (2, R?), the following equation

(2.2 )

m = (uam 7n) e u’!’L?
1 1
/ (h“ Dxlum,szum,Dx3Um> . (haDzlu“,Dmu“,Dmau“> dx+
R3 "
hb b b s 1 b
h“ Dzlum,Dmum, M ngum | Dy, u’, Dyyu ,h—me3u dr =
R_
1
he — Dy, u®, Dy, u®, Dy,u® | - mdx+
Qa
h?z b b 1 b b
o Dy, u’, Dyyu 7hTDw3u -mdzr, Yu=(u*u’) €Uy,
nQb n

which rescales equation (2.2.2), admits a unique solution.

m’ m

. 1 1
min {2/ ‘(h%Dacan,szua,ngua) —-m
3

1hb 2
2ha/‘(haDmlu Dmu Dmu)m

understanding m = 0 in R3\Q .
For every n € N, let us consider the following space

Its solution, u.,, = (u“ ) € U, is characterized as the unique minimizer

of the problem

2
dr

(2.2.8)

dx:uelzln},

Wy, = {m = (m*, mb) € H' (Q*,R?) x H' (Q°,R3) :

2.2.9
( ) m® (z1,22,0) = m® (hex1,29,0), for (z1,22) a.e. in }7%’%[2}.

For simplicity of notation, let us introduce the space
(2.2.10) M, = W, 0 (H' (00, 52) x H' (QF, 52)).

which explicitly takes into account the condition |m| = 1. Now, it is possible to
study problem (2.2.4) on a fixed domain.

Let m, = (mgn,mgn) € M,, then there exists at least a weak solution of
problem (2.2.4) renormalized by the two thickness A% and h%. This solution
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satisfies the following problem:
(2.2.11)
m, = (m&,mb) € L>(0,T; M,)

n

8mn ome omb
ot ot 7 ot

> € L?(0,T; L*(Q*,R3) x L2 (0,T; L*(Q°, R?) ,

VY xe€D(0,T) andg:(ga,gb) eWw,

[ (25 5 s (%

0 Qa 0 Qb

om
n/\

b
5 ) xgtdzdt =

T 3
1 1
—2// [m%A ;TaDzlm“ “ 5 (Darg®) x + > “m& A Dy mg - (Dziga)xl dzxdt

0 Qa i=2
_2//m A < Jfl 'rn no Diﬁzui,n? Dis 'm, n) Xgad'rdt
0 Q“
[ 1 2
n b b b b b
—gin // [ 7 Deamt” - (Day9") x + Z;mn A Dyml, - (Dy,g )X] dwdt
0 Qb =

1
72//m% A < 1 mnaDzzum ,n hb & Da T3 l;n,n) ngdzdt,
0 Qb

mn(03 CU) = mOn = (mgn’mgn) ‘

(Let us point out that Problem (2.2.11) rescales Problem (2.2.4) and that w,,
and m are linked by (2.2.7.)

Moreover the following energy estimate holds true
(2.2.12)

/H@m“

2

ds < E, (0),Y t €[0,T]

(L2(Q))? (L2(02b))®
where
(2.2.13)
2
/’( D m D m D m) d$+ /‘( r1 mnangugnmaD:Esu?n,n) dI
2 b 2
1 1h 1
’(D mb . D, mn,hb DI3m> dz + 2h“/’< ) mmDmumn, hbD gu?mn> dzx.
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Setting for every n € N and for every t € [0, T
(2.2.14)

mag a a
E /’( 131 m nﬂDZL’2um,n7D23um,n>

by virtue (3.2.8), E,, (t) can be rewritten as

/‘(hGDm Dz, Dm)
(2.2.15) hb 1 2
+h7/ Dﬂlmgz’ Dﬂzmi)u hibedm%
nQb n

dx
+EM9 ().

2 b
1h 1
dr + ihT/ ’( Izu?n n hb —D 3u?nm>

2
dx

At this point we can observe that, for every t € [0, 7], the function defined by

M, (t,h%x1,x,23) for a.e. in Q° M, (t,xl,xg, h%xg) for a.e. in Qb

with M, solution of the Problem (2.2.4), is a solution of Problem (2.2.11) with
the following initial data:

mg (x1,72,23) = Mo, (hgr1,22,73) for a.e. in Q°
(2.2.16)
mgn (z1,29,23) = My, (xl,zg, hl;Ll'g) for a.e. in QP.

2.3 The main results

We state now the main results of this paper, which describe the asymptotic
behavior of Problem (2.2.11).
Let us introduce the following spaces

(2.3.1)
We Y= (v, ) € H' (Q°,R?) x H' (Q°,R?) : ¢ is independent of z;,
¥’ is independent of x3, ¥*(0,x2,0) = ¥°(0,22,0), for z2 a.e. in |—1, 3|
L v= @) e V(-4 3 [x D0 RY) x B (-4 4 R -
Y (22,0) = ¥¥(0,22), for zo ae. in |—3, 5[ 7
and, for uniformity of notation

(232)  M=wn{ H'(Q*5%) x H' (Q°,5?) }
~wn{ B (-4 4[x]0.1[,8%) x 1 (]-4,4[".5%) },

1
27
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To enunciate our theorem, we need some hypothesis on the initial data. At this
aim, let us suppose that

(2.3.3)
mo, = (), m ) € Mo, gty = (1, 12) € M,

mg, = pg strongly in H* (Qa7 5’2) , mgn — pf strongly in H* (Qb, SQ) ,

1
h—aDmlmgn — 0 strongly in L2 (Q“7R3) ,
n

1
b,

n

Dmmgn — 0 strongly in L? (Qb, R?’) .

For example, let ud (y,z) € H* (]—%, %[ x 10, 1[,52) and p (z,y) € H* (]—%, %[2,52)
such that there exist a < 0 and 8 > 0 such that ud (y,0) = pb (v, y) Va < z < 3,
1

Vy € |—%,3[. If m, € L™ (0,T;M,) is a weak solution of Problem (2.2.1
then assumptions (2.3.3) are satisfied with initial data

Theorem 2.3.1. Let M be defined by (2.3.2). Assume (2.1.5) with ¢ €
10,400[. For every n € N, let m, = (m“ mb) be the solution of Problem

—nir)—n

(2.2.11) with assumptions (2.3.3) on the initial data.Then, there exists an in-
creasing sequence of positive integer numbers {n;},y, still denoted by {n}, and
p= (upb) = ((HT:EZ&?) , (H?Egﬁg)) € L>(0,T; M), depending on the
selected subsequence, such that

(2.3.4)
my — p® weakly * in L™ (O,T; H! (Q“,R3))

mb — ub weakly * in L>° (O,T; ! (Qb,RB))

m& — u® strongly in L* (0,T; L* (Q*,R?)) and a. e. in ]0,T[x Q°

mb — ub strongly in L* (0,T; L? (Q",R?)) and a. e. in ]0,T[x QP
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where i is the solution of the following problem:
(2.3.5)
w(0,2) = py = (2, ) € M

p= (", pb) € L= (0, T; M)

op
o € L2 (0.5 L2 (20, R9) x L2 (2, R?))

Vo€ D(0,T) and g = (g“,gb) ew

T T 2 8,u,b 6gb
- — b
2/ / Zi q/ / Zlﬁ " Ox; Ox;
O] %,é[x]ol[li 0]_%7%[2 i=
T T
S
0]=%.3[xlo.1 O] %7%[2

Moreover, the following energy estimate holds:

(2.3.6)
a,ﬂ 2 / oub 2
/ 3d5+q/8—*t ds < E,(0) , Vte|0,T)
%,%[X]O,l[)) o ( 2(]*%7%[2))3
where
(2.3.7)
2 1 2 1 2
B, (t) = / Dy [*q / D+ / | dwadarg 5 / | davy .
I 410 -5 -4 4[xi01 -5

We remark, again, that the solution p = (u®, pb)e L>(0,T;M) of the
limit Problem (2.3.5) is such that pu® and Eb does not depend on x; and z3
respectively.
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2.4 Proof of main result

The proof is developed in several steps.
Step 1: A priori estimates

Let us introduce the following compactness results:

Theorem 2.4.1. Let {m,,},.y be a sequence such that
(2.4.1)
i) my, = (mg,mg) € L% (0,T; M),
i) Doy || oo 0. 7522(020)) < Chipy 1PDaymill o 0,7 02(00)) £ €5 [ Dasmp |l oo 0, 7;22(020y) < C

i) HDﬂﬂlmZHLw(o,T;m(szb)) =G, HDﬂﬂzmIrJLHLw(o,T;m(m)) =G, HDISmZHLw(o,T;LZ‘(Qb)) < Chy,
v) Ham <C ’amﬁg <C
(A% = ) = ’

Ot 20,122 (20)) O Nr2rie2 ()

for every n € N, where C is a constant independent on n. Then there exists an
increasing sequence of positive integer numbers {n;},.y, still denoted by {n},

and p = (p°, 1) = ((HT?HS?H?) , (EI,E;,E;})) € L>(0,T; M), depending on
the selected subsequence, such that

i) m& — p® weakly x in L>=(0,T; H' (Q*,R?)),
strongly L*(0,T; L? (Q‘ZR?’)) and a. e. in ]0,T[ x Q%

i) b = weakly s in L(0,T: H' (2, R?)),

(2.4.2) strongly L*(0,T;L* (Q°)) and a. e. in ]0,T[ x QF,
.. Om&  Op” .
i4i) m — 5 weakly in L*(0,T; L* (QQ,R?’)),
. omb o .
iv) i — rr weakly in L*(0,T; L? (Q2°,R?)).
Proof. From (2.4.1), it follows that there exist p® € L*(0,T; H* (Q%)), p® €
o op’

L*(0,T; H () o € L2(0,T; L? (Q%)) and o € L?(0,T; L* (2°)) such
that convergences (2.4.2) hold true. Moreover, since mj — p® and mb — Hb
almost everywhere we have that ’H(L| =1 a.e. in (0,7) x Q* and ’Hl" =1 a.e.

in (0,T) x Q°. In order to prove that the limit function p = (u®, u®) belongs to
L (0,T; M) we need to prove that

11
(2.4.3) L (t,22,0) = pb (£,0,22) ae. in ]0,T[ x ] ~3'3 [
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The proof of (2.4.3) will be developed in several steps. To this aim, we have
(2.4.4)

lim; f[O,T]x]—%,%[? (m?l (t,x1,22,0) — p®(t, 2, 0)) o(x2)x (t) dz1dzedt = 0,

Vo € Cg(] - &, 30), Vx € C§o([0, T)).

Set
pl‘(l‘g) :/ (lel (t $1,$2,$3)| + ‘Dl‘27nl(t $1,l‘2,$3)| + |m (t,$1,$2,$3)|2) dxld!Egd
[0,T)x]~3,5[?
a.e.in |—1,0].
From Fatou’s Lemma, (2.4.1)iii) and the fact that [m? | = 1 a.e. in Q it

follows that

0 0
/ lim inf p; (z3)dzs < lim‘inf/ pi(xs)drs < 400
i i _1

-1

Consequently, there exists two constants ¢ €]0,+oo[ and Z3 €] — 1,0[, and a
subsequence (p;, )ren such that

Piy (.fg) <c,Vk €N,
Then, by (2.4.2)4i), it results that

11
(24.5)  my, (o0 @3) = p" o weak in L=((0,T], H'(] — 5,5[2,]12{3)),

as k diverges.

The second step is devoted to prove that
(2.4.6)

hml f[O,T]X]f%,%[Q (Hilk (t7 h’(nl,,k Z1, T2, 0) - Eb(tv Oa xQ)) @(IQ)X (t) dajldIth = 07
Vi € C5°(1 = 3. 30 » Vx € C°((0, 7))

Moreover, for ¢ € C§°(] — %, 3[) and x € C§°([0,T]), one has

(2.4.7)
f[O’T]X]ié’%[Q mb, ( T T2, 0) — pb(t,0, :cg)) o(x2)x (t) dridzadt =
f[O,T]x]—%,%P mb (G, w1,22,0) — mb (s hzikx1,$27f3)> o(x2)x (t) dzy dzadi+
f[oyT}X]_%,%[Q mb (t hy, @1, To,T3) — mf”k (¢,0, mg,fg)) o(x2)x (t) drydradt+
f[O’T]XF%’%[Q mb, (t 0 Iz,l'g) b(t,O,zg)) o(x2)x () dzidradt, Yk € N.



JUNCTION OF QUASY-STATIONARY FERROMAGNETIC THIN FILMS59

Now will pass to the limit, as k diverges, in each term of this decomposition.
By (2.4.1) %) and (2.1.5) with ¢ # +o00, there exists C €]0, +oo[ such that
(2.4.8)

lim sup,, MQT]X]_%,%[Q (ml; (t, hnl x1,T2,0) — mzk (t, hf“k:lcl, xg,fg)) o(x2)x (1) d.%'ldl'gdt’ =

lim supy, ‘f[O,T]X]f (f Dy m!, (t7 hi, 1, T2, s)ds) o(z2)x (t) dxldxgdt‘ <

ll
22

1 PR 1
el 1330 10 e oy, T 19212 limsupy ( Sy 1Dl (81, 1,2, 5) Pdadt) * <

272

1 .
el zoe - 1,10 Xl Lo 0,2, T7 [2°]* lim supy, (%"D"’?Sm%ik |L2([O,T]><Qb)> <

el e 1,10 X1 Lo o7, T |2 | Chmsupkr

On the other side, from (2.4.5), there exists C' €]0, +oo[ such that
(2.4.9)

lim supy, ‘f[O,T]X]fé,%[Z (mi’lk (t, hf”k X1, Ta,%3) — mﬁ’”k (t,0, 29, fg)) o(z2)x () dxldedt‘ =

lim sup,,

hzi T _
f[O,T]x]f%,%[Z (fo k Dsmﬁ’”k (t, s, m,x;»,)ds) p(z2)x (t) dxldxgdt’ <
%||<P||Loo(]—%,% 0 Xl e o, 77y 1im supy, f[o T)x]—1,1] (fo | Dsmy, (t,s,xg,m3)|ds> dwzdt+
sl g-1.1p Xl e (0,7 W suDy fig 7yg—1 1 (f n, | Dsmy, (ta5’$2vf3)|d5> dwadt <
1. L _ 1
Mol e (=2.10 Xl Loo (0,79 T lim supy <2kf[O,T]>< S1ap ‘Dxl—Z;Ll (t»$17$2a$3)2d$1d$2dt> 2 <
C 1.
el a-3.30 Xl e qomy T3 limy | /hg, =0
In virtue of (2.4.5) it follows that
b - b o2 2 L 1o s
my,, (s y@3) = p”  strongly in L=([0,T], L*(] — 3 5[ ,R”)) and a.e.

Consequently, we obtain that
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(2.4.10)
limy, f[O,T]X]—%,%P (m?“k (t7 0, I2, f3) - Hb(tv Oa x2)) Sp(t)X (1’2) dzridxadt =
hmk f[O,T]X]—%,%[ (mzlk (t7 07 T2, f?)) - Hb(t7 O’ x2)) ‘P(t)X (l'g) dedt =0

Then, by passing to the limit in (2.4.7), as k diverges, and taking into account

(2.4.8) — (2.4.10), one obtains (2.4.6).
Taking into account the following junction condition

Uz

2 mﬁ’”k (t, hfwk x1,x2,0)p(t)x (z2) dridaadt

Jorx-1 1pmi, (£21,22,0)0(t)x (22) dvidaadt =

2

(SIS

[0,T]x]—3,

(2.4.11)

Vk € N,Vp € C§°[0,T] Vx € C5°(] — 5, 30,

By using (2.4.4) and (2.4.6) to pass to the limit in (2.4.11) we get (2.4.3).
O

Let us obtain a priori estimates for the sequence of the solutions of the
Problem (2.2.11).

Proposition 2.4.2. Assume (2.1.5) with ¢ € [0,+00[. For every n € N, let
my, = (m%,mb) be the solution of Problem (2.2.11). Then it results that

(2.4.12) dc €0, 4o0[:Ep (m, (t,-) <c¢, ,Vte[0,T] VneN.

Proof. Taking into account (2.2.14) and (2.2.15) , we have

2
dx+

1
B a0 = [ | (5 Do, D, Dy,
(2.4.13) e 2

dx + E7'9 (m, (0,))

h? 1
+h72/ ‘ (Dmmg"7Dm2m8n’ hbesmgn)
nQb n

since mo, = (mf ,,,mf,,) is such that mg, does not depend on z; and mf
does not depend on x3.

By choosing my,, = ((0,1,0),(0,1,0)) as test function in (2.2.11) for ¢t =0,
it follows that:

En (mn (07 )) < EZ??(QO,I,O),(O,LO)) (mn (0, )) Vn € N.
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Consequently it remains to prove that

vVt €[0,7] Fce]0,+o00| :E;leg),l,o),(O,l,O)) (m,, (0,-)) <¢, VneN.

By choosing u = (ufl (0,1,0),(0,1,0)? ub (0,1,0),(0,1 0)) as test function in (2.2.8) and
using Cauchy-Schwarz inequality, one derives that

1
, hy ;
2B, ((0,1,0),0,1,0)) (M (0,)) < (1 + (;La) ) ( Ey(0.1,0),0.1,0)) (1 (0, '))) meN,

which gives (2.4.12) since g # +o0. O

The following results are an immediate consequence of Theorem 2.4.1, Propo-
sition 2.4.2.

Corollary 2.4.3. Let M be deﬁned by (2.3.2). Assume (2.1.5) with q € ]0, +0o0].
For every n € N, let m,, = (m m, ) be the solution of problem (2.2.11).

Then, there exist an increasing sequence of positive integer numbers {n;};y,

still denoted by {n}, and p= (Ha7ﬁb) = ((H?H;Hg) , (Hﬁ,ﬁg,ﬁg)) € L>*(0,T; M),

depending on the selected subsequence, such that:

(2.4.14)

me — u weakly * in L>(0,T; H' (Q,8%)) , strongly in L*(0,T; L* (2%, 5%)) and a. e.,
(

— u weakly* in L 0 T;H' Qb752) strongly in L*(0,T; L* (Qb,S2)) and a. e.,

571 a
gz N % weakly in L2(0,T; L? (Q4, R)),

omb,  Op’ 2 2 ()b 3
5 AgweaklymL (0,75 L (Q,R)

Step 2: A convergence result for the magnetostatic energy, limit
identification
Let us identify the limit function for the magnetostatic energy and its potential.

ni»—n

L2(0,T; M), and p= (u®, pub) = ((us, 1§, %) , (14, b, 1h)) € L>°(0,T5M) be
such that

Proposition 2.4.4. Assume (2.1.5) with q € ]0, +oo|. Let {m,, = (m¢ mb)}neN €

(2.4.15)
(mz,mi’z) — (,u“,ub) weakly * in L°>°(0,T; H* (Q“,R3)) x L>=(0,T; H' (Qb7R3))
(mﬁ,mi’l) — (,u“,ub) strongly in L*(0,T; L* (Q“,R3)) x L?(0,T; L* (Qb,R?’))
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b

as n diverges. Let u, = (u“ U ) be the unique solution of (2.2.7) corresponding

to m,,. Then it result that
(2.4.16)

%%leu% —uf¢ Dyyu® =0 Dyud —0 weakly * in L>(0,T; L* (R3))

D, ub —0 Dy,ul, =0 75Dy ul — pf  weakly * in L>(0,T;L* (R?))
as n diverges, and for t € [0,T]

1
(2417) T B (m, (1) = & (/ wiPdota [ |u§|2d”> |
" Qo Qb

Proof. For a given u,,, be a solution of (2.2.7), in paricular, that potentiel
takes a larger value for u,, , = (0,0), it results that

2
dx+

1

a a a a

(h“ Dy vy, Dy,uy, Dysuy | —my,
n

Je €]0, 400l /
RY

hb
it Lo

Consequently, by applying the triangle inequality and recalling that |m,| = 1
and by taking into account (2.1.5) with ¢ # +oo, and for all ¢ € [0,T], we
obtains

(2.4.18)

dr < c,Vn € N.

(D ub, Dy ul iD ub>mz

1Yy~ x2 nvhb 3 ¥'n
n

Je €]0, +o0],
(2.4.19) ||;%ZDJJ1U%HL2(R1) < 6 [ Dayunllzees) < ¢ |1Dayupllrees) <c,
IDayupllize ) < ¢ [ Dagunllzees ) < ¢ llge Dagunllzees ) < e
From the Sobolev-Gagliardo-Niremberg inequality and (2.4.19), we obtains
(2.4.20) Je €]0+ oof: |[um,nllLsmsy < ¢, Vn € N,Vt>0.
Moreover, estimates (2.4.18) and (2.4.19) guarantee, for all ¢ € [0, T], the exis-
tence of a function u = (u?,u’) € LS(RY) x L5(R?) and Du = (Du®, Du’) €

(L*(R3))? x (L*(R2))3, u® is independent of 1 and u’ is independent of 3
such that

(2.4.21)
uf —u®  weak in LO(R3), Dul — Du®*  weak in (L*(R3))3,
ub =’ weak in LS(R?), Dub, — Du®  weak in (L2(R?))3,

as n diverges. Moreover, for all ¢ € [0,7] and the fact that u® is independent of
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x1 and Du® € (L?(R?))3, we have

+oo>/ \Dua(t,x)|2dx2/ /
R Ja,b[ \/R

(b— a)/ (|Dayu®(t, 22, 23)|* + |Dyyu®(t, 22, 23)|?) d(22, 23), Va,b € R where a < b.
RZ

+

(|Dz2ua(t,ﬂj’2,$3)|2 + |D903ua(t71'23‘r3)‘2) d(IQﬂz3)> dzy =

3 2
+ T

In particular, (b—a) can be any arbitrarily large positive number, hence for all ¢
in [0, 7], u® is independent of 5 and x5, then u®(¢,.) = 0 in L°(R3). Similarly,
for all ¢ € [0, 7] we obtains u®(¢,.) = 0 in L5(R?). we concludes that

Dug — 0 weak x in L>=(0,T; (L*(R%))3),
(2.4.22)
Dub — 0 weakx in L=(0,T; (L*(R3))?),

and that there exist {* € L*(R3) and £* € L*(R? ) such that

%leu% — &% weak x in L>(0,T; (L*(RY))),
(2.4.23)

hi%Dw?,ufl — &b weakx in L>=(0,T; (L*(R%))),
as n diverges. The following step is devoted to identify £* and £b. Let us fix
t€ [0,T]. In equation (2.2.7), choose

m = My,
(2.4.24) u =c% +¢ where @€ Cg(RY),
ub =

n?

where ¢¢ = —(|B2| + Z—Z|Bz|)’1 [ o pdx. After having multiplied this equation
by h&, we have:
fRi (hL%D!Ihu{rlw Dﬂﬂzu(rlw Dwsu%)(‘Dm 2 h?szz(p7 thwzw)dx =

Joa (Day @, 15, Dy o, hiy Doy p)mida, Vo € C5°(RY)

Then passing to the limit as n diverges, we obtains

(2.4.25) Dy, pdr = /

1 Dy, pda
R? R

where ji¢ denotes the zero extension of u¢ on R3/Q% This proves that the
function £*(t,-) — i§(t,-) is constant with respect to x;. Consequently, since
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£e(t, ) — fig(t,-) € L3(R3), it results that
pi(t, ze,23) a.e.in [0,T] x Q*,
(2.4.26) £t x) =
0 also.
Similarly, now, in equation (2.2.7), we choose
m = My,

W=d o where e CE([0,T],CFRY)),

ut =2,
b al 4 hagbpy-1hy :
where ¢, = —(|B| + 32|B,|) " 3% [ @dx, one obtains
P8 (t, x1,29) a.edn [0,7] x Q°,
(2.4.27) E(t,x) =

0 also.

The last step is devoted to prove the convergence of the magnetostatic energies.
To this aim, remark that from (2.4.23), and for ¢ a.e. in [0,7],VT > 0 we have

,%%Dmlug — pf  weak in L?(RY),
(2.4.28)
%Dmug — b weak in L2(R3),

Then by passing to the limit in (2.2.14), and by taking into account (2.4.26),
(2.4.27) and (2.4.28) we obtains
(2.4.29)

2
lim, B} (1m, (£,7)) = lin, [% Jog | ( Psst D, De )| e +
1hd Dowb Doub LD b 2d —
2 Jrs | Davtin Dastin g Dayin )| | =

: 1 1
lim,, {5 Jou ((ﬁDxlu%,szu%,Dxau%) m%) dz +

1 b b 1 b b —
iﬁ be ((Dmlun,Dmun, EDQTZSU’H) mn) dl‘:| =

el

(Jopo 1§ 12dz + q [, 152 dax) .



JUNCTION OF QUASY-STATIONARY FERROMAGNETIC THIN FILMS65

Let
U= (7 9") € € (=53] X [0” R%><C(f‘§%vaﬂ
Mg = Yl pojx(-4.4] 6011(] 200> =3, 2] R,
V0,3 [-2.3) € 1 ([0:2] x [=3. 3] R?),
Y (x2,0) = ¥*(0,22), for zp ae. in |—1, 3|
Remark 2.4.5. My, © W (J=5,4[x [0,1], R?) x Wi (]-1 1% R?).

Moreover Mg is dense in M, as proved in Proposition 5.5 in [33], but, in this
case with more simple consideration.

At first we recall a result which is proved in Proposition 5.4 in [33].

Lemma 2.4.6. Let us consider a function 1 = (1/)“,1/)1’) € Meq. Then there

exists a sequence {gn},cny C H' (2%, R3) such that
(2.4.30)
Gn — ® strongly in L? (Q“, RB) as n — +00

1
(haDmlgn|Dmgn|Dmsgn) — (0| Dyyth®|Dyyb®)  strongly in L2 (QG,RQ) as n — +oo

gn (21,72,0) = ¥° (hezy, 29) forxge]f%,%f, Vn € N.

Step 3: Proof of Theorem 2.3.1
Now we are able to prove Theorem 2.3.1.
a) Identification of ;i as solution of Problem (2.3.5)

Let choose (gn, "), the coupled function given in (2.4.30), as test function in

(2.2.11)
(2. 4 31)
a b
//< 7”+m /\agl)xgndxdt—l—//( b A m)xd)bdasdt
0 Q”
1 a
_2// |:’n N—— 901*71 : E (Damgn X+ Zan A Dximn : (Dzmgn) X‘| dxdt
0 Qa =

72//m A ( Dmlun,Dzzun,Dmsun> XGndxdt

n 1 1
_2@// lm’;mhmemg-%( R X-l—Zm A Dy m? - (Dy,y?) ]dmdt

n i=1

T
—2//@2 A <D11uZ,D12un, hb ngun> xYldxdt.
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Since m,, converges to p almost everywhere in [0, 7] x Q, we can deduce that
|u| = 1Vt € [0,T]. Passing to the limit as n diverges, we obtain that there
exists p = (u®, u’) € L (0,T; M) which satisfies:

(2.4.32)

T T
aﬁa a aﬁa a 8ﬁb b aﬁb b
[ (Grrwn T )weaasaf ((’915+M/\8t xutdedt =

o
|
|
[N
X
e
=
o
|
W=

? -5 slxol 01-3.3
T T

*2/ E“A(ﬂ“,O,O)Xw“*Zz/ / 1P A (0,0, us®) xw®
°1-33[x0a] °1-4af

¥x € D(0,T), ¥ (4*,9") € Miyey.

Let us observe that (1/%,9°) can be any arbitrarily element of M,.,. Being
Mey dense in M, we obtain that (2.4.32) holds true with (¢,9%) € M.
Consequently, we derive the weak formulation Problem (2.3.5)

(2.4.33)
duc D
Lot A = A (A= er)en) i J0,T]x =13 x]0,1]

oub o’ ]
qwq(u“m = 2q A (A — (i es)e) i 10,70 x] -3, 37,
et (0,@) =g, in =5, 5[ > 0,1]

[2

w (- 22,0) = Hb(',o,l‘g), for x5 a.e. in ]—%, %[,

N[ =

pb (0,2) =ph in |—1,

,ua(.’x) € S27ﬁb('7x) € 52

Remark 2.4.7. Let us observe that the integrand of the limit does not depend
on x1 on Q% and does not depend on x5 on Q.

b) Energy estimates
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It remains to prove that u satisfies the energy inequality.
By lower semicontinuity of the norm for the weak topology, we obtain

ol ||
/H K dasdt+q/
Q(Z

< liminf E,, (m,, (0,-))
2(Qb)

1 2 1 2
E, (H(tv')) = / ‘Dﬁaf_,'_q / ’DHb’2_~_§ / ‘H?‘ dxgdx3+§q / ‘B?,‘ dxidzs.

J=3.3 {101 J-3.30° J-%.3[x10.1] J-43[
Let us compute E,, (m,, (0,-)) .We have

(2.4.34)

1
E, (mn (07 )) = / ’ (MDw1m8n’D12m8n’ D13m8n>
Qa "

h?m b b 1 b
+ h7 DﬂclmonaD:ﬂszna hTDCC:;mO,L
nQb n

Under the hypotheses (2.3.3), by using the stationary result given in Theorem
4.1 in [33], we have that
(2.4.35)

1

2 2

dx+

1 1
dx + 5/ ‘ (}WD$IU87L’DI2u8'rL’ Dwgu%")

2
1
dl‘+2ha/’<Dx1uon D372u0n hb D333 b )

2
dx.

h—anlggn — H‘llo Dyyu, —0 Dyyui — 0 strongly in L? (Ri)

n

1
Dyyug — 0 Dgyui —0 —begggn — Hgo strongly in L? (R?L) .

hn

Passing to the limit in the (2.4.34) by (2.3.3) and (2.4.35) we get

(2.4.36)
a a\ |2 2
Qb

2/

]R3

/! ()] = Ea w0

which concludes the proof.
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Chapter 3

Quasi-stationary
ferromagnetic thin films in
degenerated cases

U. De Maio, L. Faella, S. Soueid. Quasi-stationary ferromagnetic thin films in
degenerated cases, accepté pour publication Ricerchie Mat. Doi: 10.1007/s11587-
014-0197-5.

Abstract. In this paper we study the asymptotic behavior of a quasy-stationary
ferromagnetic problem in a multi-domain consisting of two joined thin films. It
is possible to distinguish different regimes depending on the limit ¢ of the ratio
between the small thickness of the two films. Here the case ¢ = 0 and ¢ = 400
are analyzed.

Keywords: Micromagnetics, thin films, Landau-Lifschitz equation.

AMS 78A25, 7T4K35, T8M35.

3.1 Introduction

For every n € N, let ,, = Q2 U Q% where

o (1 he ho 11 v (1.1 1] b
QR_G_272[><}—2,2[><[0,1[) and §,, = G—Q,Q{ X]—hn,0[>a

be a 3D ferromagnetic multidomain consisting of two orthogonal joined thin
films with small thicknesses h% and h% €0, 1], respectively, such that

hb
(3.1.1) lim Ay, = 0 = 1171?;1;, lim % = g € {0, +o0}.

69
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Let B =]-1,1[° x ]—2,2[ and set
(3.1.2) U= {U €L}, (R%) :U e L*(B), DU € (L* (R%))’, /Ud;r, — 0}.
B

For M € L?(Q,,R3), let Ups be the unique solution of the following problem

Uy €U,
(3.1.3) / DUy DU = / MDUdz, YU €eU.

Qp

For T' > 0 and My, € H! (Qn, 52), the following problem

M, € L* (0,T; H" (Q, 5%)), 82? (0,73 L*(Q,, R?))
T
Y ¢ € D(]0,T[xQ,,R?) / ( 82?) pdadt =
(3.1.4) 0Q,
T
2//21\4 A Dy, M, - Dy, ¢ — 2//M A DUy, - ¢,
0 IL
( ,iC) :MO,n~

admits solution (see [15]), where A denotes the cross product in R?, - denotes
the inner product in R and S? denotes the unit sphere of R3. Moreover (see
[15] again), M,, satisfies

(3.1.5) 5(t)+/HaMg§5“) ds < £(0), Vtel[o,1],
0

(L2 (2n))?

where

£(t) :/\DMn (t,x)|2dx+/|DUMn (t,2)|? da.

Qn R3

By a density argument (for instance see [28]), problem (3.1.4) it is equivalent
to that obtained choosing test functions ¢ = xg with x € D(]0,T[) and g €
HY(Q,, R?).

After the reformulation of our problem in a fixed domain Q = Q*UQ?, with

11[?

Qe = —112x]o1[ dQb=|—=,2] x]-1,0[
- 272 ) al - 272 ) )

through rescalings of the kind proposed in [54] and appropriate convergence
assumptions on the initial data, we study the asymptotic behavior, as n diverges,
of problem (3.1.4) under assumption (3.1.1). If ¢ = 0 (i.e. hY < h2), we prove
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that the limit problem reduces to a 2D local problem in a vertical thin film
losing the junction condition (see Theorem 3.3.1). Analogously, if ¢ = +00 (i.e.
he¢ < hb), the limit problem reduces to a 2D local problem in an horizontal
thin film (see Theorem 3.3.2).

In the case ¢ €]0,+oo[ (i.e. h% ~ h®), studied in [2], the problems on the
two thin films are linked by a junction condition.

In Section 2, we rescale the problem. In Section 3, we state the main results.
In Section 4, we sketch the proofs for the case ¢ = 0. We omit the proofs for
the case ¢ = 400, since they are quite similar to previous ones.

This paper is inspired by [12] and [33], where the authors study a quasy-
stationary ferromagnetic thin film and the junction of stationary ferromagnetic
thin films, respectively.

About ferromagnetic theory see [11], [29], [50], [57] and the references therein.
About ferroelectric thin structure see [1], [2],[3], [5], [6], [15], [16], [19], [39], [41],
[48], [49], [52], [53], [55], [56] and the references therein. About ferroelectric thin
multi-structure see [34] and the references therein. For related problems in thin
structure see [9], [32], [31], [35] and [36], in composites with imperfect interface
see [26, 27]. For recent papers on joined structure see also [4], [22], [23], [25],
[30] and [38].

3.2 The rescaled problem

We reformulate problem (3.1.4) on a fixed domain through the following rescal-
ings

(3.2.1) { (71, 22,23) € Q — (hjw1, 22,23) € Int (),

($1,1‘27$3) S Qb — (Il,.rg,hfl.fg) S Qb

n’

where Int (%) denotes the interior of Q2.

For every n € N, space U defined in (3.1.2) is rescaled in the following one

(RT) & (Ufisg vly) € L (B3) x 12 (BY),

loc loc

b
(Dve, Dob) e (L2 (R3))® x (L2 (R3))?, /v“der Z—Z/vbdx -0,
Bg BY

0421, 2,0) = V°(hlxy1, 79,0), for (z1,72) a.e. in R?},

U, = {v=(v*v°) € L} (RTi) x L}
)

where R3S = {(z1,2923) €R® 125 >0}, R? = {(z1,2033) ER®: 23 <0},
By = |k, ik [ x1-1,10x 10,2 and BS =]-1,1F x |- 3%,0[ .

T hb
hb >’
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For m = (ma,mb) €L? (Q“, R3) x L? (Qb,R3), the following equation
(3.2.2)

um: <uma m) Eunv

1 1
/<h‘1 Dzlum,Drzum,Dmum) (haDzlu“,Dmua,Dmua) dz+
RS n n

3
he, 1
ha / (leum,Duum7 WD Dmum) (leub,Dmub, hszBub> dx =

n 3
/ (h“ Dy, u®, Dy,u®, Dy, u® ) medz+
Q.
hb 1
h“ (Dzlu D,,u’, hmesub) mPdx, Yu= (u®,ub) € U,,

b

which rescales equation (3.1.3), admits a unique solution. Moreover, its solution

a
m’ m

Uy, = (u € U, is characterized as the unique minimizer of the following

problem

2
dx

1 1
min{2/ ‘(haleua,DzZua’Dwgua) —mo
3 n

i, ol
2h‘1 hanlu D, ub, Dmu —m°| dr:u€el, p,

(3.2.3)

understanding m® = 0 in R3\Q” and m® =0 in R3\QP.

For every n € N, let us consider the following spaces

W, ={m = (m® m®) € H' (Q%) x H* () :

(324) m® (z1,22,0) = m® (R, 22,0), for (z1,22) ae. in |—1,1 [2}
and
(3.2.5) M, =W, 0 (HY (Q,8%) x H' (Q°,52)).

Let mo, = (mo®, mo®) € M, and m,, = (mg,mb) € L>(0,T; M,) be the
rescaling through (3.2.1) of the initial data Mj,, and of a solution M,, of problem
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. Then it results

(3.1.4)
(3.2.6)
m, = (m& m)EL‘X’(OTM)
Om, _ (Omy Omy 2 2(0a R3) « T2 (0 T T2(Qb T3
= _( T )eL (0,7 L2(Q2, R?) x L2 (0, T; L2(Q, R3) ,
VXeD(]OT[) and Vg = (g%, ¢°) € W,

—n a ama a 8 b b
//< A 6t>xgdxdt+//< b A 5 )ngzdt
0 Qo

T
1 1
= [mz AL D L (Do) + S A Dot (D) x] dedt

0 Qo =2

T
1
72//m‘}LA <ha 1 m ,Dmum ,Dmum )Xg“d:cdt

// [m /\hll;LDwgm W (Day9?) X—I—Zm A Dy,mb - (D, b)x] dxdt

OQb i=1

1
_2 n// ( Tr1 m 7-D12um )hb Dmg m, >ngdl'dt

m,, (0, x) mo,,,

and
(3.2.7)
3m“ 2
d—l—f ds < E,(0),Vtel0,T],
(L2(Q2))? (L2(02b))?
where
2
/’(haDmDmDm dr
/‘(ha CElm?Izmafsm)
(3.2.8)
/’(D mb, D, mn,hmemZ)
1hd 1
+2ha/‘< o1 m ,Dmum ,hbD ufnn) dx.
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In the sequel we set

Emag (¢ /‘(ha 1 m ,szum ,ngum )

1hb 1 2

2
dzr

(3.2.9)
dzx, Vtel0,T].

3.3 The main results

3.3.1 Case ¢q=0

Let us introduce the following space
(3.3.1) Mo={y* € H' (9%, 8%) : ¢* is indep. of 21 }.

Theorem 3.3.1. Let My be deﬁned by (3.3.1). Assume (3.1.1) with ¢ = 0.
For every n € N, let m,, = (m m ) be a solution of Problem (3.2.6) with the
following assumptions on the mztzal data

mO (mo vmg ) € an 6 MOv
mg — Mo strongly in H' (Q“ 52)

ha

hb
(3.3.2) <n> mgn — 0 strongly in H* (Qb,R?’) ’

he —Dg,mg — 0 strongly in L? (Q“ R?’)

1 y 1
T (ZI;‘) ’ Dmsmgn — 0 strongly in L? (Qb,R?’) .

Then, there exist an increasing sequence of positive integer numbers, still denoted
by {n}, and p* = (g?,gg,g) € L= (0,T; My), depending on the selected
subsequence, such that

me — u® weakly * in L™ (O,T; HY(Qe, 52)) ,
el
3

h? ,
‘> mb — 0 weakly * in L (0,T; H*(Q°,R?)),

— pu® strongly in L? (0,T; L* (2%, 5%)) and a. e. in ]0,T[ x Q,
%

S/\
3@

3@?‘

h
( ) mb — 0 strongly in L? (O,T, L? (Qb7R3)) and a. e. in )0, T[ x QP

;m
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where p® is the solution of the following problem

ou® .
pe e L (0,T; My), & (0.7 L2 (]—1, 1 [ x 10, 1[, R?))
VxeD(0,T), VYg*eH (Q°,R?),
T
On O\ | vadudt —
/ / (8t 8t>Xg dadt =

(3.3.3) T
o —2/ / Zﬁ“ A Dy, Dy, g% xdzdt

T
—2/ [ (ﬂ“, 0,0) xg®dzdt,
><]0 1[
Ha(o’ ) = G M.

o
M»—-
SIS

Moreover, the following energy estimates hold

(3.3.4)
8,u“ 2
/ d(EQd.’Egdt < E(] ( ) ) Vite [0, T] B
]-3.3[xl0.1))°
where
1
(335)  Eo(t) = / |Dpt|? daadzs + 3 /

]-3%.3[x10.1] ]-3%.3[x10.1]

3.3.2 C(Case q=+0

Let us introduce the following space
(3.3.6) Moo= {wb e H! (Qb, 52) . " is independent of x3 b

Theorem 3.3.2. Let M, be deﬁned by (3.3.6). Assume (3.1.1) with ¢ = +o0.
For every n € N, let m,, = (m m ) be a solution of Problem (3.2.6) with the
following assumptions on the initial data

my, = (mf§ ,mf ) € My, pbe Meq,

he\ 2
(hg m§ — 0 strongly in H* (Q*,R?),
m) — ug strongly in H' (Q°, 5?)

1 PN
e (h ) Dyymg — 0 strongly in L? (Q“ R3)

Dy mb  — 0 strongly in L? (Q°,R?) .

b,

n
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Then, there exist an increasing sequence of positive integer numbers, still denoted
by {n}, and pb = (E?,g&ﬁé) € L>®(0,T; My), depending on the selected
subsequence, such that

ha\ 2
<h{} m? — 0 weakly * in L>° (O,T;Hl(QG7R3)) 7
m? e 1b weakly * in L> (0, T; H* (b, 5?)),

n

1
he\ 2
(h;;” m& — 0 strongly in L? (O,T; L? (Q“,R3)) and a. e. in 10,T[ x Q%

mgn% Hb strongly in L? (O,T; L? (Qb,S2)) and a. e. in )0, T[ x Q°,

where Hb 18 the solution of the following problem

ou® 2
e L® (0.1 Mx), — € L2 (0,122 (]33 B?) ) . 1(0.) = pf € Mo,
T
oub oub
¥ xeD(0,T), ¥g® € H' (Q,R?), / % + b A 6‘;) gt dydusdt

N

o

0

—

T
Zﬁb A DmleDmigbxdxldxgdt — 2/ / Hb A (0, Ovﬁg) gbxdxldxgdt.

T
=1
-340 - 14P

]

[N

)

[N

Moreover the following energy estimates hold

t

E (t)+/

0

2

(12(-430))°

Oﬁb

o dzydeadt < Eo (0), Y t€0,T],

where ,
1
J-5.3[ J-5.3[

[N
[N

s

3.4 The proof in the case ¢ =0

3.4.1 A priori estimates

Let us recall the following result which can be proved as in [33].

Proposition 3.4.1. Assume (3.1.1) with ¢ = 0 and (3.3.2). For every n € N,
let my, = (m%, mb) be a solution of Problem (3.2.6). Then, it results that

—n’r—n

(3.4.1) Jee]0,+o0[: E,(0)<¢, VneN
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Remark 3.4.2. Similarly, in the case ¢ = +00, one can prove that
The following result is an immediate conseguence of Proposition 3.4.1.

Corollary 3.4.3. Let Mg be defined by (3.3.1). Assume (3.1.1) with ¢ = 0
and (3.3.2). For every n € N, let m,, = (m m ) be a solution of Problem
(3.2.6). Then, there exist an increasing sequence of positive integer numbers,
still denoted by {n}, and p* = (HT?H?H?) € L*>®(0,T; M), depending on the
selected subsequence, such that

(3.4.3)

(3.4.2) Jde €10, 4o00] - E,(0)<e¢, VneN.

m® — u® weakly = in L>(0,T; H' (Q*,5?)),
strongly in LQ(]O T[xQ% 5?%) and a. e. in]0,T[xQ°,
hb
(h‘?) mb — 0 weakly = in L>(0,T; H' (Q°,R?)),
! strongly in L2(]0, T[xQ% R?) and a. e. in]0,T[xQ?,
oms  Ou®

ot ot weakly in L*(]0,T[xQ% R?),

amn N 2 b 3
(ha) e 0 weakly in L*(]0, T[xQ° R?).

3.4.2 A convergence result for the magnetostatic energy

Let us identify the limit magnetostatic energy.

Prop051t10n 3.4.4. Assume (3.1.1) with ¢ = 0. For every n € N, let m,, =
(m2,mb) € L> (0,T; L* (2%, R?)) x L (0, T; L? (Q° R3)) and p® = (u§, u§, us) €
L (07T, L? (Q“,R?’)) be such that

a hl;L % b a
(344) <mn7 (h%) n) - (:u ,0)
strongly in L2(]0, T[xQ%, R?) x L%(]0, T[xQ° R?),

3

as n diverges. Let u,, = (u U ) be the unique solution of (3.2.2) corresponding

to m,,. Then it result that
(3.4.5)
1
hTDmu%AM%: D“unéo DLBunH 0

n

weakly * in L>(0,T; L* (R3)),
l 1
R\ 2 o\ 2 1 /hP\? b
weakly * in L>(0,T; L? (Ri)),
as n diverges, and for t € [0,T]

1
(3.4.6) lim B9 (t) = 5/ |ud P da.
Qa

n
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Proof. Let us choose u = (0,0) as test function in problem 3.2.3. Then, arguing
as in Proposition 3.2 in [34], there exists a constant ¢ (independent of ¢ and n)
such that

¢,

(347) ||hn T1 nHLQ(R3 <6 ||DI2 n”Lz(R‘3 <S¢ ||D-L3 n||L2(R3) <6
||l)91511‘LnHLQ(]Rrs < a”DZCzun”L?(Ri) ) ||%%Dxaun“lz2(ﬂ§z <

and

Du — 0 strongly in (L*(R3))3,

h Dy, u® — p$  strongly in L*(R%),

b
(3.4.8) ( Z) Dut — 0 strongly in (L*(R%))3,

< ) Dy,ul — 0 strongly in L2(R?),

as n diverges, for t €]0,T[, where it is understood that p§ = 0 in R3 \ Q.
Limits in (3.4.5) are obtained combining (3.4.7) with (3.4.8).

Finally, passing to the limit in (3.2.9) and taking into account (2.4.22), we
obtain

2
dx

1
lim,, E/**9 (t) = lim,, l2/ (h“ Dy ul, Dy, ul, Dmun)

3.4.9
349 b
Dmlunaszunv hb Dmsun

T 2he fus

? 1
dx] =~ | |u$*dx.
2 Jou
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3.4.3 Proof of theorem 3.3.1

Let us choose g = (4%, 1% (x2,0)) as test function in (3.2.6), with ¢* € C*° ([—3, 4] x

Then it results

a

T
omé o . Omg "
//( e +m, A 5 ) xWdxdt

hb 8m

//( a ot (Z;t) bA(;La) agz )xwﬂ(@, 0)dadt =

Zmz A Dy - (Dy9p) xdawdt

oszai 2

f o (&

f ()
[ (%)

Vx € D(0,T),

Then passing to

Dy ul, Dy, ul, Dy, un> xY*dxdt

\S

1
b hl’r)L 5 b a
n he Dyymy, - (Dyyp®(2,0)) xdodt
n

1

5
§c~

n

vyt € C ([-3,3] x [0,1],R?).

the limit in this equation, as n diverges, and using (3.4.3) and

(3.4.5), we obtain that u* € L> (0,T; M) satisfies

[ ]

0 ]_%’%[X]Ovl[

Since C*°([-1,

system in (3.3.3).

0
VXGD(O?T)a vwaecoo([_%7%] [0 1]7 3)

<6M ou’

ot +p* A at)xw dxdt =

ll
272

3 T
Sout A Dot Dot -2 / A (11%,0,0) e,
=2 0 ]

R

1] x [0,1],R3) is dense in H* (¢, R?), it follows that u® solves
)

The initial condition can be obtained in a classical way. Estimate (3.3.4)
can be obtained as in [12], taking into account that assumption (3.3.2) and the

[0,1],R3).

1

1 — —

Bo\ 2 he\ 9 1 (h2\2
<h> Dy, <h> D%uz,hb@) Dyl | xv(w, 0)dadt,



80 LUISA FAELLA, UMBERTO DE MAIO AND SALWA SOUEID

stationary result given in Theorem 4.1 in [33] provide

1
h—aDmlggn — HSN Dy,ug — 0, Dgui — 0, strongly in L? (Ri) ,

hy\* o\’ INAS
h—Z Dy uf — 0, h—s Dg,uf — 0, e h—Z Dy uf  — 0 strongly in L? (R?) ,

n

where Hgl is the first component of Ko



Chapter 4

Asymptotic analysis for two
joined thin slanting
Ferromagnetic films

R. Hadiji, S. Soueid. Asymtotic analysis for two joined thin slanting Ferromag-
netic films, soumis pour publication.

Abstract.Starting from a 3D non-convex and nonlocal micromagnetic energy
for ferromagnetic materials, we determine, via an asymptotic analysis, the free
energy of two joined ferromagnetic thin films. Precisely, how the limit problem
depend on limit of the ratio between the volumes of the two joined films.

Mathematics Subject Classification (2000): 78M35, 74K30, 74K35.

Keywords: micromagnetics, variational problem, thin film, junctions.

4.1 Introduction

In this paper, starting from the classical 3D micromagnetic energy (cf. L.D.
Landau and E.M. Lifschitz [50]), we determine via an asymptotic analysis, the
free energy of a multi-structure ferromagnetic, composed of two joined films,
forming an angle 6y €]0, 7| at the junction point (h%xz1,x2,0) (see Figure 4.1).
Precisely, let Q% = Q2% UQb, withn e N, Qb =] — 1 1[2x] — hb, 0] and Q%
is a bounded domain in R?, so that form an angle 6 with the domain Q% such
that, for all n € N

a

h 11
Qabo — {($1,$2,$3) € R3: |z —cot fpas| < 7”, (x2,23) 6]75, 5[><[0,sin90[},

where h? and h® are the small thickness of Q%% and QY respectively, such that

81
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X2

Figure 4.1: Q&%

limh% =0 = lim h,

(4.1.1) ,

h
11717,11@ =gq € [0, +o0],

In general, this type of thin films, it is used in apparatus for the storage
of numerical information, such as the hard disks , magnetoresistive sensors,
inductive thin films heads in magnetic, etc. The aim of this paper, is to study
the asymptotic behavior as n diverges of the following problem:

(4.1.2) min { /9 (a|Dm|? + p(m) + %DCm —2F,m)dxz,m € H*(Q%, 52)}
Qfo -

n

subject to,
(4.1.3) D(-D¢+m)=0 in R?

where « is the exchange constant and let ¢ : S? — [0, 4o0] is a continuous
and even function, F,, € L?(Q% R3), and S? denotes the unit sphere of R3.
In classical theory of micromagnetics, m : 2% — R3 denotes the magnetiza-
tion and the body is always locally magnetized to a saturation magnetization
|m(z)| = ms(T) > 0 unless the local temperature T is greater or equal to Curie
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temperature depending on the body, in the latter case m(T) = 0. It is under-
stood that m(z) = 0 in R3\ Q%. This model was proposed by Brown in [11].
We suppose that the temperature is a constant and lower than Curie temper-
ature and, without loss of generality, we assume that |m| = 1, i.e. m(z) € S?
a.e in Q9. The function ¢ : R® — R denotes the magnetic field potential. The
magnetic field potentiel and the magnetization m are connected by equation
4.1.3. Afin to reformulate the problem on a fixed domain Q% = Q®f U Qb
where QY =] — £, 2[2x] — 1,0[ and Q*% is a the rescaled domain of Q%% we
derive the limit problem which depends on the limit lim,, Z—Z‘ =q € [0, +o0].
Precisely, if ¢ €]0, +00[, we prove that the limit problen; is given by

(4.1.4)

1 : a a
{ s ( Dy €% Dyy i, Dy i® — cot 0g Dy, €))% 4+ o(u) + 5\ sin fppu§ — cos 0()u32> dx
a,%0

2/ 1’171'23‘%3)/1“ d$*2q/ fb .Zl,l'g,xg),u dz+
a,fq

0|

(., €%) € H(Q, §%) x H'(@,8%) x F

Ar

Nl

(al(DzlulZ Dy 1i®))? + o(u”) + Iu32> dzidzs,

(02,0) = (0,2 in ] = 3. ;[},

where p$, ug is the first and the third component of u® respectively, u$
is the third component of pb, F = {g € L*(Q*%) : D, g € L*(Q>%)},
and f® and f° are the L?-weak limits of the rescaled exterior fields in Q%%
and QP respectively, we obtain two problem coupled by the junction condition
p(22,0) = /j'b(ova) in]— %v %[

Remark 4.1.1. e [t is easy to see that if p =0 and f = 0, then the limit
problem is zero and is attained by ((0,=£1,0), (0,+1,0)).

o If o #£0 and f = 0, there exist severel type of anisotropy. In the unizial
anisotropy, for wich only one direction v € S? is privileged, and we have:

o(m) =1— (m.u)?

In this case, we suppose that u # (0,£1,0), it is easy to see that

0= p(tu) < p(m), for all m # +u.
In this case, we can show easly here that the minimizer of (4.1.4) does not
attained by +u. Therfore , this limit is not parallel to the junction axis.
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In the second case, for ¢ = 0 the limit problem reduces to a single domain
Q»%  Precisely, we prove that the limit problem is

1
min { / (l(D, €%, Dy, Doy i — c0t 00 Dary €| + p(”) + 5 | sin O — cos opi[*)der
Qa0

‘2/ Joutde, (u,€%) € H'(Q%,5%) x F }
Qa,,eo

Similarly in the last case, for ¢ = +o00 the limit problem reduces to a single
domain QP. Precisely, we prove that the limit problem is

i 1
o { /]\ 112 <a|(DI1Mb7szlub)|2 + (p(ub) + 2|M??))2> dl'ldl’z
—2032

-2 fb(x17x27x3):u‘bdxvy’b € Hl(Qb’SQ)}.
Qb

The proof of these results are developed in severel steps. If ¢ €]0, +-00[, we begin
by proving a general convergence result for the magnetostatic energy. In the
next step, we prove a weak convergence of the magnetization in H'(Q%%  §2) x
H(QP,5?), verifying the junction condition.
Our study generalizes the cases studed by Gaudiello and Hadiji (cf. [31],[32],[33]),
they studied the junction of ferromagnetic bodies. In [33], they considered two
orthogonal ferromagnetic thin films and they proved that the limit magnetiza-
tion are coupled when the volumes of the two thin films vanish with the same
rate. In [31] and [32], they developed an asymptotic analysis of minimizing
maps with values in S? for the energy an(\DM|2 — 2F, M)dz, neglecting the
term with non-local magnetostatic energy which characterizes the actuel paper.
In what concerns the study of a single ferromagnetic thin film, several results
regarding the study of a single ferromagnetic thin film are presented by Gioia
and James in [39]. They considered a ferromagnetic thin film (€, of thickness
h), and studied the behavior of a thin film, with a external magnetic field equal
to zero, when h — 0, the energy of this film depending on the magnetization 77,
Gioia and James proved that the magnetization minimizing the energy converge
when h — 0, to a magnetization minimizing the limit energy, and this limit
energy is local. This result was extended by Leone and Alicandro in [1] to
the case of non-convex exchange energy. In [41] and [42], the authors studied a
micromagnetic thin film with degenerate exchange energy. For related problems,
some interesting regularity theorems were obtained in [43]. The time dependent
case was treated in [12] and in [14]. In general, magnetic thin-film elements
are used in many applications: inductive thin films heads, magnetic recording,
megnetoresistive sensors, thin films memories, etc. About this subject we refer
to Hubert and Schafer in [46]. For recent papers on joined structure see also
[38] and [56]
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4.1.1 The setting of the problem

Let B be a open bounded containing Qiff’ for every n € N, and set
(4.15) U= {U € L},.(R% : Ue L*B), DU € (L*(R?))?, / Udx = 0} :
B

Remark that U/ is contained in L?

2 (R?) and it is a Hilbert space with the inner
product:

U, v) = DUDVdzx +/ UVdz.
R3 B
From the Poincaré-Wirtinger inequality it follows that a norm on U is given by

(U, U)7 = (/R DU|2daz>%.

Then, for m € L?(Q%,R3), Lax-Milgram Theorem ensures that the following
problem

(4.1.6)
DgnAngdx = mD¢dr = 0, V¢ el,

R3 fo

admits a unique solution ¢ i in U and it is characterized as the unique solution

of the following problem:
1

(4.1.7) min{/ DC—m|2dx:C€Z/l},
2 R3 - -

where it is understood that m = 0 in R*\ Q%. Moreover, <, ,, belong to H!(R?)

up to additive constant (see. [48]) Let us consider the following problem
(4.1.8)

min{/e <oz|Dm|2 + o(m) + 1( m — 2an> dr:m € H1(9Z0752)} 7
QW,O

2=>n,m=——
has at least one solution(cf. [57]). The aim of this paper is to study the asymp-
totic behavior of problem (4.1.8), as n diverges.
4.1.2 The rescaled problem
In this section, we reformulate problem (4.1.8) on a fixed domain, using the
following rescaling
2

cos g
sin 6y

— (h%zy + (1= hg)ws, w2, w3) € int(2™),

11
(z1,29,23) € Qv =] - 3 5[2><] —1,0— (ml,x27h2x3) € wa

) 1 11
(21,29, 73) € Q@00 = {(5617552,173) €R®: |z — cot O] < =, (22,23) €] — 33

[x]o,smeo[}
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In fact, for every n € N set

0
m®*(z) = m(hlxy + C.OSGO (1 — h%)x3, zo, 23) for z a.e. in Q@0

m:x e Qo =Q»0U0d — m(z) = sin 6,
m®(z) = m(z1, w2, hi)xs) for z a.e. in Q'

Let as set Ri_ = {(.731,.132,$3) cR3: xr3 > 0}, R3 = {(xl,l‘g,l‘g) ceR3: xr3 < 0}
For every n € N, let B% and B? is a open bounded in R® containing ﬁa’eo and

—b
Q)" respectively, let

(4.1.9)
U, ={ u=(u",u’) €L}, (R}) x L]

loc loc

(R3) : (ul ,ub

|B$L |B£)1

) € L*(By;) x L*(By),

n

b
(Du®, Du’) € (L*(R3))? x (L*(R3))3, / udr + h%/ u’dx = 0,
B By

a
n

u®(x1,22,0) = u(hixy, 2,0), for (z1,22) ae. in R?}.

We state problem (4.1.6) in the fixed domain Q% for every m = (m®,m®) €
L2(Q% R3) x L2(Q°,R3), the following equation:

(4.1.10)

Cn,m = ( Z,mv Z,m) eU,

1 a a a cos 6y 1 a
/]Ri (MLDx1Cn,ma D:CQCn,ma stcn,m =+ sin@o (1 - h%)DJhCn,m)

cos fy 1

sin@o( ; %)Dmg > dat

1
(haDrlcav Dzz<a7 Disca =+

h 1 1
(le b Dl h%DmsCZ,m) (legb’ D,.ct, hl;LDwi"Cb) de =

he Jus

1 cos 0y 1

7D a D a D a 1_ _ D a a
/Sza,eo <h% 11< ) I2C k) 1173C + Sin@o( h%) l]C >m dl“i_
hlr)z b b 1 b b _ a b
E - DamC aDm2< a@ngC m d.’[, C_ (C aC ) euna

admits a unique solution (. m = (¢ ) Cflﬁm) € Uy, and this solution is charac-
terized as the unique solution of the following problem:

(4.1.11) In(Cpym) = min {jn(¢) : ¢ € Un},
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where
(4.1.12)
1 1 cos by 1 2
. a b a a a a a
n: = 9 n a 7-D93 7DI 7D:E A 1_7D;1; — d
=@ et =g | (h% (€ Dy, i g (1= ) 1<> m?| da
]'th)L b p 1 b b2
175 o (90 Pt et =] ae

Remark that, Cu.m = (¢4, Ch ) belongs to HY(R3) x H*(R? ) up to additive
constant. For every n € N, let
(4.1.13)

My ={ m=(m*,mb) € H'(Q%,8%) x H'(2",5?) :

ma(z1,x9,0) = mb(hexy,35,0), for (x1,72) a.e. in | — %, %[2},
s 0
fi(x) = Fp(hizy + Cf)beo (1 — h%)as, z0,23) for z a.e. in Q»%,
foiw € QWPUQY — fo(x) = S
f2(x) = Fu(x1,x2, hlx3) for z a.e. in Q°,
let
(4.1.14)

E,:m= (ma7mb) eEM, —

/ a
Qa9
hb

he Jor \©

1 1
7‘D1’ n an o an @
2 /Q (h% 16mm Dea G D G +

2

cos by 1 1

sinoo( ~ ha

n

1
(Dzlm“, D,,m% Dyom® +

& )D"’“ma)

+p(m?) - 2fﬁm“> dx+

2

1
<Dz1mb, Dmmb, W Dmmb)

n

+ @(m®) —2 ﬁmb> dx+
cos by i
ha

n

(1—--—)D,, gm> mdx+

sin 90

1At 1
ih% /Qb (Dw1cg7m7D$2 ’27177,7 hTDmg »Z)m) mbdx.
Then the function defined by

cos 0y
ha
m( nxl—’_ sin 90

(1—h%)xs, 2o, 3) for = a.e. in Q¥ m(xy, 29, Kb x3) for z ae. in Q,

with m solution of problem (4.1.8), as a minimizer of the following problem:

(4.1.15) min{E,(m):m e M,}.
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Remark that, setting for every n € N
(4.1.16)
Epe9:m = (m® mP) € L*(Q%%,R?) x L*(Q",R%) —

1 1 5 6 1
5 (G DesGhim DeaGhm D + o2 (= DGl ) ot
2 Q-9 h% ’ ) ) a s

sin 6y hg
1hd b b 1 . ,
ihi,’% o Dml n,m?DIQCn,maﬁng,Cn,m m’dx =
1 1 cos O 1 2
By 7D:n n 7Dz " ,Dz o " 1_7Dm a d
5 /R . ( i Do G Doaims Do + g2 (1= 50D W) o
1 hy, 1 2
5% R3 (Dzlgb"m’ Da, Cflam’ %D% C’Z,m) dz,

from (4.1.10), it follows that
(4.1.17)

E,(m) :/ (a
Qa9
hb
+@ o (0%

Vm = (m*,m®) € M,,, VneN.

2
cos 0y 1 1

1
7D{L’ aaDz aaD:L’ @ p -
(hg v Dagm®, Doym® + 25081 = 2

n

)Dzlm“)

2

1
<Dm1mb, Dmmb7 W Dzsmb)

n

+p(m’) — 2fﬁmb> dx + E,'9(m),

Actually, the goal of this paper is to study the asymptotic behavior, as n di-
verges, of problem (4.1.15). To this aim, Assume that

(4.1.18) f2 — f* weakly in L*(Q®% R3), f2 — f% weakly in L?(Q°,R3).

4.1.3 preliminary

Let us define
(4119) F = {g c LQ(Qa,GO) . leg c L?(Qa,GO)}’

remark that F it is a Hilbert space with the norm

1

(4, u)F = (/Q |u|2dx>§ n (/Q |Dz1u\2dm)%,

Using standard arguments (see. [10]), we have C’Do(ﬁa’eo) is dense in F.

+ o(m®) — 2f,‘fm“> dx
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4.2 The main results

Let
M= {p = (uo, ) € H (2%, 8%) x H'(@",$?) :
u® is independent of z1, u® is independent of x3,
1 (x2,0) = pb(0,22), for x5 ae. in]— 1, %[}
(4.2.1)

~ {M = (u,ub) € HY(] — 1, 1[x]0,sin6p[, 52) x H'(] — &, 1[2,5?) :
u® is independent of 1, u® is independent of x3,
1 (22,0) = pb(0,22), for x5 ae. in]— 1, %[}

and for ¢ €]0, 0o, let
(4.2.2)
Ey: (1,1, €%) € M x F —»

1 : a a
/ ) (al(Dmé“, Dy, i, Dt = cot 6o D, ) + () + 5| sinfopf — cos 90u3|2> dx—
Qa9
2/ [ (21, x2, x3) " da — 261/ Fo (21, 22, 23) P da+
Qa.f0 Ob

1
q/ L1 <a|(Dx1ﬂb7D12ub)|2 + (P(llzb) + 2|,U/22> d(EUi(EQ,

272
Our first main result is

Theorem 4.2.1. Assume (4.1.1) with q €]0,+o0[ and (4.1.18). For every
n €N, let m,, = (m%,m>) be a solution of (4.1.15) and ¢, = (¢, ¢8) be the
1

unique solution of (4.1.11) corresponding to my,, let fy(ll)(l'g, x3) = [, m&(x1+
2
cot O3, T2, x3)dx1. Then, there exist a subsequence (my, )ien and (4%, i, £%) €

M x F, depending on the selected subsequence, such that
(4.2.3)

mg — i strongly in H' (Qa0 S2),mfli — fib strongly in H'(QP, 5?),

hi, (my, — 7(11)) — &% weakly in F,
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1 A
hTDzlm‘}“ — D, &% strongly in L?(Q%% R3),
Lz
(4.2.4)
1
hTstml;Li — 0 strongly in L*(Q°,R?),
and
(4.2.5)

o Da G = sin? fpf1§ — sinfg cosOpfi§, Dy,C2 — 0, Dy, (2 —0  strongly in L2(R3),
n;

1 -
Dy, Ch — i} strongly in L*(R?),

Dz1C'Zl — 07 Da:zggl — 07 hT
g

as i and n diverges, where ,&‘f, ﬁg and ﬁg denote the zero extension of i, [i§
and [ on R3 respectively, and (fi,£?) is a solution of the following problem

(4.2.6) By (jt, ) = min { B, (1, €7) : (1,€%) € M x F},

where M and E; be defined (4.2.1) and (4.2.2), respectively. Moreover, it results
that

(4.2.7) lim B, () = Eq(4%,).
If g =0, let
(4.2.8) Mo = {p* € H'(Q%,S?) : u* is independent of z1 }
and
(4.2.9)

Eo: (p,€") € Mo x F —

1 . a a
/ , <a|(Dm€“, Doy i, Dy i — cot 8Dy, £9)[* + o(u®) + §| sin fouq — cos 9ou3|2> dz
Qa9

_2/ fa(x17x2)l‘3)/'[/adx7
Qa9

then, it results that

Theorem 4.2.2. Assume (4.1.1) with ¢ = 0 and (4.1.18). For every n €
N, let m, = (m2,mb) be a solution of (4.1.15) and (, = ((2,C8) be the
1

n

unique solution of (4.1.11) corresponding to m,,, let 521)(332, x3) = [, m&(x1+
2
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cot s, 2o, x3)dx1. Then, there exist a subsequence (my,,)ien and (4%, 4, €%) €
M x F, depending on the selected subsequence, such that
(4.2.10)

me — j® strongly in H'(Q%, Sz),mgj — b strongly in H*(Q°,S?),

ni

h}L (mg, — 7(111)) — £ weakly in F,

n;

1 .
hTDzlmf“ — Dy &% strongly in L?(Q%% R3),
g
(4.2.11)
1 /ne \2
e <ha> Dg,mb — 0 strongly in L?(Q°,R3),
and
(4.2.12)
1

hTDmlcgi — sin? 0o — sin by cos 0oy, Dy, €@ =0, Dg,(s —0 strongly in L*(R2),

b b

b, : b b, : b L (n, : b o T2(R3
e | DeGn, =0, mas | DayCn, — 0, o D.,C,, — 0 strongly in L*(R3),

g

as v and n diverges, where ﬁ‘f and ﬁg denote the zero extension of if and 1§ on
R3 respectively, and (4%, £%) is a solution of the following problem.:

(4.2.13) Eo(i®, €%) = min{Eo(u?, £7) : (u®,€%) € Mg x F}.
Moreover, it results that

(4.2.14) lim E, (m,,) = Eo(i%, £%).

In the case ¢ = 400, let
(4.2.15)

Moo = {p* € H'(Q,5?) : u® is independent of z3} ~ H'(] — [%,5%)

DN | =

1
2 b
and

(4.2.16)
Fo:p=p"e My —

11
272

1
/] . <0z|(Daslu”,Daczub)l2 +o(u’) + 2qu’i,IQ) daydzy — 2/Qb fo(x1, w2, w3) pubda,

then, it results that:
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Theorem 4.2.3. Assume (4.1.1) with ¢ = +00 and (4.1.18). For everyn € N,
let m,, = (m%, m®) be a solution of (4.1.15) and ¢,, = (C%, () be the unique solu-
tion of (4.1.11) corresponding to m,,. Then, there exist a subsequence (My,)ien
and [i* € M, depending on the selected subsequence, such that

1
(Z“ ) ’ mg. — 0 strongly in H*(Q%% 52),
(4.2.17)
mlﬁi — pb strongly in H'(Q, $?),
1 hy % a ; 2 a6 s
ha (hT) Dg,my;, — 0, strongly in L>(Q%%, R7),
Uz ¢
(4.2.18)
1 , . r20Ob T3
hTngmni —0 strongly in L*(Q°,R?),
and
(4.2.19)

1 /he \2 he \ 2 he N\ 3 ,
h?(h%:) DuGs =0, () Daat =0, (55) " Dusi >0 strongly in L2(RY),
1

Dy ¢h =0, D¢t —0, e
n;

Dy, Ch, — i strongly in L*>(R?),

as i and n diverges, where Zbg denote the zero extension of ,&g on R3, and jib is
a solution of the following problem:

(4.2.20) Eoo (%) = min{ Eoo (1) : p* € Moo},
Moreover, it results that

s ~b
(4.2.21) lim [ E,(my) | = Exo(f”)

n \ hb

4.3 If ¢ €]0,400]

The proof of Theorem 4.2.1 well developed in several steps. We begin by proving
a general convergence result for the magnetostatic energy.

4.3.1 A convergence result for the magnetostatic energy

Proposition 4.3.1. Assume (4.1.1), with q €]0, +00[. Let {m,, = (m%, m%)}pen C
L2 (Q»% R%) x LX(Q,R?) and p = (u% p*) = ((uf, u$, 1§), (13, 13, 13)) €
L2(Q% R3) x L2(Q°,R3) such that pu® and pu® be a independent of x; and
x3 respectively, and

n

(4.3.1)  (m%,m>) — (u®, u°) strongly in L*(Q%% R3) x L?(Qb R3)
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as n diverges. Let (, = (2, C8) be the unique solution of (4.1.11) corresponding
to my,. Then, it results that
(4.3.2)

1 . . .
h—ﬂDm{g — sin® oud —sinfp cos Oops, DyyC2 — 0, Dy (2 — 0  strongly in L*(R3),

1
D, ¢t —0, D, —0, h—beSCfL — b strongly in L*(R3),
as n diverges, and
(4.3.3)
1
lim E** (m,,) = = / | sin O — cos Opp§|*drodas + q/ |pus|“dzidzs
n 2\ Jqa.0o —1.1

Proof. For a given (, is a solution of the problem (4.1.11), and by choosing
¢ =(0,0) as test function in (4.1.11) corresponding to m,,, it results that
(4.3.4)

Je €]0, +o0: /
RY

b
oy
hg Jrs

2
dr+

1 a a o . costp 1 o a
(Dml n?D.’L‘2<naD.'ESCn =+ sinQO (1 - hT)Dml n> —my

a
hn n

2

1
dr < c¢,Yn € N.

(D2 Dral g Dt = it

Applying the triangle inequality and by taking into account the fact that |m,,| =
1 and (4.1.1), we prove the existence of a positive constant ¢ €]0, 400, such that

Je €]0, +o0],
(4.3.5) ||ﬁDw1Cﬁ||L2(R3+) <e ||Dm2C3||L2(R1) <¢ HDzSCﬁHH(Ri) <e,
D2, ol 2ms y < €11 Dey ey < e, ||%ZD13C2||L2(R§) <ec,
From the Sobolev-Gagliardo-Niremberg inequality and (3.5), we obtain
(4.3.6) Je €]0 + oo[: [|CnllLorsy < ¢, Vn € N.
Moreover, the estimates (4.3.5) and (4.3.6) guarantee the existence of a function
¢ = (¢ ¢") € LOY(RY)xLO(R?) and D¢ = (D¢, D¢¥) € (L*(RY))® < (L*(R2))?,
where ¢ and (? is independent of z; and x3 respectively, such that
(4-3.7)@ — ¢ weakly in LO(R3), D¢ — D¢ weakly in (L?*(RY))3,
¢t —¢* weakly in LS(R?), D¢ — D¢®  weakly in (L?(R3))3,

as n diverges. Moreover, the fact that (* is independent of x; and D(* €
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(L*(R%))?, gives that

+oo>/ \Dga|2dxz/ (/ (I1D2y ¢ + | Dy C*?) d(xg,x3)> dry =
R3 la,b[ R

2
+ +

(b — a)/ (|1D2yC%? + | Dy C*?) d(22, 23),Va, b € R where a < b
R2

+

which gives that ¢* is independent of x5 and z3, then (* = 0 in L6(R%). Simi-
larly, we obtain ¢® = 0 in LS(R?). It results that

D¢* =0  weakly in (L?*(R3))3,
(4.3.8)
D¢ — 0 weakly in (L?(R?))3,

as n diverges. Moreover, (4.3.5) guarantee the existence of p* € L*(R3) and
p® € L?(R3) such that

%DIICZ — p®  weakly in L*(R3),

(4.3.9) 1
75 Das ¢ —pb  weakly in L*(R?),

as n diverges. The next step is devoted to identify p® and p°.
In this aim, now in equation (4.1.10), choose

m = My,
(4.3.10) (*=c%+¢ where ¢eCRY),
" =cp,

b
with ¢4 = —(|BY| + 1= [BS)~! [, pda.
After having multiplied this equation by h?, we obtain

f]Ri (%D$1C23D12C27Dw3gg + Z?sg(? (1 - %)lecz) (DI1807thDI2(p; h%D:EBSD + g?ﬁgg (h,,ql - 1)D$1S0)df1

= Jouss (Do, W Dasp, B Do + 200 (b = 1) Dy, ) misda, Vo € G (RY),
by passing to the limit as n diverges and by taking into account (4.3.8) and
(4.3.9) we obtain

1 @ o cosby _,
(4.3.11) / —5—p" Dy, pdx :/ (1} — ——f5) Dy, pd,
R R sin g

s sin® 6, 3
+ +
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where fif and fi§ denotes the zero extension of u$ and p§ on Ri \ Q%% respec-
tively, this proves that for (z2,z3) a.e. in Ri, the function ﬁp“(.wg,xg) —

in

(ﬂ‘f(., X9, T3)— E?ﬁgg a5 (., xa, xg)) is constant in R, and the fact that mp“(.7 X9, X3)—

18(., o, x3) — :’;gs [Lg(.,xg,xg)) € L2(R), we concludes

0°(., z2, x3) = sin? Qofi§ (., xa, x3) — sin by cos O i (., 2, x3) ae. in R
Then

sin? Oop§ — sinfg cosOops  a.e. in Qo
(4.3.12) p(x) =
0 a.e. in R3\ Q9

similarly, now, in equation (4.1.10), choose

m = mMpy,

= +¢p where ¢cCF(R?),

(" =cp,
b b
with & = —(|B2| + Z—Z\Bm)*l% fBl’L dx, we obtain

pb(ze,x3)  a.e. in Q°,
(4.3.13) pb(z) =
0 a.e. in R3\ Q°,

The last step is devoted to prove that convergences in (4.3.8) and (4.3.9) are
strong, and we have convergence (4.3.3). Let w,, = D, (% + <%0 (1 — =)Dy, (2,

sin 0o
from (4.3.8) and (4.3.9) we have

cosfy .
wy, — fmp weakly in L?(R%).

By passing to the limit in (4.1.16) with m = m,, and using (4.3.1), (4.3.8) and
(4.3.9) we obtain the convergence of the energie:
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(4.3.14)
1 1 cos by 2
lim E]**9(m,,) = lim f/ — D5, ¢, Dy Cy, Dy G+ (1- )DIIC“ dx+
n n 2 Rii h,,a'1 00 h’a

1h}, 1
30 s ‘(l%nCZal%»Cthblhacz)

2
dz] =
: 1 a|2 a|2 2
lim | o | DmC\ + [DayGul”™ + [wa]” ) da
n |2 ha
lhlr)z b b b
+2h%‘/RS (DCElCn?DIzCna hb st -

) 1 1 “ cos&o 1 @ @
1171111 [2 /Qa,@o <<ha‘ Dzmcna chgna xaCn . 90 (1 - ha)DQHCH) mn> dz+

n

1R
§h7 b (< a:1<fw :szn’ hb fESCZ) m%) daj] =

1 : a a
3 (/ | sin O — cos Oop§|*dx +q/ |u§2dm1dx2>
Qafo Qb

By multiplying the last lign of (4.3.14) by sin? 6y + cos? fy = 1, we obtain
(4.3.15)

1
lim EJ*(m,) = = (/ (| sin? fopd — cos O sin O s |* + | sin O cos O p§ — cos? 90u§\2)daﬁ
n Q.00

2
1 a cos b
+?/@FM>2</‘ (16 + 15 |ym+q/|@wm>
Qb Qa9 sin Qb

and by combining this result with (4.3.8), (4.3.9), (4.3.12) and (4.3.13), we
deduce the convergences (4.3.2). O

Proposition 4 3.2. Assume (4.1.1), with q €]0,400] . For every n € N, let
m, = (m&,mb) be a solution of (4.1.15). Then there exist ¢ €]0,+o0[, such
that:

En(mn) < C, Vn € N,
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Proof. Let m = ((0,1,0),(0,1,0)) as the test function in (4.1.17), it follows that

b

a h
En(ma) < ¢((0,1,0)) + 2/ £l z2am070 + 72 (#((0.1,0)) + 2/ 2l (o)

+E,Tag(((o, 1,0), (0, 1,0))),vn eN

In the other hand, choosing ((?, (%) the potentiel corresponding to ((0, 1,0), (0, 1,0))
as test function in (4.1.16) and by using the Cauchy-Schwarz inequality, we ob-
tain

N

cos by

1
(Dmlcav DCEQCG7 DCE3CCL +

2E79((0,1,0),(0,1,0) < ( LG
R n

(1= 3Duc)

n

2
dm)

3
+

1
(Dmcb, Dy, (", hbDwgd’)

sin 6

2 3
da:)

< <2E;”“9<<0,1,0),<0,1,0>)> +(52) <2E$“9<<0,1,0),<0,1,0>)> W eN.

(SIS
iS]
|

Then, there exist a constant ¢ €]0, 400, such that:
En(mn) <eg, Vn € N.
O

Corollary 4.3.3. Assume (4.1.1) with q €]0,+oc0[ and (4.1.18). For every
n € N let m,, = (m&, m?) is a solution of (4.1.15). Then, there exist ¢ €]0, +oc],
such that:

[Dzymyll(r2(e00y)3 < chyy [ Daymyll(n2(a00y)s < ¢, [Daymyll(r2(0e00y)s < ¢, Vn €N,

||Dw1m?l”(L2(Qb))3 < C, ||Dx2m$’1||(Lz(Qb))3 < C, ||Dx3mle(L2(Qb))3 < Ch?l, Vn € N.

Proposition 4.3.4. Let m,, = (m%,mb) is a solution of (4.1.15), M defined

n

in (4.2.1), and let &(lli) (x9,x3) = f_i mg (x1 4 cot oz, v, x3)dxy. Then, there
2

exist a subsequence (my, )ien and (A%, i, €*) € M x F, such that
(4.3.16)
my — ¢ weakly in H'(Q¥% R3), mfh, —~ab weakly in H(Q",R?),

1
hg.

~ 1 ~
(my, — f,(f)) — ¢ weakly in F, hTlemZi — D, & weakly in LQ(Q‘I’QU,R?’)7

2
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Proof. By taking into account |m,| = 1 a.e. in Q% Corollary 4.3.3 and ¢ €
10, +oo[, there exist a subsequence (my,, )ien, 4 € H'(Q%% $?) is independent
of z; and i® € HY(QP, S?) is independent of x3 , such that

mé — 4% weakly in H'(Q*% R?),
(4.3.17)

mb — i’ weakly in H'(Q°,R?).
To prove the last convergence in (4.3.16), for every n € N we set

cot 90$3+%

57(11)(1'2,‘%3) = / mZ(xlax%xs)deh
C

ot (90113—%

by virtue of the Poincaré-Wirtinger inequality, there exist a constant ¢ €]0, +o0o[
such that

1
th (mﬁ($1,$2, r3) — 57(11)(332’333)”

L2(] cot 903’,‘3—%,6013 00m3+% Ldz1) —

Dy, my, (551,552,333)‘

Hha , VneN,

L2(] cot 90z37%,cot 0013+%[,dz1)
it gives that
1
‘ *(m‘fl(m,xz,ﬂ?s) —fﬁll)(xzyfﬂ:a))u <

h;ll H(]cot Oongé,cot 90x3+%[7dx1)

1+CH

D, ms (1‘1,.132,.1?3)‘ Vn €N,

ha

L2(] cot 00:83—%,C0t 00x3+% [,dx1)7

for (z2,23) a.e. in ] — 1, 2[x]0,sin6p[. Thus integrating this inequality over
11

(w2,23) €] — 5, 5[x]0,sin 6], the first estimate in Corollary 4.3.3 ensures the
existence of a subsequence of {n;};cny and a function é“ € F such that

1 N
— (mfl — 57(11)) — &% weakly in F,
hg. i

consequently,

Dy, = D, &% weakly in L*(Q%% R?).

For asserting that (%, i’) € M, it remains to prove that

11
(4.3.18) [1%(x2,0) = (i°(0,25)  for x5 a.e. in} ~ 35 [

The proof of (4.3.18) will be performed in several steps. At first remark that
(4.3.19)

11
11m/ ( (z1,22,0) — ua(x2,0)><p(x2)da:1dxg =0 VoeCy(- 2 5[)
3,30
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Now, for every i € N, set

pita) = [ (1Damh o) Pt (o122, 00) 4 (o1, 0) ) i
}7575[2

From Fatou’s Lemma and the fact that [m} | =1 a.e. in Q°, it follows that

/ lim inf p; (z3)dxs < lim_inf/ pi(zs)drs < 400
1—1,0[ 1—1,0[

K2 K3

Consequantly, there exist two constants ¢ €]0,+oo[ and T3 €] — 1,0[, and a
subsequence (p;, )ren such that

pi, (T3) < ¢,Vk €N

It results that

11
(4.3.20) ml (.., T3) — b weakly in H'(] — 3 5[2,R3),

nik
as k diverges.

The second step is devoted to prove that
(4.3.21)
11

lim/ (mfI (he xl,xg,O)—[Lb(O,xg))go(mz)dxldxg =0, YpelC5(—-=z,=D-
k ]_%)%[z “k “k 272
Moreover, for ¢ € C§°(] — 4, 1) we have
(1, (0, 21, 2.0) = 100,20 ) plaahirdon =
/ <mfm (hyy, ®1,72,0) — mzi (hy, x1, 172,1:3)>g0(x2)dx1dx2+
]7%’%[2 k k k k

<m i .(hzikxlv x27T3) - mlr)hk (Oa 1'2"%3)> gD(iL’g)d:L’ld1L'2+

/] L (mfnk (0, x2,T3) — /lb(O,xg))cp(xg)dxldxg vk € N

and we will pass to the limit, as k diverges, in each term of this decomposition,
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there exist ¢ €]0, 400 such that

4 3. 23
hmbup‘/ ( m,,. (he x1,z2,0) —mfl, (he xl,xg,xg,)><p(m2)dx1da:2 =
% %[2 /Lk 'Lk (2 Lk

k
limsup‘/ (/ Dtm he x17x27t)dt)g0($2)d$1d$2
k =33
3

HLPHLW(]f%,%[)‘leé limksup <Ab |DI3ml7711k (hzik$17$2,$3)|2d$> <

<

1
1o 2
ellq 3,011 Hmsup Dzt sy ) <
k P
b
b My
cllell zoo—1 1py]€2°|2 lim sup =0
el -3 21 sy

In the other hand, there exist ¢ €]0, 4o00[ such that

(4.3.24)
hmsup‘/ < My, hflikxhxz,ﬁ) fmiik (Oazz,%))sﬁ(@)d?ﬁldﬂﬁz =
=330 '
lim sup ‘ / ( Dtmf”k (t,wg,xg)dt>go(x2)dx1dx2 <
=330

h®
My

1 . 2 _
"yl ( |7 i, <t,x2,x3>|dt)dx2+
2 koo =330 \Jo ’

0
(/h%‘ \Dtmflik (t,xg,mg,)|dt)dm2 <
[\ -k

2

|D$17/nlr)t1 ($1,$2,T3)|2dx1dx2 <
5

1H I limsup/
= co(l—1 1
g IPlL=(-4,3D ;A

=33
L li hy
§|\90||Loo(]—%,%[) lmksup i [

=332
Ml - .40 lim /A5, =0

From (4.3.20), it follows that
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(4.3.25)

Then, by passing to the limit in (4.3.22), as k diverges, and by taking into
account (4.3.23)-(4.3.25) we obtain (4.3.21). Finally, the junction condition
(4.3.18), is obtained by passing to the limit, as k diverges in

(4.3.26)
/] . my, (21, x2,0)p(x2)dxdre = / mf”k (hflk x1, T2, 0)p(x2)dr1das

33 -3.3[

11
Vk e N,V € C5°(] — 5,5[),

and by using (4.3.19) and (4.3.21). O
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4.4 A density result

Let
(4.4.1)

Mieg = {u = (ue, pb) € CH(Q200, S?) x C(QP, $?) :

1@ is independent of z1, b is independent of x5,

Nb/[fl,o]x[fé,%]x[q,o] € Cl([—%,O] x [_%7 %} X [_170]752)7

2

lu’a’(x270) = ub(07$2) for i) E] — %’ %[}

~ {u = (u, 1) € CH([~ 4, 8] x [0,51n 6], 52) x C([-4, 112, 52) -

p® is independent of z, u° is independent of x5,

1/ s ox-1,41 € CM([=3,0] % [=5, 50, 9%), %/ j0,3)x - 1,17 € CH([0, 5] x [-3, 5], 57),

272

lu’a’(x270) = ub(07$2) fOr i) E] — %’ %[}

Remark that, M., C W (Q@% §2) x W (QP, 52). The proof is based on
the combination of an approximation result proved in [7] with splitting tech-
niques introduced in [51] and a projection technique from R? into S? as in [44].

Proposition 4.4.1. Let M,., and M be the space defined in (4.4.1) and
(4.2.1), respectively. Then M4 is dense in M.

Proof. this proof is very similar to the proof of proposition 5.5 in [33]. So omit

it. O

4.4.1 Proof of theorem 4.2.1

Proof. From Proposition 4.3.4, there exist of subsequence {my,}ieny of my,,
(e, @, €%) € M x F and from Corollary 4.3.3, there exist n° € L%(Qb R?)
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such that
(4.4.2)

mé — i weakly in H'(Q%% R%), ml —pab  weakly in H'(Q",R?)

T

(my, — §,(Lli)) — é“ weakly in F,

1 .
7 Damiy, = Dy &8 weakly in L2 Q% R3),

b
h,

as ¢ diverges. Consequently, by virtue of Proposition 4.3.1 and convergences
(4.2.5) hold true, it results that
(4.4.3)
1
lim B (m,,,) = = / | sin 01§ — cos@oﬂg|2dx+q/
i i 2 Q.00 -

ll[z
22

|Mgzd171d$2>

Let (u®, pb, &%) € Myeg x C°(Qa%). We shall build a sequence {g }nen C
H'(Q%% R3), such that
(4.4.4)

gn — p®  weakly in H'(Q% R3),

1 cos by 1
7Da: n7Dw naDw n . 1—-— DI n) —
(h% 19ns Dy Gny Dy gn + Sln90( 3o ) D19n)

n

(D €% Dyypt®, Doy i — cot@o Dy, €%)  strongly in L?(Q%% R3),

1 172
gn(T1,22,0) = pb(hlzy,20),  for (w1,22) G} mbt 5{ ,

and Wi, = {x € R? : (22,23) €] — 3, 1[x[0,h%sinby], |1 — cot bpzs| < %},
where Q%% = Wi UWg,. To this aim, for every n € N, since for hy small
I+ BAE oo # 0. we set

(4.4.5)

Let Wi, = {:r €R3: (22,23) €] — %, 2[x]h% sin by, sin [, |z1 — cot fozs| < %}
a

p(x2,23)+hy €% (z1,22,23)
I +h$ € oo ’

gn(z) =

(u“(mz,hfl sin 0p)+ho £ (x1,22,h, sin 90)) x3

brra h? sin g —x3
Tue+ha € oo Rasingy K (T, 22) =g

)

Dyomb —n’  weakly in L?(Q°,R?),

if 2 € We,

, if z € WS,
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Remark that {g, }neny C H(Q%% R3), and the last line of (4.4.4) is verified.
Moreover, by using the properties of M,.., and there exist ¢ €]0, +o00[ , we have

hisinfy —x3 Dy E%(x1,x2,h%sinby) w3
hg sin 0 |1 + hEE| 0o h& sin

n n

1 2
lim ‘h—alegn(a:)‘ dx = lim ‘Dzlub(hle, x2)
Woo ' ''n W3

h% sin00 — I3 ‘2

h& sin 6 d

n

< 2lim ‘Dxlub(hgxl,xz)
we.,

+2hm/h e /Cowwﬁ_2 /é Dy, &%(z1, 22, h% sinfy) 3 ’de
cotbozg—1 J1 e+ heéoles  h%sinby
lim A% a2 li hy .
||,U ||Wloo %7%[2752) 1717:11 n+ H£ ||W1,co(ﬂa,907]R3) ITIPW =
n o0
lim ‘D g (x)‘de i ‘D:mua(l‘g, he sin 90) T3 szfa(ml, 29, h% sin 90) s
g, P e | T b Bgsindy T [uehggle snd,

hé sin Oy — x5 |2
Dt (i1, a2) 2

<el (Iu"ly +[|ub)? fim a2 one ) — ¢

hS Hollwt.ee (a0 52) K ||W1,oo(]—%,%[2ﬁs2) im n |lpe + haga|2, + 1€ ||W1>°°(Q"’v90,R3) im by | =
and

2

lim ‘Dmgn(x)’ dr =

" a.2

£ 1 ’Ua(@,h%singo) — " (22,0) | & (x1, 22, b sinbo) 10(0, 22) — p° (hfzy, 22) "
P wag Rl B e + hagel ’ 7

a

: h :
< C((Hlj/all‘%vl,oo(ga,eo’sQ) + ||§aHioc(Qa,90’]R3)) hrrzn W + ||Mb||?/‘/l,oo(]_%7%[27s2) llyILIl hz> =

that is
1 cos 0 1
(4.4.6) 1 he 19 29 s9 Jrsln@o( h%) 9 L2(Wy 5:R?)

In the other hand,

lega(xhx%x:ﬁ) _
[ + hg€|oo

2
D, (21,29, 23)| dz =0

1 2
lim ‘h—aleg”(x)—lega(arl, To, .133)’ dr = lim ’
n,1 n



105

2 Dy, p® ) D,,¢" » L2,
lim ‘szgn(l') _ Dwzﬂa($27$3>‘ dr = lim Y ad (1‘2 -/E3) + R 2§ (.’L‘l T2 .1'3) _ Dzzﬂa<$2,$3) dx
"1

2
nJwe Mt + g€ e " (1t + hiE o ‘
(h3)?

n ||:U/ +ha€a||2

11.1

Drz:ua(x% .Tg)

2
e e K

‘Drzf I17I27I3)‘ dx + 2lim

2 D‘T @ b Dw @ ) ) 2
lim ‘D$39n<m) _ Dw3ua(l’27$3)‘ dz = lim sH (372 5(33) + R 36 (3'31 ) -’173> _ DISMG(J;Q,:ES,)‘
Wi

noJwe, et +hge e " [l + hEE oo

(h3)?

[ + hga12,

2
e e Kl

< 2lim ‘D%E 5817562,1'3)‘ dx + 2lim

nl

Consequently, convergence (4.4.4) holds true. Remark that, |g,(z)| < 11in Q®%.
To normalize g,, it suffices to project on S?. To this aim, let y € B% (0)={y €
R3: |y| < 3}, project # € R*\ {y} on S? by the intersection of S? with the half
line y + t(z — y) : t €]0, +00[, introduce the projection

y) +(y(z —y)? + |z =y - ly]*) (r—y) € 52

: —y(
my:x € RO\{y} — y+ Iz — y|?

It is easy to see that
my(z) =z, VreS?

Moreover, it results that (see. [44])

(4.4.7)  3c €]0, +ocf: |Dmy(z)|? <

S To—gp’ vy € B1(0), ve € R\ {y}

with ¢ independent on y € B1(0) \ G, let

G, = {y € B% (0) : 3w € Wy 5, with g,(x) = y,rank(Dgn(z)) < 3},
and set
G - UnENGn-

By Sard’s lemma, meas(G) = 0. Consequently, for every n € N, and for every
y € B1(0)\ G, the function m, o g, is well defined and, by virtue of (4.4.7) there
exist a constant ¢ > 0 such that

/ <0)\G</;

l
2

D(?Tyogn(ﬂf))\zdx)dy:/B (0)\G/ D7y (g0 (2))*| Dgn (2)|* dwdy

2
[ o[ AR ),
B (0\G we lgn(z) — Yl

1
2

1 / 9
c Dg,(x)|°dz |, VneN,
/3 (0) |Z|2d2< W2a| (@) )

2

IN

IA
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Consequently by using the Fatou Lemma and by taking into account (4.4.6) and
the fact that fB3 0) ﬁdz < 00, there exist a subsequence of {n}, still denoted

by {n}, and 7 € B, (0)\ G such that
(4.4.8) s [ D7 gu (@)l 2 w.9) = 0.

Consequently, we have {(vn, 1) }nen = {(77 © gn, 1°) tnen C Myey, Remark
that the first line in (4.4.4) and Proposition 4.3.1 provide that

(4.4.9)

1
liyanE,Tag(vmgb) =5 </Q ) | sinOoud — cos@0u§|2dx+q/m |u§|2dx1dx2>
a,f0

Finally, choosing (v, u°) as test function in (4.1.15) and taking into account
(4.1.17), one has that

(4.4.10)

117?1 (/QMO (a

b

h,, 2
i (@ | (Do, Daatt® 0) "+ p(a”) = 220" dw+E£”“g(vn,u”)> =

2
+ o(vn) = 2fivn ) do

1 cos 6 1
(h7D$1vnaD£szL7D$3vn+ 0(1 - hia)Daann)

n

sin Oy

1 M a a
/. <a|(D11§aaDz2/~LaaDz3/~La—COtQODzlﬁa)2+90(/~La)+2|Sln90M1 —coseou3|2>dx
Q00
2 [ eanentde = 2q [ fo s aa)pddes
Qa,eo Qb

1 a
q/] L1p2 (a(Dxlub’DTuztub)P + @(Mb) + 2Mg|2> dridre = Eq(’u 7ub)’
202

The last step is devoted to prove that convergences in (4.4.2) are strong. To
this aim, by using a l.s.c. argument, with ¢ €]0, 400[ and from (4.4.2), it follows
that

(4.4.11)
q / aln|? + B, (ua, i°, £2) < liminf E,,(my,,) < limsup Ey, (my,) < limsup By, (va,, u°) = Eq(u®, u°, &
Qb ¢ i i

Since (u?, 4% €%) can be any arbitrarily element of M., x C‘X’(W), by
virtue of the density result stated in Proposition 4.4.1 and the fact that C'>(Qa:%0)
dense in F, this inequelity also holds true with (u, u?, £%) = (3%, i, £*). Con-
sequently, it results that 7° = 0, and by combining this results and (4.4.2), we
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concludes the convergences of (4.2.3), (4.2.4) and (4.2.7). Moreover (4.4.2) and
(4.4.11) provide that [ is a solution of (4.2.6). O

Remark 4.4.2. In the other cases, the structure behaves like a single thin
film. Precisely, when ¢ = 0 (i.e. h% < h2), the limit problem reduces to a
2D problemin the vertical thin film losing the junction condition. Analogously,
when q = 400 (i.e. h2 > h2), the limit problem reduces to a 2D problem in the
horizontal thin film. For shorting the paper, we omit the proofs of these results.
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