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Résumé

Dans cette thèse, nous nous intéressons à la modélisation statistique de données bio-
logiques, et plus particulièrement à l’étude de l’information génétique et protéique.

Dans un premier volet, nous avons amélioré un modèle statistique des données im-
munologiques existant chez la souris, que nous avons transposé à l’homme, afin d’étudier
les différentes recombinaisons qui apparaissent au sein du thymus, à la fin de la vie em-
bryonnaire, entre les segments des gènes de la portion V(D)J du chromosome 14 humain,
appelées recombinaisons V(D)J.

Dans un deuxième volet, nous avons étudié l’information génétique par le biais des
réseaux de régulations génétique, celui de la maladie familiale « atrésie biliaire »,
ainsi que dans les réseaux de contrôle du système immunitaire, que nous avons appelés «
Immunetworks ».

Dans un troisième volet, nous proposons une nouvelle approche de la compression des
données biologiques, qui intègre une étape de modélisation des processus dynamiques qui
leur ont donné naissance : nous avons appelé cette approche la transformée Dynalet et
nous l’appliquons, entre autres, à des signaux de spectrométrie RMN (Résonance Magné-
tique Nucléaire) des protéines et acides nucléiques. Cette méthode consiste à convertir les
signaux de spectrométrie en sons, afin de construire une lutherie anharmonique permet-
tant de reproduire les pics de relaxation périodisés, issus des spectres RMN des 20 acides
aminés, ainsi que de ceux des 4 bases nucléiques azotées.

Abstract

In this thesis, we focus on statistical modeling of biological data, and more particularly
on the study of genetic and protein information.

First, we have improved a statistical model of existing immunological data in mice,
we have transposed it to human, in order to study the various recombinations that occur
within the thymus, at the end of the embryonic life, between segments of genes from the
portion V (D) J of the human chromosome 14, called recombinations V(D)J.

Secondly, we studied the genetic information through genetic regulatory networks,
for example in the case of a family illness called the ”biliary atresia,” as well as in the im-
mune system control networks, which we have called ”Immunetworks”.

In a last part, we propose a new approach for biological data compression, which in-
cludes a step of modeling the dynamic processes that gave rise to them : we call this
approach the ”Dynalet” transform and we apply it, among others, to NMR spectrome-
try signals, i.e., Nuclear Magnetic Resonance spectra of proteins and nucleic acids. This
method consists in converting the peaks of the spectrometric signals into sounds, in order
to construct an anharmonic instrument capable to reproduce periodized relaxation peaks
from the NMR spectra of the 20 amino acids, as well as those of the 4 nucleic bases.
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Introduction générale

PREAMBULE

Dès à présent, la complexité des données est telle que le biologiste ne peut plus raison-
nablement faire de la biologie sans collaborer avec un mathématicien. L’intérêt principal
de la modélisation est d’influencer la manière dont le biologiste réfléchit et donc planifie ses
expériences. Un modèle n’a pas pour unique but d’extraire des informations des données
expérimentales : un bon modèle permet de générer des prédictions et donc de nouvelles
expérimentations.

Du gène aux réseaux de régulation

Un gène correspond à un segment d’A.D.N. conditionnant la synthèse d’une ou de
plusieurs protéines et, donc, la manifestation et la transmission d’un caractère héréditaire
déterminé. Le gène est donc une ”unité d’hérédité”, ainsi qu’un ”message” (Demongeot
et Tracque dans Eléments de Biologie, 2003). Si on veut comprendre le vivant au niveau
cellulaire, on doit comprendre le fonctionnement des gènes, ou plutôt leur expression à
travers les protéines synthétisées. Les gènes exercent leurs fonctions sous la forme de
protéines. Ils contiennent un message qui doit donc être traduit en protéines : d’où la
notion de l’expression des gènes. Cette expression se déroule en trois phases :

1. La transcription : correspond à la synthèse d’un copie d’ARNm à partir d’une
séquence d’ADN. Elle comporte plusieurs étapes, telles que l’initiation, l’élongation
et la terminaison

2. La maturation : correspond à une série de modifications du ARNm. Elle se déroule
en deux étapes (la fixation d’un coiffe méthylée et la polyadénylation)

3. La traduction : correspond à la phase de synthèse des protéines à partir des ARNm.
Elle se déroule en trois étapes (l’initiation, l’élongation et la terminaison).

Durant la dernière décennie, dans la foulée du séquençage des génomes complets, les
informations moléculaires issues de la post-génomique n’ont pas seulement augmenté en
quantité mais aussi en complexité. Chez les organismes eucaryotes pluricellulaires, tels que
les mammifères, qui sont dotés de régions non codantes étendues, de nombreuses études
montrent que plusieurs facteurs de transcription différents peuvent être impliqués dans la
régulation d’un gène. En se fixant à l’ADN et en formant des complexes les uns avec les
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2 Introduction générale

autres, les facteurs de transcription ont deux modes d’action : à un niveau qualitatif, ils
peuvent activer (effet positif) ou inhiber (effet négatif) la transcription de leur(s) gène(s)
cible(s). Les régulateurs peuvent eux-mêmes être régulés, dans ce cas, ils participent à une
voie de régulation génétique. Un gène cible est généralement régulé par une combinaison
de facteurs de transcription, et un facteur de transcription peut réguler plusieurs gènes
cibles. Il est donc possible de représenter qualitativement un réseau de régulation génétique
comme un graphe dont les nœuds sont des gènes (facteurs de transcription. et gènes
cibles) et les arêtes orientées représentent des effets transcriptionnels ou traductionnels
activateurs ou inhibiteurs.

Outre la complexité des réseaux de régulation,génique, la séquence même d’un gène
peut être modifiée par recombinaison, un phénomêne qui est la base même de la réaction
immunitaire. Le système immunitaire représente le système protecteur de l’organisme
contre les virus, les bactéries ... Pour s’adapter aux différentes ”attaques” de pathogènes,
il utilise plusieurs récepteurs, afin de reconnâıtre les divers antigènes. La diversité de ses
récepteurs provient de la diversité combinatoire des gènes qui se recombinent entre eux,
de la diversité jonctionnelle et de la diversité d’appariement.

Buts des travaux de thèse

Les travaux entrepris ont portés sur trois grands axes, la recombinaison génétique dans
le cadre de la réaction immunitaire, les réseaux de régulation génétique et la restitution
du signal protéique sous forme sonore.

La recombinaison génétique

Nous présenterons, dans le premier chapitre, la modélisation de la recombinaison
V(D)J. Un premier modèle a été proposé en 2006 par l’équipe américaine de Warmflash.
Ce modèle mathématique décrit la fenêtre d’accessibilité des gènes.

Un modèle de recombinaison des gènes V(D)J a été validé, chez la souris, puis chez
l’homme, au cours de deux thèses précédentes (M. Simonet 2008 et F. Thuderoz 2010).
Lors de ces travaux, ont été confrontées les simulations de ce modèle avec les données
expérimentales de l’équipe d’E. et P. Marche et avec celles d’autres équipes, comme celle
de M.S. Krangel, à Duke U School of Medicine. Nous avons montré en particulier que les
fréquences de réarrangement obtenues par le modèle étaient en accord avec ces données
expérimentales chez la souris.

De plus, les travaux de l’équipe de Krangel ont montré que le promoteur TEA, qui
contrôle l’accessibilité de la chromatine de la région J, permet l’ouverture de la chromatine
du gène J61 au gène J49 et inhibe l’ouverture au-delà de J49. Suite à l’activation de J49,
les J en aval deviennent accessibles (Abarrategui and Krangel 2007). Si nous confrontons
nos résultats de simulation du modèle aux observations expérimentales de l’équipe de
Krangel, nous constatons qu’ils correspondent à la première fenêtre d’accessibilité décrite
dans notre modèle.
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Les réseaux de régulation génétique

La notion de réseau de régulation a vu le jour très tôt dans des réflexions de M. Del-
brück, vers 1949 : pour obtenir une différenciation cellulaire, le réseau doit avoir plusieurs
états stationnaires. Ces notions ont été reprises et développées par S. Kauffman et R.
Thomas entre la fin des années 1960 et le début des années 1970.

En fait, l’étude des comportements des gènes d’un réseau de régulation biologique,
s’avère complexe. D’où la caractérisation des ces réseaux comme étant des systèmes dy-
namiques « complexes ». D’une manière générale, la plupart des systèmes complexes sont
caractérisés par leur composition : système complexe est caractérisé par un nombre élevé
d’éléments en interaction. De plus, le système lui-même est conditionné par des influences
extérieures à prendre en compte. Nous avons étudié ces systèmes de régulation génétique,
afin de déterminer les comportements des gènes dans le cas du réseau de contrôle de
la morphogénèse des voies biliaires, pour la pathologie familiale ”l’atrésie biliaire”. Nous
avons étudié également les réseaux de régulation dans le cadre de système immunitaire
qui portent le nom ”immunetworks”.

Ces réseaux, afin d’être exploités, doivent passer par une étape primordiale : la modé-
lisation. Il s’agit de déterminer les gènes ainsi que les interactions critiques, autrement dit,
l’absence ou les changements des valeurs qui peuvent modifier considérablement le paysage
du réseau (on parle du nombre, de la nature ou de la taille de bassins d’attraction).

Nous avons utilisé le concept de réseau d’automate booléen à seuil afin d’étudier les
réseaux de régulation génétique. Ces réseaux d’automates ont été introduits vers les années
1940 par McCulloch et Pitts. Plus tard, Hopfield a exploité ces travaux vers 1982, en
utilisant la fonction de transition locale qui sera expliquée dans le chapitre 2.

La méthode Dynalet

Dans le but d’exploiter les informations protéiques, nous avons utilisé la méthode
Dynalet (Demongeot et al 2007). Cette méthode permet une exploitation sonore de l’in-
formation visuelle. En utilisant le signal protéique, nous proposons de convertir en sons
des pics du spectre RMN, de manière à pouvoir distinguer à l’oreille des tracés indistin-
guables à la vue, dans les modes de visualisation classiques. Nous appelons cette approche
le stéthoscope protéique et la restitution de l’information protéique sous forme sonore
pourrait constituer une ”première” importante en compression et rendu de l’information
médicale d’origine biologique.

Le décryptage des réseaux de régulation, celui de la recombinaison génétique, ainsi que
le stéthoscope protéique, outre leur intérêt théorique en biologie, ont des applications très
pratiques dans le domaine de la santé.
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Organisation de manuscrit :

Dans le premier chapitre, nous étudions la recombinaison V(D)J, en détaillant ce
mécanisme. Les travaux relatifs à ce chapitre sont rapportés dans l’article soumis.

-H. HAZGUI, F. THUDEROZ, O. HANSEN, M.A. SIMONET, J.F. DYON, P.N.
MARCHE, E. MARCHE and J. DEMONGEOT
Numerical Model for the Vα-Jα Gene Use in Human TRA/TRD locus : Recombination
Dynamical Rules (submitted)

Dans le deuxième chapitre, nous étudions les réseaux de régulation génétique, ainsi
que la robustesse de ces réseaux. Ce chapitre a donné lieu à plusieurs publications, suite
à des conférences internationales ou dans des journaux scientifiques.

1. J. DEMONGEOT, H. HAZGUI , S. BANDIERA, O. COHEN and A. HENRION-
CAUDE
MitomiRs, ChloromiRs and general modelling of the microRNA inhibition.
Acta Biotheoretica, 61, 367-383 (2013).

2. J. DEMONGEOT, H. HAZGUI & N. VUILLERME
MicroRNAs : unspecific inhibitory regulation in immunologic control and in mito-
chondrial respiration.
In : IEEE AINA’ 13 & BLSMC’ 13, IEEE Proceedings, Piscataway, 1509-1516
(2013).

3. J. DEMONGEOT, H. HAZGUI, J. ESCOFFIER and C. ARNOULT
Inhibitory regulation by microRNAs and circular RNAs.
In : Medicon’13, IFBME Proceedings 41, Springer Verlag, New York, 722-725 (2014).

4. J. DEMONGEOT, H. BEN AMOR, H. HAZGUI and J. WAKU
Stability, Complexity and Robustness in Population Dynamics.
Acta Biotheoretica, 62, 243-284 (2014).

5. J. DEMONGEOT, H. HAZGUI and A. HENRION-CAUDE
Genetic regulatory networks : focus on attractors of their dynamics.
In : Computational Biology, Bioinformatics and Systems Biology, eds. Q.N. Tran
and H.R. Arabnia, Elsevier, New York

6. J. DEMONGEOT, H. BEN AMOR, H. HAZGUI and A. LONTOS
La simplexité, dernier avatar de la complexité.
Collège de France, Paris and OpenEdition, Marseille. http ://books.openedition.org/cdf/3393
(2014).

7. J. DEMONGEOT and H. HAZGUI
Entropy for genetic networks. Role of RNA effectors (submitted).
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Dans le dernier chapitre, nous présentons une autre approche, afin d’exploiter les
données protéiques ; l’application de la méthode Dynalet. Cette méthode fait l’objet d’un
travail en cours. Une publication est liée à ce chapitre :

-J. DEMONGEOT, O. HANSEN, A. HAMIE, H. HAZGUI, G. VIRONE and N.
VUILLERME
Actimetry@home : actimetric tele-surveillance and tailored to the signal data compres-
sion.
In : ICOST’14, Lecture Notes in Comp. Sci., 8456, 59-70 (2015).
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1.2.2 Les molécules du système immunitaire . . . . . . . . . . . . . 11

1.2.3 Les cellules du système immunitaire . . . . . . . . . . . . . . . 12
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8 Recombinaison V(D)J

1.1 Introduction et Problématique

Nous allons étudier essentiellement les réarrangements V(D)J, qui sont des réarrange-
ments de l’ADN spécifiques aux cellules immunitaires thymiques, dans la période pré- et
post-natale.
Avant d’évoquer la notion de modélisation en immunologie, je ferai un bref rappel du sys-
tème immunitaire. Dans ce chapitre, nous avons étudié plusieurs aspects de recombinaison.
L’étude a été focalisée sur les axes suivants :

— Le modèle de recombinaison de Thuderoz-Simonet 2010 a été ré-analysé à la lumière
des derniers résultats expérimentaux

— Ce modèle étant validé en rétro-prédiction chez l’homme, nous avons ensuite recher-
ché sa trace, dans la variabilité des gènes recombinés encore présents en périphérie
dans les lymphocytes T

— Ce modèle a été ensuite raffiné, en tenant compte de l’existence et de la valeur de
paramètres tels que vitesse d’ouverture, largeur des fenêtres de recombinaison

”
chez

l’homme et chez la souris. Nous avons ensuite comparé les versions validées dans ces
deux espèces.

— Les mécanismes de régulation (en particulier par microARNs), qui permettent de
contrôler la concentration de la principale protéine RAG, impliquée dans le méca-
nisme de recombinaison, seront ensuite comparés dans ces deux espèces.

1.2 Le système immunitaire

L’organisme humain (composé 1013 à 1014 cellules de plus de 300 types, ainsi que de 1014

à 1015 bactéries), a besoin d’un ”pilote”qui veille au bon fonctionnement entre ces différents
éléments afin de garantir la meilleure santé possible : il s’agit du système immunitaire.
Ce système est composé d’organes, de cellules et de molécules qui interviennent dans les
réactions immunitaires.

1.2.1 Les organes du système immunitaire

Ces organes sont dispersés dans tout le corps et comprennent des organes centraux et
des organes périphériques.

1.2.1.1 Les organes lymphöıdes centraux

Il s’agit de la moelle osseuse, qui produit les lymphocytes B, et du thymus, qui pro-
duit les lymphocytes T. Elle représente le lieu de maturation, appelée lymphopöıèse. Au
cours de leur développement dans les organes lymphöıdes centraux, les lymphocytes se
différencient et vont acquérir leur compétence. Les lymphocytes acquièrent des marqueurs
de surface spécifiques (CD19 pour les lymphocytes B et CD3 pour les lymphocytes T),
ainsi qu’un récepteur de spécificité (TCR ou BCR). A l’issue de leur maturation, les
lymphocytes sélectionnés sont libérés dans la circulation sanguine.
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1.2.1.2 Les organes et tissus lymphöıdes périphériques

Les organes lymphöıdes périphériques comprennent les ganglions lymphatiques et la
rate, qui jouent le même rôle dans les réponses immunitaires. Ils sont colonisés par les
lymphocytes immunocompétents produits dans les organes centraux. Les organes lym-
phöıdes secondaires assurent une partie du renouvellement des lymphocytes au cours des
divisions cellulaires qui sont déclenchées par la reconnaissance de l’antigène et ont pour
but d’amplifier la réponse immunitaire, une fois qu’elle a été initiée.

1.2.2 Les molécules du système immunitaire

Les cellules du système immunitaire communiquent entre elles en sécrétant toute une
série de molécules.

1.2.2.1 Les anticorps

Les anticorps ou immunoglobulines sont produits par des cellules du système immuni-
taire (les lymphocytes B). Ce sont des molécules symétriques, composées de quatre châınes
polypeptidiques : deux châınes lourdes et deux châınes légères). Il existe 5 types de châınes
lourdes (γ, α, µ, δ et ε) qui définissent respectivement les 5 classes des Ig (IgC, IgA, IgM,
IgD et IgE) et deux types de châınes légères (kappa et lamda). Les gènes codant pour ces
châınes se sont localisés respectivement au niveau des chromosomes 2 et 22, chez l’homme,
et ces châınes peuvent se combiner avec n’importe quel type de châıne lourde (gène localisé
au niveau de chromosome 14). Ces anticorps ont ainsi la propriété ainsi de reconnâıtre de
manière spécifique une molécule étrangère à l’organisme.

Figure 1.1 – Représentation d’un anticorps.
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1.2.2.2 Les autres molécules

On peut citer aussi :

1. Les molécules d’adhésion Les molécules d’adhésion cellulaire interviennent dans
la migration, l’activation et les fonctions effectrices des lymphocytes. Elles appar-
tiennent à diverses classes moléculaires : les sélectines, les intégrines...

2. Les cytokines sont des substances solubles de signalisation cellulaire. Elles sont
constituées des interlkeukines, ainsi que des interférons.

3. Le système du complément est composé d’un ensemble de protéines plasmatiques,
ainsi que de protéines membranaires à fonctions régulatrices.

1.2.3 Les cellules du système immunitaire

L’essentiel des cellules du système immunitaire provient de cellules hématopöıétiques. Le
graphique suivant nous montre les différentes étapes de leur différenciation.

Figure 1.2 – Les cellules Souches Lymphöıdes (CSL) et les Cellules Souches Myélöıdes
(CSM) sont issues des Cellules Souches Hématopöıétiques(CSH). A partir des CSL,
sont générés les lymphocytes B (B),les lymphocytes T CD4 ou TCD8 et les cellules NK
(NK). A partir des CSM, sont générés les neutrophiles (N), éosinophiles (E), basophiles
(B) et les monocytes (M), qui donnent lieu aux macrophages (Mac) et aux cellules
dentriques (CD), par le biais du mécanisme de différenciation.
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Les cellules immunitaires sont les globules blancs ou leucocytes. Elles déclenchent une
réaction inflammatoire, quand elles rencontrent un élément étranger. On distingue trois
types de globules blancs. Les phagocytes comprennent les monocytes, les macrophages, les
polynucléaires (neutrophiles, éosinophiles et basophiles), ainsi que les cellules dendritiques.
Les mastocytes représentent une variété des leucocytes. Ils interviennent principalement
dans les réactions d’allergie, grâce à l’expression des récepteurs membranaires. A côté
des basophiles, avec lesquels ils ont une ressemblance physiologique, mais une différence
morphologique, ils sont les réacteurs de l’hypersensibilité immédiate.

1.2.3.1 Les cellules NK

Les cellules NK sont des cellules caractérisées par leur capacité à lyser des cellules tumo-
rales ou infectées, d’où leur nom ” Natural Killer”. Elles représentent en moyenne 7.5 %
des lymphocytes dans le sang. On les retrouve aussi dans les organes lymphöıdes secon-
daires, ainsi que dans certains organes, comme le foie ou les poumons. Contrairement aux
autres types de lymphocytes (T et B, voir dans le paragraphe suivant), elles ne prolifèrent
pas, d’où la mise en place rapide de leur fonction, grâce à un équilibre entre les signaux
activateurs et inhibiteurs.

1.2.3.2 Les lymphocytes B et T

Les lymphocytes sont les seules cellules équipées des récepteurs spécifiques d’antigène. Ils
peuvent être de type B ou T. Bien qu’il soit impossible de distinguer morphologiquement
un lymphocyte T d’un lymphocyte B, leurs fonctions, ainsi que leurs phénotypes, sont
extrêmement hétérogènes. La différence primordiale consiste dans le fait que les lympho-
cytes T agissent directement en cas de danger, ou autrement dit de pénétration des corps
étrangers, tandis que les lymphocytes B agissent par des molécules appelées anticorps.
Ces cellules sont réparties selon le type de réponse immunitaire.

1.2.4 Les types de réponse

L’organisme possède deux systèmes de défense : l’immunité innée et l’immunité adaptative
(Tableau 1).

CRII Cellules à l’interface entre les deux systèmes CRIA
� Les phagocytes � cellule NKT � Lymphocyte B
� Les cellules NK � Lymphocyte T γ � Lymphocyte T
� Les mastocytes
� Les cellules résidentes

Table 1.1 – Distribution des cellules du système immunitaire selon le type de réponse
(Cellules Réponse Immunitaire Innée (CRII)et Cellules Réponse Immunitaire Adaptée
(CRIA)).
Par la suite, nous décrivons ces 2 types de réponse.
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1.2.4.1 La réponse immunitaire innée

Plusieurs termes désignent cette réponse comme naturelle, non spécifique, immédiate ou
réponse sans mémoire.Elle représente la première ligne de défense et de protection. Elle
existe chez tous les animaux pluricellulaires. Pour accomplir sa tâche de défense, le système
inné repose sur différentes barrières :
� barrières physiques ou anatomiques : peau, muqueuses...
� barrières biologiques / biochimiques : pH, enzymes...
� barrière écologique : flore bactérienne

1.2.4.2 La réponse immunitaire adaptative

Lorsqu’un virus ou bactérie a réussi à franchir la première ligne de défense, une deuxième
se met en action : c’est la réponse immunitaire adaptative, qui est appelée aussi réponse
spécifique (elle est spécifique d’un antigène donné) ou acquise ou ”pas immédiate”. On
ne la trouve que chez les vertébrés. Il en existe deux types : immunité humorale (gérée
par les lymphocytes B) et immunité à médiation cellulaire (gérée par les lymphocytes
T). Contrairement à la première, cette seconde immunité est caractérisée par un effet de
mémoire. Elle fait intervenir des lymphocytes provenant d’un immense répertoire (1012

récepteurs de cellules B et 1015 récepteurs de cellules T). Chaque cellule T ou B subit des
recombinaisons génomiques aléatoires. Leurs récepteurs antigéniques font l’objet d’une
recombinaison somatique et aléatoire de l’ADN, appelée recombinaison V(D)J, qui fait
l’objet de notre étude.

1.3 La régulation des réarrangements chez l’homme

1.3.1 Principe des réarrangements

Le mécanisme donne naissance à un gène, dans lequel différents fragments de génome
sont réunis. On peut citer la recombinaison VJ ou la recombinaison V(D)J. Pour cette
recombinaison, les segments suivants sont mis en jeu :

1.3.1.1 Les segments impliqués

— V : Il s’agit du segment ”variable” du gène.

— J : Il s’agit du segment ”jonction” du gène.

— D : Il s’agit du segment ”diversité” du gène.

A partir de ces différents segments, on a une grande diversité combinatoire, car une même
châıne lourde peut s’associer à plusieurs châınes légères (Tableau N°2). Suite à l’assemblage
aléatoire, on obtient un répertoire immense. Le nombre de combinaisons des châınes est
estimé à plus de 1 million. Il est calculé de la manière suivante (41*23*6)*((41*5)+(33*5)).

segment ENSCL ENSCK ENSCA
V 41 41 33
D 23
J 6 5 5
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Table 1.2 – Diversité combinatoire des châınes d’anticorps chez l’homme

Dans notre exemple, nous avons utilisé 10 segments de J (TRAJ) et 11 segments de V
(TRAV).

1.3.1.2 Les étapes

La recombinaison se déroule selon plusieurs étapes :

1) Reconnaissance de la séquence SSR

2) Clivage entre la séquence codante et la SSR

3) Formation d’extrémités en épingle à cheveux pour les régions V et J

4) Ligation des extrémités signal

5) Clivage des structures en épingle à cheveux

6) Extrémités sortantes et origine des nucléotides palindromiques

7) Ligation des segments V et J de châıne légère

8) Elagage par exonucléase

9) Addition des nucléotides N

10) Ligation et réparation des gènes de châıne lourde

1.3.2 Les facteurs impliqués

Plusieurs facteurs sont impliqués dans le mécanisme étudié (Tableau N°3).
facteur rôle
� complexe RAG1 et RAG2 catalyse le clivage de l’ADN et la formation des récepteurs
� HMGB1 et HMGB2 stabilise la liaison de RAG aux SSR
� DNA-PK résolution du réarrangement
� XRCC4 et Cernunnos activation de l’ADN ligase IV
� Tdt ajoute les nucléotides N aux exons
� ADN polymérases insertion des nucléotides ajoutés par Tdt
� La ligase IV ligation des extrémités d’ADN
� ATM et p53 régulation de l’expression des RAG

Table 1.3 – Liste des facteurs impliqués dans la recombinaison, ainsi que leur rôle.

1.3.3 Rôle des SSR

La recombinaison est catalysée par des enzymes qui sont aussi impliqués dans la réparation
d’ADN. Elle est ciblée sur les sites appropriés, grâce aux motifs appelés Séquence Signal
de Recombinaison (SSR). Cette séquence est constituée de deux blocs de séquence (Fig
°3) : un nonamère et un heptamère. Ces deux séquences sont espacées, soit par 12 pb,
soit par 23 pb (correspondant à un ou deux tours de la double hélice). Ces espaceurs
placent les séquences heptamère et nonamère du même côté de la molécule d’ADN :
un 12RSS reconnâıtra préférentiellement un 23RSS à 2 tours d’hélice, évitant ainsi des
réarrangements inutiles de type [V-V] ou [J-J]. Cette règle est appelée règle 12/23.
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Figure 1.3 – séquence nucléotidique des SSR

1.4 Modélisation en immunologie

Un phénomène biologique peut être traduit par une équation mathématique : d’où la
modélisation. Il peut être aussi étudié par une approche ”bio-informatique”. Cette der-
nière méthode consiste à utiliser une interface informatique, afin de tester les différentes
hypothèses. Une interface a été développée avec le langage Python, au sein du labora-
toire, variante d’une interface développée pour étudier les recombinaisons chez la souris
(Simonet 2010). Elle permet de rendre compte des différentes recombinaisons possibles
ou, autrement dit, des ”mariages” entre des segments de différents gènes, en partant d’un
modèle mathématique.

1.5 Résultats et conclusions

Nous avons expliqué, par une extension du modèle, les données thymiques obtenues chez
le nouveau-né humain. Cependant, ces données humaines sont en faible nombre et l’étude
statistique sera à valider sur des échantillons thymiques humains plus importants. Cela
permettra de confirmer le fait que le mécanisme de recombinaison V(D)J est différent
chez l’homme et chez la souris, en particulier que les fenêtres d’ouverture de la portion
V(D)J permettant la recombinaison sont de moins grande ampleur chez la souris que chez
l’homme.
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Abstract

The V(D)J recombination is the process by which the variable exons encoding the
antigen recognition sites of receptors expressed on B and T lymphocytes are generated
during early development via somatic assembly of gene segments. Concerning T-Cell re-
ceptor alpha-chains, V and J genes are used from the inside out of the TRA locus during
successive rearrangements, with no allelic exclusion. Beside extensive quantifications of
V-J associations from human thymic genomic DNA, a model approach is proposed. Com-
parison between model and experimental results enhances knowledge about kinetics and
dynamical rules controlling human V-J segment use. Predictions are made about param-
eters not accessible through experiments, like the number of successive rearrangements
(4 or 5) or the successive accessibility window sizes and locations. Finally, the precise
progression of gene accessibility to rearrangements, according to non- constant opening
speeds, together with a synchronized opening of the J regions between both alleles, are
sufficient to fully explain both the experimental V-J frequencies currently available and
the interallelic J usage. Model and experimental results provide a coherent representa-
tion of Vα-Jα combinatorial repertoire. Comparison with previous studies led on mouse
draws a fine conservation of Vα-Jα rearrangement dynamics between both species.

1 Introduction
Infectious agent multiplicity and dysfunctional host cells, like tumor cells, pushed jawed ver-
tebrates to develop mechanisms permitting the production of an extensive variety of antigenic
receptors (Rast et al, 1997). In humans and rodents, T cells, responsible of cell mediated im-
mune response, mostly express clonotypic alpha beta T Receptors (TR) on their surface. The
alpha and beta protein chains are coded by loci being non-functional in the germ-line con-
figuration: the human TRA locus consists of 54 TRAV genes belonging to 41 subgroups, 61
TRAJ segments localized on 71 kb, and a unique TRAC gene; TRB locus at 7q35 spans 620
kb. It consists of 64-67 TRBV genes belonging to 32 subgroups and encompasses Diversity
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(D) genes as well. Several combinations of V(D)J genes are generated in developing lym-
phocytes by means of somatic site-specific DNA rearrangements (Bassing et al, 2002). RAG
enzymes work as a multi-subunit complex to induce cleavage of a single double stranded DNA
(dsDNA) molecule between the antigen receptor coding segment and a flanking recombina-
tion signal sequence (RSS). RSSs are composed of seven conserved nucleotides (a heptamer)
that reside next to the gene encoding sequence followed by a spacer (containing either 12
or 23 unconserved nucleotides) followed by a conserved nonamer. Only a pair of dissimilar
spacer RSSs are efficiently recombined, referred to as the 12/23 rule. The RSSs are present
on the 3 of a V region and the 5 of the J region. RAG-induced DNA breaks are repaired by
ubiquitously expressed nonhomologous end-joining proteins, forming precise signal end joints
and imprecise coding end joints (Bassing et al ., 2002). Due to the non frank coding joints, a
maximum of 1/3 of the performed rearrangements produce in-frame rearrangements, which
conserve the proper translation reading frame of the gene (Coleclough et al, 1983). A last
factor of TRα repertoire diversity consists in heterodimer pairing. If this step is successful,
after surface expression of the TR, the T cells will undergo thymic selection, which guarantees
only functional and non-autoreactive T cells will migrate to the periphery. At last, V(D)J
rearrangements constitute a somatic neo-gene creation giving the organism the possibility
to build a vast immune repertoire diversity. Although profiles of TRα repertoire are well
established, knowledge related to TR alpha chain diversity remains restricted because few
anti-VAD antibodies are available. Vα to Jα rearrangements take place during the CD4 +
CD8 + Double-Positive (DP) stage of T cell intrathymic development. The TRA locus is
known to go through multiple rearrangement rounds (Petrie et al, 1993), without strict al-
lelic exclusion (Krangel, 2009). When a Vα-Jα in-frame rearrangement is achieved in a cell,
pairing with the beta chain is assayed, leading to surface expression and positive selection
that are both needed to allow the TR-mediated signals stopping further rearrangements. Vα
and Jα genes are used sequentially from inside the locus toward distal genes. First rear-
rangements use Jα genes proximal to the Vα region (5) and Vα genes proximal to the Jα
region (3); successive secondary rearrangements implicate progressively more distal Jα and
more distal Vα genes (Thompson et al,1990; Jouvin-Marche et al, 1998; Aude- Garcia et al,
2001; Pasqual et al, 2002; Krangel et al, 2004). This inside out use depends on Cis regu-
lating elements conserved between mouse and human: enhancers and promoters constrain
accessibility over Jα and Vα regions. The TRα enhancer (Ealpha), located at the 3 end of
the C gene, firstly activates two promoters that control the use of proximal J genes: T early
alpha promoter (TEA) and J49 (Villey et al, 1996; Hawwari et al, 2005). The structure of
the Jα region (TRAJ) is remarkably conserved between human and mouse genomes: 61 J
genes (49 functional) are spread over a 71Kb J region and 60 J genes (44 functional) are
spread over 64Kb respectively (see www.imgt.org for locus representation). The human Vα
region includes 54 V genes (44-46 functional) spread over 800 kb, whereas in mouse, several
duplications during evolution formed a longer V region (1400kb) encompassing 70 to more
than 100 V genes depending on the haplotype (Gahéry-Ségard et al, 1996). The random V-J
association model, taking into account non-functional genes, gave 2156- 2254 V-J association
possibilities for the human species. This value was reduced to roughly 2000 associations be-
cause of the inside out use of the TRA locus that leads to improbable associations of proximal
V to distal J genes and of distal V to proximal J genes (Fuschiotti et al, 2007; Jouvin-Marche
et al, 2009). Within these 2000 associations, knowledge about each individual V-J associa-
tion frequency remains to debate; V-J association frequencies constitute a further limitation
of the combinatorial diversity that reduces the available TRα repertoire.

After recent advances in the field of TRA recombination modeling (Warmflash et al,
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2006; Thuderoz et al, 2010), the present study addresses precisely Jα and Vα gene use in
the human TRA locus on the basis of both experimental and model approaches. A number
of 110 Vα-Jα associations were quantified in the human thymus using genomic real time
PCRs. The corresponding 11 Vα and 10 Jα genes examined were chosen regularly placed
along the Vα and Jα regions in order to offer a first experimental sampling of the human
TRα computational repertoire in the thymus. Our successive windowing model (Figure 1),
accounting for the Vα to Jα rearrangement process in mouse (Thuderoz et al, 2010) was
adapted to the human locus structure particularities. Human model simulation results were
compared with our experimental V-J quantifications and with interallelic J usage (Davodeau
et al, 2001); the quality of the fit tells a specific and non constant progression of gene ac-
cessibility to rearrangements over the V and J regions along with a synchronized opening of
the J region between both alleles is sufficient to fully explain V-J combinatorial repertoire
features. Model and experiment results provide a complete representation of Vα-Jα com-
binatorial repertoire, which displays unbalanced V-J frequencies. The study showed that
the dynamic rules and kinetics governing Vα to Jα rearrangements are practically conserved
between human and mouse species. Interestingly, the model approach allows making some
predictions about parameters, which cannot be determined through experimentation, like the
number of successive rearrangements or the size and position of successive DNA accessible
windows. Among other results, model studies predict the human locus undergoes 4-5 suc-
cessive rearrangement rounds versus 3-4 rearrangements rounds in mouse. A supplementary
rearrangement would give the human species one additional chance per allele to generate
an in-frame rearrangement, which constitutes a major selective advantage compared to the
mouse, compensating for the lower number of human V genes compared to that in mouse
(cf. Figure 1).

Figure 1: Successive windowing mechanism. After a first maturation allowing the excision of TRD genes,
accessibility windows are calculated for each rearrangement, progressing over the V and J regions according to
an inside out manner. Only the schemes corresponding to the first and second rounds of TRA rearrangements
are represented and the last diagram provides a distinctive representation of the window progression.
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2 Material and Methods
2.1 Experimental approach: quantification of Vα-Jα associations from hu-

man thymus extracts
2.1.1 Gene Nomenclature

Gene names correspond to the ImMunoGeneTics (IMGT) nomenclature (http://imgt.cines.fr).
NCBI (National Center for Biotechnology Information) accession numbers are AE000658-
AE000662 for the V region and M94081 for the J region. Positions of the V and J genes
in the TRA/TRD locus were determined from the first nucleotide of the TRAC gene as
previously described (Baum et al, 2004).

2.1.2 Provenance of the samples

The experimental dataset presented in this issue was generated from genomic DNA extracted
from thymi of 4 healthy children, between 1 month and 1 year old. The thymi were from
surgical waste and the committee approving the experiments, and checking that informed
consent was obtained from all subjects, has been the same than those noticed in the previously
published paper (Fuschiotti et al, 2007).

2.1.3 Selection of V J segments

We quantified the rearrangements for 110 associations. The V and J segments were selected
for the following reasons :

1. relation to those analyzed in mice (for comparison)

2. location at the windows of accessibility

3. localization in the areas of hot spot of recombination

4. conservation of the RSS, kept or almost identical to the consensus sequence.

2.1.4 Selection and design of primers

The Vα and Jα primers were selected in order to globally cover the V and J regions and were
spaced regularly between 50 to 60 kb and 5 to 10 kb for the V and J regions respectively.
The specificity of each primer was checked using the BLAST sequence alignment program
(Altschul et al, 2009). The selection criteria for the primers were :

1. The Recombination Signal Sequence (RSS) of the V or J genes were quite identical to
the consensus sequence

2. The optimal amplification temperatures were in the same range of order for all the
primers, allowing the use of identical amplification conditions for all the PCRs

3. The amplification yield of each couple of primer was 90%, thus allowing a direct relative
comparison

4. Each couple of primers gave only one band on agarose gel and size of each amplification
product was similar, allowing comparing PCR results.
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2.1.5 PCR conditions

The polymerase Chain Reaction (PCR) is a powerful and sensitive technique of DNA am-
plification (40 cycles). Real-Time PCR had become the gold-standard method for accurate
quantification in Light Cycler (Roche Diagnostics,Meylan, France). The table 1 contains the
conditions of quantitative PCR.

Step Time Temperature
Denaturation 10mn 95◦

Denaturation 15sc 94◦

Hybridation 7sc 67◦

Elongation 7sc 72◦

Table 1: Steps of PCR method at several conditions.

2.1.6 Standardization of the experimental quantifications

A number of 110 V-J combinations were quantified for each of the 4 human thymic samples
among a total of 2250-2350 potential associations (considering that 45 to 47 V genes and 50 J
genes are functional). The quantifications of the V-J associations (Fig.4) were standardized
among the PCR experiences according to the house keepinggenes quantification values, used
as a normalizer :

V-J quantif. = Ct(housekeeping gene amplification product)-Ct(V-J association),

where Ct is the Cycle threshold i.e., the cycle at which the sample reaches the threshold
line (level of detection). In order to be plotted on the model surface (Fig. 3), averages of PCR
results were expressed as 1.8 Ct, due to the rate of amplification efficiency of the PCRs (90%):

1,8 V−Jquanti

2.2 Modeling approach: description of the stochastic model
2.2.1 Opening mechanism

The sequential windowing model we developed is a stochastic model consisting in two win-
dows of accessibility progressing on the TRA/TRD locus over Vα and Jα regions. On the
Figure 7, showing the diagram flow of the simulation program, the arrows represent the win-
dows of accessibility moving over the V region from proximal V (3) to distal V genes (5) and
over the J region from proximal J (5) to distal J genes (3). For the first rearrangement round,
the status of the V and J region accessibility window is calculated from the V and J opening
speed parameters for both alleles. For the subsequent rearrangement rounds, the new sizes
and positions of the V and J region accessibility windows result from the opening mechanism
and from the DNA sequence(s) deleted by the previous rearrangement(s). The lengths of
windows of accessible DNA over the V and J regions, LVk and LJk verify the equations:
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LV1 = SV (t0 + τ1, LJ1 = S(t0 + τ1)and, for k≥ 2,LVk = LVk−1 + SV τk, LJk = LJk−1 + Sjτk,

where k refers to the rearrangement round number. The opening offset time t0 denotes a
minimal time of opening and τk (k ≥ 1) are random variables uniformly distributed between
t0 and the end of the opening process. The V and J opening speed parameters, consist in
varying parameters; their sensitivity was studied by simulations. The sequential windowing
model was first developed in mouse. In this species, the V and J opening speed parameters
were determined from the time of first detection of rearranged genes during ontogeny. They
were described as non-constant speeds varying within an interval. Based on this experimental
result, we used non-constant speeds as well for the opening speed parameters in the model
developed for human TRA rearrangements. The quality of the fit of model results with ex-
perimental V-J profiles allowed evaluating the opening speeds values in human. The opening
duration before each rearrangement is a constant parameter whose value was determined
through simulations as well, by varying values between 2 hours and 50 hours.

2.2.2 Accessible genes and genes to rearrange

In the model, the position and size of the accessibility windows at the very time of a rear-
rangement event directly determine the sequential V and J genes being accessible for this
rearrangement based on their physical positions. At each rearrangement event and for each
allele the model settles on a number of sequential V genes and J genes considered as ac-
cessible genes for the rearrangement. For each rearrangement round k, and for each such
accessible Vik and Jjk genes, Boolean variables named BVik and BJjk were defined: they
equal to 1 if the gene is accessible, and to 0 if it is non-accessible or deleted during a previous
rearrangement of order less than k. Among the accessible genes, one V gene and one J gene
are chosen according to the probability distribution given by their RSS scores. The RSS
scores (KVi and KJj) represent, for each Vi or Jj genes, the homology percentage of the
gene sequence compared to the consensus sequence. The RSS scores take a value between
0 and 1, the 1 value corresponding to a fully consensus RSS. The RSS score we determined
from homology percentages fell in agreement with the functional/pseudo gene status of all
the V or J genes in human (Glusman et al, 2001; Lefranc et al, 2009; see www.imgt.org
for RSS sequences). According to its non-functional status, a pseudo recombination gene
is never found rearranged and consequently the corresponding RSS score is assimilated to
zero in simulations. We denote by FVk (resp. FJk) the cumulative distribution function of
the relative window length obtained after the kth rearrangement by adding the BVmk (resp.
BJmk) variables weighted by their score KVm:

FVk(i) = ∑
m=1,...,iKVmBVmk/(

∑
m=1,...,104KVmBVmk)

FJk(j) = ∑
m=1,...,jKVmBVmk/(

∑
m=1,...,60KJmBJmk)

At step k, we use the cumulative distribution functions FVk and (resp. FJk) corresponding
to the random variables RVk (resp. RJk) uniform on [0,1] and we calculate a number NVk
(resp.NJk) equal to:

inf(FV −1
k (RVk)), and respectively inf(FJ−1

k (RJk)),

where NVk and NJk correspond to the V and J genes to rearrange at a step k.
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2.2.3 In-frame/out-of-frame rearrangements

The conservation of the proper reading frame of the genes is equiprobably determined. The in-
frame rearrangement frequency parameter (if) gives the probability to perform a productive
(in-frame) rearrangement. The frequency of in-frame rearrangements is known to be at
maximum of 1/3 (Coleclough et al, 1983). This upper limit was used in simulations. Effects
of lower values for the if parameter were tested by simulations as well.

2.2.4 Selection

When an in-frame rearrangement is generated on one or on both alleles, it/they undergo
selection. The selection coefficient, s, included in our model refers to a global selection co-
efficient corresponding to the successive steps of selection: alpha pairing, surface expression
efficiency and thymic selection. The sensibility of the s parameter was studied by simula-
tions. We consider s as a constant parameter applied to every in-frame rearrangement. This
homogenous re-shaping of the T cell repertoire gives statistically an evaluation of the fre-
quency of each V-J association and was already successfully used in the Warmflash model
(Warmflash et al, 2006). In fact, the distinction between CD4+ and CD8+ subsets is not
supported in the experimental data.

2.2.5 Subsequent rearrangement rounds

If an out-of-frame rearrangement is selected on both alleles, another rearrangement round
occurs in the program. The new sizes and positions of the V and J region windows are
calculated as a result of the opening mechanism and of the DNA sequences deleted by the
previous rearrangement. The successive rearrangement mechanism continues until an in-
frame rearrangement is selected or until k, the index of rearrangement round Rk, reaches the
number maximal of successive rearrangements, Rmax. Different values of Rmax were tested
by simulations.

2.2.6 Stop of the successive rearrangement mechanism

Once an in-frame rearrangement is selected, it will block the successive rearrangement mech-
anism within the cell. A parameter named Stopdelay is defined which takes integer values.
If Stopdelay=0, the rearrangements will stop within the same rearrangement round as for
the other allele. For example, if an in-frame rearrangement is performed at R1 on the allele
A and successfully selected (Fig.1), it will block rearrangements on the other allele B at
R1, and the data corresponding to the R1 rearrangement round for allele B (i.e., Vi and Jj
genes implicated, and the in-frame or out-of-frame status of the new gene built from this (Vi,
Jj) rearrangement) will be stored in the simulation results. If Stopdelay=1, the rearrange-
ments will stop within the subsequent rearrangement round for the other allele B, namely at
R2 = R1 + 1. More generally, we have:

RkalleleB = RkalleleA + Stopdelay

If the first in-frame rearrangement being selected occurs over the B allele locus, we have:

RkalleleA = RkalleleB + Stopdelay
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The effect of the Stopdelay parameter value on simulated results was studied using different
parameter values and in a second time, using Stopdelay=0 and Stopdelay=1 inside different
fractions of the entire simulated population. Experimental interallelic distance distributions
in the Jα usage were employed to set the intervals of variation of the parameter values
(Davodeau et al, 2001).

3 Results
3.1 Experimental Results
Figure 2 presents relative measures of 110 V-J associations determined by quantitative ge-
nomic PCR analysis from 4 human thymic samples. Corresponding 11 V and 10 J genes
appear ordered according to their physical position over the locus. Amplification of G3PDH
gene was used as a normalizer and results were expressed in arbitrary units, indicating the
differences in cycle numbers at which PCR products were first detected. Average values
and standard deviations are indicated for each V-J association and a color code illustrates
V-J average levels. Results are consistent among the individual samples, with a maximum
standard deviation value of 2,61 and an average standard deviation of 0,73. In detail, V41
and V40 genes, located next to the J region (3 end of the translated strand), rearranged
predominantly with J genes from J61 to J24. The V38, V35, V30, and V 21 genes, located in
the central part of the V region, mainly rearranged with J genes from J61 to J10. V16 used
from J56 to J10 segments and eventually, V2 gene, situated in the distal part of the V region
(3 end), rearranged mostly with distal J genes (3 end of the J region), from J33 to J5. All
in all, Figure 2 clearly demonstrates a higher abundance of associations implicating V and J
genes symmetrically placed in the germinal configuration of the TRA locus, namely proximal
V to proximal J, centered V to centered J, and distal V to distal J genes. Finally, the random
variable Mi equal to the number of rearrangements involving a given pair Vi-Ji can follow
either a log-normal or a normal but we do not have a sufficient data base for testing it, hence
we simulate the model successively with these two hypotheses and we discuss the differences
between the corresponding two set of results..
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PCR results TRAJ61 TRAJ58 TRAJ53 TRAJ48 TRAJ41 TRAJ33 TRAJ24 TRAJ16 TRAJ10 TRAJ5
TRAV41 Sample 1 6.2 µ 7.1 µ 7.3 µ 7.5 µ 6 µ 6.3 µ 3.3 µ 0 µ 0 µ 0 µ

Sample 2 6.3 6.6 6.5 6.83 7.35 7.13 6.3 7.33 5.95 6.14 6.9 6.09 2.55 2.1 0 0 0 0 0 0
Sample 3 5.25 σ 6.2 σ 6.3 σ 7.5 σ 6.1 σ 5 σ 1.1 σ 0 σ 0 σ 0 σ
Sample 4 8.65 1.45 7.5 0.59 7.55 0.56 8 0.72 6.5 0.25 6.15 0.79 1.45 1.01 0 0 0 0 0 0

TRAV40 Sample 1 7.75 µ 6.3 µ 7.4 µ 7.65 µ 7.2 µ 6.65 µ 3.15 µ 0 µ 0 µ 0 µ
Sample 2 7.45 7.25 6.1 6.06 6.65 6.51 8.25 7.83 5.35 6 5.95 5.8 4.35 4.86 0 0 0 0 0 0
Sample 3 5.4 σ 5.3 σ 5 σ 7.4 σ . 5.25 σ 4.3 σ 5.45 σ 0 σ 0 σ 0 σ
Sample 4 8.4 1.3 6.55 0.54 7 1.05 8 0.38 6.2 0.91 6.3 1.04 6.5 1.44 0 0 0 0 0 0

TRAV38 Sample 1 8 µ 9.5 µ 9 µ 10 µ 8.35 µ 8 µ 6.5 µ 6.5 µ 7 µ 4 µ
Sample 2 7.4 7.18 7.7 8.3 8 8.25 8 8.25 6.8 7.29 7 7.08 5 6.13 5 6.08 5.8 6.33 0 1.5
Sample 3 6 σ 8 σ 8 σ 8 σ 7 σ 6 σ 6 σ 6.5 σ 7 σ 2 σ
Sample 4 7.3 0.84 8 0.81 8 0.5 7 1.26 7 0.71 7.3 0.83 7 0.85 6.3 0.72 5.5 0.79 0 1.91

TRAV35 Sample 1 5.1 µ 6.45 µ 8.7 µ 6.8 µ 6.75 µ 6.48 µ 6.55 µ 6.8 µ 4.65 µ 0 µ
Sample 2 4.5 5.65 5.9 6.34 8.1 8.05 6.35 6.79 6.15 6.3 5.85 5.82 4.9 6.78 5.2 6.13 3.35 4.25 0 0.11
Sample 3 6 σ 6 σ 7 σ 7 σ 6 σ 4.5 σ 8.25 σ 5.7 σ 4 σ 0 σ
Sample 4 7 1.09 7 0.5 8.4 0.74 7 0.31 6.3 0.32 6.45 0.93 7.4 1.43 6.8 0.81 5 0.73 0.45 0.23

TRAV30 Sample 1 3.75 µ 4.75 µ 6.8 µ 6.8 µ 5.4 µ 5.1 µ 5.8 µ 6.1 µ 5.4 µ 2.75 µ
Sample 2 4.15 4.43 4.15 5.05 5.9 6.11 6.9 6.03 4.05 5.14 3.6 4.9 5.05 5.56 4.8 5.7 4.3 5.2 0.7 3.86
Sample 3 4.3 σ 5.3 σ 5.5 σ 5.4 σ 5.5 σ 5.5 σ 6.4 σ 6.3 σ 6.1 σ 6 σ
Sample 4 5.5 0.75 6 0.79 6.25 0.55 5 0.97 5.6 0.73 5.4 0.88 5 0.67 5.6 0.67 5 0.75 6 2.61

TRAV21 Sample 1 6.6 µ 7.2 µ 7 µ 7.5 µ 6.5 µ 6.6 µ 6.1 µ 6.7 µ 5.9 µ 5.1 µ
Sample 2 6.2 5.79 6.9 6.53 6.95 6.36 6.7 6.05 6.15 5.78 5.8 5.44 5.4 5.21 5.7 5.93 5.05 5.61 3.65 4.81
Sample 3 5 σ 7 σ 6.5 σ 5 σ 6 σ 5 σ 5 σ 6.2 σ 5 σ 4 σ
Sample 4 5.35 0.74 5 1.02 5 0.94 5 1.26 4.45 0.91 4.35 0.98 4.35 0.73 5.1 0.68 6.5 0.72 6.5 1.28

TRAV16 Sample 1 4.8 µ 6.2 µ 7.1 µ 6.4 µ 5.3 µ 5.5 µ 6.2 µ 6.8 µ 6.9 µ 3.2 µ
Sample 2 6.35 4.93 6.8 5.75 7.5 6.76 8.1 6.13 6.4 5.73 6.05 5.76 6.35 6.75 7.1 6.98 7.1 7.84 3.5 3.3
Sample 3 4 σ 4.5 σ 6 σ 5 σ 6.2 σ 6.1 σ 7 σ 7.7 σ 8 σ 3 σ
Sample 4 4.55 1.01 5.5 0.99 6.45 0.67 5 1.47 5 0.68 5.4 0.36 7.45 0.58 6.3 0.59 9.35 1.12 3.5 0.24

TRAV5 Sample 1 0 µ 0 µ 0 µ 1.4 µ 4.8 µ 6 µ 6.5 µ 5.2 µ 4.4 µ 5.1 µ
Sample 2 0 0 0 0 0 0 1 2.7 4.5 4.88 5.8 5.9 6.7 6.38 5.3 5.6 4.1 5.38 4.8 5.28
Sample 3 0 σ 0 σ 0 σ 4.4 σ 6 σ 5.5 σ 7 σ 5.4 σ 6.7 σ 4.9 σ
Sample 4 0 0 0 0 0 0 4 1.75 4.2 0.79 6.3 0.34 5.3 0.75 6.5 0.61 6.3 1.31 6.3 0.69

TRAV3 Sample 1 0 µ 0 µ 0 µ 1.2 µ 4.3 µ 6 µ 5.7 µ 6 µ 4.8 µ 5.7 µ
Sample 2 0 0 0 0 0 0 1.5 2.23 4.2 4.18 5.9 5.88 4.5 5.1 5.6 5.53 4.4 5.18 5.3 5.58
Sample 3 0 σ 0 σ 0 σ 2.2 σ 3 σ 5.1 σ 5.7 σ 4.5 σ 5.5 σ 5.8 σ
Sample 4 0 0 0 0 0 0 4 1.26 5.2 0.9 6.5 0.58 4.5 0.69 6 0.71 6 0.71 5.5 0.22

TRAV2 Sample 1 0 µ 0 µ 0 µ 0 µ 3.15 µ 3.75 µ 6.45 µ 6.2 µ 5 µ 3.9 µ
Sample 2 0 0 0 0 0 0.7 0 0.75 4.4 3.76 4.2 4.74 6.7 6.83 5.6 5.73 5.3 6.63 4 5.43
Sample 3 0 σ 0 σ 2 σ 2 σ 4 σ 4 σ 6.25 σ 5.1 σ 8.4 σ 6 σ
Sample 4 0 0 0 0 0.79 0.94 1 0.96 3.5 0.55 7 1.52 7.9 0.74 6 0.49 7.8 1.73 7.8 1.86

TRAV1 Sample 1 0 µ 0 µ 0 µ 0 µ 2.75 µ 3.75 µ 5.1 µ 6.3 µ 5.3 µ 6.2 µ
Sample 2 0 0 0 0 0 0 0 0.57 3.4 3.26 4.2 4.54 4.8 5.63 6 5.58 5.7 5.25 5.8 7.48
Sample 3 0 σ 0 σ 0 σ 0.8 σ 3.2 σ 5 σ 5.8 σ 5.3 σ 5.4 σ 9.9 σ
Sample 4 0 0 0 0 0 0 1.50 0.72 3.70 0.40 5.20 0.68 6.80 0.89 4.70 0.72 4.60 0.47 8.00 1.88

Table 2: Real time PCR quantifications of 110 V-J associations from 4 human thymic samples. Results are expressed in arbitrary units indicating the difference in cycle
number at which products were first detected. Amplifications of the G3DPH gene were used as normalizer. Quantifications were performed from 4 thymic genomic DNA samples
corresponding to 4 children aged between 1 month and 1 year. .
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3.2 Model Approach
3.2.1 Model interface and generated graphs

The aim of the simulation program based on the successive windowing model was to present
a suitable interface (Fig.3) in order to test different scenarios for V-J recombination mecha-
nisms. Simulation results are displayed on a 3-dimensional histogram of V-J rearrangements
representing the whole TRα chain combinatorial repertoire. The programs offer as well a
graphic representation designed to plot the J region use by some V genes by clicking on the
V gene axis directly on an interactive graph. For distinctive usages, an Excelalpha file is
generated giving direct access to the simulated results: frequencies FVi-Jj of all the Vi-Jj
associations, details about the associations generated through each rearrangement round,
couple of J genes used at both allelic loci for each simulated cell and, as a reminder, the
entire values of parameters corresponding to the simulation.

Figure 2: Program interface (values used for simulations) and generated graphs.

3.2.2 Parameter values, robustness of the human model, and comparison with
a priori study conducted on mouse

The stochastic successive windowing model was firstly developed for the Vα-Jα use during
mouse TRA locus successive rearrangements. For this species, the ontogeny days when V
and J genes were first seen rearranged in conjunction with physical gene positions and gave
speeds of progression of the gene accessibility to rearrangements (Pasqual, 2002; Thuderoz,
2010). These speeds, denoted V and J region opening speeds, were successfully used in mouse
model as simulation results and fitted thymic quantifications from experiments only by using
two opening speeds chosen within intervals closed to the experimental 99.9 % confidence
intervals. In fact, the V speed (denoted SV) belonged to the speed interval [0.35 Kb/h, 34
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Kb/h] and the J speed (SJ) to [0.4 Kb/h, 1.55 Kb/h] with a mean opening speed of roughly
18 Kb/h for the V region and 1 Kb/h for the J region. In the transition to human, struc-
tural specificities of the human TRA/TRD locus were integrated to the model. Concerning
opening speeds, values of the J region opening speed interval determined from experience in
mouse were used in the human model in order to be consistent with the high conservation
of both the J region structure and the J gene sequences between the two species (Uenishi et
al, 2003). On the other hand, the V opening speed interval was determined by simulations:
the interval [0.5 Kb/h, 15.65 Kb/h] (average 8 Kb/h) provided simulation results that fitted
the best human experimental distributions (least squares method). The opening location of
the simulation was fixed between the V and J genes in order to access directly to the TRAV
and TRAJ genes after the first maturation, which was set to allow the elimination of the
TRD genes in the model (Fig. 1). For humans, as well as in mice, issues obtained from the
modeling that fit the best the experimental data, indicated the duration of the first matura-
tion step had a mean value of 5 hours and the opening duration before each rearrangement
was 24 hours. Interestingly, parametric study gave distinct numbers of successive rearrange-
ments between the two species with 3-4 for mouse and 4-5 for human. To make certain the
sampling size used in simulations was large enough, the representativeness of the repertoire
was tested by making sets of simulations of increasing size. Diversity became constant when
the population size was higher than 5 × 105 T cells, showing the pertinence of a repertoire
calculation based on a 106 alpha chain population (Arstila et al, 1999). Tests of robustness
performed on the model indicated that variations of about 5 to 10% in the values of the
parameters provided simulation results statistically coherent with experimental data, though
larger variations induced major deviations on the modeling simulation results inconsistent
with (i.e., significantly different from) experimental data.

3.2.3 Stochastic successive windowing model results

In order to compare simulation results to experiments, the very 110 V-J associations exper-
imentally examined were extracted from the simulated results computed for the totality of
the V-J association frequencies in the framework of the successive windowing model. Results
from simulations were transformed. The values are calculated using the number of simulated
recombinations (nV i−Jj) as follows :

FV iJj = c ∗ nV iJj , c =∑(log1,8(m))/∑(nV iJj).

Where, m= mean of 4 human thymus values.
Table 3 showed simulated results generated using the set of parameters fully described above;
the Table 2 indicates that results obtained with 4 and 5 successive rearrangements (R=4
and R=5) for the two simulated populations fit experimental results. Numbers in bold
indicated that simulated values lie within the two standard deviations confidence interval
of the experimental PCR quantifications (under Gausian hypothesis for the distrubition of
experimental data), corresponding to the fact that the alpha risk of rejection of the hypothesis
of a difference between predicted and observed levels of gene rearrangements is more than
0.25. At last, the consistency between simulated data and frequencies determined from
thymic genomic DNA validates our model as a relevant tool accounting for the dynamical
building of the TRα combinatorial repertoire in human thymus.
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(a: R=4)
genes TRAJ61 TRAJ58 TRAJ53 TRAJ48 TRAJ41 TRAJ33 TRAJ24 TRAJ16 TRAJ10 TRAJ5

TRAV41 59,67 73,60 74,01 60,70 22,87 0,41 0,00 0,00 0,00 0,00
TRAV40 92,31 111,49 108,49 89,03 35,03 1,64 0,00 0,00 0,00 0,00
TRAV38 71,89 119,00 130,68 117,57 42,60 10,72 2,32 0,41 0,00 0,00
TRAV35 91,56 108,15 120,98 121,60 77,49 52,23 25,88 5,94 6,14 1,84
TRAV30 53,53 71,89 72,44 68,75 56,26 36,25 27,38 12,15 5,39 6,62
TRAV21 65,82 82,48 78,04 99,07 61,58 57,56 34,27 25,33 16,45 14,34
TRAV16 16,80 17,75 18,98 39,53 40,97 37,96 26,90 13,18 13,72 10,24
TRAV5 0,00 0,00 0,00 8,94 9,35 20,69 16,52 16,66 14,41 18,43
TRAV3 0,00 0,00 0,00 4,64 4,44 14,20 18,64 18,64 20,55 19,12
TRAV2 0,00 0,00 0,00 1,16 3,89 15,57 15,16 16,11 17,41 16,52
TRAV1 0,00 0,00 0,00 0,00 1,43 21,23 20,28 23,01 20,35 17,27

(b:R=5)
genes TRAJ61 TRAJ58 TRAJ53 TRAJ48 TRAJ41 TRAJ33 TRAJ24 TRAJ16 TRAJ10 TRAJ5

TRAV41 52,90 78,13 67,95 63,41 25,43 1,58 0,00 0,00 0,00 0,00
TRAV40 83,78 111,38 116,24 90,16 30,56 0,85 0,00 0,00 0,00 0,00
TRAV38 89,43 114,53 110,72 94,95 42,45 12,81 2,69 0,00 0,39 0,00
TRAV35 86,61 124,52 119,07 125,51 87,13 56,84 26,42 7,36 4,07 4,73
TRAV30 59,60 65,71 64,00 84,64 46,79 43,57 26,74 13,27 6,97 8,87
TRAV21 63,02 70,31 72,35 96,66 69,65 56,97 40,15 20,44 22,80 24,18
TRAV16 14,98 17,48 17,87 33,51 38,51 40,41 21,88 16,95 11,37 12,88
TRAV5 0,00 0,00 0,00 6,11 9,13 20,83 21,62 15,51 16,10 17,15
TRAV3 0,00 0,00 0,00 4,14 4,93 22,01 23,98 14,72 21,88 16,82
TRAV2 0,00 0,00 0,00 1,84 2,30 13,87 14,13 20,17 16,62 13,93
TRAV1 0,00 0,00 0,00 0,00 1,12 16,36 16,89 20,76 18,73 25,76

Table 3: V-J association frequencies FV i−Jj from simulations converted in theoretical PCR cycle numbers
(log1.8 (FV i−Jj). Parameter values used to generate these simulated results are fully presented in the Results
section. The Figure indicates that results obtained with 4 and 5 successive rearrangements (R=4 and R=5)
for the two simulated populations fit experimental results. Numbers in bold indicate that simulated values lie
within the two standard deviation confidence interval of experimental PCR quantifications(under the Gaussian
hypothesis for the distrubtion of experimental data), corresponding to the fact that the alpha risk of rejection
of the hypothesis of a difference between predicted and observed levels of gene rearrangements ≥ 25%.

Comparing the experimental distribution of recombination to its simulated counterpart,
we find that the trend of the distribution is the same. For example, if we take two V (TRAV1
and TRAV30), you can see this this trend :

Figure 3: Distribution of some simulated recombinations of TRAV1 and TRAV30.
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3.2.4 Experimental V J quantifications from human thymi

Simulation results were tested in parallel for their coherence with V-J quantifications and for
their ability to fit an interallelic J distance distribution issued from the literature (Davodeau
et al, 2001). The involvement of a parameter denoted Stopdelay within the model allowed
computing the interallelic behavior at the very moment that TR-mediated signals stopped
successive rearrangements in a given simulated cell (see MM section). Figure 5 shows that
fixing Stopdelay=0 for all simulated cells gave an interallelic usage of J genes too close
compared to experimental distribution (Fig. 5.A). On the contrary, a systematic stop of suc-
cessive rearrangements within the subsequent rearrangement round (Stopdelay=1) gave an
interallelic usage of J genes, which are too distant compared to the experimental distribution
(Fig. 5.D). Simulations using Stopdelay=0 and Stopdelay=1 in proportions 25%/75% or
75%/25% of the cells gave two distributions that fit the experimental distribution (Fig. 5.B
and 5.C). Beyond a satisfactory result concerning successive windowing model validation,
the consequences of this fit regarding the putative interallelic behavior during the stop of
the successive rearrangements were addressed in the Discussion section. Briefly, to complete
these results, an identical analysis was conducted on mouse (additional Fig. 1). In this
species, four studies addressing Jα usage at both TRA alleles available in the literature
were compiled in order to get a more significant database (n=110), giving an empirical
distribution of the interallelic distances in J usage statistically more confident than in the
human case (n=29) (Davodeau et al, 2001; Heath et al, 1995; Malissen et al,1992; Casanova
et al, 1991). The same conclusions emerge in mouse as in human, rejecting simulations
performed using Stopdelay=0 or Stopdelay=1 for the whole cells (additional Fig. 1.A and
1.D). However, the more precise experimental distribution allows stating between the B and
D graphs: simulations using Stopdelay=0 and Stopdelay=1 in the respective proportions of
75% and 25% fit the best the experimental distribution (additional Fig. 1.B)

Figure 4: Experimental J interallelic distance distribution presented along with model results generated using different values for the
Stopdelay parameter. The experimental distribution reproduced on the four graphs was taken from Figure 2 in (Davodeau, 2001), which
presented the distribution of the differences in rank of Jα segments used at both alleles in several clones (authors denoted these values
interallelic J distances). Error bars were added on the distribution for n=29; the formula (freq.*(1-freq.))/n was used for calculating each
frequency (freq.) variance in histogram classes. The four graphs compare the experimental distribution with parametric study results
generated varying the Stopdelay parameter value (described in MM). Comparison between experimental distribution and model simulation
results showed that a stop of successive rearrangements within the same rearrangement round (Stopdelay=0) gave an interallelic usage of
J genes too close compared to experimental distribution (A). On the contrary, a systematic stop of successive rearrangements within the
subsequent rearrangement round (Stopdelay=1) gave interallelic usage of J genes too distant compared to the experimental distribution
(D). Finally, parametric studies predict that when an in-frame rearrangement is successfully selected in a cell, the intracellular signaling
will stop further rearrangements over the other allele during the same rearrangement round for 50% to 75% of the cells and during the
subsequent rearrangement round for the rest of the cells (B or C).
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3.2.5 Successive windowing model results fit interallelic distance for J segment
use

Simulation results were tested in parallel for their coherence with V-J quantifications and for
their ability to fit an interallelic distance distribution issued from the literature (Davodeau
et al, 2001). The involvement of a parameter denoted Stopdelay within the model allowed
computing the interallelic behavior at the very moment that TR-mediated signals stopped
successive rearrangements in a given simulated cell (see MM section). Figure 5 shows that
fixing Stopdelay=0 for all simulated cells gave an interallelic usage of J genes too close
compared to experimental distribution (Fig. 5.A). On the contrary, a systematic stop of
successive rearrangements within the subsequent rearrangement round (Stopdelay=1) gave
an interallelic usage of J genes, which are too distant compared to the experimental distribu-
tion (Fig.5.D). Simulations using Stopdelay=0 and Stopdelay=1 in proportions 25%/75% or
75%/25% of the cells gave two distributions that fit the experimental distribution (Fig.5.B
and 5.C). Beyond a satisfactory result concerning successive windowing model validation,
the consequences of this fit regarding the putative interallelic behavior during the stop of
the successive rearrangements were addressed in the Discussion section. Briefly, to complete
these results, an identical analysis was conducted on mouse (additional Fig.1). In this species,
four studies addressing Jα usage at both TRA alleles available in the literature were com-
piled in order to get a more significant database (n=110), giving an empirical distribution
of the interallelic distances in J usage statistically more confident than in the human case
(n=29) (Davodeau et al, 2001; Heath et al, 1995; Malissen et al, 1992; Casanova et al, 1991).
The same conclusions emerge in mouse as in human, rejecting simulations performed using
Stopdelay=0 or Stopdelay=1 for the whole cells (additional Fig.1.A and 1.D). However, the
more precise experimental distribution allows stating between the B and D graphs: simula-
tions using Stopdelay=0 and Stopdelay=1 in the respective proportions of 75% and 25% fit
the best the experimental distribution (additional Fig.1.B).

4 Discussion
4.1 Human thymic TRα combinatorial repertoire from extensive real time

PCR analyses
In spite of the human TRA gene polymorphism and the use of an elevated number of primers
within the same PCR amplifications, the 110 V-J quantifications from thymic genomic DNA
displayed a good inter-individual consistence among the 4 samples tested (maximal standard
deviation over the entire experiments: 2.61; average standard deviation: 0.73) and the same
qualitative speed of rearrangement over the V-J plane for both empirical distrubition (Gaus-
sian and lognormal) of experimental PCR quantificatins (Tables 2 et 3). Quantitative PCR
analysis results (Fig. 2) undoubtedly demonstrated each V gene tested used a subsequent
subset of J genes according to their position over the locus, as we previously observed on a
fewer number of V and J genes, using multiplex PCR analyses (Jouvin-Marche et al, 2009).
It is worth to notice that the outside parts of these subsets formed two areas of non-observed
or infrequent associations, corresponding to distal V / proximal J and proximal V / distal J
(appearing in blue on tables 2 and 3, corresponding to the same experimental region of Fig.2)
and that within each subset, frequencies differ highly. Finally, the corresponding 11 Vα and
10 Jα genes investigated, chosen regularly spread along the Vα and Jα regions, offered a
first experimental wide-ranging sampling of the human TRα computational repertoire in the
thymus.
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4.2 Explanatory power of inside out gene use
If the inside out use of the genes was presumed to cause unequal frequencies of V-J gene
associations (Krangel, 2009), the successive windowing model definitely demonstrated that a
precise progression of gene accessibility to rearrangements together with an opening of the J
region synchronized between both TRA alleles was sufficient to fully explain the experimental
V-J frequencies currently available as well as the experimental interallelic J usage. Given the
prominent conservation of J region structure between mouse and human species, the acces-
sibility progression over the J region experimentally determined from ontogeny analyses in
mice was used for the human model. This J region opening speed consisted in a variable speed
(SJ) belonging to the [0.4 Kb/h, 1.55 Kb/h] variability interval, corresponding to a mean
opening speed of about 1 Kb/h. Parametric studies performed for human models showed
that this experimental J speed variability interval was the unique one allowing the genera-
tion of V-J association profiles fitting experimental data (a bias superior of 10% of the mean
speed generated data incoherent with biological results), as it was already demonstrated for
mouse (Thuderoz et al, 2010). Hence, model studies, performed for both the human and
mouse species, predicted J regions, highly conserved in terms of genes number, length, and
regulatory Cis elements, would proceed in a similar progression of accessibility through the
successive rearrangement process. Concerning the V region accessibility progression, experi-
ments performed during mouse ontogeny allowed the calculation of a mean speed SVmouse=
18Kb/h. Mouse model showed also the necessity to introduce a variability interval for the
opening V speed equal to [0.35 Kb/h, 34 Kb/h] and centered on this mean value, in order to
get distributions in accordance with experimental data (with an acceptable bias of 10% on
the interval). Regarding the human V opening speed, major differences between mouse and
human V regions avoided making preliminary assumptions and we have retained the opening
speed variability interval [0.5 kb/h, 15.650 kb/h] after extensive parametric studies. The
models developed for both species predict that the recombination centers (constituted over
the J region throughout the successive V-J recombinations process)are the same in mouse
and human V regions.
These distinct opening speed variability intervals, specific of the two species, seem to be pro-
portional to the V region length, hence by the totality of the V region length, hence allowing
to take advantage of the diversity offered by the totality of the V genes, independently of
the length of the V region. In addition, simulations performed within the distinctive frame-
works of human and mouse models showed the use of speeds variable inside an interval was
important for the diversity of the repertoire generated. In fact, the use of constant opening
speeds in simulations gave a narrower use of V-J associations, increasing considerably the
two zones of improbable associations observed from experiments (depicted in blue cells on
Fig2). Human model shows that progression of gene accessibility to rearrangements over
TRAJ and TRAV regions (with human V speed different from the mouse one) constitutes
a mechanism sufficient to explain the relative abundances of the V-J association frequencies
determined from real time PCR assays on human thymic genomic DNA.

4.3 Stop of successive rearrangements: putative interallelic behavior
Regarding the J region, it is well accepted both J alleles perform a synchronized opening,
which provokes an interallelic use of J segments separated by less than 10 genes for the
majority of the lymphocytes (Villey et al, 1996). Nevertheless, minor occurrences of more
distant interallelic J genes use are observed in experiments (Davodeau et al, 2001). When a
Vα-Jα in-frame rearrangement is performed over an allele, beta pairing, surface expression
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and positive selection are all needed to allow the TR-mediated signals stopping further rear-
rangements in the cell. As commonly accepted, the feedback loop due to positive selection
of a TRα chain may logically inhibit further rearrangements on the very TRA allele that
originated its synthesis. Concerning the other allele, simulations showed a stop of successive
rearrangements within the same rearrangement round (Stopdelay=0) gave interallelic usage
of J genes too close compared to experimental distribution (Fig. 5.A). On the contrary,
a systematic stop of successive rearrangements within the subsequent rearrangement round
(Stopdelay=1) gave interallelic usage of J genes too distant compared to the experimental
distribution (Fig. 5.D). Hence, the involvement of the Allele Stop parameter inside the model
suggests a putative scenario for the other allele behavior: in a majority of cells (supposedly
from 50% to 75% of the cells, Fig.5.B and 5.C), the feedback loop would inhibit further
rearrangements on this other allele within the same rearrangement round, but in the rest
of the cells, a slight out of phase between two allele rearrangements would allow the other
allele to perform an extra rearrangement round before TR-mediated signals step in and stop
the mechanism. To complete this analysis, additional results in mouse, based on a larger
experimental data base proposed the feedback loop would inhibit further rearrangements on
the other allele during the same rearrangement round in the clear majority of the cells (75%,
as on the additional Fig. 1.B), the extra rearrangement being performed only in a minority
of cells (25%).

4.4 RSS: refining local frequencies on the repertoire shape
The human model included Recombination Signal Sequence (RSS) diversity effect through
RSS scores, which were calculated from the percentage of homology of each RSS sequence
with the consensus. The facultative use of RSS scores in simulations allowed observing their
influence on results. RSS sequences appeared to change not the global repertoire shape,
but only local specificities. This is in good accordance with mouse TRB locus observations
that demonstrated V gene RSSs neither correlate with any specific restriction in use of the
subset of J genes nor with any elevated V-J rearrangement frequencies (Wilson et al, 2001).
Eventually, the RSSs would hold less impact in terms of gene use frequencies than in bi-
directional use of the TRA genes during the successive rearrangements process.

4.5 Conclusions for the human TRα repertoire size
The potential TRα repertoire was first estimated to 0.5*106 chains in human blood through
CDR3 heterogeneity analysis and considering that every V-J association was obtained from
independent events consisting in tossing a couple of genes V and J with their marginal fre-
quency (Arstila et al, 1999). In this estimation, every one of the 54 V genes was supposed to
rearrange every one of the 61 J genes, giving a combinatorial diversity of 3294 associations.
Identification of non-functional genes first limited this evaluation. In a previous work, ex-
perimental quantifications performed from blood and thymic material stated any one of the
three V genes tested (V41, V40 and V1) rearranged not the entire J region but a subset of
subsequent J genes, according to the V position in the locus. Consequently, combinations
outside every J subsets, corresponding to non-observed or rare V-J associations, were pre-
sumed to lower the potential TRα combinatorial repertoire and a preliminary estimation of
approximately 2000 associations in periphery and thymus was announced (Jouvin-Marche
et al, 2009). In the present study, the J region use was tested through the use of ten J
genes by eight V genes, using genomic DNA quantifications from human thymic samples.
This further comprehensive experimental study defines more precisely the limits of the non-
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observed or rare V-J association areas (appearing in blue cells on Fig.2). At a mechanistic
level, the successive windowing model proposed a dynamical explanation for the occurrence
of the proximal V / distal J and distal V / proximal J genes rare associations: they would
originate from a non-synchronized placement. More, this stochastic model, validated for
the human thymic V-J quantifications, allows calculating the V-J frequencies for the entire
V-J associations. Knowledge about these frequencies allows proposing a new update on the
potential TRα combinatorial repertoire evaluation. In fact, if about 2100 V-J associations
would correspond to the totality of the possible combinations, some of these associations are
considerably more abundant than others. Table 4 indicates the size of the most abundant
V-J associations along with their frequency. If roughly 1700 associations would correspond
to 95% of the alpha chains, about 1000 associations would correspond to 75%, and approx-
imately, the 500 most abundant V-J associations would represent a half of the total. These
observations point out the alpha chain combinatorial repertoire diversity supporting immuno-
competence was highly over-estimated in thymic cells: the diversity may consist essentially
in roughly 500 strongly represented V-J associations accounting for about the half of the V-J
associations found in alpha chains, along with 1500 other less represented V-J associations.

Number of the most abun-
dant V-J associations

Percentage of the chains
corresponding to the most
abundant V-J associations

2125 100%
1721 95%
954 75%
453 50%

Table 4: Number of the most abundant V-J associations along with the percentage of the
alpha chains they represent. Table data were compiled using the entire V-J associations
frequencies computed from the human successive windowing model.

4.6 Number of rearrangement rounds expected in human TRA loci
More than offering information on the alpha repertoire shape and diversity, the combined
experimental and model approaches allow making predictions on the values of intrinsic pa-
rameters not accessible through experience like the very number of rearrangement rounds
performed through the TRA rearrangement mechanism. Whereas the mouse model pre-
dicted a total of 3 to 4 successive rearrangements performed in mouse TRA locus (Thuderoz
et al, 2010), in human however, the model parametric studies gave an estimation of 4 to 5
rearrangement rounds. Simulations showing the occurrence of four or five rearrangements
would favor the use of the distal genes of V and J regions in human. In fact, the use of a
fewer number of rearrangements in simulations gave an under-representation of distal J /
distal V associations. At last, the incidence of a supplementary rearrangement would give
the human species one additional chance per allele to generate an in-frame rearrangement,
which may constitute a major selective advantage compared to the mouse, compensating for
the lower number of human V genes compared to that in mouse.
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5 Conclusion
The stochastic successive windowing model presented throughout this paper stands that the
precise progression of gene accessibility to rearrangements according to non-constant opening
speeds along with an interallelic synchronized J opening within each cell, constitutes a suffi-
cient mechanism to explain experimental V-J frequencies and interallelic J usage. Eventually,
the modeling step, using a multi-level systemic approach followed by a simulation phase, of-
fered a clear understanding of the dynamics building of the human alpha repertoire, in order
to propose predictions on this repertoire diversity richness and to dispose of a simulated the-
oretical repertoire showing the frequencies of the entire V-J associations. Knowledge about
the human thymic repertoire shape (Figure 3) constitutes indeed a key issue in the immune
system development, and thus a crucial requirement in therapeutic interventions aiming to
reconstitute or to control immune responses.
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Chapitre 2
Réseau de régulation biologique
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2.1 Introduction et Problématique

Un réseau biologique est une représentation de la circulation d’un certain type d’informa-
tion dans la cellule. Il en existe plusieurs types :

1. réseau d’interaction protéine-protéine : la protéine A interagit physiquement avec la
protéine B.

2. réseau de signalisation : la protéine A transmet un signal informatif à la protéine B.

3. réseau génétique ou de régulation : le gène A régule l’expression du gène B, par l’in-
termédiaire d’un produit direct ou indirect de son expression (protéine ou complexe
ARN-peptide) servant de facteur de transcription ou de traduction du gène B .

4. réseau métabolique : il régule les réactions enzymatiques reliées à une fonction précise
d’un organite, d’une cellule ou d’un tissu.

Nous nous intéressons ici à l’étude des réseaux de régulation génétique. Nous avons traité
plusieurs réseaux, pour lesquels la question primordiale était : quels sont les gènes critiques,
ainsi que les interactions qui sont susceptibles de changer la configuration du réseau ?
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2.2 Modèles de régulation biologique

2.2.1 Présentation des modèles : réseau d’automates booléens à
seuil

A la fin des années 60 et au début des années 70, S. Kauffman, puis R. Thomas, ont
proposé une modélisation sous forme de réseau d’automates : chaque gène est modélisé
par un automate, dont le but est de donner un sens « biologique » aux attracteurs de
la dynamique de ces automates. Dans nos analyses, on s’intéresse aux réseaux booléens
à seuil introduits par McCulloch (1943), dans le contexte des réseaux de neurones. Ces
travaux ont été mis en valeur plus tard par Goles (1981) et par Hopfield (1982). Dans la
suite, nous définissons la fonction de transition utilisée :

xipt � 1q � Hp
°n

j�1wij � xjptq � θiq, où xiptq est l’état du gène i à l’itération t
(égal à 1, si le gène i s’exprime, et à 0, sinon), avec
j P t1, ..., nu, wij P R, θi P R et H est la fonction de Heaviside définie sur R et à
valeurs dans {0,1} égale à 0 (resp. 1), si la variable dans H est négative ou nulle
(resp. strictement positive).

Définition 1 (Fonction de transition locale).

Quelles informations portent les paramètres ?
La fonction de Heaviside est la fonction échelon ; elle vaut 1, si son argument est stricte-
ment positif, et 0, sinon. Elle est utilisée dans la modélisation de nos réseaux de régulation.
Son argument est, dans ce cas, caractérisé par :

— wij : ce paramètre représente le poids d’influence que le gène j exerce sur le gène i.
Il peut être positif s’il s’agit d’une activation et négatif dans le cas d’une inhibition.

— θi : ce paramètre représente le seuil d’activation pour un gène quelconque i.

2.2.2 Architecture d’un réseau de contrôle génétique

Un réseau de contrôle génétique possède, comme sommets, des gènes ou ARN de contrôle
(micro-ARN, si-ARN, ARN circulaires,. . . ) et, comme arcs, des interactions d’inhibition
ou d’activation. Ces interactions sont exercées par des répresseurs ou des inducteurs de
l’expression génique. Concernant son architecture, elle est caractérisée par une structure
de graphe orienté, dont la matrice d’incidence est la matrice des signes des poids wij (ce
signe est égal à +1, si wij ¡ 0, à -1, si wij   0 et à 0 si wij � 0). Ce graphe comporte
trois parties :

1. Une arborescence initiale représentée par des arbres sources (« up-trees »), partant
des gènes sources qui n’ont pas d’antécédents dans le réseau.

2. Une arborescence terminale (« down-trees ») représentée par des arbres puits,
aboutissant à des gènes puits qui n’ont pas de successeurs dans le réseau.

3. Entre les deux, des composantes fortement connexes, c’est-à-dire connexes et maxi-
males : connexes, car comportant un chemin d’interaction reliant les sommets de
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tout couple de leurs sommets. Ils comportent donc en particulier des circuits (che-
mins d’interaction fermés, dont les deux extrémités sont identiques, chacun de leurs
sommets appartient à un circuit) ; et maximales, car non contenues dans une com-
posante connexe strictement plus grande. Elles sont faites d’un circuit isolé, ou de
grappes de circuits tangents (un seul gène commun) ou intersectés (plus d’un gène
commun), pouvant être une arborescence de grappes dépendantes.

La question qui se pose : qu’est ce qu’un circuit ?
Avant de définir un circuit en terme de théorie de graphes, on doit répondre à la question :
qu’est ce qu’un graphe ?

Un graphe est défini par un couple G= (Sommet, Ensemble sommet) tel que :
-Sommet est un ensemble fini de sommets noté S.
-Ensemble sommet : est un ensemble de couples de sommets psi, sjq P S

2 noté E.

Définition 2 (Définition d’un graphe).

Un graphe peut être orienté ou non. Par la suite, nous définissons ces deux types.

Les couples psi, sjq P E sont appelés arêtes et sont représentés de la manière
suivante si � sj . Ils ne sont pas orientés, c’est-à-dire que : psi, sjq ô psj, siq .

Définition 3 (Un graphe non orienté).

Les couples psi, sjq P E sont appelés arcs et sont représentés de la manière sui-
vante si Ñ sj. Ils sont orientés.

Définition 4 (Un graphe orienté).

La différence vient du fait que les couples psi, sjq sont orientés ou pas. Dans notre cas, on
s’intéresse aux graphes orientés. On peut définir un circuit de la manière suivante :

Un circuit est le chemin d’un graphe orienté dont les sommets de départ et de
fin sont les mêmes.

Définition 5 (Un circuit).
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Dans le cas d’un réseau de régulation biologique, on utilise la notion de circuit, afin de
définir deux types de circuits :

— C+ : circuit ayant un nombre pair d’arcs négatifs.

— C- : circuit ayant un nombre impair d’arcs négatifs.

Les circuits sont utilisés par la suite, afin d’identifier les attracteurs, qui seront détaillés
dans la section suivante. Un circuit est défini aussi bien par sa longueur que par son signe
(voir le graphique ci-dessous).

Figure 2.1 – Notion de circuit

Une boucle est un circuit du longueur égale à 1.
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2.2.3 Les attracteurs

2.2.3.1 Définition

Le nombre total des points fixes et des cycles limites définit le nombre d’attracteurs d’un
réseau.
La définition mathématique utilisée pour les calculs est, par exemple, celle définie par
Demongeot et Cosnard en 1985 : nous appellerons configuration tout point de l’ensemble
d’état E={0,1}n du réseau de n automates correspondant au réseau de régulation de n
gènes étudié. Soit x(0) une configuration initiale et x(t) la configuration obtenue après
t itérations du réseau. Chaque itération peut-être définie par une mise à jour parallèle
(tous les sommets du réseau sont mis à jour en même temps, par application de la règle
de transition ci-dessus), séquentielle (les sommets sont mis à jour l’un après l’autre, dans
une séquence déterminée) ou bloc-séquentielle (des blocs, composés de sommets itérés
parallèlement, étant itérés de manière séquentielle). Soit A une partie de E et soit B(A)
(bassin de A) l’ensemble des configurations initiales x, telles que l’ensemble L(x) des
configurations visitées une infinité de fois lors de leurs itérations successives d’ordre t (t
tendant vers l’infini), soit dans A. Alors, A est un attracteur si et seulement si :
i) L(B(A) = A
ii) il n’existe pas d’ensemble strictement plus grand que A qui vérifie i).
Il est à noter que cette définition est valable aussi bien pour des itérations discrètes que
pour des système à temps continus (à une sophistication près concernant les trajectoires
« fantômes » au sens de R. Bowen). Dans le cas discret, une configuration a de A vérifie :
il existe un nombre minimum d’itérations p(a), tel que a soit obtenu de nouveau par
application à a de p(a) itérations du réseau. Ce nombre est appelé la période de a.

2.2.3.2 Types

Les attracteurs sont divisés en deux types :
-un point fixe : c’est un attracteur dont la période est égale à 1.
-un cycle limite : c’est un attracteur dont la période est supérieure ou égale à 2.

Les attracteurs sont caractérisés par la taille de leurs bassins d’attraction, qui ré-
sume le nombre des configurations qui évoluent vers l’attracteur. L’ensemble {attracteur,
bassin d’attraction} forme le paysage dynamique du réseau. Le graphe d’interaction
forme l’architecture du réseau.

2.2.3.3 Règle de calcul

Selon une règle développée dans la thèse de Mathilde Noual 2012, on peut cal-
culer le nombre d’attracteurs d’un circuit. Selon le signe du circuit, on obtient :
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Figure 2.2 – Les tableaux ci-dessus, extraits de Demongeot et al. 2012 (J. DEMONGEOT, M. NOUAL
and S. SENE, Combinatorics of Boolean automata circuits dynamics, Discrete Applied Mathematics, 160,
398-415 (2012)) donnent le nombre d’attracteurs de couples de circuits tangents, dans deux cas : au-dessus
un des deux circuits est positif de longueur r, l’autre étant négatif de longueur l ; en-dessous, les deux
circuits sont négatifs, de longueur respective r et l. Dans les deux cas, le nombre d’attracteurs du couple
de circuits tangents est donné à l’intersection de la colonne r et de la ligne l.

2.3 Résultats expérimentaux

Plusieurs réseaux ont été étudiés, mais nous allons présenter seulement les réseaux «
immunetworks » et le réseau « biliary atresia » . Les autres sont détaillés dans les articles
ci-joints.

2.3.1 Exemple 1 : Les « Immunetworks »
Les réseaux de régulation génétique impliqués dans le contrôle du système immunitaire
sont appelés « immunetworks ». Ils sont caractérisés par leur comportement dynamique
asymptotique, défini par leurs attracteurs (Demongeot et al., 2011). Dans le cas des «
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immunetworks », le nombre d’attracteurs est directement lié aux possibilités de différen-
ciation des cellules immuno-compétentes. L’activation des Natural Killer (NK), impliqués
dans la réponse immunitaire innée, est contrôlée par les ligands de récepteurs de type Toll
(TLR) et par RP105. Le réseau de contrôle de la Toll et d’expression de ICAM1 contient
2 circuits 4-positifs.

2.3.2 Exemple 2 : L’atrésie biliaire (« biliary atresia »)

L’atrésie des voies biliaires est caractérisée par une obstruction des voies biliaires d’ori-
gine inconnue, survenant en période périnatale. Par la suite, nous étudions le réseau de
régulation relatif à cette maladie.

2.3.2.1 Présentation générale du réseau

Le réseau de départ contient 31 nœuds. Afin de le simplifier, nous avons enlevé les puits
et les sources. Nous gardons seulement 22 nœuds.

Figure 2.3 – Représentation du réseau de régulation pour l’atrésie biliaire.

2.3.2.2 Stratégie d’analyse

Toujours avec les réseaux booléens de type Hopfield, nous avons étudié le réseau en ques-
tion. Le point de départ était un réseau conçu par A. Henrion Caude et dessiné par Meta
Core®. Ce réseau a présenté plusieurs difficultés, vu l’existence de flèches non orientées
(couleur grise, voir la Figure 2.3). Nous l’avons complété, en nous référant à la littérature,
par l’introduction d’autres interactions entre les gènes. Afin de choisir le bon sens d’inter-
action, nous avons étudié toutes les combinaisons possibles, afin de déterminer toutes les
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architectures possibles du réseau. Par la suite, nous avons comparé les architectures de
chaque réseau par rapport à un réseau initial sans aucune flèche grise, afin de déterminer
les interactions critiques, c’est-à-dire susceptibles, lorsqu’elles sont absentes ou qu’elles
changent de valeurs (activation ou inhibition), de modifier considérablement le paysage
des attracteurs du réseau (en nombre, nature et/ou taille de bassins). Nous avons testé à la
fois la modification d’une seule flèche (ou arc), puis de deux,. . . , jusqu’au réseau complet
avec toutes les flèches sélectionnées. L’hypothèse de départ était d’étudier le comporte-
ment des trois gènes clés : Bcl-w, TGF-β and elf-2α kinase, dont l’expression a été suivie
chez des patients souffrant d’atrésie biliaire.

2.3.2.3 Outils utilisés

Nous avons utilisé une interface graphique développée au sein de notre laboratoire (thèse
d’H. Ben Amor), nommée ”Network-Designer”, qui propose 4 types de mises à jour des
gènes :

1. mise à jour parallèle, où les gènes sont mis à jour au même temps.

2. mise à jour séquentielle, où les gènes sont mis à jour successivement dans un ordre
déterminé.

3. mise à jour des blocs en parallèle, où les gènes d’un bloc sont mis à jour séquentiel-
lement, les blocs étant, eux, mis à jour parallèlement

4. mise à jour des blocs en séquentiel, où les gènes d’un bloc sont mis à jour parallèle-
ment, les blocs étant, eux, mis à jour séquentiellement.

Le travail consiste ici à traduire le réseau avec cette interface sous la forme suivante :

Figure 2.4 – Représentation du réseau de régulation pour l’atrésie biliaire avec ”Net-
workDesigner”.
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2.3.2.4 Résultats obtenus

Les résultats relatifs à ce réseau sont présentés dans l’article ”Genetic regulatory net-
works : focus on attractors of their dynamics”. Rappelons juste que nous avons obtenus 7
attracteurs répartis en 5 points fixes et 2 cycles limites.
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Abstract MicroRNAs are non-coding parts of nuclear and mitochondrial gen-

omes, preventing the weakest part of the genetic regulatory networks from being

expressed and preventing the appearance of a too many attractors in these networks.

They have also a great influence on the chromatin clock, which ensures the updating

of the genetic regulatory networks. The post-transcriptional inhibitory activity by

the microRNAs, which is partly unspecific, is due firstly to their possibly direct

negative action during translation by hybridizing tRNAs, especially those inside the

mitochondrion, hence slowing mitochondrial respiration, and secondly to their

action on a large number of putative m-RNA targets like those involved in

immunetworks; We show that the circuits in the core of the interaction graphs are

responsible for the small number of dedicated attractors that correspond to genet-

ically controlled functions, partly due to a general filtering by the microRNAs. We

analyze this influence as well as their impact on important functions like the control
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by the p53 network over the apoptosis/proliferation system and the homeostasis of

the energy metabolism. In this last case, we show the role of two kinds of mi-

croRNAs, both involved in the control of the mitochondrial genome: (1) nuclear

microRNAs, called mitoMirs, inhibiting mitochondrial genes and (2) putative

mitochondrial microRNAs inhibiting the tRNAs functioning.

Keywords MicroRNAs � Chromatin clock control � Genetic networks �
Energetic regulation � Mitochondrial respiration � Attractors

1 Introduction

The microRNAS (often denoted miRs) play an important role of non-specific

inhibition in many circumstances of the cell life, like chromatin clock control and

have a big influence on many metabolic controls of functions like energy systems,

cell cycle and defence systems against pathogens. We present successively in Sects.

2 and 3 their action in controlling chromatin clock and ‘‘immunetworks’’, which are

genetic regulatory networks devoted to the control and maintenance of the

immunologic system, like the innate system of defence represented by the Toll Like

Receptors (TLR), control network already present in insects. In Sects. 4 and 5, we

will study more generally the global unspecific inhibitory regulation of the

translation by microRNAs in different important physiological frameworks

involving several functions like p53 control, mitochondrial and chloroplast

respiration. In Sect. 6, we propose some perspectives about the general architecture

of genetic regulatory networks taking into account the presence (recently

discovered) of circular RNAs inhibiting the microRNAs.

2 MicroRNas, Chromatine Clock and Genetic Network Modelling

The genes coding for enzymes involved in the chromatin clock as histone

acetyltransferases, endonucleases, exonucleases, helicase, replicase, polymerase,…,

called clock genes (inducing for example the progressive unpacking of the Hox

genes from the chromatin during development), are inhibited by many microRNAS

preventing some blocks of genes to be co-expressed (cf. Fig. 1), e.g., RNA-

dependent Helicase P68 and Endonuclease CCR4 are inhibited by miR-20,

Helicase-DNA-binding protein KIAA1416 by miR181b, Exoribonuclease 2 and

DNA Polymerase h by miR93 and RNA Polymerase II transcription factor by miR-

206 (Fig. 1). We use the circular Hamming distance between microRNAs string and

a reference RNA circle of equal length, i.e., the minimal number of positions at

which the corresponding symbols are different, when the circle origin is shifted

(Demongeot and Moreira 2007a). The reference circle AL of length 22 (Demongeot

and Moreira 2007b), close to Lewin’s invariant sub-sequences of the tRNA

secondary structures (Lewin et al. 2011), contains a triplet of any amino-acids

synonymy class of the genetic code (including punctuation classes) and can be

considered as a primitive ‘‘matrimonial agency’’ (or an ancestral ribosome) for
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amino-acids favouring their peptidic bonds (Hobish et al. 1995; Demongeot et al.

2009a, b).

The proximity of microRNAs (Griffiths-Jones et al. 2005; http://mirdb.org/

miRDB/; http://mirnamap.mbc.nctu.edu.tw/) to AL is measured by the significance

level equal to 95 % (resp. 99.5 %) if the circular Hamming distance d is less or equal

to 7 = 22 - 15 (resp. 5), indicated by ** (resp. ***) as calculated from an unilateral

test based on the distribution of the supremum of 22 independent binomial variables

B(22, 0.375), greater than the variable (d-22) (Demongeot and Moreira 2007a).

Figure 2 shows that (1) several levels of enzymes, like helicase are controlled via the

inhibition of the translation of their mRNA by several microRNAs like mi-R20 and

miR-181b, and (2) several levels of enzymes like helicase and endonuclease (resp.

exoribonuclease and polymerase) are controlled by the same microRNA miR-20

(resp. miR-93). A microRNA exerts its influence in the framework of a genetic

regulatory network including these enzyme genes, we call in the following threshold

Boolean random regulatory network (getBren), which is just a set N of n random

automata defined as follows (Hopfield 1982; Hartwell et al. 1999; Weaver et al. 1999;

Kauffman 1969; Thomas 1973; Demongeot et al. 2003; Demongeot and Sené 2008;

Demongeot and Waku 2012a, b; Demongeot et al. 2012a):

1. any random automaton i of the getBren N owns at time t a state xi(t) valued in

{0,1}, 0 (resp. 1) meaning that gene i is inactivated (resp. activated). The global

state of the getBren at time t, called configuration in the sequel, is then defined

by: x(t) = (xi(t))i [{1,n} [ X = {0,1}n

2. the getBren N of size n is a triplet (W,H,P), where:

• W is a matrix of order n, where the coefficient wij [ IR represents the

interaction weight equal to the influence gene j has on gene i. A = Sign(W) =

(aij = sign(wij))i,j is the adjacency matrix of the interaction graph G.

Fig. 1 Influence of the chromatin clock on the genetic network dynamics: toy theoretical example in
which G20 (a ‘‘leaf node’’ of the interaction graph) expresses a chromatin clock’s enzyme, which
prevents the expression of the updating block G13–G14
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• H is an activation threshold vector of dimension n, its component hi being

the activation threshold attributed to automaton i

• M: P(X) ? [0,1]m9m (where P(X) is the set of subsets of X and m = 2n) is

a Markov transition matrix, built from local probability transitions Pi giving

the new state of gene i at time t ? 1 according to W, H, and configuration

x(t) of N at time t such that:

8i ¼ 1; . . .; n; 8g 2 0; 1f g; b 2 X;Pb
i;g fxi t þ 1ð Þ ¼ g x tð Þj ¼ bgð Þ

¼ exp½gðRj2Niwijbj � hiÞ=T �=½1þ exp½ðRj2Niwijbj � hiÞ=T �;

where Ni is the neighbourhood of gene i in the getBren N, i.e., the set of genes j

(including possibly i) such that wij = 0, and P
b
i;g is the probability for gene i of

passing to state g knowing the configuration state b on Ni.

An important feature of the getBren dynamics is the existence of genes

influencing directly the opening of the DNA inside the chromatine, hence allowing

or not the gene expression. When these genes are controlled by microRNAs, it is

necessary to generalize getBren structure by considering that the possibility to

update the expression of a block of genes i1,…,iq B n at iteration t is depending on

the state of r ‘‘clock’’ genes (i.e., involved in the chromatine updating clock)

k1,…,kr C n, depending on s microRNAs l1,…,ls (Fig. 1). Then the transition for a

gene i, can be written as:

Vg[{0,1}, b[{0,1}n, if V j = 1,…,r, xkj(t) = 1, involving V j = 1,…, s, xlj(t -

1) = 0 (microRNAs not inhibit), then:

8i ¼ 1; . . .; n; 8g 2 0; 1f g; b 2 X;Pb
i;g fxi t þ 1ð Þ ¼ g x tð Þj ¼ bgð Þ

¼ exp½gðRj2Niwijbj � hiÞ=T�=½1þ exp½ðRj2Niwijbj � hiÞ=T�

and, if not, this rule is available only for genes i = i1,…,iq and: V j = 1,…,q,

P
b
ij;0({xij(t ? 1) = 0|,x(t) = b}) = 1.

        Sequences                     Identification     Circular Hamming distance to AL

5’_UACURRY      UUCRARYURARYGG_3’                            Lewin’s tRNA  (R=A or G; Y=U or C)                          5*** 
5’_UACUGCC   AUUCAAGAUGAAUGG_3’                                AL        
3'_AUGGACG –UGAUAUUCGUGAAAU_5'      hsa-miR-20                 8          
     .  | . |  . |  :  . | : | | | | : : . | | | | | | | .            
5'_CAGCAGTAATTATGGTGCACTTTT_3’    Helicase P68 ENST00000225792 112-136  
3'_AUGGACGU--------GAUAUUCG UGAAAU_5'                      hsa-miR-20                          8 
   | . | | . | | | . . .   | | | | | : | | | | | | | .            
5'_TCCCAGCACCATTCTATAGGCAACTTTT_3'          Endonuclease CCR4 ENST00000264903 3312-3340        
5’_GUACUGCCAUUCAAGAUGAAUG_3’                                    AL  
3'_UUGGGUGGCUGUCGUUACUUACAA_5'                           hsa-miR-181b                     7** 
   | | | | : . .  | . | . .  | : | | | | | | | | | .                    
5'_ AACCTTACAAGTGT AATGAATGTG_3'       Helicase-DNA-binding protein KIAA1416 ENST00000333363 0-24 
5’_CAUUCAAGAUGAAUGGUACUGC_3’                                    AL
3'_GAUGGACGUGCUUGUCGUGAAA_5'          hsa-miR-93                             7** 
  : | | . : . . . | |    | | | | | | | | | |   
5'_TTAATAAAAC –  TACAGTACTTT_3'      Exoribonuclease 2 ENST00000262489 85-106 
3'_GAUGGAC---- GUGCUUG--UCGUGAAA_5'                   hsa-miR-93                        7** 
  . | : | : | | . . . . : | : | . | | . . | | | | | | | |     
5'_ATGCTTGAAATATGCACTTAGCACTTT_3'    DNA Polymerase θ ENST00000264233 293-320 

Fig. 2 Sequence alignments and circular Hamming distances to AL for miR-20 (resp. miR-181b and
miR-93) from (http://mirdb.org/miRDB/; http://mirnamap.mbc.nctu.edu.tw/) and its inhibited targets,
RNA-dependent Helicase P68 and Endonuclease CCR4 (resp. Helicase-DNA-binding protein KIAA1416,
Exoribonuclease 2, and DNA Polymerase). The number of stars indicates the significance level of the
distance to AL
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3 The Immunetworks

The genetic regulatory networks involved in the control of both innate and adaptive

immunologic systems (ruling respectively the fixed and antigen-dependent pools of

antibody receptors), called ‘‘immunetworks’’, have only few asymptotic dynamical

behaviours, called attractors (Demongeot et al. 2011a). This small number of attractors

is directly linked with the possibilities of differentiation of immuno-competent cells

and is controlled inside the interaction graphs of immunetworks by their circuits

(Demongeot et al. 2012b), giving to the network the possibility to have more than one

attractor (due to positive circuits, having inside an even number of inhibitions) and the

possibility for these attractors to be stable (due to negative circuits, having inside an

odd number of inhibitions), i.e., to have a sufficient number of initial configurations of

gene states going after a transient evolution to the same attractor.

The activation of Natural Killer (NK) cells, involved in the innate immune response, is

controlled by the ligands of the Toll Like Receptors (TLR) and RP105 is a TLR-related

protein acting as regulator of the proliferation of B cells, responsible of the humoral

adaptive immune response (Elkon et al. 2007; Miyake et al. 2000). B-cells lacking RP105

were shown to be severely impaired in antibody production. Protein ICAM1 is an

intercellular adhesion molecule present in low concentrations in membranes of leucocytes

involved in humoral adaptive immune response. The network controlling the Toll Like

Receptor TLR2 and ICAM1 expression (Fig. 3) contains 2 positive 4-circuits (i.e., with 4

nodes) passing through genes MAP3K and BCL10 having the common node NFkB, and a

negative 4-circuit passing through the gene TNIP1, giving birth to only one attractor

(Fig. 5) leading to the activation of TLR2. ICAM1 is inhibited by the human miR 297 and

the activator GATA-3 of BCL10 by the human miR 200c (Fig. 4).

The pUNO sub-sequence of RP105, activator of TRL2 (Liu et al. 2013), contains

the sequence AGATGAA belonging both to Tw-loop common to Lewin’s tRNA and

AL, which signifies its affiliation to an ancestral functional genome, because this

GATA-3

 RP105

Fig. 3 Network controlling the level of Toll Like Receptor TLR2 and of ICAM1 [after (Elkon et al.
2007), links with bar indicating inhibitions]
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conserved region is recognised by the ribosome to allow a tRNA-ribosome complex

to form (Demongeot and Moreira 2007a, b).

4 MicroRNas and p53 Control

The p53 protein is involved in many genetic regulatory networks, especially those

controlling the cell cycle and apoptosis. The network centred on p53 given in Fig. 5

shows the importance of this key protein, both controlling as activator (resp.

inhibitor) the transcription of microRNAs like miR 143 (resp. miR 20a) and being

negatively controlled by microRNAs like miR 122. The presence of a positive

3-circuit (p53, miR 34, SIRT 1) gives two fixed state configurations and two state

limit cycles of period 3 as attractors for parallel updating (Fig. 6) in absence of

microRNAs inhibiting p53 and if not, only one fixed state configuration: p53 = 0,

miR-34 = 0, SIRT 1 = 0.
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Fig. 5 Regulation of protein p53 showing relationships with microRNAs as inhibitors (green arrows) or
activators (red arrows)
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5 Energetic Control

5.1 MicroRNAs and Oxidative Phosphorylation

The cellular energy systems of the cell are essentially composed of glycolysis and

aerobic oxidation. In eukaryotes, later stages of the second system occur in

mitochondria, with enzymatic steps like ATPase and translocase. For each correspond-

ing gene, it is possible to find at least one nuclear microRNA inhibiting its activity

(Fig. 7 Top). More, mitochondrial microRNAs (Barrey et al. 2011) have been described,

as well as 2 nuclear miRs susceptible to hybridize with a perfect anti-match

Fig. 6 Top number of attractors for a couple of positive r-circuit and negative l-circuit sharing one node.
Bottom number of attractors of period p for a n-positive circuit in parallel updating [after (Demongeot
et al. 2012b)]
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mitochondrial genes, miR-1974 and miR-1977 (Bandiera et al. 2011; Demongeot et al.

2011b), targeting two mitochondrial tRNA genes, TRNE and TRNN, which code

respectively for ATP8 (the gene of ATPsynthase protein 8, a subunit of the

mitochondrial ATPase) and for ND4L, a protein providing instructions for making

NADH. On Fig. 7 Bottom, we see the possibility to hybridize tRNA loops (especially

the D-loop and the A14 turn of the tRNA, responsible of its tertiary structure) by nuclear

mitomiRs 1974 and 1977 and on Fig. 7 Bottom, we see two small mitochondrial RNAs

called mito2miRs C116 and CSBD 353 (Sbisa et al. 1997; Cui et al. 2007), coming from

the non coding part of mitochondrial genome, which causes an unspecific inhibitory

‘noise’ due to a direct regulation (inside mitochondrion matrix, without membrane

transfer like for nuclear miRs), leading possibly to a decrease in levels of all

mitochondrial proteins, due to the hybridization of common parts of mitochondrial

tRNAs and Lewin’s tRNA: D-loop, A14 turn and Tw-loop.

5.2 MicroRNas and Glycolysis

Many MiRs from (http://mirdb.org/miRDB/; http://mirnamap.mbc.nctu.edu.tw/) are

proposed as candidates for inhibiting all glycolytic steps until aldolase (Fig. 8 Top),

a possible alternative (or complement) to the direct interaction between metabolites

and RNA aptamers, their absence favouring Krebs cycle functioning, if translocase

and ATPase have sufficient level inside the mitochondrial inner membrane (Dem-

ongeot et al. 2007) and LDH is inhibited, or conversely their presence explains the

role of the lactate shuttle from brain astrocytes to neurons (Aubert et al. 2005, 2007;

Sequences                    Identification        Circular Hamming distance to AL 
ATPase Sequence 1 
5’_GCCAU       UCAAGAUG AAUGGUACU_3’                            AL         
3'_AGGUA-GUAGUUUUGU-UUACCUCA_5'                      hsa-miR-136                                      5*** 

| . : | | . : | | : . : . | | | . | : | | | | | |
5'_TGTATGTATT--GTACATAGTGGAGT_3'           ENST00000276390_P  253-277 
ATPase Sequence 2
5’_ CUGCCAUUCAAGAUGAAUGGUA_3’                                   AL  
3'_UGUUGGUCGAUUCUGUGA-CGGU_5'                          hsa-miR-34a         7**                   
  | . | : . | | | . | : | . | | | | | . | | | |  
5'_AGAGGCAGATGACACACTGGCCA_3'            ENST00000248430 _P 2783-2806 
Translocase Sequence 1 
3'_UGUUGGUCGA-UUCUGUGACGGU_5'                            hsa-miR-34a                      7**             

. . | | | | . . | | . | | | | | | | | | : | |  
5'_TGAACC----CTAAAGACACTGTCA_3'  ENST00000284320  53-74 
Translocase Sequence 2 
5’_CCAUUCAAGAUGA           AUGGUACUG_3’       AL           
3'_CGAAACUGUUAUGA------UAACGUGAC_5'              hsa-miR-301                             6** 
  | : | . | | | . | | | : : | . . . . | . | | | | | | |
5'_GTTGTGAAAATGTTTGAAACTGCACTG_3'  ENST000002 84320 1999-2026 

             Circular Hamming distance to AL A14 turn / D-loop
5’_ GUACUGCCAUUCAAGAUGAAUG_3’                                AL        
3’_AUAAGAGCGUGCCUGAUGUUGGU_5’                 hsa-mitomiR-1974                          1** 
5’_UGAAUGGUACUGCCAUUCAAGA _3’                               AL        
3’_AAUUGUCGAUUCGUGGGAUUAG_5’                   hsa-mitomiR-1977                                  1** 

          Circular Hamming distance to Lewin’s A14 turn / D-loop
5’_ RUUUCRARRURARYGGUAYUY_3’                       Lewin’s tRNA              
3’_CGGGACUUCAUUCUUGGUCUA_5’         hsa-mito2miR C 116                                   2** 
5’_RUUUCRARRURARYGGUAYUY_3’                                 Lewin’s tRNA               
3’_CAGGACUUCAUUCUUGGUCUA_5’         hsa-mito2miR CSBD353                   2**

Fig. 7 Top sequence alignments and distances to AL for human miRs136, 34a and 301 from (http://
mirdb.org/miRDB/; http://mirnamap.mbc.nctu.edu.tw/) and their inhibited targets, ATPase and Translo-
case. Bottom sequences of nuclear mitomiRs and mito2miRs from mitochondrial non coding genome
(Bandiera et al. 2011; Demongeot et al. 2011b; Sbisa et al. 1997; Cui et al. 2007) and alignment with the
AL and Lewin’s tRNA A14 turn and D-loop sub-sequences in yellow (R = A or G; Y = U or C)
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Genc et al. 2011). Glycolysis contains a key step, phosphofructokinase (PFK), a

highly non-linear allosteric enzyme (Demongeot and Laurent 1983) with effectors

ATP and ADP, whose pools are regulated by miR-302 and 29a, which inhibit

respectively ADK and DNPK (Figs. 8 Bottom, 9) in a negative regulatory circuit

causing, for critical values of the fructose entry flux J, oscillations for all glycolytic

metabolites, with a period of several minutes (Boiteux et al. 1975; Demongeot and

Seydoux 1979; Hervagault et al. 1983; Demongeot and Kellershohn 1983; Dem-

ongeot and Doncescu 2009).

Concerning the energy balance in neurons, recently proposed Astrocyte-Neuron

Lactate Shuttle Hypothesis (ANLSH) suggests that the glial glucose metabolism is

almost completely anaerobic, hence the lactate generated by astrocytes is transferred

to neurons, which consume this lactate coming from the extracellular space,

          Sequences                  Identification            Circular Hamming distance to AL
Hexokinase HK 
5’_UUCAAGA UGAAUGGUACUGCCA_3’                           AL           
3'_AGGUAUU--UCAUCCUUUGUGAUGU_5'                 hsa-miR-142_3p                 6**   
  | . : | | . | . | . . | | .  | : | | | | | : | .      
5'_TGTATTATCACCAGCAGACACTGCC_3'                Hexokinase Type I ENST00000317679 398-423 
Triosephosphate isomerase TPI 
5’_   UGAAGGUACUGUCCAUUCAAGA_3’                           AL                    
3’_AGCUACAUUGUCUGCUGGGUUUC_5’                       hsa-mir-221                7**  
  . . . | . . : : |    | . | | . : | : .  
5'_ AATAGCGTA------GCCCAGAGT_3'                Triosephosphate isomerase ENST00000229270_P 1972-1990 
Phosphofructokinase PFK 
5’_AGAUGAAUGGUACUGCCAUUCA_3’                              AL                  
3’_UUUCUUCUUAGACAUGGCAGCU_5’    hsa-miR-4659b-3p                        7**
  : . | | | | | | | . . .  | | . | : . . : . .    
5'_GTAGAAGAAAAGGTCCTTGTCC_3'        Phosphofructokinase NCBI5208 2352-2374 
Fructosebiphosphate aldolase FBPA 
5’-GAAUGGUACUGCCAUUCAAGAU_3’                                     AL
3’_UGGAGUGUGACAAUGGUGUUUG_5’                                              hsa-miR-122                                       7** 
  | . . . . : | . . . . | . : | : | : : . | :   
5'_AGG----GCCAAATAGCTATGCAG_3' Fructosebiphosphate aldolase C ENST00000226253 66-86 
Deoxyribosephosphate aldolase DRPA 

5’_AUGGUACUGCCAUUCAAGAUGA_3’                                     AL
   3'_GUGUCAACGGUCGACUCUAAU_5'      hsa-miR-216              
  | | . | | | . . . . .  | | | | : | | | | |   
5'_CAAAGT-----------GCT GGGATTA_3'                       Lactate dehydrogenase  ENST00000300038 202-218 
Pyruvate kinase PK 
5’_GGUACUGCCAUUCAAGAUGAAU_3’                                     AL  
3'_CUUGGGUGUUAGGGACCGAAU_5'       hsa-miR-321            
  | . . | | | | | | : | . . | | | | | | | .   
5'_GCTCCCACAGT-ACTGGCTTT_3'                              Pyruvate kinase ENST00000271945_P  2622-2642 
G6P déshydrogénase G6PDH 
5’_AGAUG  AAUGGUACUGCCAUUCA_3’                                     AL
3'_GGUGU- GUGAAGGAAUGUAAGGU_5'    hsa-miR-206       
  | | . | | . : : | . . | :  | . | | | | |  | | .   
5'_CCTCAGTGCCACT  TGACATT CCT_3'                      G6P deshydrogenase ENST00000291567 417-440 
Pyruvate dehydrogenase PDH 
5’_UCAA   GAUGAAUGGUACUGCCAU_3’                                     AL
3'_AGUCA-AAACGUAUCU -AAACGUGU_5'             hsa-miR-19a   
  . : | | | . . | | | | | | : . | . | | | | : | | |   
5'_GTAGTAATTGCATGCAGTTTGTACA_3'                   Pyruvate dehydrogenase ENST00000254142 136-161 
ADenylate Kinase ADK 
5’_GUACUGCCAUUCA    AGAUGAAUG_3’                                     AL
3'_AGUGGUUUUGUACC-UUCGUGAAU_5'                                hsa-miR-302 
  | | | | . . . | . : . | | | . | | | | | : | | :               
5'_TCACATCATTCTGGAAAGCATTTG_3'  ADenylate Kinase ADK ENST00000284162_P 1322-1346 
Nucleoside DiPhosphate Kinase NDPK 
5’_CAU  UCAAGAUGAAUGGUACUGC_3’                                       AL
 3'_UUG-GCUAAAGUCUACCACGAUC_5'          hsa-miR-29a 
       | | | . : | | | | | | | . | . | | | | | . | .    
 5'_AACATGATTTCATAAGGTGCAAA_3'              Nucleoside DiPhosphate Kinase NDPK ENST00000218340 1541-1564

Fig. 8 Top sequence alignments of nuclear miRNAs inhibiting high glycolysis genes (http://mirdb.org/
miRDB/; http://mirnamap.mbc.nctu.edu.tw/). Bottom: Unspecific hybridization of the tRNA D-loop (in
yellow) by nuclear miRNAs inhibiting low glycolysis and adenylate/guanylate pool genes (http://mirdb.
org/miRDB/)
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partially replenished by the astrocytes production, giving to neurons an

extra-pyruvate production from lactate, and an extra-oxygen and glucose consump-

tion and a high ATP level, theoretically predicted and experimentally observed

(Aubert et al. 2005, 2007; Genc et al. 2011). This ATP level depends on ATPase,

Translocase, Adenylate Kinase and Nucleoside DiPhosphate Kinase concentrations,

which are in human under the negative control of 5 miRNAs, the hsa-miR-136, 34,

301, 302 and 29a (Fig. 8) acting as boundary control nodes (i.e., nodes at the edge

of a subnetwork feeding into another subnetwork) regulating the neuronal oxidative

system efficacy (Fig. 9), in proportion of the control strength, i.e., the percentage of

glycolytic flux ruled by the enzymes they inhibit (Kaczer and Burns 1973; Ovadi

1988; Reder 1988; Baconnier et al. 1993; Bier et al. 1996; Wolf and Heinrich 2000;

Ruoff et al. 2003; Ritter et al. 2008).

HK

miRNAs       142 221 4659 30,122 321 19 206

302

29a 

(a) (b)

(c)

Fig. 9 a Glycolysis main steps with indication b of their enzyme control strengths and of their inhibitory
microRNAs (red arrows). E1 denotes the 4 enzymes of the high glycolysis (hexokinase HK,
phosphogluco-isomerase PGI, phosphofructo-kinase PFK and aldolase ALDO), E2 denotes the
glyceraldehyde-3P-dehydrogenase, E3 denotes the 3 enzymes of the low glycolysis (phosphoglycerate-
kinase, phosphoglycerate-mutase and enolase ENO), E4 denotes the pyruvate-kinase PK and E5 the 3
enzymes of the pentose pathway (glucose-6P-dehydrogenase G6PDH, 6P-glucono-lactonase and
phosphogluconate-dehydrogenase PGDH, alternative to phospho-transferase system). c Adenylate
(guanylate) pool ruled by ADK (NDK)
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5.3 Physiological Role of microRNAs in Cell Energetics

The possible inhibitory unspecific noise by miRs due to their direct interaction with

mitochondrial tRNAs has a global resultant on the intermediary metabolism of the

superior organisms like mammals. Their role is essential in the inhibition/activation

balance of network dynamics preventing too much attractors to be expressed, which

could lead either to pathologic rhythms, or to steady states with too heavy or weak

concentrations of certain metabolites.

Following the comparative physiology study about cell consumption of oxygen by

mammals done in Weibel et al. (1991), let consider V, the total mitochondrial

volume of muscle and VO2max, the O2 consumption rate per unit mass of whole body

mass M of these mammals. Table 1 shows that non-ruminant animals like horse and

dog have an efficacy in O2 consumption about 2.5 times more than ruminants like

steer and goat. We have then studied in the non-coding mitochondrial genome (called

mitochondrial D-loop, not to be confused with tRNA D-loop…) of the non-ruminants

if there were less mitomiRs candidates than in that of ruminants. Table 2 shows that

in ruminants such mitomiRs do exist and contain sub-sequences (between 6 and 7

bases long) that are identical to mitochondrial tRNA loops. In the non-ruminants,

however, these sub-sequences are totally absent in the non-coding mitochondrial

genome of the non-ruminants. These genomes have been extracted from the clas-

sical genetic data bases dedicated to the whole mitochondrial (http://megasun.

bch.umontreal.ca/ogmp/projects/other/cp_list.html) and chloroplast (http://www.

ncbi.nlm.nih.gov/nuccore/EF1155; http://www.ncbi.nlm.nih.gov/nuccore/AB042240)

genomes: Megasun from the University of Montreal (http://megasun.bch.umontreal.

Table 1 Comparison between

cellular oxygen consumption of

mammals (Weibel et al. 1991)

VO2max/M (ml s-1 kg-1) V/M (ml/kg)

Dog 2.29 40.6

Goat 0.95 13.8

Horse 2.23 30.0

Steer 0.85 11.6

Table 2 Number of common sub-sequences of length 6 and 7 between the mitochondrial tRNA loops

and the non-coding mitochondrial genomes of bos (total length 8493 bases) and equus (total length 4535

bases) (http://megasun.bch.umontreal.ca/ogmp/projects/other/cp_list.html) (bos is the genus to which

steer belong and equus is horse)

Sub-sequences Observed bos Expected bos Observed equus Expected equus

taccac 2 2 0 1

taccat 1 2 0 1

acc gtt 2 2 0 1

accatt 1 2 0 1

cttgaa 1 2 0 1

atttgaa 1 0.5 0 0.25

Total 8 10.5 ± 6.5 (m ± 2r) 0 5.25 ± 4.6 (m ± 2r)
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ca/ogmp/projects/other/cp_list.html), and Nuccore from the NCBI (http://www.ncbi.

nlm.nih.gov/nuccore/EF1155; http://www.ncbi.nlm.nih.gov/nuccore/AB042240).

From the Tables 2, 3, and 4, we see that the absence of mitochondrial small sub-

sequences, we have called mito2miRs, in the non-coding mitochondrial genomes of non

ruminants (for a total length of 10024 bases) susceptible to hybridize the mitochondrial

tRNAs inside the mitochondrion matrix, is highly significant (observed number equal to

0 and mean expected number 10 with a standard deviation equal to 3.2).

A classical normal test of difference between empiric means shows that the

number of ruminant mito2miRs is significantly (with a threshold of 10-3) superior to

that of non ruminant. The absence of possibility of inhibition of the tRNA

transcription inside the non ruminant mitochondria can participate to the better

efficacy of the cell respiration in these non ruminants with respect to the ruminants,

in other terms the inhibition of the translation by interaction of mito2miRs with

tRNAs in the mitochondria of ruminants may be responsible for their less efficient

respiration, even if the difference in aerobic capacity (Weibel et al. 1991) can be

also related to building more same mitochondria.

Table 3 Number of common sub-sequences of length 6 and 7 between the mitochondrial tRNA loops

and the non-coding mitochondrial genomes of capra (total length 1,531 bases) and canis (total length

3,239 bases) (http://megasun.bch.umontreal.ca/ogmp/projects/other/cp_list.html) (capra is goat and canis

dog)

Sub-sequences Observed capra Expected capra Observed canis Expected canis

taccac 1 0.4 0 0.8

taccat 0 0.4 0 0.8

accgtt 1 0.4 0 0.8

accatt 1 0.4 0 0.8

cttgaa 0 0.4 0 0.8

atttgaa 0 0.1 0 0.2

Total 3 2.1 ± 2.9 0 4.2 ± 4.1

Table 4 Number of common sub-sequences of length 6 and 7 between the mitochondrial tRNA loops

and the non-coding mitochondrial genomes of ruminants (total length 10,024 bases) and non ruminants

(total length 7,774 bases) (http://megasun.bch.umontreal.ca/ogmp/projects/other/cp_list.html)

Sub-

sequences

Observed

ruminants

Expected

ruminants

Observed non

ruminants

Expected non

ruminants

taccac 3 2.4 0 1.9

taccat 1 2.4 0 1.9

accgtt 3 2.4 0 1.9

accatt 2 2.4 0 1.9

cttgaa 1 2.4 0 1.9

atttgaa 1 0.6 0 0.5

Total 11** 12.7 ± 7.1 0** 10 ± 6.3

**Corresponds to a significance level of 1 % of error in rejecting the hypothesis that the difference is null

between ruminants and non ruminants
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In same spirit, we analyzed data coming from non-coding chloroplast genome

(http://www.ncbi.nlm.nih.gov/nuccore/EF1155; http://www.ncbi.nlm.nih.gov/

nuccore/AB042240) of cereals, one belonging to C4 plants, the sorghum (Sor-

ghum bicolor), and the other from C3 plants, the wheat (Triticum æstivum) which

represent the most important kind grown in temperate countries. C4 plants are

known to have a better efficacy of their chloroplast diurnal respiration than C3

plants, as we can see on Table 5 (Byrd et al. 1992; Farquhar et al. 1980), where

sorghum is shown to be 1.5 times more efficient than wheat, by comparing CO2

consumption (i.e., taking up carbon during photosynthesis and losing it during

respiration) rate per unit surface of whole surface S of the leaves of these cereals.

In these cereals, the CO2 assimilation is usually limited by the capacity of

photosynthetic electron transport to supply ATP and NADPH to regenerate RuBP

(Byrd et al. 1992; Farquhar et al. 1980). Then we can compare as for the animal

mitochondria the presence of sub-sequences common to the non-coding chloroplast

genome and to the chloroplast tRNA loops. From the Table 6, we see that the

number of chloroplast small sub-sequences, we are calling chloromiRs, in the non-

coding chloroplast genome of a C4 plant, the sorghum (Sorghum bicolor, for a total

Table 5 Comparison between

cellular CO2 diurnal

consumption between 2 cereals,

sorghum and wheat (Byrd et al.

1992)

VCO2max/S mmol s-1 m-2

Sorghum bicolour 41.1 ± 2.8

Triticum æstivum 27.9 ± 1

Table 6 Number of common sub-sequences of length 6 and 7 between the chloroplast tRNA loops and

the non-coding chloroplast genomes of sorghum (total length 15,852 bases) and triticum (total length

16,014 bases)

Sub-sequences Observed

sorghum

Expected

sorghum

Observed

triticum

Expected

triticum

taccaCT 0 1 0 1

taccaTT 4 1 4 1

TaccgCt 0 1 0 1

TaccGtt 1 1 1 1

atttgaa 3 1 4 1

GTTTGAA 1 1 5 1

ATTCGAA 3 1 5 1

GTTCGAA 3 1 3 1

ACTTGAA 0 1 2 1

GCTTGAA 0 1 1 1

ACTCGAA 3 1 3 1

GCTCGAA 1 1 1 1

Total 19** 11.7 ± 6.8 (m ± 2r) 29** 11.6 ± 6.8 (m ± 2r)

**Corresponds to a significance level of 1 % of error in rejecting the hypothesis that the difference is null

between sorghum and triticum
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length of 15,852 bases) susceptible to hybridize the chloroplast tRNAs inside the

chloroplast matrix is highly significantly less than the same number observed in a C3

plant, the wheat (Triticum æstivum, for a total length of 16,014 bases). A classical

normal test of difference between empiric means shows that the number of the C4

plant chloromiRs is significantly (with a threshold of 10-3) less than that of the C3

plant. The diminution of the possibility of inhibition of the tRNA function inside the

chloroplast of the sorghum can participate to the better efficacy of the cell diurnal

respiration in this C4 plant with respect to the less efficient C3 plant, the wheat.

6 Conclusion and Perspectives

The sensitivity of real biological networks with respect to the inhibitory action

exerted by microRNAs has to be studied in further more systematic studies, to be

performed in order to confirm the influence of boundary negative interactions. A

theoretical tool to do it could be the Hopfield-like regulatory interaction networks

(Demongeot and Sené 2008; Demongeot and Waku 2012a, b), in order to make

more precise the influence of the microRNAs on the number of attractors, which is

conjectured to diminish, when they are multiple on the boundary of the interaction

graph of the network, reinforcing the robustness of the networks. More, we would

have to take into account that the microRNAs can also been inhibited as proved by

the recent discovery of circular RNAs, which are called ‘‘RNA sponges’’; these

circular RNA sequences (ciRS) have been found firstly in plants, then in human

(Surono et al. 1999) and now are unambiguously validated in animals: in Memczak

et al. (2013) and Hansen et al. (2013), the authors exhibit a human ciRS, ciRS-7,

antisense gene of cerebellum degeneration-related protein CDR1, which contains

binding sites for miR-7, perfectly conserved from annelids to humans, with

practically the same role in protein translation regulation, despite of the fact that it

regulates in Drosophila some proteins not regulated in mammals (Li et al. 2009);

miR-7 functions in several interlocking feedback and feedforward loops, e.g., in a

negative circuit involving the couple of genes Egfr/RAS, increasing the stability of

the MAPK network. Conserved miRNAs like miR-7 seem to diminish the number

of attractors, increasing the robustness of the genetic regulatory networks. Then, the

second layer of regulation represented by the ciRs could serve to prevent an over-

inhibition by critical miRNAs, leading to pathologic down-regulations. On Fig. 10,

we see that a good match exist between a sequence called AGAT, homologous from

13 species to a human CDR1 sequence (Memczak et al. 2013) and between the half

part of the ABEL sequence, proposed in (Weil et al. 2004) as an archetypal

sequence for the ancient genetic code. ABEL contains, like the reference sequence

AL, from start codon AUG until end codon UGG, one and only one codon per

ABEL sequence         5’-AUGGCACUGAAUGUUCCAAGAU-3’
AGAT sequence 5’-GTCTTCCAAGAT-3’
hsa-miR-7           5’-AACAAAAUCACUAGUCUUCCA-3’

Fig. 10 Matches between the ABEL, AGAT and human miR-7 sequences
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synonymy class of amino-acids (Demongeot and Moreira 2007a, b; Demongeot

et al. 2009a, b). ABEL, close to AL, shares with any miRNA subsequences of length

5 (like UUCCA) more than expected by chance, and is close to sequences coming

from many UTR viral genomes (Demongeot et al. 2009a).

The antisense sequence 30–50 of AGAT matches the corresponding sequence 50–
30 of miR-7, which explains the inhibitory power of ciRS-7. From miRNAs bases

(http://mirdb.org/miRDB/), we found the sequence UCUUCCA in about 25 of 500

miRNAs, significantly more than expected (about 2 ± 4). In (http://mamsap.it.

deakin.edu.au/*amitkuma/mirna_targetsnew/sequence.html), 16S and 23S rRNA

data sets and trees spanning all sequenced type strains of classified species of

Archaea and Bacteria are reconstructed, with 249 times the sequence AUCUUCCA,

significantly more than the expected frequency (about 160 ± 40). Hence, ciRs

containing AGAT sequence inhibit other miRS than miR-7, a major argument for

introducing circular RNAs in the future models of genetic regulation by microRNAs

(Demongeot et al. 2013a, b; Antonopoulos et al. 2013; Bandiera et al. 2013) to be

further investigated.
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justification de modèles. Maloine, Paris, pp 519–536

Demongeot J, Waku J (2012a) Robustness in biological regulatory networks. I mathematical approach.

Comptes Rendus Mathématique 350:221–224
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350:225–228

Demongeot J, Aracena J, Thuderoz F, Baum TP, Cohen O (2003) Genetic regulation networks: circuits,

regulons and attractors. CR Biol 326:171–188

Demongeot J, Glade N, Hansen O, Moreira A (2007) An open issue: the inner mitochondrial membrane

(IMM) as a free boundary problem. Biochimie 89:1049–1057

Demongeot J, Drouet E, Moreira A, Rechoum Y, Sené S (2009a) MicroRNAs: viral genome and
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Abstract — The microRNAs are responsible of a post-
transcriptional inhibitory activity partly unspecific due firstly to their 
possible direct negative action during translation by hybridizing the 
tRNAs especially inside the mitochondrion, hence slowing the 
mitochondrial respiration, and secondly to the large number of their 
putative targets like in immunetworks or in cancer control. We will 
show that in each case the circuits in the core of the interaction graphs 
are responsible of a few number of dedicated attractors, responsible of 
the genetically controlled functions, this small amount of possible 
behaviours being partly due to the microRNA general braking. 
 
Keywords: MicroRNAs; Genetic regulatory networks; 
Immunetworks; Mitochondrial respiration; Attractors 
 

I. INTRODUCTION 
 

”Immunetworks” are genetic regulatory networks devoted to 

the control and maintenance of the immunologic system. 

Since the innate system of defence represented by the Toll 

Like Receptors (TLR), already present in insects, mammals 

have developed an adaptive immune system during the 

embryonic maturation of their T Cells Receptors α, β and γ 
(TCRα, TCRβ and TCRγ) from strategies of DNA 

rearrangements essentially under the control of the RAG 

gene. We will describe the immunologic networks (called 

immunetworks) in charge of controlling the concentration of 

both TLR’s and TCR’s. The genetic regulatory networks 

involved in the control of both innate and adaptive 

immunologic systems (called “immunetworks”) have only a 

few number of asymptotic dynamical behaviours, called 

attractors. This small number of attractors is directly linked 

with the possibilities of differentiation of immuno-

competent cells and it is controlled inside the interaction 

graphs of immunetworks by inner circuits [1], giving to the 

network the possibility to have more than one attractors (due 

to positive circuits, having inside an even number of 

inhibitions) and the possibility for these attractors to be 

stable (due to negative circuits, having inside an odd number 

of inhibitions), that is to have a sufficient number of initial 

configurations of gene states giving birth, after a certain 

dynamical evolution, to the attractor behaviour. We will 

describe successively these circuits involved in adaptive and 

innate immunologic systems and give a way to calculate the 

reduction of the attractor numbers due to the interaction 

between intersecting circuits and search for their unspecific 

inhibitory regulation by microRNAs [2-9]. 
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II. THE ADAPTIVE IMMUNETWORKS  
 

The adaptive immune networks are essentially made of three 

couple of tangential circuits (Fig. 1) concerning essentially 

the key genes GATA3 (Transcriptional activator binding to 

DNA sites with the consensus sequence [AT]GATA[AG]) 

which controls (negatively) T Cells Receptors β (TCRβ), 

PU.1 (PUrine-rich box-1 gene) which controls (negatively) 

the gene RAG (recombination-activating gene) responsible 

of the V(D)J rearrangements giving birth to the TCRα 

receptors, and Zap70 (gene of the Zeta-chain-associated 

protein kinase 70) which controls (negatively) the TCRβ 

synthesis. These circuits are inserted in a global 

immunetwork (Fig. 2), whose attractors are those of the 3 

couple of circuits, the rest of the network being essentially 

reducible to up- and downtrees connected to these circuits. 

            

            

           
Figure 1. Left: negative 3-circuit tangent to positive 5-circuit controlling 

GATA3. Middle: negative 6-circuit tangent to negative 2-circuit controlling 

PU.1. Right: negative 6-circuit tangent to negative 4-circuit controlling 

ZAP70. 
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Figure 2. The global immunetwork controlling the genes GATA3 (red circle), PU.1 which activates the Natural Killer cells (violet arrow) and 

ZAP70 (full brown circle) (after [11]).  

 

 
 
Figure 3. Top: Calculation of the attractor number due to such 

intersecting circuits in case of negative of size l  and positive of 

size r  circuits intersection (after [9]). Bottom: same calculation 

for a unique isolated positive circuit. 

 

The Table of Fig. 3 Top shows that a positive 5-

circuit tangential to a negative 3-circuit has only 3 

attractors, less than an isolated positive circuit 

which has 8 attractors (Fig. 3 Bottom), showing that 

for controlling RAG and NK cells, i.e. both 

adaptive and innate mechanisms, PU.1 needs the  

 

attractor in which it is silencing both RAG and NK 

cells, and two other attractors for which it is 

inhibiting RAG and co-activating NK cells, and 

conversely. 
 

2.1.The immunetwork responsible of the Toll Like 
Receptor (TLR) expression 

The natural activation of Natural Killer (NK) cells, 
involved in innate immune response, is controlled 

by PU.1 gene (Fig. 2) and by the ligands of the Toll 

Like Receptors (TLR). The RP105 (CD180) is a 

TLR-related protein identified in B cells 

(responsible of the humoral adaptive immune 

response) [12-14] and acting as regulator of B cell 

proliferation. B-cells lacking RP105 were shown to 

be severely impaired in antibody production. The 

protein ICAM1 is a type o intercellular adhesion 

molecule continuously present in low 

concentrations in the membranes of leucocytes 

involved in humoral adaptive immune response. 

The network controlling the Toll Like Receptors 

(TLR) and of ICAM1 expression contains a couple 

of circuits, one positive 4-circuits tangential to a 

negative 4-circuits, giving only one attractor (Fig. 

4), which corresponds to the activation of TLR2. 

2.2. The links with the microRNAS
All the genes introduced in the previous Sections 

have links with microRNAs exerting a negative 

control on them and susceptible to decide what 

attractor will occur, by cancelling their target gene 

activity.  
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Figure 4. The network controlling the production of the Toll Like 

Receptors of ICAM1 (after [12]). 
 

For example, we have: 

1) for pUNO-hRP105 sub-sequence (4937 bp) of 

the TLR protein, the hybridization is made by the 

human microRNA miR 200a [6]: 
 
Sequences                   Identification                      Anti-matches 
3’-UGUAGCAAUGGUCUGUCACAAU-5’ miR 200a   

5’-TTGTGC  TCATTGAGATGAATGG-3’                  12 

TRL pUNO-hRP 105 sequence starting in position 531 

5’-TACTGCCATTCAAGATGAATGG-3’AL15 matches 

 

2) for the GATA-3 gene, by the human microRNA 

miR 200c: 
 
Sequences                   Identification                      Anti-matches 
3'-AGGUAGUAAUGGGC-CGUCAUAA-5' miR 200c  

5'- TGCATT TTTGCAGGAGCAGTATC-3'                 17      

GATA-3 sequence starting in position 57

            

3) for the ICAM1 sub-sequence CD54 cDNA (1615 

bp), by the human microRNA miR 297: 

 
Sequences                   Identification                      Anti-matches 
3’-GUACGUGUACGUGUGUAUGUA-5’ miR 297  

5’-CCTCCCCA------CCCACATACAT-3’                    15 

ICAM1 sequence starting in position 832 

 

     We can remark in the above matching that gene 

expressing the TLR pUNO-hRP105 sub-sequence 

contains the sequence AGATGAA frequently 

observed in the not coding genome as part of the 

CAAGATGAA sequence, belonging both to the 

Tψ-loop of the tRNAs and to the reference 

sequence AL [2-4], which signifies in general the 

affiliation to an ancestral genome. 

 

III. GLOBAL INFLUENCE OF MICRORNAS 
 
3.1. Physiological role in cell energetics
The inhibitory unspecific noise from the 

microRNAs has a global resultant on the 

intermediary metabolism of the superior organisms 

like mammals [15]. Their role is essential in the 

brake/acceleration balance of the network dynamics 

preventing artificial attractors to be expressed, 

which could lead either to pathologic rhythms, or to 

steady states with too heavy concentrations of 

certain metabolites. 
 

 VO2max/M 
(ml.sec -1.kg-1) 

V/M 
(ml/kg) 

Dog 2.29 40.6 
Goat 0.95 13.8 
Horse 2.23 30.0 
Steer 0.85 11.6 

 
Figure 5. Comparison between cellular oxygen consumption of 

mammals [16].

 
     Following the comparative physiology study 

about cell consumption of oxygen by mammals 

done in [16], let consider V, the total mitochondrial 

volume of muscle and VO2max, the O2 consumption 

rate per unit mass of whole body mass M of the 

mitochondria of these mammals. The Fig. 5 shows 

that non-ruminant animals like horse and dog have 

an efficacy in O2 consumption about 2.5 times more 

than ruminants like steer and dog. We have then 

studied in the UTR mitochondrial genome of the 

non-ruminants if there was less mitomiRs 

candidates than in those of ruminants.  

 

     The Fig. 6 shows that such mitomiRs exist and 

contain long sub-sequences (whose length is 

between 6 and 7 bases) common with the 

mitochondrial tRNA loops. On the contrary, these 

sub-sequences  are totally absent in the UTR 

mitochondrial genome of the non-ruminants. These 

genomes have been extracted for these different 

animals from the classical genetic data bases 

dedicated to the whole mitochondrial [17]  and 

chloroplast [18, 19] genomes: Megasun, from the 

University of Montreal [17], and Nuccore, from the 

NCBI [18, 19].  
 

Sub-
sequences 

Observed 
bos 

Expected 
bos 

Observed 
equus 

Expected 
equus 

TACCAC 2 2 0 1 

TACCAT 1 2 0 1 

ACC GTT 2 2 0 1 

ACCATT 1 2 0 1 

CTTGAA 1 2 0 1 

ATTTGA
A 

1 0.5 0 0.25 

Total 8 10.5 ± 6.5 
(m ± 2σ) 

0 5.25 ± 4.6 
(m ± 2σ) 

 

Figure 6. Number of common sub-sequences of length 6 and 7 

between the mitochondrial tRNA loops and the UTR 

mitochondrial genomes of bos (total length 8493 bases) and 

equus (total length 4535 bases) [17].  

 

From the Figs. 6 to 8, we see that the absence of 

mitochondrial small sub-sequences, we have called 

mito
2
miRs, in the UTR mitochondrial genomes of 

non ruminants (for a total length of 10024 bases) 

susceptible to hybridize the mitochondrial tRNAs 

inside the mitochondrion matrix is highly 
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significant (observed number equal to 0 and mean 

expected number 10 with a standard deviation equal 

to 3.2).  

     A classical normal test of difference between 

empiric means shows that the number of ruminant 

mito
2
miRs is significantly (with a threshold of 10

-3
) 

superior to that of non ruminant. The absence of 

possibility of inhibition of the tRNA transcription 

inside the non ruminant mitochondria can 

participate to the better efficacy of the cell 

respiration in these non ruminants with respect to 

the ruminants. 
 
 

Sub-sequences Observed 

capra 

Expected 

capra 

Observed 

canis 

Expected 

canis 

TACCAC 1 0.4 0 0.8 

TACCAT 0 0.4 0 0.8 

ACCGTT 1 0.4 0 0.8 

ACCATT 1 0.4 0 0.8 

CTTGAA 0 0.4 0 0.8 

ATTTGAA 0 0.1 0 0.2 

Total 3 2.1 ± 2.9 0 4.2 ± 4.1 

 

Figure 7. Number of common sub-sequences of length 6 and 7 

between the mitochondrial tRNA loops and the UTR 

mitochondrial genomes of capra (total length 1531 bases) and 

canis (total length 3239 bases) [17].  

 

 
Sub-

sequences 
Observed 
ruminants 

Expected 
ruminants 

Observed 
non 

ruminants 

Expected 
non 

ruminants 

TACCAC 3 2.4 0 1.9 

TACCAT 1 2.4 0 1.9 

ACCGTT 3 2.4 0 1.9 

ACCATT 2 2.4 0 1.9 

CTTGAA 1 2.4 0 1.9 

ATTTGA
A 

1 0.6 0 0.5 

Total 11** 12.7 ± 7.1 0** 10 ± 6.3 

 

Figure 8. Number of common sub-sequences of length 6 and 7 

between the mitochondrial tRNA loops and the UTR 

mitochondrial genomes of ruminants (total length 10024 bases) 

and non ruminants (total length 7774 bases) [17]. 

 

     In the same spirit, we have analyzed data coming 

from UTR chloroplast genome [18, 19] of cereals, 

one belonging to the C4 plants, the sorghum 

(Sorghum bicolor), and the other from the C3 plants, 

the wheat (Triticum æstivum) which represent the 

most important kind grown in temperate countries. 

The C4 plants are known to have a better efficacy of 

their chloroplast diurnal respiration than the C3 

plants, as we can see on Fig. 9 [20, 21], where the 

sorghum is shown to be 1.5 times more efficient 

that the wheat, by comparing the CO2 consumption 

rate per unit surface of whole surface S of the 

leaves of these cereals. 
 

 VCO2max/S 
mmol.sec -1.m-2 

 
Sorghum bicolour 

 

 
41.1 ± 2.8 

 
Triticum æstivum 

 

 
27.9 ± 1 

 

Figure 9. Comparison between cellular CO2 diurnal consumption 

between 2 cereals, sorghum and wheat [91]. 

 
In these cereals, the CO2 assimilation is usually 

limited by the capacity of photosynthetic electron 

transport to supply ATP and NADPH to regenerate 

RuBP [20, 21]. Then we can compare as for the 

animal mitochondria the presence of sub-sequences 

common to the UTR chloroplast genome and to the 

chloroplast tRNA loops. 
 
 

Sub-sequences Observed 

sorghum 

Expected 

sorghum 

Observed 

triticum 

Expected 

triticum 

TACCACT 0 1 0 1 

TACCATT 4 1 4 1 

TACCGCT 0 1 0 1 

TACCGTT 1 1 1 1 

ATTTGAA 3 1 4 1 

GTTTGAA 1 1 5 1 

ATTCGAA 3 1 5 1 

GTTCGAA 3 1 3 1 

ACTTGAA 0 1 2 1 

GCTTGAA 0 1 1 1 

ACTCGAA 3 1 3 1 

GCTCGAA 1 1 1 1 

Total 19** 11.7 ± 6.8 
(m ± 2σ) 

29** 11.6 ± 6.8 
(m ± 2σ) 

 
Figure 10. Number of common sub-sequences of length 6 and 7 

between the chloroplast tRNA loops and the UTR chloroplast 

genomes of sorghum  (total length 15852 bases) and triticum 

(total length 16014 bases).  

 

     From the Fig. 10, we see that the number of 

chloroplast small sub-sequences, we are calling 

chloromiRs, in the UTR chloroplast genome of a C4 

plant, the sorghum (Sorghum bicolor, for a total 

length of 15852 bases) susceptible to hybridize the 

chloroplast tRNAs inside the chloroplast matrix is 

highly significantly less than the same number 

observed in a C3 plant, the wheat (Triticum 

æstivum, for a total length of 16014 bases).  

 

     A classical normal test of difference between 

empiric means shows that the number of the C4 

plant chloromiRs is significantly (with a threshold 

of 10
-3

) less than that of the C3 plant. The 

diminution of possibility of inhibition of the tRNA 

transcription inside the chloroplast of the sorghum 

can participate to the better efficacy of the cell 

diurnal respiration in this C4 plant with respect to 

the less efficient C3 plant, the wheat. 
 

3.2. Pathological role of microRNAs in cancer 
The role of the metabolic pathways like glycolysis 

or oxidative phosphorylation in cancerogenesis 

have been emphasized these last years [22-32], like 

the revisit of a the Warburg hypothesis, which 

postulates that cancerogenesis could be favoured by 

an insufficient cellular respiration. This hypothesis 

came from the observation that most cancer cells 

produce energy produced from a rate of the high 

part glycolysis followed by lactic fermentation 

greater than the rate of the low part of glycolysis 

followed by oxidative phosphorylation. 
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For example, we can notice in patients with 

melanoma the presence of microRNAS like miR-

221 reducing the isomerase activity in melanoma 

cells [30], hence increasing the high glycolysis rate 

(hence favouring the pentose phosphate pathway 

and the Warburg effect [24, 25]) as well as the 

proliferative growth rate of the melanoma cells by 

targeting of c-kit, p27 and p57, and in the patients 

with prostate cancer the presence of microRNAs 

like miR-34a, repressing the oxidative 

phosphorylation through the enzymes Translocase 

and ATPase (hence favouring the Warburg effect) 

and the cell cycle through E2F and CD44, inhibits 

the prostate cancer stem cells and prevents 

metastasis [31, 32].  
 
     In the numerous papers devoted to microRNAs 

and cancer, we can notice the possibility of an 

under-expression of the microRNA has-miR-320 

which reduces the PFK activity [22], favouring the 

an high glycolysis rate. Associated like in the 

melanoma data with a blockage of the oxidative 

phosphorylation or with an over-expression of hsa-

miR-19a, which inhibits the pyruvate 

dehydrogenase, we could have another example 

reinforcing the Warburg hypothesis.  

 

     Another example of miR-dependent cancer is 

the Hepatocellular Carcinoma (HCC), the major 

primary liver cancer. The glypican-3 (GPC3) is one 

of the most abnormally expressed genes in this 

cancer, which could play a role in liver 

carcinogenesis. In [26, 27] using a a functional 

screening, the authors found that miR-96, miR-129-

1-3p, miR-219-5p miR-1271, miR-1291 and miR-

1303 differentially control GPC3 expression in 

HCC cells. More precisely, miR-219-5p exerts 

tumor-suppressive effects in hepatic carcinogenesis 

through its negative regulation of GPC3 expression. 

Eventually, we can notice the role of the tumor 

suppressors like p53, p63, and p73, which are 

highly controlled by and controlling  numerous 

micro-RNAs (cf. Fig. 11 and [23, 28, 29]). The role 

we have already commented of p53 in the dual 

regulation of the apoptosis versus proliferation 

processes is probably the main origin of its major 

influence in cancerogenesis and tumoro-

suppression, depending on its up- or down-

regulation by the microRNAs. 

 

IV. GENERAL ARCHITECTURE OF A GENETIC 

REGULATORY NETWORK AND PROBLEM OF ITS 

ROBUSTNESS  
 
     The general architecture of a genetic regulatory 

network is given like in Figs. 2, 4 or 11 by a 

digraph framework in which the nodes sources are 

often micro-RNAs exerting their partly unspecific 

basic inhibitory influence, the nodes sink are are 

important genes controlling vital functions like the 

RAG responsible for the TCR building in the 

immune system (cf. Fig. 2 and [10]). 

 

     The network robustness (or resilience) [33] can 

be defined as the capacity to return at its ordinary 

asymptotic dynamical behavior (called attractor) 

after endogenous or exogenous perturbations 

affecting: 

 

- the state of certain of its genes, e.g., their 

specific silencing by micro-RNAs 

- the state of its boundary, notably the 

appearance of new regulations from a 

mutation in the UTR genome giving birth 

to new micro-RNAs 

- its architecture, by creating new links 

between proteins needing to taken into 

account non-linear interactions [34]. 

 

     A study about the influence of the microRNAs 

on the robustness of a network needs the exact 

counting of the dynamical attractors of this 

network, then to know for example the reduction or 

on the contrary the amplification factor caused for 

example respectively by the circuit opening due to 

the effective total inhibition of a gene (until its 

possible functional knock-out) by a microRNA, or 

by the appearance of new genes, which corresponds 

to important architectural perturbations. A 

parameter devoted to represent the robustness of a 

biological network is its evolutionary entropy (cf. 

[34-38]), defined as the Kolmogorov-Sinaï entropy 

of the Markov process underlying the gene states 

updating. The microRNAs can have a double 

opposite influence on this parameter, causing its 

increase (and hence that of  the network robustness) 

when they create an unspecific inhibitory “noise”, 

dispatching into the gene states space the 

probability to have more possible phenotypes, and 

they can also provoke a decrease of the robustness, 

by opening circuits of the strong connected 

components of the network, hence by diminishing 

the number of circuits, responsible of the attractor 

number of the whole network. 

 

     The example of the Fig. 11 shows that we can 

count the attractor number of the main sub-network 

of a functional network like that organized around 

the gene Engrailed. These attractor numbers are 

given in blue on the Fig. 11, as well as their nature 

(steady state or limit-cycle). The global attractor of 

the whole network is more difficult to get, in 

particular when two sub-networks create a new 

strong connected component, like in the case of the 

MPK and Cytoskeleton sub-networks in Fig. 11, 

which takes a new level of complexity needing 

further theoretical researches to be understood and 

solved. 
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Figure 11. Engrailed network with its regulatory environment of up or down-sub-networks. The number and nature of attractors of sub-

networks are indicated in blue. 
 
The dynamics of the Engrailed network can be 

explained in terms of non-linear interactions [34] 

and of state dependent updating rule. Indeed, when 

multiple interactions are occurring on the same 

gene, like ERF, in the strong connected component 

at the centre of the cell cycle sub-network, it is 

possible to model in a non-linear way the 

interactions between the effectors (notably miR 34 

and c-MyC) in order to take into account their 

mutual influence (here a mutual inhibition) which 

causes a global effect which is not the algebraic 

addition of their marginal actions, but either a 

potentialising effect (if effectors are in synergy or 

agonist) or conversely a counteracting effect  (if 

they are antagonist, like in the ERF case). Another 

important feature of the dynamics is the existence 

of genes influencing directly the opening of the 

DNA inside of chromatine, hence allowing or not 

the gene expression. If these genes are controlled 

by microRNAs [49], it is necessary to generalize 

the getBren structure by considering that the 

possibility to update a block of genes at iteration t
is depending on the state of r “clock” genes (i.e., 

involved in the chromatine updating clock) k1,…kr 

(like histone acetyltransferase, endonucleases, 

exonucleases, helicase, replicase, polymerases) 

depending on s microRNAs, l1,…,ls. Then the 

transition for a gene i, such as i does not belong to 

{k1,…kr}, could be written as:  

 

∀g∈{0,1}, β∈{0,1}
n
, if ∀ j=1,…,r, xkj(t) = 1, then 

 Pi,gβ({xi(t+1)=g⏐x(t)=β}) = 

exp[g(Σj∈Niwijβj-θi)/T]/[1+exp[(Σj∈Niwijβj-θi)/T]  

 

(involving ∀ j=1,…, s, xlj(t-1) = 0, if the 

microRNAs l1,…,ls  are dominant),  

 

and:  

 

Pi,gβ({xi(t+1)=βi⏐x(t)=β})=1, if not. 

 

     To make the rule more precise, we could for the 

sake of simplicity, decide that the indices k1,…kr of 

the r “clock” genes are 1,…, r and that we can have 

the 3 possible following behaviours: 
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i) if y(t) = Πi=1,…,r xi(t) = 1, then the above 

rule is available 

ii) if y(t)=0 and Σs=t,…,t-c y(s) > 0, then  

xi(t+1)=xi(t-s*), where s* is the last time 

before t, where y(s*) = 1 

iii) if y(t)=0 and Σs=t,…,t-c y(s) = 0, then  

xi(t+1)=0. 

 

The dynamical system remains autonomous (with 

respect to the time t, i.e., depends on t only through 

the set of state variables {xi(t-r),…, xi(t-1)}), but a 

theoretical study of its attractors (like in [50]), with 

this state dependent updating schedule is very 

difficult to perform and will be investigated further. 

 

V. CONCLUSION 

 

The immunetworks are showing interesting 

properties of attractor numbers reduction, necessary 

to control in general two main attractors, one 

inhibiting the function (the brake) and the other 

activating it (the accelerator). The role of the 

microRNAs is to provide an unspecific inhibitory 

noise leaving only the circuits having sufficiently 

strong interactions to be able to express their 

attractors. In perspective, we will study 

systematically all the networks involved in the 

immunologic defence, in order to check the 

possible generalization of these observations done 

only on two reference networks controlling both 

innate and adaptive immunologic systems in 

mammals. 
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Abstract—The microRNAs are responsible of a general 
post-transcriptional inhibitory activity partly unspecific due 
firstly to a possible direct negative action during translation by 
hybridizing tRNAs, and secondly to the large number of their 
putative targets. Recently a second regulation layer has been 
discovered involving both proteins as microRNA transcription 
factors and circular RNAs as microRNA inhibitors (“miRs 
sponges”). We will show the existence of circuits inside the role 
of miR-7 in the regulation of the spermatozoa morphogenesis. 

Keywords—MicroRNAs, Genetic regulatory networks, Cyc-
lic RNAs inhibition, spermatozoa morphogenesis regulation. 

I. INTRODUCTION  

The genetic regulatory networks involved in the control 
of morphogenesis have only a few number of asymptotic 
dynamical behaviors, called attractors. This small number 
of attractors is directly linked with the possibilities of diffe-
rentiation of the cells in the tissue in construction, e.g. the 
spermatozoa, and this number is controlled inside the  
interaction graph of the regulatory network by the circuits 
of its strongly connected components [1-4], giving to the 
network the possibility to have if necessary, when the tissue 
has more than one function, more than one attractors (due to 
positive circuits, having inside an even number of inhibi-
tions) and the ability to be stable (due to negative circuits, 
having inside an odd number of inhibitions). We will  
describe successively a recently discovered regulation due 
to circular RNAs, inhibiting microRNAs (miRNAs) respon-
sible of a partly unspecific inhibition in genetic networks, 
then the network regulating the spermatozoa morphogenesis 
in its controlling environment, and eventually, a method  
to calculate the reduction of the attractor numbers due to 
interactions between intersecting circuits and apply it to the 
control of the gene Dpy9l2, responsible for the morphology 
of the acrosome in spermatids, involved in fecundation. 

II. CIRCULAR RNAS 

Mature messenger and transport RNAs are inhibited by 
miRNAs in a partly unspecific way due to the great number 
of their putative targets [5,6] and other RNAs play also a 
regulatory role by hybridizing miRNAs, the circular RNA 
sequences (ciRS) discovered firstly in plants and now  
unambiguously validated in animals: in [7,8] authors found 

that a human ciRS, ciRS-7, antisense to the cerebellum 
degeneration-related protein CDR1, was binding sites of the 
miRNA, miR-7, perfectly conserved from annelids to  
humans, with practically the same role in protein translation 
regulation, despite of the fact that for example it regulates in 
Drosophila some proteins not regulated in mammals [9]. 
miR-7 functions in several interlocking feedback and feed-
forward loops, and we have chosen its role in a negative 
circuit involving the couple of genes Egfr/RAS, increasing 
the stability of the MAPK network, i.e. buffering them 
against external perturbations. Conserved miRNAs like 
miR-7 may increase robustness of genetic regulatory net-
works. Hence a second layer of regulation could serve to 
prevent an over-inhibition by such critical miRNAs, leading 
to pathologic down-regulations. On Fig. 1, we can see good 
matches between a sequence called AGAT homologous 
from 13 species to a human CDR1 sequence using BLAT 
and the UCSC Genome browser [7]. This sequence AGAT 
matches the half part of the ABEL sequence, proposed as an 
archetypal sequence for the ancient genetic code [10-12]. 
The main characteristic of ABEL is that it contains from 
start codon AUG until end codon UGG one and only one 
codon per synonymy class of amino-acids [10]. ABEL is 
close to another sequence AL, which can be considered as a 
the barycentre of the miRNA set for Hamming distance, and 
AL shares with any miRNA subsequence of lengh 5 (like 
UUCCA) more than expected by chance [11], and is close 
to sequences coming from the UTR viral genomes [12].  
 
ABEL sequence      5’-AUGGCACUGAAUGUUCCAAGAU-3’ 
AGAT sequence                        5’-GTCTTCCAAGAT-3’ 
hsa-miR-7       5’-AACAAAAUCACUAGUCUUCCA-3’ 

Fig. 1 Matches between the ABEL, AGAT and human miR-7 sequences 

The antisense sequence 3’-5’ of AGAT anti-matches the 
corresponding sequence 5’-3’ of miR-7, which explains the 
inhibitory power of ciRS-7. By searching in miRNAs bases 
[6], we found the sequence UCUUCCA in about 25 of 
among 500 miRNAs, significantly more than expected 
(about 2±4). In [5], are reconstructed 16S and 23S rRNA 
data sets and trees spanning all sequenced type strains of 
classified species of Archaea and Bacteria, and we found 
inside these RNAs 249 times the sequence AUCUUCCA, 
significantly more than expected frequency (about 160±40). 
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III. THE SPERMATOZOA MORPHOGENESIS 
REGULATION 

The Dpy19l2 protein is expressed in spermatids with a 
specific localization on the inner nuclear membrane facing 
the acrosomal vesicle [15,16]. The absence of Dpy19l2 
leads to the destabilization of both the the junction between 
the acroplaxome and the nuclear envelope. Consequently, 
the acrosome fails to be linked to the nucleus leading to  
the failure of sperm nuclear shaping and eventually to the 
elimination of the unbound acrosomal vesicle rendering 
impossible the fecundation. Hence, the control of Dpy19l2 
has to be very reliable and Figs. 2 and 3 show the corres-
ponding regulatory network in its genomic environment 
(after [17]) and its possible dynamics (after [2]). 

IV. NUMBER OF ATTRACTORS 

The different components of the sub-networks of the  
Fig. 3 have been extracted from the recent literature, in 
particular those concerning the inhibitory action of the 
miRNAs [19-26]. Let us remark that the gene Dpy19la is 
inhibited by miR-146a, whose dynamics is dependent on 
two negative circuits, one of size 12 coming from the miR-
146a and passing through the couple of genes Egfr/RAS 
(counted only for one node) and the gene p21, and the other 
of size 4 coming from the miR-7 passing through the 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

node Egfr/RAS, the gene RAF and the couple of genes 
MEK/ERK (counted only for one node). These two negative 
circuits are tangent on the node Egfr/RAS. 

The number of attractors of the sub-networks of the  
Fig. 3 can be calculated by using an algorithm presented in 
[2], by supposing that each gene can have only two states, 1 
if the gene is expressed and 0 if not. The central elements of 
the network architecture fixing the number of possible 
asymptotic dynamical behavior of the gene states (called 
attractor), when the updating schedule is supposed to be 
synchronous, are the circuits of the strongly connected 
components of the network. Using the results of [2], it is for 
example possible to calculate the number of attractors of 
any sub-network of the Fig. 3. For example, at the intersec-
tion of the line 12 and of the column 4, we meet the integer 
2, which is the number of the attractors of the couple of two 
tangential negative circuits of size respectively 12 and 4. 
One of the two attractors corresponds to both miR-146a  
and ciRS-7 expressed. Then miR-7 is not expressed,  
but thegenes Egfr/RAS, RAF and MEK/ERK of the  
negative circuit of length 4 as well as the gene Dpy19la are 
not expressed. This attractor corresponds to a pathologic  
spermatozoa morphogenesis. On the contrary, when ciRS-7 
is expressed, but miR-146a is inhibited by c-Myc, then the 
genes of the negative circuit of length 4 are expressed as 
well as the gene Dpy19la, and the corresponding attractor 
leads to a physiologic spermatozoa morphogenesis. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

V.  CONCLUSIONS 

 

Fig. 2 Attractors number of tangential negative circuits of size l and r. Colors indicate the different values of the greatest common divisor (gcd). 
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Fig. 3 Genetic network controlling the gene Dpy19la with its environment centred on the gene Engrailed with its up and down-sub-networks. The number 
and nature of attractors of these sub-networks are indicated in blue. Bottom left: interaction signed digraph modelling the genetic regulation network con-

trolling the cell cycle in mammals [18]. Black (resp. white) arrows represent activations (resp. inhibitions). 
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The size of the genetic regulatory networks is increasing 
and the complexity of their architecture leads to use recent 
mathematical approaches on the dynamics of the Boolean 
networks, in order to identify their attractors (their number 
and their nature). The recent discovery of two layers of gene 
inhibition, due respectively to the circular RNAs and to the 
micro-RNAs, partly unspecific, renders this mathematical 
framework still more necessary. Surprisingly, the addition 
of a great number of such inhibitory RNAs is in general 
reducing the number of possible asymptotic configurations 
of the genetic regulatory networks and increases their  
stability and robustness [2-4], leading to biological func-
tions with a few number of physiologic and pathologic 
phenotypes, hence focusing a tissue on a specific well  
controlled role inside the whole organism, resisting to envi-
ronmental external perturbations, like here the spermatozoa 
morphogenesis. 
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La Tronche, France1

Université Paris Descartes, INSERM U 781, Hôpital Necker-Enfants Malades,

Paris, France2

1 INTRODUCTION
The present genomes are the result of a long evolution from the start of the life on the
earth until the appearance of mammals and human. We will try in this chapter to
show that the control of important genetic networks involved both on defense and
energy processes of cells in numerous living systems is under the dependence of dif-
ferent regulators, among them microRNAs and circular RNAs. We show that these
genetic networks have only a small number of asymptotic dynamical behaviors,
called attractors. This small number is directly linked with the possibilities of dif-
ferentiation of the concerned cells and is controlled inside the interaction graphs of
the genetic networks, whose nodes are genes and signs of arrows between genes indi-
cate the presence of interactions between these genes, + (resp. !) in the case of acti-
vation (resp. inhibition), by the circuits (closed paths between genes) of the strong
connected components (i.e., subgraphs containing a path between any couple of their
genes), giving the network the possibility to have more than one attractor (and due to
positive circuits, it is made of an even number of inhibitions) and the possibility for
an attractor to be stable and possibly oscillating (due to negative circuits, made of an
odd number of inhibitions); i.e., having a large number of initial configurations of
gene states giving birth, after a dynamical evolution, to its asymptotic behavior.
Section 2 describes the circuits involved in adaptive and innate immunologic sys-
tems, giving a way to calculate the reduction of the attractor numbers due to the pres-
ence of intersecting circuits and to the inhibitory regulation by microRNAs often
responsible of periodic protein signals (Bandiera et al., 2011, 2013; Bulet et al.,
1999; Demongeot and Besson, 1983, 1996; Demongeot et al., 2003, 2009a,
2009b, 2010, 2011, 2012, 2013a, 2013b, 2014a, b; Weil et al., 2004). Section 3
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presents the Ferritin control network, regulating the iron metabolism in mammals,
section 4 is devoted to the study of the engrailed morphogenetic network, and
section 5 concerns the network controlling a disease called biliary atresia.

2 IMMUNETWORKS
2.1 THE IMMUNETWORK RESPONSIBLE OF THE TOLL-LIKE RECEPTOR
(TLR) EXPRESSION
The activation of natural killer (NK) cells, involved in innate immune response, is con-
trolled by the ligands of the Toll-like receptors (TLRs) (see Figure 7.1 and Bulet et al.,
1999; Elkon et al., 2007; Miyake et al., 2000). The geneGATA-3 is activating the gene
BCL10, which is crucial for NFκB activation by T- and B-cell receptors (Zhou et al.,
2004), and the protein ICAM1 is a type of intercellular adhesion molecule continuously
present in lowconcentrations in themembranesof leucocytes involved in thebloodadap-
tive immune response. The network controlling TLR and ICAM1 expression contains a
couple of circuits, one positive five-circuit tangent to a negative five circuits, giving only
oneattractor (seeFigure7.1andTable7.1, redcircle),whichcorresponds to theactivation
of the gene TLR.

2.2 THE LINKS WITH THE microRNAs
Most of the genes introduced here have links with microRNAs exerting a negative
control on themand then, susceptible to deciding if the unique physiologic attractorwill
occur, by cancelling their target gene activity. Here are two examples of such micro-
RNAs, negatively regulated by the circular RNA ciRs7 (Hansen et al., 2011, 2013):

1. for the subsequence pUNO-hRP105 of the TLR 2 gene (4937 bp) (http://mirdb.
org/miRDB/; http://mirnamap.mbc.nctu.edu.tw/; Miyake et al., 2000), close to
the reference sequence AL (cf.Annex A6 and Demongeot, 1978; Demongeot and
Besson, 1983, 1996; Demongeot et al., 2003, 2009a, 2009b; Demongeot and
Moreira, 2007), the hybridization is made by the microRNA miR 200a:

5’-CCAUUCAAGAUGAAUGGUACUG-3’ AL 14 anti-matches
5’-UCAUUGUUAUGCUACAGGUAUU-3’ ciRs7 14 anti-matches
3’-UGUAGCAAUGGUCUGUCACAAU-5’ hsa miR 200a 12 anti-matches
5’-UUGUGCUCAUUGAGAUGAAUGG-3’ pUNO-hRP105 mRNA starting
in position 531
5’-UACUGCCAUUCAAGAUGAAUGG-3’ AL 15 matches
5’-CUGCCAUUCCUGAAGAAUAGCA-3’ ciRs7 17 matches
5’-AGGGAGCUACAAUUCAAGAUGA-3’ ciRs7 17 matches (significance
of 2x17 matches: 2.5%)

2. For the GATA 3 gene, hybridization is made by miR 200c (http://mirdb.org/
miRDB/; http://mirnamap.mbc.nctu.edu.tw/):

5’-GCCAUUCAAGAUGA–AUGGUACU-3’ AL 13 anti-matches
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5’-ACCAUCAUUAUCCCUAUUUUACA-3’ ciRs7 15 anti-matches
3’-AGGUAGUAAUGGGC–CGUCAUAA-5’ has miR 200c 15 anti-matches
5’-UCUGCAUUUUUGCAGGAGCAGUA-3’ GATA 3 mRNA starting in
position 57

The gene expressing TLR contains the AGAUGAAUGG subsequence, belonging
both to the D-loop of many tRNAs, to the reference sequence AL (Demongeot,
1978; Demongeot and Besson, 1983, 1996; Demongeot et al., 2003, 2009a,
2009b; Demongeot and Moreira, 2007) and to the circular RNA ciRs7, which sig-
nifies its affiliation to an ancestral genome, confirming the old origin of the innate
immunologic system (Bulet et al., 1999; Elkon et al., 2007; Miyake et al., 2000) (see
Annex A5 for the significance of the matches). In case of parallel updating (with
T¼0), the network controlling the TLR production has 4 (resp. 1) attractor, if
miR200c is (resp. not) expressed (see Tables 7.1 and 7.6 left bottom, red circles).

2.3 THE ADAPTIVE IMMUNETWORKS
The adaptive immunetworks are essentially made of three couples of tangent circuits
(Figure 7.2) concerning the key genes GATA 3, transcriptional activator binding to
DNA sites with the consensus sequence [AT]GATA[AG]), which controls negatively
T cell receptors β (TCRβ), PU.1 (PUrine-rich box-1 gene), controlling negatively the
recombination-activating gene (RAG) responsible of the V(D)J rearrangements giving
birth to the TCRα receptors, and Zap70 (Zeta-chain-associated protein kinase 70
gene), controlling negatively TCRβ synthesis (Demongeot et al., 2012; Georgescu
et al., 2008). These circuits are inserted into a global immunetwork (Figure 7.3), whose

FIGURE 7.1

The network controlling the production of the TLR and the gene ICAM1 (adapted after Elkon
et al., 2007).
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attractors are those of the three couples of circuits, the rest of the network being reduc-
ible to up- and down-trees connected to the circuits.

In the case of parallel updating (with T¼0; cf.Annex A1), Table 7.7 shows that a
negative six-circuit tangent to a negative two-circuit has only one attractor
(Table 7.7, blue circle at the bottom right), less than an isolated negative six-circuit

FIGURE 7.2

Left: Negative six-circuit tangent to a negative two-circuit controlling PU.1. Middle:
negative three-circuit tangent to a positive five-circuit controlling GATA 3. Right: Tangent
negative six-circuit and four-circuit controlling ZAP70 (adapted after Demongeot et al., 2012).

Table 7.1 Total number of attractors in parallel dynamics (with T¼0), with 2
tangent circuits, left-circuit being negative of length l and right-circuit positive of
length r (cf. Demongeot et al., 2012, and Annex A6). .

r
l

1 2 3 4 5 6 7 8 9 10 11 12 13 14

1 1 2 2 3 3 5 5 8 10 15 19 31 41 64
2 1 1 2 3 3 4 5 8 10 14 19 31 41 63
3 1 2 1 3 3 6 5 8 8 15 19 33 41 64
4 1 1 2 1 3 4 5 11 10 14 19 24 41 63
5 1 2 2 3 1 5 5 8 10 26 19 31 41 64
6 1 1 1 3 3 1 5 8 8 14 19 63 41 63
7 1 2 2 3 3 5 1 8 10 15 19 31 41 158
8 1 1 2 1 3 4 5 1 10 14 19 24 41 63
9 1 2 1 3 3 6 5 8 1 15 19 33 41 64
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that has six attractors (Table 7.2 blue circle), showing that for controlling RAG, Bcl1,
and NK cells (i.e., in the case of both adaptive and innate mechanisms), if Notch2/
CSL is silent, PU.1 is on and hence can activate both RAG and Bcl1, as well as
promote NK cells. On the contrary, if Notch2/CSL inhibits PU.1, the immunologic
system is paralyzed. In the same way, we can show that GATA 3 and ZAP70
networks each have three attractors (Table 7.7, orange circles on the right).

3 THE IRON CONTROL NETWORK
The regulatory network controlling iron metabolism contains 10 elements, with one
positive circuit of length 6 and one negative of length 4 (Figure 7.4, bottom): the
number of attractors is 4 (Table 7.3), following the rules of Table 7.2 (green circle).
Depending on the inhibition by miR-485 or miRNA sponge ciRs7 (Hansen et al.,
2011, 2013; Hentze et al., 1987; Sangokoya et al., 2013), we get either of two fixed

FIGURE 7.3

The global immunetwork controlling genes GATA 3 (orange), RAG (green), and ZAP70
(brown), with a negative circuit of length 6 (dark blue) controlling PU.1, which activates the
NK cells through Ets1 (pink), and with circuits from the strong connected component
controlling genes TCR-#, TCR-” and Bcl2 (light blue) (adapted after Georgescu et al., 2008). .
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configurations or one limit-cycle of configurations (the second having a negligible
attraction basin size, equal to 4% of the possible initial conditions). Same attractors
are observed for the first eight nodes, when miR-485 or anticiRs7 are expressed. The
presence of an ancestral subsequence in ciRs7 sequences (cf. section 2.2 and
Figure 7.4, top) is in favor of the seniority of the iron control system:

5’-AUGGGGCAACAUAUUGUAUGAA-3’ FPN1a 14 anti-matches
3’-UCUCUCCUCUCGGCACAUACUG-5’ miR-485 15 anti-matches
5’-UCUUUAUGUCCUCUACUGGCAGAGAGGAUGGGGGAGU
UGUGUAUUCUUCCAGGUUC-3’ ciRs7
5’-UCAAGAUGAAUGGUACUGCCAU-3’ AL 12 matches
14 matches 5’-CCUGUUGGUCUCUUCCAGGUAC-3’ IRP
10/17 anti-matches 3’-CUGGAUCAGUGGAUCUA-5’ IRE-FPN1a

We can calculate a robustness parameter for the iron control network based on evo-
lutionary entropy, defined by

E¼ log210!Eattractor ¼ 10 log2!Σk¼1,m μ Ckð Þlogμ Ckð Þ,

wherem is the attractor number andCk¼B(Ak)[Ak is the union of the attractorAk and of
its attraction basin B(Ak) (cf. Annex A2). Hence, Eattractor¼ -Σk¼1,4μ(Ck)logμ(Ck)¼
1/2log2+1/4log4+0.21log(0.21)+0.039log(0.039). When Eattractor decreases (e.g.,
if c-Myc is cancelled, provoking the disappearance of one attractor), then the robust-
ness of the network increases. In the stochastic parallel updating case with T>0, we
can calculate the derivative of E with respect to the randomness parameter T, the
interaction weights being supposedly the same for each interaction (Demongeot
et al., 2013a). This derivative gives an indication about the sensitivity to noise of
the network.

Table 7.2 Total Number of Attractors of Period p in Parallel Updating for a
Unique Isolated Negative Circuit of Size n (After Demongeot et al., 2012). .

n
p 1 2 3 4 5 6 7 8

2 11 -- 11 -- 11 -- 1 --
4 -- 11 -- -- -- 1 -- --
6 -- -- 11 -- -- -- -- --
8 -- -- -- 22 -- -- -- --
10 -- -- -- -- 33 -- -- --
121 -- -- -- -- -- 5 -- --
14 -- -- -- -- -- -- 9 --
16 -- -- -- -- -- -- -- 16

Total 11 11 22 22 44 6 10 16
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Table 7.3 Recapitulation of the four attractors of the iron metabolic system,
with miR-485 and anticiRs7 not expressed (state 0) and other genes
expressed (state 1) or not (state 0) and (bottom) the attraction basin sizes for
parallel updating (with T¼0).

Position Gene
Fixed
Point 1

Fixed
Point 2 Limit Cycle 1

Limit
Cycle 2

1 TfR1 0 0 0 0 1 1 0

2 FPN1a 0 0 0 0 0 0 0

3 c-Myc 0 1 0 0 0 0 0

4 Notch 0 0 1 1 1 1 1

5 GATA-3 0 0 1 1 1 1 1

6 IRP 0 0 0 1 0 0 1

7 Ft 0 0 0 0 0 0 0

8 Fe 0 0 0 0 1 0 1

9 miR-485 0 0 0 0 0 0 0

10 anticiRs7 0 0 0 0 0 0 0

Attraction
basin size

512 256 216 40

TfR1 FPN1a

miR-485

Notch

GATA-3

IRP

anticiRs 7 ciRs 7

Ft

+

+

−
− −

−

−
−

−

−
−

−
−

−−

−

+
+

+

+

+

+

Fe

c-Myc

Negative
circuit with

length 4

Positive
circuit with

length 6

FIGURE 7.4

Top: matches between miR-485-3p and its target FPN1a (FerroPortiNe), and between
the microRNAs sponge ciRs7 and its target miR-485-3p in the iron control network. Bottom:
Iron control genetic network with coexistence of numerous circuits between FPN1a, Ft
(Ferritin), iron regulatory protein (IRP) and transferrin receptor (TfR1), with a
positive circuit of length 6 and a negative one of length 4.
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4 MORPHOGENETIC NETWORKS
The morphogenetic network centered on the engrailed gene (En on Figure 7.5) con-
trols in vertebrates the segmentation phase, as well as the morphogenesis of feathers
and hairs in birds and mammals (Demongeot and Waku, 2012; Michon et al., 2008).

Engrailed is not only required for the segmentation phase in vertebrates, but it
efficiently represses the activity of numerous transcriptional factors like Elk
(Saenz-Robles et al., 1995; Vickers and Sharrocks, 2002). Note that the engrailed
centered network shown in Figure 7.5 was built by bringing together information
about repressions and inductions from various sources:

• InhibitionofEngrailedbyWgand itsactivationbyJNKisgiven inGettingsetal. (2010).
• Action of MPK through JNK inhibition is studied by Mantrova and Hsu (1998).
• Egrf positive feedback circuit is explained by McEwen and Peifer (2005).
• The wholeWnt pathway can be found in http://www.kegg.jp/kegg/pathway/dme/

dme04310.
• Inhibition of ERK by MKP is described in Weil et al. (2004).
• Activation of Nemo by ARM, inhibited by APC, inhibited itself by Wg through

Dsh (http://dev.biologists.org/content/131/12/2911/ F8.large.jpg).
• Inhibition of Wg by Nemo is described by Zeng and Verheyen (2004).

The genetic regulatory network of Figure 7.4 possesses six negative circuits of respec-
tive sizes 7, 5, 4, 3, and 2, and two positive circuits of respective sizes 7 and 4. Following
Demongeot et al. (2012), we know that each of these circuits bring the following total
number of attractors when isolated with parallel deterministic updating (T¼0):

FIGURE 7.5

Engrailed centered network inDrosophila, with positive arcs in red and negative arcs in green.
.
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• Negative circuit of size 7: 10 attractors (cf. Mathematical Annex Table 7.7, left
bottom blue circle)

• Negative circuit of size 5: 4 attractors (cf. Mathematical Annex Table 7.7, left
bottom red circle)

• Negative circuit of size 4: 2 attractors (cf. Mathematical Annex Table 7.7, left
bottom orange circle)

• Negative circuit of size 3: 2 attractors (cf. Mathematical Annex Table 7.7, left
bottom orange circle)

• Negative circuit of size 2: 2 attractors (cf. Mathematical Annex Table 7.7, left
bottom orange circle)

• Positive circuit of size 7: 20 attractors (cf.Mathematical Annex Table 7.7, left top
blue circle)

• Positive circuit of size 4: 6 attractors (cf.Mathematical Annex Table 7.7, left top
voilet circle).

The results obtained recently on tangent and intersecting circuits [cf. Melliti et al.
(2014); Richard, 2011) and Table 7.7 in Annex A3) show a drastic reduction of
the attractor number to 3 or 1 (depending on source nodes PKA and Wnt), because
the engrailed centered network has the following:

• One positive circuit of size 7 intersecting a negative circuit of size 7: 1 attractor,
instead of 200 if the circuits are disjoint (cf.Mathematical Annex Table 7.7, right
top, red circle)

• One positive circuit of size 7 intersecting a negative circuit of size 3: 5 attractors,
instead of 20 if the circuits are disjoint (cf. Mathematical Annex Table 7.7, right
top, blue circle)

Table 7.4 Attractors in Parallel Mode (with T¼0) for the MPK/ERK Centered
Subnetwork, with Negative 7- and 3-Circuit Tangent

Gene PF Cycle Limit 1 Cycle Limit 2

En 0 1 0 0 0 0 1 0 1

Elk 0 0 0 0 1 0 0 0 0

MAPK 0 0 0 0 1 1 0 1 0

Egfr 0 1 0 0 0 0 1 0 1

RAS 0 0 1 0 0 1 0 1 0

Erk 0 0 0 1 0 0 1 0 0

MKP 0 0 0 0 1 0 0 1 0

RAF 0 0 0 1 0 0 1 0 1

SMAD 0 0 0 0 0 0 0 0 0

BMP 0 0 0 0 0 0 0 0 0

JNK 0 0 0 0 0 0 0 0 0

TBA¼2048 1320 648 80

ABRS ¼ 1 0,6445 0,31640625 0,0390625
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• One negative circuit of size 7 tangent to a negative circuit of size 4 : 2 attractors
(cf. Mathematical Annex Table 7.7, right bottom red circle)

• One negative circuit of size 7 intersecting a negative circuit of size 3: 3 attractors,
instead of 20 if the circuits are disjoint (cf. Mathematical Annex Table 7.7, right
bottom, green circle)

• One negative circuit of size 4 tangent to a negative circuit of size 2: 2 attractors
(cf. Mathematical Annex Table 7.7, right bottom red circle)

• One negative circuit of size 3 tangent to a negative circuit of size 2: 2 attractors
(cf. Mathematical Annex Table 7.7, right bottom brown circle)

• Three co-tangent circuits, one positive circuit of size 4, one negative circuit of
size 5, and one negative circuit of size 2: 1 attractor, instead of 24 if the circuits
are disjoint (cf. Mathematical Annex Table 7.7, right voilet circles)

The corresponding attractors are given in Table 7.4, depending on the expression of
the gene sources of the up-trees controlling the circuits; i.e., Wnt and PKA. If both
genesWnt and PKA are expressed, there are three attractors with only one limit-cycle
of period 6 as asymptotic dynamical behavior of the engrailed centered network, for
which the gene En is not expressed and Elk is expressed one-third of the time, inhi-
biting both the dorsal closure and allowing the excitable cells differentiation. If PKA
is silent andWnt is either expressed or silent, there are also three attractors: two fixed
points, where neither En nor Elk are expressed, and a limit cycle of period 4, where
En is expressed half the time and Elk is expressed a quarter of the time. If the gene
Wnt is silent and PKA expressed, there exists only a limit cycle of period 6, where En
is expressed half the time and Elk is expressed 1/6 of the time. Other examples of
genetic regulatory networks involving Wnt are given in Michon et al., (2008). All
these examples show that more generally, the architecture of a genetic regulatory
network consists of the strong connected components of its interaction graph, to
which are attached three kinds of substructures:

• a set of up-trees, issued from the sources of the interaction graph of the network,
made either of small RNAs (like microRNAs, translational inhibitors), or of
genes repressors or inductors, self-expressed without any other genes controlling
them, like the genes Wnt and PKA

• a set of circuits in the core (in a graphical sense) of the strong connected
components of the interaction graph. These circuits are unique or multiple,
reduced to one gene (if there is an auto-control loop) or made of several ones,
negative or positive, and disjoint or not, like the circuits involving Erk

• a set of down-trees going to the sinks of the interaction graph; i.e., to genes
controlled by but not controlling any other genes, like the gene Elk

InDrosophila embryo, using the interaction graph of the engrailed centered network,
a simple model based on the knowledge about the asymptotic dynamics of the net-
work (i.e., its attractors) shows that Wg is expressed and inhibits Dsh during the
Mixer cell formation at the para-segment boundaries, during the polarization of epi-
dermal cells during dorsal closure in Drosophila, whereWnt and PKA are expressed
(Gettings et al., 2010).
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5 BILIARY ATRESIA CONTROL NETWORK
The genetic network controlling the morphogenesis of the biliary canal can be sum-
marized as in Figures 7.6 and 7.7 (Bessho et al., 2013; Choe et al., 2003; Girard et al.,
2011, 2012; Kohsaka et al., 2002; Luedde et al., 2008; Matte et al., 2010; Nouws and
Shadel, 2014; Ranganathan et al., 2011; Xiao et al., 2014). By using the gene expres-
sion data comparing normal individuals and patients suffering from biliary atresia (cf.
Figure 7.6, left, and Melliti et al., 2014; Meyer and Nelson, 2011), we can locate and
study three key genes inside or around the network, Bcl-w, TGF-ß, and elf-2α kinase
(Figure 7.7 and Choe et al., 2003), and study the attractors of the network (Table 7.5).

We can add to the network shown in Figure 7.6, provided initially byMetaCoreTM

and checked after in the literature. The following information has been added
in Figure 7.7 to the network in Figure 7.6:

• The gene JAG1 (mutated in case of biliary atresia (Kohsaka et al., 2002; Matte
et al., 2010) activates Notch, necessary for the activation of EGFR (Franco et al.,
2006; Ranganathan et al., 2011).

• Human microRNAs miR 29 and miR 39b inhibits IGF 1 and PI3K, respectively
(Bessho et al., 2013; Gottwein et al., 2011; Hand et al., 2012).

• The gene Bcl-w/Bcl-2 is inhibited by SMAD 3, and activated by ERK ½ and
MAPK (Kang and Pervaiz, 2013). Its protein is phosphorylated (hence inhibited)
by JNK (Singh et al., 2009).

• The gene eIF-2α kinase phosphorylates (hence, inhibits) eIF-2α (Gurzov and
Eizirik, 2011; Lee et al., 2000) and activates IRP and MAPK.

FIGURE 7.6

Left: biliary atresia gene expression (Choe et al., 2003), with three markers: Bcl-w, TGF-ß,
and elf-2α kinase, whose level of expression is measured in a control group (Normal) and in
patients suffering from biliary atresia (noted here as BA). Right: Genetic network controlling
biliary atresia.
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The strong connected component of the interaction graph of the biliary atresia net-
work (Figure 7.7) shows the existence of a negative circuit of length 11 (by counting
the auto-loops) tangent on the gene FAK1 to a negative circuit of length 5
(Figure 7.8). The theoretical results of Demongeot et al. (2012) shows that we
can expect seven attractors, which can be simulated (Table 7.5), whose only two
limit-cycles (their attraction basins representing about half of all possible expression
patterns) show the presence of the same gene expression than that detected in patients
suffering from biliary atresia; i.e., an increased expression of the three genes Bcl-w,
TGF-ß, and elf-2α kinase (Choe et al., 2003), an overexpression of IGF1 and a down-
expression of JAG1, mutated in biliary atresia (Kohsaka et al., 2002), provoking a
weak expression of EGFR (Matte et al., 2010). That partially validates the control
network proposed for biliary atresia syndrome.

We can break the negative circuit of length 5 by using themicroRNA hsamiR 39b,
where one of the targets is the gene PI3K (Xiao et al., 2014; Kohsaka et al., 2002):

• 3’-uguaaacauccuacacucagcu-5’ hsa miR 30b
• 5’-AUGGUACUGCCAUUCAAGAUGA-3’ AL 13 anti-matches

The main result of the disappearance of the negative circuit of length 5 is an increase
of the attractor number, passing from 7 to 10 (cf. Table 7.2, red circle). Two other
negative circuits do not increase the attractor number:

• The negative circuit of length 3 FAK1-MDM2-IGF-1 is tangent at FAK1 to the
two previous circuits of lengths 7 and 4, but this coupling brings only one
attractor (Figure 7.9, blue circle). It can be broken by the microRNA hsa miR 29
(Matte et al., 2010) and can only change the configuration of expressed genes; for
example, in the presence of miR 29, the IGF-1 state becomes 0 in the attractor
states of Table 7.5:
• 3’-acugauuucuuuugguguucag-5’ hsa miR 29
• 5’-CCAUUCAAGAUGAAUGGUACUG-3’ AL 13 anti-matches

• The negative circuit of length 3 FAK1-PI3K-PTEN also brings only one attractor
and its break bymiR 39b (Figure 7.7) changes only the attractor states by fixing at
0 the state of PI3K (cf. Table 7.5).

From the mathematical analysis of the attractors of the biliary atresia network, we
can infer the existence of seven possible stationary behaviors; among them, only four
have an attraction basin that is sufficiently stable (i.e., containing a sufficient number
of initial conditions to resist to large perturbations in the state space of the expression
configurations). These four attractors represent the final evolution of 96% of the pos-
sible initial configurations; two of them being fixed configurations (called fixed
points and denoted as PF in Table 7.5), and the other two being periodic configura-
tions (called limit cycles and denoted as CL in Table 7.5). Among these attractors,
notice that only one corresponds to all the characteristics observed in the pathologic
case of the biliary atresia: E2F1, TGF-ß, and Bcl-w are always expressed, EGFR is
weakly expressed, as is ERK½, due to its absence of inhibition of Bcl-w. The unique
attractor satisfying these constraints is the fixed configuration PF 4 on Table 7.5. It
has a small attraction basin (ABRS¼2%), but it can represent a nonphysiologic
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FIGURE 7.7

Biliary atresia control network, with three important genes: two on its frontier (up-tree), Bcl-w
and elf-2α kinase; and one inside the strong connected component, TGF-ß 1. The strong
connected component (scc) contains two tangent (in FAK1) negative circuits: one of length 11
passing through TGF-ß 1, and the other of length 5, passing through PI3K. Both can be broken
by the microRNAmiR 39b. The scc is on the control of JAG1 by Notch, activates (through
SP1/ PU.1 and eIF-2α kinase) the genes IRP andMAPK, and inhibits the gene eIF-2α.

FIGURE 7.8

The two main negative circuits of the biliary atresia control network: one of length 11 and the
other of length 5 (taking into account the auto-catalytic loops).
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possibility of differentiation in a few cases depending on initial conditions fixed by
the genomic expression It could be interesting to observe in patients the expression
activity of the gene c-Myc, which is absent in PF4 on Table 7.5, in order to confirm it
as a candidate for explaining the pathologic behavior, due to the role of EGFR and
ERK ½ in the morphogenesis (see the network described in section 4, earlier in this
chapter) that is necessary to activate Nemo.

6 CONCLUSION AND PERSPECTIVES
The genetic networks regulated by small RNAs fitting with ancestral sequences are
showing interesting properties with a small number of attractors, allowing to control
less than four main attractors in general, some inhibiting the function (the brakes),
and the others activating it (the accelerators). The role of the microRNAs is to pro-
vide an unspecific inhibitory noise leaving active in the dynamics only the circuits
with sufficiently strong interactions to be able to express these attractors. The circu-
lar RNAs are inhibiting in an unspecific way the microRNAs in order to have, as in
neural networks, the possibility of obtaining a double reciprocal influence (inhibitory
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Calculation of the number of attractors of the biliary atresia control network (Demongeot
et al., 2012). At the intersection of the column 5 and the line 11, one can find the attractor
number,7,due toacoupleof tangentnegativecircuits,oneof length5and theotherof length11. .
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and anti-inhibitory) on mRNAs (i.e., on gene expression). Because the sequences of
the small regulatory RNAs offer in general a good fit with ancestral sequences, we
can infer that the control of important domains involved in key metabolism or
defense processes have been fixed early in the evolution to optimize systems like
the immunologic, energetic and morphogenetic ones, which are crucial for survival.
This resemblance with ancient genomes can come from two different mechanisms:
(i) there are relics, having not mutated, that are still present in the genomes today
(e.g., in the most conserved and universal parts of RNA molecules like the tRNA
loops); and (ii) there exists still a mimicking of the start of life, such as circular RNA.

In order to survive, it has to solve the following variational problem: (i) to be
sufficiently small to remain not denatured in the cell cytoplasm and (ii) hybridize a
sufficient number ofmicroRNAs in order to serve as a brake to their inhibitory activity.
Because these microRNAs have to be sufficiently nonspecific to target a great number
of messenger RNAs, they have to contain in their 22 bases the maximum of codons
from different classes of synonymy of the amino-acid. This variational problem is very
close to that of the beginning of life, in which primitive RNAs [like the AL sequence
(Demongeot, 1978; Demongeot and Besson, 1983, 1996; Demongeot et al., 2003,
2009a, 2009b; Demongeot and Moreira, 2007)] could have occurred and persisted
due to the selective advantage to fix a great number of amino acids realizing a protein
proto-membrane, an ancestor of the plasmic membrane that exists today. That could
suffice to explain the similarity observed between the primitive and present
circular RNA. Future studies could perform an exhaustive examination of small RNAs
in order to reinforce the hypotheses of both (i) the existence of RNA relics still present
in the evolved genomes and (ii) the biosynthesis of RNA molecules similar to those
existing at the beginning of life, because the same variational problem is being solved.
Further studies on the genetic regulatory networks could show that the role of
all their inhibitors is crucial for getting a very limited number of attractors focusing
only on the cell functions necessary to survive, eliminating all the nonfunctional
attractors.

MATHEMATICAL ANNEX
A1 DEFINITIONS
The mathematical object modeling a real genetic regulatory network is called a
genetic threshold Boolean regulatory network (denoted in the following as getBren).
A getBrenN can be considered as a set of random automata, defined by the following
criteria (Robert, 1980):

1. Any randomautomaton iof thegetBrenNowns at time t a statexi(t) valued in{0,1},
0 (resp. 1)meaning that gene i is inactivatedor in silence (Respectively activatedor
in expression). The global state of the getBren at time t, called configuration
in the sequel, is then defined by x(t)¼ (xi(t))i 2 {1,n} 2 Ω¼{0,1}n
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2. A getBren N of size n is a triplet (W, Θ, P), where
• W is a matrix of order n, where the coefficient wij 2 IR represents the

interaction weight gene j has on gene i. Sign(W)¼ (αij¼ sign(wij)) is the
adjacency (or incidence) matrix of a graph G, called the interaction graph.

• Θ is a threshold of dimension n, its component θi being the activation
threshold attributed to automaton i.

• M: P(Ω)! [0,1]m%m, where P(Ω) is the set of all subsets of Ω and m¼2n is a
Markov transition matrix, built from local probability transitions Pi giving the
new state of the gene i at time t+1 according toW,Θ, and configuration x(t) of
N at time t such that

8g2 0,1f g,β2Ω,Pi,g
β xi t+ 1ð Þ¼ g jx tð Þ¼ βf gð Þ¼ exp g Σj2Niwijβj!θi

! "
=T

# $
=Zi;

where Zi¼ [1+exp[(Σj2Ni wijβj - θi)/T], Ni is the neighborhood of the gene i in
the getBren N; i.e., the set of genes j (including possibly i) such that wij 6¼0, and
Pi,g

β is the probability for the gene i of passing to the state g at time t+1, from
the configuration β at time t on Ni. M denotes the transition matrix built from
the Pi,g

β’s. M depends on the update mode chosen for changing the states of the
getBren automata. In this chapter, we use the parallel or synchronous mode of
updating.

For the extreme values of the randomness parameter T, we have the following:

1. If T¼0, getBren becomes a deterministic threshold automata network and the
transition can be written as

xi t+ 1ð Þ¼ h Σj2Niwijxj tð Þ!θi
! "

;

where h is the Heaviside function: h(y) ¼1, if y>0;

h yð Þ¼ 0, if y< 0;

except for the case Σj2Ni wijxj(t)!θI¼0, for which, if necessary, 1 and 0 are both
chosen with probability ½. In this chapter, we chose T¼0.
2. When T tends to infinity, then Pi,g

β¼½ and each line Mi of M becomes the
uniform distribution on the basin of the final class of the Markov matrix M to
which i belongs (corresponding to an attraction basin when T¼0).

We define (Demongeot et al., 2003) the energyU and frustration F of a getBren N by

8x2Ω,U xð Þ¼Σi, j2 1, nf gαijxixj ¼Q+ Nð Þ!F xð Þ;

whereQ+(N) is the number of positive edges in the interaction graphG of the network
N and F(x) the global frustration of x; i.e., the number of pairs (i,j) where the values of
xi and xj are contradictory with the sign αij of the interaction between genes i and j:
F(x)¼Σi,j2{1,n}Fij(x), where Fij is the local frustration of the pair (i,j) defined by

Fij xð Þ¼ 1, if αij ¼ 1, xj ¼ 1 and xi ¼ 0, or xj ¼ 0 and xi ¼ 1, and if αij ¼!1, xj ¼ 1 and xi ¼ 1,
or xj ¼ 0 and xi ¼ 0,
Fij xð Þ¼ 0, elsewhere:
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Eventually, we define the random global dynamic frustration D by

D x tð Þð Þ¼Σi, j2 1, nf gDij x tð Þð Þ;

where Dij is the local dynamic frustration of the pair (i,j) defined by

Dij x tð Þð Þ¼ 1, if αij ¼ 1,xi tð Þ 6¼ h Σj2Niwijxj tð Þ!θi
! "

orαij ¼!1,xi tð Þ¼ h Σj2Niwijxj tð Þ!θi
! "

,
Dij x tð Þð Þ¼ 0, elsewhere:

A2 FIRST PROPOSITIONS
Based on these definitions, we can prove the following propositions [cf. Demongeot
and Waku (2012) and Demongeot et al. (2013b) for complete results]:

Proposition 1 Let us consider the random energy U and the random frustration F of
getBren N having a constant absolute value w for its interaction weights, null thresh-
old Θ, temperature T equal to 1, and being sequentially updated. Then:

1. U(x)¼Σi,j2{1,n}αijxixj¼Q+(N) - F(x), where Q+(N) is the number of positive
edges in the interaction graph G of the network.

2. Eμ(U)¼@logZ/@w, where the free energy logZ is equal to the quantity log
(Σy2Ω exp(Σj2y,k2y wijyjyk)), and μ is the invariant Gibbs measure
defined by 8 x2Ω, μ({x})¼exp(Σi2x,j2x wijxixj)/Z.

3. VarμU¼VarμF¼ -@Eμ/@logw, where Eμ¼ -Σx2Ω μ({x})log(μ({x}))¼
logZ – wEμ(U) is the entropy of μ, maximal among entropies corresponding to all
probability distributions ν for U having the same given expectation
Eν(U)¼Eμ(U).

Proof: (1) It is easy to check that U(x)¼Q+(N)!F(x) and
(2) the expectation of U, denoted Eμ(U), is given by

Eμ Uð Þ¼Σx2ΩΣi2x, j2xαijxixj exp Σi2x, j2xwxixj
! "

=Z¼ @logZ=@w

(3) Following Demongeot and Waku (2012), we have VarμU¼VarμF¼ -@E-

μ/@logw, and Eμ is maximal among the proposed entropies

Proposition 2 Let us consider getBren N with T¼0, sequentially or synchronously
updated, defined from a potential P defined by

8x 2Ω, P xð Þ¼Σk
txAkxð Þxk + txWx +Θx;

where A,W, andΘ are integer tensor, matrix, and line vector, respectively. Also sup-
pose that

8i¼ 1,…,n, Δxi 2 !1,0,1f g:

If h denotes the Heaviside function, consider now the potential automaton i
defined by

xi t + 1ð Þ¼ h !ΔP=Δxi + xi tð Þð Þ,
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andby the conditionxi(t+1)&0, if xi(t)¼0, such that the flow remains inΩ. Then, if the
tensor A is symmetrical with vanishing diagonal (i.e., if we have the equalities: 8 i, j,
k¼1,…,n, aijk¼aikj¼akij¼ajki¼ajik¼akji and aiik¼0), and if each submatrix (on
anysubset J of indices in{1,…,n})ofAkandWarenonpositivewithvanishingdiagonal,
P decreases on the trajectories of the potential automaton, for any mode of implemen-
tation of the dynamics (sequential, block sequential, and parallel). Hence, the stable
fixed configurations of the automaton correspond to the minima of its potential P.

Proof: We have, for a discrete function P on Ω:

ΔP xð Þ=Δxi ¼ P x1,…,xi +Δxi,…,xnð Þ!P x1,…, xi,…, xnð Þ½ (=Δxi

and the proof is based on the existence of a Lyapunov function proved in Demongeot
et al. (2014).

Proposition 3 Let us consider the Hamiltonian getBren, which is a circuit with con-
stant absolute value w for its interaction weights, null threshold Θ , and temperature T
equal to 0, sequentially or synchronously updated, whose Hamiltonian H is defined by

H x tð Þð Þ¼
X

i¼1,…,n xi tð Þ!xi t!1ð Þð Þ2=2¼
X

i¼1,…,n h wi i!1ð Þxi!1 t!1ð Þ!xi t!1ð Þ
! "2

=2;
%

which equals the total discrete kinetic energy and the half of the global dynamic frus-
tration D(x(t)). The result remains available if automata network is a circuit in which
transition functions are Boolean identity or negation.

Proof: It is easy to check that H(x(t))¼D(x(t))/2.

Proposition1 isused to estimate the evolutionof the robustnessof a networkbecause
from Demongeot et al. (2014a, 2014b), it results that the quantity E¼Eμ!Eattractor (¼
log2n! Eattractor, if μ is uniform), called evolutionary entropy, serves as a robustness
parameter, being related to the capacity that a getBren has to return toμ, the equilibrium
measure, after endogenous or exogenous perturbation. Eattractor can be evaluated by the
quantity

Eattractor ¼!Σk¼1,m)2 nμ Ckð Þlogμ Ckð Þ;

wherem is the number of attractors and Ck¼B(Ak)[Ak is the union of the attractor Ak

and of its attraction basin B(Ak). A systematic calculation of Eattractor allows quan-
tifying the complexification of a network ensuring a dedicated regulatory function in
different species. For example, the increase of the inhibitory sources in up-trees con-
verging on a conserved subgraph of a genetic network causes a decrease of its attrac-
tor number by cutting some inhibited circuits, hence a decrease of Eattractor and an
increase of the evolutionary entropy E, showing that the robustness of a network
is positively correlated with its connectivity (i.e., the ratio between the numbers
of interactions and genes in the network). Propositions 2 and 3 give examples of
extreme cases where the networks are either discrete potential (or gradient) systems,
generalizing previous works on continuous dynamics in which authors attempt to
explicit Waddington and Thom chreode’s energy functions, conserved or dissipated.
In Demongeot et al. (2012), a method was proposed for calculating the number of
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attractors in the case of circuits with Boolean transitions reduced to identity or nega-
tion. These results about attractors counting constitute a partial response to the dis-
crete version of the 16th Hilbert’s problem and can be approached by using
Hamiltonian energy levels. For example, for a positive circuit of order 8, it is easy
to prove that, in case of parallel updating, we have only even values for the global
frustration D (they are odd for a negative circuit), corresponding to different values
of the period of the attractors (Table 7.6).

A3 TANGENT AND INTERSECTING CIRCUITS
The study of tangent and intersecting circuits in strong connected components of a
genetic network is possible when interactions are either identity or negation
(Demongeot et al., 2012; http://dev.biologists.org/content/131/12/2911/ F8.large.
jpg), with a mixing rule monotonic when different arcs come on the same node.
For example, such circuits with one or two genes in common are shown in Figure 7.10.

Table 7.6 Values of the Global FrustrationD, Attractor Numbers and Periods for
Positive Circuits of Order 8 with Boolean Transition Identity or Negation

D (Frustration) Attractor Number Attractor Period

0 2 1

2 7 8

4 3 4

4 16 8

6 7 8

8 1 2

FIGURE 7.10

The two coupled networks Ni (i¼1,2) are each made of the subnetworks Ni and Ni0, whose
vertices (or nodes) are denoted as ij (j¼0,…,5) and i0k (k¼0,…,2), respectively.
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By looking on the networks of Figure 7.10, we see that each is made of four main
paths of opposite senses: two are up (A and C), and two down (B and D), with the
respective lengths of ‘A, ‘B, ‘C, and ‘D, and parities of sA, sB, sC, and sD, equal to 1
(resp. !1) if they have an even (resp. odd) number of negative arcs, with sA¼Πa2A
sa,, where the sign sa of the arc a of A is equal to!1 if a is negative (inhibition) and 1
if a is positive (activation).

For example, in Figure 7.10, the path A of N1 is such as ‘A¼3 and sA¼!1. The
main paths have in N1 two common nodes, 10 and 13, and in N2, only one common
node 23. Finally, with N1, having four paths and two common nodes, there are four
combinations giving four possible circuits (A,B), (B,C), (A,D), and (D,C), with a cir-
cuit like (A,C) having the parity sA,C¼ sA sC. In the following discussion, to facilitate
the reasoning, we will suppose that the state 0 of a gene is replaced by the state !1.

Let us denote as ((J,L),(L,M)) the general couple of circuits inside the set of the
six possible couples created from these four circuits. If N((J,K),(L,M)) denotes
the number of possible attractors of ((J,K),(L,M)), then the attractor number of N1

is the minimum of the values of N((J,K),(L,M)) for the six couples of circuits.
We conjectured (Demongeot and Moreira, 2007) that this number was less than
the attractor number of N2, the attractors of N1 being those that allow the two com-
mon nodes to have the same state for each couple of circuits.

The minimum can be made more precise: suppose that two circuits (K,L) and
(M,) have two common nodes with the same state. Any attractor of these intersected
circuits has the same configurations as one of those of the tangent circuits that we can
build by decoupling one on their two common nodes. Indeed, if not, there is at least
one node different from the common nodes having an asymptotic sequence of states
different for N1 and N2. Starting from this node and following the path going from
this node to the common node of N2, we would find for this node a sequence of states
different that those observed in N2 attractors, which is impossible. This reduces con-
siderably the possible attractors for intersecting circuits, since they must always have
the same state on their two intersected nodes. Then, counting attractors corresponds
to a known combinatorial problem generalizing the necklace problem (cf.
Demongeot et al., 2012; and Table 7.7). Then two new questions remain open:

Q1: Is a given attractor of the network N2 respecting the constraint
x200

tð Þ ¼ x20 tð ÞÞ, identical to an attractor of N2?
Q2: If the answer to Q1 is yes, what are the constraints of its period?

The following propositions partially address Q1 and Q2.

Proposition 4 The attractors of the network N2 respecting the constraint
x200

tð Þ ¼ x20 tð ÞÞ, are the precise attractors of N1.

Proof. From an initial condition identical for N2 and N1, where
x200

0ð Þ ¼ x20 0ð Þ¼ x10 0ð Þ, the trajectories are the same for all the nodes, if
x200

tð Þ ¼ x20 tð Þ, for any t&1. For the node 10 of the network N1, we have, if the mix-
ing rule is monotonic (e.g., _ in N1 and N2):
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x10 tð Þ¼ sB% x13 t! ‘Bð Þ½ (_ sD% x13 t! ‘Dð Þ½ (
x200 tð Þ¼ sB% x23 t! ‘Bð Þ and x20 tð Þ¼ sD% x23 t! ‘Dð Þ:

Note that the reasoning would be the same with rule^ or any composition of_ and^.
By imposingx200 tð Þ ¼ x20 tð Þ, for any t&1, then sB% x23 t! ‘Bð Þ ¼ sD% x23 t! ‘Dð Þ,

and we have in the network N1:

x10 tð Þ¼ sB% x13 t! ‘Bð Þ½ (_ sD% x13 t! ‘Dð Þ½ ( ¼ x200 tð Þ¼ x20 tð Þ:

By recurrence on t, this common value for x10 tð Þ, x200 tð Þ and x20 tð Þ is equal to
sB% x13 0ð Þ¼ sB% x23 0ð Þ, for any t¼ k‘B, with k& 0:

The same reasoning can apply to t*1,…, ‘B-1 (mod ‘B). Then, the trajectories being
the same, the attractors of N2 with the constraint x200

tð Þ ¼ x20 tð Þ, are attractors of N1.
Let us consider now an attractor of N1, for which x10(t)¼ [sB%x13(t- ‘B)] _

[sD%x13(t- ‘D)]. If we identify x10 tð Þ and x20 tð Þ, then, if x13 0ð Þ¼ x23 0ð Þ, this attractor
is an attractor of N2, where the two circuits (tangent in 23) have the signs sup(sA, sB)sC
and sup(sA, sB)sD, respectively, and where x200 tð Þ¼ x20 tð Þ

Remark If ‘D= ‘B, the constraint sD= sB is necessary for observing in N2 the coupling
x200 tð Þ¼ x20 tð Þ. If not, the attractors of N2 are not necessarily attractors of N1.

Proposition 5 The attractors of N2, with the coupling x200 tð Þ¼ x20 tð Þ, are character-
ized by the following property on their period p:
• If sB% sD=1 (resp. sA% sC=1), we have

• p divides (sup(‘B, ‘D) - inf(‘B, ‘D)) , p|(sup(‘B, ‘D) - inf(‘B, ‘D)) (resp. p
divides (sup(‘A, ‘C) - inf(‘A,‘C)), p|(sup(‘A,‘C) - inf(‘A,‘C))

• if sB% sD=!1 (resp. sA% sC=!1), p does not divide (sup(‘B,‘D)! inf(‘B,‘D))
and p divides 2(sup(‘B,‘D)! inf(‘B,‘D)), ¬[p|(sup(‘B,‘D)! inf(‘B,‘D))]^ p|2
(sup(‘B,‘D)! inf(‘B,‘D)) (resp. p does not divide (sup(‘A,‘C)! inf(‘A,‘C)) and
p divides 2(sup(‘A,‘C)! inf(‘A,‘C)), ¬[p|(sup(‘A,‘C)! inf(‘A,‘C))]^ p|2(sup
(‘A,‘C)! inf(‘A,‘C)).

Proof. If p denotes the length (or period) of an attractor of N2, with the coupling
x200 tð Þ¼ x20 tð Þ, then we have

8 t& 1,x200 tð Þ¼ x20 tð Þ,8t& 1,sB% x23 t! ‘Bð Þ¼ sD% x23 t! ‘Dð Þ,
8 t& 1,x23 tð Þ¼ sB% sD% x23 t+ ‘B! ‘Dð Þ

and

8 t& 1, x200 tð Þ¼ x20 tð Þ,8t& 1, sA% x23 t! ‘Að Þ¼ sC% x23 t! ‘Cð Þ,
8 t& 1, x23 tð Þ¼ sA% sC% x23 t+ ‘A! ‘Cð Þ:

Hence, we have, if sB% sD¼1: x200(t)¼x20(t) , 8 t&1, x23(t)¼x23(t+ sup(‘B,‘D) -
inf(‘B,‘D)) ,

8 t& 1, pj sup ‘B, ‘Dð Þ! inf ‘B, ‘Dð Þð Þ:

The proof in the case of sB % sD ¼ !1 is similar
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A4 STATE-DEPENDENT UPDATING SCHEDULE
A last important feature of the getBren dynamics is the existence of genes influenc-
ing directly the opening of the DNA inside the chromatine, hence allowing or dis-
allowing the gene expression. If these genes are controlled by microRNA, it is
necessary to generalize the getBren structure by considering that the possibility to
update a block of genes at iteration t depends on the state of r clock genes (i.e.,
involved in the chromatine updating clock) k1,…kr (like histone acetyltransferase,
endonucleases, exonucleases, helicase, replicase, and polymerases) depending on
s microRNAs, l1,…,ls. Then the transition for a gene i, such as i, does not belong
to {k1,…kr}, could be written as

8g2 0,1f g, β2 0,1f gn, if 8 j¼ 1,…,r, xkj tð Þ¼ 1;

then

(i) Pi,g
β({xi(t+1)¼g∣x(t)¼β})¼exp[g(Σj2Ni wijβj-θi)/T]/[1+exp[(Σj2Ni wijβj-θi)/T],

if microRNAs l1,…,ls are dominant;
(ii) Pi,g

β({xi(t+1)¼βi∣x(t)¼β})¼1, if not.

Table 7.7 Left: Total number of attractors of period p for positive (top) and
negative (bottom) circuits of order n. Right: Total number of attractors in case of
tangent circuits, where (a) the left circuit is negative and the right circuit
positive and (b) both side circuits are negative with parallel updating and T¼0
(after Demongeot et al., 2012]). .
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The case (i) implies that 8 j¼1,…, s, xlj(t-1)¼0. To make the transition rule more
precise, we can, for the sake of simplicity, decide that the indices k1,…kr of the r
clock genes are 1,…, r and then we have the three possible following behaviors:

• If y(t)¼Πi¼1,…,r xi(t)¼1, then rule (ii) is available.
• If y(t)¼0 and Σs¼t,…,t-c y(s)>0, then x(t+1)¼x(t-s*), where s* is the last time

before t, where y(s*)¼1.
• If y(t)¼0 and Σs¼t,…,t-c y(s)¼0, then x(t+1)¼0 (by exhaustion of the pool of

genes still in expression).

The dynamical system remains autonomous with respect to the time t [i.e., it depends
on t only through the set of state variables {x(t-c),…, x(t-1)}], but a theoretical study
of its attractors (as in Demongeot et al., 2012), with a state-dependent updating
schedule is difficult to perform and will be investigated further in the future.

A5 THE CIRCULAR HAMMING DISTANCE
The most usual way to compare vectors with values in a finite alphabet is through the
Hamming distance. Given two vectors x, y 2 An, the Hamming distance between
them is

dH x, yð Þ¼ # i2 0, : : : , n!1f g : xi 6¼ yif g:

In other words, it is the number of positions in which the values of the vectors differ.
The function dH is a metric: it is nonnegative and symmetric, it satisfies the triangle
inequality, and a null distance implies identity of the vectors. It is also easy to see that

8i2 0, : : : , n!1f g, dH x, yð Þ¼ dH σi xð Þ,σi yð Þ
! "

, and hence dH x,σi yð Þ
! "

¼ dH σ!i xð Þ,y
! "

:

Using this last property, we define the circular Hamming distance between two rings
[x] and [y] as

dcH x½ (, y½ (ð Þ¼ min dH x, σk yð Þ
! "

0) k) n!1

In general, the minimum between two metrics is not necessarily a metric, but here it
holds.

Lemma 1. dcH is a metric on An/*.

Proof. 1. If dcH([x], [y])¼0, this implies that there exists k such that dH(x, σk(y))¼0;
hence:

x¼ σk yð Þ and x½ ( ¼ y½ (:

2. Let us now prove the symmetry:

dcH x½ (, y½ (ð Þ ¼ minkdH x,σk yð Þ
! "

¼ minkdH σ!k xð Þ,y
! "

¼ minkdH y,σ!k xð Þ
! "

¼ dcH y½ (, x½ (ð Þ:

3. Let [x], [y], [z] 2 An/*. We must show that the triangular inequality is satisfied;
i.e., that:

dcH x½ (, y½ (ð Þ ) dcH x½ (, z½ (ð Þ+ dcH z½ (, y½ (ð Þ:
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Let i, j be such that: dcH([z], [x])=dH(z,σi(x)), dcH([z], [y])=dH(z,σj(y))
In addition, we define

yð ÞÞ) dH σi xð Þ,z
! "

þdH z, σj yð Þ
! "

¼ dcH x½ (, z½ (ð ÞþdcH z½ (, y½ (ð Þ

The cumulative distribution function Fn,k of the circular Hamming proximity pcH=n -
dcH, defined by k permutations of a ring of length n can be calculated from the cumu-
lative function Gn,p of the binomial law B(n,p) of order n, by the formula:

8 i2N, Fn,k ið Þ¼ P fpcH ) igð Þ¼P supj¼1,kpH, j ) i
n o% &

¼ P \j¼1,k pH, j ) i
n o% &

¼Gn,p ið Þk

For example, if n=22, k=22, and p=4/16=1/4 (i.e., the case of the circular Ham-
ming distance between a small RNA of length 22 and the sequence AL):

F22,22 12ð Þ¼G22,1=4 12ð Þ22 , 0:9993ð Þ22 , 0:985

F22,22 13ð Þ¼G22,1=4 13ð Þ22 , 0:99998ð Þ22 , 0:9996

Note the following: the probability that the number of matches of a ring of length 22
with a linear sequence of length 22 is k or more is equal to Pk=1!F22,22(k!1)=
1!G22,1/4(k-1)

22; i.e., the probability that the circular Hamming distance is strictly
less than k. For k=14, P13=1!G22,1/4(12)

22:; is about 1.5%. In the same way, the
probability P14=1-G22,1/4(13)

22 is about 0.4%, and P17=1-G22,1/4(16)
22 is about

8.8 10-6. If the linear sequence is of length 129126 (like ciRs7), then the probability
to observe at least 17 matches once is about 5%.

In addition, if n=22 and p=6/16=3/8=0.375 (i.e., the case of Hamming proxim-
ity with the constraint to match a substring of length 5 like AUGGU or UGGUA and
authorize A–U, C–G and U–G coupling, between a small RNA of length 22 contain-
ing the substring and the sequence AL):

F22 13ð Þ¼G22,3=8 13ð Þ, 0:9885

Hence, the probability P14=1-F22(13) that Hamming proximity is 14 or more, is
about 1.5%.

A6 THE ARCHETYPAL SEQUENCE AL
In Demongeot and Moreira (2007), a sequence of bases called AL (for ArchetypaL)
is described as follows: 5’-UGCCAUUCAAGAUGAAUGGUAC-3’ corresponding
to a putative circular RNA with a possible hairpin form (cf. Figure 7.6, and
Demongeot and Moreira, 2007; Meyer and Nelson, 2011; Turk-Mcleod et al.,
2012; de Vladar, 2012; Yarus, 1988, 2010, 2013). AL can serve as a primitive ribo-
some in the sense that its circular form can bind any amino acid [with the weak
electromagnetic or van der Waals interactions described in the Direct RNA Tem-
plating (DRT) hypothesis on the origin of the genetic code, which is still under
debate (Demongeot and Moreira, 2007; Meyer and Nelson, 2011; Turk-Mcleod
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et al., 2012; de Vladar, 2012; Yarus, 1988, 2010, 2013) to one of the triplets of its
synonymy class in the genetic code, allowing the formation of small peptides
(Yarus, 2013).

The sequence AL share many subsequences, like quintuplets, with small RNAs
coming from Rfam (Griffiths-Jones et al., 2005), a database containing information
about noncoding RNA families and structured RNA molecules, like transfer
RNA (tRNA).

If we compare AL to the sequence of the circular RNA ciRs7, we find qualitative
similarities, with 17/22 quintuplets passing the 5% upper threshold of significance
(the 5%-threshold number of occurrences of a quintuplet in ciRs being equal to
129126/1024+1.6 x 11¼144) of an unrandom frequency of common triplets
(Figure 7.11). The occurrence numbers of the 22 successive quintuplets of AL inside
the sequence ciRs7 of length 129126 have the following values, with the local max-
ima in red:

uucaa (Tψ-loop) 250 ucaag 154 caaga 146 aagau 163 agaug 163 gauga 122 augaa
211 ugaau 238 (articulation loop) gaaug 152 aaugg 145 auggu 156 (D-loop)
uggua 120 gguac 62 guacu 90 uacug 143 acugc 129 cugcc 160 (anticodon-loop)
ugcca 155 gccau 121 ccauu 198 cauuc 155 auuca 206.

The similarity between the function of circular RNAs, tRNAs and the sequence AL
could come from the fact that they are all concerned by the protein synthesis, directly

(a) (b) (c) (d)
FIGURE 7.11

Relative frequencies of AL quintuplets in word matches, with Rfam sequences (Griffiths-
Jones et al., 2005) in gray and ciRs7 sequence in red. For better comparison, the values
have been normalized into the [0,1] interval by dividing by the maximal frequency (250/
129126 for ciRs7). (a) The line is the (also normalized) distance of each base of AL with
respect to the two interbase positions marked in (b); (c) shows the circular sequence of AL,
with the correspondence with the tRNA loops; (d) shows the values graphed in (a) as
shades of gray on the hairpin form of AL (Demongeot, 1978), with white and black
representing the minimum and maximum values, respectively.
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for the tRNAs and its ancestor AL, and indirectly, by inhibiting translational inhib-
itors as the microRNAs. This functional proximity could explain the frequent pres-
ence as relics of subsequences of AL inside the ciRs and tRNAs.

In the case of the tRNAs, the similitude concerns the conserved (inside and
between species) bases of their loops (cf. Figure 7.12 and Alexander et al.,
2010; Brown et al., 1986; Demongeot and Moreira, 2007; Shigi et al., 2002;
Ueda et al., 1992; Yu et al., 2011), as well as of some particular tRNAs, such
as where the ordered sequences of the loops is identical to AL except for two bases
(Demongeot and Moreira, 2007).
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Texte intégral

1. Introduction
La  simplexité  peut  être  considérée  comme  l’émergence  de
nouvelles  fonctionnalités,  issues  des  interactions  entre
sous-systèmes  (ou  modules)  d’un  système  complexe  :  elle
apparaît  ainsi  comme  l’ultime  avatar  de  la  complexité,  ce  qui
permet  de  la  définir,  sans  rupture  épistémologique  avec  le
courant scientifique des systèmes complexes, comme la tendance
qu’a  la  nature  de  sélectionner  les  fonctions  vitales  des  êtres
vivants, en particulier celles les plus utiles à la spécificité et à la
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2. Simplexification dans les systèmes
dynamiques complexes

– la projection sur une variété de l’espace d’état de vitesse lente
(« central manifold ») ;

survie d’une espèce, dans la catégorie des mécanismes simples à
déclencher, à contrôler et à maintenir.
Nous  prendrons,  comme  premier  exemple  de  notre  thèse,
l’évocation mnésique, qui permet la reconnaissance rapide d’un
mot ou d’une image, nécessaire à son identification contextuelle
ultérieure (permettant de comprendre le discours d’un locuteur
et  de  lui  répondre)  ou à  un comportement  réflexe,  sans  étape
sémantique  préalable  (permettant  la  fuite  devant  l’image  d’un
prédateur, ou, à tout le moins, l’amorce d’un réflexe primaire, par
exemple  par  adaptation  pupillaire  ou  changement  du  focus
binaural). Cet exemple permettra de mettre en lumière un mode
de simplexification fréquent dans le système nerveux, impliquant
un  triple  mécanisme  de  projection  sur  une  variété  lente  de
l’espace  d’état  du  réseau  de  neurones  impliqué,  de
moyennisation,  et,  enfin,  de  synchronisation  des  activités  des
nombreux modules supposés identiques de ce réseau.
Le  second  exemple  concerne  la  réduction  du  nombre
d’attracteurs dans les réseaux de contrôle immunologiques, due à
la coalescence de réseaux de contrôle génétiques tangents en un
de leurs sommets, représenté par un gène critique pour l’unicité
de la fonction contrôlée, à savoir le gène de la recombinase RAG,
qui  permet  la  création  de  néo-gènes  immuns  dans  le
chromosome 14 de mammifères tels que la souris et l’homme. Cet
exemple  met  en  évidence  l’importance  des  circuits  dans  le
contrôle dynamique de l’expression génétique.
Le dernier exemple montre l’existence d’une optimisation de la
forme globale d’une cellule ou d’un tissu, qui reçoit ses éléments
nutritifs à travers sa surface externe, tendant ainsi à optimiser le
rapport S/V de leur surface externe S à leur volume interne V. Ce
mécanisme provoque à la fois la division cellulaire et l’arrêt de la
croissance du tissu, pour une valeur critique de S/V, fixant ainsi
la taille « adulte » de l’organe concerné.

Le  processus  de  simplexification  d’un  système  dynamique
complexe, formé de sous-systèmes (ou modules) en interaction,
fait intervenir divers mécanismes, parmi lesquels on peut retenir
les suivants :
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–  la  moyennisation  modulaire  et  le  passage  à  la  limite
thermodynamique (« mean field » et loi
des  grands  nombres),  dans  le  cas  de  systèmes  composés  de
multiples modules identiques ;
– le codage dynamique et la synchronisation de sous-systèmes ou
modules (« phase locking ») ;
–  la  réduction  dynamique  par  coalescence  d’architectures  de
régulation génétique en interaction (« tangent circuits ») ;
– l’optimisation d’une fonction de coût « universelle » (comme
l’index « Cell Surface/Volume Ratio », pour les cellules et tissus).

3. Synchronisation et évocation mnésique

– les interactions lentes, dues aux synapses à récepteurs NMDA,
dont la densité est élevée dans la région Cyto-Architecturale CA1
de  l’hippocampe.  Ces  interactions  génèrent  des  potentiels
post-synaptiques  excitateurs  et  s’accompagnent  d’entrée  de
calcium dans les neurones CA1, stimulant ainsi la CAM-kinase 2,
protéine  kinase  activée  par  le  couple  Calcium-Calmoduline,  et
impliquée dans le phénomène lent, dit LTP, de potentialisation à
long terme,  qui  constitue le  mécanisme de base des  processus
d’apprentissage et de mémorisation.
– les interactions rapides, dues aux synapses à récepteurs de type
GABAergiques  (inhibiteurs),  ou  Dopamine-,  AMPA-  et  kaïnat-
ergiques  (activateurs)2.  Ces  interactions  permettent  l’évocation
mnésique, avec possibilité (I) de distinction entre des souvenirs
proches  dans  leur  séquence  de  codage  et  leur  acquisition
contextuelle,  et  (II)  de  complétion  par  une  connaissance
pré-existante  associée.  La  région  CA3  maintient  la  balance
dynamique entre ces deux processus duaux3.

Comment coder une information de type chaîne de caractères,
image  ou  son,  dans  la  trajectoire  asymptotique  d’un  système
dynamique,  et  comment  retrouver  cette  information à  la  suite
d’un stimulus provoquant son évocation ? Pour répondre à cette
question,  nous  prendrons  pour  exemple  le  réseau
hippocampique,  dans  lequel  s’exercent  les  deux  fonctions
mnésiques  de  stockage  à  long  terme et  de  requête  (volontaire
consciente ou réflexe post-stimulus) d’informations mémorisées.
Nous considérerons deux types d’interaction1 :

Nous retiendrons la structure classique4 des interactions rapides
entre  les  régions  CA1  et  CA3,  par  l’intermédiaire  de  la  boucle
poly-synaptique passant par le Gyrus Denté (DG), le SuBiculum
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Figure 1a

En  haut  :  représentation  schématique  de  la  boucle  (Cortex
Entorhinal  EC/SB-SuBiculum-Gyrus  Denté  DG/IN
InterNeurones-CA3-CA1-SB/EC)  par  une  chaîne  de  régulons
négatifs (circuit minimum comportant un circuit négatif et deux
circuits  positifs),  où  X1  (resp.  X2)  représente  l'activité  des
neurones CA3 (resp. CA1). La photographie centrale représente
l'anatomie de l'hippocampe dans son contexte, avec les groupes
neuronaux CA3, CA1, DG/IN, EC et SB.

En bas : organisation modulaire, avec l’exemple d’un module M2
hippocampique.

(SB) et le cortex entorhinal (EC), que l’on peut résumer sur la
Figure 1.
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Figure 1b.

Système d’équations différentielles ordinaires,  dites de Wilson-
Cowan5.

En  l’absence  de  synchronisation6,  et  en  supposant  que  leurs
conditions initiales ont été choisies uniformément au hasard, les
modules  régulons de la  Figure 1  ne  sont  pas  en phase,  ce  qui
signifie  que  leur  moyennisation  «  verticale  »,  obtenue  par
passage à la limite thermodynamique (i.e., lorsque le nombre des
modules tend vers l’infini, ce qui est une bonne approximation du
grand nombre de modules observés dans l’hippocampe) donne
un signal moyen égal à la moyenne temporelle « horizontale » de
leur  activité.  Nous  modéliserons  cette  activité,  sur  la  variété
rapide de l’espace d’état du système, par le système d’équations
différentielles  ordinaires,  dites  de Wilson-Cowan,  donné sur la
Figure 1b,  dans lequel  le  terme k  traduit  le  couplage entre les
modules, b (resp. 1/a) est un paramètre qui règle la raideur de la
fonction tangente  hyperbolique à  l’origine,  donc l’intensité  des
activités synaptiques inhibitrices ou activatrices (resp. l’intensité
de la protéolyse) des neurotransmetteurs.
Ce système est  proche,  si  l’on développe en série les fonctions
tangentes  hyperboliques  (supposées  quasi-linéaires  à  l’origine)
pour  les  faibles  valeurs  de  b  (en  supposant  les  activités  Xi

comprises entre 0 et 1), de la famille des systèmes dynamiques
apparentés au système de Liénard7 : dx/dt=y, dy/dt=g(x)+f(x)y,
où g et f sont des polynômes. Cela permet de réunir les équations
classiques de van der Pol, de FitzHugh-Nagumo (approximation
2D de Hodgkin-Huxley) et de Hopfield dans un même ensemble
d’équations  exprimant  les  interactions  entre  modules  d’un
système  complexe,  ici  neuronal,  et  génétique  dans  les
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Figure 2.

Représentation  simplifiée  des  systèmes  dynamiques  (en
périphérie) apparentés au système de Liénard (au centre).

Figure 3.

Réseau  isochrone  du  système  de  Wilson-Cowan  (à  gauche)  et
valeur (entre 0 et 2π) du déphasage consécutif à une perturbation
P du point de phase φ du cycle limite C de l’oscillateur.

paragraphes suivants (Figure 2).

La synchronisation de modules identiques, dont la dynamique est
gérée par les équations de Wilson-Cowan, est étudiée à l’aide de
son  réseau  de  fibres  isochrones,  ou  isochron  (Figure  3).
L’isochron  de  phase  φ  d’un  oscillateur  de  cycle  limite  C,  est
l’ensemble  des  conditions  initiales  ayant  une  dynamique
asymptotique en phase avec la trajectoire issue, au temps 0, d’un
point de C ayant une phase initiale φ, dans la période, ramenée à
2π, de l’oscillateur.
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Figure 4.

Fibrations transverses isochrone et trajectorielle du système de
Wilson-Cowan (en haut à gauche) ;  perturbations instantanées
désynchronisante (A) et  synchronisante (B),  avec les translatés
correspondants du cycle-limite, τA(C) et τB(C), symbolisés par des
cercles  (en  haut  à  droite)  ;  profils  temporels  en  absence
d’interaction intermodulaire, en cas de perturbations de type A et
B (en bas à gauche) et en présence d’interaction intermodulaire
(k = 0.1, en bas à droite), avec indication du seuil de conscience
du  comportement  de  persévération  (à  gauche)  et  de
désynchronisation (à droite).

Une  perturbation  instantanée  du  système,  représentée  par  un
vecteur translation dans l’espace d’état de l’oscillateur, peut être
synchronisante, si elle envoie tous les points du cycle limite C de
l’oscillateur  entre  deux  isochrons,  ou  au  contraire
désynchronisante  si  le  translaté  du  cycle,  noté  τ(C),  intersecte
beaucoup  d’isochrons  (Figure  4).  Supposons  que  cette
synchronisation  soit  obtenue  par  une  cascade  de  stimulations
répétées  régulièrement,  aux  bornes  d’intervalles  successifs  de
durée T. Soit le niveau de gris Gi,j (supposé normalisé entre 0 et
2π) du pixel (i,j), issu des N pixels d’une image : Gi,j = gi,j2π/N, où
gi,j est un entier entre 0 et N. Supposons que ce niveau de gris Gi,j

soit codé dans un sous-ensemble de n oscillateurs identiques de
Wilson-Cowan, par le gi,j

ème point, de phase Gi,j2π/N, dans l’ordre
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Figure 5.

Synchronisation progressive, par perturbations répétées de type
B à intervalles  de temps constants  de durée T (en haut),  avec
codage du niveau de gris par la phase finale observée en retour
après une perturbation instantanée de l’image d’un chat dans une
grille d’oscillateurs de Wilson-Cowan, de cycle limite C.

de description temporelle des N points du cycle limite, de phases
successives 0, 2π/N, 4π/N, 6π/N, …, (N-1)2π/N).
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Figure 6.

Sommation, donnant un signal constant, des signaux temporels
d’activation de modules désynchronisés (à gauche) ; sommation,
en cas de synchronisation, révélant la « mélodie » sous-jacente (à
droite).

Pour évoquer le niveau Gi,j  du pixel  (i,j),  on devra appliquer à
l’état initial du réseau constitué des oscillateurs ayant des phases
équi-réparties entre 0 et 2π (état désynchronisé de repos, Figure
6 à gauche), une stimulation synchronisante sur l’axe horizontal
des X (intensité des neurones de la zone CA3, qui reçoivent et
traitent,  de  manière  multi-modale  et  rapidement  apprise,  les
afférences sensorielles, en particulier celles de l’aire 17 optique8) :
elle enverra chacun des oscillateurs au voisinage de l’isochron de
phase  Gi,j  (état  synchronisé  excité,  Figure  6  à  droite),  selon le
schéma  de  la  Figure  5.  On  suppose  donc  que  l’évocation  de
l’image de chat résulte de N stimulations (résultant de l’excitation
par  les  N  pixels  de  l’image)  des  n  modules  d’un  système  de
Wilson-Cowan,  initialement  dans  l’état  de  repos.  La  phase
d’apprentissage  de  la  «  phasotopie  »  de  la  fibration isochrone
peut  se  faire  par  présentation  précoce  répétée  de  l’image,
stabilisant  l’intensité  de  la  réponse  des  neurones  de  CA39.  La
désynchronisation  sera  obtenue  naturellement  par  le  couplage
des  oscillateurs  des  modules,  qui  seront  remis  à  leur  activité
constante de repos (Figure 6).
L’exemple  ci-dessus  permet  d’identifier  le  pouvoir
« simplexificateur  »  de  la  synchronisation,  qui  «  verrouille  en
phase » des activités  neuronales  codant des intensités  de gris,
dans  des  zones  neuronales  hippocampiques  en  homotopie  de
projection  avec  des  zones  de  stimulation  de  l’aire  17  optique,
elles-mêmes homologues des zones rétinotopiques périphériques.
Un  tel  pouvoir  devrait  pouvoir  faire  l’objet  de  réalisations
hardware  neuromimétiques,  dans  lesquelles  la  recherche
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4. Réduction dynamique en immunologie

d’information  par  RAM  (Random  Access  Memory)  dans  des
mémoires  statiques  serait  remplacée  par  la  perturbation
(éventuellement en cascade, pour augmenter la synchronisation,
donc l’intensité  du signal  mnésique)  de mémoires  dynamiques
déphasées à l’état de repos et stimulées par une entrée de type
image,  son  ou  chaîne  de  caractères,  le  protocole  d’I/O
(Input/Output)  étant  numérisé  et  programmé,  ou  étant
analogique.
La  requête  d’information  par  un  tel  processeur  à  mémoire
dynamique  aurait  ainsi  beaucoup  d’analogie  avec  le  processus
d’évocation mnésique émergente hippocampique et  permettrait
de  modéliser  les  processus  attentionnels,  en  ne  synchronisant
qu’une  partie  du  message  (image  ou  signal)  évoqué10,  qui  est
alors seul à passer le seuil de conscience (Figure 4). Il pourrait
également  simuler  les  phénomènes  pathologiques  de
«  persévération  »  dans  la  synchronie,  qui  ne  permettent  pas
l’alternance physiologique rapide des phases de synchronisation
et désynchronisation, nécessaires à la compréhension de stimuli
successifs polysémiques, dans la fluidité d’évocations successives.
De tels comportements de persévération sont observés dans des
maladies dégénératives, comme la maladie d’Alzheimer.

Considérons,  de  manière  générale11,  un  réseau  de  contrôle
génétique (ou métabolique)  :  il  possède,  comme sommets,  des
gènes (resp. protéines) et, comme arcs, des liens correspondant à
des  interactions  d’inhibition (resp.  activation),  exercés  par  des
complexes  protéiques  répresseurs  (resp.  inducteurs)  de
l’expression  génique,  ou  par  des  substrats  activateurs  (resp.
inhibiteurs)  d’une  activité  fonctionnelle  enzymatique,
transporteuse, réceptrice, …
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Figure 7.

Architecture générale d’un réseau de contrôle génétique, avec sa
structure arborescente

– une arborescence initiale,  faite  d’arbres  sources,  partant  des
gènes qui n’ont pas d’antécédents dans le réseau (gènes sources) ;
– une arborescence terminale, faite d’arbres puits, aboutissant à
des  gènes  qui  n’ont  pas  de  successeurs  dans  le  réseau  (gènes
puits) ;
–  entre  les  deux,  des  composantes  fortement  connexes,  c’est-
à-dire  connexes  et  maximales  :  connexes,  car  composées
uniquement de circuits (chemins d’interaction fermés, dont les
deux  extrémités  sont  identiques)  ;  et  maximales,  car  non
contenues  dans  une  composante  connexe  strictement  plus
grande.  Elles  sont  faites  d’un  circuit  isolé,  ou  de  grappes  de
circuits  tangents  (un  seul  gène  commun)  ou  intersectés  (plus
d’un gène commun) (Figure 7), pouvant être une arborescence de
grappes dépendantes, situées hors de la composante source, mais
non isolées.

L’architecture  générale  du  réseau  consiste  en  trois  parties
principales (Figure 712) :

Seules  les  composantes  fortement  connexes  peuvent  avoir
plusieurs  configurations  attractantes,  une  fois  fixées  leurs
conditions initiales et les états des gènes qui les précèdent dans
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Figure 8.

Action de la recombinase, qui excise la boucle d’ADN contenant
une partie des gènes V et J du chromosome 14 de la souris ou de
l’homme, pour constituer un nouveau gène immun.

leurs arbre sources. Les états des arbres sources dépendent des
états des gènes sources, et ceux des arbres puits dépendent des
états  des  composantes  fortement  connexes.  La  syntaxe
« grammaticale » dynamique générale d’un réseau est telle qu’un
groupe  contextuel,  arbre  source,  instancie  un  attracteur  du
groupe « verbal », composante fortement connexe, qui agit sur
un  groupe  objet,  arbre  puits,  pour  en  fixer  la  configuration
attractante,  fixe  ou périodique  (cycle  limite).  Dans  le  cas  d’un
cycle limite, si l’on considère qu’il y autant d’oscillateurs que de
cellules  qui  expriment  cet  attracteur,  le  signal  global
correspondant à une expression synchrone, par ces cellules, de la
fonction codée par cet attracteur, est la résultante d’une mise en
phase provoquée par une stimulation « évocatrice », comme dans
le paragraphe précédent. La simulation de l’expression globale du
réseau peut s’effectuer avec une règle de mise à jour des gènes
parallèle ou séquentielle, ou guidée par l’horloge chromatinienne,
qui est une mise à jour endogène, dépendant de l’état de certains
gènes  régulateurs  temporels  (histone-acétyltransférases,
endonucléases, hélicases, réplicases, ligases, polymerases, …).

Considérons  à  présent  le  réseau  de  contrôle  du  gène
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Figure 9.

Histogramme des fréquences de recombinaison entre les gènes V
et  J  du  chromosome  14  de  la  souris,  dans  les  lymphocytes  T
circulants du système immunitaire périphérique (à gauche) et les
thymocytes du système embryonnaire thymique (à droite).

Recombinase RAG, qui assure la recombinaison des gènes de la
zone V et de la zone J, pour donner les gènes des récepteurs α des
lymphocytes  T  (TCRα)  dans  le  chromosome  14  de  la  souris
(Figure  8)  et  de  l’homme13  :  la  protéine  RAG excise  la  boucle
d’ADN contenant une partie des gènes V et J, pour reconstituer
un nouveau gène immun, à condition que le triplet  du gène V
commençant ce gène et celui du gène de la zone J le terminant
soient en phase de part et d’autre de la coupure.

La  diversité  de  cette  production  de  néo-gènes  immuns  est
montrée  sur  la  Figure  9  (gènes  immuns  de  souris),  où  sont
confrontées  la  diversité  résiduelle  du  répertoire  périphérique
(dans  les  lymphocytes  T  circulants)  et  la  distribution  des
recombinaisons  V-J  possibles,  pour  deux  gènes  V1  et  V21,
montrant la combinaison préférentielle des gènes V et J distaux
(par  rapport  à  la  coupure),  ainsi  que  celle  des  gènes  V  et  J
proximaux.
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Figure 10.

Réseau  de  contrôle  de  la  Recombinase  RAG,  avec  2  circuits
négatifs tangents de taille 2 (en rouge) et 6 (en bleu) et 2 gènes de
contrôle, inhibiteur Notch/CSL et activateur GATA-1 (en brun) 14.

Le réseau de contrôle de la Recombinase RAG possède, comme
dans  l’architecture  générale  de  la  Figure  7,  une  arborescence
source, une arborescente puits, et deux circuits négatifs tangents,
de  taille  respectivement  2  (en  rouge)  et  6  (en  bleu),  dans  la
composante fortement connexe isolée dans la Figure 10.
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Figure 11.

Nombre  d’attracteurs  de  deux  circuits  négatifs  tangents  de
longueurs  6  et  2,  mis  à  jour  en  mode synchrone (en bleu,  en
haut)  ;  en bas,  nombre d’attracteurs  de  période p  d’un circuit
négatif isolé de longueur n, mis à jour en mode synchrone, pour
les longueurs 6 (en bleu, en bas) et 8 (en vert, en bas).

Le nombre d’attracteurs de la composante fortement connexe est
donné (en bleu) dans la Figure 1115 : il est égal à 1 dans le cas des
circuits négatifs tangents de taille 6 et 2, et il aurait été de 6 dans
le cas de circuits isolés, et de 16 dans le cas d’un unique circuit
négatif  de taille  6+2=8 (en vert).  Cette unicité,  dans le  cas du
réseau de contrôle de la RAG, permet donc d’observer seulement
(I)  un  seul  attracteur  périodique  1100,  constitué  des  états
successifs  de la  RAG exprimé/exprimé/silencieux/silencieux,  si
les  gènes  de  contrôle  sont  silencieux  ;  (II)  un  seul  état
stationnaire de Recombinase RAG, égal à 1 (état exprimé), si le
gène de contrôle  activateur  GATA-1 est  exprimé et  l’inhibiteur
Notch/CSL  silencieux  ;  (III)  un  seul  état  stationnaire  de  la
Recombinase  RAG,  égal  à  0  (état  silencieux),  si  GATA-1  et
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5. Optimisation en morphogenèse

–  (I)  le  développement  de  l’organe  (et  donc  de  l’organisme),
jusqu’à  l’obtention  de  sa  fonction,  phase  dans  laquelle  la
prolifération et la diffusion dominent les processus réactionnels
cellulaires endogènes spécifiques de cette fonction ;
– (II) le maintien de l’état adulte, dans une homéostasie appelée
maintien du « moule intérieur » par Buffon, phase dans laquelle
la  prolifération  est  équilibrée  par  l’apoptose  et  où  l’exérèse
accidentelle  du  tout  ou  d’une  partie  d’un  organe  est
intégralement  ou  partiellement  compensée  (méro-  ou
apo-catagenèse18) ;
– (III) le contrôle du vieillissement, en évitant les discontinuités
des pertes totale ou partielle de la fonction, phase dans laquelle
dominent  les  processus  de  réparation  et  de  prévention  de
néogenèses anarchiques.

Croissance Diffusion Vieillissement Chimiotaxie Haptotaxie Convection Différentiation

∂u/∂t = DΔu - β∂u/∂a + ∇(u∇c(u)) + ∇(u∇h(z)) - ∇(uv) - 2(1-Q)βu,

Notch/CSL sont exprimés. Le « double-pédalage » spécifique du
contrôle  de  la  Recombinase  RAG,  joint  aux  propriétés
combinatoires  générales  de  l’architecture  des  circuits  tangents,
permet  ainsi  de  simplifier  la  fonction16,  tout  en  assurant  sa
robustesse17.

Les  processus de morphogenèse font  intervenir  des  opérations
endogènes complexes, sous le contrôle de réseaux de régulation
génétique  spécifiques,  composés  de  morphogènes  et  sous
l’influence  de  champs  exogènes  physico-chimiques
(chimiotactiques,  haptotactiques,  électro-magnétiques,
gravitationnels,  lumineux,  fluidiques,  …).  La  diffusion  des
éléments  physico-chimiques  internesconstituant  le  champ
externe,  jointe  aux  réactions  propres  aux  processus  vivants
interne, constitue le moteur de la morphogenèse, qui remplit 3
objectifs, consistant à assurer :

Dans la phase de développement, l’action des champs externes et
la  diffusion  doivent  équilibrer  la  production  de  structures
dissipatives  par  les  réactions  cinétiques  endogènes.  Si  u(s,a,t)
dénote  la  densité  des  cellules  d’âge  a,  situées  en  un  point  de
l’espace s, à l’instant t, et si B(ε,a,t) dénote la courbe de niveau
définie par u(s,a,t)=ε, alors la dynamique morphogénétique peut
être définie par une équation générale du type19 :

Complexité-Simplexité - La simplexité, ultime avatar de la c... http://books.openedition.org/cdf/3393

16 sur 32 06/12/14 10:20



24

où 1/D est la viscosité, (1-β) le taux de mortalité, v la vitesse du
fluide  externe,  c  la  fonction  de  sécrétion  chimiotactique,  z  la
densité de la matrice extracellulaire, h la fonction haptotactique
et (1-Q) un taux de différentiation. À la limite supérieure M de
l’âge cellulaire,  on utilise la  loi  de prolifération,  appelée loi  de
Thom,  ou  règle  de  division  en  fonction  du  rapport
Surface/Volume cellulaire20 :

u(s,1,t) = ∫1
M2QßCε(s,a,t)u(s,a,t)da,

où Cε(s,a,t) est la courbure de B(ε,a,t) en s.

Figure 12.

Réseau de contrôle de la production de Myosine (Myo), avec deux
circuits  positifs  de  taille  1,  un  circuit  négatif  de  taille  2  et  un
circuit positif de taille 3 dépendant de ceux-ci.

Le  fait  que  la  division  cellulaire  soit  liée,  dans  sa  régulation
épigénétique,  à  la  courbure  des  frontières  où  se  fait  la
nutrition/excrétion permet à l’organe d’adapter le flux nutritif au
volume à nourrir (anabolisme) et/ou drainer (catabolisme). Cette
adaptation  de  la  forme organique,  pour  accomplir  de  manière
optimale  une  fonction,  peut  être  considérée  comme  un  des
phénomènes  centraux  de  la  simplexité  morphogénétique.  Ce
processus  est  également  soumis  à  un  contrôle  génétique,  et
l’exemple de la gastrulation est, sur ce plan, démonstratif.
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Figure 13.

Diffusion  de  la  myosine  (en  haut,  en  bleu)  provoquant  la
contraction cellulaire et la formation du sillon ventral gastrique
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(au  milieu).  Division  cellulaire  dépendant  de  la  courbure  (en
bas).

Nous  suivrons  les  travaux  expérimentaux  de  référence21,  qui
décrivent la première étape de formation du sillon ventral chez la
drosophile,  préalable  à  la  formation  du  tube  gastrique.  La
production  progressive  de  myosine,  contrôlée  par  un  réseau
impliquant de nombreux gènes régulateurs (Figure 12), apparaît
initialement  comme  une  fluctuation  aléatoire  dans  une  zone
centrale  du  cylindre  embryonnaire,  diffusant  ensuite  vers  ses
extrémités  (Figure  13).  La  myosine  provoque  une  contraction
cellulaire,  qui,  compte  tenu  des  contraintes  exercées  sur  les
parois de l’embryon, provoque une invagination, en l’absence de
prolifération cellulaire,  d’abord aux extrémités,  puis ensuite au
centre  de  la  surface  embryonnaire,  phénomène  que  l’on  peut
simuler22.
La régulation génétique de la gastrulation s’exerce à travers un
circuit négatif de taille 2 (Figure 12), qui a un seul attracteur cycle
limite de période 4, 1100 pour les états successifs de DRho, dont
dépend  un  circuit  positif  de  taille  3,  qui  a  un  comportement
périodique dépendant de ce cycle limite (0110 pour Rho)23.  La
présence  des  2  circuits  positifs  de  taille  1  représente  l’auto-
activation des gènes de l’ATPase et de la DiNucléotide Phosphate
Kinase  (DNKP),  ce  qui  permet  d’avoir  en  tout  4  attracteurs,
correspondant  aux  4  états  de  différenciation  des  cellules
constituant  la  paroi  du  futur  tube  gastrique,  issu  de  la
gastrulation.  L’expression  du  réseau  de  contrôle  de  la
gastrulation, comme celui du réseau précédent de contrôle de la
recombinase  RAG,  présente  donc  un  optimum  de
simplexification,  en  termes  d’architecture  de  son  graphe
d’interaction.
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Figure 14a

Cellule  en  bouteille  (flèche  blanche)  induisant  une  frontière
concave, prélude à la prolifération axiale du sillon (flèches noires)
et à la prolifération longitudinale faisant croître le stroma interne
(flèches rouges).
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Figure 14b.

Schéma des contours cellulaires AiBiCiDi, dont la division dépend,
dans les simulations, du signe de l’angle ai : la prolifération a lieu,
si ce signe est négatif (cellule « concave »).
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Figure 15

Apparition des premières divisions cellulaires (marquées en vert
au BRDU, en haut  à  gauche)  dans la  zone la  plus  concave du
sillon ventral gastrique (image microscopique en bas à gauche). À
droite : simulations.

Dans la phase non proliférante, les simulations des Figures 13 et
15  sont  effectuées  en respectant  les  règles  de  diffusion sur  les
surfaces  régulières,  discrétisées  dans  un «  mesh »  prenant  en
compte chaque cellule à travers le cytosquelette de tubuline et du
réseau d’acto-myosine. Le bilan des contractions cellulaires fait
apparaître,  dans  les  simulations  comme  dans  la  réalité,  la
formation du sillon ventral gastrique aux extrémités du cylindre
embryonnaire, l’invagination s’étendant, dans un second temps, à
la partie centrale. De plus, les cellules ectodermiques profondes
des extrémités  du sillon devenant  concaves,  elles  se  mettent  à
proliférer,  en  majorité  par  des  divisions  axiales  (Figure  14),
comme cela est prouvé expérimentalement par fluorescence du
BRDU (5-bromo-2’-deoxyuridine) (Figure 15), provoquant alors
la  fermeture  progressive  du  sillon,  qui  devient  ainsi  le  tube
gastrique24.
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6. Résonance entre réseaux

L’exemple  de  la  gastrulation  montre  que  l’application  d’un
principe  variationnel  simple,  consistant  à  optimiser  la  surface
nutritive d’une cellule ou d’un organe en fonction du volume à
nourrir,  suffit  à  expliquer  la  formation  d’une  structure
importante, qui représente la deuxième brisure de symétrie du
processus de développement de l’embryon : la première est une
rupture  de  symétrie  sphérique,  due  au  contact  entre  la  coiffe
(acrosome) du spermatozoïde et la membrane pellucide de l’œuf,
permettant l’apparition de l’axe céphalo-caudal.  La seconde est
ici  la  rupture  de  la  symétrie  de  révolution  du  cylindre
embryonnaire, et l’apparition du premier tube de l’organisme, le
tube  gastrique,  qui  permettra  sa  nutrition,  en  changeant
l’homotopie sphérique de l’embryon en une homotopie torique,
spécialisant ainsi la surface externe pour les échanges gazeux et
liquidiens  de  la  thermorégulation  (ectoderme)  et  la  surface
interne pour les échanges alimentaires (endoderme), les cellules
mésodermiques  entre  ces  surfaces  étant  responsables  du
maintien de la forme globale de l’organisme. La structure torique,
qui  n’est  pas  de  révolution,  mais  appartient  à  une  classe
d’homotopie différente de celle du cylindre, sera ensuite brisée de
nombreuses fois, en particulier par la seconde structure canalaire
de  l’organisme,  le  tube  neural,  nécessaire  à  la  commande
nerveuse  centrale,  permettant  par  exemple  la  locomotion
contrôlée par la vision (activité sensorimotrice utilisant dans les
deux sens le support de la moelle épinière, située dans ce tube
neural), ainsi qu’aux activités réflexes médullaires. La succession
de  ces  brisures  de  symétrie  peut  être  considérée  comme  une
phase cruciale du développement, relevant de la simplexification
de la forme d’un organe, afin d’en optimiser la fonction.
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Figure 16.

Coalescence  du  réseau  de  contrôle  central  Engrailed  et  des
réseaux  RAG  Myosine,  Hippocampe  et  Cycle  Cellulaire.  Les
flèches  rouges  (resp.  vertes)  correspondent  à  des  activations
(resp. blanc inhibitions).

Les réseaux de régulation qui ont été considérés dans cet article
sont  en  fait  interconnectés  et  leur  coalescence  globale  en  un
réseau  supérieur  permet  d’étudier  l’intrication  de  fonctions
primaires  participant  à  une  régulation  d’ordre  supérieur.  Un
exemple est donné par le contrôle de la taille d’un organe à l’état
adulte :  le  réseau de contrôle du cycle cellulaire est  activé par
l’une  des  protéines  anti-tumorales  ubiquitaires  majeures,  p53
(Figure  16,  rectangle  bleu),  qui  active  périodiquement  le
processus linéaire d’apoptose, de manière à juste compenser le
processus exponentiel de mitose, afin de conserver le nombre de
cellules  d’un tissu25.  Cette  protéine  est  sous  la  dépendance  du
réseau  central  de  régulation  Erk-Engrailed,  qui  participe
également, via le gène Elk, au contrôle des canaux potassiques
permettant le fonctionnement du circuit négatif hippocampique
de la Section 3, nécessaire à l’évocation mnésique. Enfin, Egfr est
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7. Conclusion

– fonction cognitive de l’évocation mnésique ;
–  contrôle  de  la  diversité  des  gènes  des  récepteurs  α  des
lymphocytes  T,  responsable  de  la  richesse  des  capacités  de
réponse immunologique ;
–  apparition  de  phénomènes  dynamiques  primitifs,  comme  la
gastrulation, étape cruciale de la morphogenèse.

activé par Rho26 et Engrailed est inhibé par Notch chez la souris27

et la drosophile28. Notch inhibe également le réseau de contrôle
de la Recombinase RAG (Figure 9).
L’existence d’un petit nombre de gènes dans les arbres sources
(en général inhibiteurs, que ce soient des gènes véritables ou de
petits  ARN,  eux-mêmes  inhibés  par  des  ARN  circulaires
cytoplasmiques  comme  ciRS7),  responsables  du  faible  nombre
final  d’attracteurs  du  réseau  global,  permet  de  penser  que  la
simplicité de l’architecture de haut niveau est la condition de la
simplexité  des  processus  de  contrôle  génétique  mis  en  jeu.
L’existence  d’un  contrôle  inhibiteur  de  haut  niveau  dans  le
système nerveux central (comme l’inhibition corticale des noyaux
de la base) invite à considérer que ce mécanisme est général et
sélectionne  finalement  un  faible  nombre  d’attracteurs,  parmi
ceux générés par les circuits positifs internes des réseaux (comme
conjecturé  par  R.  Thomas29,  puis  démontré  ensuite
théoriquement30, optimisant ainsi le nombre de fonctions liées à
ces attracteurs (comme le proposait déjà M. Delbrück en 194931),
en  supprimant  les  attracteurs  inutiles  et  donc  leurs  fonctions
associées superflues.

En  conclusion  ,  nous  avons  vu  successivement  le  rôle  de  la
simplexité dans l’émergence de nombreuses fonctions cruciales
pour la survie d’un organisme :

Le  rôle  des  circuits  à  l’intérieur  des  systèmes  complexes
(neuronaux  ou  génétiques)  mis  en  jeu  dans  cette  émergence
fonctionnelle,  ainsi  que  dans  l’apparition  de  comportements
dynamiques  robustes  et  optimaux  des  cellules  et  des  organes,
soumis  à  des  principes  variationnels  d’optimisation,  permet
d’envisager la simplexité comme l’ultime avatar de la complexité,
et invite à chercher d’autres procédures simplexifiantes que celles
décrites  dans cet  article,  rendant  ainsi  l’étude de la  simplexité
duale et naturellement complémentaire de celle de la complexité.
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Abstract The problem of stability in population dynamics concerns many

domains of application in demography, biology, mechanics and mathematics. The

problem is highly generic and independent of the population considered (human,

animals, molecules,…). We give in this paper some examples of population

dynamics concerning nucleic acids interacting through direct nucleic binding with

small or cyclic RNAs acting on mRNAs or tRNAs as translation factors or through

protein complexes expressed by genes and linked to DNA as transcription factors.

The networks made of these interactions between nucleic acids (considered

respectively as edges and nodes of their interaction graph) are complex, but exhibit

simple emergent asymptotic behaviours, when time tends to infinity, called attrac-

tors. We show that the quantity called attractor entropy plays a crucial role in the

study of the stability and robustness of such genetic networks.
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1 Introduction

Since the beginning of the sixties, the problem of stability of the dynamics of a

population has been at the centre of the preoccupations of the demographists,

biologists, mechanical engineers and mathematicians. The problem of stability and

the related question of robustness of a dynamical system is generic and independent

of the population considered (human, animals, molecules,…). In this paper, we will

give in Sect. 2 the main definitions useful for understand the notions of stability and

robustness in population dynamics, and in Sect. 3 some examples of population

dynamics concerning nucleic acids interacting through direct nucleic binding with

small or cyclic RNAs (alone or linked to RNA-binding peptides) acting on mRNAs

or tRNAs as translation factors, and through protein complexes expressed by genes

and linked to DNA as transcription factors. The networks made of these interactions

between nucleic acids considered respectively as edges and nodes of their

interaction graph are complex, but exhibit simple emergent asymptotic behaviours,

when time tends to infinity, called attractor dynamics, or simply attractors. We show

in Sect. 4 that the quantity called the attractor entropy can play a crucial role in the

study of the stability and robustness of such genetic networks and we use this

quantity in Sect. 5, in order to study the asymptotic stability and the robustness of

the examples given in Sect. 3.

2 Different Definitions of the Notions of Attractor and Stability

Different acceptations of the notions of attractor and stability have been proposed

since 30 years, we recall now.

2.1 Definitions of the Notion of Attractor (Cosnard and Demongeot 1985a)

A trajectory x(a,t) in a state space E � R
n is the set of all states observed as time t

goes in time space T to infinity from the initial value 0, corresponding to the state

x(a,0) = a. The set of states visited when t tends to infinity is called the limit set of

the trajectory starting in a, and is denoted LðaÞ ¼ fy 2 E; 8e[ 0; 8t 2 T; 9sðe; tÞ
[ t=dðxða; sðe; tÞÞ; yÞ\eg. If the initial states lie in a set A, then L(A) is the union of

all limit sets L(a), for a belonging to A : L Að Þ ¼ [a2AL að Þ. Conversely, B(A),

called the attraction basin of A, is the set of all initial conditions outside A, whose

limit set L(a) is included in A:BðAÞ ¼ fy 2 EnA; L(y) � AÞg (Fig. 1).

The definition of the ‘‘shadow connectivity’’ comes from the notion of ‘‘shadow

trajectory’’, defined first by (Bowen 1978). The definition of attractor as a shadow

connected set A=L(B(A)) has a character of generality (available for all known

dynamical systems, in agreement with the common sense) and genericity

(meaningful for both discrete or continuous time sets T independently of the time

schedule, if the dynamical system is autonomous with respect to time t), contrary to

the other definitions, less general and more specific (Cosnard and Demongeot

1985a, b).
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2.2 Definition of Liapunov (or Trajectorial) Stability and Asymptotic Stability

(Liapunov 1992)

There exist several definitions of the stability of a dynamical system and we will

give hereafter the most useful:

(1) a trajectory x(a,t) is called Liapunov stable, if no perturbation at any time t

denoted b = x(a,t) ? e should be amplified: 8s [ t; dðx(a; s); x(b; s� t)Þ� e,

(2) a trajectory x(a,t) is called asymptotically stable, if any perturbation at any

time t is asymptotically damped: if b = x(a,t) ? e denotes the perturbed

state, lims!1d x(a; s); x(b; s� t)ð Þ ¼ 0.

2.3 Definition of the Structural Stability with Respect to a Parameter (Thom

1975)

A dynamical system whose trajectories xl(a,t) depend on a parameter l is called

structurally stable with respect to the parameter l, if no perturbation of l at any time

initial

E

State at time t

Attractor A

Attraction 
Basin B(A)

E

Fig. 1 Top left Attractor A as invariant set for the composed operator LoB. Top right shadow trajectory
between x and y in E. Bottom the attraction basin B(A) as the set of states located outside A, reached from
A after perturbation at time 0 and going back to A when t tends to ? ?
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can provoke a change in number or nature of its attractors (fixed attractor called

steady state, or periodic attractor called limit-cycle). The parameter l may

parametrize the state transition rule of the system or its architectural characteristics

(number of elements, intensity of interactions).

2.4 Definition of the Structural Stability with Respect to Updating Modes

(Aracena et al. 2013)

A dynamical system is called structurally stable with respect to updating modes, if

no disturbance in the updating schedule, e.g., by passing from the sequential mode

(in which nodes of the network are updated by the state transition rule one after the

other in a given order) to the parallel one (in which all the nodes of the network are

updated by the state transition rule at the same time) can change the number or

nature of its attractors.

2.5 Definition of the Resistance to Boundary Perturbations or Resilience (Meyn

2008)

A dynamical system having a frontier separating them from its environment is

resistant to boundary perturbations, if no perturbation in state or architecture of the

environmental elements can provoke a change in number or nature of its attractors.

2.6 Definition of the Robustness (Waddington 1942)

A dynamical system whose trajectories xp(a,t) depend on a parameter p is said to be

robust, if it is boundary resistant and structurally stable with respect to any

parameter or updating schedule perturbation. We will give in the next Section some

examples of robust and non robust biological networks, at different levels, genetic,

metabolic and physiologic. These networks can be decomposed following their

dynamical typology and we can distinguish between 4 categories of dynamics,

whose definition will be given hereafter:

• Potential (or gradient, or purely dissipative)

• Hamiltonian (or conservative)

• Mixed potential-Hamiltonian (MPH)

• MPH with principal potential part.

2.7 Definition of a Potential (or Gradient) Dynamics (Schey 1992)

A dynamical system has a potential dynamics if the velocity along its trajectories is

equal to the gradient of a scalar potential P defined on the state space E. If the system is

governed by a differential equation defining its state transition rule, we have:

dx(a; t)=dt ¼ �rP ¼ �gradP ¼ �oP=ox, where -qP/qx is the vector �oP=ox1;ð
. . .;�oP=oxnÞ and the state x is a vector of dimension n: x ¼ x1; . . .; xnð Þ. The system

is called dissipative, because the potential P decreases along trajectories until
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attractors which are located on the minima of P. There exists a discrete version of this

definition (Demongeot et al. 2006b).

2.8 Definition of a Hamiltonian dynamics (Audin and Babbitt 2008)

A dynamical system has a Hamiltonian dynamics if the velocity along its trajectories is

tangent to the contour lines projected on E from the surface representative of an energy

function H defined on E: dxlða; tÞ=dt ¼ tangH. If the dimension of the system is 2,

then tangH is equal to oH=ox2;�oH=ox1ð Þ. The system is said conservative, because

the energy function H is constant along a trajectory. There exists a discrete version of

this definition (Demongeot et al. 2013e).

2.9 Definition of a Mixed Potential–Hamiltonian Dynamics (Demongeot et al.

2007)

A dynamical system has a mixed potential-Hamiltonian dynamics if the velocity along

its trajectories can be decomposed into two parts, one potential and one Hamiltonian:

dx(a; t)=dt ¼ �gradPþ tangH. If the set of minima of P is a contour line of the surface

H on E, then its shadow connected components are attractors of the system.

2.10 Definition of a Principal Potential Part Dynamics (Krasnoselski 1968)

A mixed potential–Hamiltonian system has a principal potential part dynamics, if

the ratio tangHk k= gradPk k between the norms of the potential part and the

Hamiltonian one, tends to 0, when xk k tends to infinity.

3 Some Classical Results About Stability in Population Dynamics

3.1 Random Boolean Automata Networks and Markov Chains

3.1.1 Random Boolean Automata Networks. Definitions

During the eighties, numerous papers have been done about both deterministic and

random Boolean automata networks, notably about the threshold Hopfield like

automata networks. The application domain was initially neural networks, but

progressively the genetic regulatory networks became the first topic using this

mathematical tool, mainly under the appellation of genetic threshold Boolean

random regulatory networks (getBrens). The random Boolean automata network (X,

M) is defined by the state space X ¼ f0; 1gm
of its m Boolean automata and by a

transition probability Markovian matrix M, defined for each pair of states (x, y) in X,

by Mx,y(t) equal to the probability to pass from the state x to the state y at time t. We

suppose in the following that Mx,y is independent of t, i.e., remains constant at each

iteration of the network. We will use for defining M the classical framework of the

threshold Hopfield like automata networks, which gives for each automaton iði 2
f1; . . .;mgÞ the transition rule P

b
i;c giving the probability to get the state
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xi(t ? 1) = c in {0,1} for the automaton i at time t ? 1, from the configuration

x(t) = b in X:

8c 2 0; 1f g; b 2 X;Pb
i;c xi t þ 1ð Þ ¼ cjx tð Þ ¼ bf gð Þ

¼ exp c
X

j2Ni

wijbj � hi

 !,
T

" #,
1þ exp

X

j2Ni

wijbj � hi

 !,
T

" # !

The matrix W ¼ wij

� �
i;j¼1;...;m

defines the interaction weights wij representing the

influence the automaton j in the neighborhood Ni of i has on the automaton i, hi is

the activation threshold of the automaton i and T (called temperature with reference

to the models of statistical mechanics and neural networks) is a stochasticity

parameter. When T tends to infinity, P
b
i;c tends to 1/2 and the invariant Markovian

measure, notion which generalizes that of deterministic attractor (Goldstein 1981;

Goldstein and Penrose 1981; Demongeot and Jacob 1989; Tuljapurkar 1993; Jensen

et al. 2007; Elena and Demongeot 2008; Demongeot et al. 2012) tends to the

uniform probability distribution on X. When T tends to 0, the behaviour of the

Boolean random network becomes that of a deterministic Boolean network.

3.1.2 Relationships with Deterministic Boolean Automata Networks

The relation between random and deterministic Boolean automata is studied on a

simple example in which m = 4k2 automata are located on the 2d-grid f�k; k�1g2
,

where k is an integer and X ¼ f0; 1gm
. In Demongeot et al. (2008b) and Demongeot

and Sené (2008), is described the behaviour of a Hopfield random Boolean automata

network, notably in the case where interaction weights wij are isotropic and

translation invariant on the 2d-grid, as in Ising model.

On Fig. 2, is drawn in blue the phase transition line, on which both simulations

and theory proved the existence of multiple asymptotic behaviours, corresponding

to distinct invariant measures defined by initial and boundary conditions, e.g., the

coexistence of quincuncial configurations, when T = ??, u0 [ 0 and u1 \ 0 (cf.

Fig. 2 bottom right).

The inhibitory (u1 \ 0) and activatory (u1 [ 0) cases of the 2d-Hopfield model

correspond respectively to the repulsive and attractive cases of the 2d-Ising model.

A simple way to obtain the correspondence between random and deterministic

Boolean automata networks consists in forcing the interaction parameters u0 = wii/

T and u1 = wij/T to tend to infinity, by pushing the stochasticity parameter T to 0. In

these circumstances, the stochastic transition rule tends to the deterministic

weighted threshold majority rule and all the results obtained by counting attractors

provided by the couples of tangent circuits of this deterministic Boolean automata

network (Demongeot et al. 2012e) are totally in agreement with the existence of a

unique or multiple invariant measures in the random case: we see on Fig. 2 that

there is no contradiction between theoretical calculations of the number of attractors

of a couple of tangent circuits (Demongeot et al. 2012e) and the occurrence of

simulated or theoretically predicted phase transition on the grid (Demongeot and

Sené 2008; Demongeot et al. 2008b).
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3.2 Complexity and Stability in Markov Chains

In a Markov chain with transition matrix M, the complexity can be measured by the

evolutionary entropy (Demetrius et al. 2004) equal to the Kolmogorov-Sinaı̈ entropy

of the chain, defined by:

Fig. 2 Parametric conditions of phase transition (i.e., existence of multiple invariant measures) for the
2d-Hopfield model in the isotropic, translation invariant inhibitory (u1 \ 0) and activatory (u1 [ 0) cases
[after Demongeot and Sené (2008) and Demongeot et al. (2008b)]. The deterministic attractors obtained
for infinite values of the interaction parameters u0 = wii/T and u1 = wij/T are given on a m = 6 9 6 2d-
grid, and, for the stochastic case, the representation (in red) of the difference S between the probabilities
to have 1 or 0 at the central point of the grid (depending on the boundary conditions and parametric
values) has been calculated for a 2d-grid of size m = 131 9 131 (Demongeot and Sené, 2008) on the
(u00u1) parameter plane. The origin (in red) of the parametric plane (u00u1) corresponds to a temperature
tending to infinity and the invariant measure in this case is unique and equal to the uniform measure on
X = {0,1}m. The blue line and the horizontally hatched zone correspond to the existence of phase
transition. Tables [after Demongeot et al. (2012)] give the attractor numbers for couples of tangent
circuits identified on the grid: n denotes the gcd of sizes of positive circuits and p the period of these
attractors, when u0 ? 2du1 [ 0, u1 and u0 [ 0 (where P=0 corresponds to an empty attraction basin for
the fixed configuration) or, u0 ? 2du1 \ 0, u0 [ 0; r and l denote respectively the size of positive and
negative circuits, when u0u1 \ 0, u0 ? 2du1 [ 0, and of negative circuits, when u0 \ 0, u0 ? 2du1 \ 0.
(Color figure online)
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E ¼ �
X

x;y2X
lxMxyLogMxy;

where l denotes the equilibrium invariant measure of M (defined by its eigenvector

corresponding to the dominant eigenvalue 1). The concepts of stability and

robustness pertain to the capacity of a network to maintain its functionality in case

of random perturbations affecting respectively its dynamics (e.g., a change of initial

condition) and its internal organization (e.g., a change of parameter value). The

stability rate for the Euclidian norm between the initial and the perturbed invariant

measures can be quantified by �Logk2, where k2 is the subdominant eigenvalue of

M. We give now Propositions about the estimation of E in the Markovian case,

where we call attractors the final classes of the chain. We will denote in the fol-

lowing by El ¼ �Rx2XlxLoglx the entropy of the invariant measure l, by Px;y ¼
lxMxy the joined probability induced by the conditional probability Mxy and the

invariant measure l, and by lx � ly the Cartesian product of the invariant proba-

bilities lx and ly. We introduce now the Kullback–Leibler divergence dKL defined

between two measures l and m by:

dKLðl; mÞ ¼ �
X

x

lxLogðmx=lxÞ

Proposition 1 We can calculate: E ¼ El � dKLðPx;y; lx � lyÞ

Proof We have indeed:

E ¼ �
X

x;y2X
lxMxyLogMxy ¼ �

X

x;y2X
lxly Px;y=ðlxlyÞ

� �
LogðPx;y=ðlxlyÞÞ þ Logly

� �

¼ �
X

x;y2X
Px;y LogPx;y � LogðlxlyÞ
� �

�
X

y2X
lyLogly ¼ El � dKLðPx;y; lx � lyÞ

h

Let us do now 4 remarks:

(1) dKLðPx;y; lx � lyÞ is an index of dependence between the successive random

variables Xt and Xt?1 constituting the Markov chain.

(2) When the Markov is a Bernoulli shift, then all the lines of the transition

matrix ðMxyÞy2 X are the same and Xt and Xt?1 are independent. In this

particular case, we have: E = El. It is for example the case when the Markov

process represents the backward succession of the mother ages in the

genealogies of a population dynamics formalized by the Leslie model (Abbas

et al. 2009).

(3) Another circumstance in which E = El is observed in getBrens, when T is

tending to infinity, because both l and ðMxyÞy2X are then the uniform

distribution on X.

(4) On the contrary, E � 0, El � dKLðPx;y; lx � lyÞ when the asymptotic

measure l is uniform over the attractors, with a weak recurrence rate e for the
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not fixed configurations. For example, let us suppose that the genetic network

is made of 2 genes, i.e., X ¼ 0; 1f g2
, and that the network has one attractor,

the fixed point 01, with attraction basin {00}, and the invariant cycle (10,11).

Then, if e is sufficiently small:

final state 00     01    10    11
initial state 00

, µ = ( /3, (1- )/3, 1/3, 1/3) and E - Log .                     01 M =
10   
11

Let consider now the symmetric Kullback–Leibler divergence d�KL between the

measures l and m, defined by the following relationship:

d�KLðl; mÞ ¼
X

x2X
lx Loglx � Logmx½ 	 þ

X

x2X
mx Logmx� Loglx½ 	:

Let suppose that l and m are close: lx ¼ mxð1þ exÞ, where ex is small and

Rx2Xmxex ¼ 0 and that m is uniform over a subset C of cardinal C contained in X.

Then, we can calculate an estimation of d�KLðl; mÞ which shows its relationship with

the classical quadratic distance between the vectors l and m.

Proposition 2 We have: d�KLðl; mÞ � C l� mk k2
, where :k k denotes the Euclidean

norm.

Proof Let suppose that: lx ¼ mxð1þ exÞ, where ex is small. Then, we have:

d�KLðl; mÞ ¼
X

x2X
lx Loglx � Logmx½ 	

þ
X

x2X
mx Logmx � Loglx½ 	 ¼

X

x2X
mxexLogðlx=mxÞ �

X

x2X
mxe

2
x

but
P

x 2X mxex ¼ 0, hence
P

x2X mxex

� �2 ¼ 0, l � mk k2 ¼
P

x2X m2
x e2

x ¼
�2
P

x;y2X;x 6¼y mxmyexey and
P

x2X mxex

� � P
y2X ey

� �
¼ 0, hence d�KLðl; mÞ �P

x2X mxe2
x ¼ �2

P
x;y2X;x 6¼y mxexey.Then, by supposing that Cj j ¼ C, we get:

l� mk k2¼ �2
X

x;y2X
exey

 !,
C2 � d�KLðl; mÞ

�
C

h

Consider now a particular Markovian matrix M having only coefficients 1, 1/2 or

0 such as:

(1) the probability to stay in a fixed configuration x is Mxx = 1,

(2) the probability to stay in a not fixed configuration y is Myy = 1/2,

(3) there is a configuration z = y such as the probability to go from y to z is

Myz = 1/2
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(4) there exists a succession of K such transient configurations before coming

back to y, called stochastic limit-cycle or periodic confiner. If Myy = 0 and

Myz = 1, this succession is called attractor of period K (Demongeot and Jacob

1989, 1990). Then we have:

Proposition 3 If mk ¼ m0 M is close to the invariant measure l of M, where m0 is

an initial probability measure on X and if k2 denotes the subdominant eigenvalue of

M, there are constants L, B and K0 such as:

d�KLðl; mkÞ�K 0Ce2k Logk2 � Le�kBE

Proof Suppose that the transition matrix M has p fixed configurations z, for which

Mzz = 1, n stochastic limit-cycles of order Tkðk ¼ 1; . . .; nÞ : ðz 1ð Þ; . . .; z Tkð ÞÞ, for

which Mz(i)z(i) = 1/2, and MzðiÞzð iþ1ð ÞmodTkÞ ¼ 1=2 and q deterministic limit-cycles of

order T 0j ðj ¼ 1; . . .; qÞ : z 1ð Þ; . . .; z T 0j

� �� �
, for which MzðiÞzððiþ1ÞmodT 0

j
Þ ¼ 1, the m-p-

n-q remaining lines corresponding to configurations lying in the attraction basins

B(Ai) of the previous attractors, with a part B1(Ai) made of stochastic attracted points

and a part B2(Ai) made of deterministic attracted points. Then, we have:

DetðM � kIÞ ¼ ð1� kÞpPk¼1;n ð1=2� kÞTk � ð1=2ÞTk
� �

Pj¼1;q

ð1� kÞT
0
j � 1

h i
Pi¼1;pþnþqð1=2� kÞ B1ðAiÞj jPj¼1;pþnþqð� kÞ B2ðAiÞj j

Then, if at least one basin is not empty, the subdominant eigenvalue k2 of M is equal

to 1/2 and lx = 0, except for the a ¼ pþ
P

k¼1;...;n Tk þ
P

i¼1;...;q T 0j attracting

configurations y (i.e., fixed and periodic configurations) for which ly ¼ 1=a. Hence,

if K ¼
P

k¼1;...;n Tk; we have:

E ¼ �K 1=2Log 1=2ð Þ þ 1=2Log 1=2ð Þ½ 	=a ¼ �KLog 1=2ð Þ=a ¼ �KLogk2=a

For k sufficiently large, from Perron–Fröbenius theory, we have: l� mkk k2

�K 0e2k Logk2 and from Proposition 2., C being equal to the union of all the

attractors, we get: L ¼ K 0C and B ¼ 2a=K. h

Results showing relationships between entropy and eigenvalues, like in

Propositions 2. and 3. can be found in the literature (Goldstein 1981; Goldstein

and Penrose 1981; Jensen et al. 2007; Shieh 2011). They show here an explicit

relationship between a stability (�Logk2) and a complexity (E) index, which

increases in general with the size and connectivity of the network.

3.3 Markov Sequential Dynamics of Random Boolean Automata Networks

The Markovian matrix corresponding to the sequential transition rule of a random

Boolean network of m automata is a 2mx2mmatrix M ¼ Mxy

� �
x;y2X¼ Pi¼1;...;mMi,

where Mi is the transition matrix corresponding to the step of updating the
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automaton i. For each configurations x and x\i (for x\{i}) in X (a configuration x

being identified to the set of automata having state 1), the lines of Mi corresponding

to x and x\i constitute a 2–2 submatrix Mx,i defined by:

Mx;i ¼

exp
P
j2Ni

wijxj � hi

 !,
T

" #,
1þ exp

P
j2Ni

wijbj � hi

 !
=T

" #" #

1

,
1þ exp

P
j2Ni

wijxj � hi

 !
=T

" #" #

exp
P
j2Ni

wij xnið Þj�hi

 !,
T

" #,
1þ exp

P
j2Mi

wijbj � hi

 !
=T

" #" #

1

,
1þ exp

P
j2Ni

wij xnið Þj�hi

 !
=T

" #" #

0
BBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCA

The matrix Mi is made of lines ðMxy;iÞy2X and the 2–2 submatrix Mx,i is built, for

every configuration x possessing i, from the non zero coefficients of Mi; ðMxy;iÞy2X
and ðMxni;y;iÞy2X, corresponding respectively to the lines x and x\i. Sub-matrices Mx,i

serve to the calculation of the eigenvalues of Mi, because we can calculate the

characteristic polynomial of Mi as: DetðMi � kIÞ ¼ Pi¼1;...;mDetðMx;i � kIÞ, then

the subdominant eigenvalue k2 of Mi comes by calculating eigenvalues of the sub-

matrices Mx,i (cf. Fig. 3). We will suppose now in the following that: wij = aijw, for

i = j, and wii = v where aij is equal to 0 or 1. Then, if we denote the potentials

Hx;i ¼ w
P

j2Ni
aijxj � hi=w

� �
=T and Hxni;i ¼ w

P
j2Ni

aij xnið Þj�hi=w
� �

=T , where

Fig. 3 Parametric schematic representation of the architecture of the matrix Mi and of the submatrices
Mx,i, by using the order X;Xn if g;Xn 1f g;Xn 1; if g;Xn 2f g; Xn 2; if g; . . .;Xn i� 1f g;Xn i� 1; if g;
Xn iþ 1f g;Xn iþ 1; if g; . . .; x; xn if g; . . .; fig; ;; where we identify a configuration to the set of
automata in state 1
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Ni is the set of neighbours of i (including i), we have for the characteristic equation

of the matrix Mx,i:

DetðMx;i � kIÞ ¼ Det
eHx;i= 1þ eHx;ið Þ � k 1= 1þ eHx;ið Þ
eHxni;i= 1þ eHxni;i� �

1= 1þ eHxni;i� �
� k

	 


¼ k2 � eHx;i= 1þ eHx;i
� �

þ 1= 1þ eHxni;i
� �h i

k

þ eHx;i � eHxni;i
� �

= 1þ eHx;i
� �

1þ eHxni;i
� �� �

3.4 The Example of the m-Switch

If hi = 0, w \ 0, v [ 0 (resp. w [ 0, v \ 0) and aij = 1, the Boolean network is

called local m-switch (resp. anti-m-switch), the local character referring to the

neighbourhood Ni (see on Fig. 2 in bottom right quadrant a local m-switch, in

which Nij j ¼ 2dþ 1, the switch occurring between two asymptotic dynamical

regimes depending on boundary conditions). Let suppose in the following that m-

switch and anti-m-switch are global, i.e., Ni is equal to the set of all automata, and

that x contains d(x) (d in absence of ambiguity) nodes of Nini, plus i. Then, we

have:

DetðMx;i � kIÞ ¼ 0, k2 � edwþv= 1þ edwþv
� �

þ 1= 1þ edw
� �� �

k

þ edwþv � edw
� �

= 1þ edwþv
� �

1þ edw
� �� �

¼ 0; hence:

k ¼ 1þ edwþv � edw
� �

= 1þ edwþv
� �

1þ edw
� �� �� ��


 1þ edwþv � edw
� �

= 1þ edwþv
� �

1þ edw
� �� �� �2

�h

�4 edwþv � edw
� �

= 1þ edwþv
� �

1þ edw
� �� ���1=2

i�
2

and k is independent of i, as well as the subdominant eigenvalue k2 of Mi, such as:

k2 ¼ supx3i ed xð Þwþv � ed xð Þw
.

1þ ed xð Þwþv
� �

1þ ed xð Þw
� �� �h i

¼ supx3i 1� e�vð Þ
.

1þ e�d xð Þw�v
� �

1þ ed xð Þw
� �� �h i

¼ 1� e�vð Þ=infx 1þ e�v þ e�d xð Þw�v þ ed xð Þw
� �

¼ 1� e�vð Þ= 1þ e�v þ infx e�d xð Þw�v þ ed xð Þw
� �� �

:

The Kolmogorov-Sinaı̈ entropy Ei of Mi is equal to:

Ei ¼ �
P

x lx

P
y Mxy;iLog(Mxy;iÞ, where: 8x 2 X; lx ¼ l fxgð Þ, l being the equi-

librium invariant measure of Mi, then:

254 J. Demongeot et al.

123



Ei ¼�
X

x3i

lx½ ½exp
X

j2Ni

wijxj� hi

 !,
T

" ,
1þ exp

X

j2Ni

wijxj� hi

 !,
T

"" #

Log exp
X

j2Ni

wijxj� hi

 !,
T

" #,
1þ exp

X

j2Ni

wijxj� hi

 !,
T

" # ! 

þ 1

,
1þ exp

X

j2Ni

wijxj� hi

 !,
T

" #" #

Log 1

,
1þ exp

X

j2Ni

wijxj� hi

 !,
T

" #" # 

þ lxni exp
X

j2Ni

wi xnið Þj�hi

 !,
T

" #" #
= 1þ exp

X

j2Ni

wij xnið Þj�hi

 !
=T

 !" #

Log exp
X

j2Ni

wi xnið Þj�hi

 !,
T

" #
= 1þ exp

X

j2Ni

wij xnið Þj�hi

 ! ,
T

" ! #!

þ 1

,
1þ exp

X

j2Ni

wij xnið Þj�hi

 !
=T

" # !

Log 1

,
1þ exp

X

j2Ni

wij xnið Þj�hi

 !
=T

" # ! !##

In the sequential update case, and if m = 0 lx ¼ exp½ð
P

k2x;j2Nk
wkjxj � hkÞ=T	=P

y exp½ð
P

k2y;j2Nk
wkjxj � hkÞ=T 	 is the Gibbs measure common to all Mi’s and

lxni ¼ lxe�dðxÞw. Hence, we will denote Ei by E and, if w[[0:

E ¼ �
X

x3i

lx d xð Þwþ vð Þed xð Þwþv= 1þ ed xð Þwþv
� �

� Log 1þ ed xð Þwþv
� �h i

:

Let consider now a perturbation of intensity e on the value wii = v = 0 of the

self-interaction (called also external field), changing Mi in the perturbed matrix Me
i

with new coefficients Me
xy;i ¼ Mxy;i þ exy and the Gibbs invariant measure l of Mi in

the perturbed measure le. Then, by using the Kullback–Leibler divergence

dKLðl; leÞ ¼ �
P

x lxLogðlex=lxÞ between measures l and le and by denoting E

the expectation calculated for the invariant measure l, we have:

dKLðl; leÞ ¼ �
X

x3i

lx ed xð ÞwðLog½ed xð Þwþe=ð1þ ed xð ÞwþeÞ	�Log½ed xð Þw= 1þ ed xð Þw
� �

	Þ
h

1þ ed xð Þw
� �

þ ðLog½1=ð1þ ed xð ÞwþeÞ	�Log½1= 1þ ed xð Þw
� �

	Þ=ð1þ ed xð ÞwÞ
. i

;

by supposing that e is small:
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dKLðl; leÞ � � E½eedðxÞw= 1þ edðxÞw
� �2

�eedðxÞw= 1þ edðxÞw
� �2

�e2=2þ e2e2dðxÞw

=2 1þ edðxÞw
� �2

þLog 1= 1þ edðxÞw
� �h i

edðxÞw= 1þ edðxÞw
� �

	=2

¼ E½e2ð1� e2dðxÞw= 1þ edðxÞw
� �2

	=2 ¼ e2E 1þ A xð Þð Þ 1� A xð Þð Þ½ 	=2;

where A xð Þ ¼ ed xð Þw= 1þ ed xð Þw� �
; ed xð Þw ¼ A xð Þ= 1� A xð Þð Þ, because:

Log½ed xð Þwþe=ð1þ ed xð ÞwþeÞ	 ¼ Logðed xð ÞwþeÞ � Logð1þ ed xð ÞwþeÞ � Logðed xð Þw þ eed xð ÞwÞ

� Logð1þ ed xð Þw þ eed xð ÞwÞ � d xð Þwþ e� e2=2� Log 1þ ed xð Þw
� �

� eed xð Þw

= 1þ ed xð Þw
� �

þ e2e2d xð Þw=2 1þ ed xð Þw
� �2

¼ e= 1þ ed xð Þw
� �

þ e2e2d xð Þw=2 1þ ed xð Þw
� �2

þ Log ed xð Þw= 1þ ed xð Þw
� �h i

andLog½1=ð1þ ed xð ÞwþeÞ	 ¼ Log 1= 1þ ed xð Þw
� �� �

� eed xð Þw= 1þ ed xð Þw
� �

þ e2e2d xð Þw=2 1þ ed xð Þw
� �2

In m-switch and anti-m-switch cases, the subdominant eigenvalue ke
2 of the

matrix Me
i is given by:

ke
2 ¼ supx3i½ð1� e�eÞed xð Þwþe=ðð1þ ed xð ÞwþeÞð1þ ed xð ÞwÞÞ	
¼ supx3i½ðee � 1ÞA xð Þ=ð1þ eeA xð Þ= 1� A xð Þð ÞÞ	; hence; if f tð Þ
¼ t 1� tð Þ and e is small : ke

2 � e supx3i A xð Þ 1� A xð Þð Þ½ 	 ¼ e supx3i f A xð Þð Þ½ 	:

For the Kolmogorov-Sinaı̈ entropy E of the transition matrix Mi, we have:

E ¼ �
X

x

lx ed xð ÞwLog ed xð Þw= 1þ ed xð Þw
� �h i

= 1þ ed xð Þw
� �h

þLog 1= 1þ ed xð Þw
� �h i

= 1þ ed xð Þw
� �i

¼ �E A xð ÞLog A xð Þð Þ þ 1� A xð Þð ÞLog 1� A xð Þð Þ½ 	;
hence; if wj j is sufficiently large, we have : E � E �A xð ÞLogðAðxÞÞ½ 	:

Then, in m-switch and anti-m-switch cases, the perturbation observed for the

Kullback–Leibler distance between initial and perturbed invariant measures is

dominated, if wj j is large, by the sub-dominant eigenvalue ke
2, as well as by the

entropy E through the following inequality:

EðdKLðl; leÞÞ � e2E 1þ A xð Þð Þ 1� A xð Þð Þ½ 	=2� e2 1� Eð Þ=2� eðeþ ke
2Þ

If we consider the function ga wð Þ ¼ eaw= 1þ eawð Þ, Fig. 4 shows for example

that, for d xð Þ ¼ 0; . . .; 4; gdðxÞ wð Þ2¼ A xð Þ2� 0, when w B -1, and the inequality

rapidly holds for the m-switch case.

In the sequential update, the Gibbs measure l is the common eigenvector related

to the eigenvalue 1 both for the transition matrix M and for all matrices Mi. In the m-
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switch and anti-m-switch cases, the interaction architecture being the same for all

automata, the eigenvalues of the Mi’s are the same and the distance dKLðl; leÞ
between the Gibbs measures before and after a perturbation e of the external field, is

majored by me2 1� Eð Þ and me eþ ke
2

� �
, which dominates the amplitude of change

of the Gibbs measure l. Hence, the robustness of M increases, when -E or ke
2

decreases, and -E or ke
2 can serve in this case as non-robustness index.

3.5 Evolutionary Entropy as Measure of the Stability

Let us give another example of the role of the evolutionary entropy as index of

stability in Markov chains. Let consider a Leslie matrix L corresponding to a growth

model of a hybrid population made of biological objects (animals, cells,

molecules,…) belonging to 2 sub-populations A and B, characterized each by

two ages (types or states) 1 and 2, whose size at time t and fecundity (reproducibility

in the class 1) corrected by mortality (catabolism) are the same, but A having a

higher entropy than B. Imagine that one could let type A (resp. B) reproduce with

probabilities f1A, f2A (resp. f1B, f2B) at ages 1 and 2, die at age 1 with probability dA

(resp. dB), or equivalently survive with probability bA ¼ 1� dA (resp. bB ¼ 1� dB)

between times t and t ? 1. Assume f1A [ f1B and keep equal the Malthusian

parameters rA ¼ logkA and rB ¼ logkB, defined from the dominant eigenvalues kA

and kB of the Leslie matrices LA and LB defined by:

LA ¼
f1A f2A

bA 0

	 

and LB ¼

f1B f2B

bB 0

	 


The growth rates of populations A and B are the same, but the population A is

most successful in robustness because of its larger entropy EA. Indeed, it is easy to

calculate:

kA ¼ f1A=2þ ðu2AÞ1=2ð1þ f 2
1A=u2AÞ1=2 ¼ kB ¼ f1B=2þ ðu2BÞ1=2ð1þ f 2

1B=u2BÞ1=2;

Fig. 4 Graph of the function

g2
a wð Þ ¼ e2aw= 1þ eawð Þ2
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where u2A ¼ f2A � bA is the fecundity of the class 2 corrected by the survival rate of

the class 1. If f1A [ f1B and kA ¼ kB, then u2A\u2B. The Markov chain ruling the

backward genealogies (Demetrius et al. 2004; Demetrius and Ziehe 2007), i.e., the

succession of the mother ages of individuals in the same lineage, is a Bernoulli shift

(Abbas et al. 2009) defined by the Markov transition matrix MA:

MA ¼
f1A=kA 1� f1A=kA

1 0

	 


The evolutionary entropy EA of MA (resp. EB of MB) is defined, if A ¼
kA=f1Aðresp: B ¼ kB=f1BÞ is sufficiently large, from MA (resp. MB) and its stationary

measure lA ¼ A= 2A� 1ð Þ; A� 1ð Þ= 2A� 1ð Þð Þ ðresp: lB ¼ B= 2B� 1ð Þ; Bðð
�1Þ= 2B� 1ð ÞÞ by:

EA ¼� A= 2A� 1ð Þ½f1A=kALogð½f1A=kAÞ þ ðkA � f1AÞ=kALogð½ðkA � f1AÞ=kAÞ	
� f1A=kA ¼ 1= 2A� 1ð Þðresp: EB ¼ �B= 2B� 1ð Þ½f1B=kBLogð½f1B=kBÞ
þ ðkB � f1BÞ=kBLogð½ðkB � f1BÞ=kBÞ	 � f1B=kB ¼ 1= 2B� 1ð ÞÞ:

Because f1A [ f1B and kA = kB, then A \ B and EA [ EB. If we perturb the

stationary measure lA of MA, defined by: lA ¼ A= 2A� 1ð Þ; A� 1ð Þ= 2A� 1ð Þð Þ,
then we obtain from the perturbed measure lAe, after one time step, the measure:

ðA= 2A� 1ð Þ � e; A� 1ð Þ= 2A� 1ð Þ þ eÞMA

¼ ðA= 2A� 1ð Þ þ e A� 1ð Þ=A; A� 1ð Þ= 2A� 1ð Þ � e A� 1ð Þ=AÞ

The Kullback–Leibler divergence between lAe and lA (resp. lAeMA and lA) is

equal to:

dKLðlAe; lAÞ � ½ðLogð1� e 2� 1=Að ÞÞ þ Logð1þ e 2þ 1= A� 1ð Þð ÞÞ	=2

� e 2A� 1ð Þ=2A A� 1ð Þðresp: dKLðlAeMA; lAÞ
� ½Logð1þ e A� 1ð Þ 2A� 1ð Þ=A2

� �
þ Logð1� e 2A� 1ð Þ=AÞ	=2

� �e 2A� 1ð Þ=2A2Þ; then dKLðlAeMA;lAÞ=dKLðlAe;lAÞj j
� A� 1ð Þ=A � 1� EAð Þ= 1þ EAð Þ\ B� 1ð Þ=B � 1� EBð Þ= 1þ EBð Þ
� dKLðlBeMBe;lBÞ=dKLðlBe;lBÞj j

Hence, because the sub-population A is more stable than the sub-population B

and EA [ EB, the evolutionary entropy E is correlated with the stability rate and,

hence, can serve for quantifying the distance to the stationary measure observed

after a dynamical perturbation.

More generally, if the dynamics is defined in discrete (resp. continuous)

population dynamics by:

V x; tð Þ ¼ x tþ 1ð Þ � x tð Þ ¼ A� Ið Þ x tð Þ resp: dx=dt ¼ F tð Þð Þ, it is possible to

get a Markov matrix M acting on the backward genealogies: M ¼ mij

� �
¼

ðaij �mj=kmiÞ, where k is the dominant eigenvalue of A supposed to be
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positive definite and m is its normalized eigenvector ðresp: M ¼ mij

� �
¼

ðlimDF;Dx!0oLogDFi=oLogDxjÞ ¼ ðJijFj=ciÞ, where J is the Jacobian matrix of the

continuous system, ci ¼ d2xi=dt2 the acceleration and mij the control strength the

subpopulation j of size xj exerts on the growth of subpopulation i). M is used in

discrete demography like in Leslie model (Demetrius 1978; Demongeot and

Demetrius 1989) or in continuous kinetics like in enzymatic models (Reder 1988;

Baconnier et al. 1993).

3.6 Evolutionary Entropy as Measure of the Connectivity

The evolutionary entropy E is a measure of the degree of connectivity between final

states of the Markov chain, this property deriving from the Shannon-McMillan-

Breiman theorem (Demetrius et al. 2004; Demetrius and Ziehe 2007), which says

that, for arbitrarily small e and d[ 0, and for sufficiently large t, the set of the

partial trajectories X of length t (i.e., the collection of states Xk of the system at time

k observed between times k = 0 and k = t - 1) generated by the Markovian

dynamics, can be divided into 2 classes S1 and S2 such that:

(a) for every X in S1, we have: Log l Xð Þ=t þ Ej j\e
(b) the sum of the probabilities of the partial trajectories X belonging to S2 is less

than d.

All partial trajectories of the class S1 have approximately the same probability,

namely e-tE. This means that the number of partial trajectories in S1 is

approximately etE, which specifies the number of ‘‘typical’’ partial individual

trajectories and is positively correlated with E. (cf. also Donsker and Varadhan

1975; Freidlin and Wentzell 1984; Wentzell and Freidlin 1970)

4 Genetic Threshold Boolean Random Regulatory Networks (getBren)

We will now apply the results of the previous Sections to the genetic regulation (see

Elena and Demongeot 2008; Demongeot et al. 2008b; Demongeot and Sené 2008;

Demongeot et al. 2003, 2009a, b, 2010, 2011a, b, c) using the formalism of the

genetic threshold Boolean regulatory networks (getBren), which is just the

translation, in the genetic language, of the Hopfield like networks (Hopfield

1982; Hartwell et al. 1999; Weaver et al. 1999).

4.1 Biological Networks as Graphs

A biological network is described as a directed weighted graph G (digraph), defined

in terms of nodes and arcs between the m nodes of G. The dynamical process

defining the evolution of the network states invokes a configuration space X and a

potential function denoted H : X! IR, built from interaction weights on the arcs of

G. Configuration space X is the set of all doubly infinite paths on G. Let l denote
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the Gibbs equilibrium measure associated with the potential H. We will represent

the biological network by the mathematical object (X, l, H) and consider systems

whose Gibbs measure l is invariant under the shift s on X. The main characteristics

associated with this dynamical system is the Kolmogorov-Sinaı̈ entropy E, called

here evolutionary entropy (Demertius et al. 2004; Demetrius and Ziehe 2007).

4.2 Genetic Regulatory Networks

The expression of a gene, that is the production of the protein encoded by this gene,

is regulated by the activity of other proteins. We will now describe the classical

Boolean formalism coming from statistical mechanics (Hopfield 1982; Hartwell

et al. 1999; Weaver et al. 1999; Demongeot et al. 2003) used for modelling the

genetic networks, before applying it to particular networks like that ruling the cell

cycle in different species. We will in particular show that, during the evolution, the

robustness of this network has increased (e.g., by passing from Cænorhabditis

elegans to Drosophila melanogaster and mammals).

5 Genetic Threshold Boolean Random Regulatory Networks (getBren)
Definition

Let us start by defining a getBren N of size m: it is composed of m Boolean random

automata interacting with each others over discrete time (the time space T is a

subset of IN). The architecture of N is described by a digraph G in general no

regular nor planar (Fig. 5a–c), contrarily to ideal gases, which are both regular and

planar (Fig. 5d). Every random automaton i (i = 1,…,m) of N owns a state xi valued

in {0,1} (0 means that gene i is inactivated and 1 that i is activated). Considering

that xi(t) is the local state of the random automaton i at time t, we derive the notion

of global state of the getBren at time t, called configuration, that is the vector:

x tð Þ ¼ xi tð Þð Þi2 1;...;mf g2 X ¼ 0; 1f gm
.

Fig. 5 Various networks whose interaction graph G has a unique strong connected component (scc)
possessing central points (red), as well as sources (blue) and sinks (green) of this scc. Network
connectivity increases: 10/9 (a), 16/9 (b), 72/9 (c) and 64/32 (d). a, b Realistic genetic network, c is a
9-switch used in morphogenesis and plant growth modelling and d represents a nearest neighbour
ferromagnetic solid model. (Color figure online)
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A getBren N of size m (cf. on Fig. 6, an example of size 5) is a triplet ðW ;H;PÞ
where:

• W is a matrix of order m, whose coefficients wijðwij 2 IRÞ represent the

interaction weight a gene j has on gene i. Sign(W) = (sign(wij)) is adjacency

matrix of network interaction graph G

• H ¼ fhig is an activation threshold vector of dimension m, hi being activity

threshold of gene i

• P : PðXÞ ! 0; 1½ 	m, where PðXÞ is the set of all subsets of X and P a transition

probability vector, i.e., a set of m local probability transitions Pi: P(X) ? [0,1],

such as P
b
i;c is the probability for the gene i to go to state c at time t ? 1 from

configuration b at time t (cf. Fig. 6):

Fig. 6 A getBren composed of 5 genes Gi (i = 1,…,5) with their interaction digraph (whose positive
circuit of length 4 provides 6 parallel attractors given below) and states (green for 1; red for 0) evolution
in case of sequential (gene iterated and iteration number in blue) and parallel (orange arrow) iterations
under a Boolean weighted majority deterministic rule with thresholds hi equal to 0, 1 or 2, showing the
final fixed configuration (11101) observed from the initial configuration (10100). (Color figure online)
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8c 2 0; 1f g; b 2 X;Pb
i;cðfxi t þ 1ð Þ ¼ c xj tð Þ ¼ bgÞ

¼ exp c
X

j2Ni

wijbj � hi

 !
=T

" #
= 1þ exp

X

j2Ni

wijbj � hi

 !
=T

" # !
;

where Ni is the neighbourhood of gene i in getBren N, i.e., the set of genes j such

that wij = 0.

P depends on the updating mode, and for extreme values of the randomness

parameter T, we have:

(1) if T = 0, the getBren becomes deterministic and the transition P
b
i;c can be

written as:

xi t þ 1ð Þ ¼ 1; if
X

j2Ni

wijbj � hi [ 0; xi t þ 1ð Þ ¼ 0;

if
X

j2Ni

wijbj � hi\0; P fxi t þ 1ð Þ ¼ 1gð Þ ¼ 1=2; elsewhere:

The corresponding deterministic dynamics xi t þ 1ð Þ ¼ hð
P

j2Ni wijbj � hiÞ is

defined by the Heaviside function h (except for the value 0, where random

rule holds: xi(t ? 1) = 1 with probability 1/2),

(2) when T tends to infinite, then the transition probability P
b

i;c equals 1/2.

5.1 Entropy and Robustness in getBrens

Let M = (Mxy) denote the Markov matrix giving the transition probabilities of the

getBren N, defined by an updating mode between configurations x and y of X, and

l ¼ lxð Þ ¼ ðl fxgð ÞÞx2X be its stationary distribution on X. Evolutionary entropy E

can be calculated for a getBren as:

E ¼ �
X

x;y2X
lxMxyLogMxy:

In the sequential updating mode, where the updating order of the nodes is the

integer ranking 1,…,m, we have, by denoting I = {1,…,i - 1}, M\I = {i,…,m}

and identifying x with the set of the indices i such that xi = 1:

Mxy ¼ Pi¼1;...;m P
½x\ MnIð Þ	[½y\I	
i;1 1fi2yg þ P

½x\ MnIð Þ	[½y\I	
i;0 1fi 62yg

h i

and l is the Gibbs measure (Hopfield 1982) defined from the potential H xð Þ ¼
ð
P

i2x;j2Ni wijxixj � hiÞ=T by:

8x 2 X; lx ¼ expðH xð ÞÞ=Z; where Z ¼
X

y2X expðH yð ÞÞ:
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When T = 0, l is concentrated on the K (B2m) attractors of the deterministic

dynamics and E = 0; when T =??, l is scattered uniformly over X and

E = mLog2. Let define in this case one important feature of B(A), the attraction

basin of the attractor A (i.e., the set of all initial conditions, outside of A, having A as

asymptotic behaviour): its Attraction Basin Relative Size, defined by

ABRS Að Þ ¼
P

x2B Að Þ[A lx. An example of calculation of ABRS is given in Figs. 5

and 8. We will in the following estimate in some cases E from a new quantity, the

attractor entropy Eattractor defined by: Eattractor ¼ �Rk¼1;...;K ABRS Akð Þ
LogABRS Akð Þ. In the following example, Eattractor plays the same role as the

divergence from independence, equal to dKLðPx;y; lx � lyÞ (cf. Proposition 1).

Proposition 4 Let suppose that the invariant measure l is uniform over all the

K B 2m attractors of the deterministic dynamics on the configuration space X. Then,

if for any configurations x,y of the attractor Ak or its basin B(Ak), Mxy is defined with

a local temperature TAk
sufficiently large such as Mx. be scattered uniformly over

B Akð Þ [ Ak, with ABRS Akð Þ ¼ jBðAkÞ [ Akj=2m, we have:

E �
X

k¼1;...;K

ABRS Akð ÞLog 2mABRS Akð Þð Þ ¼ mLog2 � Eattractor ¼ El � Eattractor

Proof For any k = 1,…,K, all transition matrix coefficients Mxy equal

1= BðAkÞ [ Akj j on lines corresponding to configurations x belonging to B Akð Þ [
Ak and l is uniform over X. Then we can write: E ¼ �

P
k¼1;...;K

jBðAkÞ [ Akj=2mLogð2m=ð2mjBðAkÞ [ AkjÞÞ ¼ mLog2� Eattractor h

Remarks

(1) a simple way to obtain a transition matrix M satisfying the conditions of the

Proposition 4 is to impose to the transition probability to vanish outside the

attraction basin of any attractor Ak and to be equal to a getBren transition inside,

with a local stochasticity parameter TAk
. Then, when all the parameters TAk

increase, the invariant measure l of M becomes the uniform measure over X.

(2) Eattractor varies in opposite direction to E, as the index of dependence

dKLðPx;y; lx � lyÞ, then it can be considered as a parameter anti-correlated

with the robustness.

We will now calculate in the framework of getBrens the sensitivity of the

entropies E and El (hence of Eattractor) to a variation of the parameter weights wij.

Let us suppose for the sake of simplicity that wii = 0 and hi = 0 for all the genes i

and that wij = aijw, where aij is the sign of the interaction of gene j on gene i and

equals 0, -1 or ?1, and w [ 0 denotes the absolute value (supposed to be the same)

of all non zero weights. Let consider now the random variable defined by:

UðxÞ ¼
X

i;j2 1;...;mf g
aijxixj=T ¼ Qþ Nð Þ � F xð Þð Þ=T;
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where Q?(N) is equal to the number of positive edges in the interaction graph G of

the network N and F(x) is the global self-frustration of x, i.e., the number of pairs

(i,j) where the values of xi and xj, are contradictory with the sign aij in the following

sense: F xð Þ ¼
P

i;j2 1;mf g FijðxÞ, where Fij is the local self-frustration (Demongeot

and Waku 2012a, b, c, d) of the pair (i,j) defined by:

FijðxÞ ¼ 1; if aij ¼ 1 and xixj ¼ 0; or aij ¼ �1 and xixj ¼ 1; and FijðxÞ ¼ 0;
elsewhere:

The notion of frustration is very important for counting the attractors in circuits.

For example, we can define an Hamiltonian function H on a circuit C = x(t) from the

frustration F by:

HðxðtÞÞ ¼
X

i2C

xi tð Þ � xi t � 1ð Þð Þ2¼
X

i2C

ðaiði�1Þ xi�1 t � 1ð Þ½ 	 � xi t � 1ð ÞÞ2

¼ F x t � 1ð Þð Þ;

if the transition rule is aiði�1Þi xi�1 t � 1ð Þ½ 	 ¼ xi�1 t � 1ð Þ resp:1� xi�1 t � 1ð Þð Þ;
if aiði�1Þ ¼ 1 ðresp:aiði�1Þ ¼ �1Þ and the local self-frustration is defined by:

FijðxÞ ¼ 1; if aij ¼ 1 and xi þ xj ¼ 1; or aij ¼ �1 and xi þ xj ¼ 2 mod2ð Þ; and

FijðxÞ ¼ 0; elsewhere:

The Hamiltonian function H, conserved on the trajectories of configurations

defined on the circuit C, equals twice the sum of discrete kinetic energies over all

the nodes of C, i.e., the frustration F, equal to the number of couples of successive

nodes whose states are such as the value of the second is not equal to the value

predicted by the first one. A continuous analogue of systems conserving the kinetic

energy is for example Hamiltonian systems like the simple pendulum, for which the

dynamical differential equations are: dx/dt = y and dy/dt = -x and the Hamilto-

nian function H(x) = (x2 ? y2)/2 is exactly the kinetic energy. For example, for a

positive circuit of size m = 8, the values of frustration F are even (odd for a

negative circuit). Table 1 gives the number of corresponding configurations, and the

number and length of corresponding attractors (fixed state configurations or limit-

cycles of state configurations):

For a positive circuit of size m = 6, we have the following even values of

frustration F, the number of corresponding configurations (Table 2), and the number

and length of corresponding attractors (fixed state configurations or limit-cycles of

state configurations).

For a positive circuit of size m = 4, we have the following even values of

frustration F, the number of corresponding configurations (Table 3), and the number

and length of corresponding attractors (fixed state configurations or limit-cycles of

state configurations).

Then, we have the following equalities, where the symbol q denotes the partial

derivative, all the functions considered depending on the two variables w and T.
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Proposition 5 In sequential updating mode, we have: oEl=ow ¼ �wVarU ¼
�wVarF=T2 and oEl=oT ¼ wVarF=T4. Hence, oEl=ow

�� �� and qEl/qT decreases,

when w [ 0 decreases or when the temperature T increases, l tending to the

uniform distribution, for which El is maximum.

Proof We have: El ¼ �
P

x2X lxLog lx; then oEl=ow ¼ �
P

x2X olx= ow

Loglx �
P

x2X lxoLoglx=ow, where olx=ow ¼ o½expðð
P

i2x;j2Ni wijxixj �hiÞ=TÞ=
½
P

y2X expðð
P

j2y;k2Nj
wjkyjyk � hjÞ=TÞ		=ow. If Z ¼

P
y2X expðð

P
j2y;k2Nj wjkyj

yk � hjÞ=TÞ, then oZ=ow ¼
P

y2X ð
P

i2y;j2Ni aijyiyj=TÞlyZ, and:

Table 1 Values of the Hamiltonian H and number of corresponding configurations and attractors, with

their length (m = 8)

H=F (frustration)  Configuration Number  Attractor Number Attractor Length 

H-1
n-H+2/2       7 8

H-1
n-H+2/2

n-H-1
H+2/2 7 8

  1    2 fixed points           1  
  4 = C

3  4 (symmetrized)
10 = C

16 8

  4 = C

   0      
   2      
   4      

   4      

   6      
   8        1    1 2

Table 2 Values of the Hamiltonian H and number of corresponding configurations and attractors, with

their length (m = 6)

H=F (frustration)  Configuration Number    Attractor Number    Attractor Length

H-1
n-H+2/2 5  6

n-H-1
H+2/2

1            2 fixed points 1
      3 = C

2  3 ( symmetrized)
   3 = C

4 6 

   0      
   2      
   4      

   4      
   6      1          1 2 

Table 3 Values of the Hamiltonian H and number of corresponding configurations and attractors, with

their length (m = 4)

H=F (frustration)

H-1
n-H+2

Configuration Number Attractor Number Attractor 
Length

      0      1          2 fixed points        
      2      2 = C /2           3
      4      1          1      

  1   
      4

2

The right hand side Table (Demongeot et al. 2012e) shows the number of attractors of length p for a

positive circuit of size n
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olx=ow

¼ o½ exp
X

i2x;j2Ni

wijxixj � hi

 !
=T

 !
=ow	=Z � exp

X

i2x;j2Ni

wijxixj � hi

 !
=T

 !
oZ=owð Þ=Z2

" #

¼
X

i2y;j2Ni

aijxixj=T

 !
lx �

X

y2X

X

i2y;j2Ni

aijyiyj=T

 !
lylx ¼ lxoLog lx=ow

and

olx=owLoglx

¼ w
X

i2x;j2Ni

aijxixj=T

 !2

lx �
X

y2X

X

i2y;j2Ni

aijyiyj=T

 !
w

X

i2x;j2Ni

aijxixj=T

 !
lylx

�
X

i2x;j2Ni

aijxixj=T

 !
lxLogZ þ

X

y2X

X

i2y;j2Ni

aijyiyj=T

 !
lylxLogZ;

but:

X

x2X
olx=ow ¼ oð

X
x2X lxÞ=ow ¼ 0; therefore oEl=ow ¼ �

X
x2X olx=ow Loglx

¼ �wVarU ¼ �wVarF=T2

and

oEl=oT ¼ �
X

x2X
olx=oT Loglx ¼ VarU=T2 ¼ VarF=T4:

h

By defining the local cross-frustration by: Cij(x,y) = 1, if aij = 1 and xiyj = 0, or

aij = -1 and xiyj = 1, and Cij(x,y) = 0, elsewhere, then the global cross-frustration

is defined by:

C x; yð Þ ¼
X

i;j2 1;...;mf g
Cijðx; yÞ ¼ Ri2x;j2yaijxiyj=T:

By denoting Ex ¼ �lx

P
y2X MxyLogMxy, we get:

Proposition 6 In the parallel updating mode, we have: qEx/qw = -wVarxC,

where Varx is related to the conditional measure defined by:

Mxy ¼ exp
X

i2x;j2y

wijxiyj � hi

! ,
T

 !
=
X

y2X
exp

X

i2x; j2y

wijxiyj � hi

! ,
T

 !
:

Proof The proof is the same as in Proposition 5, by replacing F by C. h
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Proposition 7 In the parallel updating mode, we have: qE/qw = -

wVarC ? Cov(EM,C), where Var and Cov are calculated for the random variables

C(x,y) and EM(x,y) = -MxyLogMxy, by using the measure on X2 defined by lxMxy,

where the invariant measure lx for the parallel updating is defined as:

lx¼
X

y2X
exp

X

i2x;j2y

wijxiyj�hi

! ,
T

 !,
X

x2X;y2X
exp

X

i2x; j2y

wijxiyj�hi

! ,
T

 !
:

Proof We have: oE=ow ¼ oE EMð Þ=ow ¼ Rx2XðlxoEx=owþ Exolx=owÞ: Hence,

from Proposition 6, we get: qE(EM/qw) = -wVarC ? Rx[X Ex qlx/qw, where:

olx=ow ¼
X

y2X
oexp

X

i2x;j2y

wijxiyj � hi

! ,
T

 !,
ow

" #
Z

"

�
X

y2X
exp

X

i2x;j2y

wijxiyj � hi

! ,
T

" #
oZ=owð Þ=Z2;

where Z ¼
P

x2X;y2X exp
P

i2x;j2y wijxiyj � hi

� �
=T

� �
and oZ=ow ¼

P
x2X;y2X

P
i2x;j2y aijxiyj=T

� �
exp

P
i2x;j2y wijxiyj � hi

� �
=T

� �
, then we have:

olx=ow ¼
X

y2X

X

i2x;j2y

aijxiyj

,
T

 !
exp

X

i2x;j2y

wijxiyj � hi

 !,
T

 !,

� lx

X

x2X;y2X

X

i2x;j2y

aijxiyj

,
T

 !
exp

X

i2x;j2y

wijxiyj � hi

 !,
T

 !

,
Z ¼ lxðEyðCÞ � EðCÞÞ

Finally, we get: oE=ow ¼ E oEM=owð Þ ¼ �wVarC þ
P

x2X Exolx=ow ¼
�wVarC þ Cov EM;Cð Þ. h

We have shown, in Propositions 5, 6 and 7 above, a direct link between the

sensitivity to w or T of El and E, hence of Eattractor = El - E, and the variability of

the frustration of the network. We could show similar properties in the case of feed-

forward block sequential updating, for which the invariant measure is also known

(Demongeot et al. 2008b; Demongeot and Sené 2008).

6 Entropy and Robustness in Some Particular Examples

Let l ¼ lb


 �
b2X be the stationary distribution or invariant measure of the Markov

probability transition matrix of a getBren. Then, the evolutionary entropy E can be
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explicitely calculated: E ¼ �
P

c;b2X lbPb
c LogPb

c , as well as Eattractor ¼ El � E ¼
�
P

k¼1;K ABRS Akð ÞLogABRS Akð Þ, from the ABRS of all attractors (cf. Fig. 8).

The main complexity parameter of B(A), the attraction basin of an attractor A

(i.e., the set of all initial conditions having A as asymptotic behaviour) is its

Attraction Basin Relative Size (ABRS), defined by: ABRS Að Þ ¼
P

x2B Að Þ UAlx.

There exists an intermediary temperature T between 0 and ??, for which for any

b 2 B Að Þ, the transition probability to c, that is Pb
c , is scattered rather uniformly

over B(A)UA, then after proposition 5:

E �
X

k¼1;...;m\2m

ABRS Akð Þ Log 2mABRS Akð Þð Þ ¼ mLog2 � Eattractor

Then, the attractor entropy Eattractor of the network controlling the feather

morphogenesis in chicken (Abbas et al. 2009), whose interaction graph is pictured

in Fig. 7 top panel, may be calculated for the parallel updating: E ¼ 16�
0:3� Eattractor ¼ 4:8�9:9� 10�3. We can notice that Eattractor decreases from

sequential to parallel schedule (from 7 9 10-2 to 9.9 9 10-3), showing that the

updating mode has an influence on the robustness of the network: synchrony

increases robustness.

6.1 The Global m-Switch in Parallel Updating Case

Consider the case of the parallel update schedule of a global m-switch having an

autocatalysis compensating the threshold (wii = hi C 0) and a constant inhibitory

weight w \ 0 for the interactions between each pair of distinct nodes of the

network. If the inhibitory interactions vanish at a certain distance of a node as in the

Fig. 7 Transition rule with the two possible choices for the state of the automata i decided under the

probability P
b
i;c (the configuration b is identified to the set of the automata in state 1)
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plant—like Araucaria—growth modelling (Cinquin and Demongeot 2002a, b;

Demongeot et al. 2006a, b) this global m-switch can become local (cf. Section 2).

We can calculate explicitly the transition probability Mxy, the invariant measure l,

the evolutionary entropy E and the attractor entropy Eattractor, when w is small (or T

large):

8x; y 2 X;Myx ¼ Pi¼1;...;m P
y
i;11fi2xg þ P

y
i;01fi62xg

h i
;

where 8c 2 0; 1f g; b 2 X;Pb
i;c ðfxi t þ 1ð Þ ¼ cjx tð Þ ¼ bgÞ ¼ expðc

P
j2Ni

wbjÞ=
½1þ expð

P
j2Ni

wbjÞ	,

lx ¼
X

y2X
exp

X

i2x;j2y

wxiyj

 !
=Z; where Z ¼

X

z2X

X

y2X
exp

X

k2z;j2y

wzkyj

 !
;

and:

E ¼ �
X

x;y2X
lxMxyLog Mxy ¼ mLog2 � Eattractor

Proposition 8 For a global m-switch with wii = hi and a constant inhibitory

interaction weight w \ 0 sufficiently small, we have the following estimation of the

evolutionary entropy E, attractor entropy Eattractor and sensitivity qE/qw:

E � mLog2þ wm m� 1ð Þ=2;Eattractor � �wm m� 1ð Þ=2 and oE=ow

¼ � oEattractor=ow ¼ C2
m þ O wð Þ:

Proof In the case of the parallel update schedule, if xj j denotes the number of 1 in

configuration x, we can write:

Mxy ¼ ewð xj j: yj j� x\yj jÞ=½ð1þ ew xj jÞm� xj jð1þ ewð xj j�1ÞÞ xj j	

and:

lx ¼
X

j¼0;jxj
C

j
xj j

X

k�j¼ yj j�j¼0;m� xj j
C

k�j
m� xj je

wðjxj: k�jþjð Þ�jÞ=Z

¼
X

j¼0; xj j
C

j
xj je

wð xj j�1Þjð1þ ew xj jÞm� xj j=Z ¼ ð1þ ewð xj j�1ÞÞ xj jð1þ ew xj jÞm� xj j=Z;

where the normalisation constant Z verifies:

Z ¼
X

z2X
ð1þ ewð zj j�1ÞÞ zj jð1þ ew zj jÞm� zj j

Let us denote L w; xð Þ ¼ ð1þ ew xj jÞm� xj jð1þ ew xj j�1Þ xj j
, then: lx ¼

L w; xð Þ=Rz2XL w; zð Þ and
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ExL w;xð Þ¼�
X

j¼0; xj j
C

j
xj j

X

k¼ yj j�j¼0;m� xj j
Ck

m� xj je
wð xj jðkþjÞ�jÞ wð xj j kþ jð Þ� jÞ�LogL w;xð Þ½ 	

¼
X

j¼0; xj j
C

j
xj je

wjð xj j�1Þð1þew xj jÞm� xj j
LogL w;xð Þ�wjð xj j�1Þ	½

�ð1þew xj jÞm� xj j�1ðm� xj jÞw xj j
i

Hence,

Ex ¼ L w; xð Þ ½LogL w; xð Þ � w xj jð xj j � 1Þð1þ ewð xj j�1ÞÞ�1

� w xj jðm� xj jÞð1þ ew xj jÞ mj j�2	 =L w; xð Þ
¼ LogL w; xð Þ � w xj jð xj j � 1Þð1þ ewð xj j�1ÞÞ�1 � w xj jðm� xj jÞð1þ ew xj jÞ mj j�2:

Then, we can calculate E:

E ¼ �
X

x;y2X
lxMxyLogMxy ¼

X

x2X
L w; xð Þ Ex=

X

z2X
L w; zð Þ

¼
X

x2X
L w; xð Þ½�LogL w; xð Þ þ w xj jð xj j � 1Þð1þ ewð xj j�1ÞÞ�1

þw xj jðm� xj jÞð1þ ew xj jÞ�1	 =
X

z2X
L w; zð Þ

¼ �
X

i¼0;m

Ci
mL w; ið Þ �LogL w; ið Þ þ wi i� 1ð Þ 1þ ewði�1Þ

� ��1
�

þwi m� ið Þ 1þ ewi
� ��1

i
=
X

z2X
L w; zð Þ

Therefore, if w is small, we have:

L w; ið Þ ¼ 1þ ewi
� �m�i

1þ ewði�1Þ
� �i

� 2m 1þ i m� ið Þw=2þ i i� 1ð Þw=2½ 	
¼ 2m 1þ i m� 1ð Þw=2½ 	

and

Z ¼
X

z2X
L w; zð Þ � 22m; lx � 1þ i m� 1ð Þw=2½ 	=2m;

LogL w; ið Þ � mLog2þ i m� 1ð Þw=2;

then:

270 J. Demongeot et al.

123



E � �
X

i¼0;m

Ci
m �LogL w; ið Þ þ 2�1wi i� 1ð Þ 1� w i� 1ð Þ=2ð Þ
�

þ2�1wi m� ið Þ 1� wi=2ð Þ
�
=2m

� m2mLog2þ wm m� 1ð Þ2m�2 � wm m� 1ð Þ2m�2
� �

=2m

¼ m2mLog2þ wm m� 1ð Þ2m�1
� �

=2m ¼ mLog2þ wm m� 1ð Þ=2

Hence, we have: Eattractor � �wmðm� 1Þ=2; oE=ow ¼ C2
m þ O wð Þ and oEattractor=o

w ¼ �C2
m þ O wð Þ. h

The robustness increases with m when w is small (or T large), because the

number of fixed configurations in a deterministic m-switch equals m, then, when m

tends to infinity, the number of attraction basins tends also to infinity, contributing

to increase E and qE/qw. It is interesting also to notice that in the case of the global

m-switch, the derivative qE/qw is not depending on the frustration of the network

like in Propositions 5–7 above. This observation comes from the fact that global m-

switches are discrete Boolean potential systems (Tonnelier et al. 1999; Demongeot

et al. 2006a, b, 2007, 2011a, b) contrarily to networks with only isolated circuits,

which are purely Hamiltonian (Demongeot et al. 2011a, b, c, 2012e). Potential

systems are dynamical systems defined on the state space X by:

xi t þ 1ð Þ ¼ hð�DP=Dxi þ xi tð ÞÞ or Dxi=Dt ¼ hð�DP=Dxi þ xi tð ÞÞ � xi tð Þ; ð1Þ

Fig. 8 Top Interaction signed digraph modelling the genetic regulation network of feather
morphogenesis in chicken. Activation (resp. inhibition) is represented by a black-headed (resp. white-
headed) arc. Bottom Attractors of the network for sequential and parallel schedules, with T = 0. Nodes
order is: miRNA 141, EphA3, p53, Vav3, Stk11, Wnt2, RhoA, Smad3, SrC, Id3, Cyclin D1, Zfhx3,
Sox11, b-catenin, cMyc and b-catenin/LEF/TCF/BL9/CBP
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where Dt = 1, P is a real function (e.g., a polynomial with real coefficients valued

in IR) on X and h a function from IR to X, with boundary conditions ensuring that

the flow remains in X.

The second formulation is the discrete equivalent of continuous differential

equation dxi=dt ¼ �oP=oxi. In the Boolean case, we will choose for h the Heaviside

function: h(s) = 1, if s [ 0, and h(s) = 0, if not. If P xð Þ ¼ Rk
txAkxð Þxk þt xWxþ

Bx; where A ¼ ðaijkÞ is an interaction tensor (cf. Cosnard and Goles (1997))

expressing nonlinear triplet interactions with Ak ¼ aij

� �
k

as marginal matrices and

aiii ¼ 0;W ¼ ðwijÞ is an interaction matrix and H ¼ ðhiÞ a threshold line vector, the

partial space derivatives of P are:

DP=Dxi ¼ Rj;k aijk þ ajik þ ajki

� �
xjxk þ Rj wij þ wji

� �
xj � hi þ ½wii

þ Rj6¼i aijj þ ajij þ ajji

� �
xj	Dxi ð2Þ

Then, the discrete potential system associated to P is defined in (Demongeot et al.

2006b), where the discrete velocity Dxi=Dt equals the opposite of the gradient of the

potential:

Dxi=Dt ¼ Dxi ¼ �DP=Dxi

¼ �Rj;k aijk þ ajik þ ajki

� �
xjxk � Rj wij þ wji

� �
xj þ hi � ½wii

þ Rj 6¼I aijj þ ajij þ ajji

� �
xj	Dxi

Dxi ¼ �
X

j;k

ðaijk þ ajik þ ajkiÞxj tð Þxk tð Þ þ Rjðwij þ wjiÞxj tð Þ � hi

" #

,
1þ wii þ Rj6¼i aijj þ ajij þ ajji

� �
xj tð Þ

� �

and xi t þ 1ð Þ ¼ hðDxi þ xi tð ÞÞ ¼ hð�DP=Dxi þ xi tð ÞÞ, where h is the Heaviside

function. From (2), we derive (3):

xi t þ 1ð Þ ¼ hð� Rj;k aijk þ ajik þ ajki

� �
xj tð Þxk tð Þ þ Rj wij þ wji

� �
xj tð Þ � hi

� �
�

1þ wii þ Rj6¼i aijj þ ajij þ ajji

� �
xj tð Þ	 þ xi tð ÞÞ

� �

Proposition 9 Consider a global m-switch as a Boolean potential system where

A = 0, the potential function P xð Þ ¼t xWxþ Bx, with wii = hi and each sub-matrix

of W on any subset J of indices in {1,…,m} is non positive. Then P decreases on the

trajectories of the potential system defined by: xi t þ 1ð Þ ¼ hð�DP=Dxi þ xi tð ÞÞ
for any updating mode of the dynamics (sequential, block sequential and parallel).

This system is a getBren, whose stable fixed configurations correspond to the

minima of P.

Proof It is easy to check that from (2): DP=Dxi ¼
P

j wij þ wji

� �
xj � hi þ wiiDxi,

and from (3) and wii = hi:
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xi t þ 1ð Þ ¼ h �DP=Dxi þ xi tð Þð Þ

¼ h �
X

j

wij þ wji

� �
xj tð Þ � hi

" #
= 1þ wii½ 	 þ xi tð Þ

 !

¼ h �
X

j 6¼i

ðwij þ wjiÞxj t þ hið Þ
 !

Then, for any updating mode: P x t þ 1ð Þð Þ � P x tð Þð Þ ¼ �
P

i2J Dx2
i 1þ wiið Þ

þ
P

i;j2JxJð Þ wijDxiDxj� 0, the result coming from the non-positivity of the sub-

matrices of W (Cosnard and Goles 1997). h

The results obtained by Cosnard and Goles (1997) concern Liapunov functions,

but certain can be extended to potential systems (cf. also Fogelman-soulié et al.

1982; Goles and Olivos 1980; Goles 1981, 1985, 1986; Goles et al. 1985). In the

case of Liapunov functions, it could be interesting to see if the following conjecture

holds: for a large class of Boolean systems, there exists a general theorem of

decomposition of the flow (or discrete velocity) in a potential part and a

Hamiltonian part; such a system would be the discrete equivalent of the mixed

potential-Hamiltonian continuous systems like the Liénard differential equations

(Demongeot et al. 2007).

The following simple example of the Fig. 9 shows how a simple energy function,

the frustration, could be used for solving the above conjecture.

The network of size 5 represented on Fig. 8 is ruled by the Boolean dynamical

transition functions ^ (AND), _ (inclusive OR) and � (exclusive OR or XOR, or

modulo 2 addition), updated synchronously, and its dynamics shows two fixed

configurations and one limit-cycle (represented in grey boxes on Fig. 9). The values

of the Liapunov function decrease along the trajectories toward the attractors on

which the function vanishes (as indicated in red on the trajectory graph of the

Fig. 9).

We can define indeed on the network trajectories an energy function, i.e., the

decreasing Liapunov function L, for any configuration x(t), by the global dynamical

frustration of order 4, denoted D4:

L x tð Þð Þ ¼ D4 x tð Þð Þ þ D4 x tþ 1ð Þð Þ; with D4 x tð Þð Þ ¼
X

i¼1;...;n

D4;i x tð Þð Þ;

where D4,i is the local frustration equal to twice the kinetic energy, i.e., the square of

the velocity of order 4 between xi(t) and xi(t ? 4):

D4;i x tð Þð Þ ¼ xi tþ 4ð Þ � xi tð Þð Þ2:

6.2 The Genetic Regulatory Network Controlling the Cell Cycle in Mammals

We will study now a simple example of sub-network extracted from the genetic

regulatory network dedicated to an important function, the control of the cell cycle

in mammals, in particular the control of the cell proliferation at the G1/S transition

check point (Kohn 1999). We give in Fig. 10 its interaction graph G and describe its
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attractors in both parallel and sequential modes of updating, with a temperature T

equal to 0. As an example, the evolutionary entropy E of the network pictured in

Fig. 10, representing the core of the regulation of the cell cycle in mammals (Kohn

1999), may be calculated for sequential updating, under assumptions of Proposition

4., using Eq. (2) and calculations of ABRS’s: E ¼ mLog2 � Eattractor ¼ 12�
0:69� 0:86 ¼ 7:5. E increases from sequential to parallel updating (from 7.5 to

8.3), showing that the synchronous mode increases the robustness of the network. E

decreases when boundary constraints grow (Fig. 10), and inhibition by miRNA 159

contributes to decrease the robustness of the genetic network, as in the case of the

local m-switch (see Sect. 3), by increasing Eattractor (from 0.024 to 0.654). More

generally, an important inhibition noise from miRNAs (Fig. 10) can cause a

diminution or in opposite a multiplication of the attractor number, by breaking a

couple of circuits or in opposite a circuit, hence leading to an increase or a decrease

of Eattractor, a decrease or an increase of E and, then, a diminution or an

augmentation of the robustness: in the present case, miRNA 159 breaks the couple

done by a couple of positive circuits of size 3 and 4, leaving only a circuit of size 4,

which corresponds to an augmentation of the attractor number from 2 to 6, in the

parallel case (see Table from (Demongeot et al. 2012e) on Fig. 10).

The control network of Cdk2 (red on Fig. 10) shows the complex inhibition role

played by several miRNAs (miRs 21, 372 & 373) and by ubiquitous protein p53 in

the expression of Cdk2, an important protein controlling the dynamics of G1/S

transition in cell cycle. If the inhibition of Rbp by Cdk2 is sufficiently important,

then the break of the order 4 positive circuit in the couple of tangent circuits leaves

an order 3 positive circuit, leading to an augmentation of the attractor number from

2 to 4, in the parallel case (Fig. 10). Let us consider now a hybrid network, mixing

neural and genetic regulatory sub-networks: the top of the Fig. 11 exhibits the

neural part of the Engrailed network, under the control of the gene Elk whose

expressed protein is necessary for the correct functioning of the K? ion-channels in

excitable cells. Indeed, Elk controls positively the ability of CA3 cells (denoted Y1

and Y2 on the interaction graph of Fig. 11) to express their negative feedback upon

the CA1 cells (denoted X1 and X2 on Fig. 11) inside the hippocampus (Tonnelier

et al. 1999).

The Elk gene is activated by the gene Erk depending positively on the gene

MEK, an intermediary gene in the pathway from the gene Egfr to the gene MAPK.

In the centre of the Engrailed network on Fig. 11, the genes GATA-6 and c-Myc are

regulating the proliferation with both positive and negative actions on the

proliferation through the E2F expression in the mitotic regulatory box (Kohn

1999), as well as on the apoptosis through p53 (Hermeking and Eick 1994; Sheaff

et al. 1997; Pelengaris et al. 2002; Ivanov and Hei 2005; Adhikary and Eilers 2005;

He et al. 2007; Demongeot 2009; Suzuki and Miyazono 2010; Demongeot et al.

2013d). The triple action (accelerate, stop and slow down cell cycle) on the

proliferation process is exerted negatively by the gene GATA-6, which is inhibited

1 time out of 2 by MAPK, and successively positively and negatively by the gene

c-MyC which is activated 1 time out of 2 by Erk. The limit-cycle of order 4 brought

by the negative circuit of size 2 MKP/Erk (cf. Table on Fig. 11 bottom right) leads

the genes MKP, Erk, MAPK, Engrailed, GATA-6, c-MyC, p53, miRNA34, Cdk2,
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E2F, RAS and caspases to enter in the limit-cycle: (000000110110, 011000010010,

111101000011, 100111100011).

Then, the E2F/proliferation box is activated 1 time out of 4 and the apoptosis box

1 time out of 2, such as we observe the following cyclic behaviour: 4 cells, 4 cells, 3

cells, 2 cells, 4 cells,… This dynamical behaviour allows the exponential growth of

proliferation to be compensated in a tissue by the linear decay of apoptosis, 2

daughter cells replacing 2 dead cells during one period of order 4 of the limit-cycle,

hence ensuring the conservation of the tissue volume and function. Any

disequilibrium of this balance leads either to a tumour growth or to a tissue

rarefaction. Finally, concerning network N of Fig. 11, we exploit the conclusion of

the Proposition 5. We have, if Q?(N) (resp. Q-(N)) is equal to the number of positive

(resp. negative) edges in interaction graph G of N:

Qþ Nð Þ ¼ 39;Q� Nð Þ ¼ 11;F 00. . .0ð Þ ¼ Qþ Mð Þ and F 11. . .1ð Þ ¼ Q� Mð Þ;

all other values of F(x) falling inside the interval [0, q], where

q = sup(Q-(M),Q?(M)). If we consider that the distribution of the values of F(x) is

uniform over this interval, then we get: VarU = VarF = q2/2-(q/2)2 = q2/4, and

here q = 39. Then, for the network of the Fig. 11 where all of the weights are

Fig. 9 Network of size 5 with its Boolean transition functions (top left) updated synchronously, and its
trajectories (bottom right), with 2 fixed configurations and one limit-cycle represented in grey boxes.
Values of the Liapunov function L, which decreases along trajectories toward attractors on which L
vanishes, are indicated in red on trajectory graph. (Color figure online)
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supposed to have the same absolute value 1, we get: VarU = 392/4 & 380 and the

robustness can be quantified by this value 380. A systematic calculation of Eattractor

allows to quantify the robustness of the networks ensuring dedicated regulatory

functions in different species: for example, the increase of the number of sources in

up-trees converging on a conserved (among species during evolution) sub-graph of a

genetic network, e.g., on the core regulating the cell cycle in C. elegans, D. mel-

anogaster and mammals (cf. Fig. 12), causes a decrease of its attractor number,

hence a decrease of Eattractor, hence an augmentation of the robustness.

Then, the progressive appearance during the evolution of many upstream

controllers of the cell cycle network, as mammals microRNAs inhibiting p27

(Sheaff et al. 1997) and p53 (cf. Fig. 11 Bottom left, He et al. (2007) and Suzuki and

Miyazono (2010)) provides a robust regulation (Dimova and Dyson 2005; Moriya

et al. 2006; Ben Amor et al. 2008) of Rb-E2F, ensuring integrity of a crucial cellular

function: cell proliferation at G1/S transition. A last example of the influence of the

microRNAs on the robustness of genetic regulatory networks (Demongeot et al.

Demongeot et al. 2009b, 2010, 2011b) lies in the appearance in the not-coding

genome of mammals of inhibitions by microRNAs like miR-17-5p-20a-106a on the

gene RUNX1 (involved, in human myeloid cells, in the control of TCRa
recombination in immunology, see Baum et al. (2004)) or in the control by several

Fig. 10 Top Attractors and attraction basins relative sizes (ABRS) of the cell cycle network, when
miRNA 159 is fixed to 0, in case of sequential and parallel schedules, with T = 0. The nodes are ordered
as follows: p27, Cdk2, pCyCE_Cdk2, CyCE_Cdk2, miRNA 159, pCycA_Cdk2, CycA_Cdk2, Rbp-E2F,
Rb-E2F, E2F, Rbp and Rb. Top right Attractors and attraction basins relative sizes (ABRS), when
miRNA 159 is fixed to 1, in case of parallel schedule, with T = 0. Bottom left Interaction signed digraph
modelling the genetic regulation network of the cell cycle in mammals (Kohn 1999). Black (resp. white)
arrows represent activations (resp. inhibitions). Table bottom middle (Demongeot et al. 2012e) indicates
attractor number of period p observed for a positive circuit of length n, e.g., 4, if E2F circuit is inhibited
by miRNA 159. (Color figure online)
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microRNAs (miR-150, miR-155 and let-7 family) of the T cell fate determination

(Xiao et al. 2007; O’Connell et al. 2010; Almanza et al. 2010).

The reduced network of Fig. 11 has an attractor entropy Eattractor = 0.67 and by

adding the circular RNA ciRS 7 (Demongeot et al. 2014) this entropy increases,

because the negative circuits tangent at the gene Erk, which are three of respective

size 2, 6 and 7 and have 1 attractor in parallel updating mode (Demongeot et al.

2012e), are replaced by two of respective size 2 and 7 with 2 attractors, contributing

Fig. 11 Top Engrailed hybrid network with multiple connections to apoptosis and proliferation control
boxes, and to the hippocampus neural networks. Activation (resp. inhibition) arrows are drawn in red
(resp. green). Black arrows in neural networks correspond to neural activations and inhibitions, and blue
arrows correspond to activation links toward other functions than the strict Engrailed network. Top right
reduced interaction graph G of the Engrailed network simulated in Fig. 13, with inhibitions in red and
activations in black. Bottom left histograms of the in-degree and out-degree of the 50 interactions of the
Engrailed network. Bottom right: Table (from Demongeot et al. 2012e) giving the number of the
attractors of length p for the isolated negative circuits of length n. (Color figure online)
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to decrease the robustness of the network. A systematic study of microRNA

inhibition by the circular RNAs, called ‘‘microRNA sponges’’ in (Hansen et al.

2013) (cf. also Memczak et al. 2013), is necessary to make more precise their

stabilizing role (see also (Denzler et al. 2014; Broderick and Zamore 2014)

(Fig. 13).

7 Perspectives and Conclusion

We have proposed in the present paper several examples of practical usage of the

complexity and stability parameter E (evolutionary entropy) and of the parameter

Eattractor (attractor entropy), by applying the theoretical results to specific genetic

networks, as those regulating feather morphogenesis in chicken and cell cycle in

mammals. More generally, the quantification of the complexity, stability and

robustness in biological regulatory networks allows us to explain in which way they

have been adapted during the evolution, e.g., by exploiting the opportunities offered

by the increasing number of small RNAs as translation factors inhibiting connected

components in particular circuits of the getBrens resulting in an increase of the

efficiency of their own regulation mechanisms on all the sides through which the

biological regulation networks (neuronal, genetic, metabolic, physiologic and

social) improved their efficiency from a long lasting evolution in the framework of

an adaptive selection, by acquiring for a given complexity a triple optimality (Lesne

2008; Glade et al. 2011; Demongeot et al. 2013a, b) in terms of:

• robustness against parametric structural perturbations affecting the interaction

weights, the external field and/or the stochasticity parameter, hence changing the

Fig. 12 Evolution of the structure of control of the cell proliferation box (cf. Fig. 9 and Kohn (1999)) for
different species, Cœnorhabditis elegans, Drosophila melanogaster and mammals
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invariant measure l of the Markov matrix M used for quantifying the state

transition in the stochastic case into a perturbed measure le (cf. Fig. 14)

• stability with respect to a dynamical change of initial condition.

• resilience to environmental modifications of boundary conditions or updating

rules.

For studying the robustness, we have defined a new quantity, the attractor entropy

anti-correlated to a complexity parameter, the evolutionary entropy entropy

(Demetrius et al. 2004) previously proposed for quantifying the stability (correlated

in some cases to the logarithm of the inverse of the sub-dominant eigenvalue of the

transition matrix). For the resilience, future studies are needed to define indices

measuring the effect of boundary or updating perturbations (Demongeot and Sené

2008; Demongeot et al. 2008b, 2013a). The influence of the mode of updating

(sequential, parallel or block-sequential) and of the nature of the dynamical state

transition (potential, Hamiltonian or mixed) on the network robustness has to be

carefully investigated in these future studies, in particular to take into account both

the chromatin clock and the slow evolution dynamics of the interactions (like the

progressive appearance of microRNAs inhibitions influencing in general the

robustness), analogue to the slow Hebbian dynamics of the synaptic weights in

neural networks. The study of the relationship between complexity and stability

notions is old: Cohen and Newman (1985) have been the first to prove counter-

examples to the mathematical statement (Hastings 1982), claiming that the stability

of ecological systems was positively correlated with their connectivity. Here we

have also shown some examples where this statement can be false (e.g., the

evolution of the proliferation network), where the robustness is contrarily

decreasing with connectivity. The general problem of the relationships between

complexity, stability and robustness remains open and requires many further

N° Name of the gene Fixed Point 1 Fixed Point 2 Limit Cycle
1 Engrailed/GATA-6 0 0 0 0
2 MAPK 0 0 0 0
3 Egfr 0 0 0 0
4 MKP 0 0 0 0
5 Erk 0 0 0 0
6 MiRNA7 0 0 0 0
7 RAS/RAF/MEK 0 0 0 0

8 c-MyC 0 1 0 1

9 MiRNA146a 0 0 0 0
10 p53 0 1 1 0
11 miRNA 34 0 0 0 1
12 p27/pCyCE-Cdk2 0 0 0 0
13 Cdk2 0 0 0 0
14 CyCE-Cdk2 0 0 0 0
15 p21 0 1 0 1
16 Rbp-E2F 0 1 1 1
17 Rb-E2F 0 1 1 1
18 E2F 0 1 1 1
19 Rbp 0 1 1 1
20 Rb 0 1 1 1
21 CycA_Cdk2 0 0 0 0

Fixed Point 1: 000000000000000000000
Attraction Basin Relative Size(ABRS): 12032/221= 5‰
Fixed Point 2: 
00000001010000111111062
Attraction Basin Relative Size(ABRS): 1311488/221= 62.5%
Limit Cycle: 
000000000100000111110 000000010010001111110
Attraction Basin Relative Size(ABRS): 773632/221=37%

Fig. 13 Left list of the genes involved in the reduced network of Fig. 11 with indication of their state in
the 3 attractors of the network. Right attraction basins size of the attractors in parallel updating mode of
the reduced network of the Fig. 11
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studies, the corresponding research being still active, as shown by recent works

(Thébault and Fontaine 2010; Liu and Wang 2011; Allesina and Tang 2012).

Eventually, to ensure a useful restitution of information concerning the evolution

of the getBrens, we have to develop new user-friendly tools representing in

Fig. 14 Left Visualisation of the invariant measure l of the Markov matrix M in the stochastic case over
the basins of stability of the deterministic case (for which the temperature T = 0); Right Perturbation le
of the invariant measure l. (Color figure online)

Fig. 15 3D visualisation [after Demongeot et al. (2013c)] of the evolution of a Markov chain, from an
initial measure which is a Dirac on state 0 (all genes of the network of Fig. 11 at state 0) until a final
measure, which is a Dirac on the final class of the chain, made of a unique last element (the second fixed
configuration of the network of Fig. 11)
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particular the evolution of the probability measures on the network, for identifying

their most frequent states experimentally observable (cf. Fig. 15 and Demongeot

et al. 2013c) and giving information about the duration of the transient stage, the

proximity to the asymptotic behaviour, attractor or confiner (Cosnard et al. 1988;

Demongeot 1985, 1987; Demongeot and Fricot 1986; Demongeot et al. 2008a;

Ribeiro et al. 2009, 2012; Demongeot et al. 2013c), and the complexity of

interaction architecture, e.g., existence of circuits, nonlinear interactions or external

fields (Demongeot and Sené 2011, 2012; Antonopoulos et al. 2013; Wainrib and

Touboul 2013; Bandiera et al. 2013; Demongeot and Sené 2014).
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Abstract: RNA molecules are often involved in the regulation of complex genetic 
networks as effectors, activators (small RNAs involved in transcription factors), 
inhibitors (microRNAs) or hybrids (circular RNAs). We give examples of such 
genetic networks and show that i) RNA-RNA or RNA-peptide interactions could be 
explained by the presence of RNA "relics" having played an important role during 
the evolution and survived in many genomes, their present probability distribution 
being quantified by the static entropy, and ii) the dynamical entropy related to the 
dynamics of these networks can be used to characterize their robustness.  
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1. Introduction 

     RiboNucleic Acid (RNA) is an important living molecule with the propensity to regulate 
many fundamental mechanisms of the cell. RNA molecules are indeed often involved in the 
regulation of many complex biological networks as effectors. They can be activators, like the 
small RNAs involved in transcription factors, inhibitors like microRNAs involved in translation, 
or hybrids like circular RNAs, which are inhibiting microRNAs. The present genomes are the 
result of a long evolution from the start of the life on the earth until the appearance of mammals 
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and human. We will show that RNA relics persist coming from the beginning of life. These 
relics are small RNA sequences having fulfilled an important role for transmitting the living 
information already at the first steps of the evolution and playing still now a notable function in 
the control of important genetic networks involved in numerous living systems. In this paper, we 
will give some examples of complex biological networks regulated by RNAs and show that:  
i) present RNA-RNA or RNA-peptide interactions could be explained by the presence of RNA 
"relics" having played an important role during the evolution and having survived in many 
genomes, their present probability distribution being quantified by the static entropy 
ii) the dynamical entropy related to the dynamics of the biological networks networks can be 
used to characterize the robustness of the RNA regulated systems.  
     We will describe the RNA relics in Section 2, then show in Section 3 their survival in present 
genomes and describe in Section 4 the role they play presently in the regulation of important 
genetic networks. Eventually, in Section 5, we will define the dynamical entropy and its role in 
the quantification of the network robustness. 
 
2. RNA relics 
 
     Let us consider now the two RNA sequences called respectively AL (for Archetypical Loops) 
and AB (for Ancestral Bases):  

5'-UGAAUGGUACUGCCAUUCAAGA-3' (AL) 
5'-UGAAUGGUGCCAUUCAAGACUA-3' (AB). 

Their main features have been previously described [1-7], hence we will describe only the most 
relevant for our argumentation about their survival until the present genomes. 
 
     The first small circular RNAs (“RNA rings”) when life emerged could be stabilized by a 
proto-membrane of amino acids determined by the affinities to their different codons, 
overlapping in a circular sequence [5]. A high diversity of codons in these rings corresponding to 
different amino acids, would increase the chance that the rings attract enough amino acids to 
support their stability. In this way, the optimal RNA structure turns out to be a ring which codes 
for all the different available amino acids, i.e., having at least one codon in each of the synonymy 
classes of the genetic code.  
 
     At the same time, the ring should be as small as possible, since bigger rings will be more 
prone to accidental denaturation. This would lead to the determination of RNA rings of 20 
nucleotides, which contain codons in each of the coding classes. 
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Figure 1. (a) The relic sequence AL in hairpin and circular forms. (b) The relic 
sequence AL in  hairpin and circular form. (c) AL matching the loops of the 
archetypal tRNA. (d)  Correspondence between the circular and the clover-leave 
structure. The ring is cut into segments aligned with the conserved domains of the 
tRNA (loops), respecting the 5’-3’ orientation. (e) AL matching the loops of the 
tRNAGly of Arabidopsis thaliana. Only positions 9 and 32 differ in AL, as shown. 

     However, two observations lead to study a different set of minimal rings. The first is 
combinatorial: exhaustive listing through backtracking algorithms shows that rings with the 
required property do not exist; hence, some latitude must be allowed. The second observation is 
based on the dynamics of the scenario: with structures being routinely denaturated, and new 
structures emerging from the pieces that float in the environment, there will be a selective 
advantage for those structures that are more likely to break in ways that facilitate a later 
reconstruction. Since the links inside peptides and RNA are likely to be stronger than the 
affinity-determined binding between them (based on weak forces like van der Waals or 
electromagnetic, following the stereochemical theory of the genetic code), a RNA-peptide ring 
structure is likely to be occasionally turned into a small strand of RNA and a peptide. The 
reconstruction of the same species of such a structure will be easier if it breaks preferentially in a 
certain point along the ring, i.e., if it contains an unprotected spot, one without an amino 
acid/codon complex. This, according to our assumptions, is expected to happen if the ring 
contains a stop codon. It follows that we must look at minimal rings able to code for the 21 

a) b)
 

c) d) e) 

! a!
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synonymy classes of the genetic code (including the stop class). The combinatorics shows that 
the variational problem satisfying two opposite criteria, i.e., i) to have the minimal length and ii) 
to code for these 21 classes, has solutions only if the sequence begins with the start codon AUG. 
The set of corresponding solutions has a barycentre for the Hamming distance, called the AL 
ring. The AB ring is another solution whose hairpin form is more stable than the AL one (see 
Figure 1). 

     The RNA ring AL matches well with the sequence obtained from the succession, in their 
order in the cloverleaf structure, of the tRNA loops (D-loop, anti-codon loop and T-loop) [8-13], 
and that for many tRNAs (Figure 2) like the consensus tRNA loops proposed by B. Lewin [14] 
and could be considered as part of an ancient proto-ribosomal system, in which AL have played 
two roles: i) it attracted amino acids with weak bonds like the present tRNAs, and ii) favoured 
the creation of strong peptidic bonds between these amino acids like in the present ribosomes. 

Figure 2. (a) S. cerevisiae tRNAAsp [10]. (b) T loop consensus sequence derived 
from sequences of 11 species of T. thermophilus tRNAs contained in the tRNA 
Compilation Data base [12,13]. (c) S. cerevisiae tRNAPr [14]. (d) Consensus 
sequence proposed by B. Lewin for the tRNA loops [15]. The AL bases matching 
with Lewin's bases are in blue. 

3. Static entropy and diversity of the nucleotides motifs 

3.1. Nucleotide sequences from RNA and DNA worlds 

     In order to compare AL with nucleotide sequences coming from genetic databases, we 
computed the number W of occurrences of AL subsequences of length equal or greater than 5 
(called 5-ALsq) in RNA or DNA sequences. To assess the W significance, we ran 1000 
computations, in which each nucleotide sequence was randomized by shuffling its bases, but 
keeping base content and length. The mean number for these randomized cases was <WR> = 

!
A)! b) 
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     The RNA ring AL matches well with the sequence obtained from the succession, in 
their order in the cloverleaf structure, of the tRNA loops (D-loop, anti-codon loop and 
T-loop), and that for many tRNAs (Figure 2) like the consensus tRNA loops proposed 
by B. Lewin [15] and could be considered as part of an ancient proto-ribosomal 
system, in which AL could have played two roles: i) it attracted amino acids with 
weak bonds like the present tRNAs, and ii) favoured the creation of strong peptidic 
bonds between these amino acids like in the present ribosomes. 
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91.665, with a standard deviation σR of 286 (cf. Table 1). By computing W for all RNA 
sequences, we obtain a total of 120.441 significantly greater than <WR>. The number W of 
matches between AL and RNA sequences was indeed well above <WR> for any empirical 
distribution given on Table 1 [5]. 

Table 1. Subsequences of length 5 common between AL and RNA families. The 
type snRNA corresponds to the aggregation of snRNA types in Rfam database [16] 
(except for spliceosomal snRNAs listed apart) and contains almost only snoRNAs.      

 

     The frequencies of the histogram given on Figure 3 are consistent with the idea that AL 
fragments were the source material for the primitive RNAs,  with higher probability for the 
fragments that were not disrupted in the AL hairpin form. The entropy of the distribution 
corresponding to the histogram given on Figure 3 is equal to H1 = 2.93176. 

 
 

 

 

 

 

 

 

 

 
 
Figure 3. Frequencies in AL of the start nucleotide of the subsequences of length 5 
(5-ALsq) matching with Rfam sequences. For better comparison, frequencies have 
been normalized and the arrows indicate the position of the most frequent 5-ALsqs. 
The triangle lines in (a) correspond to the distances of each base with respect to the 
two inter-base positions marked in the AL hairpin form (b), which shows the values 
graphed in (a) as shades of gray (with white and black representing the minimum and 
maximum values of this distance, respectively).  

S ¼W=hW Ri, where hW Ri corresponds to the mean of the
randomized cases; the values are shown in Table 2, in
decreasing S order.

As can be seen in the table, ranking the families
according to S does group them according to their
presumed ancient or recent nature (for overviews of the
putative antiquity of the different kinds of RNA, see
Jeffares et al., 1998; Meli et al., 2001; Bompfünewerer
et al., 2005; see also Rodrı́guez-Trelles et al., 2006 about
introns and spliceosomal RNA, and Bachellerie et al.,
2002; Tran et al., 2004 for snoRNAs). The position of
tRNA, with significant similarity but below other RNA
families, can be attributed to the high variability of
the stems and the variable loop; when only the five
conserved domains identified in Section 5 are considered,
S jumps to 2.77.

A comment is due regarding the position of microRNAs
(miRNA) in Table 2; they appear above tRNA and
ribozymes, but they are currently believed to be a relatively
recent invention of higher eukaryotes. Since the number of
miRNA sequences is still low (when compared to other
RNA families) this could be attributed to chance; however,
in view of the persistent doubts about their origin and
phylogenetic distribution (Bompfünewerer et al., 2005), the
question should be rather considered open. In fact, we have
found some additional indications of similarity between
miRNAs and our rings, but a detailed analysis will be left
for future work (when more data become available).

Since W seems to support the presence of some
remembrance of AL word composition in old RNA
sequences, it is natural to ask which parts of AL are those
responsible for most of the matches; thus, we computed the
number of times that a given base in AL appeared in a
match with Rfam. Due to bias in the base composition, the
equivalent computation with randomized Rfam does not
yield a flat curve; in order to take this bias into account, we

considered for each position the quotient, as before,
between the value for the real data and the mean of 100
randomized cases (values and standard deviation for each
position are given in Table S1, in Supplementary Material).
The results, after normalization (substracting the mini-

mum value and dividing by the range, to obtain values in
½0; 1#) are shown in Fig. 6A, and reveal a near-bimodal
distribution. When the same values are put as shades on the
hairpin form of AL (Fig. 6B) this bimodality appears to
relate to the likely exposed positions in hairpin. Since the
free C base can be equally put on the 30 extremity of the
hairpin, the two positions marked in Fig. 6B are possible
fragile positions of the sequence; the (normalized) distance
of every base from these inter-base positions is shown as a
light line in Fig. 6A, and gives a good approximation of the
usage curve (with a correlation coefficient of 0.91). This is
consistent with the idea that AL fragments were the source
material for the primitive RNAs, with higher probability
for the fragments that were not disrupted in the hairpin
form. Note also that if the difference between the open
position (below the hairpin) and the just fragile position
(above, in the loop) is taken into account, the approxima-
tion of the usage curve improves.

8. The rings as ancestors of genes

Not only the AL ring has interesting properties; the
whole set R, as well as the subset R$ of rings with optimal
hairpins, exhibits some noteworthy features. If the rings
were indeed abundant in the medium in which the
molecular machinery started to evolve, one could expect
them to have been a source of genetic material for the first
genes; some of their characteristics support such a relation.

Repeated AUG and AUG/STOP form: Since the rings
have 22 nucleotides, there must be a repeated synonymy
class (a redundant codon) in each of them. This redundant
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Table 2
Word matches between AL and RNA families

RNA type S W hW Ri sR sR=hW Ri

tRNA conserved domains 2.77 3498 1262 32 0.025
Intron 1.46 65,119 44,599 202 0.005
snRNA (spliceosomal) 1.43 5421 3799 59 0.016
snRNA 1.39 5478 3941 59 0.015
rRNA 1.37 14,213 10,366 97 0.009
miRNA 1.33 716 540 22 0.041
tRNA 1.12 12,709 11,376 102 0.009
Ribozyme 1.11 2114 1902 41 0.022
sRNA 1.03 498 484 20 0.041
Cis-reg 0.97 9539 9809 93 0.009
Gene 0.96 4483 4678 65 0.014
Antisense 0.88 151 171 12 0.070
Whole Rfam 1.31 120,441 91,665 286 0.003

The type snRNA corresponds to the aggregation of the snRNA types in
Rfam (except for spliceosomal snRNAs, which are listed apart) and
contains almost only snoRNA sequences. The tRNA conserved domains
whose values are listed for reference are those described in Section 5. For
all families with SX1:11, W4hW Riþ 2s holds.
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Fig. 6. Use of AL positions in word matches with Rfam sequences. For
better comparison, the values have been normalized into the ½0; 1# interval.
The light line in (a) is the (also normalized) distance of each base with
respect to the two inter-base positions marked in (b); (b) shows the values
graphed in (a) as shades of gray on the hairpin form of AL (with white and
black representing the minimum and maximum values, respectively).
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3.2. RNA sequences from human mitochondrial genome  

     Human mitochondria contain small RNAs including microRNA, piRNA, tRNA, rRNA, and 
RNA repeats. The sequencing generated 19.5 and 17.7 million reads from human cell lines HEK-
293 [17] and HeLa [18] respectively, 91% and 97% of these sequences respectively 
corresponding to various classes of small RNAs regulating critical cellular processes.  
 
     Analyzing small RNAs in human mitochondria, we used two samples coming from HEK-293 
(GSM797669 with 730293 nucleotides [17]) and HeLa (GSM797670 with 363056 nucleotides 
[18]). For HEK293 (resp. HeLa), the least frequent 7-ALsq AAGAUGA (the least frequent also 
on the histogram of the Figure 3) is observed 1760 (resp. 890) times, for an expected number of 
730293/1024 = 713 ± 160 (6σ)  (resp. 363056/1024 = 355 ± 113 (6σ)), showing a very 
significant occurrence of AL relics inside the human mitochondrial genome. 
 
3.3.	
  Circular RNA and DNA sequences 
      
     The circular RNA sequences correspond to possible inhibitors of the microRNAs 
("microRNA sponges" [18-20]). An example is given on Figure 4, which shows the inhibitory 
power of human circular RNAs like CDR1as and ciRs7 respectively on miR-671 and miR-485, 
and on miR-671 and miR-485, as well as the inhibitory power of human microRNAs miR-671 
and miR-485 on their proteic targets, respectively GPI (Glucose-6-Phosphate Isomerase involved 
in glycolysis) and FPN1 (Ferroportin involved in the iron regulation as shown in Section 4.3). 
 
        3’-ACGACCUUCGGGACCUCUACGACCUUCU-5’   CDR1as   
                  3’-GUUGGUGAGUUUUACUUGUUGU-5’ anti-AL 15 anti-matches vs hsa-miR-671-5p 
                5’-GGAAGCCCUGGAGGGGCUGGAGG-3’ hsa-miR-671-5p 21 anti-matches vs CDR1as 
           3'-CGAUCUGUACCUCCCCGACC-5' GPI 16/20 anti-matches vs hsa-miR-671 
 
        3’-UGUUGGUGAGUUUUACUUGUUG-5’ anti-AL 14 anti-matches vs ciRs7 
5’-AGAGAGGAUGGGGGAGUUGUGUAUUCUUCCAGGUUC-3’   ciRs7     
                                                  3’-CUGGAUCAGUGGAUCUA-5’ IRE-FPN1a 12/17 anti-matches vs ciRs7 
5’-AUGGGGCAACAUAUUGUAUGAA-3  FPN1a 14 anti-matches vs hsa-miR-485 
3’- UCUCUCCUCUCGGCACAUACUG-5’  hsa-miR-485 15 anti-matches vs ciRs 7  
5’-AGAGAGGAUGGGGGAGUUGUGUAUUCUUCCAGGUUC-3’   ciRs7     
                                         5’-CCUGUUGGUCUCUUCCAGGUAC-3’   IRP 14 matches with ciRs7 
  

Figure 4. Correspondence between AL, anti-AL, circular RNAs and their targets, the 
microRNAs. 

 

      Exploring the circular RNA data base [21], we observe many circular RNAs with a 
significant frequency of occurrence of AL subsequences. We give a characteristic example 
where these occurrences are indicated in red or blue:  
hsa_circ_0071327 Alignment block 2 of 2 in window, 159076767 - 159076977, 211 bps  
AACAAAAAATCAAAGAGTGCCATCTTGGACCACTCATGATGATGTATTTCAGTAC
AACCCGATTCAGGCTTGGGTACTCGGCCATTCTGCCAGCATTTCTGTTTCAGCAA
CTGCTGATAAGTTCCCCAGGTGAGCTTAACAGAAGAATGGGTGTCATTACTTGCTG
AAGATAAAGATGCATCCCAAAGAATGATGGGGCATGGGCGGCCAT 
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     We observe on the sequence above 19 times 5-ALsqs from the sequence corresponding to D 
and T RNA loops: UUCAAGATGAATGGTAC, for 207x13/1024 = 2.6 ± 9.7 (6σ) expected. 
Exploring in the same way the circular RNA data base [22], we observe also many circular 
RNAs with a significant frequency of occurrence of AL subsequences (ALsq).  

     We give another characteristic example where these occurrences are indicated in red or blue, 
both for the circular RNA and its microRNA target:  

RP11-877E17.2:hsa-miR-194-5p 
miRNA 3'-aggtGTACCTCAACGACAATGt-5' 
                          | | |   | |     | | | | | | |   
ncRNA  5'-ttgcCATTTAGCCACTGTTACt-3' 
 
     From [23], the distribution of the AL subsequences of length 5 (cf. Figure 5) in Assphage 
circular DNA (97065 bp) is equal to:  
 
ttcaa 250 tcaag 154 caaga 146 aagat 163 agatg 163 gatga 122 atgaa 211 tgaat 238 gaatg 152 
aatgg 145 atggt 156 tggta 120 ggtac 62 gtact 90 tactg 143 actgc 129 ctgcc 160 tgcca 155 gccat 
121 ccatt 198 cattc  155 attca 206.  
 
     The total number of 5-ALsqs observed is equal to 3439, with an expected total equal to 
22x97061/1024 = 2085 ± 73 (0.95-confidence interval). The entropy of the above distribution is 
equal to: H2 = 2.77723. 
 
 
 
 
 
 
 

Figure 5. Histogram of the 5-ALsqs observed in Assphage circular DNA [23]. 
Frequencies up to the blue bar correspond to the 0.95-significativity vs the 
uniformity. 

 
     If we are looking more precisely to the distribution of AL subsequences of length more than 6, 
we have 17 observed 9-ALsq, with 8.145 ± 4.57 expected and 69 observed 8-ALsq, with 32.6 ± 
9 expected (Figure 6). The entropy of the distribution corresponding to the histogram given on 
Figure 6 is equal to:  H3 =2.26074. 

!
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9 & 10-ALsq                            8-ALsq 

agatgaatg   1                          agatgaat   2        

gatgaatgg   0                          gatgaatg  3         

atgaatggt    1                          atgaatgg  2         

atgaatggta  1                           tgaatggt  2         

tgaatggta    1                          gaatggta  3         

gaatggtac   0                           aatggtac  2         

aatggtact    2                           atggtact  4          

atggtactg    0                           tggtactg  1         

tggtactgc    0                          ggtactgc  0        

ggtactgca   0                           gtactgcc  0        

tactgccat    1                           tactgcca  2         

tgccattca    1                           actgccat  1         

tgccattcaa  1                           ctgccatt   1    

gccattcaa   1                           tgccattc   2    

ccattcaat    0                           gccattca  2     

attcaagat    2                           ccattcaa  4    

ttcaagatg    0                          cattcaag   1      

attcaagatg  1                          attcaaga   4     

ttcaagatg    3                          ttcaagat  10     

tcaagatga   3                           tcaagatg  9       

aagatgaat   1                           caagatga  4      

aagatgaatg 1                          aagatgaa 10     

Figure 6. Histogram of the 8-AL sequences observed in Assphage circular DNA [23].  
 

     Entropy of the distribution corresponding to the histogram of Figure 6 is equal to: H3=2.26074. 
 

3.4. DNA sequences from genes of different species 
 

     By exploring the complete genomes of microbes [24], which contains15,358,075,464 bp for 
4867 sequences, we observe the AL subsequence TTCAAGATGAATGGT (D and T loops being 
indicated in red) 51 times for 14 ± 7.5 expected. We discover also quasi-perfect matchings: 
Desaturase gene fragment, 5218 bp [25]: CAGCCCTCCAAGATGAATGGTA 19 AL-matches 
Candida Ca20chr5, 1191531 bp [26]: TGGTACTGCCATTGAAGATAGA 19 AL-matches	
  
Glyma14g34640.1, 3709 bp [27]: TGCTATTCAAGACTATGAAATG 19 AB-matches. 
 
     By exploring the complete genomes of some animals [28], we observe frequently 12-ALsq 
centred on D or T loops: 
 
102 times CCATTCAAGATG in Mus musculus (Mouse) RefSeq RNA 
Number of letters: 319,391,879. Number of sequences: 106,780 
Expected: 19 ± 7 

!
M!
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38 times UGAAUGGUACUG in Oryctolagus cuniculus (Rabbit) RefSeq RNA 
Number of letters: 118,511,990. Number of sequences: 42,502 
Expected: 7 ± 4.2 
 
104 times CCATTCAAGATG in Pantroglodytes (Chimpanzee) RefSeq RNA 
Number of letters: 206,359,824. Number of sequences: 68,378 
Expected: 12 ± 5.5 
 
33 CCATTCAAGATG in Danio rerio (Zebrafish) RefSeq RNA 
Number of letters:155,246,628. Number of sequences: 54,469 
Expected: 9 
 
     We can also notice that we observe in [28] 191 times the 11-ALsq GCCATTCAAGA in the 
370 M bp of plasmid genomes instead 88 ± 19 expected. 
 

3.5. The use of the static entropy 
 
     By exploiting the thermodynamic parameters given in [8,9] (cf. Table 2), we can calculate the 
theoretical probability of occurrence of the AL subsequences (cf. Figure 6). 
 

Table 2. Nearest-neighbor thermodynamic parameters for DNA/DNA duplexes [8,9]. 

Nearest-neighbor 

sequence 

(5'-3'/3'-5') 

∆H 

kJ/mol 

∆S 

J/(mol·K) 

∆G37°C 

kJ/mol 

AA/TT −33.1 −92.9 −4.26 

AT/TA −30.1 −85.4 −3.67 

TA/AT −30.1 −89.1 −2.50 

CA/GT −35.6 −95.0 −6.12 

GT/CA −35.1 −93.7 −6.09 

CT/GA −32.6 −87.9 −5.40 

GA/CT −34.3 −92.9 −5.51 

CG/GC −44.4 −113.8 −9.07 

GC/CG −41.0 −102.1 −9.36 

GG/CC −33.5 −83.3 −7.66 

Terminal A-T base pair 9.6 17.2 4.31 

Terminal G-C base pair 0.4 −11.7 4.05 

      
     The static Shannon entropies of the empirical histogram (H4) and of the predicted distribution 
of the AL sequences of length 5 (H5) occurring in 100 circular RNAs of length less than 250 
bases (cf. Figure 7) chosen by chance in [21], are respectively equal to: H4 = 2.50232 and H5 = 
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3.05508. We can observe that the thermodynamic prediction H5 is highly greater than all the 
other entropies Hi (i = 1,...,4), showing that the occurrence of AL relics in the present genomes is 
definitely not due to the chance nor to thermodynamic constrains during the evolution. 
 
 
 
 
 

5-uple   Nb     frequency 

                        = Nb/106 

  -∆G            exp(-∆G/RT)   exp(-∆G/RT)/Z % 

(kJ/mol)                                    Z = 10794 

aatgg     8           0.075             13.32                     175                 1.6% 

atggt      9           0.085             14.92                     325                  3% 

tggta      4           0.038             14.92                     325                  3% 

ggtac     1           0.0095           14.27                     253                 2.3% 

gtact      4           0.038                    11.75                      95                  0.9% 

tactg      3           0.028                     11.75                      95                  0.9% 

actgc     4           0.038                                               18.61                   1361                 12.6% 

ctgcc    10          0.094                    20.41                   2735                 25.3% 

tgcca     4           0.038                                        20.58                   2921                 27% 

gccat     4           0.038                                                   18.45                   1325                 12.3% 

ccatt      1           0.0095                               12.32                     119                 1.1% 

cattc      3           0.028                                        11.43                       84                 0.8% 

attca      0              0                   10.91                       69                 0.6% 

ttcaa      6           0.057                 11.53                       87                 0.8% 

tcaag     6           0.057                                  12.93                     150                 1.4% 

caaga    9           0.085                                            12.93                     150                 1.4% 

aagat     0              0                10.33                       55                 0.5% 

agatg     3           0.028                                      12.42                     123                 1.1% 

gatga     6           0.057                                12.45                     125                 1.1% 

atgaa     7           0.066                    10.91                       69                 0.6% 

tgaat      8           0.075                                     10.91                       69                 0.6% 

gaatg     6           0.057                                 11.43                       84                 0.8%  

 
Figure 7. Empirical and theoretical (thermodynamically predicted) histograms 
corresponding to the observation of 106 5-ALseq for 69 ± 13.3 expected in a sample 
of 100 circular RNAs of length less than 250 b (Figure 6) chosen by chance in [21]. 
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4. Small RNAs as regulators in genetic networks 
 

4.1. The immunetwork responsible of the Toll Like Receptor (TLR) expression 
 
     The activation of Natural Killer (NK) cells, involved in innate immune response, is controlled 
by PU.1 gene (Figure 8) and by the ligands of the Toll Like Receptors (TLR). The RP105 
(CD180) is a TLR-related protein identified in B cells (responsible of the humoral adaptive 
immune response) [29-30] and acting as regulator of B cell proliferation. B-cells lacking RP105 
were shown to be severely impaired in antibody production. The protein ICAM1 is a type of 
intercellular adhesion molecule continuously present in low concentrations in the membranes of 
leucocytes involved in humoral adaptive immune response. 

 
 

Figure 8. The network controlling the production of the Toll Like Receptors of ICAM1. 
 
     The network controlling the Toll Like Receptors (TLR) and ICAM1 expression contains a 
couple of circuits, one positive 4-circuit tangential to a negative 4-circuit (Figure 8), giving only 
one attractor, which corresponds to the activation of TLR2.  
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4.2. The links with the microRNAS 
 
     All the genes introduced above have links with microRNAs exerting a negative control on 
them and susceptible to decide what attractor will occur, by cancelling their target gene activity. 
For example, we have: 
 
1) for the TLR protein pUNO-hRP105 sub-sequence (4937 bp), the hybridization is made by the 
microRNA miR 200, close to the reference sequence AL: 
 
5’-CCAUUCAAGAUGAAUGGUACUG-3’    AL 14 anti-matches 
3’-UGUAGCAAUGGUCUGUCACAAU-5’    hsa miR 200a  12 anti-matches 
5’-UUGUGCUCAUUGAGAUGAAUGG-3’    pUNO-hRP105 sequence starting in position 531 
5’-UACUGCCAUUCAAGAUGAAUGG-3’    AL 15 matches 
 
2) for the GATA-3 gene: 
 
5’-GCCAUUCAAGAUGAA--UGGUACU -3’ AL 13 anti-matches 
3'-AGGUAGUAAUGGGC--CGUCAUAA-5'   has miR 200c 16 anti-matches 
5’-UCUGCAUUUUUGCAGGAGCAGUA-3'  GATA-3 sequence starting in position 57   
          
3) for the ICAM1 sub-sequence CD54 cDNA (1615 bp): 
 
5’-GGUGCCUAUUAACAAUAUGAAU-3’     AB 15 anti-matches 
3’-GUACGUGUACGUGUG--UAUGUA-5’     has miR 297 15 anti-matches 
5’-CCUCCCCA------CCCAC--AUACAU-3’     ICAM1 sequence starting in position 832 
 
     We can remark on the above matching that i) gene expressing the TLR hRP105 protein 
contains the sequence AGATGAA frequently observed in the not coding genome as part of the 
CAAGATGAA sequence, belonging both to the T loop of the tRNAs and to the reference 
sequence AL, which signifies the affiliation to an ancestral genome, and ii) the microRNAs 
hybridizing the genes TLR hR, GATA-3 and ICAM1 are also close to the reference sequence 
AL, showing the old origin of the innate immunologic system. 
 
4.3. The IRP/IRE Network 
 
     The regulatory network controlling the iron (Fe) metabolism is given on Figure 9. The arrows 
are defined by the interactions described in Section 3.3. We can calculate the gene expression 
behavior (called attractor) obtained for any initial condition of the expression of the genes of the 
network, belonging to the attraction basin of this attractor. 
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Figure 9. The interaction graph of the iron regulatory network with inhibitory and 
activatory interactions (left) and the role [32,33] of the small RNAs (right). 

 
Table 3. Recapitulation of the attractors of the iron metabolic system, for the parallel 
updating mode, with the list of expressed (in state 0) and not expressed (in state 1) 
genes and their attraction basin sizes. 

 

Position Gene 
Fixed Point 
1 

Fixed Point 
2 

Limit Cycle 
1 

Limit Cycle 
2 

1 TfR1 0 0 0 0 1 1 0 
2 FPN1a 0 0 0 0 0 0 0 
3 C-Myc 0 1 0 0 0 0 0 
4 Notch 0 0 1 1 1 1 1 
5 GATA-3 0 0 1 1 1 1 1 
6 IRP 0 0 0 1 0 0 1 
7 Ft 0 0 0 0 0 0 0 
8 Fe 0 0 0 0 1 0 1 
9 miR-485 0 0 0 0 0 0 0 
10 ciRs-7 anti-sense 0 0 0 0 0 0 0 

 
Relative Attraction Basin Size   

(RABS) 512/1024 256/1024 216/1024 40/1024 
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5. Dynamical entropy and network robustness 
 
     We define [29,30] the energy U and frustration F of a genetic network N of size n by:  

∀ x∈Ω, U(x) = Σi,j ∈{1,n}αijxixj = Q+(N) - F(x),  
where x is a configuration of gene expression (xi = 1, if the gene i is expressed and xi = 0, if not), 
Q+(N) is the number of positive edges in the interaction graph G of the network N and F(x) the 
global frustration of x, i.e., the number of pairs (i,j) where the values of xi and xj are contradictory 
with the sign αij of the interaction between genes i and j: F(x)=Σi, j∈{1,n}Fij(x), where Fij is the local 
frustration of the pair (i,j) defined by:   
Fij(x) = 1, if αij=1, xj=1 and xi=0, or xj=0 and xi=1, and if αij = -1, xj=1 and xi=1, or xj=0 and xi=0, 
Fij(x) = 0, elsewhere.  
 
     Then the dynamical entropy E of the network is defined by the Kolmogorov-Sinaï entropy of 
the transition operator allowing the passage from a state of expression to the next state of 
expression [34]. When this transition is stochastic, E can be approached by calculating the 
attractor entropy: 
 

E ≈ log2n-Eattractor, 
 
where Eattractor can be evaluated by the quantity: Eattractor = - Σk=1,m≤2n RABS(Ak)logRABS(Ak), 
with RABS(Ak) equal to the size of the attraction basin of the attractor Ak, divided by 2n. 
 
     E serves as robustness parameter, being related to the capacity the genetic network has to 
return to the equilibrium after endogenous or exogenous perturbations [35]. The maximum value 
of E is indeed n and for the immunologic network, there is a unique attractor, hence Eattractor = 0 
and E takes this maximum value equal to the number of the genes of the network, i.e. E = 19. In 
the iron network, we have: Eattractor = 2.59412, hence E = 10 - 2.59412 = 7.40588, which 
corresponds to a relatively low robustness. We can prove more generally [30] that the robustness 
of the network decreases if the frustration F of the network increases, because of the formula: 
∂E/∂logw = - VarF, where w is the absolute value of the interaction (here supposed to be the 
same for all interactions) between the genes of the network. 

6. Conclusions  

     The genetic networks regulated by the small RNAs show important properties necessary to 
control a biological function. The role of the microRNAs is to provide a partially unspecific 
inhibitory noise leaving only the control circuits having sufficiently strong interactions to be able 
to express the attractors. Circular RNAs are inhibiting the microRNAs in order to have, like in 
neural networks, the possibility to get a double reciprocal influence (inhibitory and anti-
inhibitory) on mRNAs and genes, i.e., on the genetic expression. The presence of RNA relics in 
a genome contributed to its robustness, essentially by reducing the number of the circuits of the 
interaction graph, responsible (when they are positive) for the multiplication of the attractors [4]. 
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In any case, the use of entropy (static or dynamical) can serve to quantify the role of small RNAs 
in maintaining during evolution both ancestral control and robustness. 
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Dynalets
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Introduction

Les différentes méthodes qui représentent les signaux biologiques, ont pour but ou bien
d’expliquer les mécanismes ayant produit le signal ou de faciliter son utilisation dans
des applications médicales... Ces signaux peuvent provenir des capteurs de signaux
électrophysiologiques comme l’ECG, les capteurs de pouls, les dispositifs d’investigation
au niveau moléculaire, comme la spectrométrie de résonance nucléaire ou de masse.
Dans ce chapitre, nous exposons la méthode nommée Dynalets, utilisée pour traiter ces
signaux biologiques.
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3.1 Présentation générale de la méthode des Dyna-

lets

La méthode Dynalets consiste à utiliser un système d’équations différentielles de Liénard.
L’identification de protéines par leur spectre permet par exemple la construction de
réseaux de contrôle génétiques complexes, tels que ceux trouvés dans la régulation du
système immunitaire, où les protéines clés sont des activateurs ou des inhibiteurs de
l’expression génétique. Bien sûr, d’autres techniques alternatives pour estimer les spectres
de protéines existent déjà, mais elles ne sont pas liées au mécanisme de la production
du signal de la protéine. La transformée Dynalets donne sens à de nombreuses données
métaboliques(très lourdes en terme informationnel). Ces données ne sont pas en général
utilisées par les cliniciens (en particulier en cas d’urgence).

Le 17 février 1816, le docteur René Laennea a inventé le stéthoscope.Cette tech-
nique permet la conversion sonore d’une information fonctionnelle, décrite auparavant
sont décrites par les médecins sur de nombreux niveaux anatomiques ou physiologiques.
Nous continuons dans la même optique, en représentant les informations spectrales
de masse et de résonance en signaux convertis en sons. En pratique, pour effectuer la
transformée Dynalets, il faut choisir les valeurs des paramètres suivants :

— le paramètre µ, lié à la tel que la période du cycle limite de van der Pol

— des translations de l’origine des axes, afin de fixer le point de phase 0 du van der Pol

— des homothéties sur ces axes en minimisant la distance entre deux ensembles de
points à la fois ceux provenant du van der Pol, et ceux venant de l’acquisition du
signal original.

3.2 Description de l’outil d’application

Une interface a été développée avec le langage Java, au sein de notre équipe de recherche,
afin de mettre en œuvre la méthode des Dynalets. Par la suite, nous détaillerons le fonction-
nement de notre modèle avec cette interface. Notre point de départ est le signal complet
(voir graphe ci-dessous)du spectre RMN de l’acide aminé (ou de la base azotée). Ensuite,
on en a extrait le pic le plus intéressant pour notre étude, de façon à ne retenir qu’une
information spécifique, « pathognomonique » de la molécule étudiée.

Figure 3.1 – Spectre RMN de l’alanine
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Par la suite, on procède aux calculs de la dérivée du signal X, notée D, à chaque temps
T :

D �
dX

dT
�
Xi �Xi�1

Ti � Ti�1

Cette dérivée constitue notre troisième valeur d’entrée pour notre programme de modé-
lisation (X,T et D). Les valeurs sont normalisées. Une fois qu’on a notre fichier d’entrée,
nous devons modifier les paramètres suivants :
-µ, X0 et Y0 ce qui permet de donner une nouvelle forme au signal VdP.
-translation en X , ainsi qu’homothéties en X et Y, de même coefficient, qui permettent
de rapprocher le signal VdP du signal expérimental.
Enfin, il ne faut pas le paramètre ”pas”, ainsi que le nombre de points du modèle de Van
der Pol fixés dés le départ et qui ne changent pas, contrairement aux autres paramètres.
On calcule le modèle de Van der Pol à l’aide de la méthode d’analyse numérique Runge
Kutta d’ordre 4 (les valeurs seront normalisées aussi). Le nom de cette méthode, élabo-
rée en 1901, provient des noms de deux mathématiciens Carl Runge et Martin Wilhelm
Kutta. Ensuite, on applique les transformations et on trace les trois signaux : expérimen-
tal (rouge), VdP (vert clair) et VdP après transformations (vert foncé). Le Signal VdP
est généré avec beaucoup plus de points que le signal expérimental. L’entrée de l’interface
est présentée par le graphique ci-dessous :

Figure 3.2 – Tracé des 3 signaux après la transformation Dynalet

Lors du tracé X,Y, les temps du signal VdP ont été calculés à partir de la dérivée Y. Ils
sont donc utilisés pour les tracés des signaux temporels pour le VdP. Voici les tracés :
expérimental (rouge), VdP (vert clair) et VdP après transformations (vert foncé).
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Figure 3.3 – Tracé temporel des 3 signaux pour le VdP.

Une fois le signal modélisé et les paramètres ajustés, il est possible de sauver les données
générées dans des fichiers csv :

1. Un premier fichier ”csv” : récapitulatif des signaux expérimentaux et VdP avec le
même nombre de points et le calcul des différences

2. Un deuxième fichier ”csv” : le signal expérimental tel qu’il a été entré

3. Un troisième fichier ”csv” : le signal VDP généré (tous les points).

Ensuite, nous calculons l’harmonique en repartant d’un nouveau signal, égal à la différence
des deux signaux obtenus précédemment. On obtient un nouveau X normalisé, résultat
de EXP-VDP. Puis il est remis en entrée d’un calcul d’approximation VdP, avec deux
tours cette fois-ci. Pour conserver l’échelle du signal principal, on divise le résultat par
le coefficient qui a servi à normaliser EXP-VdP. La dernière étape consiste à calculer
la fondamentale ainsi que l’harmonique à partir des résultats obtenus par la méthode
Dynalet.

3.3 Application

Par la suite, nous illustrons cette méthode par une application, en utilisant des signaux de
spectrométrie RMN. Le but d’utiliser la méthode des Dynalets ici est de convertir les pics
du spectre en sons, ce qui permet souvent de distinguer à l’oreille des tracés difficilement
distinguables à la vue.

3.3.1 Domaine d’application

Nous utilisons pour notre application des signaux de spectroscopie par Résonance Magné-
tique Nucléaire ”RMN”. Cette méthode fut développée par deux équipes de physiciens,
celle de Félix Bloch (1905-1983) et celle de Edward Mills Purcell (1912-1997). Elle ex-
ploite les propriétés magnétiques de certains noyaux atomiques et elle est basée sur le
phénomène de résonance magnétique nucléaire, d’où son nom. Les signaux exploités par
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notre méthode Dynalets correspondent au graphique de l’analyse d’un spectre RMN du
proton (1H NMR Spectrum). La méthode a été appliquée sur 20 acides aminés ainsi que
les 4 bases azotées(ci dessous la liste).

Éléments Nom Code
Alanine ala
Arginine Arg

Asparagine Asn
Aspartate Asp
Cystéine Cys

Glutamate Glu
Glutamine Gln

Glycine Gly
Histidine His
Isoleucine Ile

Acides Leucine Leu
Lysine Lys

Méthionine Met
Phénylalanine Phe

Proline Pro
Sérine Ser

Thréonine Thr
Tryptophane Trp

Tyrosine Tyr
Valine Val

Adénine T
Cytosine C

Bases Guanine G
Thymine T

Table 3.1 – Liste des acides aminés et des bases nucléiques

3.3.2 Résultats

Nous avons appliqué la méthode Dynalet sur les 24 éléments cités dans la section précé-
dente. Nous avons obtenu 24 sons (un son par composante). Ces sons font l’objet d’un
travail en cours afin de constituer un clavier musical.
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Abstract. An early diagnosis of a neurodegenerative process like the Alzhei-
mer’s disease needs a tele-surveillance at home based on the recording of
pathologic signals coming both from the cardiac activity (for detecting the loss
of the sinus respiratory arrhythmia) and from the repetition of tasks of the daily
life (signing a pathologic behavior called perseveration), whose non-invasive
detection can lead to an early diagnosis, if it triggers secondly a battery of tests
based on brain imaging, clinical neurology and cognitive sciences to confirm the
suspicion of neuronal degeneration. For increasing the efficiency of alarms
triggering these tests, we use dedicated tailored data compression methods,
whose two examples will be presented, the Dynalets method for quantitative
compression of the physiologic signals and the monotonic signature for quali-
tative compression.

Keywords: Tele-surveillance at home � Alarm triggering � Tailored to the
signal data compression

1 Introduction

The worldwide population is ageing, this phenomenon being accompanied by a dramatic
increase of the neurodegenerative diseases: in 2050, the number of elders aged 65+ in
the world will have increased by 100 % compared to the year 1950 [1]. The prevalence
of neurodegenerative diseases in developed countries has been found to double with
every five-year increase in age, from 3 percent at age 70 to 25 percent at age 85, the
increase per year ranging from 0.84 to 3.50 percent [2]. Hence, new pervasive tech-
nologies have been developed for smart homes or smart residences for seniors [3, 4] with
assistive technologies [5]. Experimental platforms and living labs are a prototype sup-
port for conducting experiments taking normally place in these healthcare facilities. This
offers advantages such as the ability to pre-validate prototypes before their use in
the real-world. In case of infrastructure absence, computer simulations [5–12] can play a
key role, for simulating different activity trends based on heterogeneous parameters
(e.g., age, education, seasons, etc.) [13–16], testing uncommon scenarios of everyday
life on demand (instead of waiting for unpredictable real-life apparitions), and assessing
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specific algorithms invented and used in the area of activity or cognition [17–20]. We
have for example modeled a persistence in certain tasks of daily life to infer a more
generalized decline induced by a neurodegenerative disease. This persistence, also
known as perseveration, in performing common tasks already completed successfully,
but repeated pathologically was already the subject of comment in Romans, who will-
ingly quoted the proverb: “errare humanum est, perseverare diabolicum”… The basis of
such scenarios of daily living implemented in our computer simulations started from a
previous research described in [14]. The present article deals with two methodologies of
compression tailored to the physiologic or pathologic mechanisms generating the signal
used to follow the person at home: (i) first concerns ECG signal, whose loss of the
sinus respiratory arrhythmia is a good marker of the entrance in a neurodegenerative
disease and (ii) second is a qualitative method for interpreting a sequence of increase/
decrease of an activity, by focusing only on its successive intervals of monotony.
Note that samples used for validating these methods are essentially simulated using
random numbers generator, bootstrapping data from already observed empirical distri-
butions [3, 4].

2 History: Magical Medicine, Hermetic and Mysterious
Numerology

Greek and Romanesque medicine have used commonly tables for predicting the fatal
(resp. happy) evolution of a patient, if a mysterious calculation involving his age and
pulse frequency belonged to a certain “lethal” part of an arithmetic table (Fig. 1 top
left). Heir of Aristotle, hermetic pre-Roman and early Middle Age physicians gave rise
to tables such as the “secret of secrets” (from an apocryphal letter by Aristotle to
Alexander, attributed to Rhazes (circa 900), but probably from Hermes Trismegistus
(circa 100)) showing on Fig. 1 in its center the number 22 (number of vertebrae in
humans, nucleic bases in a microRNA,…). The table by G. d’Auberive (1180) [21],
however, remains of more obscure origin usefulness in medicine, but shows also the
intention to condensate health predictions in hermetic numerology.

3 Data Compression: From Tailored to Signal Physiology
Towards Alarm Adapted Schematized Information

As the ancient Greeks, today’s physicians, who seek to follow the evolution of a patient
at home, need fast calculation of physiological parameters derived from clinical, bio-
logical or imaging records. For this, methods of rapid real-time processing must be
developed to quickly compare patient evolutions with those from databases containing
comparable patients. We give here two examples of the compression needed to quickly
extract relevant parameters, in order to trigger an early and reliable alarm: one concerns
an ECG signal decomposition closer to the genesis of the physiological signal that the
Fourier transform, and the other deals with actimetric data reduced to their signature
monotony (i.e., to the sequence of the signs of their derivative).
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3.1 The Compression of the ECG Signal: The Dynalets Method

We propose in the following a new method of compression of the QRS wave of the
ECG based on its mechanism of generation inside the sinus node of the heart.

The method, called Dynalets decomposition, consists of three main steps:

– we have represented together in the phase plane (amplitude, speed), the physio-
logical signal (Fig. 2) and the approximation function belonging to a family of
approximating selected functions (adapted to the mechanism of genesis of the
physiological signal), and their proximity is maximized by minimizing a given
distance in the phase plane (distance “delta”, which minimizes the area between the
curves, quadratic distance, which minimizes the sum of the distances between
points chosen on the curves, or Hausdorff distance between the inner subsets of the
curves) (Fig. 3)

– we subtract the function thus obtained, called fundamental signal, to the experi-
mental signal, so as to obtain a second function, which we seek to approximate in
the selected functional family

– iterations are stopped when the quadratic relative error (QRE) is below 0.1 and the
SNR (signal to noise ratio) is over 20 dB, where:

 6      5      4                    3      2      1 
10     9      8                    13    11    7 
18    25   22                    17   16   14 
15    24   21                    12   20   19 
30    29   27                    28   26   23  

Fig. 1. Top: Table of secret of secrets and its translation into modern Arabic digits in the bottom
left. A patient was declared fatal prognosis, if a formula with its age and the numerical value of the
name belonged to the left side of the table. Bottom right: G. d’Auberive table, with the sum of the
first integers in first row and the cumulative sum of multiples of the previous amount in column.
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QRE ¼ ð
X

i¼1;K
Xi � Yið Þ2

.X
i¼1;K

X2
i Þ1=2and SNR ¼ �20 Log10QRE ð1Þ

For ECG or the signal of the pulse, the chosen family is the solutions of the Liénard
equations, specifically one called van der Pol equation. In the example of the Figs. 2
and 3, the QRS part of the ECG is approximated, after identification and extraction of
the values less than inf k�1 fKgð Þ� �

from the inter-beats base line, by using successively
Fourier transform and then the family of the limit cycles (having a polynomial
approximation [22]) of the van der Pol equation (called Dynalets transform). In the
example of Fig. 3, QRE (resp. SNR) is equal to 8 % with Fourier transform and 9 %
with Dynalets decomposition (resp. 22 % and 21 %). We can notice that Fourier
transform used in Fig. 3 needs 6 parameters (including the value of the period), while
the Dynalets transform requires only 5 parameters.

a)

c)

t 

 

b)

d)

Fig. 2. Top left a): first coefficients of the Fourier transform of the QRS complex: the
fundamental and two first harmonics are labeled. Top right b): original QRS complex of the ECG
(green) and Fourier (blue) reconstruction with two harmonics matching. Bottom left c):
experimental ECG. Bottom right d): evolution of the Lévy time λ(ε) corresponding to the
duration time the signal has passed between 0 and ε during 7 cycles (Colour figure online).
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3.2 The Detection of the Loss of the Sinus Respiratory Arrhythmia

The cardiac instantaneous period (i.e., the lapse of time between two cardiac beats) is
anti-correlated with the time in the inspiration the actual cardiac cycle occurs (Fig. 4),
due to a coupling (in the bulb) between the two (respiratory and cardiac) pacemakers.

 

a)

b) c)

      EXP-X1-X2

Fig. 3. Top (a): original ECG (red) and van der Pol (green) signal matching, after translation of
the origin of the (xOy) referential and localization of the points of the base line (blue circle).
Bottom left (b): superposition of the QRS complex of the experimental ECG signal without the
base line (EXP in blue), the van der Pol fundamental signal (X1 in red), the first harmonic signal
(X2 in green) and the reconstructed fundamental + first harmonic signal (X1 + X2 in violet).
Bottom right (c): residual signal equal to EXP-(X1 + X2) (Colour figure online).
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We consider that these pacemakers can be modelled by two van der Pol oscillators,
classical examples of regulons (the simplest regulation systems showing one positive
and one negative loop inside the graph having their Jacobian matrix as incidence
matrix). Indeed, for the sake of simplicity, by neglecting the peripheral Aschow-
Tawara node, the cardiac control system is made of two groups of excitable cells, one
located in the bulb, composed of neurons and called the cardio-moderator centre CM
with electric activity x, which inhibits the sinus node S located in the heart septum,
whose activity is denoted by the variable y and results from an autocatalytic loop
moderated by CM.

Reciprocally, S activates CM. Then, the van der Pol system representing the
rhythmic cardiac activity reads:

dx=dt ¼ y; dy=dt ¼ �xxþ lð1� x2=b2Þy; ð2Þ

where µ represents the anharmonic parameter of the oscillator. Because the generator of
the heart rate is well modeled by the van der Pol equation, the QRS ECG waveform is
well approximated by a sum of solutions of this equation, having as period sub-
multiple of the fundamental period. Early detection of neurodegenerative diseases such
as Alzheimer’s or Parkinson’s disease, is then made possible by looking at the gradual
disappearance of the inspiratory cardiac acceleration, which serves as an alarm, trig-
gering the consultation in a hospital department of neurology.

4 Actigram Emulation

To emulate persistent behaviors linked to the Alzheimer’s disease in residential care
settings, we first start from stable behaviors deriving from basic scenarios encountered
in everyday life in the home environment [14]. Based on the fact that we all possess

Fig. 4. Left: the sinus physiologic respiratory arrhythmia characterized by a decrease of the
cardiac period during the inspiration. Right: the recording device giving the respiratory and
cardiac rhythm from a smart tee-shirt containing a conductor whose impedance varies with chest
expansion.
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basic needs and patterns (e.g., circadian or nycthemeral activity rhythms [23]), no matter
the living conditions and the geographical location, we assumed that these scenarios
would remain essentially identical in centers for Alzheimer’s. In other words, we
basically model the Alzheimer’s conditions of life in a healthcare setting putting forward
the hypothesis that patients still tend to follow a regular life rhythm based on 24 h
(circadian or nycthemeral), such as in familiar environment at-home. Then, we slightly
modify these scenarios to reveal persistent behaviors at the spatial-temporal level setting
abnormal prolonged periods staying in a room or performing a daily routine.

4.1 Data Modeling

To model usual scenarios of daily living progressing toward persistent behaviors, we
have used homogeneous Markov chain model, which is a sequential method quite
adapted to describe resident’s successive room occupancies (or activities) in a home or
by extension in a healthcare facility. After 70 days of observation in such a residency
for elderly people, we get the statistics given on Fig. 5 for staying in the different rooms
of the observed smart flat in which different sensors record the activity of the dependent
early person. These statistics allow to calculate different temporal or histogram profiles
assigning the observed person in different clusters corresponding to a normal or
pathologic behavior [23, 24]. Alarms are triggered when passing from a normal type of
nycthemeral activity to a pathologic one. For example, we model the phenomenon of
persistence in an activity by setting atypical extended occupancy periods in a room.

4.2 Modeling Persistent Behaviors with Memory Parameters

Modeling persistence with memory effects consists in taking into account the time
elapsed in a state before to determine the outcome of the next trial. In other words, trials

Fig. 5. Expectation (in blue), standard deviation (in pink) and variation coefficient (physiologic
in green and pathologic in red) of the lapse of times passed in the kitchen at different hours of the
nychthemeron, calculated after 70 days of observation (Colour figure online).
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are not independent. Let’s consider a Polya’s urn model using first a negative law of
parameter α = 1. This provokes an increasing waiting time Y (to stay in a state) as the
trials go along without any success.

If W and B denote respectively a white and a black ball numbers, and k the number
of successes (i.e., we have drawn consecutively k + 1 black balls before drawing a
white ball), then (3) gives the probability to stay in the same state (a room or an
activity):

P Y ¼ k þ 1ð Þ ¼ B
BþW

� �
� Bþ 1

Bþ 1þW

� �
� � � Bþ k

Bþ k þW

� �
W

Bþ k þ 1þW

� �

¼ Bþ kð Þ! Bð Þ
B� 1ð Þ! � W

Bþ k þ 1þWð Þ!
� �

ð3Þ

The reverse effect (the more we stay in the room, the more we have some chance to
leave it) can be thus obtained using a negative law of parameter α < 0 (2) whose
expectancy E(Y) is given by (4) and by (6) using Stirling approximation (5) for large
factorials:

E Yð Þ ¼
X1
k¼0

k
B

BþW

� �
� � � Bþ ka

Bþ kaþW

� �
W

Bþ k þ 1ð ÞaþW

� �
ð4Þ

If K ¼ �½�ka� and M! � MM
ffiffiffiffiffiffiffiffiffiffi
2pM

p

eM
ð5Þ

Fig. 6. Temporal profiles of signals X and Y (red and green) over time t, indicating monotonic
segments between successive averages, each average being the center of an empirical 95 %
confidence interval (Colour figure online).
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E Yð Þ �
X

k¼0;1
k BþW � 1ð ÞBþW�1 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2p BþW � 1ð Þp
eBþKþWW Bþ Kð Þ!

eBþW�1 Bþ K þWð ÞBþKþW ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p Bþ K þWð Þp

Bþ K þ aþWð Þ B� 1ð Þ!
ð6Þ

Considering B >> W, permits to simplify (6) in (7):

E Yð Þ �
X

k¼0;1 k 1� k þ 1ð Þa=Bð ÞW=B ð7Þ

4.3 Alarm Triggering of Persistence or Perseveration

We focus here on persistent behaviors causing an excessive occupancy periods in the
same state (i.e., a room or possibly a well identified daily activity), or corresponding to
the persevering repetition such as often opening and closing the doors or checking the
contents of the refrigerator without necessity. These abnormal behaviors can be detected
when room occupancy curves (Fig. 5) show a profile significantly different from clas-
sical temporal profiles of activity corresponding to the profiles cluster to which the
patient belongs. A way to compare different temporal evolutions of the room occu-
pancies is to test if the signature of monotony of a temporal profile (i.e., the succession
of signs + for an increasing interval and – for a decreasing one) is significantly different
from a reference profile (Fig. 6). We can compare the signatures of two signals X
(observed) and Y (reference) and test the similarity of their signatures, against a random
choice of signs, using the probability P_ to decrease from x to y (Fig. 7):

if D2 � d; P ¼
Z infðd;D2Þ

supð0;D1Þ
x� D1ð Þdx=dD ¼

Z infðd;D2Þ

sup 0;D1ð Þ
f xð ÞF xð Þdx; ð8Þ

Fig. 7. Calculation of the probability P_ of negative monotony.
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If D2\d; P ¼ 1� Pþ ¼ 1� R inf d;D2ð Þ
sup 0;D1ð Þ dx=dD; where f (resp. F) is the uniform

density function (resp. cumulative distribution function).
If the law of errors is Gaussian, (8) becomes:

P ¼
Z þ1

�1
f1 xð ÞF2 axþ bð Þdx ð9Þ

where f1 (resp. F2) is the density function (resp. cumulative distribution function) of the
first (resp. second) error on x, i.e., of the Gaussian law N(µ1,σ1) (resp. N(µ2,σ2)), where
a = σ1/σ2 and b = (µ1−µ2)/σ2. Because the cumulative distribution functions of uniform
law on [−2σ, 2σ] and Gaussian law N(0,σ) are very close, results concerning calcu-
lation of P_ are similar (Fig. 8).

There are 6 different cases:

The first confidence interval for the observed signal equals [0, δ]. The second to be
compared to the first for deciding if there will be a decrease equals [D1,D2]. P_ is just the
probability to go from x in [0, δ] to y ≤ x in [D1,D2]. On Fig. 6, the probability of decay of
the observed signal X(t) is equal to 0.4 for the first interval of monotony, 1 for the second
and the fifth (circled in orange in Fig. 6), the sixth and the ninth, and the probability of
growth of X(t) is equal to 0 for the third, fourth, seventh and eighth. The values of X(t) at
different time points are assumed to be stochastically independent. Let denote by P the
probability of having at most 1.4 difference into the signs of monotony between the

Gauss

Fig. 8. Cumulative distribution function of the uniform (blue) and Gaussian (red) laws (Colour
figure online)
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observed signal X(t) and the reference signal Y(t) like in Fig. 6. Suppose that the event
(+, −, +, +,−, −, +, +,−) is obtained by pure chance (0.5) of having the allowed sign at any
monotony interval. Then the probability P in this hypothesis H0 is equal to:

0:4 C2
9=2

9 þ C1
9=2

9 þ C0
9=2

9 ¼ 24:4=29 � 4:8% ð10Þ

We can therefore consider that the probability of rejecting falsely the hypothesis of
similarity of monotony due to chance, except one interval at most, is less than 5 %, and
say that the similarity of monotony observed between X and Y is not due to a uniform
random tossing of signs of monotony, and this with an error less than 5 %. This test is
less powerful than a correlation test, but is sufficient in the case of a low number of
longitudinal observations in which the amplitude of the signal is not pertinent com-
pared to the signal monotony, for which the variance of the empirical correlation is
important. The test requires that reference Y(t) and observed X(t) signals are known at
same instants and that the values of X(t) at various time are stochastically independent.

5 Conclusion and Perspectives

Perspectives consider two complementary aspects of the actimetric and physiologic
supervision of the person at-home: (i) the ability to record noninvasively different
physiological parameters should allow, in the future, documenting automatically after a
suitable filter (because the data volume is very large) the personalized medical record of
the person followed at-home, which would greatly facilitate its updating, so enhance its
pertinence, (ii) the rehabilitation programs in nutrition, locomotion and perception using
the serious games allow, thanks to the bio-feedback inherent in these games, to integrate
many individual data sources of customization and alarms. Eventually, through their
ability of patient empowerment and the virtuous circle that can be installed between the
person and the e-educator, these e-learning programs might be the best informational
framework to improve the “health trail” during the lifetime of a person.
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Conclusions et perspectives

Les travaux de cette thèse concernent la modélisation de l’information protéique, ainsi
que la modélisation des recombinaisons de segments de gènes.

Dans le premier chapitre, nous avons vu que le modèle stochastique proposé montre
que l’accessibilité des gènes à des réarrangements est fonction des vitesses d’ouverture
de la double châıne d’ADN. Cette modélisation met donc en exergue la dynamique du
répertoire humain thymique.

Dans le deuxième chapitre, nous montrons que les architectures de réseaux de régulation
biologiques impliqués dans le fonctionnement du système immunitaire (les ”immu-
networks”) contiennent souvent des circuits qui interagissent par leurs intersections.
Delbrück (1949) considère que les attracteurs de réseaux théoriques représentent les
différents types cellulaires contrôlés par les réseaux de régulation génétique. Dans la
même optique, nous mettons l’accent sur le nombre d’attracteurs des immunetworks,
qui représentent la diversité des récepteurs du répertoire des lymphocytes T. Plus
précisément, nous soulignons l’importance du rôle des intersections de circuits sur la
dynamique de ces réseaux. De plus, nous avons déterminé les interactions critiques, ainsi
que les configurations des états de gènes permettant de comprendre la défectuosité de la
morphogénèse des voies biliaires, dans le cas de l’atrésie biliaire.

Dans le dernier chapitre, nous proposons une autre alternative pour étudier l’information
protéique. Il s’agit de l’approche dite ”Dynalet”. Elle est adaptée à des signaux biologiques
non-symétriques, car ils correspondent à des pics de relaxation de l’état protéine, après
mise en excitation dans un champ magnétique. Nous avons utilisé cette méthode pour
représenter, de manière comprimée, des pics de spectroscopie RMN et d’enregistrements
ECG. A l’issue de ce travail, nous proposons des sons caractéristiques des 20 acides ami-
nés et des 4 bases nucléiques. Nous proposons de nommer cette démarche ”stéthoscope
protéique”.
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Dans la continuité de ces travaux, nous suggérons d’étudier les autres réseaux impliqués
dans la réponse immunitaire, que ce soit la réponse adaptative ou la réponse innée. Ainsi,
l’étude des recombinaisons peut être poursuivie par l’intégration de tous les segments
V et J. Le modèle déjà établi chez l’homme pourra être ainsi généralisé et le répertoire
thymique du nouveau-né comparé au répertoire périphérique de l’adulte.

De façon plus générale, l’analyse des réseaux de régulation génétique, en comparant les in-
dividus sains et malades, permet de mettre l’accent sur des profils spécifiques des patients
en termes d’expression de gènes. Cette étude pourra intervenir dans la prise en charge
des personnes atteintes de diverses pathologies (cancer, maladies neuro-dégénératives,...),
tant au niveau diagnostique, qu’au niveau du suivi thérapeutique.

La méthode de traitement et de restitution sous forme sonore du signal spectroscopique
RMN des protéines appelée Dynalet, devra être généralisée, pour obtenir la signature
sonore des protéines courantes, sous la forme de la succession des sons correspondant à
leurs acides aminés. De même, on peut envisager d’obtenir la signature sonore des acides
nucléiques (ARN ou ADN), en construisant la ”mélodie” faite de la succession des sons
correspondant à leurs bases nucléiques.
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[46] J. Demongeot, M. Noual, and S. Sené, “Combinatorics of boolean automata circuits
dynamics,” Discrete Applied Mathematics, vol. 160, no. 4, pp. 398–415, 2012.

[47] J. Demongeot, H. Hazgui, and N. Villerme, “Micrornas: unspecific inhibitory regu-
lation in immunologic control and in mitochondrial respiration,” in Advanced Infor-
mation Networking and Applications Workshops (WAINA), 2013 27th International
Conference on, pp. 1509–1516, IEEE, 2013.

[48] G. Farquhar, S. v. von Caemmerer, and J. Berry, “A biochemical model of photo-
synthetic co2 assimilation in leaves of c3 species,” Planta, vol. 149, no. 1, pp. 78–90,
1980.

[49] S. Genc, I. A. Kurnaz, and M. Ozilgen, “Astrocyte-neuron lactate shuttle may boost
more atp supply to the neuron under hypoxic conditions-in silico study supported
by in vitro expression data,” BMC systems biology, vol. 5, no. 1, p. 162, 2011.

[50] S. Griffiths-Jones, S. Moxon, M. Marshall, A. Khanna, S. R. Eddy, and A. Bateman,
“Rfam: annotating non-coding rnas in complete genomes,” Nucleic acids research,
vol. 33, no. suppl 1, pp. D121–D124, 2005.

[51] L. H. Hartwell, J. J. Hopfield, S. Leibler, and A. W. Murray, “From molecular to
modular cell biology,” Nature, vol. 402, pp. C47–C52, 1999.

[52] J. Hervagault, M. Duban, J. Kernevez, and D. Thomas, “Multiple steady states and
oscillatory behavior of a compartmentalized phosphofructokinase system,” Procee-
dings of the National Academy of Sciences, vol. 80, no. 18, pp. 5455–5459, 1983.

[53] J. J. Hopfield, “Neural networks and physical systems with emergent collective com-
putational abilities,” Proceedings of the national academy of sciences, vol. 79, no. 8,
pp. 2554–2558, 1982.

[54] H. Kacser, , and J. Burns, “The control of flux,” in Symp. Soc. Exp. Biol., vol. 27,
pp. 65–104, 1973.

[55] S. A. Kauffman,“Metabolic stability and epigenesis in randomly constructed genetic
nets,” Journal of theoretical biology, vol. 22, no. 3, pp. 437–467, 1969.

[56] B. Liu, N. Zhang, Z. Liu, Y. Fu, S. Feng, S. Wang, Y. Cao, D. Li, D. Liang, F. Li,
et al., “Rp105 involved in activation of mouse macrophages via tlr2 and tlr4 signa-
ling,” Molecular and cellular biochemistry, vol. 378, no. 1-2, pp. 183–193, 2013.

[57] K. Miyake, H. Ogata, Y. Nagai, S. Akashi, and M. Kimoto, “Innate recognition of
lipopolysaccharide by toll-like receptor 4/md-2 and rp105/md-1,” Journal of endo-
toxin research, vol. 6, no. 5, pp. 389–391, 2000.
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