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Introduction

I’objet de cette thése est ’étude du transport branché, de problémes variationnels qui
y sont liés et des structures fractales qui peuvent y apparaitre. Avant d’introduire le
transport branché proprement dit et d’en faire le panorama, commencons par observer
que c’est une branche du transport optimal, dont on donne un trés bref apercu.

Transport optimal

Le probléme du transport optimal remonte & 1781, lorsque Gaspard Monge publie son
“Mémoire sur la théorie des déblais et des remblais” | |. Une répartition initiale
de masse (il s’agissait de terre dans la formulation originale) étant donnée, et une
nouvelle répartition étant souhaitée, il s’agit pour chaque particule se trouvant en x,
de la déplacer vers une destination 7'(x) de fagon & obtenir cette nouvelle répartition,
et ce de la maniére la plus économique possible. Dans le modéle de Monge, le coiit
de transport d’une particule est proportionnel & sa masse multipliée par la distance
parcourue, et le but est de minimiser la somme de toutes ces quantités. Dans un
langage moderne, le probléme se formalise de la maniére suivante : étant données deux
mesures de méme masse 4 et v, disons de probabilité, sur un compact K C RY, trouver
une fonction T : K — K solution du probléme

win{ [ [7(0) = ol duto) s Ty = v} ()

ott Ty est la mesure image de p par T, c’est-a-dire Ty u(B) = p(T~(B)) pour tout
borélien B, ou encore [¢oTdu = [¢dv pour tout ¢ € €(K). Dans ce cadre, on
suppose que toute la masse p(z) se trouvant en x est envoyée en un méme point 7'(x),
sans qu’elle ne se sépare. Posé sous cette forme, c¢’est un probléme dont le coiit est
certes convexe, mais dont la contrainte est fortement non convexe. En effet, si pu et v
ont pour densité f et g, par changement de variable la contrainte T = v se reformule

f=1|detDT|-goT, (0.0.1)

en admettant que T soit réguliére et injective. Ainsi, la contrainte ne passe pas a la
limite pour des topologies faibles, et I’existence de solutions' est restée inconnue jusque
trés récemment.

!Question que les mathématiciens ne se posaient pas a 1’époque de Monge.
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Une généralisation au probléme de Monge a été posée par Kantorovich en 1942
[ ; |, ott 'inconnue n’est plus une fonction mais un plan de transport
7 € II(u, v), soit une mesure sur I'espace produit m € Prob(R¢ x R?) telle que (p;)xm =
i, (p2)gm = v. Dans cette formulation, on autorise désormais les particules qui se
trouvaient au départ en z & rejoindre différentes destinations, le mouvement étant
décrit par m: dm(z,y) représente simplement la quantité de particules transportée de z
vers y. Le probléme étendu, appelé probleme de Monge-Kantorovich, s’exprime ainsi :

lein{/RdXRd\y—x\dﬂ(x,y) reT(y, V)}. (MK)

Il est possible de voir ce nouveau probléme comme une extension (par relaxation) du
probléme de Monge. En particulier, & chaque fonction 7T est associé canoniquement
un plan de transport mp € II(u,v) de sorte que les cotts de 7 et de T coincident :
mp est la mesure concentrée sur le graphe de 7', telle que la mesure d’'une portion
du graphe corresponde a la mesure, selon p, de sa projection sur I'axe des abscisses :
en d’autres termes mp = (Id,T)gu. L’intérét du probléme de Monge-Kantorovich
est qu’il s’agit d’un probléme de programmation linéaire : c’est un probléme linéaire
sous contraintes convexes. On obtient de maniére quasi-immédiate la compacité et la
continuité suffisantes pour conclure a 'existence d’un minimiseur, et toute la théorie de
dualité convexe s’applique, fournissant de nombreux outils pour étudier le probléme.
Néanmoins, cela ne prouve pas 'existence d’une solution au probléme de Monge
(M), les solutions du probléme de Monge-Kantorovich (M) n’étant pas nécessairement
concentrées sur le graphe d’une fonction. Une stratégie pour résoudre le probléme
originel de Monge a été proposée en 1979 par Sudakov | |, puis mise en oeuvre avec
succés 20 ans plus tard par Ambrosio dans | |; d’autres preuves ont été établies
dans | ; ; |. Par ailleurs, de nombreuses variantes au probléme de
Monge-Kantorovich ont été étudiées, en particulier des généralisations de la forme :

min {/ c(x,y)dn(z,y) : 7 € II(, 1/)} , (TO)
g Rdx R4

ot ¢ : R x RY — R, est une fonction continue. Une attention particuliére a été portée
aux cas ¢,(x,y) = |y — z|”, p un exposant convexe (p > 1) ou concave (p < 1). Un
cas trés naturel est le cas p = 2 (pour ses liens avec la physique), pour lequel Brenier
a démontré en 1991 l'existence et 'unicité de la solution, et que celle-ci est concentrée
sur un graphe. Plus précisément:

Théoréme de Brenier (| ]). Soit K un compact de R? et p, v € Prob(K) telles que
p < Z% Alors il existe un unique plan de transport optimal pour le probléme

min {/ ly — z)* dn(z,y) : m € T(p, y)} :
4 Re xR

et il est donné par le gradient d’une fonction convexe : 7 = (Id,V¢)xp ot ¢ est
convexe.

Une vaste théorie a été élaborée a la suite des travaux pionniers de Brenier | |,
reliant le transport optimal & de nombreux domaines : géométrie dans les espaces
métrique, EDPs d’évolution, traitement d’images, inégalités fonctionnelles et géométriques
etc. Un vaste panorama de la théorie et ses principales applications pourra étre trouvé
dans les ouvrages | |, [ ; |, [ -

10
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Du transport optimal au transport branché

Dans le probléme du transport optimal “classique”, le cotlit pour chaque particule ne
dépend que de sa position de départ et de sa position d’arrivée, et non de sa trajectoire.
C’est un implicite qui vient du probléme posé au départ par Monge : le coit de
transport d’une particule de masse m est proportionnel & m x ¢ ou /¢ est la distance
parcourue, or cette distance est minimale le long d’une géodésique, c’est-a-dire d’un
segment dans RY, de sorte que si le transport est optimal, les particules p doivent se
déplacer en ligne droite et le coiit total s’exprime bien comme »_ myly, — x,|. En
réalité, dés lors que le colit de transport ¢ d’une particule ne dépend que de sa masse
m et de sa propre trajectoire 7y, le probléme peut se réduire & un cott ne dépendant
que de m et du couple (z,y).

Evidemment, cet axiome n’est pas satisfaisant pour modéliser nombre de situations
ol le cotit de transport de chaque particule peut dépendre du mouvement des autres
particules, par exemple en fonction de la quantité de particules empruntant le méme
chemin. Dans le cas d’une foule voulant évacuer une piéce, chaque personne désire
rejoindre une issue tout en évitant de se rentrer dedans : les fortes concentrations sont
coliteuses voire proscrites, ce qui se traduit par une pénalisation ou une contrainte sur
la densité de transport. C’est le domaine de ce qu’on appelle le transport congestionné
[ : ]. A Tinverse, si plusieurs personnes veulent rejoindre une ville B & partir
d’une ville A par la route, il leur sera moins cotuteux de covoiturer pour mutualiser les
frais d’essence et d’autoroute, auquel cas la concentration est favorisée : on entre le
domaine du transport branché. Dans ce modéle, les particules peuvent se grouper
et le colit d'un paquet de particules de masse totale m et voyageant conjointement
est H(m) x £ ou £ est la distance parcourue. Si H(m) = m, H est additive, i.e.
H(a +b) = H(a) + H(b), et le coit des particules ensemble est égal au cott des
particules considérées séparément : on retrouve en effet le probléme de Monge. En
revanche, si H est strictement sous-additive, i.e. H(a+b) < H(a)+ H(b) si a,b > 0,
alors il revient moins cher de se déplacer ensemble.

Ce type de coiit apparait en réalité de maniére trés naturelle, dés lors qu’existe un
phénoméne “d’économie d’échelle” : transporter ou construire quelque chose de taille
m colite davantage lorsque m augmente mais proportionnellement moins, rapporté a la
taille m. C’est le cas par exemple du transport routier, ol un certain cotit doit étre payé
pour construire les routes, mais il ne cotite pas beaucoup plus cher d’augmenter le trafic
et ou d’élargir le réseau. De maniére générale, ce phénoméne apparait lorsqu’une partie
du cotit réside dans le cotit de construction d’une certaine structure. Cette économie
d’échelle se traduit par le fait que H(m)/m est décroissante en m, ce qui implique que
H est sous-additive. Ces conditions sont vérifiées en particulier pour toute fonction H
croissante, concave et telle que H(0) = 0, par exemple z — x%, o € [0, 1].

11
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(a) Transport de Monge. (b) Transport branché.

Figure 1: Transport d’un point vers un segment.

Dans le cas du transport de Monge, si I’on veut transporter une masse située en un
point vers une distribution uniformément répartie sur un segment, le transport optimal
consiste a faire voyager toutes les particules en ligne droite, le long d’une infinité (non
dénombrable) de rayons de transport (voire Figure 1a); si 'on considére le transport
routier, ce n’est évidemment par la maniére la plus économique de procéder ! Dans
un modeéle de transport branché ou le déplacement conjoint est moins cotiteux, il est
préférable de faire voyager les particules ensemble le plus longtemps possible puis de les
faire se séparer afin qu’elles rejoignent leurs différentes destinations, d’ou 'apparition
de points de branchements et d’un réseau de transport comme l'illustre la Figure 1b.

De nombreuses structures naturelles, comme les réseaux racinaires, les branches
des arbres, les réseaux fluviaux, le systéme de vaisseaux sanguins dans le poumon etc.
partagent des traits similaires, de méme que de nombreuses structures construites par
I’homme : réseaux routiers, gazoducs, oléoducs, systémes d’irrigation, réseaux élec-
triques, réseaux d’assainissement etc. Une explication peut tenir au fait que toutes ses
structures partagent un principe commun : elles doivent irriguer une certaine distribu-
tion de masse a partir d’une source (ponctuelle ou étendue) tout en optimisant un coit
favorisant les fortes concentrations (par économie d’échelle dans les réseaux artificiels,
par soucis de préservation dans les réseaux naturels ; par exemple en biologie, les gros
vaisseaux sanguins sont préférables car moins fragiles). Un objectif de la théorie du
transport branché est notamment de mettre en évidence des propriétés qualitatives
générales de ces structures a 1’aide d’un modeéle commun.

Le transport branché et ses modéles

Le principal axiome que ’on supposera est le suivant : déplacer une masse m sur une
distance ¢ a un cott proportionnel & m®¢ ol v est un exposant dit concave : « € [0, 1].
Le cas plus général de la H-masse (introduit dans | | suite aux travaux | 1),
ou H est croissante, sous-additive et H(0) = 0 a commencé a étre étudié récemment
[ ; |, mais nous nous concentrerons dans cette thése sur le cas H(m) = m®.
Le premier chapitre de la thése définit précisément les principaux modéles du transport
branché en fournissant certaines preuves — on 'espére — simplifiées. Commencons par
le modéle le plus simple : le modéle discret, qui date des travaux de Gilbert | | en

1967, dont 'objet était I'optimisation des réseaux de communications.

12
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On se donne deux ensembles finis de points (z;);<n, (y;);j<a dans R% pondérés par

des masses (a;);, (b;); et on suppose qu’ils ont méme masse total, disons unitaire :
)3

>;ai = > ;bj = 1. On peut les voir comme deux mesures de probabilité finiment
atomiques p = a6y, et v = >, a;0,,. Le but est de connecter ces deux
mesures via un graphe pondéré orienté G qui consiste en un triplet G = (V, E,© =
(0c)ecr) ou V est 'ensemble des sommets, E celui des arétes (orientées) et 0, représente
pour chaque aréte e un poids associé. Un tel graphe connecte u et v s’il vérifie les lois
de Kirchhoff : en chaque sommet v € V,

masse rentrant en v = masse sortant en v,

les poids a; étant considérés comme rentrant en x;, les b; comme sortant en y;. A
chaque graphe est associé un coiit qu’on appelle énergie de Gilbert :

E*(G) =) 02,

eeE

ou |e| désigne la longeur de I'aréte e. Le probléme de transport branché discret consiste
a trouver un minimiseur de cette énergie parmi tous les graphes envoyant p sur v,
autrement dit

min {EO‘(G) = ZH?M T l/} . (DI,)
eck

Par la méthode directe du calcul des variations, en faisant quelques réductions sur une
suite minimisante, il n’est pas difficile de démontrer ’existence d’une solution ; une
preuve est donnée dans le premier chapitre. Que peut-on alors dire sur les minimiseurs 7
D’abord, qu’ils ne sont pas nécessairement uniques, comme le montre la Figure 2, ou
le probléme présente des symétries mais admet plusieurs solutions qui ne sont pas
symétriques.

1/2 1/4 1/4 1/2
1/2 1/4 1/4 1/2
(a) Un réseau optimal  (b) Un réseau symétrique, (c¢) Un réseau optimal

non optimal

Figure 2: Situation sans unicité (1/2 < o < 1).

La principale propriété qualitative des minimiseurs est que ce sont tous des arbres
(lorsque o < 1). Plus précisément, le fait que H(z) = z* satisfasse H(0) = 0 et H
croissante empéche la présence de circuits (boucles qui suivent Porientation des arétes),
et sa stricte concavité empéche la présence de cycles (boucles non orientées). Prenons
I’exemple d’une source s et de deux puits pi, ps. Dans ce cas, trois topologies sont a
priori possible : en V, en Y ou en L. Lorsque les deux puits sont a méme distance de

13
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la source, la forme en L n’est jamais optimale, et lorsque l'angle <((p; — s, p2 — s) n’est
pas trop grand, la forme en Y est préférable, comme lillustre la Figure 3.

D1 D2
D1 D2
90°
b
5 5
(a) Angle petit (b) Angle grand

Figure 3: Graphes optimaux (a = 1/2).

Des extensions continues au modéle discret ont été proposées depuis les années 2000,
permettant de formuler le probléme du transport branché, ou d’irrigation, pour des
mesures u,v € Prob(K) quelconques et non nécessairement atomiques. Des modéles
dynamiques existent, mais on s’est intéressé¢ dans cette thése uniquement aux deux
principaux modéles statiques (dont chacun existe dans moult déclinaisons en fonction
du formalisme choisi) : le modeéle eulérien introduit par Xia dans | |, et le modeéle
lagrangien développé par Bernot, Caselles, Morel et Morel, Maddalena, Solimini dans
[ ; |. Commencons par le modéle eulérien, plus facile a introduire a partir
du probléme discret, et qui est formulé en termes de mesures vectorielles’. Partant du
modéles discret, on considére deux mesures finiment atomiques p et v et G un graphe
pondéré orienté. On peut construire une mesure vectorielle vg a partir de G :

v = Z 6.6 A" Le,

e€E(G)

oil é € ST est la direction du segment e. On constate que la contrainte G : u — v et
son énergie de Gilbert peuvent s’exprimer entiérement en fonction de vg : G envoie
sur v si et seulement si V - vg = p — v au sens des distributions sur R?, et E*(G) se
réécerit

B(G) = 30| = /K v ()| d A (2).

Ceci motive I'introduction du probléme d’irrigation dans sa forme eulérienne, ot I'inconnue

est mesure vectorielle v qu’on appelle flot d’irrigation :
min  {M%(v):V-v=p—vr}, (ET,)
ol la a-masse M, est définie comme
dv

M“(v) = /K W(x)

+00 sinon.

ds#'(x) siw est rectifiable,

2En théorie géométrique de la mesure, on le formule plutoét en termes de courants.

14
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On dit que v est rectifiable si ¢’est une mesure vectorielle de la forme v = 67 'L E ou
0 est une fonction positive appelée multiplicité, E est un ensemble 1-rectifiable®, 7(z)
un vecteur unitaire tangent a £ en x. Des propriétés de coercivité et de semicontinuité
peuvent étre démontrées pour établir I'existence de minimiseurs. Notons toutefois que
la topologie considérée doit étre plus forte que la convergence faible des mesures pour
v, puisqu’on peut approcher faiblement un champs de vecteur lisse par une mesure
rectifiable de a-masse bornée, de sorte que M® n’est pas semicontinue inférieurement
pour cette topologie.

Passons maintenant au modéle lagrangien, plus riche au sens ou on suit, dans ce
modéle, la trajectoire de chaque particule plutot que de considérer uniquement leur
champ de vitesse de ces particules, comme c¢’était le cas dans le modéle eulérien. Sans
entrer dans les détails, un mouvement de particules est modélisé par une mesure 7 sur
un ensemble I" de courbes paramétrées (pour des raisons techniques, elles seront définies
sur [0, +o0] et 1-Lipschitziennes), par exemple une mesure de probabilité n € Prob(T),
de sorte que dn(7) représente la quantité de particules voyageant suivant la trajectoire
de 7. On appelle n un plan d’irrigation. La contrainte imposant & n d’envoyer pu
sur v se formalise par les conditions (eg)xn = p,(ex)un = v ol eg(y) = v(0) et
€oo(7) = limy_,0e Y(t), ce qu’on note 1 —» v. En chaque point z, la quantité de masse
0, (x) visitant x, appelée multiplicité, est définie comme

Op(x) =n(yel:zen).

On note [ 0,(z)* " dv = o 0,(7(#))2 71 4(8)] dt Vintégrale de 027" le long de 7, et

on définit le a-coiit de n comme la somme pour toutes les courbes v de cette quantité,

s0it : () = /F l 6, ()" dz dn(y).

Cette expression, a priori barbare, admet toutefois une expression trés simple sous
certaines hypothéses raisonnables sur 7 :

0,(2)*d " (x) sin est rectifiable,
I°(n) = /K ) @) (0.0.2)

400 sinon,

qui n’est pas sans ressemblance avec la a-masse. L’introduction de la premiére vient du
fait qu’aucune contrainte de rectifiabilité n’y apparait a priori et qu’il est ainsi assez aisé
de démontrer sa semicontinuité inférieure. Une preuve simple des propriétés de semi-
continuité, compacité, coercivité menant a ’existence d’optimiseurs, et ne recourant
pas a l'utilisation de paramétrisations des plans d’irrigation comme c’est souvent le cas
dans la littérature existant, est donnée dans le Chapitre 1. Le probléme d’irrigation
lagrangien s’écrit alors

min {I“(n);/r//en(w)“ dz dn(~) :uim}. (L1,)

Les modéles eulérien et lagrangien sont équivalents, au sens que les minima des
deux problémes d’irrigation correspondants sont les mémes, et qu’il est possible de

3Une réunion dénombrables de courbes lipschitziennes et d’un ensemble de mesure .7 ! nulle.
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construire un minimiseur d’un probléme a partir d’'un minimiseur de l'autre. Ce fait
était connu depuis un certain temps mais non démontré en toute rigueur et en totalité.
Le Chapitre 2 est consacré a la preuve de cette équivalence. Un ingrédient essentiel
est la preuve de la formule d’énergie (0.0.2), qui résulte d’une simple application du
théoréme de Fubini-Tonelli, dont 'utilisation licite n’a pas toujours été clairement
justifiée, puisque les mesures doivent étre o-finies pour appliquer le théoréme. C’est la
raison pour laquelle on démontre au préalable la rectifiabilité des plans d’irrigation de
cott fini. Ecrivons formellement le calcul:

// (2)*t dz () // sy ()7 A A () ()

- /K 0,(2)* n({7: 2 € 1)) d A (2)

= /Ké’n(x)adjfl(x).

La deuxiéme égalité résulte d’'un changement de variable (ou la co-aire), pour peu que
les courbes soient injective, la suivante par une interversion de 'ordre d’intégration,
et la derniére par définition de la multiplicité 6, (x). Cette forme est trés proche de la
a-masse, de sorte que la comparaison des énergies sera aisée, si tant est qu’on puisse
construire un flot d’irrigation de colit comparable a partir d'un plan d’irrigation et
réciproquement. Du cas lagrangien au cas eulérien, les choses sont plus faciles. A
partir de 7 on construit un flot v, en superposant les flots associés a chaque courbe, en
posant pour toute fonction 1) € € (K

(v, Y //w ~dx dn(y),

oll f7 Y(x)-dr = +°O W(y(t))-~(t)dt. Un flot v étant donné, la construction d’un plan
d’irrigation 1ndu1sant v s’obtient par une décomposition de Smirnov | | obtenue
dans le cadre des mesures vectorielles a divergence mesure par une approche a la
Dacorogna-Moser dans | |, lorsque v est sans cycle. On aboutit au théoréme
principal du Chapitre 2:

Theorem 0.0.1 (Equivalence des modéles). Sia < 1 and pu, v € Prob(K), le probléme
eulérien (El,) et le probléme lagrangien (L.1,) sont équivalents au sens ot :

(i) les minima sont les mémes

min I*(n) = min M%(v),
npu—v vip—Y

(it) siv est optimal, il peut étre représenté par un plan d’irrigation v = v, ot n: pu —
v est optimal,

1) if n est optimal, alors v, est optimal.
n n

Un bref apercu de la théorie

Donnons un apergu rapide de la théorie, en restant assez vague sur le formalisme,
certains résultats s’exprimant plus simplement dans un modéle ou dans un autre.
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Angles minimaux Reprenons le cas d’une source xy de masse mg irriguant deux
puits 1, xo & méme distance de la source, de masses m, ms telles que my = my + ms.
Considérons un graphe G, de structure en Y, de point de branchement situé en x. Si
G, est d’énergie minimale, x doit étre un point critique de la fonction

z — E*(G,) = mglxg — x| + mf|zy — x| + m|ze — x|,

ce qui s’écrit

N T, —X

mong +min, +mony =0 ou n, = ——.
0’0 1 2 2 |l’ _ ZE|
(]

En posant k; = 2—;, ko = 2—3, on obtient les relations sur les angles:

ki 41 — k3>
costh = ———= 0.0.3
= 003)
kQa + 1— k2a
cosfy = 22— "1 0.0.4
= 0.0.4)
1 — k2o¢ o k?a
cos(f; +6y) = —=2—1 0.0.5
Si 1 et xo sont équidistants de xy et m; = my, alors 6; = 0 = 0 et x doit étre
équidistant de x; et zo. De plus 20 = arccos(22*71 —1) =: 0, et § = arccos(2*71). Ainsi
sif > 0,, optimum ne peut étre une structure en Y. En notant £ = |x;—xq| = |z9—20/,
le cotit de la structure en V est
cy = Im>2'72,

tandis que lorsque 0 < 6, la structure en Y (avec I'angle 6, au branchement) cotte,
aprés un calcul élémentaire :

cy = (m®2' " cos((0, — 0)/2) < cv,

et ¢’est le minimiseur.

TYVYV

= b) a=1/2 c)a=3/4 =

Figure 4: Graphes optimaux dans le cas d’une source et deux puits de méme masse.

De la méme maniére, lorsque xq, xo, my, my sont quelconques on peut vérifier que
1—k2o—f2

la structure en Y est préférable dés lors que cos(f) < 2kaka , C'est a dire
1 — k20¢ _ k?a
0 > arccos | ——2——1—) > arccos(2?*7 ! — 1) =4,
< 2k kS - ( )

Ainsi, si x est un point de branchement, c¢’est-a-dire qu’il y a au moins 2 arétes ren-
trantes ou 2 arétes sortantes en x, notées eq, es, par optimalité, 'angle entre e; et ey
doit étre supérieur ou égal a 6,.
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Régularité du réseau Intéressons-nous maintenant au cas continu. Commencons
par dire qu’il est possible de montrer, en un certain sens, que les optimiseurs ne pos-
sedent pas de cycles, comme dans le modéle discret. Dans le modéle lagrangien, par
exemple, on définit le réseau d’un plan d’irrigation 1 comme ’ensemble des points par
lesquels circulent des particules :

N, = {z : 6,(x) > 0}

Des propriétés de régularité du réseau ont été démontrées par Xia | : | dans
le modeéle eulérien et | | dans le modéle lagrangien. Loin des mesures p et v, a
“Pintérieur du réseau”, on retrouver la structure d’un graphe.

Theorem 0.0.2 (Xia | ). Siv est un flot optimal entre ju et v et B est une boule
a distance positive de supp p U suppv alors v restreint @ B est un graphe discret.

Passons maintenant a la régularité au “bord” du réseau.

Theorem 0.0.3 (| ; |). Six est un point du réseau, le nombre de branches
qui en partent est borné par une quantité Q = Q(d, o).

Dans le cas d’une simple source p = &y, sous des hypotheéses de régularité sur v, on
peut en dire davantage.

Theorem 0.0.4 (| ). Si v est une courbe “du réseau”, alors elle est & courbure
localement bornée. De plus, elle admet des demi-tangentes en chaque point, et une
tangente en chaque point qui n’est pas un point de branchement.

Dans | |, les auteurs montrent de plus que v vérifie une certaine EDO elliptique.

Irrigabilité et distance d’irrigation TLes mesures p et v étant fixées, il n’est pas
garanti qu’elles puissent étre connectées avec un a-cotit fini. Néanmoins, la relation
“u et v peuvent étre connectées a a-cout fini” est une relation d’équivalence, et tout
couple de mesures peut étre connecté si toute mesure peut se connecter a une masse de
Dirac, auquel cas la mesure p et dite a-irrigable. Un raisonnement dyadique a permis
a Xia de démontrer un critére d’irrigabilité.

Theorem 0.0.5 (Irrigabilité | |). Sia>1—2 alors toute mesure pu supportée
sur un compact de R? est a-irrigable.

Cette condition est nécessaire au sens ot la mesure uniforme sur un cube n’est pas
a-irrigable si a = 1 — é et d > 1.

Sia>1-— é, alors pour toute paire de mesures u, v € Prob(K') oit K est un compact
fixé de R%, la quantité

do(pt;v) = min{I%(n) : p = v}
est finie, et c’est une distance sur Prob(K) qui métrise la convergence faible-x des
mesures, appelée distance d’irrigation. C’est un analogue aux distances de Wasserstein
en transport optimal classique. On peut étendre naturellement d,, aux mesures positives
de méme masse, et le coilt en transport branché étant de la forme m®/, on peut
démontrer que
do(p, ) < Cm® diam(supp p U supp v),

oum = |lu|| = ||v|]| et C = C(a,d). Cette distance sera utilisée & maintes reprises dans
la these.
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Fonction paysage Dans le cas d’une seule source u = dg, on peut définir une fonction
paysage z, associée a un plan d’irrigation optimale 1 : 69 — v, qui est devenue un outil
fondamental en transport branché. Elle a été introduite par Santambrogio dans | |,
et est inspirée de la fonction du méme nom utilisée par les géophysiciens (voir | D).
Elle est définie comme

Zp(x) = /79,](95)"1 dz

s est une “courbe du résean” (en un sens a définir) de 0 4 z, et z,(x) = +o0 s’il n’existe
pas de telle courbe. Evidemment, il faut vérifier que cette définition est cohérente et
ne dépend pas du choix de 7. Un intérét de la fonction paysage est par exemple le fait
qu’elle joue le role de variation premiére pour la fonctionnelle

XYv) = du(dg, V)

au sens ol

X*(') < Xv) + a/zn d(v' —v)

pour une certaine classe de compétiteurs /. La fonction paysage est donc essentielle
dans I'étude de problémes faisant intervenir la distance d’irrigation (au départ d’une
source), ce qui est 'objet du Chapitre 3. Par ailleurs, des propriétés de régularité Holder
peuvent étre établies sous des hypothéses de régularité pour v, une propriété utilisée
pour démontrer la courbure localement bornée des branches, la bornitude uniforme des
longueurs des branches, et des comportements fractals des structures optimales.

Fractalité en transport branché

En regardant les réseaux optimaux calculés numériquement dans | | (dans les
cas non-atomiques), or aux réseaux fluviaux naturels et leurs bassins d’irrigation, on
est tenté de les décrire comme fractals. Des travaux venant de la géophysique et
I’hydrologie vont dans ce sens | |. En fait, méme si le réseau sous-jacent N, a
une infinité de branchements, il s’agit toujours d’un ensemble 1-rectifiable, il n’est
donc pas clair en quel sens la fractalité apparait. Le terme fractals est usuellement
associé ou bien a des propriétés d’autosimilarité d’objets non lisses, ou a la présence
d'une dimension non entiére. Un premier résultat rigoureux en transport branché en
tombant d’une certaine maniére dans la premiére catégorie a é¢té prouvé par Brancol-
ini et Solimini dans | | : pour des mesures suffisamment diffuses (par exemple la
mesure de Lebesgue sur un ensemble régulier), le nombre de branches de longueur ~ ¢
partant d’une branche de longueur ¢ est de 'ordre de ¢/e. Cela peut étre vu comme
une propriété d’auto-similarité car d’une certaine facon la longueur total est préservée
en regardant les sous-branches a toute échelle.

Et qu’en est-il pour 'autre versant de la fractalité, c’est-a-dire de la présence de
dimension non entiére (ou fractale) ? Plusieurs conjectures ont été émises quant aux
ensembles pouvant présenter une dimension fractales ; ce peut étre la frontiére des
bassins d’irrigation (une conjecture de J.-M. Morel), ou bien certains ensembles de
niveaux de la fonction paysage introduite précédemment. On s’est intéressé avec F.
Santambrogio et Q. Xia a un autre candidat potentiel reli¢ au transport branché : le
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bord de ce qu’on pourrait appeler les “boules unité” en transport branché. Ce sont
les ensembles de volume 1 les plus proches de l'origine 0 au sens de l'irrigation. C’est
I'objet du Chapitre 3. Pour donner un sens rigoureux a cela, tous les objets sont vus
comme des mesures, 0 devenant dy et un ensemble borélien F comme ZL F, ce qui
donne lieu lorsque o > 1 — 1/d au probléme d’optimisation de forme

min  {da (60, ZLE) = X*(ZLLE) : Vol(E) = 1}. (0.0.6)

Le probléme d’optimisation de forme est traité en considérant un probléme relaxé,
remplacant E par par des mesures & densité encadrée par 0 et 1, comme suit

min  {X*():0<v <1,v & Prob(R%)}.

La fonction paysage est essentielle dans 'étude de ce probléme, les minimiseurs (dont
'existence se démontre par la méthode directe en calcul des variations) étant de la
forme

E={x:z(z) <z}

oll z est une fonction paysage associé & un plan d’irrigation optimal 1 : 69 — ZLFE et
2* < 00. Notre étude a permis de démontrer des propriétés topologiques élémentaires
sur F (compacité, connexité, propriétés sur l'intérieur) et la régularité Holder de la
fonction paysage z, bien qu’on ne connaisse pas la régularité de E (et qu’on conjecture
I'inverse). De cette fagon, on a pu obtenir une borne supérieure sur la dimension de
Minkowski du bord

Theorem 0.0.6. Soit E solution de (0.0.6). On a
dimy (0F) < d — 8,
ot B =1+ da —d est l'exposant de Hélder de la fonction paysage.

On constante que l'exposant [ varie de 0 a 1 lorsque o va de 1 — 1/d a 1, or
on s’attend a ce que le réseau devienne de plus en plus diffus lorsque @ — 1 pour
retomber sur le probléme de Monge. Or on sait que I'ensemble le plus proche de 0
pour la distance de Wasserstein 1/, est évidemment la boule, dont le bord est lisse et
de dimension d — 1. On fait donc la conjecture suivante :

Conjecture 0.0.7. Si E est solution de (0.0.6), alors

Démontrer ce résultat revient a obtenir la minoration dim; 0E > d — 3, mais nos
stratégies n’ont pas encore permis de ’établir, laissant pour I’heure la question de la
fractalité ouverte. Une résolution numérique du probléme a été entreprise, basée sur
le modéle de type Modica-Mortola proposé par Oudet et Santambrogio | |. La
fonctionnelle du transport branché, dans sa version eulérienne, est approchée au sens
de la I'-convergence par

M&(v) =™ /]v(x)]a dz + &7 /]Vv(x)|2dx,
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oll 0,71, 72 sont bien choisis et ¢ — 0. Il s’agit donc de minimiser cette fonctionnelle
sous contrainte inégalité sur la divergence de v pour notre probléme d’optimisation
de forme : 0 < V-6° —v. < 1 ou 0° est une certaine approximation de dy. Dans
le probléme a source et destination fixées, on imposait une contrainte égalité sur la
divergence, dont la projection pouvait se faire trés rapidement numériquement (par
simple résolution d’un Laplacien). Dans notre approche, ou la projection est plus
compliquée, une méthode de descente de type quasi-Newton proximale a été utilisée.
Des expériences numériques ont été menées, dont on donne un échantillon en Figure 5.

Irrigated measure and approximate network
e=70.6805, M=201

1.0

0.99

0.88

0.77

—40.66

40.55

10.44

40.33

0.22

0.11

0.00

Figure 5: Mesure irriguée et réseau, o = 0.55

Problémes variationnels en transport branché

Pour modéliser certaines phénomeénes, on peut étre amené a considérer des problémes
du type

min {X°(v) + F (1)},
le terme X(v) représentant le cout de construction d’un réseau couvrant v ou un cott
d’acheminement (d’un bien, d’un fluide etc.) vers v, tandis que .Z(v) est un cotit
associé a la distribution irriguée. Une fonctionnelle .# convexe, comme

f(x)®

Fo(v)=4q Jra 2
+00 sinon,

de siv=fZLet [L.f=1,

comme envisagé dans [San07], favorisera une répartition diffuse et pourrait schéma-
tiquement modéliser une feuille ou le feuillage dont le but est de maximiser la surface
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a méme de capter la lumiére, ou la répartition d’une densité de population voulant se

répartir le plus proche du centre-ville (par un réseau) mais en évitant de fortes densités.

D’autres problémes variationnels faisant intervenir X® sont proposés dans | -
Le probléme d’optimisation de forme défini précédemment entre dans ce cadre, avec

{0 si v € Prob(R¥) et 0 < v < 1,

+00 sinon,

de méme que le probléme d’évolution de forme envisagé dans le Chapitre 5, ot on
considére une suite de fonctionnelles .# = % avec

9}(1/):/ Mdy—)\/ dv,
R4 T R4

ou A > 0 est fixé et dy(-, E)) représente la distance signée a 'ensemble FE.

Un outil essentiel pour 'étude de tels problémes est la fonction paysage z. Par
exemple, dans le cas . = .%,, des résultats descriptifs et de régularité en fonction de
z devraient pouvoir se démontrer. Fn particulier, I’équation d’Euler-Lagrange devrait
étre de la forme

az+ f=cst sur {f >0},

de sorte que f s’exprime en fonction de s. De plus, comme z(x) > |z| on obtient une
borne sur le support de f. Enfin, si z est S-Holder, ce qui est le cas lorsque v est assez
réguliére — qu’il faudrait donc démontrer au préalable — alors f 'est également.

Néanmoins, ce type d’étude ne peut étre effectué que pour la fonctionnelle X< =
do (09, v), pour laquelle on sait définir la fonction paysage, or on aimerait pouvoir
remplacer &g par plusieurs sources, éventuelle une mesure diffuse pu. Le Chapitre 4
s’'intéresse donc a définir la fonction paysage dans le cas de sources multiples, et montrer
des résultats de régularité Holder tels que ceux connus dans le cas d’une simple source.
Pour 'instant, on arrive & généraliser la définition et les résultats de régularités pour
un plan d’irrigation optimal 7 : © — v qui posséde un systéme fini de racines : il existe
N points z1, ..., xyN tels que n-presque toute courbe passe par I'un de ces points. Cette
condition est en particulier garantie lorsque d(supp u,suppv) > 0. Ceci est un premier
pas vers une définition générale de la fonction paysage pour p et v quelconques. La
régularité de la fonction paysage devrait nécessiter en revanche certaines hypothéses
sur le réseau ou les mesures a connecter (séparation des mesures, réseau admettant un
nombre fini de racine, par exemple) qui ne sont pas réalisées en général.

La thése s’achéve par un dernier chapitre dédié a des perspectives pouvant prolonger
les travaux présentés dans les précédents chapitres.
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1.1. THE DISCRETE MODEL

The aim of this first chapter is threefold. First of all, we want to give a brief but
precise description of what we consider to be the main models of branched transport.
We are going to define the discrete model, which is the oldest one as it was introduced
in the 60’s by Gilbert in | |, though it was not termed branched transport at that
time. After that, we will go on with the two main continuous and static models: the
Lagrangian model, which uses the measures on path formalism, and the Eulerian model,
which uses the language of 1-dimensional currents or vector measures. Our second
purpose is to make an emphasis on the Lagrangian model, which is the most used in
the next chapters, and which we want to rephrase using measures on paths, which
we call srrigation plans, rather than “parameterized” traffic plans used in the works of
Bernot, Caselles, Morel | |, or patterns defined by Morel, Maddalena, Solimini
[ |. With this formalism we are able to give simple proofs of the elementary
properties of minimizers, and to provide a rigorous basis to establish the equivalence
between the two continuous models, which is the object of Chapter 2. The final purpose
of this chapter is to set all the definitions and state all the results to be used in the
rest of the thesis, which will consequently be almost self-contained. Most of the results
of this chapter were already proved or could be assembled from the existing literature,
but we give proofs of some of them when we feel we were able to provide a simpler
proof or when the adaptation of the existing proofs to our irrigation plans framework
is not straightforward.

1.1 The discrete model

Let us start with the discrete model, which is the most concrete and easiest to grasp.
We consider two atomic probability measures p, v on R%:

n = Zaiém, V:ijéyj,
i=1 j=1

and we want to connect them in the cheapest possible way. In this discrete case, the
connection will be achieved through a graph, and the cost associated to each graph
will be the so-called Gilbert energy | |-

Irrigation graph An irrigation graph G is a weighted oriented graph, that is a triple
G=(V,E,© = (0.)cck), where V is a set of vertices, E a set of oriented edges between
vertices and 6, is a nonnegative weight associated to each edge e. We say that G sends
wto v if

(i) it satisfies Kirchhoff’s Law, that is at each vertex v € V,
incoming mass at v = outgoing mass at v,
(ii) p is considered as incoming and v as outgoing: if v = x; then a; counts as
incoming and if v = y; then b; counts as outgoing.

We denote the set of irrigation graphs by IG(R?) and by IG(u,v) the set of those

sending 4 to v. For short, we will write G : p — v or u % v to say that G sends u to
v.
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CHAPTER 1. GENERAL THEORY

Gilbert energy For a € [0, 1], we associate to every irrigation graph G its Gilbert
energy (see | ; |):
EY(G) =) 02el,
eclk
where |e| denotes the length of e. Notice that the cost is proportional to m® x ¢: if one
wants to send a mass m at distance ¢ along the graph then one should pay m®*/.

The discrete irrigation problem The goal is to minimize Gilbert energy among
all graphs which send p to v, which reads:

min {EO‘(G) =300l - pn S y} . (DL,)
eck
Since the map x — x® is subadditive, i.e.

(x+y)* <a® 4y, Va,y>0,

it is less expensive for the mass to travel together as much as possible. This is responsi-
ble for the observed branching structures in optimizers in the strictly subadditive case
(v < 1). Let us look at the two extreme cases.

e =20

The mass does not appear in the cost, leaving only the total length of the graph:
it is called Steiner problem (see | s

o =1

The cost is linear in the mass, which corresponds the classical Monge problem in
optimal transport (see | | for a general reference on optimal transport).

Consequently, one may view the irrigation problem as an interpolation between two
well-known problems: Steiner and Monge’s problems.

Before sketching a proof of existence, we will need some terminology. If e is an ori-
ented edge, é € S?~! denotes its orientation, € the same edge with opposite orientation,
le] its length, and e, e™ its initial and final extremity respectively.

Definition 1.1.1. Given p = (ey,...,ex) a sequence of oriented edges, we say that p
is

e a circuit if e = e, for every i =1,... F,

e a cycle if p=(éy,...,€é;) is a circuit, where &; € {e;, €},

with the convention ey = e; and €41 = €;.

Theorem 1.1.2. The discrete irrigation problem (DI,) admits solutions. Moreover,
if G is a solution, then

(i) it has no (non-trivial) inner vertex of degree 2,
(i) it lies in the convexr envelope of the sources and targets,
(1) it has no circuit,

(iv) it has no cycle if o < 1.

Proof. Let us make some remarks concerning general graphs G : yu — v.
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1.1. THE DISCRETE MODEL

Support. The measures pu, v are concentrated on the convex envelope C of the atoms,
which is a compact convex set, and one may project any graph G : u — v on C' getting
another graph G still sending p to v, but with reduced cost E*(G) < E*(G), since the
projection is 1-Lipschitz. Notice that the inequality is strict if G does not lie entirely
in C.

Circuits and cycles. If G has a circuit p = (ey,...,ex), then one may remove it
from the graph by removing a mass € = min; 6., to the edges e; (and then removing
edges with 0 multiplicity), thus getting a new graph G. Since p was a circuit of G, G
still satisfies Kirchhoff’s Law and sends p to v. The fact that x +— x® is increasing
and that we have for sure removed at least one edge guarantees that E*(G) < E*(G).
Hence one may remove circuits iteratively while strictly reducing the cost.

Now, if G has a cycle p = (eq, ..., ex), choose an orientation 7. For |¢| < € = min; 0,,,
add t to the weights of the edges of orientation 7 (we write e; € 7) and remove ¢ to
those of opposite orientation, resulting in a graph G;. At each vertex v, we have added
and removed the same amount of mass flowing in, thus Kirchhoff’s Law is still satisfied

so that G; : © — v. Now let us look at the cost:

E*(G) —E*(G) = Y leil((Be +)* = 02) + Y leal((Be, — )" = 62) = f(1).

1:6; €T ie; &7

If a < 1then z — x® is strictly concave, and so is f, hence f(t) < f(0)+tf'(0) = ¢f'(0).
Now choose ¢t with a sign opposite to f'(0) so that E*(G;) < E*(G). One may repeat
the operation until there is no more cycle while strictly reducing the cost.

Degree 2 vertices. One may remove vertices v which are neither a source nor a
target and which have degree 2 (i.e. they have exactly two adjacent edges), replacing
the two adjacent edges by a single one. Here again we reduce the cost E*(G) < E*(Q)
and preserve Kirchhoff’s Law with G : i — v. Notice that the inequality is strict if
there are degree 2 vertex which are not trivial (i.e. such that the adjacent edges are

not colinear).

Existence of minimizers In the case o = 1, it is easy to build a minimizer: con-
struct G as a superposition of straight paths going from each source x; to each desti-
nation y; with mass a;b;. Now we place ourselves in the case o < 1 and we consider a
minimizing sequence (G, )nen. Thanks to the previous paragraphs, we may assume that
the graphs G,, enjoy all the properties (i)—(iv). We may get a uniform bound on the
number of edges and vertices of the graphs G,,. Denote by f(L) the supremal number
of vertices of graphs connecting L sources and targets, termed leaves, and satisfying (i)
and (iv). Let us show that f(L) < 2(L — 1) by induction. For L = 2 it is clear. Now
suppose that it is true for £ < L and take such a graph G with L leaves. Consider a
simple non-oriented path p joining two leaves z,y with a maximal number of vertices.
Set  the next vertex after x along this path and é the corresponding edge. Since %
has degree at least 3, it is connected to a point which does not belong to p. We claim
that the connected component ¢ of Z in G \ p consists only of edges joining z and a
leaf. If it was not the case, one could either find a simple path p € G\ p connecting
& to another vertex u which has at least two edges, or an edge e ¢ p between & and a

26



CHAPTER 1. GENERAL THEORY

point u which is not a leaf. In all cases, if u was not a leaf then p or e may be extended
to a simple path, connecting 4 to a leaf because G is a cycle-free’. This extended path
is still denoted by p and u the leaf which is its other extremity. This path cannot
intersect p since G has no cycle. Thus the concatenation of p\ é and p is a simple path
joining a pair of leaves and which has strictly more vertices than p because p has at
least 3 vertices: a contradiction. We denote by A the leaves in 4 and we remove %
and é from G, thus obtaining a new graph G. By construction, G it — U where [
and © are obtained from u, v by removing the atoms in A and possibly adding an atom
at . Moreover this graph still enjoys properties (i) and (iv). Consequently we have
removed card A + 1 leaves (those in A, and x) while adding a possible one at %, hence
there are at most L — ¢ leaves where ¢ = card A > 1, which implies by the induction
hypothesis:

~

card V(G) = card V(G) + ( + 1
<f(L=0+(+1
<2L—0—-1)4+0+1<2(L—-1),

thus
(L) <2(L-1)

for all L > 2. Consequently, the number or edges and vertices of the graphs G, is
uniformly bounded, and they are all contained in a common compact set, so that one
may extract a subsequence making all vertices and edges converge, leading to a limit
graph G : u — v (even though some edges may disappear in the limit). The continuity
of the cost in the weights and vertices allows us to say that E*(G) = min (DL,).

Suppose G optimal. The three first paragraphs imply that G is supported in the
convex envelope of the sources and targets, that G has no circuit and no (non-trivial)
inner vertex of degree 2. Moreover if & > 1, G has no cycle. n

Remark 1.1.3. In the case o = 1, it is possible to have optimizers with cycles: consider
for example a square with two sources of mass 1/2 at vertices of a diagonal, and
two targets of mass 1/2 at vertices of the other diagonal. An optimizer consists in
4 segments connecting each source to the two targets, with mass 1/4. However, it is
possible to remove the cycles with unchanged cost (destroying the symmetry).

Examples In the case when there is only one source s and two targets tq,ts, an
optimal graph is made of at most three edges. If the targets are equidistant from s
with same mass 1/2, then there are two possible topologies: Y-shaped or V-shaped.
When t;,t, are far enough from s, compared to their mutual distance |t; — 5|, the
Y -shaped graph is the cheapest for a < 1, i.e. there is branching. The optimal angle
can be explicitly computed in terms of «.

!One iteratively add a new vertex to the path until there is no more, which happens because G is
cycle-free. This last vertex is necessarily a source or target, i.e. a leaf.
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120°
90°

(a) a=0 (b) a=1/2 (c)a=1

Figure 1.1: Optimal graphs with one source and two targets of equal mass.

Continuous extensions Several continuous extensions to the discrete model have
been proposed, which are all equivalent or can be suitably modified to be so. Two
dynamical models were proposed, one by Brasco and Santambrogio | | based on
a path functional formulation in some Wasserstein space and another one by Brasco,
Buttazzo, Santambrogio | | based on a Benamou-Brenier formulation (see | |
for the seminal work on the dynamical formulation of optimal transport). However, we
will concentrate on the two main static models: the first one, which dates back to 2003
and is the earliest continuous model of branched transport, has been introduced by Xia
in | |. We will call it the Eulerian model as it is based on vector measures which
can be viewed as a velocity field associated to moving particles. The other one is based
on measures on paths: the traffic plan formulation introduced by Bernot, Caselles,
Morel | |, and the pattern formulation introduced by Maddalena, Morel, Solimini
[ |, which are almost identical and which we will call Lagrangian model. We are
going to give a description of the Eulerian and Lagrangian models, with an emphasis
on the last one, as it allows us to define a “landscape function” which is now a central
tool in branched transport.

1.2 The Lagrangian model

The first lagrangian model of branched transport was introduced by Morel, Maddalena,
Solimini in | | using what they called irrigation patterns, which essentially con-
sist of collections of curves x,, labeled by some index w living in a probability space
(Q,P) and which represent the trajectory of each particle. Later, Bernot, Caselles and
Morel | | proposed a formulation based on measures on paths which they called
traffic plans, thus getting rid of the parameter w by considering only x [P instead of .
However, many proofs still used such parameterizations y which induced some com-
plications (measurability issues, extensive use of Skorokhod’s Theorem for instance),
which can actually be avoided. We remark that in | | the authors go further in
that direction when proving existence of minimizers. That is why in this section we
define the Lagrangian model using measures on paths, which we call here #rrigation
plans, and give simple proofs of elementary results, namely existence of minimizers
and basic structure properties of optimizers (single-path property, cycle-free property),
without resorting to parameterizations, thus avoiding unnecessary technicalities and
measurability issues. Also notice that, in this way, the Lagrangian branched transport
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model fits the general framework of dynamical transport problems with measures on
curves, as in | | for Incompressible Euler and in | ; | for traffic conges-
tion. This exposition and its proofs are the object of | , Sections 1-2|, extended
here to the non-compact case.

1.2.1 Notations and general framework

Let X be subset of RY. We denote by I'(X) the space of 1-Lipschitz curves in X
parameterized on R, , embedded with the topology of uniform convergence on compact
sets. We write for short I' = I'(R?), but we will often take X to be some compact subset
K of R If X is closed (for example a compact set or R?) then I'(X) is a Polish space,
which can be metrized by d(y1,72) = sup,ens = min(1, |y — Yol oo (o) I X = R

and 1 : X — R? are Borel functions on X, v € T'(X), we set

/¢ dx—/ d(v()|¥()| dt  and /w dx—/w A(t) dt

provided these integrals exist.

Length and stopping time If v € ['(X), we define its stopping time and its length
respectively by

T(y) = inf{t > 0 : v is constant on [t, +00l},

Mw—Aﬂwmw

which are valued in [0, +00]. Since curves are 1-Lipschitz, L(y) < T'(v). Moreover,
one may prove that 7" and L are both lower semicontinuous functions and, as such, are
Borel. We denote by I''(X) the set of curves of finite length.

Irrigation plans We call irrigation plan on R? any probability measure € Prob(I'(R?))
satisfying

lmwzéwfwwww<+m, (1.2.1)

and denote by IP(R?) the set of irrigation plans on R?. Notice that any irrigation plan
is concentrated on I''(R?). Since this set is not closed in Prob(I'(R%)), we will introduce
some closed or compact subsets later. If © and v are two probability measures on R,
one says that n € IP(R?) irrigates v from p if one recovers the measures y and v by
sending the mass of each curve respectively to its initial point and to its final point,
which means that

(m0)#n = K, (Too) e =V

where 7my(7) = 7(0), Too(y) = Y(00) = limy—, 100 ¥(t) and f4n denotes the push-forward
of n by f whenever f is a Borel map?. We denote by IP(u,v) the set of irrigation plans
irrigating v from p:

dy .
IP(p,v) = {n € IP(RY) = (7o) = p, (Moo )1 = v}
2Notice that lim;_,o, v(¢) exists if v € [''(R?), and this is all we need since any irrigation plan is
concentrated on I''(K).
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Arc length parameterization We say that a curve v € I" is parameterized by arc
length if it has unit speed until it stops, i.e. |y(¢t)] = 1 for a.e. ¢t € [0,T(y)[. If an
irrigation plan n € IP(R?) is such that n-a.e. curve v is parameterized by arc length,
we say that 7 is itself parameterized by arc length. Set ¢ : v — 7 the map which
associates to each curve v € I'(K) its arc-length parameterization®. One may define
the arc length parameterization of n as 7 == ¢.n and check that (mg)xn = (7) 47 and

(Too) M = (oo ) 1-

Multiplicity Given an irrigation plan n € IP(RY), let us define the multiplicity
0, : R* — [0, 00| as
On(z) =n(y e T(RY) : x € 7).
It represents the amount of mass which flows by x through curves of . We call network
associated to 7 the set N, of points with positive multiplicity, i.e. points that are really
visited by 7:
N, = {z € R*: §,(x) > 0}.

Simplicity If v € I, we denote by
m(x,y) = #{t € [0,T(y)] "Ry : 7(t) = 2} € NU {00}

the multiplicity of x on ~, that is the number of times the curve v visits x. We call
simple points of v € T' those which are visited only once, i.e. such that m(z,v) =1
and denote by S, the set of such points. We say that v is simple if v\ S, = 0 and
essentially simple if ' (y\ S,) = 0. As usual we extend these definitions to irrigation
plans, saying that 7 is simple (resp. essentially simple) if n-a.e. curve is simple (resp.
essentially simple). Finally we set

mafe) = [ ma ) dn)
r
which represents the mean number of times curves visit x. Notice that
@@:/u@mws/mmwmwﬁmmﬁ
r r

so that m,(z) is in a way the “full” multiplicity at z.

1.2.2 The Lagrangian irrigation problem

For a € [0, 1] we consider the irrigation cost 1* : TP(RY) — [0, 00| defined by

mm:££MWHmmm7

with the conventions 097! = oo if a < 1, 0°7! = 1 otherwise, and oo x 0 = 0. If
i, v are two probability measures on R¢, the Lagrangian irrigation problems consists
in minimizing the cost I* on the set of irrigation plans which send p to v, which reads

win /F A 6, ()" dz dn(7). (LL)

n€IP (v

30ne may check that it is Borel.
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Notice that I* is invariant by arc length reparameterization, thus we will often assume
without loss of generality that irrigation plans are parameterized by arc length.

First variation The cost I* may be written as
I*(n) :/Z;?’('y) dn(y) where Z7(v) ::/Gn(x)a_l dx
r v
is the a-cost the curve v € I' w.r.t. n. This map Z, is a first variation of I* in the

following sense:

Proposition 1.2.1 (First variation inequality for 1,). If n is an irrigation plan with
finite a-cost, then for all irrigation plan 7 the following holds:

L(1) < L) +a [ Z,()d6 - ) (1.22)

Notice that the integral [ Z,d(n — n) is well-defined since [ Z,dn < oo and Z, is
nonnegative, though it may be infinite.

This result may be obtained by adapting | , Theorem 3.1].

1.2.3 Existence of minimizers

In this section we prove the lower semicontinuity and compactness results leading to
the proof of existence of minimizers by the direct method in the calculus of variations
[ |. We recall here that, unless stated otherwise, continuity properties on I relate
to the topology of uniform convergence on compact sets and on IP(R?) to the weak-*
topology in the duality with % (I'(R?)).

Closedness and compactness results For M > 0, we set
Fu(X) ={yel(X):T(y) < M}.

Notice that if K C R? is a compact set then T'y;(K) is a compact set for the uniform
topology by Ascoli’s Theorem. For C' > 0, we define IP(X) as the set of irrigation
plans  on X which satisfy:

T(n) = /F - T(y)dn(y) <C,

and we set IP¢(p, v) :== IP¢(RY)NIP(p, v). By lower semicontinuity of T on Prob(I'(R%))
and because L < T, it is easy to check that IP¢(R?) is a closed subset of Prob(I'(R?)).
Now let us investigate the closedness of IPo(u,v), via the continuity of the maps
o 1 1+ (mo)4n and Te = 1) > (7o) on IP(RY).

Proposition 1.2.2. The maps 7, Too : IPC(Rd) — Prob(Rd) are continuous. In
particular IPc(u,v) is a closed subset of Prob(I'(R%)).

4Recall that we always endow spaces of measures with their weak-+ topology in the duality with
©5-
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Proof. Clearly the map 7 : v + ~(0) is continuous on I'(R?), hence g is continuous
on IP(RY). However 7., : v — (c0) defined on I'! is not necessarily continuous thus
oo needs not be continuous on IP(R?). Nevertheless, given any n € IPo(u,v), by
Markov’s inequality:

n(y:T(y) > M) < Q’ (1.2.3)

which rewrites

n(C(RY)\ Ty (RY) < (1.2.4)

Since 7., is continuous on all the sets T'pr(R?) for M > 0, inequality (1.2.4) allows us
to conclude. Indeed take 7, — 1 in IP¢(R?). Take € > 0 and M large enough so that
L < e For any ¢ € 6,(R?) one has

l/"¢ ) dnn(y L/“¢ )) )*'/Cvr (6(1(00)) — B(7(M))) ()

/Fczﬁ(v(OO))dn(v) =/Fcb(v(M))anH/r\F (6(v(0)) = @(v(M))) dn(v)

thus

00))1n(dy) — /cb )'

M»%ww—ﬁwﬂM»mwﬁ+mwm

We pass to the limsup,, using the continuity of 7y : v — (M) on I'(R?), then take
the limit as € — 0 to get

/Rd ¢ (2)(Too) g (dz) — /Rd () (Too) ¢ dn(z),

which means that 7, is continuous on IPo(R?). Since IP¢(R?) is a closed subset of
Prob(R%), then so is IPo(u, v). O

Now we just have to investigate its tightness to show that it is compact, as done in
the next lemma.

Lemma 1.2.3 (Compactness). Given u,v € Prob(R?) and C > 0, the set IPc(u, v)
is a compact subset of Prob(I'(RY)).

Proof. Thus it remains to prove that it is tight. We know that there exists a compact
set X C R such that
p(RT\ X) <e. (1.2.5)

Notice that any curve v € T'(R?) which starts in X and such that T'(y) < M stays
inside the compact set K = Xy, = {x : d(x,X) < M} because it is 1-Lipschitz.
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Consequently, using inequality (1.2.5) together with (1.2.4):
n(CRY N\ Tar(K)) < n({y:7(0) ¢ X3) +n({v:T(y) > M})
= u(RN\ X) +n({y: T(y) > M})
<e+ g < 2e
< S

if M > C/e. This holds for all n € IP¢(u,v) hence IPo(p,v) is a tight subset of
Prob(R?) since I'y; (K ) is compact (it is actually compact for the uniform topology). [

Continuity results When A is a closed subset of K, we set
[A]={yeT":yNA#0}, |Al,, = n([A]),

so that 0,(z) = [{z}|, = |z[,- One may show that [A] is Borel. Our first continuity
result is that of |-, along decreasing sequences of closed sets.

Lemma 1.2.4. If (A,)nen s a decreasing sequence of closed sets and A = ﬂi A, then

Proof. Let us prove that [A] = (:[A,]. The inclusion [A] C 0, [A,] is clear since
[A] C [A,] for all n. Let us take v € [, [Ay]. Since belonging to some [B] only depends
on the trajectory of 7, we may assume that it is parameterized by arc length. Because
~ has finite length L, there is a sequence (A,), and a sequence (t,), € [0, L] such that
v(tn) € A, for%all n. One may extract a converging subsequence, still denoted (t,),,

such that t, —— t € [0, L]. Since the (A,)’s are decreasing closed sets, () belongs
to their intersection A, hence v € [A]. By the monotone convergence theorem

lim|A,[, = limn([A,]) = n([A]) = |A],. O
Proposition 1.2.5. For C' > 0, the map

0:|R?x IPc(RY) — [0,1]
(w,n) — Oy(x)

18 upper semicontinuous.

Proof. Given z, — x and 1, — 7, take € > 0. If n is large enough, z, € B(z,€), hence
lim sup,, [z, [, < lim sup, | B(z, e)‘n . Besides, using (1.2.3) one gets

|B(z.€)|, <m({T >M})+n,({T < M}NI[B(x,e)])

< C/M +nn(A)

T

where we have set A = T'j;(R?) N [B(x,¢)]. Tt is easy to check A is closed since T is
lower semicontinuous and the ball is closed. Hence passing to the limsup in n yields

limsup‘B(x,e)L?n <C/M+n(A) <C/M + ‘B(x,e)}n. (1.2.6)

n
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Taking M — oo, one gets

lim sup|z,|, < limsup|B(x,e)‘nn < ‘B(x,e)|n,

then we pass to the limit € — 0 using Lemma 1.2.4:

lim sup|z,|, < li_r)ré‘B(x, 6)}77 = 0,(z). O

Recall that

23 = [ Oy da
Y
is the a-cost the curve v € I' w.r.t. . Thus we set

Ze | T(X)xIP(X) — R
(vsm) — Zg(v)

Proposition 1.2.6. For any C' > 0, the function Z is lower semicontinuous on
['(RY) x IP¢(RY).

Proof. The case a = 1 is clear since Z'(v,n) = L(v) hence we assume a < 1. We
know that the map f : (x,n) — 60,(z)* ! is lower semicontinuous on R? x IPo(R?)
since 6 : (x,m) +— 0,(x) is upper semicontinuous by Proposition 1.2.5 and because
a —1 < 0. Since T is lower semicontinuous, for ¢ > 0 and n large enough we have
T(y) < T(v,) + €, which implies that

T(vn) T(vy)—e
/0 £ it 1) Fin(®) > / FOn®) )@t (1.27)

Recall that TP (R?) is metrizable® for the narrow convergence as a subset of Prob(T'(R?))
where T'(R?) is a Polish space, hence R? x IP¢(R?) is metrizable by some distance
d. Suppose for a moment that f is Lipschitz continuous on R? x IP&(R%) equipped
with this distance. Since =, converges uniformly to v on [0,7(y) — €)], the func-
tions g, : t — f(7.(t),n,) converge uniformly to g : t — f(y(¢),n) on [0,T(y) — €.
Now we have to take care of the |4, (t)| factor. Since the sequence (%), is bounded
in L>([0,7(y) — €]) one may extract a subsequence (¥, ); such that 4, L2 4 and

¥ | L% w. Tt is a classical result that |7(t)| < u(t) almost everywhere on [0, T'(7y) — €.
Denoting by (-,-) the duality bracket L' — L> on [0, T(y) — €], we have

T(y)—e
/0 F e (8 1) i (O A = (G [ )

koo T(vy)—e
B (g u) > / FOv(e)m)3()] at

since g,, — ¢ uniformly hence strongly in L'. Prior to extracting the subsequence
(Yn, )i we could have taken first a subsequence of 4, such that the left hand-side con-

verged to liminf, fOT(V)_6 F(yn(®),mn) |4 ()| dt. Thus we actually have

T(y)—e T(vy)—e
lim inf / F(ia(8), 1) (1) > / FO ). () d.

n

E.g. by the Lévy-Prokhorov metric.
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Finally, we use this inequality together with (1.2.7) and pass to the limit ¢ — 0 thanks
to the monotone convergence theorem, which yields

n

T(vn) T(v)
lim in / FOu(t), ) ()]t > / £/ ) 3(0)] . (128)

In general f is not Lipschitz continuous but only lower semicontinus. Nevertheless
(1.2.8) still holds for our function f because it may be written as an increasing sequence
of Lipschitz continuous functions f; 1T f, hence writing the inequality with f, and using
the monotone convergence theorem as k — oo proves that,

liminf Z% (v, mn) > Z%(~v, 1)
thus Z2 is lower semicontinuous on T'(RY) x IPo(R?). O

Recall that

I*(n) = /FZ(X(%U) dn(v),

hence the lower semicontinuity of I* on IP<(R?) will be obtained as a corollary to the
following lemma.

Lemma 1.2.7. Let X be a subset of Prob(T'(R?)).

(i) If f:T(RY) x X — R is uniformly continuous and bounded, then the functional
F:n— [ f(y,n)dn(v) is continuous on X.

(i) If f : T(RY) XX — [0, +00] is lower semicontinuous, then F : s [ f(y,n)dn(y)
1$ lower semicontinuous on X.

Proof. Let us prove the first item. Take 7, — 1. We set g,(v) = f(7,m,) and g(v) =
f(v,m). The fact that f is uniformly continuous on I' x X implies that g, — ¢
strongly in €,(I'). Since 7, — 1, we have [ f(v,1.) m(dY) = (M, gn) = (0,9) =
Jo f(v,m) n(dy) where (-,-) denotes the €, (I") — Prob(T") duality bracket.

The second item is a straightforward consequence of the fact that f can be written as
the increasing limit of Lipschitz bounded functions f;, and of the monotone convergence
theorem. O

Theorem 1.2.8. For o € [0, 1], the irrigation functional 1* is lower semicontinuous
on IP¢(RY).

Proof. We just put together Proposition 1.2.6 which states that Z¢ is lower semicon-

tinuous on T'(RY) x IP¢(RY) and the previous lemma with X = IPo(R?) and f = Z°,
recalling that

I*(n) = /FZ‘*(%n) dn(v). O
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The existence theorem We are now able to prove the existence theorem for the
Lagrangian irrigation problem (LI,,).

Theorem 1.2.9. If u, v are probability measures on RY, there exists a minimizer n for

the problem
min I%(n) = 0,(x)* tdxd . LI,
n€IP (u,v) { () /r/, 77( ) 77(7)} (Lla)

Proof. We assume I # +o00, otherwise there is nothing to prove. Let us take a
minimizing sequence 7),,, which we may assume to be parameterized by arc length. In
particular I%(n,) < C for some C' > 0. Consequently

T(0) = Lim) = [ / da da(y
// ) da dig(v)

=1%n,) < C,

which implies that 1, € IPc(u, v). Thanks to Proposition 1.2.2, IP¢(u, v) is a compact
(and metrizable) subset of Prob(I'(R?)) hence we can extract a converging sequence
N — n € IPc(i, v) up to some renaming. By Theorem 1.2.8, I* is lower semicontinu-
ous on IP&(RY), thus

I*(n) < liminfI%(n,) = inf (L1,),
which shows that 7 is a minimizer for the problem (LI,,). O

Notice that we do not claim that for given pu,v € Prob(RY) and a € [0, 1], the
minimum is finite, i.e. that there is an irrigation plan in IP(u,v) with finite a-cost.
Hence in the sequel we will say that n € IP(u,v) is optimal for I* if it is a minimizer
of (LI,) and if it has finite a-cost, in which case we write n € OIP(u, v).

Existence for the H-cost Let us just remark that all the computations and the
proofs done from Section 1.2.2 hold if we replace the map =z — x® by H : Rt — R*
and 297! with H(x)/x, where H satisfies:

(i) H(0) =0,

(ii) H is continuous and nondecreasing,

(ili) « — H(z)/x is nonincreasing,

H()

(iv) 1i

Notice that items (ii)-(iii) hold if H is concave and increasing, and that (iii) implies
that H is subadditive.

= +400.
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1.2.4 Operations on irrigation plans

In this section we define restrictions, cuts and concatenations of irrigation plans. These

standard operations were defined in | |, although there was a minor glitch in the
construction of a concatenation. In | |, we defined it via approximation by finite
graphs, while here we propose to prove a “gluing lemma” (analogous to the one in
optimal transport, see | , Lemma 5.5]) by disintegration of measures. In this

section X is a closed subset of R?.

Restriction. Given an irrigation plan n € IP(X) and a Borel set E C I'(X), the
restriction of n to E is merely the measure-theoretic restriction: for all Borel set A C
F(X)7

nLE(A) =n(EnNA).

Cut. If y is a Borel map which associates to each curve v € I'(X) a probability
measure y, € Prob(R%) concentrated on H = {(a,b) : a < b}, then we define the cut
nlx| of n with respect to x by:

(6. nlx) = / . /H Bt (- — @) da(a, b) d(),

for all ¢ € %,(I"). It is a way to restrict each curve 7 to some interval [a,b], but
each curve may be restricted in possibly infinitely many ways, under a law given by
X~- A possibility is for example to cut all curves v between times a(y) and b(y) where
a,b:T'(X) — R, are Borel and a < b. The resulting irrigation plan is denoted by n[a, 0]
and corresponds to n[x] where x, = d(a(y)p(y))- 1f 7 is a Borel map which associates
to each v € I'(X) a probability measure 7, € Prob(R. ), then the cuts denoted by
1[0, 7] and n[7, 4] associated to x, = §y ® 7, and x,, = 7, ® d7(4) respectively are called
complementary cuts (respectively initial and final cut) associated to 7.

Gluing. We are given two irrigation plans 71, 7, such that n{” = 1, and we want to
glue them together.

Lemma 1.2.10 (Gluing lemma). There exists an irrigation plan m2 and a Borel map
7:I'(X) — Prob(R,), such that

m = 7712[0,7'] and 1y = 7712[77 -I—].
The plan 112 is called a concatenation of ny and ny and T a recovery cutting time.

Proof. Let us disintegrate 7, and 7y with respect to 7., and my respectively, recalling
that (m)xm = (7o) xn2 = 0, so that:

dni(z,y) = dni(z)do(y) and dna(y, 2) = dny(2) do(y),

where 7} is concentrated on curves which stop at y and 7§ on curves that start at y.
We set® ¥ = n! ® ni and define for all pair (v1,72) of curves which start and stop at

6 Any coupling 7 in II(nY,7¥) would do.
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1.2. THE LAGRANGIAN MODEL

a common point:
m(t) if t <T(m),
Y1t e(t) = :
Yot —T(y1)) ift >T(y).

We define 7,5 in the following way:

7712, / / %)dﬁy(%ﬁz)da(y),
Rd JI(X)xD(X

for all ¢ € € (I'(X)). Now let us build 7. We start by defining a measure p €
MR, X T(X)):

D= [ PEOD ) 401,72 doty)

for all ¢ € 6o(R. xI'(X)). Then we disintegrate p with respect to the second projection
Ty, noticing that (m)xp = ni2, thus getting:

dp(t,~) = d7,(t) dmiz (7).

Now let us check that the desired properties hold. Take a test function ¢ € %(I'(X)):

(1[0, 7], /FX / o (o) 47 (1) da(7)

—/R F(X)<b(’m0t1)dp( 7)
:/Rd/ P ¢((’h:72)\[0,%1)1)dﬂy(’ﬂ»%)d“(y)

/Rd/ X)xI(X ¢(m) dr (1, 72) do(y)
/R/ @) dmi () do(y / 6(7) dipi(y

and 71 = 112[0,7]. A similar computation shows that 7, = n5[7, +], which ends the
proof. O

Remark 1.2.11. The result generalizes easily with n irrigation plans 7y, ..., n, such that
n7 = n;,: one may find an irrigation plan 7 and recovery cutting times 7; : I'(X) —
Prob(R,) for 0 < ¢ < n such that

N = 77[7'@'71773‘]7

with 79 = g and 7, = d7(). We write p € my 112 1 ... 1 1, to say that 7 is such a gluing.

Remark 1.2.12. From two irrigation plans n € IP(u,v) and ' € IP(v, £) one may build
an irrigation plan n” € IP(u, £) with cost

I“(n") <1%(n) +1%(1)).
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Indeed, just take n” to be a gluing of » and n’, with 7 a recovery cutting time. Then
one has:

o) - | . / O ()2~ dz d' ()

el
Notice that 6, (x) > 6, (x) and 0, (x) > 6,/(x), hence

/ / / ()7 da dr (b) i (4 / / Zo(jo) A7 (B) ' ()
R J9[0,4) LX) JR*

= / Zy(y) dn(y) = I*(n),
and the same goes for the other term, leading to
I*(n") < 1%(n) + I*(x).
Moreover it is clear that n” € IP(u,&).

1.2.5 TIrrigability and irrigation distance

We have already noticed that a pair of probability measures cannot necessarily be con-
nected with finite a-cost. However, according to the previous subsection, the relation
“u and v can be connected with finite a-cost” is transitive, thus every pair of mea-
sures can be connected with finite a-cost if and only if every measure p be connected
with finite a-cost to &y, in which case we say that u is a-irrigable. The next result
from | | provides a sufficient condition on « and d for irrigability of compactly
supported measures.

Proposition 1.2.13 (Irrigability). If a > 1 — % then for every pair of compactly
supported measures (1, ) € Prob(R%), there is an irrigation plan n € IP(u,v) of finite

a-cost, i.e. such that I*(n) < oco.

Remark 1.2.14. One can actually show that the uniform measure on a unit cube can
be irrigated from a unit Dirac mass if and only if o > 1 — %l, hence this condition is
necessary for an arbitrary pair (u,v) to be irrigable with finite a-cost.

For y,v € Prob(RY), we set d,(u1,v) to be the optimal a-cost connecting the two,
namely:

do(p,v) = min {I*(n) : n € IP(p,v)} € RU {+o0}.

The lower semicontinuity of I and the continuity of g, oo on IP¢(R?) readily imply
that d, is lower semicontinuous. From Remark 1.2.12 we get the triangle inequality,
thus d,, is a distance on compactly supported measures, and we may state the following
(proven in | D-
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1.2. THE LAGRANGIAN MODEL

Proposition 1.2.15. Fiz a compact subset X C R* and o > 1—2. Then d(p1,v) < 00
for every pair of measures p,v € Prob(X) and d, is a distance on Prob(X) which

metrizes the weak-* convergence of measures in the duality with €(X).

Actually, sharp inequalities comparing d, and Wasserstein distances ¥/, have been
established in | | and | |:

CWl/Oé(/IH V) < da(/%”) < Wl(:uv V)67
where =1+ ad — d.

1.2.6 Basic structure properties of optimizers

From now on, we assume that we are in the branched case o < 1. We show that
optimizers of the Lagrangian irrigation problem (L.I,,) enjoy some tree-like properties:
the single-path property and the cycle-free property. The first one is actually a first step
to prove the second, which is a stronger property. In order to do so, let us anticipate
a bit of content from Chapter 2, that is:

(i) any n € OIP*(u,v) is simple, meaning that it is concentrated on curves v which
are injective on [0, 7'(v)],

(i) any n € OIP“(u,v) is rectifiable, i.e. there is a 1-rectifiable set R such that n-a.e.
curve v stays essentially in R: £ (y\ R) = 0,

(iii) the following energy formula (see Theorem 2.1.9) is true for all simple and recti-
fiable irrigation plans (hence for optimal ones):

) = [ ) d ) (BF)

(iv) if n € OIP*(u,v), and 1 € IP(u,v) is a candidate irrigation plan which is
rectifiable, then

() < [ 0yl0)" 4 @) <TG,

even if 7’ is not simple and last inequality is strict, thanks to the simple replace-
ment lemma (Lemma 2.1.12).

Let us start with a few notations. Given n points (x1,...,7,) € R? we denote by
[(z1,...,2,) the set of curves v € I'(R?) which visit points (z1,...,z,) in that order,
i.e. there are times t; < ... < t, such that y(¢;) = x; for all 7. Also, we denote by
[[x1, ..., z,] the set of curves which visit (z1,...,x,) no matter the order of visit.

Proposition 1.2.16 (Single path property). Assume that n € OIP*(u,v) with o < 1.
For all pair of points x,y such that n(I'(z,y)) > 0, there is a curve parameterized by
arc length on a segment [0, £] and denoted by v,(x,y) such that n-a.e. curvey € I'(x,y)
coincide in its trajectory with v,(x,y).

Remark 1.2.17. Let us clarify a bit. We say that v, and 7, coincide in their trajectory
if they can be reparameterized in 7,7y, so that 4, = 7, or equivalently if this equality
holds with 71,72 being the arc-length parameterization of ~q, .
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Proof. Let A and B be two subsets of I'(x,y) with positive mass n(A),n(B) > 0.
For ¢ > 0 small, we define another irrigation plan 7. obtained from 7 by replacing
a proportion € of curves of B by curves where the path between x and y has been
replaced by the paths of those in A. We shall be more precise. We set

_nLB

— neA
" n(B)

and 74 = ,
(4

and t,(7),t,(7) to be the unique times’ for which v(¢.(v)) = z,v(t,7)) = y. Following
Remark 1.2.11 we define a gluing 774 € np[0,t,] : nalts, t,] : nelt,, +], which is possible
after checking the compatibility of the consecutive marginals. It is clear that the
recovery cutting times are t,,?,. Then we set

Ne =1 —€np + ENa.

Obviously 7. € IP(u,v) because by construction (mg)xna = (mo)xnp and (M) 4fa =
(Too)#mp. Given u € RY, notice that

Oiia (u) = /F(Rd)(luew([O,tx]) + Lueq(ta,t,) + ]'UEW([tva])) dna(y)
= 9773 (F<u7 z, y)) + 977A (F(I, u, y)) + 0773 (F(:L’, Y, U))v
so that the multiplicity 6, (u) can be expressed as
Oy (1) = O, (u) — €67 (u) + 6, (u)

where ANT BAT
NANT(z,u,y)) and n(B N (x,wy))_

n(A) n(B)
We know that 7. is rectifiable, hence by optimality of n (recall (iv) at the beginning of
this section), one has

0, (u) =

[ oo a2 1),

or equivalently

/ (0,(w) +e (6 (w) — 02 ()" d A" (u) > / 0,(u)* d A" (u).
R4 Rd
By interchanging the roles of A and B, one gets the same inequality but for £ of
arbitrary sign. Notice that the map e — (6,(u) +ep)® is strictly concave if p # 0 hence
the map

£+ (Gn(u)—l—e(%‘(u) —Hf(u)))adjfl(u)

R4

is strictly concave if 6;'(u) — 6 (u) is not identically 0. Since it is minimal at & = 0, it
cannot be strictly concave, therefore

0, (u) = 0 (u)

"It is well defined for simple curves, which is true n-a.e.
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1.2. THE LAGRANGIAN MODEL

for ' -a.e. u € R For any nonnegative function f defined on R?, one has

» f(u)@é‘(u)d%”l(u) = » f(u)@f(u)d,%”l(u). (1.2.9)

By Fubini’s Theorem, we can give another expression for these:

[ 1o as ) = = [ ] L an) a ')

:nLA//f 1 er(omnyy dudn()

f(w) dudn(y),

v[@,y]

NN

where we have set Y2, y] = Vi, (v).4,()» thus (1.2.9) rewrites:

][/wf w) dudn(y ][ oy (0 dudn(2): (1.2.10)

Now we consider a countable basis of open sets (O, ),en in R? and we take f = 1o,.
For all n € N and all A, B € I'(z,y), one has:

][%ﬂ (y[z,y] N O,) dn(y ][%1 (v[z,y] N O,). (1.2.11)

As a consequence, the mean value of 7' (y[x,y] N O,) on all subsets of I'(x,y) is
constant, which implies that outside an n-negligible set E, for all curve v € T'(z,y) \ E,
the quantity " (y[x,y] N O,) does not depend on . This implies that for all curves
in vy e (x,y)\ E, the trajectory of y[z,y| is the same. By contradiction, if there were
two curves v,7 € I'(z,y) \ E such that the trajectories of vz, y], 5[z, y] were different,
we could find an open set O,, which is disjoint from ~[z, y| and which intersects [z, y],
thus 7" (y[x,y] N O,) = 0 # 2" (F[x,y] N O,): a contradiction. As a consequence all
curves 7 € I'(x,y) \ F coincide in their trajectory between x and y. We denote this
curve, parameterized by arc length on an interval [0, ¢], by ~,(x,v). ]

We are now able to prove the stronger cycle-free property, which is a Lagrangian
counterpart to the cycle-free property in the discrete case ((iv) of Theorem 1.1.2).

Theorem 1.2.18 (Cycle-free property). If n € OIP*(u,v) with o < 1 then there is
no loop sequence T1,Ta, ..., Ty, Tny1 = 1 such that n(L[x;, x41]) > 0 for 1 <i < n.

Remark 1.2.19. Recall that I'[z,y] is the set of curves which visit  and y, no mat-
ter in which order. Thus n(I'[x;, z;+1]) > 0 means that either n(I'(z;, ;1)) > 0 or
(@i, 2:)) > 0.

Proof. The idea is similar to the proof of the previous proposition, thus we are going
to give fewer details. For all i, we set s; = 1, A; = I'(x;, x541) if if n(0 (x4, 2441)) > 0,
and s; = —1, A; = I'(z;41, ;) otherwise, in which case n(I'(x;11, z;)) > 0. We know by
the single-path property that all curves in A; follow a common trajectory 7; between x;
and x;,1 (from z; to ;44 if s; = 1, from ;41 to z; if s; = —1). We are going to remove
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CHAPTER 1. GENERAL THEORY

a small mass € > 0 from the ~;’s such that s; > 0 and add ¢ to the other ones. Here
again, the construction is based on the gluing lemma. We set 74, = 1L4: - We consider

A
a maximal (i.e. longest) sequence of points o = xy, Tpi1, ..., T suchnt(ha)t s; = 1 for all
i=k,...,(I—1), and we take 1, = na, ,[0,ts,] : 0, : na,[ts,, +] (or just n, =4, if o
is the whole sequence), where 7, = 4 : ... : 7y is the concatenation of the consecutive
curves associated to 0. We denote by U the set of all such maximal sequences o.
Now for each consecutive triple 7 = xp_1, 2y, 541 such that sp_1 = s = —1 we take

Nr € Na,_,[0,t2,] : Ma,[te,, +]: these triples form a set V. We define the competitor

Ne=1—¢ Z 77Ai+52777+5z770'

s;i=—1 TV oeU

The first sum corresponds to the mass we remove, the second is a reconnection term
which we must add due to this removal, while the third sum corresponds to the mass
that we want to add. We leave it to the reader to check that n. € IP(u,v) and that

0,.(u) = 0,(u) + =20 w),

where Af(u) = s,0(u) if u € ;. By optimality of 1, we have

[ w < [ 60w+ 000" ),

Rd

which holds for ¢ > 0, but also for ¢ < 0, had we reversed the order of the loop
sequence. Here again we are faced with a concave function of ¢ which is minimal at
the interior point 0. This can only happen if §(u) = 0 for J#'-a.e. u € |J, v, which is
a contradiction since on each v;, 6, (u) > n(A4;) > 0. O

1.3 The Eulerian model

We keep assuming till the end of this chapter, that o € [0, 1].

Irrigation lows We call irrigation flow on R? any vector measure v € .Z%(R?) such
that V-v € .#*(R?), where V - v is the divergence of v in the sense of distribution. We
denote by IF(R?) the set of irrigation flows, and we equip it with the .#;, topology,

that is v, BN v if v, and V - v, converge to v and V - v weakly as measures, in the
duality with 6p(R?, R?) and 6p(R?, R) respectively.

Remark 1.3.1. These objects have several names. They are called 1-dimensional normal
currents in the terminology of Geometric Measure Theory, and are called traffic paths
by Xia in | |.

If E C R%is an . -measurable set, 7 : E — S% ! is s -measurable and 0 : E —
R, is 2/ -integrable, we define the vector measure [E,7,0] € .#%*K) by

<[E,T,0],¢ >= /Ee(w)w(x) cr(z) d A (z),

for all ¢ € €p(RY R?). In other terms [F, 7,0] = 07 #' L E.
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Rectifiable irrigation flow Recall that if E is a 1-rectifiable set, at /¢ -a.e z € E
there is an approzimate tangent line (see | , Chapter 17]) denoted by Tan(z, E).
An irrigation flow of the form v = [E,7,0] where E is l-rectifiable and 7(x) €
Tan(z, E) for s#'-a.e. v € E is termed rectifiable®.

From discrete to continuous Consider an irrigation graph G € IG(R?). One can
define the vector measure vg by

vG = Z [e, ¢, 6.].

e€E(G)

One can check that V-ve = >~ 5 () Oe(de- —0c+) € A (RY) and that vg is a rectifiable
irrigation flow on R?%. Also, both the cost E* and the constraint G' € IG(u, ) can be
expressed solely in terms of vg. Indeed Kirchhoff’s law can actually be expressed in
terms of the divergence V - vs:

Proposition 1.3.2. If G is a graph, G € IG(u,v) if and only if V -vg = p — v.

Consequently, we say that v sends p to v if V- v = p— v and denote by IF(u,v)
the set of such irrigation flows.

Now on the generalization of Gilbert Energy, if we identify vg with its ' -density,
one has

E*(G) = 0% e| = / lva(z A (x).

eEE(G

This leads to defining the following cost on IF(R?):

/]v |*d s (x) if v is rectifiable,

otherwise,

which is called the a-mass of v.

On the definition and semicontinuity of the a-mass. Several definitions of a-
mass have been given depending on the setting (currents or vector measures, euclidean
or metric setting). In | | it was defined in a euclidean setting for integer rectifiable
currents as the integral of the multiplicity to the « (actually they consider more general
costs than = — z® but concave integrands H, and define a so-called H-mass). Lower
semicontinuity is proven in this space of integer rectifiable currents for a a-flat norm F,,.
A similar definition is used in a metric setting in | |. Though lower semicontinuity
is not explicitly proven, the same definition for real rectifiable currents (in a Euclidean
setting) is used by Stepanov and Paolini in | | and extended to flat chains. In the
works | | and | |, two different definitions of M are used, both by relaxation:
either in the space .#g;, of vector measures v whose divergence are measures (for the
weak convergence of v and V - v), or in the space of flat chains (for the usual flat

8 A rectifiable irrigation flow is, in the language of currents, a rectifiable normal 1-current on R?.
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norm). Things are clarified in | | where it is proven that the lower semicontinuous
envelope of the a-mass defined on real-valued polyhedral chains is precisely

M (v) = /|U(I)’a %ﬂl(d@ if v is rectifiable,
+00 otherwise,

on the space of real flat chains. Since this space is larger than IF(R?), and the topol-
ogy weaker than the weak convergence in .#y;,, all these definitions coincide and in
particular M is lower semicontinuous on IF(R%).

Eulerian irrigation problem We are now able to formulate an Fulerian irrigation
problem in a continuous setting. Given two probability measures p, v € Prob(R?%), we
want to find an irrigation flow v sending p to v which has minimal a-mass. This reads

min  {M%*(v) :v € IF(u,v)}. (EL,)
Xia proved the following existence theorem in | |

Theorem 1.3.3 (Existence of minimizers). For any compactly supported probability
measures 1, v € Prob(RY), there is a minimizer v to the Eulerian irrigation problem
(EL.). Moreover if 1 — 1 < a <1 the minimum is always finite.

As for lagrangian irrigation problem, we call optimal irrigation flow for M with
prescribed source and target p, v a minimizer of (EI,) which has a finite cost, and we
denote by OIF“(u,v) the set of such optimal irrigation flows.

1.4 The single source case

In this section, we place ourselves in the case of a single source by assuming that the
initial measure is a unit Dirac: p = dp, and we assume o < 1. This is the most studied
case in branched transport, either from the point of view of Maddalena, Morel, and
Solimini’s patterns defined in | |, studied also by Devilanova, Solimini in | :

|, or in the traffic plan framework (the closest to our irrigation plans framework)
by Bernot, Caselles, Morel | : : |- In this case, Santambrogio was
able to define a landscape function in | |, a terminology borrowed from geophysics
(| |), which can be thought of as a “supergradient” of the cost I* and has become an
important tool to study optimal networks or variational problems related to branched
transport, as done in Chapter 3.

1.4.1 'Tree property

Optimal networks in the single source case have a tree structure stemming from a root
located at 0, as stated in the next proposition.

Proposition 1.4.1 (Tree property). Let n € IP(do,v) be an optimal irrigation plan
with finite a-cost. For all x € N,, n-a.e. curve v passing through x coincides in its
trajectory with a common curve y,(z) : [0, L(y,(x))] = R? which goes from 0 to x.
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Proof. We simply use Proposition 1.2.16, noticing that 6, (x) > 0 if and only n(I'(0,z)) >
0 since n-a.e. curve starts at 0, and defining v, (z) = v,(0, z). O

For v € T'(RY) and t > 0, we define the joint multiplicity of v at ¢ w.r.t. the
irrigation plan n by

0,(700,]) = n(3 € T(RY) : Ao, = Vpog)-
The previous proposition yields the following immediate corollary.

Corollary 1.4.2. Let n as in the previous proposition and parameterized by arc length.
If x € N,, and v = ~,(x) then:

VE< L(Y),  O,(v() = 6,310, 1)).

1.4.2 The landscape function

The landscape function associated to an optimal irrigation plan was defined by Santam-
brogio in | | with some inspiration from optimal channel networks in geophysics
(see | |)- The terminology and the results of this section are extracted from | |
and given without proofs, for which we refer to the original paper, or to Chapter 4 which
generalizes these results to the multiple sources case.

To define the landscape function associated to an optimal network 7, we need to
define a large class of curves which follow the network in a sense.

Definition 1.4.3 (n-good curves). We say that a curve 7 is n-good if

()
/0 0,(7[0,¢])* " dt < oo

which is equivalent to the two assertions:

(i) Zy(7) < o<,

(i) 0,(+(1)) = (1[0, ) for all ¢ < T().
Proposition 1.4.4. If n is an optimal irrigation plan, the following assertions hold:

(i) n-good curves ~y are injective’ on [0,T(7)],

(ii) they are paremeterized by arc length if n is itself parameterized by arc length,
(7ii) n is concentrated on the set of n-good curves.

One may view the set of n-good curves as the right generalization of support for
irrigation plans. The following proposition is key to defining the landscape function.

Theorem 1.4.5 (Well-definedness property). If n is optimal and 1,2 are two n-good
curves with the same endpoint x, then Z,(v1) = Z,(72).

% Actually, it is injective on the whole [0, T'(y)] but this is a consequence of Theorem 1.4.5.
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Definition 1.4.6 (Landscape function). If n is optimal, the previous proposition allows
us to define the landscape function z, by:

Z,(v) if v is an n-good curve such that v(oc0) = x,
z(x) = :
400 otherwise.

The following first variation formula is fundamental. A slightly weaker version was
established in | |, the proof of this one is given in Chapter 3, Proposition 3.1.5.

Proposition 1.4.7 (First variation). Suppose that n is an optimal irrigation plan
between 0y and v, with landscape function z,. The following holds:

do(60,7) < do(dg,v) + a/ 2, d(V —v),
Rd

for all v € Prob(R?).

Therefore, z, may be thought as a “supergradient” of o +— d,(dp, 7). Let us state
the other main properties of landscape functions.

Proposition 1.4.8 (Lower semicontinuity). The landscape function associated to an
optimal irrigation plan is lower semicontinuous.

Proposition 1.4.9 (Steepest descent). The network N, follows the direction of steepest
descent of z,, in the sense that for all xy € N,:

Vo € Ny, 2,(2) > 2 (z0) — 0, (20)* |z — 30| + 0|z — T0]).
With some extra hypotheses on v, one may get more regularity of z,.

Proposition 1.4.10 (Holder continuity). We assume that o > 1 — %. Suppose that v
s of the form:
v=fZLLE with f>c>0o0nkE,

and E s reqular in the sense that

B, E
Ve e E\Vr < diam(F), Og(z,r):= % >,
(2

for some ¢ > 0. Then the landscape function z, associated to any optimal irrigation
plan n € OIP®(6o,v) is B-Hélder continuous on E where

il ()
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2.1. THE ENERGY FORMULA

The goal of this chapter is to give a complete and rigorous proof of the equivalence
between the Lagrangian and Eulerian irrigation problems (LI,) and (EI,). This is a
fact which has been known for some time and was stated in the book | |. The
first connection between the two models was perhaps being made in | |, where the
Lagrangian model is set through what they call “transports” which correspond to our
irrigation plans with a preliminary quotient with respect to reparameterization, and
where the Fulerian model is cast in the framework of flat chains. An ad hoc Smirnov
decomposition theorem was proved for flat chains (Smirnov originally proved it for
normal currents in | |), as a way to build a transport from a flat chain, while a
flat chain is clearly induced by a transport. Although it is not explicitly stated, the
way to pass from Eulerian to Lagrangian (our Section 2.3) can be extracted from their
work. For the converse way, one needs to show some simplicity of optimizers (done by
some recursive loop-removal in | |), and use an energy formula which expresses
the Lagrangian cost as a generalized Gilbert energy. This is done in | | via
Fubini-Tonelli’s theorem also the o-finiteness is not explicitly stated. To prove it, one
should prove first the rectifiability of optimal irrigation plans, as done in Bernot’s PhD
thesis (| |), which we prove differently in Section 2.1.1. The same fact was noticed
in the recent paper | | where they prove the equivalence between the Lagrangian
(patterns) and Eulerian (mass flux) models with more general costs, replacing the
a-cost and a-mass with H-costs and H-masses for a large class of functions H.

In Section 2.4 the equivalence between the two models is established, using the
energy formula and a Smirnov decomposition (see | |) for vector measures obtained
by Santambrogio in | | via a Dacorogna-Moser approach, as stated in Theorem
2.4.1. In short, both Eulerian and Lagrangian irrigation problems they have same
minimal value, and one can build minimizers of one problem from minimizers of the
other. In this chapter we assume a < 1, and that we are on a compact set K C R? for
simplicity.

2.1 The energy formula

The aim of this section is to establish an energy formula stated in | , Section
4.3, expressing the Lagrangian irrigation cost as follows:

/F / ()" dar () = /K 0, ()" d A\ (1), (EF)

provided 7 satisfies some hypotheses (namely essential simplicity and rectifiability).
The term on the right-hand side is the so-called Gilbert Energy denoted by E(n).
The proof relies solely on the correct use of Fubini-Tonelli’s theorem, which requires
o-finiteness of measures. The next subsection is therefore devoted to the rectifiability
of irrigation plans.
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CHAPTER 2. EQUIVALENCE OF THE MODELS

2.1.1 Rectifiable irrigation plans

Intensity and flow We define the intensity i, € .#*(K) and flow v, € #*(K) of
an irrigation plan n € IP(u,v) by the action on continuous maps:

(i 6) = / / o) dz d(7),
(o) = [ / $(x) - dedn(y),

for all ¢ € € (K),¢ € €(K)?. The quantity di,(z) represents the total circulation at
x and dv,(z) the total flow at z.

Concentration and rectifiability Let A be a Borel subset of K. By definition of
in, the following assertions are equivalent:

(i) i, is concentrated on A, i.e. i,(A°) =0,
(ii) for n-a.e. v €T,y C A up to an ' -null set, i.e. ' (y\ A) = 0.

In that case we say (with a slight abuse) that 7 is concentrated on A. An irrigation
plan 7 € IP(K) is termed o-finite if it is concentrated on a o-finite set w.r.t. 7" and
rectifiable if it is concentrated on a l-rectifiable set'.

The intensity ¢, has a simple expression when 7 is o-finite, as shown below.

Proposition 2.1.1. If n is an irrigation plan concentrated on a o-finite set A, then
iy = My HLA.

Proof. For any Borel set B, one has
iy(B) = iy (AN B) = /F /7 L dar dn(7)
= [ [ menasntawan)
= [ [y ant) dseti A
:/an(x)dﬁlLA(x).

The equality on the second line follows from the coarea formula, the next from Fubini-
Tonelli’s theorem which holds because measures are o-finite, and the last one from the
definition of m,,. O]

Now we would like to prove that irrigation plans n are concentrated on their network
N, ={z € K :6,(x) > 0} and that the latter is a rectifiable set. The first assertion is
true provided 7 has finite a-cost, as we shall see later, and the second item holds in all
generality, as we shall prove know. Our proof follows an idea of | , Theorem 4.10],

TA 1-rectifiable set is the union of an .#*-null set with a countable union of Lipschitz curves.
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2.1. THE ENERGY FORMULA

though we cannot use the energy formula yet (as its proof requires said rectifiability or
o-finiteness) and take care of the fact that the rectifiability criterion of Lemma 2.1.3
(as well as Lemma 2.1.4) applies to sets of finite ' measure and not of o-finite 7'
measure. In | , Lemma 3.18], another proof is provided adapting a proof of Bernot
(| , Lemma 4.6.4] or | , Lemma 6.3]). With our approach, we will need a
few notions and lemmas from geometric measure theory.

If A is a subset of R? we define the upper and lower 1-density of A at z as

1 1
Bz, 4) = limsupjf (AﬂB(a?,T))’ Oz, A) = foing 2 (AN B, 1)
rl0 2r 10 o

When these quantities are equal, we call their common value O(z, A) the 1-density of
A at z.
The first lemma we will need is proved in | , Chapter 8|.

Lemma 2.1.2. If B C RY,
A (B) = sup{H#"(K) : K C B compact such that #"'(K) < oc}.

The second is due to Besicovitch and may be obtained as a particular case of | ,
Theorem 17.6].

Lemma 2.1.3. Let E be an 7' -measurable set such that ' (E) < oco. If its 1-density
O(x, E) exists and is equal to 1 for 7' -a.e. x in E then it is 1-rectifiable.

Finally, we will need the following result which is included in | , Theorem 6.2].

Lemma 2.1.4. If E is a set such that 7" (E) < oo, then the upper 1-densily ©(x, E)
is less than 1 for ' -a.e. x in E.

Proposition 2.1.5 (Rectifiability of the network). If n € IP(K) is an irrigation plan,
its network N, is 1-rectifiable.

Proof. First of all, since the network does not change under normalization, we may
assume that 7 is parameterized by arc length. We have N, =, ., D" where

D" = {x 0, (x) > %}

Let us show that that #'(D") < co. By contradiction assume that for some n,
A" (D™) = oo, hence thanks to Lemma 2.1.2 one can find for M > 0 as large as we
want a compact subset K’ C D" such that M < ' (K') < co. Since 7' (K') < oo
one can use Fubini-Tonelli’s theorem to get

L = [ 10)ant) = [ 6K ane) = [ [ e ds @) i)

[ [ e an)asta)

~ [ b@are >

n

n>0
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CHAPTER 2. EQUIVALENCE OF THE MODELS

The inequality L(n) > 2 must be true for all M > 0, i.e. L(n) = oo, which contradicts
the definition of an irrigation plan, hence J#'(D") < oc.

Now we shall prove that ©(x, D") = 1 a.e. on D". Since D" has finite . -measure,
we already know ©(z, D") < 1 for s#'-a.e. x € D" by Lemma 2.1.4, thus it remains
only to prove ©(z, D") > 1. If A is a Borel subset of R we denote Leb(A) the set of
Lebesgue points of A, which are points ¢ such that

|[ANT[t —rt+7]

lim =1,
rl0 2r

where | X| denotes the Lebesgue measure of X C R. Recall that by Lebesgue’s theorem
we have |A\ Leb(A)| = 0. For any v € T'!, we set

1 1
A, = {t :t € Leb (s (), > 5) for all n s.t. [y(t)], > E} ,
B, = {t €0, T(x)[: §(t) exists}
D, =~(A,NB,).

Notice that |[0,7(7)]\ (4, U B,)| = 0 hence s#"(y\ D,) = 0 since v is Lipschitz.

Finally we set
D'=|]J D,

~ert

Let us check that ' (N, \ D’) = 0. We have

/N . Oy(x) d A" (z) = /N . /F Lo, dn(~) d 2 (z)

= [, e @ ane

= [ AW, 09\ D) dnta)
= 0.

The use of Fubini-Tonelli’s theorem is justified since N, = |J,, D" is o-finite and the last
equality follows from #'(N,Ny\D’) < ' (y\D,) = 0. This implies 5" (N,\D’) = 0
since 6, > 0 on N,. Now take any x € D" N D’. By construction of D’ there is a curve
veTtand at e A, N B, such that © = ~(¢), which implies that

|se[t—rt+r]:v(s) € D" ro

. o, (2.1.1)
and
A ([t =r,t+rD\D") o, (2.1.2)

2r

It follows from (2.1.2) and the fact that y([t—r,t+7r]) C B(x,r) because v is 1-Lipschitz
that

1 D n . .
O(z, D") - Jim it 22 (B0 )thmf% ([t =rt+7])
rl0 A 0 o
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2.1. THE ENERGY FORMULA

But v has a derivative e at t which has unit norm. Moreover the J#'-measure of
([t — r,t +r]), which is a compact connected set, is larger than the distance between
v(t —r) and y(t + r), and since y(t £ ) = 2 £ re 4 o(r) one has

Ayt =7t + 7)) = (4 1) =yt = )] = 2r + o(r),

which yields ©(x, D) > 1. This proves that ©(z, D") exists and is equal to 1 for #'-
a.e. x € D" hence D" is 1-rectifiable by Lemma 2.1.3 and N, = |J,, D" as well. O]

At this stage we have shown that the network of any irrigation plan is rectifiable, yet
this does not mean that any irrigation plan is rectifiable (this is obviously not the case)
since 7 needs not be concentrated on V,. However, it is essentially the only candidate
rectifiable set (or even candidate o-finite set) on which 7 could be concentrated, as
stated below.

Corollary 2.1.6. Given n € IP(K) an irrigation plan, the following assertions are
equivalent:

(i) 1 is concentrated on N,,
(ii) n is rectifiable,
(iii) n is o-finite.

Proof. 1t is enough to prove (iii) = (i) by the previous proposition. If 7 is concentrated
on a o-finite set A, we know by Proposition 2.1.1 that ¢, = m,, L A. Therefore iy 1S
also concentrated on {z : m,(z) > 0} = N, O

Remark 2.1.7. From this and Proposition 2.1.1 we get that 7, = m, T if 1 is rectifi-
able.

The most important consequence of Proposition 2.1.5 is the following rectifiability
result.

Theorem 2.1.8 (Rectifiability). If n has finite a-cost with « € [0, 1], it is rectifiable.

Proof. Because of the previous statement, we need only show that n is concentrated on
N,. We have I*(n) = [ [ 6,(x)*"" dzdn(v) < oo hence for n-almost every curve 7,

for #'-almost every z in 7, 0, (x)** < oo, which implies that 6,(z) > 0 i.e. z € N,
By definition, it means that 7 is concentrated on N,,. O]

2.1.2 Proof of the energy formula
We define Gilbert energy E* : IP(K) — [0, o0] as

. / 0,(x)*d A" (x) if n is rectifiable,
E%(n) = { /K
400 otherwise.
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CHAPTER 2. EQUIVALENCE OF THE MODELS

and a variant E® : TP(K) — [0, 00|, which is kind of a “full” Gilbert energy:

_ / 0p ! (x)my () ds#" (x) if n is rectifiable,
E%(n) = Jx

+00 otherwise.
Assuming « € [0, 1[, we would like to establish the energy formula
I*(n) = E%(n). (EF)

This does not hold in general. Actually we are going to show that I%(n) = E*(n) for
all irrigation plan n € IP(K) and that E*(n) = E%(n) provided 7 is essentially simple.

Theorem 2.1.9 (Energy formula). Assuming « € [0, 1], the following formula holds:

I%(n) = E*(n). (EF”)
Moreover, if n is essentially simple this rewrites
I*(n) = E*(n). (EF)

Proof. By Theorem 2.1.8, if 7 is not rectifiable then 1%(n) = E%(n) = E%(n) =
and the result is clear. Now we assume that n is rectifiable, which means that it is
concentrated on the rectifiable set N, according to Theorem 2.1.8 and Corollary 2.1.6.
Notice that by the coarea formula we have

/p/f"( o i) = [ [ 0@ (e d @) dn(a),

thus the goal is to reverse the order of integration. Here Fubini-Tonelli’s theorem
applies because 7 is concentrated on its network, which is rectifiable, which yields

//N )2z, 7) d 2 (x) d ()

= [ Oy(x)*my(2) d A (2)

Ny,

_ /K 0n()™ () d A () = B (n).

and (EF’) holds. Now if 7 is essentially simple then in all the previous calculations
my(x) = 6,(x) so that
=] [ waenarte
Ny
— [ tafordot ) = B (o)
thus getting (EF). O

Remark 2.1.10. Actually, the proof shows that the equality I%(n) = E%(n) (and I*(n) =
E“(n) if n is essentially simple) holds also for a = 1 provided 7 is rectifiable. However,
one may find 7 non-rectifiable such that I;(n) €]0, co[ while 5#'(N,) = 0. In that case
one has 0 = [, m,(z)d " (z) < Ii(n) < Ei(n) = cc. Notice also that for such 7 one
has 0 = [, 0,(2)* 'my(2) d 7" (z) < I*(n) = oo for a € [0, 1[, which explains why we
imposed E%(n) = E*(n) = oo if 1 is not rectifiable.
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2.1. THE ENERGY FORMULA

2.1.3 Simplicity of optimal irrigation plans
In this section we shall prove that optimal irrigation plans are necessary simple using

the energy formula.

“Reduced” intensity We associate to any irrigation plan € IP(K) a “reduced”
intensity 7, by

(e ) = / / o(x) d A (z) dn(),

for all ¢ € €(K). It is a positive finite measure, since the total mass is

gl = / A () dn(r) < / L(7) dn(y) = L(y) < oo.

Remark 2.1.11. Notice that if A is a Borel set, j,(A) = 0 < 4,(A) = 0 hence by
definition 7 is rectifiable if and only if j, is concentrated on a rectifiable set, in which
case it is concentrated on the rectifiable network N, and one has j, = 6, 5" using
Fubini-Tonelli’s theorem.

Lemma 2.1.12 (Simple replacement). Let n € IP(u,v) be an irrigation plan. Con-
stder the minimization problem

min  {L(() : j¢ < j, and ¢ € IP(u,v)}. (LEN,)
Then
(i) this problem admits minimizers which are all simple,
(1) if n is rectifiable, all minimizers ¢ are also rectifiable and jo < j, rewrites

0c <0, A" -almost everywhere. (2.1.3)

Any minimizer of (LEN,) is called a simple replacement of 7.

Proof. Let us call m the infimum of (LEN, ) and show that it admits a minimizer. Take
a minimizing sequence ((, ), such that every (, is normalized, in particular ¢, € IP¢(K)
for some C' > 0. Up to extraction we have convergence ¢, — (, and since IP¢(u, v) is
closed by Proposition 1.2.2, ¢ € IP¢(u, v). Moreover L({) = m by lower semicontinuity
of L =1, on IP¢(K), which we proved in Corollary 1.2.8. Now in order to show that
¢ is a solution of (LEN,) we only have to check the last constraint j. < j,. Take any
open set O. One has

jou (0) = / A (71 0)G ().

By a generalization of Golab’s Theorem (see | |), the following holds

A (vNO) < liminf (4, N O)
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CHAPTER 2. EQUIVALENCE OF THE MODELS

if 7, — 7 uniformly on compact sets, which means that v — J#'(y N O) is lower
semicontinuous on I'. Consequently ¢ — [, 7" (v N O)¢(dy) is lower semicontinuous
and one gets

(0) = [ #(300)¢(a9) < timint [ (1 0)6, () < 5, (0)

for all open set O. This implies that j. < j, by regularity of finite measures hence ( is
a minimizer of (LEN,).

Let us check that any minimizer ¢ is simple. By contradiction, if it was not simple
there would be a set I'" C T" such that (I") > 0 and every v € T has a loop. One may
define a Borel map r : v — r(v) which removes from v € I" the loop with maximal
length (the first one in case there are several), and is identical on I' \ I". Then set
¢ == 7(¢). Obviously one has L(¢) < L(¢), ¢ € IP(u,v) and je < Jj¢, which contradicts
the optimality of ¢ in (LEN,)).

Finally, suppose 7 is rectifiable and take ¢ a minimizer of our problem. According to
Remark 2.1.11, the inequality j. < j, implies that ¢ is rectifiable and j,, = 0, ,}i”l,jc =
0o A", which yields (ii). O

Proposition 2.1.13. Given a € [0,1], if n € IP(u,v) is optimal with finite a-cost,
then it is simple.

Proof. The case a = 1 is straightforward from Lemma 2.1.12 since L = I;. Now we
assume that o < 1 and take n optimal, in which case the finiteness of the a-cost implies
the rectifiability of n by Theorem 2.1.8. We need only show that n is a minimizer of

(LEN,)). Take 7 a simple replacement of 7. Then since 7,7 are rectifiable and 6; < 6,
' -a.e., one has

Ia(n):/Keg—lmnd,%”lz/Kegd,;flz/Kegdjflzla(ﬁ)

Since 7 is optimal we have equality everywhere, which means that m, = 0, = 05 = m;
H'-a.e. Consequently

Lw:mem%m:AWMM%%bum

hence 7 minimizes (LEN,) and is as such simple by Lemma 2.1.12. O

2.2 From Lagrangian to Eulerian

Recall that we have associated to any irrigation plan n € IP(K) an intensity i, €
AT (K) and a flow v, € #?(K). We will show that v, is an irrigation flow sending 1
to v and satisfying M*(v,) < I*(n) under some hypotheses.

Proposition 2.2.1. If n € IP(u,v) then v, € IF (u, v).
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2.2. FROM LAGRANGIAN TO EULERIAN

Proof. Let us calculate the distributional divergence of v,. For ¢ € € (K), we have

(o) = =, 90) == [ 70300560t dnty
= [ (62(0) = 6(3(00))) dn(r)

= [ oantan) = [ st

thus Vv, = u — v € .#'(K), which implies that v, € IF(u,v). O
Proposition 2.2.2. If n is rectifiable, then v, is a rectifiable irrigation flow.

Proof. Without loss of generality we may assume that 7 is parameterized by arc length.
We know that 7 is concentrated on its network N,, which is rectifiable. Given ¢ €
¢ (K)?, by the area formula one has

// (1) 4t dt dny //¢ $(t) de dn(y)
/w / Z 1) A (x)
/w d%ﬂl( )

where we have set for J#'-almost every z € Ny

- / S 4t di(y)
L@ y(t)=a

Let us denote by L(z) the approximate tangent line at . -almost every z. Since a.e.
7y stays in N, up to a ' -null set, we know that for n-almost every ~, for #*-almost
every x € v, if x = ~(t) then 4(¢) (is well-defined and) belongs to L(x). By Fubini’s
theorem, one can reverse the order of “almost everywhere”’s and state that for 7 -a.e.
x € Ny, for n-a.e. v € I'(x), >_ 1=, V(1) € L(x) hence v(z) € L(x). Consequently v,
is the rectifiable irrigation flow v, = [N,), 7,0] where 7 = v(z)/|v(z)| (whatever value
in St if v(x) = 0) and O(x) = |v(x)|. O

Proposition 2.2.3. If n is an essentially simple and rectifiable irrigation plan, n
particular if n is optimal, we have

M*(v,) < I%(n).
Proof. By Remark 2.1.7 we know that i, = m, 7" = 0, #". Since |v,| < i, = 0, #",

v, has an J7 !_density which is less than 6,. Using the energy formula, we have

I*(n) = E*(n) = /K 6,(2)" A (dr) > /K fo(2)|* d A () = M2 (1),

the last equality because v, rectifiable as state in the previous proposition. O

We have therefore proven that we have
inf  M® < inf 1°,

IF (p,v) IP (p,v)

and that if n is optimal, v, is a good optimal candidate for the Eulerian problem (EL,).
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CHAPTER 2. EQUIVALENCE OF THE MODELS

2.3 From Eulerian to Lagrangian

Given an irrigation flow v € IF(u,v) of finite cost M®, we would like to build an
irrigation plan n € IP(u, v) such that v = v, (and whose cost is less than v). This is
not true in general (because of the presence of cycles) but a Smirnov decomposition
gives the result if v is optimal for (EI,,).

Cycle If v € IF(K), we say that w € IF(K) is a cycle of v if |v| = |w| + |v — w|
and V- w = 0. It is easy to check that if v is rectifiable then w and v — w are also
rectifiable. The following Smirnov decomposition is proved by Santambrogio via a
Dacorogna-Moser approach in | |-

Theorem 2.3.1 (Irrigation flow decomposition). Given an irrigation flow v € IF(u, v),
there is an irrigation plan n € IP(u,v) and a cycle w € IF(K) satisfying

(i) v="1,+w,
(i1) iy < Jo].
From this we deduce:

Corollary 2.3.2. If v is an optimal irrigation flow in IF(u,v), there is an irrigation
plan n € TP (u,v) such that

(i) v =y,
(i) Ion] = i

Proof. Let us take v,, w as in the previous theorem. Since M®(v) < oo, v and v, are
rectifiable, and by optimality of v one has

/K ()| A AN (&) = Ma(vg) > Ma(v) = /K (Ig(@)] + w(@)])* d 7 (@),

thus we must have |w(z)| = 0 #"-a.e., which means w = 0, thus v = v, and (i) holds.
This implies |v,| < i, < |v| = |v,| and thus we have the equality |v,| = 4, claimed in
(ii). O

Proposition 2.3.3. If v is an optimal irrigation flow in IF(u,v), one can find an
irrigation plan n € IP(u,v) such that

I%(n) < M*(v).
Proof. Take 1 as in the previous corollary. Since M*(v) < oo, v is rectifiable and 4, =

v| is concentrated on a rectifiable set, which means by definition that is rectifiable.
n
As a consequence |U‘ = ’in = My %1 and we have

M) = [ ol @) = [ ) a o o)
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2.4. THE EQUIVALENCE THEOREM

while

I*(n) = B*(1) = /K 6, (2)°my () d A (2).

We would like I*(n) < M®(v), which is a priori not necessarily the case for the n we
have constructed, since it is not necessarily essentially simple. Instead, take a simple
replacement 7 € IP(u, v) satisfying m; = 6; < 6, < m,. Then we get

I°(7) = / ,(x)" d A () < / my (@) d A (x) = M*(0)
K K
which yields the result. O]

Remark 2.3.4. Since the minima in the Eulerian and Lagrangian problems are actually
the same as we shall see in Theorem 2.4.1, the previous inequality is an equality, which
implies that 6, = 0; = m,, J€ L_a.e. thus 1 was actually optimal hence simple.

2.4 The equivalence theorem

We are now able to formulate the equivalence between the Lagrangian and Eulerian
models.

Theorem 2.4.1 (Equivalence theorem). If « < 1 and p,v € Prob(K), the Eulerian
problem (El,) and the Lagrangian problem (L1,) are equivalent in the following sense:

(i) the minima are the same

min I%n) = min M*(v),
nelP(p,v) (n) velIF (pu,v) ( )

(i) if v is optimal in IF(u,v), it can be represented by an optimal irrigation plan,
i.e. v =, for some optimal n € IP(u,v),

(tit) if n is optimal in IP(u,v), then v, is optimal in IF(p,v) and i, = |v,|.

Proof. 1t all follows from Proposition 2.2.3 and Proposition 2.3.3. The equality 4, = |v,|
comes from

I*(n) = /K i2(2) d AV (z) > /K oy()|* A A () = M (v,),

since we have equality everywhere by optimality of v, and 7. O]

Remark 2.4.2. Notice in particular that the equality 4, = |v,| implies that curves of
1 have the same tangent vectors when they coincide. To be more precise, one may
use the proof of Proposition 2.2.2 to state that there is an .#'-a.e. defined function
7 : N, = S such that for n-a.e. v € T, for #'-ae. x € 7, (t) = [7(t)|7 ()
whenever (1) = .
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CHAPTER 2. EQUIVALENCE OF THE MODELS

Extension to the H-mass We assume that H satisfies:

(i) H(0) =

)
(ii) H is lower semicontinuous and nondecreasing,
(iii) H is subadditive,

v)

(i

These hypotheses are weaker than those needed to prove lower semicontinuity of the
Lagrangian H-cost, as remarked in the last paragraph of Section 1.2.3. Under these
hypotheses, it was proven in | | that the H-mass is lower semicontinuous and it
is not difficult to show existence for the Eulerian problem with such H-mass. Without
any changes other than replacing x* and x®~! with H(z) and H(z)/z respectively,
one may check that the equivalence between the Lagrangian and Eulerian irrigation
problems hold. As a byproduct, we obtain existence of minimizers for the Lagrangian
problem (built from a minimizer of the Eulerian problem), although we could not
prove it directly since the lower semicontinuity of the H-cost with these hypotheses
on H is not guaranteed, as noticed in | |. In this paper, they prove in particular
existence and equivalence between the Eulerian and Lagrangian problems in a more
general case, dropping the last condition lim, .o Hg(f) = +o00. In that case optimizers
are not necessarily rectifiable and the Eulerian cost can be expressed as

lim, g = +00.

M (v) = [ H(|o(x)])dA" () + H'(0)]|vsl,

R4

where v = 7. 4v, and v, is the singular part w.r.t .
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CHAPTER 9

A fractal optimal shape
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3.1. PRELIMINARIES

Looking at the optimal branching structures computed numerically in | | (in
some non-atomic cases), or at natural drainage networks and their irrigations basins,
one is tempted to describe them as fractal (see | ). Actually, even though the
underlying network has infinitely many branching points, it is still a 1-rectifiable set,
hence it is not clear in what sense fractality appears. Fractality is a notion which usu-
ally relates either to self-similarity properties of non-smooth objects, or to non-integer
dimension of sets. A first rigorous result which would fall in the first category is proven
by Brancolini and Solimini in | |: for sufficiently diffuse measures (for example the
Lebesgue measure restricted to a Lipschitz open set), the number of branches of length
~ ¢ stemming from a branch of length [ is of order [ /e. This may read as a self-similarity
property since in a way the total length is preserved when looking at subbranches at
all scales.

The present chapter leans towards the other notion of fractality, that is towards
“fractal” dimension. Some sets in branched transport have already been proposed
as candidates to exhibit non-integer dimension, for instance the boundary of adjacent
irrigation basins (an open conjecture by J.-M. Morel). Here we are interested in another
candidate which is related to branched transport: the boundary of what we call unit
balls for branched transport. With the results of the present chapter, we can only
prove an upper bound on the dimension, which is non-integer, and conjecture that this
upper bound is actually sharp.

The chapter is divided into five parts. In a preliminary section we briefly recall the
Lagrangian framework of branched transport set in Chapter 1, and we formulate our
question as a shape optimization problem involving the irrigation distance. Section 3.2
is devoted to the proof of existence of minimizers and to elementary properties of mini-
mizers. In Section 3.3 we prove the S-Hélder regularity of the landscape function, which
appears in the description of optimizers, and use it to derive an upper bound on the
Minkowski dimension of the boundary of the optimizers in Section 3.4. The final section
is an attempt at computing optimizers numerically by adapting the Modica-Mortola
approach introduced by | |, where we provide some computer visualizations.

3.1 Preliminaries

Let us make a very quick recall of the Lagrangian framework we have introduced in
Chapter 1 and its main features.

3.1.1 The irrigation problem

We denote by I'(R?) (or I" for short) the set of 1-Lipschitz curves in R? parameterized
on [0, 0], endowed with the topology of uniform convergence on compact sets.

Irrigation plans We call irrigation plan any probability measure n € Prob(I") sat-
isfying the following finite-length condition

L(n) == /rLW) dn(y) < +o0, (3.1.1)
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CHAPTER 3. A FRACTAL OPTIMAL SHAPE

where L(v) = [7|5(t)| dt. Notice that any irrigation plan is concentrated on I''(RY) :=
{7 : L(y) < oo}. We denote by IP(R?) the set of all irrigation plans € Prob(T). If x
and v are two probability measures on R?, one says that n € IP(R?) irrigates v from
1 if one recovers the measures p and v by sending the mass of each curve respectively
to its initial point and to its final point, which means that

(mo)n = p and (7ec) g = v,
where m(7) = 7(0), Too () = v(00) = limy— 100 Y(t) and f47n denotes the push-forward
of n by f whenever f is a Borel map'. We denote by IP(u, ) the set of irrigation plans
irrigating v from u:

IP(p,v) = {n € IP(RY) : (mo) 41 = p, (To) 1 = v}

If  is a given irrigation plan, we define the multiplicity at z, that is the total mass
passing by x, as

Op(x) =n({yel:z e},
where x € 7 means that x belongs to the image of the curve 7. Finally, for any
nonnegative function f, we denote by fv f(z) dz the line integral of f along v € I':

+o0
/ﬂ@M:O SO @] d.

Irrigation costs For a € [0,1] we consider the irrigation cost I, : TP(R?) — [0, oo

defined by
MW:A/MW“MMM,
Y

with the conventions 09! = oo if @ < 1, 0°~! = 1 otherwise, and co x 0 = 0. If pu,v
are two probability measures on R?, the irrigation (or branched transport) problem
consists in minimizing the cost I, on the set of irrigation plans which send u to v,
which reads

min /F /7 0,(z)** dz dn(v). (LL,)

n€IP(p,v)

We set Z,(v) = [, 0,(x)*" dz so that the cost may expressed as

szﬁawmw.

Proposition 3.1.1 (First variation inequality for 1,). If n is an irrigation plan with
I.(n) finite, then for all irrigation plan 7 the following holds:

L) < L) +a [ Z,()d6 - 1) (312)
Theorem 3.1.2 (Existence of minimizers,). For any pair of probability measures p,v €

Prob(R?) with compact support, the problem (L1,) admits a minimizer.

Theorem 3.1.3 (Irrigability). If 1—1 < a < 1, for any p,v € Prob(R?) with compact
support there exists some n € IP(u,v) such that 1,(n) is finite.

From now on we assume that o € }1 — é, 1 [

INotice that lim; o, v(¢) exists if v € T''(K), and this is all we need since any irrigation plan is
concentrated on I''(K).
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Irrigation distance Let us set

do(p,v) = min{Io(n) : n € IP(p, v)}

for any pair u, v of probability measures on R?%. For any compact K C RY, it induces a
distance on Prob(K) which metrizes the weak-x convergence of measures in the duality
with € (K). On non-compact subsets of R%, the distance d, is lower semicontinuous
w.r.t. the weak-x convergence of measures in the duality with bounded and continuous
functions (narrow convergence)?.

The following result comes from | ; |-

Proposition 3.1.4 (Scaling law). For any compactly supported measures i, v with
equal mass, there is an upper bound on the irrigation distance depending on the mass
and the diameter. We set f = p—uAv,v' = v—uAv the disjoint parts of the measures
and m = || = |V| their common mass. Then:

do(p, v) < Cm® diam(supp p’ U supp v/').
Landscape function Given an optimal irrigation plan n € IP(d,v), we say that a
curve -y is n-good if

T(7)
[ G0 < o
0

which is equivalent to the two assertions:
(i) 0y(1(1)) = 0,510, 1)) for all ¢ < T(4).

One may prove by optimality that 7 is concentrated on the set of n-good curves.
Moreover it is proven in | | that for all n-good curves v, the quantity Z, () depends
only on the final point v(o0) of the curve, thus we may define the landscape function
2z as follows:

Zy(y) if v is an n-good curve s.t. x = y(00),
zy(z) = .
+00  otherwise.

Notice that for an optimal 7 the cost may be expressed in terms of z,:
L = [ Zy) i) = [ z(e)duta).
r

Finally, one may show that z, is lower semicontinuous and that the inequality z,(x) >
|z| holds.

2Proving this is just an adaptation of the proof on compact sets. If y is fixed (for example) and
v, — v with n, € IP(u,v,) optimal and parameterized by arc length, assuming that the cost is
bounded, the irrigation plans 7, are tight and one may extract a subsequence converging to some 7
which irrigates v and whose cost is less than lim inf d, (i, v,) by lower semicontinuity of I,,.
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3.1.2 The shape optimization problem

We ask ourselves the following question: what is the set of unit volume which is closest
to the origin in the sense of irrigation? To give this a precise meaning, we embed
everything in the space of probability measures; hence we want to minimize the d,,
distance between the unit Dirac mass at 0 € R? and sets E of unit volume, seen as the
uniform measure on £. This problem reads

min  {da(0o, 15 %) : |E| = 1}, (Sa)

where .Z denotes the Lebesgue measure on R, We relax this problem by minimizing
on a larger set, which is the set of probability measures with Lebesgue density bounded
by 1, thus getting:

min  {X,(v): v < 1,v € Prob(R%)}, (Ra)

where X, (v) = dy (6o, V).

In the following, we will sometimes encounter positive measures which do not have
unit mass, thus we extend the functional by setting X, (v) = d,(|v|do, V) for any finite
measure V.

A key tool in the analysis of this problem lies in the following lemma.

Proposition 3.1.5 (First variation inequality for X,). Suppose that v € Prob(R?)
with X, (v) < 0o. Suppose also that n is an optimal irrigation plan between |v|0y and
v, with landscape function z,. The following holds:

Xa(7) < Xo(v) + a/zn d(v —v)

for any v € Prob(R?).

Notice also that the integral [ z,d(? — v) is well-defined since [ z,dv = I,(n) =
Xa(v) < 0o and z, is non-negative, though it may be infinite.

Proof. If [ z,d> = co then there is nothing to prove. Otherwise for v-a.e. z, z,(z) is
finite hence there are n-good curves reaching z and one can find a measurable® map
g : R — T' which associates with every x an n-good curve reaching z. Let us build
an irrigation plan 77 € IP(|P|do, #) which is concentrated on n-good curves, by setting
1 = g4V, so that

[ zai= [ e ait) = [ dn

Then, by the first variation inequality for I, we get:

Xa(7) = da(7100. 7) < Ta(i) < La(n)+a / Z,d(i—n) = Xa(v) +a / 2 d(p-v). O

d

30ne can characterize 7-good curves as those 7 such that Z,(y) < oo where Z,(v) = f0°°|fy\tm dt is
a slight variation of Z,, defined in | | which is also lower semicontinuous. Hence the multifunction
associating to every x the set of n-good curves reaching x can be written as Uée(@{7 el: Zn (7) <
£,~v(c0) = x}, i.e. as a countable union of multifunctions with closed graph. This means that this
multifunction is measurable and admits a measurable selection (see e.g. [ D.

67
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3.2 Existence and first properties

We will often denote by C' = C(a,d) or ¢ = ¢(d) different positive constants which
depend only on «, d or d respectively.

3.2.1 Existence of minimizers

Theorem 3.2.1. The relazed shape optimization problem (R, ) admits at least a min-
1YMIzZer.

Proof. The existence of a minimizer follows from the lower semicontinuity and tight-
ness. Indeed, any minimizing sequence v, must have bounded first moment since

/|x\dy(;1:) < /zn(a:) dv(z) = do (60, ).

A bound on the first moment implies tightness of the sequence and, up to extracting
a subsequence, one has v, — v. The condition v, < 1 implies ¥ < 1 and the lower
semicontinuity of d, provides the optimality of v. O]

Forl >a>1-— é, we will denote the optimal value for the relaxed shape opti-

mization problem (R,) by:
eo 1= min{d,(dy, ) : v < 1 and v € Prob(R%)}.
Lemma 3.2.2 (Scaling lemma). For any finite measure v we have
Xo(v) > ealv]®F.

Proof. For A = |v|""/%, let & = A4 (v) be a scaling of v under the map ¢(z) = Az in
R Then, [p,di =\ [, dv =Xy =1and v < 1. Thus,
ea < do(D,00) = N (v, |v|60) = v ()X, (v). O

For any v, we say that z is a landscape function of v if it is the landscape function
%, associated with some optimal irrigation plan n € IP(dy, v).

Theorem 3.2.3. Let v be a minimizer of (R,) and z a landscape function of v. Then
v is the indicator of a set A which is a sublevel set of z:

o 1
A={x:z(zx) <z}, with ¥ = %(04 + 3) (3.2.1)

In particular, A is a solution to problem (S,) and it is a compact and path-connected
set.

Proof. We show that v also minimizes the first variation of X,, that is p — [ zdp.
Take © a competitor for (R,). By Proposition 3.1.5, one has:

Xo(7) < Xao(v) +a/zd(ﬁ — ),
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/zduﬁ/zdﬂ

for any . So as to minimize this quantity, v must concentrate its mass on the points
where z takes its lowest values. More precisely, there is a value z* € [0, oo] such that

but X, (r) < X, (7), thus

=1 if z(z) < 2%,
v(z)g €10,1] if z(z) = 2%,
=0 if z(x) > 2*.

Indeed, we just take z* = sup{t € R : [{z(x) < t}| < 1}. Since [zdv = ¢4 > 0,
necessarily z* > 0. This kind of arguments is typical in optimization problems under
an upper density constraint, as it was for instance done for crowd motion applications

in | |
Step 1: z* < %‘1 (a—l— é)

For 0 < k < z*, we consider the competitor 7 = 1{.<;) and set |7| = 1 —m, noting
that m > 0 by definition of z*. Using Lemma 3.2.2 and Proposition 3.1.5, one gets

Since v({z > k}) =1 — [{z < k}| = m, it follows that
ea(l —m)*ti < e — akm. (3.2.2)

As o+ Cll > 1, the map ¢ — 9+ 3 is (strictly) convex, thus

1 1
€q (1 — (a + E) m) <en(l—m)*ta < e, — akm,

hence forgetting the middle term, subtracting e, and dividing by m:

1
k< - .
Q _ea<a+d)

. _ €a 1
2r < (a + E) : (3.2.3)

Taking the limit £ — z* yields:

Step 2: v =1, where A ={z < z*}
Take the competitor 7 = 1(,<.«} and set || = 1 +m, m > 0. Using again the
scaling lemma and the first variation of X, one gets:

ea(14m)**a Sea—i-oz/ 2d(v —v) = eq + az'm.

z=z*

Now by strict convexity of ¢ — tTa, if m > 0 then one has ea(l + m)‘”% >

Cor (1 + (a + é) m), thus
o (a + é) m < az*m,

which contradicts (3.2.3). Consequently m = 0, hence v = 7 = 1,<.+}.
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3.2. EXISTENCE AND FIRST PROPERTIES

Step 3: Compactness and connectedness

A is closed since z is lower semicontinuous and bounded since z(z) > |z| for all
x € R4 It is path-connected since any point z with z(x) < z* is the endpoint of an
n-good curve v starting from 0 and v C A because z is increasing along this curve.

Step 4: 2 > <« (a—ir %)

Take xy € A with maximal Euclidean norm. Then the half ball H,(xy) := B,(x¢) N
{x : (x — 20, x0) > 0} is included in A°. We consider the competitor 7 = 1y, (a),
with mass |7| = 1 + m, where m = |H,(zy)| = cr? for some constant ¢ = c(d). To
irrigate 7, we pay at most the cost of irrigation of v, plus the price for moving an extra
mass m from 0 to xy along the irrigation plan, plus the cost for moving this mass to
B, (zg) \ A, which we can bound by Cm®r, as follows:

Xa(P) = do((1 +m)do, 7) < da((1+m)bo, v+ mby,) + da(V + MOay, V + 1, (20))
= Xa(V + m5x0) + da(m(im, 1Hr(1‘0)>

< eq + amz(xg) + Critde,

where C' = C(a, d) is some positive constant. Since z is not a Lebesgue point of A
and zo € A, by Lemma 3.2.4 below, it follows that z(xy) = z*. Putting this in the
previous inequality, combining it with the convexity inequality

1 1
Xo(P) > ea(l+m)*Fa > e, (1 + (a + E) m) :
and dividing by m > 0, one gets:

1
€q (a + 3) < az* + Crpitda—d,

Passing to the limit » — 0, we obtain
o 1
¢ > Ca (a + —) . O
o d

3.2.2 Lebesgue points

For any set K, let us set O (z,7) = %

K. We also set |
pmafa(1-2)) =1 a

a number which is strictly between 0 and 1 as 1 > a > 1 — é, which will appear as in
the first chapter as a Holder exponent of the landscape function.

the fraction of mass of B,(z) lying in

Lemma 3.2.4. If z(x) < z*, then x is a Lebesgue point of A.

Proof. Consider the competitor 7 = 14,p, () with mass [7| = 1 + m where m =
|B,(x) \ A|. To irrigate 7 from 0 one may irrigate v + md, from 0, then 15 ;)4 from
x. The first cost may be estimated by the first variation of X, and the second one
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may be bounded knowing that irrigating a mass m at distance r costs less than Cm®r
for some constant C' = C'(a, d). This writes rigorously as:

Xa(7) = do((1 +m)bo, 7) < do((1 4+ m)do, v+ mby) + da(v + My, v + 1, (2)\a)
= Xa(V + méx) + da(méx, 1B,~(m)\A>
< e, + amz(x) + Cmr,

On the other hand, by the scaling lemma and by convexity, one has X, (7) > e, (1 + (a + 5) m) >
eo +amz*, the last inequality resulting from Theorem 3.2.3. Combining this with the
previous series of inequalities yields:

m'=°(z* — 2(2)) < Cr,

which rewrites

Ol (x,r)(z* — 2(x)) < OrF, (3.2.4)
where we recall § = 1+da —d is a number strictly between 0 and 1. As a consequence,
if z(z) < 2* then © g¢(x,r) 2% 0 and = is a Lebesgue point of A. O

3.3 Holder continuity of the landscape function

We set A,.(z) .= AN B,(z), z.(x) the central median of z on the set A,.(z) and z,.(z) its
mean. We are going to show that z is S-Ho6lder continuous using Campanato estimates
(Campanato spaces were introduced in | |, see | , Section 2.3| for a modern
exposition), as it is done in | |. More precisely, we are going to prove the following
inequality, for arbitrary r > 0:

][ |z — z.(x)] < CrP, (3.3.1)
Ar(x)

|2 (2) = 2 pa()] < O77,

2o(x) — 2(z) < CrP,

|2(2) = z(2)| < Cr,
2ol () = 2y—a ()] < Cly — 2|”.

Notice that the two last inequalities imply that z is indeed S-Hoélder continuous:

2(y) = 2(2)] < [2(y) = 2o (W) + |21y—2i(2) = 2y-2) ()] + |2(2) = 21y—0)(2)]
< Cly — x|’
The main difficulty we will encounter is that we will quite easily obtain estimates of

the form

o
<O
— Oz, r)te’

and will need to get rid of the term ©4(z, )7, i.e. treat the case when it becomes
small.
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3.3. HOLDER CONTINUITY OF THE LANDSCAPE FUNCTION

3.3.1 Main lemmas
We will make use of the following lemmas.

Lemma 3.3.1 (Maximum deviation). There is a constant C = C(d,«) > 0 such that
the following holds:

TB

A g <(C——m——. 3.
e A, ) <O (3.3.6)

Remark 3.3.2. One can see that if © 4(x, r) becomes small, then © 4c(z, 1) is large (close
to 1), and actually all values of z in A,(z) become close to the same value z* up to

CrP.

Proof. We consider the competitor 7 = 14up,(z), With mass |0| = 1 +m where m =
|B-(z) \ A|. For any y € A,.(z), let us irrigate © from 0 by irrigating v from 0, moving
an extra mass m from 0 to y along the irrigation plan, then irrigating 1p ;)4 from
this mass at y. Using Lemma 3.2.2, we have

ea(l+ m)““é <X, (7) < X, (v) + a/zd(m5y) + Crm?®.
By convexity,
1
Ca (1 + (a + a) m) <(1+ m)o‘+%ea < eq +amz(y) + Crm®,

thus, knowing that e, (o + 1) = az* by (3.2.1):
amz* < amz(y) + Crm®.

By definition, m = wqr?® 4c(x,r) where wy is the volume on the unit d-dimensional

ball, hence
B
* d a—1 __ r
Z — Z(y) < 07’(7" @Ac(a:,r)) = CW ]

Lemma 3.3.3 (Mean deviation). There is some constant C' = C(d, ) > 0 such that

fol) - w@ldy < o0
Ar(x)

for all r > 0 and all x € A.

Proof. We will first show that

/rﬁ
f ol - m@lay<c
Ay (x)

@A<I7 T>1_a .

There is a disjoint union A,(x) = A"UA" such that |A~| = |[AT] = M and z < z,.(x)
on A7, z > z,(x) on AT. Let us consider the competitor 7 = 14 — 14+ + 14-. By the
first variation lemma:

X (7) < Xo(v) +a/zd(ﬁ — ).
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Recall that X, (p) = da(dg, p) when p is a probability measure, which is the case for v
and 7, and that d, is a distance. Thus by the triangle inequality:

a/zd(y — 1) < dy(09,v) — da(do, V) < do(v, D).

We know that d,(v,7) < C|v — v|* diam(supp(v — v)) < C|A,(x)|"r for some C =
C(a,d) > 0. Moreover notice that

[zaw=5= [ = [ s

- /ﬁ(z(w — %(x))dy + /(zr(w) — 2(y)) dy
= / 12(y) — z-(x)| dy.
Ar(z)

Consequently:
_ a— |Ar($)|a_l 1+d(a—1 r’
2(y) — z.(z)| dy < C|A,(x lrgC—a_r+("‘ ) =C——
1., o~ = @lay < cla @ < o e
Moreover, one has
B
r
z(x) — Zp ()] = zy—ZTxdy‘SJ[ 2(y) = Zp(z)|dy < O —————
2@ = 5@l =|f )= m@d| < f ) @< O
which leads to
B
-
z2(y) — z-(x dy—][ 2(y) — Z.(z)|dy + |2z, (z) — Z.(2)| < O ————.
f. 0 =@l = £ (=) =@l o) - 50 < O

Now we get rid of ©4(z,r)'"*. If O(z,r) > 1/2, we get the desired inequality. On
the other hand, if © 4c(x,r) > 1/2, by Lemma 3.3.1, we have

0<z"—2z(y) < CrP, Yy € A,(x),

which also implies that
0< 2" —2(x) <CrP.

By these two inequalities, we have
12(y) — z(z)| < CrP, Wy € A(a).

Now, taking the mean over A,(x) 3 y leads to the wanted inequality as well:

][ 12(y) — 2z.(x)| dy < CrP. O
Ar(x)

Remark 3.3.4. Notice that the estimate
B

r
_ <O
1, 0 =@y o

is valid in general: we only use the fact that v is an indicator function (a density
bounded from below would suffice). The optimality of v comes into play to to get rid
of O4(z,r).
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3.3.2 Holder regularity
Proposition 3.3.5 (Small-scale difference). For all x € A and all r > 0 one has
2, () — 2, p0(z)] < OF°.
Proof. First we show that
:
aee) = 2ralo)] < O

Indeed, by Lemma 3.3.3,

o) = 5 @Iy _
|z (z) — Zr/2($)| < |Ar/2<$)| |Ar/2 2] f — z.(x)| dy
d ®A($7T) T
<Y =

As before, if ©4(z,7/2) > 1/2 we get the desired estimate. Otherwise, we have
Oac(x,7/2) > 1/2 and O gc(z,7) > 2790 gc(w,7/2) > 27174, Now, by Lemma 3.3.1,

r’ﬁﬁ
< CrP, Yy € A, (x).

< - <O
0<2"—z(y) _C@Ac(x,r) -

Consequently 0 < 2% — z,/9(z) < Crf and 0 < 2* — z,.(z) < Cr” which implies that
2, (7)) — 2, 0(z)| < CPP. O

Lemma 3.3.6 (Lower deviation to the mean). There is a constant C' = C(d,a) > 0
such that for all x € A and all r > 0 one has:

Yy € A.(x), z(x) — 2(y) < OrP. (3.3.7)

Proof. First we show that
B

z(z) — 2(y) < CW-

Remove the mass m = |A,.(z)| going to A,(z) from the irrigation plan, make it travel
along the plan to any fixed y € A,(x) and then send it to A, (z): this should cost more.
This implies

amz(y) — a/ z 4+ Cm%r >0,
()

which may be rewritten as
rB
O (xa r)lia .

Now if ©4(z,7) > 1/2 one gets the desired result. Otherwise © 4c(z,7) > 1/2 and
Lemma 3.3.1 yields:

zo(x) — 2(y) < Cm*r < C

0< 2" —2(y) <Orf, Yy € A.(z).
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Thus 0 < 2* — 2,(z) < Cr? and for any fixed y € A,(z),
|2(2) = 2(y)| < [2(2) — 2"+ ]2* = 2(y)| < O,
from which we also get the wanted inequality. O]

Lemma 3.3.7 (Deviation to the mean). For all x € A and all r > 0, one has
|2(z) — z.(2)| < CrP.
Proof. By Proposition 3.3.5, one has
[2(2) = 2,(2)] < |2(2) = 202(@)] + |2r/2(2) = 2(2)] < |2(2) = 20p2(@)] + O,
which means by setting f(r) = |z(z) — z,(x)| for r > 0 that:
f(r) < f(r/2) + CrP.

Consequently for all £k € N

k
F(r) < Fr-27000) £ 08 3 g8

i=0
thus -
f(r) <limsup f(g) + Cr? Z 27 < limsup f(e) + CrP.
e—0 i—0 e—0

Now let us prove that f(¢) — 0 when ¢ — 0, i.e. z.(x) =0, z(z). We already know
that z is lower semi-continuous hence z(z) < liminf. ¢ z.(z). Moreover using (3.3.7),
we have
limsup 2. (z) < limsup(z(z) + Ce?) = 2(x),
e—0 e—0

which implies that z.(z) — 2(z) when ¢ — 0. Therefore the inequality f(r) < Cr?
holds, that is to say:

|2(z) — 2. (z)| < CrP. O

Lemma 3.3.8 (Large scale difference). For any x,y € A, one has:
[2y—al () = 2y—ay(y)| < Cly — 2|”.

Proof. Set r = |y — x|, and A, = B.(z) N B,(y). Notice that, A, being a fixed fraction
of B.(z) (independent of r), |A,| = ¢|B,| for some ¢ = ¢(d) €]0, 1[.
If both ©4c(z,7) > § and © 4e(y,7) > 5, then by Lemma 3.3.1 one has:

7P P
0<2*—2(2)<C—-—<Orf, and 0< 2" — 2, () < C——n—— < OrP,
<z —z(z) < O (o) = r?, and 0 < 2 — z,.(y) < Oy )i = r
which implies the desired inequality
|20 () — 2. (y)| < CrP. (3.3.8)
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On the other hand, if either © e (x,7) or © ¢ (y,7) is less than ¢/2, say © e (x,7) < 3,
we claim the desired inequality (3.3.8) still holds. Indeed, for all u € A,(x) N A,(y) one
has

|2r(2) = 2 (y)] < J20(2) = 2(u)] + [2(y) — 2(w)]
thus integrating over A, (z) N A,(y) in u one gets:

1
z(x) — 2. (y)| < [/ z(u) — z.(x du—l—/ z(u) — z-(y)| du
|2 () — 20 (y)] AN A AT@)' (u) — 2 ()] ‘Ar(y)ll (u) = 2 (y)]
Ar(2)| + |4 (y)|
< orl :
| Ar(2) N Ar(y)]
the last inequality resulting from Lemma 3.3.3. Note that
[Ar(2) N Ar(y)| = [Ar DAl 2 [A] = |By(2) \ Al = ¢| By ()] — [By(2) \ A
which implies that
[Ar(@)] +1A-(y)] 2|B, ()] _ 2 4
A (z) N A()] T e Br(@)| = [Br(z) N Al ¢ = Ouelx,r) T c
Thus, in this case, we still have

rﬁ‘Ar(x)l + 1A (y)| B
<O TN Ay = -

Theorem 3.3.9 (Holder continuity). The function z is B-Hdélder continuous on A.
More precisely:

|2 () = 2 (y)]

Yo,y € A, [2(y) - 2(2)] < Cly - 2l
for some constant C = C(a, d).
Proof. By Lemma 3.3.7 and Lemma 3.3.8,

|2(y) = 2(2)] < [2(y) = 221 ()| + [21y 21 () = 21y a1 (2) | +|2(y) = 2121 ()] < BCIy—xlé

Let us state a consequence of this result which is a refinement of the previous
proposition on Lebesgue points. Now we may quantify the minimal size of a ball one
can put inside A around z in terms of z* — z(x).

Proposition 3.3.10 (Interior points). For some constant C' = C(a,d) the following
holds:
Vo € A, BT(I)(x) C A, (339)

where r(x) = C(2* — z(x))? > 0. In particular

{xEA:z(x)<z*}§/olandaAg{xeA:z(x):z*}.

Proof. Tt suffices to prove (3.3.9) for zy € A satisfying z(xy) < 2z*. Consider a point
x € A°. Take a point y € A which is closest to x : it is possible since A is compact.
By construction y is not a Lebesgue point of A, thus by Lemma 3.2.4, z(y) = z*. By
the Holder continuity of 2z stated in Theorem 3.3.9,

2" = 2(20) = |2(y) = 2(20)] < Cly — 20|’ < Cla — o),

where the last inequality follows from the fact that |y—x| < |y—z|+|x—x¢| < 2|z —20|
because y minimizes the distance from z. Hence, for all x € A°) |z — xo| > C(2* —
2(x0))/# = r(xq), which implies the desired result. O
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3.4 On the dimension of the boundary

We are interested in the dimension of the boundary 0A, our guess being that it should
be non-integer, and lie between d — 1 and d. Here we look at the Minkowski dimension
(also called box-counting dimension). Given a set X, we denote by N.(X) the maximum
amount of disjoint balls of radius ¢ centered at points of X.

Definition 3.4.1 (Minkowski dimension). We define the upper Minkowski dimension
of X by

- log(N.(X
dimps(X) = lim sup log(NVe(X))
e—0 —loge
and the lower Minkowski dimension by
log(N:(X))

dim,,(X) = lu;n_}glf “Tog<

When these coincide we just call it the Minkowski dimension and denote it by dim,(X).

We shall get an upper bound on the upper Minkowski dimension. We say that X
is of dimension smaller than ¢ if dim; X <.

Lemma 3.4.2. There is a constant C = C(«, d) such that for all k < z*,
Hre Ak <z(z) <z} <C(zF—k).

Proof. Consider the competitor 7 = 1{.<;y with total mass || = 1 —m, where m =
Hre A:k < z(z) < z*}|. Asin (3.2.2), one has

eq(l — m)aH/d < e, — akm

hence knowing that az* = (a + 1/d)e, and developing the term on the left-hand side
at order 2, we obtain:

L1 1
—amz* + %(a + o+ = —1)m? < —akm

d d
Thus
m < C(z*—k)
with 1/C = e, (a+ 1/d)(a+1/d —1)/(2a). O

Theorem 3.4.3. The set 0A is of dimension less than d — 3.

Proof. For e > 0 fixed, take disjoint balls (B;);cs of radius e, where N = |I| = N.(0A).
We set B = B;\ A, B; = B;N A. We split the set of balls into two parts: those which
have a larger intersection with A rather than A¢ and vice-versa. Namely, we set
I"={iel:|Bf|=|Bi/2}, NT=|I7],
I ={iel:|B [ >[Bi/2}, NT =1,
sothat I =1TUI and N < Nt + N~. We are going to bound N* and N~ by some
power of €.
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Step 1: Bound on N~
Since z is f-Holder continuous on A, one has for each B; = B.(z;):

Ve € B;NA, |2(z) — 2*| < CEP,
since the center z; lies in A C {z = z*} according to Proposition 3.3.10. Consequently
(0A).NAC {z*—Ce? <2< 2*),
thus because of Lemma 3.4.2:
1(0A). NA| < {z* — CeP < 2 < 2"} < CeP.

Using the previous inequality and the fact that |B; | > |B;|/2 > Ce? for i € I, one
has:
CN7e' <) By | <[(0A4). N A < Ce”,
iel~
which implies:
N~ < Ce™ P, (3.4.1)

Step 2: Bound on N*

We consider the competitor # = 1; where A = A U U+ Bif- Tt has a mass
7] = 1+ m where m = >, ,|B/|. To irrigate 7, we send an extra mass |B;"| to
each center z; along the irrigation plan, which costs a|B;'|z*, then we send this mass

towards B;", which costs at most C|B;"|"c. But one should get a cost no less than

ea(l +m)*+/? by the scaling lemma. Moreover, with a development of order 2 one
has:

(L+m)™ V> 1+ (a+ 1/d)ym+1/2 - (a+ 1/d) (0 + 1/d = 1)(1+ m)* = 2m?
> 14 (a+ 1/dym + Cm?

because for € small, 1 + m is less than 2 for example. Consequently one may say:

ea (14 (a +1/dym + Cm?) < eq +amz*+ Y Ce| B[

elt

Recall that az* = e,(a + 1/d), thus after simplifying one gets for some C' > 0:

m? < C Z|B;F|O‘5 < CNTelttod, (3.4.2)

ielt
Notice that for i € I, |B;f| > |B;|/2 > Ce?, so that

m= Y |Bf|>CN*e".

ielt
Injecting this into (3.4.2), one gets:

(N+gd)2 < CN+€1+ad,
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thus
NT < Qelted=2d — 0g=(d=h), (3.4.3)

Putting (3.4.1) and (3.4.3) together yields:

C
N.(0A)=N<NT+ N < g
and
dimj;(0A) = limsup w <d-j,
e—0 - 10g(€)
which means that 0A is of dimension smaller than d — . O

This result pushes us to propose the following conjecture:
Conjecture 3.4.4. The boundary 0A is of dimension d — 3, in the sense that:

Proving this requires to establish the inequality dimgy(0A) > d — (3, for which we
do not have a working strategy yet.

3.5 Numerical simulations

Our goal now is to compute solutions to our shape optimization problem numerically.
To perform numerical simulations, we use the Eulerian framework of branched trans-
port, first defined by Xia in | |. This framework is based on vector measures with
a measure divergence, i.e. measures v € .Z%(R?) such that V- v € .#(R?), the set of
such measures being denoted by ,///dw(]Rd). The cost 1s the so-called a-mass:

ds#'(x) if vis 1-rectifiable,

M, (v) = / ‘ di’?l (@)
+00

otherwise.

An elliptic approximation of this functional was introduced by Oudet and Santambrogio
in | |, in the spirit of Modica and Mortola | |- The approximate functional is
defined for € > 0 by:

M2 (v) :5_”1/|v(x)|"dx+5"2/de

for suitably chosen 0,01, 09. It is proven in | | that MY I'-converges to M“ as ¢
goes to 0, for a suitable topology on .#y,(R%). Moreover, the I'-convergence result
also holds imposing an equality constraint on the divergence V - v = f,, for a suitable
sequence f. — f, as proven in | |- The results of | | are proven in dimension
d =2, but in | | there is a proof of how to extend to higher dimension, in the
case &« > 1 — 1/d (in dimension d = 2 there is also a version of the I'-convergence
result for a < 1/2). Also note that, recently, other phase-field approximations for
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branched transport or other network problems have been studied, see for instance

[ ; ; |-

Here we adapt the approach of | | to our shape optimization problem by adding
this time an inequality constraint on the divergence.
Recall that the Lagrangian and Eulerian frameworks are equivalent | |, so that

the irrigation distance may be computed in the following way:
do(p,v) = irvlf {M*(w) : V-v=p—v}
Consequently the shape optimization problem (R, ) rewrites, in relaxed form, as:
mvin {M*(w) : pu—1<V-v<u} where u=d. (ES)

Setting a = pu — 1,b = p and some mollified versions a. = p. — 1,b. = p.,for example
a convolution of y with the standard mollifier of suitable size r. (e.g. €72r-% = o(1) as
in | |), we define the following approximate problem, for € > 0:

min  {M(v) @ a. <V-v<b.}. (AS)

Let us remark that the above-mentioned I'-convergence results do not allow us to
say that this problem approximates (ES), as the inequality constraint on the divergence
is not directly in these works. We leave this question for further investigation, as our
aim is for now to make a first attempt to compute numerically an optimal shape for
the original problem (S,).

3.5.1 Optimization methods

We tackle problem (AS) by descent methods. Two difficulties arise: first of all, the
functional M is not convex hence there is no guarantee that the methods converge, and
if they do, they may converge to a local minimizer which is not necessarily a global
minimizer ; secondly, this is a constrained problem, hence we will need to compute
projections or resort to proximal methods to handle the constraint. The simplest
approach is to use a first-order method, for instance to perform a projected gradient
descent on the functional M for ¢ fixed (but small):

The projected gradient method.

vy € C
Unt1 = po (v, — 7, VM (vy,)),
where
C={v:ia.<V-v<b}
is the convex set of admissible vector fields for (AS).

Computing the projection pco is not an easy task, even more so as we want fast
computations since this projection should be done at each step of the algorithm. Actu-
ally, this projection step will be quite costly (at least in our approach), hence we need
to pass to a higher order method to get to an approximate minimizer in a reasonable
number of iterations.
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Recall that the projected gradient method is a particular case of the proximal
gradient method, which we describe briefly. Consider a problem of the form

min f(v) + g(v)

where f is smooth and g “proximable”; in the sense that one may easily compute its
proximal operator

1
T . . / / 2
proxg(v) = argvr/mng(v )+ ool =l

The proximal gradient method consists in doing at each step an explicit descent for f
and an implicit descent for g:

The prozimal gradient method.

vy given

Upt1 = Proxy" (v, — 7,V f(vn)).

The projected gradient method corresponds to the case

0 ifvedC,
g(v)z{

+o00 otherwise.

If there was no function g, we recover the classical gradient descent method. Notice
that there is an implicit choice in this method, since we compute gradients which
depend on the scalar product. There is no reason that the canonical scalar product
is well adapted to the function we want to minimize. Following the work of Lee, Sun
and Saunders | | on Newton-type proximal methods, one may “twist” the scalar
product, leading to the more general method:

A “twisted” proximal gradient method.

V9 glven
ne (3.5.1)

Un4+1 = pI‘OX;n’Hn(vn - Tannf<vn))7

where Vi f(x) is the gradient of f with respect to the scalar product (z,y)y = (Hz,y)
for H an invertible self-adjoint operator, and

1
T, H _ : 2
prox;" (v) = argmin g(v') + Z“U, — |5

The best quadratic model of f around a point z is

Qfao(x) = f(x0) + (Vi f(w0), ) + 1/2(x, x),

with H = H¢(x¢) being the Hessian of f at x, thus it is natural to consider (3.5.1) with
H, = H(x,). Notice indeed that if g is zero, the proximal operator is the identity and
that Vy f(v) = H 'V f, so that one recovers Newton’s method:

Up+1 = Un — TnHyjlvf(Un)a
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which is known to converge quadratically for smooth enough f. This is why this method
is called proximal Newton method. However, for large-scale problems, computing and
storing the Hessian is very costly, thus an alternative is to set H,, to be an approxima-
tion of the Hessian of f at v,, thus leading to proximal quasi-Newton methods. These

methods were introduced in | |, which we refer to for further detail and theoretical
results of convergence.
A very popular choice for H, is given by the L.-BFGS method (see | |), which is

a quasi-Newton method building in some sense the “best” approximation of the Hessian
at v, using only the information of the points vy and the gradients V f(vy) for a fixed
number of previous steps k =n,n —1,...,n— L+ 1. The interest is that no matrix is
stored, and there is a very efficient way to compute the matrix-vector product H, ! - v
using simple algebra. Therefore, we decided to implement a proximal L-BFGS method,
which in our case reads:

Projected L-BFGS method.
Vo given

! - (3.5.2)
Un41 = pgn (Un - TTLHn 1Vf<vn)),

where ]:In is the approximate Hessian computed with the L-BFGS method with L steps
and pZ is the projection on C' with respect to the norm Nl . -

The algorithm to compute the matrix-vector product I:[n_ 1.z is given in Section
3.5.3.

3.5.2 Computing the projection

The difficulty lies in the computation of the projection, that is on the proximal operator.
A box constraint on the variable is very easy to deal with, but here we are faced with
box constraints on Vv, that is on a linear operator applied to v. Moreover, we want to
compute a projection with respect to a twister scalar product (-, -) g, which adds some
extra difficulty. For simplicity of notations, we rename a.,b. as a,b. By definition,
finding the projection pZ(vy) of vy amounts to solving the optimization problem:

2
min {%:agv-vgb,v/ﬂ%}}. (P)

Note that, when one considers the divergence operator as an operator acting on vector
fields defined on the whole R? (extended to 0 outside ), the Neumann boundary
condition above exactly corresponds to the fact that the divergence has no mass on
0f), which can be considered as included in the inequality constraints.

As a convex optimization, such a problem admits a dual problem, which we are

going to use. We set
b(w) 0 if a <w <0,
w) = :
+oo if not,

whose Legendre transform is

o) =v'(w) = [ buy ~ [ au
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so that ¢ = ¢ = ¢*. Let us derive formally the dual problem by an inf —sup
exchange:

v}I/l;Q {% ca<V-v< b} :ilgf%Hv—von—l—@/)(V-v)
= int 3o = wll} +sup (Y, ) — g
= intsup [0 = woll§ = (Vs v)r — g(w)
> sup—g(w) +inf 5o = vally = (Vo)
— —inf g(u) + sup (Vs v — %Hv ol
) _i%fgw) N ||vf;u||§{

:—1nfg /H 1Vu VU—/U(V‘Uo)-

+ (V u, UQ)H

Hence the dual problem reads:
mln /H 'Vu - Vu—/ (V-1) /bu+—/au_ (D)
f(w)

The inf —sup exchange can be justified with equality via Fenchel’s duality |
Chapter 1] in a well-chosen Banach space. Hence there is no duality gap:

Y

min (P) + min (D) = 0.

As a consequence solving the dual problem provides a solution to the primal one.
Indeed if w is optimal for (D) then v = vy + Vyu is optimal for (P). Now let us justify
why it was interesting to pass by the resolution of a dual problem. Such a problem is
of the form

min f(u) + g(u), (3.5.3)
where f is smooth, with gradient V f(u) = —V - (H 'Vu)—V -1y, and g is proximable:

w(z) —ra ifu(z) < 7a,
prox, (u)(z) = q 0 if Ta < wu(x) < 7D,
u(x) —7b  if u(z) > 7b.

We know how to compute the proximal operator and the gradient of f, since L-BFGS
provides a simple method to compute the product H~'x. Problems of the form (3.5.3)
with f smooth (and computable gradient) and g proximable can be tackled with first-
order methods such as the proximal gradient method described in the previous section
(also called ISTA) or a fast proximal gradient method called FISTA, introduced in
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| |. We opted for the latter, which is a slight modification of the proximal gradient
method using an intermediary point:
uy € H'(RY),
Up, = Uy + A (U, — Up—1), (FISTA)
Up g1 = Prox, (U, — TV f (1)),
where ), is given by some recursive formula (we refer to | | for the details). Tt

enjoys a theoretical and practical rate of convergence which is higher than ISTA and
which is that of the classical gradient method:

2L ¢|ug — uopt]2
(n+1)2

f(un) - fopt S

3.5.3 Algorithms and numerical experiments

Following the work of | |, we discretize our problem on a staggered grid : we divide
the cube @ = [—1,1] into M? subcubes of side 2/M, the functions U are defined at
the center of the small cubes, while the x component V? of a vector fields V is defined
on the vertical edges of the grid and the y component V¥ on the horizontal edges of
the grid. This is quite convenient to compute the discrete divergence of a vector field
and the discrete gradient of a function.

) UIlkIlOWIlS: (VZE) 1<i<M (V;y-)lgiSM_H, with
1<5<M+1 YA<<Mm

V{L’

_ 1z _ VY _ 1Y _
S VM+1,j = V‘,l = Vl,M+1 =0,

7

which means that V' is parallel to the boundary.

e Objective function:

F(V)=e""h*Y  N(Vi;)7 +ch*/2 (Z\vmvzf + Zyvi,jva) .
i,9 i,7 2
There are several definitions to give to make sense of F. First of all N is a smooth
approximation of the norm, of the form
N(z) = (Jz]" + 2)V?  for &, small.
The discrete vector field V;; = (ij, sz]) is an interpolation of (V*, V¥) defined
at the centers of the cubes:
e _ Vg T Vit oy Via + Vi
’L7J 2 ) ij 2 )
Finally the discrete gradient is defined as usual by

1<i,j <M.

ViV = (Vi = Vig)/h (Vi = Vij)/h), 1<i<M—-1,1<j<M,
vay = ((‘/zz,,’g—f—l - ‘/z%)/hﬂ (‘/i%ll—l,j - V;?,Jj)/h)7 1 Sj S M — 17 1 S i S M.
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We may now give the main algorithm and its sub-methods.

Algorithm 1 Proximal L-BFGS for F

Data: tolerance tol, initial vector field Vj, step 7, source ¢
VW, U<+ U,
compute error
while error > tol do
T < To
repeat
G < MuLTIPLYBFGS(VF(V))
V.U « PrOJECT(V — 7G,U, 6, )
T T7/2
until F'(V') has decreased
update L-BFGS data
compute error
end while

The update step for L-BFGS data consists in storing in Y, Z,r the points and
gradients of the L previous steps, so that at step n:

YLfk = VF(ank) - VF<ankfl>a ZLfk = ank - ankfl

forall k=0,...,L—1,and rp = 1/(Yy - Zx) for all k =0,..., L — 1. Notice here that
we do a simple backtracking line search by reducing the step size 7 until the energy has
decreased, for example until it has sufficiently decreased and satisfies the Armijo rule.
Also, notice that the potential U computed at step n is used at the next step as initial
data ; this trick extensively speeds up the computation of the projection. Finally, we
took as error measurement some relative difference between two consecutive steps.

Now, as stated in Section 3.5.2, the projection on C' with respect to ||-|| ; is computed
via the FISTA method, as follows:

Algorithm 2 Project V; on C' with respect to |||

Data: tolerance tol,, step 7,
function ProJECT(V), Uy, 0, 7)
DO +~ V- Vb
U+ U,
while error > tol, do
ty <t t e (14 /14+4t2)/2; s+ (t, — 1)/t
G < MurTipLYBFGS(VU)
UZ‘ U+ S(U — Uold)
Uoia < U
U < Prox(U; — 7,(V - G — Dy),0,7)
compute error
end while
V < Vo + MULTIPLYBFGS(VU)
return V, U
end function
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The PROX function is just the proximal operator associated with the discrete coun-
terpart of g : u > [buy — [au_ where a = § —1,b = 4. Thus P = PrROX(U, 4, 7) is
defined by:

Pi: 0 1f7'(52—1)§U1§7‘5“
UZ‘—T(sz' lfUZ>T(;Z

For the sake of completeness, we give a simple method to compute the L-BFGS

multiplication H'X (see | ; | for details).

Algorithm 3 L-BFGS multiplication H*X
function MULTIPLYBFGS(X)

G+ X
fori=1L,...;1do
Sl‘%’/’iZl"G
G+ G—sY;

end for

for:=1,...,L do

end for
return GG

end function

We present some numerical results obtained with e, = 1074, on a M x M grid with
M =201 and € = 3h where h = 2/M, the code being written in Julia. We have started
with random initial values for V' and a smooth approximation J of the Dirac dy. After
some days of computation on a standard laptop, one gets the following shapes and
underlying networks.
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Norm of the vector field
e=70.6805, M=201

Irrigated measure
e=70.6805, M=201
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Figure 3.1: Algorithm output for different a’s after ~ 15000-25000 iterations.
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4.1. FRAMEWORK DEFINITION

The landscape function is now a central tool in branched transport. It was first
defined by Santambrogio in | | as a generalization of the landscape function which
was very well known by geophysicists (see | |) though it was considered on a
discretized grid. It represents the elevation of the landscape on which water flows
to irrigate water basins such as lakes. The definition was given in the single-source
case, and regularity results of Holder type were established first in | |, then by
Brancolini and Solimini in | | under more general hypotheses and with a different
approach. An attempt at defining the landscape function for multiple sources was
made by Xia in | | in the discrete case. The present chapter aims at defining the
landscape function in the multiple source case but with non atomic measures, under
an hypothesis on the source and target measures pu, v, namely that they have disjoint
support:

supp () N supp(v) = 0.

From this definition we are able to extend many nice properties already known in the
single-source case: the landscape function is the first variation of the function X%, and
it exhibits Holder regularity under some regularity hypotheses on the measures. A
direct use of the landscape function can be made to obtain the uniform boundedness
of the length of the fibers. Other applications already known in the single source case
hopefully also hold in the multiple source case, but this is left for further investigation:
the regularity of the fibers (locally finite curvature) proved in | |, and the fractal
branching behaviour established in | |-

4.1 Framework definition

We make slight modifications to the standard framework described in the first chapter,
in order to simplify notations and proofs. The main difference will be that curves are
no longer defined on R™ but on R instead.

The set of curves We set I' = Lip, (R, R?), and define for all y € I':

T () = sup{t : 7y is constant on | — oo, t[},
T*(vy) = inf{t : v is constant on ]¢, +-00l[}.

For a curve v € T, we write v : [T—,T"] — R? to mean that T-(y) = T~ and
T*(v) =T%, and we denote by v~ = (T~ (7)),7" = v(T"(~)) the starting point and
stopping point of v. We will write x - y if 7 is a curve starting at x and stopping at
y, and x L y if either x % y or x < 3.

~
e

Restrictions and inclusions If v is simple and x € ~, we denote by ¢, the unique t €
[T~ (), T* ()] such that v(t) = z. For x,y € 7, v[z,y] denotes the usual restriction'
Viltarty] i ta < Ty OF Y, 1,1 if By < tg, and y[x, +], v[z, —] denote respectively [z, y*] and
v[z,77]. We also define the obvious variants vla, b[,v[a, b] and so on excluding some

For us, if I is an interval 71 is a map defined only on I, but it induces a unique Lipschitz
extension to the whole R which is constant before and after I and we will make the slight abuse of
not distinguishing the two.
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CHAPTER 4. THE LANDSCAPE FUNCTION

extremities. We say that ~; is included in 7, and we write v; C 7, if the trajectory of
~1 is part of that of .

Paths A path p between x and y is a sequence of curves ~; of the form

C oy — gt 72 Yn—1 _
PIT=T1 —Tyg— ... Tp_1 — Tp=21,

and an oriented path p from x to y is a sequence of curves ; of the form
prrx=x Ba, B x, =, =y

For such an oriented path p we will denote by ~, : [0, 7] — R? the curve, parameterized
by arc length, obtained by concatenating the 7;’s, so that % y.

Curve multiplicity Let n be an irrigation plan. For v € I' we set

On(v) =n(7: v C7),

and we say that v is a n-branch if 6,(v) > 0. An n-branch path, oriented or not, is a
path made of n-branches. When 7 is fixed and there is no confusion, we will omit the
prefix n- and talk about branches and branch paths.

Cycle-free property We recall that an irrigation plan 7 is said cycle-free if there is
no loop sequence xy1,Zs, ..., Ty, Ty = x1 such that n(T[z;, z;44]) > 0 for 1 < i < n,
where I'[z, y| is the set of curves which visit  and y, no matter the order. In particular
if n(T'[z,y]) > 0 then there is a unique” curve v,(z,y) joining z and y (either from x
to y or the contrary), such that n-almost every curve v € I'[z, y| follows v, (z,y) in its
trajectory.

4.1.1 Good curves and paths

We need a notion of curve which is more general than branches: we would like to
consider curves that do not stay entirely in the network but can go to its “boundary”,
but which nevertheless follow the irrigation plan. This is the role played by what we
call n-good curves.

Definition 4.1.1 (n-good curve). We say that v : [T, T*] — R? is an 5-good curve
stemming from o € v if
0,(v[o,z])* ' dz < .
v

Moreover, if 7 starts at the stem o (resp. if it stops at the stem), we say that v is
right-sided (resp. left-sided). We say that it is one-sided if it is left- or right-sided.

Remark 4.1.2. In the single-source case u = d,, n-good curves stemming from s cor-
respond to the definition of n-good curves given in Definition 1.4.3. Moreover it is
possible to show that if v stems from another point, then it is the restriction of an
n-good curves stemming from s.

2Parameterized by arc length on an interval [0, ¢].
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4.1. FRAMEWORK DEFINITION

The definition of n-good curves induces a notion of n-good path.

Definition 4.1.3 (n-good path). We say that a path p, oriented or not, is n-good if it
is made of one-sided n-good curves.

Now We would like to prove that optimal irrigation plans n with finite cost are
concentrated on the set of n-good curves: in this way this set could be thought as some
kind of support for 7. For now, we are able to prove it in the case of optimal irrigation
plans which have a finite root system (defined in Subsection 4.1.2), though it should
be true in all generality. Let us establish first a general lemma which does not require
this extra hypothesis.

Lemma 4.1.4. Let n be a simple irrigation plan which has finite I cost and which
satisfies the cycle-free property. Fiz xg € N,. Then for n-almost every curve v € I'(x),

/Qn(y[m,x])a_l dz < oo.

~

Proof. Let us denote by I'(xg, z) the set of curves v such that zo,x € v and

Ouy () = (I (20, ).

Recall that 7 satisfies the cycle-free property. Consequently, for all « such that 6,,(z) >
0, almost all curves 7 in I'(zg, x) follow a common trajectory vu, .z, i.e. Y[To, ] = Vag -
This implies that for almost every curve v € I'(xg, x):

Oy () = O(Y[0, 2]).

Taking the power o — 1 and integrating of I'(xg, z) yields:

%ﬂsz (ol )" ).

This equality also holds trivially if 0,,(x) = 0. Then integrating in x:

/Rd /F( )977(7[960,96])0“1 dn(v)d A" (x) :/ 0,y (2)* d A () < 1%(n) < oco.

R4

Thus by Fubini’s theorem one gets

>~ /F(xo) /]Rd 17”6"/977 (V[w()’ xDa_l d.ot (J:) dn(/y)

_/F(xo)[en(y[xo,x])“‘ldxdn(v)-

Consequently for n-almost every curve v in I'(zg),

[ oataan, < o
Y

which is what we wanted to prove. O
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CHAPTER 4. THE LANDSCAPE FUNCTION

Remark 4.1.5. This shows in particular that if 6, (z¢) > 0, then either z; is an atom of
both p and v, or one can find a branch containing z,. Indeed, since I'(x() has positive
measure, either almost all curves are constant equal to xy and x( is an atom of y and
v, or there is a positive quantity of non-trivial curves in ['(zg). Then for sure there is
a non-trivial curve v € I'(zg) such that

/Gn(’y[xo,x])a_l dzr < oo,

i

and v[xg, 2| for some x in the interior of the curve is a branch containing z.

We end this subsection by giving a definition of irrigation basins using n-good
curves.

Definition 4.1.6 (Irrigation basins). If n € IP(i,v) and = € N, we define the irriga-
tion basins of x as:

Bas, (z) == {y : there is an 7-good curve stemming from = s.t. 77 =y,

Bas, () == {y : there is an 7-good curve stemming from z s.t. 7~ =y,
and

Bas, () := Bas () U Bas, ().

4.1.2 Root systems

The role of the origin in the single-source case is replaced by the notion of root system.

Definition 4.1.7 (Root system). We call root system for n any set of points R C N,
such that n-almost every curve v passes through some point p € R. The elements
p € R are called roots.

Remark 4.1.8. In the single-source case u = dg, there is obviously a root system made
of a single point: R = {s}.

The following lemma states that for disjointly supported source and target mea-
sures, optimal irrigation plans have a finite root system. It follows from the fact that the
irrigation network has a finite graph structure away from the support of the measures,
which is proven in | | where it is termed “interior regularity”.

Lemma 4.1.9 (Finite root system). If n € IP(u,v) is an optimal irrigation plan with
finite I* cost, it admits a finite root system R C N,. Moreover one can assume that
all points p € R are at positive distance from the supports of u and v.

Proof. We cut the curves of the irrigation plan 7 between their first exit time from
(supp p). and their first entry time into (supp v). for ¢ small, getting a irrigation plan
n € IP(f1,7). Since by optimality 7 is known to have a finite graph structure far from
the supports of the measures (by | , Theorem 4.7]), the marginal measures i
and 7 are atomic. We take R to be the set of atoms of i for example. m

Now we are able to prove that optimal irrigation plans are concentrated on the set
of good curves, provided that they have a finite root system.
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4.1. FRAMEWORK DEFINITION

Proposition 4.1.10. Suppose 1 is a simple irrigation plan with finite 1 cost which
satisfies the cycle-free property and admits a finite root system R. Then n is concen-
trated on the set of n-good curves passing through points of R.

Proof. By Lemma 4.1.4, if p € R is fixed, outside an n-negligible set F,, all curves
v € I'(p) satisfy
[ 0,61 o < o
0l

Since almost all curves pass through an element p € R, 7 is concentrated on | (I'(p)\
E,) which proves the result. O

However, considering n-good curves reaching a root will be too restrictive to give
a definition of a landscape function which satisfies the desired properties (for example
semicontinuity). This justifies the following definition.

Definition 4.1.11 (Root network). We denote by R the set of points  which belong
to a simple branch path connecting two roots, and call it the root network.

Remark 4.1.12. If n has the cycle-free property and R is finite, then R is a compact
set since it is made of a finite union of compact curves.

Figure 4.1: A root network induced by a system of two roots.

If v is a curve intersecting R, we denote by p~(7), pt () the first and last points
of v belonging to R. Next lemma will relate n-good curves stemming from arbitrary
points ¢ € R to n-good curves stemming from points p of the root network R.

Lemma 4.1.13. Let n be simple irrigation plan with finite I* cost which is cycle-free
and has a finite root system R. If v is a right-sided n-good curve stemming from o € R?
and reaching x, then we are in one of the three situations:

(i) 7 intersects R: v can be cut in two, a branch [o, p4 ()] and a right-sided n-good
curve ~[p* (1), ],

(ii) 7y is after R: vy N R = () and there is a right-sided n-good curve % starting at
p=pt(¥) and stopping at x such that v = 7[o, z],

(iii) ~ is before R: v N R = () and there is a branch 7 starting at o and stopping at
p=p (¥) such that v = 7|0, x].

The analogous statement for left-sided n-good curves holds as well.
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CHAPTER 4. THE LANDSCAPE FUNCTION

Figure 4.2: A right-sided n-good curve entering and leaving R.

Proof. If «y intersects R and p*(y) # x, then we are clearly in situation (i). Now we
assume that that v does not intersect R except possibly at x. We proceed in two steps.

Step 1. Let ¢ be a branch such that & € R and consider the curves containing &.
We know almost all of them pass through a root. We want to show that almost all of
them may only pass through root after following &, or almost all of them may only pass
through a root before following £&. Suppose on the contrary that there are p;,ps € R
and positive amounts of curves Ay, Ay such that all curves in A; pass through p; then
¢ along a common trajectory 7y, and all curves in Ay pass through £ then p, along a
trajectory 7,. Since ) has no circuit, the branch path

Y1[p1,67] g_iéﬂ_ Y2[€,p2]

P1 P2

is a simple branch path joining p; # p2 € R hence by definition ¢ C R which is a
contradiction. This proves what we claimed.

Step 2. Consider y € 7[o,z[: it is clear that 7[o,y] is a branch which does not
intersect R, hence by the first step, we know that either almost all curves containing
this branch reach a root before, or they all reach a root after it. By taking a sequence
Yn € [0, x[ such that y, — x, one can state that their are two possibilities.

The first possibility is that except for a negligible set U, all curves 7 satisfy the
following: if 4 contains a piece 7[o,y] for some y € [0, z[ and a root p € R, then p
is reached before v, following a unique trajectory v, from o to p. We set p the first
point where these trajectories part when we follow the curves backwards starting at o,
and set 4/ the common trajectory from p to 0. We set 4 = 4/ U~ the concatenation
of 7/ and ~. By definition all the curves following 7|0, y] contain ¥[p, y], hence 7 is a
right-sided n-good curve stemming from p. Let us show that p € R. If p € R, we are
done. Otherwise there are two trajectories 7,,7, which parted at p. Since they could

Yolppl _ Vpr[P:p]
p

not meet again by the cycle-free property, p p' is a simple branch path,
and by construction p € R. Then we replace 4 with its restriction ¥[p* (%), z] and we
are in situation (ii).

The second possibility is that except for a negligible set U, all curves 7 satisfy the
following: if 4 contains a piece 7[o,y] for some y € [0, z[ and a root p € R, then p
is reached after y[o,y]. Since the amount of roots is finite and the cycle-free property
holds, there is a point y € 7[o, z[ close enough to = such that for all the trajectories
between y and p of the curves containing ~[o, y] cannot part from ~. Hence almost all
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4.2. DEFINITION OF THE LANDSCAPE FUNCTION

curves containing [0, y] contain v and -+ is actually a branch. If 7t € R then we are in
situation (i) (with v[p™(v), ] being trivial), while if v© ¢ R, we are in situation (iii).
The case of v left-sided is obtained in a similar manner. O

Remark 4.1.14. Notice that this shows that any n-good curve (not necessarily one-
sided) can be decomposed into a path made of curves which are restrictions of n7-good
curves stemming from points of R.

Next lemma will be essential, in that if a good curve stems from a point p € R,
there is a point after which (and a point before which) the multiplicity and the “joint
multiplicity” coincide.

Lemma 4.1.15 (Good stem). Let n be a simple irrigation plan satisfying the cycle-free
property, and R be a finite root system for n. If v is an n-good curve stemming from a
point of the root network, then

Yy €lpT(7), + On(y) = 0 (vIp" (), 9)),
and

Yy €= p (V) 0y(y) = 0,(Vy, p~ (M)

Proof. Take such a curve 7. The curve v[p*(7),+] is an n-good curve stemming
from pt(y) € R which is right-sided. Take y € ~]p™(v),+[. For sure 0,(y) >
0,(v[pT(7),y]) > 0. We look at the curves passing through y. We know by hypothesis
that almost all curves pass through a root, and the amount of roots is finite. Take A
a positive amount of curves passing through y and by a root p € R, then all curves in
) Vet ()9 Y Yy,

A follow a common trajectory 7' ==, ,, and p*(y = p is a branch path
joining p*(v) and p. If one trajectory is included into the other, since p & v]p™(7),y|
it must be y[pT(7),y] C 7y, By the cycle-free property, these trajectories cannot part
and meet again. Thus if we follow the curves y[p* (), y] and 4 from the common point

+ ’ 17,0
y, if those trajectories part at some point y’, we know that p*(y) 2 )] y - WA

would be a simple branch path joining p* () and p, thus they would belong to the root
network, which is a contradiction to the definition of p*(vy). By way of consequence,
almost every curve passing through y contains v[p*(v),y| and

The same reasoning shows that

Yy €l—p (M Oy(y) = 0,(vly. p~ (V)])- O

4.2 Definition of the landscape function
We assume that p and v have compact and disjoint supports:

supp p Nsupp v = 0.
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CHAPTER 4. THE LANDSCAPE FUNCTION

By Lemma 4.1.9, the situation is the following: each point p € R will give rise to a cost
function Z, defined on curves with extremity p as the integral® along the curve of 9;*_1.
The goal will be to prove that with a suitable choice of an additive constant to each
Z,, which amounts to assigning a reference value at p, these maps take the same value
when needed: namely when a point is reached by different curves, possibly joining
different roots. This will allow us to define a global landscape function z : R — R.

Recall that Z,(v) = [ 0,(z)* " dz. We define a signed variant when a reference
point o is fixed.

Definition 4.2.1. Let 0 € R? be fixed. For all simple curve ~ such that o = 7* we
define

+ / 0,(z)* dx ifo =77,
Z;(n =1 ",
- / 0,(2)* tdx ifo=~7".

~

4.2.1 Balance property

The following proposition is the multiple source counterpart to the well-definedness
property established in Proposition 1.4.5, and will be key to defining the landscape
function.

Proposition 4.2.2 (Balance property). We assume that n is an optimal irrigation
plan with finite I* cost. Consider a good loop, that is a loop made of one-sided* n-good
curves:

71 2 Tn _
Pr—P2— ... DPnt1 =D

where p; 2= pi1 is either p; % pi1 or p; < piv1. Then one has

Yo Zyw) = > Zyw).

~; ~
i ¥ piy1 Pi +“Dit1

or equivalently

ZZ z(%) =0.

3 Actually, up to a sign depending on the orientation of the curve, just as in the definition of the
integral on the real line f; f==+ f[a b f depending on whether a < b or b < a.
4Since two-sided good curves can be cut in two one-sided good curves, it does not matter.
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P2
CQ

Y2

V3

Figure 4.3: A good loop made of three n-good curves. Their stems are signaled by a
large white circle.

Proof. We denote by o; the stem of the i-th n-good curve, and z; its other extremity.
Choose an orientation for the loop and a small ¢ > 0. We want to add a small mass
¢ to all the curves which are oriented accordingly, and remove ¢ from all the other
ones. We cannot do it directly to the whole curves because they are not necessarily
branches: there may be no mass left at the point x;. Therefore for all i, we consider a
small &; > 0 and we cut the curve 7; at a time t; = TT(;) & &; before the extremity
x;, setting x; = ~;(t;). We are going to remove and add the mass to the restrictions
vl = 7o, «t] of the original curves ~;. For example, say the chosen orientation is such
that the loop should be read left to right. Then one adds ¢ to the curves 7. such that
pi % piy1 and one removes € to the other curves 7/ such that p; ¥ p;1. Of course,
¢ must be small enough so as to be able to remove ¢ to those curves, but we should
choose € and ¢; even more carefully. We do the following:

e if 7, is a branch we do not restrict the curve, i.e. we set ¢; = 0,

e if 7, is not a branch, since 6, (v;[0;, 2;]) continuously decreases to 0 as e, — 0, we
may assume that 6, (;[o;, 2]) = €, with ¢ smaller than all the masses 6,(v;) > 0
which correspond to the branches v;’s.

To preserve the source and target measures y, v, we need to reconnect the point x; to z}
for all . There are several possible cases depending if x; is also a stem of the adjacent
curve or not, and depending on their orientations. But in any case, this reconnection

costs less than
C’Z&‘ﬂxi — .
i
For 4 such that p; % p;, 1, in which case we add &, one should pay a cost no larger than

ae/ 0,(x)* " do = acZ, (7)),
~
and for i such that p; < p;.1, we gain at least

—045/ 0,(2)* " dx = acZ, (7).
'Y{

k3
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Since the total cost increment should be nonnegative by optimality of 7, one gets

as Y7 ZyD)—as 37 Zy(0)+C" Y fei— i) 20,

~; ~
Pi—+Dit1 Pi* Dit1

thus
Yo Zi < Y Zyi) + Ce Yy — g, (4.2.1)
Piﬁpiﬂ pilei+l ‘

It is clear that for all ¢, Z,(y)) = Z,(v;) as € — 0. Moreover since x +— 6, (70, z])
decreases when z tends z; along the curve and 6, (v;[0;, z}]) = €, one has

o= al < [ y(ulona)) e,
i [} 4]

which tends to 0 when z; — x; because v; is -good. Passing to the limit ¢ — 0 in

(4.2.1) yields:
Z Zy(vi) < Z Zy(%i)-
piﬁpz?kl pzlkp%‘rl

Since the converse inequality holds, had we chosen the converse orientation for the

loop, we obtain
Yo Zw = D> Zylw).

~ ~
Pi* Dit1 Pi—+Dit1

Since Z,,(v;) is +Z,(v:) in case p; 2 piyq and —Z,(7y;) in case p; 4 p;+1, we get the
equivalent equation

Notice that if we have a good loop

/ / /
2! 5! Y2 72 Y 7 _
pP1—T1— P2 Ty P3— ... — Pp— Tn = Pnt1 = P1

where py,...,p, € R, one has by the balance property:

n

Z(ij (’7]’) - Zﬂjﬂ(%,‘)) = 0. (4'2'2)

J=1

Notice that in this expression, each function Z, appears an even number of times,
half the time with a 4 sign, and half the time with a — sign, hence the same balance
equation holds if one replaces Z, by Z, = ¢, + Z, for any choice of values ¢, € R. Our
goal now is to choose these constants c, suitably so as to guarantee that all terms in
the sum of (4.2.2) are 0:

for all good path p X x X P where p,p' € R and v,~" are one-sided 7-good curves.
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4.2.2 Construction of the landscape function

For any pair of roots p, p/, we write p —~ p if p L x X ¢ holds for some one-sided
n-good curves v,7/, and call it a link®. We say that p,p’ are connected if there is a

chain
/

P=pPL P2 P =P
The connectedness relation is an equivalence relation on R defining equivalence classes
which we call connected components. The following lemma will provide us with a good
enumeration of all possible links between roots.

Lemma 4.2.3 (Links enumeration). For any connected component R’ of R there is an
enumeration of all links between elements of R':

P1 ApllvPQ/\p/Qv"wpn/\p;w

such that

1<j

Remark 4.2.4. Obviously since all links p —~ p are in this enumeration, all the roots
p € R appear in it.

Proof. We simply proceed by induction. We start by choosing a link p; —~ p} arbitrarily,
then having chosen the first k£ — 1 links, we choose the next one p, — pj, distinct from
the previous ones, such that p, or p) is an extremity of one the previous links. We
do this until there is none left. By construction the first item is satisfied. Moreover,
all links have been enumerated: if there was another one left, since R’ is a connected
component, there would also be one which was not selected but which would share an
extremity with one of the previous extremities. This contradicts the fact that we had
completed the selection process. O]

Next proposition will define the numbers ¢, for p € R’ using this enumeration, while
Proposition 4.2.6 will extend this choice to all (¢,),cp in such a way that Z, = ¢, + Z,
satisfies the desired property: for x fixed, the quantity Z,(y) does not depend on the
choice of p nor the curve v with extremity p but only on the other extremity x of ~.

Proposition 4.2.5. Let R’ be a connected component of R, t € R. We denote by

P1 ™ P P2 ™ Py L P

the links enumeration of R’ given by Lemma 4.2.5. For all i, we choose one-sided

n-good curves &;,&. such that p; S L pi. Then there is a unique choice of values
(¢p)pers such that

(Z) Cpp =1,
(1) Z,, (&) + cp, = Zy (&) + ¢y forall 1 <i <1

50f course p —~ p is a link.
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Proof. We set c,, =t and proceed by induction. We consider the first link p; o &

p}. We want
Cpy + 2y, (&1) = Cp, T+ Zp’l (51) S Cpy = Cp T (Zm (1) — Zp’1 (51))

If p} = py, then py & 2y & p1 is a good loop and by Corollary 4.2.2; relation (4.2.2)
holds for our loop:

Zpl (fl) - Zp’1 (51) = 0.

Hence (ii) holds for the first link, as c,, = cy. If p} # p1, then one may choose ¢, so
as to enforce it:

Cp! = Cpy + (Zpl (§1> - Zp/l (51))
And we go on by induction: let us assume that (ii) holds for i < k —1 < I. We pass

on to the next: pg LN S pr.- By hypothesis, either p; or p) belongs to the roots
already covered, say pi. If p, & |J,_.{pi, p;} then one may enforce the desired property
by setting:

Cpl, = Cpy T+ (Zpk (fk) - Zpﬁﬂ (5@))

Now if both py, p}, € ;< {pi, pi}, by hypothesis on the links enumeration, there is a
chain made of the previous links with extremities py, pj:

- & -
Pk _Plilitl Ly — o T2 By =y

where each link p] 2L T 5 g p; is some link of the enumeration pZ =L xz =L pz for v < k.

We complete the chain with p}, & zp & * pr to obtain a loop:

- &~ & ~ & ~ &
o= E G — S = gl Sy S,

and we apply the balance relation (4.2.2):
0=> (Z,(&) = Z5 (&) + Zy,(61) — Zp (&),
Jj<i

=y ((c,sj + Z5,(&)) = (e, + Zﬁé‘@)))

J<i

+ ((Cp§C + Zpﬁc (fllc» - (Cpk + Zp, (gk))) )

Now by the induction hypothesis, since in the big sum we have differences of cost

functions (Z, + ¢,) — (Z, + ¢,) associated to previous links p; & Ly S L p for i < k, all
these differences are 0. Consequently:

0= (co, + 2y, (&) — (cpp + Zp (&),

and (ii) holds for i < k. We conclude that we can choose the ¢,’s inductively so that
it holds for all + <[, and this choice is unique by construction. O
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Proposition 4.2.6. There erists a choice of real numbers (c,) e such that for all link

p a2 o with p,p € R, one has

where Zp = Z,+c,.

Remark 4.2.7. This choice is unique up to choosing a value c,, for a selection (py ). of
representatives of the connected components of R.

Proof. Consider a point p € R. There is a branch path joining p to some root p € R:
V2 —
Pp=TT1=—T2—...Tpt1 = P,

where we recall by definition that the 7; are branches. We would like to set
Cp = Cp + Z Z:Ev(’YZ)?
i=1

but first we need to check that this is independent of the chosen branch path. Take
another one

Y A S T 7 / =
p—$1:$2:...$n/+1—p,
which leads to a loop
N TR ) I P
P=T1 =Ty ... Tnp1l =P=Tpyq ... 0y — T = p.
By Corollary 4.2.2 one has
n n’

i=1 i=1

which is what we wanted. Now let us show that with this choice of (c,),cr, the desired
equality holds. Take p,p’ € R and two one-sided 7n-good curves ~,~’ with extremities
p,x and p', x respectively. We know that there are roots p,p’ € R and branch paths
such that:

p=a1 L a2 a,=p and p=a, L2y 2 2, =7
Thus, the roots p, p’ are in a common connected component R', and one may find a
chain

p=p—p2—~ .. pp=1p,

C .~ -~ . . & . .
where for all i« <n, p; —~ pi41 is some link p;, S x; =+ p} of the enumeration given by
Proposition 4.2.5. Here again, we build a loop by concatenating the curves v, and

three last chains together, which we write in short:
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By the balance property, one has:
ZZ fY’L +Z +Zsz+1 fy'L +Z Pj; gﬂz (gz))zo

which rewrites

Cy — Cyl + Zﬁ/(’y/) — Zp(v) + Z 04 fgl (g 7)) =0

or equivalently

Zy(Y) = Zs(v) = e — ¢y = > (Z,, (&) — Zp (£},)). (4.2.3)

i

Now notice that in the sum Z,, appears the same amount of time with a + sign than
with a — sign, except for the extreme terms p;, = p and p;, = p’: Z, appears once
more with a + sign, and Z, once more with a —. Hence recalling that Z; := c¢; + Z5,
(4.2.3) rewrites

Zy(Y) = Zp(y) = - Z( 0s, (&) = pji (€5.));

but we know by Proposition 4.2.5 that iji(fji) = Zpg_ (&5,) for all 4, hence:

Z5(y) = Zy (7). O

Definition 4.2.8 (Landscape function). The previous proposition allows us to define
for all optimal irrigation plan 7 with finite cost a landscape function z : Bas,(R) — R
by:

() = Z,(7)

if 7 is a one-sided 7-good curve joining p € R and z.

4.3 Basic properties

In this section we prove the basic properties of the landscape function which were
already known in the single-source case: semicontinuity, expression of the optimal cost
and of the variation of d, in terms of z.

4.3.1 Fundamental property

Beforehand, we establish what we call the fundamental property of the landscape
function: it is in a sense a primitive of 6’?’1 along 7.

Proposition 4.3.1 (Fundamental property). If v is an n-good curve then

Z,(7) = / ,(x)" " dx = 2(v*) — 2(v").

~
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Proof. The result holds by definition for one-sided n-good curves joining a point p € R
too any other point x. By subtraction it is clear that it therefore holds for any restriction
of such curves. Noticing a telescopic sum, this shows that it holds also for curves which
can be decomposed as a concatenation of such restrictions, thus by Lemma 4.1.13, it
holds for any one-sided n-good curve, no matter the stem. Since a two-sided 7-good
curve is the concatenation of two one-sided 7-good curves, we get the result for any
n-good curve. O]

As a corollary, we get the same property for 7-good paths. Recall that an oriented
path p induces a curve 7, obtained by concatenating the curves of p.

Corollary 4.3.2. If p is an oriented n-good path, then

Zo(p) = / 6,(2) dr = 2(77) — 2(7;).

P

4.3.2 Semicontinuity

We define B )
Bas! (R) = U Bas; (p) and Bas, (R)= u Bas, (p).

PER pER

We are going to prove that the landscape function z defined in the previous section
is Lipschitz continuous on the root network R, lower semicontinuous on the positive
basin Bas;(R) and upper semicontinuous in the negative basin Bas, (R).

Lemma 4.3.3. If ) is an irrigation plan with finite I* cost, the map (t,7y) — 05 (Vj0,9)
is upper semicontinuous on RT x T,

Proof. Take t, — t and v, — 7. Fix ¢ > 0. Since 8, stays unchanged after repa-
rameterization of 7, we assume that for almost all curves v, T~ (y) = 0 and 7 is
parameterized by arc-length. We know that for n large enough ¢, >t — ¢, so that

limsup 6,( 1 Ynjjor,) € 7) < Hmsupn(y : Ynjp—e S 7)-
We shall prove that
limsup n(y : Yjos—g € 7) < 0¥ : Njo—e] € 7)-

Let us set
Fr,={7:3to, Vs € [0,t —¢|, |F(to + s) — v(s)| < 1/k}.

It is a decreasing sequence of subsets of I". Let 4 € I'! belonging to ﬂkiFk and being
parameterized by arc-length, with length 7. There is a sequence t; € [0, 7] such that

Vs e [0,t—¢], [J(tx+s)—(s)| < 1/k.
Up to subsequence t;, — t € [0, T], so that

Vs e[0,t—e], A+ s)="(s),

104



CHAPTER 4. THE LANDSCAPE FUNCTION

and vjjo,—e € 7, which means that
+ - -
(Y Fe=F:={:vpisq C 7} (4.3.1)
k

Since 7, — 7, we know that v, € F} for n large enough. Consequently
Hmsup n(y : Yajou—e € 7) < n(Fy)-
Using the monotone convergence theorem and (4.3.1),

i sup (5 : Ynjjo,e—e) € 7) < lim 9(Fr) = n(F) =03 : Yo S 7)s
thus
lm sup n(y : Yoy, € 7) <0V V- € 7)-

Passing to the limit ¢ — 0 we get by the monotone convergence theorem :

lim sup (3 : Ynjjor) € 7) < 07 : o € 7)
or equivalently

lim sup Hn(”YnHo,tn]) < 0,(p0.0)5

which is what we wanted to prove. 0

Lemma 4.3.4. The map y — fOT+(7) 0, (Vo.4)* ' dt defined on curvesT' > v : [0, T ()] —
R? is lower semicontinuous.

Proof. Set
T (v) .
o= [ o
0

The map (¢,7) — 0,(Yp,9)*" " being lower semicontinuous, as well as v — T (y), this
readily implies that f is lower semicontinuous. O

Before proving the semicontinuity of the landscape function, we first need a conti-
nuity result on the root network.

Lemma 4.3.5. The landscape function z is Lipschitz continuous on the root network

R.

Proof. We know that R is made of a finite union % of branches (those belonging to
a simple path joining two roots)._ We set M > 0 the minimal multiplicity of those
branches. Take two points z,y € R. We know that there is a path

x:pllp2£--'pn+1:y

where ; is a restriction of a branch belonging to % for all i. We remove a mass M to
all curves such that p; % p;,1, which is possible because all branch have a multiplicity
larger than M, and add a mass M to those for which p; < p;11, and sends a mass M
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for x to y along a straight line, with cost no larger than CM*|y — x|. Since the cost
increment must be nonnegative, one has

—M " Z,, () + CM°y — x| > 0.

Recalling that z(y) — z(z) = ). Z,,(7i), we obtain:
2(y) — 2(x) < CM* "y — .
Interchanging the roles of x and y yields
[2(y) — 2(2)| < CM 7y — ,
and z is Lipschitz continuous on R. O

Proposition 4.3.6 (Semicontinuity). The landscape function is lower semicontinuous
on Bas; (R) and upper semicontinuous on Bas, (R).

Remark 4.3.7. If ;4 and v have disjoint compact supports, one may define an extension
of z in a neighbourhood of supp u and supp v which is upper semicontinuous on the
neighborhood of supp 1 and lower semicontinuous on the neighborhood of supp v.

Proof. We assume that 7 is parameterized by arc length. Take a sequence z, — x €
Bas, (R). We want to prove that
z(x) < limninfz(mn).

We assume that liminf, z(z,) < oo, otherwise there is nothing to prove. Also, up to
subsequence, we may assume that z(z,) — ¢ = liminf, 2(z,) and z(z,,) < M < co. We
know that for all n, x, is reached by some right-sided n-good curve =, stemming from
a point p, € R. By Lemma 4.1.15 and by restricting the curve we may assume that
pn = pt (7). Since R is compact, up to subsequence we may assume that p, — p € R.
Moreover up to reparameterization we may assume that 7~ (,) = 0 and that ~, is
parameterized by arc length. Consequently by the fundamental property of Proposition
4.3.1, one has

z(zn) — 2(pn) = Zn(fyn)-

Since z is continuous on R and Z, is lower semicontinuous one has

Zyp(y) < liminf Z, (v,) = liminf 2(x,) — 2(p).

It is clear that v~ = p,v" = 2. Now we want to check that v is an n-good curve. Since
() = 60(alpns ) for ¥ € 7u]pu, yl by Lemma 4.1.15, one has

a—1 T*m) a—1
Zn(%‘b) :/ en(y) dy:/o en(fYn\[O,t}) dt.
Tn

As z(pn) = 2z(p) and z(z,) < M we have Z,(v,) < C for some constant C' > 0. By
the previous proposition, the right-hand side is lower semicontinuous with respect to
Y, thus

T (%)
/0 0, (0.0)" dt < liminf Z,(3,) < O
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Since 7 is concentrated on simple curves, v is injective on [0, 7" ()], and if it is not
injective on the whole [0, 7" ()], we restrict v to the first time it reaches 4+, obtaining
a curve 7' such that

. . T+ (v) )
/ On (Yo, y))* dy < / 977(’7|[0,t})a_ dt <C <
04 0

and 7' is n-good. Therefore by Proposition 4.3.1 we obtain:

2(@) = 2(p) = Z,(3) < liminf =(z,) — 2(p)

n

and z is lower semicontinuous on Ba§;(R). We can do the same reasoning to get the
upper semicontinuity of 2z on Bas, (R), noticing that if v is a left-sided n-good curve
reaching x from a point p one has a minus sign:

2(z) — 2(p) = = Z, (7). O

4.3.3 Formula for the optimal cost

Proposition 4.3.8. If n € IP(u,v) is an optimal irrigation plan with finite 1% cost
and z is an associated landscape function, then z € L*(u) N L' (v) and

) = [ zdw—p).

Proof. We know by Proposition 4.1.10 that n-almost every curve + is an n-good curve,
hence by the fundamental property stated in Proposition 4.3.1, one has:

Zy(y) = 2(vF) — 2(7v7).

Moreover for all p € R:

/ (z(f)—Z(p))dn(v):/ Zn(vlp; +]) dn(v)
I'(p) L(p)

AN
—

Zn(y) dn(7)
L'(p)
=1%(n) < oc.
Since R is a finite root system, this implies that z o 7., is n-summable thus z € L!(v).

The same reasoning gives that z € L'(u). Finally, again by Proposition 4.1.10, we
have:

I*(1) = / Z,(7) dn(7) = / (2(4") — 2(77)) dn(y)

:/ zdu—/ zdpu. O]
R4 R4
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4.3.4 First variation formula

In the single-source case, z is the first variation of the functional X* = d,(do,-). In
the multiple source case, we want to show that it is in a way the first variation of d,,,
when we do perturbations of p or v. However, we must restrict these perturbations
to happen only in a given basin Bas,(c). Indeed, to estimate the cost increment, we
need to perturb the underlying irrigation plan n € OIP“(u, v), but in the single-source
case all curves passed by a same point s = 0, hence to perturb v one could redirect
the curves going to a set A to another set B using the common junction at s, without
having to modify p in consequence. In the multiple source case, this fails in general:
changing the measure v may force us to change the measure p as well. If we impose that
the changes are made inside a basin Bas,(c), then we can use the common junction o
to do whatever we want with p and v independently.

Theorem 4.3.9 (First variation formula). Let n € IP(u,v) be an optimal irrigation
plan with finite 1% cost and z an associated landscape function. If ',V € A} (R?) are
such that p — ' and v — V' are concentrated in an irrigation basin Bas, (o) then:

(i) < dalis) +a [ 20 =) = o = ),
R4
provided z € L*(v') N LY (1).
Proof. We are going to use the first variation formula of I* stated in 1.2.1:
() <)+ a [ Z,d - ) (432
r

Since 1 — p/,v — /' are concentrated in a common irrigation basin Bas, (o), |u — 1|
almost every points x and |v — v/|-almost every points y are reached by right-sided
n-good curve 7., 7, respectively, which stem from o. We can modify the irrigation
plan 1 by removing, adding and redirecting mass which flows through curves visiting
o, using gluings as in the proofs of Proposition 1.2.16 and Theorem 1.2.18, to obtain
an irrigation plan 1’ € IP(x/, ') which is concentrated on n-good paths.

As a consequence, by the fundamental property, one has Z,(y) = z(y") —z(y~) for
n'-almost every 7. Since z € L'(y/) N LY(V/'), it yields:

[z e) = [0 = nare) = [ av— [ zan

Finally, plugging this in (4.3.2), knowing that I*(n) = d.(u,v) and that d,(¢/, ') <
I*(n’), one gets

da(i V) < T(f) <T°(n) + / Z,d(f — 1)

=d(u,v) + a(/ zdy’—/ zdpf)
Rd Rd
—a(/ zdu—/zd,u). O]
Rd R4
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This theorem will be the essential tool in proving the Hélder regularity of the
landscape function with some extra hypotheses, although other ingredients will be
needed. Indeed, as we will do general perturbations which do not occur in a single
basin, we will need to perform small transfers between basins with controlled cost.

4.4 Holder regularity

In this section, we want to prove the regularity of the landscape function we have
defined under some extra hypotheses on the measures p and v. Our assumption will
be that p and v are probability measures of the form:

p=fLy and v=gZy,

where f and ¢ are functions bounded from below by a constant ¢y > 0, and U,V are
open connected sets which are Ahlfors regular in the sense that for some rq > 0 and
all r < rg:

Ve € U, Op(z,r) > o, and Yy eV, Oy(y,r) > cp.

Moreover, for this whole section we assume that n € OIP“(u, v) is an optimal irrigation
plan with @ €]1 —1/d, 1] which has a finite root system R. We denote by z a landscape
function as constructed in Section 4.2.

Before going further, we will need some new definitions. Recall that the root net-
work R is the union of all simple branch paths joining pairs of roots p, p’ € R. For each
connected component P of R, we pick once and for all a root pp € PN R and we denote
by & the finite collection of these connected components. Each connected component
P € & is associated with a basin Bas(P) and its signed counterparts Bas(P)* as
follows:

Bas™(P) = U Bas; (p), Bas™(P) = U Bas, (p), and Bas(P) = U Bas,(p).

peEP peEP peP

These basins, which we call rooted basins, provide a decomposition of the measures
oy Ve

(i) Bas;(R) = Upey Bas™(P) and Bas, (R) = Up,, Bas™ (P),
(ii) for all P € 2, u(Bas™(P)) > 0 and v(Bas™(P)) > 0,

(ili) 1 and v are respectively concentrated on Bas, (R) and Bas!(R).

4.4.1 Transfer between basins

Definition 4.4.1. Let A, B be two Borel sets of positive measure |A|,|B| > 0. We call
x a transfer point from A to be B if for some constants ¢, R > 0 and all »r < R:

Oa(z,r) >¢, and z€ B.

109



4.4. HOLDER REGULARITY

Lemma 4.4.2. If |U\ (AU B)| = 0 with |A|,|B| > 0 and |AN B| =0, then there is a
point x such that
Oa(z,7) > ¢ and Op(x,r)>c,

for r < R and some constants ¢ = cap > 0,R = Rap > 0. In particular x is a
transfer point from A to B and from B to A.

Proof. Consider two points x, y which are Lebesgue points of A and B respectively, and

a small radius r¢ such that @D(x r) = W > 1/2 and OF(z,r) == ‘Q’i( ))mB‘ >1/2

for r = 1o, where @Q,(x) is the cube centered at z with radius r. Since U is open and
connected, there is a curve ~ : [0,1] — U which joins z to y. If the radius r¢ is small
enough, the cubes @Q,,(7(t)) stay inside U as well, and the map

f(t) = ©3(x(t),m0)

is continuous on [0, 1], with f(0) > 1/2 and f(1) < 1/2. Consequently there is a time
to and g = () such that

@E(Io,ro) = @%(1’077’0) = 1/2

Now we take r = r¢/2 and we want to find a cube Q,(z) C Q,,(x¢) such that the same
equality holds: ©5(x, r) = OF(z,r) = 1/2. Cut the cube Qr,(z0) into 24 subcubes Q'
of radius r and centers z*. If the equality holds for one 2" we set x = x'. Otherwise, one
could find two cubes Q, Q7 with i # j such that ©Y(z%,r) > 1/2 and ©Y(z7,r) < 1/2.
Now we can reproduce the starting argument to find an z lying in the segment [z°, z7]
such that ©F(z,r) = 1/2. We set 71 = z,r, = r, and we keep going to produce a
sequence of cubes Q" = @, (z,) such that each is included in the previous one, with
rn = 1927 and such that

@E(mn,rn) = @%(:L‘n,rn) =1/2.

The sequence x, is Cauchy and converges to a point x which is the intersection of
all these cubes. We claim that there is a constant ¢ > 0 such that ©4(z,r) > ¢ and
O©p(z,r) > c for all r < R (recall that this density is computed with respect to balls
and not cubes). Take n such that r,,; < r/2v/d < r,. One knows that =z € Q"
hence B,(z) 2 Q™", thus:

CMANQT 1@ 2 o
Oalrr) = T = VB @) = ( ) ze=0

The same holds for B and we are done. O

We set 2"~ (resp. 2 ") to be the collection of sets A made of a union of negative
basins (resp. positive basins) associated to components P € £, that is sets of the
form A = (Jpcy Bas™ (P) (resp. A =Jpey Bas™(P)) where &' C Z. In the rest of
this section, all results will be stated and proved for negative basins but their positive
counterparts hold as well ; hence for this section we write 2" = 27, X = Bas, (R)
and Xp = Bas™ (P) for P € &.
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Definition 4.4.3 (Basin variation of u). For each P € &2, suppose that we have two
nonnegative measures x p, {p which are concentrated on Xp and which represent a mass
that we want to remove from g and add to p respectively. Assume that Y, xp < u
and set ¢/ = p+ > p(Ep — xp) which is a nonnegative measure. Then the triple
(1, (xp)p, (€p)p) is called a basin variation of u.

Definition 4.4.4 (Transfer relation). We define a binary relation on 2" as follows:
A ~» B if there exists constants K = K4 p > 0,6 = c45 > 0 such that for all m < ¢
one can find a basin variation (¢, (xp), (p)) of u such that:

(i) 2pxp(Xp)+E&p(Xp) < Km,
(ii) for all P such that Xp & AU B, xp(Xp) = £p(Xp),
(it)) > p.xpcalép —xp)(Xp) = —mand 3 p.« 5(Ep — xp)(Xp) = +m,
(iv) |[zd(p — p)| < em!+o/4,
(v) da(p, 1) < em! 074,

In that case we say that the basin variation (1, (xp), ({p)) transfers a mass m from A
to B with controlled cost.

Lemma 4.4.5. Let x be a transfer point from A to B. The following holds:

o there exists R = Ry p >0 and C = Cy g > 0 such that for all r < R,

][ |z — z(z)|do < CrP,
r(x)NA

o if A,Be Z then A~ B.

Remark 4.4.6. The basin variation (1, (xp), ({p)) satisfying the requirements for A ~~
B as in Definition 4.4.4 that we get from the proof is the following: xp = clx,nB, ()
for all P € & with r? ~ m, &g, = md,, and &p = 0 if P # Py ; Py being such that x
belongs to Xp, C B. Moreover R‘AB N EAB.

Proof. We set z, a(x fB y)dy and m, = |B,(x) N A|. The proof strongly
relies on computamons made i 1n [ | to prove the Holder continuity of the landscape
function in the single-source case, and on calculations which are quite classical when
working with Campanato spaces (see | , Section 2.3]). We divide the proof into
two steps.

Step 1: z(x) = za(z) = lim, 02 4(z). Recalling that 1 > c¢yly, we remove

colp, (x)na from p and we send a mass com, to x, then we spread it again to B.(z)N A.
To be more precise, we set fi = p — colp, (x)na + com,d,. Since diam(supp(p — 1)) < r
and ||p — ]| < 2¢ym,., we know that

|do(ft,v) = da(p, v)| < Crmy, (44.1)
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while on the other hand by the first variation formula of Theorem 4.3.9 one has:

(i) < dolpo) o [ 2= p)
e (4.4.2)
= do(p,v) — acom,z(x) + aco/ z(y) dy.

By (z)NA

Putting (4.4.1) and (4.4.2) together yields:

acom,z(x) — aco/ 2(y) dy < Crmy
Br(z)NA
or equivalently
z(z) — ][ z(y)dy < Crm2™ (4.4.3)
Br(z)NA
But
Crmet = 0— " < oy (4.4.4)
rmy = Oaw e = r’, A.

the last inequality holding for r < R4 p (with C' depending on c4 p) because x is a
transfer point from A to B. By (4.4.3) and (4.4.4), one has

2(z) < zpa(x) + CrP,
then passing to the limit » — 0:

z(x) < hrrn_}glf ZrA(T).

By upper semicontinuity of z on Bas, (R) one has the opposite inequality:

limsup 2z, 4(z) < z(x),
r—0

hence
2(x) = za(z) = liII(l) Zr.a(). (4.4.5)

Step 2: fBT(I)mA|z —2(z)] < Orf. We cut B,(z)N A into two parts of equal measure:
Br(l') NA= Al L AQ where |A1| = |A2| = mr/2

Removing cy14, and adding ¢yl 4, to p, one gets by the same kind of estimates we used
in the first step:

Crm; + coa/

z— coa/ z > 0. (4.4.6)
A As

We denote by Z,. 4(z) the median of z on B,(z) N A. Taking A, A of equal measure
such that z < Z, 4(z) on A; and z > Z, 4(x) on Ay, we obtain

/AZz_/Alz:/AQ@—zT,A(a:))—/Al(z—zm(x)):/Br(m)myz_gnfl@),,
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and putting this into (4.4.6) implies:
][ |2 — Za(z)| < Crma™t < CrP,
B, (z)NA

where we have used (4.4.4) in the last inequality. Tt is clear that up to changing again
C, the median may be replaced by the mean:

]i " A|z — za(z)| < CrP. (4.4.7)
()N

The rest is just standard Campanato estimates, which we do here for the sake of
completeness. Let us compare the quantities 2, 4(z) and 2,2 4(z):

f (2 — 2pala))
BT/Q(.’E)QA

<f rna)
BT/Q(Z‘)QA

| By (z) N A
= [Br2() N Al B, ()04

< C][ |2 — 2 4
Br(z)NA

< Or?,

’ZT/Q,A<"E) - ZT,A(x)| =

|2 = zp.a(2)|

the last inequality following from (4.4.7), and the last but one from |B, j2(xz) NA| > er?
because x is a transfer point from A and B. Then one has

2(2) = zra(2)| < |2(2) = 2 2,4(2) + |22,4(2) — 21r,a(2)]
|2(z) — zjp,a(x)| + Cr7,

IN

which means by setting f(r) = |2(z) — 2, 4(z)| for r €]0, R] that:
f(r) < f(r/2) +CrP.

Comnsequently for all k € N,

k
f(r) < Fr27 ) 4 08 3 28
i=0
thus by taking the limit & — oo:

f(r) < limsup f(g) + Cr? i 27 < limsup f(e) + Cr”.

e—0 i—0 e—0

Now we know by (4.4.5) that f(¢) — 0 when & — 0, which implies that f(r) < Cr?,
that is to say:
12(z) — zpa(w)] < COFF.
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By way of consequence
f |z—d@|sf‘ 2 — za(@)] + 2(2) — zmale)] < CrP.
By (xz)NA Br(z)NA

Now set €4 p = c%R‘in and take m < e4 5. We know that cor® < m, < wyr? for all
r < R <rg. Set r such that c2r? = m, so that » < R4 p, and set

m cor?

t, = = <1.
Com m,

Choose Py such that x € Xp, € A. Consider a family of disjoint sets Xp C Xp such
that Up Xp = Up Xp. We define xp = t,colg,np, (sna for all P € 2, £p = mé, and
Ep=0if P # Py, and finally o/ = pu+ >, &6p — xXp = pt + mé; — t,colanp, ). Since
t, <1 and t,co|AN B.(z)| = t,com, = m, y' is a probability measure, and one may
check that (1/, (xp), ({p)) is a basin variation satisfying (i), (ii) and (iii) of Definition

4.4.4. Let us check (iv) and (v):
z(x) — ][ z
ANB;(z)

the last inequality coming from the fact that m = c2r¢. Moreover since ||u — /|| < 2m
and diam supp|p — p/| < 2r, one has

< Cmr? < om!*9/4,

[ atn—iir| = m

do(p, 1) < Crm® < Cm!HA/d
because a +1/d =1+ /d. As a consequence A ~ B. O
Proposition 4.4.7. The binary relation ~~ on 2 satisfies the following properties:

(i) transitivity.
(A~ B and B~ C) = A~ C,

(ii) subset.
(ACA,BCB and A~ B) = A~ B,

(#ii) grouping.

(Al’\"‘)A2"’">A1 andAlLJAQWB) - A1->BandA2~=>B,
(A~ B1UBs and By ~ By ~» B)) = A~ By and A ~ B,

(iv) connection.
A#X = FPe P, (XpZ A and A~ Xp).

Proof. We prove the three items successively.

114



CHAPTER 4. THE LANDSCAPE FUNCTION

Proof of (i) We treat for example the first implication, the second one being handled
symmetrically. Set e4c = 1/2 min(ea g, epc) and take m < e4 0. We know there
exists basin variations (u!, (xb), (€L)) and (u?, (x%), (£%)) transferring a mass 2m from
A to B and from B to C respectlvely, with controlled cost. Let us build a new one as
follows:

1 1
XP:§(X}3+X?3)a SP:§(£113+€123)7
and .
po=p+ 2(513 —Xp) = §(M1 + ).
P

By construction ), xp < p and 4 is a nonnegative measure, so that (1, (xp), (p))
is a basin variation of u, and it is easy to check that it transfers a mass m from A to
C. Obviously, for all P one has ), xp(Xp) +&p(Xp) < (Kap + Kpc)m. Moreover
one can control the cost variation:

[t}

KAB+KBc)(2m 1+’8/d
S 21/d+o¢ 1<KA,B + KB,C)m1+/B/d-

Moreover by subadditivity of the d, distance

do(p, 1) = da(p/2 + p/2, 1" /2 4+ 12 /2) < do(p/2, 12" /2) + da(p/2, 17 /2)
<27 Kap+ KB,C)(Qm)Hﬁ/d
= 21/d(KA7B + Kgyc)mprﬁ/d

Thus setting K4 ¢ = 21/d(KA,B + Kp ) all the required properties to get A ~» C are
satisfied.

Proof of (iii) Consider a loop A; ~ Ay ~ A; and B such that A = A; U Ay ~ B.
Let us establish for example A; ~ B. We consider a basin variation (fi, (Xp), (p)) of x
which transfers a mass m from A to B with controlled cost. Set m; = S(A )—xp(4;) €
R for i = 1,2. We take a basin variation (fi, (Xp), (€p)) which sends a mass msy from
Ay to Aq if mg > 0, or a mass —moy from A; to A, if my < 0. This is possible if
|ma| < min(ea, a,,€4,.4,), but

[ma| < Z (Ep(Xp) + Xp(Xp)) < Kapm,
P:XpCAs

hence this condition is satisfied if

< DIEALA Ep.00) (4.4.8)
Kap

Define for all P

Xp = 1()ZP +Xpr), &p= %(fp +£p)

2
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4.4. HOLDER REGULARITY

and

W=t Y€~ xp) = 5+ i),
P

It is easy to see that (¢/, (xp), ({p)) is a basin transfer of  which transfers a mass m /2
from A; to B. Moreover one has

Z ¢p(Xp) + xp(Xp) < Km,
Pe

as well as
‘/zd(u’ —M)' < Km!*+P/d
and

do(p, 1) < Km! P9,

where K = (K4 pmax(Ka, a,,Ca.4,) + Kag) /2. Thus (1, (xp), (€p)) is a mass
transfer of mass m/2 (and not m) from A; to B with controlled cost for constants

min<€A1 Azy EAg Ay )
2Ka B

€A1,B = and KAl,B = f(?l—hﬁ/d.

We have proved that A; ~» B, and the same goes for A;. The analogous statement for
A ~ B; U By holds as well.

Proof of (iv) Take aset A € 2 such that A # X. If there is a P such that Xp Z A
and |[Xp N A| > 0 then clearly A ~ Xp. Otherwise set B = (Jp. x4 Xp. We know
that |A],|B| >0, |ANB|=0and |U\ (AU B)| = 0, hence by Lemma 4.4.2 there is a
frontier point x from A to B. Since B is closed, x actually belongs to B, and there is
a basin Xp contained in B such that © € Xp. By definition z is a frontier point from

A to Xp and by Lemma 4.4.5 one has A ~~ Xbp. O
Remark 4.4.8. Notice that using (i) successively, if one has a loop
AIWAQW...An:Al

then A; ~» A; ~» A; for all 4, j, and using (iii) successively, it generalizes to arbitrary
loops:

(AlwAgw...An:Al and UAin) — Vi, A, ~ B,
<AwUBi and BleQW...Bn_B1> — Vi, A~ B,

Proposition 4.4.9. The binary relation ~~ is total in the sense that for all A,B € X,
A~ B.
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Proof. Let us define some terminology which will render the proof very easy. We say
that two elements A, B € 2 are equivalent if A ~~ B and B ~~ A. We call blocks
all elements A € 2  which are unions of equivalent basins, that is sets of the form
A =pcyp Xp where 2" C &2 and all the (Xp)peyr are pairwise equivalent. We will
consider block chains

C =A1 ~ Ay~ L A, A,

which are simple in the sense that for ¢ # j, A; and A; have no basin in common.
The length ¢(%) of € is n and its size s(%) is the total number of basins appearing in
the A;’s: s(€¢) = card{P : 3i,Xp C A;}. We consider the simple chains of maximal
size (it makes sense because there are only finitely many), and among them those with
minimal length. Pick such a chain €. If card{P : Xp C A, } < card & then there
exists a P € & such that A, — Xp and Xp € A, by (iv) of Proposition 4.4.7. Now
since ¥ has maximal size, Xp must belong to a previous basin: Xp C A; for ©+ < n. By
(i) one has A, ~» A;, thus the blocks A;, A;11, ..., A, are equivalent. Consequently all
the basins Xp belonging to the A;’s for i < j < n are equivalent, using (iii) successively
as in Remark 4.4.8. Hence A; = U;s; 4; is itself a block and one has a block chain

?:Alw...Ai_l“/ﬁfL,

which is a simple block chain with s(¢) = s(%) and (%) < ¢(%): a contradiction.
Consequently one had card{P : Xp C A,} = card & and the chain was made of a
single block A; = A,, made of all basins. Therefore all basins are equivalent, and all
elements A € 2" as well by (ii). This is what we wanted. O

We set K = maxy pea Kap and & = maxy peca €4,

Proposition 4.4.10 (Basin transfers). There exists constants K,e > 0 such that for
any family of real numbers (mp)pes satisfying Y pepmp =0 and m =) plmp| < ¢,
one may find a basin variation (1, (xp), (§p)) of u such that

(i) >_p(&p — xp)(Xp) = mp,
(”) |f Zd(lu'/ - M)‘ < KmH_B/d;
(ii3) do(p, p') < Kmi+h/d,

Proof. Assume that the mp’s are not all 0, otherwise there is nothing to do. Take
P, € & such that |mp, | is minimal. If mp, < 0choose Q)1 € & such that mg, > 0; nec-
essarily |mp,| < mg, and we know that there is a basin variation V; = (u', (xp), (€p))
of p sending a mass |mp, | from Xp, to X, and with controlled cost, provided that
|mp,| <& If mp, > 0 we choose () such that mg, < 0 and a basin variation which
sends a mass |mp, | from Xg, to Xp. Then we set for all P € &:

mip =mp — (Ep(Xp) — Xp(Xp)):

We know that my =" p|mi,| < m+ Kmp, < (1+ c)m and my p, = 0. We consider
the family of real numbers (m; p)pcr. We continue by induction, building sequences
P;,Q;, Vi, m; p until all the (m; p)p are 0, and set I the number of steps. We obtain a
sequence satisfying for all ¢+ < I:
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4.4. HOLDER REGULARITY

(i) for all P, m;p =m;_1p— (£-(Xp) — Xo(Xp)),
(11) m; ‘= ZP|mi7p| S (1 -+ ]_()mi_l,
(111) mivpj = ( for all j S 1.

Notice that this is justified provided |m;| is always less that &, which is guaranteed if
m(1+ K)4#? < & Then we define a basin variation V = (i/, (xp), (£p)) by

xp=11-> Xp, &p=1/1-> &

and
po=p+ Z(ﬁP - Xp)-
3
One has for all P € &:
0=mpp=mi1p—(Ep(Xp) = Xp(Xp)) = ... =mp = Y (€p(Xp) = Xp(Xp))

1<I

hence
(€p — xp)(Xp) = mp.
Moreover one has

‘/zd(;ﬂ - M)‘ < K(1 + K)!0+8/d)p1+6/d
and
o, 1) < K(1 + K)! A8/ pl6/d,

Setting K = K(1 4 K)#?0+8/4) and ¢ = £/(1 + K)#7, one gets the desired result.
[

4.4.2 A general first variation inequality

Proposition 4.4.11. Let v/ € Prob(R?) be a probability measure such that [v' — v| is
concentrated on Bas;“(R) and has mass m < . Then there is a probability measure 1’
and an irrigation plan n' € IP (', V') such that

(i) 0 is concentrated on n-good paths,
fi) | 24 — )| < Cmt+11,

(ii) do(p, 1) < Cm' o/,

Proof. Notice that one may write:

Vi=v+E-X

where £,y are nonnegative measures concentrated on Basj{(R) which are mutually
singular and have same mass, with y < v. Setting for all P € &:

mp = ¢(Bas" (P)) — x(Bas*(P)),

we know that >, mp = 0. By the previous proposition, one can find a basin variation
(1, (€p), (xp)) such that
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(i) Y- p&p —xpr)(Xp) =mp,
(i) |[zd( — p)| < Kmi+8/d,
(111) da(:ua :u/) < Km1+’8/d.

It is possible to connect y/ and v’ using n-good paths, since for all P, {p — yp and
(€—x)LBas™ (P) are concentrated on a common basin Bas, (pp) and have equal (signed)
mass. Hence there exists an irrigation plan 1’ € IP(¢/, ') obtained by adding, remov-
ing, and reconnecting n-good curves passing by a same connected component P, so
that n’ is concentrated on n-good paths. O]

From this result, we are able to prove a first variation formula for general variations
of v, with u fixed, at the cost of an extra error term, which is of lower order in our case
a>1-1/d

Theorem 4.4.12. Let n € IP(u,v) be an optimal irrigation plan with finite 1% cost

and z a landscape function. If v' € Prob(R?) is such that |V — v| is concentrated on
Bas, (R) and has mass m then the following holds:

da(:uv 7/) < da(/l, V) + OZ/Zd(V/ — V) + Om1+6/d’

for some constant C' independent from v' and m.

Remark 4.4.13. Notice that since z is bounded from below on Bas, +R) and that
z € L*(v), the integral [ zd(v' — v) is well-defined and valued in R U {+o0}.

Proof. It [ 2d(v' — v) = +oc there is nothing to prove. Otherwise z € L'(v) and we
take p/ and ' € IP(¢/, /') given by the previous proposition. One has

%WwﬁéPWhﬂ%m+¢A%M#—m

Now since z € L' (i) N L' (') and that Z,(y) = z(y") — z(y~) for n-almost every ~,
one has

(il ) <T0n) +a [ 240 = v) —a [ 2a - p),
hence using the triangle inequality and I*(n) = d,(p, v):

do (1, V") < do(p, 1) +a/zd(u’ —v) +do(p, 1) — a/zd(u’ — ).

By the previous proposition, the two last terms are bounded by Cm!*+#/¢, which implies
that

do(p, V') < do(p,v) + a/zd(u’ —v) + Cm!HA/e, O
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4.4.3 The regularity theorem

Theor_em 4.4.14. Ther;e exists a constant C' > 0 such that for any r < rg, x €
Bas, (R) and y € Bas (R), one has:

f |z — z.(2)| < Cr®  and ][ |z — 2. ()| < CrP,
UNB.(z) VNBr(y)

hence z is 3-Holder continuous on Bas, (R) and Bas, (R).

Proof. Consider a ball B = B,(x) N Bas}(R) centered at some z € Bas'(R). We
partition it in two parts of equal measure:

and we set v/ = v — clp, + clp, € Prob(R?). Then we apply Theorem 4.4.12:

da(ﬂ7yl) Sda<,u77/)+05/ Zd(l/,—l/)—}—C”rnH_B/d7
Bas~(R)

(4.4.9)
- da(:ua V) + ac </ Z — / Z> + le—i—ﬁ/d’
B By
but by the triangle inequality, one has
|do(pt,v) — do(p, V)| < do(v, V') < Cmr, (4.4.10)
the last inequality being true because ||[v — /| = m and diam(supp|v’ — v|) < 2r.

Combining (4.4.9) and (4.4.10), one gets

/ 2 —/ 2 < Om®r + Cm!' /e,
B B1

Taking By, By such that 2z > z.(z) on By and z < z,(z) where z,(z) is the median of 2
on B,(z) N Bas™(R), and dividing by m we obtain

][ |2 — Z.(x)] < Cm*r + CmP/e.
-(z)NBas ™ (R)

Now since m = r¢, one has m®~'r ~ r? ~ r?, and replacing the median by a mean

(which is easy to do), we finally get

][ |z — z.(z)| < CrP.
By (z)NV

The same reasoning gives the corresponding inequality on Bas, | (R). By the equivalence
between Campanato and Holder spaces, as U and V' are Ahlfors regular, this means
that z is S-Holder continuous on U and V. O]
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CHAPTER 4. THE LANDSCAPE FUNCTION

4.4.4 A straightforward consequence

Theorem 4.4.15. Let p, v be probability measures of the form
p=fZLy and v=gZy,

where U,V are bounded, open and connected sets such that U NV = 0 and which are
Ahlfors regular, and f,g > co > 0. If n 1s an optimal irrigation plan for the a-cost,
where a > 1 — 1/d, then n has equibounded fiber lengths, in the sense that:

n — esssup L(y) < oo.
~vel
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5.1. A SHAPE EVOLUTION PROBLEM

5.1 A shape evolution problem

We want here to define a dynamical counterpart to the shape optimization problem
studied in Chapter 3, so as to obtain a shape evolving continuously towards the optimal
shape. We try to give a sketch of what one would like to accomplish regarding this
problem. The calculations will be quite formal and most of the claims will not be proven
but are left open for now, as their study is currently ongoing. We introduce the shape
evolution problem via an implicit scheme of what should be its time discretization, in
the spirit of gradient flows discretization (see | , Chapter 8] or | ; | for
an overview of gradient flows, | | for the whole theory), or De Giorgi’s minimizing
movements | : |- Actually, it may be seen as a geometric minimizing
movement (see for example | , Chapters 6,8] or | | on this topic).
Given \ > 0, we define the functional .% : .Z*(RY) — R U {+o00} by

Faa(p) =X () — |l

and identifying Lebesgue measurable sets E with 15 .Z, we also set

Far(E) =X*(1p L) — NE|.
The term —A|F| is a volume term which we take for simplicity as replacement for the
constraint |E| = 1 which was imposed in Chapter 3.

Let T > 0 be a fixed duration and 7 > 0 be a small time step. Given a set Fy, we
look for a sequence of sets (E} ), defined by

B} = B, (5.1.1)
and
d(z,0E
E}., € argmin .Z (F) +/ d(=, 0B dz, (5.1.2)
E EAE), T

for k < [T/7]. The integral term behaves like squared distance (divided by 7), as it
is more or less the integral of a distance on a small slice ; moreover if one considers
a translation of a cube by a distance h this integral term indeed gives h%. Thus it is
quite similar to minimizing movements, and very close to the variational approach for
the motion by mean curvature (see | ). We would like to do the following:

(i) (Well-definedness) Prove that one can define a sequence (E]); by (5.1.1)-(5.1.2),
i.e. there exists minimizers at each step.

(ii) (Continuous motion) Define a suitable set-valued map E7(t) for t € [0,T] such
that E(kT) = Ef, for example E7(t) = EY,,  and prove that it converges

ET 7—0 E
in some sense to some F.

(iii) (Evolution equation) Prove that the motion of E is described by the evolution
equation: )
v(z) = A —az(z) forxz e IE(t), (5.1.3)
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where v;(x) is the normal speed of E(t) at = and z is a landscape function
associated to F(t), which represents the marginal cost in irrigation. Recall that

z is the first variation X, so that the term on the right is actually the opposite
of 0.%,., the first variation of .Z, . Of course, all these notions and equation
(5.1.3) should be given a precise meaning first!

Before entering the study, let us rewrite (5.1.2). Notice that

/ d(x,0E) dx :/ d(z, Ey) dx+/ d(z, E;) dx
EAE), E\Ej, E\E

:/ds(m,Ek)—/ ds(x, Ey) dx,
E Ep

where ds(x, E) is the signed distance to E. Since the second term is a constant, (5.1.2)
is equivalent to

ds(z, E
Ep. € argmm Far(E) + / ds(, B) dz. (5.1.4)

E T
Now let us try to discuss the issues in dealing with each step and propose sketches
for some proofs.

Well-definedness. We are going to take minimizers of (5.1.4) in the larger class of

positive measures v such that v < 1. It is clear that v — Z,\(v) + f @I qy is
lower semicontinuous since X is lower semicontinuous and the remaining part

—Av| +/Mdy(1‘) = /gzbdy, where ¢(z) = M —\,

T

is continuous because ¢ € 6;(R?). Assuming that E7 compact, one may prove sufficient
properties (lower bounded, tightness of minimizing sequences...) to guarantee that
there is a minimizer

ds(, El:)

T

Vi1 € argmin Z, »(v) +/ dv(z) = 9 (v).

v<1

Now let us prove that 444 is indeed the indicator of a set. Take a landscape function z]
associated to v = 1gr. We know by Proposition 3.1.5 for any competitor v € M (RY),

X7(0) < X07,) +a [ A0 - ,) (5.15)

thus by adding — [ Ady + [ 28D g,
ds(z, ET)

T

90) <L)+ |

Rd

(azg(x) + /\) d(v — V). (5.1.6)

By optimality of ], the integral on the right must be nonnegative for all competitor
v, which means that

[0l =0 afsto) =min [ (0() = N avta). (5.7

v<1
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where we have set ¢(z) = az](x) + w Consequently, vf,, should be equal to

1 on {¢ < A} and to 0 on {¢ > A}. But using the strict concavity of the map
x — % it is possible to show that inequality (5.1.5), hence inequality (5.1.6) as well,
is actually strict if v # 1], ,. As a consequence (5.1.7) admits a unique minimizer, and

{¢ = A}| = 0, which implies that
Vl::——&-l = 1¢S>\"2ﬂ'

Therefore the set £}, = {azg(m)—l—w < A} is a solution of (5.1.4), or equivalently
of (5.1.2). Notice ¢ being lower semicontinuous and coercive, £, is a compact set
(recall that we have assumed EJ to be compact). We have proven if Ej is compact, we
may define a sequence (E7), as wanted, and it is made of compact sets.

Continuous motion. Now we would like to pass to the limit 7 — 0 in the sequence
(E)k, but also in the sequence (z])g, as this function will play a role in describing
the motion, to obtain a continuum of sets £(t) and functions z(t,-) for t € [0,7]. To
do that, we should place ourselves in some well-suited functional spaces where we can
prove enough compactness to pass to the limit (at least up to subsequence).

Let us investigate the sequence (EJ]); first. We set JZ the set of compact subsets

of R? and define for all A, B € %

DA, B) /

d(z,0A)dx = / ds(z, A)(1p — 14)dz.
AAB

Rd

By optimality of £, one has

I(Ef, BE)

Fax(Epiq) + < Fa(Ey)

-
or equivalently
‘@(EI;—D El‘g) < T(yoz,)\(E]:) - ﬁa,)\(E;_H))- (518)
Thus by summation over k, one gets
[T/7]-1
P(E], ., EL
> TW < Far(Bo) = Far(Efpy) < C. (5.1.9)
k=0

for some constant C' > 0. It seems that the quantity Z(A, B) behaves like a squared
distance between A and B (as said before, considering a translation of a cube by a
distance h gives h?), thus (5.1.9) should be some kind of H' bound and give some
compactness.

Let us investigate the sequence (z]),. The situation is perhaps clearer here: the
regularity one should expect is Holder-continuity of exponent 5 = 1 4+ da — d. In-
deed landscape functions associated to absolutely continuous measures p are S-Hoélder
continuous as proven in | |, with some extra regularity assumptions on . More-
over in Chapter 3 we prove the Holder regularity (with same exponent) of the land-
scape function associated to optimal shapes. Thus what we are expecting here is that
zf € €%P(E]), or perhaps 2} € €% (X]) for a large enough subset Xj C Ef. What
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we would like is an upper bound on the Holder constant to get compactness by Ascoli’s
theorem. But this will not be enough for the z] to converge, up to subsequence, to a
curve 2(t) € €%P(E(t)) for t € [0,T], as we need some regularity in ¢t as well, that is
we need a control of |2}, — 27| of some sort. This is something which may not be very
easy for the following reason. We know that z] is a landscape function for v, that is
a first variation of X“ at v, and usually the regularity in time of the first variation is
given by the fact that v, is close to v, and that the first variation is unique and is
somewhat regular as a function of v (often it has an explicit in terms of v). Here, we
do not have uniqueness of the first variation in general, hence the one chosen at step
k 4+ 1 may be very different from the one chosen at the previous step k. However since
X* exhibits some kind of concave behaviour, we can hope that it is “often” unique (a
concave function on R? being differential everywhere but in small set) and continuous.
If uniqueness fails anyway in our case, a careful choice should be made to guarantee
some continuity of the landscape functions between two consecutive time steps.

Evolution equation. As E] = {z: az,(z) +ds(x, Ex_1)/7 < A}, it is reasonable to
claim that OE] C {z : azp(x) +ds(x, Ex—1)/7 = A} as in the static shape optimization
problem. Take a point x € 0E], then one has:

dy¢(z, BT _
M =\ — az(z).

T

The quotient dg(x, Ef_,)/7 can be interpreted as the speed of the boundary at point
x, thus the limit equation should be:

v(x) = X — az(x) for x € OE(t), (5.1.10)

where v;(x) is the normal speed of 0F(t) at x. But what sense should we give to
(5.1.10) 7 This does not seem evident, as the sets E(t) have no reason to be regular
(even BV, since we suspect they may have fractal boundary), and as the regularity in
time that one should be expect is unclear. A possible weak formulation of equation
(5.1.10) could be the following: a curve of compact sets F(t) moves with normal speed
v if for all £ > 0 and all z € R?\ E(t), the following holds:

%d(m,E(t)) = v(mpe (). (5.1.11)

Difficulties arise because mg;) may not be well-defined, even if x is taken close to
the boundary OFE(t), and the strategy to prove this from the discrete scheme has
yet to be elaborated. However let us give a reasoning which goes in that direction
for a particular geometric situation. Take a point z € R?\ (Ef U EJ,), denote by
Ty = Ty (), Tpy1 = WE;H(x) (assuming they are well defined). Suppose that set has
“increased”, in the sense that the segment [z, xj41] does not intersect E] and that [z, 2]
intersects E7_, (see Figure 5.1), and denote Zj; the intersection point closest to z.
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Figure 5.1: Projection on Ej and E_ ;.

On the one hand, one has
d(z, Bp) = |z — o] = |2 = Ty | + [Tar — an| = d(@, Efy) + |Tea — @l

but |57k+1 — xk‘ = d(i’]ﬁ.l,Eg) = ds(.f?k+17Eg) and OéZ;H_l(i'k_'_l) + ds(.%k+1,Eg)/T = )\
because 7y, € OE},, which leads to

d(:L‘, EI:) > d(:L‘, Elz—i-l) + T()‘ - O‘Zk+1(*%k+1>)7

which rewrites A, BT d( . )
xz, Bl ) —d(z, E] ~
- ak - B> - aZpt1(Ths1)- (5.1.12)

On the other hand, setting 7y = mg; (2)11), one has

d(z, Bp) <o —2y| < |2 = @pa| + |[2rsr — Tl
= d(z, Ef1) + d(@ppr, Ey),

but d(zyi1, B]) = ds(xg11, Ef) and azpp1(py1) + ds(xpp1, E7) /T = X because x4 €
OE7 . ,, which implies that

d(x, E7,) — d(z, B}
_ (IL‘, k+1) (ZE, k) <\— OéZk+1<Ik+1)- (5113)
T

When passing to the limit 7 — 0, equations (5.1.12)-(5.1.13) may lead to the considered
relation (5.1.11).

5.2 Towards proving fractality of optimal shapes

In this section we try to provide some ideas and formal computations in the direction
of proving that the optimal shapes of Chapter 3 have a fractal boundary of non-integer
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dimension d — 8 where = 1 4 da — d. Again, we stress that the computations or
proofs given here are quite sketchy and sometimes not proved in full detail as this is
still ongoing work.

Let ¥ = 14 be an optimizer of the shape optimization problem (R,) and 7 €
OIP“(dg,v). We set Z = Z, and z = z, the landscape function associated to 7. Then
for any n-good curve v such that Z(v) > ¢ we define

Tt (V) = Yt = V=1 (t) 400

and we consider the tail of n at level ¢, defined by

N = (Toz) 3 (M Z > t}).

Let us compute the initial and final measures j; == (7o) xn: and v, = (7o) 21

(1, 6) = / (0 dn(a) = / >tv(2‘1(t)) an().
Wad) = | o)) dn(y) = [ o(x( /¢ ) dv(a

Z>t Z>t

Notice that s is atomic because if Z(y) > t then 6(y(z7'(¢))) > 0 hence there can
only be countably many such v(z7%(#)), since they lie on different branches. Moreover
the total mass of v; is ||| = v(z : z(x) > t), but in our shape optimization problem
v = 1,<.+, hence

lve|| = Vol(z : 2% > z(z) > t).

We know by Lemma 3.4.2 that we have the upper bound:

Vol(x : z(x) > t) < C(z* — ). (5.2.1)

A conjecture on a lower bound of the volume In order to prove the lower bound
on the Hausdorff dimension of the boundary OF that we seek, that is

dimy (9F) > d — B,

which is stated in Conjecture 3.4.4, a key ingredient would be the reverse inequality of
(5.2.1), that is a lower bound on the volume of {z* > z > t} as conjectured below.

Conjecture 5.2.1. There ezists some ¢ > 0 such that
Vol(z : 2 > z(x) > t) > c(2* —t).
We do not have a strategy to prove this (if true), but let us just relate this volume

|z : 2% > z(x) > t| to other expressions or quantities which might be used to estimate
it from below. Let us compute the cost of 7;, observing that if co > z(x) > t then
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5.2. TOWARDS PROVING FRACTALITY OF OPTIMAL SHAPES

0,.(x) = 0(x). One has

L@y, (2)*7 d A () dn(v)

0=
L.
/>t(z Y(o00)) — ) dn(v)
- [

This is a first simple expression for the cost of the tail of n cut for z > t. We may get
another expression using Fubini-Tonelli’s theorem:

() // i, ()7L A A () ()
—/ZW (@) d A ()
= /zm» 0,(x)* d A (z).

N

S~

>t

L.()>:0(2)* " A () dn(7)

N

N

We may relate the tail energy I%(n;) to the volume Vol(t < z < z*).
Proposition 5.2.2. The function t — 1%(n,) is Lipschitz and

d* d-
EI“(m) =—Vol(t <z<2) and EIO‘(nt) = —Vol(t < z < 2%).
Proof. Take for example € > 0 small. We have

I(miye) — 1°() = / BCCRERIE / (2(z) — 1) de

z>t
= —eVol(t < z < z2%)

([ @ -trpa- [ - o)
= —eVol(t < z < 2) — 8/ < (@) _6<t ) dx.

[ Geoea),
t<z<t+e €

which shows that ¢ — I%(7;) is Lipschitz and implies that

dro. I(ee) —1%(ne) _
EI (nt) N el—lgl* €

e—0

<Vol(t <z<t+¢e) —0,

—Vol(t < z < 2%).

A similar computation with ¢ < 0 shows that
e
EI“(m) = —Vol(t < z < 2). O
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Now we may reformulate the desired lower bound on the volume as follows.
Proposition 5.2.3. The following assertions are equivalent:
(i) 3¢ >0: Vol(z >1t) > c(z* — 1),
(i) 3c>0: I%(n) = [, (2 —t) > c(zr = 1)%,
(iti) Ie>0: [ _ (2" —2) >c(z" —t)%

Proof. Let us prove (i) < (iii). We know by the first variation formula for X and by
the scaling Lemma that

ot Dt VI 2 g / sy,

where m = Vol(z > t). This rewrites, recalling that e,(a + 1/d) = az*:

em? < /Z>t(2* — 2(z)) dz,

where ¢ = ¢(a,d) is some constant. This inequality shows that (i) = (iii). On the
other hand one has

/ (2" — z(x))dx < / (¥ —t)de < (2" —t)m,
z>t z>t
which shows that (iii) = (i).
Similarly
/ (z(z) —t)dx < / (¥ —t)dz < (2" — t)m,
z>t z>t
which shows that (ii) = (i). It remains to prove (i) = (ii). But we know that

d
—&Io‘(m) = Vol(t < z < 2%) > ¢(2* — 1),
which yields:
I%(n;) > c(z* —t)2 O

Lower dimension estimate from the lower estimate on the volume We want
to show a way to prove dimy{z = 2*} > d — 8 from Conjecture 5.2.1, that is from
Vol(z > t) > ¢(z* —t), which we assume to be true in this paragraph. Notice that this
would still not prove Conjecture 3.4.4 since we only know that 0A C {z = z*}.

The strategy is the following. The measure y; is an atomic measure, which we
renormalize as an atomic probability measure o = /||| We write it as:

Oy = E ai(sm%
€N

As t — z* it converges weakly (up to subsequence) to a probability measure 0. We
are going to prove that o has a.e. a local dimension which is bounded from below by
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d — (. Of course, this measure is concentrated on the set {z = 2*} thus getting a lower
bound on the dimension of this set by a mass distribution principle (| )

Let us start with some notations. We write a &~ b if there are constants ¢, C
depending only on «,d such that ca < b < Ca. For all x we denote by Bas(z) the
basin of z, by §(z) its diameter and we set

2*(v) =sup{z(y) : ® <y}, px) =sup{ly — 2| : v <y},

where by x < y we mean that y € Bas(x). Finally we set

U(z,y) = sup{L(7) : v n-good from x to y},
and

((x) = sup{L(y) : v n-good starting at x }.

Lemma 5.2.4. The following equivalences hold for all x € E:

IBas z| ~ £(x)?, (5.2.2)
p(z) ~ l(x), (5.2.3)
o(z) ~ l(x), (5.2.4)
2*(2) — 2(x) = L(z)”. (5.2.5)
Moreover if y > x is a point such that either z(y) = z*(x) or {(z,y) = {(x) then
ly — x| = {(z). (5.2.6)

Proof. Take a point y > x. Let us bound fwy 62=! from above and below, using the fact
that z is Holder-continuous and that 6(x) = |Bas(z)|:

O3V e(z, y) < [Bas(x)|*~ t(z, y) = 0(x)* "z, y)
< / gt
= 2(y) — 2(z) < Cly — «|”.
Now take a point y > = which has maximal z, that is z(y) = 2*(z). One may write
2 () — 2(z) < Cly — 2" < Cp(x)? < Cl(x)’.
Take a point y’ which maximizes ¢(x,y’), that is {(z,y") = ¢(x). One may write
Cl(z)? = CU(z)™ @ Ve(z) < C5(2) Vie(x,y) < 2*(x) — 2(2).

Consequently one has approximate inequalities in the previous chain of inequalities:

Moreover, for the chosen y and ¢, one has moreover:

ly—zl = |y — x| = {(x). O
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Now notice that for all i, u;(x;) = Vol(Bas(z;)) =~ d(x;)?, therefore:

6(z;) §(z;)?
ZT; ~ S ,
o)~ T = ) =1

the last inequality following from the fact that
lpee|| = Vol(z > t) > c(2* —t) > e(2*(x;) — t).
Since 0(z;)" ~ 2*(x;) — 2z(x;) = 2*(z;) — t, thus

o(z;) 5(@-)5
S~ o (wy —t = &

We are not going to look at o, directly but at 7; defined by

The calculation we did before gives:
&1(Bas(x;)) < C diam(Bas(z;))* .

When ¢t — z*, the measures &; converge (up to subsequence) to a measure . Notice
that for all ¢ which is continuous:

\/qsd&t SR > ]éas(zg)wu) g de =5 0

thus oy and &; have the same limit (up to subsequence).

Lemma 5.2.5. The measure o is concentrated on {x : z(x) = z*}.

Proof. Take x ¢ L, that is to say z(x) < z*. Consider z* >t > z(x) + € with € small.
Then for any y € B1/8(x), one has z(y) < t by Holder continuity of z and thus y does
not belong to any basin of points z; which satisfy z(z;) = ¢t. Consequently

G¢(Bees(x)) =0,
which is true for all ¢ large enough, hence taking the limit ¢ — 2* yields:
5(Bearss(x)) = 0.
Consequently suppo C {z : z(z) = 2*}. O

Theorem 5.2.6. The measure o has lower local dimension at least d — 3, in the sense
that for o-a.e. x, one has:

1 B,
dim, . o(z) = liminf logo(B:(z))

>d—p.
=0 log e - b

133



5.3. FURTHER PERSPECTIVES

Lemma 5.2.7. There exists some gy small such that for all ¢ < g9 and all x € {z :
z(x) = 2*}, the set B.(x) only intersects a number of basins Bas(y) from points y such
that z(y) = 2* — ce/? which is bounded from above by a constant N = N(a, d).

Proof. 1t comes from the fact that all these basins are disjoint and occupy a volume
~ e, and they must all lie in some ball C B, (z), consequently there number is bounded
by such a constant. O

Corollary 5.2.8. The level set of the landscape function L = {z : z(x) = z*} is of
dimension at least d — (3, in the sense that:

dimg{z : z(x) = 2"} > d— 5.

Proof of Theorem 5.2.6. Fix ¢ > 0 and x such that z(z) = z*. We consider the ball
B.(x) and we fix a level t < z*. For all y € B.(z) N L, there is an ancestor y;, that
is y; < y, such that z(y;) = t. We know that along a curve reaching z € L we have
ly — x|f8 ~ z* — z(y) thus we may chose a ¢ which is sufficiently close to z*, namely

F—tm el

to ensure that y; € B.(y), independently of y. Let us call Y; the set of such y;’s. Thanks
to the previous lemma, this set has a cardinal bounded from above by a constant
N = N(a,d). Thus we write
Vi = (4))i<nis
with N; < N. Since
B.(x) € | Bas(y)),

1<N¢

we may deduce that

G1(B-(z)) < > Gi(Bas(y;)) < C ) _ diam(Bas(y;))* .
i<Ny i<Ny
One has that diam(Bas(y})) ~ (2* — 2(y}))"/? = ¢, which leads to
54(B.(x)) < CNeP < Ced5,
Since B.(x) is open, passing to the limit as ¢ — oo yields:

&(B.(r)) < liminf 64(B.(x)) < Ce® 7.

t—o00

Passing to the log and sending ¢ to 0 yields:

~ d*ﬁ
dim, . 6(z) = lim inf M > liminf M =d— 0. H
e—0 loge e—0 loge

5.3 Further perspectives

The aim of this final section is to formulate some remaining open questions, among
many others of course, related to the work presented before and to propose some
research perspectives in a few words.
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The landscape function in the general case In Chapter 4 we have given a defini-
tion of landscape function when the optimal irrigation plan has a finite root system, and
we have shown semicontinuity on the positive and negative basins, as well as Holder
regularity results with extra hypotheses on the source and target measures p,v. In
general, there is only a countable (instead of finite) root system, hence there is still
much work to be done to handle the general case. Many reasonings in Chapter 4 have
been made by finite induction using the fact that there was a finite root system, thus
some reasonings might be adapted to the general case by countable induction, perhaps
to give a proper definition of the landscape function, although some more involved
results like Holder regularity or even semicontinuity should require more ideas (if even
true).

A different approach to define a landscape function may come from the following
remark. Notice that the map H(x) = x — 2%/« is continuous and concave on R,
hence it may be expressed as a Legendre transform:

H(z) = inf we — Hy(w) where H,(w)=—

w>0 p

where p < 0 is the conjugate exponent of « satisfying 1/a+ 1/p = 1. The optimal
irrigation problem may be rephrased formally as follows:

inf H(0,(z))d A (z
[ @) 4w
n rectifiable

= inf inf/}(@n(x)w(x)djfl(x)—/KH*(w(x))d,%”l(x)

nelIP(u,v) w>0

n rectifiable
— 3 - 1 . 1
_zlugfo/K H(w(z))d 2 (z) + 776IlFlr’l(fW/) /K@n(x)w(x)d% (x).

n rectifiable

We have merely proceeded by an inf-inf exchange, and we stress that the infimum for
w is among any nonnegative Borel maps. Now notice that the last term rewrites by
Fubini-Tonelli’s theorem:

n€IP (p,v) n€IP (p,v)
n rectifiable n rectifiable

inf /K@n(x)w(x)dffl(x)z inf /FLw(v)dn(v),

where L, (7y) = f7 w(x) dz is the weighted length of v w.r.t. w. Set a pseudo-distance

dy(z,y) = inf{L,(y) : 2 = y} and notice that if we want the righthand side to be
(almost) minimal then the curves - should be (almost) d,-geodesics, hence

inf L,(v)d = inf / dy(z,y)dr(x,y),
) /F (v) dn(v) . (z,y) dr(z,y)
n rectifiable

having dropped the rectifiability requirement, which can be justified. Finally, the
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optimal irrigation problems rewrites

inf /H ))d o (x) (5.3.1)
n€IP (u,v)
n rectifiable
= inf/ —H (w(x))d s () + inf / dy(z,y)dr(z,y) . (5.3.2)
w>0 mell(pv) J g x Kk

MK, (u V)

The optimal irrigation problem can be seen as a Monge-Kantorovich problem with an
unknown transport plan 7 € II(u, ) but the cost is also part of the unknown: it is a
distance d,, where w is not fixed but is penalized by [, —H,(w(z))d " (z). This term
forces w to be +o00 everywhere but on a 1-dimensional set because —H,(w) = —w?/p
with p < 0. This formulation might be worth looking at for itself, even more so as one
can apply Monge-Kantorovich duality to the term MK, (u, v):

inf d,dm = sup /gzﬁdu—i—/wd,u (5.3.3)
m€ll(py) J K x K ¢®P<dw

If d,, was the euclidean distance d, which is the Monge case, then the supremum could
be simplified as

sup /gzﬁdu—i—/wdl/: sup /qbd(l/—,u)
¢DY<dw $€Lip; 4

and one is tempted to write the same for d,,, leading to a primal-dual problem:

inf / dydm = sup /aﬁd V=i (5.3.4)
me€ll(pv) J e x Kk #€Lipy g,

but the meaning of this last problem is not so clear because d,, is not a classical distance
as it takes +o0o values and the choice of the functional space for ¢ is not so clear either.
A possibility would be to look for solutions

¢ € L'(u) N L' (v) N Lipy 4, (RY) (5.3.5)
where

Lip,, = {6 € BRLR) : |6(y) — 6(2)| < du(e,y) for all z,y} (5.3.6)

This setting gives a (proposed) a rigorous meaning to (5.3.4). But then what could we
say about Kantorovich potentials, that is optimal ¢’s 7 It turns out they could play
the role of the landscape function. Indeed, in the single source case u = &y, the primal
problem is trivial since there is only one transport plan, and the primal-dual problem
(5.3.4) may be written as

/d(Oy)dJ/ = sup /gb ) dr(y
K #<dw (0

and d,, (0, ) is a solution. Now if n € OIP%(dy, v), then w(x) = 6,(x)*" ! is a solution to
(5.3.2) and one expects that 7 is concentrated on d,-geodesics so that d,,(0,z) = z,(z)
for v-a.e. .
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The idea is the following: given n € OIP(u,v), set w, = 627!

n» consider the
problem

sup /gbd(l/ — 1), (5.3.7)
¢€Lipy g4,

for example in the setting of (5.3.5), and define landscape functions as solutions of this
problem. The difficulty is then to show that there are solutions ! In classical optimal
transport theory, the dual problem

sup /gbdu—i—/wdu
p®p<c

has solutions ¢ € L'(v),v» € L'(u) when c is lower semicontinuous, bounded from
below and real-valued, which is not the case here with ¢ = d,,. Notice that if ¢ was a
solution to (5.3.7) and if we had duality in the sense of (5.3.4), then one should have

/¢d(u—u):/KXded7rn=/FLw(v)dn(v)

where 7, € II(u, v) is the transport plan associated to n. Since |¢(y) — ¢(z)| < dy(z,y)
and since integrals with respect to u, v, T, may be rewritten as integrals with respect
to 1, the previous equality should imply that L, (v) = d(7(0),7(00)) = ¢(v(c0)) —
#(7(0)) for n-a.e. v. Notice that L,,(v) = Z,(v) hence Z,, depends only on the endpoints
of the curves via Z,(7) = ¢(y(c0)) — ¢(7(0)). In particular the first variation formula
for I* (Proposition 1.2.1) should yield a first variation formula for d,, as done in the
proof of Proposition 3.1.5 with u = dy fixed, of the form

bt V) < dalpi,0) + / b —v) —a / A0 — ),

for all 1/, v'. Notice however that such a general inequality for arbitrary p/, 7 may not
be true if 7 is not single rooted, as noticed in Theorem 4.3.9. With such a definition
of landscape function one could hope to recover the fact that it is a kind of (super)
first variation for d,, which is the main property that is asked to tackle variational
problems involving this distance. Moreover, this is also the only property that is used
on the landscape function to prove Hélder continuity. Finally, notice that in the single
source case, problem (5.3.2) rewrites as

1

min — [ w(z)? ds (x) + / zy(x) dv(x),
w>0 —p K K

where z,, = d,,(0,+). Since z,(x) is obtained by integrating w along a geodesic vy from

0 to x, w can be thought as some kind a derivative 2/, of z, along the network, and if

one could rephrase the problem in terms of z = z,, it would read as

1
min—/ |2/ (2)[P d o (x) + /z(m) dv(z),
= —PJK
so that z would satisfy in some vague sense A,z = v but with negative p. This does
not seem completely unreasonable since a connection between the branched transport
problem and p-harmonic maps has been made in the discrete case by Xia in | -
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On the frontier between irrigation basins We place ourselves in the single source
case. Take 7 € OIP”(y, ) and recall the definition of basin from a point x € N,:

Bas, (z) = {y : there is an 7-good curve v s.t. € v and y = y(o0)}.

One can show that it is a closed set. Consider two basins B, B’ from two points x, z’
such that ' ¢ B and x ¢ B’: what can we say on BN B’ when the intersection is not
empty? A conjecture by J.-M. Morel is that it should be fractal, perhaps in the sense
that dimy (B N B’) > d — 1, a very tempting conjecture being dimy (BN B') =d — f.
This question was one of the initial questions posed at the beginning of this thesis,
although the apparently simpler question regarding the fractality of the optimal shapes
considered in Chapter 3 could not be given a satisfying answer yet, hence much work
and new ideas are needed in order to answer this question. What can only be proven
for now is the fact that B N B’ is Lebesgue-negligible.

Numerical refinements for the shape optimization problem Our numerical
approach described in Chapter 3 to compute a candidate solution to our shape opti-
mization problem does not allow us to refine the discretization grid and do the compu-
tations in a reasonable time. We would like to have a more precise picture of what an
optimizer should look like, and to be able to compute a box dimension of the boundary
so as to support Conjecture 3.4.4 stating that dimy(OF) = d — 5. In order to do that,
one should use more sophisticated tools to refine the grid, perhaps by multi grid meth-
ods (to refine the grid near the boundary) or moving grid techniques. This is in project
with E. Oudet. Also, one should at some point prove rigorously the I'-convergence of
our approximate elliptic functional towards the branched transport functional with
inequality constraint on the divergence.

Variational approximation of the H-mass We would like to consider branched
transport problems with more general costs than [ 6, (z)*d " (z), namely to replace
the map x — x® with a function H : R, — R, leading to a so-called H-mass:

M () = Rd[—[(]v(m)])d%”l(a;) if v is rectifiable, (5.3.8)

400 otherwise.

It seems the idea of considering such costs comes from the notion of flat chains with
coefficients in normed groups, as considered by White in | |, the H-mass being
introduced for the first time, as far as we know, in | |- The standard hypotheses
for H are the following:

(i) H(0)=0,
(ii) H is lower semicontinuous and nondecreasing,

(iii) H is subadditive,

(iv) lim, 0 H;x) = +o0.
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More general, the last hypothesis can be dropped, in which case one should take another
definition of H-mass by lower semicontinuous envelope:

MA(T) = inf liminf M*(P,),
P T

for flat chains T, that is the completion of polyhedral chains with respect to the flat
norm F and M” is defined by expression 5.3.8 on polyhedral chains. The validity of
(5.3.8) when (iv) is satisfied, as well as a general representation formula when it does
not hold, was established recently in | |. A definition of H-cost in a Lagrangian
setting was given by [ |, together with the proof on general properties in this case.
We have already remarked in Chapter 2 that the equivalence with the Lagrangian and
Eulerian models holds in the case of the H-mass with almost no changes, with extra
hypotheses on H (those also assumed | |). Notice that removing hypothesis (iv)
does not guarantee that v is rectifiable but it can have an absolutely continuous part.
In covers in particular the case of the urban planning studied in | : | where
H(m) = min(am, 1 + bm) with 0 < b < a.

What we would like to do now is perform numerical computations for such problems.
Can we adapt the variation model a la Modica-Mortola to the case of the H-mass? In
dimension 2, given H, we would like to find a function i : R, — R, such that M"
I'-converges to MY where

M () — ! /]R h(elo(z)]) dz + & /R2]Vv(x)|2dx.

We expect that a rectifiable current v of mass m concentrated on a segment of length ¢
should be approximated by a diffuse vector field v. concentrated on a tube around this
segment, oriented by the segment and invariant along it. The flux on a perpendicular
section should be equal to m and v, should optimize M” with cost £H(m), hence it
should be given by a radial profile u : R — R which optimizes:

min {/h(|u(x)\)d:c+/u'(a:)2da::/u:H(m)}.

Questions arise: can we invert this formula, i.e. find an h such that it holds for all
m, H being given? Is there a formula or an expression in terms of H? Can we prove
['-convergence?
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Résumé : Cette thése est consacrée & ’étude du transport branché, de problémes variationnels qui y sont
liés et de structures fractales qui peuvent y apparaitre. Le probléme du transport branché consiste & connecter
deux mesures de méme masse par le biais d’un réseau en minimisant un certain cofit, qui sera pour notre étude
proportionnel & mL® afin de déplacer une masse m sur une distance L. Plusieurs modéles continus ont été
proposés pour formuler le probléme, et on s’intéresse plus particuliérement aux deux grands types de modéles
statiques : le modéle Lagrangien et le modéle Eulérien, avec une emphase sur le premier. Aprés avoir posé
proprement les bases de ces modéles, on établit rigoureusement leur équivalence en utilisant une décomposition
de Smirnov des mesures vectorielles & divergence mesure. On s’intéresse par la suite & un probléme d’optimisation
de forme lié au transport branché qui consiste & déterminer les ensembles de volume 1 les plus proches de I'origine
au sens du transport branché. On démontre 'existence d’une solution, décrite comme un ensemble de sous-
niveau de la fonction paysage, désormais standard en transport branché. La régularité Holder de la fonction
paysage, obtenue ici sans hypothése de régularité a priori sur la solution considérée, permet d’obtenir une borne
supérieure sur la dimension de Minkowski de son bord, qui est non-entiére et dont on conjecture qu’elle en est la
dimension exacte. Des simulations numériques, basées sur une approximation variationnelle & la Modica-Mortola
de la fonctionnelle du transport branché, ont été effectuées dans le but d’étayer cette conjecture. Une derniére
partie de la thése se concentre sur la fonction paysage, essentielle & I’étude de problémes variationnels faisant
intervenir le transport branché en ce sens qu’elle apparait comme une variation premiére du coit d’irrigation.
Le but est d’étendre sa définition et ses propriétés fondamentales au cas d’une source étendue, ce a quoi 'on
parvient dans le cas d’un réseau possédant un systéme fini de racines, par exemple pour des mesures a supports
disjoints. On donne une définition satisfaisante de la fonction paysage dans ce cas, qui vérifie en particulier la
propriété de variation premiére et on démontre sa régularité Holder sous des hypothéses raisonnables sur les
mesures a connecter.

Title : Branched transport and fractal structures
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Abstract : This thesis is devoted to the study of branched transport, related variational problems and fractal
structures that are likely to arise. The branched transport problem consists in connecting two measures of same
mass through a network minimizing a certain cost, which in our study will be proportional to mL® in order to
move a mass m over a distance L. Several continuous models have been proposed to formulate this problem, and
we focus on the two main static models : the Lagrangian and the Eulerian ones, with an emphasis on the first
one. After setting properly the bases for these models, we establish rigorously their equivalence using a Smirnov
decomposition of vector measures whose divergence is a measure. Secondly, we study a shape optimization
problem related to branched transport which consists in finding the sets of unit volume which are closest to
the origin in the sense of branched transport. We prove existence of a solution, described as a sublevel set of
the landscape function, now standard in branched transport. The Holder regularity of the landscape function,
obtained here without a priori hypotheses on the considered solution, allows us to obtain an upper bound on the
Minkowski dimension of its boundary, which is non-integer and which we conjecture to be its exact dimension.
Numerical simulations, based on a variational approximation a la Modica-Mortola of the branched transport
functional, have been made to support this conjecture. The last part of the thesis focuses on the landscape
function, which is essential to the study of variational problems involving branched transport as it appears as
a first variation of the irrigation cost. The goal is to extend its definition and fundamental properties to the
case of an extended source, which we achieve in the case of networks with finite root systems, for instance if the
measures have disjoint supports. We give a satisfying definition of the landscape function in that case, which
satisfies the first variation property and we prove its Holder regularity under reasonable assumptions on the
measures we want to connect.
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