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Résumé

Cette these est composée de deux parties dans lesquelles nous étudions d’une part
des estimations d’erreurs pour des schémas numériques associés a des équations de
Hamilton-Jacobi du premier ordre. D’autre part, nous nous intéressons a 1'étude
de la stabilité et de la controlabilité exacte frontiere indirecte des équations d’onde
couplées.

Dans un premier temps, en utilisant la technique de Crandall-Lions, nous établis-
sons une estimation d’erreur d’un schéma numérique aux différences finies pour des
conditions de jonction dites a flux limité maximal, pour une équation de Hamilton-
Jacobi du premier ordre. Ensuite, nous montrons que ce schéma numérique peut
étre généralisé a des conditions de jonction générales. Nous établissons alors la con-
vergence de la solution discrétisée vers la solution de viscosité du probléeme continu.
Enfin, nous proposons une nouvelle approche, a la Crandall-Lions, pour améliorer
les estimations d’erreur déja obtenues, pour une classe des Hamiltoniens bien choisis.
Cette approche repose sur I'interprétation du type controle optimal de 1’équation de
Hamilton-Jacobi considérée.

Dans un second temps, nous étudions la stabilisation et la contrélabilité exacte
frontiere indirecte d’un systéme mono-dimensionnel d’équations d’ondes couplées.
D’abord, nous considérons le cas d’un couplage avec termes de vitesses, et par une
méthode spectrale, nous montrons que le systéme est exactement controlable moyen-
nant un seul controle a la frontiere. Les résultats obtenus dépendent de la nature
arithmétique du quotient des vitesses de propagation et de la nature algébrique du
terme de couplage.Ensuite, nous considérons le cas d’un couplage d’ordre zéro et
nous établissons un taux polynomial optimal de la décroissance de I'énergie. En-
fin, nous montrons que le systeme est exactement controlable moyennant un seul
controle a la frontiere.

Mots-clé:

Equations de Hamilton-Jacobi, estimation d’erreur, schéma numérique monotone,
jonction, équations d’ondes couplées, controlabilté exacte, stabilité, approche spec-
trale.
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Abstract

The aim of this work is mainly to study on the one hand a numerical approximation
of a first order Hamilton-Jacobi equation posed on a junction. On the other hand,
we are concerned with the stability and the exact indirect boundary controllability
of coupled wave equations in a one-dimensional setting.

Firstly, using the Crandall-Lions technique, we establish an error estimate of a finite
difference scheme for maximal flux-limited junction conditions, associated to a first
order Hamilton-Jacobi equation. We prove afterwards that the scheme can generally
be extended to general junction conditions. We prove then the convergence of the
numerical solution towards the viscosity solution of the continuous problem. We
adopt afterwards a new approach, using the Crandall-Lions technique, in order to
improve the error estimates for the finite difference scheme already introduced, for
a class of well chosen Hamiltonians. This approach relies on the optimal control
interpretation of the Hamilton-Jacobi equation under consideration.

Secondly, we study the stabilization and the indirect exact boundary controllability
of a system of weakly coupled wave equations in a one-dimensional setting. First,
we consider the case of coupling by terms of velocities, and by a spectral method, we
show that the system is exactly controllable through one single boundary control.
The results depend on the arithmetic property of the ratio of the propagating speeds
and on the algebraic property of the coupling parameter. Furthermore, we consider
the case of zero coupling parameter and we establish an optimal polynomial energy
decay rate. Finally, we prove that the system is exactly controllable through one
single boundary control.

Keywords:

Hamilton-Jacobi equations, error estimate, montone numerical scheme, junction,
coupled wave equations, exact controllability, stability, spectral approach.
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Introduction

This thesis focuses on two main subjects. On the one hand, we are interested in
numerical approximation of first order Hamilton-Jacobi equations posed on a domain
containing one single singularity: a junction. The aim of our mathematical analysis
of such equations is to show the convergence properties of the numerical solution
to the exact solution of the problem, and to derive error estimates in the case of
numerical schemes. On the other hand, we implement the semi-group theory in the
spirit of spectral approach to study the controllability and stabilization of coupled
wave equations. Roughly speaking, the concept of controllability is described as
the ability to steer our evolution system, whether described in terms of partial or
ordinary differential equations, from any initial state to any desired final state in
a finite time interval by means of a suitable control (boundary control, internal
control, etc). As for stabilization, it is defined as the ability to find an input control
that requires the state response to approach zero as time tends to infinity.

0.1 Numerical analysis for Hamilton-Jacobi equa-
tions on networks

We begin by introducing the first part related to the study of a finite difference
scheme associated to a first order Hamilton- Jacobi equation posed on a junction of
roads.

0.1.1 Motivation

In the 1950s James Lighthill and Gerald Whitham, two experts in fluid dynamics,
(and independently P. Richards) thought that the equations describing the flow of a
fluid could also describe the flow of car traffic [78]. The basic idea is to look at large
scales so to consider cars as small particles and their density as the main quantity
to be considered. In any case, it is reasonable to assume the conservation of the
number of cars, thus leading again to a conservation law, described by the equation:

Do+ 0uf (p) = 0 (0.1.1)

where p = p(t,x) is the density of cars, f(p) is the flux which can be written
f(p) = pv, where v is the average velocity of the cars. The main assumption of
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the LWR model is that the average velocity of v depends only on the density of the
cars. A reasonable property of v is that v is a decreasing function of the density.
The law giving the flux as a function of the density is called fundamental diagram,
which is assumed to be a concave function. In [51], Garavello and Piccoli proved
the existence of entropy admissible solutions of (0.1.1) posed on a network, while
submitted to an initial condition. Using the wave front tracking method, it is proved
in [52],by providing a formulation in terms of Riemann solvers, uniqueness result for
N = 2 where N denotes the number of the branches of the junction.

branch J,

Figure 1: The junction

0.1.2 Physical interpretation of Hamilton-Jacobi equations

In this subsection, we present a simplified overview on Hamilton-Jacobi equations.
Readers wishing to deepen some concepts mentioned in the following are referred to
the book of Evans [47] on partial differential equations, to Bardi and Capuzzo-
Dolcetta [19] and to Barles [24] presenting the notion of viscosity solutions of
Hamilton-Jacobi equations. We recall that this notion of solutions was introduced
in 1980’s by Crandall and Lions [42] (see also Crandall et al. [43]).

Hamilton-Jacobi equations form a class of nonlinear partial differential equations.
They can be written under the following form:

u + H(Dyu) =0 [0, +00) x R", (0.1.2)

where u : [0, +00) x R™ — R is the unknown, D,u = (g, - , Uy, ) € R™ its gradient
and H : R" — R denotes the Hamiltonian.

Let us consider the following equation with its corresponding Dirichlet boundary
conditions, in one dimension, on I =0, 1[:

{ |u'(x)] =1, Ve e l, (0.1.3)

u(0) = u(1) = 0.

If one looks for C! solutions, we directly encounter many problems. We can see
that if there exists a smooth solution u, there will exist some xy €]0, 1] such that
u'(xg) = 0. Hence, (0.1.3) is no longer satisfied in a neighborhood of . The highly
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non-linear character of the equation, precisely the absolute value on the derivative,
prevents from using the theory of distributions. If we look for Lipschitz solutions
on I, that is u € W1°°(I), we can define solutions of (0.1.3) in the sense almost
everywhere by Rademacher’s Theorem. However, as shown in the picture below,
all solutions verifying the boundary conditions with slopes varying between the two
values +1 and —1 are solutions. We hence loose the uniqueness of the solution.

Figure 2: Example of Lipschitz solution

Using the wvanishing viscosity method, that is, adding a term of the form —eu”(z)
in the left hand side of (0.1.3), without changing the boundary conditions, we can
obtain a unique smooth solution, u, say, for each € > 0. A natural question is: does
ue converge as € — 07 If yes, in which sense, and is the possible limit a solution of
(0.1.3) in a sense that could ensure uniqueness? A notion of weak solutions is then
introduced by Crandall, Lions in 1980’s [42]: the viscosity solution theory will allow
us to pass to the limit in a precise sense, for a large class of equations. It will then
provide a correct framework to obtain existence and uniqueness for solutions and
define the derivatives for non-smooth solutions.

The relationship between Hamiltonian and Lagrangian formulations, which are two
different views of the same problem is provided by the Legendre transformation.

Definition 0.1.1 (Legendre-Fenchel Transform). If the Lagrangian L does not de-
pend on the space variable z, and if ¢ — L(q) is convex, and if the Lagrangian is
coercive i.e.

L(q)

lim ——= — +o0,
lg|—+o00 |q!

the Legendre-Fenchel transform of the Lagrangian L is given by

L*(p) = sup{p-q—L(q)}, forpecR",
peER™

where the dot denotes the scalar product in R”.
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0.1.3 Viscosity solutions, optimal control and representa-
tion formula

It is possible to get representation formulas for solutions for Hamilton-Jacobi equa-
tions when the Hamiltonian of the equation can be written as the Hamiltonian of an
optimal control problem. In this case where the Hamiltonian H(p) is convex in p,
the value function of the control problem is a (the unique) solution of the Hamilton-
Jacobi equation. We have already defined the Legendre-Fenchel transform for a
continuous, convex, coercive function L by

L*(p) = sup{p.¢ — L(q)}, for p € R".
peR”™

We then recover H* = L and L* = H.

We can then rewrite the Hamilton-Jacobi equation (0.1.2) as:

u; + sup{—u,.b — L(b)} = 0.
beR™
This is the version of the Bellman finite horizon control problem. The dynamic is
given by the following ordinary differential equation

0X
=
55 = 008)

and the instantaneous cost by the Lagrangian L. The solution of the following
Cauchy problem

u + H(Dyu) =0, on (0,4+00) x R",
u(0, ) = ug(x) on R",

is given by

x()

u(t,z) = inf [/OtL(X(s))ds + uO(X(O))],

where X (.) denotes the trajectory such that

11 oy | X(r)eJ forall Te (s,t),
{XGW (s.1], R%) - X(s)=y and X(t) ==z }

It is possible to prove that (see [24]) the constant control v = x—)t((()) is optimal.
And hence, the optimal trajectory is the line segment which links the starting point
(0, X(0)) at the end point (¢,x). We then deduce the Lax-Oleinik formula

u(t,z) = inf [tH(Q) +u0(y)}.

yeR”

More generally, the Hamilton-Jacobi equation with a Hamiltonian depending on
the spatial variable x but always satisfying the assumptions of continuity (that
is precisely this assumption that is not satisfied in the case of a traffic junction),
convexity and coercivity in p uniformly with respect to z, is always associated with
a control problem where the dynamics are b and the running cost is L(z, b).
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0.1.4 Results

In this subsection, we present the problems that have been studied in this thesis,
mainly in Chapters 1 and 2, and the results that were obtained.

The study of dynamical systems on networks (and their control) has attracted the
attention of mathematicians especially in the last decade, linked to a variety of
applications including road traffic, but also for the study of fluids on other types of
networks such as gas networks, telecommunications networks, blood vessels or the
networks in economy. The reader could refer to the book of Garavello and Piccoli
[51], and to Bressan et al. in [30] for different applications for hyperbolic systems
on networks.

Literature. There are many papers in the literature dealing with Hamilton Jacobi
equations with discontinuous Hamiltonians in space posed on networks. Overall, the
difficulty lies in the choice of a concept of viscosity solutions at the discontinuity
point of the Hamiltonians. The problem at the node lies not only in the definition of
test functions to the right and the left of the junction point, knowing the differential
irregularity at this point, but in finding the right junction conditions. Apart from
this, the authors use the classical notion of viscosity solutions a la Crandall, Evans
and Lions. Different approaches to address discontinuity have been conducted so
far. The proposed solution concepts are generally associated with a particular mo-
tivation, which make them, a priori, different from each to others. The first results
for Hamilton-Jacobi equations on networks were obtained in [102] for eikonal equa-
tions. Some years later, the results were extended in [2, 67, 103]. Many new results
were obtained since then, see for instance [63, 65] and references therein. Note for
example that the article of Achdou, Camilli, Cutri and Tchou [2], is interested in
a control problem of a network and in the Bellman equation that follows. In order
to handle the discontinuity of the Hamiltonian, the authors use the modified dis-
tance that gives them an admissible test function. It has been shown by Camilli
and Marchi [32] that this notion of viscosity solution is equivalent to the definition
introduced by Imbert, Monneau and Zidani [67] when frameworks coincide. It is also
possible to show that in the case of a network in one dimension space, the solutions
constructed in [53] to these Hamilton-Jacobi equations with discontinuous Hamil-
tonians fall into the family of built solutions in the paper of Imbert and Monneau
[65]. The first results of Achdou et al. [2] and Imbert et al. [67] were completed by a
newer and more general work [3]. In [22, 23], the authors study regional control, i.e.
control with dynamics and costs which are regular on either side of a hyperplane but
with no compatibility or continuity assumption along the hyperplane. They identify
the maximal and minimal Ishii solutions as value functions of two different optimal
control problems. They also use the vanishing viscosity limit on a 1D example in
order to prove that the two Ishii solutions can be different. The recent papers of
Imbert and Monneau [63, 65] and Barles et al. [26] notably contain general results
of uniqueness and comparison (relaxed assumptions on the Hamiltonians for exam-
ple, quasi-convexity condition), with purely PDE proofs, in contrast to proofs of
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optimal control type developed in [2, 3, 22, 23]. In [26], Barles et al. compared two
different approaches for regional control problems. In fact, they showed how the
results of the classical approach, using a standard notion of viscosity solutions, can
be interpreted in terms of flux-limited solutions. In particular, they gave a simpler
proof of the comparison principle, avoiding in particular the use of the vertex test
function G. In his lectures at College de France [80], Lions also treats problems
related to Hamilton- Jacobi equations with discontinuities. Very recently, Guerand
in [58] on the one hand, and Lions and Souganidis in [81, 82] on the other hand
studied well-posedness and stability properties for Hamilton-Jacobi equations posed
on junctions with coercive Hamiltonians that are possibly not convex.

We are interested in the following Hamilton-Jacobi model proposed in [65], which is
written as follows,

u + Hy(u,) =0 in (0,7) x J, \ {0}, (0.1.4)
w+ Fa(F, . ) =0 in (0,7) x {0} o
subject to the initial condition
u(0,2) = ug(x) for z € J, (0.1.5)
where
FA(p) = max (A, max Ha(pa)> for p= (p1,...,pN), (0.1.6)
is the A-flux limited junction function. H, is the Hamiltonian defined on the branch
a,a =1,--- N, and H is the decreasing part of the Hamiltonian for some min-
imizing H, in R. For a = 1,..., N, each branch J, is assumed to be isometric to

[0, +00) and we define the junction as

J= |J Jo with J.nJs={0} for a#pB.
N

a=1,...,

We point out that all the junction functions Fj associated with A € (—o0; Ay
coincide if one chooses
Ap = max minH,. (0.1.7)

a=1,.,N R

We consider the important case of quasi-convex Hamiltonians satisfying the following
conditions:
H, € C*(R) and H(pg) > 0
There exists p§ € R such that ¢ +H/(p) > 0for £ (p—p§) >0 (0.1.8)
limyp|— 400 Ha(p) = +o0.

In particular, H, is non-increasing in (—oo, p§] and non-decreasing in [p§, +00), and
we set

H,(p for p < pg, H,(ps for p < pg,
W= b mp )= ) ;
Hq(pg) for p = pf, H,(p)  for p > pg.
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In [65], it is proved that general junction conditions are reduced to special ones of
optimal control type. In fact, when replacing F4 in (0.1.4) by a general junction
function F, which satisfies the following conditions

{ (Continuity) FeCRY)

(Monotonicity) Vo, pa — F(p1,...,py) is non-increasing, (0.1.9)

Imbert and Monneau proved that every relaxed viscosity solution (see below for a
definition) of the obtained problem

u + Ho(ug) =0 in (0,T) x J, \ {0},
{ Uy +F(%,...,%) =0 in (0,T) x {0}, (0.1.10)

is a viscosity solution of (0.1.4) for some A € R. Moreover, it is now understood that
under quasi-convexity condition on Hamiltonians, the solution of problem (0.1.4) is
unique, and hence the solution of the F' problem (0.1.10) is unique. Furthermore,
well-posedness and stability properties for Hamilton-Jacobi equations with non con-
vex coercive Hamiltonians have been studied in [58].

As explained in [65], it is difficult to construct viscosity solutions in the classical
sense because of the junction condition. It is in fact possible in the case of the flux
limited junction conditions F4. For general junction conditions, the Perron process
generates a viscosity solution in the following relaxed sense.

We introduce the space of test functions
CYJr)={ueC(Jr) :Ya=1,...,N,u* € CY([0,T) x J,)},
where u® denotes the restriction of u to [0,7) x J,.

In order to define classical viscosity solutions, we recall the definition of upper and
lower semi-continuous envelopes u* and u, of a (locally bounded) function u defined

on [0,7) x J:

u*(t,z) = limsup u(s,y) uy(t,z) = liminf wu(s,y).
(s5,9)—=(t,w) (s,y)—(t,w)

Definition 0.1.2 (Relaxed viscosity solution). We say that u is a relazed sub-
solution (resp. relaxed super-solution) of (0.1.10) in (0,7") x J if for all test function
¢ € C'Y(Jr) such that

u* <@ (resp. uy > ) in a neighborhood of  (to,z¢) € Jr
with equality at (Zg, zo) for some tg > 0, we have
¢r+ Ha(ps) <0 (resp.  20) at  (to, zo)
if 2o # 0 and,

either ¢+ F(p,) <0 (resp. >0) at (to,zo)
or @i+ Hy(Onp) <0 (resp. >0)  at (fp,x9) for some a.

We say that u is a relazed (viscosity) solution of (0.1.10) if w is both a sub-solution
and a super-solution of (0.1.10).
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The Hamilton-Jacobi model on which we depended [65], does not benefit from the
optimal control formulation of equations and does not display the Lax-Oleinik rep-
resentation formulas, thus the solution can not be simply computed. And hence the
numerical scheme does not depend on this formulation. There are many examples
of numerical schemes for Hamilton-Jacobi equations with continuous Hamiltonians.
For example,

e the semi-Lagrangian schemes (see [36, 38, 48, 50]) that use the outflow of optimal
control type and the principle of dynamic programming of Bellman. The technique
is a method of coupling integration for ODEs and an interpolation method. These
schemes do not require the introduction of a sort of Courant-Friedrichs-Lewy con-
dition (CFL).

e the finite difference method. These examples were primarily used by Crandall
and Lions [42].

However, there are only few existing works dealing with numerical approximation
for Hamilton-Jacobi equations on networks. In [41], Costeseque, Lebacque and Mon-
neau introduced a finite difference scheme for (0.1.4), and proved the convergence
for the discretized solution towards the continuous viscosity solution in the sense
of [67]. We cite also the following works: a convergent semi-Lagrangian scheme is
introduced in [33] for equations of eikonal type. In [57], an adapted Lax-Friedrichs
scheme is used to solve a traffic model; it is worth mentioning that this discretization
implies to pass from the scalar conservation law to the associated Hamilton-Jacobi
equation at each time step.

We introduce discrete steps in time and space h = (At, Az) who have to satisfy a
stability condition, for explicit schemes. The discretized junction is hence denoted
by Gn. We consider (U;""); o.n the solution of the following numerical scheme which
approximates the continuous solution of model (0.1.10) for discrete time steps nAt
and space steps iAx. Hence, we generalize the finite difference scheme introduced in

[41] for general junction conditions:

Ua,n«l»lan,n

#_FmaX{H;(pzf)aH(;(pzf)}:Oa 2217 a:17~"7N7
Uy == Ug, i=0, f=1,...,N, (0.1.11)
U61+1_U6L

1,n Nn
- At + F(p0,+a cee 7p0,+) = 07
where p;"}' are the discrete (space) gradients defined by

wn U= UM wn U= UM
v I N (0.1.12)

with the initial condition

U =ug(z®), i>0, a=1,...,N. (0.1.13)

()

Contribution. We prove the convergence of the numerical solution towards the
relaxed viscosity solution of the general continuous model (0.1.10) as the mesh size
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h = (At, Ax) tends to zero. The following Courant-Friedrichs-Lewi (CFL) condition
ensures that the explicit scheme is monotone,

%Zmax{ max |H(p)|; max {(—V'F)(pl,...,p]\/)}} (0.1.14)

Oé:].,...,i\f, ngpagﬁa
P, SP<Pq

for some ]_?a,]_?a,]_?g € R, depending only on ug, H and F. We assume additional
conditions on F' than the ones considered in [65]. In fact, for F': R" — R satisfying

F is continuous and piecewise C'* (]R"),

F(p1,...,pn) = +00 as mm P — —00,
’LG{]., 7N}

we prove the following convergence result.

Theorem 0.1.3 (Convergence for general junction conditions). Let T" > 0
and ug be Lipschitz continuous. There exist pa,ﬁa,pg eR,a=1,...,N, depending
only on the initial data, the Hamiltonians and the junction function F, such that, if
the mesh size h = (At, Ax) satisfies the CFL condition (0.1.14), then the numerical
solution u™ defined by (0.1.11),(0.1.13) converges locally uniformly as h goes to zero
to the unique weak (relaxed viscosity) solution u of (0.1.10),(0.1.5), on any compact
set I C [0,T) x J, i.e.

limsup sup |u”(t,2) —u(t,x)| = 0. (0.1.16)
[h|=0 (t,x))eXNGy,

We hence need to prove discrete (time and gradient) estimates in order to ensure
the monotonicity of the scheme and, in turn, its convergence.

For the flux limited junction conditions, as we mentioned above, Costeseque, Lebacque
and Monneau considered the following scheme,
Uia,n+1 Uan 4 _ an i
e tmax{H S (p;"), Hy (p;y')} =0, i>1, a=1,...
UO7 = UO’ 2207 5217"'aN7 <0117)
U”+1 up n
-0 -0 +FA(p0+,...,pé\ij) =0,
and proved that its discretized solution converges locally uniformly towards the
viscosity solution of (0.1.4), under the following CFL condition

Az

—_— > 1.

7 2 max [HL ()], (0.1.18)
P, <p<pa

where P Do € R depend only on the Hamiltonians and the initial condition.

We assume in addition that,

Forall o, 8 € {1,--- , N}, minH, = min Hg. (0.1.19)
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Our second result, is thus an error estimate for the flux limited junction conditions
if the minima of the Hamiltonians on different branches are equal. More precisely,
we prove the following result.

Theorem 0.1.4 (Error estimates for flux-limited junction conditions). As-
sume that the Hamiltonians H, satisfy (0.1.8),(0.1.19). Let ug be Lipshitz continu-
ous, u" be the solution of the associated mumerical scheme (0.1.17),(0.1.13) and u
be the weak (viscosity) solution of (0.1.4)-(0.1.5) for some A = Ay € R. If the CFL
condition (0.1.18) is satisfied for P Do given in Theorem (.1.3 then there exists
C > 0 (independent of h) such that

sup  |ul(t,x) — u(t, )| < C(Ax)'2 (0.1.20)
[O,T)Xjﬁgh

In fact, it is explained in [44] that the proof of the comparison principle between
sub- and super-solutions of the continuous Hamilton-Jacobi equation can be adapted
in order to derive error estimates between the numerical solution associated with
monotone (stable and consistent) schemes and the continuous solution. In the Eu-
clidian case, the comparison principle is proved thanks to the technique of doubling
variables; it relies on the classical penalization term M Such a penalization
procedure is known to fail in general if the equation is posed on a junction; it is

explained in [65] that it has to be replaced with a vertez test function G.

In order to derive error estimates as in [42], it is important to study the regularity
of the vertex test function. More precisely, we prove (Proposition 1.5.1) that it can
be constructed in such a way that its gradient is locally Lipschitz continuous, at
least if the minima of the Hamiltonians on different branches are equal. In fact, we
see that the second order derivatives of the regularized vertex test function explode
near the origin when the minima are not equal, that is why we restrict ourselves to
the case where no regularization is needed.

Comments. Let us note that the derivative of a weak (viscosity) solution of a
Hamilton-Jacobi equation posed on the real line is known to coincide with the en-
tropy solution of the corresponding scalar conservation law. It is therefore reason-
able to expect that the error between the viscosity solution of the Hamilton-Jacobi
equation and its approximation is as good as the one obtained between the entropy
solution of the scalar conservation law and its approximation. We would like then
to compare our result to some existing results in the literature. In the scalar case,
it is proved in [46] that the error between the solution of the regularized equation
with a vanishing viscosity coefficient equal to € and the entropy solution of the
conservation law (which is merely of bounded variation in space) is of order €3 (in
L Ll norm). In [93], Ohlberger and Vovelle derive error estimates for finite volume
schemes associated with such boundary value problems and prove that it is of order
(Az)s (in L;, norm). In [103], assuming that the flux is bell-shaped, that is to say
the opposite is quasi-convex, it is proved that the error between the finite volume
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scheme and the entropy solution is of order (A.CE)% and that it can be improved to
(Az)zunder an additional condition on the traces of the BV entropy solution.

Contribution. In Chapter 2, we adapt a new approach in deriving error estimates
for flux limited junction conditions for well chosen Hamiltonians (in fat a larger class
of Hamiltonians), by replacing the vertex test function by the reduced minimal action
D following the Oleinik-Lax representation formula introduced in [67, 80]. We thus
that the error is of order (Az)z if the flux is strictly limited.

] [e.e]
prove, in L5,

It is well known that the Legendre-Fenchel conjugate is crucial in establishing a link
between the general problem (0.1.4) and a control problem. Through this link, we
obtain the representation formula for the exact solution. Before treating the case
where the Hamiltonians H,, satisfy (0.1.8), we first consider the case of Hamiltonians
satisfying the hypotheses of [67] i.e.,

(Regularity) H, is continuous
(Coercivity) limy, 100 Ha(p) = +00
(Convexity) H, is convex and is the Legendre Fenchel transform of L,
where L, is of class C? and satisfies (B0).
(0.1.21)

We recall that

Ho(p) = Li(p) = Slelg(pq — La(q))- (0.1.22)

We consider the following hypothesis for L,

(BO) There exists a constant i > 0 such that for all « = 1,--- | N, the C?(RR)
functions L, satisfy L >~ > 0.

Theorem 0.1.5 (Error estimates for flux-limited junction conditions). Let
ug be Lipschitz continuous, u" be the solution of the associated numerical scheme
(0.1.17)-(0.1.13) and u be the viscosity solution of (0.1.4)-(0.1.5) for some A € R.
If the CFL condition (0.1.18) is satisfied, then there exists C' > 0 (independent of
h) such that

C(AD)Y2  if A> Ay,

C(A2)5  if A= A, (0.1.23)

sup |uh(t,:c) —u(t,z)] < {

[07T) X JNGp

In order to derive error estimates as in [42], it is important to study the regularity
of the vertex test function. More precisely, we prove (Proposition 2.3.12) that its
gradient is locally Lipschitz continuous, at least if the flux is “strictly limited” and
far away from a special curve. But we also see that the reduced minimal action is
not of class C! on this curve. However we can get “weaker” viscosity inequalities
thanks to a result in [65] (see Proposition 2.2.3).
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Comments. For optimal control problems, the numerical approximation of Hamil-
ton Jacobi equations has already been studied using schemes based on the discrete
dynamic programming principle. Essentially, these schemes are built by replacing
the continuous optimal control problem by its discrete time version. We refer to
Capuzzo Dolcetta [35], Capuzzo Dolcetta-Ishii [37] for the results concerning the
convergence of uy, to u and the a priori estimates (of order Az) , in the L, giving
the order of convergence of the discrete-time approximation. We refer to Falcone [48]
for the results related to the order of convergence of the fully discrete (i.e. in space
and time) approximation and for the construction of the algorithm, we mention that
under a semi-concavity assumption the rate of convergence is of order 1. We do not
know hence if we should obtain an error estimate of order 1, due to technical diffi-
culties implied by the discontinuity. In [49], Falcone and Ferretti showed that in one
dimension, the first-order semi-Lagrangian scheme coincides with the integration of
the Godunov scheme for the corresponding conservation laws. We cite also [50] and
references therein for discrete time high order schemes for Hamilton-Jacobi Bellman
equations.

0.2 Indirect controllability /stability of a 1D sys-
tem of coupled wave equations

We introduce now the second part of this work, related to the study of controllability
and stability of weakly coupled wave equations in the one dimensional setting.

0.2.1 Motivation

Control theory can be described as the process of influencing the behavior of a
physical system to achieve a desired goal, primarily through the use of feedback
which monitors the effect of a system and modifies its output. Its application ranges
widely from earthquake engineering and seismology to fluid transfer, cooling water
and noise reduction in cavities, vehicles, such as pipe systems, the regulation of
biological systems like human cardiovascular system, the design of robotic systems,
and laser control in quantum mechanical systems. Roughly speaking, the concept
of controllability is described as the ability to steer our evolution system, whether
described in terms of partial or ordinary differential equations, from any initial state
to any desired final state in a finite time interval by means of a suitable control
(boundary control, internal control, controls localized on open subsets of bounded
sets, etc...).

Observability is a measure for how well internal states of a system can be inferred
by knowledge of its external outputs. The duality between the controllability and
observability of systems of partial differential equations in Banach spaces has been
examined in many works such as those of Lions [79] where Hilbert uniqueness the-
orem HUM is explained, and the works of Russell [99, 100]. Various methods could
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be used to prove observability inequalities such as Carleman estimates, micro-local
analysis and the multiplier method. For more details on the treatment of observ-

ability problems and proving observability inequalities for linear systems, we refer
the reader to [79], and [104].

As for stabilization, it is defined as the ability to find an input control that requires
the state response to approach zero as time T' — oo. Different types of stability also
occur. We only encounter polynomial stability in our case.

In this thesis, we implement the semi-group theory in the spirit of spectral theory
to study the exact controllability and stabilization of some evolution equations.
We use detailed spectral analysis in order to establish indirect exact controllability
and stabilization for coupled wave equations. In fact, we consider two types of
coupling: a zero order coupling parameter, and a coupling by means of velocities. In
chapter 3, we consider a one dimensional setting of coupled wave equations, coupled
by means of velocities, with only one boundary control acted on one of the two
equations. The second equation is hence controlled indirectly by means of coupling.
We consider afterwards waves propagating with same and different speeds, for which
we establish indirect exact controllability using the spectral approach, and hence
Ingham type inequalities hold [71, 73]. Whereas, in chapter 4, we consider a zero
order coupling parameter for a one dimensional setting of coupled wave equations
propagating with equal speeds, subject to only one boundary control on one of
the two equations. Using the Riesz basis approach, we establish an optimal decay
rate of the energy of the associated problem. Afterwards, using the Ingham type
inequalities, we derive observability spaces in order to conclude exact controllability
of the system in consideration.

In order to introduce the main theme of our study, and the obtained results let
us recall some of the fundamental definitions that are being used throughout this
thesis.

Definition 0.2.1. Let X be a Banach space. A one parameter family (S(t));>¢ of
bounded linear operators defined from X into X is a strongly continuous semigroup
of bounded linear operators on X if:

1. S(0) = I, (I identity operator on X).
2. S(t+s)=S5(t)S(s) for every t,s > 0.
3. S(t)x — x,as t — oo, Va € X.

Such a semigroup is called a Cy-semigroup

Definition 0.2.2. The infinitesimal generator A of the semigroup (S(t)):>o is de-
fined by:

D(A) ={z € X, tllm St)e - exists}.
and g
Az = lim M,x € D(A).

t—o00
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Definition 0.2.3. Let H be a Hilbert space. An operator (A, D(.A)) on H satisfying
R(Au,u) <0, Vue D(A),

is said to be a dissipative operator. A maximal dissipative operator (A, D(A)) on
H is a dissipative operator for which R(A — A) = H, for some A > 0. A maximal
dissipative operator is also called m-dissipative operator.

Generally speaking, the first step in dealing with the study of the stability of the
solution is to rewrite our evolution system of partial differential equations as a
Cauchy problem on some appropriate Hilbert space H called the energy space

U = AU, U(0) = U (0.2.1)

where A is an unbounded operator on H. Then we prove that A is the infinitesimal
generator of a Cy-semi-group of contractions (S(¢)):>o on #H in order to deduce the
existence of a solution in a certain Hilbert space. The solution is hence of the
form U(t) = S(t)Uy. We mention here Lumer-Phillips theorem (see [91]) which is
applied to justify the existence and uniqueness of solutions of some partial differential
equations.

Theorem 0.2.4 (Lumer-Philips Theorem). Let A be a linear operator with dense
domain D(A) in a Banach space X.

1. If A is dissipative and there exists A\g > 0 such that R(Al — A) = X then A
1s the infinitesimal generator of a Cy-semi-group of contractions on X.

2. If A is the infinitesimal generator of a Cy-semi-group of contractions on X

then R(Al — A) = X for all A > 0 and A is dissipative.

Consequently, A is maximal dissipative on a Hilbert space H if and only if it gen-
erates a Cy- semi-group of contractions on H and thus the existence of the solution
is justified by the following corollary which follows from Lumer-Phillips theorem.

Corollary 0.2.5. Let ‘H be a Hilbert space and let A be a linear operator defined
from D(A) C H into H. If A is mazimal dissipative then the initial value problem

du
E(t) = Au(t), t>0,u(0)=ug

has a unique solution u € C([0,4+00),H), for each initial datum ug € H. Moreover,
if up € D(A), then

u € C([0,+00), D(A)) N C*([0, +00), H).

We aim now to discuss the notions of stability of semi-groups.

Assume that A is a generator of a strongly continuous semi-group of contractions
on a Hilbert space H. We say that the semi-group (S(t)):>o generated by A is
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e Strongly (asymptotically) stable if for all Uy € H
15(¢)Uo||H — 0.
e Exponentially stable if there exist two positive constants C, wsuch that
1S(H)Uol|H < Ce™||Up|ly, ¥t >0,YU, € H.
e Polynomially stable if there exist constants «, 8, C' > 0 such that
IS@#)(d - A < Ct7, t>0,

for some d > 0.

0.2.2 Results

In this subsection, we present the problems that have been studied in this thesis,
mainly in Chapters 3 and 4, and the results that were obtained.

Literature. The mechanism of indirect dynamic controls has been introduced by
Russel [101]. Since then, many works have been established on the stabilization and
the exact controllability of hyperbolic systems with feedback, or systems subject to
internal or indirect boundary controls. Exact controllability and observability of
coupled systems either for hyperbolic-hyperbolic type or hyperbolic-parabolic type
had been earlier investigated by Lions [79]. These results assume that the coupling
parameter is sufficiently small. They have been extended in [71] to the cases of
arbitrary coupling parameters (assuming bounded coupling operators). For both
references, the multiplier technique was the fundamental element for acquiring the
desired estimates. Observability and exact controllability results have also been
obtained by Alabau [7, 9], Liu and Rao in [86], Wehbe [105-107] and Komornik and
Loretti in [71, 72]. We cite also [75] for Carleman estimates for exact boundary
controllability for hyperbolic equations. One can also look at [8, 10, 87, 88, 97] for
stabilization results.

We are interested in coupled wave equations, coupled through velocity terms, or
through zero order terms, in the one dimensional setting.

0.2.2.1 Wave equations coupled through velocity terms

Firstly, in chapter 3 we are interested in the following system of wave equations
coupled by velocities, in the one dimensional setting.

Ugp — Ugy + by = 0 on (0,1) x (0,T
Yt — Yz — buy =0 on (0,1) x (0,T
u(l,t) =u(0,t) = y(0,£) =0 forallt e (0,7,
y(1,t) = v(t) for all t € (0,7)

),
) 0.2.2)
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The system (0.2.2) is a classic model for the motions of two stacked elastic bodies.
The equations are coupled by means of velocities. We denote by a > 0 the ratio
of the velocities of the equations and by b the coupling parameter. The control
v € L*(0,T) is applied only at the right boundary of the second equation. The first
equation is controlled indirectly by means of coupling of the equations.

We consider the indirect boundary exact controllability problem: For given T >
0 and initial data (ug,u1,%0,y1) belonging to a suitable space, does there exist a
suitable control v that brings back the solution to equilibrium at time 7', such that
the solution of (0.2.2) satisfies

w(z, T) =u(z, T) =y(z, T) =y (x, T)=0 on (0,1).

Literature. In [13], Ammar-khodja and Bader proved that the internal damping
applied to only one of the equations never gives exponential stability if the wave
speeds are different. If the wave speeds are the same, i.e. if a = 1, they present
necessary and sufficient conditions for stability. In a generalized setting, Toufayli
in [104] proved, using the spectral method of Benchimol [28], that the system is
strongly stable for usual initial values. Afterwards, by [95] and [61], she established
exponential stability of the problem. Furthermore, using the multiplier method, she
established exact controllability for a boundary control acted only on one equation.
In [68] and [69], wave-wave systems having the same principal part are coupled
through velocity terms. Therefore, the coupling is not compact. Indirect observ-
ability and uniform stabilization results are established. Recently, Najdi and Wehbe
in [92] considered system (0.2.2) with only one boundary damping and established
exponential stability for b # km, k € Z*, when waves propagate with the same speed.
For two waves with different speeds of propagation, polynomial stability of type %
was proved only for a € Q.

Contribution. We prove exact controllability of system (0.2.2). Indeed, we es-
tablish observability inequalities using Ingham’s theorem ([73]) while distinguishing
the cases of different or equal speeds of propagation of the coupled waves. In order
to do so, we consider respectively the associated homogeneous problem (for a # 1,
and a = 1), that is to say, the null boundary acted control system. Hence, using
the Hilbert Uniqueness Method ([79]), we deduce the indirect exact controllability
of the considered system.

Unlike the spectral method, the multiplier method used in [6, 9, 12, 104] requires
some technical conditions on the coefficients of the system. Then, our aim is to
establish observability inequalities using the Ingham’s theorem while distinguishing
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the following cases:
(Case 1) a=1andb¢ nZ,
(Case 2) a=1andbe€ 7Z,
(Case 3) a # 1 such that a € Q,

(Case 4) a # 1 such that a € R\ Q.

Let us denote by Aj,, A2, the two branches of eigenvalues of the homogeneous
systems corresponding respectively for the cases a # 1 and a = 1, and by

El,n = (¢1,n7 /\l,ngbl,na ¢1,n, Al,nwl,n)a (0 2 3)
EQ,n = (¢2,n; >\2,n¢2,n7 7/)2,717 )\Q,an,n) o

the corresponding eigenvectors. Our main results are the following.

Case 1. The eigenvalues Aj ,,, A2, satisfy an uniform gap condition. Then using
the usual Ingham’s theorem, and if

2 7£ ﬂ Vki, ke € 7* (024)
(2 k) ’

we prove the following result.

Theorem 0.2.6. Assume that a = 1, condition (0.2.4) holds and b ¢ 7Z. Let 0 <
|b] < 7 be the resulting quantity of b—kn, where k € N*, such that kw < |b| < (k+1)x
and let

T>2 (0.2.5)

Then there exists a constant ¢y > 0 such that the following direct inequality holds

T
/0 (1, D)2t < 1| (o, D1, s 1)1 0.2.6)

for all solution ® = (b, ¢, 1, ) solving the corresponding homogeneous Cauchy
problem.

Moreover, there exists a constant 0 < co < ¢; depending only on b, such that the
following inverse observability inequality holds

T
ol (60, 61, Yo, )|, < / (1, £) Pt (0.27)
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Case 2. The eigenvalues A;,,, A2, are asymptotically close. To be precise, fol-
lowing proposition 3.2.7 in Chapter 3, we prove that there exist infinitely many
m~n-+ ]{70

o)

)
m2

o)

n? -’

)\1,m - )\Z,n ~

(0.2.8)

)\1,m - )\Q,n ~

Then, the usual Ingham’s theorem which requires an uniform gap condition does
not work in this case and consequently, the observability inequalities are not true
in the energy space. In order to get the inverse observability inequality, we will use
a general Ingham-type theorem based on the divided differences, which tolerates
asymptotically and even multiple eigenvalues. On the other hand, the observation
is on the second components of the eigenfunctions E,,, Es,. And, from (3.2.11)-
(3.2.12) from Proposition 3.2.2, we see that

(Y1n)e(1) = O(1),  (¥2n)2(1) = O(1). (0.2.9)

So, a natural space for the observability inequalities is the following weighted spectral
space

Dy = {(¢0, @1, %0, Y1) = Z(al,nEl,n + az,nEz,n)”2}>
n#0

where the factor n? is due to the closeness of eigenvalues (0.2.8).
We prove afterwards the following result.
Theorem 0.2.7. Assume that a = 1, condition (0.2.4) and b = kom for some

ko € Z*. Let
T > 4.

Then there exists a constant cz > 0 such that the following direct inequality holds

T
/0 (L, £) P < el (G0, 61, Yo, 90)| (0.2.10)

for all solution ® = (¢, py, 1, 1) solving the corresponding homogeneous Cauchy
problem.

Moreover, there exists a constant 0 < ¢4 < c3, such that the following inverse
observability inequality holds

T
ca| (o, o1, %0, 1) I, g/o |2 (1, 1) [2dt. (0.2.11)

Cases 3 and 4. We prove in Proposition 3.3.4 of Chapter 3, that there exist
infinitely many /am ~ n such that the eigenvalues are asymptotically close
O(1 O(1
)\1,m - )\2,n ~ Qa )\1,m - )\Q,n ~ L? <0212>
m n
where we distinguish cases of the ratio of the wave speeds, as 0 < a # 1 is a
rational number or an irrational number. Then, we will use a general Ingham-type
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theorem. On the other hand, the observation is on the second components of the
eigenfunctions E ,,, F . From (3.3.12)-(3.3.13) from Proposition 3.3.2, we see that

(Gra)a(1) = O1),  (han)u(1) = 2. (0.2.13)

n

So, if we want to observe the first equation via the second one, we have to use a
weaker norm so that the observation on the second component (11,),(1) does not
disappear. It seems that the following weighted spectral space

Dy = {(¢o, 61, %0,91) = > (a1 nErn + agunFay)n} (0.2.14)
n#0

is the natural space for the observability. In (0.2.14), the factor n before the eigen-
vector Ej, is due to the transmission of the modes between the two equations
(0.2.13), and the factor n is due to the closeness of the eigenvalues (0.2.12). If

(k — ak3)(aki — k3)
73 (a+ 1)(kf + k3)

we have the following result.

b? 7é Vky, ko € Z*, <02].5)

Theorem 0.2.8. Let 0 < a # 1, and let b a real number satisfying (0.2.15). Assume

that .
T>2(1+—).
g ( +\/5>

Then there exists a constant ¢y > 0 such that the following direct inequality holds

T
/0 (1, D)2t < 1]l (dos drs s 00) 12 (0.2.16)

for all solution ® = (b, ¢, 1, ¢y) solving the corresponding homogeneous Cauchy
problem.

Moreover, there exists a constant 0 < ¢ < ¢; depending only on a and b such that
the following inverse observability inequalities hold true:

1. If a is rational number, then

T
c||(do, 1. 1o, 1) I, S/O (1, 8)[7dt. (0.2.17)

2. For almost all irrational number a > 0, we have

T
(o, dr, do, )l < / (1, 1) Pdt. (02.18)

It is well known that the observability of the corresponding homogeneous Cauchy
problem leads to the exact controllability of the considered systems [79]. After
characterizing the corresponding weighted spectral spaces, we deduce the following
exact controllability results.
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Case 1. We have the following exact controllability result.

Theorem 0.2.9. Let a = 1, and suppose that condition (0.2.4) is satisfied. Assume
that there exist no integers k € Z, such that b = k. Let 0 < [b] < 7 the resulting
quantity of b — km, where k € N*, such that |b| < (k+ 1)m. Assume that

2w
> —.
0]
Let
(u07u17y07y1) € (L2(07 1) X H71<07 1))27

then there exists a control function v € L*(0,T) such that the solution of the non
homogeneous system (0.2.2) satisfies the null final conditions:

u(z, T) = u(z,T) =y(z,T) = y(x,T).

Case 2. We have the following exact controllability result.

Theorem 0.2.10. Let a = 1 and suppose that there exists some integer ko € Z*
such that b = kom. Assume that
T > 4.

Let
(w0, u1,Y0, 1) € (Hz(O, 1) x HS(Oa 1))27

then there exists v € L*(0,T) such that the solution of the non homogeneous system
(0.2.2) satisfies the null final conditions

u(z,t) = w(z,t) = y(o,t) = ye(x,t) =0, Vt>T.

Cases 3 and 4. We have the following exact controllability result.

Theorem 0.2.11. Let b # 0 be a real number satisfying (0.2.15) and 0 < a # 1.
Assume that |
T>2114+—|.
(1+ %)

1. If a is a rational number, let

(1o, u1, Yo, y1) € (H> x H* x H* x H")(0,1).
2. For almost all irrational number a > 0, let

(o, u1, Yo, y1) € (H> x H? x H* x H")(0,1).

Then there exists a control function v € L*(0,T) such that the solution of the non-
homogeneous system (0.2.2) satisfies the null conditions:

w(z,T) =w(z,T) =y(x,T) = y(x,T) = 0.
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Comments. In [89], Liu and Rao considered the one dimensional setting of two
coupled wave equations with a coupling parameter of order zero, propagating with
different speeds. Depending on the arithmetic property of a, they obtained different
spaces of observability. In the multi-dimensional setting, Alabau on the other hand,
proved in [9] with the multiplier method, that the observability holds with a stronger
norm than the one obtained in our case as in Theorem 3.1.1, for waves propagating
with equal speeds.

0.2.2.2 Wave equations coupled through zero order terms

In chapter 4, we are interested in the following system of coupled wave equations
through zero order terms posed in the one dimensional setting

Ut — Uy +y =0 on (0,1) x (0,7),
Yt — Yoo +u =0 on (0,1) x (0,7, (0.2.19)

u(l,t) =y(0,t) =y(1,t) =0 forallt e (0,7),
uz(1,t) +yu(1,t) =0 for all t € (0, 7).

We denote by a the coupling parameter, which is assumed to be a real number
small enough, and v a positive number. The damping w; is only applied at the right
boundary of the first equation. The second equation is indirectly damped through
the coupling between the two equations.

We consider the indirect boundary exact controllability problem: For given T >
0 and initial data (ug,u1,¥0,y1) belonging to a suitable space, does there exist a
suitable control v that brings back the solution to equilibrium at time 7', such that
the solution of (0.2.19) satisfies

w(z,T) =u(z,T) =y(z,T) =y(z,T)=0 on (0,1).

Literature. The polynomial energy decay rate occurs in many control problems
where the open-loop systems are strongly stable, but not exponentially stable (hy-
brid systems, partially or locally damped systems), see [74] and references therein.
The majority of the works in establishing polynomial energy decay rate has been
based on the spectral method, frequency domain method, time domain multiplier
and weak observability methods. We quote [84, 85, 96, 97] for hybrid systems,
[76, 77, 88] for wave equations with local internal or boundary damping,[5, 14, 16, 90]
for second order systems with partial internal damping,[27, 87| for abstract systems
and [101] for systems of coupled wave-heat equations. We also mention [8, 10] for
coupled hyperbolic systems, and [11] for coupled wave type systems. For a general
formulation of partially damped systems see [98] and references therein. In [8] (see
also references therein), polynomial decay estimates in the case of indirect internal
stabilization are given.

In [10], Alabau-Boussouira considered more general systems of coupled second order
evolution equations (wave-wave, Kirchoff-Petrowsky, wave-Petrowsky). In the multi-
dimesional case of the wave-wave coupling, the lack of uniform stability was proved
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by the compact perturbation argument, and the polynomial energy decay rate \/%
was established by a general integral inequality, for a star shaped domain of R".
While when considering different speeds of propagation (particularly the ratio of
speeds equal to k2, ky € Z*) the same energy decay rate was established in a N-
dimensional interval where N < 3. These results are very interesting but are not
optimal.

Hereafter in [11], Alabau and Léautaud considered a coupled system of wave equa-
tions, with variable coefficients, with one boundary feedback, and proved a polyno-
mial energy decay rate of order \/Lz for initial data in D(.A). And thus, the aim of this
chapter is to improve the energy decay rate and to establish an optimal polynomial
decay of type % for initial data in D(A) by the Riesz basis approach.

Contribution. We prove by the spectral approach, that the solution of (0.2.19)
decays with an optimal polynomial rate of order % More precisely, we prove the
following result.

Theorem 0.2.12. Assume that v # 1. For all initial data Uy € D(A), there exists
a constant ¢ > 0 independent of Uy, such that the energy of the problem (0.2.19)
satisfies the following estimation:

c
E(t) < ZHUOH%(A)' (0.2.20)
Moreover, the energy decay rate (0.2.20) is optimal.

In order to establish this result, using a result from [90], it is sufficient to prove that
the real part, and the imaginary part of the corresponding eigenvalues are in fact
bounded. Moreover, one has to prove that the corresponding eigenvectors form a
Riesz basis of the energy space in consideration [90].

Hereafter, we study the exact controllability of the following system of weakly cou-
pled wave equations with Neumann boundary conditions, propagating with equal
speeds, described by

U — Ugy +y =0 on (0,1) x (0,7),

Yst — Yoz + 4 =0 on (0,1) x (0,7), (0.2.21)
u(0,t) = y(0,t) =y(1,t) =0 forallte (0,7), o
uz(1,t) = v(t) forall t € (0,7).

The control v is applied only at the right boundary of the first equation. The second
equation is indirectly controlled by means of the coupling between the equations.
We consider the indirect boundary exact controllability problem: For given T" > 0
and initial data (ug, u1,yo,y1) belonging to a suitable space, is it possible to find a
suitable control v such that the solution of system (0.2.21) (u, us, y, y;) is driven to
zero at time T, i.e.,

w(z,T) =u(z,T) =y(x,T) =y(x,T) =0 on (0,1).
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Literature. Concerning coupled hyperbolic-hyperbolic systems, several results
concerning both stabilization and observability via two control forces have been
obtained. Complete and partial observability (respectively, controllability) results
for coupled systems either of hyperbolic-hyperbolic type or of hyperbolic-parabolic
type can be found in [79]. These results assume that the coupling parameter is suf-
ficiently small. They have been extended in [71] to the cases of arbitrary coupling
parameters (assuming bounded coupling operators). For both references, the multi-
plier method was the main ingredient for obtaining the desired estimates. Complete
observability (respectively, controllability) results have also been obtained in [75] for
systems of coupled second order hyperbolic equations containing first order terms
in both the original and the coupled unknowns. These results are based on Car-
leman estimates. Stabilization and observability results for hyperbolic-hyperbolic
systems via a single control force have been considered more recently. In [8] (see
also references therein), polynomial decay estimates in the case of indirect internal
stabilization case are given. These results have been extended to several (wave-wave
coupling, Petrowsky-Petrowsky coupling) for the locally distributed indirect stabi-
lization case in [29]. Moreover, Alabau in [6], proved that it is possible to reach
any target state in (Hj x L?)%(Q), for a sufficiently large time. These results have
been generalized in [12] and [9], where she considered a multidimensional setting of
two weakly coupled wave equations, and proved its exact controllability using a so
called indirect observability method: that is to observe only one component of the
unknown on the boundary and know whether this observation can give back the
initial energy of components of the solution.

Contribution. We prove exact controllability for system (0.2.21). Indeed, we
establish observability inequalities using Ingham’s theorem ([73]). In order to do so,
we consider the associated homogeneous problem, that is to say, the null boundary
acted control system. Hence using the Hilbert Uniqueness Method ([79]), we deduce
the indirect exact controllability of the considered system.

Let us denote by Aq,,, A2, the two branches of eigenvalues of the corresponding
homogeneous system associated to (0.2.21) , and denote by

El n — (¢1 ) /\1 n¢1 ) ¢1 79 )\1 nwl n)a
7 0 An Pl Plny ALnL, 0.2.22
{ EQ,n = (¢2,n7 )\2,n¢2,n7 ¢2,n, )\2,nw2,n) ( )

the corresponding eigenvectors. We prove in Proposition 4.4.1 of Chapter 4, that
there exist infinitely many m ~ n such that the eigenvalues satisfy a standard gap

But the observation is on the first components of the corresponding eigenvectors
E , Es . Following Proposition 4.4.2 in Chapter 4, we have

$1n(1) = O (%) , P2n(1) =0 ( ! ) : (0.2.24)

n2
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Hence, the following weighted spectral space is the natural space for observability

D= {<¢07 ¢17 ¢07 ¢1) = Z(Oél,nnEl,n + a2,nn2E2,n)}- <O225>
n#0

In (0.2.25), the factors n and n? are due to the transmission of the modes between
the two equations.

We prove the following result.

Theorem 0.2.13 (Observability inequalities for Neumann boundary control). Let
a # 0 be a real number small enough. Assume that

T > 4.

Then there exists a constant c; > 0 such that the direct observability inequality holds

T
A|MLﬂWﬁSQW%¢h%w®%7 (0.2.26)

for all solution ® = (b, ¢y, 1, 1y) solving the corresponding homogeneous Cauchy
problem.

Moreover, there exists a constant 0 < ¢ < ¢y, such that the following inverse observ-
ability inequality holds

T
ﬂwm%wmmm%§A|MLm%t (0.2.27)

It is well known that the observability of the corresponding homogeneous Cauchy
problem leads to the exact controllability of the considered systems [79]. After
characterizing the corresponding weighted spectral space, we deduce the following
exact controllability result.

Theorem 0.2.14. Let o # 0 be a real number small enough. Assume that
T > 4.

Let
<u07u17y0>y1) € (Hl X L2 X H2 X H1>(0> 1)a

then there exists v € L*(0,T) such that the solution of the non homogeneous system
(0.2.21) satisfies the null final conditions

u(z,t) = w(z,t) = y(z,t) = ye(x,t) =0, Vt>T.
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0.3 Organization of the thesis

This thesis is constituted of four chapters organized into two parts. Some chapters
of this manuscript are from items being prepared, or submitted.

Chapters 1 and 2 of Part I correspond to the study of numerical approximations of
Hamilton-Jacobi equations posed on a junction. The first chapter deals with finite
difference schemes of a first order Hamilton-Jacobi equation posed on a junction,
where we derive error estimates for flux limited junction conditions, and prove con-
vergence under general junction conditions. We ameliorate in the second chapter, by
using a new approach, the result of the error estimate obtained in the first chapter,
for a lager class of Hamiltonians.

Chapters 3 and 4 of Part I are concerned with the study of indirect controllability
and stability of coupled wave equations. The third chapter is dedicated to the proof
of the exact controllability of a system of wave equations coupled through velocity
terms, in the one dimensional setting, while propagating with equal or different
speeds of propagation. While in the fourth chapter, we study stabilization and
exact controllability of coupled wave equations coupled through zero order terms,
in the one dimensional setting.
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Numerical analysis for
Hamilton-Jacobi equations on
networks






Chapter 1

Error estimates for finite
difference schemes associated with
Hamilton-Jacobi equations on a
junction

Ce chapitre vise a étudier un schéma monotone de différences finies
aasocié a une équation de Hamilton-Jacobi du premier ordre. Ce shéma
est une extension du schéma déja introduit par Costeseque, Lebacque
et Monneau (2013) pour des conditions de jonctions générales. D’une
part, nous démontrons la convergence de la solution numérique vers la
solution de [’équation de Hamilton-Jacobi, quand la taille du maillage
tend vers zéro, pour les conditions de jonction générales. D’autre part,
nous dérivons des estimations d’erreurs d’ordre (Ax)% dans Li. pour
des conditions de jonction du type controle optimal st les minimums des
Hamiltoniens sont égauc.
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Abstract. This chapter is concerned with monotone finite difference schemes asso-
ciated with first order Hamilton-Jacobi equations posed on a junction. They extend
the schemes recently introduced by Costeseque, Lebacque and Monneau (2013) to
general junction conditions. On one hand, we prove the convergence of the numeri-
cal solution towards the weak (viscosity) solution of the Hamilton-Jacobi equation
as the mesh size tends to zero for general junction conditions. On the other hand,
we derive error estimates of order (Ax)% in Li¥ for junction conditions of optimal-

loc
control type if the minima of the Hamiltonians are equal.

1.1 Introduction

This chapter is concerned with numerical approximation of first order Hamilton-
Jacobi equations posed on a junction, that is to say a network made of one node
and a finite number of edges.

The theory of weak (viscosity) solutions for such equations on such domains has
reached maturity by now [2, 65, 67, 102, 103]. In particular, it is now understood
that general junction conditions reduce to special ones of optimal-control type [64—
66]. Roughly speaking, it is proved in [65] that imposing a junction condition en-
suring the existence of a continuous viscosity solution and a comparison principle
is equivalent to imposing a junction condition obtained by “limiting the flux” at
the junction point. Very recently, Lions and Souganidis [81, 82] wrote a note about
a new approach for Hamilton-Jacobi equations posed on junctions with coercive
Hamiltonians that are possibly not convex.

For the “maximal” fluz-limited junction conditions, Costeseque, Lebacque and Mon-
neau [41] introduced a monotone numerical scheme and proved its convergence.
Their scheme can be naturally extended to general junction conditions and our first
contribution is to introduce such a generalization and to prove its convergence.

Our second and main result is an error estimate a la Crandall-Lions [42] in the case of
flux-limited junction conditions. It is explained in [42] that the proof of the compar-
ison principle between sub- and super-solutions of the continuous Hamilton-Jacobi
equation can be adapted in order to derive error estimates between the numerical
solution associated with monotone (stable and consistent) schemes and the contin-
uous solution. In the Euclidean case, the comparison principle is proved thanks
to the technique of doubling variables; it relies on the classical penalization term
e~z —y|*. Such a penalization procedure is known to fail in general if the equation
is posed in a junction; it is explained in [65] that it has to be replaced with a vertex
test function.

In order to derive error estimates as in [42], it is important to study the regularity
of the vertex test function. More precisely, we prove (Proposition 1.5.1) that it can
be constructed in such a way that its gradient is locally Lipschitz continuous, at
least if the minima of the Hamiltonians on different branches are equal. In fact, we
see that the second order derivatives of the regularized vertex test function explode
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near the origin when the minima are not equal, that is why we restrict ourselves to
the case where no regularization is needed.

1.1.1 Hamilton-Jacobi equations posed on junctions

A junction is a network made of one node and a finite number of infinite edges. It
can be viewed as the set of N distinct copies (N > 1) of the half-line which are
glued at the origin. For « = 1,..., N, each branch J, is assumed to be isometric to
[0, +00) and

J= |J Jo with J.nJz={0} for a#p
where the origin 0 is called the junction point. For points z,y € J, d(z,y) denotes

the geodesic distance on J defined as

d(z,y) = | —y|  if x,y belong to the same branch,
Y= |z| + |y| if x,y belong to different branches.

With such a notation in hand, we consider the following Hamilton-Jacobi equation
posed on the junction J,

u + Ho(u,) =0 in (0,7) x J, \ {0}, (11.1)
w+ P8, =) =0 in (0,7) x {0}, -
submitted to the initial condition
uw(0,z) = ug(x), forzeJ (1.1.2)

where w is globally Lipschitz in J. The second equation in (1.1.1) is referred to
as the junction condition. We consider the important case of Hamiltonians H,
satisfying the following conditions:

H, € C*(R) and H/(pg) > 0
There exists py € R such that ¢ +H/(p) >0 for =+ (p —p§) >0 (1.1.3)
limyp|— 400 Ha(p) = +00.

In particular H, in non-increasing in (—oo, p§] and non-decreasing in [p§, +00), and
we set

H,(p for p < pg§ H,(p§ for p < pg,
() = { Il l o and  HI(p)= ) o
H,(pg) for p > pf H,(p)  for p > pj

where H_ is non-increasing and H_ is non-decreasing.

We assume in addition that,

Forall o, 8 € {1,--- , N}, minH, = min Hg. (1.1.4)
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We next introduce a one-parameter family of junction conditions: given a flux limiter
A € RU{—o0}, the A-limited flux junction function is defined for p = (p1,...,pn)
as,

Fi(p) = max (A, _max H (pa)) (1.1.5)

-----

for some given A € R|J{—o0} where H is non-increasing part of H,.

We now consider the following important special case of (1.1.1),

w + Ha(ug) =0 in (0,7) x Ju \ {0},
{ Uy —i—FA(g—;l, . .,51—1;) =0 in (0,7) x {0}. (1.1.6)

We point out that all the junction functions F associated with A € [—o0, Ay
coincide if one chooses
Ap = max HEDH‘Y‘ (1.1.7)

a=l1,...,

As far as general junction conditions are concerned, we assume that the junction
function F': R" — R satisfies

F is continuous and piecewise C''(R"),

Vo, Vp = (p1,...,pn) € RV, 8E(p) <0, (1.1.8)
F(p1,...,pn) = 400 as min p; — —oc.
ie{1,...,N}

1.1.2 Presentation of the scheme

The domain (0, +00) x J is discretized with respect to time and space. We choose
a regular grid in order to simplify the presentation but it is clear that more general
meshes could be used here. The space step is denoted by Az and the time step by
At. If h denotes (At, Az), the mesh (or grid) G, is chosen as

Gn = {nAt :n € N} x J&*

where
JA =) J8 with  J, D J2" ~ {iAx:ieN}.
a=1,...,N
It is convenient to write x{' for tAx € J,.

A numerical approximation u” of the solution u of the Hamilton-Jacobi equation is
defined on Gy,; the quantity u”(nAt, z&) is simply denoted by U". We want it to
be an approximation of u(nAt,z¢%) for n € N, ¢ € N, where « stands for the index
of the branch.

We consider the following time-explicit scheme: for n > 0,

Uq,n+1_Ucz,n

g tmax{H (p;"), Hy (pi 1)} =0, i>1, a=1,...,

Upr = ur, i=0, B=1,...,

n+1
U™ —Ug

1n N,
2+ Fpelt,. - po1) =0,

==

(1.1.9)
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where p?i” are the discrete (space) gradients defined by

Ut — et Ut — et
on . il — Ti P S A ¥ 1.1.10
Pizt Ax ’ Pi- Az ( )
with the initial condition
U =ug(z®), i>0, a=1,...,N. (1.1.11)

The following Courant-Friedrichs-Lewy (CFL) condition ensures that the explicit
scheme is monotone,

A
FjZmax{ max |H,,(p;})|; max {(—V-F)(p[l)ﬁ,...,pé\ff)}} (1.1.12)

0<nnr
where the integer nr is the integer part of % for a given T" > 0.

1.1.3 Main results

As previously noticed in [41] in the special case F' = Fj,, it is not clear that
the time step At and space step Az can be chosen in such a way that the CFL
condition (1.1.12) holds true since the discrete gradients p;"" depend itself on At
and Az (through the numerical scheme). We thus impose a more stringent CFL
condition,

i—f > max { Jnax, IHé(p)l;pO max_ {(—V - F)(p1, . .. ,pN)}} (1.1.13)
RS SN -

for some Qa,ﬁa,gg € R to be fixed (only depending on wg, H, and F'). We can
argue as in [41] and prove that pa,ﬁa,pg € R can be chosen in such a way that
the CFL condition (1.1.13) implies (1.1.12) and, in turn, the scheme is monotone
(Lemma 1.4.1 in Section 1.4). We will also see that it is stable (Lemma 1.4.5) and
consistent (Lemma 1.4.6). It is thus known that it converges [21, 42]. Notice that
taking ' = F, gives the following CFL condition

Ax

—=> ' (). 1.
A7 2 Jmax |H,(p)] (1.1.14)

a=1,...,N,

P, <P<Py

Theorem 1.1.1 (Convergence for general junction conditions). Let T" > 0
and ug be Lipschitz continuous. There exist pa,ﬁa,pg eR,a=1,...,N, depending
only on the initial data, the Hamiltonians and the junction function F, such that,
if h = (At, Ax) satisfies the CFL condition (1.1.13), then the numerical solution
ul defined by (1.1.9),(1.1.11) converges locally uniformly as h goes to zero to the
unique weak (relazed viscosity) solution u of (1.1.1)-(1.1.2), on any compact set
KcCl0,T)xJ, ie.

limsup sup |u"(¢, ) —u(t,z)| = 0. (1.1.15)
[h| =0 (t,z))eKNGp,
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Remark 1.1.2. We know from [65] that the equation (1.1.1)-(1.1.2) have a unique
relaxed viscosity solution in the sense of Definition 1.2.2. For particular junction
conditions, i.e., replacing F' by F4 the unique viscosity solution is defined in the
sense of Definition 1.2.1. Notice that the scheme has a junction condition which is
not relaxed. However the solution of the scheme converges to the unique relaxed
solution of the associated Hamilton-Jacobi equation.

The main result of this chapter lies in getting error estimates in the case of flux-
limited junction conditions, under the assumption (1.1.4).

Theorem 1.1.3 (Error estimates for flux-limited junction conditions). As-
sume that the Hamiltonians H,, satisfy (1.1.3)-(1.1.4). Let ug be Lipshitz continuous,
ul be the solution of the associated numerical scheme (1.1.9)-(1.1.11) and u be the
weak (viscosity) solution of (1.1.6)-(1.1.2) for some A = Ay € R. If the CFL condi-
tion (1.1.14) is satisfied, then there exists C' > 0 (independent of h) such that

sup |u(t,z) —u(t,z)| < C(Ax)Y2 (1.1.16)
[0,7)x JNGp,

1.1.4 Related results

Numerical schemes for Hamilton-Jacobi equations on networks. The dis-
cretization of weak (viscosity) solutions of Hamilton-Jacobi equations posed on net-
works has been studied in few papers only. Apart from [41] mentioned above, we are
only aware of three other works. A convergent semi-Lagrangian scheme is introduced
in [33] for equations of eikonal type. In [57], an adapted Lax-Friedrichs scheme is
used to solve a traffic model; it is worth mentioning that this discretization implies
to pass from the scalar conservation law to the associated Hamilton-Jacobi equation
at each time step. In [59], Guerand and Koumaiha (see Chapter 2) improved the
error estimate for a larger class of Hamiltonians. Their approach is slightly different
from our approach, they use a function relative to the optimal control interpretation
of the problem, in the penalization procedure.

Link with monotone schemes for scalar conservation laws. We first fol-
low [41] by emphasizing that the convergence result, Theorem 1.1.1, implies the
convergence of a monotone scheme for scalar conservation laws (in the sense of
distributions). In fact, this scheme recovers the classical Godunov scheme [55].

In order to introduce the scheme, it is useful to introduce a notation for the numerical
Hamiltonian H,,

Ho(pt,p~) = max{H, (p"), Hy (p7)}-

The discrete solution (V") of the scalar conservation law is defined as follows,

unT-usn o
Zidl Ti if 7 2 1
Va/n _ Ax
’L+% - Uf‘v’ﬂ_Uéz

= if § = 0.
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In view of (1.1.9), it satisfies for all a =1,... N,

a,n+1 a,n
L

i+ s i+ 1 a,n a,n amn a,n _ .
T e (Ag) (%a(vi%, VD) = HalVST, Vi_%)> —0, i>1,
Va,n+1_va,n

2 4 (A)? (’Ha( o yeny gy fv’")) —0

2 2 2 2

submitted to the initial condition
ity Ax ’
It is worth mentioning that our scheme In view of Theorem 1.1.1, we thus can

conclude that the discrete solution v" constructed from (V™) converges towards u,
in the sense of distributions, at least far from the junction point.

Scalar conservation laws with Dirichlet boundary conditions and con-
strained fluxes. We would like next to explain why our result can be seen as
the Hamilton-Jacobi counterpart of the error estimates obtained by Ohlberger and
Vovelle [93] for scalar conservation laws submitted to Dirichlet boundary conditions.

On the one hand, it is known since 1979 and Bardos, Le Roux and Nedelec [20]
that Dirichlet boundary conditions imposed to scalar conservation laws should be
understood in a generalized sense. This can be seen by studying the parabolic
regularization of the problem. A boundary layer analysis can be performed for
systems if the solution of the conservation law is smooth; see for instance [54, 60].
Depending on the fact that the boundary is characteristic or not, the error is £
or . In the scalar case, it is proved in [46] that the error between the solution of
the regularized equation with a vanishing viscosity coefficient equal to ¢ and the
entropy solution of the conservation law (which is merely of bounded variation in
space) is of order £'/? (in L®L! norm). In [93], the authors derive error estimates
for finite volume schemes associated with such boundary value problems and prove
that it is of order (Az)Y® (in L;, norm). More recently, scalar conservation laws
with flux constraints were studied [39, 40] and some finite volume schemes were built
[17]. In [34], assuming that the flux is bell-shaped, that is to say the opposite is
quasi-convex, it is proved that the error between the finite volume scheme and the
entropy solution is of order (Az)s and that it can be improved to (Az)2 under an
additional condition on the traces of the BV entropy solution. It is not known if the
estimates from [34] are optimal or not.

On the other hand, the derivative of a weak (viscosity) solution of a Hamilton-Jacobi
equation posed on the real line is known to coincide with the entropy solution of
the corresponding scalar conservation law. It is therefore reasonable to expect that
the error between the viscosity solution of the Hamilton-Jacobi equation and its
approximation is as good as the one obtained between the entropy solution of the
scalar conservation law and its approximation.

Moreover, it is explained in [67] that the junction conditions of optimal-control type
are related to the BLN condition mentioned above; such a correspondence is recalled
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in Appendix 1.9. It is therefore interesting to get an error estimate of order (Ax)'/?

for the Hamilton-Jacobi problem.

1.1.5 Open problems

Let us first mention that it is not known if the error estimate between the (entropy)
solution of the scalar conservation law with Dirichlet boundary condition and the
solution of the parabolic approximation [46] or with the numerical scheme [93] is
optimal or not. Here, we prove an optimal error estimate for A = A, for Hamiltoni-
ans satisfying (1.1.4). As the second order derivatives of the vertex test function G
are not bounded near the diagonal for x = y = 0, we can not derive error estimates
for A > Ay, or in the case where (1.1.4) is not satisfied.

Deriving error estimates for general junction conditions seems difficult to us. The
main difficulty is the singular geometry of the domain. The vertex test function, used
in deducing the error estimates with flux limited solutions, is designed to compare
flux limited solutions. Consequently, when applying the reasoning of Section 1.6,
the discrete viscosity inequality cannot be combined with the continuous one. We
expect that a layer develops between the continuous solution and the discrete scheme
at the junction point.

Organization of the chapter. The remaining of the chapter is organized as
follows. In Section 1.2, we recall definitions and results from [65] about viscosity
solutions for (1.1.1)-(1.1.2) and the so-called vertex test function. Section 1.3 is
dedicated to the derivation of discrete gradient estimates for the numerical scheme.
In Section 1.4, the convergence result, Theorem 1.1.1 is proved. In Section 1.5, it is
proved that the vertex test function constructed in [65] can be chosen so that the
gradient is locally Lipshchitz continuous if A = Ay and if (1.1.4) holds true. The
final section, Section 1.6, is dedicated to the proof of the error estimates.

1.2 Preliminaries

1.2.1 Viscosity solutions

We introduce the main definitions related to viscosity solutions for Hamilton-Jacobi
equations that are used in the remainder. For a more general introduction to vis-
cosity solutions, the reader is referred to Barles [24] and to Crandall, Ishii, Lions
[45].

Space of test functions. For a real valued function v defined on .J, we denote
by u® the restriction of u to (0,77) x J,.
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Then we define the natural space of functions on the junction:

C'(Jr) ={ue C(Jr):Ya=1,...,N,u* € C*((0,T) x J,)}.

Viscosity solutions. In order to define classical viscosity solutions, we recall the
definition of upper and lower semi-continuous envelopes u* and wu, of a (locally
bounded) function u defined on [0,T") x J:

u*(t,z) = limsup u(s,y) uy(t,z) = liminf wu(s,y).
(s,y)—=(t2) (s,y)—= ()

Definition 1.2.1 (Viscosity solution). Assume that the Hamiltonians satisfy
(1.1.3) and that F satisfies (1.1.8) and let u: (0,7) x J — R.

(1) Wesay that u is a sub-solution (resp. super-solution) of (1.1.1)in (0,7) x J
if for all test function ¢ € C'(Jr) such that

u* <@ (resp. uy > ) in a neighborhood of  (tg,z¢) € Jr
with equality at (¢, zo) for some tg > 0, we have
¢r+ H(ps) <0 (resp. >0) at (fo, o)
if 2o # 0, else

Oy Oy

Sot+ (axl7 ’8:01\7

) <0 (resp. >0) at (tg,xo) = (to,0).

(ii ) We say that u is a sub-solution (resp. super-solution) of (1.1.1)-(1.1.2) on
[0,T) x J if additionally

u*(0,2) <wup(x) (resp. u (0,2) > ug(x)) forall ze€J

(ili) We say that u is a (viscosity) solution of (1.1.1)-(1.1.2) if u is both a
sub-solution and a super-solution of (1.1.1)-(1.1.2).

As explained in [65], it is difficult to construct viscosity solutions in the sense of
Definition 1.2.1 because of the junction condition. It is possible in the case of the
flux-limited junction conditions F4. For general junction conditions, the Perron
process generates a viscosity solution in the following relaxed sense [65].

Definition 1.2.2 (Relaxed viscosity solution). Assume that the Hamiltonians
satisfy (1.1.3) and that F satisfies (1.1.8) and let u: (0,7) x J — R.
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(i) We say that u is a relazed sub-solution (resp. relazed super-solution) of
(1.1.1) in (0,T) x J if for all test function ¢ € C*(Jr) such that

u* <@ (resp. uy > ) in a neighborhood of  (tg,xz¢) € Jr
with equality at (o, x¢) for some ¢y > 0, we have
01 + Ho(pz) <0 (resp. >0) at (to,x0)

if zg # 0, else

either ¢y + F(aa—;’;, ce £—‘fv) <0 (resp. >0) at (to,z0) = (to,0)
or ¢+ Ha(a%%) <0 (resp. >0) at (to,z0) = (to,0) for some a.

(ii) We say that u is a relaxed (viscosity) solution of (1.1.1) if u is both a
sub-solution and a super-solution of (1.1.1).

Let us recall some theorems in [65].

Theorem 1.2.3 (Comparison principle on a junction). Let A € R U {—oc}.
Assume that the Hamiltonians satisfy (1.1.3) and the initial datum ug is uniformly
continuous. Then for all sub-solution u and super-solution v of (1.1.6),(1.1.2) sat-
isfying for some T'> 0 and Cp > 0

u(t,z) < Cr(1+d(0,2)), wv(t,z) > —-Cr(1+d(0,z)), forall (t,z)€[0,T)xJ,

we have
u<v in [0,T)x J

Theorem 1.2.4 (General junction conditions reduce to flux-limited ones).
Assume that the Hamiltonians satisfy (1.1.3) and that F' satisfies (1.1.8). Then there
exists Ap € R such that any relaxed viscosity (sub-/super-)solution of (1.1.1) is in
fact a viscosity (sub-/super-)solution of (1.1.6) with A = Ap.

Theorem 1.2.5 (Existence and uniqueness on a junction). Assume that the
Hamiltonians satisfy (1.1.3) and that F satisfies (1.1.8) and that the initial datum
ug 4s Lipschitz continuous. Then there exists a unique relazed viscosity solution u
of (1.1.1)-(1.1.2), such that

lu(t,z) —uo(z)| < Ct  forall (t,x)e[0,T)xJ

for some constant C' only depending on H and ug. Moreover, it is Lipschitz contin-
uous with respect to time and space, in particular,

[Vulloo < C.
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1.2.2 Vertex test function

In this subsection, we recall what a vertex test function is. It is introduced in [65]
in order to prove a comparison principle for (1.1.1). This function G plays the role
of |z — y|? in the classical “doubling variables” method [45].

Let us just mention that on the one hand Guerand in [58] and Lions and Souganidis
in [81, 82] on the other hand studied well-posedness and stability properties for
Hamilton-Jacobi equations with non convex coercive Hamiltonians. Moreover, in
[26], Barles et al. compared two different approaches for regional control problems.
In fact, they showed how the results of the classical approach, using a standard
notion of viscosity solutions, can be interpreted in terms of flux-limited solutions.
In particular, they gave a simpler proof of the comparison principle, avoiding in
particular the use of the vertex test function G. We wonder thus if we adapt their
reasoning in the proof of the error estimate, whether we have to restrict ourselves
in the case of Hammiltonians satisfying (1.1.4) for A = Ay, or not. And what error
estimate could we obtain while considering non convex Hamiltonians as in [82].

We recall now the vertex test function G' from [65].

Theorem 1.2.6 (Vertex test function - the general case- [65]). Let A € RU{—o0}
and v > 0. Assume the Hamiltonians satisfy (1.1.3) and p§ = 0, that is to say

min H, = H,(0). (1.2.1)

Then there exists a function G : J*> — R enjoying the following properties.

(i) (Regularity)

G(z,.) e CY(J) forall z€J,

GeC(J) and {G(.,y)ECl(J) for all y e J.

(i) (Bound from below) G > 0= G(0,0).
(i17) (Compatibility condition on the diagonal) For all x € J

G(z,z) <. (1.2.2)
(iv) (Compatibility condition on the gradients) For all (x,y) € J?

[ Hp(=Gy(2,9)) — Ha(Ga(z,y)) <~
if v € Jo \ {0}, y € Js\ {0},
Hy(—Gy(2,y)) = Falge(@.9), - o (0,9)) <
ifv =0,y € Js\ {0},

Fa(=55(2,y). .~ (2,y) = Ha(Gala,y)) <7
if v € Jo \ {0},y =0,
Fa(=8%(z,y), ..., 2 (2,y)) — Fa(L(x,y), ..., 2L (z,y) <
\ fo:O’yZO

(1.2.3)
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(v ) (Superlinearity) There ezists g: [0, +00) — R non-decreasing and s.t. for
(z,y) € J*

g(d(z,y)) < G(z,y) and lim 9(a) = +o00. (1.2.4)

a—+00

(vi) (Gradient bounds) For all K > 0, there exists Cx > 0 such that for all
(z,y) € J?,

d(z,y) <K = [Golz,y)[ +|Gy(2,y)] < Ck. (1.2.5)
It is mentioned in [65] that the vertex test function G is obtained as a regularized
version of A + G° where G° is defined, for a, 3 =1,---, N, by

Gx,y) = sup (pax —ppy—N) if (z,y) € Jo X Js (1.2.6)
(p,A)EG(A)

where G(A) is referred to as the germ and is defined as follows

G(A) = {(p,\) e RN xR, H,(ps) = Falp) =X\ for a=1,...,N} if N>2
{(p1,\) e R xR, Hi(p) == A} it N=1

We recall that G is a C' function except on the diagonal. Under assumptions

(1.1.4) and (1.2.1), G° € C*(J?), and thus the vertex test function G is equal to
A+ GO for all (z,y) € J, x Js. Hereafter, G° satisfies the following properties.

Theorem 1.2.7. Assume the Hamiltonians satisfy (1.1.3), (1.1.4) and assume that
o =0, that is to say,

min H, = H,(0) = Ag, Va=1,--- N. (1.2.7)
Then the function G° : J?> — R enjoys the following properties.

(i) (Regularity)
G e C'(J?)

(ii) (Bound from below) G° > G°(0,0) = —A,.
111) (Compatibility condition on the diagonal) For all x € J
(iii) (

GOz, 2) = —A,.
(iv) (Compatibility condition on the gradients) For all (x,y) € J?
[ Hs(=Gy(2,y)) — Ha(GY(z,y)) <0

if v € Jo \{0},y € J5 \ {0},

Hy(~GS(2,y)) = Fa(5 (2, y), ..., 55 (2,4)) <0
if v =0,y € Jg \ {0},

Fao(—22 (2, y), ., 2 (2, ) — (GO y)) <0
if v € Jo \ {0}, y =0,
FAO( ayl(‘r y) SRR ng(x y)) FAo(azl(x y) 725 ( y))SO

L ifx =0,y =0.
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(v ) (Superlinearity) There exists ¢°: [0, +00) — R non-decreasing and s.t. for
(z,y) € J°
9°(a)

@d(x,y)) < G%x,9) and lim = +o0.

a—+00 a

(vi) (Gradient bounds) For all K > 0, there exists Cx > 0 such that for all
(z,y) € J%,

dlz,y) <K = |Gz,y)|+|G)(z,y)| < Ck.

Remark 1.2.8. We remark as in [65] that we can assume without loss of generality
that the Hamiltonians satisfy the additional conditions (1.1.4) and (1.2.1). Indeed,
if u solves (1.1.1) then

u(t,x) =u(t,x) —pgr for ze€J*
solves the same equation in which H, replaced with

Ho(p) = Ha(py + p).

1.3 Gradient estimates for the scheme

This section is devoted to the proofs of the discrete (time and space) gradient es-
timates. These estimates ensure the monotonicity of the scheme and, in turn, its
convergence.

Theorem 1.3.1 (Discrete gradient estimates). If u" = (U"") is the numerical
solution of (1.1.9)-(1.1.11) and if the CFL condition (1.1.13) is satisfied and if

m® = ,mf Weo (1.3.1)

is finite, then the following two properties hold true for any n > 0.

(i) (Gradient estimate) There evistp , B, p° (only depending on Ho, ug and
F') such that

s

o el ey

p, <pii <
{ T T T (1.3.2)

]_jggpg‘:_tgg_?a 1=0, a=1,...,N.

(i) (Time derivative estimate) The discrete time derivative defined as

an+1 a,n
an . _ Ui U™

W=
! At
satisfies
where

m™ = inf W*", M"™ = sup W".
a,l
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In the proofs of discrete gradient estimates, as well as in the construction of the
vertex test functions, “generalized” inverse functions of HF are needed; they are
defined as follows:

7, (a) :==1inf{p : H  (p) = max(a, A,)} (1.3.3)

with the additional convention that (HX)™!(4o00) = 400, where

{mt(a) = sup{p : HJ (p) = max(a, A)}

A, :=min H,.
R
In order to define a “generalized” inverse function of F, we remark that (1.1.8)
implies that
for all K € R, there exists p(K) = (p1(K),...,pn(K)) € RY such that
F(ph‘ s 7pN) S K = Pa Z EQ(K)

Remark that the functions p,, can be chosen non-increasing.

Remark 1.3.2. The quantities P, Das ]22 are defined as follows

([ 7 (=mY) if —my > A,
Pa ™\ m(=mP +1) if—mg = Aq
_ | 7 (=mP if —mgy > A,
Pa = { 7t (=m®+1) if —mg= A, (1.3.4)

p. (—=m°) if p (—=m") <D,
p (—m’+1) ifp (—m°) =D,

Qﬁi:{
\

where mY is defined in (1.3.1).

In order to establish Theorem 1.3.1, we first prove two auxiliary results. In order to
state them, some notation should be introduced.

1.3.1 Discrete time derivative estimates

In order to state the first one, Proposition 1.3.3 below, we introduce some notation.
For o € {+,—}, we set

an amntl a,n a,n+1)]

[io,éz;n = [min(pi,cr 7pi,o )7 max(pi,o 7pz',0

with p;" defined in (1.1.10) and
D= sup{ sup |H! (pa)|, sup { —(V~F)(p1,...,pN)}}. (1.3.5)
pa€l pa€ly

The following proposition asserts that if the discrete space gradients enjoy suitable
estimates, then the discrete time derivative is controlled.
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Proposition 1.3.3 (Discrete time derivative estimate). Let n > 0 be fized and
Az, At > 0. Let us consider (U2")a,i satisfying for some constant C™ > 0 :

7,

lpiyl<ct for i>0,a=1,...,N.

We also consider (U™ )i and (US™ ) computed using the scheme (1.1.9). If

amn Ax

it S A7 for >0, a=1,...,N, (1.3.6)

then
mn < mn+1 < Mn+1 < Mn

Proof. For o0 =+ (resp. 0 = —), —o denotes — (resp. +). We introduce for n > 0,
ac{l,...,N},ie{l,...,N}, o € {+,—},

1
Cig = —0/ (HY (ot + r(pf = pir ™)) dr >0, (1.3.7)
0

1
an n 1 , n+1
Co,+ = / <{p6 " (pg,+ pg++ )}B> dr > 0.
0

Notice that for i > 1, C7;" is defined as the integral of (H_?)" over a convex com-
bination of p € I;". Similarly for C§"' which is defined as the integral of F” on a
convex combination of p € Ig"}". Hence, in view of (1.3.6), we have for any n > 0,
a=1,...,N and for any o € {+,—} or for i = 0 and 0 = +, we can check that

Con < A ifi>10¢€{~+}
(1.3.8)

Zﬁ 1 0+— At‘

We can also underline that foranyn > 0, =1,..., N and foranyi > 1,0 € {+, —}
or for + = 0 and o = +, we have the following relationship:

— Wf—l. 1.3.
At Ax (1.3.9)

a,n a,n+1 a,n a,n
Pio — Pio W,y 1%

Let n > 0 be fixed and consider (U/""),,; with Az, At > 0 given. We compute
(U™, and (U2, ; using the scheme (1.1.9).

Step 1: (m"), is non-decreasing. We want to show that W > m" for i > 0
and a =1,..., N. Let i > 0 be fixed and let us distinguish two cases.
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Case 1: i > 1. Let a branch a be fixed and let o(i,a,n + 1) = 0 € {+,—} be
such that

o {HE G270, HL G0 | = H0 G2 (13.10)
We have

Wq,n+1_ma,n 1 a,n —/ amn a,n —/ amn
e = (e { o o 0en) | - max {mE0en ) H G2 )

> 5 (Hao i) - o6

a,n+1

A
:ﬂHWWHWﬂWWM%JﬂJm

0 ’ ’ At

W WCM s
— C«q,n i+o 7
ne ( Ax )

where we used (1.3.7) and (1.3.9) in the last line. Using (1.3.8), we thus get
At

an+1 a,n an a,n a,n
— M/ —W:
( Cza A ) Cza A i+o

Case 2 i =0. We recall that in this case, we have Uy := U}l and Wy := W' =

U+1

¢ for any f =1,..., N. We compute in this case:
Wn+1 — Wy 1 a,n a,n
By e ( F({ps2"}a) + F{r51}a))

~ AL Zpﬁﬁ_pg( P +7pate) dr with p= ({pi — i1 }a)
f=1

1 N n
OF an+1 (I/Vl7 _W61>
= - o + TPa -
/0 =1 6})5 ( } ) Ax
o (W=
0,+ Az ’

Using (1.3.8), we argue like in Case 1 and get

Wit > m".

Step 2: (M™), is non-increasing. We want to show that W™ < M" fori > 0
and a=1,..., N. We argue as in Step 1 by distinguishing two cases.

Case 1: ¢ > 1. We simply choose 0 = o(i,a,n) (see (1.3.10)) and argue as in
Step 1.
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Case 2: i =0. Using (1.3.6), we can argue exactly as in Step 1. The proof is now
complete. n

1.3.2 Gradient estimates

The second result needed in the proof of Theorem 1.3.1 is the following one. It
asserts that if the discrete time derivative is controlled from below, then a discrete
gradient estimate holds true.

Proposition 1.3.4 (Discrete gradient estimate). Let n > 0 be fized, consider
that (U™ is given and compute (U™ using the scheme (1.1.9)-(1.1.10). If

1

there exists a constant K € R such that for anyi >0 and a=1,..., N,

Uq,n+1 . Uq,n
K<wr = -+t "+
- AN
then
rr(K) < P <mi(=K),  a=1..,N, i>1,
p(—K)< poy <(HI)TH-K), a=1,...,N

where pf‘f is defined in (1.1.10) and 7= and p are the “generalized” inverse functions
of H, and F', respectively.

Proof. Let n > 0 be fixed and consider (U""),; with Az, At > 0 given. We
compute (U™, using the scheme (1.1.9). Let us consider any i > 0 and a =
1,....N.

If + > 1, the result follows from

K <WH" = — max HZ(p;)').

o=,
If : = 0, the result follows from
K < W(;I = _F({pg:?- a)~

This achieves the proof of Proposition 1.3.4 ]

1.3.3 Proof of gradient estimates

Proof of Theorem 1.3.1. The idea of the proof is to introduce new Hamiltonians
H, and a new junction function F' for which it is easier to derive gradient estimates
but whose corresponding numerical scheme in fact coincides with the original one.
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Step 1: Modification of the Hamiltonians and the junction function. Let
the new Hamiltonians H, for all « = 1,..., N be defined as
Ho(p,)—S(p—p,) ifp<p,
Ho(p) = { Ha(p) ifp€lp D] (1.3.11)
Ha( ) a(p_]_)a) ipr]_)a
where p_and P, are defined in (1.3.4) respectively, and
Co= sup |H.(p.)|

pae[Ba Pal

These new Hamiltonians are now globally Lipschitz continuous: their derivatives are
bounded. More precisely, the H, satisfy (1.1.3) and

Hy = H, in [p_,p,]

and .
VpeR, |H.(p)| < sup |H.(pa)l- (1.3.12)

pae[ﬂa7ﬁa]

Let the new F satisfy (1.1.8), be such that

N
F = F in QO = H[g(i?]_?a]
a=1
and (See Appendix 1.8)
VpeRY, (=V-F)(p) <sup(-V - F). (1.3.13)
Qo

In the remainder of the proof, when notation contains a tilde, it is associated with
the new Hamiltonians H, and the new non-linearity F. We then consider the new
numerical scheme

Ua ,n+1 Ua ,n

U U max{ (), Hy (507)} =0, i>1, a=1,...,N

ubr.=up, i=0, 8=1,...,N
U ntl_gn ~l,n ~2n ~Nn
0 =+ F(p0+>p0+7' N ap0,+> = O
with the same initial condition, namely,

U =ug(iAz), i>0, a=1,...,N

7

In view of (1.3.12) and (1.3.13), the CFL condition (1.1.13) gives that for any ¢ > 0,
n>0,anda=1,... N

~ A
D" <sups sup |H,(p)|;sup(=V - F)p < = (1.3.14)
7 P, <p<P, Ign At

where Df‘f: is given by (1.3.5) after replacing H, and F with H, and F.
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Step 2: First gradient bounds. Let n > 0 be fixed. If " and M" are finite,
we have 3
mt < Wwo" for any ¢>0, a=1,...,N.
Proposition 1.3.4 implies that
{ To(-m") < piy <7
p(=m") < Py <

In particular, we get that
prrf<ct for i>0, a=1,...,N
with
€™ = max (max (|7 (=), 74 (=7, 1, (~m")]) )

o Q

3

In view of (1.3.14), Proposition 1.3.3 implies that
m <"t < Mt < MM for any n > 0. (1.3.15)

In particular, m"*! is also finite. Since m’ = m and M°= MO are finite, we
conclude that m™ and M™ are finite for all n > 0 and for all n > 0,

m® <m" < M" < M°. (1.3.16)

Step 3: Time derivative and gradient estimates. Now we can repeat the
same reasoning but applying Proposition 1.3.4 with K = m° and get

{p < Pt <P 121, a=1,...,N,

Q

< BT <Pa 020, a=1...N. (13.17)

This implies that U*" = U™ foralli > 0,n >0, = 1,..., N. In view of (1.3.15),
(1.3.16) and (1.3.17), the proof is now complete. O

1.4 Convergence for general junction conditions

This section is devoted to the convergence of the scheme defined by (1.1.9)-(1.1.10).
In order to do so, we first make precise how to choose p,, p, and Bg in the CFL
condition (1.1.13).

1.4.1 Monotonicity of the scheme

In order to prove the convergence of the numerical solution as the mesh size tends
to zero, we need first to prove a monotonicity result. It is common to write the
scheme defined by (1.1.9)-(1.1.10) under the compact form

u(t + At,z) = S"u"(t)](z)
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where the operator S” is defined on the set of functions defined in J*. The scheme
is monotone if

u<v = S"u] <S").

In our cases, if t = nAt and x = iAx € J* and U(t,x) = U™ for x € J%, then
Sh[U] is defined as follows,

(]Ohn—"_1 :Sa[UzoiflLan’naU:&i’rlL] fOI‘i Z 17 Q= 17""N’
Ut = SolUg, (U")p=1,...N]

where

gen_gosn Uemn_pgon
a,n o,n a,ny a,n =+ 7 i—1 — i+1 i
SalU, UP, U] 1= U = Atma {1 (S0 (S0 ]

)T n n N,n
SolUg, (Uy")p=1,...n] := Uy — AtF(p(1)7+,...,p0’+).
(1.4.1)
Checking the monotonicity of the scheme reduces to checking that S, and Sy are
non-decreasing in all their variables.

Lemma 1.4.1 (Monotonicity of the numerical scheme). Let (U") := (U"),.

the numerical solution of (1.1.9)-(1.1.11). Under the CFL condition (1.1.12) the
scheme is monotone.

Proof. We distinguish two cases.

Case 1: ¢ > 1. It is straightforward to check that, for any a = 1,..., N, the
function S, is non-decreasing with respect to U;"} and U;}}. Moreover,

9S. :{ = Re(HD) (i) it max{HI ("), Hy (07])} = H (077)
ou;™" L+ RE(HL ) (pif) if max{HF ("), H (i)} = He (977))

which is non-negative if the CFL condition (1.1.12) is satisfied.

Case 2: ¢ = 0. Similarly it is straightforward to check that Sy is non-decreasing
with respect to U™ for 8 =1,..., N. Moreover,

95, Ar L OF o
=1 = - s
aUn + At apﬁ {<p0,+)a:1}

which is non-negative due to the CFL condition. The proof is now complete. [

A direct consequence of the previous lemma is the following elementary but useful
discrete comparison principle.
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Lemma 1.4.2 (Discrete Comparison Principle). Let (U™) := (U"")a: and
(V™) := (V") o, e such that

Vn>1, U™ <SMUM and VT > SPVT.

If the CFL condition (1.1.12) is satisfied and if U° < VO, then U™ < V™ for all
n € N.

Remark 1.4.3. The discrete function (U™) (resp. (V")) can be seen as a super-scheme
(resp. sub-scheme).

We finally recall how to derive discrete viscosity inequalities for monotone schemes.

Lemma 1.4.4 (Discrete viscosity inequalities). Let u® be a solution of (1.1.9)-
(1.1.11) with F = Fy defined in (1.1.5). If u" — ¢ has a global mazimum (resp.
global minimum) on Gy, at (t + At,T), then

5t()0(%7 f) + H(E7 D-HO(Ev 5)7 D_QD(E, E)) <0. (7"€8p. > 0)

where
max{H; (p-), Hy (p+)} ifT#0
max{A, max, H, (pf)} ifzT=0

«

%(x7p+7p*) = {
and

~{pt, T+ Ax) —p(t,T)}  fTH#0
(a0 Ar) = ¢°(3,0)}),  ifT=0

D p(t7) = 5 {eh7)— ot~ A0))

D-HO(E) E) = {

SipT) = Ao+ ALT) — pE 7))

1.4.2 Stability and Consistency of the scheme

We first derive a local L bound for the solution of the scheme.

Lemma 1.4.5 (Stability of the numerical scheme). Assume that the CFL con-
dition (1.1.13) is satisfied and let u" be the solution of the numerical scheme (1.1.9)-
(1.1.11). There ezists a constant Cy > 0, such that for all (t,z) € G,

[u(t, z) — uo(z)| < Cyt. (1.4.2)
In particular, the scheme is (locally) stable.

Proof. If Cy large enough so that

{ Co +max{H;r(p§ff),H;(p§ff)} >0, i>1, a=1,...,N
Co+ F(peL, g - - pok) =0,
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and
{ —Cy +max{H§(pzf),H;(pgf)} <0, 1>1, a=1,...,N

1,0 20 N0
_CO + F(p07+7p0,+7 s 7p07+) < 07
then U™ = U™ + CynAt is a super-scheme and U™" = U™ — CynAt is a sub-
scheme (see Remark 1.4.3). The discrete comparison principle, Proposition 1.4.2

then implies

U™ — U™ < ConAt
which is the desired inequality. This achieves the proof. O

Another condition to satisfy convergence of the numerical scheme (1.1.9) towards
the continuous solution of (1.1.6) is the consistency of the scheme (which is obvious
in our case). In the statement below, we use the short hand notation (1.5.11)
introduced in section 1.5.

Lemma 1.4.6 (Consistency of the numerical scheme). Under the assump-
tions on the Hamiltonians (1.1.3), the finite difference scheme is consistent with the
continuous problem (1.1.6), that is to say for any smooth function o(t,z), we have

S"el(s,y) = @(s,y)
At
if x € J, \ {0}, and

— Ho(p.(t,x)) as Gn3(s,y) — (t,2)

Sel(s,y) —e(sv) |, p O e

At

FTIRARREY . as Gn 3 (s,y) — (t,0).

1.4.3 Convergence of the numerical scheme
In this subsection, we present a sketch of the proof of Theorem 1.1.1.

Sketch of the proof of Theorem 1.1.1. Let T > 0 and h := (At, Azx) satisfying the
CFL condition (1.1.13). We recall that

u"(0,7) =u(0,z) for x€ G

We consider © and u respectively defined as

a(t,y) = lirilsg)lp WMy, ulty) = lim inf u"(ty).
Gn3(t ) (1) Gn3 () (1)

By construction, we have u < @w. Since the scheme is monotone (Lemma 1.4.1),
stable (Lemma 1.4.5) and consistent (Lemma 1.4.6), we can follow [21, 41, 42] we
can show that u (resp. @) is a relaxed viscosity super-solution (resp. viscosity sub-
solution) of equation (1.1.1)-(1.1.2). Using Theorem 1.2.4, we know that u (resp. u)
is a viscosity super-solution (resp. sub-solution) of (1.1.6)-(1.1.2). Moreover, (1.4.2)
implies that

u(0,2) < wup(z) < u(0,z).
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The comparison principle (see Theorem 1.2.3) then implies that
USusu

which achieves the proof. ]

1.5 (11 estimates for the vertex test function

In this section, we study the Lipschitz regularity of the gradient of the vertex test
function constructed in [65]. It turns out that its gradient is indeed Lipschitz if the
flux limiter A is equal to Ag, the minimal flux limiter, and if (1.1.4) is satisfied.
Such a technical result will be used when deriving error estimates.

Proposition 1.5.1 (C!! estimates for the vertex test function). Assume that
the Hamiltonians satisfy (1.1.3), and min H, = min Hg, Vo, 5 =1,--- | N. The ver-
tex test function G° associated with the flux limiter Ay obtained from Theorem 1.2.7
can be chosen CYY(J%) for any K > 0 where J& = {(z,y) € J* : d(z,y) < K}.
Moreover, there exists C'x such that

ID*G?|| o2y < Ch;
the constant Ck depends only on K and (1.1.3).

Proof. We first get the desired estimate in the smooth convex case and then derive
it in the general case.

Step 1: the smooth convex case. We first assume that Hamiltonians satisfy

H, € C*(R)
min H, = H,(0)= A4y Ya=1,--- N (1.5.1)

. " o__.
min A =: my > 0,

where Ay is defined in (1.1.7).

We recall that the vertex test function G is a regularized version of A + G° where
GY is defined in [65] by the following formula,

G(z,y) = sup {7S (\)x — TNy — A}, for (z,y) € Jo x Js. (1.5.2)
A> Ao
But G° € C'({(x,y) € J x J, x # y}) and G° € C*(J?) if and only if 7} (A) =

0 =, (A), where 7% are the generalized inverse functions defined in (1.3.4). Thus,

under (1.5.1), there is no need to regularize G° on the diagonal, and thus

G(z,y) = A+ Gw,y) for (z,y) Jo x Js.
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The supremum in (1.5.2) is reached for some A > A, which depends on x and y. In
the region where A = Ay, the function G is linear and there is nothing to prove. In
{\ > Ao}, the function A(z,y) is implicitly defined by the following equation

(o (N)'z — (75 (A)'y =1 (1.5.3)
and the gradient of G° is given by
9,G(x,y) = 7L (N),  9,G(x,y) = —m5(N)

with A = A\(z,y). We thus can easily compute the second order derivatives of GY,

( 92,20 1
aZ'G (l‘, y) //(H&)
HL, ﬁ (Hé)Q
2,0
ayG (fL’,y) x H 6)2 Y gy (]_ 5 4)
w7 Mo gz + —ar i o
2 0 _ 1
aryG (xvy) - H! H”
—xH/, +H! y
B (H{, )2 ¢ (H, )2

where H;, and Hj respectively denote H, (7 (\)) and HE (75 (A)).
We recall that min H,=min Hg = Aj. Then

H (73 (Ag)) =0 and Hj(ms(Ag)) = 0.
Using a second order Taylor expansion for H, and Hp respectively we prove that
H; 5(m5 (Ao + 7)) 2vH3(0), (1.5.5)
H! (r} (A +7)) 2vH!"(0).
Indeed, on the one hand we have
HY (75 (Ao +7)) = HY(O) 5 (Ag +7)] + o(n5 (Ao + 7). (15.6)
On the other hand, we have

Hy (5 (Ao + 7)) = Hy(0) + 20

[ (Ao + 7)) + olm5 (Ao +7))".

Using the fact that Hg(m; (Ao +7)) = Hy (75 (Ao +7)) = Ao+, and that Hg(0) =
Ap, one can deduce

2v _
5 (o + 1) = 55 + 0l (Ao + ) (157)
which implies
2
75 (Ao +7) ~ | s (1.5.8)

Hj(0)
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Substituting (1.5.8) in (1.5.6) leads to (1.5.5).

Moreover, we have

H/ 2 H/ 2
_H// Y H//( ) > min <H(Z7Hg< a) > <i _ i) . (1.5.9)

Hl, “  —Hj (Hﬁ) (Hp)?*) \H, Hj
—_———
=1
using the fact that H are bounded from below,
1
6269 < — o)
min (H” Hgg, ;2)
Similarly,
v, (Hy)? oy . (Hj) vy
R T A A
—— ——
=1
implies
1
6269 < o
H/
min (Hg (Hz)2=H”>
and
Hy, 8 z —Hp y H,
~ g T ety = o, e
—Hj H! x
: B a Yy
o (i ) (5 3)
—_————
=1
implies
1
22,6°) < - o).

—H! H
; B ryn "
min < i H! —ﬁéH5>

Step 2: the smooth case. We now weaken (1.5.1) as

H, € C*R), H!0):=mq >0
+H!(p)>0 for £p>0 (1.5.10)
H,(p) = 400 as |p| = +oo.

In this case, it is explained in [65] that the smooth convex case can be used by
considering H, = 8 o H, for some C? convex function 3 such that £(0) = 0 and
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B' > for some § > 0. Indeed,

A

(Ha)"(p) = B" (N (H)"(p) + B'(\) Hi(p)

Q

with A = H,(p) and g such that

BTN) > — A o 2 (N) 4 520 o mE(N),
VA > Ha(O), ] (HY) 2(HY,)
g'>2>0.

In this case, the vertex test function studied in Step 1 and associated with Hamil-
tonians H, satisfies

f{(ya _Gy($7 y)) S I:](JZ, Gﬂﬂ(x7 y))
which implies that, since 0 < (871) < 1/2,
H(y,—Gy(x,y)) < B~ (BH (z, Ga(2,y))) = H(z, Ga(2,y))

where the short hand notation H(x,p) is given by

[ Hy(p) forp=np, itz e J;,
Hw.p) = { Fa(p) forp=(p1,...,pn) ifx=0. (1.5.11)

We proved in Step 1 that
| D2G|| ooy < Ck-

The proof is now complete. [

1.6 Error estimates

1.6.1 Proof of the error estimates

To prove Theorem 1.1.3, we will need the following result whose classical proof is
given in Appendix for the reader’s convenience.

Lemma 1.6.1 (A priori control). Let T > 0 and let u" be a solution of the
numerical scheme (1.1.9)-(1.1.11) and u a super-solution of (1.1.1)-(1.1.2) satisfying
for some Cp > 0,

u(t,z) > —Cr(1+d(0,z)) for te(0,T).

Then there exists a constant C' = C(T) > 0 such that for all (t,x) € G, t < T, and
(s,y) € [0,T) x J, we have

u(t,2) < u(s,y) + C(1+d(z,y)). (1.6.1)



1.6 Error estimates 55

We now turn to the proof of the error estimates in the case of flux-limited junction
conditions.

Proof of Theorem 1.1.3. Before deriving the error estimate, we remark as in
[65] that we can assume without loss of generality that the Hamiltonians satisfy the
additional condition (1.2.7). Indeed, if u solves (1.1.1) then

u(t,x) =u(t,x) —pgr for zeJ*
solves the same equation in which H, replaced with
Ha(p) = Ha(p§ +p)-
We next remark that the solution @" of the associated scheme satisfies
a"(t,z) = u"(t,x) —pyx for (t,z) € Gy

Hence, if

sup |a" — 4| < C(Ax)'/?
[0,7)xJGy,

then the same estimate between u” and u holds true. We thus assume from now on
that (1.2.7) holds true.

In order to get (1.1.16), we only prove that
u(t,z) — u(t,z) < Cp(Ax)Y/? in [0,7) x JNG,

since the proof of the other inequality is very similar. We are going to prove that
At A

ul(t,x) —u(t,z) <O <—> +0 <—ZE> + O(e) + O(v) (1.6.2)
v €

which yields the desired inequality by minimizing the right hand side with respect
to € and v. Let

M= sup {u(t,z)—u(t,z)}.
[0,7)x JNGy,

The remaining of the proof proceeds in several steps.

Step 1: Penalization procedure. From Theorem 1.2.7, we recall the properties
of the vertex test function GV, mainly the fact that G°(0,0) = G%(z,z) = —A.

Let G = G° + A, we have

G(z,z) = 0.
For n >0, 0 > 0 let us define
Tyy (=5 0, U
. o) a6 (5 ) U g 1
o= o {6 (R0 -5 a0 -

(s,y)€[0,T)xJ
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where the vertex test function G° is given by Theorem 1.2.7 associated with the flux
limiter A = Ay. In this step, we assume that M, s > 0. Thanks to Lemma 1.6.1 and
the superlinearity of G° (see Theorem 1.2.7), we deduce that for (z,y) such that the

ME,6
2

quantity in the supremum is larger than

Me,é d(*T? y)) . (t — 5)2 §d2(y, O)

2

0<
2v 2

€

<C(l+d(z,y)) — ego(

which implies in particular that the supremum is reached at some point (¢, z,s,y)
and .
6d*(y,0) < 2sup(C(1 +d) — eg’(d/e)) < C

d>0

where C' only depends on ¢° (in particular, it does not depend on €). This estimate
together with the fact that —G,(z/€,y/€) — dd(y,0) lies in the viscosity subdiffer-
ential of u(t,-) at x implies that there exists K > 0 only depending on ||Vu||o (see
Theorem 1.2.5) and ¢° such that the point (¢, z, s, y) realizing the maximum satisfies

O 8 X ) | R

€ €

We want to prove that for o > ¢* (to be determined) that the supremum in (1.6.3)
is attained for t = 0 or s = 0, or that we have M, ; < 0. We assume that ¢ > 0 and
s > 0 and we prove that o < o*.

Step 2: Viscosity inequalities. Sincet > 0 and s > 0, we can use Lemma 1.4.4
and get the following viscosity inequalities.

If z # 0, then
t—s At [ € r+Ar vy Ty
y ‘5*‘““{%(5{@( c ’z)—G(z’;)D’
- A
m (e Do (5 )) b=
x €€ € €
If x =0, then

t—s At o AT Y .
At g(=24 9\ B Zz <
-~ 2y+maX{A,m§LX{HB (Am{G ( ; ,E) G <07€>})}_0.

If y # 0, then

If y =0, then
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Thanks to the C*! regularity of the function G°, see Proposition 1.5.1 and Esti-
mate (1.6.4), we obtain,

itrr0 =S _Sg (Gw (%,g))+0<£> <0 (1.6.5)

v 2v € €
if 2 =0, tzs—%—kFA(Gm(O,%))—k(’)(%)SO (1.6.6)
ity £0, t;‘“” +Hy (—Gy (%%)) +OWS) >0 (1.6.7)
ify =0, t;s o (—Gy <%o)) > 0. (1.6.8)

Combining these viscosity inequalities, we get in all cases:

s<2 o (g) +O(V0b) = o*. (1.6.9)

- 2v €

Step 3: Estimate of the supremum. We proved in the previous step that, if
o > o* with o* defined in (1.6.9), then either M. s < 0 or M, s is reached either for
t=0ors=0.
Ift =0, then
2
s
M. s < up(x) —up(y) + Cs — 5
Using the fact that g is Lo-Lipschitz and d(z,y) = O(e) (see (1.6.4)) one can deduce

r>0

< O(e) + O(v).

2
M. s < Lod(z,y) + sup (Cr — g—)
14

If s = 0, then we can argue similarly (by using (1.4.2)) and get

MQ(; S O(G) + O(l/)

Step 4: Conclusion. We proved that for ¢ > o* with o* defined in (1.6.9) that
M.s < O(e) + O(v). This implies that for all (¢,x) € G, t < T/2, we have

o 2
ul(t,x) —u(t,z) < €@ <§, E) + §d2(:1:, 0) + Tn + ot + O(e) + O(v).
€€
Replacing o by 20*, say, and recalling that G(z,x) = 0 for all x € J, we deduce
that for (t,z) € Gy and t < T/2 (after letting 6 — 0 and n — 0), we get (1.6.2).
Using the CFL condition (1.1.13) and optimizing with respect to € and v yields the
desired result. [
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1.7 Proofs of some technical results

In order to prove Lemma 1.6.1, we need the following one.

Lemma 1.7.1 (A priori control at the same time). Assume that uy is Lipschitz
continuous. Let T > 0 and let u” be a sub-solution of (1.1.9)-(1.1.11) and u be a
super-solution of (1.1.1)-(1.1.2). Then there exists a constant C' = Crp > 0 such that
forallt €10,T), x,y € J, we have

W (t,7) < ult,y) + Cr(1 + d(z,y)). (1.7.1)
We first derive Lemma 1.6.1 from Lemma 1.7.1.

Proof of Lemma 1.6.1. Let us fix some h and let us consider the sub-solution
u~ of (1.1.9) and the super-solution u™ of of (1.1.1) defined as :

ut(t,x) = uo(z) + Cot

u” (nAt,iAx) = ug(iAx) — ConAt
where

Cp = max {IAI, Jmax Iprﬁgolﬂa(pa)l; max F(py, ... 7pN)}

and Ly denotes the Lispchitz constant of uy. We have for all (¢,z) € [0,T) x J,
<S7y) € gh
u (t,x) —ut(s,y) <2C,T + Lod(z,y).

We first apply Lemma 1.7.1 to control u”(t,z) — u™(¢,x) and then apply Lemma
1.6.1 to control u™* (s, y) —u(s,y). Finally we get the control on u(t,z) —u(s,y). O

We can now prove Lemma 1.7.1.

Proof of Lemma 1.7.1. We define ¢ in J? as

o(r,y) =1+ d*(x,y).

Since,
200y = 4 @) i (zy) € Jo X o
d(x,y)—{ (z+y)?* if (z,y) € JuxJs

we see that d? (and consequently ¢) is in C1! in J2. Moreover ¢ satisfies
pu(z, Y|, [oy(2,y)| < 1. (1.7.2)

For constants C7,Cy > 0 to be chosen let us consider

M = sup (u"(t, ) —u(t,y) — Cot — Crp(,y)).

tel0,T), z€Gy,, yeJ
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The result follows if we show that M is non-positive for C; and C5 large enough.
Assume by contradiction that M > 0 for any C; and C5. Then for 1,0 > 0 small
enough, we have M, ; > % > () with

)
Mys=  sup (u’%t, 2) — ult,y) — Cot — Crp(x,y) — —1— — Sd(y, o>)
te[0,T), x€Gh, yeJ T—t 2
(1.7.3)

Recalling that there exists C' > 0 such that
u"(t,2) —uo(2)| < Ot and  |u(t,y) —uo(y)| < Ct

(see Theorem 1.2.5 and (1.4.2)) and using that ug is Lipschitz continuous, we see
that M, s is reached for C large enough (larger than the Lipschitz constant of u)
and

§d*(y,0) < C. (1.7.4)
We introduce the short hand notation

| Hu(p) forp=p, itz e J:,
Hiw,p) = { F(p) forp=(py,...,pn) ifz=0. (1.7:5)

Then the classical time penalization (or doubling variable technique) implies the
existence of a,b € R such that

a+ H(z,Cip.(x,y)) < CAzx
b + H(ya —01@y<1',y) - 5d(07 y)) 2 0

with
a—b:C'2+n(T—t)_2 Z 02.

Subtracting these inequalities yields
Co < H(y, —Crpy(x,y) — 0d(0,y)) — H(z, Crpu(z,y)) + SAz

Using bounds (1.7.2) and (1.7.4) yields to a contradiction for Cy large enough. [

1.8 Construction of F

Lemma 1.8.1. There exists F, such that

1. F satisfies (1.1.8);
2. F:F n QO;

3. For a.e. pe RN, (=V - F)(p) < supg, (=V - F).
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Proof. Let I, denote []_Jg;ﬁa] so that Qo = [], .. We first define F for p in the
following set

Da:{pERN:ElaE{l,...,N} such that p, ¢ 1, and VB #a«, pgé€ Iz}

For p € D,, we then define

F(p) = F<p17 e 7Pa(pa)7 s 7pN) - Ca(pa - Pa(pa))

where Jys
Co= iy (5 Palp). o).
and
P’ ifr<p?,
Po(r)=<r if r e l,,
D, ifr>p,.

Remark that in view of the assumptions made on F, we have C, > 0 which will
ensure that (1.1.8) holds true.

For p ¢ Ujﬁvlelg, let p, denote p, — Po(pa) and p = (p1,...,pn). We next define

[Pl

Ao = 7= —.
1| + -+ + [P

We first remark that A\, = 0 if p, € I,. We next remark that for all «, there exist

P, € D, such that
N
p= Z Ao Py
a=1

Moreover, P, is unique if A\, # 0. We thus define

It is now easy to check that (1.1.8) and Item 3 are satisfied. This ends the proof of
the Lemma. O]

1.9 Relation between the junction and BLN con-
ditions

Consider the following scalar conservation law posed on (0, 4+00),

o+ 0, (H(v)) =0, t>0,2>0,
o(t,0) = u(t), >0,
v(0,2) = vo(z), x> 0.
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The usual BLN condition asserts that the trace v, of the entropy solution at x = 0
(if it exists) of the previous scalar conservation law should satisfy

Vk € [min(vp, v, ), max(vy, v, )], sgn(v, — vp)(H(v,) — H(k)) < 0.
If H is quasi-convex, this reduces to
H(v,) = max(H (v,), H" (v)).

This corresponds to a flux limiter A = HT (uvy).
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Chapter 2

New approach to error estimates
for finite difference schemes
associated with Hamilton-Jacobi
equations on a junction

Ce chapitre vise a étudier un schéma numérique montone auz différences
finies associé a des équations de Hamilton-Jacobi posées sur une jonction.
En utilisant une nouvelle approche, nous améliorons les résultats obtenus
dans le Chapitre 1, et nous prouvons des estimations d’erreurs d’ordre

(Ax)% dans Ly, pour des conditions de jonction du type contole optimal.
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Abstract. In this chapter, we derive error estimates for monotone (time explicit)
finite difference schemes associated with first order Hamilton-Jacobi equations posed
on a junction. Using a new approach, we improve the results obtained in chapter 1,
and we prove, for a larger class of Hamiltonians, that error estimates are of order
(Am)% in L. for junction conditions of optimal-control type at least if the flux is
"strictly limited”.

2.1 Introduction

In this chapter we are interested in numerical approximation of first order Hamilton
Jacobi equations posed on a one dimensional domain containing one single singu-
larity. Such a domain is referred to as a junction: a network made of a node and a
finite number of infinite edges. The theory of viscosity solutions for such equations
on such domains has reached maturity by now [2, 65, 67, 102, 103]. In particular, it
is now understood that general junction conditions reduce to special ones of optimal-
control type [64—66]. For the maximal flux-limited junction conditions, Costeseque,
Lebacque and Monneau [41] introduced a monotone numerical scheme and proved
its convergence. It is explained in [42] that the proof of the comparison principle
between sub- and super-solutions of the continuous Hamilton-Jacobi equation can
be adapted in order to derive error estimates between the numerical solution asso-
ciated with monotone (stable and consistent) schemes and the continuous solution.
Hereafter in Chapter 1, we derived an error estimate a la Crandall-Lions [42] of
order (Ax)Y/? in Ly, if the minima of the Hamiltonians are equal, using a so called
vertex test function introduced in [65], because the penalization procedure lying on
the classical penalization term e[|z — y|? is known to fail at a junction.

Our main result is to introduce a new approach in deriving error estimates a la
Crandall-Lions for flux-limited junction conditions, by replacing the vertex test
function by the reduced minimal action D following the Oleinik-Lax representation
formula introduced in [67]. Thus we improve the results obtained in Chapter 1 to
(Az)z in L7s., for a larger class of Hamiltonians. In order to derive error estimates as
in [42], it is important to study the regularity of the test function. More precisely,
we prove (Proposition 2.3.12) that its gradient is locally Lipschitz continuous, at
least if the flux is “strictly limited” and far away from a special curve. But we also
see that the reduced minimal action is not of class C! on this curve. However we
can get “weaker” viscosity inequalities thanks to a result in [65] (see Proposition
2.2.3). Such a regularity result is of independent interest.

2.1.1 Setting of the problem

The junction. It can be viewed as the set of N distinct copies (N > 1) of the
half-line which are glued at the origin. For a = 1,..., N, each branch J, is assumed
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to be isometric to [0, 4+00) and

J= |J Jo with J.nJs={0} for a#8

where the origin 0 is called the junction point. For points x,y € J, d(x,y) denotes
the geodesic distance on .J defined as

d(z,y) = |x —y|  if x,y belong to the same branch,
Y= |z| + |y| if x,y belong to different branches.

For a real-valued function u defined on J, d,u(x) denotes the (spatial) derivative of
uwat x € J, \ {0} and the gradient of u is defined as follows,

f Bqu(x) it v € J,
Uy () == { (01u(0),...,0nu(0)) if x =0.

HJ equation on a junction. We consider the following Hamilton-Jacobi equa-
tion posed on the junction J,

Uy + Ha<um) =0 in (O7T) X Ja \ {0}7 (2 1 1)
ut—i_FA(g_;Z?"'u%): lH(O,T)X{O}, o
submitted to the initial condition
u(0,2) = ug(x), forzeJ (2.1.2)

where ug is Lipschitz continuous in J.

We consider Hamiltonians H,, satisfying the following conditions

H, € C*R) and H"(pg) > 0
There exists p € R such that ¢ +H/(p) > 0 for =+ (p —p§) >0 (2.1.3)
lim|p‘_,+oo Ha(p) = +00.

In particular H, is non-increasing in (—oo, p§] and non-decreasing in [p§, +00), and
we set

B H,(p for p < pg§ H,(p§ for p < pg,
a7 (p) = { He?) 0 and mz () = § ) i
H,(pgy) for p > pj H,(p)  for p > pj

where H_ is non-increasing and H_ is non-decreasing.

The second equation in (2.1.1) is referred to as the junction condition, where we
introduce a one-parameter family of junction conditions. Given a flux limiter A €
R U {—o00}, the A-limited flux junction function is defined for p = (py,...,pn) as,

Fa(p) = max (A, _max H (pa)> (2.1.4)

.....
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for some given A € R J{—o0} where H_ is the non-increasing part of H,.

We point out that all the junction functions F, associated with A € [—oo, Ay
coincide if one chooses
Ap = max_ minH,. (2.1.5)
a=1,.,.N R
Without loss of generality (see [65, Lemma 3.1]), we consider in this chapter that
py =0fora=1,...,N,ie
min H, = H,(0). (2.1.6)

Indeed, u solves (2.1.1) if and only if u(t, z) := u(t,z) — pgx for x € J, solves the
same equation in which H, is replaced by H,(p) = H,(p + p5). We have the same
result for u" the solution of the scheme (2.1.12).

The optimal control framework. It is well known that the Legendre-Fenchel
conjugate is crucial in establishing a link between the general Cauchy problem
(2.1.1)-(2.1.2) and a control problem [83]. Through this link, we obtain the repre-
sentation formula for the exact solution. Before treating the case where the Hamil-
tonians H, satisfy (2.1.3), we first consider the case of Hamiltonians satisfying the
hypotheses of [67] i.e.,

(Regularity) H, is of class C?
(Coercivity) limp_, o0 Ha(p) = 400
(Convexity) H, is convex and is the Legendre Fenchel transform of L,
where L, is of class C? and satisfies (B0).
(2.1.7)

We recall that
H,(p) = L% (p) = sup(pq — La(q)). (2.1.8)

geR

We consider the following hypothesis for L,

(B0) There exists a constant v > 0 such that for all a = 1,--- , N, the C?*(R)
functions L, satisfy L >~ > 0.

An optimal control interpretation of the Hamilton-Jacobi equation (2.1.1) is given
in [18, 25, 80, 83]. We define the set of admissible controls at a point z € J by
Reg, ifx e Jr

ap?

Uiz) = { Ua1. nRTe, if = 0.

For (s,y),(t,x) € [0,T] x J with s < t, we define the set of admissible trajectories
from (s,y) to (t,x) by

X(r)elJ for all 7 € (s,t)
A(s,y;t,2) =< X e WHY([s,1],R?) : | X(7) eU(X (7)) foraerT e (s,t)
X(s)=y and X(t) ==
(2.1.9)
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For P = pe; € U(x) with p € R, we define the Lagrangian on the junction

| La(p) ifxeJi,
L(z,p) = { Li(p) ifz=0 (2.1.10)

with

The Hopf-Lax representation formula of the solution of (2.1.1)-(2.1.2) is given in
[4, 67] by

uOC(tax) = 1H£{u0<y) +D(Ovy7t7 .T)} (2111>
ye
with

XeA(0,y;t,x

D(0,y;t,z) =  inf ){/OtL(X(T),X(T))dT}.

2.1.2 Presentation of the scheme

The domain (0, +00) x J is discretized with respect to time and space. We choose a
regular grid in order to simplify the presentation. The space step is denoted by Az
and the time step by At. If h denotes (At, Ax), the mesh (or grid) G, is chosen as

Gn = {nAt :n € N} x JA®

where

JA =) J& with  J, D JP" ~{iAz:i€ N}

It is convenient to write xf' for iAz € J,.

A numerical approximation u”" of the solution u of the Hamilton-Jacobi equation is
defined in Gy,; the quantity u"(nAt,x?) is simply denoted by U". We want it to
be an approximation of u(nAt,z¢) for n € N, ¢ € N, where « stands for the index
of the branch.

We consider the following time-explicit scheme, introduced in [41], for n > 0,
Uf"nJrl—Uf’n 4/ am —/ amny\y __ . _
—+maX{Ha(pi,—)7Ha(pi,+>}_07 i > 1, 05_17"'7N
Ui .= up, i=0, B=1,...,N (2.1.12)

n+1
uptt_up

1, N,
At +FA<p0:LH"'7p0,+n) :07

where p; are the discrete (space) gradients defined by

UiaJlL - Uiam a,n UZ_CV,” - Uza—ﬂ;
v V. (2.1.13)

a7n Lyp—
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with the initial condition

U™ = up(2%), i>0, a=1,...,N. (2.1.14)

The following Courant-Friedrichs-Lewy (CFL) condition ensures that the explicit
scheme is monotone,
S T (pm 1.
At = a:rnl?.},(N, |Ha<p7,,+)| (2 1 15)

12>0,0<n<np

where the integer ny is assumed to be defined as ny = | L | for a given T' > 0.

2.1.3 Main result

The main result of this chapter lies in getting error estimates in the case of flux-
limited junction conditions.

Theorem 2.1.1 (Error estimates for flux-limited junction conditions). Let
ug be Lipschitz continuous, u" be the solution of the associated numerical scheme
(2.1.12)-(2.1.14) and w be the viscosity solution of (2.1.1)-(2.1.2) for some A € R.
If the CFL condition (2.1.15) is satisfied, then there exists C' > 0 (independent of
h) such that

C(Az)Y?  if A> A,

C(A2)2®  if A= A, (2.1.16)

sup  |ul(t, ) — u(t,z)| <
[0,7)x.JGy,

2.1.4 Comments

Numerical schemes for Hamilton-Jacobi equations. Up to our knowledge,
there are only few papers dealing with numerical schemes for HJ equations on junc-
tions or networks. Apart from [41], we mention [33], where a convergent semi-
Lagrangian scheme is introduced for equations of eikonal type. In [57], an adapted
Lax-Friedrichs scheme is used to solve a traffic model.

For optimal control problems, the numerical approximation of (HJ) has already
been studied using schemes based on the discrete dynamic programming principle.
Essentially, these schemes are built by replacing the continuous optimal control
problem by its discrete time version. We refer to Capuzzo Dolcetta [35], Capuzzo
Dolcetta-Ishii [37] for the results concerning the convergence of u; to u and the a
priori estimates (of order Ax) , in the L™, giving the order of convergence of the
discrete-time approximation. We refer to Falcone [48] for the results related to the
order of convergence of the fully discrete (i.e. in space and time) approximation
and for the construction of the algorithm, we mention that under a semiconcavity
assumption the rate of convergence is of order 1. We cite also [50] and references
therein for discrete time high order schemes for Hamilton Jacobi Bellman equations.
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Link with monotone schemes for scalar conservation laws. Following [41],
one can deduce that the convergence result of the finite difference scheme (2.1.12),
implies the convergence of a monotone scheme for scalar conservation laws (in the
sense of distributions).

On one hand, the derivative of a viscosity solution of a Hamilton-Jacobi equation
posed on the real line is known to coincide with the entropy solution of the cor-
responding scalar conservation law. It is therefore reasonable to expect that the
error between the viscosity solution of the Hamilton-Jacobi equation and its ap-
proximation is as good as the one obtained between the entropy solution of the
scalar conservation law and its approximation. It is known since [20] that Dirichlet
boundary conditions imposed to scalar conservation laws should be understood in a
generalized sense. This can be seen by studying the parabolic regularization of the
problem. A boundary layer analysis can be performed for systems if the solution
of the conservation law is smooth. Depending on the fact that the boundary is
characteristic or not, the error is €7 or €.

The contribution of the chapter. We improve for quasi-convex Hamiltonians,
the error estimates obtained in Chapter 1 and we prove, if the flux is well chosen,
that the error is of order (Az)z in L7 . Our approach is slightly different from their
approach, we use the function Dy relative to the optimal control interpretation of the
problem [83], in the penalization procedure. We emphasize that the key point that
allowed us to improve the error estimate is based on a work of Imbert and Monneau
([65]), where comparison principle on networks, and particularly on a junction, is
proved via piecewise C? test functions.

Organization of the chapter. The remaining of the chapter is organized as
follows. In Section 2.2, the definition of viscosity solutions is made precise. In Section
2.3, the important properties of optimal trajectories are given. More precisely, we
study the reduced minimal action for a ”strictly” limited flux and prove that the
gradient is locally Lipschitz continuous (at least if the flux is strictly limited) . We
prove also the compatibility condition between Hamiltonians, a crucial step in order
to derive error estimates. Section 2.4 is devoted to the proof of the main result of
the chapter, the error estimates.

2.2 Preliminaries

2.2.1 Viscosity solutions

We give first a definition of viscosity solutions for (2.1.1). For a more general intro-
duction to viscosity solutions, the reader could refer to Barles [25] and to Crandall,
Ishii, Lions [45]. The reader can also refer to [67] for application to the modeling of
traffic lows.
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Space of test functions. For a smooth real valued function u defined on J, we
denote by u® the restriction of u to (0,7") x J,. We define Jy = (0,7) x J for T' > 0.

Then we define the natural space of functions on the junction,

ClJp) = {ue CJr) :Ya=1,...,N,u® € CL((0,T) x Jo)}.

Viscosity solutions. In order to define classical viscosity solutions, we recall the
definition of upper and lower semi-continuous envelopes u* and wu, of a (locally
bounded) function u defined on [0,7) x J :

u*(t,z) = limsup u(s,y) ug(t,x) = liminf u(s,y).
(s,:y)=(t,2) (s,:y)=(t,z)

It is convenient to introduce the following shorthand notation

Hiz.p) = { H,(p) forp=p,€eR if z € J?, (22.1)

Fu(p) forp=(p1,...,pn) ERY ifz=0.

Definition 2.2.1 (Viscosity solution). Assume that the Hamiltonians satisfy
(2.1.3), and let v : [0,T) x J — R.

(i) We say that u is a sub-solution (resp. super-solution) of (2.1.1) in Jr, if
for all (to, o) € Jr and for all test function ¢ € C*(Jr) such that

u* < ¢ (resp. u, >¢) in a neighborhood of  (tg,z9) € Jr
with equality at (o, ), we have

v+ H(z,0,) <0 (resp. =0) at (to, zo).

(ii) We say that u is a sub-solution (resp. super-solution) of (2.1.1)-(2.1.2) on
[0,T) x J if additionally

u*(0,z) <wup(z) (resp. ue(0,2) > up(x)) forall ze€J

(ili) We say that u is a (viscosity) solution of (2.1.1)-(2.1.2) if u is both a
sub-solution and a super-solution (2.1.1)-(2.1.2).

We recall the following result extracted from [67].

Theorem 2.2.2 (Existence and uniqueness [67]). Assume that the Hamiltonians
satisfy (B0) and that the initial datum ug is Lipschitz continuous and let T > 0.
Then there exists a unique viscosity solution u of (2.1.1)-(2.1.2) on Jr in the sense
of Definition 2.2.1, satisfying for some constant Cr > 0 only depending on H, ug
and T,

lu(t, z) —uo(z)| < Cpt  for all (t,z) € Jr.
Moreover, the function u is Lipschitz continuous with respect to (t,z) on Jr. In

particular, we have
IVulloe < Cr.
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Under the general assumptions on the Hamiltonians (2.1.3), the uniqueness of a
solution w of (2.1.1)-(2.1.2) is proved in [65] using a special function denoted by
the vertex test function. In fact, Imbert and Monneau proved that general junction
conditions can be reduced to flux limited ones, for some A € R. Now, if we replace
the condition (2.1.3) by a stronger assumption (2.1.7), defined in Subsection 2.1.1,
the uniqueness of the solution is proved otherwise in [67] by combining a super-
optimality principle for super-solutions and a direct comparison principle for sub-
solutions (the proof relies on an optimal control interpretation).

The following proposition is a main tool in the proof of error estimates. Indeed, we
use a test function which is not C'* with respect to the gradient variable at one point
and this proposition allows us to get a “weak viscosity inequality”. We don’t give
the proof since it is the same as the proof of [65, Proposition 2.16].

Proposition 2.2.3 (Non C' test function at one point [65]). Assume that H satisfies
(2.1.3) and let u be a solution of

w + Ho(u,) =0 in (0,T) x J, \ {0}.
For all zg € J, \ {0} and all test function ¢ € C*((0,T) x J, \ {0,20})
w <@ (resp. uy > ) in a neighborhood of  (to,xo) € (0,T) x J, \ {0}
with equality at (to, x), we have

i(to, zo) + max { HY (0x(to, 25), Hy (pr(to, 23)} <0 (resp. >0).

2.2.2 Convergence result

Under the CFL condition (2.1.15), the convergence result of the numerical scheme
(2.1.12) as the mesh size tends to zero, was established in [41]. It is thus known
that the scheme converges if it is stable consistent and monotone [21, 42].

We recall now how to derive discrete viscosity inequalities for monotone schemes.

Lemma 2.2.4 (Discrete viscosity inequalities). Let u" be a solution of (2.1.12)-
(2.1.14) with Fa defined in (2.1.4). If u" — o has a global mazimum (resp. global
minimum) on Gy, at (t + At,T), then

55,0(%, f) + H<f7 D+80(%7 T)? D—@(a f)) <0. (Tesp' > 0)
where
max{H; (p-), Hy (p+)} ifT#0
max{A, max, H, (pf)} ifzT=0

(07

H(z,py,p-) = {

and
L {gp(f T+ Ax) —(t,T)} if T #0,
a{e(t, Ax) — o*(£,0)}), ifT=0,

D—Qo(tvf) = E{@(Ev E) - (p(%,f - AZE)},

SipT) = Ao+ ALT) - o 7))

D-i-@(fv T) = { (
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Inverse functions of Hamiltonians. In the proof of the error estimate, “gener-
alized” inverse functions of HF are needed. They are defined as follow

{ma) =sup{p : H (p) = max(a, Aa)}
m, (a) :=inf{p : H, (p) = max(a, An)}

with the additional convention that (HX)™!(4o00) = 400, where

(2.2.2)

A, :=min H,.
R

2.3 Study of the reduced minimal action

In this section, we consider that the Hamiltonians H,, satisfy (2.1.7). We study the
2
reduced minimal action Dy which replace the classical term % in the doubling

variable method. This function allows us to prove that the error estimate is of order

(Az)z.

2.3.1 Reduction of the study

We start this section by the following remark, the analysis can be reduced to the
case (s,t) = (0,1). Precisely, using the fact that the Hamiltonian does not depend
on time and is homogeneous with respect to the state, the reader can check that a
change of variables in time yields the following Lemma.

Lemma 2.3.1. For ally,x € J and s < t, we have

D(Say;taw) = (t - S)D(()?tL: 17 : )

— 5 t—s

where

D(s,y;t,z) =  inf ){/:L(X(T),X(T))df}.

XeA(s,y;t,x

This is the reason why we consider the reduced minimal action Dy : J? — R defined
by
Do(y, ) =D(0,y; 1, 2). (2.3.1)

We also need the following lower bound on D.

Lemma 2.3.2. Assume (B0). Then

D(s,y;t,x) > d*(z,y) — A(t — s)

g
2(t — s)
where v is defined in (B0).

Moreover,
D(s,z;t,x) < La(0)(t — s).
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Proof. We only prove the first inequality since the other inequality is elementary.
As L (0) =0, and L,(0) > L4(0) = —A, we have

La(p) 2 50" + Lu(O)p + La(0) = 3p° — A

Thus, we can write for X (.) € A(s,y;t, z),

/S L(X(T),X(T))dT > —A(t—s)+ %/S (X(T))ZdT.

Then Jensen’s inequality allows us to conclude. [

2.3.2 Piecewise linear trajectories

We are going to see that the infimum defining the minimal action can be computed
among piecewise linear trajectories. In order to state a precise statement, we first
introduce that optimal curves are of two types depending on the position of y and x
on the same branch or not: if they are, then the trajectories are of two types: either
they reach the junction point, or they stay in a branch and are straight lines. For
y € Jg, x € J, with B # «, the trajectories can spend some time at the junction
point.

Lemma 2.3.3. The infimum defining the reduced minimal action Dy can be com-
puted among piecewise linear trajectories; more precisely for all y,x € J,

_ D'unction(ya x) if a # 83,
Dd%z)_{léﬂde—y%Dmmmﬂh@) fa=p (23.2)

where for x € J,,y € Jg

Dyunetion(y, ) = inf {tlL/g(;—y)+(t2—t1)LA(O)+(1—t2)La( ‘ ?}

0<t1<ta<1 1 1—1t,

(2.3.3)

Proof. We write Dy = infxeay(y0) AX), where A(X) = [ L(X(7), X (7))dr. In

order to prove the lemma, it is enough to consider a curve X € A(0,y;1,z) and

prove that

A(X) = min(La(@ = 9), Dyunetion(y, 7).
For o # (3, the trajectories can spend some time at the junction point, hence we can
write

Do(y,z) = inf {/Ot Lg(X(T))dT—l-/tzL(X(T),X(T))dT-l-/1 LQ(X(T))dT}

X(O):y t1 to
X()==x
t1 . to .
> inf inf La(X inf L(X X
2 it ity [ OOt [0 X
X(t1)=z X (t2)=0
1
+ inf / Lo (X(7))d
[ <<ﬂ>r}

X(1)==z
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then using that L > L4 for the second term and Jensen’s inequality for all terms,
we conclude that

Do(y, ZE) > Djunction(y7 l’)

Now for o = 3, we can deduce from the preceding that
Do(y, x) > min | Djunction (Y, T), mf /
X(l

Then, by Jensen’s inequality once again, we can deduce (2.3.2). This ends the
proof. [

In view of (2.3.2), we see that the study of Dy can now be reduced to the study of

Djunction-

2.3.3 Study of Djyuction

We introduce a simpler notation of Djypetion defined in (2.3.3),

Djunction(ya'r) - lnf G(t17t2>ya ZL’), (234)

0<t1<t2<1

where

G(ty,ta,y,x) =t1Lg (;—l‘y) + (to — t1)LA(0) + (1 — tQ)La( * )

1—15

As in [67], for (y, ) € Jj x J; the function (t1,t2) — G(t1,t2,y, ) is strictly convex
n (0,1) x (0,1). Indeed, for t;,t5 € (0,1), we compute

n (= " x
%), )
D*G(ty,ta,y, 1) = —VTV ——2 VIV, >0,
t1 1 —19

where V, = (;—Iy,(), 1,0) and V, = (0, t5- “-. 0, 1) and in particular, we have

A v o (=Y
—G(t,t LH — 0
atQ ( Ll2,Y, T ) t3 ( tl ) >0,

and

0? x? x
—G(t, L’ > 0.
o2 (s 2y, 2) = (1—t,)3 “(1—@)

So we deduce that for (y,x) € J3 x J;, if the function (t1,t2) — G(t1,t2,y, ) admits
a critical point, then it reaches its infimum at this point, else it reaches its infimum
at the boundary.
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Lemma 2.3.4. Let (y,x) € J, and Djynction(y, T) as in (2.3.4). We have the follow-
ing equivalences for the infimum,

r=0&1t =1,
y:O<:>t1:().

Proof. 1t is a direct consequence of the expression (2.3.3). ]

Definition 2.3.5 (Numbers &, &), We define &, & thanks to the following func-
tion (for I € {1,...N})

K)(z) = Ly(xz) — xLj(x) — L 4(0). (2.3.5)

We define (K, )~* (resp. (K;")7!) as the inverse of the function K; restricted to
(—00,0] (resp. [0,400)), in fact one can write

K|(z) = —xL/(x) <0on (0,400) (resp. >0 on (—o0,0)).
More precisely, we define & = (K;°)7(0).
Lemma 2.3.6 (Explicit expression of Djyction(y,x)). There exists a unique

function 7 : J x J — (0,1) of class C* such that for (y,x) € Jz X Ju, we have

(

7,005 (525) + (1= 7,0 ()
i (5,2) € (T % T2)\ A
—yLh(65) + 2LL(ED) + La(0)

) A
Djunction(yym) = Zf (y7 I’) € Aga,

ify=0andx > &},

ifx=0andy > —E5,
(2.3.6)
where

Ngy = {(y,x) € Jg X Ja, % — % < 1}.
é-a é-/é’

We have a different expression of Djynction On each subset of the previous Lemma
(see Figure 2.1).

Proof. Writing the optimal conditions of G associated with the infimum in (2.3.4),

we have
v, (;—y) — La(0) + Ly (;—f) —0,
(2.3.7)

L (75) — La0) + La (55 ) =0,
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AyeJs

—&

T € J,

0

Figure 2.1: Illustration of the several subsets for Dj,,etion for a # .

Ayc<J,

reJ,

0

Figure 2.2: Illustration of the several subsets for D, for a = 3.
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where t; and t, are the quantities realizing the minimum. Hence from (2.3.7), we

deduce
Yy T
Kg|l -2 ) =0=K, )
5( tl) <1—t2>

But Kjp is a bijection on (—o0,0), and so is K, on (0,400). Therefore, setting

(K5)7'(0) := &5, and (KF)71(0) := &7, we deduce for (y,z) € Aga\{zy = 0},

Djunction(y>$) = fﬂy 5(55) §+ (€+) (1 -+ 55 ) LA(O)

= =y L&) + wLo(€7) + La(0).
Now, for z = 0 and y < -5, using the first condition of (2.3.7), we deduce that

Djunction(ya O) = _yL/ﬂ(fﬁ_’) + LA(O)

For z = 0 and y > =5, we deduce from Lemma 2.3.4, that ¢, = 1. Using the first

optimal condition in (2.3.7), we have Kz(3*) = 0so0 t; = 5;—31 > 1. We deduce that

the optimal condition must be satisfied at the boundary of the set {0 < ¢; < 1}.
Here using (2.3.3), we have t; = 1, so

Djunetion(1,0) = Ls(=y).
Similarly, for y = 0 and = < &,
Djunction(y, ©) = xLy,(§7) + La(0).
For y =0 and = > £, we deduce that
Djunction(0, ) = Lo(x).

In all other cases, that is to say for (y,z) € (J5 x J}) \ Apa, the infimum of G' is
attained at the boundary of {0 < t; <ty < 1}, here for some t; =t = 7 € (0, 1).
Hence we have

. —Y X
Diwainty#) = ot {71 () + =1 (725 ) |

Once again, writing the optimal conditions for G(7, 7,y, z), we deduce that

Ky (%y) - K, (1 = T.) . (2.3.8)
Gr,y,z) = Ky (_Ty) ~ K, (1 = T) .
Deriving

oG —y. Yy ,, T T N .
5 = = Kp(— . )72 —Ka(1 _T)(1 — >0 for (y,x) € (J5 % J3) \ Apa,

We define

by implicit function theorem, we deduce that there exists a unique 7 € C1(0,1)
satisfying G(7,y,z) = 0. The proof is thus complete. ]
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Lemma 2.3.7 (Continuity of Djyuction). The function Djunction i continuous in
J2.

Proof. From (2.3.6), we already know that Djynction € C((J5 X J5)\Apa) UC(Apa U
{z = 0} U{y = 0}). Therefore in order to prove that Djunction € C(J5 X Jo), it is
sufficient to prove that for any given sequence (yk z*) € (J5 x J}) \ Apgg such that

(y",2%) = (y,2), where (y,2) € A= {F - L =1}U{z > U {y > =}, we
have

Djunction (yk> xk) - Djunction(y7 l’)
Since the sequence {7(y*, 2%)} is bounded, we can deduce that there exists a sub-
sequence such that 7(y*, 2%) — 7°. We distinguish the following cases.

Case 1: 7 € (0,1). By continuity of K;, we have

K, <1 _:UTO) oy <;—§/) . (2.3.9)

If # = 0, we have as K,(0) > 0 and (Kjz)~" is increasing

L (K5) N (KW)(0) < —(K5)71(0) = ¢,

-0
hence deduce that (y,0) ¢ A, so this case is not possible.
Similarly, if y = 0, we have

x
1—70

= (K)HEp)(0) < (K)7H(0) = &

(o]

hence deduce that (0,2) ¢ A, so this case is not possible.

Now if (y,z) € (J5 x J%) N A, then g% — f_’ = 1 and passing to the limit, we have
(2.3.9). We know that K.(§7) = Kp(&s )—O 501fweset7'————1——+so

- (155)

By uniqueness of 7 satisfying (2.3.8), we deduce that 7° = 7. So we have

Djunction(yka xk) — _yL/ﬂ (55) + xLIa (5;5) + LA(O) = Djunction(yv iIZ’)

1—?:§,Wehave

Case 2: 79 =0. In this case, using Lemma 2.3.4, y* — y = 0, so z > £ and with
(2.3.8) we deduce that

A (K;)™ (Ka (1_33—:))> — (K5) " (K (2)). (2.3.10)

7(y*, ¥) T(y*, ok

Therefore Djunction(y", 2%) — La(2) = Djunction(0, T).
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Case 3: 7 = 1. In this case, ¥ — 2 = 0. Arguing as in Case 2, we deduce that
y>¢&s, and

Jfk —yk
—— = (K" [ Ks | —"— ) | = (K} (K5 (—y)). 2.3.11
o = 07 (1 (0 ) o D ). e
Therefore, Djuncti(m(yk:’ xkz) — Lg(—=Y) = Djunction(y, T).

The proof is thus complete. [

Lemma 2.3.8. The function Djunciion is C* in J* and for (y,z) € Jz X J,, we have

L, (%) if (y.x) € (J5 x J3) \ Dga,
) ) _ Lix(&j) Zf (y,l') € A/J’aa
OaDjunction (Y, ) = L (z) ify=0and x > &,
Lo (Ky) " oKs(~y) ifer=0andy>—E,
(2.3.12)
and
—Ly(Y) if (y,x) € (J5 x J3) \ Dgas
—Lj(&5) if (y,x) € Aga,
. . — B
OyDjunction(y, *) = —Ljo (KZ) toKy(z) ify=0andz> &,
—Lj5(~y) ifr=0andy>—&;.
(2.3.13)

Proof. We compute the partial derivatives in domains where the function is naturally
of class C'! using that the function 7 is continuously differentiable in (0, 1)? and using
(2.3.9). We prove the continuity of the partial derivatives using the same proof as
Lemma 2.3.7. [

2.3.4 Compatibility condition

In this subsection, we prove a compatibility result, which will be used in deriving
error estimates.

Let us introduce the following shorthand notation

_ [ Halp) ifzeJ;
H(x’p)_{FA(p) if x = 0.

Remark 2.3.9. In J, X J,, we give a description of {Djunction(y, T) = Lo(y—x)}NAp,
using [67], see Figure 2.2. We have

{ Djunction(07 5;5) = é“;rL:l(é’;r) + LA(O) - La(gi) = La(oa f:yr)a
Djunction(—€5,0) = 5 Ls(E5) + La(0) = Ls(€5) = Lp(—€5,0).

This means that the functions D;ypetion and (y, x) — Lo (x —y) coincide at the same
points X, = (0,&) and Y, = (=¢,0). Therefore we have

Lo(x —y) < Djunction(y,x)  on the open line segment | X,, Y, |
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because Djynction is linear and L, is strictly convex as a function of y — .

The function (y, x) — Lo (2 —Yy) — Djunction(y, *) being convex because Djynction (Y, T)
is linear, we can consider the convex set

K*={(y,z) € Jo X Jo, Lo —Yy) < Djunction(y, )}
Then the set
I = {(y,2) € Aaas  Djunction(y;2) = Lol —y)}
is contained in the boundary of the convex set K. More precisely, we have
I = ((0KY) NAua) C Jo X Jy
which shows that I'* is a curve which contains the points X, and Y.

Theorem 2.3.10. Assume the Hamiltonians are convex, with Legendre Fenchel
transform satisfying (B0). Then for all (x,y) € JXJ\Uaeqr,.. n3I'?, (i.e., everywhere
except on the curves where Dy is not C*), we have

H(y7 _ayDjunction) = H(.T, aacll)jmu:tion)-

Proof of Theorem 2.3.10. First, notice that in the interior of K (i.e., in the regions
where Dy(y, x) = Lo(x — y)), we have the result as

H(y, =0,Do(y, 7)) = Ha(Lo(x —y)) = H(w,0:Do(y, x))-

Now we prove the result in the regions where Dy = Djynction defined in the expres-
sions of 0, Djunction ad OyDjunction i (2.3.12)-(2.3.13). Let us first point out that
we have the following assertion

Ho(p) + La(q) = pq < q € 0Hu(p), (2.3.14)

where 0H,(p) is the convex subdifferential of H,(p).

We distinguish several cases.

Case 1 (y,z) € (J5 X J;)\Apa.  From (2.3.14), on the one hand, and from (2.3.13)

we have
Hs | L/ -y = —_yL' V) _ L - )
'B( ’8( T >) T ﬁ( T P\

From (2.3.5), we have then Hg (Lj; (Z£)) = —Kp (Z£) — La(0).
On the other hand, and from (2.3.12)

i (7)) = o (1) - e (55)

similarly, from (2.3.5), we deduce that H, (L, (%)) = —Ka (%) — L4(0). Hence,
from (2.3.8), the compatibility condition.
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Case 2 (y,r) € (J5 x J;) N Ap,.  We argue as in Case 1, one can deduce that

Hp(Lj(&5)) = —Kp(&5) — La(0)

A A
Ho(Lo(62)) = —Ka(8s) = La(0) = A.

From the definition of £ and §5, one can deduce the compatibility condition.

Remark 2.3.11. We deduce that the functions 7}, 7, defined in [65] satisfy

ma(A4) = Lo(&y) and w5 (A) = Ly(&s).
Case 3 y=0and = > ¢'. Let us check the following equality

_ -1
max <A7,BLI11?%NHB (L’ﬁ <(KB) o Ka(x)))> = H, (L (x)).
On the one hand, from the definition of K, we deduce that

15 (2 (7)™ o Kala)) ) = Hs (1 ((15) ™ 0 Kal)) )

and arguing as previously, we deduce that
Hs (Lg ((K[;)‘1 o Ka(x)>> — _K; ((Kﬁ‘)_l 0 Ka(x)> —L(0) = —Ko(2)—La0).

On the other hand from (2.3.14), we have H, (L. (z)) = —Ka(z) — L4(0).

And for x > £, we have H, (L. (z)) > Ho(L(§F)) = Ho(m2(A)) = A. So one can
deduce the compatibility condition.

Case 4 x =0 and y > —¢{;. Let us check the following equality

max | A, a:rﬁé},{.,]\f H, (L’a ((K;r)_loKB(—y))), = Hs (Ly(—y)) -

o #p

Similarly, as in the previous case, one can deduce that

Lm0 e Ka)) = Ao <

a#p

And for y > &5, we have Hy (Lj(—y)) > Hy (15(A)) = A.
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Case 5 y=0and 0 <z <& Let us check the following equality

max(4, max Hg(L5(E5))) = Ha(Lal&S))-

On the one hand, from (2.3.14) H, (L. (§)) = =Ko (§8) — La(0) = —L4(0) = A.
On the other hand,

[ARRE] e

Case 6 v =0 and 0 <y < —{;. Let us check the following equality

max(A, max H. (L (&))) = Ha(Ly(E5))-

a=1,...N

Similarly, as in Case 5, one can deduce the compatibility condition.

Case 7 x=0and y =0. Let us check the following equality

max(A, 5£1laXN HB_(L'ﬁ(fﬁ_)) = max(A4, QE%%N Hy (Lo (€3))-

-----

In fact, it follows directly from Case 5 and Case 6.
The proof is thus complete. [

2.3.5 (1! estimates for the reduced minimal action

In this section, we study the Lipschitz regularity of the gradient of the reduced
minimal action Dy. It turns out that its gradient is indeed Lipschitz if the flux
limiter A is not equal to Ay, the minimal flux limiter. Such a technical result will
be used when deriving error estimates. It is also of independent interest.

Proposition 2.3.12 (C'! estimates for the reduced minimal action). Let
p > 0 and assume that the Hamiltonians satisfy (2.1.7) and (2.1.6). The function
Dy associated with the fluz limiter Ag + p can be chosen CYY(JZ) for any K > 0
where J& = {(z,y) € J* : d(0,z) < K and d(0,y) < K}. Moreover, there exists C
and Cly such that

Ck
ax:pp'uncion oo (J2 S—, 2.3.15
100Dyt iy < i (23.15)
and
Ck
||H(/y(axDjunction)8J:a:Djunction||L°°(J12{) < — (2316)

~ min(1,/p)
The constants Cx and C}; depend only on K and (2.1.7).

Moreover, in the case where for all a € {1, ..., N}, min H, = Ay, we have

||axxDjunction||L°0(J§<) S CK- (2317)
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Proof. In the following A denotes Ag+p. Using (2.3.12), we see that 0., Djunction =
0 on Ag, for all (8,a) € {1,...,N}? and 9..Djunction(y, ¥) = L. (x) on {0} x {x €
Jo | @ > &5} So it is sufficient to prove (2.3.15) and (2.3.16) on T":= J§ x Ji\Agq
for all (8,a) € {1,..., N}?. By (2.3.12), we deduce that on T,

Ocpnnsen) = (25 T o) (o)

Let us compute also 27 using (2.3.8),

1 / T
@( Qj) — I_T(y»m) Ka (1_T(y7x)>
8x ¥ y__K! < -y > _ T K! ( T >
m(yx)? 7 B\ 7(y.2) (I=7(y,x))? " \ 1-7(y,x)

AndasKﬁ(Ty):%L’ﬂ(*)>OandK’(”” ): _”’L”( = )<0wededucethat

i x
or B (1— 'r(yx)) zLa ( —(y 1‘))

—(y,x) = . (2.3.18)
ox y> " x
7(y,x)3 Lﬂ ( (v, )> + (1- T(y E s L (1_T(y,z)>
So we have on T’
y> I ( z )L// ( —y )
—7(y,x))T(y,x)3 ¢ —7(y, B\ 7(y,

Y " 2 ’ T -
r(y,z>3Lﬁ< . x)) t Ty Lo ( T(M))

As the denominator is a sum of two positive functions, 0,,D;junction from above by
the same numerator over only one term of the denominator. We deduce in these
two cases that,

" z ; 1
OoaDjunction(y, ) < 2La (1_7(9795)) (o) <3 (2.3.20)
o 2 junetion(Y, ) = V() i) > b ~

( z )2 B\ 7(y,x)

1-7(y,z)

Moreover, we have on T,

H(; (axpjunction(yax)) = Hf/)é (L/ (L>) - g

1_T(y7 ) 1—T(y,.’1}>,
and
T Az2L) (1—79(63;,95)) if 7(y,x) <3
T e P S g () e > )
’ 1—7'3(69,03) B\ 7(y.x) Y -2

In the case 7(y,z) < 1, as 0 < —%— < 2, we get the inequality (2.3.15) and

2 D)

(2.3.16). Let us prove the following lower bound for (y,z) € T,

X
e £ (2.3.21)
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which helps us for the second case. For y € Jg, we see that z — 5 has a non-

(y )
negative derivative using (2.3.18), so it is a non-decreasing functlon Therefore to

prove (2.3.21), it is sufficient to show it on 7. Let (y,x) be in 0T. We distinguish
three cases.

In the case where y = 0, necessarily z > ¢ and as 7(y,x) € [0,1], we deduce
(2.3.21).

In the case where y €]0, =, we have (y,z) € {(y,x) € Jg X Ja, 5% £y_ = 1}
So by (2.3.9) we deduce that —7— =&t

In the case where y > =5, we have x = 0. It is enough to prove that

1:/

iminf —————— > &F, .0.
hgl_l){)lfl_T(y’x/) > &) (2.3.22)

We have for (y,2') € T,

() = () < (50

as K is non-decreasing on | — 00, 0]. We deduce that

x/

+)-1 4 —55_
=) - el o (T@,w) |

s (KJ)™! is non-increasing. As limD 7(y,x') = 1, taking the limit inferior in the
' —

preceding inequality gives (2.3.22). So we deduce (2.3.21) and

l\DI»—

8y " -y
a:m:,D]unctwn(yp ) (£+) L <T<y,l‘)) lf T(y7 )

[\Dll—l

x 8y* —y
—am:D junction\ Y L// f )
[y e P 0:0) < G () ) 2

If & > 1, we deduce (2.3.15). If & < 1, let us prove that it exists a constant C' > 0
only depending on (2.1.7) such that

(€2 > Cp. (2.3.23)
As A = Ay + p we have

Ko (§) = La(§) — fL,a(f) + Ao + p,

and

KG(8) = —€Lg (&)
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The function L! is bounded on [0, 1], it exists M > 0 such that
y< LI <M.
So we have K (§) > —M¢. We integrate from 0 to & > 0 and get

Ko (€) — Ka(0) > —M%. (2.3.24)

Taking £ = &7, as K,(§) =0 and as L,(0) + Ap > 0, we deduce that
(€0 2 S (Lal0) + Ao+ ) = o1
T M - M
So we get (2.3.23) and we deduce (2.3.15) and (2.3.16).

In the case where for all & € {1,..., N}, min H, = Ay, we only have to consider

the case 7(y,z) > % in (2.3.20) since the case 7(y,z) < 3 gives already the bound

8y2 o 8y2
(2.3.20). In order to get a bound for the term (FT?W))Q = ((K;r)_lng(i%))g, let
us prove that for all £ € [-2K, 2K, we have
52
> < Chx, (2.3.25)

((K$) ™t o Kp(=£))

where Cy > 0 is a constant which depends on K. Let Mg be such that on
[—2K,2K] we have for all « € {1,..., N},

v < LV < M.

Replacing & by (K)7(€) in (2.3.24), we deduce that

Z _g + Ka(o)

So we have ,
((K3)~" o Ks(=9))
2
As for (2.3.24), we have the following inequality

Mok > —Kp(—¢£) + K.(0).

2

Ko(0) ~ Ks(~€) = 75

So as K,(0) = Kg(0) = p we deduce that

()™ 02@(—5))2 > Ka0) — K0 2 4

My 5

That gives (2.3.25) and we deduce (2.3.17). O
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2.4 Error estimates

To prove Theorem 2.1.1, we will need the following result whose proof is given in
the Appendix of Chapter 1 for the reader’s convenience.

Lemma 2.4.1 (A priori control). Let T > 0 and let u”" be a solution of the nu-
merical scheme (2.1.12), (2.1.14) and u a super-solution of (2.1.1)-(2.1.2) satisfying
for some Cp > 0,

u(t,z) > —Cr(1+d(0,)) for te€(0,7T).

Then there exists a constant C' = C(T) > 0 such that for all (t,x) € G, t < T, and
(s,y) € [0,T) x J, we have

u(t,2) < u(s,y) + C(1+d(z,y)). (2.4.1)

We also need the following result [65, Lemma 4.4] where the proof is given in [65].

Lemma 2.4.2 (From non-convex to convex Hamiltonians). Let K € (0, +00). Given
Hamiltonians H, : [— K, K] — R satisfying (2.1.3), there exists a function 5 : R — R
such that the functions o H, satisfy (2.1.7) for « = 1,..., N. Moreover, we can
choose 3 such that 3 € C*(R) and 8 > 1.

Remark 2.4.3. In [65, Lemma 4.4], the functions o H,, satisfy in fact the following

assumptions
H, € C*(R) with H” > 0 on R,

H! <0 on (—00,0) and H, > 0 on (0, +00), (2.4.2)
lim 2ol — 4o
pl—too 1P

which implies (2.1.7). Indeed, in the next proof on error estimates, we only need to
consider Hamiltonians on a compact set which only depends on uy and the Hamilto-
nians H,, thanks to the fact that the solution is Lipschitz continuous, see Theorem
2.2.2 and the fact that the discrete gradients are bounded (see Chapter 1, Proposi-
tion 1.3.1). So on [—K, K], the functions (5 o H,)"” are bounded by some constant
C > 0. We deduce that the functions L, are of class C* and satisfy L” > v = %
Indeed, from the relation H,(p) + La(q) = pq with ¢ = H! (p), one can deduce that

Lo (Hi(q)) = g, s0

1
L// — > .
)= Frotay (g =

We now turn to the proof of the error estimates.

Proof of Theorem 2.1.1. We assume that the Hamiltonians H, satisfy (2.1.3)
and A > Ag. Let u be the solution of (2.1.1) and u" the solution of the corresponding
scheme (2.1.12). In order to get (2.1.16), we only prove that

CT(A$)1/2 if A> Ao,

in |0,7) x JN
Cr(Az)*5  if A= A, in [0,7) i

ul(t,x) —u(t,z) < {
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since the proof of the other inequality is very similar. We are going to prove that

"t x)—u(t,z) < O (5) +0 (%) +0() + O) if A > A,
TR = O(AT)""O( )+0<(€p)g>+(’)(p)+(’)(a)+(’)(v) if A= A,
(2.4.3)

which yields the desired inequality by minimizing the right hand side with respect to
e and v in the case A > Aj and with respect to p,e and v in the case A = Ay. Let 3
be the function defined in Lemma 2.4.2 such that the functions fo H, satisfy (2.1.7).
In the following, we consider that the function Dy is associated to the Hamiltonians
foH, and to the flux limiter 5(A) which satisfies 5(A) > B(Ap) in the case A > A,.

The remaining of the proof proceeds in several steps.

Step 1: Penalization procedure. Using the expression of Dy in (2.3.2) and
Djunction i (2.3.6), we deduce that it exists C' > 0, such that Vo € J

DO(0,0) = LA(O) =-A S Do(ZL‘,I‘) S C.
Let Dy = Dy + A, we have that

0 < Dy(z,7) < C + A.

For n, 9, €, v positive constants, let us define

N (Y T (t—s)? 0, Ui
M.s = "t, —eDy (£,2) - S - 2d(y,0) -
o= S {U( z) —u(s,y) —€Do (. - 5 58 (,0) =
(s)€l0.T)x.7
(2.4.4)

where the test function Dy is given in (2.3.2). In this step, we assume that M. s > 0.
Thanks to Lemma 2.4.1 and the superlinearity of Dy (see Lemma 2.3.2), we deduce

that for (x,y) such that the quantity in the supremum is larger than MZE"S,
M. s Yoo (Y T (t—s)*> & , n
~ < C(1+ — ( ) - = ,0) —
0< 5 C(1+d(y,x)) €5 d i 5 2d (y,0) T s

which implies in particular

;—ng(y, ) < O(1+d(y, z)),

and 5

Notice that in the following, we use the notation Dy instead of 250. Indeed we deal
only with partial derivatives of Dy which are equal to partial derivatives of Dy and
differences between two values of Dy at two points which are equal to differences
between two values of Dy at these two points.
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We deduce from the two last inequalities that d(y,z) is bounded and d(y,0) is
bounded, so the supremum is reached at some point (¢,z,s,y) where y € Jg and
r € Jo. This estimate together with the fact that —9,Dy(¥, 2) — dd(y, 0) lies in the
viscosity subdifferential of u(t,-) at x and the fact that dd(y,0) is bounded, implies
that there exists K > 0 only depending on ||Vu||« (see Theorem 2.2.2) such that
the point (t,x, s, y) realizing the maximum satisfies

é%[b(%,g)‘gl{ (2.4.5)

If a =, for £ or £ large, then (2.4.5) implies

b (D) ex
£ g

As L, is superlinear, it implies that d (%, f) < C, for C' > 0 which is sufficient for
the use in step 2 of the C'! estimates as Dy only depends on d (g, f) for £ or 2
large. If a # 3, assume by contradiction that £ or £ are not bounded when £ — 0.
Then using (2.3.13) and (2.3.8) we get a contradiction with (2.4.5). So ¥ and Z are

bounded by a constant which only depends on || Vu||» and on the Hamiltonians H,,.

We want to prove that for n > n* (to be determined) that the supremum in (2.4.4)
is attained for ¢ = 0 or s = 0. We assume that ¢ > 0 and s > 0 and we prove that

n<n*

Step 2: Viscosity inequalities. Sincet > 0 and s > 0, we can use Lemma 2.2.4
and get the following viscosity inequalities.

If z # 0, then

t—s At _ [ ¢ y 4+ Ax Yy x
” ‘5*“1“{%(5{7’0(; : )‘W;a;)})’

If x =0, then

t—s At [ ¢ y Az Y
- — A Hy | —<Dy|Z,— )| =Dy (= <0.
v 2V—|—max( ,mgx{ A (Ax{ 0(5’ 5 ) O(é’o) })}) =0

If y # 0, then
_(T j 5)2 + t;s + H, <—ayDO <g, g) — dd(y, 0)> > 0.
If y =0, then
_(Tjs)2 + t;s + Iy (—8yD0 (O, g)) > 0.

We now distinguish the case A > Ay and A = A,.
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Case A > Ay;. Thanks to the O regularity of the function Dy, see Proposi-
tion 2.3.12, and the fact that the functions H, H, are locally Lipschitz we obtain,

for z € J, and y € Jg with o # 3,

e p0, =S _AL, (aDo(y “;”))Jro(ﬁ)go (2.4.6)

v 2V €

fr—o T8 A FA<6D0< o))+o(§>go

v 2V €

if y #£0, t_8+H5<—3yD0< 6)>+O(\/g) L

v

tmo Sen (o 0) 2

(2.4.7)

(2.4.8)

(2.4.9)

Now for (y,z) € J, X Ju, from (2.3.2) and (2.3.6), one can deduce that Dy is in
fact C? far away from the curve I'® defined in Remark 2.3.9, hence the viscosity

inequalities (2.4.6)-(2.4.9) remain true.

Now we treat the case where (£, 2) is near the curve I'*, but not on it.
First if (£,2) is such that (¥,%) € K*\I'* and (¥, 2=5%) ¢ K, we have

Do(g’x—Ax> <L (x—Ax—y).
€ 5 5

So as H is non-decreasing, we deduce that
Ax € 3
+f € yx y - Ax
< H;{-—1:D — Dy .
Ax e e e’ €

Hence the viscosity inequalities (2.4.6)-(2.4.9) remain true. If (¥, %) is such that

(£.2) ¢ K* and (£, 252%) € K*\I", we have

DO (gy - Ax) S Djunction (gu i Ax) .
g

9 9 €

So as H_ is non-increasing, we deduce that

[ € Yy x y x+ Az
Ha (E{D]unctwn(ga 8) Djunctwn (ga c )})
< mn() (2 ))
Ax g € € €

Hence the viscosity inequalities (2.4.6)-(2.4.9) remain true.

Now for (4,%) on the curve I'*, we get the following viscosity inequalities, using

Proposition 2.2.3.
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If x # 0, then

If y =0, then

n t—s ., [z
— A H L | — > (.
T2 ”““( e ( ())>—0

We now simplify the above inequalities,

itz #0, Y 2 A
+0 (—l) <0
5
(2.4.10)
if xt =0, b=s g—l—max <A,maxHa<L;(—g))> +O(%) <0
v 2v & € €
(2.4.11)
. t—s — / r—y +/71 — Ui
> 1
ity 20, v (T2 e b+ o) =
(2.4.12)
. t—s _ / X n
= — > —. A.
ify=0, ~— +max (A,mnga (La(g))) 2 5 (2.4.13)

Combining these viscosity inequalities and using Theorem 2.3.10 with the Hamil-
tonians 3 o H,, we deduce the same equalities for the Hamiltonians H, as 3 is a
bijection. We use also the fact that HX (L () = Aand HI (L(§,)) = Ao, we get

in all cases At A
n<O <7> +0 (;) +O(V6) = 7",
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Case A = Ap. In this case the function Djyperion is not of class C1, see Proposition
2.3.12. So we consider the function D, associated with A = Ay + p where p is a
small parameter. The only difference with the case A > Ag is in the case z € J,
and y € Jg with o # 5. We only treat the case z € J, \ {0} and y € Jz with a # 3
since in the other cases the arguments are the same as the proof of the case A > Aj.
Since Dy(¥, .) is non-decreasing and Hy (p) = Ag for p > 0, and HF (p) = H,(p) for
p > 0, we have

t=s At g (= Ip (Y.%) _p, (Y 2B <0. (2.4.14)
v 2u Az g€ g’ €

By using the Taylor expansion of the function Dy(¥,.) of class C', there exists
6, € [0,1] such that

€ Yy x y xr— Azx
Ha (E{DO (22) - (;’ - ) })
(a D, (1) - 20,.D, (yw))
€ 2e € €

Using now a Taylor expansion of the function H, of class C?, there exists 6, € [0, 1]
such that

({9 n () -
i (220 (7)) = growm (4525 ) 1 (om0 (1))
= (%) axxp()( ﬂ) H! (8 D, (L.%) - emam@o( 91“)).
€ g’ € € € 2

1.15)

Using Taylor expansion for 0,Dy(., %) and HJ, of class C! there exists 03,04 € [0, 1]
such that

i, (000 (L)) = 1, (axpo (gﬂ) elﬁampo( ﬂ))
g€ € € 3 g’ 3
o (82) <y :L‘—HlA.r)>
= 6% xr 0 -
3 5

+91%811D0 (8 — 93AZE) Hg (amDO (37 . ile) 94&8117)0 ( HSA:E))

£
1.16)

Notice that the terms in H/ are bounded since £, % and A{f are bounded indepen-

dently of Az < 1 as we take e = p = (Az)3.
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So combining (2.4.15) and (2.4.16), thanks to the C''! regularity of the function Dy,
see Proposition 2.3.12, we deduce that

(G s n ()
— A, (axpo (gg)) o) (%) 4O ((ﬁ—j) ) .

So combining the viscosity inequality and using the fact that |Fy — Fa,| < p we
have

r<o()co() e((5)) i

Step 3: Estimate of the supremum. We proved in the previous step that, if
n > n*, then either M. ; <0 or M, s is reached either for ¢t =0 or s = 0.

If t =0, then using Theorem 2.2.2, we have

2

S
M5 < o) = uo(y) = 5-d?(y.2) + Crs — o

Using the fact that ug is Ly-Lipschitz, one can deduce

72 r?
M, s <sup (Lor — =7 ) +sup | Cr — —

>0 2e >0 2u

< O(e) +O(v).

If s = 0, then we can argue similarly (by using the stability of the numerical scheme)
and get
M&(; < 0(6) + O(l/)

Step 4: Conclusion. We proved that for n > n*, M.; < O(e) + O(v). This
implies that for all (t,2) € G, t <T'/2, we have
< J 2
ul(t,7) — ut, ) < eDo(=, =) + 2d(x,0) + =~ + O(e) + O(v).
€ € 2 T
Replacing n by 2n* and recalling that 150(35, r) < C+ Aforall z € J, we deduce
that for (¢t,z) € G, and t < T'/2 (after letting 6 — 0),

ul(t,x) —u(t,z) <O <%> +0 (%) + O(g) + O(v).

Using the CFL condition (2.1.15) and optimizing with respect to ¢ and v yields the
desired result. O

Remark 2.4.4. If for all « € {1,..., N}, min H, = Ay, then in the case where A = Ay,

thanks to the C'! regularity of the function Dy, see Proposition 2.3.12, we can
1

conclude as the case A > Aj that the error estimate is of order Axz.
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Ax [|u(T,.) — u™(T,.)||s
0.00250 1,192x1074
0.00100 0,753x1074
0.00075 0,644x10~*
0.00050 0,503x1074
0.00025 0,329 x10~4

Figure 2.3: Error estimates for A = Ay =0

Ax l|u(T,.) — u™(T,.)||eo
0.00250 1,266x10~4
0.00100 0,719x10~*
0.00075 0,616x10~*
0.00050 0,511x10~4
0.00025 0,350 x10~*

Figure 2.4: Error estimates for A = 0.1 > A,

2.4.1 Numerical simulations

In this subsection, we give a numerical example which illustrates the convergence
rate we obtained in the previous subsection. In the case A > Ay, we get an optimal
error estimate of order Az2. But in the case A = Ay we only have examples with
an error estimate of order Az2 when in the proof we have Azs. So we wonder if
the error estimate obtained in the proof is optimal for the case A = A,.

Here we consider a junction with two branches J; = Jo = [0, X|. We have the two
following Hamiltonians,

Hi(p) =p°,
Hy(p) = p° — 1,

and the initial data
(z) = sin(0.2z) if z € Jy,
Hol) = sin(z) if x € J,.

In the simulation we take X = 0.1 and we give the error ||u(T,.) — u"(T,.)||o at
time 7" = 0.01. Here we have Ay = 0.

For A=0, A=0.1> Ay and At = % we get the following result, see Figure 2.5

and 2.6 ploted in logarithmic scale and the error values in Table 2.3 and 2.4.
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Error of order «=0.55941

107 : — \
O  exact error
linear line of slope 0.5
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Figure 2.5: Error estimates for A = Ay =0
Error of order a=0.55443
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Figure 2.6: Error estimates for A = 0.1 > A,
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Indirect controllability /stability of
a 1D system of wave equations






Chapter 3

Influence of the coefficients of
coupled wave equations on their
indirect exact boundary
controllability

Le taux de décroissance de ’énergie d’un systéme d’équations d’ondes cou-
plées dépend du type de couplage, de la nature algébrique du parametre du
couplage et de la propriété arithmétique du rapport des vitesses de propa-
gation des ondes (voir [68], [15], [104], [92]). Dans ce chapitre, nous étu-
dions la controlabilité exacte indirecte d’'un systeme d’équations d’ondes
couplées par des termes de vitesse, dans le cas mono-dimensionnel. Nous
considérons les cas ou les ondes se propagent avec des vitesses égales ou
différentes. Tout d’abord, en wutilisant l’analyse non harmonique, nous
établissons les inégalités d’observabilité, qui sont influencées par la na-
ture du parametre du couplage et par la propriété arithmétique du rapport
des vitesses de propagation des ondes. FEnsuite, en utilisant la méth-
ode d’unicité de Hilbert, nous démontrons que le systeme est exactement
controlable, et que le temps de controle peut étre petit.
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Abstract. The energy decay rate of a system of coupled wave equations depends
on the type of damping, the type of coupling, the algebraic nature of the coupling
parameter and the arithmetic property of the ratio of the wave propagation speeds
(see [68], [13], [104], [92]). In this chapter, we study the indirect boundary exact
controllability of a system of wave equations coupled through velocity terms in one
dimensional space. We consider the cases where waves propagate with equal or
different speeds. First, using the non harmonic analysis, we establish the weak
observability inequalities, which are greatly influenced by the nature of the coupling
parameter and are sensitive to the arithmetic property of the ratio of the wave
propagation speeds. Next, using the HUM method, we prove that the system is
exactly controllable, and that the control time can be small.

3.1 Introduction

In [92], Najdi and Wehbe studied the indirect boundary stabilization of a system of
two wave equations coupled through velocity terms. The system is described by:

Ugp — Uy + by = 0 on (0,1) x (0,4+00),
Yt — Yy — buy = 0 on (0,1) x (0,400),
y(0,1) — y:(0,2) =0 on (0, 400),
u(l,t) =y(1,t) =u(0,£) =0 on (0,400),

(3.1.1)

where a > 0 and b € R* are constants. First, they proved that system (3.1.1) is
strongly stable if and only if the coupling parameter b is outside a well determined
discrete set S of exceptional values. Consequently, the strong stability does not
hold in general. Next, for b ¢ S, they showed that the energy decay rate of system
(3.1.1) is greatly influenced by the nature of the coupling parameter b (an additional
condition on b ) and by the arithmetic property of the ratio of the wave propagation
speeds a. Indeed, in the case of a = 1 when the waves propagate at the same speed
and if there exist no k € Z such that b = kw, they established exponential stability
of system (3.1.1). Otherwise, they proved the lack of exponential stability of the
system and established a polynomial energy decay rate also depending on the nature
of b and on the arithmetic property of a. Roughly speaking, if a = 1 and b is of
the form kx for k € Z, an optimal energy decay rate of type % is established, and if
a # 1 and y/a € Q, they obtained the same polynomial energy decay rate. In this
chapter, we are interested in the influence of the nature of the coefficients a and b
on the indirect boundary exact controllability of a one dimensional setting of wave
equations coupled through velocity terms. The system is described by:

Ugp — Ugy + by = 0 on (0,1) x (0,7,
Yt — AYgxe — but =0 on (0, 1) X (O,T), (3 1 2)
y(1,t) = v(t) for all t € (0,7), o

u(1,t) =u(0,t) = y(0,t) =0 forall t € (0,7,

where a > 0 is the ratio of the speeds of the two equations, b € R* is the cou-
pling parameter, and v € L?(0,T) is the control. The system (3.1.2) is a classic
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model for the motions of two stacked elastic bodies. The control v is applied only
at the right boundary of the second equation. The first equation is indirectly con-
trolled by means of the coupling between the equations. We consider the following
indirect boundary exact controllability problem: For given 7" > 0 and initial data
(ug,u1, Yo, y1) belonging to a suitable space, is it possible to find a suitable control
v so that the solution of system (3.1.2) (u,us, y, ;) is driven to zero in time 77 i.e.

w(z,T) =u(z,T) =y(x,T) =y(x,T) =0 on (0,1).

In [104], Toufayli studied the exact controllability of system (3.1.2) in a star-shaped
domain Q in RY. Using a multiplier method, she proved that by observing only one
component of the associated homogeneous system, one can get back a full energy of
both components in the case where a = 1 and b small enough. Consequently, using
Hilbert Uniqueness Method, she established an indirect exact controllability result.
It seems that the conditions a = 1 and b small enough are technical for the multiplier
method. The natural question is then whether or not the exact controllability still
holds in the natural physical cases a = 1 and b large or a # 1. The aim of this
chapter is to give a complete answer to this interesting question. For this goal, we
will use a spectral approach to investigate how the interaction between the modes of
the first equation and the modes of the second equation is influenced by the algebraic
nature of the coupling parameter b and how it is sensitive to the arithmetic property
of the ratio of the wave propagation speeds a. We use it also to get the suitable
controllability spaces (see Theorems 3.1.3, 3.1.1 and 3.1.2).

Main results. Unlike the spectral method, the multiplier method used in [6, 9,
12, 104] requires some technical conditions on the coefficients of the system. Then,
our aim is to establish observability inequalities using the Ingham’s theorem while
distinguishing the following cases:

(Case 1) a=1andb¢ 7Z,
(Case 2) a=1andbe 7Z,
(Case 3) a # 1 such that a € Q,

(Case 4) a # 1 such that a € R\ Q.

In order to do so, we consider respectively the associated homogeneous problem
(for @ # 1 and @ = 1), that is to say, the null boundary acted control system.
Hence, using the Hilbert Uniqueness Method (see[79]), we deduce the indirect exact
controllability of the considered system.

Let us denote by Aj,, A2, the two branches of eigenvalues of the homogeneous
systems (3.2.1) and (3.3.1) respectively, and by

El,n - (¢1,n7 >\1,n¢1,n7 wl,na Al,nwl,n)a (3 1 3)
By = (92,n5 A2n®2,n, V2,0, Aont2,n) o

the corresponding eigenvectors. Our main results are the following.
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Case 1. The eigenvalues Aj ,,, A2, satisfy an uniform gap condition. Then using
the usual Ingham’s theorem, we prove the following result.

Theorem 3.1.1. Assume that a = 1, condition (3.2.8) holds and b ¢ wZ. Let 0 <
|b| < 7 be the resulting quantity of b—km, where k € N*| such that km < |b| < (k+1)7
and let

Then there exists a constant ¢y > 0 such that the following direct inequality holds

T
/O (L, D)t < 1| (Dos drs s )1 (3.15)

for all solution ® = (¢, Py, 1, 1) solving the corresponding homogeneous Cauchy
problem.

Moreover, there exists a constant 0 < ¢y < ¢; depending only on b, such that the
following inverse observability inequality holds

T
sl (o> b, o, )2, < / (1, )Pt (3.1.6)

Case 2. The eigenvalues Ay ,,, A2, are asymptotically close. To be precise, follow-
ing proposition 3.2.7, we prove that there exist infinitely many m ~ n + kg

0(1)

)
m2

0(1)

n?

)\l,m - /\2,11 ~ )\l,m - )\Q,n ~
Then, the usual Ingham’s theorem which requires an uniform gap condition does
not work in this case and consequently, the observability inequalities are not true
in the energy space. In order to get the inverse observability inequality, we will use
a general Ingham-type theorem based on the divided differences, which tolerates
asymptotically and even multiple eigenvalues. On the other hand, the observation
is on the second components of the eigenfunctions E ,,, Es ,,. From (3.2.11)-(3.2.12),
we see that

(¢1,n)w(1> = O(l), (¢2,n)x(1) = O<1) (3‘1‘7>
So, a natural space for the observability inequalities is the following weighted spectral
space
Dy = {(¢o, ¢1, %o, ¥1) = Z(al,nEl,n + a2,nE2,n)n2}-
n#0
We prove afterwards the following result.
Theorem 3.1.2. Assume that a = 1, condition (3.2.8) and b = kom for some

ko € Z*. Let
T > 4.
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Then there exists a constant c3 > 0 such that the following direct inequality holds

T
AWHUWﬁSMWw%%WM% (3.1.8)

for all solution ® = (b, ¢y, 1, ,) solving the corresponding homogeneous Cauchy
problem.

Moreover, there exists a constant 0 < c4 < c3, such that the following inverse
observability inequality holds

T
mwwm%wmaslwwuww (3.1.9)

Cases 3 and 4. We prove in Proposition 3.3.4, that there exist infinitely many
vam ~ n such that the eigenvalues are asymptotically close
O(1 o1

/\Lm - )\gm ~ L, )\Lm - )\2’71 ~ L, (3110)
m n

where we distinguish cases of the ratio of the wave speeds, as 0 < a # 1 is a

rational number or an irrational number. Then, we will use a general Ingham-type

theorem. On the other hand, the observation is on the second components of the
eigenfunctions F ,,, Fs,,. From (3.3.12)-(3.3.13), we see that

(i) = O(1),  ()a(1) = 28, (3.1.11)

n

So, if we want to observe the first equation via the second one, we have to use a
weaker norm so that the observation on the second component (1 ,).(1) does not
disappear. It seems that the following weighted spectral space

Dy = {(¢o, 1, %0, 91) = Z(al,nEl,n + agnEy,)n} (3.1.12)
n#0

is the natural space for the observability. In (3.1.12), the factor n before the eigen-
vector Ly, is due to the transmission of the modes between the two equations
(3.1.11), and the factor n is due to the closeness of the eigenvalues (3.1.10). We
then prove the following result.

Theorem 3.1.3. Let 0 < a # 1, and let b a real number satisfying (3.3.9). Assume

that .
T>2(14+—).
<+\/5>

Then there exists a constant ¢y > 0 such that the following direct inequality holds

T
AWMUWﬁSMWw%%WM% (3.1.13)
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for all solution ® = (¢, py, 1, 1) solving the corresponding homogeneous Cauchy
problem.

Moreover, there exists a constant 0 < ¢ < ¢y depending only on a and b such that
the following inverse observability inequalities hold true:

1. If a is rational number, then
T
cln,én, 0,0, < [ 10ul1,0) P (3114
0

2. For almost all irrational number a > 0, we have

T
(o, br, o, )l < / (1, ) Pdt. (3.1.15)

Brief review of the literature. Observability and exact controllability have
been studied in an extensive number of publications. In [79], Lions studied the
complete and partial observability and controllability of coupled systems of either
hyperbolic-hyperbolic type or hyperbolic-parabolic type. These results assume that
the coupling parameter is sufficiently small. In [71], Komornik and Loretti extended
the study to the case of arbitrary coupling parameters. The null controllability of
the reaction diffusion system has been studied in [15], by deriving an observability
estimate for the linearized problem. In [108], Zhang and Zuazua obtained the exact
controllability for one-dimensional system of coupled heat-wave equations by proving
the observability estimate with a new type of Ingham inequality. In [9], (see also [6]
and [12] ) Alabau studied the boundary exact controllability of an abstract system of
two second order evolution equations coupled through the zero order terms wherein
only one of the equations is controlled. She proved that, by observing only one
component of the associated homogeneous system, one can get back a full weakened
energy of both components under a compatibility condition linking the operators
of each equation and for small coupling parameter. Consequently, using Hilbert
Uniqueness Method, she established an indirect exact controllability result for small
coupling parameter. Liu and Rao in [89], studied the exact controllability of a
system of one-dimensional wave equations coupled through the zero order terms
with boundary control acted on only one equation. Using the non harmonic analysis,
they established the weak observability inequalities, which depend on the ratio of
the wave propagation speeds.

Organization of the chapter. The remaining of the chapter is organized as
follows. Section 3.2 is dedicated to the proof of exact controllability while waves
propagate with equal speeds. Depending on the algebraic property of the coupling
parameter b, we deduce the corresponding observability spaces. In Section 3.3, we
consider the case where the waves propagate with different speeds. Using the divided
difference technique, the suitable weighted observability spaces are deduced.
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3.2 Observability and exact controllability under
equal speeds waves propagation condition. The
case a = 1

In this section, we study exact controllability of a system of coupled wave equations
propagating with equal speeds, which corresponds to the case a = 1.

3.2.1 Observability and exact controllability in spectral spaces

The aim of this subsection is to establish some observability inequalities by spectral
approach. We consider the following associated homogeneous system

¢tt - ¢mz + bl/Jt =0 on (07 1) X (07T)7
¢tt - ¢1‘$ - b¢t - O on (07 1) X (07T)7 (3 2 1)
#(0,t) =¢(1,t) =0 forallt € (0,7), -
¥(0,t) =(1,t) =0 forallt € (0,7),

where b # 0, denoted as the coupling parameter, is a real number.

Let us recall the energy space H defined in (3.3.2) endowed with the inner product

(®, )y, = / (6260 + 00+ vuth, +1i) dz V@ = (6.0,07), ¥ = (6,0,.,7) € H.
(3.2.2)
Now we define a linear unbounded operator A : D(A) — H by

D(A) = (H 0 HL)(0,1) x HL(0, 1) x (H 0 HL)(0, 1) x HL(0, 1),
and L B o B
A(¢7 (ba ¢7 ¢) = (¢7 (bmx - b% 1/}7 wxx + b¢)
Then setting ® = (¢, ¢y, 1,1,) a regular solution of (3.2.1), we rewrite it into an

evolution equation
' 3.2.3
{ O(0) =Py € H. ( )
Since A is a skew adjoint operator with a compact resolvent, then, by a corollary of
the Lumer Philips’s theorem [94], A is the infinitesimal generator of a C semi-group
of contractions e on H.

Let us consider the corresponding eigenvalue problem

)‘2¢ - bex + b)\'éb =0,
)\2¢ - wa:a: - b>\¢ = Oa
¢(0) = ¢(1) = 0,
¥(0) = ¥(1) = 0.

(3.2.4)

For some constants C', D let

o(z) = Csin(nmz), Y(z) = Dsin(nrz) (3.2.5)
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be a solution of (3.2.4). It follows that

{ (A2 + (nm)?)C 4+ bAD = 0,
(A2 + (n7)%)D — bAC = 0,

which has a non-trivial solution if and only if
M+ X2 (2(nm)? +b%) + (nm)* = 0. (3.2.6)

Remark 3.2.1 (Condition on the coupling parameter). Denoting A = iy in system
(3.2.4), the previous system has a non trivial solution if and only if sinh(r;) = 0
and/or sinh(ry) = 0 where r; and 7y are defined as:

—242 — v/ 4ab? —242 + pv4ab?
r = 5 , Ta= 5 . (3.2.7)
a a

Taki
e (2 — 12y
271'2(/{?% + k%)7

=

one can write the expressions of ¢ and v defined in (3.2.5).

b’ # Vki, ky € Z*. (3.2.8)

Proposition 3.2.2. Assume that a = 1 and condition (3.2.8) holds. Then, the
following asymptotic expansions hold

b b? O(b*)
Mo =i Ry , 3.2.9
L =T g i+ = (3.2.9)
. , b o)
/\Qm =1inm — 25 + Z8n—ﬂ_ 3 (3210)
with the corresponding eigenfunctions
sin(nmzx) —isin(nmx)
Pin(r) = ——=, tal) = ——, (3.2.11)
nm nw
—isin(nmz) sin(nmz)
Gon(r) = ————=,  Pop(xr) = ——=. (3.2.12)
nm nm
Proof. First solving the equation (3.2.6), we get
-9 2 _ b2 4+ b4+ 4p2 2
z2 = Z2om) + 4b(nm)? (3.2.13)
2
Using asymptotic expansion in (3.2.13), we get
b b O(b°)
2 2
Al,n = —(mr) —nwb — E — 871_7'(‘ n3 s (3214)
b? b3 o
)\gﬂ =—(nn)?+nrb— —+—+ ( ) (3.2.15)

2  8nmw n3
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Once again using asymptotic expansion in (3.2.14)-(3.2.15), we get (3.2.9)-(3.2.10).
Next for A = Ay, setting

! _a@&fumﬂ:(j+owd7

Cl,n = Dl,n = 3
bAi nm n

nm’
in (3.2.5), we get the corresponding eigenfunctions (3.2.11).

Similarly for A = Ag,, setting
I _mewumﬂ_(i+owg

D2n_ ) 2n —

nmw bAay, nmw n3

in (3.2.5), we get the corresponding eigenfunctions (3.2.12). The proof is thus com-
plete. [

Remark 3.2.3. It is easy to check that all the roots Ay, A2, of equation (3.2.6) are
simple and different from zero. Then we set the eigenfunctions of the operator A as

El n — (¢1 ) /\1 n¢1 ) ¢1 79 )\1 nwl n)a
7 L@l Yiiny AL, 3.2.16
{ Ean = (02,0, A2n®2.n, Y2.ns A2n2n)- ( )

Using the asymptotic expansions (3.2.9)-(3.2.10) and (3.2.11)-(3.2.12), we can eas-
ily prove that £, Es,, n € Z*, form a Riesz basis in the energy space H. We
distinguish different types of observability inequalities, depending on the algebraic
property of the coupling parameter b. In fact, as we will see in Proposition 3.2.4, if
there exist no integers k € Z* such that b = km, the observability holds in the energy
space H. In fact, the eigenvalues of the same branch satisfy an uniform gap condi-
tion, and also do the eigenvalues of different branches. So, we will apply the usual
Ingham’s theorem (see [73], Theorem 4.3), in order to get observability inequalities.

Nevertheless, if there exists some integer kg € Z* such that b = ko7, the eigenvalues
of the same branch satisfy an uniform gap condition, while on different branches
they can be asymptotically close at a rate of order # (see Proposition 3.2.7). So the
usual Ingham’s theorem used in the case b # k7 is no longer valid. In order to get the
observability inequalities, a general Ingham’s theorem based on divided differences
will be used, which tolerates asymptotically close eigenvalues (see Theorem 9.4 in
[73])

According to the asymptotic behavior (3.2.9)-(3.2.10), we distinguish two cases.

3.2.1.1 The first case: a =1 and b ¢ 7Z

In this part, we assume that there exists no k£ € Z* such that b = kw. Then, we
have the following result

Proposition 3.2.4. Assume that a = 1, condition (3.2.8) holds and b ¢ wZ. Then
there ezists a constant v > 0 depending only on b such that the two branches of
eigenvalues of A satisfy an uniform gap condition

= inf|)\1,m — )\2771’ > 0. (3217)
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Moreover, the eigenvalues of the same branch satisfy an uniform gap condition.

Proof. Using the asymptotic expansions (3.2.9)-(3.2.10), we have

O(b O(b
At — gl = P — Aval = r(m — ) 8] + 28 4 OO
m T

Since there exists no integer k € Z such that b = km, then there exists b such that
0 < |b] < min a way that |w(m —n) +b| > [b|. Hence, for m,n € Z* one can deduce
that there exists v = vy(b) > 0 such that

ylnl;éf;J/\l’m — /\2,n| > 7.

Similarly, using (3.2.9)-(3.2.10), we have

o)  O()
Njm — Ajn| = |w(m = n)| + —= + ——=,
| s J ‘ | ( )’ |m| |7L|

for j =1, 2. (3.2.18)

It follows that
inf |\ — Ajn| >
m#n
Hence, one can deduce the uniform gap for eigenvalues laying on the same branch.

The proof is thus complete. O

The observation is on the third components of the eigenfunctions Ej ,,, Es ,,. From
(3.2.11)-(3.2.12), we see that

(V1n)2(1) ~ O(1),  (Y20)2(1) ~ O(1). (3.2.19)

Because of the uniform gap condition between the eigenvalues, the usual space of
the observability is the energy space H. Therefore, we will use the general Ingham’s
theorem which requires an uniform gap condition (see [94], Theorem 4.3).

We can now prove our first main result.

Proof of Theorem 3.1.1. For all n € Z*, all eigenvalues are different from zero
and are all algebraically simple. Given any initial data (¢q, ¢1, %0, %1) € H, using
the Riesz basis property one can write

(¢07 (blu w(b Zﬂl) = Z(al,nEl,n + a2,nE2,n>~
n#0
Moreover, the solution of (3.2.3) can be written a
(¢($, t)7 ¢t(xa t)? @b(l’, t)v 1/):: (ZL‘, t)) = Z(al,REl,nekLnt + aQ,REQ,nBAQ’nt)'
n#0
It follows that

wx(la t) = Z(al,n(wl,n)z<1)e)\l’"t + a2,n(w2,n)x(1)€/\2’nt)- (322())
n#0
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But, back to (3.2.19), we can rewrite (3.2.20) as

wx<1’t) ~ Z(a]-’ne)\l,nt + a27neA2,nt).
n#0

Following a generalization of Ingham’s theorem (see [73], Theorem 9.1), the sequence
(e™™),, 20 forms a Riesz basis in L?(0,T) provided that

T > 2w/

where v is the uniform gap between the eigenvalues. It follows that

T
/WMMWﬁNEN%ﬁ+WmW
0

n#0
This yield inequalities (3.1.5) and (3.1.6). The proof is now complete. O
Now, let (¢, ¢y, 1,1,) be a solution of the homogeneous problem (3.2.1) and let

v(t) € L?(0,T). Then, multiplying the first and the second equation of (3.1.2) by ¢
and 9 respectively, and integrating by parts, we obtain formally

[ o+ [uns - [
—AEUWWMM—A%WDMHM+A%MDMHM

_ /O i (0)(0) i + /0 3 (0)(0)dz — /0 " 6,(0)u(0)de (3.2.21)
- [ 00we ~ [ w0+ [ woro0)as
\ —/OT%(l,t)v(t)dt.

We define the linear form L by

L(Do) = ((u1, —uo, Y1, —%0), Po)w xn —/0 Y (1, t)v(t)dt. (3.2.22)

Then, we obtain a weak formulation of system (3.1.2)
((ue(Ty ), —u(T,x), ye(T, ), —y(T, x)), D(T) )arsr = L(Pg), YVPo € H. (3.2.23)

Theorem 3.2.5. Assume that a = 1, condition (3.2.8) holds and b ¢ ©Z. Let 0 <
|b| < 7 be the resulting quantity of b—km, where k € N*| such that km < |b| < (k+1)7
and let




Chapter 3: Influence of the coefficients of coupled wave equations on
108 their indirect exact boundary controllability

Then, for all initial data (ug, w1, Yo, %1) € (L*(0,1)x H=(0,1))? and allv € L*(0,T),
system (3.1.2) admits a unique weak solution

(u,ut, yvyt) € CO ([OvT]; (L2(07 1) X H_1(07 1))2)

in the sense that the variational equation (3.2.23) is satisfied for all &g € H on the
interval [0,T). Moreover, the linear mapping

(Uo, ’U) — U

is continuous from (L*(0,1) x H=1(0,1))? x L?(0,T) into (L*(0,1) x H=1(0,1))? with
the corresponding strong topology.

Proof. Using the direct inequality (3.1.5), we deduce that
I L lleoem < o ll2om + 11 Uo llae - (3.2.24)

By virtue of Riesz-Fréchet’s representation theorem, for each 0 <t < T', there exists
a unique element Z(x,t) € H' such that

L(®g) = (2, Q0 )rrxn, VP € H. (3.2.25)

Then, setting Z(z,t) = e "AU(x,t) in (3.2.25) we get (3.2.23). Moreover, we have

106 o< e 10 o + 11U e ). vt € 0.7 (3226
This implies the continuity of the linear mapping. The proof is thus complete. [

It is well known that the observability of system (3.2.1) implies the exact con-
trollability of system (3.1.2) (see [70, 79]). We can now state the following exact
controllability result.

Theorem 3.2.6. Assume that a = 1, condition (3.2.8) holds and there exist no
integers k € Z, such that b = km. Let 0 < |b| < 7 the resulting quantity of b — km,
where k € N*, such that km < |b| < (k+ 1) and let

Then system (3.1.2) is exactly controllable at the moment T'. More precisely, for any
initial data (ug,u1,vo,v1) € (L*(0,1) x H=Y(0,1))?, there exists a control function
v € L*0,T) such that the solution (u,us,y,y;) € (L*(0,1) x H~1(0,1))?, of the
controlled system (3.1.2) satisfies the null final conditions

u(z,T) =u(z,T) =y(x,T) = y(x,T) = 0.
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Proof. Let @ = (o, ¢1,%0,¢1) € D(A) and © = (¢, ¢, ¢, ¢) € D(A) be the
corresponding solution of problem (3.2.1). Thanks to the observability inequality
(3.1.6), the semi-norm

T 1/2
9l = ( /0 (L par) (3.2.97)

is a norm on D(A). We denote by F the completion of D(A) with respect to
this norm, thus we obtain an Hilbert space. Thanks to the direct and inverse
observability inequalities, we have the following continuous and dense imbeddings:

(HL(0,1) x L*(0,1))* € F < (L*(0,1) x H™}(0,1))*.
Consequently, by duality, we have the following continuous embedding;:
(H{(0,1) x L2(0,1))* € F' < (£*(0,1) x H'(0,1))".

Now, by choosing the control v(t) = 1,(1,t), we solve the backward problem

Xtt — Xao T @C =0 on (0,1) x (0,7),
Gt — Caz +ax =0 on (0,1) x (0,7,
X(0,8) = ¢(0,£) = ¢(1,£) = 0 forallt € (0,7),  (3.2.28)
C(1,t) = —v.(1,1) for all t € (0,7),

Xz, T) = x(z, T) =((z,T) = ((x,T)=0 on (0,1).

Following Theorem 3.2.5, the backward problem (3.2.28) admits a unique weak solu-
tion (x, x¢,¢,¢) € C°([0,T7; (L%(0,1) x H~1(0,1))?). Next, we define the operator

A (HY0,1) x L2(0,1))* — (L*(0,1) x H~'(0,1))”
Ao, ¢1,%0, 1) = (x¢(0), —x(0), :(0), —=¢(0)).

From (3.2.23) and (3.2.28), it follows that

T
<Aq50,gz§0>:/ Vo(1, )0 (1, )dt YDy, Dy € H. (3.2.29)
0

Therefore, we have
(ADy, Do)| < ||Bo|l#||Pollx  VPo, Bo € H. (3.2.30)

Hence, since H is dense in F by definition of F, the linear map A®, can be extended
in a unique way to a continuous map on F and consequently A®, € F'. Moreover,
using (3.2.30) we deduce that the linear map A that maps @y € H to A®y € F' is
continuous when H is equipped with the norm || - ||#. Hence, since H is dense in
F, the linear map A can be extended in a unique way to a continuous linear map,
still denoted by A, from F to F’. In addition, we have

<A@0,¢Z0>]:/,]: = (@0,@0)}_ Yoy, éo eH (3231)
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where (-, - )z denotes the scalar product associated with the norm || - || . The con-
tinuity of A follows from the well-posedness of the problem (3.1.2) and (3.2.28). The
coercivity of A comes from the inverse observability inequality. Thanks to the Lax-
Milgram theorem, A is an isomorphism from F onto F'. Let Uy = (uo, u1, %0, %1) €
(HL(Q) x L3(Q))* € F', and define (x(0), x:(0), ¢(0), ¢(0)) = Uy. Then equation

Ao, d1, %0, 1) = (x:(0), —x(0), ¢:(0), —¢(0))

has a unique solution (¢o, 1,0, %1) € F. But, according to the uniqueness of the
solution of the problem (3.1.2), we have

u(z, T) = u(z,T) =y(z,T) = y(x, T) = 0.

The proof is thus complete. O

3.2.1.2 The second case: a =1 and b € 7Z*

It is natural to ask, what happens if condition b ¢ 7Z does not hold i.e. if there exists
some integer ky € Z* such that b = kgw. Indeed, from the asymptotic expansions
(3.2.9)-(3.2.10), the eigenvalues on the same branch satisfy an uniform gap condition,
while on different branches they can be asymptotically close. So, the usual Ingham’s
theorem does not work in this situation. We will prove the following result.

Proposition 3.2.7. Assume that a = 1, condition (3.2.8) holds and there exists
some integer ko € Z* such that b = komw. Then, there exist constants co > ¢; > 0
depending only on b such that for all |m|,|n| > N we have

c c
M — Aol > =5 and A — Aol > 5, (3.2.32)
m n
and there exist infinitely many integers m,n such that
c c
A = Aol € =5 and A — Aol < . (3.2.33)
m n

Moreover, there exists a constant v > 0 depending only on b such that the eigenvalues
of the same branch satisfy an uniform gap condition

N — M| <29 = j # 1L (3.2.34)

Proof. Using the asymptotic expansions (3.2.9)-(3.2.10), and for b = ko, we have
b b? o) O(b
L on)  ow)|

i = Ml = |(m =)+ kom + oo — oo — (3.2.35)
We distinguish cases:
Case 1 m =n. We have
O(b k
|/\j,m - )\l,m| - 7T|k0| + ( ) > W’ 0’ (3236)

|m|3 — m?2 ’
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Case 2 m —n+kyg=0. We have,

ko1 1| O(b) O(b kom| 1 1] O(b kim
ol BT[L 1,00 00 k111,00 tir
8 |m n| [n? |m]? 8 In—ky n| |n® — 8n?
Let us now consider the leading term in the previous inequality, for all m € Z* such
that |m| > 1, and if |m| > |n| we have ‘m—1n| < 4.
Conversely, if |m| < |n|, we have ﬁ < —. Hence one can deduce (3.2.33).
The proof is thus complete. O

Proposition 3.2.8. Assume that a = 1, condition (3.2.8) holds and there exists some
integer kg € Z* such that b = kom. We rearrange the two branches of eigenvalues
into one sequence (Ap)nzo such that (ImA,)n.o is strictly increasing. Assume that

0 < ImApyr —ImA, <7, (3.2.37)

then we have
Im\, —Im\,_1 >, Imlo—ImAh,1 > 7. (3.2.38)

We say that ImA,, Im\,1 is a chain of close exponents relative to vy of length 2.

Proof. The conditions (3.2.37) and (3.2.17) imply that A, A\,11 belong to different
branches of eigenvalues. If \,,_1, A, belong to the same branch of eigenvalues, then
(3.2.17) implies that

Im\, — Im\,_1 > 2.

In the opposite case, A\,_1, A\,+1 must belong to the same branch of eigenvalues.
Once again (3.2.17) implies that

ImA,1 — ImA,_1 > 2. (3.2.39)
Then, from (3.2.37) and (3.2.39), we get
ImX, — Im\,_1 = (ImA,11 — ImA,_1) — (ImX\yg — ImA,) > 2y — vy = 7.
In a similar way, one can show that
ImA,i0 — A1 > 1.
The proof is complete. ]

Due to the fact that the eigenvalues can be asymptotically close, the inverse ob-
servability inequality is not true in the energy space H. That is why we define the
following weighted spectral space

Dy = {(¢07 ¢17 w07 w1> = Z(al,nEl,n + a2,nE2,n)n2}'
n#0
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Since the set {E},, F2,} is a Riesz basis in the energy space H, the space Dy is
obviously a Hilbert space equipped with the norm

Z(|a1,n|2 + |O‘2,n|2)'

n#0
We can therefore proceed to the proof of our second main result.

Proof of Theorem 3.1.2. The proof is divided into two steps.

Step 1: Inverse observability inequality. From (3.2.6), one can deduce that
all eigenvalues are different from zero and are all algebraically simple. Using the
Riesz basis property, given any initial data (¢q, ¢1, %o, %1), we have

(¢07 ¢17 wOa wl) = Z(al,nEl,n + O52,nE’2,n)n2-
n#0

Using again the Riesz property the solution of (3.2.3) can be written as

(¢($, t)? ¢t(x7 t)a w(% t)? %(1} t)) = Z(al,nEl,ne)\lmt + a2,nE2,ne)\27nt>n2'
n#0

It follows that

Yo(1,8) = (ara(10)2(1)eM " + g (on)a (1) )0, (3.2.40)
n#0

Now we rearrange the two branches of eigenvalues (A;,)n0, (A2n)nzo into one se-
quence (A,)nzo such that the sequence (Im,)nzo is strictly increasing. Following
Proposition 3.2.8, all chain I'mA\,,, ImA\, 1 of close exponents relative to 7 is of length
2. Let A denote the set of integers n € Z* such that the condition (3.2.37) holds
true and let

B=7Z"\{n,n+1: neA}

We denote by a,, the coefficient before et or e*2n? in (3.2.40). We can rewrite it

into
)\nt )\nt A t
v (1,t) = E ape™ ™t + E €™ + Qe
neB neA

- Z ane/\nt + Z((an + an+1)€)\nt + ()‘n+1 - >‘n>an+1€n+1<t))a
neB neA

where e, 11(t) denotes the divided difference of the chain of close exponents A, A, 11

relative to ~y
e>\n+1t _ ez\nt

)\nJrl - >\n .
Following Theorem 9.4 in [73], the sequence

en-l—l(t) =

(6)\nt)n€Ba (6Ant, en+1(t))nea
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forms a Riesz sequence in L?(0,T') provided that T > 27 D™, where D7 is the upper
density of the sequence (\,;),ez+, defined as

D*(r) = lim m,

n—oo T

where n'(r) denotes the largest number of terms of the sequence (\,),>¢ contained
in an interval of length r. To be more precise,

D=2
T

It follows that

T
/ (1,02t ~ 3 Janl + 3 (lan + aup P + st = AalPlana?).  (3.241)
0

neB neA

The right hand side of the assertion (3.2.32) of Proposition 3.2.7 implies that

2 2 2 |an|2 |an+1|2
|an + ani1]” + Mgt — A ansa]” > ¢ M + i+ 1|4) (3.2.42)

Inserting (3.2.42) into (3.2.41) and returning to the previous notations, we get

|an \an\ |a+1]%) |an|
[z e 3 B S et o 5

nez*

= (lonnl® + lazal?). (3.2.43)
n#0
This leads to the desired inverse observability inequality.

Step 2: Direct inequality. We consider the eigenvectors defined in (3.2.16),
hence we have

(P, @1, Yo, 1) = Z(al,nELn + agnBap).
n#0

Thus

(¢($, t): ¢t(xa t)) ¢<$, t)u @bt(% t)) = Z(al,nEl,nekLnt + OéQ,nEQ,neAZnt):
n#0

and consequently,

wx(lv t) = Z(al,n<¢1,n):p(1>€)\l’"t + a2,n(¢2,n)x(1)€)\2’"t>.
n#0

By (3.2.19), we recall that
(wl,n>r(1) ~ O<1>7 <¢2,n)x(1) ~ O<1)
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Consequently,
1/}:17(17 t) = Z(&l,ne)\l’"t + 6&2’716)\2’“)
n#0
- Z(&Ln + Qg )M g (120 — )
n#0
— Z(&L” + A ) e 4+ Agpen(t)(Nam — Ain)
n#0
with
(t) o e>\2,nt _ e>\1,nt
€n - )\2771 — )\1 - .

)

Since the sequence e’ e, (t) forms a Riesz basis in L?(0,T) provided that T > 4,
we deduce the following direct observability inequality

T ~
~ ~ a2,n
| et opa ~ Yo, v a0 +
0

n#0

<é) (af,+a3,)

n#0
<a Z (ain + ag,n)
n#0
This gives (3.1.13). The proof is thus complete. O

Remark 3.2.9. From inequality (3.2.33), there exist an infinity of (¢, ¢1, 10, 1) € D
such that the corresponding inverse inequality of (3.1.9) holds.

Similarly as in the first case, using the HUM method (see [70, 79]), we have the
following exact controllability result.

Theorem 3.2.10. Assume that a = 1, condition (3.2.8) holds and there exists
some integer kg € 7, such that b = kom. Let T > 4, then system (3.1.2) is exactly
controllable at the moment T. More precisely, for any initial data (ug,uq,Yo,y1) €
D), there exists a control function v € L*(0,T) such that the solution (u,us,y,y:) €
D}, of the controlled system (3.1.2) satisfies the null final conditions

u(z, T) = u(z,T) =y(x,T) = y(x, T) = 0.
It is natural to think about the characterization of the spectral space D,. For this

aim, we have the following new subsection.

3.2.2 Observability and exact controllability in usual spaces.
The case a =1 and b € 7Z*

The weighted spectral space Ds is defined by means of the eigenvectors (£} ,,)nz0 and
(E2n)nzo with weights. So, the four exponents (¢o, 1,0, 1) are a priori involved
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together. In order to get the observability or exact controllability in usual energy
spaces, we have to separate the components (¢g, ¢1, 10, 11). To do so, we will use
the theorem below whose proof is established in [89].

Theorem 3.2.11. Let (x,,)nz0 and (y,)nzo be Riesz basis of Hilbert spaces X andY
respectively, and (fy)nzo and (gn)nzo be Bessel sequences of X and Y with suitably
small bounds respectively. Define

D= {<x,y> = 0 gn) + Bufnti) = S (ol + 18,) < oo}.

n#0
Then we have D = X x Y.

Now, using the asymptotic expansions (3.2.11)-(3.2.12), we have

El,n - (SUn,gn)7 EZ,n = (fmyn)a

with

T, = (Smgl”m isin mrx))

gn — 77/ Sln nﬂ'x Sin<n7r$)
iy (3.2.44)

—Z Sln n7rx .
Yn = ,sin(nmrx

o sm(nTrx
fn =

=, isin(nrz) ) .

\

Next, for any s > 0, we define the space
S (CRIES SEHCA S CRTEAE St (3.2.45)
n#0 n#0
Following Theorem 3.2.11, we can state the following result.

Corollary 3.2.12. Let a = 1, and suppose that there exists some integer ko € Z*
such that b = komw. Then we have the following identification

D2 = X2 X Xg. (3246)

Furthermore, for any s > 0, we define

sin(nmx)
V, = {f = ZanT}, IFI7, =l (3.2.47)
n>0 n>0
Thus with the pivot space L?(0,1), we have
XQ = ‘/1/ X ‘/2/

It follows then that,
Dy =V x Vg x V| x V.

Consequently, we have the following observability results.
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Theorem 3.2.13. Assume that a = 1, condition (3.2.8) holds and there exists some
ko € Z* such that b = kom. Let T' > 4, then there exists a constant c3 > 0 such that
the following direct inequality holds

T
/0 (L, D)2t < esll(Dor dr, s )1 (3.2.48)

for all solution ® = (b, ¢, 1, ¢y) solving the corresponding homogeneous Cauchy
problem.

Moreover, there exists a constant 0 < ¢4 < c3, such that the following inverse
observability inequality holds

T
call(o, @1, %0, V1) Vv S/O [$a(L,t)[dt. (3.2.49)

We can deduce that the observability space is (H1(0,1) x H (0, 1))?. Finally, using
the HUM method (see [70, 79] and the case 1), we have the following controllability
result.

Theorem 3.2.14. Assume that a = 1, condition (3.2.8) holds and there exists
some integer ko € 7, such that b = kom. Let T > 4, then system (3.1.2) is exactly
controllable at the moment T. More precisely, for any initial data (ug,uq,Yyo,y1) €
Vo x Vi x Vo x V4, there exists a control function v € L*(0,T) such that the solution
(u,ug, y,yr) € Vo x Vi x Vo x Vi, of the controlled system (3.1.2) satisfies the null
final conditions

w(z,T) =wu(z,T) =y(x,T) = y(x,T) = 0.

Remark 3.2.15. Unlike the first case , in the second case (where a = 1 and b € 7Z*),

the two branches of eigenvalues are close in the order # Because of the closeness

of the eigenvalues, the observability space loses two derivatives and passes from the
space of type

(Hy(0,1) x L*(0,1))*

to the space of type
(H(0,1) x H%(0,1))>.

Consequently, using the HUM method, the space of controlled initial data passes
from the space of type

(L*(0,1) x H71(0,1))?

to the space of type
(H?(0,1) x H'(0,1))

with suitable boundary conditions.
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3.3 Exact controllability under different speeds
waves propagation condition. The case a # 1
In this section, the waves are considered to propagate with different speeds. This

can be established by taking a # 1 in the second equation of the main system (3.1.2).
We will establish the exact controllability of the system in consideration.

3.3.1 Observability inequalities and exact controllability in
spectral spaces

The aim of this subsection is to establish some observability inequalities by spectral
approach. We consider the following associated homogeneous system

Ot — Gz + 0y =0 on (0,1) x (0,7),
¢tt - adja}az - bgbt =0 on (07 1) X (Oa T)a (3 3 1)
6(0,) = 6(1,1) =0 for t € (0,7), 3
¥(0,t) =(1,t) =0 fort € (0,7).
First, we define the energy space H by
H = (H(0,1) x L*(0,1))? (3.3.2)

endowed for all & = (¢,0,¢,n), ¥ = (5, 5, J, n) € H, with the inner product

@)y = [ (06,4 68+ avui, + ) do- (3:33)
Next, we define the linear unbounded operator A : D(A) — H by
D(A) = ((H?(0,1) N Hy(0,1)) x Hy(0,1))%,

A9, 6,9, 9) = (6, dua — b, 0, athas + bP).
Then setting ® = (¢, ¢y, 1, 1,) a regular solution of (3.3.1), we rewrite it into an

evolution equation
o, = Ad(1),
{ B(0) = by € H. (3.3.4)

It is easy to see that A is a maximal dissipative operator, then it generates a Cj
semi-group of contractions e* on the Hilbert space H.

Now let us consider the following corresponding eigenvalue problem

N1p — )y, — bAG = 0,
$(0) = ¢(1) =0,
$(0) =4 (1) =0.

(3.3.5)
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For some constants C, D let
¢(z) = Csin(nmz), () = Dsin(nmz), (3.3.6)
be a solution of (3.3.5). We have thus

{ (A2 + (nm)?)C + bAD = 0,
(A2 + a(nm)?)D — bAC = 0,

which has a non trivial solution if and only if
M4+ X(a+ 1) (nm)? + 0% + a(nm)* = 0. (3.3.7)

Remark 3.3.1. [Condition on the coupling parameter| Denoting A = iu in system
(3.3.5), the previous system has a non trivial solution if and only if sinh(r) = 0
and/or sinh(ry) = 0 where r; and ry are defined as:

\/—u2(a +1) = /(@ — 1) + dab? \/—N2(a +1) + py/p2(a — 1) + dab?
r = T2 = ’
2a 2a

(3.3.8)
Taking
(kf — ak3)(aki — k3)
w2(a+ 1)(k? + k3)

one can write the expressions of ¢ and ¢ defined in (3.3.6).

b? # Yk, ko € 77, (3.3.9)

Proposition 3.3.2. Assume that 0 < a # 1 and condition (3.3.9) is satisfied. Then
the following asymptotic expansions hold

in/ab? ivab*(a+3)  O(a,b)

Ay =i - : 3.3.10
o VT S ) S 1F (33.10)
ib? ib*(3a + 1) O(a,b)
Agn = T — 2 3.3.11
2 T e T R a— 19 (3:3.11)
with the corresponding eigenfunctions
sin(nmzx) i(1 — a) sin(nmz)
n =5 n = , 3.3.12
iala) = T, tnaa) = (3312)
_i(1 —a)sin(nmr) _ sin(nmx)
Pon() = =— s Yanl2) = ()2 (3.3.13)
Proof. First, solving equation (3.3.7), we get
2 —(a+1)(nm)? = 0* £ /(a — 1)%(nm)* + 2(a + 1)b?(nm)? + b4. (3.3.14)

" 2
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Using the asymptotic expansion in (3.3.14) we get

o —ab® ) ab* O(a,b)
Mn= p— a(nm)® + (0= 1) (nm)? pr (3.3.15)
b ab* O(a,b)
2 _ _ 2 ;
2n = 7 (nm) (@ = 1 (nn)? . (3.3.16)

One again, using asymptotic expansion in (3.3.15)-(3.3.16) we get (3.3.10)-(3.3.11).
Next for A = Ay, setting

1 inm(l —a) i(l—a) 1
Cip = s Din=—7F7—Cin=""FF+"—
BT ()2 b byv/a b by/a nmw

in (3.3.6), we get the corresponding eigenfunctions (3.3.12).

Similarly, for A = Ag,,, setting

1 _ina(l —a)
-~ (nm)?’ e b

D, — i(l—a) 1
’ b nm
in (3.3.6), we get the corresponding eigenfunctions (3.3.13). The proof is thus com-

plete. [

Remark 3.3.3. It is easy to check that all the roots A1, A2, of equation (3.3.7) are
simple and different from zero. Then we set the eigenfunctions of the operator A as

El,n - (¢1,n7 )\1,n¢1,n7 wl,nv Al,nwl,n)a
E2,n == (¢2,n7 )\Q,n(bQ,n’ 1/}2,717 )‘2,n1/}2,n)-

Using the asymptotic expansions (3.3.10)-(3.3.11) and (3.3.12)-(3.3.13), we can eas-
ily prove that E ,, Es,, n € Z*, form a Riesz basis in the energy space H. But the
observability is not true in this space because of the closeness of the eigenvalues.
In fact, the eigenvalues of the same branch satisfy an uniform gap condition, but
the eigenvalues of different branches can be asymptotically close at a rate which de-
pends on the algebraic properties of the coupling parameter b and on the arithmetic
property of the ratio of the speeds of propagation a. We will thus proceed as we did
in the case the case a =1 and b € 7Z*.

(3.3.17)

Proposition 3.3.4. Assume that 0 < a # 1 and condition (3.3.9) is satisfied. Then
there exists a constant v > 0 depending only on a and b such that

Mg = Al <27 = j £ 1. (3.3.18)
Moreover, there exist constants ¢ > ¢ > 0 depending only on a and b such that

1. If a is a rational number different from p*/q* for all integers p,q, then for all
|m|, |n| > N, for N large enough, we have

Cc

m|

C

AL — Aol > and  |Am — Aop| > (3.3.19)

n|’
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and there exist infinitely many integers m, n such that

/ /
C_ and ‘)\l,m - )\Q,TL’ S i

|m|

’)\l,m - )\2,n| S (3320)

In|

2. If a = p2/q2 # 1 for some integers py, qo, then for all |n|,|m| > N, for N
large enough, we have

Cc

A = Aol =~ and [ Ay — Aol > (3.3.21)
m| n|
and there exist infinitely many integers m, n such that
d c
Am = Aan| < and A — Aol < 7 (3.3.22)
Im| In|

3. For almost all positive irrational number a > 0 and all |n|,|m| > N, for N
large enough, we have

’Al,m - )\2,n| 2 i and P\l,m - >\2,n’ 2 i, (3323)
ug ]
and there exist infinitely many integers m, n such that
Il c
An — dop| S — and  |Aym — Aoyl < (3.3.24)
m] In|

Proof. The assertion (3.3.18) follows directly from the asymptotic expansions (3.3.10)-
(3.3.11) and the fact that all the eigenvalues are geometrically simple.

Now using the asymptotic expansions (3.3.10)-(3.3.11), we have

O(a,b)  Of(a,b)

m?2 imn|

(3.3.25)

)\1,m - )\Q,n +
m

m

If |/a — 2| > £/a, then the estimates (3.3.19),(3.3.21) and (3.3.23) are trivial.
If |y/a — 2| < $\/a, then m ~ n and (3.3.25) becomes
AMom — Aan O(a,b
Zhm  7n)_ w‘ﬁ— 2t <a2 ). (3.3.26)
m m m

It is then sufficient to consider the leading term in (3.3.26).

Case (1). Let a = py/qo be a reduced rational number. Then /a is a root of
the integer polynomial gox? — po of second degree. Since a # p*/q? for all integers
p, ¢, then the integer polynomial gox? — py is irreducible. This means that \/a is a
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quadratic algebraic number. Thanks to the Liouville’s theorem on the approxima-
tion of algebraic numbers (see [31], Theorem 1.2), there exists a constant ¢ > 0
depending only on a such that for all |n|,|m| > N we have

n

Va— —

m

C
>
m2

On the other hand, since y/a is an irrational number, using the Dirichlet’s clas-
sic theorem on number theory (see [31], Theorem 1.1), there exist infinitely many

integers m, n such that

1
< —.
m?

Vi

This gives the estimates (3.3.19)-(3.3.20).

Case (2). We return to (3.3.25), we get

O(a,b) O(a,b
(@), Ola.b)
m| 7]

Since v/a € Q, it is sufficient to consider the case \/am = n. Using the fact that
m ~ n, we deduce that

’)\Lm — )\2,n| = 7T|\/Em - Tll +

P\l,m -

B !m\'
On the other hand, by taking m = ¢k and n = pok, k € 7Z*, and using the
asymptotic expansions (3.3.10)-(3.3.11), we easily get that

Cl

m|

‘)‘1,610]6 - )‘2,10016’ <

This gives the estimates (3.3.21)-(3.3.22).

Case (3). Firstly, following Khintchine’s Theorem on Diophantine approximation
(see [31], Theorem 1.10), there exist only finitely many integers m,n such that

1
=

m |~ m2(Injm|)?’

It follows thus from (3.3.26), that there exists a constant C' > 0 and N € N, large
enough, such that, for all |m/|, |n| > N, we have

)\1,m - )\Q,n
m

Z_
m2

This gives the estimate (3.3.23). Secondly, following Hurwitz’s Theorem (see [62])
for any irrational real number \/a, there exist infinitely many integers m, n > 0 such

that
1

'\/___ Vbm?

This gives the estimate (3.3.24). The proof is thus complete. O
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Proposition 3.3.5. Assume that 0 < a # 1 and condition (3.3.9) holds. We rear-
range the two branches of eigenvalues into one sequence (A, )nzo such that (ImA,)no
is strictly increasing. Assume that

0 < ImMpir — ImA, <7, (3.3.27)

then we have
ImA, —Im\,_1 >, Im\,o—ImA,; 1> 7. (3.3.28)

We say that ImA\,, Im\,1 is a chain of close exponents relative to v of length 2.

By (3.3.12)-(3.3.13) we see that

(Gra)e(D) ~ O(),  (an)a(1) ~ O(L). (3.3.20)

n

Due to the fact that the eigenvalues can be asymptotically close, the inverse observ-
ability inequalities are not true in the energy space H. That is why we define the
following weighted spectral space

Dy = {(Cboy é1,%0,%1) = Y (BinFrn + ﬁg,nnEz,n)n}. (3.3.30)
n#0

Since the set {E1,, F2,} is a Riesz basis in the energy space H, the space Dy is
obviously a Hilbert space equipped with the norm

D (UBrnl* + 1Bl

n#0
We are now ready to prove our observability inequalities result.

Proof of Theorem 3.1.3. The proof is divided into two steps.

Step 1: Inverse observability inequality. From (3.3.7), we can deduce that
all eigenvalues are different from zero and are all algebraically simple. Given any
initial data such as

(¢07 ¢1a ¢07 wl) = Z(Bl,nEl,n + 52,nnE2,n)n € D17
n#0

for the cases (1) and (2) respectively. Using the Riesz property the solution of (3.3.4)
can be written as

(@(,), gu(, 1), (. 1), i(x,1)) = D (BinErne™ " + By unBa e ' )n.
n#0
It follows that

Uo(1,1) =D (Bra(@rn)e(1)e ! + Bann(tn)z(1)e " )n. (3.3.31)
n#0
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Now we rearrange the two branches of eigenvalues (A1, )n0, (A2, )nzo into one se-
quence (A,)nz0 such that the sequence (ImA,)nz0 is strictly increasing. Following
Proposition 3.3.5, all chain I'mA,,, ImA\,, 11 of close exponents relative to « is of length
2. Then, let A denotes the set of integers n € Z* such that the condition (3.3.27)
holds true and let

B=7Z*"\{n,n+1: neA}

We denote by a,, the coefficient before e*t or e*2n? in (3.3.31). We can rewrite it

into
Ant Ant Ani1t
wx(l,t)zg ane "‘E €™ + Gpyqe” "t
neB ncA

= Z ane™t + Z((an + n1)eM + (Mgt — M) ansrengr (1)),

neB neA

where e,,.1(t) denotes the divided difference of the chain of exponents \,, \,+1 rel-

ative to
6)\”+1t _ eknt

t) = .
€n+1( ) )\n—i-l - )\n

Following Theorem 9.4 in 73], the sequence

(eAnt>neBa (e)mt, en+1(t))nea

forms a Riesz sequence in L?(0,T) provided that T' > 27 DT, where D7 is the upper
density of the sequence (\;)nez+, defined as
+
Dt (r) = lim o (T),

n—00 r

where n*(r) denotes the largest number of terms of the sequence (\,),>¢ contained
in an interval of length r. To be more precise,

D+:%(1+%).

Thus, it follows that

T
/ [ (L) PdE ~ Y lad| + Y (lan + it + Mgt = MalPlana[P). (3.3.32)
0

neB neA

The assertions (3.3.19),(3.3.21) and (3.3.23) of Proposition 3.3.4 imply that

’an + an+1|2 + |)‘n+1 - )\n‘zyan+1’2 >c |an|2 + |a’”+1|2 : (3333)
— o\ [nP 1P

Inserting (3.3.33) into (3.3.32) and returning to the previous notations, we get

/Tw (1,8)|2dt > CZM*Z <|@n|2 L \anm?) 2y |2
o T b " inip) = 2

neA nez*
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=3 (1Bun@rn)e (1P + [Bran(ta,n)e (1)), (3.3.34)

n#0
Then inserting (3.3.29) into (3.3.34), we get

T
/ a(Lt)2dt > ) (|61,n|2 - |62,n|2), (3.3.35)
0 n#0
which yields the inequalities (3.1.14)-(3.1.15).

Step 2: Direct observability inequality. We consider the eigenvectors defined
in (3.3.17), hence we have

(¢07 ¢la ’Qbo, wl) = Z(al,nEl,n + a2,nE2,n>-
n#0

Thus

(QS(z? t)v ¢t (il?, t)? @D(m, t)v Q/Jt (27, t)) = Z(al,nELne/\l’nt + 0527nE27n€/\2’nt),
n#0

and consequently,

w:p(L t) = Z(al,n(wl,n)x<1>€)\l’nt + a2,n(w27n)m<1)€A2’"t).
n#0

By (3.3.29), we recall that

(G1)a(1) = O () =0 (1)),
Consequently,

Uy (1,t) = Z(&LneAl,nt + dg et

n#0

= Z(dl,n + A )M 4 Ay, (€20 — eAnt)
n#0

= 3 (G + B2,)eM ! + g en(t) Mo — M)
n#0

with
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Since the sequence e*n!. ¢, (t) forms a Riesz basis in L?(0,7T) provided that 7' >
2 <1 + \%) , we deduce the following direct observability inequality

T
| R~ S+ ) + S

n#0

<é) (af,+a3,)

n#0

< Z (ozin + oz%}n) .

n#0

This gives (3.1.13). The proof is thus complete. O

Remark 3.3.6. From inequalities (3.3.20), (3.3.22) and (3.3.24), there exist an infinity
of (¢o, ¢1,%0,11) € Dy such that the corresponding inverse inequalities of (3.1.14)-
(3.1.15) hold.

Similarly as in the first case (a = 1 and b ¢ 7Z), using the HUM method (see
[70, 79]), we have the following exact controllability result.

Theorem 3.3.7. Assume that 0 < a # 1 and condition (3.3.9) holds. Let T >
2 (1 + \%) , then, if a or \/a is rational given number and for almost irrational given

number a, system (3.1.2) is exactly controllable at the moment T. More precisely,
for any initial data (ug,u1,Y0,y1) € D}, there exists a control function v € L*(0,T)
such that the solution (u,us,y,y;) € D}, of the controlled system (3.1.2) satisfies the
null final conditions

u(z,T) =w(z,T) =y(x,T) = y(x,T) = 0.

It is natural to think about the characterization of the spectral space D;. For this
aim, we have the following new subsection.

3.3.2 Observability and exact controllability in usual spaces.
The case a # 1

The weighted spectral space D; is defined by means of the eigenvectors (£ ;,)n0 and
(Ean)nzo with weights. So, the four exponents (¢o, ¢1, %0, 11) are a priori involved
together. In order to get the observability or exact controllability in usual energy
spaces, we have to separate the components (¢q, ¢1, %o, 11).

Now, using the asymptotic expansions (3.3.10)-(3.3.11) in (3.3.17), we can write

El,n = (Inagn)a EQ,n = (fmyn)v
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with )
2y = () i ot
_ ([ i(1—a)sin(nwz) (a—1) .
Gn = o) SR T sin(nmx)
v nmo 78 (3.3.36)
Yy = sin(nmz) -sm(mm:))
n (nm)2 nm )
i(1—a) sin(nmx a—1) -
fn= (b )s SW ),(b)sm(mm)

Next, for any s > 0, we define the space

{w " funt yn}

n#0

‘@>
€>

=> 18 (3.3.37)

n#0

Following Theorem 3.2.11, we can state the following result.

Corollary 3.3.8. Assume that 0 < a # 1 and condition (3.3.9) holds. Then we
have the following identification

Dy = Xy x X (3.3.38)
Proof. From (3.3.36) and (3.3.37), we see that (nz,,)nz0 and (n®y,)n.0 are Riesz basis
in X, and X, respectively. Moreover, (ng,)nzo0 and (n?f,),.0 are Bessel sequences

in X; and X respectively. Then (3.3.38) follows directly from Theorem 3.2.11. [J

Furthermore, for any s > 0, we define the following space

_ {f - ZaW} T

Vo= ol (3.3.39)

n>0 n>0
With the pivot space L?*(0, 1), we have
Xi=VIx VI, Xo=VIxV (3.3.40)
It follows from (3.3.38) that
Dy =V xVy x Vi x V/. (3.3.41)

We can now characterize the space of observability. We state thus the following
result.

Theorem 3.3.9. Assume that 0 < a # 1 and condition (3.3.9) holds. Let T >
2(1 + \/La) , then there exists a constant c; > 0 depending on a and b such that the
following direct inequality holds

T
/0 (1, 6) Pt < exll( o br o, ) 2,
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for all solution ® = (b, ¢, 1, ¢y) solving the corresponding homogeneous Cauchy
problem. Moreover, if a or \/a is a given rational number and for almost irrational
given number a, there exists a constant 0 < ¢ < c¢; depending only on a and b such
that the following observability inequality holds

T
el (o 61 ¥ 6By < / [ (1, 1),

Proof. The proof of the inverse observability inequalitiy is a direct consequence of
Theorem 3.1.3 and the identification (3.3.41). The proof of the direct observability
inequality is a direct consequence of the divided difference technique. [

We deduce that the observability space is H2(0,1) x H3(0,1) x H~1(0,1) x
H=2(0,1). Finally, using HUM method, we have the following controllability result

Theorem 3.3.10. Assume that 0 < a # 1 and condition (3.3.9) holds. Let T >
2 (1 + \%), then, if a or \/a is a given rational number and for almost irrational

given number a, system (3.1.2) is exactly controllable at the moment T. More
precisely, for any initial data (ug, u1,yo,y1) € Vo x Vi X Vi X Vg, there exists a control
function v € L*(0,T) such that the solution (u,us,y,y:) € Vo x Vi x Vi X Vy, of the
controlled system (3.1.2) satisfies the null final conditions

u(z, T) =u(z,T) =y(z,T) = y(x, T) = 0.
Remark 3.3.11. For the cases (1)-(2), the control space is of type
H?(0,1) x H?(0,1) x H*(0,1) x H}(0,1),

with suitable boundary conditions.
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Chapter 4

A spectral approach to the
polynomial stability and to the
indirect boundary control of
weakly coupled wave equations

Le taux de décroissance de ’énergie d’un systéme d’équations d’ondes cou-
plées dépend du type de couplage, de la nature algébrique du paramétre
du couplage et de la propriété arithmétique du rapport des vitesses de
propagation des ondes (voir [85], [88], [87], [11]). Dans ce chapitre,
nous sommes intéressés par [’étude d’un systeme mono-dimensionnel
d’équations d’ondes couplées par des termes de couplage d’orde zéro.
D’abord, en utilisant ’approche spectrale, nous montrons que l’énergie
décroit polynomialement avec un taux de décroissance optimal d’ordre %
Ensuite, nous étudions la controlabilité exacte indirecte et nous établis-
sons les inégalités d’observabilité. Finalement, par la méthode d’unicité
de Hilbert, nous démontrons que le systeme est exactement controlable.
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Abstract. The energy decay rate of a system of coupled wave equations depends
on the type of the coupling, the algebraic nature of the coupling parameter and the
arithmetic property of the ratio of the wave propagation speeds (see [85], [88], [87],
[11]). In this chapter, we are interested in the study of a one dimensional setting of
a system of wave equations coupled via zero order terms. Firstly, we prove optimal
polynomial energy decay rate of order %, by using a spectral approach. Secondly, we
study the indirect boundary exact controllability: using the non harmonic analysis,
we establish the weak observability inequalities. Next, using the HUM method, we
prove that the system is exactly controllable.

4.1 Introduction

In a recent paper of Alabau-Boussaouira [10], general systems of coupled second
order evolution equations have been studied. In particular, she proved the lack
of uniform stability, by a compact perturbation argument, of a system of wave
equations which are weakly coupled and partially damped. The system is described
by:

Uy —aAu+ay =0 on §,

yp — Ay +au=0  on €,

u =10 on I'y,
ad,u+yu+u; =0 only,
y=20 on I,

where 0 C RY is a bounded domain with smooth boundary I" of class C? such that
I'=TyUTy and 'y N T'; = (. Moreover, Alabau established the polynomial energy

decay rate \/Li in the case where @ = 1 and (Q is a star shaped domain of R", or

in the case where a = k%, with & € Z* and  is a cubic domain of R3. Next, in
[88] Liu and Rao established, by the frequency domain approach, polynomial decay
rate of order lnTt for smooth initial data, while waves propagate with equal speeds.
Moreover, while waves propagate with different speeds, i.e. the case a # 1, they
proved that the energy decays at a rate which depends on the arithmetic property
of the ratio of the wave speeds a. Later, in [11], Alabau and Léautaud considered
a coupled system of wave equations, with variable coefficients, with one boundary
feedback, and proved a polynomial energy decay rate of type \/iz for smooth initial

data.

In this chapter, we firstly improve the energy decay rate in the one dimensional
setting and we establish optimal polynomial decay of type % for smooth initial
data, by the Riesz basis approach. More precisely, we study the stabilization of
the following system of partially damped coupled wave equations propagating with
equal speeds, described by

U — Uy +y =0 on (0,1) x (0,7),

Yit — Yoo +ou =0 on (0,1) x (0,7, (4.1.1)
u(1,t) = y(0,t) = y(1,t) =0 for t € (0,7), o
uz(1,t) + yu(1,8) =0 for t € (0,7).
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We denote by a the coupling parameter, which is assumed to be real and small
enough. We assume that v > 0. The damping u; is only applied at the right
boundary of the first equation. The second equation is indirectly damped through
the coupling between the two equations. We assume that the initial positions of the
waves are given by

w(z,0) = ug(x), uz,0)=wui(z); y(z,0)=yo(x), y(z,0)=uwy1(x). (4.1.2)

The energy of system (4.1.1) is given by

1 1
B0 =5 [l + ol + [+ [? + 200}
0

A direct computation gives

d 2
—E(t) = — 1,2)".

@ B(t) =~ (1, 1)

Thus the system (4.1.1) is dissipative in the sense that its energy FE(t) is a nonin-

creasing function with respect to the time t¢.

Secondly, we study the exact controllability of the following system of weakly coupled
wave equations with Neumann boundary conditions, propagating with equal speeds,
described by

U — Uz + @y = 0 on (0,1) x (0,7,

Yt — Yoz + v =0 on (0,1) x (0,7, (4.1.3)
u(0,t) = y(0,t) = y(1,¢) =0 for t € (0,T), o
uz(1,t) = v(t) for t € (0,7).

The control v is applied only at the right boundary of the first equation. The second
equation is indirectly controlled by means of the coupling between the equations.
We consider the indirect boundary exact controllability problem: For given 7" > 0
and initial data (ug, u1,yo,y1) belonging to a suitable space, is it possible to find a
suitable control v such that the solution of system (4.1.3) (u,us, y,y:) is driven to
zero at time T, i.e.,

u(z,T) =u(z,T) =y(x,T) =y(z,T)=0 on (0,1).

Main results. On the one hand, we prove that the energy of (4.1.1) decays at
an optimal polynomial rate of type %, using the Riesz basis approach. In fact, the
crucial part of the proof is to prove that the generalized eigenvectors of the associated
operator, form a Riesz basis of the energy space, while using a new form of Bari’s

theorem (see [1]).

On the other hand, we prove exact controllability results for system 4.1.3. We
use thus the Hilbert Uniqueness Method introduced by Lions [79]. We afterwards
establish inverse and direct observability inequalities using Ingham’s theorem [73].
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In order to do so, we consider the associated homogeneous problem, that is to say,
the null boundary acted control system.

Let us denote by Ay ,,, A2, the two branches of eigenvalues for the corresponding
homogeneous system (4.1.3), and denote by

El,n = (¢1,n7 )\1,n¢1,n7 ¢1,n7 Al,n¢1,n)a (4 1 4)
EQ,n = ((,b2,n7 )\2,n¢2,n7 1/}2,7” )\Z,nz/JZ,n) o

the corresponding eigenvectors. In Proposition 4.4.1, we prove that there exist
infinitely many m ~ n such that the eigenvalues satisfy a standard gap

A — Aap ~ O(1). (4.1.5)

But the observation is on the first components of the corresponding eigenvectors
E\ p, By . Following Proposition 4.4.2, we have

1 1
o) =0(1) amaty=0(). (4.16)
Hence, the following weighted spectral space is the natural space for observability
D = {(¢0, ¢1, %0, 1) = Y _(a1,unErp + azun’Ez )}, (4.1.7)
n#0

In (4.1.7), the factors n and n? are due to the transmission of the modes between
the two equations.

We prove the following results.

Theorem 4.1.1. Assume that v # 1. For all initial data Uy € D(A), there exists a
constant ¢ > 0 independent of Uy, such that the energy of the corresponding Cauchy
problem associated to (4.1.1) satisfies the following estimation

C
B() < S0l (418)

Moreover, the enerqy decay rate (4.1.8) is optimal.

Theorem 4.1.2 (Observability inequalities for Neumann boundary control). Let
a # 0 be a real number small enough. Assume that

T > 4.

Then there exists a constant ¢y > 0 such that the direct observability inequality holds

T
/O (L DL < x|S0, b1, o) 5, (4.1.9)

for all solution ® = (b, ¢y, 1, ) solving the corresponding homogeneous Cauchy
problem.

Moreover, there exists a constant 0 < ¢ < ¢y, such that the following inverse observ-
ability inequality holds

T
el (b0, 61, o, )13 < / (1, 1) . (4.1.10)



4.2 Well posedness and strong stability 133

Brief review of the literature. The polynomial energy decay rate occurs in
many control problems where the open-loop systems are strongly stable, but not
exponentially stable (hybrid systems, partially or locally damped systems), see [74]
and references therein. The majority of the works in establishing polynomial energy
decay rate has been based on the spectral method, frequency domain method, time
domain multiplier and weak observability methods. We quote [84, 85, 96, 97| for
hybrid systems, [76, 77, 88] for wave equations with local internal or boundary
damping, [5, 14, 16, 90] for second order systems with partial internal damping,
[27, 87] for abstract systems and [101] for systems of coupled wave-heat equations.
We also mention [8, 10] for coupled hyperbolic systems, and [11] for coupled wave
type systems. For a general formulation of partially damped systems see [98] and
references therein. In [8] (see also references therein), polynomial decay estimates in
the case of indirect internal stabilization are given. These results have been extended
to several (wave-wave coupling, Petrowsky-Petrowsky coupling) in [29].

Complete and partial observability (respectively controllability) results for coupled
systems either of hyperbolic-hyperbolic type or of hyperbolic-parabolic type can
be found in [79], see also [75]. These results assume that the coupling parameter
is sufficiently small. They have been extended in [71] to the cases of arbitrary
coupling parameters (assuming bounded coupling operators). For both references,
the multiplier method was the main ingredient for obtaining the desired estimates.
Moreover, stabilization and observability results for hyperbolic-hyperbolic systems
via a single control force were obtained in [68, 69], where wave-wave systems having
the same principal part are coupled through velocity terms.

Organization of the chapter. The remaining of the chapter is organized as
folllows. In Section 4.2, we establish well-posedness of problem (4.1.1). Section 4.3 is
devoted to the proof of the optimal decay rate of the energy of the system of coupled
wave equations. The exact controllability for Neumann boundary control is proved
in Section 4.4 by establishing the corresponding inverse and direct observability
inequalities.

4.2 Well posedness and strong stability

In this section we study existence, uniqueness and strong stability of the solution
of system (4.1.1). We start our study by formulating the problem as an abstract
Cauchy problem in an appropriate Hilbert space. First, we introduce the following
space

V ={ue Hy(0,1); u(0)=0}, (4.2.1)

and the energy space as

H =V x L*0,1) x Hy(0,1) x L*(0,1), (4.2.2)
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endowed with the inner product

1
U0 = | (1l + 07 + gl + 2% + 0 + ayil) do,
( )E% /0 Uply + VU + YpUp + 22 + auy + ayu | dx (4.2.3)

VU = (U,’U,y,Z), U= (ﬂ767g7§) €H.

It is easy to check that the inner product (4.2.3) is equivalent to the usual inner
product in H for small a.

Now, we define a linear unbounded operator A : D(A) — H by

[ U=(u,v,y,2) € H| u,y € H*(0,1), veV, z € H} (0,1)
D(A) = { ) o) } (4.2.4)

and
AU = (0, Uy — Y, 2, Ypw — QU). (4.2.5)

Then setting U = (u,ut,y,y:) a regular solution of (4.1.1), we rewrite it into an

evolution equation
Ut — AU(t),
{ U0) = U, (4.2.6)

where

UO ('T) = (uo (‘T) » U1 ($) » Yo <x> » Y1 (QZ)) :

Proposition 4.2.1. The operator A is mazimal dissipative in the energy space H,
therefore it generates a Cy-semigroup et of contractions on H. Moreover, A is a
densely defined operator with a compact resolvent in H.

Proof. Let U = (u,v,y,z) € D(A), using the definitions (4.2.3)- (4.2.4), it is easy
to see that

Re(AU,U)y = —v[v*(1)| <0, (4.2.7)
which implies that A is a dissipative operator in the energy space H.

Now let F' = (f,g,&,0) € H. We look for an element U = (u,v,y,2) € D(A) such
that (I — A)U = F. Equivalently, we have the following system

v o =u-—f, (4.2.8)
z =y-—E, (4.2.9)
U— Uz + 0y =g+, (4.2.10)
Y= Yoo+ ou =0+, (4.2.11)
and
uw(0) =y(0) =y(1) =0, uy(l) =—y(u— f)(1). (4.2.12)

Using Lax-Milgram theorem, we deduce that (4.2.10)-(4.2.12) admits a unique
solution (u,y) € V x H(0,1). Therefore, using (4.2.8)-(4.2.9) and the classical
elliptic theory, we conclude that (I — A)U = F admits a unique solution U =
(u,v,y,2) € D(A). Thus, by the resolvent identity, we have R(AI — A) = H. Then,
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the operator A is a maximal dissipative operator (see [94], Theorem 1.4). Finally the
Sobolev embedding theorem asserts that (A — I)~! is compact, thus A is a densely
defined operator in H with a compact resolvent. O

Using the Lumer-Phillips theorem (see [94], Theorem 1.4.3), A is the infinitesimal
generator of a Cy— semi-group of contractions on H.

Therefore, we have the following result concerning existence and uniqueness of the
solution of the Cauchy problem (4.2.6).

Theorem 4.2.2 (Existence and uniqueness). For any initial data Uy € H, the
problem (4.2.6) has a unique weak solution

U(t) = Uy € Cy([0, 0of, H).
Moreover, if Uy € D(A), then the problem (4.2.6) has a strong solution

U(t) = MUy € C*([0, 00], 1) N C°([0, 0o, D(A)).
In order to study the stability of problem (4.1.1), we have to study the asymptotic
behavior of its solution.
4.2.1 Spectral analysis of the operator A

Let A be an eigenvalue of A with its associated eigenvector U = (u, Au, y, Ay).

Lemma 4.2.3. Let a # 0 be a real number small enough, and let

f(A\) = a[2ysinh (ry) sinh (r3) + T—)\lsinh (r3) cosh (ry) + %Sinh (r1) cosh (r3)],
(4.2.13)

ri=VvVX+a 1r3=vVI\N—aqa. (4.2.14)

Thus, X is a root of f. Moreover, the expressions of u and y are given by

where

u(z) = C (sinh (r3) sinh(ryx) + sinh (1) sinh(r3z)) , (4.2.15)
y(x) = C (sinh (r3) sinh(r ) — sinh (r) sinh(rsz)) (4.2.16)
where C' € C.
Proof. Let us consider the corresponding eigenvalue problem

MU — Uy + ay = 0, (4.2.17)
MY — Ypr + au = 0, (4.2.18)

with the following boundary conditions

u(0) =y(0) = y(1) = ux(1) + yAu(l) = 0. (4.2.19)
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Equivalently, we have
Uggre — 2)\2sz + ()\4 - OKQ)U = 0, (4220)

and
w(0) = uz(1) + YAu(1) = e (0) = uge (1) — Nu(1) = 0. (4.2.21)

Hence, (4.2.20) has a non trivial solution satisfying the boundary conditions (4.2.21)
if and only if A # +iy/a.

Thus, the general solution of (4.2.20) is given by

4
u(z) =Y Cie' (4.2.22)
i=1

where C; € C, ry,r3 are given by (4.2.14), o = —ry, and ry = —r3.

From the boundary conditions at x = 0 of (4.2.21) we can deduce that the solution
of (4.2.20) can be written as

u(xz) = By sinh(riz) + By sinh(rsz), (4.2.23)

where By, By € C. In addition, from the boundary conditions at x = 1 of (4.2.21),
we get
Mb =0,

where

M- asinh(ry) —asinh(rs) and b — By
~ \rycosh(ry) +yAsinh(ry) r3cosh(rs) + yAsinh(rs) H A\ By

The determinant of M is given by
det(M) = a[2yAsinh (ry) sinh (r3) 4 rq sinh (r3) cosh (1) + r3 sinh (1) cosh (r3)].

Hence a non trivial solution u exists if and only if det(M) = 0, i.e, if and only if A
is a root of the function f defined in (4.2.13). Now, if f (A) = 0, setting

By = Csinh(r3) and By = Csinh(r)

in (4.2.23), we get (4.2.15). From (4.2.17) and (4.2.15), we get (4.2.16).
The proof is thus complete. ]

Remark 4.2.4. Let X be an eigenvalue of A and U = (u,v,y,2) its normalized
eigenvector. It is easy to see that Re(A) is bounded. In fact, multiplying (4.2.17)
(respectively (4.2.18)) by u (respectively by y) and integrating by parts, one can
deduce

1= |UJI8, = —yRe(\)u(D)]

In fact, using the trace theorem, and reasoning by contradiction we can see that
Re(\) is bounded.
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In the sequel, since A is dissipative, we study the asymptotic behavior of the large
eigenvalues A of A.

Proposition 4.2.5 (Spectrum of A). Assume that v # 1. There exists N € N*
sufficiently large enough such that the spectrum o(A) of A is given by

o(A) =09 Uoay,
where
0p = {S\j}jeJ U{f;}ier, 01 = {Metkezs, k>N U {tn ez o=n,  00Nor =0,

where J is a finite set. The large eigenvalues of A satisfy respectively the following
asymptotic behaviors:

, O(a?
pp = ikm + b+ ECQ ) , (4.2.24)
where ) ]
7 .
-1 1
b= (4.2.25)
w1, 1 —x .
— 4+ —In(— 1
and ) 0(a?)
, Yo o
Ap = thm — . 4.2.2
p = ik L + 03 ( 6)
Proof. The proof is divided into several steps.
Step 1. Using (4.2.14), we get
T a  O(a?) T3 a  O(a?)
R T d =2=1—- — 4.2.2
S U VIR S CRIY (4.2.27)

Inserting (4.2.27) in (4.2.13) and using the fact that real part of A is bounded (see
Remark 4.2.4), we get

f (A) = (cosh (ry +r3) — cosh (11 + 73)) y+sinh (r; + 73) — asinh (r; — r3) O(az).

9)\2 \
(4.2.98)
From (4.2.14), we get
a2 O(a? a  O(a?
T1+T3:2/\—m+ <)\4) and TI_T3ZX+ E\4> (4229>
From (4.2.29), we get
. . a?cosh (2\)  O(a?
sinh (r; 4+ r3) = sinh (2\) — 4)\3( ) + §\4 ),
(4.2.30)

a?sinh (2)) N O(a?)

cosh (11 + r3) = cosh (2\) — e i
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and
) a o  O? o’  O(a?
Slnh(?“l—?"g)zx—'—ﬁ—i- g\4>7COSh(T1—T3>Il+ﬁ—|— ()\4) (4231)
Inserting (4.2.30) and (4.2.31) in (4.2.28), we get
AR () O?)
FO) = foN) + =557 + =5 + (4.2.32)
where
a?y
fo(A) = 2sinh (A) (ysinh (A) 4+ cosh (X)), f1 (A) = — (4.2.33)
and 2 (+ sinh (2\) + cosh (2)) + 2)
o sin + cos +
f(0) = -1 . (4.2.34)

4

Step 2. We look for the roots of fy(A). From (4.2.33), we deduce that the roots
of fy are given by
py =ikm +b and A} = ikT.

Next, since Re(\) is bounded (see Remark 4.2.4) and thanks to Rouché’s theorem,
there exists N € N* large enough, such that V |k| > NN, the large roots of f (denoted
by pr and Ag respectively) are simple and close to those of fy, i.e.

Me = A0 +o0(1), |k = o0, pp=p+o(l), |kl — oco.

Equivalently, we can write

Me =AML+ ¢, lim G =0, (4.2.35)
|k]—o00
and
e = po 4+ ep,  lim e, = 0. (4.2.36)
|k]—o0

Step 3. We seek to determine (i and €. First, substituting (4.2.33)-(4.2.34) into
(4.2.32) for A = A\, we obtain

o? O(a?
a7y, Ol
2k?2 k3
On the other hand, since limy_,o (& = 0, we have the following asymptotic expan-
sion

f(A\x) = 2sinh () (7ysinh () + cosh () + = 0. (4.2.37)

sinh (x) = G + O(¢}) and  cosh (¢) = 14+ O((F). (4.2.38)
Using (4.2.38) in (4.2.37), and after several computations, we get

ya? O(a?)
% = =gz T Th

(4.2.39)
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Inserting (4.2.39) in (4.2.35), we directly get (4.2.26). Similarly, substituting (4.2.33)-
(4.2.34) in (4.2.32) for X\ = py, we can show that

O(a?)
=" (4.2.40)
Finally, inserting (4.2.40) in (4.2.36), we directly get (4.2.24).
The proof is thus complete. O

Let (Eyx)g>n, and (Eox)r>n be the set of eigenvectors of A associated to Ay and
[ Tespectively, with

El,k = (Ul,lm )\kul,kayl,ka )\kyl,k)a (4 9 41)
Es i = (Uok, kU1, Y2, k5 kY2 k)- o

We have the following result.

Proposition 4.2.6. The eigenfunctions of the eigenvalue problem given by (4.2.20)
have the following asymptotic expansions

_ sinh [(ik7 +b)z]  O(a)

wel@) === T e
(2) = a (sinh [(ikm + b) 2] cosh (b) — x cosh [(ikm + b) 2] sinh (b)) N O(«)
YLEAE) = 2k2n? sinh (b) 3
(4.2.42)
and
a (ysin (kwzx) + 1z cos (kmx O(a? sin (krz)  O(a?
) = LD iz b)) | O ) sinlian) | Ofed)
(4.2.43)

Proof. First, we determine the corresponding eigenfunctions of puy. Let

1
C = Clyk = k . . °
2 (—1)"sinh (b) (ikm + b)

Inserting (4.2.24) in (4.2.14), we get

. a O(a? , a O(a?
rig =tk +b+ i + ;2 ) and 7rsy =ikm +b— ST 2;2 ) (4.2.44)
Then it follows that
. : : o cosh [(ikm +b)x]  O(a?)
sinh (7 gz) = sinh [(tkm + b) ] + ik + T
(4.2.45)

ax cosh [(ikm + b) ] N O(a?)

sinh (73 ) = sinh [(ik7 + b) x] — 5i% T
7T
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" ), Ol)
acosh (b O(«a
inh = (=1)" ( sinh
sinh (r15) = (—1) (sm (b) + Sikm ) + R
(4.2.46)
_ , a cosh (b) O(«)
h = (—1)* ( sinh (b) — :
sinh (r3%) = (—1) (sm (b) ik ) + 02
Inserting (4.2.45)-(4.2.46) into (4.2.15) and (4.2.16), we get (4.2.42).
Next, we look to determine the eigenfunctions of \;. Let
1
C=0Cp=———7.
ia (—1)
Inserting (4.2.26) in (4.2.14), we get
o’y Oa) a o’y Oa)
=ik — = ikm — — . (4.2.47
M= T e T e T s T T e e T e T e (1240)
Then it follows that
« o’y O(a)
ik (1) _
sinh (rie) = (=1) (2% 4k27r2) T
(4.2.48)

, a o’y O
sinh (ry.p) = (=1)" (_ ikmw 41{:27r2> 23 )’

and

sinh(r xz) = isin (krz) ax cos (kmx) o’z (ixsin (krx) + 27 cos (kmz)) N O(«a)

2ikm 8m2k? k3
k 2z (iz sin (krx) —2 k O
sinh (1 42) = i sin (k) — azx c;)isk(ﬁﬂx) o’z (ixsin ( ggm v cos (kmz)) N ]5?)
(4.2.49)
Finally, inserting (4.2.48)-(4.2.49) into (4.2.15) and (4.2.16), we get (4.2.43).
The proof is thus complete. [

Remark 4.2.7. [Non uniform exponential stability] The Cauchy problem (4.2.6) is
not uniformly stable in the energy space H, due to the fact that the large eigenvalues
in (4.2.26) approach the imaginary axis.

4.3 Polynomial stability with optimal decay rate

Since the energy of system (4.2.6) has no uniform decay rate, we will look for poly-
nomial decay rate for smooth initial data. Our main result is the optimal-type decay
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estimate, stated in Theorem 4.1.1. The proof of this Theorem uses a spectral anal-

ysis approach, namely we show that the set of generalized eigenvectors of A forms
a Riesz basis of H.

Let By and By be the eigenvectors associated with the eigenvalue A\; and py
respectively, defined in (4.2.41). Then using the asymptotic expansions (4.2.42)-
(4.2.43), we can write

1
(i)
" sinh [(ikT + b)x]
o ik + b .
Akl © (E)
k1K inh [(ik b
Eip= — | ((#kr -+ b)a] + (4.3.1)
Y1,k 1
0 0 (k_)
/\kyl,k
0 ; 1
k
and
1
(i)
U2,k 0

1
ol =
HiU2 K 0 <k)

Eoy = , = | sin (k) + 1 (4.3.2)
2k ik O(ﬁ)

HeY2.k sin (kmx)

Now, denoting by EY,, EJ, the leading terms in the expansions (4.3.1)-(4.3.2), we
have

Y Bk — Bl + | Ezp — ESll3, < oo (4.3.3)
[k[>N

for some N large enough. We will prove in the following that the system of eigen-
vectors L i, Esj, forms a Riesz basis in the energy space H. It is then sufficient to
prove that E7,, E3, form a Riesz basis in H (see Proposition 4.3.2 below).

In fact, this can be justified using the following theorem which is a new form of
Bari’s theorem (see Theorem 1.2.8 in [1]).

Theorem 4.3.1. Let A be a densely defined operator in a Hilbert space H with a
compact resolvent. Let {¢,}52 | be a Riesz basis of H. If there are an integer N > 0
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and a sequence of generalized eigenvectors {1, }o> n 1 of A such that
Z ngn - ¢n|l2 < 00,
n=N-+1

then the set of generalized eigenvectors of A, {1, }2,, forms a Riesz basis of H.

We can now state the following result.

Proposition 4.3.2. The set of vectors EY ., E3, forms a Riesz basis of 1.

In order to prove Proposition 4.3.2, we introduce the following auxiliary operator
Ay in H, defined by

AoU = (0, Ugs, 2, Yuze), VU = (u,v,y, 2z) € D(Ay) = D(A). (4.3.4)
Let H;,7 = 1,2, be the subspaces of H defined by

My :{FEH ‘ F= (U,’U,0,0)},
Ho={GeH|G=(0,0,y,2)}.

We state the following crucial result, whose proof is postponed.

Lemma 4.3.3. 1. 0(Ay) = {ux = ikn+b,k € Z}, (where b is given in (4.2.25))
is the set of eigenvalues of Ay = Aq | Hi, they are simple and the corresponding
eigenvectors { ¢y }kezr are given by

o = (u ' sinh(fe), sinh(z), 0,0),  Vk € Z,

and form an Riesz basis of H,.

2. 0(Ay) = { Ny = ikT ez is the set of eigenvalues of Ay = Ao | Ho they are
simple and the corresponding eigenvectors {1y }rez+ are given by

D = (0,0, A" sinh(Nx), sinh(\z)),  Vk € 2,
and form an orthogonal basis of Hs.
We are now ready to prove Proposition 4.3.2.

Proof of Proposition 4.3.2. We remark that E}, = 5; and Y, = %% Thus, from
Lemma 4.3.3, a direct consequence of the direct decomposition H = H; & Ho leads
to the completion of the proof. O

Theorem 4.3.4. The set of generalized eigenvectors associated to o(A) forms a
Riesz basis of H.
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Proof. From (4.3.1)-(4.3.2), we have

1 1
||E1J€ - E?,k“?‘l =0 <E) and ||E2,k - EngH =0 <E) .
We conclude the desired aim by Theorem 4.3.1. [

We are now ready to prove the optimal decay rate of the energy of system (4.1.1).

Proof of Theorem 4.1.1. First, using (4.2.26) we have Re(\;) ~ ;S{;‘;) and [Im\g| ~

k. Next, from Proposition 4.3.4, we know that the set of the generalized eigenvec-
tors associated to o(A) forms a Riesz basis in H. Then by applying Theorem 2.1 in
[90], we deduce the optimal polynomial energy decay rate (4.1.8) for smooth initial
data. [

Now, in order to prove Lemma 4.3.3, we recall the following Bari’s criterion (see
Theorem 2.1 of Chapter 6 in [56].)

Theorem 4.3.5. {¢,,} is a Riesz basis of a Hilbert space H if and only if {¢n} is
complete in H, and there corresponds to it a complete biorthogonal sequence {1}
such that for any f € H, one has

Y I< tn f > <00, D <t f>]7 < 0. (4.3.5)

We are now ready to prove Lemma 4.3.3.

Proof of Lemma /.3.3. In order to prove Point (1), we proceed by steps.

Step 1. We begin first by proving that {@}k is complete in H;. It suffices to show
that any orthogonal element of H; to all the ¢y is zero. Hence, let (f,g)" be such
that < (f,9)", ¢r >»=0 for all k € Z. Then we get

0= 2/ (f. cosh(pxx) + gsinh(ggx))dz
0

1
= / ((fe + g)e"=e*™ 4 (f, — g)e e *™)dx, V k€ Z. (4.3.6)
0

In particular, for £ = 0, we have

/0 ((fe +9)e"™ + (fo — g)e ")dx = 0. (4.3.7)

Moreover, for k < 0, we write k = —k" with k' € N* to obtain

1
/ ((fz i g)ebzefik/mr + (fm — g)eibzeik/ﬂ—x)dﬂi — 0, Vk/ c N*. (438)
0
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Adding (4.3.6) for k = k' > 0 with (4.3.8) yields

1 ikmx —ikmx
/ () (%) dr =0, VkeN
0

where
h(z) = (fo + 9)(@)e" + (fo — g)(x)e .

Since {cos(k7mx)}ren is a basis in L?(0,1), we get
h=0. (4.3.9)

Subtracting (4.3.6) from (4.3.8), we get

1 eikmﬂ _ e—ikwm
[ [CAETai PRV
0

where

K(x) = (fo + g)(@)e = (fo — g)(@)e .

Since {sin(kmx)}ren- is a basis in L?(0,1), we get
K =0. (4.3.10)

(4.3.9) and (4.3.10) imply that f, = ¢ =0 and so f = 0 since f(0) = 0.

Step 2.  We search for a sequence {9 }rez biorthogonal to {&Z}kez. Here we choose

(ihses = { (= s, —sinn ) ) .

223

where ZT;; is the conjugate of uy. The same arguments as before show that this set
is complete. Indeed, for k € 7Z, 1)}, is an eigenvector of the adjoint of Aj;.

Step 3. The set {1 }rez is biorthogonal to {&Tk}kez-
Indeed, by definition we have

N 1
< Qs Yy >y, = / (cosh(ugz) cosh(mx) — sinh(ugz) sinh(mz))de
0
1
:/ cosh((ux — i) z)dz
0

= /01 cos((k — l)ymx)dz = Op.
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Step 4. Finally, in order to apply Bari’s theorem, it remains to prove (4.3.5). Let
(f,9)" € H; and consider the following sum

So|< 07 | S S0 NG cosh@monl” + 3 |9, simh(im )|

kEZ kEZ keZ
(4.3.11)

By the definition of p given in Point (1) of Lemma 4.3.3, and by Parceval’s identity,

_ 2 -
Z |(fx,cosh(ﬁ;;.))(o,1)‘2 S Z ‘(fxeb-, e””r')(o,l)‘ + Z ‘(fxe—b', e ™ ) 0,1)

‘ 2

keZ keZ keZ
< (ufﬁu%o,l) ; Hfﬁ||%o,n>
AT (4.3.12)
and

2 2

> [(gsimh(@)on|” S D |97 ¢ )

+ ‘(Qﬁ, e ™) 0,1)

keZ kEZ kEZ
< (ngb-u%w n ngb-u%o,n)
< lglPo. (4.3.13)

(4.3.12) and (4.3.13) imply that the right hand side of (4.3.11) is finite. Similarly,
we prove that

ST l< () o | < 0.

kEZ
In conclusion, by Theorem 4.3.5, the family {&Z}kez forms a Riesz basis of H;.

Moreover, to prove Point (2), {Z/Jvk}kez* is an orthogonal basis of Hs, since A, is a
skew-adjoint operator. The proof is thus complete.

O

4.4 Exact controllability with Neumann bound-
ary control

In this section, we study the exact controllability of the following system

Ut — Uz + @y = 0 on (0,1) x (0,7,

Yt — Yoo +0u =0 on (0,1) x (0,7, (4.4.1)
u(0,t) = y(0,t) = y(1,t) =0 for ¢t € (0,T), o
uz(1,t) = v(t) for t € (0,7).

We will use the spectral approach to investigate how the modes of the second equa-
tion are influenced by the modes of the first equation. We denote by « the coupling
parameter, and v the control acted only on the right boundary of the first equation.
The second equation is partially controlled via the coupling of the two waves.
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4.4.1 Observability and exact controllability in spectral spaces

The aim of this subsection is to establish inverse and direct observability inequalities
by the spectral approach. We consider the following associated homogeneous system

¢tt_¢mx+a¢:() on (0’1) X (07T)7

¢tt—¢xx+a¢:() on (O,l)X(O,T), (442>
»(0)=¢,(1)=0 for t € (0,7), o
P(0)=¢(1)=0 for t € (0,7).

Let us recall the energy space H defined in (4.2.2) endowed for all U = (u,v,y, 2),U =
(,0,7,2) € H with the inner product (4.2.3). Now we define a linear unbounded
operator Ay : D(Ag) — H by

Dsz{®=Wﬁwﬁﬂﬂﬂ¢¢€H%H%éewieﬂﬂawwM?=%}
4.4.3
and

AOCI) = (‘57 ¢:m: - 04107 Jja wmx - a¢> (444>

Then setting ® = (¢, ¢, 1, 1;) a regular solution of (4.4.2), we rewrite it into an
evolution equation

y(t) = Ag®(t),
{ B0) = by € H. (4.4.5)

Since Ay is a skew-adjoint operator with a compact resolvent, then, by a corollary
of the Lumer Philips’s Theorem [94], Ay is the infinitesimal generator of a Cyy semi-
group of contractions et on H.

Now, let us consider the corresponding eigenvalue problem, where A denotes its
associated eigenvalue

N — Gup + ) = 0,

5\21/} - wxx + Oé(b =0,
$(0) = ¢,(1) =0, (4.4.6)
¥(0) = ¢(1) = 0.

Taking v = 0 in the spectral analysis of the non-conservative operator A, (see
Section 4.2.1) we can deduce the spectral analysis of the conservative operator Aj.
From Proposition 4.2.5 and Proposition 4.2.6, we have the following Propositions.

Proposition 4.4.1 (Spectrum of Ay). There exists kg € N* sufficiently large enough
such that the spectrum o(Ap) of Ag is given by

O'(.A(]) == 5’0 U 5’1,
where

60 = {R1j}je7 U{Raiticsy 01 = {5\1,k}kez*,\k\zko U {5\2,k}kez*,\k\zko, goNay =0,
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where J is a finite set. Moreover, S\j,k, for 3 = 1,2 satisfy the following asymptotic
behaviors:

N : 7 Oa)
)\171€ = ikm + 25 + 1.2 (447)
and 0(a)
~ . %
Ao = thm + . (4.4.8)

Proof. Following the proof of Proposition 4.2.5, and taking v = 0 in (4.2.37), as well
as in the expressions (4.2.33)-(4.2.34), we have the following asymptotic expansion

i 5y 20 0(?)

fF) = fo(A) + 5 T (4.4.9)

where , _

x % < s xR h(2\) + 2

fo(A) = 2sinh Acosh A, fo(A) = _ o (cos El )+ ) (4.4.10)
Next, we seek to determine the roots of f (5\) It is easy to check that the roots of

fo are simple and are given by

G = ikm + @g Go gy = ik, (4.4.11)

Similarly, thanks to Rouché’s theorem, there exists ky € N* large enough, such that
V|k| > ko, the large eigenvalues of Ay (denoted by A;, Aax) are simple and close
respectively to & i, Gay, i.e.

Aip=adup+o(l), Xop=ds,+o(l), as [kl — oo
Equivalently, we can write

5\1,k =+ Cres 5\2,19 =g + §Q,ka |k1|iin @k =0, =12 (4.4.12)

Following the proof of Proposition 4.2.5, and after several computations, we obtain

- O« ~ O«

Gu=20 g, =00 (1.4.13)
Finally, substituting (4.4.11) and (4.4.13) in (4.4.12), we directly get (4.4.7)-(4.4.8).
The proof is thus complete. [

Proposition 4.4.2. The eigenfunctions of the eigenvalue problem given by (4.4.6)
have the following asymptotic expansions

. (2k+1)mx (2k+1)7x
S1n (T) O (QQ) ax COS (T) (a2)
Pri(r) = - + g (o) = STEm +g (4414)
and
, ) ) )
bo(z) = Zozxgzziljﬂx) N Ol(f(; )’ () = sin (k) N O (« ) (4.4.15)

tkm k3
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Proof. First, we determine the corrresponding eigenfunctions of 5\17;@ Let

1
C=Cjp=—"""""7—.
YR Ly
Inserting (4.4.7) in (4.2.14), we get
, 7 . a  O? ) 7 a  O(?
r g = ikm + i5 ~ gy + ;2 ), ry = tkm + ig + ip + ;2 ) (4.4.16)
Then it follows that
( . (2k+1)x
inh ( )= is (2k+ 1)z LT €OS 2 N O(a?)
in =isin [ ——— ) —
sinh (ry gz) = is 5 S 1z
4 (4.4.17)
. (2k+1)x
b (1 ) = i (2k + 1)x L COS | 75 N O(a?)
| sinh (rs ) = isin 5 S =
and
2.2 O
{ sinh (ry ;) = sinh (r3) = i (—1)" (1 - 80122:;2 + Ej )) . (4.4.18)
Inserting (4.4.17)-(4.4.18) into (4.2.15) and (4.2.16), we get (4.4.14).
Next, we look to determine the eigenfunctions of Ay . Let
1
C=0Cp =——.
i (-t
Inserting (4.4.8) in (4.2.14), we get
, a O(a?) , a O(a?)
rp = thkT + Sy + 30 Tk = tkm — e R (4.4.19)
Then it follows that
. kG O(a)
sinh (ry ) = (—1) %jt T
(4.4.20)
. k@ O(a)
sinh (T3,k) = — (—1) % + 13 ,
and
, . arcos (krz) ia’z?sin (krx) O«
sinh(ry yo) = isin (kmx) + 2@'k:(7r ) _ 8k27r(2 ) + 153 ),
(4.4.21)

az cos (krx)  ia’x?sin(krz) N O(a)
2ikm 8k2m? k3
Finally, inserting (4.4.20)-(4.4.21) into (4.2.15) and (4.2.16), we get (4.4.15).
The proof is thus complete. O

sinh (rs g2) = isin (knz) —
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Remark 4.4.3. If A* # o2 it is easy to check that all the roots of (4.2.20) are simple
and different from zero. Then we set the eigenfunctions of the conservative operator
Ay as . ) )

{ By = (P15 ALk®1ks 1k, %\1,k¢1,k)7 (4.4.22)

Bk = (92,15 A2 kP ks Vo ks Ao ktak)-

Moreover, using the asymptotic expansions (4.4.7)-(4.4.8), and (4.4.14)-(4.4.15), and
since Ay is a skew-adjoint operator we can prove that E ;, Eyk, k € Z* constitute a
Riesz basis in the energy space H.

Proposition 4.4.4. Let o # 0 be a real number small enough. Then there exists a
constant v > 0 depending only on « such that the two branches of eigenvalues of Ay
satisfy an uniform gap condition

’3/ = inf|)\17m — )\2,n| > 0. (4423)
Moreover, the eigenvalues of the same branch satisfy an uniform gap condition.

Proof. Using the asymptotic expansions (4.4.7)-(4.4.8), we have
O(a?)  O(a?
(@), 0)|

At = Al = [7(m =) + - +

m? n3
We distinguish cases:
Case (1) m =n. We have
. . T O(a?)
A m A nl — & y
A1, 2nl = 5+ =5

we easily obtain the uniform gap condition (4.4.23).

Case (2) m #n. We have

O(?) | Ofe)|

At = Kol = |m(m —n) + 5 + (4.4.24)

m n

Now let us consider the leading term in the previous identity. For all m,n € Z*, we
have w|m — n| 4 % > 7. Similarly, using (4.4.7)-(4.4.8)

(o), Oal)

m? n3

N = Ajn| = |m(m —n)| + © , forj=1,2 (4.4.25)

It follows that
H;éf |>\ij — /\j,n| Z .

Hence, one can deduce the uniform gap for eigenvalues laying on the same branch.
The proof is thus complete. O
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The observation is on the first components of the eigenfunctions Elyk, EM defined
in (4.4.22). From (4.4.14)-(4.4.15), we see that

Pri(l) =0 (%) , dk(1) =0 (%) : (4.4.26)

Due to the transmission between the nodes of the two equations, the inverse observ-
ability inequalities are not true in the energy space H. That is why, we define the
following weighted spectral space

D= {((bo, b1, 0, V1) = Z(Oél,kkél,k + a?,kk2E2,k)}~
k£0

Since system EL;C, E~'27k is a Riesz basis in the energy space H, the space D is obviously
a Hilbert space equipped with the norm

> (el + azsl?).
k40
We are now ready to prove our second main result.
Proof of Theorem 4.1.2. Assume first that \* # o2. In this case, all eigenvalues

are different from zero and are all algebraically simple. Given any initial data such
as

(¢o, D1, 0, 11) = Z(Ql,kkél,k + aQ,kk2E2,k) €D,
kA0

and using the Riesz property the solution of (4.4.5) can be written as

(¢(IL‘, t)? gbt(l’) t)u @ZJ(ZE, t)) ’th(l', t)) = Z(alﬁkél,kejq’kt + aQ,kaEZkeS\Q’kt)‘
kA0

It follows that

o(1,8) =3 (ke p(1)eMH + an k2o (1)e*). (4.4.27)
n#0

We recall that the two branches of eigenvalues (:\M) k£0 (S\Qk) k20 satisfy an uniform
gap condition. Back to (4.4.26), we can rewrite (4.4.27) as

qb(l, t) ~ Z<a17k€5\1’kt -+ Oéz’kej\z’kt).
k#0

Following a generalization of Ingham’s theorem (see [73], Theorem 9.1), the sequence
(e*7),,40 forms a Riesz basis in L?(0,T) provided that

T > 27/
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where 7 is the uniform gap between the eigenvalues (4.4.23). It follows that

T
[ 1o 0Pde ~ Sl + s )
0 k=0
This yield inequalities (4.1.9) and (4.1.10). The proof is now complete.
0

Using the Hilbert Uniqueness Method ([79]), we have the following exact controlla-
bility result.

Theorem 4.4.5. Let o # 0 be a real number small enough. Assume that T > 4,
then system (4.4.1) is exactly controllable. More precisely, for any initial data
(uo, u1,Y0,y1) € D', there exists a control function v € L*(0,T) such that the solution
(u, us, y,y) € D', and the controlled system (4.4.1) satisfies the null final conditions

u(z,T) =w(z,T) =y(x,T) = y(x,T) = 0.

It is natural to think about the characterization of the spectral space D. For this
aim, we have this new subsection.

4.4.2 QObservability and exact controllability in usual spaces

The weighted spectral space D is defined by means of the eigenfunctions (El,k)k;ﬁg
and (EN'Q’k)k;éo with weights. So, the four exponents (¢q, ¢1, 10, 11) are a priori in-
volved together. In order to get the observability or exact controllability in usual
energy spaces, we have to separate the components (¢, ¢1,%g,%1). In order to do
so, we will use the Theorem below whose proof is established in [89].

Theorem 4.4.6. Let ()20 and (yx)k2o be Riesz basis of Hilbert spaces X and Y
respectively, and (fx)k2o and (gi)rzo be Bessel sequences of X and Y with suitably
small bounds respectively. Define

D= { () = aulor )+ Bul o) =3l + ) < o |
k40

Then we have D = X xY.

Now using the asymptotic expansions (4.4.7)-(4.4.8) in (4.4.22), one can write
El,k = (Tk, 9i), Ez,k = (fx> Ur)
with

T —

sin (W) (2k + 1)
T , 4 sin (—7T 5 x) ) (4.4.28)
s
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o cos (—”(Qk;”x) o Cos (—”(2k;1)z>
= |- —i 4.4.2
Ik 2k272 T 2k ’ ( 9)
iax cos (krx) axcos (krx)
= 4.4.
Ji < 2k2w2 7 2km ’ (4.4.30)
and (k
Yp = <M,sin (/mr:v)) (4.4.31)
1k

Next for any s > 0, we define the space
X, = { (¢, ) = Zakksxk}, D, =D lowl*. (4.4.32)
k#0 k0
Following Theorem 4.4.6, we can state the following result.

Corollary 4.4.7. Let o # 0 be a real number small enough. We have the following

identification

Proof. From (4.4.28) and (4.4.31), we see that (kzy)rzo and (k*yg )z are Riesz basis
in X; and X, respectively. Moreover (k fi )0 and (k?gx)x.0 are Bessel sequences in
X; and X respectively. Then (4.4.32) follows directly from Theorem 4.4.6. O

Furthermore for any s > 0 we define the spaces

{1 =T = Tt

k>0 n>0

With the pivot space L*(0, 1), we have
X, =V x V. (4.4.34)
It follows from (4.4.33)-(4.4.34) that
D=Vyx V] xV/ xVj. (4.4.35)

We can now characterize the space of observability. We state thus the following
result.

Theorem 4.4.8. Let o be a real number small enough. Assume that
T > 4.

Then there exists a constant c; > 0 such that the direct observability inequality holds

T
/0 (L D)Pdt < 1| (Yo, b1, dou )
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for all solution ® = (b, ¢, 1, ¢y) solving the corresponding homogeneous Cauchy
problem. Moreover, there exists a constant 0 < ¢ < c¢; depending only on « such
that the following observability inequality holds true

T
C||(¢07¢17w0a¢1)||‘2/6><‘/1/><v1/><v2/ S/0 |¢(1vt)|2dt'

Proof. The proof of the inverse observability inequality is a direct consequence of
Theorem 4.1.2 and the identification (4.4.35). The proof of the direct observability
inequality is a direct consequence of the divided difference technique. O

We deduce that the observability space is
D = L*0,1) x H71(0,1) x H71(0,1) x H72(0,1).
Finally, using HUM method, we have the following controllability result.

Theorem 4.4.9. Let o # 0 be a real number small enough. Assume that T > 4,
then system (4.4.1) is exactly controllable. More precisely, for any initial data
(ug, u1,Y0,y1) € Vi X Vo x Vo x V4, there exists a control function v € L*(0,T) such
that the solution (u,us,y,y:) € Vi x Vo x Vo x Vi and the controlled system (4.4.1)
satisfies the null final conditions

u(z, T) = u(z,T) =y(z,T) = y(x,T) = 0.
Remark 4.4.10. The control space is of type

H'Y(0,1) x L*(0,1) x H*(0,1) x H'(0,1).
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