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RESUME v

Résumé

Dans cette thése, on s’intéresse a deux problemes provenant de I’étude mathématique des fluides
incompressibles visqueux : la propagation de la régularité tangentielle et le mouvement d’une

surface libre.

La premiére question concerne plus particulierement I’étude qualitative de I’évolution de quan-
tités thermodynamiques telles que la température dans I’équation de Boussinesq sans diffusion
et la densité dans le systeme de Navier-Stokes non homogeéne. Typiquement, on suppose que ces
deux quantités sont, a 'instant initial, discontinues le long d’une interface a régularité holdéri-
enne. Comme conséquence de résultats de propagation de régularité tangentielle pour le champ
de vitesses, on établit que la régularité des interfaces persiste pour tout temps aussi bien en
dimension deux d’espace, qu’en dimension supérieure (avec condition de petitesse). Notre ap-
proche suit celle du travail de J.-Y. Chemin dans les années 90 pour le probléme des poches de
tourbillon dans les fluides incompressibles parfaits. Dans le cas présent, outre cette hypothése
de régularité tangentielle, nous n’avons besoin que d'une régularité critique sur le champ de

vitesses. La démonstration repose sur le calcul para-différentiel et les espaces de multiplicateurs.

Dans la derniére partie de la theése, on considére le probléeme a frontiére libre pour le systéme
de Navier-Stokes incompressible a deux phases. Ce systéme permet de décrire 1’évolution d’un
mélange de deux fluides non miscibles tels que 'huile et ’eau par exemple. Différents cas de
figure sont étudiés : le cas d’un réservoir borné, d’une goutte ou d’une riviére a profondeur finie.
On établit l'existence et 'unicité a temps petit pour ce probleme. Notre démonstration repose

fortement sur des propriétés de régularité maximale parabolique de type L,-L,.

Mots-clé:

Equations de Navier-Stokes incompressible & densité variable, équations de Boussinesq sans dif-

fusion, régularité critique, régularité stratifiée, probléme a frontiere libre, écoulement diphasique.
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ABSTRACT ix

Abstract

This thesis is dedicated to two different problems in the mathematical study of the viscous in-

compressible fluids: the persistence of tangential regularity and the motion of a free surface.

The first problem concerns the study of the qualitative properties of some thermodynamical
quantities in incompressible fluid models, such as the temperature for Boussinesq system with
no diffusion and the density for the non-homogeneous Navier-Stokes system. Typically, we
assume those two quantities to be initially piecewise constant along an interface with Holder
regularity. As a consequence of stability of certain directional smoothness of the velocity field,
we establish that the regularity of the interfaces persist globally with respect to time both in the
two dimensional and higher dimensional cases (under some smallness condition). Our strategy
is borrowed from the pioneering works by J.-Y.Chemin in 1990s on the vortex patch problem for
ideal fluids. Let us emphasize that, apart from the directional regularity, we only impose rough
(critical) regularity on the velocity field. The proof requires tools from para-differential calculus

and multiplier space theory.

In the last part of this thesis, we are concerned with the free boundary value problem for two-
phase density-dependent Navier-Stokes system. This model is used to describe the motion of two
immiscible liquids, like the oil and the water. Such mixture may occur in different situations, such
as in a fixed bounded container, in a moving bounded droplet or in a river with finite depth. We
establish the short time well-posedness for this problem. Our result strongly relies on the L,-L,

maximal regularity theory for parabolic equations.

Keywords:

Inhomogeneous incompressible Navier-Stokes equations, Boussinesq equations with no diffu-

sion, critical regularity, striated regularity, free boundary value problem, two-phase flow.
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Introduction

Le but de cette introduction est de replacer notre travail dans le contexte de la recherche mathé-
matique actuelle portant sur la propagation des singularités dans des modéles de mécanique des
fluides incompressibles et visqueux. Nous commencons par quelques rappels sur la dérivation
formelle des modeles étudiés, puis exposons nos résultats princpaux ainsi que les techniques
utilisées pour les démontrer. Des détails complémentaires sur ces techniques se trouvent en

appendice.

0.1 Modélisation générale

Cette these est consacrée a plusieurs modeles simples décrivant le mouvement de fluides new-
toniens. Tous ces modeles sont basés sur un principe expérimental, a savoir le postulat d’état
(postulat state en anglais) stipulant que toutes les quantités thermodynamiques telles que la den-
sité, I’énergie interne, la température, la pression et ’entropie, sont déterminées par des équations
d’état mettant en jeu deux variables indépendantes. Bien siir, les équations d’état utilisées dépen-
dent de la situation physique considérée. Nous reviendrons sur ce point a la fin de cette section

apres une présentation des équations qui régissent le mouvement des fluides.

Pour dériver ces équations, il faut partir de plusieurs hypothéses physiques supplémentaires. La
plus fondamentale est celle de continuité. Plus précisément, nous considérons le fluide comme un
milieu continu, bien qu'un vrai gaz ou liquide soit composé de molécules (discretes) a I’échelle
microscopique. Pour nous, chaque particule de fluide sera infiniment petite par rapport a la
propriété macroscopique qui nous intéresse, mais pourra néanmoins contenir un nombre tres

grand de molécules.

En partant de ce principe et de plusieurs lois de conservation, nous allons dériver des équations
aux dérivées partielles régissant le mouvement des fluides. Nous suivrons la démarche de [4, 83]

et, pour fixer les idées, nous nous concentrerons sur le cas physique de la dimension N = 3.
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Conservation de la masse

Supposons que € soit un domaine simple (de classe C') de R? contenant un fluide. Soit n le
vecteur normal extérieur a la frontiere 02 de 2. Supposons que la densité p et le champ de
vitesse u soient réguliers. S’il n’y a pas d’autre source de masse ou aucune réaction chimique a

I'intérieur de €2, la masse totale dans €} vérifie

d

— pdw-—/ pu-ndS. (0.1)
dt Jo o9

L’équation (0.1) ci-dessus signifie que la variation de masse dans {2 est uniquement due a la perte
(ou arrivée) de masse a travers la surface 0€2. En physique, nous appelons p u densité de moment,
et pu - n est le flux de masse passant a travers 02 par unité de temps. Par la théoréme de flux-

divergence, (0.1) devient

/ Op + div (pu) de = / Dyip + pdivudx = 0, (0.2)
Q Q

ou nous notons Dy := 0, +u-V la dérivée particulaire. La quantité D,u représente 'accélération

de la particule de fluide en mouvement.

Comme (0.2) est vraie pour tout domaine 2 de R?, I'intégrand est nul presque partout, et I'on a

donc I’équation de continuité suivante :

Op + div (pu) = Dyp + pdivu = 0. (0.3)

De toute évidence, si la densité du fluide est une constante (positive), alors (0.3) dégénere en une
forme tres simple :
divu = 0. (0.4)

Par la suite, nous dirons que le fluide est incompressible si la condition (0.4) est satisfaite. Sinon,

le fluide est dit compressible.

Conservation de la quantité de mouvement

En outre des définitions €2, n, p, et u ci-dessus, nous devons rappeler la définition de tenseur de
contrainte, désigné par T ici, afin d’étudier la loi d’équilibre de la quantité de mouvement pour les
fluides visqueux. En mécanique des milieux continus, le tenseur des contraintes décrit les forces
internes entre des particules fluides adjacentes. Mathématiquement, cet effet de contrainte est
représenté par un' tenseur d’ordre 2 qui peut étre vu comme une matrice 3 x 3. Ce tenseur des
contraintes permet de décrire les forces de surface (par opposition aux forces volumiques comme

la gravité par exemple).

'Voir [24, le Chapitre 2] pour plus de discussions sur I'algébre multilinéaire.
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Supposons que {2 soit suffisamment petit. La variation de la quantité de mouvement dans €2 peut
étre causée par différents facteurs. Pour simplifier, considérons dans un premier temps un fluide

idéal sans force interne et échange de chaleur. La force surfacique totale sur {2 se réduit alors a

—/ pndS:—/Vpd:v.
a0 Q

La formule ci-dessous permet donc d’exprimer la pression comme une force volumique, a savoir

la pression p et est donnée par

—Vp. Plus généralement, si le fluide est aussi soumis a une force volumique f (telle que la gravité

ou la force de Coriolis), la deuxiéme loi de motion de Newton donne
pDiu=—-Vp+pf. (0.5)

Dans le cas p constant, le systeme composé de (0.4) et (0.5) est appelé systéme d’Euler incompress-

ible (homogéne). En combinant (0.5) et (0.3), nous arrivons a une forme équivalente?

O(pu) = —DivIl + pf avec II:=pl+ pu® u. (0.6)

Pour les fluides visqueux, c’est-a-dire pour lesquels il existe des forces de friction entre les partic-
ules de fluide adjacentes, il faut prendre en compte la dissipation d’énergie et modifier le tenseur
IT dans (0.6) comme ci-dessous :

T:=0—pl

La matrice de o (de taille 3 x 3) est appelée tenseur des contraintes visqueuses, et dépend de la

température 0, de la densité p et de la vitesse u du fluide.

Déterminons maintenant la forme de o sous quelques hypotheéses simplificatrices. Tout d’abord,
comme le frottement intérieur résulte des mouvements relatifs entre les particules de fluide, on
suppose que o est une fonction linéaire de Vu (cette hypothese est légitime si les variations de
Vu ne sont pas trop importantes). Cela signifie en particulier que 0 = 0 pour un fluide isotrope

dans les deux situations physiques suivantes:

1. le fluide se déplace a une vitesse constante u = ug;

2. le fluide tourne avec une vitesse angulaire constante Qq (i.e. > u = Qg A z).

D’autre part, par la conservation du moment angulaire, le tenseur des contraintes o doit étre

symétrique (voir par exemple [4, le Chapitre 1]) et on peut donc ’écrire sous la forme :

Pour toute matrice A = (AfC (z)) définie sur R, le symbole Div A est le vecteur de RY satisfaisant
(DivA) := 3N O, AL.

Dans R?, nous notons u A v := (u*v

NxN

2 1 1 1,2 2 1vtr
3 _wle? ulvt —uled, ute® — ot
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o:=2ud+ Adivul,

ot d := 1D(u) := 3(Vu + Vu'") désigne le tenseur de déformation. Les fonctions et A
(qui dépendent de (0, p)) sont appelées respectivement coefficients de cisaillement et de viscosité

dynamique. Sous toutes ces hypotheses, on dit que le fluide est dit Newtonien.

En utilisant I'expression ci-dessus pour o, on obtient finalement la relation d’équilibre suivante

pour la quantité de mouvement des fluides newtoniens :
Oi(pu) = —Div(pu @ u) +DivT + pf. (0.7)

Conservation de I’énergie

Bien que les relations sur I’équilibre de la masse et de la quantité de mouvement suffisent a
décrire I’évolution des fluides considérés dans cette theése, il est instructif de présenter la loi
de conservation de ’énergie dans le cas général. Nous supposons ici que les contributions de

I’énergie totale par unité de volume sont données par

ou le premier terme est [’énergie cinétique et e représente I’énergie interne par unité de masse.
En regle générale, I’énergie interne est causée par les mouvements des molécules du matériau.
En outre, la variation de I’énergie totale dans €2 ici est réduite a la somme de I’énergie totale
transportée a travers de la surface OS2, aux travaux exercés par les forces surfaciques et par la

force externe, et par la quantité d’énergie fournie par 'extérieur de 2. Nous avons donc

+/pf-udx—/ q-ndsSs.
Q o0

La quantité q est appelée vecteur de flux de chaleur et satisfait (dans notre modélisation) la loi de
Fourier
q=—kVo,

avec 0 et x désignant respectivement la température absolue et le coefficient de conductivité. A
partir de (0.8), compte tenu de la loi de Fourier, on obtient par le théoreme de flux-divergence,
(0.3) et (0.7),

pDie =T : d+ div (kVE), (0.9)

ouA:B:= Zik:l AiBi pour deux matrices A et B.
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Relations complémentaires

Pour préciser les conditions que doivent vérifier les coefficients, u, A et k, rappelons la relation
de Gibbs,
fds=de+pd(1/p) (0.10)

avec s étant l’entropie par unité de masse. S’il n’y a pas d’autre source d’entropie, 'irréversibilité
du processus de diffusion, c’est-a-dire la deuxiéme loi de la thermodynamique, se caractérise par

Pinégalité Clausius-Duhem suivante :

d q-n
— > . -
dt/Qdex_ /89 <psu n + 7 )dS.

Dong, par la loi de Fourier et le théoréme de flux-divergence, nous avons

O(ps) + div (psu) > div <KTW> (0.11)

Puis, grace a (0.3) et (0.9), la relation de Gibbs (0.10) entraine

(0 :d+div(kV0))- (0.12)

SR

O(ps) + div (psu) =

Maintenant, profitant de (0.11) et (0.12), nous obtenons

o:d K|V
—_— > 0. 0.13
i T Te < (0.13)
Il n’est pas difficile de vérifier que
w>0, 2u+3X2>20, K2=>0, (0.14)

est une condition suffisante pour la validité de (0.13).

Maintenant notons que (0.3), (0.7) et (0.9) ne peuvent pas former un systéme fermé. Comme nous
I’avons mentionné au tout début, pour que le systéme ne soit pas sous-déterminé, il faut lui ad-
joindre des équations d’état enfin de pouvoir exprimer toutes les quantités thermodynamiques a
l'aide de deux inconnues indépendantes. Prenons par exemple p et s comme variables indépen-

dantes et écrivons I’énergie interne comme
e=-¢e(p,s). (0.15)

On déduit de (0.10) que
0=0se et p= pzape. (0.16)

De cette manieére, les équations (0.3), (0.7), (0.9), (0.15) et (0.16) forment un systéme fermé.
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Il est également possible de prendre p et # comme variables indépendantes, et les relations com-

plémentaires

e=ce(p,0) et p=p(p,0), (0.17)

ferment le systéme. La relation de Gibbs (0.10) et (0.17), donnent la condition de compatibilité
(cachée) suivante :
p20pe + 00pp = p, (0.18)

tant que s, e, p sont suffisamment lisses.

Un exemple classique d’équations d’état (0.17) est celui des gaz polytropiques visqueux parfaits.

Un gaz est parfait si la pression p est donnée par I’équation
p = Rp0, pour une constante R > 0. (0.19)
En outre, si ’énergie interne satisfait
e = (0, pour une constante strictement positive C,, (0.20)

alors on dit que le gaz est polytropique.

Quelques modéles asymptotiques

Dans cette thése, nous étudions principalement des modeles simplifiés obtenus (formellement)
a partir du systéme de Navier-Stokes complet présenté ci-dessus. L’heuristique est que dans les
utilisations concrétes de ce systeme, certaines quantités physiques jouent un role négligeable,
et peuvent étre éliminées dans les équations. D’un point de vue mathématique, les modeles

simplifiés avec moins de grandeurs physiques nous aident & mieux comprendre la structure.

L’approche standard de la simplification consiste a utiliser les arguments de mise a I’échelle et
asymptotiques. Tout d’abord, nous pouvons choisir des grandeurs de référence pour les dif-
férentes quantités physiques et faire un changement d’échelle dans les équations. On obtient
ainsi un systéme adimensionnalisé. Ensuite, nous pouvons faire tendre certains parameétres du
systeme vers a 0 ou 00, et écrire les équations obtenues, censées étre bien appropriés a la de-

scription de certains cas physiques extrémes.

Précisons d’abord les notations. Si h est une variable ou une inconnue scalaire, on désigne
par b,.; la constante de référence correspondante. Par exemple, t,.; représente le temps de
référence, etc. D’autre part, nous introduisons (Lycf, Urcs, Fref) la longueur de référence, la
vitesse et la force externe, respectivement. On peut alors introduire les parameétres sans dimen-

sion suivants :
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(Nombre de Strouhal) ~ Sr := eriffjief, (Nombre de Mach) Ma := g:; Urefs
(Nombre de Reynolds) Re := PrefUresLre (Nombre de Froude)  Fr := Uref

Href ’ \/L,aefF,aef7

, LyesU,
(Nombre de Péclet) ~ Pe := "ref=reirel.
refRref

Ensuite, on introduit les nouvelles variables (scalaires ou Vectorielles)a :=b/brcs avec b appar-

tenant a {¢,z,p,p, 0, e, u, \, k,u, f}. Il est donc naturel de faire le changmenet d’échelle :

6(27%\) = h(Lrefaj\» tref%\)-

1
href
En supposant ji,cf = Aref €t Pref = preferes (defini dans (0.18)), nous pouvons finalement écrire

(0.3), (0.7) et (0.9) (en omettant les chapeaux par souci de lisibilité) comme suit :

St Oyp + div (pu) = 0,
Srdy(pu) + Div (pu ® u) — z-Divo + ﬁVp = ﬁpf, (0.21)

St 0¢(pe) + div (pue) = ]\é‘fa cd—p:d+ ﬁdiv (kV0).

Le systéme (0.21) est le systéme de Navier-Stokes complet écrit sous forme adimensionnelle. Con-

centrons nous sur le cas
Sr = Re = Pe = Ma/e = Fr/\e =1,

et sur 'asymptotique ¢ tend vers 0 (limite a faibles nombres de Mach et de Froude).

Dans le cas de gaz polytropiques parfaits avec p = Rpe/C,, nous obtenons formellement a la

limite les équations de Navier-Stokes inhomogénes suivantes (voir les détails dans [89, Section 1.2]):

Op +div(pu) =0, divu =0,
O:(pu) + Div (pu ® u) —Div(2ud) + VP = pf.

Une autre simplification largement utilisée est Iapproximation d’Oberbeck-Boussinesq. Main-

tenant, nous supposons formellement que

p=rp+ept +e%p +
uw=U+eu +2u® +
0=0+e00 1+ 202 4

ou le couple constant (p, #) est un équilibre thermodynamique. En injectant ces développements

dans (0.21) et ignorant les termes d’ordre £, nous arrivons a (voir [52, le Chapitre 4]) a :
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po U + pDiv (U @ U) — Div (2u(8)d)VILI = rVF, divU = 0,
pep(p,0) (9,0 + div (OU)) — div (GU) — Div (k()VO) = 0,

ou F est un potentiel, © = 1), G := pha(p, 0)F et r vérifie la la relation de Boussinesq

r+ pa(p,0)© = 0.

Dans la suite de cette thése, nous nous concentrerons sur I’étude du modéle de Navier-Stokes

inhomogeéne et sur une approximation de type Oberbeck-Boussinesq avec x = 0.

0.2 Principaux résultats

Dans cette section, nous exposerons les principaux résultats obtenus dans la thése concernant

les trois problémes suivants :

(P1) La persistance des “poches de température” pour le systéme de Boussinesq sans diffusion;
(P2) L’évolution des “poches de densité pour le systéme de Navier-Stokes inhomogéne;

(P3) Unprobléme a frontiére libre pour le systéme de Navier-Stokes inhomogéne a deux phases.

Les résultats obtenus pour (P;) et (P2) sont les fruits d’une collaboration avec Raphaél Danchin
et ont été publiés récemment dans [40, 41]. Le probléme (P3) est un travail en cours avec Hi-

rokazu Saito et Yoshihiro Shibata.

Dans la suite de cette section, nous présenterons successivement ( Py )-(P3). Cependant, I’objectif
est seulement de décrire I'idée principale de nos résultats afin d’éviter les longues préparatifs
pour des déclarations plus détaillées. Le lecteur intéressé peut trouver plus de références et des
théorémes plus précis dans les chapitres ultérieurs. Dans I'intervalle, nous aimerions également
examiner d’autres contributions concernant les problémes (P;) et (P») aprés nos résultats [40,
41].

0.2.1 Les poches de température pour le systeme de Boussinesq

Le systeme de Boussinesq avec viscosité mais sans diffusion s’écrit

040 + div (fu) = 0 dans RN x]0, T,
Ou+div(u®@u) —vAu+ VP =0e,  dans RYx]0,T], B
divu =0 dans RV x]0,T],

\(97 u)t=0 = (0o, uo) dans RYN.
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Les inconnues (6, u, P) désignent la température, la vitesse et la pression, respectivement, e, :=
(0,...,1)!" estle dernier vecteur de la base canonique de RY, et v > 0 est la viscosité cinématique,
supposée constante pour simplifier. Le systéme ci-dessus est couramment utilisé comme modele
simplifié pour décrire I’évolution de fluides géophysiques. Mais une autre motivation pour son
étude est que dans le cas non visqueux, ce systéme présente des analogies frappantes avec le
systéme d’Euler incompressible en dimension 3, en ce qui concerne le phénomeéne d’étirement

du tourbillon (vortex stretching en anglais), voir par exemple [71].

Notre but ici est d’étudier si, a I'instar du systeme d’Euler incompressible, le systéme de Boussi-
nesq préserve la régularité stratifiée et, plus précisément, la régularité des fonctions caractéris-
tiques pour la température (poche de température) pour tout temps (voir I’appendice A pour une

présentation plus précise de la notion de régularité stratifiée pour le systéme d’Euler).

Rappelons que dans le cas de la dimension deux, l'existence globale et 'unicité de solutions a
régularité Sobolev élevée pour (B3) a été établie dans [16, 71]. Ces hypothéses de régularité ont
été affaiblies dans [2, 38] ou il est démontré que (53) admet une unique solution globale si les

données vérifient les propriétés de régularité critique suivantes (notées (# ,) dans la suite) :
« N =2: (o, u0) € BY,(R?) x (L2(R?) N BZY (R?))*;

. LN
¢ N 2 3: (fo,u0) € (Ly(RY) N B (RY)) x (Lo (RY) N By, (RM))™ avec p €
[N, 0], et

[wollLy V) + I/_IHGOHLM(RN) < cv avec c assez petit.
3

La solution ainsi construite admet un flot v, de classe C'. De ce fait, si I'on suppose que la
température initiale est donnée par
0y = CN]]‘DO (0.22)

avec Dy un domaine simple de RV, alors 0; = C\1p, avec Dy = 1, (t, Dy), et la régularité C 1

est préservée pour tout temps (pourvu que Cy soit assez petite si N > 3).

00 = 11)0

Apres le temps ¢
la régularité de Dy ?
Do est un domaine C1+¢

Supposons maintenant que Dy soit un domaine simple de classe C1¢ (0 < £ < 1). On se demande
si cette régularité holdérienne supplémentaire est conservée au cours de I’évolution (voir la figure

ci-dessus).



10 INTRODUCTION

On ne peut pas espérer que I'hypothése (# ,) assure plus que la régularité C* pour 1),,. Mais nous
allons démontrer que si 6y est donné par (0.22) et si ug est un plus régulier dans les directions
tangentes a Dy alors il en est de méme pour le flot ,,. Pour mettre en valeur cette régularité de
type anisotrope, on va faire appel a la stratégie employée par J.-Y. Chemin dans [19] concernant

le systéme d’Euler incompressible.

Supposons que Dy soit une courbe de Jordan de R?. Alors il existe une fonction fy de classe
CL< telle que 0Dy = f; *({0}). Pour mesurer la régularité tangentielle par rapport a la poche
initiale d’une fonction g, il est donc naturel de considérer la dérivée de g par rapport au champ
de vecteurs X := V+ fo, qui est bien tangent a Dy. En faisant évoluer X suivant le flot ¥,

c’est-a-dire en considérant le champ de vecteurs X dépendant du temps solution de I’équation”

N
DiX = (O +u V)X =0xu:=» X'Ou, Xli=o =X,
k=1

on constate que X; coincide avec VL f;, ol f; = fop,(t, ). Etant donné que D; = 1p,(t, Dy) =
ft_1 ({0}), pour démontrer la persistance de la régularité C¢ de la poche, il suffit donc de montrer
la persistance de la régularité C%¢ de X . Vu I’équation ci-dessus, cette derniére est guarantie par
le fait que Oxu soit dans C%¢(R?)? ou encore que Ox w soit la dérivée d'une fonction de C*¢(R?),

ot1 w désigne le tourbillon (ou rotationnel) associé a u, c’est-a-dire w := dou' — dqu?.

En dimension NV > 3, la méthode est similaire, mais il faut plusieurs champs de vecteurs tangents

pour caractériser la régularité de 9D, (voir le Chapitre 1 pour plus de détails).

La difficulté principale est donc de propager la regularité de Oy« ou de Oxw sachant que les seules
propriétés de régularité globales vérifiées par (6, uo) sont critiques (i.e. données en (# ,)). Dans
le cas de la dimension 2, il est plus aisé de travailler avec div (X w) qui vérifie 'équation de type

transport-diffusion suivante :
Dydiv (Xw) — vAdiv (Xw) = terme source.

En suivant approche utilisée pour les poches de tourbillon visqueuses (voir [6, Chapitre 7]),

nous obtiendrons les résultats souhaités.

En dimension N > 3, propager la régularité stratifiée est plus délicat a cause du phénomene
d’étirement de la vorticité (de ce fait, un terme d’ordre maximal supplémentaire apparait dans
I'équation de div (X w)). Pour cette raison, au lieu de chercher a démontrer directement que
Oxu ou div (Xw) ala régularité souhaitée, on va travailler avec le parachamp T’y et s’intéresser
a Txu := TyrOru qui, dans notre contexte, peut étre vu comme la partie principale de Oxu.
Rappelons que 7' est opérateur de paraproduit introduit par J.-M. Bony (pour plus de détails sur
la définition et les propriétés du paraproduit, voir par exemple [6, Chapitre 2]). En appliquant le

“La premiére égalité est équivalente au fait que le commutateur [D;, Ox] s’annule.
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parachamp Tx a I’équation du moment de (B), on obtient finalement le systéme de type Stokes

suivant :
DiTxu — vATxu + VTx P = terme source, div7xyu = div (terme d’erreur).

Gréace aux estimations classiques pour le systéme de Stokes et a des estimations de commutateur,
on parvient a boucler les estimations pour tout temps. Pour plus de détails, le lecteur peut se
référer au résultat général de persistance de la régularité stratifiée énoncé dans le théoreme 1.1,

ainsi qu’au théoréme 1.3 du chapitre 1.
Donnons tout de suite les résultats obtenus dans le cadre strict des poches de température.

Corollaire 0.1 (poche de température 2-D). Soit (M7, M3) € R2. Supposons que 6y = M;1p,

avec 0Dy courbe de Jordan de classe C1¢, et que le tourbillon wq de ug soit donné par
wo = Malp, — wo

avecwy € L"(R?) pour unr > 1, supporté dans Djj et tel que

/ (jo((L‘) dr = MQ "Do|
R2

Alors il existe une unique solution (0,u) a (B). De plus, on a 0(t,-) = Milp, avec D(t) :=
¥ (t, Do), et OD(t) demeure une courbe de Jordan de classe C1¢ pour toutt > 0.

Corollaire 0.2 (poche de température N-D). Soit N > 3 et my, ma constantes suffisamment petites.

Supposons que 0y = m11p, et que lai-éme composante de la vitesse initiale soit donnée par

N

= = D 2(~2)710;(00);

J=1

avec Qo = mal j,A¢ ot Ag est la matrice anti-symétrique définie par (Ao)é- =1sii < g, etdy

est un domaine simple borné de classe C! tel que Dy C Jo.

Alors 0(t,-) = mqlp, ou D(t) := 1y (t,Dy), et D(t) demeure un domaine simple de classe C1<,
pour toutt > 0.

A la suite de notre article [40], F. Gancedo et E. Garcia-Juarez [57] ont proposé une démon-
stration alternative et particuliérement simple pour la persistance de la régularité des poches de
température dans le cas de la dimension 2. En supposant que la vitesse initiale est plus réguliére :
ug € HH‘S(]RQ)2 avec s > Oete + s < 1etque by := 1lp, comme ci-dessus, ils constatent
que le flot 1), est C1%. De ce fait, la préservation de la régularité C* pour la poche devient triv-
iale. Notons cependant que les hypothéses de [57] ne sont pas de méme nature que les notres:

dans leur article, il s’agit d’imposer suffisamment de régularité sur la vitesse pour avoir un flot
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globalement C'¢ alors que nos hypothéses sont vraiment de nature locale et anisotrope, la seule

régularité globale disponible étant critique.

0.2.2 Poches de densité pour les fluides incompressibles non homogénes

Notre second travail concerne le systéme de Navier-Stokes incompressible inhomogéne:

)
Oip + div (pu) =0 dans RV x]0, T,
O(pu) + div (pu @ u) — pAu + VP =0 dans RN x]0,T7,

L (pu) (p ) =k 10,7 (INS)
dive =0 dans RYx]0, T,
\(P>U)|t=0 = (po,uo) dans RY.

La nouvelle inconnue p désigne la densité. Ce modéle peu étre obtenu au moins formellement
dans ’asymptotique a faible nombre de Mach a partir du systéme de Navier-Stokes compressible
complet (voir par exemple [89, Chapitre 1]). Ce systéme a été abondamment étudié récemment.
Nous renvoyons le lecteur au chapitre 2 pour plus de détails. Ici nous souhaitons uniquement

présenter nos résultats principaux concernant la question (P).

Le probléme des poches de densité pour (/ NV S) a été proposé par P.-L. Lions dans son livre [89].
La théorie des solutions faibles exposée dans ce livre permet de construire une solution globale

(p, u) pour (I N S) dés que la donnée initiale (pg, ug) vérifie
Vpoug € LQ(]RN)N et pg := 1p, pour un domaine simple Dy C RY,

De plus, a tout instant ¢t > 0, ona p(-,t) = 1p, avec Dy := 1, (t, Dy), et P, flot généralisé de u.
La question posée par P.-L. Lions concerne la régularité de la frontiére du domaine. Quelles sont
les hypothéses sur les données assurant sa conservation pour tout temps ? Si ug est seulement
Ly, le flot correspondant est trés peu régulier (et sa régularité est susceptible de se dégrader au
cours du temps, voir le Theorem A.2 de ’Appendice A). Pour répondre a la question de P.-L. Lions,
il est donc naturel de se placer dans un cadre de régularité suffisant pour avoir non seulement

Pexistence, mais aussi 'unicité, ainsi que suffisamment de régularité pour le flot.

Schématiquement, si le fluide considéré ne comporte pas de vide a I'instant initial, alors les ré-
sultats d’existence et d’unicité pour (/N.S) sont similaires a ceux du cas a densité constante.

Considérons par exemple une densité initiale
po := 1p, +nlpg (0.23)

avec Dy domaine simple de R™ et > 0 constant. Si 'on suppose de plus que  — 1 et que
|luo HBN/p—l(RN) sont assez petits (avec p €]N — 1,2N]), alors R. Danchin et P. Mucha ont établi
p,1

dans [36] la persistance de la régularité C! de Dy, pour tout temps. Cependant, sous de telles
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hypothéses, le flot 4, n’est a priori que C', et il n’est pas clair que I'on puisse propager plus de

régularité sur D;.

Dans [96], M. Paicu, P. Zhang et Z. Zhang ont réussi a supprimer ’hypothese de petitesse sur
n — 1 présente dans [36], en supposant que ug € H*(R?)? pour un s > 0 (dans le cas de la
dimension 2). Peu de temps aprés, X. Liao et P. Zhang dans [87, 88] ont utilisé les résutats de [96]
pour traiter le probléme des poches de densité associé a (/ [V S). Plus précisément, ils supposent
que la densité initiale est donnée par (0.23) avec Dy domaine borné de R? de classe W**2P avec
k> 1letp €]2, %[ Sous ces hypothéses, on peut trouver une fonction f € W**2P(R?; R)

telle que
Do := fy1({0}) et Vfo# 0 préesde 9Dy. (0.24)

Si X := V= fj et la vitesse initiale ug vérifie

s (2 ¢ stebrt o
uo € B3 1°(R%),  Ox,uo € By; * (R,
les articles [87, 88] assurent la persistance de la régularité Wk+2p (— C lJr’I‘C’E) de I'interface,

sans condition de petitesse sur 7).

po = (n+1)1p, + lpg p(-,t) = (n+ 1lp, + 1p

Apres le temps ¢

Dy est un domaine C1¢ la régularité de Dy ?

Le but principal de notre travail est d’étudier la régularité intermédiaire entre les travaux de [36]
(persistance de la régularité C!) et ceux de X. Liao et P. Zhang dans [87] (persistance de la régular-
ité WHP avec k > 3 et p € [2,4]). Notre approche repose sur la méthode utilisée pour le systéme
de Boussinesq et exposée plus haut, et sur [36]. L’étape clef consiste a démontrer la propaga-
tion pour tout temps d’une régularité Besov adéquate pour Oxu. Ensuite on utilise la quantité
Txu = TxrOpu pour retrouver la régularité tangentielle de dxu ot T' désigne 'opérateur de
paraproduit homogene. A noter que le couplage entre p et u est quasi-linéaire dans (/ /V.5), alors
que celui entre 6 et u était linéaire dans (53). A cause de cette non-linéarité, appliquer directe-
ment Ty 4 I’équation du moment de (I N'.S) donne des termes problématiques comme 7x (p Oru).
Dans le cas d’une densité constante par morceaux et d'un champ de vitesse a régularité seulement

critique, ce terme empéche de boucler les estimations pour tout temps.

En utilisant le fait que [D;, x| = 0, on peut récrire I'équation de Oxu sous la forme

thTXu - ,uATXu = error terms. (0.25)
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Ensuite, en s’inspirant de la technique d’espaces de multiplicateurs utilisée dans [34, 36], et, rap-
pelée plus haut pour (B), on peut traiter (/ NV S). Pour éviter de rentrer dans les détails techniques,
donnons le résultat obtenu en dimension deux (le cas de la dimension N > 3 étant présenté dans

le chapitre 2).

Corollaire 0.3. Soit Dy un domaine simplement connexe de R? et une fonction fy dans C1(R?; R)
(0 < € < 1) vérifiant (0.24). Il existe une constante ng ne dépendant que de Dy et telle que si

po = (1+n)lp, + ]1738 avec 1 G] - 7707?70[

et si le champ de vecteurs a divergence nulle uy € S; (R?) a un tourbillon wy = u — dau
vérifiant

wo = Wo + Wy 1p, avec div (wovao) =0 et / wodr =0
R2

pour des fonctions suffisamment petites (@o, &o) de L,(R?) x C='(R?) avec0 < ¢’ < cetl <p <
2/(2—¢), et a support compact, alors le systéme (I N S) a une unique solution (p,w, V P). De plus
pour toutt > 0,

p(t,-) == (L+n)lp, + 1pe avec Dy := 1y (t, Do),

et Dy demeure un domaine simplement connexe de classe C1<.

Pour clore cette section, signalons deux travaux trés récents qui ont suivi [41]. Tout d’abord,
dans [56], F. Gancedo et E. Garcia-Juarez ont considéré (/N S) dans le cadre strict des poches
de densité en dimension deux. En reprenant ’approche de [96], ils ont établi la persistance pour
tout temps de la régularité C1¢ pour toute constante > —1. La clef de la démonstration est
que le flot 1), est globalement dans C''¢. Une autre contribution trés récente de R.Danchin et
P.B.Mucha [35] concerne le cas avec vide : les auteurs établissent en particulier que si pg := 1p,
avec Dy de classe C1, et si ug est H' alors le systéme admet une unique solution qui conserve
la régularité C1¢ de Dy.

0.2.3 Un probléme a frontiere libre

On peut voir le probleme des poches de tourbillon comme un modele de mélange pour deux
fluides incompressibles visqueux et non miscibles. Dans le cas sans tension de surface, un modele

plus élaboré est le suivant :
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di(pv) + Div (pv ® v) — DivT(v,p) = pf dans Q,
dip +div (pv) =0, dive =0 dans Q,
T(v,p)n:] =0, [v] =0 dans I},

[T(w.pnd =0, [o] : —
T(vg,pe)nyy =0 sur Iy,

v=0 on I'_,

(p,v)|t=0 = (po,vo) sur 0.

Nous nous intéressons ici au probléme a deux phases séparées par une interface I'y # (). Le
systeme ci-dessus permet de rendre compte de trois situations physiques différentes : I'évolution
d’une goutte de fluide dans un autre fluide, un mélange dans un récipient borné avec parois
rigides, et deux couches infinies (voir la figure ci-dessous). Pour simplifier la présentation, on
suppose qu’il n’y a pas de frontiére rigide : I'_ = (). Dans ce cas, le modeéle (/ N.S.) décrit le
mouvement de deux liquides ne se mélangeant pas dans le domaine §2; := Qt Ul :=Qp ULy
entouré par une surface mobile I'; ; a I'instant ¢. Dans cette description, I'; est I'interface entre
les deux phases qui remplissent {2 ; et {2_ ;, respectivement. On note n; et n ; les vecteurs
normaux extérieurs pour les surfaces I'; et I';. ;. Insistons sur le fait que le domaine de I'ensemble

des fluides lui-méme €2; dépend du temps : il est déterminé par

Q:t,t = ’d)'v(tu Q:I:)

avec () 1= )+ domaine a 'instant initial.

Tis
r, n, Q¢
Q_
F*/’\/\/\/\/J\/v-
le cas: T =0 lecas: Ty, =0 lecas: T, T #0

Le tenseur des contraintes T (v, ¢) est donné par

T(v,9)(,t) := p(p(x,1))D(@)(2, 1) — q(z, )L,
et le tenseur des déformations D(v) /2 est défini par

D(v) = Dyv + Vv, avec (Dx'v)i; = (V;,/U)f i= 0y, v) pour j,k=1,..,N.
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Dans le systéme (/ N.S1), on a utilisé les notations classiques rappelées ci-dessous : pour tout
couple de vecteurs u et v de RY, le produit tensoriel u ® v est la matrice N x N définie par
(u® v)ff = wvP (1 < j,k < N). De plus, si A = (Ai(x))NxN est une fonction définie sur R™
et a valeurs dans I'ensemble des matrices N x N alors Div A désigne le champ de vecteurs sur
RY donné par (DivA)/ := Zévzl Oy, Ai. Finalement, le saut du vector g a travers la surface S

est donné par la limite normale suivante :
lg](zo) := 5Lir(r)l+ (g(xo + ov (o)) — g(z0 — 51/(:1:0))) Vxo€S,
ou v est le vecteur normal extérieur unitaire pour la surface S.

En suivant la méthode classique pour le systéme de Navier-Stokes homogeéne avec conditions
aux limites de Dirichlet (voir I’Appendice B), on cherche a résoudre (/N S1). Notre stratégie
consiste a passer en coordonnées Lagrangiennes, en suivant V. A. Solonnikov dans [113]. Dans
ces coordonnées, le systéme (/ NV S ) peut étre considéré dans un domaine fixe 0, avec des condi-
tions aux limites non linéaires. En s’appuyant sur les travaux [94, 107] concernant les propriétés
de régularité maximale L, — L, du systeme linéarisé (ce qui nécessite de faire appel aux tech-
niques de R-bornitude rappelées dans I’appendice C), puis en utilisant le théoréme de point fixe
contractant dans les espaces métriques complets, on parvient alors a résoudre (/ /N.S1) a temps
petit. A titre d’exemple, on donne ci-dessous le résultat obtenu lorsque la densité de référence 7

ne prend que deux valeurs (voir les hypothéses (1) — (H3) du Chapitre 3).

Théoréme 0.4. Soit (p,q) dans (1)U (II), avec
1 N
(1) == {(p,q) €]2, 00[x]N, o[} et (II):= {(p, @) €L 2]V, ool 4 > 1}.
Supposons que pg soit dans qu(Q) et vérifie
Iln — pOHLoo(Q) < ¢ pour une constante c,

que vy soit dans Dg;z/p(ﬂ) > et que f appartienne a Ly, (0,2; WL (RM)N). Alors il existe un temps

T et une constante C, ne dépendant que de p, q, vy et f, tels que le systéme (I N S1) admette une

unique solution (p,wu, q) telle que
2
el 1, 0,7 w200)) + IVl 10,520 (00) T IVPIL 075000 < C-
De plus, p est borné dans qu(Qt)

Quelques commentaires sur le théoréme 0.4: ’hypotheése (I) est naturelle, vu le cas mono-

phasique traité dans [106] (voir aussi les références mentionnées dans cet article). Cependant, il

>Voir le chapitre 3 pour la définition de Dg,f/ P(€)).
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s’avere que (/1) marche aussi pour (/N S.) grace a des propriétés d’interpolation supplémen-
taires. En fait, il n’est pas clair que I'on puisse construire une solution, méme locale pour tout
couple (p, q) €]1, c0[2.

Finalement, mentionnons que nous cherchons maintenant a étendre le théoréme 0.4 (en ren-

forcant éventuellement les hypothéses sur les données), pour tout temps.
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INTRODUCTION




Chapter 1

Temperature patch problems for

Boussinesq system without diffusion

1.1 Introduction

In this chapter, we are concerned with the following incompressible Boussinesq system with partial

viscosity:

0 +u-VO =0,

Ou+u-Vu—vAu+ VII = fey,

. (BV,N)

divu = 0,

(0, u)lt=0 = (6o, uo)-
Above, ey = (0,--- ,0,1) stands for the unit vertical vector in RY with N > 2. The unknowns
are the scalar function 6 (the so-called temperature), the velocity field u = (u!,u?, ...,u’V) and

the pressure II, depending on the time variable ¢ > 0 and on the space variable 2 € RY. The

viscosity v is a positive constant.

The above Boussinesq system is a toy model for describing the convection phenomenon in geo-
physical flows (see e.g. [98]). It has been considered in a number of mathematical works in the
last two decades, mainly in space dimension N = 2. In that setting, the existence of global strong
(and unique) solutions has been established under different types of regularity assumptions, see
e.g. [2, 16, 71, 80], and global weak solutions with finite energy (that is corresponding to ini-
tial data 6 and ug in L?(R?)) have been constructed in [69]. Those ‘weak’ solutions have been
proved to be unique shortly after, in [38], exactly as for the standard incompressible Navier-
Stokes equations in R? (see also [66] for a simpler proof). The reader may refer to [72] for an

up-to-date review of results for System (B, 2).

In contrast, only a few works have been dedicated to the higher dimensional case. As regards the
strong solution theory, global existence and uniqueness statements for small data (in the sense

of some critical norm) have been proved in [37, 38].
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Our goal here is to investigate the propagation of a discontinuity of the temperature along an
interface, both in the cases N = 2 and N > 3. We are interested in the stability of temperature
patches, namely to initial temperatures ¢y of the type 1p, with Dy being a bounded simply

connected domain.

To better explain our approach, let us concentrate on the two-dimensional case for a while. Then,
for any 6y = 1p, and ug in (L?(IR?))?2, the work in [38] guarantees the existence of a unique
solution (6, u) € C(Ry; L? (R2))3 of (B,,2) satisfying for all t > 0:

t t
1602 = Veollze and o)+ 20 [ [uledt = Juolla +2 [ [ owsdar,

In [38], it has been proved that the velocity u is ‘almost’ in (L;,.(Ry; H 2))2 (it belongs to the

slightly larger space (E}o ARy H 2))2 defined in (1.12)). Consequently, according to a result of
J.-Y. Chemin and N. Lerner in [23], u has a unique flow 1),,, solution of the following (integrated)

ordinary differential equation:

t
Vot ) = + / Wt pult',2)) dt (L1)
0
As 0 satisfies a transport equation along u and 6y = 1p,, this guarantees that for all £ > 0,

9(757 ) = ]lDt where Dt = lbu(tvDO)‘

The above flow being measure preserving (since divu = 0) and continuous, the topology and
measure of the patch D; does not change through the time evolution. However, much less can be
said concerning the regularity of the boundary of the patch, as the result of [23] just guarantees
that v, is in (C (Ry; Co’l_”))2 for all n > 0. Therefore, it is not clear that the initial regularity
of the patch does not deteriorate, if assuming only that ug is in (L?(R?))2. Now, if fy and ug
are slightly more regular like for instance in the Besov space ' Bgl then, according to [2], all
(R ;Cp), and the flow 1), (t, -) is thus C!. As a consequence, the C!

regularity of the temperature patch is preserved for all time.

the entries of Vu are in Lllo .

Then a natural question arises: what if we assume that the patch has higher regularity ? Our
concern has some similarity with the celebrated vortex patch problem for the 2-D incompressible

Euler equations:
Owu+u - Vu+ VII =0,
(E)
divu = 0.
Indeed, the vorticity w := 01u? — dau! associated to the velocity u of (£) satisfies the transport

equation

!See the definition of Besov spaces in the next section.
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Ow +u-Vw =0,

so that, at least formally, if one assumes that wy = 1p, then we have w(t) = 1p, with Dy :=
Yy (t, D). For (E), it has been proved (see e.g. [19, 20] and the references therein) that the C**
Holder regularity of the patch of vorticity persists for all time.

Proving that in our framework, too, the Holder regularity of D; is conserved is the main purpose
of the present chapter. Just like for the vortex patch problem for Euler equations, our result
will come up as a consequence of a much more general property of global-in-time persistence of
regularity along a suitable family of vector fields that is tangent to the patch (this is the so-called
striated regularity, a definition that originates from the work of J.-Y. Chemin in [17]).

In contrast with the Euler equations however, here we do not need a nondegenerate family of
vector fields to ensure that the flow is Lipschitz, because we have that property for free whenever
the initial data are in the Besov space Bgl, see [2]. In fact, as the regularity result we want
to achieve is local in space, it will be enough to consider vector fields that do not vanish in a
neighborhood of the patch.

Before stating our main results, we need to introduce some notation, and to clarify what striated
regularity is. Assume that? X = X*(2)dy is some vector field acting on functions in C*(R"; R).
As usual, vector fields are identified with vector valued functions from R"Y to R™V, and dx f stands

for the directional derivative of f € C*(RY;R) along the vector field X, namely

oxf = Xko,f =X V.

The evolution X (z) := X (t,x) of any continuous initial vector field X along the flow of u is
defined by:

X(t,x) == (0xy%u) (1/’;1(75’ ar:))

In the C! case, combining the chain rule and the definition of the flow in (1.1) implies that X

satisfies the following transport equation (omitting the index ¢ in X; for notational simplicity):

X -VX = Oxu,
b X (1.2)
X|t=0 = Xo.
Applying operator div to (1.2) and remembering that divu = 0, we obtain in addition
OedivX +u-VdivX =0, (13)
diVX‘t:() = diVXo. '

Therefore the divergence-free property is conserved through the evolution.

*We adopt Einstein summation convention in the whole text: summation is taken with respect to the repeated
indices, whenever they occur both as a subscript and a superscript.
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As explained into more details in Section 1.5, the temperature patch problem is closely related to
the conservation of Hélder regularity C*¢ for X. According to the classical theory of transport
equations, if w is Lipschitz with respect to the space variable, then that property is equivalent
to the fact that all the components of Oxu have the regularity C%¢ with respect to the space

variable.

In the 2-D case, it is natural to recast the regularity of u along the vector field X in terms of the

vorticity w := A u? — dqul as the simple transport-diffusion equation is fulfilled:

Ow+u-Vw —vAw = 010, (1.4)

w(t=0 = wo,

and as it is known (see e.g. [6], Chap. 7) that:
10xullgs S [Vullze [ Xlge 4 [|div (Xw)|g=-1, (1.5)

where for any real number s, we denote* ¢ = €*(RY) := Bf,ovoo(RN ).

Applying operators dx and div (X-) to the temperature and vorticity equations, respectively,
and denoting

[ = vdiv (XAw — A(Xw)) + div (X 616),

we get the following system for (0x0, div (Xw)):

{ 9, 0x0 +u - Vixh =0,
(1.6)

Odiv (Xw) + u - Vdiv (Xw) — vAdiv (Xw) = f.

1

loc
of X, it is enough to have Oxu in (L}OC(R+; %5))2, and this may be achieved thanks to (1.5),
if div (Xw) is in L}

L(Ry;€°71). Now, assuming that div (Xowp) is in 6° 2 and taking ad-

Let us recap. Knowing that Vu is in L; (Ry; L°), in order to propagate the ¢ regularity

vantage of smoothing properties of the heat flow, this latter information may be obtained if f
is suitably bounded in the very negative space L, .(R;;%?). This requires to have dx0 in
L2 (Ry;6°72), and thus dx, 0y € €2

The following theorem states that it is indeed possible to propagate this type of regularity, glob-

ally in time, in the 2-D case.

Theorem 1.1. Suppose that (e,q) €]0,1[x]1,2/(2 — ¢)[. Let 6y be in B(i/lq*l(RQ) and ug be a
divergence-free vector field in (LQ(RQ))z, with vorticity wo := O1u3 — dauj in B%q_2(R2). There

exists a unique global solution (6, u) of System (B, 2), such that

2

2_q 2_9 2
(0,u,w) € C(Ry; BYy ) x (C(R4; L)) x (C(R4; By ) N Li,.(Ry: BYY)). (1.7)

*In Chapter 1, we agree that A < B means A < C B for some harmless constant C.
“Recall that BE'Z, coincides with the standard Holder space ™ whenever k € N and € €]0, 1], see [6].
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Furthermore, for any vector field X in (¢*© (RQ))Q such that
Ox,00 € €°2(R?) and div(Xowp) € €°3(R?),
there exists a unique global solution® X € (Cyy(Ry; %5))2 to (1.2) and we have®
(0x 6, div (Xw)) € Cyp(Ry;6°2) x (Co(Ry;€°73) N LL(Ry; €°7Y)).

Additionally, there is a constant Cy ,, depending only on the initial data and viscosity constant such
that for anyt > 0,

HXHL?O(%) < Cp, exp <exp (exp(CO7Vt4))>.
A few comments are in order:

2
2
+ The Besov space B, (R?) for 6y contains the characteristic function of any bounded
C! domain. Thanks to that, it will be possible to obtain the persistence of regularity for

temperature patches as a consequence of the above theorem (see Corollary 1.2 below).

« It may be seen by means of elementary paradifferential calculus that if

2

(57 Q) 6]07 1[X]17 27_5

[,

then div (Xowo) and dx, 0 are distributions of ¥ ~3 and ¥’ ~2, respectively, and that the
following (sharp) estimates are fulfilled:

HdiV (X()w())

w2 S [ Xollg=llwoll 2. and |0xybollg—2 S [|Xo
q,1

wellfoll 2.
Bq

q,1
Therefore, asking for div (Xowp) € €° 3 and dx,0p € €° 2 is indeed additional hypoth-

esis.

« The required level of regularity is much lower than for the 2-D vortex patch problem for (F)
(there we need to have div (Xowp) in €~ *(R?)). This is because the smoothing effect of
the heat flow allows to gain two full derivatives compared to the data. Another difference
is that Vu € L}OC(R+; L), by embedding. Therefore, it is not necessary to consider a
family of vector fields that does not degenerate on the whole R?, to solve the temperature

patch problem.

+ Just like for the Euler equation, we expect our approach to be relevant for showing persis-

tency of higher order striated regularity (thus leading to the propagation of C¥¢ regularity

’If E is a Banach space with predual E* then C,, (R ; E) stands for the set of measurable functions b : Ry — E
such that for all ¢ € E*, the function ¢ — (h(t), ¢) Ex g+ is continuous on R .

To fully benefit from _the smoothing properties of the heat flow, one has to work in (close) superspaces of
Li,.(Ry; %®) denoted by Li,.(R4;%*) and defined in (1.12).
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for the temperature patches). We refrained from doing that here as it would make this

chapter much more technical.

« A similar issue has been addressed recently by X. Liao and P. Zhang in [87, 88] for the
inhomogeneous Navier-Stokes equations. For technical reasons (the system under consid-
eration therein is much more nonlinear), only higher order regularities can be propagated,
which requires to study the action of iterated vector fields on the solution. At the same,
whether one can propagate just C1¢ regularity for that more complicated system is our

main task in next chapter.

Let us now go to the temperature patch problem in the 2-D case. So consider a C** simply
connected bounded domain Dy of R? (hence 9Dy is a C'¢ Jordan curve on R?). Let D be a
bounded domain of R? such that

Dy ND§ = 0. (1.8)

Then the following result holds true.

Corollary 1.2. Let (M, Ms) be in R2. Assume that 0y = M, 1p, and that the vorticity wo of ug
is given by
wo = Malp, — wo (1.9)

for some @y € L"(R?) withr > 1, supported in D} and such that
/ Wo(z) dx = My |Dy|. (1.10)
RQ

Then there exists a unique solution (6, w) to System (B, 2), satisfying the properties listed in Theorem
1.1. Furthermore, we have 0(t,-) = M;1p, where D(t) := 1, (t, Do), and OD(t) remains a C**
Jordan curve of R? for allt > 0.

Let us make some comments on that corollary.

« Hypothesis (1.10) ensures that the initial vorticity is mean free, which is needed to have
ug € (LZ(]R{2)) ?. The more natural assumption wg = M1 p, would require our extending
Theorem 1.1 to infinite energy velocity fields. As for (F), it is feasible, but introduces

additional technicalities.

+ Assumption (1.9) on the vorticity may seem somewhat artificial as it has no time persis-
tency whatsoever, even in the asymptotics v — 0 (in contrast with the slightly viscous
vortex patch problem, see [27]). This is just to have a concrete example of initial velocity

for which one can give a positive answer to the temperature patch problem. In fact, Corol-

2_9
lary 1.2 remains true if the initial velocity ug € (L? (RQ))Q is such that wg € B, (R?)

for some 1 < ¢ < % and satisfies div (Xowp) € %°3(R?) for some vector field

Xp € (‘55 (R2))2 that does not vanish on 0Dy and is tangent to 0Dy.
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Let us finally consider the case N > 3. Then, compared to the 2-D case, the main difference is
that the vorticity equation has an additional stretching term, and it is thus less natural to measure
the striated regularity by means of div (X ) with € denoting the matrix of curl u (even though
our 2-D approach should be adaptable to the high-dimensional case, like in [55]). We shall thus
look directly at Oxu. An additional (related) difficulty is that one cannot expect to prove global
existence for general large initial data, since (53, ) contains the standard incompressible Navier-
Stokes equations as a particular case. Therefore we shall prescribe some smallness condition on
the data (the same one as in [38]) to achieve a global statement. This leads to the following

theorem:

Theorem 1.3. Suppose that N > 3 and that (¢,p) €]0,1[x]N, N /(1 — €)[. Assume that 0y is in

N

Ny
BY (RM) N L% (RY) and that the divergence-free vector field ug is in B (RMYN and in the
weak Lebesgue space L™ >°(RN). There exists a (small) positive constant c independent of p such
that if

l[uoll .o + V_1H90HL4§ < e,
then Boussinesq system (B,, ) has a unique global solution (6, w, VII) in the space

0 o1 1 THL\N 1 Yo1\N
C(R-l-;BN,l) X (C(R+;Bp,1 )leoc(R-f—;Bp,l )) X (Lloc(R+;Bp,1 ))

Moreover, for all vector field X is in the space (‘gE(RN))N defined by
(€= RY)N = {¥ e (" ®V))" : divy € €5 (RY)},

and such that the components of (0x,00,9x,uo) are in €=~ 2(RY), System (1.2) has a unique

solution X in C,(Ry; 6¢), and we have for some constant Cy,, depending only on the initial data
and onv, and allt > 0,

||X||L§o(<gs) < CO,V exp (eXp(Co,,,t)).

Furthermore, the triplet (0x 0, Oxu, Ox VI1I) belongs to

Co(R56°72) X (Co(Ry;6°72) N LRy 6°)) Y x (Lho(Ry;6572) Y,

As in the 2-D case, the above result will enable us to solve the temperature patch problem. Indeed,
fix some simply connected domain Dy of class C1€ (that is such that 9D is a compact hypersurface
of class C¥) and consider another C' simply connected bounded domain .Jy such that Dy C Jj.

Then we have the following statement’:

Corollary 1.4. Let N > 3 and my, ma be sufficiently small constants. Assume that 6y = m11p,

and that the ith component of initial velocity u} = — Z;-V:l(—A)*laj(Qo); satisfies Qo =

mol j, Ao where A stands for the anti-symmetric matrix defined by (A())é— =1 fori < j.

"Like in the 2-D case, much more general initial velocities may be considered.
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Then 0(t,-) = mi1lp, where D(t) := 1y (t, Dy), and D(t) remains a simply connected domain of
class Cl’s,for anyt > 0.

The rest of this chapter unfolds as follows. In the next section, we shortly introduce Besov spaces
and present some linear or nonlinear estimates which will be needed to achieve our results. Then
the proofs of main theorems for the propagation of striated regularity will be revealed in Section
1.3 (for 2-D case) and Section 1.4 (for N-D case). Section 1.5 is devoted to proving Corollaries 1.2

and 1.4. Some technical commutator estimates are proved at last.

1.2 Basic notations and linear estimates

We here introduce definitions and notations that are used throughout the text, and recall some

properties of Besov spaces and transport or transport-diffusion equations.

Let us begin with the definition of the nonhomogeneous Littlewood-Paley decomposition (for more
details see [6], Chap. 2). Set

B:={{eRY:[¢]<4/3} and €:={¢ e RV :3/4 < |¢| <8/3}.
We fix two smooth radial functions x and ¢, supported in 5 and €, respectively, and such that

©)+> (279 =1, VeeRY.

Jj=0

We then introduce the Fourier multipliers A_; := x(D) and A; := ¢(279D) with j > 0 (the

so-called nonhomogeneous dyadic blocks) and the low frequency cut-off operator

= ) Ay

3'<5—-1

For (s,p,7) € R x [1, 00]%, the nonhomogeneous Besov space B;,T(RN) is defined by

By (RY) := {u e S®Y) : Julg;, = |27 Aullr

r(NUf-1}) < OO}'

Let us next introduce the following paraproduct and remainder operators:

uv—ZSJ NouAjv  and  R(u,v) ZAUA’U— Z Ajulpv,

j>—1 j>—1
J== 1= li— k\<NO

where [Ny stands for some large enough (fixed) integer.

The following decomposition, first introduced by J.-M. Bony in [11]:

w = Tyv + Tyu + R(u,v), (1.11)
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holds true whenever the product of the two tempered distribution w and v is defined. It will play
a fundamental role in our study. Bilinear operators R and 7" possess continuity properties in a
number of functional spaces (see e.g. Chap. 2 in [6]). We shall recall a few of them throughout

the text, when needed.

When investigating evolutionary equations in Besov spaces and, in particular, parabolic type
equations, it is natural to use the following tilde Besov spaces first introduced by ]J.-Y. Chemin in

[21]: for any t €]0, oc] and (s, p,7,p) € R x [1, 00]?, we set

ztp(B[S),T(RN)) = {U € S,(]()’t[XRN) : ||u”if(B;T) = H2js||Aju||L/’(}0,t[;LP)

L <o)

In the particular case where p = r = 2 (resp. p = r = 00), B, , coincides with the Sobolev space

H? (resp. the generalized Holder space 6®), and we shall alternately denote
LY (H*(RY)) := L (B3,(RY)) and L (%°(RY)) := L} (B, o (RY)). (1.12)

The following a priori estimates for the transport and transport-diffusion equations in (nonho-

mogeneous) Besov spaces will be needed to establish our main results.

Proposition 1.5. Let v be a divergence free vector field. Let (p,p1,7,p,p1) € [1,00]° ands € R

satisfy
. (N N . (N N
—1—min{ —,— | <s<1l+min{ —,— | and p1 < p.
b1 p p D1

Let f be a smooth solution of the following transport-diffusion equation with diffusion parameter
v>0:

0 di —VvAf =
1S+ div (o) ~vAf =g, -
fli=o = fo.
Then there exists a constant C depending on N, p, p1 and s such that for allt > 0,
1 1 1
VO, < OO (Lt vt | foll 5
L{(Bpr") m
1_1 1
) g s ), (113)
t (BP,T' )
where .
Va®)i= [ V0l x
0 Byl ooNL>®
In the limit case s = —1 — min (L, &), one needs to refine | Vv|| ~ by ||[Vv|| ~ in the
p1’p ;}11 AL pll
0 P1>
definition of Vj,, .

Proof. The above statement has been proved in [32] in the case p < p;. That restriction came
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from the following commutator estimate ®:

1271w ¥, Aj1 £l

e SVl x 1 flm,
prl

that has been proved only in the case p < p; therein.

To handle the case p > p1, let us set ¥ := v — Spv and write [v - V, A]f = Z?:l R; with

R} = [Tp, Aj)0kf, RZ = Ty, 50",
R} = —A;Ty, o, R} = OpR(0",A;f),
R = —0RAR(TF, f), RS = [Sov, Aj]Orf.

In [32], Condition p < p; is used only when bounding R;-’. Now, if p > p1and s < 1+ % then

combining standard continuity results for the paraproduct with the embedding B;;l(RN ) —
s—1-X

Boor P (RY) implies that

; N _N
HQJ(s-Fm P )HR?HLP

e IVl IV f iy,

D1,

whence the desired inequality. O

Remark 1.6. We shall often use the above proposition in the particular case
(Vv b7, P, pl) = (07 00, 00, 00, 1)

Then Inequality (1.13) reduces to

. N
‘KSJFHQHZ%(%)) if —1—-—<s<l.

£ ]| pge sy < CeVrr O (|| £ .

We finally recall a refinement of Vishik’s estimates for the transport equation [125] obtained
by T. Hmidi and S. Keraani in [70], which is the key to the study of long-time behavior of the

solution in critical spaces for Boussinesq system (53, ) (see [2, 38]).

Proposition 1.7. Assume that v is divergence-free and that f satisfies the transport equation (T Dy).
There exists a constant C' such that for all (p,r) € [1,00]? andt > 0,

t
1z < CUolzg, + 90z ) (1 + /0 V] df)'

8We here adopt the usual notation [A, B] for the commutator AB — BA.
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1.3 Propagation of striated regularity in the 2D-case

This section is devoted to the proof of Theorem 1.1. To simplify the computations, we shall first

make the change of unknowns

O(t,x) = 1*0(vt,x), u(t,z) =vu(vt,z), P(t,x)=1>P(vt,x) (1.14)

so as to reduce the study to the case v = 1.

Throughout this section, we always assume that
€ 1
0<e<l, q>1and§+7>l, (1.15)
q

in accordance with the hypotheses of Theorem 1.1.

1.3.1 A priori estimates for the Lipschitz norm of the velocity field

Those estimates will be based on the following global existence theorem (see [2]).

Theorem 1.8. Let 0y and the divergence-free vector field ug satisfy
(B0, u0) € B, (R?) x (L*(R*) N BLL (RY))”.

Then there exists a unique global solution (u, 0, VII) for System (B 2) such that
ue (CRy; L2 NBZY) N L3, (R HY) N L, (Ry; B 1)),

0 ¢ Cb(R-i-;Bg,l) and VII € (Llloc(R+;Bg,1))2’

(1.16)
Moreover, for any t > 0, there exists a constant C depending only on the initial data such that

4
el ) < Coe".

We claim that the data (6y,up) of Theorem 1.1 fulfill the assumptions of the above theorem.
Indeed, decompose uy = A_jug + (Id — A_1)ug and apply the following Biot-Savart law

Vu=—-V(=A)"'Vtw with V! :=(=d,,0).
2_9
Then thanks to the obvious embedding B/, (R?) — B 1(R?), we obtain that

luollg=1, S luollng, S 1A 1wollze + 1(1d — A1) Vgl

S fluollz2 + llwol| 2_,- (1.17)
Bq

q,1
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21
Besides, the obvious embedding 6y € B, (R?) — Bgvl(Rz) holds. Hence one may apply
the above theorem to our data. The corresponding global solution (6, u) fulfills (1.16) and the
following inequality for all £ > 0,

C 4
IVull ey S lull s,y < Coe™". (1.18)

,1

1.3.2 A priori estimates for ¢ and w

We now want to prove that (0, u) fulfills the additional property (1.7). To this end, the first
observation is that 6 satisfies a free transport equation. Hence, from the standard theory of

transport equations (apply Proposition 1.5 with v = 0) and the bound (1.18), we deduce that 0 is
2_1
inC(R4+; By, ) and that

c|Vv
LIVl

< 0ol 2_, < |60l 2_, exp (Coexp(Cot')) forall t € Ry.
B B}

H9||~oo 2_q
Lt q,1 q,1

By )
(1.19)

In order to bound w, one may apply Proposition 1.5 to the vorticity equation, which yields for
allt > 0,

C v I~
< C(1+ e (14t)|| uIILtl<L )(||W0H 2, + || VO 2, )
) Bq Ll q

2
q
t q,1 t qul q,1 t\7g,1 )

Hence, taking advantage of (1.18) and (1.19), we get

< Cexp(exp(Cot")) (|lwoll 2o + |00 2_,). (1.20)
B1 B1

2
LBy ) Li(By) a.1 7.1

Then Biot-Savart law allows to improve the regularity of the velocity w as follows:

< Cpexp (exp(C’ot4)), (1.21)

2 2
Li(Bg1) Li(Bg1)

where Cy depends only on the Lebesgue and Besov norms of the data in Theorem 1.1.

1.3.3 A priori estimates for the striated regularity

We shall need the following lemma which is a straightforward adaptation of Inequality (1.5) to

time dependent functions.

Lemma 1.9. Foranye €]0, 1], there exists a constant C' such that the following estimate holds true:

t
Joxulgyggey S [ IValloe X i e+ v (X6l gy (1.2

Therefore, in order to propagate the Holder regularity of X, it suffices to derive appropriate
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bounds for div (Xw) in L}(€=~1), for all ¢ > 0. This will be based on the fact that div (Xw)

fulfills the transport-diffusion equation:
Odiv (Xw) + u - Vdiv (Xw) — Adiv (Xw) = f

with
f=divF +div(Xd10) and F:=XAw - A(Xw).

Now, thanks to Proposition 1.5 and to (1.15), we have

Idiv (Xe) | -2 + 1div (Xeo)l| gy gpery < (1 -+ ) div (Xotwo)

€e—3

t
+/O U, |ldiv (X w)l|g=-s dt’+||f|yzt1(%s,3)), (1.23)

where U, has been defined in (1.21).

Let us now bound the source term f in E% (°73) of (1.23). It is not hard to estimate F' via the

following decomposition:
F=[Tx,Alw+Tar,X + R(X,Aw) — AT, X — AR(w, X).

Using the commutator estimates of Lemma 1.11 and standard results of continuity for the para-

product and remainder operators (see e.g. [6], Chap. 2), we get under Condition (1.15),

[Fllge—2 < HWHB [ X - (1.24)
1

2
0
The last part of f may be decomposed into
div (X0,0) = 91 (div (X)) — div (00, X).
By Bony’s decomposition (1.11),
001X =Tpo X + TngG + R(@, (91X)

As Condition (1.15) is fulfilled, we thus have

001X

ge-2 S0 2 ,]01X
Bq

q,1

o1 (1.25)
Next, we see that
div (X0) = 0x0 + 6 div X.

The last term may be bounded as in (1.25). Therefore, combining with Inequalities (1.24) and
(1.25), integrating with respect to time, and using also L}(4°~3) < L}(%°3), we end up with
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t
11171 gy 5/0 (||W||B§ —|—”9||B§_1)||X||<ge dt’ + [|0x 0| 1= 2)- (1.26)

9,1 9,1
Reverting to the transport equation (1.2) satisfied by X, combining with the last item of Propo-
sition 1.5, and using also (1.22) and (1.23), we obtain

t
[ XN 5o gy < 1 Xolle +C/0 IVl oo ]| X ll= dt’ + Clloxullzy ey

t
< WXolles +C [ Il X e '+ Cldiv (X gy
0

< HXOH%’JE + C(l + t)”diV (Xocdo)

+C(1+t)</0tUé(HX

¢e—3

¢e + [|div (Xw)||ge—s) dt’ + ||f|]z%(%a,3)). (1.27)

Thus let us set
Z(t) = | X||Lgo (=) + [|div (Xw) || Loe (=3

and .
Wit = Uy + [ (ol 3 +16] 5 )t
0 Bq’1 Bq’1
Observe that the bounds (1.19), (1.20) and (1.21) imply that
W(t) < Coexplexp(Cot')) (ol 3. + 11601l 5-,) (129
q,1 q,1

Then putting together (1.23), (1.26) and (1.27) yields

Z(t) < (1+1) (Z(O) + 110x0l L3 (e 2y + /Ot W't Z(t) dt’)-
Hence, by virtue of Gronwall lemma,
Z(t) < C(1+)(Z(0) + [|0x 0] 11 (o)) TV, (1.29)
Now, Proposition 1.5 and the fact that 0x 0 satisfies a free transport equation imply that
1061l e o2y < €U O[O, Bollgo2. (130)

Adding (1.28) and (1.30) to (1.29), we thus obtain

Z(t) < Cpexp (exp (exp(C'ot4))>~ (1.31)
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Back to (1.23), one can eventually conclude that

||div (XW)HZ}(%’E*I) + [|div (Xw) || oo (g=—3) < Cpexp (exp (exp(COt4))>. (1.32)

1.3.4 Completing the proof of Theorem 1.1

Of course, the previous computations require the solutions to be smooth enough. To justify them

in the context of Theorem 1.1, we first solve System (B 2) with smoothed out initial data
(00, ug) == (Snbo, Snuo).

It is clear by embedding and (1.17) that the components of (6, ug) belong to all Sobolev spaces
H*(R?). Thanks to the result in [16], we thus get a unique global smooth solution (", u™, VII")
having Sobolev regularity of any order. Furthermore, as 6y belongs to all spaces By ;| and satisfies
alinear transport equation with a smooth velocity field, we are guaranteed that 6" € C(R+; By ;)
for all s € R. Then as w" is the solution of the transport-diffusion equation with w € By 4 (R?)
and source term 9;6" in C (R4; B, (R?)) for all s € R, we conclude that (6", w") belongs to all
sets F; defined by

2_14s 2_24s

By i={(0.0):9 € LR Bl ), 0 € LRy By,

244
q )leloc(RJr;Bq )}

q,1

Finally, regularizing X into X := 5, X0 and setting X"(¢,z) := (8X3¢un)(¢;n1 (t,x)), we
see that X" belongs to Holder spaces of any order, and satisfies (1.2) with velocity field u". The
estimates that we proved so far are thus valid for (0™, u", X™). We have to check whether one
can bound the rh.s. independently of n, though. As regards (1.19) and (1.28), this is obvious, for

Sy, maps LP to itself for all n € N, with a norm independent of n, which guarantees that

16611 22 S U6l 21, llugliee S lluollr> and flwg|l 2oy Sllwoll 2. (1.33)
B1 B1 B1 B1

q,1 q,1 q,1 q,1

Hence the sequence (6", w™),cn is bounded in Eg.
To justify the uniform boundedness of (X", dxn 0", div (X"w"))pen in

2 - - =~ _
(L?OOC(RJr;(gg)) X L?OOC(R+;<€a 2) X ( ?:c(R+;cg€ 3) N LZIOC(RJr;ng 1))7
it is enough to check that the ‘constant’ C§ in the rh.s. of (1.30) and (1.31) may be bounded
independently of n. In fact, besides the norms appearing in (1.33), C' depends only (and contin-

uously) on
X

vs,  9xp00llg=—2 and |[|div(Xgwp)

¢e—3-

Arguing as in (1.33), we see that ||.X§

4= can be uniformly controlled by || X¢||«=. Furthermore,
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combining Lemma 1.13 and Lemma 2.97 in [6], we get

10x305 <2 < [10x0B0llire=2 + 160l 221 Xolls=-

q,1

Finally, we claim that

[div (Xgwp)

€3 5 HdiV (X()wo)

oo+ woll 2, | Xollee.
Bq
q,1

This is a consequence of the decomposition

div (Y f) = Ty f = div (I;Y + R(£.Y)) + [0 Ty,
applied to (Y, f) = (X§,w{) or (Xo,wo), and of the fact that

Txpwy = SnTxowo + [T(xpyrs SnlOkwo + T(xp—x0)w0 »

where the last term 7 Xp— Xo)wo vanishes if Vg in (1.11) is taken larger than 1.

Let us now establish that (6", u", VII") converges (strongly) to some solution (0, u, VII) of
(B1.2) belonging to the space FY (R?) where, forall s € R, p € [1,00] and N > 2, we set

+s

smiN T oo %_1 N 1 %_1+S N N
Fy®RY) = {(0,0,VP): 0 e [ (Rys By (RY), VP e (L (RiiB)  (RY))

loc

1+s
(

~ N_ N1y N
and ve(Lf;’C(R+;Bpfl R)) A L (Ry; B, S(RN))> }

Let us first prove that (0", u”, VII"),cy is a Cauchy sequence in the space F;, ' (R?). Indeed, if
setting
(8077, Gu, STER) = (6 — 67, ™ — o, TI™ — 1T,

then we get from (B ) that
0007 + div (u"™60)") = —div (du) 6™),

Opoul + div (u™ @ dJul) — Adull + VI = §07 ey — div (du!” @ u™), (B'Y)

divdu;' = 0.

We infer from Bony decomposition (1.11) and continuity results for the paraproduct and remain-
der, that

Idiv (8’6" g1 < Nldun'll 3y, 1671 5y, and [ldiv (Gup® @ u®) || g1 S [|ouy'll gy 1 llw" s, -

Using the above two inequalities and the estimates for the transport and transport-diffusion

equations stated in Proposition 1.5, we end up with
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CIVu™ |1, p1 t
1607 NI 700 51y < € FeF2) (HM?(O)HBQi +/0 H(SuanB%J\\Q”HBgvldt’),

C(1+t)||Vu™
M) < (14 12)e LTIV

n

1 m m
1 (16 )+ 19970) 5
t
[ Uy, + 167, ) 670 dt'),
where 67(t) = 30 e 1y + 1007 5351

Combining Gronwall lemma with the bounds before, we deduce that (6", u"™, VII"), cy strongly
converges in the norm of || - || P (®2): Then, interpolating, we discover that strong convergence
holds true in F, "(IR?), too, for all ) > 0, which allows to justify that (6, u, VII) satisfies (B 2).
Now, from Fatou property of Besov spaces, we gather that the limit (6, u, VII) belongs to F (R?).
In addition, as the sequence (0™, w"™) is bounded in Eg, Fatou property also implies that (6, w)
belongs to Eg . Finally, using (complex) interpolation, we obtain that for any 0 < n,J < 1,

sequence (0", w™),en converges to (6,w) in the space Eq_f" with g5 := g + %5-

To complete the proof of Theorem 1.1, we have to check that the announced proprieties of striated
regularity are fulfilled. In fact, taking advantage of the (uniform) Lipschitz-continuity of u", we

may obtain that for all n > 0 (see [20]),

X = lim X"in Ljy (Ry;6°77), (1.34)

n—oo

which allows to justify that X satisfies (1.2). Moreover, we also have that for all > 0, Sequence

(8Xn o™, div (X"w”))nEN converges in the space

L?C?C(R-‘r; %5_2_77,) X Llloc(R-F; (gé—l—n/)_

As we know in addition that (1.30) and (1.32) are fulfilled by Ox»6™ and div (X"w") foralln € N,

one can conclude that
Ix0 € LZOOOC(R+; %E_2> and div (Xw) € L%)c(R-l—;ng_g) x Elloc(R-l-;(gE_l),

and that both (1.30) and (1.32) hold true.

1.4 Propagation of striated regularity in the general case N > 3

This section is dedicated to the proof of Theorem 1.3. The first step is to extend the global exis-
tence result of R. Danchin and M. Paicu in [38], to nonhomogeneous Besov spaces. The second

step is to propagate striated regularity. As pointed out in the introduction, it suffices to bound
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Oxu in the space f/tl (¢*), which requires our using the smoothing properties of the heat flow.
By applying the directional derivative Jx to the velocity equation, we discover that Oxu may
be seen as the solution to some evolutionary Stokes system with a nonhomogeneous divergence

condition, namely (using the fact that divu = 0),
div (Oxu) = div (0, X — udiv X).

In order to reduce our study to that of a solution to the standard Stokes system, it is thus natural
to decompose Oxu into
Oxu =2z + 9, X —udivX.

Now, z is indeed divergence free but the above decomposition introduces additional source terms
in the Stokes system satisfied by z. One of those terms is Ad, X, that we do not know how to
handle without losing regularity. Moreover, this also leads to the failure of global estimates

technically.

To overcome this difficulty, we here propose to replace the directional derivative Ox by the para-
vector field Tx that is defined by
Txu = TxrOgu.

The gain is that, as we shall see below, the aforementioned loss of regularity does not occur
anymore when estimating 7xu, and that Txu may be seen of the leading order part of Oxu, as
shown by the following two inequalities (that hold true whenever % +¢e—12> 0, see Lemma
1.13):

o = Ticullzsge S Wlzeeamllal o (135)

t(pz,)l

[0xu = TxullLrgey S 1 X | Lge ) lull % %1+1)' (1.36)
D,

The second step of the proof of Theorem 1.3 will be mainly devoted to proving a priori estimates

for Txewin (L§°(652) N LY (%)) ™.

Finally, in the last step of the proof, we shall smooth out the data (as in the 2-D case) so as to

justify that the a priori estimates of the first two steps are indeed satisfied.

1.4.1 Global existence in nonhomogeneous Besov spaces

The following result is an obvious modification of the work by R.Danchin and M. Paicu in [38].

Theorem 1.10. Let N > 3 and p €|N, co|. Assume that 0y € B?VJ(]RN) NL% (RN) and that the

N_q
initial divergence-free velocity field ug is in (B, (RN) N LN>(RN))N | There exists a (small)

positive constant c independent of p such that if
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lwol| fv,0o + 1/_1H90HL% < cv, (1.37)

then the Boussinesq system (B, n) has a unique global solution (0, u, VII) belonging to the space

Ny N N

1\N ——1\N
CR;BY1)N(CRy; B )N LR BYy )" N (LR BYy )™

Moreover, there exists some positive constant C' independent on N such that for anyt > 0, we have

10 » =160l &, [ult)lpye < Clluollpyee +v 0ol w), (1.38)
Up(t) < A(1), (1.39)
||9||zgo(39m) < C||90HB§{,’1(1 +vTLA(t), (1.40)
1B, VID)|  n_, < Cuv tA%(t) + Ct||6ol go (14 A(t)), (1.41)
L%(szjl ) il
where
Up(t) :=lul._ ~y +vfull — ~,,  and
too p,1 t( p,1 )
Cv14)|0 160l g0+ 12 Ccv=1¢)6
A®) = C(luoll x_,+v)e” MR | oy2 (g) <e 100llmgey 1>.
Blfl ||90HB?\71

The above nonhomogeneous estimates are based on a very simple observation allowing to control
the low frequency part of the velocity field : for r satisfying 1 + % = % + %, we have as a

consequence of refined Young’s inequalities (see [6]):
1A —vu(®)llze S IF xllzr ful@)] oy, (1.42)

whose r.h.s. is bounded according to (1.38) thanks to Theorem 1.4 in [38].

For the reader convenience, let us outline the proof of (1.40) and (1.41) for a smooth solution
of (B,.n). Let P := Id — VA~1div be the Leray projector onto divergence-free vector fields.
On one hand, applying PA; to the momentum equation in (/3,, ;) and noting that Lemma 4.4 in
[38] still holds for nonhomogeneous Besov space, we get some constant C' and sequence (c¢;) jen
where ||(¢j)||;2 < 1 such that for any j > 0and ¢ > 0,

t
—_Cv 27 —_Cu(t—t' 27
1Au(t)lle < e t2]||AjUO||LP+/ em VT (118, o
0

(N _
+c2% 1>cjuu\|%1|yuHB%H)dt’. (1.43)

p,1
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On the other hand, the low frequency part of v could be controlled according to (1.42), and we

get assuming the smallness condition (1.37) on initial data,

[A—rullrge(rry + vIIA1ull ey S (1 + vt)|JullLgovioo)

(1 +vt)(luoll e +v 760l x).  (144)

AR

Putting (1.43) and (1.44) together thus implies that

Up(t) S llwoll _x #1101, x 1)+V’1HUIILgO(cg—l)Up(tH(HV?f)(IIUoHLNyoo+V’1||90|!Lg)-

p,1 L%(Bp,l

As LN < @1 and (1.38) is fulfilled, the third term of the r.h.s. above may be absorbed by the

Lh.s. if ¢ is small enough in (1.37).

N
L]
As regards 6, thanks to Proposition 1.7 and to the embedding B?V,l — By forp > N, we

have

16N 5+ S 10l ze sy, ) S I00llmg, , (T + [Vulryzs))  forall £20. (1.45)
p,1 ' '
Adding up the above estimates to the bound of U, (t) yields

t
Un(®) < Cllluoll_y y +ev) + Cl6olly,, +ev?)t +Co ol g, / Uy dt’.

p,1 0

The fact that fg t'eBU—) qp! < #(eBt — 1) for any positive constant B, allows to bound the
term U, (t) by A(t) according to Gronwall lemma.

The estimates for V1I can be deduced from the equation, as
VII = —Q(u-Vu+fey) with Q:=1d—P.

Finally, the bound for J,u may be determined from the momentum equation.

1.4.2 A priori estimates for striated regularity

In this subsection, we assume that v = 1 for simplicity (which is not restrictive, owing to (1.14)).

As explained at the beginning of this section, we shall concentrate on the proof of estimates for
Txu in L(€°72) N Etl (¢°), for all t > 0, and this will be (mainly) based on the smoothing
properties of the heat flow. More precisely, applying the para-vector field Tx to the velocity

equation of (B ), we discover that

OTxu+u -Vixu— ATxu+VTixIl =g,
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with
9= —[Tx, 0t +u-V]u+[Tx, Alu — [Tx, VIIL + (Tx0)en. (1.46)

In general, the divergence-free property is not satisfied by Txu as
div Txu = div (Takxuk — Tyiv xu).
In order to enter into the standard theory for the Stokes system, we set
vi=Txu—w with w:= Takxuk — Tiiv X U.

Now, v satisfies:
ov—Av+VTxIl =g,
divo = 0, ()

U‘t:o = %o,

withg:=¢g—u-VTxu — (Qyw — Aw) and g defined in (1.46).

Based on that observation, proving a priori estimates for striated regularity involves three steps.
The first step is dedicated to bounding ¢ (which mainly requires the commutator estimates of the
appendix). In the second step, we take advantage of the smoothing effect of the heat flow so as
to estimate v. In the third step, we revert to Ty u and also bound X so as to complete the proof

of our study of striated regularity.

First step: bounds of g

To start with, let us bound g in (Etl (%8_2))1\7 for any positive ¢. According to Proposition 1.15

and to the remark that follows, the first commutator of g satisfies

11750+ w- Vullgy ge—2y S llullge 1) 1 Txull g1 -
¢( ) £ (°)

¢
—I-/ ul| ~o || Txuw
el

t
/ ~ /
-2 dt +/0 IIXH%IIUHB%HIIUIIB;I_Idt- (1.47)

p,1

Next, thanks to the commutator estimates (1.64) we have the following two bounds:

t
75, Alullysesy S [ IVX o, (148

¢e—1 HVU

g1 dt. (1.49)

¢e—1 ||VH

t
175, V1T s o2y < /O Ivx
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Taking Lemma 1.13 into account and integrating from 0 to ¢ gives

0] ~_,dt. (1.50)
BP

p,1

¢
I Tx Ol L1 (g=—2) S ||3X9\|Lg((ge2)+/0 1 X || 7=
Putting together (1.47) to (1.50) thus yields

t
91z - S e I Tlyen + [l Tl

p,1

t
+/0 (HUHB%H(HUHB%1 + 1)+ Vg + H9HB%71)HXH@ dt’ + 110x 0| 3 =)

p,1 p,1 p,1

Bounding the second term of ¢ is obvious : taking advantage of Bony’s decomposition, and

remembering that % + ¢ > 1 and that divu = 0, we get

€E—2 dt,

t
[l - VTXU||Zg(<ga—2) N ||“HL§°(%—1)HTXUHZg(%E) +/0 ||UHB%+1||TXU

p,1

Finally, to bound the term J;w — Aw in Z% (4°72), we use the decomposition

3
ow — Aw = ZWQ,

a=1

with

W = Ty, xOpu® — Ty xOu, Wa =T p,xu* — Tao,xu, Wz := ATy xu — Taquk)-

N

Ny 9
By embedding, it suffices to bound the components of W, in L%(Bp’jl ) )witha =1,2,3.

Now, standard continuity results for the paraproduct ensure that

t
<
Wil e 5 [ 19X

t p,1

ge—1|0w|| ~_, dt’,
BP

p,1

t
yon S [ 10Xl geoallal . dt.
) 0 B,

( p,1 p,1

[[Wall
L;

t
< e !
Wl s S [ 19Xl

t\=p,1 p,1

To estimate 9; X in the bound of W5, we use the fact that

0:X = —u-VX + Oxu.
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The convection term u - VX = div (u ® X)) may be easily bounded (use Bony’s decomposition

and continuity results for the remainder and paraproduct operators) as follows:

|lu- VX

ge2 S llull x [ Xlee
BP
p,1

Bounding Oxu according to Lemma 1.13 yields

t
IWell, e & L Ol y s+ 1Tyt

t( p,1 p,1 p,1

Putting together all the above estimates and using (slightly abusively) the notation UZQ(T) =

|lu(t)|| x., forany 7 > 0, we eventually get the following estimate for g:
P

p,1

t
10123 g2y S Nl e o) | Txcull s ey + 19Oy o)+ / Upl| Tcullge—2 dt

t
= [ @l )+ 10w VIO )Xl a5

p,1 p,1
Second step: Bounds for v

The second step is devoted to bounding v in (L{°(€*~%) N L} (%5))1\7. Granted with (1.51), this
will essentially follow from the smoothing properties of the heat flow after spectral localization.

More precisely, applying PA; to the equation (5) yields for all j > —1,

atAj’U - AAJ‘U = ]P’Ajﬁ

Aj’l)|t:0 = Aj’l)o.

Now, Lemma 2.1 in [21] implies that if j > 0,

, t s
1A () < c( I8genllzm + [ e 8550 o dt')~
0

Therefore, taking the supremum over j > 0, we find that the high frequency part of v satisfies

sup 2| Ajol| e ey + sup 2°01850] L ey S Mvollig=— + gl 7y g2y

Jj= J

Bounding the norm ||vg||¢=—2 stems from the definition of vy and from Lemma 1.13: we get

[vollg=— < [ Txouollg=—2 + [[uollg-1[1 Xo (1.52)

ve S 10xouollge—2 + [luoll ~ || Xollz-
BP

p,1

To handle the low frequencies of v, we first observe from the definition of || - ||¢s that
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[A—1v]|pgeroey + [A-1vl p(roey S Vllnge(w-2) + [0l L1 (zo0)-

Then we recall the definition v = Txu — Tj, xu¥ + Ty xu, and hence continuity results for

paraproduct yield

[0l oo (w—2) + vl Lr(reey S ||X||L§°(L°°)(||U”~oo( vy A ]

N ).
t Bp,l )

LY(B
Moreover, the fact that X satisfies the transport equation (1.2) ensures
IVull 1700
X1 £go(roey < [ Xollzee™ ™).
Hence, using the notation U, of Theorem 1.10, we control the low frequency part of v via

[A—1vllpge(roey + [[A-1vl| L1 Loy S (| Xol| poo Uy (t)eCUr®).

Putting the estimates for low and high frequency parts of v together with (1.52), we end up with

H (1) S 19x0uollge—2 + lluoll il Xollz + 1191z ge—2) + 1 Xol| o< Up(£)e ), (1.53)

p,1

where we denoted

A () = vl a2y + IVl gy 2

Third step: bounds for striated regularity

Keeping (1.35) and (1.36) in mind, the core of the proof consists in deriving appropriate bounds

for Txu and X. Now, remembering that
Txu=v+w with w= Takxuk — Tgiv x U,
it is easy to bound the following quantity:
AW = | Txull e e + Tl o
Indeed, continuity results for paraproduct operators guarantee that
t
/
Jollzzmcee-) + Nolzggpey S Ilizmge I Xecery + [ el |9 X hger . 150

Let us now bound X in Lfo(%? ). As X and div X satisfy (1.2) and (1.3), respectively, Holder

estimates for transport equations and Lemma 1.13 imply that
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t
X ey < Woll g + [ IVl X e e+ Ol
t
<IXollze+ [ UplIX iz de + Tl gy ey (1.55)
Inserting this in (1.54), one gets

dt’. (1.56)

t
(676_'_/0 UI/)HX

[wllzge ge=2) + [l gy ey S Nellzge 1) I Txwll 73 qpey + 1 X0 =

By the embedding LV>°(RY) < #~1(RY) and smallness condition (1.37), we know that
||u||L?o (¢-1) is small. Therefore, from (1.51), (1.53) and (1.56), we infer that

H (1) S 19x0u0

e+ Xollgluoll x-y+ 1)+ 1 Xoll 1o Up(t)e™® + 1061l 1y o2,

p,1

t t
+/ U;%dt/—‘r/ (OpUp + 1) + 100w, VILO)|| x_,)[[ X ]|z dt’. (1.57)
0 0 B

p,1

Denoting

and using (1.55) and (1.57), we obtain that

H ) 5 (loxytollges + [ Xollze(luol_y—, +1) + | Xl U + 1050 ye-2)

p,1

t
+ / (030, + 1) + 1@ VILO)| x ) o () d!
0 Bzfl

In order to bound Ox#, it suffices to remember that
0:0x0 +u-Vix0 =0.

As % + ¢ > 1, applying Proposition 1.5 gives

10X 0]l e =2y S 1|0 B0]lge—2e VP,

Furthermore, using embedding and Vishik type estimate (1.45) for 6 yields

61 ys S 100z, S Wollpg, (14 Up(0).

t(pz,?l

Applying Gronwall lemma to .#"(¢) and mingling with the above bounds for (0x6, #) and with
the bounds of Theorem 1.10 for U, and (0;u, VII) yields
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A (t) < C(||0xyuo

we=2 + | Xoll gz (luoll_x - +1) + [ Xofl = + 100 00]l=2)

p,1

exp (C((A%(0) + 1)t + 1)l g, +1))) < Coexp (exp(Cit)).
where A(t) has been defined in Theorem 1.10. Then we deduce from (1.35) and (1.36) that
Oxullie e + 10xullzy ey S (L AWD)H (1),
Finally, in order to bound 0x V1I, we use the identity
OxVII — VTxII = div R(X, VII) — R(div X, VII) + Ty - X — Tox]l,
from which we deduce that

HaXVH — VTXHHZ%((&)(’EfQ) 5 ”X”Lgo(cgg)||VHHLtl(B%4 .

p,1 )
Now, the fact that V7xII may be estimated in (E}OC(R+; ‘55_2))1\/ is a consequence of
VTxII = Qg

and of (1.51) once noticed that the projector Q on gradient-like vector fields is a 0-th order Fourier
multiplier and that the Fourier transform of V7xII is supported away from 0. This completes

the proof of a priori estimates for striated regularity in Theorem 1.3.

1.4.3 End of the proof of Theorem 1.3

Like in the 2-D case, in order to prove the global existence in the desired spaces, we first smooth
out the initial data:
(05, ug) == (Snbo, Snuo).-

S
q,m’

weak Lebesgue spaces L9* with 1 < ¢ < oo, we can apply Theorem 1.10 and obtain for all
n € N a unique global solution (6™, u", VII™) which fulfills Inequalities (1.38) to (1.41) with
right-hand sides independent of n. In particular, sequence (6", u", VII"), cy is bounded in the
space F;? (R™) of Subsection 1.3.4.

Since S, is a (uniformly) bounded operator on all Besov spaces B; .., Lebesgue spaces L7 and

If we consider as in the 2-D case, System (B/"}/) satisfied by

(607, ouyt, OII) = (0™ — 0™, u™ — ", II™ — I1"),
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and combine estimates for transport and transport-diffusion equations, and product laws like e.g.

[div (dup 0") ~ 5 S o'l ~ 67 ~ -,
B P P P
p,1 p,1 p,1
and Jdiv (6 @ )| xS [0l x ] ke
p,1 p,1 P11
then we can easily prove that the sequence (6", u", VII"),cn strongly converges in Fp_1 (RM)
to some limit (6, u, VII). By uniform estimates and interpolation, we see that convergence holds
true in F, "(R™) for any 7 > 0, and functional analysis arguments similar to those of Subsection
1.3.4 allow to show that (6, u, VII) is indeed a solution to (B ) that belongs to FS. Moreover,
0 e L (R4; BY ;), owing to (1.40).

loc

Next, to establish conservation of striated regularity, we smooth out Xy into X := 5, X( and
define X" (¢,z) := (Oxp Yun ) (Y (t, ). By adapting the arguments of the 2-D case, it is easy
to make all the bounds obtained in the previous step independent of n, and to conclude to the
full statement of Theorem 1.3. The details are left to the reader.

1.5 The temperature patch problem with Holder regularity

This section is devoted to solving the temperature patch problem, through Corollaries 1.2 and 1.4.

We start with general considerations that will be useful both in the 2-D and in the N-D cases.

Because Dy is a simply connected bounded C'¢ domain of RY (see Definition above Corollary
1.4), it is orientable (as 0Dy is compact), and one can adopt the so-called level-set character-
ization (see Chap. 2 of [47] and references therein). More precisely, for any (bounded) open
neighborhood Vj of Dy, there exists some open set Wy with Doy C Wy C Vp and a function
fo € CY¥(RYN;R) such that 9Dy = f&l({O}) N Wo, V fo is supported in W and does not
vanish on 0Dy. The key to that global characterization is the tubular neighborhood theorem. In
the case N = 2, we fix 1} so that in addition Vo N Df = 0 (see Corollary 1.2) while if N > 3,
we assume that V5 N (R \ Jy) = 0. Finally, we also fix some smooth cut-off function yo with

compact support in V, and value 1 on Wj.

As for the classical vortex patch problem for the incompressible Euler equations, the result will

come up as a consequence of persistence of striated regularity. Indeed, at time ¢ the boundary of

D; = 1y (t, Do) is the level set of the function f(t,) := fo(v; (¢, -)) satisfying

0, -Vf=0,

of Fu- Vi (1.58)
fli=0 = fo.

In order to control the regularity in C1¢ of 9D, it is thus sufficient to show that the components
of Vf remain in C%¢ for all time. In the 2-D case, the proof is rather direct because it will

be possible to apply directly Theorem 1.1 with the (divergence free) vector field Xy := V= fy
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provided ug satisfies suitable striated regularity properties with respect to Xy. In the N-D case,

more (not necessarily divergence-free) vector fields will be needed.

Before going to the proof of our corollaries, we would like to point out two important properties.
The first one is that the characteristic function of any bounded C! bounded simply connected
domain D of RN for N > 2 satisfies (see [36] and references therein):

1 N_q
Ip € Bioo(RY) — B (RY)  whenever (N —1) < ¢ < p < oo. (1.59)

The second observation concerns LY boundedness of velocity field 1. In the 2-D case, having the
vorticity compactly supported, in L" for some r > 1, and mean free ensures that ugy € (LQ(RQ)) 2
(see e.g. Chap.3 in [92]).

In dimension N > 3, that ug is in L'V is an easy consequence of Biot-Savart law and Hardy-

Littlewood-Sobolev inequality. Indeed, we have

ol v @y ST 1N % Qoll o @y S 11€0ll (1.60)

L% ®Y)
In what follows, whenever Y is a (tangential) vector field on R”, we shall denote by Y; its

restriction along the surface 0D.

1.5.1 The 2-D case

This short paragraph is devoted to proving Corollary 1.2. Of course, one can assume with no

2_9
loss of generality that the exponent r is in ]1, 72| so that we have wy € B/, (R?) for some
l<g< % Thus, remembering that ug is in (L? (R2))2 (as explained above), and using (1.59),

we see that both 6y and g fulfill the regularity assumptions of Theorem 1.1.
Next, we observe that the boundary 9Dy of the initial patch is some Jordan curve of the plane.

Setting X := V- fo provides us with a parametrization g of the curve 9Dy through the fol-
lowing ODE:

dov0(0) = Xo(10(0)), Vo €S,
"Y()(O'o) =2 € 67)0.

It is obvious that 0x,0p = div(Xofy) = 0 in the sense of distributions. Similarly, because
Xo = 0 on some neighborhood of Dia‘, we have div (Xowp) = dx,wo = 0. Hence Theorem 1.1
applies.

In order to conclude the proof of Corollary 1.2, we observe that a parametrization for 0D; is

given by v;(c) := 1y (t,70(c)) and that, obviously,
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o) = ~t t\o)), VO L : .
{ dovt(0) = Xi(n(0)), Yo €S with X;(z) := (9x,%u) (¥ ' (¢, 2)).

Vt(00) = Yul(t, z0) € 9Dy,
As pointed out before, X; satisfies Equation (1.2), from which we can deduce that X; is in
(CO’E(RZ))2 for all t > 0, and thus v; € C1¢(S'; R?).

1.5.2 The N-D case

If we take data 6y and ug fulfilling the hypotheses of Corollary 1.4 then (1.59) and standard

embedding ensure that

N -1

. 1 N_o
6o € B%,l(RN) and () € Bl oo (RY) — B (RY) aslongas p > 5

N
P

. . —1
Since in addition u}, € LV (RY) (see (1.60)), we have u} € By (RY) as may be seen through

the following decomposition

uh = A_quf — > (Id— A_1)(=A)7'9;(Q)},
J
and the fact that (Id — A_;)(—A)~19; is a homogeneous multiplier of degree —1 away from a
neighborhood of the origin. Indeed, we have for all p > %,

Juoll s, S 190l + 1%l (161)

1
p
p,1 Pp,00
Therefore, if m; and ms in Corollary 1.4 are sufficiently small, then one may apply the first part
of Theorem 1.3 and get a unique global solution (6, u) for System (B, ), satisfying (1.38), (1.39),
(1.40) and (1.41).

In order to propagate the regularity of the temperature patch, we shall borrow the ideas of [28, 55]
pertaining to the standard vortex patch problem. Firstly, we claim that if X is in (‘gs (RN ))N
then having 9, in ¢°~3 implies that Ox,ug is in (¢ 2(RY ))N Indeed, Lemma 1.13 yields
for % +e>1

[0x,uollz=—2 < [ Txouollg=—2 + ([ Xollglluoll ;.
BP

p,1

Then by Biot-Savart Law, we have the following identity

Txouy = Y TxsOpA™'95(Q)]
J

= D (A9 (D)) T ()] + [T, A1 050 (D)) 0k (),

J

where 9, is some suitable (smooth) cut-off function away from 0. From the above identity and
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Lemma 1.11, we deduce that

[Txouollg=—2 S 1 Txo 0l g3 + [ Xoll 7 ’QOHB% for ¢ > N —1,
q,o0
whence, thanks to Lemma 1.13 and (1.61),
10x0uollee—2 S [| Xollg (120l y + HQOHB;OO) + 110, S0 l55=-3- (1.62)

Now;, let us construct a first family of vector fields { E; };V:1 according to (1.62) and Theorem 1.3.
Let {e1, -+ ,en} be the canonical basis of R" and assume (with no loss of generality) that the
cut-off function x( defined at the beginning of this section is supported in the domain Jy. Let £

be the solution to
{ 0,5Ej +u - VEJ = 6E].U,

Ejli=0 = Ej0 == Xo €;.
Taking Xo = FEj in (1.62), the last term Jg; ;2o on the rh.s. vanishes by the definition of
Jo. Hence Theorem 1.3 applies and one can conclude that E; € (Lf;’c(R+; ‘g‘s))N forall j =

11
1,---, N. Furthermore, because Vy € (B{ (]RN))N for all ¢ € [1,400], we have VO, €
(%E*Q(RN ))N by embedding (just take ¢ > %_El). Of course, as E; o is smooth and compactly
supported, and as any nonhomogeneous Besov space is stable by multiplication by functions in
Cc°, one can conclude that dg; .0y € ¢ 2(RN).

Before constructing a second family of vector fields, let us introduce one more notation. For any
family P = (P, ..., Pv_1) of N — 1 vectors of R™, we define AP = Py A --- A Py_1 to be the

unique vector of R satisfying
AP -Q =det(Py,...,Pv_1,Q), ¥Q e RV,

Assume that X = (X1, -+, Xn_1) where the time dependent vector fields X satisfy System
(1.2). Thanks to divu = 0, the vector field AX satisfies the equation,

HNAX +u-VAX = —(Vu)" - (AX). (1.63)
Set A={A=(A1,..;An-1) : 1 <A\ <--- < Ay_1 < N}. Forany A € A, we define Y), to be

the solution of

Y\ +u-VY)\ = 0y, u,
Yali—o = ex, A= Aexy_, AV fo.

Extend ) to a permutation A := (Ay,--- ,Ay_1,An) of {1,---, N}, with signature 7(\). By

definition of \, we have

Y0 = Yalt=0 = 7(A\)(Ory_, foen — Oryfoen—1),



1.6 COMMUTATOR ESTIMATES 49

which is divergence free in (%°(RY ))N Because }N/)\,O is a (non-degenerate) tangential vector
field along 9Dy, the function 8;&’0(90 vanishes. In addition, from the fact that

SuppV(€2); N Suppxo = 0 and V fo = xoV fo,

we gather that dy, ,{)o vanishes for any A. Applying (1.62) with Xy = Y}, o and Theorem 1.3, we
get Y\ € (L2 (Ry; %”5))]\]. Note that in fact Yy € (Lj2 (Ry; (ga))N as all those vector fields

loc loc

are divergence free.

Finally, putting together what we proved hitherto, we deduce that the vector fields W, defined
by
Wy =E\ AN---NEy, , \NY),

are in (L2 (Ry;€*° ))N Furthermore, according to the definition of E; and Y}, they satisfy

loc

Equation (1.63). The expression of Y), o and the fact that V fo = xoV fo imply that

Wxo = Walt=0 = —(0xy_, foen—1 + Oxy foen),
and summing up over A € A thus yields

> Wio=—(N-1Vf.

AEA

Therefore

coincides with V f thanks to (1.63) and to the uniqueness of solutions for the equation satisfied
by V f, namely,
{ OV S +u-V(Vf) = ~(Vu)"Vf,
V fli=0 = V fo.

This completes the proof of the conservation of C!** regularity for domain D; in dimension N >

3.

1.6 Commutator Estimates

We here prove some commutator estimates that were needed in the previous sections. They
strongly rely on continuity results in Besov spaces for the paraproduct and remainder operators,

and on the following classical result (see e.g. [6], Chap. 2).

Lemma 1.11. Let A : RY — R be a smooth function, homogeneous of degree m away from a
neighborhood of 0. Let (s, s,p, 7, p1, p2) €]0, 1[xR x [1, 00]* with % = pil + p%' Then there exists
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a constant C, depending only on s,e, N and A such that,

1Ty AD)ull e < CVll e lullsy, -
Remark 1.12. A similar inequality holds for time-dependent distributions, as may be seen by fol-
lowing the proof of Lemma 1.11, treating the time as a parameter, and applying (time) Holder in-
equality when appropriate. For example, for any (p, p1,p2) € [1,00]® with % = p—ll + L, and

p2’
(€,8,p,7,p1,D2) as above, we have

Ty, A(D)]ulzg gmse) < CIVl g1 gt Il g (1.64)

Lemma 1.13. Let the vector field X be in (%S(RN))N for some ¢ €]0,1], and f be in By, . with
(s,p,r) €] — 00,1+ %[X[l, o0)?. Then we have:

1. Ifin addition s +¢ > 1 or{s+ec=1,r = 1}, then

T f = Ox fll ooy S N1X e

V1l s

The previous estimate holds in the case s = 1+ %, if replacing HVfHB% by HVfHB%
p,T

5,00 L

2. Ifin addition div X € €°(RY) then fors+¢c > 0or{s+ec=0,r = 1}, we have

ITxf —0xf

v <X

—=—=1 r~
(gsﬁ»s P

7= IlflBs..-
Proof. One may start from the Bony decomposition as follows:

Oxf=Txf+To X"+ R(X" 0f)
= Txf +To s X" + O R(X*, f) — R(div X, f).

Then applying standard continuity results for paraproduct and remainder operators (see e.g. [6],

Chap. 2) yields the desired inequalities. O

If the integer Ny in the definition of Bony’s paraproduct and remainder is large enough (for

instance Ny = 4 does), then the following fundamental lemma holds.
Lemma 1.14. Let (g, s, S, D, Pk, 7, %) €]0, 1[xR? x [1,00]?* for k = 1,2 satisfying

1 1 1 1 1 1
=—+—and - = — + —
p P P2 r 1 T2

1. If s < O then we have

17T, f — TyTf = Treg fll gnasems < CUXllgel|llgs1 Nl

P2,
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The above inequality still holds in the case (s2,72) = (0,00), if one replaces ||g||po. _ by
gl oo

2. If s1 + so + & — 1> 0 then we have

ITxR(f.9) ~ R(Tx f.9) — RU Tcq)l gorsewves < CUX e fll g Nallgzs
The above inequality still holds in the limit case s1 +Ss2+c—1 =0, r = co and % + % =1.

Proof. The key to our proof is a generalized Leibniz formula for the para-vector field operators
which was derived by J.-Y. Chemin in [17]. Define the following Fourier multipliers for k €
1,...N
er(277D) j>0,  with pk(€) := i&p(€),
Akj = 4 xk(D) J=-1, with xx(§) = i&x(£),
0 Jj<-2.

Then we have

TxTyf = > (Si-mgTx A f + D fTxSinog) + 3 (Trj + Ta)

j>—1 j=-1
=TyTx [+ Tryef + Z Toy)
i>—1
a=1,..., 4
where
Ty = 2 A X5 (A jr (A5 FSj-Nog) — Db jr A FSj—No9)
1,j J k' \RjJ0j-No9g k,j' 25 Pj—NoG),
3<4!<j+1
J—No—1<47<j!~Ng—1
Ty = > 27 Ay X (D) Ak jrSj-No 9
j'<j—2

3 —No<j""<j—Ng—2
T37j = ijNog[TXk, Aj]akf,
Tyj = Ajf[Txr, Sj—No|Okg-

Bounding 77 ; and 75 ; is straightforward : just use the definition of Besov norms. Lemma 2.100

of [6] allows to bound 75 ; and 7} ; provided ¢ < 1. We end up with the desired inequality.

In order to prove the second item, let us set A; j := [j — No — 1,7" — No — 1] U [j' — No,j —
No — 2] N Z. We thus have
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TxR(f,9) = D (BjgTx A f + 8 fTxAjg) + Y (Ruj + Raj)
j>—1

j>—1

=R(Txf,9) + R(f,Txg) + > Ray

j>—1
a=1,...,4
where, denoting Kj = Aj—No + -4+ Aj-l-No?
Riji= Y sgn(f —j+ 127 A X*(Ap (A fAjg) — AjfAg 1 Ajg)
5/ —3l<Ng+1
jNGA]’,]”
J—1<4"<j

j'=No<j"<j—Ng

R2,j = Z 2j/Aj//XkAk7j/(Aijjg)7
§'<j—Ng—2

j'—=Ng<j""<j—Ng—2
Ry j = Njg[Tyr, )0y f,
Ryj = A f[Txr, Aj]0kg.

Here again, bounding R; ; and R» ; follows from the definition of Besov norms, while Lemma
2.100 of [6] allows to estimate 73 ; and Ry ;. O

We are in position to prove our key commutator estimate that involves the convective derivative

and some para-vector field evolving according to (1.2).

Proposition 1.15. Suppose that (¢,p) € (0,1) x [1, 00| with % + ¢ > 1. Consider a couple of
vector fields (X, v) such that divv = 0 and

N _

(va) € (L?C?C(R-HCJZE)) (LZOC(R+’B ) ﬁLloc(IR-l-vBer ))Nv

p,1
satisfying the following equation

{ (&5 +v- V)X = 8)(1), (1.65)

X|i—o = Xo.

Then there is a constant C such that:

7,0 +v - V]ullgez < C(llelggllvllB%HllvH N

p,1 p,1

+ ||v

g-—2). (1.66)

+ vl v, [[Txv
BP

p,1
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Proof. A particular case has been considered in [27], as it was needed to study the viscous vortex
patch problem. For the reader’s convenience, let us here recall the main arguments. Because

divv = 0, we may write

(Tx, 0 + Ueag]v = —vfﬁgTkav — Tatxk(’)kv + Txkak(vgﬁgv)
= Ty, x+ kv + O Tx (v'v) — To,x (v'v) — v* 0 Txv.

Hence, decomposing vv according to Bony’s decomposition, we discover that

a=5H
[Tx, 0 + v'0)v = Z R,
a=1
with
Ry = —Tatxké)kv, Ry := 0y(Tx T ev + TxTvve),
Ry = 8@7'XR(1)€,1)), Ry = —7})15)((1)[1)),

R := —v'0, Txv.

To complete the proof, it suffices to check that all the terms R, may be bounded by the r.h.s. of
(1.66).

e Bound of R;:

From the equation (1.65), we have

Ry =T,

v-VXF ak’l) — T(?X’Uk ak'l).
Hence using standard continuity results for the paraproduct, we deduce that

| Ry

ge—2 S [[Vv

(KO(H’U -VX

ge—2 + ||[Oxv %2572).

The last term may be bounded according to Lemma 1.13. As for the first term, we use divvo = 0

and the following decomposition

v-VX =T X + T, xv" + 9 R(v", X),

which allows to get, since € + % >1,

[Rillge— S Vol (llof] v [[X
p,1

ge + ||TXU”%75—2).
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e Bound of Rs:

Due to Lemma 1.14 (i) and continuity of paraproduct operator, we have

[| Ro

[ Txv

ge—2 S || X g=l|vlgr|vllg-1 + [vllg-1 | Txvlee + [|v]lgr =2

e Bound of Rj3:

Applying Lemma 1.14 (ii) and continuity of remainder operator under the assumption % +e>1
yields
1Bsllge—2 S 1 Xlwe ol siillvlle—r 4ol syl Txvlige.

p,1 p,1

e Bound of Ry:

From Bony decomposition, it is easy to get

e

B

g1llvll ~,.
P, Bp

p,1

[

Hence

HR4HB%+E—2 S HVX (55*1”U %*1HUHB%+1'

p,1 p,1
e Bound of R5:

Applying Bony decomposition and using that divev = 0 and % + e > 1give

[R5l S lvlle—[[Txv

ge Tl v [ Txvllge2.
BP

p,1
Combining the above estimates for all R, with o = 1, ..., 5 yields (1.66). O

Remark 1.16. Slight modifications of the above proof allow to handle time dependent functions with

tilde type Besov norms. In particular, one may prove the following estimate for allt > 0:

17,0 + v Vol za o2y S l0llge @) I Tx vl 71 ey

t t
T / loll 2 | Ticvllges dt’ + / 1X [z lloll o~ llol] v, dt
0 sz,)l 0 szjl B,

p,1



Chapter 2

Density patch problem for
inhomogeneous Navier-Stokes

equations

2.1 Introduction

We are concerned with the following inhomogeneous incompressible Navier-Stokes equations in
the whole space RY with N > 2:

Op+u-Vp=0,
p(Owu +u - Vu) — pAu+ VP =0,
divu = 0,

(p,u)|t=0 = (po, uo).

(INS)

Above, the unknowns (p, u, P) € Ry x RY x R stand for the density, velocity vector field and

pressure, respectively, and the so-called viscosity coefficient p is a positive constant.

A number of recent works have been dedicated to the mathematical analysis of System (/ V.5). In
particular, it is well-known that if p is positive and bounded, and /pouo is in L?(RY), then Sys-
tem (I N.S) admits a global weak solution with finite energy (see [4] and the references therein).
That result has been extended by J. Simon in [109] to the case pg > 0, and by P.-L. Lions in [89]

to viscosity coefficients depending on the density.

In [89], P.-L. Lions raised the so-called density patch problem. It may be stated as follows: assume

that pg = 1p, for some domain Dy. Can we find conditions on ug that ensure that
p(t)=1p, forall t>0 (2.1)

for some domain D; with the same regularity as the initial one ?
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Whenever ,/poug is in L*(RY), the renormalized solutions theory in [46] by R. Di Perna and P.-
L. Lions for transport equations ensures that the global weak solutions mentioned above have a
volume preserving generalized flow 1 and that we do have (2.1) with D; being the image of Dy by
Y(t,-). However, without assuming more on uy, it is very unlikely that one can get information

on the persistence of regularity of D; for positive times.

The present chapter aims at making one more step toward solving P.-L.Lions’ question, by con-

sidering the case where

po = mlp, + n2lpg, (2:2)
for some simply connected bounded domain Dy of class C1<.

Our goal is to find as general as possible conditions on ug, that guarantee that for all time ¢ > 0,
the domain D; := (¢, Dy) remains C'¢, and the density reads

p(t,-) = mlp, +n2lpe. (2.3)

Several recent works give a partial answer to that issue if |1, — 72| is small enough. Indeed, the

paper [36] by R.Danchin and P.B. Mucha ensures that if pg is given by (2.2) and ug belongs to

N

the critical Besov space Bg 1_1(RN ) (see the definition below in (2.11)), then (2.3) is fulfilled for
small time (and for all time if ug is small) and the C! regularity is preserved. Likewise, according
to the work [73] by J. Huang, M. Paicu and P. Zhang (see also [39]), one may solve (INJS)
if the initial density is close (for the L°° norm) to some positive constant and u( belongs to
Bg;l(RN )N BZ?TMA(RN ) for some 1 < 7 < o0. As the flow of the corresponding solution
is C1% for all &' < 6, one can deduce that if p is given by (2.2) then the C!¢ regularity of the

boundary is preserved provided that ¢ < § (as the flow need not be in C9).

Finally, as noticed in [33] then improved by M. Paicu, P. Zhang and Z. Zhang [96], in the 2D
case, if working within the energy framework, then one may avoid the smallness condition on the

density and solve (I NV 5) globally if pg and ug just satisfy
0<m <po<m, uyec H*(R?) forsome s> 0. (2.4)

As the constructed velocity field therein admits a C! flow, one can readily deduce that, if pg is

given by (2.2) with Dy C R? then the C! regularity of the boundary is preserved.

The common point between the above works is that the hypotheses on 1 do not take into account
the non-isotropic structure of pg. Consequently, the maximal regularity that can be propagated
for the patch is limited by the overall regularity of the initial velocity. In two recent papers
[88],[87] devoted to the 2D case (see also [86] for the 3-D case), X. Liao and P. Zhang pointed out
that only tangential regularity along the boundary of Dy was needed to propagate high Sobolev
regularity of the patch. They followed J.-Y. Chemin’s approach in his work [19] dedicated to

the vortex patches problem for the 2-D incompressible Euler equations, and characterized the
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regularity of the boundary of the domain by means of one (or several) tangent vector fields that

evolve according to the flow of the velocity field.

More precisely, assume with no loss of generality that 9Dy coincides with the level set f; *({0})
of some (at least C') function fo : R — R that does not degenerate in a neighborhood of Dy,

namely there exists some open neighborhood Vj of Dy such that
Dy = f(fl({O}) NVy and Vfy does not vanish on V. (2.5)

Then D; coincides with f; ' ({0}) where f; = f(t,-) := fo o1, with ¢ := ¥(t, ) and 1) being

the solution of the (integrated) ordinary differential equation:
t
Y(t,r) =x+ / u(r,¢(, x)) dr. (2.6)
0

Now, the tangent vector field X; := v+t f; coincides with the evolution of Xy := V-1 f along

the flow of u, namely' :

X(tv ) = (8}(01/115) © d};la (2.7)

and thus satisfies the transport equation

X+u VX =
{at +u-VX = dyu, .

X =0 = Xo.

Consequently, the problem of persistence of regularity for the patch reduces to that of the vector
field X solution to (2.8).

In their first paper [88], X. Liao and P. Zhang justified that heuristics in the case where the jump
Im — 12| is small enough, and uo € (WP (R2))2 for 2 < p < 4. Their proof was essentially
based on weighted L, — L, estimates for the velocity and allowed to propagate Sobolev regularity
WHP of the boundary, with k large enough (in particular the boundary is at least C>° for some
€ > 0). In a second paper [87], after revisiting the approach of [96] (that is Sobolev spaces H*
with s > 0 and thus finite energy framework), X. Liao and P. Zhang succeeded in proving a
similar result for general positive 11 and 7y in (2.2). The corresponding level set function fy has
to be in W2%P(R?) for some integer number k > 1 and p €]2, 4, hence Dy is still at least C>*.
As regards the initial velocity field ug, it has to satisfy the following striated regularity property
along the vector field X, := V= fo:

k—t
ste=—

(3§(0uo € By, (]1%2))2 forall £ € {0, -k}

"For any vector field Y = Y*(2)d), and function f in C*(RY;R), we denote by dy f the directional derivative of
f along Y, that is, with the Einstein summation convention, dy f := Y*0yf =Y - V.
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with0 < s <1 —¢and (s,p) in]0,1[x]2, min{4,2/(1 — s)}|.

In this chapter, we propose a simpler approach that allows to propagate just C1:¢ Holder regularity
(for all € €]0, 1[), within a critical regularity framework. By critical, we mean that the solution
space that we shall consider has the same scaling invariance by time and space dilations as (/ N .S)

itself, namely:
(p,u, P)(t,z) — (p, \u, N*P)(A\*t,\z) and (po,uo)(z) — (po, Mug)(\z). (2.9)

That framework is by now classical for the homogeneous Navier-Stokes equations (that is p is a
positive constant in (/N S)) in the whole space RY (see e.g. [6, 84] and the references therein). As
observed by R.Danchin in [30] (see also H. Abidi in [1] and H. Abidi and M. Paicu in [3]), working

in a suitable critical functional framework is still relevant in the inhomogeneous situation.

2.2 Results

Before stating our main result, we need to introduce a few notations. First, we recall the definition
of Besov spaces : following [6, Section 2.2], we consider two smooth radial functions x and ¢
supported in {£& € RV : [¢] < 4/3)} and {¢ € RV : 3/4 < [¢] < 8/3}, respectively, and
satisfying

Y e =1, vV £eRMN\{0}, x(&+D 9278 =1, VR, (2.10)

JEZ 3=>0

Then we define Fourier truncation operators as follows:
Aj = ()0(27jD)7 Sj = X(27jD)7 vj € Z; Aj = @(27]'1))7 V] > O; A—1 = X(D>

For all triplet (s,p,7) € R x [1, cc0]?, the homogeneous Besov space sta,r (R™) (just denoted by

BI“;’T if the value of the dimension is clear from the context) is defined by

By, (RY) = {u € SHRY) : lullg, = 2|4 5ulne

r(zy < 0 }, (2.11)
where S} (R") is the subspace of tempered distributions S’'(R”) defined by
SHRY) :={ueSRY): lim Sju:0}~
j——o0

We shall also use sometimes the following inhomogeneous Besov spaces:

By, (RY) :={ue&RY): |ullps, = ||27°|Ajull»

U1y < }. (2.12)

Throughout, we adopt the common notation b3, (R™) to designate B ,.(RY) or B;T(RN ).
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It is well-known that Sobolev or Holder spaces belong to the Besov spaces hierarchy. For instance

3572 (RN) coincides with the homogeneous Sobolev space H*(RY), and we have
Biy oo(RY) = CO5(RN) = L°(RN) N BS, (RY) if s €]0,1]. (2.13)

To emphasize that connection, we shall often use the notation G5 = Bgooo (or €% := B3, &)

for any s € R.

When investigating evolutionary equations in critical Besov spaces, it is wise to use the following
tilde homogeneous Besov spaces first introduced by J.-Y. Chemin in [21]: for any T" €]0, +o0] and
(5,p,7,7) € R x [1,+00]3, we set?

Ly(Bs,) = {u € 8’10, T[xRY) : lim Sju=0in L}(L>) and el 5 ) < oo},

J——00

where

llzy g = 1271 Agull g 1y < 00

The index T" will be omitted if equal to +o00, and we shall denote

Co(Ry; By,) := L®(Ry; By,) NC(Ry; By ).

We also need to introduce the following spaces for (o, p,T) € R x [1, 00]x]0, o0

o ~ . %—1—!—0’ 9 17+ %—1—{-0
EJ(T) = {(v,VQ):v e C([0,T; By, ), (B, V?0,VQ) € Ly (B, )},

endowed with the norm

. . 2
10, VOl g () = HUHEOO(B%Wl) + 00, V7o, VQ)|

. ﬂ{»afl :
(B57)
7 \Ppi T

p,1
For notational simplicity, we shall omit ¢ or 7" in the notation Eg (T') whenever o is zero or

T = oc. For instance, E), := Ep(co).

Finally, we shall make use of multiplier spaces associated to couples (E, F') of Banach spaces

included in the set of tempered distributions. The definition goes as follows:

Definition. Let E and F' be two Banach spaces embedded in S'(RY ). The multiplier space M (E —
F) (simply denoted by M(E) if E = F) is the set of those functions ¢ satisfying ou € F for allu
in E and, additionally,

*For T €]0, +o0[, p € [1,+00] and E a Banach space, the notation L.(E) designates the space of L? functions
on |0, T'[ with values in E, and L? (R4 ; E) corresponds to the case T = +00. We keep the same notation for vector
or matrix-valued functions.
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lellmE—r) = sup lpul|F < oo. (2.14)
S

u
l[ull p <1

It goes without saying that || - | vq(p— ) is @ norm on M(E — F') and that one may restrict the

supremum in (2.14) to any dense subset of E.

The following result that has been proved in [36] is the starting point of our analysis®:

N

|
Theorem 2.1. Letp € [1,2N][ and ug be a divergence—}i‘ee vector field with coefficients in B, .

N
Assume that pg belongs to the multiplier space M(Bp’:l ) There exist two constants ¢ and C
depending only on p and on N such that if

lpo =1l ~_ N
M(Bpl 1) szjl

then System (IN S) in RV with N > 2 has a unique solution (p,u, V P) satisfying

N

pel®(RyM(By)) and (u,VP)eE,

Furthermore, the following inequality is fulfilled:

N

.pP
+’prl )

+ ||6tu7v2u7 VPH N, < CHUOH N (2-15)
Il + P BP

[Jul| .
Lo (R BP) 2
N1
By classical embedding, having V2u in L' (R ; B, ) implies that Vu is in LY(Ry;Cp). There-
fore the flow 1) of u defined by (2.6) is in C'. Now;, it has been observed in [36] that for any uni-

formly C! bounded domain Dy, the function 1p, belongs to M (B;l) whenever — 1—1—% <s< %
LN
Therefore, one may deduce from Theorem 2.1 that if pg is given by (2.2), if ug isin B, ~ for some

N —1<p<2N andif

luo|| ~_, + [n2 —m1| is small enough
BP
p,1

then System (/N S) admits a unique global solution (p, u, VP) with (u, VP) in E'p and p given
by (2.3) with D; in C! for all time ¢ > 0.

The (parabolic type) gain of regularity for u pointed out in Theorem 2.1 is optimal, as well as the
N

embedding of BpF 1 in the set of continuous bounded functions. Therefore, one cannot expect the
flow of u given by Theorem 2.1 to be in any Holder space C1® for some o > 0, which prevents

our propagating more than regularity. Followin S , 1t 1s natural to make an aaditiona
propagating han C! regularity. Following [87, 88], it i 1 k dditional

* As the viscosity coefficient 1 will be fixed once and for all, we shall set it to 1 for notational simplicity. Likewise,
we shall assume the reference density at infinity to be 1.
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tangential regularity assumption on ug. This motivates the following general result of persistence

of geometric structures for (INS).

Theorem 2.2. Let ¢ be in |0, 1[ and p satisfy

N N
— <p< min{i,ZN}- (2.16)
2 1—¢

N
P |
Let ug be a divergence-free vector field with coefficients in B}, . Assume that the initial density po

N Nie 2
is bounded and belongs to the multiplier space M (Bp’j1 ) nM (B;fs ) There exists a constant
¢ depending only on p and N such that if

po— 1 N N + [Juol| v, <g¢ (2.17)
” ||_/\/[(pr1 1)QM(BPI’71+ 2)ﬁL°° ” Hsz’)l 1

then System (INS) in RN has a unique global solution (p, u, V P) with
N N

per®(RyL®nM(B) )N M(B ")) and (u,VP) € B,

Moreover, for any vector field Xo with C%¢ regularity (assuming in addition that ¢ > 2 — % if
div Xo # 0), if the following conditions are fulfilled

N N ye2 N ye9
Ox,p0 € ./\/l(Bp’:1 — By, ) and Ox,uo € By

then System (2.8) in RYN has a unique global solution X € C\,(R,;C%¢), and we have

o0 . : %_1 > %+5_2 Se—1
oxpe L®(RuM(BY = By ) and (9xu,0xVP) € B,

Some comments are in order:

+ The divergence-free property on X is conserved during the evolution because if one takes

the divergence of (2.8), then we get, remembering that divu = 0,

OdivX +u-VdivX =0,
diVX‘t:() = diVX().

« Inthe case div X # 0, the additional constraint on (g, p) is due to the fact that the product
N

- N9
of a general C%¢ function with a B, distribution need not be defined if the sum of

regularity coeflicients, namely ¢ + % — 2, is negative.

+ The vector field X given by (2.8) has the Finite Propagation Speed Property. Indeed, from
N
the definitions of the flow and of the space Ej, and from the embedding of B’ (RM) in
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Cy(R™N), we readily get* for all t > 0 and z € RY,

[t z) —z| SVEull  x <CVi|uol x_,.
LB By

P
Bp,l p,1

Therefore, if the initial vector field X is supported in the set K then X () is supported

in some set K; such that

diam(K;) < diam(Kp) + CV/1 ||uo| Ay
B

p,1

LN
+ One can prove a similar result (only local in time) for large ug in B’} . Moreover, we
expect our method to be appropriate for handling Holder regularity C¥< if making suitable
assumptions on 8&0 po and 8%(0’“0 forj = 0,---, k. We refrained from writing out here

this generalization to keep the presentation as short as possible.

In the density patch situation (that is if pg is given by (2.2)) the condition on Ox, po is trivially
satisfied as the derivative of the density along any continuous vector field that is tangent to 9Dy,
vanishes. This implies the following statement of propagation of Hoélder regularity of density
patches for (I N.S) in the plane:

Theorem 2.3. Let Dy be a simply connected bounded domain of R? satisfying (2.5) for some function
fo € CY5(R?;R) withe in]0, 1[. There exists a constant 1o depending only on Dy and such that if

po 1= (1 + 77)]1@0 + ]lpg with n G] — 770,7]0[ (2-18)

and if the divergence free vector-field ug € Sj,(R?) has vorticity wy := 01u — dau}) given by

wo = wo + wo 1p, with div (WOVL]’O) =0 and / wodx =0 (2.19)
]RQ

for some small enough compactly supported functions (o, &) in LP(R?) xC' (R?) with0 < €’ < ¢
and1 < p < 2/(2 —¢€), then System (INS) has a unique solution (p,u, V P) with the properties
listed in Theorem 2.1. Moreover, if we denote by 1(t, -) the flow of u then for allt > 0, we have

p(t,-) == (L +n)lp, + Lpe with Dy :=1(t, Do), (2.20)

and D; remains a simply connected bounded domain of class C**.
Remark 2.4. Of course, one can take wy = 0 or wy = 0 in the above statement.

2
.21
The zero average condition guarantees that ug belongs to some homogeneous Besov space B, (so

as to apply Theorem 2.2). It is not needed if we have constant vortex pattern in R? (see Theorem 2.9)

“In this chapter as before, we agree that A < B means A < C'B for some harmless “constant” C, the meaning of
which may be guessed from the context.
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or if the dimension N = 3 (see Theorem 2.10).

Remark 2.5. We imposed the particular structure of the vorticity in Theorem 2.3 just to give an
explicit example for which (2.3) with regularity C1¢ holds true. It goes without saying that one
can consider a much more general class of initial velocities : according to Theorem 2.2, it suffices

. 2—}—6—2
that ug satisfies the smallness condition of Theorem 2.1 and that div (V' fo ® ) is in B?

1
for some 1 < p < min{4,2/(1 — €)}- In other words, we just need “ug to have € more regilarity
in the direction that is tangential to the patch of density.” This is of course satisfied if ug vanishes
in a neighborhood of Dy. However, one may consider much more singular examples like the case
where uq is compactly supported and behaves locally near some xo ¢ 0Dy, like the function |x —

20| 1 (= log |z — xo]) "+ with § > 0.

Remark 2.6. Similar results, only local in time, hold true for large ug with critical regularity.

We end this section with a short presentation of the main ideas of the proof of Theorem 2.2.

LN
From Theorem 2.1, we have a global solution (p, u, VP) such that p € L (R+; M (B];j1 ))
and (u, VP) € E,. As already explained, our main task is to prove that X (¢, -) remains in C**
for all time. Now, in light of (2.8), we have

X (1) = Xo(w @) + [ ot 00 (07 )

Therefore, because ¢ is a C! diffeomorphism, it suffices to show that dxu € L} (R4;C%%).
To this end, it is natural to look for a suitable evolution equation for Oxu. Since (2.8) means
that [Dy, 0x| = 0, where Dy := 0, + u - V stands for the material derivative associated to u,

differentiating the momentum equation of (I N.S) along X yields
pDidx 1+ Ox pDyu — Ox Au + dx VP = 0. (2.21)

Even though (2.21) has some similarities with the Stokes system, it is not clear that it does have
the same smoothing properties, as its coefficients have very low regularity. One of the difficulties
lies in the product of the discontinuous function p with D;0xu, as having only Oxu in co=
suggests that D;Oxu has negative regularity. At the same time, the term with Ox p is harmless

as, owing to [Dy, Ox] = 0 and to the mass equation, we have
D;0xp = 0. (2.22)

Hence any (reasonable) regularity assumption for Ox, po persists through the evolution.

Our strategy is to assume that p belongs to the multiplier space corresponding to the space to
which D;Oxu is expected to belong. As the flow is C!, propagating multiplier informations is
straightforward (see Lemma 2.14). This new viewpoint spares us the tricky energy estimates and

iterated differentiation along vector fields (requiring higher regularity of the patch) that were the
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cornerstone of the work by X. Liao and P. Zhang. In fact, under the smallness assumption (2.17)
which, unfortunately, forces the fluid to have small density variations, we succeed in closing the
estimates using only one differentiation along X. This makes the proof rather elementary and

allows us to propagate low Holder regularity.

Whether one can differentiate terms like Au or VP along X within our critical regularity
framework is not totally clear, though. Therefore, as in previous chapter dedicated to the in-
compressible Boussinesq system, we shall replace differentiation along vector-fields by para-
differentiation.

Let us briefly recall how it works. Fix some suitably large integer Ny and introduce the following

paraproduct and remainder operators (after J.-M. Bony in [11]):

Ty = ZS’j,NouAjv and R(u,v) = ZAjugjv = Z AjuAkv.

JEZ JEZ JEL
|i—k|<Np

Then any product may be formally decomposed as follows:
wv = Ty + Tou + R(u,v). (2.23)

To overcome the problem with the definition of Ox Au and dx V P, we shall change the vector
field X to the para-vector field operator T - := T’ which, in our regularity framework, will
turn out to be the principal part of operator Jx . Indeed, for any couple (X, f), Decomposition
(2.23) ensures that

(Tx = Ox)f = Top s X* + O R(f, X*) — R(f,div X).

Therefore, taking advantage of classical continuity results for operators 1" and R (see [6]), we

discover that
[T = 0x) 71 x v S I I X (224)
B B

p,1 p,1

whenever (e, p) €]0, 1[x[1, 4+o0] fulfills:

N N
—€]l—¢2[if divX =0, and — €]2—¢, 2| otherwise. (2.25)
p p

N9
In our situation, we will apply (2.24) with f = VP or Au, which are in L (R;; B (RM)).

Now, incising the term dxu by the scalpel T in (2.21) and applying 7 to the third equation of
(INS) yield
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pDiTxu — ATxu+ VTxP =g,
div Txu = div (Tp, xu¥ — Ty xu), (2.26)
Txuli=o = Txouo

with

g = —p[Tx, Diu + [Tx, Alu — [Tx, VP + (0x — Tx)(Au — VP)
— dxpDyu+ p(Tx — Ox)Du.  (2.27)

This surgery leading to (2.26) is effective for three reasons. First, all the commutator terms in
(2.27) are under control (see the last section of this chapter). Second, D;0xu and D, Txu are
in the same Besov space, and the multiplier type regularity on the density that was pointed
out before is thus appropriate. Last, Condition (2.17) ensures that (TX — Ox)u is a remainder
term. Of course, the divergence free condition need not be satisfied by Txu, but one can further
modify (2.26) so as to enter in the standard maximal regularity theory. Then, under the smallness

condition (2.17), one can close the estimates involving Oxu or Ox p, globally in time.

The rest of this chapter unfolds as follows. In the next section, we show that Theorem 2.2 entails
a general (but not so explicit) result of persistence of Holder regularity for patches of density
in any dimension. We shall then obtain Theorem 2.3, and an analogous result in dimension
N = 3. Section 2.4 is devoted to the proof of our general result of all-time persistence of striated
regularity (Theorem 2.2). Some technical results pertaining to commutators and multiplier spaces

are postponed in last two sections.

2.3 The density patch problem

This section is devoted to the proof of results of persistence of regularity for patches of constant
densities, taking Theorem 2.2 for granted. Throughout this section we shall use repeatedly the
fact (proved in e.g. [36, Lemma A.7]) that for any (not necessarily bounded) domain D of R

with uniform C! boundary, we have

1p € M(B;T(RN)) whenever (s, p,r) E]Zl? - 1,;[><]1,oo[><[1,oo].

From that property, we deduce that if (¢, p) €]0,1[x]N — 1, =1[, then the density po given by
LN Ny 9

(2.18) belongs to M (B, (RY)) N M(Bg.  (RY)).

As a start, let us give a result of persistence of regularity, under rather general hypotheses.

Proposition 2.7. Assume that py is given by (2.18) with small enough n and some C** domain
Dy of RN satisfying (2.5). Let ug be a small enough divergence free vector field with coefficients in
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N1
By, for some

N-—-1

Consider a family (Xx0)xea of CO¢ divergence free vector fields tangent to Dy and such that
N te—2
Ox,ou0 € By, forallA € A

Then the unique solution (p, u, V.P) of (IN S) given by Theorem 2.1 satisfies the following additional

properties:
* p(t,-) is given by (2.20),

e all the time-dependent vector fields X solutions to (2.8) with initial data Xy o belong to
L (R ;CY¥) and remain tangent to the patch for all time.

loc

N

Proof. Assumptions (2.18) and (2.28) guarantee that py is in M(Bgl_l) N (Bgl_%_s), and that
(2.17) is fulfilled if  and ug are small enough. Of course, Jx, ,p0 = 0 for all A\ € A because
the vector fields X o are tangent to the boundary. Therefore, applying Theorem 2.2 ensures
that all the vector fields X are in L§° (R4 ;C%¢). Now, if we consider a level set function f
in C1¢ associated to Dy as in (2.5), then f; := fj o 94 is associated to the transported domain
D = Y(Dy), and we have

DiVf=-Vu-Vf with (Vu); = 0. (2.29)
Therefore, as X satisfies (2.8), we have
Di(Xx-Vf) = (DeXy) - Vf+ X5 (DiVf) =0,
which ensures that X, remains tangent to the patch for all time. O

Example. As a consequence of Bony decomposition and of div X ¢ = 0, we have

aXA,OUO = Txmuo + Takuon,O + div R(ua, X)0)-

LN N
Hence,ifup € B, N B}, with p satisfying (2.28), then the conditions of Proposition 2.7
N

are fulfilled. In fact, the additional regularity Bzf ;rsi of ug implies that the flow 1); is in C1*,
because the solution (u, VP) lies in Eg for some ¢ > (N —1)/(1 — ¢). This is a consequence of
the following result that may be obtained along the lines of the proof of Theorem 2.2.

. ﬁ—&—s—l
Proposition 2.8. Ifthe initial data (po, uo) are as in Theorem 2.1 and if in addition ug is in B}

and

N -1
lpo—1 , ~n,.... <c forsmallconstant ¢, 0 <e <1 and < q < o0,
M(BLT) 1—¢

q,1
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then, beside the properties listed in Theorem 2.1, the unique global solution (p,u,V P) of System
(INS) satisfies
. ﬂ-{—e—l

p€L°°<R+;M(B"

o )) and (u,VP)GEZ.

2.3.1 The two-dimensional case

Here we prove Theorem 2.3. As a start, we have to show that if the vorticity wy is given by (2.19)

.2 1
then ug is in B, (R?). This will be achieved by using the fact that ug can be computed from
wo by means of the following Biot-Savart law:
) 1 D)
ug = Ko *wg, with Kg(l‘) = : (2.30)

Recall that wp is in LP(R?) and is supported in some ball B(0, R). Now, on the one hand, one
may write for all x in B(0,2R),

1 / dy
up(x)| < — wolx —y)| —,
‘ 0( ) o0 B(O,SR)‘ 0( )’ |y‘

which, by convolution inequalities and our choice of p, implies that |ug|1 (g o) is in L" (R?) for

any r satisfying
2p
r e [1, ﬂ[ C [].,

T E (2.31)

On the other hand, for || > 2R, owing to the zero average condition for wp, we have

1

= o (Ka2(z —y) — Ka(z))wo(y) dy.
T Jlyl<R

uo()
Therefore, by computing Ko(z — y) — Ka(z), it is not difficult to see that we have for some
constant Cr depending only on R,

C
lug(z)| < ﬁHWOHLI for all = such that |x| > 2R.

Then putting the two informations together, we get ug in L" for all  given by (2.31).

Next, let us write that
Uy = S(]UO + (Id — S’o)’LL().

2_2

To handle the first term, we infer from the embedding of L" in Bp;, o foralll <r<p<2,

HSOUOHB%4 S HS'ouoHB 2 S Souollzr < lluollzr < llwollze-

p,1

2_
P
Pp,00

As regards the high frequency part of ug, the Fourier multiplier (Id — Sp)V+(—A)~" is homo-
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geneous of degree —1 away from a neighborhood of 0, which yields

1(1d — SO)UOHB%A = [/(1d = So) V*(=A) "wol| 2, (232)

p,1 p,1

< 11(d — So)woll 2 < llwollr-
BP

p,1

Next, consider the divergence free vector field Xy = V1 fy where fy is given by (2.5) and is (with
no loss of generality) compactly supported. If it is true that

. %—2-{-5
dxyuo € By, (2.33)

then one can apply Proposition 2.7 which ensures that the transported vector field X; remains
in C%¢ for all t > 0. Now, it is classical that we have X; = (V f;)* with f; = fo o (o 1 Hence
D, has a C1¢ boundary.

Let us establish (2.33). First note that
X, @e be N b ided 1 <7< d 2 534
0€ 0. = bpoo by, provide <r < oo an —Z7<a<z-: (2.34)

due to Proposition 2.13 and Proposition 2.12. Now, (2.24) ensures that

. 2
||TX0U0 - 8XOUOH L2462 5 ||u0|| .2—1||X0||<g'6 for any 1 <p< : (2.35)
BP BP 1—¢

p,1 p,1

Then thanks to (2.30), we obtain
Txoto = Txo(—A) 7' Vhwo = (=A) 'V Txpwo + [T, (—A) 7'V Hw,
whence using Lemma 2.15 and (2.32),

1m0 — (—A)_IVLTXOWOHB%H_Q S [1Xolligellooll - (2.36)

p,1

Next, we notice that
TXOWO — div (Xowo) = —div (TwOXQ + R(wg, Xo))
Therefore, taking advantage of standard continuity results for 7' and R, we have

. . 2
I Txowo — div (Xowo)|| 2105 S llwollol| Xollge, as 1<p<g—r (2.37)

p,1

Since div (X wp) = 0 by assumption, it is sufficient to study div (X, wp 1p, ). Recall that Wy €
‘éf/ for some 0 < ¢’ < ¢, and that div Xy = 0. As dx,1p, = 0, Corollary 2.19 implies that
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24e-3

div (Xowo 1p,) € B;,l

Putting (2.35), (2.36) and (2.37) together, we conclude that (2.33) is fulfilled, which completes the
proof of Theorem 2.3. O

If dropping off the zero average condition for the function wy in Theorem 2.3, then the corre-
sponding initial velocity field uq cannot be in L" (R?) for any r €]1, 2]. Still, one can get a similar
statement in the particular case where (g, @wg) = (0,7) for some small enough 7’. Indeed, from
(2.30) and Hardy-Littlewood-Sobolev inequality, we deduce that ug belongs to all spaceszLT (R?)

.29
with r €]2, co]. Repeating the first part of the proof of Theorem 2.3 thus yields ug € By, (R?)

c 2462
for any 2 < p < co. Now, as wy is bounded and compactly supported, it is in B,/ : (R?) for

. 2-‘,—6—1
any 0 <e < land1 < ¢ < oo, which implies that ug € B/, . Hence, applying Proposition
2.8, and using the fact that the flow of the solution constructed therein is in !¢, we conclude to

the following generalization of of [88, Remark 1.1].

Theorem 2.9. Let Dy satisfy (2.5) for some € in |0, 1]. There exists a constant 1o depending only on
Dy so that for alln,n’ €] — no,no[ if

po := (14 n)lp, + 1pg,

and if the divergence free vector-field ug in W1 (R?) for some p > 2 is given by
ug = (=A) "'V (i 1p,),

then System (IN.S) has a unique solution (p, w, V P) with the properties listed in Proposition 2.8 for
some suitable In addition, (2.3) is fulfilled for allt > 0, and D; remains a simply connected bounded

domain of class C*<.

2.3.2 'The three-dimensional case

As another application of Proposition 2.7, one can generalize Theorem 2.3 to the three dimen-

sional case. Our result reads as follows.

Theorem 2.10. Let Dy be a C1¢ simply connected bounded domain of R® with e €]0, 1[. Let py be
given by (2.18) with small enough 1. Assume that the initial velocity ug has coefficients in S; (R?)

and vorticity’
QO =VA Uy = Qo]lpo,

for some small enough Qo in COO(R3;R3) (85 €]0,¢[) with div Qo =0 and QY - N, lop, = 0 (here

n,, denotes the outwards unit normal of the domain D).
0

*For any point Y € R®, weset X AY := (X?V® — X3Y2 X3y! — X'v3 X'V? — X?Y") where X stands
for an element of R® or for the V operator.
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There exists a unique solution (p,u, V P) to System (I N S) with the properties listed in Theorem 2.1
for some suitable p satisfying

9
2<p< mm{i,ﬁ}- (2.38)
1—¢

Furthermore, for allt > 0, we have (2.20) and Dy remains a simply connected bounded domain of

class C1=.

Proof. With no loss of generality, one may assume that Qo is compactly supported. Like in the 2D
case, we first have to check that v fulfills the assumptions of Proposition 2.7. As it is divergence

free and decays at infinity (recall that ug € S})), it is given by the Biot-Savart law:

up = (=A) 'V AQy,  with Qp = Qo 1p,. (2.39)

3

.39
We claim that ug belongs to B,  for some p satisfying (2.38). Indeed, the characteristic function
1

of any bounded domain with C! regularity belongs to all Besov spaces Bg o With1l < ¢ < o0

(see e.g. [123]). Hence combining Proposition 2.12 and the embedding (2.70) gives
1 .3_9
Ip, € &' N Bioo = B}, forany ¢ €]1, ool. (2.40)

Now, using Bony’s decomposition and standard continuity results for operators Rand T, we

discover that

= 222 3 3
QO E%j‘—)M(Bq‘il ) forany q€:|§, ﬂ[
Hence the definition of Multiplier space and (2.40) yield
Qp = Qo lp, € BT f 5.3
0="%81p, € B}, or any q € } 3953 [ (2.41)

As ug is in S and (—A71)7IVA in (2.39) is a homogeneous multiplier of degree —1, one can
conclude that
L3 .31
u € By — B, , foranyp>gq.
Note that for any ¢ in |0, 1[, one can find some p satisfying the above conditions and (2.38)
altogether.

Next, consider some (compactly supported) level set function f associated to 0Dy, and the three
CY¢ vector-fields X k0 = ex AV fo with (eq, e, e3) being the canonical basis of R3. Itis clear that

those vector-fields are divergence free and tangent to 9Dy. Let us check that we have 8Xk,70u0 S

.3 9
By, * for some p satisfying (2.38). As in the two-dimensional case, this will follow from Biot-

Savart law and the special structure of ). Indeed, from (2.24) and div X}, o = 0, we have

. 3 3
[T, 010 — 5Xk,ou0HB%+H S HUOHBgfl\lXo g VD E } 212 {

p,1 p,1
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Then (2.39) yields
TXk,Ouo = TXk,o(_A)ilv A = (_A)ilv N TXk,OQO + [TXk,ov (_A)ilvM Q.

Thanks to Lemma 2.15 and homogeneity of (—A~1)~1VA, it is thus sufficient to verify that
3

. L34
T, 0820 belongs to B} :

3
for some p satisfying (2.38). In fact, from the decomposition
Tx0 00 — div (X5,000) = —div (T, X0 + R(Q0, Xip)),

and continuity results for R and T, we get

HTXKUQO —div (Xk,OQO)” .34e-3 5 ”QOH .§—2HX/€,0
’ B1 B4

3
e foranyqe}ﬁ,Q_g[.
q,1 q,1
Thus, remembering (2.41) and 0 < § < €, we have to choose some p satisfying (2.38), such that

the following standard embedding holds

2343 .346-3 3 3
B;,lf [N B;IE for some q €}§,ﬁ[ with q < p. (2'42)

Now, because an,O]l’DO =0and ?20 is in C5, Corollary 2.19 yields for all 0 < 8, < 4,

0x,. o0 = div (Xp 0 ® Qo) = div (Xp o ® Qo 1p,) € Bgfl_l forall ¢ > 1.

324
One can thus conclude that dx, ,uo € B}, ° for any index p satisfying p > ¢ with ¢ satisfying
Condition (2.42) and % +e—2=106"€)0,9].

As one can require in addition the index p to fulfill (2.38), Proposition 2.7 applies with the family
(X%,0)1<k<3- Denoting by (X})1<k<3 the corresponding family of divergence free vector fields
in C%* given by (2.8) with initial data X 3, and introducing Y7 := X3 A X1, Y5 := X3 A X and
Ys = X1 A X9, we discover that for o =1, 2, 3,

O +1u-VYy = —Vu Yo,
(Ya)|e=0 = 0afo V fo.

(2.43)

By (2.29), it is clear that the time-dependent vector field (aafo(zp;l)) V f also satisfies (2.43),
hence we have, by uniqueness, Y, (t, ) = ((aafo)(wlfl))Vft. So finally,

3
Voo V=3 Yalt,) dafoo vy L.
a=1

As ¢t_1 is C! and as both Y, and V fj are in C*¢, one can conclude that V f; is C%¢ in some

neighborhood of 9Dy. Therefore D; remains of class C1 for all time. O]
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Remark 2.11. In contrast with the 2D case, one cannot consider constant vortex patterns for the
condition Qg - Ny, lop, = 0 is not fulfilled. One can define directly ug through ug = (—A)" IV Ae
where e is a constant vector of R3 (as we did for the Boussinesq system in previous chapter), but

then, V A uq does not coincides with e.

2.4 The proof of persistence of striated regularity

That section is devoted to the proof of Theorem 2.2. The first step is to apply Theorem 2.1. From
N .
it, we get a unique global solution (p, u, VP) with p € Cy(R4; M(B), )) and (u, VP) € E,,

N _q LN N _q
satisfying (2.15). Because the product of functions maps B’} ~ x B,/ to B’} , we deduce that

Dyu = Oyu + u - Vu is also bounded by the right-hand side of (2.15). So finally,

IV Pl + 1Dl 2y < Clunl 244

t p,1 ) p,1

In order to complete the proof of the theorem, it is only a matter of showing that the additional
multiplier and striated regularity properties are conserved for all positive times. We shall mainly
concentrate on the proof of a priori estimates for the corresponding norms, just explaining at the

end how a suitable regularization process allows to make it rigorous.

2.4.1 Bounds involving multiplier norms

N N
As already pointed out in the introduction, because Vu is in L!(Ry; B, 1) and B, is embedded

in Cp, the flow v of u is C! and we have for all t > 0, owing to (2.15),

t
IV < exp( /0 IV dT> <c (2.45)

for a suitably large universal constant C'.

Now, from the mass conservation equation and (2.22), we gather that

p(t,) =pootp; " and (dxp)(t,) = (x,po) o U7 "

Hence ||p(t, -)|| L= is time independent, and Lemma 2.14 (keeping in mind Condition (2.16)) guar-
antees that for all t € R,

t)—1 < C|lpo—1 , 2.46

) —1 <Cllpo—1 , 2.47

Hp( ) "M(Bﬁ+672) — Hpo HM(BZ%+572) ( )
||(8X,0)(t)H Ny N o < CHaXopOH N .%+5—2 (2-48)

X

M(Bpljl _>sz,71 ) M(szjl _>Bp,1
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2.4.2 Estimates for the striated regularity

Recall that Txu satisfies the Stokes-like system (2.26). As Txu need not be divergence free, to

enter into the standard theory, we set
vi= TXU —w with w:= Takxuk — TdivXu-
Denoting g := g — pu - VTxu— (pOyw — Aw) with g defined in (2.27), we see that v satisfies:

pdv — Av +VTxP =7,
divo =0, ()

’U|t:0 = 0.
We shall decompose the proof of a priori estimates for striated regularity into three steps. The
first one is dedicated to bounding ¢ (which mainly requires the commutator estimates of the
appendix). In the second step, we take advantage of the smoothing effect of the heat flow so as
to estimate v. In the third step, we revert to 7xu and eventually bound X.
First step: bounds of g
Recall that § := g — pu - V7xu — (pdyw — Aw) with

g = —p[Tx, Diu+[Tx, Alu—[Tx, VIP+ (0x — Tx ) (Au—V P) —dx pDyu+ p(Tx — dx ) Dyu.

The first term of g may be bounded according to Proposition 2.17 and to the definition of multi-

plier spaces. We get, under assumption (2.25),

. < y
lo{Te: Dl gscca Sl oo (Rl Tl

p,1 p,1
ol sl Teullgems + s llully 21X )- (299)
p,1 p,1 p,1
Next, thanks to the commutator estimates in Lemma 2.15, we have
11T, Alull 5oy SUVX e[Vl (2.50)
BP BP
p,1 p,1
T3, 91P] x e S VX gena VP @5
p,1 p,1
Bounding the fourth term of g stems from (2.24): we have
(T = 0)(Bu=VP)|_y s S IAWTP)| 11X @52)

p,1 p,1
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Then the definition of multiplier spaces yields

|0x pDyul| LMre2 S Sloxpll vy v 1Dl oy (2.53)
BP

pl Pl T Ppa ) p,1

Finally, using again (2.24) and the definition of multiplier spaces, we may write

l(Tx — 0x) Dyul| ez Sl 1X e |1 Dewll oy - (2.54)

N
pl /\/I(Bpl-*_‘E 2) pl

Putting together (2.49) — (2.54) and integrating with respect to time, we end up with

) dt

ol -2 / I 30
) p,1 p,1

/ |!X|!<gs<(||Vu|| gl +HIDl ) ol (V2 V)| )dt

N
Lo te—2 .
p P
,1 (Bp»l ) BP,I

/Haxpu (s gy 1Dl it (255)

p,1 p 1

Bounding the second term of g is obvious : taking advantage of Bony’s decomposition (2.23) and

remembering that & , +€> landthat divu = 0, we get

o 9T, sy 10 (il ..

p,1

+ ||u||B%+1||TXUH<gs_2) dt'. (2.56)

p,1

To bound the last term of g, we use the decomposition
pOw — Aw = p(Wi + Wa) + W,
with
Wi =Ty, x O™ — Ty xOpu,  Wo =T 0, xu" — Tawo,xu, Wi = A(Tay xu— T, xu®).

7+_

Continuity results for the paraproduct and the definition of M( ) ensure that

IIPW1H NH > / IIPH N+E 2)||VX||<56 1||<9tUI| vyt (2.57)

pl
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Il e < [l oo 10X gl s (259)
pl
Wl oy 5[ HVXllcg'g-lHuH.%Hdt’- (259)
(BPI ) 0 prl

To estimate 9; X in (2.58), we use the fact that
X = —u-VX 4+ 0xu = —div(u ® X) + Oxu.

Hence using (2.23), and continuity results for the remainder and paraproduct operators, we get
under Condition (2.25),

10:X |2 S IIUHB%AHXH%'E + 10xullge—2-

p,1

Therefore, taking advantage of (2.24) yields

HPWZH P / HPH v 2)(HX <gs”“HB L Il ge2) [Vl g

p,1 p,
(2.60)
Combining (2.57), (2.58) and (2.60), we eventually obtain
Orw — Aw N N N dt’
o0 =Bl o AT
¢
b LI (ol Bl 4 DIVl ol e 00 ) .
0 M(Bp 1 ) Bp 1 pzjl M(szjl ) Bzfl
(2.61)
whence, putting together estimate (2.55), (2.56) and (2.61),
/
1, ey < 161 e IVl Ticules)
IIXII%(IIVUH NHUH y oy + 1@, D)l w )l s, dE
/ Bpl Bppl M(szjl )
t
b [ X0 P IR st [oxel e Dal st
0 Bzfl 0 M(B:rfl *)Bp ) BP 1

(2.62)
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Second step: bounds of v

o~ NLe L e . o
We now want to bound v in Lg° (Bp’:1 )N L; (Bpfj1 ), knowing (2.62). This will follow
from the smoothing properties of the heat flow. More precisely, introduce the projector P over

divergence-free vector fields, and apply IPAj (with j € Z) to the equation (5). We get

KA v — AAju =PA;(G+ (1 — p)o)

A]’U’t:() = A]’U().

Lemma 2.1 in [21] implies that if p € [1, o0],
P t / I 1A ~
1A o) Lr < e | Ajuoll s + C / e 2 A (G + (1 = p)yo) (¢) || .

Therefore, taking the supremum over j € Z, using the fact that

ov=2v+P(g+ (1—p)ow)

~%+a—2 ~%+5—2
and that P : B * — B,y , we find that
[ D N | ]| RN o |[4/27] | I O
() n(BA) i (5577)
S ) ﬁs_—l—N N, o T 1—p)ow N.. o - (263
ol e 11 s + 1= P00 - (269)

The smallness condition (2.17) combined with Inequality (2.47) ensure that the last term of (2.63)
may be absorbed by the left-hand side, and we thus end up with

v N, N, T+ 0w Noeoo Slvoll xvyes+ g N o -
|| ||E?O(szjl+€ Z)OL%(BP{’;FE) H t ||L%(sz’)1+5 2) || ||szjl+5 2 || ||Lt1(Bijl+€ 2)

Next, we use the fact that by definition of vy,

vy = TXOUO - Takxoug + TdivXOUO
= 8XO’LL0 — Takung — (3kR(X§, UO) =+ R(diVXo, UO) — Takxoulg + TdivXOUO-

Hence continuity results for the paraproduct yield, under Condition (2.25),

- .
HUOHBZ?I“Q < H@XOUOHBﬁﬂfz + [| Xo (gsHUOHBﬁﬂ.

Thus
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”U||~ N o N + Hath N o
L (Bzfl )OL% (Bprjl ) Ltl (szjl )
S oxouoll | voey + 1 Xollge lluoll ~_, + |9 N . (2.64)
o3l oo+ 1 Xolgeloll s+ 11, e
Third step: bounds for striated regularity
Remembering that
Txu =v+w with w= Takxuk — Tdivxu,
it is now easy to bound the following quantity:
AW = Txull w1 Txull v+ IVIXPI
E(an) £ (557) (Bn)
Indeed, we have
VTx P = (1d — P)(§ — posv), (2.65)

and thus ||V 7y P N,
H X ||L% (BPIZ}Z-&- 2)

continuity results for paraproduct operators guarantee that

w Noooo Slu N, || X ;
H "Z?O(Bp{)1+s 2) ~ H HZ?O(szjl I)H "L?(%’e)?

t
w N 5/ ull N~ VX dt.
foll,y 500y S ) 109X

t p,1

Hence we have

(1) < |0x,u0ll ~o o + | Xollgel|wol] ~_y + |9 N
( ) ~ H 0 HBPIlerE 2 || ce || .ijl 1 H H tl( .p—:?1+5 2)
+ ||u N _ N X 5oy o
H Hzt (.pljl l)ﬂL%(':lH)H ”L,?o(‘ff)

Because X satisfies (2.8), standard Holder estimates for transport equations imply that
t t
/ /
X0y < WSollge + [ IVl X+ [ ol ot

Now, recall that
Oxu — Txu = Tp o X* + R(Opu, X*).

Hence, using standard continuity results for operators 7" and R, and embedding,

||TX”LL — 8Xu

g S Txu— 3XU||B%+5 S HVUHB% [ X =

p,1 p,1

may be bounded by the right-hand side of (2.64). Note also that

(2.66)

(2.67)
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Therefore we have

XN oo ey < [ Xollg + / Vull . N||X||<gsdt +||TXUH (2.68)

ey
p 1 (szjl )
Then, using (2.44) and plugging the above inequality in (2.66), we get

A0 5 1050l s + 1Kol ol -, + 1]

p,1 p,1

ol xy (u’rxuu
BP

p,1

(B D +572)

p,1
e / IVl Nuxuwdt)

Choosing c small enough in (2.17), we see that the first term of the second line may be absorbed
by the left-hand side. Therefore, setting

H(E) = A0 + X e

and using again (2.68) and the smallness of u,

¢
A ) S 10xouoll, v icn + [ Xollge + UGl | xcies +/ IVull | x ([ Xl dt’.
B, ! Ly (Bp,1 ) 0 B,
In order to close the estimates, it suffices to bound g by means of (2.62). Then the above inequality

becomes, after using (2.47) and (2.48) (and the fact that [[po — 1|  ~,. , issmall implies that
M(BP

p,1
llpoll . N is of order one),

p,1

H (1) S 110x0uoll vy 5 + ([ Xollg +/0 (llullg— 1 Tl s tlIVell x 1 Txullge-2) dt’

Bpl pl pl
/ Xl (17l x Wl 5y + 10, D, VP, TP x_,) d
pl pl Bpl
Hol e / Dl
m(Br

The smallness of ug and (2.15) imply that all the terms of the right-hand side (except for the ones
pertaining to the data), may be absorbed by the left-hand side. Therefore using the bounds for
Dyu in (2.44), we eventually get

H () S 10x0uoll 2 es + [ Xollge +110x0poll 5y ariesy fluoll 5 (269)
BP p BP

1
T—’1 ( p1 T Pp ) p,1
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From (2.67), we gather that Oxu is bounded by the right-hand side of (2.69). Next, in order to

control the whole nonhomogeneous Hélder norm of X, it suffices to remember that
[ Xlleoe = [[ X[ zoe + [ Xl
and that Relation (2.7) together with (2.45) directly yield
[ Xell oo < (0x0tt][Loe < Cf| Xol[Loe-
Finally, to estimate Ox V P, we use Inequality (2.24) and get
|0xVP —VTxP|  ~.. ,
ZACH

may be bounded like % (t).

< .
~ ||X||Lgo(<ge)”VPHL%( .ﬂq)‘

P
Bp,l

Therefore ||0x V P|| )
L

Ny o
t (Bpl,)l )
2.4.3 The regularization process

In all the above computations, we implicitly assumed that X and Oxu were in L} (R, ; C%¢) and
Ll

loc

not Holder regularity.

(R ; C%%), respectively. However, Theorem 2.1 just ensures continuity of those vector-fields,

To overcome that difficulty, one may smooth out the initial velocity (not the density, not to

destroy the multiplier hypotheses) by setting for example ug := S, up. Then Condition (2.17) is
N

N
satisfied by (po, ug) and, as in addition u belongs to all Besov spaces B;;?r with p > p and
7 > 1, one can apply® [39, Theorem 1.1] for solving (INS) with initial data (po, u{}). This provides

us with a unique global solution (p™, u™, V P™) which, among others, satisfies

- Nr _ _ Nr
vu' € L”(RJF;B;;;:T) forall r €]1,00[ and max(p, 37"—2) <p< —

By taking r sufficiently close to 1 and using embedding, we see that this implies that Vu' is in
L} (Ry;%€%9)forall0 < & < 1and thus the corresponding flow ¢" is (in particular) in C1<. This

loc
ensures, thanks to (2.7), that X" is in L§2 (R4;C%€) and thus that dxnu™ is in L], (Ry;C%¢).

loc
From the previous steps and the fact that the data (po, ug) satisfy (2.17) uniformly, we get uniform
bounds for p", 4", VP™ and X", and standard arguments thus allow to show that u™ tends to
win L} (Ry;L*) and thus (¢ — 1) — 0 in L{° (Ry; L™). Interpolating with the uniform

loc

bounds and using standard functional analysis arguments, one can conclude that X — X in

LY (R C%") for all & < ¢ (and similar results for (u™),cn) and that all the estimates of the

previous steps are satisfied. The details are left to the reader. O

SThat paper concerns the half-space; having the same result in the whole space setting is much easier.
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2.5 Multiplier spaces

The following relationship between the nonhomogeneous Besov spaces B, ,. (R™) and the ho-
mogeneous Besov spaces B;T(RN ) for compactly supported functions or distributions has been
established in [34, Section 2.1].

Proposition 2.12. Let (p,7) € [1,00]? and s > —g =—N(1- %) (or just s > —g ifr = 00).
For any u in the set &' (R™V) of compactly supported distributions on R, we have

ue Bs, (RY) <= ue B; (RY).
Moreover, there exists a constant C = C(s, p,r, N, Supp u) such that

-1 . .
CMullg, < llullz;, < Clulls, -
A simple consequence of Proposition 2.12 and of standard embeddings for nonhomogeneous

Besov spaces is that for any (s, p, ) as above, we have
ERV NBPRY) — &'(RY)N B3 ,(RY)  forany > 0. (2.70)

We also used the following statement:

Proposition 2.13. Let (s, p, r) be arbitrary in R x [1,00]2. Then for allu € B, .(RN) N &' (RY),
we haveu € B . (RN and there exists C = C(s, p,Supp u) such that

[ullB;, < Cllullps, -

Proof. Let u be in BS, , (R™) with compact support. Fix some smooth cut-off function ¢ so that
¢ = 1 on Supp u. Being compactly supported and smooth, ¢ belongs to any nonhomogeneous
Besov space. Then, using (the nonhomogeneous version of) the decomposition (2.23) and that
u = ¢u, we get

u = Tyu+ Typ + R(u, ¢).

s

Because ¢ is in L? and u in BS, ,, standard continuity results for the paraproduct ensure that

s|+1+4+s
Bl

Tsu is in By . For the second term, we just use that u is in ¢~ 151" and ¢ in hence

T.¢ is in B, . For the remainder term, we use for instance the fact that ¢ is in Elsl+1, Putting

all those informations together completes the proof. O

The following result was the key to bounding the density terms in our study of (/N 5).

Lemma 2.14. Let (s, 55, D, pi; 7, 7x) €] — 1,1[2x[1,00]* withk = 1,2, and Z : RN — R" bea

C! measure preserving diffeomorphism such that DZ and DZ ! are bounded. When we consider

the homogeneous Besov space B;r (RN) or B;Z,rk (RYN), we assume in addition that s €] — g, %[

N ﬂ[fork =1, 2. Then we have:
k Pk

and sy, €] —
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1 Ifby, (RN) stands for B;,T(RN) or B;’T(RN), then the mapping u +— w o Z is continuous

on b;T(RN ): there is a positive constant C'z s, » such that

luwo Zllog, < Czspr

’UJHbZS)YT. (271)

2. If bk . with k = 1,2, denote the same type of Besov spaces, then the mapping ¢ — @ o Z

PrsTk

is continuous on M(bs! . (RN) — b2 (RN)), that is
H‘P 9] ZHM(b;Sﬁ,rl b}s}gn) < CZ—1,817P17T1CZ,S2,P2,T2 H‘P”M(b;},ﬁ%b;%m?).

3. We have the following equivalence for any ¢ € £'(RV),

p e M(BE, (RY) = B2, (RY)) <= p e M(b3 . (RY) —» b2 (RY)).

p1,7m1 p2,72 pP1,71 p2,72

Here b,! . and bp? .., can be different type of Besov spaces but obey our convention on the

index sy, for homogeneous Besov space.

Proof. Item (i) in the case b = B has been proved in [34, Lemma 2.1.1]. One may easily modify
the proof to handle nonhomogeneous Besov spaces: use the finite difference characterization of

[123, Page 98] if s > 0, argue by duality if s < 0 and interpolate for the case s = 0. We get
N _g+ N
Cruspr ~ 1+ |DZ|}% if s > 0,and Cppr ~ 1+ | DZ7Y| 277 if s < 0.

Part (ii) is immediate according to (2.14) and (2.71). Indeed we may write:

= sup |(poZ)ullyz
el <1

HSD © ZHM(bsl

52
P1.71 _>bp2n"2)

= sup [[(p(woZ7h))oZ|e

p2,7T2
lull,s1 <1 ’
P1,T1

S CZ,52,p2,r2 sup H‘P(uo Z_1)||bs2

lullysy <1 e
-1
< CZsapors |’¢HM(bZi,r1—>bZ§,rg) sup fluoZ Hb;;,.z

|u‘b51 <1
P1,T1

< CZfl,sl,pl,rl CZ,sz,pz,rz H(‘O”M(b;%ml —)b;éQ) .

To prove the last item, it suffices to check that if ¢ belongs to &' N M (le — B2 ), then

p1,7m1 p2,72

¢ is also in the multiplier space between the general type Besov spaces. Take u € by} . with

compact support, and some smooth and compactly supported nonnegative cut-off function v

satisfying 1 = 1 on Supp . Then from Proposition 2.12 and (2.14), we have
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loullyz, = lpvulys < levullgs
Slel s, gz, ) Wullsg
Sl (s, sz, 1Pl L,
SMela(ssr =iz, ) W, ) 1,

For the last inequality, we used CJ° — M (bs1 ) (see [34, Corollary 2.1.1]). O

p1,71

2.6 Commutator Estimates

We here recall and prove some commutator estimates that were crucial in this Chapter. All
of them strongly rely on continuity results in Besov spaces for the paraproduct and remainder

operators, and on the following classical result (see e.g. [6, Section 2.10]).
Lemma 2.15. Let A : RN \ {0} — R be a smooth function, homogeneous of degree m. Let

(e,5,0,7, 71,72, p1,p2) €10, 1[XR x [1,00]® with L = L4 L 1= Ly 1gq

N N
s—m+e<— or {s—m—|—€<—and7‘:1}-
p p

There exists a constant C' depending only on s,e, N and A such that,

1Ty, A(D)]ull gs-mse < CIVgllge-r lul

Y .
pP1:71 BP277‘2

If the integer Ny in the definition of Bony’s paraproduct and remainder is large enough (for

instance Ny = 4 does), then the following fundamental lemma holds.

Lemma 2.16 (Chemin-Leibniz Formula). Let (g, sk, D, Pk, P3, 7, 7k) €]0, 1[xR x [1,00]° fork =

1,2 satisfying . . . . . . .
- =—4+—4+—and - = — + —-
p p1 P2 D3 ror 72

1. Ifso <0andsy+s2+e—1< % or{sgi+sy+e—1= % and r = 1}, then we have
ITxTyf = TyTxf = T o fll gruseaves < ClUX g ol M1z, -
The above inequality still holds for sy = 0, if one replaces ||g|| 50 by ||g|| zr2.
p2,00

2. If31+32—|—5—1G]O,%[or{sl—i-sQ—i—e—l:% and r = 1}, then we have

ITxR(f,9) = R(Tx f.9) — R(f, TXQ)HB;}jszﬁfl < ClXlg:, NFllgg, ol

p2,72 )
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The above inequality still holds for s; + so +¢ —1=0,r = 0o and % + % =1.

Proof. This is a mere adaptation of Lemma 1.14 to the homogeneous framework. The proof is
based on a generalized Leibniz formula for para-vector field operators which was derived by J.-Y.

Chemin in [17]. More precisely, define the following Fourier multipliers
Ay = pr(277D)  with (&) == i&p(€) for k€ {1,--- ,N} and j € Z.
Then we have

TxTyf = Z(ijNogTXAjf + A fTxSj-Nnog) + Z(Tl,j +Ty;)

jez JEL
=Ty Txf +Tr f+ . Tog.
362
..... 4
where

Ty, = > 2 A XF(Ag o (A FS5-No9) — Ak Aj £S5 no9),

<5 <j+1

j—=Ng—1<5""<j'=Ng—1

T2,j = Z 23 A]//Xk(AJf)Ak;J’ 'ijog7

§<j—2

§'=No<j"<j—No—2
Tsj = Sj—nog[Txr, A0k,
T4’j = Ajf[TXk, Sj_NO]Bkg.

Bounding Tl,j and Tt 5,; stems from the definition of Besov norms, and Lemmas 2.99, 2.100 of [6]

allow to bound ngj and T47j provided € < 1.

In order to prove the second item, let us set
Ajjr=1{i-No—1,--,j'=No= 1} U{j' = No,--,j — No — 2}
We have

TxR(f.g) = Z(gngXAjf + AjfTXng) +) (R + Ray)

JEL JEZ
=R(Txf.9) + R(f, Txg) + > Raj
JEL
a=1,...,4

where, denoting Aj = Aj—NO + .-+ Aj-l-N()?
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RL]‘ = E Sgl’l(j/ - j + 1)2j/Aj//Xk (AkJ/(Aijjg) — Aijij/Ajg)
|3 =31<Ng+1
§"'€A; 41

J-1<5"<g
J'=No<j""<j—No

. . ki . ~
Rg’j = Z 27 Aj//X Ak,j’(Aijjg);
3'<i—No—2
3’ =No<j"<j—Nog—2

Ry j = Ajg[Txr, Aj]Onf,
R4,j = Ajf[TXk, Aj]akg.

Here again, bounding Rl, j and RQJ follows from the definition of Besov norms, while Lemma
2.100 of [6] allows to bound R3 ; and Ry ;. O

Proposition 2.17. Let (¢, p) be in]0, 1[X[1, 0o|. Consider a couple of vector fields (X, v) in

N _q N

. N et | N
(LZOOOC(R+?(£8)) X ( o (RJr;Bplj )leloc(RJr;Bijl )) )

loc

satisfying divv = 0 and the transport equation

(O +v-V)X = dxv,
Xm0 = Xo.

(2.72)

If in addition

N N
—>2—¢, or —>1—¢ and divX =0, (2.73)
p p

then there exists a constant C' such that:

700+ VPl sy < CUX el ol s

p,1 p,1 p,1

vl lTxvll, a0l aalTxvllge-s). (274)

p,1 p,1

Proof. This is essentially the proof of [40, Proposition A.5]. For the reader convenience, we here

give a sketch of it. Because divv = 0, we may write

[Tx, O + vfag]v = —vfagT'kav — Tatxk(?kv + Txkak<’l)£8[l))
= T, x:Ohv + O Tx (v'v) — To,x (v0) — v' O Txv.

Hence, decomposing v‘v according to Bony’s decomposition, we discover that
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a=>5
[TX, 8t + ’Ueag]v = Z Ra
a=1
with
Rl = —Tatxkakv, RQ = ag(TxTvev + TxTvve),
R3 := 8, Tx R(v%, v), Ry = —To,x (v'v),

Ry := —v'0,Txv.

It suffices to check that all the terms R, may be bounded by the right-hand side of (2.74).

e Bound of Rl:
From the equation (2.72), we have
Rl = T,U_VXkakU — Takaakv.

Hence using standard continuity results for the paraproduct, we deduce that

IR xes SAVOI o ([lo- VX
BP BP

p,1 p,1

ge—2 + [|0x 0| ge2).

Keeping in mind (2.73), the last term may be bounded according to (2.24), after using the embed-
N

N o .
ding Bpf;rE (RV) < €=~ 2(RY). We get

10xv = Txvllge—z S IIVUIIB%_ZIIXII%-

p,1

As for the first term, we use the fact div v = 0 and the following decomposition
v-VX = ToX + Ty, xv" + 9 R(v", X),
which allow to get, as long as (2.73) holds

Ry N, SVl ~(|lv N X e + 1Tl ).
Il s S 9 (g WX+ ol

e Bound of Rg:

Due to Lemma 2.16 (i) and continuity of paraproduct operator, we have

B2l xics S K lgellvll, v allvllgms + lvllg-allTxvll scpe 1001 il Txvllgeo.

p,1 p,1 p,1 p,1
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e Bound of Rg:

Applying Lemma 2.16 (ii) and continuity of remainder operator under the condition % +e—-1>0

yields

Rsll ~. o <Xl llvl] ~. lvllos+ 0l ~.||Txv
I HBPI’)JE 2 S X gl HB;I“H g1+ |l ||B;1+1H

%/5572'

e Bound of R4:

From Bony decomposition (2.23), it is easy to get

!
ltoll s < lelgalioll .

BZ%

—_

p,1

Hence
[Rall  xyos S VX
BP

p,1

getllvllgalivll xss
p,1

e Bound of R5:

Applying Bony decomposition and using that divv = 0 and % + e > 1give

6l s S Iellga ol g+ ol ol
p,1 p,1 p,1

Combining the above estimates for all Ro, witha=1,...,5 yields (2.74). O

Another consequence of Lemma 2.16 is the following estimate of div (X fg):

Proposition 2.18. Let (s,p,r) be in]0,1[x[1,0]? andn in]0,1 — s[. Consider a bounded vector
field X and two bounded functions f, g satisfying

X e (B, ®RN)ng N, (f,9) € By, (RN) x B, "(RY) and dxg € By, (RY).

If in addition div X belongs to M (B;’T(RN) — B;;I(RN)), and there exists some q € 1, p[ such

that
s 1 1
div X € B (RY) with spq:=s—1+N(=—~-) >0, (2.75)
q D

then we have div (X fg) € B;;l(RN ), and the following estimate holds true:

Idiv (X O gy S 11X 3y, ngstnll | Loorisg N9l poornprn + 1F e [10x gl o1

+ HdivXHB;’p;qu(BZ’T%B;;l)||9||L°0 HfHBgmmLOO'

Proof: In light of Bony’s decomposition (2.23), and denoting T’ of = Tyf + R(f,g), we can
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decompose div (X fg) into

div (X fg) = div (T}, X + Tx(fg)) = 24: F,
a=1
where
Fy = div (T}gX), Fy = Ty x(f9),
Fy = T2, Fy =Ty,

As 5 > 0, standard continuity results for 7" and R yield

14l yr < 175 X gy Sl gl X 5,

e Bound of FQ:

Thanks to continuity results for 7", we have for s < 1,
1Bl o1 S div X | g 1|l

e Bound of F3:

Because X and g are bounded and s > 0, we readily have

1Esll syr < IX 1T 1, S IX Ne gl 5 -

e Bound of F4:

Because ) < s < s+7 < 1, Lemma 2.16 and continuity results for the paraproduct 7" imply that

17T 10l g5t S Xl | £l Nl oo + 1T Tl s + I gl s

S X geinllFllzeellgll gon + W Lo T gl gsr + gllzoe [ Tx fll gy

To bound the last term, one may use the decomposition
Txf = div(Tx f) — fdivX + Ty div X + R(f,div X).
Hence using continuity results for R and 7" and the fact that (Sp,q, q) satisfies (2.75),

1Tl S NNy, (X zee + 1div Xy g ypazny) + 1l l1div X | gena.
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Finally, to bound the term with 7 g, we use the fact that
Oxg—Txg =Ty, X +divR(X,g) — R(div X, g),

whence

10x9 — Tcalgsr < ol (115, + Idiv X gona)- (276)

This completes the proof of the proposition. O

Proposition 2.18 above reveals that the bounded function g may behave like some element in
M(B]‘j;(l)) under a suitable additional structure assumption. If in addition g has compact sup-
port, then one can relax a bit the regularity of X and f to study dx(fg), and get the following

generalization of [28, Lemma A.6].

Corollary 2.19. Consider a divergence-free vector field X with coefficients in ¢*, and some function
fin €% with0 < e,e' < 1. Let g € L be compactly supported and satisfy dxg € Bg;l for
some (p,7) € [1,00]% and o €]0, min{e, &'}[. Then div (X fg) = dx(fg) € Bg‘;l.

Proof. Let 10 € C2° be a cut-off function such that ¢ = 1 near Supp g. Denote (X, f) :=
(X, 1 f). From Proposition 2.12 and the proof of Proposition 2.13, we know that

(X, f.9) € (B oo)N x Bl o, x B (BSy N L)V F! x B 7

q?r ’

for any ¢ € [1, 00] and some 7 €]0, min{N /¢, ¢ — a'}[. It is also clear that dx (fg) = div (X fg)
and 05 g = Oxg. Hence applying Proposition 2.18 gives the result. O



Chapter 3

Two-phase inhomogeneous flow

3.1 Introduction

3.1.1 Description of the problem

In this chapter, we consider the following Cauchy problem in RY (N > 2),

dy(pv) + Div (pv ® v) —DivT(v,p) = pf in €U,
dp+div(pv) =0, divo =0 in €,
T(v,p)n =0, [v]=0 in Ty,
[T(v,p)m] [v] ¢ NS
T(vs,p+)nyr =0 on Iy,

v_=0 on I_,

(p,v)|t:0:(p0,v0) on Qv

which describes the motion of two immiscible viscous incompressible liquids at time instant ¢ in
some domain ); := Qt UTy =04, UQ_; UT' surrounded by time-dependent surface I' ;
and fixed boundary I'_ without taking surface tension into account. For simplicity, we use the
notations Q := QUT := Qi UT C RY for the initial domain with boundaries '+ by dropping
off the subscript ¢t = 0.

In fact there are three typical physical situations characterized by (I N .S+ ) (see the figure below)

but we only concentrate on (21):

(24): Qy is some bounded domain surrounded by the free surface I'y ; with ' = (;

(Q2): €y is some bounded container with solid compact boundary I'_ by assuming I'} ; = 0;
(Q3): Q4 are two infinite layers with some rigid bottom I"_.

Besides, n; and n ; are outwards unit normals subject to the moving interface I'; between two

bulks €2+ ; and the free surface I'; ; respectively at time instant ¢.
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CaseI'_ =0 Case 'y, =10 Case ', Ty #0

With above settings on domains €, our aim is to study the solvability of (/N S.), that is to
determine the unknowns (p, v, p, €;): the density, the velocity field, the pressure and the domain
with free surfaces, whenever the external force f and initial states (pg, vg) are given. In addition,

the standard stress tensor T(v, q) is defined by

T(v,q)(x,t) := p(p(@, 1)) D(v)(z, t) — gz, )L,
and the deformation tensor D(v)/2 is given by

D(v) = Dyv + Vv, with (Dx'v)i = (Va:’v)k

j;:axkuj for j,k=1,...,N.

In System (/ N S1), we also adopt the following standard notations. For any two vectors u, v in
RY, the tensor product u ® v stands for a N x N matrix with the (4, k)-entry (u ® 'v)fC = ul P
(1 < j,k < N). Additionally, if A = (Ai(a:))NxN is any N x N matrix defined in RY, then
Div A means a vector in RY satisfying (DivA)/ := /]gV:1 O, Ai. Lastly, the jump of the vector

g across some surface S is given by the non-tangential limit
lg](zo) := 51_i>r51+ (g(a:o + 0v(z0)) — g(zo — 51/(:()0))) vV oxo €S,

where v is the unit outwards normal along the surface S.

Our main aim here is to investigate the solution of the two-phase model (/ N 5. ) within L, — L,
maximal regularity, but one may modify our proof for two-phase problem to handle several
classical one-phase cases. More precisely, assuming I'; = () and py = 1, let  satisfy either of

the following physical settings:

(€4): € is some bounded container with assuming I'_ = {J;

(Q5): Q is some infinite layer with some rigid bottom I'_.

Before describing the main results in this context, let us recall the history of free boundary prob-
lem on the motion of viscous liquid for the cases (€22)- (£25). The first breakthrough is [113]

by V.A. Solonnikov for the case (£24), where the author first came up with Lagrangian coordi-
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nates approach and studied classical solutions with Hélder continuity. Indeed, V.A. Solonnikov
in [113] succeeded in establishing the short time existence of a unique solution in some bounded

domain €); with free surface I'y ;, as long as the given data satisfy
vy € C*5(Q), Ty €C> and f,VF € (C/*NCE) (R3]0, T))

for some 0 < € < 1 and some 7" > 0. Later, V.A. Solonnikov in [115] 1nvest1gated the global

solvability in the Sobolev space framework where the author assumed that I' is W regular
for some p > N. Compared with [113, 115], V.A. Solonnikov studied the role of of the sur-
face tension in [114, 116]. Undoubtedly, these early works [113-116] by V.A.Solonnikov on free

boundary problems of the viscous flow have a profound impact on the further improvements.

Later, J.T.Beale considered the unbounded layer ({25) filled with one-phase fluid, and he studied
the (local and global) wellposedness issues in [7] without taking surface tension into account,
and in [8] with surface tension involved. The author of [7, 8] used the L? framework, where
the initial state vy lies in W35 (Q2) for some s €]2,5/2[ and satisfies some suitable compatibility
boundary conditions. Of course, the global result in [8] is about the stability near the equilibrium
state. Furthermore, A.Tani in [121] and A.Tani and N.Tanaka in [122] formulated the problem
for (£25) in fractional Sobolev-Slobodetskii spaces and treated more carefully the regularity of
moving surface I'y ;. More recently, Y.Guo and LTice gave a series of works [63-65] about the

wellposedness issues and decay property of ({25) based on a new energy method.

Besides, for the bounded domain occupied by two-phase inhomogeneous immiscible liquids in
case of (€22), N.Tanaka in [119, 120] proved that the equilibrium state is stable in Ly framework
with including surface tension. Inspired by [119, 120], LXu and Z.Zhang in [127] studied the
double-layer case ({23) with gravity additionally involved. However, for the piecewise constant
density, the work [42] by LV.Denisova and her further result [44] with V.A.Solonnikov implied
the global solvability in Holder space with or without surface for the domain (£23).

Apart from the Ly or Holder framework, let us mention recent contributions [78, 100-103] to
the L,, approach for two-phase problems by J. Priiss and his collaborators, especially for the case
with surface tension. For instance, the authors in [102] showed that the interface between two
immiscible liquids becomes instantaneously real analytic whenever the initial data lie in some
Sobolev spaces IV for large enough p. The Ly-approach by J. Priiss et al. is no longer based on
the Lagrangian coordinate from V.A. Solonnikov. Instead, the so-called Direct Mapping Method

via a Hanzawa transform plays a vital role.

Whether we can solve the two-phase problem within L, — L, maximal regularity is the main task
of this chapter, which will rely on the recent contributions [94, 107] to the linearized model prob-
lem. In [94, 107], the authors employed the Multiplier Theorem characterized by R-boundedness
theory in [126] to study the corresponding resolvent problems. For R-boundedness theory, one

may see [45, 78] for more discussions.



92 CHAPTER 3: TWO-PHASE INHOMOGENEOUS FLOW

3.1.2 Main results

To state our main results in this context concerning the solution of (I N S¥) with L, — L, maximal
regularity, we need to specify our assumptions on the domain €2 and on the viscosity p as in [94].

First, the smoothness of domain 2 we need here reads as follows.

Definition 3.1. We say that a connected open subset Q) in RV (N > 2) is of class WTQ_I/T for some
1 < r < oo, ifand only if for any point xy € 0, one can choose a Cartesian coordinate system with
origin xq (up to some translation and rotation) and coordinatesy = (¥, 4y ) = (Y1, -+, Un_15YUn )5
as well as positive constants c, 3, K and some w2lr function h satisfying ||| ;,,2-1/» < K such
that the neighborhood of 7

Uagn(zo) :=={W yy) : h(y) = B <yy <h)+ B,y < a}

satisfies

U (o) :={( s yy) - hy") = B <yy <h(y),ly'| < a} = QN Uspn(xo),

and
onn Ua,ﬂ,h(xO) = {(ylyij) Yy = h(y/)v |y/| < a}'

Above o, B, K, h may vary with respect to the different location on the boundary. Whenever the
choices of o, B, K are independent of the location of xg, €2 is called uniform Wrz_l/r domain. Note
that if the boundary 0X) is compact, then the uniformness is satisfied automatically. Sometimes )

is just called Wrz_l/r regular for simplicity.

Apart from the w2 regularity on domain €2, we need the unique solvability of the so-called
weak elliptic transmission problem. To be more precise, some notations are introduced below.
Here, consider some domain Q := QUT := Q4 UT in RY surrounded by two disjoint surfaces
Iy, and supposE\that '+ # (). Then the Banach space X;,I‘Jr (Q) for any 1 < ¢ < oo with the
word X € {W, W} is defined as below ',

X, (@)= {f € X}Q): f=0 on Ty} and Ifllxs, @ = I/ lxjco
Above the nonhomogeneous and homogeneous Sobolev spaces W (2) and /W?ql (€) are standard:

Wi (Q) = {f € Le(®) : [ flwpe) = Iy + 1V F 1y < o0},
Wa () = {f € Lyaoc(®) : [0y = IV F 11,0 < o0}

Definition 3.2. Consider some domain Q) as above with I'y # (). Assume that W(}(Q) is a closed
subspace Wq{ﬂ (Q) for some 1 < g < oo and that qu,l“+ () is dense in W, (2). Suppose that the

"If 'y = 0, then set X;’FJr () == X1(Q).

q
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step function 1 := nylq, +n-Tq_ for some strictly positive constants 1. Then we say that the

weak elliptic transmission problem is uniquely solvable on W(} (Q) forny if the following assertions

hold true: For any f € Ly ()", there is a unique 0 € W3 () satisfying variational equations® as

below,
(n7'V0,V)g = (f,Ve)a, forall o € Wy(Q).

Moreover, there exists a constant C' independent on the choices of 0, ¢ and f such that

VO, < ClfllL, -

Remark 3.3. For some 1 < q < 0o, we write
W, (Q) + WHQ) := {01 + 02 : 01 € W, (Q) and 0, € W, (Q)}.

Suppose that the week elliptic transmission problem is uniquely solvable on qu(Q) for n+ and Q
as in Definition 3.2. Then for any (v, 3,7) € Ly(Q)N x qu*l/q(F) X qufl/q(lj_i_) and any test
function ¢ € W;,(Q), there exists a unique 0 € qu(Q) + W, () satisfying

(n'VO, V) = (a,Vp)y, [0]=8 onT and 6=+~ on I';.

In addition, there is a positive constant C' independent on the choices of at, 3, v and ¢ such that,

1V0l1, @ < C(lledl, 0 + 181,54 g, + 100008 ).

+

For brevity, we write 0 :== K(c, B,), which satisfies above properties.

With above definitions, we will make the following three hypotheses to investigate System
(INSL):

(#1) The domain €2 is uniformly W’ —yr regular for some r > N, i.e. 0 are uniform W, -

domains;

. - o 1 1
(H2) The weak Elliptic transmission problem is uniquely solvable on W, (£2) and W,,(€?) for
n=n+la, +1-1q_andq €]l,00].

(H3) u(po(:c)) is a strictly positive function on satisfying

fplo, +n-lo_ < p(po() < pylo, +i-lg_,

where fi1+ and it are all strictly positive constants. In addition, we assume that () €
Wl

r,loc

(Ry) and r is given as in (H1).

?Here for any vectors u and v defined in G C RY, (u,v)q := Jou-vdr = Zj\rzl Jou' de.
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Motivated by the pioneering work [113] by Solonnikov, we shall take advantage of the so-called
Lagrangian coordinates to study System (/ /N'S.) under the previous fundamental assumptions
(H1)-(H3). Thus the fact that the surfaces I';, I'; ; and I'_ consist of the exactly same fluid
particles at all time instants ¢, is taken for granted. Indeed, if we denote u (&, t) := v (Xu(f 1), t)

and consider the following transformation
t
Xu(&,t):=¢ —I—/ u(&,7)dr forall £€ QUT_, (3.1)
0

then (I't,T'4;,T-) = X, ((T, ry,ro), t). Of course, the unknown regions (2 ; at time instant
t are also the image of Q4 respectively under X, (-, ).

To rewrite System (/ N.S1) by (3.1), we adopt the similar notations as in [113] here and subse-
quently:

« For any C! vector Y (¢) defined in Q, we write D, Y for the Jacobian matrix of Y, i.e.
(DeY)), := 9, Y7 with 1 < j,k < N, and VY := (DY)

« For simplicity, .27, stands for the cofactor matrix of D¢ X,,. Moreover, we use the following

notations for the derivatives and stress tensors related to (3.1),
V= #,Ve, div, =Div, :=V,- and T,(w,q) := p(po(£))Du(w) — gL,

where the entry of the matrix D, (u)

« Suppose that n and n are the unit normal for the interface I' and the boundary I";

respectively.

Ayn A,
(ﬁ,ﬁ+)(§,t> = (ntan+,t)(Xu(§at)) = <‘£{uz‘7 |$qu ZI|)(§J)7 Vf € FUF+'

« For any vector v and h defined along some surface S, we define the operator
Toh:=h—(h-v)v,
which is a projection into the hypersurface orthogonal to v.

Now, note that the mass conservation law in (/ /N.S) is reduced to p(Xu(f, t), t) = po(§). Then
introduce q(§,t) :=p (Xu(g, t), t) . Thanks to (I N S.), it is not hard to verify that (u, q) satisfies

the following equations
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pooyu — Div T, (u, q) = pof(Xu(ﬁ,t),t) in QX]O,T[,
div,u=0 in Qx]0,T],
Ty(u,gn] =u] =0 in I'x]|0,T7,
[T (w,0)7] = [u] 0.7( .
Tu+ (u+7 q+)ﬁ+ =0 in F+><}07 T[,

u_=0 on I'_,

Uli—o = v9 on Q.

For (INS;%)Q, we remark that 7, = (V¢X,) ! due to the fact det(D¢X,) = 1 and Liouville

Theorem.

To give a suitable space for the initial data vy, let us recall the linear mapping X in Remark 3.3.

For any 1 < ¢ < oo and any vector u € W/ (Q)N, we consider

a, := 1" 'Div (uD(u)) — Vdivu,
Bu = [pD(u)n]n — [divu],
Yo = (pD(u)ny)ny — divy,

and write K (u) := K(ow, Bu, ) € qu(Q) + W, () for short. This is the key step to handle

the two-phase reduced Stokes system (for more details see [94]).

Next, keeping K (u) above in mind, we denote Stokes operator for two phase problem by A,u :=
n~'Div T (u, K (u)), whose domain D(A,) is given by

D(Ay) = {u € WHQ)N N Jy(Q) : [ullr = [Tn (uD(w)n)]|r = 0,
Tny (MD(U)H+)|F+ =0 and wu|p_ =0}.

Besides, recall the real interpolation functor (see next section) and the spaces
Jo() = {f € LN : (f,V)y =0 Vo e WL}
Then the spaces for vy and for the solution u in some time interval I C R are defined by

Dj;%(ﬂ) = (Jq(Q),D(Aq))l_%vp and W25 (Q x I) == L, (I; WZ2()) N W, (I; Le(2)).

One may see more discussions on DZ;Z/ P(Q) later. Now we can state our main result upon the
local solvability of System (I NV ST) for the cases (01)-(€23):

Theorem 3.4. Let (p,q) bein (I) U (II) with the sets (I) and (II) given by

(I) :={(p,q) €]2,0[x]|N,ox[} and (II):={(p,q) €]1,2]x]|N,o0[: 11) —I—];f > 1}.
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Additionally, the Hypothesis (H1) — (H3) on the domain ) and the viscosity ju are fulfilled. Assume
that pg lies in qu(Q) satisfying

Iln — pOHLoo(Q) < ¢ for some (small enough) constant c,

1y .
”)(Q) and f belongs to L, (0,2; WL(RN)N). There are some time instant T(< 1)

and constant C, only depending on p, q, vo and f, such that the System (I N ST) admits a unique

1—
v is in Dy yp
solution (u, q) satisfying

letllvz s @o,rp + IVall, 0,0 = (3.2)
In addition, if u is piecewise constant, we can relax the condition py € qu (Q) to py € Loo(€2).

As the case where y is piecewise constant is simpler, we only prove more general situation with
1t being density-dependent in following sections. Now let us indicate that Theorem 3.4 yields

some local existence result for the system (/N .S4).

By (3.2), we first note that X, in (3.1) is well defined as long as 7" is small enough. Moreover,
X, is a C! diffeomorphism from € onto €2; and measure preserving. Denote X, the inverse

mapping of X . For any smooth function h over  and r € [1, 00|, we have
|h- XJlHL,.(Qt) SRl @)

Now recall the relation

(p,U,P) = (pOa u, q) © Xu_l?

and the definition «7, := (D¢X,)~'. By Lemma 3.7, (3.2) and
Va(v,p) = (#Ve(u,q) o X, ',

we obtain that the components of V (v, p) belong to L, (0, T’; Lq(Qt)).

On the other hand, it is not hard to see
v = (Ou) o Xyt + (uwo X, 1) - Vyw.

Then combining the above estimates yields that d,v € L,(0,T; L (Qt))N. Finally, taking ad-

vantage of Lemma 3.7 and the equality
Vv = div (" e/, Vu) o X!,

one can verify that the second order derivatives of v are bounded in L, (0, T, Lq(Qt)) N There-

fore combining above discussions, we conclude the following result for system (//N.S.).
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Theorem 3.5. Under the assumptions of Theorem 3.4, there are some time instant T(< 1) and
constant C| only depending on p, q, vo and f, such that the System (INS.) admits a unique
solution (p,w, q) satisfying

1000l 0.0w2000) + 1V°0 N, 0720 020) T IVPIL 0212000 < €

and p bounded in qu(Q) In addition, if u is piecewise constant, we can relax the condition py €
W) to po € Loo().

3.2 Functional spaces and some linear estimates

3.2.1 Functional spaces

In order to prove our main results precisely, let us firstly introduce some notations for functional
spaces setting, which will be used throughout this paper. For any domain G C R™ (1 < m €
N) and some Banach space E, the notations W]ﬂ“ (G;E) with p € [1,00] and k € N means
standard E'—valued Sobolev spaces. Whenever E coincides with R or C, we will just write
W]f(G) for the usual scalar valued Sobolev functions. Moreover, the L,(G) (L,(G; E)) stands
for usual (&' —valued) Lebegue space in G. Of course, we will admit similar conventions for spaces

Wk

»10c(G3 E) and the usual homogeneous spaces Wﬁ(G; E). For some open (time) interval [ in

R and some postive constant v, we define the following exponentially weighted Lebesgue and

Sobolev spaces,

Ly (LE):={f: 1= E:efeL,(;E)},

Lpro(R; E) :={f € L,,(R;E) : f(-,t) =0 for t < 0},
Wi (I E) = {f € Lyy (I E) : 9 f(-,t) € Lpy(I; E), 1 < j < m},
" o(Ry B) i= W (R; E) N Ly 0(R; E).

Moreover, the norm of W', . (R; E') with m > 0 is given by

Ifllwr, @y =D e f(t)llr, @:m)-

p,0 'y
0<j<m

Recall the notion of Japanese bracket (y) := (1 + |y\2)% for any point y € R™ and (D,)(=
(I — Ay)%) denotes the Fourier Multiplier whose symbol is (y). With such kind of multiplier,
the standard and also exponentially weighted Bessel potential spaces are defined for s > 0,

HS(R; E) :={f € Ly(R; E) : ((D)*f)(-,1) € Ly(R; E)},

Hy o, (R E) :={f € Lpoy(R; E) - e " ((Dy)* f)(,1) € Lp(R; E) }.
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Above the norm of the space H;(R; ) is given by

15y = Do) flaswiey + 1 f L, ey = D) fll L,y + 1 fll,®:m)-

and the norm || - || H3,. (R;) is defined similarly. On the other hand, we can also define some
“multiplier” operator via Laplace transform for smooth enough function f. We denote the com-

plex parameter A = v + i7 in the following formulas for Laplace transform £ and its inverse
L1

LEO = /_Oo eMEW) dt, Llg(t) = ;ﬁ /Oo g () dr.

Then we define (A3) f = L7H(X*L[f(-))(t) for nonnegative real number s. Another type Bessel

potential spaces related to A7 can be defined as follows,

(R;E) :={f € Lyy(R; E) : e (A f)(,1) € Ly(R; B)},
) (R ) HS (R; E) N Lp,O,'y(R; E)a

One can verify that H} ;. (R; E) coincides with H;) , . (R; E) for 7 large enough.

In addition, if I stands for some open (time) interval in R and ¢ belongs to [1, cc], then we set

the following mixed derivative spaces for simplicity,

W2 (G x I) ==L (1 W2(G)) N W, (I; Ly(G)),
Wiio% > ( <G>) NWyo (B; Lo(G)),
qu,;/ 2 (G xR):= WOR W, <G>) ;/&(R; Lq<G>).

Here for any two Banach spaces F and F/, each of which is embedded in tempered distribution
S’'(R™), the norm of Banach space FyNF is understood by ||| g,ne, = |||l 2, + ||| £, - Besides,
L(Ey, E) stands for the space of all bounded linear mapping from Ej to F. Moreover, we also
need to employ the notations (Eo, F1)g,, and (Eo, E1)jg) for the real and complex interpolation
functors between some interpolation couple E and FE respectively for some 6 €]0,1[ and p €

|1, 0o]. Here we avoid discussing the endpoint case § = 0 or 1 ( for more details see [9]).

3.2.2 Linear estimates

Our main results will based on the results upon the following linear two phase Stokes equtions

in fixed domain €2,
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ndu —DivT(u,q) = f in Qx]0,T]
divu=g=divR in Qx]0,T],
[T(w,q)n] = [p], [u] =0 in T'x]0,T] (S1)

Ti(ut,q+)ny =k on I'yx]
u_ =0 on I_x]

\ Ui =up on €.

where 7 is a piecewise constant in €2, i.e. 7 = n+la, +n-1q_ and ni €0, co[. The following
theorem proved in [94, Theorem 2.8] treated (5..) above with T' = co. However, we firstly need

to refine the hypothesis upon the viscosity function as follows.
(H3') p(x) is a strictly positive functions on €2 satisfying
flo, +p-lo_ < p() < pylo, + p-lo_,

where fi1+ and i1 are all strictly positive constants. In addition, we assume that () €
W(Q) and r as given in (#1).

On the other hand, we denote the dual space of qu,(Q) by W, L(Q) for some 1 < q < oo and
set W, 1(Q) := Ly(Q) N W, 1(Q). Thus the linear result in [94] reads:

Theorem 3.6. Let (p,q) €]1,00[? and r > max{q, ¢'} with standard notation for conjugate index
q = q/(q— 1). Assume that 1) are two strictly positive constants and Hypothesis (H1), (H2) and
(H3') hold for Q) and 1. Then there exists vy > 1 such that the following assertions hold true with
taking T' = oo in System (S1) :

1. For any initial data uy € ’Dg;wp(ﬁ) and (f,R,g,h,k) = 0, the System (S1) admits a

unique solution

(w,q) € W2l (2 x Ry) X Ly, (Rys W, () + W, (Q)),

q;P;70

which satisfies the following inequalities for some constant C), 4 ~,

- 2
le™% (B, w, Vi, Vi, VCI)||LP(R+;Lq(Q)) = Cp,q,'yoHUOHD(?;?/p(Q)

2. Assumeug = 0 and (f,R,g,h,k) € Vp 4~ In other words, (f, R, g, h, k) satisfying

F € Lpoq (R; Lq(Q)N)v R e W]},O,'yo (R; Lq(Q)N)v
. 1 .
9 € Lpoq, (R; W, () N W, () N HZooo (R; Lg(£2)),
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) 1
h € Lpon (R; qu(Q)N) N Hp270ﬁo

(R; Lq(QJr)N) )

(R; Lq(Q)N)7
1
ke Lp,();yo (Ra qu (Q+)N) N H172,0,’yo

where R is some representative of G(g). Then the System (S..) admits a unique solution

(u,q) € WqQ,’pl,o,yo (Q X R) X Lp,o,q (R; qu(Q) + W;(Q))

possessing the following estimates for some Cy, ; -, independent on t

_ 1 _
e (dpu, (Dy) 2 Vu, Vu, VCI)HLP(R;LQ(Q)) + [le PYOtuHLp(R;Lq(Q))
S Cp,q,’)’o H(f> R> 9, h> k)

with the corresponding norm || - defined by

||ypa(Z7’YO

H (f7 R7 g, h7 k) Hyp.,q,'yo = He_’YOt(fa 8tR) HLP(R;Lq(Q)) + “e—’YOt(g’ h)HLP(R;qu (Q))

Hyp,q,'vo ’

B _ 1
+ ek L mawa p)) + e D)2 (9, W) ger, )

N

+[le™(Dy)

3.3 Short time existence

As we mentioned above, our approach for construction of short time solution of (I N.S¥)
be based on Theorem 3.6 and Fixed Point Theorem. For convenience, we rewrite (I N.ST)

”Stokes-like” form as follows:

nOu —DivT(u,q) = fuq in QX]O, 1],

diveu = g, = dive R, in 0x]0,T7,

[T(,q)n] = [hugl, [u] =0 in Dx]0,T],
T(ut,q4)nt =ky, q, in I'4x]0,T7,

u_=0 on I'_x]0,T7,

. u\t:():'vo on Q,

where the nonlinear terms above (fu.q; Gu; Ru, Pu g, kU+q+) are defined by

fu,q = pof(Xu(f, t)) t) + (77 - po)@tu - (Ding(u’ q) - DivuTu(’u'a q))a
gu=Deu: (1— "), Ry:=1- " )u,

(
K|z, ®:Ly©))-

will

into

(3.3)
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huq = T(u, q)n — Ty (u, q)m,
=T

Eu,q, (us,q4)ng — Ty (g, qq )74
As a start point, let us consider the following linear system with non-zero initial state,

ndu, —Div T(u,,q,) =0 in QO xRy,
diveu, =0 in Q xRy,
[T(w,.q,)n] = [u,] =0 in T xR, s
Ti(u,,,q,,)ns =0 on I'y xRy,

u, =0 on TI'_ xRy,

uL|t:0 = vy On Q
Thanks to Theorem 3.6, we obtain a (unique) global solution (u, , q, ) of (3.4) such that

(wy,0,) € Wiy (2 X Ry) X Lyag (R Wy () + Wy ()

q9,P;70

for some 7y > 1. Moreover, there exists a positive constant C, ; -, such that
Hei’mt(atuu ur, vuL? v2uL7 qu) HLP(R_,_;LQ(Q)) < OIML’YO ||UOHD§;72/P(Q)- (3.5)
By the definition of Dif/ () and the classical embedding
Ly(I; Ey) "W, (I; Eg) = BUC(I; (Eo, E)1-1/pp) VP €]1,00],

we have the following inequality

ot Yot Yot
le° uL||LOO(R+;'D§;)2/P(Q)) S e 8tuLHLp(]R+;Lq(Q)) + [le™ uL‘|LP(R+;W;(Q))‘

Thus above inequality and (3.5) yield

< Cp,qﬁOeVOTHvOHDﬁz/p for any finite 7' > 0. (3.6)

e, ”Loow,T;DS;?/p(m) Q)

Then combining (3.5) and (3.6), we arrive for any finite 7" > 0,

lsll o ripz2re 1@y, v, Ve, Vi, VO ) | o iz )

< Cpgno€™" [vg Hpgf/p 3.7)

(O
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With (u,,q, ) defined as above, our main aim is to find some solution (u,q) of (3.3) which
coincides with (u, + U, q, + @) in some short time interval. Here the equations of (U, Q) are
easily deduced from (3.3) and (3.4),
noU —Div,T(U,Q) = f,, in 0x]0,T],
div,U =g, = diV§I_2U in Qx]0,T7,
[TU,Q)n] = [h,,], [Ul=0 in I'x]0,TT,

T (Us,Qe)ng =ky, o, on D' x]0, T,
U_=0 on I'_x]0,T],
Uli—o=0 on

(3.8)

where (fU’Q,gU,ﬁU,EUYQ, k:U+’Q+) = (fu,q» Gu> Bus Py kg, ) as we defined before (below
(3.3)). Then the local solvability of System (3.3) is reduced to the existence of solution (U, Q) of

(3.8) in some short time interval |0, 7. Hence we assume 7' < 1 hereafter for convenience.

Furthermore, let us introduce the solution space for System (3.8). For any given (p, q) €]1, o[

and v > 0,

. 1
(A% R) x H.2

. 1,1
E(T) = W2y (2x]0,T[) x Ly (0,T; Wy () + W, (Q)) x H, 2 200

4:p,0,70 (Q+ xR)

with the norm || - || #(7) given by

H(anP7H7H+)H£’(T) = ”wHWq?’}}(QX]o,T[) + HVPHLP((),T;Lq(Q))

oo L2 ([ | /O
Hy 00 (XB) Hy 2 g (4 XR)

We say (w, P, 11,11 ) belongs to &7,(T") for some L > 0, if and only if the following assertions
hold true:

1. (w, P,II,1I ) belongs to &(T') satisfying

wlp. =0onT_, [(P—I)n]=]w]=0 on I'x]0,T,

and P+’I’L+ = H+n+ on F+ X]O,T[;

2. The norm of (w, VP, II, 11 ) is bounded by L, i.e. |[(w, VP, ILIL} )| s < L.

Now assume (w, P, 11,11 ) belongs to &7,(T") for some g €] N, 00| and choose some parameter

L large enough such that for some small constant ¢

HuLHLm(OQ;Di;%’(Q)) + ”uLHWq%’I}(Qx}O’QD + H-f’ VqL HLP(OQ;LQ(Q)) <L,
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LY F Nz, 02.,@5y) + In— pollz @) < c

Obviously, the choice of L also depends on the quantity ||vo||szz/p @ from (3.7). For such
9P

(w, P,II,11;) in &7(T'), consider the following linearized Stokes equations from (3.8),
noU —DivT(U,Q) = fop
div £U = yw = le gﬁw
[T(U,Q)n] = [hw.r], [U]=0

_ ’ (3.9
T+ U+, Qi)ny =ky, p, on I[';x]0,T7,
U_=0 on TI'_x]|0,T7,
Uli=o=0 on Q,
where (?w7p, G By B P, Ew+7p+) are defined like (?U 0 9o ﬁU,inQ , EU+,Q+) with replac-

ing (U, Q) by (w, P).

Let us first sketch the strategy. For any point (w, P, 11,11 ) in &7 (T'), our goal is to find some
(U7 Q7 Ea E+) = (I)(’LU, Pa H7 H+) € éoL(T)

with (U, Q) solving (3.9) in ]0, T'[. The construction of such mapping ¢ will be a consequence
of Theorem 3.6. Hence we need to find suitable extensions ( fw, Py Gws ﬁw, ;Lm P, Ew . ,P,) over

time interval R such that

(fw,P7 ng ‘ﬁ'wv Ew,Pv Ew+,P+ ) ’]O,T[ - (?w7P7 ng R'wa hw,Pa Ew+,P+)

More importantly, for some vy > 1 and ¢ €| N, o[, we have

H (f’w,Pu gw; ﬁ’w? 77"!1)71:77 ka?w+,P+> H)}pyqﬁo < 00 (310)
Thanks to (3.10), the solvability of the following equations is guaranteed by Theorem 3.6,
( n@tﬁ — DlVgT(ﬁ, @) = fw,P in Q X R+,
diveU = gy =diveR, in Q xRy,
[T(U,Q)n] = [hurl, [U]=0 in T xRy, 6D

T+ (Us, Q)0 = ku, p,
U =0
Uli—o =0

on F+ X R+,
on I'_ x R+,

on €,

In other words, we can obtain some global solution (U, Q) of System (3.11). Moreover, (U, Q) :=
([7 ) @) |j0,7( for some small enough 7" is exactly the local solution of System (3.9). Next we define
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Z:= (u(po)D(U)n) -n—hyp-n (3.12)

21 = (ulp)DU)ny) -ny — ku, p, -1y (3.13)

With above definitions, we can set ®(w, P, 11,11 ) := (U, @, E, 2 ). Furthermore, by smallness
of T', we can find that (U, @), Z, =1 ) belongs to &7,(7") and that ® is a contracting mapping. This

will complete our proof for local solvability of System (3.8) (as well as System (3.3)) by standard

fixed point arguments.

The main goal of this section is to find some solution mapping ® from from &7, (7') into itself and

the contracting property of ® will be discussed in the next section.

To define our solution operator @, it is convenient to introduce some standard extension operator
E ;) such as in [106, Theorem 3.2]. For any (scalar- or vector-valued) mapping h defined on 10,7
and any fixed parameter ¢ €]0, T,

h(-,s) if s€]0,t],
E(t)h(7 8) = h(a 2t — 3) if s e]t7 2t[7

0 otherwise.

For any Banach space E and (p,v) €]1,00[x]0,00[, Es) € L(Lp(0,T; E), L0, (R; E)). In-

deed, we have
||e_VSE(t)h('7S)HLP(R;E) < 2||b('78)||Lp(O,T;E)7 for any v >0 and ¢ E]O?T} (3.19)
If h(-,0) = 0, then clearly

dsh(-,s) if s €]0,¢,
OsEpnh(s) =4 —(0sh)(-,2t —5) if s €]t 2t],

0 otherwise.
Thus E € E(W;O(O, T;E), Wpl,o,'yo (R; E)). In fact, we have
le™0s(Enyb(-, 5)) |1, ) < 2[1(0sh) (-, ), 0,7,m), ¥ v =0 and t €]0,T].  (3.15)

For simplicity, we also introduce the notations (W, 0) := (u, + w,p, + P). Thanks to (3.93)

and previous conventions on (7', L), the following important decay properties holds
1 1
oF 7 top,
VW01 < ONTY V@, V)il o7,n. @) < ONTF L, (3.16)

where, forany 1 < p < oo and N < ¢ < oo, the non-negative index o,, , is given by
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(1 - %), for

1
2
0, for

|z ==
INV

1;
Jp,q =
1.

ASEISERSHI )

+
- q

Thus X, , @, andn,, := (o, n)/|%, n| are well defined so long as T" small enough satisfying
14,
ONT7 7P < 1/2. (3.17)

Combining this decay property and Condition (3.17), we infer from Lemma 3.7 and Lemma 3.9
that

Lio
Iy =T 72y, — n)”Loo(QX]O,T[) STV L (3.18)
1
||V§(£{W - ]Lﬁw - n)HLoo(O,T;Lq(Q)) ,S TI"/L,
10:(y =Ly =)l 010y ST7L,

10:Ve( ey — L7y, — n)HLp(o,T;Lq(Q)) S L.
In the rest of this subsection, we devote ourselves to verify the bound (3.10) with keeping bounds

(3.14) and (3.15) in mind. The fact that qu () is a Banach algebra for N < ¢ < oo will be also

constantly used without mention.

Bounds for fw P

Now, we recall the definition of ?w » as follows,

For = 00f (X (&:1),1) + (0 — po)BW — Divg<u(p0)(HW . UQ,VtVT)D(W)))
+Dive (u(po)(I — F)H,,,) + Div e (O(1 — 7)),

where we adopt the notation

Hy, = DeW (I — &) + (I — o, )VeW = p(po) " (T(W,0) - T, (W,0)).

The main aim of this step is to seek some suitable extension fw, P € Lpon, (]R; Lq(Q)) of the
source term ?uu p. To this end, let us introduce some notations which are also very useful in the
rest of this context. Assume that x € C*°(R) is some cut-off function satisfying x(¢) = 1 for
|t| < 1and x(¢) = 0 for |¢| > 2. Thanks to (3.7), we set

a, () := x(t)e MAapy () for t € R.

From the definition of w, , itis not hard to see thatu, (-,t) = u, (-, t) foranyt € [0, 1]. Moreover,

the mixed derivative theorem implies that
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[, S llu

<L (3.19)
1 (RWE ()

cllwzi@xry S sl axozp <

Next with such u, , consider W = Emw + u, which satisfies

W(,t)=W(-,t) forany t € [0,T] and W(-,t) =0 forany t ¢] —2,2[.

Furthermore, (3.19) and the mixed derivative theorem yield

71,0 sy S 1 Izcney 1Bz goary + 10 sy S 2 620
Recalling (3.16), W has the similar decay property due to (3.20)
‘|V§WN/HL1(O,QT;LW(G)) S TV HvéwuLP(o,zT;Lo@(G)) S T, (3.21)
Now, introduce the following two matrices to simplify our writing,
H, =DW - E, (1— &)+ E, (1- ) VW,
Dy, = E,, (I— ) - D(W).
Then the following vector will be one desired extension,
Four = P0E ) £ (X (60),8) + (0= po) E ) W = Dive (u(po)(Hy, +Dy))  (322)
+Div ¢ ((p0) By (T — JZ{vtvr)]ﬁ[vv) +Dive (B ©)Epry (1= ).

Obviously, j?w’ Pliejo,r] = fw, p is fulfilled. More importantly, we will demonstrate
ot o
o, PllL,, e (BsLg()) S L+ T7 o qLZ(HNHLw(Q) + Tap’quMHLq(Q)) +TV L2 (3.23)
To verify (3.23), first note that Condition (3.17) (up to the choice of Cy) yields,

[ aee 1+ /Otvw<.,7>dT)HLm(mm( N <l

Thus we have for some ~y > 0,
HE(T).f(XW (57 t)v t) HLP,ONO (]R;Lq(Q)) 5 H‘f”LP(QT;Lq(Q)) S cL. (324)
Next, the second term on the right hand side of (3.22) is easy bounded by

[(n — PO)E(T)atWHLp 0,90 (RsLq ($2)) ~ S n=rolly @xjorpL < L. (3.25)
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To study the nonlinear terms in (3.22), we know from (3.18) and (3.21) that forany 1 < 5, k, £, m <
N,

o 1,
H (E(T> (I- %W));(vﬁw)fnHLP(O,QT;W(}(Q)) STV, (3.26)
H (E(T) (I— JZ{W))?C(ng mHLP 0,27 Loo () ~ ST 720, L2 (3.27)

Then combining the bounds (3.26) and (3.27), we obtain that for any 9 > 0,
-~ E
o) By D), - awnyy S 77 L (bl oy + T Val ). (3:28)

Moreover, compared with (3.28), u(po)H -E . (I — 4,,) is higher order term with respect to

(T) (
time,

i %+2G , o
[[14(po)HL, 'E(T)(I[_'Q{W)HLP,ONO(R;W;(Q)) STr png(H,uHLoo +T quVMHL )
(3.29)

Therefore, under Condition (3.17), (3.28) and (3.29) yield

IDiv ¢ (1(po) (Hyy + Dyy.)) = Dive (1(p0) By (L= iV Hy ), o )

< L +0p,q 2 Op.q
ST L (|l gy + TVl ) (3:30)
The bound of last term of j?w’ p is immediate from (3.18),

IDiv¢ (B ©)E, ., (T— i)l < TV I (3.31)

(T)( ,0,70 (R iLq()) ~

At last, putting together the bounds (3.24), (3.25), (3.30) and (3.31) completes the proof of our
claim (3.23).

Bound of g,
Based on the expression
G =DW : (I— ") =div R, = dive (I — &/ )W),
let us consider the following extension
Gu = By (DeW (1= 1)) = div (B, (1= )W) = div Ry (332)

By (3.32), we immediately know that g,,(+,t) = 7,,(+,t) for t € [0, T] and vanishes for ¢ ¢]0, 277.

To prove such g, is an admissible extension, it is sufficient to verify for some vy > 1,

Guw € Ly (R qu(Q) NW, Q)N oz

2 0m0 (R Ly(2)). (3.33)
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In fact, the first part of (3.33) is guaranteed by our previous discussion (3.26),
~ ~ 7+ 2
191z, o w2 ) S 19wz, 02mamp @)y ST L7 (3.34)

Next, to prove the assertion gy, € Ly, (R; W, (€)), note the fact that ﬁ//|p_ = 0. Thus we
obtain
R, = (E o (I — sztr))W =0onI'_.

On the other hand, we claim the following property
[Ry - n] = [(E, (I— 7))W n] =0 on T, (3.35)

holds true, which yields our desired result concerning W(;1 (©) norm for g, (for more discus-
sions on Wq_l(Q), see [94, Section 1.2]).

Now, we assume ¢ €]0, 7] and the proof of the case t €]0, 277 follows along the similar lines. As

[W] is continuous across T, it is sufficient to check the fact
[ZUW -n] =W - [«,n] =0 on I, Vtel0,T].
This is true due to [43, Remark 3.1], which completes the proof for (3.35).

Finally, it remains to check g,, € H 0.7 (R+; Lq(Q)). However, for technical reason, we here

divide the proof into two cases:
(1) == {(p.q) €]2.00[x|N.oc[} and (I1) = {(p.) €]L,2x]N,o0]: 1/p+ N/g > 1}.
For the case (I), Lemma 3.11, (3.18) and (3.20) imply

9wl 3 SII- JZftTHL @x10.T] <||V£W$||Lw(o,T;Lq(Q)) + L=< Ml axorrp

p,0,70 (R§Lq(Q))

I
+ T H@t&f“"ll H@szf”ll IDeW |

Ly(0,T;HL(SY)) )

N

11
OT Lq($2) HZ,2 (OxR)

s+t g
< T e Lz (TP L+T pa ||WHLOO(0TW1(Q))L2q> .

AsW € Lo (0,T; Dg;Q/p(Q)) — Loo(0,T; qu(Q)N) for p > 2, the above inequalities yield

N
15l < 13 (5 +ona) 12, (3.36)

Hﬁo o (B Lq($2))

On the other hand, if p €]1, 2] such that %D + % > 1, then we infer from Lemma 3.12 and (3.18)
that
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1Bll3 s S0 —WHL (QXOTD(||vgvef;"\|Lw(O,T;Lqm + 1=, @xiory

1
H;Zp (QxR)
1

1 4% 3 1. N N 3
<TW 2 Ls (Tp L+T2 v 2 2|0, |, /g(oT-LB(Q)))
P k) k)

for some # and 3 such that 1 — @ = % — % and % + % < 1. Moreover, apply Lemma 3.7
and the comments below Proposition 3.10,

HaltffszHLP/G(O,T;Lﬁ HVEWHLP/Q 0,T;L5(Q2)) S L (3:37)
Thus we conclude
e
G| L STV TR LA (3.38)
Hﬁow (R;Lq(£2))

Finally, combining the estimates (3.34), (3.36) and (3.38) yields

1
[ (TP T [2 S T L2, (3.39)

quQO 2o (OXR)

where the index s, ; is defined by

1N 4 op,), for (p.q) € (I);

Sp,q =

Bound of ﬁw

Recall the definition R,, = (Em (I — szv?))ﬁ// in (3.32). Obviously Ry (-,t) = Ry(-,t) for
t €]0,T[. Besides, employing Lemma 3.7 and (3.18) implies that

/+<7pq

P,0,70 RLq

So to handle the nonlinear term W7 85 E., W* on the right hand side of (3.40), let us first con-

sider the case where N /q + 2/p < 1. In this situation, we have the embeddings D2 2/p (Q) —
qu(Q) < Loo () and thus

W99, By WHIL oarinnan S THIW o cogoarp IVeW o,y S TP L% (3:41)
On the other hand, assuming N /q + 2/p > 1, we infer from (3.16),

ijaf E Wk”Lp ©07:Ly ) > IVeW L 015000 @) HWHLOO 0,2T;Lq () ~ ST7L?. (3.42)
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At last, adding (3.41) and (3.42) into (3.40) yields for all (p, q) €]1, co[x]|N, o],

1 N
p,§—2—q} > 0. (3.43)

D o L~ ool
|O:R,, HLp,o o (BiLa() < T9%4[?  with Op,q = min {f
Bound of h,p
Recall the symbol H, = D(W) — D, (W) and write out

ho,p = p(po)Hym + p(po)Hy, (7, — n) — p(po)D(W)(m,, —n) + O (7, —n)

In fact, this motivates us to introduce

hy.p = M(PO)H ’I’L—i—u(po)H E(T)( _n)_ﬂ(pO)D(W)E(T)(ﬁ )+HE(T)( w—n).

Clearly [h., P 1)] = [huw,p(-,t)] onT for any ¢ €]0, T'[. If the following property holds true,

hu,p € Lpoq0 (RyWHQ)N) N e

0.7 (]R; Lq(Q)N) for some vy > 1, (3.44)

then 77% p is exactly one desired extension. In the rest of this step, our main task is to check
(3.44).

Firstly, the inequalities (3.26), (3.27) and Lemma 3.9 imply that

”M(ﬂﬂ)(ﬁlw’ﬁwn)HLp’MO(R;Wl( Q) S Tp/+opqL2(HMHLOO(Q) + Top’quNHLq(Q))- (3.45)

Now thanks to (3.18), (3.45) and (3.21) yield respectively,

g — 2 420y, o
H/j’(pO)HWE(T) (nW - n)HLp,o,«,O(]R;qu(Q)) § Tr pqLS(H,uHLOO(Q) + T p‘quMHLq(Q))’

(3.46)
- — L top,
(o) DW)E ) (T =)l ey ST L (Nullp, @) + TNV el @) -
(3.47)
The estimate of the last term in ﬁw, p is immediate from (3.18),
1
ILE,., (7, n)HLp,o,wo (R; W) STV L (3.48)

Therefore, combining the bounds (3.45)-(3.48) and Condition (3.17), we arrive

L g, log i/
1y ST L (ull oy + T Vil @) + TV L% (3.49)

which completes the first part proof of the claim (3.44).
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To verify the rest property in (3.44), we first recall the proof of (3.39) and obtain that

Myl oy . STwaL (3.50)

H2, o (2XR)

Thus the bound (3.27) and Lemma 3.9 imply that

~ ~ s 20
l12(po) (Hyy, , Hyn)|| 1 S el TP L2 + [V alpo)ll 1, o v2ar2 (35)

Now, note that Lemma 3.9 and (3.37) yield

10 (7, — n)HLp/g(o,T;LB(Q)) S ||at°Q{W||Lp/9(07T;LB(Q)) S L.

Thus by means of (3.18), we can produce similar arguments as (3.36) and (3.38) with replacing

o, —Ibyn, —n.Indeed, we can conclude

(o) B (72, —m)]| < il ey T L

Hon o RiLq(€2))
1
+ ”vu(pO)HLq(Q)Tp/ +20p,q+sp’qL3‘ (3.52)
(o) D(W)E (R, = )| Sl ey T L2 (3.53)
e 12, (BsLy($) Loo(tl
ITE_ . (7, —n)| 1 S TeeaL? (3.54)
@ 12, (RiLa(2)
Lastly, keeping the following convention in mind
CT®»¢[, <1 for some constant C, (3.55)
we infer from (3.51)-(3.54)
L +2
P < (il + DT L2 + [Vplpo)ll, @ T7 7L (3:56)

H,,Qo o BepiLq(€2)
Hence combining the estimates (3.49) and (3.56), we end up with

- . , )
< . TSp.a T2 . 7 +20p.q 72 min{sp,q,>7} 2
1Pl it gy = Wl L7 VPl 0T L7 A TR

(3.57)

Bound of Ew+’]3+

Inspired by previous step, we introduce the following notations,
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Ky, 1= DeWy B, (- Ayl )+ By (I~ Ay WWeWo,

(T) (T)
kw,.p, = p(po)Ky, ny + p(po)Kyy, By (7, —ny)

- N(pO)D(W-I-)E(T) (ﬁw+ - n) + 1L, E(T) (ﬁvm_ - n+)'

In fact, Ew ..,p, defined above is one desired extension. Indeed, taking advantage of similar ar-

guments for Ew, p, we can find

7 -7 +20p, in{sp.q,-7
lew Pl M S el @ TP L2 + 1V alpo)l oy T 7L + ointseay 2,
(3.58)
Finally, putting the bounds (3.23), (3.39), (3.43), (3.57) and (3.58) together yields
+ ||U||Loo P + IIW(po)IIL ’“"”"‘L2 + Tm“‘{””’f“sm’p’}LQ.
Thus taking the difference n — pg and 7" small enough, we find that
r A i a: b ) 7%
"U|’W;,;,O,70(QXR) HIVeQlL, o @iLo@) <L+ Cp,quTmm{ paspay 2, (3.59)
Recalling the definitions (3.12) and (3.13), we infer from above inequality that
s~ 1
S FIE g o S Lt Cpgng TP L2 (3.60)

4,p,0,70 (©2xR) qup,Owo(Q'*‘XR)

Combining (3.59) and (3.60), we know that for small enough 7" and for any (w, P,II,II) in
&(T),
(U7 Q7 E’7 E+) = (U’]O,T[v QhO,T[; ‘Ea E+) € éaL(T>

3.4 Stability

In this section, we shall show the existence of a unique fixed point of ®(-) in &7 (7T'), as long as
T small enough. Here our proof is still based on extension arguments. So let us introduce some
notations for convenience. Assume (wy, Py, I, 111 ;) with k = 1, 2, are any two distinct points
in &,(T) and (Uk, Qk) are corresponding solution (global in time) of System (3.9) provided with
the extensions (fwk Pps Jwy s wa hwk’Pk, kwk P, ) as before. For k = 1,2, set
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(5ﬁ7 5@7 51—[7 6H+7 5ﬁ) = (62 - 617 @2 - @171_[2 - H17 H+72 - rl-‘r,hﬁvv2 - ﬁ[/Vl)a
(Wk‘7@k7 Wkaédw) = (UL + wk7pL + kaE(T>wk + 6L7MW2 - "Q{WI)7
(5w, (5P, (5‘7‘7) = (U)Q — ’wl,PQ — Pl, ﬁ/fg — ﬁ/fl)
= (W2 — Wl,@g — @1,E(T)5w).

Moreover, we know from Equations (3.9) that ((51}, (5@) solves

19,00 — Div T(0U,6Q) = 6f in Q xRy,
divdU =05 =divedR in Q x Ry,
[T(U,86Q)n] = [6h], [fU]=0 in T xR,,
T, (6U4,6Q4)n,. =6k on Ty xRy,
SU_=0 on T_ xRy,
(5l~f|t:0 =0 on

(3.61)

where ((5f, 09, 51%, 571, 575) are given by

(5,f, (5h7 (5’9) = (fwg,PQ - .fwl,Pla hwz,Pz - hw1,P17 kw2,+7P2,+ - kw1,+7P1,+)7
0g = D¢E 0w : E (1= ] ) = DeW : B 647,

(T) (T) (
. tr tr A7
SR = By (1~ A7) B gy 0w — Epp 571 W.

Therefore, to apply Theorem 3.6 to System (3.61), we need (6]?, 0g, 5&, 5%, 5%) € Vg0 for
some Y9 > 0. More importantly, setting

€ := [T 071, 8Q0 77, 01, 6111 ) ||

and taking 7" small enough, we can prove

1

which yields the mapping ® is contracting. Therefore,® has a unique fixed point (U, Q,Z,E)
in &,(T') such that (U, Q) solves the nonlinear System (3.8).

To prove (3.62), we will constantly use the decay estimate in the rest of this section,
o 7 +om,
IVedw|| Ly 0,100 (c)) S TP IVedwl| 07100y ST? L. (3.63)

Combining this decay property and Condition (3.17), we infer from Lemma 3.8 and Lemma 3.9
that
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1. . N
H(édwﬁﬁ)HLw(Qx]o,T[) S Ty mL, ‘\Vﬁ((S;ZfW,5n)||LOO(O,T;Lq(Q)) STV E, (3.64)

10:(02,,, 5ﬁ)||Lp(0,T;LOO(Q)) ST g, ||0tvﬁ(5ﬂw»5ﬁ)||Lp(o,T;Lq(Q)) S L

Bound of 5f

The proof here is similar to the bound of fw, p before. So it is convenient to use the following

notations for k = 1, 2,

OoH = H,, —H,, = DgE(T>5w B (I— JZ{VtVrg) — DWWy - E(T)&Zf‘;f
L= Ay,)  VeE gy 0w — By 0cdy - VeWn,
1— 1) D(E0w) — B, 6y - D(Wh).

(T)

+ E
5B =B, — B, = E

B

o)

With above conventions in mind, we may write J f as below,

5f:: POE(T> <.f(XW2 (57 t)v t) - f(le (57 t)v t))
+ (11— po) E p, 0w — Div ¢ (1(po) (6H + 0D))
+Dive (o) (B (1= (1) - 68 — By 67 -1, )

+ Div¢((E . 0P) (T)(]I—gfvtvg)

- ©1)E 5%”’)

(B,

On one hand, it is clear from our conventions on f that

H.f( Wo 5 t) ) f(XW1 (£’t>’t)HLp(O,T;Lq(Q)) ,S T”Vﬁ.fHLp(O,T;LOO(RN))H(SwHLOC(O,T;Lq(Q))'

On the other hand, it is not hard to see from (3.64) that for 1 < 5, k,¢,m < N,

— . o
[(DeWh),, (B, 5£7w)mHLp,oﬁm(R;W;(Q)) STV IPILe,

— . \ o,
H(wal)?c(@m 5~Q7w)mHLp,o,m(R;Loo(Q)) STPLe,

Putting together (3.65) and (3.66) implies
ST oy, o
11(po) GHL OD) - rawaey S TP P LE(Ilmsll ) + T IVl 1 )

Therefore, applying the similar computations as j?w, p, we conclude

P /+U o
||5'f||Lp,O,’yo(R§Lq(Q)) cL+Tr MLS(HMHLOO +T quVUHL ) +Tp LE.

(3.65)

(3.66)

(3.67)

(3.68)
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Bound of §g

To verify the estimates of 0g, we immediately know from the bound (3.65) that
5g STV rapg 3.69
16912, 0y w22y ST : (3.69)
Next, remembering Lemma 3.8 and (3.63), we obtain for 1 < j, k,¢/,m < N,

| (DWA), (B bt )l STaLE. (3.70)

@ H, . (RiLy(S2)

On the other hand, thanks to Lemma 3.8,(3.63) and (3.17), we have the similar assertion as (3.37),

Thus the arguments for the bounds (3.36) and (3.38) imply that

1
logll + . ST Lg, aslongas CT# L <1 for some constant C. (3.72)
HP?0 2o (OXR)

Finally, the bounds (3.69) and (3.72) above yield

[tz < My torasal po < prarg (3.73)
Loy BW ()NHZ,  (OxE)

Bound of R

Going along the proof of (3.43) and recalling 7, ;, = min{1/p, 1/2— N /(2¢)}, we can bound SR
as follows,
10O R, iz (@) S T L, (3.74)

thanks to (3.64) and Condition (3.17).

Bound of 6h

Now we write out 6 as below

Sh = p(po) SHn + p(po) SH E ) (B, — ) + pu(po) Hyy, E, ;)07

- :U'(/OO) (E(T)(Sw) (T)( Wy n) - M(pO) (Wl) E(T) on

~ 01 E,, (R, —n)+ 11 B, 07

and claim that
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s %JrQU , min{sp, ,i,
511y S (Ml @y T2 L Va0 g oy TP 7 LT L) 2. (3.75)
4,p,0,70

In fact, based on our previous discussions and Lemma 3.9, it is not hard to show (3.75).

1 )
For instance, let us consider the bound of II; £, 07 in H ;. (£ x R). Thanks to Lemma 3.9,
(3.71), (3.37) and (3.64), we have

_ %Jro' R
HaténHLp/e(QT;Lﬁ(Q)) SLe+TYPLE S L (3.76)
Then combing the bound (3.76) with the arguments for (3.36) and (3.38) gives

L B, 07 S TraLg.
HEO Y0 (R;Lq(€2))

Bound of 5k

Similarly, we may study the difference Sk and show that

s ,+2c7 , min{sp, ,i,
1R 1 S (il T2 L+ Vo) | o T 7L+ T3 )
4,p,0,79 24+
(3.77)
Finally, combining the estimates (3.68), (3.73), (3.74) (3.75) and (3.77) implies that
T e oD T s 2,
157,65, 68, 6k, 6R)lly, ..., < &+ lull,_ T LE + [Vislpo)l, oy T 2L

4 Tmm{op,q’sp,qvp/ }LS

Therefore taking c and T' small enough yields (3.62).

3.5 Technical lemma

To display the Lagrangian coordinates approach, let us recall some technical results here. Assume
that w € Wy (Gx]0,T) for some open (not necessary bounded) domain G € RN and T' €
]0, oo]. Denote that

t
X (&) :z{—i—/u({,r)dT for £ € G.
0

If || fg Veu(é,t') dt'|| . () is strictly smaller than 1, then the following definition makes sense,

o t
o = (DeX " = (VX)) Z / Veu(€,t) dt’)k.
k=0 0
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In fact, we have the following Lemma concerning the estimates of ./ and .&/*".

Lemma 3.7. Assume that u is some smooth enough vector field satisfying

IVeullr, 01000 0) <k <1,

and U stands for </ or &/*" as we defined above. Then following assertions hold true.
1. For some terms of %A, there exists a constant Cy ,; such that

10| oo (@x10,77) < CN oy

(A = LAA — LAAT —D)|| 1 axjorp < Cnow

Veull 1, (0,700 (G))5

2. For the first order derivative terms of A and q €]1, 0o, there exists a constant Cy j, such that
va (Ql7 A, Q[Qltr) HLoo (0,T;Lq(G)) < CN# ||v§u||L1 (0,T;Lq(G))"
3. For the time derivative of 2, we have for any suitable (p, q) € [1, oc0]?

102U L5 0.1:25(6)) < OnellVeull 07:2:(0))

10V el Lo0.1:04(0)) < CONow (vau|’L5(0,T;L5(G’))

+ IVeullL 0 i1 o) | V20 0721400 )
Above all constants Cy ., go to 00 as K tends to 1.

Proof. For simplicity, we only concentrate to the proof concerning the terms <7, &/ — I and

/" o/ — 1. Recall the definition of .o, we have

CN < CN .
L= || fy Vewdt | axpry L1 #

19 || Lo (Gxo,T]) <

t
Note that || [y Vewdt'||_axjorp < IVeulln, 0150 (c)) < 1, then we have

I fy Vewdt' |1, xjo.rp _ COn

< < IVeull 0,100 (G))-
1— | fy Vewadt'|| 1 axjorp ! )

|2 — 1| oo (Gx10,11)

1—-k
Rewrite the term .&/*" .o/ — 1 by

A" 1= (" 1) — 1)+ (F" — 1)+ (& — 1), (3.78)
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and combine the results of 2 — I yield the bounds for «7*" &/ — I with taking

1+k 1
Cnr=Cn _ﬁmax{(l_ﬁ),

1}.
bl 1 }

Let us consider the first order derivative term V¢.o7, it is not hard to see from definition of .o/
Cn
— K

IVed || Lo 0.1514(q)) < ﬁ”vguﬂm(ommq(c)y

Combine above estimate and (3.78), we have

. 1+k
IVe( " =Dl 1 0.150,(c)) < CNWHVEU||L1(0,T;LQ(G))-

Lastly, for the time derivative, we just take advantage the definition of &7

Cn -
10+ || L3 0.7:25(0)) < m”vgun%(om%(a)), for p,q e [1,00].

Cn

10:Ved || 1 0,1:L2(c)) < m”vguuLg(O,T;La(G))

Cn
+ m”vﬁuHLg(O,T;Lo@(G))||v§uHL1(O,T;La(G))-
O

To study the stability problem, we need the following technical results similar to Lemma 3.7.

Lemma 3.8. Assume that uj, with k = 1,2 are some smooth enough vector field satisfying
[(Veur, Veus)|| 1, 07100 (G)) < K < 1.

Define the corresponding mapping Xy (&,t) == £ + fot uy (&, 7) dr associated to uy, and <), =
(VeXy) L. For simplicity, Ay, stands for o, or /", and the notations on difference are given by
(0w, 6A) := (ug — u1, A2 — 2y). Then following assertions hold true.

1. For some terms of 2, there exists a constant Cy . such that
[1(526, AUz — Ax Ay, A5 — W27 | Lo (o, < OnwllVedull L, (011000 (@)
2. For the first order derivative terms of 2 and q €]1, oo, there exists a constant Cy , such that

[V (626, AaAa — A1 Ay, oAy — 21A7) Lo 0.7:24(6)) < Cnow (HVECSUHLl(o,T;Lq(G))

V2w, w2l 0.7, | Vel 0 7t )
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3. For the time derivative of 2, we have for any suitable (p,q) € [1, o0]?

100U L 0,7:L.0(c)) < CN,H(”V§6UHL5(O,T;L‘7(G))

+ [ Ve(wr, u2)|lz,0,7:2.(0)) HvﬁéuHLl(O,T;Lw(G)))v

10:Ved || Lo0.7:14(6)) < CN,H(I!V§5UI|L5(0,T;LE(G))
+ [ VE (w1, w2) |1y 0.7 000 I Ve0U | 10,710 ()
+ (| Ve (w1, u2) | 0.7 Lo (@) IVETU Ly (0132 ()
+ V2 (U1,U2)HL 0.1:L;G) 1 Vedull Ly 0,7:L.0 ()

+ Ve (wr, o)l 10,7510 (o) |1 VE (1, w2) |y 0.7 LG HV§5UHL1(O,T;LOO(G))>-
Above all constants Cy .. go to 00 as K tends to 1.

Proof. For simplicity, we only concentrate on the case 2(;, = o7, for k = 1, 2. The proof is based

on the following expression of .7 (see [36, Appendix] for instance),

~1
/ Vedudr) > (-1)* Z CL(tY s @), (3.79)
>1 7=0
where C (¢ fO Veuy dr for k = 1, 2. Thus our assumption £ < 1 and (3.79) imply the bound
Cn
10| 2.oc (@x10,7D) < m”vﬁ(suHM(O,T;Lw(G))- (3.80)

To complete the proof of the first part, without loss of generality, let us only consider the differ-

ence

oy — Ay = .t Ay + A5 (3.81)
Then Lemma 3.7 (1) and (3.80) yield

Cn

| oty — A" |1 axior) < WHV@UHM (0.T;Loo(G))-

Now, the proof of Part (2) also relies on the formulas (3.79) and (3.81). For instance, we have

C
7N)QHV§5U”L1(OTL(1(G)) (3.82)

(1
Cn
+ 7)3||V5(U17U2)||L1 0,752, IV edul| L, (0,70 (G))-

(1

IVedd ()| Lo 0.7:Lq(G))
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Then combining above inequalities (3.80), (3.82) and Lemma 3.7 yields

T T CN
IVe(ctacty” — ") L 0,1:L0(G)) < WHV@UHM(QT;%(G»
Cn
+ WHV?(M, 2|2, (0.7:2q(6) [Veoul Ly (0.7 L0 (6))-
The proof for other terms in Part (2) are similar and hence it remains to study 0,47 in Part (3).

Finally, it is not hard to see that

Cn

108057 || L (0,7 L5(G)) < WHV@UH%(O,T;L(;(G))

Cn
+ A—r? IVe(ur, w2)ll 010,500 1 Vedul Ly 0,710 (6))-

Apply the operator 9;V¢ to (3.79) and we have
CN 2
10:Vedd || Lo 0.7:15(0)) < m”vgéuHLﬁ(O,T;Lg(G))
CN 2
+ (EDE (va(ul, w2)|| 1, 0.7;25(6) I Vedul L0110 ()

+ [ Ve(ur, w2) | L0 71000 (@) | VEOU| Ly (07152
+ | VE (w1, w2) | 0.7 Lo(c) HviéuHM(O,T;Lm(G)))
+ (16:];)4 Ve (w1, wa) |l L0200 (@) IVE (w1, w2) | £ (0,7525()
x [|Vedullr, (0,100 (0))

which completes our proof of Lemma 3.8. O

To handle the free boundary condition in Lagrangian coordinate, we need the following esti-

mates.

/a

. : 2-1 L . .
Lemma 3.9. Assume that G is a uniform W connected domain in RY andmn is the unit normal

along some boundary I’ C OG. With the same conventions on (¢, p, ¢, w, u, X, X, o, o, (k =

1,2) as in Lemma 3.7 and Lemma 3.8, we define

an o
(7, 700) (£, 1) = (Vz‘,ﬁ)(g,w forany (€,1) € T'x]0,T].

For simplicity, we use 0 for any element in {T, 71,7y }. Then the following assertions hold true as

long as0 < k < 1.

1. n andn can be extended into qu(G)N. Moreover, there is some constant C,; such that

17l 2 @)rwie) + 10l e 0,720 (@)W1 (6)) < CNi- (3.83)
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2. If we take A in {2/, o1, o>} with respect to the corresponding 1 as above, then there exists a

constant C' such that

T =7l @xjory < Onall = LlLo(@xjorn,
IVe(@ = n)llzaoriza@) < ONa(IVeUllwo1:Lu0)) + 19 = Ul @xiorp)
10:(® = )| L 0,152,(c)) < ONwllORA Ly 0.75L,6))
[9:9(® =), 07200) < ONw(19:VeUL, 07240 + 102, 07300 )
+ Hatm”Lp(O,T;Loo(G))||vfm||Loo(OvT§Lq(G)))'

3. Set om := Ty — My and recall 6./ := oty — <f. Then there exists a constant C' such that

1072|1101 < Cnkll0 || L (o
IV el 1o 752,60 < On (V€07 et :24(61) + 10 | (010,10 Aoea(T))
1007 20,7325 < O (106857 L 107385(60) + 19 et Bra(D))
10V ebm 1, 072, c) < cN,K(|ratvgw||Lp<o,T;Lq<G» 10007 1,071 (69) Avora(T)

V7 e 07206 Broo T) + 16 1o 1) CralT) ).

where constants Ay, 4(T), Bp 4(T') and Cp, 4(T') are given by

Ap(T) =1+ [|[Ve( D, 95) |1, 0,1:L,G))s
By o(T) = |0, )| 1, (0,7514())>
Cpg(T) = 10:Ve (D, )| 1, (0,1:14(G)) T Acog(T) Bpoo(T).

Proof. The proof of (3.83) is standard and let us verify the second part. Without loss of generality,
we just treat the pair (72, &7) here and set & := &/ — L. Then the difference 7 — n is formulated

as follows,
) 2
non= |§Z| + (|;n| ~1)n= |§Z| - 2?2(?153”) n (3.84)
Firstly, we know from (3.83) that
27| L. ax)0,7) < CONsll D Lo (x0T (3.85)
which also yields for x small enough,
0<cy, <In|—[%n| < |In| < || Il (exjor) < ONs- (3.86)

Hence, keeping (3.85) and (3.86) in mind, Lemma 3.7 yields our result for || — 1|1 (ax]o,7))-
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To bound V¢ (7 — n), we first note by (3.83)
IVe(Bn)Loo,rnyc) < Ons(IVed || L 0L (c)) + 18 Lo @ x0,11)) - (3.87)
Then (3.87) and (3.83), together with Lemma 3.7, imply that
V()L 0.1520(c) < Cn(L+ Ve || Lo 0,71, (c)) - (3.88)

Thus based on (3.87) and (3.88), direct computations yield the bound of V¢ (72 — n).

Next, the bound of 0;(7 — 1) is immediate from the following inequality,
10 (1, BN 150175000 < ONwllOe || Ls0,1500(0))- (3.89)
Now, combining (3.83) and above inequality (3.89) implies
10:V (e, Bn) |1, 0.1:0,c)) < ON 10V e || 0,752, 6) F 1004 || Ly 0,150 (G))) - (3:90)

Therefore we can conclude the bound of 9;V¢(nt — m) by putting (3.85) - (3.90) together.

In fact, the proof of last part is similar to the previous step and is based on the following expres-

sion,
odn 1 1
om = + — an
EZ) (wzm wm\) '
_ dgm  (d4/n) - (hn) + (Hn) - (5dn)dn
\ohm|  |eAn||din|(An| + | ahn])
The details are left to the readers. O

3.6 Interpolation property

Recall the definition of Stokes operator 4, with 1 < ¢ < co. We recall that the vector field u

satisfies the two phase compatibility condition in €2 if w enjoys
[ullr = [T (1uD(@)n)[|r = 0, Tn, (1uD(w)ny)lr, =0 and wlr_ =0,  (3.91)

where the projection operator
Toh :=h —(h-v)v,

for any vector v and h defined along some surface S. Then the domain of D(.A,) can be defined

by

Agu:=n""DivT(u,K(u)), YV uecD(A):={uc WqQ(Q) N J,(Q) : u satisfies (3.91)}.
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2(1-2) . .
If we donote the (real) interpolation space Dq,(p ») (Q) == (J4(Q),D(Ay))

the following properties,

1—1/pp? then we have

( 2(1-%y . . . 1 1
{ueBgyp " (Q)NJ(Q):(3.91) holds} if 2(1 — Z;) >1+ 7
2(1—1) . 2(1-1y . . 1 1 1
Dip P = {we By M@NA@ ulr =0} i C<2A1- )<l
2(1—1y . . 1 1
BT @) n @) if 0<201- o<

Motivated by above discussions, we assume that a general (Stokes) operator A, is defined in

2(1-1
some domain G equipped with general compatibility boundary conditions and Dq,(p P )(G) =
(J4(G),D(Ay)) for some 1 < p, ¢ < oco. Then the following general interpolation prop-

erties hold true.

1_1/17,]7

_1
Proposition 3.10. Let G' be a uniform Wf " domain with r €|N,oo| and assume (0,3, q,p)
satisfying the following conditions

(8, 8,q,p) €]0,1[x]1,00]x]|1,00[x[l,00[, B>¢q and 1-— 20-0) N _ ];

p q

Then the following inequality holds,

IVull e S w5 s b, (3.92)
5(G) i3 IPC)

9,p

When we consider smooth enough time-depend function u, take L6 (0, t) on both side of (3.92),

we know that

1-6 2 0
IVullzy orizs@) < llul oz IVulL, oL,

Loo (0.7, ,7 (G))

which, for example, gives the decay of HVUHLP(O’T;LH(Q)) asin [31, Lemma 4.1]:

1-&4 8 -0 0
=05 ! oz IVl orn,en- 699

1
IVullL,o0rLc) ST
Loo (O’Tﬂ)q,p (@)

2

92
Proof of Proposition 3.10. Recall the definition of Dy ;" (G), we have

D)7 (G) = (J,(G), D(A),

1y Vp €]1, 00|

For any (6, r) €]0,1[x[1, c0[, we obtain from Reiteration Theorem (see [90]),

9_2 2(1-0)(1—1)+26

(unpp (G)a D(Aq))gﬂf = (Jq(G)v D(Aq)) = Dl]ﬂ"

(1-0)(1—1)+6,r — (@),
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where we note that (1 — 6)(1 — 1%) +60=1-— 17?9 €]0, 1[. Moreover, we have

u P < Jul*? ul|% .
H sz(: 0)(1 p)+29(G) ” H 3;% . ” HD(Aq)

By definition of 3, above inequality, we have

-0 9
e Sl Jullp,)

IVullgs ) S IVull , 200
’ Ber 7 (G) Dyp” (G)

Thus that taking » = 1 and the embedding Bgl(G) — LA(Q) (e.g. see [124]) yield the desired
result. O

To study the fractional derivative with respect to time variable, we need following Lemma by

Shibata and Shimizu in [108, Lemma 2.7]. Let us define for (s, 0,p, q) € R% x [1, 00
H;’]‘)T(G X R) := Hg (R; Lq(G)) N LP(R; H;(G))

Lemma 3.11. Let (p,q,T) €]1,00[x]|N, 00[x]0,1]. Assume g and f satisfy the following condi-

tions,
11

(9, f) € Hiy (G x R) x Hyo (G x R),
f=0 fort ¢]0,2T[ and 9,f € L,(0,2T; H,(G)).

Then there exists a constant C), ; such that

1
Hfg”Hq%,’,%(GxR) < Cpyllfl7 . (axpo2my (va”Loo(O,QT;Lq(G)) + [ £l Loe (@ x]0,277)
AT OS] B 1L )l
Lo (2L @) 1P Ly 0 2mim3(@)) VN33 opy

Moreover, for the case % + % > 1, we have another result like Lemma 3.11 based on the inter-

polation property proved above.

Lemma 3.12. Let (01,02, , 3,q,p,T) €]0, 1[2x[q, o0]?>x] N, oo[x[1, 2] x]0, 1] satisfy the follow-

ing conditions

1 1-6, N N 2(1-6;) N N
- ! (2):—5. (3.94)

1 1
61 +6,¢€]0,1], —=—+—, 1 == - and 1-—
q o f P q « P q

[NIES

1
Assume g € Hi? (G x R) and f € Loo(R; W, (G)) satisfies

f =0 fort ¢)0,2T[ and O.f € Ly, (0,27 Lg(G)).
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Then there exists a constant Cy, ; such that

1
b om) = Coall 117 (ax10.2mp (”vf”Loo(0,2T;Lq(G’)) + 1l e (@xio2ry

/9]l

1
N 2
+ T3 5|0 f | 02miLaan ) gl

11
Hip? (GXR)
Proof. Let g belong to H;;Z}(G x R) and we first obtain

1f9llz, ;L) < ONIfllLe@xgo2rpllgll, L, @) (3.95)

Now, the definition of H;,’;,} (G x R) yields

19l 21 axmy < CN(HVfHLoo(O,QT;Lq(G)) + ”fHLoo(GX]O,QT[)) 191l 721 (G xr)

+ 109t f) gll L, 021L4)-  (3:96)

In the following, we will mainly study the last term on the right hand side of (3.96). To this
end, recall the standard embedding Hys (G x R) — BUC(R.; By,"/?(G)). Then, thanks to
Reiteration Theorem (see [90]), we obtain for any (6, r) €]0, 1[x[1, oo],

1-1 1_1=06
p

(Bq,p (G)7Wl(G))9T = (Lq(G)’qu)(lfH)(lf%)w,r = Byr " (G).

q I’

Assuming o > ¢ and 0 satisfy 1 — (1 — 01)/p = N/q — N /a, we have the following estimate

1-0 0
I\gllLa(o)SllgllBl_l;el )Sllgll -1 G)HQHVIV;(G),

q,1 G BQvP

which yields
1911, 0, ®1iLa(6)) S 19121 )

Therefore, we infer from above bound and Conditions (3.94)

—01—09
10cf) 9l 02miny) ST 7 HatfHLp/GQ(O,ZT;LB)HgHLP/gl (0,2T;La) (3.97)
______ N
ST2 v 2 25HatfHLp/QQ(o,zT;LB(G))HQHH;;;(GX]R)-

Finally, combining the bounds (3.95), (3.96), (3.97) and interpolation property

HEZ (G x R) = (L,,(R; Ly(@)), HLM(G x R))

Ay

yield the desired result. O
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Appendix A

Vortex patch problem for ideal fluid

To address the vortex patch problem, let us recall the following Cauchy problem for Euler system

over R2,
du-+u-Vu+VP=0 in R?*x]0,T],

dive=0 in R?x]0,T], (E)

Uli—o = up in R2.
Above the unknowns u and P stand for the velocity field and the pressure respectively. Given
initial divergence-free field ug, the key to solving this hyperbolic type system (F) in classical
(or smooth) sense is to retain the Lipschtiz regularity of w '. Thus in this smooth situation, the
vorticity w = rotu := d1u? — dou' necessarily lies in Lo (R?) for ¢ > 0. In fact, for two-

dimensional case, w is advected by u by the so-called vorticity-stream formulation,

dw+u-Vo=0 in R?x]0,T],
u=-VH(-A)"lw in RZx]0,T], V)

Wlt=0 =wp in R2.

Here the equations (V,), is called the Biot-Savart Law given by

_ - _ L[ @y
u(z,t) = —VH(=A)"tw(z, t) = o /R? Ww(y,t} dy.

Based on this new formulation (1/,,), we can construct a class of weak solution of (V) with
bounded vorticity. Here and subsequently, D; := 0; + u - V stands for the material derivative if

there is no confusion on wu.

Definition A.1. Givenwg € L1(R?)N Lo (R?), (u,w) is a weak solution to (V,,) withwy = rot uy,
provided that

'See the standard theory for linear transport equation in [6, Chapter 3].
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1. w=rotu € Loo(0,T; L1(R?) N Loo(R?)) and u = —V+(—A) " lw;

2. For someT > 0 and all test function ¢ in C* ([0, T];C2(R?)), we have
T
|, (@)1 = 0.z de = [ [ (Do) 1) .

With assuming wg bounded, V.I.Yudovich in [128] first investigated the motion of ideal fluid in
some smooth bounded vessel and constructed unique global weak solution. Then A.J.Majda in
[91] pointed out that the proof in [128] could be extended to the whole plane with wy bounded
and compactly supported. More generally, J.-Y. Chemin established the following result in [18]:

Theorem A.2 (Yudovich). Assume that the divergence-free vector ug satisfies >

wo € By, and wo = rotug € Ly(R*) N Loo(R?)  for some (m,p) € Rx]1,00[. (A1)
Then there exists a unique global solution (u, P) of (F) such that

u € C(R; En) N Loo toc (R; Lo(R?)?) and w :=rotu € Loo (R; Ly(R?*) N Lo (R?)).

Moreover, there is a unique (generalized) flow v,, associated to the solution w of (E) satisfying,
t
Yu(z,t) =2 +/ u(tpy(z,t'),t) dt’. (A.2)
0

In addition, the flow 1, (-, t) is only CO*®) regular with e(t) := exp(—Ctl|lwoll 1, (R2)n Lo (r2)) fOT

some constant C.

Let us make some comments on Theorem A.2. Firstly, from the standard singular integral the-
ory, the operator V ® V+(—A)~! is bounded from L, (R?) into BMO (R?), which yields Vu
is generally unbounded by the Biot-Savart Law. Hence the flow 1), (or % if no confusion) in
Theorem A.2 is no longer C! regular. Consequently, u is only Log-Lipschitz (LL for brevity).

More precisely, we can prove for some constant C,

”U;(.Z',t) — ’Ll,(x/,t)‘
”uHLL = Sup / 1 1 /
0<|z—a’|<1 |$ - ’( — log ‘I‘ - ‘

] < Cllwll 1, (R2)NLoo (r2) < OO (A3)

Now, one may ask whether this LL-type bound is optimal for (£). To get rid of this doubt, we can
consider some special initial state. Suppose wy := rotuy = Lp, for some bounded connected
domain Dy in R?. Thanks to Theorem A.2, we know that (/) admits a unique global weak solution
(u, P) and

Here E,, is the space of radial-energy decomposition, i.e. some perturbation space with respect to L2 (R?)?. For
more details, see [20, Chapter 1] or [92, Chapter 3].
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w(-t) =rotu(-,t) = Ip, with Dy := b, (Do, t). (A.49)

In fact, HBahouri and J.-Y. Chemin in [5] showed that if wg := 1p, with Dy :=] — 1, 1[2, then
the growth scale of |Vug(z)| is at least 1 — log |z| in some neighborhood of the origin. For more

general (Banach valued) theory of non-Lipschitz vector field, the reader can find details in [23].

Furthermore, by this natural example (A.4), more intriguing vortex patch problem was raised in
[91]: if given initially wy := 1p, for some smooth bounded connected domain Dy C R?, one
asks whether the smoothness 0D; will be conserved as the initial pattern? If so, this property

holds locally or globally with respect to time?

In early numerical experiments, N.J.Zabusky et al. in [129] addressed the contour dynamics
method for vortex patch problem. As w in (A.4) is determined by the curve 0D; = ¥ (90Dy, t),
we may parametrize the curve 9D; by v(t,0) with 0 < ¢ < 27 and ¢ > 0. Then (A.4) is reduced

to
1 2
07(t.5) = 3= [ ogl(t.9) = 1(0.0) 0. 0) o (*5)

By this great simplification (A.5), the authors in [129] found the amplitude of deformation of
O0D; was large and the self intersection of ~(t, o) was possible to appear by numerical simula-
tions. Thus combining the fact (A.3), A.J. Majda conjectured in [91] the smoothness of D; would
break down in finite time and form cusps even if Dy was smooth. However, J.-Y.Chemin made a

breakthrough in [19] and proved that:

Theorem A.3. Suppose € belongs to the interval |0, 1[ and k is some positive integer. Assume that
~o in C*5(S';R?) is some one-to-one nondegenerate parametrization of Jordan curve 9Dy. Then

there is a unique solution ~(t, s) of (A.5) such that

y(t,s) € LOOVZOC(R;Ck’E(Sl;Rz)) Nnec™ (R;Ck’gl(Sl;RQ)) forany ¢ < e.

Shortly after [19], A.L.Bertozzi and P.Constantin [10] gave a shorter proof of Theorem A.3 by
directly treating (A.5). Obviously, this contour dynamics formula (A.5) works well only for the
2-D problem. Although J.-Y. Chemin’s approach is more abstract, it is more flexible for higher
dimensional case (see [55]) and allows to propagate much more general geometric structures.
Here we will only explain the strategy in [19] as it inspired our results in general dimensional
setting.

For simplicity, assuming & = 1 in Theorem A.3 hereafter, there are two important points in J.-
Y.Chemin’s proof: some log-type interpolation and persistence of tangential regularity of the

vorticity. To be more precise, let us introduce some notations.

Definition A.4. We say X := { X} ren is an admissible family of vector fields over R? if

* (C°¢ regular) For some ¢ in]0,1] and any A € A, X belongs to C*¢(R?; R?) with div X,
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bounded.

* (Nondegenerate) The quantity I(X') is always strictly positive with I(X) given by

I(X) := inf sup |X\(z)|.
TER? \cp

For any admissible family X, we can define a Banach space C5,(R?) as follows

Wl 2o X Allcoe + [[div (X aw)| ge-1
C;(R2) = {w S LOO : HWHC; = sup Boo,oo OO}
AEA

1(X)
More importantly, from w := rotwu, we can gain Lipschitz regularity of u by the following
interpolation property
|wlles, .
IVullz, S llwllz, + |w|lze log (e + il ) for some finite p. (A.6)
Lo

Now, if we start with some admissible family Xy := { X o} xea such that wy := 1p, € %, (R?)
for some C* bounded connected domain Dy in R?, then one can prove that the family of vector
fields

Xy = {Xia(z,t) = (aXO,A"pU("t)) © ¢7:1(x’t)})‘eA

is still admissible and that w(t, -) belongs to C5, (R?). Here for any C' function f and any vec-
tor Y over R, we adopt the standard summation convention and the notation for directional

derivative

ovf:=Y -Vf=YFd,f.

Apart from the log-type interpolation (A.6), the fact that
DX =0xu forany X € A}, (A7)
plays a vital role, which implies
Didiv(Xw) =0 forany X € A}, (A.8)

as w satisfies the free transport equation (V/;);. Combining (A.6),(A.7) and (A.8), the standard
estimates of transport equations yield the desired results on the persistence of directional reg-
ularity of w(-,t) along X;. In fact, these more general results imply Theorem A.3 by choosing
suitable initial family X;y. For more details, see [20, Chapter 5] and [6, Chapter 7].

Now, let us end up this subsection with a brief review of further development of striated problem

*In the whole text, we will follow the notations of (homogeneous or non-homogeneous) Besov and Sobolev spaces
over RY in [6, Chapter 2].
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after [19].

+ (3-D vortex patch) As we already mentioned, P.Gamblin and X.Saint-Raymond first ex-
tended this framework to three dimensional vortex patch problem in [55] but only for

short time essentially (also see [118, 130, 131] for related discussions);

« (Singular vortex patch) For the nonsmooth vortex pattern, R.Danchin investigated in [26,
29] where the author studied the stability of smooth region and cusp type singularity re-

spectively;

« (Viscous vortex patch) For the viscous incompressible Navier-Stokes equation, we can still
consider striated regularity as in [27, 68] but the vortex patch structure is not preserved

any longer;

« (Inhomogeneous inviscid flow) F.Fanelli in [50] proved the persistence of conormal regu-

larity for inhomogeneous incompressible Euler system.
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Appendix B

Navier-Stokes equations in critical

spaces

As this thesis is devoted to the mathematical study of viscous flow, it is suitable to recall the
state-of-the-art for the following homogeneous (or classic) incompressible Navier-Stokes equations

over some open subset  C RV,

du+u-Vu—vAu+ VP =f in Qx]0, T,
divu =0 in Qx]0,T], (NS)

Uli—o = uo in €.

Compared with (£) for inviscid liquid in Appendix A, here we can take advantage of the smooth-
ing effect of —A for some viscosity constant v > 0. In this viscous situation, the roles of initial
state ug and the external force f are, as a rule, different (for example see Chapter 3). Besides,
different mathematical tools have to be applied according to different type of domain 2. Roughly

speaking, let us consider '

(€21) Q is the whole space R or the half space RY := {z = (z1,...,2,_,,z,) ERY 1z, >
0};

(Q2) Q is some connected C? bounded, exterior domain in RY or some uniform C? general

unbounded domain.

For simplicity, we only focus on the Dirichlet (or no-slip) boundary condition so long as 99 # ().

In other words, we supplement (/V.S,) with the boundary condition

ulpo =0, on 00x]0,T7. (B.1)

'see definition in Chapter 3 for more general regular domain
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Whenever (2 is unbounded, we need to impose some decay property of the solution at infinity

to avoid troubles on uniqueness issue, i.e.

‘xl|iinoou(:n, t) = 0. (B.2)
The reason for clarifying the domain as above is due to whether one can employ Fourier Anal-
ysis directly. Furthermore, (€2;) are fundamental model problems for (€22). However, Fourier
Analysis tells more precise information, which brings more freedom for the estimates over (£2;)
than the abstract approach to the case (€22). In the following, we will recall some results when
Q = RY and go to (Qz) with brief review. For simplicity, we introduce the notation for some

(hydrodynamic) Banach space. For any Banach space F defined in 2 C RY, we set

E, () :={uc€ E(Q)N rdive =0} and [Julg,q) = Hu||E(Q)N.

N

For instance, L), ,(€2) stands for solenoidal vector fields in L, (€2)" over (2 for some 1 < p < oc.

(N.S,) in the whole space

Before the milestone [85] by J. Leray, we were not sure how to construct the global solution of
(VS,), and the works before [85] were mostly dedicated to seeking explicit solution formula
for linear Stokes system. By the modern setting on distribution theory, let us define the weak

solution of (IV.S,) originating from [85] as below °.

Definition B.1. (Weak solution) A time-dependent vector field u in Lo o.(R™ x]0, T[) is called
a weak solution of (N'S,)), if for any ¢ € C* ([0, T'[; C§%, (R™)), we have

/ u(z,t)d(z,t) de = / / (w(Oy +vA)p + (u@u) - D+ fob)(x,t) dadt’.
RN 0 JRN

The work by J. Leray essentially implies that if taking ug € L2, (R”), we can construct a global

weak solution u such that
U € Loo(Ry; Lo o(RY)) N Lo (Ry; HY(RV)NY),

and the natural energy inequality holds true

1 t 1 !
SO, + [ TR < Sl + [ 0w, .
The reader may also see the proof of the above result via a functional analysis approach in [22,

Chapter 2,3] for instance.

2 Almost same time, the talented Soviet mathematician S.L. Sobolev introduced generalized solution in some hy-
perbolic problem (see [110]).
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As the regularity in Definition B.1 is too weak to guarantee the uniqueness (N > 3), let us
consider some more regular (mild) solution * as in [53, 76] by T.Kato and H.Fujita. By this new
scheme beyond the weak solution framework in [85], we can fix the uniqueness issue for (IV.5),)

in certain situations.

To save the cost in producing T.Kato’s scheme, we formulate the mild solution in the whole space

case without any external force f involved. For convenience, introduce the Leray projector *

N
Fase(Po) () = S50 - DS (7Y (©), ¥ o e SRY)Y.

2
2 4

Then (N S,) is at least formally reduced to °

ou — vAu = —Pdiv (u ® u) in RVx]0,T],

P = R;Ry(uuF) in RNx]0,T7, (NSD)

u|t:0 = U in RN,
where R; is standard j th Riesz transform. Assume that A is the infinitesimal generator of
some Cj semigroup of bounded operators (¢***) over some Banach space. For smooth enough
ug, the following solution formula makes sense

u = e""Pug + B(u,u),

t
B(u,v) := —/ /AP div (u @ v) dt’.
0

Thus the existence of solution (VSY) is reduced to seeking some fixed point for the above map-

ping. This is based on the following lemma.

Lemma B.2. Let X be a Banach space, B(-,-) a continuous bilinear map from X x X to X, and «

a positive real number such that

with |[Bl| :=  sup [[B(u,v)]|x-

llull [l x <1

< 1

a [
4|8
For any a in the ball B(0, «) C X, there exists a unique x in B(0, 2«v) such that

r=a+ B(z,x).

Now one may be wondering what type of functional space is suitable for this T.Kato’s algorithm.

*T.Kato and H.Fujita called strong solution in [76] compared with the weak solution in [85], and they studied
(IVS,) over some bounded domain by adopting fractional power theory in Hilbert space.

“For case of domain with non-trivial boundary, Leray projector corresponds to the so-called Helmholtz decompo-
sition in certain Banach space.

>This idea goes back to [79, 111].
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Here we respect some scaling invariance structure of (IV'S"). Note that if (u, P) is some solution
of (N SY), then
(ur, Pr)(z,1) = (Au, \2P) (Az, A\*t) ¥ A >0, (B.3)

is still a solution of (NV.S"). We aim at finding some solution u of (N SY) lying in
X CCR;E) with |lupllx = [lully,

for some adaptable Banach space E (in sense of [95, Section 8]). By taking ¢ = 0 in (B.3), it is
. N _q
not hard to find that E can be taken as Ly (RY), Hgfl(RN) or BYr (RY) for some (p,7) in

[1, 00]?. Thus we call these functional spaces (or solutions) obeying this scaling property critical
for (NS)).

With some suitable functional space X in hand, the main steps in applying Lemma B.2 to (V'S")

are the following two assertions:

« "2 is bounded from E into X;

+ B maps X x X continuously into X.

For example in dimension N = 3, Y. Meyer found the Lorentz space X = C (R+; Lgm(R?’)S)
works well within T.Kato’s strategy, which is also one cornerstone in our results for Boussinesq
system in Chapter 1 of this thesis. However, in the case of Lebesgue space F := L,(R?) with
p > 3 (inspired by [75]), it is not suitable to just take X = C (R+; L,(R3 )3) Instead, we have to
restrict to the following subspace in C(R; L, (R?)?),

13
X = {u €0, 7] L,(R)?) : sup (v4)2" 9 ful, moy < o0 }.
t€]0,7T

Additionally, with smallness on the norm ||ug|| s, for p € [1,00], one can construct a
B;?,oo (]R3

unique global solution of (VSY) by [15]. Moreover, HKoch and D.Tataru in [77] found the
most general space BMO ~! to search the global solution by T. Kato’s scheme. For more detailed

presentations of similar results, one may refer to [6, 54, 84, 95].

(/VS)) in smooth domains

In the last part of this thesis, we study the free boundary value problem of density-dependent
Navier-Stokes equation, where the boundary condition is more complicated than (B.1). On one
hand, as our result is based on some abstract approach (the R-boundedness theory introduced in
Appendix C), we in some sense benefit from previous works in the case of this no-slip condition
(B.1). On the other hand, one may utilize the R-boundedness theory to study Dirichlet problem,

but the corresponding result seems not be better than the works before XXI century. Thus we
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recall some earlier results here concerning the cases ({22), where other nice analysis tools are

involved.

Motivated by Hilbert space settings in [85], the further extension to Sobolev (or Holder) spaces
was made by Russian school leaded by O.A.Ladyzhenskaya and V.A.Solonnikov (see ° [82]). Their
observations in early years were based on the direct but powerful potential theory and elliptic
(or parabolic) estimates. For instance, V.A. Solonnikov in [112] studied the solvability of (IV.S),)

over some smooth exterior domain in certain Sobolev spaces and Holder spaces.

As we already mentioned, the works [53, 76] were based on the operator theory in Hilbert spaces.
Later, Y. Giga et al. in [58-60] extended this Dirichlet problem over smooth (C?¢ regular) bounded
domain into L,-framework by combining the pseudo-differential operator theory and fractional
power of operators theory in Banach spaces. Besides, in the famous survey [61], Y.Giga and
H.Sohr successfully extended the technique in [48] and established the L, — L, type maximal
regularity for the Stokes equations over smooth exterior domain. For simplicity, let us consider

the Stokes equations with null initial data and v = 1,

,

ou—Au+VP=Ff in Qx]0, T,
divue =0 in Qx]0,T7,
(Sext)
ulpn =0, on 00x]0,T,
ult=0 =0 in Q.

By means of decay estimates in [74], the authors in [61] proved that for some constant C' (inde-

pendent on time) and p, ¢ €]1, co[X]1, % [, the following estimates hold true

[(Oew, A, VP) 1, 0,1:L,) < CNFllL,0,7:2,0)- (B.4)

One key point to get (B.4) in [61] is to verify the so-called Bounded Imaginary Power (BIP) prop-
erty of the Stokes operator in some Banach space (see [104]). However, one can avoid this ab-
stract BIP approach as in [93] by more elementary hydrodynamic potential theory. Moreover,

the authors pointed out in [93] that the condition ¢ < % in (B.4) cannot be relaxed.

Lastly, whenever (2 is some general unbounded domain in R?, i.e. the boundary of € not nec-
essarily compact, the authors in [51] found that the corresponding Stokes operator has maximal
regularity in L,(0, T; Ly(92)?). Here L, () is given by 7

Ly(Q) = (L2 N Lg)(2) for 2 < g < oo;
' (L2 + Lyg)(Q2) for 1 <g<2.

%[82] might be the fist monograph on the boundary value problem of Navier-Stokes equations.
"For any suitable pair of Banach spaces E and F, we can define E N F and E + F, which are standard in the
interpolation theory (see [9]).
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Appendix C

L;, Maximal regularity and
R-boundedness

The terminology L,-maximal regularity comes from considering the following Cauchy problem

in some Banach space X,
ou+ Au=f, and wuli— =0, (C.1)

where — A is some closed densely defined (i.e. the domain D(A) dense in X) linear operator on
X. We call the problem (C.1) has L,-maximal regularity for some p €]1, oo[ if the following a

priori estimate of the solution w is valid for any given f in L,(0,7; X),

10cul| L, 0,7:x) + 1Al L, 0.1:x) < CllFllL,0,7:x)-

For our purpose of use, we shall mainly focus on very concrete case where X = (Lq(Q))N for
some domain @ C RY and 1 < ¢ < oo. Hence we call such property the L, — L, maximal
regularity for the problem (C.1).

Next, denote T'(z) = e~“* the bounded analytic semigroup of continuous operators on X over

some sector Xy (¢ > 0), where we adopt the notation
Sy, :={A € C\{0}: |arg\| < ¢} forany ¢ €]0,7].

As in the classical monographs on the theory of the semigroup of bounded linear operators (see
[49, 67, 97] for instance), we reserve the symbol R(\, A) for the resolvent (A — A)~! of operator
Aif ) is located in the resolvent set p(A) of A. In addition, £(X;Y") stands for all the continuous
linear operators from some Banach space X into another Banach space Y. Sometimes we write
L(X)if X =Y. To pave a way for Weis Theorem later, let us recall here the classical results on

the characterization of T'(z) = e~4%.
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Proposition C.1. For a densely defined closed operator A on a Banach space X, the following asser-

tions are equivalent:

1. (Sectorial) the set {\(\ + A)~' : X € 5y} is uniformly bounded for some § > ;
2. (Analyticity) the set {e~“Zanalytic : z € Xy} is uniformly bounded for some ¥ > 0;

3. e~ is differentiable fort € R, , and the set {t Ae=4* : t € R} is uniformly bounded.

In fact, the sectorial property in Proposition C.1 implies the following natural extension of the

operator class.

Definition C.2. We call a linear operator A on a Banach space X is sectorial (or nonegative),

written by A € Sect(X), if the following two conditions are satisfied:

1. the domain D(A) and the range R(A) are both dense in X, i.e. D(A) = R(A) = X;

2. the resolvent set p(A) contains] — oo, 0[ and sup,_ ||t(t + A) i gx) < oo

Remark C.3. Here we focus on the case of injective operator (since R(A) = X) for the later ap-
plication to Stokes operator, although this definition can be extended to multivalued mappings. Of

course, the Condition D(A) = X is also necessary here if A is the infinitesimal generator of some

Co semigroup.

From the definition of sectorial operator, we know there exists ¢ € [0, [ such that 3,_ is
contained in the resolvent set p(—A) of —A. Thus it is reasonable to define the spectral angle of

A € Sect(X) by

¢a:=inf{p: %, 4 C P(—A),)\ sup A+ A) Ml 2ex) < 00}
Elin_¢

Whenever X is a Hilbert space, (C.1) has the L,-maximal property (1 < p < oo) in X as long as
e~4% . Y5 — L(X) is analytic for some § > 0. However, to gain the L,-maximal regularity in

general Banach space X, the assumption of analyticity of e =47 is not sufficient.

In fact, in order to search more general L,-maximal regularity, we have to restrict to some Banach
space X admitting some additional structure, namely, the unconditionality property for martingale
differences (UMD). Suppose (2, .#, &) is some probability space, d := {d;};>1 is a X —valued
martingale difference sequence ! and ¢ := {¢;};>1 € {—1,1}". X is called UMD if for any fixed
N € N, the following estimate is valid:

N N
1D eidjllz,@x) < Coll Y djllz,ix),  for some p €]1, 00].
j=1 =1

!See more detailed probability theory in [13, 99].
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Above C), only depends on p but not on the choice of IV, d or €. Except the characterization by
means of martingale difference, there are other two approaches: the geometric aspect (¢-convex)
and the analytic property (L,-boundedness of vector-valued Hilbert transform (HT)). Sometimes
these new points of view are more convenient to study some Banach spaces. Thus let us recall
the definitions of (-convex and HT.

A Banach space X is (-convex if there is a biconvex function ¢ : X x X — R such that ((0,0) > 0

and
Cz,y) <llz+ylx, Vlzllx=Ilyllx=1

The biconvexity means ((z,-) and ((+,y) are convex on X for any fixed = and y respectively.
Besides, we call a Banach space X is HT if the following (Banach or vector valued) Hilbert trans-

form H
f(s)

t—s

Hf(t):= p.v./R ds, VfeSR;X),

can be extended to a bounded operator on L,(R; X) for some (or equivalently for any) p €
|1, 00[. Above S(R; X) denotes the X —valued Schwarz class. Hilbert transform is the most
fundamental model for singular integral theory which originates from complex analysis, and

H f can be regarded as the conjugate part of f (for more details see [62, 105, 117]).

More importantly, all three additional structures above on Banach space are the same, i.e.

X is UMD <= X is (-convex < X is HT. (C.2)

The first equivalence in (C.2) was found by D.L.Burkholder in [13] and "UMD = HT” is due to
[14] by the same author. The remaining relation "HT = UMD” goes back to the work [12] by
JBourgain. With (C.2), one can easily verify that Hilbert space is (—convex, and thus UMD.

Apart from the UMD structure on the Banach spaces, we also need a stronger sectorial assump-
tion on the operator A in order to gain the L,-maximal regularity. To this end, let us first recall
the definition of R-boundedness.

Definition C.4. Let X, Y be two Banach spaces and L(X,Y") be the collection of all bounded linear
operators from X toY. We say that some family of bounded operators T C L(X,Y) is R-bounded
if forany N € N, T € 7, x; € X and any independent symmetric (or mean-free) {—1,1}-valued
random variables € on some probability space (Q, %, ) with1 < j < N, then the following
inequality holds,

N N
H ZEjzjjHL QY = Cp” Za]mj‘
j:1 p( El ) ]:1

1.00]. .
L) for some p € [1.00] (C.3)

C), only depend on the choice of p but not N, T}, x; and ¢;. The optimal (or smallest) Cy, in (C.3) is
called R-bound of T, denoted by Ry,(T).
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Remark C.5. Let us state some basic consequences of the above definition.

1. The first comment is that the definition of R-boundedness is independent of p, i.e. one can
replace “for some p € [1,00[”in (C.3) by “for any q € [1, 0o[”. Indeed, there exists a constant
Cp.q,x,y such that

Cp_,;,X,Y Ry(7) < Rp(7) < Cpg.x,y Re(T),

which is a direct consequence of Kahane’s inequality(see [81, Theorem 2.4]). Thus we use

R(7) instead of Ry,(T) hereafter.

2. Ift C L(X,Y) is R-bounded then T is uniformly bounded with respect to operator norm,
which is an immediate result from (C.3). In other words, R-boundedness is stronger than
the uniform boundedness. However, for Hilbert space, R-boundedness is nothing but uniform

boundedness if one takes p = 2 in above definition.

3. Consider X =Y = L4(Q) with the open set Q) C RY andq € [1, 00[. In this case T C L(X)
is R-bounded iff. there exists a constant C' such that

|

N
1
<l

Lg(®)’
Forany N € N, f; € Ly(Q) and T; € 7 (for instance see [45, Sect.3]).

Now let us make some other useful conventions. Motivated by Definition C.2 and C.4, we call
the sectorial operator A (defined in X') R-sectorial if

Ra(0) :=R({t(t+ A" :t>0}) < .

Setting Ra () := R({A(A+ A)~! : X\ € £,}), we denote the R-angle for some R-sectorial
operator A by

¢ft :=inf{¢ €]0,7[: Ra(m — ¢) < o0}

As the assumption of R-boundedness is stronger than the uniform boundedness (in norm topol-
ogy), one easily see that ¢4 < ¢§. With above preparations, the characterization of L,-maximal

regularity in UMD spaces by L-Weis in [126] reads

Theorem C.6 (Weis). Suppose the Banach space X is UMD, p €]1,00[ and A is some sectorial
operator in X with spectral angle oo < 5. The Cauchy problem (C.1) has L,-maximal regularity

if and only if A is R-sectorial with gpf} < %. More precisely, the Cauchy problem (C.1) has L,-

maximal regularity is equivalent to any of the following assertions:

1. (R-sectorial) the set {\(A\ + A)~! : X\ € Sy} is R-bounded for some 6 > Z;

2. (R-analyticity) the set {e=4% : 2 € ¥y} is R-bounded for some 9 > 0;
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3. the set {t"(it + A)~" : t € R\{0}} is R-bounded for somen € N;
4. the set {e= 4t tAe=4" . t > 0} is R-bounded;

5. theset {1 [T e A d\: 2 € By} is R-bounded.

The proof of Theorem C.6 can be regarded as a counterpart of characterization of the bounded
analytic semigroup on the general Banach spaces. But one should be careful with the verification
of R-boundedness for vector valued integral. The essential trick is the application of Convexity
Theorem (for instance, see [25, Lemma 3.2]). Of course, it is not suitable to give the lengthy
demonstration of Theorem C.6, but we can see from some simple computations that these R-

bounded properties are related to maximal regularity.

It is not hard to find that the most profound assertion of Theorem C.6 is the equivalence be-
tween L,-maximal regularity property and R-sectorial infinitesimal generator. Let us explain
formally the key observation by LWeis in [126]. Assume f in (C.1) is smooth enough, e.g.
C2°(R4; D(A)), then the mild solution w(t), if it exists, can be represented via

u(t):/o e (=94 £(s) ds.

Thanks to dye 4t = —Ae~ 4!, we have

du(t) = f(t) — /0 Ae= DA f () ds.

Thus for some p €]1, oo|, the L,-maximal regularity is equivalent to the fact that the following

convolution type operator

Kf(t):= /Ot Ae”E)Af(5) ds = /OO Ae_A(t_s)]l}Om[(t —5)fO(s) ds,

—00

extends to a bounded operator from L, (R; X) to itself. Above f(%)(t) is the zero extension of f,
namely

ft), if ¢>0;

0, if t<0.

FO) =

This motivates the following Mihlin-Weis Multiplier Theorem in UMD spaces.

Theorem C.7 (Mihlin-Weis). Suppose X and Y are two UMD spaces and p €]1,00[. Let m €
CH(R\{0}; L(X,Y)) satisfying the following conditions:

1 7= {m(g) €€ R\{O}} is R-bounded with R-bound Rp(ﬁ);

2. 1 = {&m/(§) : £ € R\{0}} is R-bounded with R-bound Rp(72).
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Then the operator
m(D)F(t) == F L, (m(&) () (1),  ¥F € SR; X),
extends to a bounded operator from L,(R; X) to L,(R;Y"). Moreover, we have

Hm(D) ) S CnX,YmaX{Rp(Tl),Rp(TQ)}.

Hﬁ(Lp(R;X),Lp(R;Y)
Thus to apply Theorem C.7, let us return to K f(t) and take Fourier transform F;_,¢,

Fiog (KF())(€) = Fioe (AT()Lo,00((1)) (€) Fiose (£ ())(€).
Recall the Laplace transform

AN+ A= / e Me A dt, RA> 0.
0

Thanks to the analyticity of exp(—Az) in the sector ¥y for some ¥ > 0,

Fioe (AT (Yo 00((+)) (€) = /Ooo e Ae Mt = A€ + A) .

Obviously A(i€ + A)~t = I —i£(i€ + A)~! and the third assertion (with taking n = 1) in
Theorem C.6 yields the validity of the first assumption in Theorem C.7. On the other hand,

dA(i€E + A)~!

el — . —1\2
T = iele T AT - (glie+ )7

Thus applying Theorem C.6 again, we conclude that K € E(LP(R; X ))
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