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+♦✉✈❡♥$ 3✉❡ ♣#1✈✉ ♣❛# ❧❡ ❝❛+ ✐✐❞✳ ❈❡❝✐ ❛ ❝♦♥❞✉✐$ / ❧✬1❧❛❜♦#❛$✐♦♥ ❞❡ ♠♦❞B❧❡+

♣❧✉+ ❝♦♠♣❧❡①❡+ ♣♦✉# ❢♦✉#♥✐# ✉♥❡ ♠❡✐❧❧❡✉#❡ ♣#1❞✐❝$✐♦♥✳

▲❡ ♠♦❞B❧❡✱ ♣❡✉$✲G$#❡ ❧❡ ♣❧✉+ +✐♠♣❧❡ ♠❛✐+ ❡♥ $♦✉$ ❝❛+ ❧❡ ♣❧✉+ ♣♦♣✉❧❛✐#❡✱

♣♦✉# ✉♥❡ +1#✐❡ ❞❡ #❡❝♦#❞+ ✐++✉+ ❞✬♦❜+❡#✈❛$✐♦♥+ ✐♥❞1♣❡♥❞❛♥$❡+ ♠❛✐+ ♥♦♥ ✐❞❡♥✲

$✐3✉❡♠❡♥$ ❞✐+$#✐❜✉1❡+ ❡+$ ❧❡ ♠♦❞B❧❡ / ❞1#✐✈❡ ❧✐♥1❛✐#❡ ✭▲❉▼✮ ✿

Xt = Yt + θt,

♦K {Yt, t ≥ 1} ❡+$ ✉♥❡ +✉✐$❡ ❞❡ ✈❛ ✐✐❞ ❡$ θ > 0 ❡+$ ✉♥ ♣❛#❛♠B$#❡ / ❞1$❡#♠✐♥❡#✳

❈❡ ♠♦❞B❧❡ ❛ 1$1 1$✉❞✐1 ♣❛# ❞❡ ♥♦♠❜#❡✉① ❛✉$❡✉#+ ✭❇❛❧❧❡#✐♥✐ ❡$ ❘❡+♥✐❝❦✱ ✶✾✽✺ ❀

❇♦#♦✈❦♦✈✱ ✶✾✾✾ ❀ ❋#❛♥❦❡ ❡! ❛❧✳✱ ✷✵✶✵✮ ❡$ $#♦✉✈1 ❡♥ ❛❝❝♦#❞ ❛✈❡❝ ❝❡#$❛✐♥+ $②♣❡+

❞❡ ❞♦♥♥1❡+ ♦K ❧✬❤②♣♦$❤B+❡ ✐✐❞ ♥❡ $✐❡♥$ ♣❛+✳ ❈❡♣❡♥❞❛♥$✱ ❞❛♥+ ❞❡+ +✐$✉❛$✐♦♥+

♣#❛$✐3✉❡+✱ ❧✬✉$✐❧✐+❛$✐♦♥ ❞✉ ▲❉▼ ♥1❝❡++✐$❡ ❧❛ ❞1$❡#♠✐♥❛$✐♦♥ ❞❡ θ ❡$ ❝❡❧❛ ❛♠B♥❡

❧❡ ♣#♦❜❧B♠❡ ❞❛♥+ ❧❡ ❞♦♠❛✐♥❡ ❞❡+ +$❛$✐+$✐3✉❡+✳

■❧ ❡①✐+$❡ ✉♥❡ +✐♠✐❧✐$✉❞❡ ❡♥$#❡ ❧❡+ #❡❝♦#❞+ ❡$ ❧❡ $#❛✐$❡♠❡♥$ ❞❡ ❞♦♥♥1❡+ ❝❡♥✲

+✉#1❡+ ❡♥ ❛♥❛❧②+❡ ❞❡ +✉#✈✐❡✳ ❊♥ ♣❛#$✐❝✉❧✐❡#✱ $♦✉$❡+ ❧❡+ ✈❛❧❡✉#+ ❞❡ Xt ❡♥$#❡ Rn

❡$ Rn+1✱ ❡$ ❛✉✲❞❡❧/ ❞❡ RNT
♣❡✉✈❡♥$ G$#❡ ❝♦♥+✐❞1#1❡+ ❝♦♠♠❡ ❞❡+ ♦❜+❡#✈❛$✐♦♥+

❝❡♥+✉#1❡+ ♣❛# ❧❡ ❞❡#♥✐❡# #❡❝♦#❞ ♦❜+❡#✈1✳ A♦✉# ♠❡$$#❡ ❡♥ 1✈✐❞❡♥❝❡ ❝❡$$❡ +✐♠✐❧✐✲

$✉❞❡✱ ❝♦♥+✐❞1#♦♥+ ❧❛ +✉✐$❡ {δt, t ≥ 1} ❞❡+ ✐♥❞✐❝❛$#✐❝❡+ ❞❡ #❡❝♦#❞+ ✿ δt = 1 +✐ t +❡
♣#♦❞✉✐$ ❞❛♥+ ❧❛ +✉✐$❡ {Ln, n ≥ 1}✳ ■❧ ❡①✐+$❡ ✉♥❡ #❡❧❛$✐♦♥ ❞✬13✉✐✈❛❧❡♥❝❡ ❡♥$#❡

{δt, t = 1, ..., T} ❡$ {Ln, n = 1, ..., NT} ❞❡ +♦#$❡ 3✉❡ {(Rn, Ln), n = 1, ..., NT}
❝♦♥$✐❡♥$ ❧❡+ ♠G♠❡+ ✐♥❢♦#♠❛$✐♦♥+ 3✉❡ {(Wt, δt), t = 1, ..., T}✱ ♦K Wt = Xt +✐

δt = 1 ❡$ ❡+$ ❝❡♥+✉#1❡ ♣❛# ❧❡ ❞❡#♥✐❡# #❡❝♦#❞ +✐ δt = 0✳
❈❡❝✐ ❛ ❝♦♥❞✉✐$ ❙♠✐$❤ ✭✶✾✽✽✮ / ♣#♦♣♦+❡# ❧✬❛♣♣❧✐❝❛$✐♦♥ ❞❡+ ♠1$❤♦❞❡+ ❜❛+1❡+

+✉# ❧❡ ♣#✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈#❛✐+❡♠❜❧❛♥❝❡ +$❛♥❞❛#❞ ❡♥ ❛♥❛❧②+❡ ❞❡ +✉#✈✐❡ /

❧❛ +✉✐$❡ (Wt, δt)✳ ❈❛#❧✐♥ ❡$ ●❡❧❢❛♥❞ ✭✶✾✾✸✮ ❞♦♥♥❡♥$ ❧✬❡①♣#❡++✐♦♥ ❞❡ ❧❛ ✈#❛✐+❡♠✲

❜❧❛♥❝❡ ❡♥ $❡#♠❡+ ❞❡ (Rn, Ln)✳ ▲❡+ ♣#♦❝1❞✉#❡+ +$❛$✐+$✐3✉❡+ ❛++♦❝✐1❡+ ❡①✐❣❡♥$ ❧❛
❝♦♥♥❛✐++❛♥❝❡ ❞❡ ❧❛ ❞✐+$#✐❜✉$✐♦♥ ❥♦✐♥$❡ ❞❡+ Yt✳ ❊♥ ♦✉$#❡✱ ❧❡+ ♣#♦♣#✐1$1+ ❞❡+ ❡+✲

$✐♠❛$❡✉#+ #1+✉❧$❛♥$+ +♦♥$ ❧❛#❣❡♠❡♥$ ✐♥❝♦♥♥✉+✳ ❋❡✉❡#✈❡#❣❡# ❡$ ❍❛❧❧ ✭✶✾✾✻✮ ♦♥$

+✉❣❣1#1 ❧✬❡+$✐♠❛$✐♦♥ ❞❡ θ ♣❛# ❧❛ ♠1$❤♦❞❡ ❞❡+ ♠♦✐♥❞#❡+ ❝❛##1+✳ ▲❡✉# ♠1$❤♦❞❡✱

❜❛+1❡ ✉♥✐3✉❡♠❡♥$ +✉# ❧❛ +✉✐$❡ ❞❡+ ✈❛❧❡✉#+ ❞❡ #❡❝♦#❞+ {Rn, n = 1, ..., NT}✱ ❡+$
✐♥❞1♣❡♥❞❛♥$❡ ❞❡ ❧❛ ❞✐+$#✐❜✉$✐♦♥ +♦✉+✲❥❛❝❡♥$❡ ✭❞✐+$#✐❜✉$✐♦♥ ❞❡+ Yt✮ ❡$ ❧❡ ❝♦♠✲

♣♦#$❡♠❡♥$ ❞❡ ❧❡✉# ❡+$✐♠❛$❡✉# ♣❡✉$ G$#❡ ❛♣♣#♦①✐♠1 ❛+②♠♣$♦$✐3✉❡♠❡♥$ ❡$ ♣❛#

❞❡+ $❡❝❤♥✐3✉❡+ ❞❡ ❜♦♦$+$#❛♣✳ ▼❛✐+✱ ❧❛ 3✉❛❧✐$1 ❞❡ ❧✬❡+$✐♠❛$❡✉# +❡ ❞1❣#❛❞❡ ❛✈❡❝
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❧❛ ❞✐♠✐♥✉(✐♦♥ ❞❡ θ✳ ❈❡❧❛ ❡-( ❢❛❝✐❧❡ 0 ❝♦♠♣2❡♥❞2❡ ✿ ❧♦2-4✉❡ θ ❡-( ♣❡(✐(✱ Xt ❛

✉♥❡ ❢❛✐❜❧❡ ♣2♦❜❛❜✐❧✐(7 ❞✬9(2❡ ✉♥ 2❡❝♦2❞ ❡( ❞❛♥- ❞❡- 7❝❤❛♥(✐❧❧♦♥- ♠♦❞727-✱ ❧❡

♥♦♠❜2❡ ❞❡ ❞♦♥♥7❡- -✉2 ❧❡-4✉❡❧❧❡- ✐❧- ❛♣♣❧✐4✉❡♥( ❧❡✉2 ❛♣♣2♦❝❤❡ ❡-( ♣2♦❜❛❜❧❡✲

♠❡♥( ❢❛✐❜❧❡✳ ❊♥ ♦✉(2❡✱ 0 ♥♦(2❡ ❝♦♥♥❛✐--❛♥❝❡✱ ✐❧ ♥✬② ❛ ♣❛- ❞❡ (❡-(- ❞✬❛❥✉-(❡♠❡♥(

♣♦✉2 ❧❡ ▲❉▼✳

❯♥ ❛✉(2❡ ♠♦❞C❧❡ ♣♦♣✉❧❛✐2❡ ❡-( ❧❡ ♠♦❞C❧❡ ❨❛♥❣✲◆❡✈③♦2♦✈ ✿

Xt ∼ F (·)ρt ,
♦I ❧❡- ρt (t ≥ 1) -♦♥( ❞❡- ❝♦♥-(❛♥(❡- 27❡❧❧❡- ≥ 1 ❡( F (·) ❡-( ✉♥❡ ❢♦♥❝(✐♦♥ ❞❡ 27✲

♣❛2(✐(✐♦♥✳ ❈❡ ♠♦❞C❧❡ ❛ 7(7 ✐♥✐(✐❛❧❡♠❡♥( ♣2♦♣♦-7 ♣❛2 ❨❛♥❣ ✭✶✾✼✺✮ ❛✈❡❝ ρt = γt

❡( ❣7♥72❛❧✐-7 ♣❛2 ◆❡✈③♦2♦✈ ✭✶✾✾✵✮ 0 ❞❡- -✉✐(❡- {ρt} ❣7♥72❛❧❡-✳ ❈❡ ❞❡2♥✐❡2

❛✉(❡✉2 ❛ ❛✉--✐ ❜❡❛✉❝♦✉♣ ❞7✈❡❧♦♣♣7 ❧❡- ♣2♦♣2✐7(7- -(♦❝❤❛-(✐4✉❡- ❞✉ ♠♦❞C❧❡✳

❈❡ ♠♦❞C❧❡ ❡-( ✐♥(72❡--❛♥( ❝❛2 ✐❧ ❛ ❧❛ -(2✉❝(✉2❡ ❞✬✉♥ ♠♦❞C❧❡ 0 2✐-4✉❡ ♣2♦♣♦2✲

(✐♦♥♥❡❧ ❡♥ ❛♥❛❧②-❡ ❞❡ -✉2✈✐❡✱ ❧❡4✉❡❧ ❛ ♠♦♥(27 -♦♥ ✉(✐❧✐(7 ❛✜♥ ❞❡ ♠♦❞7❧✐-❡2

❞❡ ♥♦♠❜2❡✉① ❥❡✉① ❞❡ ❞♦♥♥7❡-✳ ❈❡♣❡♥❞❛♥(✱ 0 ♥♦(2❡ ❝♦♥♥❛✐--❛♥❝❡✱ ❧✬✐♥❢72❡♥❝❡

-(❛(✐-(✐4✉❡ ♣♦✉2 ❧❡ ♠♦❞C❧❡ ❨❛♥❣✲◆❡✈③♦2♦✈ ❛ 7(7 ♣❡✉ ❞7✈❡❧♦♣♣7✳

▲❡ ❜✉( ❞❡ ❝❡ (2❛✈❛✐❧ ❡-( ❞✬✐♥(2♦❞✉✐2❡ ❝❡2(❛✐♥- ❡-(✐♠❛(❡✉2- ❞❡- ♣❛2❛♠C(2❡-

θ ❡( γ ❞❡- ♠♦❞C❧❡- ▲❉▼ ❡( ❨❛♥❣ 2❡-♣❡❝(✐✈❡♠❡♥( ❡( ❞✬❡♥ (✐2❡2 ❧❡✉2- ♣2♦♣2✐7(7-

-(❛(✐-(✐4✉❡-✳ ■❧ ❡-( ♠♦♥(27 4✉❡ ❧❡ ♠7❝❛♥✐-♠❡ ❞❡ ❝❡♥-✉2❡ ❡-( ✐♥❢♦2♠❛(✐❢ ♣♦✉2 θ ❡(
γ✳ ❈❡❧❛ ❥✉-(✐✜❡ ❧❡ (2❛✈❛✐❧ -✉2 ❧✬✉(✐❧✐(7 ❞❡- ❡-(✐♠❛(❡✉2- 4✉✐ ♣❡✉✈❡♥( 9(2❡ ♦❜(❡♥✉-

0 ♣❛2(✐2 ❞❡ {δt, t = 1, ..., T}✳ ◆♦✉- ❞♦♥♥♦♥- 4✉❡❧4✉❡- ♣2♦♣2✐7(7- ❡①❛❝(❡- ❡(

❛-②♠♣(♦(✐4✉❡- ❞❡ ❝❡- ❡-(✐♠❛(❡✉2-✳ ■❧ -❡ (2♦✉✈❡ 4✉❡ ❞❛♥- ❧❡ ♠♦❞C❧❡ ❞❡ ❨❛♥❣✱

❧❡ ❝♦♠♣♦2(❡♠❡♥( ❞❡- ❞✐✛72❡♥(- ❡-(✐♠❛(❡✉2- ❡-( ✐♥❞7♣❡♥❞❛♥( ❞❡ ❧❛ ❞✐-(2✐❜✉(✐♦♥

-♦✉-✲❥❛❝❡♥(❡✳ ◆♦(♦♥- 4✉❡ ♥♦- ❡-(✐♠❛(❡✉2- ♣❡✉✈❡♥( 9(2❡ ✉(✐❧✐-7- ♠9♠❡ ❧♦2-4✉❡

❧❡- ✈❛❧❡✉2- ❡①❛❝(❡- ❞❡ 2❡❝♦2❞- -♦♥( ❡❧❧❡-✲♠9♠❡- ✐♥❞✐-♣♦♥✐❜❧❡- ♦✉ ❞❡ ♠❛✉✈❛✐-❡

4✉❛❧✐(7 ❡( ❧❡- -❡✉❧❡- ✐♥❞✐❝❛(2✐❝❡- δt -♦♥( ❞✐-♣♦♥✐❜❧❡- ♦✉ ✜❛❜❧❡-✳ ❊♥ ♦✉(2❡✱ ✐❧

❡-( ♠♦♥(27 4✉❡ ❞❡- (❡-(- ❞✬❛❥✉-(❡♠❡♥( ❞✉ ♠♦❞C❧❡ ❞❡ ❨❛♥❣ ♣❡✉✈❡♥( ❛✉--✐ 9(2❡

❞72✐✈7- ❞❡ ❝❡- δt✳ ❈❡- (❡-(- ♦♥( ♠9♠❡ ❞❡- ❝❛♣❛❝✐(7- ❞✐❛❣♥♦-(✐4✉❡- 4✉✐ ♣❡✉✈❡♥(

❛✐❞❡2 0 -✉❣❣72❡2 ❞❡- ❝♦22❡❝(✐♦♥- ❛✉ ♠♦❞C❧❡✳

❉❛♥- ❧❡ ❈❤❛♣✐(2❡ ✶✱ ♥♦✉- ♣27-❡♥(♦♥- ❝❡ 4✉❡ -♦♥( ❧❡- 2❡❝♦2❞- ❡( ♣♦✉24✉♦✐
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✹✳✸ ▼♦❞M❧❡ R ❝/♦✐55❛♥❝❡ ❡①♣♦♥❡♥4✐❡❧❧❡ ✲ ▼♦❞M❧❡ ❞❡ ❨❛♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✹✳✹ ❊54✐♠❛4✐♦♥ ❞❡ γ ❞❛♥5 ✉♥ ♠♦❞M❧❡ ❞❡ ❨❛♥❣ ✿ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✹✳✹✳✶ ❊♥ ✉4✐❧✐5❛♥4 NT ✿ ❊54✐♠❛4✐♦♥ ♣❛/ ♠❛①✐♠✉♠ ❞❡ ✈/❛✐5❡♠✲

❜❧❛♥❝❡ ✭❊▼❱✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✹✳✹✳✷ ❊♥ ✉4✐❧✐5❛♥4 NT ✿ ❊54✐♠❛4✐♦♥ ♣❛/ ❧❛ ♠-4❤♦❞❡ ❞❡5 ♠♦♠❡♥45 ✽✵

✹✳✹✳✸ γ̂2 ❛♠-❧✐♦/- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✹✳✹✳✹ ❊♥ ✉4✐❧✐5❛♥4 {δt, t ≥ 1} ✿ ❊54✐♠❛4✐♦♥ ♣❛/ ♠❛①✐♠✉♠ ❞❡

✈/❛✐5❡♠❜❧❛♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✹✳✺ ❙✐♠✉❧❛4✐♦♥5 ♥✉♠-/✐C✉❡5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✹✳✻ ❈♦♥❝❧✉5✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✺ ❚❡♠♣7 ✐♥9❡/✲/❡❝♦/❞7 ❡9 9❡797 ❞✬❛❞<=✉❛9✐♦♥ ✾✺

✺✳✶ ❉✐54/✐❜✉4✐♦♥ ❞✉ 4❡♠♣5 ✐♥4❡/✲/❡❝♦/❞5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✺✳✷ ❚❡545 ❞✬❛❞-C✉❛4✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✺✳✷✳✶ ❚❡54 ♣♦✉/ ❧❡ ♠♦❞M❧❡ ✐✐❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✺✳✷✳✷ ❚❡545 ❞✬❛❞-C✉❛4✐♦♥ ♣♦✉/ ❧❡ ♠♦❞M❧❡ ❞❡ ❨❛♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸

✺✳✷✳✷✳✶ ❚❡54 χ2
❞❡ U❡❛/5♦♥ ♣♦✉/ ❧❡ ♠♦❞M❧❡ ❞❡ ❨❛♥❣ ✳ ✶✵✸

✺✳✷✳✷✳✷ ❚❡54 ❧✐55❡ ❞✬❛❞-C✉❛4✐♦♥ ♣♦✉/ ❧❡ ♠♦❞M❧❡ ❞❡ ❨❛♥❣✶✵✹

✺✳✸ ❆♣♣❧✐❝❛4✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✺✳✹ ❈♦♥❝❧✉5✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽



❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ✶✶

✻ ❊"#✐♠❛#✐♦♥ ❜❛"*❡ "✉- (Rn, Ln) ✶✵✾

✻✳✶ ❊$%✐♠❛%✐♦♥ ❜❛$,❡ ✉♥✐/✉❡♠❡♥% $✉0 ❧❡$ δt ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✻✳✷ ❊$%✐♠❛%✐♦♥ ❜❛$,❡ $✉0 ❧❡$ ❝♦✉♣❧❡$ (Rn, Ln) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✻✳✷✳✶ ❊$%✐♠❛%✐♦♥ ❞❡ θ ❞✉ ♠♦❞8❧❡ ▲❉▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✻✳✷✳✶✳✶ ❱0❛✐$❡♠❜❧❛♥❝❡ ❞❡ ❈❛0❧✐♥ ❡% ●❡❧❢❛♥❞ ✭✶✾✾✸✮ ✳ ✳ ✶✶✹

✻✳✷✳✶✳✷ ◆♦✉✈❡❧❧❡ ♠,%❤♦❞❡ ❞✬❡$%✐♠❛%✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

✻✳✷✳✷ ❊$%✐♠❛%✐♦♥ ❞❡ γ ❞✉ ♠♦❞8❧❡ ❞❡ ❨❛♥❣✲◆❡✈③♦0♦✈ ✳ ✳ ✳ ✳ ✳ ✶✷✷

✻✳✸ ❊$%✐♠❛%✐♦♥ ❞❡ θ ❡% ❞❡$ ♣❛0❛♠8%0❡$ ❞❡ ❧❛ ❞✐$%0✐❜✉%✐♦♥ $♦✉$✲

❥❛❝❡♥%❡ ❞❛♥$ ✉♥ ♠♦❞8❧❡ ▲❉▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✾

✻✳✹ ❆✉ ❞❡❧O ❞❡ ●✉♠❜❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✶

✻✳✺ ❚❡$%$ $%❛%✐$%✐/✉❡$ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✹

✻✳✺✳✶ ❈❛$ ▲❉▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✹

✻✳✺✳✷ ❈❛$ ❞❡ ❨❛♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✺

✻✳✺✳✸ ▲❉▼ ✈$ ❨❛♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✼

✻✳✻ ❈♦♥❝❧✉$✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✵

✼ ❈♦♥❝❧✉"✐♦♥ ❡# ♣❡-"♣❡❝#✐✈❡" ✶✹✸

✼✳✶ ❈♦♥❝❧✉$✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✸

✼✳✷ R❡0$♣❡❝%✐✈❡$ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺

9-♦❞✉❝#✐♦♥" "❝✐❡♥#✐✜<✉❡" ✶✹✼

❇✐❜❧✐♦❣-❛♣❤✐❡ ✶✹✾



❚❛❜❧❡ ❞❡& ✜❣✉*❡&

✶✳✶ ▲❡$ %❡❝♦%❞$ ❞✉ ❣❛❣♥❛♥- ❞❡ ❧❛ ♠0❞❛✐❧❧❡ ❞✬♦% ❡♥ $❛✉- ❡♥ ❤❛✉-❡✉%

❤♦♠♠❡ ✭▼6-%❡$✮ ❛✉① ❞✐✛0%❡♥-$ ❥❡✉① ♦❧②♠♣✐=✉❡$ ❞❡♣✉✐$ ✶✽✾✻✳ ✳ ✶✻

✶✳✷ ❍❛✉-❡✉%$ ❞✉ $❛✉- ♠❛①✐♠❛❧ ❞❡$ ❛-❤❧6-❡$ =✉✐ ♦♥- ♦❜-❡♥✉ ❧❛ ♠0✲

❞❛✐❧❧❡ ❞✬♦% ❛✉① ❞✐✛0%❡♥-$ ❥❡✉① ♦❧②♠♣✐=✉❡$ ❞❡♣✉✐$ ✶✽✾✻✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✸ ❍❛✉-❡✉%$ ❞✉ $❛✉- ♠❛①✐♠❛❧ ❞❡$ ❛-❤❧6-❡$ =✉✐ ♦♥- ♦❜-❡♥✉ ❧❛ ♠0✲

❞❛✐❧❧❡ ❞✬♦% ❛✉① ❞✐✛0%❡♥-$ ❥❡✉① ♦❧②♠♣✐=✉❡$ ❞❡♣✉✐$ ✶✽✾✻✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✹ ❘❡❝♦%❞$ ♦❧②♠♣✐=✉❡$ ❞✉ $❛✉- ❡♥ ❤❛✉-❡✉% ❤♦♠♠❡ ✭▼6-%❡$✮ ✈$

❘❡❝♦%❞$ ❝❛$ ✐✐❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✷✳✶ ❊$♣0%❛♥❝❡ ❞❡ NT ❞❛♥$ ❧❡ ❝❛$ ❞❡ ❧❛ ❧♦✐ ❞❡ ●✉♠❜❡❧ ✿ ❝❛$ ✐✐❞ ✈$

♠♦❞6❧❡ ▲❉▼✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✷✳✷ ❋♦♥❝-✐♦♥ ❞❡ ♠❛$$❡ ❞❡ NT ❞❛♥$ ✉♥ ♠♦❞6❧❡ ✐✐❞ ❡- ❞❛♥$ ✉♥ ♠♦❞✲

6❧❡ ▲❉▼✳ ❈❛$ ❞❡ ❧❛ ❧♦✐ ❞❡ ●✉♠❜❡❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✹✳✶ ❚%❛❥❡❝-♦✐%❡ $✐♠✉❧0❡ ❞✬✉♥ ♠♦❞6❧❡ Q ❝%♦✐$$❛♥❝❡ ❡①♣♦♥❡♥-✐❡❧❧❡ ♦R

γ = 1.25, 1 ❡- T = 50 ❛✈❡❝ ✉♥❡ ❞✐$-%✐❜✉-✐♦♥ $♦✉$✲❥❛❝❡♥-❡ ❞❡

❲❡✐❜✉❧❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✻✳✶ ❱❛%✐❛-✐♦♥$ ❞❡ ❧❛ ♣✉✐$$❛♥❝❡ ❞✉ -❡$- ♣♦✉% ❞✐✛0%❡♥-❡$ ✈❛❧❡✉%$ ❞❡

T ✭❝❛$ ▲❉▼✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✻

✻✳✷ ❱❛%✐❛-✐♦♥$ ❞❡ ❧❛ ♣✉✐$$❛♥❝❡ ❞✉ -❡$- ♣♦✉% ❞✐✛0%❡♥-❡$ ✈❛❧❡✉%$ ❞❡

T ✭❝❛$ ❨❛♥❣✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✽

✻✳✸ ❱❛%✐❛-✐♦♥$ ❞❡ ❧❛ ♣✉✐$$❛♥❝❡ ❞✉ -❡$- ♣♦✉% ❞✐✛0%❡♥-❡$ ✈❛❧❡✉%$ ❞❡

T ✭❝❛$ ▲❉▼ ✈$ ❨❛♥❣✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✶

✶✷



▲✐"#❡ ❞❡" #❛❜❧❡❛✉①

✸✳✶ ❱❛❧❡✉() ❞❡ θ̂1 ♣♦✉( -♦✉-❡) ❧❡) ✈❛❧❡✉() ❞✉ NT ✱ 0✉❛♥❞ T = 10 ✳ ✳ ✹✵

✸✳✷ ❇✐❛✐) ❡♠♣✐(✐0✉❡) ❞❡ θ̂2✱ θ̂
∗
2✱ θ̂3 ❡- θ̂4 ♣♦✉( ❞✐✛9(❡♥-❡) ✈❛❧❡✉() ❞✉

❞(✐❢- θ ❛✈❡❝ T = 100 ♦❜)❡(✈❛-✐♦♥) ✭▲♦✐ ❞❡ ●✉♠❜❡❧✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✸✳✸ ➱❝❛(-)✲-②♣❡) ❞❡ θ̂2✱ θ̂
∗
2✱ θ̂3 ❡- θ̂4 ♣♦✉( ❞✐✛9(❡♥-❡) ✈❛❧❡✉() ❞✉ ❞(✐❢-

θ ❛✈❡❝ T = 100 ♦❜)❡(✈❛-✐♦♥) ✭▲♦✐ ❞❡ ●✉♠❜❡❧✮✳ ▲❡) ❝♦❧♦♥♥❡)

✷✱ ✸ ❡- ✹ ❞♦♥♥❡♥- ❧❡) 9❝❛(-)✲-②♣❡) ❡♠♣✐(✐0✉❡) ❞❡ θ̂2✱ θ̂∗2 ❡-

θ̂4✳ ▲❡) ❛♣♣(♦①✐♠❛-✐♦♥) ❛)②♠♣-♦-✐0✉❡) ❞❡) 90✉❛-✐♦♥) ✭✸✳✷✳✺✮

❡- ✭✸✳✷✳✶✷✮ ❛♣♣❛(❛G))❡♥- ❞❛♥) ❧❡) ❝♦❧♦♥♥❡) ✺ ❡- ✻✳ ▲❡) ❞❡✉①

❞❡(♥✐H(❡) ❝♦❧♦♥♥❡) ♠♦♥-(❡♥- ❧❡ ♠I♠❡ ♣♦✉( θ̂3 ❡- )♦♥ ❛♣♣(♦①✐✲

♠❛-✐♦♥

√
I−1
T (θ) ❞❡ ❧✬90✉❛-✐♦♥ ✭✸✳✸✳✶✵✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✸✳✹ K(♦❜❛❜✐❧✐-9) ❞❡ ❝♦✉✈❡(-✉(❡ ❞❡) ✐♥-❡(✈❛❧❧❡) ❞❡ ❝♦♥✜❛♥❝❡ ✭✸✳✷✳✶✸✮

❡- ✭✸✳✸✳✶✶✮ ♣♦✉( ❞✐✛9(❡♥-❡) ✈❛❧❡✉() ❞✉ ❞(✐❢- θ ❡- ❞✉ ♥✐✈❡❛✉ ❞❡

❝♦♥✜❛♥❝❡ 1− α ❛✈❡❝ T = 100 ♦❜)❡(✈❛-✐♦♥) ✭▲♦✐ ❞❡ ●✉♠❜❡❧✮ ✳ ✳ ✻✶

✹✳✶ ❱❛❧❡✉() ❞❡ γ̂1 ♣♦✉( -♦✉-❡) ❧❡) ✈❛❧❡✉() ❞✉ NT ✱ 0✉❛♥❞ T = 10 ✳ ✳ ✽✵

✹✳✷ ❇✐❛✐) ❡♠♣✐(✐0✉❡) ❞❡ γ̂2✱ γ̂
∗
2 ❡- γ̂3 ♣♦✉( ❞✐✛9(❡♥-❡) ✈❛❧❡✉() ❞❡ γ

❡- T ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✹✳✸ ➱❝❛(-)✲-②♣❡) ❞❡ γ̂2✱ γ̂
∗
2 ❡- γ̂3 ♣♦✉( ❞✐✛9(❡♥-❡) ✈❛❧❡✉() ❞❡ γ ❡-

T ✳ ▲❡) ❝♦❧♦♥♥❡) ✷ ❡- ✸ ❞♦♥♥❡♥- ❧❡) 9❝❛(-)✲-②♣❡) ❡♠♣✐(✐0✉❡) ❞❡

γ̂2✱ γ̂
∗
2 ✳ ▲✬❛♣♣(♦①✐♠❛-✐♦♥ ❛)②♠♣-♦-✐0✉❡ ❞❡) 90✉❛-✐♦♥) ✭✹✳✹✳✸✮ ❡-

✭✹✳✹✳✾✮ ❛♣♣❛(❛✐))❡♥- ❞❛♥) ❧❡) ❝♦❧♦♥♥❡) ✹ ❡- ✺ (❡)♣❡❝-✐✈❡♠❡♥-✳

▲❡) ❞❡✉① ❞❡(♥✐H(❡) ❝♦❧♦♥♥❡) ♠♦♥-(❡♥- ❧❡ ♠I♠❡ ♣♦✉( γ̂3 ❡- )♦♥

❛♣♣(♦①✐♠❛-✐♦♥

√
I−1
T (γ) ❞❡ ❧✬90✉❛-✐♦♥ ✭✹✳✹✳✶✼✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✹✳✹ K(♦❜❛❜✐❧✐-9) ❞❡ ❝♦✉✈❡(-✉(❡ ❞❡ ❧✬✐♥-❡(✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ✭✹✳✹✳✶✵✮

♣♦✉( ❞✐✛9(❡♥-❡) ✈❛❧❡✉() ❞❡ γ✱ T ❡- ❞✉ ♥✐✈❡❛✉ ❞❡ ❝♦♥✜❛♥❝❡ 1− α ✾✷

✹✳✺ K(♦❜❛❜✐❧✐-9) ❞❡ ❝♦✉✈❡(-✉(❡ ❞❡ ❧✬✐♥-❡(✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ✭✹✳✹✳✶✽✮

♣♦✉( ❞✐✛9(❡♥-❡) ✈❛❧❡✉() ❞❡ γ✱ T ❡- ❞✉ ♥✐✈❡❛✉ ❞❡ ❝♦♥✜❛♥❝❡ 1− α ✾✷

✶✸
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✺✳✶ ❘❡❝♦(❞* ♦❧②♠♣✐0✉❡* ❞❡ ❧❛ ❝♦✉(*❡ ❞❡ ✷✵✵ ♠56(❡* ✭❍♦♠♠❡*✮

✭❤!!♣✿✴✴✇✇✇✳♦❧②♠♣✐❝✳♦-❣✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✺✳✷ pj (γ̂) ❡6 ❧❡* ❢(<0✉❡♥❝❡* ♦❜*❡(✈<❡* ❞✉ 6❡♠♣* ✐♥6❡(✲(❡❝♦(❞* A ♣❛(✲

6✐( ❞❡* ❞♦♥♥<❡* ❞❡ ❨❛♥❣ ❡6 ❞❡* ❞♦♥♥<❡* ❝♦♠♣❧56❡* (❡*♣❡❝6✐✈❡✲

♠❡♥6✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✻✳✶ ❇✐❛✐* ❡6 <❝❛(6*✲6②♣❡* ❞❡ θ̂5✱ ♣♦✉( ❞✐✛<(❡♥6❡* ✈❛❧❡✉(* ❞✉ ❞(✐❢6 θ ✳ ✶✷✵

✻✳✷ G(♦❜❛❜✐❧✐6< ❞❡ ❝♦✉✈❡(6✉(❡ ❞❡ ❧✬✐♥6❡(✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ✭✻✳✷✳✶✷✮

♣♦✉( ❞✐✛<(❡♥6❡* ✈❛❧❡✉(* ❞✉ ❞(✐❢6 θ ❡6 ❞✉ ❞❡❣(< ❞❡ ❝♦♥✜❛♥❝❡

1− α ❛✈❡❝ ✉♥❡ ❞✐*6(✐❜✉6✐♦♥ *♦✉*✲❥❛❝❡♥6❡ G (0, 1) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶

✻✳✸ ❇✐❛✐* ❡6 <❝❛(6*✲6②♣❡* ❞❡ θ̂5✱ ♣♦✉( ❞✐✛<(❡♥6❡* ✈❛❧❡✉(* ❞❡ θ ❡6

T ❞✬✉♥ ♠♦❞5❧❡ ▲❉▼ ❞❡ ❞✐*6(✐❜✉6✐♦♥ *♦✉*✲❥❛❝❡♥6❡ ❛✉6(❡ 0✉❡

●✉♠❜❡❧✱ ♠❛✐* ❡♥ (❡*6❛♥6 *✉( ✉♥❡ ❢♦♥❝6✐♦♥ ❞❡ ✈(❛✐*❡♠❜❧❛♥❝❡

❝♦♥*6(✉✐6❡ A ♣❛(6✐( ❞✬✉♥❡ ❞✐*6(✐❜✉6✐♦♥ ❞❡ ●✉♠❜❡❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸

✻✳✹ ❇✐❛✐* ❡6 <❝❛(6*✲6②♣❡* ❞❡ γ̂4✱ ♣♦✉( ❞✐✛<(❡♥6❡* ✈❛❧❡✉(* ❞❡ γ ✳ ✳ ✳ ✳ ✶✷✼

✻✳✺ G(♦❜❛❜✐❧✐6< ❞❡ ❝♦✉✈❡(6✉(❡ ❞❡ ❧✬✐♥6❡(✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ✭✻✳✷✳✶✼✮

♣♦✉( ❞✐✛<(❡♥6❡* ✈❛❧❡✉(* ❞❡ γ ❡6 ❞✉ ❞❡❣(< ❞❡ ❝♦♥✜❛♥❝❡ 1 − α
❛✈❡❝ ✉♥❡ ❞✐*6(✐❜✉6✐♦♥* *♦✉*✲❥❛❝❡♥6❡ ❞❡ ❲❡✐❜✉❧❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽

✻✳✻ ❇✐❛✐* ❡6 <❝❛(6*✲6②♣❡* ❞❡ θ̂✱ µ̂ ❡6 β̂ ♣♦✉( ❞✐✛<(❡♥6❡* ✈❛❧❡✉(* ❞✉

♥♦♠❜(❡ ❞✬♦❜*❡(✈❛6✐♦♥* T ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷

✻✳✼ ❇✐❛✐* ❡6 <❝❛(6*✲6②♣❡* ❞❡ θ̂✱ µ̂ ❡6 β̂ ♣♦✉( ❞✐✛<(❡♥6❡* ✈❛❧❡✉(* ❞✉

♥♦♠❜(❡ ❞✬♦❜*❡(✈❛6✐♦♥* T ✱ ✉♥❡ ❞✐*6(✐❜✉6✐♦♥ *♦✉*✲❥❛❝❡♥6❡ ❞❡ ❧♦✐

❞❡ Weibull
(
̟ − π√

6
, π√

6
, 1
)
❡6 θ = 0.25 ❡♥ ✉6✐❧✐*❛♥6 ❧❡ ♣(✐♥❝✐♣❡

❞✉ ♠❛①✐♠✉♠ ❞❡ ✈(❛✐*❡♠❜❧❛♥❝❡ ❛♣♣❧✐0✉< *✉( ❧✬➱0✉❛6✐♦♥ ✭✻✳✸✳✶✮

❝♦♥*6(✉✐6❡ A ♣❛(6✐( ❞✬✉♥❡ ❞✐*6(✐❜✉6✐♦♥ ❞❡ ❧♦✐ G (µ, β)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✸

✻✳✽ ◗✉❛♥6✐❧❡* ❡♠♣✐(✐0✉❡*✱ *♦✉* H0✱ ❞✬♦(❞(❡ (1− α) ❞❡ KLDM
T ♣♦✉(

❞✐✛<(❡♥6❡* ✈❛❧❡✉(* ❞❡ θ ❡6 ❞❡ T ❛✈❡❝ α = 5% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✻

✻✳✾ ◗✉❛♥6✐❧❡* ❡♠♣✐(✐0✉❡*✱ *♦✉* H0✱ ❞✬♦(❞(❡ (1− α) ❞❡ KY ang
T ♣♦✉(

❞✐✛<(❡♥6❡* ✈❛❧❡✉(* ❞❡ γ ❡6 ❞❡ T ❛✈❡❝ α = 5% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✽

✻✳✶✵ ◗✉❛♥6✐❧❡* ❡♠♣✐(✐0✉❡*✱ *♦✉* H0✱ ❞✬♦(❞(❡ (1− α) ❞❡ KT ♣♦✉(

❞✐✛<(❡♥6❡* ✈❛❧❡✉(* ❞❡ θ ❡6 ❞❡ T ❛✈❡❝ α = 5% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✵
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/❡✉4 ♠❛①✐♠❛❧❡ ❡*/ ❛//❡✐♥/❡✮✳ ❊♥✜♥✱ ❝♦♠♠❡ ❧❛ /❤2♦4✐❡ ❞❡ 4❡❝♦4❞* ❡*/ ❧✬2/✉❞❡

❞❡* ✈❛❧❡✉4* ❡①/4I♠❡* ❞❡ ✈❛❧❡✉4* ❡①/4I♠❡*✱ ✐❧ ♥✬❡*/ ♣❛* ❞24❛✐*♦♥♥❛❜❧❡ ❞❡ ✈♦✐4

❧❡* 4❡❝♦4❞* ❝♦♠♠❡ ✉♥ ✜❧/4❡ *✉4 ✉♥❡ *24✐❡ ❝❤4♦♥♦❧♦❣✐0✉❡ ❞❡ ❞♦♥♥2❡* *✉✐✈❛♥/

❧❛ ❧♦✐ ❞❡ ●✉♠❜❡❧✱ ❲❡✐❜✉❧❧ ♦✉ ❋42❝❤❡/ 0✉✐ *♦♥/ ❧❡* ✸ ❧♦✐* ♣♦**✐❜❧❡* ❞❡ ✈❛❧❡✉4*

❡①/4I♠❡* ❞✬✉♥ ❣4❛♥❞ ♥♦♠❜4❡ ❞❡ ❞♦♥♥2❡*✳

❙✐❣♥❛❧♦♥* 0✉❡ 42❝❡♠♠❡♥/ ❧❛ /❤2♦4✐❡ ❞❡ 4❡❝♦4❞* *❡ ❞✐✈❡4*✐✜❡ ❞❛♥* ♣❧✉*✐❡✉4*

*❡♥* ❡/ *❡❧♦♥ ❞✐✛24❡♥/❡* ♣✐*/❡* ❞❡ 4❡❝❤❡4❝❤❡ ✿ ♣❛4 ❡①❡♠♣❧❡ ◆❡✈③♦4♦✈ ❡/ ❙/❡♣❛♥♦✈

✭✷✵✶✹✮ ❧✬✉/✐❧✐*❡♥/ ♣♦✉4 ❝42❡4 ✉♥ /❡*/ ❞2/❡❝/❛♥/ ❧❡* ✈❛❧❡✉4* ❛❜❡44❛♥/❡* ❞❛♥* ✉♥

❥❡✉ ❞❡ ❞♦♥♥2❡*✳
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❋✐❣✉$❡ ✶✳✷ ✕ ❍❛✉(❡✉*+ ❞✉ +❛✉( ♠❛①✐♠❛❧ ❞❡+ ❛(❤❧2(❡+ 3✉✐ ♦♥( ♦❜(❡♥✉ ❧❛

♠7❞❛✐❧❧❡ ❞✬♦* ❛✉① ❞✐✛7*❡♥(+ ❥❡✉① ♦❧②♠♣✐3✉❡+ ❞❡♣✉✐+ ✶✽✾✻✳

❋✐❣✉$❡ ✶✳✸ ✕ ❍❛✉(❡✉*+ ❞✉ +❛✉( ♠❛①✐♠❛❧ ❞❡+ ❛(❤❧2(❡+ 3✉✐ ♦♥( ♦❜(❡♥✉ ❧❛

♠7❞❛✐❧❧❡ ❞✬♦* ❛✉① ❞✐✛7*❡♥(+ ❥❡✉① ♦❧②♠♣✐3✉❡+ ❞❡♣✉✐+ ✶✽✾✻✳
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✶✳✷ ❈♦♥&❡①&❡ ❣*♥*+❛❧ ❡& ♥♦&❛&✐♦♥/

❉❛♥% ❧❛ %✉✐)❡ ❞❡ ❝❡ )-❛✈❛✐❧✱ (Ω,F ,P) ❡%) ✉♥ ❡%♣❛❝❡ ♣-♦❜❛❜✐❧✐%3 ❡) X
✉♥❡ ✈❛-✐❛❜❧❡ ❛❧3❛)♦✐-❡ -3❡❧❧❡ ❞3✜♥✐❡ %✉- Ω ❞❡ ❢♦♥❝)✐♦♥ ❞❡ -3♣❛-)✐)✐♦♥ FX (·)
♣❛-❢♦✐% ♥♦)3❡ F (·) 6✉❛♥❞ ✐❧ ♥✬② ❛ ♣❛% ❞❡ -✐%6✉❡ ❞❡ ❝♦♥❢✉%✐♦♥ ❡) ❞❡ ❞❡♥✲

%✐)3 fX (·) (= f (·)) ♣❛- -❛♣♣♦-) : ❧❛ ♠❡%✉-❡ ❞❡ ▲❡❜❡%❣✉❡✳ ❖♥ %✉♣♣♦%❡ 6✉❡

(Ω,F ,P) ❡%) %✉✣%❛♠♠❡♥) -✐❝❤❡ ♣♦✉- %✉♣♣♦-)❡- ✉♥❡ %✉✐)❡ ✐♥✜♥✐❡ {Xt, t ≥ 1}
❞❡ ❝♦♣✐❡% ✐♥❞3♣❡♥❞❛♥)❡% ❞❡ X ❀ ❡❧❧❡% %♦♥) ❞♦♥❝ ❞❡% ✈❛ ✐✐❞✳ ❯♥❡ ♦❜%❡-✈❛)✐♦♥

Xt ❡%) ❛♣♣❡❧3 ✉♥ ✓ ❘❡❝♦-❞ ✔ %✐ %❛ ✈❛❧❡✉- ❡%) %✉♣3-✐❡✉-❡ : ❝❡❧❧❡ ❞❡ )♦✉)❡% ❧❡%

♦❜%❡-✈❛)✐♦♥% ❧✬❛②❛♥) ♣-3❝3❞3❡% ✿

Xt > max {X1, . . . , Xt−1} ,
❡) ❞❛♥% ❝❡ ❝❛%✱ ♦♥ ❧❛ ♥♦)❡ Rn✳ ◆♦)♦♥% 6✉❡ R1 = X1 ✱ 6✉❡ ❧✬♦♥ ❛♣♣❡❧❧❡ ❧❡

-❡❝♦-❞ )-✐✈✐❛❧✳ ◆♦)♦♥% ❛✉%%✐ 6✉✬♦♥ ❝♦♥%✐❞I-❡ ✐❝✐ ❞❡% -❡❝♦-❞% %✉♣3-✐❡✉-%✳ ❖♥

♣♦✉--❛✐) ❛✉%%✐ ❝♦♥%✐❞3-❡- ❞❡% -❡❝♦-❞% ✐♥❢3-✐❡✉-%✱ ♦J Xt ❡%) ❛♣♣❡❧3❡ ✉♥ -❡❝♦-❞

%✐ Xt < min {X1, . . . , Xt−1}✳ ❉❛♥% ❧❛ ♠❡%✉-❡ ♦J ♣♦✉- %❡ -❛♠❡♥❡- : ❧✬✉♥ ♦✉

❧✬❛✉)-❡ ❝❛% ✐❧ %✉✣) ❞❡ ♠✉❧)✐♣❧✐❡- ❧❡% ✈❛ ♣❛- ✓ −1 ✔✱ ✐❧ ♥✬② ❛ ♣❛% ❞❡ ♣❡-)❡ ❞❡

❣3♥3-❛❧✐)3 : ❝♦♥%✐❞3-❡- ❧❡% -❡❝♦-❞% %✉♣3-✐❡✉-%✳ ❈✬❡%) ❝❡ 6✉❡ ♥♦✉% ❢❡-♦♥% ❞❛♥%

❧❛ %✉✐)❡ ❞❡ ❝❡ )-❛✈❛✐❧✳

❖♥ ❞3✜♥✐) ❛✉%%✐ δt ❧✬✐♥❞✐❝❛)-✐❝❡ ❞✬✉♥ -❡❝♦-❞ ✭❛✈❡❝ δ1 = 1✮ ✿

δt =

{
1 siXt > max(X1, . . . , Xt−1)

0 sinon
,

❡) Ln ❧✬✐♥❞✐❝❡ ❞✉ nième
-❡❝♦-❞ ✿

L1 = 1,

Ln = inf
{
t > Ln−1 : Xt > XLn−1

}
.

❆✈❡❝ ❝❡% ♥♦)❛)✐♦♥%✱ Rn = XLn ✳ ❊♥✜♥✱ %♦✐) NT ❧❡ ♥♦♠❜-❡ )♦)❛❧ ❞❡ -❡❝♦-❞%

♣❛-♠✐ X1, . . . , XT ♦J T ❞3%✐❣♥❡ ❧❡ )❡♠♣% ♣-3%❡♥) ❀ ♦♥ ♣♦%❡ N1 = 1 ❡) ♣❛- ❧❛

%✉✐)❡ ✿

NT =
T∑

t=1

δt.

❉❛♥% ❧❛ %✉✐)❡✱ ♦♥ %✉♣♣♦%❡ ❞✐%♣♦%❡- ❞❡% ❞♦♥♥3❡% ❞❛♥% ❧❡% %✉✐)❡% {Rn, n ≥ 1}
❡) {Ln, n ≥ 1} ❡)✴♦✉ {δt, t ≥ 1}✳ ▲❛ %✉✐)❡ {NT , T ≥ 1} %❡ ❝❛❧❝✉❧❡ : ♣❛-)✐- ❞❡

❧✬✉♥❡ ♦✉ ❧✬❛✉)-❡ ❞❡ ❝❡% ❞❡✉① ❞❡-♥✐I-❡% %✉✐)❡%✳



❈❍❆#■❚❘❊ ✶✳ ▲❊❙ ❘❊❈❖❘❉❙✱ ❯◆❊ ■◆❚❘❖❉❯❈❚■❖◆ ✷✵

▲❡ $%&✉❧)❛) &✉✐✈❛♥) ♠♦♥)$❡ 0✉❡ ♣♦✉$ ✉♥ T ✜①❡✱ ❧✬✐♥❢♦$♠❛)✐♦♥ ❝♦♥)❡♥✉❡

❞❛♥& {Ln, 1 ≤ n ≤ NT} ❡&) %0✉✐✈❛❧❡♥)❡ 9 ❝❡❧❧❡ ❞❛♥& {δt, 1 ≤ 1 ≤ T}✳
 !♦♣♦$✐&✐♦♥ ✶✳✶✳  ♦✉# ✉♥ T ✜①❡ ❡( ✉♥ ♥♦♠❜#❡ ❞❡ #❡❝♦#❞- NT = m ❞♦♥♥.✱

0 ♣❛#(✐# ❞❡ ❧❛ -✉✐(❡ ❞❡- ✐♥❞✐❝❡- ❞❡ #❡❝♦#❞- {Ln, 1 ≤ n ≤ m} ♦♥ ♣❡✉( ❞.(❡#♠✐♥❡#
❧❛ ❝♦♥✜❣✉#❛(✐♦♥ ❝♦♠♣❧6(❡ ❞❡ ❧❛ -✉✐(❡ ❞❡- ✐♥❞✐❝❛(#✐❝❡- ❞❡ #❡❝♦#❞- {δt, 1 ≤ t ≤ T}✱
❡( #.❝✐♣#♦7✉❡♠❡♥(✳

❉.♠♦♥-(#❛(✐♦♥✳ (=⇒) ❙✐ {L1 = l1 = 1, L2 = l2, . . . , Lm = lm}✱ ❝✬❡&) ❞♦♥❝ 0✉❡
{δ1 = δl1 = 1, δ2 = 0, . . . , δl2−1 = 0, δl2 = 1, δl2+1 = 0, . . . ,

δlm−1 = 0, δlm = 1, δlm+1 = 0, . . . , δT = 0} .

(⇐=) ❘%❝✐♣$♦0✉❡♠❡♥)✱ &✐

{δ1 = δl1 = 1, δ2 = 0, . . . , δl2−1 = 0, δl2 = 1, δl2+1 = 0, . . . ,

δlm−1 = 0, δlm = 1, δlm+1 = 0, . . . , δT = 0} ,
❛❧♦$& ❧❡& ✐♥❞✐❝❡& t ❞❡& δt = 1 &♦♥) ❧❡& ✈❛❧❡✉$& ❞❡& ✐♥❞✐❝❡& ❞❡ $❡❝♦$❞& {L1❂l1❂✶✱

L2❂l2✱✳✳✳✱Lm❂ lm}✳
❙✐❣♥❛❧♦♥& ❛✉&&✐ 0✉❡ ❞❛♥& ❝❡$)❛✐♥❡& ❛♣♣❧✐❝❛)✐♦♥&✱ ✐❧ ❡&) ❝♦♠♠♦❞❡ ❞❡ )$❛✲

✈❛✐❧❧❡$ ❛✈❡❝ ❧❡& $❡❝♦$❞& 9 ❜❛))$❡ 9 ❧✬✐♥&)❛♥) t

Wt = ❘❡❝♦$❞ 9 ❜❛))$❡ 9 ❧✬✐♥&)❛♥) t,

= max (X1, . . . , Xt) .

❆✐♥&✐✱ ♣♦✉$ ❧✬❛♥❛❧②&❡ &)❛)✐&)✐0✉❡ ❡) ♣$♦❜❛❜✐❧✐&)❡ ❞❡ $❡❝♦$❞&✱ ♦♥ &✉♣♣♦&❡ 0✉✬✐❧

❡&) ❞♦♥♥% ❞✬♦❜&❡$✈❡$ ❧❛ &✉✐)❡ ❞❡ ❝♦✉♣❧❡& {(Rn, Ln);n = 1, ..., NT} ♦✉✱ ❞❡ ❢❛D♦♥

%0✉✐✈❛❧❡♥)❡✱ ❧❛ &✉✐)❡ {(Wt, δt) , 1 ≤ t ≤ T}✳
❉❡ )♦✉)❡ ❢❛D♦♥✱ 9 ❝❛✉&❡ ❞❡ ❝❡))❡ ✐♥❢♦$♠❛)✐♦♥ $❡&)$❡✐♥)❡ ❡①)$❛✐)❡ ✉♥✐0✉❡✲

♠❡♥) ❞❡& ❝♦✉♣❧❡& {(Rn, Ln);n = 1, ..., NT} ♦✉ {(Wt, δt) , 1 ≤ t ≤ T}✱ ❞❡ ♥♦♠✲

❜$❡✉&❡& 0✉❡&)✐♦♥& &✉$ ❧❡ ❝♦♠♣♦$)❡♠❡♥) ❞❡ ❧❛ &%$✐❡ ❝❤$♦♥♦❧♦❣✐0✉❡ ❞❡& Xt

❞♦✐✈❡♥) $❡&)❡$ &❛♥& $%♣♦♥&❡& ❡✳❣✳ P [Xt+1 ≤ x | Xt = y]✳ ❈❡♣❡♥❞❛♥)✱ ❝❡$)❛✐♥❡&
0✉❡&)✐♦♥& ✐♠♣♦$)❛♥)❡&✱ )❡❧❧❡& 0✉❡ ❧❛ ♣$%❞✐❝)✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉$ ❡) ❞❡ ❧✬✐♥&)❛♥) ❞✉

♣$♦❝❤❛✐♥ $❡❝♦$❞✱ RNT+1 ❡) LNT+1✱ &♦♥) ❛❝❝❡&&✐❜❧❡&✳

❊♥✜♥✱ ♣$♦✜)♦♥& ❞❡ ❧✬♦❝❝❛&✐♦♥ ♣♦✉$ &✐❣♥❛❧❡$ ❧❛ &✐♠✐❧✐)✉❞❡ ❡♥)$❡ ❧❡& $❡❝♦$❞&

❡) ❧❡ )$❛✐)❡♠❡♥) ❞❡ ❞♦♥♥%❡& ❝❡♥&✉$%❡& ❡♥ ❛♥❛❧②&❡ ❞❡ &✉$✈✐❡✳ ❊♥ ♣❛$)✐❝✉❧✐❡$✱

)♦✉)❡& ❧❡& ✈❛❧❡✉$& ❞❡ Xt ❡♥)$❡ Rn ❡) Rn+1 ♣❡✉✈❡♥) I)$❡ ❝♦♥&✐❞%$%❡& ❝♦♠♠❡

❞❡& ♦❜&❡$✈❛)✐♦♥& ❝❡♥&✉$%❡& ♣❛$ Rn✳ ❊♥ ♦✉)$❡✱ ♦♥ $❡♠❛$0✉❡ ❞❛♥& ❧❡& ❝❤❛♣✐)$❡&

&✉✐✈❛♥)&✱ 0✉❡ ❝❡ ♠%❝❛♥✐&♠❡ ❞❡ ❝❡♥&✉$❡ ♣❡✉) ❝♦♥)❡♥✐$ ❞❡& ✐♥❢♦$♠❛)✐♦♥& &✉$

❧❡& ♣❛$❛♠J)$❡& ✐♥❝♦♥♥✉& ❞✬✉♥ ♠♦❞J❧❡ ❞❡ $❡❝♦$❞&✱ ✐♥❢♦$♠❛)✐♦♥ 0✉✐ ❡&) ❞♦♥❝

❡①♣❧♦✐)❛❜❧❡✳
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✶✳✸ ❈❛% ✐✐❞

▲❡$ ♣&♦♣&✐)*)$ $*♦❝❤❛$*✐.✉❡$ ❞❡$ $)&✐❡$ ❞❡ &❡❝♦&❞$ ♦♥* )*) ❧❛&❣❡♠❡♥* )*✉❞✐)$

❞❛♥$ ❧❡ ❝❛$ ♦5 ❧❡$ Xt $♦♥* ✐♥❞)♣❡♥❞❛♥*❡$ ❡* ✐❞❡♥*✐.✉❡♠❡♥* ❞✐$*&✐❜✉)❡$ ✭❆&♥♦❧❞

❡! ❛❧✳✱ ✶✾✾✽ ❀ ◆❡✈③♦&♦✈✱ ✷✵✵✶✮✳ ■❧ $❡ *&♦✉✈❡ .✉❡ ❜❡❛✉❝♦✉♣ ❞❡ ❝❡$ ♣&♦♣&✐)*)$ $♦♥*

✉♥✐✈❡&$❡❧❧❡$✱ ❝✬❡$*✲F✲❞✐&❡ ❡❧❧❡$ *✐❡♥♥❡♥* ♣♦✉& ✉♥❡ ❞✐$*&✐❜✉*✐♦♥ .✉❡❧❝♦♥.✉❡ ❞❡

Xt✳ ❈❡❧❛ ❛ ♣❡&♠✐$ ✉♥ ♣&♦❣&H$ ❞❛♥$ ❧❛ ❝♦♠♣&)❤❡♥$✐♦♥ ❣❧♦❜❛❧❡ ❞✉ ❝♦♠♣♦&*❡✲

♠❡♥* $*♦❝❤❛$*✐.✉❡ ❞❡ &❡❝♦&❞$✳

❈♦♥$✐❞)&♦♥$ ❧❡ ❝❛$ ♦5 ❧❡$ Xt $♦♥* ✐✐❞ ❞❡ ❞❡♥$✐*) f (·) ❡* ❞❡ ❢♦♥❝*✐♦♥ ❞❡

&)♣❛&*✐*✐♦♥ F (·)✳ ◆♦✉$ ♣&)$❡♥*♦♥$ ✉♥ ❝❡&*❛✐♥ ♥♦♠❜&❡ ❞❡ &)$✉❧*❛*$ ❝♦♥♥✉$ ❛✜♥

❞❡ ❞♦♥♥❡& ✉♥ ❛♣❡&K✉ ❞❡ .✉❡❧.✉❡$ ❢❛✐*$ ✐♠♣♦&*❛♥*$ ❡♥ *❤)♦&✐❡ ❞❡ &❡❝♦&❞$✳ ❖♥

♥♦*❡ P [δt = 1] ♣❛& Pt✱ ❧❡ *❛✉① ❞❡ &❡❝♦&❞ F ❧✬✐♥$*❛♥* t✳ ❈✬❡$* ❧❛ ♣&♦❜❛❜✐❧✐*) .✉❡

❧❛ tième
♦❜$❡&✈❛*✐♦♥✱ Xt✱ $♦✐* ✉♥ &❡❝♦&❞✳

❚❤"♦$%♠❡ ✶✳✷✳ ✭◆❡✈③♦,♦✈✱ ✷✵✵✶ ❀ ♣❛❣❡ ✺✽✮✱ 7♦✉, !♦✉! T ≥ 1✱ ❧❡9 ✈❛ δ1✱✳✳✳✱δT
❡! MT = max (X1, . . . , XT ) 9♦♥! ♠✉!✉❡❧❧❡♠❡♥! ✐♥❞<♣❡♥❞❛♥!❡9 ❛✈❡❝

δt ∽ ❇❡,♥♦✉❧❧✐

(
1

t

)
,

❞❡ 9♦,!❡ ?✉❡ ✿

P [δt = 1] =
1

t
.

❉<♠♦♥9!,❛!✐♦♥✳

P [δt = 1] = P [max {X1, . . . , Xt−1} < Xt] ,

=

ˆ

R

❞P (max {X1, . . . , Xt−1} < Xt, Xt = x) ,

=

ˆ

R

(FX(x))
t−1

❞FX(x),

=

ˆ 1

0

ut−1
❞u,

=
1

t
.

▲❡$ ✈❛ δt ♣&❡♥♥❡♥* $❡✉❧❡♠❡♥* ❞❡✉① ✈❛❧❡✉&$✳ ❆✐♥$✐✱ ♣♦✉& ♠♦♥*&❡& ❧✬✐♥❞)♣❡♥✲

❞❛♥❝❡ ✐❧ $✉✣* ❞❡ ♣&♦✉✈❡&✱ ◆❡✈③♦&♦✈ ✭✷✵✵✶✮✱ .✉❡ ♣♦✉& *♦✉* x ❀ T = 1, 2, 3, . . . ❀
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NT = 1, . . . , T ❡"

L1 = l1 = 1 < L2 = l2 < . . . < LNT
= lNT

≤ T, ✐♥❞✐❝❡' ❞❡ (❡❝♦(❞',

♦♥ ❛ ✿

P

[
δl1 = 1, . . . , δlNT

= 1,MT < x
]
= P [δl1 = 1]×. . .×P

[
δlNT

= 1
]
×P [MT < x] ,

❛✈❡❝ P [δl1 = 1] = 1 ✭❝❛( ❧❛ ♣(❡♠✐1(❡ ♦❜'❡(✈❛"✐♦♥ ❡'" "♦✉❥♦✉(' ✉♥ (❡❝♦(❞✱ ❝✬❡'"

❧❡ (❡❝♦(❞ "(✐✈✐❛❧✮✳ ❈♦♥'✐❞:(♦♥' ❧❡' ❝❛' ♦; NT = 2 ❡" NT = 3 ✿

<♦✉( NT = 2 ✿

P [δl1 = 1, δl2 = 1,MT < x] = P [max (X1, . . . , Xl2−1) < Xl2 < x;

max (Xl2+1, . . . , XT ) < x] ,

= (F (x))T−l2

ˆ x

−∞
(FX (u))l2−1 dFX(u),

=
F T
X(x)

l2
,

= 1× 1

l2
× F T

X(x),

= P [δl1 = 1]× P [δl2 = 1]× P [MT < x] .

<♦✉( NT = 3 ✿

P [δl1 = 1, δl2 = 1, δl3 = 1,MT < x] = P [max (X1, . . . , Xl2−1) < Xl2 < x;

max (Xl2 , . . . , Xl3−1) < Xl3 < x;

max (Xl3+1, . . . , XT ) < x] ,

= (FX (x))T−l3

ˆ x

−∞

ˆ x

u

(FX (u))l2−1

× (FX (v))l3−l2−1 dF (v) dF (u) ,

=
F T
X (x)

l2l3
,

= 1× 1

l2
× 1

l3
× F T

X(x),

= P [δl1 = 1]× P [δl2 = 1]× P [δl3 = 1]

×P [MT < x] .
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▲❡ ❝❛& NT > 3 &❡ ♣(♦✉✈❡ ❞❡ ❢❛.♦♥ ❛♥❛❧♦❣✉❡✳

❚❤"♦$%♠❡ ✶✳✸✳ ❆!♥♦❧❞ ❡3 ❛❧✳ ✭✶✾✾✽✮✱ ▲❛ .✉✐1❡ {Rn, n ≥ 1} ❞❡" ✈❛❧❡✉'" ❞❡

'❡❝♦'❞" ❢♦'♠❡ ✉♥❡ ❝❤❛.♥❡ ❞❡ ▼❛'❦♦✈ ❞❡ ♣'♦❜❛❜✐❧✐45 ❞❡ 4'❛♥"✐4✐♦♥ ✿

fRn|Rn−1 (rn|rn−1) =
f (rn)

1− F (rn−1)
,

❡4 ❞✬❡"♣❛❝❡ ❞✬54❛4 E = {R1 = X1 = r1 < R2 = r2 < · · · < Rn = rn < · · · }✳

❚❤"♦$%♠❡ ✶✳✹✳ ❙❤♦''♦❝❦ ✭✶✾✼✷✮✱ ▲❛ ❞✐"4'✐❜✉4✐♦♥ ❡①❛❝4❡ ❞❡ NT ❡"4 ❞♦♥♥5❡

♣❛' ✿

P [NT = m] =
S (T,m)

T !
, 0 ≤ m ≤ T,

♦C S (T,m) ❡"4 ❧❡ ♥♦♠❜'❡ ❞❡ ❙4✐'❧✐♥❣ ❞❡ ♣'❡♠✐E'❡ ❡"♣E❝❡ ✭✈♦✐' ❈❤❛'❛❧❛♠❜✐❞❡"

❡4 ❙✐♥❣❤ ✭✶✾✽✽✮✮✱ ❞5✜♥✐❡ ♣❛' ✿

T−1∏

t=0

(s− t) =
T∑

m=0

S (T,m) sm.

❘❡♠❛'J✉❡ ✶✳✺✳ ❊♥ %❝'✐✈❛♥+ NT = δ1 + · · ·+ δT ♥♦✉. ♦❜+❡♥♦♥. ❧✬❡.♣%'❛♥❝❡ ❡+

❧❛ ✈❛'✐❛♥❝❡ ❞❡ NT ✿

E (NT ) =
T∑

t=1

1

t
,

= ln (T ) +̟,

♦6 ̟ ❡.+ ❧❛ ❝♦♥.+❛♥+❡ ❞✬❊✉❧❡'✲▼❛.❝❤❡'♦♥✐ ✿ ̟ = lim
T→∞

(∑T
t=1

1
t
− ln (T )

)
≃

0.57722✳ ❊+

V (NT ) =
T∑

t=1

(
1

t

)(
1− 1

t

)
,

=
T∑

t=1

1

t
−

T∑

t=1

1

t2
.
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 !♦♣♦$✐&✐♦♥ ✶✳✻✳ ❆!♥♦❧❞ ❡# ❛❧✳ ✭✶✾✾✽✮✱ ▲❛ ❞✐/0!✐❜✉0✐♦♥ ❥♦✐♥0❡ ❞❡/ ✐♥❞✐❝❡/ ❞❡

!❡❝♦!❞/ ❡/0 ✿

P [L1 = 1, L2 = l2, . . . , LNT
= lNT

] = P [δ1 = 1, δ2 = 0, . . . , δl2−1 = 0,

δl2 = 1, . . . , δlNT
= 1
]
,

= P [δ1 = 1]× P [δ2 = 0]× · · ·
×P

[
δlNT

= 1
]
,

= 1×
(
1− 1

2

)
× · · · × 1

lNT

,

=
1

l2 − 1
× · · · × 1

lNT
− 1

× 1

lNT

.

✶✳✹ ❈❛% ♥♦♥ ✐✐❞

❆(♥♦❧❞ ❡0 ❛❧✳✭✶✾✾✽✱ ♣❛❣❡ ✷✻✮ ♠♦♥#(❡♥# 6✉❡✱ ❞❛♥8 ❧❡ ❝❛8 ✐✐❞✱ ❧♦(86✉❡ n
❛✉❣♠❡♥#❡✱ ❧❡8 (❡❝♦(❞8 ♦♥# #❡♥❞❛♥❝❡ : ❞❡✈❡♥✐( ♣❧✉8 ❡8♣❛❝=8 ❞❛♥8 ❧❡ #❡♠♣8✳

❈❡♣❡♥❞❛♥#✱ ❞❛♥8 ❞❡ ♥♦♠❜(❡✉① ❥❡✉① ❞❡ ❞♦♥♥=❡8 (=❡❧❧❡8✱ ❝❡ ♣❤=♥♦♠C♥❡ ♥❡ 8❡

♣(♦❞✉✐# ♣❛8 ❡# ❧❡8 (❛✐8♦♥8 ♣♦✉( ❝❡❧❛ 8♦♥# ♥♦♠❜(❡✉8❡8✳ D❛( ❡①❡♠♣❧❡✱ ❧❡8 ♣(♦✲

❣(C8 #❡❝❤♥♦❧♦❣✐6✉❡8 ♣❡✉✈❡♥# (❡♥❞(❡ ❧✬❛♣♣❛(✐#✐♦♥ ❞❡ (❡❝♦(❞8 ♣❧✉8 ❢(=6✉❡♥#❡ 6✉❡

♣(=✈✉❡ ♣❛( ❧❡ ♠♦❞C❧❡ ✐✐❞✳ ❉❡ ♣❧✉8✱ ❧✬✐♥#=(I# ♣♦✉( ✉♥❡ ❛❝#✐✈✐#= 8♣♦(#✐✈❡ ♦J ❧❡8

(❡❝♦(❞8 8♦♥# ✐♠❜❛##❛❜❧❡8 ❞✐♠✐♥✉❡ ❛✉#❛♥# ❝❤❡③ ❧❡8 8♣❡❝#❛#❡✉(8 ❡# ❧❡8 ♣(❛#✐❝✐❡♥8✳

❈❡❝✐ ❛ ❝♦♥❞✉✐# : ❧✬=❧❛❜♦(❛#✐♦♥ ❞❡ ♠♦❞C❧❡8 ♣❧✉8 ❝♦♠♣❧❡#8 6✉✐ ♣❡✉✈❡♥# ❢♦✉(♥✐(

✉♥❡ ♠❡✐❧❧❡✉(❡ ♣(=❞✐❝#✐♦♥✳

▲❛ ❋✐❣✉(❡ ✶✳✹ ♣(=8❡♥#❡ ❧❡8 (❡❝♦(❞8 ♦❧②♠♣✐6✉❡8 ❞✉ 8❛✉# ❡♥ ❤❛✉#❡✉( ❤♦♠♠❡

✭▼C#(❡8✮ ❝♦♥#(❡ ❧❡8 (❡❝♦(❞8 ❡①#(❛✐#8 ❞✬✉♥❡ 8=(✐❡ ❝❤(♦♥♦❧♦❣✐6✉❡ ❞❡ ✈❛(✐❛❜❧❡8

❛❧=❛#♦✐(❡8 ✐✐❞✳ ❉❡ ❝❡##❡ ✜❣✉(❡✱ ♦♥ (❡♠❛(6✉❡ 6✉✬✐❧ ♥✬❡8# ♣❛8 ✐❝✐ (❛✐8♦♥♥❛❜❧❡

❞❡ ❝♦♥8✐❞=(❡( ❧❡ ♠♦❞C❧❡ ✐✐❞✱ ❝❛( ❧❡ ♥♦♠❜(❡ ❞❡ (❡❝♦(❞8 ❝(♦✐# (❛♣✐❞❡♠❡♥#✳ ❉❡

♣❧✉8✱ ❞❛♥8 ❧❡ ❝❛8 ✐✐❞ ❧❡8 (❡❝♦(❞8 8❡ ❝♦♥❝❡♥#(❡♥# ♣❛(♠✐ ❧❡8 ♣(❡♠✐C(❡8 ♦❜8❡(✈❛✲

#✐♦♥8✳ ❈❡❝✐ ♠♦♥#(❡ ❧✬✐♥#=(I# ❞❡ ♠♦❞C❧❡8 6✉✐ ❞=♣❛88❡♥# ❧✬❤②♣♦#❤C8❡ ✐✐❞✳ ❉❛♥8 ❧❡

❈❤❛♣✐#(❡ ✷✱ ♥♦✉8 ♣(=8❡♥#♦♥8 ♣❧✉8✐❡✉(8 ❛✉#(❡8 ❛(❣✉♠❡♥#8 6✉✐ (❡♥❢♦(❝❡♥# ❧✬✐❞=❡

6✉❡ ❧❡ ♣❛88❛❣❡ ❛✉ ❞❡❧: ❞✬✉♥ ♠♦❞C❧❡ ✐✐❞ ❡8# ♣❛(❢♦✐8 ✐♥❞✐8♣❡♥8❛❜❧❡✳

▲❡8 ♠♦❞C❧❡8 ❞❡ (❡❝♦(❞8 ❧❡8 ♣❧✉8 ♣♦♣✉❧❛✐(❡8 ❛✉✲❞❡❧: ❞✉ ❝❛8 ✐✐❞ 8♦♥# ✿

✶✳ ▲❡ ♠♦❞C❧❡ : ❞=(✐✈❡ ❧✐♥=❛✐(❡ ✭▲❉▼✮✳

✷✳ ▲❡ ♠♦❞C❧❡ ❞❡ ❨❛♥❣✲◆❡✈③♦(♦✈ ✭▼♦❞C❧❡ F ρ
✮✳
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❉❛♥% ❝❡% ❞❡✉① ♠♦❞-❧❡%✱ ❧❡% Xt %♦♥0 ✐♥❞2♣❡♥❞❛♥0❡% ♠❛✐% ♣❛% ✐❞❡♥0✐4✉❡♠❡♥0

❞✐%05✐❜✉2❡%✳

❋✐❣✉$❡ ✶✳✹ ✕ ❘❡❝♦5❞% ♦❧②♠♣✐4✉❡% ❞✉ %❛✉0 ❡♥ ❤❛✉0❡✉5 ❤♦♠♠❡ ✭▼-05❡%✮ ✈%

❘❡❝♦5❞% ❝❛% ✐✐❞✳

✶✳✺ ❈♦♥❝❧✉)✐♦♥

❉❛♥% ❝❡ ❝❤❛♣✐05❡✱ ♥♦✉% ❛✈♦♥% ❞♦♥♥2 ✉♥❡ ❞2✜♥✐0✐♦♥ %✐♠♣❧❡ ❞✬✉♥ 5❡❝♦5❞ ❡0

♥♦✉% ❛✈♦♥% ❢❛✐0 ✉♥❡ 5❡✈✉❡ ❞❡ 4✉❡❧4✉❡% 52%✉❧0❛0% ❞❡ ❧❛ 0❤2♦5✐❡ ❞❡ 5❡❝♦5❞% ❞❛♥%

❧❡ ❝❛% ♦E ❧❡% ✈❛5✐❛❜❧❡% ❛❧2❛0♦✐5❡% Xt %♦♥0 ✐♥❞2♣❡♥❞❛♥0❡% ❡0 ✐❞❡♥0✐4✉❡♠❡♥0 ❞✐%✲

05✐❜✉2❡%✳ ❉❛♥% ❧❡ ❝❤❛♣✐05❡ %✉✐✈❛♥0✱ ♥♦✉% ❝♦♥%✐❞25♦♥% ❧❡ ❝❛% ❞✬✉♥ ♠♦❞-❧❡ ▲❉▼✳

◆♦05❡ ❜✉0 ❡%0 ❞❡ ❞2✈❡❧♦♣♣❡5 ❧❡ ❝♦♠♣♦50❡♠❡♥0 %0♦❝❤❛%0✐4✉❡ ❞❡ ❝❡ ♠♦❞-❧❡✳





❈❤❛♣✐%&❡ ✷

▼♦❞,❧❡ ▲❉▼ ✿ ◗✉❡❧3✉❡4 &54✉❧%❛%4

4✉& ❧❡ ❝♦♠♣♦&%❡♠❡♥% 4%♦❝❤❛4%✐3✉❡

▲❡ ♠♦❞%❧❡✱ ♣❡✉*✲,*-❡ ❧❡ ♣❧✉. .✐♠♣❧❡ ♠❛✐. ❡♥ *♦✉* ❝❛. ❧❡ ♣❧✉. ♣♦♣✉❧❛✐-❡✱

♣♦✉- ✉♥❡ .3-✐❡ ❞❡ -❡❝♦-❞. ✐..✉. ❞✬♦❜.❡-✈❛*✐♦♥. ✐♥❞3♣❡♥❞❛♥*❡. ♠❛✐. ♥♦♥ ✐❞❡♥✲

*✐7✉❡♠❡♥* ❞✐.*-✐❜✉3❡. ❡.* ❧❡ ♠♦❞%❧❡ 8 ❞3-✐✈❡ ❧✐♥3❛✐-❡ ✭▲❉▼✮ ✐♥*-♦❞✉✐* ♣❛-

❇❛❧❧❡-✐♥✐ ❡* ❘❡.♥✐❝❦ ✭✶✾✽✺✮✳ ❉❛♥. ❝❡ ❝❤❛♣✐*-❡ ♥♦✉. ❞3✈❡❧♦♣♣♦♥. ❧❡ ❝♦♠♣♦-*❡✲

♠❡♥* .*♦❝❤❛.*✐7✉❡ ❞✬✉♥ ♠♦❞%❧❡ ▲❉▼ ❡* ♥♦✉. ♣-3.❡♥*♦♥. ❝❡-*❛✐♥❡. ♣-♦♣-✐3*3.

❞❡. ✐♥❞✐❝❛*-✐❝❡. ❞❡ -❡❝♦-❞. {δt, 1 ≤ t ≤ T} ♦F T ❞3.✐❣♥❡ ❧❡ *❡♠♣. ♣-3.❡♥*✳

❉❡ ♣❧✉.✱ ❡♥ .❡ ❜❛.❛♥* .✉- ❝❡. ❞❡-♥✐❡-. ♥♦✉. ❞3*❡-♠✐♥♦♥. ❧❛ ❞✐.*-✐❜✉*✐♦♥ ❞✉

♥♦♠❜-❡ ❞❡ -❡❝♦-❞. NT ❡* ❝❡❧❧❡ ❞❡. ✐♥❞✐❝❡. ❞❡ -❡❝♦-❞. {Ln, n ≥ 1}✳
❉❛♥. ✉♥ ♠♦❞%❧❡ ▲❉▼✱ ❧❛ tième

♦❜.❡-✈❛*✐♦♥ ❞❡ ❧❛ .3-✐❡ ❝❤-♦♥♦❧♦❣✐7✉❡ ❡.*

❞❡ ❧❛ ❢♦-♠❡ ✿

Xt = Yt + θ × t, ✭✷✳✵✳✶✮

♦F θ ❡.* ✉♥❡ ❝♦♥.*❛♥*❡ .*-✐❝*❡♠❡♥* ♣♦.✐*✐✈❡ ❛♣♣❡❧3❡ ✓ ❞-✐❢* ✔ ✱ 1 ≤ t ≤ T
❡* {Yt, ✶≤t≤T} ❡.* ✉♥❡ .✉✐*❡ ❞❡ ✈❛-✐❛❜❧❡. ❛❧3❛*♦✐-❡. ✐✐❞ ❞❡ ❢♦♥❝*✐♦♥ ❞❡ -3✲

♣❛-*✐*✐♦♥ F (·)✳ ❆✐♥.✐✱ ❧❡. ✈❛ {Xt, 1 ≤ t ≤ T} .♦♥* ✐♥❞3♣❡♥❞❛♥*❡. ♠❛✐. ♥♦♥

✐❞❡♥*✐7✉❡♠❡♥* ❞✐.*-✐❜✉3❡. ❞❡ ❢♦♥❝*✐♦♥. ❞❡ -3♣❛-*✐*✐♦♥ {Ft (·) , 1 ≤ t ≤ T} ❡*

❞❡ ❞❡♥.✐*3. {ft (·) , 1 ≤ t ≤ T} ♦F

ft (x) = f (x− θ × t) ,

Ft (x) = F (x− θ × t) .

✷✼
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❆✈❡❝ ❝❡ ♠♦❞)❧❡✱ ❧❡ ,❛✉① ❞❡ 0❡❝♦0❞ ❡1, ✿

Pt (θ) =

ˆ

ft (x)

(
t−1∏

k=1

Fk (x)

)
❞x,

=

ˆ

f (x− θ × t)

(
t−1∏

k=1

F (x− θ × k)

)
❞x,

=

ˆ

f (y)

(
t−1∏

k=1

F (y + θ × k)

)
❞y.

✷✳✶ ❘$%✉❧(❛(% ♣+$❧✐♠✐♥❛✐+❡%

❉❛♥1 ❧❡ ❝❛❞0❡ ❞✬✉♥ ♠♦❞)❧❡ ▲❉▼✱ ❇❛❧❧❡0✐♥✐ ❡, ❘❡1♥✐❝❦ ✭✶✾✽✺✮ ♠♦♥,0❡♥,

A✉❡ ♣♦✉0 ✉♥ θ > 0 ❡, 1✐ E (Y+) < ∞ (y+ = max (0, y))✱ ♦♥ ♣❡✉, ❞C✜♥✐0 ✉♥

,❛✉① ❞❡ 0❡❝♦0❞ ❛1②♠♣,♦,✐A✉❡ ✿

P (θ) = lim
t→∞

Pt (θ) .

❈❡,,❡ A✉❛♥,✐,C ❧✐♠✐,❡ P (θ) ❞♦✐,✱ ❡♥ ❣C♥C0❛❧✱ H,0❡ C✈❛❧✉C❡ ♥✉♠C0✐A✉❡♠❡♥,✱

♠❛✐1 ✉♥❡ ❡①♣0❡11✐♦♥ ❡①♣❧✐❝✐,❡ ❡1, ❞✐1♣♦♥✐❜❧❡ ❞❛♥1 ❝❡0,❛✐♥1 ❝❛1✳

❊①❡♠♣❧❡ ✷✳✶✳ ❙✐ ❧❡1 Yt 1✉✐✈❡♥, ✉♥❡ ❧♦✐ ❞❡ ●✉♠❜❡❧ ❞❡ ♣❛0❛♠),0❡1 ❝♦♥♥✉1✱ A✉❡

1❛♥1 ♣❡0,❡ ❞❡ ❣C♥C0❛❧✐,C ❡, ❛✜♥ ❞❡ 1✐♠♣❧✐✜❡0 ❧❛ ♣0C1❡♥,❛,✐♦♥ ♥♦✉1 ♣0❡♥❞0♦♥1

❝♦♠♠❡ C,❛♥, µ = 0 ✭♣❛0❛♠),0❡ ❞❡ ♣♦1✐,✐♦♥✮ ❡, β = 1 ✭♣❛0❛♠),0❡ ❞✬C❝❤❡❧❧❡✮✱

♥♦,C❡ G (0, 1) ❞❡ 1♦0,❡ A✉❡ F (y) = exp (− exp (−y))✱ ♦♥ ❛ ❛❧♦01 ❧❛ 0❡❧❛,✐♦♥ ✿

F (y + a) = exp
(
−e−y−a

)
,

= exp
(
−e−y

)e−a

,

= F (y)e
−a

.

❉♦♥❝✱

Pt (θ) =

ˆ

f (y)

(
t−1∏

k=1

F (y + θ × k)

)
❞y,

=

ˆ

f (y)

(
t−1∏

k=1

F (y)e
−θk

)
❞y,
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Pt (θ) =

ˆ 1

0

u
∑t−1

k=1 τ
k

❞u, ❛✈❡❝ τ = e−θ,

=
1∑t−1

k=0 τ
k
,

=
1− e−θ

1− e−θt
.

❆✐♥*✐✱

lim
t→∞

Pt (θ) = P (θ) = 1− e−θ.

❘❡♠❛$%✉❡ ✷✳✷✳ ◆♦✉* ✈❡00♦♥* ❛✉ ❈❤❛♣✐40❡ ✻ 6✉❡ *✐ ❧❡* Yt *✉✐✈❡♥4 ✉♥❡ ❧♦✐

❞❡ ●✉♠❜❡❧ ❞❡ ♣❛0❛♠;40❡* ✐♥❝♦♥♥✉*✱ ♥♦4<❡ G (µ, β)✱ ❛❧♦0* ❧❡ 4❛✉① ❞❡ 0❡❝♦0❞

❞<♣❡♥❞0❛ ✉♥✐6✉❡♠❡♥4 ❞✉ ❞0✐❢4 θ ❡4 ❞✉ ♣❛0❛♠;40❡ ❞✬<❝❤❡❧❧❡ β ❡4 ❛✉0❛ ❝♦♠♠❡

❡①♣0❡**✐♦♥ Pt =
1−e

− θ
β

1−e
− θ

β
t
✳ ❆✐♥*✐ ❧❡* ♣❛0❛♠;40❡* θ ❡4 β ♥❡ *♦♥4 ♣❛* ✐❞❡♥4✐✜❛❜❧❡*✳

■❧ ❡*4 ❞♦♥❝ 0❛✐*♦♥♥❛❜❧❡ ❞❡ ❝♦♥*✐❞<0❡0 ❧❡ ❝❛* β = 1 ♣♦✉0 *✐♠♣❧✐✜❡0✳ ❉✬❛✉40❡

♣❛04✱ ❧✬✐♠♣♦04❛♥❝❡ ❞❡ ❝♦♥*✐❞<0❡0 ❧❡ ❝❛* ♦C ❧❛ ❞✐*40✐❜✉4✐♦♥ *♦✉*✲❥❛❝❡♥4❡ *✉✐4 ❧❛

❧♦✐ ❞❡ ●✉♠❜❡❧ ✈✐❡♥4 ❞✉ ❢❛✐4 6✉❡ ✿

✶✳ ❉❛♥* ✉♥ ♠♦❞;❧❡ ▲❉▼✱ ❇♦0♦✈❦♦✈ ✭✶✾✾✾✮ ♠♦♥40❡ 6✉❡ ❧❛ ❞✐*40✐❜✉4✐♦♥

G (µ, β) ❡*4 ❧✬✉♥✐6✉❡ ❧♦✐ ❝❛0❛❝4<0✐*<❡ ♣❛0 ❧✬✐♥❞<♣❡♥❞❛♥❝❡ ❞❡* δt✳

✷✳ ●✉♠❜❡❧ ❡*4 ❧❡ ❞♦♠❛✐♥❡ ❞✬❛440❛❝4✐♦♥ ❞❡ ♥♦♠❜0❡✉*❡* ❞❡♥*✐4<* ♣♦♣✉❧❛✐0❡*

✭◆♦0♠❛❧❡✱ ❊①♣♦♥❡♥4✐❡❧❧❡✱ ✳✳✳✮✳

❚❤"♦$%♠❡ ✷✳✸✳ ✭❇❛❧❧❡$✐♥✐ ❡- ❘❡.♥✐❝❦✭✶✾✽✺✲✶✾✽✼✮✮ ❉❛♥. ❧❡ ❝♦♥-❡①-❡ ❞✬✉♥

♠♦❞=❧❡ ▲❉▼✱ .✐ F (·) ❡.- ❝♦♥-✐♥✉❡✱ θ > 0✱ ❡- E [Y+] < ∞ ❛❧♦$.

E

[
NT

T

]
−→
T

P (θ) ,

❡-

NT

T
−→ P (θ) , ♣$❡.%✉❡ .B$❡♠❡♥-✳

❉❡ ♣❧✉.✱ .✐ E [Y+]
2 < ∞✱ ✐❧ ❡①✐.-❡ ✉♥ ✵ ❁ σ2 < ∞ -❡❧ %✉❡

√
T

(
NT

T
− P (θ)

)
−→ N

(
0, σ2

)
.

❉❛♥. ❧❡ ❝❛. ❞✬✉♥❡ ❞✐.-$✐❜✉-✐♦♥ .♦✉.✲❥❛❝❡♥-❡ ❞❡ ❧♦✐ ❞❡ ●✉♠❜❡❧✱ σ2 = P (θ) −
P 2 (θ) ✭✈♦✐$ ❛✉..✐ ❧❡ ❈❤❛♣✐-$❡ ✸✮✳
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✷✳✷ ❉✐$%&✐❜✉%✐♦♥ ❞❡ NT

▲❡ ♥♦♠❜(❡ ❞❡ (❡❝♦(❞+ NT ❡+, ❧✐/ ❛✉① ✐♥❞✐❝❛,(✐❝❡+ ❞❡ (❡❝♦(❞+ ♣❛( ❧❛ (❡❧❛,✐♦♥ ✿

NT =
T∑

t=1

δt, ✭✷✳✷✳✶✮

❛✈❡❝ δt ❧✬✐♥❞✐❝❛,(✐❝❡ ❞❡ (❡❝♦(❞ ❞♦♥, ♦♥ (❛♣♣❡❧❧❡ ❧❛ ❞/✜♥✐,✐♦♥ ✿

δt =

{
1 siXt > max(X1, . . . , Xt−1)

0 sinon
.

 !♦♣♦$✐&✐♦♥ ✷✳✹✳ ❙✐ ❞❛♥% ❧❡ ♠♦❞*❧❡ ▲❉▼✱ ❧❡% ✈❛ {Yt, t ≥ 1} %✉✐✈❡♥1 ❧❛ ❧♦✐

G (0, 1)✱ ❛❧♦2% NT ❛ ♣♦✉2 ❢♦♥❝1✐♦♥ ❞❡ ♠❛%%❡ ✿

Pθ [NT = m] =
exp (−Tθ)S (T,m | ~u (θ))∏T

t=1 ut (θ)
, ✭✷✳✷✳✷✮

♦7 ❧❡ ✈❡❝1❡✉2 ~u (θ) = (u0 (θ) , . . . , uT (θ)) ❡%1 ❞8✜♥✐ ♣❛2

ut (θ) =
e−θ
(
1− e−tθ

)

(1− e−θ)
, ❛✈❡❝ u0 (θ) = 0, ✭✷✳✷✳✸✮

❡1 S (T,m | ~u (θ)) ❡%1 ❧❛ ❣8♥82❛❧✐%❛1✐♦♥ ❞✉ ♥♦♠❜2❡ ❞❡ ❙1✐2❧✐♥❣ ❞❡ ✶

er
❡%♣*❝❡✱

❞8✜♥✐❡ ♣❛2 ❧❛ ❝♦♠♣❛2❛✐%♦♥ ❞❡% ❞❡✉① ♣♦❧②♥?♠❡% %✉✐✈❛♥1% ✿

T−1∏

t=0

(s+ ut (θ)) =
T∑

m=0

S (T,m | ~u (θ)) sm. ✭✷✳✷✳✹✮

❉8♠♦♥%12❛1✐♦♥✳ ❇♦(♦✈❦♦✈ ✭✶✾✾✾✮ ♠♦♥,(❡ A✉❡ ❞❛♥+ ✉♥ ♠♦❞B❧❡ ▲❉▼✱ ❧❛ ❞✐+✲

,(✐❜✉,✐♦♥ ❞❡ ●✉♠❜❡❧ ❡+, ❧✬✉♥✐A✉❡ ❧♦✐ ❝❛(❛❝,/(✐+/❡ ♣❛( ❧✬✐♥❞/♣❡♥❞❛♥❝❡ ❞❡+ ✐♥✲

❞✐❝❛,(✐❝❡+ ❞❡ (❡❝♦(❞+✳ ❆✐♥+✐✱ ❧❛ ❢♦♥❝,✐♦♥ ❣/♥/(❛,(✐❝❡ ❞❡ NT ❡+, ✿

GNT
(s) = E

(
sNT
)
,

= E

(
s
∑T

t=1 δt
)
,

=
T∏

t=1

Gδt (s) . ✭✷✳✷✳✺✮
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❉✬❛♣&'( ❧✬❡①❡♠♣❧❡ ✷✳✶✱ ❧❡ 0❛✉① ❞❡ &❡❝♦&❞ P [δt = 1]✱ ♣♦✉& ✉♥❡ ❞✐(0&✐❜✉0✐♦♥ ❞❡

G (0, 1)✱ ❡(0 ❞♦♥♥8 ♣❛& ✿

Pt (θ) =
1− e−θ

1− e−tθ
, ✭✷✳✷✳✻✮

❞❡ (♦&0❡ =✉❡✱

Gδt (s) = E
(
sδt
)
,

= s0P [δt = 0] + sP [δt = 1] ,

= (1− Pt (θ)) + sPt (θ) ,

=
1− e−θ

1− e−tθ

[
1− e−tθ

1− e−θ
− 1 + s

]
. ✭✷✳✷✳✼✮

❊♥ &❡♠♣❧❛@❛♥0 ✭✷✳✷✳✼✮ ❞❛♥( ✭✷✳✷✳✺✮ ♦♥ ♦❜0✐❡♥0 ✿

GNT
(s) =

(
T∏

t=1

1− e−θ

1− e−tθ

)
T∏

t=1

(
s+

e−θ − e−tθ

1− e−θ

)
,

=

(
T∏

t=1

1− e−θ

1− e−tθ

)
T−1∏

t=0

(
s+

e−θ − e−(t+1)θ

1− e−θ

)
,

=

(
T∏

t=1

1− e−θ

1− e−tθ

)
T−1∏

t=0

(
s+

e−θ
(
1− e−tθ

)

1− e−θ

)
.

❉8✜♥✐((❛♥0 ❧❡( ut (θ) ❝♦♠♠❡ ❡♥ ✭✷✳✷✳✸✮✱ ♦♥ ♦❜0✐❡♥0 ❞❡ ✭✷✳✷✳✹✮

GNT
(s) =

(
T∏

t=1

1− e−θ

1− e−tθ

)
T−1∏

t=0

(s+ ut (θ)) ,

=

(
T∏

t=1

1− e−θ

1− e−tθ

)
T∑

m=0

S (T,m | ~u (θ)) sm. ✭✷✳✷✳✽✮

❖&✱ Pθ [NT = 0] = 0 ❞❡ (♦&0❡ =✉❡

GNT
(s) =

∑

m≥1

Pθ [NT = m] sm. ✭✷✳✷✳✾✮
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"❛$ ❝♦♠♣❛$❛✐*♦♥ ❞❡ ✭✷✳✷✳✽✮ ❡2 ✭✷✳✷✳✾✮ ✿

Pθ [NT = m] = S (T,m | ~u (θ))
T∏

t=1

1− e−θ

1− e−tθ
,

= S (T,m | ~u (θ))
T∏

t=1

e−θ

ut (θ)
,

=
S (T,m | ~u (θ)) e−Tθ

∏T
t=1 ut (θ)

.

❘❡♠❛$%✉❡ ✷✳✺✳ "♦✉$ ❝❛❧❝✉❧❡$ ❡①♣❧✐❝✐2❡♠❡♥2 ❧❡ ♥♦♠❜$❡ ❞❡ ❙2✐$❧✐♥❣ ❣<♥<$❛❧✲

✐*< ❞❡ ♣$❡♠✐>$❡ ❡*♣>❝❡✱ ♦♥ ♣❡✉2 ✉2✐❧✐*❡$ ❧❛ ❢♦$♠✉❧❡ ❞❡ $<❝✉$$❡♥❝❡ *✉✐✈❛♥2❡✱

✭❑❤$❛✐❜❛♥✐ ✭✷✵✵✽✮✱ ♣❛❣❡ ✺✶✮ ✿

S (T + 1,m | ~u (θ)) = S (T,m− 1 | ~u (θ)) + uTS (T,m | ~u (θ)) ,

♣♦✉$ T ≥ 1 ❡2 0 ≤ m ≤ T ✳

✷✳✸ ▼♦♠❡♥() ❞❡ NT

❉❡♣✉✐* ✭✷✳✷✳✶✮ ♦♥ ❛ ✿

E [NT ] =
T∑

t=1

E [δt] ,

=
T∑

t=1

Pt (θ) ,

❡2 ❞❛♥* ❧❡ ❝❛* ❞❡ ❧❛ ❞✐*2$✐❜✉2✐♦♥ G (0, 1)✱

E [NT ] =
T∑

t=1

1− e−θ

1− e−tθ
.
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❋✐❣✉$❡ ✷✳✶ ✕ ❊&♣()❛♥❝❡ ❞❡ NT ❞❛♥& ❧❡ ❝❛& ❞❡ ❧❛ ❧♦✐ ❞❡ ●✉♠❜❡❧ ✿ ❝❛& ✐✐❞ ✈&

♠♦❞8❧❡ ▲❉▼✳

❯=✐❧✐&❛♥= ❧✬✐♥❞(♣❡♥❞❛♥❝❡ ❞❡& ✐♥❞✐❝❛=)✐❝❡& ❞❡ )❡❝♦)❞& ♣♦✉) ❧❛ ❧♦✐ ❞❡ ●✉♠❜❡❧✱

♥♦✉& ❝❛❧❝✉❧♦♥& ❧✬❡①♣)❡&&✐♦♥ ❞❡ ❧❛ ✈❛)✐❛♥❝❡ ❞❡ NT ✿

V [NT ] = E [NT ]−
T∑

t=1

(
1− e−θ

1− e−tθ

)2

.

▲❛ ❋✐❣✉)❡ ✷✳✶✱ ♠♦♥=)❡ C✉❡ ❧❛ ♠♦②❡♥♥❡ ❞✉ ♥♦♠❜)❡ ❞❡ )❡❝♦)❞& ❡&= ♣❧✉&

❣)❛♥❞❡ ❞❛♥& ❧❡ ❝❛& ❞✉ ▲❉▼ ✭✐❝✐ ❛✈❡❝ ✉♥❡ ❞✐&=)✐❜✉=✐♦♥ &♦✉&✲❥❛❝❡♥=❡ G (0, 1)
❡= ✉♥ ❞)✐❢= θ = 0.1✮ C✉❡ ❞❛♥& ❧❡ ❝❛& ✐✐❞ ❡= ❧❛ ❞✐✛()❡♥❝❡ ❛✉❣♠❡♥=❡ ❛✈❡❝ T ✳ ▲❛
❋✐❣✉)❡ ✷✳✷✱ ❝♦♠♣❛)❡ ❧❛ ❢♦♥❝=✐♦♥ ❞❡ ♠❛&&❡ ❞❡ NT ❞❛♥& ❧❡ ❝❛& ▲❉▼✱ ❝❛❧❝✉❧(❡

&✉✐✈❛♥= ✭✷✳✷✳✷✮ ✭❞✐&=)✐❜✉=✐♦♥ &♦✉&✲❥❛❝❡♥=❡ G (0, 1) ❡= ❞✐✛()❡♥=❡& ✈❛❧❡✉)& ❞❡ θ✮
❛✈❡❝ ❧❡ ❝❛& ✐✐❞✳ ❖♥ )❡♠❛)C✉❡ C✉❡ ❞❛♥& ❧❡ ❝❛& ▲❉▼ ❧❡ ♠♦❞❡ ❞❡ ❧❛ ❞✐&=)✐❜✉=✐♦♥

❡&= =♦✉❥♦✉)& ♣❧✉& ❣)❛♥❞ C✉❡ ❝❡❧✉✐ ❞✉ ❝❛& ✐✐❞ ❡= ❧❛ ❞✐✛()❡♥❝❡ ❛✉❣♠❡♥=❡ ❞❡

❝♦♥❝❡)= ❛✈❡❝ ❧❡ ❞)✐❢= θ✳ ❉❡ ♣❧✉&✱ ❧❛ C✉❡✉❡ ❞❡ ❞)♦✐=❡ ❞❡ ❧❛ ❢♦♥❝=✐♦♥ ❞❡ ♠❛&&❡ ❞❡

NT ❡&= =♦✉❥♦✉)& ♣❧✉& (♣❛✐&&❡ ❞❛♥& ❧❡ ❝❛& ▲❉▼✳

❈❡❝✐ ♠♦♥=)❡✱ ❝♦♠♠❡ ♦♥ ❧✬❛ ♣)❡&&❡♥=✐ ❛✉ ❈❤❛♣✐=)❡ ✶✱ C✉❡ ❧❡ ♣❛&&❛❣❡ ❞✉

❝❛& ✐✐❞ N ✉♥ ♠♦❞8❧❡ ▲❉▼ ❡&= ✉♥❡ ❢❛O♦♥ ❞✬♦❜=❡♥✐) ✉♥❡ &♦✉♣❧❡&&❡ ❛❝❝)✉❡ ♣♦✉)

❛❥✉&=❡) ❝♦))❡❝=❡♠❡♥= ✉♥❡ &()✐❡ ❞❡ ❞♦♥♥(❡& ❞❡ )❡❝♦)❞&✳
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❋✐❣✉$❡ ✷✳✷ ✕ ❋♦♥❝)✐♦♥ ❞❡ ♠❛//❡ ❞❡ NT ❞❛♥/ ✉♥ ♠♦❞1❧❡ ✐✐❞ ❡) ❞❛♥/ ✉♥ ♠♦❞1❧❡

▲❉▼✳ ❈❛/ ❞❡ ❧❛ ❧♦✐ ❞❡ ●✉♠❜❡❧✳

✷✳✹ ❱❛❧❡✉() ❡* ✐♥❞✐❝❡) ❞❡ (❡❝♦(❞)

❖♥ :❛♣♣❡❧❧❡ <✉❡ ❧❡/ /✉✐)❡/ {Rn : n ≥ 1} ❡) {Ln : n ≥ 1} :❡♣:=/❡♥)❡♥) :❡✲

/♣❡❝)✐✈❡♠❡♥) ❧❡/ ✈❛❧❡✉:/ ❡) ❧❡/ ✐♥❞✐❝❡/ ❞❡ :❡❝♦:❞/✳ @❧✉/ ♣:=❝✐/=♠❡♥)✱ ❞❛♥/ ✉♥

♠♦❞1❧❡ ▲❉▼ ❛✈❡❝ ✉♥ ❞:✐❢) θ ✿

L1 = 1 ✭❘❡❝♦:❞ ):✐✈✐❛❧✮.

Ln = inf
{
t > Ln−1 : Xt > XLn−1

}
,

= inf
{
t > Ln−1 : Yt + θt > YLn−1 + θLn−1

}
,

= inf
{
t > Ln−1 : Yt > YLn−1 + θ (Ln−1 − t)

}
,

❡)

R1 = X1.

Rn = XLn ,

= YLn + θLn.
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❘❡♠❛$%✉❡ ✷✳✻✳ ❙✐ ✉♥❡ ♦❜,❡-✈❛0✐♦♥ Yt ❡,0 ✉♥ -❡❝♦-❞ ❞❛♥, ❧❛ ,✉✐0❡ {Yt, t ≥ 1}✱
❛❧♦-, ❧❛ ✈❛❧❡✉- ❝♦--❡,♣♦♥❞❛♥0❡ 6 ❝❡00❡ ♦❜,❡-✈❛0✐♦♥ ❞❛♥, ❧❡ ♠♦❞8❧❡ ▲❉▼✱ Xt =
Yt+ θt ❡,0 ❛✉,,✐ ✉♥ -❡❝♦-❞ ❞❛♥, ❧❛ ,✉✐0❡ {Xt, t ≥ 1}✳ ▼❛✐,✱ ❧❛ -<❝✐♣-♦=✉❡ ♥✬❡,0

♣❛, ✈-❛✐❡✳

❉❡ ❝❡00❡ -❡♠❛-=✉❡ ♦♥ ♣❡✉0 0✐-❡- ❧❡ ❝♦-♦❧❧❛✐-❡ ,✉✐✈❛♥0 ✿

❈♦"♦❧❧❛✐"❡ ✷✳✼✳ ❉❛♥* ✉♥ ♠♦❞-❧❡ ▲❉▼ ❡1 ♣♦✉$ ✉♥❡ ❞✐*1$✐❜✉1✐♦♥ *♦✉*✲❥❛❝❡♥1❡

%✉❡❧❝♦♥%✉❡ ♦♥ ❛ ❧❡* ✐♥8❣❛❧✐18* *✉✐✈❛♥1❡*

Ln ≤ Lθ=0
n ,

❡1

NT ≥ N θ=0
T ,

♦; Lθ=0
n ❡1 N θ=0

T ❞8*✐❣♥❡♥1 $❡*♣❡❝1✐✈❡♠❡♥1 ❧✬✐♥❞✐❝❡ ❞✉ nième
$❡❝♦$❞ ❡1 ❧❡ ♥♦♠❜$❡

❞❡ $❡❝♦$❞* ❞❛♥* ❧❛ *✉✐1❡ {Yt, 1 ≤ t ≤ T}✳

❘❡♠❛$%✉❡ ✷✳✽✳ ❈❡❝✐ ♠♦♥0-❡ ❧❡ ❢❛✐0 <✈♦=✉< ❞❛♥, ❧❛ ❋✐❣✉-❡ ✷✳✶✳ F❛- ❝♦♥0-❡✱ ❧❡,

❞❡✉① =✉❛♥0✐0<, Rn ✭❝❛, ▲❉▼✮ ❡0 Rn ✭❝❛, ✐✐❞✮ ♥❡ ,♦♥0 ♣❛, ❛✉,,✐ ❢❛❝✐❧❡♠❡♥0

❝♦♠♣❛-❛❜❧❡✳

✷✳✺ ❉✐%&'✐❜✉&✐♦♥ ❞❡% Ln

❈♦♥,✐❞<-♦♥, ❧❛ ,✉✐0❡ ❞❡, ✐♥❞✐❝❡, ❞❡ -❡❝♦-❞, L1 = 1 < L2 < . . . < Lm✱ ♣♦✉-

✉♥ ♥♦♠❜-❡ ❞❡ -❡❝♦-❞, NT = m ❞♦♥♥< ❞❛♥, ❧❛ ,✉✐0❡ {Xt, 1 ≤ t ≤ T}✳
❉❛♥, ❧❛ ,✉✐0❡✱ ♦♥ ❝♦♥,✐❞8-❡ =✉❡ ❧❡, ✈❛❧❡✉-, l2, . . . , lm ❞❡, ✐♥❞✐❝❡, ❞❡ -❡❝♦-❞,

,♦♥0 ❞❡, ❡♥0✐❡-, 0❡❧❧❡, =✉❡ 1 < l2 < . . . < lm✳ F♦✉- ❛❧❧<❣❡- ❧❡, ❡①♣-❡,,✐♦♥,✱ ♦♥
❡,❝❛♠♦0❡ ❧❡ ❢❛✐0 =✉❡ ,✐ ❧❡, lj ♥❡ ,♦♥0 ♣❛, ❞❡, ❡♥0✐❡-, ,❛0✐,❢❛✐,❛♥0 ❧❡, ❝♦♥0-❛✐♥0❡,
❛❧♦-, ❧❡, ♣-♦❜❛❜✐❧✐0<, =✉✬♦♥ -❡♥❝♦♥0-❡ ,♦♥0 ♥✉❧❧❡,✳

*"♦♣♦,✐-✐♦♥ ✷✳✾✳ ❉❛♥* ✉♥ ♠♦❞-❧❡ ▲❉▼✱ *✐ ❧❡* ✈❛ {Yt, t ≥ 1} *✉✐✈❡♥1 ❧❛ ❧♦✐
G (0, 1)✱ ❛❧♦$* ❧❛ ❞✐*1$✐❜✉1✐♦♥ ❥♦✐♥1❡ ❞❡* ✐♥❞✐❝❡* ❞❡ $❡❝♦$❞* ❡*1 ✿

P [L1 = 1, L2 = l2, . . . , Lm = lm] =
exp (− (lm −m) θ)

1− exp (−lmθ)

m∏

n=2

(
1− exp (−θ)

1− exp (− (ln − 1) θ)

)
.
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❉!♠♦♥%&'❛&✐♦♥✳ ▲✬✐♥❞'♣❡♥❞❛♥❝❡ ❞❡, δt ❞❛♥, ❧❡ ❝❛, ❞❡ ❧❛ ❧♦✐ ❞❡ ●✉♠❜❡❧ ✐♠✲

♣❧✐4✉❡ 4✉❡ ✿

P [L1 = 1, L2 = l2, . . . , Lm = lm] = P [δ1 = 1, δ2 = 0, . . . , δl2 = 1, . . . ,

δlm−1 = 0, δlm = 1] ,

P [L1 = 1, L2 = l2, . . . , Lm = lm] = 1×
(
1− 1− exp (−θ)

1− exp (−2θ)

)
× · · · ×

(
1− exp (−θ)

1− exp (−l2θ)

)
× · · ·

×
(
1− 1− exp (−θ)

1− exp (− (lm − 1) θ)

)
×
(

1− exp (−θ)

1− exp (−lmθ)

)
,

= (1− exp (−θ))m exp (− (lm −m) θ)

× 1

1− exp (−lmθ)

[
m∏

n=2

(
1

1− exp (− (ln − 1) θ)

)]
,

=
exp (− (lm −m) θ)

1− exp (−lmθ)

m∏

n=2

(
1− exp (−θ)

1− exp (− (ln − 1) θ)

)
.

❈♦"♦❧❧❛✐"❡ ✷✳✶✵✳ ❉❛♥% ✉♥ ♠♦❞-❧❡ ▲❉▼✱ %✐ ❧❡% ✈❛ {Yt, t ≥ 1} %✉✐✈❡♥& ❧❛ ❧♦✐
G (0, 1)✱ ❛❧♦'% ❧❛ ❞✐%&'✐❜✉&✐♦♥ ♠❛'❣✐♥❛❧❡ ❞✬✉♥ ✐♥❞✐❝❡ ❞❡ '❡❝♦'❞% ❡%& ✿

P [Ln = ln] =
1− exp (−θ)

1− exp (−lnθ)

exp (− (ln − 1) θ)S (ln − 1, n− 1 | −→u (θ))∏ln−1
t=1 ut (θ)

.

✭✷✳✺✳✶✮

❉!♠♦♥%&'❛&✐♦♥✳

P [Ln = ln] = P [Nln = n,Nln−1 = n− 1] ,

= P [δln = 1, Nln−1 = n− 1] .

❉❛♥, ❧❡ ❝❛, ❞❡ ❧❛ ❧♦✐ ❞❡ ●✉♠❜❡❧ ❧❡, '✈>♥❡♠❡♥?, {δln = 1} ❡? {Nln−1 = n− 1}
,♦♥? ✐♥❞'♣❡♥❞❛♥?,✱ ❞❡ ,♦A?❡ 4✉✬❡♥ ✉?✐❧✐,❛♥? ❧❛ BA♦♣♦,✐?✐♦♥ ✷✳✹ ♦♥ ♦❜?✐❡♥?

✭✷✳✺✳✶✮✳

+"♦♣♦-✐.✐♦♥ ✷✳✶✶✳ ❉❛♥% ✉♥ ♠♦❞-❧❡ ▲❉▼✱ %✐ ❧❡% ✈❛ {Yt, t ≥ 1} %✉✐✈❡♥& ❧❛
❧♦✐ G (0, 1)✱ ❧❛ %✉✐&❡ ❞❡% ✐♥❞✐❝❡% ❞❡ '❡❝♦'❞% {Ln, n ≥ 1} ❢♦'♠❡ ✉♥❡ ❝❤❛;♥❡ ❞❡
▼❛'❦♦✈ ❞❡ ♣'♦❜❛❜✐❧✐&! ❞❡ &'❛♥%✐&✐♦♥ ✿
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P [Ln=ln/Ln−1=ln−1] =
(1− exp (−θ)) (1− exp (−θln−1)) exp (− (ln − ln−1 − 1) θ)

(1− exp (− (ln − 1) θ)) (1− exp (−θln))
,

❡! ❞✬❡$♣❛❝❡ ❞✬(!❛! E = {L1 = 1 < L2 = l2 < · · · < Ln = ln < · · · }✳

❉(♠♦♥$!.❛!✐♦♥✳ ❈♦♥%✐❞()♦♥% ❧❛ ♣)♦❜❛❜✐❧✐.( ✿

P [Ln=ln/Ln−1=ln−1,...,L2=l2,L1=1] =
P [Ln = ln, Ln−1 = ln−1, . . . , L2 = l2, L1 = 1]

P [Ln−1 = ln−1, . . . , L2 = l2, L1 = 1]
,

=

exp(−(ln−n)θ)
1−exp(−lnθ)

∏n
j=2

(
1−exp(−θ)

1−exp(−(lj−1)θ)

)

exp(−(ln−1−(n−1))θ)
1−exp(−ln−1θ)

∏n−1
j=2

(
1−exp(−θ)

1−exp(−(lj−1)θ)

) ,

=
(1− exp (−θ)) (1− exp (−ln−1θ))

(1− exp (− (ln − 1) θ))

×exp (− (ln − ln−1 − 1) θ)

(1− exp (−lnθ))
.

❖)✱

P [Ln=ln/Ln−1=ln−1] = P
[
δln−1+1 = 0, δln−1+2 = 0, . . . , δln−1 = 0, δln = 1

]
,

=

(
1− 1− exp (−θ)

1− exp (− (ln−1 + 1) θ)

)
× · · ·

×
(
1− 1− exp (−θ)

1− exp (− (ln − 1) θ)

)
×
(

1− exp (−θ)

1− exp (−lnθ)

)
,

=
(1− exp (−θ)) (1− exp (−ln−1θ))

(1− exp (− (ln − 1) θ))

×exp (− (ln − ln−1 − 1) θ)

(1− exp (−lnθ))
.

2❛) %✉✐.❡✱ P [Ln=ln/Ln−1=ln−1,...,L2=l2,L1=1] = P [Ln=ln/Ln−1=ln−1]✳ ❉♦♥❝✱ .♦✉.❡

❧✬✐♥❢♦)♠❛.✐♦♥ ✉.✐❧❡ ♣♦✉) ❧❛ ♣)(❞✐❝.✐♦♥ ❞✉ ❢✉.✉) ❡%. ❝♦♥.❡♥✉❡ ❞❛♥% ❧✬(.❛. ♣)(%❡♥.

❞✉ ♣)♦❝❡%%✉% {Ln, n ≥ 1}✳





❈❤❛♣✐%&❡ ✸

▼♦❞,❧❡ ▲❉▼ ✿ ❊2%✐♠❛%✐♦♥ ❞✉

♣❛&❛♠,%&❡ θ ❞❡ ❞6&✐✈❡

❉❛♥# ❝❡ ❝❤❛♣✐)*❡✱ ♥♦)*❡ ❜✉) ❡#) ❞✬❡#)✐♠❡* ❧❡ ♣❛*❛♠3)*❡ ❞❡ ❞4*✐✈❡ θ✱ 6✉✬♦♥
❛♣♣❡❧❧❡ ❛✉##✐ ❧❡ ✓ ❞*✐❢) ✔✱ ❞✬✉♥ ♠♦❞3❧❡ ▲❉▼ ❞❛♥# ❧❡ ❝❛# ❞✬✉♥❡ ❞✐#)*✐❜✉)✐♦♥

#♦✉#✲❥❛❝❡♥)❡ ❞❡ ●✉♠❜❡❧ ❞❡ ♣❛*❛♠3)*❡# ❝♦♥♥✉#✳ ❙❛♥# ♣❡*)❡ ❞❡ ❣4♥4*❛❧✐)4 ❡)

❛✜♥ ❞❡ #✐♠♣❧✐✜❡* ❧❛ ♣*4#❡♥)❛)✐♦♥ ♥♦✉# ♣*❡♥❞*♦♥# µ = 0 ✭♣❛*❛♠3)*❡ ❞❡ ♣♦#✐✲
)✐♦♥✮ ❡) β = 1 ✭♣❛*❛♠3)*❡ ❞✬4❝❤❡❧❧❡✮✱ ♥♦)4❡ G (0, 1)✳ ◆♦✉# ✉)✐❧✐#♦♥# ♣❧✉#✐❡✉*#
♠4)❤♦❞❡# ❞✬❡#)✐♠❛)✐♦♥✱ ♣*✐♥❝✐♣❛❧❡♠❡♥) ✿ ❧❛ ♠4)❤♦❞❡ ❞❡# ♠♦♠❡♥)# ❡) ❝❡❧❧❡ ❞✉

♠❛①✐♠✉♠ ❞❡ ✈*❛✐#❡♠❜❧❛♥❝❡✳ ◆♦# ♠4)❤♦❞❡# ❞✬❡#)✐♠❛)✐♦♥ ♣♦♥❝)✉❡❧❧❡ ❡) ♣❛*

✐♥)❡*✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ #♦♥) ❜❛#4❡# #✉* ❧❡# ❞✐#)*✐❜✉)✐♦♥# ❞❡ ♣*♦❜❛❜✐❧✐)4 ❞✉

♥♦♠❜*❡ NT ✱ ❞❡# ✐♥❞✐❝❛)*✐❝❡# δt ❡) ❞❡# ✐♥❞✐❝❡# Ln ❞❡ *❡❝♦*❞#✳ ◆♦✉# 4)✉❞✐♦♥# ❧❡

❝♦♠♣♦*)❡♠❡♥) ❛#②♠♣)♦)✐6✉❡ ❞❡# ❞✐✛4*❡♥)# ❡#)✐♠❛)❡✉*#✳ J✉✐#✱ ♥♦✉# ✈❛❧✐❞♦♥#

❝❡# *4#✉❧)❛)# )❤4♦*✐6✉❡# ♣❛* ❞❡# #✐♠✉❧❛)✐♦♥# ♥✉♠4*✐6✉❡# #♦✉# ❘ ❡♥ ❝♦♠♣❛*❛♥)

❧❛ 6✉❛❧✐)4 ❞❡ ❝❤❛6✉❡ ❡#)✐♠❛)❡✉* #❡❧♦♥ ♣❧✉#✐❡✉*# ❝*✐)3*❡# ✿ ❧❡ ❜✐❛✐#✱ ❧✬4❝❛*)✲)②♣❡

❡) ❧❛ ♣*♦❜❛❜✐❧✐)4 ❞❡ ❝♦✉✈❡*)✉*❡ ❞❡ ❧✬✐♥)❡*✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ 6✉✐ ❡♥ ❞4❝♦✉❧❡✳

✸✳✶ ❊♥ ✉&✐❧✐)❛♥& NT ✿ ❊)&✐♠❛&✐♦♥ ♣❛/ ♠❛①✐♠✉♠

❞❡ ✈/❛✐)❡♠❜❧❛♥❝❡ ✭❊▼❱✮

◆♦✉# ❡#)✐♠♦♥# ♣♦♥❝)✉❡❧❧❡♠❡♥) ❡) ♣❛* ✐♥)❡*✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ❧❡ ❞*✐❢) θ ❞✬✉♥
♠♦❞3❧❡ ▲❉▼ ❞❛♥# ❧❡ ❝❛# ❞✬✉♥❡ ❞✐#)*✐❜✉)✐♦♥ #♦✉#✲❥❛❝❡♥)❡ ❞❡ ❧♦✐ G (0, 1)✱ ❡♥ #❡
❜❛#❛♥) #✉* ❧❡ ♣*✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈*❛✐#❡♠❜❧❛♥❝❡ ✭❊▼❱✮ ❡) ❡♥ ✉)✐❧✐#❛♥)

❧❛ ❞✐#)*✐❜✉)✐♦♥ ❞❡ ♣*♦❜❛❜✐❧✐)4 ❞✉ ♥♦♠❜*❡ ❞❡ *❡❝♦*❞# NT ✳ ◆♦✉# #✉♣♣♦#♦♥# 6✉❡

❧❛ ❧♦♥❣✉❡✉* T ❞❡ ❧❛ #4*✐❡ )❡♠♣♦*❡❧❧❡# ❡#) ✜①4❡✳

✸✾



❈❍❆#■❚❘❊ ✸✳ ❊❙❚■▼❆❚■❖◆ ❉❯ #❆❘❆▼➮❚❘❊ θ ❉❊ ❉➱❘■❱❊ ✹✵

NT = m ✶ ✷ ✸ ✹ ✺ . . . ✾ ✶✵

θ̂1 ≃ 0 ≃ 0 ≃ 0 0.256 0.489 . . . 2.184 ∞

❚❛❜❧❡ ✸✳✶ ✕ ❱❛❧❡✉./ ❞❡ θ̂1 ♣♦✉. 3♦✉3❡/ ❧❡/ ✈❛❧❡✉./ ❞✉ NT ✱ 6✉❛♥❞ T = 10

❆②❛♥3 ♦❜/❡.✈; NT = m✱ ♥♦3.❡ ♣.❡♠✐❡. 3.❛✈❛✐❧ ❝♦♥/✐/3❡ ? 3.♦✉✈❡. θ̂1 6✉✐

♠❛①✐♠✐/❡ ♣❛. .❛♣♣♦.3 ? θ ❧❛ ❢♦♥❝3✐♦♥ ❞❡ ♠❛//❡ ❞❡ NT ❞♦♥♥;❡ ❡♥ ✭✷✳✷✳✷✮ ❡3

6✉❡ ❧✬♦♥ .❛♣♣❡❧❧❡ ✐❝✐ ✿

Pθ [NT = m] =
exp (−Tθ)S (T,m | ~u (θ))∏T

t=1 ut (θ)
. ✭✸✳✶✳✶✮

❆ 3✐3.❡ ❞✬❡①❡♠♣❧❡✱ ❛♣♣❧✐6✉♦♥/ ❝❡33❡ ♠;3❤♦❞❡ ❞✬❡/3✐♠❛3✐♦♥ ? ✉♥ ♠♦❞G❧❡

▲❉▼ ♦K T = 10✳ L♦✉. ❝❤❛6✉❡ ✈❛❧❡✉. ♣♦//✐❜❧❡ ❞❡ m ❛❧❧❛♥3 ❞❡ 1 ? T ✱ ♦♥
❝❛❧❝✉❧❡ ♥✉♠;.✐6✉❡♠❡♥3 ❧❡ θ 6✉✐ ♠❛①✐♠✐/❡ ❧❛ ❢♦♥❝3✐♦♥ ❞❡ ♠❛//❡ ✭✸✳✶✳✶✮ ❞❡ NT ✳

❈❡❝✐ ❞♦♥♥❡ ❧❛ ❚❛❜❧❡ ✸✳✶ /✉✐✈❛♥3❡ 6✉✐ ❞♦♥♥❡ ❧❛ ✈❛❧❡✉. ❞❡ θ̂1✱ ♣♦✉. ❝❤❛6✉❡ ✈❛❧❡✉.
m ♣♦//✐❜❧❡✳

❈❡33❡ 3❛❜❧❡ ♠♦♥3.❡ 6✉✬♦♥ ♥❡ ♣❡✉3 ♣❛/ ❞✐.❡ ❣.❛♥❞ ❝❤♦/❡ /✉. ❧❡ ❝♦♠♣♦.3❡✲

♠❡♥3 ❞❡ ❝❡3 ❡/3✐♠❛3❡✉.✳ ❊♥ ❡✛❡3✱ ♣♦✉. ❝❡.3❛✐♥❡/ ✈❛❧❡✉./ ❞❡ m✱ θ̂1 = ∞✳ ❉♦♥❝✱

♦♥ ♥❡ ♣❡✉3 ♠S♠❡ ♣❛/ ❝❛❧❝✉❧❡. ❧❡/ ♠♦♠❡♥3/ ❞❡ ❧✬❡/3✐♠❛3❡✉.✳

▼❛✐/✱ ❡♥ ❛❞❛♣3❛♥3 ✉♥ 3❤;♦.G♠❡ ❜✐❡♥ ❝♦♥♥✉ ✭✈♦✐. L❧❛❝❦❡33 ✭✶✾✼✹✮✱ ♣❛❣❡

✹✶✮✱ ♦♥ ♣❡✉3 ♥;❛♥♠♦✐♥/ ♦❜3❡♥✐. ✉♥ ✐♥3❡.✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ❞❡ ♥✐✈❡❛✉ ❡①❛❝3

♣♦✉. ❧❛ ✈❛❧❡✉. θ ❞✉ ❞.✐❢3✳

❚❤"♦$%♠❡ ✸✳✶✳ ❆②❛♥$ ♦❜'❡)✈+ NT = m✱ ✉♥ ✐♥$❡)✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ (θL, θU)
❞❡ ♥✐✈❡❛✉ 1−α ♣♦✉) ❧❡ ♣❛)❛♠5$)❡ θ ❞✬✉♥ ♠♦❞5❧❡ ▲❉▼ ❡'$ ♦❜$❡♥✉ ❡♥ )+'♦❧✈❛♥$ ✿

PθU [NT ≤ m] =
α

2
, ✭✸✳✶✳✷✮

❡$

PθL [NT ≥ m] =
α

2
. ✭✸✳✶✳✸✮

❆ 3✐3.❡ ❞✬❡①❡♠♣❧❡ ❞❡ ❧✬❛♣♣❧✐❝❛3✐♦♥ ❞✉ ❚❤;♦.G♠❡ ✸✳✶✱ ❝♦♥/✐❞;.♦♥/ ✉♥ ♠♦❞✲

G❧❡ ▲❉▼ ❛✈❡❝ T = 100✱ α = 5% ❡3 /✉♣♣♦/♦♥/ 6✉✬♦♥ ❛ ♦❜/❡.✈; m = 44✳ ▲✬❛♣✲
♣❧✐❝❛3✐♦♥ ❞❡ ✭✸✳✶✳✷✮ ❡3 ✭✸✳✶✳✸✮ ❞♦♥♥❡ ❧❡/ ✈❛❧❡✉./ ✿ θL = 0.398 ❡3 θU = 0.766✳
◆♦3♦♥/ 6✉✬❡♥ ♣.✐♥❝✐♣❡ ♦♥ ♣❡✉3 ❢❛✐.❡ ❝❡ 3.❛✈❛✐❧ ❛ ♣.✐♦.✐ ♣♦✉. 3♦✉3❡/ ❧❡/ ✈❛❧❡✉./
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❞❡ T ✱ α ❡% m ❡% ❝'(❡' ✉♥❡ %❛❜❧❡ . %'♦✐1 ❡♥%'(❡1 ✭♦✉ ✉♥ ♣'♦❣'❛♠♠❡ ✐♥❢♦'♠❛✲

%✐8✉❡✮ . ❧❛8✉❡❧❧❡ ♦♥ ♣❡✉% 1❡ '(❢('❡' ❡♥ %♦✉%❡1 ❝✐'❝♦♥1%❛♥❝❡1✳ ▼❛✐1 ❝♦♠♠❡ ❧❛

❢♦♥❝%✐♦♥ ❞❡ ♠❛11❡ ✭✸✳✶✳✶✮ ❞❡ NT ❡1% ❝♦♠♣❧✐8✉(❡ . ♠❛♥✐♣✉❧❡'✱ ♥♦✉1 ♥✬✐'♦♥1

❞♦♥❝ ♣❛1 ♣❧✉1 ❧♦✐♥ ❞❛♥1 ❧✬(%✉❞❡ ❞✉ ❝♦♠♣♦'%❡♠❡♥% ❞❡ ❝❡% ❡1%✐♠❛%❡✉'✳

✸✳✷ ❊♥ ✉&✐❧✐)❛♥& NT ✿ ❊)&✐♠❛&✐♦♥ ♣❛/ ✉♥❡ ✈❛/✐✲

❛♥&❡ )✐♠♣❧❡ ❞❡ ❧❛ ♠4&❤♦❞❡ ❞❡) ♠♦♠❡♥&)

■❝✐ ♥♦%'❡ ❜✉% ❡1% ❞✬♦❜%❡♥✐' ✉♥ ❡1%✐♠❛%❡✉' ♣♦♥❝%✉❡❧ ❞✉ ❞'✐❢% θ ❡♥ ❛♣♣❧✐8✉❛♥%

✉♥❡ ✈❛'✐❛♥%❡ ❞❡ ❧❛ ♠(%❤♦❞❡ ❞❡1 ♠♦♠❡♥%1 . ❧❛ ❞✐1%'✐❜✉%✐♦♥ ❞✉ ♥♦♠❜'❡ ❞❡

'❡❝♦'❞1 NT ✳ ❖♥ ❡1♣B'❡ ♣♦✉✈♦✐' (%✉❞✐❡' ♣❧✉1 ✜♥❡♠❡♥% ❝❡% ❡1%✐♠❛%❡✉' 8✉❡ ❝❡

8✉✐ ❛✈❛✐% (%( ♣♦11✐❜❧❡ ❞❡ ❢❛✐'❡ ❛✈❡❝ ❧✬❡1%✐♠❛%❡✉' ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈'❛✐1❡♠❜❧❛♥❝❡

❞❡ ❧❛ 1❡❝%✐♦♥ ♣'(❝(❞❡♥%❡✳ ❖♥ '❛♣♣❡❧❧❡ 8✉❡ ✿

NT =
T∑

t=1

δt,

♦F ❧❡1 δt 1♦♥% ✐♥❞(♣❡♥❞❛♥%1 ❡% ❞❡ ❧♦✐ Bernoulli (Pt (θ))✳
❇❛❧❧❡'✐♥✐ ❡% ❘❡1♥✐❝❦ ✭✶✾✽✺✮✱ ♠♦♥%'❡♥% 8✉❡ ❧❡ %❛✉① ❞❡ '❡❝♦'❞ ❛1②♠♣%♦%✐8✉❡

❡①✐1%❡ ✿

lim
t→∞

Pt (θ) = P (θ) ,

= 1− e−θ.

N❛' ❛✐❧❧❡✉'1✱ ❞✬❛♣'B1 ❧❡ ❚❤(♦'B♠❡ ✷✳✸✱

E

[
NT

T

]
−→
T

P (θ) ,

❡%

NT

T
−→ P (θ) ♣'❡18✉❡ 1Q'❡♠❡♥%✳

❆✐♥1✐✱ ♦♥ ♣❡✉% ❞(✜♥✐' ✉♥ ❞❡✉①✐B♠❡ ❡1%✐♠❛%❡✉' θ̂2 ❞✉ ❞'✐❢% ♣❛' ❧✬❡①♣'❡11✐♦♥ ✿

θ̂2 = P−1

(
NT

T

)
,

= − log

(
1− NT

T

)
.
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❈❡$$❡ ♠&$❤♦❞❡ ❞✬❡+$✐♠❛$✐♦♥ ❡+$ ❜❛+&❡ +✉1 ❧❡ ❢❛✐$ 4✉❡ ❧❡ ♠♦♠❡♥$ E
[
NT

T

]
❡+$ ❛♣✲

♣1♦①✐♠& ♣❛1 ❧❡ $❛✉① ❞❡ 1❡❝♦1❞ ❛+②♠♣$♦$✐4✉❡ P (θ) ❛✜♥ ❞❡ 1❡♥❞1❡ θ̂2 ♣❧✉+ ❢❛❝✐❧❡
; ♦❜$❡♥✐1 ✭❝❛1 ❧❡ ❝❛❧❝✉❧ ❞✐1❡❝$ ❞❡ ❧❛ ❢♦♥❝$✐♦♥ 1&❝✐♣1♦4✉❡ ❞❡ E

[
NT

T

]
❡+$ ♣❧✉+

❝♦♠♣❧✐4✉&✮✳ ❈❡ 4✉✐ ❢❛✐$ 4✉✬♦♥ ♣❡✉$ ✈♦✐1 ❝❡$$❡ ♠&$❤♦❞❡ ❞✬❡+$✐♠❛$✐♦♥ ❝♦♠♠❡

✉♥❡ ✈❛1✐❛♥$❡ ❞❡ ❧❛ ♠&$❤♦❞❡ ❞❡+ ♠♦♠❡♥$+✳ ❯♥❡ ✈❡1+✐♦♥ ♣❧✉+ ❝♦♠♣❧❡①❡ ❞❡ ❝❡$

❡+$✐♠❛$❡✉1 ❡+$ ♣1&+❡♥$&❡ ; ❧❛ ❙❡❝$✐♦♥ ✸✳✷✳✷✳

✸✳✷✳✶ ▲♦✐ ❞❡ θ̂2

❙✉♣♣♦+♦♥+ 4✉❡ ❧❛ +✉✐$❡ {Yt, t ≥ 1} ❡+$ &$❡♥❞✉❡ ; ✉♥❡ +✉✐$❡ ❞♦✉❜❧❡♠❡♥$

✐♥✜♥✐❡ {Yt,−∞ < t < +∞}✳ ◆♦✉+ ♣♦✉✈♦♥+ ❞&✜♥✐1 ♣♦✉1 −∞ < t < +∞ ✿

Mt−1 = max
1≤i<∞

(Yt−i − θi) .

δ∗t =

{
1 siYt > Mt−1

0 sinon
.

❡$

N∗
T =

T∑

t=1

δ∗t .

❖1✱

δ∗t = 1 ⇐⇒ Yt > Mt−1,

⇐⇒ Yt > max
1≤i<∞

(Yt−i − θi) ,

⇐⇒ (Xt − θt) > max
1≤i<∞

(Xt−i − θ (t− i)− θi) ,

⇐⇒ Xt > max
1≤i<∞

(Xt−i) ,

⇐⇒ Xt ❡+$ ✉♥ 1❡❝♦1❞ ❞❛♥+ ❧❛ +✉✐$❡ ❞♦✉❜❧❡♠❡♥$ ✐♥✜♥✐❡

{Xt,−∞ < t < +∞} .

❉❡ ♣❧✉+✱ ❞&✜♥✐++♦♥+ ✿

rh = E
(
δ∗t δ

∗
t+h

)
, ❛✈❡❝ −∞ < t < +∞ ❡$h > 0,

= P

[
Xt > max

k<t
Xk ❡$ Xt+h > max

k<t+h
Xk

]
,
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rh =

ˆ

R


ft (x)

(
t−1∏

k=−∞
Fk (x)

)
×



ˆ +∞

x


ft+h (z)




(t+h)−1∏

k=t+1

Fk (z)





❞z





❞x,

=

ˆ

R

(
f (x− θt)

(
t−1∏

k=−∞
F (x− θk)

)

×



ˆ +∞

x


f (z − θ (t+ h))




(t+h)−1∏

k=t+1

F (z − θk)





❞z





❞x.

"♦$♦♥$✱

Gh (x) =
h−1∏

k=1

F (x+ θk) ,

❡(

G∞ (x) =
∞∏

k=1

F (x+ θk) . ✭✸✳✷✳✶✮

▲✬❡①✐$(❡♥❝❡ ❞❡ ❧❛ ❧✐♠✐(❡ ✭✸✳✷✳✶✮ ❡$( ❛$$✉89❡ ♣❛8 ❇❛❧❧❡8✐♥✐ ❡( ❘❡$♥✐❝❦ ✭✶✾✽✺✮✳

❊♥ ❡✛❡❝(✉❛♥( ❧❡ ❝❤❛♥❣❡♠❡♥( ❞❡ ✈❛8✐❛❜❧❡✱ w = z − θ (t+ h)✱ ♦♥ ♦❜(✐❡♥( ✿

rh =

ˆ

R

(
f (x− θt)

(
t−1∏

k=−∞
F (x− θk)

)

×



ˆ +∞

x−θ(t+h)


f (w)




(t+h)−1∏

k=t+1

F (w + θ (t+ h− k))






❞w






❞x,

=

ˆ

R

(
f (x− θt)

(
t−1∏

k=−∞
F (x− θk)

)

×
(
ˆ +∞

x−θ(t+h)

(
f (w)

(
h−1∏

k=1

F (w + θk)

))
❞w

))
❞x,

=

ˆ

R

(
f (x− θt)

(
t−1∏

k=−∞
F (x− θk)

)

×
(
ˆ +∞

x−θ(t+h)

f (w)Gh (w) ❞w

))
❞x.
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❊♥ ❡✛❡❝&✉❛♥& ✉♥ ❞❡✉①✐,♠❡ ❝❤❛♥❣❡♠❡♥& ❞❡ ✈❛1✐❛❜❧❡✱ y = x− θt✱ ♦♥ ♦❜&✐❡♥& ✿

rh =

ˆ

R

(
f (y)

(
t−1∏

k=−∞
F (y + θ (t− k))

)

×
(
ˆ +∞

y−θh

f (w)Gh (w) ❞w

))
❞y,

=

ˆ

R

(
f (y)

( ∞∏

k=1

F (y + θk)

)

×
(
ˆ +∞

y−θh

f (w)Gh (w) ❞w

))
❞y,

=

ˆ

R

(
f (y)G∞ (y)

(
ˆ +∞

y−θh

f (w)Gh (w) ❞w

))
❞y. ✭✸✳✷✳✷✮

❈♦♠♠❡ ♦♥ ❛ =✉♣♣♦=? @✉❡ ❧❡= Yj =♦♥& ❞❡ ❧♦✐ G (0, 1)✱ ❡& ❡♥ ♣♦=❛♥& τ = e−θ
✱ ♦♥

❛ ✿

Gh (w) =
h−1∏

k=1

F (w + θk) ,

=
h−1∏

k=1

e−e−(w+θk)

,

=
h−1∏

k=1

F (w)τ
k

,

= F (w)
∑h−1

k=1 τk .

❉❡ ♠B♠❡✱

G∞ (y) = F (y)
∑∞

k=1 τ
k

,

= F (y)
τ

1−τ . ✭✸✳✷✳✸✮

C❛1 =✉✐&❡

ˆ +∞

y−θh

f (w)Gh (w) ❞w =

ˆ +∞

y−θh

f (w)F (w)
∑h−1

k=1 τk
❞w,
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ˆ +∞

y−θh

f (w)Gh (w) ❞w =

ˆ 1

F (y−θh)

u
∑h−1

k=1 τk
❞u,

=
1− F (y)

∑h−1
k=0 τk−h

∑h−1
k=0 τ

k
,

=
1− τ

1− τh

(
1− F (y)

τh−1

(τ−1)τh

)
. ✭✸✳✷✳✹✮

❖♥ *❡♠♣❧❛❝❡ ✭✸✳✷✳✹✮ ❡1 ✭✸✳✷✳✸✮ ❞❛♥2 ✭✸✳✷✳✷✮ ♣♦✉* ♦❜1❡♥✐*

rh =
1− τ

1− τh

[
ˆ

R

f (y)F (y)
τ

1−τ
❞y −

ˆ

R

f (y)F (y)
τh+1−τh+1

(1−τ)τh
❞y

]
,

=
1− τ

1− τh

[
(1− τ)−

ˆ 1

0

u
τh+1−τh+1

(1−τ)τh
❞u

]
,

=
1− τ

1− τh
[
(1− τ)− (1− τ) τh

]
,

= (1− τ)2 ,

= P 2 (θ) .

▼❛✐♥1❡♥❛♥1 ♦♥ *❡✈✐2✐1❡ ❧❡ ❚❤;♦*<♠❡ ✷✳✸ ❞✉ ❈❤❛♣✐1*❡ ♣*;❝;❞❡♥1 ❛✜♥ ❞❡ ♣*;❝✐2❡*

❧❛ ✈❛❧❡✉* ❡①❛❝1❡ ❞❡ σ2
✿

❚❤"♦$%♠❡ ✸✳✷✳ ❇❛❧❧❡$✐♥✐ ❡' ❘❡)♥✐❝❦ (1985, 1987)✱ ❙✐ F (·) ❡$% ❝♦♥%✐♥✉❡✱ θ >
0 ❡% E [Y+]

2 < ∞ (y+ = max (0, y)) ✿

√
T

(
NT

T
− P (θ)

)
−→ N

(
0, σ2

)
,

❛✈❡❝

σ2 = P (θ)− P 2 (θ) + 2
∞∑

h=1

(
rh − P 2 (θ)

)
.

❊♥ ❛♣♣❧✐&✉❛♥( ❝❡ (❤,♦./♠❡ 1 ♥♦(.❡ ❝❛2 ♦3 F = G (0, 1)✱ ♦♥ (.♦✉✈❡

σ2 = P (θ)− P 2 (θ) .
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❖# ♦♥ ❛ ❞(✜♥✐+ θ̂2 = P−1
(
NT

T

)
✳ ❊♥ ✉+✐❧✐0❛♥+ ❧❛ ♠(+❤♦❞❡ ❞❡❧+❛✱ ✭❖❡❤❧❡#+✱ ✶✾✾✷✮✱

♦♥ +#♦✉✈❡ ;✉❡ ✿

√
T

(
P−1

(
NT

T

)
− P−1 (P (θ))

)
L−→ N (0, λ (θ)) ,

♦=

L−→ ❞(♥♦+❡ ❧❛ ❝♦♥✈❡#❣❡♥❝❡ ❡♥ ❧♦✐ ❡+ λ (θ) = σ2

[
❞P−1(θ)

❞θ

∣∣∣
θ=P (θ)

]2
=
(

1−e−θ

e−θ

)
✳

@❛# 0✉✐+❡✱

√
T
(
θ̂2 − θ

)
L−→ N (0, λ (θ)) ,

❆✐♥0✐

√
T
(
θ̂2 − θ

)

√
λ (θ)

L−→ N (0, 1) . ✭✸✳✷✳✺✮

@♦✉# ✉♥ ♥✐✈❡❛✉ ❞❡ ❝♦♥✜❛♥❝❡ ❛0②♠♣+♦+✐;✉❡ 1 − α✱ ♦♥ ♣❡✉+ ❛❧♦#0 ♦❜+❡♥✐# ✉♥

✐♥+❡#✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ♣♦✉# θ ❡♥ 0✬❛♣♣✉②❛♥+ 0✉# ❧❡ ❢❛✐+ ;✉❡ ♣♦✉# +♦✉+ θ > 0 ✿

Pθ

[
θ̂2 −

√
λ (θ)√
T

z1−α/2 ≤ θ ≤ θ̂2 +

√
λ (θ)√
T

z1−α/2

]
−→ 1− α, ✭✸✳✷✳✻✮

♦= z1−α/2 = ;✉❛♥+✐❧❡ ❞✬♦#❞#❡ 1− α/2 ❞✬✉♥❡ N (0, 1)✳ ❖# ❞❛♥0 ❝❡++❡ ❡①♣#❡00✐♦♥

θ ❡0+ ✐♥❝♦♥♥✉ ❡+ ✭✸✳✷✳✻✮ ❡0+ ✐♥✉+✐❧✐0❛❜❧❡✳ ❈❡♣❡♥❞❛♥+✱ ❞✬❛♣#K0 ❙❧✉+0❦② ✭✶✾✷✺✮✱

♦♥ ❛ ❛✉00✐ ♣♦✉# +♦✉+ θ > 0 ✿

Pθ


θ̂2 −

√
λ
(
θ̂2

)

√
T

z1−α/2 ≤ θ ≤ θ̂2 +

√
λ
(
θ̂2

)

√
T

z1−α/2


 −→ 1− α.

❆✐♥0✐✱ ✉♥ ✐♥+❡#✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ❞❡ ♥✐✈❡❛✉ ❛0②♠♣+♦+✐;✉❡ 1−α ♣♦✉# θ ❡+ ❜❛0(

0✉# NT ❡0+ ❞♦♥♥( ♣❛# ✿


θ̂2 −

√
λ
(
θ̂2

)

√
T

z1−α/2, θ̂2 +

√
λ
(
θ̂2

)

√
T

z1−α/2


 . ✭✸✳✷✳✼✮
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✸✳✷✳✷ θ̂2 ❛♠%❧✐♦)%

❉❛♥% ❧❡ ❝♦♥*❡①*❡ ❞❡ ❧❛ ❙❡❝*✐♦♥ ✸✳✷✱ ♥♦✉% ❝❤❡5❝❤♦♥% 6 ❛♠8❧✐♦5❡5 ❧❛ 9✉❛❧✐*8

❞❡ θ̂2✳ ◆♦*♦♥% 9✉❡ ✿

E

[
NT

T

]
=

1

T

T∑

t=1

E [δt] ,

=
1

T

T∑

t=1

1− e−θ

1− e−θt
,

= gT (θ) .

▲✬❡%*✐♠❛*❡✉5 ❞❡ ❧❛ %❡❝*✐♦♥ ♣58❝8❞❡♥*❡ ✉*✐❧✐%❡ ❧❡ ❢❛✐*✱ ♣5♦✉✈8 ❞❛♥% ❇❛❧❧❡5✐♥✐ ❡*

❘❡%♥✐❝❦ ✭✶✾✽✺✮✱ 9✉❡

gT (θ) −→ g (θ) = P (θ) = 1− e−θ,

❡* ♥♦*5❡ ❡%*✐♠❛*❡✉5 θ̂2 ❞✉ ❞5✐❢* ❡%* ❞8✜♥✐ ♣❛5 ✿

θ̂2 = g−1

(
NT

T

)
,

= − log

(
1− NT

T

)
.

❈♦♠♠❡ ❞8❥6 %✐❣♥❛❧8 6 ❧❛ ❙❡❝*✐♦♥ ✸✳✷✱ ❧❛ ✈❡5%✐♦♥ ❝❧❛%%✐9✉❡ ❞❡ ❧❛ ♠8*❤♦❞❡ ❞❡%

♠♦♠❡♥*% ❛♠N♥❡5❛✐* 6 ❞8✜♥✐5 θ̂M2 ❂ g−1
T (NT/T )✳ ▼❛✐% ❝♦♠♠❡ ❧❡ ❝❛❧❝✉❧ ❞✐5❡❝*

❞❡ ❧❛ ❢♦♥❝*✐♦♥ 58❝✐♣5♦9✉❡ ❞❡ gT ❡%* ❝♦♠♣❧✐9✉8✱ ♦♥ ✈❛ ✉*✐❧✐%❡5 ✉♥❡ ❛♣♣5♦❝❤❡

❛❧*❡5♥❛*✐✈❡ 9✉✐ ❝♦♥%✐%*❡ 6 ❝♦55✐❣❡5 ❧❡ ❜✐❛✐% ❞❡ θ̂2 ❡♥ ✉*✐❧✐%❛♥* ❧❡ ❞8✈❡❧♦♣♣❡♠❡♥*

❞❡ ❚❛②❧♦5 ❞❡ g−1
❛✉ ✈♦✐%✐♥❛❣❡ ❞❡ g (θ) ✿

g−1

(
NT

T

)
= g−1 (g (θ)) +

(
NT

T
− g (θ)

)
×
[
❞g−1 (θ)

❞θ

∣∣∣∣
θ=g(θ)

]

+
1

2

(
NT

T
− g (θ)

)2

×
[
❞

2g−1 (θ)

❞θ2

∣∣∣∣
θ=g(θ)

]
+ o

((
NT

T
− g (θ)

)2
)
,

θ̂2 = θ +

(
NT

T
− g (θ)

)
× 1

1− g (θ)
+

1

2

(
NT

T
− g (θ)

)2

× 1

(1− g (θ))2

+o

((
NT

T
− g (θ)

)2
)
.
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❆✐♥%✐✱

E

[
θ̂2

]
≃ θ +

gT (θ)− g (θ)

1− g (θ)
+

1

2 (1− g (θ))2
E

[(
NT

T
− g (θ)

)2
]
. ✭✸✳✷✳✽✮

❖-✱

E

[(
NT

T
− g (θ)

)2
]

= E

[(
NT

T

)2

+ g2 (θ)− 2
NT

T
g (θ)

]
,

= E

[(
NT

T

)2
]
+ g2 (θ)− 2gT (θ) g (θ) ,

= V

[
NT

T

]
+ g2T (θ) + g2 (θ)− 2gT (θ) g (θ) ,

= V

[
NT

T

]
+ (gT (θ)− g (θ))2 .

❊♥ -❛♣♣❡❧❛♥3 4✉❡ ❧❡% δt %♦♥3 ✐♥❞8♣❡♥❞❛♥3% ❞❛♥% ❧❡ ❝❛% ❞❡ ❧❛ ❧♦✐ ❞❡ ●✉♠❜❡❧

♦♥ ❛✱

V

[
NT

T

]
=

1

T ✷

T∑

t=1

V [δt] ,

=
1

T ✷

T∑

t=1

Pt (θ) (1− Pt (θ)) ,

V

[
NT

T

]
=

1

T ✷

(
E [NT ]−

T∑

t=1

P 2
t (θ)

)
,

=
1

T
gT (θ)− 1

T ✷

T∑

t=1

P 2
t (θ) .

❆❧♦-%✱

E

[(
NT

T
− g (θ)

)2
]
=

1

T
gT (θ)− 1

T ✷

T∑

t=1

P 2
t (θ) + (gT (θ)− g (θ))2 . ✭✸✳✷✳✾✮
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"❛$ %✉✐(❡✱ ❡♥ $❡♠♣❧❛/❛♥( ✭✸✳✷✳✾✮ ❞❛♥% ✭✸✳✷✳✽✮ ♦♥ ♦❜(✐❡♥(✱

E

[
θ̂2

]
≃ θ +GT (θ) ,

♦9✱

GT (θ) =
gT (θ)− g (θ)

1− g (θ)
+

1

2 (1− g (θ))2

[
1

T
gT (θ)− 1

T ✷

T∑

t=1

P 2
t (θ) + (gT (θ)− g (θ))2

]
.

✭✸✳✷✳✶✵✮

❉♦♥❝✱

E

[
θ̂2

]
− θ ≃ GT (θ) .

"❛$ ❛✐❧❧❡✉$%✱

√
T (gT (θ)− g (θ)) =

√
T

(
E

[
NT

T

]
− P (θ)

)
,

=
√
T

(
1

T

T∑

t=1

Pt (θ)− P (θ)

)
,

=
√
T

(
1

T

T∑

t=1

(Pt (θ)− P (θ))

)
,

=
1√
T

T∑

t=1

(Pt (θ)− P (θ)) .

❖$✱

1√
T

T∑

t=1

(Pt (θ)− P (θ)) =
1√
T

T∑

t=1

(
1− e−θ

1− e−tθ
−
(
1− e−θ

))
,

=
1√
T

T∑

t=1

e−tθ
(
1− e−θ

)

(1− e−tθ)
,

=
1√
T

T∑

t=1

√
t
e−tθ

(
1− e−θ

)

(1− e−tθ)
√
t
.
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▲❛ $✉✐'❡ bt =
√
t; t > 1 ❡$' ✉♥❡ $✉✐'❡ ❝+♦✐$$❛♥'❡ ❞❡ +.❡❧$ ♣♦$✐'✐❢$ ❞✐✈❡+❣❡❛♥'

✈❡+$ ❧✬✐♥✜♥✐✳ ❈♦♥$✐❞.+♦♥$ ❧❛ $.+✐❡ ❞❡ '❡+♠❡ ❣.♥.+❛❧ ♣♦$✐'✐❢

Ut =
e−tθ

(
1− e−θ

)

(1− e−tθ)
√
t
, t ≥ 1.

❖♥ ❛ ✿

Ut+1

Ut

=
e−(t+1)θ

(
1− e−θ

)

(1− e−(t+1)θ)
√
t+ 1

×
(
1− e−tθ

)√
t

e−tθ (1− e−θ)
,

=
e−θe−tθ

(
1− e−tθ

)√
t

e−tθ (1− e−(t+1)θ)
√
t
√

1 + 1
t

,

−→ e−θ < 1, ❝❛+ θ > 0.

❆✐♥$✐✱ ♣❛+ ❧❡ ❝+✐'=+❡ ❞❡ ❝♦♥✈❡+❣❡♥❝❡ ❞❡ ❉✬❆❧❡♠❜❡+'✱ ❧❛ $.+✐❡

∑
t≥1 Ut ❡$' ❝♦♥✲

✈❡+❣❡♥'❡✳ A❛+ $✉✐'❡✱ ❡♥ ❛♣♣❧✐B✉❛♥' ❧❡ ▲❡♠♠❡ ❞❡ ❑+♦♥❡❝❦❡+✱ ❋❡❧❧❡+ ✭✶✾✼✶✱ ♣❛❣❡

✷✸✾✮ ✿

1√
T

T∑

t=1

(Pt (θ)− P (θ)) =
1

bT

T∑

t=1

btUt,

−→ 0.

❆✐♥$✐✱

√
T (gT (θ)− g (θ)) = o (1) ,

(gT (θ)− g (θ)) = o
(
T−1/2

)
,

(gT (θ)− g (θ))2 = o
(
T−1

)
.

❆❧♦+$✱ ♦♥ ♣❡✉' ❝♦++✐❣❡+ ❧❡ ❜✐❛✐$ ❞❡ θ̂2 M ❧✬♦+❞+❡ T−1
❡♥ ❝♦♥$✐❞.+❛♥' ❧❡ ♥♦✉✈❡❧

❡$'✐♠❛'❡✉+ ✿

θ̂∗2 = θ̂2 −GT

(
θ̂2

)
,

= HT

(
θ̂2

)
,

❛✈❡❝ HT (θ) = θ −GT (θ)✳ ❆✐♥$✐✱ ❞✬❛♣+=$ ❧❛ ♠.'❤♦❞❡ ❞❡❧'❛ ❛♣♣❧✐B✉. M ✭✸✳✷✳✺✮

♦♥ ❛ ✿
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√
T
(
HT

(
θ̂2

)
−HT (θ)

)
L−→ N (0, ϑ (θ)) .

♦# ϑ (θ) = λ (θ)
(
❞HT (θ)

❞θ

)2
❡&

❞HT (θ)

❞θ
= 1− ❞GT (θ)

❞θ
,

= 1−
❞P (θ)

❞θ

(1− P (θ))2

[
1

T

T∑

t=1

Pt (θ)− P (θ)

]

+
1

(1− P (θ))

[
1

T

T∑

t=1

❞Pt (θ)

❞θ
− ❞P (θ)

❞θ

]

+

❞P (θ)

❞θ

(1− P (θ))3


 1

T 2

T∑

t=1

Pt (θ) (1− Pt (θ)) +

(
1

T

T∑

t=1

Pt (θ)− P (θ)

)2



+
1

2 (1− P (θ))2

[
1

T 2

T∑

t=1

❞Pt (θ)

❞θ
− 1

T 2

T∑

t=1

❞P 2
t (θ)

❞θ

+2

(
1

T

T∑

t=1

Pt (θ)− P (θ)

)(
1

T

T∑

t=1

❞Pt (θ)

❞θ
− ❞P (θ)

❞θ

)]
,

❛✈❡❝✱ Pt (θ) =
1−e−θ

1−e−tθ ❡& P (θ) = 1− e−θ
✳ ,❛- .✉✐&❡✱

√
T
(
θ̂∗2 −HT (θ)

)
L−→ N (0, ϑ (θ)) . ✭✸✳✷✳✶✶✮

❉❡ ♣❧✉.✱ ❛✜♥ ❞❡ ♠♦♥&❡- ;✉❡ HT (θ) −→ θ✱ ✐❧ .✉✣& ❞❡ ♣-♦✉✈❡- ;✉❡ GT (θ) −→
0✳ ❖-✱ ❡♥ ❛♣♣❧✐;✉❛♥& ❧❡ ❢❛✐& ;✉❡ gT (θ) −→ P (θ) .✉- ❧✬@;✉❛&✐♦♥ ✭✸✳✷✳✶✵✮ ✐❧ ♥♦✉.

-❡.&❡ B ♠♦♥&-❡- ;✉❡

1
T 2

∑T
t=1 P

2
t (θ) −→ 0✳ ▼❛✐.✱ P 2

t (θ) ≤ 1 ❛❧♦-.✱

0 ≤ 1

T 2

T∑

t=1

P 2
t (θ) ≤

1

T
−→ 0.

❊&✱

1

T 2

T∑

t=1

P 2
t (θ) −→ 0.

,❛- ❝♦♥.@;✉❡♥&✱ HT (θ) −→ θ ❡&
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√
T
(
θ̂∗2 − θ

)
L−→ N (0, ϑ (θ)) . ✭✸✳✷✳✶✷✮

❆✐♥*✐✱ ✉♥ ✐♥-❡/✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ❞❡ ♥✐✈❡❛✉ ❛*②♠♣-♦-✐:✉❡ 1 − α ♣♦✉/ θ ❡*-

❞♦♥♥; ♣❛/ ✿


θ̂

∗
2 −

√
ϑ
(
θ̂∗2

)

√
T

z1−α/2, θ̂
∗
2 +

√
ϑ
(
θ̂∗2

)

√
T

z1−α/2


 . ✭✸✳✷✳✶✸✮

✸✳✸ ❊♥ ✉%✐❧✐(❛♥% {δt, t ≥ 1} ✿ ❊(%✐♠❛%✐♦♥ ♣❛. ♠❛①✲

✐♠✉♠ ❞❡ ✈.❛✐(❡♠❜❧❛♥❝❡

✸✳✸✳✶ ◆♦♥ ❡①❤❛✉+,✐✈✐,/ ❞❡ NT

▲❡ ♣❛**❛❣❡ ❞❡ ♠;-❤♦❞❡* ❜❛*;❡* *✉/ NT ❛✉① ✐♥❞✐❝❛-/✐❝❡* ❞❡ /❡❝♦/❞* ❡*-

❥✉*-✐✜; ♣❛/ ❧❡ -❤;♦/C♠❡ *✉✐✈❛♥- ✿

❚❤"♦$%♠❡ ✸✳✸✳ ❉❛♥# ✉♥ ♠♦❞(❧❡ ▲❉▼ ❞❡ ❞✐#./✐❜✉.✐♦♥ #♦✉#✲❥❛❝❡♥.❡ G (0, 1)✱
❧❛ #.❛.✐#.✐5✉❡ NT =

∑T
t=1 δt✱ ♥✬❡#. ♣❛# ❡①❤❛✉#.✐✈❡ ♣♦✉/ θ✳

❉<♠♦♥#./❛.✐♦♥✳

P [δ1=d1,...,δT=dT/NT=m] =
P [δ1 = d1, . . . , δT = dT ;NT = m]

Pθ [NT = m]
.

▲✬;:✉❛-✐♦♥ ✭✸✳✶✳✶✮ ✐♠♣❧✐:✉❡ :✉❡ =




0 *✐

∑T
t=1 dt 6= m

∏T
t=2 P

dt
t (θ)(1−Pt(θ))

1−dt

exp(−Tθ)S(T,m|~u(θ))
∏T

t=1 ut(θ)

*✐♥♦♥

,

❡- ❞✬❛♣/C* ✭✷✳✷✳✻✮ =




0 *✐

∑T
t=1 dt 6= m

∏
❚

t=2 P
dt
t (θ)(1−Pt(θ))

1−dt

S(T,m|~u(θ))
∏T

t=1 Pt(θ)
*✐♥♦♥

,

=




0 *✐

∑T
t=1 dt 6= m

1
S(T,m|~u(θ))

∏T
t=2

(
1−Pt(θ)
Pt(θ)

)1−dt
*✐♥♦♥

.

F✉✐*:✉❡ Pt (θ) ❡*- ❢♦♥❝-✐♦♥ ❞❡ θ✱ ❧❛ ♣/♦❜❛❜✐❧✐-; ❝♦♥❞✐-✐♦♥♥❡❧❧❡ ❞;♣❡♥❞ ❞❡ θ ❡-

NT ♥✬❡*- ♣❛* ❡①❤❛✉*-✐✈❡✳
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❆❧♦%&✱ ❧❡ ♣❛&&❛❣❡ ❞❡ NT - ❧✬✉0✐❧✐&❛0✐♦♥ ❞❡& δt ❞♦♥♥❡ ❡♥ ♣%✐♥❝✐♣❡ ♣❧✉& ❞✬✐♥✲

❢♦%♠❛0✐♦♥& &✉% ❧❡ ♣❛%❛♠70%❡ θ✳ ❆✐♥&✐✱ ❡♥ &❡ ❜❛&❛♥0 &✉% ❧❡& ✐♥❞✐❝❛0%✐❝❡& ❞❡

%❡❝♦%❞& ♦♥ ♣❡✉0 ❡&♣:%❡% ❛♠:❧✐♦%❡% ❧❛ ;✉❛❧✐0: ❞❡& ❡&0✐♠❛0❡✉%&✳

✸✳✸✳✷ ❈❛❧❝✉❧ ❞❡ θ̂3

◆♦0%❡ ❜✉0 ❡&0 ❞✬❡&0✐♠❡% ❧❡ ❞%✐❢0 θ ❞❛♥& ❧❡ ❝❛& ❞✬✉♥❡ ❞✐&0%✐❜✉0✐♦♥ &♦✉&✲

❥❛❝❡♥0❡ G (0, 1)✱ ❡♥ &❡ ❜❛&❛♥0 &✉% ❧❛ ♠:0❤♦❞❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈%❛✐&❡♠✲

❜❧❛♥❝❡ ❡0 ❡♥ ✉0✐❧✐&❛♥0 ❧❛ ❞✐&0%✐❜✉0✐♦♥ ❞❡ ♣%♦❜❛❜✐❧✐0: ❞❡& ✐♥❞✐❝❛0%✐❝❡& ❞❡ %❡❝♦%❞&

{δt, 1 ≤ t ≤ T}✳ ▲❡& δt &♦♥0 ✐♥❞:♣❡♥❞❛♥0& ❡0 &✉✐✈❡♥0 ❧❛ ❧♦✐ ❞❡ ❇❡%♥♦✉❧❧✐ ❞❡

♣❛%❛♠70%❡ Qt (τ) = 1−τ
1−τ t

✱ ❡♥ ✉0✐❧✐&❛♥0 ♣♦✉% &✐♠♣❧✐✜❡% ❧❛ %❡♣❛%❛♠:0%✐&❛0✐♦♥

τ = exp (−θ) , 0 < τ < 1✳ ◆♦0%❡ 0%❛✈❛✐❧ ❝♦♥&✐&0❡ ❛❧♦%& - 0%♦✉✈❡% ❧❡ τ ;✉✐

♠❛①✐♠✐&❡ ❧✬❡①♣%❡&&✐♦♥ ✿

L (τ) = P [δ1, . . . , δT ; τ ] ,

=
T∏

t=2

Qt (τ)
δt (1−Qt (τ))

1−δt . ✭✸✳✸✳✶✮

H♦✉% ❝❡ ❢❛✐%❡✱ ✉♥❡ ❛♣♣%♦❝❤❡ ❝♦♥&✐&0❡ - ❞:%✐✈❡% logL (τ) ♣❛% %❛♣♣♦%0 - τ ♣✉✐&

- ❝❛❧❝✉❧❡% ❧❡& %❛❝✐♥❡& ❞❡ ❝❡00❡ ❞:%✐✈:❡ ✿

logL (τ) =
T∑

t=2

[δt log (Qt (τ)) + (1− δt) log (1−Qt (τ))] ,

=
T∑

t=2

[
δt log (1− τ)− δt log

(
τ
(
1− τ t−1

))
+ log

(
τ
(
1− τ t−1

))

− log
(
1− τ t

)]
.

❖%

∑T
t=2 δt = NT − 1✳ H❛% &✉✐0❡✱

logL (τ) = NT log (1− τ)+(T −NT ) log (τ)−log
(
1− τT

)
−

T∑

t=2

δt log
(
1− τ t−1

)
.

❆✐♥&✐✱ ✐❧ ❢❛✉0 0%♦✉✈❡% ❧❛ ✈❛❧❡✉% τ̂ ❞❡ τ 0❡❧❧❡ ;✉❡ ✿

(
❞ logL (τ)

❞τ

)

τ=τ̂

= 0. ✭✸✳✸✳✷✮
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❖#✱

❞ logL (τ)

❞τ
=

−NT

1− τ
+

T −NT

τ
+

TτT−1

1− τT
+

T∑

t=2

δt
(t− 1) τ t−2

1− τ t−1
,

=
T
(
1− NT

T
− τ
)

τ (1− τ)
+

TτT−1

1− τT
+

T∑

t=2

δt
(t− 1) τ t−2

1− τ t−1
. ✭✸✳✸✳✸✮

❯♥❡ ♣#❡♠✐0#❡ ❞✐✣❝✉❧56 ❡75 ❞❡ 5#♦✉✈❡# ❧❡7 #❛❝✐♥❡7 ❞❡ ❝❡55❡ ❞6#✐✈6❡✳ ;♦✉# ❧❛ 7✉#✲

♠♦♥5❡#✱ ♦♥ ❛ #❡❝♦✉#7 = ✉♥❡ ♠65❤♦❞❡ ♥✉♠6#✐?✉❡ ❡♥ ♣#❡♥❛♥5 τ = exp
(
−θ̂2

)

❝♦♠♠❡ ♣♦✐♥5 ❞❡ ❞6♣❛#5 ❞❡ ❧✬❛❧❣♦#✐5❤♠❡✳ ❈❡ ?✉✐ ❞✉ ❝♦✉♣ ❥✉75✐✜❡ ❧❡ 5#❛✈❛✐❧

❛❝❝♦♠♣❧✐ ❛✉① 7❡❝5✐♦♥7 ♣#6❝6❞❡♥5❡7✳ ❯♥❡ 7❡❝♦♥❞❡ ❞✐✣❝✉❧56 ❝♦♥❝❡#♥❡ ❧❡ ❝♦♠✲

♣♦#5❡♠❡♥5 ❞❡ ❝❡5 ❡75✐♠❛5❡✉#✳ ❊♥ ❡✛❡5✱ ❧❡7 δt 7♦♥5 ✐♥❞6♣❡♥❞❛♥57 ♠❛✐7 ♣❛7

✐❞❡♥5✐?✉❡♠❡♥5 ❞✐75#✐❜✉67 ❞❡ 7♦#5❡ ?✉❡ ❧❡7 5❤6♦#0♠❡7 75❛♥❞❛#❞7 ❝♦♥❝❡#♥❛♥5 ❧❡

❝♦♠♣♦#5❡♠❡♥5 ❞❡7 ❡75✐♠❛5❡✉#7 ❞❡ ✈#❛✐7❡♠❜❧❛♥❝❡ ♠❛①✐♠❛❧❡ ♥❡ 7✬❛♣♣❧✐?✉❡♥5

♣❛7✳ ❈❡♣❡♥❞❛♥5✱ ❡♥ ❛♣♣❧✐?✉❛♥5 = ♥♦5#❡ ❝♦♥5❡①5❡ ✉♥ 5❤6♦#0♠❡ ❞❡ ▲❡#♦② ❡! ❛❧✳

✭✷✵✶✻✮ 7✉# ❧❡ ❝♦♠♣♦#5❡♠❡♥5 ❛7②♠♣5♦5✐?✉❡ ❞❡7 ❊▼❱ ❞❛♥7 ❧❡ ❝❛7 ♦Q ❧❡7 ♦❜7❡#✲

✈❛5✐♦♥7 7♦♥5 ✐♥❞6♣❡♥❞❛♥5❡7 ♠❛✐7 ♥♦♥ ✐❞❡♥5✐?✉❡♠❡♥5 ❞✐75#✐❜✉6❡7✱ ♦♥ ♠♦♥5#❡

?✉❡ τ̂ ❡75 ❝♦♥7✐75❛♥5 ❡5 ?✉❡

τ̂ − τ√
I−1
T (τ)

L−→ N (0, 1) , ✭✸✳✸✳✹✮

♦Q IT (τ) ❞6♥♦5❡ ❧✬✐♥❢♦#♠❛5✐♦♥ ❞❡ ❋✐7❤❡# ✭ ;♦✉# ❧❛ ✈6#✐✜❝❛5✐♦♥ ❞❡7 ❝♦♥❞✐5✐♦♥7

❞✉ 5❤6♦#0♠❡ ❞❡ ▲❡#♦② ❡! ❛❧✳ ✭✷✵✶✻✮ ✈♦✐# ❧❛ ❙❡❝5✐♦♥ ✸✳✼✮ ✿

IT (τ) = −E

[
❞

2 logL (τ)

❞τ ✷

]
.

❖#✱

❞

2 logL (τ)

❞τ ✷
=

−NT

(1− τ)2
+

NT − T

τ 2
+

TτT−2
(
T + τT − 1

)

(1− τT )2

+
T∑

t=2

δt
(t− 1) τ t−3 (t− 2 + τ t−1)

(1− τ t−1)2
.

;❛# 7✉✐5❡✱
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IT (τ) =
1

(1− τ)2

T∑

t=1

Qt (τ) +
1

τ 2

(
T −

T∑

t=1

Qt (τ)

)
− TτT−2

(
T + τT − 1

)

(1− τT )2

−
T∑

t=2

(t− 1) τ t−3 (t− 2 + τ t−1)

(1− τ t−1)2
Qt (τ) . ✭✸✳✸✳✺✮

◆♦'♦♥) *✉❡ ❧♦.)*✉❡ NT = T ✱ ❧❡ ♠❛①✐♠✉♠ ❞❡ ❧❛ ❢♦♥❝'✐♦♥ ❞❡ ✈.❛✐)❡♠❜❧❛♥❝❡

✭✸✳✸✳✶✮ ♥✬❡)' ♣❛) ❛''❡✐♥' ❡' ❞❛♥) ❝❡ ❝❛) τ̂ = 0 ❡' θ̂3 = +∞✳ ▼❛✐) ❝❡' =✈=♥❡♠❡♥'

❛ ✉♥❡ ♣.♦❜❛❜✐❧✐'= *✉✐ '❡♥❞ ✈❡.) ③=.♦ ❧♦.)*✉❡ T '❡♥❞ ✈❡.) ❧✬✐♥✜♥✐✳

➱'✉❞✐♦♥) ♠❛✐♥'❡♥❛♥' ❧❛ ❝♦♥✈❡.❣❡♥❝❡ ❞✉ .❛♣♣♦.'

IT (τ)
T

✳ ❉✬✉♥❡ ♣❛.'✱ )✐ T

❡)' )✉✣)❛♠♠❡♥' ❣.❛♥❞ ❡' ❡♥ ✉'✐❧✐)❛♥' ❧❡ ❢❛✐' *✉❡

1
T

∑T
t=1 Qt (τ) ❝♦♥✈❡.❣❡ ✈❡.)

Q (τ) = 1− τ ✭❚❤=♦.F♠❡ ✷✳✸✮ ✿

1

T

[
1

(1− τ)2

T∑

t=1

Qt (τ) +
1

τ 2

(
T −

T∑

t=1

Qt (τ)

)]
−→ 1− τ

(1− τ)2
+

1

τ 2
(1− (1− τ)) ,

=
1

(1− τ) τ
, ✭✸✳✸✳✻✮

❡'

lim
T→∞

1

T

TτT−2
(
T + τT − 1

)

(1− τT )2
= lim

T→∞

TτT (1 + τT/T − 1/T)

τ 2 (1− τT )2
,

= lim
T→∞

TeT log(τ)
(
1 + eT log(τ)

T
− 1/T

)

τ 2 (1− τT )2
,

= 0 ❝❛. ❧✬❡①♣♦♥❡♥'✐❡❧❧❡ ❧✬❡♠♣♦.'❡ )✉. ❧❛ ♣✉✐))❛♥❝❡ ❡' 0 < τ < 1.

✭✸✳✸✳✼✮

❉✬❛✉'.❡ ♣❛.' ♣♦)♦♥)

HT (τ) =
1

T

T∑

t=2

(t− 1) τ t−3 (t− 2 + τ t−1)

(1− τ t−1)2
Qt (τ) ,

=
1

T

T∑

t=2

t
(t− 1) τ t−3 (t− 2 + τ t−1) (1− τ)

t (1− τ t−1)2 (1− τ t)
.
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▲❛ $✉✐'❡ bt = t; t > 1 ❡$' ✉♥❡ $✉✐'❡ ❝+♦✐$$❛♥'❡ ❞❡ +.❡❧$ ♣♦$✐'✐❢$ ❞✐✈❡+❣❡❛♥' ✈❡+$

❧✬✐♥✜♥✐✳ ❈♦♥$✐❞.+♦♥$ ❧❛ $.+✐❡ ❞❡ '❡+♠❡ ❣.♥.+❛❧ ♣♦$✐'✐❢

Ut =
(t− 1) τ t−3 (t− 2 + τ t−1) (1− τ)

t (1− τ t−1)2 (1− τ t)
, t ≥ 2.

❖♥ ❛ ✿

Ut+1

Ut

=
tτ t−2 (t− 1 + τ t) (1− τ)

(t+ 1) (1− τ t)2 (1− τ t+1)
× t (1− τ t−1) (1− τ t)

(t− 1) τ t−3 (t− 2 + τ t−1) (1− τ)
,

=
t3τ (1− 1/t + τ t/t) (1− τ t−1)

2

(t2 − 1) (1− τ t) (1− τ t+1) (t− 2 + τ t−1)
,

=
t3τ (1− 1/t + τ t/t) (1− τ t−1)

2

t3 (1− 1/t2) (1− τ t) (1− τ t+1) (1− 2/t + τ t−1/t)
,

−→ τ < 1.

❆✐♥$✐✱ ❞✬❛♣+=$ ❧❡ ❝+✐'=+❡ ❞❡ ❝♦♥✈❡+❣❡♥❝❡ ❞❡ ❉✬❆❧❡♠❜❡+'✱ ❧❛ $.+✐❡

∑
t≥1 Ut ❡$'

❝♦♥✈❡+❣❡♥'❡✳ @❛+ $✉✐'❡✱ ❡♥ ❛♣♣❧✐A✉❛♥' ❧❡ ▲❡♠♠❡ ❞❡ ❑+♦♥❡❝❦❡+ ✿

HT (τ) =
1

bT

T∑

t=2

btUt,

−→ 0. ✭✸✳✸✳✽✮

❆✐♥$✐✱ ❞✬❛♣+=$ ❧❡$ .A✉❛'✐♦♥$ ✭✸✳✸✳✻✮✱ ✭✸✳✸✳✼✮ ❡' ✭✸✳✸✳✽✮ ✿

IT (τ)

T
−→ I (τ) =

1

(1− τ) τ
.

@❛+ $✉✐'❡✱ ❡♥ $❡ ❜❛$❛♥' $✉+ ❧✬➱A✉❛'✐♦♥ ✭✸✳✸✳✹✮ ♦♥ ❛

√
T (τ̂ − τ)

L−→ N
(
0, I−1 (τ)

)
.

❖+✱ ❧❡ ❞+✐❢' θ ❞❡ ♥♦'+❡ ♠♦❞=❧❡ ▲❉▼ ❡$' ❞♦♥♥. ♣❛+ θ = − log (τ) = h (τ)✳
❉♦♥❝✱ ❞✬❛♣+=$ ❧❛ ♠.'❤♦❞❡ ❞❡❧'❛ ♦♥ ♦❜'✐❡♥' ✿

√
T
(
θ̂3 − θ

)

√
(h′ (τ))2 I−1 (τ)

=

√
T
(
θ̂3 − θ

)

1
τ

√
I−1 (τ)

L−→ N (0, 1) ,
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❡#✱ ♣♦✉( ✉♥ ♥✐✈❡❛✉ ❞❡ ❝♦♥✜❛♥❝❡ ❛0②♠♣#♦#✐3✉❡ 1−α✱ ✉♥ ✐♥#❡(✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡

❛0②♠♣#♦#✐3✉❡ ❞❡ θ ❡0# ❞♦♥♥5 ♣❛( ✿

[
θ̂3 −

√
I−1 (τ̂)

τ̂
√
T

z1−α/2, θ̂3 +

√
I−1 (τ̂)

τ̂
√
T

z1−α/2

]
. ✭✸✳✸✳✾✮

■❧ ♥❡ (❡0#❡ ♣❧✉0 3✉✬> (5❡①♣(✐♠❡( ❧✬✐♥❢♦(♠❛#✐♦♥ ❞❡ ❋✐0❤❡( ✭✸✳✸✳✺✮ ❞❛♥0 ❧❛

♣❛(❛♠5#(✐0❛#✐♦♥ ♦(✐❣✐♥❛❧❡ ✭❝✬❡0# > ❞✐(❡ ❡♥ θ✮✱ ❡♥ ❛♣♣❧✐3✉❛♥# ❧❛ ♠5#❤♦❞❡ ❞❡❧#❛

> ❧✬53✉❛#✐♦♥ ✭✸✳✸✳✹✮ ♦♥ ♦❜#✐❡♥# ✿

I−1
T (θ) = I−1

T (τ)×
(
❞h (τ)

❞τ

)2

.

❆✐♥0✐

IT (θ) =
IT (τ)
(
❞h(τ)

❞τ

)2 ,

IT (θ) = τ 2IT (τ) .

=
e−2θ

(1− e−θ)2

T∑

t=1

Pt (θ) + T −
T∑

t=1

Pt (θ)−
Te−Tθ

(
T + e−Tθ − 1

)

(1− e−Tθ)2

−
T∑

t=2

(t− 1) e−(t−1)θ
(
t− 2 + e−(t−1)θ

)

(1− e−(t−1)θ)
2 Pt (θ) .

❡# (
θ̂3 − θ

)

√
I−1
T (θ)

L−→ N (0, 1) . ✭✸✳✸✳✶✵✮

❆❧♦(0✱ ♣♦✉( ✉♥ ♥✐✈❡❛✉ ❞❡ ❝♦♥✜❛♥❝❡ ❛0②♠♣#♦#✐3✉❡ 1 − α✱ ✉♥ ✐♥#❡(✈❛❧❧❡ ❞❡

❝♦♥✜❛♥❝❡ ♣♦✉( θ ❡0# ❞♦♥♥5 ♣❛( ✿

[
θ̂3 −

√
I−1
T

(
θ̂3

)
z1−α/2, θ̂3 +

√
I−1
T

(
θ̂3

)
z1−α/2

]
. ✭✸✳✸✳✶✶✮
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✸✳✹ ❊♥ ✉&✐❧✐)❛♥& {Ln, n ≥ 1} ✿ ❊)&✐♠❛&✐♦♥ ♣❛/ ♠❛①✲

✐♠✉♠ ❞❡ ✈/❛✐)❡♠❜❧❛♥❝❡

❉❛♥% ❧❡ ♠)♠❡ ❝♦♥,❡①,❡ ❞✬✉♥ ♠♦❞1❧❡ ▲❉▼ ❛✈❡❝ ✉♥❡ ❧♦✐ %♦✉%✲❥❛❝❡♥,❡ G (0, 1)✱
❝❛❧❝✉❧♦♥% ✉♥ 9✉❛,:✐1♠❡ ❡%,✐♠❛,❡✉: ❞✉ ❞:✐❢,✱ ❡♥ %❡ ❜❛%❛♥, %✉: ❧❡ ♣:✐♥❝✐♣❡ ❞✉

♠❛①✐♠✉♠ ❞❡ ✈:❛✐%❡♠❜❧❛♥❝❡ ❡, ❡♥ ✉,✐❧✐%❛♥, ❧❛ ❞✐%,:✐❜✉,✐♦♥ ❞❡ ♣:♦❜❛❜✐❧✐,> ❞❡%

✐♥❞✐❝❡% ❞❡ :❡❝♦:❞% {Ln, 1 ≤ n ≤ NT = m}✳
❉✬❛♣:1% ❧❛ @:♦♣♦%✐,✐♦♥ ✷✳✶✶✱ ❧❛ %✉✐,❡ {Ln, 1 ≤ n ≤ NT} ❢♦:♠❡ ✉♥❡ ❝❤❛D♥❡

❞❡ ▼❛:❦♦✈ ❞❡ ♣:♦❜❛❜✐❧✐,> ❞❡ ,:❛♥%✐,✐♦♥ ✿

P [Ln=k/Ln−1=j] =
(1− τ) (1− τ j) τ k−j−1

(1− τ k−1) (1− τ k)
,

❡, ❞✬❡%♣❛❝❡ ❞✬>,❛, E = {L1 = 1 < L2 = l2 < · · · < LNT
= lNT

≤ T}✳ ◆♦,♦♥%
9✉❡ ❞❛♥% ❧✬❡①♣:❡%%✐♦♥ ❞❡ ❧❛ ♣:♦❜❛❜✐❧✐,> ❞❡ ,:❛♥%✐,✐♦♥ ♦♥ ❛ :>✉,✐❧✐%> ❧❛ :❡♣❛:❛♠>,:✐✲

%❛,✐♦♥ τ = e−θ
✳

▲❡ ,:❛✈❛✐❧ ❝♦♥%✐%,❡ ❛❧♦:% H ,:♦✉✈❡: τ 9✉✐ ♠❛①✐♠✐%❡ ❧❛ ✈:❛✐%❡♠❜❧❛♥❝❡ ❞❡

❝❡,,❡ ❝❤❛D♥❡ ❞❡ ▼❛:❦♦✈✳ ❖♥ ❛

T (τ) = P [L1 = l1, . . . , LNT
= lNT

; τ ] ,

=

NT−1∏

n=1

P [Ln+1=ln+1/Ln=ln]P [L1 = l1] , l1 = 1 ✭:❡❝♦:❞ ,:✐✈✐❛❧✮,

=
(1− τ)

(
1− τ l1

)
τ l2−l1−1

(1− τ l2−1) (1− τ l2)
× · · · × (1− τ)

(
1− τ lNT−1

)
τ lNT

−lNT−1−1

(
1− τ lNT

−1
) (

1− τ lNT

) ,

=
(1− τ)NT τ lNT

−NT

(
1− τ lNT

)∏NT

n=2 (1− τ ln−1)
.

@♦✉: ,:♦✉✈❡:

ˆ̂τ 9✉✐ ❞>♥♦,❡ ♥♦,:❡ ❡%,✐♠❛,❡✉: ♣❛: ❧❛ ♠>,❤♦❞❡ ❞✉ ♠❛①✐♠✉♠ ❞❡

✈:❛✐%❡♠❜❧❛♥❝❡✱ ❧❛ ♠>,❤♦❞❡ ❝❧❛%%✐9✉❡ ❡%, ❞❡ ❞>:✐✈❡: log T (τ) ♣❛: :❛♣♣♦:, H τ ✱
♣✉✐% H ❝❛❧❝✉❧❡: ❧❡% :❛❝✐♥❡% ❞❡ ❝❡,,❡ ❞>:✐✈>❡✳ ❖♥ ❛

log T (τ) = NT log (1− τ) + (lNT
−NT ) log (τ)− log

(
1− τ lNT

)

−
NT∑

n=2

log
(
1− τ ln−1

)
.
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❊♥$✉✐'❡ ✐❧ ❢❛✉' ',♦✉✈❡, ❧❛ ✈❛❧❡✉,

ˆ̂τ ❞❡ τ '❡❧❧❡ 0✉❡✱

(
❞ log T (τ)

❞τ

)

τ=ˆ̂τ

= 0.

❖,✱

❞ log T (τ)

❞τ
=

−NT

1− τ
+

lNT
−NT

τ
+

lNT
τ lNT

−1

1− τ lNT

+

NT∑

n=2

(ln − 1) τ ln−2

1− τ ln−1
,

✭✸✳✹✳✶✮

❡' ♣♦✉, ❝❛❧❝✉❧❡, ❧❡$ ,❛❝✐♥❡$ ❞❡ ❝❡''❡ ❢♦♥❝'✐♦♥✱ ♦♥ ❛ ,❡❝♦✉,$ ; ✉♥❡ ♠='❤♦❞❡

♥✉♠=,✐0✉❡✳

◆♦✉$ ♥✬✐,♦♥$ ❞♦♥❝ ♣❛$ ♣❧✉$ ❧♦✐♥ ❞❛♥$ ❧✬='✉❞❡ ❞✉ ❝♦♠♣♦,'❡♠❡♥' ❞❡ ❝❡'

❡$'✐♠❛'❡✉,✱ ❞✬❛✉'❛♥' 0✉✬✐❧ ❢❛✐' ✐♥'❡,✈❡♥✐, ❞❡$ ♦❜$❡,✈❛'✐♦♥$ ❢♦,♠❛♥' ✉♥❡ ❝❤❛B♥❡

❞❡ ▼❛,❦♦✈✱ ❞♦♥❝ ♥✐ ✐♥❞=♣❡♥❞❛♥'❡$ ♥✐ ✐❞❡♥'✐0✉❡♠❡♥' ❞✐$',✐❜✉=❡$✳ ❉❡ ♣❧✉$✱

❡♥ $❡ ❜❛$❛♥' $✉, ❞❡$ $✐♠✉❧❛'✐♦♥$ ♥✉♠=,✐0✉❡$✱ ♦♥ ,❡♠❛,0✉❡ ; ❧❛ ♣,♦❝❤❛✐♥❡

$❡❝'✐♦♥ 0✉❡ ❝❡ ♥♦✉✈❡❧ ❡$'✐♠❛'❡✉,✱ ♥♦'= θ̂4✱ ❡$' ❞✬✉♥❡ 0✉❛❧✐'= ♠♦✐♥$ ❜♦♥♥❡ 0✉❡

❝❡❧✉✐ ♦❜'❡♥✉ ♣❛, ❧❛ ♠='❤♦❞❡ ♣,=❝=❞❡♥'❡ ✭❊▼❱ ❜❛$=❡ $✉, ❧❡$ ✐♥❞✐❝❛',✐❝❡$ ❞❡

,❡❝♦,❞$✮✳ ◆♦'❛♠♠❡♥' ❧❡ ❜✐❛✐$ ❡$' ♣❧✉$ ✐♠♣♦,'❛♥'✱ ❛✐♥$✐ 0✉❡ ❧✬=❝❛,'✲'②♣❡✱ $✐ θ
❡$' ♣❡'✐'✳

✸✳✺ ❙✐♠✉❧❛)✐♦♥, ♥✉♠-.✐/✉❡,

I♦✉, =✈❛❧✉❡, ❧❡ ❝♦♠♣♦,'❡♠❡♥' ❞❡ ♥♦$ ❡$'✐♠❛'❡✉,$✱ ❡♥ ♣❛,'✐❝✉❧✐❡, ❧✬✉'✐❧✐'=

❞❡$ ❛♣♣,♦①✐♠❛'✐♦♥$ ❛$②♠♣'♦'✐0✉❡$ ❞❡$ =0✉❛'✐♦♥$ ✭✸✳✷✳✺✮✱ ✭✸✳✷✳✶✷✮ ❡' ✭✸✳✸✳✶✵✮✱

❞❡$ $✐♠✉❧❛'✐♦♥$ ♦♥' ='= ❡✛❡❝'✉=❡$✳ ◆♦✉$ ♥♦✉$ ❝♦♥❝❡♥',♦♥$ $✉, ❧❡ ❜✐❛✐$✱ ❧✬❛♣✲

♣,♦①✐♠❛'✐♦♥ ❛$②♠♣'♦'✐0✉❡ ❞❡$ =❝❛,'$✲'②♣❡$ ❡' ❧❛ ♣,♦❜❛❜✐❧✐'= ❞❡ ❝♦✉✈❡,'✉,❡

❞❡$ ✐♥'❡,✈❛❧❧❡$ ❞❡ ❝♦♥✜❛♥❝❡✳ I♦✉, ❝❡ ❢❛✐,❡✱ 5000 $=,✐❡$ ❝❤,♦♥♦❧♦❣✐0✉❡$ ♦♥' ='=

❣=♥=,=❡$ $❡❧♦♥ ✉♥ ♠♦❞P❧❡ ▲❉▼ ♣♦✉, ❞✐✛=,❡♥'❡$ ✈❛❧❡✉,$ ❞❡ θ ❛✈❡❝ T = 100
♦❜$❡,✈❛'✐♦♥$ ❡' ✉♥❡ ❞✐$',✐❜✉'✐♦♥ $♦✉$✲❥❛❝❡♥'❡ G (0, 1)✳ I♦✉, ❝❤❛❝✉♥❡ ❞❡ ❝❡$

$=,✐❡$✱ ❧❛ $✉✐'❡ ❞❡$ ✐♥❞✐❝❛',✐❝❡$ ❞❡ ,❡❝♦,❞$ {δt, 1 ≤ t ≤ T} ❛ ='= ❡①',❛✐'❡

❡' ❧❡$ ❡$'✐♠❛'❡✉,$ θ̂2✱ θ̂
∗
2✱ θ̂3 ❡' θ̂4 ♦♥' ='= ❝❛❧❝✉❧=$✳ ❉❡ ❝❡$ ✺✵✵✵ $=,✐❡$✱ ❧❡$

❝❛,❛❝'=,✐$'✐0✉❡$ ♠❡♥'✐♦♥♥=❡$ ♣,=❝=❞❡♠♠❡♥' ♦♥' ='= ❡♠♣✐,✐0✉❡♠❡♥' ❡$'✐♠=❡$✳

▲❛ ❚❛❜❧❡ ✸✳✷ ❞♦♥♥❡ ❧❡$ ❜✐❛✐$ ❞❡$ ❡$'✐♠❛'❡✉,$✳ ▲❡$ ❡$'✐♠❛'❡✉,$ θ̂2 ❡' θ̂4
♦♥' ✉♥ ❣,❛♥❞ ❜✐❛✐$ ❡' ❞❛♥$ '♦✉$ ❧❡$ ❝❛$ θ̂∗2 ❡' θ̂3 ❞♦✐✈❡♥' T',❡ ♣,=❢=,=$✱ ❛✈❡❝

✉♥❡ ❧=❣P,❡ ♣,=❢=,❡♥❝❡ ♣♦✉, θ̂3 ❧♦,$0✉❡ θ ❡$' ♣❡'✐'✳ ▲❛ ❚❛❜❧❡ ✸✳✸ ♣,=$❡♥'❡ ❧❡$
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❇✐❛✐%

θ θ̂2 θ̂∗2 θ̂3 θ̂4

0.05 ✵✳✵✹ ✵✳✵✶ ≃ 0.00 ✵✳✵✹

0.10 ✵✳✵✸ ✵✳✵✶ ≃ 0.00 ✵✳✵✷

0.15 ✵✳✵✸ ≃ 0.00 ≃ 0.00 ✵✳✵✷

0.20 ✵✳✵✷ ≃ 0.00 ≃ 0.00 ✵✳✵✶

0.25 ✵✳✵✷ ≃ 0.00 ≃ 0.00 ✵✳✵✶

❚❛❜❧❡ ✸✳✷ ✕ ❇✐❛✐% ❡♠♣✐/✐0✉❡% ❞❡ θ̂2✱ θ̂
∗
2✱ θ̂3 ❡4 θ̂4 ♣♦✉/ ❞✐✛7/❡♥4❡% ✈❛❧❡✉/% ❞✉

❞/✐❢4 θ ❛✈❡❝ T = 100 ♦❜%❡/✈❛4✐♦♥% ✭▲♦✐ ❞❡ ●✉♠❜❡❧✮

7❝❛/4%✲4②♣❡%✳ ▲❡% ❝♦❧♦♥♥❡% ✷✱ ✸ ❡4 ✹ ❞✉ 4❛❜❧❡❛✉ ❞♦♥♥❡♥4 ❧❡% 7❝❛/4%✲4②♣❡% ❡♠✲

♣✐/✐0✉❡% ✭D ♣❛/4✐/ ❞❡% ✺✵✵✵ %7/✐❡%✮ ❞❡ θ̂2✱ θ̂
∗
2 ❡4 θ̂4✳ ▲❡% ❛♣♣/♦①✐♠❛4✐♦♥% ❛%②♠♣✲

4♦4✐0✉❡% ❞❡% 70✉❛4✐♦♥% ✭✸✳✷✳✺✮ ❡4 ✭✸✳✷✳✶✷✮ ❛♣♣❛/❛✐%%❡♥4 ❞❛♥% ❧❡% ❝♦❧♦♥♥❡% ✺ ❡4

✻✳ ▲❡% ❞❡✉① ❞❡/♥✐G/❡% ❝♦❧♦♥♥❡% ♠♦♥4/❡♥4 ❧❡ ♠H♠❡ ♣♦✉/ θ̂3 ❡4 %♦♥ ❛♣♣/♦①✐✲

♠❛4✐♦♥

√
I−1
T (θ) ❞❡ ❧✬70✉❛4✐♦♥ ✭✸✳✸✳✶✵✮✳ ❉❛♥% ❧✬❡♥%❡♠❜❧❡✱ ❧❡% ❛♣♣/♦①✐♠❛4✐♦♥%

❞❡% 70✉❛4✐♦♥% ✭✸✳✷✳✺✮ ❡4 ✭✸✳✷✳✶✷✮ %♦✉%✲❡%4✐♠❡♥4 ❧❡% ✈❛❧❡✉/% ❞❡% 7❝❛/4%✲4②♣❡%✳

▲✬70✉❛4✐♦♥ ✭✸✳✸✳✶✵✮ ❞♦♥♥❡ ❞❡% /7%✉❧4❛4% ♣❧✉% ♣/7❝✐%✳ K♦✉/ ❝❡% /❛✐%♦♥% ♦♥ ♣❡✉4

❧❛✐%%❡/ 4♦♠❜❡/ ❧❡% ❡%4✐♠❛4❡✉/% θ̂2 ❡4 θ̂4 ❡4 ❣❛/❞❡/ θ̂3✳ ❆✉%%✐✱ ❝♦♠♠❡ θ̂∗2 ❡%4

♣/❡%0✉❡ %❛♥% ❜✐❛✐% ❡4 ❛ ✉♥ 7❝❛/4✲4②♣❡ 4/G% ♣/♦❝❤❡ ❞❡ ❧✬❡①♣/❡%%✐♦♥

√
I−1
T (θ)✱ ♦♥

♣❡✉4 ❛✉%%✐ ❣❛/❞❡/ ❝❡ ❞❡/♥✐❡/ ❡%4✐♠❛4❡✉/ ❛✈❡❝

√
I−1
T (θ) ❝♦♠♠❡ ❛♣♣/♦①✐♠❛4✐♦♥

❞❡ ❧✬7❝❛/4✲4②♣❡✳

❊♥✜♥✱ ♣♦✉/ ✈7/✐✜❡/ ❧✬❡①❛❝4✐4✉❞❡ ❞❡ ❧✬❛♣♣/♦①✐♠❛4✐♦♥ ❛%②♠♣4♦4✐0✉❡ ❞❡%

70✉❛4✐♦♥% ✭✸✳✷✳✶✷✮ ❡4 ✭✸✳✸✳✶✵✮✱ ❧❡% ♣/♦❜❛❜✐❧✐47% ❞❡ ❝♦✉✈❡/4✉/❡ ❞❡% ✐♥4❡/✈❛❧❧❡%

❞❡ ❝♦♥✜❛♥❝❡ ✭✸✳✷✳✶✸✮ ❡4 ✭✸✳✸✳✶✶✮ ✭♣♦✉/ ❧❡% ♣/♦❜❛❜✐❧✐47% ❞❡ ❝♦✉✈❡/4✉/❡ ❜❛%7❡%

%✉/ θ̂∗2✱ ♥♦✉% ❝♦♥%✐❞7/♦♥%

√
I−1
T (θ) ❝♦♠♠❡ ❛♣♣/♦①✐♠❛4✐♦♥ ❞❡ ❧✬7❝❛/4✲4②♣❡✮✱

♣♦✉/ ❞✐✛7/❡♥4% ♥✐✈❡❛✉① ❞❡ ❝♦♥✜❛♥❝❡ 1−α✱ %♦♥4 ♣/7%❡♥47❡% ❞❛♥% ❧❛ ❚❛❜❧❡ ✸✳✹✳

❊♥ 4❡/♠❡ ❞❡ ♣/♦❜❛❜✐❧✐47% ❞❡ ❝♦✉✈❡/4✉/❡ ❧✬❡%4✐♠❛4❡✉/ θ̂3 ❞♦✐4 H4/❡ ♣/7❢7/7 D

θ̂∗2✳ ❉❛♥% ❧❡% ✸ ❞❡/♥✐G/❡% ❝♦❧♦♥♥❡% ❞❡ ❧❛ ❚❛❜❧❡ ✭✸✳✹✮ ❧❡% ♥✐✈❡❛✉① ❞❡ ❝♦♥✜❛♥❝❡

/7❡❧% %♦♥4 ♣/♦❝❤❡% ❞❡ ❝❡✉① ✈✐%7%✱ %❛✉❢ ♣♦✉/ ❧❡% ♣❡4✐4❡% ✈❛❧❡✉/% ❞❡ θ✳ ❈❡❝✐ ❡%4
♣/♦✈♦0✉7 ♣❛/ ❧✬❛%②♠74/✐❡ ❞❡ ❧❛ ❞✐%4/✐❜✉4✐♦♥ ❞❡ θ̂3 0✉✐ ✈✐❡♥4 ❞❡ ❧❛ ❝♦♥4/❛✐♥4❡

θ > 0✳ ❙✐♥♦♥✱ ❧✬✉4✐❧✐%❛4✐♦♥ ❞❡ θ̂3 ❞❡✈/❛✐4 ❝♦♥❞✉✐/❡ D ✉♥❡ ✐♥❢7/❡♥❝❡ ❝♦//❡❝4❡✳
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θ

√
V̂

(
θ̂2

) √
V̂

(
θ̂∗2

) √
V̂

(
θ̂4

) √
λ(θ)
T

√
ϑ(θ)
T

√
V̂

(
θ̂3

) √
I−1
T (θ)

0.05 ✵✳✵✷✽ ✵✳✵✸✶ ✵✳✸✷✶ ✵✳✵✷✸ ✵✳✵✷✼ ✵✳✵✸✵ ✵✳✵✸✵

0.10 ✵✳✵✸✺ ✵✳✵✸✽ ✵✳✵✸✾ ✵✳✵✸✷ ✵✳✵✸✺ ✵✳✵✸✼ ✵✳✵✸✼

0.15 ✵✳✵✹✸ ✵✳✵✹✹ ✵✳✵✹✻ ✵✳✵✹✵ ✵✳✵✹✷ ✵✳✵✹✸ ✵✳✵✹✹

0.20 ✵✳✵✹✾ ✵✳✵✺✵ ✵✳✵✺✶ ✵✳✵✹✼ ✵✳✵✹✾ ✵✳✵✺✵ ✵✳✵✺✵

0.25 ✵✳✵✺✺ ✵✳✵✺✻ ✵✳✵✺✽ ✵✳✵✺✸ ✵✳✵✺✺ ✵✳✵✺✻ ✵✳✵✺✻

❚❛❜❧❡ ✸✳✸ ✕ ➱❝❛/01✲0②♣❡1 ❞❡ θ̂2✱ θ̂
∗
2✱ θ̂3 ❡0 θ̂4 ♣♦✉/ ❞✐✛</❡♥0❡1 ✈❛❧❡✉/1 ❞✉ ❞/✐❢0

θ ❛✈❡❝ T = 100 ♦❜1❡/✈❛0✐♦♥1 ✭▲♦✐ ❞❡ ●✉♠❜❡❧✮✳ ▲❡1 ❝♦❧♦♥♥❡1 ✷✱ ✸ ❡0 ✹ ❞♦♥♥❡♥0

❧❡1 <❝❛/01✲0②♣❡1 ❡♠♣✐/✐G✉❡1 ❞❡ θ̂2✱ θ̂
∗
2 ❡0 θ̂4✳ ▲❡1 ❛♣♣/♦①✐♠❛0✐♦♥1 ❛1②♠♣0♦0✐G✉❡1

❞❡1 <G✉❛0✐♦♥1 ✭✸✳✷✳✺✮ ❡0 ✭✸✳✷✳✶✷✮ ❛♣♣❛/❛I11❡♥0 ❞❛♥1 ❧❡1 ❝♦❧♦♥♥❡1 ✺ ❡0 ✻✳ ▲❡1

❞❡✉① ❞❡/♥✐J/❡1 ❝♦❧♦♥♥❡1 ♠♦♥0/❡♥0 ❧❡ ♠K♠❡ ♣♦✉/ θ̂3 ❡0 1♦♥ ❛♣♣/♦①✐♠❛0✐♦♥√
I−1
T (θ) ❞❡ ❧✬<G✉❛0✐♦♥ ✭✸✳✸✳✶✵✮✳

θ̂∗2 θ̂3
1− α 1− α

θ 90% 95% 99% 90% 95% 99%

0.05 ✾✷✳✽✪ ✾✽✳✺✪ ✾✾✳✾✪ ✽✾✳✺✪ ✾✽✳✾✪ ✾✾✳✼✪

0.10 ✽✻✳✺✪ ✾✸✳✷✪ ✾✼✳✺✪ ✽✾✳✷✪ ✾✸✳✻✪ ✾✼✳✼✪

0.15 ✽✾✳✶✪ ✾✹✳✶✪ ✾✼✳✾✪ ✽✾✳✺✪ ✾✹✳✵✪ ✾✽✳✵✪

0.20 ✽✾✳✺✪ ✾✹✳✾✪ ✾✼✳✽✪ ✽✾✳✷✪ ✾✹✳✷✪ ✾✽✳✶✪

0.25 ✽✻✳✼✪ ✾✷✳✽✪ ✾✽✳✷✪ ✽✾✳✺✪ ✾✹✳✺✪ ✾✽✳✷✪

❚❛❜❧❡ ✸✳✹ ✕ N/♦❜❛❜✐❧✐0<1 ❞❡ ❝♦✉✈❡/0✉/❡ ❞❡1 ✐♥0❡/✈❛❧❧❡1 ❞❡ ❝♦♥✜❛♥❝❡ ✭✸✳✷✳✶✸✮

❡0 ✭✸✳✸✳✶✶✮ ♣♦✉/ ❞✐✛</❡♥0❡1 ✈❛❧❡✉/1 ❞✉ ❞/✐❢0 θ ❡0 ❞✉ ♥✐✈❡❛✉ ❞❡ ❝♦♥✜❛♥❝❡ 1−α
❛✈❡❝ T = 100 ♦❜1❡/✈❛0✐♦♥1 ✭▲♦✐ ❞❡ ●✉♠❜❡❧✮
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✸✳✻ ❈♦♥❝❧✉)✐♦♥

◆♦✉% ❛✈♦♥% ♣*+%❡♥-+ ♣❧✉%✐❡✉*% ♠+-❤♦❞❡% ❞✬❡%-✐♠❛-✐♦♥ ❞✉ ❞*✐❢- ❞✬✉♥ ♠♦❞5❧❡

▲❉▼ ❛✈❡❝ ✉♥❡ ❞✐%-*✐❜✉-✐♦♥ %♦✉%✲❥❛❝❡♥-❡ ❞❡ ●✉♠❜❡❧ ❞❡ ♣❛*❛♠5-*❡% ❝♦♥♥✉%✱

❡♥ %❡ ❜❛%❛♥- %✉* ❧❡ ♥♦♠❜*❡ NT ✱ ❧❡% ✐♥❞✐❝❛-*✐❝❡% δt ❡- ❧❡% ✐♥❞✐❝❡% Ln ❞❡ *❡❝♦*❞%

*❡%♣❡❝-✐✈❡♠❡♥- ❡- ❡♥ ✉-✐❧✐%❛♥- ❧❛ ♠+-❤♦❞❡ ❞❡% ♠♦♠❡♥-% ♦✉ ❧❡ ♣*✐♥❝✐♣❡ ❞✉

♠❛①✐♠✉♠ ❞❡ ✈*❛✐%❡♠❜❧❛♥❝❡✳

▲❡ ♠❡✐❧❧❡✉* ❡%-✐♠❛-❡✉* %✉* ❧❡% ♣❧❛♥% ❝♦♥%✐❞+*+% ✭❜✐❛✐%✱ +❝❛*-✲-②♣❡ ❡- ♣*♦❜✲

❛❜✐❧✐-+ ❞❡ ❝♦✉✈❡*-✉*❡✮ ❛ +-+ ♦❜-❡♥✉ ❡♥ ✉-✐❧✐%❛♥- ❧❡% ✐♥❞✐❝❛-*✐❝❡% ❞❡ *❡❝♦*❞% ❡-

❡♥ %❡ ❜❛%❛♥- %✉* ❧❡ ♣*✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈*❛✐%❡♠❜❧❛♥❝❡✳ ❖♥ ❛ ❛✉%%✐ ❞♦♥♥+

❧❛ ♣*❡✉✈❡ ❞❡ %♦♥ ❝♦♠♣♦*-❡♠❡♥- ❛%②♠♣-♦-✐E✉❡ ♥♦*♠❛❧✳

❯♥❡ *❡%-*✐❝-✐♦♥ ✐♠♣♦*-❛♥-❡ ❞✉ ♣*+%❡♥- -*❛✈❛✐❧ ❡%- ❝❡--❡ ❧✐♠✐-❛-✐♦♥ G ❧❛ ❧♦✐

❞❡ ●✉♠❜❡❧✳ ❙♦♥ ❛✈❛♥-❛❣❡ ✐❝✐ ❡%- E✉❡ ❧❡% δt %♦♥- ✐♥❞+♣❡♥❞❛♥-% %♦✉% ❝❡--❡ ❧♦✐✱

❝❡ E✉✐ ❛ ♣❡*♠✐% ❧✬+-✉❞❡ ❛%②♠♣-♦-✐E✉❡ ❞❡ θ̂2, θ̂
∗
2 ❡- θ̂3✱ ❡- ❧❛ ❧♦✐ ❞❡ ●✉♠❜❡❧ ❡%-

❧❛ %❡✉❧❡ E✉✐ ♣♦%%5❞❡ ❝❡--❡ ♣*♦♣*✐+-+✳ ❈❡--❡ ❧♦✐ ❡%- ❝❡*-❡% ✉♥❡ ❧♦✐ ✐♠♣♦*-❛♥-❡✱

♠❛✐% ❝❡ ♥✬❡%- ♣❛% ❧❛ %❡✉❧❡ ♣♦%%✐❜❧❡ ❞❛♥% ✉♥ ❝♦♥-❡①-❡ ❞❡ *❡❝♦*❞% ❡- ❝❡--❡ *❡✲

%-*✐❝-✐♦♥✱ ❝❛✉%+❡ ♣❛* ❞❡% *❛✐%♦♥% -❡❝❤♥✐E✉❡%✱ ❧❛✐%%❡ ✉♥ ❣♦K- ❞✬✐♥❛❝❤❡✈+✳ ❖♥

%❡*❛✐- ❤❡✉*❡✉① ❞❡ ♣♦✉✈♦✐* ❧❛ ❧❡✈❡*✳ ◆♦✉% ♥✬② %♦♠♠❡% ♣❛% ❛**✐✈+ ❞✐*❡❝-❡♠❡♥-✳

❈❡♣❡♥❞❛♥-✱ ❡♥ ❡♠❜♦L-❛♥- ❧❡ ♣*+%❡♥- ♠♦❞5❧❡ ▲❉▼ ❞❛♥% ✉♥ ❛✉-*❡ ♠♦❞5❧❡✱ ❧❡

♠♦❞5❧❡ ❞❡ ❨❛♥❣✲◆❡✈③♦*♦✈✱ ✐❧ %✬❡%- ❛✈+*+ ♣♦%%✐❜❧❡ ❞❡ *❡-*♦✉✈❡* ❞❡% δt ✐♥❞+♣❡♥✲
❞❛♥-% ♣♦✉* -♦✉-❡% ❧❡% ❧♦✐% ♣♦%%✐❜❧❡% ❡- ❞♦♥❝ ❞❡ ❣+♥+*❛❧✐%❡* ♥♦-*❡ -*❛✈❛✐❧ G ❝❡--❡

❢❛♠✐❧❧❡ ♣❧✉% ❧❛*❣❡ ❞❡ ♠♦❞5❧❡%✳

❉❛♥% ❧❡ ❝❤❛♣✐-*❡ %✉✐✈❛♥-✱ ♥♦✉% ❝♦♥%✐❞+*♦♥% ❧❡ ❝❛% ❞✉ ♠♦❞5❧❡ ❞❡ ❨❛♥❣✲

◆❡✈③♦*♦✈ ❛✈❡❝ ✉♥❡ ❞✐%-*✐❜✉-✐♦♥ %♦✉%✲❥❛❝❡♥-❡ E✉❡❧❝♦♥E✉❡✳ ◆♦-*❡ ❜✉- ❡%- ❞❡ ❝❛❧✲

❝✉❧❡* ❞❡% ❡%-✐♠❛-❡✉*% ❞✉ ♣❛*❛♠5-*❡ ❞❡ ❝❡ ♠♦❞5❧❡ ❡- ❞✬+-✉❞✐❡* ❧❡✉* ❝♦♠♣♦*-❡✲

♠❡♥- ❛%②♠♣-♦-✐E✉❡ ❡♥ %✉✐✈❛♥- ❞❡ -*5% ♣*5% ❧❡ %❝+♥❛*✐♦ ❞✉ ♣*+%❡♥- ❝❤❛♣✐-*❡✳

✸✳✼ ❱-.✐✜❝❛1✐♦♥ ❞❡) ❝♦♥❞✐1✐♦♥) ❞❡ ▲❡.♦② ❡! ❛❧✳

✭✷✵✶✻✮

❉❛♥% ❧❛ ❙❡❝-✐♦♥ ✸✳✸ ♦♥ ❛ ♦❜-❡♥✉ ✉♥ ❡%-✐♠❛-❡✉* ❞✉ ❞*✐❢- θ ❞✬✉♥ ♠♦❞5❧❡ ▲❉▼

❞❡ ❞✐%-*✐❜✉-✐♦♥ %♦✉%✲❥❛❝❡♥-❡ ❞❡ ●✉♠❜❡❧ G (0, 1) ❡♥ %❡ ❜❛%❛♥- %✉* ❧❡ ♣*✐♥❝✐♣❡

❞✉ ♠❛①✐♠✉♠ ❞❡ ✈*❛✐%❡♠❜❧❛♥❝❡ ❡- ❡♥ ✉-✐❧✐%❛♥- ❧❛ ❧♦✐ ❞❡% {δt, 1 ≤ t ≤ T} E✉✐

❢♦*♠❡♥- ✉♥❡ %✉✐-❡ ❞❡ ✈❛*✐❛❜❧❡% ❛❧+❛-♦✐*❡% ✐♥❞+♣❡♥❞❛♥-❡%✱ ❝❤❛❝✉♥❡ ❞✐%-*✐❜✉+❡
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"✉✐✈❛♥( ❧❛ ❧♦✐ ❞❡ ❇❡.♥♦✉❧❧✐ ❞❡ ❢♦♥❝(✐♦♥ ❞❡ ♠❛""❡ ✿

ft (d, τ) =

{
Qt (τ) =

1−τ
1−τ t

"✐ d = 1

1−Qt (τ) =
τ−τ t

1−τ t
"✐ d = 0

,

❛✈❡❝✱ τ = exp (−θ)✱ 0 < τ < 1✳
▲❡ (❤7♦.8♠❡ ❞♦♥( ❧✬❛♣♣❧✐❝❛(✐♦♥ ♣❡.♠❡( ❞❡ ❝♦♥✜.♠❡. <✉❡ ♥♦(.❡ ❡"(✐♠❛(❡✉.

τ̂ ❡"( ❛"②♠♣(♦(✐<✉❡♠❡♥( "❛♥" ❜✐❛✐" ❡( ❞❡ ❧♦✐ ♥♦.♠❛❧❡ ❡"( ❞? @ ▲❡.♦②✱ ❉❛✉①♦✐"

❡( ❚✉❜❡.(✲❇✐((❡. ✭✷✵✶✻✮✳ ◆♦✉" ❧✬❡①♣.✐♠♦♥" ❡♥ ✉(✐❧✐"❛♥( ❧❛ ♥♦(❛(✐♦♥ ❞✉ ♣.7"❡♥(

❝❤❛♣✐(.❡✳

❚❤"♦$%♠❡ ✸✳✹✳ ❙✐ ❧❡$ ❍②♣♦)❤+$❡$ ✶✲✶✵ ✭❝✐✲❞❡$$♦✉$✮ $♦♥) $❛)✐$❢❛✐)❡$✱ ❧✬❡$)✐♠❛✲

)❡✉: ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈:❛✐$❡♠❜❧❛♥❝❡ τ̂ ❡$) ✉♥ ❡$)✐♠❛)❡✉: ❝♦♥✈❡:❣❡♥) ❞❡ τ 0 ✭❧❛
✈❛❧❡✉: :?❡❧❧❡ ❞❡ τ✮✱ ❡) ♣♦✉: )♦✉) ε > 0✱ P [|τ̂ − τ 0| > ε] −→ 0✳ ❙✐ ❡♥ ♣❧✉$ ❧✬❍②✲

♣♦)❤+$❡ ✶✶ ✭❝✐✲❞❡$$♦✉$✮ ❡$) $❛)✐$❢❛✐)❡✱ ❧❛ ✈❛:✐❛❜❧❡ ❛❧?❛)♦✐:❡ Z =
√
T (τ̂ − τ 0)

❝♦♥✈❡:❣❡ ❛$②♠♣)♦)✐A✉❡♠❡♥) ✈❡:$ ❧❛ ❧♦✐ ♥♦:♠❛❧❡ ❞✬❡$♣?:❛♥❝❡ 0 ❡) ❞❡ ✈❛:✐❛♥❝❡

[I (τ 0)]
−1
✱ ❛✈❡❝ I (τ 0) = −lim

T

1
T

∑T
t=1 E

(
❞

2
log ft(δt,τ)

❞τ2

∣∣∣∣
τ0

)
✳

❉❛♥" ❧❛ ♣.7"❡♥(❡ "❡❝(✐♦♥✱ ♥♦(.❡ ❜✉( ❡"( ❞❡ ♠♦♥(.❡. <✉❡ ♥♦✉" "♦♠♠❡" ❞❛♥"

✉♥ ❝❛" ♦K ❧❡" ❤②♣♦(❤8"❡" "✉✐✈❛♥(❡" "♦♥( ✈7.✐✜7❡" ✿

❍②♣♦.❤%/❡ ✶✳ ▲✬❡"(✐♠❛(❡✉. ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈.❛✐"❡♠❜❧❛♥❝❡ τ̂ ❡"( "♦❧✉(✐♦♥

❞❡ ❧✬7<✉❛(✐♦♥ ✭✸✳✸✳✷✮✳

❉?♠♦♥$):❛)✐♦♥✳ L❛. ❞7✜♥✐(✐♦♥ ♥♦(.❡ ❡"(✐♠❛(❡✉. ❡"( ❧❛ "♦❧✉(✐♦♥ ❞❡ ❧✬7<✉❛(✐♦♥

✭✸✳✸✳✷✮✳

❍②♣♦.❤%/❡ ✷✳ ▲✬7<✉❛(✐♦♥ ✭✸✳✸✳✷✮ ❛ ✉♥❡ .❛❝✐♥❡ ✉♥✐<✉❡✳

❉?♠♦♥$):❛)✐♦♥✳ ❖♥ ✈❛ ♠♦♥(.❡.✱ <✉❡ "✐ T ❡"( "✉✣"❛♠♠❡♥( ❣.❛♥❞

1
T
❞

2
logL(τ)

❞τ✷
<

0✱ ♣.❡"<✉❡ "?.❡♠❡♥( "✉. 0 < τ < 1✱ ❝✬❡"(✲@✲❞✐.❡ ❧❛ ❢♦♥❝(✐♦♥ ❞❡ ✈.❛✐"❡♠❜❧❛♥❝❡

❡"( ♣.❡"<✉❡ "?.❡♠❡♥( ❝♦♥❝❛✈❡ "✉. "♦♥ ❞♦♠❛✐♥❡✳ ❖.✱

1

T

❞

2 logL (τ)

❞τ ✷
=

1

T

[
−NT

(1− τ)2
+

NT − T

τ 2
+

TτT−2
(
T + τT − 1

)

(1− τT )2

+
T∑

t=2

δt
(t− 1) τ t−3 (t− 2 + τ t−1)

(1− τ t−1)2

]
.
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❇❛❧❧❡&✐♥✐ ❡) ❘❡+♥✐❝❦ ✭✶✾✽✺✮ ♠♦♥)&❡♥) 6✉❡ ❞❛♥+ ✉♥ ♠♦❞9❧❡ ▲❉▼ ❛✈❡❝ ✉♥❡

❞✐+)&✐❜✉)✐♦♥ +♦✉+✲❥❛❝❡♥)❡ ❞❡ ●✉♠❜❡❧✱

NT

T
−→ (1− τ) ♣&❡+6✉❡ +D&❡♠❡♥)✳ F❛&

+✉✐)❡✱ ♣&❡+6✉❡ +D&❡♠❡♥) ✿

lim
T→∞

1

T

[ −NT

(1− τ)2
+

1

τ 2
(NT − T )

]
=

− (1− τ)

(1− τ)2
+

1

τ 2
((1− τ)− 1) ,

=
−1

(1− τ) τ
< 0, ✭✸✳✼✳✶✮

❡)✱

lim
T→∞

1

T

TτT−2
(
T + τT − 1

)

(1− τT )2
= lim

T→∞

TτT (1 + τT/T − 1/T)

τ 2 (1− τT )2
,

= lim
T→∞

TeT log(τ)
(
1 + eT log(τ)

T
− 1/T

)

τ 2 (1− τT )2
,

= 0. ✭✸✳✼✳✷✮

❉✬❛✉)&❡ ♣❛&)✱

1

T

T∑

t=2

δt
(t− 1) τ t−3 (t− 2 + τ t−1)

(1− τ t−1)2
≤ 1

T

T∑

t=2

(t− 1) τ t−3 (t− 2 + τ t−1)

(1− τ t−1)2
,

=
1

T

T∑

t=2

t
(t− 1) τ t−3 (t− 2 + τ t−1)

t (1− τ t−1)2
.

✭✸✳✼✳✸✮

▲❛ +✉✐)❡ bt = t; t > 1 ❡+) ✉♥❡ +✉✐)❡ ❝&♦✐++❛♥)❡ ❞❡ &L❡❧+ ♣♦+✐)✐❢+ ❞✐✈❡&❣❡❛♥) ✈❡&+

❧✬✐♥✜♥✐✳ ❈♦♥+✐❞L&♦♥+ ❧❛ +L&✐❡ ❞❡ )❡&♠❡ ❣L♥L&❛❧ ♣♦+✐)✐❢

Ut =
(t− 1) τ t−3 (t− 2 + τ t−1)

t (1− τ t−1)2
; t ≥ 2.

❖♥ ❛ ✿

Ut+1

Ut

=
tτ t−2 (t− 1 + τ t)

(t+ 1) (1− τ t)2
× t (1− τ t−1)

2

(t− 1) τ t−3 (t− 2 + τ t−1)
,
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Ut+1

Ut

=
t3τ (1− 1/t + τ t/t) (1− τ t−1)

2

(t2 − 1) (1− τ t)2 (t− 2 + τ t−1)
,

=
t3τ (1− 1/t + τ t/t) (1− τ t−1)

2

t3 (1− 1/t2) (1− τ t)2 (1− 2/t + τ t−1/t)
,

−→ τ < 1.

❆✐♥%✐✱ ❞✬❛♣+,% ❧❡ ❝+✐0,+❡ ❞❡ ❝♦♥✈❡+❣❡♥❝❡ ❞❡ ❉✬❆❧❡♠❜❡+0 ❧❛ %7+✐❡

∑
t≥1 Ut ❡%0

❝♦♥✈❡+❣❡♥0❡✳ 9❛+ %✉✐0❡✱ ❡♥ ❛♣♣❧✐;✉❛♥0 ❧❡ ❧❡♠♠❡ ❞❡ ❑+♦♥❡❝❦❡+ ✿

1

T

T∑

t=2

t
(t− 1) τ t−3 (t− 2 + τ t−1)

t (1− τ t−1)2
=

1

bT

T∑

t=2

btUt,

−→ 0.

❆❧♦+%✱ ❡♥ %❡ ❜❛%❛♥0 %✉+ ❧✬➱;✉❛0✐♦♥ ✭✸✳✼✳✸✮ ❡0 ❞✬❛♣+,% ❧❡ ❝+✐0,+❡ ❞❡ ❝♦♥✈❡+❣❡♥❝❡

❞❡ ❝♦♠♣❛+❛✐%♦♥ ✿

1

T

T∑

t=2

δt
(t− 1) τ t−3 (t− 2 + τ t−1)

(1− τ t−1)2
−→ 0. ✭✸✳✼✳✹✮

❉♦♥❝✱ ❞✬❛♣+,% ❧❡% 7;✉❛0✐♦♥% ✭✸✳✼✳✶✮✱ ✭✸✳✼✳✷✮ ❡0 ✭✸✳✼✳✹✮ ♦♥ ❛ ♣+❡%;✉❡ %G+❡♠❡♥0

1

T

❞

2 logL (τ)

❞τ ✷
−→ −1

(1− τ) τ
< 0.

❍②♣♦$❤&'❡ ✸✳ ▲❡% ❞7+✐✈7❡% ✿

❞ log ft (·, τ)
❞τ

,
❞

2 log ft (·, τ)
❞τ 2

❡0

❞

3 log ft (·, τ)
❞τ 3

,

❡①✐%0❡♥0 ♣♦✉+ ♣+❡%;✉❡ 0♦✉0❡% ✈❛❧❡✉+% ❞❡ δt ✭;✉✐ %♦♥0✱ ♦♥ ❧❡ +❛♣♣❡❧❧❡✱ ✵ ❡0 ✶✮✳

❉!♠♦♥%&'❛&✐♦♥✳

log ft (d, τ) =

{
log (1− τ)− log (1− τ t) %✐ d = 1

log (τ − τ t)− log (1− τ t) %✐ d = 0
.
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❞ log ft (d, τ)

❞τ
=

{
−1
1−τ

+ tτ t−1

1−τ t
"✐ d = 1

1−tτ t−1

τ−τ t
+ tτ t−1

1−τ t
"✐ d = 0

.

❞

2 log ft (d, τ)

❞τ 2
=

{ −1
(1−τ)2

+ t(t−1)τ t−2+tτ2t−2

(1−τ t)2
"✐ d = 1

t(1−t)τ t−1−tτ2t−2

(τ−τ t)2
+ t(t−1)τ t−2+tτ2t−2

(1−τ t)2
"✐ d = 0

.

❞

3 log ft (d, τ)

❞τ 3
=





−2
(1−τ)3

+ t(t−1)(t−2)τ t−3

(1−τ t)3

+ t(t−1)(t+4)τ2t−3+2tτ3t−3

(1−τ t)3
"✐ d = 1

t(2t−t2−3)τ t−1+t(t−1)(−t−3)τ2t−2−2tτ3t−3

(τ−τ t)3

+ t(t−1)(t−2)τ t−3+t(t−1)(t+4)τ2t−3+2tτ3t−3

(1−τ t)3
"✐ d = 0

.

❍②♣♦$❤&'❡ ✹✳ ▲❛ ❞&'✐✈&❡

❞ft(d,τ)

❞τ
❡"# ✉♥❡ ❢♦♥❝#✐♦♥ ✐♥#*❣,❛❜❧❡ "✉, ❧❡ "✉♣✲

♣♦,# St ❞❡ δt ❡# ✿
ˆ

St

❞ft (d, τ)

❞τ
❞d =

❞

❞τ

ˆ

St

ft (d, τ) ❞d. ✭✸✳✼✳✺✮

❍②♣♦$❤&'❡ ✺✳ ▲❛ ❞*,✐✈*❡

❞

2
ft(d,τ)

❞τ2
❡"# ✉♥❡ ❢♦♥❝#✐♦♥ ✐♥#*❣,❛❜❧❡ "✉, ❧❡ "✉♣♣♦,#

St ❞❡ δt ❡# ✿
ˆ

St

❞

2ft (d, τ)

❞τ 2
❞d =

❞

❞τ

ˆ

St

❞ft (d, τ)

❞τ
❞d. ✭✸✳✼✳✻✮

❉!♠♦♥%&'❛&✐♦♥✳ ▲❡" ❍②♣♦#❤?"❡" ✹ ❡# ✺ "♦♥# ✈,❛✐❡" ❝❛, ❧❡" ❢♦♥❝#✐♦♥" A ✐♥#*❣,❡,

"♦♥# ❞✐"❝,?#❡"✳

❍②♣♦$❤&'❡ ✻✳

1

T

T∑

t=2

❞ log ft (δt, τ)

❞τ

P−→
T→∞

lim
T→∞

1

T

T∑

t=2

E

(
❞ log ft (δt, τ)

❞τ

)
= 0,

♦B

P−→ ❞*♥♦#❡ ❧❛ ❝♦♥✈❡,❣❡♥❝❡ ❡♥ ♣,♦❜❛❜✐❧✐#*✳

❍②♣♦$❤&'❡ ✼✳

E

(
❞

2 log ft (δt, τ)

❞τ 2

)
❡# lim

T→∞

1

T

T∑

t=2

E

(
❞

2 log ft (δt, τ)

❞τ 2

)
,
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❡①✐%&❡♥&✱ ❡&

1

T

T∑

t=2

❞

2 log ft (δt, τ)

❞τ 2
P−→ lim

T→∞

1

T

T∑

t=2

E

(
❞

2 log ft (δt, τ)

❞τ 2

)
.

❍②♣♦$❤&'❡ ✽✳

E

(
❞

3 log ft (δt, τ)

❞τ 3

)
❡& lim

T→∞

1

T

T∑

t=2

E

(
❞

3 log ft (δt, τ)

❞τ 3

)
,

❡①✐%&❡♥&✱ ❡&

1

T

T∑

t=2

❞

3 log ft (δt, τ)

❞τ 3
P−→

T→∞
lim
T→∞

1

T

T∑

t=2

E

(
❞

3 log ft (δt, τ)

❞τ 3

)
.

❉!♠♦♥%&'❛&✐♦♥✳ ▲❛ ❧♦✐ ❢❛✐❜❧❡ ❞❡% ❣1❛♥❞% ♥♦♠❜1❡% ✭❋❡❧❧❡1 ✭✶✾✻✽✮ ♣❛❣❡ ✷✺✸✮✱

❞♦♥♥❡ ✉♥❡ ❝♦♥❞✐&✐♦♥ %✉✣%❛♥&❡ ♣♦✉1 ❧❡% ❝♦♥✈❡1❣❡♥❝❡% ❡♥ ♣1♦❜❛❜✐❧✐&A ❞❡% ❍②✲

♣♦&❤F%❡% ✻✲✽✳

E

(
❞ log ft (δt, τ)

❞τ

)
=

❞ log ft (0, τ)

❞τ
ft (0, τ) +

❞ log ft (1, τ)

❞τ
ft (1, τ) ,

=

(
1− tτ t−1

τ − τ t
+

tτ t−1

1− τ t

)(
τ − τ t

1− τ t

)

+

( −1

1− τ
+

tτ t−1

1− τ t

)(
1− τ

1− τ t

)
,

=
1− tτ t−1

1− τ t
− 1

1− τ t
+

tτ t−1

1− τ t
,

= 0.

H❛1 %✉✐&❡✱ ❧✬❤②♣♦&❤F%❡ ✻ ❡%& ✈A1✐✜A❡✳

E

(
❞

2 log ft (δt, τ)

❞τ 2

)
=

❞

2 log ft (0, τ)

❞τ 2
ft (0, τ) +

❞

2 log ft (1, τ)

❞τ 2
ft (1, τ) ,

=
−1

(1− τ) (1− τ t)
+

t (1− t) τ t−1 − tτ 2t−2 − 1

(τ − τ t) (1− τ t)

+
t (t− 1) τ t−2 + tτ 2t−2

(1− τ t)2
.
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■❧ ❢❛✉' ('✉❞✐❡, lim
T→∞

1
T

∑T
t=2 E

(
❞

2
log ft(δt,τ)

❞τ2

)
✳ ❖,✱

lim
t→∞

−1

(1− τ) (1− τ t)
=

−1

(1− τ)
,

❡'

lim
t→∞

t (1− t) τ t−1 − tτ 2t−2 − 1

(τ − τ t) (1− τ t)
= lim

t→∞

t (1− t) e(t−1) log τ − te(2t−2) log τ − 1

(τ − τ t) (1− τ t)
,

= −1

τ
❝❛, ❧✬❡①♣♦♥❡♥'✐❡❧❧❡ ❧✬❡♠♣♦,'❡ 7✉, ❧❛ ♣✉✐77❛♥❝❡ ❡' 0 < τ < 1,

❞❡ ♣❧✉7✱

lim
t→∞

t (t− 1) τ t−2 + tτ 2t−2

(1− τ t)2
= 0.

❆❧♦,7✱

lim
t→∞

E

(
❞

2 log ft (δt, τ)

❞τ 2

)
=

−1

(1− τ)
− 1

τ
,

= − 1

τ (1− τ)
.

❆✐♥7✐✱ ❞✬❛♣,97 ❧❡ ❧❡♠♠❡ ❞❡ ❈❡7;,♦✱ ❍❛,❞② ✭✶✾✹✾✱ ♣❛❣❡ ✶✵✵✮ ✿

lim
T→∞

1

T

T∑

t=2

E

(
❞

2 log ft (δt, τ)

❞τ 2

)
= − 1

τ (1− τ)
.

F❛, 7✉✐'❡✱ ❧✬❤②♣♦'❤97❡ ✼ ❡7' ✈(,✐✜(❡✳

❉❡ ♠L♠❡ ♣♦✉, ❧✬❤②♣♦'❤97❡ ✽ ♦♥ ',♦✉✈❡ M✉❡

E

(
❞

3 log ft (δt, τ)

❞τ3

)
=

−2

(1− τ)2 (1− τ t)

+
t
(
2t− t2 − 3

)
τ t−1 + t (t− 1) (−t− 3) τ2t−2 − 2tτ3t−3

(τ − τ t)2 (1− τ t)

+
t (t− 1) (t− 2) τ t−3 + t (t− 1) (t+ 4) τ2t−3 + 2tτ3t−3

(1− τ t)3
,

❡'

lim
T→∞

1

T

T∑

t=2

E

(
❞

3 log ft (δt, τ)

❞τ 3

)
=

−2

(1− τ)2
.
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❍②♣♦$❤&'❡ ✾✳ ■❧ ❡①✐'(❡ M (❡❧ )✉❡ ♣♦✉- (♦✉( τ ❞❛♥' ✉♥ ✈♦✐'✐♥❛❣❡ ❞❡ τ 0 ✿

∣∣∣∣∣ limT→∞

1

T

T∑

t=2

E

(
❞

3 log ft (δt, τ)

❞τ 3

)∣∣∣∣∣ < M.

❉!♠♦♥%&'❛&✐♦♥✳ ❖♥ ❛ ❞5❥7 ♠♦♥(-5 )✉❡ ✿

lim
T→∞

1

T

T∑

t=2

E

(
❞

3 log ft (δt, τ)

❞τ 3

)
=

−2

(1− τ)2
.

9❛- '✉✐(❡✱ ♣♦✉- ✉♥ ❝❡-(❛✐♥ ζ > 0 ❛''❡③ ♣❡(✐( (❡❧ )✉❡ (τ 0 − ζ) > 0 ❡( (τ 0 + ζ) <
1 ✐❧ '✉✣( ❞❡ ♣-❡♥❞-❡ ❧❡ ✈♦✐'✐♥❛❣❡ V (τ 0) = ]τ 0 − ζ, τ 0 + ζ[ ❞❡ τ 0 ❡( ❞❡ ♣♦'❡- ✿

M =
2

(1− (τ 0 + ζ))2
.

❆✐♥'✐✱ ♣♦✉- (♦✉( τ ❞❛♥' V (τ 0) ♦♥ ♦❜(✐❡♥( ✿

∣∣∣∣∣ limT→∞

1

T

T∑

t=2

E

(
❞

3 log ft (δt, τ)

❞τ 3

)∣∣∣∣∣ =
2

(1− τ)2
,

< M.

❍②♣♦$❤&'❡ ✶✵✳ ▲❛ ♠❛(-✐❝❡ I (τ 0) ❡'( ❞5✜♥✐❡ ♣♦'✐(✐✈❡✳

❉!♠♦♥%&'❛&✐♦♥✳ ❉❛♥' ♥♦(-❡ ❝❛' I (τ 0) = −lim
T

1
T

∑T
t=2 E

(
❞

2
log ft(δt,τ)

❞τ✷

∣∣∣∣
τ0

)
✳ ❖-

♣♦✉- (♦✉( τ

− lim
T→∞

1

T

T∑

t=2

E

(
❞

2 log ft (δt, τ)

❞τ 2

)
=

1

τ (1− τ)
> 0.

9❛- '✉✐(❡ ✿ [
I
(
τ 0
)]−1

= τ 0
(
1− τ 0

)
> 0.
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❍②♣♦$❤&'❡ ✶✶✳ "♦✉% &♦✉& ε > 0✱

lim
T→∞

1

T

T∑

t=2

E



(
❞ log ft (δt, τ)

❞τ

∣∣∣∣
τ0

)2

■♥❞





((
❞ log ft (δt, τ)

❞τ

∣∣∣∣
τ0

)2
)1/2

> ε
√
T






 = 0.

✭✸✳✼✳✼✮

❆✈❡❝ ■♥❞ {A} ❡/& ❧✬✐♥❞✐❝❛&%✐❝❡ ❞❡ ❧✬❡♥/❡♠❜❧❡ A✳

❉!♠♦♥%&'❛&✐♦♥✳ "♦✉% ✉♥ ❝❡%&❛✐♥ ε > 0 ✜①9✱ ♣♦/♦♥/ ♣♦✉% t ≥ 2✱

Bt =
❞ log ft (d, τ)

❞τ
,

=

{
b1t =

−1
1−τ

+ tτ t−1

1−τ t
/✐ d = 1

b2t =
1−tτ t−1

τ−τ t
+ tτ t−1

1−τ t
/✐ d = 0

.

❘❛♣♣❡❧♦♥/ <✉❡✱

δt =

{
1 ❛✈❡❝ ✉♥❡ ♣%♦❜❛❜✐❧✐&9Q1t =

1−τ
1−τ t

0 ❛✈❡❝ ✉♥❡ ♣%♦❜❛❜✐❧✐&9Q2t =
τ−τ t

1−τ t

.

❉✬❛✉&%❡ ♣❛%&✱ ❞❛♥/ ❧✬❍②♣♦&❤A/❡ 6 ♦♥ ❛ ♠♦♥&%9 <✉❡ ✿

E [Bt] = 0.

❆✐♥/✐✱ ✭✸✳✼✳✼✮ /✬9❝%✐& ✿

lim
T−→∞

1

T

T∑

t=2

ˆ

|bt|>ε
√
T

b2t❞FBt (bt) = 0.

❖%✱

ˆ

|bt|>ε
√
T

b2t❞FBt (bt) =
2∑

k=1
|bkt|>ε

√
T

b2ktQkt,

≤ ■♥❞

{
|b1t| > ε

√
t
}
× b21tQ1t

+■♥❞

{
|b2t| > ε

√
t
}
× b22tQ2t,
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❡#

b21tQ1t =

( −1

1− τ
+

tτ t−1

1− τ t

)2
1− τ

1− τ t
,

=
1

1− τ
− 2tτ t−1

(1− τ t)2
+

(tτ t−1)
2
(1− τ)

(1− τ t)3
,

−→ 1

1− τ
❝❛& ❧✬❡①♣♦♥❡♥#✐❡❧❧❡ ❧✬❡♠♣♦&#❡ /✉& ❧❛ ♣✉✐//❛♥❝❡ ❡# 0 < τ < 1.

❉❡ ♠2♠❡ ♦♥ ♠♦♥#&❡ 3✉❡ ✿

b22tQ2t −→
1

τ
.

❆✐♥/✐✱ b21tQ1t ❡# b
2
2tQ2t ❛❞♠❡##❡♥# ❞❡/ ❧✐♠✐#❡/ ✜♥✐❡/✳ ❊# ❝♦♠♠❡ ❧❡/ ✐♥❞✐❝❛#&✐❝❡/

#❡♥❞❡♥# ✈❡&/ ✵ ✭❧❡✉&/ ❧✐♠✐#❡/ /♦♥# ❞❡/ ✐♥❞✐❝❛#&✐❝❡/ /✉& ❧✬❡♥/❡♠❜❧❡ ✈✐❞❡✮✳ ❆❧♦&/✱

lim
t−→∞

ˆ

|bt|>ε
√
T

b2t❞FBt (bt) = 0.

❉♦♥❝✱ ❞✬❛♣&@/ ❧❡ ❧❡♠♠❡ ❞❡ ❈❡/B&♦ ✿

lim
T−→∞

1

T

T∑

t=2

ˆ

|bt|>ε
√
T

b2t❞FBt (bt) = 0.
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♠❛)❡✉*#✳ ❊♥✜♥✱ ♥♦✉# ✈❛❧✐❞♦♥# ♥♦# *@#✉❧)❛)# )❤@♦*✐B✉❡# ♣❛* ❞❡# #✐♠✉❧❛)✐♦♥#

♥✉♠@*✐B✉❡# #♦✉# ❘ ❡♥ ❛♥❛❧②#❛♥) ❧❛ B✉❛❧✐)@ ❞❡ ❧✬❡#)✐♠❛)❡✉* #❡❧♦♥ ♣❧✉#✐❡✉*#

❝*✐)4*❡# ✿ ❧❡ ❜✐❛✐#✱ ❧✬@❝❛*)✲)②♣❡ ❡) ❧❛ ♣*♦❜❛❜✐❧✐)@ ❞❡ ❝♦✉✈❡*)✉*❡ ❞❡ ❧✬✐♥)❡*✈❛❧❧❡

❞❡ ❝♦♥✜❛♥❝❡ B✉✐ ❡♥ ❞@❝♦✉❧❡✳

❆✈❛♥) ❞❡ ❞@✈❡❧♦♣♣❡* ❧❡# ❞✐✛@*❡♥)❡# ♠@)❤♦❞❡# ❞✬❡#)✐♠❛)✐♦♥✱ ♥♦✉# ♣*@#❡♥✲

)♦♥# B✉❡❧B✉❡# *@#✉❧)❛)# ♣*@❧✐♠✐♥❛✐*❡# B✉✐ #♦♥) ✉)✐❧✐#@# ❛✜♥ ❞❡ ❝❛❧❝✉❧❡* ❧❡# ❡#✲

)✐♠❛)❡✉*#✳

✹✳✶ ❘$%✉❧(❛(% ♣+$❧✐♠✐♥❛✐+❡%

❉❛♥# ❧❡ ♠♦❞4❧❡ ✐♥)*♦❞✉✐) ♣❛* ❨❛♥❣ ✭✶✾✼✺✮✱ ✉♥ ♥♦♠❜*❡ ❡♥)✐❡* ✜①❡ ρt ❞❡
✈❛ ✐✐❞ Y ❞❡ ❢♦♥❝)✐♦♥ ❞❡ *@♣❛*)✐)✐♦♥ F (·) ❡#) ❣@♥@*@ ❡) ❞✐#♣♦♥✐❜❧❡ #✐♠✉❧)❛♥@✲
♠❡♥) ❛✉ )❡♠♣# t✱ ❞❡#B✉❡❧❧❡# ❡#) ❡①)*❛✐) Xt = max {❞❡ ❝❡# ρt Y }✳ ❆✐♥#✐✱ ♥♦✉#
❝♦♥#✐❞@*♦♥# ❧❛ #✉✐)❡ {Xt, t ≥ 1} ❞❡ ✈❛ ✐♥❞@♣❡♥❞❛♥)❡# ♠❛✐# ♥♦♥ ✐❞❡♥)✐B✉❡♠❡♥)
❞✐#)*✐❜✉@❡# ❛✈❡❝

✼✸
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FXt(x) = Ft(x) = {F (x)}ρt , ρt > 0. ✭✹✳✶✳✶✮

■❧ ♥♦✉+ ❡+- ❞♦♥♥/ ❞✬♦❜+❡2✈❡2 +❡✉❧❡♠❡♥- ❧❡+ 2❡❝♦2❞+ Rn ❞❡ ❝❡--❡ +✉✐-❡ ❛✐♥+✐ 8✉❡

❧❡+ Ln✳

❊♥ 2❛✐+♦♥ ❞❡ ❧❛ ♣2♦♣2✐/-/ ✐✐❞ ❞❡+ Y ✱ ❧❛ ♣2♦❜❛❜✐❧✐-/ 8✉✬✐❧ ② ❛✐- ✉♥ 2❡❝♦2❞

♣❛2♠✐ ❧❡+ ρt ✈❛ ♥♦✉✈❡❧❧❡♠❡♥- ❣/♥/2/❡+✱ ❡+- ❞♦♥♥/❡ ♣❛2

Pt = P [δt = 1] =
ρt
St

, t ≥ 1, ✭✹✳✶✳✷✮

♦? St =
∑t

k=1 ρk✳
◆❡✈③♦2♦✈ ✭✶✾✾✵✮ ♠♦♥-2❡ 8✉❡ ❞❡ ❢❛E♦♥ ♣❧✉+ ❣/♥/2❛❧❡ ✭✹✳✶✳✷✮ -✐❡♥- +✐ ✭✹✳✶✳✶✮

❡+- ✈2❛✐ ❛✈❡❝ ρt > 0 2/❡❧✳ ❉❡ ♣❧✉+✱ ✐❧ ♠♦♥-2❡ ✭◆❡✈③♦2♦✈ ✷✵✵✶✱ ♣❛❣❡ ✶✶✹✮

8✉❡ ❧✬✐♥❞/♣❡♥❞❛♥❝❡ ❞❡+ ✐♥❞✐❝❛-2✐❝❡+ ❞❡ 2❡❝♦2❞+ {δt, t ≥ 1} 2❡+-❡ ✈❛❧❛❜❧❡ ♣♦✉2

♥✬✐♠♣♦2-❡ 8✉❡❧❧❡ ❞✐+-2✐❜✉-✐♦♥ +♦✉+✲❥❛❝❡♥-❡✱ ❝♦♥-2❛✐2❡♠❡♥- ❛✉ ♠♦❞I❧❡ ▲❉▼✳

❉♦♥❝✱ ❧❛ +✉✐-❡ ❞❡+ δt ❡+- ✉♥ ♣2♦❝❡++✉+ ❞❡ ❇❡2♥♦✉❧❧✐ ❛✈❡❝ ♣2♦❜❛❜✐❧✐-/ ❞❡ +✉❝❝I+

Pt✳ ❉❛♥+ ❧❡ ❝❛+ ♦? ♦♥ ♣❡✉- ❞/✜♥✐2 ✉♥ -❛✉① ❞❡ 2❡❝♦2❞ ❛+②♠♣-♦-✐8✉❡ P = lim
t→∞

Pt✱

♦♥ ❞✐- 8✉✬♦♥ ❛ ✉♥ ♠♦❞I❧❡ ❞❡ ◆❡✈③♦2♦✈ ❞❡ -②♣❡ ✶✳ ◆♦-♦♥+ 8✉❡ +✐ ρt = 1 ∀t ≥ 1✱
❧❡ ♠♦❞I❧❡ ❞❡ ❨❛♥❣✲◆❡✈③♦2♦✈ ♥✬❡+- ❛✉-2❡ 8✉❡ ❧❡ ♠♦❞I❧❡ ❝❧❛++✐8✉❡ ❞✉ ❈❤❛♣✐-2❡

✶ ♦? ❧❡+ Xt +♦♥- ✐✐❞✳

◆♦✉+ 2❛♣♣❡❧♦♥+ 8✉❡ ❧❛ ❞✐+-2✐❜✉-✐♦♥ ❞✉ ♥♦♠❜2❡ ❞❡ 2❡❝♦2❞+ NT ❡+- ❧✐/❡ ❛✉①

✐♥❞✐❝❛-2✐❝❡+ ❞❡ 2❡❝♦2❞+ ♣❛2 ❧❛ 2❡❧❛-✐♦♥ +✉✐✈❛♥-❡ ✿

NT =
T∑

t=1

δt.

❆✐♥+✐✱ ❧❡+ ♠♦♠❡♥-+ ❞❡ NT +♦♥- ✿

E [NT ] =
T∑

t=1

Pt, ✭✹✳✶✳✸✮

❡-

V [NT ] = E [NT ]−
T∑

t=1

P 2
t . ✭✹✳✶✳✹✮
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❚❤"♦$%♠❡ ✹✳✶✳ ❇❛❧❧❡$✐♥✐ ❡' ❘❡)♥✐❝❦ ✭✶✾✽✼✮✱ ❞❛♥) ❧❡ ❝♦♥'❡①'❡ ❞✬✉♥ ♠♦❞9❧❡

❞❡ ❨❛♥❣✲◆❡✈③♦$♦✈✱ )✬✐❧ ❡①✐)'❡ ✉♥❡ ❝♦♥)'❛♥'❡ P (0 < P ≤ 1) '❡❧❧❡ @✉❡

lim
T−→∞

T−1/2

T∑

t=1

(Pt − P ) = 0,

❛❧♦$)✱

NT

T
−→ P ♣$❡)@✉❡ )B$❡♠❡♥'✱

❡' √
T

(
NT

T
− P

)
−→ N

(
0, P − P 2

)
.

✹✳✷ ▼♦❞&❧❡ ❞❡ ❨❛♥❣✲◆❡✈③♦1♦✈ ✈2 ▼♦❞&❧❡ ▲❉▼

+$♦♣♦-✐/✐♦♥ ✹✳✷✳ ❯♥ ♠♦❞9❧❡ ❞❡ ❨❛♥❣✲◆❡✈③♦$♦✈✱ ❛②❛♥' ✉♥❡ ❞✐)'$✐❜✉'✐♦♥ )♦✉)✲

❥❛❝❡♥'❡ Y ∼ G (0, 1) ❞❡ ❢♦♥❝'✐♦♥ ❞❡ $H♣❛$'✐'✐♦♥ FY (y) = exp (− exp (−y)) ❡'
ρt = exp (θt) ❡)' H@✉✐✈❛❧❡♥' I ✉♥ ♠♦❞9❧❡ ▲❉▼ ❛✈❡❝ ❧❛ ♠M♠❡ ❞✐)'$✐❜✉'✐♦♥

)♦✉)✲❥❛❝❡♥'❡ ❡' ✉♥ ❞$✐❢' θ✳

❉H♠♦♥)'$❛'✐♦♥✳ "♦✉% ✉♥ ♠♦❞)❧❡ ❞❡ ❨❛♥❣✲◆❡✈③♦%♦✈ ❞❡ ❞✐45%✐❜✉5✐♦♥ 4♦✉4✲

❥❛❝❡♥5❡ G (0, 1) ✿

FXt(x) = {F (x)}ρt ,
= [exp (− exp (−x))]ρt ,

= exp (− exp (−x)× ρt) ,

= exp (− exp (−x)× exp (log (ρt))) ,

= exp (− exp (− (x− log (ρt)))) ,

= FY (x− log (ρt)) .

❆✐♥4✐✱

Xt = Yt + log (ρt) . ✭✹✳✷✳✶✮

❙✐ ρt = exp (θt)✱ ♦C θ ❡45 ✉♥❡ ❝♦♥45❛♥5❡ ♣♦4✐5✐✈❡✱ ♦♥ %❡5♦♠❜❡ 4✉% ❧❡ ♠♦❞)❧❡

▲❉▼ ❞❡ ❞✐45%✐❜✉5✐♦♥ 4♦✉4✲❥❛❝❡♥5❡ ❞❡ ●✉♠❜❡❧ ✿
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Xt = Yt + θt.

❉❛♥% ✉♥ ♠♦❞*❧❡ ▲❉▼✱ V [Xt] ❡%0 ❝♦♥%0❛♥0❡✳ ❈❡ ♥✬❡%0 ♣❛% ♥6❝❡%%❛✐8❡♠❡♥0

❧❡ ❝❛% ❞❛♥% ✉♥ ♠♦❞*❧❡ ❞❡ ❨❛♥❣✲◆❡✈③♦8♦✈✳

 !♦♣♦$✐&✐♦♥ ✹✳✸✳ ❉❛♥# ✉♥ ♠♦❞(❧❡ ❞❡ ❨❛♥❣✲◆❡✈③♦1♦✈ ❧❛ ✈❛1✐❛♥❝❡ ❞❡# Xt

❞4♣❡♥❞ ❞❡ t✳

❉4♠♦♥#71❛7✐♦♥✳ ❈♦♥%✐❞68♦♥% ✉♥ ♠♦❞*❧❡ ❞❡ ❨❛♥❣✲◆❡✈③♦8♦✈ ♦? ❧❡% Y ∼ U (0, 1)✳
@♦✉8 x ∈ (0, 1)

Ft(x) = {F (x)}ρt ,
= xρt ,

❡0

ft(x) = ρtx
ρt−1.

❆✐♥%✐✱

E [Xt] =

ˆ 1

0

ρtx
ρt
❞x,

=
ρt

ρt + 1
,

❡0✱

E
[
X2

t

]
=

ˆ 1

0

ρtx
ρt+1

❞x,

=
ρt

ρt + 2
.

@❛8 %✉✐0❡✱

V [Xt] =
ρt

ρt + 2
−
(

ρt
ρt + 1

)2

,

=
ρt

(ρt + 2) (ρt + 1)2
,

B✉✐ ❡%0 ❢♦♥❝0✐♦♥ ❞❡ t✳
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✹✳✸ ▼♦❞&❧❡ ) ❝+♦✐--❛♥❝❡ ❡①♣♦♥❡♥2✐❡❧❧❡ ✲ ▼♦❞&❧❡

❞❡ ❨❛♥❣

❉❛♥$ ❝❡''❡ $❡❝'✐♦♥ ♥♦✉$ ❝❤♦✐$✐$$♦♥$ ❧❛ ❢♦.♠❡ ♣❛.❛♠1'.✐2✉❡ $✉✐✈❛♥'❡

ρt (γ) = γt, ❛✈❡❝ γ > 1,

❛♣♣❡❧1❡ ♠♦❞5❧❡ ❞❡ ❨❛♥❣ ✭✶✾✼✺✮ ❡' 2✉✐ ❡$' ❛♥'1.✐❡✉. ❛✉ ♠♦❞5❧❡ ❞❡ ◆❡✈✲

③♦.♦✈ ✭✶✾✾✵✮✳ ρt (γ) .❡♣.1$❡♥'❡ ✉♥❡ ❝.♦✐$$❛♥❝❡ ❡①♣♦♥❡♥'✐❡❧❧❡ ❞✉ ♥♦♠❜.❡ ❞❡$

✈❛ ❞✐$♣♦♥✐❜❧❡$✳ ❆✐♥$✐✱

St (γ) =
T∑

t=1

γt,

= γ
γt − 1

γ − 1
.

F❛. $✉✐'❡✱

Pt (γ) =
ρt (γ)

St (γ)
,

=
γt (γ − 1)

γ (γt − 1)
.

❆✐♥$✐✱ ❧❡ ♠♦❞5❧❡ ❞❡ ❨❛♥❣ ❡$' ✉♥ ♠♦❞5❧❡ ❞❡ ◆❡✈③♦.♦✈ ❞❡ '②♣❡ ✶ ❝❛. ✿

lim
t→∞

Pt (γ) =
γ − 1

γ
,

= P (γ) .

❉❡ ♣❧✉$✱

1√
T

T∑

t=1

(Pt (γ)− P (γ)) =
1√
T

T∑

t=1

(
γt (γ − 1)

γ (γt − 1)
− γ − 1

γ

)
,

=
1√
T

T∑

t=1

(γ − 1)

γ (γt − 1)
,

=
1√
T

T∑

t=1

√
t

(γ − 1)

γ (γt − 1)
√
t
.
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▲❛ $✉✐'❡ bt =
√
t; t > 1 ❡$' ✉♥❡ $✉✐'❡ ❝+♦✐$$❛♥'❡ ❞❡ +.❡❧$ ♣♦$✐'✐❢$ ❞✐✈❡+❣❡❛♥'

✈❡+$ ❧✬✐♥✜♥✐✳ ❈♦♥$✐❞.+♦♥$ ❧❛ $.+✐❡ ❞❡ '❡+♠❡ ❣.♥.+❛❧ ♣♦$✐'✐❢

Ut =
(γ − 1)

γ (γt − 1)
√
t
, t ≥ 1.

❖♥ ❛ ✿

Ut+1

Ut

=
(γ − 1)

γ (γt+1 − 1)
√
t+ 1

× γ (γt − 1)
√
t

(γ − 1)
,

=

(
1− 1

γt

)
γt
√
t

(
γ − 1

γt

)
γt
√
t
√
1 + 1

t

,

−→ 1

γ
< 1.

❆✐♥$✐✱ ♣❛+ ❧❡ ❝+✐'=+❡ ❞❡ ❝♦♥✈❡+❣❡♥❝❡ ❞❡ ❉✬❆❧❡♠❜❡+'✱ ❧❛ $.+✐❡

∑
t≥1 Ut ❡$' ❝♦♥✲

✈❡+❣❡♥'❡✳ ❆❧♦+$✱ ❡♥ ❛♣♣❧✐A✉❛♥' ❧❡ ▲❡♠♠❡ ❞❡ ❑+♦♥❡❝❦❡+ ✿

1√
T

T∑

t=1

(Pt (γ)− P (γ)) =
1

bT

T∑

t=1

btUt,

−→ 0.

❆✐♥$✐✱ ❞❛♥$ ✉♥ ♠♦❞=❧❡ ❞❡ ❨❛♥❣ ❧❡ ❚❤.♦+=♠❡ ✹✳✶ ❡$' ❛♣♣❧✐❝❛❜❧❡ ❛✈❡❝ P = γ−1
γ
✳

I♦✉+ ✐❧❧✉$'+❡+ ✉♥ ❥❡✉ ❞❡ ❞♦♥♥.❡$ ♣+♦✈❡♥❛♥' ❞✬✉♥ ♠♦❞=❧❡ ❞❡ ❨❛♥❣✱ ❧❛ ❋✐❣✉+❡

✹✳✶ ♣+.$❡♥'❡ ✉♥❡ '+❛❥❡❝'♦✐+❡ $✐♠✉❧.❡ ❛✈❡❝ T = 50✱ ✉♥❡ ❞✐$'+✐❜✉'✐♦♥ $♦✉$✲

❥❛❝❡♥'❡ ❞❡ ❧♦✐ ❞❡ ❲❡✐❜✉❧❧ W (µ, β, σ) ❛✈❡❝ ✉♥ ♣❛+❛♠='+❡ ❞❡ ♣♦$✐'✐♦♥ µ = 0✱
♣❛+❛♠='+❡ ❞✬.❝❤❡❧❧❡ β = 1 ❡' ♣❛+❛♠='+❡ ❞❡ ❢♦+♠❡ σ = 1 ❡' γ = 1.25 ❡' ✶

+❡$♣❡❝'✐✈❡♠❡♥' ✭γ = 1 +❡♣+.$❡♥'❡ ❧❡ ❝❛$ ✐✐❞✮✳ ❖♥ +❡♠❛+A✉❡ A✉❡✱ ❝♦♠♠❡ ❞❛♥$

❧❡ ♠♦❞=❧❡ ▲❉▼✱ ❧❡ ♥♦♠❜+❡ ❞❡ +❡❝♦+❞$ ❞❛♥$ ✉♥ ♠♦❞=❧❡ ❞❡ ❨❛♥❣ ❛✉❣♠❡♥'❡ ♣❧✉$

+❛♣✐❞❡♠❡♥' A✉❡ ❧❡ ❝❛$ ✐✐❞ ♦P ❧❡$ +❡❝♦+❞$ $❡ ❝♦♥❝❡♥'+❡♥' ♣❛+♠✐ ❧❡$ ♣+❡♠✐=+❡$

♦❜$❡+✈❛'✐♦♥$✳ ❉♦♥❝✱ ❞❛♥$ ❝❡+'❛✐♥ ❝❛$ ❧❡ ♣❛$$❛❣❡ Q ✉♥ ♠♦❞=❧❡ ❞❡ ❨❛♥❣ ✭γ❃✶✮

♣❡+♠❡' ❞❡ ♠✐❡✉① ❝♦❧❧❡+ Q ❞❡$ ❞♦♥♥.❡$✳
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❋✐❣✉$❡ ✹✳✶ ✕ ❚'❛❥❡❝,♦✐'❡ /✐♠✉❧3❡ ❞✬✉♥ ♠♦❞7❧❡ 8 ❝'♦✐//❛♥❝❡ ❡①♣♦♥❡♥,✐❡❧❧❡ ♦;

γ = 1.25, 1 ❡, T = 50 ❛✈❡❝ ✉♥❡ ❞✐/,'✐❜✉,✐♦♥ /♦✉/✲❥❛❝❡♥,❡ ❞❡ ❲❡✐❜✉❧❧

✹✳✹ ❊#$✐♠❛$✐♦♥ ❞❡ γ ❞❛♥# ✉♥ ♠♦❞-❧❡ ❞❡ ❨❛♥❣ ✿

✹✳✹✳✶ ❊♥ ✉&✐❧✐)❛♥& NT ✿ ❊)&✐♠❛&✐♦♥ ♣❛/ ♠❛①✐♠✉♠ ❞❡

✈/❛✐)❡♠❜❧❛♥❝❡ ✭❊▼❱✮

◆♦✉/ ❡/,✐♠♦♥/ ♣♦♥❝,✉❡❧❧❡♠❡♥, ❡, ♣❛' ✐♥,❡'✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ❧❡ ♣❛'❛♠7,'❡

γ ❞✬✉♥ ♠♦❞7❧❡ ❞❡ ❨❛♥❣✱ ❡♥ /❡ ❜❛/❛♥, /✉' ❧❡ ♣'✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈'❛✐/❡♠✲

❜❧❛♥❝❡ ✭❊▼❱✮ ❡, ❡♥ ✉,✐❧✐/❛♥, ❧❛ ❞✐/,'✐❜✉,✐♦♥ ❞❡ ♣'♦❜❛❜✐❧✐,3 ❞✉ ♥♦♠❜'❡ ❞❡

'❡❝♦'❞/ NT ✳ ◆♦✉/ /✉♣♣♦/♦♥/ J✉❡ ❧❛ ❧♦♥❣✉❡✉' T ❞❡ ❧❛ /3'✐❡ ,❡♠♣♦'❡❧❧❡/ ❡/,

✜①3❡✳

❆②❛♥, ♦❜/❡'✈3 NT = m✱ ♥♦,'❡ ♣'❡♠✐❡' ,'❛✈❛✐❧ ❝♦♥/✐/,❡ 8 ,'♦✉✈❡' γ̂1 J✉✐

♠❛①✐♠✐/❡ ♣❛' '❛♣♣♦', 8 γ ❧❛ ❢♦♥❝,✐♦♥ ❞❡ ♠❛//❡ ❞❡ NT ❞♦♥♥3❡ ❡♥ ❑❤'❛✐❜❛♥✐

✭✷✵✵✽✱ ♣❛❣❡ ✹✽✮ ✿

Pγ [NT = m] =
S (T,m | ~u (γ))
γT
∏T

t=1 ut (γ)
, ✭✹✳✹✳✶✮

♦; ❧❡ ✈❡❝,❡✉' ~u (γ) = (u0 (γ) , . . . , uT (γ)) ❡/, ❞3✜♥✐ ♣❛'
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NT = m ✶ ✷ ✸ ✹ ✺ . . . ✾ ✶✵

γ̂1 ≃ 1 ≃ 1 ≃ 1 1.291 1.631 . . . 8.885 ∞

❚❛❜❧❡ ✹✳✶ ✕ ❱❛❧❡✉/0 ❞❡ γ̂1 ♣♦✉/ 4♦✉4❡0 ❧❡0 ✈❛❧❡✉/0 ❞✉ NT ✱ 7✉❛♥❞ T = 10

ut (γ) =
1− γt

γt (1− γ)
, ❛✈❡❝ u0 (γ) = 0,

❡4 S (T,m | ~u (γ)) ❡04 ❧❛ ❣;♥;/❛❧✐0❛4✐♦♥ ❞✉ ♥♦♠❜/❡ ❞❡ ❙4✐/❧✐♥❣ ❞❡ ✶

er
❡0♣@❝❡✱

❞;✜♥✐❡ ♣❛/ ❧❛ ❝♦♠♣❛/❛✐0♦♥ ❞❡0 ❞❡✉① ♣♦❧②♥D♠❡0 0✉✐✈❛♥40 ✿

T−1∏

t=0

(s+ ut (γ)) =
T∑

m=0

S (T,m | ~u (γ)) sm.

❆ 4✐4/❡ ❞✬❡①❡♠♣❧❡✱ ❛♣♣❧✐7✉♦♥0 ❝❡44❡ ♠;4❤♦❞❡ ❞✬❡04✐♠❛4✐♦♥ I ✉♥ ♠♦❞@❧❡ ❞❡

❨❛♥❣ ♦K T = 10✳ L♦✉/ ❝❤❛7✉❡ ✈❛❧❡✉/ ♣♦00✐❜❧❡ ❞❡ m ❛❧❧❛♥4 ❞❡ 1 I T ✱ ♦♥ ❝❛❧❝✉❧❡

♥✉♠;/✐7✉❡♠❡♥4 ❧❡ γ 7✉✐ ♠❛①✐♠✐0❡ ❧❛ ❢♦♥❝4✐♦♥ ❞❡ ♠❛00❡ ✭✹✳✹✳✶✮ ❞❡ NT ✳ ❈❡❝✐

❞♦♥♥❡ ❧❛ ❚❛❜❧❡ ✹✳✶ 0✉✐✈❛♥4❡ 7✉✐ ❞♦♥♥❡ ❧❛ ✈❛❧❡✉/ ❞❡ γ̂1✱ ♣♦✉/ ❝❤❛7✉❡ ✈❛❧❡✉/ m
♣♦00✐❜❧❡✳

❈❡44❡ 4❛❜❧❡ ♠♦♥4/❡ 7✉✬♦♥ ♥❡ ♣❡✉4 ♣❛0 ❞✐/❡ ❣/❛♥❞ ❝❤♦0❡ 0✉/ ❧❡ ❝♦♠♣♦/4❡✲

♠❡♥4 ❞❡ ❝❡4 ❡04✐♠❛4❡✉/✳ ❊♥ ❡✛❡4✱ ♣♦✉/ ❝❡/4❛✐♥❡0 ✈❛❧❡✉/0 ❞❡ m✱ γ̂1 = ∞✳ ❉♦♥❝✱

♦♥ ♥❡ ♣❡✉4 ♠V♠❡ ♣❛0 ❝❛❧❝✉❧❡/ ❧❡0 ♠♦♠❡♥40 ❞❡ ❧✬❡04✐♠❛4❡✉/✳

▼❛✐0✱ ❡♥ ❛❞❛♣4❛♥4 ❧❡ ❚❤;♦/@♠❡ ✸✳✶✱ ♦♥ ♣❡✉4 ♥;❛♥♠♦✐♥0 ♦❜4❡♥✐/ ✉♥ ✐♥✲

4❡/✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ (γL, γU) ❞❡ ♥✐✈❡❛✉ ❡①❛❝4 ♣♦✉/ γ✳ ❆ 4✐4/❡ ❞✬❡①❡♠♣❧❡✱

❝♦♥0✐❞;/♦♥0 ✉♥ ♠♦❞@❧❡ ❞❡ ❨❛♥❣ ❛✈❡❝ T = 100✱ α = 5% ❡4 0✉♣♣♦0♦♥0 7✉✬♦♥ ❛

♦❜0❡/✈; m = 44✳ ▲✬❛♣♣❧✐❝❛4✐♦♥ ❞✉ 4❤;♦/@♠❡ ✸✳✶ ❞♦♥♥❡ ❧❡0 ✈❛❧❡✉/0 ✿ γL = 1.489
❡4 γU = 2.151✳ ◆♦4♦♥0 7✉✬❡♥ ♣/✐♥❝✐♣❡ ♦♥ ♣❡✉4 ❢❛✐/❡ ❝❡ 4/❛✈❛✐❧ ❛ ♣/✐♦/✐ ♣♦✉/

4♦✉4❡0 ❧❡0 ✈❛❧❡✉/0 ❞❡ T ✱ α ❡4 m ❡4 ❝/;❡/ ✉♥❡ 4❛❜❧❡ I 4/♦✐0 ❡♥4/;❡0 ✭♦✉ ✉♥ ♣/♦✲

❣/❛♠♠❡ ✐♥❢♦/♠❛4✐7✉❡✮ I ❧❛7✉❡❧❧❡ ♦♥ ♣❡✉4 0❡ /;❢;/❡/ ❡♥ 4♦✉4❡0 ❝✐/❝♦♥04❛♥❝❡0✳

▼❛✐0 ❝♦♠♠❡ ❧❛ ❢♦♥❝4✐♦♥ ❞❡ ♠❛00❡ ✭✹✳✹✳✶✮ ❞❡ NT ❡04 ❝♦♠♣❧✐7✉;❡ I ♠❛♥✐♣✲

✉❧❡/✱ ♥♦✉0 ♥✬✐/♦♥0 ❞♦♥❝ ♣❛0 ♣❧✉0 ❧♦✐♥ ❞❛♥0 ❧✬;4✉❞❡ ❞✉ ❝♦♠♣♦/4❡♠❡♥4 ❞❡ ❝❡4

❡04✐♠❛4❡✉/✳

✹✳✹✳✷ ❊♥ ✉&✐❧✐)❛♥& NT ✿ ❊)&✐♠❛&✐♦♥ ♣❛/ ❧❛ ♠0&❤♦❞❡ ❞❡)

♠♦♠❡♥&)

■❝✐ ♥♦4/❡ ❜✉4 ❡04 ❞✬♦❜4❡♥✐/ ✉♥ ❡04✐♠❛4❡✉/ ♣♦♥❝4✉❡❧ ❞✉ ♣❛/❛♠@4/❡ γ ❞✉

♠♦❞@❧❡ ❞❡ ❨❛♥❣ ❡♥ 0❡ ❜❛0❛♥4 0✉/ ❧❛ ❞✐04/✐❜✉4✐♦♥ ❞✉ ♥♦♠❜/❡ ❞❡ /❡❝♦/❞0 NT ❡4
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❡♥ ❛♣♣❧✐(✉❛♥* ✉♥❡ ✈❛,✐❛♥*❡ ❞❡ ❧❛ ♠/*❤♦❞❡ ❞❡2 ♠♦♠❡♥*2✳ ❖♥ ,❛♣♣❡❧❧❡ (✉❡ ✿

NT =
T∑

t=1

δt,

♦6 ❧❡2 δt 2♦♥* ✐♥❞/♣❡♥❞❛♥*2 ❡* ❞❡ ❧♦✐ Bernoulli (Pt (γ))✳
➚ ❧❛ ❙❡❝*✐♦♥ ✹✳✸ ♦♥ ❛ ♠♦♥*,/ (✉❡ ❧❡ *❛✉① ❞❡ ,❡❝♦,❞ ❛2②♠♣*♦*✐(✉❡ ❡①✐2*❡ ✿

lim
t→∞

Pt (γ) = 1− 1

γ
.

>❛, ❛✐❧❧❡✉,2✱ ❞✬❛♣,A2 ❧❡ ❚❤/♦,A♠❡ ✹✳✶✱

NT

T
−→ P (γ) ♣,❡2(✉❡ 2C,❡♠❡♥*✱

❡* √
T

(
NT

T
− P (γ)

)
−→ N

(
0, P (γ)− P 2 (γ)

)
.

❆✐♥2✐ ♦♥ ♣❡✉* ❞/✜♥✐, ✉♥ 2❡❝♦♥❞ ❡2*✐♠❛*❡✉, γ̂2 ❞❡ γ ♣❛, ❧✬❡①♣,❡22✐♦♥ ✿

γ̂2 = P−1

(
NT

T

)
,

=
1

1− NT

T

.

❊♥ ✉*✐❧✐2❛♥* ❧❛ ♠/*❤♦❞❡ ❞❡❧*❛ ♦♥ *,♦✉✈❡ (✉❡ ✿

√
T

(
P−1

(
NT

T

)
− P−1 (P (γ))

)
L−→ N (0, λ (γ)) .

♦6 λ (γ)❂(P (γ)− P 2 (γ))

[
❞P−1(γ)

❞γ

∣∣∣
γ=P (γ)

]2
❂γ2 (γ − 1)✳ ❆❧♦,2✱

√
T (γ̂2 − γ)

L−→ N (0, λ (γ)) . ✭✹✳✹✳✷✮

❆✐♥2✐

√
T (γ̂2 − γ)√

λ (γ)

L−→ N (0, 1) , ✭✹✳✹✳✸✮
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❡# ✉♥ ✐♥#❡'✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ❞❡ ♥✐✈❡❛✉ ❛/②♠♣#♦#✐3✉❡ 1 − α ♣♦✉' γ ❡# ❜❛/5

/✉' NT ❡/# ❞♦♥♥5 ♣❛' ✿

[
γ̂2 −

√
λ (γ̂2)√
T

z1−α/2, γ̂2 +

√
λ (γ̂2)√
T

z1−α/2

]
. ✭✹✳✹✳✹✮

✹✳✹✳✸ γ̂2 ❛♠%❧✐♦)%

❉❛♥/ ❧❡ ❝♦♥#❡①#❡ ❞❡ ❧❛ ❙♦✉/✲❙❡❝#✐♦♥ ✹✳✹✳✷✱ ♥♦✉/ ❝❤❡'❝❤♦♥/ A ❛♠5❧✐♦'❡' ❧❛

3✉❛❧✐#5 ❞❡ γ̂2✱ /✉'#♦✉# ❛✉ ♥✐✈❡❛✉ ❞✉ ❜✐❛✐/✳ ◆♦#♦♥/ 3✉❡ ✿

E

[
NT

T

]
=

1

T

T∑

t=1

γt (γ − 1)

γ (γt − 1)
,

= hT (γ) .

❉✬❛♣'D/ ❧❡ ❚❤5♦'D♠❡ ✹✳✶

hT (γ) −→ h (γ) = P (γ) = 1− 1

γ
,

❡# ♥♦#'❡ ❡/#✐♠❛#❡✉' γ̂2 ❡/# ❞5✜♥✐ ♣❛' ✿

γ̂2 = h−1

(
NT

T

)
,

=
1

1− NT

T

.

▲❛ ✈❡'/✐♦♥ ❝❧❛//✐3✉❡ ❞❡ ❧❛ ♠5#❤♦❞❡ ❞❡/ ♠♦♠❡♥#/ ❛♠D♥❡'❛✐# A ❞5✜♥✐' γ̂M
2 ❂

h−1
T (NT/T )✳ ▼❛✐/ ❝♦♠♠❡ ❧❡ ❝❛❧❝✉❧ ❞✐'❡❝# ❞❡ ❧❛ ❢♦♥❝#✐♦♥ '5❝✐♣'♦3✉❡ ❞❡ hT ❡/#

❝♦♠♣❧✐3✉5✱ ♦♥ ✈❛ ✉#✐❧✐/❡' ✉♥❡ ❛♣♣'♦❝❤❡ ❛❧#❡'♥❛#✐✈❡ 3✉✐ ❝♦♥/✐/#❡ A ❝♦''✐❣❡' ❧❡

❜✐❛✐/ ❞❡ γ̂2 ❡♥ ✉#✐❧✐/❛♥# ❧❡ ❞5✈❡❧♦♣♣❡♠❡♥# ❞❡ ❚❛②❧♦' ❞❡ h−1
❛✉ ✈♦✐/✐♥❛❣❡ ❞❡

h (γ) 3✉✐ ❡/# ✉♥❡ ❛♣♣'♦①✐♠❛#✐♦♥ ❞❡ E
[
NT

T

]
✳ ❈❡ 3✉✐ ❢❛✐# 3✉✬♦♥ ♣❡✉# ✈♦✐' ❝❡##❡

♠5#❤♦❞❡ ❞✬❡/#✐♠❛#✐♦♥ ❝♦♠♠❡ ✉♥❡ ✈❛'✐❛♥#❡ ❞❡ ❧❛ ♠5#❤♦❞❡ ❞❡/ ♠♦♠❡♥#/ ✿

h−1

(
NT

T

)
= h−1 (h (γ)) +

(
NT

T
− h (γ)

)
×
[
❞h−1 (γ)

❞γ

∣∣∣∣
γ=h(γ)

]

+
1

2

(
NT

T
− h (γ)

)2

×
[
❞

2h−1 (γ)

❞γ2

∣∣∣∣
γ=h(γ)

]
+ o

((
NT

T
− h (γ)

)2
)
,



❈❍❆#■❚❘❊ ✹✳ ▼❖❉➮▲❊ ❉❊ ❨❆◆●✲◆❊❱❩❖❘❖❱✳ ✽✸

γ̂2 = γ +

(
NT

T
− h (γ)

)
× 1

(1− h (γ))2
+

(
NT

T
− h (γ)

)2

× 1

(1− h (γ))3

+o

((
NT

T
− h (γ)

)2
)
.

❆✐♥%✐✱

E [γ̂2] ≃ γ +
hT (γ)− h (γ)

(1− h (γ))2
+

1

(1− h (γ))3
E

[(
NT

T
− h (γ)

)2
]
. ✭✹✳✹✳✺✮

❖-✱

E

[(
NT

T
− h (γ)

)2
]

= E

[(
NT

T

)2

+ h2 (γ)− 2
NT

T
h (γ)

]
,

= E

[(
NT

T

)2
]
+ h2 (γ)− 2hT (γ)h (γ) ,

= V

[
NT

T

]
+ h2

T (γ) + h2 (γ)− 2hT (γ)h (γ) ,

= V

[
NT

T

]
+ (hT (γ)− h (γ))2 .

❆✉%%✐✱

V

[
NT

T

]
=

1

T ✷

T∑

t=1

V [δt] ,

=
1

T ✷

T∑

t=1

Pt (γ) (1− Pt (γ)) ,

V

[
NT

T

]
=

1

T ✷

(
E [NT ]−

T∑

t=1

P 2
t (γ)

)
,

=
1

T
hT (γ)− 1

T ✷

T∑

t=1

P 2
t (γ) .
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❆❧♦%&✱

E

[(
NT

T
− h (γ)

)2
]
=

1

T
hT (γ)− 1

T ✷

T∑

t=1

P 2
t (γ)+(hT (γ)− h (γ))2 . ✭✹✳✹✳✻✮

,❛% &✉✐0❡✱ ❡♥ %❡♠♣❧❛5❛♥0 ✭✹✳✹✳✻✮ ❞❛♥& ✭✹✳✹✳✺✮ ♦♥ ♦❜0✐❡♥0✱

E [γ̂2] ≃ γ +HT (γ) ,

♦9✱

HT (γ) =
hT (γ)− h (γ)

(1− h (γ))2
+

1

(1− h (γ))3

[
1

T
hT (γ)− 1

T ✷

T∑

t=1

P 2
t (γ) + (hT (γ)− h (γ))2

]
.

✭✹✳✹✳✼✮

❉♦♥❝✱

E [γ̂2]− γ ≃ HT (γ) .

,❛% ❛✐❧❧❡✉%&✱

√
T (hT (γ)− h (γ)) =

√
T

(
E

[
NT

T

]
− P (γ)

)
,

=
√
T

(
1

T

T∑

t=1

Pt (γ)− P (γ)

)
,

=
√
T

(
1

T

T∑

t=1

(Pt (γ)− P (γ))

)
,

=
1√
T

T∑

t=1

(Pt (γ)− P (γ)) .

❖% ❞❛♥& ❧❛ ❙❡❝0✐♦♥ ✹✳✸ ♥♦✉& ❛✈♦♥& ♠♦♥0%A B✉❡

1√
T

T∑

t=1

(Pt (γ)− P (γ)) −→ 0.
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❆✐♥%✐✱

√
T (hT (γ)− h (γ)) = o (1) ,

(hT (γ)− h (γ)) = o
(
T−1/2

)
,

(hT (γ)− h (γ))2 = o
(
T−1

)
.

❆❧♦)%✱ ♦♥ ♣❡✉- ❝♦))✐❣❡) ❧❡ ❜✐❛✐% ❞❡ γ̂2 3 ❧✬♦)❞)❡ T−1
❡♥ ❝♦♥%✐❞5)❛♥- ✉♥ ♥♦✉✈❡❧

❡%-✐♠❛-❡✉) ✿

γ̂∗
2 = γ̂2 −HT (γ̂2) ,

= KT (γ̂2) ,

❛✈❡❝ KT (γ) = γ−HT (γ)✳ ❆✐♥%✐✱ ❞✬❛♣):% ❧❛ ♠5-❤♦❞❡ ❞❡❧-❛ ❛♣♣❧✐<✉5 3 ✭✹✳✹✳✷✮

♦♥ ❛ ✿

√
T (KT (γ̂2)−KT (γ))

L−→ N (0, ϑ (γ)) ,

♦A ϑ (γ) = λ (γ)
(
❞KT (γ)

❞γ

)2
❡-

❞KT (γ)

❞γ
= 1− ❞HT (γ)

❞γ
,

= 1−
2❞P (γ)

❞γ

(1− P (γ))3

[
1

T

T∑

t=1

Pt (γ)− P (γ)

]

+
1

(1− P (γ))2

[
1

T

T∑

t=1

❞Pt (γ)

❞γ
− ❞P (γ)

❞γ

]

+
3❞P (γ)

❞γ

(1− P (γ))4


 1

T 2

T∑

t=1

Pt (γ) (1− Pt (γ)) +

(
1

T

T∑

t=1

Pt (γ)− P (γ)

)2



+
1

(1− P (γ))3

[
1

T 2

T∑

t=1

❞Pt (γ)

❞γ
− 1

T 2

T∑

t=1

❞P 2
t (γ)

❞γ

+2

(
1

T

T∑

t=1

Pt (γ)− P (γ)

)(
1

T

T∑

t=1

❞Pt (γ)

❞γ
− ❞P (γ)

❞γ

)]
,

❛✈❡❝✱ Pt (γ) =
γt−γt−1

γt−1
❡- P (γ) = 1− 1

γ
✳ ❉♦♥❝✱



❈❍❆#■❚❘❊ ✹✳ ▼❖❉➮▲❊ ❉❊ ❨❆◆●✲◆❊❱❩❖❘❖❱✳ ✽✻

√
T (γ̂∗

2 −KT (γ))
L−→ N (0, ϑ (γ)) . ✭✹✳✹✳✽✮

❉❡ ♣❧✉+✱ ❛✜♥ ❞❡ ♠♦♥3❡4 5✉❡ KT (γ) −→ γ✱ ✐❧ +✉✣3 ❞❡ ♣4♦✉✈❡4 5✉❡

HT (γ) −→ 0✳ ❖4✱ ❡♥ ❛♣♣❧✐5✉❛♥3 ❧❡ ❢❛✐3 5✉❡ E
[
NT

T

]
−→ P (γ) +✉4 ❧✬<5✉❛3✐♦♥

✭✹✳✹✳✼✮ ✐❧ ♥♦✉+ 4❡+3❡ > ♠♦♥34❡4 5✉❡

1
T 2

∑T
t=1 P

2
t (γ) −→ 0✳ ▼❛✐+✱ P 2

t (γ) ≤ 1
❛❧♦4+✱

0 ≤ 1

T 2

T∑

t=1

P 2
t (γ) ≤

1

T
−→ 0.

@❛4 +✉✐3❡✱

1

T 2

T∑

t=1

P 2
t (γ) −→ 0.

@❛4 ❝♦♥+<5✉❡♥3✱ KT (γ) −→ γ ❡3

√
T (γ̂∗

2 − γ)
L−→ N (0, ϑ (γ)) . ✭✹✳✹✳✾✮

❆✐♥+✐✱ ✉♥ ✐♥3❡4✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ❞❡ ♥✐✈❡❛✉ ❛+②♠♣3♦3✐5✉❡ 1 − α ♣♦✉4 γ ❡+3

❞♦♥♥< ♣❛4 ✿ [
γ̂∗
2 −

√
ϑ (γ̂∗

2)√
T

z1−α/2, γ̂
∗
2 +

√
ϑ (γ̂∗

2)√
T

z1−α/2

]
. ✭✹✳✹✳✶✵✮

✹✳✹✳✹ ❊♥ ✉%✐❧✐(❛♥% {δt, t ≥ 1} ✿ ❊(%✐♠❛%✐♦♥ ♣❛. ♠❛①✐♠✉♠

❞❡ ✈.❛✐(❡♠❜❧❛♥❝❡

■❝✐✱ ♥♦34❡ ❜✉3 ❡+3 ❞✬❡+3✐♠❡4 ❧❡ ♣❛4❛♠J34❡ γ ❞✬✉♥ ♠♦❞J❧❡ ❞❡ ❨❛♥❣✱ ❡♥ +❡

❜❛+❛♥3 +✉4 ❧❡ ♣4✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈4❛✐+❡♠❜❧❛♥❝❡ ❡3 ❡♥ ✉3✐❧✐+❛♥3 ❧❛ ❞✐+34✐✲

❜✉3✐♦♥ ❞❡ ♣4♦❜❛❜✐❧✐3< ❞❡+ ✐♥❞✐❝❛34✐❝❡+ ❞❡ 4❡❝♦4❞+ {δt, 1 ≤ t ≤ T}✳ ▲❡+ δt +♦♥3
✐♥❞<♣❡♥❞❛♥3+ ❡3 +✉✐✈❡♥3 ❧❛ ❧♦✐ ❞❡ ❇❡4♥♦✉❧❧✐ ❞❡ ♣❛4❛♠J34❡ Pt (γ) = γt(γ−1)

γ(γt−1)
✳

❘❡♣❛4❛♠<34✐+♦♥+ υ = 1
γ
✱ 0 < υ < 1 ❡3 Qt (υ) =

1−υ
1−υt ✳ ◆♦34❡ 34❛✈❛✐❧ ❝♦♥+✐+3❡

❛❧♦4+ > 34♦✉✈❡4 ❧❡ υ 5✉✐ ♠❛①✐♠✐+❡ ❧✬❡①♣4❡++✐♦♥ ✿

L (υ) = P [δ1, . . . , δT ; υ] ,

=
T∏

t=2

Qt (υ)
δt (1−Qt (υ))

1−δt . ✭✹✳✹✳✶✶✮
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"♦✉% ❝❡ ❢❛✐%❡✱ ✉♥❡ ❛♣♣%♦❝❤❡ ❝♦♥/✐/0❡ 1 ❞3%✐✈❡% logL (υ) ♣❛% %❛♣♣♦%0 1 υ
♣✉✐/ 1 ❝❛❧❝✉❧❡% ❧❡/ %❛❝✐♥❡/ ❞❡ ❝❡00❡ ❞3%✐✈3❡ ✿

logL (υ) = NT log (1− υ)+(T −NT ) log (υ)−log
(
1− υT

)
−

T∑

t=2

δt log
(
1− υt−1

)
,

✭✹✳✹✳✶✷✮

❛✈❡❝

∑T
t=2 δt = NT −1✳ ❆✐♥/✐✱ ✐❧ ❢❛✉0 0%♦✉✈❡% ❧❛ ✈❛❧❡✉% υ̂ ❞❡ υ✱ ❧❛>✉❡❧❧❡ ❞3♥♦0❡

♥♦0%❡ ❡/0✐♠❛0❡✉% ♣❛% ❧❛ ♠30❤♦❞❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈%❛✐/❡♠❜❧❛♥❝❡✱ 0❡❧❧❡ >✉❡ ✿

(
❞ logL (υ)

❞υ

)

υ=υ̂

= 0.

❖%✱

❞ logL (υ)

❞υ
=

−NT

1− υ
+

T −NT

υ
+

TυT−1

1− υT
+

T∑

t=2

δt
(t− 1) υt−2

1− υt−1
.

✭✹✳✹✳✶✸✮

▲❡/ δt /♦♥0 ✐♥❞3♣❡♥❞❛♥0/ ♠❛✐/ ♣❛/ ✐❞❡♥0✐>✉❡♠❡♥0 ❞✐/0%✐❜✉3/ ❞❡ /♦%0❡ >✉❡

❧❡/ 0❤3♦%E♠❡/ /0❛♥❞❛%❞/ ❝♦♥❝❡%♥❛♥0 ❧❡ ❝♦♠♣♦%0❡♠❡♥0 ❞❡/ ❡/0✐♠❛0❡✉%/ ❞❡

✈%❛✐/❡♠❜❧❛♥❝❡ ♠❛①✐♠❛❧❡ ♥❡ /✬❛♣♣❧✐>✉❡♥0 ♣❛/✳ ❈❡♣❡♥❞❛♥0✱ ❡♥ ❛♣♣❧✐>✉❛♥0 1

♥♦0%❡ ❝♦♥0❡①0❡ ✉♥ 0❤3♦%E♠❡ ❞❡ ▲❡%♦② ❡! ❛❧✳ ✭✷✵✶✻✮ /✉% ❧❡ ❝♦♠♣♦%0❡♠❡♥0

❛/②♠♣0♦0✐>✉❡ ❞❡/ ❊▼❱ ❞❛♥/ ❧❡ ❝❛/ ♦N ❧❡/ ♦❜/❡%✈❛0✐♦♥/ /♦♥0 ✐♥❞3♣❡♥❞❛♥0❡/

♠❛✐/ ♥♦♥ ✐❞❡♥0✐>✉❡♠❡♥0 ❞✐/0%✐❜✉3❡/✱ ♦♥ ♠♦♥0%❡ ✭♠O♠❡ ❞3♠❛%❝❤❡ >✉❡ ❞❛♥/

❧❛ ❙♦✉/✲❙❡❝0✐♦♥ ✸✳✸✳✷ ❞✉ ❈❤❛♣✐0%❡ ✸ ❝❛% ❧✬3>✉❛0✐♦♥ ✭✹✳✹✳✶✸✮ ❡/0 ❧❛ ♠O♠❡ >✉❡

✭✸✳✸✳✸✮ 1 ✉♥ ❝❤❛♥❣❡♠❡♥0 ❞❡ ✈❛%✐❛❜❧❡ ♣%E/✮ >✉❡ υ̂ ❡/0 ❝♦♥/✐/0❛♥0 ❡0 >✉❡

υ̂ − υ√
I−1
T (υ)

L−→ N (0, 1) , ✭✹✳✹✳✶✹✮

♦N IT (υ) ❞3♥♦0❡ ❧✬✐♥❢♦%♠❛0✐♦♥ ❞❡ ❋✐/❤❡% ✭"♦✉% ❧❛ ✈3%✐✜❝❛0✐♦♥ ❞❡/ ❝♦♥❞✐0✐♦♥/

❞✉ ❚❤3♦%E♠❡ ❞❡ ▲❡%♦② ❡! ❛❧✳ ✭✷✵✶✻✮ ✈♦✐% ❧❛ ❙❡❝0✐♦♥ ✸✳✼ ❞✉ ❈❤❛♣✐0%❡ ✸✮ ✿

IT (υ) = −E

[
❞

2 logL (υ)

❞υ✷

]
.

❖%✱
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❞

2 logL (υ)

❞υ✷
=

−NT

(1− υ)2
+

NT − T

υ2
+

TυT−2
(
T + υT − 1

)

(1− υT )2

+
T∑

t=2

δt
(t− 1) υt−3 (t− 2 + υt−1)

(1− υt−1)2
.

❆✐♥%✐✱

IT (υ) =
1

(1− υ)2

T∑

t=1

Qt (υ) +
1

υ2

(
T −

T∑

t=1

Qt (υ)

)
− TυT−2

(
T + υT − 1

)

(1− υT )2

−
T∑

t=2

(t− 1) υt−3 (t− 2 + υt−1)

(1− υt−1)2
Qt (υ) . ✭✹✳✹✳✶✺✮

◆♦/♦♥% 0✉❡ ❧♦4%0✉❡ NT = T ✱ ❧❡ ♠❛①✐♠✉♠ ❞❡ ❧❛ ❢♦♥❝/✐♦♥ ❞❡ ✈4❛✐%❡♠❜❧❛♥❝❡

✭✹✳✹✳✶✶✮ ♥✬❡%/ ♣❛% ❛//❡✐♥/ ❡/ ❞❛♥% ❝❡ ❝❛% υ̂ = 0 ❡/ γ̂ = +∞✳ ▼❛✐% ❝❡/ ?✈?♥❡♠❡♥/

❛ ✉♥❡ ♣4♦❜❛❜✐❧✐/? 0✉✐ /❡♥❞ ✈❡4% ③?4♦ ❧♦4%0✉❡ T /❡♥❞ ✈❡4% ❧✬✐♥✜♥✐✳

B❛4 ❛✐❧❧❡✉4%✱ %✉✐✈❛♥/ ❧❛ ♠C♠❡ ♣4❡✉✈❡ 0✉✬D ❧❛ ❙♦✉%✲❙❡❝/✐♦♥ ✸✳✸✳✷ ✿

IT (υ)

T
−→
T

I (υ) =
1

(1− υ) υ
.

B❛4 %✉✐/❡✱ ❡♥ %❡ ❜❛%❛♥/ %✉4 ❧✬?0✉❛/✐♦♥ ✭✹✳✹✳✶✹✮ ♦♥ ❛

√
T (υ̂ − υ)

L−→ N
(
0, I−1 (υ)

)
.

▼❛✐♥/❡♥❛♥/ ❧❡ ♣❛4❛♠J/4❡ γ ❞❡ ♥♦/4❡ ♠♦❞J❧❡ ❞❡ ❨❛♥❣ ❡%/ ❞♦♥♥? ♣❛4 γ = 1
υ
✳

❉♦♥❝✱ ❞✬❛♣4J% ❧❛ ♠?/❤♦❞❡ ❞❡❧/❛ ♦♥ ♦❜/✐❡♥/ ✿

√
T (γ̂3 − γ)√(

❞

❞υ

(
1
υ

))2
I−1 (υ)

=

√
T (γ̂3 − γ)

1
υ2

√
I−1 (υ)

L−→ N (0, 1) ,

❡/✱ ♣♦✉4 ✉♥ ♥✐✈❡❛✉ ❞❡ ❝♦♥✜❛♥❝❡ ❛%②♠♣/♦/✐0✉❡ 1−α✱ ✉♥ ✐♥/❡4✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡

❛%②♠♣/♦/✐0✉❡ ❞❡ γ ❡%/ ❞♦♥♥? ♣❛4 ✿

[
γ̂3 −

√
I−1 (υ̂)

υ̂2
√
T

z1−α/2, γ̂3 +

√
I−1 (υ̂)

υ̂2
√
T

z1−α/2

]
. ✭✹✳✹✳✶✻✮
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■❧ ♥❡ &❡'(❡ ♣❧✉' +✉✬- &.❡①♣&✐♠❡& ❧✬✐♥❢♦&♠❛(✐♦♥ ❞❡ ❋✐'❤❡& ✭✹✳✹✳✶✺✮ ❞❛♥' ❧❛

♣❛&❛♠.(&✐'❛(✐♦♥ ♦&✐❣✐♥❛❧❡ ✭❝✬❡'( - ❞✐&❡ ❡♥ γ✮✱ ❡♥ ❛♣♣❧✐+✉❛♥( ❧❛ ♠.(❤♦❞❡ ❞❡❧(❛

'✉& ❧✬.+✉❛(✐♦♥ ✭✹✳✹✳✶✹✮ ♦♥ ♦❜(✐❡♥( ✿

I−1
T (γ) = I−1

T (υ)×
(

❞

❞υ

(
1

υ

))2

.

❆✐♥'✐

IT (γ) =
IT (υ)

(
❞

❞υ

(
1
υ

))2 ,

= υ4IT (υ) .

=
1

γ2 (γ − 1)2

T∑

t=1

Pt (γ) +
1

γ2

(
T −

T∑

t=1

Pt (γ)

)
− T

(
1 + γT (T − 1)

)

γ2 (γT − 1)2

−
T∑

t=2

(t− 1) (1 + (t− 2) γt−1)

γ2 (γt−1 − 1)2
Pt (γ) .

❡(

γ̂3 − γ√
I−1
T (γ)

L−→ N (0, 1) . ✭✹✳✹✳✶✼✮

❆❧♦&'✱ ♣♦✉& ✉♥ ♥✐✈❡❛✉ ❞❡ ❝♦♥✜❛♥❝❡ 1− α✱ ✉♥ ✐♥(❡&✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ❞❡ γ ❡'(

❞♦♥♥. ♣❛& ✿

[
γ̂3 −

√
I−1
T (γ̂3)z1−α/2, γ̂3 +

√
I−1
T (γ̂3)z1−α/2

]
. ✭✹✳✹✳✶✽✮

✹✳✺ ❙✐♠✉❧❛)✐♦♥, ♥✉♠-.✐/✉❡,

❆✜♥ ❞✬.(✉❞✐❡& ❧❡ ❝♦♠♣♦&(❡♠❡♥( ❞❡ ♥♦' ❡'(✐♠❛(❡✉&'✱ ❡♥ ♣❛&(✐❝✉❧✐❡& ❧✬✉(✐❧✐(.

❞❡' ❛♣♣&♦①✐♠❛(✐♦♥' ❛'②♠♣(♦(✐+✉❡' ❞❡' .+✉❛(✐♦♥' ✭✹✳✹✳✸✮✱ ✭✹✳✹✳✾✮ ❡( ✭✹✳✹✳✶✼✮✱

❞❡' '✐♠✉❧❛(✐♦♥' ♦♥( .(. ❡✛❡❝(✉.❡'✳ ◆♦✉' ♥♦✉' ❝♦♥❝❡♥(&♦♥' '✉& ❧❡ ❜✐❛✐'✱ ❧✬❛♣✲

♣&♦①✐♠❛(✐♦♥ ❛'②♠♣(♦(✐+✉❡ ❞❡' .❝❛&('✲(②♣❡' ❡( ❧❛ ♣&♦❜❛❜✐❧✐(. ❞❡ ❝♦✉✈❡&(✉&❡

❞❡' ✐♥(❡&✈❛❧❧❡' ❞❡ ❝♦♥✜❛♥❝❡✳ L♦✉& ❝❡ ❢❛✐&❡✱ 5000 '.&✐❡' ❝❤&♦♥♦❧♦❣✐+✉❡' ♦♥( .(.

❣.♥.&.❡' '❡❧♦♥ ✉♥ ♠♦❞M❧❡ ❞❡ ❨❛♥❣ ♣♦✉& ❞✐✛.&❡♥(❡' ✈❛❧❡✉&' ❞❡ γ ❡( T ❡( ✉♥❡

❞✐'(&✐❜✉(✐♦♥ '♦✉'✲❥❛❝❡♥(❡ ❞❡ ❧♦✐ ❞❡ ❲❡✐❜✉❧❧ W (µ, β, σ) ❛✈❡❝ µ = 0✱ β = 1 ❡(

σ = 1✱ ❝❡' ❞❡&♥✐❡&' ❝❤♦✐① ♥✬❛②❛♥( ❛✉❝✉♥❡ ✐♥❝✐❞❡♥❝❡ ❝❛& ❧❡' ❡'(✐♠❛(❡✉&' '♦♥(
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✐♥❞%♣❡♥❞❛♥)* ❞❡ ❧❛ ❧♦✐ ❞❡ ❧❛ ❞✐*)-✐❜✉)✐♦♥ *♦✉*✲❥❛❝❡♥)❡✳ 4♦✉- ❝❤❛❝✉♥❡ ❞❡ ❝❡*

*%-✐❡*✱ ❧❛ *✉✐)❡ ❞❡* ✐♥❞✐❝❛)-✐❝❡* ❞❡ -❡❝♦-❞* {δt, 1 ≤ t ≤ T} ❛ %)% ❡①)-❛✐)❡ ❡) ❧❡*

❡*)✐♠❛)❡✉-* γ̂2✱ γ̂
∗
2 ❡) γ̂3 ♦♥) %)% ❝❛❧❝✉❧%*✳ ❉❡ ❝❡* ✺✵✵✵ *%-✐❡*✱ ❧❡* ❝❛-❛❝)%-✐*✲

)✐;✉❡* ♠❡♥)✐♦♥♥%❡* ♣-%❝%❞❡♠♠❡♥) ♦♥) %)% ❡♠♣✐-✐;✉❡♠❡♥) ❡*)✐♠%❡*✳

▲❛ ❚❛❜❧❡ ✹✳✷ ❞♦♥♥❡ ❧❡* ❜✐❛✐* ❡♠♣✐-✐;✉❡* ❞❡* ❡*)✐♠❛)❡✉-*✳ ▲✬❡*)✐♠❛)❡✉- γ̂2
❛ ✉♥ ❣-❛♥❞ ❜✐❛✐* ❡) ❞❛♥* )♦✉* ❧❡* ❝❛* γ̂∗

2 ❡) γ̂3 ❞♦✐✈❡♥) C)-❡ ♣-%❢%-%*✱ ❛✈❡❝

✉♥❡ ❧%❣E-❡ ♣-%❢%-❡♥❝❡ ♣♦✉- γ̂∗
2 ❧♦-*;✉❡ γ ❡*) ❣-❛♥❞✳ ▲❛ ❚❛❜❧❡ ✹✳✸ ♣-%*❡♥)❡ ❧❡*

%❝❛-)*✲)②♣❡* ♣♦✉- T = 25 ❡) T = 50 ♦❜*❡-✈❛)✐♦♥* -❡*♣❡❝)✐✈❡♠❡♥)✳ ❉❛♥* ❧❡*

❙♦✉*✲❚❛❜❧❡* ✹✳✸❛ ❡) ✹✳✸❜ ❧❡* ❝♦❧♦♥♥❡* ✷ ❡) ✸ ❞♦♥♥❡♥) ❧❡* %❝❛-)*✲)②♣❡* ❡♠✲

♣✐-✐;✉❡* ✭J ♣❛-)✐- ❞❡ ✺✵✵✵ *%-✐❡*✮ ❞❡ γ̂2 ❡) γ̂∗
2 ✳ ▲✬❛♣♣-♦①✐♠❛)✐♦♥ ❛*②♠♣)♦)✐;✉❡

❞❡ ❧✬%;✉❛)✐♦♥ ✭✹✳✹✳✸✮ ❛♣♣❛-❛✐) ❞❛♥* ❧❛ ;✉❛)-✐E♠❡ ❝♦❧♦♥♥❡ ❡) ❝❡❧❧❡ ❞❡ ❧✬%;✉❛✲

)✐♦♥ ✭✹✳✹✳✾✮ ❞❛♥* ❧❛ ❝✐♥;✉✐E♠❡✳ ▲❡* ❞❡✉① ❞❡-♥✐E-❡* ❝♦❧♦♥♥❡* ♠♦♥)-❡♥) ❧❡ ♠C♠❡

♣♦✉- γ̂3 ❡) *♦♥ ❛♣♣-♦①✐♠❛)✐♦♥

√
I−1
T (γ) ❞❡ ❧✬%;✉❛)✐♦♥ ✭✹✳✹✳✶✼✮✳ ❉❛♥* ❧✬❡♥*❡♠✲

❜❧❡✱ ❧✬❛♣♣-♦①✐♠❛)✐♦♥ ❞❡* %;✉❛)✐♦♥* ✭✹✳✹✳✸✮ ❡) ✭✹✳✹✳✾✮ *♦✉*✲❡*)✐♠❡♥) ❧❡* ✈❛❧❡✉-*

❡①❛❝)❡* ❞❡* %❝❛-)* )②♣❡*✳ ▲✬%;✉❛)✐♦♥ ✭✹✳✹✳✶✼✮ ❞♦♥♥❡ ❞❡* -%*✉❧)❛)* ❜❡❛✉❝♦✉♣

♣❧✉* ♣-%❝✐*✳ 4♦✉- ❝❡* -❛✐*♦♥*✱ ✐❧ ❝♦♥✈✐❡♥) ❞❡ ❧❛✐**❡- )♦♠❜❡- ❧✬❡*)✐♠❛)❡✉- γ̂2 ❡)

♥♦✉* ❣❛-❞♦♥* γ̂3✳ ❆✉**✐✱ ❝♦♠♠❡ γ̂∗
2 ❡*) ♣-❡*;✉❡ *❛♥* ❜✐❛✐* ❡) ❛ ✉♥ %❝❛-)✲)②♣❡

)-E* ♣-♦❝❤❡ ❞❡ ❧✬❡①♣-❡**✐♦♥

√
I−1
T (γ)✱ ♥♦✉* ❣❛-❞♦♥* ❝❡ ❞❡-♥✐❡- ❡*)✐♠❛)❡✉- ❛✈❡❝√

I−1
T (γ) ❝♦♠♠❡ ❛♣♣-♦①✐♠❛)✐♦♥ ❞❡ ❧✬%❝❛-)✲)②♣❡✳

❊♥✜♥✱ ♣♦✉- ✈%-✐✜❡- ❧✬❡①❛❝)✐)✉❞❡ ❞❡ ❧✬❛♣♣-♦①✐♠❛)✐♦♥ ❛*②♠♣)♦)✐;✉❡ ❞❡*

%;✉❛)✐♦♥* ✭✹✳✹✳✾✮ ❡) ✭✹✳✹✳✶✼✮✱ ❧❡* ♣-♦❜❛❜✐❧✐)%* ❞❡ ❝♦✉✈❡-)✉-❡ ❞❡* ✐♥)❡-✈❛❧❧❡*

❞❡ ❝♦♥✜❛♥❝❡ ✭✹✳✹✳✶✵✮ ❡) ✭✹✳✹✳✶✽✮ ✭♣♦✉- ❧❡* ♣-♦❜❛❜✐❧✐)%* ❞❡ ❝♦✉✈❡-)✉-❡ ❜❛*%❡*

*✉- γ̂∗
2 ✱ ♥♦✉* ❝♦♥*✐❞%-♦♥*

√
I−1
T (γ) ❝♦♠♠❡ ❛♣♣-♦①✐♠❛)✐♦♥ ❞❡ ❧✬%❝❛-)✲)②♣❡✮✱

♣♦✉- ❞✐✛%-❡♥)* ♥✐✈❡❛✉① ❞❡ ❝♦♥✜❛♥❝❡ 1 − α ❡! ❞❡ T ✱ $♦♥! ♣()$❡♥!)❡$ (❡$♣❡❝✲

!✐✈❡♠❡♥! ❞❛♥$ ❧❡$ ❚❛❜❧❡$ ✹✳✹ ❡! ✹✳✺✳ ❊♥ !❡(♠❡ ❞❡ ♣(♦❜❛❜✐❧✐!)$ ❞❡ ❝♦✉✈❡(!✉(❡

❧✬❡$!✐♠❛!❡✉( γ̂3 ❞♦✐! 9!(❡ ♣()❢)() ; γ̂∗
2 ✳ ❉❛♥$ ❧❛ ❚❛❜❧❡ ✭✹✳✺✮ ❧❡$ ♥✐✈❡❛✉① ❞❡

❝♦♥✜❛♥❝❡ ()❡❧$ $♦♥! ♣(♦❝❤❡$ ❞❡ ❝❡✉① ✈✐$)$✱ $❛✉❢ ♣♦✉( ❧❡$ ♣❡!✐!❡$ ✈❛❧❡✉($ ❞❡

γ✳ ❈❡❝✐ ❡$! ♣(♦✈♦C✉) ♣❛( ❧✬❛$②♠)!(✐❡ ❞❡ ❧❛ ❞✐$!(✐❜✉!✐♦♥ ❞❡ γ̂3 C✉✐ ✈✐❡♥! ❞❡ ❧❛

❝♦♥!(❛✐♥!❡ γ > 1✳ ❙✐♥♦♥✱ ❧✬✉!✐❧✐$❛!✐♦♥ ❞❡ γ̂3 ❞❡✈(❛✐! ❝♦♥❞✉✐(❡ ; ✉♥❡ ✐♥❢)(❡♥❝❡

❝♦((❡❝!❡ ♣♦✉( ♥✬✐♠♣♦(!❡ C✉❡❧❧❡ ❞✐$!(✐❜✉!✐♦♥ $♦✉$✲❥❛❝❡♥!❡✳
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❇✐❛✐%

T = 25 T = 50
γ γ̂2 γ̂∗

2 γ̂3 γ̂2 γ̂∗
2 γ̂3

1.05 ✵✳✶✼ ✵✳✵✷ ✵✳✵✷ ✵✳✵✽ ✵✳✵✶ ≃ 0.00
1.10 ✵✳✶✻ ✵✳✵✶ ✵✳✵✶ ✵✳✵✼ ≃ 0.00 ≃ 0.00
1.15 ✵✳✶✺ ✵✳✵✶ ✵✳✵✶ ✵✳✵✼ ≃ 0.00 ≃ 0.00
1.25 ✵✳✶✺ ≃ 0.00 ≃ 0.00 ✵✳✵✼ ≃ 0.00 ≃ 0.00
1.50 ✵✳✶✼ ✲ ✵✳✵✶ ✵✳✵✸ ✵✳✵✽ ≃ 0.00 ✵✳✵✶

1.75 ✵✳✶✾ ✲ ✵✳✵✷ ✵✳✵✻ ✵✳✵✾ ≃ 0.00 ✵✳✵✸

❚❛❜❧❡ ✹✳✷ ✕ ❇✐❛✐% ❡♠♣✐4✐5✉❡% ❞❡ γ̂2✱ γ̂
∗
2 ❡9 γ̂3 ♣♦✉4 ❞✐✛<4❡♥9❡% ✈❛❧❡✉4% ❞❡ γ ❡9

T

γ
√
V (γ̂2)

√
V (γ̂∗

2)
√

λ(γ)
T

√
ϑ(γ)
T

√
V (γ̂3)

√
I−1
T (γ)

1.05 ✵✳✶✵ ✵✳✶✵ ✵✳✵✺ ✵✳✵✻ ✵✳✵✾ ✵✳✶✷

1.10 ✵✳✶✷ ✵✳✶✷ ✵✳✵✼ ✵✳✵✽ ✵✳✶✶ ✵✳✶✷

1.15 ✵✳✶✹ ✵✳✶✸ ✵✳✵✾ ✵✳✶✵ ✵✳✶✸ ✵✳✶✸

1.25 ✵✳✶✼ ✵✳✶✻ ✵✳✶✸ ✵✳✶✸ ✵✳✶✼ ✵✳✶✻

1.50 ✵✳✷✽ ✵✳✷✺ ✵✳✷✶ ✵✳✷✵ ✵✳✷✼ ✵✳✷✹

1.75 ✵✳✹✵ ✵✳✸✹ ✵✳✸✵ ✵✳✷✼ ✵✳✹✵ ✵✳✸✸

✭❛✮ T = 25 ♦❜%❡'✈❛)✐♦♥%

γ
√
V (γ̂2)

√
V (γ̂∗

2)
√

λ(γ)
T

√
ϑ(γ)
T

√
V (γ̂3)

√
I−1
T (γ)

1.05 ✵✳✵✺ ✵✳✵✻ ✵✳✵✸ ✵✳✵✹ ✵✳✵✺ ✵✳✵✻

1.10 ✵✳✵✻ ✵✳✵✼ ✵✳✵✺ ✵✳✵✺ ✵✳✵✼ ✵✳✵✼

1.15 ✵✳✵✽ ✵✳✵✽ ✵✳✵✻ ✵✳✵✼ ✵✳✵✽ ✵✳✵✽

1.25 ✵✳✶✵ ✵✳✶✵ ✵✳✵✾ ✵✳✵✾ ✵✳✶✵ ✵✳✶✵

1.50 ✵✳✶✼ ✵✳✶✻ ✵✳✶✺ ✵✳✶✹ ✵✳✶✼ ✵✳✶✻

1.75 ✵✳✷✹ ✵✳✷✸ ✵✳✷✶ ✵✳✷✵ ✵✳✷✹ ✵✳✷✷

✭❜✮ T = 50 ♦❜%❡'✈❛)✐♦♥%

❚❛❜❧❡ ✹✳✸ ✕ ➱❝❛49%✲9②♣❡% ❞❡ γ̂2✱ γ̂
∗
2 ❡9 γ̂3 ♣♦✉4 ❞✐✛<4❡♥9❡% ✈❛❧❡✉4% ❞❡ γ ❡9 T ✳ ▲❡%

❝♦❧♦♥♥❡% ✷ ❡9 ✸ ❞♦♥♥❡♥9 ❧❡% <❝❛49%✲9②♣❡% ❡♠♣✐4✐5✉❡% ❞❡ γ̂2✱ γ̂
∗
2 ✳ ▲✬❛♣♣4♦①✐♠❛9✐♦♥

❛%②♠♣9♦9✐5✉❡ ❞❡% <5✉❛9✐♦♥% ✭✹✳✹✳✸✮ ❡9 ✭✹✳✹✳✾✮ ❛♣♣❛4❛✐%%❡♥9 ❞❛♥% ❧❡% ❝♦❧♦♥♥❡%

✹ ❡9 ✺ 4❡%♣❡❝9✐✈❡♠❡♥9✳ ▲❡% ❞❡✉① ❞❡4♥✐H4❡% ❝♦❧♦♥♥❡% ♠♦♥94❡♥9 ❧❡ ♠I♠❡ ♣♦✉4

γ̂3 ❡9 %♦♥ ❛♣♣4♦①✐♠❛9✐♦♥

√
I−1
T (γ) ❞❡ ❧✬<5✉❛9✐♦♥ ✭✹✳✹✳✶✼✮✳
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"#♦❜❛❜✐❧✐)*+ ❞❡ ❝♦✉✈❡#)✉#❡

T = 25 T = 50
γ 90% 95% 90% 95%

1.05 ✾✽✳✺✪ ✾✾✳✾✪ ✾✽✳✷✪ ✾✾✳✷✪

1.10 ✾✽✳✽✪ ✾✾✳✾✪ ✾✽✳✶✪ ✾✾✳✽✪

1.15 ✾✾✳✽✪ ✾✾✳✾✪ ✾✶✳✺✪ ✾✷✳✾✪

1.25 ✾✶✳✺✪ ✾✾✳✾✪ ✽✼✳✸✪ ✾✹✳✹✪

1.50 ✽✶✳✽✪ ✾✶✳✽✪ ✽✾✳✼✪ ✾✸✳✽✪

1.75 ✽✶✳✸✪ ✾✵✳✺✪ ✽✻✳✺✪ ✾✷✳✶✪

❚❛❜❧❡ ✹✳✹ ✕ "#♦❜❛❜✐❧✐)*+ ❞❡ ❝♦✉✈❡#)✉#❡ ❞❡ ❧✬✐♥)❡#✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ✭✹✳✹✳✶✵✮

♣♦✉# ❞✐✛*#❡♥)❡+ ✈❛❧❡✉#+ ❞❡ γ✱ T ❡) ❞✉ ♥✐✈❡❛✉ ❞❡ ❝♦♥✜❛♥❝❡ 1− α

"#♦❜❛❜✐❧✐)*+ ❞❡ ❝♦✉✈❡#)✉#❡

T = 25 T = 50
γ 90% 95% 90% 95%

1.05 ✾✻✳✼✪ ✾✼✳✼✪ ✾✻✳✻✪ ✾✽✳✵✪

1.10 ✾✼✳✶✪ ✾✽✳✵✪ ✽✾✳✷✪ ✾✾✳✸✪

1.15 ✾✼✳✻✪ ✾✽✳✸✪ ✽✾✳✻✪ ✾✸✳✼✪

1.25 ✽✾✳✶✪ ✾✷✳✾✪ ✽✽✳✼✪ ✾✸✳✷✪

1.50 ✽✽✳✶✪ ✾✶✳✾✪ ✽✾✳✸✪ ✾✸✳✽✪

1.75 ✽✾✳✵✪ ✾✷✳✵✪ ✾✵✳✸✪ ✾✸✳✽✪

❚❛❜❧❡ ✹✳✺ ✕ "#♦❜❛❜✐❧✐)*+ ❞❡ ❝♦✉✈❡#)✉#❡ ❞❡ ❧✬✐♥)❡#✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ✭✹✳✹✳✶✽✮

♣♦✉# ❞✐✛*#❡♥)❡+ ✈❛❧❡✉#+ ❞❡ γ✱ T ❡) ❞✉ ♥✐✈❡❛✉ ❞❡ ❝♦♥✜❛♥❝❡ 1− α
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✹✳✻ ❈♦♥❝❧✉)✐♦♥

◆♦✉% ❛✈♦♥% ❞*✈❡❧♦♣♣* .✉❡❧.✉❡% ❛%♣❡❝0% ❞✉ ❝♦♠♣♦20❡♠❡♥0 %0♦❝❤❛%0✐.✉❡ ❞✉

♠♦❞5❧❡ ❞❡ ❨❛♥❣✲◆❡✈③♦2♦✈✱ .✉✐ ❡%0✱ ❛✈❡❝ ❧❡ ♠♦❞5❧❡ ▲❉▼ ❞✉ ❝❤❛♣✐02❡ ♣2*❝*✲

❞❡♥0✱ ❧✬✉♥ ❞❡% ♠♦❞5❧❡% ❧❡% ♣❧✉% ♣♦♣✉❧❛✐2❡% ♣♦✉2 ❞❡% %*2✐❡% ❞❡ 2❡❝♦2❞% ❞❛♥% ❧❡

❝❛% ♥♦♥ ✐✐❞✳ ❉❡ ♣❧✉%✱ ❡♥ %❡ ❜❛%❛♥0 %✉2 ❝❡% 2*%✉❧0❛0% %0♦❝❤❛%0✐.✉❡%✱ ♥♦✉% ❛✈♦♥%

✐♥02♦❞✉✐0 ♣❧✉%✐❡✉2% ♠*0❤♦❞❡% ❞✬❡%0✐♠❛0✐♦♥ ❞✉ ♣❛2❛♠502❡ γ ❞✬✉♥ ♠♦❞5❧❡ ❞❡

❨❛♥❣ ❛✈❡❝ ✉♥❡ ❞✐%02✐❜✉0✐♦♥ %♦✉%✲❥❛❝❡♥0❡ .✉❡❧❝♦♥.✉❡✱ ❡♥ ✉0✐❧✐%❛♥0 ❧❛ ♠*0❤♦❞❡

❞❡% ♠♦♠❡♥0% ♦✉ ❧❡ ♣2✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈2❛✐%❡♠❜❧❛♥❝❡✳ ■❧ ✐♠♣♦20❡ ❞❡

%✐❣♥❛❧❡2 .✉❡ ❧❛ ❝♦♥02❛✐♥0❡ ❞✬✉♥❡ ❞✐%02✐❜✉0✐♦♥ %♦✉%✲❥❛❝❡♥0❡ ❞❡ ❧♦✐ ❞❡ ●✉♠❜❡❧

❞✉ ♠♦❞5❧❡ ▲❉▼ ♣❡✉0 E02❡ ❧❡✈*❡ %✐ ♦♥ ❝♦♥%✐❞52❡ ♣❧✉0F0 ✉♥ ♠♦❞5❧❡ ❞❡ ❨❛♥❣✱

❧❡.✉❡❧ ❡%0 ♣❛2 ❛✐❧❧❡✉2% ❛002❛②❛♥0 ♣❛2❝❡ .✉✬✐❧ ❝2♦✐%❡ ❧❡ ♠♦❞5❧❡ ▲❉▼ ✭❝❛% ❞❡

❧❛ ●✉♠❜❡❧✮ ❡0 .✉✬✐❧ ❡%0 ❞❡ ♠E♠❡ %02✉❝0✉2❡ .✉❡ ❧❡ ♠♦❞5❧❡ J ❤❛%❛2❞ ♣2♦♣♦2✲

0✐♦♥♥❡❧✱ 025% ♣♦♣✉❧❛✐2❡ ❡♥ ❛♥❛❧②%❡ ❞❡ %✉2✈✐❡✳ ➚ ❧✬✐♥%0❛2 ❞✉ ♠♦❞5❧❡ ▲❉▼✱ ❝❡

♠♦❞5❧❡ ❞❡ ❨❛♥❣ ❞❡✈2❛✐0 ❞♦♥♥❡2 ✉♥ ❛❥✉%0❡♠❡♥0 ❝♦22❡❝0 J ❞❡% ♥♦♠❜2❡✉① ❥❡✉①

❞❡ ❞♦♥♥*❡% %❛♥% ♣2*%❡♥0❡2 ❧❡% ❝♦♥02❛✐♥0❡% ❞✉ ▲❉▼✳ ❉✬❛✉02❡% ❛✈❛♥0❛❣❡% ❞✉

♠♦❞5❧❡ ❞❡ ❨❛♥❣ %♦♥0 %✐❣♥❛❧*% ❛✉ ❝❤❛♣✐02❡ %✉✐✈❛♥0✳

❆✐♥%✐✱ ❞❛♥% ❧❡ ❝❤❛♣✐02❡ %✉✐✈❛♥0✱ ♥♦02❡ ❜✉0 ❡%0 ❞❡ ❝♦♥%02✉✐2❡ ♣❧✉%✐❡✉2% 0❡%0%

❞✬❛❞*.✉❛0✐♦♥ ♣♦✉2 ✉♥ ♠♦❞5❧❡ ❞❡ ❨❛♥❣✱ ❜❛%*% %✉2 ❧❡ ❝♦♠♣♦20❡♠❡♥0 ❛%②♠♣0♦✲

0✐.✉❡ ❞❡ ❧❛ ❞✐%02✐❜✉0✐♦♥ ❞✉ 0❡♠♣% ✐♥0❡2✲2❡❝♦2❞%✳





❈❤❛♣✐%&❡ ✺

❚❡♠♣+ ✐♥%❡&✲&❡❝♦&❞+ ❡% %❡+%+

❞✬❛❞23✉❛%✐♦♥

❚♦✉❥♦✉$% ❞❛♥% ❧❡ ❝♦♥,❡①,❡ ❞✬✉♥ ♠♦❞0❧❡ ❞❡ ❨❛♥❣✱ ♥♦✉% 4,✉❞✐♦♥% ❞❛♥% ❝❡

❝❤❛♣✐,$❡ ❧❡ ❝♦♠♣♦$,❡♠❡♥, %,♦❝❤❛%,✐8✉❡ ❞✉ ,❡♠♣% ✐♥,❡$✲$❡❝♦$❞% ❡, ♥♦✉% ❞♦♥✲

♥♦♥% %❛ ❧♦✐ ❛%②♠♣,♦,✐8✉❡✱ ✐♥❞4♣❡♥❞❛♠♠❡♥, ❞❡ ❧❛ ❧♦✐ ❞❡% ✈❛ %♦✉%✲❥❛❝❡♥,❡%✳

<✉✐%✱ ❡♥ %❡ ❜❛%❛♥, %✉$ ❝❡% $4%✉❧,❛,%✱ ❝♦♠❜✐♥4% ❛✉① ❡%,✐♠❛,❡✉$% ♦❜,❡♥✉% ❛✉

❝❤❛♣✐,$❡ ♣$4❝4❞❡♥,✱ ♥♦✉% ✐♥,$♦❞✉✐%♦♥% ♣❧✉%✐❡✉$% ,❡%,% ❞✬❛❞48✉❛,✐♦♥ ❞✬✉♥ ♠♦❞✲

0❧❡ ❞❡ ❨❛♥❣✳ ❖♥ $❡♠❛$8✉❡ 8✉❡ ❝❡% ,❡%,% ♣❡✉✈❡♥, ❛✐❞❡$ @ %✉❣❣4$❡$ ❞❡% ❝♦$✲

$❡❝,✐♦♥% ❛✉ ♠♦❞0❧❡✳ ❊♥✜♥✱ ♥♦✉% ❛♣♣❧✐8✉♦♥% ♥♦% $4%✉❧,❛,% ,❤4♦$✐8✉❡% @ ❞❡%

❞♦♥♥4❡% ❛♥❛❧②%4❡% ♣$4❝4❞❡♠♠❡♥, ♣❛$ ❨❛♥❣ ✭✶✾✼✺✮ ♣$4%❡♥,❛♥, ❧❡% $❡❝♦$❞% ❞❡

❧❛ ❝♦✉$%❡ ❞❡ ✷✵✵ ♠0,$❡% ❞❛♥% ❧❡% ❏❡✉① ♦❧②♠♣✐8✉❡%✳

✺✳✶ ❉✐%&'✐❜✉&✐♦♥ ❞✉ &❡♠♣% ✐♥&❡'✲'❡❝♦'❞%

❖♥ $❛♣♣❡❧❧❡ 8✉❡ ❞❛♥% ✉♥ ♠♦❞0❧❡ ❞❡ ❨❛♥❣✱ ❧❛ %✉✐,❡ {Xt, t ≥ 1} ❞❡ ✈❛ ✐♥✲

❞4♣❡♥❞❛♥,❡% ♠❛✐% ♥♦♥ ✐❞❡♥,✐8✉❡♠❡♥, ❞✐%,$✐❜✉4❡% ❡%, ,❡❧❧❡ 8✉❡

FXt(x) = {F (x)}ρt ,
♦L ρt = γt

❡, γ > 1✳ ◆♦,♦♥% ✿

S (t) =
t∑

k=1

ρt = γ + γ2 + · · ·+ γt,

✾✺
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❡#✱

△Ln = Ln+1 − Ln, n ≥ 1,

❧❡ #❡♠♣( ❡♥#*❡ ❧❡ (n + 1)ième
❡# ❧❡ nième

*❡❝♦*❞(✱ (❛❝❤❛♥# 0✉❡ L1 = 1 ✭*❡❝♦*❞

#*✐✈✐❛❧✮✳

❊♥ (✬✐♥(♣✐*❛♥# ❞❡( #*❛✈❛✉① ❞❡ ❨❛♥❣ ✭✶✾✼✺✮ *?❛❧✐(?( ❞❛♥( ❧❡ ❝❛❞*❡ ♦@ ❧❡(

♣❛*❛♠A#*❡( ρt (♦♥# ❞✐(❝*?#✐(?( ❡♥ ♣*❡♥❛♥# ρt =
⌊
γt + 1

2

⌋
✱ ⌊x⌋ ❞?(✐❣♥❛♥# ❧❛

♣❛*#✐❡ ❡♥#✐A*❡ ❞✬✉♥ *?❡❧ x✱ ♥♦✉( ♣*?(❡♥#♦♥( ❧❡( ❚❤?♦*A♠❡( ✺✳✶ ❡# ✺✳✷ ❡# ❞♦♥♥♦♥(

❧❡✉*( ♣*❡✉✈❡( ❞❛♥( ❧❡ ❝❛( ♣❧✉( ❣?♥?*❛❧ ρt = γt
✳ ◆♦#❡③ 0✉❡✱ ❧❡ ❚❤?♦*A♠❡ ✺✳✶ ❡(#

❞?♠♦♥#*? ❞❛♥( ❧❡ ❝♦♥#❡①#❡ ♣❧✉( ❧❛*❣❡ ❞✬✉♥ ♠♦❞A❧❡ ❞❡ ◆❡✈③♦*♦✈✱ ❝✬❡(#✲G✲❞✐*❡

♣♦✉* ✉♥ ρt > 0 0✉❡❧❝♦♥0✉❡✳

❈♦♠♠❡ G ❧❛ ❙❡❝#✐♦♥ ✷✳✺✱ ❞❛♥( ❧❛ (✉✐#❡ ❞❡ ❝❡ ❝❤❛♣✐#*❡✱ ♦♥ ❝♦♥(✐❞A*❡ 0✉❡

❧❡( ✈❛❧❡✉*( ❞❡( ✐♥❞✐❝❡( ❞❡ *❡❝♦*❞( l2, . . . , ln, . . . (♦♥# ❞❡( ❡♥#✐❡*( #❡❧❧❡( 0✉❡

1 < l2 < . . . < ln < . . .✳ J♦✉* ❛❧❧?❣❡* ❧❡( ❡①♣*❡((✐♦♥(✱ ♦♥ ❡(❝❛♠♦#❡ ❧❡ ❢❛✐# 0✉❡

(✐ ❧❡( lj ♥❡ (♦♥# ♣❛( ❞❡( ❡♥#✐❡*( (❛#✐(❢❛✐(❛♥# ❧❡( ❝♦♥#*❛✐♥#❡( ❛❧♦*( ❧❡( ♣*♦❜❛❜✐❧✐#?(
0✉✬♦♥ *❡♥❝♦♥#*❡ (♦♥# ♥✉❧❧❡(✳

❚❤"♦$%♠❡ ✺✳✶✳ ❉❛♥# ❧❡ ❝❛❞(❡ ❞✬✉♥ ♠♦❞-❧❡ ❞❡ ◆❡✈③♦(♦✈

P [∆L1 > j] =
ρ1

S (j + 1)
,

❡1✱

P [∆Ln > j] =
∞∑

l2=2

∞∑

l3=l2+1

· · ·
∞∑

ln=ln−1+1

ρl1 × · · · × ρln
S (l2 − 1)× · · · × S (ln − 1)× S (ln + j)

.

✭✺✳✶✳✶✮

❉3♠♦♥#1(❛1✐♦♥✳ ▲❛ ❞✐(#*✐❜✉#✐♦♥ ❞❡ ∆Ln ♥❡ ❞?♣❡♥❞ ♣❛( ❞❡ ❧❛ ❧♦✐ ❞❡ ❧❛ ✈❛*✐❛❜❧❡

❛❧?❛#♦✐*❡ (♦✉(✲❥❛❝❡♥#❡ ❝❛* ❡❧❧❡ ❞?♣❡♥❞ ✉♥✐0✉❡♠❡♥# ❞❡( *❛♥❣( ❞❡ ❧❛ (✉✐#❡ ❞❡(

✈❛ X1, . . . , XT ✭T ❞?(✐❣♥❡ ❧❡ #❡♠♣( ♣*?(❡♥#✮✳ ❙❛♥( ♣❡*#❡ ❞❡ ❣?♥?*❛❧✐#?✱ ❡# ❛✜♥

❞❡ (✐♠♣❧✐✜❡* ❧❡ ❝❛❧❝✉❧✱ ♥♦✉( ❝♦♥(✐❞?*♦♥( ❧❡ ❝❛( ♦@ ❧❛ ❞✐(#*✐❜✉#✐♦♥ (♦✉(✲❥❛❝❡♥#❡

♣♦((A❞❡ ✉♥❡ ❧♦✐ ❡①♣♦♥❡♥#✐❡❧❧❡ ❞❡ ❢♦♥❝#✐♦♥ ❞❡ ♠❛((❡ f (x) = e−x, x > 0✳ ❆✐♥(✐✱

FX1 (x) =
(
1− e−x

)ρ1
❡# fX1 (x) = ρ1

(
1− e−x

)ρ1−1
e−x.

J❛* (✉✐#❡✱

P [L2 > j] =

ˆ ∞

0

FX2 (x) · · ·FXj
(x) fX1 (x) ❞x,

=

ˆ ∞

0

(
1− e−x

)ρ2+···+ρj fX1 (x) ❞x.
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❆✐♥%✐✱

P [∆L1 > j] = P [L2 − L1 > j] ,

= P [L2 > j + 1] ,

P [∆L1 > j] =

ˆ ∞

0

(
1− e−x

)ρ2+···+ρj+1 ρ1
(
1− e−x

)ρ1−1
e−x

❞x,

=

ˆ ∞

0

(
1− e−x

)S(j+1)−1
ρ1e

−x
❞x,

=
ρ1

S (j + 1)
.

❉✬❛✉,-❡ ♣❛-,✱

P [XL2 ≤ x, L2 = l2] = P [XL2 ≤ x | L2 = l2]× P [L2 = l2] ,

= P [X1 ≤ x,X2 ≤ x, . . . , Xl2 ≤ x]

×P [X2 ≤ X1, X3 ≤ X1, . . . , Xl2−1 ≤ X1, Xl2 > X1] ,

P [XL2 ≤ x, L2 = l2] =
(
1− e−x

)ρ1+···+ρl2

ˆ ∞

0

{(
1− e−x

)ρ2+···+ρl2−1

×
(
1−

(
1− e−x

)ρl2) ρ1
(
1− e−x

)ρ1−1
e−x
}

❞x,

=
(
1− e−x

)S(l2) ρ1
[

1

S (l2 − 1)
− 1

S (l2)

]
,

=
ρ1ρl2

S (l2 − 1)S (l2)

(
1− e−x

)S(l2) . ✭✺✳✶✳✷✮

6❛- ❝♦♥%9:✉❡♥,✱

P [∆L2 > j] = P [L3 − L2 > j] ,

=
∞∑

l2=2

ˆ ∞

0

l2+j∏

t=l2+1

P [Xt ≤ x] ❞P (XL2 ≤ x, L2 = l2) ,

=
∞∑

l2=2

ρ1ρl2
S (l2 − 1)

ˆ ∞

0

(
1− e−x

)ρl2+1+···+ρl2+j
(
1− e−x

)S(l2)−1
e−x

❞x,

=
∞∑

l2=2

ρ1ρl2
S (l2 − 1)

ˆ ∞

0

(
1− e−x

)S(l2+j)−1
e−x

❞x,
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P [∆L2 > j] =
∞∑

l2=2

ρ1ρl2
S (l2 − 1)S (l2 + j)

.

❉❡ ♠%♠❡✱

P [XLn ≤ x, L2 = l2, . . . , Ln = ln] = P
[
Xln−1 < Xln ≤ x,Xln−1 ≤ Xln−1 ,

Xln−1+1 ≤ Xln−1 , Xln−1 > Xln−2 , . . . ,

Xl2 > X1, Xl2−1 ≤ X1, . . . , X2 ≤ X1] ,

=

ˆ x

0

fXln
(xn) ❞xn

×
ˆ xn

0

ln−1∏

t=ln−1+1

P [Xt ≤ xn−1] fXln−1
(xn−1) ❞xn−1

×
ˆ xn−1

0

ln−1−1∏

t=ln−2+1

P [Xt ≤ xn−2] fXln−2
(xn−2) ❞xn−2 × · · ·

×
ˆ x3

0

l3−1∏

t=l2+1

P [Xt ≤ x2] fXl2
(x2) ❞x2

×
ˆ x1

0

l2−1∏

t=2

P [Xt ≤ x] fX1 (x) ❞x.

❆♣*+, ❛✈♦✐* ❝❛❧❝✉❧4 ❧❡, ✐♥64❣*❛❧❡, ❡6 ❡♥ ,✉✐✈❛♥6 ❧❛ ♠%♠❡ ♠46❤♦❞❡ ❛❜♦✉6✐,,❛♥6

: ✭✺✳✶✳✷✮✱ ♦♥ ♦❜6✐❡♥6 ✿

P [XLn ≤ x, L2 = l2, . . . , Ln = ln] =
ρl1ρl2 . . . ρln

S (l2 − 1)S (l3 − 1) . . . S (ln − 1)S (ln)

(
1− e−x

)S(ln)
.

❆✐♥,✐✱

P [∆Ln > j] = P [Ln+1 − Ln > j] ,

=
∞∑

ln=n

ln−1∑

ln−1=n−1

· · ·
l3−1∑

l2=2

ˆ ∞

0

ln+j∏

t=ln+1

P [Xt ≤ x] ❞P [XLn ≤ x, L2 = l2, . . . , Ln = ln] ,

=
∞∑

ln=n

ln−1∑

ln−1=n−1

· · ·
l3−1∑

l2=2

ρl1 × · · · × ρln
S (l2 − 1)× · · · × S (ln − 1)× S (ln + j)

.

▼❛✐♥6❡♥❛♥6✱ ,✐ ♦♥ ♣❡*♠✉6❡ ❧❡, ✐♥❞✐❝❡, ❞❡ ,♦♠♠❛6✐♦♥ ♦♥ ♦❜6✐❡♥6 ❧✬4D✉❛6✐♦♥

✭✺✳✶✳✶✮✳
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❊♥ #✬❛♣♣✉②❛♥) #✉* ❧❡ ❚❤/♦*1♠❡ ✺✳✶ ♦♥ ♦❜)✐❡♥) ❧❛ ❢♦♥❝)✐♦♥ ❞❡ ♠❛##❡ ❞❡

∆Ln ✿

P [∆Ln = j] = P [Ln+1 − Ln = j] ,

= P [∆Ln > j − 1]− P [∆Ln > j] ,

=
∞∑

l2=2

∞∑

l3=l2+1

· · ·
∞∑

ln=ln−1+1

ρl1 × · · · × ρln
S (l2 − 1)× · · · × S (ln − 1)× S (ln + j − 1)

−
∞∑

l2=2

∞∑

l3=l2+1

· · ·
∞∑

ln=ln−1+1

ρl1 × · · · × ρln
S (l2 − 1)× · · · × S (ln − 1)× S (ln + j)

,

=
∞∑

l2=2

∞∑

l3=l2+1

· · ·
∞∑

ln=ln−1+1

{
ρl1 × · · · × ρln

S (l2 − 1)× · · · × S (ln − 1)

×
[

1

S (ln + j − 1)
− 1

S (ln + j)

]}
.

❆✜♥ ❞✬❛♣♣❧✐>✉❡* ❧❡# */#✉❧)❛)# ❞✉ ❚❤/♦*1♠❡ ✺✳✶ ❛✉ ♠♦❞1❧❡ ❞❡ ❨❛♥❣ ❡) ♣♦✉*

#✐♠♣❧✐✜❡* ❧❡# ♥♦)❛)✐♦♥# ❞/✜♥✐##♦♥# ✿

Λ (t) = 1 + γ + · · ·+ γt−1 =
1− γt

1− γ
,

p (n, 0) = 1, n ≥ 1,

p (1, j) =
1

Λ (j + 1)
, j ≥ 1,

p (n, j) =
∞∑

l2=2

∞∑

l3=l2+1

· · ·
∞∑

ln=ln−1+1

{
n∏

i=2

γli−1

Λ (li − 1)

}
1

Λ (ln + j)
. ✭✺✳✶✳✸✮

❆✐♥#✐✱ ❞❛♥# ❧❡ ❝❛❞*❡ ❞✬✉♥ ♠♦❞1❧❡ ❞❡ ❨❛♥❣ ✿

P [∆Ln > 0] = p (n, 0) = 1, n ≥ 1,

P [∆Ln > j] = p (n, j) , n ≥ 1 ❡) j ≥ 1,

P [∆Ln = j] = p (n, j − 1)− p (n, j) , n ≥ 1 ❡) j ≥ 1.

▲❡ ❚❤/♦*1♠❡ #✉✐✈❛♥) ❡#) ✉♥❡ #♣/❝✐❛❧✐#❛)✐♦♥ ❛✉ ❝❛# ❞✉ ♠♦❞1❧❡ ❞❡ ❨❛♥❣✳

❚❤"♦$%♠❡ ✺✳✷✳ ❉❛♥# ❧❡ ❝❛❞(❡ ❞✬✉♥ ♠♦❞-❧❡ ❞❡ ❨❛♥❣ ♥♦✉# ❛✈♦♥# ❧❛ ❢♦(♠✉❧❡

(2❝✉(#✐✈❡ #✉✐✈❛♥4❡ ✿

p (n, j) =

j∑

i=0

p (n− 1, i)

Λ (j + 1)
, ✭✺✳✶✳✹✮



❈❍❆#■❚❘❊ ✺✳ ❚❊▼#❙ ■◆❚❊❘✲❘❊❈❖❘❉❙ ❊❚ ❚❊❙❚❙ ❉✬❆❉➱◗❯❆❚■❖◆✶✵✵

❉❡ ♣❧✉%✱ lim
n−→∞

p (n, j) ❡①✐%)❡ ❡) ❝♦♥✈❡.❣❡ ✈❡.% qj =
1
γj ✱ j ≥ 0✳

❉1♠♦♥%).❛)✐♦♥✳ ❈♦♥%✐❞()♦♥% ❧❛ ❞❡)♥✐-)❡ %♦♠♠❡ ❞❡ ❧✬(0✉❛2✐♦♥ ✭✺✳✶✳✸✮ ✿

∞∑

ln=ln−1+1

γln−1

Λ (ln − 1) Λ (ln + j)
= (1− γ)2

∞∑

ln=ln−1+1

γln−1

(1− γln−1) (1− γln+j)
,

= (1− γ)2
∞∑

ln=ln−1+1

γln−1

γln−1 − γln+j

[
1

1− γln−1
− 1

1− γln+j

]
,

= (1− γ)2
∞∑

ln=ln−1+1

1

1− γj+1

[
1

1− γln−1
− 1

1− γln+j

]
,

=
(1− γ)2

1− γj+1

∞∑

ln=ln−1+1

[
1

1− γln−1
− 1

1− γln+j

]
.

❖♥ )❡♠❛)0✉❡ 0✉✬: ♣❛)2✐) ❞❡ ln = ln−1 + j + 2✱ ❧❛ %()✐❡ ❞❡✈✐❡♥2 2(❧❡%❝♦♣✐0✉❡✳

❆✐♥%✐✱ ✐❧ )❡%2❡ ✉♥ ♥♦♠❜)❡ ✜♥✐ ❞❡ 2❡)♠❡% ✿

∞∑

ln=ln−1+1

γln−1

Λ (ln − 1) Λ (ln + j)
=

(1− γ)2

1− γj+1

ln−1+j+1∑

ln=ln−1+1

1

1− γln−1
,

=
(1− γ)2

1− γj+1

j∑

i=0

1

1− γln−1+i
,

=
1

Λ (j + 1)

j∑

i=0

1

Λ (ln−1 + i)
. ✭✺✳✶✳✺✮

❖♥ )❡♠♣❧❛❝❡ ✭✺✳✶✳✺✮ ❞❛♥% ✭✺✳✶✳✸✮ ✿

p (n, j) =
∞∑

l2=2

∞∑

l3=l2+1

· · ·
∞∑

ln−1=ln−2+1

{
n−1∏

i=2

γli−1

Λ (li − 1)

}
1

Λ (j + 1)

j∑

i=0

1

Λ (ln−1 + i)
,

p (n, j) =
1

Λ (j + 1)

j∑

i=0




∞∑

l2=2

∞∑

l3=l2+1

· · ·
∞∑

ln−1=ln−2+1

{
n−1∏

i=2

γli−1

Λ (li − 1)

}
1

Λ (ln−1 + i)


 ,

=

j∑

i=0

p (n− 1, i)

Λ (j + 1)
.
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❯#✐❧✐&❛♥# ✭✺✳✶✳✹✮✱ ♦♥ ♦❜#✐❡♥# ✿

p (2, j) =
1

Λ (j + 1)

j∑

i=0

p (1, i) ,

= p (1, j)

j∑

i=0

1

Λ (i+ 1)
,

= p (1, j)

[
1 +

1

Λ (2)
+ · · ·+ 1

Λ (j + 1)

]
,

≥ p (1, j) .

❉❡ ♣❧✉&✱

p (n+ 1, j)− p (n, j) =

j∑

i=0

p (n, i)

Λ (j + 1)
−

j∑

i=0

p (n− 1, i)

Λ (j + 1)
,

=
1

Λ (j + 1)

j∑

i=0

{p (n, i)− p (n− 1, i)} ,

=
1

Λ (j + 1)

j∑

i=1

{p (n, i)− p (n− 1, i)} .

❊♥ ♣♦✉7&✉✐✈❛♥# ❧❡ ❝❛❧❝✉❧ ❞✬✉♥❡ ❢❛=♦♥ 7>❝✉7&✐✈❡ ❡# ❡♥ ✉#✐❧✐&❛♥# ❧❡ ❢❛✐# ?✉❡

p (2, j) ≥ p (1, j) ∀j ≥ 0✱ ♦♥ ♠♦♥#7❡ ?✉❡ p (n+ 1, j) ≥ p (n, j) , ∀j ≥ 0✳
❆✐♥&✐✱ ❝♦♠♠❡ ❧❛ &✉✐#❡ {p (n, j)}n≥1 ❡&# ❝7♦✐&&❛♥#❡ ❡# ♠❛❥♦7>❡✱ ❡❧❧❡ ❡&# ❞♦♥❝

❝♦♥✈❡7❣❡♥#❡✳ ◆♦#♦♥& lim
n−→∞

p (n, j) = qj✱ j ≥ 0✳

E♦✉7 j = 0✱
lim

n−→∞
p (n, 0) = 1.

❆✐♥&✐✱ q0 = 1 = 1
γ0 ✳ ❊♥ 7❛✐&♦♥♥❛♥# ♣❛7 7>❝✉77❡♥❝❡✱ ❡# ♣♦✉7 ✉♥ j ≥ 1✱ &✉♣♣♦&♦♥&

?✉❡ qi =
1
γi ∀0 ≤ i ≤ j − 1 ❡# ♠♦♥#7♦♥& ?✉❡ qj =

1
γj ✳

❉✬❛♣7F& ❧✬>?✉❛#✐♦♥ ✭✺✳✶✳✹✮✱ ❡# ❡♥ ♣❛&&❛♥# G ❧❛ ❧✐♠✐#❡✱ ♦♥ ♦❜#✐❡♥# ✿

qj =
1

Λ (j + 1)

j∑

i=0

qi,
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(
1− 1

Λ (j + 1)

)
qj =

1

Λ (j + 1)

j∑

i=0

1

γi
,

(
1− 1− γ

1− γj+1

)
qj =

1− γ

1− γj+1

1− 1
γj

1− 1
γ

,

qj =
1

γj
.

❆✐♥&✐✱ ❞✬❛♣,-& ❧❡ ❚❤2♦,-♠❡ ✺✳✷✱ ❧❛ ❧♦✐ ❞❡ ❧❛ ✈❛ ∆Ln ❡&7 ❛&②♠♣7♦7✐9✉❡♠❡♥7

❣2♦♠27,✐9✉❡ ❞❡ ♣❛,❛♠-7,❡

(
1− 1

γ

)
❡7 ❞❡ ❢♦♥❝7✐♦♥ ❞❡ ♠❛&&❡ ✿

pj (γ) = lim
n−→∞

P [∆Ln = j] ,

=

(
1− 1

γ

)(
1

γ

)j−1

,

=
γ − 1

γj
, j ≥ 1. ✭✺✳✶✳✻✮

✺✳✷ ❚❡%&% ❞✬❛❞*+✉❛&✐♦♥

✺✳✷✳✶ ❚❡&' ♣♦✉+ ❧❡ ♠♦❞/❧❡ ✐✐❞

❆✈❛♥7 ❞✬❛❥✉&7❡, ✉♥ ♠♦❞-❧❡ ❞❡ ❨❛♥❣ ♦✉ ▲❉▼ H ✉♥ ❡♥&❡♠❜❧❡ ❞❡ ❞♦♥♥2❡&✱ ✐❧

❢❛✉7 ❞✬❛❜♦,❞ 2✈❛❧✉❡, ❧❛ ♥2❝❡&&✐72 ❞❡ ❝❡ ♥✐✈❡❛✉ &✉♣♣❧2♠❡♥7❛✐,❡ ❞❡ ❝♦♠♣❧❡①✐72✳

K♦✉, ❝❡ ❢❛✐,❡✱ ✉♥❡ ❛♣♣,♦❝❤❡ ❝♦♥&✐&7❡ H 7❡&7❡, ❧✬❤②♣♦7❤-&❡ ♥✉❧❧❡ H0 ✿ ❧❡& ❞♦♥♥2❡&

♣,♦✈✐❡♥♥❡♥7 ❞✬✉♥❡ &✉✐7❡ ❞❡ ✈❛,✐❛❜❧❡& ❛❧2❛7♦✐,❡& ✐✐❞✳ ◆♦✉& ♣♦✉✈♦♥& ❢♦♥❞❡, ✉♥

7❡❧ 7❡&7 ❞✬❛❞29✉❛7✐♦♥ &✉, ❧❛ &✉✐7❡ ❞❡& ✐♥❞✐❝❛7,✐❝❡& ❞❡ ,❡❝♦,❞& {δt, 1 ≤ t ≤ T}
❡♥ ✉7✐❧✐&❛♥7 ✉♥ 7❤2♦,-♠❡ ❞✬❆,♥♦❧❞ ❡% ❛❧✳ ✭✶✾✾✽✱ ♣❛❣❡ ✷✺✮ 9✉✐ ♠♦♥7,❡♥7 9✉❡✱

&♦✉& ❝❡77❡ ❤②♣♦7❤-&❡ ♥✉❧❧❡

NT =
NT − log (T )√

log (T )

L−→ N (0, 1) .

❈♦♠♠❡ ❧❡& ♠♦❞-❧❡& ❞❡ ❨❛♥❣ ❡7 ▲❉▼ ✐♠♣❧✐9✉❡♥7 ✉♥❡ ❛✉❣♠❡♥7❛7✐♦♥ ❞✉ ♥♦♠✲

❜,❡ ❞❡ ,❡❝♦,❞&✱ ♦♥ ,❡❥❡77❡ H0 &✐

NT > z1−α,
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♦$ z1−α = %✉❛♥)✐❧❡ ❞✬♦/❞/❡ 1− α ❞✬✉♥❡ N (0, 1) ❡) α ❡0) ❧❡ /✐0%✉❡ ❞✬❡//❡✉/ ❞❡

♣/❡♠✐3/❡ ❡0♣3❝❡ ✭❧❛ ✈❛❧❡✉/ ❞✉ /✐0%✉❡ α ❞♦✐) 7)/❡ ✜①:❡ ❛ ♣/✐♦/✐✮✳

✺✳✷✳✷ ❚❡%&% ❞✬❛❞*+✉❛&✐♦♥ ♣♦✉1 ❧❡ ♠♦❞4❧❡ ❞❡ ❨❛♥❣

❉❛♥0 ❧❡ ❝♦♥)❡①)❡ ❞✬✉♥ ♠♦❞3❧❡ ❞❡ ❨❛♥❣✱ ❞✬❛♣/30 ❧❡ ❚❤:♦/3♠❡ ✺✳✷✱ ❧❛ ❧♦✐

❞✉ )❡♠♣0 ✐♥)❡/✲/❡❝♦/❞0 {∆Ln , n ≥ 1} ❡0) ❛0②♠♣)♦)✐%✉❡♠❡♥) ❣:♦♠:)/✐%✉❡ ❞❡

♣❛/❛♠3)/❡

(
1− 1

γ

)
❡) ❞❡ ❢♦♥❝)✐♦♥ ❞❡ ♠❛00❡ ✿

pj (γ) = lim
n−→∞

P [∆Ln = j] =
γ − 1

γj
, j ≥ 1. ✭✺✳✷✳✶✮

❉❛♥0 ❧❛ 0✉✐)❡ ❞❡ ❝❡))❡ 0❡❝)✐♦♥✱ ❧✬❛❞:%✉❛)✐♦♥ I ✉♥ ♠♦❞3❧❡ ❞❡ ❨❛♥❣ ❡0)

:✈❛❧✉:❡ ❡♥ ✈:/✐✜❛♥) 0✐ ❧❡0 ✈❛❧❡✉/0 ♦❜0❡/✈:❡0 ❞❡0 )❡♠♣0 ✐♥)❡/✲/❡❝♦/❞0✱ ❛♣/30

✉♥❡ ♣:/✐♦❞❡ ❞✬:❝❤❛✉✛❡♠❡♥) ♣❡/♠❡))❛♥) I ❧✬❡✛❡) ❛0②♠♣)♦)✐%✉❡ ❞❡ 0✬✐♥0)❛❧❧❡/✱

0♦♥) ❡♥ ❛❝❝♦/❞ ❛✈❡❝ ❧❛ ❞✐0)/✐❜✉)✐♦♥ ❣:♦♠:)/✐%✉❡ ✭✺✳✷✳✶✮✱ ♦$ ❧❡ ♣❛/❛♠3)/❡ γ
❞♦✐) 7)/❡ ❡0)✐♠:✳ ◆♦)♦♥0 ❛✉00✐ %✉❡ ❞❛♥0 ❧❛ 0✉✐)❡ ❞❡ ❝❡))❡ 0❡❝)✐♦♥ NT ❞:♥♦)❡

❧❡ ♥♦♠❜/❡ ❞❡ /❡❝♦/❞0 ❛♣/30 ❧❛ ♣:/✐♦❞❡ ❞✬:❝❤❛✉✛❡♠❡♥) ❡) T ❧❡ )❡♠♣0 ♣/:0❡♥)✳

✺✳✷✳✷✳✶ ❚❡&' χ2
❞❡ )❡❛+&♦♥ ♣♦✉+ ❧❡ ♠♦❞2❧❡ ❞❡ ❨❛♥❣

❯♥❡ ♣/❡♠✐3/❡ ❛♣♣/♦❝❤❡✱ ❝♦♥0✐0)❡ I ❝♦♥0)/✉✐/❡ ✉♥ )❡0) ❞✬❛❞:%✉❛)✐♦♥ ❜❛0:

0✉/ ❧❡ χ2
❞❡ N❡❛/0♦♥ ✭✶✾✵✵✮✳ ❈♦♥❞✐)✐♦♥♥♦♥0 0✉/ ❧✬:✈:♥❡♠❡♥) NT = m✳ ❋✐①♦♥0

K > 1✳ ▲❡ ♣/♦❜❧3♠❡ ❞❡ ❝❤♦✐0✐/ K ❡♥ ♣/❛)✐%✉❡ ❡0) )/30 ❝♦♠♣❧❡①❡ ❡) ♥❡ 0❡/❛ ♣❛0

❞✐0❝✉): ✐❝✐✳ ▲❡ ❧❡❝)❡✉/ ✐♥):/❡00: ♣❡✉) ❝♦♥0✉❧)❡/ ❘❛②♥❡/ ❡) ❘❛②♥❡/ ✭✷✵✵✶✮ ✳ ❙✉/

❧❛ ❜❛0❡ ❞✬✉♥❡ ♣❛/)✐)✐♦♥ ✭❞❡ 0♦✉0 ❡♥0❡♠❜❧❡0 ❞✐0❥♦✐♥)0✮ Π1

⋃
...
⋃

ΠK ❞❡ ❧✬❡♥0❡♠✲

❜❧❡ {1, 2, . . . ,∞}✱ nk✱ 1 ≤ k ≤ K ❞:♥♦)❡ ❧❡ ♥♦♠❜/❡ ❞❡ ∆Ln %✉✐ )♦♠❜❡♥) ❞❛♥0

Πk ❛✈❡❝ n1 + . . . + nK = m − 1 ✭❝❛/ ♣♦✉/ NT = m /❡❝♦/❞0 ✐❧ ❝♦//❡0♣♦♥❞

m − 1 ✐♥)❡/✲/❡❝♦/❞0✮✳ ❉❡ ♣❧✉0✱ ♥♦)♦♥0 πk (γ) =
∑

j∈Πk
pj(γ)✱ 1 ≤ k ≤ K✳ ▲❛

0)❛)✐0)✐%✉❡ ❞❡ χ2
❞❡ N❡❛/0♦♥ ❡0) ❝❛❧❝✉❧:❡ ❝♦♠♠❡ :)❛♥)

χ (γ) =
K∑

k=1

(nk − (m− 1) πk (γ))
2

(m− 1) πk (γ)
. ✭✺✳✷✳✷✮

▲❛ ✈❛❧❡✉/ ❞❡ ❝❡))❡ 0)❛)✐0)✐%✉❡ ❡0) ❝♦♠♣❛/:❡ I x2
K−1,1−α ❧❡ %✉❛♥)✐❧❡ ❞✬♦/❞/❡

(1− α) ❞❡ ❧❛ ❧♦✐ ❦❤✐✲❞❡✉① I K − 1 ❞❡❣/:0 ❞❡ ❧✐❜❡/):✱ ♥♦):❡ χ2
K−1✳ ◗✉❛♥❞

χ (γ) > x2
K−1,1−α✱ ❧❡ )❡0) /❡❥❡))❡✱ ❛✉ ♥✐✈❡❛✉ ❛0②♠♣)♦)✐%✉❡ α✱ ❧✬❤②♣♦)❤30❡ H0✳

❆✐♥0✐✱ ❧❡0 ✈❛❧❡✉/0 ♦❜0❡/✈:❡0 ❞❡ ∆Ln ♥❡ 0♦♥) ♣❛0 ❡♥ ❛❝❝♦/❞ ❛✈❡❝ ❧❛ ❞✐0)/✐❜✉)✐♦♥

❣:♦♠:)/✐%✉❡ ❡) ❧❡ ♠♦❞3❧❡ ♥✬❡0) ♣❛0 ❞❡ ❨❛♥❣✳
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❈❡♣❡♥❞❛♥)✱ ❧❛ ,)❛)✐,)✐.✉❡ ✭✺✳✷✳✷✮ ❡,) ✐♥✉)✐❧✐,❛❜❧❡ ❝❛7 ❧❡ ♣❛7❛♠9)7❡ γ ❡,)

✐♥❝♦♥♥✉✳ ❖♥ ❞♦✐) ❞♦♥❝ ❧✬❡,)✐♠❡7✳ =♦✉7 ❝❡ ❢❛✐7❡✱ ♦♥ ❝❛❧❝✉❧❡ ❧❛ ✈❛❧❡✉7 γ̃ .✉✐

♠✐♥✐♠✐,❡ χ (γ)✳ ▲❛ ,)❛)✐,)✐.✉❡ ✉)✐❧✐,❛❜❧❡ ❡,)

χ (γ̃) = argmin
γ

χ (γ) . ✭✺✳✷✳✸✮

❙❡❧♦♥ ❞❡, 7C,✉❧)❛), ❝❧❛,,✐.✉❡, ✭❇✐,❤♦♣ ❡! ❛❧✳ ✭✷✵✵✼✱ ♣❛❣❡ ✸✹✽✮✮ ,✐ ❧❡, ❞♦♥♥C❡,

♣7♦✈✐❡♥♥❡♥) ❜✐❡♥ ❞✬✉♥❡ ❧♦✐ ❣C♦♠C)7✐.✉❡✱ ❡) ❡♥ ❝♦♥❞✐)✐♦♥♥❛♥) ,✉7 ❧❛ ,✉✐)❡ NT ✱ ❧❛

,)❛)✐,)✐.✉❡ χ (γ̃)
L−→ χ2

K−2✳ ❊♥ ♣7❛)✐.✉❡ ❞♦♥❝ ❧❛ ✈❛❧❡✉7 ❞❡ χ (γ̃) ❡,) ❝♦♠♣❛7C❡

J x2
K−2,1−α ❧❡ .✉❛♥)✐❧❡ ❞✬♦7❞7❡ (1− α) ❞❡ χ2

K−2✳ ❙✐ χ (γ̃) > x2
K−2,1−α✱ ❧❡ )❡,)

7❡❥❡))❡✱ ❛✉ ♥✐✈❡❛✉ ❛,②♠♣)♦)✐.✉❡ α✱ ❧✬❤②♣♦)❤9,❡ ♥✉❧❧❡ .✉❡ ❧❡, ∆Ln ,✉✐✈❡♥) ✉♥❡

❧♦✐ ❣C♦♠C)7✐.✉❡✱ ❝❡ .✉✐ ❥❡))❡ ❧❡ ❞♦✉)❡ ,✉7 ❧❡ ♠♦❞9❧❡ ❞❡ ❨❛♥❣✳

◆♦)♦♥, .✉❡ ❧♦7,.✉❡ ❧❡ )❡,) 7❡❥❡))❡✱ ❧✬❛♥❛❧②,❡ ❞❡, ❝♦♠♣♦,❛♥)❡,

(nk−(m−1)πk(γ̃))
2

(m−1)πk(γ̃)

♣❡✉) ❛✐❞❡7 J ✐❞❡♥)✐✜❡7 ❧❡, Πk ♦P ❧❡, ❞♦♥♥C❡, ♥❡ ❝♦❧❧❡♥) ♣❛, ❛✈❡❝ ❧❡ ♠♦❞9❧❡ ❞❡

❨❛♥❣✳ ❈❡❝✐ ♣❡✉) ❛✐❞❡7 J ♣7♦♣♦,❡7 ❞❡, ❛♠C❧✐♦7❛)✐♦♥,✳

✺✳✷✳✷✳✷ ❚❡%& ❧✐%%❡ ❞✬❛❞,-✉❛&✐♦♥ ♣♦✉2 ❧❡ ♠♦❞4❧❡ ❞❡ ❨❛♥❣

❯♥ ❞❡✉①✐9♠❡ )❡,) ❞✬❛❞C.✉❛)✐♦♥ ♣♦✉7 ❧❡ ♠♦❞9❧❡ ❞❡ ❨❛♥❣ ❡,) ❜❛,C ,✉7 ❧❡

)❡,) ❧✐,,❡ ❞C✈❡❧♦♣♣C ♣❛7 ❘❛②♥❡7 ❡) ❇❡,) ✭✶✾✽✾✮✳ ◆♦✉, ❝♦♥❞✐)✐♦♥♥♦♥, ❛✉,,✐ ,✉7

NT = m ❡) ✜①♦♥, K > 1✳ ❆✜♥ ❞❡ )❡,)❡7 ❧✬❤②♣♦)❤9,❡ H0 =✓ ❧❛ ❞✐,)7✐❜✉✲

)✐♦♥ ❛,②♠♣)♦)✐.✉❡ ❞✉ )❡♠♣, ✐♥)❡7✲7❡❝♦7❞, ❡,) ❣C♦♠C)7✐.✉❡ ❞❡ ♣❛7❛♠9)7❡ γ
✐♥❝♦♥♥✉ ✔✱ ❧❛ ,)❛)✐,)✐.✉❡ ❞✉ )❡,) ✭❘❛②♥❡7 ❡) ❇❡,) ✭✶✾✽✾✮ ♣❛❣❡ ✾✻✮ ❡,) ❞♦♥♥C❡

❝♦♠♠❡ C)❛♥)

ŜK =
K+1∑

r=2

V̂ 2
r , ✭✺✳✷✳✹✮

❛✈❡❝✱

V̂r =
1√

(m− 1) (r!)2
((

∆− 1
)2

+
(
∆− 1

))r
m−1∑

n=1

hr

(
∆Ln − 1,∆− 1

)
,

♦P ∆ =
∑m−1

n=1 ∆Ln

m−1
❡) ❧❡, hr (x, a) ,♦♥) ❧❡, ♣♦❧②♥Z♠❡, ❞❡ ▼❡✐①♥❡7 ✭✶✾✸✹✮✳ ❈❡,

❝✐♥. ♣7❡♠✐❡7, ♣♦❧②♥Z♠❡, ,♦♥) ❞♦♥♥C, ♣❛7 ✿

h1 (x, a) = (x− a) ,

h2 (x, a) = x (x− 1)− 4ax+ 2a2,
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h3 (x, a) = x (x− 1) (x− 2)− 9ax (x− 1) + 18xa2 − 6a3,

h4 (x, a) = 24C4
x − 96aC3

x + 144a2C2
x − 96xa3 + 24a4,

h5 (x, a) = 120C5
x − 600aC4

x + 1200a2C3
x − 1200a3C2

x + 600a4x− 120a5,

❛✈❡❝✱

Ck
x =

{
x!

k!(x−k)!
(✐ x ≥ k

0 (✐ x < k
.

❙✐ α = 5% ❡+ K = 4✱ +❡❧ -✉❡ /❡❝♦♠♠❛♥❞4 ♣❛/ ❘❛②♥❡/ ❡+ ❇❡(+ ✭✶✾✽✾✮✱

❡+ (♦✉( ❧❡ ♠♦❞=❧❡ ❞❡ ❨❛♥❣ ❛✈❡❝ γ ✐♥❝♦♥♥✉✱ ❧❛ (+❛+✐(+✐-✉❡ ❞❡ +❡(+ ✭✺✳✷✳✹✮ ❡(+

❝♦♠♣❛/4❡ ❛✉ -✉❛♥+✐❧❡ ❝♦//✐❣4❡ ❞✬✉♥❡ χ2
4

x̂2
4,0.95 = 9.488×


1 +

3.643

m− 1
− 2.314√

m− 1
− 0.447√

(m− 1) ∆−1
∆


 .

◗✉❛♥❞ Ŝ4 > x̂2
4,0.95✱ ❧❡ +❡(+ /❡❥❡++❡✱ ❛✉ ♥✐✈❡❛✉ ❛(②♠♣+♦+✐-✉❡ α = 5%✱

❧✬❤②♣♦+❤=(❡ H0✳ ❆✐♥(✐ ❧❡( ✈❛❧❡✉/( ♦❜(❡/✈4❡( ❞❡ ∆Ln ♥❡ (♦♥+ ♣❛( ❡♥ ❛❝❝♦/❞

❛✈❡❝ ❧❛ ❞✐(+/✐❜✉+✐♦♥ ❣4♦♠4+/✐-✉❡ ❝❡ -✉✐ ❥❡++❡ ❧❡ ❞♦✉+❡ (✉/ ❧❡ ♠♦❞=❧❡ ❞❡ ❨❛♥❣✳

■❝✐ ❛✉((✐✱ ❧♦/(-✉❡ ❧❡ +❡(+ /❡❥❡++❡ H0✱ ❞❡( ✐♥❢♦/♠❛+✐♦♥( ❞✐❛❣♥♦(+✐-✉❡( ♣❡✉✈❡♥+

K+/❡ ♦❜+❡♥✉❡( L ♣❛/+✐/ ❞❡( ❝♦♠♣♦(❛♥+❡( V̂ 2
r ❛✜♥ ❞❡ (✉❣❣4/❡/ ❞❡( ❛♠4❧✐♦/❛+✐♦♥(✱

♠❛✐( ❝❡❧❧❡(✲❝✐ ❞♦✐✈❡♥+ K+/❡ ♥♦/♠❛❧✐(4❡(✳ O♦✉/ ♣❧✉( ❞❡ ❞4+❛✐❧(✱ ✈♦✐/ ❍❡♥③❡ ❡+

❑❧❛/ ✭✶✾✾✻✮✳

✺✳✸ ❆♣♣❧✐❝❛)✐♦♥

❨❛♥❣ ✭✶✾✼✺✮ ❛ ❝♦♥(✐❞4/4 ❧❡( /❡❝♦/❞( ♦❧②♠♣✐-✉❡( ❞❡ ❧❛ ❝♦✉/(❡ ❞❡ ✷✵✵ ♠=+/❡(

✭❍♦♠♠❡(✮ ❞❡ ✶✾✵✵ ❥✉(-✉✬L ✶✾✼✷ ❛✈❡❝ T = 16 ♦❜(❡/✈❛+✐♦♥(✳ ❉❡♣✉✐( ❝❡ +❡♠♣(✱

♣❧✉(✐❡✉/( /❡❝♦/❞( ♦♥+ 4+4 ♦❜(❡/✈4(✳ ▲❛ +❛❜❧❡ ✺✳✶ ❞♦♥♥❡ ❧❡( /❡❝♦/❞( ❞❡ ✶✾✵✵

❥✉(-✉✬L ✷✵✶✷ ❛✈❡❝ T = 26 ♦❜(❡/✈❛+✐♦♥(✳

❨❛♥❣✱ ❛✜♥ ❞✬❛❥✉(+❡/ (❡( ♦❜(❡/✈❛+✐♦♥( L (♦♥ ♠♦❞=❧❡✱ ❛✈❛✐+ ❜❡(♦✐♥ ❞✬✉♥❡

❡(+✐♠❛+✐♦♥ ❞❡ γ✳ O♦✉/ ❝❡❧❛✱ ✐❧ ❛ ✉+✐❧✐(4 ✉♥ ❛/❣✉♠❡♥+ ❡①+❡/♥❡ ❜❛(4 (✉/ ❧❡ ❢❛✐+

-✉❡ ❞✉/❛♥+ ❧❡ 20ième
(✐=❝❧❡✱ ❧❛ ♣♦♣✉❧❛+✐♦♥ ❛ ♣/❡(-✉❡ ❞♦✉❜❧4 +♦✉( ❧❡( ✸✻ ❛♥(✱

❝❡ -✉✐ ❧✬❛ ❝♦♥❞✉✐+ L ❡(+✐♠❡/ γ ♣❛/ γ̂ = 1.08✳ O♦✉/ ✈4/✐✜❡/ ❧❛ ✈❛❧✐❞✐+4 ❞❡

(♦♥ ❡(+✐♠❛+✐♦♥ ❡+ ❞❡ (♦♥ ♠♦❞=❧❡✱ ✐❧ ❛ ✉+✐❧✐(4 ❧❡ /4(✉❧+❛+ ❞✉ ❚❤4♦/=♠❡ ✺✳✷

(✉/ ❧❛ ❞✐(+/✐❜✉+✐♦♥ ❣4♦♠4+/✐-✉❡ ❛(②♠♣+♦+✐-✉❡ ✭✺✳✷✳✶✮ ❞✉ +❡♠♣( ✐♥+❡/✲/❡❝♦/❞(

∆Ln = Ln+1−Ln✳ ■❧ ❛ ♣/✐( ✉♥❡ ♣4/✐♦❞❡ ❞✬4❝❤❛✉✛❡♠❡♥+ ❞❡ ✷ /❡❝♦/❞( ❡+ ❛ ❞♦♥❝

❝♦♥(✐❞4/4 ❧❡( ✺ ❞❡/♥✐❡/( +❡♠♣( ✐♥+❡/✲/❡❝♦/❞(✳
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❆♥♥%❡ ❱❛❧❡✉+ ❆♥♥%❡ ❱❛❧❡✉+

❞✉ +❡❝♦+❞ ❞✉ +❡❝♦+❞ ✭0❡❝♦♥❞❡0✮ ❞✉ +❡❝♦+❞ ❞✉ +❡❝♦+❞ ✭0❡❝♦♥❞❡0✮

✶✾✵✵ ✷✷✳✷✵ ✶✾✻✹ ✷✵✳✸✵

✶✾✵✹ ✷✶✳✻✵ ✶✾✻✽ ✶✾✳✽✸

✶✾✸✷ ✷✶✳✷✵ ✶✾✽✹ ✶✾✳✽✵

✶✾✸✻ ✷✵✳✼✵ ✶✾✽✽ ✶✾✳✼✺

✶✾✺✻ ✷✵✳✻✵ ✶✾✾✻ ✶✾✳✸✷

✶✾✻✵ ✷✵✳✺✵ ✷✵✵✽ ✶✾✳✸✵

❚❛❜❧❡ ✺✳✶ ✕ ❘❡❝♦+❞0 ♦❧②♠♣✐@✉❡0 ❞❡ ❧❛ ❝♦✉+0❡ ❞❡ ✷✵✵ ♠AB+❡0 ✭❍♦♠♠❡0✮

✭❤!!♣✿✴✴✇✇✇✳♦❧②♠♣✐❝✳♦-❣✮

j ✶ ✷ ✸ ✹✰

❉♦♥♥%❡0 ❞❡ ❨❛♥❣ ✭✶✾✵✵✲✶✾✼✷✮ ✹ ✵ ✶ ✵

pj(1.08) ✵✳✵✼✹ ✵✳✵✻✾ ✵✳✵✻✹ ✵✳✼✾✸

❚♦B❛❧✐B% ❞❡0 ❞♦♥♥%❡0 ✭✶✾✵✵✲✷✵✶✷✮ ✺ ✶ ✷ ✶

pj(1.77) ✵✳✹✸✺ ✵✳✷✹✻ ✵✳✶✸✾ ✵✳✶✽✵

❚❛❜❧❡ ✺✳✷ ✕ pj (γ̂) ❡B ❧❡0 ❢+%@✉❡♥❝❡0 ♦❜0❡+✈%❡0 ❞✉ B❡♠♣0 ✐♥B❡+✲+❡❝♦+❞0 M ♣❛+B✐+

❞❡0 ❞♦♥♥%❡0 ❞❡ ❨❛♥❣ ❡B ❞❡0 ❞♦♥♥%❡0 ❝♦♠♣❧AB❡0 +❡0♣❡❝B✐✈❡♠❡♥B✳
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▲❡% ❧✐❣♥❡% ✷ ❡+ ✸ ❞❡ ❧❛ ❚❛❜❧❡ ✺✳✷ ❞♦♥♥❡♥+ ❧❡% ❢567✉❡♥❝❡% ♦❜%❡5✈6❡% ✭❛✉

❝♦✉5% ❞❡% ✺ ❞❡5♥✐❡5% +❡♠♣% ✐♥+❡5✲5❡❝♦5❞%✮ ♣♦✉5 ❧❡% ❞♦♥♥6❡% ❞❡ ❨❛♥❣ ✭✶✾✵✵✲

✶✾✼✷✮✱ ❛✐♥%✐ 7✉❡ ❧❡% ♣5❡♠✐❡5% pj (1.08)✳ ❊♥ ✉+✐❧✐%❛♥+ ❧✬❡%+✐♠❛+✐♦♥ ❞❡ ❨❛♥❣✱

γ̂ = 1.08✱ ♥♦✉% 5❡♠❛57✉♦♥% 7✉❡ ❧❛ ❧♦✐ ❛%②♠♣+♦+✐7✉❡ ❣6♦♠6+5✐7✉❡ ❞✉ +❡♠♣%

✐♥+❡5✲5❡❝♦5❞% ❛ ❝♦♠♠❡ ♠♦②❡♥♥❡

γ̂
γ̂−1

=✶✸✳✺ ❥❡✉① ❡♥+5❡ ❞❡✉① 5❡❝♦5❞%✳ ❨❛♥❣

5❡♠❛57✉❡ 7✉❡ ❝❡++❡ ♠♦②❡♥♥❡ ❡%+ ❜❡❛✉❝♦✉♣ ♣❧✉% 6❧❡✈6❡ 7✉❡ ❧❡ +❡♠♣% ❞✬❛++❡♥+❡

♠♦②❡♥ 56❡❧✱ 7✉✐ ❡%+ ❞❡ ✶✳✹ ❥❡✉①✱ ❡+ ❡①♣❧✐7✉❡ ❝❡++❡ 6❝❛5+ ✢❛❣5❛♥+ ❡♥ %✉❣❣65❛♥+

7✉❡ ❧✬❛✉❣♠❡♥+❛+✐♦♥ 5❛♣✐❞❡ ❞✉ ♥♦♠❜5❡ ❞❡ 5❡❝♦5❞% ♦❧②♠♣✐7✉❡% ❡%+ ❞✉❡ J ❞❡%

5❛✐%♦♥% ❛✉+5❡% 7✉❡ ❧❛ ❝5♦✐%%❛♥❝❡ ❞❡ ❧❛ ♣♦♣✉❧❛+✐♦♥✳ ■❧ ❝♦♥❝❧✉+ ❛✉%%✐ 7✉❡ γ ❞❡✈5❛✐+

L+5❡ ♣❧✉% 6❧❡✈6✳

◆♦✉% ❡%%❛②♦♥% ❞✬6+❛②❡5 ❧❡% ❝♦♥❝❧✉%✐♦♥% ❞❡ ❨❛♥❣ ❡♥ ✉+✐❧✐%❛♥+ ❧❛ %65✐❡ ❝♦♠✲

♣❧N+❡ ❞❡ 5❡❝♦5❞% ✭✶✾✵✵✲✷✵✶✷✮✳

❚♦✉+ ❞✬❛❜♦5❞✱ ♥♦✉% ✈65✐✜♦♥% ❧❛ ♥6❝❡%%✐+6 ❞✬✉+✐❧✐%❡5 ✉♥ ♠♦❞N❧❡ ♣❧✉% ❝♦♠✲

♣❧❡①❡ 7✉❡ ❧❡ ♠♦❞N❧❡ ✐✐❞ ❡♥ ❛♣♣❧✐7✉❛♥+ ❧❡ +❡%+ ❞❡ ❧❛ ❙♦✉%✲❙❡❝+✐♦♥ ✺✳✷✳✶✳ ❖♥

♦❜+✐❡♥+ NT = 4.84 ✭p✲✈❛❧✉❡ ❂ 6.49 × 10−7
✮✳ ❉♦♥❝✱ ❛✉ ♥✐✈❡❛✉ ❛%②♠♣+♦+✐7✉❡

α = 5%✱ ❧✬❤②♣♦+❤N%❡ ❞✬✉♥ ♠♦❞N❧❡ ✐✐❞ ❞♦✐+ L+5❡ 5❡❥❡+6❡✳

❊♥%✉✐+❡✱ ♣♦✉5 ✈65✐✜❡5 %✐ ❧❡ ♠♦❞N❧❡ ❞❡ ❨❛♥❣ ❡%+ ❡♥ ❛❝❝♦5❞ ❛✈❡❝ ❝❡% ❞♦♥✲

♥6❡% ❞❡ 5❡❝♦5❞%✱ ♥♦✉% ❛♣♣❧✐7✉♦♥% ❧❡ +❡%+ ❞❡ ❦❤✐✲❞❡✉① ❡+ ❧❡ +❡%+ ❧✐%%❡ ❞❡%

❙♦✉%✲❙❡❝+✐♦♥% ✺✳✷✳✷✳✶ ❡+ ✺✳✷✳✷✳✷ 5❡%♣❡❝+✐✈❡♠❡♥+✳ ◆♦✉% ✉+✐❧✐%♦♥% ❧❛ ♠L♠❡ ♣65✐✲

♦❞❡ ❞✬6❝❤❛✉✛❡♠❡♥+ 7✉❡ ❨❛♥❣✱ %♦✐+ ❧❡% ✾ ❞❡5♥✐❡5% +❡♠♣% ✐♥+❡5✲5❡❝♦5❞%✳ ▲❡%

❢567✉❡♥❝❡% ♦❜%❡5✈6❡% ❞❡ ❝❡% ✾ ✐♥+❡5✲5❡❝♦5❞% ❛♣♣❛5❛✐%%❡♥+ J ❧❛ ❧✐❣♥❡ ✹ ❞❡ ❧❛

❚❛❜❧❡ ✺✳✷✳ ❆✜♥ ❞✬❛♣♣❧✐7✉❡5 ❧❡ +❡%+ ❞❡ ❦❤✐✲❞❡✉① ♥♦✉% ❝♦♥%✐❞65♦♥% ❧❛ ♣❛5+✐+✐♦♥

Π1 = {1}, Π2 = {2}, Π3 = {3} ❡+ Π4 = {4+} ✭K = 4✮✳ ▲❛ %+❛+✐%+✐7✉❡ ✭✺✳✷✳✸✮

♣5❡♥❞ ❧❛ ✈❛❧❡✉5 ❞❡ ✶✳✹✸✽ ❁x2
2,0.95 ❂ ✺✳✾✾✷ ✭p✲✈❛❧✉❡ ❂ ✵✳✹✽✼✮ +❛♥❞✐% 7✉❡ ❧❛

%+❛+✐%+✐7✉❡ ❞✉ +❡%+ ❧✐%%❡ ✭✺✳✷✳✹✮ ✈❛✉+ ✵✳✼✻✻ ❁ x̂2
4,0.95 ❂ ✸✳✾✹✾✳ ❆✐♥%✐✱ ❛✉ ♥✐✈❡❛✉

❛%②♠♣+♦+✐7✉❡ α = 5%✱ ❧❡% ❞♦♥♥6❡% ♥❡ 5❡♠❡++❡♥+ ♣❛% ❡♥ ❝❛✉%❡ ❧❡ ♠♦❞N❧❡ ❞❡

❨❛♥❣✳

❊♥✜♥✱ ❡♥ ✉+✐❧✐%❛♥+ ❧❛ ♠6+❤♦❞❡ ❞✬❡%+✐♠❛+✐♦♥ ❞✉ ♣❛5❛♠N+5❡ γ ❞✬✉♥ ♠♦❞N❧❡

❞❡ ❨❛♥❣ ❜❛%6❡ %✉5 ❧❡ ♣5✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈5❛✐%❡♠❜❧❛♥❝❡ ❞❡ ❧❛ ❙♦✉%✲

❙❡❝+✐♦♥ ✹✳✹✳✹ ❞✉ ❝❤❛♣✐+5❡ ♣56❝6❞❡♥+ ❡+ ❡♥ %❡ ❜❛%❛♥+ %✉5 ❧❛ +♦+❛❧✐+6 ❞❡% ❞♦♥♥6❡%

❞✐%♣♦♥✐❜❧❡% ✭❧❡% 5❡❝♦5❞% ♦❧②♠♣✐7✉❡% ❞❡ ✶✾✵✵ ❥✉%7✉✬J ✷✵✶✷✮ ♥♦✉% ❝❛❧❝✉❧♦♥% ✉♥

♥♦✉✈❡❛✉ ❡%+✐♠❛+❡✉5 ❞❡ γ✱ γ̂3 = 1.77✱ ❛✈❡❝ ✉♥ ✐♥+❡5✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ❞❡ ♥✐✈❡❛✉

❛%②♠♣+♦+✐7✉❡ ✾✺✪ ❞♦♥♥6 ♣❛5 (1.1213, 2.4215)✳ ❊♥ ✉+✐❧✐%❛♥+ ❝❡++❡ ✈❛❧❡✉5 γ̂3 =
1.77 ❡+ ❡♥ ❛♣♣❧✐7✉❛♥+ ❧✬❛♣♣5♦①✐♠❛+✐♦♥ ❛%②♠♣+♦+✐7✉❡ ❞✉ ❚❤6♦5N♠❡ ✺✳✷ ♥♦✉%

♦❜+❡♥♦♥% ✉♥ +❡♠♣% ♠♦②❡♥ ✐♥+❡5✲5❡❝♦5❞ ❡%+✐♠6 ❞❡ ✷✳✸ ❥❡✉① ✭❂ ✾✳✷ ❛♥♥6❡%✮✱ ❝❡

7✉✐ ❡%+ ♣5♦❝❤❡ ❞✉ +❡♠♣% ❞✬❛++❡♥+❡ ♠♦②❡♥ 56❡❧ ❞❡ ✶✳✽✾ ❥❡✉① ✭❜❛%6 %✉5 ❧❡% ✾

❞❡5♥✐❡5% +❡♠♣% ✐♥+❡5✲5❡❝♦5❞% ❞❡% ❞♦♥♥6❡% ❝♦♠♣❧N+❡% ✭✶✾✵✵✲✷✵✶✷✮✮✳ ❆✐♥%✐✱ ❡♥



❈❍❆#■❚❘❊ ✺✳ ❚❊▼#❙ ■◆❚❊❘✲❘❊❈❖❘❉❙ ❊❚ ❚❊❙❚❙ ❉✬❆❉➱◗❯❆❚■❖◆✶✵✽

#❡ ❜❛#❛♥( #✉* ❧❡# ♣*♦❜❛❜✐❧✐(/# ❞❡ ❧❛ ❧✐❣♥❡ ✺ ❞❡ ❧❛ ❚❛❜❧❡ ✺✳✷✱ ❡( #❛❝❤❛♥( 9✉❡

❧❡ ❞❡*♥✐❡* *❡❝♦*❞ ❞❡ ❧❛ ❝♦✉*#❡ ❞❡ ✷✵✵ ♠;(*❡# ❛ ❡✉ ❧✐❡✉ ❡♥ ✷✵✵✽ ✭ ❧❡ *❡❝♦*❞

♥✬❛ ♣❛# /(/ ❜❛((✉ ❡♥ ✷✵✶✷✮✱ ♦♥ ♣❡✉( ♣*/✈♦✐* 9✉✬✐❧ ❛✉*❛ ✉♥ ♥♦✉✈❡❛✉ *❡❝♦*❞

♦❧②♠♣✐9✉❡ ❞❡ ❝❡((❡ ❝♦✉*#❡ ❞✉*❛♥( ❧❡# ❥❡✉① ❞❡ ❘✐♦ ✷✵✶✻ ❛✈❡❝ ✉♥❡ ♣*♦❜❛❜✐❧✐(/

❞❡

p2(1.77)
(1−p1(1.77))

❂ ✹✸✳✺✪✳

✺✳✹ ❈♦♥❝❧✉)✐♦♥

❉❛♥# ❝❡ ❝❤❛♣✐(*❡✱ ♥♦✉# ❛✈♦♥# ♠♦♥(*/ 9✉❡ ❞❛♥# ❧❡ ❝♦♥(❡①(❡ ❞✬✉♥ ♠♦❞;❧❡

❞❡ ❨❛♥❣✱ ❧❡ ❝♦♠♣♦*(❡♠❡♥( ❛#②♠♣(♦(✐9✉❡ ❞❡ ❧❛ ❞✐#(*✐❜✉(✐♦♥ ❞✉ (❡♠♣# ✐♥(❡*✲

*❡❝♦*❞# ∆Ln = Ln+1 − Ln ❡#( ❣/♦♠/(*✐9✉❡✳ L✉✐#✱ ❡♥ #❡ ❜❛#❛♥( #✉* ❝❡((❡

♣*♦♣*✐/(/✱ ♥♦✉# ❛✈♦♥# ❞/✈❡❧♦♣♣/ ❞❡✉① (❡#(# ❞✬❛❞/9✉❛(✐♦♥ ♣♦✉* ❧❡ ♠♦❞;❧❡ ❞❡

❨❛♥❣✳ ❉❡ ♣❧✉#✱ ♥♦✉# ❛✈♦♥# ❝♦♥#(*✉✐( ✉♥ (❡#( #(❛(✐#(✐9✉❡✱ ❜❛#/ #✉* ❧❡ ♥♦♠❜*❡ ❞❡

*❡❝♦*❞# NT ✱ 9✉✐ /✈❛❧✉❡ ❧❛ ♥/❝❡##✐(/ ❞✬✉♥ ♣❛##❛❣❡ M ✉♥ ♠♦❞;❧❡ ♥♦♥ ✐✐❞ ❛✜♥ ❞❡

♠♦❞/❧✐#❡* ❝❡*(❛✐♥❡# #/*✐❡# ❞❡ *❡❝♦*❞#✳ ❊♥✜♥✱ ♥♦✉# ❛✈♦♥# ❛♣♣❧✐9✉/ ♥♦# */#✉❧(❛(#

(❤/♦*✐9✉❡# M ❞❡# ❞♦♥♥/❡# ❛♥❛❧②#/❡# ♣*/❝/❞❡♠♠❡♥( ♣❛* ❨❛♥❣ ✭✶✾✼✺✮ ♣*/#❡♥(❛♥(

❧❡# *❡❝♦*❞# ❞❡ ❧❛ ❝♦✉*#❡ ❞❡ ✷✵✵ ♠;(*❡# ❞❛♥# ❧❡# ❏❡✉① ♦❧②♠♣✐9✉❡#✳ ▲❡# ❞✐✛/*❡♥(#

(❡#(# #(❛(✐#(✐9✉❡# ♦♥( ♠♦♥(*/ 9✉❡ ❧❡ ♣❛##❛❣❡ ❛✉ ❞❡❧M ❞✬✉♥ ♠♦❞;❧❡ ✐✐❞ ❡#(

♥/❝❡##❛✐*❡ ❡( 9✉❡ ❧✬❤②♣♦(❤;#❡ ❞✬✉♥ ♠♦❞;❧❡ ❞❡ ❨❛♥❣ ♥✬❡#( ♣❛# ❞/*❛✐#♦♥♥❛❜❧❡

♣♦✉* ❝❡ (②♣❡ ❞❡ ❞♦♥♥/❡#✳ ❉❡ ♣❧✉#✱ ❡♥ ❛♣♣❧✐9✉❛♥( ❧❛ ♠/(❤♦❞❡ ❞✬❡#(✐♠❛(✐♦♥ ❞✉

❝❤❛♣✐(*❡ ♣*/❝/❞❡♥( ❛✜♥ ❞✬❡#(✐♠❡* ❧❡ ♣❛*❛♠;(*❡ γ ❞✉ ♠♦❞;❧❡ ❞❡ ❨❛♥❣✱ ♥♦✉#

❛✈♦♥# ♦❜(❡♥✉ ✉♥ ❡#(✐♠❛(❡✉* 9✉✐ ❝♦❧❧❡ ♠✐❡✉① 9✉❡ ❝❡❧✉✐ ♣*♦♣♦#/ ♣❛* ❨❛♥❣ ✭✶✾✼✺✮

❛✈❡❝ ❧❡# ❞♦♥♥/❡# */❡❧❧❡#✳



❈❤❛♣✐%&❡ ✻

▲❉▼ ❡% ❨❛♥❣✲◆❡✈③♦&♦✈ ✿

❊6%✐♠❛%✐♦♥ ❜❛69❡ 6✉& (Rn, Ln)

❉❛♥# ❝❡ ❝❤❛♣✐)*❡✱ ❡♥ ♣*❡♠✐❡* ❧✐❡✉✱ ♥♦✉# ❡#)✐♠♦♥# ❧❡ ❞*✐❢) θ ❡) ❧❡# ♣❛*❛♠2)*❡#
❞❡ ❧❛ ❞✐#)*✐❜✉)✐♦♥ #♦✉#✲❥❛❝❡♥)❡✱ ❞❛♥# ❧❡ ❝❛# ❞✬✉♥❡ ❧♦✐ ❞❡ ●✉♠❜❡❧ ❞❡ ♣❛*❛♠2)*❡#

✐♥❝♦♥♥✉# µ ✭♣❛*❛♠2)*❡ ❞❡ ♣♦#✐)✐♦♥✮ ❡) β ✭♣❛*❛♠2)*❡ ❞✬:❝❤❡❧❧❡✮✱ ❞✬✉♥ ♠♦❞✲
2❧❡ ▲❉▼✱ ❡♥ #❡ ❜❛#❛♥) ✉♥✐=✉❡♠❡♥) #✉* ❧❡# ✐♥❞✐❝❛)*✐❝❡# ❞❡ *❡❝♦*❞#✳ ?✉✐#✱

♥♦✉# ♣❛##♦♥# @ ❧✬✉)✐❧✐#❛)✐♦♥ ❞❡ ❧❛ )♦)❛❧✐): ❞❡# ❞♦♥♥:❡# ❞✐#♣♦♥✐❜❧❡# ✭✈❛❧❡✉*#

❡) ✐♥❞✐❝❡#✴✐♥❞✐❝❛)*✐❝❡# ❞❡ *❡❝♦*❞#✮ ❛✜♥ ❞❡ ❝❛❧❝✉❧❡*✱ ♣❛* ♣❧✉#✐❡✉*# ♠:)❤♦❞❡#✱

❞❡# ❡#)✐♠❛)❡✉*# ❞❡# ♣❛*❛♠2)*❡# ❞❡# ♠♦❞2❧❡# ▲❉▼ ❡) ❨❛♥❣✲◆❡✈③♦*♦✈ ❞❛♥#

❞❡# ❝❛# ♦H ❧❛ ❞✐#)*✐❜✉)✐♦♥ #♦✉#✲❥❛❝❡♥)❡ ♥✬❡#) ♣❛# ♥:❝❡##❛✐*❡♠❡♥) ●✉♠❜❡❧✳ ❉❡

♣❧✉#✱ ♥♦✉# :✈❛❧✉♦♥# ❧❡# ❞✐✛:*❡♥)❡# ♠:)❤♦❞❡# ❞✬❡#)✐♠❛)✐♦♥ ♣❛* ❞❡# #✐♠✉❧❛)✐♦♥#

♥✉♠:*✐=✉❡# #♦✉# ❘ ❡) ▼❛)❧❛❜ ❡♥ ❝♦♠♣❛*❛♥) ❧❛ =✉❛❧✐): ❞❡ ❝❤❛=✉❡ ❡#)✐♠❛)❡✉*

#✉* ♣❧✉#✐❡✉*# ♥✐✈❡❛✉① ✿ ❜✐❛✐#✱ :❝❛*)✲)②♣❡ ❡) ♣*♦❜❛❜✐❧✐): ❞❡ ❝♦✉✈❡*)✉*❡✳ ❊♥✜♥✱

♥♦✉# ✐♥)*♦❞✉✐#♦♥# ❞❡# )❡#)# #)❛)✐#)✐=✉❡# =✉✐ ♥♦✉# ❛✐❞❡♥) @ ✈:*✐✜❡* ❧❛ ❝♦♥❢♦*✲

♠✐): ❞✉ ❝❤♦✐① ❞❡ ❧❛ ❞✐#)*✐❜✉)✐♦♥ #♦✉#✲❥❛❝❡♥)❡ ❡) @ ❝❤♦✐#✐* ❡♥)*❡ ✉♥ ♠♦❞2❧❡

▲❉▼ ❡) ❞❡ ❨❛♥❣✳ ❆✉##✐ ♥♦✉# :✈❛❧✉♦♥# ❧❡# ❞✐✛:*❡♥)# )❡#)# #)❛)✐#)✐=✉❡# ♣❛* ❞❡#

#✐♠✉❧❛)✐♦♥# ♥✉♠:*✐=✉❡# #♦✉# ▼❛)❧❛❜ ❡♥ ❝❛❧❝✉❧❛♥) ❧❡# =✉❛♥)✐❧❡# ❡♠♣✐*✐=✉❡#

#♦✉# H0 ❡) ❧❡# ✈❛*✐❛)✐♦♥# ❞❡ ❧❛ ♣✉✐##❛♥❝❡ ❞✉ )❡#) ♣♦✉* ❞✐✛:*❡♥)❡# ✈❛❧❡✉*# ❞❡ θ
❡) γ✳
❖♥ ♣❡✉) ❝✐)❡* ❧❡# ❛*)✐❝❧❡# ❞❡ ❈❛*❧✐♥ ❡) ●❡❧❢❛♥❞ ✭✶✾✾✸✮✱ ❋❡✉❡*✈❡*❣❡* ❡) ❍❛❧❧

✭✶✾✾✻✮ ❡) ❙♠✐)❤ ✭✶✾✽✽✮ ♣♦✉* ❞✬❛✉)*❡# ♠:)❤♦❞❡# ❞✬❡#)✐♠❛)✐♦♥ ❞❡# ♣❛*❛♠2)*❡#

❞❡# ♠♦❞2❧❡# ❞❡ *❡❝♦*❞#✳

✶✵✾
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✻✳✶ ❊$%✐♠❛%✐♦♥ ❜❛$,❡ ✉♥✐/✉❡♠❡♥% $✉0 ❧❡$ δt

❆✉ ❈❤❛♣✐)*❡ ✸✱ ♥♦✉0 ❛✈♦♥0 ❝♦♥0✐❞4*4 ❧❡ ❝❛0 ❞✬✉♥ ♠♦❞8❧❡ ▲❉▼ ❞❡ ❞✐0)*✐✲

❜✉)✐♦♥ 0♦✉0✲❥❛❝❡♥)❡ ❞❡ ❧♦✐ ❞❡ ●✉♠❜❡❧ ❛✈❡❝ ♣❛*❛♠8)*❡ ❝♦♥♥✉ ❡)✱ 0❛♥0 ♣❡*)❡ ❞❡

❣4♥4*❛❧✐)40✱ ♥♦✉0 ❛✈♦♥0 ❝♦♥0✐❞4*4 ❧❛ ❧♦✐ G (0, 1)✳ ■❝✐ ♥♦✉0 ♥♦✉0 ♣❧❛❝♦♥0 ❞❛♥0 ❧❡
❝❛❞*❡ ❞✬✉♥ ♠♦❞8❧❡ ▲❉▼ ❛✈❡❝ ✉♥❡ ❞✐0)*✐❜✉)✐♦♥ 0♦✉0✲❥❛❝❡♥)❡ ❞❡ ❧♦✐ ❞❡ ●✉♠❜❡❧

❞❡ ♣❛*❛♠8)*❡0 ✐♥❝♦♥♥✉0✳ ▲❛ tième
♦❜0❡*✈❛)✐♦♥ ❞❡ ❧❛ 04*✐❡ )❡♠♣♦*❡❧❧❡ ❡0) ❞❡ ❧❛

❢♦*♠❡ ✿

Xt = Yt + θt, ✭✻✳✶✳✶✮

❛✈❡❝ θ ❧❡ ✓ ❞*✐❢) ✔ ❡) {Yt, t ≥ 1} ✉♥❡ 0✉✐)❡ ✐♥✜♥✐❡ ❞❡ ✈❛*✐❛❜❧❡0 ❛❧4❛)♦✐*❡0 ✐✐❞ K✉✐

0✉✐✈❡♥) ❧❛ ❧♦✐ G (µ, β) ❞❡ ❢♦♥❝)✐♦♥ ❞❡ *4♣❛*)✐)✐♦♥ F (y) = exp
(
− exp

(
−y−µ

β

))
✳

➱✈✐❞❡♠♠❡♥)✱ ✐❧ ♥❡ ♥♦✉0 ❡0) ♣❛0 ❞♦♥♥4 ❞✬♦❜0❡*✈❡* ❧❛ 0✉✐)❡ Xt✱ 0❡✉❧❡♠❡♥)

0❡0 *❡❝♦*❞0 Rn = XLn ♦M Ln ❡0) ❧✬✐♥❞✐❝❡ ❞✉ nième
*❡❝♦*❞✳

◆♦)*❡ ❜✉) ❡0) ❞✬4)❡♥❞*❡ ❧❡0 *40✉❧)❛)0 ❞✉ ❈❤❛♣✐)*❡ ✸ ❡) ❞❡ )❡♥)❡* ❞✬♦❜)❡♥✐*

❞❡0 ❡0)✐♠❛)❡✉*0 ❞❡0 ♣❛*❛♠8)*❡0 θ✱ µ ❡) β ❡♥ ✉)✐❧✐0❛♥) ❧❡ ♣*✐♥❝✐♣❡ ❞✉ ♠❛①✲

✐♠✉♠ ❞❡ ✈*❛✐0❡♠❜❧❛♥❝❡ ❜❛04 0✉* ❧❛ ❞✐0)*✐❜✉)✐♦♥ ❞❡0 ✐♥❞✐❝❛)*✐❝❡0 ❞❡ *❡❝♦*❞0

{δt, t ≥ 1}✱ ❛✈❡❝ ❧❡0K✉❡❧0 ♦♥ ❛✈❛✐) ♦❜)❡♥✉ ❞❡0 *40✉❧)❛)0 ✉)✐❧❡0 ❛✉ ❈❤❛♣✐)*❡ ✸✳

❙✐ ❧❛ ❞❡♥0✐)4 ❞❡ Yt ❡0) ft (y) =
1
β
exp

(
−y−µ

β

)
exp

(
− exp

(
−y−µ

β

))
✭❧❛ ❧♦✐

G (µ, β)✮✱ ❞✬❛♣*80 ❧✬❡①❡♠♣❧❡ ✷✳✶✱ ❧❡ )❛✉① ❞❡ *❡❝♦*❞ ❡0) ❞♦♥♥4 ♣❛* ✿

Pt =

ˆ

f (y)

(
t−1∏

k=1

(F (y))exp(−
θk
β )

)
❞y.

❊♥ ♣♦0❛♥) ν = exp
(
− θ

β

)
❡) u = F (y)✱ ♦♥ ♦❜)✐❡♥) ✿

Qt (ν) =

ˆ 1

0

(
t−1∏

k=1

uνk

)
❞u,

=

ˆ 1

0

u
ν−νt

1−ν
❞u,

=
1− ν

1− νt
.

❈❡❝✐ ♠♦♥)*❡ K✉✬❡♥ ✉)✐❧✐0❛♥) ✉♥✐K✉❡♠❡♥) ❧❡0 ✐♥❞✐❝❛)*✐❝❡0 ❞❡ *❡❝♦*❞0 ❝♦♠♠❡

✈❛*✐❛❜❧❡ ❞❡ ❝❡♥0✉*❡✱ ♦♥ ♣❡✉) ❡①)*❛✐*❡ ❞❡0 ✐♥❢♦*♠❛)✐♦♥0 0✉* ❧❡ ❞*✐❢) θ ❡) ❧❡
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♣❛#❛♠%&#❡ ❞✬*❝❤❡❧❧❡ β ✉♥✐1✉❡♠❡♥&✱ ✈✐❛ ❧❡ &❡#♠❡ ν✳ ❖# ❝♦♠♠❡ ν ❡7& ❢♦♥❝&✐♦♥

❞❡

θ
β
✱ ❝❡7 ❞❡✉① ♣❛#❛♠%&#❡7 ♥❡ 7♦♥& ♣❛7 ✐❞❡♥&✐✜❛❜❧❡7✳ ❊♥ ❢❛✐& ✐❧ ❡7& ❧♦❣✐1✉❡ 1✉❡

>❛ ♥❡ ❧❡ 7♦✐& ♣❛7 ❝❛# Xt = Yt+ θt ⇐⇒ Xt

β
= Yt

β
+ θ

β
t✳ ❆❧♦#7✱ ♦♥ ♣❡✉& ❝♦♥❝❧✉#❡

1✉❡ ♥♦&#❡ ❝❡♥7✉#❡ ❡7& ✐♥❢♦#♠❛&✐✈❡ ♣♦✉# ❧❡ 1✉♦&✐❡♥&

θ
β
♠❛✐7 ♥♦♥✲✐♥❢♦#♠❛&✐✈❡

7✉# µ✱ β ❡& θ ♣#✐7 ✐♥❞✐✈✐❞✉❡❧❧❡♠❡♥&✳

❊♥ ✉&✐❧✐7❛♥& ❧❛ ♣#♦♣#✐*&* ❞✬✐♥❞*♣❡♥❞❛♥❝❡ ❞❡7 ✐♥❞✐❝❛&#✐❝❡7 ❞❡ #❡❝♦#❞7 ❞❛♥7

✉♥ ♠♦❞%❧❡ ▲❉▼ ❞❡ ❞✐7&#✐❜✉&✐♦♥ 7♦✉7✲❥❛❝❡♥&❡ ❞❡ ❧♦✐ ❞❡ ●✉♠❜❡❧ ✭❇♦#♦✈❦♦✈✱

✶✾✾✾✮✱ ♦♥ ♣❡✉& ❛❧♦#7 ❝♦♥7&#✉✐#❡ ✉♥❡ ❢♦♥❝&✐♦♥ ❞❡ ✈#❛✐7❡♠❜❧❛♥❝❡ ❜❛7*❡ 7✉# ❧❡7 δt✳
❊♥ ❛♣♣❧✐1✉❛♥& ❧❡ ♣#✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈#❛✐7❡♠❜❧❛♥❝❡✱ ❧❡ &#❛✈❛✐❧ ❝♦♥7✐7&❡

K &#♦✉✈❡# ν 1✉✐ ♠❛①✐♠✐7❡ ❧✬❡①♣#❡77✐♦♥ 7✉✐✈❛♥&❡ ✿

L (ν) = P [δ1, . . . , δT ; ν] ,

=
T∏

t=2

P [δt] , δ1 = 1 ✭#❡❝♦#❞ &#✐✈✐❛❧✮✱

=
T∏

t=2

Qt (ν)
δt (1−Qt (ν))

1−δt ,

=
T∏

t=2

(1− ν) δt (ν − νt)
1−δt

(1− νt)
.

➱&❛♥& ❞♦♥♥* ❧✬❛7♣❡❝& ✓ #*❣✉❧✐❡# ✔ ❞❡ ❝❡&&❡ ✈#❛✐7❡♠❜❧❛♥❝❡✱ ❧❛ ♠*&❤♦❞❡ ❝❧❛77✐1✉❡

❡7& ❞❡ ❞*#✐✈❡# logL (ν) ♣❛# #❛♣♣♦#& K ν✱ ♣✉✐7 ❞❡ ❝❛❧❝✉❧❡# ❧❡7 #❛❝✐♥❡7 ❞❡ ❝❡&&❡

❞*#✐✈*❡✳

logL (ν) =
T∑

t=2

[δt log (Qt (ν)) + (1− δt) log (1−Qt (ν))] ,

=
T∑

t=2

[
δt log (1− ν)− δt log

(
ν
(
1− νt−1

))
+ log

(
ν
(
1− νt−1

))

− log
(
1− νt

)]
,

= NT log (1− ν) + (T −NT ) log (ν)− log
(
1− νT

)

−
T∑

t=2

δt log
(
1− νt−1

)
, ✭✻✳✶✳✷✮
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♦#

∑T
t=2 δt = NT − 1✱ ❛✈❡❝ NT = ❧❡ ♥♦♠❜-❡ ❞❡ -❡❝♦-❞/ ♣❛-♠✐ ❧❡/ T ✈❛❧❡✉-/

❞❡ δt✳
❆✐♥/✐✱ ✐❧ ❢❛✉6 6-♦✉✈❡- ❧✬❡/6✐♠❛6❡✉- ν̂ ❞❡ ν 6❡❧ 8✉❡✱

(
❞ logL (ν)

❞ν

)

ν=ν̂

=

(
−NT

1− ν
+

T −NT

ν
+

TνT−1

1− νT
+

T∑

t=2

δt
(t− 1) νt−2

1− νt−1

)

ν=ν̂

,

= 0. ✭✻✳✶✳✸✮

❖♥ -❡♠❛-8✉❡ 8✉❡ ❝✬❡/6 ❧❛ ♠>♠❡ ?8✉❛6✐♦♥ 8✉❡ ❝❡❧❧❡ ❞❡ ❧❛ ❙❡❝6✐♦♥ ✸✳✸

♣♦-6❛♥6 /✉- ❧✬❡/6✐♠❛6✐♦♥ ❞❡ τ = e−θ
✳ ❆✐♥/✐✱ ❡♥ ❛♣♣❧✐8✉❛♥6 ❞❡ ♥♦✉✈❡❛✉ ✉♥

6❤?♦-B♠❡ ❞❡ ▲❡-♦② ❡! ❛❧✳ ✭✷✵✶✻✮ /✉- ❧❡ ❝♦♠♣♦-6❡♠❡♥6 ❛/②♠♣6♦6✐8✉❡ ❞❡/ ❊▼❱

❞❛♥/ ❧❡ ❝❛/ ♦# ❧❡/ ♦❜/❡-✈❛6✐♦♥/ /♦♥6 ✐♥❞?♣❡♥❞❛♥6❡/ ♠❛✐/ ♥♦♥ ✐❞❡♥6✐8✉❡♠❡♥6

❞✐/6-✐❜✉?❡/✱ ♦♥ ♠♦♥6-❡ 8✉❡ ν̂ ❡①✐/6❡ ❡6

ν̂ − ν√
I−1
T (ν)

L−→ N (0, 1) , ✭✻✳✶✳✹✮

♦# IT (ν) ❞?♥♦6❡ ❧✬✐♥❢♦-♠❛6✐♦♥ ❞❡ ❋✐/❤❡- ✿

IT (ν) = −E

[
❞

2 log (L (ν))

❞ν✷

]
,

=
1

(1− ν)2

T∑

t=1

Qt (ν) +
1

ν2

(
T −

T∑

t=1

Qt (ν)

)
− TνT−2

(
T + νT − 1

)

(1− νT )2

−
T∑

t=2

(t− 1) νt−3 (t− 2 + νt−1)

(1− νt−1)2
Qt (ν) . ✭✻✳✶✳✺✮

❉❡ ♣❧✉/✱ ♦♥ ♠♦♥6-❡ ❛✉//✐ 8✉❡

IT (ν)

T
−→ I (ν) =

1

(1− ν) ν
.

O❛- /✉✐6❡✱ ❡♥ /❡ ❜❛/❛♥6 /✉- ❧✬➱8✉❛6✐♦♥ ✭✻✳✶✳✹✮ ♦♥ ❛

√
T (ν̂ − ν)

L−→ N
(
0, I−1 (ν)

)
.

❖-✱ ❧❡ 8✉♦6✐❡♥6

θ
β
❞✉ ♠♦❞B❧❡ ▲❉▼ ❡/6 ❞♦♥♥? ♣❛-

θ
β
= − log (ν)✳ ❆✐♥/✐✱ ❞✬❛♣-B/

❧❛ ♠?6❤♦❞❡ ❞❡❧6❛ ♦♥ ♦❜6✐❡♥6 ✿
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√
T

((̂
θ
β

)
− θ

β

)

1
ν

√
I−1 (ν)

L−→ N (0, 1) , ✭✻✳✶✳✻✮

❡'✱ ♣♦✉, ✉♥ ♥✐✈❡❛✉ ❞❡ ❝♦♥✜❛♥❝❡ ❛4②♠♣'♦'✐7✉❡ 1−α✱ ✉♥ ✐♥'❡,✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡

❛4②♠♣'♦'✐7✉❡ ❞❡

θ
β
❡4' ❞♦♥♥9 ♣❛, ✿

[(̂
θ

β

)
−
√

I−1 (ν̂)

ν̂
√
T

z1−α/2,

(̂
θ

β

)
+

√
I−1 (ν̂)

ν̂
√
T

z1−α/2

]
. ✭✻✳✶✳✼✮

■❧ ♥❡ ,❡4'❡ ♣❧✉4 7✉✬> ,9❡①♣,✐♠❡, ❧✬✐♥❢♦,♠❛'✐♦♥ ❞❡ ❋✐4❤❡, ✭✻✳✶✳✺✮ ❞❛♥4 ❧❛

♣❛,❛♠9',✐4❛'✐♦♥ ♦,✐❣✐♥❛❧❡ ✭❝✬❡4' > ❞✐,❡ ❡♥

θ
β
✮✱ ❡♥ ❛♣♣❧✐7✉❛♥' ❧❛ ♠9'❤♦❞❡ ❞❡❧'❛

4✉, ❧✬97✉❛'✐♦♥ ✭✻✳✶✳✹✮ ❡' ❡♥ ✉'✐❧✐4❛♥' ❡♥❝♦,❡ ✉♥❡ ❢♦✐4 ❧❛ ,❡❧❛'✐♦♥

θ
β
= − log (ν)✳

❖♥ ♦❜'✐❡♥' ✿

I−1
T

(
θ

β

)
= I−1

T (ν)×
(

❞

❞ν
(− log (ν))

)2

.

❆✐♥4✐

IT

(
θ

β

)
=

IT (ν)
(
❞

❞ν
(− log (ν))

)2 ,

= ν2IT (ν) ,

=
e−

θ
β

(
1− e−

θ
β

)2
T∑

t=1

Pt

(
θ

β

)
− T 2e−T θ

β

(
1− e−T θ

β

)2

−
T∑

t=2

(t− 1)2 e−(t−1) θ
β

(
1− e−(t−1) θ

β

)2Pt

(
θ

β

)
.

❡' ((̂
θ
β

)
− θ

β

)

√
I−1
T

(
θ
β

)
L−→ N (0, 1) . ✭✻✳✶✳✽✮

❊♥ ❝♦♥❝❧✉4✐♦♥✱ ❡♥ 4❡ ❜❛4❛♥' ✉♥✐7✉❡♠❡♥' 4✉, ❧❡4 ✐♥❞✐❝❛',✐❝❡4 ❞❡ ,❡❝♦,❞4 ♦♥

♣❡✉' ❡4'✐♠❡, ❧❡ 7✉♦'✐❡♥'

θ
β
✱ ♠❛✐4 ♦♥ ♥❡ ♣❡✉' ♣❛4 ❡4'✐♠❡, ❧❡4 ❛✉',❡4 ♣❛,❛♠K',❡4
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µ, β, θ ❞✬✉♥ ♠♦❞(❧❡ ▲❉▼ ❛✈❡❝ ❞✐234✐❜✉3✐♦♥ 2♦✉2✲❥❛❝❡♥3❡ G (µ, β) ❞❡ ♣❛4❛♠(34❡2

✐♥❝♦♥♥✉2✳

❉♦♥❝✱ ♣♦✉4 ❧❡2 ♠♦❞(❧❡2 ▲❉▼ ♦; ♦♥ ❛ ♣❧✉2✐❡✉42 ♣❛4❛♠(34❡2 < ❡23✐♠❡4✱ ✐❧

❡23 ✐♥❞✐2♣❡♥2❛❜❧❡ ❞✬✉3✐❧✐2❡4 ♣❧✉2 ❞✬✐♥❢♦4♠❛3✐♦♥2✱ < 2❛✈♦✐4 ✐❝✐ ❧❡2 ❝♦✉♣❧❡2 ❞❡2

❞♦♥♥>❡2 ❞✐2♣♦♥✐❜❧❡2 {(Rn, Ln) , n ≥ 1} ✭✈❛❧❡✉42 ❡3 ✐♥❞✐❝❡2 ❞❡ 4❡❝♦4❞2✮✱ ♣♦✉4

3❡♥3❡4 ❞✬♦❜3❡♥✐4 ❞❡2 ❡23✐♠❛3❡✉42 ❞❡2 ♣❛4❛♠(34❡2✳

✻✳✷ ❊$%✐♠❛%✐♦♥ ❜❛$,❡ $✉/ ❧❡$ ❝♦✉♣❧❡$ (Rn, Ln)

✻✳✷✳✶ ❊%&✐♠❛&✐♦♥ ❞❡ θ ❞✉ ♠♦❞/❧❡ ▲❉▼

◆♦34❡ ❜✉3 ❡23 ♠❛✐♥3❡♥❛♥3 ❞❡ 4❡✈✐2✐3❡4 ❧❡2 4>2✉❧3❛32 ❞✉ ❈❤❛♣✐34❡ ✸ ❡3 ❞✬❡2✲

3✐♠❡4 ❧❡ ❞4✐❢3 θ ❞✬✉♥ ♠♦❞(❧❡ ▲❉▼ ❞❡ ❧❛ ❢♦4♠❡ Xt = Yt + θt ❞❛♥2 ❧❡ ❝❛2 ❞✬✉♥❡

❞✐234✐❜✉3✐♦♥ 2♦✉2✲❥❛❝❡♥3❡ G (0, 1)✱ ❡♥ 2❡ ❜❛2❛♥3 2✉4 ❧❡ ♣4✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠

❞❡ ✈4❛✐2❡♠❜❧❛♥❝❡ ❡3 ❡♥ ✉3✐❧✐2❛♥3 ♠❛✐♥3❡♥❛♥3 ❧❡2 ❝♦✉♣❧❡2 {(Rn, Ln) , n ≥ 1}✳
F♦✉4 ✉♥❡ 2✉✐3❡ ❞❡ T ♦❜2❡4✈❛3✐♦♥2 X = (X1, X2, . . . , XT )✱ ♦♥ 2✉♣♣♦2❡ G✉❡

❧❡2 ❞♦♥♥>❡2 ❞✐2♣♦♥✐❜❧❡2 2♦♥3 ❧❡2 ✐♥❞✐❝❡2 ❞❡ 4❡❝♦4❞2 L1 = 1, L2, . . . , Lm ❡3 ❧❡2

✈❛❧❡✉42 ❞❡ 4❡❝♦4❞2 R1 = X1, R2 = XL2 , . . . , Rm = XLm ✱ ❛✈❡❝ m = NT ♥♦♠❜4❡

❞❡ 4❡❝♦4❞2 ♣❛4♠✐ ❧❡2 T ♦❜2❡4✈❛3✐♦♥2✳ F❛4 ❝♦♥2>G✉❡♥3✱ ♥♦✉2 2❛✈♦♥2 ❛✉22✐ G✉✬✐❧

♥✬② ❛ ♣❛2 ❞❡ 4❡❝♦4❞2 ♣❛4♠✐ ❧❡2 X ✐♥♦❜2❡4✈❛❜❧❡2✳

❘❡♠❛4G✉♦♥2 G✉❡ ❧❛ 2✐3✉❛3✐♦♥ 4❡22❡♠❜❧❡ ❜❡❛✉❝♦✉♣ < ✉♥ ❝♦♥3❡①3❡ ♦; ✐❧ ② ❛

❝❡♥2✉4❡✳ ❈❡33❡ 2✐♠✐❧✐3✉❞❡ ❛ >3> ❡①♣❧♦✐3>❡ ♣❛4 ❙♠✐3❤ ✭✶✾✽✽✮ ♣♦✉4 ♦❜3❡♥✐4 ❞❡

❢❛M♦♥ ❛❞ ❤♦❝ ✉♥ ❡23✐♠❛3❡✉4 ❞❡ θ✳ ❈❡♣❡♥❞❛♥3 ✐❝✐✱ ❝♦♠♠❡ ♦♥ ❧✬❛ ✈✉✱ ❧❛ ❝❡♥2✉4❡

(❧❡2 δt) ❡23 ✐♥❢♦4♠❛3✐✈❡ ❞❡ 2♦43❡ G✉❡ ❧✬❛♣♣4♦❝❤❡ ❞❡ ❙♠✐3❤ ✭✶✾✽✽✮ ♥✬❡①♣❧♦✐3❡ ♣❛2

3♦✉3❡ ❧✬✐♥❢♦4♠❛3✐♦♥ ❝♦♥3❡♥✉❡ ❞❛♥2 ❧❡2 ❞♦♥♥>❡2✳

✻✳✷✳✶✳✶ ❱%❛✐(❡♠❜❧❛♥❝❡ ❞❡ ❈❛%❧✐♥ ❡1 ●❡❧❢❛♥❞ ✭✶✾✾✸✮

❙❡❧♦♥ ❈❛4❧✐♥ ❡3 ●❡❧❢❛♥❞ ✭✶✾✾✸✮ ❧❛ ❢♦♥❝3✐♦♥ ❞❡ ✈4❛✐2❡♠❜❧❛♥❝❡ ❛22♦❝✐>❡ < ❧❛

3♦3❛❧✐3> ❞❡2 ✐♥❢♦4♠❛3✐♦♥2 ❞✐2♣♦♥✐❜❧❡2 ❡23 ❞♦♥♥>❡ ♣❛4

L (θ) = L (L1 = 1, X1 = x1, L2 = l2, XL2 = xl2 , . . . ,

LNT
= lNT

, XLNT
= xlNT

; θ
)
, ✭✻✳✷✳✶✮

= f (xl1)P [l2 | xl1 ]× f (xl2 | xl1 , l2)× . . .× P

[
lNT

| xl1 , l2, . . . , xlNT−1

]

×f
(
xlNT

| xl1 , l2, . . . , lNT

)
× P

[
F❛2 ❞❡ 4❡❝♦4❞2 ❛♣4(2 lNT

| xl1 , l2, . . . , xlNT

]
.

✭✻✳✷✳✷✮
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❖♥ ❞%✜♥✐( ❧❡+ %✈%♥❡♠❡♥(+ ✿

Ai =
{
Xli+1 ≤ xli , . . . , Xli+1−1 ≤ xli

}
,

= /❛+ ❞❡ 1❡❝♦1❞+ ❡♥(1❡ ❞❡✉① 1❡❝♦1❞+ ❝♦♥+%❝✉(✐❢+✱ li ❡( li+1, i = 1, . . . , NT − 1,

❡(

ANT
=

{
XlNT

+1 ≤ xlNT
, . . . , XT ≤ xlNT

}
,

= /❛+ ❞❡ 1❡❝♦1❞+ ❛♣19+ ❧❡ 1❡❝♦1❞ lNT
.

❉❡ ♣❧✉+✱ ♥♦(♦♥+✱

U =
(
Xl1 , . . . , XlNT

)
❞❡ ❞❡♥+✐(% f (u; θ) ❡(V = X \ U.

❆✐♥+✐✱

f (x; θ) = f (x1, x2, . . . , xT ; θ) ,

= f (u, v; θ) ,

= f (u; θ) f (v | u; θ) ,
♦< f (v | u; θ) ❡+( ❧❛ ❞❡♥+✐(% ❝♦♥❞✐(✐♦♥♥❡❧❧❡ ❞❡ v | u✳ /♦+♦♥+✱

B =

NT⋂

i=1

Ai ✭▲❡+ ♦❜+❡1✈❛(✐♦♥+ ♥♦♥ 1❡❝♦1❞+✮.

❆❧♦1+✱ ❧✬❡①♣1❡++✐♦♥ ✭✻✳✷✳✷✮ +✬%❝1✐( ✿

ˆ

B

f (u, v; θ) ❞v = f (u; θ)

ˆ

B

f (v | u; θ) ❞v,

= f (u; θ)P [B | u; θ] ,

= f
(
xl1 , xl2 , . . . , xlNT

)
× P

[
NT⋂

i=1

Ai | xlj , j = 1, . . . , NT ; θ

]
,

ˆ

B

f (u, v; θ) ❞v = f (xl1)×
{

NT∏

i=2

f
(
xli | xlj , j = 1, . . . , i− 1

)
}

×P

[
NT⋂

i=1

Ai | xlj , j = 1, . . . , NT

]
. ✭✻✳✷✳✸✮
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❆#♥♦❧❞ ❡! ❛❧✳ ✭✶✾✾✽✱ ♣❛❣❡ ✷✽✮ ♠♦♥3#❡♥3 4✉❡✱ ❞❛♥6 ❧❡ ❝❛6 ✐✐❞✱ ❧❛ 6✉✐3❡ ❞❡6

✈❛❧❡✉#6 ❞❡ #❡❝♦#❞6 ❢♦#♠❡ ✉♥❡ ❝❤❛<♥❡ ❞❡ ▼❛#❦♦✈✳ ❆✐♥6✐✱ ✐❧ ♥✬❡63 ♣❛6 ❞A#❛✐6♦♥♥❛❜❧❡

❞❡ ♣♦6❡# ❝♦♠♠❡ ♣#❡♠✐C#❡ ❛♣♣#♦①✐♠❛3✐♦♥ 4✉❡ ❧❡6 ✈❛❧❡✉#6 ❞❡ #❡❝♦#❞6 ❢♦#♠❡♥3

✉♥❡ ❝❤❛<♥❡ ❞❡ ▼❛#❦♦✈✳ ❊3 ❝♦♠♠❡ ❧❡6 Xt 6♦♥3 ✐♥❞A♣❡♥❞❛♥3❡6✱ ✭✻✳✷✳✸✮ 6✬A❝#✐3✱

L (θ) = f (xl1)

{
NT∏

i=2

f
(
xli | xli−1

)
}{

NT−1∏

i=1

P
[
Ai | xli , xli+1

]
}
P

[
ANT

| xlNT

]
.

✭✻✳✷✳✹✮

❆✜♥ ❞❡ ♠❛①✐♠✐6❡# ❧✬❡①♣#❡66✐♦♥ ✭✻✳✷✳✹✮ ❡3 3#♦✉✈❡# ✉♥ ❡63✐♠❛3❡✉# θ̂ ❞❡ θ✱
✐❧ ❢❛✉3 ❞A3❡#♠✐♥❡# ❧❡6 ♣#♦❜❛❜✐❧✐3A6 ❝♦♥❞✐3✐♦♥♥❡❧❧❡6

{
f
(
xli | xli−1

)}
2≤i≤NT

✳ I❛#

6✉✐3❡✱ ✐❧ ❢❛✉3 ❞A✜♥✐# ❧❛ ❧♦✐ ❥♦✐♥3❡ fXli
,Xli−1

(
xli , xli−1

)
❞❡ ❞❡✉① #❡❝♦#❞6 ❝♦♥6A❝✉✲

3✐❢6✳

❈♦♠♠❡ ♥♦✉6 6♦♠♠❡6 ❞❛♥6 ❧❡ ❝❛6 ❞✬✉♥ ♠♦❞C❧❡ ▲❉▼ ❛✈❡❝ ✉♥❡ ❞✐63#✐❜✉3✐♦♥

6♦✉6✲❥❛❝❡♥3❡ ❞❡ ❧♦✐ ❞❡ ●✉♠❜❡❧✱ ✉♥❡ ♣#❡♠✐C#❡ ❛♣♣#♦❝❤❡✱ 4✉✐ ♥❡ 6❡♠❜❧❡ ♣❛6

❞A#❛✐6♦♥♥❛❜❧❡ P ♣#❡♠✐C#❡ ✈✉❡✱ ❡63 ❞❡ 6✉♣♣♦6❡# 4✉❡ ❧❛ ❞✐63#✐❜✉3✐♦♥ ❥♦✐♥3❡ 6✉✐3

✉♥❡ ❧♦✐ ❜✐✲●✉♠❜❡❧✳

●✉♠❜❡❧ ❡3 ▼✉63❛✜ ✭✶✾✻✼✮ ♦♥3 ♣#A6❡♥3A ❞❡✉① 3❡❧❧❡6 ❧♦✐6 4✉✬✐❧6 ❛♣♣❡❧❧❡♥3 ❞❡6

❜✐✲●✉♠❜❡❧✳ ❙✐ X ❡3 Y 6♦♥3 ❞❡✉① ✈❛#✐❛❜❧❡6 ❛❧A❛3♦✐#❡6 4✉✐ 6✉✐✈❡♥3 ❧❛ ❧♦✐ G(0, 1)
❞❡ ❢♦♥❝3✐♦♥ ❞❡ #A♣❛#3✐3✐♦♥ F (x) = e−e−x

✱ ❛❧♦#6 ❧❛ ❢♦♥❝3✐♦♥ ❞❡ #A♣❛#3✐3✐♦♥

❥♦✐♥3❡ ❞❡ ❧❛ ♣#❡♠✐C#❡ ❢♦#♠✉❧❛3✐♦♥ ❡63 ✿

FX,Y (x, y, a) = exp
[
−
(
e−x + e−y

)
+ a (ex + ey)−1] , ✭✻✳✷✳✺✮

❡3 ❝❡❧❧❡ ❞❡ ❧❛ 6❡❝♦♥❞❡ ❡63

FX,Y (x, y, b) = exp
[
−
(
e−bx + e−by

)1/b]
. ✭✻✳✷✳✻✮

❉❛♥6 ❧❡6 ❞❡✉① ❝❛6 0 ≤ a < 1 ❡3 b ≥ 1 6♦♥3 ❞❡6 ♣❛#❛♠C3#❡6 ❞❡ ❞A♣❡♥❞❛♥❝❡

❡♥3#❡ X ❡3 Y ✳ ❙❡❧♦♥ ♥♦3#❡ ❝❤♦✐① ❞❡ ❧❛ ❢♦#♠✉❧❛3✐♦♥ ✭✻✳✷✳✺✮ ♦✉ ✭✻✳✷✳✻✮ ♦♥ ❞✐3

4✉❡ ♥♦✉6 6♦♠♠❡6 ❞❛♥6 ❧❡ ❝❛6 ❞✬✉♥ a−modèle ♦✉ b−modèle✳
❆✐♥6✐✱ ❧❛ ❞❡♥6✐3A ❥♦✐♥3❡ ❡63 ✿

• ❈❛6 a−modèle✱

fX,Y (x, y, a) = FX,Y (x, y, a) e−(x+y)
[
1− a

(
e2x + e2y

)
(ex + ey)−2

+2ae2(x+y)(ex + ey)−3 + a2e2(x+y) (ex + ey)−4] . ✭✻✳✷✳✼✮

• ❈❛6 b−modèle✱
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fX,Y (x, y, b) = FX,Y (x, y, b)× e−b(x+y) ×
(
e−bx + e−by

)−2+ 1
b

×
[
b− 1 +

(
e−bx + e−by

) 1
b

]
. ✭✻✳✷✳✽✮

❈❡♣❡♥❞❛♥. ❧✬✉.✐❧✐3❛.✐♦♥ ❞❡3 ➱6✉❛.✐♦♥3 ✭✻✳✷✳✼✮ ♦✉ ✭✻✳✷✳✽✮ ❛✜♥ ❞❡ ❝❛❧❝✉❧❡9

❧✬❡①♣9❡33✐♦♥ ✭✻✳✷✳✹✮ ❡. ♦❜.❡♥✐9 ✉♥ ❡3.✐♠❛.❡✉9 ❞✉ ❞9✐❢. θ ❡♥ 3❡ ❜❛3❛♥. 3✉9 ❧❡

♣9✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈9❛✐3❡♠❜❧❛♥❝❡ ♣9@3❡♥.❡ ♣❧✉3✐❡✉93 ✐♥❝♦♥✈@♥✐❡♥.3 ✿

✶✳ ◆♦✉3 ❞❡✈♦♥3 3✉♣♣♦3❡9 6✉❡ ❞❛♥3 ✉♥ ♠♦❞C❧❡ ▲❉▼ ❞❡ ❞✐3.9✐❜✉.✐♦♥ 3♦✉3✲

❥❛❝❡♥.❡ ❞❡ ❧♦✐ ❞❡ ●✉♠❜❡❧✱ ❧❛ ❞✐3.9✐❜✉.✐♦♥ ❥♦✐♥.❡ ❞❡3 ✈❛❧❡✉93 ❞❡ 9❡❝♦9❞3

❝♦♥3@❝✉.✐❢3 3✉✐. ❧❛ ❧♦✐ ❜✐✲●✉♠❜❡❧✱ ❝❡ 6✉✐ ♥✬❡3. ♣❛3 ♥@❝❡33❛✐9❡♠❡♥. ✈9❛✐✱

3✉9.♦✉. 6✉❡✱ ❞❛♥3 ❧❡ ❝❛3 ✐✐❞✱ ❆9♥♦❧❞ ❡$ ❛❧✳ ✭✶✾✾✽✮ ❡. ◆❡✈③♦9♦✈ ✭✷✵✵✶✮

♠♦♥.9❡♥. 6✉❡ ❧❛ ❧♦✐ ❞❡3 ✈❛❧❡✉93 ❞❡ 9❡❝♦9❞3 ❡3. ❞✐✛@9❡♥.❡ 6✉❡ ❧❛ ❧♦✐ ❞❡3

♦❜3❡9✈❛.✐♦♥3 3♦✉3✲❥❛❝❡♥.❡3 ✭❚❤@♦9C♠❡ ❞❡ ❞✉❛❧✐.@✮✳

✷✳ ❉✬❛♣9C3 ❇♦9♦✈❦♦✈ ✭✶✾✾✾✮✱ ❞❛♥3 ✉♥ ♠♦❞C❧❡ ▲❉▼ ❧❛ 3✉✐.❡ ❞❡3 ✈❛❧❡✉93 ❞❡

9❡❝♦9❞3 {Rn, n ≥ 1} ♥✬❡3. ♣❛3 ♥@❝❡33❛✐9❡♠❡♥. ✉♥❡ ❝❤❛T♥❡ ❞❡ ▼❛9❦♦✈✳

❉♦♥❝✱ ❡♥ 3❡ ❜❛3❛♥. 3✉9 ❧❡3 ♣♦✐♥.3 ❝✐ ❞❡33✉3✱ ✐❧ ❡3. ♣❧✉3 ❛✈❛♥.❛❣❡✉① ❞❡ ❝❤❡9❝❤❡9

✉♥ ❡3.✐♠❛.❡✉9 ❞✉ ❞9✐❢. ❡♥ .9❛✈❛✐❧❧❛♥. ❞✐9❡❝.❡♠❡♥. 3✉9 ❧❛ ♠❛①✐♠✐3❛.✐♦♥ ❞❡

❧✬❡①♣9❡33✐♦♥ ✭✻✳✷✳✶✮ ❡. ❞✬@✈✐.❡9 ❧✬❡①♣9❡33✐♦♥ ✭✻✳✷✳✹✮ ♦V ♥♦✉3 3♦♠♠❡3 ♦❜❧✐❣@3 ❞❡

♣♦3❡9 ❞❡3 ❤②♣♦.❤C3❡3✱ ♣❧✉3 ♦✉ ♠♦✐♥3 ❡①❛❝.❡3✱ 3✉9 ❧❛ ❞✐3.9✐❜✉.✐♦♥ ❥♦✐♥.❡ ❡. ❧❛

♣9♦♣9✐@.@ ▼❛9❦♦✈✐❡♥♥❡ ❞❡3 ✈❛❧❡✉93 ❞❡ 9❡❝♦9❞3✱ ❛✜♥ ❞✬❡①♣❧✐❝✐.❡9 ❧❛ ❢♦♥❝.✐♦♥ ❞❡

✈9❛✐3❡♠❜❧❛♥❝❡ X ♠❛①✐♠✐3❡9✳

✻✳✷✳✶✳✷ ◆♦✉✈❡❧❧❡ ♠+,❤♦❞❡ ❞✬❡0,✐♠❛,✐♦♥

❚❤+♦56♠❡ ✻✳✶✳ ❇♦*♦✈❦♦✈ ✭✶✾✾✾✮✱ ❉❛♥3 ✉♥ ♠♦❞6❧❡ ▲❉▼ (θ > 0) ❧❛ 3✉✐$❡ ❞❡3

❝♦✉♣❧❡3 {(Rn, Ln) , n ≥ 1} ❢♦*♠❡ ✉♥❡ ❝❤❛=♥❡ ❞❡ ▼❛*❦♦✈ ❤♦♠♦❣6♥❡ ❞❡ ♣*♦❜❛✲

❜✐❧✐$A ❞❡ $*❛♥3✐$✐♦♥

P
[
Ln+1 = ln+1, Rn+1 = xln+1 | Ln = ln, Rn = xln

]
= f

(
xln+1 − θln+1

) ln+1−1∏

t=ln+1

F (xln − θt) ,

✭✻✳✷✳✾✮

❛✈❡❝ F (·)✱ ❧❛ ❢♦♥❝$✐♦♥ ❞❡ *A♣❛*$✐$✐♦♥ ❞❡3 Y ✱ ❡$ ✉♥ ❡3♣❛❝❡ ❞✬A$❛$

E = {L1 = l1 = 1 < L2 = l2 < · · · < LNT
= lNT

≤ T ❡$

R1 = xl1 < R2 = xl2 < · · · < RNT
= xlNT

}
.
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❊♥ ❝♦♠❜✐♥❛♥* ❧❡ -./✉❧*❛* ❞✉ ❚❤.♦-4♠❡ ✻✳✶ ❛✈❡❝ ❧✬➱:✉❛*✐♦♥ ✭✻✳✷✳✶✮✱ ♦♥ ♣❡✉*

❝♦♥❝❧✉-❡ :✉❡ ♥♦*-❡ *-❛✈❛✐❧ ❝♦♥/✐/*❡ @ *-♦✉✈❡- ❧❡ θ :✉✐ ♠❛①✐♠✐/❡ ❧✬❡①♣-❡//✐♦♥

/✉✐✈❛♥*❡ ✿

L (θ) = L
(
L1 = l1, X1 = xl1 , L2 = l2, XL2 = xl2 , . . . , LNT

= lNT
, XLNT

= xlNT
; θ
)
,

= P [L1 = l1, X1 = xl1 ]× P [L2 = l2, XL2 = xl2 | L1 = l1, X1 = xl1 ]× . . .

×P

[
LNT

= lNT
, XLNT

= xlNT
| LNT−1 = lNT−1,

XLNT−1
= xlNT−1

]
, l1 = 1 ✭-❡❝♦-❞ *-✐✈✐❛❧✮,

= P [X1 = xl1 ]× f (xl2 − θl2)×
(

l2−1∏

t=l1+1

F (xl1 − θt)

)
× . . .

×f
(
xlNT

− θlNT

)
×




lNT
−1∏

t=lNT−1+1

F
(
xlNT−1

− θt
)

 .

✭✻✳✷✳✶✵✮

❊♥ /♣.❝✐❛❧✐/❛♥* ❝❡**❡ ❡①♣-❡//✐♦♥ ❛✉ ❝❛/ ❞✬✉♥❡ ❞✐/*-✐❜✉*✐♦♥ /♦✉/✲❥❛❝❡♥*❡ G (0, 1)✱

L (θ) = e−(xl1
−θ)e−e

−(xl1−θ)
e−(xl2

−θl2)e−e
−(xl2−θl2)

(
l2−1∏

t=l1+1

e−e
−(xl1−θt)

)
× . . .

×e
−
(
xlNT

−θlNT

)

e−e
−
(

xlNT
−θlNT

)




lNT
−1∏

t=lNT−1+1

e−e
−
(

xlNT−1
−θt

)


 ,

= exp

(
−

NT∑

k=1

(xlk − θlk)

)
exp

(
−

NT∑

k=1

(
e−(xlk

−θlk)
))[

exp

(
−

l2−1∑

t=l1+1

e−(xl1
−θt)

)
× . . .

× exp


−

lNT
−1∑

t=lNT−1+1

e
−
(
xlNT−1

−θt
)



 ,

= exp

(
−

NT∑

k=1

(xlk − θlk)

)
× exp

(
−

NT∑

k=1

(
e−(xlk

−θlk)
))

× exp

(
−

NT−1∑

i=1

li+1−1∑

t=li+1

e−(xli
−θt)

)
. ✭✻✳✷✳✶✶✮
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❈♦♠♠❡ ❝❡''❡ ✈)❛✐,❡♠❜❧❛♥❝❡ ❡,' ✓ )1❣✉❧✐4)❡ ✔✱ ❧✬❛♣♣)♦❝❤❡ ❝❧❛,,✐:✉❡ ❡,' ❞❡

❞1)✐✈❡) logL (θ) ♣❛) )❛♣♣♦)' < θ ♣✉✐, ❝❛❧❝✉❧❡) ❧❡, )❛❝✐♥❡, ❞❡ ❝❡''❡ ❞1)✐✈1❡✳

logL (θ) = −
[

NT∑

k=1

(xlk − θlk) +

NT∑

k=1

(
e−(xlk

−θlk)
)
+

NT−1∑

i=1

li+1−1∑

t=li+1

e−(xli
−θt)

]
.

❆✐♥,✐ ❧✬❡,'✐♠❛'❡✉) θ̂5 ❞❡ θ ❡,' '❡❧ :✉❡✱

(
❞ logL (θ)

❞θ

)

θ=θ̂5

= 0.

❖)✱

❞ logL (θ)

❞θ
= −

[
−

NT∑

k=1

lk +

NT∑

k=1

lke
−(xlk

−θlk) +

NT−1∑

i=1

li+1−1∑

t=li+1

te−(xli
−θt)

]
,

❡'✱ ❞❡ ♣❧✉,✱

❞

2 logL (θ)

❞θ2
= −

[
NT∑

k=1

l2ke
−(xlk

−θlk) +

NT−1∑

i=1

li+1−1∑

t=li+1

t2e−(xli
−θt)

]
.

@❛) ,✉✐'❡✱

❞

2
logL(θ)

❞θ2
< 0✱ ❝❡ :✉✐ ♣❡)♠❡' ❞❡ ❝♦♥❝❧✉)❡ :✉❡ ❧❛ ❧♦❣✲✈)❛✐,❡♠❜❧❛♥❝❡

❡,' ❝♦♥❝❛✈❡ ❡' ❛❞♠❡' ✉♥ ✉♥✐:✉❡ ♠❛①✐♠✉♠✳

❘❡♠❛$%✉❡ ✻✳✷✳ ❊♥ ✉'✐❧✐,❛♥' ❧❛ ♣)1,❡♥'❡ ♠1'❤♦❞❡ ❞✬❡,'✐♠❛'✐♦♥ ♦♥ ♣❡✉' ❢❛❝✐❧❡✲

♠❡♥' ❛❧❧❡) ❛✉ ❞❡❧< ❞✬✉♥❡ ❞✐,')✐❜✉'✐♦♥ ,♦✉,✲❥❛❝❡♥'❡ ❞❡ ❧♦✐ ❞❡ ●✉♠❜❡❧✳ ❊♥ ❡❢✲

❢❡'✱ ❡♥ ,❡ ❜❛,❛♥' ,✉) ❧✬➱:✉❛'✐♦♥ ✭✻✳✷✳✶✵✮ ♦♥ ♣❡✉' ❝♦♥,✐❞1)❡) ✉♥❡ ❞✐,')✐❜✉'✐♦♥

,♦✉,✲❥❛❝❡♥'❡ :✉❡❧❝♦♥:✉❡ ❞❡ ❢♦♥❝'✐♦♥ ❞❡ )1♣❛)'✐'✐♦♥ F (·) ❡' ❞❡ ❞❡♥,✐'1 f (·)✱
❡' ❝❛❧❝✉❧❡) ♥♦, ❡,'✐♠❛'❡✉), ❡♥ ,❡ ❜❛,❛♥' ,✉) ❧❡ ♣)✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❞❡

✈)❛✐,❡♠❜❧❛♥❝❡ ❝♦♠♠❡ ❞❛♥, ❧❡ ❝❛, ❞✬✉♥❡ ❧♦✐ ❞❡ ●✉♠❜❡❧✳ ❆✐♥,✐✱ ❧✬✉'✐❧✐,❛'✐♦♥ ❞❡

❧❛ '♦'❛❧✐'1 ❞❡, ❞♦♥♥1❡, ❞✐,♣♦♥✐❜❧❡, ♥♦✉, ❛ ❛✐❞1 < ❞1♣❛,,❡) ❧❛ ❝♦♥')❛✐♥'❡ ❞✬✉♥❡

❞✐,')✐❜✉'✐♦♥ ,♦✉,✲❥❛❝❡♥'❡ ❞❡ ❧♦✐ ❞❡ ●✉♠❜❡❧✳

❆✜♥ ❞✬1'✉❞✐❡) ❡♠♣✐)✐:✉❡♠❡♥' ❧❛ :✉❛❧✐'1 ❞❡ ❧✬❡,'✐♠❛'❡✉) ♦❜'❡♥✉ ♣❛) ❝❡''❡

♥♦✉✈❡❧❧❡ ♠1'❤♦❞❡ ❞✬❡,'✐♠❛'✐♦♥✱ 5000 ,1)✐❡, ❝❤)♦♥♦❧♦❣✐:✉❡, ,❡❧♦♥ ✉♥ ♠♦❞4❧❡

▲❉▼ ♣♦✉) ❞✐✛1)❡♥'❡, ✈❛❧❡✉), ❞❡ θ ❛✈❡❝ T = 100 ♦❜,❡)✈❛'✐♦♥, ❡' ✉♥❡ ❞✐,')✐✲

❜✉'✐♦♥ ,♦✉,✲❥❛❝❡♥'❡ G (0, 1) ♦♥' 1'1 ❣1♥1)1❡,✳ @♦✉) ❝❤❛❝✉♥❡ ❞❡ ❝❡, ,1)✐❡,✱ ❧❛

,✉✐'❡ ❞❡, ✐♥❞✐❝❡, ❡' ❞❡, ✈❛❧❡✉), ❞❡ )❡❝♦)❞, ♦♥' 1'1 ❡①')❛✐'❡, ❡' ❧✬❡,'✐♠❛'❡✉)
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θ ❇✐❛✐&

√
V̂

(
θ̂5

) √
−
(
❞

2
logL(θ)

❞θ2

)−1

✵✳✵✺ ✵✳✵✶ ✵✳✵✹✶✵ ✵✳✵✸✸✹

✵✳✶✵ ≃ 0.00 ✵✳✵✵✼✹ ✵✳✵✵✼✷

✵✳✶✺ ≃ 0.00 ✵✳✵✵✺✹ ✵✳✵✵✺✹

✵✳✷✵ ≃ 0.00 ✵✳✵✵✹✺ ✵✳✵✵✹✺

✵✳✷✺ ≃ 0.00 ✵✳✵✵✸✾ ✵✳✵✵✹✵

❚❛❜❧❡ ✻✳✶ ✕ ❇✐❛✐& ❡1 2❝❛41&✲1②♣❡& ❞❡ θ̂5✱ ♣♦✉4 ❞✐✛24❡♥1❡& ✈❛❧❡✉4& ❞✉ ❞4✐❢1 θ

θ̂5 ❛ 212 ❝❛❧❝✉❧2✳ ❉❡ ❝❡& ✺✵✵✵ &24✐❡&✱ ❧❡& ❝❛4❛❝124✐&1✐A✉❡& ❤❛❜✐1✉❡❧❧❡& ♦♥1 212

❡♠♣✐4✐A✉❡♠❡♥1 ❡&1✐♠2❡&✳

▲❛ ❚❛❜❧❡ ✻✳✶ ❞♦♥♥❡ ❧❡ ❜✐❛✐& ❞❡ ❧✬❡&1✐♠❛1❡✉4 ❞❛♥& ❧❛ ❞❡✉①✐I♠❡ ❝♦❧♦♥♥❡✳ ▲❛

14♦✐&✐I♠❡ ❝♦❧♦♥♥❡ ❞✉ 1❛❜❧❡❛✉ ❞♦♥♥❡ ❧✬2❝❛41✲1②♣❡ ❡♠♣✐4✐A✉❡ ✭K ♣❛41✐4 ❞❡ ✺✵✵✵

&24✐❡&✮ ❞❡ θ̂5✳ ❊♥✜♥✱ ❧❛ ❞❡4♥✐I4❡ ❝♦❧♦♥♥❡ ❞♦♥♥❡ ❧❛ ♠♦②❡♥♥❡ ❡♠♣✐4✐A✉❡ ✭&✉4 ❧❡&

✺✵✵✵ &24✐❡&✮ ❞❡

√
−
(
❞

2
logL(θ)

❞θ2

)−1

✳

❖♥ 4❡♠❛4A✉❡ A✉❡ ❧✬❡&1✐♠❛1❡✉4 θ̂5 ❞❡ θ ❡&1 ❞❡ ❜♦♥♥❡ A✉❛❧✐12✱ 1❛♥1 &✉4 ❧❡

♣❧❛♥ ❞✉ ❜✐❛✐& ❡1 ❞❡ ❧✬2❝❛41✲1②♣❡✳ ❉✬❛✉14❡ ♣❛41✱ ❡♥ ❝♦♠♣❛4❛♥1 ♥♦14❡ ❡&1✐♠❛1❡✉4

❛✈❡❝ θ̂3✱ ♦❜1❡♥✉ ♣❛4 ❧❛ ♠21❤♦❞❡ ❊▼❱ ❜❛&2❡ ✉♥✐A✉❡♠❡♥1 &✉4 ❧❡& ✐♥❞✐❝❛14✐❝❡& ❞❡

4❡❝♦4❞& ❞✉ ❈❤❛♣✐14❡ ✸✱ ❙❡❝1✐♦♥ ✸✳✸ ✭✈♦✐4 ❧❡& ❚❛❜❧❡& ✸✳✷ ❡1 ✸✳✸ ♣❛❣❡& ✻✵✱ ✻✶✮✱ ♦♥

♣❡✉1 ❝♦♥❝❧✉4❡ A✉❡ ❧❡& ❞❡✉① ❡&1✐♠❛1❡✉4& &♦♥1 ♣4❡&A✉❡ &❛♥& ❜✐❛✐&✱ ❛✈❡❝ ✉♥❡ ♣❡1✐1❡

♣42❢24❡♥❝❡ ♣♦✉4 θ̂3 ♣♦✉4 ❧❡& ♣❡1✐1❡& ✈❛❧❡✉4& ❞❡ θ✱ ♠❛✐& ❧✬❡&1✐♠❛1❡✉4 ♦❜1❡♥✉ ❡♥ &❡

❜❛&❛♥1 &✉4 ❧❡& ❝♦✉♣❧❡& ❞❡& ❞♦♥♥2❡& (Rn, Ln) ❡&1 ♠♦✐♥& ✈❛4✐❛❜❧❡✱ &✉41♦✉1 ♣♦✉4

❧❡& ❣4❛♥❞❡& ✈❛❧❡✉4& ❞❡ θ✳ ◆♦1♦♥& A✉❡✱ ❧✬❡&1✐♠❛1❡✉4 θ̂3 ♦❜1❡♥✉ ❛✉ ❈❤❛♣✐14❡ ✸ ❡&1

❛✉&&✐ ✉1✐❧❡ ♣♦✉4 ❞♦♥♥❡4 ✉♥ ♣♦✐♥1 ❞❡ ❞2♣❛41 ❞❡ ❧✬❛❧❣♦4✐1❤♠❡ ♥✉♠24✐A✉❡ ♠❡♥❛♥1

K θ̂5✳ ❊♥✜♥✱ &✐❣♥❛❧♦♥& A✉❡

√
−
(
❞

2
logL(θ)

❞θ2

)−1

❡&1 ✉♥❡ ❜♦♥♥❡ ❛♣♣4♦①✐♠❛1✐♦♥

❞❡ ❧✬2❝❛41✲1②♣❡ ❡①❛❝1 ❞❡ θ̂5✳ V❛4 &✉✐1❡ ✐❧ ♥✬❡&1 ♣❛& ❞24❛✐&♦♥♥❛❜❧❡ ❞❡ ❝♦♥❥❡❝1✉4❡4
A✉❡

Z =
θ̂5 − θ√

−
(
❞

2
logL(θ)

❞θ2

)−1
∼ N (0, 1) .
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1− α
θ 90% 95% 99%

✵✳✵✺ ✼✾✳✺✽✪ ✽✺✳✸✷✪ ✾✸✳✶✵✪

✵✳✶✵ ✽✸✳✼✷✪ ✽✾✳✻✵✪ ✾✺✳✽✹✪

✵✳✶✺ ✽✻✳✼✵✪ ✾✷✳✵✹✪ ✾✼✳✸✽✪

✵✳✷✵ ✽✼✳✶✷✪ ✾✷✳✹✹✪ ✾✼✳✼✵✪

✵✳✷✺ ✽✼✳✾✹✪ ✾✸✳✵✵✪ ✾✽✳✸✽✪

❚❛❜❧❡ ✻✳✷ ✕ -.♦❜❛❜✐❧✐45 ❞❡ ❝♦✉✈❡.4✉.❡ ❞❡ ❧✬✐♥4❡.✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ✭✻✳✷✳✶✷✮

♣♦✉. ❞✐✛5.❡♥4❡B ✈❛❧❡✉.B ❞✉ ❞.✐❢4 θ ❡4 ❞✉ ❞❡❣.5 ❞❡ ❝♦♥✜❛♥❝❡ 1 − α ❛✈❡❝ ✉♥❡

❞✐B4.✐❜✉4✐♦♥ B♦✉B✲❥❛❝❡♥4❡ G (0, 1)

❖♥ ♣♦✉..❛✐4 ❛✐♥B✐ ♦❜4❡♥✐. ✉♥ ✐♥4❡.✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ❞❡ θ ❞❡ ♥✐✈❡❛✉ ❛B②♠♣4♦✲

4✐J✉❡ 1− α ✿

P


θ̂5 −

√√√√−
(

❞

2 logL (θ)

❞θ2

∣∣∣∣
θ=θ̂5

)−1

× z1−α/2 ≤ θ

≤ θ̂5 +

√√√√−
(

❞

2 logL (θ)

❞θ2

∣∣∣∣
θ=θ̂5

)−1

× z1−α/2


 ∼ 1− α. ✭✻✳✷✳✶✷✮

-♦✉. ✈❛❧✐❞❡. ❝❡44❡ ❝♦♥❥❡❝4✉.❡✱ ❧❛ ❚❛❜❧❡ ✻✳✷ ♣.5B❡♥4❡ ❧❡B ♣.♦❜❛❜✐❧✐45B ❞❡ ❝♦✉✈❡.✲

4✉.❡ ❞❡ ❧✬✐♥4❡.✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ✭✻✳✷✳✶✷✮✱ ♣♦✉. ❞✐✛5.❡♥4B ♥✐✈❡❛✉① ❞❡ ❝♦♥✜❛♥❝❡

1 − α✳ ▲❡B ♥✐✈❡❛✉① ❞❡ ❝♦♥✜❛♥❝❡ .5❡❧B B♦♥4 ♣.♦❝❤❡B ❞❡ ❝❡✉① ✈✐B5B✱ B❛✉❢ ♣♦✉.

❧❡B ♣❡4✐4❡B ✈❛❧❡✉.B ❞❡ θ✳ ▼❛✐B ❣❧♦❜❛❧❡♠❡♥4 ❧❡B ♥✐✈❡❛✉① ❞❡ ❝♦♥✜❛♥❝❡ .5❡❧B ❞❡

❧✬✐♥4❡.✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ✭✸✳✸✳✶✶✮ ❜❛B5 B✉. θ̂3 ❝♦❧❧❡♥4 ♠✐❡✉① ❛✈❡❝ ❝❡✉① ✈✐B5B

✭✈♦✐. ❧❛ ❚❛❜❧❡ ✸✳✹ ♣❛❣❡ ✻✶✮✳

❆✐♥B✐✱ ❧✬✉4✐❧✐B❛4✐♦♥ ❞❡B ✈❛❧❡✉.B ❞❡ .❡❝♦.❞B✱ ❡♥ ♣❧✉B ❞❡B ✐♥❞✐❝❡B ❞❡ .❡❝♦.❞B✱

❞♦♥♥❡ ♣❧✉B ❞✬✐♥❢♦.♠❛4✐♦♥B B✉. ♥♦4.❡ ♣❛.❛♠S4.❡ T ❡B4✐♠❡.✱ ❝❡ J✉✐ ❛✐❞❡ T ♦❜4❡♥✐.

✉♥ ❡B4✐♠❛4❡✉. ❞❡ ❜♦♥♥❡ J✉❛❧✐45✱ B✉.4♦✉4 ♣♦✉. ❧❡B ❣.❛♥❞❡B ✈❛❧❡✉.B ❞❡ θ✱ ❡4
✐♥❞5♣❡♥❞❛♠♠❡♥4 ❞❡ ❧❛ ❞✐B4.✐❜✉4✐♦♥ B♦✉B✲❥❛❝❡♥4❡✳

◆♦✉B ♣♦✉✈♦♥B ❛✉BB✐ ❛♣♣❧✐J✉❡. ❝❡44❡ ♥♦✉✈❡❧❧❡ ♠54❤♦❞❡ ❞✬❡B4✐♠❛4✐♦♥ ♣♦✉.

❡B4✐♠❡. ❧❡ ❞.✐❢4 ❞✬✉♥ ♠♦❞S❧❡ ▲❉▼ ❞❡ ❞✐B4.✐❜✉4✐♦♥ B♦✉B✲❥❛❝❡♥4❡ ❛✉4.❡ J✉❡
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●✉♠❜❡❧✱ ♠❛✐+ ❡♥ -❡+.❛♥. +✉- ✉♥❡ ❢♦♥❝.✐♦♥ ❞❡ ✈-❛✐+❡♠❜❧❛♥❝❡ ❝♦♥+.-✉✐.❡ 4 ♣❛-.✐-

❞✬✉♥❡ ❞✐+.-✐❜✉.✐♦♥ ❞❡ ●✉♠❜❡❧ ✭✻✳✷✳✶✶✮✳ ■❝✐ ❡♥ ❢❛✐. ❝✬❡+. ❡♥ ✉.✐❧✐+❛♥. ✉♥❡ ♣+❡✉❞♦

✈-❛✐+❡♠❜❧❛♥❝❡✳

❈♦♠♠❡ ❛♣♣❧✐❝❛.✐♦♥ ♥✉♠=-✐>✉❡✱ ❧❛ ❚❛❜❧❡ ✻✳✸ ❞♦♥♥❡ ❧❡ ❜✐❛✐+ ❡♠♣✐-✐>✉❡ ❡.

❧✬=❝❛-.✲.②♣❡ ❛♣♣-♦①✐♠= ♣❛- +✐♠✉❧❛.✐♦♥

√
V̂

(
θ̂5

)
❞❡ θ̂5 ❞❡ ♣❧✉+ ❞❡ ❧❛ ♠♦②❡♥♥❡✱

❞✉ ♠❛①✐♠✉♠ ❡. ❞✉ ♠✐♥✐♠✉♠ ❞✉ -❛♣♣♦-.

NT

T
♣♦✉- ❞✐✛=-❡♥.❡+ ✈❛❧❡✉-+ ❞❡ θ ❡.

♣♦✉- ❞❡+ ❞✐+.-✐❜✉.✐♦♥+ +♦✉+✲❥❛❝❡♥.❡+ ❞❡ Weibull
(
µ = ̟ − π√

6
, β = π√

6
, σ = 1

)

❡. N
(
̟, π√

6

)
-❡+♣❡❝.✐✈❡♠❡♥. ✭µ =♣❛-❛♠F.-❡ ❞❡ ♣♦+✐.✐♦♥✱ β =♣❛-❛♠F.-❡

❞✬=❝❤❡❧❧❡ (β > 0)✱ σ =♣❛-❛♠F.-❡ ❞❡ ❢♦-♠❡ (σ > 0) ❡. ̟ = 0.5772 ❧❛ ❝♦♥+.❛♥.❡

❞✬❊✉❧❡-✲▼❛+❝❤❡-♦♥✐✮✱ ❛✈❡❝ ✉♥❡ ❢♦♥❝.✐♦♥ ❞❡ ✈-❛✐+❡♠❜❧❛♥❝❡ ❝♦♥+.-✉✐.❡ +✉✐✈❛♥.

❧❛ ❞❡♥+✐.= ❞❡ G (0, 1)✱ ♣♦✉- ❞✐✛=-❡♥.❡+ ✈❛❧❡✉-+ ❞❡ T ✳ ▲❡ ❝❤♦✐① ❞❡+ ♣❛-❛♠F.-❡+

❞❡+ ❞✐+.-✐❜✉.✐♦♥+ +♦✉+✲❥❛❝❡♥.❡+ ❡+. ❜❛+= +✉- ❧❛ -❡♠❛->✉❡ >✉❡ ❧❛ ❞✐+.-✐❜✉.✐♦♥

G (0, 1) ❛ ❧❛ ♠K♠❡ ❡+♣=-❛♥❝❡ ❡. ❧❡ ♠K♠❡ =❝❛-.✲.②♣❡ >✉❡ Weibull
(
̟ − π√

6
, π√

6
, 1
)

♦✉ N
(
̟, π√

6

)
✳

❊♥❝♦-❡ ✉♥❡ ❢♦✐+✱ ♦♥ -❡♠❛->✉❡ >✉❡ ❧✬❡+.✐♠❛.❡✉- θ̂5 ❞✉ ❞-✐❢. θ ❡+. ❞❡ ❜♦♥♥❡

>✉❛❧✐.= ✐♥❞=♣❡♥❞❛♠♠❡♥. ❞❡ ❧❛ ❞✐+.-✐❜✉.✐♦♥ +♦✉+✲❥❛❝❡♥.❡✱ +✉-.♦✉. ♣♦✉- T =
200 ❡. ♣♦✉- ❧❡+ ❣-❛♥❞❡+ ✈❛❧❡✉-+ ❞❡ θ✳ ❉❡ ♣❧✉+✱ ❛✉++✐ ✐♥❞=♣❡♥❞❛♠♠❡♥. ❞❡ ❧❛

❞✐+.-✐❜✉.✐♦♥ +♦✉+✲❥❛❝❡♥.❡✱ ❧❛ >✉❛❧✐.= ❞❡+ ❡+.✐♠❛.❡✉-+ +✬❛♠=❧✐♦-❡ ❛✈❡❝ ❧✬❛✉❣♠❡♥✲

.❛.✐♦♥ ❞❡ ❧❛ ♠♦②❡♥♥❡ ❞✉ ♥♦♠❜-❡ ❞❡ -❡❝♦-❞+✱ +✉-.♦✉. ❛✉ ♥✐✈❡❛✉ ❞❡ ❧✬=❝❛-.✲.②♣❡✳

✻✳✷✳✷ ❊$%✐♠❛%✐♦♥ ❞❡ γ ❞✉ ♠♦❞.❧❡ ❞❡ ❨❛♥❣✲◆❡✈③♦6♦✈

❉❛♥+ ❝❡..❡ +♦✉+✲+❡❝.✐♦♥ ♥♦.-❡ ❜✉. ❡+. ❞❡ -❡✈✐+✐.❡- ❧❡+ -=+✉❧.❛.+ ❞✉ ❈❤❛♣✐.-❡

✹ ❡. ❞✬❡+.✐♠❡- γ ❞✬✉♥ ♠♦❞F❧❡ ❞❡ ❨❛♥❣✲◆❡✈③♦-♦✈ ❞❡ ❧❛ ❢♦-♠❡ Xt ∼ F (·)γt

✱

❡♥ +❡ ❜❛+❛♥. +✉- ❧❡ ♣-✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈-❛✐+❡♠❜❧❛♥❝❡ ❡. ❡♥ ✉.✐❧✐+❛♥.

❛✉++✐ ❧❡+ ❝♦✉♣❧❡+ {(Rn, Ln) , n ≥ 1}✳ R♦✉- ✉♥❡ +✉✐.❡ ❞❡ T ♦❜+❡-✈❛.✐♦♥+ X =
(X1, X2, . . . , XT )✱ ♦♥ -❛♣♣❡❧❧❡ >✉❡ ❧❡+ ❞♦♥♥=❡+ ❞✐+♣♦♥✐❜❧❡+ +♦♥. ❧❡+ ✐♥❞✐❝❡+

❞❡ -❡❝♦-❞+ L1 = 1, L2, . . . , Lm ❡. ❧❡+ ✈❛❧❡✉-+ ❞❡ -❡❝♦-❞+ R1 = X1, R2 =
XL2 , . . . , Rm = XLm ✱ ❛✈❡❝ m = NT ♥♦♠❜-❡ ❞❡ -❡❝♦-❞+ ♣❛-♠✐ ❧❡+ T ♦❜+❡-✲

✈❛.✐♦♥+✳

❉❛♥+ ❧❡ ❚❤=♦-F♠❡ ✻✳✶ ❇♦-♦✈❦♦✈ ✭✶✾✾✾✮ ♠♦♥.-❡ >✉❡✱ ❞❛♥+ ❧❡ ❝❛+ ❞✬✉♥

♠♦❞F❧❡ ▲❉▼✱ ❧❛ +✉✐.❡ ❞❡+ ❝♦✉♣❧❡+ {(Rn, Ln) , n ≥ 1} ❢♦-♠❡ ✉♥❡ ❝❤❛V♥❡ ❞❡
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θ ❇✐❛✐&

√
V̂

(
θ̂5

) (
NT

T

)
max (NT ) min (NT )

✵✳✵✺ ✵✳✵✷ ✵✳✵✺✹ ✵✳✵✼✻✻ ✶✾ ✶

✵✳✶✵ ✵✳✵✶ ✵✳✵✷✻ ✵✳✶✵✽✼ ✷✷ ✷

✵✳✶✺ ≃ 0.00 ✵✳✵✵✼✹ ✵✳✶✹✹✸ ✷✾ ✹

✵✳✷✵ ≃ 0.00 ✵✳✵✵✺✼ ✵✳✶✼✾✸ ✸✹ ✻

✵✳✷✺ ≃ 0.00 ✵✳✵✵✹✻ ✵✳✷✶✻✷ ✸✽ ✽

✭❛✮ ❈❛$ ❞❡ Weibull
(
̟ − π

√

6
, π
√

6
, 1
)
✱ T = 100 ♦❜$❡*✈❛,✐♦♥$

θ ❇✐❛✐&

√
V̂

(
θ̂5

) (
NT

T

)
max (NT ) min (NT )

✵✳✵✺ ≃ 0.00 ✵✳✵✶✺✽ ✵✳✶✶✺✸ ✷✻ ✷

✵✳✶✵ ≃ 0.00 ✵✳✵✵✸✶ ✵✳✶✽✻✹ ✸✸ ✹

✵✳✶✺ ≃ 0.00 ✵✳✵✵✷✸ ✵✳✷✻✷✺ ✹✽ ✶✵

✵✳✷✵ ≃ 0.00 ✵✳✵✵✶✽ ✵✳✸✸✹✽ ✺✻ ✶✺

✵✳✷✺ ≃ 0.00 ✵✳✵✵✶✻ ✵✳✹✶✶✹ ✻✺ ✷✶

✭❜✮ ❈❛$ ❞❡ Weibull
(
̟ − π

√

6
, π
√

6
, 1
)
✱ T = 200 ♦❜$❡*✈❛,✐♦♥$

θ ❇✐❛✐&

√
V̂

(
θ̂5

) (
NT

T

)
max (NT ) min (NT )

✵✳✵✺ ≃ 0.00 ✵✳✵✵✺✻ ✵✳✶✵✺✽ ✷✵ ✸

✵✳✶✵ ≃ 0.00 ✵✳✵✵✹✷ ✵✳✶✺✾✹ ✸✵ ✻

✵✳✶✺ ≃ 0.00 ✵✳✵✵✸✻ ✵✳✷✵✻✽ ✸✹ ✾

✵✳✷✵ ≃ 0.00 ✵✳✵✵✸✹ ✵✳✷✹✽✷ ✸✾ ✶✹

✵✳✷✺ ≃ 0.00 ✵✳✵✵✸✷ ✵✳✷✽✼✵ ✹✺ ✶✼

✭❝✮ ❈❛$ N
(
̟, π

√

6

)
✱ T = 100 ♦❜$❡*✈❛,✐♦♥$

θ ❇✐❛✐&

√
V̂

(
θ̂5

) (
NT

T

)
max (NT ) min (NT )

✵✳✵✺ ≃ 0.00 ✵✳✵✵✶✽ ✵✳✶✽✺✹ ✸✵ ✼

✵✳✶✵ ≃ 0.00 ✵✳✵✵✶✹ ✵✳✷✾✼✽ ✹✾ ✶✼

✵✳✶✺ ≃ 0.00 ✵✳✵✵✶✸ ✵✳✸✾✸✼ ✺✽ ✷✺

✵✳✷✵ ≃ 0.00 ✵✳✵✵✶✷ ✵✳✹✽✷✺ ✻✻ ✷✾

✵✳✷✺ ≃ 0.00 ✵✳✵✵✶✷ ✵✳✺✻✶✶ ✼✺ ✹✵

✭❞✮ ❈❛$ N
(
̟, π

√

6

)
✱ T = 200 ♦❜$❡*✈❛,✐♦♥$

❚❛❜❧❡ ✻✳✸ ✕ ❇✐❛✐& ❡1 2❝❛41&✲1②♣❡& ❞❡ θ̂5✱ ♣♦✉4 ❞✐✛24❡♥1❡& ✈❛❧❡✉4& ❞❡ θ ❡1 T ❞✬✉♥

♠♦❞B❧❡ ▲❉▼ ❞❡ ❞✐&14✐❜✉1✐♦♥ &♦✉&✲❥❛❝❡♥1❡ ❛✉14❡ H✉❡ ●✉♠❜❡❧✱ ♠❛✐& ❡♥ 4❡&1❛♥1

&✉4 ✉♥❡ ❢♦♥❝1✐♦♥ ❞❡ ✈4❛✐&❡♠❜❧❛♥❝❡ ❝♦♥&14✉✐1❡ K ♣❛41✐4 ❞✬✉♥❡ ❞✐&14✐❜✉1✐♦♥ ❞❡

●✉♠❜❡❧✳
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▼❛%❦♦✈✳ ▲❡ ❚❤.♦%/♠❡ 1✉✐✈❛♥5 ❡15 ✉♥❡ ❣.♥.%❛❧✐1❛5✐♦♥ ❞✉ %.1✉❧5❛5 ♦❜5❡♥✉ ♣❛%

❇♦%♦✈❦♦✈ ✭✶✾✾✾✮ ❛✉ ❝❛1 ❞✬✉♥ ♠♦❞/❧❡ ❞❡ ❨❛♥❣✲◆❡✈③♦%♦✈✳

❚❤"♦$%♠❡ ✻✳✸✳ ❉❛♥# ✉♥ ♠♦❞(❧❡ ❞❡ ❨❛♥❣✲◆❡✈③♦1♦✈ ❧❛ #✉✐3❡ ❞❡# ❝♦✉♣❧❡#

{(Rn, Ln) , n≥1} ❢♦1♠❡ ✉♥❡ ❝❤❛8♥❡ ❞❡ ▼❛1❦♦✈ ❤♦♠♦❣(♥❡ ❞❡ ♣1♦❜❛❜✐❧✐3< ❞❡
31❛♥#✐3✐♦♥

P
[
Ln+1 = ln+1, Rn+1 = xln+1 | Ln = ln, Rn = xln

]
= ρln+1 × f

(
xln+1

)

×F
(
xln+1

)ρln+1
−1 × F (xln)

∑ln+1−1

t=ln+1 ρt ,

✭✻✳✷✳✶✸✮

❛✈❡❝ F (·)✱ ❧❛ ❢♦♥❝3✐♦♥ ❞❡ 1<♣❛13✐3✐♦♥ ❞❡ ❧❛ ✈❛ #♦✉#✲❥❛❝❡♥3❡✱ ❡3 ✉♥ ❡#♣❛❝❡ ❞✬<3❛3

E = {L1 = l1 = 1 < L2 = l2 < · · · < LNT
= lNT

≤ T ❡3

R1 = xl1 < R2 = xl2 < · · · < RNT
= xlNT

}

❉<♠♦♥#31❛3✐♦♥✳

P
[
Ln+1 = ln+1, Rn+1 = xln+1 | Ln = ln, Rn = xln , . . . , L1 = l1, R1 = xl1

]
=

P
[
Xln+1 < xln , . . . , Xln+1−1 < xln , Xln+1 = xln+1

]
= fXln+1

(
xln+1

)
×

ln+1−1∏

t=ln+1

FXt (xln) .

❖%✱

P
[
Ln+1 = ln+1, Rn+1 = xln+1 | Ln = ln, Rn = xln

]
= P [Xln+1 < xln , . . . ,

Xln+1−1 < xln , Xln+1 = xln+1

]
,

= fXln+1

(
xln+1

)
×

ln+1−1∏

t=ln+1

FXt (xln) .

I❛% 1✉✐5❡✱

P
[
Ln+1 = ln+1, Rn+1 = xln+1 | Ln = ln, Rn = xln , . . . , L1 = l1, R1 = xl1

]
=

P
[
Ln+1 = ln+1, Rn+1 = xln+1 | Ln = ln, Rn = xln

]
.
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❉♦♥❝✱ (♦✉(❡ ❧✬✐♥❢♦/♠❛(✐♦♥ ✉(✐❧❡ ♣♦✉/ ❧❛ ♣/3❞✐❝(✐♦♥ ❞✉ ❢✉(✉/ ❡5( ❝♦♥(❡♥✉❡ ❞❛♥5

❧✬3(❛( ♣/35❡♥( ❞✉ ♣/♦❝❡55✉5 {(Rn, Ln) , n ≥ 1}✱ ❡( ❧❛ ♣/♦❜❛❜✐❧✐(3 ❞❡ (/❛♥5✐(✐♦♥

5✬3❝/✐( ✿

P
[
Ln+1 = ln+1, Rn+1 = xln+1 | Ln = ln, Rn = xln

]
= ρln+1 × f

(
xln+1

)
× F

(
xln+1

)ρln+1
−1

×
ln+1−1∏

t=ln+1

F (xln)
ρt ,

= ρln+1 × f
(
xln+1

)
× F

(
xln+1

)ρln+1
−1

×F (xln)
∑ln+1−1

t=ln+1 ρt .

❊♥ ❛♣♣❧✐9✉❛♥( ❧❛ ♣/♦❜❛❜✐❧✐(3 ❞❡ (/❛♥5✐(✐♦♥ ❞✉ ❚❤3♦/<♠❡ ✻✳✸ ❛✉ ❝❛5 ❞✬✉♥

♠♦❞<❧❡ ❞❡ ❨❛♥❣✱ ❝✬❡5( B ❞✐/❡ ρt = γt
✱ γ > 1✱ ♦♥ ♦❜(✐❡♥( ✿

P
[
Ln+1 = ln+1, Rn+1 = xln+1 | Ln = ln, Rn = xln

]
= γln+1 × f

(
xln+1

)
× F

(
xln+1

)γln+1−1

×F (xln)
∑ln+1−1

t=ln+1 γt

,

= γln+1 × f
(
xln+1

)
× F

(
xln+1

)γln+1−1

×F (xln)
γln+1−γ

ln+1

1−γ . ✭✻✳✷✳✶✹✮

❊♥ ❝♦♠❜✐♥❛♥( ❧❡ /35✉❧(❛( ❞✉ ❚❤3♦/<♠❡ ✻✳✸ ❛✈❡❝ ❧❛ ✈/❛✐5❡♠❜❧❛♥❝❡ ❞❡ ❈❛/❧✐♥

❡( ●❡❧❢❛♥❞ ✭✻✳✷✳✶✮✱ ♦♥ ♣❡✉( ❝♦♥❝❧✉/❡ 9✉❡ ♥♦(/❡ (/❛✈❛✐❧ ❝♦♥5✐5(❡ B (/♦✉✈❡/ ❧❡ γ
9✉✐ ♠❛①✐♠✐5❡ ❧✬❡①♣/❡55✐♦♥ 5✉✐✈❛♥(❡ ✿

L (γ) = L
(
L1 = l1, X1 = xl1 , L2 = l2, XL2 = xl2 , . . . , LNT

= lNT
, XLNT

= xlNT
; γ
)
,

= P [L1 = l1, X1 = xl1 ]× P [L2 = l2, XL2 = xl2 | L1 = l1, X1 = xl1 ]× . . .

×P

[
LNT

= lNT
, XLNT

= xlNT
| LNT−1 = lNT−1,

XLNT−1
= xlNT−1

]
, l1 = 1 ✭/❡❝♦/❞ (/✐✈✐❛❧✮,

= γl1f (xl1)F (xl1)
γl1−1 × γl2f (xl2)F (xl2)

γl2−1 × F (xl1)
γl1+1−γl2

1−γ × . . .

×γlNT f
(
xlNT

)
F
(
xlNT

)γlNT −1

× F
(
xlNT−1

) γ
lNT−1+1

−γ
lNT

1−γ

,

= γ
∑NT

n=1 ln

NT∏

n=1

(
f (xln)F (xln)

γln−1
)NT−1∏

n=1

(
F (xln)

γln+1−γ
ln+1

1−γ

)
. ✭✻✳✷✳✶✺✮



❈❍❆#■❚❘❊ ✻✳ ❊❙❚■▼❆❚■❖◆ ❇❆❙➱❊ ❙❯❘ (RN , LN) ✶✷✻

❈♦♠♠❡ ❝❡((❡ ✈*❛✐-❡♠❜❧❛♥❝❡ ❡-( ✓ *2❣✉❧✐5*❡ ✔✱ ❧✬❛♣♣*♦❝❤❡ ❝❧❛--✐;✉❡ ❡-( ❞❡

❞2*✐✈❡* logL (γ) ♣❛* *❛♣♣♦*( = γ ♣✉✐- ❝❛❧❝✉❧❡* ❧❡- *❛❝✐♥❡- ❞❡ ❝❡((❡ ❞2*✐✈2❡✳

logL (γ) = log (γ)

NT∑

n=1

ln +

NT∑

n=1

log f (xln) +

NT∑

n=1

(
γln − 1

)
logF (xln)

+

NT−1∑

n=1

(
γln+1 − γln+1

1− γ

)
logF (xln) ,

= log (γ)

NT∑

n=1

ln +

NT∑

n=1

log f (xln) +

NT−1∑

n=1

(
γln − γln+1

1− γ
− 1

)
logF (xln)

+
(
γlNT − 1

)
logF

(
xlNT

)
. ✭✻✳✷✳✶✻✮

❆✐♥-✐ ❧✬❡-(✐♠❛(❡✉* γ̂4 ❞❡ γ ❡-( (❡❧ ;✉❡✱

(
❞ logL (γ)

❞γ

)

γ=γ̂4

= 0.

❖*✱

❞ logL (γ)

❞γ
=

1

γ

NT∑

n=1

ln + lNT
γlNT

−1 logF
(
xlNT

)

+

NT−1∑

n=1

(
(ln + (1− ln) γ) γ

ln−1 − (ln+1 + (1− ln+1) γ) γ
ln+1−1

(1− γ)2

)
logF (xln) ,

❡(✱ ❞❡ ♣❧✉-✱

❞

2 logL (γ)

❞γ2
= − 1

γ2

NT∑

n=1

ln + lNT
× (lNT

− 1)× γlNT
−2 × logF

(
xlNT

)

+

NT−1∑

n=1

(
((ln − 1) ln − 2lnγ (ln − 2) + (ln − 2) (ln − 1) γ2) γln−2

(1− γ)3

−((ln+1 − 1) ln+1 − 2ln+1γ (ln+1 − 2) + (ln+1 − 2) (ln+1 − 1) γ2) γln+1−2

(1− γ)3

)

× logF (xln) .
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γ ❇✐❛✐&

√
V̂ (γ̂4)

√(
−
(
❞

2
logL(γ)

❞γ2

))−1

✶✳✵✺ ✵✳✵✶ ✵✳✵✹✽✹ ✵✳✵✸✹✼

✶✳✶✵ ≃ 0.00 ✵✳✵✵✾✶ ✵✳✵✵✾✷

✶✳✶✺ ≃ 0.00 ✵✳✵✵✻✼ ✵✳✵✵✻✺

✶✳✷✵ ≃ 0.00 ✵✳✵✵✺✽ ✵✳✵✵✺✽

✶✳✷✺ ≃ 0.00 ✵✳✵✵✺✸ ✵✳✵✵✺✹

❚❛❜❧❡ ✻✳✹ ✕ ❇✐❛✐& ❡2 3❝❛52&✲2②♣❡& ❞❡ γ̂4✱ ♣♦✉5 ❞✐✛35❡♥2❡& ✈❛❧❡✉5& ❞❡ γ

❆✜♥ ❞✬32✉❞✐❡5 ❡♠♣✐5✐D✉❡♠❡♥2 ❧❛ D✉❛❧✐23 ❞❡ ❧✬❡&2✐♠❛2❡✉5 ♦❜2❡♥✉ ♣❛5 ❝❡22❡

♥♦✉✈❡❧❧❡ ♠32❤♦❞❡ ❞✬❡&2✐♠❛2✐♦♥✱ 5000 &35✐❡& ❝❤5♦♥♦❧♦❣✐D✉❡& &❡❧♦♥ ✉♥ ♠♦❞H❧❡

❞❡ ❨❛♥❣ ♣♦✉5 ❞✐✛35❡♥2❡& ✈❛❧❡✉5& ❞❡ γ ❛✈❡❝ T = 100 ♦❜&❡5✈❛2✐♦♥& ❡2 ✉♥❡ ❞✐&25✐✲

❜✉2✐♦♥& &♦✉&✲❥❛❝❡♥2❡ Weibull
(
µ = ̟ − π√

6
, β = π√

6
, σ = 1

)
♦♥2 323 ❣3♥353❡&

✭̟ = 0.5772 ❧❛ ❝♦♥&2❛♥2❡ ❞✬❊✉❧❡5✲▼❛&❝❤❡5♦♥✐✮✳ O♦✉5 ❝❤❛❝✉♥❡ ❞❡ ❝❡& &35✐❡&✱

❧❛ &✉✐2❡ ❞❡& ✐♥❞✐❝❡& ❡2 ❞❡& ✈❛❧❡✉5& ❞❡ 5❡❝♦5❞& ♦♥2 323 ❡①25❛✐2❡& ❡2 ❧✬❡&2✐♠❛2❡✉5

γ̂4 ❛ 323 ❝❛❧❝✉❧3✳ ❉❡ ❝❡& ✺✵✵✵ &35✐❡&✱ ❧❡& ❝❛5❛❝235✐&2✐D✉❡& ❤❛❜✐2✉❡❧❧❡& ♦♥2 323

❡♠♣✐5✐D✉❡♠❡♥2 ❡&2✐♠3❡&✳

▲❛ ❚❛❜❧❡ ✻✳✹ ❞♦♥♥❡ ❧❡ ❜✐❛✐& ❞❡ ❧✬❡&2✐♠❛2❡✉5 ❞❛♥& ❧❛ ❞❡✉①✐H♠❡ ❝♦❧♦♥♥❡✳ ▲❛

25♦✐&✐H♠❡ ❝♦❧♦♥♥❡ ❞✉ 2❛❜❧❡❛✉ ❞♦♥♥❡ ❧✬3❝❛52✲2②♣❡ ❡♠♣✐5✐D✉❡ ✭T ♣❛52✐5 ❞❡ ✺✵✵✵

&35✐❡&✮ ❞❡ γ̂4✳ ❊♥✜♥✱ ❧❛ ❞❡5♥✐H5❡ ❝♦❧♦♥♥❡ ❞♦♥♥❡ ❧❛ ♠♦②❡♥♥❡ ❡♠♣✐5✐D✉❡ ✭&✉5 ❧❡&

✺✵✵✵ &35✐❡&✮ ❞❡

√
−
(
❞

2
logL(γ)

❞γ2

)−1

✳

❖♥ 5❡♠❛5D✉❡ D✉❡ ❧✬❡&2✐♠❛2❡✉5 γ̂4 ❞❡ γ ❡&2 ❞❡ ❜♦♥♥❡ D✉❛❧✐23✱ 2❛♥2 &✉5 ❧❡

♣❧❛♥ ❞✉ ❜✐❛✐& ❡2 ❞❡ ❧✬3❝❛52✲2②♣❡✳ ◆♦2♦♥& ❛✉&&✐ D✉❡✱ ❧✬❡&2✐♠❛2❡✉5 γ̂3 ♦❜2❡♥✉

❛✉ ❈❤❛♣✐25❡ ✹ ❡&2 ❛✉&&✐ ✉2✐❧❡ ♣♦✉5 ❞♦♥♥❡5 ✉♥ ♣♦✐♥2 ❞❡ ❞3♣❛52 ❞❡ ❧✬❛❧❣♦✲

5✐2❤♠❡ ♥✉♠35✐D✉❡ ♠❡♥❛♥2 T γ̂4✳ ❊♥✜♥✱ &✐❣♥❛❧♦♥& D✉❡

√
−
(
❞

2
logL(γ)

❞γ2

)−1

❡&2

✉♥❡ ❜♦♥♥❡ ❛♣♣5♦①✐♠❛2✐♦♥ ❞❡ ❧✬3❝❛52✲2②♣❡ ❡①❛❝2 ❞❡ γ̂4✳ O❛5 &✉✐2❡ ✐❧ ♥✬❡&2 ♣❛&

❞35❛✐&♦♥♥❛❜❧❡ ❞❡ ❝♦♥❥❡❝2✉5❡5 D✉❡

γ̂4 − γ√
−
(
❞

2
logL(γ)

❞γ2

)−1
∼ N (0, 1) .
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1− α
γ 90% 95% 99%

✶✳✵✺ ✼✽✳✺✪ ✽✺✳✵✪ ✾✸✳✶✪

✶✳✶✵ ✽✸✳✺✪ ✽✾✳✹✪ ✾✺✳✼✪

✶✳✶✺ ✽✺✳✾✪ ✾✶✳✼✪ ✾✼✳✵✪

✶✳✷✵ ✽✻✳✸✪ ✾✷✳✵✪ ✾✼✳✺✪

✶✳✷✺ ✽✼✳✾✪ ✾✷✳✾✪ ✾✼✳✾✪

❚❛❜❧❡ ✻✳✺ ✕ -.♦❜❛❜✐❧✐45 ❞❡ ❝♦✉✈❡.4✉.❡ ❞❡ ❧✬✐♥4❡.✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ✭✻✳✷✳✶✼✮

♣♦✉. ❞✐✛5.❡♥4❡B ✈❛❧❡✉.B ❞❡ γ ❡4 ❞✉ ❞❡❣.5 ❞❡ ❝♦♥✜❛♥❝❡ 1− α ❛✈❡❝ ✉♥❡ ❞✐B4.✐✲

❜✉4✐♦♥B B♦✉B✲❥❛❝❡♥4❡ ❞❡ ❲❡✐❜✉❧❧

❖♥ ♣♦✉..❛✐4 ❛✐♥B✐ ♦❜4❡♥✐. ✉♥ ✐♥4❡.✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ❞❡ γ ❞❡ ♥✐✈❡❛✉ ❛B②♠♣4♦✲

4✐J✉❡ 1− α ✿

P


γ̂4 −

√√√√−
(

❞

2 logL (γ)

❞γ2

∣∣∣∣
γ=γ̂4

)−1

× z1−α/2 ≤ γ

≤ γ̂4 +

√√√√−
(

❞

2 logL (γ)

❞γ2

∣∣∣∣
γ=γ̂4

)−1

× z1−α/2


 ∼ 1− α.✭✻✳✷✳✶✼✮

-♦✉. 4❡♥4❡. ✉♥ ♣❡✉ ❞❡ ✈❛❧✐❞❡. ❝❡44❡ ❝♦♥❥❡❝4✉.❡✱ ❧❛ ❚❛❜❧❡ ✻✳✺ ♣.5B❡♥4❡ ❧❡B

♣.♦❜❛❜✐❧✐45B ❞❡ ❝♦✉✈❡.4✉.❡ ❞❡ ❧✬✐♥4❡.✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ✭✻✳✷✳✶✼✮✱ ♣♦✉. ❞✐✛5.❡♥4B

♥✐✈❡❛✉① ❞❡ ❝♦♥✜❛♥❝❡ 1 − α✳ ▲❡B ♥✐✈❡❛✉① ❞❡ ❝♦♥✜❛♥❝❡ .5❡❧B B♦♥4 ♣.♦❝❤❡B ❞❡

❝❡✉① ✈✐B5B✱ B❛✉❢ ♣♦✉. ❧❡B ♣❡4✐4❡B ✈❛❧❡✉.B ❞❡ γ✳ ▼❛✐B ❣❧♦❜❛❧❡♠❡♥4 ❧❡B ♥✐✈❡❛✉① ❞❡

❝♦♥✜❛♥❝❡ .5❡❧B ❞❡ ❧✬✐♥4❡.✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ✭✹✳✹✳✶✽✮ ❜❛B5 B✉. γ̂3 ❝♦❧❧❡♥4 ♠✐❡✉①

❛✈❡❝ ❝❡✉① ✈✐B5B✳

❆✐♥B✐✱ ❧✬✉4✐❧✐B❛4✐♦♥ ❞❡B ✈❛❧❡✉.B ❞❡ .❡❝♦.❞B ❡♥ ♣❧✉B ❞❡B ✐♥❞✐❝❡B ❞❡ .❡❝♦.❞B✱

❞♦♥♥❡ ❞✬✐♥❢♦.♠❛4✐♦♥B B✉. ♥♦4.❡ ♣❛.❛♠T4.❡ U ❡B4✐♠❡.✱ ❝❡ J✉✐ ♥♦✉B ❛✐❞❡ U

♦❜4❡♥✐. ✉♥ ❡B4✐♠❛4❡✉. ❞❡ ❜♦♥♥❡ J✉❛❧✐45✱ B✉.4♦✉4 ♣♦✉. ❧❡B ❣.❛♥❞❡B ✈❛❧❡✉.B

❞❡ γ✱ ❡4 ✐♥❞5♣❡♥❞❛♠♠❡♥4 ❞❡ ❧❛ ❞✐B4.✐❜✉4✐♦♥ B♦✉B✲❥❛❝❡♥4❡✳

❘❡♠❛$%✉❡ ✻✳✹✳ ❏✉BJ✉✬U ♣.5B❡♥4 ♦♥ ♥✬❛ ♣❛B ❡♥❝♦.❡ ❧❛ 4❤5♦.✐❡ ♣❡.♠❡44❛♥4 ❞❡

❞♦♥♥❡. ❧❡B ♣.❡✉✈❡B ❞❡B ❝♦♥❥❡❝4✉.❡B B✉. ❧❡ ❝♦♠♣♦.4❡♠❡♥4 ❛B②♠♣4♦4✐J✉❡ ❞❡ ♥♦B
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❡$%✐♠❛%❡✉*$✳ ❊♥ ❡✛❡%✱ ❧❡$ (Rn, Ln) ❢♦*♠❡♥% ✉♥❡ ❝❤❛5♥❡ ❞❡ ▼❛*❦♦✈ ❞❡ $♦*%❡

:✉❡ ❧❡$ %❤;♦*<♠❡$ $%❛♥❞❛*❞$ ❝♦♥❝❡*♥❛♥% ❧❡ ❝♦♠♣♦*%❡♠❡♥% ❞❡$ ❡$%✐♠❛%❡✉*$ ❞❡

✈*❛✐$❡♠❜❧❛♥❝❡ ♠❛①✐♠❛❧❡ ♥❡ $✬❛♣♣❧✐:✉❡♥% ♣❛$ ❞✐*❡❝%❡♠❡♥%✳

✻✳✸ ❊$%✐♠❛%✐♦♥ ❞❡ θ ❡% ❞❡$ ♣❛.❛♠/%.❡$ ❞❡ ❧❛

❞✐$%.✐❜✉%✐♦♥ $♦✉$✲❥❛❝❡♥%❡ ❞❛♥$ ✉♥ ♠♦❞/❧❡

▲❉▼

❉❛♥$ ❝❡%%❡ $❡❝%✐♦♥✱ ♥♦%*❡ ❜✉% ❡$% ❞✬❡$%✐♠❡* ❧❡$ ♣❛*❛♠<%*❡$ ❞✬✉♥ ♠♦❞<❧❡

▲❉▼ ❞❛♥$ ❧❡ ❝❛$ ❞✬✉♥❡ ❞✐$%*✐❜✉%✐♦♥ $♦✉$✲❥❛❝❡♥%❡ ❞❡ ❧♦✐ G (µ, β) ❞❡ ♣❛*❛♠<%*❡$

✐♥❝♦♥♥✉$✱ ❝✬❡$%✲E✲❞✐*❡ ❞❡ ❢♦♥❝%✐♦♥ ❞❡ *;♣❛*%✐%✐♦♥

F (x) = exp

(
− exp

(
−
(
x− µ

β

)))
,

❡% ❞❡ ❞❡♥$✐%;

f (x) =
1

β
exp

(
−
(
x− µ

β

))
exp

(
− exp

(
−
(
x− µ

β

)))
,

❡♥ $❡ ❜❛$❛♥% $✉* ❧❛ ♠;%❤♦❞❡ ❝♦♠❜✐♥❛♥% ❧❡ *;$✉❧%❛% ❞✉ ❚❤;♦*<♠❡ ✻✳✶ ❛✈❡❝

❧✬➱:✉❛%✐♦♥ ✭✻✳✷✳✶✮✳

❆✐♥$✐✱ ❛✈❡❝ ✉♥❡ ❞✐$%*✐❜✉%✐♦♥ $♦✉$✲❥❛❝❡♥%❡ G(µ, β)✱ ❧❛ ❢♦♥❝%✐♦♥ ❞❡ ✈*❛✐$❡♠✲

❜❧❛♥❝❡ ✭✻✳✷✳✶✵✮ $✬;❝*✐% ✿

L (θ, µ, β) = P [XL1 = xl1 ] f (xl2 − θl2)

(
l2−1∏

t=l1+1

F (xl1 − θt)

)
× . . .

×f
(
xlNT

− θlNT

)



lNT
−1∏

t=lNT−1+1

F
(
xlNT−1

− θt
)

 ,
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L (θ, µ, β) =
1

β
e−

(xl1−θ)−µ

β e−e
−
(xl1−θ)−µ

β 1

β
e−

(xl2−θl2)−µ

β e−e
−
(xl2−θl2)−µ

β

×




l2−1∏

t=l1+1

e−e
−
(xl1−θt)−µ

β


× · · · × 1

β
e−

(

xlNT
−θlNT

)

−µ

β e−e
−

(

xlNT
−θlNT

)

−µ

β

×




lNT
−1∏

t=lNT−1+1

e−e
−

(

xlNT−1
−θt

)

−µ

β


 ,

=
1

βNT
exp

(
−

NT∑

k=1

(xlk − θlk)− µ

β

)
exp

(
−

NT∑

k=1

(
e−

(xlk−θlk)−µ

β

))

×


exp

(
−

l2−1∑

t=l1+1

e−
(xl1−θt)−µ

β

)
× . . .× exp


−

lNT
−1∑

t=lNT−1+1

e−

(

xlNT−1
−θt

)

−µ

β




 ,

=
1

βNT
exp

(
−

NT∑

k=1

(xlk − θlk)− µ

β

)
exp

(
−

NT∑

k=1

(
e−

(xlk−θlk)−µ

β

))

× exp

(
−

NT−1∑

i=1

li+1−1∑

t=li+1

e−
(xli−θt)−µ

β

)
. ✭✻✳✸✳✶✮

◆♦)*❡ )*❛✈❛✐❧ ❝♦♥2✐2)❡ ❞♦♥❝ 4 )*♦✉✈❡* ❧❡2 θ✱ µ ❡) β 7✉✐ ♠❛①✐♠✐2❡♥) ❧✬❡①✲

♣*❡22✐♦♥ ✭✻✳✸✳✶✮✳ ❈♦♠♠❡ ❝❡))❡ ✈*❛✐2❡♠❜❧❛♥❝❡ ❡2) ✓ *@❣✉❧✐B*❡ ✔✱ ❧❛ ♠@)❤♦❞❡

❝❧❛22✐7✉❡ ❡2) ❞❡ ❞@*✐✈❡* logL (θ, µ, β) ♣❛* *❛♣♣♦*) 4 θ✱ µ ❡) β *❡2♣❡❝)✐✈❡♠❡♥)✱

♣✉✐2 ❝❛❧❝✉❧❡* ❧❡2 *❛❝✐♥❡2 ❞❡ ❝❡2 ❞@*✐✈@❡2✳

logL (θ, µ, β) = −
[
NT log β +

NT∑

k=1

(xlk − θlk)− µ

β
+

NT∑

k=1

(
e−

(xlk−θlk)−µ

β

)

+

NT−1∑

i=1

li+1−1∑

t=li+1

e−
(xli−θt)−µ

β

]
.

❆✐♥2✐✱ ✐❧ ❢❛✉) )*♦✉✈❡* ❧❡2 ❡2)✐♠❛)❡✉*2 θ̂✱ µ̂ ❡) β̂ ❞❡ θ✱ µ ❡) β *❡2♣❡❝)✐✈❡♠❡♥)

)❡❧ 7✉❡✱

(
∂ logL (θ, µ, β)

∂θ

)

θ=θ̂
µ=µ̂

β=β̂

=

(
∂ logL (θ, µ, β)

∂µ

)

θ=θ̂
µ=µ̂

β=β̂

=

(
∂ logL (θ, µ, β)

∂β

)

θ=θ̂
µ=µ̂

β=β̂

= 0.
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❖#✱

∂ logL (θ, µ, β)

∂θ
=

1

β

NT∑

k=1

lk −
1

β

NT∑

k=1

lke
−(

xlk
−θlk)−µ

β − 1

β

NT−1∑

i=1

li+1−1∑

t=li+1

te−
(xli−θt)−µ

β .

∂ logL (θ, µ, β)

∂µ
=

NT

β
− 1

β

NT∑

k=1

e−
(xlk−θlk)−µ

β − 1

β

NT−1∑

i=1

li+1−1∑

t=li+1

e−
(xli−θt)−µ

β .

∂ logL (θ, µ, β)

∂β
= −NT

β
+

1

β2

NT∑

k=1

[(xlk − θlk)− µ]− 1

β2

NT∑

k=1

[(xlk − θlk)− µ] e−
(xlk−θlk)−µ

β

− 1

β2

NT−1∑

i=1

li+1−1∑

t=li+1

[(xli − θt)− µ] e−
(xli−θt)−µ

β .

❈❡ '✉✐ ❞♦✐, -❡ ❢❛✐0❡ ♥✉♠30✐'✉❡♠❡♥,✳

▼❛✐♥,❡♥❛♥,✱ ❛✜♥ ❞✬3,✉❞✐❡0 ❧❛ '✉❛❧✐,3 ❞❡- ❡-,✐♠❛,❡✉0- ♦❜,❡♥✉- ♣❛0 ❝❡,,❡

♠3,❤♦❞❡ ❞✬❡-,✐♠❛,✐♦♥✱ 5000 -30✐❡- ❝❤0♦♥♦❧♦❣✐'✉❡- -❡❧♦♥ ✉♥ ♠♦❞>❧❡ ▲❉▼ ♣♦✉0

❞✐✛30❡♥,❡- ✈❛❧❡✉0- ❞❡ T ✱ θ = 0.25 ❡, ✉♥❡ ❞✐-,0✐❜✉,✐♦♥ -♦✉-✲❥❛❝❡♥,❡ ❞✬✉♥❡ ❧♦✐

❞❡ G (µ = 0, β = 1) ♦♥, 3,3 ❣3♥303❡-✳ ▲❛ ❚❛❜❧❡ ✻✳✻ ❞♦♥♥❡ ❧❡- ❜✐❛✐- ❡♠♣✐0✐'✉❡-

❡, ❧❡- 3❝❛0,-✲,②♣❡- ❡①❛❝,- ❛♣♣0♦①✐♠3- ♣❛0 -✐♠✉❧❛,✐♦♥

√
V̂

(
θ̂
)
✱

√
V̂ (µ̂) ❡,

√
V̂

(
β̂
)
❞❡ ♥♦- ❡-,✐♠❛,❡✉0-✳

❖♥ 0❡♠❛0'✉❡ '✉❡ ❧❡- ❡-,✐♠❛,❡✉0- ❞❡- ♣❛0❛♠>,0❡- ❞✉ ♠♦❞>❧❡ ▲❉▼ -❡♠✲

❜❧❡♥, ❞❡ ❜♦♥♥❡ '✉❛❧✐,3✱ -✉0 ❧❡ ♣❧❛♥ ❞✉ ❜✐❛✐- ❡, ❞❡ ❧✬3❝❛0,✲,②♣❡ ✭-❛✉❢ ❧✬❡-,✐♠❛,❡✉0

❞✉ ♣❛0❛♠>,0❡ ❞❡ ❧♦❝❛❧✐-❛,✐♦♥ µ '✉✐ -✬❛♠3❧✐♦0❡ ❝❡♣❡♥❞❛♥, ❛✈❡❝ ❧✬❛✉❣♠❡♥,❛,✐♦♥

❞✉ ♥♦♠❜0❡ ❞❡- ♦❜-❡0✈❛,✐♦♥-✮✳ ❉♦♥❝✱ ❧✬✉,✐❧✐-❛,✐♦♥ ❞❡- ✈❛❧❡✉0- ❞❡ 0❡❝♦0❞- ❡♥

♣❧✉- '✉❡ ❧❡- ✐♥❞✐❝❡- ❞❡ 0❡❝♦0❞-✱ ♥♦✉- ❞♦♥♥❡ ♣❧✉- ❞✬✐♥❢♦0♠❛,✐♦♥- ❛✜♥ ❞✬❡-,✐♠❡0

❧❡- ♣❛0❛♠>,0❡- ❞❡ ❧❛ ❧♦✐ -♦✉-✲❥❛❝❡♥,❡ ❞❡ ●✉♠❜❡❧✱ ❝❡ '✉✐ 3,❛✐, ✐♠♣♦--✐❜❧❡ ❡♥

✉,✐❧✐-❛♥, ✉♥✐'✉❡♠❡♥, ❧❡- ✐♥❞✐❝❛,0✐❝❡- ♦✉ ❧❡- ✐♥❞✐❝❡- ❞❡ 0❡❝♦0❞-✳

✻✳✹ ❆✉ ❞❡❧( ❞❡ ●✉♠❜❡❧

◆♦✉- ❡①♣❧♦0♦♥- ❜0✐>✈❡♠❡♥, ❧✬✉,✐❧✐-❛,✐♦♥ ❞❡ ❧❛ ♠3,❤♦❞❡ ♣03❝3❞❡♥,❡ ♣♦✉0

,❡♥,❡0 ❞✬❡-,✐♠❡0 ❧❡- ♣❛0❛♠>,0❡- ❞❡ ❧❛ ❞✐-,0✐❜✉,✐♦♥ -♦✉-✲❥❛❝❡♥,❡ ❞✬✉♥ ♠♦❞>❧❡
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θ µ β
❇✐❛✐& ≃ 0.00 ✲✵✳✵✻ ≃ 0.00

➱❝❛-. .②♣❡ ✵✳✵✵✽✻ ✵✳✺✺✵✷ ✵✳✶✼✵✽

✭❛✮ T = 100 ♦❜%❡'✈❛)✐♦♥%

θ µ β
❇✐❛✐& ≃ 0.00 ✲✵✳✵✺ ≃ 0.00

➱❝❛-.✲.②♣❡ ✵✳✵✵✾✻ ✵✳✸✽✺✹ ✵✳✶✸✸✶

✭❜✮ T = 200 ♦❜%❡'✈❛)✐♦♥%

θ µ β
❇✐❛✐& ≃ 0.00 ✲✵✳✵✺ ≃ 0.00

➱❝❛-.✲.②♣❡ ✵✳✵✶✵✸ ✵✳✷✾✺✵ ✵✳✶✷✸✸

✭❝✮ T = 300 ♦❜%❡'✈❛)✐♦♥%

❚❛❜❧❡ ✻✳✻ ✕ ❇✐❛✐& ❡. 8❝❛-.&✲.②♣❡& ❞❡ θ̂✱ µ̂ ❡. β̂ ♣♦✉- ❞✐✛8-❡♥.❡& ✈❛❧❡✉-& ❞✉

♥♦♠❜-❡ ❞✬♦❜&❡-✈❛.✐♦♥& T

▲❉▼ ❞❡ ❞✐&.-✐❜✉.✐♦♥ &♦✉&✲❥❛❝❡♥.❡ ❛✉.-❡ H✉❡ ❧❛ ❧♦✐ ❞❡ ●✉♠❜❡❧✱ ♠❛✐& ❡♥ -❡&.❛♥.

&✉- ✉♥❡ ❢♦♥❝.✐♦♥ ❞❡ ✈-❛✐&❡♠❜❧❛♥❝❡ ❝♦♥&.-✉✐.❡ K ♣❛-.✐- ❞✬✉♥❡ ❞✐&.-✐❜✉.✐♦♥ ❞❡

❧♦✐ ❞❡ ●✉♠❜❡❧ ❞❡ ♣❛-❛♠L.-❡& ✐♥❝♦♥♥✉& ✭➱H✉❛.✐♦♥ ✭✻✳✸✳✶✮✮✳ ■❧ &✬❛❣✐. ✐❝✐ ❞✬✉♥

♣-♦❜❧L♠❡ ❞✐. ❞❡ ✓ ♠✐&&♣❡❝✐✜❝❛.✐♦♥ ✔ ♦T ❧✬✉.✐❧✐&❛.❡✉- ❛ ❝♦--❡❝.❡♠❡♥. ❝❤♦✐&✐ ❧❡

♠♦❞L❧❡ ▲❉▼ ♠❛✐& ✐♥❝♦--❡❝.❡♠❡♥. ❝❤♦✐&✐ ❧❛ ❧♦✐ &♦✉&✲❥❛❝❡♥.❡✳ ▲✬✐♥.8-V. ✐❝✐ ❡&.

❞❡ ✈♦✐- &✐ ❧✬♦♥ ♣❡✉. ♥8❛♥♠♦✐♥& -❡.-♦✉✈❡- ❝❡-.❛✐♥& ❞❡& ♣❛-❛♠L.-❡& ✐♥❝♦♥♥✉&✳

◆♦✉& ❝♦♥&✐❞8-♦♥& ❧❡ ♣-♦❜❧L♠❡ ❞✬❡&.✐♠❛.✐♦♥ ❞❡& ♣❛-❛♠L.-❡& ❞✬✉♥ ♠♦❞L❧❡

▲❉▼ ❞❛♥& ❧❡ ❝❛& ❞✬✉♥❡ ❞✐&.-✐❜✉.✐♦♥ &♦✉&✲❥❛❝❡♥.❡ ❞❡ ❧♦✐ ❞❡ Weibull (µ, β, σ)✱
❡♥ &❡ ❜❛&❛♥. &✉- ❧❡ ♣-✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈-❛✐&❡♠❜❧❛♥❝❡✱ ♦T ❧❛ ❢♦♥❝.✐♦♥

❞❡ ✈-❛✐&❡♠❜❧❛♥❝❡ ❡&. ❝♦♥&.-✉✐.❡ K ❧✬❛✐❞❡ ❞❡ ❧❛ ❞❡♥&✐.8 ❞❡ ❧❛ ❧♦✐ G (µ, β)✳
Y♦✉- 8.✉❞✐❡- ❧❡ ❝♦♠♣♦-.❡♠❡♥. ❞❡& ❡&.✐♠❛.❡✉-& ❞❡ ❧❛ &❡❝.✐♦♥ ♣-8❝8❞❡♥.❡✱

5000 &8-✐❡& ❝❤-♦♥♦❧♦❣✐H✉❡& &❡❧♦♥ ✉♥ ♠♦❞L❧❡ ▲❉▼ ♣♦✉- ❞✐✛8-❡♥.❡& ✈❛❧❡✉-& ❞❡

T ✱ θ = 0.25 ❡. ✉♥❡ ❞✐&.-✐❜✉.✐♦♥ &♦✉&✲❥❛❝❡♥.❡ ❞❡ ❧♦✐ ❞❡ Weibull
(
̟ − π√

6
, π√

6
, 1
)

♦♥. 8.8 ❣8♥8-8❡&✳ Y✉✐&✱ ♦♥ ❛ ✐♥❥❡❝.8 ❧❡& ❞♦♥♥8❡& ❣8♥8-8❡& ❞❛♥& ❧❛ ❢♦♥❝.✐♦♥ ❞❡

✈-❛✐&❡♠❜❧❛♥❝❡ ✭✻✳✸✳✶✮ ❝♦♥&.-✉✐.❡ K ♣❛-.✐- ❞❡ ❧❛ ❞❡♥&✐.8 ❞❡ ❧❛ ❧♦✐ G (µ, β)✳ ❊♥✜♥✱
♦♥ ♠❛①✐♠✐&❡ ♥♦.-❡ ❢♦♥❝.✐♦♥ ❞❡ ✈-❛✐&❡♠❜❧❛♥❝❡ ❛✜♥ ❞✬♦❜.❡♥✐- ❞❡& ❡&.✐♠❛.❡✉-&

❞❡ θ✱ µ ❡. β✳ ▲❛ ❚❛❜❧❡ ✻✳✼ ❞♦♥♥❡ ❧❡& ❜✐❛✐& ❡. ❧❡& 8❝❛-.&✲.②♣❡& ❛♣♣-♦①✐♠8& ♣❛-

&✐♠✉❧❛.✐♦♥& ❞❡& ❡&.✐♠❛.❡✉-& ♣♦✉- T = 100✱ 200 ❡. 500 ♦❜&❡-✈❛.✐♦♥& -❡&♣❡❝✲

.✐✈❡♠❡♥.✳



❈❍❆#■❚❘❊ ✻✳ ❊❙❚■▼❆❚■❖◆ ❇❆❙➱❊ ❙❯❘ (RN , LN) ✶✸✸

θ µ β
❇✐❛✐% ≃ 0.00 ✵✳✹✶ ✲✵✳✶✽

➱❝❛-.✲.②♣❡ ✵✳✵✵✾✶ ✵✳✺✾✽✻ ✵✳✷✷✻✽

✭❛✮ T = 100 ♦❜%❡'✈❛)✐♦♥%

θ µ β
❇✐❛✐% ≃ 0.00 ✵✳✹✶ ✲✵✳✶✻

➱❝❛-.✲.②♣❡ ✵✳✵✵✸✶ ✵✳✹✶✼✺ ✵✳✶✻✾✾

✭❜✮ T = 200 ♦❜%❡'✈❛)✐♦♥%

θ µ β
❇✐❛✐% ≃ 0.00 ✵✳✹✷ ✲✵✳✶✺

➱❝❛-.✲.②♣❡ ✵✳✵✵✵✽ ✵✳✷✹✹✺ ✵✳✶✵✷✽

✭❝✮ T = 500 ♦❜%❡'✈❛)✐♦♥%

❚❛❜❧❡ ✻✳✼ ✕ ❇✐❛✐% ❡. 8❝❛-.%✲.②♣❡% ❞❡ θ̂✱ µ̂ ❡. β̂ ♣♦✉- ❞✐✛8-❡♥.❡% ✈❛❧❡✉-%

❞✉ ♥♦♠❜-❡ ❞✬♦❜%❡-✈❛.✐♦♥% T ✱ ✉♥❡ ❞✐%.-✐❜✉.✐♦♥ %♦✉%✲❥❛❝❡♥.❡ ❞❡ ❧♦✐ ❞❡

Weibull
(
̟ − π√

6
, π√

6
, 1
)

❡. θ = 0.25 ❡♥ ✉.✐❧✐%❛♥. ❧❡ ♣-✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠

❞❡ ✈-❛✐%❡♠❜❧❛♥❝❡ ❛♣♣❧✐F✉8 %✉- ❧✬➱F✉❛.✐♦♥ ✭✻✳✸✳✶✮ ❝♦♥%.-✉✐.❡ I ♣❛-.✐- ❞✬✉♥❡

❞✐%.-✐❜✉.✐♦♥ ❞❡ ❧♦✐ G (µ, β)✳



❈❍❆#■❚❘❊ ✻✳ ❊❙❚■▼❆❚■❖◆ ❇❆❙➱❊ ❙❯❘ (RN , LN) ✶✸✹

❆✐♥&✐✱ ♠)♠❡ ❛✈❡❝ ✉♥❡ ♠❛✉✈❛✐&❡ ✈/❛✐&❡♠❜❧❛♥❝❡ ✭❞♦♥♥5❡& ❲❡✐❜✉❧❧✱ ♠♦❞7❧❡

&✉♣♣♦&5 ●✉♠❜❡❧✮ ❧❡ ❞/✐❢< θ ❡&< ❡&<✐♠❛❜❧❡ ❡< ❧✬❡&<✐♠❛<❡✉/ &❡♠❜❧❡ ❞❡ ❜♦♥♥❡

>✉❛❧✐<5 &✉/ ❧❡ ♣❧❛♥ ❞✉ ❜✐❛✐& ❡< ❞❡ ❧✬5❝❛/<✲<②♣❡✳ B❛/ ❝♦♥</❡✱ ❧❡ ♣❛/❛♠7</❡ ❞❡

♣♦&✐<✐♦♥ µ ❡< ❧❡ ♣❛/❛♠7</❡ ❞✬5❝❤❡❧❧❡ β ♥❡ &♦♥< ♣❛& ❡&<✐♠❛❜❧❡& ❞❛♥& ❧❡ &❡♥& >✉❡

❧❛ ♠5<❤♦❞❡ ❞✬❡&<✐♠❛<✐♦♥ ♥❡ &❡♠❜❧❡ ♣❛& ❞♦♥♥❡/ ✉♥ ❡&<✐♠❛<❡✉/ ❝♦♥✈❡/❣❡♥< ✿

♠)♠❡ &✐ ❧✬5❝❛/<✲<②♣❡ ❞✐♠✐♥✉❡✱ ✐❧ ♥❡ &❡♠❜❧❡ ♣❛& >✉❡ ❧❡ ❜✐❛✐& ❞✐&♣❛/❛✐&&❡✳

✻✳✺ ❚❡%&% %&❛&✐%&✐)✉❡%

❉❛♥& ❝❡<<❡ &❡❝<✐♦♥✱ ♥♦✉& ✐♥</♦❞✉✐&♦♥& ❞❡& <❡&<& &<❛<✐&<✐>✉❡& ❜❛&5& &✉/ ❧❡&

✈/❛✐&❡♠❜❧❛♥❝❡& ✭✻✳✷✳✶✵✮ ❡< ✭✻✳✷✳✶✺✮ ♦❜<❡♥✉❡& ❡♥ ✉<✐❧✐&❛♥< ❧❛ &✉✐<❡ ❞❡& ❝♦✉♣❧❡&

{(Rn, Ln) , n ≥ 1}✳ ❊♥ ♣/❡♠✐❡/ ❧✐❡✉✱ ♥♦</❡ ❜✉< ❡&< ❞❡ ✈5/✐✜❡/ ❧❛ ❝♦♥❢♦/♠✐<5

❞✉ ❝❤♦✐① ❞❡ ❧❛ ❞✐&</✐❜✉<✐♦♥ &♦✉&✲❥❛❝❡♥<❡ ❞❛♥& ❧❡ ❝❛& ❞❡& ♠♦❞7❧❡& ▲❉▼ ❡<

❨❛♥❣ /❡&♣❡❝<✐✈❡♠❡♥<✳ ❊♥ &❡❝♦♥❞ ❧✐❡✉✱ ♥♦✉& ♣/5&❡♥<♦♥& ✉♥ <❡&< >✉✐ ♥♦✉& ❛✐❞❡ R

❝❤♦✐&✐/ ❡♥</❡ ✉♥ ♠♦❞7❧❡ ▲❉▼ ❡< ❞❡ ❨❛♥❣✳ ❉❡ ♣❧✉&✱ ♥♦✉& 5✈❛❧✉♦♥& ❧❡& ❞✐✛5/❡♥<&

<❡&<& &<❛<✐&<✐>✉❡& ♣❛/ ❞❡& &✐♠✉❧❛<✐♦♥& ♥✉♠5/✐>✉❡& &♦✉& ▼❛<❧❛❜ ❡♥ ❝❛❧❝✉❧❛♥<

❧❡& >✉❛♥<✐❧❡& ❡♠♣✐/✐>✉❡& &♦✉& H0 ❡< ❧❡& ✈❛/✐❛<✐♦♥& ❞❡ ❧❛ ♣✉✐&&❛♥❝❡ ❞✉ <❡&< ♣♦✉/

❞✐✛5/❡♥<❡& ✈❛❧❡✉/& ❞❡ θ ❡< γ✳

✻✳✺✳✶ ❈❛& ▲❉▼

❉❛♥& ❧❡ ❝❛❞/❡ ❞✬✉♥ ♠♦❞7❧❡ ▲❉▼ ❞❡ ❞/✐❢< θ > 0✱ ♥♦</❡ ❜✉< ❡&< ❞❡ <❡&<❡/

❧✬❤②♣♦<❤7&❡ H0 = ✓ ❧❛ ❞✐&</✐❜✉<✐♦♥ &♦✉&✲❥❛❝❡♥<❡ &✉✐< ❧❛ ❧♦✐ ❆ ❛✈❡❝ ✉♥ ❞/✐❢<

θ ✐♥❝♦♥♥✉ ✔ ❝♦♥</❡ H1 = ✓ ❧❛ ❞✐&</✐❜✉<✐♦♥ &♦✉&✲❥❛❝❡♥<❡ &✉✐< ❧❛ ❧♦✐ ❇ ❛✈❡❝ ✉♥

❞/✐❢< θ ✐♥❝♦♥♥✉ ✔ ❡♥ ✉<✐❧✐&❛♥< ✉♥ <❡&< ❞✉ /❛♣♣♦/< ❞❡ ✈/❛✐&❡♠❜❧❛♥❝❡& ♠❛①✐♠❛❧❡&✳

B♦✉/ ❢❛❝✐❧✐<❡/ ❧❡ ❧✐❡♥ ❛✈❡❝ ❧❡& &❡❝<✐♦♥& ♣/5❝5❞❡♥<❡& ♦♥ ❝♦♥&✐❞7/❡ ♣❛/ ❧❛ &✉✐<❡

>✉❡ ❧❛ ❧♦✐ ❆ ❡&< ❧❛ ❧♦✐ G (µ0, β0) ❡< ❧❛ ❧♦✐ ❇ ❡&< ❧❛ Weibull (µ1, β1, σ1)✱ ♠❛✐&

<♦✉<❡ ❛✉</❡ ♣❛✐/❡ ❞❡ ❧♦✐ &♦✉& H0 ❡< H1 ❛✉/❛✐< ♣✉ )</❡ ❝❤♦✐&✐❡✳

B♦✉/ ❝❡ ❢❛✐/❡✱ ♦♥ ♠❛①✐♠✐&❡ ❧❛ ✈/❛✐&❡♠❜❧❛♥❝❡ ✭✻✳✷✳✶✵✮✱ ❜❛&5❡ &✉/ ❧❡& (Rn, Ln)
♦V ♦♥ /❛♣♣❡❧❧❡ >✉❡ Rn = XLn ✱ &♦✉& H0 ✭❝✬❡&< R ❞✐/❡ ❝❛❧❝✉❧❡/ max

θ
LGumbel (θ)✮

❡< &♦✉& H1 ✭❝✬❡&< R ❞✐/❡ ❝❛❧❝✉❧❡/ max
θ

LWeibull (θ)✮ ❡< ❞❡ ❢❛✐/❡ ❧❡ >✉♦<✐❡♥< ❞❡&

❞❡✉①✳ ▲❛ &<❛<✐&<✐>✉❡ ❞✉ <❡&< >✉✐ ✈❛ &❡/✈✐/ R <❡&<❡/ ❧✬❤②♣♦<❤7&❡ ❡&< ❧❛ ✈❛/✐❛❜❧❡

❛❧5❛<♦✐/❡ ✿

KLDM
T = 2 log



max

θ
LWeibull (θ)

max
θ

LGumbel (θ)


 ,
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♦$ T ❞&'✐❣♥❡ ❧❡ -❡♠♣' ♣0&'❡♥-✳ ❈❡--❡ '-❛-✐'-✐4✉❡ ❡'- ❛♣♣❡❧&❡ ❧❛ ❞&✈✐❛♥❝❡✳

▲❛ ✈❛❧❡✉0 ❞❡ ❝❡--❡ '-❛-✐'-✐4✉❡ ❡'- ❝♦♠♣❛0&❡ ❛✉ 4✉❛♥-✐❧❡ ❡♠♣✐0✐4✉❡ ❞✬♦0❞0❡

(1− α) ❞❡ KLDM
T ✱ ♥♦-&❡ KLDM

T,1−α✳ ◗✉❛♥❞ KLDM
T > KLDM

T,1−α✱ ❧❡ -❡'- 0❡❥❡--❡✱ ❛✉

♥✐✈❡❛✉ ❛'②♠♣-♦-✐4✉❡ α✱ ❧✬❤②♣♦-❤?'❡ H0✳ ❆✐♥'✐✱ ❧❛ ❞✐'-0✐❜✉-✐♦♥ '♦✉'✲❥❛❝❡♥-❡

❞✉ ♠♦❞?❧❡ ▲❉▼ ♥❡ '❡0❛✐- ♣❛' ❡♥ ❛❝❝♦0❞ ❛✈❡❝ ❧❛ ❧♦✐ ❞❡ ●✉♠❜❡❧✳

❈❡--❡ ❧♦✐ KLDM
T &-❛♥- ✐♥❝♦♥♥✉❡✱ ❛✜♥ ❞✬❛♣♣0♦❝❤❡0 '❡' 4✉❛♥-✐❧❡' '♦✉' H0✱

5000 '&0✐❡' ❝❤0♦♥♦❧♦❣✐4✉❡' '❡❧♦♥ ✉♥ ♠♦❞?❧❡ ▲❉▼ ♣♦✉0 ❞✐✛&0❡♥-❡' ✈❛❧❡✉0'

❞❡ θ ❡- ❞❡ T ❛✈❡❝ ✉♥❡ ❞✐'-0✐❜✉-✐♦♥ '♦✉'✲❥❛❝❡♥-❡ G (0, 1) ♦♥- &-& ❣&♥&0&❡'✳

❖♥ ✐♥❥❡❝-❡ ❝❤❛❝✉♥❡ ❞❡ ❝❡' '&0✐❡' ❞❛♥' ❧❡' ❞❡✉① ✈0❛✐'❡♠❜❧❛♥❝❡' LGumbel (θ) ❡-
LWeibull (θ) ❡♥ ❝♦♥'✐❞&0❛♥- ✉♥❡ ❧♦✐ ❞❡ Weibull(µ=̟ − π√

6
✱β= π√

6
✱σ=1)✳ ❖♥

0❛♣♣❡❧❧❡ 4✉❡ ❧❡ ❝❤♦✐① ❞❡' ♣❛0❛♠?-0❡' ❞❡ ❧❛ ❞✐'-0✐❜✉-✐♦♥ '♦✉'✲❥❛❝❡♥-❡ ✈✐❡♥-

❞✉ ❢❛✐- 4✉❡ ❧❛ ❞✐'-0✐❜✉-✐♦♥ G (0, 1) ❛ ❧❛ ♠K♠❡ ❡'♣&0❛♥❝❡ ❡- ❧❡ ♠K♠❡ &❝❛0-✲

-②♣❡ 4✉❡ Weibull
(
̟ − π√

6
, π√

6
, 1
)
✱ ♦$ ̟ = 0.5772 ❧❛ ❝♦♥'-❛♥-❡ ❞✬❊✉❧❡0✲

▼❛'❝❤❡0♦♥✐✳ ❊♥'✉✐-❡✱ ♦♥ ♠❛①✐♠✐'❡ ❧❡' ❞❡✉① ❢♦♥❝-✐♦♥' ❞❡ ✈0❛✐'❡♠❜❧❛♥❝❡' ♣❛0

0❛♣♣♦0- M θ✳ ❋✐♥❛❧❡♠❡♥-✱ ♦♥ ❝❛❧❝✉❧❡ ❧❛ '-❛-✐'-✐4✉❡ KLDM
T ❛✜♥ ❞✬♦❜-❡♥✐0 ❡♠✲

♣✐0✐4✉❡♠❡♥- ❧❡' 4✉❛♥-✐❧❡' ❞❡ ❧❛ ❧♦✐ ❞❡ KLDM
T '♦✉' H0✳ ❉✬❛✉-0❡ ♣❛0-✱ ♣♦✉0 ❝❛❧✲

❝✉❧❡0 ❧❛ ♣✉✐''❛♥❝❡ ❞✉ -❡'-✱ 5000 '&0✐❡' ❝❤0♦♥♦❧♦❣✐4✉❡' '❡❧♦♥ ✉♥ ♠♦❞?❧❡ ▲❉▼

♣♦✉0 ❞✐✛&0❡♥-❡' ✈❛❧❡✉0' ❞❡ θ ❡- ❞❡ T ❛✈❡❝ ✉♥❡ ❞✐'-0✐❜✉-✐♦♥ '♦✉'✲❥❛❝❡♥-❡ ❞❡

Weibull
(
̟ − π√

6
, π√

6
, 1
)

♦♥- &-& ❣&♥&0&❡'✳ ❖♥ ✐♥❥❡❝-❡ ❝❤❛❝✉♥❡ ❞❡ ❝❡' '&0✐❡'

❞❛♥' ❧❡' ❞❡✉① ✈0❛✐'❡♠❜❧❛♥❝❡' LGumbel (θ) ❡- LWeibull (θ) ❡- ♦♥ ♠❛①✐♠✐'❡ ❧❡'

❞❡✉① ❢♦♥❝-✐♦♥' ❞❡ ✈0❛✐'❡♠❜❧❛♥❝❡' ♣❛0 0❛♣♣♦0- M θ ❛✜♥ ❞❡ ❝❛❧❝✉❧❡0 KLDM
T ✳ ❊♥

❝♦♠♣-❛♥- ❧❡ ♥♦♠❜0❡ ❞❡ ❢♦✐' 4✉❡ KLDM
T > KLDM

T,1−α ✭0❡❥❡- ❞❡ H0✮✱ ♦♥ ♦❜-✐❡♥- ❧❛

♣✉✐''❛♥❝❡ ❞✉ -❡'-✳ ▲❛ ❚❛❜❧❡ ✻✳✽ 0❡♣0&'❡♥-❡ ❧❡' 4✉❛♥-✐❧❡' ❡♠♣✐0✐4✉❡'✱ '♦✉' H0✱

❞✬♦0❞0❡ (1− α) ❞❡ KLDM
T ♣♦✉0 ❞✐✛&0❡♥-❡' ✈❛❧❡✉0' ❞❡ θ ❡- ❞❡ T ❛✈❡❝ α = 5%✳

❉❡ ♣❧✉'✱ ❧❛ ❋✐❣✉0❡ ✻✳✶ 0❡♣0&'❡♥-❡ ❧❡' ✈❛0✐❛-✐♦♥' ❞❡ ❧❛ ♣✉✐''❛♥❝❡ ❞✉ -❡'- ♣♦✉0

❞✐✛&0❡♥-❡' ✈❛❧❡✉0' ❞❡ T ✳ ❖♥ 0❡♠❛04✉❡ ❜✐❡♥ &✈✐❞❡♠♠❡♥- 4✉❡ ❧❛ ♣✉✐''❛♥❝❡ ❞✉

-❡'- '✬❛♠&❧✐♦0❡ ❛✈❡❝ ❧✬❛✉❣♠❡♥-❛-✐♦♥ ❞❡ θ ❡- ❞❡ T ✳

✻✳✺✳✷ ❈❛& ❞❡ ❨❛♥❣

▼❛✐♥-❡♥❛♥-✱ ❡♥ '✉✐✈❛♥- ❧❛ ♠K♠❡ ♠&-❤♦❞❡ 4✉✬M ❧❛ '♦✉'✲'❡❝-✐♦♥ ♣0&❝&❞❡♥-❡

♠❛✐' ❞❛♥' ❧❡ ❝❛' ❞✬✉♥ ♠♦❞?❧❡ ❞❡ ❨❛♥❣ ❞❡ ♣❛0❛♠?-0❡ γ > 1✱ ♥♦✉' ❛✈♦♥' ❝♦♥✲
'✐❞&0& ❧❡ ♣0♦❜❧?♠❡ ❞❡ -❡'-❡0 ❧✬❤②♣♦-❤?'❡ H0 = ✓ ❧❛ ❞✐'-0✐❜✉-✐♦♥ '♦✉'✲❥❛❝❡♥-❡

'✉✐- ❧❛ ❧♦✐ ❞❡ G (µ0, σ0) ❛✈❡❝ ✉♥ ♣❛0❛♠?-0❡ γ ✐♥❝♦♥♥✉ ✔ ❝♦♥-0❡ H1 = ✓ ❧❛

❞✐'-0✐❜✉-✐♦♥ '♦✉'✲❥❛❝❡♥-❡ '✉✐- ❧❛ ❧♦✐ ❞❡ Weibull(µ1 ✱σ1✱λ1) ❛✈❡❝ ✉♥ ♣❛0❛♠?-0❡

γ ✐♥❝♦♥♥✉ ✔ ❡♥ ✉-✐❧✐'❛♥- ❛✉''✐ ✉♥ -❡'- ❜❛'& '✉0 ❧❛ ❞&✈✐❛♥❝❡✳ ❊♥❝♦0❡ ❧M✱ ❧❡

❝❤♦✐① ❞❡' ❞❡♥'✐-&' '♦✉' H0✱ H1 ❛✉0❛✐- ♣✉ K-0❡ ❞✐✛&0❡♥- '❛♥' 4✉❡ ❝❡❧❛ ❝❤❛♥❣❡
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KLDM
T,95%

θ T = 25 T = 50 T = 100 T = 200

✵✳✵✺ ✷✳✸✵ ✷✳✶✷ ✶✳✾✻ ✷✳✷✶

✵✳✶✵ ✷✳✷✺ ✷✳✵✾ ✷✳✵✼ ✷✳✷✻

✵✳✶✺ ✷✳✷✺ ✷✳✶✵ ✷✳✸✶ ✷✳✼✹

✵✳✷✵ ✷✳✷✼ ✷✳✶✵ ✷✳✹✵ ✷✳✼✷

✵✳✷✺ ✷✳✹✷ ✷✳✺✷ ✷✳✼✶ ✷✳✾✸

✵✳✺✵ ✸✳✺✾ ✹✳✶✹ ✹✳✸✼ ✸✳✾✻

❚❛❜❧❡ ✻✳✽ ✕ ◗✉❛♥0✐❧❡4 ❡♠♣✐7✐8✉❡4✱ 4♦✉4 H0✱ ❞✬♦7❞7❡ (1− α) ❞❡ KLDM
T ♣♦✉7

❞✐✛>7❡♥0❡4 ✈❛❧❡✉74 ❞❡ θ ❡0 ❞❡ T ❛✈❡❝ α = 5%

❋✐❣✉)❡ ✻✳✶ ✕ ❱❛7✐❛0✐♦♥4 ❞❡ ❧❛ ♣✉✐44❛♥❝❡ ❞✉ 0❡40 ♣♦✉7 ❞✐✛>7❡♥0❡4 ✈❛❧❡✉74 ❞❡

T ✭❝❛4 ▲❉▼✮
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❧❛ %&'❛&(❣✐❡ ❞❡ &❡%&✳ ❆✐♥%✐✱ ✐❧ %✉✣& ❞❡ ♠❛①✐♠✐%❡' ❧❛ ✈'❛✐%❡♠❜❧❛♥❝❡ ✭✻✳✷✳✶✺✮✱

❜❛%(❡ %✉' ❧❡% (Rn, Ln) ♦> ♦♥ '❛♣♣❡❧❧❡ @✉❡ Rn = XLn ✱ %♦✉% H0 ✭❝✬❡%& B ❞✐'❡

❝❛❧❝✉❧❡' max
γ

LGumbel (γ)✮ ❡& %♦✉% H1 ✭❝✬❡%& B ❞✐'❡ ❝❛❧❝✉❧❡' max
γ

LWeibull (γ)✮ ❡&

❞❡ ❢❛✐'❡ ❧❡ @✉♦&✐❡♥& ❞❡% ❞❡✉①✳ ▲❛ %&❛&✐%&✐@✉❡ ❞✉ &❡%& @✉✐ ✈❛ %❡'✈✐' B &❡%&❡'

❧✬❤②♣♦&❤G%❡ ❡%& ❧❛ ✈❛'✐❛❜❧❡ ❛❧(❛&♦✐'❡ ✿

KY ang
T = 2 log



max

γ
LWeibull (γ)

max
γ

LGumbel (γ)


 .

▲❛ ✈❛❧❡✉' ❞❡ ❝❡&&❡ %&❛&✐%&✐@✉❡ ❡%& ❝♦♠♣❛'(❡ ❛✉ @✉❛♥&✐❧❡ ❡♠♣✐'✐@✉❡ ❞✬♦'❞'❡

(1− α) ❞❡ KY ang
T ✱ ♥♦&(❡ KY ang

T,1−α✳ ◗✉❛♥❞ KY ang
T > KY ang

T,1−α✱ ❧❡ &❡%& '❡❥❡&&❡✱ ❛✉

♥✐✈❡❛✉ ❛%②♠♣&♦&✐@✉❡ α✱ ❧✬❤②♣♦&❤G%❡ H0✳ ❆✐♥%✐✱ ❧❛ ❞✐%&'✐❜✉&✐♦♥ %♦✉%✲❥❛❝❡♥&❡

❞✉ ♠♦❞G❧❡ ❞❡ ❨❛♥❣ ♥❡ %❡'❛✐& ♣❛% ❡♥ ❛❝❝♦'❞ ❛✈❡❝ ❧❛ ❧♦✐ ❞❡ ●✉♠❜❡❧✳

N♦✉' (&✉❞✐❡' ♥✉♠('✐@✉❡♠❡♥& ❧❡ ❝♦♠♣♦'&❡♠❡♥& ❞❡ ❝❡&&❡ %&'❛&(❣✐❡ ❞❡ &❡%&✱

♦♥ ❛♣♣❧✐@✉❡ ❧❛ ♣'♦❝(❞✉'❡ ❞❡ ❧❛ %❡❝&✐♦♥ ♣'(❝(❞❡♥&❡ ♠❛✐% ❡♥ ❣(♥('❛♥& ❞❡% %('✐❡%

❝❤'♦♥♦❧♦❣✐@✉❡% %❡❧♦♥ ✉♥ ♠♦❞G❧❡ ❞❡ ❨❛♥❣✳ ▲❛ ❚❛❜❧❡ ✻✳✾ '❡♣'(%❡♥&❡ ❧❡% @✉❛♥✲

&✐❧❡% ❡♠♣✐'✐@✉❡%✱ %♦✉% H0✱ ❞✬♦'❞'❡ (1− α) ❞❡ KY ang
T ♣♦✉' ❞✐✛('❡♥&❡% ✈❛❧❡✉'%

❞❡ γ ❡& ❞❡ T ❛✈❡❝ α = 5%✳ ▲❡ ✓ ◆❆ ✔ ❞❛♥% ❧❛ ❚❛❜❧❡ ✻✳✾ %✐❣♥✐✜❡ @✉❡ ❧❛ '(♣♦♥%❡

♥✬❡%& ♣❛% ❞✐%♣♦♥✐❜❧❡✳ ❊♥ ❢❛✐&✱ ❞❛♥% ✉♥ ♠♦❞G❧❡ ❞❡ ❨❛♥❣ ❡& ♣♦✉' ❞❡% ❣'❛♥❞❡%

✈❛❧❡✉'% ❞❡ T ❡& ❞❡ γ ❧❛ %('✐❡ ❞❡% ♦❜%❡'✈❛&✐♦♥% %✐♠✉❧(❡ {Xt, t ≥ 1} ♣'❡♥❞ ❞❡%

✈❛❧❡✉'% ✐♥✜♥✐❡% ❝❡ @✉✐ ♥♦✉% ♥❡ ♣❡'♠❡& ♣❛% ❞✬❛❧❧❡' ♣❧✉% ❧♦✐♥ ❞❛♥% ❧✬❛♥❛❧②%❡

❞❡% %✐♠✉❧❛&✐♦♥%✳ ◆♦&♦♥% @✉❡ ♥♦'♠❛❧❡♠❡♥& ❧❡ ♠♦❞G❧❡ ❞❡ ❨❛♥❣ ❛✈❡❝ ✉♥❡ ❞✐%✲

&'✐❜✉&✐♦♥ %♦✉%✲❥❛❝❡♥&❡ ❞❡ ●✉♠❜❡❧ ❝♦W♥❝✐❞❡ ❛✈❡❝ ❧❡ ▲❉▼ ❛✈❡❝ ❝❡&&❡ ♠Z♠❡ ❧♦✐

%♦✉%✲❥❛❝❡♥&❡✳ ❆✐♥%✐✱ ❡♥ ❝♦♠♣❛'❛♥& ❧❡% @✉❛♥&✐❧❡% %♦✉% H0 ♦❜&❡♥✉% ✐❝✐ ❛✈❡❝ ❝❡✉①

❞❡ ❧❛ %❡❝&✐♦♥ ♣'(❝(❞❡♥&❡✱ ♦♥ '❡♠❛'@✉❡ @✉✬❛%②♠♣&♦&✐@✉❡♠❡♥& ❧❡% ❞❡✉① %('✐❡%

❞❡ @✉❛♥&✐❧❡% %❡ '❛♣♣'♦❝❤❡♥&✳ ❉❡ ♣❧✉%✱ ❧❛ ❋✐❣✉'❡ ✻✳✷ '❡♣'(%❡♥&❡ ❧❡% ✈❛'✐❛&✐♦♥%

❞❡ ❧❛ ♣✉✐%%❛♥❝❡ ❞✉ &❡%& ♣♦✉' ❞✐✛('❡♥&❡% ✈❛❧❡✉'% ❞❡ T ✳ ❖♥ '❡♠❛'@✉❡ ❛✉%%✐

(✈✐❞❡♠♠❡♥& @✉❡ ❧❛ ♣✉✐%%❛♥❝❡ ❞✉ &❡%& %✬❛♠(❧✐♦'❡ ❛✈❡❝ ❧✬❛✉❣♠❡♥&❛&✐♦♥ ❞❡ γ ❡&

❞❡ T ✳

✻✳✺✳✸ ▲❉▼ ✈( ❨❛♥❣

❊♥✜♥✱ ❧❛ ❜♦♥♥❡ ♣'❛&✐@✉❡ %&❛&✐%&✐@✉❡ ❝♦♠♠❛♥❞❡ @✉❡ ❧✬♦♥ ❞✐%♣♦%❡ ❞✬✉♥

♠♦②❡♥ ♣❡'♠❡&&❛♥& ❞❡ ❞✐%❝'✐♠✐♥❡' ❡♥&'❡ ❧❡% ♠♦❞G❧❡% ▲❉▼ ❡& ❞❡ ❨❛♥❣✳ ■❝✐✱

♥♦&'❡ ❜✉& ❡%& ❞❡ ❞(✈❡❧♦♣♣❡' ✉♥❡ %&'❛&(❣✐❡ ❞❡ &❡%& ❞❡ H0 = ✓ ▲❡ ♠♦❞G❧❡ ❡%&

▲❉▼ ❛✈❡❝ ✉♥❡ ❞✐%&'✐❜✉&✐♦♥ %♦✉%✲❥❛❝❡♥&❡ ❞❡ ❧♦✐ ❆ ❛✈❡❝ ✉♥ ❞'✐❢& θ ✐♥❝♦♥♥✉ ✔

❝♦♥&'❡ H1 = ✓ ▲❡ ♠♦❞G❧❡ ❡%& ❞❡ ❨❛♥❣ ❛✈❡❝ ✉♥❡ ❞✐%&'✐❜✉&✐♦♥ %♦✉%✲❥❛❝❡♥&❡ ❞❡
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KY ang
T,95%

γ T = 25 T = 50 T = 100 T = 200

✶✳✵✺ ✷✳✵✶ ✶✳✾✾ ✶✳✾✺ ✷✳✸✹

✶✳✶✵ ✷✳✵✶ ✷✳✵✶ ✷✳✶✻ ✷✳✻✶

✶✳✶✺ ✷✳✵✶ ✷✳✶✾ ✷✳✹✾ ✷✳✻✵

✶✳✷✵ ✷✳✵✶ ✷✳✸✼ ✷✳✺✼ ◆❆

✶✳✷✺ ✷✳✶✼ ✷✳✷✺ ✷✳✸✾ ◆❆

✶✳✺✵ ✷✳✶✼ ✷✳✹✶ ◆❆ ◆❆

❚❛❜❧❡ ✻✳✾ ✕ ◗✉❛♥/✐❧❡3 ❡♠♣✐6✐7✉❡3✱ 3♦✉3 H0✱ ❞✬♦6❞6❡ (1− α) ❞❡ KY ang
T ♣♦✉6

❞✐✛=6❡♥/❡3 ✈❛❧❡✉63 ❞❡ γ ❡/ ❞❡ T ❛✈❡❝ α = 5%

❋✐❣✉)❡ ✻✳✷ ✕ ❱❛6✐❛/✐♦♥3 ❞❡ ❧❛ ♣✉✐33❛♥❝❡ ❞✉ /❡3/ ♣♦✉6 ❞✐✛=6❡♥/❡3 ✈❛❧❡✉63 ❞❡

T ✭❝❛3 ❨❛♥❣✮
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❧♦✐ ❆ ❛✈❡❝ ✉♥ ♣❛-❛♠/0-❡ γ ✐♥❝♦♥♥✉ ✔ ❡♥ ✉0✐❧✐2❛♥0 ✉♥ 0❡20 ❜❛24 2✉- ❧❛ ❞4✈✐❛♥❝❡✳

■❝✐ ♥♦✉2 ♣-❡♥❞-♦♥2 ❧❛ ❧♦✐ ❆ ❝♦♠♠❡ 40❛♥0 ❧❛ Weibull (µ0, β0, σ0) ♣♦✉- ❢❛❝✐❧✐0❡-
❧❡ ❧✐❡♥ ❛✈❡❝ ❧❡2 2❡❝0✐♦♥2 ♣-4❝4❞❡♥0❡2✱ ♠❛✐2 0♦✉0❡ ❛✉0-❡ ❧♦✐ ❛✉-❛✐0 404 ♣♦22✐❜❧❡✳

■❧ 2✉✣0 ❛❧♦-2 ❞❡ ♠❛①✐♠✐2❡- ❧❛ ✈-❛✐2❡♠❜❧❛♥❝❡ ✭✻✳✷✳✶✵✮ 2♦✉2 H0 ✭❝✬❡20 B ❞✐-❡

❝❛❧❝✉❧❡- max
θ

LWeibull (θ)✮ ❡0 ❞❡ ♠❛①✐♠✐2❡- ❧❛ ✈-❛✐2❡♠❜❧❛♥❝❡ ✭✻✳✷✳✶✺✮ 2♦✉2 H1

✭❝✬❡20 B ❞✐-❡ ❝❛❧❝✉❧❡- max
γ

LWeibull (γ)✮ ❡0 ❞❡ ❢❛✐-❡ ❧❡ D✉♦0✐❡♥0 ❞❡2 ❞❡✉①✳ ▲❛

20❛0✐20✐D✉❡ ❞✉ 0❡20 D✉✐ ✈❛ 2❡-✈✐- B 0❡20❡- ❧✬❤②♣♦0❤/2❡ ❡20 ❧❛ ✈❛-✐❛❜❧❡ ❛❧4❛0♦✐-❡ ✿

KT = 2 log



max

γ
LWeibull (γ))

max
θ

LWeibull (θ)


 .

▲❛ ✈❛❧❡✉- ❞❡ ❝❡00❡ 20❛0✐20✐D✉❡ ❡20 ❝♦♠♣❛-4❡ ❛✉ D✉❛♥0✐❧❡ ❡♠♣✐-✐D✉❡ ❞✬♦-❞-❡

(1− α) ❞❡ KT ✱ ♥♦04❡ KT,1−α✳ ◗✉❛♥❞ KT > KT,1−α✱ ❧❡ 0❡20 -❡❥❡00❡✱ ❛✉ ♥✐✈❡❛✉

❛2②♠♣0♦0✐D✉❡ α✱ ❧✬❤②♣♦0❤/2❡ H0✳ ❆✐♥2✐✱ ❧❡ ♠♦❞/❧❡ ❛❞❛♣04 B ♥♦0-❡ 24-✐❡ ❞❡

-❡❝♦-❞2 ♥✬❡20 ♣❛2 ❡♥ ❛❝❝♦-❞ ❛✈❡❝ ❧❡ ♠♦❞/❧❡ ▲❉▼✳ ➱✈✐❞❡♠♠❡♥0✱ ♣❛- ✉♥❡ 2✐♠♣❧❡

✐♥✈❡-2✐♦♥ ❞✉ D✉♦0✐❡♥0 ❞❛♥2 ❧✬❡①♣-❡22✐♦♥ ❞❡ KT ✱ ♦♥ ♣❡✉0 0❡20❡- ❧✬❤②♣♦0❤/2❡ H∗
0

❞✬✉♥ ♠♦❞/❧❡ ❞❡ ❨❛♥❣ ❝♦♥0-❡ H∗
1 ✿ ❧❡ ❜♦♥ ♠♦❞/❧❡ ❡20 ❧❡ ▲❉▼✳

■❧ -❡20❡ B ❞40❡-♠✐♥❡- ❧❛ ❧♦✐✱ ❡①❛❝0❡ ♦✉ ❛2②♠♣0♦0✐D✉❡✱ ❞❡ ❧❛ 20❛0✐20✐D✉❡ KT

2♦✉2 H0✳ ▲✬✉♥❡ ♦✉ ❧✬❛✉0-❡ 40❛♥0 B ❝❡ 20❛❞❡ ✐♥❛❝❝❡22✐❜❧❡✱ ♦♥ ♣-♦❝/❞❡ ♣❛- 2✐♠✉❧❛✲

0✐♦♥ ❞❡ ▼♦♥0❡✲❈❛-❧♦✳ ❖♥ ❛ ❣4♥4-4 5000 24-✐❡2 ❝❤-♦♥♦❧♦❣✐D✉❡2 2❡❧♦♥ ✉♥ ♠♦❞/❧❡

▲❉▼ ♣♦✉- ❞✐✛4-❡♥0❡2 ✈❛❧❡✉-2 ❞❡ θ ❡0 ❞❡ T ❛✈❡❝ ✉♥❡ ❞✐20-✐❜✉0✐♦♥ 2♦✉2✲❥❛❝❡♥0❡

❞❡ Weibull
(
µ = ̟ − π√

6
, β = π√

6
, σ = 1

)
✳ ❖♥ ✐♥❥❡❝0❡ ❝❤❛❝✉♥❡ ❞❡ ❝❡2 24-✐❡2

❞❛♥2 ❧❡2 ❞❡✉① ✈-❛✐2❡♠❜❧❛♥❝❡2 LWeibull (θ) ❡0 LWeibull (γ) D✉❡ ❧✬♦♥ ♠❛①✐♠✐2❡

♣❛- -❛♣♣♦-0 B θ ❡0 γ -❡2♣❡❝0✐✈❡♠❡♥0✳ ❋✐♥❛❧❡♠❡♥0✱ ♦♥ ❝❛❧❝✉❧❡ ❧❛ 20❛0✐20✐D✉❡ KT

❛✜♥ ❞✬♦❜0❡♥✐- ❡♠♣✐-✐D✉❡♠❡♥0 ❧❡2 D✉❛♥0✐❧❡2 ❞❡ ❧❛ ❧♦✐ ❞❡ KT 2♦✉2 H0✳ ❉✬❛✉0-❡

♣❛-0✱ ♣♦✉- ❝❛❧❝✉❧❡- ❧❛ ♣✉✐22❛♥❝❡ ❞✉ 0❡20✱ 5000 24-✐❡2 ❝❤-♦♥♦❧♦❣✐D✉❡2 2❡❧♦♥ ✉♥

♠♦❞/❧❡ ❞❡ ❨❛♥❣ ♣♦✉- ❞✐✛4-❡♥0❡2 ✈❛❧❡✉-2 ❞❡ γ ❡0 ❞❡ T ❛✈❡❝ ✉♥❡ ❞✐20-✐❜✉0✐♦♥

2♦✉2✲❥❛❝❡♥0❡ ❞❡ Weibull
(
̟ − π√

6
, π√

6
, 1
)

♦♥0 404 ❣4♥4-4❡2✳ ❖♥ ✐♥❥❡❝0❡ ❝❤❛✲

❝✉♥❡ ❞❡ ❝❡2 24-✐❡2 ❞❛♥2 ❧❡2 ❞❡✉① ✈-❛✐2❡♠❜❧❛♥❝❡2 LWeibull (θ) ❡0 LWeibull (γ)
❡0 ♦♥ ♠❛①✐♠✐2❡ ❧❡2 ❞❡✉① ❢♦♥❝0✐♦♥2 ❞❡ ✈-❛✐2❡♠❜❧❛♥❝❡2 ♣❛- -❛♣♣♦-0 B θ ❡0 γ
-❡2♣❡❝0✐✈❡♠❡♥0 ❛✜♥ ❞❡ ❝❛❧❝✉❧❡- ❧❛ 20❛0✐20✐D✉❡ KT ✳ ❊♥ ❝♦♠♣0❛♥0 ❧❡ ♥♦♠❜-❡

❞❡ ❢♦✐2 D✉❡ KT > KT,1−α ✭-❡❥❡0 ❞❡ H0✮✱ ♦♥ ♦❜0✐❡♥0 ❧❛ ♣✉✐22❛♥❝❡ ❞✉ 0❡20✳ ▲❛

❚❛❜❧❡ ✻✳✽ -❡♣-42❡♥0❡ ❧❡2 D✉❛♥0✐❧❡2 ❡♠♣✐-✐D✉❡2✱ 2♦✉2 H0✱ ❞✬♦-❞-❡ (1− α) ❞❡

KT ♣♦✉- ❞✐✛4-❡♥0❡2 ✈❛❧❡✉-2 ❞❡ θ ❡0 ❞❡ T ❛✈❡❝ α = 5%✳ ❉❡ ♣❧✉2✱ ❧❛ ❋✐❣✉-❡

✻✳✶ -❡♣-42❡♥0❡ ❧❡2 ✈❛-✐❛0✐♦♥2 ❞❡ ❧❛ ♣✉✐22❛♥❝❡ ❞✉ 0❡20 ♣♦✉- ❞✐✛4-❡♥0❡2 ✈❛❧❡✉-2

❞❡ T ✳ ❖♥ -❡♠❛-D✉❡ ❡♥❝♦-❡ ✉♥❡ ❢♦✐2 D✉❡ ❧❛ ♣✉✐22❛♥❝❡ ❞✉ 0❡20 2✬❛♠4❧✐♦-❡ ❛✈❡❝
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KT,95%

θ T = 25 T = 50 T = 100 T = 200

✵✳✵✺ ✵✳✾✵ ✵✳✻✾ ✵✳✺✶ ✵✳✹✻

✵✳✶✵ ✵✳✾✹ ✵✳✽✶ ✵✳✻✾ ✵✳✽✹

✵✳✶✺ ✵✳✾✾ ✵✳✾✷ ✶✳✵✺ ✶✳✸✼

✵✳✷✵ ✶✳✵✺ ✶✳✵✽ ✶✳✷✾ ✶✳✻✺

✵✳✷✺ ✶✳✶✵ ✶✳✶✵ ✶✳✸✼ ◆❆

✵✳✺✵ ✶✳✶✻ ✵✳✽✾ ◆❆ ◆❆

❚❛❜❧❡ ✻✳✶✵ ✕ ◗✉❛♥0✐❧❡4 ❡♠♣✐7✐8✉❡4✱ 4♦✉4 H0✱ ❞✬♦7❞7❡ (1− α) ❞❡ KT ♣♦✉7

❞✐✛>7❡♥0❡4 ✈❛❧❡✉74 ❞❡ θ ❡0 ❞❡ T ❛✈❡❝ α = 5%

❧✬❛✉❣♠❡♥0❛0✐♦♥ ❞❡ θ ❡0 ❞❡ T ✳

❘❡♠❛&'✉❡ ✻✳✺✳ ▲✬❛70✐❝❧❡ ❞❡ ❉✉❝❤❛7♠❡ ❡0 ❋7✐❝❤♦0 ✭✷✵✵✸✮ ♣7>4❡♥0❡ ❧❡ ❝♦♠♣♦70❡✲

♠❡♥0 ❛4②♠♣0♦0✐8✉❡ ❞❡4 ❞✐✛>7❡♥0❡4 40❛0✐40✐8✉❡4 ❞❡ 0❡404 ❞❡4 ❙❡❝0✐♦♥4 ✻✳✺✳✶✱

✻✳✺✳✷ ❡0 ✻✳✺✳✸ ❞❛♥4 ❧❡ ❝❛4 40❛♥❞❛7❞ ♦K ❧❡4 ❞♦♥♥>❡4 4♦♥0 ✐✐❞✳ ▲❡4 ❧♦✐4 ❧✐♠✐0❡4

❞❡ ✈❡74✐♦♥4 ❝❡♥07>4 7>❞✉✐0❡4 ❞❡4 40❛0✐40✐8✉❡4 ❞❡ 0❡404 ♣❧✉4 ❤❛✉0 ❞❛♥4 ❝❡ ❝❛4

4♦♥0 ❞❡4 N (0, 1)✳ ■❧ 4❡♠❜❧❡ ❛44❡③ ❝♦♠♣❧✐8✉> ❞✬♦❜0❡♥✐7 ❝❡4 ❝♦♠♣♦70❡♠❡♥04

❛4②♠♣0♦0✐8✉❡4 ❞❛♥4 ❧❡ ♣7>4❡♥0 ❝❛4 ❞❡ 7❡❝♦7❞4✳

✻✳✻ ❈♦♥❝❧✉(✐♦♥

◆♦✉4 ❛✈♦♥4 ♣7>4❡♥0> ♣❧✉4✐❡✉74 ♠>0❤♦❞❡4 ❞✬❡40✐♠❛0✐♦♥ ❞❡4 ♣❛7❛♠P07❡4 ❞✬✉♥

♠♦❞P❧❡ ▲❉▼ ❛✈❡❝ ✉♥❡ ❞✐407✐❜✉0✐♦♥ 4♦✉4✲❥❛❝❡♥0❡ ❞❡ ♣❛7❛♠P07❡4 ✐♥❝♦♥♥✉4✱ ❡♥

✉0✐❧✐4❛♥0 ❧❡ ♣7✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈7❛✐4❡♠❜❧❛♥❝❡✳

❉✬❛❜♦7❞✱ ❡♥ 4❡ ❜❛4❛♥0 ✉♥✐8✉❡♠❡♥0 4✉7 ❧❡4 ✐♥❞✐❝❛07✐❝❡4 ❞❡ 7❡❝♦7❞4✱ ♦♥ ❛ ✈✉

8✉✬♦♥ ♥✬❛✈❛✐0 ♣❛4 ❛44❡③ ❞✬✐♥❢♦7♠❛0✐♦♥4 ♣♦✉7 ❜✐❡♥ ❡40✐♠❡7 0♦✉4 ❧❡4 ♣❛7❛♠P07❡4

❞✬✉♥ ♠♦❞P❧❡ ▲❉▼✳ U❛7 4✉✐0❡✱ ❧❡ ♣❛44❛❣❡ V ❧✬✉0✐❧✐4❛0✐♦♥ ❞❡4 ❝♦✉♣❧❡4 ❞❡4 ❞♦♥♥>❡4

❞✐4♣♦♥✐❜❧❡4 {(Rn, Ln) , n ≥ 1} ❞❡✈✐❡♥0 ✐♥❞✐4♣❡♥4❛❜❧❡✳

❊♥4✉✐0❡✱ ♥♦✉4 ❛✈♦♥4 4✉♣♣♦4> 8✉❡ ❧❡4 ❞♦♥♥>❡4 ❞✐4♣♦♥✐❜❧❡4 4♦♥0 ❧❡4 ✐♥❞✐❝❡4

❡0 ❧❡4 ✈❛❧❡✉74 ❞❡ 7❡❝♦7❞4✳ ◆♦✉4 ❛✈♦♥4 ♣7>4❡♥0> ✉♥❡ ♥♦✉✈❡❧❧❡ ♠>0❤♦❞❡ ❞✬❡4✲

0✐♠❛0✐♦♥ ❞❡4 ♣❛7❛♠P07❡4 ❞❡4 ♠♦❞P❧❡4 ▲❉▼ ❡0 ❨❛♥❣ ❜❛4>❡ 4✉7 ❧❛ ♣7♦♣7✐>0>

▼❛7❦♦✈✐❡♥♥❡ ❞❡ ❧❛ 4✉✐0❡ ❞❡4 ❝♦✉♣❧❡4 (Rn, Ln) ❡0 4✉7 ❧❡4 07❛✈❛✉① ❞❡ ❈❛7❧✐♥ ❡0

●❡❧❢❛♥❞ ✭✶✾✾✸✮✳ ❊♥ ✉0✐❧✐4❛♥0 ❝❡00❡ ♥♦✉✈❡❧❧❡ ♠>0❤♦❞❡ ❞✬❡40✐♠❛0✐♦♥✱ ♦♥ ❛ ♦❜0❡♥✉

❞❡4 ❡40✐♠❛0❡✉74 ❞❡ ❜♦♥♥❡ 8✉❛❧✐0>✱ 4✉7 ❧❡ ♣❧❛♥ ❞✉ ❜✐❛✐4 ❡0 ❞❡ ❧✬>❝❛70✲0②♣❡✳ ❉❡

♣❧✉4✱ ❧✬✉0✐❧✐4❛0✐♦♥ ❞❡ ❧❛ 0♦0❛❧✐0> ❞❡4 ❞♦♥♥>❡4 ❞✐4♣♦♥✐❜❧❡4 ♥♦✉4 ❛ ❛✐❞> V ❞>♣❛44❡7



❈❍❆#■❚❘❊ ✻✳ ❊❙❚■▼❆❚■❖◆ ❇❆❙➱❊ ❙❯❘ (RN , LN) ✶✹✶

❋✐❣✉$❡ ✻✳✸ ✕ ❱❛(✐❛*✐♦♥- ❞❡ ❧❛ ♣✉✐--❛♥❝❡ ❞✉ *❡-* ♣♦✉( ❞✐✛5(❡♥*❡- ✈❛❧❡✉(- ❞❡

T ✭❝❛- ▲❉▼ ✈- ❨❛♥❣✮

❧❛ ❝♦♥*(❛✐♥*❡ ❞✬✉♥❡ ❞✐-*(✐❜✉*✐♦♥ -♦✉-✲❥❛❝❡♥*❡ ❞❡ ●✉♠❜❡❧ ❞❛♥- ✉♥ ♠♦❞D❧❡

▲❉▼✳ ◆♦✉- (❡♠❛(F✉♦♥- ❛✉--✐ F✉❡ ✐♥❞5♣❡♥❞❛♠♠❡♥* ❞❡ ❧❛ ❞✐-*(✐❜✉*✐♦♥ -♦✉-✲

❥❛❝❡♥*❡✱ ❧❛ F✉❛❧✐*5 ❞❡- ❡-*✐♠❛*❡✉(- -✬❛♠5❧✐♦(❡ ❛✈❡❝ ❧✬❛✉❣♠❡♥*❛*✐♦♥ ❞✉ ♥♦♠❜(❡

❞❡ (❡❝♦(❞-✱ -✉(*♦✉* ❛✉ ♥✐✈❡❛✉ ❞❡ ❧✬5❝❛(*✲*②♣❡✳ ❉✬❛✉*(❡ ♣❛(*✱ ♥♦✉- ❛✈♦♥- ❛✉--✐

✉*✐❧✐-5 ❝❡**❡ ✈(❛✐-❡♠❜❧❛♥❝❡ ♣❧✉- ❝♦♠♣❧D*❡ ♣♦✉( ❡-*✐♠❡( ❧❡- ♣❛(❛♠D*(❡- ❞✬✉♥

♠♦❞D❧❡ ▲❉▼ ❞❡ ❞✐-*(✐❜✉*✐♦♥ -♦✉-✲❥❛❝❡♥*❡ ❛✉*(❡ F✉❡ ●✉♠❜❡❧✱ ♠❛✐- ❡♥ (❡-*❛♥*

-✉( ✉♥❡ ❢♦♥❝*✐♦♥ ❞❡ ✈(❛✐-❡♠❜❧❛♥❝❡ ❝♦♥-*(✉✐*❡ J ♣❛(*✐( ❞✬✉♥❡ ❞✐-*(✐❜✉*✐♦♥ ❞❡

●✉♠❜❡❧ ❡* ♥♦✉- ❛✈♦♥- 5*✉❞✐5 ❡♠♣✐(✐F✉❡♠❡♥* ❧❡✉( ❝♦♠♣♦(*❡♠❡♥*✳

❉♦♥❝ ❧✬✉*✐❧✐-❛*✐♦♥ ❞❡- ✈❛❧❡✉(- ❞❡ (❡❝♦(❞- ❡♥ ♣❧✉- F✉❡ ❧❡- ✐♥❞✐❝❡- ❞❡ (❡❝♦(❞-✱

♥♦✉- ❞♦♥♥❡ ♣❧✉- ❞✬✐♥❢♦(♠❛*✐♦♥- -✉( ❧❡- ♣❛(❛♠D*(❡- J ❡-*✐♠❡(✱ ❝❡ F✉✐ ✐♠♣❧✐F✉❡

❧✬♦❜*❡♥*✐♦♥ ❞❡- ❡-*✐♠❛*❡✉(- ❞❡ ♠❡✐❧❧❡✉(❡ F✉❛❧✐*5✳

❊♥✜♥✱ ♥♦✉- ❛✈♦♥- ✐♥*(♦❞✉✐* ❞❡- *❡-*- -*❛*✐-*✐F✉❡- ❜❛-5- -✉( ❧❡- ✈(❛✐-❡♠✲

❜❧❛♥❝❡- ✭✻✳✷✳✶✵✮ ❡* ✭✻✳✷✳✶✺✮ ♦❜*❡♥✉❡- ❡♥ ✉*✐❧✐-❛♥* ❧❛ -✉✐*❡ ❞❡- ❝♦✉♣❧❡- {(Rn, Ln) ✱
n≥1}✳ ❊♥ ♣(❡♠✐❡( ❧✐❡✉✱ ♥♦✉- ❛✈♦♥- ✈5(✐✜5 ❧❛ ❝♦♥❢♦(♠✐*5 ❞✉ ❝❤♦✐① ❞❡ ❧❛ ❞✐-✲

*(✐❜✉*✐♦♥ -♦✉-✲❥❛❝❡♥*❡ ❞❛♥- ❧❡ ❝❛- ❞❡- ♠♦❞D❧❡- ▲❉▼ ❡* ❨❛♥❣ (❡-♣❡❝*✐✈❡♠❡♥*✳

❊♥ -❡❝♦♥❞ ❧✐❡✉✱ ♥♦✉- ❛✈♦♥- ♣(5-❡♥*5 ✉♥ *❡-* F✉✐ ♥♦✉- ❛✐❞❡ J ❝❤♦✐-✐( ❡♥*(❡ ✉♥

♠♦❞D❧❡ ▲❉▼ ❡* ❞❡ ❨❛♥❣✳ ❉✬❛♣(D- ❧❡- -✐♠✉❧❛*✐♦♥- ♥✉♠5(✐F✉❡- -♦✉- ▼❛*❧❛❜ ♦♥

❛ (❡♠❛(F✉5 F✉❡ ❧❛ ♣✉✐--❛♥❝❡ ❞❡- *❡-*- -✬❛♠5❧✐♦(❡ ❛✈❡❝ ❧✬❛✉❣♠❡♥*❛*✐♦♥ ❞❡ θ✱ γ
❡* T ✳





❈❤❛♣✐%&❡ ✼

❈♦♥❝❧✉.✐♦♥ ❡% ♣❡&.♣❡❝%✐✈❡.

✼✳✶ ❈♦♥❝❧✉)✐♦♥

❉❛♥# ❝❡&&❡ &❤(#❡ ♥♦✉# ❛✈♦♥# ♣-.#❡♥&. ❝❡ /✉❡ #♦♥& ❧❡# -❡❝♦-❞# ❡& ♣♦✉-/✉♦✐

❧❡✉- .&✉❞❡ ❡#& ❞✬✉♥❡ ❝❡-&❛✐♥❡ ✐♠♣♦-&❛♥❝❡ ❡♥ ♣-❛&✐/✉❡✳ ❉❡ ♣❧✉#✱ ♥♦✉# ❛✈♦♥#

❞.✈❡❧♦♣♣. ❧❡ ❝♦♠♣♦-&❡♠❡♥& #&♦❝❤❛#&✐/✉❡ ❞❡# ❞✐✛.-❡♥&# ♠♦❞(❧❡# ❛❞❛♣&.# ❛✉①

#.-✐❡# ❞❡ -❡❝♦-❞# ❡♥ #❡ ❝♦♥❝❡♥&-❛♥& #✉- ❧❡ ❝❛# ❞✬✉♥❡ #.-✐❡ ❞❡ -❡❝♦-❞# ✐##✉#

❞✬♦❜#❡-✈❛&✐♦♥# ✐♥❞.♣❡♥❞❛♥&❡# ♠❛✐# ♥♦♥ ✐❞❡♥&✐/✉❡♠❡♥& ❞✐#&-✐❜✉.❡#✳ ❉❛♥# ❝❡

❝♦♥&❡①&❡✱ ❧❡# ♠♦❞(❧❡# ❞❡ -❡❝♦-❞# ❧❡# ♣❧✉# ♣♦♣✉❧❛✐-❡# #♦♥& ❧❡ ♠♦❞(❧❡ : ❞.-✐✈❡

❧✐♥.❛✐-❡ ✭▲❉▼✮ ❡& ❧❡ ♠♦❞(❧❡ ❞❡ ❨❛♥❣✲◆❡✈③♦-♦✈✳

❙❛❝❤❛♥& /✉❡ ❞❛♥# ✉♥❡ #.-✐❡ ❞❡ -❡❝♦-❞#✱ ❧❡# ❞♦♥♥.❡# ❞✐#♣♦♥✐❜❧❡# #♦♥& ❧❡#

✈❛❧❡✉-# {Rn, n ≥ 1}✱ ✐♥❞✐❝❡# {Ln, n ≥ 1} ❡& ✐♥❞✐❝❛&-✐❝❡# {δt, t ≥ 1} ❞❡ -❡❝♦-❞#✱
♥♦✉# ❛✈♦♥# ♣-.#❡♥&. ♣❧✉#✐❡✉-# ♠.&❤♦❞❡# ❞✬❡#&✐♠❛&✐♦♥ ❞✉ ❞-✐❢& θ ❞✬✉♥ ♠♦❞(❧❡
▲❉▼ ❛✈❡❝ ✉♥❡ ❞✐#&-✐❜✉&✐♦♥ #♦✉#✲❥❛❝❡♥&❡ ❞❡ ●✉♠❜❡❧ ❞❡ ♣❛-❛♠(&-❡# ❝♦♥♥✉# ❡&

❞✉ ♣❛-❛♠(&-❡ γ ❞✬✉♥ ♠♦❞(❧❡ ❞❡ ❨❛♥❣ ❛✈❡❝ ✉♥❡ ❞✐#&-✐❜✉&✐♦♥ #♦✉#✲❥❛❝❡♥&❡ /✉❡❧✲
❝♦♥/✉❡ ❛✉##✐ ❞❡ ♣❛-❛♠(&-❡# ❝♦♥♥✉# ✱ ❡♥ #❡ ❜❛#❛♥& ✉♥✐/✉❡♠❡♥& #✉- ❧❡ ♥♦♠❜-❡

NT ✱ ❧❡# ✐♥❞✐❝❛&-✐❝❡# δt ❡& ❧❡# ✐♥❞✐❝❡# Ln ❞❡ -❡❝♦-❞# -❡#♣❡❝&✐✈❡♠❡♥& ❡& ❡♥ ✉&✐❧✲

✐#❛♥& ❧❛ ♠.&❤♦❞❡ ❞❡# ♠♦♠❡♥&# ♦✉ ❧❡ ♣-✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈-❛✐#❡♠❜❧❛♥❝❡✳

▲❡ ♠❡✐❧❧❡✉- ❡#&✐♠❛&❡✉- #✉- ❧❡# ♣❧❛♥# ❝♦♥#✐❞.-.# ✭❜✐❛✐#✱ .❝❛-&✲&②♣❡ ❡& ♣-♦❜❛❜✐❧✲

✐&. ❞❡ ❝♦✉✈❡-&✉-❡✮ ❛ .&. ♦❜&❡♥✉ ❡♥ ✉&✐❧✐#❛♥& ❧❡# ✐♥❞✐❝❛&-✐❝❡# ❞❡ -❡❝♦-❞# ❡& ❡♥

#❡ ❜❛#❛♥& #✉- ❧❡ ♣-✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈-❛✐#❡♠❜❧❛♥❝❡✳ ❖♥ ❛ ❛✉##✐ ❞♦♥♥.

❧❛ ♣-❡✉✈❡ ❞✉ ❝♦♠♣♦-&❡♠❡♥& ❛#②♠♣&♦&✐/✉❡ ♥♦-♠❛❧ ❞❡# ❞✐✛.-❡♥&# ❡#&✐♠❛&❡✉-#

♦❜&❡♥✉#✳

▲✬✐♠♣♦-&❛♥❝❡ ❞✉ ♠♦❞(❧❡ ❞❡ ❨❛♥❣✲◆❡✈③♦-♦✈ ✈✐❡♥& ❞✉ ❢❛✐& /✉❡ ❧❡# δt #♦♥&
✐♥❞.♣❡♥❞❛♥&# ♣♦✉- &♦✉&❡# ❧❡# ❞✐#&-✐❜✉&✐♦♥# #♦✉#✲❥❛❝❡♥&❡# ♣♦##✐❜❧❡# ❡& /✉❡ ❧❡

✶✹✸
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♠♦❞%❧❡ ❞❡ ❨❛♥❣ ❝♦-♥❝✐❞❡ ❛✈❡❝ ❧❡ ▲❉▼ ❞❛♥3 ❧❡ ❝❛3 ❞✬✉♥❡ ❞✐367✐❜✉6✐♦♥ 3♦✉3✲

❥❛❝❡♥6❡ ❞❡ ●✉♠❜❡❧✳ ❉❡ ♣❧✉3✱ ❝❡ ♠♦❞%❧❡ ❡36 ✐♥6?7❡33❛♥6 ❝❛7 ✐❧ ❛ ❧❛ 367✉❝6✉7❡

❞✬✉♥ ♠♦❞%❧❡ @ 7✐3A✉❡ ♣7♦♣♦76✐♦♥♥❡❧ ❡♥ ❛♥❛❧②3❡ ❞❡ 3✉7✈✐❡✱ ❧❡A✉❡❧ ❛ ♠♦♥67? 3♦♥

✉6✐❧✐6? ❛✜♥ ❞❡ ♠♦❞?❧✐3❡7 ❞❡ ♥♦♠❜7❡✉① ❥❡✉① ❞❡ ❞♦♥♥?❡3✳

❊♥ ♦✉67❡✱ ❡6 6♦✉❥♦✉73 ❞❛♥3 ❧❡ ❝♦♥6❡①6❡ ❞✬✉♥ ♠♦❞%❧❡ ❞❡ ❨❛♥❣✱ ♥♦✉3 ❛✈♦♥3

♠♦♥67? A✉❡ ❧❡ ❝♦♠♣♦76❡♠❡♥6 ❛3②♠♣6♦6✐A✉❡ ❞❡ ❧❛ ❞✐367✐❜✉6✐♦♥ ❞✉ 6❡♠♣3 ✐♥6❡7✲

7❡❝♦7❞3 ∆Ln = Ln+1 − Ln ❡36 ❣?♦♠?67✐A✉❡✳ F✉✐3✱ ❡♥ 3❡ ❜❛3❛♥6 3✉7 ❝❡66❡

♣7♦♣7✐?6?✱ ♥♦✉3 ❛✈♦♥3 ❞?✈❡❧♦♣♣? ❞❡✉① 6❡363 ❞✬❛❞?A✉❛6✐♦♥ ♣♦✉7 ❧❡ ♠♦❞%❧❡ ❞❡

❨❛♥❣✳ ❉✬❛✉67❡ ♣❛76✱ ♥♦✉3 ❛✈♦♥3 ❝♦♥367✉✐6 ✉♥ 6❡36 36❛6✐36✐A✉❡✱ ❜❛3? 3✉7 ❧❡

♥♦♠❜7❡ ❞❡ 7❡❝♦7❞3 NT ✱ A✉✐ ?✈❛❧✉❡ ❧❛ ♥?❝❡33✐6? ❞✬✉♥ ♣❛33❛❣❡ @ ✉♥ ♠♦❞%❧❡ ♥♦♥

✐✐❞ ❛✜♥ ❞❡ ♠♦❞?❧✐3❡7 ❝❡76❛✐♥❡3 3?7✐❡3 ❞❡ 7❡❝♦7❞3✳

◆♦✉3 ❛✈♦♥3 ❛♣♣❧✐A✉? ♥♦3 7?3✉❧6❛63 6❤?♦7✐A✉❡3 @ ❞❡3 ❞♦♥♥?❡3 ❛♥❛❧②3?❡3

♣7?❝?❞❡♠♠❡♥6 ♣❛7 ❨❛♥❣ ✭✶✾✼✺✮ ♣7?3❡♥6❛♥6 ❧❡3 7❡❝♦7❞3 ❞❡ ❧❛ ❝♦✉73❡ ❞❡ ✷✵✵

♠%67❡3 ❞❛♥3 ❧❡3 ❏❡✉① ♦❧②♠♣✐A✉❡3✳ ▲❡3 ❞✐✛?7❡♥63 6❡363 36❛6✐36✐A✉❡3 ♦♥6 ♠♦♥67?

A✉❡ ❧❡ ♣❛33❛❣❡ ❛✉ ❞❡❧@ ❞✬✉♥ ♠♦❞%❧❡ ✐✐❞ ❡36 ♥?❝❡33❛✐7❡ ❡6 A✉❡ ❧✬❤②♣♦6❤%3❡

❞✬✉♥ ♠♦❞%❧❡ ❞❡ ❨❛♥❣ ♥✬❡36 ♣❛3 ❞?7❛✐3♦♥♥❛❜❧❡ ♣♦✉7 ❝❡ 6②♣❡ ❞❡ ❞♦♥♥?❡3✳ ❊6 ❡♥

❛♣♣❧✐A✉❛♥6 ❧❛ ♠?6❤♦❞❡ ❞✬❡36✐♠❛6✐♦♥ ❜❛3?❡ 3✉7 ❧❡3 ✐♥❞✐❝❛67✐❝❡3 ❞❡ 7❡❝♦7❞3 ❡6

❧❡ ♣7✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈7❛✐3❡♠❜❧❛♥❝❡ ❛✜♥ ❞✬❡36✐♠❡7 ❧❡ ♣❛7❛♠%67❡ γ ❞✉

♠♦❞%❧❡ ❞❡ ❨❛♥❣✱ ♥♦✉3 ❛✈♦♥3 ♦❜6❡♥✉ ✉♥ ❡36✐♠❛6❡✉7 A✉✐ ❝♦❧❧❡ ♠✐❡✉① A✉❡ ❝❡❧✉✐

♣7♦♣♦3? ♣❛7 ❨❛♥❣ ✭✶✾✼✺✮ ❛✈❡❝ ❧❡3 ❞♦♥♥?❡3 7?❡❧❧❡3✳

❉❛♥3 ❧❡ ❞❡7♥✐❡7 ❝❤❛♣✐67❡✱ ♥♦✉3 ❛✈♦♥3 ♠♦♥67? A✉✬❡♥ 3❡ ❜❛3❛♥6 ✉♥✐A✉❡♠❡♥6

3✉7 ❧❡3 ✐♥❞✐❝❛67✐❝❡3 ❞❡ 7❡❝♦7❞3✱ ♦♥ ♥✬❛ ♣❛3 ❛33❡③ ❞✬✐♥❢♦7♠❛6✐♦♥3 ♣♦✉7 ❜✐❡♥

❡36✐♠❡7 6♦✉3 ❧❡3 ♣❛7❛♠%67❡3 ❞✬✉♥ ♠♦❞%❧❡ ▲❉▼✳ F❛7 3✉✐6❡✱ ❧❡ ♣❛33❛❣❡ @ ❧✬✉6✐❧✲

✐3❛6✐♦♥ ❞❡3 ❝♦✉♣❧❡3 ❞❡3 ❞♦♥♥?❡3 ❞✐3♣♦♥✐❜❧❡3 {(Rn, Ln) , n ≥ 1} ❞❡✈✐❡♥6 ✐♥❞✐3✲

♣❡♥3❛❜❧❡✳ ❊♥3✉✐6❡✱ ◆♦✉3 ❛✈♦♥3 ♣7?3❡♥6? ✉♥❡ ♥♦✉✈❡❧❧❡ ♠?6❤♦❞❡ ❞✬❡36✐♠❛6✐♦♥

❞❡3 ♣❛7❛♠%67❡3 ❞❡3 ♠♦❞%❧❡3 ▲❉▼ ❡6 ❨❛♥❣ ❜❛3?❡ 3✉7 ❧❛ ♣7♦♣7✐?6? ▼❛7❦♦✈✐✲

❡♥♥❡ ❞❡ ❧❛ 3✉✐6❡ ❞❡3 ❝♦✉♣❧❡3 (Rn, Ln) ❡6 3✉7 ❧❡3 67❛✈❛✉① ❞❡ ❈❛7❧✐♥ ❡6 ●❡❧❢❛♥❞

✭✶✾✾✸✮✳ ❊♥ ✉6✐❧✐3❛♥6 ❝❡66❡ ♥♦✉✈❡❧❧❡ ♠?6❤♦❞❡ ❞✬❡36✐♠❛6✐♦♥✱ ♦♥ ❛ ♦❜6❡♥✉ ❞❡3

❡36✐♠❛6❡✉73 ❞❡ ❜♦♥♥❡ A✉❛❧✐6?✱ 3✉7 ❧❡ ♣❧❛♥ ❞✉ ❜✐❛✐3 ❡6 ❞❡ ❧✬?❝❛76✲6②♣❡✳ ❉❡ ♣❧✉3✱

❧✬✉6✐❧✐3❛6✐♦♥ ❞❡ ❧❛ 6♦6❛❧✐6? ❞❡3 ❞♦♥♥?❡3 ❞✐3♣♦♥✐❜❧❡3 ♥♦✉3 ❛ ❛✐❞? @ ❞?♣❛33❡7 ❧❛

❝♦♥67❛✐♥6❡ ❞✬✉♥❡ ❞✐367✐❜✉6✐♦♥ 3♦✉3✲❥❛❝❡♥6❡ ❞❡ ●✉♠❜❡❧ ❞❛♥3 ✉♥ ♠♦❞%❧❡ ▲❉▼✳

❉✬❛✉67❡ ♣❛76✱ ♥♦✉3 ❛✈♦♥3 ❛✉33✐ ✉6✐❧✐3? ❝❡66❡ ✈7❛✐3❡♠❜❧❛♥❝❡ ♣❧✉3 ❝♦♠♣❧%6❡ ♣♦✉7

❡36✐♠❡7 ❧❡3 ♣❛7❛♠%67❡3 ❞✬✉♥ ♠♦❞%❧❡ ▲❉▼ ❞❡ ❞✐367✐❜✉6✐♦♥ 3♦✉3✲❥❛❝❡♥6❡ ❛✉67❡

A✉❡ ●✉♠❜❡❧✱ ♠❛✐3 ❡♥ 7❡36❛♥6 3✉7 ✉♥❡ ❢♦♥❝6✐♦♥ ❞❡ ✈7❛✐3❡♠❜❧❛♥❝❡ ❝♦♥367✉✐6❡

@ ♣❛76✐7 ❞✬✉♥❡ ❞✐367✐❜✉6✐♦♥ ❞❡ ●✉♠❜❡❧ ❡6 ♥♦✉3 ❛✈♦♥3 ?6✉❞✐? ❡♠♣✐7✐A✉❡♠❡♥6

❧❡✉7 ❝♦♠♣♦76❡♠❡♥6✳

❊♥✜♥✱ ♥♦✉3 ❛✈♦♥3 ✐♥67♦❞✉✐6 ❞❡3 6❡363 36❛6✐36✐A✉❡3 ❜❛3?3 3✉7 ❧❡3 ❢♦♥❝6✐♦♥3 ❞❡

✈7❛✐3❡♠❜❧❛♥❝❡3 ♦❜6❡♥✉❡3 ❡♥ ✉6✐❧✐3❛♥6 ❧❛ 3✉✐6❡ ❞❡3 ❝♦✉♣❧❡3 {(Rn, Ln) ✱n≥1}✳ ❊♥
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♣$❡♠✐❡$ ❧✐❡✉✱ ♥♦✉- ❛✈♦♥- ✈0$✐✜0 ❧❛ ❝♦♥❢♦$♠✐40 ❞✉ ❝❤♦✐① ❞❡ ❧❛ ❞✐-4$✐❜✉4✐♦♥ -♦✉-✲

❥❛❝❡♥4❡ ❞❛♥- ❧❡ ❝❛- ❞❡- ♠♦❞;❧❡- ▲❉▼ ❡4 ❨❛♥❣ $❡-♣❡❝4✐✈❡♠❡♥4✳ ❊♥ -❡❝♦♥❞ ❧✐❡✉✱

♥♦✉- ❛✈♦♥- ♣$0-❡♥40 ✉♥ 4❡-4 C✉✐ ♥♦✉- ❛✐❞❡ D ❝❤♦✐-✐$ ❡♥4$❡ ✉♥ ♠♦❞;❧❡ ▲❉▼ ❡4

❞❡ ❨❛♥❣✳ ❖♥ $❡♠❛$C✉❡ ❜✐❡♥ 0✈✐❞❡♠♠❡♥4 C✉❡ ❧❛ ♣✉✐--❛♥❝❡ ❞✉ 4❡-4 -✬❛♠0❧✐♦$❡

❛✈❡❝ ❧✬❛✉❣♠❡♥4❛4✐♦♥ ❞❡ θ✱ γ ❡4 T ✳

✼✳✷ #❡%&♣❡❝)✐✈❡&

▲❡- $0-✉❧4❛4- ❞❡- -✐♠✉❧❛4✐♦♥- ❞✉ ❈❤❛♣✐4$❡ ✻ ♠♦♥4$❡♥4 C✉✬✐❧ ♥✬❡-4 ♣❛-

❞0$❛✐-♦♥♥❛❜❧❡ ❞❡ ❝♦♥❥❡❝4✉$❡$ C✉❡ ❧❡ ❝♦♠♣♦$4❡♠❡♥4 ❛-②♠♣4♦4✐C✉❡ ❞❡- ❡-4✐♠❛✲

4❡✉$- θ̂5 ❡4 γ̂4✱ ♦❜4❡♥✉- ❡♥ ✉4✐❧✐-❛♥4 ❧❡ ♣$✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❞❡ ✈$❛✐-❡♠❜❧❛♥❝❡

❡4 ❧❛ ♣$♦♣$✐040 ▼❛$❦♦✈✐❡♥♥❡ ❞❡- ❝♦✉♣❧❡- (Rn, Ln)✱ ❡-4 ♥♦$♠❛❧ ❞❡ ✈❛$✐❛♥❝❡

❧✬✐♥✈❡$-❡ ❞❡ ❧❛ ❞0$✐✈0❡ -❡❝♦♥❞❡ ❞❡- ❢♦♥❝4✐♦♥- ❧♦❣✲✈$❛✐-❡♠❜❧❛♥❝❡-✳ ❈✬❡-4 D ❞✐$❡

θ̂5 − θ√
−
(
❞

2
logL(θ)

❞θ2

)−1
∼ N (0, 1) ,

❡4

γ̂4 − γ√
−
(
❞

2
logL(γ)

❞γ2

)−1
∼ N (0, 1) .

❏✉-C✉✬D ♣$0-❡♥4 ♦♥ ♥✬❛ ♣❛- ❡♥❝♦$❡ ❧❛ 4❤0♦$✐❡ ♣❡$♠❡44❛♥4 ❞❡ ❞♦♥♥❡$ ❧❡-

♣$❡✉✈❡- ❞❡- ❝♦♥❥❡❝4✉$❡-✱ -✉$4♦✉4 C✉❡ ❧❡- (Rn, Ln) ❢♦$♠❡♥4 ✉♥❡ ❝❤❛L♥❡ ❞❡

▼❛$❦♦✈ ❞❡ -♦$4❡ C✉❡ ❧❡- 4❤0♦$;♠❡- -4❛♥❞❛$❞- ❝♦♥❝❡$♥❛♥4 ❧❡ ❝♦♠♣♦$4❡♠❡♥4

❞❡- ❡-4✐♠❛4❡✉$- ❞❡ ✈$❛✐-❡♠❜❧❛♥❝❡ ♠❛①✐♠❛❧❡ ♥❡ -✬❛♣♣❧✐C✉❡♥4 ♣❛- ❞✐$❡❝4❡♠❡♥4✳

❆✐♥-✐✱ ✉♥❡ ♣$❡♠✐;$❡ ♣❡$-♣❡❝4✐✈❡ ❞❡ ❝❡44❡ 4❤;-❡ ❡-4 ❞✬❡--❛②❡$ ❞❡ ❞0✈❡❧♦♣♣❡$

✉♥❡ ♣$❡✉✈❡ 4❤0♦$✐C✉❡ ❞✉ ❝♦♠♣♦$4❡♠❡♥4 ❛-②♠♣4♦4✐C✉❡ ❞❡ ❝❡- ❞❡✉① ❡-4✐♠❛✲

4❡✉$-✳ N♦✉$ ❞0❜✉4❡$ ❝❡ 4$❛✈❛✐❧ ♥♦✉- -✉❣❣0$♦♥- ❧✬✉4✐❧✐-❛4✐♦♥ ❞❡ ❧❛ ♠04❤♦❞❡ ❞❡

✓ ♦♥❡ -4❡♣ ❡-4✐♠❛4♦$ ✔ ❜❛-0❡ -✉$ ❧❡- ❞✐✛0$❡♥4❡- ❢♦♥❝4✐♦♥- ❞❡ ✈$❛✐-❡♠❜❧❛♥❝❡-

❞✉ ❈❤❛♣✐4$❡ ✻ ❡4 ❡♥ ♣$❡♥❛♥4 θ̂3 ❡4 γ̂3 ❝♦♠♠❡ ♣♦✐♥4 ❞❡ ❞0♣❛$4 ❞❡ ❧✬❛❧❣♦$✐4❤♠❡

✐40$❛4✐✈❡✳

❯♥❡ ❞❡✉①✐;♠❡ ♣❡$-♣❡❝4✐✈❡✱ ❡-4 ❛✉--✐ ❞✬04✉❞✐❡$ ❧❡ ❝♦♠♣♦$4❡♠❡♥4 ❛-②♠♣✲

4♦4✐C✉❡ ❞❡- ❞✐✛0$❡♥4- ❡-4✐♠❛4❡✉$- ♦❜4❡♥✉- ❞❛♥- ❧❡ ❝♦♥4❡①4❡ ❞✉ ♣$♦❜❧;♠❡ ❞❡

✓ ♠✐--♣❡❝✐✜❝❛4✐♦♥ ✔ ❞❡ ❧❛ ❙❡❝4✐♦♥ ✻✳✹✳ ❏✉-C✉✬D ♣$0-❡♥4 ♦♥ ♥✬❛ ♣❛- ❞❡- ✐❞0❡-

❝❧❛✐$❡- -✉$ ❧❛ 4❤0♦$✐❡ ♣❡$♠❡44❛♥4 ❞✬❡-4✐♠❡$ ❧❡- 0❝❛$4-✲4②♣❡- ❞❡ ❝❡- ❡-4✐♠❛4❡✉$-✳
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❉❡ ♣❧✉(✱ ✉♥❡ +,♦✐(✐/♠❡ ♣❡,(♣❡❝+✐✈❡ ❡(+ ❞✬5+✉❞✐❡, ❧❡ ❝♦♠♣♦,+❡♠❡♥+ ❛(②♠♣✲

+♦+✐9✉❡ ❡①❛❝+ ❞❡( ❞✐✛5,❡♥+❡( (+❛+✐(+✐9✉❡( ❞❡ +❡(+( ❞❡ ❧❛ ❙❡❝+✐♦♥ ✻✳✺ ❡♥ (❡ ❜❛(❛♥+

(✉, ❧❡( +,❛✈❛✉① ❞❡ ❉✉❝❤❛,♠❡ ❡+ ❋,✐❝❤♦+ ✭✷✵✵✸✮ 9✉✐ ❢♦♥+ ❧✬❛♥❛❧②(❡ ❞❛♥( ❧❡ ❝❛(

(+❛♥❞❛,❞ ♦H ❧❡( ❞♦♥♥5❡( (♦♥+ ✐✐❞✳ ❆✉((✐✱ ♣♦✉, (✉♣♣❧5❡, J ❧❛ +❤5♦,✐❡ ♠❛♥9✉❛♥+❡

(✉, ❧❡ ❝♦♠♣♦,+❡♠❡♥+ ❛(②♠♣+♦+✐9✉❡ ❞❡( (+❛+✐(+✐9✉❡( ❞❡ +❡(+(✱ ✉♥❡ ♣❡,(♣❡❝+✐✈❡

♣♦((✐❜❧❡ (❡,❛✐+ ❧❛ ♠5+❤♦❞❡ ❞✉ ❜♦♦+(+,❛♣✳ ▼❛✐( ❡♥❝♦,❡ ❧J✱ ❧❛ ♣,❡✉✈❡ 9✉❡ ❝❡++❡

❛♣♣,♦❝❤❡ ♠❛,❝❤❡ ❞❛♥( ❧❡ ♣,5(❡♥+ ❝♦♥+❡①+❡ ♥♦♥✲(+❛♥❞❛,❞ ♣♦✉,,❛✐+ L+,❡ ❞5❧✐❝❛+❡

❡+ ❞♦✐+ ❢❛✐,❡ ❧✬♦❜❥❡+ ❞❡ +,❛✈❛✉① ❢✉+✉,(✳

❊♥✜♥✱ ♥♦✉( ❝❤❡,❝❤♦♥( J ❛♣♣❧✐9✉❡, ♥♦( ,5(✉❧+❛+( +❤5♦,✐9✉❡( J ❞❡( ❞♦♥♥5❡(

,❡❝♦,❞( ❞❛♥( ♣❧✉(✐❡✉,( ❞♦♠❛✐♥❡(✱ (✉,+♦✉+ ♣♦✉, ❞❡( ♣❤5♥♦♠/♥❡( ♥❛+✉,❡❧(✱ ❛✜♥

❞❡ ❝❛❧❝✉❧❡, ❧❛ ♣,♦❜❛❜✐❧✐+5 ❞✬✉♥ ♣,♦❝❤❛✐♥ ,❡❝♦,❞✳



 !♦❞✉❝&✐♦♥) )❝✐❡♥&✐✜,✉❡)

• ❏✉✐❧❧❡% ✷✵✶✻ ✿ ❆,%✐❝❧❡ .♦✉♠✐. ❛✉ ❥♦✉,♥❛❧ ✓❊①%,❡♠❡.✔✱ ✐♥%✐%✉❧9 ✿ ✓ ❉✐.%,✐❜✉%✐♦♥✲

❋,❡❡ ■♥❢❡,❡♥❝❡ ✐♥ ❘❡❝♦,❞ ❙❡,✐❡. ✔✳

• ❏✉✐♥ ✷✵✶✻ ✿ ❏✬❛✐ ❛..✐.%9 E ❧❛ ❝♦♥❢9,❡♥❝❡ ✓ ▲❡. ✹✽❡ ❏♦✉,♥9❡. ❞❡ ❙%❛%✐.%✐I✉❡

✭❏❞❙✷✵✶✻✮ ✔ %❡♥✉❡ E ▼♦♥%♣❡❧❧✐❡,✱ ❡% ❥✬❛✐ ♣,9.❡♥%9 ✉♥ ❡①♣♦.9 ✐♥%✐%✉❧9 ✿

✓ ❊.%✐♠❛%✐♦♥ ❞❡. ♣❛,❛♠N%,❡. ♣♦✉, ❞❡. ♠♦❞N❧❡. ❛❞❛♣%9. ❛✉① .9,✐❡. ❞❡

,❡❝♦,❞. ✔✳

• ▼❛✐ ✷✵✶✺ ✿ ❏✬❛✐ ❛..✐.%9 E ❧❛ ❝♦♥❢9,❡♥❝❡ ✓ ▲❡❜❛♥❡.❡ ■♥%❡,♥❛%✐♦♥❛❧ ❈♦♥✲

❢❡,❡♥❝❡ ♦♥ ▼❛%❤❡♠❛%✐❝. ❛♥❞ ❆♣♣❧✐❝❛%✐♦♥. ▲■❈▼❆✬✷✵✶✺ ✔ %❡♥✉❡ E ❇❡②✲

,♦✉%❤✱ ❡% ❥✬❛✐ ♣,9.❡♥%9 ✉♥ ❡①♣♦.9 ✐♥%✐%✉❧9 ✿ ✓ ❘❡❝♦,❞. ✐♥ ❝❧❛..✐❝❛❧ ♠♦❞❡❧

❛♥❞ ✐♥ %❤❡ ♣,❡.❡♥❝❡ ♦❢ ❛ ❧✐♥❡❛, ❞,✐❢% ✔✳

✶✹✼
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❘♦❝❝♦ ❇❛❧❧❡!✐♥✐ ❡, ❙✐❞♥❡② ❘❡*♥✐❝❦ ✿ ❘❡❝♦"❞( ❢"♦♠ ✐♠♣"♦✈✐♥❣ ♣♦♣✉❧❛,✐♦♥(✳

❏♦✉$♥❛❧ ♦❢ ❆♣♣❧✐❡❞ 0$♦❜❛❜✐❧✐2②✱ ♣❛❣❡( ✹✽✼✕✺✵✷✱ ✶✾✽✺✳

❘♦❝❝♦ ❇❛❧❧❡!✐♥✐ ❡, ❙✐❞♥❡② ■ ❘❡*♥✐❝❦ ✿ ❊♠❜❡❞❞✐♥❣ (❡N✉❡♥❝❡( ♦❢ (✉❝❝❡(✲

(✐✈❡ ♠❛①✐♠❛ ✐♥ ❡①,"❡♠❛❧ ♣"♦❝❡((❡(✱ ✇✐,❤ ❛♣♣❧✐❝❛,✐♦♥(✳ ❏♦✉$♥❛❧ ♦❢ ❆♣♣❧✐❡❞

0$♦❜❛❜✐❧✐2②✱ ♣❛❣❡( ✽✷✼✕✽✸✼✱ ✶✾✽✼✳

❨✈♦♥♥❡ ▼ ❇✐*❤♦♣✱ ❙,❡♣❤❡♥ ❊ ❋✐❡♥❜❡!❣ ❡, S❛✉❧ ❲ ❍♦❧❧❛♥❞ ✿ ❉✐&❝$❡2❡

♠✉❧2✐✈❛$✐❛2❡ ❛♥❛❧②&✐& ✿ 2❤❡♦$② ❛♥❞ ♣$❛❝2✐❝❡✳ ❙♣"✐♥❣❡" ❙❝✐❡♥❝❡ ✫ ❇✉(✐♥❡((

▼❡❞✐❛✱ ◆❡✇ ❨♦"❦✱ ✷✵✵✼✳

❑ ❇♦!♦✈❦♦✈ ✿ ❖♥ "❡❝♦"❞( ❛♥❞ "❡❧❛,❡❞ ♣"♦❝❡((❡( ❢♦" (❡N✉❡♥❝❡( ✇✐,❤ ,"❡♥❞(✳

❏♦✉$♥❛❧ ♦❢ ❆♣♣❧✐❡❞ 0$♦❜❛❜✐❧✐2②✱ ✸✻✿✻✻✽✕✻✽✶✱ ✶✾✾✾✳

❇"❛❞❧❡② S ❈❛!❧✐♥ ❡, ❆❧❛♥ ❊ ●❡❧❢❛♥❞ ✿ S❛"❛♠❡,"✐❝ ❧✐❦❡❧✐❤♦♦❞ ✐♥❢❡"❡♥❝❡ ❢♦"

"❡❝♦"❞ ❜"❡❛❦✐♥❣ ♣"♦❜❧❡♠(✳ ❇✐♦♠❡2$✐❦❛✱ ✽✵✿✺✵✼✕✺✶✺✱ ✶✾✾✸✳

❑◆ ❈❤❛♥❞❧❡! ✿ ❚❤❡ ❞✐(,"✐❜✉,✐♦♥ ❛♥❞ ❢"❡N✉❡♥❝② ♦❢ "❡❝♦"❞ ✈❛❧✉❡(✳ ❏♦✉$♥❛❧

♦❢ 2❤❡ ❘♦②❛❧ ❙2❛2✐&2✐❝❛❧ ❙♦❝✐❡2②✳ ❙❡$✐❡& ❇✱ ♣❛❣❡( ✷✷✵✕✷✷✽✱ ✶✾✺✷✳

❆ ❈❤❛!❛❧❛♠❜✐❞❡*✱ ❈❤ ❡, ❏❛❣❜✐" ❙✐♥❣❤ ✿ ❘❡✈✐❡✇ ♦❢ ,❤❡ (,✐"❧✐♥❣ ♥✉♠✲

❜❡"(✱ ,❤❡✐" ❣❡♥❡"❛❧✐③❛,✐♦♥( ❛♥❞ (,❛,✐(,✐❝❛❧ ❛♣♣❧✐❝❛,✐♦♥(✳ ❈♦♠♠✉♥✐❝❛2✐♦♥& ✐♥

❙2❛2✐&2✐❝&✲❚❤❡♦$② ❛♥❞ ▼❡2❤♦❞&✱ ✶✼✿✷✺✵✼✕✷✺✸✷✱ ✶✾✽✽✳

●✐❧❧❡( ❘ ❉✉❝❤❛!♠❡ ❡, ❇❡♥♦[, ❋!✐❝❤♦? ✿ ◗✉❛(✐ ♠♦(, ♣♦✇❡"❢✉❧ ✐♥✈❛"✐❛♥,

❣♦♦❞♥❡((✲♦❢✲✜, ,❡(,(✳ ❙❝❛♥❞✐♥❛✈✐❛♥ ❥♦✉$♥❛❧ ♦❢ &2❛2✐&2✐❝&✱ ✸✵✿✸✾✾✕✹✶✹✱ ✷✵✵✸✳
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❲✐❧❧✐❛♠ ❋❡❧❧❡# ✿ ❆♥ ■♥#$♦❞✉❝#✐♦♥ #♦ *$♦❜❛❜✐❧✐#② ❚❤❡♦$② ❛♥❞ ■#2 ❆♣♣❧✐❝❛✲

#✐♦♥2✳ ❱♦❧✉♠❡ ■✳ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥1 ▲♦♥❞♦♥✲◆❡✇ ❨♦8❦✲❙②❞♥❡②✲❚♦8♦♥;♦✱

✶✾✻✽✳

❲✐❧❧✐❛♠ ❋❡❧❧❡# ✿ ❆♥ ■♥#$♦❞✉❝#✐♦♥ #♦ *$♦❜❛❜✐❧✐#② ❚❤❡♦$② ❛♥❞ ■#2 ❆♣♣❧✐❝❛✲

#✐♦♥2✳ ❱♦❧✉♠❡ ■■✳ 2❡❝♦♥❞ ❡❞✐#✐♦♥✳ ❲✐❧❡②✱ ◆❡✇ ❨♦8❦✱ ✶✾✼✶✳

❆♥❞8❡② ❋❡✉❡#✈❡#❣❡# ❡; C❡;❡8 ❍❛❧❧ ✿ ❖♥ ❞✐1;8✐❜✉;✐♦♥✲❢8❡❡ ✐♥❢❡8❡♥❝❡ ❢♦8

8❡❝♦8❞✲✈❛❧✉❡ ❞❛;❛ ✇✐;❤ ;8❡♥❞✳ ❚❤❡ ❆♥♥❛❧2 ♦❢ ❙#❛#✐2#✐❝2✱ ♣❛❣❡1 ✷✻✺✺✕✷✻✼✽✱
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❏❛1♣❡8 ❋#❛♥❦❡✱ ●8❡❣♦8❲❡#❣❡♥ ❡; ❏♦❛❝❤✐♠ ❑#✉❣ ✿ ❘❡❝♦8❞1 ❛♥❞ 1❡P✉❡♥❝❡1

♦❢ 8❡❝♦8❞1 ❢8♦♠ 8❛♥❞♦♠ ✈❛8✐❛❜❧❡1 ✇✐;❤ ❛ ❧✐♥❡❛8 ;8❡♥❞✳ ❏♦✉$♥❛❧ ♦❢ ❙#❛#✐2#✐❝❛❧
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❊♠✐❧ ❏✉❧✐✉1 ●✉♠❜❡❧ ❡; ❈❤❛♥❞❛♥ ❑ ▼✉12❛❢✐ ✿ ❙♦♠❡ ❛♥❛❧②;✐❝❛❧ ♣8♦♣❡8;✐❡1
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;❤❡ ♣❛8❛♠❡;8✐❝ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡1;✐♠❛;♦8 ❢♦8 ✐♥❞❡♣❡♥❞❡♥; ❜✉; ♥♦♥✲

✐❞❡♥;✐❝❛❧❧② ❞✐1;8✐❜✉;❡❞ ♦❜1❡8✈❛;✐♦♥1 ✇✐;❤ ❛♣♣❧✐❝❛;✐♦♥ ;♦ ;8✉♥❝❛;❡❞ ❞❛;❛✳

❏♦✉$♥❛❧ ♦❢ ❙#❛#✐2#✐❝❛❧ ❚❤❡♦$② ❛♥❞ ❆♣♣❧✐❝❛#✐♦♥2✱ ✶✺✿✾✻✕✶✵✼✱ ✷✵✶✻✳
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❏♦$❡♣❤ ▼❡✐①♥❡% ✿ ❖*+❤♦❣♦♥❛❧❡ ♣♦❧②♥♦♠$②$+❡♠❡ ♠✐+ ❡✐♥❡* ❜❡$♦♥❞❡*❡♥

❣❡$+❛❧+ ❞❡* ❡*③❡✉❣❡♥❞❡♥ ❢✉♥❦+✐♦♥✳ ❏♦✉#♥❛❧ ♦❢ (❤❡ ▲♦♥❞♦♥ ▼❛(❤❡♠❛(✐❝❛❧

❙♦❝✐❡(②✱ ✶✿✻✕✶✸✱ ✶✾✸✹✳

❱❛❧❡*② ❇ ◆❡✈③♦%♦✈ ✿ ❘❡❝♦#❞4 ✿ ♠❛(❤❡♠❛(✐❝❛❧ (❤❡♦#②✳ ❆♠❡*✐❝❛♥ ▼❛+❤❡♠❛+✲

✐❝❛❧ ❙♦❝✐❡+②✱ ❘❤♦❞❡ ■$❧❛♥❞✱ ✷✵✵✶✳

❱❇ ◆❡✈③♦%♦✈ ✿ ❘❡❝♦*❞$ ❢♦* ♥♦♥✐❞❡♥+✐❝❛❧❧② ❞✐$+*✐❜✉+❡❞ *❛♥❞♦♠ ✈❛*✐❛❜❧❡$✳

6#♦❝❡❡❞✐♥❣4 ♦❢ (❤❡ ❋✐❢(❤ ❱✐❧♥✐✉4 ❈♦♥❢❡#❡♥❝❡✱ ✷✿✷✷✼✕✷✸✸✱ ✶✾✾✵✳

❱❇ ◆❡✈③♦%♦✈ ❡+ ❆ ❙+❡♣❛♥♦✈ ✿ ❘❡❝♦*❞$ ✇✐+❤ ❝♦♥✜*♠❛+✐♦♥✳ ❙(❛(✐4(✐❝4 ✫

6#♦❜❛❜✐❧✐(② ▲❡((❡#4✱ ✾✺✿✸✾✕✹✼✱ ✷✵✶✹✳

●❛*② ❲ ❖❡❤❧❡%+ ✿ ❆ ♥♦+❡ ♦♥ +❤❡ ❞❡❧+❛ ♠❡+❤♦❞✳ ❚❤❡ ❆♠❡#✐❝❛♥ ❙(❛(✐4(✐❝✐❛♥✱

✹✻✿✷✼✕✷✾✱ ✶✾✾✷✳

❑❛*❧ 1❡❛%2♦♥ ✿ ❳✳ ♦♥ +❤❡ ❝*✐+❡*✐♦♥ +❤❛+ ❛ ❣✐✈❡♥ $②$+❡♠ ♦❢ ❞❡✈✐❛+✐♦♥$ ❢*♦♠

+❤❡ ♣*♦❜❛❜❧❡ ✐♥ +❤❡ ❝❛$❡ ♦❢ ❛ ❝♦**❡❧❛+❡❞ $②$+❡♠ ♦❢ ✈❛*✐❛❜❧❡$ ✐$ $✉❝❤ +❤❛+

✐+ ❝❛♥ ❜❡ *❡❛$♦♥❛❜❧② $✉♣♣♦$❡❞ +♦ ❤❛✈❡ ❛*✐$❡♥ ❢*♦♠ *❛♥❞♦♠ $❛♠♣❧✐♥❣✳ ❚❤❡

▲♦♥❞♦♥✱ ❊❞✐♥❜✉#❣❤✱ ❛♥❞ ❉✉❜❧✐♥ 6❤✐❧♦4♦♣❤✐❝❛❧ ▼❛❣❛③✐♥❡ ❛♥❞ ❏♦✉#♥❛❧ ♦❢

❙❝✐❡♥❝❡✱ ✺✵✿✶✺✼✕✶✼✺✱ ✶✾✵✵✳

❘✳ ▲✳ 1❧❛❝❦❡++ ✿ ❚❤❡ ❆♥❛❧②4✐4 ♦❢ ❈❛(❡❣♦#✐❝❛❧ ❉❛(❛✳ ●*✐✣♥✱ ▲♦♥❞♦♥✱ ✶✾✼✹✳

●❧❡♥ ❉ ❘❛②♥❡% ❡+ ❏♦❤♥ ❈❲ ❘❛②♥❡% ✿ W♦✇❡* ♦❢ +❤❡ ♥❡②♠❛♥ $♠♦♦+❤ +❡$+$

❢♦* +❤❡ ✉♥✐❢♦*♠ ❞✐$+*✐❜✉+✐♦♥✳ ❆❞✈❛♥❝❡4 ✐♥ ❉❡❝✐4✐♦♥ ❙❝✐❡♥❝❡4✱ ✺✭✸✮✿✶✽✶✕✶✾✶✱

✷✵✵✶✳

❏❈❲ ❘❛②♥❡% ❡+ ❉❏ ❇❡2+ ✿ ❙♠♦♦(❤ (❡4(4 ♦❢ ❣♦♦❞♥❡44 ♦❢ ✜(✳ ❖①❢♦*❞ ❯♥✐✈❡*✲

$✐+② W*❡$$✱ ◆❡✇ ❨♦*❦✱ ✶✾✽✾✳

❘❲ ❙❤♦%%♦❝❦ ✿ ❖♥ *❡❝♦*❞ ✈❛❧✉❡$ ❛♥❞ *❡❝♦*❞ +✐♠❡$✳ ❏♦✉#♥❛❧ ♦❢ ❆♣♣❧✐❡❞

6#♦❜❛❜✐❧✐(②✱ ♣❛❣❡$ ✸✶✻✕✸✷✻✱ ✶✾✼✷✳

❊ ❙❧✉+2❦② ✿ ❆❜♦✉+ $+♦❝❤❛$+✐❝ ❛$②♠♣+♦+❡$ ❛♥❞ ❧✐♠✐+$✳ ▼❡(#♦♥✱ ✺✿✸✕✽✾✱ ✶✾✷✺✳

❘✐❝❤❛*❞ ▲ ❙♠✐+❤ ✿ ❋♦*❡❝❛$+✐♥❣ *❡❝♦*❞$ ❜② ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞✳ ❏♦✉#♥❛❧ ♦❢

(❤❡ ❆♠❡#✐❝❛♥ ❙(❛(✐4(✐❝❛❧ ❆44♦❝✐❛(✐♦♥✱ ✽✸✿✸✸✶✕✸✸✽✱ ✶✾✽✽✳

●❲❡%❣❡♥ ✿ ❘❡❝♦*❞$ ✐♥ $+♦❝❤❛$+✐❝ ♣*♦❝❡$$❡$✱ +❤❡♦*② ❛♥❞ ❛♣♣❧✐❝❛+✐♦♥$✳ ❏♦✉#✲

♥❛❧ ♦❢ 6❤②4✐❝4 ❆ ✿ ▼❛(❤❡♠❛(✐❝❛❧ ❛♥❞ ❚❤❡♦#❡(✐❝❛❧✱ ✹✻✿✷✷✸✵✵✶✱ ✷✵✶✸✳
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●$❡❣♦$ ❲❡"❣❡♥ ✿ ▼♦❞❡❧✐♥❣ $❡❝♦$❞✲❜$❡❛❦✐♥❣ 34♦❝❦ ♣$✐❝❡3✳  ❤②#✐❝❛ ❆ ✿ ❙*❛✲

*✐#*✐❝❛❧ ▼❡❝❤❛♥✐❝# ❛♥❞ ✐*# ❆♣♣❧✐❝❛*✐♦♥#✱ ✸✾✻✿✶✶✹✕✶✸✸✱ ✷✵✶✹✳

●$❡❣♦$❲❡"❣❡♥✱ ▼✐$♦ ❇♦❣♥❡" ❡4 ❏♦❛❝❤✐♠ ❑"✉❣ ✿ ❘❡❝♦$❞ 34❛4✐34✐❝3 ❢♦$ ❜✐✲

❛3❡❞ $❛♥❞♦♠ ✇❛❧❦3✱ ✇✐4❤ ❛♥ ❛♣♣❧✐❝❛4✐♦♥ 4♦ ✜♥❛♥❝✐❛❧ ❞❛4❛✳  ❤②#✐❝❛❧ ❘❡✈✐❡✇

❊✱ ✽✸✿✵✺✶✶✵✾✱ ✷✵✶✶✳

●$❡❣♦$ ❲❡"❣❡♥ ❡4 ❏♦❛❝❤✐♠ ❑"✉❣ ✿ ❘❡❝♦$❞✲❜$❡❛❦✐♥❣ 4❡♠♣❡$❛4✉$❡3 $❡✈❡❛❧

❛ ✇❛$♠✐♥❣ ❝❧✐♠❛4❡✳ ❊✉8♦♣❤②#✐❝# ▲❡**❡8#✱ ✾✷✿✸✵✵✵✽✱ ✷✵✶✵✳

▼❛$❦ ❈❑ ❨❛♥❣ ✿ ❖♥ 4❤❡ ❞✐34$✐❜✉4✐♦♥ ♦❢ 4❤❡ ✐♥4❡$✲$❡❝♦$❞ 4✐♠❡3 ✐♥ ❛♥ ✐♥❝$❡❛3✲
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