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• D′(Ω) #$3 *"#$%&'# ,#$ ,+$32+@)3+/-$ $)2 Ω0

• %0%  %2#$<)# %&23/)30

EE



• Lp(Ω)  !" #$ !%&' ( ) * !+, -

• Lp
loc  !" #$ !%&' ! ( ! ./0'"1/0! #/'&# 2 0" Lp

(&0! R
d
-

• ‖.‖Lp(Ω) ( !1+0 #& 0/32 (&0! Lp(Ω)-

• Wm,p(Ω), Hm(Ω)  !" #$ !%&' ! ( 4/*/# 5-

• Wm,p
0 (Ω), Hm

0 (Ω)  !" #$&(673 0' ( D(Ω) (&0! Wm,p(Ω) 3 !% '"15 2 0" (&0! Hm(Ω)-

• L(X, Y )  !" #$ !%&' ( ! /%73&" ,3! #107&13 ! '/0"10,! ( X (&0! Y -
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 !"#$%&'"($!

 !" #$%&'()!" $!'*+,-" . '/01%'%2,!3 '/!45,$%44!)!4+ !+ *6 1',)*+ #$0%116#!4+ 7! +$("

4%)&$!68 "!1+!6$" 7*4" '* "%1,0+0 !4 2040$*' !+ '!" "1,!4+,9:6!" !4 #*$+,16',!$; <4 7! 1!"

#$%&'()!" )*=!6$" !"+ 1!'6, 7! '* #%''6+,%4;  ! 4%)&$!6"!" $!1>!$1>!" "1,!4+,9:6!"3 7*4"

#'6",!6$" 7%)*,4!" "%4+ )!40!" #%6$ '6++!$ 1%4+$! 1! ?0*6 #%6$ *6 )%,4" 7,),46!$ "!"

!@!+" ",4%4 '/0$*7,:6!$;

A!" "1,!4+,9:6!" "/*1+,5!4+ . 70+!$),4!$ '!" )!,''!6$!" "%'6+,%4" . 1! #$%&'()!; B!#!4C

7*4+ ,'" 4! "*6$*,!4+ $06"",$ '!6$ #*$, "*4" 64! 1%%#0$*+,%4 ,4+!$7,"1,#',4*,$! :6, #!$)!+

. '* -%," 7/*4*'D"!$ 7!" 7%440!" %&"!$50!" #*$ '!" 01%'%2,"+!"3 7! 1%4",70$!$ '!" !8#!$+,"!"

-*,+!" #*$ 7!" ,4204,!6$"3 7! -%$)6'!$ 7!" )%7('!" )*+>0)*+,:6!" !+ 0+*&',$ 7!" )0+>%7!"

7! $0"%'6+,%4 *4*'D+,:6!" !+ 46)0$,:6!";

E4 2040$*' 7*4" '* 4*+6$! ,' D * #'6",!6$" +D#!" 7! #%''6+,%4 7%4+ 1>*164 401!"",+! 64

+$*,+!)!4+ #*$+,16',!$3 1! :6, $!47 '* '6++! +$(" 1%6+!6"! #%6$ '* "*65!2*$7! 7! '* #'*4(+!

1%4+$! 1!" 7,5!$" ?0*68;

A* #%''6+,%4 7! '* "%6$1! 7! 5,!3 . "*5%,$ '/!*63 !"+ 7! '%,4 '* #'6" ,)#%$+*4+! !+ #!6+

*5%,$ 7,5!$"!" %$,2,4!"3 #*$), '!":6!''!" %4 #!6+ 1,+!$ F

CA/,476"+$,!3 7%4+ '!" "%6"C#$%76,+" "%4+ 64! "%6$1! 7! #%''6+,%4 7! '/!*6 #*$), '!" #'6"

,)#%$+*4+!"; G' "/*2,+ !""!4+,!''!)!4+ 7!" #$%76,+" 1>,),:6!" 7! +%6+! "%$+!3 4%+*))!4+

1!68 #$%5!4*4+ 7!" >D7$%1*$&6$!" !+ 7!" #>04%)(4!" 7! 702*H*2!;

CA/*2$,16'+6$!3 7%4+ '/6+,',"*+,%4 !81!"",5! 7! #$%76,+" 1>,),:6!" 1%476,+ . '* #%''6+,%4

"%,+ 7!" 4*##!" #>$0*+,:6!"3 "%,+ 7!" 1%6$" 7/!*6 #*$ $6,""!''!)!4+;

CA/*6+%)%&,'!3 7%4+ '!" $!=!+" 7/>D7$%1*$&6$!" I1*$&6$*4+ ,)&$J'0"3 >6,'!3 !+1;;;K 94,""!4+

7*4" '!" 1%6$" 7/!*6 "/,'" 4! "%4+ #*" 1*#+0" !+ $!1D1'0" 1%$$!1+!)!4+;

CA!" !*68 6"0!" ", !''!" 4! "%4+ #*" +$*,+0!" 1%$$!1+!)!4+;

LM



 ! "#$%&'(!)'#* $+ ,+( -.#/&0"+( ,#*$1') 2%*%.!&+"+*) 3 $+( (4()0"+( $5%61!)'#*(

$'7%.+*)'+&&+( !8+, 1*+ $#**%+ "!*61!*)+ 61' +() 91()+"+*) &! -#&&1)'#* +&&+:";"+ +) 61'

$+"+1.+ '*,#**1+ $#*) &! "+(1.+ #< +&&+ -.#8'+*) $+ (#1.,+( $'(-!.!)+( +) '*$%)+."'*%+(=

>* ,?+.,?+ !&#.( 3 ,#*).@&+. &! ,#*,+*).!)'#* $+ &! -#&&1)'#* $!*( &5+!1A 3 "#'*$.+(

,#B)(= C+&! ,#*$1') 2%*%.!&+"+*) 3 1*+ D!"'&&+ $+ -.#/&0"+( $+ ,#*).@&+ #-)'"!& !8+,

$#**%+ "!*61!*)+=

E* D!')A &+( -.#/&0"+( 3 $#**%+ "!*61!*)+ *+ ,#*,+.*+*) -!( 1*'61+"+*) &! -#&&1)'#*=

C+&&+:,' *5+() 6151* ,!( -!."' )!*) $5!1).+(A ,#""+ #* -+1) &+ 8#'. 3 )').+ $5+F+"-&+ $!*(

&+ ).!8!'& GHIJ 61' ).!')+ 1* -.#/&0"+ $+ $4*!"'61+ $+ -#-1&!)'#* #< &! $#**%+ "!*61!*)+

,#*('$%.%+ +() ,+&&+ $+( *#18+!1:*%(=

K!*( ,+ ,!$.+A -&1('+1.( "%)?#$+( #*) %)% $%8+&#--%+(= L!."' ,+&&+(:,' #* -+1) ,')+.

-&1( -!.)',1&'0.+"+*) &! "%)?#$+ $1 M,#*).@&+ 3 "#'*$.+( .+2.+)(M '*).#$1')+ -!. N=  =

 '#*( GOPJ= E&&+ ,#*('()+ 3 $'"'*1+. &+( +7+)( *%D!()+( $+ &! -#&&1)'#*A 3 &5!'$+ $51* ,#*).@&+A

$!*( $+( (')1!)'#*( $#**%+( -&1)@) 61+ $+ &!'((+. ,+( $+.*'0.+( 3 &5!/#*$!*= Q1).+"+*)

$') R #* !$#-)+ 1*+ $%"!.,?+ !8+, &+ "#'*( $+ .+2.+)( -#(('/&+ S $5#< &+ *#" $+ &! "%)?#$+

"+*)'#**%+ ,':$+((1(=

L&1('+1.( !1)+1.( #*) $+-1'( &#.( ,#*).'/1% 3 &5%)1$+ $+ ,+ 2+*.+ $+ -.#/&0"+( +* 1)':

&'(!*) &! "%)?#$+ +* 61+()'#* T-!. +F+"-&+ R GHUJ +) GVVJW=

K5!1).+ -!.) &+( ,#*X21.!)'#*( 2%#"%).'61+( $+( +!1F -#&&1%+( (#*) $+ -&1('+1.( D#."+(

,#""+ ,+&&+( $+( &!21*+(A $+( +()1!'.+( +) $+( %)!*2(=

K!*( ,+ ).!8!'&A #* ,#*('$0.+ 1*+ ,#*X21.!)'#* 2%#"%).'61+ 61' +() ,+&&+ $51* %)!*2

!8+, 1* Y&#) 3 &5'*)%.'+1.=

 ! $'71('#* $+ &! -#&&1)'#* +() "#$%&'(%+ -!. &5%61!)'#* $+ &! $'71('#* T&5%61!)'#* $+

&! ,?!&+1.W=

L&1( -.%,'(%"+*)A &5+*8'.#**+"+*) -#&&1% +() .+-.%(+*)% -!. 1* $#"!'*+ Ω $+ R
d
TdZO

#1 VW /#.*%A !8+, $+1F D.#*)'0.+( Γ0 +) Γ1 $+ ,&!((+ C1
!8+, ∂Ω := Γ0 ∪ Γ1 +) 8%.'X!*)

Γ̄0 ∩ Γ̄1 = ∅=
 ! -#&&1)'#* +() .+-.+(+*)%+ -!. 1*+ D#*,)'#* g := g(t, x) #< t ∈]0, T [ +) x ∈ Ω= >*

HP



 !"# $%& Q :=]0, T [×Ω' Σ0 :=]0, T [×Γ0 #" Σ1 :=]0, T [×Γ1( )  !"# *+%,#-# " $%& A =

∂/∂t − ∆ ,.!$*&%"#/& 0# 012/31! #" $%& A∗ = −∂/∂t − ∆ 3! !$*&%"#/& %04!1 "( 5,!&3

,.*"%" z := z(t, x; g)' 6/1 &#$&*3# "# ,% 7! 7# "&%"1! 0/ 8/10# $!,,/* #3" 0!  * $%& 9

Az = f 0% 3 Q :;(;(<=

!> f := f(t, x) #3" / # ?! 7"1! 0% 3 L2(Q)(

) % 0#/@ 7! 01"1! 3 %/@ ,1-1"#3( A% $&#-1B&# #3" 7#,,# 6/1 &#$&*3# "# ,# 8/@ 0# ,% $!,,/"1! 

0% 3 ,.#%/' 0!  *# $%& ,% 7! 01"1! 0# C#/-%  3/1D% "# 9

∂νz = h 3/& Σ0, :;(;(E=

!> h #3" 0!  *# 0% 3 L2(Σ0)(

A% 3#7! 0# 7! 01"1! %/@ ,1-1"#3 #@$,16/# 6/# ,% $!,,/"1!  # 3!&" $%3 0/ 0!-%1 # 3/&

,#6/#, ! ?%1"  !"&# *"/0# 6/1 #3" %/331 / # 7! 01"1! 0# C#/-%  9

∂νz = 0 3/& Σ1. :;(;(F=

) 7! 310B&# 6/# ,.# D1&!  #-# " #3" $&!$&# "!/" %/ 0*G/" 0# 3! !G3#&D%"1! ' 7#71 3#

"&%0/1" $%& ,% 0!  *# 1 1"1%,# 9

z(0, x) = 0 0% 3 Ω. :;(;(H=

) 0*31+ # $%& v ,% ?! 7"1! 7! "&I,# 0#3"1 *# J 7! "&I,#& ,.*"%" 0/ 3K3"B-# z :=

z(t, x; v, g)' !> v := v(t, x) :0*$# 0% 7# $%& &%$$!&" %/ "#-$3 #" J ,.#3$%7#=' !/ G1# 

v := v(t) :0*$# 0% 7# / 16/#-# " $%& &%$$!&" %/ "#-$3=(

5D#7 7#3  !"%"1! 3' ,#3 $&!G,B-#3 3/1D% "3 3! " 7! 310*&*3 9

<( L! "&I,# ?&! "1B&# 9

f := g, h := v(t, x). :;(;(M=

E( L! "&I,# J ,.1 "*&1#/& 0/ 0!-%1 # 9

f := v(t, x), h := g. :;(;(N=

F( L! "&I,# $! 7"/#, 9

f := v(t)δb, h := g, !> δb #3" ,% -%33# 0# O1&%7 %/ $!1 " b ∈ Ω. :;(;(P=

<M



 !"# $%# &'()*%"+# ,*-./01%# -" %2!1'"% /3%2'#+%"$% %+ /34"'$'+) &%# #-/4+'-"#5 %+ "-+!16

1%"+ /% $-"+*7/% -,+'1!/ !##-$')8

9%$' "-4# $-"&4'+ &!"# $:!$4" &% $%# $!# ; /! $!*!$+)*'#!+'-" &%# $-"+*7/%# ,!* 4" #<#+01%

&3-,+'1!/'+)8

=-4* /3%2'#+%"$% %+ /34"'$'+) &%# &%42 ,*%1'%*# $!# $'6&%##4# -" 4+'/'#% /! 1)+:-&% &%

*)#-/4+'-" #+!"&!*& &%# ,*-./01%# &3)>-/4+'-"8 =!* $-"+*% ,-4* /% &%*"'%* $!# -" 4+'/'#%

&%42 1)+:-&%# ? $%//% &% /! +*!"#,-#'+'-" +%//% @43%//% %#+ &)A"'% ,!* B'-"# %+ C!D%"%#5 %+

$%//% &% /! *)D4/!*'#!+'-" &% /! 1!##% &%  '*!$8

=-4* /% $-"+*7/% v5 /! 1)+:-&% 4+'/'#)% %#+ $%//% &4 $-"+*7/% ; 1-'"&*%# *%D*%+# @4'

%#+ .'%" !&!,+)% ; /3)+4&% &%# ,*-./01%# ; &-"") 1!"@4!"+%8 B% $-"+*7/% %#+ A"!/%1%"+

$!*!$+)*'#) ,!* /3%2:'.'+'-" &34" #<#+01% &3-,+'1!/'+)8

E" &%*"'%* /'%45 -" F!'+ 4"% )+4&% "41)*'@4% &4 ,*-./01% &% $-"+*7/% ,-"$+4%/5 %+ ;

/3!'&% &34" #$:)1! "41)*'@4% !,,*-,*') -" )+!./'+ &%# %#+'1!+'-"# &3%**%4* #4* /3!,,*-2'6

1!+'-" &% /3)+!+ &4 #<#+01% Gz := z(t, x; v, g)H %+ &4 $-"+*7/% v8

 !"#$%&#'%($ )* +# ',-&*

B% 1!"4#$*'+ %#+ &'>'#) %" $'"@ $:!,'+*%# ?

 !"#$%&' ( ) I=*)/'1'"!'*%#I

9% $:!,'+*% %#+ $-"#!$*) ; &%# ,*)/'1'"!'*%# %+ &%# *!,,%/#8

 !"#$%&' * ) IJ"+*-&4$+'-" !4 $-"+*7/% ; 1-'"&*%# *%D*%+#I

B% .4+ &% $% $:!,'+*% %#+ &3%2,/'@4%* %" &)+!'/# /! 1)+:-&% &4 $-"+*7/% ; 1-'"&*%#

*%D*%+#8 =-4* $%/! -" $-"#'&0*% ; +'+*% &3%2%1,/% /% ,*-./01% !>%$ $-"+*7/% F*-"+'0*% GK8K8LH8

M" *!,,%//% &3!.-*& @4% $% ,*-./01% !&1%+ 4"% #-/4+'-" D*N$% !4 +:)-*01% &% B'-"#

,-4* /%# ,*-./01%# &3)>-/4+'-"8

E"#4'+% -" !.-*&% /! @4%#+'-" &4 $-"+*7/% -,+'1!/ !>%$ &-"")% 1!"@4!"+% %" '"+*-6

OP



 !"#$%& !%' ()%*&")% *)+& , -"%"-"#'./ 0)!. 1$ .2#)1!&")%3 )% $441"5!' 1$ -2&6) '  !

*)%&.71' , -)"% .'# .'8.'&# '& )% -)%&.' *)--'%& *'&&'  '.%"9.' 4'.-'&  ' 4$##'. ,

1:2&! '  :!% 4.);19-'  ' *)%&.71' )4&"-$1 *1$##"5!' <"/' 1$ ()%*&")% *)+& %'  24'% 4$#

 ' 1$  )%%2' -$%5!$%&'=/ >% -)%&.' '%#!"&' 1:'?"#&'%*'  ! *)%&.71' 4$. 1$ &'*6%"5!'  '#

#!"&'# -"%"-"#$%&'# '& )%  )%%' !%' *$.$*&2."#$&")%/

@%  '.%"'. 1"'!3 )% '?$-"%' 1$ .2#)1!&")%  ! 4.);19-' <A/A/B= '% #!"C$%& 1'# -D-'#

2&$4'# 4.2*2 '%&'#/

 !"#$%&' ( ) EF)%&.71' 4)%*&!'1 4$. 1$ -2&6) '  ' &.$%#4)#"&")%E

G$%# *' *6$4"&.' )% #!44)#' 5!:)% 4'!& $8". #!. 1' #H#&9-' '% !% #'!1 4)"%&  !  )I

-$"%' Ω3 *:'#& *' 5!:)% $44'11' J E1' *)%&.71' 4)%*&!'1E/ >% '#&  )%* $-'%2 , .2#)! .' 1'

4.);19-' <A/A/K=/

01!#"'!.# $!&'!.# )%& 2&! "2  "C'.# 4.);19-'#  ' &H4' 4$.$;)1"5!' $C'* *)%&.71' 4)%*I

&!'13 *)--' *'!? '% 4.'-"'.  ' L")%# MNKO '& P"-)% MQRO3 '%#!"&' *'!?  ' S6"&' MQKO 4)!.

 '# 4.);19-'# 4#'! ) 4$.$;)1"5!'#3  ' G.)%")! '& T$H-)% MUUO 4)!. 1'# *$# %)% 1"%2$".'#

'% 4$.&"*!1"'. '& 1' &.$C$"1  :V%"&$ )W "1 *)%#" 9.'  "X2.'%&'# ()%*&")%# *)+&/

>% -)%&.'  :$;). 5!' 1' 4.);19-' <A/A/K= $ -'& !%' #)1!&")% !%"5!' z ∈ L2(Q) 4$.

1$ -2&6) '  ' &.$%#4)#"&")%/ F'&&' -2&6) ' '#& ;$#2' #!. 1$ 4."#' '% *)-4&'  ! 4.);19-'

$ Y)"%&/ @% 'X'&3 1:$%$1H#' -$&62-$&"5!' '#&  "Z*"1' , *$!#'  ' 1$ #"%8!1$."&2  ! 4.);19-'

 ".'*& <-$##'  ' G".$*=3 -$"# 1:2&! '  ! 4.);19-' $ Y)"%& )X.' 41!#  ' .28!1$."&2/

0)!. 1:2&! '  ! *)%&.71' )4&"-$13 )% "%&.) !"& !%' ()%*&")% *)+& , -"%"-"#'.  ' &'11'

#).&' 5!' 1:2&$& z #)"& 4.)*6'  ' *'.&$"%'# -'#!.'# '?42."-'%&$1'#  )%%2'# $! *)!.#  !

&'-4# t '&  $%# !% '#4$*'  ' *)%&.71'  2[%"  ' -$%"9.' $ 25!$&'/

\"%$1'-'%&3 )%  )%%' 1$ *$.$*&2."#$&")%  ' 1:!%"5!' *)%&.71' 4)%*&!'1 , -)"% .'# .'I

8.'&# 4$. !% #H#&9-'  :)4&"-$1"&2 #"%8!1"'. <P/>/P=/

 !"#$%&' * ) EF)%&.71' 4)%*&!'1 4$. 1$ -2&6) '  ' .28!1$."#$&")%E

>% *)%#" 9.'  $%# *' *6$4"&.' 1' -D-' 4.);19-' "%&.) !"&  $%# 1' *6$4"&.' ] '& )%

!&"1"#' !%' $!&.' -2&6) ' 4)!. -)%&.'. 1:'?"#&'%*' '& 1:!%"*"&2  ' 1$ #)1!&")%3 "1 #:$8"&  ' J

UK



 !" #$%&'() () *$+,!"*-."%-'/ 0

1)%%) ()*/-2*) ).% 3".$) .,* !4"55*'6-#"%-'/ () !" #"..) () 7-*"8 5"* ,/) .,-%) *$+,!"*-9

."/%) ("/. L2(Ω)0 1)8- /',. 5)*#)% (4":'-* ,/ 5*'3!2#) "55*'8&$ ":)8 .)8'/( #)#3*)

*$+,!-)*; <,- "(#)% ,/) .'!,%-'/ "55*'8&$) *$+,!-2*)0

=/.,-%); 5',* %*',:)* !) 8'/%*>!) '5%-#"! 5'/8%,)!; '/ -/%*'(,-% ,/) .,-%) () ?'/89

%-'/. 8'@% "55*'8&$).; <,) !4'/ #-/-#-.) () %)!!) .'*%) <,) !4$%"% "..'8-$ .'-% 5*'8&) (4,/)

('//$) )65$*-#)/%"!) (,*"/% %',% !) %)#5. t0 A" *$.'!,%-'/ () 8) 5*'3!2#) /',. 5)*#)%

(4'3%)/-* ,/) 8"*"8%$*-."%-'/ (, 8'/%*>!) 5'/8%,)! "55*'8&$ 5"* ,/ .B.%2#) (4'5%-#"!-%$

)% 5"* 5".."+) C !" !-#-%); '/ '3%-)/% ,/) 8"*"8%$*-."%-'/ (, 8'/%*>!) '5%-#"! )6"8%; "5*2.

":'-* $%"3!- (). ).%-#"%-'/. " 5*-'*-0

 !"#$%&' ( ) D8&$#". /,#$*-<,). 

A4$%,() /,#$*-<,) (). 5*'3!2#). 5"*"3'!-<,). ":)8 8'/%*>!) 5'/8%,)! ).% ($8*-%) ("/.

5!,.-),*. "*%-8!).0 7"/. 8) 8"(*) E'/+ )%  !" ("/. FGHI '/% '3%)/, (). ).%-#"%-'/. (4)**),*

L2
)/ %)#5. )% )/ ).5"8) )% )/ (),6 ', %*'-. (-#)/.-'/. (4).5"8)0 =/ ,%-!-."/% ,/) %)8&9

/-<,) (-J$*)/%); (). ).%-#"%-'/. L2
)/ %)#5.; L1

)/ ).5"8) 5',* !4$%"%; )% (). ).%-#"%-'/.

L2
)/ %)#5.; L∞

)/ ).5"8) 5',* !4$%"% "(K'-/% '/% $%$ '3%)/, 5"* A)BL&#"/ )% M)6!)*

FNGI0 !). *$.,!%"%. () 8). ()*/-)*. /) .'/% :"!"3!). <,4)/ (-#)/.-'/ (),6 () !4).5"8)0 7"/.

%',. 8). %*":",6; !) 5*'3!2#) () !" ('//$) #"/<,"/%) /4" 5". $%$ 8'/.-($*$0

O',* (-.8*$%-.)* !) 5*'3!2#) () 8'/%*>!) '5%-#"! ":)8 ('//$) #"/<,"/%); '/ .,-% !"

($#"*8&) () E'/+ )%  !" ("/. FGHI )/ ,%-!-."/% ,/) (-.8*$%-."%-'/ :"*-"%-'//)!!) ":)8 ().

$!$#)/%. P/-. "Q/). 5"* #'*8)",6 5',* !" (-.8*$%-."%-'/ )/ ).5"8) () !4$%"% (, .B.%2#)

)% '/ ,%-!-.) !) .8&$#" (4=,!)* *$%*'+*"() 5',* !" (-.8*$%-."%-'/ )/ %)#5.0

R/ $%"3!-% )/.,-%) ,/) ).%-#"%-'/ (4)**),* )/%*) !). .'!,%-'/. (-.8*$%-.$). )% !). .'!,9

%-'/. %&$'*-<,). (, 5*'3!2#) () 8'/%*>!) 5'/8%,)! ":)8 ('//$) #"/<,"/%) )6"#-/$ ",6

8&"5-%*). S )% T0

=/P/; '/ "8&2:) 8) %*":"-! 5"* ,/) 8'/8!,.-'/; (). 5)*.5)8%-:). )% ,/) 3-3!-'+*"5&-)0

GU



 !"#$%&' (

)&*+$,$-"$&'.

 !"# $% $&!'()*% +" *!''%,,% -*(./%0%") 12%,12%# 345"()(+"# %) +2)(,# 36!"!,7#% 3+")

+" 8%*! 2#!9% 8*412%00%") 3!"# ,%# $&!'()*%# 12( #2(/%"):

 ! "#$%&'# (' )*+*,'-

;+() Ω 2" +2/%*) 3% Rd
:

 !"#$%$&# '('('( <=> ;+() p ∈ R !/%$ 1 ≤ p < ∞: ?6%#'!$% 3% ;+-+,%/ W 1,p
%#) 345"(

'!*

W 1,p = {u ∈ Lp(Ω) )%,# 12% ∂xi
u ∈ Lp(Ω), ∀i = 1, ..., d}

+@ ,%# 34*(/4%# #+") $+"#(34*4%# !2 #%"# 3%# 3(#)*(-2)(+"#:

A" '+#% H1(Ω) = W 1,2(Ω):

)*!&+,-. '('(  !" #$%&'()% *% +,-,.%/ W 1,p(Ω)0 1234 *% .( 3,51%

‖u‖W 1,p(Ω) =

(

‖u‖pLp(Ω) +
d
∑

i=1

‖∂xi
u‖pLp(Ω)

)

%&6 23 %&'()% *% 7(3()8 ',25 1 ≤ p ≤ ∞9 :. %&6 *% '.2& &;'(5(-.% ',25 1 ≤ p < ∞ %6

5;<%=4> ',25 1 < p <∞9

/.--. '(0(  !" +,46 f ∈ L1
loc(Ω) 6%. ?2% @

∫

fu = 0 ∀u ∈ Cc(Ω).

A.,5& f = 0 '9' &25 Ω9

BC



 !"#$%&'"( )* +,-,%*.

 !"# 1 ≤ p <∞$ !% %!&' ()# p′ *' +!%,"-". /' 01*/'# /!%%. ()#

1

p
+

1

p′
= 1,

'& ()# p∗ *' +!%,"-". /' 2!3!*'4 /' p /!%%. ()#

p∗ =
dp

d− p
,

d .&)%& *) /56'%75!% /' *8'7()+'9

 !"# *) 7"5&' !% +!%75/:#' Ω "% !"4'#& 3!#%. /' R
d
/' +*)77' C1

'& /' 3!#/ Γ9

 !"#$%&' ()* ;+,-'./0#,1 2' 3#4#5'6<)  !"# $%" &' ( )*+ ,'-*./,0'+ .0'/,'1*+ +1,#

2('/*+ 3

Si 1 ≤ p < d, alors W 1,p(Ω) →֒ Lp∗(Ω), 4,'56(),/5 7* 8(6),(970#:,9*';*96<.

Si p = d, alors W 1,p(Ω) →֒ Lq(Ω), ∀q ∈ [p,+∞[.

Si p > d, alors W 1,p(Ω) →֒ L∞(Ω).

;=9=9=<

=* >)1+ 0' ( )*+ ,'-*./,0'+ .0?>(./*+ +1,2('/*+

Si p < d, alors W 1,p(Ω) ⊂⊂ Lq(Ω), ∀q ∈ [1, p∗[ 0@

1

p∗
=

1

p
− 1

d
.

Si p = d, alors W 1,p(Ω) ⊂⊂ Lq(Ω), ∀q ∈ [p,+∞[.

Si p > d, alors W 1,p(Ω) ⊂⊂ C(Ω).

A' >(9/,.1),*9 +, m− d

p
> 0 'B*+/ >(+ *'/,*9C ()09+

Wm,p(Ω) ⊂⊂ Ck(Ω) 0@ k = m− d

p
.

 !"#$%&' ()7 ;+,"8950/" 2' :#0,.9$"<)  !"# D" E019 1 ≤ p <∞C ,) *F,+/* 1'* .0'+/('/*

C(Ω, p) /*))* G1*

‖u‖Lp(Ω) ≤ C(Ω, p)‖∇u‖Lp(Ω), ∀u ∈ W 1,p
0 (Ω).

 !"#$%&' (); ;+,"8950/" 2' <#=,8<)  $%" H0,/ 1 < p, q <∞C

1

p
+

1

q
= 1I J)09+ 3

ab ≤ ap

p
+
bq

q
, (a, b > 0). ;=9=9><

&' ( (1++, 3

ab ≤ εap + C(ε)bq, (a, b > 0, ε > 0), ;=9=9?<

>019 C(ε) = (εp)−q/pq−1
I

>@



 !"#$%&' ()*)  !"# $%"# %&" '()* 1 ≤ p, q, r ≤ ∞ *+,- ./+

1

r
=

1

p
+

1

q
0 1(/2 f ∈ Lp(Ω)

+* g ∈ Lq(Ω)3 (4 5 fg ∈ Lr(Ω) +* (4 5  !"#$%& "'$ () *+ (), 6

‖fg‖Lr(Ω) ≤ ‖f‖Lp(Ω)‖g‖Lq(Ω).

') p = q = 23 (4 (7*)+4*  !"#$%& "'$ () -&./0123/04&,50

84 5 5/--)  !"#$%& "'$ () -&./0126.#7&89:;8"<=23/04&,53 9(44:+ ;52 6

∣

∣

∣

∫

Ω

∑

i

figidx
∣

∣

∣
≤
(

∫

Ω

∑

i

f 2
i dx

)
1

2

.

(

∫

Ω

∑

i

g2i dx

)
1

2

.

 !" #$%&'()* +* ,'-.*/

 !"#$%&' ()+)  <&" '()* Ω /4 (/=+2* 7(24: 9+ R
d
3 9+ >2(4*)?2+ Γ 5--+@ 2+A/,)?2+ B9+

C,5--+ Cm(Ω)D0 E,(2-3 ,F5;;,)C5*)(4 6

γj : D(Ω) −→ (D(Γ))m

u 7−→ γju =
∂ju

∂νj
∣

∣

∣

Γ

B(G j = 0, 1, ...,m− 1 +*

∂ju

∂νj
+-* ,5 9:2)=:+ 4(2H5,+ 9F(292+ jD3 -+ ;2(,(4A+ ;52 C(4*)4/)*:

+4 /4+ 5;;,)C5*)(4 ,)4:5)2+ +* C(4*)4/+ 9+ 6

Hm(Ω) −→
m−1
∏

j=0

Hm−j− 1

2 (Γ).

I+**+ 5;;,)C5*)(4 +-* -/2J+C*)=+ +* ), +K)-*+ /4 2+,?=+H+4* ,)4:5)2+ C(4*)4/

~g = {gj} → R~g 9+

m−1
∏

j=0

Hm−j− 1

2 (Γ) → Hm(Ω),

*+, ./+

∂j

∂νj
R~g = gj, 0 ≤ j ≤ m− 1.  !"#"!$

,'&-$./' ()0)() L4 ;52*)C/,)+23 ;(/2 m = 13 ,F5;;,)C5*)(4 6

γ0 : H
1(Ω) −→ L2(Γ)

y 7−→ γ0y = y
∣

∣

∣

Γ

+-* ,)4:5)2+ +* C(4*)4/+3 +* (4 5 6 ‖γ0y‖L2(Γ) ≤ C‖y‖H1(Ω)0

1"23454#3 ()0)(  6#$&/7' 8' 9$''3$) %&'( Ω )* &)+,-( .&-*/ 0, R
d

0, 12344, C1
5

0, 6-&*('7-, Γ5 ,( ν(x) 23 *&-832, ,9(/-',)-," %' u ,( v 4&*( 0,4 6&*1('&*4 0, H2(Ω) ,22,4

+/-':,*( ;

∫

Ω

(∆u)vdx = −
∫

Ω

∇u∇v +
∫

Γ

(∂νu)vdν.  !"#"#$

#!



 !" #$%&'()* +* '*,'%-*./0/1&. +* 21*-3

 !"#$%&' ()*)  !" #$%& 1 < p <∞ '& ($%& ϕ ∈ (Lp)′)

*+$,( %+ '-%(&' u ∈ Lp′
./%0.' &'+ 0.' 1

(ϕ, f) =

∫

uf ∀f ∈ Lp.  !"#"!$

2' 3+.( $/ 4 1

‖u‖Lp′ = ‖ϕ‖(Lp)′ .  !"#"%$

 !4 5'&67()*- +* 8&./'97* &,/1)07 *. +1)*.-1&. 1.:.1*

&'() *+,,+ )+*,-.( .( /'00+1 *+/,'-() /2)31,',) /+1',-4+) '35 0/.6178+) 9+ *.(,/:1+ .0;

,-8'1 9+) <&=> ?3@.( '00+11+ '3))- )A),78+) 9+ *.(,/:1+ .0,-8'1 +( 9-8+()-.( -(B(-+" C(

4' 0/2)+(,+/ 1+) *.(*+0,) 9+ 6')+ '-()- ?3+ 1+) *.(9-,-.() (2*+))'-/+) 9@.0,-8'1-,2 9.((2+)

0'/ 3( )A),78+ 9@2?3',-.() '35 92/-42+) 0'/,-+11+)"

D.-, Y +, F 9+35 +)0'*+) 9+ E-16+/,> +, ).-, A 3( .02/',+3/ 9-F2/+(,-+1 0'/,-+1 1-(2'-/+

*.(,-(3 9+ Y 9'() F " &+ 013) .( )300.)+ ?3+ 1@.02/',+3/ A +), 3( -).8./0G-)8+ 9+ Y

9'() F "

D.-, U 3( +)0'*+ 9+ E-16+/, ?3- +), 1@+)0'*+ 9+ *.(,/:1+)> +, ).-, Uad 3( ).3) +)0'*+ *.(4+5+

H+/82 (.( 4-9+ 9+ U ?3- +), 1@+)0'*+ 9+) *.(,/:1+) '98-))-61+)" D.-, B ∈ L(U , F ) +, 0.3/

,.3, v ∈ U > .( *.()-97/+ 1+ 0/.6178+ '35 1-8-,+) 9.((2 ).3) 1' H./8+ '6),/'-,+ *.88+

)3-, I

Az(v) = f + Bv.  !"J"!$

D.-, Z 3( +)0'*+ 9+ E-16+/, ?3- +), 1@+)0'*+ 9+) .6)+/4',-.()> +, ).-, C ∈ L(Y,Z) 1@.02;

/',+3/ 9+) .6)+/4',-.()" C( *.()-97/+ 1' H.(*,-.( *.K, I

J(v) = ‖Cz(v)− zd‖2Z + 〈Nv, v〉U ,  !"J"%$

.L zd +), 9.((2 9'() Z> +, N ∈ L(U ,U) +), 3( .02/',+3/ )A82,/-?3+ 92B(- 0.)-,-H" M+

0/.6178+ 9+ *.(,/:1+ .0,-8'1 *.()-),+ N 92,+/8-(+/ u ?3- 8-(-8-)+ J )3/ Uad> -"+">

J(u) = inf J(v), ∀v ∈ Uad  !"J"#$

 !"#$%&' ()+)  56" #% J '(& 7%89,'/&%4:+'; 4+$,( +' <$/&,=+' $3&%>4+ u '(& <4,4<&9,%(9

34, 1

〈Cz(u)− zd, C(z(v)− z(u))〉Z + 〈Nu, v − u〉U ≥ 0, ∀v ∈ Uad  !"J"J$

%%



 !"#$%$!"& "'()&&*$+)& #,!-%$.*/$%'

 !"# C∗ ∈ L(Z;Y ) $%!&'()#*+( ),-!".# ,* C *# /!"# $%'#)# ),-!".# p = p(u)0 ,'1." &)(

A∗p = C∗(Cz(u)− zd), 2345467

!8 A∗
*/# $%!&'()#*+( ),-!".# ,* A4

9$!(/

〈C∗(Cz(u)− zd), z(v)− z(u)〉Z = 〈Cz(u)− zd, C(z(v)− z(u))〉Z ,
= 〈A∗p, z(v)− z(u)〉Z ,
= 〈p,Az(v)−Az(u)〉Z ,
= 〈p,B(v − u)〉U = 〈B∗p, v − u〉U .

23454:7

;!.< $%".'=+)#"!. 2345457 */# '=+">)$*.#* ? @

〈B∗p+Nu, v − u〉U ≥ 0, ∀v ∈ Uad. 23454A7

B)( <!./'=+*.#0 $* <!.#(C$* u */# ,!..' &)( $) ('/!$+#"!. ,*/ <!.,"#"!./ ,%!&#"D)$"#'

/+">).#*/ @

Az = f + Bu,
A∗p = C∗(Cz − zd),

u ∈ Uad,

〈B∗p+Nu, v − u〉U ≥ 0, ∀v ∈ Uad.

23454E7

;)./ $) /+"#*0 )1. ,* <!D&$'#*( ,*/ ('/+$#)#/ (*$)#"F/ )+ <!.#(C$* !&#"D)$0 !. ()&&*$$*

=+*$=+*/ ('/+$#)#/ ,%*G"/#*.<* *# ,%+."<"#' ,%*G#(*D) ,* F!.<#"!..*$$*/ $".')"(*/4

 !"!#!$%&!'" () *'"+&!'""),,)$ ,!"-%!.)$

H!./",'(!./ +. */&)<* ,* I"$J*(# ('*$ U D+." ,+ &(!,+"# /<)$)"(* 〈., .〉0 *# $) .!(D*

".,+"#* /+( U &)( $* &(!,+"# /<)$)"(* */# .!#'* &)( ‖u‖ =
√

〈u, u〉4

K. ()&&*$$* ,%)J!(, $) ,'1."#"!. /+">).#*4

0'1"$%$!" 234323 L5M K. ,"# =+%+.* F!(D* J"$".')"(* π : U × U → R */# @

"7 <!.#".+* /%"$ *G"/#* +.* <!./#).#* c #*$ =+* @

|π(u, v)| ≤ c|u||v|, ∀u, v ∈ U , 23454N7

""7 <!*(<">* /%". *G"/#* +.* <!./#).#* α #*$$* =+* @

π(v, v) ≥ α‖v‖2, ∀v ∈ U . 234543O7

PQ



 !"#$%&'!"# ()$"*+")"* ,

$- ."+ /!'(+ 0$1$"&)$'+ π #2' U 3!"*$"2+4 #5(&*'$62+ +* 3!+'3$7+8

$$- ."+ /!'(+ 1$"&)$'+ 3!"*$"2+ #2' U , u 7→ G(u)8

$$$- ." #!2#9+"#+(01+ 3!"7+:+ /+'(& Uad %+ U 4
+* 3!"#$%&'!"# 1+ ;'!01<(+ #2$7)"* ,

min J(u) = π(u, u)− 2G(u), u ∈ Uad. =>8?8>>-

 !"#$%&' ()(*)  !!" #$%& π '() *$+,) -%.%(/0%+) 1$)+1%2) 34,/&+%5') 3'+ U 6 7.$+3 %.

)8%3&) '( /./,)(& u ∈ Uad &). 5') 9

J(u) = inf J(v), ∀v ∈ Uad, =>8?8>@-

:) ;.'3<

%= .0 *$(1&%$( u ∈ Uad 30&%3*0%& .>%(/?0.%&/ 20+%0&%$(()..)

π(u, v − u) ≥ G(v − u), ∀v ∈ Uad. =>8?8>A-

%%= #% Uad = U < u 30&%3*0%& .>/5'0&%$( :>@'.)+ 033$1%/ 0' ;+$-.A,) BC6D6C!=

π(u, v − u) = G(v − u), ∀v ∈ U . =>8?8>?-

%%%= #% Uad )3& '( 1$(2)8) *)+,/ :) 3$,,)& 0< 0.$+3 u 30&%3*0%& 9

π(u, v) ≥ G(v), ∀v ∈ Uad )& π(u, u) = G(u). =>8?8>B-

@?



 !"#$%&' (

)*%&+,-.%$+* "- .+*%&/0' +#%$1"0 2

1+$*,&'3 &'4&'%3

 !"# $% $&!'()*%+ ," '*-#%")% #.* ." %/%0'1% 2% '*,3140% 2% 2(5.#(,"+ 1! 0-)&,2% 2%

*-#,1.)(," !2,')-% 2!"# 1! '*-#%")% -).2%+ $6%#)7872(*% 1! 0-)&,2% 2. $,")*91% 8 0,("2*%#

*%:*%)#;

<1.# '*-$(#-0%")+ ," %/!0("% 1% '*,3140% 2% $,")*91% =*,")(4*% !##,$(- 8 16-)!) 26." #>#7

)40% 2% 2(5.#(," !?%$ $,"2()(,"# 2% @%.0!"" %) !?%$ 2,""-% 0!"A.!")%;

B(%" A.% $%) %/%0'1% %#) $1!##(A.%+ (1 2(54*% 2% $%./ )*!()-# !.'!*!?!") $,00% 2!"# CDEF

,G 1! $,"2()(," !./ 1(0()%# $,"#(2-*-% %#) 2% )>'%  (*($&1%) %) 2!"# CHIF ,G 1! 2,""-%

0!"A.!")% %#) $%11% 2% 1! $,"2()(," ("()(!1%;

J6!''*,$&% 2-?%1,''-% $(7!'*4# *-#.0% %" :*!"2% '!*)(% 1! 0-)&,2% .)(1(#-% 2!"# 16-).2%

'*("$('!1% 2% ",)*% )*!?!(1 %) A.( #%*! '*-#%")-% 2!"# 1%# $&!'()*%# #.(?!")#;

 !" #$%&'&$( )* +,$-./01

K" $,"#(24*% ." 0,241% 1("-!(*% A.( 2-$*() ." '&-",04"% 2% 2(5.#(," 2.*!") ." )%0'#

t 2!"# ." 0(1(%. ',11.- Ω+ A.( %#) ." ,.?%*) 3,*"- 2% R
d(d = 2, 3) 2% =*,")(4*% *-:.1(4*%

∂Ω = Γ0 ∪ Γ1 ,G Γ̄0 ∩ Γ̄1 = ∅; <!* %/%0'1% L Ω = BR \ Br !?%$ 0 < r < R+ %) ,G

Bs = B(0, s) %#) 1! 3,.1% 2% $%")*% 0 %) 2% *!>," s+ s > 0 M ,. %"$,*% ." -)!": ,$$.'- !.

$%")*% '!* ." N1,);

K" ",)% '!* L

Q :=]0, T [×Ω , Σ0 :=]0, T [×Γ0 , Σ1 :=]0, T [×Γ1,

,G ]0, T [ %#) 16(")%*?!11% 2% )%0'#; O:!1%0%") ," ",)% '!* A = ∂/∂t −∆+ 16,'-*!)%.* 2%

2(5.#(," A.6," $,"#(24*%+ %) '!* A∗ = −∂/∂t−∆ 16,'-*!)%.* !2P,(");

Q1,*# z := z(t, x) A.( *%'*-#%")% 1! $,"$%")*!)(," 2% 16%!. ',11.-% !. )%0'# t+ 1,$!1(#-% %"

DR



x ∈ Ω !"# $%&'(#! )*' +,%-.*#(/0 *.1 $%'(2%!" )*'#(!++!" $! #3)! &4*+!.' ".(2*0#! 5























Az = g $*0" Q,

z(0, x) = 0 $*0" Ω,

∂νz = v ".' Σ0,

∂νz = 0 ".' Σ1,

678989:

/; g := g(t, x) )*'&/.'# +,!0"!<=+! G !# '!)'%"!0#! +* )/++.#(/0 -.( !"# (0&/00.! 6$/00%!

<*0-.*0#!: *2!&

{

G .0 "/.">!")*&! 2!&#/'(!+ ?!'<% $! L2(Q)

<.0( $! +* 0/'<! L2(Q).
678987:

@* ?/0&#(/0 v := v(t, x) '!)'%"!0#! +! &/0#'A+! -.! +,/0 2!.# &4/("(' $! #!++! "/'#! -.! +*

?/0&#(/0 $,%#*# z $. )'/=+B<! 678989: "/(# )'/&4! $,.0! <!".'! !1)%'(<!0#*+! zd $/00%!

)*' /="!'2*#(/08

@,/=C!&#(? &/0"("#! *+/'" D <(0(<("!' )*' '*))/'# D v +* ?/0&#(/0 &/E# -.*$'*#(-.! ".(>

2*0#! 5

J(v, g) :=
∥

∥z(v, g)− zd
∥

∥

2

L2(Q)
+N

∥

∥v
∥

∥

2

L2(Σ0)
, 67898F:

*2!& N > 0 .0 0/<='! G1% 

z(v, g) := z(t, x; v, g), 67898H:

!# v &4/("( $*0" +,!")*&! $!" &/0#'A+!" *$<(""(=+!" ".(2*0# 5

Uad := L2(Σ0) := U . 67898I:

J0 &/<<!0&! #/.# $,*=/'$ )*' +,%#.$! $! +,!1("#!0&! !# +,.0(&(#% $. )'/=+B<! 678989:8

 ! "#$%&'()' *+,(' %-.,&$-( /0$1.'

J0 (0#'/$.(# +* $%G0(#(/0 $! "/+.#(/0 ?*(=+! ".(2*0#!8

 !"#$%$&# '('()( K/(# g ∈ L2(Q) !# v ∈ L2(Σ0) $/00%!"8 L0! "/+.#(/0 ?*(=+! z $! 678989:

!"# .0! ?/0&#(/0 z ∈ L2
(

]0, T [;H1(Ω)
)

∩ C
(

[0, T ], L2(Ω)
)

2%'(G*0# 5







d

dt

∫

Ω

zϕ dx+ a(z, ϕ) = L(ϕ) )8) t ∈]0, T [, ∀ϕ ∈ H1(Ω),

z(0, x) = 0,
678789:

/; 

a(z, ϕ) =

∫

Ω

∇z∇ϕ dx !# /; L(ϕ) =

∫

Ω

gϕ dx+

∫

Γ0

vϕ dΓ0.

7M



 !"#$%&! '('()(  ! "#$%&' ()*)!' +,-).%,! /-0++%()' 1' 2345456 '+. +,-).%,! 70%8-'4

 ! "#"$% &'($ z )!" &'*)$('! +*,&&(-)" .(/" z ,(!&( -)" &"& 012(31"& 04'202" )! "! t "$

04'202" (!512(")2 ') 16,* 7 0")8 "! x &'!$ 0,!& L2(Q)9/ :! ;)*$(<*(" *, <2";(=2" 1-),$('!

0) <2'>*=;" .?/@/@9 <,2 )!" 5'!+$('! ϕ ∈ D(Ω) "$ '! (!$=62" <,2 <,2$("& A
∫

Ω

(∂z

∂t
−∆z

)

ϕ dx =

∫

Ω

gϕ dx.

B4'C A

d

dt

∫

Ω

zϕ dx+

∫

Ω

∇z∇ϕ dx−
∫

Γ0∪Γ1

∂νzϕ d(Γ0 ∪ Γ1) =

∫

Ω

gϕ dx,

"$ 0'!+ A

d

dt

∫

Ω

zϕ dx+

∫

Ω

∇z∇ϕ dx =

∫

Ω

gϕ dx+

∫

Γ0

vϕ dΓ0.

D" -)( 3")$ 0(2" -)" z "&$ &'*)$('! 0" .?/?/@9/

*+,-$."! '()( 9' :$,8-;<' 2343456 01<'. )!' +,-).%,! 70%8-' )!%()'4

E'(+( )!" >2=3" 01;'!&$2,$('! 0" +" $F1'2=;" .<')2 *"& 01$,(*& 3'(2 G('!&HI,6"!"&

JKLM ') N2"O(& JPM9

/$!&0! (  ! "#$%&' ()' -'+ =>:,.=;+'+ 1) .=#,$;<' 1' 9%,!+ ?@ABC?DB +,!. +0.%+70%.'+4

 ! "#$% $& %' () *+ ,#-.) / * $'+ -) a 0

E -*0%1' 1' -*%!#F0-%.# 1' G0)/=>CH/=I0$J ,! 0 K

|a(z;ϕ)| ≤ ‖∇z‖L2(Ω)‖∇ϕ‖L2(Ω) ≤ ‖z‖H1(Ω)‖ϕ‖H1(Ω), .?/?/?9

/' ()% 1,!!' -0 /,!.%!)%.# 1' -0 7,$<' 8%-%!#0%$' a 10!+ H1(Ω)4

  ! "#)-1 2 %' () *+ ,#-.) / * $'+ -) a 0

z(t, x) #.0!. !)--' +)$ {0} ×Ω ⊂ QL ,! :'). #.08-%$ 2-*%!#F0-%.# 1' M,%!/0$# :0$ $0::,$. N

x ?OB6 ()' K ‖z‖L2(Ω) ≤ C(Ω)‖∇z‖L2(Ω) ,P C(Ω) '+. -0 /,!+.0!.' 1' M,%!/0$#4

Q%!+%L ,! 0 K

‖∇z‖2L2(Ω) ≤ ‖z‖2H1(Ω) = ‖z‖2L2(Ω) + ‖∇z‖2L2(Ω) ≤ (1 + C(Ω))‖∇z‖2L2(Ω)

R,!/ K

a(z, z) = ‖∇z‖2L2(Ω) ≃ ‖z‖2H1(Ω) ∀z ∈ H1(Ω). .?/?/K9

   ! "#$% $& %' () *+ ,#-.) * $'+ -) L 0  ! 0L

|L(ϕ)| ≤
∫

Ω

|gϕ| dx+
∫

Γ0

|vϕ| dΓ0,

≤ ‖g‖L2(Ω)‖ϕ‖L2(Ω) + ‖v‖L2(Γ0)‖ϕ‖L2(Γ0),

?Q



 !"#!$ %"  &' ()*# +, -./%)*0, &, -) 1, 23%!) 1. (!-), 4$ -./%)*0, 4567 89'!+ ,:!#-, β =

β(Ω) > 0 -,+ 89, ;

‖ϕ‖L2(Γ0) ≤ β‖ϕ‖H1(Ω).

<" %=-!,"- &%"1 ;

|L(t;ϕ)| ≤
(

‖g‖L2(Ω) + β‖v‖L2(Γ0)

)

‖ϕ‖H1(Ω).  !"!"#$

>+%)# L(t;ϕ) ,#- 1%"-!"9, #9) H1(Ω)5

? ) #9!-,$ +,# .@(%-.*#,# &9 -./%)*0, &, A!%"# /- "- =!," 3/)!B/,#$ !+ ,:!#-, 9", 9"!89,

#%+9-!%" C !=+, z ∈ L2(]0, T [;H1(Ω)) ∩ C([0, T ];L2(Ω)) &9 #@#-*0, 2D545475

 !" #$%&'()* $+&,-.)

%& '() *+&*',&- ./, 0' .,+1023' 4' *+&),50' +.)63/0 47 (8()23'  !"9"9$ 37&6 4'

0/ :+&*)6+& *+;) 4-<&6' 4/&(  !"9"=$> *?'() @ 46,' ,-(+74,' 0' .,+1023' 4' 36&636(/)6+&

(76A/&) B

inf
v∈U

J(v, g) ∀g ∈ G, +C G '() 4-<&6 ./,  !"9"!$.

D76(E7' g ./,*+7,) 0' (+7(F'(./*' A'*)+,6'0 G  6&<&6$> 0' .,+1023' 4' 36&636(/)6+& *6F

4'((7( &?/ ./( 4' ('&("

D+7, *'0/> +& '() &/)7,'00'3'&) )'&)- 4' ,-(+74,' 0' .,+1023' 6&:"(7.  +7 36&3/G$ (76A/&) B

inf
v∈U

(

sup
g∈G

J(v, g)
)

.  !"#"$%

&'()*+*,( -.(/ 0, 12*)12* 3 10,()45*) 56 7055'(.0, 56 75'8 16(68()072.9'*/ 1:*8(;3;-.)* 56

7.)* -*8 8.('6(.0,8" <6.8 1*1. ,:*8( 768 )=65.8(* 16) *, >=,=)65 ?

sup
g∈G

J(v, g) = +∞.

@5 *8( 650)8 ,=1*886.)* -:*,A.86>*) ',* 6'()* +=(20-*/ 10++* 1*55* 9'. 6 =(= -=A*5077=*

76) B";C" C.0,8 ? D56 +=(20-* -' 10,()45* 86,8 )*>)*(D"

E0') 1*56/ 80.( z(0, g) 5:=(6( -' 8F8(G+* 6A*1 ', 10,()45* ,'5/ 1:*8(;3;-.)* ', =(6( 56.88=

3 5:6H6,-0,"

I, 12*)12* 650)8 v (*5 9'* ?

J(v, g) ≤ J(0, g), ∀g ∈ G.

J* 9'. A*'( -.)* 9'* 5:0, 12*)12* 3 10,()45*) 5* 8F8(G+*  !"$"$% -:',* K6L0, 0' -:',* 6'()*/

+.*'M 9'* -* 5* 56.88*) 3 5:=(6( -:6H6,-0," J:*8( ', 7)01=-= D86,8 )*>)*(D"

!N



 ! "#$ %&"!' %()*# + *"&,(%-"* ./01023 ,%* (% -)!45$5)! #657%!$" 8

inf
v∈U

(

sup
g∈G

(

J(v, g)− J(0, g)
)

)

.

96$*"&"!$ 45$: )! -;"*-;" + $*)67"* ("# -)!$*<("#: #=5(# ">5#$"!$: ?65 ,"67"!$ %&'(5)*"* (%

#5$6%$5)!0  ! 4)!!" %()*# (% 4'@!5$5)! #657%!$" 46 -)!$*<(" #%!# *"A*"$0

 !"#$%$&# '()(*(  ! 45$ ?6" u ∈ U "#$ 6! -)!$*<(" #%!# *"A*"$ 4" ./02023B./02013 #=5( "#$
#)(6$5)! 46 ,*)C(D&" #657%!$ 8

inf
v∈U

(

sup
g∈G

(

J(v, g)− J(0, g)
)

)

. ./010/3

E*F-" + (% (5!'%*5$': 5( "#$ G%-5(" 4" 7)5* ?6" 8

z(v, g) = z(v, 0) + z(0, g). ./01013

+,-./01, '()(*( z(0, 0) = 0  !" #$ !%#&"'%( ")'*'$# +),- $& "./%)01 2343

2,--, '('( 5( $ 6

J(v, g)− J(0, g) = J(v, 0)− J(0, 0) + 2
〈

z(v, 0), z(0, g)
〉

L2(Q)
. ./010H3

3/,14, ( 5( $ 6

J(v, g)− J(0, g) = ‖z(v, g)− zd‖2L2(Q) +N‖v‖2L2(Σ0)
− ‖z(0, g)− zd‖2L2(Q).

7),- 8 9:3232;< %( %="' (" 6

J(v, g)− J(0, g) = ‖z(v, 0) + z(0, g)− zd‖2L2(Q) +N‖v‖2L2(Σ0)
− ‖z(0, g)− zd‖2L2(Q)

= ‖z(v, 0)‖2L2(Q) + ‖z(0, g)− zd‖2L2(Q) + 2〈z(v, 0), z(0, g)− zd〉L2(Q)

+N‖v‖2L2(Σ0)
− ‖z(0, g)− zd‖2L2(Q)

= ‖z(v, 0)− zd‖2L2(Q) + ‖zd‖2L2(Q) + 2〈z(v, 0)− zd, zd〉L2(Q) +N‖v‖2L2(Σ0)

+ 2〈z(v, 0), z(0, g)− zd〉L2(Q)

= J(v, 0)− J(0, 0)
[

+2J(0, 0) + 2〈z(v, 0)− zd, zd〉L2(Q) + 2〈z(v, 0), z(0, g)− zd〉L2(Q)

]

,

%)< # > )(' ) -)%-. " !?/-)'" 6

2J(0, 0) + 2〈z(v, 0)− zd, zd〉L2(Q) + 2〈z(v, 0), z(0, g)− zd〉L2(Q)

= 2〈zd, zd〉L2(Q) + 2〈z(v, 0)− zd, zd〉L2(Q) + 2〈z(v, 0), z(0, g)− zd〉L2(Q)

= 2〈z(v, 0), zd〉L2(Q) + 2〈z(v, 0), z(0, g)− zd〉L2(Q)

= 2〈z(v, 0), z(0, g)〉L2(Q).

/I



 ! "#$%&!$ '"!( )

J(v, g)− J(0, g) = J(v, 0)− J(0, 0) + 2
〈

z(v, 0), z(0, g)
〉

L2(Q)
.

*&(% +(,-.& /+ 01&2.&3

 !"#$%&! '()('( J(0, 0) 4$+!$ 2!& ("!5$+!$& 674&8 "! 0&2$ 5+!5 1&5$1&%!'1& /+ 94!&1+/%$48

5200"5&1 :2& ) J(0, 0) = 03 *& :2% '"!!& /+ ;"1<2/& 52%.+!$& )

J(v, g)− J(0, g) = J(v, 0) + 2
〈

z(v, 0), z(0, g)
〉

L2(Q)
.  !"#"$%

&'(')*+),- *+). /' ,'01' *' *023,' *'  !"#"$% /+ *2))4' 1+)56+),' g +((+0+3, 31(/37

83,'1'), *+). /94,+, *6 .:.,;1'- 3"' < z(0, g)"

=260 +>230 6)' '?(0'..32) '?(/383,'- 2) 3),02*63, /' <

*$+,-."! #/0+123 4

@23, ξ(v, 0) := ξ(t, x, v, 0) /+ .2/6,32) *6 (02A/;1' +*B23), .63>+), <











A∗ξ(v, 0) = z(v, 0) *+). Q,

ξ(T, x) = 0 *+). Ω,

∂νξ = 0 .60 Σ0 ∪ Σ1.

 !"#"C%

+>'8 ξ ∈ L2(0, T ;H2(Ω)) ∩ H1(0, T ;L2(Ω))  /+ (0'6>' '., .313/+30' D 8'//' *6 ,E420;1'

!"F- A+.4' .60 /' ,E420;1' *' G32).- >230 H#IJ7HKJ%"

L) + +/20. <

〈

z(v, 0), z(0, g)
〉

L2(Q)
=

∫

Q

A∗ξ(v, 0)z(0, g)dtdx

=

∫

Q

ξ(v, 0)Az(0, g)dtdx−
∫

Ω

[

z(t = T )ξ(t = T )− z(t = 0)ξ(t = 0)
]

dx

−
∫

Σ0∪Σ1

[ξ(v, 0)∂νz(0, g)− z(0, g)∂νξ(v, 0)] dν

=

∫

Q

ξ(t, x, v, 0)g(t, x)dtdx

= 〈ξ(v, 0), g〉L2(Q).

M3)+/'1'),- 2) 2A,3'), <

J(v, g)− J(v, 0) = J(v, 0) + 2〈ξ(v, 0), g〉L2(Q).  !"#"N%

O) 82).456')8' 2) + /+ <

#I



 !"#$%&! '()()(  ! "#$%$&'!# ()*+*,- %./012/&&$3! ()*+*)- 4"$ 567!$# %/ 83!#29%/ &'!&

2/:2/# 5/;$/!# <

inf
v∈U

(

J(v, 0) + 2 sup
g∈G

〈ξ(v, 0), g〉L2(Q)

)

.  !"#"$%

&' ( ()*+, )-, .-/0 1(, ,/23('4, 5

6 */ 72-' g -,4 *+48*9*'() : ξ(v, 0) (/;/-) 1(, *' ( 5

sup
g∈G

〈ξ(v, 0), g〉L2(Q) = 0.  !"#"<%

6 */ 72-' g -,4 ;/-)1*';/- .(', G -4 '*' *+48*9*'() : ξ(v, 0)= .(', 1- 1(, *' >-/4 (3*2+ 5

sup
g∈G

〈ξ(v, 0), g〉L2(Q) = +∞.  !"#"?@%

A(+ 1*',B;/-'4 >*/+ B324-+ .CD4+- .(', )( ,24/(42*'  !"#"?@% *' >-/4 -'32,(9-+ .(', /'

>+-E2-+ 4-E>, .- ,- )2E24-+ (/ 1(,  !"#"<%= 1C-,46:6.2+- *' >*/++(24 1*',2.B+-+ )C-,>(1- .-,

1*'4+F)-, (.E2,,27)-, ,/23('4 5

Û = {v ∈ U , 4-))- ;/- ξ(v, 0) -,4 *+48*9*'() : G}.

&+= .(', 1- 1(, .- G9/+- )- 1*'4+F)- ,(', +-9+-4 -,4 .2H12)- : 1(+(14B+2,-+" IC-,4 ()*+, ;/-

)C*' .BG'24 )- 1*'4+F)- : E*2'.+-, +-9+-4, .- )( E('2J+- ,/23('4-"

 !" #$%&'(')& *( +)&,(-.+(')& /. +)&(-01* 2 3)'&/-*,

-*4-*(,

*+,-./.0- '(1(2( K*24 γ > 0 ,/H,(EE-'4 >-424" L- 1*'4+F)- : E*2'.+-, +-9+-4, uγ ∈ U
./ >+*7)JE-  !"?"?%6 !"?"#% -,4 .BG'2 >(+ )( ,*)/42*' .- 5

inf
v∈U

(

sup
g∈G

(

J(v, g)− J(0, g)− γ‖g‖2L2(Q)

)

)

.  !"M"?%

 !"#$%&! '(1(2( =;/8 %/ 83!#29%/ > ?3$!52/& 2/:2/#& !3"& '5?/##3!& %' 13&&$@$%$#6 5/

A'$2/ "! 8B3$0 5/ 83!#29%/& v %6:C2/?/!# ?3$!& 8'#'&#231B$4"/ 4"/ %.6#'# 5.'@'!53! (v = 0-D

';/8 "!/ ?'2:/ 5./22/"2 !/ 561'&&'!# 1'& γ‖g‖2L2(Q)*

N' /42)2,('4  !"#"O% )- >+*7)JE-  !"P"#% ,CB1+24 1*EE- ,/24 5

inf
v∈U

[

J(v, 0) + sup
g∈G

(

2〈ξ(v, 0), g〉L2(Q) − γ‖g‖2L2(Q)

)]

,

#?



 !"  # $ %

sup
g∈G

(

2〈ξ(v, 0), g〉L2(Q) − γ‖g‖2L2(Q)

)

= γ sup
g∈G

(

−
∥

∥g − 1

γ
ξ(v, 0)

∥

∥

2

L2(Q)
+
∥

∥

1

γ
ξ(v, 0)

∥

∥

2

L2(Q)

)

=
1

γ

∥

∥ξ(v, 0)
∥

∥

2

L2(Q)
.

&'()('*

+ #, -#$./0/#1  # /21 $0/#3 4 !32 56!/ .$ 2571/ 6/ 8! 9.:0/2 6/ , #1!;./ ,.$227<5/2

257=$#12 %

inf
v∈U

J γ(v), γ > 0 &'()(>*

 ?"

J γ(v) = J(v, 0) +
1

γ

∥

∥ξ(v, 0)
∥

∥

2

L2(Q)
. &'()()*

 !" #$%&'()*( (' *+,+*'-,%&+'%.) /0 *.)',12( 3 4.%)/,(&

,(5,('&

 !"#"$%&%"' ()*)  !"# γ > 0 $%&' () *%(+,* "- "-(."* /!-,#0)* 1 2!(-3#*+ #*4#*,+ -!,&

uγ ∈ U := L2(Σ0) +!)",(!- 3" 5#!6)72* 3* 2(-(2(+8,(!- 9:;<;=>;

 !+,-+ ) ?- 8 J γ(v) ≥ 0, ∀v ∈ U ; @!-/ inf
v∈U

J γ(v) *%(+,*;

A!(, (vnγ ) "-* +"(,* 2(-(2(+8-,* ,*))* ."* B dγ = lim
n→+∞

J γ(vnγ );

?- 8' 1 58#,(# 3C"- /*#,8(- #8-4 *-,(*# n0' 5!"# ,!", n ≥ n0 B

0 ≤ J γ(vnγ ) = J(vnγ , 0) +
1

γ
‖ξ(vnγ , 0)‖2L2(Q) ≤ dγ + 1.

D- #*25)8E8-, J(vnγ , 0) 58# +8 F8)*"# 9:;G;=> !- !6,(*-, B

‖z(vnγ , 0)− zd‖2L2(Q) +N‖vnγ‖2L2(Σ0)
+

1

γ
‖ξ(vnγ , 0)‖2L2(Q) ≤ dγ + 1,

?- *- 3&3"(, )*+ *+,(28,(!-+ +"(F8-,*+ B







































‖z(vnγ , 0)‖L2(Q) ≤ cγ,

‖vnγ‖L2(Σ0) ≤ cγ,

1√
γ
‖ξ(vnγ , 0)‖L2(Q) ≤ cγ,

&'(@(A*

>'



 ! cγ = max
{

√

dγ + 1,
√

dγ+1

N
,
√

2(dγ + 1− ‖zd‖2L2(Q))
}

" #$% &'( $)& * )'(+)(& , '%(%-&

%)./,&).+)(& .& n0

1+2 '$%(&" 3 $)& ' $'4'$%(& ,25' ) (/& &)* 2& vnγ "  ) + 6&' * )-&27&)*&' 8+%96&' '$%-+)(&' :

vnγ ⇀ uγ .+)' L2(Σ0),

z(vnγ , 0)⇀ η .+)' L2(Q),

ξ(vnγ , 0)⇀ µ .+)' L2(Q).

 !"#"!$

;<+$(2& ,+2(" &) =$6(%,6%+)( 6+ ,2&=%52& /#$+(% ) .$ ,2 965=& >?0@0@A ,+2 ϕ ∈ D(Q) (&66&

#$& ∂νϕ = 0 '$2 Σ0 ∪ Σ1" &( &) %)(/72+)( ,+2 ,+2(%&' '$2 Q"  )  9(%&)( :

0 =

∫

Q

Az(vnγ , 0)ϕ dtdx =

∫

Q

z(vnγ , 0)A∗ϕ dtdx−
∫

Σ0

ϕvnγ ,  !"#"%$

B2C*& 3 >?0D0?A &( ,+2 ,+''+7& 3 6+ 6%=%(& '$2 n .+)' >?0D0EA"  ) + :

∫

Q

ηA∗ϕ dtdx =

∫

Σ0

ϕuγ.  !"#"&$

F) ,+2(%*$6%&2 :

〈η,A∗ϕ〉 = 〈Aη, ϕ〉 = 0 ∀ϕ ∈ D(Q),  !"#"#$

 ! 〈., .〉 ./'%7)& %*% 6& *2 *G&( .& .$+6%(/ &)(2& D′(Q) &( D(Q)0

H& #$% . ))& :

Aη = 0 .+)' D′(Q).  !"#"'$

;<+$(2& ,+2( z := z(uγ , 0) /(+)( $)& ' 6$(% ) 8+%96& .& >?0@0@A &( 2/7$6%52& >- %2 (G/ 25=&

I0E .& JEKL" ,+7& EKA" -/2%M& :

Az(uγ, 0) = 0 .+)' D′(Q),  !"#"($

 ) ,&$( +6 2' = )(2&2 #$&

η = z(uγ, 0) .+)' D′(Q) &( .+)' L2(Q).

F) &N&("

〈Az(uγ, 0), ϕ〉 = 〈z(uγ, 0),A∗ϕ〉 −
∫

Σ0

uγϕ, ∀ϕ ∈ D(Q) (&6 #$& ∂νϕ = 0 '$2 Σ0 ∪Σ1,

 !"#")$

,+2 '$%(& :

〈Az(uγ, 0), ϕ〉 = 〈z(uγ, 0),A∗ϕ〉 ∀ϕ ∈ D(Q).  !"#"*$

O) ./.$%( .& >?0D0DA &( >?0D0PA :

〈z(uγ, 0)− η,A∗ϕ〉 = 0 ∀ϕ ∈ D(Q).  !"#"+,$

%%



 ! "#$%& "'$( )'$) ψ ∈ D(Q)& #! "('*#+,! -

A∗ϕ = ψ  !"#"$$%

./,!) $0! %'#$)1'0 $012$! ϕ /.0% D(Q)3

4#'(% '0 /5/$1) /! 673839:;& 6738399; !) !0 <!()$ /=$0 (5%$#).) >#.%%12$! /=.0.#?%! @'0>A

)1'00!##! 6<'1( BCD& #!,,! EF37& ".G! H9; 2$! -

z(uγ, 0) = η "3" /.0% Q.  !"#"$!%

I( z(uγ, 0)& #. %'#$)1'0 /$ "('*#+,! 673939;& !%) %$J%.,,!0) (5G$#1+(! 6<'1( BK:D& )L5'(+,!

C3K& ".G! K:;3

M.( %$1)!& G(N>! O 67383H;& 6738397; !) ".( 10)5G(.)1'0 ".( ".()1!% '0 . "'$( )'$) ϕ ∈ D(Q)

)!# 2$! ∂νϕ = 0 %$( Σ1 -

0 =

∫

Q

Aηϕ =

∫

Q

ηA∗ϕ−
∫

Σ0∪Σ1

∂νηϕ

=

∫

Q

z(uγ, 0)A∗ϕ−
∫

Σ0∪Σ1

∂νηϕ.

 !"#"$&%

M.( >',".(.1%'0 /! 67383C; !) 673839K; '0 . -

∫

Q

z(uγ, 0)A∗ψ =

∫

Σ0∪Σ1

∂νηϕ

=

∫

Σ0

uγϕ, (G(N>! O (2.5.8)),

 !"#"$'%

>! 2$1 /'00! -

∫

Σ0

∂νηϕ+

∫

Σ1

∂νηϕ =

∫

Σ0

uγϕ.  !"#"$#%

A M(!,1!( >.% - "'$( ϕ = 0 %$( $0 <'1%10.G! /! Σ0& '0 . ∂νη = 0 %$( Σ13

A  !$P1+,! >.% - "'$( ϕ = 0 %$( $0 <'1%10.G! /! Σ1& '0 /5/$1) ∂νη = uγ %$( Σ03

M.( %$1)!& G(N>! O #=$01>1)5 /! #. %'#$)1'0 /$ "('*#+,! 673939; '0 . -

η = η(uγ, 0) := z(uγ, 0).  !"#"$(%

 ='Q&

z(vnγ , 0)⇀ z(uγ , 0) /.0% L2(Q).  !"#"$)%

 ! ,R,!& !0 ,$#)1"#1.0) #. "(!,1+(! 52$.)1'0 /$ "('*#+,! ./S'10) 673K3H; ".( ϕ ∈
D(Q)& !) !0 10)5G(.0) ".( ".()1!% %$( Q& '0 '*)1!0) -

∫

Q

ξ(vnγ , 0)Aϕ dtdx =

∫

Q

z(vnγ , 0)ϕ dtdx.  !"#"$*%

&'



 !"#$ % &'()('*+ &'()(,-* $. /0! /01102$ % 30 3454.$ 16! n 7081 &'()(,9*+ :8 0 ;

∫

Q

µAϕ dtdx =

∫

Q

z(uγ, 0)ϕ dtdx.  !"#"$%&

<8 /0!.4#634$!+

〈µ,Aϕ〉 = 〈A∗µ, ϕ〉 = 〈z(uγ, 0), ϕ〉 ∀ϕ ∈ D(Q),

:= 〈., .〉 7>1428$ 4#4 3$ #!:#?$. 7$ 76034.> $8.!$ D(Q) $. D′(Q)(

@A:=+

A∗µ = z(uγ, 0) 7081 D′(Q).  !"#"!'&

@A06.!$ /0!. ξ := ξ(uγ, 0) >.08. 68$ 1:36.4:8 B04C3$ 7$ &'(D(E* $. !>2634F!$ &G:4! .?>:!F5$

H(D 7$ I4:81 $. J02$8$1 KDLM+ /02$ DL*+ G>!4N$ ;

A∗ξ(uγ, 0) = z(uγ, 0) 7081 D′(Q).  !"#"!$&

 !"#$ % &'()('L*+ &'()(',* $. $8 /!:#>708. 7$ 30 5O5$ 5084F!$ P6$ 30 /!$6G$ 7$ &'()(,E*+

:8 :C.4$8. ;

µ = µ(uγ, 0) := ξ(uγ, 0).

@A:=+

ξ(vnγ , 0)⇀ ξ(uγ, 0) 7081 7081 L2(Q).  !"#"!!&

Q8 0 7:8# ;

lim
n→+∞

J γ(vnγ ) = J γ(uγ) = J(uγ, 0) +
1

γ
‖ξ(uγ, 0)‖2L2(Q)

≤ inf
n∈N

[

J(vnγ , 0) +
1

γ
‖ξ(vnγ , 0)‖2L2(Q)

]

= dγ.

R3:!1 J γ(uγ) = inf
n∈N

J γ(vnγ )(

Q8 #:8#36. 03:!1 P6$ uγ $1. 68$ 1:36.4:8 76 /!:C3F5$ 7$ 54845410.4:8 inf
n∈N

J γ(vnγ )( @$

/361 2!"#$ % 30 1.!4#.$ #:8G$S4.> 7$ J γ
#$..$ 1:36.4:8 $1. 684P6$(

 !"!# $%&%'()&*+%(*,- ./ ',-(&012 3 4,*-.&2+ &25&2(+

() *+)), -./)0,).)0 1. 2.3.2043/5.0/+) 56/7.)0, *6 2+)0381, 9 -+/)*3,5 3,:3,05 *6

;3+<1=-,  !"$"$&> !"$"?&"

 !"#"$%&%"' ()*) I$ #:8.!T3$ % 5:487!$ !$2!$.1 uγ ∈ L2(Σ0) 7>N84 7081 30 /!:/:14.4:8

'(D $1. #0!0#.>!41> /0! 3$ P607!6/3$. (zγ, ξγ, σγ, πγ) ∈ (L2(Q))4+ 1:36.4:8 684P6$ 76 1U1.F5$

?#



 !"#$%&'(%$) *+%,'-$ .



































































Azγ = 0 A∗ξγ = zγ

Aσγ =
1

γ
ξγ A∗πγ = zγ − zd + σγ  '-* Q,

zγ(0) = 0 ξγ(T ) = 0

σγ(0) = 0 πγ(T ) = 0  '-* Ω,

∂νzγ = uγ ∂νξγ = 0

∂νσγ = 0 ∂νπγ = 0 *+/ Σ0,

∂νzγ = 0 ∂νξγ = 0

∂νσγ = 0 ∂νπγ = 0 *+/ Σ1,

 !"#"!$%

',01 (!)2+'$%"-  0 (!)$'$ ' 3"%-$ .

πγ +Nuγ = 0 *+/ Σ0,  !"#"!&%

"4 zγ := z(t, x; uγ, 0); ξγ := ξ(t, x; uγ, 0) 5 0$ "4 σγ 0$ πγ *"-$ /0*#01$%,0&0-$  0* 6"-1$%"-*

σ 0$ π $0((0* 2+0 . σγ := σ(t, x; uγ , 0); πγ := π(t, x; uγ, 0)7

 !"#$" % 8- #"*0 w = v − uγ9 v ∈ L2(Σ0) '/:%$/'%/07

;' 1"- %$%"- -)10**'%/0  !<+(0/=;'>/'->0 *'$%*6'%$0 #'/ uγ .

lim
λ→0

(J γ(uγ + λw)− J γ(uγ)

λ

)

≥ 0 ∀w ∈ U 9

 "--0 .

〈

zγ − zd, z(w, 0)
〉

L2(Q)
+N〈uγ, w〉L2(Σ0) +

1

γ

〈

ξγ, ξ(w, 0)
〉

L2(Q)
≥ 0, ∀w ∈ U ,  !"#"!#%

"4 zγ = z(t, x; uγ, 0)9 ξγ = ξ(t, x; uγ, 0)7

?,'-$  0 1"-$%-+0/ ('  )&"-*$/'$%"-  0 (' #/"#"*%$%"- @7A9 "- &"-$/0  !':"/ 1"&&0-$

"- ' ":$0-+ (!)2+'$%"- B@7C7@CD7 8- ' .

J γ(v) = J(v, 0) +
1

γ
‖ξ(v, 0)‖2L2(Q),

0$

J(v, g) = ‖z(v, g)− zd‖2L2(Q) +N‖v‖2L2(Σ0)
.

$'



 !"# $

J γ(uγ + λw)− J γ(uγ) = J(uγ + λw, 0) +
1

γ
‖ξ(uγ + λw, 0)‖2L2(Q)

− J(uγ, 0)−
1

γ
‖ξγ‖2L2(Q)

= ‖z(uγ + λw, 0)− zd‖2L2(Q) +N‖uγ + λw‖2L2(Σ0)

− ‖zγ − zd‖2L2(Q) −N‖uγ‖2L2(Σ0)

+
1

γ

[

‖ξ(uγ + λw, 0)‖2L2(Q) − ‖ξ(uγ, 0)‖2L2(Q)

]

= ‖zγ + λz(w, 0)− zd‖2L2(Q) − ‖zγ − zd‖2L2(Q)

+N
[

‖uγ + λw‖2L2(Σ0)
− ‖uγ‖2L2(Σ0)

]

+
1

γ

[

‖ξγ + λξ(w, 0)‖2L2(Q) − ‖ξγ‖2L2(Q)

]

= λ2
[

‖z(w, 0)‖2L2(Q) +N‖w‖2L2(Σ0)
+

1

γ
‖ξ(w, 0)‖2L2(Q)

]

+ 2λ
[

〈zγ − zd, z(w, 0)〉L2(Q) +N〈uγ, w〉L2(Σ0)

+
1

γ

〈

ξγ, ξ(w, 0)
〉

L2(Q)

]

.

 !"# $

lim
λ→0

(J γ(uγ + λw)− J γ(uγ)

λ

)

=2
[

〈zγ − zd, z(w, 0)〉L2(Q) +N〈uγ, w〉L2(Σ0)

+
1

γ
〈ξγ, ξ(w, 0)〉L2(Q)

]

≥ 0.

%&'&"!"( )*+",&"*", - .* /0)!"(,1*,+!" /& .* 21!2!(+,+!" 3454

6!+, σγ := σ(t, x; uγ, 0) .* (!.7,+!" /7 21!8.9)& (7+'*", $


















Aσγ =
1

γ
ξγ /*"( :;

σγ(0, x) = 0 /*"( Ω;

∂νσγ = 0 (71 Σ0 ∪ Σ14

<" )7.,+2.+& .* 21&)+91& 0=7*,+!" /7 21!8.9)& >34?4@A 2*1 σγ &, !" +",9B1& 2*1 2*1,+&( $
∫

Q

σγA∗ξ(w, 0) dtdx =

∫

Q

σγz(w, 0) dtdx.

C.!1(;

∫

Q

Aσγξ(w, 0) dtdx−
∫

Ω

[

ξ(t = T )σγ(t = T )− ξ(t = 0)σγ(t = 0)
]

dx

−
∫

Σ0∪Σ1

[σγ∂νξ − ξ∂νσγ] dν =

∫

Q

σγz(w, 0)dtdx.

 !



 !"#$ %&'()* )*+! ,*# %&+,")"&+# -!. /"'")*#$ &+ &0)"*+) 1

∫

Q

Aσγξ(w, 0)dtdx =

∫

Q

σγz(w, 0)dtdx,

 -2 #!")*$ &+ - 1

〈1

γ
ξγ, ξ(w, 0)

〉

L2(Q)
=
〈

σγ , z(w, 0)
〉

L2(Q)
.

3&+%$ /456!-)"&+ 789:98:; ,*<"*+) 1

〈

zγ − zd + σγ, z(w, 0)
〉

L2(Q)
+N〈uγ, w〉L2(Σ0) ≥ 0.  !"#"!$%

="+-/*'*+)$ (&!2 )2&!<*2 /45)-) -,>&"+)$ &+ "+)2&,!") πγ := π(t, x; uγ, 0) /- #&/!)"&+ ,!

(2&0/?'* -,>&"+) #!"<-+) 1











A∗πγ = zγ − zd + σγ ,-+# @$

πγ(T, x) = 0 ,-+# Ω$

∂νπγ = 0 #!2 Σ0 ∪ Σ19

A+ '!/)"(/"* /- (2*'"?2* 56!-)"&+ ,! (2&0/?'* 789B9B; (-2 πγ *) &+ "+)?C2* (-2 (-2)"*#$ %*

6!" ,&++* 1

∫

Q

z(w, 0)A∗πγdtdx−
∫

Ω

[

z(T )πγ(T )− z(0)πγ(0)
]

dx−
∫

Σ0∪Σ1

[z∂νπγ − ∂νzπγ] dν = 0,

*) ,&+%$

〈

A∗πγ, z(w, 0)
〉

L2(Q)
= 〈πγ, w〉L2(Σ0).

D/&2#$

〈

zγ − zd + σγ, z(w, 0)
〉

L2(Q)
= 〈πγ, w〉L2(Σ0).  !"#"!&%

3&+%$ ,4-(2?# 789:98E;$ /456!-)"&+ 789:98F; ,*<"*+) 1

〈πγ +Nuγ, w〉L2(Σ0) ≥ 0, ∀w ∈ U = L2(Σ0),

*) %&''* U *#) !+ *#(-%* ,* G"/0*2)$ &+ - -!##" 1

〈πγ +Nuγ, w〉L2(Σ0) ≤ 0, ∀w ∈ U = L2(Σ0).

3&+% &+ - "''5,"-)*'*+) /45C-/")5 <-2"-)"&++*//* 1 πγ + Nuγ = 0 #!2 Σ09 H*%" -%I?<*

/- (2*!<*9

'(



 !" #$% &' ()% *&++,)% $-. (/0/1)% %&+1 0$+2-$+1)%

 ! "#!$%&'() %"% *! +(#,-'.) &) &%/*$%#! 01)" "#!2(3-) &%$2(%,*4 5 -6%!24(%)*( &* &#7

.0%!) Ω )2 *!) &#!!4) 0*8 -%.%2)$ .0!9*0!2): ;) +(#,-'.) $) .#&4-%$) +0( -6<=> &)

2?+) "@0-)*( $*%10!2) A























Az = v &0!$ Q,

z(0, x) = 0 &0!$ Ω,

∂νz = g $*( Σ0,

∂νz = 0 $*( Σ1,

BC:D:EF

#G v := v(t, x) )$2 -0 H#!"2%#! "#!2(3-) 9*% )$2 &0!$ L2(Q)I )2 #G g := g(t, x) ()+(4$)!2) -0

&#!!4) .0!9*0!2) 9*% )$2 &0!$ G 2)- 9*) A

G )$2 *! $#*$ )$+0") 1)"2#(%)- H)(.4 &) L2(Σ0):

 ! 1)*2 2(#*1)( -) "#!2(3-) #+2%.0- u 0$$#"%4 0* +(#,-'.) BC:D:EFI %:): .%!%.%$)( -0

H#!"2%#! "#J2 $*%10!2) A

inf
v∈U1

J(v, g) = inf
v∈U1

(

∥

∥z(v, g)− zd
∥

∥

2

L2(Q)
+N

∥

∥v
∥

∥

2

U1

)

∀g ∈ G, BC:D:CF

01)" U1 := L2(Q) )$2 -6)$+0") &)$ "#!2(3-)$ 0&.%$$%,-)$:

K) +(#,-'.) BC:D:EF7BC:D:CF $) (4$#*& +0( -0 .42@#&) &* "#!2(3-) 5 .#%!&()$ ()L()2$

1*) +(4"4&)..)!2 "0( %- "#!2%)!2 *!) &#!!4) .0!9*0!2):

 ! (0++)- &60,#(& -0 &4M!%2%#! &* "#!2(3-) 5 .#%!&()$ ()L()2$ 0$$#"%4) 0* +(#,-'.)

BC:D:EF7BC:D:CF:

 !"#$%$&# '()(*( N#%2 γ > 0 $*O$0..)!2 +)2%2: K) "#!2(3-) 5 .#%!&()$ ()L()2$ uγ ∈ U1

&* +(#,-'.) BC:D:EF7BC:D:CF )$2 &4M!% +0( -0 $#-*2%#! &) A

inf
v∈U1

(

sup
g∈G

(

J(v, g)− J(0, g)− γ‖g‖2L2(Σ0)

)

)

. BC:D:PF

 ! %!2(#&*%2 .0%!2)!0!2 ξ := ξ(t, x, v, 0)I #G ξ )$2 -0 $#-*2%#! &* +(#,-'.) 0&Q#%!2

$*%10!2 A











A∗ξ(v, 0) = z(v, 0) &0!$ Q,

ξ(T, x) = 0 &0!$ Ω,

∂νξ = 0 $*( Σ0,

BC:D:RF

0-#($I )! 0++-%9*0!2 -0 &4M!%2%#! C:D:EI -) +(#,-'.) BC:D:CF $64"(%2 "#..) $*%2 A

inf
v∈U1

[

J(v, 0) + sup
g∈G

(

2〈ξ(v, 0), g〉L2(Σ0) − γ‖g‖2L2(Σ0)

)

]

.

PS



 !"

sup
g∈G

(

2〈ξ(v, 0), g〉L2(Σ0) − γ‖g‖2L2(Σ0)

)

=
1

γ
‖ξ(v, 0)‖2L2(Σ0)

.

 # $%&'(#& )$#* +( ,!$%+-.( *+/00'12( )( *$#&!3+( $,&'./+ 02'4/#& 5

inf
v∈U1

J γ(v) $6 J γ(v) = J(v, 0) +
1

γ
‖ξ(v, 0)‖2L2(Σ0)

.

 !"#"$%&%"' ()*)  ! "#$%&'(! ) *#+$,&!- &!.&!%- uγ ∈ U1 /--#"+0 /1 2&#3(4*! 567879:;

567876: !-% "/&/"%0&+-0 2/& (! <1/,&12(!% (zγ, ξγ, σγ, πγ) ∈ (L2(Q))4= -#(1%+#$ 1$+<1! ,1

->-%4*! ,?#2%+*/(+%0 -1+@/$% A



































































Azγ = uγ A∗ξγ = zγ

Aσγ = 0 A∗πγ = zγ − zd + σγ ,/$- Q,

zγ(0) = 0 ξγ(T ) = 0

σγ(0) = 0 πγ(T ) = 0 ,/$- Ω,

∂νzγ = 0 ∂νξγ = 0

∂νσγ =
1

γ
ξγ ∂νπγ = 0 -1& Σ0,

∂νzγ = 0 ∂νξγ = 0

∂νσγ = 0 ∂νπγ = 0 -1& Σ1,

/@!" (?0./(+%0 ,?0%/% /,B#+$% A

πγ +Nuγ = 0 -1& Q,

#C zγ := z(t, x; uγ, 0); ξγ := ξ(t, x; uγ, 0) D !% #C σγ !% πγ -#$% &!-2!"%+@!*!$% ,!- E#$"%+#$-

σ !% π %!((!- <1! A σγ := σ(t, x; uγ , 0); πγ := π(t, x; uγ, 0)7

78



 !"#$%&' (

 )*%&+,' #)*-%.', #"& ," /0%!)1' 1'

%&"*2#)2$%$)*

 !" #$%&'&$( )* +,$-./01

 ! "#$%&' &(& $! )*+,-./' %' (+!#*0-' +)#&/1- 12'( $!' 3+!(#&+! (+!#*0-' 4$& %")'!%

$!&4$'/'!# %$ #'/)56 '# +! 5' (+!('!#*' 5$* $! )+&!# b %$ %+/1&!' Ω6 (7'5# 8 -' (+!#*0-'

)+!(#$'-9

:' %'*!&'* !71 ;1/1&5 "#" 1))-&4$" < %'5 )*+,-./'5 12'( %+!!"'5 /1!4$1!#'59

:+!5&%"*+!5 $! )+&!# b %1!5 Ω =Ω +$2'*# ,+*!" %' R
d, d = 2, 36 %' (-155' C∞

> '#

v := v(t) -1 3+!(#&+! (+!#*0-' %"?!&' 5$* [0, T ]9 @A1-'/'!# +! !+#' )1* A = ∂/∂t − ∆

-7+)"*1#'$* %' %&B$5&+!6 '# )1* A∗ = −∂/∂t −∆ 5+! 1%;+&!#9 C7"#1# z := z(t, x, v, g) '5#

$!' 5+-$#&+! %$ 5D5#./' 5$&21!# 8























Az = v(t)δ(x− b) %1!5 Q,

z(0, x) = 0 %1!5 Ω,

∂νz = g 5$* Σ0,

∂νz = 0 5$* Σ1.

=E9F9F>

+G δ(x− b) '5# -1 /155' %' H&*1( %' 5$))+*# b6 (7'5#I<I%&*' 8

(δ(x− b), ϕ)D′,D = ϕ(b) ∀ϕ ∈ D(Ω).

JF



 !" #$%&'()*( +,-)( &./-'%.) 012 /1 34'5.+( +( '21)&6

0.&%'%.)

 ! "#!$%& '(&)*+$&!,& &$ '(-!*,*$. /& '0 +#'-$*#! /- 1%#2'3"& 45676789 &! -$*'*+0!$ '0

".$:#/& /& $%0!+1#+*$*#! ;5<=6 >&$$& /&%!*3%& %&1#+& +-% '& 10++0?& 0- 1%#2'3"& 0/@#*!$

&$ +-% '(-$*'*+0$*#! /- $:.#%3"& /& A*&+B ;C=6

D(02#%/ #! /#!!& '0 /.E!*$*#! /& '0 +#'-$*#! F0*2'& /- 1%#2'3"& 4567678 10% $%0!+1#G

+*$*#!6

 !"#$%$&# '()(*( H#*$ v ∈ L2(0, T ) &$ g ∈ L2(Σ0)6I!& +#'-$*#! F0*2'& z /- 1%#2'3"&

45676789 /.E!*& 10% '0 ".$:#/& /& $%0!+1#+*$*#!9 &+$ -!& F#!,$*#! z ∈ L2(Q) J.%*E0!$ K

∫

Q

z(t, x)ψ(t, x)dtdx =

∫ T

0

v(t)ϕ(t, b)dt+

∫

Σ0

ϕ(t, σ)g(t, σ)dtdσ, ∀ψ ∈ L2(Q), 456L678

#M ϕ := ϕ(t, x) &+$ '0 +#'-$*#! /- 1%#2'3"& %.$%#?%0/& +-*J0!$ K











A∗ϕ = ψ /0!+ Q,

ϕ(T, x) = 0 /0!+ Ω,

∂νϕ = 0 +-% Σ0 ∪ Σ1.

456L6L8

+,-./01, '()(*(  ! "#$%&' ()*)!' +,-).%,! $#/)-%0$' 1' 2345456 '+. +,-).%,! 78%9-' 8)

+'!+ 1' -8 :#.;,1' 1' .$8!+<,+%.%,! <$#=#1'!.'4

>! '?'.@ '! !,.8!. <8$ (., .) -' =$,=;'. 1' 1)8-%.# '!.$' D′(Q) '. D(Q) '. '! :)-.%<-%8!.

<8$ ϕ ∈ D(Q) -'+ 1')A :':9$'+ 1' -8 <$':%0$' #()8.%,! 1) <$,9-0:' 2345456@ ,! 8 B

∫

Q

Azϕ dtdx = (Az, ϕ) = (v(t)δ(x− b), ϕ(t, x)) =

∫ T

0

v(t)ϕ(t, b)dt. 456L658

C,%. :8%!.'!8!. ϕ -8 +,-).%,! 1) <$,9-0:' 234D4D64 E-,$+ B











ϕ ∈ H1(0, T ;L2(Ω)) ∩ L2(0, T ;H2(Ω)) := H

'.

‖ϕ‖L2(0,T ;H2(Ω)) ≤ C‖ψ‖L2(Q),

456L6C8

='-8 1*8<$0+ 1'+ $#+)-.8.+ 1' $#/)-8$%.# +.8!18$1+ '! 8!8-F+' 7,!=.%,!!'--' 2=74 G3HI@ =;8<%.$'

J@ .;#,$0:' J43@ <4 3H64

K8$ 1'!+%.# 1' D(Q) 18!+ H := H1(0, T ;L2(Ω)) ∩ L2(0, T ;H2(Ω)) '. /$L=' M 234D436@ ,!

8 B

∫

Q

Azϕ dtdx =

∫

Q

zA∗ϕ dtdx+

∫

Σ0∪Σ1

(z∂νϕ− ∂νzϕ)dσ. 456L6N8

CL



 !"#$% ψ #% ϕ &#' (!$)%"!$' )!$'"*+,+#' *-$' &# .,!/&01# 23454564 7$ *+*8"% *# 2345436 #%

2345496 :

∫

Q

z(t, x)ψ(t, x)dtdx =

∫ T

0

v(t)ϕ(t, b)dt+

∫

Σ0

ϕ(t, x)g(t, x)dtdσ,

∀ψ ∈ L2(Q) #% ϕ '!&8%"!$ *# 2345456.

;-, '8"%# &- *+<$"%"!$ 3454= #'% /"#$ >8'%"<+#4

 !"# $! #%&'() *" +,#&-"(.! /!. z := z(t, x; v, g) $! #*$%'&*" +( 0123234 !% #("# +( $!

5,'6*+( +( '.!"#/*#&'&*" 0 ,7"&'&*" 1282342

9" /(%' *:'("&. $;(<&#'("=( (' $;%"&=&', +( $! #*$%'&*" z +% /.*:$>5( 0123234) -.?=( !%

'6,*.>5( +( @&(#A) =*55( #%&' B

 !"#$%&' ()*) ?%-$% *!$$+ ψ ∈ L2(Q)@ !$ $!%# .-, ϕ := ϕ(t, x) &- '!&8%"!$ *# 2345456

-A#) '#)!$* 1#1/,# ψ4  !"% v ∈ L2(0, T ) #% g ∈ L2(Σ0) *!$$+#'4 BC-..&")-%"!$ :

τ : L2(Q) −→ R

ψ 7−→ τ(ψ) =

∫ T

0

v(t)ϕ(t, b)dt+

∫

Σ0

ϕ(t, σ)g(t, σ)dtdσ

#'% &"$+-",# )!$%"$8#4

D# .&8'@ "& #E"'%# 8$ 8$"F8# z ∈ L2(Q) %#& F8# ∀ψ ∈ L2(Q) :

τ(ψ) = 〈z, ψ〉L2(Q).

+$',-' ) ;8"'F8# ψ #'% &# '#)!$* 1#1/,# *# &- .,#1"0,# +F8-%"!$ *8 .,!/&01# 2345456

#% G,H)# I &C8$")"%+ *# ϕ '!&8%"!$ *# 2345456@ &C-..&")-%"!$ ψ 7−→ ϕ(t, b) #'% /"#$ *+<$"#@

-"$'" &C-..&")-%"!$ ψ 7→ τ(ψ) #'% /"#$ *+<$"#4

i)B"$+-,"%+ *# &C-..&")-%"!$ τ

BC-..&")-%"!$ ψ 7−→ ϕ(t, b) #'% &"$+-",# G,H)# I &C8$")"%+ *# ϕ@ '!&8%"!$ *8 .,!/&01# -*>!"$%

2345456@ -"$'" &C-..&")-%"!$ ψ 7→ τ(ψ) #'% &"$+-",#4

ii)J!$%"$8"%+ *# &C-..&")-%"!$ τ

;!8, 1!$%,#, &- )!$%"$8"%+ *# &C-..&")-%"!$ ψ 7→ τ(ψ)@ "& (-8% 1!$%,#, F8# :
∣

∣

∣

∫ T

0

v(t)ϕ(t, b)dt+

∫

Σ0

ϕ(t, σ)g(t, σ)dtdσ
∣

∣

∣
≤ C‖ψ‖L2(Q) !K C #'% 8$# )!$'%-$%#4

7$ - :

∣

∣

∣

∫ T

0

v(t)ϕ(t, b)dt+

∫

Σ0

ϕ(t, σ)g(t, σ)dtdσ
∣

∣

∣
≤
∣

∣

∣

∫ T

0

v(t)ϕ(t, b)dt
∣

∣

∣
+
∣

∣

∣

∫

Σ0

ϕ(t, x)g(t, x)dtdx
∣

∣

∣
.

C1



 ! "#!$%& '()*#%' +,&

∣

∣

∣

∫ T

0

v(t)ϕ(t, b)dt
∣

∣

∣
≤ C1‖ψ‖L2(0,T ;L2(Ω))- #. C1 ∈ R/

 ! ) 0

∣

∣

∣

∫ T

0

v(t)ϕ(t, b)dt
∣

∣

∣
≤ ‖v‖L2([0,T ])‖ϕ(., b)‖L2([0,T ]) ≤ ‖v‖L2([0,T ])‖ϕ‖L2(0,T ;L∞(Ω)).

 %- '()1%23 4(5!6&7$5#! '& 8#*#4&9 :9#5% 7;)15$%& <- $;=#%2"& </>?- #! ) 0

L2(0, T ;H2(Ω)) →֒ L2(0, T ; C0(Ω)), Q ⊂ R× R
n, n ≤ 3

&$ ‖ϕ‖L2(0,T ;L∞(Ω)) ≤ α‖ϕ‖L2(0,T ;H2(Ω)), α ∈ R.
 !"#"$%

 ! ) )4#%3 @%A7& B :>/C/D? &$ :>/C/E? 0

∣

∣

∣

∫ T

0

v(t)ϕ(t, b)dt
∣

∣

∣
≤ C1‖ψ‖L2(0,T ;L2(Ω)) #. C1 = αC2‖v‖L2([0,T ]).  !"#"&%

F)5!$&!)!$ #! "#!$%& +,&

∣

∣

∣

∫

Σ0

ϕ(t, σ)g(t, σ)dtdσ
∣

∣

∣
≤ C3‖ψ‖L2(Q)- #. C3 ∈ R/

 ! ) &! ,$5453)!$ 4(5!=@)45$= '& G),7;HI87;J)%K 0

∣

∣

∣

∫

Σ0

ϕ(t, σ)g(t, σ)dtdσ
∣

∣

∣
≤
∫

Σ0

|ϕ(t, σ)||g(t, σ)|dtdσ ≤ ‖ϕ‖L2(Σ0)‖g‖L2(Σ0).

 %- B 4()5'& ', $;=#%2"& '& $%)7&3 :9#5% 7;)15$%& <- $;=#%2"& </L? #! ) 0

‖ϕ‖L2(Σ0) ≤ C4‖ϕ‖L2(0,T ;H1(Ω)) )9&7 C4 ∈ R
∗
+.

M(#. 0

∣

∣

∣

∫

Σ0

ϕ(t, σ)g(t, σ)dtdσ
∣

∣

∣
≤ C4‖g‖L2(Σ0)‖ϕ‖L2(0,T ;H1(Ω)) ≤ C4‖g‖L2(Σ0)‖ϕ‖L2(0,T ;H2(Ω)),

 !"#"'%

&$ '()1%23 :>/C/D?- #! #*$5&!$ 0

∣

∣

∣

∫

Σ0

ϕ(t, σ)g(t, σ)dtdσ
∣

∣

∣
≤ C3‖ψ‖L2(0,T,L2(Ω)), )9&7 C3 = C2C4‖g‖L2(Σ0).  !"#"(%

N5!)4&"&!$- '& :>/C/L? &$ :>/C/O? #! '=',5$ +,& 4()11457)$5#! τ &3$ 7#!$5!,& '& L2(Q) ')!3

R/

P4#%3 '()1%23 4& $;=#%2"& '& Q5&3K :9#5% 7;)15$%& <- $;=#%2"& >/<? 0

∃! z ∈ L2(Q) $&4 +,& ∀ψ ∈ L2(Q), τ(ψ) = 〈z, ψ〉L2(Q).

G& +,5 )7;29& 4) 1%&,9& ', $;=#%2"&/

))



 ! "#$%&'() *) +$,-#.&) /$,+-0)& 12,1 *$,,3) (2,4

502,-)

 !"# $%&&% '!(&)% *" $!(!$&+()#% ,% $*"&(-,% *'&).!, '*"$&/%, ub0 !##*$)+ !/ '(*1,2.%

34565670 '!( ,! #*,/&)*" 89/" #:#&2.% 89*'&).!,)&+ 3;5<70 %& $%,! %" $*"#)8+(!"& =/% g "9%#&

'!# /"% 8*""+% .!"=/!"&%0 $9%#&>?>8)(% g = 05 <" %@!.)"%(! 8!"# ,% '!(!A(!'B% #/)C!"&

,! .D.% =/%#&)*" !C%$ /"% 8*""+% .!"=/!"&%5

;*)& U /" $*"C%@% E%(.+ "*" C)8% 8% L2(0, T )0 ,9%#'!$% 8%# $*"&(-,%# !8.)##)1,%#0 )5%7 F

Uad := U 3454567

%&

J(v) :=
∥

∥z(v)− zd
∥

∥

2

L2(Q)
+N

∥

∥v
∥

∥

2

L2([0,T ])
. 34545G7

*H

z(v) := z(t, x; v), ∀v ∈ U. 3454547

<" $B%($B% ? &(*/C%( F

inf
v∈U

J(v). 34545I7

<" .*"&(% =/% ,% '(*1,2.% 34545I7 !8.%& /" /")=/% $*"&(-,% *'&).!, ub ∈ U %" '(*$+8%"&

8% E!J*" #).),!)(% ? ,! '(%/C% 8% ,! '(*'*#)&)*" 454 3$B!')&(% 475

 !"#"$%&%"' ()*)  ! "#$%&'(! #)%*+,( ub = inf
v∈U

J(v) !-% ",&,"%.&*-. ),& (! "#/)(!% (z, π) ∈
(L2(Q))2 -#(/%*#$ 0/ -1-%2+! 03#)%*+,(*%. -/*4,$% 5































Az = ub(t)δ(x− b) A∗π = z(ub)− zd 0,$- Q,

z(0) = 0 π(T ) = 0 0,$- Ω,

∂νz = 0 ∂νπ = 0 -/& Σ0 ∪ Σ1,

34545K7

,4!" 5

ξ(., b) +Nub ≥ 0 -/& [0, T ], 34545L7

#6 z !-% (, -#(/%*#$ 0/ )&#7(2+! 89:;:;<:

 !+,-+ ) =$! "#$0*%*#$ $."!--,*&! 03>/(!&? ,@&,$@! -,%*-A,*%! ),& ub !-% (, -/*4,$%! 5

lim
λ→0

(J(ub + λw)− J(ub)

λ

)

≥ 0 ∀w ∈ U:

B$ !$ 0.0/*% 5

〈

z(ub)− zd, z(w)
〉

L2(Q)
+N〈ub, w〉L2([0,T ]) ≥ 0 ∀w ∈ U, 34545M7

IK



 ! w = v − ub, v ∈ U"

#$ %&%'(  $ ) *

J(ub + λw)− J(ub) =
∥

∥z(ub + λw)− zd
∥

∥

2

L2(Q)
+N

∥

∥ub + λw
∥

∥

2

L2([0,T ])

−
∥

∥z(ub)− zd
∥

∥

2

L2(Q)
−N

∥

∥ub
∥

∥

2

L2([0,T ])

=
∥

∥z(ub) + λz(w)
∥

∥

2

L2(Q)
− 2
〈

z(ub) + λz(w), zd
〉

L2(Q)

+Nλ2
∥

∥w
∥

∥

2

L2([0,T ])
+ 2λN

〈

ub, w
〉

L2([0,T ])

−
∥

∥z(ub)
∥

∥

2

L2(Q)
+ 2
〈

z(ub), zd
〉

L2(Q)

=
∥

∥z(ub)
∥

∥

2

L2(Q)
+ λ2

∥

∥z(w)
∥

∥

2

L2(Q)
+ 2λ

〈

z̃(ub), z(w)
〉

L2(Q)

− 2
〈

z(ub), zd
〉

L2(Q)
− 2λ

〈

z(w), zd
〉

L2(Q)
+Nλ2

∥

∥w
∥

∥

2

L2([0,T ])

−
∥

∥z(ub)
∥

∥

2

L2(Q)
+ 2
〈

z(ub), zd
〉

L2(Q)

+ 2Nλ
〈

ub, w
〉

L2([0,T ])
+Nλ2

∥

∥z(w)
∥

∥

2

L2(Q)

= λ2
∥

∥z(w)
∥

∥

2

L2(Q)
+Nλ2

∥

∥w
∥

∥

2

L2([0,T ])
+ 2λ

〈

z(ub), z(w)
〉

L2(Q)

+ 2λN〈ub, w〉L2([0,T ]) − 2λ
〈

z(w), zd
〉

L2(Q)
.

+ $, *

lim
λ→0

(J(ub + λw)− J(ub)

λ

)

=2
〈

z(ub), z(w)
〉

L2(Q)
+ 2N

〈

ub, w
〉

L2([0,T ])

− 2
〈

z(w), zd
〉

L2(Q)
≥ 0,

,% -./ 0 $$% 12"2"34"

5%6%$ $7 8)/$'%$)$' 9 :) 0;8 $7'<)'/ $ 0% :) =< = 7/'/ $ 2">"

? /' π := π(t, x, ub) :) 7 :.'/ $ 0. =< @:A8% )0B /$' 7./6)$' *











A∗π = z(ub)− zd 0)$7 C(

π(T ) = 0 0)$7 Ω(

∂νπ = 0 7.< Σ0 ∪ Σ1"

 !"!"#$

? /' z(w) := z(t, x;w, 0) :D;')' 0. 7E7'A8% 12"F"F4" G/$7/  $ 0;7/H$% =)< (., .) :% ,< ,I%' 0%

0.):/'; %$'<% D′(Q) %' D(Q)"

#$ %&%'( %$ 8.:'/=:/)$' :) =<%8/A<% ;-.)'/ $ 0. =< @:A8% 12"F"F4 =)< π ∈ D(Q)(  $ ) *

∫

Q

Az(w)πdtdx = (Az, π) = (w(t)δ(x− b), π(t, x)) =

∫ T

0

w(t)π(t, b)dt.  !"!"%$

? /' 8)/$'%$)$' π :) 7 :.'/ $ 0. =< @:A8% 12"2"J4" G: <7











π ∈ H1(0, T ;L2(Ω)) ∩ L2(0, T ;H2(Ω)) := H

%'

‖π‖L2(0,T ;H2(Ω)) ≤ C‖zγ − zd‖L2(Q),

 !"!"&'$

()



 !"# $%#&'() $!) '*)+",#,) $! '*-+"#'.,* ),#/$#'$) !/ #/#"0)! 12/ ,.2//!""! 3 14 56789  :#&.,'!

;9 ,:*2'(<! ;469 &4 67=4

>#' $!/).,* $! D(Q) $#/) H := H1(0, T ;L2(Ω)) ∩ L2(0, T ;H2(Ω)) !, -'? ! @ 36464A=9 2/

# B

∫

Q

Az π dtdx =

∫

Q

zA∗πdtdx+

∫

Ω

[z(t = T )π(t = T )− z(t = 0)π(t = 0)]dx

−
∫

Σ0

(z∂νπ − π∂νzdσ)−
∫

Σ1

(z∂νπ − π∂νz) dσ

=

∫

Q

(

z(ub)− zd

)

z(w)dtdx.

C2/ B

〈

z(ub)− zd, z(w)
〉

L2(Q)
=
〈

π(., b), w
〉

L2([0,T ])
.

D"2')9 "%*E+#,.2/ 36464F= $!G.!/, B

〈

π(., b) +Nub, w
〉

L2([0,T ])
≥ 0, ∀w ∈ U.

D./).9 2/ 2H,.!/, "%./*-#".,* $! "%*,#, #$I2./, π(., b) +Nub ≥ 0 )+' [0, T ]4

 !" #$%&'()* +* ,%-.$/'* 0%-,.1*' 23*, +%--4* )2-5

612-.*

 ! "#$$%"& '(' )#& *+ $%**#,'%! g &", -+!)#+!,&.  ! +#/+ 0%!( #! $/%1*2-& 0& (%!,/3*&

$%!(,#&* +4&( 0%!!5& -+!)#+!,& 6 /5"%#0/&. 7%#/ (&*+ %! #,'*'"& *+ -5,8%0& 0# (%!,/3*&

6 -%'!0/&" /&9/&," 4#& +# (8+$',/& :.

 ! '!,/%0#', *+ ;%!(,'%! (%<, "#'4+!,& =

J(v, g) :=
∥

∥z(v, g)− zd
∥

∥

2

L2(Q)
+N

∥

∥v
∥

∥

2

L2([0,T ])
, >?.@.AB

&, %! (8&/(8& 6 ,/%#4&/ =

inf
v∈U

J(v, g) ∀g ∈ G, >?.@.:B

%C

G &", #! "%#" &"$+(& 4&(,%/'&* ;&/-5 0& L2(Σ0), >?.@.?B

&, %C

U #! (%!4&D& ;&/-5 0& L2(0, T ), >?.@.@B

&", *E&"$+(& 0&" (%!,/3*&" +0-'""'1*&".

@F



 !"#$%&! '()(*(  !"# !$%&'(# )&* #+*",%-%* .,"* !.%(/-,&*0 !' .&"% 12!(*(# "'& 3!'1%(!'

1!4% )+5'(& -6&1 "' +%-% z .#(* -" %&/.* 5'-, T 0 (7&8

J(v, g) :=
∥

∥z(T ; v, g)− zd
∥

∥

2

L2(Ω)
+N

∥

∥v
∥

∥

2

L2([0,T ])
,

&% !' 1!'*()9#& ,:&*.-1& )&* 1!'%#;,&* -)/(**($,&* *"(6-'% <

U = {v ∈ L2(0, T )/z(T, x; v, g) ∈ L2(Ω)},  !"#"$%

="& ,:!' /"'( )& ,- '!#/& L2(0, T )7

+!""! '('( >:&*.-1& U )+5'( .-# ?@7A7B8 &*% "' 1!'6&C& 3&#/+ )& L2(0, T )7

,$!&-! ( (8 !"#$%&'( )$ U *

 !"# 12-="& v1 -**!1(+ D "'& *!,"%(!' z1(T, x; v, g) ∈ L2(Ω) &% v2 -**!1(+ D z2(T, x; v, g) ∈
L2(Ω)0 !' - .!"# α ∈]0, 1[ <

αz1(T, x; v, g) + (1− α)z2(T, x; v, g) ∈ L2(Ω),

):!E U &*% 1!'6&C&7

((8 U +$,-( *

F!(% (vn) ∈ U ="( 1!'6&#G& 6&#* v )-'* L2(0, T )7

F!(% zn ,- *!,"%(!' -**!1(+& D vn &% z ,- *!,"%(!' -**!1(+& D v7

 !"# ="& U *!(% 3&#/+0 (, 3-"% ="& zn(T, x; v, g) 1!'6&#G& 6&#* z(T, x; v, g) )-'* L
2(Ω)7

H' &I&%0 .!"# %!"% n0 (, &C(*%& zn ∈ L2(Q) %&,,& ="& <

∫

Q

znψdtdx =

∫ T

0

vn(t)ϕ(t, b)dt−
∫

Σ0

ϕgdν ∀ψ ∈ L2(Q),  !"#"&%

!E ϕ &*% ,- *!,"%(!' )" .#!$,9/& -)J!('% ?@7K7K87

 -# .-**-G& D ,- ,(/(%&0 ,!#*="& n %&') 6&#* ,:('5'(0 )-'* ?@7A7L80 !' - <

∫

Q

znψ −→ l1 =

∫ T

0

v(t)ϕ(t, b)dt−
∫

Σ0

ϕgdν.

F!(% /-('%&'-'% z ,- *!,"%(!' ?)+5'(& .-# %#-'*.!*(%(!'8 -**!1(+& D ϕ0 (7&8

∫

Q

zψdtdx =

∫ T

0

v(t)ϕ(t, b)dt−
∫

Σ0

ϕgdν ∀ψ ∈ L2(Q) &% ϕ *!,"%(!' )& ?@7K7K8.

#'



 ! " #$!% &"' (!)%)*+ #, -" -).)*, /

∫

Q

znψdtdx −→
∫

Q

zψdtdx0 )1,2

zn ⇀ z #"!3 L2(Q).  !"#"$%

 ! &$3, .")!*,!"!* ψ = zn ,* ϕn -" 3$-(*)$! #( &'$4-5., "#6$)!* "33$%)+1

 ! " 7'8%, "(9 '+3(-*"*3 3*"!#"'#3 #, '+7(-"')*+ /

‖ϕ‖H1,2 ≤ C‖z‖L2(Q),

$'0 #:"&'53 ;<1=1>2 ‖zn‖L2(Q) ,3* 4$'!+,0 #$!% /

‖ϕ‖H1,2 ≤ C,

)- ,9)3*, "-$'3 (!, 3$(3?3()*, !$*+, ,!%$', ϕn *,--, @(, /

ϕn ⇀ ϕ #"!3 H1,2,

,* &"' )!6,%*)$! %$.&"%*,0 $! " "(33) /

ϕn → ϕ #"!3 L2(Q).  !"#"&%

A! ',.&-"B"!* "-$'3 ψ &"' zn #"!3 ;<1=1C20 $! " /

∫

Q

z2ndtdx =

∫ T

0

vn(t)ϕn(t, b)dt−
∫

Σ0

ϕngdν ∀zn ∈ L2(Q),  !"#"'%

,* &"' &"33"7, D -" -).)*, ,* 7'8%, D ;<1=1>2 ,* ;<1=1E2 $! " /

∫

Q

z2ndtdx→
∫

Q

z2dtdx,

#:$F0

zn → z #"!3 L2(Q),

,* &"' 3()*, /

zn(T, x; v, g) → z(T, x; v, g) &1& #"!3 L2(Ω).

G, @() "%H5I, -" #+.$!3*'"*)$!1

 !"!# $%&%'()&*+%(*,- ./ ',-(&012 3,-'(/21 4 5,*-.&2+ &26&2(+

()**+ ,- .)/012)/ 0)31 456+/4 4+ ,- 4)//5+ *-/78-/1+ g ∈ G9 )/ -66,278+ ,- *5:

1;)4+ 48 0)/1<=,+ - *)2/4<+> <+?<+1> -8 6<)@,A*+  !"B"B%: !"#"C% 6)8< 1<)8D+< ,+ 0)/1<=,+

#'



 !"#$%& %'' (#)* +,&% - .' ( -/.#" 0 ( -'#/)1,1 &% '.#", /, !1 2&3$,' /, ( -"14&, (&%''#5.,'

'.#6%-"' 7

inf
v∈U

J γ(v)  8 J γ(v) = J(v, 0) +
1

γ
‖ξ(v, 0)‖2L2(Σ0)

, 9:*;*<=>

%6,( ξ(v, 0) := ξ(t, x, v, 0) &% ' &."# - /. !1 2&3$, %/? #-" '.#6%-" 7











A∗ξ(v, 0) = z(v, 0) /%-' Q,

ξ(T ) = 0 /%-' Ω,

∂νξ = 0 '.1 Σ0 ∪ Σ1,

9:*;*<<>

,"  8 z(v, 0) ,'" &% ' &."# - /, 9:*<*<>*

 !"!#$%"&'!$&() *+ #()$",-. / 0(&)*".' ".1".$' 2345436

@- % &% (%1%(")1#'%"# - '.#6%-", /. ( -"14&, 0 $ #-/1,' 1,A1,"' ! .1 &, !1 2&3$,

9:*<*<>B9:*;*C>*

7"(8('&$&() 94:4  ! "#$%&'(! )#$"%*!( + ,#-$.&!/ &!0&!%/ ubγ ∈ U /#(*%-#$ .* )&#1(2,!

.! ,-$-,-/3%-#$ 4567689: !/% "3&3"%;&-/; )3& (! <*3.&*)(!% (ξγ, zγ, σγ, πγ) ∈ (L2(Q))4= /#>

(*%-#$ *$-<*! .* /?/%2,! .@#)%-,3(-%; /-$0*(-!& 4A6B6A: /*-C3$% D



































































Azγ = ubγδ(x− b) A∗ξγ = zγ

Aσγ = 0 A∗πγ = zγ − zd + σγ .3$/ Q,

zγ(0) = 0 ξγ(T ) = 0

σγ(0) = 0 πγ(T ) = 0 .3$/ Ω,

∂νzγ = 0 ∂νξγ = 0

∂νσγ =
1

γ
ξγ ∂νπγ = 0 /*& Σ0,

∂νzγ = 0 ∂νξγ = 0

∂νσγ = 0 ∂νπγ = 0 /*& Σ1,

9:*;*<C>

3C!" (@-$;<*3%-#$ .! (@;%3% 3.E#-$% D

πγ(., b) +Nubγ ≥ 0 .3$/ [0, T ], 9:*;*<:>

#F zγ := z(t, x; ubγ , 0); ξγ := ξ(t, x; ubγ , 0) G !% #F σγ !% πγ /#$% &!/)!"%-C!,!$% .!/ H#$">

%-#$/ σ !% π %!((!/ <*! D σγ := σ(t, x; ubγ , 0); πγ := π(t, x; ubγ , 0)6

7".+;. 4  3 "#$.-%-#$ $;"!//3-&! .@I*(!&> 30&3$0! /3%-/H3-%! )3& ubγ !/% D

lim
λ→0

(J γ(ubγ + λw)− J γ(ubγ )

λ

)

≥ 0 ∀w ∈ U6

J!"- .#$$! D

〈

zγ − zd, z(w, 0)
〉

L2(Q)
+N〈w, ubγ〉L2([0,T ]) +

1

γ

〈

ξγ, ξ(w, 0)
〉

L2(Σ0)
≥ 0, ∀w ∈ U, 9:*;*<;>

D=



 ! zγ := z(t, x; ubγ , 0)" ξγ := ξ(t, x; ubγ , 0) #$  ! w = v − ubγ " ∀v ∈ U%

&' ( ')*+,-# ./*'$#'/'$ σγ := σ(t, x; ubγ , 0) 0/ ) 01$* ' +1 2- 30,.# )1*4/'$ 5



























Aσγ = 0 +/') 6"

σγ(0) = 0 +/') Ω"

∂νσγ =
1

γ
ξγ )1- Σ0"

∂νσγ = 0 )1- Σ1%

&' /" #' .10$*20*/'$ 0/ 2-#.*,-# 781/$* ' +1 2- 30,.# 9:%;%<<= 2/- σγ 5

∫

Q

σγA∗ξ(w, 0)dtdx = 0,

#$ #' 1$*0*)/'$ 0/ > -.10# +# ?-##'"  '  3$*#'$ 5

∫

Q

σγA∗ξ(w, 0)dtdx =

∫

Q

Aσγξ(w, 0)dtdx−
∫

Ω

[

ξ(T )σγ(T )− ξ(0)σγ(0)
]

dx

−
∫

Σ0∪Σ1

[

σγ∂νξ − ξ∂νσγ

]

dν

=

∫

Σ0

ξ(w)
1

γ
ξγdν.

@A ! 5

〈1

γ
ξγ, ξ(w, 0)

〉

L2(Σ0)
=
〈

σγ, z(w, 0)
〉

L2(Q)
.  !"#"$%&

@ '( +A/2-,) 9:%;%<B=" 0A781/$* ' 9:%;%<;= +#4*#'$ 5

〈

zγ − zd + σγ , z(w, 0)
〉

L2(Q)
+N〈ubγ , w〉L2([0,T ]) ≥ 0, ∀w ∈ L2(0, T ).  !"#"$'&

C*'/0#.#'$ 2 1- $- 14#- 0A7$/$ /+D *'$"  ' *'$- +1*$ πγ := π(t, x; ubγ , 0) 0/ ) 01$* ' +1

2- 30,.# /+D *'$ )1*4/'$ 5











A∗πγ = zγ − zd + σγ +/') 6"

πγ(T ) = 0 +/') Ω"

∂νπγ = 0 )1- Σ0 ∪ Σ1%

 !"#"$(&

&' .10$*20*# 0/ 2-#.*,-# 781/$* ' +1 2- 30,.# 9:%<%<= 2/- πγ ∈ D(Q)" *0 4*#'$ 5

∫

Q

Az(w, 0)πγdtdx = (Az(w, 0), πγ)D′×D = (w(t)δ(x− b), πγ)D′×D =

∫ T

0

w(t)πγ(t, b)dt.

 !"#"$)&

E *$ ./*'$#'/'$ πγ 0/ ) 01$* ' +1 2- 30,.# 9:%;%<F=% G0 -)











πγ ∈ H1(0, T ;L2(Ω)) ∩ L2(0, T ;H2(Ω)) := H

#$

‖πγ‖L2(0,T ;H2(Ω)) ≤ C‖zγ − zd + σγ‖L2(Q),

 !"#"$*&

%$



 !"# $%#&'() $!) '*)+",#,) ),#-$#'$) $! '*.+"#'/,* !- #-#"0)! 12- ,/2--!""! 3 14 56789  :#&/,'!

;9 ,:*2'(<! ;469 &4 67=4

>#' $!-)/,* $! D(Q) $#-) H := H1(0, T ;L2(Ω))∩L2(0, T ;H2(Ω)) !, .'? ! @ 364;4AB=9 2-

# C

∫

Q

Az(w, 0)πγdtdx =

∫

Q

z(w, 0)A∗πγdtdx

+

∫

Ω

[

z(T )πγ(T )− z(0)πγ(0)
]

dx−
∫

Σ0∪Σ1

[

z∂νπγ − ∂νzπγ

]

dν

=

∫

Q

z(w, 0)A∗πγdtdx.

 !"#"$%&

D / 2- # ,!-+  2<&,! $+ 1#/, E+! $#-) 364;4A7= 2- # g = 04

F%2G #"2') $! 364;4AB= !, 364;4H7= 2- 2I,/!-, C

〈

A∗πγ, z(w, 0)
〉

L2(Q)
= 〈πγ(., b), w〉L2([0,T ]).

J-K- C

〈

zγ − zd + σγ, z(w, 0)
〉

L2(Q)
= 〈πγ(., b), w〉L2([0,T ]).  !"#"$'&

F2- 9 $%#&'() 364;4HA=9 364;4AL= $!M/!-, C

〈πγ(., b) +Nubγ , w〉L2([0,T ]) ≥ 0, ∀w ∈ U.  !"#"$$&

N- # #"2') /<<*$/#,!<!-, "%/-*.#"/,* M#'/#,/2--!""! C πγ(., b) +Nubγ ≥ 0 $#-) [0, T ]4

($



 !"#$%&' (

 )*%&+,' #)*-%.', #"& ," /0%!)1' 1'

&02.,"&$3"%$)*

 !"# $% $&!'()*% +" %,!-("% .% "+/0%!/ 1% '*+213-% .% .(4/#(+" .% '+11/)(+" !0%$

$+")*51% '+"$)/%1 678989: $+"#(.;*; .!"# 1% $&!'()*% '*;$;.%")< -!(# $%))% =+(# %" /)(1(#!")

/"% !''*+$&% .(4;*%")% > $%11% /)(1(#;% .!"# 1% $&!'()*% 78 ?1 #@!A() .@!''1(B/%* 1! -;)&+.%

.% *;A/1!*(#!)(+"< %" !''*+$&!") 1! -!##% .%  (*!$ '!* /"% #/()% *;A/1!*(#!")% .!"# L2(Ω)8

C" +2)(%") !1+*# /"% #/()% .% '*+213-%# #!"# .+"";% -%#/*% %) B/( #+") .;D> %,!-(";#

!/ $&!'()*% E8

F"#/()%< )+/)% 1@;)/.% %#) $+"$%")*;% #/* $%11% ./ '!##!A% > 1! 1(-()% '+/* +2)%"(* GH

"!1%-%") /"% $!*!$);*(#!)(+" '!* /" #I#)3-% .@+')(-!1(); #("A/1(%*< ./ $+")*51% '+"$)/%18

J+() χ /"% =+"$)(+" C∞
)%11% B/% K

supp χ = [−1, 1] %)

∫

Ω

χ(x)dx = 1.

J+() (χε)ε>0 /"% #/()% *;A/1!*(#!")% B/( !''*+$&% δb(x) = δ0(x− b) .!"# D′(Ω)< !0%$ K

χε(x) =
1

ε
χ
(x

ε

)

,

+L ε > 0 .%#)(";% > )%".*% 0%*# M8 F" '!*)($/1(%*< χε %#) $&+(#(% > #/''+*) .!"# 1! 2+/1%

.% $%")*% b %) .% *!I+" ε8

N7



 ! "#!$%&'() *+#($ +) ,(#-+'.) $/%0*!1 2



























∂z

∂t
−∆z = fε &*!$ Q,

z(0, x) = 0 &*!$ Ω,

∂νz = g $/( Σ0,

∂νz = 0 $/( Σ1,

3456578

#9 fε(t, x) = v(t)χε(x) ∈ L2(Q) )1 #9 g ∈ L2(Σ0)5

:) $;$1'.) 3456578 *&.)1 /!) $#+/1%#! <*%-+) zε ∈ L2(]0, T [;H1(Ω))∩C([0, T ];L2(Ω))= 30#%(

">*,%1() ?= $)"1%#! ?5?= 1>@#('.) ?5785

 !" #$%&'()* +* ,%-.$/'* 0%-,.1*' 23*, +%--4* )2-5

612-.*

 ! $/,,#$) %"% A/) +* ,#++/1%#! g )$1 .*!A/*!1) )1 A/) +* <#!"1%#! "#B1 &@,)!& &)

")11) &)(!%'()5  ! )$1 &#!" &)0*!1 /! ,(#-+'.) &) "#!1(C+) #,1%.*+ ,#!"1/)+ *0)" &#!!@)

.*!A/*!1)= */A/)+ #! *,,+%A/) +* .@1>#&) &/ "#!1(C+) D .#%!&()$ ()E()1$= 0/) */ ">*F

,%1() ?5

 ! &@G!%1 +* <#!"1%#! "#B1 "#..) $/%1 2

Jε(v, g) = ‖zε(t, x; v, g)− zd‖2L2(Q) +N‖v‖2L2([0,T ]), 3457578

)1 #! ">)(">) D (@$#/&() +) ,(#-+'.) 2

inf
v∈U

Jε(v), 34575?8

#9 U := L2([0, T ]) )$1 +H)$,*") &)$ "#!1(C+)$ *&.%$$%-+)$5

 ! (*,,)++) &H*-#(& +* &@G!%1%#! &/ "#!1(C+) D .#%!&()$ ()E()1$ *$$#"%@) */ ,(#-+'.)

34575?8 2

 !"#$%$&# '()()( I#%1 γ > 0 $/J$*..)!1 ,)1%15 :) "#!1(C+) D .#%!&()$ ()E()1$ &/

,(#-+'.) D &#!!@)$ .*!A/*!1)$ 3456578F34575?8 )$1 &@G!% ,*( +* $#+/1%#! &) 2

inf
v∈L2([0,T ])

(

sup
g∈G

(

Jε(v, g)− Jε(0, g)− γ‖g‖2L2(Σ0)

)

)

. 34575K8

L+#($ )! /1%+%$*!1 34575K8 )1 )! *&#,1*!1 +) .M.) ,(#"@&@ &)0)+#,,@ &*!$ +) ">*,%1()

?= #! $) (*.'!) */ ,(#-+'.) &) "#!1(C+) #,1%.*+ "+*$$%A/) $/%0*!1 2

inf
v∈L2([0,T ])

J γ
ε (v), γ > 0, 3457548

N4



 !"#

J γ
ε (v) = Jε(v, 0) +

1

γ

∥

∥ξε(v, 0)
∥

∥

2

L2(Σ0)
,

$% ξε(v, 0) := ξε(t, x; v, 0) "&' ( &$()'*$+ ,) -.$/(01"  ,2$*+' &)*! +' 3











A∗ξε(v, 0) = zε(v, 0) , +& Q,

ξε(T ) = 0 , +& Ω,

∂νξε = 0 &). Σ0 ∪ Σ1,

4567689

"' $% zε(v, 0) := zε(t, x; v, 0) "&' ( &$()'*$+ ," 456:6796

;" #$+'.<(" $-'*1 ( = 1$*+,."& .">."'&  --.$#?@A +$'@ - . uγε A "B*&'" "' *( "&' )+*C)"

4!$*. #? -*'." DA -.$-$&*'*$+ D6E96

 !"!" #$%$&'(%)*$')+, -. &+,'%/01 2 3+),-%1* %14%1'* 56!7!68 9

 !"#"$%&%"' ()*)  ! "#$%&'(! )! *$+,#-&! $",.(/& 012324560124275 /)(!, 8+ 8+.98! *$+,#-&!

: ($.+)#!; #!<#!,; /""#$*=> uγε ∈ L2([0, T ])? 98. !;, */#/*,>#.;> "/# &! ;@;,'(! )A$",.(/&.,>

;8.B/+, C



































































Azγε = uγεχε A∗ξγε = zγε

Aσγ
ε = 0 A∗πγ

ε = zγε − zd + σγ
ε )/+; Q,

zγε (0) = 0 ξγε (T ) = 0

σγ
ε (0) = 0 πγ

ε (T ) = 0 )/+; Ω,

∂νz
γ
ε = 0 ∂νξ

γ
ε = 0

∂νσ
γ
ε =

1

γ
ξγε ∂νπ

γ
ε = 0 ;8# Σ0,

∂νz
γ
ε = 0 ∂νξ

γ
ε = 0

∂νσ
γ
ε = 0 ∂νπ

γ
ε = 0 ;8# Σ1,

45676F9

/B!* &A>98/,.$+ )! &A>,/, /)D$.+,

∫

Ω

χε(x)π
γ
ε (., x)dx+Nuγε = 0 ;8# [0, T ],

$E zγε := zε(t, x; u
γ
ε , 0); ξγε := ξε(t, x; u

γ
ε , 0) F !, $E σγ

ε !, πγ
ε ;$+, #!;"!*,.B!(!+, )!;

G$+*,.$+; σε !, πε ,!&&!; 98! C σ
γ
ε := σε(t, x; u

γ
ε , 0); π

γ
ε := πε(t, x; u

γ
ε , 0)2

 !+,-+ )  / "#!8B! !;, ;.(.&/.#! : *!&&! )! &/ "#$"$;.,.$+ H21? *=/".,#! H2

 !"!: ;*')3$')+,* $ <%)+%) 1' <$**$41 2 0$ 0)3)'1

G +& ( &"#'*$+ -.@#@,"+'"A $+  #$+&'.)*' )+" &)*'" uγε ," #$+'.<("&  &&$#*@&  ) -.$H

/(01" 456:6796 I+ @' /(*' , +& #"''" - .'*" ( (*1*'" C) +, ε→ 0 ," ( &)*'" ,"& &$()'*$+&

88



 !" #$%&'()!" *##$%+,-" ./01023 !4 %5 +*$*+4-$6"! '! +%54$7'! %&4!58 9 '* '6)64!0

:5 -4*&'64  ;*&%$ '!" !"46)*46%5" "86<*54!"0

 !"#"$%&%"' ()*)  ! "#$%&" '(" )*(%&+(&" ,*%$&$-" C $(./,"(.+(&" ." ε0 &"!!" 1'" 2

‖uγε‖L2([0,T ]) ≤ C0 ‖zγε ‖L2(Q) ≤ C0

1√
γ
‖ξγε ‖L2(Σ0) ≤ C0 ‖σγ

ε ‖L2(0,T ;H1(Ω)) ≤ C0

‖πγ
ε ‖L2(0,T ;H1(Ω)) ≤ C3

 !+,-+ )  !"#$ % &

4( + 2

J γ
ε (v) = Jε(v, 0) +

1

γ
‖ξε(v, 0)‖2L2(Σ0)

"&

J γ
ε (u

γ
ε ) = inf

v∈L2([0,T ])
J γ

ε (v).

5*66" J γ
ε (u

γ
ε ) ≤ J γ

ε (v)0 ∀v ∈ L2([0, T ])0 *( *7&$"(& ,*'8 !" )+% ,+8&$)'!$"8 -9:0

J γ
ε (0) = Jε(0, 0) = ‖zd‖2L2(Q)

"& .*()0

Jε(u
γ
ε , 0) +

1

γ
‖ξγε ‖2L2(Σ0)

≤ ‖zd‖2L2(Q) = C2,

)+8 ξ(t, x, 0, 0) = z(t, x, 0, 0) = 0 .+(% Q3

;+8 %'$&" 2

‖zγε − zd‖2L2(Q) +N‖uγε‖2L2([0,T ]) +
1

γ
‖ξγε ‖2L2(Σ0)

≤ C2.

"& *( + 2

‖zγε ‖L2(Q) ≤ ‖zγε − zd‖L2(Q) + ‖zd‖L2(Q)

4( "( ./.'$& 1'" 2







































‖zγε ‖L2(Q) ≤ C,

‖uγε‖L2([0,T ]) ≤ C,

1√
γ
‖ξγε ‖L2(Σ0) ≤ C,

./020=3

+-") 2 C = C
{

N, ‖zd‖L2(Q)

}

3

 !"#$ ' &

 ! 8"%&" < &8*'-"8 !"% "%&$6+&$*(% ,*'8 σγ
ε "& πγ

ε 3

;*'8 )"!+ *( + 2

1

2

(

(σγ
ε )

2(t, x)− (σγ
ε )

2(0, x)
)

=
1

2

∫ t

0

∂

∂t
(σγ

ε )
2ds =

∫ t

0

σγ
ε

∂σγ
ε

∂t
ds =

∫ t

0

σγ
ε∆σ

γ
ε , ∀ t ∈ [0, T ],

>?



 ! "#$%$&'!# %' ()*+"% , -*  !. / /$ ,)!! 0

1

2

∫

Ω

(σγ
ε )

2(t, x)dx+

∫ t

0

∫

Ω

|∇σγ
ε |2dsdx =

1

γ

∫ t

0

∫

Γ0

σγ
ε ξ

γ
ε dsdx.

1)!/ 0

∫

Ω

(σγ
ε )

2(t, x)dx ≤ 2

γ
‖σγ

ε ‖L2(Σ0)‖ξγε ‖L2(Σ0) ∀ t ∈ [0, T ],

/ 2"$ ,)!! 0

∫ T

0

∫

Ω

(σγ
ε )

2(t, x)dtdx ≤ 2T

γ
‖σγ

ε ‖L2(Σ0)‖ξγε ‖L2(Σ0).

3# )! ' '"&&$ 0

∫ t

0

∫

Ω

|∇σγ
ε |2dsdx ≤ 1

γ
‖σγ

ε ‖L2(Σ0)‖ξγε ‖L2(Σ0) ∀t ∈ [0, T ],

,4)5.

‖∇σγ
ε ‖2L2(Q) ≤

1

γ
‖σγ

ε ‖L2(Σ0)‖ξγε ‖L2(Σ0).

6%)*&. )! )7#$ !# 0

‖σγ
ε ‖2L2(0,T ;H1(Ω)) ≤

(1 + 2T

γ

)

‖σγ
ε ‖L2(Σ0)‖ξγε ‖L2(Σ0) ≤ C

(1 + 2T

γ

)

‖σγ
ε ‖L2(Σ0).

8! ' "#$%$&9 ,'!& %' , *!$:* $!9;'%$#9 /$<, &&"& =>?@?AB?

14'C*:& % #D9)*:+ , #*'/ & =E)$* /D'C$#* @. #D9)*:+ @?AB. )! ' 0

‖σγ
ε ‖L2(Σ0) ≤ C‖σγ

ε ‖L2(0,T ;H1(Ω)),

C !49#'!# C'& %' +F+ /)!&#'!# G /D'2" ()$&? 8! )7#$ !# 0











σγ
ε ∈ L2(0, T ;H1(Ω))

 #

‖σγ
ε ‖L2(0,T ;H1(Ω)) ≤ C.

 !"#"$%

H'$!# !'!# C)"*  &#$+ * πγ
ε . )! +"%#$C%$ %' C* +$:* 92"'#$)! ," C*)7%:+  ! πγ

ε ,'!&

% &I&#:+ ,4)C#$+'%$#9 =>?@?JB C'* πγ
ε .  # )! $!#:;* C'* C'*#$ & &"* Qt := [t, T ]×Ω, ∀ 0 ≤

t ≤ T ?

K 2"$ ,)!! 0

1

2

∫

Ω

(πγ
ε )

2(t, x)dx+

∫

Qt

|∇πγ
ε |2dsdx =

∫

Qt

(zγε − zd + σγ
ε )π

γ
ε dsdx

≤ ‖zγε − zd + σγ
ε ‖L2(Qt)‖πγ

ε ‖L2(Qt)

≤ C‖πγ
ε ‖L2(Qt), =;*L/ G =>?@?AB  # =>?@?MBB.

&'



 ! "! #$#%&' (

1

2

∫

Ω

(πγ
ε )

2(t, x)dx ≤ C‖πγ
ε ‖L2(Qt), ∀ t ∈ [0, T ],

)! &!'*+," -., ,.--),' / t )! )0'&"!' (

1

2
‖πγ

ε ‖2L2(Q) ≤ TC‖πγ
ε ‖L2(Q),

"' #)!1 (

‖πγ
ε ‖L2(Q) ≤ 2TC ∼= C.

2" 343"5 )! . (

∫

Qt

|∇πγ
ε |2dsdx ≤ C‖πγ

ε ‖L2(Qt) ∀ t ∈ [0, T ].

26)7 (

‖∇πγ
ε ‖2L2(Q) ≤ C‖πγ

ε ‖L2(Q) ≤ 2TC2 ∼= C.

8&!.9"3"!' )! )0'&"!' (











πγ
ε ∈ L2(0, T ;H1(Ω))

"'

‖πγ
ε ‖H1(Q) ≤ C.

 !"#"$%

 ! . $+.9"3"!' #": ":'&3.'&)!: -)%, ξγε #.!: L
2(0, T ;H1(Ω)); <! "="'5 "! 3%9'&-9&.!'

96$>%.'&)! #% -,)09*3" "! ξγε "' "! &!'$+,.!' -., -.,'&": :%, Qt5 )! )0'&"!' (

1

2

∫

Ω

(ξγε )
2(t, x) dx+

∫

Qt

|∇ξγε |2dsdx =

∫

Qt

zγε ξ
γ
ε dsdx ≤ C‖ξγε ‖L2(Qt) ∀ t ∈ [0, T ].

<! -,)1$#"!' #" 9. 343" ?.@)! >%" -)%, πγ
ε 5 )! )0'&"!' (

‖ξγε ‖L2(Q) ≤ C

"'

‖∇ξγε ‖L2(Q) ≤ C.

8&!.9"3"!'5 )! ',)%A" (











ξγε ∈ L2(0, T ;H1(Ω))

"'

‖ξγε ‖L2(0,T ;H1(Ω)) ≤ C.

 !"#"#&%

 !"#$ % &

'()*+ ,-. +/012,0134/ 5(+*67+40+/ 34 5+-0 60,891( 9+ (6/-90,0 /-1:,40"

;<



 !"#$%&' ()*)  ! "#$%&'(! ) *#+$,&!- &!.&!%- uγ  ! "#$%&'() *+,-,-. )/0 12#2103#4/3

"2# &5!647!) /$&!04$6 {uγ, zγ, ξγ, σγ, πγ} ∈ L2([0, T ]) × (L2(0, T ;H1(Ω)))4  ! /8/0'()

 5$"04(2&403 /469!&4)# *:,;,:. <



































































Azγ = uγδ(x− b) A∗ξγ = zγ

Aσγ = 0 A∗πγ = zγ − zd + σγ
 26/ Q,

zγ(0) = 0 ξγ(T ) = 0

σγ(0) = 0 πγ(T ) = 0  26/ Ω,

∂νz
γ = 0 ∂νξ

γ = 0

∂νσ
γ =

1

γ
ξγ ∂νπ

γ = 0 /!# Σ0,

∂νz
γ = 0 ∂νξ

γ = 0

∂νσ
γ = 0 ∂νπ

γ = 0 /!# Σ1,

 !"#"##$

2=)1 &5392&403  ) &53020 2 >$460 <

πγ(., b) +Nuγ = 0 /!# [0, T ].

 !"#$" % ?) *@,-,A. $6 )6  3 !40 7!54& )B4/0) uγ, zγ )0 ηγ )0  )/ /$!/C/!40)/ )61$#) 6$03)/

(uγε ), (z
γ
ε ) )0 (ξ

γ
ε ) 0)&&)/ 7!5$6 240 &)/ 1$6=)#9)61)/ D24%&)/ /!4=260)/ <

uγε ⇀ uγ D24%&)()60  26/ L2([0, T ]),

zγε ⇀ zγ D24%&)()60  26/ L2(Q),

1√
γ
ξγε ⇀

1√
γ
ηγ D24%&)()60  26/ L2(Σ0).

 !"#"#%$

?) (E()F  ) *@,-,G.C*@,-,H. )0 *@,-,-I. $6 )6  3 !40 7!54& )B4/0) σγ, πγ
)0 ξγ )0  )/ /$!/C

/!40)/ )61$#) 6$03)/ (σγ
ε ), (π

γ
ε ) )0 (ξ

γ
ε ) 0)&&)/ 7!5$6 240 &)/ 1$6=)#9)61)/ D24%&)/ /!4=260)/ <

σγ
ε ⇀ σγ

D24%&)()60  26/ L2(Q),

πγ
ε ⇀ πγ

D24%&)()60  26/ L2(Q),

ξγε ⇀ ξγ D24%&)()60  26/ L2(Q).

 !"#"#&$

&"'(!)#" *%+%+% ;6 2 2!//4  ) *@,-,A.F *@,-,G.C*@,-,H. )0 *@,-,-I. )0 9#J1) 2!B #3/!&020/

/026 2# /  ) #39!&2#403  ) &2 /$&!04$6  ) &537!204$6  ) &2 1K2&)!# *1D, < L-MNF 0K3$#'() OF

1K2"40#) AF ", +PI. 4& )B4/0) !6) 1$6/0260) C 46 3")6 260)  ) ε 0)&&) 7!) <











‖ξγε ‖H1(Q) ≤ C

‖σγ
ε ‖H1(Q) ≤ C

‖πγ
ε ‖H1(Q) ≤ C.

'(



 ! "! #$#%&' ()"*&+'"!," #" +-%+.+%&'"+ !-'$"+ "!,-/" ξγε , σ
γ
ε "' π

γ
ε 0%& ,-!1"/2"!' 34&5("6"!'

#4!+ H1(Q) 1"/+ /"+7",'&1"6"!' ξγ, σγ
"' πγ

8

94/ +%&'": 2/;," 4%* /$+%('4'+ #" ,-674,&'$ -! 4 <

σγ
ε → σγ

3-/'"6"!' #4!+ L2(Q),

πγ
ε → πγ

3-/'"6"!' #4!+ L2(Q),

ξγε → ξγ 3-/'"6"!' #4!+ L2(Q).

 !"#"#!$

 !"#$%&! '()(*( =-&' H := H1,2(Q) = L2(0, T ;H2(Ω)) ∩ H1(0, T ;L2(Ω)) ()"+74," #"

=-5-("1 4!&+-'/-7"8 >"+ /$+%('4'+ #" /$2%(4/&'$ #" (4 +-(%'&-! #" ()$0%4'&-! #" (4 ,?4("%/:

+&2!4($+ #4!+ (4 /"64/0%" 7/$,$#"!'": 6-!'/"!' "! 34&' 0%)-! 4 ("+ "+'&64'&-!+ +%&14!'"+ <

&( "*&+'" C &!#$7"!#4!'"+ #" ε '"((" 0%" <











‖ξγε ‖H ≤ C

‖σγ
ε ‖H ≤ C

‖πγ
ε ‖H ≤ C.

@-66"!A-!+ #)45-/# 74/ "*46&!"/ (" <

 ! "#$$#%& ' (# ()*)+& ,#-$ (& ./01(2*& &- zγε 3

)4 "#$$#%& ' (# ()*)+& .05/ (6785#+)0- Azγε = uγε (t)χε 3

=-&' ϕ ∈ D(Q)8  ! !-'" 7-%/ +&67(&B"/ D = D(Q) "' D′ = D′(Q)8  ! 4 <

C)47/D+ EF8G8HI: &( "*&+'" zγ ∈ L2(Q) '"((" 0%" <

zγε ⇀ zγ #4!+ L2(Q) "' #-!, 4%++& #4!+ D′.

94/ +%&'" <

(Azγε , ϕ)D′×D = (zγε ,A∗ϕ)D′×D −→ (zγ,A∗ϕ)D′×D = (Azγ, ϕ)D′×D.  !"#"#%$

9-%/ (" +",-!# 6"65/" #" !-'/" $0%4'&-!: -! ,-!+&#D/" ϕ ∈ D(]0, T [) "' ψ ∈ D(Ω)8 @"

0%& #-!!" <

(

uγε (t)⊗ χε(x), ϕ(t)ψ(x)
)

D′(]0,T [)⊗D′(Ω),D(]0,T [)×D(Ω)

=
(

uγε (t), ϕ(t)
)

D′(]0,T [),D(]0,T [)
×
(

χε(x), ψ(x)
)

D′(Ω),D(Ω)
,

"' "! 34&+4!' '"!#/" ε 1"/+ 0: -! -5'&"!' <

(

uγε (t), ϕ(t)
)

D′(]0,T [),D(]0,T [)
×
(

χε(x), ψ(x)
)

D′(Ω),D(Ω)

−→
(

uγ(t), ϕ(t)
)

D′(]0,T [),D(]0,T [)
×
(

δ(x− b), ψ(x)
)

D′(Ω),D(Ω)
.

&'



 !"

(

uγ(t), ϕ(t)
)

D′(]0,T [),D(]0,T [)
×
(

δ(x− b), ψ(x)
)

D′(Ω),D(Ω)

=
(

uγ(t)⊗ δ(x− b), ϕ(t)ψ(x)
)

D′(]0,T [)⊗D′(Ω),D(]0,T [)×D(Ω)
,

#$%&"

(

uγε (t)⊗ χε(x), ϕ(t)ψ(x)
)

D′(]0,T [)⊗D′(Ω),D(]0,T [)×D(Ω)

−→
(

uγ ⊗ δ(x− b), ϕ(t)ψ(x)
)

D′(]0,T [)⊗D′(Ω),D(]0,T [)×D(Ω)
.

'(%!)" *+! #,-)./0 #, D(]0, T [)⊗D(Ω) #+-) D(Q)" %- %1/.,-/ 2

uγεχε ⇀ uγδ(x− b) #+- D′(Q).  !"#"#$%

3.-+(,4,-/" #, 5678789: ,/ 567878;: %- %1/.,-/ 2

Azγ = uγδ(x− b) #+-) D′(Q).

 !"#$$#%& ' (# ()*)+& ,#-$ (& ./01(2*& &- ξγε 3

)4 "#$$#%& ' (# ()*)+& .05/ (6785#+)0- A∗ξγε = zγε 3

<%./ ϕ ∈ D(Q)" %- + ,- -%/+-/ D = D(Q) ,/ D′ = D′(Q) 2

(

A∗ξγε , ϕ
)

D′,D
= (zγε , ϕ)D′,D.

=$+*!>) 567878?:" .( ,@.)/, ξγε ∈ L2(Q) /,((, AB, 2

ξγε ⇀ ξγ #+-) L2(Q) ,/ +B)). #+-) D′(Q).

 - + +(%!) 2

(A∗ξγε , ϕ)D′,D = (ξγε ,Aϕ)D′,D −→ (ξγ,Aϕ)D′,D = (A∗ξγ, ϕ)D′,D

,/

(zγε , ϕ)D′,D ⇀ (zγ, ϕ)D′,D.

C+! )B./," %- + *+! *+))+D, E (+ (.4./, 2

A∗ξγ = zγ #+-) D′(Q).

9!"#$$#%& ' (# ()*)+& ,#-$ (& ./01(2*& &- σγ
ε 3

)4 "#$$#%& ' (# ()*)+& .05/ (6785#+)0- Aσγ
ε = 0 3

<%./ ϕ ∈ D(Q)7  - -%/, *%B! ).4*(.F,! D = D(Q) ,/ D′ = D′(Q)7  - + 2

(

Aσγ
ε , ϕ
)

D′,D
= 0.

$#



 !"#$%& '()*)+,- ./ 01.&20 σγ ∈ L2(Q) 20//0 340 5

σγ
ε ⇀ σγ

6"7& L2(Q) 02 6879 "4&&. 6"7& D′.

:"$ &4.20 5

(Aσγ
ε , ϕ)D′×D = (σγ

ε ,A∗ϕ)D′×D −→ (σγ,A∗ϕ)D′×D = (Aσγ, ϕ)D′×D.  !"#"#$%

;.7"/0<072- 87 8=2.072 5

Aσγ = 0 6"7& D′(Q).

  ! "#$$#%& ' (# ( ) *& +,-. (# /,01 * ,0 #- 2,.1 ∂νσ
γ
ε $-. Σ0 ∪ Σ1 3

 !"#$%& /" $0<"$340 ()*)>- ./ 01.&20 470 &84&?&4.20 782@0 0798$0 σγ
ε 20//0 340 5

σγ
ε ⇀ σγ

6"7& H := H1,2(Q).  !"#"#&%

A$B90 C /" 9872.74.2@ 60 /" 2$"90- 87 " 5

∂νσ
γ
ε ⇀ ∂νσ

γ
6"7& L2(Σ0).  !"#"#'%

 0 /" <D<0 E"F87 87 <872$0 G$B90 C /" $0<"$340 ()*)> 5

ξγε ⇀ ξγ 6"7& L2(Σ0).  !"#"()%

:"$ 47.9.2@ 60 /" /.<.20- 87 8=2.072 5

∂νσ
γ =

1

γ
ξγ &4$ Σ0.  !"#"(#%

 0 /" <D<0 E"F87- 87 " @G"/0<072 5

∂νσ
γ = 0 &4$ Σ1.  !"#"((%

45"#$$#%& ' (# ( ) *& 1#0$ (& +.,2(6)& &0 πγ
ε 3

 ! "#$$#%& ' (# ( ) *& +,-. (789-#* ,0 A∗πγ
ε = zγε − zd + σγ

ε 3

H8.2 ϕ ∈ D(Q)- 87 " 07 782"72 D = D(Q) 02 D′ = D′(Q) 5

(

A∗πγ
ε , ϕ
)

D′,D
= (zγε − zd + σγ

ε , ϕ)D′,D.

 !"#$%& '()*)I,- ./ 01.&20 πγ
ε ∈ L2(Q) 20//0 340 5

πγ
ε ⇀ πγ

6"7& L2(Q) 02 "4&&. 6"7& D′(Q).

J7 " "/8$& 5

(A∗πγ
ε , ϕ)D′,D = (πγ

ε ,Aϕ)D′,D −→ (πγ,Aϕ)D′,D = (A∗πγ, ϕ)D′,D.

*(



 !"# $% &%'!() *%*+#% )% (!,#% -."/,0!(1 !( &/0, ."% zγε '!(2%#3% 4/0+$%*%(, 2%#& z
γ
)/(&

L2(Q) ⊂ D′(Q)1 /0(&0 ."% σγ
ε 5)6/7#8& 59:;:;<= %, 59:;:;9==:

>0(/$%*%(,1 !( !+,0%(, ?

A∗πγ = zγ − zd + σγ
)/(& D′(Q).

@6/",#% 7/#,1 3#A'% /"B #-&"$,/,& )% #-3"$/#0,- %, $% ,C-!#8*% )% ,#/'%&1 !( *!(,#% )%

*/(08#% &0*0$/0#% D $/ 7#%"2% )% 59:;:<;=1 ."% ?

∂νz
γ
ε ⇀ ∂νz

γ
)/(& L2(Σ0 ∪ Σ1),

∂νξ
γ
ε ⇀ ∂νξ

γ
)/(& L2(Σ0 ∪ Σ1),

∂νπ
γ
ε ⇀ ∂νπ

γ
)/(& L2(Σ0 ∪ Σ1),

%, 7"0&."% ?

∂νz
γ
ε = ∂νξ

γ
ε = ∂νπ

γ
ε = 0 &"# Σ0 ∪ Σ1,

!( / ?

∂νz
γ = ∂νξ

γ = ∂νπ
γ = 0 &"# Σ0 ∪ Σ1.

@% *E*% 7!"# $/ '!(2%#3%('% )%& '!()0,0!(& 0(0,0/$%&

(

zγε (0), ξ
γ
ε (T ), σ

γ
ε (0), π

γ
ε (T )

)

1

'!**% %$$%& &!(, ,!",%& ("$$%&1 /$!#& !( 7%", *!(,#%# /"&&0 '!**% 7#-'%)%*%(, ."6%$$%&

'!(2%#3%(, 2%#&

(

zγ(0), ξγ(T ), σγ(0), πγ(T )
)

."0 &!(, ("$$%& /"&&0:

F%'0 /'C82% $/ )-*!(&,#/,0!(:

 !



 !



 !"#$%&' (

)*!+,"- ./,+&$0/'- #1/& 2' *1.%&32'

#1.*%/'2 4 ,1$.5&'- &'6&'%-

 ! "#$$%!"% &'!( "% ")'*+,-% *'- -'**%.%- .% *-#/.0$% &1 "#!,-2.% #*,+$'. *#!",1%.

31 &'!( .%( ")'*+,-%( 4 %, 56 %, #! -'**%..% '1((+ .%( -7(1.,',( &8%9+(,%!"% %, &% "'-'",7-+:

(',+#! &1 "#!,-2.% #*,+$'. '((#"+7; <!(1+,% #! *-7(%!,% 1!% '**-#9+$',+#! *'- 7.7$%!,(

=!+( &% .87,', &1 (>(,0$% %, &1 "#!,-2.% #*,+$'. "#--%(*#!&'!,6 #! 7,'/.+, 7?'.%$%!, 1!%

%(,+$',+#! &% (,'/+.+,7 *#1- .% (")7$' &+("-%,; @' &%-!+0-% *'-,+% %(, "#!('"-7% '19 %(,+$':

,+#!( &8%--%1- *#1- .87A1',+#! &87,', %, 1!% '!'.>(% &8%--%1- *#1- .% *-#/.0$% &% "#!,-2.%

#*,+$'.;

 !" #$%&'&$( )* +,$-./01

B#+, Ω 1! #13%-, /#-!7 "#!3%9% *#.>?#!'. &% R
d dCDE64F '3%" 1!% G-#!,+0-% '((%H

-7?1.+0-% ∂Ω = Γ0 ∪ Γ16 Γ̄0 ∩ Γ̄1 = ∅;
@% *-#/.0$% *'-'/#.+A1% &1 "#!,-2.% *#!",1%.6 7,1&+7 &'!( .% ")'*+,-% 46 %(, .% (1+3'!, I























Az = v(t)δ(x− b) &'!( Q,

z(0, x) = 0 &'!( Ω,

∂νz = g (1- Σ0,

∂νz = 0 (1- Σ1,

DJ;K;KF

%, #! ?'-&% .%( $L$%( &7=!+,+#!( &%( !#,',+#!( A1% &'!( .% ")'*+,-% 4;

 ! +!,-#&1+, .' G#-$% /+.+!7'+-% '((#"+7% M .8#*7-',%1- A (1- Ω %, Q (1+3'!,% I

a(ϕ,w) =

∫

Ω

∇ϕ∇wdx ∀ϕ,w ∈ H1(Ω),

%,

a(ϕ,w)Q =

∫

Q

∇ϕ∇wdtdx ∀ϕ,w ∈ L2(0, T,H1(Ω)).

NJ



 ! "#$%&'#( )!'*$+ ,% -.#*$/0+ 1234345 -+%& 6&.+ ,78('+ -!. $! 07&9#,+ ,+ &.!("-#"'&'#(

:#00+ ,!(" $+ :9!-'&.+ ;3 <( +=+&> -#%. g ∈ L2(Σ0) +& v ∈ L2([0, T ]) ,#((7+"> #( ! ?

∫

Q

zA∗ϕdtdx =

∫ T

0

v(t)ϕ(t, b)dt−
∫

Σ0

ϕ(t, x)g(t, x)dtdx ∀ϕ ∈ W(Q), 12343@5

#A ?

W(Q) = {ϕ ∈ X(0, T ) : A∗ϕ ∈ L2(Q) +& ∂νϕ ∈ L2(Σ0 ∪ Σ1);ϕ(., T ) = 0},

+& #A ?

X(0, T ) = L2
(

0, T ;H2(Ω)
)

∩H1
(

0, T, L2(Ω)
)

→֒ C
(

[0, T ], H1(Ω)
)

> 1B#'. :9!-'&.+ 4> &97#C

./0+ 43;53

D( 0%('& $+ -.#*$/0+ 1234345 ,+ $! )#(:&'#( :#E& "%'B!(&+ ?

J(v, g) = ‖z(v, g)− zd‖2L2(Q) +N‖v‖2L2([0,T ]) ∀g ∈ G, 12343;5

#A G +"& ,78(' -!. 1;3F3;5> N > 0 +"& %(+ :#("&!(&+> +& #A Uad +"& $G+"-!:+ ,+" :#(&.H$+"

!,0'""'*$+"> ,78(' -!. ?

Uad = {v ∈ L2(0, T ) : a ≤ v(t) ≤ c; -3- ,!(" ]0, T [},
!B+: a, c ,+" :#("&!(&+" &+$$+" I%+ a < c.

12343F5

D( +"& ,+B!(& %( -.#*$/0+ ,+ :#(&.H$+ #-&'0!$ -#(:&%+$ !B+: ,#((7+ 0!(I%!(&+> I%'

"+ .7"#%& -!. $! 07&9#,+ ,% :#(&.H$+ J 0#'(,.+" .+K.+&" ,+ LC3 3  '#("3 M$ "G!K'& "+$#(

:+&&+ 07&9#,+ ,+ -!""+. -!. $+ *'!'" ,+ +.&!'(+" &+:9('I%+"> ,+ $! 0'('0'"!&'#( ,+ $!

)#(:&'#((+$$+ 12343;5> J $G7&%,+ ,% -.#*$/0+ ,+ :#(&.H$+ :$!""'I%+ "%'B!(& ?

inf
v∈Uad

J γ(v), !B+: J γ(v) = J(v, 0) +
1

γ

∥

∥ξ(v, 0)
∥

∥

2

L2(Σ0)
1234325

#A ξ := ξ(v, 0) +"& $G%('I%+ "#$%&'#( ,% -.#*$/0+ !,N#'(& "%'B!(& ?











A∗ξ(v, 0) = z(v, 0) ,!(" Q,

ξ(T ) = 0 ,!(" Ω,

∂νξ = 0 "%. Σ0 ∪ Σ1.

12343O5

 + :#(&.H$+ #-&'0!$ -#(:&%+$ J 0#'(,.+" .+K.+&" +"& !$#." :!.!:&7.'"7 -!. $+ "P"&/0+ ,G#-C

&'0!$'&7 "'(K%$'+. "%'B!(& ?

 !"#"$%&%"' ()*)  ! "#$%&'(! ) *#+$,&!- &!.&!%- u ,/ 0&#1(2*! 345656783456547 !-% "98

&9"%:&+-: 09& (;/$+</! -#(/%+#$ {u, z, ξ, σ, π} ∈ L2([0, T ])×L2(Q)× (L2(0, T ;H1(Ω)))3 ,/

OO



 ! "#$% &'()"*$+,*"-  *./0,*%1 2345436 7



































































Az = uδ(x− b) A∗ξ = z

Aσ = 0 A∗π = z − zd + σ &+. Q,

z(0) = 0 ξ(T ) = 0

σ(0) = 0 π(T ) = 0 &+. Ω,

∂νz = 0 ∂νξ = 0

∂νσ =
1

γ
ξ ∂νπ = 0  01 Σ0,

∂νz = 0 ∂νξ = 0

∂νσ = 0 ∂νπ = 0  01 Σ1,

 !"#"$%

+8%9 ,'*.-/+,*"- &% ,'-"+" +&:(*." 7

∫ T

0

[Nu(t) + π(t, b)][v(t)− u(t)] ≥ 0 ∀v ∈ Uad.  !"#"&%

 !"#$" % ;+ )1%08% % "  *$*,+*1% < 9%,,% &% )1()( *"*(. =4= %" >4?4

 !" #$$%&'()*+(&, $*% -.-)/,+0 1,(0 23 $%&4.5)/ 2/

6&,+%7./ &$+()*. *8/6 2&,,-/ )*,93*,+/

'( )*+ ,( -(++( .(-+/01 (.+ ,( ,/.-23+/.(2 4( 520)467(  !"#"!%" 80*2 -(49 01 -01./,62(

*1( :97/44( ,( +2/91;*492/.9+/01. 23;*4/62( {Ih} ,( Ω< +(44( =*( >

Ω = ∪τ∈Ih τ̄ .

?1 10+( 592 >

hτ := ,/97 τ,

4( ,/976+2( ,( 4@3437(1+ τ < (+

h = max
τ∈Ih

hτ ,

4( 59. ,* 79/449;("

A077( 49 .04*+/01 ,* 520)467(  !"#"#% (B/.+( ,91. L2(Q) (+ (.+ *1/=*(< 01 5(*+ *+/4/.(2 49

73+C0,( ,(. 3437(1+. D1/. +2/91;*49/2( ,( '9;291;( ,@02,2( E< 9..0-/3( F 10+2( 79G449;("

A(49 10*. -01,*/+ F -01./,32(2 4@(.59-( ,/.-2(+ >

Vh = {ϕh ∈ C(Ω) +(4 =*( ϕh

∣

∣

τ
∈ P0 50*2 +0*+ τ ∈ Ih},  !"H"#%

=*/ (.+ *1 .0*.I(.59-( ,( L2(Ω) ,( ,/7(1./01 D1/(< 0J P0 (.+ 4@(1.(7)4( ,(. 504K1L7(.

9M1(. 592 702-(9*B"

?1 9 4(. 3.+/79+/01. /1N(2.(. .*/N91+(.  -:" > A/924(+ O&P< +C30267( Q"H"R< 5" #SE% >

‖ϕh‖Hs(Ω) ≤ Chl−s‖ϕh‖Hl(Ω), 0 ≤ l ≤ s ≤ 1,  !"H"H%

R$



‖ϕh‖L∞(Ω) ≤ Ch−
d
2‖ϕh‖L2(Ω),  !"#"$%

‖ϕh‖L∞(Ω) ≤ Cρ(d, h)‖ϕh‖H1(Ω),  !"#"&%

'()* +()+ ϕh ∈ Vh, (- .

ρ(d, h) =







√

|logh|, d = 2,

h−
1

2 , d = 3.
 !"#"!%

/(0+ Lh : L2(Ω) → Vh 12('3*4+5)* 65 14 '*(758+0(9 L2
, 63:90 '4* .

∫

Ω

Lhϕwhdx =

∫

Ω

ϕwhdx ∀wh ∈ Vh, ϕ ∈ H1(Ω),  !"#";%

5+ Rh : H1(Ω) → V h
12('3*4+5)* 65 '*(758+0(9 65 <0+=, 6(993 '4* .

a(Rhϕ,wh) = a(ϕ,wh) ∀wh ∈ Vh, ϕ ∈ H1(Ω).  !"#">%

?9 4 41(*@ 15@ 5@+0A4+0(9@ 625**5)*@ @)0B49+5@ .

 !""! #$%$  !" #$%& Lh '& Rh ()$*+,-&'., /' *,$0'1&%$2 L2
'& ()$*+,-&'., /' (- *,$0'13

&%$2 /' 4%&5 ,'6*'1&%7'8'2&9 /+:2%'6 *,+1+/'88'2&; <($,6 ('6 '6&%8-&%$26 6.%7-2&'6 6$2&

6-&%6=-%&'6 >

‖ϕ− Lhϕ‖H−1(Ω) + h‖ϕ− Lhϕ‖L2(Ω) ≤ Ch2‖ϕ‖H1(Ω),  !"#"C%

‖ϕ−Rhϕ‖L2(Ω) + h‖ϕ−Rhϕ‖H1(Ω) ≤ Ch2‖ϕ‖H2(Ω).  !"#"D%

?' *(.6 >

‖ϕ−Rhϕ‖L∞(Ω) ≤ Ch2−
d
2‖ϕ‖H2(Ω).  !"#"EF%

?9 09+*(6)0+ )95 '4*+0+0(9 65 1209+5*B4115 [0, T ] 59 @()@G09+5*B4115@ Im = (tm−1, tm], 65

1(9H)5)* km = mk, m = 1, ...,M , (- 0 = t0 < t1 < ... < tM−1 < tM 5+ k = T
M

" I49@ 85

J)0 @)0+, '()* 124941K@5 625**5)* (9 @)''(@5 J)5 k = O(hd)"

?9 8(9@06L*5 15 @8M3A4 62N)15* *3+*(H*465  85 J)0 @5 +*46)0+ '4* 14 A3+M(65 65 O415*P09

60@8(9+09)5 4B58 65@ Q(98+0(9@ 8(9@+49+5@ '4* A(*854)R% '()* 14 60@8*3+0@4+0(9 59 +5A'@"

?9 63:90+ .

Vhk := {φ : Ω× [0, T ] → R, φ(., t)
∣

∣

Ω
∈ Vh, φ(x, .)

∣

∣

Im
∈ P0; '()* m = 1, ...,M},

825@+GSG60*5 J)5 φ ∈ Vhk 5@+ )95 Q(98+0(9 '1K9TA0415, 8(9@+49+5 '4* A(*854)R '4* *4''(*+

4) +5A'@"

U()* z, φ ∈ Vhk, (9 63:90+ .

A(z, φ) =
M
∑

m=1

〈zm − zm−1, φm〉L2(Ω) + ka(zm, φm).

;C



 ! "#$%&' ()('*!&!+( ,-"#.!( ,/ 0.)1*2&! 34565789 1'"% "/. *! "#$%&' ,:;/*!. .%(.)<.',!

0)/. *' ,-"#.%(-"'(-)+ !+ (!&0"9 !( *' &%($),! ,!" %*%&!+(" =+-" *-+%'-.!"9 #)+(-+/!" 0'.

&).#!'/> 0)/. *' ,-"#.%(-"'(-)+ "0'(-'*!9 "! *-( &'-+(!+'+( #)&&! "/-( ?







@.)/A!. zhk ∈ Vhk (!* B/! :

A(zhk, φ) =

∫ T

0

v(t)φ(t, b)dt ∀φ ∈ Vhk, v ∈ Uad.
34575668

C)()+" B/! 0)/. #$'B/! -+(!.A'**! Im9 *' ")*/(-)+ z
m
hk ∈ Vh "'(-"D'-( ?











〈

zmhk − zm−1
hk

k
, ϕh

〉

L2(Ω)

+ a(zmhk, ϕh) =
1

k

∫ tm

tm−1

v(t)ϕh(b)dt; ∀ϕh ∈ Vh, v ∈ Uad,

z0hk = 0.

34575678

E* !"( D'#-*! ,! &)+(.!. B/! 34575668 ',&!( /+! ")*/(-)+ /+-B/! zhk ∈ Vhk9 30)/. 0*/" ,!

,!('-*" A)-. FGHI9 0'<! J85

K! 0*/" )+ ' *:!"(-&'(-)+ ,! "('1-*-(% "/-A'+(! ?

 !""! #$%$  !"# zhk ∈ Vhk $% &!$'#"!( )' &*+,-% ./010223 4# v ∈ L2(0, T )0 5$!6& "$ 47"&#4

'(4 *!(&#%(#4 C #4$$4 8'4 9

M
∑

m=1

‖zmhk − zm−1
hk ‖2L2(Ω) + ka(zMhk, z

M
hk) ≤ C‖v‖2L2([0,T ]). 345756L8

&'!()! $ :( ;64(%(# ϕh = k(zmhk − zm−1
hk ) )%(& ./010213 !( !<#"4(# 9

‖zmhk − zm−1
hk ‖2L2(Ω) + ka(zmhk − zm−1

hk , zmhk) =

∫ tm

tm−1

v(t)[zmhk(b)− zm−1
hk (b)]dt, 345756G8

4# 4( '#"$"&%(# $="(,>%$"#, )4 ?!'(>@ !( % 9

k

∫

Ω

∇zmhk∇zmhkdx− k

∫

Ω

∇zmhk∇zm−1
hk dx ≥ k

∫

Ω

|∇zmhk|2dx−
1

2
k

∫

Ω

|∇zmhk|2dx

− 1

2
k

∫

Ω

|∇zm−1
hk |2dx

≥ 1

2
k
[

a(zmhk, z
m
hk)− a(zm−1

hk , zm−1
hk )

]

.

A!(* ./0102B3 )4C"4(# 9

‖zmhk − zm−1
hk ‖2L2(Ω) +

1

2
k
[

a(zmhk, z
m
hk)− a(zm−1

hk , zm−1
hk )

]

≤
∫ tm

tm−1

v(t)[zmhk − zm−1
hk ]dt

≤ ‖zmhk − zm−1
hk ‖L∞(Ω)

∫ tm

tm−1

|v(t)|dt

≤ ‖zmhk − zm−1
hk ‖L∞(Ω)(tm − tm−1)

1

2‖v‖L2(tm−1,tm)

≤ k
1

2‖zmhk − zm−1
hk ‖L∞(Ω)‖v‖L2(tm−1,tm).

34575648

HM



 !" #$%&!'( )$*(+,-%+,./ 0123245" ./ % 6

k
1

2‖zmhk − zm−1
hk ‖L∞(Ω) ≤ k

1

2Ch−
d
2‖zmhk − zm−1

hk ‖L2(Ω)

≤ C‖zmhk − zm−1
hk ‖L2(Ω), 7%! ./ % )$89&.+8'(* k = O(hd).

 !"#"$%&

:./7 01232;15 #*<,*/+ 7.--* (=,+ 6

‖zmhk − zm−1
hk ‖2L2(Ω) +

1

2
k
[

a(zmhk, z
m
hk)− a(zm−1

hk ,zm−1
hk )

]

≤ C‖zmhk − zm−1
hk ‖L2(Ω)‖v‖L2(tm−1,tm)

≤ 1

2
‖zmhk − zm−1

hk ‖2L2(Ω) + C‖v‖2L2(tm−1,tm),

.> C *(+ =/* 7./(+%/+*" /.+?* 7.--* )*( &!?7?#*/+*(2

@/ A%,(%/+ )% (.--* &.=! m %))%/+ #* 1 B M " ./ .C+,*/+ 6

1

2

M
∑

m=1

[

‖zmhk − zm−1
hk ‖2L2(Ω) + k

[

a(zmhk, z
m
hk)− a(zm−1

hk , zm−1
hk )

]

]

≤
M
∑

m=1

C‖v‖2L2(tm−1,tm).

D%! (=,+* 6

M
∑

m=1

‖zmhk − zm−1
hk ‖2L2(Ω) + ka(zMhk, z

M
hk) ≤ C‖v‖L2([0,T ]).

E* F=, #.//* 01232;452

 !"!# $%&'()*%&+*%,- ./ 0(,12345 .5 ',-*(625 ,0*%4+2

'()* +,-.*/0,-1* 21 3*(42561 +1 .(70*821 (30,692 3(7.0)12 : 6(,7+*1- *1;*10-< (7 )0,2,-1

2=933*(.>1 +1 +,-.*/0,-90,(7 ?9*,90,(771221 +/?12(33/1 +97- @$AB 10 @$CB"

D9 E(*61 ?9*,90,(771221 +,-.*501 .(7-,-01 : */-()+*1 21 3*(42561 +1 6,7,6,-90,(7 -),?970 F



















G*()?1* (zhk, u) ∈ Vhk × Uad H), -90,-E9,0 :

J γ(u) = inf
v∈Uad

J γ(v),

(I J γ(v) = J(v, 0) +
1

γ

∥

∥ξhk(v, 0)
∥

∥

2

L2(Σ0)
,

 !"#"$A&

9?1.<

J(v, 0) = k
M
∑

m=1

‖zmhk − z̄md ‖2L2(Q) +N‖v‖2L2([0,T ]) 10,

J(0, 0) = k

M
∑

m=1

‖z̄md ‖2L2(Q).

AJ



 ! "# zhk  $! %& $"%'!(") * +

A(zhk, φ) =

∫ T

0

v(t)φ(t, b)dt, ∀φ ∈ Vhk, v ∈ Uad, ,-./.012

 ! z̄md = z̄d|Im
=

1

k

∫

Im

zd dt.

3 45"6%78 ,-./.092 &*8 ! ') ')(:' $"%'!(") uhk ∈ Uad ,;"(5 <=&4(!5 /> 45"4"$(!(")

/.?2.

@"'5 %& $'(! > (%  $! <"); )&6% *A()!5"*'(5 % $ :'&!5 45"6%78 $ &'B(%(&(5 $ $'(;&)!$ +

@"'5 uhk ∈ Uad> !5"'; C z(uhk) ∈ L2(Q) :'( $&!($D&(! +











Az(uhk) = uhk(t)δb *&)$ Q,

z(uhk)(0, x) = 0 *&)$ Ω,

∂νz(uhk) = 0 $'5 Σ0 ∪ Σ1.

,-./.0E2

@"'5 uhk ∈ Uad> !5"'; C ξ(uhk) ∈ L2(Q) :'( $&!($D&(! +











A∗ξ(uhk) = zhk *&)$ Q,

ξ(uhk)(0, x) = 0 *&)$ Ω,

∂νξ(uhk) = 0 $'5 Σ0 ∪ Σ1.

,-././F2

G5"'; 5 σ(uhk) ∈ L2(Q) :'( $&!($D&(! +



























Aσ(uhk) = 0 *&)$ Q,

σ(uhk)(0, x) = 0 *&)$ Ω,

∂νσ(uhk) =
1

γ
ξhk $'5 Σ0,

∂νσ(uhk) = 0 $'5 Σ1.

,-././02

@"'5 σhk ∈ Vhk> !5"'; C π(zhk) ∈ L2(Q) :'( $&!($D&(! +











A∗π(zhk) = zhk − zd + σhk *&)$ Q,

π(zhk)(T, x) = 0 *&)$ Ω,

∂νπ(zhk) = 0 $'5 Σ0 ∪ Σ1.

,-././/2

H"88 uhk ∈ Uad> ") <")<%'! :' % 45"6%78 ,-./.0E2 &*8 ! ') $"%'!(") ')(:' 

z(uhk) ∈ L2(Q) ,;"(5 !=I"578 ?.0> <=&4(!5 ?> $ <!(") ?./2.

J 8K8 > % $ 45"6%78 $ ,-././F2> ,-././02  ! ,-././/2 &*8 !! )! ') ')(:' $"%'!(") ξ(uhk)>

σ(uhk)  ! π(zhk) 5 $4 <!(; 8 )! *&)$ L2
(

0, T ;H2(Ω)
)

∩H1
(

0, T ;L2(Ω)
)

,<D. L?FM> <=&4(!5 

N> !=I"578 N.?> 4. ?F2.

90



 ! " #$ %&%'()$ *+,-'.)"#.'/ *.%01/'.%/ *2 %&%'()$ 0,!'.!2 3456578 $' 92. 0"1"0'/1.%$

uhk %2.:"!' ;

 !"#"$%&%"' ()*)  ! "#$%&'(! )#$"%*!( + ,#-$.&!/ &!0&!%/ .-/"&!% uhk !/% "1&1"%2&-/2 )1&

(! 3*1.&*)(!% (zhk, ξhk, σhk, πhk) ∈ (Vhk)
4
3*- /#$% &!/)!"%-4!,!$% (!/ 1))&#5-,1%-#$/ !$6

%-7&!,!$% .-/"&7%!/ !$ 2(2,!$%/ 8$-/ .! u, z(uhk), ξ(uhk), σ(uhk), π(uhk) !% /#(*%-#$/ .!/

)&#9(7,!/ /*-41$%/ :











































A(zhk, φ) =
M
∑

m=1

∫

Im

u(t)φ(t, b)dt, A(φ, ξhk) =
M
∑

m=1

∫

Im

〈zmhk, φ〉L2(Ω)dt,

A(φ, πhk) =
M
∑

m=1

∫

Im

〈zmhk − zd + σm
hk, φ〉L2(Ω)dt, A(σhk, φ) = 0, ∀φ ∈ Vhk,

z0hk = 0, ξMhk = 0,

σ0
hk = 0, πM

hk = 0 .1$/ Ω,

345<5<=8

;4!" (<-$201(-%2 .! (<2%1% 1.=#-$% .-/"&!% /*-41$%! :

∫ T

0

[Nuhk(t) + πhk(t, b)][v(t)− uhk(t)]dt ≥ 0 ∀v ∈ Uad. 345<5<>8

 !" #$%&'() *+),,)-, ./-, &) 0/$1,2&) /.134%& ./$01-)&

5 4/3$*,)( ,)6,)1(

+,--, ()() >#-% z(uhk) ∈ L2(0, T ;L2(Ω)) !% zhk ∈ Vhk (!/ /#(*%-#$/ .* )&#9(7,! ?@ABACDE

!% ?@ABACFE &!/)!"%-4!,!$%A ;(#&/ #$ 1 (<!/%-,1%-#$ + )&-#&- /*-41$%! :

‖z(uhk)− zhk‖L2(0,T ;L2(Ω)) ≤ C(h2−
d
2 + k

1

2 ). 345=568

 !,./, ) G$ /*-% (<-.2! .! HCIJ !% HCKJ ?4#-& 1*//- H@J )#*& *$! 23*1%-#$ !((-)%-3*! 14!" *$!

,!/*&! .! L-&1"EA M!(1 "#$/-/%! + *%-(-/!&N )#*& (<!/%-,1%-#$ .! ‖z(uhk)− zhk‖L2(0,T ;L2(Ω))N

(1 $#%-#$ .! (<1&0*,!$% .! .*1(-%2A

G$ "#$/-.7&! (! )&#9(7,! .*1( :











A∗ψ = f .1$/ Q,

ψ(T ) = 0 .1$/ Ω,

∂νψ = 0 /*& Σ0 ∪ Σ1.

345=5<8

;(#&/N /!(#$ HIOJ )#*& f ∈ L2(0, T ;L2(Ω)) #$ 1 ψ ∈ L2(0, T ;H2(Ω))∩H1(0, T ;L2(Ω)) !% :

‖∂tψ‖L2(Q) + ‖ψ‖L2(0,T ;H2(Ω)) ≤ C‖f‖L2(Q), 345=5=8

7<



 !

‖ψ(0)‖L2(Ω) ≤ C‖f‖L2(Q).  !"#"$%

"#$$ ψ ∈ C([0, T ];L2(Ω))% ψ(tm, .)  &! '( ) *+,)( -#./ m = 1, ...,M 0 1) )#! /2 *2)&

32 &.(! ψ(tm, .) := ψm
0

4) $.3!(-3(2)! 35+6.2!(#) *. -/#'37$ 890:0;< -2/ z(uhk)− zhk  !  ) ()!+=/2)! -2/ -2/!( &

&./ Q% #) 2 >

∫ T

0

∫

Ω

(

z(uhk)− zhk
)

fdtdx =

∫ T

0

∫

Ω

(

z(uhk)− zhk
)

A∗ψdtdx,

=

∫ T

0

∫

Ω

(

z(uhk)A∗ψ
)

dtdx−
∫ T

0

∫

Ω

zhkA∗ψdtdx,

=

∫ T

0

∫

Ω

Az(uhk)ψdtdx+
∫

Ω

[

z(T )ψ(T )− z(0)ψ(0)
]

dx

−
∫

Σ0∪Σ1

[

∂νzψ − z∂νψ
]

−
∫ T

0

∫

Ω

zhkA∗ψdtdx,

=

∫ T

0

∫

Ω

Az(uhk)ψdtdx−
∫ T

0

∫

Ω

zhkA∗ψdtdx,

=

∫ T

0

uhk(t)ψ(t, b)dt−
∫ T

0

∫

Ω

zhkA∗ψdtdx.

1/

∫ T

0

∫

Ω

zhkA∗ψdtdx =

∫ T

0

∫

Ω

Azhkψdtdx =

∫ T

0

u(t)ψ(t, b) ≡ A(zhk, ψ).

?#)@ >

∫ T

0

∫

Ω

(

z(uhk)− zhk
)

fdtdx =

∫ T

0

uhk(t)ψ(t, b)dt−
M
∑

m=1

(zmhk−zm−1
hk , ψm−1)−

M
∑

m=1

∫

Im

a(zmhk, ψ)dt.

 !"#"!%

? 890;0AB<% #) 2 >

M
∑

m=1

〈zmhk − zm−1
hk , ϕm〉L2(Ω) +

M
∑

m=1

∫

Im

a(zmhk, ϕ
m)dt = k

1

k

M
∑

m=1

∫

Im

uhk(t)ϕ
m(t, b)dt  !"#"&%

-#./ !#.! ϕ ∈ Vhk%

 !  ) -/ )2)! ϕm = Rhψ
m
=

1

k

∫

Im

Rhψdt% #) #'!( )! >

M
∑

m=1

(zmhk − zm−1
hk ,Rhψ

m
) +

M
∑

m=1

∫

Im

a(zmhk,Rhψ
m
)dt =

M
∑

m=1

∫

Im

uhk(t)Rhψ
m
(t, b)dt.  !"#"'%

'#



 ! "#$%&'('!) %'" *+,-,./ 0'!1 *+,-,+/ 2! 23)4#!) 5

∫ T

0

∫

Ω

(

z(uhk)− zhk
)

fdtdx =
[

∫ T

0

uhk(t)ψ(t, b)dt−
M
∑

m=1

∫

Im

uhk(t)Rhψ
m
(t, b)dt

]

−
[

M
∑

m=1

(zmhk − zm−1
hk , ψm−1 −Rhψ

m
)

+
M
∑

m=1

∫

Im

a(zmhk, ψ −Rhψ
m
)dt
]

= T1 + T2.

 !"#"$%

6! ' 5

T1 =

∫ T

0

uhk(t)ψ(t, b)dt−
M
∑

m=1

∫

Im

uhk(t)Rhψ
m
(t, b)dt

=
M
∑

m=1

∫

Im

uhk(t)ψ(t, b)dt−
M
∑

m=1

∫

Im

uhk(t)Rhψ
m
(t, b)dt

=
M
∑

m=1

∫

Im

uhk(t)
[

ψ(t, b)−Rhψ
m
(t, b)

]

dt.

6"7

M
∑

m=1

∫

Im

Rhψ
m
(t, b) =

M
∑

m=1

∫

Im

Rhψ(t, b), 8'" Rhψ(t, b) ∈ Vhk.

9:2;7

T1 =
M
∑

m=1

∫

Im

uhk(t)
[

ψ(t, b)−Rhψ(t, b)
]

dt

≤ ‖uhk‖L2([0,T ])‖ψ −Rhψ‖L2(0,T ;L∞(Ω))

≤ Ch2−
d
2‖uhk‖L2([0,T ])‖ψ‖L2(0,T ;H2(Ω))

≤ Ch2−
d
2‖uhk‖L2([0,T ])‖f‖L2(0,T ;L2(Ω)).

 !"#"&%

9:'<)"# %'")7 2! ' 5

|T2| =
∣

∣

∣

M
∑

m=1

〈zmhk − zm−1
hk , ψm−1 −Rhψ

m〉L2(Ω) +
M
∑

m=1

∫

Im

a(zmhk, ψ −Rhψ
m
)dt
∣

∣

∣

≤
∣

∣

∣

M
∑

m=1

〈zmhk − zm−1
hk , ψm−1 −Rhψ

m〉L2(Ω)

∣

∣

∣

≤
M
∑

m=1

∥

∥zmhk − zm−1
hk

∥

∥

L2(Ω)

∥

∥ψm−1 −Rhψ
m∥
∥

L2(Ω)
.

'(



 !"#$%&'$%() *!"++",+ #$')*'+* *())" -.(%+ "/"&01" *')# 234562785 "$ 1"&&" 9:;< =

∥

∥ψm−1 −Rhψ
m∥
∥

L2(Ω)
≤
∥

∥ψm−1 − ψ
m∥
∥

L2(Ω)
+
∥

∥ψ
m −Rhψ

m∥
∥

L2(Ω)

≤ Ck
1

2‖∂tψ‖L2((tm−1,tm);L2(Ω)) + Ch2‖ψm‖H2(Ω).
 !"#"$%&

>1 "#$ ?'@%1" *" &()$+"+ A," =

‖ψm‖H2(Ω) ≤ k−
1

2‖ψ‖L2(tm−1,tm;H2(Ω)),  !"#"$$&

@'+ ψ
m
=

1

k

∫ tm

tm−1

ψdt:

B1(+#C ") ,$%1%#')$ -9:4:3D<C -9:4:33<C  "&&" 9:4 "$ 1!"#$%&'$%() *" #$'E%1%$F 0(,+ ψC ()

(E$%")$ =

|T2| ≤
(

M
∑

m=1

‖zmhk − zm−1
hk ‖2L2(Ω)

)
1

2

(

M
∑

m=1

‖ψm−1 −Rhψ
m‖2L2(Ω)

)
1

2

-.(%+ $GF(+H&" 3:8C @G'0%$+" ;<

≤
(

C
1

2‖uhk‖L2([0,T ])

)(

C2k‖∂tψ‖2L2(tm−1,tm;L2(Ω)) + Ch4‖ψm‖2H2(Ω)

)
1

2

≤
(

C
1

2‖uhk‖L2([0,T ])

)(

C2k‖∂tψ‖2L2(tm−1,tm;L2(Ω)) + Ch4k−1‖ψ‖2L2(tm−1,tm;H2(Ω))

)
1

2

≤
(

C
1

2‖uhk‖L2([0,T ])

)[

(C2k + Ch4h−d)‖f‖2L2(0,T ;L2(Ω))

]
1

2

≤
(

C
1

2‖uhk‖L2([0,T ])

)

(

C2k + Ch4−d
)

1

2

∥

∥f
∥

∥

L2(0,T ;L2(Ω))

≤
(

C
1

2‖uhk‖L2([0,T ])

)

(

Ck
1

2 + C
1

2h2−
d
2

)
∥

∥f
∥

∥

L2(0,T ;L2(Ω))

≤ C
(

k
1

2 + h2−
d
2

)
∥

∥uhk
∥

∥

L2([0,T ])

∥

∥f
∥

∥

L2(0,T ;L2(Ω))
.

 !"#"$'&

I) %)#"+')$ 1"# "#$%&'$%()# 0(,+ T1 "$ T2 *')# -9:4:J<C () (E$%")$ =

∫ T

0

∫

Ω

(z(uhk)− zhk)fdtdx ≤ C
(

k
1

2 + h2−
d
2

)
∥

∥uhk
∥

∥

L2([0,T ])

∥

∥f
∥

∥

L2(0,T ;L2(Ω))
.  !"#"$#&

K%)'1"&")$C ") 0(#')$ f := z(uhk)− zhkC () ' E%") -9:4:3<:

 !""! #$%$ L(%$ ξ(uhk) ∈ L2(0, T ;H2(Ω)) ∩ H1(0, T ;L2(Ω)) "$ ξhk ∈ Vhk 1"# #(1,$%()#

*"# 0+(E1H&"# -9:;:;D< "$ -9:;:;4< +"#0"@$%."&")$C "$ #(%$

π(zhk) ∈ L2(0, T ;H2(Ω))∩H1(0, T ;L2(Ω)) "$ πhk ∈ Vhk 1"# #(1,$%()# *, 0+(E1H&" -9:;:;;<

"$ -9:;:;4< +"#0"@$%."&")$:

B1(+# () ' =

‖ξ(uhk)− ξhk‖L2(0,T ;L2(Ω)) ≤ C(h2 + k).  !"#"$(&

"$

‖π(zhk)− πhk‖L2(0,T ;L2(Ω)) ≤ C(h2 + k).  !"#"$!&

)!



 !"#$" %  !"!#$ %&' ξhk '$" ()*++,!-./*".!# '#".0,'/'#" 1.$2,0"' '# 3(3/'#"$ 4#.$ 1'

ξ(uhk)5 6# +'&" 1!#2 +,!&7', +*, ()*,8&/'#" $"*#1*,1 %&' 97!., :;<= '" >*7.*,":?@= AB3!C

,0/' D5;CDE +*8' ;;;F G

‖ξ(uhk)− ξhk‖L2(0,T ;L2(Ω)) ≤ C(h2 + k)
(

‖ξ(uhk)‖L2(0,T ;H2(Ω))

+ ‖ξ(uhk)‖H1(0,T ;L2(Ω))

)

≤ C(h2 + k)‖zhk‖L2(0,T ;L2(Ω))

≤ C(h2 + k)‖uhk‖L2(0,T ).

H)*&",' +*," πhk '$" *&$$. ()*++,!-./*".!# "!"*('/'#" 1.$2,0"' 1' π(zhk)5 I# &".(.$*#"

38*('/'#" ()*,8&/'#" $"*#1*,1E !# !J".'#" G

‖π(zhk)−πhk‖L2(0,T ;L2(Ω)) ≤ C(h2 + k)
(

‖π(zhk)‖L2(0,T ;H2(Ω)) + ‖π(zhk)‖H1(0,T ;L2(Ω))

)

≤ C(h2 + k)‖zhk − zd + σhk‖L2(0,T ;L2(Ω))

≤ C(h2 + k)[‖zhk‖L2(0,T ;L2(Ω)) + ‖zd‖L2(0,T ;L2(Ω)) + ‖σhk‖L2(0,T ;L2(Ω))]

≤ C(h2 + k)[‖uhk‖L2(0,T ) + ‖zd‖L2(0,T ;L2(Ω)) + ‖σhk‖L2(0,T ;L2(Ω))].

 !"#$%&%"'( )" *%+' ,")"-%. $%/ %/'!&#'!)"/ 01%..%+. *)+. $% -)"'.2$% )*'!&#$ *)"-'+%$

3 &)!"0.%/ .%4.%'/5 6" # %" %7%' $% 8

&'()!*+" ,%-% K!." z ∈ L2(0, T ;L2(Ω))E ξ ∈ L2
(

0, T ;H2(Ω)
)

∩ H1(0, T ;L2(Ω))E σ ∈
L2(0, T ;H1(Ω)) ∩ C(0, T ;L2(Ω))E π ∈ L2

(

0, T ;H2(Ω)
)

∩ H1(0, T ;L2(Ω)) '" u ∈ Uad %&.

,'+,3$'#"' ('$ $!(&".!#$ 1& $L$"0/' 9D5;5MF5 K!." *&$$. (zhk, ξhk, σhk, πhk, uhk) ∈ (Vhk)
4×Uad

('$ $!(&".!#$ 1& +,!J(0/' 9D5@5;MFC9D5@5@<F5 N(!,$ .( '-.$"' &#' 2!#$"*#"' +!$.".7' C "'(('

%&' G

√
N‖u− uhk‖L2([0,T ]) + ‖z − zhk‖L2(Q) + ‖ξ − ξhk‖L2(Q)

+ ‖σ − σhk‖L2(Q) + ‖π − πhk‖L2(Q) ≤ C(h2−
d
2 + k

1

2 ).
9:5;5<=>

 !"#$" % O( ,3$&("' 1'$ .#3%&*".!#$ 1' ()3"*" *1P!.#" 2!#".#& 9D5;5QF '" 1.$2,'" 9D5@5@?F

%&' G

∫ T

0

[Nu(t) + π(t, b)][v(t)− u(t)]dt ≥ 0 ∀v ∈ Uad, 9:5;5<?>

'"

∫ T

0

[Nuhk(t) + πhk(t, b)][v(t)− uhk(t)]dt ≥ 0 ∀v ∈ Uad. 9:5;5<@>

I# 2B!.$.$$*#" v(t) = uhk(t) 1*#$ 9D5<5;MF '" v(t) = u(t) 1*#$ 9D5<5;QFE '" '# R*.$*#" (*

$!//' 1'$ 1'&- .#38*(."3$E !# !J".'#" G

∫ T

0

[u(t)− uhk(t)][−Nu(t)− π(t, b) +Nuhk(t) + πhk(t, b)]dt ≥ 0,

?=



 ! "#$ %" &

∫ T

0

[−N(u(t)− uhk(t))
2 + (u(t)− uhk)(πhk(t, b)− π(t, b))]dt ≥ 0,

 # "# '('!)* &

N‖u− uhk‖2L2(0,T ) ≤
∫ T

0

(u(t)− uhk(t))(πhk(t, b)− π(t, b))dt,

$" +!) ' ##" &

N‖u− uhk‖2L2(0,T ) ≤
∫ T

0

(πhk(t, b)− π(zhk)(t, b))(u(t)− uhk(t))dt

+

∫ T

0

(π(zhk)(t, b)− π(t, b))(u(t)− uhk(t))dt

≤ A+B.

 !"#"$%&

,# -../)+!-#* /0)#(1-/)*( '" 2 !#1 . !% A3  #  4*)"#* &

A ≤ N

2
‖u− uhk‖2L2(0,T ) + C(N)‖πhk − π(zhk)‖2L2(0,T,L∞(Ω)).  !"#"'(&

5 !% B3  # - &

B =

∫

Q

A(z − z(uhk))(π(zhk)− π) dtdx

=

∫

Q

[(

z − z(uhk)
)(

zhk − z + σhk − σ
)]

dtdx,

=

∫

Q

(zhk − z)(z − zhk + zhk) dtdx−
∫

Q

(

zhk − z
)

z(uhk) dtdx

−
∫

Q

(

σhk − σ
)(

z(uhk)− z
)

dtdx,

= −‖zhk − z‖2L2(Q) +

∫

Q

(zhk − z)(zhk − z(uhk)) dtdx

+

∫

Q

(

σhk − σ
)(

z − z(uhk)
)

dtdx,

"* 1%6$" 7 /0)#(1-/)*( '" 2 !#13  #  4*)"#* &

B ≤ −‖zhk − z‖2L2(Q) +
1

2
‖zhk − z‖2L2(Q) +

1

2
‖zhk − z(uhk)‖2L2(Q)

+
1

2
‖σhk − σ‖2L2(Q) +

1

2
‖z − z(uhk)‖2L2(Q)

≤ −1

2
‖zhk − z‖2L2(Q) +

1

2
‖zhk − z(uhk)‖2L2(Q)

+
1

2
‖σhk − σ‖2L2(Q) +

1

2
‖z − z(uhk)‖2L2(Q).

))



 ! " #$!% &

B ≤ −1

2
‖zhk − z‖2L2(Q) +

1

2
‖σhk − σ‖2L2(Q)

+
1

2
‖zhk − z(uhk)‖2L2(Q) +

1

2
‖z − z(uhk)‖2L2(Q)

≤ −1

2
‖zhk − z‖2L2(Q) +

1

2
‖σhk − σ‖2L2(Q)

+
1

2
‖zhk − z(uhk)‖2L2(Q).

 !"#"$%&

'"( )*+,-. /(0%- 1 23454678. 23454698 -, 234547:8. $! $;,+-!, &

N‖u−uhk‖2L2(0,T ) + ‖zhk − z‖2L2(Q) + ‖σhk − σ‖2L2(Q)

≤ C
[

‖πhk − π(zhk)‖2L2(0,T,L∞(Ω)) + ‖z(uhk)− zhk)‖2L2(Q)

]

.
 !"#"$$&

<"+!,-!"!,. =$*( -),+>-( ‖πhk − π(zhk)‖2L2(0,T,L∞(Ω)). $! *,+?+)- ?-) +!@/"?+,@) +!A-()-) -,

?-) -),+>",+$!) =$*( ?" =($B-%,+$! #- C+,D 2A$+( ?->>- 3468 &

‖πhk−π(zhk)‖L2(0,T,L∞(Ω)) ≤ ‖π(zhk)−Rhπ(zhk)‖L2(0,T ;L∞(Ω))+‖πhk−Rhπ(zhk)‖L2(0,T ;L∞(Ω)),

-, -! *,+?+)"!, 2346458 -, 23464798. $! $;,+-!, &

‖πhk − π(zhk)‖L2(0,T,L∞(Ω)) ≤ Ch2−
d
2‖π(zhk)‖L2(0,T ;H2(Ω)) + Ch

d
2‖πhk −Rhπ(zhk)‖L2(0,T ;L2(Ω))

≤ Ch2−
d
2‖π(zhk)‖L2(0,T ;H2(Ω))

+ Ch
d
2

[

‖πhk − π(zhk)‖L2(0,T ;L2(Ω)) + ‖π(zhk)−Rhπ(zhk)‖L2(0,T ;L2(Ω))

]

≤ Ch2−
d
2‖π(zhk)‖L2(0,T ;H2(Ω)) + Ch

d
2‖πhk − π(zhk)‖L2(0,T ;L2(Ω)),

%-%+ "A-% 23454738. +>=?+E*- &

‖πhk − π(zhk)‖L2(0,T,L∞(Ω)) ≤ C(h2−
d
2 + k

1

2 ).  !"#"$#&

F! %$>;+!"!, 23454668. 23454658 -, 2345478. $! $;,+-!, &

N‖u− uhk‖2L2(0,T ) + ‖zhk − z‖2L2(Q) + ‖σhk − σ‖2L2(Q) ≤ C(h4−d + k).  !"#"$'&

G? !$*) (-),- -!H! 1 -),+>-( ?-) -I=(-))+$!) & ‖πhk − π‖L2(Q) -, ‖ξhk − ξ‖L2(Q)4

'$*( %-?" $! *,+?+)- ?-) =($;?J>-) 23474K8 -, 234646684  ! " &

∫

Q

A∗(π − π(zhk))ϕ dtdx =

∫

Q

(z − zhk + σ − σhk)ϕ dtdx.

F! =$)"!, ϕ = π − π(zhk). $! $;,+-!, &

‖π − π(zhk)‖2L2(Q) ≤ C‖(z − zhk) + (σ − σhk)‖L2(Q)‖π − π(zhk)‖L2(Q),  !"#"$!&

()



 ! "#$ %&''! (

‖π − π(zhk)‖L2(Q) ≤ C‖z − zhk‖L2(Q) + ‖σ − σhk‖L2(Q).

)' !' %*%#$+ "#! (

‖π − πhk‖L2(Q) ≤ ‖π − π(zhk)‖L2(Q) + ‖π(zhk)− πhk‖L2(Q)

≤ C[‖z − zhk‖L2(Q) + ‖σ − σhk‖L2(Q)] + ‖π(zhk)− πhk‖L2(Q).

,-&. /01 ! 2 34565748 !+ 345659:8; &'  &' <#+ (

‖π − π(zhk)‖L2(Ω) ≤ C(h2−
d
2 + k

1

2 ).  !"#"$%&

,! =>=!; ?&#0 ‖ξhk − ξ‖L2(Q); !' #+$<$@A'+ <!@ ?0&B<C=!@ !' ξ %A'@ 34575D8 !+ 345959E8;

&' &B+$!'+ (

‖ξ − ξ(zhk)‖L2(Q) ≤ C(h2−
d
2 + k

1

2 ).  !"#"$'&

F$'A<!=!'+; %! 345659:8; 345659G8 !+ 345659D8; &' &B+$!'+ 345657G85

'(



 !



 !"#$%&'!" () *(+&*(#)',(&

 !"#$ %&'()"$ *$ +!("',-($ .$ %&/* $( %&/* %'# &' %!&&/"-!( $" &' &/""$ +!("#$ +$ %012

(!,)($ $*" .$3$(/$ /( $(4$/ ,'4$/# %!/# &' %#1*$#3'"-!( .$ &5$(3-#!(($,$("6 7$ "#'3'-&

.$ "0)*$ *5$*" -(*+#-" .'(* +$""$ .8(',-9/$: $( $**'8'(" .5'%%!#"$# /($ +!("#-;/"-!( ./

%!-(" .$ 3/$ .$ &' ,!.1&-*'"-!( %'# &$* <=> $" &$ +!("#?&$ !%"-,'&6

@5'('&8*$ ,'"01,'"-9/$ $" &$ +!("#?&$ ./ %01(!,)($ .$ .-A/*-!( .$ %!&&/"-!(: B!/3$#(1

%'# &519/'"-!( .$ &' +0'&$/#: !(" 1"1 ';!#.1 $( /"-&-*'(" .$/C "8%$* .$ +!("#?&$ D E#!("-)#$

$" %!(+"/$&6 F($ 1"/.$ (/,1#-9/$ '3$+ +'&+/& .5$##$/#* .$ +!(3$#B$(+$ ' 1"1 1B'&$,$(" $E2

E$+"/1$6 =$ %&/*: (!/* '3!(* B1(1#'&-*1 &' (!"-!( .$ +!("#?&$ G ,!-(.#$* #$B#$"* '/ +!("#?&$

%!(+"/$& '3$+ .!((1$ ,'(9/'("$: "'(" ./ %!-(" .$ 3/$ "01!#-9/$ 9/$ (/,1#-9/$6

 !/* '3!(* 1"';&- 9/$ &$ %#!;&),$ .$ +!("#?&$ '.,$" /($ *!&/"-!( !%"-,'&$ +'#'+"1#-2

*1$ %'# /( *8*"),$ .5!%"-,'&-"1 *-(B/&-$# HI6J6IK6

 !"#$ ',;-"-!( .'(* +$ "#'3'-& ' 1"1 .!/;&$ D "!/" .5';!#.: (!/* 3!/&-!(* '%%&-9/$#

&' (!"-!( ./ +!("#?&$ G ,!-(.#$* #$B#$"* G .$* %#!;&),$* -("1#$**'("* .1L(-* %'# @-!(*

$" I-,!( .'(* &$* '((1$* MN2ON6 <( $A$": +$* %#!;&),$* +!##$*%!(.$(" G .$* +'* +!(+#$"*

$( 1+!&!B-$ H+!,,$ $C%&-9/1 %'# @-!(* .'(* *$* "#'3'/CK6 =$ %&/*: (!"#$ ,1"0!.$ +!,,$

(!/* &5'3!(* 3/ &$ &!(B .$ &' "0)*$: $*" ;-$( '.'%"1$ '/C 9/$*"-!(* .$ %$#"/#;'"-!(*: $"

%$/" .!(+ P"#$ '%%&-9/1$ '/C %#!;&),$* .$ %$#"/#;'"-!(* &-1$* G &' %!&&/"-!( $( 1+!&!B-$6

@$ *$+!(. -("1#P" 9/$ (!/* '3-!(* $*" +$&/- .$ B1(1#'&-*$# (!* "$+0(-9/$* '/C +'* .$ .!(2

(1$* %!+"/$&&$* $" '/C *+01,'* (/,1#-9/$* 4/*9/5G &5!;"$("-!( .5/( *8*"),$ .5!%"-,'&-"1

*-(B/&-$# +'#'+"1#-*'(" &$ +!("#?&$ !%"-,'& .'(* "!/* &$* +'*6

<( %$#*%$+"-3$: !( $(3-*'B$ /( %#!&!(B$,$(" .$ +$ "#'3'-& %'# &$ %'**'B$ ./ +!("#?&$ G

MQ



 !"#$%&' %&(%&)' *+ ,!#)%-.& '*#' %&(%&) &# /*"'*#) )&#$%& γ 0&%' 12%!3 *"#'" 4*% .&' '" +5

.*)"!#' #+ 2%"6+&' 4!+% .& 4%!7.8 & $& ,!#)%-.& 4!#,)+&. 9  !"#$%&' %&(%&)' 9 4*%)"% $+

':')8 & $;!4)" *.")2 !7)&#+ &) &# '& 7*'*#) '+% .&' ',<2 *' #+ 2%"6+&' &) .&' &')" *)"!#'

$;&%%&+%' !7)&#+&' *+ ,<*4")%& => ?& 7+) &') $& 4!+0!"% ,!#/%!#)&% 4*% .* '+")& .&' %2'+.)*)'

*0&, .&' $!##2&'  &'+%&' !7)&#+&' 4*% .&' 2,!.!("')&'3 "#(2#"&+%' &) )&,<#","&#' ,<*%(2' $&

$24!..+&% .;&#0"%!##& &#) 9  !"#$%& ,!@)>

A# &#0"'*(& *+''" $& (2#2%*."'&% .* )&,<#"6+& $+ B,!#)%-.& 0"%)+&.B &) ,&..& $& B.* $2,! 5

4!'")"!# $+ $! *"#&B *+C 4%!7.8 &' $& ):4& 4*%*7!."6+& *0&, '!+%,& 4!#,)+&..&3 6+" #;!#)

4*' 2)2 *7!%$2' D+'6+;9 4%2'&#) 9 #!)%& ,!##*"''*#,&>

E# &F&)3 .&' $! *"#&' $;2)+$& $&' 4%!7.8 &' ,! 4.&C&' $;!%$%& 2,!.!("6+& #!)*  &#)

'!#) &# (2#2%*. *''&1 $"G,".&' 9 ,*%*,)2%"'&%> ?;*0*#)*(& $& ,&'  2)<!$&' ,!#'"')& 9 ,<!"5

'"% +# $! *"#& Ω̃ 0"%)+&. 4.+' '" 4.& 6+& .& $! *"#& !%"("#&.>

A# '& %* 8#& *.!%' 9 +#&  2)<!$& $& ):4& B$2,! 4!'")"!# $+ $! *"#&B *44."6+2& 9 .*

%2'!.+)"!# $;+#& ,.*''& $& 4%!7.8 &' $& ,!#)%-.& 9  !"#$%&' %&(%&)'>

H!+' *0!#' 7"&# &#)* 2 +#& 2)+$& +)"."'*#) ,&))&  2)<!$& 5 ,&..& $+ ,!#)%-.& 0"%)+&. 53

&..& &') *,<&02& &) #!+' &'42%!#' .*  &#&% 9 )&% &>
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 !"#!$%&'()!*

 !"  ! "#$%&#  !"#$%& '()"*(& (+ !%*%$,",* -#."*#/0",- .1.",$. 2#"3 #$!0&.,. # $%%&
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