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Résumé

Le sujet principal de mon travail de thése sont les équations aux dérivées partielles sto-
chastiques (EDPS), en particulier les équations paraboliques dans 2 ou 3 dimensions avec
termes de perturbation trés irréguliers. La difficulté qui se présente dans ’étude de ce type
d’équations est due au fait qu’on s’attend a ce que les solutions soient des distributions
tempérées dans ’espace. En fait, on sait que méme si des opérations linéaires comme la dif-
férentiation, la transformée de Fourier ou la multiplication par des fonctions suffisamment
réguliéres sont bien posées sur ’espace des distributions de Schwartz, il n’y a pas de fagon
canonique de définir un produit de distributions, et donc les non-linéarités dans les EDPS
traitées dans ce travail sont a-priori mal posées. Un sujet complémentaire de mon travail
de thése est I’étude de la tension du champ de magnétisation d’Ising en 2 dimensions, qui

est fait en utilisant des techniques en commun avec le sujet principal.

L’analyse des EDPS dans cette thése est basée sur ’ensemble de techniques développées
par Gubinelli, Imkeller et Perkowski dans [GIP15], appelées calcul paradifférentiel, calcul
paracontrolé ou technique des distributions contrélées. Leur travail peut étre considéré
comme une généralisation de I'idée de chemins rugueux contrélés introduite par Gubinelli
dans [Gub04], qui & son tour est une généralisation de la théorie des chemins rugueux de
Lyons [Lyo98|.

Dans la suite on donne un exemple d’application des techniques du calcul paradifféren-
tiel introduites dans [GIP15] & une EDPS appelée Modéle d’ Anderson Parabolique (MAP) :

Ou—Au=u¢ u(t=0)=0, (1)

ou 0O est la dérivée par rapport au temps et A le laplacien. Le bruit blanc & sur le tore 2-
dimensionnel T2 = (IR /2nZ)? peut étre considéré formellement comme le champ aléatoire
gaussien centré qui a une covariance donnée par E[{(2){(y)] = d(x — y). Les trajectoires
de & sont presque stirement des distributions tempérées dans I'espace S’(T?). Pour chaque
trajectoire de &, soit & une régularisation du bruit blanc par convolution avec une fonction
lisse & support compact dans une boule de taille € > 0 (de fagon a ce que £ — £ pour € —0).
Il n’est pas difficile d’obtenir des solutions u. pour chaque régularisation de I’équation (1) a
I’échelle ¢ >0 (par exemple en utilisant un théoreme de point fixe), et si la famille (ue).¢ (0,1

admet une limite u (dans un sens a préciser) on peut définir cette limite u comme la solution

de (1).
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Néanmoins, il n’est pas possible d’obtenir une solution “trajectoire par trajectoire” avec
cette méthode, parce qu’on ne s’attend pas a ce qu'une solution u soit plus réguliére que
¥:= A", et sa régularité n’est pas suffisante a rendre le produit u£ bien posé. On s’attend

donc a ce que la suite uc & soit divergente.

Pour faire face a ce probléme, les auteurs de [GIP15] utilisent d’abord des techniques
d’analyse que l'on a rappelées dans le chapitre 1. Leur premiére observation est que le

produit u& peut se décomposer formellement en somme de paraproduits de Bony [Bon8&1] :
uE=u<E+u=E+uof

ou les paraproduits u < £ et u > £ sont bien posés pour chaque couple de distributions
tempérées u, £ €S’ et seulement le dernier terme (qu’on appelle produit résonant) est mal
posé si la distribution u n’est pas assez réguliére, ce qui est notre cas (une caractérisation
exacte de la regularité de u en fonction de celle de £ afin de définir uo £ est donnée dans
le chapitre 1). La décomposition en paraproduits est basée sur une partition de 1'unité
de la transformée de Fourier de u et £ : on peut en fait voir © < £ comme le produit de &
avec les petites fréquences de u, ce qui donne une modulation d’amplitude de £ avec un
“filtrage passe-bas” de u. Le terme u o £ représente un phénoméne de résonance dans lequel
des fréquences comparables de u et £ interagissent et causent une explosion. Le probléme

donc devient celui de controler la limite u. o & pour € — 0.

La deuxiéme observation de [GIP15], qui trouve son origine dans l'idée de chemin
rugueux controlé et est appelée Ansatz paracontrélé, est une conjecture sur la structure de
la solution de (1). En particulier, on suppose que u ait la méme régularité que 9 = A~1¢ et
donc qu’il doive pouvoir s’estimer par une modulation de ¥} avec une fonction plus réguliére
u’. On pourrait assumer donc u=u’ <19 4 uf avec u’ et uf & déterminer en remplacant u

dans (1), et u? plus régulier que u, mais pour des raisons techniques on pose
u=u' <9 +uf, (2)

ou le paraproduit modifié < coincide avec < mais avec une régularisation dans la variable

temporelle du premier terme u’, qui est nécessaire pour gérer la dérivée temporelle dans (1).

La troisiéme observation analytique apportée par les auteurs de [GIP15] est que grace a
I’Ansatz (2), le produit résonant u. o & peut se décomposer de fagon a ce que tous les termes
mal posés soient des produits d’intégrales du bruit blanc (on les appelle enhanced noises ou
bruits augmentés), qui de conséquence ne contiennent pas des termes ., ué, ug A determiner
en résolvant une régularisation de (1). L’idée est donc de definir une limite par les termes
de bruit augmenté (qui dépendent seulement de & mais pas de la solution), et vu que tous
les autres termes qu’on obtient sont bien definis (grace aux estimations du chapitre 1) on

peut de cette fagon obtenir une limite u. — u. Plus en détail, la décomposition (2) donne

uz0 &= (ul <)o &+ ufo .
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1

€
ugo & dans 8’ uniformement sur ¢ € (0, 1] (parce que en remplagant (2) dans (1) on peut
#

£

oll on assume que u. soit maintenant assez régulier dans la limite pour pouvoir borner

obtenir que u_ résout une équation différentielle avec terme de droite plus régulier que celui

de (1)). Grace au fondamental lemma de commutation de [GIP15] on écrit
(ué <)ol = C(ué7 Ve, &) + ué(ﬁs &)

ou le commutateur tri-linéaire C(-,-,-) a une extension bien définie sur S’ et le seul terme
qui ne peut pas étre controlé uniformément sur € € (0, 1] avec des estimations d’analyse
fonctionnelle est 1.0 &.. Si on postule que 9. 0 & ait une limite bien définie dans S’ et assez
réguliére pour définir le produit u. (.0 &) ala limite e — 0, on peut donner du sens au terme
de droite de (1). On obtien donc, pour chaque & >0, le couple d’équations paracontrélées

e = ul <0+ u’
(@ — Ayus=u=E+urE+Clul, Ve, &) +ul(Deo0 &) +ulo &

i

dont la famille de solutions (ul, u°) a une limite (u’, uf) € S’ x S’ si on suppose que
Xe = (&, ¥z 0 &) converge vers une distribution tempérée X qui soit assez réguliére pour

donner un sens aux équations ci-dessus.

Cela conclut la partie analytique de la méthode de distributions paracontrélées
de [GIP15]. Ce qui reste & montrer, avec des techniques de théorie des probabilités, est
que le terme X, quand on lui applique une renormalisation, converge en probabilité vers

une distribution tempérée qu’on appelle X.

Pour résumer la situation : il n’existe pas d’espaces de Banach tels que la fonction de
solution ®: £, — u. soit continue, a cause du fait que le produit de distributions n’est pas

bien défini. On peut quand méme séparer ® dans 2 fonctions comme suit :

J T
&= Xo = oue

oul ¥ est la fonction de solution de I’équation paracontrblée, qui associe & chaque bruit
(&, Ve 0 &) la solution (ul, uf.)7 et qui est déterministe et continue. Malheureusement le
terme X, = (&, U 0 &) ne converge pas, mais on peut démontrer que sa rénormalisation
X, = (&, 9.0 & —E(9.0 &) (ol on soustrait un terme divergent E(9. o £.)) converge en

probabilité vers une distribution X. On a donc

J . U
& — X —

En remplacant X, dans I’équations paracontrélée on peut retrouver I’équation renormalisée

suivante pour chaque € € (0,1] :

Oplie — Alie = & — UE(Vz 0 &).
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Grace a la continuité de ¥ et a la convergence en probabilité X. = X, les solutions .
de I'équation ci-dessus convergent en probabilité vers une distribution w qui est définie
comme la solution de (1). On remarque enfin que pour chaque C' € R la renormalisation
X.= (&, Ve0& —E(¥:0&) + C) a une limite convergente : on a en fait une famille infinie

de solutions de (1) qui dépend d’un paramétre.

Cela conclut I’exemple d’application de la méthode paracontrolée a (1). La fonction
U et le terme X, dépendent évidemment de I’équation considérée, et on doit montrer la

continuité de ¥ et la convergence de X, pour chaque EDPS qu’on étudie.

La technique de distributions paracontrolées de [GIP15] a été utilisée avec
succés pour étudier des EDPS différentes, en commengant par le modéle d’Anderson
parabolique généralisé, I’équation de Burgers rugueuse et d’autres équations différentielles
dans [GIP15]. Le calcul paracontrolé a été utilisé aussi pour étudier I’équation de Kardar-
Parisi-Zhang (KPZ) [GP17], le modéle dynamique ®4 [CC13] et I'existence et unicité d’une
solution pour tous les temps [MW17b], 'existence et unicité globale d’une solution de
®3 [MW17a] et le spectre de I'opérateur hamiltonien de Anderson en dimension 2 [AC15].
En utilisant des techniques liées au semi-groupe de la chaleur, un calcul paracontrélé

sur des variétés a été développé par Bailleul et Bernicot [BB15].

Dans le cadre du calcul paracontrolé “du premier ordre” développé dans [GIP15], la
décomposition paracontrolée (par exemple (2) dans le cas de 1’équation (1)) est typ-
iquement limitée a un développement au premier ordre, c’est a dire que la solution est
paracontrolée par un seul terme stochastique. Cela limite le gain de régularité qu’on
peut obtenir dans le terme de reste (uf dans (2)) par rapport & la solution, et par con-
séquent limite la singularité des équations qui peuvent étre traitées avec cette méthode.
Par exemple ’équation (1) en dimension 3, ou avec un bruit blanc espace-temps, ne peut
pas étre résolue avec les techniques de [GIP15]. Récemment, Bailleul et Bernicot [BB16]
ont développé un calcul paracontrolé d’ordre supérieur qui permet de traiter des équa-

tions moins réguliéres.

Cependant, outre ce progrés récent, la théorie plus générale pour les EDPS singuliéres
a été développée par Hairer [Hail4a, Haildb, FH14] sous le nom de théorie des structures
de régularité. Les structures de régularité sont une généralisation de la théorie des chemins
rugueux de Lyons, qui donnent des outils efficaces pour analyser les opérations non-linéaires
qui agissent sur certains espaces de distributions, leur renormalisation par soustraction
des singularités locales et leur utilisation pour résoudre des EDPS singuliéres. La théorie
des structures de régularité a été appliquée avec succés a tous les modéles répertoriés ci-
dessus [Hail4da, Hail3], & d’autres modéles comme le modeéle de Sine-Gordon [HS16] (qui
peut étre néanmoins résolu avec des techniques de calcul paradifférentiel) et a I'étude de
I'universalité faible de certains modéles [HQ15, HX16].
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Partie I - Connaissances préalables

Dans la premiére partie de ma thése, qui comprend les chapitres 1,2 et 3, j'introduis

des concepts et des techniques qui seront largement utilisés dans le reste du travail.

Dans le chapitre 1 je présente la décomposition de Littlewood-Paley (L-P), qui permet
de développer une distribution tempérée f en somme de blocs A;f qui ont une transformée
de Fourier & support compact de I'ordre de ~2°. En particulier, soit , p une partition de
I'unité de R? formée par des fonctions lisses & support compact, avec y & support dans une

boule et p & support dans un anneau, tels que

L=x(z)+)_ p(2772)

j=20

et les supports de p(277 ) et p(27% ) soient disjoints pour tous |k — j|>2. On définit alors

pour tous j =0 le bloc de Littlewood-Paley j-iéme d’une distribution tempérée f comme
Ajf = FNp(2 7 )FS)
et le bloc A_; f comme
Aoy f=F (xFf)

ol F et F~! sont respectivement la transformée de Fourier et la transformée inverse. On
remarque que F et F ! sont bien définies sur les distributions tempérées S’(R?) et que
les blocs sont des fonctions analytiques (en ayant une transformée de Fourier & support
compact). On peut prouver facilement que I’équivalence suivante est vérifiée dans le sens

des distributions :

+oo
f= Z Ajf-

j=-1

J'utilise ensuite les blocs de Littlewood-Paley pour définir les espaces de Besov Bj ,
Va €R, p,q€[l,00]. Ces espaces sont des généralisations des espaces de Sobolev, et une
facon de les caractériser est de mesurer la vitesse de divergence & l'infini de la transformée

de Fourier, & I'aide des blocs de Littlewood-Paley. On définit la norme
1£1IBg = 27 AGf |zr)j=—1lles

ou pour une séquence a;j: NU{—1} — IR on pose la norme

(a;)j>-1llfa= > af.

jz-1
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On definit 'espace de Besov Bj , comme l'ensemble des distributions tempérées qui ont
une norme ||||Bg , finie. Dans le cas p= ¢ =00 on pose &*:= Bg, » et la norme devient

plus simplement

[ fllze= sup 27 sup [A; f(z)],
j=z-1 rzeR4

ce qui met en évidence comme le paramétre o € R mesure la divergence a l'infini de la
transformée de Fourier. Pour a € R\ N les espaces de Besov ¢ coincident avec les espaces
de Holder, et on peut voir par des resultats bien connus (estimations de Bernstein) que
le laplacien A f d’une distribution f € #“ appartient a 'espace #*~2. Cela donne une

interpretation pour les espaces de Besov avec exposant « négatif.

Les résultat de la section 1.1.1 sur les espaces de Besov constituent la base pour ’analyse

des EDPS avec la méthode des distributions paracontrolées.

Dans la section 1.1.2 je donne une autre caractérisation des espaces de Besov de regu-

larité a negative, en utilisant la norme suivante :

_ _ =T
[ fllca:= sup sup sup A™* [ f A dn(T>
A€(0,1] zeR4 ne B R4

ot 1) est une fonction C"(RY) (avec r = —|a |, a < 0) & support compact sur une boule
de rayon 1. Cette définition est similaire a celle utilisée par Hairer dans [Hail4a], avec la
différence que dans ma thése j'utilise la convention d’appeler C* la fermeture de CS° par

rapport a la norme ci-dessus.

Je montre ensuite qu'on peut caractériser ce type d’espaces (et plus en général des
espaces de Besov Bg,q pour p, ¢ # co) en utilisant des ondelettes a support compact de
Daubechies. Un des avantages de travailler avec des fonctions test & support compacte, et
donc avec une caractérisation locale des espaces de Besov, est la possibilité de définir des
espaces de Besov locaux sur un domaine ouvert quelconque U C R? pour des distributions
qui peuvent avoir une régularité différente proche du bord de U. Pour faire c¢a je montre
que pour caractériser un espace de Besov local il suffit d’utiliser seulement des ondelettes
qui ne touchent pas le bord de U, en prenant des ondelettes centrées a une distance du bord
plus grande que le diamétre de leur support. Une définition des espaces de Besov locaux
de ce type est particuliérement utile quand on considére la convergence d’une famille de
distributions dans un domaine U’ C U qui tend vers U, dans le cas ou la famille ne converge

pas dans un domain U\U' asymptotiquement proche du bord de U.

A la fin de la section 1.1.2 je donne un critére de tension pour des familles de distribu-
tions aléatoires dans les espaces de Besov locaux présentés ici. Ce critére est 'instrument
principal dans la preuve de la tension du champs de magnétisation d’Ising du chapitre 4.

Je donne aussi une formulation du théoréme de continuité de Kolmogorov adaptée a la
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décomposition en ondelettes présentée dans cette section. Le materiel rédigé dans la sec-

tion 1.1.2 est déja apparu dans Particle [FM17], qui est un travail joint avec J-C.Mourrat.

Dans la section 1.1.3 je rappelle des résultats d’équivalence entre les différentes déf-
initions d’espaces de Besov citées précedemment. En particulier, I'espace ng de la
section 1.1.2 étant défini comme fermeture de fonctions Cg°, il ne peut pas coincider
avec 'espace By , de la section 1.1.1 que quand p et ¢ sont tous les deux finis. Néan-

. 104 2 . . .
moins, les normes de B) 4 et B) , sont équivalentes sur des fonctions suffisamment lisses.

La section 1.2 recueille les outils analytiques principaux du calcul paracontrélé. Une
des notions plus importantes est celle de paraproduit de Bony [Bon81]. Pour chaque couple
de distributions tempérées u,v € S’ on peut écrire leur décomposition de Littlewood-Paley

comme

u:Z Aju v:Z Ajv‘

j>—1 i>—1

On peut donc écrire formellement

uv= A ulApv+ A ulNpv+ Asulpv
> 2 A )DL >4,

j=—1k<j—1 k>-1 j<k-1 lk—j|<1

mais A uAy v n’est plus un bloc de Littlewood-Paley d’une distribution : il n’est donc
pas garanti qu’il converge. D’autre part, l'intuition est que grace aux propriétés des sup-
ports de la partition de I'unité (x, p) utilisée dans la définition de blocs de Littlewood-
Paley, pour chaque j > 1 le terme ), i1 AjulAgv est une approximation suffisam-
ment précise d'un bloc de L-P A;f (pour une certaine distribution f) afin que la série
> j>—12k<j1 Ajulpv converge dans le sens des distributions. Par symétrie on obtient

le méme résultat pour le deuxiéme terme ci-dessus. Le paraproduit est donc

uU<v:= A ulgv
> 2 A

i=—1k<j—1

qui est bien posé pour chaque u,v €S’ et, sachant que le bloc j-iéme localise la transformée
de Fourier autour d’une valeur 27, on dit que u < v est paracontrélé par v dans le sens que

a petite échelle la contribution de u dans u < v est négligeable par rapport a celle de v.

Bony a aussi prouvé que si u € £, v € 5 avec a4+ 3> 0 (¥ est 'espace de Besov
défini dans la section 1.1.1) la série ZI k—jl<1 AjulAgv converge vers une distribution uwov
qui appartient & T8, appelée produit résonant. Ce résultat est fondamental dans le

calcul paracontroélé : le produit résonant, s’il est bien défini, est plus régulier du produit u v.

Dans le reste de la section 1.2 je présente les résultats qui sont utilisés dans la partie

analytique de la méthode des distributions paracontrolées.
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Le chapitre 2 contient des techniques d’estimation des champs aléatoires qui sont néces-
saires a l'étude de la convergence des termes de bruit augmenté (X. dans 'exemple (1))
dans le cadre des distribution paracontrolées. Un des concepts principaux utilisés & cette

fin est la décomposition en chaos de Wiener.

Le bruit blanc sur R? défini sur un espace de probabilité (Q, #,P) est un processus
aléatoire Gaussien centré & = {£( f)| f € L*(R%)} indexé par les fonctions f € L?(R?), ayant

une covariance determinée par

E(&(f),§(9))=(f, 9)L2(re)-

La décomposition en chaos de Wiener est la suivante :

LQ(Qv 0(5)7 ]P) - @ Hn,
n=0

ot 0(&) est la tribu engendrée par le bruit blanc et H,, est I’espace engendré par les variables
aléatoires {H,(¢(f))|f € L*(RY), Al 2(rey = 1} avec Hy les polynomes de Hermite.
L’intérét de la décomposition en chaos de Wiener, au déla du fait qu’elle est orthogonale
dans L?(Q), est que quand une variable aléatoire X a une décomposition en chaos de

Wiener finie, on peut utiliser I'importante proprieté d’hypercontractivité de Nelson :
X [ Lr) Sp 1X ([ 220 -

Cette proprieté est fondamentale dans I’estimation des bruits augmentés (enhanced noises)
qui apparaissent dans ’étude d’'une EDPS & 'aide de la méthode des distributions para-
controlées. La procédure expliquée dans la section 2.2 peut se résumer comme suit : soit
par exemple X, un champ aléatoire stationnaire lisse sur T¢ qu’on veut borner uniforme-
ment (sur € € (0,1]) dans un espace de Besov #*~°(T%) pour chaque § >0 et o € R fixé.
Le théoréme de plongement d’espaces de Besov (qui est une généralisation du théoréme

de plongement de Sobolev) donne :
s S -1

On peut donc borner X, comme suit :

B o) SE(IXely, ) S 32 2071 [ B(AXe@)P)da

j=>—1

Si la variable aléatoire A ;X (x) a une décomposition en chaos de Wiener finie, grace a
la proprieté d’hypercontractivité, il suffit donc d’estimer sa norme L?(Q). Cette norme,
a cause du fait que la decomposition en chaos de Wiener est orthogonale pour le pro-

duit scalaire de L?(f)), est une somme finie de covariances de variables aléatoires qui
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appartiennent & H,. Chaque covariance obtenue par cette procédure est sous la forme
d’une convolution de fonctions singuliéres dont on connait le degré d’homogénéité (on
appelle cette convolution diagramme en analogie avec les diagrammes de Feynman). Les
diagrammes peuvent étre bornés avec des lemmes bien connus sur 1’estimation des convo-

lutions de fonctions singuliéres (qui sont rappelés dans la section 2.2.1).

La section 2.3 contient quelques résultats de calcul de Malliavin qui permettent
d’estimer des champs aléatoires qui ont une décomposition en chaos de Wiener infinie.
En particulier cette section contient une décomposition partielle en chaos de Wiener dans
laquelle le reste est écrit sous forme d’intégrale itérée de Skorohod (qui est une général-
isation de l'intégrale de It6). Ce reste peut étre estimé dans la norme LP(£2) en utilisant
des résultats de calcul de Malliavin qui sont rappelés dans la section 2.3. Le produit
d’intégrales de Skorohod posséde une formule du produit (analogue a celle de l'intégrale
de Tto et qu’on trouve par exemple dans [Ust14] et [Nua06]) qui est obtenue dans la
section 2.3 en partant des résultats de [NN10].

Le chapitre 3 contient une introduction rapide a deux modéles probabilistes bien
connus : la percolation FK et le modéle d’Ising en 2 dimensions. La mesure de Edwards et
Sokal donne un couplage entre les mesures du modele d’Ising et FK, ce qui permet d’exam-
iner le systéme en utilisant & la fois des techniques issues de la théorie de la percolation ou
de I’étude du modéle d’Ising. Le contenu de ce chapitre est tiré de la monographie [Gri09] et

a la seule fonction de présenter le cadre dans lequel les résultats du chapitre 4 sont énoncés.

Partie IT - Résultats
Chapitre 4

Le contenu de ce chapitre est pris de l'article [FM17] qui a été écrit en collaboration
avec J-C. Mourrat. On y applique le critére de tension pour les champs aléatoires (qui a été
développé dans la section 1.1.2) a I’étude du champ de magnétisation d’Ising & température
critique. Soit U C R? un ensemble ouvert, et pour a > 0 soit U, := U N (aZ?). On désigne
comme (oy)yev, les spins du modele d’Ising & température critique avec (par exemple) spin

+ sur le borde de U,, et on définit le champ de magnétisation

1
d,:=a 3 Z oyls,(y)
y€Ua

o S,(y) est le carré centré dans y avec cotés de longueur a. Dans [CGN15] les auteurs ont
montré que si U = [0, 1], pour tous ¢ >0 la famille (®a)ae(0,1) est tendue dans I'espace de
Besov Bs, %75(U ), et ils ont analysé aussi des domaines plus généraux. Une question ouverte

dans leur travail était de déterminer précisément dans quel espace la famille (®4)q¢(0,1]



16 RESUME

est tendue. On a répondu a cette question en montrant que pour chaque ouvert U C R? et

i (V) Vb, g €[1, 00, et

chaque € >0 le champ de magnétisation est tendu dans B, |

qu’il n’est pas tendu dans B;;/8+E’IOC(R2).

L’ingrédient principal de la preuve de la tension de (®4),¢(0,1] est la borne superieure
sur les corrélations du modele d’Ising bidimensionnel obtenue par Onsager [Ons44| dans sa
solution exacte du modéle, qui permet d’obtenir, grace a 'application de I'inégalité FKG,
une estimation de la somme des correlations & p points sur un sous-ensemble borné de
72 de taille N. Cette quantité peut étre utilisée directement pour déterminer I’espace de
Besov B—1/8—5,loc

p.q
la section 1.1.2.

(U) dans lequel (®4)4¢(0,1] est tendue, a l'aide du critére de tension de

Pour démontrer que (®4),¢(0,1] n'est pas tendue dans B, L/ 8+5’1°C(1R2) on utilise une

7q
borne inférieure sur les corrélations du modéle d’Ising, obtenue par Hongler, Duminil-Copin

et Nolin dans [HDN11] comme corollaire de leurs estimations du type Russo-Seymour-

Welsh sur la probabilité de percolation pour le modéle FK. Pour pouvoir montrer qu’aucun
—1/8+-¢,loc
P,q

caractérisation d’espaces de Besov basée sur des fonctions test positives.

point limite de (®4),¢(0,1) n’appartient a B (R?), il est nécessaire d’utiliser une

Il a été démontré récemment qu’il existe une limite unique de la famille (®4),¢ (0,1
[CGN15, CHI15]. Grace a notre résultat il est clair que cette limite est singuliére (aussi
dans des domaines compacts) par rapport au champ libre gaussien, parce que celui-1a prend

des valeurs dans B;Z’IOC(R2) pour chaque >0, p,q€[l,00].

Chapitre 5

Dans ce chapitre, qui contient le résultats obtenus dans [FG16] en collaboration avec
M.Gubinelli, on développe un calcul paracontrolé non-linéaire afin de montrer I’existence

locale de solutions a certaines EDPS quasi-linéaires uniformément paraboliques.

On considére principalement les deux équations
Owu(t,x) —ar(u(t, x))Au(t,z) =&(z), u(0,2) =up(z), x€T?t>0,
et la plus générale
Opu(t,z) — ar(u(t, z))Au(t, x) = ag(u(t, x))&(x), w(0,z) =up(z), z€T%t>0

avec a;: R — [\, 1], ag: R — [~L, L] (A, L > 0) qui sont des coefficients C* uniformément
k)

H 1o <1 for k=0, ..., 3. Pour les deux équations on suppose que le bruit

aléatoire ¢ prenne des valeurs dans I'espace de Besov ' 2(T?2) avec 2/3 <a <1 : cela

bornés, et Haz(

s’applique par exemple au bruit blanc en espace sur T2.
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Néanmoins, on montre dans la section 5.5 que le calcul paracontrélé non-linéaire

développé dans ce chapitre peut s’appliquer aussi a une classe d’équations de la forme
as(u(t,z))owu(t, x) — ar(u(t, z))Au(t, z) = £(az(u(t, x)), t, x), reT?t>0,

ol ai, ag, a3 sont des coefficients non-dégénérés assez réguliers et £(z,t,x) est un processus

gaussien avec covariance
E[&(z,t,x)E(2 t 2| =F(z,2)Q(t —t',x — z), z, 2’ €eT? t,t' 2,2 €R,

ot F' est une fonction lisse et @) une distribution de régularité parabolique p> —4/3. Cela
inclut comme cas particulier le bruit cité précedemment, mais on pourrait considérer un
bruit blanc en temps qui soit régulier dans sa variable spatiale, ou bien un bruit qui soit

plus faiblement irrégulier dans I'espace et le temps.

Récemment Otto et Weber [OW16] et Bailleul, Debussche et Hofmanova [BDH16] ont

étudié des EDPS quasi-linéaires dans le contexte des méthodes “trajectoire par trajectoire’

et dans une gamme de régularités superposables a celles qu’on considére dans ce chapitre.

Dans [OW16] les auteurs ont montré que 1’équation
Opu(t, ) —a(u(t, m))@%u(t, z) = f(u(t,x))&(t, x), t=0

est localement bien posée, avec une variable spatiale périodique de dimension 1 et un bruit
qui peut étre blanc en espace mais coloré dans le temps, et fonctionne essentiellement
comme une distribution de régularité parabolique (—4/3,1). Pour obtenir ce résultat ils
introduisent une notion spécifique de fonction modelée et des estimations conséquentes,

basée sur la théorie des chemins rugueux controlés.

Leur Ansatz paramétrigue est la source principale d’inspiration pour notre
travail [FG16|. D’ailleurs, cette observation fondamentale ne nécessite pas le développe-
ment d’une théorie alternative des EDPS singuliéres, qui est le sujet plus important dans
leur article, mais peut étre mise en place dans le cadre des distributions paracontrolées.
En effet, dans le chapitre 5 on montre que une extension relativement directe de la méthode
paracontrolée (appelée calcul paracontrolé non-linéaire) est suffisante pour obtenir plutot

rapidement les résultats sur les équations quasi-linéaires qui sont contenus dans leur article.

Bailleul, Debussche et Hofmanova dans [BDH16] ont montré que I’équation du modéle

d’Anderson parabolique généralisé
Ouu(t, z) — a(u(t, z))Au(t, ) = g(u(t,z))§(z)  t>0,2€T?

est bien posée. Les auteurs ont obtenu le méme résultat qu’on présente dans la section 5.4
de cette thése, sans utiliser le calcul paracontrélé non-linéaire introduit dans le chapitre 5

mais seulement des techniques du calcul paracontrélé standard et des transformations
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astucieuses. Cette simplification a comme inconvénient une certaine perte de généralité de
la méthode : par exemple une EDPS quasi-linéaire avec coefficients de diffusion (a;;);,; &
valeurs dans des matrices, c’est & dire une équation sous la forme

2
Ouu(t,3) — ais(ult, 1)) -0 ult, ) = g(ult, 7)€, £>0,0 €T
10

ne peut pas étre traitée par les techniques utilisées dans [BDH16| mais elle peut étre traitée

avec notre calcul paracontrélé non-linéaire et avec les techniques de Otto et Weber.

Plus récemment, Hairer et Gerencsér ont développé dans [GH17a] une théorie des struc-
tures de régularité paramétriques, et ils ont montré la convergence des modéles aléatoires
associés, pour résoudre une large gamme d’EDPS quasi-linéaires (y compris les équations
avec bruit trop irrégulier pour pouvoir étre analysées avec les méthodes de [FG16], [OW16]
et [BDH16]). Leur théorie généralise considérablement les travaux précédents sur les EDPS

quasi-linéaires.
Chapitre 6

Les résultats de ce chapitre ont été obtenus en collaboration avec M.Gubinelli et ils sont
apparus en prémier dans [FG18]. On y étudie la famille ’EDPS sur [0, 7] x T? et indexée
par ¢ € (0, 1] suivante :

1

Lu(t,x) = —e 2 Fu(eT uclt, z)) + no(t, 7) (3)

oll 7. est un champ aléatoire gaussien sur R x T? qui converge en loi vers le bruit blanc
espace-temps pour € — 0, et (F.). € C?(R) avec toutes ses dérivées ayant une croissance
au maximum exponentielle. On se demande si les solutions (3) convergent en loi vers une

limite us — u, et si cette limite peut s’identifier avec un objet universel.

Soit Y; la solution stationnaire de .Y, = —Y. + 7. Avec des hypothéses de convergence
des premiers 4 coefficients de la décomposition en chaos de ¢~%/2 Fg(al/ 2Y,) (et aussi des
hypotheses sur la convergence de la condition initiale up.) on montre dans ce chapitre
que les solutions de (3) convergent en loi vers une limite u. — u qui dépend seulement de
4 paramétres. Ce type de résultat s’appelle d’universalité faible : le mot universalité vient
du fait que, méme si les solutions de (3) dépendent de la fonction F; entiére (c’est a dire
par exemple qu’elles dépendent de toute la décomposition en chaos de Fy), la limite u. — u
dépend seulement d’un nombre fini de paramétres qui sont obtenus des premiers termes
de la décomposition en chaos de F.. L’adjectif faible vient du fait que la non-linéarité
doit étre asymptotiquement petite par rapport au bruit 7. (ou bien le bruit doit étre
asymptotiquement petit par rapport & la non-linéarité, mais ce cas est plus facile a traiter
et moins intéressant pour ce modeéle). Le méme résultat de convergence a été obtenu en
premier par Hairer et Xu dans [HX16], mais avec I'importante restriction de supposer que

F; soit un polynoéme Ve € (0, 1].
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On peut identifier la limite pour € — 0 des solutions de (3) avec la limite des solutions de
Pue = —A3u2 — Au — coue — de+ 1. (4)

avec A3, A2 € R et des constantes de renormalisation divergentes c, d.. Cette équation
s’appelle modele <I>§. Dans 2 dimensions le modéle ®3 a été le sujet de différents travaux
pendant plus de trente ans [JM85, AR91, DD03]. Dans le cas tridimensionnel ®4, la conver-
gence des solutions de (4) a été obtenue d’abord par Hairer [Hail4a, Hail5] et constitue une
premiére application révolutionnaire de sa théorie des structure de régularité. Un résultat
similaire a été obtenu aprés par Catellier et Chouk dans [CC13] en utilisant le calcul para-
controlé développé par Gubinelli, Imkeller et Perkowski [GIP15]. Kupiainen dans [Kupl4]

a aussi résolu cette équation en utilisant des techniques de groupe de renormalisation.

Le premier résultat d’universalité faible pour une EDPS singuliére a été donné par
Hairer et Quastel [HQ15] dans le cadre de '’equation de Kardar-Parisi-Zhang (KPZ) avec
une non-linéarité donnée par un polynoéme pair. En utilisant la théorie développée dans
ce dernier article, Hairer et Xu ont montré dans [HX16] I'universalité faible d’une famille
d’équations de réaction-diffusion tridimensionnelles dans le cas d’un bruit gaussien et
d’une non-linéarité polynomiale. L’universalité faible pour des équations de réaction-dif-
fusion perturbées par un bruit non-gaussien a été traitée par Shen et Xu dans [SX16].
La pré-publication [OGK17] analyse une version hyperbolique de I’équation de quantifi-
cation stochastique bidimensionnelle, en incluant un résultat d’universalité faible (pour

un bruit asymptotiquement petit).

Récemment, Hairer et Xu [HX18] ont obtenu une généralisation du résultat précedent
de Hairer et Quastel sur la convergence d’une certaine classe de modéles vers la solution
de I'équation KPZ [HQ15], avec des hypothéses plus générales sur la non-linéarité et une
méthode essentiellement différente de celle introduite d’abord dans [FG18]. Les techniques
que je présente dans le chapitre 6 de ma thése s’appliquent aussi bien aux modéles consid-
érées dans [HX18], et vice-versa la technique de [HX18] pourrait en principe rétrouver les

meéme resultats qui sont énoncés ici.

L’article [FG18], dont le chapitre 6 de ma thése tire son origine, est le premier &
considérer dans tous les détails un probléme d’universalité faible en utilisant la technique
des distributions paracontrolées. Cela permet de montrer que les résultats analytiques
peuvent s’obtenir facilement avec le calcul paracontrolé standard qui a été présenté dans
le chapitre 1 (en particulier dans [FG18] on se base sur la construction de Catellier et
Chouk [CC13]), et que la seule difficulté est de prouver la convergence d’un certain nombre
de champs aléatoires, ayant un développement en chaos infini, vers des objets limites
universels. La nouveauté plus importante de notre article [FG18] est le fait d’utiliser le
calcul de Malliavin [Nua06, NN10, NP12] pour analyser ces termes stochastiques sans

devoir supposer que la non-linéarité soit polynomiale comme dans [HX16].
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Introduction

The main subject of this work are Stochastic Partial Differential Equations (SPDEs), in
particular 2 and 3-dimensional nonlinear parabolic equations with very singular stochastic
forcing terms. The difficulty arising when studying the well-posedness of such equations
is that their solutions are expected to be tempered distributions in the space variable.
Indeed, it is well-known that although linear operations on Schwartz’ distributions (such
as differentiation, Fourier transform or multiplication with a smooth functions) are well
defined, there is no canonical way of defining the product of two distributions, and therefore
any nonlinearity in the equations we consider is ill-defined. Another subject of this work is
the study of the tightness of the 2-dimensional Ising magnetization field, which is performed

with techniques similar to those used for SPDEs.

The analysis of SPDEs in this work is based on the paracontrolled distributions
framework (also called paracontrolled calculus or paradifferential calculus), introduced by
Gubinelli, Imkeller and Perkowski in [GIP15]. Their work can be thought of as a gener-
alization and improvement upon the idea of controlled rough paths introduced by Gubinelli
in [Gub04], which builds on the theory of rough paths, introduced by Lyons in the sem-
inal article [Lyo98|.

We give an example of the main points of the paracontrolled distributions tech-
nique [GIP15] by considering the following equation, called continuous Parabolic Anderson
Model (PAM):

Ou—Au=u¢ u(t=0)=0, (5)

where 0 is the time derivative and A the Laplacian. & is the space white noise on the
two dimensional torus T? = (IR /2rZ)?, which can be identified formally as the centered
Gaussian random field with covariance E[{(z){(y)] = 0(z — y). The trajectories of £ are
almost surely tempered distributions in the space S'(T?). For every trajectory of &, let &
be a regularization of the white noise by convolution with a smooth function compactly
supported at scale € >0 (such that & — £ as € —0). It is not difficult to obtain solutions
ue to a regularized version of (5) for every scale € (for example by a Picard fixed-point
argument), and if the family (u).c(o,1) has a limit in some sense, we define it to be the

solution of (5).

Nevertheless, it is not possible to obtain a pathwise solution with this method, since a
solution u of (5) is not expected to be more regular than 9 = A~'¢, and this is not enough

to make the product ué well defined. Therefore, u.&. is expected to have a divergent limit.
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To overcome this difficulty, the authors of [GIP15] employ a set of functional analysis
tools that we have recalled in Chapter 1. Their first important observation is that the ill-

posed product u€ can be (formally) decomposed as a sum of Bony’s paraproducts [Bon81]:
ul=u<E{+u=E+uof

where the paraproducts u < &, u > & can be defined for every couple of tempered distri-
butions u, £ € S’ and the last term (called resonant product) is ill-defined when the sum
of the regularities of u and ¢ is below a certain threshold, which is our case (for precise
bounds on the regulariteis of u and £ in a resonant paraproduct uo & see Chapter 1). The
paraproduct decomposition above is based on a partition of unity in Fourier space of v and
&: we can indeed interpret u < ¢ as the product of ¢ with a high-frequencies cutoff of u,
which results in some sort of “amplitude modulation”. On the other hand, the term uo &
models a resonance phenomenon in which two similar frequencies interact catastrophically.

The problem now becomes that of controlling the limit u. o & for e — 0.

The second crucial observation of [GIP15], that originates from the notion of controlled
rough paths and is called accordingly paracontrolled distribution Ansatz, is a guess on the
structure of the distribution w that could solve (5). In particular, we can postulate that
u should “look like” the integral of & at small scales (high frequencies), i.e. it should be
approximated by a modulation of ¥ = A~'¢ with a more regular function «’. The Ansatz
would then be u=u’~<1 +uf with ¥, u’ to be established by equation (5) and the remainder

term ¥ more regular than u, but for technical reasons we set instead
uw=u' <9+ ul, (6)

where the modified paraproduct < coincides with < apart from a time-smoothing of the

first variable u’ to cope with the time derivative in (5).

The third point put forward in [GIP15] is that, given the Ansatz (6), u. o & can
be decomposed in such a way that the ill-posedness appears only in correspondence of
products of explicit integrals of the white noise (called enhanced noises), which do not
depend on the solution itself but just on &. The idea is then to define a limit for the
enhanced noise terms and since every other operation in (5) is well defined (thanks to the
estimations in Chapter 1), it is possible to obtain a limit u. — w in this way. More precisely,
the Ansatz (6) yields

us0 &= (ul <)o & +ulok.

i

< is regular enough in the limit € — 0 to obtain a well behaved limit of

and we assume that u
ugo & in 8’ (indeed, by substituting (6) into (5) it can be seen that ug solves a differential
equation with a more regular r.h.s, but we skip the technical details here). Thanks to the

fundamental commutator lemma of [GIP15] we can write

(ué < 195) 0f= C(ué, Ve, fe) + ué(ﬁs © 55)
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where the trilinear commutator C(-,-,-) can be extended on 8’ and the only term that can’t
be controlled analytically as e — 0 is 9. 0 &.. By postulating that the term 9. o & has a limit
in 8’ regular enough to make sense of the product u.(J: 0 £.) as e — 0, we can make sense

of the r.h.s. of (5). Indeed, we have for every € >0 the couple of paracontrolled equations

ugzué—«ﬂ—i—ug
(B — Ayue=u < E+u> €+ C(ul, e, &) +ul(Ve0 &) +ulo &

which have a solution couple (u., ug) If we assume that X; = (&, V- 0 &) converges to a
tempered distribution X which is regular enough to make sense of the equations above, we

have a limit (ul, u?) — (u/, uf) € S’ x S

This concludes the analytic part of the theory. What it is left to do, in the probabilistic
part of the theory, is to exploit stochastic cancellations on 9, o & to show that (some

renormalized version of) X, converges in probability to a limit distribution X.

We resume the situation as follows: there is no choice of Banach spaces that makes
the solution map ®: & — u. continuous, because of the ill-posedness of the product of

distributions. However, we can split ® as follows:

J i
&= Xo = oue

where ¥ is a the continous “paracontrolled” solution map which associates X. to the
i

€

but after defining the renormalized enhanced noise X = (e, V0 & —E(Ve0&:)) (where
E(¥: 0 &) diverges as € — 0) it is possible to show that X, converges in probability to a
distribution X. We have then

solutions (ul,u?) of the system of equations above. Unfortunately X. does not converge,

~

I 7
&= Xo = U

By retracing the constant E(¥. o &) added in the paracontrolled equations we recover a

renormalized version of (5) which is:
Optle — Alie = Uebe — ﬁsE(ﬁs o 55)

From the continuity of W together with the convergence in probability of X, we obtain
that the regular solutions . of the equation above converge to a distribution w which
is defined to be a solution of (5). Note that, since for every C' € R the renormalization
X. = (&, V0e0& —E(V-0&)+ C) has a convergent limit, there is actually a one-parameter
family of solutions to (5). This concludes our example of application of the paracontrolled

method to a sample equation. Both the function ¥ and the term XE are specific to the
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SPDE to be treated, and have to be shown respectively to be continuous and convergent

in probability for every model being considered.

The paracontrolled distributions technique recalled above and first introduced
in [GIP15] (see also the lecture notes [GP15]) has been used successfully to study a variety
of SPDEs, starting from generalized PAM, rough Burgers’ equation and other rough dif-
ferential equations in [GIP15]. Paracontrolled calculus has been used also to study the
KPZ equation [GP17], the dynamic ®3 model [CC13] and its global well-posedness in
time [MW17b], the global well-posedness of ®3 model [MW17a], and the spectrum of
the continuous Anderson Hamiltonian in d = 2 [AC15]. By using heat-semigroup tech-
niques, paracontrolled calculus has been extended to the manifold context by Bailleul
and Bernicot [BB15].

In the framework of the “first order” paracontrolled calculus developed in [GIP15], the
paracontrolled Ansatz (for example (6) in our equation above) is typically limited to a
first order expansion, i.e. the solution can only be para-controlled by a single stochastic
term. This limits the amount of regularity that the remainder (u in eq. (6)) can gain,
and consequently puts a lower bound on the regularity of the random driving term that is
allowed in the equation. For example eq. (5) in d =3, or with a time-space white noise, is
out of scope of the theory of [GIP15]. Recently, Bailleul and Bernicot [BB16| developed a

higher order version of paracontrolled calculus that allows to treat more singular equations.

However, apart from this recent development, the most general theory for singular
SPDEs has been developed by Hairer [Hail4a, Hail4b, FH14| under the name of reqularity
structures theory. Regularity structures are a vast generalisation of Lyons’ rough paths
which give effective tools to describe non-linear operations acting on certain spaces of dis-
tributions, their renormalization by subtraction of local singularities and their use to solve
singular SPDEs. Regularity structures have been successfully applied to all the models
mentioned so far [Hailda, Hail3|, to other models like the Sine-Gordon model [HS16]
(which however can also be handled via paracontrolled techniques) and to study weak

universality conjectures [HQ15, HX16].

Part I - Prerequisites

In the first part of this work, which spans chapters 1,2,3, we introduce some basic

concepts and develop some techniques that are widely used in the rest of the work.

In Chapter 1 we begin with introducing the Littlewood-Paley (L-P) decomposition, that
is a way of decomposing a tempered distribution f in blocks A;f with compactly supported
Fourier transform of magnitude ~2¢. The L-P blocks are then used to define Besov spaces
By ,Va€R, p,q€[1,00] and some basic properties are proved. The well-known results of

Section 1.1.1 constitute the basis for our analysis of SPDEs via paracontrolled calculus.
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A characterization of local Besov spaces on bounded domains U C RY based on
compactly supported wavelets, is given in Section 1.1.2. We discuss also the equiva-
lence between the definition of Besov spaces given in this section and similar ones given
in [Hailda, HL16|. Finally we enounce a tightness criterion for families of random dis-
tributions that will be used to study the Ising magnetization field, and give a formulation
of Kolmogorov’s continuity theorem in this setting. An advantage of working with com-
pactly supported wavelets is to be able to define local Besov spaces on U that are tolerant
to bad behaviour close to the boundary. This is useful for example when considering
families of distributions converging in a domain U’ C U that converges to U. Section 1.1.2

appeared as part of [FM17], a joint work with J-C.Mourrat.

In Section 1.1.3 we discuss the equivalence between the two definitions of Besov spaces

presented before. Section 1.2 contains the main analytic tools of paracontrolled calculus.

Chapter 2 deals with the techniques needed to estimate random fields for showing the
convergence of the enhanced noise (X; in our example eq. (5)). One of the main tools for
this task is the Wiener chaos decomposition, in which a square-integrable random variable
which is measurable with respect to the white noise, has an orthogonal decomposition as
a sum of random variables belonging to subspaces H,, Vn > 0. For random fields with a
finite chaos decomposition, one uses Nelson’s hypercontractivity property to estimate L?
norms by L? norms. The covariance of the random field obtained in this way takes the
form of a convolution of singular functions with known degree of homogeneity (and we call
it diagram in analogy with Feynman’s diagrams). This well-known procedure is explained

in Section 2.2.

In Section 2.3 we recall some results of Malliavin calculus that make it possible to

estimate random fields with an infinite chaos decomposition.

Finally, Chapter 3 contains an introduction on two closely related models: FK perco-

lation and the 2-d Ising model.

Part II - Results
Chapter 4

The content of this chapter first appeared in [FM17] as a joint work with J-C.Mourrat.
We apply the tightness criterion for random fields developed in Section 1.1.2 to study the
magnetization field of the two-dimensional Ising model at critical temperature. Let U C R?
be an open set, and for a >0, let U, := U N (aZ?). Denote by () e, the Ising spin system
at the critical temperature, with, say, + boundary condition, and define the magnetization
field

1
P,:=a 3 Z oyls,(y)
yeU,
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where S,(y) is the square centered at y of side length a. In [CGN15], the authors showed

that for U = [0, 1]2 and every ¢ > 0, the family (®a)ac(o,1] is tight in the Besov space

By %75(U ) and proceeded to discuss similar results in more general domains. They asked

in which precise function spaces the family (®4)qe(0,1] is tight. We answer this question

by showing that for every open set U C R? Ve > 0 the magnetization field is tight in
1

—1/8—¢,loc L. . . —1/84-¢,loc/ 2
B, (U) Vp, g €[l, 0], and that it is not tight in B, (R#).

It was shown recently that there exists a unique limit point to the family (®4)qe (0,1,
see [CGN15, CHI15]. Our result makes it clear that this limit is singular (even on compact
subsets) with respect to the planar Gaussian free field, since the latter takes values in
B];Z’IOC(IRQ) for every e >0 and p, g € [1, o0].

Chapter 5

This chapter draws from the paper [FG16] which is a joint work with M.Gubinelli. We
develop a nonlinear paracontrolled calculus in order to show the local well-posedness of

some quasi-linear uniformly parabolic SPDEs. We will consider mainly the two equations
Owu(t, ) —ar(u(t, z))Au(t,z) = £(z), u(0,7) =ug(z), x€T2t>0,
and the slightly more general
Opu(t,z) — ar(u(t, z))Au(t, x) = ag(u(t, x))&(x), w(0,z) =up(z), z€T%t>0

with a;: R— [\, 1], ag: R— [~ L, L] for X, L > 0 uniformly bounded C? diffusion coefficients,
and Hagk)HLoo <1 for £=0,...,3. We assume that the random noise ¢ takes values in the
Besov space ¢~ 2(T?) with 2/3 < a < 1: this would apply for example to the space white

noise on T2.

However, we show in Section 5.5 that the nonlinear paracontrolled calculus developed

in this chapter allows to deal with a class of equations of the form
as(u(t,z))owu(t, x) — ar(u(t, z))Au(t, z) = £(az(u(t, x)), t, x), reT?t>0,

where ai, a2, a3 are sufficiently smooth non-degenerate coefficients and £(z, t, z) is a

Gaussian process with covariance
E[f(z, ta 56)5(2’7 t/a xl)] = F(Z’ ZI)Q(t - tlv xr— xl)v x, x’ € Tza ta tla 2, 2! € Rv

with F' a smooth function and @ a distribution of parabolic regularity p > —4 /3. This
includes as a special case the space white noise discussed before, but we could consider a
time white noise with a regular dependence on the space variable, or some noise which is

mildly irregular in space and time.
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Recently Otto and Weber [OW16] and Bailleul, Debussche and Hofmanova [BDH16]
investigated quasilinear SPDEs in the context of pathwise methods and in a range of

regularities compatible with the ones we consider in this chapter.

In [OW16] the authors obtained a local well-posedness result for equations of the form
ou(t, x) — a(u(t, ))0%u(t, ) = f(u(t,z))E(t, ), t>0

where the space variable belongs to a one dimensional periodic domain and the noise can
be white in time but colored in space, essentially behaving like a distribution of parabolic
regularity in (—4/3,1). In order to do that they introduce a specific notion of modelled
function and related estimates. Their parametric controlled Ansatz is the main source of
inspiration for the work [FG16]. However, this fundamental observation does not necessi-
tate the development of an alternative theory for singular SPDEs, which is the main aim
of their work, and can be employed in a paracontrolled distributions framework. Indeed,
in Chapter 5 (as done in [FG16]) we show that a relatively straightfoward extension of
the paracontrolled approach is sufficient to retrieve quite directly the results on quasilinear

equations contained in their paper.

Bailleul, Debussche and Hofmanova in [BDH16| obtained local well-posedness for the

generalised parabolic Anderson model equation
Owu(t, ) — a(u(t, ) Au(t, =) = g(u(t,z))§(z)  t>0,2€T%

The authors obtained the same result as the one presented in Section 5.4 of our work,
without the machinery of nonlinear paraproducts introduced here, but using only the basic
tools of paracontrolled analysis and some clever transformations. This simplicity comes
with a loss of generality, for example a quasilinear SPDE with matrix-valued diffusion

coefficients (a;;);,;, i.e. an equation of the form

2

atu(t7x) - al](u(tax))%aaj]u(ta Z’) = g(U(t,.T))f, t= 0,.’E € Tza

is out of reach of the techniques used in [BDH16], while can be treated with our techniques

and by Otto and Weber’s approach.

More recently, Hairer and Gerencsér in [GH17a| developed a theory of parameter-
dependent regularity structures, and the corresponding convergence of random models,
to solve a wide range of quasilinear SPDEs (including in particular those with noise regu-
larity that is out of reach of the methods of [FG16], [OW16] and [BDH16]). Their theory

generalizes greatly the previous work on quasilinear SPDEs.
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Chapter 6

The content of this chapter first appeared in [FG18] (joint work with M.Gubinelli). We
study the following family of SPDEs on [0, 7] x T? indexed on ¢ € (0, 1]

3 1

Lug(t,r)=—e 2 Fe(e2u(t,x)) + n(t, ) (7)

with 7. a stationary centered Gaussian field on R x T? converging in law to the time-space
white noise for ¢ — 0, and (F.). C C(R) with all derivatives having at most exponential

growth.

Let Y be the stationary solution to .Y, = —Y. + 7.. Under some assumptions on the
convergence of the first 4 Wiener chaos decomposition coefficients of e~3/2 F.(¢'/2Y;) (and
the convergence of the initial conditions ug ), we show that the solutions of (7) have a
limit u. — w in law that depends just on 4 parameters. This kind of result is called weak
universality: the universality comes from the fact that solutions of (7) for a finite € depend
on the whole function F; (for example from its complete chaos decomposition), but the
limit u. — u depends only on a finite number of parameters that are obtained from the
first chaos coefficients of F;. The adjective weak comes from the fact that we are restricted
to nonlinearities that become asymptotically small with respect to the noise 7.. This
convergence result was first obtained by Hairer and Xu [HX16], but with the important

restriction of assuming F. to be a polynomial Ve > 0.

The limit of the solutions u. of (7) coincides with the limit of the solution of
Pue = —A3ul — Au — coue — de+ 1. (8)

for A3, A2 € R and diverging renormalization constants c., d.. This equation is called the
<I>§ model. In two dimensions, the ®3 model has been subject of various studies for more
than thirty years [JM85, AR91, DDO03|. For the three dimensional case, the convergence
of the solutions to (8) is originally due to Hairer [Hail4a, Hail5] and constitute one of the
first groundbreaking applications of his theory of regularity structures. A similar result
was later obtained by Catellier and Chouk [CC13] using the paracontrolled approach of
Gubinelli, Imkeller and Perkowski [GIP15]. Kupiainen [Kup14| described a third approach

using renormalization group ideas.

The first result of weak universality for a singular SPDE has been given by Hairer and
Quastel [HQ15] in the context the Kardar—Parisi-Zhang (KPZ) equation in the case of a
polynomial non-linearity. Using the machinery developed there, Hairer and Xu [HX16]
proved a weak universality result for three dimensional reaction—diffusion equations in the
case of Gaussian noise and a polynomial non-linearity, within the context of regularity
structures. Weak universality for reaction—diffusion equations driven by non Gaussian noise
is analysed by Shen and Xu [SX16]. The recent preprint [OGK17] analyzes an hyperbolic
version of the stochastic quantisation equation in two dimensions, including the associated

universality in the small noise regime.
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Recently, Hairer and Xu [HX18| generalized the result of Hairer et Quastel on the
convergence of a certain class of models to the solution of the KPZ equation [HQ15]. They
use more general hypoteses for the nonlinearity (in particular eliminating the need for it
to be polynomial). Their approach differs substantially from ours, but could in principle
retrieve the same results as [FG18]. Conversely, it possible to show the convergence of the
family of equations considered in [HX18] to the KPZ equation using the theory we first
developed in [FG18].

The paper [FG18], from which this chapter is derived, is the first to consider in detail
the weak universality problem with the technique of paracontrolled distributions, showing
that on the analytic side the a priori estimates can be obtained via standard arguments
(we rely in particular on the paracontrolled construction of [CC13|) and that the major
difficulty is related to showing the convergence of a finite number of random fields with
infinite chaos decomposition to universal limiting objects. The main novelty of our work
is the use of Malliavin calculus [Nua06, NN10, NP12] to perform the analysis of these

stochastic terms without requiring the non-linearity to be polynomial as in [HX16].
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Chapter 1

Besov spaces and paracontrolled calculus

1.1 Besov spaces

In this chapter we present two different (but equivalent) characterizations of nonhomoge-
neous Besov spaces B} , (with p, ¢ € [1,00], @ € R) and recall some well-known properties
of these spaces. A good book on Littlewood-Paley theory applied to Besov spaces is the
one by Bahouri, Chemin and Danchin [BCD11|. The discussion on Besov spaces defined
via compactly supported wavelets is taken from the article [FM17], which draws some
results from [HL16], [Hail4a], [Mey92]. We will consider Besov spaces on either R? an
open bounded domain U C R? or the d-dimensional torus T%:= (R /2rZ)¢. All the results
for Besov spaces on R? also hold mutatis mutandis for T¢.

We begin by introducing some general notation. If v = (up)nes is a family of real
numbers indexed by a countable set I, and p € [1, 00|, we write

luller= Y Tunl?)'/?,

nel

with the usual interpretation as a supremum when p=oc. We write B(z, R) for the open
Euclidean ball centred at z and of radius R. For every open set U C R% and n € NU{oc},
we write C™(U) to denote the set of n times continuously differentiable functions on U,
and CZ(U) the subset of C"(U) of functions with compact support. We simply write C"
and C? for C*(RY) and C*(RR?) respectively. For f € C™, we write

1fllen:= " 110" fllze,

la|<n

where the sum is over multi-indices a € N¢.

1.1.1 Characterization of Besov spaces via Littlewood-Paley theory

In this section we present a definition of Besov spaces based on Littlewood-Paley decom-
position. Due to its localization in Fourier space, this characterization is best suited to
introduce Bony’s paraproducts (Section 1.2).

Let’s start with showing that it is possible to construct a smooth partition of unity in R¢
made of functions with support in concentric annuli, such that in every point there are at
most two overlapping functions. An annulus A(r, R) in R? is defined Y0 < r < R as follows:

A(r,R):={z e RYr <|z|<R}.

Proposition 1.1. (dyadic partition of unity)
There exist radial functions x, p € C2° with values in [0,1] and constants r, R, R’ € Rt

31
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such that
supp p C A(r, R),
supp x C B(0, ')
and for every x € R%:
1= x(@)+Y p2a)
j=20
with a locally finite sum. Also, if |j— j'| =2 then:

supp p(277 ) Nsupp p(277"-) = @ (1.1)
and if 7> 1:
supp x Nsupp p(277-) =& (1.2)
In particular, we can take r=3/4, R=8/3, R'=4/3.

Proof. The proof is well known, here we follow [BCD11]. Fix a € (1,4/3). Choose a radial
function 6 € C>°(IR%) such that supp 6 C . A(3/4,4/3) and 0] 4(a—1,20)=1 (such a function
trivially exists). The property (1.1) is verified by the different scalings of #, and defining

the function ©(z) := ZJEZH(Q*]' x) we see that this sum is locally finite on R? — {0}. We

have also UjGZZjA(a_l, 2a) =R — {0}, and then ©(z)#0 for every z € R — {0}. Thus,
by the continuity of ©, we can affirm that © >0 on R%. We define for every j >0:
0
p = =)
X = 1= p(277")
Jj=0
It is now straightforward to show that p and x have the desired properties. O

Remark 1.2. It is worth noting that for all the results of Littlewood-Paley theory it is
not important what the functions p and x are, as long as they satisfy the conditions given
in Proposition 1.1.

We adopt the following normalization for the Fourier transform F: L'(R?) — L>(R%):

FO=F10) = [ e @)
Frlgo) = rt [ g
R4

and we extend it by duality to the space of tempered distributions S’(IR%).

Littlewood-Paley decomposition

Definition 1.3. (Littlewood-Paley blocks)
Let u€ S'(R%Y), for every j €N the Littlewood-Paley blocks are defined as follows:

A qu = FYxa)
Aju = F N (p(29 ) a)

We also define the high-frequence cut-off operator S;: S'(R?) — S’(RY) for j€N as

Sju:= Z Agu (1.3)

k<j—1
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Remark 1.4. Note that Vj € N:

Aif@)= [ Kol iy, Sif@)= [ P sy (14)
with

Kialy) = 2K (e —), Pra()i= Y Kyl

where K =F ~!p and K_1 ,(y)=F 'x(z — y). Here K and F~!y are radially symmetric
and belong to the Schwartz space S(R) of smooth rapidly decreasing functions (since it
can be seen easily that the Fourier transform is a continuous endomorphism on S(R%)

C&(RY)).
From Plancherel’s theorem one obtains then Yz € R%, j € N:
[ Kiawdy = [ 2y
R4 R4

= (2n)%(s, p(277))
=0

since p is supported away from zero (and 6 € S'(R%) is the Dirac’s delta), and

/ P;o(y)dy = / Fx(y)dy
R4 R4
=1

since x(0) =1 by construction.

Remark 1.5. From Young’s inequality for convolutions it is easy to see that there exists
a positive constant M € R such that Vj > —1, Vp € [1, o0]

1Afllr < M| fllLr
1S5 le < M| flr

since || K o|[p1=[|K|[1 and [P o] 2= ([P |2 V5 = 0.

Lemma 1.6. (S’ convergence of L-P decomposition)
Let u € S'(RY), then lim, s o Z?)q Aju=u.

Proof.
The operator A} is self-adjoint since the Fourier transform is self-adjont. Therefore we
obtain

[(Snu—u, p)|=[{u,Snp— @) S||Sne — ¢llsk

Vk € N, where we introduced the seminorm

l¢lls,k:= sup sup (1+[z])*|0%(z)|.
x€R? |a|<k

with the derivative on a multi index a = (ay, ..., ag) as usual: 9% = 9™ --- 9%. Since the
Fourier transform is a continuous operator over § it is enough to show that F(S,¢)
converges to F(¢) in S. From the definition of the L-P blocks A; we have

F(Snp)=xp+>_ p(277)¢.
=0
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From the properties of the dyadic partition of unity given in Proposition 1.1 we see that
there exists R >0 such that

F(Sh

@ Vx € BS(0,2" R),
F(Snp)(z)=

Vz € B(0,2" 1 R),

SN—
—
8
N~—
I
i)

x(x)+ p(277x)=p(27"x) Vz € B(0,2" R)\B(0,2" "' R).
§=0

Within the proof we note Ban:= B(0,2"R). We proceed to estimate F (S, ¢) — F(p) on
the three separate regions Byn-1, Ban\Bgn—1 and (Ban)®. On Byn-1 this term is zero, on
(Ban)© it is equal to ¢ € S(R?) and thus decreases more rapidly than any rational function
at infinity, and on Ban\ Byn-1 its derivatives are bounded by a 27" coefficient (because the
annuli 2/ A become wider as well as larger). We obtain then for every k € N:

[F(Sn e = @)lsk=

= sup sup (1+[z)F|0%[p(27"x) (a) + p(27"z) P(z) — ()]
z€(Byn—1)° la|<k

sup  sup (1+[z])*0°¢(x)| +
2 € (Ban)e lal<h
+  sup sup (L4 |z))*0°[p(27"2) ¢(2) — ¢ ()]

x€Bon\Byn—1 |a|<k

sup sup (1+[z)*[0°p(x)[+  sup  sup (1+|2])*[0 @(2)]
2 €(Ban)° |a| <k xGBQn\Banl la|<k

+ sup o sup (T |z)F| Y0 Gho (27 a) 0P ()|
z€Byn\Byn -1 |a|<k b <|al

S swp (Tfe) T @ls ke + 272 s
Z‘E(an—l)c

N

N

which converges to zero for n— +oc. O

Remark 1.7. The Littlewood-Paley blocks A ju are smooth functions for every u € S’'(RY),
j = —1. This follows from the Paley-Wiener-Schwartz theorem (see [Hor03, Th.7.1.14
and 7.3.1]) since the blocks A ju have compactly supported Fourier transform. Another way
to see that Aju is smooth is by noting that for every u €S’ (RY) there exists a continuous
function f and a € N¢ such that V¢ € S(R9):

(u ) = / (—1)lel £ (2)(0%) (x)dx

(see [RS80, Th.V.10] for the proof). Then since Aju=n;*u with n; € C*®°(RY) it is easy
to see that Vb € N?

A u(y) = D+ uly) = / (1)l f(2)a+ o, (y — a).

Distributions with compactly supported Fourier transform
We recall here some properties of functions with compactly supported Fourier trans-
form, which will be useful in the following.

Lemma 1.8. (Bernstein inequalities)
Let A be an annulus and B(0, R) a ball in R? (for some R>0). Then there exists C >0
such that Yk € N, VA >0 and for every 1 < p< g< +o0:

1. if fELP and supp f C AB(0,R) then:

] —
sup [9f o < -+ AHGT) 7y
la|<k



1.1 BESOV SPACES 35

2. if f€LP and supp f CAA then:

N[ flloe < CF+ 1 sup [ 0°f || v

la|<k

Proof. The idea of the proof is that, when deriving k£ times the function f, one obtains
a term of order z¥ in its Fourier transform, which has to be roughly the same size of the
support of f (which is contained in either A B(0, R) or A A) and this explains the factor

M. The factor \¥/P=%/4 i simply due to the different scaling behaviour of the L? and
L9 norms. To prove point 1, let A =1. Let ¥ € CS° supported on a ball of R? such that
f=fv,and thus f=gx f with g=F (1)) as well as §f = d%g« f for every multi-index
a € N%. From Young’s inequality ||0%f ||« < ||0% || || f||z» with 1/ g+1=1/p+1/r. From
Holder’s inequality ||0% |- < ||(1 + |z]?) = ||(1 + |z|?)¢ 0%g||L=. By interpolation and
Young’s inequality for products 3C > 0 such that:

[0%[r < N10% || 1 +110%g || L
Cll(+[-*) 0]l o

Cllid = A)¥ ) [

<
<
<
< CkJrl

since x% can be estimated in L*° on the support of 1. Let now supp f C A B(0, R) with
A 1. Defining h(z) = f(A~' 2) we obtain F(h) = (f)(X-) and then by applying on h the
inequality above we obtain the first claim.

To show point 2, let as before A=1. We have for every z € R%:

F@) = [a| 7% f(2) [(an)(=izr) + ..+ (iza) (=i za)]*
= |z[2Ff(2) ) Aa(iz)* (i) (1.5)

with A, = k . If 9 € C2° with support contained in an annulus is chosen such that
o ¢ pp

f f’l/) then .
f@)= Y (o i) g v (1.6)

la|=k

and applying the inverse Fourier transform we obtain
PR LRI DI

where g, =F (A, Cia)? P(x)). We can estimate as before (since Zlalzk Ay =d")

‘ ‘Qk

Y llgallzr < O+ )90l

< Y Allid—A) %w(@llm
. C]Lajrlk

to obtain

I fllLe < C*' sup [|9°f | Lo

la|=k
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and the second claim follows from the same scaling argument as above. O

One can ask when a collection of smooth functions with compactly supported Fourier
transforms converges in S’. The following lemma answers this question.

Lemma 1.9.
Let (uj)jen be a collection of C™ functions with Fourier transform supported on
rescaled annuli 29 A. If there exists n € N such that:

sup (277" |ug | 1<) < +o0
jEN

then there exists u €S’ such that

n
S/
Z Uj— U as n— +00.
j=0

Proof. As in the proof of Lemma 1.8 we can write Vk € N:

uj(x) = Z FH (i x) 0] % 2997F) g, (27 )
la|=k

= Z 29(d=k) g.(21 ) % %,
la|=k

We have for every ¢ € S(R%):

(uj, p)=277% Y " (uj, 27" ga(~27 )+ (~0)*p)

la|=k
and then:
[(ug o)l < 2795 37 Jlugllzeellgall 21| 0%l 0
la|=k
< 277K2m N (|0 1
lal=k
Choosing k > n the sequence converges. O

Besov spaces: definition and first properties
The reason we introduced the Littlewood-Paley decomposition is to be able to define
Besov spaces as follows:

Definition 1.10. (Besov spaces via L-P decomposition)

Let a €R, 1< p,g< 0. A tempered distribution u € S'(R?) belongs to the Besov space
BY (RY) if the norm

lullBg , = (271 A jullzr) j>-1lles (1.7)

is finite. We note & := Bg, , with the following norm:
|ullge= sup 27 ||Aju oo . (1.8)
Jjz-1
The local Besov space B;’CIIOC(U ) is the completion of C*°(U) with respect to the family of
semi-norms
Feolx fllss

indezxed by x € C°(U).
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Remark 1.11. Besov spaces are Banach spaces [BCD11, Th.2.72] and for p, g € [1, +00)
C(RY) is dense in BY , for every a € R [BCD11, Prop.2.74]. In particular BY ,(R?) is
separable for p, ¢ both finite. It is easy to see that if p =00 or ¢= oo the space By q(le)
is not separable (since neither L® nor ¢*° are separable).

Remark 1.12. and it is easy to show that they are independent from the choice of a dyadic
partition of unity. Indeed, let (x’, p’) a partition of unity that satisfies (1.1) and (1.2) and
A'j its corresponding Littlewood-Paley blocks for j > —1. Then Then there exists ng € N
such that for every |j — j'| > no:

supp p(277-) Nsupp p'(277+) =

supp x Nsupp p'(277 )
supp p(277-) Nsupp x' =

Il
s s

Then Yu € S’

27| Ajullr S 29 > [ Agulre
|k—jl<no

S D Tngng (G — R 1Ak Lo
k>—1

and therefore by Young’s inequality

127 A | r)j>-1llen S 125 | Akull o)k > llea

We remark that BS, o coincides with the usual Holder space when « is positive and
not integer. Spaces BS, o, for o> 0 are called Zygmund spaces [Tri92].

Proposition 1.13. Let a € (0,1), n€N. Then
BLL(RY) =™ (RY)
where C™(RY) is the Hélder space of C™(R?Y) functions such that

|0°f (x) — 0f (y)]

g ) < 400

[ Flleme= sup ([|0°f ||z + sup

la]<n TFy

If a € N we have C*(R?) C BE (R?) and the inclusion is strict.

Proof. We start proving the second claim. Let f € C"(IR%). By Bernstein inequalities:

1f 1Bz, .= sup 27 A; f Lo S sup [0 flze=1| fllcn

j=>—1 la|<n
To show that C" C B, , let Vo € R? and
1 i27 —i2J
u?(x) - inQnJ[ i ( 1)n ' xl]

Then supj>—1 ||u}|[re < 27! and Vj > 0 u} has Fourier transform supported in a
rescaled annulus 2/.4. Then by Lemma 1.9 there exists u € S'(R?) such that u = Z uy,
and u € B, (R?), but

> 12 O] =

Jisal..
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Let now f € B with a € (0,1). Then for every multi-index b such that [b| <n we
have, again by Bernstein inequalities:

1P2; Iz <270 £ | g (1.9)

and then Zj 8”Aj f converges in L, and as the derivative is a continuous operator on S’
we obtain that f € C". We obtain:

k

0°f(y+1) —0"f(y)| 3 |0°A;f (y+h) — 0°A;f (y)
R = R
by 1200
j=2k+1

with &> —1 such that 2=+ < || <27% (if || > 2 just choose j =—2). Then using the
bound (1.9) for the second term, and

0°Af (y + h) — A f (y)| S 29V A ]| o< B

on the first term we obtain:

ab +'h __ab a @ n+aoa -«
‘ f(y ‘h)‘oz f(y)| < Hf||B”+a Z 91— |h|1 + Z 9—3i(n+ |h| )
j=—1 j=k+1
S I fllgrra

Conversely, let f€C™. We have ||A_y f[|re <[ f|L and for every j >0 again by Bern-
stein inequalities one obtains [|A;f]| e < 27"supjp <n [|0°A; f || Loo. As noted in Remark 1.4
the kernel K; associated to A; has zero mass, and then:

A f(x) = / K 2(y) [0 () — 8f ()] dy

< [ fllena 27 / K2z —y)) |z - ylody
< 2703)| flne.

This yields | ]| guse S [1f lome. 0

Another well-known characterization of Besov spaces worth noting is their relation
with Sobolev spaces. We define the Sobolev space H*(R%) as the tempered distributions
u € S'(R%) such that @ € L (R?%) and

fulfioi= [ 1+ l2)ia) Pde < +oc.

Proposition 1.14. H*(R?) = BS5(RY).
Proof. Let u € H*(RY). Then by Plancherel’s theorem

[/ (1+ 2 )71+ [2[2)°] (2 7)) e
Re

27% ||ul| g .

1Al 2

AN
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Conversely, let u € BS'5(IR%). Then 4 € Lf,(R?) and denoting as p;= p(277-) for j >0 and
p—1=x the dyadic partition of unity we have:

fulle = [ I3 ps@i@P+lePrda

j=z-1

S D 2 Az
j>—1

Remark 1.15. One can see immediately that V1 < p, ¢ <400 and a<

g, S 15

and for ¢ <r from the continuous embedding ¢?— ¢" it follows

IlBg, S g, -

p,r
The following result generalizes Sobolev embeddings to the Besov setting:

Proposition 1.16. (Besov embedding)
Let 1< p1<pa<+00, 1 <1 < < +0 and o € R. Then the space Bg‘hql(Rd) 18
1 1
aid(ﬂig)(ﬂ{d)‘

continuously embedded in the space B, .,

Proof. The proof follows from Bernstein inequalities (Lemma 1.8) and the fact that ¢%
is continuously embedded in £%2. O

1.1.2 Characterization of local Besov spaces via wavelets

In this section we give an alternative definition of Besov spaces, based on a decomposition
on compactly supported wavelets (Daubechies’ wavelets). Due to its localization, this
characterization is best suited to define local Besov spaces on a bounded domain U C R¢
and prove a tightness criterion (Theorem 1.46) in this framework. We also give a continuity
criterion (analogous to Kolmogorov’s continuity theorem, Proposition 1.49).

We define the Holder space of exponent a < 0 very similarly to [Hail4a, Definition 3.7].

Definition 1.17. (Besov-Holder spaces of negative regularity)
Let <0, ro:=—|a], and

0. ={neC:||n|cro<1and suppn C B(0,1)}.
For every f € CZ°, denote
-

I fllca:= sup sup sup A™¢ f)\*d?7<T>. (1.10)
Ae(0,1] z€RY ne B0 Rd

The Holder space C*(IR?) is the completion of Ce°(RY) with respect to the norm ||-||co. For
every open set U C RY, the local Holder space Cioo(U) is the completion of C*(U) with
respect to the family of seminorms

felix fllees
where x ranges in C(U).
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Remark 1.18. By definition, an element of C defines a continuous mapping on
{n(-—x)eCr:z e R’ ||n]lcro < 1and supp 7y C B(0,1)}

and taking values in R. It is straightforward to extend this mapping to a linear form on
C°. In particular, we may and will think of C“ as a subset of the dual of C2°. Similarly,
the space Cloc(U) can be seen as a subset of the dual of C2°(U).

Remark 1.19. As will be seen shortly, the topology of Cioc(U) is metrisable.

Definition 1.20. A multiresolution analysis of L%(R%) is an increasing sequence (Vy)nez
of subspaces of L*(R?), together with a scaling function ¢ € L2(RY), such that

o U,cz Vo is dense in LA(RY), ,czVa={0};
o feVyifand onlyif f (27" )€ Vy;

o (¢(- —k))pega is an orthonormal basis of Vj.

Definition 1.21. A multiresolution analysis is called r-regular (r € N) if its scaling
function ¢ can be chosen in such a way that

0% $(2)| < Cry (14 J2) 7™
for every integer m and for every multi-index k € N with |k|<r.

While a given sequence (V;,) can be associated with several different scaling functions
to form a multiresolution analysis, a multiresolution analysis is entirely determined by the
knowledge of its scaling function. We denote by W,, the orthogonal complement of V;, in
Va1

Theorem 1.22. (compactly supported wavelets) For every positive integer r, there
exist ¢, (w(z))1<i<2d such that

o 0, (w(i))i<2d all belong to C¥;
e ¢ is the scaling function of a multiresolution analysis (V;,);

° (w(i)( - k))i<2d7kezd 18 an orthonormal basis of Wj.

This result is due to [Dau88] (see also e.g. [Pin01, Chapter 6]). We recall that a wavelet
basis on R can be constructed from one on R by taking products of wavelet functions for
each coordinate. We also recall from [Mey92, Theorem 2.6.4] that for every multi-index

B € N9 such that |3]| <r and every i <24, we have
/x%@)(x) dz=0. (1.11)

Except for Theorem 1.22, (1.11) and Proposition 1.35, this section is self-contained. From

now on, we fix both » € N and a wavelet basis ¢, (w(i))i<2d € C7, as obtained with
Theorem 1.22. Let R be such that

supp $ CB(0,R),  suppyV CB(0,R) (i <2%). (1.12)
For any n € Z and z € R?, if we define

Ona(y) =292 ¢ (2" (y — z)) (1.13)
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and A, =7Z%/2", then (én,2)zen,, is an orthonormal basis of V,,. Similarly, we define

W) (y) i= 202 @ (2n (y — 2)),

so that (1/)7(1i7)x)i<2d,zeAn,n€Z is an orthonormal basis of L%(R?). For f < L?(R%), we set

vna = (fbne) Wl = (F, 0, (1.14)

where (-, -) is the scalar product on L?(R%). Denoting by 7, and #/, the orthogonal
projections on V,,, W, respectively, we have

Vnf = Z Un,z(f) On,z W onf = Z wg)x(f) wg,)z’ (1.15)

K
Z‘eAn Z‘<2d7l‘€A"

and for every k € 7Z,

+oo
F=71f+> Vnf (1.16)
in L2(RY). e

Definition 1.23. (Besov spaces via wavelet decomposition)
Let « €R, |a| <7 and p, q € [1,00]. The Besov space By, is the completion of C° with
respect to the norm

1l = 170 f lLe + 122" 1770 f || L) nenllea- (1.17)

The local Besov space B;’}JOC(U ) is the completion of C>°(U) with respect to the family of
S$emi-norms

f=lx flisg,
indezxed by x € C°(U).

Remark 1.24. By taking the closure of a family of smooth compactly supported functions,
the present definition has the advantage of making the space separable for every p, q.
However, in Section 1.1.3 we outline a proof of the equivalence between the norms of
Definition 1.17 and Definition 1.10. Thus, assuming that 3C > 0 such that

CHf sy, < I flsg, <Clflsg,

for every f € C¢Z°, one can see that B) , coincides with B, 4 if both p and ¢ are finite,
because C¢° is dense in By , as discussed in Remark 1.11.

Remark 1.25. A different notion of Holder space on a bounded domain U C RY, encoding
more precise weighted information on the size of the distribution as one gets closer and
closer to the boundary of the domain, has been introduced in the very recent work [GH17b].

Remark 1.26. The space Bgﬂ of Definition 1.23 does not depend on the choice of the
multiresolution analysis, in the sense that for any r > |«/|, any different r-regular multires-
olution analysis yields an equivalent norm. This will be made explicit in Section 1.1.3 by
comparing By, , with the space By , given in Definition 1.10. Recall that throughout this
section we fix r € N, and consider Besov spaces By, , with a € R, |a| <.

Remark 1.27. We can obtain inequalities between norms as done in the previous section.
It is clear from Definition 1.23 that if a1 <as€R and ¢ > g2 € [1, 00|, then

| £llses, <ClFllgze
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where C'is independent of f € Cg°. In particular, the space B;,qu is continuously embedded
in Bpy,. Similarly, for p; < pe, ¢ €[1, 00] and for a given x € C°, there exists a constant
C < oo such that for every f e Cg°,

<Clx flisg

P2,q’

Ix flisg

P1,49

Indeed, this is a consequence of Jensen’s inequality and the fact that for each n € N, the
support of #,,(x f) is contained in the bounded set 2R+ suppx. Hence, the space B;‘QIZC(U)
is continuously embedded in B;’ ZC(U).

The finiteness of || f[|sg , can be expressed in terms of the magnitude of the coefficients

no( f) and w ().

Proposition 1.28. (Besov spaces via wavelet coefficients) For every p € [1,00], there
exists C € (0,00) such that for every f € CS° and every n € Z,

dn(+-1
7 f lr <2 (ne e 0 <C 17 uf v, (118)

CN I ufllor < 2™ (3 )H(

Ficotzen oo SC N7 nf Lo (1.19)

Proof. We will prove just (1.18) in detail, since (1.19) follows in the same way. (See also
[Mey92, Proposition 6.10].) Recalling the definition of the constant R >0 in (1.12), we have
supp¢n, 2 C B (2,27 " R) and thus, for every y € R,

Vuf(y)= Z 'Un,:r(f) ¢n,x(y) (1.20)
€A, x€B(y,27"R)

Let p < +oo. Since the sum ) is finite uniformly over n, we can use

€A, x€B(y,2 "R)

Jensen’s inequality to obtain:
P
S ) dualw)

17 wf 0= /
€N, x€B(y,27"R)

/ Z [Vn,2(f) Pn,x(y)|Pdy

€N, z€B(y,2 "R)

ST lonap [ onatulay

zEA, B(xz,2—
S (vne flaeen i [[én,oll 2o

The leftmost inequality of (1.18) follows from the scaling properties of ¢y, 9, namely:

dn(L_L
16 allr=2" G 0010 (1.21)

For p=+o00 we estimate || 7, f || L using

70 f () SR sup [vn,a flldn,e (W) S 16n,09) Lo sup |vp,e f]-

TEA, zEA,

This yields the upper bound for || 7, f || L».
As for the rightmost inequality, notice that vy, o(7 nf) =vn o f, that is,

O f = /% () dy.

Let p < +oo and p’ be its conjugate exponent. By Holder’s inequality

on,a fI<0nzll por 170 f g, 2nm)ller,



1.1 BESOV SPACES 43

and moreover,

> /\an(y)\pﬂg(x,znR>(y)dy—/\7nf(y)\p > Ip@enry®dySI17 nf 17

TEA, zEA,

dn(t—2L _dn(Li_1
By (1.21), we have ||¢p 2|, S 2 "a ):2 n(2 ")7 and this concludes the proof for the
case p < +o00. For p=-+00, we just notice that |vy » f| < || 7 nfllLol On,zl L1 O

»)
n>k

is equivalent to that in (1.17). This is easy to show using Proposition 1.28 and the definition
of multiresolution analysis.

Remark 1.29. For each k € Z, the norm

<2om 2™(375)| (10

n,r f)i<2d,x6/\"

1 g = 0.z Foenler+

va

As we now show, for a <0, the Besov space B0 of Definition 1.23 coincides with the
Besov-Hélder space C* given by Definition 1.17.

Proposition 1.30. Let o <0. There exist C1,Ca € (0,00) such that for every f € C°, we
have

Cill fllce <11 £ llBg, oo < Col fllce- (1.22)

Proof. The result is classical and proved e.g. in [Hail4a, Proposition 3.20]. We recall the
proof for the reader’s convenience. One can check that there exists C' € R such that for
every f€C®, neZ and z € RY,

dn .
20m22 | f| < C|flce, (1.23)

and this yields the second inequality in (1.22).
Conversely, we let f € C* satisfy || |z, < 1. We aim to show that there exists a

constant C' € R (independent of f) such that for every y € R%, n € £ (with o= —|a])

and A € (0, 1], we have
—a—d Y)Y\«

We write 7y 4 :=A"%¢n((- —y) /), and observe that

/ F = (00 f) @oamy)+ 3 50 S @l ) @?my).

rE€Ag <29 n>0 z€A,

We consider only the second term of the sum above, as the first one can be obtained with
the same technique. By the definition of || f||g= _, for every n >0, we have

dn .
22 [l fl<C27em, (1.24)
By a Taylor expansion of 1 of order ro <r around z — y, and recalling (1.11), we obtain
dn .
2N = 22 |wl) gy, | <O 2o A\, (1.25)

and by the boundedness of the L! norm of 7, , we have

dn .
2 >N = 27 |wl) n,l<CO2 (1.26)
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dn .
The same bounds hold for 22 |vg ;75 4|. In order for wff,)z 7,y to be non-zero, we must
have |z — y| < C (AV27"). By splitting the sum over n >0 one can observe that if 27" <\
the sum ) e, has less than C' 29" terms, and if 27" > X it has less than C' terms, and

therefore the results follows from the estimations (1.25) and (1.26). O

Remark 1.31. Notice that we can replace rg = —|a| by a generic integer r > |a| in
Definition 1.17, obtaining an equivalent norm. Indeed, Proposition 1.30 shows that it
suffices to control the behavior of f against shifted and rescaled versions of the wavelet
functions ¢ and w(i).

We now present an equivalent norm H||€g for Besov spaces, which reduces to Defini-
tion 1.17 in the case p=o0.

Definition 1.32. ([HL16, Definition 2.5]) Let f € C°. For every a<0 and p € [1, <]
we introduce the norm

sup [(f, 7x2)]

[ flleg:= sup A7
UISEAN

A€(0,1]

LP(dz)
with Ny = A"In(A\"Y(- —x)) and Z,, as in Definition 1.17.
The following is a straightforward generalization of Proposition 1.30.

Proposition 1.33. (J[HL16, Proposition 2.6]) Let a < 0. There exist C1, Cy € (0, 00)
such that for every f € CZ°, we have

Cill fllea <1 fllBg .. < Col| flleg- (1.27)

Remark 1.34. In view of propositions 1.30 and 1.33, when « < 0, we write

éa = Bgo,om
Cloc(U) = BRIV,

and we set Vo € R

C* = B
Choe(U) = BL(U)
£ = B

ca,loc . pa,loc
EXlU) = BN

The following proposition is a weak manifestation of the multiplicative structure of
Besov spaces, which is exposed in more details in Section 1.2.1.

Proposition 1.35. (multiplication by a smooth function)
Let r > || and p, q € [1, 00|. For every x € C, the mapping f — xf extends to a
continuous functional from By, 4 to itself.

Proof. We give a complete proof just for @« < 0 and p = ¢ = oco. The general case
is a consequence of the paraproduct estimates of Proposition 1.56 and the equivalence
between wavelet-Besov norms ||-[|ga  and Littlewood-Paley-Besov norms ||-|| ga , discussed
in Section 1.1.3.

Let then f e Cg° and consider the integral

3 [ 1) xw o 55 dy
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For every A > 0 and = € R% define 7 as: ﬁ)\m(%) = X(y)n(%) Then 7 ,(2) =
x(z A+ 2)n(2) for z € R% One can notice that xz € C.° and supp 7 , C supp 7. Hence,

by Proposition 1.30, there exists C' >0 (possibly different in every line) such that:

3 [ 1) x(w) o 55 dy <O el el

<OX| flleallx(r - Yo
<OX| flleallx o

uniformly over f e Cg® A€ (0,1], n€ %™ and = € R%. The result follows by the fact that
C° is dense in C”. O

Remark 1.36. The notion of a complete space makes sense for arbitrary topological
vector spaces, since a description of neighbourhoods of the origin is sufficient for defining
what a Cauchy sequence is. Yet, in our present setting, the topology of B;‘,’(IIOC(U) is in fact
metrisable. To see this, note that there is no loss of generality in restricting the range of
X indexing the semi-norms to a countable subset of C:°(U), e.g. {xn,n € N} such that for
every compact K C U, there exists n such that x,=1 on K. Indeed, it is then immediate
from Proposition 1.35 that if x has support in K, then [|x f|[ss , <C || xnf||Bg , for some C
not depending on f. Hence, we can view B;‘,’éoc(U) as a complete (Fréchet) space equipped
with the metric

400
die toc (i), 9) = ZO 27" Ixn (f — 9)llBg N1 (1.28)

We now give an alternative family of semi-norms, based on wavelet coefficients, that is
equivalent to the family given in Definition 1.23 or Remark 1.36.

Definition 1.37. (spanning sequence) Let R >0 such that (1.12) holds. Let K CU be
compact and k € N. We say that the pair (K, k) is adapted if

27k R < dist(K,U°). (1.29)
We say that the set % is a spanning sequence if it can be written as
A ={(Kn, kn),n € N},

where (Kn)neN is an increasing sequence of compact subsets of U such that |J, K, =U
and for every n, the pair (K,,ky) is adapted.

For every adapted pair (K, k), f € C°(U) and n >k, we let

dn(L_L
vt =27 00 Prennrrcle (1.30)
dn(i-1 ;
w”7K7pf:2 <2 p>”(wx)xf)i<2d,a:eAanHZ?’7 (1~31)
and we define the semi-norm
11 ezt = v, i, p £+ (27 wn s p Fln ke (1.32)

Proposition 1.38. (Local Besov spaces via wavelet coefficients) Let p, g € [1, o0].

1. For every adapted pair (K, k), the mapping f+ || f || go.x» extends to a continuous
semi-norm on B;’;OC(U). o
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2. The topology induced by the family of semi-norms || - ||Ba K.k, indexed by adapted
pairs (K, k), is that of By’ loc(U)

3. Let % be a spanning sequence. Part (2) above remains true when considering only
the seminorms indexed by pairs in J# .

Remark 1.39. Another metric that is compatible with the topology on B;‘:}]OC(U) is thus

given by
“+o0o

304 oo (f g) Z 27" ||f - gHB?’fmk"/\ L,

n=0

where .#" = {(K,, kn),n € N} is any given spanning sequence.

Proof. (of Proposition 1.38) In order to prove parts (1-2) of the proposition, it suffices
to show the following two statements.

For every adapted pair (K, k), there exists y € C2°(U) and C < 00s.t.

VF € 0RO, | fllgoer < O lIx Tl (1.33)
For every x € CZ°(U), there exists (K, k) adapted pair and C' < oos.t. L34
Vfel>(), HXfHB;';,qgCHfHB?:;(,k. (1.34)

We begin with (1.33). Let (K, k) be an adapted pair, and let x € C°(U) be such that
x=1on K+ B(27%R). For every n >k and xGAnﬂK,

Un,a:fzvn,x(Xf)v nxf w (Xf) (i<2d)a

and as a consequence,

o ) <2 T (me (e ) Dwenllr < C 17 mx )l

(where we used (1.18) in the last step), and similarly with v, x p, v, and 7, replaced

by wn, K ps wr(i)x and 7, respectively. We thus get that

||fHB;fk =V, K,p [+ (2" W, i ,p f)n>kllea
SCI17k (X Hlle+ 1 170 (X O L2)nznolled] <C lIx fllBg -

We now turn to (1.34). In order to also justify part (3), we will show that we can in fact
pick the adapted pair in .# = {(K,, k,),n € N}.
Let (K, k) be an adapted pair. For every f € C*(U), we define

fr=Y_ walf) bkt ) wi () B (1.35)
rEANK n>k,i<2d
reA,NK

The functions f and fx coincide on
K':={r e R% dist(x, K¢) >2"*F R}. (1.36)

(Although the notation is not explicit in this respect, we warn the reader that fx and K’
are defined in terms of the pair (K, k) rather than in terms of K only.) Let x € C°(U)
with compact support L CU. Assuming that

there exists n € N such that L C K}, (1.37)

we see that for such an n,

Xl o = I Fr 3., S C L, g, S C I N i
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by Proposition 1.35 and (1.32). Hence, it suffices to justify (1.37). Let d = dist(L, U°).
Since x — dist(x, U€) is positive and continuous on L, we obtain d > 0. If U is bounded,
then there exists n € N such that K, contains the compact set {z:dist(z,U¢) >d/2}. We
must then have 27%» R <d /2, so that

x € L=dist(x, K};) > dist(x, U°) —%>%> 27k R

=rekK).
If U is unbounded, we can do the same reasoning with U replaced by
Un(L+ B(0,R)),

so the proof is complete. O

Remark 1.40. For any adapted pair (K, k), the quantity || f|| zo.x . is well defined as an
p,q

element of [0, 400] as soon as f is a linear form on C(U), throﬁgh the interpretation of
(i)

vk,z f and w,,’, f in (1.14) as a duality pairing.

The characterization of Proposition 1.38 yields another straightforward proof of the
Besov embedding (Proposition 1.16).

Proposition 1.41. (Local Besov embedding) Let 1< pa<p1<+00, 1< ga< g1 < +00,

acR and
ﬁ_a+d<i—i).
P2 p1

If |al,|B| <r and (K, k) is an adapted pair, then there exists C' < oo such that for every
linear form f on CL(U),

< .
||f‘|3;1121’“ X CHf”Bffz’f;ék

In particular, we have 852’}25((]) - B;{}ZIC(U)-

Proof. We write the norm (1.32), recall (1.30) and (1.31), and use the fact that [|-||;z1 <
||'ng2 if p12p2. Il

Due to our definition of the space B;‘,’(IIOC(U) as a completion of C*°(U), the fact that
| f || go.rc. is finite for every adapted pair (K, k) does not necessarily imply that f €
p.q

B;’(IIOC(U). We have nonetheless the following result.

Proposition 1.42. Let |o/|<r and let p,q€[1,00]. Let f be a linear form on C.(U), and
let % be a spanning sequence. If for every (K, k)€ %,

1 g <0
then for every a < o', the form f belongs to B;{OC(U).

Proof. We first check that for every (K, k) € .#7, there exists a sequence (fn i)Nen in
Ct(U) such that || f — fNJgHBa,lK,k tends to 0 as N tends to infinity. The functions
D,

IN k= Z Vk,z(f) Pkt Z wg,)z(f)ws,)z

rEARNK k<n<N,i<24
zeAN,NK
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satisfy this property. Now notice that for (k, K) € .# such that K D K, the function Ini
coincides with fn x on the set K’ of (1.36). Then defining fy = fn, n, we obtain that for
every x € C°(U), there exists ng, No(ng) such that for every n >ng and N > Ny,

1N = F) xlisg, = 10Nk = F) XI5

where we have indexed the spanning sequence as .#" = (ky, Kp)nen. By (1.34), there exist
(km, Km) € 27, C >0 with m large enough, such that:

1N k= ) Xllg s S C NN Ky = Fll gosem,hom
D, p,1

We can eventually choose m =n to obtain [|(fx — f) x||5z , =0 for everyx € CZ°(U), which
by Proposition 1.38 is the needed result. O

Naturally, tightness criteria rely on the identification of compact subsets of the space
of interest.

Proposition 1.43. (Compact embedding) Let U be an open subset of R®. For every
a<a' and p,q,s€[l,4+00], the embedding B;‘:(’;OC(U) C B;‘;;OC(U) is compact.

Proof. By Proposition 1.38 and the definition of boundedness in Fréchet spaces, a sequence

(fm)men of elements of B]O;:(’;OC(U ) is bounded in B]O;:(’;OC(U ) if and only if for every adapted
pair (K, k), we have

sup ||fm||3a’,1<,k < 0.
meN P:q

We show that for every adapted pair (K, k), there exists a subsequence (1, )n,cN and
FE) in Bg;sloc(U) such that || f,, — f(K)HBa/,K,k converges to 0 as n goes to infinity. The
p,s

assumption that supp, || fm|| o' i <00 can be rewritten as
p,q

| (Uk,:v fM)xeAkaHeP +

< C

e

(i Fmdicotacn,nm el

uniformly over m € N. By a diagonal extraction argument, there exist a subsequence, which

we still denote ( f;,) for convenience, and numbers vy, 4, zbr(f?x such that

H (Uk,z fm - 6k,z)x6AkﬂK H@P +

na+nd(1-L . e m—00
e G, ) o enmnllhiss] 27 0
Defining
f(K) = Z ﬁk,x ¢k,x + Z @S?x "/}7(;7)x7
zeANK n>k,i<2d
zeA,NK

we have ) e B;"ioc(U) and || f, — f(K)HBa,K,k—)O as m goes to infinity. The subsequence
’ p,s

(fm) is Cauchy in f)’;’;oc(U). Indeed, for every (K, k) € %, there exists ng=ng(K) such
that for every n,m > ny,

[ o= Fonll goorcor < I o = FE | gaarcoe + (| FE) = frnl| g <e.
p,s D,s p,s

This completes the proof. O



1.1 BESOV SPACES 49

Remark 1.44. Proposition 1.43 would not be true if Bg:&loc(U ) and B;')"’SIOC(U) were

replaced by their global counterparts, respectively Bg7lq(Rd) and By s(RY). Indeed, one
can take for example a non-zero function f € CZ° and consider the sequence

[f(-—np)lnz1 with pe R\ {0}

This sequence is bounded in every global Besov space Bf;,q(]Rd)7 but has no convergent
subsequence in any of these spaces.

An immediate consequence of Propositions 1.42 and 1.43 is the following:

Corollary 1.45. Let |o/|<r, p,q€[l,00], let # be a spanning sequence, and for every
(K,k)e ¥, let Mg €[0,00). For every a<a’, s€[l,00], the set

{f linear form on C.(U) such that V(K k) € %", ||f||8a/’K,k < MK} (1.38)
p,q

is compact in Bg;sloc(U).

1.1.2.1 Tightness and continuity criterions for random fields

Theorem 1.46. (Tightness criterion)

Recall that ¢, (w(i))1<i<2d are in C}. and such that (1.12) holds, and fix p € [1, 00),
g€ [l,00] and «, B €R satisfying |al,|B| <r, a <. Let (fm)men be a family of random
linear forms on C.(U), and let # be a spanning sequence (see Definition 1.57). Assume
that for every (K, k)€ %, there exists C =C(K, k)< oo such that for every m €N,

sup  E[|(fm, #(25(- —x))P]'/P<C, (1.39)
reEANK
and
sup 29 E[|(fom, ¥ (27 ((—2))|P)VPLC 278, (i< 29 n>k). (1.40)

rzeAN,NK

Then the family (fy) is tight in Bg,’éOC(U). If moreover a < 8 — d/ p, then the family is
also tight in Cioc(U).

Remark 1.47. Note that the assumption in Theorem 1.46 simplifies when the field
under consideration is stationary, since the suprema in (1.39) and (1.40) can be removed.
Although we are primarily motivated by applications of this result for negative expo-
nents of regularity, the statements we prove are insensitive to the sign of this exponent.
Naturally, such tightness statements can then be lifted to statements of convergence in
B;’}]OC(U) provided that one verifies that the sequence (f,,) has a unique possible limit
point (and the latter can be accomplished by checking that for each test function x €
Cg°(U) the random variable ( f,,, x) converges in law as m tends to infinity).

Proof. (Th. 1.46) By (1.13) and (1.14), we have for every (K, k) € .#, uniformly over
m that
sup IEHUIC,J: fm|p] S; 17
zeANNK
dn .
sup 22 B[|wl), ful?] <278 (i<29n>k).

rzeA,NK ’

Recalling the definition of vy g, and wy, K p in (1.30) and (1.31) respectively, we have

Y S S

rzeALNK
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so that
Eflve,x,p fm[P] S 1.
Similarly,
dn(2-1 i
wnsep P S27 STl gl
i<2t e ApNK
so that

Ellwn,k p fm[?] S 2777,

It follows from these two observations and from (1.32) that
sup E[HmeZB,K,k} < o0. (1.41)
meN p,00

By Chebyshev’s inequality, for any given ¢ > 0, there exist (M) such that if we set

&= {flinear form on CZ(U)such that V(K , k) € 4, || f | 3556 < MK},
p,00

then for every m,
Plfned]>1—e.

By Corollary 1.45, this implies the tightness result in B;‘;;OC(U). For the second statement,
we note that (1.41) and Proposition 1.41 imply that

sup E[ | fall5sarp.sc.] < 0.
meN 00,00
The conclusion then follows in the same way. O

Remark 1.48. We can also infer from the proof that for each x € CZ°(U), there exists a
constant C' such that under the assumption of Theorem 1.46, we have

sup E[HXfm”Zﬂ } <CyC,
meN p,00

sup E[[|x fin B -a/] < Cx C.
meN

as well as

We conclude this section by proving a statement analogous to Kolmogorov’s continuity
theorem.

Proposition 1.49. (Continuity criterion) Let (f(n),n€ C.L(U)) be a family of random
variables such that, for every n,n' € CL(U) and every pu € R, there exists a measurable set

A=A(u,n,n") with P(A)=1 such that
flun+n)w)=pfmw) +f(n)(w) VweA (1.42)

Assume also the following weak continuity property: for each compact K' C U and each
sequence 1y, n € CL(U) with supp n, C K', we have

n— 00 n— o0

m——pn = f)—
in C, prob.

f(n).

Letpe[l,00), g€ [1,00], and let o, B €R be such that |a|,|B| <r and a < 3. Let ¥ be a
spanning sequence, and assume finally that, for every (K, k)€ %, there exists C >0 such
that for everyn >k,

sup B[/ f (¢(25(-—a))|"]/P<C
zeENNK
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and

sup 27 E[| f (¢(2"(-—=)))|[P)/P<C 2P,
rzeA,NK

Then there exists a random distribution f taking values in Ba’IOC(U) such that for every

neCuU),
(Fim=rfm)  as (1.43)

Moreover, if a < 8 —%, then f takes values in Cloc(U) with probability one.
Proof. For every (K,k)€.# and N € N, we define
Fve= Y ko) deat > w(H) v,

r€NNK k<n<N,i<2d
zeAN,NK

Ve f) = f(dra) and  wl(f)=Fl).

Cleary, va & is almost surely in C{. Following the proof of Theorem 1.46, we get:

where we set

E| 2027 3 (|27,
rEA,NK,i<2d

where the implicit constant does not depend on n. Hence, for each 3’ < 3 and each fixed
integer k, we deduce by Chebyshev’s inequality and Borel-Cantelli’s lemma that ( fx )N is

a Cauchy sequence in 5’5:00 Wit}} proball)ility one. We denote the limit by fk It is clear that
fr converges to some element f of Bﬁc’}ooc(U) as k tends to infinity, since for each x € C}
with compact support in U, the sequence x fk is eventually constant as k tends to infinity.
By Proposition 1.41, if a< 8 — %, then f € Cloc(U) with probability one. There remains to

check that for every ne Cr(U), the identity (1.43) holds. By the orthogonality properties
of ¢k z, 1/17(;)96 and the fact that n has compact support in U, we have, for k sufficiently large,

n= Z <¢k,za 77> d)k,z +N£m Z <w7(12,)z’ 77> wﬁzi,)x’

TEANK o0 << i<2d

rzeA,NK

where we recall that (-,-) denotes the scalar product of L?(IR%). We fix such k sufficiently
large, and denote

NN = Z <¢k7$7 77> ¢k7$ + Z <¢7(LZ,)J:7 77> wr(zz,)x'
zeEANK kE<n<N,i<24
zeA,NK
By a Taylor expansion of 7 and (1.11), one can check that there exists C(d, ) < oo such
that

dn .
27 (w0, m)| <27

From this, together with the expressions for 1y and 1 above, we obtain that 3C(d, n) < oo
such that for any multi-index a <|r|

|0“n —0%nN||Le<C Z 9—rnglaln

and thus n>N

N—o00

1IN
in 0271

n.
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Therefore by the weak continuity assumption, we deduce that

N—o0

— f(n).

prob.

f(nn)

In order to conclude, there remains to verify that

(f,nn) = f(nn) almost surely
This follows from the assumption (1.42). 0

1.1.3 Equivalence of norms

In this section we discuss the equivalence between the characterization of Besov spaces via
Littlewood-Paley decomposition of Section 1.1.1 and the characterization via compactly
supported wavelets of Section 1.1.2.

Proposition 1.50. ([Mey92, Proposition 2.9.4]) Let a > 0, p, ¢ € [1, o0] and f €
Lp(]Rd). The following two properties are equivalent.

1. Let r > « be an integer and ¢, (Vy)nez be a r-reqular multiresolution analysis as
of Definition 1.20. Then the sequence (2"*||# nf||Lr)neN belongs to €4 and 7o f
belongs to LP(RY).

2. There exists a sequence of positive numbers (ep)neN € £ and a sequence of functions
fo, 90, g1, ... € Lp(le) such that f = fo+ Zn>0 Gns ||gnllrr <en 27" for n>0 and

0% gnllze < €0 20"~ for some integer m > a and every multi-index k € N% such
that |k|=m

In particular, the functions fo= 7o f, gn= ¥ n f verify (2). Moreover, the norms || fo||L»+
12" gnllpolles and |70 flloe+ 12" #w fll pplles are equivalent.

A consequence of this result is the fact that the Besov spaces defined in Section 1.1.2
are independent from the choice of a particular wavelet basis or multiresolution analysis.

Lemma 1.51. (Equivalence of multiresolution analyses) For any « € R\{0} and any
positive integer r such that r > |a|, the norm |-[|gs = of Definition 1.25 does not depend
on the given r-regular multiresolution analysis, i.e. every r-reqular multiresolution analysis
yields an equivalent norm.

Proof. Proposition 1.50 gives the equivalence of norms for a > 0.
For a <0, p,q€[1,00], define o’ =—a, 1 /p+1/p’=1and 1/ q+1/q'=1. We introduce
the following norm which is clearly independent from the choice of multiresolution analysis:

Ifllsg, = suwp  (f.9)

gELP
lgll g <1
P .q’
(notice that this norm is slightly different from the norm of the dual of B q/» because we
chose By, to be the complection of CZ° with respect to the norm ||- ./ )
p’q’

We want to show that ||| g2, and [llga , are equivalent. Let f € CZ° The bound
Il f Hch Sfllse, is stralghtforward by Proposmon 1.50 we can write g= 7o g+>_ ¥ ng
and obtam

£y =0 f, 7 09)+ 3 P nf Vng) <UFlsg Mgl

n >0
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thanks to the orthogonality in L? between spaces W, and Hélder’s inequality.
To show that || f||pe < ||fHB§ ,» recall that if f e LP(p) then

p,q "~

17l = swo [ @) g(o) utn)
geL? (u)llgll, ,r<1

(see e.g. Lemma 1.2 of [BCD11]). Then for every § > 0 there exists hg € L?" such that
||h0||Lp/§ 1 and || 70f||LP < f%() f(ﬂj) ho(:c)dx +9. Let

Q% ={(an)n>0€ 07| lanll, <1, an=0for n>N}.
We have

N
1£lss, =170 flor+ sup sup > an22® |70 fl1v

/
NeEN (4,)eQ¥ n=0

As above, for every n > 0 there exist g, € L? such that lgnll;»r < 1 and [|[#nf|Lr <
[ 7 0 f(x) gn(x)dz + €,. Now we can estimate the norm

N
Hf”lgff,q < (Yo f,70ho)+ sup  sup Z I f2"an ¥ ngn) +e€

’
NeN (an)eQ?\f n=0
N

€ = 0+ sup sup Z 2" ay, e
NEN (a,)eQy n=0
where we used the fact that the spaces W, are orthogonal in L?. The remainder ¢ can

be made arbitrarily small: indeed 25:0 2"y en < ||297||ga supr >0 €r, (recall that a < 0).

Define
N

n=0

The operators 7', LP — LP and # ,: LP— LP are uniformly bounded: we can estimate the
norm of gy as

!
HgNHBg/,qu HhOHLP’+ ||2na 2ne anH gnHLp,Héq, <C

and then
||fHB,“,,q< sup sup (f,gn)+e= sup (f,gN>+6§Hf||3;q+6.
NEN(an)EQ?\; gNELp/
lovllgar <€
r,q

This completes the proof of the result for « # 0. The case & =0 can then be recovered by
interpolation. O

Proposition 1.52. (Equivalence of LP-wavelet Besov spaces) For any a € R\{0}
there exist C1,Cy € (0,00) such that for every f € C., we have

Cill fllse < fllBe , < Cal flB2,
with ||-||sg , given by Definition 1.25 and |-||pg , given by Definition 1.10

Proof. For a > 0 we follow the proof of Proposition 1.50 given in [Mey92] to show that
the following two properties are equivalent:

1. The sequence (2/%||A;f||Lr)jen belongs to 9 and A_; f belongs to LP(RY).
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2. J(er)ken € 49, e, = 0 and 3 fo, go, g1, --- € Lp(]Rd) such that f = fo + Zk>0 9k,
llgkllr < ex 275 for k>0 and |07 gk | rr < ek 20"~ * for some integer m > a and
every multi-index r € N? such that |r|=m.

The fact that in point 2 one can take g = Axf is clear from Bernstein inequalites
(Lemma 1.8). To show (2) = (1) we write

Ajf=Ajfo+ Z Ajgr.
k=0

Then since ||Agi | Lr < C||gk|| L uniformly on j € N (see Remark 1.5) we estimate

||Z A]‘ngLP§ CZ €k 270[1C

k>j k>j

and for k < j we have, again by Bernstein inequalities || A gx | » < C27™7 2(m=akz, and
then
1Al < C27mIY " g2k L CY " g 270k < OVl 27
k<j k>j
with €5 =", e 2= (m=a)li=kl and then (¢5)jen € £49. For a <0 we proceed as in the proof
of Lemma 1.51. ]

From Proposition 1.52 follows immediately that By , C By , and B;’(;OC(U )= B;‘:}IOC(U ).

Remark 1.53. The equivalence between Littlewood-Paley-Besov norms and wavelets-
Besov norms holds for o = 0 as well, as can be shown by interpolation techniques (for a
discussion on interpolation of Besov space we refer to [BCD11]).

1.2 Paracontrolled calculus

In this section we first introduce Bony’s paraproducts [Bon81|, and then recall the some
basic results of paracontrolled calculus introduced by Gubinelli, Imkeller and Perkowski
in [GIP15] to deal with parabolic SPDEs. We will focus on distributions on the d-dimen-
sional torus T?¢ = (R? /217Z)?, denoted as D'(T?) = S’(T9), and write < := #*(T9),
LP:= LP(T9), C"=C™(T?). However, the results presented here can be easily carried over
to the whole d-dimensional space R

1.2.1 Bony’s paraproducts and paralinearization

The theory of paraproducts, developed by J. M. Bony in 1981 [Bon81]|, yields a way to
define the product of two tempered distributions under appropriate assumptions. Let
uwe % and ve &P as in Definition 1.10 for o, € R. We can decompose u,v €S’ as

u:z Aju, v:Z Az
jz-1 jz-1
thanks to Lemma 1.6. For every j, k> —1, the product AjuAyv is well defined as a C*
function: showing the convergence of Zj L Aju Agv in 8’ would allow to define the product
uv as this limit. We start splitting this sum as:

Z AjUAkU:Z SkUAkU+Z ApuSEv+ Z Z AjuAkv

jk=—1 k>1 k>1 §>—1 kilk—jI<1
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with Sipu= Zj<k71Aju as in (1.3). Note that Vk>1, Vj > —1 the products
Sru Agv, Apu Sy, Z Aju Apv (1.44)
k:lk—j|<1

are well defined as finite sums of smooth functions. As a consequence of the disjointness
properties (1.1),(1.2) of the dyadic partition of unity of Proposition 1.1, we obtain that
there exists an annulus A C R? and a ball B(0, R) C R¢ such that Vk>1, Vj > —1:

supp F(Spu Apw) C 2FA,
supp F(Agu Spv) C 2FA,

supp F( Z AjuApw) C2B(0, R).
k:|j—k|<1

Therefore, by Lemma 1.9 it is immediate to see that ), | Sku Agv and ), o Agu Spv

are well defined elements of S’ for every ue @, ve P, o, B €R. On the other hand we

cannot apply Lemma 1.9 to the term Zj>_1 Zk:\k—j|<1 Aju Agv, and this gives some

restrictions on «, 8 as shown in the following proposition.
Proposition 1.54. (paraproduct estimates)
1. Letue @ ve@P o, €R. Then the sum
u%v:zz Sku Agv (1.45)

k=1
belongs to S’.

2. Letue L*™® and ve P with SER. Thenu<ve &P and
lu=<vllgs Sllullzellv]l4s (1.46)
3. Letue & and v e &P witha <0, SeR. Thenu<ve 8 and

lu <vllgats S lullgallvllgs (1.47)

4. Letu€ @ and v e &P with a+ 3>0. Then the sum

UOV = Z Z AjulApv (1.48)

§>—1 k:|j—k|<1
belongs to L>=. Moreover, uov e ¢*tP and
[uovllgars S lullzallv]gs (1.49)

Proof.

1. Since Sypu Apv has Fourier transform supported in an annulus 284, we can apply
Lemma 1.9 with n=[—a — ]V 0 to obtain u<v €S’

2. Since supp F(Sxu Apv) C 28 A there exists Ny € N such that
p(QNofk ) f(Sk-u Ak?)) =0,
p(27N07k ) f(Sku Ak’l)) =0,
and then for every ¢ € N large enough we have

HAeg SiuApvl[re S [[Seu Ao
k>1
< lullze 275 0]l
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where we used the fact that the operators Sp: L — L Ay: L — L*° with norms
independent of ¢, as shown in Remark 1.5.

3. We have for every k> 1:
1Y Ajudpollze S 27 ullgallollgs Y 279
j<k—1 j<k—1
S 27 D uflgalvllga
and bounding as before [[Ag)", o, Sku Agv||L we obtain the result.
4. We have Vj > —1
1Y Ajudoie$27 @ |ful|gallv]l s
kil j—k| <1

and since a + B > 0 the sum converges in L>°. Since there exists R > 0 such that
supp.7‘-"(21,6:“?_]}‘<1 AjuAg) C28B(0, R), then INp € N such that

Agz Z AjuAk’U:Ag Z Z AjuAkv
i>—1 k:|j—k|<1 §>0+Np k:|j—k|<1
and estimating
I > Ajulpoie S 277 ullga]v] 4o
k:|j—k|<1
we obtain

1Acwo )|z S 27 CF D ullzav]l s .

Remark 1.55. Proposition 1.54 allows to define the product between u € £ and v € ¥
when a+ >0 as

UV:=uU<v+v<u+uov.

In order for this to be a good definition, the paraproduct should verify the Leibniz’ prop-
erty for the derivative of a product. But this is obviously true, knowing that the partial
sums (1.44) converge in S’ and that the derivative is a continuous operator S’ — S’.

Bony’s paraproducts estimates hold for general Besov spaces B} , as shown in The-
orem 2.82 and 2.85 of [BCD11]. We recall here the result:

Proposition 1.56. (Multiplicative inequalities) Let p, p1, p2, q, q1, g2 € [1, 0] be such
that

1. If >0, then the mapping

(f,9)= f<g+g=<f+fog (1.50)
defined on f,g € CZ° extends to a bilinear continuous functional from By, . X By, 4

to By .
2. If a<0< B witha+ >0, then the mapping (1.50) extends to a bilinear continuous

: ey B ey
functional from By, 4 x B, ., to By 4.
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1.2.2 Parabolic and time-weighted spaces

When dealing with paraproducts in the context of parabolic equations (as will be the
case in Chapters 5 and 6) it is possible to define parabolic Besov spaces on R* x T¢ and
related paraproducts. Anyway, in order to keep the setting simpler, we choose to introduce
distribution-valued functions of time as follows. Given a Banach space X with norm ||| x
and T >0, we note

CrX:=C([0,7],X)
for the space of continuous maps from [0, 7] to X, equipped with the supremum norm

I|lcrx, and we set CX =C(Ry, X). For a €(0,1) we also define C#X as the space of a-
Holder continuous functions from [0, 7] to X, endowed with the norm

t_
Iflosx= suwp IIf@)lx+ sup IO =TG)lx
0<t<T 0<s<t<T |t —s|

and we write Cf:.X for the space of locally a-Hélder continuous functions from Ry to X.
Moreover for convenience we denote

75 1= Cpg(T9).

We will avoid to write explicitly the time span 1" whenever this does not cause ambiguities.

We introduce the following time-weighted spaces, also called explosive spaces for the
fact that they allow the X norm to diverge as ¢t — 0 at a speed prescribed by the para-
meter 7.

Definition 1.57. (time-weighted spaces) Let X be a Banach space and C1X as above.
For v>0, pe[l,00), we define

MEFPX = {0 LP((0,T), X) : [0l pagerx = llt = 0(8) | oo 77,00 < 003, s
MIX = {0:0((0,T), X) : [oll g = 1t 0(8) e < 00}.

The following spaces are the best suited in the framework of parabolic PDEs, and will
be useful in the next sections.

Definition 1.58. (parabolic spaces) Let a € (0,2) and ¥ as in Definition 1.10. Define
the space

Z9=C* LN Crge (1.52)
equipped with the norm

£z = max {1 £l o 2y | f e }-
Define also the space
FPT=070nCree (1.53)
equipped with the norm

171 .= max {1 £l a2 | g}

Obviously, [|-[| o S|I-[|.#g since [|-[|go < ||[| 2o (as discussed in Section 1.1.1). On the
other hand, we have the following interpolation result.

Lemma 1.59. Let a€(0,2), 0<e<a and ue.#$. Then

[ull para-er2poe Sllull g
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and

ull gg—e S llull 2o

Proof. We start showing the first inequality:

Hut—%%HLm }: WAQH AJ%HLN E: HAuut ZuAhm]

SUp—m——7 <
st |t_8|a/2 e/2 = |a/2 e/2 ~ |a/2 e/2

and choosing 27" "1 < |t — s|1/2 < 27" we obtain

Asur — Asu 0o
[Ane = Bl ooy 0 S - s/
‘t—8|a/ e/ Cr'°%

<n i<n

Au U i e(a—
S BBl i ugy 2merzieon
i>n | i>n

and this yields the result. The second inequality is a direct consequence of the first one
together with the Besov norm inequality ||-||c go—= S |[|||lcr#e seen in Section 1.1.1. [

When working with irregular initial conditions, we need to consider explosive spaces of
parabolic type. For v >0, a€(0,2), and 7' >0 we define the norm

£l rgem=max {1t 7 () a2 | gz (1.54)

and the space 7% = {f: [0, T] = R: || f|| »p= < oo}. In particular L% = #9. The
following lemma is a direct consequence of the definition (1.54).

Lemma 1.60. For alla€(0,2),v€[0,1),e€[0,aA27), T >0 and f €.£ 7" with f(0)=
we have

1Nl pg=erza—e SIFIlzpe (1.55)

Let a€(0,2), v€(0,1), T>0, and let f € .£F. Then for all § € (0, «] we have

11z S 1O lgs+TO2| fl| 24, (156)
[FRIPETRIS T@=O2|| f| ga.e.
1.2.3 Schauder estimates
Let
Z=0—A (1.57)

denote the heat operator with periodic boundary conditions on T%. We introduce the linear
operator I: C(R4, D'(T%)) — C(R, D'(T?)) given by

I1f(t) ::/OtPt_sf(s)ds

_l=?
where (P;)¢>0 is the heat semigroup with kernel Py(z) := ¢t T;>0. The integral

L .
(4rt)3/2
above has of course to be interpreted as testing f € D'(T?) against the kernel Py(-). We

have then the following well-known Schauder estimates (see Chapter 2 of [BCD11] and
[GIP15, GP15)):
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Lemma 1.61. Let a€(0,2) and y€[0,1). Then
ILf Nl zgee SIS ppzre—2, (1.58)
for all T >0. If further > —a, then Vs €[0,T]:
I8 =+ Psuol| yp+arrza S l[uoll ¢ -e- (1.59)

ForallaeR, v€[0,1), and T >0 we have

I fllpmzze SISl mgge—2- (1.60)

We give also some bounds for the solutions of the heat equation with sources in
space—time Lebesgue spaces.

Lemma 1.62. Let 3 € R and [ € L%}Bgm, then for every k € [0, 1] we have If €
C;/q%ﬁ+2(1—n)—(2—25+d)/p with

HIfHC;/q%ﬂ+2(1—l€)—(2—2ﬁ+d)/l7ST HfHLg,Bg o)

with %—1—%:1. Moreover, for every y<~'<1—1/p and every 0<a<(2—5/p+ B) A2

we have

VAN e S 0 F gy

Proof. We only show the second inequality as the first one is easier and obtained with
similar techniques. Let u=1f, we have

) 1 i 1/ t 1/
A u(t)||pe < tl/Qde/p[/ quecq22t(18)ds} q[/ S| A F()][2pd s P
0 0

t 1/p
/ s”pllAif(s)H’L’pds]
0

/0 o2
$hg 2 /p9—2i/q

)

which allows us to bound || f || s34« In order to estimate ||¢ r—)tV/IfHCa/gLoo we write
T

t
167 Agu(t) — 87 Aju(s)|| e S / 0V 7 Aju(v) || oedw
H[t — 5|28 A f || pagerpogrs

/tzﬂ/Aif(v) dv

s

:

LOO
We can estimate the first term as

t t
/ o7 Ao | e S 2D AF | on o / V77 1dy,

L= [/:d”r/qut”’“&f<s>||fgoodv]”p

S 2id/p |t — 5|1/q ||Az‘fHM%’pLP(T3)

For the third term we have

‘ / ‘A F(0) du

We obtain then if 22|t — 5| <1

N

167" Agu(t) = 7' Au(s)llzoe S 2P — sV U A | pagorprers)
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and if 2%t — s| > 1 we just use the trivial estimate
187 ANgu(t) = 57 Diuls)lle S 24P2729 | Aif || pagerrocrs)
S 2P| — VY A || pager e -
Therefore, for every x € [0, 1]:

d
(F2-2)

£ A u(t) — 7D u(s) [ L $2 19204 |t — 5|9 | Aif || agerpere

Choosing k/q=« /2 we obtain the desired estimate. O

1.2.4 Time-smoothed paraproduct

In order to deal with parabolic equations involving the heat operator .¢ of (1.57) we need
to introduce a modified paraproduct with a smoothing in the time variable that is tuned
to the parabolic scaling. Let ¢ € C*°(IR,R4) be a non-negative function with supp ¢ C R4
and such that [ ¢(z)dz =1, and define for all k> —1 the operator

QuCFo— CFe, c%ﬂw—ﬂfEQ%@%u—$ﬁ@m&

We can extend functions f € C7%® to functions g € f € C%* by taking g(t) := f(t A T)
Vt > 0 and thus apply the operator @i, defined on C'#*. We define then the paraproduct

F=<9:=Y" (QrSif)Axg (1.61)

k>1

for f, g€ C(R4,D'(T9)). We collect in the following lemma some standard estimates for
the modified paraproduct f << g, whose proof can be found in [GP17].

Lemma 1.63.
a) For every fE€R and v€0,1) we have

N f <= g@llgs SIFaprecllg@llgs, (1.62)
for every t >0, and for a <0 furthermore
ONf =gl gars SN llmpeallg@lgs (1.63)

b) Let a,0€(0,2), v€1[0,1), T>0, and let fef%"s, geCr?®, and Lgc Cre 2.
Then

If < gllzz Sl ggelllgllerse+ -2 glloree—2). (1.64)

1.2.5 Commutator estimates and paralinearization

The key ingredient at the core of paracontrolled calculus is the following commutation
result, first proved in [GIP15]. See also [GP15, Lemma 14] for the slightly different state-
ment recalled here.

Lemma 1.64. (commutator) Assume that v, 3,y €R are such that a+ 5+ v >0 and
B+~v#0. Then for f,g,h € C™® the trilinear operator

comi(f,g,h):=((f < g)oh) - f (goh) (1.65)
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allows for the bound
lcomi(f, g,h)lg s+ S fleallglleslhlle, (1.66)

and can thus be uniquely extended to a bounded trilinear operator
comy: FOXFPx g B+,
Ifa+ B+~v>0 with a€(0,1), then we have the bound
lcomi(f, g, M)l gatstr S| flleallgllgslhller, (1.67)
and comj can be extended to a bounded trilinear operator
comy: FOXEFPxg> s gothty,
The following commutator is due to Bony [Bon81|:
Lemma 1.65. Let a€(0,1), BER, and let g€ €, f €L™, and h€ €P. Then
1f<(g<h) = (fg) <hllgars S flL=llgllzalll s,
if fe®® ge L™, he P we obtain the estimation

1f <(g<h)=(fg) <hlgars S| fllzallgllLelpll4e-

Proof. From the Fourier support properties of the L-P blocks we obtain easily

1851f < (g <h) = (fg) = hlllre < |1Sif Sig —Si(FllpllAsh] Lo
S 2799kl s [1S5f Sig — Si(f9)l Lee

And since Vz € T

[S;fSig — Si(f9)l(z)]

| / Py (1) Py a(2) [ (0)]9(2) — ()] dydz]

gl wllfllLoo/ |1Pj,2(y) Pj ()] |y — 2| dydz
279 gllgell fllos

we obtain the first estimation. The second one follows in the same way. O

S
S

Bony proved also a basic paralinearisation result, soon after improved by Meyer. We
give here a particular version suited to our purposes.

Proposition 1.66. (paralinearization)
Let a€(0,1), f€ (%) and F € C3(R%R) then

Rp(f):=F(f)-F'(f)=< fe&*
with
IRF(F)l g2 SIF lc2(1+ | fllze)*.

Moreover the map f+ Rp(f) is locally Lipshitz and
IRE(f) = Re(H)llg2a SIFllcs(t+ (| fllga+ | Fllz)?I F = flle

We introduce some commutators involving the time-smoothed paraproduct, which
allow to control its interaction with the heat operator (1.57). The proof can be found
in [GP17].
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Lemma 1.67.

a) Fora,B,v€R such that o+ f+v>0 and a € (0,1) there exists a bounded trilinear

map
com: § x P x g7 — gathty,

such that for smooth f, g, h:
comy(f,g,h)=(f<g)eh—f(goh).
b) Let a€(0,2), B€R, and y€(0,1). Then the bilinear maps
como(f,g):=f<g—f=<g.
coms(f,g): =2, fx]g:=Z(f <g9) - fxZyg.
have the bounds

t7[coma(f, g)()llavs SN fll2pellg@llgs, >0

as well as

t7]lcoms(f, 9)(llavs-2 S fllzpellg@®llgs, — ¢>0.

(1.68)

(1.71)

(1.72)



Chapter 2

Some stochastic calculus

2.1 White noise, Wiener chaos and Wick products

In this section we recall some basic stochastic calculus results, following closely [Jan97]
and [Nua06.

Definition 2.1. Let H be a real separable Hilbert space. We say that a stochastic process
W = {W(h), h € H} defined in a complete probability space (2, Z,P) is an isonormal
Gaussian process indexed by H if W is a family of centered Gaussian random wvariables
such that E(W ()W (h)) = (g, h)u. We call white noise on R x T? the isonormal Gaussian

process & indexed by L*(R x T9).

By Kolmogorov’s extension theorem, for every H there exists a probability space and
a Gaussian process W defined on it which verifies the properties above. For the existsnce
of an S’(R x T%) valued measure ¢ with the properties above, see also [Jan97]. We define
Hermite polynomials with leading coefficient =1, i.e.

z2 n x

Hn(l') = (—1)n67W672,

(2.1)
H,(z,0%) = O'TLHn<§>.

tn
n>0 nl

Observing that et®~1*/2 = > H,(x) we obtain easily the relations

H)(z,0%) = nHy_1(z,0?),
Hyi1(z,0%) = xHy(x,0%) —noH, 1(x,0?)

Lemma 2.2. ([Nua06, Lemma 1.1.1]) Let X ,Y two random variables with joint centered
Gaussian distribution with B(X?) =E(Y?)=02. Then Yn,m >0
E(Hn(X,0%)Hpy(Y,0%)) = Lyp=nn! [E(XY)]".

Let Ho be the set of constants and H,, for every n > 1 the closure in L%(€2,.Z ,IP) of the
vector space generated by the random variables {H,, (W (h))|h € H, |||z =1}.

Proposition 2.3. ([Nua06, Th.1.1.1]) The space L*(Q, o(W), P) has the orthogonal
decomposition

L2(Q,0(W), P) :é M.
n=0

The decomposition above is called Wiener chaos decomposition. For random variables
belonging to a finite chaos decomposition we have the following hypercontractivity property:

63
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Proposition 2.4. Letp>1, X € @2{:0 Hy, for some N €N and X € LP(Q2). Then Vq>p
there exists a constant C'=C(p, q, N) such that

[ X[ Lag) < ClIX Lo -

This result is due to E.Nelson. For a proof which uses It6’s lemma see [Nua06, Th.1.4.1].

Let F: R — R be a measurable function such that F(W (h)) € L*(Q,0(W),P). Choosing
an orthogonal basis of H that contains h, we can write the chaos decomposition of F'(W (h))
as

V=3 FuHL (W), [h]3) (2.2
n =0
and by Lemma 2.2 f, = WE[F(MHH G)H,(G)] with G ~ N(0, 1). We note J, the
L H
projection on Hy, and this yields Jo(X)=E(X).

Definition 2.5. Let W(hy) --- W (hy) € {W(h),h€ H} . The Wick product is defined as
[W(h1) - W (hn)] = Jn(W (h1) - W ()

Following [Jan97| we call Feynman diagram a graph with n vertices and r <n /2 edges
without common endpoints. The graph = (V (7), E()) has then n — 2r unconnected ver-
tices, which we call Vj(+y), and 2r vertices that are connected with exactly one other vertex,
called V.(y). We call contractions the edges of v, and note n(~) and () respectively the

order and rank of . There are diagrams of order n and rank r. Each vertex is

n!
T2
labelled with a random variable W (h;), 1 <i<n (and the labels are kept distinguished even
when two random variables are equal). The value v(7) of a Feynman diagram ~ labelled

by (W(hi),..., W(hy)) is defined as
M= ] E[W(h N IT W)

(4,§)EE(y keVo(y)

We list some results of [Jan97, Ch. IH] in the following.

Lemma 2.6. Let W(h1),...,W(h,) € {W(h),h€ H}. Then
W () = W] = 3 (-1 (),
W(h1) - W(hy) = > [v(7)]
g

where the sum is over all Feynman diagrams labelled by (W (hi),...,W (hy,)). We used above
the notation

[el= ] E[W(h [ TT Wl

(i,5)€E(y EeVo(y)

Remark 2.7. From (2.2) and the definition of Wick product, it follows that

[W(h)"] =Hn(W(h),|[h|%),
indeed in this case

2

%dle,

_ 1 n _ (_1)n n dm -
fu= o BIGM Hal@)) = o [ " gme
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since integrating by parts it is immediate to verify E[G™ H,(G)] =nE[G"~! H,,_1(G)] and
E(G Hi(G))=E(G?) =1.

Proposition 2.8. ([Jan97, Th.3.9])
Let W (hy), ..., W(hyn), W(g1), .., W(gm) € {W(h), h € H} which is the isonormal
Gaussian process of Definition 2.1. Then

E([W (h1) - W (h)[TW (g1) - W (gi)]) = Lim=n »_ ] EW (h)W (go(s))]
oceSy i=1

=L {1 © - O I, (1) © +* OFo(n)) on

where Sy, is the symmetric group of the permutations of {1,...,n}. We defined the sym-
metrization h1® - ® hy,, = %Zaesn h1® - ® h, and used the notation:
n

(M & @hp, g1 @ Qgn) gon:= H (his 9i)m -
i=1

With the results given above, it is not difficult to obtain a product formula for Wick
products (Proposition 2.9 below), i.e. a formula that lets us write products of Wick prod-
ucts as a linear combination of Wick products. This can be seen as a finite-chaos equivalent
of Lemma 2.28. Note also that Proposition 2.9 can be written in the form of stochastic
integrals [Nua06, Proposition 1.1.3].

Proposition 2.9. (product formula, [Jan97, Th.3.15])
Let (W (hi j))1<i<k1<i<e belong to the isonormal Gaussian process of Definition 2.1.
Define Y;:=[W (hi1) - W (hi)]. Then

Vi Y=Y )]

where the sum is over all Feynman diagrams v labelled by (W (h; ;))i,; such that no edge
joins two variables W (h;, j,) and W (hi, j,) when iy =1is.

Heuristically, noting that for the Feyman diagram ~ with no edges [v(7)] is just the
“full” Wick product [[]; ;W (hs,;)] where all contractions are considered, we interpret
Proposition 2.9 as the operation of splitting the family of random variables (W (h;_;))i,;
in blocks (Y7)1<i<kr and considering separately contractions inside blocks and contractions
between blocks. This same reasoning motivates Lemma 2.28 (see Remark 2.31).

2.2 Estimation of finite chaos stochastic terms

In this section we present some techniques for estimating the stochastic noise terms (also
called enhanced noises) appearing in both paracontrolled distributions theory [GIP15] and
regularity structures theory [Hailda|. Due to our treatment of a class of models rescaling
to @3 in Chapter 6, we will focus here on the ®3 noise terms, although many of the
results presented below apply as well to other finite chaos terms with similar structure.
For a complete treatment of ®3 noise terms using a Fourier transform approach, we refer
to [MWX16]|. We will work instead in real space variables because this technique is better
adapted to the calculations of Chapter 6.

We start taking 7. to be a space-time mollification of the Gaussian white noise on
R x T3 of Definition 2.1. Its stationary covariance is

Ce(t —s,2 —y) :==E[n(t, z)n:(s, y)]
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such that Ve € (0, 1]
C(t,z)=e%(e7 %, e 1x) (2.3)

where ¥ is a smooth even function compactly supported in [—1, 1] x Bys(0, 1). Indeed,
let v € CX(R x T9) compactly supported on [~1/2, 1/2] x Bgs(0, 1/2) and let
Vo(t,x) =2/ 2p(e 72, e ). If we define .= 1. & (where £ is the white noise on R x T4)
we obtain ¥ =1 % ¢). Let P be the heat kernel on R x R3, i.e.

L
W@ ]]_t>() (24)

P(t,z)=
and call P(t, ) also its periodized version on R x T? (with an abuse of notation) which for
(t,z) € R x T3 can be obtained as Zj P(t,x+2nj). Let X. be the stationary Gaussian

czd
field which solves

LX.=—X.+n.. (2.5)

In order for X, to satisfy eq. (2.5) we introduce the following modified heat kernel for
(t,z) ERx T4

p(t ) Z 1 7\90-{»21[]@‘2 tﬂ (2 6)
, )= —€ S A | .
kezd (drt)?/? i
and take
t
Xito)= [ [ P(t=s.o— s, p)dsdy. (2.7)
—ooJ T

From Definition 2.1 we see that X.(¢,z) is a centered Gaussian random variable and that
there exists h. (.)€ H with H := L*(R x T?), such that X.(¢,2) =W (h. ;4)). The exact
form of h. () can be read in (2.7), but we are not going to use it here. We call C; the
covariance of X., and then:

Ce(t — 5,2 —y) :=E[Xc(t, ) Xc(S, Y)] = (he,(t,0) P, (s,y)) H-
The ®4 noise terms are the limits for e — 0 of:
XEV = [[XEQ]]
t
X (ta) = [ [ Pl=sa s sty
0JT3

XY = xYoX.

XY = XY o XV -E(X o X.V)

X o= XV o XV —E(XY 0 XV)X.

(2.8)

with the resonant paraproduct o given in Section 1.2.1. The convergence in probability of

Xg = <X57X5V7X€W7X€\K/7XE\<Z/7X;KZ/>
€ Crg Y2 rx Crg—1=rx YN x Crg " x Cpg Y2

Vk € (0,1) to a distribution X = (X,XV,X\V,X\K/, X\ﬁ’, XYV) was first established in [CC13]
and is thoroughly explained in [MWX16]. In this section we just give a quick overview on
uniform (in €) bounds for the quantity X, in LP(f2), in order to show how the diagrams
1., .75, Iy ¢0.m.n of Lemmas 2.20 and 2.21 arise in the estimation of X..

It is not difficult to see (for example using time-space Littlewood-Paley blocks on
R x T?) that for every N <4 the term [X2'] converges in probability in S’(R x T%) to a
well-defined tempered distribution that we call [XV]. From the results presented in this
section the uniform bound on [X2V] is appearent (and so is the reason why N <4).
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Recall from Section 1.1.1 that, for every g € N, K, ,(y) =239K (29(x — y)) is the kernel
associated to the ¢-th Littlewood-Paley block A, on R3, i.e

0= [ Kyalw) S )y

with K €S (]R3) f: R — R. For a function f defined on the torus T? we still write
Aof(z) = [ oK s Kax(y) f ( )dy where with an abuse of notation K, , stands for the kernel
on T[‘3 which is Z Ky .(y+2nj). For X! € X, |7| € R and fixed t > 0, we first use

Besov embedding (Lemma 1.16) to bound
B(IXZ (1) SE(IXE )y ) S 30270 | BAXI(E,2)7)da
p,p q

Due to the stationarity in space of X7, it suffices to bound E(|A,XZ (¢, Z)|P) for some fixed
Z € T3. From Proposition 2.9 it is clear that every X7 € X, belongs to the finite chaos

decomposition @izo H,,. In this case one can use hypercontractivity (Proposition 2.4) to
estimate the p-th moment of A X7 (¢,Z) with its second moment:

[AGXI(t, Z) || r) SIAXI(E, 2)| 120 -

Let us proceed therefore with the estimation of the second moment of A X7 (¢,z). We have

AKXt 7)) = / Ky () [X2(t, 1)]dy.

AqXEY(t, T) = /Kq,z(as)P(t —s,x—y)[X3(s,y)]dsdzdy.

The resonant products X.Vo X, X.Yo XV, X.V o XV can be written as:

Ay(XToXT)= / X2 (O o

with (1= (s1,21), (o= (s2,72) and the measure p, ¢, ¢, on (R x T3)? given by

[hg,C1,Co i = / Koa(2)>  Kiw(9) K o(w2) Pies,(y = 21)] 10, 100)(51)3(t — s2)d1d Ca.

ZN]

Proposition 2.8 allows to bound the second moment of a Wick product of random variables
with products of their covariances. In order to be able to apply this result to terms of the
type [XZ2(C)][XZ(¢2)], we develop them as linear combinations of Wick products using
Proposition 2.9. We obtain respectively for XYoX., X, o XV, XV o X,V

IIXg, Cl]] IIXE,@]] = [[X€3,C1X€,C2]] + 3C€(Cla CQ) IIXEQ, ClXE,CQ]]v
IIXE2, Cl]] IIX€2, CQ]] = [[X€2,C1X€2, CQ]] + 405((1; CQ) IIX&CIX&CQ]] + QCE(CL CQ)a
[[XS, Cl]] [[X62, Cz]] [[XE,QX&?, Cz]] + 605((17 CQ) [[X627 C1X57C2H + 603((17 CQ) [[X57C1]]7

with C.((1, (2) = (he,¢,, he,,) being the covariance of X. as before. Graphically, we
represent this decomposition as

X =[x 4+3x0
X = X)XVt 2X3 - B 0 X)) = [X9] 4+ 4X.Y (2.9)
X = X+ 6xY 46X - B(X. 0 X)X
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Having obtained a Wiener chaos decomposition of A X7 (¢, Z), we proceed to bound sep-

arately the L? norm of each term using Proposition 2.8. The terms ﬂX;K/ I, [[X;@ 1, HXSV |
can be estimated as:

Vol A X2 (8, 2)] 220y = / B O RE 1y o / KO OO iy o1 ) greminm
2
< (m+n)!

hs (1 ® hs ,Co Mg, 417C2

m-+n
< / |ce<<1,<{>|M|ca<<2,<2>|"|uq,<1,<2||uq,<1,<2| (2.10)

by Jensen’s inequality. In next section we present some tools to bound terms like (2.10),
which we call ®4 diagrams. All the relevant quantities for the estimation of X, can be
bounded by ®4 diagrams as (2.10): we give the details (for a more general case) in Sec-
tion 6.3.

2.2.1 Estimation of finite chaos diagrams

In this section we recall some results from [Hail4a, Chap.10] that can be used to estimate
finite choas diagrams like the one in (2.10).
First of all, we need to estimate the covariance C. of X.. One can see easily that

C.=P(—)xPx¢C. (2.11)
with time-space convolutions in R x T% and the kernel P(—-) that has reversed time. We

are going to estimate the convolution above using some results from [Hail4a].
In the following we use the notations

d+1
|kls=2ki+Y kj for keNI!
j=2

d
ICIs=1t1"2 4> |a] for ¢=(t,2) eRx T
where the index s stands for the fact that we are using a non-euclidean scaling (in this case

a parabolic one).

Lemma 2.10. (estimation of heat kernel) Let P(t, x) be defined in (2./). Then
V(t,z) eR x RY
[Pt @) S (] + J])

Moreover, for every multi-index k € N+t with |k|s=2k1 + ko4 - +kqy1 we have:

OFP(t, )| S ("2 + J]) e

2] ],
1+ ||1/2 e At

and VYd € N 3C > 0 such that (1 + |a|%)e” Z < C for every a € R. Calling k = k; and
ky= (ka,...,kq+1) one can see directly by taklng derivatives of P(t,z) that

Proof.

[Pt )| ([t + ) S

K|

Ok k= P(t, |<Z [
\t|]

d+|ka|+2lkel 2|2
2 e 4t
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and then |95k P(t, z)|([t|'/2 + |z|)dF k=1 2kl < C. O

Remark 2.11. It is immediate to note that the estimation of Lemma 2.10 holds as well
for the kernel P(t,z) on the torus R x T? and for the stationary kernel P(t,z).

We recall [Hail4a, Lemma 10.14] in a restricted formulation that is enough for our
purposes.

Lemma 2.12. (estimation of convolutions) Let K, Ko: R4\ {0} — R smooth and
such that 3o, B € (—d —2,0), Im €N such that V|k|s<m, ¥¢ € R4\ {0}

FEL (OIS NCNE ™ and  |9FE(0) S IIC1E M. (2.12)

S

Lety=a+ +d+2. If v <O then
R (K ) (O S NICNT ™ Wik|s<m, ¢ e R {0},

Proof. (sketch) The idea behind the proof is easy and gives a good intuition of the
problem: we recall it briefly.

Let Bs(¢,r)={¢' € R¥||¢ — ¢/||s< 7} a parabolic ball. For each ¢ = (¢, z) the domain
of integration of the convolution

KinKQ)= [ | K¢ = ¢)Ra(¢) ac (213)
can be split as e
R4 = Bo(0,7) UBs(¢,7) U R\ (Bo(0,7) U Bs(¢,7))]
with » < [|{]|s/4 such that || — ('||s and [|¢’||s are small respectively for (' € Bs((, 7)
and ¢’ € By(0,7). Then [, (© T)Kl(g‘ — (")K2(¢") d¢’ can be bounded by the L norm of
K1 (which is of order ||¢]|2) times the L' norm of K» (which is of order ||(||f+d+2). By
symmetry the term fB (c T)Kl(C — (")K5(¢')d(’ yields the same estimation.

Consider now the case ¢/ € R\ (Bs(0, r) U Bs(¢, r)). First we note that if both
[¢lls = lI€lls /4 and Ji¢ = s = [[Clls/ 4 we must have [|¢fs 2 [¢ = ('lls, indeed
1€ = lls<NIClls+[1¢ s < B¢ lls: Then [K2(¢N)Z (1€ — ('l and

Ki(¢ = V() d¢' < / (IS S 19 Pl

[Rd+1\(BS(OvT)UBS(Cv7")) 1< s =1IC s /4

In order to consider derivatives O(K; * K>) it suffices to take a smooth partition of unity

to split the domains of integration as above. O

Remark 2.13. It is clear that the argument of Lemma 2.12 works as well for space-periodic
kernels K1, Ko: R x T\ {0} — RR.

We recall now [Hail4a, Lemma 10.17].

Lemma 2.14. Let K: R4\ {0} — R smooth and such that Im € N, 3a € (—d — 2,0) such
that

PMEQOISICE™ Vikls<m, ¢RI\ {0},
Let ¢ € C°(RITY) with unit mass. Let 1.(t, x) = e~ 972 (e7%t, e~'x) and define K. =
K x1.. Then

FE(OI S ICls+2)* e Y]k |s<m, (e R
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Proof. Let w.l.o.g. 1. be supported on Bs(0,¢) = {¢ € R x RY|||¢||s< e}. For ||¢]|s> 2¢
we bound OFK. as

‘ JoR(c= e

< sup |ME(C - <|/|wa ¢hld¢’

l¢7li<e
—|k
S gl g ekl

since for ||¢’|| <& we have || — || = |[<]| —e > [<]] /2. For ||{||s < 2e we bound

< 2l / K (¢ - ¢
[I¢—¢'1<3e

< g lkls <jg|[a Ikl

~

‘ K@=k

O

Lemma 2.15. (covariance estimation) The covariance C. on R x T3 has the bound,
for every multi-index k € N*:

0FC(t, )| S ([t)/2 + |z +e) 7 7 Fle W(t,2) eR x T3 e € (0,1].

Proof. Note that from Lemma 2.10 it follows immediately that P satisfies the assumptions
of Lemma 2.12. We obtain then the estimation

P (=)« PI(QOIS NI~

for every multi-inded k& € N%, and from Lemma 2.14 we obtain the result. U

Lemma 2.16. We have for every o € [0, 1]

sup ‘Cs(t7 x) - C€(07 x)‘ S 8_1_20|t|0
xeTs

Proof. Since for every € € (0, 1] C; is smooth, the result is immediately obtained by Taylor
expansion and interpolation from the bound of Lemma 2.15. U

Lemma 2.17. For every t >0 and every € >0 we have
Moc = [ PICUs ) g (s) dads S [logel,
RxT3
and for every n >3

A, = gn—ﬁ/ Pu(2)|Cu(s, 2)[" 1pp.g(s) dads < 1.
RxT3

Proof. From the estimations of Lemma 2.10 and Lemma 2.15 we have

1 1
e 5 / 1io.4(s) dxds
o rxs (|s|V2 + |2])3 (8|2 + |@| +¢)2 10,(5)

1 1
. Tig .—24(s) dxds
Rx(e~1T)3 (|5|1/2+|$|) (|S|1/2+|x|+1)2 [0,e t}( )
1 1
- Ljo,e-24(s) 1 —1y(x) dxds
~ /1R4(‘3\1/2+\x\)3 (‘8\1/2+\x|+1)2 0, zt]( ) B0, 1)( )
S |log(e)]
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In the same way for n >3

1 1
s En_Q/ 1p,4(s) dads
RXT3(|3|1/2+‘x|)3 (|8|1/2+|x|+5)n [O,t]( )

AN

/ 1 1 dxds
R (|s[Y2 4 |2))3 (|sV/? + |2+ 1)n
1.

AN

O

Lemma 2.18. Let K; be the kernel associated to the L-P block A; ¥Yi € N. We have for
every a € (0, 3)

| Ki2(y)] 1/2 —i\—
————e—dy S (|z|+ [t[/"+27")7, (2.14)
/(Iy\+lt\1/2)“
Kia: i\ —
/%dyfjﬂﬂﬂLZ iy, (2.15)

with the integral over T3 or R3. Moreover for P:IR* =R as in (2.4) we have V6§ € [0,1]

27572
(J| +¢]"/2 4 2-7)3+0°

[ Kot | < 210

Proof. We start with inequality (2.14), which can be obtained in a similar way as
Lemma 2.14. When [t|'/2> 277V |z| we have

|Ki x(y)‘ 1 / 1 1/2 i\ —
’ dy < |Ki2()dy S —75 S (Jz[+¢/74+277) 7
Af3(\y\+ltl”g)“ t/2 ) po/2

When 277> [t|"/2V |z| we estimate for a € (0, 3)

/ |KZ(.’E—1y2)‘ dy S 2ai/ |K(y)| dy
9 ([y| + [¢]/2)° 13[2' — y|*

S 2ai sup / |K(y)Ldy
z€(20T)3 J (2'T)3 |z —y]

< 27 S (el +[t2 279
Finally, when || > 27V |t|'/? we split the domains || >2~+!|y| or |z| <277*!|y|. In the
first region |x — 27%| > || so

Ki(z — K _ v

[ A gy [ Oy Slale s (ol 122 w2
o (Jy| +[¢]/7)° (2 |z =27y

while in the second region |y| > 2/|z| /2, then |K(y)| < |K(y)|"/2f(2"x| /2) where

f is another rapidly decreasing function which can be defined on the torus as f(-) =

ZjeZ3 f(-+2nj) by an abuse of notation. Then for « € (0, 3)

|Ki(z —y)| : / K ()|
AT I gy < f(202] /2 g
/T3(|y|+ltl”2)a v SR (2 [27%y[

< 20 f(2'x]/2)

< xS (] + V24277,
concluding the argument. Taking the integral over IR? in (2.14) does not change the esti-
mations, and the second inequality (2.15) is obtained in the same way.
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Let us show (2.16). Note that since Vi >0,Vz € R® [ K; »(y)dy =0 (obvious from its
Fourier transform) we have

I = [ KlPady= [ KawlP.y) - Py
= /dT/IR?’K”C "t,x+7(y—x))(y—x)|dy
15 [ar] Jw-nie =Pty =)y
1
S 2 [Car [ wE@IIPa+r2 il
0 R3

1
. 1
52—@/ ar [ 1yK () .
0 " Jre ({721 |z + 727y )8

where P’ denotes the derivative of P with respect to the space variable and can be esti-

mated with Lemma 2.10. As before we can bound (|t|"/2 + |z 4+ 727%|)~* by considering
three separate regions: when [¢]1/2> 271y |x| we have

T <270 |t 72<2™ “ﬂt

(|| [ 12 427

When 27> [t|"/2V || we estimate simply
1] 5/ [Ki(z = )|IP(t, y)ldy S 2% S270 (|| + [¢]'/? 279 737
R3

since P(27%¢,2ly) =273 P(t, y).
When |z| > 27"V |t|'/? we have instead that either |z|>2727%|y| or |z| <272 |y|. In
the first region |z + 72 'y| > |z| so

1
» 1
1 < 2 / dT/ WK (9)l—rdy
0 R3 |30|

< 27i|$|745271‘6(|$|+t1/2+27i)7376.

~

In the region |y| > 2¢z|/(27) we have |y K (y)| < (2Yz|/(27))K(2!|x|/(27)) and then the
integral can be estimated as follows:

1
. 1
Il < 27 d K —  d
15 2 ar | Ky
—3 1 ]
< |2|4/ dr(2]z|/ (20) K (2'|z] / (27)) / )~1dy
€T
< 2_1/ dr(2]z] / (2r) K (21]z] / (27)) /
|| 1+|y|
S 27 el S 2o +0/7+ 27
This concludes the proof for (2.16). O

Lemma 2.19. We have for every a € (0, 3)

1
sz t y ‘/ dyS )
invj / \y|+\t|l/2 (|| + [¢]H/2)3+e

with the notation 3, =3, Z’]g_l .
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Proof. From (2.14) and (2.16) we deduce that

Kio(y)P(t / < .
/”““ ) ‘ |y|+|t|1/2 W Z |x|+|t|1/2+2 iyito

Bounding the sum over ¢ with an integral, we conclude that

i~vg

dA A 1 V(e +e) gy
/o A (|4 |2 aype (|x\+|t\1/2)3+a/0 1+ N)ite
1

AN

(jal + ey

Lemma 2.20. (estimation of simple diagrams)
For a fited (= (t,7) ER x T2 and Vq €7, q> —1 define the measures

pac = Kqaz(y)d(t—s)d(, with (= (s,y),

laq,c = [ RSKq,:E(x)P(t —8T = y)dx]ﬂ[OHroo)(s) d¢, with ¢ = (87 y)

Let C-(¢) for ( €R x R? be the (T3-periodic) covariance of Yz. Then for every a <3
Io(t,7) :—/ |C=(C = NN [pg.cl g, S 279,
(RxT3)?2
For every B € (3,5)\{4}
Tt 0)= [ 164C= ¢ ligcl g ] 257
(RxT?3)2
Proof. We have
6= [ 1Ky aly)lly =y dydy’
by Lemma 2.15. By (2.15) we have
[ 1Kacwlly =y (a =y +270 - Sla =yl

and using again (2.15) we obtain the result. For the second estimation we obtain from (2.16)
that

gl S279(|t — s'/? + |z — y| +279) 1 dsdy,
and from Lemma 2.10
g, S /RS‘Kq,z(JU')\(H —s/|V2 4|7 — y'))3da’ ds’ dy.
By the estimation on convolutions of Lemma 2.12 we obtain then
Ig(t, @) < 2q/|Kq,x(x’)|\x—x'|3ﬁdx/
< 9(B—4)q
by (2.15), and this concludes the proof. (]

Lemma 2.21. (estimation of composite diagrams)
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For a fired ( = (t,%) € R x T® and Vq€Z, q> —1 define the measure

Hq,¢1,62-=
Z K o(y) K o(22) P(t — 51,y — 21)dzdy]L)p, 100)(51)0(t — 82)dC1d o

ZN]

with the notation ;= (s;,z;) ER x T fori=1,2. For k,£€][0,2) and me€ (0,5), n€ (0,3)
define

Ik,Z,m,n = (217)
/ |C€(C1 - 42)|k ‘Cs(d - Cé)|£ ‘Cs(gl - C{)Im ‘Cs(@ - Cé)‘n‘ﬂq7€17C2|‘Mq,g{,c2’|
(RxT)2

Ifk+m—1€(0,5) or {+m—1€(0,5), k+{+m—4€(—2,5) we have the bound

I b S < 2(k+€+m+n 4)

Proof. Note from the Fourier support properties of the L-P decomposition (Prop.1.1) that
there exists N € N such that if i < ¢ — IV we have

i+1
Kq z Z KZ z J x(xQ)P(t 51, Y )dl’dy 0
Jj=t1—1
and then the sum in p4 ¢, ¢, becomes Zi~j>q (a notation to indicate that we sum over

i>2q—Nand i —1<j<i+1). Moreover, there exists N € N (which we can take w.l.o.g.
to be the same as before) such that if i > ¢+ N we have

Koa(x) Y. Kix()Kjo(w2)P(t—s1,y — x1)dady =0.

6
R G>idl,j<i—1

Therefore, since ), K o(%2) =6(x — x2) (as is readily seen again in Fourier space) we can
write

Hq,¢1,¢6 =
Z Ki o(y)Kja(z2) Pt — 51,y — SUl)dxdy]]l[O,Jroo)(Sl)&(t —52)d(1d (e
inj~g
—I—[/ 6Kq,i T Z Kia(y)P(t — 51,y —21)0(z — 22)dzdy|Ljp 400)(s1)0(t — s2)d(1d G
R i24q

:Iaq,CLQ + ﬂq,CLCQ :

By Cauchy-Schwarz inequality it suffices then to bound the terms I, k,¢,m,n and I k,6,m,n
where fi4,¢, ¢, in (2.17) is replaced respectively by fi, ¢, ¢, and fig ¢, ¢,

The first term can be estimated by repeated change of variables, using the fact that
P(272is,271y) =273 P (s, ) and |C-(272%s,2 )| < 2i(|s|"/?+ |y|) L. Note that although
after rescaling s € [0, 2%'t], to integrate at infinity one can just bound P in L>(IR?\ B(0,
1)) and obtain P(s, y) < |s|™3/2. The space integrals are bounded thanks to the rapid
decreasing of the kernel K.

To bound the term fig ¢, ¢, note that from (2.16)

3 Kol Pt =1y =)yl €3 275t =12 o =] 270) 752

i24 i24
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and we can choose § € [0, 1] such that the hypotheses of Lemma 2.12 are satisfied. A
repeated application of its convolution estimations yields the result. O

2.3 Introduction to Malliavin calculus

We recall here some tools of Malliavin calculus that can be used to estimate stochastic
terms that do not belong to any finite Wiener chaos decomposition. A more detailed
introduction to Malliavin calculus, and the proofs of some results of this section, can be
found in [Nua06, NP12, Shi04]|. Lemma 2.28 was inspired by the calculations of [NN10].

2.3.1 Basic definitions and notations

Let {W(h)}nhen be an isonormal Gaussian process indexed by a real separable Hilbert
space H. Let (Q2,.#,P) a probability space with .# generated by the isonormal Gaussian
process W. We note L?(Q), #,P) = @D,.>0 Hn the Wiener chaos decomposition of L*(Q)
and write J, ¥ the projection on H, of the random variable ¥ € L2().

Let V' be a real separable Hilbert space. For smooth functions '€ LP(€2; V') of the form

F=Y" Fju; withv;eV, Fj=f(W(h),.... W (hn)),
j=1

f € C>®(R"™) with polynomial growth of all the derivatives, we define the Malliavin deriv-
ative

DF=Y "> 0if(W(h1),...,; W (hn)) hi @ v; .
j=1 i=1

For every k € N the k-th derivative D*F can be defined consequently. For p>1 we will write
D*P(V) C LP(Q; V) for the closure of smooth random variables with respect to the norm

k
1[Iy = ENE() + Y~ BADIC e, )]
J=1

with the notation D¥P:=DFP(R). The Malliavin derivative can be extended to an oper-
ator

DF:DFP(V) C LP(Q; V) — LP(Q; HOF R V).

For p = 2 we denote as ¢* the unbounded operator on L?(Q; H®* @ V) with values on
L?(; V) defined as the adjoint of D*: i.e. §(u) is the element of L?(Q; V) such that

E((F,5"w)v) =E((D*F,u)gorgy)  VF € DF(V)

and the domain of &% consists of all u € L?(Q; H®® ® V) such that the expression
above makes sense. ¢ is called divergence operator or Skorohod integral. Let {P;};cr+ the
Ornstein-Uhlenbeck semigroup defined as

o0
PV = Z e "t W

n=0

VW e L?(Q) and L: L*(Q) — L%(2) defined as

L\I/:i —-nJ,¥

n=0
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be its infinitesimal generator, i.e. e/’ = P, [Nua06, Prop.1.4.2]. Following [Shi04] we intro-
duce the Green operator

Gi=(j-1)"
with the notation

G =T[ Gk for 1<j<m (2.18)

so that G{ﬁ =(Gj. To avoid confusion, it is worth stressing that G m] is not the m-th power

of the operator G but just a shortcut for Hzl:j G

2.3.2 Partial chaos expansion

Let U € L%(2) which has the Wiener chaos decomposition ¥ =
Proposition 1.2.2 of [Nua06:

n>0 Jp,W. Then by

DJ, U = J,_;DV,

and knowing that LJ,¥ = —n J,¥ we obtain the commutation property

N 1 B 1 1 -a
D(j—L) W_Dé—(j+n)ajnw_7;—(j_i_n)al]n_lD\I’—(]—H L)y~™*D¥  (2.19)

for every a>0, j >0. The above formula holds also for j =0 if E(¥)=0.
The results we have recalled so far enable us to write a partial chaos expansion to the
nth-order for a random variable in D™?;

Lemma 2.22. Let ¥ € D™2 and GE-Y]L} as in (2.18). Then for every n € N\{0} GKL}}D”\II €
Dom 6", JoD*¥ € Dom §* YO< k <n and

n—1

SUGHIDM = (id = Jo— .. — Sy ) U= = 3 L
k=0

o 5k JoDF W, (2.20)

Proof. We have for any ¥ € L*((), since L =—46D (|[Nua06], Proposition 1.4.3):
U —E(U)=LL YT - Jol)=—6DL-Y(T - Jo¥)=6(1 - L)"'DT

where we used (2.19), and the fact that (1 — L)~'D ¥ € Dom 6 is obvious by construction.
This yields the first order expansion
U=EW)+5(1-L)"'DV.

Iterating this formula up to order n we obtain (2.20). It is clear that JoD*¥ € Dom §*

since JoD*U is constant with values in H®*. The second equality comes from the fact that
8k JDFU € Hy, VE € N, indeed VI’ € DF»2:

E(6%(JoDF W) Jp¥') = (JoD*W, JoDMW') 1 reny = E(6*(JoD"W¥) ¥') O

[n]

In order to obtain LP estimations of the remainder term 5”G[1] D™¥ generated by
expansion (2.20), one can use the following lemmas:

Lemma 2.23. ([Nua06], Prop. 1.5.7) Let V be a real separable Hilbert space. For every
p>1 and every ¢ € N, k > q and every ¥ € IDkvp(Hq ® V') we have

||5q(‘1’)||ﬂ)’€—w(v) Sk,p H\IIHID’“’(H‘J@V)



2.3 INTRODUCTION TO MALLIAVIN CALCULUS 77

Remark 2.24. Let V be a real separable Hilbert space. For every v € V and every
U € D??(H®9) with ¢ € N we have ¥ ® v € Dom §¢ and

39Uy =59V ).

Indeed, notice that for every smooth W' € D%2(V) and every smooth ¥ € D%2(H®Y) we
have

E((61(¥ ®v), U)y) = E(Y @ v, DTW) gogy) = E(04(P)v, T)v).

Now since DY(¥ ® v) = DIV ® v and ¥ € D?2(H®9), we have ¥ @ v € D?2(H®1 @ V).
Lemma 2.23 yields the bound [[0(¥ ®v)||r2(v) < | ¥ ® 0| pa.2(geagyy which allows to pass
to the limit for ¥/ and §9(¥ ®@ v) in L3(V).

Lemma 2.25. ([Shi04], Prop. 4.3) For every j >0 the operator (j — L)™*/? is bounded
wmn LP for every 1< p<oo.

Lemma 2.26. Let j € N\{0} and V a real separable Hilbert space. There exists a finite
constant ¢, such that for every ¥ e LP(Q,V):

ID (5 — L)Y 9| oo, mev) < ¥l 2r,v)

(where the operator D(j — L)fl/2 is defined on every ¥ which is polynomial in W (hy), ...,
W (hy) and can be extended by density on LP).

Proof. First notice tihat we can suppose w.l.o.g. IE(V) =0 thanks to (2.19). Therefore we

can write D (j — L) 2 as
D(j—L)"?=D(-C)"(=C) (j — L)~*/*
with C' = —+/—L. We decompose the second part as

e 1/2
(-0 =% (]Zn> Jn U =Ty
n=1

with TgW¥ := Y>>  ¢(n)J,¥. We apply Theorem 1.4.2 of [Nua06] to show that Ty is
bounded in L?, indeed ¢(n) = h(1/n) and h(z) = (j z + 1)~"/? which is analytic in a
neighbourhood of 0. Finally, we can apply Proposition 1.5.2 of [Nua06] to show that DC' !
is bounded in LP, thus concluding the proof. O

The two lemmas above give the following immediate corollary:

Corollary 2.27. For every 1 <m<n the operator Gm] = H?:m (j — L)~ is bounded in
L? for every 1 < p<oo.

Moreover, Let j € N\{0} and V a real separable Hilbert space. Then for every W e LP(£),
V) we have:

ID(j — L)' e, mev) S ¥ o, v)-

Moreover, for every 0 <k <2m, i >0 we have
klitm]
HD G[:‘Jrrf}1 \IIHLP(QH@’“@V) S I¥llzr@,v)-

The next lemma allows to write products of decompositions of the type (2.20) as
sums of iterated Skorohod integrals. From now on we will note (-, -) ger or (-, ), the r-th
contraction, which to avoid inconsistency has to be taken between symmetric tensors. We
also note hy" , i=hy, @ ...® hy, for hy,, ..., hy, € H.
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Lemma 2.28. (product formula) Let u = f(W(hy)hi™ and v = F b, with
feC™™(R) and F € D™*™2, Then

0" (u)o™(v) = (2.21)
Yo Conngri 8 OTIW (R) (R DI i (BT B )]
(q,7,8)EIm,n
with
m\(/n Y.
Crmars = (7 ) ()
Imn = {(q,r,i) eN3:0<qg<m,0<r<n,0<i<gAT}.

A trivial change of variables gives also
0"™(u)o™(v) =

Y O ™AW (ha)) (™ DIF) (A BGT )
I/

m,n

with I, ,:={(i,q,7) EN30<i<mAn,0<g<m—4,0<r<n—1i}.
Remark 2.29. In the special case v = g(W (hy))hs™ eq. (2.21) takes the form

S )" ()= > Cogri 8™ TIT(DM T, DY) rogsr ) (2.22)

(q,r,i)EIm’"

which is just a generalization to Skorohod integrals of the multiplication formula for mul-
tiple Wiener integrals ([Shi80], [Ust14]). We can write the above formula more explicitly as

0™ (u)d"(v) =
Y Connygr ™I FUTIW () g4 (W (ho)) By ™ =@ B (s )T

Im,n

Remark 2.30. Note that one can assume w.l.o.g. the argument of 6" ~9=" in (2.21)
to be symmetric, and this would allow to iterate Lemma 2.28.

Remark 2.31. We can give the following intuition for the second formula in Lemma 2.28.
The random variables 6™ (u) and §™(v) have an infinite chaos decomposition, and following
the tree notation of (2.8) (see also [GIP15], [Hail4a]) they could be represented as trees
with at least m (respectively n) leaves, which need to be contracted with each other as
in (2.9) when decomposing the product §™(u)dé™(v). One can either contract the existing
leaves or perform the Malliavin derivative that makes a new leave appear in the notation.

It is therefore clear that the index ¢ in the second equation of Lemma 2.28 denotes
contractions between the already existing leaves of the trees u, v. The indexes r and ¢
count new leaves in each vertex that are created by the Malliavin derivatives, which are
then contracted with other leaves from the other tree. There are then m+n —r — ¢ — 2i
overall unmatched leaves which are arguments to the iterated Skorokhod integral.

The more intuitive interpretation of the second equation in Lemma 2.28 is the reason
why we gave two distinct expression for the same quantity. Nevertheless, the formula (2.21)
is more practical in the calculations and is more widely used throughout this work.

Proof. (Lemma 2.28) Using Cauchy-Schwarz inequality and Lemma 2.23 we can show
that (D"6"(v), 67(u))ger € L*(Q, H®™=I=") for every 0 < r + j < m. Then we apply
Lemma 2.32 to get:

n

()5 (v) =Y (:)wr(mr 57 (w), v) ).

r=0
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Using the commutation formula (2.23) we rewrite the r.h.s. as

5 (1)8™(v) :i (:)f (Z)(T)i!5"‘r((5m_i(D”_iu),v>H®r).
=0

r=0 1=

We obtain
(8D ), 0) ger = T (FUTIW (ha) ™ )V F (RGBT e
and using again Lemma 2.32 we obtain

(D), v) e =

m—q

Z( D)om W () (07 D) By © e O )
L=

where we used 6*(¥)h®E"~" = §¥(¥ @ h®"~") for ¥ € Dom &¥, as seen in Remark 2.24.
Substituting this expression into 6™(u)d"(v) we get

0™ (u)0"(v) =

S At 8T LW () (B D) o By © . @ )]

m,n

<

where we set
s = (O
Imn = {(r,i,0) EN30Lr<n,0<i<rAn,0<l<m—i}.

In order to complete the proof we just have to perform some basic changes of indexes.
Taking ¢ =/ + i and noting that ( )(m _’> = (‘?)(73) we have

q—1 %

= (D)2

and this yields (2.21). Finally, we perform the change of variables ¢ —i— ¢, r —i—r to
get the second formula. O

We list below the tools we used to prove Lemma 2.28.

Lemma 2.32. ([NN10], Lemma 2.1) Let ¢ € N\{0}, ¥ € D%2, v € Dom §? and
symmetric. Assume also that YO<r+ j<gq

(D", 69(u) o € L, HE )

Then YO<r <q (D"V,u), € Domd?~" and

U §9(u zq:( )5q (D", ) o).

Remark 2.33. Note that §"(h®") = [W"™(h)] with the Wick product [-] defined in Sec-
tion 2.1. Indeed V¥ € D2 we know that E[§(h®")¥] = E[W (h) h®"~! U] using the facts
that 6(h) =W (h) and §(h®") =6(h)h®"~1, therefore §"(h®") = §"~1(W (h)h®"~1). From
Lemma 2.32 we have, since DW (h) = h:

" W (h)RE" =) = 6" H(RFM YW (h) — (n — 1)¢h, h)o"3(h®"72)

which gives by induction 6"(h®™) = [W"(h)].
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Lemma 2.34. Let j, k€N, u € DItF2(H®)) symmetric and such that all its derivatives
are symmetric. We have

kAT i
kS§i(ar) — ) si—i( pk—i
DE§I (u) Z (Z>(Z>z5 (DF=iu) (2.23)
Proof. If j=0,k=1o0r k=0,j=1 eq. (2.23) is trivial. Let j=k=1 and u € D>%(H) C
DY2(H). We can apply Proposition 1.3.2 of [Nua06] to obtain (Dd(u),h) = (u,h) +5({Du,
h)) Vh € H. Since by hypothesis Du is symmetric we have §((Du, h)) = (6Du, h), and then
Dd(u) =u + dDu. The proof by induction is easy noticing that Dd7 = §/D + jé7 —1. O



Chapter 3

Brief introduction to FK percolation and
the Ising model

3.1 The random cluster model

The random cluster model, or FK percolation model, was first introduced by Fortuin and
Kasteleyn in [FK72]. We refer to comprehensive book on the subject [Gri09], and introduce
here just some notations that will be used in Chapter 4.

Let A C Z? bounded, Q= {0, 1}Ed with IE? the set of edges of the graph Z?, and .# be the
o-algebra generated by cylinder sets. For w € Q, let w, be the component of w at e € E%. Let

Ern={e=(z,y)eEYz e, ycA} (3.1)
the set of edges with both endpoints in A. For £ € ), define the following finite subset of 2

Qi ={weQwe=E, VecEL\ Ep}.

Definition 3.1. Let p € [0, 1], ¢ € (0, 00). The FK probability measure on (2, #) with
boundary condition £ is

1

65, (w)={ Zen Meep, 7% (1=p)' =] " ifwef
7p7q ’
0

otherwise

(3.2)

with Z¢ A(p, q) = Zweﬂf\ [ecp, P (1 - )19 ) and k(w) the number of connected

components of the graph (Z%,n(w)), with n(w)={e € B¢ w,=1}.

We will call the edge e open if w.=1, and closed otherwise. We call open clusters the
connected components of (Z%, n(w)), and write x <+ y if z,y are in the same open cluster,
x < y otherwise. An open path is a (possibly infinite) sequence (e;) of edges belonging to
n(w). The boundary condition is free if & =0 Ve € E? and wired if £, =1 Ve € E% One
can see from Definition 3.1 that for g=1 the model corresponds to the standard Bernoulli
bond percolation, with edges being independently open or closed at random.

Remark 3.2. For both free and wired boundary conditions, if the domain A is the union
of two subsets A1 and Ag such that Fx, N Ep, =0, then the configurations on A; and As

are independent. Indeed, calling k (w,E?\ E5) the number of open clusters of w that do
not intersect £\ Ey, we have k (w, B\ Ep) =k (w,E4\ Ex,) + k (w, EY\ Ey,).

Although in general the states on two different edges are not independent, the model
exhibits a “domain Markov” [HDN11] or “nesting” [Gri09] property. Let .# 5 (respectively
.7 A) be the o-algebra generated by the states of edges in Ej (respectively in E?\ Ey). We
have the following result.
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Lemma 3.3. ([Gri09, Lemma 4.13]) Let p € [0, 1], ¢ € (0,00), and let A, A be finite
subsets of 74 with A C A. For every £ €Q, every event A€ .Z 5 and every w € Qg:

O3 p.glAl T 2) (W) = 6K p.o(A). (3.3)

The set 2=1{0, I}Ed has a partial ordering given by w <w’ if Ve € E? w, <w!. A function
X:Q— R is called increasing if w <w’= X (w) < X (w’). Likewise, an event A € . is called
increasing if the random variable 1 4 is increasing.

Definition 3.4. (FKG inequality) A probability measure p on ) is said to be positively
associated, or to verify the FKG inequality, if for every increasing events A, B we have

1AM B) > u(A) u(B)

The probability measure gbf\%q of Definition 3.1 is positively associated [Gri09,
Lemma 4.14]. As a direct consequence we have the following monotonicity properties.

Lemma 3.5. Let p€[0,1], ¢=>1 and AC A CZ? finite sets. Then:

e For every n< £ €Q and for every increasing event A € F p:

O p,(4) < 05, o(4):
e For every increasing event A€ F\:

OAp,q(A) < Ph,p,q(4).

For pe€[0,1], ¢=1, the random cluster measure qﬁf\, p.q for both free and wired boundary
conditions admits a thermodynamic limit as A — Z? [Gri09, Theorems 4.17 and 4.19], which

we call qﬁfh 4 For every boundary condition § such that gbf\% o admits a limit and every
increasing event A, we have:

05, o(A) < 5 (A) < p 4(A).

3.2 Relation with the 2-d Ising model

We introduce now the Ising-Potts model on a finite set A C Z¢. Take a configuration space
»Q ={—1,1}" with .Z the o-algebra generated by cylinder events. For o € £§ and z € A we
call o, the function that associates o with its value in z, and 0. = 0,0, with e=(z, y) € Ep.
The Ising probability measure on (3%,.7) with free boundary condition is defined Vo € ¥
by

(o) = e PO B == % 1, (3.4)

Z
1 ecE}

with E{ = {e=(z,y) €eBYzcA,yc A}, >0, cc=0, oy and ZB) = ZUEEO e~ BH ()
A
Similarly, let X} = {0 € { — 1,1}*Y9)| 5, = 1Vz € 9A}. The Ising probability measure
with + boundary condition on A is defined Vo € ¥} by

1 _gH(s
ﬁ(a):z_}e (o), HY (o)== 1y (3.5)
ecE}
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with E{ = {e = (z,y) € EYxc AVvyc A} and Z}(B) = Zaezl e PH(9) From now on,
A

random variables o, for x € Z? are (unsurprisingly) called spins.

Remark 3.6. Traditionally, the Hamiltonian of the Ising model is written as

——E Oz Oy

r~Yy

with x, y nearest neighbours. Defining Ag/(c) o e P"H'() for the usual Ising measure, we
recover it as Ag/p =mpg.

The Edwards-Sokal coupling on A with boundary condition £ € {0, 1} consists of
defining a probability measure on 25 x ) as

pio,w) 5 [T 10 =p) tomo+ P o To,=1] Le (@) (3.6)
Zes ecE§
: 3 ¢ _
with Z, such that Z (0. w)ext X0 pi(o,w)=1. From now on we fix
e P=1-p and ¢=2. (3.7)

It is easy to obtain the following lemma (see [Gri09]).
Lemma 3.7. Letpe[0,1], e P=(1—p), ¢=2 and £ €{0,1}. Let pi§ be defined as in (3.6).
Then:

€

e  The marginal of ,uA on ZA s TR

e  The marginal of ,uA on s ¢A7p72.

In order to characterize the regularity of the Ising magnetization field on an unbounded
domain U C R?, in Chapter 4 we will use the well-known FK-Ising coupling for infinite
volume measures.

Theorem 3.8. ([Gri09, Theorem 4.91]) Let pc[0,1], ¢=2, e #=(1—p).
o Let w be sampled from Q={0, 1}E2 with law qﬁ}w. Conditionally on w, each vertex
is assigned a random spin o, € {—1,+1} such that:
1. oz=1if x> 00 (i.e. if x belongs to an infinite open cluster)
2. oy takes values in {—1,1} with probability % if T 00
3. or=oyifrery
4. spins in different open clusters are independent.

Then the configuration 0 ={0},cza is distributed according to the weak limit 7t of
Ising measures with + boundary condition.

o Let o be sampled from ¥ = {—1, —f—l}Zd with the Ising limit law w*. Conditionally
on o, each edge is assigned a mndom state we € {0, 1} such that:

1. the states of different edges are independent

2. we=01if o, # 0y

3. if op =0y, then we=1 with probability p and 0 otherwise.
Then the edge configuration w = {we}ecpe has law ¢ .

A similar argument is valid for gf)%q and the infinite-volume Ising measure 79, with the
difference that no fixed value is assigned to o, in the case x <> co.






Results






Chapter 4

Tightness of the 2-d Ising magnetization
field at criticality

In this chapter we study the magnetization field of the two-dimensional Ising model intro-
ducted in Chapter 3, at critical (inverse) temperature 8.=In(1++/2) and associated FK
percolation parameter p. =1 — e~ P. The problem of finding the exact regularity for the
magnetization field was first posed in [CGN15]. Let U C IR? be an open set, and for a >0,
let U, :=U N (aZ?). Denote by (0,)ycv, the Ising spin system at critical temperature, with
¢ boundary condition (either + or free), and define the magnetization field

do:i=a® Z oy Oy, (4.1)

where ¢, is the Dirac mass at y. It is easy to see that Dirac masses do not belong to
By, 2(U), and thus prevent the family (®a)ae(0,1) from being tight in this space. However,
we can define the piecewise constant random field

1
b,:=a ¢ Z oy 1s,(y) (4.2)
yeU,

(as done in [CGN15]) where S,(y) is the square centered at y of side length a. We note
that the set of limit points of ((i)a)ae(o,l} and of (®4)qe(0,1] coincide. Indeed, one can check

A

using Definition 1.17 that the difference ®, — ®, converges to zero almost surely in, say,
Cie(U), for every av < —3.

In [CGN15], the authors showed that for U = [0, 1]2 and every € > 0, the family
(®a)ac(o,1) is tight in By 37(U), and proceeded to discuss similar results in more general
domains. (In Proposition 1.14 we showed the equivalence between Sobolev spaces H ' ~¢
used in [CGN15] and Besov spaces B 37°). They asked in which precise function spaces
the family (®4)q¢(0,1) is tight.

Using the Onsager correlation bounds (Lemma 4.4) and the tightness criterion of The-
orem 1.46 (together with the equivalence of norms of Proposition 1.52), we prove the
following result.

Theorem 4.1. Fiz an open set U CR?. For every e >0 and p, q € [1, 0], the family of
U).

—g,loc

1
Ising magnetization fields (®q).e(0,1) on U is tight in B, *
We also prove, in Section 4.1 that the previous result is essentially sharp, when U = R?:

Theorem 4.2. Let € >0 and p, q € [1, 00]. If ® is a limit point of the family of Ising

1
—tel
magnetization fields (®a)qc(o,1) on R?, then ® ¢ B, s teloc

. (R2) with positive probability.

1
el
In particular, the family (®a)qe(0,1] i not tight in Bpjﬂ “(R2).
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It was shown recently that there exists a unique limit point to the family (®4)ae (0,1,
see [CGN15, CHI15]. Theorem 4.2 gives a characterization of the regularity of this limit.

In order to prove Theorem 4.1, we choose a spanning sequence .#” of U (as specified in
Definition 1.37) and bound (1.39), (1.40) for the family of random linear forms (®4)qe(0,1-
For p € [2,00) the terms (1.39), (1.40) become:

1

1

a 3 sup Z IE£ (O 0y,) H/ 0 (28 (z—2))dz p, (4.3)

Z‘EAka yl...ypEUa

1

1 P
a 822" sup Z IE]U (Oyy - 0y,) H/ (2" (z—x))dz |, (4.4)

with (K, k) € .#". Here lEgUa (oy, - 0y,) is the expectation with respect to the Ising-Potts

measure ngfa at critical temperature with either free or + boundary condition (see (3.4)

and (3.5)).

In the following discussion we will exploit the Ising-FK relation discussed in Section 3.2
and introduce some lemmas which are useful to prove Theorem 4.1.

Let A C Z? be a finite set. Define A, , C {0, 1}F2 the event that each open cluster
of the FK model on A contains an even number of the points 1, ..., yn, or is connected to
the boundary 9dA. Define also Abﬁ? un € 10, 1}]E2 the event that each open cluster of the
FK model on Z? contains an even number of the points 1, ..., yp, or is infinite. Finally, let
A?n .y, be the event that each open cluster contains an even number of the points 1, ...,
Yn. It is easy to notice that all these events are increasing, i.e. they are preserved when

switching any w, from 0 to 1.

Lemma 4.3. Let ¢ be the FK probability measure with p €[0,1] and ¢=2, and take e % =
(1—p). Then for any n>1:

]‘ EX (0y1 O-yn) = (b}\(A%Jl---yn)'
1

2. B (0y, - 0y,) = da( A7, ).

3. Ef{ee(gyl Uyn) ¢A( Y. yn)

fi
4. Egst(oy, - oy,)= ¢ZQ( Yi.. yn)
Proof. We only prove the first point in this lemma, as the other equalities can be obtained

with the same arguments, using Theorem 3.8. Let f: o + oy, -+ 0y, from Lemma 3.7
and (3.6) we can write

=3 £ pho.w)

UEEA wel
Z H [(1=p) Lo.=0+ P L,=110,=1]

aez:l wENR e€ B
1
= Z (1 — p) ! Ea\mal@)l plna(w)] Z flo H lg,—1
S we} gET) e€na(w)

with na(w) ={e € E)\|w.=1}.
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Now take w € Q} such that one or more of its clusters contain an odd number of points
in 41 ... yo. The sum ZUEEI f(J)HeenA(w) 1,,—1 is zero (indeed, each odd cluster takes
A

the values +1 and —1 and all terms cancel out). Conversely, if w € Al the product

Y1 Y
Oy, Oy, in the same cluster is equal to 1. We can write then:

Z 1A » (w) p)\EA\nA(W)\p\nA(W)l Z H 1p,—1

w€Q1 aeszEUMw)
+ Z ]lA o (w) (1— p)\EA\nA(w)\p\nA(anm
eb WEQI

Here k (w,E?\ E}) is the number of connected clusters of w that do not intersect [E2\ Ej.
The following equivalence between partition functions yields the result:

ZE=3 (1= p)ENm@ il S T 15

weQ} cex} e€na(w)
:% S (1 p)lEn\m) plnste >|2k<w,EA>:§ZF,K(p,2)‘
weN}

O

We are going to need a well-known inequality for the 2-d Ising model of
Onsager [Ons44|, formulated using connection probabilities for the FK model. See
also [HDN11, Lemma 5.4].

Lemma 4.4. Let m €N and B, =[—m,m|>N7Z? . At critical temperature p.=1— e~ Pe,
there exists C >0 such that:

1
(bleych]:Z (0 < aBm) < Cmig.

The following proposition is known (see [CGN15, Prop. 3.9] for a sketch of the proof),
but we give here a different (and complete) proof which employs the pin and sum argument
with hairy cycles of A.Abdesselam [Abd16].

Proposition 4.5. Let p€ IN. There exists C' >0 such that, for every N € N:

1a
S Eiyme (0w 0y,) SC(N+1)37 (4.5)

Y1, YpEUN

with Uy = [0, N> N Z2 and ]E%N(ZQ) being the expectation on either Uy or Z? at critical
temperature (..

Proof. The events Ayl___yp are increasing, and we have A C Al when the events

Y1--Yp Y1---Yp
are on the same domain (finite or infinite). From the couphng of Lemma 4.3, and using
the monotonicity properties of Lemma 3.5 it is easy to obtain ]E Un(22) S ]EUN We are then
left to show the inequality for this term.

We start by showing that

15
> Efy(0y,0y,) <CNS (4.6)
yly"'yypeUN
YiFY; Vi
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The event Aél--.yp of Lemma 4.3 implies that every point in {yi,...,y,} is connected by an
open path to another point in {y1,...,yp} or to the boundary 0 Uy, which from now on is
identified with the point yo. For every 1<i < p, call £;=min;>q j+;d(y:, y;) where d(y;, y;)
is the Z? distance between y; and y;, and define B;=y; + [—{; /4,¢; /4> N 72, F = Ule B;.
Notice that the graph F C 72 has p disjoint components.

From Lemma 3.3, Remark 3.2 and since ¢f;,(4) = 3°_ ¢ (4] Tr)(w) ¢, (w), we
obtain

p
Efy (04, 0y,) < ¢[+JN( N {vie 6Bi}> <[[ 45 (wi> 0By,

i=1 i=1

where we used the monotonicity property of Lemma 3.5 in the second inequality.
Lemma 4.4 yields:

S Ehopo)s S ][ min diy,y)

Y1, YpEUN Y1, YpEUN i=1
YiFY;ViFE ] YiFEY;ViFE]

DS

Y1 Yp€UN i=1 j
YiFY; Vit g J
1

p
S D) > dlynys) T d(ypys,) S
J1---Jp=0 ¥y1,...,yp€UN

JiFt  yiFyViEd

It is easy to see that for i€{1...p}, j€{0...p}

—=

(]
QL
—~
&

<

)

~
ol

"

there are indeed ~k points at distance £k from y;.
To estimate the term

| =

1

> dlynyi) e d(ypyg,) S (0<Gi<p, jiti) (4.8)
Y1, YpEUN
Yity Vit J

we need to find the right order in which to compute the sums 3 . We associate then (4.8)

to a graph with p+ 1 vertices labelled {0, 1, ..., p} and p directed edges, such that to d(y;,
y;;) corresponds an edge going from i to j;.

Notice that every vertex in {1,...,p} has exactly one edge going to a vertex in {0, 1,...,
p} and the vertex 0 (which is a notation for the boundary 9 Uy) has no outgoing edges.
Therefore, following the directed edges starting from any vertex in {1,..., p} one either ends
up at the vertex 0, or enters a cycle (because every vertex except 0 has an outgoing edge).
This cycle cannot be escaped, again because vertices in {1, ..., p} have only one outgoing
edge (indeed, to every y; there is only one y;, associated to it).

This said, we can conclude that our graph has one or more connected components, each
of which can be of two distinct types:

e a tree with root in the vertex 0

e a cycle, possibly with branches attached to it (i.e. each point of the cycle can be
the root of a tree).
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We can then proceed to estimate every sum in (4.8) in the order given by the oriented
graph, starting from the leaves. This is just a repeated application of (4.7), until we reach
the root (0) or a cillgcle. Hence every connected component with root in 0 and k edges gives

a term of order N8 ", For example we can estimate the following term as follows (starting
from the leaves y; and y3):

1 1

_ _ 1
> dlyi,y2) Fd(y2 y0) Sd(ys,y2) ®

Y1,92,Y3,€UN
viFyY;ViF]
1 1 1
< > dlyzg0) ) dlyye) F Y d(y,y) ®
y2€UN y1€UN ys€Un
Y1FY2 Y3F Y2
45
< N5

~

Summing on circles does not pose any additional problem: indeed one can just choose a
point within the circle (call it g5) and sum keeping fixed both the “inbound” point ¢; and
the “outbound” point gs:

1 1
S N—E e s d(q,22) 4 d(go, ¥3) *
Z d(g1, 92) *d(J2, U3) 8<AZ T—FAZ — 5
J2€UN J2€UN 92€UN
2 F 91, Y2 F U3 G2F 01 G2 F U3
1
S

where we used Young inequality. Then (for a circle with k& edges) the sum over the

remaining vertices 3 ... J;, gives an estimation of order N 1785(]672). This proves (4.6).

Now consider the general case in which two or more points concide. At the price of a
factor p! we can reorder the points, and take the last p — k points to be all different from
each other (with 2 <k <p). Conversely, {y1, ..., yr} can be partitioned in m subsets such
that all the points in the same subset are equal: we call k; the number of points in the -
th subset with k =kj + ... + k;,, and therefore m <k /2. We want to show that:

15
+ k1 km . <P
E E By (05 057 Oy g 0y,) SCN ST,
517;--7g7n§UN7 yk+17"'7ypeUN
TiFyji<m,jE€[k+1,p] Vit Yj

As before we define £; =min;>q j+; d(y;, y;) for every k+1<i<p and B;=y; + [-{;/4,
¢; /41> N Z2. Notice that the event A%u...y
by an open path to the boundary of B;. Then using the results already obtained:

—+ k1 k
Z E : 1EUN (0331 O Oy pr)

1 Im€EUN Yk+1,--YpEUN
TiFyj,i<m,k+1<j<p YiFY;

N2 ¢>J(5N< f {yi<—>33i}>

i=k+1

, implies that every y; with ¢ >k +1 is connected

N

N2m N%(p*k) < N%p.

N

We are now ready to prove Theorem 4.1.

Proof. (Theorem 4.1)
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By Theorem 1.46, the result is proved as soon as we can bound (4.3) and (4.4) for
any even p > 2. If the domain U is bounded, we choose .#" = (K, n)peN as its spanning
sequence, with:

K, ={z € R?|dist(x,U®) > (2+ ) R27"} (4.9)
for § >0 and R such that (1.12) holds. If U is unbounded, it suffices to take
K,=K,NB(0,n):

in both cases we have a valid spanning sequence according to Definition 1.37.

We first consider (4.4). From the support properties of 1(?(27(- —z)) given in (1.12)
we can restrict the sum over y; to the set

Qn,z: {y S Ua| d(y796) <2™" R+ a/ﬂ}

Now we bound (4.4) separately for small and large values of n. If 2" > Ra~! we have

Z IEU (Oyy - 0y,) H/ ) (2" (z —x))dz

ypeUa (y]

< ¥ H/ ) (27 (= — )] d2

Y1 ypean] 1 a(yj
2 —2
< Y wmgawm

yl---ypeﬂn,x

This gives the estimation

1

a*%22” sup | Z ]EgUa(O'yl---O'yp)H/ Y@ (27 (2 —2))dz]? <2

{L‘GAnﬂK yl---ypeUa ]:1 Sa(yj)

oo\»a

Conversely, if 2" < Ra~! we first notice that
anCUax [t —2R2™™ x+2R27"?NaZ?

and then using Lemma 3.5:

Z ]EgUa(ny“pr) < Z EJIL(Uyl“'pr)
yl-nypelja,z yln-ypEﬁa,z
S Z EJ&W (g, 0y,)
yl---ype(ja,x
+
S E[—N,N]QOZQ (Oyy - 0y,)

y1...ypE€[—N,N|2NZ?

2R27™
I

with N = |. By Proposition 4.5, we finally obtain

¢ sy 15
§ EUa(Uyl”’pr)Sa 872 8
y1~--yp€Ua,x

1
uniformly over z. As a result, (4.4) can be bound from above by C 28" for some C' > 0.
Using the same techniques it is easy to obtain the following bound for (4.3):

1
a -5 sup Z IE]U (Oyy - 0y,) H/ 0 (2% (z—x))d2]? <1.

r€ANK ) T, a(ya
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Therefore, by the tightness criterion of Theorem 1.46 we have shown that the family

1
(®a)ac(o,1) is tight in B = OC(U) for p = 2 and even, and by the equivalence of norms
el
of Proposition 1.52 it is tight in Bpj “°(U). The embedding described in Remark 1.27
yields the result for all p € [1, oc]. O

4.1 Absence of tightness in higher-order spaces

In this section, we prove Theorem 4.2. The proof is based on the following lemma, which
is a consequence of the RSW-type bounds for the FK model obtained in [HDN11].

Lemma 4.6. ([HDN11, Proposition 27]) There exists ¢ >0 such that for any y1, yo € 7>
with d(y1, y2) >0:

1
E£Z2 (Uyl 03/2) cd(y1, y2) *
for any boundary condition &.

In order to show the absence of tightness we only need the following partial converse
to Proposition 4.5 for two-points correlations.

Lemma 4.7. There exists ¢ >0 such that, for every N € N:

15

Y Eh(oy o) Zc(N+1)T
y,y2€UN

with Uy = [0, N> N Z* and E%Q being the expectation on Z* with arbitrary boundary
conditions.
Proof. The result is ilmmediate since there are (N + 1)* terms in the sum, each being
larger than ¢ (N 4 1) 4 for some fixed constant ¢ > 0. O
Note that in the proof of Theorem 4.2 we make use of Proposition 1.33, which allows
us to easily obtain lower bounds on the Besov norm of some distribution by testing against
a non-negative function.
Proof. (Proof of Theorem 4.2) We decompose the proof into three steps.
1. In this first step, we recall that for a non-negative random variable X, we have

E[X] ] _ (E[X)?

7 | > TERT (4.10)

IP[X >

Indeed, this follows from
EX] = E[X 1X<E[X}/2]+E[X ]1X>IE[X}/2]
< EIX]/2+E[XY7P[X > E[X]/2]2,

by the Cauchy-Schwarz inequality.

2. Let n be a smooth non-negative function supported on the ball B(0, 1) and such
that n=1 on B(0,1/2). We set nx :=A"2n(A~}(- —z)) and

Xy im / (. 7.0} do.
B(0,1)
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In this step, we show that there exists a constant ¢ > 0 such that Va <\ € (0, 1],
1
IP[XW\ > c,\‘ﬂ >e. (4.11)

As in the proof of Theorem 4.1, we can use Proposition 4.5 to show that there exists
a constant C' < oo such that for every p € {2,4}, a <\ € (0,1] and = € R?

E[((a, r2))7] < C A5, (4.12)

By a similar reasoning, we obtain from Lemma 4.7 that there exists a constant ¢ >0
such that for every a <\ € (0,1] and x € R?,

E[((®q, 72.0))2] > ¢ A, (4.13)

Combining (4.10), (4.12) with p=4 and (4.13), we deduce that Ya < X € (0,1] and

z € R?,
c -1 c
—\ 8| >—.

P| (@0, ma0)] > -

In particular, after reducing the constant ¢ >0 as necessary, we obtain that for every
a<X€(0,1] and z € R?

1
E[[(®a, mr,z)] = cA 3, (4.14)
and thus that

1

E[Xg ] >cX 5.

Using (4.12) with p=2 and Jensen’s inequality, we also have, for every a <A € (0, 1],
1
E[XZ,]<CA 1.

We therefore obtain (4.11) by another application of (4.10).

. Let > —%, and let ® be a possible limit point of the family (®a)ae(o,1]- Passing to

the limit along a subsequence in (4.11), we get that for every A € (0, 1],

1

IP[/ P, ma )| dz=c X 3| >c (4.15)
B(0,1)

By the embedding of Besov spaces discussed in Remark 1.27 and Proposition 1.52,
in order to prove Theorem 4.2 it suffices to show that ® ¢ Biggc(Rg) with positive
probability.

Let then x be a non-negative smooth function of compact support such that
x =1 on B(0,2). By Proposition 1.33, there exists a constant ¢’ > 0 such that for
every A€ (0,1],

Ix®llpe >/ A / (@, mpe)] > ¢ A0 / (@, 7.2)] .
R2 B(0,1)

Combining this with (4.15) yields
IP{ Il x i)HB%m >cd )fai%} >c.
Since a > —%, letting A tend to 0 gives
P [||x ®| 5, =+00] = ¢ >0,
which completes the proof. U



Chapter 5

Quasi-linear paracontrolled PDEs

5.1 Introduction

In this chapter we study a class of general quasilinear equations of which one of the simplest
examples is the following parabolic SPDE:

Owu(t,z) —alu(t,z))Au(t,x) =£(z), u(0,z) =up(z), x€T%t>0, (5.1)

with a: R — [\, 1] for A >0 a uniformly bounded C? diffusion coefficient, and [|a®|| <1
for k=0,...,3. We assume that £ € %~ 2(T?) with 2/3 <a <1 where ' *(T?) is the Besov
space introduced in Chapter 1 (this would apply for example to the space white noise on
T?). In this case, we expect (by analogy with the Schauder estimates of Section 1.2.3)
that u(t, ) € %(T?). Therefore, as one can see from the paraproduct theory introduced
in Section 1.2.1, the product a(u(t,-))Au(t,-) cannot be well posed whenever 2a — 2 < 0.
Equation (5.1) is a quasilinear generalisation of the two—dimensional periodic parabolic
Anderson model (PAM).

The techniques developed in this section allow to deal with a class of equations of the
form

Opu(t, z) — ar(u(t, z)) Au(t, x) = az(u(t, x))&(x) t>0,2€T? (5.2)
and the more general equations
a3(u(t7x))8tu(tvx) _al(u(tax))Au(tvx)ZS(QQ(u(tax))vtvx)v $€T2,t20, (53)

where a1, ag, a3 are sufficiently smooth non-degenerate coefficients, a1, az: R — [\, 1], ag:
R—[-L,L] A€ (0,1),L >0 and &(z,t,z) is a Gaussian process with covariance

E[f(z,t,x)f(z’,t’, xl)] = F(Z’ Z/)Q(t _tlvx - xl)v x, xle T2ata t/a 2, Z,E Rv

with F' a smooth function and @ a distribution of parabolic regularity p > —4 /3. This
includes as a special case the space white noise discussed before, but we could consider
a time white noise with a regular dependence on the space variable, or some noise which
is mildly irregular in space and time. Moreover, with our technique we are able to treat
equations with matrix-valued coefficients like

8tu(t7 Z’) - al](u(t7 x))%u(ta $) = g(U(t, x))ga t20,x€ Tza (54)
i 0T

provided the template problem associated to it (see (5.5) and Remark 5.17) is uniformly
parabolic.

95
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For the sake of clarity and simplicity we will discuss mainly the basic example (5.1) since
this contains already most of the technical difficulties. The study of this equation will we
carried on in full detail in Section 5.3, employing the theory developed in Section 5.2. We
will be able to treat equation (5.2) in Section 5.4 and equation (5.3) in Section 5.5 with
slight modifications of the results of Section 5.2.

Our approach can be described as follows. For an equation of the form (5.2) we con-
sider at first a parametric “template” problem, with constant coefficients 71, 12 replacing
ai(u),as(u):

o (n,t,x) — mAI(n,t,x) =n&(t,x) (5.5)

with 7= (n1,n2) ER?, m €[\, 1], 2 €[~L, L] for A€ (0,1), L >0. We introduce a nonlinear
paraproduct Il and formulate the Ansatz:

u=I(a(u),?) +u,

where it will be shown that u! defines a more regular remainder term which solves a
standard PDE. With this decomposition the equation can be treated along the lines of
standard paracontrolled calculus presented in Section 1.2, and all the arguments introduced
there can be extended in a straightforward manner to the quasilinear setting.

A notation shortcut widely used in this chapter is to write fz y for integrals on T?

or R with respect to the measures dz and dy without specifying the integration bounds,
whenever this does not create ambiguity. We will write as usual 3, =3, Zzg_l
ZiZj :ZDj 41 When summing over Littlewood-Paley blocks. We will also use the notation

0fsy=f(t,2) = f(s,y) and 0- f5 = f(s,y) +7(f(t,2) = f(s,y)) for T €0, 1].

and

5.2 Nonlinear paracontrolled calculus

In this section we present the main tools of nonlinear paradifferential calculus, which is an
extension of linear paracontrolled calculus presented in Section 1.2.

5.2.1 Nonlinear paraproducts

Let gl [0, 7] x T2— R for i€ {1,...,n} and h: R" x [0, 7] x T2 — R be smooth functions.
We write g = (gm, . g["}) and decompose h(g(-),-) via nonlinear paraproducts as follows.
Recall from Remark 1.4 that K is the kernel associated to the Littlewood-Paley block A,
and P; is the kernel associated with the operator Zq <j-1 Ay. Define

Mg nta) = Y [

Py o(y)Kq,2(2)h(g(t, y), 1, 2) (5.6)
g=1 7Y%=

Mo(g, h)(t,2) == > > Ky o(y)Kq2(2)h(g(t, y), t, 2) (5.7)
K>—1 [k =qi<1 /v

(g, h)(t,2) = > [ Kial2)Pealy)h(g(t,2),t,y). (5.8)
k>1 7Y%

Let V be a Banach space of functions on [0, T] x T? (typically V = % or V = 7 as
defined in Section 1.2.2). We fix a compact set K C R"™ and introduce the notation

[1Fllciy = sup sup [[0F (n,-)]lv, (5.9)
neK |a|<k
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for functions F: (n,t,r) — R depending on (t,z) € R x T? and on an additional parameter
n=(n1,..., Mn). We note C’lgV the Banach space with norm (5.9). For g= (gm, - g["}) we
use the notation ||g[|v =3 [[¢"]v.

Definitions (5.6), (5.7), (5.8) yield a map
(g, h) = 1lo(g, k) :=T<(g,h) +Ts(g, h) +11--(g, h) = h(g(-), ) (5.10)
that can be uniquely extended to
Mo: @ x C26 -3 pe(0,1),7€R, p+7>0
thanks to the following bounds.
Lemma 5.1. (Nonlinear paraproduct estimates)

Let g, g1, 92: [0, T] x T2 — K CR" g, g1, g2 € €'} for some p€ (0,1), and h € C2%7. for
any yE€R. Then

H<(g, Wllez Slhlle,zz 109 ) poncorn Sllglleglihlicres
and

IM<(g1, k) =1<(g2, P)llgy S [lgr — g2llerse=llPll o1y

ITL-Cg1, h) = TL- (g2, M)l g proey S Ml91 = @2llerr=(llgilleg + 92l w5) 17 llczey
g — gell gl
Moreover if p+ v >0 we have also
ITe(g, ) llgpen < NRllcrezllglles,
Mo(g1, h) = Mo(ga, Wl gpev S g1 = g2llorr=(lgrlles + g2l w2) Rl 026

+llg1 = gallggllhllones -

In particular if p+ ~v >0 the composition Ils(g, h) = h(g(+), -) is linear in h and locally
Lipshitz in g:

IMo(g, Mgy < bllcrezllglles.
Mo (g1, h) —Mo(g2, Mgy S llgr— g2l w2 (14 lgall w2 + llgallz2) Al 2

Remark 5.2. The inequalities above are a direct generalization of Bony’s paraproduct
estimations of Proposition 1.54.

Proof. (Lemma 5.1) We consider g, g1, g2: [0, T] x T? — K C R, as the extension to

vector-valued g, g1, g2 is straightforward. Due to the support properties of the Fourier
transforms of the kernels K, and F,, it is easy to see that

/y ZPq,x(y)Kq,z(z)h(g(t7 y),t,2)

has Fourier transform compactly supported in an annulus 294, and the same holds for

Kk,x(Z)Pk,x(y)h(g(ta Z)v 2 y),
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while the resonant term

k+1

S| Kraly)Kqa(2)h(g(t, y).t, 2)
qg=k—1 v Y:*

has Fourier transform supported in a ball of radius 29. This allows us to estimate Besov
norms of paraproducts via L* norms of Littlewood-Paley blocks in the usual way (as done
in Section 1.2). Using the fact that

1AR(g(t, ).t e S 27 hlle, ez
IAKR(g(t, ), t, ) = Dch(g(t,y"),t, e S 27" [Rllcagzllgllenly —y'17,

and

|Akh(g1(t, y),t,-) — Agh(ga(t, y),t,-)||Le S27 ”’“Hh\lclwllgl—ngcTLoo

we obtain the bounds on I1-(g,h), II.(g,h), Is(g,h) and T1<(g1, h) —<(g2, h).
We proceed to estimate the term I, (g1, h) — II,(g2, h). We will use the following
notation for brevity:

0052 =q1(t,y) — ga(t,2) and  8,g5%: =ga(t,2) +7(g1 (t,y) — galt, 2)).

Then
‘ Kk,x(z)Pk,z(y)[h(gl(ta Z), t7 y) - h(QQ(t7 Z), ta y)”
Y,z
= | Kk,x(Z)Pk,x(y)[anh(5T92z7 Y )5.92,2 8 h(5T92$7 Y )5.9 ]|
y,z,7€[0,1]
S Kp,2(2) Pro(9)03h(55(0793)5 £, y) (6915 — 6933) 0957
y,z,t€[0,1],0€[0,1]
+| Ko o(2) Pr,a(y) Onh(6-95% ,t, y) (6955 — 6935
y,z,7€[0,1]
< lloi— g2llerr=(lgilloree+ lg2llcre )bl czcpen 27" > 27
g<k—1
Hlg1— galloree 1Bllcicer 2778 D 2779,
g<k—1
With the same reasoning we can bound the norm of II;(g1, ) — (g2, h). O

We introduce a time-smoothed version of I, in the exact same way as done with linear
paraproducts in Section 1.2.4. Let

i1 Y YS
with @ € C°(R) with total mass 1, and Q; «(s) := 2%Q(2(t — s)). In (5.11) we use the
convention that a continuous function ¢ — ¢(¢) on Ry is extended to R by defining

g(t) = g(0) for t < 0. This preserves the Holder norms of index in [0, 1]. The modified
nonlinear paraproduct enjoys similar bounds to the regular one.

Lemma 5.3. Let g, g1, g2: [0, T] x T? - K C R" g, g1, g2 € C7L™ and h € Cl.f for
v€(0,2). Then

IM«(g: Wllgy Shllc,zy and  [[H«(g, b)l| 23 S 1P, 2
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Moreover, 11 (g, h) is linear in h and:

M« (g1, ) —M«(g2, 1)l %3
I« (g1, k) —IL«(g2, 1)l &3

191 = gollerre=llhllcyey,

S
S g1 = g2llerr=llhllr iy
Proof. In order to bound [[II«(g, )| 7, we note that the norm [[II«(g, h)|lcr#~ can

be treated in the same way as in Lemma 5.1, and [[II«(g, h) can be estimated as

||C%/2g0
follows:
1A TL«(g, h)(t1) — A n«<g,h><t2>||m
S sl [Kpa()Y [ Quu) Pl Aho(s. ). 01.2) = A{g(s, ). 12,2)]

i~g

+sup|/f<m Z/“Qm — Qul)P () Aihlg(5, ). b2, 2)|

n~]

N ||h(7 l1, ) - h( s b2, )HCWKO + ‘tl - tZW/ZHhHCn%&%'
The second inequality can be obtained easily with the same techniques used so far. O
Remark 5.4. Using the Fourier support properties of the kernel P, ,(-) it is easy to see

that Vo € T?, Vg > 0: fquJ(y) = ny—l,x(y) =1 and nyqJ(y) =0. Then for a constant
function ¢(t,x) = g one can write

q<0

and using the fact that the kernel @) in the definition of II has mass 1, we have

5.2.2 Nonlinear commutator

The next technical ingredient is a commutator lemma between the non-linear paraproduct
of (5.11) and the standard resonant product. Since it will be needed below to analyse a
term of the form I1«(g, h) o All«(g, h), we will specialise our discussion to this specific
structure. Notice that in the following the various space—time operators act pointwise in
the parameter n, in the sense that, for example:

(hoAh)(na 2 l’) = (h(77= t, ) OAh(Tht? ))(w)

Lemma 5.5. Define A: C>([0,T],T?) x C2C*([0,T], T?) — C>°([0,T], T?) by
A(g,h):=[«(g,h) o All«(g, h)] — Lo (g, ho Ah).

Then for all p € (0, 1), v < 1 & > 0 such that 2y — 2 4+ p — e > 0 and g, g1, g2
[0,T] x T2 — K C R", we have
1A W)l gzr-2+0-c S (L+ gl p)IRlEa gy
1ACg2, h) = Mgz, )l g2+ < g1 — g2llerr(lgull o + N 92ll ) IR 1IE2 e
+Hlgr = gall ol |G gy -

As a consequence A can be uniquely extended to a locally Lipshitz function

N LR C2g— g7 2 Pe,
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Proof. As for the proof of Lemma 5.3, we consider scalar-valued functions g, g1, g2 not to
burden the notation. We can approximate I1«(g,h) o All«(g, h) with its value for a fixed
g=g(t, z), to obtain

AgA(g, h)(t, )=

/Kg$ (g(t,2), h) o AL (g(t, 2), W)(¢, )

- ZKM 2)o(g, ho Ah)(t, 2)
+LKW@MH«WJUMMH«@JU—H«@@J%MDU&) (5.12)
+ [yl ) =TTt 2), 1)) 0 ATl g(t,2). ) 2). (5.13)

We start considering the first two terms in the expression above. Note that
AGATL«(g(t, 2),h)(t, 2) = A11«(g(t, 2), Ah)(t, 2)
and that by Remark 5.4 Vi > 2
All«(g(t, 2), h)(t,2) = Aih(g(t, 2),t,-)(2).
This yields
(M« (g(t, 2), h) AH«( (t,2), h))(t, 2) = To(g, ho Ah)(t, 2)

= Z ATl (g(t, 2), h)(t, 2) A1« (g(t, 2), Ah)(t, 2)
i~ j
=) Aihlg(t.2). 1) (DA AR(g(t, ), 1,)(2)
) J
= > AiAG(g(t,2),t,) Z A1AAR(g(t, 2),t,-)(2) (5.14)
q=1 =1
—Z Li<ilj<1Aih(g(t, 2),t,-)(2)A;AR(g(t, 2),t,-)(2) . (5.15)
i~

Note that fixing the value of the function g in (5.14) makes it localized in Fourier space:
i.e. dng€ N such that Vk > ng:

/KM ZAlAh (t.2),t,) ZAlAgAh( (t.2),£,(z) = 0

and this last term can be easily bound in L> by ||h||? ¢, & Thus, we add and subtract
o (5.14) the terms

Z A1AM(g(t, x),t, ) Z AIAAR(g(t, ), t,)(2),
q 1

Z A1AMR(g(t,2),t,-) Z AIAAR(g(t, z),t,-)(2)

(=1

and we are left estimating

2
/K;” ZAlA h(g(t,2),t,- Z [AAR(g(t,2),t,-) — AAh(g(t, @), t,)](2)
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2

and
/ka Z ARGt 2),t,) = Agh(g(t, 2),t,)]1(2)Y MAR(g(t, @), t,-)(2)

(=1
As already noted in the proof of Lemma 5.1 we have
[1Agh(g(t, 2),t,-) = Arh(g(t, 2),t, )l S 27 Rl[cagqllgllwslz —x]?,
1AAR(g(t,2),t,) = AeAR(g(t, @), )= S 207 hllcigyllgll g lz — 2l

~

and this, together with the estimation
1Kt =ale 527
z

allows to bound the terms above in L™ with 27%°| /| %, ||h||%1%7 Summing up, we have

seen that (5.14) can be bound in ¢4 by (1 + Hg||5g/p)HhHC1%ﬂ7 and this gives a bound on

#2172 for 4 <1, £ >0. The exact same reasoning can be applied to (5.15) to obtain
the same estimation.
Consider now (5.12) and (5.13). We obtain

[ L9, 1) = (g 2), 1)) ATL(g(t,2) W2
= [K,.0) Y (AL, Wt 2) - ALt ), (6 DAl ), 2)

i~iZa
Using Lemma 5.3 we have
[AAGTT«(g(t, 2), P)(8, )| S 27 |IBll -
Lemma 5.6 gives
|Ai(Tl«(g, h) = T«(g(t, 2), 1))(t, 2)| S 27O~V g o llhllcrgr

and thus (5.13) is bounded by 27(27+p7275)‘1\|g||g%\|h||%ﬁ. We can easily bound (5.12) in
T
the same way, and this proves the first inequality.

The second result of this lemma can be obtained following the same reasoning as above,
noting that Vk, ¢ > —1:

/Kk,x(Z)[Aqh(gl(t, 2),t5)(2) = Agh(gi(t, x),t,-)(2) +

+Ah(g2(t, 7). 1, -)(2) = Agh(g2(t, 2), ¢, -)(2)]
277 (llgr = g2lleg bl cagy + g1 — g2llerr(llgill o+ g2l wg) 1Rl c247)

and using the estimations of Lemma 5.6.
The extension of A to .,2” £ x C’%f 7 is standard (see e.g. the proof of the commutator
lemma [GIP15, Lemma 2.4]). O

Lemma 5.6. Let us introduce the shortcut notation

Then, with the same assumptions of Lemma 5.5, we have

lpig, W)(t, 2)] S 2677~ Dl gl| o llbllcrgy



102 QUASI-LINEAR PARACONTROLLED PDES

and

l0i(g1, h)(t, 2) — ©i(g2, h)(t, 2)|
S2leme=) Tllgr = g2ll zollPllca gy tllgr — gallorro(lgill 2o+ lg2ll ze)lIPllc2ey] -

Proof.
[Aiﬂ-«(gv h) - AiH-«(g(ta Z)v h)](ta Z)
= Z/ Ki,z($)Qk,t(S)Pk—1,m(y)anAkh(5fgtzat7$)(59ty+59tz)
k~i ¥ Ty
<Y / 1Ko o) Qi) P (W) 105 Akh el — 5102 g | - ern
k~i VT,

+Z/ Ki,2(2) Qk t(8) Pe— 1, (W) | OnArh | ozooly — 2171 9l ¢,

< 909 zzwzuanhn%(ug||c;$o+||gu%)

where we used the notation dg;Y = g(s,y) — g(t, 2), 0-g;Y = g(t,2) +7(g(s,y) — g(t,2)) and
Lemma 1.59. This proves the first bound.

The second inequality can be obtained in the same way with the techniques already
used here and in Lemma 5.1. OJ

5.2.3 Approximate paradifferential problem

In this section we present the last ingredient of our theory, i.e. the construction of an
approximate solution to the equation

(O—g=<Du=f,  u0,)=0, (5.16)

with data fe @72 and ¢:[0,T] x T2—[X,1] A€ (0,1), g € £, for some fixed p, v € (0,1).

We first introduce the operator . acting on functions of (n,t,z) with n=(n1,...,7,),
me N 1] as

(XU)(nvtvx)::8tU(77ata$)_nlAU(natax)' (517)

We will also use the notation ., := 0y — mA.
Observe that if u does not depend on 7 we can define

I<(9,2)u:=1<(g,Lu) (5.18)

and from definition (5.6) with h = _Zu we obtain II-(g, £ )u = 0w — g < Au that is the
operator appearing in (5.16).

We can describe the commutation between the differential operator £ and the para-
product I1«(g,-) via the following estimate:

Lemma 5.7. Let p€(0,1), y€R. Let U € C2¢7. and g:[0,T] x T>— [\, 1], g€ £ 4. Define
U(g,U):=R1+ Ro
with Ry and Ry as in (5.21), (5.22). Then for every € >0

1¥(g, U)llgprr—2-cS A+ llgllorr=)lgll z2Ullcyey - (5.19)
Moreover, ¥(g,U) is linear in U and

10(91,U) = ¥(g2, Ul pprr—2-= S g1 = g2ll 5. (L+ | onll g+ 192l o) U || 247 -
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In particular, we have
U(g,U)=1l«(g,2U)-Tl(g,L)l«(g,U) € Crgrtr1—2-¢ (5.20)
whenever this expression makes sense.

Proof. We start considering g € C>([0, 7], T?) and U € C3C>([0, T, T?), and prove (5.20)
in this setting. Note that II«(g(t,y),Z ¢, U) =2 U(g(t,y)). As a consequence, we can
estimate

(9,2 U)(t, ) (g, 2 N«(g,U))(t, z)
= (g9, 2U)(t Z /PM Z g Aill«(g, U))(t, z)

= (g, 2 U)(t.2) —Z [ Pesw@Adtdg. 0t 2)
Yy

+Z / Phoa(y)g(t, y) (AATT (g, U))(t, )
— (g, £ U - U)(t.2)
+Z / Proa(y) 9(t, y) (ATl <(g, AU)) (1, )

+Z [ Pectate piaua g )0 2)
5 [P (Bid01. 1<, 10 1.2
5 Jy

with the commutators

[Avﬂ-«(ga)]U = AH_«(Q,U)—H_«(Q,AU),
[at,H«(g,)]U = GtAkH«(g,U)—AkH«(g,ﬁtU)

We have
«(9,2U=0U)(t, )+ /Pk,m(y)g(t y)(Arll«(g, AU))(t, x) = Ra(t, z)
k Yy
with the definition
Rl(t, Z’) =
S [ Prali) Kes) P Qulla(t.) = gl A (g5, 9)0.2) (521
ki “u.2

and
> | Pratw)latt,v) (A TLu(o, 008, 2) — (40, T(9, V), 2) = Ralt )
with the definition

Ry(t,x) ::Z / / Pro(y) Ki 2(2)Qie(s)g(t, ) AP; (y") AU (g(s,y'), t, 2)
kg Y YYSS
+2Z / Pk,x(y)Kk,x(Z)Qi,t(s)g(ta y)vB,z(y/)VAZU(g(Sv y/)a ta Z)
ki YYys

_Z / , Pk,x(y)Kk,m(z)atQi,t(S)]Di,z(y/)AiU(g(Sa y/)v tv Z)' (5'22)
kg VYU
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Indeed:
(10r, (g, )U)(t,2) = Z/yS(atQi,t)(S)Pi,z(y)(AiU(g(&y),t,w)),

(1A, TTx(g, U, z) = Z Q@t AP 2(y) (AU (g(s, y), t,2)) (5.23)
+2Z ta )VP,(y) (VAU (9(s,y),t,2)).

This shows that (5.20) holds for smooth functions.
With the techniques used in Lemma 5.6 we can estimate

|AgR(t,2)[ S (2’(p’€)kllg\lc§/zgo +27% ) gllgn) 2P R U 0, -
k~q

By the spectral support properties of the commutators we have that
1A T«(g, NUlggre-2S gl g2 lUNcrey
and
12g[8e, (g, U lleszoe < P77V gl Lprzgo+ 277 g ) IU oy
This yields
IRl ggo-2-e S (M4 Nl gllorLeo)llgll £ 21U lcrgy.-

We have so far proved (5.19) and then (5.20) follows by continuity. The local Lipshitz
dependence on g can be obtained via similar computations. O

Remark 5.8. If f does not depend on 1 we can take n = n; € [\, 1] and consider the
parametric problem

(O —=mA)Us(m,t)=f,  Up(m,0)=0, (5.24)

which is solved by

t
Us(mi,t) = /6’”M <) fds.
Remark that 0

t
O Up(m,t) = /e"lA(tﬁ)(t—s)Afds and
0

t
BUsm.0) = [ era=e =22
We have, thanks to the well-known Schauder estimates of Lemma 1.61 (since n; > \):

1Usllgz zo3:= sup  sup 105U ()l 303 S 1 Nl -2 (5.25)
k=0,1,2 m€E(M,1]

We define then
ult, 2) =Tl (g, Uy)(t,2) (5.26)
and observe that u(t,z) is an approximate solution of equation (5.16), indeed
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and the estimation in Lemma 5.7 together with the bound (5.25) yield immediately the
following inequality:

W (g, Ul gprr-—2-e S Ngll 6L+ llgllorre) || fll gy -2 (5.27)

5.3 Solution theory for quasi-linear equations

Let us state one simple result on equation (5.1) that can be obtained via the theory
developed in the previous section:

Theorem 5.9. Fiz 2/3<a<1. Let £ € ¥“~2(T?) be a space white noise with zero average
on the torus, ug € ¢ an initial condition and a: R — [\, 1] for some A >0, a € C3(R) and
||a(k)||Loo <1VkeO,...,3. Let (&, uo,c)e>0 be a family of smooth approzimations of &, ug
obtained by convolution with a rescaled smoothing kernel and u. the classical solution to
the Cauchy problem

a’(ue)

a(ue)?’

Then we can choose a sequence of constants (0:)e>o and a random time T > 0 in such a

Opue — a(ug) Aus =&+ 0. u(0) =ug e (5.28)

way that the family of r.v. (ue)es0C L 7(T?2) converges almost surely as e— 0 to a random
element u € Z7(T?), where L7 is the parabolic space C([0, T], #*(T2)) N C*/*(|0, T1,
7O0(T?)).

This element can be characterised as the solution to a paracontrolled singular SPDE
(see Theorem 5.11 for more details).

In order to devise a suitable formulation of eq. (5.1) and obtain a theory with u € ¢
we start decomposing the non-linear diffusion term in the l.h.s. with the help of Bony’s
paraproducts and write

Ou—a(u) < Au= &+ P(u) (5.29)

with
O(u):=a(u) o Au+a(u) = Au (5.30)
where <, >~ are standard paraproducts and o denotes the resonant product (see Section 1.2
for the definitions). By Proposition 1.54 the Lh.s. of (5.29) is always well defined, irrespec-
tively of the regularity of the function u, and the problem becomes that of controlling the
resonant product a(u) o Au appearing in the r.h.s. . The two key points of the analysis
put forward below is that this term can be expected to be of regularity 2o — 2 > v — 2,

better than the leading term ¢ € #“~2, and that the differential operator of (5.29) can be
approximately inversed using Lemma 5.7.

5.3.1 Paracontrolled structure

In order to give a meaning to the PDE in (5.29) with initial condition ug € %, our initial
goal will be to get informations on solutions  =6(g) of the equation

00 —g<AO0=¢,
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for a fixed g€ %, 2/3<a <1, g€ [\, 1]. Using the results of Section 5.2.3, we consider
to this effect the parametric problem

(O —nA)d(n,t)=¢,

for n €[\, 1]. We will consider the stationary solution of this problem which has the form

9, x) = /0 Tendsgds= (—nA) e (5.31)

and in order for (5.31) to be well defined we impose that the noise £ has zero mean on
T? (this is a simplifying assumption which can be easily removed, e.g. at the price of
adding a linear term to the equation). We can control (5.31) by bounding its Littlewood-
Paley blocks with a Bernstein lemma for distributions with compactly supported Fourier
transform (Lemma 1.8) to obtain:

||Q9Hc,2,_éﬂf}:W||Cg%%f<v||f||%a*2- (5.32)
We define now for every ¢ € [0, 7]
0(t,x) = x(a(u),?).
Thanks to paraproducts estimates of Lemma 5.3 we have the bound
10152 S0l o S N1l gamss
We observe that this definition together with Lemma 5.7 gives
O —a(u) <A=& —¥(a(u),?)

with H\I’(a(u),ﬁ)H%ﬂTa—z—sﬁ Ha(u)Hip%HfH%%—z . We expect then ¥(a(u),?) to be bounded

in #2*727¢ for any e >0. At this point let us introduce the Ansatz

u = 0+u

M« (a(u),d) +ul. (5.33)

Remark 5.10. Notice that we are not making any assumption on the existence of such u,
which is the subject of Section 5.3.2. Our aim here is to find the equation that a couple
(u,ut) € ¥F x 5 verifying (5.33) must solve, in order for u to solve (5.29).

Observe that

O —a(u) <Au = (0 —a(u) < A)0+ (0 — a(u) < A)u?
= &+ (0 —a(u) < A)uf — U(a(u), ).

It follows that «* must solve

{ (0 — a(u) < A)uf = &(u) + ¥(a(u), ) (5.34)

wH(t =0) = uf :=uo — H(a(ug), 9)(t=0) €

with ®(u) =a(u) o Au+a(u) > Au, and if we can make sense of the resonant term a(u) o Aw,
it is reasonable to expect uf(t,-) € #2* Vt € (0, T)]. Indeed, take U*:=Ug to be the solution
of

LUH) = (@ —nA)UH ) =Q,  UHn,t=0)=0 (5.35)
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for some @ = Q(uf) to be determined and 7 € [\, 1]. Using again Lemma 5.7 as shown in
Remark 5.8 we have

(9 — a(u) < A «(a(u), U*) = Q(uf) — ¥(a(u), U?).
For n € [\, 1] we define ﬁtug(n) = e”Atug so that f(ﬁtug) =0, with . as in (5.17).
We set

ut: =Tl (a(u), U + T «(a(u), Puf) . (5.36)

Taking
Q(uf): =®(u) + W(a(uw), 9) + ¥(a(u), UF) + ¥(a(u), Zuf)

we obtain that U? solves equation (5.35) if and only if uf solves equation (5.34). As we will
see, Q(uf)(t) belongs to 22Vt € (0, T] but not uniformly as t— 0. However it belongs

to =2 uniformly as t— 0.
It remains to control the resonant term a(u) o Au appearing in ®(u). We have

a(u) o Au=a(u) o A+ a(u) o Aut.
By paralinearization (see Theorem 1.66) a(u)=a'(u) < u+ R4(u) with
1Ra(w) g 30 S 1+ [lullFg,
and then
a(u) o AG=(a’'(u) <u)o A+ R,(u) o Af.
We can write
a(u)o Ad=a'(u)(uo Ab)+C(a'(u),u, AB) + Ra(u) o A

where C(a'(u), u, Af) := ((a’'(u) < u) o AB) — a’(u) (u o Af) is the commutator of
Lemma 1.64. In order to estimate C(a’(u), u, Af) we can bound a’(u), recalling that
ae(0,1), as

la(u)lleg < lla”|| ool ull o
Ansatz (5.33) gives
a(u) o AG=a'(u)(0 o AB) + a'(u)(uf o AG) + C(a'(u),u, A) 4+ Ry(u) o AB.
Summarizing, we have:
®(u) = a'(u)(@oAb)+a(u) = Au+ a'(u)(uf o AB)
+C(a'(u), u, A0) + Ro(u) 0o A + a(u) o Au

Thanks to the nonlinear commutator (Lemma 5.5), we can decompose the resonant term

0 o Af to obtain

d(u) = a(u) = Au+a'(u)(ubo AB) +C(a'(u), u, AB) + Ry(u) o Af
+a'(u)A(a(u),9) + a'(u) Ty (a(u), O2) + au) o Au

and A(a(u),9) € OpL>® if ue 7. Here we defined
Oa(1), ) := (Do AV)(n,2) = Ad(n,-) (@) As[A0(n, )](x) (5.37)

i~J
Finally, recalling the decomposition of uf in two terms (5.36) we obtain

®(u) = a'(u)llo(a(u), O2) + @1 (u) + Pa(u)
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where

®1(u) = a(u) = Au+C(a'(u),u, A8) 4+ Ro(u) o A0+ a'(u)Aa(u), )

+a/(u)(«(a(u), UF) 0 AG) +a(u) o All«(a(u), U?)

Do(u) = a'(u)(x(a(u), Zub) o Ab) + a(u) o All «(a(u), Zul).
Thanks to Lemma 5.1 the terms a/(u)ILs(a(w), ©2) and ®1(u) can be estimated in @52,
provided O3 € C,%%QTO‘_Q (see Section 5.3.3). On the other hand the term ®2(u)(¢) can be
estimated in #2*~2 only for strictly positive times ¢ >0 due to the lack of regularity of the
initial condition ug which a priori lives only in &%.

Note moreover that the specific form of & allows to deduce that if we replace G2 by

ég =0y — H with H € C?,%%O‘_Q then this is equivalent to consider an equation for u of
the form

Opu(t,z) —a(u(t,z))Au(t,x) =&(z) — a'(u(t, ) H(a(u(t, x)), t, x).

Let us resume this long discussion in the following theorem:

Theorem 5.11. (paracontrolled equation) Assume that £ € % up€ % H € C’,Q]%”OT.
u e Cr&? is the classical solution to the equation

8,5’&(75,56) —a(u(t,x))Au(t,x):f(x) —a’(u(t,x))H(a(u(t,x)),t,x), U(O):’LLQ, (538)
up to time T >0 if
u=Tl(a(w),9+ U+ 2 uf),
where ¥ is the solution to equation (5.31) and U* is the solution to the PDE
(O = nA)UH) = F(u, Uhuf) - UH(n,0)=0  ne1] (5.39)
with
F(u,Uug) = a'(u)llo(a(u), O2) + 1(u) + P2(u) + ¥(a(u), 9)
+0(a(u), U + ¥(a(u), Zuf)
and Oy=19v0 A9 — H.

Definition 5.12. (enhanced noises) For any a € R we define the enhanced noise
XeC C%%O‘ X 0727%20‘*2 as the closure of the image of the map

(p,H)eCr5?x Cag%— J(p,H)=(p,poAp—H)€Cr5? x C;¢"

(in the topology of C’%%a X 0727%2(172).

5.3.2 Local well-posedness

The main result of this section is the local well-posedness for equations (5.33) and (5.39)
when (¥, ©2) € X* and up € ¥ for 2/3 < a < 1. This yields a unique solution to (5.38),
thanks to Theorem 5.11.

Theorem 5.13. Let a€(2/3,1). Then for any (9,02) € X and ug€ & there exists a time
T >0 depending only on ||(9,0z2)||xa and ||uo||a up to which the system of equations (5.33)
and (5.39) has a unique solution (u,U?) € L7 x C%j%é for all 6 <o such that 26 + o> 2.
For any fized T >0 there exist a ball B C ¢ x X% such that the solution map

S (ug, 9, 02) € By — (u, Ut) € £75 x 072,92'”%6
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1s well defined and Lipshitz continuous in the data.

Remark 5.14. The proof is based on a Picard fixed point argument. In order to have a
contraction map on a small time interval [0, 7], we carry on our analysis of U %in the space
C’%f 2T‘S ) C%f ZTO‘ and make use of the estimates on time-weighted spaces of Lemma 1.61
to obtain a factor T¢ for some € > 0 small enough.

Proof. (Th. 5.13) Let Gr= L7 % C’%f%‘s. We introduce the map
I: (u,UY € Gr— (Tu(u,U?), Lye(u, U eGr
by
Lu(u, U) := Tl «(a(u), 9) + Mx(a(u), Tyx(u, U#)) + T «(a(w), Zuf)
and
(0 = nA)Tya(w, UH) () = F(u, U wf),  Tyew, US)(n)(0) =0,  me[A,1],

We will establish that this map is a contraction in the space Gr.
First, we have to show that there exists a ball B C Gr such that I'(B) C B. We have
the bound ||ﬁug‘|clg% < HugH w2 . It is easy to obtain, using the estimates of Section 5.2.1
n

and Lemma 1.61:
T
I / e~ (D, () + W(a(u), 9) + W(a(u), UF) + W(a(w), Zuf)lsds]|oe o
0 n

ST+ ] 25 1+ €l o) bl o 14+ 102 3¢
for some x> 0.
By the assumption that (9, ©3) € X* we deduce that there exists M > 0 such that
||@2HC%%4%Q—2 < M. We have
LN
I e o a(w), @2l g ST 201+ ulen)1Oal e

To bound the term ®2(u) we observe that Hﬁtugncggﬂa S t_5||ugHgfa thanks to
Lemma 1.61. This gives

T
II/0 e 1By (u)ds | o2 3 ST(1+ [l ) (1 + 1€ ]l o2 llusfll =

and then I}:(u, U*) is bounded in C’%f % for T small enough. We have also

T, Ul o S N€llga2+ llufllea+ | Toe(w, U)o, s
25—«

= Ty, U9l 2 235

S N€llga—2t llubllga+T

and these bounds show that I'(B) C B. The contractivity of I}:(u,U*) can be obtained in
the same way. Now consider I',(u, U*%): we have

ITT < (a(u1), Uf) =TT «(a(us), US)|| o
25—«
S 77 (WU = Ufllg, g+ lun = uall a1 Ul ca o3 )
while for the other terms in I}, (u1, Ulu) — Ly(us, Ugﬁ) we remark that

sup |u,s — uo — g, + uol| Lo St/ ur — ua ez s o
s€10,7] [0,t]
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Then V0 < € < v, using Lemma 5.3 and Lemma 1.59:
[M«(a(ur), ¥) = M«(auz), 9l g < lla(ur) = a(uz)llerr=ldllcr s
[Jur — ual|orree||€ || a2

T2 lur = uall ez o€ Nl -2

AR ZANR AN

T2 juy = uzl| g ]|€ |l a2
With the same reasoning we estimate

IT(a(ur), #uf) ~ M(a(uz), #up)| o
S TPlw—wall ey oo | P 1 25
S Ty — sl yl|ufll s
and then I' is a contraction for small times. .

The uniqueness of the solution (u,U*) € & T X 072792” % and the Lipshitz continuity of the
localized solution map ¥, can be proved along the same lines via standard arguments. [J

5.3.3 Renormalization

At this point we want to construct an enhanced noise = € X'* associated to the white noise
£. Already in the standard setting of the generalised PAM model with constant diffusion
matrix, the construction of the enhancement requires a renormalization since the resonant
product ¥ o A¥ is not well defined.

Let ¢ € S(T?) be a cutoff function and let 1.(x) =29 (2 /€). Then define a regularised
noise by & =1 * ¢ and let 9. = (—nA)~1&. Notice that

H.(n) = E[J:(n,x)oAd(n, )] =E[J:(n, r) Adc(n, )]

be(k)? _ oe
= L2 2
rezmvgoy IR g
where
Oc:i= ¢|]§;|) ~ |loge|
kezZ>\{0}

as € = 0. Subtracting the diverging quantity H. to 9. o A, and then taking the limit as
€ — 0 delivers a finite result.

Theorem 5.15. Take o<1 and let =, = (&,22,0): =(&, V.0 AV, — H.). Then the family
(Ee)e C XY converges a.s. and in LP to a random element E= (£,Z5) € X

Proof. The proof is a mild modification of the proof for PAM found in [GIP15]. In order
to establish the required 02%20‘ 2 regularity for Z we follow the computations for the
case where the diffusion coefﬁment is constant. We only have to discuss the additional
regularity in the parameter 7. In order to do so observe that

Ea.(n Z[[Aﬁ )A; AV ()]

where [-] denotes the Wick product with respect to the Gaussian structure of . Then we
have

OnZac(n) = [ADD(m)A;AD(n)] + Y [Ad=(n)A;A0,0-(n)],

ZN] ZN]
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and

6,2,52,5(77) = Z [[Az‘@%ﬁe(n)ﬁjﬁﬁs(n)]] +Z [[Aiﬁs(n)AjAarzzﬁs(n)]]

i~] i~j
+> 2[Ai00:(1) A ;A (n)].
i~

Now the computations relative to the regularities of these additional stochastic objects
are equivalent to those for the term =y . where one or two instances of ¥.(7) are replaced by
Gaussian fields of similar regularities of the form 0,9-(n) and 9;9<(n). A direct inspection
of the proof contained in [GIP15] allows us to deduce that we have almost sure % 2%~2
regularity for these terms and also for random fields 9;Z2 . for any finite n. This allows

also to deduce that the random field is almost surely smooth in the parameter n. Similar
computations allow to prove continuity in € for £ > 0. The rest of the proof is standard. [J

In conclusion we see that in order to be able to use this convergence result we need to
modify our approximate PDE and consider instead

Opue — a(us)Aus =& — a/(UE)HE(a(UE))

which gives the renormalised equation (5.28).

Our well-posedness results for the paracontrolled formulation of this equation together
with the convergence result of Theorem 5.15 allow to deduce that ue — u in &% for any
2/3 <6 <a <1 and that the limiting process u satisfies a modified version of eq. (5.1),
namely

Ou — a(u)oAu=¢, u(0) =uo,
where a(u)oAu denotes a renormalized diffusion term given by

a(u)oAu:=a(u) < Au+a'(u)ly(a(u), E2) + P1(u) + Pa(u). (5.40)

5.4 Nonlinear source terms

In this section we want to solve equation (5.2):
Ou — a1 (u)Au=ag(u)f

where a;: R — [A, 1], A € (0, 1) is a non-linear diffusion coefficient as before and as:
R—[-L, L], L>0is another bounded function with sufficiently many bounded derivatives.
We rewrite this equation as

M<(a(u), L) )u=as(u) <&+ ai(u) o Au+ag(u) o &+ ai(u) = Au+ ag(u) = &

where now a(u) = (a1(u), az(u)) is a vector valued non-linearity. Since we don’t need u to
depend on any parameter n= (71, 72), we have defined . as

Z(n):=0—mA

and used the identity I1<(a(u), -2 )u= (0 — a1(u) < A)u, similarly to what done in (5.18).
As before we make the Ansatz

u=T«(a(u),?) +u'
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where now 9J(n) for n=(m,n2) € (A, 1] x [-L, L] solves

Z(n)I(n) = (0 —mA)I(n) =n2&,

The bounded domain [\, 1] x [—L, L] for n is important to be able to have uniform estimates
and re-use the estimates proved in the past sections for the simple situation of 79=1. The
solution of this equation is

9. = [ endeds = —Eacie
1
Observe that 0

M (a(w), £ )u =T (a(w), £ «(a(u), 9) + 1 ~(a(u), £)ut
and recall that by Lemma 5.7
M (a(u), £)T «(a(w), 9) =T «(a(w), £9) + V(a(u), 9).
Now
(L) () = (0 —=mA)I(n,t,z)=E(n),  n=(m,m2) €A 1] x[-L, L]
with the definition Z(7n)(¢, x) := n2&(z) and then
M« (a(u), 29)=x(a(u), Z) =az(u) K E.
In conclusion
T (a(u), 2T < (a(u), ¥) = az(u) < € + ¥(a(u), 9)
and the equation for u! reads
H<(a(u), Zut) = a1(u) o Au+ as(u) o &+ Jas(u) < € — as(u) < €]
+ai(u) = Au+ ag(u) = & — V(a(u), V)

where now all the terms on the r.h.s. can be considered remainder terms. Let us just remark
that the commutation term as(u) < £ —az(u) < € can be handled easily via Lemma 1.67.
Of course, the first two terms in the equation above require to be treated as resonant terms.

Note that, modulo terms of order 5% 2 (or ./\/l%/2%20‘_2 as defined in Lemma 1.61) the
terms aj(u) o Au+ ag(u) o  are equivalent to

ai(u)(a(u), 9 o AY) + ag(u) (M« (a(u), 9) o §)
and that by Lemma 5.5 we have that
(H«(a(u),9) 0 &) =T (a(u), 0o &) + &7
so the resonant terms are comparable to the sum of the two terms
a1 (u)Ie(a(u), ¥ o AY) + ag(u)o(a(u), 9 0 §)

which require renormalization of the form

dh(warw?  ahwasw)
aj(u)? °° aj(u) ° (5:41)

and the convergence follows with the same arguments of Section 5.3.3.
Remark 5.16. The structure of the second renormalisation term, which is due to the

r.h.s. in the equation, is the same of that found by Bailleul, Debussche and Hofmanova
in [BDH16| with different methods.
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Remark 5.17. Our approach works in the same way for equation (5.4), namely
Ouu(t, ) — aij(u(t, x)0Fu(t,z) = g(u(t,z))é

with a: R — M(IR) such that 3, sa(u)ijz;z;> Clz|?Vz €R? for C >0 and 97 :=
To see that, let a(u):= (a;;(u), g(u)) € R®> and n=(n; j,n,) € R°. Let

82
Ox; Oz’

Z(n) = 8t—772]812]7
5(77) = "7gf7

with the uniform ellipticity condition )~ jnijrizgzC |z|? Vo € R2. Tt is easy to see that
Lemma 5.7 and Lemma 5.5 hold within this setting, just considering nonlinear paraprod-
ucts for functions depending on 5 parameters. We have then:

w=Tlx(a(u), 9+ Ut + ﬁug)
with ¥(n) stationary solution of £ 9J(n)=E(n), ﬂtug = eMis%i tug and U*¥(n) which solves
£ Uk(n) =Tlo((a(u), a'(u)), ©1) + 1o ((a(u), a'(u)), ©2) + Q(u, UF)

with Q(u, UF) € 7207272, ©1€ C1CT ¢~ =9(n) o nf; 99 (1), ©a(1,n') =9 (1) 0y § and
Uf(t=0)=0. Note that we can write ¥ as

52, A ¢ (k
() =1y / mtedr Bk =n, 20 kez\(0).
0 Mij ki Kj

From the uniform ellipticity condition we have H19||Ck%m <||€]|#«, and Schauder estimates
analogous to those of Lemma 1.61 hold as well.
Now consider the renormalization. We have

~ Z n{]kzk]
Hi(n,n"):=E(©1(n,n) = —n; Ye(k) =,
By T R

oy
H5(n,n'):=E(O2(n, 7)) = ngng > Z%(—)kk
ke Z2\ o0} i,j Mg RiRj

We note that the convergence of ©f — H{, ©5 — H5 in Cé“mn/)%m_g(l’g) can be obtained
with the same techniques as in [GIP15, Section 5.2, although we do not discuss it here.

5.5 Full generality

Within the framework of the present work we are actually able to treat equations of the
form (5.3), which if agz takes values in [\, 1] for some A >0 is just:

8tu(ta SU) - al(u(tv SU))A’LL(t, SU) = §(a2(u(t7 SU)), SU) (542)
where &(ng, z) is a Gaussian process with covariance
E[£(n2, 2)& (7, T)] = F (2, 712)6(x — )

where F' is a smooth covariance function. Let as before 2/3 < a < 1. In this case we can
take as a parametric equation

5(77)?9 = atﬁ(na L l’) - 771A’l9("7= 12 .’E) - 5(7727 .’E)
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whose solution ¥ is a Gaussian process, smooth with respect to the variable n = (11, 72)
which we assume taking value in a compact subset of IR? for which 7; > A > 0 with fixed
A. Letting a(u) = (a1(u), a2(u)) we can rewrite the Lh.s. of eq. (5.42) in the form

0w — a1 (u)Au=1Ily(a(u), Lu)
and the r.h.s. as

§(az(u(t, 2)), z) = o (a(u), E)
where Z(n,x) = £(n2, ). Now perform the paraproduct decomposition to get

M- (a(u), Zu) - T<(a(),E) = Mo(a(u),Z) + M(a(u), Du)
+IIy (a(u), Z2) + s (a(u), Du).
We have introduced here the parametric differential operator
D(n) :==mA

for n = (01, n2). Let Z4(n) := e!™? as before, and set the paracontrolled Ansatz in the
usual form

u=Tl«(a(u),d+ U+ ﬁug)

Using that

- (a(u), LM« (a(u), 9+ U+ 2ub)) = Ha(a(u), L0 +U+ 2ud))

+U(a(u), )+ Ut + 2ub)

and observing that we can take £ =Z and that fﬁug =0 we get
where

F(u,U%) = To(a(u), Z) + Ma(a(u), Du) + T, (a(w), Z) + T (a(u), Du)

+[<(a(w), Z) — T «(a(u), D) - ¥(a(u), ¥+ UF+ Zuf)
which is solved by U? satisfying
LU= F(u,U¥).

Indeed I1<(a(u), F(u, U%) = F(u, U%), since F(u,U¥) does not depend on the additional
parameter. The term I1<(a(u), E) — I« (a(u), Z), which does not appear in the simpler
case, can be treated with the following lemma:

Lemma 5.18. Let g€ .7, hEC}]%% with p€(0,1), y€R. We have, Ve >0

IT<(g,h) =1<(g, B)lgprr-= S Ngll 2z llbllcrgy.-

The proof consists in a straightforward adaptation to the nonlinear case of
inequality (1.69).

It remains now to discuss the handling of the resonant products under the paracon-
trolled assumption, namely II,(a(u), Z) and Ils(a(u), ®u). Next lemma is a paralineariza-
tion result adapted to our non-linear context.

Lemma 5.19. Assume that u€ &% and Z € C3 %7 then if v+ 2p >0 we have
O, 2):=TL(a(w), Z) — uo TL((a(u), a'(u), DZ) € £+

where DZ((n,n'),t,x) =3, 0i0nZ(n,t,z).
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Proof.
o (a( )(t, ) Z/ Ki () Kj (2)Z(a(u(t,y)),t,2)
i~g Y YR
-2 / Kio(y)K;2(2)Pr2(2") Kk 2(2") Z(a(u(t, y)), , ')
i~g kY U0
S [ K )
i~g,k z: "

<[Z(ault ).t )~ Zlalu(t, ") 1,2)
= Z /y L Ki7x(y)Kj’x(z)Pk,Z(ZII)KhZ(Z/) »

i~k

X[Z ap(u(t, 2"))0uyLnda, Z(alu(t, =), t, 2")]
+Z/ K”C .2(2) P2 (2") Ky 2 (2") x

i g
k~j

XO((5U§‘Z~) )52 (alult, y)),t,2")
and observe that the first term is equal to uoIl<((a(u),a’(u)), DZ) while the second term

can be easily estimated in & %Hp . O

Using this result and Lemma 5.18 we can expand in the same way as done for Lemma 5.5
to obtain:

Ho(a(u)vE) = UOH<(( (u) a/(u)),DE) 30472

= H<x(a(u),9) oT((a(u), a'(u )) DE) + 77"
= Tlo((a(u),a'(w)), 90 DE) + 7772

11 >

Similarly, noting that

<((a(u),a'(w)), (PD)u) = H((a(u),d'(w)), (PD)M«(a(u),9)) + ¢5" >
= T<((a(u),d'(w)), (PD)0) + 77"~

where (DD)(n, n’') =n1A, we have by a straightforward generalization of Lemma 5.5:
Ho(a(u), £u) = woll«((a(u),d'(w)), (DD)u) + #7577
= T«(a(u),d)oTl<((a(u),d'(u)), (DD)I) + &7
= Tlo((a(u),a’(w)), 9o (DD)Y) + 5 2.
Finally the equation for U¥ reads
LU =Tl ((a(u),a'(u)),9 o DE+1 o (DD)I) + 7777

This can be solved essentially as we did in the simpler context. We see that the general
enhancement has the form

(£, 90 DE+Jo (DD)V)
which of course will require renormalization like we did before. In particular
(Yo DE+Jo (DD)I)(n,7) = J(n ) © n20n,€ (2, ) + I (n) o M AI(n)

a Zi( 15(7727 ))067725(7727')
+n—i(A‘1§(772, ) e &)

Ui
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where we used that m AY(n) =—&(n2,-). Now observe that

E[(A™¢(n2,-)) 0 &(12, )] = —F (12, 1m12) 0=
and that

E[(A™¢(n2, ) 0 Onybe(nz, )] = —(OLF) (12, 12) 0

with 01 F denoting the derivative with respect to the first entry.
In the end the renormalised enhanced noise is obtained as the limit in X'“ of (&, =2 ()
where

/ /

Ea,e(n, 7)) =—%<A—1&<m, )) © yoée(, ) +Z—%(A_1§a(7727')) o &-(112, ) — He(m, 1)

with

/

!
He(n, 1) =L(8,F)(n2, 12) 0= — S F (12, 112) 0.
m m

We do not discuss the convergence of the noise (&, Eg,g) here, as the purpose of this section
is just to show that a paracontrolled structure can be obtained for quasi-linear equations
of the type (5.42) with the theory developed in Section 5.2. We just remark that if we take
F(m2, 75) = m27]s we obtain again the situation treated in Section 5.4. Indeed in this case

/ / 2
. oy pp  Gh(warw)  af(u)as(w)?

<>((a(u)a a (u))7 5) al(u) O¢ al(u)Q Oe

which coincides with (5.41).

Remark 5.20. Consider the more general equation (5.3), where the noise depends explic-
itly on time, e.g. with a covariance

E[f(na t, x)ﬁ("?’a tla .’E/)] :F(na W’)Q(t - tl7 T—= .’E/)

with F' a smooth function and @ a distribution of parabolic regularity p > —4 /3. Note
that as before the coefficient as(u) € [A, 1] in front of the time derivative can be eliminated
trivially by dividing.

In order to handle the time dependence of the noise, the framework of Section 5.2 will
still apply, provided we consider space—time paraproducts instead of paraproducts which
act only on the space variable. However, the constraint of regularity p > —4/3 does allow
to treat a noise which is white in time and smooth in space, but not a space-time white
noise. It is well known that the first order paracontrolled approach that we presented in
Section 1.2 does not allow to treat this kind of irregular signals in full generality.



Chapter 6

Weak universality for a class of 3d sto-
chastic reaction-diffusion models

6.1 Introduction
Consider a family of stochastic reaction—diffusion equations in a weakly nonlinear regime:
Lult,z) = - Fo(u(t, ) +n(t,2), () €[0,T /e x (T/e)? (6.1)

with € € (0, 1], T > 0, initial condition g c: (T /) = R, Fr € C%(R) with exponential
growth at infinity, o >0 and .£: =(9; — A) the heat flow operator and T=R/(27Z). Here
n denotes a family of centered Gaussian noises on [0, T'/ €% x (T /e)? with stationary
covariance

E(n(t,z)n(s,y)) =C (t—s,z,y)

such that C’E(t —s,x,y) =X(t —s,x — y) if dist(z, y) < 1 and 0 otherwise where X:
R x R?— R" is a smooth function compactly supported in [—1,1] x Bgs(0,1). We assume
also that there exists a compactly supported function v such that 1 % =3 (this is true
e.g. when 7 is obtained by space-time convolution of the white noise with ).

We look for a large scale description of the solution to eq. (6.1) and we introduce the
“mesoscopic” scale variable uc(t, z) = e Pu(t /e = /€) where § > 0. Substituting u. into
(6.1) we get

Lue(t,n) = 22 BF(Pu(t,z)) + e 2Py (éf) (6.2)
In order for the term e =2~ n(t /&2 x/¢) to converge to a non-trivial random limit we
need that 4 =1/2. Indeed the Gaussian field n.(t,z): =e ~>/?n(t /2, 2 /) has covariance
e75C"(t /2,2 /) and converges in distribution to the space-time white noise on R x T%.
For large values of o the non-linearity will be negligible with respect to the additive
noise term. Heuristically, we can attempt an expansion of the reaction term around the
stationary solution Y to the linear equation

_1=|?

1 _—
it e t]ltgo.

—e
(4rt)3/2
Let us denote with C. the covariance of Y.. We approximate the reaction term as

e Y.(t,xz)= fioop(t — 5,2 —y)n:(s, y)dsdy with P(t,z) =

Ea_5/2FE(€1/2 /U/E(t, I‘)) §8a_5/2F5(51/2 Ya(t7 I‘))

The Gaussian r.v. e'/2 Y. (¢, ) has variance o2 = e E[(Ya(t, 2:))?] = eE[(Y2(0,0))2] = £C.(0,0)
independent of (¢,x). Although o2 depends on ¢, it can be bounded from above and below
by two positive constants uniformly on ¢ € (0, 1]. We can expand the random variable

F.(e'? Y.(t, x)) according to the chaos decomposition relative to '/ Y.(t, x) (as done
in (2.2)) and obtain

F(e'2Ye(t,2)) =) foe Hale'?Y(t,2),02), (6.4)

n>0

117
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where Hp(z, 05) are standard Hermite polynomials with variance o2 and highest-order
term normalized to 1. Note also that the coefficients ( fy, c)n>0 do not depend on (¢, z) by

stationarity of the law of £'/?Y; Y(¢, x) since they are given by the formula
1 1
fn,ez—gn]E[Fs( ey, Ya(t, ) Hn(e 12y, Ye(t, z), 2)] :ﬁE[FE(UEG)Hn(G)]
nloZ nlol

where G is a standard Gaussian variable of unit variance.
Let X be the stationary solution to the equation

X =—X+¢,

with ¢ the space-time white noise on R x T? and denote by [X ] the generalized random
fields given by the N-th Wick power of X, which are well defined as random elements
of S'(R x T3) as long as N < 4. The Gaussian analysis which we set up in this chapter
shows in particular that if 6("_N)/2fn,5 — grnase— 0 for every 0 <n <N, N <4, and
(F.). CCNFYR) with exponential growth, then the family of random fields

FN: (t, )~ e N2E(eV2Y.(t,2)),  (t,z)eR x T3,

converges in law in S’(R x T?3) as e — 0 to ZN 0 9n[X"].

Consider the smallest n such that f,, . converges to a finite limit as ¢ — 0. Since

H, (%Y., 02) = €"/2[Y], the n-th term in the expansion (6.4) is f, . e*+™=2)/2[y"].
Therefore, the equation yields a non-trivial limit only if «=(5—n)/2. We are interested
mainly in the case n=3=a=1and n=1=a=2. The case a =2 gives rise to a Gaussian
limit and its analysis is not very difficult. In the following we will concentrate on the
analysis of the case a=1 where the limiting behaviour of the model is the most interesting
and given by the ®3 family of singular SPDEs. In this case we obtain the family of models

3 1

Lug(t,x)=—e 2 F(e2u(t,z)) + n(t, ) (6.5)

1

with initial condition ugc(-) := € 2@ (¢ !-) where 1o is the initial condition of the
microscopic model (6.1).
In order to state our main result, Theorem 6.3 below, let us introduce some notations

and specify our assumptions. Let F. be the centering (up to the third Wiener chaos relative
to e'/2Y.(t,z)) of the function Fy, i.e.

Fs (.’E) ::Fe(x)_ fO,s_ fl,sx f2 5H2 xr (75 Z fng .’E (75) (6.6)
n>3

The decomposition of F. is obviously the same as in (6.4) except for the fact that we have

discarded the orders 0,1,2. Let F. E(m) be the m-th derivative of the function . for 0 <m <9
and define the following e-dependent constants:

-2

4. = % Py(2)E[FM (£/2YL(s, 2)) FM (£1/2Y2(0, 0))],
& = 2 g [ P@)(Culs )

s o ) (6.7)
d:’ = Tom [ Pu@)BIEYi(s,2) F(EY2(0,0))]
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where Ps(z) is the heat kernel and [ ;s , denotes integration on R+ x T3.

Assumption 6.1. All along this chapter we enforce the following assumptions:

12=5 and is independent of n;

a) (upe)e converges in law to a limit ug in &~
b) (toc)e is uniformly bounded in L in probability, i.e. 3C >0 such that Ve € (0, 1]
|t0.e | Loo((T/e)3) < C;

¢) (F.): CC°(R) and there exists constants ¢,C >0 such that

9
sup Z |05 F(z)] < Ceclel, (6.8)
&% k=0

d) the family of vectors A\e = (Ao, M.z A2.e, As.e) € R given by

)\3,5 = f3,5 A 1= 5_1f175—9d5\<y—6d;</

)

)\2,5 = 5_1/2f2,5 )\05 = 5_3/2f0,5_5_1/2f2,5de\<f_3d§y—3c_la\<y

)

(6.9)

has a finite limit A= (Ao, A1, A2, A3) € R* as e — 0.

Remark 6.2. Note that under Assumption 6.1 we do not allow initial data (ug ) to be
mollifications at size & of a distribution up€ # ~*/27*. Indeed, that would verify 6.1.a) but
not 6.1.h), as it is clear from the norm of g1/2=n given in Definition 1.17. The reason
we need the rescaling g = gl/ 2uoﬁ(& -) to be bounded in probability in L is to be able
to perform the estimations of Section 6.4.1 on the remainder R. (which accounts for the
exponential divergence of F). Simply assuming 6.1.a) would result on a non-integrable
singularity in t =0, as noted in [HQ15] and [HX16].

Note also that our Assumption 6.1 does not allow to restart the solution in time, but
since we are aiming for a local-in-time convergence of the solutions u., this is not a big
problem. It is possible to show that 6.1.b) follows from more specific assumptions on F
(for example by assuming F.: R — R coercive and using a maximum principle to obtain
6.1.b)), but since the main point of this chapter is the estimation of infinite-chaos stochastic
terms (Section 6.3) we don’t develop this idea further.

Theorem 6.3. (Convergence of the solution) Under Assumption 6.1 the family of
random fields (ue)e given by the solution to eq. (6.5) converges in law and locally in time
to a limiting random field u(\) in the space C1% ~(T3) for every 1/2<a<2/3. The law
of u(X) depends only on the value of A\ and neither on the other details of the nonlinearity
nor on the covariance of the noise term. We call this limit the dynamic ®3 model with
parameter vector A € R%.

Here C7% ~%(T?) denotes the space of continuous functions from [0, 7] to the Besov
space & ~*(T?) = B3 " (T?) (see Chapter 1 for a brief introduction of Besov spaces
and paraproducts). Theorem 6.3 is actually just a corollary of the more precise result

Theorem 6.7, in which we identify the paracontrolled equation satisfied by the limiting
random field u(\).

Remark 6.4. We are interested only in local-in-time convergence of u., as a way to show
the potential of our method for controlling stochastic terms with infinite chaos decomposi-
tion (developed in Section 6.3). Nevertheless, we expect it to be possible to obtain global-
in-time convergence of the solution with more stringent assumptions on F;, although we
do not treat this problem here.
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Remark 6.5. As a special case we can take

Fo(z) = \sHs(z,02)+e'/?NoHa(x, 02) + (M + 71,0) Hi(z, 02) + €32 (No + 10,6)
so that
f3,5:>\37 571/2]02,5:)\2’ 5_1f1,5:)\1+71,57 573/2]00,5:)\0‘}"70,5’

and

A = (\3)2Le, d.¥=XshpLe, d¥=d.¥ =0,

where L.:=2 Py(x)(Cy (s,z))? Choosing

Nei=9dY =9(A\s)2Lc,  Ao.ei=3d.¥ =3Ashy Lo,

we obtain A — (Ao, A1, A2, A3). This shows that all the possible limits A € R* are attainable.
In this case (6.5) takes the form

Lue=—Azud — Xou? — [A\; —3A3e 102+ 9(\3)2LeJue — Ao+ Ao —3A3\o Lo+ 1. (6.10)

The name dynamic <I>§ equation (or stochastic quantisation equation) derives from the
fact that the simplest class of models which approximate the limiting random field u(\) is
precisely obtained by choosing a cubic polynomial like in (6.10) as non-linear term (which
is the gradient of a fourth order polinomial playing the role of local potential).

Weak universality is the observation that the same limiting object describes the large
scale behaviour of solutions of more general equations, in particular that of the many
parameters present in a general model, only a finite number of their combinations survive
in the limit to describe the limiting object. The adjective “weak” is related to the fact
that, in order to control the large scale limit, the non-linearity has to be very small in the
microscopic scale. This sets up a perturbative regime which is well suited to the analysis
via regularity structures or paracontrolled distributions.

6.2 Analysis of the mesoscopic model

The goal of this section is to obtain a paracontrolled structure for equation (6.5) analogous
to that introduced by R.Catellier and K.Chouk [CC13] for the cubic polynomial case (the
P4 model), and use it to set up the limiting procedure. Convergence of the stochastic terms
and some a priori estimates will be the subject of the following sections. Definitions and
a reminder of the basic results of paradifferential calculus needed here can be found in
Section 1.2.

6.2.1 Paracontrolled structure

Let us start our analysis by centering the reaction term FE(El/ 2u.) in (6.5) using decom-
position (6.6) to obtain:

1

3
Lu. = —e 2F(e2u(t,x))+ ne

1
-3/2 —1 —3/2 5 2
—€ / f0,5_5 f1,5u5_5 / f2,5H2<52U5a05)'
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We write us = Y. + v. with Y; as in (6.3), and perform a Taylor expansion of Fe(sl/QYE +
51/21)5) around £'/2Y; up to the third order to get

3 1 - 1 o1 1 ~ 1
Lue = ne—e 2F(e2Y) — 5_1F5(1)(65 Yo )ve — %5 QFE(Q)(&2 Yo)v? — %FE(?’)(&? Y2 )ud

(6.11)
_5_3/2f0,5 _ 671f175(Y5 + 'Us) _ 6_1/2]6275([[}/;2]] +20. Y.+ ’U?) — RE(’UE).

where R.(v:) is the remainder of the Taylor series and we use the fact that HQ(El/ 2 Y.,
02) =e[Y2]. Notice that we stopped the Taylor expansion at the first term for which e does

N 1
not appear anymore with a negative exponent (that is F, 5(3)(55 YZ)). One can then expect the
remainder R.(v:) to converge to zero in some sense. On the other hand, all the other terms

gy, L
except F. 5(3)(52 Y:) and R.(v.) appear to diverge in the limit £ — 0, but in analogy with well-
known renormalization methods for random fields, we try to find a combination of them
that can be made to converge in some function space. Define the following random fields:

LY, = —Yetne

YV o= eV [V 2Y = Y,

V¥ = e r(eTY)) 2YY = v,

= e EOEY) LY = Y (6.12)
Y2 = é_%ﬁf)(séYa) Y. = %FE(B)(E%)@)

Vo= Y ovv—d. v o= Yevv-dt,

Y.V = Yoy —d., VAR AR S TAS EVAS

with Y. stationary solution, while Yz, Y.¥, Y.¥, Y." have 0 initial condition in ¢ = 0. The
last four trees }7;@, Y;@, Y;K’, Y;KV are obtained from the others via the resonant Bony’s
paraproduct o defined in Section 1.2, and c?}y , d;@ , d}/ , dé\@ , d;@ are just e-dependent
constants whose exact value will matter only in Section 6.3. Indeed, in the scope of this
section we only need the following relation to be verified:

Y = 24 +34.7. (6.13)

The notation Y.V denotes that this tree has finite chaos expansion and can be treated with
the well-known techniques of [CC13| or [MWX16] (we put a bar on 17;\@ just because it is
the only tree obtained from Y.V).

With the definitions (6.12), equation (6.11) takes the form

Lv. = Yo— YoV — YoV — 3V Vo, — 3V vZ — V03

6.14
_573/2f0,5_5_1f1,5 (Ye‘f’va) _571/2f2,5 (2Y€Ue+va2) _RE(UE) . ( )

At this point it is worth noting that the trivial case F.(z) = Hs3(x,02) yields Y.V =[YZ],
Y.V = [Y?], ¥i' =Y, Y? = 1. By comparing these random fields to the ones defined
in [CC13] we can guess that Y.', YV, Y2', Y2 can be controlled respectively in /2%,
gl-r @g=1/2=8 @—r Vg > ( for any F. satisfying Assumption 6.1, and carry on the
paracontrolled analysis of (6.14) as if it were the case. Clearly, the paracontrolled structure
is robust and does not depend on how the terms Y.', Y.V, Y., YZ are defined as long as
they have the desired regularity.
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From these observations, we do not expect to be able to control the products Y.V v.,

Y. v2 and Y. v¢ in eq. (6.14) uniformly in € > 0. In order to proceed with the analysis we
make the Ansatz:

Ue = YE+U55

_ 6.15
v, = —YE\V—YEY—SUE—«KY—FUE ( )

and proceed to decompose the ill-defined products using the paracontrolled introduced in
Section 1.2. We start by writing v.Y.Y =v. < Y.V + v = Y.V 4+ v 0 Y.V, The resonant term,
together with Ansatz (6.15), yields:

veo YoV = Y oYV - VY 0 ¥V2V - 3. (Y 0 Y2V)
—3com (ve, Y27, YY) +vlo Y2V,

with the definition and bounds of com;(-, -, -) given in Lemma 1.67. Then we define
Y Vou, 1= 0 Y —v. <YV + (3v€d;<y+d§y3/;+d;@+c_l;@)
= 0= YV -V VY 2302V 4 oo ViV — Beomy (v, V.Y, YY),
Moreover we have for v.Yz:
VY = @Yo - Y <Y -V =Y. - Y oY,
where we introduced the shorthand ¢, :=v.+ Y;Y. So we let

RS (ST AR A SSIPR [ ARD A AR A A
Finally to analyse the product Yz' v2 we write
Yool =Y () -2V Yo e + Yo 0,
and consider the products involving only Y7 factors: first
A A A A A AR AR A R AR AL
and then we define the term Y. o(Y.")? as follows:
Yoo(Y)2 = Vo (V)2 — 249y
Y < (V)24 Y - ()24 V2 o (V2 0 YY)
+2comy (YY, V¥, Vo) + 2V V22,
so that
Y ov? = Y02 + 2d: v = Y o(YY)? = 2 (Y2 oVY ) o + Yo 2.
We note also that
Pu.=—2LY. — Y. + fvg —30. < LY. — 3coms(ve, YQY) — 3 coma(ve, Y2Y),

with coms(-, -) and comg(-, -) specified in Lemma 1.67. Substituting these renormalized
products into (6.14) and recalling the definition (6.9) for Ac = (Aoe, A,e, A2c, A3c), We
obtain the following equation for vﬁ :

.,E’UE = 3coms(ve, YEY) + 3 coma(ve, Y2V)
—Y:%03 — 3V ov? — 3V Vo v,
+Yo = Ao o(20 Yo+ 02)
e (Vo4 ve) + [9d2Y +6d.Y — 3d2¥]v. — Aoc — Re(ve),
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where we can use the constraint (6.13) to remove the term proportional to v.. Summarizing,
we obtain the following equation, together with Ansatz (6.15):

{ 5 Sty (6.16)

fvg = U\, Y UE,UE) — Re(ve)
with initial condition v, o=wug — Yz(0) and U given by
U, Y; v, vﬁ) := 3coms(ve, Y2") + 3 coma(ve, Y2V) — Y203

—3Y ov? = 3Y Vo + Yo — Ao o (2ve oYz + 02) (6.17)
_)\1,5 (Kz + Us) - )\0,5 - RE(UE)'

The enhanced noise vector Y is defined by
LA AR AR AR AR AR AR AR A
m
1 1
Xp = Cr@Fx Cr@ 2 " x (Crg 1792 x L5 x (Cr# "3 x Cr# ™2 " (6.18)

for every x>0, T'>0. We use the notation || Y |lx, =" _||Y]|[x~ for the associated norm
where Y is a generic tree in Y.. The homogeneities |7| € R are given by

B IR A A b A R AR AR D AR DA DAL
7[[=[0 [—1/2]—1|=1[1/2] 0 | 0 | 0 |—1/2

Note that for every € >0 eq. (6.16) is equivalent to eq. (6.5).

Remark 6.6. The paracontrolled structure we developed in this section is the same as
in the work of Catellier and Chouk [CC13|, plus an additive source term (which is Re(v;)
in equation (6.16)). Therefore, there exists T = T'(|| Yz || xz, [|te,0l| ¢ —1/2-x, | Ae|) such that

1,3 .
we can define for o€ (1/2,2/3), p€[4,00), 7>+ 5 a solution map

[: 71270 X7 x R x MPPLP(T®) — Cp# —(T3)
(UE,O7Y57)\57R) = Ue
so that u. = I'(uc,0, Yz, A, R) with u. = Y. + v, and v. that solves (6.16) with the

remainder R.(v:) replaced by R. The space M7LP(T?) is specified in Section 1.2.2. Indeed,
we can use Lemma 1.60 and Lemma 1.62 to control I'R as

R 121420 ST R aagorre

for § > 0 small enough, and thanks to this bound it is easy to see that the the fixed point
procedure of Section 3 of [CC13] still holds with a fired additive source term R. In the
same way, the continuity of the solution map I' follows easily as in Theorem 1.2 of [CC13].

6.2.2 Identification of the limit

In order to identify interesting limits for equation (6.5), we introduce for every parameter
A= (Ao, A1, A2, A3) € R? the enhanced noise Y(\) which is constructed from universal noises
X7 as

Y(A)

= (Y200, Y (), YV, YY) YT ), YY), Y ), YFO). V() (6.19)
(g, 03X, A XY, XY, A3 XY (A3)2X Y, (A3)2X Y, A X ¥, (A3)2X %)
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where X is the stationary solution to to the linear equation . X = —X + £ and £ is the time-
space white noise on R x T?3. We will sometimes use the shorter notation Y(\) = (Y7(\)),
for (6.19).

We define the universal fields X7 through their Littlewood-Paley decomposition (¢,
7) €RT x T3 as:

XV = [X%], Z£X"=XY with X"(t=0)=0,

xv = [X7],

AXY(t,7) = Aq(l—Jo)(XpoV)(t,ﬂf)—/C ) (1= Jo)([X2(COIIX2(C]) Hg,cr,car
AXY(t,7) = AfXYoX)(t,7) = I (@ e

AX¥ () = / (1= ) XPCONX )] fra.coc
¢1,¢2

+6/ [AX (E+ 5,7 — o) — AgX (£, 2)| Pu(a)[C s, 2)]2,

)

where as before [-] stands for the Wick product, ¢; = (x;, s;) € R x T3, C(-, -) is the
covariance of X and pg,¢, ¢, is the measure

o2 = Lo oo ()80 = 520G | Kyala) 3 Kea ) olaa) Py =)
T,y i~ j
2

Rl _ _
- 4
= Gy € 4 1y>0. We commit an abuse of notation

by writing X (¢) since X is actually a distribution in space: the integrals in (6.20) should
obviously be intended as functionals.

Standard computations (see e.g. [CC13] or [MWX16]) show that, VA € R* and for any
T>0,0<k<rk

with the usual heat kernel Pi(x)

L 4 ’ R, W ’ -1
Y(N) € 47 22 x (Chg 17282 x CEg 22" x (CH7 022 x CF7 2

almost surely.

Using the paracontrolled structure we developed in Section 6.2.1 we can identify the
limiting solution u(\) introduced in Theorem 6.3.

Theorem 6.7. The family of random fields u. given by the solutions of eq. (6.5) converges
in law and locally in time to a limiting random field u()\) in the space Or# ~*(T3) for
every 1/2<a<2/3. The limiting random field u(\) solves the paracontrolled equation

u(\) = X +v())
v(A) = =A3X = XY —3A0(\) < X +08(\) (6.21)
L) = U Y(N);0(0),04(N)) '
VI A)(E=0) = vo+ X (t=0)+ X" (t=0)+3\30:0< X' (t=0)

with U defined in (6.17) and vo=1up— X (t=0).

(6.20)
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Proof. Fix T'>0. Let u. =Y.+ v. be the solution of eq. (6.5) for fixed ¢ >0, which is seen
to be unique in the (e-dependent) time interval [0, T¢] by a usual fixed-point argument
on the original equation (without resorting to the paracontrolled decomposition). Let
ue = I'(ue,0, Yz, A, Re(ve)) on [0, 7] with I' defined as in Remark 6.6 and R.(v.) seen as
an exogenous source term. We know from the a priori estimations of Section 6.4.2 that
there exists a time T; = T5 (|| Ye || a7, [|te 0]l g —1/2-#, | Ac|) and a family of events (& )e>0 such
that P(&) — 1 for e — 0 and we can control ||U€HM1T/4+3”/2L°°‘ Thus, we can control the

L*> norm of v.(t) in [1z /2, T;] and extend the solution v, on [0, T}] for every €. Denote
by uf=T\(ue,0, Ye, Ac, Re(ve)) the process u. stopped at time T, and I the corresponding
stopped solution map.

Note that u(\) solves the same equation as uZ with Y replaced by Y(\), uc o replaced
by ug, Ae replaced by A and R:(ve) =0. So u(A) = u* =L\ (ug, Y(A), A, 0) up to time 7.
Let us introduce the random field @ = I (ue o, Ye, Ac, 0) with 0f = @f — Y that solves the
paracontrolled equation (6.16) but with remainder R.(v:)=0.

Consider the n-tuple of random variables (uc 0, Yz, uZ, ) and let p. be its law on
Z=¢"*xXrx (Cr% *0‘)2 conditionally on &.. Observe that I} is continuous as discussed
in Remark 6.6, and this gives that V0 >0, p(||uf — @f[|cp¢—o > ) — 0 as € = 0. Indeed
R(ve) = 0 in probability in the space M}PLP(T?) by Lemma 6.19. This shows that p.
concentrates on ¢~ x Xr x {(z,2) € (Cr#& ~%)?}. Let u any accumulation point of (p.)e.
Then p(% =% x Xr x {(z, 2) € (Cr&~*)?}) = 1. The a priori estimations of Section 6.4.2
yield the tightness of . and from the concentration of p on the diagonal we know that
there exists a subsequence such that for any test function ¢,

/ o,y 2 ) dpe(a, g, 2 t) — / oy, 2 )du(z, 3, 2, 1)
zZ zZ

(6.22)
- /Z oz, vt Ddulz, y, 2, 8).

Moreover, still along subsequences we have that for any bounded continuous function ¢

E(@(Ue,o,ya,ﬂé)) = E(@(UE,O,YE,D(Ua,o,YE,)\5,0)))
_>]E((P(u07 Y()‘)7 F*(u()a Y()‘)v A 0)))

since by Theorem 6.8 the vector Y. converges in law to Y(X), uz o to up, and I} is a
continuous function as discussed in Remark 6.6. This shows that

/cp(x,y,t,t)due(ﬂf,y,z,t)%/w(x,y,ﬂ(ﬂf,y,A,O),R(ﬂS,y,A,O))du(x,y,zvt) (6.23)
zZ Z

and then by comparing (6.22) and (6.23) we can conclude that there exists a subsequence
such that

/QO(QS,y,Z,t)d[LE(SU,y,Z,t)—)/QO(QS‘,y,F*(SU,y,A,O),F*(SU,y,)\,O))d[L(ﬂS‘,y,Z,t).
zZ zZ

We can identify the limit distribution p by noting that since P(&.) — 1 we have

EW(UE,O, Ye)ﬂé}]

]E[@b(ug,o, Ye)|Ee] = P(&:)

— B[ (uo, Y(A))]

for any test function . So the first two marginals of p have the law of (up, Y(A)) and they
are independent since (uc 0, Yz) are independent for any €. Calling v the law of (ug, Y(X))
we have that

/@(%%Zat)d#(%yazat):/ QO(CL',y,F*(fL',’y,)\,O),F*(ﬂS‘,y,)\,O))dV(fL',’y)
zZ %7Q><XT
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which implies that p is unique and that the whole family (p.). converges to pu. We can
conclude that uf —u* in law with u*=wu(A) up to the time T, (|| Y ()| a7, |luoll o -1/2-x, [A])
since the function 7 is lower semicontinuous (as obtained from the a priori estimates). [

6.3 Convergence of the enhanced noise

This is the most importante section of this chapter, in which we present a new method to
estimate certain random fields that do not have a finite chaos decomposition, and we apply
it to the treatment of the random fields Y; of (6.12).

6.3.1 An example of convergence

We choose to give first a complete example (the convergence of the tree Y.V to YV(X))
in order to put in evidence the main idea in the proof of Theorem 6.8. Recall its defini-
tion (6.12):

1

-1 _
=R,

with Fs(l) being the first derivative of the centered function F. defined in (6.6). Since

d H,(x,02)=nH,_i(x,0?) the Wiener chaos decomposition of Y reads:

dz
el sy, 2 e! 1/2 2
TFE (e2Yy) = TZ n fneHn-1(e/°Yz, 0%)
n>=3
—1
= &7 o Ha(e' Yo 02) 4 553 nfue Huoa(eV? Yz, 02)
n>4
-1
€
= fB,E[[Yéz]]"i_TZ nfn,anfl(é—lﬂY;agg)a (6'24)

n>4

where [-] is the Wiener product and we used the fact that ¢ 2 H,('/2 Yz, 02) = [Y"]. Now
one can use hypercontractivity (as done in [HQ15],[HX16]) to control the LP norm of each
chaos order by its L? norms. However this strategy does not give useful bounds for the
infinite series in the second term of (6.24). Instead, we just observe that

N 1

N0 e Hyoa(e2Yz,02) = (id = Jo— .. — L) FV (2 Vo),

n>4
where J; is the projection of on the i-th chaos, and look for a different way to write this
remainder. One of the main insights of this chapter’s work is that we can write it as:

~ 1 - 1
(id—Jo— ... — L)V (e7 ¥2) =G ID? F{V (2 Y7)

where D, § are the Malliavin derivative and divergence operators, and GH 1-L)"'(2-

L)~Y(3— L)~! with L the Ornstein-Uhlenbeck operator. This is proven in Lemma 2.22.

5 1

To compute the Malliavin derivative of F. (1)(55 Y.) we observe that for every ¢ > 0
(t,z) € R x T? there exists h( ;) € L*(R x T?) such that the Gaussian random variable
Y. (t,2) 1= Ye(t, ) can be written as

Yo, x) =€, hirm)- (6.25)
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Here ¢ is the Gaussian white noise on R x T3, which can be seen as a Gaussian Hilbert
space (&, h)per = {W (h)}ren indexed by the Hilbert space H := L*(R x T3). This is the
framework in which we apply the Malliavin calculus results of Section 2.3. Notice that by
construction

(hit,z)s harany) = Ce(t =t @ —2") := B[YC (1,0)Ye, (1,0 (6.26)
The function A ;) can actually be written as the space-time convolution

h(t,z) = P * wE(ta l’),
_la?
me et Ti>0 and e s.t. Ne=1pe x &, Ye(t, z) = 575/2@&(572757 Eilx)'
7|e
We omit the dependence on € of h ;) not to burden the notation.
Going back to the calculations, we obtain from (6.25) that

with P(t,z) =

Then (noting that FE(4) = F(4)):

/ 1
YV = fa [V + 5 530{%#4)(551@}@@3.

: (6.27)
= f3,E|IY€ ]] +YEV7

It can be easily seen from (6.25) that Y. has the same law of a time-space mollification of X
by convolution (with X defined in Section 6.2.2). Then the convergence in law of f3 .[Y.]]
to YV(\) can be easily established by standard techniques (see [CC13] or [MWX16]). We
are only left to show that Y.V in (6.27) converges to zero in Cp# ~'~".

It is well known (see Section 6.3.2 for details) that in order to control the norm of
YEV(t, -) for t € (0, T] in the Besov space & ~“~* Vk >0 and in probability, it is enough to
have suitable estimates for

sup HAqYEV(taf)HLP(Q) = HAQYEV(t’j)HLP(Q)
xeT3

for any z € T3 since YA;\’ is stationary in space. We then proceed to compute:

. 1/2
[AXY(t, )| ooy =

53G{ } / Kgx(x )F(4)(52Y(m))h( ' yda

LP(Q)

where K z(x) is the kernel associated to the Littlewood-Paley block A,. Observe that

!‘Fg4)(51/2§/g7(t7$))“§p = fR|F€(4)(z)‘p'y(dz) where 7(dz) is the density of a centered Gaus-

sian with variance o2. This norm is then finite by the bound (6.8) of Assumption 6.1.
Another fundamental idea of this work is that we can “estimate out” the bounded term

H F 5(4)(51/ 2}/;7@7@,)) H 1 » Which has an infinite chaos decomposition, and obtain a standard P4

diagram that can be treated with well understood techniques. Using Lemma 2.23 and
Corollary 2.27, one has

scl¥l | K —(x)F(4)(6%Y )hE3 d
(1] 4T € &, (t,2)) (¢, 2) 4T LP(Q)

AN

LP(Q, H®3+k)

q,f<x>F£4’<sfn,<t7x>>h<tf”x>dx

LP(Q,H®3)
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Then note that we can decompose the norm |ul|prq ge3) = = ||| ||%es || for u €

LP/2
LP(Q, H®3) and since the norm of the Hilbert space H®3 is given by the scalar pro-
duct ||h®3||%05= (h, h)3 we obtain

2 1/2

HA Y (t,x) HLP<61/2

[/|qu (&)

i (4)

The norm containing F;

Lp/2

‘ / Kqa(z)FY(e2 Y (L) (s da .
1

(Y, () ><ei1@,<t,x/)>\\w|<h<t,z>, h<t,z/>>\3dxdx']2.

can then be easily estimated using Holder’s inequality as

L

1
@y, () P (C2% (te >)‘ FOE Y, (t.2)) 54)(5”@7@@’))‘

Lp/2 LP

1.

'AN/AN

This yields
1

E R AT [ [ 1@ g o >\3dxdx’]2

which is a standard ®3 diagram that can be analysed with the techniques of [Hail4a]
(recalled in Section 2.2.1). We just remark that (h 4, h(t,27)) = C=(0, 2 — 2’) and from the
bound €|Ce(t, z)| <1 of Lemma 2.15 we obtain V4§ € (0,1):

1

80200 ey % <] [ 1o sla) g 160, )2 s |
< c79(1+5/2a

and then YEV(t, -) converges to zero in probability in the space g1-0/2y5 ¢ (0,1), ase—0.
The time regularity of Y." needed to obtain the convergence in Cr# ~17%/2 does not need
new ideas, and it is done in Section 6.3.3.

The method shown in this section is valid verbatim for the trees Y:2, Y.', Y.', while
for the composite trees in (6.12) (namely Y\K/ Y\@ Y\@ Y\Ky) that are obtained via
paraproducts of simple trees, one has to be able to write the remainder Y. as an iterated
Skorohod integral 6™(...) in order to exploit the boundedness of this operator. Moreover,
these trees require a second renormalization (on top of the Wick ordering) which is not
easy to control for infinite chaos decompositions. We deal with both these difficulties
employing the product formula (2.22) of Section 2.3, which allows to write products of
iterated Skorohod integrals as combinations of iterated Skorohod integrals. The details
and calculations for composite trees can be found in Section 6.3.4.

6.3.2 Main theorem and overview of the proof

Theorem 6.8. Under Assumption 6.1 there exists C' >0 such that for any p € [2,00) we
have || Yz | x, <C in LP(). Moreover, Y. — Y(\) € X and Y. — X € Cp% 127" in law.

The rest of Section 6.3 is dedicated to the proof of Theorem 6.8.

From the definition Y(A) = (Y7 (X)) of (6.19) it is clear that we need to prove that Y." —
Y7(\) for every tree 7. Note that we can write each tree Y7 () as Y7(A) = f-(A\) K7 (X) for
a the measurable function K7 of the Gaussian process X € Cr# ~'/27* defined (6.20), and

a suitable deterministic function f;(\) of A. For example, we can write YV()\) = \3[X?]
with KV(X) = XY= [X2] and fu(A) = A,
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We will show (egs. (6.36) and (6.44)) that every random field Y. defined in (6.12) can
be decomposed with the same functions f-(-) and K7 as

= [ KT (Vo) + Y (6.28)
where Y.  are suitable remainder terms. For all p>2 it is well-known (see [CC13],[Hail4al)
that the term f-(A\:)K7(Y;) is uniformly bounded in LP(2; X™) (with X7 given by (6.18)).

Thus, we will prove that Y. converges to zero in LP(Q; X7). This can be done by showing
that, by Besov embedding, for p € [2,00) and Va < |7| we have

B Ol asr) SE([Y7 (0)][5e )< ZQapq/ 1A (8, 2)|yydz =0 (6.29)

thanks to the stationarity of the process Y (¢, z). In order to prove the bound (6.29) it
suffices to show that Vt € [0, 7]

Z 2apqsupHA Y. (t,x H o0 ase—0, (6.30)
q

which is one of the key estimation of this chapter and will be performed in Sections 6.3.3
and 6.3.4.2.

In order to obtain uniform convergence for ¢ € [0, 7] it suffices to show that Vo €[0,1/2],
qgz—1:

sup [|AgY: (£, 2) = AgY: (5, 2) || ) < Celt — 5|7P27 (727074 with C.—0. (6.31)

Indeed, by the Garsia-Rodemich-Rumsey inequality we obtain for § >0 small enough and
p large enough

sup B(I1¥ | g /050 -20-5)

|AYE (t,2) = AgYz (5,2)|| e

<T? 2(a=20-0)pa  gup  sup
h Z s<te[0,T] = ‘t_3|0p

<C€T2Z 2-0pq

q

which by the standard Besov embedding (Proposition 1.16) yields an estimation on
(11l gg 2
to claim that Y, has weak limits along subsequences.

The only thing left after proving (6.28), (6.30) and (6.31) is that for each 7 we have
K7 (Y:) = K7(X) in law. However this is clear and already well-known, since by hypothesis
we can introduce a space-time convolution regularisation of X (let’s call it X.) which
has the same law of Y. for any € > 0. This yields immediately the convergence Y. — X
in law. At this point an approximation argument gives that K7(Yz) has the same law of
K7(X.). Transposing the regularisation to the kernels of the chaos expansion we can write
K7(X.) = KI(X) and now it is easy to check that K7(X)— K7(X) in probability (as
done systematically in [CC13],[MWX16]). We can then conclude that K7(Yz) — K7(X) and
therefore Y. — Y 7()\) in law for every 7, since from Assumption 6.1 we have immediately
fr(Ae) = fr(N).

Let us give some more details on how to prove the decomposition (6.28) and the
bounds (6.30) and (6.31). As seen in Section 6.3.1 we have Y. = (&, h¢) in law for
(= (t,r) € R x T3 and this gives

DM E(V2Y o) = FT (V2 ) hEn.

%Q,QJ,J for £ > 0 small enough. This gives us the necessary tightness



130 WEAK UNIVERSALITY FOR A CLASS OF 3D STOCHASTIC REACTION-DIFFUSION MODELS

We define for m € N, ( € R x T*:
m—3 _
o= FM(EV2Y. ) (6.32)

Note that the term ®™ above is not the m-th derivative of some function ® (we use
the square parenthesis notation to emphasize this fact). It easy to see from (6.32) that

Dkfb[cm} = <I>[Cm+k]h?k . Therefore, the partial chaos expansion (2.20) takes a more explicit

form when applied to <I>[Cm]:

n—1 [m+k]
o'l = 3 S ¥E] + o (G g
"l (6.33)
m m-+k n n] = [m+n n
= ) e 3)/2—( LSS 5 R (e HE )
k=0

with G H defined in (2.18). Here we used the fact that 5"(h®") = [¥"] (see Remark 2.33)
and that by the definition of &) we obtain V¢ € R x T%

(0l ) = D 4 )

- - 1
with f, . the coefficients in the decomposition F. (e2Y;) := Zn>0 fnE (5 Y., o2).
Choosing n=4—m in eq. (6.33) we obtain
3!

ol = G Y2+ ) (6.34)

and a remainder with an infinite chaos decomposition strictly greater that 3 —m:

2 |m —-m 4—m 4 —m
b = gt Mg, (6.35)

This is a key step in the proof of Theorem 6.8. Indeed, it suffices to substitute (6.34) into
definition (6.12) to identify the remainder Y. in decomposition (6.28) that has to converge
to zero, and see that it always contains the term <I>[ l Moreover, the structure (6.35) of
<I>[ ™ makes it possible to bound its LP norm and obtaln (6.30), (6.31) in the same way as
d_one in Section 6.3.1 for Y-. We will consider separately simple trees (namely Y-°, Y.', Y-V,
Y.V, YQ\V) which are linear functions of ®" in Section 6.3.3, and composite trees (namely
Y\K/, YEYV, YYV YYV) which are quadratic in simple trees and need to be further renormalized
in order to converge to some limit as ¢ — 0. We will show the decomposition (6.28) for
composite trees in Section 6.3.4.1 and the bounds (6.30), (6.31) in Section 6.3.4.2.

Remark 6.9. We can easily estimate terms of the form e —(m=3)/ 2<I>[m] for 3<m <9 and
every p € [2,00). We have (as already observed for F(l))

m—3

Hsf 2 <I>[<

I Q= [ R @)
R

where v(dx) is the density of a centered Gaussian with variance o2. The integral is finite
by Assumption 6.1: in particular we only need to assume that the first m derivatives of
F. have exponential growth (actually, it is easy to see that one can require even weaker
growth conditions).
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6.3.3 Analysis of simple trees

First of all note that the term Y.V has no remainder, and then it can be shown to converge
in law to A®Y" by usual techniques (see [CC13]). In this section we show the convergence

of the trees .2, Y.', Y.V, Y.". We obtain easily from (6.34):

T 3—m)! m
Az () = B el
) ¢
-m 3—m ! 2 [m
= fr(Ae )A K™(Y,)(¢, 9:)—|—A Y. (t,x), (6.36)
with ¢ = (s, y) and either
pq,c = 6(t—s)Kqa(y)dsdy, for AY.2, AYS, AYY,

fgc = 11[074_00)(5) dsdy/KqJ(z)Pt_s(z—y)dz, for AqYE\V, (6.37)

where K, ,(y) is the kernel associated to the Littlewood-Paley block A, and P;(z) is the
heat kernel.
As said before f3.ef C[[Y ]] ftq,¢c converges in law in LP for every 2 < p < +oo to

Asf C [[YC ]] [tq,c since f3 . — A3 by Assumption 6.1. We can bound the remainder term

fCCI)C fg,¢ in LP(€2) using Lemma 2.23 and the definition of the norm (||| pa—m.p(gea—m
to obtain:

st

—m 4—m 4 —m
‘ & G{l} }/(I)[g}h?z; Hq,¢
LP(Q) ¢

LP()
4—m 4 —m
S G%l] ]/‘I’[(}h(m Hq,¢
C ID4_m p(H®4—m)
4—m
4 m 4 —m
S DkGh] ! ‘I’[g}hZM Haq,¢ :
k=0 LP(Q,H®4=mtk)

From Corollary 2.27 we know that (j — L)™' and D(j — L)™' are bounded in LP for every
pE€[2,00) and every j>1. Applying repeatedly these estimations we obtain:

4 4—m
S,H/C‘I)[g}h(? Hq,¢

Now we can proceed to implement the idea we already described in Section 6.3.1, i.e.

4—m 4 —m
HDkGh] ]C<1>[<1h?4 fig.c

LP(Q, H®4—m+k) LP(Q, H®4-m)

1
estimating out the term H 675(1)[44]”LP(Q) (which is bounded by Remark 6.9 but with infinite

chaos decomposition) and considering the finite-chaos term that is left. We do this by
decomposing the LP(€2, H®*~™) norm as norms on H®*~™ and LP/?(Q) as follows:

2
4 4— 4 4—
H/C(I)[C]h? Thac LP(Q,H®4—m) & ‘H/@ph? "hag

1/2

H®4=m|[LP/2()

. 1/2
< '/¢[4 ®4 h T ) gea—m g, fhq,c!
Lr/2(q)
4 1/2
< /CCJ\@& e el g




132 WEAK UNIVERSALITY FOR A CLASS OF 3D STOCHASTIC REACTION-DIFFUSION MODELS

Finally, putting the estimations together and using Holder’s inequality, together with the
bound e|(h¢, h¢r)| =e|Co(¢ — ¢')] S 1 of Lemma 2.15, we obtain for every ¢ € (0, 1]:

Hm] —3 (4] ‘ -3 (4 4-m :|;
) <le ’5 2¢ e 2P, he, her /
<| g0 ‘ 67%@[4}‘ Hé_*%@[‘g‘ |(h¢y h ,>‘3fm+5|'ul fg.c] %
~ C,C/ ¢ LP(Q) ¢ LP(Q) ¢ ¢ q,¢Hq,¢

1
Now using Remark 6.9 (note that to bound ezl we only need to control the first 4
derivatives of F;) and the fact that (h¢, h¢r) g = Ce(¢ — (') we obtain as a final estimation

H/(I’(gm)uq,c
¢

From the definition (6.37) of the measure pg ¢, the Lh.s of (6.38) can be estimated in
a standard way using Lemma 2.20 to obtain for every x € T3, ¢ > 0:

1/2

3[/\0 C— P | c g e @ (6.38)

18T () iy S 2770 AT D) ey S 72T
JAF D iy S 2277 AT 00 gy S 9227,

Time regularity of trees

We want to show (6.31). In order to do that, we compute in the same way as before:

A —m 4—m 4 4—m 5[4 4—m
| @ s o /ah (@l = @
LP(Q) , LP(Q)
1/2
< HH/ — U VRS, ¢ /
~ Sl pea-ml Lr2(q)
2 1/2
HH/(I)[4 h®4 " h;@iim)NmC :
’ He1-m|| Lr/2(Q)
We focus on the first term above to obtain that it is bounded by
4 1, gl ) (pet-m, h9t 1/2
/ (@ <1> (P 0 — @) (hey ™ he oy ™) rea—m piq,c g,/
LP/2(Q)

</ C,H(@%—@L,b(@%if—@L%L»

slef |
L Je¢

s [ el ol (ol —ell)
L JG¢

Now note that

1/2
o s s g e

671((1)[4] _ @[4} )((I)z[,4} ,— @[4} /)

t,x

1
e st a1

1
P T

e2(ol o) = FW(c2Y(t,2)) - FW(e2Yi(s, 7))

s,z

. /0 FOEEYi(s, ) 4722 (Yalt, 2) — Yals, 2))] (Yalt, ) — Ye(s, ),



6.3 CONVERGENCE OF THE ENHANCED NOISE 133

by hypercontractivity and using Lemma 2.16

1
and we can estimate H5_5(<I>E‘L — ol ) L2

S, T

as
§p€1/2 1Yz(t, ) — Ya(s,2) || 2

1 1 1
/ FOe2Y. (s, ) + 722 (Ya(t, z) — Ye(s, 2))]
0 L?P(Q)

561/2[05(0, 0) — C(t —s, 0)]1/2 et —s|o

for any o €[0,1/2]. The other term can be estimated more easily by

1
|:56/ |<h5,a:a hs,z’> |27m+5| <ht,x - hs,ma ht,x’ - hs,:):’> | |NQ7CN(17C/| :| :
C?C/
1

§€_2H|t — S |0|:€6/ </| <h57$’ h/s71‘/> |3_m+6+20|MQ7CMq7C/| :|2’

)

and finally obtain

o=

Which yields estimation (6.31) by applying Lemma 2.20 as before. This concludes the
treatment of simple trees. Notice that in this section we only needed F. € C5(R) with the

first 5 derivatives having exponential growth: indeed we need to take 4 derivatives to l[a]ound
4

1
,seé/“ﬂt—sw[ / |<hs,x,hs,m|3—m+5+20|uq,<uq,<f|]2.
LP(Q) ¢, ¢’

et/ 2<I>[ I'as of Remark 6. 9, plus one more derivative for the time regularity of e/ 2<I>

6.3.4 Analysis of composite trees

In this section we show the decomposition (6.28) and the bound (6.30) for the trees YE\K/,

Y;ﬁ’, 17;\@, Y;KV. The time regularity (6.31) of Y.  can be obtained with the same technique as
in the previous section, assuming that we can control one more derivative of F. than what
is needed to prove the boundedness of Y.” (thus we will need F. € C?(R) with exponential
growth, as discussed in Remark 6.14). Looking at the definitions in (6.12) it is clear that

we can write the ¢-th Littlewood-Paley blocks of Y;K’, YEYV, }7;@ and Y;Ky Ve >0 as:
_ 1 _
8@ = 5 allollnga- 8,00,
1,62
_ 1 _
YO = g allalluqq-atam©).
¢1,¢2
~ 1 _
8Q) = 3 el g6 dFAm©).
¢1,¢2

_ 1 _ _
AY(C) = 3 /< 62 o = AT AC) — ¥ ALD(O)
1,62

(6.39)

for any time-space point ¢ = (¢, %) that we keep fixed throughout this section. In order to
keep the notation shorter we defined

oL =12 f V()]

which can be thought of as a finite-chaos equivalent of <I>[€1} (modulo a constant fo ./ f3.) in
the same way as Yz is a finite-chaos equivalent of Y-V. The measure p ¢, c,on (R x T3)?
is given by

a,C1,Co i = / Koa(2)>  Kiw(y) K o(w2) Pr—s,(y = 21)] [0 100)(51)3(t — s2)d 1o,

ZN]
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with (.—(s;, x;) for ¢ = 1, 2, K being the kernel associated to the Littlewood-Paley
decomposition and P being the heat kernel. The first step for decomposing (6.39) is to
expand them using the partial chaos expansion (2.20) to obtain

ool = E[ool] +ociD (2a),
gl _ pplgl (1 1)

DD, = B[O P | +6GiD (D, ),

olloll) — ]E[(D[O o]+ 6[JD(@ °]<I>“)]+52GﬂD2(q>[°]¢>[ h (6.40)

- [@” ]+ V() (< (o)) + V(B[22 f]
+°GHEDA (e ag)).

Like the trees appearing in the ®3 model, we expect composite trees to require a further
renormalisation, on top of the Wick ordering. We developed (6.40) to the smallest order
that allows us to see the effect of renormalization.

6.3.4.1 Renormalisation of composite trees

In this section we show how to renormalize (6.39) by estimating terms of the type
IE][CD[CT}CI)Z]] in expansion (6.40). This poses an additional difficulty, as in princ}iple we

would need to compute an infinite number of contractions between CI)[QT] and <I>[£. How-

ever, we can again decompose ® as in (6.34), and then the product formula (2.22) ensures
that we only need to control a finite number of contractions. This is another important step
in the proof and will be carried out in Lemma 6.12. First we need some preparatory results:

Lemma 6.10. We have

/41742 () [ [g}]ﬂq e /g@Aq}/;(Saf—%)G(t—S,w).

and

/ Yo GYERID 1 ¢, o = /AY —2)H(tx),
C1,¢2

where we introduced the kernels:
Glt—s,2) = / Y Kaale) Kl P B[00,
1,225
H(t,z) = / 3 Kiala) K o(0) P (@t —z)E[ 0500, ]
521,215

Remark 6.11. Some caveat on the notation: although we use the same letter for the
kernel G(-, ) and the Green operator G%], those two are not related in any possible way.

It is always clear which one the notation refers to.

Proof. We have

/ (Cl) [ [C]J:uq (1,62
¢1,¢2

_ / Ky o(@)S Ko@) I a(2) Py, (e — w0 Ye(sr, o) B[ @Bl T
Sl,xl,l‘g,x,xl

i~
and by change of variables, exploiting the translation invariance of the problem we obtain:

:/ Kq,az(iﬂ-i—xl)y(sl,iﬂl)/ Z Ki,x(SUi)Kj,x(SUZ)Pt—a(SUDE[@[1]¢Et] sra))-
S$1,%1,

/
Z1,T2 ZN]



6.3 CONVERGENCE OF THE ENHANCED NOISE 135

Using the definition of K, we have

[ AY(s1,7—2) / S Kia(@)) K a(02) Py (e B[ ).

51, xiyzQiNj
Finally we can write
141 _
| vEelellu o= [ AN(sa-a)Gl—s0)
¢1,¢2 51,%

Similar computations holds for the other term, indeed

| e el uq
C1,C2

- / Ko@) Y Kia(e)) K ole2) Py (o] — 20 Yol o) B[ @ 0GL )]
$1,21,T2,L,T7

ZN]

/ Kool +20)Yolt, 22) / S Kia(a)) K (0) oy (2 — o) [0 ]
S51,81,8,215

/A Yi(t / N Kiw(2) K 2(0) Py, (2 — ) E[ @)D ]
51,71,

!
Tljrj

/AY H(t, z)

Substituting the lemma above and (6.40) in the expressions (6.39), we can write them

O

as:
840 = 5[ 6D @) e+ 80O [ Gle-sa)—a¥]
A0 = 5[ 6D @) e+ 80O [ G- -]
A0 = [ 6D @08 et B0 [ Bt =¥
AN(C) = %/4174252(;%2}132( YD) 1141, c,

=1
N LAl

+Aq%(§)[%/S7IG(t—s,x)—|—%/$H(t’x)_dé\@]

%AqRﬁ’(C_) + 1A RY(E)

with the additional definitions

Glt—s,2) = / S" Kia (@)K 2(0) Py (2 — e E[ 0l ],
X1,

x{iN]-
ARI(E) = / [AYo(s, % —2) — AY(t, 2)] Gt — s, 2),

AR = [T —a) = AN, 2) Hit ).
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Now we can characterise the local behaviour of E[fI)[ ]<I>[ }] appearing in the integrals above.

Decomposing separately <I>[ ™ and @E} as in (6.34) we obtam

T P B + o B 18

E[alal)] =

3! —n m| m] x[n
+mf37eE[ (Y2180 + E[0 )],

where E[[Y25"[YV2L") = (3 —m)16(3 —m, 3 — n)C=(¢1 — ¢2)>~™ and to bound all other
terms we introduce the following result.

Lemma 6.12. Under Assumption 6.1 (in particular if F € C¥(R) with exponentially
growing derivatives) we have, for every 0<m,n <3 and m < n:

4—n
= [m] & [n 1422 i 3-Itn s
B[S <3 e T lhey, he) | S (he b)Y veelo,1).
1=0

Moreover for every 0 <m,n <3,

m+n—3

B[S0 S e 2 lheheo)l™ if m>4—n,
E[[v2]90] = o0 if m<4-n.

N

Proof. Using formula (2.21) we decompose

4—n
4—m —n)\. 8—m—n—i] x [8—n—i] ~[8—m—n—i] x[8—m—i —m—n—i
( 7 )( 7 )Z!E(G{E)fnfi] ]q)[Cl }G{E)fmfi] }q)[Cg })<h41ahC2>8 :
i=0
We can bound the term

m+n

+i—5 [8—m—n—i] [8 n—i) ~[8—m—n—i [8 m—i]
€ E(G[E) n—ij (I) G[E) m—i| (I) )
n+i—>5 m+z 5
[8—n—i] [8—m—1]
S‘ g 2 ¢<1 12 g 2 (pCQ 12

knowing 8 —n — iV 8 —m — i < 8 derivatives of F; (see Remark 6.9) and using the bound
on the covariance €|C:(¢(1 — (2)| S1 of Lemma 2.15 with |(h¢,, he,)| =|Ce(1 — (2)| we have:

2 [m] & [n 1+ i
‘E[(I)[Cl}q)[@}” S) Z € 2 |<hC17hC2>|4 +
3-mdn s
S 66‘<hC17 h<2>‘ ? :

For the second bound we recall that [Y."¢ ] = 5m(hgm) by construction (Remark 2.33) and
compute:

E[[[Ym H%C} E[6"(hE™) 3Gl e hgt ]

4— . —n—i m m+4—n—1 m—1 m-+4—n—i
= > (705D g, GG G T o)
0
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Since Dhgmzo we obtain ]E[[[Y;ml]]i)[z]] =0if m<4—n and

m+n—3 3—m—n
2

B[ ]98] < ¢ 7 Bl

G @ (s he) ™
if m>4—n, with
3—m—n

— m m-+n
B~ 7 G, 0t < O

Using Lemma 6.12 we obtain

B2{lel)] = OE[(fs[¥a]l + 8L (V6] + 5]
= 18(f3.)?[Cc(C1— ()]* + ]E[@[ll}@g]

and thus
Glt=s.2) = 1800 [ | 3" Kilal) K alen) Poslah) (C(G = GIP
L1224 5
+G(t—s,)

with the remainder term defined by

Glt—s,2) = / Y Kualeh K e) P B[SO .
Ty,

zQiNj
We have the estimation
[E[@80)]] SCu(G— 2>+, (6.41)
Similarly
E[®Jel)] = 36712 BI[Y2](f5. V2] + O]
= 672 fof3[C(C1— Q)P
and
E[0fol]]] = |B[(fs[¥20]+ L) (6/5c,+ 03]
| 5.e|[E[[Y2102) | + |E[@L0 2] (6.42)

<
~ 2
S 55(|f3,6‘ +1)Ce(G — C2)2+6a

and

E[ef)ol]| = |E[el(3f;[v2,]+ 1))
| f. B[ Y2100 ] + B[ 6 6] (6.43)
61/2(|f3,£—:‘ + 1)C€(C1 — Cg)g.

We have by Lemma 2.19 that for all 6 € (0, 1) |G(t —s,2)] < 55(|t _5|1/2+ |g;|)—5—5 .

Using estimate (2.16) together with Lemma 2.12, we have that V§ € (0, 1),0’ € (0, 0)
|H(t,z)| <e¥'|z|~°. Furthermore, we have

S
S

1
SARY = 6y / AGYa(t+ 5,7 — ) — AYA(t, )] P()[Culs, 2)]2
1 R b
+§AqR§V

with the remainder term AQRE\@ given by

AQRJV:/ [AYa(t, 7 — ) — AYa(t, )] G(t — s, 2).
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The term
6(f3.)? / [AYa(t+5,7 —2) — AYalt, )] Po()[Culs, 2))?

can be shown to converge in law to

6 ()\3)2/ [AY (t+s,7—2) =AY (t,Z)]Ps(x) E(Y(0,0)Y (s,2))?

)

in C4% ~1/272% with the standard techniques used in the analysis of the ®3 model. On the
other hand, for all § > 0 sufficiently small we have the bounds

foui

o

e € EWellopymraman2t@/242520) [ (o] fp— s]1/2)5-5

S,z

N 66||}/éHC%%71/2,2K2q(1/2+21€+26)7

~

which shows that these remainders go to zero in g/

as € — 0, since ||Y5HC%¢71/272N
is bounded in LP(£2). Moreover, it is easy to see that

Note that

/ G(t—s,z) = / Ps(x)]E[@g”@&]x)]
— 18(f3.)? / Py(a)[Ce(s, 2) + / P)E[B[IBY ],
/ H(t,z) = / r@E(efefl,]= [ P@E[efa,]

Here we used the fact that
[ Kala 50 = [ 3 Kalah) K 0) =),
i~ Tij

since [ K; »(1)Kj£(0) =0, where |i — j| > 1. This is readily seen in Fourier space taking
into account the support properties of the Littlewood-Paley blocks. Now,

/ Ps(x)E[i([)l](i)E@], / Py(z )E[@O]@ﬁ]m]

converge to finite constants due to the bounds (6.41) and (6.42) and by Lemma 2.17
oo Ps(@)C<(s, 7)% < |loge|.

Finally, from (6.43) we have

/c CE[‘I’[cOl} ‘I’[clz}]uq,cm—/ P(o)E[ef'e]  ]=0(E"1?).
1,62

S, T

Indeed Lemma 2.17 again yields sf Py(2)Cc(s,2)3 < 1.

Thus [ Lo [ [41} <I>[1]] Iq,¢1,¢, gives a diverging constant which depends on all the
(fn,e)n- Making the choice to define the renormalisation constants d” as in eq. (6.7) we
cancel exactly these contributions which are either (F). dependent and/or diverging. In
particular we verify that we can satisfy the constraint (6.13).
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Finally, noting that 6G1D = (1 — Jo) and §2GID> = (1 — Jo — J1) (as seen in (2.20)),
we can write the trees of (6.39) as

AYH(C) = (fae)? /C A= T2 o
1,62
+%/§ Co OG1D ( [[YQCz]] =+ [[YQQ]](I)[ ) Hq,¢1,¢2
1,
1
+§/ 6G1D (@ ”‘Pm)umchcm
¢1,¢2
- _ _1
AYY() = ¢ 2fz,ef:s,e/C ) (1= Jo) (Y2 IIY2 D) ta.ciuco
1,62
1 / (14 1]
i [ 6eD YY) g e,
3 ¢1,62 Gre Pote
AYV(E) = (!103,5)2/C Cﬂiég,cl]]yczuq,cl,cg
1,62
= [0 = [2
+%/€ 06D (680Y: o+ [¥2619E) a1
1,62
1
+E/ oG D( [ ]@[2}) Hq,¢1,¢20
¢1,¢2
AYHQ) = (el [ (1= IR a3 AR Q)
1,62

46027 [ ANt 45,7~ 0) = AN, 2) Pa) Cels, )

S,T

(6.44)

1
T A e R VR e
1,62

PSS |
+§AqR§V+§/ PGEDHOID) pig.ci 6o
C1,C2

Let us summarize our results so far. We have shown that
AqRe\@(é) + AqR;K/(f) ~ O o8 20(1/2425+20))

in LP(Q2) and then these terms converge to 0 in the right topology as € — 0. As already
mentioned, the convergence in law of

(fs.0)? /< =2 e — (aAX(0)

€ 2fy, f3,a/ (1= J) (V220D tacie — >\3>\2Aqy\<y(§)

)

(f5)? /< DYt~ OoPAXY(Q)
1,62

(f2.)? /C A= DO pacc

+6(f3,5)2/ [AYelt+5,7 —x) — AgYa(t, )| Po(@)[Cals, 2)]2 = (Ag)?AgY ¥ (C)

S,T
is easy to establish with standard techniques (as done in [CC13|,[MWX16]) assuming the
convergence of \; asin (6.9) to A\. Then, comparing (6.44) with the canonical trees in (6.20)
we can identify the remainder terms AqY;T that still need to be bounded, that are precisely

those in which Ci)[cn] appears. Estimating these terms is the content of next section.
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6.3.4.2 Estimation of renormalised composite trees

In this section we prove the bound (6.30) for composite trees. The difficulty we encounter
here is that the remainder Y. cannot be written as an iterated Skorohod integral as in
Section 6.3.1, but instead as a product of iterated Skorohod integrals. We will then use the
product formula (2.22) to write the remainder in the desired form. We can write (6.44) in
a much shorter way as:

= 1
AYHQ) = 5061 [ D@l

.1
AFH0) = e [ Do) mae,
1,62

— 1
AXY(Q) = oG [ D@GRE) Hac
_ ]_ 7 ]_ _
S0¥@) = grel] [ Delelng g baR @+ Ja i
1,62
+6(f3.)? / AY(t 45,2 —2) = AgYa(t, 2)] Po()[Culs, 2)]2

just substituting again G1D = (1 — Jy) and 52G%D2 =(1—Jo— Ji1). In order to treat all
trees at the same time, we can write the first terms in the r.h.s. above (modulo a constant
that we discard) as

et » D" (DWW 11 c1c; withr=1,i+j=20rr=2,i+j=1.
1,62

First notice that by Lemma 2.23 we have

e[ Dl na DG [ @)
¢1,¢2 LP(Q 1,

LP(H®T+<9)

and from the boundedness of the operator DGG{ % given by Corollary 2.27 we obtain:

H/ D (BB pig.¢,.co
LP(Q) ¢1,¢2

sl [ e pc
¢1,¢2

LP(©,HET)
Computing the r-th derivative of the integrand we obtain
[A—m] 2 [4—n]; Rk ®¢
O, P hg ®hg
(6.45)

| 35 sia—m] || _3'f3.e “1p, ala-nl | ek o g e
e ppalton || e e aligheng
for m+n=>5 and 0 <k + ¢ < 2. The constraints on m,n, k, £ are related to the number of
branches in the graphical notation of the trees: each tree has m + k — 1 leaves with height
2 and n+ £ — 1 leaves with height 1, as follows

.Y & m+k=3 nte=3
V.Y & m=3k=0n=2/¢=1
(6.46)
VY o omak=4, n4l=2
V¥ o mak=4, ntl=3.
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In (6.45), the terms which do not contain i)[cn} will generate finite contributions in the

limit, as seen in Section 6.3.4.1 by writing the decomposition (6.44). We just consider the
terms proportional to @E_m}@é_n}7 because all the other similar terms featuring at least
one remainder @Cm} can be estimated with exactly the same technique, and are easily shown
to be vanishing in the appropriate topology.

We can use one of the key observations of this chapter, the product formula (2.22),
to rewrite products of Skorohod integrals in the form 6™(u)d"(v) as a sum of iterated

Skorohod integrals 6*(w), which are bounded in LP by Lemma 2.23. We obtain
pld-mlgld—nl _  smqlmlgdlyem) s qlnlgldlyon
O MR, = (GO hE)OM (G PG RE)

2
_ Z C 5m+n q— r(<Dr zG["}l](I,[‘thl ,Di~ ZG{”}} Hh >H®q+r_i)
(g,ry0)el

24r4+q—2i

Sy, e e (@ O ET, O T RS o)

with I={(q,7,i) €N3:0<¢<m,0<r<n,0<i< gAr} and the notation shortcut:

otl(¢)=cT7 Gl o+

By Remark 2.24, for every n,m>1 and ¥ € Dom " we can write §"(W)h®™ = §"(V @ h®™),
and therefore

2[4—m] 2 [4—
/(I)[Cl m}@[@ N]h ®hCQ Hq,¢1,¢2
24q+r—2i

=Y "C, e = ominoar
I
/@%ﬁt’"if](cl)@{ﬁjj]](@) hEM T QRS @ hEF @ hE [(hey he) |9 g, c1.co

With the term to estimate in this form, we can proceed as in Section 6.3.1 to estimate

separately the terms @%](C )= e G{g]} @E}H] in LP(§2), which are bounded as discussed in
Remark 6.9.

Lemma 6.13. Under Assumption 6.1 (in particular if F. € C8(R) and the first 8 deriva-
tives have exponential growth) the norm H’H%p(H(g)k«rl) of the term

m+n—q—r m r—1t n ? m— n—r 14 r—i
grana / T O R @ hE T @ hEE @ hE he )T G ¢,
can be bounded as

S;/ |<hC1a hC{>|m+kiq|<hC2a hC2’>|n+eir|<hC17 h42>|q+r7i| <hC{a h(ﬁ>|q+rii|ﬂq7C17C2| |:uq,C{,C2’|'

Proof. Thanks to Lemma 2.23 the integral can be estimated with
m+n— q T

|| / Dr () Di-hel I )

j= 0h<]
— k ¢ —1i
h®m q®h?;n r®hg ®h?; |<hC1ahC2>|q+r ZN%CLQH%”(V)’
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with V = H®@m+k+n+l—a=r+j We have that H-||%p(H®k+g) = ||H§{®k+g||1L/pQ/2 and therefore
we can bound each term in the sum above as

S I ef o -refi i), ef e el Tl eh) el o
|<hC1v hC1> |m+k q| <hC2v hC2/> |n+éir|<hC17 hC2> |q+riz|<hqa hC2’>|q+r7i|ﬂq,C1,C2||Nq,({,(2’|) 1/2

Using Holder’s inequality we get the estimate
[(Dref s S DI el i (), DL DI M ORTITNGD) el o

<Dl (), DO ) o 1o X

(DI =Pl 1= (o), DI~ O =) s 1o

Now to bound

1(D"ef (). D O yronl| s

(with h<j<m+n—q—rand a=r —i) we can use the boundedness of the operator

DG Fln*_j:}l] for h <2m given by Corollary 2.27. Consider the two regions h <2m and h > 2m.
In the first region we just use Corollary 2.27 to obtain:

[(Drel (), DO reon | o

[1+a] [1+<1
helmtal —5% g [4+a]||2 [m+a] _—15° [4+a1
SHD G[1+ pe ¢, L4P(H®h) D" G[1+a} e’ (I)
_14a 1+a
[4+a] [4+a]||2
SH 2 (I) L4p (I)Cl LAr’
If h > 2m we first use the bound DZmG{TJ:Z]d and then take the remaining h — 2m derivatives
on e 1+a<1)[4+a}
h m+a] [4+a] h—2 [4+a]
HD Gl“ra} 2 (p L4p(H®h) S HD mE,‘ (p L4p(H®h72m)
< H 71+a+2h 2m¢)[£l+a+h 2m]
~ 1 L4p H®h—2m)

From Remark 6.9 we see that this last term is bounded by a constant if F'e C4+teth=2m(R)
with the first 4 + a + h — 2m derivatives having an exponential growth, with a =7 — 4 and
h<m+n—q—r.

Applying the same reasoning to H (Di~"e ?Ig Z]((g) DI~ h@%j:g Z](C2)>H®J hHLp we
conclude that we need to control 4 +n V 4 + m derivatives of F; in order to perform the
estimates of this Lemma. From the constraints (6.46) we see that 4+nVv44+m<8. O

24qg+r—2i

From Lemma 6.13 we obtain V6 €[0,1/2): & 2

2+4+q+r—2i
e e e coeliiae)
h?imiq@)h?;n_?"@hﬁ ®hC2 |<hC17 hC2>|Q+T_Z:uq’<1,<2]HLP(H@’“H)
< ef(2ratr—i-e / (B heg) P9 By heg)

Jun

(s he) 1T g heg |97 ity o) ol 1 et al)?
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Our aim now is to estimate the quantity J. The idea is to use the bound [(h¢, h¢r)| =
eCo(¢ — (') £1 of Lemma 2.15 to cancel strategically some of the covariances |(h¢, h¢r)l.
We will consider three regions:

If g+ r <2 we use the bounds

T2 (hey, hep) |77 by, AT~ S e2((hey he) | ey heg
and then (we suppose r < 2)

27O he he) "7 S gy heg) [T

to obtain
J 3 6T‘S/\<h<uhq>|m+’“‘1|<h<27h¢2'>|””2\<h<17h<2>|‘1|<hq,h<5>\’"luq,<1,<2\qu,q,g\
S /\(hcp hep ™ PR~ (g, hep) "2 ey, hea) |9 1o, ol l g, sl (6.47)

(If vice-versa ¢ < 2 it suffices to put & on the term |(h¢,, h¢,)|97°.) Notice that in this case
m-+k—q>0.
In the case ¢+ 1r=3 if m+k — g >2 we estimate like before to obtain

~ 525/|<hC17hC{>‘m+kq|<hC27hC2’>‘n+eT|<hC17hC2>

S /\<h<phq>|m+kq\<h<27h¢2'>|"”Tchuh<2>|1+5\Mq,<1,<2|\Mq,q,gl- (6.48)

Notethat m+k—qg+d—1>0and m+k—qg+26 —3>—1here. If m+k — ¢=1 we bound

atr
2]

atr
(heps hep)| 2 |1, cu,call g, ch, il

(=
AN

3+6 3+

J S /‘(hCNhC{>|m+k_q‘<hC27hCé>|n+£_r_2‘<hC17hC2>|2‘<hC{7hC2'> T|:u’¢17(17C2‘|:u’q,C1’,C2"
(6.49)

and note that m+k—q—1/2+6/2>0, m+k—q—14+6>0, n+£¢—r—22>0. Finally
if m+k—q=0 we can only have m+k=3,¢=3,r=0,i=0 and thus

J S; 53_26/|<hf27 hCQ/>|n+Z|<hC1ahC2>|2_6|<hC1’vhC2/>|2_6|MQ7(17C2||N(1,C{,C2/|

< /|<h<2,h<2'>|"+“m+k_6|(hcuh<2>|2_6|(h<{,hgg)|2_‘5|Mq,<1,<2||uq,<{,<5| (6.50)

If ¢+ 7 >4 we bound first

o p y 0 8
g2at2r =200 =41 h R ) I (her heg) | T TS [y heo) | 2 (her heg) |2

(note that 2q +2r —2i+ 3§ —4>0) to obtain:
IS

P _ _ 2_9% 2_9%
gha-r 5/\<h<ph<{>\m+k WPy, hep "y, )| 2K er, Rl 2 g, ccal l g, 1 sl

Now in the cases m + k=3, n+{ =3 and m + k=4, n + ¢ =2 we can just write
gb—a=r=0 = gmtk—qc6-=m—k=r=0 514 cancel the corresponding number of covariances to
obtain

N 50 53
J = /\<h<27h<2'>|5\<h<ph<2>\ 2 g, hep ™ 2l 1g,cocal l g, ¢4l (6.51)
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while for the case m+k=4,n+£¢=3 we have either /> 1 or k> 1 and therefore with one
of the following bounds

5erki1iqgn+eirié| <h417 h({>|m+kiq|<h42a h42/>|n+27r S; |<h41a h({>||<h42a h(2’>|5
MR agn =0 (e he )R (R, he) PP S IRy, hep |t

we obtain the estimates

~ 23 93
J 3 /|(h<2,h<2/>|1+5|<h<1,h¢2>| 2 hephep) | 2l bg,crcoll g, cp, ¢l (6.52)

~ 22 93
J 3 /|(h<1,h<{>||<h<2,h42/>|5|(h<1,h¢2>| 2 hep el g, ¢l g, el (6.53)

We can use directly Lemma 2.21 to obtain a final estimate of (6.47), (6.48), (6.49), (6.52).
For (6.50), (6.51) and (6.53) notice that the integral over (1, (] is finite and thus the whole
quantity is proportional to |(h¢,, h¢;)[". Globally, we have

J< 2(m+k+n+€—6)q

as needed to prove (6.30).

Remark 6.14. Finally, by controlling one more derivative of F; as done in Section 6.3.3,

we can show (6.31) for Y7 = Y;K’, Y;@, Y;@, Y;KV, thus proving that Y — 0 in C;/Z%O‘_”
in probability Va < |7|. From the proof of Lemma 6.13 together with this observation, we
conclude that we need to control the derivatives of F; up to order 9 to be able to show the
convergence for composite trees.

6.4 Convergence of the remainder and a priori bounds

In this section we prove the convergence of the remainder (Lemma 6.19), as well as some
technical results on the norm of the solution, needed in the proof of Theorem 6.7. In order
to prove Lemma 6.19 we need first to prove Lemma 6.15, Lemma 6.16 and Lemma 6.17 in
this order.

6.4.1 Boundedness of the remainder

We show that the remainder R.(v:;) that appears in equation (6.16) can be controlled by a
stochastic term M, s that converges to zero in probability, times a function of the solution
ve. Let.

M 5(Ye, t,£) 1= /2 Vel ee AP (wo e YelOD) oy o (6.54)
for pe[1,00), § €0, 1] and define

vFi=v.—vf with vft s Pi(ug. — Yo(0)). (6.55)

e

Lemma 6.15. (Boundedness of remainder) For every v €(0,1), § €0, 1] we have

b 315 1/2 E|:|
|Re(we, o 08) (8, ) L aggermms) S Me(Yey w0 ) [0e 5527010 g™ 01O

with M. as in (6.54), v= as in (6.55) and ./\/l%/(3+5)’pr(’I[‘3), ./\/l%/(?’Jré)Loo(T?’) defined
in (1.51).
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Proof. We can write the remainder in two ways:

1

1 1 1 — )2
R(v.) = o / FO(e2 Y+ retv.) — FOeryy) U2y,
0

2!
1 7)3

= 821)5/ F(4)(82Y—|—T€2’UE) (1_—d7'.
0

3!
From assumption (6.8) on F; we obtain by interpolation of these two expressions, Vé € [0, 1],
Vt>0,2 €T3,

1 1 1
‘RE(UE) (t, x)‘ < 66/2|U5(t, x)‘3+6ece5|YE(t,x)\+055|v§(t,x)\+c|55vE(t,x)|7

and we estimate, Vy €0, 1),

[t = tRe(ve) (¢, )| Le((0,7), Lo(T#))

s 2 Ly O
5 2| Yo (t,x)|+ce2|vi(t,z)]

0 1/2y,,0 .
< ()t I e B

LP[0,T]LP(T3)"

We can also verify that M, s— 0 in probability for every ¢ > 0:

Lemma 6.16. (Convergence of the stochastic term) Under Assumption 6.1 the
random variable M. 5(Yz,uo,c) defined in (6.54) converges to zero in probability Vé € (0,1].

Proof. We can use Young’s inequality to estimate M. 5(Yz,uo,c) for some >0 as

1/2 1/2
Me5(Yeyuoe) S €221e Pl popo gypogms) + 721 TIYON|| Lo s
1/2

1 26/21/pecle

uQ, e ||L°°.

Under Assumptions 6.1 the term ||e'/%uq .|| Loo(T?) is uniformly bounded, so the third
term above converges to zero in probability. Note that e'/?Y.(t, z) and P, e'/?Y.(t =

0) are centered Gaussian random variables, and then both IE|e c'el/?

Y.
| |HLP[0,T]LP(T3) and
:[EH 0/61/2|PY

‘HLP 0,71L>(3) are uniformly bounded in & > 0 for every p € [1, c0). This
yields the convergence in probability of M. s5(Yz, uo.). O

In order to show that || R(ve)|| — 0 in probability for 'y’ > % +%/¢ as needed in

M’Y Prp

the proof of Theorem 6.7, we still need to control the norms ||v. ||>* and [|Jv2|| cpnee

M"//(3+5)Loo
that appear in Lemma 6.15. This is done in next section.

6.4.2 A priori bounds on the solution

Lemma 6.17. (A priori bound on the solution)

Fiz T > 0. There exists k > 0, T, = T(||Ye | xp, [|te,o0ll p-1/2-x, [Xe|) € (0, T] a lower
semicontinuous function depending only on (|||l xp, [|ue,oll o—1/2-, |Xe|) and a collection
of events (E:)e>o such that

P(&)—1 ase—0
and conditionally on & there exists a universal constant C >0 such that:

loel  al Nl s SCOF D) (T [ Wella) (1 ol 172

+

.7 Mz, 2 L=
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for any v. that solves equation (6.16). Moreover, still conditionally on &, we have
[l e, zoe SO+ Ae]) (14 [ Wellaer) (1 + e 0]l - 1/2-)

with v= as in (6.55).

Proof. We know from Lemma 6.18 that the bounds on ||v.]| 1 el 1,3 and
T Mg, 2L

||v€DHCT*Loo hold whenever M, 5 < T*”/Z. The event & = {M. 5 < Tf/2} has P(&) — 1 by

Lemma 6.16 and this proves the result. ]

The only thing left to prove is Lemma 6.18, which just a standard application of some
well-known bounds on paraproducts, that are introduced in Sections 1.2.3, and 1.2.1.
First observe that for € >0 a pair (ve, vg) solves the paracontrolled equation (6.16) if

and only if v} =1? —H)g and (vz,v2) solves:

Ve = —K:\V—Y_;Y—3v5<<1§\(+v£+v£

.,%Z = U(AE,YE;UE,UZ—{—UD—RE(UE) (6.56)
v2(0) = Y2'(0)+Y2Y(0) + 3v.,0< Y27 (0)
Here U is the same as in (6.16). The initial condition of (6.56) is given by v, o :=
uo,e — Yz(0). The a priori bounds of Lemma 6.18 come from being able to find closed
estimates for (6.56).

Let us specify now all the notations we are going to use in the rest of this section. We
consider the spaces

VE;F::f%ﬂmf1T/4,1/2+2an£,1T/2,1+2n’ VT::j;/2,1/27nmf;/4+3/€/2,2n’

with the corresponding norms

102y, = HUZHz?T»er\IUEIIXIT/4,1/2+2~+HUEIIXIT/Q,HQM (6.57)
vellvr = llvell pr/za/2—x+ [Vl p1/atans2.2e. (6.58)

We refer to Section 1.2.2 for the definition of the parabolic spaces .£)°%. We let

S A AR (SRR B ASTRTA
V8 = I A —YEY—?)(UED—Fvg)«YEY—i-UE,

and v2(t=0) = v2(t=0)=0. We define also the norm

loellyg = 5l zge + 1070 yaragasasan,

with ./\/l%p/ 1¢1/2+25 given in Section 1.2.2. In order not to get lost in these definitions the
reader can keep in mind the following:

— v is the solution without the linear term;

g is the contribution of the initial condition, which give origin to some explosive

norm (near the initial time);

— v

— vg is the regular part of the solution;

— UE, vZ enter in the estimation of the remainder, they are just convenient shortcuts

for certain contributions appearing in v..
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Lemma 6.18. There erists T, = To(|| Ye| a7, |tie 0l o —1/2-x, [ Ae]) € (0, T] a lower semicon-
tinuous function depending only on || Ye| xp, [|teolly-1/2-x and |X|, a constant M. s =
M. 5(Yz, uo,c) >0 defined by (6.5/), and a universal constant C > 0 such that, whenever

M, 5< Tf/g we have

12llys, < COAA]) (L4 [ Yellaer)P (1 + llue,oll -12-0)%,

<
loellvr, < CUMNYllar + llue,oll 172 + 22l )-

Proof. Using the well-known Schauder estimates of Lemma 1.61 (and the fact that
| fllzge ST fll#4) we obtain for £,6 >0 small enough

151 ozt I F I pagacoraciasan+ ITF | pygamosansan

i (6.59)
S'TQ(HfHM%*G?f*”_’_ HfHMl/?‘*‘?'%{—l/?—%)'

We choose 6 > 2k small enough so that
350—1—3&/2,25 N g;/4—0+3/§/2,1/2+2/£ N g;/2—0+3n/2,1+2/£ C V%
Now
O > O
lollyg < V" + Y g + loelloproe (1Y llopgr—n+ 1Y cpg—1-+)

(02 o172+ 102 g1/ ) Y N 12 1)
b
+e2llg

O b
S INYellar + T {[oellyg =+ llve,oll g -172-x =+ lloell s,
where we used that ¥7(0) =0 and as a consequence that

lollepree S TH||velegre < T[] g

to gain a small power of T. So provided T' is small enough (depending only on Y;) this

yields the following a priori estimation on UEI

O O b
v llerree S llvellyg S 11 ¥e llaz + [[ve ol g —172-n + (V2] 5.
Therefore we have an estimation on v,:

O
lozllve < ollve + 10 S llve oll -2+ 102l
S I¥ellaep + [lve oll 172+ [[02 ]y

i

.) we decompose the renormalised products

In order to estimate terms in U (Az, Ye; ve, vg +v
as
YVov. = v YV -V V¥ - 30 VY 4 oo Vv
+0?o YV — 3com (ve, Yo, VoY)
veoYe = —V'Yo—3(ve R Y )Yot Yo (v2+0F) + Yo (vl + o)
S AR T AR A A
Yoo = Yio(Yo' )2+ 2(Y. o¥o ) (Yo' +3v. < Y2')
—2 (VoY) x (vg —i—vf) +2(YoYY) > (vg—i- vg)
+Y 5 (vE "2+ Y - (0 + )R
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We decompose U (A, Yg; ve, v —i—vg) as

UAe, Yoive, 02 +05) = Q_y/o(Ae, Yo, v0,,ve,v2) + Qo(Ae, Yo, w00, ve,02) + Qv

Q_1/2 = —3[ve = Y=Y —3Tomy (ve, Yo', Y2V) + Y = (vF +0F)
—6[(Y2'o¥2") (Bv. < ¥2¥) + (V' oY2T) o= (v2 4+ vf)]
+2X (3(v: < Y Y2 — Yo > (024 0f))
+3 coms(ve, YY) + 3 comy(ve, YY)

Qo = 9v5Y\<V 3v€oYV 3vﬁoYV+6(Y’<>Y\V) (vs—i—vﬁ)

3V < (02 + 012 = V203 — Ao [0+ 2V < (02 + 0P

Qny. = (1=Mo)Yi— A05+3[Y\<V V¥ — Vio(Y)2 — 2(Y oY) YY)
F2h (VY + Y <Y+ Y - Yo+ Y2Y).

Here @)y, does not depend from the solution but only on A., Y (as the notation suggests)

and we have grouped the other terms which we expect to have regularity ¥~ %/272% in

Q—1/2, (and the same for Qp and regularity % ~*). With the same technique we used above

for UED, we obtain the following estimate on vZ

1021 12427220+ 02N gy S [ Vellatr + l[ve oll 1720+ 102y
and this yields
1] yasasonrzarzran+ [N paszvamn S (1¥ellar + 0e 0ll g -1/2- ot [[02 )2

Then we are ready to bound @ _1 /2, Qo, @ ., v, using the standard paraproducts estimations
recalled in Section 1.2.1:

||Q—1/2HM;/2+2W71/272K + 1 Qoll pp2-04 -5
S+ D)4 Ve[ a7)? (1 + e, 0\|g—1/2—ﬁ+\|vg||vbT)3
1O el opp—1/2-n S (LA ]) (14 [ Ve [l

In order to conclude the estimation of HUEHV% we have to control [[IRc(ve)llys. This is
achieved easily by the using the results of Section 6.4.1. Thanks to Lemma 6.15 Vd € (0, 1),

V60 > 0 such that 3—+5 > —|— =2 (note that it is possible to choose # > 2k that satisfies this

property as long as k and (5 are small enough) we have:

O
CE v,
5 II e HVJD .

| ety S MooV o) o5
By Lemma 1.62 together with (1.55) we obtain then

O
18,

CE
ITR(ve)lys, S Me,s(Ye, uoe)||ve 5t e
Using that

1P02(0) s, S 102(0) /220 S (L v 0ll g =172 | Ve [ 2
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we obtain that 3C’ > 0 such that

o2 llyy < O IAe ) L+ 1 ¥e )P (L + [ oll o -12-)°
+O T2 (14 ) (1 + e )02 5,

12(11Ye || 2ot o) eI,
+C/M575(Y5,U075)€ca (|| EHXT ||Ug,0||% 1/2 n)e e VTHUEH?J—;(S

e 2ot

< D + CME,(S(}/;H ’U/O,E)e

e 2ot

+OT )3,

3+0

b
23

+C Ms,é(}/aa uO,e)e
with
C = C'(1+ )X+ [[Yelp)?
+C,ec.€1/2(||YE||XT+||U5,OH%—1/2—&)(1 + (||Y6||XT+ HUE’0‘|%71/27’$)3+6)’
D = C'(1+ A, ) (L4 1 Ye, ller)* (1 + Jlve ol o -172-4)

Let T, € (0, 7] such that:
CTS (5 D)2+ &= *BP)(5 D)2 9] < % and CT/?e=""0P) < D,
Assume that M, ;< Tf/ 2. Define a closed interval
[0,S]={te[0,Ty]: vanuw <4D} C0,T;]

This interval is well defined and non—empty since ¢ — HUZnHv}; is continuous and nonde-
creasing and HvEnH V3 <4D. Let us assume that S <7}, then we can take € >0 small enough
such that S+ e < T, and by continuity va||vg+ <5D, then

ce2[|v2]|,,,

02,1y, < D+CMe (Yo uo)e B C(S+ Ly,
cel 2102l
+O M 5(Yz, ug c)e el

< D + CM576(1/;:7 u0,5)6651/2(5D) + CT*I‘C/2(5 D)2HUE||V%+€
+CT*H/26651/2(5C)(5D)2+5va||vg+

Loy
< 2D +§HU5HV%+€

b

which gives HQ}E <4D. This implies S =T, (by contradiction). From the construction

nHV%+€
of T, it is easy to see that Ti(||Ye || xr, [[ue 0l —1/2-x, | Ae|) is lower semicontinuous. O

6.4.3 Convergence of the remainder

It suffices to put together the results obtained in Sections 6.4.1 and 6.4.2 to obtain the
convergence of R.(ve):

Lemma 6.19. The remainder R.(v:) that appears in equation (6.16) converges in proba-
bility to 0 as € — 0 in the space MFPLP(T?).

Proof. From the estimation on R.(v:) of Lemma 6.15, together with the fact that

M. 5 — 0 in probability (Lemma 6.16) and the bounds on |[|v.|| 1,3 and |[v2|cpnee
LOO

*

of Lemma 6.17 we see immediately that || R:(v:)|| p(3.7z» — 0 in probability. O
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Résumé

Le sujet principal de cette thése
sont les équations aux dérivées par-
tielles stochastiques (EDPS) présen-
tant des solutions distributionnelles.
Létude de ces équations se déroule
dans le cadre du calcul paracontrdlé,
qui comprend des techniques issues
de l'analyse fonctionnelle et de la
théorie des probabilités.

On développe un calcul paracon-
trélé non-linéaire pour obtenir un ré-
sultat d’existence locale pour des
EDPS quasi-linéaires. En utilisant
le calcul paracontrélé et des tech-
niques de calcul de Malliavin pour
borner des intégrales stochastiques
généralisées, on étudie l'universalité
faible d’'une classe d’équations non-
linéaires de réaction-diffusion qui
convergent vers I'équation @i de
quantification stochastique.

Une autre partie de cette thése est
dédiée a I'étude de la tension du
champ de magnétisation d’Ising bidi-
mensionnel a température critique,
pour lequel on obtient une caractéri-
sation précise dans des espaces de
Besov locaux.

Mots Clés

Equations aux Dérivées Partielles,
EDP Stochastiques, Paraproduit, Es-
pace de Besov, Espace de Besov
Local, Distributions Paracontrolées,
Calcul de Malliavin, Modele d’Ising,
EDP Quasi-linéaires, Universalité
Faible, Equation de Quantisation
Stochastique

Abstract

The main aim of this thesis is to
investigate the well-posedness of
distribution-valued stochastic partial
differential equations (SPDEs) in the
framework of paracontrolled distribu-
tions, which employs both functional
analytic and probabilistic methods.
We develop a non-linear paracon-
trolled calculus to obtain a local
well-posedness result for quasi-linear
SPDEs. Using the paracontrolled ap-
proach and some techniques from
Malliavin calculus to control general-
ized stochastic integrals, we are able
to study the weak universality of a
class of nonlinear reaction-diffusion
models rescaling to the 1 stochas-
tic quantization equation.

Another subject of this thesis is the
study of the tightness of the 2-
dimensional Ising magnetization field
at critical temperature, for which we
obtain an essentially sharp charac-
terization in local Besov spaces.

Keywords

Stochastic Partial Differential Equa-
tions, SPDEs, Paraproduct, Besov
Space, Tightness Criterion, Local
Besov Space, Paracontrolled Dis-
tributions, Malliavin Calculus, Ising
Model, Quasi-linear PDEs, Weak
Universality, Stochastic Quantization
Equation




