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Abstract

In this thesis, we study the inverse problem of the coupling phenomenon
of electromagnetic (EM) and seismic waves. Partial differential equations
governing the coupling phenomenon are composed of Maxwell and Biot
equations. Since the coupling phenomenon is rather weak, in low frequency
we only consider the transformation from EM waves to seismic waves. We
use electroseismic model to refer to this transformation. In the model, the
electric field becomes the source of Biot equations. A coupling coefficient is

used to denote the efficiency of the transformation.

Chapter 2, we consider the existence and uniqueness of the forward prob-
lem in both frequency domain and time domain. In the frequency domain,
we propose the suitable Sobolev space to consider the electrokinetic prob-
lem. We prove that the weak formula satisfies a Garding’s inequality using
Helmholtz decomposition. The Fredholm alternative can be applied, which
shows that the existence is equivalent to the uniqueness. In the time do-
main, the weak solution is defined and the existence and uniqueness of the
weak solution is proved.

The stability of the inverse problem is considered in Chapter 3. We first
prove Carleman estimates for both Biot equations and electroseismic equa-
tions. Based on the Carleman estimates for electroseismic equations, we
prove a Holder stability to inverse all the parameters in Maxwell equation
and the coupling coefficient. To simply the problem, we use electrostatic
equations to replace Maxwell equations. The inverse problem is decom-
posed into two steps: the inverse source problem for Biot equations and the
inverse parameter problem for the electrostatic equation. We can prove the
stability of the inverse source problem for Biot equations based on the Car-
leman estimate for Biot equations. Then the conductivity and the coupling

coefficient can be reconstructed with the information from the first step.

In Chapter 4, we solve the electroseismic equations numerically. The elec-

trostatic equation is solved by the Matlab PDE toolbox. Biot equations are



solved with a staggered finite difference method. To decrease the compu-
tation consumption, we only deal with the two dimensional problem. To
simulate waves propagating in unbounded domain, we use PML to absorb
waves reaching the cut-off boundary.

Chapter 5 deals with the numerical inverse source problem for Biot equa-
tions. The method we are going to use is a variant of the time reversal method.
The first step of the method is to transform the source problem into an initial
value problem without any source. Then the application of the time rever-
sal method recovers the initial value. Numerical examples demonstrate that
this method works well even for Biot equations with a small damping term.
But if the damping term is too large, the inverse process is not symmetric

with the forward process and the reconstruction results degenerate.



Abstract

Dans cette these, nous étudions le probleme inverse du phénomeéne de cou-
plage des ondes électromagnétiques (EM) et sismiques. Maxwell et Biot. Comme
le phénomeéne de couplage est plutot faible, nous considérons la basse fré-
quence comme la transformation des ondes électromagnétiques en ondes
sismiques. Nous utilisons le modele électrosismique pour se référer a cette
transformation. Dans le modele, le champ électrique devient la source des
équations de Biot. Un coefficient de couplage est utilisé pour désigner I'effi-

cacité de la transformation.

Chapitre 2, nous considérons 'existence et I'unicité du probleme directe
dans le domaine fréquentiel et dans le domaine temporel. Dans le domaine
fréquentiel, nous proposons I'espace de Sobolev approprié pour considérer
le probleme électrocinétique. Nous prouvons que la formule faible satisfait
I'inégalité de Garding en utilisant la décomposition de Helmholtz. Lalter-
native de Fredholm peut étre appliquée, ce qui montre que 'existence est
équivalente a I'unicité. Dans le domaine temporel, la solution faible est dé-

finie et I'existence et I'unicité de la solution faible est démontrée.

La stabilité du probleme inverse est examinée au chapitre 3. Nous prouvons
d’abord les estimations de Carleman pour les deux équations et les équa-
tions électrosismiques. Sur les estimations de Carleman pour les équations
électrosismiques, nous prouvons une stabilité de Holder pour inverser tous
les parametres de I'’équation de Maxwell et le coefficient de couplage. Pour
simplifier le probleme, nous utilisons des équations électrostatiques pour
remplacer les équations de Maxwell. Le probleme inverse est décomposé en
deux étapes : le probleme de source inverse pour les équations de Biot et
le parametre inverse pour 1'équation électrostatique. Nous pouvons prou-
ver la stabilité du probléme de source inverse pour les équations de Biot sur
la base de I'estimation de Carleman pour les équations de Biot. Ensuite, la
conductivité et le coefficient de couplage peuvent étre reconstitués avec les

informations de la premiere étape.



Dans le chapitre 4, nous résolvons les équations électrosismiques numeéri-
quement. L'équation électrostatique est résolue par la boite a outils Matlab
PDE. Les équations de Biot sont résolues avec un schéma de de différences
finies quinconce. Pour réduire la consommation de calcul, nous ne traitons
que du probleme bidimensionnel. Pour simuler des ondes se propageant
dans un domaine non borné, nous utilisons le PML pour absorber les ondes
atteignant la limite de modele.

Le chapitre 5 traite du probleme de source inverse numérique pour les équa-
tions de Biot. La méthode est une variante de la méthode d’inversion tem-
porelle. La premiere étape de la méthode consiste a transformer le probleme
source en une valeur initiale sans aucune source. Ensuite, I’application de
la méthode d’inversion de temps récupere la valeur initiale. Des exemples
numériques montrent que cette méthode fonctionne bien méme pour des
équations de Biot avec un petit terme d’amortissement. Si le processus in-
verse n’'est pas symétrique avec le processus d’anticipation et que les résul-

tats de la reconstruction dégénerent.
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Chapter 1

Background

In this thesis we are interested in the coupling phenomenon of electromagnetic (EM)
and seismic waves in fluid-filled media. In general we speak of the electrokinetic phe-
nomenon. The electroseismic effect is used to refer to the transformation of EM into
seismic waves while the transformation from seismic to EM waves is called the seismo-

electric effect.

The electro-kinetic phenomenon can be explained as follows. The sediment layers
of the earth are in fact porous media filled with fluid electrolytes. The solid grains of the
porous medium have extra charges (usually negative) on their surfaces due to chemical
reactions between the ions in the fluid and the crystals that compose the solid. These
charges are balanced by ions of opposite sign in the fluid, forming an electrical dou-
ble layer (Debye layer). See Figure 1.1'. When seismic waves propagate through such
porous medium, the relative solid-fluid motion induces an electrical current which is
the source of EM waves. Vice versa, when EM waves pass through the porous medium,

ions in the fluid move. The fluid moves as well due to viscous traction.

The electrokinetic phenomenon has been studied since 1944 by Frenkel [46] and
has been observed during earthquakes [23, 44, 32]. Field and laboratory experiments
[13, 43, 57, 25, 28] have further demonstrated the coupling of EM and seismic waves.
This effect rose interest in the geophysics community, as the coupling of EM and seismic
waves may provide an efficient tool for imaging the subsoil in view of oil prospection: In
electroseismic exploration, one probes the ground with EM waves and measures the re-
sulting seismic waves on the surface. In seismoelectric exploration, the ground is shaken
and one takes surface measurements of the resulting EM fields. In both cases, the infor-
mation at disposal for reconstructing the medium constitutive parameters results from

the interaction of the EM and seismic waves.

1. https://en.wikipedia.org/wiki/Double_layer_(surface_science)
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Figure 1.1 — Debye layer.

Such an imaging technique, and the associated inverse problem of reconstructing
the constitutive parameters of the subsoil, fall into the category of multi-physics inverse
problems, where a medium is probed using two types of waves. One type of waves is
very sensitive to media parameters (the fluid dielectric constant in our case) however,
these waves are usually very diffusive and therefore very weak at the receivers. The other
type, on the contrary, is not very sensitive to medium properties, but is able to carry

information through the medium with hight resolution and little distortion.

Multiphysics (or hybrid) inverse problems have gained popularity about 10 years
ago, when the first experimental results on the photo-acoustic coupling produced spec-
tacularly accurate images [10]. Since then, several modalities have been studied : Photo-
acoustic tomography, thermo-acoustic tomography, electrical impedance tomography
by perturbation. In most cases, the reconstruction of the medium is a two-step proce-
dure. One solves a first inverse problem to recover the initial pressure of a wave equation
for the field that is not sensitive to fluid properties (in our case, the seismic waves). The
outcome of this step produces internal data for a second inverse problem where one
determines some of the constitutive coefficients of the medium (in our case, electric

permittivity, conductivity and magnetic permeability).



1.1 Biot equations

The equations that govern the propagation of seismic waves in fluid-filled porous
medium are given by Frenkel [24] and Biot [8, 9, 7]. Because of the outstanding work of

Biot, the equations are called the Biot equations.

We are interested in porous media, where at the microscopic (pore) level, both a
liquid and a solid phase co-exist. Such media are described by the displacement field u
(the solid displacement) and by the relative displacement w between the solid and the
fluid.

Throughout the thesis, we denote by d; and d; the partial derivatives of a function
with respect to ¢ and x; respectively, and by V (resp. Vy,) the gradients with respect
to the variable x (resp. x and t). By gradient of a vector-valued function, we mean the
transpose of the Jacobian matrix. The notations div or V- (resp. curl or Vx) stands for

the divergence (resp. curl) of a vector-valued function.

The stress-strain relation

The body force fields are modeled in the solid by a stress tensor and a pressure term.
In isotropic media, these fields are related to the kinematic fields via the stress-strain

relations. We consider the following model constitutive equations:

{‘r = (AV-u+CV-w)I+G(Vu+Vu’),

-p = CV-u+MV-w, (1.1

where T denotes the stress tensor of the fluid-filled media, p the pressure, and A, G,C, M
the elastic moduli.
Momentum equations

The momentum equations in the frequency domain read

{—wz(pu—i-pfw) = V-1, (1.2)

—wz(pfu +pw) = —Vp.

Here p 7 is the fluid density, p; the solid grain density, and p = ¢p s+ (1—¢)p, the drained
bulk density where ¢ is the porosity. The parameter p is frequency dependent

where 7 is the fluid viscosity and x (w) is the fluid flow permeability.



Low frequency time domain equations

The Biot equations are of interest to us in both the time domain and the frequency
domain. When we go from frequency domain to time domain, the frequency depen-
dence of x(w) results in a convolution term in the PDE. At low frequency, we can use a

Taylor expansion of x (w) to approximate this convolution by a polynomial.

Johnson et al. [31] proposed a formula for x (w)

1—i——

Ko

= -] —

K(w)_[( 4 w)l/z Lw -1

Wy '
Here « is the frequency independent static flow permeability and w; is a frequency
threshold (we refer to [31] for the meaning of the other parameters). In practice, w < w;

and therefore x (w) has the Taylor expansion

2
B/ 1(1—i(1+q>)ﬂ+o(ﬁ))
K (w) Ko Wy Wi
Ko

where ® =2/m and p, = (1 + ) KOTL)[. The second equation of (1.2) becomes

—wz(pfu+ PeW) — iw%w: -Vp.

Now all the parameters in the Biot equations are frequency independent. Applying the

Fourier transform yields the time domain Biot equations at low frequency

pdru+ pfafw = V.1,
pfafu+ peO°wW = —Kloatw— Vp,
T = (AV-u+CV-wI+G(Vu+Vul),
-p = CV-u+MV-w.

(1.3)

1.2 Pride equations

Pride [45] has derived macroscopic equations that control the coupling of EM and
seismic waves in fluid-filled porous medium by averaging microscopic properties. See

also [47, 46]. In isotropic media, Pride equations in the frequency domain read

VxE = iwuH,
VxH = (0()-iwe)E+Lw)(-Vp+w’pru+h+],
—wz(pu+pfw) = V-7+F,
—iow = L()E+ k()/m(-Vp+w®pru+i),
T = (AV-u+CV-wI+G(Vu+Vu’),
-p = CV-u+MV-w.

(1.4)




The first two equations of this system are the Maxwell equations and the remaining
ones are the Biot equations with the electric field as the source. Here F,f,J are exter-
nal sources, and E, H denote the electric and magnetic fields respectively. The physical

meaning of all the parameters in the above equations is given in Table 1.1.

electric conductivity
electric permittivity
magnetic permeability
frequency

bulk density
electrokinetic parameter
fluid density

fluid flow permeability
fluid viscosity

ExT o Q

“o
RS M~

=

Table 1.1 — Physical meanings of parameters in Pride equations.

Low frequency time domain equations

Pride [46] has given analytical frequency dependent expressions of the parameters,
namely, the fluid permeability x(w), the electro-kinetic coupling coefficient L(w), and

the electric conductivity o (w) (for more accurate expressions see [45])

K(w 4 @w\1/2 w -1
R N
Ko mwye (O
L(w) B (l—iﬂ)_l/z
L() Wy '
o(w) = oy,
where 2
__n _A
~ Fxopf’ ~ Fxo
€ o
L():—LC, Ooz—f.
nF F

Here A is the characteristic pore-throat radius,
{ =0.01+0.025logC

the electric potential in the double layer, F the electric formation factor, k¢ the steady-

state flow permeability, € s the fluid electric permittivity, and o  the fluid conductivity.



In practice, the low frequency hypothesis w <« w; is relevant so that. We may then

expand all the frequency dependent parameters

N Ny _:40\12 .0
K (w) Ko ((1 lm“’t) lwt)
_ 1 : 2
- K—O(l“(l“/’”)ﬁ*‘)(ﬁ))

u
|
|

S

i)
e

L(w)

u
e~
S

o(w)

I
Q
4

where

pe:pf(1+2/m)F

Note that here p, is exactly the same as in (1.3).

Assume that only the EM source is active, i.e., that
F=f=0.

Since the coupling coefficient L is rather small (10713, we neglect the transformation

from seismic to EM waves. In other words,
J> Lw)(-Vp+ wzpfu)

and the term L(w) (-Vp+w?p sw) in the second equation of (1.4) is neglected: The Maxwell
equations are decoupled from the Biot equations.

Multiplying both sides of the fourth equation of (1.4) by % results in
. L
—tw%w = %E —~Vp+wpu,

ie.,
- L
—w*(pu+ pw) = %E -Vp.
In other words, the electric field becomes a source term in the Biot equations.
Since o is frequency independent, the frequency domain Maxwell equations in (1.4)

can easily be transformed into the time domain. Combining with the time domain Biot



equations (1.3), one obtains the full electroseismic model, in the form

€0, E = VxH-0E-J,

/,latH = —-VxE,
pdiu+ppdiw = V-, ) w5
profu+pOiw = —Kloatw—Vp+KL0nE, '

T = (AV-u+CV-wI+G(Vu+Vvul),
-p = CV-u+MV-w.

1.3 The forward problem

To the author’s best knowledge, the existence and uniqueness of the frequency do-
main electro-kinetic problem has not been studied so far. In the first part of Chapter 2,
we introduce the weak formulation of the problem in a suitable functional setting. We
show that the weak formula satisfies a Garding inequality. The Fredholm alternative tells
us that the existence of a weak solution is then equivalent to its uniqueness. If the fre-
quency w is not an eigenvalue of the electrokinetic equations, we show that the solution

is unique and therefore that the solution also exists.

In the time domain, the electro-seismic equations are decoupled into the Maxwell
equations and the Biot equations. The electric field is a source term for the latter. The
existence and uniqueness of the solutions to the Maxwell equations relies on classical
results [1] since in our approximate model, they are decoupled from the Biot equa-
tions. Concerning the time domain Biot equations, Santos [49] proves the existence and
uniqueness of solutions in 2 dimensions (2D). The 3D case is addressed in [5] with differ-
ent boundary conditions than ours. We follow the same technique and adapt the proof
of [5] to our boundary conditions in 3D. To this end, we introduce the weak formula-
tion of the Biot system. Since Sobolev spaces are separable and thus have a countable
basis, we approximate the solution by projecting it on an increasing sequence of finite
dimensional subspaces spanned by the basis. We show that the approximate solutions
are bounded and therefore have a weak* convergent subsequence, which proves to con-

verge to the solution of the weak formulation.

In chapter 4 of this thesis, we present a numerical method to solve the electro-seismic
equation. We restrict our computational domain to a region whose side lengths are of
the order of several hundred meters. The frequencies of the electric source range from
several Hertz to hundreds of Hertz. Due to the CFL condition, solving the Maxwell equa-

tions in the time domain would thus require extremely small time steps and would prove

7



extremely time consuming. Since our computational domain is much smaller than the
wavelength, we solve the following electrostatic equation instead of the Maxwell equa-
tions

—div(eV®) = f(x)  inR°.

Note that we use @ to denote the electric potential from now on. The electric field is
approximated by
E=-VO.

In the time domain, we assume that the source is given by f(x)g(#). From the linearity

of the problem, the electric field is given by
E=-VOg(1).

A similar approximation of the solution to the Maxwell equations by that of the electro-
static equation for the numerical solution of the seismoelectric equations can be found
in [27].

The numerical resolution of the Biot equations, also called computational poroelas-
ticity, has been well studied, see the nice review in [14]. We follow the staggered-grid
Finite Difference (FD) method from [41]. The staggered-grid method is proposed by
Yee [54] to solve Maxwell equations. The difference between staggered-grid FD and the
normal FD method is that the fields are recorded at different points. Staggered-grid FD

method in seismology were pioneered by [51, 52, 38].

One of the difficulties we face, is that we are interested in the propagation of waves
in an unbounded domain. Careless truncation of the computational domain may result
in artificial reflection on the boundary. The method of Perfectly Matched Layers (PML)
[6] has been introduced to avoid these spurious reflections. The idea of PMLs is to add
a thin layer outside the computational domain in such a way that no wave is reflected
from the interface, and such that waves decrease rapidly in the PML layer. PMLs have
been implemented for the Maxwell equations [19, 17, 37, 48]. PML for elastic and Biot
equations can be found in [18, 39, 20, 35] and [56, 55, 40].

1.4 The inverse problem

Multiwave imaging methods, also called hybrid methods, have attracted a lot of in-
terest, as they try to combine the high resolution of one type of waves with the high

sensitivity to material parameter contrast of another. In the electroseismic model, the



elastic waves provide high resolution, since the wave length is small, while EM waves
are more sensitive to fluid properties. In the case of oil exploration, where the subsoil is
described as a porous medium, one tracks areas of porous rock filled with oil. As porous
rock filled with water and petroleum have similar elastic parameters, the Biot waves are
not sensitive enough to discriminate between regions filled with water or oil. On the
other hand, the parameter that couples the Biot waves to EM waves varies dramatically,

and could be a good indicator of the presence of petroleum.

Generally speaking, the solution of the inverse problem in hybrid methods requires
two steps. The first step consists in the inversion of the first wave to obtain internal in-
formation about the second wave. Combining boundary measurements and internal
information allows then the reconstruction of parameters sensed by the second wave. A
lot of work has been devoted to photoacoustic tomography and thermoacoustic tomog-
raphy [3, 36, 50].

The electroseismic model falls into the general framework of hybrid methods. To
our best knowledge, only two papers have been considering the inverse electroseismic
problem so far [16, 15]. These two references only consider the second step of the in-
version, i.e., they assume that LE is known everywhere inside the domain and they want
to recover o and L at the same time. Carleman estimates [34, 29, 53] are a useful tool to
prove the stability of inverse parameter or inverse source problems. Based on a Carle-
man estimate of the scalar wave equation [30, 29], we derive Carleman estimates for the

Biot equations and the electroseismic equations in Chapter 3.

Assuming that we know all the parameters in the Biot equations except the coupling
coefficient. In the first part of Chapter 3, we consider the inverse electroseismic problem
as awhole. Based on the Carleman estimate of electroseismic equations, we prove that it
is possible to recover all the parameters corresponding to the Maxwell equations and the
coupling coefficient at the same time. In the second part of Chapter 3, we consider the
electrostatic equation instead of Maxwell’s. We prove the stability of the inverse source
problem for the Biot equations and the stability of the inverse conductivity problem for

the electrostatic equation with internal data.

In chapter 5 we deal with the first step of the inverse electroseismic problem numer-
ically. We assume that there is a small region in which the coupling coefficient L is much
larger than in the rest of the domain, and we seek to locate this region. This in fact cor-
responds to finding the source term in the Biot equations. To this end, we use the source

time reversal method given by [12], and to which we now give a short introduction :



The source time reversal method

The source time reversal method is proposed to reconstruct the source term f(x) of

the scalar wave equation

02u(x, 1) - c*®Aux, 1) =f®g inR"x(0,T),
ux,0)=0 in R", (1.6)
0;u(x,0)=0 in R",
from measurements of u(x, f) on the boundary of a bounded domain Q. The term g(t)
is assumed to be known.
Let v(x, t) solve
02v(x, 1) - *®AvX, ) =0 inR"x (0, T),

v(x,0=0 in R", 1.7
0:v(x,0) = f(x) in R".

It is easy to show that u given by

t

ux, t):(v*g)(t):f v(x, t—-1)8(1)dT (1.8)
0

is a solution to (1.6). The homogeneous initial value problem with nonzero source is
transformed into a non-homogeneous initial value problem without source. If we have
measurements of z on 002, we can compute v from the integral equation (1.8). Let us

choose T large enough such that waves exit the region of interest, i.e.,
v(x,T)=0;v(x,T)=0.

From the symmetry of the wave, the following problem

02v(x, 1) - C@AVX, ) =0 inQx(T,27),

vix, T)=0 in Q,
0;vix, T)=0 in Q,
wx, H=vx2T -1 onoQ x (T,27),

has the final values
v(x,2T7)=0, 0;v(x,2T) = f(x).

For Biot equations, we show in Chapter 5 how to transform the source problem into
an initial value problem without source. In the case that Biot equations have no damp-
ing term, i.e., g = 0, the symmetry of waves is valid for Biot equations. We can reverse
the propagation of waves with measurements on the boundary. If g is far from zero, we
don’t know what kind of equations should be used to have the symmetry of waves. If

we use the same Biot equations with damping for the inversion, the source time reverse

10



method is not very successful, although one may still distinguish the area, where L is
large, from the background.

At last, let us give a short summary of the content of each chapter. In Chapter 2,
the existence and uniqueness of the solution to the Pride equations is proved in both
frequency and time domain. Chapter 3 deals with the stability of the inverse problem
using Carleman estimates. The electrostatic equation and the Biot equations are solved
numerically in Chapter 4. We use PML to decrease reflections from the boundary. Chap-

ter 5 shows numerical experiments of the inverse source problem for Biot equations.
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Chapter 2

Existence and uniqueness of the forward
problem

In this chapter, we will consider the existence and uniqueness of the forward prob-
lem in both frequency and time domains. As far as we know, no one has considered the
existence and uniqueness of the electrokinetic problem in the frequency domain. In the
first part of this chapter we propose the proper Sobolev space to consider this problem.
Then we define the variational formula of Pride equations in the frequency domain. To
study the compactness of the weak formula, a Helmholtz decomposition is introduced
to split the field. We show that the Fredholm alternative is applicable to the weak for-
mula. That’s to say the existence is equivalent to the uniqueness.

In the time domain, the electroseismic model is in fact separated into two parts:
Maxwell equations and Biot equations. The existence and uniqueness of Maxwell equa-
tions have been well understood long time ago. There are few papers considering Biot
equations. To the author’s best knowledge, the existence and uniqueness for Biot equa-
tions in 2D was first proved in [49]. In [5], the 3D case is studied, but with different
boundary conditions to those considered in the thesis. Although the general arguments
are similar, we prove the existence and uniqueness of solutions to our version of Biot

equations in 3D for the sake of completeness.

2.1 The frequency domain

Let us consider the frequency domain Pride equations in a bounded Lipschitz do-

main Q. We can rewrite the fourth equation of (1.4) into

—Vp+w2pfu+f:Q(—iww—L(w)E). 2.1

K

12



From the first equation of (1.4), we see that

H = -~ curlE. (2.2)

iwy
Substitution (2.1) and (2.2) into the second equation of (1.4) results
1 2( .o~ e\ _ i
curl (;; curlE) - w”( - iwpLw+ZE) = [J
where
p=-L E=e+Z_pI°

For simplicity we will still use J instead of %] to represent the source. Substitution the

fifth equation of (1.4) into the third one, we can cancel out T and obtain
~V(Adivu+ Cdivw) — div(G(Vu+ Vu")) — w*(pu+psw) =F.
We use the same process to cancel out p in the fourth equation of (1.4) to obtain
~V(Cdivu+ Mdivw) - ?*(p ju+ pw - %E) =1

We conclude that

—V(Adivu+ Cdivw) — div(G(Vu + VuT)) —w?(pu+prw) F,
~V(Cdivu+ Mdivw) - w?(p pu+ pw— 2LE) f, 2.3)

curl (;; curlE) - 0?(~ iwpLw + ZE) = I

From now on we use z, to represent the real part and z; the imaginary part of a
complex variable z, e.g.,

zr=Rez, z;=Imz.

The notation z means the complex conjugate of z. For a typical fluid-filled porous rock,
we have
pi>p,>0, >8>0, L.>L;>0andAM > C?.

Taking w = 10, the parameter § is usually at the scale of 10° —10°, £ at the scale of 1078 —
1072 and L at the scale of 10713 — 10711, All the other coefficients are assumed to be real,
piecewise smooth and positive. Assume the source terms F,f,J € [L?(Q)]3. From time to

time, we use ¢y and Cj to denote positive constants which may vary in different places.
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Boundary conditions

First we introduce some notations. For a given complex Hilbert space H, (u, v); de-
notes the inner product for u, v € H and || u|| g the corresponding norm. The convention
is that the inner product is linear with respect to the first variable and conjugate linear

with respect to the second one. We use [H]" to denote the vector-valued Hilbert space
u=(uy,...,Uy) suchthat ujeH,1<j<m.
The inner product on this space is defined by
(W V)g =) (i, vi)n.
i

Here the inner product notation (-,-) g is ambiguous used for the scalar case and the
vector case. The dual space of H is denoted as H* and (u, f) the duality pair for u €
H, f € H*. We use similar definitions for spaces of matrix-valued functions.

When we consider the space L2(Q) or [L2(Q)]™, we usually omit all subscripts, e.g.,

foru,ve [L2(Q)]3,
3

(W, v) = (u,v)2 :f Y uividx.

Qij=1
Let H'(Q) be the usual Sobolev space with the norm

2 2y1/2
el g = (el + 1Val=) .

The Sobolev space H(div, () is given by
H(div,Q) = {ue [L*(Q)]* : divue L*(Q)}

with the norm
2 . 2\1/2
lall gy = (Iall® + [ dival|©) .

The Sobolev space H(curl, Q) is given by
H(curl, Q) = {ue [L*(Q)]*: curlu € [L*(Q)1%}

with the norm

2 2\1/2
lall grecury = (lall® + [l curlul®) =

The Sobolev space H'/?(Q) is defined to be the image of the trace operator y, (Lemma
2.1.1) and H~'"?(Q) the dual space. Similar definitions apply for the vector case.

Let 2(Q) be the set of infinitely differentiable functions with support inside 2, and
2(Q) the set of infinitely differentiable functions up to the boundary. Let us recall the

trace theorem [26, 11].
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Lemma 2.1.1. Trace operators
Yo: [2QF — 201,

Y01 2(Q)° - 200,
v [2(Q))° — [20Q)]°

given by
You = ulsq,
YnW =W-Dl|5q,
Y<E=Exnlsq

have unique extensions to bounded linear operators
Yo: [H' Q)P — [H'?0Q)P,
v, Hdiv,Q) — H 1?00,

yr: Hcurl, Q) — [H™20Q)1°,

respectively and the operators yo andy, are surjective. Here n is the unit outward vector

normal to the boundary.
The kernel spaces of vo, Y n, Y are denoted [H& (Q)13, Hy(div, Q) and Hy(curl, Q) respec-
tively. 2(Q)3 is dense in each of the three kernel spaces.

The boundary conditions for the equation system (2.3) can be given by
Youe [H20Q)P,

y,we H12(00Q),
Y-E € Ran(y;).

Here Ran(y;) means the image space of the operator y;. Then there exist
w € [H'(Q)1°, wpe H(div,Q) and Ege H(curl,Q)

such that
You="YoUy, YnW=7YnWo, 7Y7E=7:Eo.
Define

ii=u-u);, w=w-wp and E=E-E,.
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From the properties of the trace operators, we have
e [Hy(Q)1°, We Hy(div,Q), Ee Hy(curl,Q).

After substituting @1, w and E into (2.3), we have the following equation system with ho-

mogeneous boundary conditions

—V(Adivii+ Cdivw) - div(G(Va+Va')) - w?(pa+psw) = F,
~V(Cdivii+ Mdivw) - w?(p i+ pw— 2L E) = T
curl(ﬁcurlfi)—wz(—iw[)’LﬁHé‘E) = ],
where
F = F+V(Adivug+ Cdivwg) +div(G(Vug + Vug )) + w?(pug + P fWo),
f = f+V(Cdivu0+Mdivw0)+a)2(pfu0+pw0—ip7LE0),
j = ]—curl(icurlEO)+w2(—iprw0+£Eo).

For simplicity, we drop all the tilde notations on the variables (u,w, E), i.e., we consider
(u,w,E) € [H, (Q)]° x Hy(div,Q) x Hy(curl, Q)

in the equation system (2.3). Now we have given proper spaces to consider the electroki-
netic problem. Before defining a weak formula of the original problem and studying the
property of the weak formula, we first introduce some decomposition and embedding

lemmas of the Sobolev spaces.

The Helmholtz decomposition and compact embedding

To deal with Maxwell equations, it is necessary to introduce the Helmholtz decom-

position [33].

Lemma 2.1.2. Let Q c R be open and bounded and A € L™ (Q,C3*3) such that A(x) is

symmetric for almost allx. Furthermore, assume that there exists a constant cy such that
Re(z-AX)-2) = ¢zl

for all z € C* and almost all x € Q. Then the spaces Hy(curl,Q) and [L*(Q)]® have the

following decompositions respectively:
Hy(curl, Q) = Hy(curly, ) PV,
[L*(@)]° = Hy(curly, )PV,

16



where
Hy(curlp, Q) = {ue Hy(curl, Q) : curlu =0},

V ={ue Hy(curl, Q) : (v,Au) = 0 for Vv e Hy(curly, Q)},
V={ue[L*(Q)]*: (v,Au) = 0 for Yv e Hy(curly, Q)}.

Here @ means the direct sum. Furthermore, all the projection operators are bounded and

all the subspaces are closed.

Proof. The closeness of Hy(curly, Q) in Hy(curl, Q) is obvious. The closeness of Hy(curly, Q)
in [L?(Q)]® is shown below. Let u,, € Hy(curly, Q) be a Cauchy sequence in the [L2(Q)]3
norm and assume u, converges to u € [L2(Q)]3. We only need to prove u € Hy(curly, Q).
Since curlu, = 0, the sequence {u,} is also a Cauchy sequence in H(curl) norm. This
implies that u € Hy(curly, ), which completes the proof. The closeness of V and Vis
easy to prove from the continuity of L? inner product.
It holds that
V() Ho(curly, Q) = {0}

because
ue V() Hy(curly, Q)

implies (u,Au) =0, that is,
collull® < Re(u,Au) = 0.

Similarly we have
V() Ho(curly, Q) = {0}.

Next we prove that [L?(Q)]3 = Hy(curly, Q) @ V. We define the sesquilinear form
a: Hy(curly, Q) x Hy(curly, Q) — C
by a(y, v) = (yv,Av). Then a is coercive since
Rea(v, v) = Re(v,Av) = collv11%, = coll vl 3 ey -
For fixed u € [L?(Q)]3, let us define linear form
l(y) = (v,Au) for v € Hy(curly, Q).

It's obvious that the linear operator / is bounded. From the Lax-Milgram theorem, there

exists a unique ug € Hy(curly, Q) such that
a(y, up) = l(y) forall v € Hy(curly, ),
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that is (w,Aug) = (,Au). Therefore u — 1y € V. Similarly we have the decomposition
Hy(curl, Q) = Hy(curly, Q) P V.

The boundedness of all the projections are from general properties of the direct sum.
|

Let us recall two embedding lemmas [33].
Lemma 2.1.3. V is compactly embedded into [L?(Q)]3.

Lemma 2.1.4. [H& Q13 is compactly embedded into [L2(Q)]3.

The weak formula

Set

o=

J.

W= —ip%w, j=
With these new notations, the third equation of (2.3) is written as
curl (;; curlE) - w?&(wW+E) = ] (2.4)
Choosing A = € in Lemma 2.1.2, we have
E=E +E;, W=wi+w,, J=Ji+),

where
E;,wy,J; € Hy(curly,Q) and E, €V, wy,Jo € V.

The weak formula for the equation (2.4) is
(curl®, ;, curlE) - (6, E(wW + E)) = (6, &), (2.5)
for V 0 € Hy(curl, Q). First choosing 8 € Hy(curly, 2), we obtain
(0, w*&(wW+E) +£]) = 0.
The orthogonality property of the decomposition results
(0, w*&(ww; +Ey) +&J1) =0,
that’s to say,

w’(wwy +E1) +J; =0. (2.6)
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After substituting (2.6) into the weak formula (2.5), we have the reduced weak formula
(curl®, -, curlE;) - w*(6,E(ww; +E»)) = (8, €2), 2.7)

forvOeV.

The second equation of (2.3) has the following weak formula
. . . 2 ~ ipL -y _
(divy, Cdivu+ M divw) - o”(y, p pu+ pw— TE) = (y, ), (2.8)

for V ¥ € Hy(div,Q). Similar to the weak formula (2.7), we could eliminate E; from the

weak formula (2.8) by substituting (2.6). Therefore we have
(divy, Cdivu+ Mdivw) — o (y, p fu+ pw— i’%(Ez —owy)) = (p,f+ i%]l) (2.9)

for V w € Hy(div, Q).
The weak formula for the first equation of (2.3) is written as

(divep, Adivu + Cdivw) + (e(¢), 2Ge(w)) — w*(¢p, pu + prw) = (@, F), (2.10)

for V ¢ € H; (Q). Here
e(u) = %(Vu+ VuT).

Summing up the weak formulas (2.7), (2.9) and (2.10), the weak formula for the equa-

tion system (2.3) reads
A(‘P; lllye;u)w) EZ) = b(‘P;W» 0) (211)
for ¥ (¢, w,0) € [H) (Q)]° x Hy(div,Q) x V, where

A(p,w,0;u,w,E;) (divep, Adivu+ Cdivw) + (divy, Cdivu + M divw)

+(curl@, % curlEy) + (e(¢),2Ge(u))

~w? (g, pu+ pw) — w*(w, p pu+ pw— LE (B, — owy))
~0*(0,E(ww, + Ep)), (2.12)
(@.F) + (w,£+ 257,) + (8, 2. (2.13)

b(p,y,0)

The Fredholm alternative

We study the properties of the operators A(p, ¥, 0;u,w,Ey) and b(¢, ¥, 0). Obviously
A(p,w,0;u,w,Ey) is a bounded sesquilinear form, linear with respect to (¢, v,0) and
conjugate linear with respect to (u,w, Ey), and b(¢, ¥, 0) is a bounded linear functional.

The following theorem shows that A satisfies the Garding’s inequality.
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Theorem 2.1.1. If parameters in the electrokinetic system (2.3) satisfy

(min p; — maxp,) > smax|gLl,

Sl

where
~ oL
max|&| max =

§= <
min ||

then there exist constants a and B such that
| A, w, Ez;u,w, Ep)| = B(llall3,, + W3 g1y, + 1Bl Fycum) — @(llull® + IE211%).
Proof. We estimate A(u,w, Ep;u,w, Ey) term by term. Since

Ax)MX) > C*(x),

the matrix

(2.14)

Ax) CKX)
Cx) MEX

is symmetric positive definite. Therefore there exists a positive constant  which is

smaller than the smallest eigenvalue of the matrix (2.14) for all x € Q. Thus
(divu, Adivu+ Cdivw) + (divw, Cdivu+ M divw)

_ . . Ax) CxX))(diva
= fQ (divu divw) ( o M(x)) ( divv_v) dx

> B(Ildivul|® + || divw]|?).
Let us choose  small enough such that

N fand minGx) = f

min — = f and min G(x) = S.

X IJ,(x) X

Therefore
(curlEz,icurlEg) > BlicurlEx 1%, (e(w),2Ge(w)) = Bllew)|*.

There exists a positive constant a such that

rn)?xp(x) < a and m)?xlé(x)l <a.

Therefore

(u,pu) < aful®, |(Ez,€E,)| < allE, .
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We can choose a large enough such that the cross product terms have the following

estimations
(worw)| < a(Iwl®+5lul?),
(W ppu)| = a(SIwl®+ 3iul?),
\( ,-%EZ)) < a(SIwl?+ LIE1?),
|(E2,wew,)| =< a(8lwzll® + 2IE %),

where 6 is a positive constant which could be as small as possible. Let us note that

Wl < max|2E|[wl,
1
lwyll? < min|5||(wl,éwl)|,
|(w1,&W)| < max|&||w;|[W].

From Lemma 2.1.2, we know that (wy,&w; ) = (wy,&w). Therefore

1

lwill®> < min|g||(wl,fwl)|
1 .
- minlél“Wlﬂwv)|
< slwllfwyll

where
- oL
maxlslmax‘7
S T ming
That’s to say, [[w; || < s[lw]|. Since
1
Iwol* < min|§||(wZ,éwZ)|,
|(w2,&W)| < max|&|[lwa| W],
we obtain
1
Iwal> = ——— |(w2, &)
min |€|
1 -
B minlél“wg,gw)|

< slwilliwll,

i.e., [wa]l < s|lw]. The Schwartz inequality tells us

IA

|(w,ipLw)| max |pL| [wll[[wy |

IA

smax|ﬁL| ||w||2.
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Set

A1(u,w,Ep) = (divu,Adivu+ Cdivw) + (divw, Cdivu+ M divw)
+(curlEy, ,lll curlEz) + (e(u),2Ge(w)) — w?(w, pw),
A(u,w,E) = o*(upu+pw) +a)2(w,pfu—%(E2—ww1)) +w?(Ep, E(ww; + Ey)).

The real part and the imaginary part of A are given by

ReA; = (divu, Adivu+ Cdivw)+ (divw, Cdiva+ M divw)
+(curl Ep, i curlEp) + (e(w), 2Ge(u)) — w*(w, §,w),
ImA;, = -’ (w, piw).

The term A; can be bounded from below as follows

1
A1l = E(lReAll‘FlImAl”

B . 2 . 2 2 2
— (I divul|* + || divw||“ + || curl Es || + |le(u) ||
V3! ’ )

IV

w?, . )
+—/(minp; - maxp,)llw|*.

V2

The term A, can be bounded from above as follows

ioL ~
|Ay| < w2(|(u,pu+pfw)|+|(w,pfu—%(E2—ww1))|+|(E2,£(wwz+E2))|)
= o’a(1+3)ul®+w’a(l+3)IE|°
+4w’ ad|w|? + w? smax|gL|w|.
Therefore
Al = A1l =|Az]
1 2 2 2 2
=z sple]” - a(l+5)lul
1 2 2 2 2
+E,8||curlE2|| —w a(l+%)IE:|
1 : 2 2
+\/§ﬁll divwl[“ + ¢llw]|
where

c= ‘\;—;(minpi —maxp;) - 40*ad — w*smax|pL.

From the assumption we know that

(minp; — maxp,) > smax|gL|. (2.15)

Sl
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Let us choose § small enough such that ¢ > 0. With the help of Korn’s inequality,
le@I* = Blual3, — alull?,
we can find constants a and 8 such that

| A(u, w, Ex;u,w,Ep)| = B(lIall?,, + Wl gy + 1Bl 3y cuny) — @(Ilull® + I1E2]1%).

Set

C((p)eyuy EZ) C((p)u) +((0yE2)y

A((P; 1,/) B;U)Wr EZ) + C((P;O;u; EZ)

B(‘P, 1”) 0; u,w, EZ)
Here ( is a positive constant which is big enough such that B is coercive, i.e.,
2 2 2
|B(u,w, Ez;u,w, Ep)| = B(Ilul2, + Wl i) + 121 cury)-

Such a constant exists because of Theorem 2.1.1. The next theorem shows that the op-

erator C(¢g,0;u,E,) is compact.
Theorem 2.1.2. The operator

C:[Hy( QP xV— [Hy' @ = v*
which maps (u,Ey) into C(-,-;u, Ep) is compact.

Proof. From Lemma 2.1.3 and Lemma 2.1.4, the embedding from [H,(Q)]* x V into
[L?(Q)]° is compact and therefore the embedding from [L*(Q)]° into [H;'(Q)]® x V*
is compact. Here we identify [L2(Q)]® with its dual but not [H& (Q)]3 x V. Therefore
C:[H} Q) x V — [Hy'(Q)]® x V* defined by

Clp,0;u,Ep) = {(p,u) +{(0,E,), forallge [H(Q)* 0¢€V,

is compact. u

As a conclusion, the operator A = B — C is Fredholm of index 0 and the Fredholm
theorem applies [42], i.e., the weak formula (2.11) has a unique solution if and only if the

homogeneous weak formula
Alp,w,0;u,w,E) =0
has only the trivial solution (u,w, E,) = 0.
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2.2 The time domain

In this section, we deal with the existence and uniqueness of the time domain elec-
troseismic problem. As stated before, in the electroseismic system the term coupling the
electromagnetic fields and the solid and fluid displacements are neglected in Maxwell
equations, so that they are totally independent of the Biot equations. Therefore, the
question of the existence and uniqueness of solutions to the electroseismic system re-
duces to showing the existence and uniqueness of solutions to Biot equations. As we
have stated before, this has been done in [49] and [5]. Since our Biot equations and
boundary conditions are a little bit different from those in the references, we will prove
the existence and uniqueness of the time domain Biot equations in this section with the
same technique from the references.

For two matrices E = (E;;), F = (F;;) of the same size, we define

E:F:ZEijFij-
i,j

We use L”(0, T; H) to denote the space of functions f: (0, T) — H satisfying

T 1/p
I f e o, 15 = (f ||f||Zdt) <00
0

for 1 < p <ooand

I fllzoo(0, 7;11) = €sssup || f | g < oco.
t

The weak formula

Denoting V = [H!(Q)]3 x H(div,Q),v; =u,v, =W,

lu) = lw)

[ pIs pfl3 ) ( 0 0 ) ( —divt )
A= , B= , Lv= ,
( oIz pels 0 I Vp

Biot equations in the electroseismic model can be compactly written in the form

Ad°v+Bo, v+ £Lv=F, inQx(0,7),

V(X, 0) =0, in Q,
0,v(x,0) =0, inQ, (2.16)
n-t=0, p=0, on 0Q x (0, T).
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Integration by parts and using the boundary conditions, we have
(Lv,v) = fQ (=divr-v) +Vp-v))

= fQ (7: V) — pdivv})

= (divvy, Adivv] + Cdivvy) + (divvy, Cdivv) + Mdivv)) + (2Ge(vy), e(v))).
Define
B,V) = (divvl, /ldivv/1 + Cdivv’z) + (divvz, Cdivv’1 + Mdivv’z) + (2Ge(v1), e(v’l))

where e(vy) = %(Vvl + VVIT ). It's obvious that 98 is a symmetric bounded bilinear form.

We recall the Korn inequality
(ev1), e(v1) = Collvi I3, — v 117,

where Cy is a positive constant. From the Korn inequality, we obtain

\Y

dx +2min{G}(e(vy), e(vy))

Bv,v) = f (divwy diVVg)( AC )( divv,
Q

C M divv,
ANl divvy P + A || divva |I® + 2Co min{G} vy 17, — 2min{G}[|v I”

2 2
Collvlly —@lvl®,

v

v

where 0 is a positive constant independent of v and A. is the smallest eigenvalue of the

(& )

We define %By(v,v') = B(v,V') + 6(v,v'). The bilinear form %y is symmetric, bounded,

matrix

and it satisfies the following elliptic condition
Bo(v,v) = ColIVII 7.
Definition 2.2.1. We call r € L*°(0, T; V) a generalized solution to (2.16) if it satisfies
(AO%r(t),v) + (Bo,r(1),v) + B(x(1),v) = (F(t),v) ae.te(0,7) (2.17)

foranyve V.
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The existence and uniqueness in the time domain

In this section, we prove the existence and uniqueness of Biot equations in the time

domain.

Theorem 2.2.1. Let F e H' (0, T;[L2(Q)]%). Then the system (2.16) has a unique weak
solutionr (X, t) such that

r,0,r€ L0, T; V(Q)), and dr € L0, T; [L*()]%).

Proof. Since V is separable, there exist a sequence of linearly independent functions

{v""},=1 which form a basis of V. Let us define

(1),V(2) (m)}

Sm =span{v e,V

)

and choose m
(1) = Z gjm(t)v(j)
j=1

satisfying
r™©0)—0, a4,x"(0) — 0.

The functions g;,(¢) are determined by the system of ordinary differential equations
(07", v) + (BO,x'™ v) + B(r'™,v) = (F,v), VESp. (2.18)

In fact we construct an approximate solution r"(¢) to (2.17)in S m-
Next we prove two a priori estimates of ¥ (). By Choosing v = 4,r"” in (2.18), we
obtain
(A07r"™,0,x"™) + (BA '™, 0,x'™) + B(r'™,8,x'™) = (F,0,s'™). (2.19)

Let
A1) = |AY20,x ()12 + By (r'™ (1), x"™ (1).

Since %y is elliptic, A(t) can be lower bounded as follows
A@) = Co(IE™ @I, + 10,2 (0)11%),
Taking the time derivative of A(#) shows

d
A = 2(A0%r"™,0,x™) + 2By (r"™, 0,x"™).
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From (2.19), we know that

%A(t) = 26(e™ 0,6 +2(F, 0,e™) - 2(BA, £, 9,6
< Co(IFOI*+ Ix™ @) 12 + 10,2 (0)]1%)
< Co(IFMI*+ Ix™ @) 13, + 18,£™ ()1I?).

Integrating from 0 to ¢, we have

T t
A(D) < Gy fo IF(T) 12 + A(0) + Co fo (Ie™ @) 1% + 10,2 (1) 12).

Since
A(0) = [AY20,r™ (0) % + B (r™™ (0),r'™ (0)) (2.20)

and
' (0), 8, (0) — 0,

A(0) is bounded by a constant Cy independent of m. We conclude that

e O1% + 10 (D1 = CoA)
< Go(IFl32 0,71y +1)
+Co fo t (IE" @) 1% + 102 (1)[1) (2.21)
and by the Gronwall inequality
=" (D113, + 10,2 (D117 < Co (2.22)

where Cj is independent of t and m. Let us choose v =921 in (2.18) and let £ = 0. The
term 02r" (0) can be bounded by

IA

162" (0)||* Co(Ad7x'™(0),0%r"™ (0))

Collaze"™ ) [ (110, ™ () I + Ix"™ (0) > + B (0) [1%).

IA

and therefore
162 ()| < Co,

where Cy is a constant independent of m. By take the time derivative of (2.18), we get
(A0 v) + (BoTx"™,v) + B(0,x"™,v) = (3,F,v), VES,. (2.23)
Choosing v = a§r<m> in (2.23), we obtain
(Aa (m) 02 (m)) (Ba (m) 02 (m)) +%(a (m) 02 (m)) (a F, 02 (m)) (2.24)
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Let
A(t) = [AM2020" (1) 12 + B (0,2 (1), 0,x™ (1)).

Since %y is elliptic, A(t) can be lower bounded as follows
A = Co(llo,x"™ (D) 113, + 107 (D)117),

and from (2.24)

d

—A) = 2(A0% "™, 0210™) + 228 (8,6, 02K
< GCo(lloF@ I + 10, ()11 + 1102e™ (£)1?)
< Co(I0E®I*+ 10, (DT + 107" (1)1I%).

Integrating from 0 to ¢, we have

T t
A(D) < Gy f 10 E(0)[I> + A(0) + Co f (10:x"™ (@) 112, + 116%™ (1) [|).
0 0

We conclude that
10, x™ (D13 +107x™ (DIIF = CoA(D)
< Co(l0:FlT2 7.y +1)
+Co fo [(||511‘(m)(T)||%/+ 102e"™ (D)I?)  (2.25)
and by the Gronwall inequality
10, ()15 + 107x" (011> = Co (2.26)

where C is independent of ¢ and m. Consequently
r', 9,x"™ e L0, T; V), 0%r™ e L0, T; [L*()]°).
Note the following duality relationships
L®0,T;V)=L'0, T; V)*, L0, T; [L*(@)1%) = L' (0, T; [L*(@)]%)*.

The sequences {r'" (1)}, {0,r'™ (1)} and {0?r" (1)} are uniformly bounded. It is possible

to extract a subsequence from {r™}, still denoted by {r"?}, such that

(m)

r’ —r  inthe weak* topology in L*(0, T; V),
a,r(m) — 0r in the weak* topology in L>(0, T; V),

air“") — 0%1' in the weak* topology in L>(0, T; [L2()]9).
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It’s obvious that, for anyve V,

(Aé%r(m),v) — (Ad%r,v) in the weak* topology in L(0, T),

Bdtr(m),v — (B, v in the weak* topology in L>(0, T),
gy

@(r(m),v) — B(r,v) in the weak* topology in L*°(0, T).

Let s(t) e L1(0, T). Multiplying (2.18) by s(¢) and integrating from 0 to T result
T T
f ((A03x™,v) + (Bx™,v) + B(x™,v))s(r) = f (F,v)s(1),
0 0
forall ve S,,. By letting m go to infinity, we obtain
T T
f ((a9%r,v) + (Bo.x,v) + B (r,v)|s(r) = f (F,v)s(0). (2.27)
0 0

forallve S,,. Since US;, is dense in V, (2.27) is also true for all ve V, that’s to say

(A@?r(t),v) + (BOx(1),v) + Bx(1),v) = (F(t),v) a.e.te(0,T),

forallve V.

To prove the uniqueness, we only need to show that when F = 0, the Biot system
(2.16) has only the trivial weak solution. Let us choose v = 9;r(#) in the weak formula
(2.17). As a result, we get

A62r,6tr + (BOr,0;r) + %B(r,0,r) =0. (2.28)
t

Let us set
A(t) = IAY20,x(0) 117 + By (r(0), (D),

and we have the lower bound for A(f)
A) = Co(lIe @)% +10,x(D)11?). (2.29)

Since the initial values are zero, A(0) is also zero. Differentiating A(¢) results

%A(t) = 2(Ad°r,0,r) +2%By(r,0,r)
< Go(le®I*+10,x(D1%)
< Co(le@®13 +18.x(D1%).

Integrating from 0 to 7', we get an upper bound for A(?)

t

A(t) < Co fo (Ix@1I% + 102 [12).
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Combining with (2.29), we obtain

t

eI+ 10,x(D11* < Co fo (Ie@ 1% + 10-x (D) 11%).
The Gronwall inequality tells us that
Ie(6) 112 + 10,x(D1* <0,

i.e.,r(t)=0.
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Chapter 3

Stability of the Inverse Electroseismic
Problem

Let us recall the electroseismic model

d,D—curl(@B)+yD = 0, 3.1)
0B+curl(fD) = 0, (3.2)

pé%u + pfafw— divt = 0, (3.3)
proiu+p.0iw+Vp+1lo,w—¢(D = 0, (3.4)
(Adivu+ Cdivw)I+ G(Vu+Vvul) = 7, (3.5)
Cdivu+ Mdivw = —p. (3.6)

Here we introduce some new notations
o Ln
€ Ke

1 1
a_ﬁ)ﬁ_g)y_ )E

Note that all the parameters are real and positive. To close the Maxwell system (3.1)-

(3.2), we assume that the media do not contain any free charges, i.e.,
divD =divB = 0. (3.7)

We consider the system of equations (3.1)-(3.7) in Q = Q x (=T, T) where Q € R3 is a
bounded domain with C* boundary 0. For simplicity we choose homogeneous bound-
ary conditions

nxD=0, n-B=0, n-7=0, p=0, on 0Q, (3.8)

where n is the outer normal vector on 0. As we are interested in the electroseismic
model, we consider zero initial values for the solid displacement u and for the relative

fluid displacement w

ux,0)=0, wx,00=0, 0,ux,00=0, 0,w(x,0) =0, (3.9
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while we impose nonzero electric and magnetic fluxes in Q
D(x,0) =Dy (x), B(x,0) =Bo(x). (3.10)

In accordance with the physical properties of underground immersed porous rocks,

we assume that the matrices

P Pr A C
(2o) (26

are symmetric positive definite and that p, > pf,p > py.

We also assume that all the parameters in Biot equations (3.3)-(3.6) are known, ex-
cept the coupling coefficient . The main object of this chapter is to deal with the inverse
problem of determining the parameters («, ,v,¢) from measurements of (D,B,u,w) in
Qu, where Q, = w x (=T, T) and w c Q is a fixed neighborhood of the boundary. To the
authors’ best knowledge, [16] and its following work [15] are the only papers consider-
ing the inverse electroseismic problem. In those papers, the authors assume that LE
is known everywhere and focus on the inverse of (L,0). Their method is based on the
CGO solution [21] of frequency domain Maxwell equations. Different from their work,
our method is based on a Carleman estimate to the electroseismic model and we try to
inverse the problem with only near boundary measurements.

In Section 3.1 we prove a Carleman estimate for the electroseismic system, from
which we prove, in section 3.2, the Holder stability of the inverse problem with mea-

surements of (D, B,u,w) near the boundary.

3.1 A Carleman estimate for the electroseismic model

In this section we first show how to derive Carleman estimates for Maxwell equations
and Biot equations, respectively. Then the combination of the two estimates gives the
Carleman estimate for the electroseismic equations. To derive a Carleman estimate for a
system of equations, the usual process consists of diagonalizing the system and then of
applying a Carleman estimate for each scalar equation that composes the diagonalized

system [29]. We first recall a Carleman estimate for the scalar wave equation [30, 29].

Lemma 3.1.1. Let us consider a point x. € R\ Q and a strictly positive function c(x) €
CY(Q). Assume that they satisfy

VeXx) - (x—X4)

1- Q 12
o) < co, forallxeQ, (3.12)
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where cy € (0,1) is a constant. Then there exist constants¢,0,Cy > 0, such that the function
¢ =%, where
v =x-x.[>—¢ltl,

satisfies

(P(X; T) = (p(xy _T) < 1) (P(X; 0) = 1)

and
feZT‘/’(r3|u|2+r|vx,tu|2)scof e fI?,
Q Q

for all T larger than a positive constant Ty and for any u € Cg(Q) that solves
0?u—c@Au=f,
The notation|-|> means the sum of the squares of all the components of vectors or matrices.

Remark 1. For any € > 0 sufficiently small, there exists a constant 6 such that
px,t)>1—¢, for|t|<6
and
px,t)<1-2¢,fort>T—-0ort<—-T+9.
We denote

Po(x) =px,0), = (g}%@

For Maxwell equations with o = 0, Carleman estimates can be found, for example,
in [29, 4]. The arguments in these references can be easily generalized to the case when
o #0.

Lemma 3.1.2. Assume that
acC*Q), BeC*(Q), yeCl(,

satisfy

a>cp>0, f>cp>0, y=0,

where ¢y is a positive constant. Assume additionally that the wave speed c defined by

¢ = af satisfies (3.12). Then there exists a constant Cy such that
feZT‘P(r3(|D|2+|B|2)+r(|vx_tD|2+|vx,tB|2))
Q

< G fQ T (11117 + Jal® + |V J1 12 + [V J21%),
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for all T larger than a positive constant Ty and for anyD,B € Cg(Q) that solve

0,B + curl(SD) = Jo, (3.13)

0/D—curl(aB)+yD = ],
divD =divB = 0.

Proof. From the second equation of (3.13), we know that
0B = —curl(D) +]J>.
Taking the time derivative of the first equation of (3.13) and substituting 0,B result
0D — curl (a(~ curl(BD) +J,)) +y8,D = d,J,

that is
0°D — aBAD = 0,); +curl(a),) — 1. (3.14)

where
X1 =V(ap) x curl D + curl(aVp x D) + yd,D.

Similarly we can cancel out D from (3.13) to get
0°B— afAB = 0,J, — curl(Bl,) — &2, (3.15)

where
Ry =V(ap) x curl B+ curl(fVa x B) — curl(fyD).

Applying Lemma 3.1.1 to each component of the equation (3.14) and (3.15), we have

fez"”(r3|n|2+r|vx,tDlz)SCofeZT‘”(F+|D|2+|Vx,rD'2)’
Q Q

|| o (eIBE + 1V BE2) < Co [ P (F DI+ 1V DI + B + (9, BE),
Q Q

where
F=17+J21* + |V 1% + [V o2

Adding these two inequalities, we obtain
fQ & (73 (DI + [BI) + T(IVy, DI + [V, Bl
< Con e?™ (F +|DJ* + |V D|* + [BI* + |Vx (BI?).
Taking 7 large enough, the right hand side term
DI +|Vx,DI” + B + |V (BI”
can be absorbed by the left side, which completes the proof. [ |
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Before deriving a Carleman estimate for Biot equations, we study the property of the
matrices associated with the parameters. Define

Po = Ppe—p}
— pe
¢ = POG’
a = ann dlz) (3.16)
azy a2
® ooy )‘1 A+G-Ec ¢
Lo pe C—lp)—];M M
02
_ | Ba+o-28c+ LM Lc-Em
B lc_ ¥ 1
PeC p%M Pe

From the positive definite of the matrices (3.11), we know that pg > 0. Let us denote

- c+an ap
a (

= 3.17)
ap azp

The two eigenvalues of a are

(c+any + agx) £V (c+ ai — a)? +4apa
5 )

Since

_ 1 of 2
a1 = R(C— EM) =0,

a has two real eigenvalues. Since

2
Pe Y N Y Ty R )
po(mzcl;) 2%}C+p0peM p°C1 oM |
2 C—IM M

an
1

the determinant of a is

- o> )
deta = ((/1+2G)+p—’2;M—2’;_fe‘c)M_ L(c-2m)

1
Po Po
L(AM-C*+2GM) >0,

0o

which is larger than zero and the trace of a is

tra = %(pe(/l+2G) +pM—-2pC)
Bl (A+2G+M-20).
Po

=

From the positive definite of the matrices (3.11), we have (1 + M)? = 4AM > 4C? and
hence tra > 0. Therefore a is similar to a diagonal matrix and it has two positive eigen-

values.
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In the following, we will derive a Carleman estimate for Biot equations (3.3)-(3.6).
The idea is similar to Maxwell equations. We emphasize that the Carleman estimate
from [5] does not apply directly to our Biot system, since our Biot equations are differ-
ent from those in [5] due to the presence of the term d,w. We will explain in detail the

difference in the proof of the following lemma.

Lemma 3.1.3. Assume that all the parameters in Biot equations are in C3(Q). Assume
that ¢ = %G and two eigenvalues of the matrix a given by (3.17) satisfy the condition
(3.12). Then there exists a constant Cy such that

f & (7 (jul? + | divul® + | divw]? +| curluf?)
Q
+7(|Vx ul” + |V (diva) |* + Vg (divw) | + IVx,t(cuﬂu)lz))

< coneZ“P(|F1|2+|F2|2+|D|2+|VF1|2+|VF2|2+|VD|2),

for all T larger than a positive constant 1y and for any u,w € CS’(Q) that are symmetric

with respect to t and solve

pd2u+ppofw—divr = F,

pf6§u+peafw+ Vp+g6tw—§D = By, (3.18)
(Adivu+Cdivw)I+G(Vu+Vvu’) = 7, '
Cdivu+ Mdivw = —p.

br

Proof. Letv=w+ e U and replace w by u,v in the above system to obtain an equation

system of u and v
%O%uﬂoféfv— divt = Fy,
peaiv+ Vp+ g (Gtv— %atu) -D = Fy,
(()L - C%) divu+ Cdivv— Cu-Vf)—i)l +G(Vu+vu’) = 1,
(C-MEL)diva+ Mdivv—Mu-VEL = —p,
where I is the identity matrix of order 3. After the substitution of T and p, we have
B5tu+protv-GAu-(1+G-2LC|Vdivu-CVdivy = Fi+2,  (3.19)

pea§v+gatv—(C—%M)Vdivu—MVdivv = Fo+ P,  (3.20)

where

S
Il

(diva)V ()L— ’;—fM) +(div)VC+ (Vu+vu’)- VG-V (Cu-V%),

P, = (divu)v(C—%M)+(divv)VM—v(Mu-v%)+%’atu+5n.
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Set

r =divu, s =divv, m = curlu, n = curlv

and

e[ B0 o)
0 p.l

We multiply the equation system (3.19)-(3.20) by K to obtain

O%u— cAu-— %Otv— a;1Vdivu—a;pvdivy = Gy + 93,
G%V-i- p”?(xv— 6121VdiVll— axV divw = G, + @4,
where
G F 7% @
_ Pe 1| _ 1 3| _ 1
C_p"G’(GZ) K(Fz )(@4) K(?}’z )
and

a— ( an a2 )
ay a2
is given by (3.16). Note that 223 and 22, are composed of
r, s, u, Vxu, D.
The equations (3.21) and (3.22) can be rewritten as
Ofu— cAu = G +2,,

2 n —
Gtv+ pe—KatV = G2 +Q2,

(3.21)
(3.22)

(3.23)
(3.24)

where 2, and 2, are fist order differential operators of r,s,u,D. The operator 2; also

contains d,v. We can see that the equation (3.24) is not a wave equation anymore. Taking
the divergence on both sides of the equation (3.21) and (3.22) and with the help of the

equality
Au=Vr —curlm,
we obtain
O%r —(c+a1))Ar—apAs = divGy +A,
0?5 —anAr—apAs = divGy + .5,

(3.25)
(3.26)

where A and .% are first order differential operators of r, s,D,u,m. Besides, they also

contain 0,v. Taking the curl on both sides of the equations (3.21) and (3.22) gives

Oim —cAm = curlGy+9;,

O%n+iatn = curlGy+ 95,
PeK
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where 97 and 9, are first order differential operators of r,s,D,u,m. The expression of
91 also involves the terms 0,v,0,n and 9, also contains d,v. We can see that equation
(3.28) is not a wave equation anymore.

We emphasize that the presence of ;v and 0,n on the right-hand side of 2, and
91 prevents us from using the Carleman estimate in [5]. From (3.24) and (3.28), we see
that v and n are wave equations. We cannot apply the Carleman estimate on these two
equations. We need to design a new bound for them. In the following we are going to
show how to bound u,m, r, 5,v,n one by one. Applying Lemma 3.1.1 to (3.23) and (3.27),

we obtain the following Carleman estimates for u and m

f ezn"’(rfﬂul2 + TIVx,tu|2)
Q

Co fQ T (IG1* + DI + 71> + [V 7% + 517 + [V 512 +10,91),  (3.29)

IA

erT‘/’(r3|m|2+r|vX,tm|2)
Q

IA

cof ™ (lcurl Gy |* + [DI* + |VD[* + [ul? + |Vy, ;ul?
Q
+I71? + |V 712 + 1512 + [V 812 +10,91% +|0,m]?). (3.30)

The Carleman estimate for r and s is given by Lemma 2.2 from [5].

Lemma 3.1.4. There exists a constant Cy such that

|| (2202 +1512) + (9o + 191587)
Q
< Cof e’™(|divG, |* + |divG,|* + [DI* + |VDJ?
Q
+[ul +|Vy ul* +ml* + |Vy mf* +0,v1%), (3.31)

for allt large than a constant Ty and for anyr,s € Cg(Q) that solve (3.25) and (3.26).

We will prove this lemma at the end of this section. Combining (3.29)-(3.31) shows
that

fezw(rs(lr|2+|s|2+|u|2+|m|2)
Q

(|9 712+ Vg sl + [V + [V )|
< Cofe21<"(|Gl|2+|vcl|2+|Gz|2+|VG2|2

Q

+|DI|* + |VDI? +0,v|* +10,n[%). (3.32)
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Next, we bound d;v and d,n. Let us multiply (3.24) by €**#d,v and integrate on (=T, T),
to get

T n T T
[ oo [ ot~ [ Gy + 20008

PeK
forve Cg(Q). Since 0;¢ = —20¢t¢ is odd and v is even with respect to ¢,

T
2 2, (1,2 2\, T
—[ T0pe” 7?0,V +(§€ 10, )l—T

T
[ e*™0%v-0,v

-T
= 0.

Therefore r r
s f 215, v = f ¥ (Gy + D,) - 0,V.
PeK J-T -T

Integrating on Q2 and applying the Holder inequality yield
| émoi0me <o [ 0(1Gal +1251),
Q Q

Let us multiply (3.28) by d;n and integrate from — T to T, to get

T T T
f e“%0°n -0, + n f e?™|0,n|? = f e?™ (curl G, + J3) - 0,n.
-T PeK J-T -T

Similar to 0,v, we have

i

T T
f e’™19,n|? :f e’™ (curl G, + J3) - 9,n.
PeK J-T -T

Integrating on Q and applying the Hélder inequality yield
f e™|0m)* < cof ™ (|curl Gy |* + | T2 12).
Q Q

Let us recall that £, is a fist order differential operator of r,s,u,D. That’s to say 0,v
can be bounded by r, s,D,u and their first order derivatives. Note that 9, is composed
of r,s,D,u,m, their first order derivatives and 0,v. Therefore d;n can be bounded by

r,s,D,u,m and their first order derivatives. The estimate (3.32) becomes
f eZT‘/’(r3(|r|2 + 1512+ uf? + m[?)
Q
AT (|9 7P Vi 512 + [Vl + [V o)
< Cofoez“”UGn%|VG1|2+|G2|2+|V(;2|2+|D|2+|VD|2

2 2 2 2 2 2 2 2
+[7|7 + 817 + [ul® + ml® + |Vx 71 + [V, 18I + [ Vx cul” + [Vx ml|®). (3.33)
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Taking 7 large enough to absorb the right-hand side terms related to r, s,u, m, we get
fQ &0 (T3(1r2+ |52+ 1wl + 1m[2) + 7|V o712 + [V + [V + [V m?))
< cof ™ (1G11* + VG > +1G2* + VG, * + |D|* + |[VDJ?).
Q

From the relationship between F and G, we see that

A

IG1I> +1G2l* < Co(IF11* +|Fo %),
IVG1* +|VG2l* < Co(IFy[* + F2* + |VF | + |VFy ).

A

Sincev=w+ %u, we have
e

divw = divv—V(%)-u+g—fdivu
e e

Pro. _yg(PrL
S+5T V(pe

)u,
and hence

2 2 2
Co(Ir” +[sI” + [ul?),

IA

| divw|?

|V ¢ (divw)[?

IA

ColIr1? + Vg I* + V18I + [ul + [V, ul?).
This completes the proof. [ |

Combining Lemma 3.1.2 and 3.1.3 yields a Carleman estimate for the electroseismic

equations.

Theorem 3.1.1. Assume that all the parameters in the electroseismic system satisfy the

hypotheses of Lemma 3.1.2 and Lemma 3.1.3. Then, there exists a constant Cy such that
f eZT‘/’(T?’(|D|2 +[BI* + lu® + |divul* + |divw|* + | curlu|?)
Q
2 2 2 2 . 2 2
+7(IVx, (DI + [V, BI” + [ Vx,cul” + [V  (divw) |° + |V, (divw) | + [V ¢ (curl )| ))

< G fQ T (IF1 % + [Fo* + [J11° + Jo|* + IVEL |* + [VE2|* + |V J11% + [V ]J21?),

for allt larger than a positive constant 1y and for anyD,B € C3(Q), u,w € CS’ (Q) that solve
(3.13) and (3.18).

At the end of this section, we prove Lemma 3.1.4 for completeness.
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Proof of Lemma 3.1.4. From the discussion of the property of a, we know that a has two
real eigenvalues, denoted as 1; (x) and A, (x). There exists an invertible matrix P(x) such
that

P‘l(x)ap(x):(“") 0 )

0 1)

-1 r _ /11 0
)= () s 0)
Gs _p! divG, A3 _p! S
G4 a diVGg ’ 5”4 - sz '
The equation system (3.25)-(3.26) is equivalent to

o7 MAF | _( Gs 7
( 01§ )_( A2A§ )‘( Gs )*( i )+@(m)y (3.34)

Let us define

o ™

where 28(r, s) is a first order differential operator of r and s. Since we assume that A; and

A satisfy (3.12), we can apply Lemma 3.1.1 to the equation system (3.34) to obtain
[, 50 (07 1) 4 (VP + 951
= ConeZW(|G3|2+|G4|2+|<%|2+|ﬂ|2+|r|2+|s|2+|Vr|2+|Vs|2).
From the relationship between r, s and 7, §, we know that

2 2 ~12 ~12
[r|”+1[s]© = Co(IFI” +15]7),

2 2 ~12 ~12 ~12 ~12
IV, 7|7+ VxSI© = Co(IF|”+ 1817+ [Vx, ¢ FI” + [ Vx £ §]7).

A

This completes the proof. [ ]

3.2 The inverse electroseismic problem

Assume that we know all the parameters in Biot equations (3.3)-(3.6) except the cou-
pling coefficient ¢. In this section we prove the stability of the inverse parameter prob-
lem in electroseismic equations using the Carleman estimate given by Theorem 3.1.1.

We now state our main result: a stability theorem for the inverse problem

Theorem 3.2.1. Let(a, B1,71,$1) and (a2, B2,Y2,¢2) denote two sets of parameters, which
satisfy the hypotheses of Theorem 3.1.1. Assume that the values of these parameters coin-
cide in a set w where w < Q is a neighborhood of 0Q). Let (Dé” , B(()D) and (D(z),B(()Z)) denote
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two sets of initial values, such that the matrix M(x) defined by

e;xB)’ e;xB)’ e;xB)’ -DJ 0 0 0
M) = 0 0 0 0 -exD{’ -e;xD{" -e;xD{"
(x) = @ @ 2) @)
e1xB;" exxBj’ e3xBj’ -D; 0 0 0
0 0 0 0 -exDY -e;xDP -e3xDY

has a nonzero7 x 7 minor on Q). Here
ee=(1 0 0), e=(010) e=(0 0 1).

Denote by
() ) raY () )] A .
DB/ eC®Q), ul wl'ec®Q j=12
the solutions to the system (3.1)-(3.7), wherevgcj) represents the field v corresponding to the
parameters (., Br, Yk, $k) and the j-th initial values. Then there exist constants Cy and
co € (0,1) such that

[[A=Gu(o oy
Q

where
A = A+[EP+|VEP,
A = |alP+IBP+1yl* +|Val® +|VBI* + |Vyl* + |VVal* + |VVBI%,
G _ ()2 ()2 ()2 ()2

and

a=ay—ay, p=P2-P1, y=Y2-71, =&~ ¢,
D :Dg—Dl, B:Bz—Bl, u=u—u;, Ww=wy —wj.
Remark 2. 1f we choose B(()D = ey, D(()D = ey, Béz) = Déz) = e3, the matrix M(x) formed
by rows (2,3,4,5,8,9,10) and by all the columns of M(x) is nonsingular. That’s to say, it’s

possible to choose two sets of initial values such that the matrix M(x) has a nonzero 7 x 7

minor.

Remark 3. From the structure of M(x), the existence of a nonzero 7 x 7 minor indicates

that there exists a positive constant ¢y such that
1 2 1 2
B{"2+ B> >y, DI +IDP > c.

We prove Theorem 3.2.1 in 3 steps in the following subsections.
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A modified Carleman estimate

Since our Carleman estimate is applicable for functions compactly supported in Q,

in the first step we cut off the functions. The near boundary part corresponds to the

measurements and the inner part can be bounded by the Carleman estimate.

It’s easy to show that the fields (D, B, u,w) satisfy the following system of equations

inQ

0D —curl(a2B) +y,D
0B+ curl(B,D)

curl(aB;) —yDy,
—curl(BDy),

pd%u+pf6%w—divr = 0,
6Dl)

pf0§u+p90%w+ Vp+ gatw—ng
with zero initial conditions. Define y(x, f) = y1 (X) y2(#) with
XIECSO(Q)) XZECSO(_T) T)} 05%1)%251

such that
X1= lin(To, Y2=1in[-T+6,T-6],

where 6 is chosen as in Remark 1 and Q¢ = Q\ w. Let us denote
D=yD, B=yB, 1= yu, W= yw.
Then it’s easy to show that (D, B, i1, W) satisfy the following equations
0D —curl(@;B) +y.D = y(curl(@B;)-yD:)+2,
0B +curl(§;D) = —ycurl(fD;) + %,

pd%ﬁ%—pfd%"iv—divf = D3,
PO+ PO WHVP+ L0 W—ED = yEDy+Py,

where
PP =(0:x)D—-Vy x (a2B),

P =(0:x)B+Vy x (B2D),

(3.35)
(3.36)
(3.37)
(3.38)

(3.39)
(3.40)
(3.41)
(3.42)

225,22, are first order differential operators of u,w. Let us note that 22;, %%,, 223, 22, vanish
in Qy(0) =Qox(—=T+06,T—-6), because y =0in Qy(6). The right hand side of (3.39)-(3.42)
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can be divided into two groups: one group corresponding to parameters (a, 8,7,¢), an-
other group 22, -2, corresponding to fields (D, B,u,w). Applying Theorem 3.1.1 to (3.39)-
(3.42), we can bound the fields (D, B, 1) by near boundary measurements and the param-

eters as follows

fezw(fs(lf)lﬁ|ﬁ|2+|ﬁlz)+r(lvx,zﬁ|2+|vx,t1§|2+|vx,tﬁ|2))
Q

< Cof eZT"’A
Q

+Cy f 2T+ Cy f 2T+ Cy f e?T?1l, (3.43)
0 Qx(=T,—T+6) Qx(T-6,T)

where

I = [D*+[BI*+[ul*+|w|* +|Vy DI* + Vg B

2 2 2 2
+|vx,tu| +|vx,l“/\7| +|vvx,tu| +|vath| .

We can see that the bound is divided into two parts: the parameter part A and the field
part I1. Since y =1 in Qy(6), we observe that (D,B, 1) and (D,B,u) are exactly the same

in Qg (6). From Remark 1, we know that ¢ <1—2e near T and — T and therefore

f e’ 11 and ™11
Qx (= T,~T+5) Qx(T=6,T)

can be bounded by ¢?"172¢). Let us denote ® = max ;e ¢- As a conclusion, we have
f e (T(IDI + B + [uf?) + 7(|Vx DI + |V BI + Vi ul?)|
Qo(6)
< G f eV A+ Coe”™ PO + Cpe®T 1729, (3.44)
Q

We want to have similar estimations for high order time derivatives of (D,B,u). Let us
denote (D,B,a,w) the first order time derivatives of (D, B,u,w). Taking the derivative

with respect to t on both sides of (3.35)-(3.38) yields a equation system of (D,B,1,w)

0,D —curl(a,B) +y,D curl(ad,B;) —yd,D;,

0,B+curl(D) = —curl($9,D),
poTu+p oW —divi = 0,
P07+ pOTW+VP+10,w—ED = £0,Dy,

We can do the same cut-off process for (D,B,1, W) to have compactly supported func-

tions. The application of the Carleman estimate to the cut-off functions results the fol-
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lowing inequalities
f e (1*(10/DI* + |07BI* + 0/ ul?)
Qo (0)
+7(1Vx, 0]DI + Vi, 107 B + Vi :9]uP?)|
= C()f e?TPA + CerTq)D + COeZT(l—Ze),
Q

where j = 1. Similarly we can show that this is also true for j = 2,3.

Bounding parameters by initial values

Letting t goes to 0 in (3.35)-(3.38) shows that

0:D(x,0) = curl(aBy)—7yDy,
0B(x,0) = -—curl(fDy),
po7u(x,0) + p 05w(x,0) = 0,
pféiu(x, 0)+ peO%w(x, 0 = ¢£&Dg.

Expanding the curl in (3.46) and (3.47) yields

Va xBy+acurlBy—yDy = 0;D(x,0),
VB xDy—fcurlDy = 0;B(x,0).

Substituting (3.48) into (3.49) to eliminate w gives

Doé = —p107u(x,0),

(3.45)

(3.46)
(3.47)
(3.48)
(3.49)

where p; = 5—?. Considering the two sets of initial values, we write the above equations

together into the matrix form

Va a
M(X)( Y \)—N(X)(ﬁ
VB

+bx),

D¢ = —p107u" x,0),

where
—curlBy’ 0 0,0V (x,0)
0 curlD 4,BY (x,0)
— 0 — t y
N —CurlB(()z) 0 » b) 9, D?(x,0)
0 curlD(()Z) 0,B? (x,0)
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Since M(x) has a 7 x 7 nonzero minor, we have
IVal® + VI +1y1* < Collal® +1BI* + b*), (3.52)

€12 < Co(10%uV (x,0)|* + [07u® (x,0)[?). (3.53)

Taking the derivative with respect to the variable x; on both sides of (3.51), shows that

DY 91& = ~(9kp1)0%u? (x,0) - p19x0%u (x,0) - (3xDY)¢,

and hence
V¢S <coZ (162uY (x,0)|* + |[Vo*u' x,0)?). (3.54)
j=1
Therefore
2
fQ ¥ (112 +1VEP) < G fQ ezwo(zuaz 7 (x,0)|? +|Voiu (f)(x,onz)). (3.55)
0 j:

In addition, taking the derivative with respect to the variable x; on both sides of (3.50),

we obtain

Vora a Va
M(x)( dry )_akN(x)(ﬁ )+N(x)( onp )+6kb(x) akM(x)( y )
Vo p Vg

and hence
IVVal® + |VVBI? +|Vyl? < Co(lal? +|BI? + |bl> + |[Vb[?). (3.56)

Since a, § are supported in Qy, the Poincaré inequality tells us

f(|a|2+|ﬁ|2)scof (IVal® +VB).
Qo Qo
Therefore

feZT"’O(|VVa|2+IVV,B|2+|V)/|2)

Q

Co [ ¢ "(1al +167)+Co [ (bl +1bE),
Q

Qo

IA

IA

COerZ“”O(IVaIZ+|V,B|2)+Cof e?™(|b|* + |Vb?), (3.57)

Qo

To cancel out the right had side term

f &2V al? + [V BI2),
Q
we recall one lemma from [22].
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Lemma 3.2.1. There exist constants to > 0 and Cy > 0 such that, for all T > 19 and v €
H& ),
Tf e’TPoy|? < Cof ezr"’o(lcurlv|2+ Idivvlz).
Q Q

Applying Lemma 3.2.1 with v = Va, we have
rf ez“”‘)lvmzs(,‘of ez"”OlAanCof e’™|VVal?,
Q Q Q
and hence
T f #(|Val? + V) < Cy f e (IVVal® +VVBI7).
o Q

Combining with (3.52) and (3.57), we finally obtain the bound

f e’ A < Gy f e*™(|b|* + |Vb|?) (3.58)
Q Qo

for 7 large enough.

End of the proof of Theorem 3.2.1

We have shown how to bound the fields by measurements and parameters, and how
to bound the parameters by initial values. We need to connect the fields with initial

values. One lemma from [5] is helpful.

Lemma 3.2.2. There exist constants 1o > 0 and Cy > 0 such that, for all T > 19 and v €
C'(Qo(5)),

f lv(x,0)|%> < Corf
Qo Q0(6)

We recall that Qo = Q\w and Qy(6) = Qo x (=T +6,T —0).

v P + Cor ™! f 10, )2,

Qo (0)

We will prove this lemma at the end of the section. By taking v = e"?°9,D"(x,0) in

the above estimate and invoking (3.45) to control the derivatives of DY) (x,0), we see that

IA

f ™19, DV(x,0)° = Cor f e*™?10,DV 1> + Cor ! f e*™|0sDV)|?
Qo Qo(6) Qo(6)

C()T_Zé(j),

IA

where
@(j) :f eZT(pA+eZTCI>D(j) +e2T(1—2€).
Q
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We proceed similarly for the higher-order derivatives of DY) (x,0) and for the other fields,

to obtain
f e¥10,0,DV x, 0> = Cot f 10,0, DV 2 + Cyr ™! f ¢*™10,07DV?
Qo Qo(6) Qo(6)
< C()Qf(j),
f 0BV X072 < Cot f 10, BY 1% + Cor ™! f ™ 107BY
Qo Qo(6) Qo(6)
= COT_ZQE(]))
f e*™10,0,BY (x,01* = Cor f e*™10;0,BY > + Cor ™! f e*7%|0,.07BY) |2
Qo Qo(0) Qo (%)
< C()Qf(j),
| ol mor < cor | eIguiReCort [ o
Qo Qo(0) Qo (%)
f 19 Pu k0 = Cor f e*10x07u P + Cor ™! f e 10,07u') |
Qo Qo(0) Qo(%)
< Coe(j).
It follows that
f eZT<Po(|b|2+|vb|2)SCO(QS(D+QZ(2)), (3.59)
Qo
2 , .
fg (Y (1020 x, 012 + V2uP x, 0)P)) < Co(€V +€@).  (3.60)
0 Jj=1
From (3.55) and (3.58), we infer that
f eZ””OA—Cof ezupASC082T®(D(1)+D(2))+C082T(1_2€). (3.61)
Q Q

Since ¢ — ¢y < 0 for |£| > 0, by choosing 7 large enough we can make f_TT e?1(@=%0) 5o

small that for all T > 7,

T
erT"’A:f eZT‘/’OAf e?1(@=¢0) <<f e>TPOA.
Q Q -T Q

Combining this estimate with (3.61) and using the fact that ¢y = 1 — ¢, it follows that
f A< e—ZT(l—e)f TN < GO 4 @) 1 Gy 2T
Q Q
for all T > 7. Taking

~In(OW + @)
2(®+e)

T—To=
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we finally obtain

Coe”™ OV + @) + Coe "
— COeZTOCDeZ(T—TO)@(D(l) + D(Z)) + Coe—ZToee—Z(T—To)e

CoOW + 0@,

IA

which completes the proof.

Proof of Lemma 3.2.2. Letus choose a cut-off function y € C5°(— T+6, T-96) that satisfies
0<y<1, y=1in[-T+28,T-25].
Direct computation shows

v(x,0)[* = 12 (0)|v(x,0)[*
Qo Qo

f i(zwmmﬂ
~T+5 dt QOX ’

0
2 f f (2 (Ovx, D -0,vx, 1)+ (D x (D)Iv(x, DI7).
-T+6 Qo

Therefore, we have

Iv(x,0)?
Qo

IA

Co f (2lv(x, 1) -0,v(x, O] +v(x, D))
Qo(5)

IA

Co f (2lv(x, D110,v(x, O] + v, 1))
Qo(0)

IA

Cof (rlvx, P+ 7710,vix, 1)),
Qo(6)

for 7 large enough and for all ve C!(Qy(5)). [ |

3.3 Theinversion of the simplified electroseismic problem

As we have shown before, Maxwell equations can be approximated by the electro-
static equation
—div(oV®) = f(x).

In the time domain, assume that the source is given by f(x)g(¢#). From the linearity of

the problem, the electric field is given by

Ex, 1) =-Vox)g(?).
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The simplified electroseismic problem reads

—div(cV®) = f(x), (3.62)

pdfu+protw—divt = 0, (3.63)

proTu+p 0w+ Vp+10,w+EVOg() = 0, (3.64)
(Adiva+ Cdivw)I+ G(Vu+Vu!) = 7, (3.65)
Cdivu+ Mdivw = -—p. (3.66)

Here ¢ = % We use homogeneous boundary condition for ®
®lyn =0.

Then the inverse problem becomes: is that possible to obtain o and ¢ from measure-
ments of u, w and ® near the boundary?

The inverse problem can be decomposed into two steps. The first step is the inver-
sion of the source term F(x) = —¢V® of Biot equations from the boundary measurements
of u and w, and the second step is the inverse medium of the electrostatic equation with
the knowledge of F(x).

Inverse source problem for Biot equations

In this section, we prove the stability of the inverse source problem for Biot equa-
tions. In fact, a similar inverse source problem for Biot equations has been done in [5].
We have emphasized that our Biot equations are different from those considered in [5]
because of the existence of the term d,w. We will prove the stability of the inverse source

problem for Biot equations in this section.

Theorem 3.3.1. Assume that all the parameters in Biot equations

pofu+protw—divt = 0, (3.67)
proiu+p.0sw+Vp+low = Fxg(0), (3.68)
(Adivu+ Cdivw)I+ G(Vu+Vvu!) = =, (3.69)
Cdivu+ Mdivw = -—p. (3.70)

satisfy the hypothesis of Lemma 3.1.3. Assume that g(t) € C3[-T, T] with g(0) # 0 and
F(x) = 0 for allx € w where w c Q is a neighborhood of 9Q), Q, = w x (=T, T). Denote by
u,w e C8(Q) the solutions to the system (3.67)-(3.70). Then there exist constants Cy and
co € (0,1) such that
f A < CyO%
Q
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where

A IF(x)|* + |VFX)|?,
O = |ul

+ [wll

2 2
H*(Qu) H3(Qu)

Proof. The first step of the proofis to cut off the fields and apply the Carleman estimate.
Define y(x, ) = y1 (%) x2(t) with

X1€C(Q), x2€Cy°(=T,T), 0<y1,x2=<1

such that
X1= 1in Qy, X2=1in[-T+06,T-46],

where § is chosen as in Remark 1 and Qy = Q \ w. Let us denote
u=ju, WwW=j)w.

Then it’s easy to show that (@1, W) satisfy

P,
1FX) g (1) + P,.

poTa+ p 07w — divE

p 0T+ pOTW+Vp+ 10, W

where 22,27, are first order differential operators of u,w which vanish inside Qy(d) =

Qo x (=T +6,T—-0). Applying Lemma 3.1.3 yields

fe2T¢(T3|ﬁ|2+TIVX,[ﬁ|2) < cof eZT‘PA+COf XTI
Q Q ¥

+C0f eZT‘/’H+ Cof eZT‘pH,
Qx(-T,—T+05) Qx(T-6,T)

where
I = [ul®+ W+ |Vyul® + |V W + [VVy aul” + [V Wi
Since y = 1in Qy(6), we have &1 = u inside Qy(6), and hence
f e’™? (‘r?’lul2 + TIVx,tulz) = f e’™? (T3|ﬁ|2 + T|nytl~l|2)
Qo(6) Q
From Remark 1, we know that
px,t)<1-2¢,fort>T—-0ort<—-T+9,
and therefore

[ eZTgoH < C0€2T(1_2€), f eZT(pH < COeZ‘r(l—Ze).
Qx(=T,-T+06) Qx(T-6,T)

51



We conclude that

f eZT"’(T‘%IuI2 + TIVx,tuIZ) < Cof e?TP A+ Cpe?™®O + Cpe?T1 72,
Qo (%) Q
Similarly we have

f & (7310 ul? + 7/9x 00 < Co f PN+ Coe?™ D + Coe?™ 1) (3.71)
Qo) Q
for j=1,2,3.

The second step is to bound the source by the initial values. By letting ¢ goes to 0 in
(3.67)-(3.68), we obtain

paiu(x, 0)+p faiw(x, 0)

0,
proiux,0) + p.0w(x,0) = FXg0).

We cancel out afw(x, 0) to obtain

F(x) = —p107u(x,0),

Po
g0

where p; = Differentiating with respect to xj yields
0kFX) = —(9xp1)0%u(x,0) — p10:0%u(x, 0).

As a conclusion, we have

FX)*+|VE®[* < Co(l63u(x,0)[* +|0;07u(x,0)|),

f TP (IFX)* + [VF®) %)
Qo

IA

Co f e?™%0(|07u(x,0)|* + |VoTu(x,0))*).  (3.72)
Q

At last we complete the proof with the help of Lemma 3.2.2. By taking v = 07u and

V= OkO%u, we get
f e™ (10%u(x, 0)|* + [Voru(x,0)]*) < Con (162u(x, 0)|* + |Vo7u(x,0)[%)
Q Qo(6)
+C0T_1f (163u(x,0)* + |VaTu(x, 0)[%).
Qo(6)
Combining with (3.71), we obtain
f e*™ (|0%u(x,0)|* + |VoTu(x,0)[*) < Cof eZ"P N + Cpe?™®O + Cpe?™1 72,
Q Q
From (3.72), we know that

erT"’OA < Cof XN + Cpe?™®O + Cpe?T1 72,
Q Q
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Since ¢ — ¢y < 0 for [£] > 0,

T
f 82T¢A:f 62T<P0Af 2T @—¢o) <<f e’TPON,
Q Q -T Q

for 7 large enough. Since ¢ = 1 — ¢, it follows that
f A< e‘zm_e)f e?TPN < Cpe?™®O + Cye "¢
Q Q
By taking

B —-In9O
2@ +e)

T—Tp
we finally obtain

Co eZTq>D + C() €_2T€

COeZ'rO(I)eZ(T—rO)d)D + Coe—Zroee—Z(r—ro)e

IA

= CyOwd,

which completes the proof.

Inverse o and ¢ from internal data

From now on we only consider the problem in 2D. After the reconstruction of F(x),
we want to recover o and &. Since F(x) = VO, the area where ¢ = 0 is known from F(x).
It’s not possible to to recover o in such kind of area. From now on, let us consider a sub-
domain Qg of Q in which ¢ # 0 and f(x) = 0. For simplicity, we assume that Q is open
connected. We measure ® on 0Q)y. We cite a result from [2].

Lemma 3.3.1. Let Q c R? be a bounded simply connected open set, whose boundary 6Q
is a simple closed curve. Let ¢ = (¢1,¢2), ¢ : 0Q — R? be a homeomorphism of 0Q onto
a convex closed curvel” and let D be the bounded convex domain bounded by T'. Let ® =
(@1, D)) be the o-harmonic mapping whose components are the solutions of the Dirichlet

problems
—div(cV®) =0 inQy,
(Dl' = (,bl' on 690.

Then ® is a homeomorphism of Q onto D and det(V®;,Vd,) #0.
Now we present the result of the inversion of o and ¢.

Lemma 3.3.2. Assume that the two boundary conditions (¢, p2) satisfy the conditions in
Lemma 3.3.1 and we know the value of % on a pointxy € 0Q)y. Then we can recover % from
F; =—¢VO; fori=1,2.
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Proof. 1t’s obvious that
div(4F) =0.

We expand the equation to obtain

V%-F+%diVF:O,

and therefore
(F),Fy)-Vlog § = (—divF;,—divFy)".

We deduce from Lemma 3.3.1 that the matrix (F;, F,) is invertible. We complete the proof

by inversing the matrix (F;,F») and integrating. |

We can recover o V® using the following formula

oVO = —%F.

Since oV® is divergence free, the Helmholtz decomposition of cV® in two dimension
reads
oVO =]JVVY,

0
1 0 ) is a rotation matrix. Note that for any function a, JVa is divergence
free. Multiplying both sides by J yields

where J = (

1 —
vy =-jvo.
Taking the divergence on both sides, we obtain
div(2V¥) =0.

Now the problem becomes: is that possible to reconstruct o knowing V¥ everywhere in
Qy? Assume that we can obtain two sets of boundary conditions (y,1) of W satisfying
the conditions in Lemma 3.3.2. Then we can use Lemma 3.3.2 again to recover o. We

summarize the discussion above in the following theorem.

Theorem 3.3.2. Assume that we have two sets of positive upper and lower bounded pa-
rameters (0,¢) and (6,£) in Qo, which are equal on the boundary. Corresponding to each
set of parameters, we have two sets of boundary conditions satisfying the conditions in
Lemma 3.3.2. Then

2 2
lo—61°< Co ) IFi—FillFn, 1E-EIP<Co Y IF;—Fil3,.
i=1 i=1
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Proof. From Lemma 3.3.2, we know that

v (log% -logg) = (Fl,Fg)_l-( ~divEy )—(Fl,ﬁz)—l.( —divEy )

leFz leFg
- —diV(Fl—Fl)
_ 1 F
= Bk ( ~ div(F, - F) )
-1(f & - - 1 ( —divF
—(F1,By) " (F) —F1, By — ) (F), Fy) 1.( —divF; )

Therefore we have ,
12 .
|7 (10g% -10g¢) | < Co 3 IFi =Fill.
Since (o,¢) and (4, 5) are positive upper and lower bounded in Q, we have

-2 ~ 12
£ = Colog s

Recall that (0, ¢) and (6, ) are equal on the boundary. Poincaré lemma shows that

vl —logZ ?
Je-¢]" = | (og og?)|
< CoZIIFi—EIIle. (3.73)
i=1
We can also show that
HV(E—Q) * — |2viogz -2vio 202
A = |eviogg T g VIog:

< Coy IFi—Fil%,.
Similar to (3.73) we can prove
2
lo—al1* < Co Zl IV, - V115,
1=

Since V¥ =7 - (% ) we obtain

lo-512 = Co|%Fi—3F|

Finally we can bound ¢ — & by
1€ - &%

P
[5o-52]

¢ _ £ =12
Co(”;—gH +||a—a||)

2
CoY IF;i—Fill5,.
i=1

IA

IA
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Chapter 4

Numerical Solution of the Forward
Problem

For shallow electroseismic surveys, the model area is several hundred meters and
the frequency ranges from 10 Hz to 1kHz. In this case, we/o <« 107*. Therefore, the
term €0;E can be neglected relative to the term oE. The wave length of the EM wave
is much larger than the area of interest. This means V x E is almost 0 throughout the
model region, and thus E = —V®, where @ is the electric potential. Now the full Maxwell

equations can be simplified to the electrostatic equation, i.e.,
—div(eV®) = f(x)g(f) inQ.

From CFL condition, we know that the time step is inversely proportional to wave speed.
The EM speed is so large that solving the full Maxwell equations numerically for several
seconds becomes much too time consuming. This is the reason why we solve the elec-
trostatic equation instead of the full Maxwell equations. The approximation of the full
Maxwell equations by the electrostatic equation for seismo-electric modeling is applied
and justified in [27]. The time domain solution of Maxwell equations is approximated
by
Ex, 1) = -VOx)g(1).

The rest of the chapter focuses on the solution of Biot equations in time domain,
including the staggered-grid Finite Difference (FD) method and absorbing boundary
conditions. The staggered-grid method was first proposed by Yee [54] to solve Maxwell
equations. Virieux [52] and Levander [38] extended this method to the elastic equation.
A similar technique was applied to Biot equations by Masson and Pride [41].

Solving Biot equations in infinite domain is not possible numerically. The compu-

tational domain must be truncated. Special boundary conditions must be constructed
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to decrease artificial reflections from the boundary. In this thesis we consider a method,
Perfectly Matched Layer (PML), proposed by Berenger [6]. This method is first used to
simulate Maxwell equations in infinite domain and then extended to the elastic equa-
tion [18] and Biot equations [56, 40].

The idea of PML is to add a special thin layer outside the computational domain.
The parameters in the PML layer is specially chosen such that no reflection happens on
the interface and waves attenuate rapidly in the PML layer. Numerical experiments find
out that PML works bad for evanescent waves and waves almost parallel to the interface.
Kuzuogh and Mittra [37] proposed the Complex Frequency Shifted PML (CFS-PML) to
improve the performance of PML. They introduce frequency dependent parameters in
the PML layer. We are especially interested in Biot equations in time domain. When we
go from the frequency domain to the time domain, the frequency dependent parame-
ters in the PML layer result in convolution between parameters and wave fields. Roden
and Gedney [48] found out the convolution can be implemented locally by adding an-
other field. The new PML is call C-PML and is the one that we will use in the numerical

simulation.

4.1 Numerical solution of the electrostatic equation

In this section we discuss how to solve the electrostatic equation and demonstrate

some results. Let us recall the electrostatic equation
—div(ocV®) = f(x) inQ.
For simplicity we choose the vanishing Dirichlet boundary condition, i.e.,
®lyn =0.

The proper Sobolev space to consider this problem is H& (Q). The corresponding weak

formula is
(Vp,oV®) = (o, f),

for all ¢ € Hj (Q). We use Matlab toolbox to solve this equation.

Set up the problem

To decrease the computational consumption, let us consider the 2D problem. Let us
take Q a square of 250 meters times 250 meters. The source f(x) is a Gaussian function
with center (120, —100) and standard deviation 5v/2

—(x1-120)2 —(x7+100)

f x)=e 100
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Source f(x)
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Figure 4.1 — The source f(x) of the electrostatic equation. It is a Gaussian function with
center (120, —100) and stand deviation 5v/2.

Electric conductivity o«
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Figure 4.2 — The conductivity o(x) of the electrostatic equation. The conductivity has a
homogeneous background with value 7.6 x 1073 and a circle inclusion with value 2.1 x
1072, The edge of the inclusion is smoothed using the function tanh.
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For the conductivity, we choose a uniform background with a circle inclusion of ra-
dius 10 meters with the center located at (100, —-180). The background has a value of
7.6 x 1073 and the inclusion has a value of 2.1 x 1072, To avoid sharp edge between the
background and the inclusion, we use the function tanh to obtain a smooth area be-
tween these two values. The smoothness of the conductivity will stabilize the numerical

solution of the electrostatic equation. Figure 4.2 shows the image of the conductivity.

Numerical solution

We demonstrate the numerical solution of the electrostatic equation in this subsec-
tion. Figure 4.3 shows the image of the electric potential. The peak of the potential cor-
responds to the source area. From the potential image, we could hardly distinguish the
inclusion. Figure 4.4 demonstrates the contour of the potential. We can easily observe
that on the left bottom side of the image there is an area with sparse contour. That’s the
inclusion area. Based on the contour, we can compute the electric field through E = V®.
Figure 4.5 is the image of the field Ey and E,. Figure 4.6 is the corresponding potential

image.
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Electric potential
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Figure 4.3 - The electric potential ®(x). The peak of the potential corresponds to the
source.

Electric potential contour
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Figure 4.4 — The contour of the electric potential ®(x). On the left bottom side there is a
small area with sparse contour. That area is the inclusion.
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Figure 4.5 — The electric field E, and E,,.
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Figure 4.6 — The contour of the electric field Ey and E,,.
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4.2 Staggered-grid finite difference method for Biot equa-
tions

The staggered-grid finite difference method is based on the velocity-pressure form
of the partial differential equations. The velocity-pressure form use the velocity instead
of the displacement as the variable. The second order partial differential equations de-

creases into a set of first order ones. Let us recall the time domain Biot equations

pd%u+pf6%w = V-7+F,

profu+p.oiw = —1o,w-Vp+f, 1)
T = (AV-u+CV-w)l+G(Vu+Vul), '
-p = CV-u+MV-w.

Let us denote v=0;u,q = d,w. Then (4.1) can be rewritten in v, q as follows

pov+prd,q = V-T+F,

pf(?,;v+pe6tq = —gq—Vp+f, 4.2)
0t = (AV-v+CV-q@I+G(Vv+Vv]), '

-0;p = CV-v+MV-q.

Instead of considering the 3D problem, let us consider the 2D one. Assume no vari-
ance along z axis, namely, all partial derivatives with respect to z are 0. The whole system
is decomposed into two parts: SH (shear waves orthogonal to the x — y plane) and P-SV

(pressure and shear waves parallel to the x — y plane)

— SH

POV +pf0rq; = OxTyxz+0yTy.+F,,

PfOtVz+pe0:qz = _ng+fz’ 4.3)
0/Tx, = GOy Uy, '
0:Ty; = GOyv;.

— P-SV
POVx+0f0rqy = OxTxx+0yTyy+Fy,
PfOVx+pe0rqx = _axp_gqx+fx,
pPOVy+pf0rqy = OxTxy+0yTyy+Fy,
) prOivy+pediqy = —0yp—ilay+fy, (4.4)
0iTxx = (A+2G)0xvyx+A0yvy+C0xqx+0yqy),

0iTxy = G(Oxvy+0yvy),

0:Tyy = A0xUx+(A+2G)0yvy+C(0xqx+0yq,),

—0¢p = COxVx+0yvy) + M(0xqx+0yqy).

From now on we only pay attention to the more complex P-SV equation system.
The difference between the staggered-grid finite difference method and the normal

one is that the fields are not recorded at the same position. This is illustrated in Fig 4.7.
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j j+1/2
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Figure 4.7 - Two dimensional space discrete strategy for the P-SV wave. 7, is posed at
(iyj)y Txx»Tyy;p at (l + %)]+ %)) Uyr Cly at (l + %’]) and ny CIx at (lr] + %)

From the figure we can see that 7, is posed at (i, j), Txx, Ty, p at (i + %,j + %), vy, qy at
(i +3,j) and vy, gx at (i, j + §). The advantage of the staggered-grid method is shown
below. To update vy at the point (i, j + 3), we need 0,7 which can be approximated
by Ty at (i—3,j+3)and (i +1,j+3). Since we just record 7 at such points, we have
exactly these data. We don’t need to approximate these values from nearby points.

In practice we use the fourth order finite difference method instead of the second
order one to have higher precision. Let us denote u(i, j) a field at the space position

(xi,¥;). The fourth order approximation of the spatial derivative d, u at (i, j) is

R U P R NPT
dyuli, j) = 24Ay(u(z,]+2) u(i, j 2))+8Ay(u(z,1+2) u(i,j-3))-

With the help of the Taylor expansion, it’s easy to show that the error is fourth order of
the space step.

The time discretization strategy is that we update q,v at time #; and p, T at time
tr+1/2- We use second order formula, i.e., to approximate 0;u at time f.1,2, we use

I |
atuk+2 ~ E(ukﬂ _ uk).

The benefit of this scheme is shown below. For example, to update 7y at fx41/2, we
need Ty at fx_1/2 and 0, vy, 0y vy at . Since v, q are recorded at #, we don't need to do

approximation for these values. We summarize the updating strategy in the following
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k+l k+ k+—

1
— Attime step k+ 1. Update p**2,7,,2,7,,2,7,,% by

—

1
p 2 = pk 2 — AI(C(O vy +6yv )+M(axq)]§+ayqy))

ey _ k-3 k

T2 = 1., +At((/1+2G)0xvx+/10yv +C(6qu+0yqy))

e %+At(/16v+(/1+2G)6 k4 C@,q%+0 ))

vy qu ydy
1

k- = =

Tx;z = 2 (G(axv§+ayv§)).

— At time step k+ 1. Update t]k+1,6]k+1 i+, U]yc+1 by

y Ux
k p k+ k+i
+1 1 Pon Pr 2 2
gyt = 1+Mm(( szAt)qx At(dxrxx +6yrxy + Fy)
2px

1
+%At(—6xpk+2 +fx)),
1 1

k+ +
pkrl = y’;+%At(axrxx2+6yrxy2+Fx)
0 k+
_p_i)CAt( axp qux 2 +fx),
k+1 _ 1 ( pOTIAl.) k pfAt(G Tk+%+a Tk+%+F)
dy = [ B, 2ok 0y ~ xTxy” +0yTyy ™ + 1Ly
2p1<
+22A¢(-0 pk+% + f, ))
0 y yip
k+1 k,p k+3 k+3
+1 _
vy© = vy eAt(dxrxy +0y1'yy +Fy)

s 1o k+3
_EA( ayp <y +fx)

4.3 PML

The idea of PML is to put a special layer outside the computational domain such
that no reflection is generated across the interface and waves attenuate rapidly inside
the PML layer. It is physically impossible to have such kind of special media. In [6], the
author computed the plane wave reflection on the interface. By splitting the wave in the
PML layer into two, the author found out that it’s possible to have zero reflections for any
frequency and any incident angle. In fact, in the PML layer wave equations are changed
to have the non-reflection property. Later in [19] authors showed that the split-PML

could be written into more elegant stretched-coordinate formula. Taking the Maxwell
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equations for example, equations in the PML layer are

iveE = VxH

iouH = VxE

where

& _ (1 1 1

V= (géx, gax, géx).
The choice of s totally depends on the direction of the PML layer. If the PML layer is
normal to the x direction, then s, and s, are set to be 1 to avoid reflections. The term s

is set as follows

o
iwe

Sx = 1 +
so that waves are damped in the PML layer. To obtain better numerical result, o in-
creases gradually from the interface to the outside boundary.

Researchers find out that PML doesn’'t work well for evanescent waves and waves
almost parallel to the interface. Kuzuoglu and Mittra [37] provide complex frequency

shifted PML (CFS-PML) to deal with this problem. The idea is to choose s as follows

_ g
S = 1+a+iw£
DIn(R
P = (5 0mas O = - L)
alx) = (1.1—(§)m)amax, Amax = T fo

where m is chosen to be between 3 and 4, d the length of PML, f; the peak frequency.
To balance the theoretical reflection error and the numerical discretization error, an op-
timal choice for a 10-cell-thick PML is R(0) = e !® and R(0) = ¢~ 8 for the 5-cell-thick

case.

Time domain implementation

We want to know how to obtain PML for time domain equations. The most obvious
way is to use Fourier transform. The problem is that the dependence of s on frequency
results in convolution in the equations.

In the case of stretched-coordinate PML with s = 1+2—, the split-PML can be applied

to avoid the convolution. Taking the equation of H; in 2D for example, recall that

1 1
la),LlH = —S—axEy + S—dyEx.
X y
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Let us split H;, into two parts, H, = Hzy + Hy such that

1
iwqux = _S_axEy,
X
. 1
lwquy = _ayEx.
Sy

Let us consider the case that the PML layer is normal to the x direction. In this case,
sy = 1. Therefore we have
,u@tsz = ayEx.

Substituting s, = 1+ 72— shows
iwpH, + °EH, = —0,Ey.
The time domain equation for H;, follows

0 Hyy + 2EH, = —0,Ey.

For CFS-PML, the split field technique doesn’t work any more, because of the exis-
tence of a in the choice of s. The time domain PML will involve a convolution term. It
was found out in [48] that the convolution can be implemented recursively by adding
a few auxiliary functions. The new implementation of PML is called C-PML. We will
demonstrate the implementation below.

Let us recall the equation for E in 2D
. _ 1 1
iweEy = anHz — S—ZOZHy.
Using Fourier transform, we obtain the time domain equation
_ o101 -1(1
€0;Ex=F (g) x0yH,~F () * 0 H,.

Here f * g means the convolution of the function f and g. Let us note that we use the
same notations for fields in the frequency domain and fields in the time domain. Let us

recall the Laplace transform

F():=L(f(1) = f el f(ndre
0

where ¢ is real and [ is complex. The inverse Laplace transform is
y+iT

f =LY FW) = i lim e''F(lyds.
27 T—oo y—iT
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The integration is along the line Re / = y such that y is larger than any singularity of F(s).

Let us recall Laplace transforms for two basic functions

L) =1, L= L.
l—a

Since

the inverse Fourier transform of % is

B 1
,9' 1(%) — Zﬂfl lwtdw
1 iro o 1 ]
= — i 1-————|e'tdl
271 T )i ( gl+(g+%))e
= d(B+L(D),

where

{(t) = ——e (%*%)’f
Therefore the time domain equation for E, reads

€0,Ey =0y H, —0,Hy +{, (1) %0, H, — (1) * 0, Hy.

The convolution of { with another function can be implemented recursively. Let

t !
g(t) :f f(t,)e_a(t_t)dt,.
0
Then

g(t+AtL)

t+At ,
f F(ye A=t gy
0

aAs _ p,—alAt
e g(t)+f(t+Ar/2)T

u

We can discretize (4.5) to obtain the update formula for E, in the PML layer

En+l _ E)’Z+E(6 Hn+1/2+w?[;1/2 aZHJI/1+l/2 L’/Zf;,”z)’
wnH-;UZ — pywzzl/Z_i_qya Hn+1/2
WnH}I/Z — pzll/?-[y”2+qzazHJ’/1+”2’
where o) a
py= o (FrT)ar Ay = gria Py =1,
Pz = e‘(%“L%)M, g.= az+az (p;—1).

(4.5)



C-PML for Biot equations

We can apply the C-PML strategy on Biot equations (4.4). Let’s take the following
equation for example

In the PML layer, the equation is
0Ty =AF (L -) % 0xvx+ (A+2GQ)F "L )*6yvy

+C(F L)+ 0xqe+ T (L) v 0,ay)

The updating formula is

1 1
k+%5 k-5
2 _ 2
Tyy? = Ty, +At(/l(6 vy +yy,) + (A+2G)(0, vy + vl
+C(6qu+1//qx+ayqy+wqy)),
k k-1
Ve = MxPyy +nxax Uy,
k _ k-1 0
wl}y - mJ’WUy Ty yvy’
k
Yax = meqx '+ 054y,
ko _ k-1 k
Vay = MyVgy +1y0yqy,
where
- X X A —_—
= ¢~ (xtay) t; nx—gixa (my—1),
_ _—(oytay)At
my=e 7V TV, y_ay+a (my_l)

Numerical solution of Biot equations

In the following we will show some images of the solution to Biot equations. Let us

recall that the source of Biot equations (4.4) in the electroseismic model are

Ln
Fx,1)=0, f(x1)= —?Vq)(x)g(t).

We choose that L equals to 0 except a small ball centered at (100, —180) with radius 10 in
which L takes the value of 2.1 x 1072, For simplicity we take constants for all the other

parameters in Biot equations. Table 4.1 shows our choice of values.
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2.74 x 103
1.10x 103
6.11 x 10*
3.30 x 1010
3.98 x 10°
2.48 x 1010
2.20 x 1010

A= I3o

Table 4.1 — Values of parameters in Biot equations

We show in Figure 4.8 the space term —%V(D(x) of the source of Biot equations. For
the time part of the source, we choose

1 2
)= ———e =) 4.6
g(1) 200 (4.6)

where a = 150?72 and ty = —\/ 5=

2a’
Let us recall one equation of Biot equations

PfOV+pe0:q= —Zq—Vp+f.

The parameter g before 0,q controls the damping amount. Biot equations with different
damping quantity behave quite differently. In Figure 4.9 we show the propagation of
vy with low damping coefficient g = 1.5 x 10°. We can observe three wave fronts with
different speed. Figure 4.10 demonstrates the propagation of v, with high damping g =
1.5 x 10%. Only two wave fronts are observed. The third one is absorbed by the medium
because of the high damping term. The C-PML works well for both cases. There is little

reflection from the boundary for any angle of incident wave.
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Figure 4.8 — Biot source —%Vd)(x).
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Figure 4.9 — Propagation of v, for Biot equations with low damping term. We could
observe three wave fronts with different speed.
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Figure 4.10 — Propagation of vy for Biot equations with high damping term. Two wave
fronts are observed.
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Chapter 5

Numerical Inverse Source Problem for
Biot Equations

In this chapter, we will show some numerical result of the inverse source problem
for Biot equations. This corresponds to the first step of the hybrid inverse electroseismic
problem. The method we are going to use is the time source reverse method. In Chapter
1, We have had a short introduction of the time source reverse method to reconstruct
the space source of the acoustic equation. During the process of the transformation
from source problem into initial value problem, we need to solve an integral equation
(1.8). The choice of g(¢) plays an important role in the numerical solution of the integral
equation. We find out that if we choose g(¢) like the one in the reference [12], we meet

severe stability problem. We will choose a different g(z) to solve this problem.

5.1 Source time reversal method for the acoustic equation

Le us consider the acoustic equation in R”

ux,0) = up(x) inR", (5.1)

{ 2ux, 1) —c*®Aux, =0 inR"x(0,T),
0:;u(x,0) = u; (x) in R",

with initial conditions supported in the ball B,, = {x: |x| < p;} of radius 0 < p; < oco.
Assume that the observation region Q is bounded and contains the ball B,,. Assume
also that Q is contained in a bigger ball B,,. We measure the acoustic equation (5.1) on

0Q x (0, T). We introduce the time reverse method

02u,(x, 1) — 2 @Au(x,) =0 inQx (T,27),

ux,T)=ux7T) in Q, 5.2)
oru,x,T)=-0;uxT) in Q, )
ur(x, ) =ux2T—-1t) onoQ x (T,27).
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From the symmetry of the wave, we know that

ur(x,27T) = up(x), and 0,;u,(x,27T) = —u; (X).

In practice it’s usually impossible to obtain u(x, T) and 0;u(x, T) inside Q. We need to

choose T large enough such that the wave propagate outside €, i.e.,

ux,T)=0, 0:;ux,T)=0.

Next we will show how to transform the source problem into the initial value prob-

lem. Let us consider two problems:

and

02ulx, 1) — c*®Aux, 1) = fxg) inR"x(0,T),
u(x,0)=0 in R”, (5.3)
0;ux,0)=0 in R",

v(x,0=0 in R", (5.4)

{ 0?v(x, 1) - *®AvX, 1) =0 inR"x(0,T),
0,v(x,0) = f(x) in R".

Assume that v(x, t) solves (5.4). Denote

Then

t
u(x,t):(v*g)(t):f v(x, t—1)g(1)dT. (5.5)
0
t

oulx,t) = v(x,O)g(t)+f ovx, t—1)g(r)dt

0

t
= f@tv(x,t—r)g(r)dr,
0
t
2u(x,t) = Otv(x,O)g(t)+f ?v(x, t—1)gr)dt
0

t
fx g +f0 0?v(x, t—1)g(1)drT.

Therefore u(x,0) =0, 0;u(x,0) =0 and

02 u(x, t) — > (X)Au(x, t)

t

f(x)g(t)+f (Ov(x, t—1) - PAv(x, t—1))g(T)dT
0

fxg),

that’s to say u(x, ) solves (5.3). We conclude with the following proposition.

Proposition 5.1.1. Ifv(x, t) solves (5.4), then u(x, t) defined by (5.5) solves (5.3).
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Let it =0;u and v = 0,v. We have shown that &z and © have the following relation

t

L't(x,t):(l)*g)(t):f v, t—1)g(1)dT. (5.6)
0

We differentiate (5.4) by  to obtain

2 - _ A2 : _ : n
{ 070X, 1) —c"®AVX, ) =0 inR"x(0,7), 5.7)

v(x,0) = f(x) in R".
By applying the time reverse method (5.2), we can reconstruct f(x). During the time
reverse method, we need v(x, t) on the boundary. Assume we have measurement of
u(x, f) on the boundary. We need to solve the integral equation (5.6). Let us divide the
interval [0, T] into n equal segments with length Az. The rectangle numerical integration
rule can be used to solve the integral equation

ux, kAt)

kAt
f v(x,nAt—-1)g(r)dr
0

k-1
At ) v, (k—D)ADNGUEAD
i=0

U

For k=1,...,n, we can assemble all these approximations into a linear system

g(0) v(x,At) u(x,At)
g(A¥) g(0) U(x,2At) u(x,2At)

: : .. : = : (5.8)
g(n-1Ar) gl(n-2)Ar) ... g(0) v(X, nAt) ux, nAt)

We see that the matrix is lower triangular with diagonal element g(0). In the numerical
experiment, we will choose g(#) with a nonzero initial value to stabilize the calculation

of v from 1.

Numerical examples

Let us choose

(x—200)2+(y+100)?
f(x) e 1287

1 2
t __e—(l(t—t())
g0 400

’

where a = 150272 and t) = —\/; . The forward problem 5.3 is solved by finite difference
method. To decrease reflections from the boundary, C-PML is applied. Figure 5.1 shows
the propagation of u. We measure &z on the boundary 0Q2 and compute ¥ from (5.8).
To construct f(x), we solve (5.7) in the bounded domain Q with knowledge of  on 0Q2.

Figure 5.2 demonstrates the inverse process.
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(@ t=6x10"3s (b) t=2.4x10"2s

() t=4.2x10"%s (d) t=7.2x10"2s

Figure 5.1 — Propagation of solution u to the acoustic equation.

5.2 Source time reversal method for Biot equations

Biot equations with homogeneous initial conditions and a nonzero source in R3 x
(0, T) read
pdiu+ p posw = divr (u,w),
pro2u+p 02w =—10,w—Vpu,w) +fx) g(1),
T = (Adivu + Cdivw)I + G(Vu + Vu?),
—p =Cdiva+ Mdivw,
ux,0) =0,;ux,0) =0,
w(x,0) = 0,w(x,0) =0.

(5.9)
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(@) t=6x10"2s (b) r=9%x10"%s

(©)t=12x10"1s (d) r=1.65x10"1s

Figure 5.2 — Time reversal process of the acoustic equation.

Similar to the acoustic equation, we will transform this problem into a non-homogeneous

initial value problem without a source. Let us consider

p@%v+ pfc?%q =divr(v,q),

P02V +p.07q=—10:9-Vpv,q),

T(v,q) = (Adivv+ Cdivg)I+ G(Vv+ VvT),
-p(v,q) = Cdivv+ Mdivq,

v(x,0) =0, 0,v(x,0) = aX)f(x),

qx,0) =0, 0,q(x,0) = Xf(x).

(5.10)

Define .

u=(v*g)(r) = f v(x, t—-1)g(1)drT,
0

t

w=(q=*g)(1) :fo qx, t—1)g(1)dT.
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Then

t
ou = f@tv(x,t—r)g(r)dr,
0

t
0%u = a(x)f(x)g(t)+f0 0*v(x, t—1)g(1)dr,
t
ow = f@tq(x,t—r)g(r)dr,
0
t
G%W = ,B(x)f(x)g(t)+f qu(x,t—r)g(r)dr,
0

and therefore

t
pou+ p roTw (pa+prPEX)g() +f0 (pd5v(x, £ —T) + prd5q(x, t — 7)) g(T)dT

t
(pa+prPEx)g(n) +f0 divr(vix, 1 —1),qx, t — 1)) g(r)dt
(pa+ prPx) g(1) +dive(u,w).

Similarly, we obtain
prosu+pedsw=-10,w—Vp+(pra+p.fIxg).

If we choose a(x) and B(x) satisfying

{ pX)a(x)+prx)Bx) =0,
prXa +p.xpx) =1,

ie.,
a=-——7 andf= Lz,
PPe =P PPe=PF
then u,w solve (5.9).
Letm = 0,vand n = 0;q. Then m and n satisfy

pd2m+ p r05n = divt (m, n),

pfO%m + peafn = —gatm -Vp(m,n),

7(m,n) = (Adivm + Cdivn)I + G(Vm + Vm7),
—p(m,n) = Cdivm+ Mdivn,

m(x,0) = a(x)f(x),

n(x,0) = f(xf(x),

(5.11)

in B3 x (0, T). Assume that we have measurements of m and n on dQ x (0, T). Let us

choose T large enough such that the wave exits the region Q. In Q x (7,27T), we consider
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the inverse problem

p6%m+ pfafn =divr(m,n) inQx (T,27),
p pOfm + peafn:—gatm—Vp(m,n) inQx (T,27),
T(m,n) = (Adivm + Cdivn)I+ G(Vm+Vm’) inQx (T,27),

) —p(m,n) = Cdivm+ Mdivn inQx(T,27T), (5.12)
mx,7)=0mx,7)=0 in Q, ’
nx,T)=0mx,T)=0 in Q,

m, ) =m,27T —1) onoQ x (T,27T),
nx ) =nx2T-1t) ono0Q x (T,2T).

When g = 0, the equation system (5.12) is just the change of variable of the equation

system (5.11), and therefore we have
mx,27) = a®)fx) and nx,27) = fx)f(x).

In the case of a nonzero damping, this is not true anymore. In the numerical experiment,

we show that the result degenerates with the increasing of the damping term.

Numerical example

We show two numerical examples of the inverse source for Biot equations. In the
first example, Fig 5.3c-5.3d, the damping coefficient is set to be small, with the value
g = 1.5 x 10°. In the second example, Fig 5.3e-5.3f, the damping coefficient is much
larger, with the value 1.5 x 10°. We see that with the increasing of the damping coefficient
the inverse result degenerates. This is because the equation system (5.11) and (5.12) are
only symmetric if there is no damping term. With large damping term, the time reversal

method is not correct.
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(a) The x component of the source.
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(c) The inversion of the x component of the

source with low damping coefficient.
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(e) The inversion of the x component of the

source with high damping coefficient.

Biot source y component
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(b) The y component of the source.

Inverse Biot source y component
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(d) The inversion of the y component of the
source with low damping coefficient.

Inverse Biot source y component
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(f) The inversion of the y component of the
source with high damping coefficient.

Figure 5.3 — Time reversal process of Biot equations.



Chapter 6

Conclusion

We have a summary of what we have done in this thesis. We proved some existence
and uniqueness results for the forward problem. We proved a Fredholm alternative
for the frequency domain electrokinetic equations. The existence is equivalent to the
uniqueness. It’s difficult to study the uniqueness because the parameters are frequency
dependent. We don’t address this problem in this thesis. In the time domain, we solved
the problem in a series of finite dimensional subspaces. Then we show that these ap-
proximated solutions converge to the solution of the original equations.

The whole electroseismic equations has so many parameters. It's impossible recon-
struct all of them. Here we concentrated on the parameters related to the fluid prop-
erties and we assumed that we know all the parameters in Biot equations. We want to
reconstruct electric parameters and the coupling coefficient. We derive Carleman esti-
mates for Biot equations and electroseismic equations. Based on the Carleman estimate,
we prove the stability of the inverse parameter problem. To simplify the problem, we use
the electrostatic equation instead of the full Maxwell equations. Then the inverse prob-
lem is decomposed into two steps. The first step is to inverse the source of Biot equations
which can be done using the Carleman estimate. The second step is to inverse the pa-
rameter of the electrostatic equation. We prove that we can recover the conductivity and
coupling coefficient in two dimensions with two sets of measurements.

The staggered finite difference method is used to solve Biot equations. We want to
simulate the propagation of seismic waves in unbounded domain. We discuss the ap-
plication of PML to decrease reflections from the boundary. We only consider the two
dimensional problem. The three dimensional problem is much too time consuming and
remains a problem.

At last we have shown how to do the inverse source problem for Biot equations nu-
merically. The method we use is the time reversal method. Time reversal method is only

valid for waves without damping. If a damping term exists, the inverse process fails.
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The inverse source problem for Biot equations with a high damping term is still under

research.
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